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‚ · ¡µÉ¥ ¸¨¸É¥³ É¨Î¥¸±¨ ¨§² £ ¥É¸Ö ¨´¢ ·¨ ´É´Ò° ¶µ¤Ìµ¤ ± ±¢ ´Éµ¢Ò³ ¨´É¥£·¨·Ê¥³Ò³
³µ¤¥²Ö³ ¢ ¶µ²´µ¸ÉÓÕ ¤¨¸±·¥É´µ³ 2 + 1-³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨. ”µ·³Ê²¨·Ê¥É¸Ö ¢¸¶µ³µ-
£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î  ´  ¤¢Ê³¥·´ÒÌ ·¥Ï¥É± Ì, µ¡µ¡Ð ÕÐ¨Ì ¶µ´ÖÉ¨¥ ±¢ ´Éµ¢ÒÌ Í¥¶µÎ¥±.
ˆ§² £ ¥É¸Ö ³¥Éµ¤ ¶µ²ÊÎ¥´¨Ö ¶µ²´µ£µ ´ ¡µ·  ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö. ”µ·³Ê²¨·Ê¥É¸Ö ¨ ·¥Ï ¥É¸Ö
¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò ¤²Ö ¤¢Ê³¥·´ÒÌ ·¥Ï¥Éµ±, ¶µ§¢µ²ÖÕÐ¥¥ ¸É·µ¨ÉÓ ¨´É¥£·¨·Ê¥-
³Ò¥ Ô¢µ²ÕÍ¨µ´´Ò¥ µÉµ¡· ¦¥´¨Ö. �¸´µ¢´µ° Ê¶µ· ¤¥² ¥É¸Ö ´  ±µ´¥Î´µ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö
 ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ, ¸ÊÐ¥¸É¢ÊÕÐ¨¥ ¶·¨ ¶µ²µ¦¥´¨¨ ¶ · ³¥É·  ¢¥°²¥¢¸±µ°  ²£¥¡·Ò ¢ · Í¨-
µ´ ²Ó´µ° ÉµÎ±¥ ´  ¥¤¨´¨Î´µ° µ±·Ê¦´µ¸É¨, É ± ´ §Ò¢ ¥³Ò° ±µ·¥´Ó ¨§ ¥¤¨´¨ÍÒ. „²Ö ÔÉµ£µ
¸²ÊÎ Ö ¢Ò¢µ¤¨É¸Ö Ê´¨¢¥·¸ ²Ó´µ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨´É¥£· -
²µ¢ ¤¢¨¦¥´¨Ö. Š·µ³¥ Éµ£µ, ¤²Ö ±µ´¥Î´µ³¥·´ÒÌ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ ¸É·µ¨É¸Ö
£·Ê¶¶µ¨¤ ¨§µ¸¶¥±É· ²Ó´ÒÌ ¤¥Ëµ·³ Í¨°. Šµ´¥Î´µ³¥·´µ¸ÉÓ ¸¨¸É¥³ ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ ¶µ§¢µ-
²Ö¥É · ¸¸³ É·¨¢ ÉÓ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ± ± ³µ¤¥²¨ ¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¨ ´  É·¥Ì³¥·´µ°
·¥Ï¥É±¥. ‘Ëµ·³Ê²¨·µ¢ ´ ¸¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö ¸µ¡¸É¢¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¨¸¸²¥¤Ê¥³ÒÌ ³µ¤¥²¥° ´ 
µ¸´µ¢¥ ¨§µ¸¶¥±É· ²Ó´ÒÌ ¤¥Ëµ·³ Í¨° (³¥Éµ¤ ±¢ ´Éµ¢µ£µ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¤²Ö 2+1-³¥·´ÒÌ
³µ¤¥²¥°).

In this paper we expound systematically an invariant approach to quantum integrable models
in wholly discrete 2 + 1-dimensional space-time. We formulate an auxiliary linear problem on two-
dimensional lattice which generalizes the notion of the quantum chains. We give a complete set
of integrals of motion derivation method. We formulate and solve a zero curvature representation
for two-dimensional lattice, it allows one to construct integrable evolution mappings. As the main
example, we investigate ˇnite-dimensional representations of the algebra of observables existing when
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Weyl algebra's parameter lies in a rational point on the unit circle, the so-called root of unity. For this
case we derive a universal functional equation for eigenvalues of the integrals of motion. Besides,
for the ˇnite dimensional representation of the algebra of observables we construct a gruppoid of
isospectral transformations. The fact that at the root of unity the algebra of observables is ˇnite-
dimensional allows one to interpret an integrable system as a model of statistical mechanics. We
formulate a method for construction of eigenvectors for investigated models, this method is based
on isospectral deformations (the method of quantum separation of variables for (2 + 1)-dimensional
models).

‚‚…„…�ˆ…

� ¸ÉµÖÐ Ö · ¡µÉ  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶µ¶ÒÉ±Ê ¸¨¸É¥³ É¨§ Í¨¨ ·Ö¤  µÉ-
´µ¸¨É¥²Ó´µ ´µ¢ÒÌ ³¥Éµ¤µ¢ ¨ ·¥§Ê²ÓÉ Éµ¢ [1Ä9], µÉ´µ¸ÖÐ¨Ì¸Ö ± ¶µ¸É·µ¥´¨Õ
¨ ¨¸¸²¥¤µ¢ ´¨Õ ±¢ ´Éµ¢ÒÌ Ô¢µ²ÕÍ¨µ´´ÒÌ ³µ¤¥²¥°, ´ ¡²Õ¤ ¥³Ò¥ ±µÉµ·ÒÌ
 ¸¸µÍ¨¨·µ¢ ´Ò ¸ ¤¢Ê³¥·´µ° ·¥Ï¥É±µ°. „¢Ê³¥·´ Ö ·¥Ï¥É±  Ö¢²Ö¥É¸Ö ¤¨¸±·¥É-
´Ò³ ¢ ·¨ ´Éµ³ ¶·µ¸É· ´¸É¢¥´´µ-¶µ¤µ¡´µ° ¶µ¢¥·Ì´µ¸É¨, ¢ Éµ ¢·¥³Ö ± ± ¨É¥-
· Í¨Ö Ô²¥³¥´É ·´ÒÌ Ô¢µ²ÕÍ¨µ´´ÒÌ µÉµ¡· ¦¥´¨° ´ ¡²Õ¤ ¥³ÒÌ ¨´É¥·¶·¥É¨-
·Ê¥É¸Ö ± ± ¤¨¸±·¥É´µ¥ ¢·¥³Ö. ‘µ£² ¸´µ µ¡Ð¥¶·¨´ÖÉµ° É¥·³¨´µ²µ£¨¨ É ± Ö
±µ´¸É·Ê±Í¨Ö µÉ´µ¸¨É¸Ö ± ±² ¸¸Ê ³µ¤¥²¥° ¢ 2 + 1-³¥·´µ³ ¶µ²´µ¸ÉÓÕ ¤¨¸±·¥É-
´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨. Œµ¤¥²¨, ±µÉµ·Ò¥ ³Ò ¸Ëµ·³Ê²¨·Ê¥³ ¨ ¨¸¸²¥¤Ê¥³
¢ ÔÉµ° · ¡µÉ¥, ¤µ¶Ê¸± ÕÉ µ¶¨¸ ´¨¥ ¢ É¥·³¨´ Ì ±¢ ´Éµ¢ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ
³µ¤¥²¥° 1 + 1-³¥·´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±µ° £·Ê¶¶µ°
¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ (®¨§µÉµ¶¨Î¥¸±µ° ¸¨³³¥É·¨¨¯ ¸µ£² ¸´µ É¥·³¨´µ²µ£¨¨
¶¥·¢µ° ¶µ²µ¢¨´Ò XX ¢.). �É³¥É¨³, ÎÉµ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´ Ö ¸É·Ê±ÉÊ· 
1 + 1-³¥·´ÒÌ ³µ¤¥²¥° Ö¢²Ö¥É¸Ö µ¤´µ³¥·´µ° Í¥¶µÎ±µ°, ¢ µÉ²¨Î¨¥ µÉ ¤¢Ê³¥·-
´µ° ·¥Ï¥É±¨ 2 + 1-³¥·´ÒÌ ³µ¤¥²¥°. � ²¨Î¨¥ ¤¢ÊÌ Ëµ·³Ê²¨·µ¢µ± ¸¢Ö§ ´µ ¸
¨§¢¥¸É´Ò³ Ö¢²¥´¨¥³ ®É· ´¸³ÊÉ Í¨¨ · ´£  ¨§µÉµ¶¨Î¥¸±µ° £·Ê¶¶Ò ¢ · §³¥·-
´µ¸ÉÓ¯. Œ¥Éµ¤µ³ ¨¸¸²¥¤µ¢ ´¨Ö ¤¨¸±·¥É´ÒÌ 1 + 1-³¥·´ÒÌ ±¢ ´Éµ¢ÒÌ ³µ¤¥²¥°
Ö¢²Ö¥É¸Ö ±¢ ´Éµ¢Ò° ³¥Éµ¤ µ¡· É´µ° § ¤ Î¨ (ŠŒ�‡) Å ´µ¢¥°Ï Ö µ¡² ¸ÉÓ ¸µ-
¢·¥³¥´´µ° ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¨, ¸ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö Å É¥µ·¨Ö
±¢ ´Éµ¢ÒÌ £·Ê¶¶ ¨ ¨Ì ¶·¥¤¸É ¢²¥´¨°. “¤¨¢¨É¥²Ó´µ, ÎÉµ ¢ 2+1-³¥·´µ³ ³¥Éµ¤¥
¶µ¸É·µ¥´¨Ö ¨ ¨¸¸²¥¤µ¢ ´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥°, ±µÉµ·Ò° µ¶¨¸Ò¢ ¥É¸Ö ¢
ÔÉµ° · ¡µÉ¥, ´¥ ¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö É¥Ì´¨±  ŠŒ�‡. ‘ ÉµÎ±¨ §·¥´¨Ö Ê¶µ³Ö-
´ÊÉµ° ¢µ§³µ¦´µ¸É¨ É· ´¸³ÊÉ Í¨¨ ÔÉµ ¸¢Ö§ ´µ ¸ É¥³, ÎÉµ 2 + 1-³¥·´Ò° ³¥Éµ¤
²µ± ²¥´ ¤²Ö ¤¢Ê³¥·´µ° ·¥Ï¥É±¨, Ê§¥² ¦¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° Í¥¶µÎ±¨ ¥¸ÉÓ Í¥-
² Ö ¶µ²µ¸  ´  ¤¢Ê³¥·´µ° ·¥Ï¥É±¥, É. ¥. ´¥²µ± ²Ó´Ò° µ¡Ñ¥±É. ’¥Ì´¨Î¥¸±¨
µÉ¸ÊÉ¸É¢¨¥ ¶·¨¥³µ¢ ŠŒ�‡ ¶·µÖ¢¨É¸Ö ¢ Éµ³, ÎÉµ ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¢µ§´¨±´¥É
¡¥§ ¶·¨¢²¥Î¥´¨Ö R-³ É·¨Í ŠŒ�‡, ³ É·¨Í ³µ´µ¤·µ³¨¨ ¨ É. ¶.

Š ± Ìµ·µÏµ ¨§¢¥¸É´µ, § Î ¸ÉÊÕ 1 + 1-³¥·´Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ±¢ ´Éµ¢Ò¥
³µ¤¥²¨ ¸¢Ö§ ´Ò ¸ ÉµÎ´µ ·¥Ï ¥³Ò³¨ ³µ¤¥²Ö³¨ ¸É É¨¸É¨Î¥¸±µ° ³¥Ì ´¨±¨ ´ 
¤¢Ê³¥·´µ° ·¥Ï¥É±¥. ‚ Éµ° ¦¥ ¸ ³µ° ¸É¥¶¥´¨ µ¤´¨³ ¨§ ¶·¨²µ¦¥´¨° 2 + 1-
³¥·´ÒÌ ±¢ ´Éµ¢ÒÌ ³µ¤¥²¥° µ± ¦ÊÉ¸Ö ÉµÎ´µ ·¥Ï ¥³Ò¥ ¸É É¨¸É¨Î¥¸±¨¥ ³µ¤¥²¨
´  É·¥Ì³¥·´ÒÌ ·¥Ï¥É± Ì (´ ¶·¨³¥·, ´  ±Ê¡¨Î¥¸±µ°). ‘ Í¥²ÓÕ ¨¸±²ÕÎ¨ÉÓ
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¸³¥Ï¨¢ ´¨¥ ¶µ´ÖÉ¨° ±¢ ´Éµ¢ÒÌ Ô¢µ²ÕÍ¨µ´´ÒÌ ³µ¤¥²¥° ¨ ³µ¤¥²¥° ¸É É¨¸É¨-
Î¥¸±µ° ³¥Ì ´¨±¨ ¢¶·¥¤Ó ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´ÊÕ ·¥Ï¥É±Ê
2 + 1-³¥·´ÒÌ ³µ¤¥²¥° ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±µ°.

�¡Ð Ö É¥·³¨´µ²µ£¨Ö. ‚ µ¡§µ·¥ ¨¸¶µ²Ó§Ê¥É¸Ö É¥·³¨´µ²µ£¨Ö ¤²Ö ¤¨¸±·¥É-
´ÒÌ ±¢ ´Éµ¢ÒÌ ³µ¤¥²¥°, ±µÉµ· Ö, ¢µ§³µ¦´µ, ´¥ Ö¢²Ö¥É¸Ö Ï¨·µ±µ Ê¶µÉ·¥¡¨-
É¥²Ó´µ°. �µÔÉµ³Ê ¶·¥¤¸É ¢²Ö¥É¸Ö ¶µ²¥§´Ò³ µ¶·¥¤¥²¨ÉÓ ´¥±µÉµ·Ò¥ ¶µ´ÖÉ¨Ö
´  ¶·¨³¥·¥ ¸É ´¤ ·É´µ° ¸Ì¥³Ò ŠŒ�‡. ‡ · ´¥¥ µ£µ¢µ·¨³¸Ö, ÎÉµ ³Ò ¡Ê¤¥³
Ê¶µ³¨´ ÉÓ ´¥ ³ É¥³ É¨Î¥¸±¨¥  ¸¶¥±ÉÒ ¨´É¥£·¨·Ê¥³µ¸É¨ ( ²£¥¡·  •µ¶Ë , ±µ-
Ê³´µ¦¥´¨¥ ¨ É. ¶.),   Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ.

”µ·³Ê²¨·µ¢±  ±¢ ´Éµ¢µ£µ ³¥Éµ¤  ´ Î¨´ ¥É¸Ö µ¡ÒÎ´µ ¸ Ê· ¢´¥´¨Ö ¸¶²¥-
É¥´¨Ö

Rv1,v2(x/y)Lv1,V (x)Lv2,V (y) = Lv2,V (y)Lv1,V (x)Rv1,v2(x/y), (1)

£¤¥ v1 ¨ v2 Å ¨§µ³µ·Ë´Ò¥ n-³¥·´Ò¥ ¢¥±Éµ·´Ò¥ ¶·µ¸É· ´¸É¢  (µ¡ÒÎ´µ ¢¥±-
Éµ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶·µ¸Éµ°  ²£¥¡·Ò ‹¨), ¢¥±Éµ·´µ¥ ¶·µ¸É· ´¸É¢µ V ´¥
µ¡Ö§ É¥²Ó´µ ±µ´¥Î´µ³¥·´µ, ¨

Rv1,v2 ∈ End(v1 ⊗ v2), Lv1,V ∈ End(v1 ⊗ V ), Lv2,V ∈ End(v2 ⊗ V ). (2)

�·£Ê³¥´ÉÒ R-³ É·¨ÍÒ ¨ L-µ¶¥· Éµ·µ¢ ¢ (1) ´ §Ò¢ ÕÉ¸Ö ¸¶¥±É· ²Ó´Ò³¨ ¶ -
· ³¥É· ³¨. ’ ±¨³ µ¡· §µ³, R Ö¢²Ö¥É¸Ö ±¢ ¤· É´µ° n2 × n2-³ É·¨Í¥°,   L
Ö¢²Ö¥É¸Ö n×n-³¥·´µ° ³ É·¨Í¥° ¸ µ¶¥· Éµ·´µ§´ Î´Ò³¨ ³ É·¨Î´Ò³¨ Ô²¥³¥´-
É ³¨ Å ¶µ²¨´µ³ ³¨ ¶µ ¸¶¥±É· ²Ó´µ³Ê ¶ · ³¥É·Ê, ¶¥·¥¸É ´µ¢µÎ´Ò¥ ¸µµÉ´µ-
Ï¥´¨Ö ¤²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ L µ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨¥³ (1).

ˆ´É¥£·¨·Ê¥³ Ö ³µ¤¥²Ó ¢µ§´¨± ¥É ¶·¨ · ¸¸³µÉ·¥´¨¨ Í¥¶µÎ±¨ L-µ¶¥· Éµ-
·µ¢: Ê¶µ·Ö¤µÎ¥´´µ¥ ¶·µ¨§¢¥¤¥´¨¥ m · §²¨Î´ÒÌ L-µ¶¥· Éµ·µ¢

Tv(x) = Lv,Vm−1(x) · · ·Lv,V1(x)Lv,V0(x) ∈ End(v ⊗ V ⊗m) (3)

´ §Ò¢ ¥É¸Ö ³ É·¨Í¥° ³µ´µ¤·µ³¨¨ Í¥¶µÎ±¨ ¤²¨´µ° m. �µ³¥·  ¶·µ¸É· ´¸É¢ Vµ

¢ (3) µ¡µ§´ Î ÕÉ ´µ³¥·  ±µ³¶µ´¥´É ¢ ¶·Ö³µ³ ¶·µ¨§¢¥¤¥´¨¨ V ⊗m. Œ É·¨ÍÒ
³µ´µ¤·µ³¨¨ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ (1), ¶µ¸±µ²Ó±Ê ¢ (3) ¨¸¶µ²Ó§µ¢ ´µ ¶·µ-
¸Éµ¥ ³ É·¨Î´µ¥ Ê³´µ¦¥´¨¥ ¢ v-¶·µ¸É· ´¸É¢¥. ’· ´¸Ë¥·-³ É·¨Í¥° ´ §Ò¢ ¥É¸Ö
¸²¥¤ ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨: t(x) = Trv Tv(x) ∈ End(V ⊗m). ‘²¥¤¸É¢¨¥³ Ê· ¢-
´¥´¨Ö (1) Ö¢²Ö¥É¸Ö ±µ³³ÊÉ É¨¢´µ¸ÉÓ É· ´¸Ë¥·-³ É·¨Í: t(x)t(y) = t(y)t(x).

�·µ¸É· ´¸É¢  Vµ ´ §Ò¢ ÕÉ¸Ö ±¢ ´Éµ¢Ò³¨ ¶·µ¸É· ´¸É¢ ³¨,   µ¶¥· Éµ·-
´µ§´ Î´Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢¸¥Ì L-µ¶¥· Éµ·µ¢ µ¡· §ÊÕÉ  ²£¥¡·Ê ´ ¡²Õ-
¤ ¥³ÒÌ Í¥¶µÎ±¨. �É   ²£¥¡·  Ö¢²Ö¥É¸Ö ²µ± ²Ó´µ°, ¶µ¸±µ²Ó±Ê ¢ ¸¨²Ê ¸É·Ê±ÉÊ·Ò
¶·Ö³µ£µ ¶·µ¨§¢¥¤¥´¨Ö Ô²¥³¥´ÉÒ · §²¨Î´ÒÌ L ±µ³³ÊÉ¨·ÊÕÉ. �·µ¸É· ´¸É¢µ v,
¨¸Î¥§´Ê¢Ï¥¥ ¶·¨ ¶µ¸É·µ¥´¨¨ É· ´¸Ë¥·-³ É·¨ÍÒ, ´ §Ò¢ ¥É¸Ö ¢¸¶µ³µ£ É¥²Ó-
´Ò³ ¶·µ¸É· ´¸É¢µ³, ¶µÔÉµ³Ê É· ´¸Ë¥·-³ É·¨ÍÊ t(x) ³µ¦´µ ´ §¢ ÉÓ ¢¸¶µ-
³µ£ É¥²Ó´µ° É· ´¸Ë¥·-³ É·¨Í¥°. ŠµÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö t(x) ¶µ ¸¶¥±-
É· ²Ó´µ³Ê ¶ · ³¥É·Ê Ö¢²ÖÕÉ¸Ö ¶µ²¨´µ³ ³¨ ¢  ²£¥¡·¥ ´ ¡²Õ¤ ¥³ÒÌ, ¢ ¸¨²Ê



1058 ‘…�ƒ……‚ C. M.

±µ³³ÊÉ É¨¢´µ¸É¨ É· ´¸Ë¥·-³ É·¨Í µ´¨ µ¡· §ÊÕÉ ±µ³³ÊÉ É¨¢´Ò° ´ ¡µ· ¨
¶µÔÉµ³Ê ´ §Ò¢ ÕÉ¸Ö ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö∗.

‚¸¶µ³µ£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î  ¢ · ³± Ì ŠŒ�‡ ¥¸ÉÓ ´ ¡µ· ¸µµÉ´µ-
Ï¥´¨° ¢¨¤ 

ΦµLv,Vµ(x) = Φµ+1, (4)

£¤¥ Φµ ∈ v ⊗ V ⊗m, µ = 0, . . . , m. Œµ´µ¤·µ³¨¥° ¢¥±Éµ·  Φ0 ¶·¨ µ¡Ìµ¤¥
¢¤µ²Ó § ³±´ÊÉµ° Í¥¶µÎ±¨ Ö¢²Ö¥É¸Ö ³ É·¨Í  ³µ´µ¤·µ³¨¨ Tv(x). �·¨³¥Î -
É¥²Ó´µ, ÎÉµ É¥Ì´¨Î¥¸±¨ ²¨´¥°´ Ö § ¤ Î  ¢ ±¢ ´Éµ¢ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²ÖÌ
¶· ±É¨Î¥¸±¨ ´¥ ¨¸¶µ²Ó§Ê¥É¸Ö.

� ·Ö¤Ê ¸ Ê· ¢´¥´¨¥³ (1) ¸¶²¥É¥´¨Ö L-µ¶¥· Éµ·µ¢ ¶µ ¢¸¶µ³µ£ É¥²Ó´µ³Ê
¶·µ¸É· ´¸É¢Ê ¶·¥¤¶µ²µ¦¨É¥²Ó´µ ¸ÊÐ¥¸É¢Ê¥É  ²ÓÉ¥·´ É¨¢´µ¥ Ê· ¢´¥´¨¥ ¸¶²¥-
É¥´¨Ö ¶µ ±¢ ´Éµ¢µ³Ê ¶·µ¸É· ´¸É¢Ê:

Lv,V1(x)Lv,V2(y)SV1,V2(y/x) = SV1,V2(y/x)Lv,V2(y)Lv,V2(x), (5)

£¤¥ SV1,V2 Ö¢²Ö¥É¸Ö ¸± ²Ö·µ³ ¢ ¶·µ¸É· ´¸É¢¥ v. ‘ ¶µ³µÐÓÕ µ¶¥· Éµ·µ¢ S
É ±¦¥ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ± ± µ¶¥· Éµ· ³µ´µ¤·µ³¨¨, É ± ¨ É· ´¸Ë¥·-³ É·¨ÍÊ

Q(x) = TrV SV,Vm−1(x) · · ·SV,V1(x)SV,V0(x). (6)

‚ ¸¨²Ê Ê· ¢´¥´¨Ö (5) Q(x)t(y) = t(y)Q(x). �µ¸±µ²Ó±Ê ·µ²Ó ¢¸¶µ³µ£ É¥²Ó´µ£µ
¶·µ¸É· ´¸É¢  ¶·¨ ¶µ¸É·µ¥´¨¨ Q ¨£· ¥É ±¢ ´Éµ¢µ¥ ¶·µ¸É· ´¸É¢µ, Q(x) ´ §Ò-
¢ ¥É¸Ö ±¢ ´Éµ¢µ° É· ´¸Ë¥·-³ É·¨Í¥°. ‡ ³¥É¨³, ÎÉµ ¶·¨ ¶µ¸É·µ¥´¨¨ ±¢ ´Éµ-
¢µ° É· ´¸Ë¥·-³ É·¨ÍÒ ¨¸¶µ²Ó§Ê¥É¸Ö ¸²¥¤ ¶µ ±¢ ´Éµ¢µ³Ê ¶·µ¸É· ´¸É¢Ê,   ÔÉµ
¶µ¤· §Ê³¥¢ ¥É £¨²Ó¡¥·Éµ¢µ¸ÉÓ ±¢ ´Éµ¢µ£µ ¶·µ¸É· ´¸É¢ . ‚ É ±µ³ ¸²ÊÎ ¥, ¶·¨
¤µ¶µ²´¨É¥²Ó´µ³ Ê¸²µ¢¨¨ ¶µ²µ¦¨É¥²Ó´µ° µ¶·¥¤¥²¥´´µ¸É¨ ³ É·¨Î´ÒÌ Ô²¥³¥´-
Éµ¢, ³µ¦´µ £µ¢µ·¨ÉÓ É ±¦¥ µ ¸É É¨¸É¨Î¥¸±µ° ³¥Ì ´¨±¥ ´  ¤¢Ê³¥·´µ° ·¥Ï¥É±¥.
‘É É¸Ê³³  ±¢ ¤· É´µ° ·¥Ï¥É±¨ · §³¥·µ³ m × k ¥¸ÉÓ ¶µ µ¶·¥¤¥²¥´¨Õ

Z(x) = TrV ⊗mQ(x)k. (7)

‘¨²Ó´µ£µ É·¥¡µ¢ ´¨Ö £¨²Ó¡¥·Éµ¢µ¸É¨ ³µ¦´µ ¨§¡¥¦ ÉÓ, ¨¸¶µ²Ó§ÊÖ ¢³¥¸Éµ
±¢ ´Éµ¢µ° É· ´¸Ë¥·-³ É·¨ÍÒ µ¶¥· Éµ· Ô¢µ²ÕÍ¨¨, µ¶·¥¤¥²Ö¥³Ò° ¸²¥¤ÊÕÐ¨³
µ¡· §µ³. � ¸¸³µÉ·¨³ ¢¸¶µ³µ£ É¥²Ó´Ò¥ É· ´¸Ë¥·-³ É·¨ÍÒ

t(x, y) = TrvLv,Vm−1(x)Lv,Vm−2(xy)Lv,Vm−3(x) · · ·Lv,V1(x)Lv,V0(xy), (8)

∗’· ´¸Ë¥·-³ É·¨Í  ´¥ ¢¸¥£¤  ¶·µ¨§¢µ¤¨É ¶µ²´Ò° ´ ¡µ· ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö. ’µÎ´¥¥,
¸²¥¤Ê¥É, ¶µ³¨³µ É· ´¸Ë¥·-³ É·¨ÍÒ, · ¸¸³µÉ·¥ÉÓ ¢¸¥ ±¢ ´Éµ¢Ò¥ Ì · ±É¥·Ò ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨,
¶¥·¢Ò³ ¨§ ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö ¸²¥¤. �¥Í¥¶ÉÒ ¢ÒÎ¨¸²¥´¨Ö ±¢ ´Éµ¢ÒÌ Ì · ±É¥·µ¢ µ¶·¥¤¥²ÖÕÉ¸Ö
R-³ É·¨Í¥°.
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£¤¥ m ¶·¥¤¶µ² £ ¥É¸Ö Î¥É´Ò³. �´¨ µ¡· §ÊÕÉ ±µ³³ÊÉ É¨¢´µ¥ ¸¥³¥°¸É¢µ
t(x, y)t(x′, y) = t(x′, y)t(x, y). �¶·¥¤¥²¨³ µ¶¥· Éµ· Ô¢µ²ÕÍ¨¨ ± ±

U(y) = SVm−1,Vm−2(y)SVm−3,Vm−4(y) · · ·SV1,V0(y)U0, (9)

£¤¥ µ¶¥· Éµ· ¸¶¥Í¨ ²Ó´µ° ¶¥·¥¸É ´µ¢±¨ U0 µ¶·¥¤¥²¥´ ¸µµÉ´µÏ¥´¨Ö³¨

eµU0 = U0eµ, ¥¸²¨ µ ´¥Î¥É´Ò°, ¨ eµU0 = U0eµ+2, ¥¸²¨ µ Î¥É´Ò°. (10)

‡¤¥¸Ó eµ ¶µ´¨³ ¥É¸Ö ± ± ¶·µ¨§¢µ²Ó´Ò° Ô²¥³¥´É e µ-° ±µ³¶µ´¥´ÉÒ ²µ± ²Ó´µ°
 ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ:

eµ = 1 ⊗ 1 ⊗ · · · ⊗ e︸︷︷︸
µ-¥

³¥¸Éµ

⊗ · · · , (11)

¶·¨Î¥³ ¤²Ö Í¥¶µÎ±¨ Î¥É´µ° ¤²¨´Ò m µ ∈ Zm. �µ ¶µ¸É·µ¥´¨Õ U(y) ´¥
É·¥¡Ê¥É µ¶·¥¤¥²¥´¨Ö ¸²¥¤ , ¨ ± Éµ³Ê ¦¥ ¢ÒÎ¨¸²¥´¨¥ ·¥§Ê²ÓÉ É  Ô¢µ²ÕÍ¨¨ ´ 
µ¤¨´ Ï £ e �→ e′ = U(y)eU(y)−1 É·¥¡Ê¥É ´¥ ÉµÎ´µ£µ µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ· 
S,   ¢¸¥£µ ²¨ÏÓ ¢¨¤  ± ´µ´¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö e �→ SeS−1. ‚ ¸¨²Ê ¦¥
(5) ¨ (10) É· ´¸Ë¥·-³ É·¨Í  t(x, y) ¶·µ¨§¢µ¤¨É ¶·¨ · §²µ¦¥´¨¨ ¶µ x ´ ¡µ·
¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö Ô¢µ²ÕÍ¨¨ U(y):

t(x, y) = U(y) t(x, y)U(y)−1. (12)

‡ ³¥É¨³, ÎÉµ ¸É É¸Ê³³Ê (7) ¤²Ö ·¥Ï¥É±¨ m × m ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¨ ¢ É¥·-
³¨´ Ì µ¶¥· Éµ·  Ô¢µ²ÕÍ¨¨: Z(y) = Tr U(y)m.

‡ ¤ Î  ¶¥·¥Ìµ¤  ± 2 + 1-³¥·´Ò³ ³µ¤¥²Ö³. ‡ ¤ Î  ¶¥·¥Ìµ¤  ± ¨´É¥£·¨-
·Ê¥³Ò³ ³µ¤¥²Ö³ ¡µ²ÓÏ¥° · §³¥·´µ¸É¨, ¢ ¸ÊÐ´µ¸É¨, ¥¸ÉÓ § ¤ Î  µ¡µ¡Ð¥´¨Ö
¶µ´ÖÉ¨Ö µ¤´µ³¥·´µ° Í¥¶µÎ±¨ ´  ¤¢Ê³¥·´ÊÕ ¢¸¶µ³µ£ É¥²Ó´ÊÕ ·¥Ï¥É±Ê. Œ¥-
Éµ¤, ¶·¥¤² £ ¥³Ò° ¢ ¤ ´´µ° · ¡µÉ¥, µ¸´µ¢ ´ ´  ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § -
¤ Î¥ ¸¶¥Í¨ ²Ó´µ£µ ¢¨¤ , µÉ²¨Î´µ£µ µÉ (4) ¨ ¨¸¶µ²Ó§ÊÕÐ¥£µ ²µ± ²Ó´ÊÕ ¸É·Ê±-
ÉÊ·Ê ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨. �·¨ ÔÉµ³ ´¥ ¨¸¶µ²Ó§Ê¥É¸Ö ± ±µ°-²¨¡µ  ´ ²µ£
L-µ¶¥· Éµ·  ¨ ¢¸¶µ³µ£ É¥²Ó´µ£µ ¶·µ¸É· ´¸É¢  ¨ ´¥ ¢µ§´¨± ¥É ´¥µ¡Ìµ¤¨³µ¸É¨
¨¸¶µ²Ó§µ¢ ÉÓ ËÊ´¤ ³¥´É ±¢ ´Éµ¢ÒÌ £·Ê¶¶ Å ËÊ´¤ ³¥´É ²Ó´Ò¥ R-³ É·¨ÍÒ
¨ ¸µµÉ´µÏ¥´¨Ö É¨¶  (1). �¤´ ±µ ¢¸¥ µ¸É ²Ó´Ò¥ ¨´£·¥¤¨¥´ÉÒ ¶·¨¸ÊÉ¸É¢ÊÕÉ:
²µ± ²Ó´ Ö  ²£¥¡·  ´ ¡²Õ¤ ¥³ÒÌ,  ´ ²µ£ ¢¸¶µ³µ£ É¥²Ó´µ° É· ´¸Ë¥·-³ É·¨ÍÒ,
¶µ²ÊÎ ¥³Ò° ± ± ´¥±¨° µ¶·¥¤¥²¨É¥²Ó, ±¢ ´Éµ¢Ò¥ ¸¶²¥É É¥²¨ Å  ´ ²µ£¨ µ¶¥-
· Éµ·µ¢ S, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ Ê· ¢´¥´¨Õ É¥É· Ô¤·µ¢,   É ±¦¥ µ¶¥· Éµ·Ò Ô¢µ-
²ÕÍ¨¨ ¨ ±¢ ´Éµ¢Ò¥ É· ´¸Ë¥·-³ É·¨ÍÒ, ¤²Ö ±µÉµ·ÒÌ ¸É É¨¸É¨Î¥¸± Ö ³¥Ì ´¨± 
¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¸É É³¥Ì ´¨±  ´  ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¥.

‚ ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ ¤²Ö 2 + 1-³¥·´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥° ¶ · ³¥-
É·µ³ Ö¢²Ö¥É¸Ö ´¥ Éµ²Ó±µ · §³¥·, ´µ ¨ Ëµ·³  ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨. — ¸Éµ
³µ¦´µ Ê¸É·µ¨ÉÓ µ¡· É´Ò° ¶¥·¥Ìµ¤ µÉ ²µ± ²Ó´µ£µ 2 + 1-³¥·´µ£µ Ëµ·³ ²¨§³ 
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± 1 + 1-³¥·´µ³Ê (É· ´¸³ÊÉ Í¨Ö · §³¥·´µ¸É¨ ¢ · ´£), ±µ£¤  µ¤¨´ ¨§ ¶·µ¸É· ´-
¸É¢¥´´ÒÌ · §³¥·µ¢ ·¥Ï¥É±¨ n ¶·¥¢· Ð ¥É¸Ö ¢ ®· §³¥·´µ¸ÉÓ £·Ê¶¶Ò ¨§µÉµ¶¨-
Î¥¸±µ° ¸¨³³¥É·¨¨¯,   ¤·Ê£µ° ¶·µ¸É· ´¸É¢¥´´Ò° · §³¥· ·¥Ï¥É±¨ m Å ¢ ¤²¨´Ê
Í¥¶µÎ±¨, Éµ ¢ § ¢¨¸¨³µ¸É¨ µÉ Ëµ·³Ò ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨ ³µ¦´µ ¶µ²Ê-
Î ÉÓ · §²¨Î´Ò¥ 1+1-³¥·´Ò¥ ³µ¤¥²¨, ´ ¶·¨³¥·, ³µ¤¥²¨, ¸¢Ö§ ´´Ò¥ ¸ Uq(ŝln),
¨²¨ ±¢ ´Éµ¢ÊÕ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ Í¥¶µÎ±Ê ’µ¤Ò ¨ ³´µ¦¥¸É¢µ ¥¥ µ¡µ¡Ð¥´¨°,
¨²¨ ±¢ ´Éµ¢ÊÕ ¤¨¸±·¥É´ÊÕ ³µ¤¥²Ó ‹¨Ê¢¨²²Ö ¨ ¥¥ µ¡µ¡Ð¥´¨Ö.

1. ”��Œ“‹ˆ��‚Š� Œ�„…‹ˆ

1.1. ‚¸¶µ³µ£ É¥²Ó´ Ö ·¥Ï¥É± . ˆÉ ±, ¶µ´ÖÉ¨¥ µ¤´µ³¥·´µ° Í¥¶µÎ±¨ § -
³¥´Ö¥É¸Ö ´  ¶µ´ÖÉ¨¥ ¤¢Ê³¥·´µ° ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨.

�¶·¥¤¥²¥´¨¥ 1. ‚¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±µ° ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ·¥-
Ï¥É±Ê, µ¡· §µ¢ ´´ÊÕ µ·¨¥´É¨·µ¢ ´´Ò³¨ ²¨´¨Ö³¨ ´  Éµ·¥. �¥·¥¸¥± ÉÓ¸Ö
²¨´¨¨ ³µ£ÊÉ Éµ²Ó±µ ¶µ¶ ·´µ ¨²¨ ´¥ ¶¥·¥¸¥± ÉÓ¸Ö ¢µ¢¸¥. �µÉ·¥¡Ê¥³ É ±¦¥
µÉ¸ÊÉ¸É¢¨Ö ²¨´¨° É·¨¢¨ ²Ó´µ£µ £µ³µÉµ¶¨Î¥¸±µ£µ ±² ¸¸  ¨ µÉ¸ÊÉ¸É¢¨Ö Éµ-
¶µ²µ£¨Î¥¸±¨ É·¨¢¨ ²Ó´ÒÌ § Í¥¶²¥´¨°. Š²ÕÎ¥¢Ò³ ¦¥ É·¥¡µ¢ ´¨¥³ Ö¢²Ö¥É¸Ö
· ¢¥´¸É¢µ Î¨¸²  ¢¥·Ï¨´ ¨ Î¨¸²  ±²¥Éµ± Å É. ¥. ·¥Ï¥É±Ê ´¥²Ó§Ö ¶¥·¥´¥¸É¨
´  ¸Ë¥·Ê. �Ê¸ÉÓ ¢¶·¥¤Ó Î¨¸²µ ¢¥·Ï¨´, µ´µ ¦¥ Î¨¸²µ ±²¥Éµ±, · ¢´µ ∆.

‚ ¶·¥¤² £ ¥³µ³ ¶µ¸É·µ¥´¨¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢¥·Ï¨´Ò ¢¸¶µ³µ£ É¥²Ó´µ° ·¥-
Ï¥É±¨ ¨ ¥¥ ±²¥É±¨. ‘ ± ¦¤µ° ¢¥·Ï¨´µ° V ³Ò ¡Ê¤¥³  ¸¸µÍ¨¨·µ¢ ÉÓ ¶ ·Ê
uV ,wV µ¡· É¨³ÒÌ £¥´¥· Éµ·µ¢ ¶·µ¸Éµ°  ²£¥¡·Ò ‚¥°²Ö ¸ µ¤´¨³ ¨ É¥³ ¦¥
¶ · ³¥É·µ³ q ¤²Ö ¢¸¥° ·¥Ï¥É±¨,   É ±¦¥ ¤µ¶µ²´¨É¥²Ó´Ò° C-Î¨¸²µ¢µ° ¶ · -
³¥É· κV . �²£¥¡·µ° ´ ¡²Õ¤ ¥³ÒÌ Ö¢²Ö¥É¸Ö, É ±¨³ µ¡· §µ³, ²µ± ²Ó´ Ö  ²£¥¡· 
‚¥°²Ö, µ¶·¥¤¥²Ö¥³ Ö ¸µµÉ´µÏ¥´¨Ö³¨

uV uV ′ = uV ′uV , wV wV ′ = wV ′wV , uV wV ′ = qδV,V ′wV ′uV . (13)

‘ ± ¦¤µ° ±²¥É±µ° S ·¥Ï¥É±¨ ³Ò  ¸¸µÍ¨¨·Ê¥³ ¢¸¶µ³µ£ É¥²Ó´Ò° Ô²¥³¥´É
ϕS , ¶·¨´ ¤²¥¦ Ð¨° Ëµ·³ ²Ó´µ³Ê ²¥¢µ³Ê ³µ¤Ê²Õ ²µ± ²Ó´µ°  ²£¥¡·Ò ‚¥°²Ö.

Š ¦¤ Ö ¢¥·Ï¨´  ·¥Ï¥É±¨ µ±·Ê¦¥´  Î¥ÉÒ·Ó³Ö ±²¥É± ³¨, ± ± ÔÉµ ¶µ± § ´µ
´  ·¨¸. 1. Š²¥É±¨, µ±·Ê¦ ÕÐ¨¥ ¢¥·Ï¨´Ê V , ³Ò µ¡µ§´ Î¨²¨ ± ± a, b, c, d,  
¢¸¶µ³µ£ É¥²Ó´Ò¥ ²¨´¥°´Ò¥ Ô²¥³¥´ÉÒ Å ¸µµÉ¢¥É¸É¢¥´´µ ± ± ϕa, . . . , ϕd.

�µ´ÖÉ¨¥ L-µ¶¥· Éµ·  ³Ò § ³¥´Ö¥³ ´  ¶µ´ÖÉ¨¥ ¢¥·Ï¨´´µ° ²¨´¥°´µ°
Ëµ·³Ò.

