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ˆ´¸É¨ÉÊÉ Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°, �·μÉ¢¨´μ, �μ¸¸¨Ö

‚ · ³± Ì ±² ¸¸¨Î¥¸±μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶μ± § ´μ, ÎÉμ Ê· ¢´¥´¨Ö μ¡Ð¥° É¥μ·¨¨ μÉ-
´μ¸¨É¥²Ó´μ¸É¨ (�’�) �°´ÏÉ¥°´  ¸ ±μ¸³μ²μ£¨Î¥¸±¨³ Î²¥´μ³ ¶μ¸²¥ ¸μ£² ¸μ¢ ´¨Ö ¨Ì ¸ ¶·μ¸É· ´-
¸É¢μ³ Œ¨´±μ¢¸±μ£μ ¢¨¤μ¨§³¥´ÖÕÉ¸Ö ¨ ¶·¨μ¡·¥É ÕÉ Ëμ·³Ê Ê· ¢´¥´¨° ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨
£· ¢¨É Í¨¨ (�’ƒ). �´¨ ¨ ¶·¨¢μ¤ÖÉ ± ± ·¤¨´ ²Ó´μ ¤·Ê£¨³ Ë¨§¨Î¥¸±¨³ ¢Ò¢μ¤ ³, ¢ μÉ²¨Î¨¥ μÉ
�’� ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° ¨ ±μ²² ¶¸¥.

In the framework of the classical gravitational ˇeld theory it is shown that equations of Einstein's
General Relativity (GR) with a cosmological constant are transforming and acquiring the form of Rel-
ativistic Theory of Gravitation (RTG) equations when requested to be compatible with the Minkowski
space. These equations lead us to fundamentally different physical conclusions contrasting with GR
in evolution of the Universe and Collapse.

PACS: 04.80.-y, 06.20.Jr, 95.30.sf

‚ · ¡μÉ Ì [1Ä4] ¶μ¤·μ¡´μ ¨§²μ¦¥´  ·¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö £· ¢¨É Í¨¨
(�’ƒ). �´  Ö¢²Ö¥É¸Ö  ²ÓÉ¥·´ É¨¢μ° μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ (�’�).

‚ μ¸´μ¢¥ �’ƒ ²¥¦¨É ¶·¥¤¸É ¢²¥´¨¥ μ ±² ¸¸¨Î¥¸±μ³ £· ¢¨É Í¨μ´´μ³ ¶μ²¥
± ± Ë¨§¨Î¥¸±μ³ ¶μ²¥, · §¢¨¢ ÕÐ¥³¸Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ. ’ ±¨³
μ¡· §μ³, É¥μ·¨Ö ¶μ¸É·μ¥´  ¢ · ³± Ì ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ-
¸É¨ (‘’�).

ˆ¸ÉμÎ´¨±μ³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ¸μÌ· ´ÖÕÐ¨°¸Ö É¥´§μ· Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  ¢¸¥Ì ¶μ²¥° ³ É¥·¨¨, ¢ Éμ³ Î¨¸²¥ ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. � 
μ¸´μ¢ ´¨¨ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò ¨ É·¥¡μ¢ ´¨Ö, ÎÉμ¡Ò £· ¢¨É Í¨μ´´μ¥ ¶μ²¥
μ¡² ¤ ²μ Éμ²Ó±μ ¸¶¨´ ³¨ 2 ¨ 0, μ¶·¥¤¥²¥´ ² £· ´¦¨ ´ É¥μ·¨¨, ¨ ¨§ ¶·¨´Í¨¶ 
´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö ¶μ²ÊÎ¥´  ¶μ²´ Ö ¸¨¸É¥³  μ¡Ð¥±μ¢ ·¨ ´É´ÒÌ Ê· ¢´¥-
´¨°, ±μÉμ·Ò¥ Ëμ·³¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í . ‚Ò-
¢μ¤Ò �’ƒ, μ¸μ¡¥´´μ ¢ ¸¨²Ó´ÒÌ £· ¢¨É Í¨μ´´ÒÌ ¶μ²ÖÌ, ± ·¤¨´ ²Ó´μ μÉ²¨Î -
ÕÉ¸Ö μÉ ¢Ò¢μ¤μ¢ �’�.

‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ³Ò ¢ ¶μ·Ö¤±¥ ¶·¥¥³¸É¢¥´´μ¸É¨ ¶·¨¤¥³ ± Ê· ¢´¥´¨Ö³
�’ƒ,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ± ¶μ²¥¢Ò³ ¶·¥¤¸É ¢²¥´¨Ö³, ¨¸Ìμ¤Ö ´¥¶μ¸·¥¤¸É¢¥´´μ
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¨§ Ê· ¢´¥´¨° �’� �°´ÏÉ¥°´ , ¶·μ¢μ¤Ö ¢ ´¨Ì ´¥±μÉμ·Ò¥, ´  ¶¥·¢Ò° ¢§£²Ö¤,
´¥¡μ²ÓÏ¨¥ Ë¨§¨Î¥¸±¨ ´¥μ¡Ìμ¤¨³Ò¥ ¨§³¥´¥´¨Ö.

�. �°´ÏÉ¥°´ ¢ 1917 £. ¢ ¸É ÉÓ¥ [5] ¶μ²ÊÎ¨² Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¸ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° λ ¢ Ëμ·³¥

Rμν − λgμν = 8π
(
Tμν − 1

2
gμνT

)
. (1)

�É  ¸¨¸É¥³  Ê· ¢´¥´¨° ´¥¶μ²´ , ¨ μ´  ¢¸¥£¤  ¶μ¶μ²´Ö¥É¸Ö Î¥ÉÒ·Ó³Ö ±μμ·¤¨-
´ É´Ò³¨ Ê¸²μ¢¨Ö³¨, ±μÉμ·Ò¥ ´¥±μ¢ ·¨ ´É´Ò ¨ ´¥Ê´¨¢¥·¸ ²Ó´Ò.

“· ¢´¥´¨Ö (1) ³μ¦´μ § ¶¨¸ ÉÓ ¢ Ëμ·³¥

Rμν − 1
2

gμνR + λgμν = 8πT μν. (2)

�É¸Õ¤ , ¶·¨³¥´ÖÖ Éμ¦¤¥¸É¢μ 	ÓÖ´±¨

∇ν

(
Rμν − 1

2
gμνR

)
≡ 0, (3)

μ¡ÒÎ´μ ¶μ²ÊÎ ÕÉ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢ :

∇νT μν = 0. (4)

’μÉ Ë ±É, ÎÉμ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢ ∗ (4) ¸²¥¤ÊÕÉ ¨§ Ê· ¢´¥´¨° £· -
¢¨É Í¨μ´´μ£μ ¶μ²Ö (1), · ¸¸³ É·¨¢ ²¸Ö ± ± Ê¸¶¥Ì, μ¡Ö§ ´´Ò° ¸¢μ°¸É¢Ê £· -
¢¨É Í¨μ´´μ£μ ¶μ²Ö. ‚ Ô²¥±É·μ¤¨´ ³¨±¥, ± ± Ìμ·μÏμ ¨§¢¥¸É´μ, ¨§ Ê· ¢´¥´¨°
Œ ±¸¢¥²² Ä‹μ·¥´Í  ¸²¥¤Ê¥É Éμ²Ó±μ Ê· ¢´¥´¨¥ ¸μÌ· ´¥´¨Ö Éμ± ,   ´¥ Ê· ¢´¥-
´¨Ö ¤¢¨¦¥´¨Ö ¶·μ¡´μ£μ § ·Ö¤  ¢ ¶μ²¥. �μ ÔÉ  μ¸μ¡¥´´μ¸ÉÓ £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¨³¥²  Éμ²Ó±μ Î ¸É´Ò° Ì · ±É¥·, ¶μ¸±μ²Ó±Ê μ´  ¶μ§¢μ²Ö²  ´ Ìμ¤¨ÉÓ Ê· ¢-
´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¨§ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (1) Éμ²Ó±μ ¢
Éμ³ ¸²ÊÎ ¥, ¥¸²¨ ¢¥Ð¥¸É¢μ μ¶¨¸Ò¢ ¥É¸Ö Î¥ÉÒ·Ó³Ö Ê· ¢´¥´¨Ö³¨. ‚¸¥ ÔÉμ μÎ¥-
¢¨¤´μ ¨§ ¸²¥¤ÊÕÐ¥£μ Éμ¦¤¥¸É¢ 

(
¸³. ¶·¨²μ¦¥´¨¥ A, · ¢¥´¸É¢μ (�.16)

)
:

√
−g∇λT λ

μ = −Dν

(
δLM

δΦA
FB;ν

A;μ ΦB(x)
)
− δLM

δΦA
DμΦA(x). (5)

‡¤¥¸Ó ΦA Å ¶μ²Ö ¢¥Ð¥¸É¢ ; Dν Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ¶·μ¸É· ´-
¸É¢¥ Œ¨´±μ¢¸±μ£μ; LM Å ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ¢ £· ¢¨É Í¨μ´´μ³
¶μ²¥.

’¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  T λν μ¶·¥¤¥²¥´ ¶μ ƒ¨²Ó¡¥·ÉÊ:

√
−g T λν = −2

δLM

δgλν
.

∗�μ¤ ¢¥Ð¥¸É¢μ³ ¶μ¤· §Ê³¥¢ ÕÉ¸Ö ¢¸¥ ¶μ²Ö ³ É¥·¨¨, §  ¨¸±²ÕÎ¥´¨¥³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.



Š�‘Œ�‹�ƒˆ—…‘Š�Ÿ ��‘’�Ÿ���Ÿ ˆ ���‘’���‘’‚� Œˆ�Š�‚‘Š�ƒ� 571

…¸²¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¢Ò¶μ²´ÖÕÉ¸Ö:

δLM

δΦA
= 0, (6)

Éμ ´  μ¸´μ¢ ´¨¨ (5) ¨³¥ÕÉ ³¥¸Éμ Ê· ¢´¥´¨Ö (4), É. ¥.

∇νT ν
μ = 0, ¨²¨ Ô±¢¨¢ ²¥´É´μ¥ ¥³Ê ∇λT λν = 0.

�É¸Õ¤  ³Ò ¢¨¤¨³, ÎÉμ Ê· ¢´¥´¨Ö (4) ¢¸¥£¤  ¸²¥¤ÊÕÉ ¨§ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
¢¥Ð¥¸É¢  (6). …¸²¨ Î¨¸²μ Ê· ¢´¥´¨° ¢¥Ð¥¸É¢  (6) · ¢´μ Î¥ÉÒ·¥³, Éμ ¨Ì ¢¸¥£¤ 
³μ¦´μ § ³¥´¨ÉÓ Ê· ¢´¥´¨Ö³¨ (4). …¸²¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  (6)
¡μ²ÓÏ¥ Î¥ÉÒ·¥Ì, ¨Ì ´¥²Ó§Ö § ³¥´¨ÉÓ Éμ²Ó±μ Ê· ¢´¥´¨Ö³¨ (4), ±μÉμ·Ò¥ ¸²¥¤ÊÕÉ
¨§ Ê· ¢´¥´¨° (1), ´¥μ¡Ìμ¤¨³μ Î ¸É¨Î´μ ¤μ¡ ¢¨ÉÓ Ê· ¢´¥´¨Ö ¢¥Ð¥¸É¢ . ’ ±¨³
μ¡· §μ³, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢ �’� ¨§ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (1) ´¥
¸²¥¤ÊÕÉ ¢¸¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢ .

�¡· É¨³¸Ö É¥¶¥·Ó ± Ê· ¢´¥´¨Õ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (1), ±μÉμ·μ¥ ¸μ¤¥·-
¦¨É ±μ¸³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ λ.

�É´μ¸¨É¥²Ó´μ ¢¢¥¤¥´¨Ö ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° λ ¢ Ê· ¢´¥´¨Ö ƒ¨²Ó-
¡¥·É Ä�°´ÏÉ¥°´  ‚.�.”μ± ¢ ³μ´μ£· Ë¨¨ [6] ¶¨¸ ²: ®‘μ£² ¸´μ ´ Ï¨³ μ¸´μ¢-
´Ò³ ¶μ²μ¦¥´¨Ö³ μÉ¸ÊÉ¸É¢¨¥ ¶μ²Ö ÉÖ£μÉ¥´¨Ö μ§´ Î ¥É μÉ¸ÊÉ¸É¢¨¥ μÉ±²μ´¥´¨°
£¥μ³¥É·¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ μÉ ¥¢±²¨¤μ¢μ°,   §´ Î¨É, ¨ · ¢¥´¸É¢μ ´Ê²Õ
É¥´§μ·  ±·¨¢¨§´Ò Rμν ¨ ¥£μ ¨´¢ ·¨ ´É  R. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶μ²¥ ÉÖ£μÉ¥-
´¨Ö ¡Ê¤¥É μÉ¸ÊÉ¸É¢μ¢ ÉÓ, ¥¸²¨ É¥´§μ· ³ ¸¸Ò T μν ¢¥§¤¥ · ¢¥´ ´Ê²Õ. �μÔÉμ³Ê
· ¢¥´¸É¢  T μν = 0 ¨ Rμν = 0 ¤μ²¦´Ò ¡ÒÉÓ ¢μ ¢¸Ö±μ³ ¸²ÊÎ ¥ ¸μ¢³¥¸É´Ò³¨,  
ÔÉμ ¢μ§³μ¦´μ Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨ Ê· ¢´¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ Rμν ¸ T μν ,
´¥ ¸μ¤¥·¦ É λgμν (É. ¥. Éμ²Ó±μ ¢ ¸²ÊÎ ¥, ¥¸²¨ λ = 0)¯.

’ ±¨³ μ¡· §μ³, ´ ²¨Î¨¥ ±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´  ¢ Ê· ¢´¥´¨ÖÌ (1) ´¥-
¤μ¶Ê¸É¨³μ. �¸´μ¢´μ°  ·£Ê³¥´É ¶·μÉ¨¢ ¢¢¥¤¥´¨Ö ±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´  ¢
Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É Ä�°´ÏÉ¥°´  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¢¥Ð¥-
¸É¢  ¨ ¨¸±·¨¢²¥´´μ¸É¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ (É¥´§μ· ±·¨¢¨§´Ò �¨³ ´  Rσ

λμν

· ¢¥´ ´Ê²Õ) Ê· ¢´¥´¨¥ (1) ´¥ ¨³¥¥É ·¥Ï¥´¨Ö ¢ ¢¨¤¥ ³¥É·¨Î¥¸±μ£μ É¥´§μ· 
γμν ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ, ÎÉμ Ë¨§¨Î¥¸±¨ ´¥¶·¨¥³²¥³μ. �·£Ê³¥´É Ë¨-
§¨Î¥¸±¨ Ê¡¥¤¨É¥²Ó´Ò° ¨ ´¥ ¢Ò§Ò¢ ¥É ¸μ³´¥´¨°. �μ ¥¸²¨ ¢¸¥ ¦¥ ¸μÌ· ´¨ÉÓ
±μ¸³μ²μ£¨Î¥¸±¨° Î²¥´,   Ë¨§¨Î¥¸±¨° ´¥¤μ¸É Éμ± Ê· ¢´¥´¨° (1) Ê¸É· ´¨ÉÓ,
¢¢¥¤Ö ¢ Ê· ¢´¥´¨¥ (1) ¤μ¶μ²´¨É¥²Ó´Ò° Î²¥´ λγμν , Éμ ¶μ¸²¥ ¸μ¢¥·Ï¥´¨Ö É -
±μ£μ ¨§³¥´¥´¨Ö ³Ò ¶·¨Ìμ¤¨³ ± Ê· ¢´¥´¨Õ

Rμν − λ(gμν − γμν) = 8π
(
Tμν − 1

2
gμνT

)
. (7)

ˆ§ Ê· ¢´¥´¨Ö (7) ¸²¥¤Ê¥É, ÎÉμ É¥¶¥·Ó ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¢¥Ð¥¸É¢  Tμν = 0
¨ μÉ¸ÊÉ¸É¢¨¨ ¨¸±·¨¢²¥´´μ¸É¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ Rσ

λμν = 0 Ê· ¢´¥´¨¥ (7)
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¨³¥¥É ¥¸É¥¸É¢¥´´μ¥ ·¥Ï¥´¨¥ Éμ²Ó±μ ¢ ¢¨¤¥ ³¥É·¨Î¥¸±μ£μ É¥´§μ·  ¶·μ¸É· ´-
¸É¢  Œ¨´±μ¢¸±μ£μ:

gμν(x) = γμν(x).

’ ±¨³ μ¡· §μ³, ±μ¸³μ²μ£¨Î¥¸±¨° Î²¥´ ¸É ² ¸μ¢³¥¸É¨³ ¸ ¶·μ¸É· ´¸É¢μ³ Œ¨´-
±μ¢¸±μ£μ. ‡ ³¥É¨³, ÎÉμ ¶μÖ¢²¥´¨¥ ³¥É·¨±¨ γμν ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ ¢
Ê· ¢´¥´¨ÖÌ (7) μ§´ Î ¥É ¸μÌ· ´¥´¨¥ ¶μ´ÖÉ¨Ö ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò.

“· ¢´¥´¨Ö (1) ¨ (2) · ¢´μ¶· ¢´Ò, ´μ ¤μ¸É¨¦¥´¨¥ ´ Ï¥° Í¥²¨: ¶μ²Ê-
Î¨ÉÓ Ê· ¢´¥´¨Ö �’ƒ ¢ ·¥§Ê²ÓÉ É¥ ³¨´¨³ ²Ó´μ£μ ¨§³¥´¥´¨Ö Ê· ¢´¥´¨° �°´-
ÏÉ¥°´  Å ¢μ§³μ¦´μ Éμ²Ó±μ ´  μ¸´μ¢¥ Ê· ¢´¥´¨° (1),   ´¥ Ê· ¢´¥´¨° (2), ÎÉμ
´ ³¨ ¨ μ¸ÊÐ¥¸É¢²¥´μ ¶·¨ ¶μ¸É·μ¥´¨¨ Ê· ¢´¥´¨° (7). ‚μ§´¨±´μ¢¥´¨¥ Ê· ¢´¥-
´¨° (7) ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ´¥ Éμ²Ó±μ ¢¶μ²´¥ ²μ£¨Î´μ, ´μ ¨ ´¥μ¡Ìμ-
¤¨³μ, ¥¸²¨ ³Ò ¢¢μ¤¨³ ±μ¸³μ²μ£¨Î¥¸±¨° Î²¥´ λgμν ¢ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É Ä
�°´ÏÉ¥°´ . ’ ±¨³ μ¡· §μ³, ±μ¸³μ²μ£¨Î¥¸±¨° Î²¥´ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¢¥¤¥É
± ¶μÖ¢²¥´¨Õ ¢ (7) ¤μ¶μ²´¨É¥²Ó´μ£μ Î²¥´  λγμν .

“· ¢´¥´¨Ö (7) ¸· §Ê ¦¥ ¢´μ¸ÖÉ ¸ÊÐ¥¸É¢¥´´Ò¥ ¨§³¥´¥´¨Ö. ’ ±, ¥¸²¨ · -
´¥¥ ¨§ Ê· ¢´¥´¨° (1) ¸²¥¤μ¢ ²¨ Ê· ¢´¥´¨Ö ¢¥Ð¥¸É¢  (4), Éμ É¥¶¥·Ó μ´¨ ´¥
¸²¥¤ÊÕÉ ¨§ Ê· ¢´¥´¨° (7). “· ¢´¥´¨Ö (4) ´¥μ¡Ìμ¤¨³μ ¤μ¡ ¢¨ÉÓ ± Ê· ¢´¥´¨Ö³
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (7) ± ± Ê· ¢´¥´¨Ö ¢¥Ð¥¸É¢ .

’ ±, ¢ ´ Ï¥³ ¸²ÊÎ ¥, ±μ£¤  ¢¥Ð¥¸É¢μ μ¶¨¸Ò¢ ¥É¸Ö Î¥ÉÒ·Ó³Ö Ë¨§¨Î¥¸±¨³¨
¢¥²¨Î¨´ ³¨, ³Ò ¶μ²ÊÎ ¥³ μ¡Ð¥±μ¢ ·¨ ´É´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¢¥Ð¥¸É¢  (4)
¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (7), ±μÉμ· Ö ¢³¥¸É¥ ¸ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥-
¸É¢  Ö¢²Ö¥É¸Ö ¶μ²´μ° ¤²Ö μ¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´: ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gμν ,
¶²μÉ´μ¸É¨ ρ, ¤ ¢²¥´¨Ö p ¨ ¸±μ·μ¸É¨ v. ‚ ¶·¨¡²¨¦¥´¨¨ ¸² ¡μ£μ ¶μ²Ö, ±μ£¤ 
¶²μÉ´μ¸ÉÓ g̃μν ¡²¨§±  ± ¶²μÉ´μ¸É¨ γ̃μν ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ, Ê· ¢´¥-
´¨¥ (7) ¢´¥ ¢¥Ð¥¸É¢  ¢ ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥ ¢ £ ²¨²¥¥¢¸±¨Ì ±μμ·¤¨´ É Ì
¶·¨´¨³ ¥É ¢¨¤

�φμν + 2λφμν = 0.

�¨¦¥ ³Ò ¤ ¤¨³ ÉμÎ´μ¥ μ¶·¥¤¥²¥´¨¥ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö φμν .
�É¸Õ¤  ¢¨¤´μ, ÎÉμ ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö ¶·μÖ¢²Ö¥É¸Ö ¢ ¸² ¡μ³

£· ¢¨É Í¨μ´´μ³ ¶μ²¥ ± ± ³ ¸¸  ¶μ±μÖ £· ¢¨Éμ´  mg:

λ =
m2

2
, m =

mgc

�
. (8)

’ ± · ¸±·Ò¢ ¥É¸Ö ¶·¨·μ¤  ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°. ˆ³¥´´μ μÉ¸Õ¤  ¸²¥-
¤Ê¥É, ÎÉμ μ´  ¤μ²¦´  ¡ÒÉÓ ¤μ¸É ÉμÎ´μ ³ ²μ° ¢¥²¨Î¨´μ°.