�¶·¥¤¥²¥´¨¥ 2. „²Ö ± ¦¤µ° ¢¥·Ï¨´Ò V µ¶·¥¤¥²¨³ ¢¥·Ï¨´´ÊÕ ²¨´¥°-
´ÊÕ Ëµ·³Ê �V ± ± ²¨´¥°´ÊÕ ±µ³¡¨´ Í¨Õ ±²¥ÉµÎ´ÒÌ Ô²¥³¥´Éµ¢ ϕ ¸ ±µÔË-
Ë¨Í¨¥´É ³¨ ¨§ ¢¥·Ï¨´´µ°  ²£¥¡·Ò ‚¥°²Ö, ± ± ÔÉµ ¶µ± § ´µ ¢ ¶· ¢µ° Î ¸É¨
·¨¸. 1:

�V

µ¶·
= ϕa + ϕb q1/2uV + ϕc wV + ϕd κV uV wV . (14)
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�¨¸. 1. V -Ö ¢¥·Ï¨´  ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨

�µ´ÖÉ¨¥ ¢¥·Ï¨´´µ° ²¨´¥°´µ° Ëµ·³Ò ¢µ§´¨±²µ ´  ¸ ³µ³ ¤¥²¥ ¨§ µ¡µ¡-
Ð¥´¨Ö ¤¢Ê³¥·´µ° ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § ¤ Î¨ (4) ¢ ¢¨¤¥ �V = 0.

�¡· É¨³ ¢´¨³ ´¨¥, ÎÉµ ¢ µ¶·¥¤¥²¥´¨¨ �V ¶µ ·¨¸. 1 ÊÎ ¸É¢ÊÕÉ µ·¨¥´-
É¨·µ¢ ´´Ò¥ ²¨´¨¨, ¨ ¶µ¸±µ²Ó±Ê ¶µ µ¶·¥¤¥²¥´¨Õ ¢¸¶µ³µ£ É¥²Ó´ Ö ·¥Ï¥É± 
µ¡· §µ¢ ´  µ·¨¥´É¨·µ¢ ´´Ò³¨ ²¨´¨Ö³¨, ¶· ¢¨²µ ·¨¸. 1 ¤µ²¦´µ ¶·¨³¥´ÖÉÓ¸Ö
±µ ¢¸¥³ ¢¥·Ï¨´ ³ ·¥Ï¥É±¨. �Éµ ¶µ¤· §Ê³¥¢ ¥É · §¢µ·µÉ Éµ·  ¢ ¶ · ²²¥²µ-
£· ³³ ´  ¶²µ¸±µ¸É¨ ¸ µÉµ¦¤¥¸É¢²¥´¨¥³ £· ´¨Í ¶ · ²²¥²µ£· ³³ . „²Ö ´¥±µ-
Éµ·µ° ·¥Ï¥É±¨ § Ë¨±¸¨·Ê¥³ µ¤¨´ ¨§ ¢µ§³µ¦´ÒÌ · §¢µ·µÉµ¢. �·¨ ÔÉµ³ Î ¸ÉÓ
£· ´¨Î´ÒÌ ±²¥Éµ± µ± §Ò¢ ÕÉ¸Ö · §·¥§ ´´Ò³¨ ´  ´¥¸±µ²Ó±µ Î ¸É¥°. �É¨ Î -
¸É¨, · ¸¶µ²µ¦¥´´Ò¥ ´  ¶·µÉ¨¢µ¶µ²µ¦´ÒÌ ±· ÖÌ ¶ · ²²¥²µ£· ³³ , µÉµ¦¤¥-
¸É¢²ÖÕÉ¸Ö. �¤´ ±µ ´ ³ ´¥µ¡Ìµ¤¨³µ ¸²¥£±  ¨§³¥´¨ÉÓ ¶· ¢¨²µ  ¸¸µÍ¨¨·µ¢ ´¨Ö
¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ ϕS . �Ê¸ÉÓ S Å µ¤´  ¨§ É ±¨Ì · §·¥§ ´´ÒÌ ±²¥-
Éµ±, ϕS Å ¢¸¶µ³µ£ É¥²Ó´ Ö ¶¥·¥³¥´´ Ö, ¶·¨¸¢µ¥´´ Ö µ¤´µ° ¨§ ÔÉ¨Ì Î ¸É¥°.
’µ£¤  ¢¸¶µ³µ£ É¥²Ó´µ° ¶¥·¥³¥´´µ°, ¶·¨¸¢µ¥´´µ° Î ¸É¨ · §·¥§ ´´µ° ±²¥É±¨,
¶µ²ÊÎ ¥³µ° µ¡Ìµ¤µ³ Éµ·  ¶µ µ¤´µ³Ê ¨§ ¤¢ÊÌ Í¨±²µ¢ Éµ· , ¶Ê¸ÉÓ Ö¢²Ö¥É¸Ö
xϕS ,   ¢¸¶µ³µ£ É¥²Ó´µ° ¶¥·¥³¥´´µ°, ¶·¨¸¢µ¥´´µ° Î ¸É¨ Éµ· , ¶µ²ÊÎ ¥³µ°
µ¡Ìµ¤µ³ Éµ·  ¶µ ¢Éµ·µ³Ê Í¨±²Ê, Å yϕS . ‡¤¥¸Ó x ¨ y Å ±µ³¶²¥±¸´Ò¥ Î¨¸² .
’ ±¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ´ §Ò¢ ÕÉ¸Ö ±¢ §¨¶¥·¨µ¤¨Î¥¸±¨³¨,   x ¨ y Ö¢²ÖÕÉ¸Ö

�¨¸. 2. �·¨³¥· ±¢ §¨¶¥·¨µ¤¨Î¥¸±¨Ì £· ´¨Î-
´ÒÌ Ê¸²µ¢¨°

C-Î¨¸²µ¢Ò³¨ ³µ´µ¤·µ³¨Ö³¨.
‚¥¸Ó³  ¶·µ¸Éµ° ¶·¨³¥· ¶·¨¢¥-
¤¥´ ´  ·¨¸. 2, £¤¥ · ¸¸³µÉ·¥´ 
·¥Ï¥É± , ¸µ¸ÉµÖÐ Ö ¨§ ¤¢ÊÌ ²¨-
´¨°, ¤¢ÊÌ ¢¥·Ï¨´ ¨ ¤¢ÊÌ ±²¥Éµ±.
�¥·¢Ò³ Í¨±²µ³ Éµ·  ¢Ò¡· ´µ £µ-
·¨§µ´É ²Ó´µ¥ ´ ¶· ¢²¥´¨¥, ¢Éµ-
·Ò³ Å ¢¥·É¨± ²Ó´µ¥. Š²¥É±  1
µ± § ² ¸Ó · §·¥§ ´´µ° ´  Î¥ÉÒ·¥
Î ¸É¨, ±²¥É±  2 Å ´  É·¨ Î ¸É¨.
�·¨ ¶¥·¥Ìµ¤¥ ¸ ²¥¢µ£µ ±· Ö ËÊ´¤ ³¥´É ²Ó´µ£µ ¶·Ö³µÊ£µ²Ó´¨±  Éµ·  ´  ¶· -
¢Ò° ϕS ¶µ²ÊÎ ¥É ³´µ¦¨É¥²Ó x,   ¶·¨ ¶¥·¥Ìµ¤¥ ¸ ¢¥·Ì´¥£µ ±· Ö ´  ´¨¦´¨° Å
³´µ¦¨É¥²Ó y, ¨ ´ µ¡µ·µÉ. ‚ ¦´µ, ÎÉµ É ±¨Ì ³µ´µ¤·µ³¨° ·µ¢´µ ¤¢¥, µ´¨
¸µµÉ¢¥É¸É¢ÊÕÉ ¤¢Ê³ ´¥§ ¢¨¸¨³Ò³ Í¨±² ³ Éµ· .

1.2. �·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² ¤²Ö ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö. ‚ ·¥§Ê²Ó-
É É¥ µ¶¨¸ ´´ÒÌ ¶· ¢¨² ³Ò ¶µ²ÊÎ ¥³ ¤²Ö ± ¦¤µ° ·¥Ï¥É±¨ ´  Éµ·¥ ¸¨¸É¥³Ê
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²¨´¥°´ÒÌ ¸µµÉ´µÏ¥´¨°

�V =
∑
S

ϕS LS|V (x, y), (15)

£¤¥ LS|V Å ³ É·¨Í  ±µÔËË¨Í¨¥´Éµ¢, ´ ¡¨· ¥³ Ö ²¨´¥°´Ò³¨ Ê· ¢´¥´¨Ö³¨,
¶·¨¢¥¤¥´´Ò³¨ ´  ·¨¸. 1, ¸ ÊÎ¥Éµ³ ±¢ §¨¶¥·¨µ¤¨Î¥¸±¨Ì Ê¸²µ¢¨°, µ¶¨¸ ´´ÒÌ
¢ÒÏ¥. ‚ ¸¨²Ê ²µ± ²Ó´µ¸É¨  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ ³µ¦´µ £µ¢µ·¨ÉÓ µ¡ µ¶¥· -
Éµ·´µ§´ Î´µ³ µ¶·¥¤¥²¨É¥²¥ ³ É·¨ÍÒ ±µÔËË¨Í¨¥´Éµ¢

j(x, y) = det ||LS|V (x, y)||. (16)

�ÉµÉ µ¡Ñ¥±É Ìµ·µÏµ µ¶·¥¤¥²¥´, ¶µ¸±µ²Ó±Ê, ¢µ-¶¥·¢ÒÌ, ¢ ¸¨²Ê ´ Ï¥£µ µ¶·¥¤¥-
²¥´¨Ö ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨, Î¨¸²µ ¢¥·Ï¨´ · ¢´µ Î¨¸²Ê ±²¥Éµ±, É ± ÎÉµ
||LS|V || Å ±¢ ¤· É´ Ö ³ É·¨Í  · §³¥·µ³ ∆ × ∆. ‚µ-¢Éµ·ÒÌ, ¢ ¸¨²Ê £² ¢-
´µ£µ ²¨´¥°´µ£µ ¸µµÉ´µÏ¥´¨Ö, ¶·¨¢¥¤¥´´µ£µ ´  ·¨¸. 1, ³Ò ¨³¥¥³ ²µ± ²Ó´ÊÕ
±µ³³ÊÉ É¨¢´µ¸ÉÓ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·´µ§´ Î´µ° ³ É·¨ÍÒ LS|V :

LS|V LS′|V ′ = LS′|V ′ LS|V , ¥¸²¨ V �= V ′. (17)

‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ ¢ÒÎ¨¸²¥´¨¨ µ¶·¥¤¥²¨É¥²Ö ´¥ ¢µ§´¨± ¥É ¶·µ¡²¥³Ò Ê¶µ·Ö-
¤µÎ¨¢ ´¨Ö, ¨ · ¡µÉ ¥É ¸É ´¤ ·É´ Ö Ëµ·³Ê² 

det ||LS|V || =
∑

¶µ ¶¥·¥¸É ´µ¢± ³ σ

(−)σ
∏
¶µV

LS=σ(V )|V . (18)

„ ²¥¥, j(x, y) Ö¢²Ö¥É¸Ö ²µ· ´µ¢¸±¨³ ¶µ²¨´µ³µ³ ¶µ x, y:

j(x, y) =
∑

α,β∈Σ

xαyβ j′α,β . (19)

‘Ê³³¨·µ¢ ´¨¥ ¢ (19) ¢¥¤¥É¸Ö ¶µ ´¥±µÉµ·µ³Ê ¤¢Ê³¥·´µ³Ê ¤¨¸±·¥É´µ³Ê ³´µ£µ-
µ¡· §¨Õ Σ, ±µÉµ·µ¥ ´ §Ò¢ ¥É¸Ö ³´µ£µÊ£µ²Ó´¨±µ³ �ÓÕÉµ´  ¶µ²¨´µ³  j(x, y)
(Î¨¸²  α ¨ β ¢ (19) ¢ ²Õ¡µ³ ¸²ÊÎ ¥ Í¥²Ò¥). ‚¨¤ ¨ Ëµ·³  Σ § ¢¨¸¨É µÉ · §³¥· 
¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨, ¥¥ Ëµ·³Ò ¨ ¤¥É ²¥° · ¸¸É ´µ¢±¨ ¶ · ³¥É·µ¢ x ¨
y ¢ µ¶·¥¤¥²¥´¨¨ ϕS .

‚ ²Õ¡µ³ ¸²ÊÎ ¥ ¶Ê¸ÉÓ N = j′0,0 ¨

jα,β = j′α,β N−1, (20)

É ± ÎÉµ j0,0 ≡ 1. ‘²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö É¥µ·¥³µ°, ¶µ¸±µ²Ó±Ê
³Ò ¨³¥¥³ ¤µ± § É¥²Ó¸É¢µ ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö Éµ²Ó±µ ¤²Ö µÉ¤¥²Ó´ÒÌ ¢¨¤µ¢ ·¥-
£Ê²Ö·´ÒÌ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ·¥Ï¥Éµ± (´ ¶·¨³¥·, ¤²Ö ±¢ ¤· É´µ° ·¥Ï¥É±¨, ¤²Ö
¸¶¨· ²Ó´µ° ·¥Ï¥É±¨), µ¤´ ±µ  ´ ²¨É¨Î¥¸±¨ ³Ò ¶·µ¢¥·¨²¨ ÔÉµ ÊÉ¢¥·¦¤¥´¨¥
¤²Ö ¡µ²ÓÏµ£µ Î¨¸²  ±µ´¥Î´ÒÌ ·¥Ï¥Éµ± ¨ ´¨ · §Ê ¢ ´¥³ ´¥ Ê¸µ³´¨²¨¸Ó.
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“É¢¥·¦¤¥´¨¥ 1. „²Ö ·¥Ï¥É±¨ ²Õ¡µ° Ëµ·³Ò ¨ ²Õ¡µ£µ · §³¥·  (¢ Éµ³
Î¨¸²¥ ¨ ¤²Ö ´¥ · ¸¸³ É·¨¢ ¥³ÒÌ ´ ³¨ ¸²ÊÎ ¥¢ ·¥Ï¥É±¨ ¸ ²¨´¨Ö³¨ ´Ê²¥¢µ£µ
£µ³µÉµ¶¨Î¥¸±µ£µ ±² ¸¸ , ¸ § Í¥¶²¥´¨Ö³¨ ¨ ¸ ³µ¶¥·¥¸¥Î¥´¨Ö³¨) Ô²¥³¥´ÉÒ
jα,β Ê¤µ¢²¥É¢µ·ÖÕÉ ¶¥·¥¸É ´µ¢µÎ´Ò³ ¸µµÉ´µÏ¥´¨Ö³

jα,β jα′,β′ = q±(αβ′−βα′)jα′,β′ jα,β . (21)

‘µµÉ´µÏ¥´¨¥ (21) ¸¶· ¢¥¤²¨¢µ ¤²Ö ²Õ¡µ£µ ¸¶µ¸µ¡  ´ §´ Î¥´¨Ö É¥Ì Î ¸É¥°
±²¥Éµ±, ±µÉµ·Ò³ ¶·¨¸¢ ¨¢ ÕÉ¸Ö Ô²¥³¥´ÉÒ ϕS ¡¥§ ³´µ¦¨É¥²¥° x ¨ y. ‡´ ±
± ¢ ¸É¥¶¥´¨ q ¢ (21), µ¡Ð¨° ¤²Ö ¢¸¥Ì ¶ · (α, β) ¨ (α′, β′), § ¢¨¸¨É µÉ ¢Ò¡µ· 
´ ¶· ¢²¥´¨° ¤¢ÊÌ ´¥Ô±¢¨¢ ²¥´É´ÒÌ Í¨±²µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³µ´µ¤·µ³¨Ö³
x ¨ y.

‡ ³¥É¨³, ÎÉµ ¸µ¤¥·¦ ´¨¥ ¢Éµ·µ° Î ¸É¨ ÊÉ¢¥·¦¤¥´¨Ö µ ¶·µ¨§¢µ²Ó´µ¸É¨
¢Ò¡µ·  Í¨±²µ¢ ¥¸ÉÓ É·¨¢¨ ²Ó´µ¥ ¸²¥¤¸É¢¨¥ µ¶·¥¤¥²¥´¨Ö ¤¥É¥·³¨´ ´É .

“É¢¥·¦¤¥´¨¥ 1 Ö¢²Ö¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥³ µ¡ ¨´É¥£·¨·Ê¥³µ¸É¨. ‚ ¸¨²Ê (21)
Ô²¥³¥´ÉÒ

tα,β

µ¶·
= jα,β j−α

1,0 j−β
0,1 (22)

µ¡· §ÊÕÉ ±µ³³ÊÉ É¨¢´µ¥ ¸¥³¥°¸É¢µ, ÎÉµ ¥¸ÉÓ ¶·¨§´ ± ¨´É¥£·¨·Ê¥³µ¸É¨. �µ
¶µ¸É·µ¥´¨Õ tα,β Å · Í¨µ´ ²Ó´Ò¥ ËÊ´±Í¨¨ ´   ²£¥¡·¥ ´ ¡²Õ¤ ¥³ÒÌ, µ¤´ ±µ
¢¶µ¸²¥¤¸É¢¨¨ ³Ò Ê¢¨¤¨³, ÎÉµ ¨Ì ¢¸¥£¤  ³µ¦´µ ¸¤¥² ÉÓ ¶µ²¨´µ³ ³¨. �µ²¥¥
Éµ£µ, ¢ ¤µ¶µ²´¥´¨¥ ± ÊÉ¢¥·¦¤¥´¨Õ 1 ¨³¥¥É¸Ö

“É¢¥·¦¤¥´¨¥ 2. ‚ · ¸¸³ É·¨¢ ¥³ÒÌ ¸²ÊÎ ÖÌ, ±µ£¤  ¢¸¶µ³µ£ É¥²Ó´ Ö
·¥Ï¥É±  ´¥ ¨³¥¥É ²¨´¨° É·¨¢¨ ²Ó´µ£µ £µ³µÉµ¶¨Î¥¸±µ£µ ±² ¸¸  ¨ § Í¥¶²¥-
´¨°, ±µ²¨Î¥¸É¢µ ( ²£¥¡· ¨Î¥¸±¨) ´¥§ ¢¨¸¨³ÒÌ Ô²¥³¥´Éµ¢ tα,β , (α, β) ∈ Σ,
¥¸ÉÓ ·µ¢´µ ∆ − 1, £¤¥ ∆ Å ±µ²¨Î¥¸É¢µ ¢¥·Ï¨´ (· §³¥·) ·¥Ï¥É±¨. ∆-³ ±µ³-
³ÊÉ É¨¢´Ò³ Ô²¥³¥´Éµ³ Ö¢²Ö¥É¸Ö ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö µÉ j1,0 ¨ j0,1.

‘Ì¥³  ¤µ± § É¥²Ó¸É¢  ÊÉ¢¥·¦¤¥´¨Ö 2 µ ¶µ²´µÉ¥ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ¡Ê-
¤¥É ¤ ´  ´¨¦¥.

�·¨¢¥¤¥´´Ò° ·¥Í¥¶É ¶µ¸É·µ¥´¨Ö ¶µ²´µ£µ ´ ¡µ·  ±µ³³ÊÉ É¨¢´ÒÌ ¶µ²¨-
´µ³µ¢ ¢  ²£¥¡·¥ ´ ¡²Õ¤ ¥³ÒÌ Ö¢²Ö¥É¸Ö µ¸´µ¢µ° ¶µ¸É·µ¥´¨Ö ¨´É¥£·¨·Ê¥³µ°
³µ¤¥²¨, ¨ ¶µ ¸³Ò¸²Ê ÔÉµÉ ·¥Í¥¶É § ³¥´Ö¥É ¶µ¸É·µ¥´¨¥ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ³ -
É·¨Í ³µ´µ¤·µ³¨¨ ¨ ¢ÒÎ¨¸²¥´¨¥ ¨Ì ±¢ ´Éµ¢ÒÌ Ì · ±É¥·µ¢. “¤¨¢¨É¥²Ó´µ, ÎÉµ
µ¸´µ¢  1+1-³¥·´µ£µ ±¢ ´Éµ¢µ£µ ³¥Éµ¤  µ¡· É´µ° § ¤ Î¨ Å Ê· ¢´¥´¨¥ ¸¶²¥É¥-
´¨Ö (1) Å ´ ³ ´¥ ¶µ´ ¤µ¡¨²µ¸Ó ¸µ¢¥·Ï¥´´µ! ‡ ³¥Î É¥²Ó´µ, µ¤´ ±µ, ÎÉµ ¶·¨
¶¥·¥Ëµ·³Ê²¨·µ¢ ´¨¨ É·¥Ì³¥·´ÒÌ ³µ¤¥²¥° ¢ ¤¢Ê³¥·´Ò¥ L-µ¶¥· Éµ·Ò ŠŒ�‡
¢µ§´¨±´ÊÉ  ¢Éµ³ É¨Î¥¸±¨.

Š·µ³¥ Éµ£µ, ¸ÊÐ¥¸É¢¥´´µ¥ · §²¨Î¨¥ ³¥¦¤Ê t(x) ¨ j(x, y) § ±²ÕÎ ¥É¸Ö
¢ Éµ³, ÎÉµ j ¸µ¤¥·¦¨É ´¥±µ³³ÊÉ É¨¢´ÊÕ ¶ ·Ê j1,0 ¨ j0,1, ¨³¥ÕÐÊÕ ¸³Ò¸²
± ´µ´¨Î¥¸±µ° ¶ ·Ò ®Í¥´É·  ¨´¥·Í¨¨¯.

1.3. �·¨³¥·Ò. �·¨¢¥¤¥³ ¶·¨³¥·Ò ¢¸¶µ³µ£ É¥²Ó´ÒÌ ·¥Ï¥Éµ± ¨ µ¶·¥¤¥-
²¨É¥²¥° j(x, y).
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1.3.1. ’·¥Ê£µ²Ó´¨±. � ¸¸³µÉ·¨³ Éµ· ¸ ¶·µ¸ÉÒ³ É·¥Ê£µ²Ó´¨±µ³, µ·¨¥´É¨-
·µ¢ ´´Ò³, ± ± ÔÉµ ¶µ± § ´µ ´  ·¨¸. 3. �  ÔÉµ³ ¦¥ ·¨¸Ê´±¥ ¶µ± § ´  ´Ê³¥· -
Í¨Ö ¢¥·Ï¨´ ¨ ±²¥Éµ± ¨ · ¸¸É ´µ¢±  ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢ x ¨ y: ¶¥·¥Ìµ¤
¸ ´¨¦´¥£µ ±· Ö ´  ¢¥·Ì´¨° ¸µµÉ¢¥É¸É¢Ê¥É Ê³´µ¦¥´¨Õ ´  x, ¶¥·¥Ìµ¤ ¸ ²¥¢µ£µ
±· Ö ´  ¶· ¢Ò° ¸µµÉ¢¥É¸É¢Ê¥É Ê³´µ¦¥´¨Õ ´  y. �ÉµÉ É·¥Ê£µ²Ó´¨± Ö¢²Ö¥É¸Ö
É ± ´ §Ò¢ ¥³µ° ®·¥Ï¥É±µ° ± £µ³¥¯ ³¨´¨³ ²Ó´µ£µ · §³¥· .

�¨¸. 3. �·¨¥´É¨·µ¢ ´´Ò° É·¥Ê£µ²Ó´¨± ´  Éµ·¥

‘µ£² ¸´µ ¶· ¢¨² ³ ·¨¸. 1 ³Ò ¨³¥¥³ É·¨ ²¨´¥°´Ò¥ Ëµ·³Ò

�1 = xϕ1 + ϕ2q
1/2u1 + ϕ3w1 + yϕ1κ1u1w1,

�2 = ϕ3 + yϕ1q
1/2u2 + ϕ1w2 + x−1ϕ2κ2u2w2,

�3 = xϕ1 + ϕ3q
1/2u3 + y−1ϕ2w3 + ϕ1κ3u3w3,

(23)

µÉ±Ê¤  ¶µ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ Ö ³ É·¨Í  ±µÔËË¨Í¨¥´Éµ¢:

L =

 x + yκ1u1w1 w2 + yq1/2u2 x + κ3u3w3

q1/2u1 x−1κ2u2w2 y−1w3

w1 1 q1/2u3

 . (24)

�¶·¥¤¥²¨É¥²Ó L ¢ÒÎ¨¸²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

det L = xq1/2u1 + y−1w1w2w3 + x−1yq1/2κ1κ2u1w1u2w2u3−
− x−1κ2κ3w1u2w2u3w3 − yq3/2u1u2u3 − xy−1w3 + Hq1/2u2u3w3, (25)

£¤¥

H = (w + κ2u−1 − q1/2κ2u−1w) + s(w−1 + κ1u− q1/2κ3uw−1), (26)

u = w−1
2 w3, w = w1u

−1
3 , s = −q−1/2u1w1u

−1
2 w2u

−1
3 w−1

3 . (27)
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�·¨³¥´ÖÖ ¸Ì¥³Ê, ¶·¥¤² £ ¥³ÊÕ Ê· ¢´¥´¨¥³ (22), ¶µ²ÊÎ ¥³, ÎÉµ ´¥±µ³³ÊÉ -
É¨¢´µ° ¶ ·µ° Ö¢²Ö¥É¸Ö, ´ ¶·¨³¥·, u2u3 ¨ u−1

1 w3,   ¶µ²´Ò³ ´ ¡µ·µ³ ±µ³-
³ÊÉ É¨¢´ÒÌ Ô²¥³¥´Éµ¢ Ö¢²ÖÕÉ¸Ö ¶µ²¨´µ³Ò H ¨ s, Ê· ¢´¥´¨Ö (26), (27) ¨
¶·µ¨§¢µ²Ó´Ò° ¶µ²¨´µ³ f(u2u3,u−1

1 w3).
1.3.2. ‘¶¨· ²Ó. „·Ê£µ° ¢ ·¨ ´É ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¨ Å ÔÉµ ®¸¶¨-

· ²Ó´ Ö¯ ·¥Ï¥É±  ¶·µ¨§¢µ²Ó´µ£µ · §³¥· . �Ê¸ÉÓ A ¨ B Å ¤¢  ¡ §¨¸´ÒÌ Í¨-

�¨¸. 4. ”· £³¥´É ¸¶¨· ²Ó-
´µ° ·¥Ï¥É±¨

±²  ´  Éµ·¥. ‘¶¨· ²Ó ¸ m ¢¨É± ³¨ Å ÔÉµ ²¨´¨Ö
£µ³µÉµ¶¨Î¥¸±µ£µ ±² ¸¸  A+ mB. ‚Éµ· Ö ²¨´¨Ö Å
ÔÉµ ²¨´¨Ö ±² ¸¸  A. �·¨³¥· ¸¶¨· ²Ó´µ° ·¥Ï¥É±¨
¸ m = 2 ¶·¨¢¥¤¥´ ´  ·¨¸. 2,   ¥¥ Ë· £³¥´É, ¸µ-
¤¥·¦ Ð¨° µ-Õ ¢¥·Ï¨´Ê, µ = 0, . . . , m − 1, Å ´ 
·¨¸. 4. ƒ· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¢ ¢¥·É¨± ²Ó´µ³ ´ ¶· -
¢²¥´¨¨ (Í¨±² B, ¶ · ³¥É· x) Ê± § ´Ò ´¥¶µ¸·¥¤-
¸É¢¥´´µ ´  ·¨¸Ê´±¥, £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¢ £µ·¨§µ´-
É ²Ó´µ³ ´ ¶· ¢²¥´¨¨ (Í¨±² A) ¸¢µ¤ÖÉ¸Ö ± µÉµ¦¤¥-
¸É¢²¥´¨Õ xϕ−1 = xy−1ϕm−1, ϕm = yϕ0.

„²Ö ¢ÒÎ¨¸²¥´¨Ö µ¶·¥¤¥²¨É¥²Ö ¸´ Î ²  ¶¥·¥¶¨Ï¥³ ²¨´¥°´ÊÕ § ¤ ÎÊ ·¨¸. 1
µ¸µ¡Ò³ µ¡· §µ³. ‡ ³¥É¨³, ¢µ-¶¥·¢ÒÌ, ÎÉµ ¤²Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

�V =
∑
S

ϕSLS|V µ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ ±µÔËË¨Í¨¥´Éµ¢ ¢µ§´¨± ¥É ¶·¨ ·¥-

Ï¥´¨¨ µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò �V = 0 ¢ ¢¨¤¥ ϕS det ||L|| = 0. „¥É ²Ó´µ ³Ò
µ¡¸Ê¤¨³ ÔÉµ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥, µ¤´ ±µ Ô¢·¨¸É¨Î¥¸±¨ ÔÉµ µÎ¥¢¨¤´µ. ‹¨-
´¥°´µ¥ Ê· ¢´¥´¨¥, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ µ-° ¢¥·Ï¨´¥ ·¨¸. 4,

[�µ = ] ϕµ + ϕµ+1q
1/2uµ + xϕµ−1wµ + xϕµκµuµwµ = 0 (28)

³µ¦¥É ¡ÒÉÓ Éµ¦¤¥¸É¢¥´´µ ¶¥·¥¶¨¸ ´µ ¢ Ëµ·³¥ (4) ± ±

ΦµLµ(x) = Φµ+1(−q1/2uµ), (29)

£¤¥ ¢¢¥¤¥´Ò ¢¥±Éµ·-¸É·µ±¨ Φµ = (ϕµ, ϕµ−1), £· ´¨Î´µ¥ Ê¸²µ¢¨¥ ¤²Ö ±µÉµ·ÒÌ
Φm = yΦ0,   ³ É·¨Í  L ¥¸ÉÓ

Lµ(x) =
(

1 + xκµuµwµ −q1/2uµ

xwµ 0

)
. (30)

L Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ ‹ ±¸  ±¢ ´Éµ¢µ° ·¥²ÖÉ¨¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò. ‘¨-
¸É¥³  µ¤´µ·µ¤´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (28) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ± ± ¸¨-
¸É¥³  ¤¢ÊÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

Φ0

(
T (x) − y

m−1∏
µ=0

(−q1/2uµ)

)
= 0, (31)
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£¤¥ ³ É·¨Í  ³µ´µ¤·µ³¨¨

T (x) = L0(x)L1(x) · · · Lm−1(x). (32)

�¢·¨¸É¨Î¥¸±¨ µÎ¥¢¨¤´µ, ÎÉµ µ¶·¥¤¥²¨É¥²Ó j(x, y) ¶·µ¶µ·Í¨µ´ ²¥´ ¶µ¤Ìµ¤Ö-

Ð¨³ µ¡· §µ³ § ¤ ´´µ³Ê µ¶·¥¤¥²¨É¥²Õ ³ É·¨ÍÒ T (x)−y

m−1∏
µ=0

(−q1/2uµ). Šµ³-

¡¨´ Éµ·´µ ³µ¦´µ ¸É·µ£µ ¤µ± § ÉÓ, ÎÉµ

j(x, y) = t(x) − y

m−1∏
µ=0

(−q1/2uµ) − xmy−1
m−1∏
µ=0

(−wµ), (33)

£¤¥ t(x) Å ¸²¥¤ ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨, ¶·µ¨§¢µ¤ÖÐ¨° ±µ³³ÊÉ É¨¢´Ò° ´ ¡µ·

¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö, t(x) =
m∑

k=0

xktk. Š ¸Î ¸ÉÓÕ, t0 = 1, É ± ÎÉµ µ¶·¥¤¥-

²¨É¥²Ó ´¥ ´ ¤µ ´µ·³¨·µ¢ ÉÓ. Š Éµ³Ê ¦¥ tm =
m−1∏
µ=0

κµuµwµ,  , ´ ¶·¨³¥·,

t1 =
∑

µ∈Zm

κµuµwµ − q1/2uµwµ+1. �¥É·Ê¤´µ § ³¥É¨ÉÓ, ÎÉµ tk Ö¢²Ö¥É¸Ö ¶µ-

²¨´µ³µ³ k-° ¸É¥¶¥´¨ ± ± ¶µ wµ, É ± ¨ ¶µ uµ. � ¡µ· tk ¶µ²µ´ ¨ ¸µ¤¥·¦¨É
´¥Ö¢´µ ¶¥·¢Ò° Ô²¥³¥´É ´¥±µ³³ÊÉ É¨¢´µ° ¶ ·Ò,   Ô²¥³¥´É

∏
µ uµ Å ¢Éµ·µ°

Ô²¥³¥´É ´¥±µ³³ÊÉ É¨¢´µ° ¶ ·Ò, É ± ÎÉµ ¸µµÉ´µÏ¥´¨¥ (21) ¢ ¸²ÊÎ ¥ Í¥¶µÎ±¨
’µ¤Ò ¢Ò£²Ö¤¨É ± ± (∏

µ

uµ

)
t(x) = t(qx)

(∏
µ

uµ

)
. (34)

1.3.3. Š¢ ¤· É´ Ö ·¥Ï¥É± . Š¢ ¤· É´ Ö ·¥Ï¥É±  Ö¢²Ö¥É¸Ö ´ Ï¨³ µ¸´µ¢-
´Ò³ ¶·¨³¥·µ³, ¶µ¸±µ²Ó±Ê ¨³¥¥É ¶·µ¨§¢µ²Ó´Ò¥ · §³¥·Ò ¢ µ¡µ¨Ì ´ ¶· ¢²¥-
´¨ÖÌ, É. ¥. Ö¢²Ö¥É¸Ö ´¥É·¨¢¨ ²Ó´µ ¤¢Ê³¥·´µ° ¨ ± Éµ³Ê ¦¥ ¨³¥¥É ¶·µ¸É¥°ÏÊÕ
¨§ ³Ò¸²¨³ÒÌ ¸É·Ê±ÉÊ·. ‚¥·Ï¨´Ò ±¢ ¤· É´µ° ·¥Ï¥É±¨ ´Ê³¥·ÊÕÉ¸Ö ¶ · ³¨
¨´¤¥±¸µ¢ V = (n2, n3), £¤¥ n2 ∈ ZN2 ¨ n3 ∈ ZN3 , N2 ¨ N3 Å · §³¥·Ò Éµ· ∗.
(n2, n3)-¥ ²¨´¥°´µ¥ ¸µµÉ´µÏ¥´¨¥

�n2,n3 = ϕn2,n3 + ϕn2,n3+1q
1/2un2,n3+

+ ϕn2−1,n3wn2,n3 + ϕn2−1,n3+1κn2,n3un2,n3wn2,n3 . (35)

∗‡ ¡¥£ Ö ¢¶¥·¥¤, µÉ³¥É¨³, ÎÉµ ´Ê³¥· Í¨Ö ¸ ¶µ³µÐÓÕ n1 ¨ N1 § ·¥§¥·¢¨·µ¢ ´  §  ¤¨¸±·¥É-
´Ò³ ¢·¥³¥´¥³ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ ¨ §  É·¥ÉÓ¨³ ¶·µ¸É· ´¸É¢¥´´Ò³ ¨§³¥·¥´¨¥³ ¸É É³¥Ì ´¨±¨.
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�¨¸. 5. ”· £³¥´É ¢¸¶µ³µ£ É¥²Ó´µ° ±¢ ¤· É´µ° ·¥Ï¥É±¨

‚ ¸¨¸É¥³¥ ÔÉ¨Ì Ê· ¢´¥´¨° n2 = 0, . . . , N2 − 1 ¨ n3 = 0, . . . , N3 − 1, ¶¥·¨µ¤¨-
Î¥¸±¨¥ ¦¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ²¨´¥°´ÒÌ ¶¥·¥³¥´´ÒÌ

ϕ−1,n3 = xϕN2−1,n3 , ϕn2,N3 = y ϕn2,0. (36)

�µ µ¶·¥¤¥²¥´¨Õ ³ É·¨ÍÒ L �V =
∑
S

ϕSLS|V ¨§ (35), (36) ¸µµÉ¢¥É¸É¢ÊÕÉ

Ln2,n3|n2,n3 = 1,

Ln2,n3+1|n2,n3 = q1/2un2,n3y
δn3,N3−1 ,

Ln2−1,n3|n2,n3 = wn2,n3x
δn2,0 ,

Ln2−1,n3+1|n2,n3 = κn2,n3un2,n3wn2,n3x
δn2,0yδn3,N3−1 .

(37)

‡¤¥¸Ó n2 ∈ ZN2 , n3 ∈ ZN3 ¨ ¢¸¥ µ¸É ²Ó´Ò¥ LS|V = 0. � ¸¸É ´µ¢±  ¨´-
¤¥±¸µ¢ ¶µ± § ´  ´  ·¨¸. 5. �¶·¥¤¥²¨É¥²Ó j(x, y) = det ||L|| ´¥ ´Ê¦¤ ¥É¸Ö ¢
´µ·³¨·µ¢±¥, ¶µ¸±µ²Ó±Ê ¢ · §²µ¦¥´¨¨

j(x, y) =
N2∑

ν2=0

N3∑
ν3=0

yν2xν3 jν2,ν3 (38)

j0,0 ≡ 1. �Ê¸ÉÓ

Un2 =
N3−1∏
n3=0

(−q1/2un2,n3),Wn3 =
N2−1∏
n2=0

(−wn2,n3). (39)

�¥¸²µ¦´µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ

N2∑
ν2=0

yν2 jν2,0 =
N2−1∏
n2=0

(1 − yUn2),

N3∑
ν3=0

xν3 j0,ν3 =
N3−1∏
n3=0

(1 − xWn3).

(40)
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�¥§ µ£· ´¨Î¥´¨Ö µ¡Ð´µ¸É¨ ´¥±µ³³ÊÉ É¨¢´µ° ¶ ·µ° ³µ¦´µ ¢Ò¡· ÉÓ U0 ¨ W0,
É ± ÎÉµ ¢ ´ ¡µ·¥ ±µ³³ÊÉ É¨¢´ÒÌ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö

tν2,ν3
= jν2,ν3

U−ν2
0 W−ν3

0 (41)

¸µ¤¥·¦ É¸Ö ¢¸¥ µ¸É ²Ó´Ò¥ Un2U
−1
0 ¨ Wn3W

−1
0 . �¥·¥¸É ´µ¢µÎ´Ò¥ ¸µµÉ´µ-

Ï¥´¨Ö ³¥¦¤Ê jν2,ν3 ¨ Un2 ,Wn3 Ê¤µ¡´µ É ±¦¥ § ¶¨¸Ò¢ ÉÓ ¢ ¢¨¤¥

j(x, y)Un2 = Un2j(q
−1x, y), j(x, y)Wn3 = Wn3j(x, qy). (42)

Šµ³¡¨´ Éµ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥. „²Ö ±¢ ¤· É´µ° ·¥Ï¥É±¨ ¸ÊÐ¥¸É¢Ê¥É § -
³¥Î É¥²Ó´µ¥ ±µ³¡¨´ Éµ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ jν2,ν3 ¸ ¶µ³µÐÓÕ ³´µ¦¥¸É¢  ¶ÊÉ¥°
¸¶¥Í¨ ²Ó´µ£µ ¢¨¤  ´  ·¥Ï¥É±¥. Š ¦¤Ò° ¶ÊÉÓ ¶·µÌµ¤¨É Î¥·¥§ ± ¦¤ÊÕ ¢¥·-
Ï¨´Ê µ¤¨´ · § ¨ ¶·µÌµ¤¨É Î¥·¥§ ± ¦¤ÊÕ ±²¥É±Ê µ¤¨´ · §. �Ê¸ÉÓ ¸ÊÐ¥¸É¢ÊÕÉ
¢¸¥£µ Î¥ÉÒ·¥ ¸¶µ¸µ¡  ¶·µÌµ¤  ¶ÊÉ¨ Î¥·¥§ ¢¥·Ï¨´Ê, ÔÉ¨ ¸¶µ¸µ¡Ò ¶·¨¢¥¤¥´Ò ´ 
·¨¸. 6,  Ä£. �ÊÉ¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ³´µ£µ¸¢Ö§´Ò, Ô²¥³¥´É ·´ Ö ±µ³¶µ´¥´É  ¸¢Ö§-
´µ¸É¨ ¨§µ¡· ¦¥´  ´  ·¨¸. 6, a. �·¨¥´É¨·Ê¥³ Éµ·¨Î¥¸±¨° Í¨±² B ¸´¨§Ê ¢¢¥·Ì,
  Í¨±² A Å ¸¶· ¢  ´ ²¥¢µ. Š ¦¤Ò° ¶ÊÉÓ W ¨³¥¥É µ¶·¥¤¥²¥´´Ò° £µ³µÉµ¶¨-
Î¥¸±¨° ±² ¸¸ c(W) = ν2A + ν3B. �Ê¸ÉÓ γV Å Ë ±Éµ·,  ¸¸µÍ¨¨·µ¢ ´´Ò° ¸µ
¸¶µ¸µ¡µ³ ¶·µÌµ¦¤¥´¨Ö ¶ÊÉ¨ Î¥·¥§ ¢¥·Ï¨´Ê. ‘¶¨¸µ± ÔÉ¨Ì Ë ±Éµ·µ¢ ¶·¨¢¥¤¥´
¢ ¢¨¤¥ ¶µ¤¶¨¸¥° ± Ë· £³¥´É ³ ·¨¸. 6. ’µ£¤ 

jν2,ν3 =
∑

W: c(W)=ν2A+ν3B
(−)nm+# ¶¥É¥²Ó

∏
¢¤µ²Ó W

γV . (43)

�Éµ ¶·¥¤¸É ¢²¥´¨¥ ¥¸ÉÓ ¡Ê±¢ ²Ó´µ µ¶·¥¤¥²¥´¨¥ ¤¥É¥·³¨´ ´É  ± ± ¸Ê³³Ò ¶µ
¶¥·¥¸É ´µ¢± ³ σ: det L =

∑
σ

(−)σ
∏
j

Lj,σ(j). ‚ ¸²ÊÎ ¥ ´¥±¢ ¤· É´µ° ·¥Ï¥É±¨

¶· ¢¨²  ¶·µÌµ¦¤¥´¨Ö ¶ÊÉ¥° ¨ ¶· ¢¨²  ¶·¨¸¢µ¥´¨Ö Ë ±Éµ·µ¢ γV § ¢¨¸ÖÉ µÉ
¢¨¤  ¢¥·Ï¨´Ò.

�¶¥· Éµ· ‹ ±¸ . �´ ²µ£¨Î´µ ¶·¥¤Ò¤ÊÐ¥³Ê ¸²ÊÎ Õ ¸¶¨· ²Ó´µ° ·¥Ï¥É±¨
µ¤´µ·µ¤´ÊÕ ²¨´¥°´ÊÕ § ¤ ÎÊ �n2,n3 = 0 ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¤²Ö ¢¥±Éµ·µ¢-
¸É·µ± ¨ ±¢ ´Éµ¢ÒÌ µ¶¥· Éµ·µ¢ ‹ ±¸ . � ¸¸³µÉ·¨³ Î ¸ÉÓ µ¡Ð¥° ¸¨¸É¥³Ò (35)

�¨¸. 6. —¥ÉÒ·¥ ¢ ·¨ ´É  ¶·µÌµ¦¤¥´¨Ö ¶ÊÉ¨ Î¥·¥§ ¢¥·Ï¨´Ê ¤²Ö ±¢ ¤· É´µ° ·¥Ï¥É±¨
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�n2,n3 = 0 ¤²Ö Ë¨±¸¨·µ¢ ´´µ£µ n3 ¨ ¤²Ö ¢¸¥Ì n2 = 0, . . . , N2 − 1. …¥ ³µ¦´µ
Éµ¦¤¥¸É¢¥´´µ ¶¥·¥¶¨¸ ÉÓ ± ±

Φ(n3)A(n3)(x) = −Φ(n3+1)B(n3)(x), (44)

£¤¥ Φ(n3) = (ϕ0,n3 , ϕ1,n3 , . . . , ϕN2−1,n3) ¨

A(n3)(x) =
∑

n2∈ZN2

(en2,n2 + xδn2,0 en2+1,n2wn2,n3),

B(n3)(x) =
∑

n2∈ZN2

(en2,n2q
1/2un2,n3 + xδn2,0κn2,n3un2,n3wn2,n3).

(45)

‡¤¥¸Ó en′
2,n2

Å ³ É·¨Î´ Ö (n′
2, n2)-Ö ¥¤¨´¨Í  ¢ End(CN2). ‚¢µ¤Ö É¥¶¥·Ó

L(n3)(x) = A(n3)(x)(B(n3)(x))−1(−q1/2u0,n3)
−1, (46)

¸¨¸É¥³Ê µ¤´µ·µ¤´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¢¤µ²Ó £µ·¨§µ´É ²Ó´µ° ¶µ²µ¸Ò ·¨¸. 5
³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¶· ±É¨Î¥¸±¨ ¢ ¢¨¤¥ (4). ‡ ³¥É¨³, ÎÉµ ¢ ¸¨²Ê ·¥§Ê²ÓÉ Éµ¢
· ¡µÉÒ [10] ³ É·¨ÍÒ (46) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ ¸¶²¥É¥´¨Ö (1) ¤²Ö ´¥±µÉµ-

·µ° ¸¶¥Í¨ ²Ó´µ° R-³ É·¨ÍÒ,  ¸¸µÍ¨¨·µ¢ ´´µ° ¸ Uq(ŝlN2). Œ´µ¦¨É¥²Ó u−1
0,n3

´Ê¦¥´ ¤²Ö Éµ£µ, ÎÉµ¡Ò É· ´¸Ë¥·-³ É·¨Í , ¶µ¸É·µ¥´´ Ö ¨§ ³µ´µ¤·µ³¨¨ (46),
¶·µ¨§¢µ¤¨²  ¡Ò ±µ³³ÊÉ É¨¢´Ò° (´µ ´¥ ¶µ²´Ò°) ´ ¡µ· t1,ν3W

ν3
0 = j1,ν3U

−1
0 .

1.4. ‘¢µ°¸É¢  µ¡· É´µ° ³ É·¨ÍÒ ±µÔËË¨Í¨¥´Éµ¢. �µ³¨³µ Ê¤¨¢¨É¥²Ó-
´ÒÌ ¸¢µ°¸É¢ ¸¢µ¥£µ µ¶·¥¤¥²¨É¥²Ö j = det ||LS|V ||, ³ É·¨ÍÒ ±µÔËË¨Í¨¥´Éµ¢
L µ¡² ¤ ÕÉ ¨ ¤·Ê£¨³¨, ´¥ ³¥´¥¥ Ê¤¨¢¨É¥²Ó´Ò³¨ ¸¢µ°¸É¢ ³¨. ‘É·µ£¨¥ ¤µ± § -
É¥²Ó¸É¢  ·¥§Ê²ÓÉ Éµ¢ ÔÉµ£µ · §¤¥²  Î¨É É¥²Ó ³µ¦¥É ´ °É¨ ¢ [5].

�µ¸±µ²Ó±Ê Ô²¥³¥´ÉÒ · §²¨Î´ÒÌ ¸Éµ²¡Íµ¢ ³ É·¨ÍÒ L ±µ³³ÊÉ¨·ÊÕÉ, Éµ
´ ·Ö¤Ê ¸ ¤¥É¥·³¨´ ´Éµ³ Ìµ·µÏµ µ¶·¥¤¥²¥´Ò É ±¦¥ ¨  ²£¥¡· ¨Î¥¸±¨¥ ¤µ¶µ²-
´¥´¨Ö. �Ê¸ÉÓ AV |S Å  ²£¥¡· ¨Î¥¸±µ¥ ¤µ¶µ²´¥´¨¥ ± Ô²¥³¥´ÉÊ LS|V , É ± ÎÉµ∑

V

LS|V AV |S′ = jδS|S′ , (47)

£¤¥ j = det L, É. ¥. Ìµ·µÏµ µ¶·¥¤¥²¥´  µ¡· É´ Ö ³ É·¨Í  ±µÔËË¨Í¨¥´Éµ¢:

(L−1)V |S = AV |Sj−1. (48)

�¸´µ¢´Ò³ ¸¢µ°¸É¢µ³ Ô²¥³¥´Éµ¢ L−1 Ö¢²Ö¥É¸Ö ±µ³³ÊÉ É¨¢´µ¸ÉÓ ¢¸¥Ì Ô²¥³¥´-
Éµ¢ ²Õ¡µ° ¥¥ ¸É·µ±¨:

(L−1)V |S(L−1)V |S′ = (L−1)V |S′(L−1)V |S ∀V, S, S′, (49)

ÎÉµ ¥¸ÉÓ ¢¥¸Ó³  ¶·µ¸Éµ¥ ¸²¥¤¸É¢¨¥ ²µ± ²Ó´µ¸É¨ (17). ‡ ¨´É¥·¥¸µ¢ ´´Ò° Î¨-
É É¥²Ó ¢µ²¥´, ´¥ µ¡· Ð Ö¸Ó ± [5], Ê¡¥¤¨ÉÓ¸Ö ¢ ¸¶· ¢¥¤²¨¢µ¸É¨ ÔÉµ° Ëµ·³Ê²Ò
´  ¶·¨³¥·¥ ¶·µ¸É¥°Ï¥° ³ É·¨ÍÒ (24).
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‘·¥¤¨ ¢¸¥Ì V ¨ S ¢Ò¡¥·¥³ V0 ¨ S0 É ±¨¥, ÎÉµ AV0|S0 �= 0, ¨ µ¶·¥¤¥²¨³
´µ·³¨·µ¢ ´´Ò¥ µ¶¥· Éµ·´µ§´ Î´Ò¥ ±µÔËË¨Í¨¥´ÉÒ

mS,S0(V0) = (L−1)−1
V0|S0

(L−1)V0|S = AV0|SA−1
V0|S0

. (50)

�É³¥É¨³ ¤¢  ¸²¥¤¸É¢¨Ö (49):

mS,S0(V0)mS′,S0(V0) = mS′,S0(V0)mS,S0(V0) (51)

¨

mS,S0(V0)j = jm̃S,S0(V0), m̃S,S0
(V0) = A−1

V0|S0
AV0|S . (52)

ˆ§ ÔÉ¨Ì Ëµ·³Ê² ¸²¥¤Ê¥É ·¥Í¥¶É ¶µ¸É·µ¥´¨Ö Ëµ·³ ²Ó´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò
µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨° �V = 0 ∀V . ‚Ò¤¥²¨³ ¨§ ¢¸¥° ¸¨¸É¥³Ò ¢¥·Ï¨´ ¨
±²¥Éµ± V0 ¨ S0, AV0|S0 �= 0. �¥Ï¥´¨¥ ´¥¶µ²´µ° ¸¨¸É¥³Ò �V = 0, V �= V0 ¥¸ÉÓ

ϕS = ϕS0
mS,S0

, (53)

¶·¨Î¥³ ¢¸¥ m ±µ³³ÊÉ¨·ÊÕÉ (51). �¸É ¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ �V0 = 0 ¸ ÊÎ¥Éµ³
(53) ¶·¨¢µ¤¨É¸Ö ±

ϕS0 j = 0. (54)

‚ ¸¨²Ê (52) ÔÉµ Ê¸²µ¢¨¥ ¤µ²¦´µ ¢Ò¶µ²´ÖÉÓ¸Ö ¤²Ö ²Õ¡µ° ±²¥É±¨:

ϕSj = 0 ∀S. (55)

�É³¥É¨³, ÎÉµ ·¥§Ê²ÓÉ ÉÒ ÔÉµ£µ · §¤¥²  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, µ¸´µ¢Ò¢ Ö¸Ó
Éµ²Ó±µ ´  ²µ± ²Ó´µ¸É¨ ±µÔËË¨Í¨¥´Éµ¢ LS|V : LS|V LS′|V ′ = LS′|V ′LS|V ∀S, S′

¶·¨ V �= V ′. � ¢ ¶·¨²µ¦¥´¨¨ ¦¥ ± ²µ± ²Ó´µ°  ²£¥¡·¥ ‚¥°²Ö ¸²¥¤Ê¥É µÉ³¥-
É¨ÉÓ, ÎÉµ ¤²Ö ²Õ¡µ° ¨§ · ¸¸³ É·¨¢ ¥³ÒÌ ·¥Ï¥Éµ± ¸ ∆ ¢¥·Ï¨´ ³¨ ¶µ¸²¥ Ê¤ -
²¥´¨Ö V0-° ¢¥·Ï¨´Ò µ¸É ¥É¸Ö ∆−1 ¢¥°²¥¢¸±¨Ì ¶ ·, ÎÉµ · ¢´Ö¥É¸Ö ±µ²¨Î¥¸É¢Ê
´¥§ ¢¨¸¨³ÒÌ ´¥¥¤¨´¨Î´ÒÌ ±µ³³ÊÉ É¨¢´ÒÌ µ¶¥· Éµ·µ¢ mS,S0(V0)(x, y).

2. Š��…—��Œ…��›… ��…„‘’�‚‹…�ˆŸ
�‹ƒ…��› ���‹�„�…Œ›•

2.1. Šµ´¥Î´µ³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò ‚¥°²Ö ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ.
2.1.1. �·µ¸É Ö  ²£¥¡·  ‚¥°²Ö ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ. ’¥¶¥·Ó ³Ò µ¡· É¨³¸Ö
± ±µ´¥Î´µ³¥·´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³  ²£¥¡·Ò ‚¥°²Ö, ¸ÊÐ¥¸É¢ÊÕÐ¨³, ±µ£¤  ¢¥°-
²¥¢¸±¨° ¶ · ³¥É· q Ö¢²Ö¥É¸Ö ±µ·´¥³ ¨§ ¥¤¨´¨ÍÒ:

q = e2iπ/N , q1/2 = eiπ/N . (56)
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N Å ¶·µ¨§¢µ²Ó´µ¥ ´ ÉÊ· ²Ó´µ¥ Î¨¸²µ, ¡µ²ÓÏ¥¥ ¥¤¨´¨ÍÒ. ‚¥°²¥¢¸± Ö ¶ · 
u,w ¤µ¶Ê¸± ¥É ±µ´¥Î´µ³¥·´µ¥ Ê´¨É ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥:

u = ux, w = wz, (57)

£¤¥ u, w ∈ C Å ¶ · ³¥É·Ò ¶·¥¤¸É ¢²¥´¨Ö,   x ¨ z ³µ£ÊÉ ¡ÒÉÓ § ¤ ´Ò ¢ ¡ §¨¸¥
|σ〉 = |σ mod N〉, 〈σ|σ′〉 = δσ,σ′ ± ±

〈σ|x|σ′〉 = qσδσ,σ′ , 〈σ|z|σ′〉 = δσ,σ′+1. (58)

N -¥ ¸É¥¶¥´¨ u ¨ w Ö¢²ÖÕÉ¸Ö Î¨¸² ³¨: uN = uN ¨ wN = wN . ‡ ³¥É¨³,
ÎÉµ, ¶µ³¨³µ Ê´¨É ·´µ£µ ±µ´¥Î´µ³¥·´µ£µ ¶·¥¤¸É ¢²¥´¨Ö, ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ
¸ÊÐ¥¸É¢Ê¥É ¨ ¡¥¸±µ´¥Î´µ³¥·´µ¥ ¢¥Ð¥¸É¢¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥.

2.1.2. �²£¥¡·  ´ ¡²Õ¤ ¥³ÒÌ ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ. �·¨ · ¸¶·µ¸É· ´¥-
´¨¨ ÔÉµ£µ ¶·¥¤¸É ¢²¥´¨Ö ´  ¢¸Õ ·¥Ï¥É±Ê ¸ ∆ ¢¥·Ï¨´ ³¨ ³Ò µ¶·¥¤¥²¨³

uV = uV xV , wV = wV zV , (59)

£¤¥ ´ ¡µ· 2∆ ¶ · ³¥É·µ¢ uV , wV , ¢µµ¡Ð¥ £µ¢µ·Ö, ¶·µ¨§¢µ²Ó´Ò°,  

xV = 1 ⊗ 1 ⊗ · · · ⊗ x︸︷︷︸
V -¥

³¥¸Éµ

⊗ . . . , zV = 1 ⊗ 1 ⊗ · · · ⊗ z︸︷︷︸
V -¥
³¥¸Éµ

⊗ . . . (60)

’ ±¨³ µ¡· §µ³, ¤²Ö  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ µ¶·¥¤¥²¥´µ N∆-³¥·´µ¥ £¨²Ó¡¥·-
Éµ¢µ ¶·µ¸É· ´¸É¢µ H ¸ ¨¸Ìµ¤´Ò³ ¡ §¨¸µ³

|σ〉 = |σ1〉 ⊗ |σ2〉 ⊗ · · · ⊗ |σV 〉 ⊗ . . . (61)

‚¸¶µ³µ£ É¥²Ó´Ò¥ ¦¥ Ô²¥³¥´ÉÒ ϕS ¶·¨´ ¤²¥¦ É É¥¶¥·Ó ¤Ê ²Ó´µ³Ê ¶·µ¸É· ´-
¸É¢Ê H∗. „ ²¥¥ ´ ³ Ê¤µ¡´¥¥ ¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ´¨Ì ¤¨· ±µ¢¸±¨¥ µ¡µ§´ -
Î¥´¨Ö 〈ϕS |.

�É³¥É¨³, ÎÉµ ¸²ÊÎ ° N = 2 ¢Ò¤¥²¥´. „²Ö N = 2 ³ É·¨ÍÒ

x =
(

1 0
0 −1

)
, z =

(
0 1
1 0

)
, −q1/2xz =

(
0 −i
i 0

)
(62)

Ö¢²ÖÕÉ¸Ö Ô·³¨Éµ¢Ò³¨ ³ É·¨Í ³¨ � Ê²¨. Š ± ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö ¤²Ö ²Õ¡µ° ·¥-
Ï¥É±¨, ¥¸²¨ q1/2uV , wV ¨ κV Å ¢¥Ð¥¸É¢¥´´Ò ¤²Ö ¢¸¥Ì V , Éµ ¢¸¥ µ¶¥· Éµ·Ò
jα,β ¨§ · §²µ¦¥´¨Ö µ¶·¥¤¥²¨É¥²Ö (19) Ô·³¨Éµ¢Ò. ’ ±¨³ µ¡· §µ³, ¤²Ö N = 2
¶·¥¤² £ ¥³Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ³µ¤¥²¨ Ë¨§¨Î´Ò.

’¥¶¥·Ó, ¶µ¸±µ²Ó±Ê ¢¸¥ µ¶¥· Éµ·Ò ¸É ²¨ ±µ´¥Î´µ³¥·´Ò³¨, ¶·¨µ¡·¥É ¥É
¸³Ò¸² µ¸´µ¢´ Ö § ¤ Î  É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³: µ¤´µ¢·¥³¥´´ Ö ¤¨ -
£µ´ ²¨§ Í¨Ö ¶µ²´µ£µ ±µ³³ÊÉ É¨¢´µ£µ ´ ¡µ·  ³ É·¨Í tα,β , ¶µ ±· °´¥° ³¥·¥,
¢ÒÎ¨¸²¥´¨¥ ¨Ì ¸¶¥±É· . ‡ ³¥É¨³, ÎÉµ ¤²Ö N = 2 ¢µ§³µ¦´µ¸ÉÓ µ¤´µ¢·¥³¥´´µ°
¤¨ £µ´ ²¨§ Í¨¨ ¸²¥¤Ê¥É ¨§ Ô·³¨Éµ¢µ¸É¨,   ¶·¨ N > 2 ¢µ§³µ¦´µ¸ÉÓ µ¤´µ¢·¥-
³¥´´µ° ¤¨ £µ´ ²¨§ Í¨¨ ¶µ¸ÉÊ²¨·Ê¥É¸Ö.
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2.2. ‚¸¶µ³µ£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î  ¢ ±µ´¥Î´µ³¥·´µ³ ¸²ÊÎ ¥. �¡· -
É¨³¸Ö É¥¶¥·Ó ± ¶µ²´µ° ¢¸¶µ³µ£ É¥²Ó´µ° § ¤ Î¥ ¢ ±µ´¥Î´µ³¥·´µ³ ¸²ÊÎ ¥:∑

S

〈ϕS |LS|V = 0. (63)

‘¨¸É¥³  (63) Ö¢²Ö¥É¸Ö ¸¨¸É¥³µ° Ê· ¢´¥´¨° ´  ¢¥±Éµ·Ò 〈ϕS |, ± ¦¤Ò° ¨§
±µÉµ·ÒÌ ¥¸ÉÓ N∆-³¥·´Ò° ¢¥±Éµ·. ’ ±¨³ µ¡· §µ³, (63) Å ¸¨¸É¥³  ∆N∆

C-Î¨¸²µ¢ÒÌ Ê· ¢´¥´¨°, ¤²Ö ±µÉµ·µ° Ê¸²µ¢¨¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥Ï¥´¨Ö

Det L = 0, (64)

£¤¥ Det µ¡µ§´ Î ¥É ¶µ²´Ò° ∆N∆×∆N∆-µ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ L. ‡ ³¥É¨³,
ÎÉµ

Det L = det j, (65)

£¤¥ j Å µ¶·¥¤¥²¨É¥²Ó (16),   det j ¡¥·¥É¸Ö ¶µ j ± ± ³ É·¨Í  · §³¥·´µ¸É¨
N∆ × N∆. ‚ ¸¨²Ê (55) ± ¦¤Ò° 〈ϕS | ¶·¨´ ¤²¥¦¨É ´Ê²¥¢µ³Ê ¶µ¤¶·µ¸É· ´-
¸É¢Ê µ¶¥· Éµ·  j. �µ¸±µ²Ó±Ê ¢¥²¨Î¨´Ò uV , wV , κV Ö¢²ÖÕÉ¸Ö ¶·µ¨§¢µ²Ó´Ò³¨
¢´¥Ï´¨³¨ ¶ · ³¥É· ³¨, Éµ Ê¸²µ¢¨¥ ¸µ¢³¥¸É´µ¸É¨ (64) Ö¢²Ö¥É¸Ö Ê¸²µ¢¨¥³ ´ 
x ¨ y.

„²Ö ¶µ¸É·µ¥´¨Ö ·¥Ï¥´¨Ö ¶µ²´µ° ¢¸¶µ³µ£ É¥²Ó´µ° § ¤ Î¨ (63) Ê¤µ¡´µ
¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¡ §¨¸µ³, ¢ ±µÉµ·µ³ ¢¸¥ mS,S0 ¤¨ £µ´ ²Ó´Ò, É. ¥. Ê· ¢´¥´¨¥
(53) ¨³¥¥É É·¨¢¨ ²Ó´Ò° ¸³Ò¸²:

〈ϕS | = 〈ϕS0 |mS,S0 = 〈ϕS0 |mS,S0, (66)

£¤¥ m ∈ C Å ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ µ¶¥· Éµ·  m. Š¢ §¨¶¥·¨µ¤¨Î¥¸±¨¥ ¦¥
Ê¸²µ¢¨Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶ · ³¥É·µ¢ x ¨ y ´ ±² ¤Ò¢ ÕÉ¸Ö ´  mS,S0 . ’µ£¤ 
É¨¶¨Î´µ¥ ²¨´¥°´µ¥ Ê· ¢´¥´¨¥ ·¨¸. 1 ¨³¥¥É ¢¨¤

〈ϕ|
(
ma,S0 + mb,S0q

1/2uV + mc,S0wV + md,S0κV uV wV

)
= 0. (67)

“· ¢´¥´¨¥ (67) ¨³¥¥É É·¨¢¨ ²Ó´µ¥ Ê¸²µ¢¨¥ ¸µ¢³¥¸É´µ¸É¨ (N×N -µ¶·¥¤¥²¨É¥²Ó
¢ V -° ±µ³¶µ´¥´É¥):

mN
a,S0

− mN
b,S0

εNuN
V + mN

c,S0
εNwN

V + mN
d,S0

κN
V uN

V wN
V = 0, (68)

£¤¥

εN ≡ det x ≡ det z = (−1)N−1. (69)

‘¨¸É¥³  ²¨´¥°´ÒÌ C-Î¨¸²µ¢ÒÌ Ê· ¢´¥´¨° (68) ¶µ ¸É·Ê±ÉÊ·¥ ¢ ÉµÎ´µ¸É¨ ¸µ-
¢¶ ¤ ¥É ¸ ±¢ ´Éµ¢µ° ¸¨¸É¥³µ° (63) ¸ µÎ¥¢¨¤´µ° § ³¥´µ° x, y ¶¥·¨µ¤¨Î¥¸±¨Ì
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Ê¸²µ¢¨° ¤²Ö ϕS ´  xN , yN -¶¥·¨µ¤¨Î¥¸±¨¥ Ê¸²µ¢¨Ö ¤²Ö mN
S,S0

, ¸¨¸É¥³Ê (68)
³µ¦´µ É ±¦¥ ¶¥·¥¶¨¸ ÉÓ ¢ ³ É·¨Î´µ³ ¢¨¤¥∑

S

mN
S,S0

LS|V = 0, (70)

£¤¥ C-Î¨¸²µ¢Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ LS|V ´ ¡¨· ÕÉ¸Ö ¨§ ±µÔËË¨Í¨¥´Éµ¢
(68). �Ê¸ÉÓ

J(xN , yN) = det ||LS|V ||. (71)

‚ ¸²ÊÎ ¥, ±µ£¤  J(xN , yN) = 0, ´µ · ´£ ³ É·¨ÍÒ L ´¥ ´¨¦¥ ∆ − 1, ¸¨-
¸É¥³  (68) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ ¸ ´µ·³¨·µ¢±µ° mS0,S0 = 1. ‘¶¥±É·Ò
µ¶¥· Éµ·µ¢ mS,S0 , É ±¨³ µ¡· §µ³, Ë¨±¸¨·ÊÕÉ¸Ö, ¶· ¢¨²Ó´Ò° ¢¨¤ (66) ¥¸ÉÓ

〈ϕS(ζ)|mS,S0 = mS,S0q
ζS 〈ϕS0(ζ)|, (72)

£¤¥ mS0,S0 = 1; ζS0 = 0; ¢¸¥ µ¸É ²Ó´Ò¥ mS,S0 Å ¶·µ¨§¢µ²Ó´Ò¥ Ë¨±¸¨·µ¢ ´-
´Ò¥ N -¥ ±µ·´¨ ¨§ ·¥Ï¥´¨Ö mN

S,S0
Ê· ¢´¥´¨Ö (68), ¨ ¢¸¥ µ¸É ²Ó´Ò¥ ζS ∈ ZN .

Š ± ¸²¥¤¸É¢¨¥ ÔÉ¨Ì · ¸¸Ê¦¤¥´¨°, § ³¥É¨³, ÎÉµ µ¶¥· Éµ·Ò m Í¨±²¨Î´Ò, É. ¥.
mN = mN ∈ C. �¥³´µ£µ ¶µ§¦¥ ³Ò ¶µ¸É·µ¨³ Ö¢´Ò° ¢¨¤ ³ É·¨Î´ÒÌ Ô²¥³¥´-
Éµ¢ 〈ϕS(ζ)|σ′〉 ¢ ¡ §¨¸¥ (61).

‚ ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ ¶µ²´ Ö ¢¸¶µ³µ£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î  (63) ¨³¥¥É
·¥Ï¥´¨¥ Éµ²Ó±µ Éµ£¤ , ±µ£¤  J(xN , yN) = 0, ÎÉµ ¥¸ÉÓ Ê¸²µ¢¨¥ ´  (xN , yN).
’µÎ´¥¥, Ê· ¢´¥´¨¥ J(xN , yN ) = 0 § ¤ ¥É  ²£¥¡· ¨Î¥¸±ÊÕ ±·¨¢ÊÕ Γg , ÉµÎ± 
´  ±µÉµ·µ° P ≡ (xN , yN), ¨ ±µÉµ·ÊÕ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ±² ¸¸¨Î¥¸±µ° ¸¶¥±-
É· ²Ó´µ° ±·¨¢µ°,   ¸¨ÉÊ Í¨Õ J(xN , yN ) = 0 Å ¸²ÊÎ ¥³ ¸¶¥±É· ²Ó´ÒÌ ¶ -
· ³¥É·µ¢ ´  ±·¨¢µ°. �²ÓÉ¥·´ É¨¢´µ ¶·µ¨§¢µ²Ó´Ò¥ (x, y) ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ
¸¢µ¡µ¤´Ò³¨ ¸¶¥±É· ²Ó´Ò³¨ ¶ · ³¥É· ³¨.

Š ± ¸²¥¤¸É¢¨¥ ´ Ï¨Ì · ¸¸Ê¦¤¥´¨°, ¢¨¤¨³, ÎÉµ · §³¥·´µ¸ÉÓ ²¨´¥°´µ£µ
¶·µ¸É· ´¸É¢  〈ϕS(ζ)|, µ¶·¥¤¥²Ö¥³µ£µ Ê¸²µ¢¨¥³ (55), ¥¸ÉÓ ±µ²¨Î¥¸É¢µ · §²¨Î-
´ÒÌ ´ ¡µ·µ¢ ζS , É. ¥. N∆−1. �Éµ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ Ö · §³¥·´µ¸ÉÓ. ‘²¥-
¤µ¢ É¥²Ó´µ, J(xN , yN ) = 0 ¥¸ÉÓ ´¥ Éµ²Ó±µ ´¥µ¡Ìµ¤¨³µ¥, ´µ ¨ ¤µ¸É ÉµÎ´µ¥
Ê¸²µ¢¨¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (63), ÎÉµ ¶·¨¢µ¤¨É ´ ¸ ±  ²£¥¡· ¨-
Î¥¸±µ³Ê Éµ¦¤¥¸É¢Ê ¶·¨ ¸¢µ¡µ¤´ÒÌ x, y:

Det ||L|| = det j(x, y) = J(xN , yN )N∆−1
. (73)

�µ ¢¸¥° ¢¨¤¨³µ¸É¨, Ê· ¢´¥´¨¥ (73) ¨³¥¥É ¢¥¸Ó³  ¶·µ¸ÉÊÕ ±µ³¡¨´ Éµ·´ÊÕ
¶·¨·µ¤Ê: µ´µ µÉ· ¦ ¥É ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö DetL ± ± µ¶·¥¤¥²¨É¥²Ö ¡²µÎ´µ°
³ É·¨ÍÒ ¤¢Ê³Ö · §²¨Î´Ò³¨ ¸¶µ¸µ¡ ³¨ ¡²µÎ´µ£µ · §¡¨¥´¨Ö.

‚ ¸¢µÕ µÎ¥·¥¤Ó, det j ³µ¦´µ ¢ÒÎ¨¸²ÖÉÓ ¶µ-¤·Ê£µ³Ê: ¶µ¸±µ²Ó±Ê j ¸µ¤¥·-
¦¨É ±µ³³ÊÉ É¨¢´Ò° ´ ¡µ· tα,β ¨ Éµ²Ó±µ µ¤´Ê ´¥±µ³³ÊÉ É¨¢´ÊÕ ¶ ·Ê U0,W0

(¸³., ´ ¶·¨³¥·, (41)), Éµ ¢ ¡ §¨¸¥ ¤¨ £µ´ ²Ó´ÒÌ t

det j(x, y) =
∏

tα,β=tα,β

det
U0,W0

j(x, y). (74)
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�¶·¥¤¥²¨É¥²Ó N × N ¶µ ´¥±µ³³ÊÉ É¨¢´µ° ¶ ·¥ ¶µ·µ¦¤ ¥É N -e ¸É¥¶¥´¨ x ¨
y,   ¶·µ¨§¢¥¤¥´¨¥ ¸µ¢µ±Ê¶´µ¸É¨ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° tα,β = tα,β ¸µ¤¥·¦¨É
N∆−1 ³´µ¦¨É¥²¥°. �µ ÔÉµ° ¶·¨Î¨´¥,   É ±¦¥ ¨§-§  Éµ£µ, ÎÉµ J(xN , yN )
´¥¶·¨¢µ¤¨³ ± ± ¶µ²¨´µ³ ¶µ xN , yN ¢ ÉµÎ±¥ µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö, (73) Ö¢²Ö¥É¸Ö
Éµ¦¤¥¸É¢µ³, ¶·µ¨§¢µ¤ÖÐ¨³ ¶·¨ · §²µ¦¥´¨¨ ¶µ xN , yN  ¡¥²¥¢Ê  ²£¥¡·Ê tα,β :

det
U0,W0

j(x, y) = J(xN , yN). (75)

“· ¢´¥´¨¥ (75) ¸ÊÉÓ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥, ¶µ§¢µ²ÖÕÐ¥¥ ¢ÒÎ¨¸²ÖÉÓ
¸¶¥±É· tα,β.

‘É·µ£µ¥ ¤µ± § É¥²Ó¸É¢µ ·¥§Ê²ÓÉ Éµ¢ ÔÉµ£µ · §¤¥²  Î¨É É¥²Ó ³µ¦¥É
´ °É¨ ¢ [5].

2.3. �·¨³¥·Ò. �·¨¢¥¤¥³ ´¥±µÉµ·Ò¥ ¶·¨³¥·Ò ¢ÒÎ¨¸²¥´¨Ö J(xN , yN )
¨ ¶·¨³¥·Ò ¶µ¸É·µ¥´¨Ö ¶ · ³¥É·¨§ Í¨¨ J(xN , yN ) = 0. ‡ ³¥É¨³ ¸ ¸ ³µ£µ
´ Î ² , ÎÉµ ¤²Ö ·¥Ï¥É±¨ ¶·µ¨§¢µ²Ó´µ° Ëµ·³Ò ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¤ ´´Ò³¨
uV , wV , κV (Éµ, ÎÉµ ´ §Ò¢ ¥É¸Ö ÉµÎ±µ° µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö), § ¤ Î  ¶ · ³¥-
É·¨§ Í¨¨ uN

V , wN
V , κN

V ¨ ´ ¡µ·  mN
S ¨³¥¥É µ¡Ð¥¥ ·¥Ï¥´¨¥ ¢ · ³± Ì  ²£¥¡· ¨-

Î¥¸±µ° £¥µ³¥É·¨¨. „²Ö ·¥Ï¥É±¨, ∆ ¢¥·Ï¨´ ±µÉµ·µ° µ¡· §µ¢ ´Ò ¶¥·¥¸¥Î¥´¨-
Ö³¨ ∆′ ²¨´¨°, Ê· ¢´¥´¨¥ J(xN , yN) = 0 µ¶·¥¤¥²Ö¥É ¶²µ¸±ÊÕ  ²£¥¡· ¨Î¥¸±ÊÕ
±·¨¢ÊÕ∗ Γg 
 P = (xN , yN) ·µ¤  g = ∆ − ∆′ + 1. � · ³¥É·Ò uN

V , wN
V , κN

V

¨ ¢¥²¨Î¨´Ò mN
S ¢Ò· ¦ ÕÉ¸Ö ¢ É¥·³¨´ Ì É¥É -ËÊ´±Í¨° ´  Jac (Γg) ¨ £² ¢-

´ÒÌ Ëµ·³ ´  Γg × Γg . “· ¢´¥´¨¥ (68) Ô±¢¨¢ ²¥´É´µ ¢ ÉµÎ±¥ µ¡Ð¥£µ ¶µ-
²µ¦¥´¨Ö ±µ³¡¨´ Í¨¨ ¤¢ÊÌ Éµ¦¤¥¸É¢ ”ÔÖ. ‚ ÔÉµ° ¶ · ³¥É·¨§ Í¨¨ ¶µ³¨³µ
g ³µ¤Ê²¥° ¨ g ±µ³¶µ´¥´É ¶·µ¨§¢µ²Ó´µ£µ ¢¥±Éµ·  �z ∈ Jac (Γg) ¢ ¦´ÊÕ ·µ²Ó
¨£· ÕÉ ¤¨¢¨§µ·Ò ³¥·µ³µ·Ë´ÒÌ ËÊ´±Í¨° (xN ) ¨ (yN ), ±µÉµ·Ò¥ ¨ Ö¢²ÖÕÉ¸Ö
¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥ ¸¶¥±É· ²Ó´Ò³¨ ¶ · ³¥É· ³¨. „¢¨¦¥´¨¥ ¦¥ ¶µ �z, ¨§³¥-
´ÖÕÐ¥¥ uV ¨ wV , ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¨§µ¸¶¥±É· ²Ó´ÊÕ ¤¥Ëµ·³ Í¨Õ É¥µ·¨¨,
¶µ¸±µ²Ó±Ê ´¥ ³¥´Ö¥É ±µÔËË¨Í¨¥´ÉÒ ¢ J(xN , yN ). �Éµ µ§´ Î ¥É ¸ ÉµÎ±¨ §·¥-
´¨Ö ¶Ê ¸¸µ´µ¢¸±µ° ³¥Ì ´¨±¨, ÎÉµ ±² ¸¸¨Î¥¸± Ö ¸¨¸É¥³  uN

V , wN
V , ´ ¤¥²¥´´ Ö

¸±µ¡±µ° {uN
V , wN

V } = uN
V wN

V , Ö¢²Ö¥É¸Ö ¨´É¥£·¨·Ê¥³µ°, mN
S Å ¥¥ ËÊ´±Í¨Ö

�¥°±¥· Ä�Ì¨¥§¥· , ¨ �z Å ¥¥ ®¢·¥³¥´ ¯. —¨É É¥²Ó ³µ¦¥É ´ °É¨ ¶µ¤·µ¡´µ¸É¨,
µÉ´µ¸ÖÐ¨¥¸Ö ± ¶·¨²µ¦¥´¨Õ  ²£¥¡· ¨Î¥¸±µ° £¥µ³¥É·¨¨, ¢ [3, 11Ä13].

�¸µ¡¥´´Ò° ¨´É¥·¥¸ ¤²Ö ´ ¸ ¶·¥¤¸É ¢²ÖÕÉ ¸²ÊÎ ¨, ±µ£¤  ´ ¡µ· ®´ Î ²Ó-
´ÒÌ ¤ ´´ÒÌ¯ uV , wV ¨ ¶ · ³¥É·µ¢ κV ´¥ Ö¢²Ö¥É¸Ö ÉµÎ±µ° µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö,
É. ¥. ±µ£¤  Γg ¢Ò·µ¦¤ ¥É¸Ö. �µÔÉµ³Ê ¢ ´ Ï¥° · ¡µÉ¥ ³Ò ´¥ ¡Ê¤¥³ · ¸¸³ É·¨-
¢ ÉÓ ±·¨¢Ò¥ ¢Ò¸µ±µ£µ ·µ¤ , Î¨É É¥²Ó ¦¥ ³µ¦¥É ´ °É¨  ²£¥¡·µ-£¥µ³¥É·¨Î¥¸±µ¥
¨¸¸²¥¤µ¢ ´¨¥ ±² ¸¸¨Î¥¸±µ° ¸¨¸É¥³Ò ¢ [3,11].

∗�¥ ¸Éµ¨É ¶ÊÉ ÉÓ ±·¨¢ÊÕ Γ, ´ §Ò¢ ¥³ÊÕ ±² ¸¸¨Î¥¸±µ°, ÉµÎ±  ´  ±µÉµ·µ° µ¶·¥¤¥²Ö¥É¸Ö
¶ ·µ° (xN , yN ), ¸ ±·¨¢µ° ΓQ, ÉµÎ±  ´  ±µÉµ·µ° µ¶·¥¤¥²Ö¥É¸Ö ¶ ·µ° (x, y) ¨ ±µÉµ·ÊÕ ²µ£¨Î´µ
´ §¢ ÉÓ ±¢ ´Éµ¢µ°.
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2.3.1. ’·¨¢¨ ²Ó´Ò° ¶·¨³¥·. � ¸¸³µÉ·¨³ ±¢ ¤· É´ÊÕ ·¥Ï¥É±Ê ¸ N2 =
N3 = 1, ∆ = 1. ‘µ£² ¸´µ (35) ¨ (36)

L ≡ j(x, y) = 1 + yq1/2u + xw + xyκuw. (76)

…¤¨´¸É¢¥´´ Ö ´¥±µ³³ÊÉ É¨¢´ Ö ¶ ·  §¤¥¸Ó u ¨ w. ’ ±µ° µ¶·¥¤¥²¨É¥²Ó Ê¦¥
¢ÒÎ¨¸²Ö²¸Ö (¶¥·¥Ìµ¤ µÉ (67) ± (68)), ¨ ± ± ·¥§Ê²ÓÉ É

Det L ≡ det
u,w

j = 1 − yN εNuN + xN εNwN+

+ xNyNκNuNwM ≡ J(xN , yN ). (77)

“· ¢´¥´¨¥ J(xN , yN) = 0 ´  (xN , yN ) µ¶·¥¤¥²¨É∗ ±·¨¢ÊÕ ·µ¤  0.
2.3.2. �¤´µ·µ¤´ Ö ±¢ ¤· É´ Ö ·¥Ï¥É± . ‘²¥¤ÊÕÐ¨° ¶·¨³¥· Å ±¢ -

¤· É´ Ö ·¥Ï¥É±  ¸ · §³¥· ³¨ N2 ¨ N3 ¸ µ¤´µ·µ¤´Ò³¨ uV , wV ¨ κV : ¡¥§
µ£· ´¨Î¥´¨Ö µ¡Ð´µ¸É¨

un2,n3 = −q−1/2, wn2,n3 = −1, κn2,n3 = κ. (78)

‘¨¸É¥³  Ê· ¢´¥´¨° (68) ¤²Ö mN
S (§´ ± S0 µ¶ÊÐ¥´) ¢ µ¡µ§´ Î¥´¨ÖÌ (35) ¶·¨-

´¨³ ¥É ¢¨¤

mN
n2,n3

− mN
n2,n3+1 − mN

n2−1,n3
− mN

n2−1,n3+1κ
N = 0 (79)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ mN
−1,n3

= xNmN
N2−1,n3

, mN
n2,N3

= yNmN
n2,0. �µ-

¸±µ²Ó±Ê (79) Å ·¥±Ê·¸¨Ö ¶¥·¢µ£µ ¶µ·Ö¤±  ¸ µ¤´µ·µ¤´Ò³¨ ±µÔËË¨Í¨¥´É ³¨,
Éµ ¥¥ ·¥Ï¥´¨¥ ³µ¦´µ ¨¸± ÉÓ ¢ ¢¨¤¥ mn2,n3 = λ−n2µn3 , £¤¥

1 − λ − µ − κNλµ = 0, λN2 = xN , µN3 = yN . (80)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¥¸²¨ x ¨ y µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö, Éµ

J(xN , yN ) =
∏

λN2=xN ,µN3=yN

(1 − λ − µ − κNλµ). (81)

‚Ò¶¨Ï¥³ É¥¶¥·Ó ¤²Ö ¶·¨³¥·  ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ ´  ¸¶¥±É· j ¤²Ö
(38) ¨ ¤²Ö N = 2. ‚ ¸¨²Ê ´µ·³¨·µ¢±¨ (78), (39) ¤ ¥É

Un2 =
N3−1∏
n3=0

xn2,n3 , Wn3 =
N2−1∏
n2=0

zn2,n3 , (82)

∗‚ ± Î¥¸É¢¥ ±µ³³¥´É ·¨Ö ± ¶·¥¤Ò¤ÊÐ¥° ¸´µ¸±¥ µÉ³¥É¨³, ÎÉµ J(xN , yN ) = 0 ± ± Ê· ¢´¥´¨¥
´  (x, y) µ¶·¥¤¥²Ö¥É ¸¶¥Í¨ ²Ó´ÊÕ ±·¨¢ÊÕ � ±¸É¥·  γG ·µ¤  G = (N − 1)2 ¸ ¡ ±¸É¥·µ¢¸±¨³
³µ¤Ê²¥³ k2 = −κN .
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É ± ÎÉµ U2
0 = W2

0 = 1, ¨

j(x, y) =
∑
ν1,ν2

(xW0)ν2 (yU0)ν1tν1,ν2 ≡ t0,0(x2, y2)−

− xW0t0,1(x2, y2) − yU0t1,0(x2, y2) − ixyW0U0t1,1(x2, y2), (83)

£¤¥, ± ± µÉ³¥Î ²µ¸Ó ¢ÒÏ¥, ¤²Ö N = 2 ¨ ¤²Ö ¢¥Ð¥¸É¢¥´´µ£µ κ ¢¸¥ jν2,ν3 ,
  ¸²¥¤µ¢ É¥²Ó´µ, ¨ ¶µ²¨´µ³Ò tj,k(x2, y2) Å Ô·³¨Éµ¢Ò. �¶·¥¤¥²¨É¥²Ó j ¶µ
¶µ¤¶·µ¸É· ´¸É¢Ê µ¶¥· Éµ·µ¢ U0,W0 ¢ É¥·³¨´ Ì tj,k(x2, y2) ¥¸ÉÓ

det
U0,W0

j(x, y) ≡ t20,0(x
2, y2) − x2t20,1(x

2, y2)−

− y2t21,0(x
2, y2) − x2y2t21,1(x

2, y2), (84)

¨, ¶·¨· ¢´¨¢ Ö ÔÉµ J(x2, y2) (Ëµ·³Ê²  (81) ¶·¨ N = 2), ¶µ²ÊÎ ¥³ ËÊ´±-
Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥. �¸µ¡µ¥ ¢´¨³ ´¨¥ ¸²¥¤Ê¥É Ê¤¥²ÖÉÓ ¶µ²¨´µ³¨ ²Ó´µ°
¸É·Ê±ÉÊ·¥ tj,k(x2, y2), ±µÉµ· Ö ¸²¥¤Ê¥É ¨§ · §²µ¦¥´¨° (38), (40) ¨ É. ¶. ‚ ¤ ²Ó-
´¥°Ï¥³ ¶µ²¥§´µ ¡Ê¤¥É É ±¦¥ Ë¨±¸¨·µ¢ ÉÓ ¡ §¨¸ U0,W0, ´ ¶·¨³¥·, U0 = σ2

¨ W0 = σ1, Éµ£¤ 

j(x, y) =
(

t0,0 + xyt1,1 xt0,1 + iyt1,0

xt0,1 − iyt1,0 t0,0 − xyt1,1

)
≡

(
A(x, y) B(x, y)
C(x, y) D(x, y)

)
, (85)

É ± ÎÉµ det
U0,W0

j = AD − BC.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  Î ¸É´µ£µ ·¥Ï¥´¨Ö ËÊ´±Í¨µ´ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¶·¨-
¢¥¤¥³ ¸²¥¤ÊÕÐ¥¥. �Ê¸ÉÓ · §³¥· ·¥Ï¥É±¨ Î¥É´Ò° ¢ µ¤´µ³ ¨§ ´ ¶· ¢²¥´¨°:
N3 = 2M , ¨ ¶Ê¸ÉÓ

f(x2, y) =
∏

λN2=x2,µM=y

(1 − λ − µ − κ2λµ). (86)

’µ£¤ , µÎ¥¢¨¤´µ, J(x2, y2) = f(x2, y)f(x2,−y), ¨ µ¤´µ ·¥Ï¥´¨¥ ËÊ´±Í¨µ-
´ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¸²¥¤ÊÕÐ¥¥:

t0,0 + xyt1,1 = f(x2,−y), t1,0 = t0,1 = 0. (87)

ŒÒ ¶·¨¢¥²¨ Éµ²Ó±µ µ¤´µ, ¶·µ¸É¥°Ï¥¥, ·¥Ï¥´¨¥ ËÊ´±Í¨µ´ ²Ó´µ£µ Ê· ¢´¥-
´¨Ö, § ³¥É¨³, µ¤´ ±µ, ¢¸¥£µ · §²¨Î´ÒÌ ·¥Ï¥´¨° 2N2N3−1, É. ¥. ²Õ¡µ³Ê ·¥Ï¥-
´¨Õ ËÊ´±Í¨µ´ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¸ ¶· ¢¨²Ó´µ° ¶µ²¨´µ³¨ ²Ó´µ° ¸É·Ê±ÉÊ·µ°
tj,k(x2, y2) ¸µµÉ¢¥É¸É¢Ê¥É ¸¢µ¥ ¸µ¸ÉµÖ´¨¥ ¸¶¨´µ¢µ° ·¥Ï¥É±¨ ¸ ´ ¤²¥¦ Ð¨³¨
¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ tν2,ν3 .