’¥¶¥·Ó, ¥¸²¨ ¨¸¶μ²Ó§μ¢ ÉÓ Éμ¦¤¥¸É¢μ 	ÓÖ´±¨ (3) ¢ Ê· ¢´¥´¨¨ (7), ¶·¥-
μ¡· §μ¢ ¢ ¥£μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ μ¡· §μ³, Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ μÎ¥´Ó ¢ ¦´μ¥
· ¢¥´¸É¢μ (¸³. ¶·¨²μ¦¥´¨¥ 	, · ¢¥´¸É¢μ (	.20)):

m2Dσg̃λσ =
√
−g 16πγλν∇μT μ

ν , (9)
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§¤¥¸Ó
g̃λσ =

√
−g gλσ.

’ ±¨³ μ¡· §μ³ ¢μ§´¨±²  ¶²μÉ´μ¸ÉÓ É¥´§μ·  g̃λσ, ¤²Ö ±μÉμ·μ° ¨§ · ¢¥´¸É¢  (9)
´  μ¸´μ¢ ´¨¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  (4) ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö

Dσg̃λσ = 0. (10)

�μ¸±μ²Ó±Ê Ê· ¢´¥´¨Ö (10) ¸²¥¤ÊÕÉ ¸μ£² ¸´μ (9) ¨§ Ê· ¢´¥´¨° ¢¥Ð¥¸É¢  (4),
¨Ì ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¢³¥¸Éμ Ê· ¢´¥´¨° (4).

’ ± ¢μ§´¨± ÕÉ Ê´¨¢¥·¸ ²Ó´Ò¥ μ¡Ð¥±μ¢ ·¨ ´É´Ò¥ ¶μ²¥¢Ò¥ Ê· ¢´¥´¨Ö (10),
±μÉμ·Ò¥ Éμ²Ó±μ ¢ ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥ ¢ £ ²¨²¥¥¢¸±¨Ì ±μμ·¤¨´ É Ì ¨³¥ÕÉ
É ±μ° ¦¥ ¢¨¤, ± ± £ ·³μ´¨Î¥¸±¨¥ Ê¸²μ¢¨Ö ”μ± .

’ ±¨³ μ¡· §μ³, ¸¨¸É¥³  Ê· ¢´¥´¨° (4) ¨ (7) ¸ ÊÎ¥Éμ³ (8) ¨ (9) ¸¢¥² ¸Ó
± ¸¨¸É¥³¥ Ê· ¢´¥´¨° �’ƒ, ±μÉμ· Ö, ± ± ¶μ± § ´μ ¢ [1], ¸²¥¤Ê¥É É ±¦¥ ¨§
¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö:

Rμν − m2

2
(gμν − γμν) = 8π

(
Tμν − 1

2
gμνT

)
, (11)

Dσg̃λσ = 0. (12)

“· ¢´¥´¨Ö (12) ¢ ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥ ¢ £ ²¨²¥¥¢¸±¨Ì ±μμ·¤¨´ É Ì ¶·¨´¨-
³ ÕÉ ¢¨¤

∂σ g̃λσ = 0, (13)

´μ μ´¨ É¥¶¥·Ó Ö¢²ÖÕÉ¸Ö ´¥ £ ·³μ´¨Î¥¸±¨³¨ Ê¸²μ¢¨Ö³¨,   Ê´¨¢¥·¸ ²Ó´Ò³¨
Ê· ¢´¥´¨Ö³¨ ¶μ²Ö.

“· ¢´¥´¨Ö (13)  ´ ²μ£¨Î´Ò Ê¸²μ¢¨Õ ‹μ·¥´Í  ¢ Ô²¥±É·μ¤¨´ ³¨±¥, ±μÉμ·μ¥
¶·¨ ´ ²¨Î¨¨ ³ ¸¸Ò ¶μ±μÖ ËμÉμ´  ¸É ´μ¢¨É¸Ö μ¡Ö§ É¥²Ó´Ò³ ¤²Ö ¸μÌ· ´¥´¨Ö
Éμ± . “· ¢´¥´¨Ö (13) ¨¸±²ÕÎ ÕÉ ¨§ ¶²μÉ´μ¸É¨ g̃λσ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É -
¢²¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¨´ ³ 1 ¨ 0′, μ¸É ¢²ÖÖ Éμ²Ó±μ ¶·¥¤¸É ¢²¥´¨Ö, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¨´ ³ 2 ¨ 0. �É¸Õ¤ , ¥¸É¥¸É¢¥´´μ, ¨³¥´´μ ¢¥²¨Î¨´Ê g̃λσ ¨
¸²¥¤Ê¥É ¸¢Ö§ ÉÓ ¸ ¶²μÉ´μ¸ÉÓÕ £· ¢¨É Í¨μ´´μ£μ É¥´§μ·´μ£μ ¶μ²Ö φ̃λσ .

�·¨ μÉ¸ÊÉ¸É¢¨¨ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Ê· ¢´¥´¨Ö (11) ¨ (12)
Éμ¦¤¥¸É¢¥´´μ Ê¤μ¢²¥É¢μ·ÖÕÉ¸Ö, ¥¸²¨ ¶μ²μ¦¨ÉÓ

g̃λσ = γ̃λσ, γ̃λσ =
√
−γ γλσ. (14)

’¥´§μ·´μ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ φ̃λσ ¥¸É¥¸É¢¥´´μ μ¶·¥¤¥²¨ÉÓ ¸μμÉ´μÏ¥´¨¥³

g̃λσ = γ̃λσ + φ̃λσ , φ̃λσ =
√
−γ φλσ . (15)

ˆ³¥´´μ ¤ ´´μ¥ μ¶·¥¤¥²¥´¨¥ ¶μ²Ö ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¢ ¸² ¡μ³ ¸É É¨Î¥¸±μ³
£· ¢¨É Í¨μ´´μ³ ¶μ²¥, ±μ£¤  ¢¥Ð¥¸É¢μ μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ μ¤´μ° ±μ³¶μ´¥´-
Éμ° ¶²μÉ´μ¸É¨ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢ 

√−gT 00, ¸μ§¤ ¢ ¥³μ¥ ¥Õ
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£· ¢¨É Í¨μ´´μ¥ ¶μ²¥ μ¶¨¸Ò¢ ¥É¸Ö É ±¦¥ μ¤´μ° ±μ³¶μ´¥´Éμ° ¶²μÉ´μ¸É¨ É¥´-
§μ·  φ̃00.

’ ±¨³ μ¡· §μ³, ¸μ¢¥·Ï¥´´μ ¶·μ¸Éμ¥, ´μ Ë¨§¨Î¥¸±¨ ´¥μ¡Ìμ¤¨³μ¥ ¶·¨
λ �= 0 ¨§³¥´¥´¨¥ Ê· ¢´¥´¨° (1) μ± § ²μ¸Ó ¶·¨´Í¨¶¨ ²Ó´Ò³, ¶μ¸±μ²Ó±Ê μ´μ
¢Ò¢¥²μ ´ ¸ ¨§ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  ¨ ¶·¨¢¥²μ ± ¶μ´ÖÉ¨Õ Ë¨§¨Î¥¸±μ£μ
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö φ̃λσ , · §¢¨¢ ÕÐ¥£μ¸Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ ¸
³¥É·¨±μ° γμν , ¨ ¢ Éμ ¦¥ ¢·¥³Ö ¶·¥¢· É¨²μ ·¨³ ´μ¢μ ¶·μ¸É· ´¸É¢μ ¢ ÔËË¥±-
É¨¢´μ¥ ¸ ¶·μ¸Éμ° Éμ¶μ²μ£¨¥°, ÎÉμ ¨ ´ Ï²μ μÉ· ¦¥´¨¥ ¢ Ê· ¢´¥´¨ÖÌ (11) ¨
(12) ¨ ¸¢Ö§¨ ·¨³ ´μ¢μ° ³¥É·¨±¨ ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (15).

„²Ö ¢¸¥Ì £· ¢¨É Í¨μ´´ÒÌ ÔËË¥±Éμ¢ ¢ ‘μ²´¥Î´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨Ö (11)
¨ (12) ¨§-§  μÎ¥´Ó ¸² ¡μ£μ ¢²¨Ö´¨Ö Î²¥´ , ¸μ¤¥·¦ Ð¥£μ ³ ¸¸Ê ¶μ±μÖ £· ¢¨-
Éμ´ , ¶·¨¢μ¤ÖÉ ± É¥³ ¦¥ ·¥§Ê²ÓÉ É ³, ÎÉμ ¨ ¢ �’�, ´μ Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥,
¥¸²¨ É ³ ¢§ÖÉÒ £ ·³μ´¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ. ˆ³¥´´μ É ± ¢ �’� ¢ £ ·³μ´¨Î¥-
¸±¨Ì ±μμ·¤¨´ É Ì ‚.�.”μ± ¢ÒÎ¨¸²Ö² £· ¢¨É Í¨μ´´Ò¥ ÔËË¥±ÉÒ ¢ ‘μ²´¥Î´μ°
¸¨¸É¥³¥.

”Ê´¤ ³¥´É ²Ó´μ¥ μÉ²¨Î¨¥ ¢μ§´¨± ¥É ¤²Ö ¸¨²Ó´ÒÌ £· ¢¨É Í¨μ´´ÒÌ ¶μ²¥°.
�É¨ μÉ²¨Î¨Ö ¶·μ¨¸Ìμ¤ÖÉ ¨§-§  ÔËË¥±É  ®¸ ³μμ£· ´¨Î¥´¨Ö¯ £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö. •μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¸μ£² ¸´μ �’� £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ μ¡² ¤ ¥É
¸¢μ°¸É¢μ³ § ³¥¤²ÖÉÓ Ìμ¤ ¢·¥³¥´¨, ´¥ μ£· ´¨Î¨¢ Ö ¶·¨ ÔÉμ³ ¸ ³ ¶·μÍ¥¸¸ § -
³¥¤²¥´¨Ö. ‚ É¥μ·¨¨, μ¶¨¸Ò¢ ¥³μ° Ê· ¢´¥´¨Ö³¨ (11) ¨ (12), £· ¢¨É Í¨μ´´μ¥
¶μ²¥ μ¡² ¤ ¥É ´¥ Éμ²Ó±μ ¸¢μ°¸É¢μ³ § ³¥¤²ÖÉÓ Ìμ¤ ¢·¥³¥´¨ ¶μ ¸· ¢´¥´¨Õ
¸ ¨´¥·Í¨ ²Ó´Ò³, ´μ ¨ ´μ¢Ò³ ¸¢μ°¸É¢μ³: μ¸É ´ ¢²¨¢ ÉÓ ¶·μÍ¥¸¸ § ³¥¤²¥´¨Ö
Ìμ¤  ¢·¥³¥´¨ ¨ É¥³ ¸ ³Ò³ μ¸É ´ ¢²¨¢ ÉÓ ¨ ¶·μÍ¥¸¸ ¸¦ É¨Ö ¢¥Ð¥¸É¢  £· ¢¨-
É Í¨μ´´Ò³ ¶μ²¥³. ˆ³¥´´μ ÔÉμ ¸¢μ°¸É¢μ ¨ ¶μ²ÊÎ¨²μ ´ §¢ ´¨¥ ®¸ ³μμ£· ´¨-
Î¥´¨Ö¯ ¶μ²Ö.