2.3.3. �¥µ¤´µ·µ¤´ Ö ±¢ ¤· É´ Ö ·¥Ï¥É±  ¸ · Í¨µ´ ²Ó´µ° ¶ · ³¥-
É·¨§ Í¨¥°. ‚ ÔÉµ³ · §¤¥²¥ ³Ò · ¸¸³µÉ·¨³ ±¢ ¤· É´ÊÕ ¢¸¶µ³µ£ É¥²Ó´ÊÕ ·¥-
Ï¥É±Ê ¸ ¢¥¸Ó³  ¸¶¥Í¨Ë¨Î¥¸±µ° ´¥µ¤´µ·µ¤´µ¸ÉÓÕ. „²Ö ¤ ´´µ£µ ¸²ÊÎ Ö ³Ò
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´¥ ¡Ê¤¥³ ¢ÒÎ¨¸²ÖÉÓ J(xN , yN) ¶·¨ x, y µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö, ´µ ¶·¥¤²µ¦¨³
´¥±¨° ¸¶µ¸µ¡ ¶ · ³¥É·¨§ Í¨¨ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ´  N -Ì ¸É¥¶¥´ÖÌ (68) ¢
±µµ·¤¨´ É Ì (35):

mN
n2,n3

− mN
n2,n3+1εNuN

n2,n3
+ mN

n2−1,n3
εNwN

n2,n3
+

+ mN
n2−1,n3+1κ

N
n2,n3

uN
n2,n3

wN
n2,n3

= 0. (88)

“¶µ³Ö´ÊÉ Ö ´¥µ¤´µ·µ¤´µ¸ÉÓ ·¥Ï¥É±¨ ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¶¥·¥µ¶·¥¤¥²¥´¨¥³
¶ · ³¥É·µ¢ ·¥Ï¥É±¨ ¢ É¥·³¨´ Ì 2N2+2N3 C-Î¨¸¥² Yn2

, Y ′
n2

, Zn3
, Z ′

n3
¨ N2+

N3 ¢¸¶µ³µ£ É¥²Ó´ÒÌ (³ ¸ÏÉ ¡´ÒÌ) ³´µ¦¨É¥²¥° ξ2,n2 , ξ3,n3 :

uN
n2,n3

= εNξN
3,n3

Y ′
n2

− Z ′
n3

Y ′
n2

− Zn3

, wN
n2,n3

= −εNξN
2,n2

Yn2
− Zn3

Y ′
n2

− Zn3

,

κN
n2,n3

= −
(Yn2

− Z ′
n3

)(Y ′
n2

− Zn3
)

(Yn2
− Zn3

)(Y ′
n2

− Z ′
n3

)
.

(89)

�·¨ É ±¨Ì §´ Î¥´¨ÖÌ ¶ · ³¥É·µ¢ ·¥Ï¥É±¨, ± ± ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö, µ¡Ð¥¥ ´¥-
´µ·³¨·µ¢ ´´µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (88) É ±µ¢µ:

mN
n2−1,n3

= mN
n2−1,n3

(X) =
n2−1∏
j2=0

ξN
2,j2

X − Yj2

X − Y ′
j2

n3−1∏
j3=0

1
ξN
3,j3

X − Zj3

X − Z ′
j3

, (90)

£¤¥ X Å ¸¢µ¡µ¤´Ò° ¶ · ³¥É·, µ¶·¥¤¥²ÖÕÐ¨° ¶·¨ § ³Ò± ´¨¨ (90) §´ Î¥´¨Ö
xN ¨ yN ´  ±·¨¢µ° J(xN , yN ) = 0:

x−N =
∏

n2∈ZN2

ξN
2,n2

X − Yn2

X − Y ′
n2

, yN =
∏

n3∈ZN3

1
ξN
3,n3

X − Zn3

X − Z ′
n3

. (91)

� · ³¥É·¨§ Í¨Ö (89), (90) ¢µ§´¨± ¥É, ´ ¶·¨³¥·, ¢ ·¥§Ê²ÓÉ É¥ ·¥¤Ê±Í¨¨ ±² ¸-
¸¨Î¥¸±µ° ±·¨¢µ° Γg ·µ¤  g = (N2 − 1)(N3 − 1) ¢ ¸Ë¥·Ê ¸ ¢Ò¤¥²¥´´Ò³¨
ÉµÎ± ³¨ Yn2 , . . . , Z

′
n3

, ¶·¨ ±µÉµ·µ° É¥É -ËÊ´±Í¨¨ µ¡· Ð ÕÉ¸Ö ¢ ¥¤¨´¨ÍÒ,  
£² ¢´ Ö Ëµ·³  ¤¢ÊÌ ¤¨¢¨§µ·µ¢ X ¨ Y ¶·¥¢· Ð ¥É¸Ö ¢ £² ¢´ÊÕ Ëµ·³Ê ´ 

¸Ë¥·¥
X − Y√
dXdY

. „¥É ²¨ É ±¨Ì ·¥¤Ê±Í¨° Î¨É É¥²Ó ³µ¦¥É ´ °É¨ ¢ ¶·¨²µ¦¥´¨¨

± · ¡µÉ¥ [12]). � · ³¥É·¨§ Í¨Ö (89) ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´µ° É ±µ£µ ·µ¤ ,
´¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ µ´  Ö¢²Ö¥É¸Ö ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥ ®0-¸µ²¨Éµ´´µ°¯.

2.3.4. ˜ Ì³ É´ Ö ·¥Ï¥É± . � ¸¸³µÉ·¨³ ¢ § ±²ÕÎ¥´¨¥ ¶·¨³¥· ±¢ -
¤· É´µ° ·¥Ï¥É±¨, ±µ£¤  Γg Ë ±Éµ·¨§Ê¥É¸Ö ¢ Éµ·. …¸É¥¸É¢¥´´Ò° ¸¶µ¸µ¡ É ±µ°
Ë ±Éµ·¨§ Í¨¨ Å ÔÉµ ¶¥·¨µ¤¨Î´µ¸ÉÓ ·¥Ï¥É±¨ ¶ · ³¥É·µ¢ ¸ Ï £µ³ M = 2,
¨´¤¥±¸Ò n2, n3 Ê ¶ · ³¥É·µ¢ κn2,n3 , un2,n3 , wn2,n3 µ¶·¥¤¥²¥´Ò ¶µ mod 2.
…¸É¥¸É¢¥´´µ, ¶·¨ ÔÉµ³ N2 ¨ N3 Î¥É´Ò¥. ‚ÒÎ¨¸²¥´¨¥ J(xN , yN) ¶·µ¨§¢µ¤¨É¸Ö
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¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö ”Ê·Ó¥,  ´ ²µ£¨Î´µ ¢ÒÎ¨¸²¥´¨Õ Ëµ·³Ê²Ò (81), ¸
¶µ¤¸É ´µ¢±µ° mN

n2−2,n3
= λmN

n2,n3
¨ mN

n2,n3+2 = µmN
n2,n3

, ¨ ¶µ¸²¥¤ÊÕÐ¥£µ
¢ÒÎ¨¸²¥´¨Ö µ¶·¥¤¥²¨É¥²Ö

χ4(λ, µ) =

= det

∣∣∣∣∣∣∣∣
1 −µεNuN

0,1 εNwN
1,0 µκN

1,1u
N
1,1w

N
1,1

−εNuN
0,0 1 κN

1,0u
N
1,0w

N
1,0 εNwN

1,1

λεNwN
0,0 λµκN

0,1u
N
0,1w

N
0,1 1 −µεNuN

1,1

λκN
0,0u

N
0,0w

N
0,0 λεNwN

0,1 −εNuN
1,0 1

∣∣∣∣∣∣∣∣ .

(92)

�É¢¥É ¦¥ ¤²Ö (xN , yN ) µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö ¥¸ÉÓ

J(xN , yN) =
∏

λN2/2=xN ,µN3/2=yN

χ4(λ, µ). (93)

�¥Ï¥É±Ê ¶ · ³¥É·µ¢ ³µ¦´µ ¥Ð¥ Ê¶·µ¸É¨ÉÓ, ¢Ò¡¨· Ö Ï Ì³ É´ÊÕ ¸É·Ê±ÉÊ·Ê
¶ · ³¥É·µ¢:

εNuN
0,0 = εNuN

1,1 = b, εNwN
0,0 = εNwN

1,1 = −a,

κN
0,0u

N
0,0w

N
0,0 = κN

1,1u
N
1,1w

N
1,1 = −c,

εNuN
1,0 = εNuN

0,1 = b′, εNwN
1,0 = εNwN

0,1 = −a′,

κN
1,0u

N
1,0w

N
1,0 = κN

0,1u
N
0,1w

N
0,1 = −c′.

(94)

„²Ö N = 2 Ë¨§¨Î¥¸±¨° ·¥¦¨³ Å ÔÉµ ¢¥Ð¥¸É¢¥´´Ò¥ a, a′, b, b′, c, c′. „ ²¥¥
¸¤¥² ¥³ § ³¥´Ê

aa′λ =
u2

w2
, bb′µ =

v2

w2
, cc′λµ = u2v2,(

4h
uv

w

)2

= (c + c′ + ab′ + a′b)2λµ

(95)

¨ µ¶·¥¤¥²¨³ k ± ±

h =

√
k−2 +

(
w − w−1

2

)2

, k−2 = h2 −
(

w − w−1

2

)2

. (96)

�·¨ ÔÉµ° § ³¥´¥

χ4(λµ) = χ2(u, v, w, k)χ2(−u, v, w, k), (97)

£¤¥

χ2(u, v, w, k) = 1 − u2

w2
− v2

w2
+ u2v2 − 4h

uv

w
. (98)
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2.4. ’¥·³µ¤¨´ ³¨Î¥¸±¨° ¶·¥¤¥². ‘¶¥±É· ¨´É¥£· ²µ¢ ±µ³³ÊÉ É¨¢´µ£µ ´ -
¡µ· , ¸µ¤¥·¦ Ð¥£µ¸Ö ¢ ËÊ´±Í¨µ´ ²¥ j(x, y), µ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³ (75).
�¥Ï¨ÉÓ É ±µ¥ Ê· ¢´¥´¨¥ ¶µ²´µ¸ÉÓÕ ¨ Ö¢´µ ¤²Ö ¡µ²ÓÏµ° ¢¸¶µ³µ£ É¥²Ó´µ°
·¥Ï¥É±¨ ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³, µ¤´ ±µ ³µ¦´µ ¸¤¥² ÉÓ ´¥±µÉµ·Ò¥ § -
±²ÕÎ¥´¨Ö µ¡  ¸¨³¶ÉµÉ¨±¥ ´¥±µÉµ·ÒÌ ¸µ¸ÉµÖ´¨° ¶·¨ N2, N3 �→ ∞. �ÉµÉ
¶·¥¤¥² ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ É¥·³µ¤¨´ ³¨Î¥¸±¨³, ÌµÉÖ ¸¨¸É¥³  ´ Ï  ¨ ´¥ Ö¢²Ö-
¥É¸Ö ¸É É¨¸É¨Î¥¸±µ°. „¥É ²¨ ¢ÒÎ¨¸²¥´¨° ÔÉµ£µ · §¤¥²  Î¨É É¥²Ó ³µ¦¥É ´ °É¨
¢ [9].

2.4.1. �¤´µ·µ¤´ Ö ·¥Ï¥É± . ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ É¥·³µ¤¨´ ³¨Î¥-
¸±¨° ¶·¥¤¥² ¤²Ö ±¢ ¤· É´µ° ·¥Ï¥É±¨ ¤²Ö ¶·µ¸ÉµÉÒ ¶·¨ N = 2. „²Ö ´ Î ² 
· ¸¸³µÉ·¨³ ¸²ÊÎ ° µ¤´µ·µ¤´µ° ·¥Ï¥É±¨, ¢ ±µÉµ·µ³ J(xN , yN ) ¤ ´ Ëµ·³Ê²µ°
(81). �Ê¸ÉÓ

λ = lim
N2 �→∞

xN/N2 , µ = lim
N3 �→∞

yN/N3 (99)

¢¥Ð¥¸É¢¥´´Ò (¸·. (80)), ¨ ¤²Ö ±· É±µ¸É¨

χ1(λ, µ, κN ) = 1 − λ − µ − κNλµ. (100)

’µ£¤  (81) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ ± ±

J = J(λ, µ) =
N2−1∏
n2=0

N3−1∏
n3=0

χ1(λ e2πin2/N2 , µ e2πin3/N3 , κN). (101)

‚ Î ¸É´µ¸É¨, ¥¸²¨ J · ¸¸³ É·¨¢ ¥É¸Ö ®´  ±·¨¢µ°¯ J = 0, Éµ ÔÉµ µ§´ Î ¥É, ÎÉµ
¸ÊÐ¥¸É¢ÊÕÉ ¢Ò¤¥²¥´´Ò¥ ¶ ·Ò (µ¤´  ¨²¨ ¤¢¥) (n2, n3) = (m2, m3) É ±¨¥, ÎÉµ
χ1(λ e2πim2/N2 , µ e2πim3/N3) = 0, ¨ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ´¥´Ê²¥¢µ°

J ′(λ, µ) =
∏

(n2,n3) �=(m2,m3)

χ1(λ e2πin2/N2 , µ e2πin3/N3 , κN ). (102)

’¥¶¥·Ó µÉ³¥É¨³, ÎÉµ ¥¸²¨ J(xN , yN ) ¢¥Ð¥¸É¢¥´´Ò°, J(xN , yN) = J(xN , yN),
Éµ ¶·¨ N2, N3 �→ ∞

J ¨²¨ J ′ ∼ eN2N3 f, (103)

£¤¥

f(λ, µ, κN ) =
1

(2π)2

∫ 2π

0

dφ2

∫ 2π

0

dφ3×

× log
∣∣1 − λ eiφ2 − µ eiφ3 − κNλµ eiφ2+iφ3

∣∣ . (104)

�¸¨³¶ÉµÉ¨Î¥¸±¨ · §´¨ÍÒ ³¥¦¤Ê ¢Ò· ¦¥´¨Ö³¨ ¤²Ö J ¨ J ′ ´¨± ±µ°, ¶µ¸±µ²Ó±Ê
²µ£ ·¨Ë³¨Î¥¸±¨¥ µ¸µ¡¥´´µ¸É¨ ¨´É¥£·¨·Ê¥³Ò.
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�¸¨³¶ÉµÉ¨±  (103), ¡Ê¤ÊÎ¨ ¶µ¤¸É ¢²¥´´µ° ¢ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥
(75), ¶µ§¢µ²Ö¥É § ±²ÕÎ¨ÉÓ, ´ ¶·¨³¥·, ¤²Ö N = 2 ¨ Ëµ·³Ò (85), ÎÉµ ¸ÊÐ¥-
¸É¢ÊÕÉ ¸µ¸ÉµÖ´¨Ö (±µ´¥Î´µ ¦¥, · §²¨Î´Ò¥ ¤²Ö A, B, C, D) É ±¨¥, ÎÉµ ³ ±¸¨-
³ ²Ó´Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ¶¥· Éµ·µ¢ A, B, C ¨²¨ D ´  ´¨Ì

max (A, B, C, D) ∼ eN2N3 f/2. (105)

‚ÒÎ¨¸²¥´¨¥ ¦¥ (104) § ¢¨¸¨É µÉ Éµ£µ, · ¸¸³ É·¨¢ ¥É¸Ö ²¨ J ´  ±·¨¢µ°
(É. ¥.  ·£Ê³¥´É ²µ£ ·¨Ë³  ¸µ¤¥·¦¨É ¤¢  ´Ê²Ö ´  Éµ·¥ ¨´É¥£·¨·µ¢ ´¨Ö) ¨²¨ ¢´¥
±·¨¢µ° (É. ¥.  ·£Ê³¥´É ²µ£ ·¨Ë³  ´¥ ¸µ¤¥·¦¨É ´Ê²¥° ¢ µ¡² ¸É¨ ¨´É¥£·¨·µ¢ -
´¨Ö).

„²Ö ¶¥·¢µ£µ ¸²ÊÎ Ö ¶ · ³¥É·¨§Ê¥³

λ =
sin β2

sin β1
, µ =

sin β3

sin β1
, κN =

sin β0 sin β1

sin β2 sin β3
, (106)

£¤¥ ¶µ µ¶·¥¤¥²¥´¨Õ
β0 = π − β1 − β2 − β3. (107)

�Ê²¨ χ1 ¥¸ÉÓ

χ1

(
1 − e−2iβ2

1 − e2iβ1
,

1 − e2iβ3

1 − e−2iβ1

)
= χ1

(
1 − e2iβ2

1 − e−2iβ1
,
1 − e−2iβ3

1 − e2iβ1

)
= 0. (108)

�² £µ¤ ·Ö µÎ¥¢¨¤´µ° ¸¨³³¥É·¨¨

f(β1, β2, β3) = f(π + β1, β2, β3) = f(β1, π + β2, β3) =
= f(β1, β2, π + β3) = f(−β1,−β2,−β3) (109)

²Õ¡µ° ´ ¡µ· β1, β2, β3 ³µ¦¥É ¡ÒÉÓ ¶·¨¢¥¤¥´ ± ± ´µ´¨Î¥¸±µ³Ê:

0 � β1 + β2 < π, 0 � β1 + β3 < π, 0 � β2 + β3 < π. (110)

‚ ·¥¦¨³¥ (110)

f = I(β0) + I(β1) + I(β2) + I(β3) − log |2 sinβ1|, (111)

£¤¥ ËÊ´±Í¨Ö I ¸¢Ö§ ´  ¸ ¤¨²µ£ ·¨Ë³µ³:

I(β)
µ¶·
=

1
π

∫ β

0

α cot α dα =

=
β

π
log |2 sin β| +

∞∑
m=1

sin 2mβ

2πm2
, −π < β < π. (112)
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„²Ö ¶µ²ÊÎ¥´¨Ö f ¤²Ö ´ ¡µ·  β1, β2, β3, µÉ²¨Î´µ£µ µÉ (110), ³µ¦´µ ¨¸¶µ²Ó§µ-
¢ ÉÓ ¶·µ¸ÉÒ¥ ¸¨³³¥É·¨°´Ò¥ ¸¢µ°¸É¢  ËÊ´±Í¨¨ I:

I(β) + I(−β) = 0, I(β) + I(π − β) = log |2 sin β|. (113)

�É¢¥É ¢±²ÕÎ ¥É ± ± Ë¨§¨Î¥¸±¨° (±µ£¤  κ > 0), É ± ¨ ´¥ Ë¨§¨Î¥¸±¨° ·¥¦¨³Ò
¤²Ö κN (±µ£¤ , ´ ¶·¨³¥·, κ2 < 0).

�¥¦¨³, ±µ£¤  Ê· ¢´¥´¨¥ χ1(a eiφ2 , b eiφ3) = 0 ´¥ ¨³¥¥É ·¥Ï¥´¨° (¨²¨
¨³¥¥É Éµ²Ó±µ µ¤´µ ·¥Ï¥´¨¥, ´ ¶·¨³¥· χ1(a, b) = 0), ³µ¦¥É ¡ÒÉÓ ¶ · ³¥É·¨-
§µ¢ ´ ¶µ¸·¥¤¸É¢µ³

λ =
sinh β2

sinh β1
, µ =

sinh β3

sinh β1
, κNλµ =

sinh (β1 + β2 + β3)
sinh β1

(114)

¸ βj ∈ R mod iπ. ‚ ÔÉµ³ ·¥¦¨³¥

f = log max (1, |λ|, |µ|, |κNλµ|). (115)

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¢ £² §  ¡·µ¸ ¥É¸Ö ¸Ìµ¤¸É¢µ ¢Ò· ¦¥´¨Ö (111)
¨ Ëµ·³Ê²Ò ¤²Ö ¸É É¸Ê³³Ò [14] ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥· 
[15,16]. �Éµ ´¥ ¸²ÊÎ °´µ, ¢ ¸¢µ¥ ¢·¥³Ö ³Ò ÔÉµ ¶·µ±µ³³¥´É¨·Ê¥³. ‘¥°Î ¸ ¦¥
µÉ³¥É¨³, ÎÉµ ¢Ò· ¦¥´¨¥ (111) ´¥ ¸µ¤¥·¦¨É µ¸µ¡¥´´µ¸É¥°, ¶µ§¢µ²ÖÕÐ¨Ì ÌµÉÓ
¢ ± ±µ³-²¨¡µ ¸³Ò¸²¥ Ê¶µ³¨´ ÉÓ Ë §µ¢Ò° ¶¥·¥Ìµ¤, ÎÉµ ¸µ£² ¸Ê¥É¸Ö ¸ ±·¨É¨Î-
´µ¸ÉÓÕ ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥·  [17]. ’¥Ì´¨Î¥¸±µ° ¶·¨-
Î¨´µ° µÉ¸ÊÉ¸É¢¨Ö µ¸µ¡¥´´µ¸É¥° Ö¢²Ö¥É¸Ö ¶·¨³¨É¨¢´ Ö ¸É·Ê±ÉÊ·  ¨´É¥£· ² 
(104). ‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¶·¥¤² £ ¥É¸Ö ¸¶µ¸µ¡ Ô²¥³¥´É ·´µ£µ Ê¸²µ¦´¥´¨Ö
¸É·Ê±ÉÊ·Ò ¨´É¥£·¨·µ¢ ´¨Ö.

2.4.2. ˜ Ì³ É´ Ö ·¥Ï¥É± . �¡· É¨³¸Ö É¥¶¥·Ó ± Ï Ì³ É´µ° ·¥Ï¥É±¥,
J(xN , yN) ¤²Ö ±µÉµ·µ° ¤ ´ Ëµ·³Ê²µ° (93) ¨ ¤ ²¥¥ (97), (98). ‚Ò· ¦¥´¨¥
(103) ¨ ¶·¥¤¶µ²µ¦¥´¨¥ (105) µ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨, µ¤´ ±µ ËÊ´±Í¨Ö f É¥¶¥·Ó
¨³¥¥É ¢¨¤

f =
1

2(2π)2

∫ ∫ 2π

0

dφ dφ′ log |χ2(u eiφ, v eiφ′
)|. (116)

�µ¸±µ²Ó±Ê §´ Î¥´¨¥ f § ¢¨¸¨É µÉ |u| ¨ |v|, ³Ò ³µ¦¥³ ¢¸¥£¤  ¸Î¨É ÉÓ ¢¸¥
u, v, w, h ¢¥Ð¥¸É¢¥´´Ò³¨ ¶µ²µ¦¨É¥²Ó´Ò³¨ Î¨¸² ³¨. Œµ¦´µ ²¥£±µ ¶µ²ÊÎ¨ÉÓ
´¥¸±µ²Ó±µ ¸¨³³¥É·¨°´ÒÌ ¸¢µ°¸É¢ f. ˆ¸¶µ²Ó§ÊÖ, ´ ¶·¨³¥·, χ2(u, v, w, k) =

χ2(v, u, w, k) ¨²¨ χ2(u, v, w, k) = − u2

w2
χ2(u−1, v, w−1, k), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

f(u, v, w, k) =
1
2

log
uv

w
+ f0(u, v, w, k), (117)

£¤¥

f0(u, v, w, k) = f0(v, u, w, k) = f(u−1, v, w−1, k) = f(u−1, v−1, w, k). (118)



1082 ‘…�ƒ……‚ C. M.

ˆ´É¥£·¨·µ¢ ´¨¥ (116) ³Ò ¶·µ¢¥¤¥³ ¤²Ö u = v = 1, ±µ£¤  ¢µ§´¨± ÕÉ É·¨
·¥¦¨³ .

1) 0 < k � 1, É. ¥. h � w + w−1

2
. ’µ£¤ 

f0(w, k) = T(w, k), (119)

£¤¥

T(w, k)
µ¶·
=

1
π

∫ π/2

0

dφ×

× log

2

√
k−2 +

(
w − w−1

2

)2

+ 2
√

k−2 − sin2 φ

 . (120)

‚ Î ¸É´µ¸É¨, ¶·¨ k = 1 ¨ w = tan β1, 0 � β1 � π/2,

T(w = tan β1, k = 1) =
2
π

Catalan +
1
π

∫ π/2−2β1

0

α dα

cos α
=

= 2I(β1) + 2I(π/2 − β1) −
1
2

log (2 sin 2β1), (121)

£¤¥ I µ¶·¥¤¥²¥´ Ëµ·³Ê²µ° (112),   Catalan
µ¶·
=

∞∑
j=0

(−)j

(2j + 1)2
∼ 0,9159655942.

‚ ÔÉµ³ ¸²ÊÎ ¥ f ¸µ¢¶ ¤ ¥É ¸ (111) ¸ β0 = β1 ¨ β2 = β2 = π/2 − β1. ’ ±¨³
µ¡· §µ³, ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥ (120) Å ÔÉµ Ô²²¨¶É¨Î¥¸±µ¥ ¶·µ¤µ²¦¥´¨¥ ¤¨-
²µ£ ·¨Ë³ . �·µ¨§¢µ¤´ Ö (119) (¸³. ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê h, k, w ¢ Ëµ·³Ê²¥
(96))

∂f0(w, k)
∂k−1

=
h−1

π
K(k), £¤¥ K(k)

µ¶·
=

∫ 1

0

dt√
(1 − t2)(1 − k2t2)

, (122)

¨³¥¥É ²µ£ ·¨Ë³¨Î¥¸±ÊÕ · ¸Ìµ¤¨³µ¸ÉÓ ¶·¨ k �→ 1. �Éµ ¸¨²Ó´µ ´ ¶µ³¨´ ¥É
Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢ ·¥Ï¥ÉµÎ´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²ÖÌ.

2) 0 � k−1 � 1, É. ¥.
|w − w−1|

2
� h � w + w−1

2
. ’µ£¤ 

f0(w, k) =
1
2
| log w|+

+
1
π

∫ arcsin (k−1)

0

dφ log

 h +
√

k−2 − sin2 φ√(
w − w−1

2

)2

+ sin2 φ

 , (123)
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£¤¥ 0 � arcsin (k−1) � π/2,   ¶·µ¨§¢µ¤´ Ö

∂f0(w, k)
∂k−1

=
k−1h−1

π
K(k−1). (124)

3)

(
w − w−1

2

)2

� −k−2 � 0, É. ¥. 0 � h � |w − w−1|
2

. ’µ£¤ 

f(w, k) =
1
2
|log w| . (125)

‘¨ÉÊ Í¨Ö ¦¥ ¶·¨ u, v �= 1 ´¥³´µ£µ ¨´ Ö ¨ ¡µ²¥¥ ¸²µ¦´ Ö. •µ·µÏ¥£µ
µÉ¢¥É  ¢µ ¢¸¥³ Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥ u, v, w, k ³Ò ´ °É¨ ´¥ ¸³µ£²¨
(¢ µ¸µ¡¥´´µ¸É¨ ¤²Ö ¸²ÊÎ Ö, ±µ£¤  χ2 ¨³¥¥É Î¥ÉÒ·¥ ´Ê²Ö ¢ µ¡² ¸É¨ ¨´É¥£·¨-
·µ¢ ´¨Ö), µ¤´ ±µ Î¨É É¥²Ó ³µ¦¥É ´ °É¨ ¢Ò· ¦¥´¨Ö ¤²Ö · §²¨Î´ÒÌ Î ¸É´ÒÌ
¸²ÊÎ ¥¢ ¢ [9]. ‡ ³¥É¨³ Éµ²Ó±µ, ÎÉµ ¨ ¶·¨ u, v �= 1 ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨§´ ±¨ Ë §µ-
¢ÒÌ ¶¥·¥Ìµ¤µ¢,  ´ ²µ£¨Î´Ò¥ µ¸µ¡¥´´µ¸É¨ ¶µ²´µ£µ Ô²²¨¶É¨Î¥¸±µ£µ ¨´É¥£· ² 
K(k) ¶·¨ k �→ 1.

3. ��…„‘’�‚‹…�ˆ… �“‹…‚�‰ Š�ˆ‚ˆ‡�›

ˆÉ ±, ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì ³Ò ¶µ¸É·µ¨²¨ É·¥Ì³¥·´Ò¥  ´ ²µ£¨ Í¥¶µ-
Î¥± ¨ ¢¸¶µ³µ£ É¥²Ó´ÒÌ É· ´¸Ë¥·-³ É·¨Í. ’¥¶¥·Ó ´ ¸É ²µ ¢·¥³Ö µ¡· É¨ÉÓ¸Ö ±
É·¥Ì³¥·´Ò³  ´ ²µ£ ³ ±¢ ´Éµ¢ÒÌ ¸¶²¥É ÕÐ¨Ì µ¶¥· Éµ·µ¢,   ¨³¥´´µ ¶µ¸É·µ-
¨ÉÓ  ´ ²µ£ Ê· ¢´¥´¨Ö (5) ¨  ´ ²µ£¨ µ¶¥· Éµ·µ¢ ¨ ¢¥²¨Î¨´ (6), (7), (9).

3.1. �¶¥· Éµ· R. 3.1.1. ”µ·³Ê²¨·µ¢±  ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨-
¢¨§´Ò. � ¸¸³µÉ·¨³ Ë· £³¥´É ¢¸¶µ³µ£ É¥²Ó´µ° ¶²µ¸±µ¸É¨, ²¨´¨¨ ´  ±µÉµ-
·µ³ µ¡· §µ¢ ²¨ É·¥Ê£µ²Ó´¨±, ¨§µ¡· ¦¥´´Ò° ¢ ²¥¢µ° Î ¸É¨ ·¨¸. 7. �·µ´Ê-
³¥·Ê¥³ ¢¥·Ï¨´Ò ÔÉµ£µ É·¥Ê£µ²Ó´¨±  ´µ³¥· ³¨ 1, 2, 3,   ±²¥É±¨ Å ¡Ê±¢ ³¨
b, c, d, e, f, g, h. ‘µ£² ¸´µ ¶· ¢¨² ³ ·¨¸. 1 ¸ É·¥Ê£µ²Ó´¨±µ³  ¸¸µÍ¨¨·µ¢ ´ 

É·µ°±  ²¨´¥°´ÒÌ ¸µµÉ´µÏ¥´¨° ¢¨¤  �V =
∑
S

ϕSLS|V , £¤¥

S ∈ (b, c, d, e, f, g, h), V ∈ (1, 2, 3), (126)

¨ ¶·¨ Ê± § ´´µ³ ¶µ·Ö¤±¥ ¨´¤¥±¸µ¢

||LS|V || =



0 w2 κ3u3w3

1 0 1
κ1u1w1 q1/2u2 0
q1/2u1 0 0

0 κ2u2w2 0
0 0 w3

w0 1 q1/2u3


. (127)
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�¨¸. 7. �·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò ± ± Ô±¢¨¢ ²¥´É´µ¸ÉÓ ¤¢ÊÌ É·¥Ê£µ²Ó´¨±µ¢

‚ ¶· ¢µ° Î ¸É¨ ·¨¸. 7 ´ ·¨¸µ¢ ´  ²ÓÉ¥·´ É¨¢´Ò° ¢ ·¨ ´É ¶·µÌµ¦¤¥´¨Ö
²¨´¨°. �·µ´Ê³¥·Ê¥³ ¢¥·Ï¨´Ò É ±¦¥ ¨´¤¥±¸ ³¨ 1, 2, 3, µ¤´ ±µ, ÎÉµ¡Ò ´¥ ¶Ê-
É ÉÓ ²¥¢ÊÕ Î ¸ÉÓ ¸ ¶· ¢µ°,  ¸¸µÍ¨¨·Ê¥³ c ¶· ¢Ò³¨ ¢¥·Ï¨´ ³¨ ¶ ·Ò u′

V

¨ w′
V . Š²¥É±¨ ¶·µ´Ê³¥·Ê¥³ ¡Ê±¢ ³¨ a, b, c, d, e, f . ‡ ³¥É¨³, ÎÉµ ¢´¥Ï´¨¥

±²¥É±¨ ¸¶· ¢  ¨ ¸²¥¢  µ¤´¨ ¨ É¥ ¦¥,   ¢´ÊÉ·¥´´ÖÖ ±²¥É±  ¶µ³¥´Ö² ¸Ó ¸ h
´  a. „²Ö ¶· ¢µ° Î ¸É¨ É ±¦¥ ¢Ò¶¨¸Ò¢ ¥É¸Ö É·µ°±  ²¨´¥°´ÒÌ ¸µµÉ´µÏ¥´¨°

�′V =
∑
S′

ϕS′L′
S′|V , £¤¥

S′ ∈ (b, c, d, e, f, g, a), V ∈ (1, 2, 3), (128)

¨ ¶·¨ Ê± § ´´µ³ ¶µ·Ö¤±¥ ¨´¤¥±¸µ¢

||L′
S′|V || =



w′
1 0 0

0 1 0
0 0 q1/2u′

3

0 q1/2u′
2 1

κ1u
′
1w

′
1 0 κ3u

′
3w

′
3

1 w′
2 0

q1/2u′
1 κ2u

′
2w

′
2 w′

3


. (129)

‚ ¦´µ, ÎÉµ ¢ ³ É·¨Í Ì L ¨ L′ ¶ · ³¥É·Ò κV µ¤´¨ ¨ É¥ ¦¥.
�Ê¸ÉÓ x, y ∈ (b, c, d, e, f, g), x �= y. ’ ±¨Ì ´¥Ô±¢¨¢ ²¥´É´ÒÌ ¶ · 15. �Ê¸ÉÓ

¤ ²¥¥ Mx,y,h Å ³¨´µ· ³ É·¨ÍÒ L, ¸µ¸É ¢²¥´´Ò° ¨§ ¸É·µ± x, y ¨ h,   M ′
x,y,a Å

³¨´µ· ³ É·¨ÍÒ L′, ¸µ¸É ¢²¥´´Ò° ¨§ ¸É·µ± x, y ¨ a.
�¶·¥¤¥²¥´¨¥ 3. �·¥¤¸É ¢²¥´¨¥³ ´Ê²¥¢µ° ±·¨¢¨§´Ò ´ §µ¢¥³ ¸¨¸É¥³Ê

¸µµÉ´µÏ¥´¨°
Mx,y,hu

−1
1 = M ′

x,y,au
′−1
1 ∀x, y. (130)

Œ´µ¦¨É¥²¨ ¶µ¸²¥ ³¨´µ·µ¢ ¢µ§´¨±²¨ ± ± ´µ·³¨·µ¢±  (130) ¶·¨ x = c,
y = e, ¶·¨ ÔÉµ³ (130) ¶·¥¢· Ð ¥É¸Ö ¢ q1/2 = q1/2, ¨ ¨§ ¢µ§³µ¦´ÒÌ 15 µ¸É ¥É¸Ö
14 Ê· ¢´¥´¨°.
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‡ ³¥É¨³, ÎÉµ ¤ ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò ¶µÌµ¦¥ ¸²¥£±  ´ 
É ± ´ §Ò¢ ¥³µ¥ ²µ± ²Ó´µ¥ Ê· ¢´¥´¨¥ Ÿ´£ Ä� ±¸É¥·  [18] É¥³, ÎÉµ ¸µ¶µ¸É ¢²Ö-
ÕÉ¸Ö ¤¢  Ö´£-¡ ±¸É¥·µ¢¸±¨Ì É·¥Ê£µ²Ó´¨± . �¤´ ±µ ´ Ï¥ ¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥-
¢µ° ±·¨¢¨§´Ò ¶µ ¸³Ò¸²Ê ¡µ²¥¥ ¡²¨§±µ Ê¸²µ¢¨Õ Ô±¢¨¢ ²¥´É´µ¸É¨ · §²¨Î´ÒÌ
Ô²¥±É·¨Î¥¸±¨Ì ¸µ¥¤¨´¥´¨° [19]. ‡ ¨´É¥·¥¸µ¢ ´´Ò° Î¨É É¥²Ó ³µ¦¥É ´ °É¨
±² ¸¸¨Ë¨± Í¨Õ ·¥Ï¥´¨° ²µ± ²Ó´µ£µ Ê· ¢´¥´¨Ö Ÿ´£ Ä� ±¸É¥·  ¢ [20].

3.1.2. �¥Ï¥´¨¥. ‘¨¸É¥³Ê (130) ¸²¥¤Ê¥É ¶µ´¨³ ÉÓ ± ± ¸¨¸É¥³Ê 14 Ê· ¢´¥-
´¨° ´  Ï¥¸ÉÓ Ô²¥³¥´Éµ¢ u′

1,w
′
1,u

′
2,w

′
2,u

′
3,w

′
3. �¥¸³µÉ·Ö ´  ¶¥·¥µ¶·¥¤¥²¥´-

´µ¸ÉÓ, ÔÉ  ¸¨¸É¥³  ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥:

w′
1 = w2 Λ3, w′

2 = Λ−1
3 w1, w′

3 = Λ−1
2 u−1

1 ,

u′
1 = Λ−1

2 w−1
3 , u′

2 = Λ−1
1 u3, u′

3 = u2Λ1,
(131)

£¤¥

Λ1 = u−1
1 u3 − q1/2u−1

1 w1 + κ1w1u
−1
2 ,

Λ2 =
κ1

κ2
u−1

2 w−1
3 +

κ3

κ2
u−1

1 w−1
2 − q−1/2 κ1 κ3

κ2
u−1

2 w−1
2 ,

Λ3 = w1w
−1
3 − q1/2u3w

−1
3 + κ3w

−1
2 u3.