�μ± ¦¥³, ¸²¥¤ÊÖ Ê· ¢´¥´¨Ö³ (11) ¨ (12), ´  ¶·¨³¥·¥ μ¤´μ·μ¤´μ° ¨ ¨§μ-
É·μ¶´μ° ‚¸¥²¥´´μ°, ± ± ¶·μ¨¸Ìμ¤¨É ÔÉμ ®¸ ³μμ£· ´¨Î¥´¨¥¯ ¨ ± ± μ´μ ¸± -
§Ò¢ ¥É¸Ö ´  Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°.

‚ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ°, ±μ£¤  ¶·μ¸É· ´¸É¢μ Œ¨´±μ¢¸±μ£μ
μ¶¨¸Ò¢ ¥É¸Ö ¨´É¥·¢ ²μ³ dσ2:

dσ2 = c2 dτ2

a6
− (dr2 + r2dθ2 + r2 sin2 θ dφ2),

¨´É¥·¢ ² ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  ds2 ¸μ£² ¸´μ Ê· ¢´¥´¨Ö³ (12)
¨³¥¥É ¢¨¤

ds2 = c2dτ2 − β4a2(τ)(dr2 + r2dθ2 + r2 sin2 θ dφ2), (16)

ÎÉμ μ§´ Î ¥É, ÎÉμ ‚¸¥²¥´´ Ö ¡¥¸±μ´¥Î´  ¨ μ´  ¶²μ¸± Ö, É. ¥. ¶·μ¸É· ´¸É¢¥´´ Ö
£¥μ³¥É·¨Ö ¥¢±²¨¤μ¢ . ‡¤¥¸Ó β Å ¶μ¸ÉμÖ´´ Ö ¨´É¥£·¨·μ¢ ´¨Ö.

‘μ¡¸É¢¥´´μ¥ ¢·¥³Ö dτ ¸¢Ö§ ´μ ¸ ¨´¥·Í¨ ²Ó´Ò³ ¢·¥³¥´¥³ dt ¸μμÉ´μÏ¥-
´¨¥³

dτ = a3(τ)dt. (17)
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Œ ¸ÏÉ ¡´Ò° Ë ±Éμ· a(τ) ¸μ£² ¸´μ (11) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Ö³

ä(τ)
a

= −4πG

3

(
ρ +

3p

c2

)
− (mc)2

6

(
1 − 1

a6

)
, (18)

( ȧ

a

)2

=
8πG

3
ρ(τ) − (mc)2

6

(
1 − 3

2β4a2
+

1
2a6

)
. (19)

�μ¸±μ²Ó±Ê ²¥¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (19) ´¥μÉ·¨Í É¥²Ó´ ,   ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢ 
¢ · ¤¨ Í¨μ´´μ-¤μ³¨´ ´É´μ° ¸É ¤¨¨ · ¸É¥É ¶·¨ Ê³¥´ÓÏ¥´¨¨ a ± ± a−4, μÉ·¨-
Í É¥²Ó´Ò° Î²¥´ ¢ (19) ¶·¨ ³ ¸¸¥ £· ¢¨Éμ´ 

− (mc)2

12a6

³μ¦¥É ¡ÒÉÓ ¸±μ³¶¥´¸¨·μ¢ ´ ²¨ÏÓ ¶·¨ ±μ´¥Î´μ³ §´ Î¥´¨¨ ³ ¸ÏÉ ¡´μ£μ Ë ±-
Éμ· 

amin =
( m2c2

32πGρmax

)1/6

. (20)

’ ±¨³ μ¡· §μ³, ¶·μÍ¥¸¸ § ³¥¤²¥´¨Ö Ìμ¤  ¢·¥³¥´¨ τ ¶μ ¸· ¢´¥´¨Õ ¸ ¨´¥·-
Í¨ ²Ó´Ò³ ¢·¥³¥´¥³ t ¸μ£² ¸´μ (17) ¨ (20) μ¸É ´ ¢²¨¢ ¥É¸Ö,   ¸²¥¤μ¢ É¥²Ó´μ,
μ¸É ´ ¢²¨¢ ¥É¸Ö ¨ ¶·μÍ¥¸¸ ¸¦ É¨Ö ¢¥Ð¥¸É¢ , ¤μ¸É¨£ Ö ´¥±μÉμ·μ£μ ±μ´¥Î´μ£μ
§´ Î¥´¨Ö ¶²μÉ´μ¸É¨ ρmax. �É  ¢¥²¨Î¨´  É¥μ·¨¥° ´¥ μ¶·¥¤¥²Ö¥É¸Ö. �´  ¸¢Ö-
§ ´  ¸ ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö ‚¸¥²¥´´μ°. ˆ³¥´´μ ¢¸¥ ÔÉμ ¨ Ê¸É· ´Ö¥É ±μ¸³μ-
²μ£¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ, ±μÉμ· Ö ¨³¥¥É ³¥¸Éμ ¢ �’�.

“¸±μ·¥´¨¥ ¢ ÉμÎ±¥ μ¸É ´μ¢±¨, ±μÉμ·μ¥ Ö¢¨²μ¸Ó ®Éμ²Î±μ³¯ ± · ¸Ï¨·¥´¨Õ
‚¸¥²¥´´μ°, · ¢´μ

ä

a

∣∣∣∣
τ=0

=
8πG

3
ρmax,

  ¸± ²Ö·´ Ö ±·¨¢¨§´  ¢ · ¤¨ Í¨μ´´μ-¤μ³¨´ ´É´μ° Ë §¥ ¢ ÉμÎ±¥ μ¸É ´μ¢±¨
· ¢´ 

R = −16πG

c2
ρmax.

� ²¨Î¨¥ ¸± ²Ö·´μ° ±·¨¢¨§´Ò R ¸¶μ¸μ¡¸É¢Ê¥É μ¡· §μ¢ ´¨Õ ·¥²ÖÉ¨¢¨¸É¸±μ£μ
·¥²¨±Éμ¢μ£μ £· ¢¨É Í¨μ´´μ£μ Ëμ´  ´¥ É¥¶²μ¢μ£μ ¶·μ¨¸Ìμ¦¤¥´¨Ö. ‚ �’�
¸± ²Ö·´ Ö ±·¨¢¨§´  ¢ · ¤¨ Í¨μ´´μ-¤μ³¨´ ´É´μ° Ë §¥ · ¢´  ´Ê²Õ,   ¶μÔÉμ³Ê
É ±μ° Ëμ´ ¢ ÔÉμ° Ë §¥ μ¡· §μ¢ ÉÓ¸Ö ´¥ ³μ¦¥É.

ˆ§ Ê· ¢´¥´¨Ö (19) ¸²¥¤Ê¥É, ÎÉμ ¢¥²¨Î¨´  ¸μ¢·¥³¥´´μ° ¶μ²´μ° μÉ´μ¸¨-
É¥²Ó´μ° ¶²μÉ´μ¸É¨ Ω0

tot ¸²¥£±  ¶·¥¢ÒÏ ¥É ¥¤¨´¨ÍÊ ¨ · ¢´ 

Ω0
tot = 1 +

1
6

(mgc
2

�H

)2

, (21)
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£¤¥ H Å ¸μ¢·¥³¥´´μ¥ §´ Î¥´¨¥ ¶μ¸ÉμÖ´´μ° • ¡¡² . ‚ �’� Éμ²Ó±μ ¤²Ö ¶²μ¸-
±μ° μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° Ω0

tot = 1.
’ ±¨³ μ¡· §μ³, ¨§ É¥μ·¨¨ ¸²¥¤Ê¥É, ÎÉμ ¶μ³¨³μ ´ ¡²Õ¤ ¥³μ° ³ É¥·¨¨ ¢μ

‚¸¥²¥´´μ° ¤μ²¦´  ¸ÊÐ¥¸É¢μ¢ ÉÓ ¡μ²ÓÏ Ö ¸±·ÒÉ Ö ³ ¸¸  ®É¥³´μ°¯ ³ É¥·¨¨.
ˆ§ �’� É ±μ° ¢Ò¢μ¤ ´¥ ¸²¥¤Ê¥É.

�μ¸±μ²Ó±Ê ¨§³¥·¥´¨Ö Ê£²μ¢μ°  ´¨§μÉ·μ¶¨¨ ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö ¸¨¸É¥-
³ É¨Î¥¸±¨ ¤ ÕÉ ¤²Ö ¸·¥¤´¥° ¢¥²¨Î¨´Ò Ω0

tot §´ Î¥´¨Ö, ´  ´¥¸±μ²Ó±μ ¶·μÍ¥´-
Éμ¢ ¶·¥¢ÒÏ ÕÐ¨¥ ¥¤¨´¨ÍÊ (´μ ¢ ¶·¥¤¥² Ì μÏ¨¡±¨ ´¥ ¶·μÉ¨¢μ·¥Î É §´ Î¥´¨Õ,
· ¢´μ³Ê ¥¤¨´¨Í¥), ¨§ ¸μμÉ´μÏ¥´¨Ö (21) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ´ ¨²ÊÎÏÊÕ ¢¥·Ì´ÕÕ
μÍ¥´±Ê ´  ³ ¸¸Ê £· ¢¨Éμ´ :

mg < 3,6 · 10−66 £. (22)

‚³¥¸É¥ ¸ É¥³ ¢ ¶·¥¤¥² Ì μÏ¨¡μ± ´ ¡²Õ¤¥´¨° ¤μ¶Ê¸É¨³μ

mg � 10−66 £. (23)

ƒ· ¢¨É Í¨μ´´μ¥ ¶μ²¥, ± ± ¨ ¢¸¥ ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¶μ²Ö, ´¥ ¤μ²¦´μ ¢Ò-
¢μ¤¨ÉÓ £¥μ¤¥§¨Î¥¸±ÊÕ ²¨´¨Õ ¤¢¨¦¥´¨Ö ¶·μ¡´μ£μ É¥²  ¢ ÔËË¥±É¨¢´μ³ ·¨³ -
´μ¢μ³ ¶·μ¸É· ´¸É¢¥ ´¥ Éμ²Ó±μ §  ±μ´Ê¸ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  ds2 = 0, ´μ
É ±¦¥ ¨ §  ±μ´Ê¸ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¸¢¥Éμ¢μ°
±μ´Ê¸ ¢ ÔËË¥±É¨¢´μ³ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¤μ²¦¥´ ¢¸¥£¤  ²¥¦ ÉÓ ¢´ÊÉ·¨
¸¢¥Éμ¢μ£μ ±μ´Ê¸  ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ. “Î¨ÉÒ¢ Ö ÔÉμ, ´  μ¸´μ¢ ´¨¨
(16) ¢μ§´¨± ¥É É·¥¡μ¢ ´¨¥

a � β.