(132)

�µ²¥¥ Éµ£µ, u′
1, . . . ,w

′
3, µ¶·¥¤¥²Ö¥³Ò¥ ¸µµÉ´µÏ¥´¨Ö³¨ (131), (132), µ¡· §ÊÕÉ

ÉÊ ¦¥ ¸ ³ÊÕ ²µ± ²Ó´ÊÕ  ²£¥¡·Ê ‚¥°²Ö (13), ÎÉµ ¨ ¨¸Ìµ¤´Ò¥ u1, . . . ,w3, É. ¥.
³Ò ¨³¥¥³ ¤¥²µ ¸  ¢Éµ³µ·Ë¨§³µ³ ²µ± ²Ó´µ°  ²£¥¡·Ò ‚¥°²Ö.

�¶·¥¤¥²¥´¨¥ 4. �Ê¸ÉÓ R1,2,3 Å µ¶¥· Éµ·, µ¶·¥¤¥²ÖÕÐ¨°  ¢Éµ³µ·Ë¨§³
uV ,wV �→ u′

V ,w′
V (131), (132) ¸ ¶µ³µÐÓÕ ¸µ¶·Ö¦¥´¨Ö

R1,2,3uV = u′
V R1,2,3, R1,2,3wV = w′

V R1,2,3, V = 1, 2, 3. (133)

R µ¶·¥¤¥²¥´ Ë ±É¨Î¥¸±¨ ± ± µÉµ¡· ¦¥´¨¥ ´  ±µ²ÓÍ¥ · Í¨µ´ ²Ó´ÒÌ ËÊ´±-
Í¨° µÉ ²µ± ²Ó´µ°  ²£¥¡·Ò ‚¥°²Ö,   § ¶¨¸Ó (133) ¢ Ëµ·³¥ ¸µ¶·Ö£ ÕÐ¥£µ µ¶¥· -
Éµ·  ¡¥§ ¸¶¥Í¨Ë¨± Í¨¨ £¨²Ó¡¥·Éµ¢  ¶·µ¸É· ´¸É¢  ¤µ¸É ÉµÎ´µ Ê¸²µ¢´ . ‚¶·¥¤Ó
¢ ÔÉµ³ µ¡§µ·¥ £µÉ¨Î¥¸±¨¥ ¸¨³¢µ²Ò ¡Ê¤ÊÉ Ê¶µÉ·¥¡²ÖÉÓ¸Ö ¤²Ö µ¡µ§´ Î¥´¨Ö ¶µ-
¤µ¡´ÒÌ µÉµ¡· ¦¥´¨°.

“É¢¥·¦¤¥´¨¥ 3. �¢Éµ³µ·Ë¨§³ R, µ¶·¥¤¥²¥´´Ò° (133), Ê¤µ¢²¥É¢µ·Ö¥É
Ê· ¢´¥´¨Õ É¥É· Ô¤·µ¢

R1,2,3 R1,4,5 R2,4,6 R3,5,6 = R3,5,6 R2,4,6 R1,4,5 R1,2,3. (134)

„µ± § É¥²Ó¸É¢µ: ¤²Ö ¤µ± § É¥²Ó¸É¢  ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö ¸²¥¤Ê¥É · ¸¸³µÉ·¥ÉÓ
£· Ë, µ¡· §µ¢ ´´Ò° Î¥ÉÒ·Ó³Ö ¶µ¶ ·´µ ´¥ ¶ · ²²¥²Ó´Ò³¨ ²¨´¨Ö³¨, µ·¨¥´-
É¨·µ¢ ´´Ò³¨ É ±, ÎÉµ¡Ò É·¥Ê£µ²Ó´¨±, µ¡· §µ¢ ´´Ò° ²Õ¡Ò³¨ É·¥³Ö ²¨´¨-
Ö³¨, ¡Ò² ¡Ò µ·¨¥´É¨·µ¢ ´´Ò³ ± ± É·¥Ê£µ²Ó´¨± ¢ ²¥¢µ° Î ¸É¨ ·¨¸. 7. ‚¥·-
Ï¨´Ò ÔÉµ° Ë¨£Ê·Ò ¶·µ´Ê³¥·Ê¥³ Î¨¸² ³¨ µÉ 1 ¤µ 6 ¢ ¶· ¢¨²Ó´µ³ ¶µ·Ö¤±¥,
ÎÉµ¡Ò Î ¸É¨Î´Ò¥ É·¥Ê£µ²Ó´¨±¨ ¡Ò²¨ ¡Ò (1, 2, 3), (1, 4, 5), (2, 4, 6) ¨ (3, 5, 6).
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‘³¥Ð¥´¨¥³ ²¨´¨° ¨§ ÔÉµ£µ £· Ë  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤·Ê£µ° £· Ë, ¢¸¥ Î -
¸É¨Î´Ò¥ É·¥Ê£µ²Ó´¨±¨ ±µÉµ·µ£µ µ·¨¥´É¨·µ¢ ´Ò É ±, ± ± µ·¨¥´É¨·µ¢ ´ É·¥-
Ê£µ²Ó´¨± ¢ ¶· ¢µ° Î ¸É¨ ·¨¸. 7. ‘ÊÐ¥¸É¢ÊÕÉ ¤¢¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ É ±¨Ì
¸³¥Ð¥´¨°, ¸ ±µÉµ·Ò³¨ µÎ¥¢¨¤´Ò³ µ¡· §µ³  ¸¸µÍ¨¨·ÊÕÉ¸Ö ¶·¥µ¡· §µ¢ ´¨Ö
T²¥¢ = R1,2,3R1,4,5R2,4,6R3,5,6 ¨ T¶· ¢ = R3,5,6R2,4,6R1,4,5R1,2,3. �¤´ ±µ
·¥§Ê²ÓÉ É ÔÉµ£µ ¶·¥µ¡· §µ¢ ´¨Ö ³µ¦´µ ¢ÒÎ¨¸²ÖÉÓ ¢´¥ § ¢¨¸¨³µ¸É¨ µÉ ¶µ¸²¥-
¤µ¢ É¥²Ó´µ¸É¨ ¸³¥Ð¥´¨°, ¨¸¶µ²Ó§ÊÖ Éµ²Ó±µ ´ Î ²Ó´Ò° ¨ ±µ´¥Î´Ò° £· Ë ¨
· ¸¸³ É·¨¢ Ö § ¤ ÎÊ Ô±¢¨¢ ²¥´É´µ¸É¨ 6 × 6 ³¨´µ·µ¢ ¤¢ÊÌ ³ É·¨Í · §³¥·µ³
11 × 6, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ²¨´¥°´Ò³ § ¤ Î ³ ¤²Ö µ¤´µ° ¨ ¢Éµ·µ° ±µ´Ë¨£Ê· -
Í¨¨, ¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´µ (130). �µ¸±µ²Ó±Ê ÔÉ  ¶¥·¥µ¶·¥¤¥²¥´´ Ö ¸¨¸É¥³ 
¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ T, Éµ ¸µ ¢¸¥° µÎ¥¢¨¤´µ¸ÉÓÕ T = T²¥¢ = T¶· ¢.

’ ±¨³ µ¡· §µ³ Ê ´ ¸ ¢µ§´¨± É·¥Ì³¥·´Ò° ¸¶²¥É É¥²Ó, Ê¤µ¢²¥É¢µ·ÖÕÐ¨°
É·¥Ì³¥·´µ³Ê  ´ ²µ£Ê Ê· ¢´¥´¨Ö Ÿ´£ Ä� ±¸É¥· .

3.1.3. R ± ± µ¶¥· Éµ· Ô¢µ²ÕÍ¨¨. R ³µ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´ ± ±
¶·µ¸É¥°Ï¨° µ¶¥· Éµ· Ô¢µ²ÕÍ¨¨ ¶µ¤µ¡´µ ¸²ÊÎ Õ m = 2 ¢ ¤¢Ê³¥·´µ³ µ¶¥· -
Éµ·¥ Ô¢µ²ÕÍ¨¨ (9). � ¸¸³µÉ·¨³ ¢¸¶µ³µ£ É¥²Ó´ÊÕ ·¥Ï¥É±Ê ´  Éµ·¥, ¸µ¸ÉµÖÐÊÕ
¢¸¥£µ ¨§ É·¥Ì ²¨´¨°. �É  ·¥Ï¥É±  · ¸¸³ É·¨¢ ² ¸Ó · ´¥¥, µ´  ¨§µ¡· ¦¥´  ´ 
·¨¸. 3. ‚ ¸¨²Ê Í¨±²¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨° É·¥Ê£µ²Ó´¨± ·¨¸. 3 Ô±¢¨¢ -
²¥´É¥´ ± ± ¶· ¢µ³Ê É·¥Ê£µ²Ó´¨±Ê ·¨¸. 7, É ± ¨ ²¥¢µ³Ê. ’ ±¨³ µ¡· §µ³, ¸¤¢¨£
²¨´¨¨,  ¸¸µÍ¨¨·µ¢ ´´Ò° ¸ ¶·¥µ¡· §µ¢ ´¨¥³ R1,2,3, ´¥ ¨§³¥´Ö¥É É ±µ° Ô²¥-
³¥´É ·´µ° ·¥Ï¥É±¨. ˆ§ µ¶·¥¤¥²¥´¨Ö Ê¸²µ¢¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò (130) ¸²¥¤Ê¥É,
¨ ¢ ÔÉµ³ ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³, ÎÉµ det ||L||u−1

1 Ëµ·³Ê²Ò
(25) Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ ¶·¥µ¡· §µ¢ ´¨Ö (131), (132) ¤²Ö ²Õ¡ÒÌ ¸¶¥±É· ²Ó-
´ÒÌ ¶ · ³¥É·µ¢ ( ´ ²µ£ ¤¢Ê³¥·´µ£µ (12)). ˆ´¢ ·¨ ´É´µ¸ÉÓ ´¥±µ³³ÊÉ É¨¢´ÒÌ
Ô²¥³¥´Éµ¢ w1w2, u2u3 ¨ u−1

1 w3 ¢¨¤´  ¨§ (131), (132) ´¥¶µ¸·¥¤¸É¢¥´´µ,  
¶·µ¢¥·±  ¨´¢ ·¨ ´É´µ¸É¨ H (26) Å ¤µ¢µ²Ó´µ ÊÉµ³¨É¥²Ó´µ¥ ¢ÒÎ¨¸²¥´¨¥.

3.1.4. �¢µ²ÕÍ¨µ´´Ò¥ ·¥Ï¥É±¨. ’·¥Ì³¥·´ÒÌ µ¡µ¡Ð¥´¨° Ëµ·³Ê²Ò (9)
³´µ£µ. ‚ ¤¢Ê³¥·Ó¥ ¥¤¨´¸É¢¥´´Ò³ ¶ · ³¥É·µ³ Ö¢²Ö² ¸Ó ¤²¨´  Í¥¶µÎ±¨, ¢ Éµ
¢·¥³Ö ± ± ¢ É·¥Ì³¥·Ó¥ ¶ · ³¥É·µ³ Ö¢²Ö¥É¸Ö ´¥ Éµ²Ó±µ · §³¥·, ´µ ¨ Ëµ·³ 
·¥Ï¥É±¨.

� ¸¸³µÉ·¨³ ¢¸¶µ³µ£ É¥²Ó´ÊÕ ·¥Ï¥É±Ê ´  Éµ·¥, ¤²Ö ±µÉµ·µ° ¢Ò¶µ²´¥´Ò
¤¢  ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨Ö:

• ¢¸¥ Î ¸É¨Î´Ò¥ É·¥Ê£µ²Ó´¨±¨, ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ·¥Ï¥É±¥, µ·¨¥´É¨·µ¢ ´Ò,
± ± É·¥Ê£µ²Ó´¨±¨ ´  ·¨¸. 7,

• ¸ÊÐ¥¸É¢Ê¥É µ¶·¥¤¥²¥´´µ¥ ´¥É·¨¢¨ ²Ó´µ¥ ¤¢¨¦¥´¨¥ ²¨´¨°, É ±µ¥, ÎÉµ
¸ ÊÎ¥Éµ³ Éµ·¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨° ·¥Ï¥É±  ¶¥·¥Ìµ¤¨É ¸ ³  ¢ ¸¥¡Ö.
�Ê¤¥³ ´ §Ò¢ ÉÓ É ±¨¥ ·¥Ï¥É±¨ Ô¢µ²ÕÍ¨µ´´Ò³¨,   µ¶¥· Éµ· ± ´µ´¨Î¥¸±µ£µ
¶·¥µ¡· §µ¢ ´¨Ö, ´ ¡¨· ¥³Ò° ¨§ ²µ± ²Ó´ÒÌ µ¶¥· Éµ·µ¢ R (133) ¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨° ¤ ´´µ³Ê ¤¢¨¦¥´¨Õ ²¨´¨°, µ¶¥· Éµ·µ³ Ô¢µ²ÕÍ¨¨ E ( ´ ²µ£ (9)).
ˆ§ ¶µ¸É·µ¥´¨Ö R ± ± µ¶¥· Éµ· , ´¥ ³¥´ÖÕÐ¥£µ ³¨´µ·Ò, ¸²¥¤Ê¥É, ÎÉµ E ´¥
³¥´Ö¥É ¶µ¤Ìµ¤ÖÐ¨³ µ¡· §µ³ ´µ·³¨·µ¢ ´´Ò° µ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ ±µÔËË¨-
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�¨¸. 8. ‚¸¶µ³µ£ É¥²Ó´µ¥ µÉµ¡· ¦¥-
´¨¥ ±¢ ¤· É´µ° ·¥Ï¥É±¨

Í¨¥´Éµ¢, É. ¥. ´¥ ³¥´Ö¥É j(x, y) ∀x, y ∈ C.
’ ±¨³ µ¡· §µ³, jα,β ¤¥°¸É¢¨É¥²Ó´µ ¨³¥ÕÉ
¸³Ò¸² ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö Ô¢µ²ÕÍ¨¨ E.

�¸´µ¢´µ° ¶·¨³¥· Ô¢µ²ÕÍ¨µ´´µ° ·¥-
Ï¥É±¨ Å ÔÉµ ·¥Ï¥É±  ± £µ³¥, µ¤´ ±µ ³Ò
¥¥ · ¸¸³ É·¨¢ ÉÓ ¢ ÔÉµ° · ¡µÉ¥ ´¥ ¡Ê¤¥³.
—¨É É¥²Ó ³µ¦¥É ´ °É¨ Ëµ·³Ê²¨·µ¢±Ê Ô¢µ-
²ÕÍ¨µ´´µ° ¸¨¸É¥³Ò ´  ·¥Ï¥É±¥ ± £µ³¥
¢ [1,3].

‡¤¥¸Ó ¦¥ ³Ò ¶·¨¢¥¤¥³ ¤·Ê£µ° ¶·¨³¥·
´¥ ¸µ¢¸¥³ Ô¢µ²ÕÍ¨µ´´µ° ·¥Ï¥É±¨, ¨§µ-
¡· ¦¥´´Ò° ´  ·¨¸. 8. �· ¢Ò° ¢¥·Ì´¨°
Ê£µ² ÔÉµ£µ ·¨¸Ê´±  ¸µ¤¥·¦¨É µÉ±·ÒÉÊÕ
±¢ ¤· É´ÊÕ ·¥Ï¥É±Ê · §³¥·µ³ N2 × N3

¸ ¢¥·Ï¨´ ³¨, ¶·µ´Ê³¥·µ¢ ´´Ò³¨ É ± ¦¥, ± ± ´  ·¨¸. 5, ¸ n2 = 0, . . . , N2 − 1
¨ n3 = 0, . . . , N3 − 1. ‚¥·Ï¨´Ò ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¨¨ ¶·µ´Ê³¥·µ¢ ´Ò ± ±
(2 : n3) ¨ (3 : n2). —Éµ¡Ò · §²¨Î¨ÉÓ ¢¸¶µ³µ£ É¥²Ó´Ò¥ ¢¥·Ï¨´Ò ¨ ¢¥·Ï¨´Ò
±¢ ¤· É´µ° ·¥Ï¥É±¨, ³Ò ¡Ê¤¥³ µ¡µ§´ Î ÉÓ ¶µ¸²¥¤´¨¥ ± ± (1 : n2, n3). ‘¨³-
¢µ²Ò 1, 2, 3, µÉ¤¥²¥´´Ò¥ ¤¢µ¥ÉµÎ¨¥³ µÉ ´µ³¥·µ¢ n2, n3, §¤¥¸Ó ¨ ¢¶·¥¤Ó µ¡µ§´ -
Î ÕÉ ´µ³¥·  ®¶ÊÎ±µ¢¯ ´  ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¥, § Ë¨±¸¨·µ¢ ´´Ò¥ µ¡µ-
§´ Î¥´¨Ö³¨ V = 1, 2, 3 ´  ·¨¸. 7. Šµ²¨Î¥¸É¢µ É·¥Ê£µ²Ó´¨±µ¢ É ±µ£µ É¨¶ , ± ±
²¥¢Ò° É·¥Ê£µ²Ó´¨± ·¨¸. 7, · ¢´µ N2N3. �¶¥· Éµ·, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶·µ´µ¸Ê
¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¨¨ ¸ Õ£µ-¢µ¸Éµ±  ´  ¸¥¢¥·µ-§ ¶ ¤ ¸±¢µ§Ó ¢¸¥ ¢¥·Ï¨´Ò
±¢ ¤· É´µ° ·¥Ï¥É±¨, µÎ¥¢¨¤´µ, ¸É·µ¨É¸Ö ± ± Ê¶µ·Ö¤µÎ¥´´µ¥ ¶·µ¨§¢¥¤¥´¨¥
²µ± ²Ó´ÒÌ µ¶¥· Éµ·µ¢ R:

T̂ =
∏

n2=0↑N2−1

∏
n3=0↑N3−1

R(1:n2,n3),(2:n3),(3:n2), (135)

£¤¥ ¨¸¶µ²Ó§µ¢ ´µ µ¡µ§´ Î¥´¨¥ Ê¶µ·Ö¤µÎ¥´´µ£µ ¶·µ¨§¢¥¤¥´¨Ö∏
nj=0↑Nj−1

rn = r0 r1r2 . . . rNj−1. (136)

�¶¥· Éµ· T̂ Ö¢²Ö¥É¸Ö É·¥Ì³¥·´Ò³  ´ ²µ£µ³ ±¢ ´Éµ¢µ° ³ É·¨ÍÒ ³µ´µ¤·µ-
³¨¨, ¸²¥¤ ±µÉµ·µ°∗ ¶µ ¢¸¶µ³µ£ É¥²Ó´Ò³ ¶·µ¸É· ´¸É¢ ³

T = Tr(2:n3),(3:n2) T̂ (137)

Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ ±¢ ´Éµ¢µ° É· ´¸Ë¥·-³ É·¨ÍÒ (6). ”Ê´±Í¨µ´ ² j(x, y) ¤²Ö
±¢ ¤· É´µ° ·¥Ï¥É±¨ (38), µ¶·¥¤¥²¥´´Ò° · ´¥¥, ¶·µ¨§¢µ¤¨É ¶µ²´Ò° ´ ¡µ·

∗�¶·¥¤¥²¥´´µ¸ÉÓ ¸²¥¤  ¤²Ö q µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö Ö¢²Ö¥É¸Ö Ê¸²µ¢´Ò³ ¶·¥¤¶µ²µ¦¥´¨¥³!
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µ¶¥· Éµ·µ¢, ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ T:

j(x, y)T = T j(x, y)∀x, y ∈ C. (138)

3.1.5. �¶¥· Éµ· Z. ‚ÒÏ¥ ³Ò · ¸¸³µÉ·¥²¨ ¸²ÊÎ ° ¢¸¥£µ µ¤´µ° ¢¸¶µ-
³µ£ É¥²Ó´µ° ²¨´¨¨, ¶µ·µ¦¤ ÕÐ¥° ¤µ¶µ²´¨É¥²Ó´Ò¥ ¢¥·Ï¨´Ò É¨¶  (2 : n3),
(3 : n2). ’¥¶¥·Ó ¦¥ ¶Ê¸ÉÓ ±µ²¨Î¥¸É¢µ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ²¨´¨° · ¢´µ N1, ¨
µ´¨ ´Ê³¥·ÊÕÉ¸Ö ¨´¤¥±¸µ³ n1 = 0, . . . , N1 − 1, É ± ÎÉµ ´  ·¨¸. 8 ¨§µ¡· ¦¥´ 
´ Î ²Ó´ Ö ¢¸¶µ³µ£ É¥²Ó´ Ö ²¨´¨Ö ¸ ´µ³¥·µ³ n1 = 0.

‘µÌ· ´ÖÖ ´Ê³¥· Í¨Õ ¢¥·Ï¨´ ¨¸Ìµ¤´µ° ±¢ ¤· É´µ° ·¥Ï¥É±¨ (1 : n2, n3)
(¶ÊÎo± ´µ³¥· 1), ³Ò ¡Ê¤¥³ ´Ê³¥·µ¢ ÉÓ ¢¸¶µ³µ£ É¥²Ó´Ò¥ ¢¥·Ï¨´Ò ± ±
(2 : n1, n3) (¶ÊÎo± ´µ³¥· 2) ¨ (3 : n1, n2). �¶¥· Éµ·, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¸³¥Ð¥-
´¨Õ ¢¸¥Ì ¢¸¶µ³µ£ É¥²Ó´ÒÌ ²¨´¨° ¸±¢µ§Ó µ¸´µ¢´ÊÕ ±¢ ¤· É´ÊÕ ·¥Ï¥É±Ê, ¥¸ÉÓ

Z1,2,3 =
∏

n1=0↑N1−1

∏
n2=0↑N2−1

∏
n3=0↑N3−1

R(1:n2,n3),(2:n1,n3),(3:n1,n2). (139)

�¶¥· Éµ· Z1,2,3 ¸µ¢¥·Ï ¥É · Í¨µ´ ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥  ²£¥¡·Ò ´ ¡²Õ¤ ¥-
³ÒÌ, ·¥§Ê²ÓÉ É ±µÉµ·µ£µ ³Ò ¡Ê¤¥³ µ¡µ§´ Î ÉÓ §¢¥§¤µÎ±µ° ( ´ ²µ£¨Î´µ ÏÉ·¨ÌÊ
¢ µ¶·¥¤¥²¥´¨¨ R1,2,3 (131)):

Z1,2,3uV = u∗
V Z1,2,3, Z1,2,3wV = w∗

V Z1,2,3,

V ∈ {(1 : n2, n3), (2 : n1, n3), (3 : n1, n2)}.
(140)

�Î¥¢¨¤´µ, ¶µ ¸É·Ê±ÉÊ·¥ Z1,2,3 Å ±Ê¡¨Î¥¸± Ö ·¥Ï¥É± . �¶¥· Éµ· T̂ Ö¢²Ö¥É¸Ö
Î ¸É´Ò³ ¸²ÊÎ ¥³ µ¶¥· Éµ·  Z1,2,3 ¶·¨ N1 = 1, É. ¥. ¸¢Ö§ ´ ¸ µ¤´¨³ ¸²µ¥³
±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¨,   µ¶¥· Éµ· (137) Å É· ´¸Ë¥·-³ É·¨Í¥° ®¸²µ°Ä¸²µ°¯
¤²Ö ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¨.

3.2. R ¢ ±µ´¥Î´µ³¥·´µ³ ¸²ÊÎ ¥. 3.2.1. R-³ É·¨Í . �¥·¥¸É ´µ¢µÎ´Ò¥
¸µµÉ´µÏ¥´¨Ö (133), µ¶·¥¤¥²ÖÕÐ¨¥ µ¶¥· Éµ· R, ·¥Ï ÕÉ¸Ö ¤²Ö ±µ´¥Î´µ³¥·-
´ÒÌ ¶·¥¤¸É ¢²¥´¨° (59), (60) ¸ qN = 1, ¢ ¶·¨´Í¨¶¥, µ¤´µ§´ Î´µ∗. �¤´ ±µ
±µ´¥Î´µ³¥·´µ¸ÉÓ ¸²¥£±  ³¥´Ö¥É ¢¨¤ (133).

ˆ§ µ¶·¥¤¥²¥´¨Ö (133) ¸²¥¤Ê¥É, ÎÉµ R ´¥ Éµ²Ó±µ ´ ¤¥²¥´ ´¥±µÉµ·µ° ³ -
É·¨Î´µ° ¸É·Ê±ÉÊ·µ°, ´µ ¨ ¨§³¥´Ö¥É Í¥´É·Ò ¢¥°²¥¢¸±¨Ì  ²£¥¡·:

R1,2,3uN
V = u′N

V R1,2,3, R1,2,3wN
V = w′N

V R1,2,3. (141)

‘µ£² ¸´µ (131), (132) ¨ ¸µµÉ´µÏ¥´¨Õ (u+w)N = uN +wN , Ëµ·³  ÔÉµ£µ µÉµ-
¡· ¦¥´¨Ö ¢ ÉµÎ´µ¸É¨ ¶µ¢Éµ·Ö¥É Ëµ·³Ê µÉµ¡· ¦¥´¨Ö ¤²Ö ¨¸Ìµ¤´ÒÌ∗∗ uV ,wV :

∗‚Éµ·µ° ¸²ÊÎ ° µ¤´µ§´ Î´µ£µ ·¥Ï¥´¨Ö ¢ É¥·³¨´ Ì ´¥²µ± ²Ó´ÒÌ ±¢ ´Éµ¢ÒÌ ¤¨²µ£ ·¨Ë-
³µ¢ Å ÔÉµ ³µ¤Ê²Ö·´ Ö ¤Ê ²¨§ Í¨Ö ¢¥°²¥¢¸±¨Ì  ²£¥¡· ¶µ ” ¤¤¥¥¢Ê ¢ ·¥¦¨³¥ ®¸¨²Ó´µ°¯ ¸¢Ö§¨ ¸
¤µ¶µ²´¨É¥²Ó´Ò³ É·¥¡µ¢ ´¨¥³ Ê´¨É ·´µ¸É¨ R.

∗∗‡ ³¥É¨³, ÎÉµ N -¥ ¸É¥¶¥´¨ uN
V ¨ wN

V ¸ÊÉÓ ³µ¤Ê²Ö·´Ò¥ ¶ ·É´¥·Ò uV , wV ¸ ÉµÎ±¨ §·¥´¨Ö
Ëµ·³ ²Ó´µ° ³µ¤Ê²Ö·´µ° ¤Ê ²¨§ Í¨¨.
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w′N
1 = wN

2 ΛN
3 , w′N

2 = Λ−N
3 wN

1 , w′N
3 = Λ−N

2 u−N
1 ,

u′N
1 = Λ−N

2 w−N
3 , u′N

2 = Λ−N
1 uN

3 , u′N
3 = uN

2 ΛN
1 ,

(142)

£¤¥

ΛN
1 = u−N

1 uN
3 + u−N

1 wN
1 + κN

1 wN
1 u−N

2 ,

ΛN
2 =

κN
1

κN
2

u−N
2 w−N

3 +
κN

3

κN
2

u−N
1 w−N

2 +
κN

1 κN
3

κN
2

u−N
2 w−N

2 , (143)

ΛN
3 = wN

1 w−N
3 + uN

3 w−N
3 + κN

3 w−N
2 uN

3 .

�¶·¥¤¥²¨³ É¥¶¥·Ó

u′
V = N

√
u′N

V , w′
V = N

√
w′N

V , V = 1, 2, 3, (144)

¸ É·¥³Ö ¥¸É¥¸É¢¥´´Ò³¨ µ£· ´¨Î¥´¨Ö³¨ ´  Ë §Ò

w1w2 = w′
1w

′
2, u−1

1 w3 = u′−1
1 w′

3, u2u3 = u′
2u

′
3. (145)

�Ê¸ÉÓ

x′
V =

u′
V

u′
V

, z′V =
w′

V

w′
V

, V = 1, 2, 3. (146)

‚ ¸¨²Ê ± ´µ´¨Î´µ¸É¨ ¨ ¶· ¢¨²Ó´µ° ´µ·³¨·µ¢ ´´µ¸É¨ µÉµ¡· ¦¥´¨Ö R, ¶µ
²¥³³¥ ˜Ê· , ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö (¸ ÉµÎ´µ¸ÉÓÕ ¤µ µ¡Ð¥£µ ³´µ¦¨É¥²Ö)
N3 × N3-³ É·¨Í  R1,2,3 É ± Ö, ÎÉµ

x′
V R1,2,3 = R1,2,3xV , z′V R1,2,3 = R1,2,3zV , V = 1, 2, 3. (147)

—Éµ¡Ò ¢Ò¶¨¸ ÉÓ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ R, ´ ¶·¨³¥·, ¢ ¡ §¨¸¥
(58), ´ ³ ¶µÉ·¥¡ÊÕÉ¸Ö ´¥±µÉµ·Ò¥ ¤µ¶µ²´¨É¥²Ó´Ò¥ µ¡µ§´ Î¥´¨Ö.

�Ê¸ÉÓ p Å ÉµÎ±  ´  ±·¨¢µ° ”¥·³  F :

p
µ¶·
= (x, y) ∈ F ⇔ xN + yN = 1. (148)

”Ê´±Í¨Õ Wp(n), p ∈ F , n ∈ ZN , ³Ò µ¶·¥¤¥²¨³ ¶µ¸·¥¤¸É¢µ³

Wp(n)
Wp(n − 1)

=
y

1 − x qn
, Wp(0) = 1. (149)

”Ê´±Í¨Ö Wp(n), ¡Ê¤ÊÎ¨ ®q-£ ³³ -ËÊ´±Í¨¥°¯, ®q-Ô±¸¶µ´¥´Éµ°¯ ¨
®q-¤¨²µ£ ·¨Ë³µ³¯ ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ, ¨³¥¥É ³´µ¦¥¸É¢µ § ³¥Î É¥²Ó´ÒÌ
¸¢µ°¸É¢ (¸³., ´ ¶·¨³¥·, ¶·¨²µ¦¥´¨¥ · ¡µÉÒ [21]) ¤²Ö ¢¢¥¤¥´¨Ö ¢ ®q-±µ·¥´Ó
¨§ ¥¤¨´¨ÍÒ £¨¶¥·£¥µ³¥É·¨Õ¯.
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�¶·¥¤¥²¨³ N3 × N3-³ É·¨ÍÊ R1,2,3 ± ± ³ É·¨Î´µ§´ Î´ÊÕ ËÊ´±Í¨Õ Î¥-
ÉÒ·¥Ì ÉµÎ¥± p1, p2, p3, p4 ¸ ±·¨¢µ° ”¥·³  ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

〈σ1, σ2, σ3|R|σ′
1, σ

′
2, σ

′
3〉

µ¶·
= R

σ′
1,σ′

2,σ′
3

σ1,σ2,σ3 =

= δσ2+σ3,σ′
2+σ′

3
q(σ′

1−σ1) σ′
3
Wp1(σ2 − σ1)Wp2 (σ′

2 − σ′
1)

Wp3(σ′
2 − σ1)Wp4 (σ2 − σ′

1)
, (150)

£¤¥ x-±µµ·¤¨´ ÉÒ Î¥ÉÒ·¥Ì ÉµÎ¥± ±·¨¢µ° ”¥·³  ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

x1x2 = qx3x4. (151)

�É  ³ É·¨Í  ´ §Ò¢ ¥É¸Ö R-³ É·¨Í¥° ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±-
¸É¥·  [16,21]. Œ É·¨Í  R ¸µ¢¥·Ï ¥É ¶·¥µ¡· §µ¢ ´¨¥ (147) ¢ ¡ §¨¸¥ (58) ¶·¨
¨¤¥´É¨Ë¨± Í¨¨

x1 =
q−1/2

κ1

u2

u1
, x2 = q−1/2κ2

u′
2

u′
1

, x3 = q−1 u′
2

u1

, x4 = q−1 κ2

κ1

u2

u′
1

(152)

¨

y3

y1
= κ1

w1

u′
3

,
y4

y1
= q−1/2κ3

w3

w2
,

y3

y2
=

w′
2

w3
,

y4

y2
= q−1/2 κ3

κ1

u′
3

w′
1

, (153)

£¤¥ u′
V , w′

V ¨ uV , wV ¸¢Ö§ ´Ò (142), (144), (145). „²Ö ¤µ± § É¥²Ó¸É¢  (147)
¤µ¸É ÉµÎ´µ ¢§ÖÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É ± ¦¤µ£µ ¸µµÉ´µÏ¥´¨Ö (147) ¨ ¢µ¸¶µ²Ó-
§µ¢ ÉÓ¸Ö µ¶·¥¤¥²¥´¨¥³ (58) ¨ · §´µ¸É´Ò³ ¸¢µ°¸É¢µ³ (149).

R-³ É·¨Í  (150) Ö¢²Ö¥É¸Ö ³ É·¨Î´µ° ËÊ´±Í¨¥° É·¥Ì ´¥¶·¥·Ò¢´ÒÌ ¶ · -
³¥É·µ¢ (¸³. ¸µµÉ´µÏ¥´¨¥ (151)) ¨ É·¥Ì ¤¨¸±·¥É´ÒÌ ¶ · ³¥É·µ¢, ¸¢Ö§ ´´ÒÌ
¸ µ¶·¥¤¥²¥´¨¥³ yj ´  ±·¨¢ÒÌ ”¥·³ : yN

j = 1 − xN
j . „¨¸±·¥É´ÒÌ ¶ · ³¥-

É·µ¢ ¨³¥´´µ É·¨, ¶µ¸±µ²Ó±Ê µ¤´µ¢·¥³¥´´µ¥ ¨§³¥´¥´¨¥ Ë § ¢¸¥Ì Î¥ÉÒ·¥Ì yj ,
yj �→ qyj ´¥ ³¥´Ö¥É ¢¨¤ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ (150). ‘ ¤·Ê£µ° ¸Éµ·µ´Ò,
¶ · ³¥É·¨§ Í¨Ö (152), (153) ¶µ¤· §Ê³¥¢ ¥É ¤¥¢ÖÉÓ ´¥§ ¢¨¸¨³ÒÌ uV , wV , κV

¨ É·¨ ´¥§ ¢¨¸¨³Ò¥ Ë §Ò ¢ ´ ¡µ·¥ u′
V , w′

V Å ´¥§ ¢¨¸¨³ÒÌ Ë § ¨³¥´´µ É·¨
¢ ¸¨²Ê (145). ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ (152), (153) ¸¢µ¡µ¤´µ° ¶ · ³¥É·¨§ Í¨¥°
R-³ É·¨ÍÒ, ¨ ¨¸¶µ²Ó§µ¢ ÉÓ ± ± µ¡µ§´ Î¥´¨¥ R(p1, p2, p3, p4), É ± ¨ µ¡µ§´ -
Î¥´¨¥ R(uV , wV , κV ).

�É³¥É¨³ ¢ ¦´µ¥ · §²¨Î¨¥ ³¥¦¤Ê µÉµ¡· ¦¥´¨¥³ R ¨ ¸µ¶·Ö¦¥´¨¥³ ¸ ¶µ-
³µÐÓÕ ³ É·¨ÍÒ R. �µ µ¶·¥¤¥²¥´¨Õ (133) ´ ¶µ³´¨³, ÎÉµ ¤²Ö ²Õ¡µ° · Í¨µ-
´ ²Ó´µ° ËÊ´±Í¨¨ ´  ¢¥°²¥¢¸±µ°  ²£¥¡·¥ F (uV ,wV )

R F (uV ,wV ) = F (u′
V ,w′

V )R, V = 1, 2, 3, (154)

¢ Éµ ¢·¥³Ö ± ± ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ uV = uV xV , wV = wV zV , ¨

RF (uV xV , wV zV ) = F (uV x′
V , wV z′V )R. (155)
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ˆ´Ò³¨ ¸²µ¢ ³¨, ¤¥°¸É¢¨¥ µÉµ¡· ¦¥´¨Ö R Ô±¢¨¢ ²¥´É´µ ¸µ¶·Ö¦¥´¨Õ ¸ ¶µ³µ-
ÐÓÕ ³ É·¨ÍÒ R ¨ ¨§³¥´¥´¨Õ Í¥´É·µ¢  ²£¥¡·Ò ‚¥°²Ö uV �→ u′

V , wV �→ w′
v .

‡ ³¥É¨³, ÎÉµ ¶µ¤µ¡´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¡Ò²µ § ³¥Î¥´µ · ´¥¥ ¢ [22].
3.2.2. �¢µ²ÕÍ¨µ´´Ò¥ µÉµ¡· ¦¥´¨Ö ¢ ±µ´¥Î´µ³¥·´µ³ ¸²ÊÎ ¥. �·¨ ¶µ-

¸É·µ¥´¨¨ ±µ´¥Î´µ³¥·´ÒÌ (É. ¥. ³ É·¨Î´ÒÌ) Î ¸É¥° Ô¢µ²ÕÍ¨µ´´ÒÌ µÉµ¡· ¦¥-
´¨° T ¨²¨ Z ¶·¨¤¥É¸Ö · ¸¸³ É·¨¢ ÉÓ ¨É¥· Í¨¨ ËÊ´±Í¨µ´ ²Ó´ÒÌ µÉµ¡· ¦¥´¨°
uV , wV �→ u′

V , w′
V . �Éµ ¶µ·µ¦¤ ¥É µ¶·¥¤¥²¥´´Ò¥ ¸²µ¦´µ¸É¨ ¶·¨ ¶µ¸É·µ¥´¨¨

¨ ¨¸¸²¥¤µ¢ ´¨¨ ±µ´¥Î´µ³¥·´ÒÌ µ¶¥· Éµ·µ¢. ’¨¶¨Î´ Ö ¸¨ÉÊ Í¨Ö É ±µ¢ : ¶Ê¸ÉÓ
Z Å ´¥±µÉµ·µ¥ Ô¢µ²ÕÍ¨µ´´µ¥ µÉµ¡· ¦¥´¨¥, ¶µ¸É·µ¥´´µ¥ ¨§ · §²¨Î´ÒÌ R ¨
µ¶·¥¤¥²¥´´µ¥ ´  ´¥±µÉµ·µ° ¢¸¶µ³µ£ É¥²Ó´µ° ·¥Ï¥É±¥:

Z F (uV ,wV ) = F (u∗
V ,w∗

V )Z. (156)

…¸É¥¸É¢¥´´µ, µÉµ¡· ¦¥´¨¥ Z · ¸¶ ¤ ¥É¸Ö ´  ±µ´¥Î´µ³¥·´ÊÕ Î ¸ÉÓ

ZF (uV xV , wV zV ) = F (uV x∗
V , wV z∗V )Z, (157)

£¤¥

x∗
V =

u∗
V

N

√
u∗N

V

, z∗V =
w∗

V

N

√
w∗N

V

, (158)

¨ ËÊ´±Í¨µ´ ²Ó´ÊÕ Î ¸ÉÓ

uV �→ u∗
V = N

√
u∗N

V , wV �→ w∗
V = N

√
w∗N

V . (159)

‘·¥¤¨ ËÊ´±Í¨° ´   ²£¥¡·¥ ´ ¡²Õ¤ ¥³ÒÌ, ± ± ³Ò §´ ¥³, ¥¸ÉÓ ¤¢¥ ¢Ò¤¥²¥´-
´Ò¥ Å ¶·µ¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨µ´ ²Ò ¤²Ö ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ¤²Ö Ô¢µ²ÕÍ¨µ´-
´µ£µ µÉµ¡· ¦¥´¨Ö Z: j(x, y|uV ,wV ) ¨ J(xN , yN |uN

V ,wN
V ). �¡  µ´¨ Ö¢²ÖÕÉ¸Ö

¨´¢ ·¨ ´É ³¨ µÉµ¡· ¦¥´¨Ö Z:

j(x, y|uV ,wV ) = j(x, y|u∗
V ,w∗

V ),

J(xN ,yN |uN
V ,wN

V ) = J(xN , yN |u∗N
V ,w∗N

V ).
(160)

Œ É·¨Í  j, µ¤´ ±µ, ´¥ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ Z, ¶µ µ¶·¥¤¥²¥´¨Õ (157)

j(x, y|uV xV , wV zV ) ≡ j(x, y|u∗
V x∗

V , w∗
V z∗V ) =

= Zj(x, y|u∗
V xV , w∗

V zV )Z−1. (161)

�É¸Õ¤  ¢¨¤´µ, ÎÉµ ¥¸²¨ ´ ¡µ· uV , wV , κV µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö, É ± ÎÉµ µÉµ-
¡· ¦¥´¨¥ (159) ´¥ É·¨¢¨ ²Ó´µ, Éµ

• µÉµ¡· ¦¥´¨¥ (159) ¥¸ÉÓ ¨§µ¸¶¥±É· ²Ó´ Ö ¤¥Ëµ·³ Í¨Ö µ¶¥· Éµ·  j(x, y),

•   ³ É·¨Í  Z ·¥ ²¨§Ê¥É ÔÉÊ ¨§µ¸¶¥±É· ²Ó´ÊÕ ¤¥Ëµ·³ Í¨Õ.
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Œ¥Éµ¤ ¨§µ¸¶¥±É· ²Ó´ÒÌ ¤¥Ëµ·³ Í¨° ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¢ Éµ³ Î¨¸²¥ ¨
¶·¨ ¶µ¸É·µ¥´¨¨ £¨¶µÉ¥§Ò ±¢ ´Éµ¢µ£µ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ.

‚ ³´µ£µµ¡· §¨¨ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ uV , wV , κV ³µ¦´µ ¢Ò¡· ÉÓ ¶µ¤³´µ-
£µµ¡· §¨¥ (¶·¨Î¥³ ¤ ²¥±µ ´¥ ¥¤¨´¸É¢¥´´Ò³ ¸¶µ¸µ¡µ³) É ±µ¥, ÎÉµ

u∗
V = uV , w∗

V = wV . (162)

�·¨ É ±µ³ ¤µ¶µ²´¨É¥²Ó´µ³ Ê¸²µ¢¨¨ ¨§µ¸¶¥±É· ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸É ´µ-
¢¨É¸Ö É·¨¢¨ ²Ó´Ò³, ¨ j(x, y) ¶·µ¨§¢µ¤¨É ¶µ²´Ò° ´¥§ ¢¨¸¨³Ò° ´ ¡µ· ³ É·¨Í,
±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ Z, ÎÉµ £µ¢µ·¨É µ ·¥Ï ¥³µ¸É¨ § ¤ Î¨ ´ Ìµ¦¤¥´¨Ö ¸¶¥±-
É·  Z. ’ ±¨³ µ¡· §µ³, Í¨±²¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (162) ¨¸¶µ²Ó§ÊÕÉ¸Ö
¤²Ö Ëµ·³Ê²¨·µ¢±¨ ÉµÎ´µ ·¥Ï ¥³ÒÌ ³µ¤¥²¥° ¸É É¨¸É¨Î¥¸±µ° ³¥Ì ´¨±¨ ´ 
É·¥Ì³¥·´ÒÌ ·¥Ï¥É± Ì. ‡ ³¥É¨³, ÎÉµ § ¤ Î  ¶ · ³¥É·¨§ Í¨¨ uV , wV µ¤´µ-
¢·¥³¥´´µ ¸ u∗

V , w∗
V ¨ ´ ²µ¦¥´¨Ö ¶¥·¨µ¤¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨° ·¥Ï ¥³ 

¶µ²´µ¸ÉÓÕ ¢ · ³± Ì  ²£¥¡· ¨Î¥¸±µ° £¥µ³¥É·¨¨ (µ¡ ÔÉµ³ Ê¶µ³¨´ ²µ¸Ó ¢ ¶·¨-
³¥· Ì ¶ · ³¥É·¨§ Í¨¨ ·¥Ï¥Éµ±).

�µ²¥§´µ ¶·µ±µ³³¥´É¨·µ¢ ÉÓ Î ¸É´Ò° ¸²ÊÎ °, ±µ£¤  Í¥´É·Ò ¢¥°²¥¢¸±µ°
 ²£¥¡·Ò ²¥¦ É ´  ¸¶¥Í¨ ²Ó´µ³ ¶µ¤³´µ£µµ¡· §¨¨, É ±µ³, ÎÉµ

u′
V = uV , w′

V = wV (163)

¤²Ö ± ¦¤µ° µÉ¤¥²Ó´µ° R-³ É·¨ÍÒ. �Éµ Ê¸²µ¢¨¥ ´ ³´µ£µ ¸¨²Ó´¥¥, Î¥³ ¶¥·¨µ-
¤¨Î¥¸±µ¥ £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (162) ¤²Ö ¢¸¥£µ Ô¢µ²ÕÍ¨µ´´µ£µ µÉµ¡· ¦¥´¨Ö, · ¸-
¸³µÉ·¥´´µ¥ ¢ÒÏ¥. „²Ö µ¤´µ° R-³ É·¨ÍÒ ´¥§ ¢¨¸¨³ÒÌ ¸·¥¤¨ Ê· ¢´¥´¨° (163)
¢¸¥£µ É·¨, ¨ ¶ · ³¥É·¨§µ¢ ÉÓ ÔÉµ ¶µ¤³´µ£µµ¡· §¨¥ ¶·µÐ¥ ¢¸¥£µ ³µ¦´µ ¢ É¥·-
³¨´ Ì ÉµÎ¥± p1, p2, p3, p4:

w3

w2
=

y2

y3
,

w1

u3
= q−1/2 x1y3

x3y1
,

u1

u2
=

1
qx3

(164)

¨
κ1 = q1/2 x3

x1
, κ2 = q1/2 x4

x1
, κ3 = q1/2 y3y4

y1y2
. (165)

�  ÔÉµ³ ¶µ¤³´µ£µµ¡· §¨¨, ±µ£¤  ¤¥°¸É¢¨¥ R ¶µ²´µ¸ÉÓÕ Ô±¢¨¢ ²¥´É´µ ¸µ¶·Ö-
¦¥´¨Õ R-³ É·¨Í¥°, ¸ÊÐ¥¸É¢Ê¥É, ¢ Î ¸É´µ¸É¨, ±µ´¥Î´µ³¥·´µ¥ Ê· ¢´¥´¨¥ É¥-
É· Ô¤·µ¢ [15,16,21] ¤²Ö R-³ É·¨Í, Ö¢²ÖÕÐ¥¥¸Ö ¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ (134). �·-
£Ê³¥´ÉÒ Î¥ÉÒ·¥Ì R-³ É·¨Í ¢ ÔÉµ³ Ê· ¢´¥´¨¨ É¥É· Ô¤·µ¢ · §´Ò¥,   §´ ³¥´¨É Ö
É¥É· Ô¤· ²Ó´ Ö ¸¢Ö§Ó ¥¸É¥¸É¢¥´´µ ¢µ§´¨± ¥É ± ± ¸²¥¤¸É¢¨¥ ´ ¡µ·  ¸µµÉ´µÏ¥-
´¨° (164) ¤²Ö ¢¸¥Ì Î¥ÉÒ·¥Ì R-³ É·¨Í. “· ¢´¥´¨¥ É¥É· Ô¤·µ¢ Ö¢²Ö¥É¸Ö Ê¸²µ-
¢¨¥³ ¨´É¥£·¨·Ê¥³µ¸É¨ ¤²Ö ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥· , ¨ ¨¸-
Ìµ¤´ Ö ¶ · ³¥É·¨§ Í¨Ö ‡ ³µ²µ¤Î¨±µ¢  ¢ É¥·³¨´ Ì ¤¢Ê£· ´´ÒÌ Ê£²µ¢ θ1, θ2, θ3

¸Ë¥·¨Î¥¸±µ£µ É·¥Ê£µ²Ó´¨±  Ô±¢¨¢ ²¥´É´ 

κN
1 =

(
tan

θ1

2

)2

, κN
2 =

(
cot

θ2

2

)2

, κN
3 =

(
tan

θ3

2

)2

. (166)
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‘ÊÐ¥¸É¢Ê¥É É ±¦¥ ¨ ¨´ Ö ¶ · ³¥É·¨§ Í¨Ö µ¡· §ÊÕÐ¨Ì uj , wj , κj , Ô±¢¨¢ ²¥´É-
´ Ö ¶ · ³¥É·¨§ Í¨¨ ¤¢Ê£· ´´Ò³¨ Ê£² ³¨. �´  Ë ±É¨Î¥¸±¨ ¸¢Ö§ ´  ¸ ¶·µ¥±-
Í¨¥° ¸Ë¥·¨Î¥¸±µ£µ É·¥Ê£µ²Ó´¨±  ´  ¶²µ¸±µ¸ÉÓ ¨ ¨³¥¥É ¢¨¤

κN
1 = − (Y − Z ′)(Y ′ − Z)

(Y − Z)(Y ′ − Z ′)
, κN

2 = − (X − Z)(X ′ − Z ′)
(X ′ − Z)(X − Z ′)

,

κN
3 = − (X ′ − Y )(X − Y ′)

(X − Y )(X ′ − Y ′)
,

(167)

É ± ÎÉµ

wN
3

wN
2

=
(X ′ − Y ′)(X − Z)
(X − Y ′)(X ′ − Z)

,
wN

1

uN
3

= − (Y − Z)(X − Y ′)
(Y ′ − Z)(X − Y )

,

uN
1

uN
2

=
(Y ′ − Z ′)(X − Z)
(Y ′ − Z)(X − Z ′)

.

(168)

�¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¢ ¶ · ³¥É·¨§ Í¨¨ ÊÎ ¸É¢ÊÕÉ Ï¥¸ÉÓ ÉµÎ¥± ´  ±µ³¶²¥±¸-
´µ° ¶²µ¸±µ¸É¨, ¢ ¸¨²Ê ³¥¡¨Ê¸-¨´¢ ·¨ ´É´µ¸É¨ ±·µ¸¸-µÉ´µÏ¥´¨° ´¥§ ¢¨¸¨³ÒÌ
¶ · ³¥É·µ¢ §¤¥¸Ó ¢¸¥£µ É·¨. �¤´¨³ ¨§ ¶·¥¨³ÊÐ¥¸É¢ ¨¸¶µ²Ó§µ¢ ´¨Ö ±·µ¸¸-
µÉ´µÏ¥´¨° Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶·¨ ¶ · ³¥É·¨§ Í¨¨ Ê· ¢´¥´¨Ö É¥É· Ô¤·µ¢ £¥µ-
³¥É·¨Î¥¸±µ¥ Ê¸²µ¢¨¥ É¥É· Ô¤·  ¢Ò¶µ²´Ö¥É¸Ö  ¢Éµ³ É¨Î¥¸±¨. �É  ¶ · ³¥É·¨-
§ Í¨Ö ±·µ¸¸-µÉ´µÏ¥´¨Ö³¨ ´ ³¨ Ê¦¥ ¶·¨³¥´Ö² ¸Ó ¶·¨ ¶µ¸É·µ¥´¨¨ ¶·¨³¥·µ¢
±¢ ¤· É´ÒÌ ·¥Ï¥Éµ± ¸µ ¸¶¥Í¨ ²Ó´µ° ´¥µ¤´µ·µ¤´µ¸ÉÓÕ (¸³. Ëµ·³Ê²Ê (89)).

‚ ¡µ²¥¥ ¶µ²´µ³ ¶µ¤Ìµ¤¥, ±µ£¤  Ê¸²µ¢¨¥ (163) ´¥ ´ ±² ¤Ò¢ ¥É¸Ö ¤²Ö ± -
¦¤µ° R-³ É·¨ÍÒ ¶µ µÉ¤¥²Ó´µ¸É¨, ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¡ §¨·Ê¥É¸Ö ´¥ ´  Ê· ¢´¥-
´¨¨ É¥É· Ô¤·µ¢ (ÌµÉÖ É ±µ¢µ¥ ¨ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ),   ´  ¶·¨´Í¨¶¥ ¨§µ¸¶¥±-
É· ²Ó´ÒÌ ¤¥Ëµ·³ Í¨° (161) ¨ ´  Í¨±²¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ (162).

4. Š‚��’�‚�Ÿ ’���‘”…�-Œ�’�ˆ–�

‚ ÔÉµ³ · §¤¥²¥ ³Ò ¶µ¸É·µ¨³ ±µ´¥Î´µ³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ¶¥· Éµ·µ¢
Z1,2,3 ¨ T, ¸³. (139), (135), (137). Šµ´¥Î´µ³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ¶¥· Éµ· 
(139) ¸ÊÉÓ ¸É É¸Ê³³  ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¨ ¸ µÉ±·ÒÉÒ³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨-
Ö³¨. ‘ ³µ¥ ´¥É·¨¢¨ ²Ó´µ¥ ¶·¨ ÔÉµ³ Å ÊÎ¥É ¤¨´ ³¨±¨ Î¨¸²µ¢ÒÌ ¶ · ³¥É·µ¢
uN

V , wN
V ¶·¨ ¶µ¸²¥¤µ¢ É¥²Ó´µ³ ¶·¨³¥´¥´¨¨ µÉµ¡· ¦¥´¨° R.

4.1. ‘¨ÉÊ Í¨Ö µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö. „²Ö ¶µ¸É·µ¥´¨Ö ³ É·¨Î´µ£µ Ô²¥³¥´É 
µ¶¥· Éµ·  Z1,2,3 (139), µÎ¥¢¨¤´µ, ¸²¥¤Ê¥É ¶µ¸²¥¤µ¢ É¥²Ó´µ, ¤²Ö ¢¸¥Ì µ¶¥· Éµ-
·µ¢ R1,2,3, ¢Ìµ¤ÖÐ¨Ì ¢ µ¶·¥¤¥²¥´¨¥ Z1,2,3, ¶·¨³¥´¨ÉÓ ¶·µÍ¥¤Ê·Ê (141), (146)
¨ (147).

ˆ¸Ìµ¤´Ò¥ ¶ · ³¥É·Ò ²µ± ²Ó´µ° ¢¥°²¥¢¸±µ°  ²£¥¡·Ò ¤²Ö Z1,2,3, ¸µ£² ¸´µ
µ¡µ§´ Î¥´¨Ö³ Ëµ·³Ê²Ò (139), ¤²Ö µ¸´µ¢´µ° ±¢ ¤· É´µ° ·¥Ï¥É±¨ ¥¸ÉÓ u1:n2,n3 ,
w1:n2,n3 , κ1:n2,n3 ,   ¤²Ö ¢¥·Ï¨´, · ¸¶µ²µ¦¥´´ÒÌ ´  ¢¸¶µ³µ£ É¥²Ó´ÒÌ ²¨´¨ÖÌ,
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u2:n1,n3 , w2:n1,n3 , κ2:n1,n3 ¨ u3:n1,n2 w3:n1,n2 , κ3:n1,n2 . � ¶µ³´¨³: ¢ µ¡µ§´ Î¥-
´¨¨ V = (j : nk, nl) j Å ÔÉµ ´µ³¥· ®¶ÊÎ± ¯ ¶·¨ ¸· ¢´¥´¨¨ ¢¸¶µ³µ£ É¥²Ó´µ°
·¥Ï¥É±¨ ¸ ²¥¢Ò³ É·¥Ê£µ²Ó´¨±µ³ ·¨¸. 7,   ¨´¤¥±¸Ò nk, nl ´Ê³¥·ÊÕÉ ¢¥·Ï¨´Ê ¢
¸µµÉ¢¥É¸É¢ÊÕÐ¥° ±¢ ¤· É´µ° ·¥Ï¥É±¥ (µ¸´µ¢´µ° ¤²Ö j = 1 ¨ ¤¢ÊÌ ¢¸¶µ³µ£ -
É¥²Ó´ÒÌ ¤²Ö j = 2, 3). ”µ·³Ê²Ò (142), (3.2), ¡Ê¤ÊÎ¨ ¢´¨³ É¥²Ó´µ ¸µµÉ´¥¸¥´Ò
¸µ ¸É·Ê±ÉÊ·µ° Z1,2,3 (139), § ¤ ÕÉ É·¥Ì³¥·´ÊÕ ·¥±Ê·¸¨Õ ´  ±Ê¡¨Î¥¸±µ° ·¥-
Ï¥É±¥:

wN
1,n+e1

= wN
2,nΛN

3,n, wN
2,n+e2

= Λ−N
3,n wN

1,n, wN
3,n+e3

= Λ−N
2,n u−N

1,n ,

uN
1,n+e1

= Λ−N
2,n w−N

3,n , uN
2,n+e2

= Λ−N
1,n uN

3,n, uN
3,n+e3

= uN
2,nΛN

1,n,
(169)

£¤¥

ΛN
1,n = u−N

1,n uN
3,n + u−N

1,n wN
1,n + κN

1,nwN
1,nu−N

2,n ,

ΛN
2,n =

κN
1,n

κN
2,n

u−N
2,n w−N

3,n +
κN

3,n

κN
2,n

u−N
1,n w−N

2,n +
κN

1,n κN
3,n

κN
2,n

u−N
2,n w−N

2,n ,

ΛN
3,n = wN

1,nw−N
3,n + uN

3,nw−N
3,n + κN

3,nw−N
2,n uN

3,n.

(170)

‡¤¥¸Ó É·¥Ì³¥·´Ò¥ ¢¥±Éµ·Ò

n = (n1, n2, n3) = n1e1 + n2e2 + n3e3 (171)

§ ¤ ÕÉ ¢¥·Ï¨´Ê ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¨, ¨ ¤²Ö ÔÉµ° ·¥±Ê·¸¨¨ ´ Î ²Ó´Ò¥ ¤ ´´Ò¥
¨ κ-¶ · ³¥É·Ò ¥¸ÉÓ

u1,n2e2+n3e3 = u1:n2,n3 , w1,n2e2+n3e3 = w1:n2,n3 , κ1,n = κ1:n2,n3 ,

u2,n1e1+n3e3 = u2:n1,n3 , w2,n1e1+n3e3 = w2:n1,n3 , κ2,n = κ2:n1,n3 ,

u3,n1e1+n2e2 = u3:n1,n2 , w3,n1e1+n2e2 = w3:n1,n2 , κ3,n = κ3:n1,n2 .

(172)

� ¶µ³´¨³, ÎÉµ ¨§¢²¥Î¥´¨¥ ±µ·´¥° N -° ¸É¥¶¥´¨ ¨§ (169) Ê¶· ¢²Ö¥É¸Ö ¸µ£² -
Ï¥´¨¥³ (145), ±µÉµ·µ¥ ´  ·¥Ï¥É±¥ ¨³¥¥É ¢¨¤

w1,n+e1w2,n+e2 = w1,nw2,n, u−1
1,n+e1

w3,n+e3 = u−1
1,nw3,n,

u2,n+e2u3,n+e3 = u2,nu3,n.
(173)

�¥§Ê²ÓÉ É ¶·¨³¥´¥´¨Ö Z1,2,3 ± ¶ · ³¥É· ³ uN
V ≡ uN

V , wN
V ≡ wN

V (¸³. (140))

Z1,2,3uN
V = u∗N

V Z1,2,3, Z1,2,3wN
V = w∗N

V Z1,2,3 (174)

¢ É¥·³¨´ Ì ·¥±Ê·¸¨¨ (169), (170) ¢Ò· ¦ ¥É¸Ö ± ±

u∗N
1:n2,n3

= uN
1,N1e1+n2e2+n3e3

, w∗N
1:n2,n3

= wN
1,N1e1+n2e2+n3e3

,

u∗N
2:n1,n3

= uN
2,n1e1+N2e2+n3e3

, w∗N
2:n1,n3

= wN
2,n1e1+N2e2+n3e3

,

u∗N
3:n1,n2

= uN
3,n1e1+n2e2+N3e3

, w∗N
3:n1,n2

= wN
3,n1e1+n2e2+N3e3

.

(175)
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„ ²¥¥ ¸µ£² ¸´µ (158) ¸²¥¤Ê¥É ¢¢¥¸É¨ ´µ·³¨·µ¢ ´´Ò¥ ¢¥°²¥¢¸±¨¥ Ô²¥³¥´ÉÒ

x∗
V =

u∗
V

u∗
V

, z∗V =
w∗

V

w∗
V

¨ µ¶·¥¤¥²¨ÉÓ µ¤´µ§´ Î´µ ³ É·¨ÍÊ Z1,2,3:

Z1,2,3xV = x∗
V Z1,2,3, Z1,2,3zV = z∗V Z1,2,3, (176)

³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ±µÉµ·µ° ´ ¡¨· ÕÉ¸Ö ¨§ (150) ± ±

〈σ1, σ2, σ3|Z1,2,3|σ∗
1 , σ∗

2 , σ∗
3〉 =

=
∑

σ1,σ2,σ3

∏
n1,n2,n3

〈σ1,n, σ2,n, σ3,n|Rn|σ1,n+e1
, σ2,n+e2

, σ3,n+e3
〉, (177)

£¤¥ µ¡±² ¤± ³¨ Z1,2,3 ¨¸¶µ²Ó§µ¢ ´Ò ¢¥±Éµ·Ò ¨´¤¥±¸µ¢

σ1 = {σ1,n2e2+n3e3}, σ2 = {σ2,n1e1+n3e3},
σ3 = {σ3,n1e1+n2e2}, nj = 0, . . . , Nj − 1 (178)

¨
σ∗

1 = {σ1,N1e1+n2e2+n3e3}, σ∗
2 = {σ2,n1e1+N2e2+n3e3},

σ∗
3 = {σ3,n1e1+n2e2+N3e3}, nj = 0, . . . , Nj − 1,

(179)

  ¸Ê³³¨·µ¢ ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶µ ¢¸¥³ ®¢´ÊÉ·¥´´¨³¯ σj,n, 0 < nj < Nj . Š -
¦¤ Ö ³ É·¨Í  Rn ¢ (177) Ö¢²Ö¥É¸Ö ³ É·¨Î´µ° ËÊ´±Í¨¥° (150) ¸  ·£Ê³¥´É ³¨
p1,n, p2,n, p3,n, p4,n, ±µÉµ·Ò¥ ¢ ¸¨²Ê (152), (153) ¨ ·¥Ï¥´¨Ö ·¥±Ê·¸¨¨ (169)
¨³¥ÕÉ ¢¨¤

x1,n =
q−1/2

κ1,n

u2,n

u1,n
, x2,n = q−1/2κ2,n

u2,n+e2

u1,n+e1

,

x3,n = q−1 u2,n+e2

u1,n
, x4,n = q−1 κ2,n

κ1,n

u2,n

u1,n+e1

(180)

¨

y3,n

y1,n
= κ1,n

w1,n

u3,n+e3

,
y4,n

y1,n
= q−1/2κ3,n

w3,n

w2,n
,

y3,n

y2,n
=

w2,n+e2

w3,n
,

y4,n

y2,n
= q−1/2 κ3,n

κ1,n

u3,n+e3

w1,n+e1

.
(181)

�µ³¨³µ µÉ±·ÒÉµ° ¸¨¸É¥³Ò, µ¶·¥¤¥²Ö¥³µ° ·¥±Ê·¸¨¥° (169), (170), ¨ ¸²Ê-
Î Ö ¶µ²´ÒÌ Í¨±²¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨° (162), ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ¨
Î ¸É¨Î´Ò¥ Í¨±²¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö. ‚ ¦´Ò³ ¶·¨³¥·µ³ ¤²Ö ´ ¸ Ö¢²Ö-
ÕÉ¸Ö Í¨±²¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¢µ 2-³ ¨ 3-³ ¶ÊÎ± Ì:

u∗
2:n1,n3

= u2:n1,n3 , w∗
2:n1,n3

= w2:n1,n3 ,

u∗
3:n1,n2

= u3:n1,n3 , w∗
3:n1,n2

= w3:n1,n3 .
(182)
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�É¨ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¶µ¤· §Ê³¥¢ ÕÉ ¶µ¸²¥¤ÊÕÐ¥¥ ¢§ÖÉ¨¥ ¸²¥¤ 
Z1 = Tr2,3 Z1,2,3:

〈σ1|Z1|σ∗
1〉 =

∑
σ2,σ3

〈σ1, σ2, σ3|Z1,2,3|σ∗
1 , σ2, σ3〉. (183)

‡ ³¥É¨³, ÎÉµ ¶¥·¨µ¤¨Î´µ¸ÉÓ ¶µ ¶¥·¢µ³Ê ¶ÊÎ±Ê ´¥ ¸²¥¤Ê¥É, ¢µµ¡Ð¥ £µ¢µ·Ö,
¨§ ¶¥·¨µ¤¨Î¥¸±¨Ì Ê¸²µ¢¨° (182). ’µ, ÎÉµ Z1 Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ Éµ²Ó±µ ¢
¶¥·¢µ³ ¶ÊÎ±¥, ¢¸¶µ³µ£ É¥²Ó´ Ö ·¥Ï¥É±  ¤²Ö ±µÉµ·µ£µ ±¢ ¤· É´ Ö, µ§´ Î ¥É,
ÎÉµ Z1 Ê¤µ¢²¥É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Ö³ É¨¶  (161) ¤²Ö ËÊ´±Í¨µ´ ²  j(x, y) ¤²Ö
±¢ ¤· É´µ° ·¥Ï¥É±¨, ¶µ¸É·µ¥´´µ£µ ¢ ¶. 1.3.3 ¸ µÎ¥¢¨¤´µ° ³µ¤¨Ë¨± Í¨¥° µ¡µ-
§´ Î¥´¨° ¢ Ëµ·³Ê² Ì (35), (37) ¨ É. ¤.: un2,n3 �→ u1:n2,n3 , wn2,n3 �→ w1:n2,n3 ,
κn2,n3 �→ κ1:n2,n3 . “¤µ¡´µ Ê± § ÉÓ ¶ · ³¥É·Ò u1:n2,n3 , w1:n2,n3 , ¨¸¶µ²Ó§Ê¥³Ò¥
¶·¨ ¶µ¸É·µ¥´¨¨ j, ± ± ¶ · ³¥É·Ò j:

j(x, y) = j(x, y|{u1:n2,n3 , w1:n2,n3}). (184)

’µ£¤  ¢ ¸¨²Ê ´ Ï¨Ì ¶µ¸É·µ¥´¨° ³ É·¨Í  Z1 ¸µ¢¥·Ï ¥É ¨§µ¸¶¥±É· ²Ó´µ¥ ¶·¥-
µ¡· §µ¢ ´¨¥

Z1 j(x, y|{u1:n2,n3
, w1:n2,n3

}) = j(x, y|{u∗
1:n2,n3

, w∗
1:n2,n3

})Z1. (185)

…¸²¨ ¦¥ ¤¨´ ³¨±  uj,n, wj,n ¶¥·¨µ¤¨Î´  ¢¤µ¡ ¢µ± ± (182) ¨ ¶µ ¶¥·¢µ³Ê ´ -
¶· ¢²¥´¨Õ, Éµ ¸µµÉ´µÏ¥´¨¥ (185) ¶·¥¢· Ð ¥É¸Ö ¢ Z1j(x, y) = j(x, y)Z1, É. ¥.
µ¶¥· Éµ·´µ§´ Î´Ò¥ ¶µ²¨´µ³Ò ¨§ j ¤¥°¸É¢¨É¥²Ó´µ Ö¢²ÖÕÉ¸Ö ¨´É¥£· ² ³¨ ¤¢¨-
¦¥´¨Ö ¤²Ö ±µ´¥Î´µ³¥·´µ° Z1. ‡ ³¥É¨³, ÎÉµ ¨ ¢µ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶²µ¸-
±µ¸ÉÖÌ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶ÊÎ± ³ 2 ¨ 3, ¶·¨ ÔÉµ³ É ±¦¥ ³µ¦´µ ¶µ¸É·µ¨ÉÓ
¸¢µ¨ ËÊ´±Í¨µ´ ²Ò j, ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¶·µ¨§¢µ¤¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò
¤¢¨¦¥´¨Ö. ‚ ÔÉµ³ ¸³Ò¸²¥ É·¥Ì³¥·´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ ¶µ¤Ìµ¤  ´ ²¨Íµ.

4.2. ‘µ²¨Éµ´´µ¥ ·¥Ï¥´¨¥. �¥±Ê·¸¨Ö (169), (170) ¸ ´ Î ²Ó´Ò³¨ ¤ ´´Ò³¨
(172) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ¤²Ö ±² ¸¸¨Î¥¸±µ° ¨´É¥£·¨·Ê¥³µ° ³µ-
¤¥²¨ ´  ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¥. Š ± ´¥µ¤´µ±· É´µ Ê¶µ³¨´ ²µ¸Ó ¢ÒÏ¥, ¥¥ ¶µ²-
´µ¥ ·¥Ï¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¢Ò¶¨¸ ´µ ¢ · ³± Ì  ²£¥¡· ¨Î¥¸±µ° £¥µ³¥É·¨¨ (¸³.
[3, 11]). � · ³¥É·¨§ Í¨Ö uN

j,n, wN
j,n, κN

j,n ¢ É¥·³¨´ Ì µÉ´µÏ¥´¨° Θ-ËÊ´±Í¨°
¨ £² ¢´ÒÌ Ëµ·³, ¢Ò¶¨¸ ´´ Ö ¢ [11], Ö¢´µ § ¤ ¥É ¶µ¸·¥¤¸É¢µ³ (180), (181)
· ¸¶·¥¤¥²¥´¨¥ ¶ · ³¥É·µ¢ ¢¸¥Ì ³ É·¨Í Rn ¢ (177). �¥·¨µ¤¨Î¥¸±¨¥ ¦¥ £· -
´¨Î´Ò¥ Ê¸²µ¢¨Ö (162) Ë¨±¸¨·ÊÕÉ ¢¨¤  ²£¥¡· ¨Î¥¸±µ° ±·¨¢µ°, ´  Ö±µ¡¨-
 ´¥ ±µÉµ·µ° µ¶·¥¤¥²¥´Ò Θ-ËÊ´±Í¨¨. � ¶·¨³¥·, ¶·¨ Î ¸É¨Î´ÒÌ ¶¥·¨µ¤¨Î¥-
¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ (182)  ²£¥¡· ¨Î¥¸± Ö ±·¨¢ Ö § ¤ ¥É¸Ö Ê· ¢´¥´¨¥³
J(xN , yN) = 0, £¤¥ J Å µ¶·¥¤¥²¨É¥²Ó C-Î¨¸²µ¢µ° ³ É·¨ÍÒ ±µÔËË¨Í¨¥´Éµ¢
¤²Ö ±¢ ¤· É´µ° ·¥Ï¥É±¨ ¶¥·¢µ£µ ¶ÊÎ±  (¸³. Ëµ·³Ê²Ê (71) ¨ ¤ ²¥¥). �¤´ ±µ,
¶µ¸±µ²Ó±Ê  ²£¥¡·µ-£¥µ³¥É·¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ³ ²µ ¶·¨£µ¤´Ò ¤²Ö ¶· ±É¨-
Î¥¸±¨Ì ´Ê¦¤, ³Ò µ£· ´¨Î¨¢ ¥³¸Ö ¶·¥¤¥²Ó´Ò³ ¸²ÊÎ ¥³, ±µ£¤  ¸¶¥±É· ²Ó´ Ö
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±·¨¢ Ö ¢Ò·µ¦¤ ¥É¸Ö ¢ ¸Ë¥·Ê ¸ ¢Ò¤¥²¥´´Ò³¨ ÉµÎ± ³¨. �·¨ ÔÉµ³ ¶ · ³¥É·¨§ -
Í¨Ö uN

j,n, wN
j,n ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¸µ²¨Éµ´´Ò° ¸¥±Éµ· ·¥Ï¥´¨° Ê· ¢´¥´¨°

¤¢¨¦¥´¨Ö.
„²Ö ¶ · ³¥É·¨§ Í¨¨ Rn ´ ³ ´¥µ¡Ìµ¤¨³Ò uj,n, wj,n, κj,n,   ´¥ ¨Ì N -¥

¸É¥¶¥´¨, ¶µÔÉµ³Ê ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ N -¥ ±µ·´¨ ¨§ · Í¨µ´ ²Ó´ÒÌ ¢Ò· -
¦¥´¨°. �Ê¸ÉÓ ¤²Ö ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¨ c · §³¥· ³¨ N1×N2×N3 ±µ³¶²¥±¸´Ò¥
Î¨¸²  Xn1

, X ′
n1

, Yn2 , Y ′
n2

, Zn3
, Z ′

n3
µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö, ¤²Ö · §²¨Î´ÒÌ ¶ ·

±µÉµ·ÒÌ ¢Ò¡· ´Ò ±µ·´¨

e(X, Y ) : e(X, Y )N = X − Y. (186)

‡ Ë¨±¸¨·Ê¥³

κ1,n = q1/2 e(Yn2
, Z ′

n3
)e(Y ′

n2
, Zn3

)
e(Yn2 , Zn3)e(Y ′

n2
, Z ′

n3
)
,

κ2,n = q1/2 e(Xn1
, Zn3

)e(X ′
n1

, Z ′
n3

)
e(X ′

n1
, Zn3

)e(Xn1
, Z ′

n3
)
,

κ3,n = q1/2 e(X ′
n1

, Yn2
)e(Xn1

, Y ′
n2

)
e(Xn1

, Yn2
)e(X ′

n1
, Y ′

n2
)

(187)

(c·. ¸ (167)). „ ²¥¥, ¶µ¤¸É ´µ¢± 

u1,n = −q−1/2ξ3,n3

e(Y ′
n2

, Z ′
n3

)
e(Y ′

n2
, Zn3

)
τ2,n

τ2,n+e3

,

w1,n = −ξ2,n2

e(Yn2
, Zn3

)
e(Y ′

n2
, Zn3

)
τ3,n+e2

τ3,n
,

u2,n = −q−1/2ξ3,n3

e(Xn1
, Z ′

n3
)

e(Xn1
, Zn3

)
τ1,n

τ1,n+e3

,

w2,n = −ξ1,n1

e(X ′
n1

, Zn3
)

e(Xn1
, Zn3

)
τ3,n

τ3,n+e1

,

u3,n = −q−1/2ξ2,n2

e(Xn1
, Yn2

)
e(Xn1

, Y ′
n2

)
τ1,n+e2

τ1,n
,

w3,n = −ξ1,n1

e(X ′
n1

, Y ′
n2

)
e(Xn1

, Y ′
n2

)
τ2,n

τ2,n+e1

(188)

Ö¢²Ö¥É¸Ö ¸¢µ¥£µ ·µ¤  § ³¥´µ° ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö (169), (170),
É ±µ°, ÎÉµ τN

j,n Å ² £· ´¦¥¢Ò ¶¥·¥³¥´´Ò¥. �¥Ï¥´¨¥ ¦¥ ² £· ´¦¥¢ÒÌ Ê· ¢´¥-
´¨° ¤¢¨¦¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¢ É¥·³¨´ Ì µ¶·¥¤¥²¨É¥²Ö Š §µ· ÉÉ¨ Å ËÊ´±Í¨¨
H(g), ¶ · ³¥É· ³¨ ±µÉµ·µ° ¸²Ê¦ É Î¨¸²  P0, P1, . . . , Pg−1 ¨ P ′

0, P
′
1, . . . , P

′
g−1,
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   ·£Ê³¥´Éµ³ Ö¢²Ö¥É¸Ö g-³¥·´Ò° ¢¥±Éµ· f0, f1, . . . , fg−1:

H(g)({fk}g−1
k=0)

µ¶·
=

det |P i
j − fj P ′i

j |g−1
i,j=0∏

i>j(Pi − Pj)
. (189)

�Ê¸ÉÓ

σk(X)
µ¶·
=

P ′
k − X

Pk − X
. (190)

‹µ± ²Ó´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° (169), (170) ¥¸ÉÓ

τN
1,n = H(g)

({
fk

Ik(n)
σk(Xn1)

}g−1

k=0

)
,

τN
2,n = H(g)

({
fk

Ik(n)
σk(Yn2)

}g−1

k=0

)
,

τN
3,n = H(g)

({
fk

Ik(n)
σk(Zn3)

}g−1

k=0

)
,

λN
n = H(g)

({
fk

Ik(n)σk(Z ′
n3

)
σk(Xn1

)σk(Yn2
)

}g−1

k=0

)
,

(191)

£¤¥

Ik(n) =

n1−1∏
j1=0

σk(X ′
j1

)
σk(Xj1

)

 n2−1∏
j2=0

σk(Y ′
j2

)
σk(Yj2

)

n3−1∏
j3=0

σk(Z ′
j3

)
σk(Zj3

)

 . (192)

‚Ò· ¦¥´¨¥ ¤²Ö λN
n ¶·¥¤¢ ·Ö¥É ¸µµÉ´µÏ¥´¨Ö ¤²Ö yj,n (¸³. ´¨¦¥). ‚  ·£Ê-

³¥´É Ì (191) f0, . . . , fg−1 Å ¶·µ¨§¢µ²Ó´Ò° g-³¥·´Ò° ±µ³¶²¥±¸´Ò° ¢¥±Éµ·.
�´§ Í (191) ·¥Ï ¥É ²µ± ²Ó´µ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (169), (170) ¶·¨ ¶·µ¨§-
¢µ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¢¸¥Ì ¶ · ³¥É·µ¢, ¢±²ÕÎ Ö g, ±µÉµ·µ¥ ¥¸ÉÓ Î¨¸²µ ¸µ²¨Éµ´-
´ÒÌ ³µ¤. ‘ ÉµÎ±¨ §·¥´¨Ö  ²£¥¡· ¨Î¥¸±µ° £¥µ³¥É·¨¨ ¢¥±Éµ· {fk}g−1

k=0 ¨³¥¥É
¸³Ò¸² Ô±¸¶µ´¥´ÉÒ µÉ ¶·µ¨§¢µ²Ó´µ° ÉµÎ±¨ Ö±µ¡¨ ´  ¸¶¥±É· ²Ó´µ° ±·¨¢µ°
·µ¤  g,   ËÊ´±Í¨Ö H(g) ¥¸ÉÓ ¸¶¥Í¨ ²Ó´Ò° ¶·¥¤¥² Θ-ËÊ´±Í¨¨ ¶·¨ ¢Ò·µ¦¤¥-
´¨¨  ²£¥¡· ¨Î¥¸±µ° ±·¨¢µ° ¢ ¸Ë¥·Ê. �¥Ï¥´¨¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö (169) ¢
É¥·³¨´ Ì  ²£¥¡· ¨Î¥¸±µ° £¥µ³¥É·¨¨ ³µ¦´µ ´ °É¨ ¢ · ¡µÉ Ì [3,11],   ¤¥É ²¨
·¥¤Ê±Í¨¨ Å ¢ ¶·¨²µ¦¥´¨¨ ± · ¡µÉ¥ [12].
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�µ¤¸É ´µ¢±  (191) ¢ (180), (181) ¤ ¥É

x1,n = q−1 e(Xn1
, Z ′

n3
)e(Yn2

, Zn3
)

e(Xn1
, Zn3

)e(Yn2
, Z ′

n3
)
τ1,nτ2,n+e3

τ1,n+e3τ2,n
,

y1,n =
e(Xn1

, Yn2
)e(Zn3 , Z

′
n3

)
e(Xn1

, Zn3
)e(Yn2

, Z ′
n3

)
λnτ3,n

τ1,n+e3τ2,n
,

x2,n =
e(X ′

n1
, Z ′

n3
)e(Y ′

n2
, Zn3

)
e(X ′

n1
, Zn3

)e(Y ′
n2

, Z ′
n3

)
τ1,n+e2τ2,n+e1+e3

τ1,n+e2+e3τ2,n+e1

,

y2,n = q
e(X ′

n1
, Y ′

n2
)e(Zn3

, Z ′
n3

)
e(X ′

n1
, Zn3

)e(Y ′
n2

, Z ′
n3

)
λnτ3,n+e1+e2

τ1,n+e2+e3τ2,n+e1

,

x3,n = q−1 e(Xn1
, Z ′

n3
)e(Y ′

n2
, Zn3

)
e(Xn1

, Zn3
)e(Y ′

n2
, Z ′

n3
)
τ1,n+e2τ2,n+e3

τ1,n+e2+e3τ2,n
,

y3,n = q
e(Xn1

, Y ′
n2

)e(Zn3
, Z ′

n3
)

e(Xn1
, Zn3

)e(Y ′
n2

, Z ′
n3

)
λnτ3,n+e2

τ1,n+e2+e3τ2,n
,

x4,n = q−1 e(X ′
n1

, Z ′
n3

)e(Yn2
, Zn3

)
e(X ′

n1
, Zn3

)e(Yn2
, Z ′

n3
)
τ1,nτ2,n+e1+e3

τ1,n+e3τ2,n+e1

,

y4,n =
e(X ′

n1
, Yn2

)e(Zn3
, Z ′

n3
)

e(X ′
n1

, Zn3
)e(Yn2

, Z ′
n3

)
λnτ3,n+e1

τ1,n+e3τ2,n+e1

.

(193)

‚ Î ¸É´µ¸É¨, ¥¸²¨ ¢¸¥ fk ≡ 0, Éµ τj,n ≡ 1. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶ · ³¥É·¨§ Í¨Ö
± ¦¤µ° Rn-³ É·¨ÍÒ Ô±¢¨¢ ²¥´É´  (167), (168), ¨ (193) ¤ ¥É ´¥µ¤´µ·µ¤´ÊÕ
³µ¤¥²Ó ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥·  ¢ ¢¥·Ï¨´´µ° Ëµ·³Ê²¨·µ¢±¥. �¥-
Ï¥´¨¥ ¶µ²´µ° ²¨´¥°´µ° § ¤ Î¨ ¶·¨ ÔÉµ³ ¤ ¥É¸Ö Ëµ·³Ê² ³¨ (89)Ä (91).

�¡· É¨³¸Ö ´ ¶µ¸²¥¤µ± ± ¶¥·¨µ¤¨Î¥¸±¨³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ (182). � 
Ö§Ò±¥  ·£Ê³¥´Éµ¢ τ -ËÊ´±Í¨° (182) µ§´ Î ÕÉ

Ik(n + N2e2) = Ik(n + N3e3) = Ik(n). (194)

�Éµ ¶·¨¢µ¤¨É ´ ¸ ± µ£· ´¨Î¥´¨Õ: ± ¦¤ Ö ¶ ·  Pk, P ′
k ¤µ²¦´  Ê¤µ¢²¥É¢µ·ÖÉÓ

¸¨¸É¥³¥ Ê· ¢´¥´¨°

N2−1∏
n2=0

P ′ − Y ′
n2

P − Y ′
n2

=
N2−1∏
n2=0

P ′ − Yn2

P − Yn2

,

N3−1∏
n3=0

P ′ − Z ′
n3

P − Z ′
n3

=
N3−1∏
n3=0

P ′ − Zn3

P − Zn3

.