�É¸Õ¤  ¥¸É¥¸É¢¥´´μ ¢Ò¡· ÉÓ ¶μ¸ÉμÖ´´ÊÕ ¨´É¥£·¨·μ¢ ´¨Ö β · ¢´μ°

β = amax.

’ ±¨³ μ¡· §μ³, ¸μ£² ¸´μ �’ƒ ´¥¢μ§³μ¦´μ ´¥μ£· ´¨Î¥´´μ¥ · ¸Ï¨·¥´¨¥
‚¸¥²¥´´μ°,   ¶μÔÉμ³Ê É¥μ·¨Ö ´¥¸μ¢³¥¸É¨³  ¸ ´ ²¨Î¨¥³ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ-
¸ÉμÖ´´μ°, μ¶¨¸Ò¢ ÕÐ¥° ¢ ±ÊÊ³´μ¥ ¸μ¸ÉμÖ´¨¥ ¢¥Ð¥¸É¢  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
μÉÉ ²±¨¢ ´¨Õ. „²Ö μ¡ÑÖ¸´¥´¨Ö ´ ¡²Õ¤ ¥³μ£μ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö Ê¸±μ·¥´¨Ö
· ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ° É·¥¡Ê¥É¸Ö ¸·¥¤  É¨¶  ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ Ê· ¢´¥´¨¥³
¸μ¸ÉμÖ´¨Ö

p = ωρ, −1 < ω < − 1
3

.

� ²¨Î¨¥ ³ ¸¸Ò ¶μ±μÖ £· ¢¨Éμ´  ¢ Ê· ¢´¥´¨¨ (19) μ¡¥¸¶¥Î¨¢ ¥É μ¸É ´μ¢±Ê
· ¸Ï¨·¥´¨Ö ¶·¨ ´ ²¨Î¨¨ ±¢¨´ÉÔ¸¸¥´Í¨¨. Œ¨´¨³ ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢ 
(¢ ³ ±¸¨³Ê³¥ · ¸Ï¨·¥´¨Ö) · ¢´ 

ρmin

ρ0
c

= Ω0
tot − 1 =

1
6

(mgc
2

�H

)2

, Ω0
tot =

ρ

ρ0
c

,
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£¤¥ ρ0
c Å ¸μ¢·¥³¥´´ Ö ±·¨É¨Î¥¸± Ö ¶²μÉ´μ¸ÉÓ, μ´  · ¢´ 

ρ0
c =

3H2

8πG
.

‘μ£² ¸´μ �’ƒ μ¤´μ·μ¤´ Ö ¨ ¨§μÉ·μ¶´ Ö ‚¸¥²¥´´ Ö · §¢¨¢ ¥É¸Ö Í¨±²¨Î¥-
¸±¨ μÉ ³ ±¸¨³ ²Ó´μ° ¶²μÉ´μ¸É¨ ¢¥Ð¥¸É¢  ¤μ ³¨´¨³ ²Ó´μ° ¨ É. ¤. Š· ¸´μ¥
¸³¥Ð¥´¨¥ ¢Ò§¢ ´μ ´¥ ¤¢¨¦¥´¨¥³ £ ² ±É¨±,   ¨§³¥´¥´¨¥³ £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö. ‚¥Ð¥¸É¢μ (¡¥§ ÊÎ¥É  ¶¥±Ê²Ö·´ÒÌ ¸±μ·μ¸É¥°) ´ Ìμ¤¨É¸Ö ¢ ¶μ±μ¥ μÉ´μ-
¸¨É¥²Ó´μ ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò. ’ ±¨³ μ¡· §μ³, ´¨± ±μ£μ ®¡μ²ÓÏμ£μ ¢§·Ò-
¢ ¯ ´¥ ¡Ò²μ,   ¡Ò²μ ¸μ¸ÉμÖ´¨¥ ¢¥Ð¥¸É¢  ¸ ¡μ²ÓÏμ° ¶²μÉ´μ¸ÉÓÕ ¨ ¢Ò¸μ±μ°
É¥³¶¥· ÉÊ·μ°. ’¥μ·¨Ö Ê¸É· ´Ö¥É ¨§¢¥¸É´Ò¥ ¶·μ¡²¥³Ò �’�: ¸¨´£Ê²Ö·´μ¸É¨,
¶·¨Î¨´´μ¸É¨ (£μ·¨§μ´É ), ¶²μ¸±μ¸É´μ¸É¨ (¥¢±²¨¤μ¢μ¸É¨).

�ËË¥±É ®¸ ³μμ£· ´¨Î¥´¨Ö¯ ¶μ²Ö ± ·¤¨´ ²Ó´μ ¨§³¥´Ö¥É ¨ Ô¢μ²ÕÍ¨Õ É¥²
¡μ²ÓÏ¨Ì ³ ¸¸. �´ É ± ¦¥, ± ± ¨ ¢μ ‚¸¥²¥´´μ°, μ¸É ´ ¢²¨¢ ¥É ¶·μÍ¥¸¸ § ³¥¤-
²¥´¨Ö Ìμ¤  ¢·¥³¥´¨ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³,   ¸²¥¤μ¢ É¥²Ó´μ, μ¸É ´ ¢²¨¢ ¥É
¨ ¶·μÍ¥¸¸ ¸¦ É¨Ö ¢¥Ð¥¸É¢ . ’ ± ÎÉμ ´¨± ±¨Ì ®Î¥·´ÒÌ ¤Ò·¯ μ¡· §μ¢ ÉÓ¸Ö ´¥
³μ¦¥É. �¡Ñ¥±ÉÒ ¡μ²ÓÏ¨Ì ³ ¸¸ ³μ£ÊÉ ¸ÊÐ¥¸É¢μ¢ ÉÓ ¨ μ¡² ¤ ÉÓ · §²¨Î´Ò³¨
Ë¨§¨Î¥¸±¨³¨ ¸¢μ°¸É¢ ³¨, ´μ μ´¨ ´¥ ¨¸Î¥§ ÕÉ ¨§ ´ Ï¥£μ ¶·μ¸É· ´¸É¢  ¨ ¤μ-
¸ÉÊ¶´Ò ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö.

�μ²¥¢μ° ¶μ¤Ìμ¤ ¨¸±²ÕÎ ¥É ¶μÖ¢²¥´¨¥ ¸¨´£Ê²Ö·´μ¸É¥° ³¥É·¨Î¥¸±¨Ì ±μ-
ÔËË¨Í¨¥´Éμ¢ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ , É ± ± ± ¶μÖ¢²¥´¨¥ É ±¨Ì μ¸μ¡¥´´μ¸É¥°
¶·¨¢¥²μ ¡Ò ± ¶μÖ¢²¥´¨Õ ¸¨´£Ê²Ö·´μ¸É¨ ¢ ¨´¢ ·¨ ´É Ì

gμνγμν , gμνγμν ,

±μÉμ·ÊÕ ´¥²Ó§Ö ¡Ò²μ ¡Ò Ê¸É· ´¨ÉÓ ¢ ·¥§Ê²ÓÉ É¥ ¢Ò¡μ·  ¸¨¸É¥³Ò ±μμ·¤¨´ É,  
¶μÔÉμ³Ê, ¥¸²¨, ´ ¶·¨³¥·, É ± Ö μ¸μ¡¥´´μ¸ÉÓ ¢μ§´¨±²  ¡Ò ¢ ¢ ±ÊÊ³¥, μ´  ¶·¨-
¢¥²  ¡Ò ± μ¸μ¡¥´´μ¸É¨ ¸± ²Ö·´μ° ±·¨¢¨§´Ò R, ±μÉμ· Ö ¸μ£² ¸´μ Ê· ¢´¥´¨Õ
(11) · ¢´ 

R = 2m2 − m2

2
(γμνgμν), (24)

  ¶μÔÉμ³Ê ¶·¨¢¥²  ¡Ò ± ´¥¢μ§³μ¦´μ¸É¨ ®¸Ï¨ÉÓ¯ ·¥Ï¥´¨¥ ¢ ¢¥Ð¥¸É¢¥ ¸ ·¥Ï¥-
´¨¥³ ¢ ¢ ±ÊÊ³¥.

� ¸¸³μÉ·¨³ ´¥¸É É¨Î¥¸±μ¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ¥ É¥²μ. �¡Ð¨° ¢¨¤
¨´É¥·¢ ²  ¤²Ö ´¥¸É É¨Î¥¸±μ£μ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ÔËË¥±É¨¢´μ£μ ·¨-
³ ´μ¢  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ Ëμ·³¥

ds2 = g00dt2 + 2g01dtdr + g11dr2 + g22dθ2 + g33dφ2,

£¤¥ ³¥É·¨Î¥¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ g00, g01, g11 ¨ g22 Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ · -
¤¨ ²Ó´μ° ¶¥·¥³¥´´μ° r ¨ ¢·¥³¥´¨ t,   g33 § ¢¨¸¨É É ±¦¥ μÉ Ê£²  θ. ‚¢¥¤¥³
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¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

g00(r, t) = U(r, t); g01(r, t) = −A(r, t);

g11(r, t) = −
[
V (r, t) − A2(r, t)/U(r, t)

]
; (25)

g22(r, t) = −W (r, t); g33(r, t, θ) = −W (r, t) sin2 θ.

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ μÉ²¨Î´Ò¥ μÉ ´Ê²Ö ±μ³¶μ´¥´ÉÒ É¥´§μ·  gμν ¨³¥ÕÉ
¢¨¤

g00(r, t) =
(

1
U

) (
1 − A2

UV

)
; g01(r, t) = − A

UV
;

g11(r, t) = − 1
V

; g22(r, t) = − 1
W

; g33(r, t, θ) = − 1
W sin2 θ

.

(26)

„²Ö ¨´É¥·¢ ²  ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ dσ2:

dσ2 = dt2 − dr2 − r2(dθ2 + sin2 θ dφ2),

´  μ¸´μ¢ ´¨¨ (24) ¨ (26) ¨³¥¥³

R = 2m2 − m2

2

[
1
U

(
1 − A2

UV

)
+

1
V

+
2r2

W

]
. (27)

„²Ö ¸É É¨Î¥¸±μ£μ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ É¥²  ¢ ¸¨²Ê Ê· ¢´¥´¨° (12)
A = 0. ‚¥²¨Î¨´Ò U , V , W ¤μ²¦´Ò ¡ÒÉÓ μÉ²¨Î´Ò³¨ μÉ ´Ê²Ö, ¶μ¸±μ²Ó±Ê
¢ ¶·μÉ¨¢μ¶μ²μ¦´μ³ ¸²ÊÎ ¥ ¸± ²Ö·´ Ö ±·¨¢¨§´  μ¡· É¨É¸Ö ¢ ¡¥¸±μ´¥Î´μ¸ÉÓ,
±μÉμ·ÊÕ ´¥²Ó§Ö Ê¸É· ´¨ÉÓ ¢Ò¡μ·μ³ ¸¨¸É¥³Ò ±μμ·¤¨´ É,   ¶μÔÉμ³Ê ¡Ê¤¥É ´¥-
¢μ§³μ¦´μ ®¸Ï¨ÉÓ¯ ¢´¥Ï´¥¥ ·¥Ï¥´¨¥ ¸ ¢´ÊÉ·¥´´¨³. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¢
�’ƒ Ï¢ ·ÍÏ¨²Ó¤μ¢¸± Ö μ¸μ¡¥´´μ¸ÉÓ μÉ¸ÊÉ¸É¢Ê¥É, ÎÉμ ¨ ¶·¨¢μ¤¨É ± μ¸É -
´μ¢±¥ ¶·μÍ¥¸¸  § ³¥¤²¥´¨Ö ¢·¥³¥´¨ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³,   ¸²¥¤μ¢ É¥²Ó´μ,
¨ ± μ¸É ´μ¢±¥ ¶·μÍ¥¸¸  ¸¦ É¨Ö ¢¥Ð¥¸É¢ . ’ ±¨³ μ¡· §μ³ Ê¸É· ´ÖÕÉ¸Ö ¸ ³¨
¨¸Éμ±¨ ¶·μ¡²¥³Ò, μÉ±Ê¤  ¢μ§´¨±²¨ ®Î¥·´Ò¥ ¤Ò·Ò¯. ‚¸¥ ÔÉμ ´ Ìμ¤¨É¸Ö ¢
¸μμÉ¢¥É¸É¢¨¨ ¸ ¨´ÉÊ¨Í¨¥° �.�°´ÏÉ¥°´  [7]: ®�¸´μ¢´Ò³ ·¥§Ê²ÓÉ Éμ³ ¶·μ¢¥-
¤¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö Ö¢²Ö¥É¸Ö Î¥É±μ¥ ¶μ´¨³ ´¨¥ Éμ£μ, ÎÉμ ¢ ·¥ ²Ó´μ³ ³¨·¥
μÉ¸ÊÉ¸É¢ÊÕÉ Ï¢ ·ÍÏ¨²Ó¤μ¢¸±¨¥ ¸¨´£Ê²Ö·´μ¸É¨ (¢Ò¤¥²¥´μ ´ ³¨. Å �¢Éμ·Ò)¯.
ˆ ¤ ²¥¥: ®˜¢ ·ÍÏ¨²Ó¤μ¢¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ μÉ¸ÊÉ¸É¢Ê¥É, É ± ± ± ¢¥Ð¥¸É¢μ
´¥²Ó§Ö ±μ´Í¥´É·¨·μ¢ ÉÓ ¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³; ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ Î ¸É¨ÍÒ,
μ¡· §ÊÕÐ¨¥ ¸±μ¶²¥´¨Ö, ¤μ¸É¨£´ÊÉ ¸±μ·μ¸É¨ ¸¢¥É ¯.

�μ¸±μ²Ó±Ê ¢Ò¢μ¤Ò �’ƒ μÉ´μ¸¨É¥²Ó´μ ¡μ²ÓÏ¨Ì ³ ¸¸ É¥² ¶·¨´Í¨¶¨ ²Ó´μ
μÉ²¨Î ÕÉ¸Ö μÉ ¢Ò¢μ¤μ¢ �’�, Éμ ¤²Ö ¶·μ¢¥·±¨ ´¥μ¡Ìμ¤¨³Ò ¡μ²¥¥ ¤¥É ²Ó´Ò¥
¤ ´´Ò¥ ´ ¡²Õ¤¥´¨°. � ¶·¨³¥·, ¢ �’ƒ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö  ±±·¥Í¨Ö
¢¥Ð¥¸É¢  ´  μ¡Ñ¥±É ¡μ²ÓÏμ° ³ ¸¸Ò, ´ Ìμ¤ÖÐ¨°¸Ö ´  § ±²ÕÎ¨É¥²Ó´μ° ¸É ¤¨¨
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Ô¢μ²ÕÍ¨¨ (±μ£¤  Ö¤¥·´Ò¥ ·¥¸Ê·¸Ò ¨¸Î¥·¶ ´Ò), ¡Ê¤¥É ¸μ¶·μ¢μ¦¤ ÉÓ¸Ö §´ Î¨-
É¥²Ó´Ò³ Ô´¥·£μ¢Ò¤¥²¥´¨¥³ ¨§-§  ¶ ¤¥´¨Ö ¢¥Ð¥¸É¢  ´  ¶μ¢¥·Ì´μ¸ÉÓ μ¡Ñ¥±É .
’μ£¤  ± ± ¢ �’� ¶·¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ°  ±±·¥Í¨¨ ¢¥Ð¥¸É¢  ´  ®Î¥·-
´ÊÕ ¤Ò·Ê¯ Ô´¥·£μ¢Ò¤¥²¥´¨¥ ¡Ê¤¥É ±· °´¥ ³ ²Ò³, ¶μ¸±μ²Ó±Ê ¶ ¤ ÕÐ¥¥ ¢¥Ð¥-
¸É¢μ Ê´μ¸¨É Ô´¥·£¨Õ ¢ ®Î¥·´ÊÕ ¤Ò·Ê¯. ®—¥·´ Ö ¤Ò· ¯ ´¥ ¨³¥¥É ³ É¥·¨ ²Ó´μ°
¶μ¢¥·Ì´μ¸É¨. ‘²¥¤Ê¥É É ±¦¥ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ®Î¥·´ Ö ¤Ò· ¯ ¢μ¶·¥±¨ · ¸¶·μ-
¸É· ´¥´´μ³Ê ³´¥´¨Õ ´¥ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ �’�. 	μ²¥¥ Éμ£μ, ÔÉμ ´ ¶· ¢²¥-
´¨¥ ¨¸¸²¥¤μ¢ ´¨° ¶·μÉ¨¢μ·¥Î¨É μ¸´μ¢ ³ �’�, ¶μ¸±μ²Ó±Ê ´ ·ÊÏ ¥É ¢ ¦´¥°-
Ï¥¥ ¶μ²μ¦¥´¨¥ �°´ÏÉ¥°´  [8]: ®�·¨§´ ÉÓ ¢¸¥ ³Ò¸²¨³Ò¥ (³Ò ´¥ ¡Ê¤¥³ §¤¥¸Ó
± ¸ ÉÓ¸Ö ´¥±μÉμ·ÒÌ μ£· ´¨Î¥´¨°, ¢ÒÉ¥± ÕÐ¨Ì ¨§ É·¥¡μ¢ ´¨Ö μ¤´μ§´ Î´μ¸É¨
¨ ´¥¶·¥·Ò¢´μ¸É¨) ±μμ·¤¨´ É´Ò¥ ¸¨¸É¥³Ò ¶·¨´Í¨¶¨ ²Ó´μ · ¢´μ¶· ¢´Ò³¨ ¤²Ö
μ¶¨¸ ´¨Ö ¶·¨·μ¤Ò¯.

’μ ¶·μ¸É¥°Ï¥¥ ¨§³¥´¥´¨¥, ±μÉμ·μ¥ ¡Ò²μ ¸¤¥² ´μ ¢ Ê· ¢´¥´¨ÖÌ �°´-
ÏÉ¥°´  (1), ± ± ³Ò ¢¨¤¨³, μ± § ²μ¸Ó ¶·¨´Í¨¶¨ ²Ó´Ò³, ¶μ¸±μ²Ó±Ê ¶·¨¢¥²μ
± ± ·¤¨´ ²Ó´μ ¤·Ê£¨³ Ë¨§¨Î¥¸±¨³ ¢Ò¢μ¤ ³. �μ Éμ£¤  ÔÉμ ¡Ò²μ, ¶μ-¢¨¤¨³μ³Ê,
É·Ê¤´μ μ¸ÊÐ¥¸É¢¨ÉÓ, ¶μ¸±μ²Ó±Ê ¢ ¸¨²Ê ¶·¨´Í¨¶  Ô±¢¨¢ ²¥´É´μ¸É¨ · ¸¸³ É·¨-
¢ ²μ¸Ó Éμ²Ó±μ ·¨³ ´μ¢μ ¶·μ¸É· ´¸É¢μ. �Éμ ¡Ò²μ É·Ê¤´μ ¸¤¥² ÉÓ ¨ ¶μÉμ³Ê, ÎÉμ
³¥É·¨Î¥¸±μ¥ ¶μ²¥ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ γμν É ±¦¥ ¸Î¨É ²μ¸Ó £· ¢¨É -
Í¨μ´´Ò³ ¶μ²¥³. �¥ ¡Ò²μ μ¸μ§´ ´μ £² ¢´μ¥: ¸¶¥Í¨ ²Ó´ Ö É¥μ·¨Ö μÉ´μ¸¨É¥²Ó-
´μ¸É¨ Å ÔÉμ ¶¸¥¢¤μ¥¢±²¨¤μ¢  £¥μ³¥É·¨Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨,   ¶μÔÉμ³Ê
³¥É·¨Î¥¸±μ¥ ¶μ²¥ γμν(x) ´¥ ¨³¥¥É ´¨± ±μ£μ μÉ´μÏ¥´¨Ö ± £· ¢¨É Í¨¨.

‚¸¥ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ¨ ´¥ ¶μ§¢μ²¨²¨ μ¸ÊÐ¥¸É¢¨ÉÓ É¥Ì´¨Î¥¸±¨ ¶·μ¸Éμ°,
´μ Ë¨§¨Î¥¸±¨ ¶·¨´Í¨¶¨ ²Ó´Ò° Ï £. ƒ· ¢¨É Í¨μ´´μ¥ ¶μ²¥ ´¥ · ¸¸³ É·¨¢ -
²μ¸Ó ± ± Ë¨§¨Î¥¸±μ¥ ¶μ²¥, · §¢¨¢ ÕÐ¥¥¸Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ·Ò ¢Ò· ¦ ÕÉ £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ  ± ¤¥³¨±Ê ���
‚. ƒ.K ¤ÒÏ¥¢¸±μ³Ê, ¶·μË¥¸¸μ· ³ ‚.�.�¥É·μ¢Ê, �. …. ’Õ·¨´Ê §  Í¥´´Ò¥ μ¡-
¸Ê¦¤¥´¨Ö.