(195)
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‘¨¸É¥³  (195) ¨³¥¥É ¢¸¥£¤ 

g = (N2 − 1)(N3 − 1) (196)

´¥Ô±¢¨¢ ²¥´É´ÒÌ ·¥Ï¥´¨°. �µ¤ Ô±¢¨¢ ²¥´É´µ¸ÉÓÕ ¶µ´¨³ ¥É¸Ö, ÎÉµ ¥¸²¨
(P, P ′) Å ·¥Ï¥´¨¥ (195), Éµ Ô±¢¨¢ ²¥´É´µ¥ ¥³Ê ·¥Ï¥´¨¥ ¥¸ÉÓ (P ′, P ). ’ -
±¨³ µ¡· §µ³, ÌµÉÖ ¸ ¶µ³µÐÓÕ τ -ËÊ´±Í¨° ¸ ¶·µ¨§¢µ²Ó´Ò³ Î¨¸²µ³ ¸µ²¨Éµ-
´µ¢ ¨ ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¶ · ³¥É· ³¨ P0, . . . , Pg−1 ¨ P ′

0, . . . , P
′
g−1 Ê· ¢´¥´¨Ö

¤¢¨¦¥´¨Ö ·¥Ï ÕÉ¸Ö ²µ± ²Ó´µ, ¶¥·¨µ¤¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (±µ´¥Î´Ò°
µ¡Ñ¥³) ´ ±² ¤Ò¢ ÕÉ µ£· ´¨Î¥´¨Ö ´  ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ¥ Î¨¸²µ ¸µ²¨Éµ´-
´ÒÌ ³µ¤ g ¨ ´  §´ Î¥´¨Ö ¶ · ³¥É·µ¢ P0, . . . , P

′
g−1. ‡ ³¥É¨³, ÎÉµ ¢ ¸¨ÉÊ -

Í¨¨ µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö g ¡Ò²µ ¡Ò ·µ¤µ³ ±² ¸¸¨Î¥¸±µ° ¸¶¥±É· ²Ó´µ° ±·¨¢µ°
J(xN , yN) = 0.

4.3. T-³ É·¨Í . �¶¥· Éµ· (183), µÎ¥¢¨¤´µ, ¥¸ÉÓ ¶·µ¸Éµ¥ ³ É·¨Î´µ¥ ¶·µ-
¨§¢¥¤¥´¨¥ ¡µ²¥¥ ¶·µ¸ÉÒÌ µ¡Ñ¥±Éµ¢,  ¸¸µÍ¨¨·µ¢ ´´ÒÌ ¸ n1-¸²µÖ³¨ ¢ ¢Ò· -
¦¥´¨¨ ¤²Ö Z1 ¨ ´ §Ò¢ ¥³ÒÌ É· ´¸Ë¥·-³ É·¨Í ³¨ ¸²µ°Ä¸²µ°. �µ  ´ ²µ£¨¨ ¸
¤¢Ê³¥·´Ò³¨ ³µ¤¥²Ö³¨ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ®³ É·¨ÍÊ ³µ´µ¤·µ³¨¨¯: ¶·¨ Ë¨±-
¸¨·µ¢ ´´µ³ n1

〈σ1, σ2, σ3|T̂(n1)|σ′
1, σ

′
2, σ

′
3〉 =

∑
σ2,σ3

∏
n2,n3

×

× 〈σ1:n2,n3
, σ2:n2,n3

, σ3:n2,n3
|Rn|σ′

1:n2,n3
, σ2:n2+1,n3

, σ3:n2,n3+1〉, (197)

£¤¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ T̂(n1) ¡¥·ÊÉ¸Ö ³¥¦¤Ê ´ ¡µ· ³¨

σ1 = {σ1:n2,n3}, σ2 = {σ2:0,n3}, σ3 = {σ3:n2,0},
n2 = 0, . . . , N1 − 1, n3 = 0, . . . , N3 − 1

(198)

¨

σ′
1 = {σ′

1:n2,n3
}, σ′

2 = {σ2:N2,n3}, σ′
3 = {σ3:n2,N3},

n2 = 0, . . . , N2 − 1, n3 = 0, . . . , N3 − 1,
(199)

  ¸Ê³³¨·µ¢ ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶µ ¢¸¥³ ®¢´ÊÉ·¥´´¨³¯ σ2:n2,n3 , σ3:n2,n3 ,
0 < n2 < N2, 0 < n3 < N3. ’· ´¸Ë¥·-³ É·¨Í  ¸²µ°Ä¸²µ° ¥¸ÉÓ ¸²¥¤ ³ -
É·¨ÍÒ ³µ´µ¤·µ³¨¨: ¶·¨ ¶¥·¨µ¤¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ (182)

〈σ1|T(n1)|σ′
1〉 =

∑
σ2,σ3

〈σ1, σ2, σ3|T̂(n1)|σ′
1, σ2, σ3〉, (200)

£¤¥ ¸Ê³³  ¡¥·¥É¸Ö ¶µ ¢¸¥³ σ2 = {σ2:0,n3 = σ2:N2,n3} ¨ σ3 = {σ3:n2,0 =
σ3:n2,N3}. �² £µ¤ ·Ö ¶¥·¨µ¤¨Î´µ¸É¨ ³Ò ¡Ê¤¥³ ¢¸¥£¤  ¶µ¤· §Ê³¥¢ ÉÓ ´¨¦¥

n2 ∈ ZN2 , n3 ∈ ZN3 . (201)



Š‚��’�‚›… ˆ�’…ƒ�ˆ�“…Œ›… Œ�„…‹ˆ 1101

‚ É¥·³¨´ Ì T(n1)-³ É·¨Í (183) ¥¸ÉÓ

Z1 =
∏

n1=0↑N1−1

T(n1). (202)

�µ³¨³µ ¶µ²´µ° T-³ É·¨ÍÒ (200) ´ ³ ¢ ¤ ²Ó´¥°Ï¥³ ¶µ´ ¤µ¡¨É¸Ö ¨ ¢Ò-
·µ¦¤¥´´ Ö T-³ É·¨Í ,

〈σ1|T(n1)(α, β)|σ′
1〉 =

∑
σ2 :

∑
n3

σ2:n3=−β

σ3 :
∑

n2
σ3:n2=α

〈σ1, σ2, σ3|T̂(n1)|σ′
1, σ2, σ3〉, (203)

É ± ÎÉµ

T(n1) =
∑
α,β

T(n1)(α, β). (204)

�¡· É¨³¸Ö É¥¶¥·Ó ± ¸µµÉ´µÏ¥´¨Ö³ É¨¶  (161) ¨²¨ (185) ¤²Ö ± ¦¤µ° ¨§
T(n1)-³ É·¨Í. ”Ê´±Í¨µ´ ² j(x, y) ¤²Ö ±¢ ¤· É´µ° ·¥Ï¥É±¨ ¢ ¶¥·¢µ³ ¶ÊÎ±¥
¸µ¤¥·¦¨É ´ ¡µ· ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ u1:n2,n3 , w1:n2,n3 , n2 ∈ ZN2 , n3 ∈ ZN3

¢ ± Î¥¸É¢¥ ¸¢µ¨Ì ¶ · ³¥É·µ¢. �Éµ µÉ· ¦¥´µ ¢ Ëµ·³Ê²¥ (185). ®‡ ¶Ê¸± Ö¯
¤¨´ ³¨±Ê (188), ³µ¦´µ, ¥¸É¥¸É¢¥´´µ, µ¶·¥¤¥²¨ÉÓ

j(n1)(x, y) = j(x,y|{u1,n, w1,n}), n1 − Ë¨±¸¨·µ¢ ´,

n2 ∈ ZN2 , n3 ∈ ZN3 .
(205)

�Î¥¢¨¤´µ, ´ Î ²Ó´Ò° j(x, y) ≡ j(0)(x, y),   ±µ´¥Î´Ò° ËÊ´±Í¨µ´ ² ¢ (185)
j(x, y|{u∗

1:n2,n3
, w∗

1:n2,n3
}) ≡ j(N1)(x, y). �µ ¶µ¸É·µ¥´¨Õ ¢¸¥ j(n1)(x, y) Ô±¢¨-

¢ ²¥´É´Ò, ¨

j(n1)(x, y) T(n1) = T(n1) j(n1+1)(x, y). (206)

‡¤¥¸Ó ¢¥§¤¥ ¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ x, y Å ¸¢µ¡µ¤´Ò¥ ¸¶¥±É· ²Ó´Ò¥ ¶ · ³¥É·Ò.
‘²¥¤Ê¥É µ¸µ¡µ ¶·µ±µ³³¥´É¨·µ¢ ÉÓ ¸³Ò¸² ¨´¤¥±¸  n1, ¶¥·¥Ìµ¤  n1 �→

n1 + 1 ¨ ¶ · ³¥É·µ¢ T(n1)-³ É·¨ÍÒ ¢ (206). ‘µ£² ¸´µ ¶ · ³¥É·¨§ Í¨¨ (188),
u1,n ¨ w1,n Ö¢²ÖÕÉ¸Ö µÉ´µÏ¥´¨Ö³¨ ËÊ´±Í¨° τ2,n ¨ τ3,n ¶·¨ µ¤´µ³ ¨ Éµ³ ¦¥
n1. �·¨ Ë¨±¸¨·µ¢ ´´µ³ n1 Ëµ·³Ê²Ê (192) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ± ±

fkIk(n) = fk(n1)Ik(n2, n3), (207)

£¤¥

Ik(n2, n3) =

n2−1∏
j2=0

σk(Y ′
j2)

σk(Yj2
)

 n3−1∏
j3=0

σk(Z ′
j3)

σk(Zj3
)

 , (208)
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¨ fk(n1) = fk

n1−1∏
j1=0

σk(X ′
j1

)
σk(Xj1

)
Å ¶¥·¥³ ¸ÏÉ ¡¨·µ¢ ´´Ò¥  ³¶²¨ÉÊ¤Ò ´  Ê·µ¢´¥

n1. �  ¸²¥¤ÊÕÐ¥³ ¦¥ Ê·µ¢´¥, n1 �→ n1 + 1, ¢¸¥  ³¶²¨ÉÊ¤Ò ¶µ²ÊÎ ÕÉ ¸¤¢¨£

fk(n1 + 1) = fk(n1)
σk(X ′

n1
)

σk(Xn1
)
, (209)

±µÉµ·Ò°, ± ± ¢¨¤´µ, ¶ · ³¥É·¨§Ê¥É¸Ö ¶ ·µ° X ′
n1

, Xn1
. �É  ¶ ·  ¨ Ö¢²Ö¥É¸Ö

ÔËË¥±É¨¢´Ò³  ·£Ê³¥´Éµ³ T(n1)-³ É·¨ÍÒ, ÎÉµ ¤µ¢µ²Ó´µ ¸²µ¦´µ Ê¢¨¤¥ÉÓ ¢
¶ · ³¥É·¨§ Í¨¨ (193).

…¸²¨ ¦¥ ¢¸¥ ¸µ²¨Éµ´´Ò¥ ³µ¤Ò µÉ¸ÊÉ¸É¢ÊÕÉ, fk = 0 ¢ (192), É. ¥. τj,n ≡ 1,
Éµ j(n1)(x, y) = j(x, y) ∀ n1, ¨ (206) ¶·¥¢· Ð ¥É¸Ö ¢ Ê· ¢´¥´¨¥ ±µ³³ÊÉ Í¨¨ j
¨ T(n1). Š ± ¸²¥¤¸É¢¨¥, ¢¸¥ T(n1) ±µ³³ÊÉ¨·ÊÕÉ ³¥¦¤Ê ¸µ¡µ°. ‚ ÔÉµ³ ¸²ÊÎ ¥
T(n1) Å É· ´¸Ë¥·-³ É·¨Í  ´¥µ¤´µ·µ¤´µ° ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä � ¦ ´µ¢ Ä
� ±¸É¥· .

4.4. Š¢ ´Éµ¢µ¥ ¶·¥µ¡· §µ¢ ´¨¥ �Ô±²Ê´¤ . ‚¥¸Ó³  ´¥É·¨¢¨ ²Ó´Ò³ Ë ±-
Éµ³ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¸¶¥±É· ±µ³³ÊÉ É¨¢´µ£µ ´ ¡µ·  ¨§ j(x, y) ´¥ § ¢¨¸¨É µÉ
§´ Î¥´¨° fk, É. ¥. ²Õ¡µ° j(n1)(x, y) ¨§µ¸¶¥±É· ²¥´ j(x, y) c τj,n ≡ 1. —Éµ¡Ò
Ê¸É ´µ¢¨ÉÓ ÔÉÊ ¸¢Ö§Ó, ´Ê¦´µ · ¸¸³µÉ·¥ÉÓ ´¥±¨° ¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° ¤²Ö  ³-
¶²¨ÉÊ¤ fk ¨ Xn1

, X ′
n1

¢ (191).
�Ê¸ÉÓ N1 = g ≡ (N2 − 1)(N3 − 1), É ± ÎÉµ ³µ¦´µ ¨¤¥´É¨Ë¨Í¨·µ¢ ÉÓ

´Ê³¥· Í¨Õ k ¨ n1. ˆ§³¥´¨³ ´µ·³¨·µ¢±Ê  ³¶²¨ÉÊ¤ fk:

fk = f ′
kσk(Xk) (210)

¨ · ¸¸³µÉ·¨³ ¶·¥¤¥²

Xk �→ P ′
k, f ′

k − ¶·µ¨§¢µ²Ó´Ò°. (211)

‚ ÔÉµ³ ¶·¥¤¥²¥ σk(Xk) �→ 0. ‡ Ë¨±¸¨·Ê¥³ ´¥±¨° n1. �·£Ê³¥´ÉÒ ËÊ´±Í¨°
τN
2,n, τN

3,n ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ·¥£Ê²Ö·´ÒÌ σk(Y ), σk(Z) ¥¸ÉÓ

fkIk(n) = f ′
kσk(Xk)

n1−1∏
j=0

σk(X ′
j)

σk(Xj)
Ik(n2, n3), (212)

£¤¥ Ik(n2, n3) ¤ ´ Ëµ·³Ê²µ° (208). ‚ ¶·¥¤¥²¥ (211), ± ± ²¥£±µ Ê¢¨¤¥ÉÓ,
fkIk(n) = 0 ¤²Ö ¢¸¥Ì k � n1. ’ ±¨³ µ¡· §µ³, ¶µ Ëµ·³Ê² ³ (192), (191) ¢
´ ¡µ·¥  ·£Ê³¥´Éµ¢ τ2,n ¨ τ3,n Î¨¸²µ ´¥´Ê²¥¢ÒÌ  ³¶²¨ÉÊ¤ ¸·¥¤¨ fkIk(n) · ¢´µ
n1. � §µ¢¥³ ¥£µ Î¨¸²µ³ ¸µ²¨Éµ´µ¢ ¢ ´ ¡µ·¥ u1,n, w1,n. ‚ Î ¸É´µ¸É¨, ¶·¨
n1 = 0 ¶ · ³¥É·¨§ Í¨Ö u1,n, w1,n (188) ¢ ÉµÎ´µ¸É¨ ¥¸ÉÓ ¶ · ³¥É·¨§ Í¨Ö (89),
É. ¥. j(0)(x, y) = j(x, y). �É³¥É¨³, ÎÉµ  ·£Ê³¥´ÉÒ ËÊ´±Í¨¨ τ1,n

fk
Ik(n)

σk(Xn1)
= f ′

k

σk(Xk)
σk(Xn1)

n1−1∏
j=0

σk(X ′
j)

σk(Xj)
Ik(n2, n3) (213)
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¢ ¶·¥¤¥²¥ (211) ¸µ¤¥·¦ É n1 + 1 ´¥´Ê²¥¢ÒÌ ¸µ²¨Éµ´´ÒÌ ³µ¤ (k = n1 ´¥
¢Ò·µ¦¤ ¥É¸Ö). ‚ Î ¸É´µ¸É¨, ¶·¨ n1 = 0, ±µ£¤  τ2,n = τ3,n = 1, ¨§ µ¶·¥¤¥²¥-
´¨Ö (189) ²¥£±µ ¶µ²ÊÎ¨ÉÓ

τN
1,n = 1 − f ′

0

∏
j �=0

P ′
0 − Pj

P0 − Pj

Ik(n2, n3). (214)

�Éµ ¨ ¥¸ÉÓ, ¸µ£² ¸´µ •¨·µÉ¥ [23], µ¤´µ¸µ²¨Éµ´´ Ö ¢µ²´ .
‚ Ê· ¢´¥´¨¨ (206) ³ É·¨Í  T(n1) ¸¢Ö§Ò¢ ¥É n1-¸µ²¨Éµ´´µ¥ ¸µ¸ÉµÖ´¨¥ ¸

n1 + 1-¸µ²¨Éµ´´Ò³, É. ¥. T(n1)  ¸¸µÍ¨¨·µ¢ ´  ¸ ·µ¦¤¥´¨¥³ ¸µ²¨Éµ´  ¨ ¶·¥¤-
¸É ¢²Ö¥É ¸µ¡µ° ¶·¥µ¡· §µ¢ ´¨¥ �Ô±²Ê´¤ . �µ¸²¥¤´¥¥ ¦¥ ¸µ¸ÉµÖ´¨¥ u1,n, w1,n

¶·¨ n1 = g ¶ · ³¥É·¨§Ê¥É¸Ö ¶µ²´Ò³ ´ ¡µ·µ³ ¸µ²¨Éµ´´ÒÌ  ³¶²¨ÉÊ¤. ‘µµÉ-
¢¥É¸É¢ÊÕÐ¥¥ ¶·µ¨§¢¥¤¥´¨¥ T-³ É·¨Í

K =
∏

k=0↑g−1

T(k) (215)

Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ ·µ¦¤¥´¨Ö µ¡Ð¥£µ ¸µ²¨Éµ´´µ£µ ¸µ¸ÉµÖ´¨Ö.
‡ ³¥É¨³, ÎÉµ ¤²Ö ¶µ¸É·µ¥´¨Ö µ¶¥· Éµ·  K ³Ò ¢Ò¡· ²¨ ¶·µ¨§¢µ²Ó´µ¥

Ê¶µ·Ö¤µÎ¨¢ ´¨¥ ´ ¡µ·  Pk, P ′
k Å ±µ´¥Î´µ¥ g-¸µ²¨Éµ´´µ¥ ¸µ¸ÉµÖ´¨¥ ´¥ § -

¢¨¸¨É µÉ ±µ´±·¥É´µ£µ Ê¶µ·Ö¤µÎ¨¢ ´¨Ö. �¤´ ±µ É ±¨Ì Ê¶µ·Ö¤µÎ¨¢ ´¨° ¢¸¥£µ
g!, É. ¥. ¸ÊÐ¥¸É¢Ê¥É g! ¸¶µ¸µ¡µ¢ Ë ±Éµ·¨§µ¢ ÉÓ (215). ‚µ ¢¸¥Ì ÔÉ¨Ì ¸¶µ¸µ-
¡ Ì ¢´ÊÉ·¥´´¨¥ T-µ¶¥· Éµ·Ò ¡Ê¤ÊÉ · §´Ò¥, É. ¥. ¢ ¸µ²¨Éµ´´µ³ ¸¥±Éµ·¥ ¢³¥¸Éµ
¶·µ¸Éµ° ±µ³³ÊÉ Í¨¨ T-µ¶¥· Éµ·µ¢ ¸ÊÐ¥¸É¢ÊÕÉ ¢¥¸Ó³  § É¥°²¨¢Ò¥ ¶¥·¥¸É ´µ-
¢µÎ´Ò¥ ¸µµÉ´µÏ¥´¨Ö, ÊÎ¨ÉÒ¢ ÕÐ¨¥, ± ±µ° ¸µ²¨Éµ´ ·µ¦¤ ¥É¸Ö ¶¥·¢Ò³, ± ±µ°
¢Éµ·Ò³ ¨ É. ¤.

4.5. ‚Ò·µ¦¤¥´´ Ö T-³ É·¨Í  ¨ ¢¸¶µ³µ£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î . ’¥-
¶¥·Ó ´ ¸É ²µ ¢·¥³Ö µ¡· É¨ÉÓ¸Ö ± ¸²¥¤ÊÕÐ¥³Ê ¸Õ¦¥ÉÊ ¢ ´ Ï¥° É¥µ·¨¨ Å
¸¢Ö§¨ T-³ É·¨ÍÒ ¸µ ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § ¤ Î¥°.

‚Ò·µ¦¤¥´´ Ö T(n1)-³ É·¨Í  µ¶·¥¤¥²¥´  Ëµ·³Ê²µ° (203). ”µ·³  (150)
¸µ¤¥·¦¨É ¤¥²ÓÉ -¸¨³¢µ², ¨ ¶·¨ ¶µ¤¸É ´µ¢±¥ (150) ¢ (203) Ê¤µ¡´µ ¸´ÖÉÓ ÔÉµÉ
¤¥²ÓÉ -¸¨³¢µ² ¶µ¤¸É ´µ¢±µ°

σ2:n2,n3 = ζn2−1,n3 − ζn2−1,n3+1, σ3:n2,n3 = ζn2,n3 − ζn2−1,n3 , (216)

¶·¨Î¥³ ¢ ¸¨²Ê · §´µ¸É¥° ¢ (216) ¸²¥¤Ê¥É § Ë¨±¸¨·µ¢ ÉÓ ζ0,0 ≡ 0,   ¶¥·¨µ¤¨-
Î¥¸±¨¥ Ê¸²µ¢¨Ö ¶µ µ¶·¥¤¥²¥´¨Õ (203) É ±µ¢Ò:

ζn2+N2,n3 = ζn2,n3 + α, ζn2,n3+N3 = ζn2,n3 + β. (217)

�µ¸²¥ ¶µ¤¸É ´µ¢±¨ (216) ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ T(n1)(α, β) ¨³¥ÕÉ ¢¨¤

〈σ1|T(n1)(α, β)|σ′
1〉 =

∑
ζ

〈σ1|φ′(n1)(ζ)〉〈φ(n1+1)(ζ)|σ′
1〉, (218)



1104 ‘…�ƒ……‚ C. M.

£¤¥ ¸Ê³³¨·µ¢ ´¨¥ ¡¥·¥É¸Ö ¸ ζ0,0 ≡ 0 ¨ Ê¸²µ¢¨Ö³¨ ¶¥·¨µ¤¨Î´µ¸É¨ (217), ¨

〈σ1|φ′(n1)(ζ)〉 =
∏

n2,n3

qσ1:n2,n3(ζn2−1,n3+1−ζn2,n3+1)×

×
Wp1,n(ζn2−1,n3 − ζn2−1,n3+1 − σ1:n2,n3)

Wp3,n (ζn2,n3 − ζn2,n3+1 − σ1:n2,n3)
,

〈φ(n1+1)(ζ)|σ′〉 =
∏

n2,n3

qσ′
1:n2,n3

(ζn2,n3+1−ζn2−1,n3+1)×

×
Wp2,n (ζn2,n3 − ζn2,n3+1 − σ′

1:n2,n3
)

Wp4,n(ζn2−1,n3 − ζn2−1,n3+1 − σ′
1:n2,n3

)
.

(219)

‚µ§´¨±Ï¨¥ ¢¥±Éµ·Ò |φ′(n1)(ζ)〉 ¨ 〈|φ(n1+1)(ζ)| ·¥Ï ÕÉ ¶µ²´ÊÕ ¢¸¶µ³µ£ É¥²Ó-
´ÊÕ ²¨´¥°´ÊÕ § ¤ ÎÊ ¢ ¸²¥¤ÊÕÐ¨Ì Ëµ·³ Ì:

0 = 〈φ(n1+1)(ζ)|(mn2,n3 + mn2,n3+1q
1/2u1,n+e1 + mn2−1,n3w1,n+e1+

+ mn2−1,n3+1κ1,nu1,n+e1w1,n+e1), (220)

£¤¥ ¶µ¤· §Ê³¥¢ ¥É¸Ö

u1,n+e1 = u1,n+e1x1:n2,n3 , w1,n+e1 = w1,n+e1z1:n2,n3 (221)

¨

mn2−1,n3 = mn2−1,n3(X
′
n1

) =

= qζn2−1,n3 τ1,n

n2−1∏
j2=0

ξ2,j2

e(X ′
n1

, Yj2
)

e(X ′
n1

, Y ′
j2

)

n3−1∏
j3=0

1
ξ3,j3

e(X ′
n1

, Zj3
)

e(X ′
n1

, Z ′
j3

)
. (222)

„²Ö ¤µ± § É¥²Ó¸É¢  (220) ¤µ¸É ÉµÎ´µ ¢§ÖÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É µÉ (220), ¢µ¸-
¶µ²Ó§µ¢ ÉÓ¸Ö µ¶·¥¤¥²¥´¨¥³ ¡ §¨¸  (58) ¨ · §´µ¸É´Ò³¨ ¸¢µ°¸É¢ ³¨ ËÊ´±Í¨¨
W (149),   ¤ ²¥¥ ¶µ¤¸É ¢¨ÉÓ (188) ¨ (193).

‚¨¤ (220) ¨ ¥¸ÉÓ ¶·¥¤¸É ¢²¥´¨¥ (67) ¤²Ö ·¥Ï¥´¨Ö ¶µ²´µ° ¢¸¶µ³µ£ É¥²Ó-
´µ° ²¨´¥°´µ° § ¤ Î¨ (63). ”µ·³Ê²  (222) µ¶·¥¤¥²Ö¥É ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
µ¶¥· Éµ·µ¢ mS,S0 ¶·¨ S0 = (0, 0) (¸³. (66)). ‘¶¥±É· ²Ó´Ò¥ ¶ · ³¥É·Ò ¤²Ö
µ¶·¥¤¥²¨É¥²Ö j(n1+1) ¸¶¥Í¨Ë¨Î´Ò, ¨Ì N -¥ ¸É¥¶¥´¨ ²¥¦ É ´  ±·¨¢µ°. „²Ö
É ±¨Ì ¸²ÊÎ ¥¢ Ê¤µ¡´µ ¢¢¥¸É¨ µ¡µ§´ Î¥´¨¥

j(x, y) = j(X |α, β) ⇔ x−1 = qα
N2−1∏
n2=0

ξ2,n2

e(X, Yn2
)

e(X, Y ′
n2

)
,

y = qβ
N3−1∏
n3=0

1
ξ3,n3

e(X, Zn3
)

e(X, Z ′
n3

)
.

(223)
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�µ²¥§´µ ¸· ¢´¨ÉÓ (222) ¸ (90) ¨ (223) ¸ (91). „ ²¥¥, ¶µ¸±µ²Ó±Ê 〈φ(n1+1)|
·¥Ï ¥É ¶µ²´ÊÕ ²¨´¥°´ÊÕ § ¤ ÎÊ, Éµ ¸µ£² ¸´µ (55)

〈φ(n1+1)(ζ)|j(n1+1)(X ′
n1
|α, β) = 0 ∀ ζ, (224)

£¤¥  ·£Ê³¥´ÉÒ µ¶¥· Éµ·  j § Ë¨±¸¨·µ¢ ²¨¸Ó ¨§ Í¨±²¨Î¥¸±¨Ì ¸¢µ°¸É¢ (222) ¨
µ¶·¥¤¥²¥´¨Ö (223).

�´ ²µ£¨Î´µ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤²Ö |φ′(n1)(ζ)〉

(mn2,n3 + mn2,n3+1q
1/2u1,n + mn2−1,n3qw1,n+

+ mn2−1,n3+1qκ1,nu1,nw1,n)|φ′(n1)(ζ)〉 = 0, (225)

£¤¥ ¶µ¤· §Ê³¥¢ ¥É¸Ö

u1,n = u1,nx1:n2,n3 , w1,n = w1,nz1:n2,n3 (226)

¨

mn2−1,n3 = mn2−1,n3(Xn1
) =

= qζn2−1,n3 τ1,n

n2−1∏
j2=0

ξ2,j2

e(Xn1
, Yj2

)
e(Xn1

, Y ′
j2

)

n3−1∏
j3=0

1
ξ3,j3

e(Xn1
, Zj3

)
e(Xn1

, Z ′
j3

)
. (227)

‘µµÉ´µÏ¥´¨¥ (225) Å ¤Ê ²Ó´ Ö ²¨´¥°´ Ö § ¤ Î , ¤²Ö ±µÉµ·µ° ¸¶· ¢¥¤²¨¢Ò
¢¸¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥²µ¢. …¤¨´¸É¢¥´´µ¥ µÉ²¨Î¨¥ (225) µÉ ¸É ´-
¤ ·É´µ° Ëµ·³Ò ¢¸¶µ³µ£ É¥²Ó´µ° § ¤ Î¨ Å ÔÉµ ¶·¥µ¡· §µ¢ ´¨¥ z1:n2,n3 �→
qz1:n2,n3 . �µÔÉµ³Ê µ¶·¥¤¥²¨É¥²Ó ¸¨¸É¥³Ò (225)

j′(n1)(x, y) = Uj(n1)(x, y)U−1, (228)

£¤¥ (¸³. Ëµ·³Ê²Ê (39))

U =
∏

n2,n3

x1:n2,n3 . (229)

�·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥ µ¶·¥¤¥²¥´¨¥ (223), Ëµ·³Ê²Ò (227) ¨ (217), ³Ò ¶·¨-
Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢¨¤Ê Ê· ¢´¥´¨Ö,  ´ ²µ£¨Î´µ£µ (224):

j′(n1)(Xn1
|α, β) · |φ′(n1)(ζ)〉 = 0 ∀ ζ. (230)

‘²¥¤¸É¢¨¥³ ¶ ·Ò Ê· ¢´¥´¨° (224) ¨ (230) Ö¢²Ö¥É¸Ö ¶ ·  Ê· ¢´¥´¨° ´  ¢Ò·µ-
¦¤¥´´ÊÕ T-³ É·¨ÍÊ:

j′(n1)(Xn1
|α, β)T(n1)(α, β) = T(n1)(α, β)j(n1+1)(X ′

n1
|α, β) = 0. (231)

�¨¦¥ ³Ò ¶·µ ´ ²¨§¨·Ê¥³ ÔÉµ ¸µµÉ´µÏ¥´¨¥, µ¤´ ±µ ¸´ Î ²  ¶µ£µ¢µ·¨³ µ ¸µ¡-
¸É¢¥´´ÒÌ ¢¥±Éµ· Ì.
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4.6. ‘¶¥±É· ²Ó´Ò¥ · §²µ¦¥´¨Ö. �Ê¸ÉÓ t(n1)
ν2,ν3 Å ´ ¡µ· ±µ³³ÊÉ É¨¢´ÒÌ

µ¶¥· Éµ·µ¢ ¢ · §²µ¦¥´¨¨ j(n1)(x, y) (¸·. (38), (41)):

j(n1)(x, y) =
N2∑

ν2=0

N3∑
ν3=0

t(n1)
ν2,ν3

(xW0)ν3(yU0)ν2 ≡

≡
N−1∑
m2=0

N−1∑
m3=0

t(n1)
m2,m3

(xN , yN )(xW0)m3(yU0)m2 , (232)

£¤¥ ¡¥§ µ£· ´¨Î¥´¨Ö µ¡Ð´µ¸É¨

U0 =
∏
n3

x1:0,n3 , W0 =
∏
n2

z1:n2,0 (233)

¥¸ÉÓ ´µ·³¨·µ¢ ´´ Ö ´¥±µ³³ÊÉ É¨¢´ Ö ¶ · .

‚Ò¡¥·¥³ ¶µ²´Ò° ´ ¡µ· ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢ |Ψ(n1)
t,γ 〉:

t(n1)
ν2,ν3

|Ψ(n1)
t,γ 〉 = |Ψ(n1)

t,γ 〉tν2,ν3
, W0 |Ψ(n1)

t,γ 〉 = |Ψ(n1)
t,γ 〉qγ , (234)

£¤¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö tν2,ν3 µ¶¥· Éµ·µ¢ t(n1)
ν2,ν3 ´¥ § ¢¨¸ÖÉ µÉ n1 (¨§µ¸¶¥±-

É· ²Ó´µ¸ÉÓ), ¨ µ¶¥· Éµ· W0 ¨§ ¶ ·Ò U0,W0 ¢Ò¡· ´ ¤¨ £µ´ ²Ó´Ò³. ˆ´¤¥±¸
t ¢ ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ· Ì µ§´ Î ¥É ´ ¡µ· N2N3 − 1 ´¥§ ¢¨¸¨³ÒÌ µ¶¥· Éµ·µ¢
¸·¥¤¨ ¢¸¥Ì tν2,ν3 ,   ¨´¤¥±¸ γ ∈ ZN ¡² £µ¤ ·Ö ´µ·³¨·µ¢±¥ WN

0 = 1. „Ê ²Ó´Ò°

¡ §¨¸ 〈Ψ(n1)
t,γ | µ¶·¥¤¥²Ö¥É¸Ö ± ± µ·Éµ£µ´ ²Ó´Ò° ¢¢¥¤¥´´µ³Ê:

〈Ψ(n1)
t,γ |Ψ(n1)

t′,γ′〉 = δt,t′δγ,γ′. (235)

„¥°¸É¢¨¥ U0 ´  ÔÉ¨Ì ¢¥±Éµ· Ì µ¶·¥¤¥²Ö¥É¸Ö ± ±

U0 |Ψ(n1)
t,γ 〉 = |Ψ(n1)

t,γ−1〉, 〈Ψ(n1)
t,γ |U0 = 〈Ψ(n1)

t,γ+1|. (236)

‚ ¡ §¨¸¥ ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢ µ¶¥· Éµ· j(n1)(x, y) ¨³¥¥É · §²µ¦¥´¨¥

j(n1)(x, y) =
∑

t,γ,γ′

|Ψ(n1)
t,γ 〉 (jt(x, y))γ,γ′〈Ψ(n1)

t,γ′ |, (237)

£¤¥ ¸µ£² ¸´µ ¢Éµ·µ° ¸É·µ±¥ (232)

(jt(x, y))γ,γ′ =
N−1∑
m2=0

δγ+m2,γ′ym2tm2(q
γx, yN ) (238)

¸

tm2(x, yN ) =
N−1∑
m3=0

xm3tm2,m3(x
N , yN). (239)
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�¥·¥¸É ´µ¢µÎ´µ¥ ¸µµÉ´µÏ¥´¨¥ (206), ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ¤· §Ê³¥¢ ¥É, ÎÉµ

T(n1) =
∑
t,γ

|Ψ(n1)
t,γ 〉Tt〈Ψ(n1+1)

t,γ |, (240)

£¤¥ Tt ´¥ § ¢¨¸¨É µÉ γ, ¶µ¸±µ²Ó±Ê ¨ U0, ¨ W0 ±µ³³ÊÉ¨·ÊÕÉ ¸ T(n1).
�¡· É¨³¸Ö É¥¶¥·Ó ± ¢Ò·µ¦¤¥´´µ° T(n1)(α, β). ˆ§ µ¶·¥¤¥²¥´¨Ö

T(n1)(α, β) ³µ¦´µ ¨§¢²¥ÎÓ

T(n1)(α, β)U0 = U0T(n1)(α + 1, β),

T(n1)(α, β)W0 = W0T(n1)(α, β + 1),
(241)

ÎÉµ ¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´µ (42) ¶·¨ ¸¢Ö§¨ (x, y) ¸ (α, β) ¶µ¸·¥¤¸É¢µ³ (223).
‘²¥¤ÊÕÐ¥¥ ¶·¥¤¶µ²µ¦¥´¨¥, Ê¸¨²¨¢ ÕÐ¥¥ (206), µ¸´µ¢ ´µ ´  ÉµÎ´ÒÌ  ´ ²¨-
É¨Î¥¸±¨Ì ¢Ò±² ¤± Ì, c¤¥² ´´ÒÌ ¤²Ö Î ¸É´ÒÌ ¸²ÊÎ ¥¢ N2, N3 = 2, 3, 4, 5:

t(n1)
ν2,ν3

T(n1)(α, β) = T(n1)(α, β)t(n1+1)
ν2,ν3

. (242)

‘²¥¤¸É¢¨¥³ (242) ¨ (241) Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ · §²µ¦¥´¨¥ µ¶¥· Éµ· 
T(n1)(α, β):

T(n1)(α, β) =
∑

t,γ,γ′

|Ψ(n1)
t,γ 〉T (n1)

t (α − γ, α − γ′) qβ(γ′−γ)〈Ψ(n1+1)
t,γ′ |, (243)

¨, ¢ Î ¸É´µ¸É¨,

T(n1)(α)
µ¶·
=

∑
β

T(n1)(α, β) =
∑
t,γ

|Ψ(n1)
t,γ 〉T (n1)

t (α − γ)〈Ψ(n1+1)
t,γ |. (244)

4.7. “· ¢´¥´¨¥ � ±¸É¥· . �¶·¥¤¥²¨³  ´ ²¨É¨Î¥¸±µ¥ Ê· ¢´¥´¨¥ � ±¸É¥· 
± ± Ê· ¢´¥´¨¥ ´  ´Ê²¥¢µ° ¸µ¡¸É¢¥´´Ò° ¢¥±Éµ· Qt,γ′ ¨²¨ ¸µ¡¸É¢¥´´Ò° ±µ¢¥±-
Éµ· Q′

t,γ ³ É·¨ÍÒ (jt(x, y))γ,γ′ (Ëµ·³Ê²  (238)):∑
γ′

(jt(x, y))γ,γ′Qt,γ′ =
∑

γ

Q′
t,γ(jt(x, y))γ,γ′ = 0. (245)

…¸²¨ (xN , yN) Å ÉµÎ±  µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö ´  ±² ¸¸¨Î¥¸±µ° ¸¶¥±É· ²Ó´µ°
±·¨¢µ° J(xN , yN) = 0, Éµ µ¡  Ê· ¢´¥´¨Ö (245) ¨³¥ÕÉ ¥¤¨´¸É¢¥´´µ¥, ¸ ÉµÎ´µ-
¸ÉÓÕ ¤µ µ¡Ð¥° ´µ·³¨·µ¢±¨, ·¥Ï¥´¨¥.

�·µ±µ³³¥´É¨·Ê¥³, ¶µÎ¥³Ê ³Ò ´ §Ò¢ ¥³ ¶ ·Ê Ê· ¢´¥´¨° (245) Ê· ¢´¥-
´¨Ö³¨ � ±¸É¥· . �µ¤¸É ¢²ÖÖ (238) ¢ (245), ³µ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ ´Ê²¥¢Ò¥
¢¥±Éµ·Ò ¸ÊÉÓ ËÊ´±Í¨¨

Qt,γ = Qt(q
γx, y), Q′

t,γ = Q′
t(q

γx, y), (246)
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³¥·µ³µ·Ë´Ò¥ ´  ±¢ ´Éµ¢µ° ±·¨¢µ° ΓQ 
 (x, y) : J(xN , yN ) = 0,   (245)
¶·¨¢µ¤ÖÉ¸Ö ± ËÊ´±Í¨µ´ ²Ó´Ò³ Ê· ¢´¥´¨Ö³

N−1∑
m2=0

ym2tm2
(x, yN )Qt(q

m2x, y) = 0,

N−1∑
m2=0

Q′
t(q

−m2x, y)ym2tm2
(q−m2x, yN ) = 0.

(247)

…¸É¥¸É¢¥´´µ, Qt ¨ Q′
t µ¶·¥¤¥²¥´Ò ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´µ·³¨·µ¢±¨ N (xN , y).

…¸²¨ · §³¥· ·¥Ï¥É±¨ N2 = 2 (¨ N > 2), Éµ ¸Ê³³¨·µ¢ ´¨¥ ¶µ ν2 ¢ (38) ¨,
¸µµÉ¢¥É¸É¢¥´´µ, ¸Ê³³¨·µ¢ ´¨¥ ¶µ m2 ¢µ ¢¸¥Ì ¶·¥¤Ò¤ÊÐ¨Ì Ëµ·³Ê² Ì ¨³¥¥É
¢¸¥£µ É·¨ ¸² £ ¥³ÒÌ, m2 = 0, 1, 2. ’µ£¤  t0 ¨ t2 ¢ (247) ¨³¥ÕÉ É·¨¢¨ ²Ó´ÊÕ
¸É·Ê±ÉÊ·Ê (É¨¶  ¢Ò· ¦¥´¨° (40)), ¢ Éµ ¢·¥³Ö ± ± t1 Ô±¢¨¢ ²¥´É¥´ É· ´¸Ë¥·-
³ É·¨Í¥ ¤²Ö ±¨· ²Ó´µ° ³µ¤¥²¨ �µÉÉ¸ , ¨ (247) ¢ ÉµÎ´µ¸É¨ ¢µ¸¶·µ¨§¢µ¤ÖÉ
¡ ±¸É¥·µ¢¸±¨¥ t-Q-Ê· ¢´¥´¨Ö.

‚¥²¨Î¨´Ò Q ¨ Q′ ± ± ³¥·µ³µ·Ë´Ò¥ ËÊ´±Í¨¨, µ¤´ ±µ, ¤²Ö ´ Ï¨Ì Í¥²¥°
´¥ µÎ¥´Ó Ê¤µ¡´Ò. � ·Ê (x, y) ´  ±¢ ´Éµ¢µ° ±·¨¢µ° ³Ò ¶ · ³¥É·¨§Ê¥³ É·µ°±µ°
(X |α, β) (¸³. (223)). �¶·¥¤¥²¨³ Qt,γ(X) ¨ Q′

t,γ(X) ± ± ·¥Ï¥´¨Ö (245) ¶·¨
(x, y), µ¶·¥¤¥²¥´´Òe É·µ°±µ° (X |0, 0). ’µ£¤  ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ α, β ¡Ê¤¥É
¢Ò¶µ²´ÖÉÓ¸Ö∑

γ′

(jt(X |α, β))γ,γ′q−γ′βQt,γ′−α(X) =

=
∑

γ

Q′
t,γ−α(X)qγβ(jt(X |α, β))γ,γ′ = 0. (248)

� ·  Ê· ¢´¥´¨° (231) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¶ ·  Ê· ¢´¥´¨° � ±¸É¥·  ¢ µ¶¥-
· Éµ·´µ° Ëµ·³¥ ¤²Ö ¤¢ÊÌ Ô±¢¨¢ ²¥´É´ÒÌ µ¶¥· Éµ·µ¢ j(n1) ¨ j(n1+1). �Éµ
¶µ§¢µ²Ö¥É ³µ³¥´É ²Ó´µ § ±²ÕÎ¨ÉÓ, ÎÉµ ¢ (243)∗

T
(n1)
t (α − γ, α − γ′) =

Qt,γ−α(Xn1
)Q′

t,γ′−α(X ′
n1

)
Nt

. (249)

ŠµÔËË¨Í¨¥´É Nt §¤¥¸Ó Ö¢²Ö¥É¸Ö ´µ·³¨·µ¢µÎ´Ò³ ³´µ¦¨É¥²¥³. Š ¸µ¦ ²¥´¨Õ,
¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö Nt ¤²Ö ± ±µ°-²¨¡µ ¨§ ¸Ì¥³ ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢
Qt ´¥¨§¢¥¸É¥´. ˆ³¥ÕÉ¸Ö ¢ ¢¨¤Ê, ± ± ³¨´¨³Ê³, ¤¢¥ µÎ¥¢¨¤´Ò¥ ¸Ì¥³Ò: ¨²¨ ¢Ò-
Î¨¸²¥´¨¥ Q ± ± ³¥·µ³µ·Ë´µ° ËÊ´±Í¨¨, ¨²¨ ¶·¨³¨É¨¢´µ¥ ¢ÒÎ¨¸²¥´¨¥ Q ± ±

∗‡¤¥¸Ó ¤²Ö ¶·µ¸ÉµÉÒ ³Ò ¶·¨´Ö²¨, ÎÉµ N2 = 0 mod N , É ± ÎÉµ j′(n1) = j(n1) ¢ (231).