��ˆ‹�†…�ˆ… �

„²Ö ²Õ¡μ° § ¤ ´´μ° ¶²μÉ´μ¸É¨ ² £· ´¦¨ ´  L, ¶·¨ ¡¥¸±μ´¥Î´μ ³ ²μ³
¨§³¥´¥´¨¨ ±μμ·¤¨´ É, ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö

S =
∫

Ld4x

¡Ê¤¥É · ¢´  ´Ê²Õ. ‚ÒÎ¨¸²¨³ ¢ ·¨ Í¨Õ ¤¥°¸É¢¨Ö μÉ ¶²μÉ´μ¸É¨ ² £· ´¦¨-
 ´  LM

SM =
∫

LM (g̃μν , ΦA)d4x

¢¥Ð¥¸É¢  ¨ Ê¸É ´μ¢¨³ ¸¨²Ó´μ¥ Éμ¦¤¥¸É¢μ. �·¨ ¶·¥μ¡· §μ¢ ´¨¨ ±μμ·¤¨´ É

x′μ = xμ + ξμ(x), (�.1)
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£¤¥ ξμ(x) Ä ¡¥¸±μ´¥Î´μ ³ ²Ò° Î¥ÉÒ·¥Ì¢¥±Éμ· ¸³¥Ð¥´¨Ö, ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö
¶·¨ ±μμ·¤¨´ É´μ³ ¶·¥μ¡· §μ¢ ´¨¨ · ¢´ 

δcSM =
∫

d4x

(
δLM

δg̃μν
δLg̃μν +

δLM

δΦA
δLΦA + div

)
= 0. (�.2)

‚ ÔÉμ³ ¢Ò· ¦¥´¨¨ div μ¡μ§´ Î ¥É ¤¨¢¥·£¥´Í¨ ²Ó´Ò¥ Î²¥´Ò, ±μÉμ·Ò¥ ´¥¸ÊÐ¥-
¸É¢¥´´Ò ¤²Ö ´ Ï¨Ì Í¥²¥°.

�°²¥·μ¢  ¢ ·¨ Í¨Ö μ¶·¥¤¥²¥´ , ± ± μ¡ÒÎ´μ:

δL

δΦ
≡ ∂L

∂Φ
− ∂μ

∂L

∂(∂μΦ)
+ ∂μ∂ν

∂L

∂(∂μ∂νΦ)
.

‚ ·¨ Í¨¨ ‹¨ δLg̃μν , δLΦA ¶·¨ ¨§³¥´¥´¨¨ ±μμ·¤¨´ É ²¥£±μ ¢ÒÎ¨¸²ÖÕÉ¸Ö, ¥¸²¨
¨¸¶μ²Ó§μ¢ ÉÓ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¢¥²¨Î¨´ gμν, ΦA:

δLg̃μν = g̃λμDλξν + g̃λνDλξμ − Dλ(ξλg̃μν),

δLΦA = −ξλDλΦA + FB;λ
A;σ ΦBDλξσ,

(�.3)

Dλ Å ±μ¢ ·¨ ´É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ. �μ¤¸É ¢²ÖÖ
ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ (�.2) ¨ ¨´É¥£·¨·ÊÖ ¶μ Î ¸ÉÖ³, ¶μ²ÊÎ ¥³

δSM =
∫

d4x

{
−ξλ

[
Dα

(
2
δLM

δg̃λν
g̃αν

)
− Dλ

(
δLM

δg̃αβ

)
g̃αβ+

+ Dσ

(
δLM

δΦA
FB;σ

A;λ ΦB

)
+

δLM

δΦA
DλΦA

]
+ div

}
= 0. (�.4)

‚ ¸¨²Ê ¶·μ¨§¢μ²Ó´μ¸É¨ ¢¥±Éμ·  ξλ ¨§ ÔÉμ£μ · ¢¥´¸É¢  ´ Ìμ¤¨³ ¸¨²Ó´μ¥
Éμ¦¤¥¸É¢μ, ¸¶· ¢¥¤²¨¢μ¥ ´¥§ ¢¨¸¨³μ μÉ ¢Ò¶μ²´¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¤²Ö
¶μ²¥°. �´μ ¨³¥¥É ¢¨¤

Dα

(
2
δLM

δg̃λν
g̃αν

)
− Dλ

(
δLM

δg̃αβ

)
g̃αβ =

= −Dσ

(
δLM

δΦA
FB;σ

A;λ ΦB

)
− δLM

δΦA
DλΦA. (�.5)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö:

Tμν = 2
δLM

δgμν
, T μν = −2

δLM

δgμν
= gμαgνβTαβ ,

T = T μνgμν , T̃μν = 2
δLM

δg̃μν
, (�.6)

T̃ μν = −2
δLM

δg̃μν
= g̃μαg̃νβ T̃αβ, T̃ = T̃ αβ g̃αβ.
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“Î¨ÉÒ¢ Ö ÔÉ¨ μ¡μ§´ Î¥´¨Ö, ²¥¢ÊÕ Î ¸ÉÓ Éμ¦¤¥¸É¢  (�.5) ³μ¦´μ § ¶¨¸ ÉÓ ¢
¢¨¤¥

Dα(T̃λν g̃αν) − 1
2

g̃αβDλT̃αβ = ∂α(T̃λν g̃αν) − 1
2

g̃αβ∂λT̃αβ.

�· ¢ Ö Î ¸ÉÓ ÔÉμ£μ · ¢¥´¸É¢  ²¥£±μ ¶·¨¢μ¤¨É¸Ö ± Ëμ·³¥

∂α(T̃λν g̃αν) − 1
2

g̃αβ∂λT̃αβ = g̃λν∇α

(
T̃ αν − 1

2
g̃αν T̃

)
, (�.7)

§¤¥¸Ó ∇α Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥.
‚Ò· §¨³ É¥¶¥·Ó ¢Ò· ¦¥´¨¥ ¶μ¤ §´ ±μ³ ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ∇α

Î¥·¥§ ¶²μÉ´μ¸ÉÓ É¥´§μ·  T αν . „²Ö ÔÉμ° Í¥²¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ° (‚.16)
(¸³. ¶·¨²μ¦¥´¨¥ ‚):

δLM

δgμν
=

δLM

δg̃αβ

∂g̃αβ

∂gμν
, (�.8)

£¤¥
∂g̃αβ

∂gμν
=

√
−g

∂gαβ

∂gμν
− 1

2
√−g

∂g

∂gμν
gαβ . (�.9)

ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö
gαβgβσ = δα

σ ,

´ °¤¥³
∂gαβ

∂gμν
= − 1

2
(gαμgνβ + gανgμβ). (�.10)

�μ ¶· ¢¨²Ê ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö μ¶·¥¤¥²¨É¥²¥° ´ Ìμ¤¨³

dg = ggμνdgμν , (�.11)

μÉ±Ê¤  ¨³¥¥³
∂g

∂gμν
= ggμν . (�.12)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (�.10) ¨ (�.12) ¢ (�.9), ¶μ²ÊÎ¨³

∂g̃αβ

∂gμν
= − 1

2
√
−g

[
gαμgβν + gανgβμ − gμνgαβ

]
. (�.13)

ˆ¸¶μ²Ó§ÊÖ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¢ (�.8), ´ Ìμ¤¨³

δLM

δgμν
=

√
−g

(
δLM

δg̃αβ
gαμgβν − 1

2
δLM

δg̃αβ
gαβgμν

)
. (�.14)

“Î¨ÉÒ¢ Ö μ¡μ§´ Î¥´¨Ö (�.6), ÔÉμ ¢Ò· ¦¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

√
−gT μν = T̃ μν − 1

2
g̃μν T̃ . (�.15)
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�  μ¸´μ¢ ´¨¨ · ¢¥´¸É¢  (�.15) ¸¨²Ó´μ¥ Éμ¦¤¥¸É¢μ (�.5) ¸ ÊÎ¥Éμ³ (�.7)
¶·¨´¨³ ¥É ¢¨¤

gλν∇αT αν = −Dσ

(
δLM

δΦA
FB;σ

A;λ ΦB

)
− δLM

δΦA
DλΦA,

¨²¨ (�.16)

∇αT α
λ = −Dσ

(
δLM

δΦA
FB;σ

A;λ ΦB

)
− δLM

δΦA
DλΦA.

‡¤¥¸Ó, ¢ μÉ²¨Î¨¥ μÉ μ¸´μ¢´μ£μ É¥±¸É  ¸É ÉÓ¨, Î¥·¥§ T μν μ¡μ§´ Î¥´  ¶²μÉ-
´μ¸ÉÓ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢ .

��ˆ‹�†…�ˆ… �

�·¥¤¸É ¢¨³ Ê· ¢´¥´¨¥ (11)

Rμν − m2

2
(gμν − γμν) = 8π

(
Tμν − 1

2
gμνT

)
(	.1)

¢ Ëμ·³¥

Rμν − 1
2

gμνR +
m2

2

[
gμν +

(
gμαgνβ − 1

2
gμνgαβ

)
γαβ

]
= 8πT μν . (	.2)

�  μ¸´μ¢ ´¨¨ Éμ¦¤¥¸É¢  	ÓÖ´±¨

∇μ

(
Rμν − 1

2
gμνR

)
≡ 0 (	.3)

(§¤¥¸Ó ∇μ Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥) ¨§ Ê· ¢-
´¥´¨Ö (	.2) ¶μ¸²¥ ¶·¨³¥´¥´¨Ö ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ∇μ ´ Ìμ¤¨³
· ¢¥´¸É¢μ

m2

(
gμαgνβ − 1

2
gμνgαβ

)
∇μγαβ = 16π∇μT μν. (	.4)

� ³ ´¥μ¡Ìμ¤¨³μ ´¥¸±μ²Ó±μ Ê¶·μ¸É¨ÉÓ ²¥¢ÊÕ Î ¸ÉÓ · ¢¥´¸É¢  (	.4). „²Ö ÔÉμ°
Í¥²¨ ³Ò ¢Ò¢¥¤¥³ ·Ö¤ Ëμ·³Ê², ±μÉμ·Ò¥ ¨ ¶μ³μ£ÊÉ μ¸ÊÐ¥¸É¢¨ÉÓ Ê¶·μÐ¥´¨¥.

�·¨ ¢ÒÎ¨¸²¥´¨¨ ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢¸¥£¤  ¢μ§´¨± ÕÉ ´¥±μ¢ -
·¨ ´É´Ò¥ ¢¥²¨Î¨´Ò Å ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö, ´μ, ÎÉμ¡Ò ¨§¡¥¦ ÉÓ ¨Ì, ³Ò
¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö É¥´§μ·´Ò³¨ ¢¥²¨Î¨´ ³¨:

Gλ
μν =

1
2

gλσ(Dμgνσ + Dνgμσ − Dσgμν) = Γ λ
μν(x) − γλ

μν(x). (	.5)
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‡¤¥¸Ó Γ λ
μν Å ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ ; γλ

μν Å ¸¨³¢μ²Ò
Š·¨¸ÉμËË¥²Ö ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ; Dμ Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö
¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ.

‘μ£² ¸´μ É¥´§μ·´μ³Ê § ±μ´Ê ¨³¥¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§-
¢μ¤´ÒÌ ¢ ¢¨¤¥

∇λAμν = ∂λAμν − Γ σ
λμAσν − Γ σ

λνAμσ, (	.6)

DλAμν = ∂λAμν − γσ
λμAσν − γσ

λνAμσ . (	.7)

‚ÒÎ¨É Ö (	.7) ¨§ (	.6) ¨ ÊÎ¨ÉÒ¢ Ö (	.5), ¶μ²ÊÎ¨³

∇λAμν = DλAμν − Gσ
λμAσν − Gσ

λνAμσ . (	.8)

’ ±, ¨¸¶μ²Ó§ÊÖ É¥´§μ·´Ò¥ ¢¥²¨Î¨´Ò Gλ
μν , Ê¤ ¥É¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ±μ¢ ·¨-

 ´É´μ° ¶·μ¨§¢μ¤´μ° ¨³¥ÉÓ ¤¥²μ Éμ²Ó±μ ¸ É¥´§μ·´Ò³¨ ¸² £ ¥³Ò³¨, É¥³ ¸ ³Ò³
¸μÌ· ´Ö¥É¸Ö ±μ¢ ·¨ ´É´μ¸ÉÓ ´  ± ¦¤μ³ ÔÉ ¶¥ ¢ÒÎ¨¸²¥´¨°.

�  μ¸´μ¢ ´¨¨ (	.8) ¨³¥¥³

∇μγαβ = −Gσ
μαγσβ − Gσ

μβγσα, Dμγαβ ≡ 0. (	.9)

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ ²¥¢ÊÕ Î ¸ÉÓ (	.4), ¶μ²ÊÎ¨³

m2

(
gμαgνβ − 1

2
gμνgαβ

)
∇μγαβ = −m2gμαgνβγσβGσ

μα−

− m2γσβGσ
μα(gμβgνα − gμνgαβ). (	.10)

‚ ¢Ò· ¦¥´¨¨ (	.10) ¢Éμ·μ° Î²¥´ ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´ ´Ê²Õ, ¶μ¸±μ²Ó±Ê ¢ ´¥³
¶·μ¨§¢μ¤¨É¸Ö Ê³´μ¦¥´¨¥ É¥´§μ·  Gσ

μα, ¸¨³³¥É·¨Î´μ£μ ¶μ ¨´¤¥±¸ ³ μ ¨ α, ´ 
É¥´§μ·

gμβgνα − gμνgαβ ,

±μÉμ·Ò°  ´É¨¸¨³³¥É·¨Î¥´ ¶μ ¨´¤¥±¸ ³ μ ¨ α.
“Î¨ÉÒ¢ Ö ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ³Ò ¶μ²ÊÎ¨³ ¤²Ö ²¥¢μ£μ Î²¥´  ¢ (	.4) ¢Ò· -

¦¥´¨¥

m2

(
gμαgνβ − 1

2
gμνgαβ

)
∇μγαβ = −m2γσβ gμαgνβGσ

μα. (	.11)

ˆ§ μÎ¥¢¨¤´μ£μ · ¢¥´¸É¢ 

Dλ(gαβgστgβσ) = Dλ gατ

´ Ìμ¤¨³
gαβgστDλ gβσ = −Dλ gατ . (	.12)



584 ƒ…�˜’…‰� ‘.‘., ‹�ƒ“��‚ �.�., Œ…‘’‚ˆ�ˆ˜‚ˆ‹ˆ Œ.�.

‘ ÊÎ¥Éμ³ (	.5) ¨ (	.12) · ¢¥´¸É¢μ (	.11) ¶·¨´¨³ ¥É Ëμ·³Ê

m2

(
gμαgνβ − 1

2
gμνgαβ

)
∇μγαβ = m2γσβ gνβ(Dμgμσ + gσλGμ

λμ). (	.13)

‡¤¥¸Ó ³Ò ÊÎ²¨, ÎÉμ

Gμ
λμ =

1
2

gμσDλ gμσ. (	.14)

…¸²¨ É¥¶¥·Ó ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ

Dμ(
√
−g) =

√
−g Gσ

μσ , (	.15)

Éμ ¶μ²ÊÎ¨³ · ¢¥´¸É¢μ

Dμ g̃μσ = (Dμ gμσ + gσλGμ
λμ)

√
−g. (	.16)

�  μ¸´μ¢ ´¨¨ (	.16) ¢Ò· ¦¥´¨¥ (	.13) ¶·¨´¨³ ¥É ¢¨¤

m2

(
gμαgνβ − 1

2
gμνgαβ

)
∇μγαβ =

m2

√−g
γσβ gνβDμ g̃μσ. (	.17)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ (	.17) ¢ (	.4), ¶μ²ÊÎ¨³

m2γσβ gνβDμ g̃μσ =
√
−g 16π∇μT μν . (	.18)

“³´μ¦¨¢ μ¡¥ Î ¸É¨ · ¢¥´¸É¢  (	.18) ´  gνλ ¨ μ¸ÊÐ¥¸É¢¨¢ ¸Ê³³¨·μ¢ ´¨¥ ¶μ
μ¤¨´ ±μ¢Ò³ ¨´¤¥±¸ ³ ν, ´ Ìμ¤¨³

m2γσλ Dμ g̃μσ =
√
−g 16π∇μT μ

λ . (	.19)

’¥¶¥·Ó, Ê³´μ¦¨¢ μ¡¥ Î ¸É¨ · ¢¥´¸É¢  (	.19) ´  γλν ¨ μ¸ÊÐ¥¸É¢¨¢ ¸Ê³³¨·μ-
¢ ´¨¥ ¶μ λ, ¨³¥¥³

m2Dμ g̃μσ =
√
−g 16πγλν ∇μT μ

λ . (	.20)

’ ± ³Ò ¶μ²ÊÎ¨²¨ · ¢¥´¸É¢μ, ±μÉμ·μ¥ ¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ μ¸´μ¢´μ³ É¥±¸É¥ ¸É ÉÓ¨
(¸³. ¢Ò· ¦¥´¨¥ (9)).

��ˆ‹�†…�ˆ… ‚

“¸É ´μ¢¨³ ¸μμÉ´μÏ¥´¨¥

δL

δγμν
=

δL

δgαβ

∂gαβ

∂γμν
+

δ�L

δγμν
, (‚.1)



Š�‘Œ�‹�ƒˆ—…‘Š�Ÿ ��‘’�Ÿ���Ÿ ˆ ���‘’���‘’‚� Œˆ�Š�‚‘Š�ƒ� 585

§¤¥¸Ó

δL

δγμν
=

∂L

∂γμν
− ∂σ

(
∂L

∂γμν,σ

)
, (‚.2)

δL

δgμν
=

∂L

∂gαβ
− ∂σ

(
∂L

∂gαβ,σ

)
, (‚.3)

§¢¥§¤μÎ±μ° ¢ Ëμ·³Ê²¥ (‚.1) μ¡μ§´ Î¥´  ¢ ·¨ Í¨μ´´ Ö ¶·μ¨§¢μ¤´ Ö μÉ ¶²μÉ-
´μ¸É¨ ² £· ´¦¨ ´  ¶μ Ö¢´μ ¢Ìμ¤ÖÐ¥° ¢ L ³¥É·¨±¥ γμν . �μ¸²¥ ¤¨ËË¥·¥´Í¨-
·μ¢ ´¨Ö ¶μ²ÊÎ¨³

∂L

∂γμν
=

∂�L

∂γμν
+

∂L

∂gαβ,σ

∂gαβ,σ

∂γμν
+

∂L

∂gαβ

∂gαβ

∂γμν
, (‚.4)

∂L

∂γμν,σ
=

∂�L

∂γμν,σ
+

∂L

∂gαβ,τ

∂gαβ,τ

∂γμν,σ
. (‚.5)

�μ¤¸É ¢¨³ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ Ëμ·³Ê²Ê (‚.2):

∂L

∂γμν
− ∂σ

(
∂L

∂γμν,σ

)
=

δ�L

δγμν
+

∂L

∂gαβ,σ

∂gαβ,σ

∂γμν
+

+
∂L

∂gαβ

∂gαβ

∂γμν
− ∂σ

(
∂L

∂gαβ,τ

∂gαβ,τ

∂γμν,σ

)
=

δ�L

δγμν
+

∂L

∂gαβ

∂gαβ

∂γμν
−

− ∂σ

(
∂L

∂gαβ,τ

)
∂gαβ,τ

∂γμν,σ
+

∂L

∂gαβ,σ

[
∂gαβ,σ

∂γμν
− ∂ρ

(
∂gαβ,σ

∂γμν,ρ

)]
. (‚.6)

� ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥

∂gαβ,σ

∂γμν
− ∂ρ

(
∂gαβ,σ

∂γμν,ρ

)
. (‚.7)

„²Ö ÔÉμ° Í¥²¨ § ¶¨Ï¥³ ¶·μ¨§¢μ¤´ÊÕ gαβ,σ ¢ Ëμ·³¥

gαβ,σ =
∂gαβ

∂γλω
∂σγλω +

∂gαβ

∂Φλω
∂σΦλω, (‚.8)

μÉ¸Õ¤  ²¥£±μ ´ °É¨
∂gαβ,σ

∂γμν,ρ
=

∂gαβ

∂γμν
δρ
σ. (‚.9)

„¨ËË¥·¥´Í¨·ÊÖ ÔÉμ ¢Ò· ¦¥´¨¥, ¨³¥¥³

∂ρ

(
∂gαβ,σ

∂γμν,ρ

)
=

∂2gαβ

∂γμν∂γλω
∂σγλω +

∂2gαβ

∂γμν∂Φλω
∂σΦλω. (‚.10)
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¤¨ËË¥·¥´Í¨·ÊÖ (‚.8) ¶μ γμν , ¨³¥¥³

∂gαβ,σ

∂γμν
=

∂2gαβ

∂γμν∂γλω
∂σγλω +

∂2gαβ

∂γμν∂Φλω
∂σΦλω. (‚.11)

‘· ¢´¨¢ Ö (‚.10) ¨ (‚.11), ´ °¤¥³

∂gαβ,σ

∂γμν
− ∂ρ

(
∂gαβ,σ

∂γμν,ρ

)
= 0. (‚.12)

“Î¨ÉÒ¢ Ö ÔÉμ ¸μμÉ´μÏ¥´¨¥, ¢ (‚.6) ¶μ²ÊÎ ¥³

δL

δγμν
=

δ�L

δγμν
+

∂L

∂gαβ

∂gαβ

∂γμν
− ∂σ

(
∂L

∂gαβ,τ

)
∂gαβ,τ

∂γμν,σ
. (‚.13)

�μ¤¸É ¢²ÖÖ (‚.9) ¢ (‚.13), ´ °¤¥³

δL

δγμν
=

δ�L

δγμν
+

[
∂L

∂gαβ
− ∂σ

(
∂L

∂gαβ,σ

)]
∂gαβ

∂γμν
, (‚.14)

É. ¥.
δL

δγμν
=

δ�L

δγμν
+

δL

δgαβ

∂gαβ

∂γμν
. (‚.15)

�´ ²μ£¨Î´μ ¢ÒÎ¨¸²Ö¥É¸Ö

δL

δgαβ
=

δL

δg̃λρ

∂g̃λρ

∂gαβ
. (‚.16)

ˆ¸¶μ²Ó§ÊÖ (‚.16), ¢Ò· ¦¥´¨¥ (‚.15) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

δL

δγμν
=

δ�L

δγμν
+

δL

δg̃λρ

∂g̃λρ

∂γμν
. (‚.17)
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