ˆ´ Î¥ · §²µ¦¥´¨¥ (243) ¸ (249) ¡Ò²µ ¡Ò ¸¶· ¢¥¤²¨¢µ ¤²Ö U−N2
0 T(n1)(α, β).
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¢¥±Éµ·   ²£¥¡· ¨Î¥¸±¨Ì ¤µ¶µ²´¥´¨° ³ É·¨ÍÒ (jt)γ,γ′ . ‚ µ¡e¨Ì ¸Ì¥³ Ì µ± §Ò-
¢ ¥É¸Ö, ÎÉµ Nt ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¸¶¥±É·  ¸µ¡¸É¢¥´´ÒÌ ¸µ¸ÉµÖ´¨°. �É 
¶·µ¡²¥³  Å ¸ÊÐ¥¸É¢¥´´µ¥ · §²¨Î¨¥ ¸¶¥±É·  Q-µ¶¥· Éµ·  ¨ ·¥Ï¥´¨°  ´ ²¨-
É¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö � ±¸É¥·  Å ¤ ¢´µ ¡Ò²  ¨§¢¥¸É´  ¢ ±¨· ²Ó´µ° ³µ¤¥²¨
�µÉÉ¸ .

4.8. ƒ¨¶µÉ¥§  o ±¢ ´Éµ¢µ³ · §¤¥²¥´¨¨ ¶¥·¥³¥´´ÒÌ. Š ± µÉ³¥Î ²µ¸Ó
¢ÒÏ¥ ¢ ¶. 4.4, ¸µ¸ÉµÖ´¨Ö u1,n, w1,n, ¶ · ³¥É·¨§Ê¥³Ò¥ ¸ ¶µ³µÐÓÕ ¸µ²¨Éµ´´ÒÌ
τ -ËÊ´±Í¨° (191), ¨§µ¸¶¥±É· ²Ó´Ò ¶·µ¸Éµ° ´¥µ¤´µ·µ¤´µ° ³µ¤¥²¨ ‡ ³µ²µ¤Î¨-
±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥·  (É. ¥. ¸²ÊÎ Õ ¥¤¨´¨Î´ÒÌ τ2,n, τ3,n). �¶¥· Éµ· (215),
µ¶¨¸ ´´Ò° ¢ Éµ³ ¶Ê´±É¥, µ¸ÊÐ¥¸É¢²Ö¥É ¶·¥µ¡· §µ¢ ´¨¥ ¶µ¤µ¡¨Ö ³¥¦¤Ê ´ -
Î ²Ó´Ò³ ®Î¨¸ÉÒ³¯ ¸µ¸ÉµÖ´¨¥³ ¨ ±µ´¥Î´Ò³ ¶µ²´Ò³ g = (N2 − 1)(N3 − 1)-¸µ-
²¨Éµ´´Ò³ ¸µ¸ÉµÖ´¨¥³.

ƒ¨¶µÉ¥§  µ ±¢ ´Éµ¢µ³ · §¤¥²¥´¨¨ ¶¥·¥³¥´´ÒÌ µ¸´µ¢Ò¢ ¥É¸Ö ´  ¢µ§³µ¦´µ-
¸É¨ · ¸¶µ·Ö¤¨ÉÓ¸Ö ÔÉµ° C

g-¶ · ³¥É·¨Î¥¸±µ° ¸¢µ¡µ¤µ° É ±, ÎÉµ¡Ò ¶µ ¢µ§³µ¦-
´µ¸É¨ Ê¶·µ¸É¨ÉÓ ¸É·Ê±ÉÊ·Ê ¸µ¡¸É¢¥´´ÒÌ ¸µ¸ÉµÖ´¨° ±µ´¥Î´µ£µ µ¶¥· Éµ·  j(g).

�¶·¥¤¥²¨³ µ¶¥· Éµ· K(�α, �β):

K(�α, �β) = T(0)(α0, β0)T(1)(α1, β1) · · ·T(g−1)(αg−1, βg−1), (250)

£¤¥ K(�α, �β) ¸É·µ¨É¸Ö  ´ ²µ£¨Î´µ µ¶¥· Éµ·Ê (215), É. ¥. ¶·¨ ´¥±µÉµ·µ³ ¢Ò-
¡· ´´µ³ Ê¶µ·Ö¤µÎ¨¢ ´¨¨ (Pk, P ′

k) ¨ ¢ ¶·¥¤¥²¥ (211). ‚ ¸¨²Ê (242), µ¶¥· -

Éµ· K(�α, �β) É ±¦¥ ¸¢Ö§Ò¢ ¥É 0-¸µ²¨Éµ´´µ¥ ¨ g-¸µ²¨Éµ´´µ¥ ¸µ¸ÉµÖ´¨Ö, ± ±
¨ µ¶¥· Éµ· (215). �¤´ ±µ ¤µ¶µ²´¨É¥²Ó´µ ± ¶·¥¤¥² ³ (211) ¢ µ¶·¥¤¥²¥´¨¨
µ¶¥· Éµ·  K(�α, �β) ¶µÉ·¥¡Ê¥³

f ′
k �→

∏
j �=k

Pk − Pj

P ′
k − Pj

. (251)

Š ± µÉ³¥Î ²µ¸Ó ¢ ¶. 4.4, K, · ¢´µ ± ± ¨ K(�α, �β), ´¥ § ¢¨¸¨É µÉ ¢Ò¡· ´´µ£µ
Ê¶µ·Ö¤µÎ¨¢ ´¨Ö (Pk, P ′

k).
� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶¥·¢Ò° µ¶¥· Éµ· ¢ ¶·µ¨§¢¥¤¥´¨¨ (250) T(0)(α0, β0)

¨ ¶µ²´ÊÕ ¢¸¶µ³µ£ É¥²Ó´ÊÕ ²¨´¥°´ÊÕ § ¤ ÎÊ, ¸ ´¨³  ¸¸µÍ¨¨·µ¢ ´´ÊÕ (¸³.
(218), (225)). �·¨ n1 = 0 ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ¶¥· Éµ·  mn2−1,n3(X0 =
P ′

0|α0, β0) ¤ ´Ò Ëµ·³Ê²µ° (227),   ËÊ´±Í¨Ö τ1,n ¤ ´  ¢Ò· ¦¥´¨¥³ (214).
�·£Ê³¥´Éµ³ m ¨¸¶µ²Ó§µ¢ ´  ¶ · ³¥É·¨§ Í¨Ö (223) ¤²Ö ÉµÎ±¨ (x, y) ´  ±¢ ´-
Éµ¢µ° ±·¨¢µ°. …¸²¨ É¥¶¥·Ó ¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥ (251), Éµ ²¥£±µ Ê¢¨¤¥ÉÓ, ÎÉµ
m−1,0 = 0. �  µ¶¥· Éµ·´µ³ Ö§Ò±¥ ÔÉµ µ§´ Î ¥É, ÎÉµ

m−1,0(P ′
0|α0, β0)T(0)(α0, β0) = 0. (252)

‚¸²¥¤¸É¢¨¥ ¥¸É¥¸É¢¥´´µ° ¨´¢ ·¨ ´É´µ¸É¨ µ¶¥· Éµ·  K(�α, �β) µÉ´µ¸¨É¥²Ó´µ
Ê¶µ·Ö¤µÎ¨¢ ´¨Ö (Pk, P ′

k), ¶·¥¤Ò¤ÊÐ¥¥ ´Ê²¥¢µ¥ ¸µµÉ´µÏ¥´¨¥ ³µ¦´µ Ê¸¨²¨ÉÓ:

m−1,0(P ′
k|αk, βk)K(�α, �β) = 0 ∀ k. (253)
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�É  Ëµ·³Ê²  ¸¢Ö§ ´  ¸ ±² ¸¸¨Î¥¸±¨³ · §¤¥²¥´¨¥³ ¶¥·¥³¥´´ÒÌ. mN
n2,n3

Å
±² ¸¸¨Î¥¸± Ö ËÊ´±Í¨Ö �¥°±¥· Ä�Ì¨¥§¥· , ¨ (253) µ§´ Î ¥É, ÎÉµ Ê· ¢´¥´¨¥
mN

−1,0(P ) = 0 ¨³¥¥É g ·¥Ï¥´¨° P = P ′
k ´  ±² ¸¸¨Î¥¸±µ° ±·¨¢µ°. �·¨ ¶¥·¥-

Ìµ¤¥ ± ±¢ ´Éµ¢µ° ±·¨¢µ° µ¶¥· Éµ· K(�α, �β) Ö¢²Ö¥É¸Ö ¶·µ¥±Éµ·µ³ ´  ¸µ¸ÉµÖ-
´¨¥, ´  ±µÉµ·µ³ ¢¸¥ m−1,0(P ′

k|αk, βk) ¨³¥ÕÉ ´Ê²¥¢µ¥ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥.

‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ c·¥¤¨ µ¶¥· Éµ·µ¢ K(�α, �β) ¶µ¤ ¢²ÖÕÐ¥¥ ¡µ²ÓÏ¨´-
¸É¢µ Éµ¦¤¥¸É¢¥´´ÒÌ ´Ê²¥°, ¶µ¸±µ²Ó±Ê ¶µ³¨³µ (253) µ¶¥· Éµ· (250) Ê¤µ¢²¥-
É¢µ·Ö¥É ¥Ð¥ ¨ ¢¸¥³ Ê· ¢´¥´¨Ö³ j(P ′

k|αk, βk)K(�α, �β) = 0.

‘É·Ê±ÉÊ·Ê K(�α, �β) ³µ¦´µ ®Ê²ÊÎÏ¨ÉÓ¯ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. �Ê¸ÉÓ
Vk(α, β) Å ¶µ¤¶·µ¸É· ´¸É¢µ ¶·µ¸É· ´¸É¢  ¸µ¸ÉµÖ´¨° É ±µ¥, ÎÉµ

|Φ〉 ∈ Vk(α, β) ⇔ j(P ′
k|α, β)|Φ〉 = m−1,0(P ′

k|α, β)|Φ〉 = 0. (254)

�Ê¸ÉÓ Vk(α) = ∩βVk(α, β). �µ ¶µ¸É·µ¥´¨Õ, µÎ¥¢¨¤´µ, dim Vk(α, β) = N∆−2,
∆ = N2N3 ¨ dim Vk(α) = N∆−1. ’µ£¤ , ¥¸²¨ V(�α) = ∪g−1

k=0Vk(αk), Éµ
dim V(�α) = N∆−g. ‚¥±Éµ·Ò ¨§ V(�α) ³Ò ¡Ê¤¥³ µ¡µ§´ Î ÉÓ ± ± |Φ�α,t′〉, £¤¥
t′ Å ´ ¡µ· ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ´¥±¨Ì ∆ − g = N2 + N3 − 1 µ¶¥· Éµ·µ¢.

’¥¶¥·Ó ¸Ëµ·³Ê²¨·Ê¥³ ´¥¶µ¸·¥¤¸É¢¥´´µ £¨¶µÉ¥§Ê µ ±¢ ´Éµ¢µ³ · §¤¥²¥´¨¨
¶¥·¥³¥´´ÒÌ.

�·¥¤¶µ²µ¦¥´¨¥ 1. � ¡µ· t′ Å ´¥ ÎÉµ ¨´µ¥, ± ± ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
µ¶¥· Éµ·µ¢ Wn3

¨ U−1
0 Un2

.
�·¥¤¶µ²µ¦¥´¨¥ 2. �¶¥· Éµ·

K(�α) =
∑

�β

K(�α, �β) (255)

¨³¥¥É · §²µ¦¥´¨¥

K(�α) =
∑
t′

|Φ�α,t′〉〈ξt′ |. (256)

�¥·¢µ¥ ¶·¥¤¶µ²µ¦¥´¨¥ µ¸´µ¢ ´µ ´  Éµ³, ÎÉµ ± ¦¤Ò° ¨§ T(k)(αk),   ¸²¥¤µ-
¢ É¥²Ó´µ, ¨ K(�α) ±µ³³ÊÉ¨·ÊeÉ ¸µ ¢¸¥³¨ Wn3

¨ U−1
0 Un2

. ‚ ¦´Ò³ ¦¥ ¢µ
¢Éµ·µ³ ¶·¥¤¶µ²µ¦¥´¨¨ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ |ξt′〉 ´¥ § ¢¨¸ÖÉ µÉ �α.

„µ± § É¥²Ó¸É¢µ ¢Éµ·µ£µ ¶·¥¤¶µ²µ¦¥´¨Ö Å ¢¥¸Ó³  É·Ê¤µ¥³± Ö § ¤ Î , ¤²Ö
±µÉµ·µ° Ê ´ ¸ ¶µ±  ´¥É Ê¤µ¢²¥É¢µ·¨É¥²Ó´ÒÌ ·¥§Ê²ÓÉ Éµ¢. �·¨Î¨´  ÔÉµ£µ ¢
Éµ³, ÎÉµ ¶·¥¤¥² (251) ¶µ¤· §Ê³¥¢ ¥É ´¥µ¶·¥¤¥²¥´´µ¸É¨ 0/0 ¢ ¶ · ³¥É·¨§ -
Í¨¨ (193), ÎÉµ µ¸É ¢²Ö¥É ´¥±µÉµ·Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò ¢ µ¶·¥¤¥²¥´¨¨ 〈ξt′ |.
„¥É ²Ó´µ ¶µ¸É·µ¥´¨¥ · §²µ¦¥´¨Ö (256) c¤¥² ´µ Éµ²Ó±µ ¤²Ö ±¢ ´Éµ¢µ° ·¥²Ö-
É¨¢¨¸É¸±µ° Í¥¶µÎ±¨ ’µ¤Ò ¢ ±µ·´¥ ¨§ ¥¤¨´¨ÍÒ (¸³. [12]). ’µÎ´ Ö ¶ · ³¥É·¨§ -
Í¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢ (193) ¨ ¢ÒÎ¨¸²¥´¨¥ 〈ξt′ | ¤²Ö ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä
� ¦ ´µ¢ Ä� ±¸É¥·  Ö¢²Ö¥É¸Ö ´ Ï¥° ¡²¨¦ °Ï¥° § ¤ Î¥°.
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‘ ¤·Ê£µ° ¸Éµ·µ´Ò, K(�α) ¤µ²¦´µ ¨³¥ÉÓ ¸É ´¤ ·É´µ¥ · §²µ¦¥´¨¥, ¸²¥¤ÊÕ-
Ð¥¥ ¨§ (244):

K(�α) =
∑
t,γ

|Ψt,γ〉
(

g−1∏
k=0

T
(k)
t (αk − γ)

)
〈Ψ(g)

t,γ |. (257)

‡´ Î¥´¨¥ γ ¢Ìµ¤¨É ¢ ¸¶¨¸µ± t′, ¨, ¸· ¢´¨¢ Ö (257) ¨ (256), ³µ¦´µ § ±²ÕÎ¨ÉÓ,
ÎÉµ

〈Φ(g)
t,γ | ≡ 〈ξt′ |, (258)

É. ¥. ¶·¥¤¥² (251) ¤²Ö ±µ´¥Î´ÒÌ ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢ 〈Ψ(g)
t,γ | ¶µ¤· §Ê³¥¢ ¥É

±µ²²¨´¥ ·¨§ Í¨Õ ¶µ t\t′. �É  ±µ²²¨´¥ ·¨§ Í¨Ö ´¥µ¤´µ§´ Î´  ¢ ¸¨²Ê Éµ°
¦¥ ¸ ³µ° ´¥µ¡Ìµ¤¨³µ¸É¨ ¤µµ¶·¥¤¥²ÖÉÓ ¶· ¢¨²  · ¸±·ÒÉ¨Ö ´¥µ¶·¥¤¥²¥´´µ-
¸É¥° 0/0. �¤´ ±µ, ¸ ¤·Ê£µ° ¸Éµ·µ´Ò, ³Ò ¶µ²ÊÎ ¥³ ¢ ÉµÎ´µ¸É¨ ¸±²Ö´¨´¸±ÊÕ
Ëµ·³Ê²Ê [24,25] ¤²Ö ±¢ ´Éµ¢µ£µ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ:

|Φ�α,t′〉 =
∑
t\t′

|Ψt,γ〉
g−1∏
k=0

T
(k)
t (αk). (259)

‡�Š‹�—…�ˆ…

�¥·¥Î¨¸²¨³ ¶·µ¡²¥³Ò, ´¥ ·¥Ï¥´´Ò¥ ´  ³µ³¥´É ´ ¶¨¸ ´¨Ö ÔÉµ£µ µ¡§µ· .
�¥·¢ Ö Î ¸ÉÓ ¢µ¶·µ¸µ¢ µÉ´µ¸¨É¸Ö ± Ëµ·³Ê²¨·µ¢±¥ 2 + 1-³¥·´ÒÌ ³µ¤¥-

²¥°. �´§ Í (14) ¢ · ³± Ì ²µ± ²Ó´µ°  ²£¥¡·Ò ‚¥°²Ö ± ±  ²£¥¡·Ò ´ ¡²Õ¤ -
¥³ÒÌ ¨ ¶·¨´Í¨¶ (130) µ± § ²¨¸Ó ¶·µ¤Ê±É¨¢´Ò³¨ ¢ µÉ´µÏ¥´¨¨ ¶µ¸É·µ¥´¨Ö
É·¥Ì³¥·´ÒÌ ÉµÎ´µ ·¥Ï ¥³ÒÌ ³µ¤¥²¥°, µ¡µ¡Ð ÕÐ¨Ì ¢ Ê§±µ³ ¸³Ò¸²¥ ³µ¤¥²Ó
‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥·  ¢ ¢¥·Ï¨´´µ° Ëµ·³Ê²¨·µ¢±¥. �¤´ ±µ ´¥
¨¸±²ÕÎ¥´µ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¡µ²¥¥ Ï¨·µ±¨° ±² ¸¸ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ²¨´¥°´ÒÌ
§ ¤ Î, ¢ Éµ³ Î¨¸²¥ ¸ ´¥²µ± ²Ó´µ°  ²£¥¡·µ° ´ ¡²Õ¤ ¥³ÒÌ.

‘ ³µ¥ ¶·µ¸Éµ¥ § ³¥Î ´¨¥, ± ±µ¥ ³µ¦´µ ¸¤¥² ÉÓ, Å ¶ · ³¥É·Ò κV , ±µ-
Éµ·Ò¥ Ö¢²Ö²¨¸Ó ¨´¢ ·¨ ´É ³¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ (130), ³µ¦´µ ¸¤¥² ÉÓ ¤¨´ ³¨-
Î¥¸±¨³¨ (É. ¥. µÉµ¡· ¦¥´¨¥ (131) ¡Ê¤¥É ¸µ¤¥·¦ ÉÓ ¥Ð¥ ¨ É·¥ÉÓÕ ¸É·µÎ±Ê, ¸
κ′

1, . . . , κ
′
3,   (132) ¡Ê¤ÊÉ ¨³¥ÉÓ ¤·Ê£µ° ¢¨¤), ´µ É ±, ÎÉµ Ê· ¢´¥´¨¥ (134) ¡Ê¤¥É

¶µ-¶·¥¦´¥³Ê ¢Ò¶µ²´ÖÉÓ¸Ö. „¨´ ³¨±  κj,n ´  ¢¸¥° ·¥Ï¥É±¥, ¸µ¢¶ ¤ ÕÐ Ö ¸
µ¶¨¸ ´´µ° ¢ [19], ¶·¨ ÔÉµ³ ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ¸Ö Î¥ÉÒ·¥ÌÎ²¥´´Ò³ Ê· ¢´¥´¨¥³
•¨·µÉÒÄŒ¨¢Ò [26], ±¢ ´Éµ¢Ò°  ´ ²µ£ ±µÉµ·µ£µ ´¥¨§¢¥¸É¥´. �µ²´ Ö ·¥Ï¥-
ÉµÎ´ Ö ³µ¤¥²Ó ¢ É ±µ³ ¸²ÊÎ ¥ ¡Ê¤¥É ´ ¶µ³¨´ ÉÓ ¶ · Ë¥·³¨µ´Ò uj,n,wj,n,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ c ±² ¸¸¨Î¥¸±µ° £· ¢¨É Í¨¥° κj,n.

�¸É ÕÉ¸Ö ´¥ ·¥Ï¥´´Ò³¨ ¤µ ±µ´Í  ¨ ¡µ²ÓÏ¨´¸É¢µ ¶·µ¡²¥³, ¸¢Ö§ ´´ÒÌ ¸
³µ¤¥²ÓÕ ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥· . Š ± µÉ³¥Î ²µ¸Ó, µ¤´µ° ¨§ £² ¢-
´ÒÌ § ¤ Î Ö¢²Ö¥É¸Ö ¢ÒÎ¨¸²¥´¨¥ ¸¶¥±É·  ±¢ ´Éµ¢ÒÌ É· ´¸Ë¥·-³ É·¨Í (249),
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ÎÉµ § É·Ê¤´¨É¥²Ó´µ ¨§-§  ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö, § ¢¨¸ÖÐ¥£µ µÉ ¸¶¥±É· 
t. Œµ¦´µ, µ¤´ ±µ, µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ Q ± ± ¢¥±Éµ·   ²£¥¡· ¨Î¥-
¸±¨Ì ¤µ¶µ²´¥´¨° ± (jt)γ,γ′ , ´ ¶·¨³¥·, ¢ ¶·¥¤¸É ¢²¥´¨¨ (85) ¨ ¢ É¥·³µ¤¨´ ³¨-
Î¥¸±µ³ ¶·¥¤¥²¥ (105), (111), Ëµ·³Ê²  (249) ¤ ¥É ¶µÎÉ¨ ¶· ¢¨²Ó´Ò° µÉ¢¥É [14]
(¢ ¶ · ³¥É·¨§ Í¨¨ (106) βk Å ¢ ÉµÎ´µ¸É¨ ¡ ±¸É¥·µ¢¸±¨¥ ²¨´¥°´Ò¥ Ô±¸Í¥¸¸Ò).
ˆ³¥¥É¸Ö ¢ ¢¨¤Ê, ÎÉµ ´µ·³¨·µ¢µÎ´Ò° ³´µ¦¨É¥²Ó Ö¢²Ö¥É¸Ö Ô±¸¶µ´¥´Éµ° µÉ ²µ-
£ ·¨Ë³µ¢ ¸¨´Ê¸µ¢ ²¨´¥°´ÒÌ Ô±¸Í¥¸¸µ¢, ¢ Éµ ¢·¥³Ö ± ± (111) ¸µ¤¥·¦¨É ¢¸¥
´Ê¦´Ò¥ ¤¨²µ£ ·¨Ë³Ò.

Šµ´¥Î´µ ¦¥, ¤²Ö ³µ¤¥²¨ ‡ ³µ²µ¤Î¨±µ¢ Ä� ¦ ´µ¢ Ä� ±¸É¥·  µ¸É ¥É¸Ö
¶·µ¡²¥³  ¤µ± § É¥²Ó¸É¢  ¶·¥¤¶µ²µ¦¥´¨° µ ±¢ ´Éµ¢µ³ · §¤¥²¥´¨¨ ¶¥·¥³¥´-
´ÒÌ. �¥µ¡Ìµ¤¨³µ ¶·¥¤¸É ¢¨ÉÓ Ö¢´µ ÌµÉÖ ¡Ò µ¤¨´ ¸¶µ¸µ¡ Ê¸É· ´¥´¨Ö ´¥µ¶·¥-
¤¥²¥´´µ¸É¥° ¢ ¶ · ³¥É·¨§ Í¨¨ · §¤¥²ÖÕÐ¥£µ µ¶¥· Éµ·  K(�α) ¨ ¤²Ö ¤ ´´µ£µ
¸¶µ¸µ¡  ¢ÒÎ¨¸²¨ÉÓ 〈ξ′ |. �É  § ¤ Î  ¸±µ·¥¥ É¥Ì´¨Î¥¸± Ö, ¸¢Ö§ ´´ Ö ¸ ¨¸¸²¥¤µ-
¢ ´¨¥³ · §²µ¦¥´¨° ËÊ´±Í¨¨ (189) ¢¡²¨§¨ ¥¥ ´Ê²¥°.

„ ²¥¥ ¸²¥¤Ê¥É Ê¶µ³Ö´ÊÉÓ µ ¡¥¸±µ´¥Î´µ³¥·´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ  ²£¥¡·Ò
´ ¡²Õ¤ ¥³ÒÌ. ‘Ì¥³ , ¶·¥¤¸É ¢²¥´´ Ö ¢ ÔÉµ° · ¡µÉ¥, ³µ³¥´É ²Ó´µ ³µ¤Ê²Ö·´µ
¤Ê ²¨§¨·Ê¥É¸Ö [27] ¶·¨ §´ ³¥´¨Éµ³ q = eiπτ , τ = eiθ, É ± ÎÉµ ¢¸¥ µ¶¥· Éµ·Ò
Ô¢µ²ÕÍ¨¨ ¸É ´µ¢ÖÉ¸Ö Ê´¨É ·´Ò³¨. �·¨ ¶µ¤Ìµ¤ÖÐ¥³ ¢Ò¡µ·¥ ¢¸¶µ³µ£ É¥²Ó-
´ÒÌ ·¥Ï¥Éµ± ¨ Ô¢µ²ÕÍ¨µ´´ÒÌ µÉµ¡· ¦¥´¨° ¢ ´ ÏÊ ¸Ì¥³Ê ¢Ìµ¤ÖÉ ´¥ Éµ²Ó±µ
±¢ ´Éµ¢ Ö ·¥²ÖÉ¨¢¨¸É¸± Ö Í¥¶µÎ±  ’µ¤Ò ¢ ·¥¦¨³¥ ¸¨²Ó´µ° ¸¢Ö§¨ [28] (¢¸¶µ-
³µ£ É¥²Ó´ Ö ·¥Ï¥É± , µÉ¢¥Î ÕÐ Ö Í¥¶µÎ±¥ ’µ¤Ò, µÉ³¥Î¥´  ¢ ¶·¨³¥· Ì), ´µ
¨, ¸± ¦¥³, ±¢ ´Éµ¢ Ö ³µ¤¥²Ó ‹¨Ê¢¨²²Ö [29] ¨ ¥¥ · §²¨Î´Ò¥ ´¥ ¨¸¸²¥¤µ¢ ´-
´Ò¥ µ¡µ¡Ð¥´¨Ö (´ ¶·¨³¥·, ¶ ·  ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ²¨Ê¢¨²²¥¢¸±¨Ì ¶µ²¥°).
‚ µ¡Ð¥³ ¦¥ ¢¨¤¥, ¤²Ö ¶·µ¨§¢µ²Ó´µ° Ô¢µ²ÕÍ¨µ´´µ° ·¥Ï¥É±¨, ³µ¦´µ £µ¢µ·¨ÉÓ
µ ´¥±µ° (´µ¢µ°?) É·¥Ì³¥·´µ° É¥µ·¨¨ ¶µ²Ö.

�·¨ ±µ´¥Î´µ³¥·´µ°  ²£¥¡·¥ ´ ¡²Õ¤ ¥³ÒÌ ¶·µ¸ÉÒ³, ´µ, ¶µ ´ Ï¥³Ê ³´¥-
´¨Õ, Î·¥§¢ÒÎ °´µ ¢ ¦´Ò³ Ö¢²Ö¥É¸Ö ´ ¡²Õ¤¥´¨¥ µ Éµ³, ÎÉµ ¶·¨ N = 2 ¢¥¸Ó
±µ³³ÊÉ É¨¢´Ò° ´ ¡µ· tµ,ν Å Ô·³¨Éµ¢, ÎÉµ £µ¢µ·¨É µ Ë¨§¨Î´µ¸É¨ Ô¢µ²ÕÍ¨-
µ´´ÒÌ ³µ¤¥²¥°. ‚¤µ¡ ¢µ±, ¥¸²¨ ±² ¸¸¨Î¥¸± Ö ¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ´¥ ¢Ò·µ-
¦¤¥´  ¨ ¨³¥¥É ´¥´Ê²¥¢µ° ·µ¤, Éµ ¤ ¦¥ ¡¥£²µ¥ ¨¸¸²¥¤µ¢ ´¨¥ É¥·³µ¤¨´ ³¨-
Î¥¸±µ£µ ¶·¥¤¥² , ¸¤¥² ´´µ¥ ¢ ÔÉµ° · ¡µÉ¥, ¶µ§¢µ²Ö¥É µ¦¨¤ ÉÓ ´¥É·¨¢¨ ²Ó-
´ÊÕ Ë §µ¢ÊÕ ¸É·Ê±ÉÊ·Ê ¢ ÔÉ¨Ì ³µ¤¥²ÖÌ (´ ¶µ³´¨³, ³µ¤¥²Ó ‡ ³µ²µ¤Î¨±µ¢ Ä
� ¦ ´µ¢ Ä� ±¸É¥·  ±·¨É¨Î´ , ¥¸²¨ Éµ²Ó±µ ´¥ · ¸¸³ É·¨¢ ÉÓ ±µ´¥Î´µ¸ÉÓ ·¥-
Ï¥É±¨ ¢ µ¤´µ³ ¨§ ´ ¶· ¢²¥´¨°, ÎÉµ Ô±¢¨¢ ²¥´É´µ µ¡µ¡Ð¥´´µ° ±¨· ²Ó´µ°
³µ¤¥²¨ �µÉÉ¸ ).

‚ ÔÉµ° · ¡µÉ¥ ³Ò ±µ¸´Ê²¨¸Ó ²¨ÏÓ ¸²ÊÎ Ö ±² ¸¸¨Î¥¸±µ° ¸¶¥±É· ²Ó´µ°
±·¨¢µ° ·µ¤  1. ŒÒ ´¥ ¨¸¶µ²Ó§µ¢ ²¨ ¨ ´¥ Ê¶µ³¨´ ²¨ §  ´¥´ ¤µ¡´µ¸ÉÓÕ ¸µ-
µÉ¢¥É¸É¢ÊÕÐÊÕ ¶ · ³¥É·¨§ Í¨Õ ±¢ ´Éµ¢ÒÌ T-³ É·¨Í ¨²¨ ¸É É¸Ê³³Ò Z, ÌµÉÖ
¢µ ¢¢¥¤¥´´ÒÌ · ´¥¥ µ¡µ§´ Î¥´¨ÖÌ ÔÉµ ¶·µ¸Éµ: ¢ Ëµ·³Ê² Ì (186)Ä(188), (191)
¨ (193) ´Ê¦´µ ¶µ²µ¦¨ÉÓ e(X, Y )N = θ1(X − Y ), τN

1,n = θ1(f − Xn1 + I(n)),
τN
2,n = θ1(f−Yn2 +I(n)), τN

3,n = θ1(f−Zn3 +I(n)) ¨ λN
n = θ1(f +Z ′

n3
−Xn1−
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Yn2+I(n)), £¤¥ I(n) =
∑n1−1

j1=0 X ′
j1−Xj1+

∑n2−1
j2=0 Y ′

j2−Yj2+
∑n3−1

j3=0 Z ′
j3−Zj3 ¨

θ1(z) ≡ θ1(z, τ) =
∞∑

n=−∞
eiπτ(n+1/2)2+2iπ(z+1/2)(n+1/2). �É  ¶ · ³¥É·¨§ Í¨Ö

µÉ´µ¸¨É¸Ö, ¸É·µ£µ £µ¢µ·Ö, ± ¢Ò·µ¦¤¥´¨Õ µ¡Ð¥° ±² ¸c¨Î¥¸±µ° ¸¶¥±É· ²Ó´µ°
±·¨¢µ° ¢ ±·¨¢ÊÕ ·µ¤  1 ¡¥§ ¸¨´£Ê²Ö·´µ¸É¥°. �¤´ ±µ ÔÉ  ¶ · ³¥É·¨§ Í¨Ö ¸É -
´µ¢¨É¸Ö ¶µ²´µ°, ¥¸²¨ ¶·¨ µ¶·¥¤¥²¥´¨¨ ¸É É¸Ê³³Ò Z · ¸¸³ É·¨¢ ¥É¸Ö ¶µ¤·¥-
Ï¥É±  ¶ · ³¥É·µ¢ ¸ ¶¥·¨µ¤µ³ 2: X#

n1
, Y #

n2
, Z#

n3
, £¤¥ ¨´¤¥±¸Ò n1, n2, n3

µ¶·¥¤¥²¥´Ò ¶µ mod 2, ¨ ¶¥·¨µ¤¨Î¥¸±¨¥ Ê¸²µ¢¨Ö (¡¥§ µ£· ´¨Î¥´¨Ö µ¡Ð´µ¸É¨)
X ′

0 − X0 + X ′
1 − X1 = Y ′

0 − Y0 + Y ′
1 − Y1 = Z ′

0 − Z0 + Z ′
1 − Z1 = π. ˆ³¥´´µ

É ±µ° ¶ · ³¥É·¨§ Í¨¨ ¸µµÉ¢¥É¸É¢Ê¥É Ï Ì³ É´ Ö ·¥Ï¥É±  ¨§ ¶. 2.4.2. “¶·µ-
Ð¥´´ Ö ¦¥ Ï Ì³ É´ Ö ·¥Ï¥É±  ¸µµÉ¢¥É¸É¢Ê¥É ¤µ¶µ²´¨É¥²Ó´Ò³ µ£· ´¨Î¥´¨Ö³
É¨¶  X ′

j = Xj + π/2 ¨ É. ¤.
‡ ³¥É¨³, ÎÉµ ³µ¤¥²Ó ¸É É³¥Ì ´¨±¨, µÉ¢¥Î ÕÐ Ö Ê¶·µÐ¥´´µ° Ô²²¨¶É¨Î¥-

¸±µ° ¶ · ³¥É·¨§ Í¨¨, ¢¶¥·¢Ò¥ ¡Ò²  ¶·¥¤²µ¦¥´  ¢ [30] ± ± ¶·µ¸É¥°Ï Ö ¨´-
É¥£·¨·Ê¥³ Ö ³µ¤¥²Ó, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö É ± ´ §Ò¢ ¥³µ³Ê ³µ¤¨Ë¨Í¨·µ¢ ´´µ³Ê
Ê· ¢´¥´¨Õ É¥É· Ô¤·µ¢ (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¸µµÉ¢¥É¸É¢¨Ö ¢¥·Ï¨´´µ° Ëµ·³Ê²¨-
·µ¢±¨ ¨ ®IRC¯-Ëµ·³Ê²¨·µ¢±¨, ¢ ¢¥·Ï¨´´µ° ¦¥ Ëµ·³Ê²¨·µ¢±¥ ³µ¤¨Ë¨Í¨·µ-
¢ ´´µ¥ Ê· ¢´¥´¨¥ É¥É· Ô¤·µ¢ ¨¸¶µ²Ó§µ¢ ²µ¸Ó ¢ [31]). “´¨¢¥·¸ ²Ó´Ò° ¶µ¤Ìµ¤
± ³µ¤¨Ë¨Í¨·µ¢ ´´µ³Ê Ê· ¢´¥´¨Õ É¥É· Ô¤·µ¢ ¨ ± Ê· ¢´¥´¨Õ É¥É· Ô¤·µ¢ ¤²Ö
¸²µ¦´ÒÌ ¢¥¸µ¢, ¢ ±µÉµ·µ³ ¨´¢ ·¨ ´É ³¨ Ê· ¢´¥´¨Ö É¥É· Ô¤·µ¢ Ö¢²Ö¥É¸Ö  ²£¥-
¡· ¨Î¥¸± Ö ±·¨¢ Ö,   ¸¶¥±É· ²Ó´Ò³¨  ·£Ê³¥´É ³¨ ¢¥¸µ¢ Ö¢²ÖÕÉ¸Ö ³¥·µ³µ·Ë-
´Ò¥ ËÊ´±Í¨¨ ´  ±·¨¢µ°, ¡Ò² ¸Ëµ·³Ê²¨·µ¢ ´ ¢ [32] ¨ ¤ ²¥¥ ¢ [13]. �¤´ ±µ
¢ÒÎ¨¸²¥´¨¥ ¸É É¸Ê³³Ò ¤²Ö ÔÉ¨Ì ³µ¤¥²¥° ´  ±Ê¡¨Î¥¸±µ° ·¥Ï¥É±¥ (¤ ¦¥ ¤²Ö
³µ¤¥²¨ Œ ´£ §¥¥¢ Ä‘É·µ£ ´µ¢ ) ´¨±¥³ ´¥ ¶·¥¤¶·¨´¨³ ²µ¸Ó, ´¥ £µ¢µ·Ö Ê¦¥ µ¡
¨¸¸²¥¤µ¢ ´¨¨ ¶µ²´µ£µ ¸¶¥±É· . ’ ±µ¥ ¨¸¸²¥¤µ¢ ´¨¥, ´  ´ Ï ¢§£²Ö¤, Ö¢²Ö¥É¸Ö
µ¤´µ° ¨§ ´ ¨¡µ²¥¥ ¢ ¦´ÒÌ ¶·¥¤¸ÉµÖÐ¨Ì § ¤ Î.

�² £µ¤ ·´µ¸É¨. �¢Éµ· ÌµÉ¥² ¡Ò ¶µ¡² £µ¤ ·¨ÉÓ ‘. � ±Ê²Ö± , ƒ. Ëµ´ ƒ¥-
²¥´ , �. ˆ¸ ¥¢ , ‚. � ¦ ´µ¢ , ‚. Œ ´£ §¥¥¢ , �. Š Ï ¥¢ , 	. ‘É·µ£ ´µ¢ ,
ƒ. �·µ´Ó±µ, ˆ. Šµ·¥¶ ´µ¢  ¨ †.-Œ. Œ °Ö· . ‘µ¢³¥¸É´Ò¥ ¸ ´¨³¨ · ¡µÉÒ ²¥£²¨
¢ µ¸´µ¢Ê ÔÉµ£µ µ¡§µ· . �¢Éµ· É ±¦¥ ÌµÉ¥² ¡Ò ¢Ò· §¨ÉÓ ¶·¨§´ É¥²Ó´µ¸ÉÓ
‚. Œ ´£ §¥¥¢Ê, Œ. � ÉÎ¥²µ·Ê ¨ ’. Œ¥··¥² §  £µ¸É¥¶·¨¨³¸É¢µ ¨ ¶µ³µÐÓ ¢µ
¢·¥³Ö ³µ¥£µ ¶·¥¡Ò¢ ´¨Ö ¢ ��“.

� ¡µÉ  ¡Ò²  ¶µ¤¤¥·¦ ´  £· ´É ³¨ CRDF RM1-2334-MO-02, INTAS OPEN
00-00055 ¨ Australian Research Council.
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math-ph/0109013. 2001.

26. Miwa T. On Hirota's difference equations // Proc. Japan Acad. 1982. V. 58. Ser. A. P. 9Ä12.

27. Faddeev L. D. Discrete HeisenbergÄWeyl group and modular group // Lett. Math. Phys. 1995.
V. 34. P. 249Ä254;

Faddeev L. D. Modular double of quantum group // Conf. Mosh
e Flato. 1999. V. I. P. 149Ä156;
Math. Phys. Stud. Dordrecht, 2000. V. 21.

28. Kharchev S., Lebedev D., Semenov-Tian-Shansky M. Unitary representations of Uq(sl(2,R), the
modular double, and the multiparticle q-deformed Toda chains // Commun. Math. Phys. 2002.
V. 225. P. 573Ä609.

29. Faddeev L. D., Kashaev R. M., Volkov A. Yu. Strongly coupled quantum discrete Liouville theory.
I: Algebraic approach and duality // Commun. Math. Phys. 2001. V. 219. P. 199Ä219;

Faddeev L. D., Kashaev R. M. Strongly coupled quantum discrete Liouville theory. II: Geometric
interpretation of the evolution operator // J. Phys. A. V. 35. P. 4043Ä4048.

30. Mangazeev V. V., Stroganov Yu. G. Elliptic solution for modiˇed tetrahedron equation // Mod.
Phys. Lett. A. 1993. V. 8. P. 3475Ä3482.

Mangazeev V. V., Sergeev S. M., Stroganov Yu. G. New series of 3D lattice integrable models //
Intern. J. Mod. Phys. A. 1994. V. 9. P. 5517Ä5530.

31. Maiilard J.-M., Sergeev S. Three dimensional integrable models based on modiˇed tetrahedron
equations and quantum dilogarithm // Phys. Lett. B. 1997. V. 405. P. 55Ä63.

32. von Gehlen G., Pakuliak S., Sergeev S. Explicit free parameterization of the modiˇed tetrahedron
equation // J. Phys. A. 2203. V. 36. P. 975.


