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A review of the double asymptotic scaling phenomenon for the structure functions of the deep-
inelastic scattering process is presented as well as an analytical parameterization of the contributions
from the twist-two operators of the Wilson operator product expansion and power suppressed terms.
Higher-twist corrections to F» at small = are studied for the case of a flat initial condition for the
twist-two QCD evolution in the next-to-leading order approximation. Higher-twist terms are estimated
using two different approaches — one motivated by BFKL and the other motivated by the renormalon
formalism. The results of the latter approach are in very good agreement with deep-inelastic scattering
data from HERA.

JI H 0630p 1B Kbl CHMIITOTUYECKOTO IOAXON JUIS M3y4eHUs CTPYKTYPHbIX (PyHKIIMil Iporecc
[ITyOOKOHEYNIPYTOro p CCesHUs. P ccMOTpeHbI CTeleHHble MONp BKU K CTPYKTYpHOH (yHKimu Fp
B OO CTH M JIBIX 3H YEHHIl NepeMeHHON BhepkeH « I Ciyd s IUIOCKHX H 9 JIBHBIX YCITOBHI
Q?-spomor KX]I B MepBEIX ABYX MOPSIK X TEOPHH BO3MYIIEHWI. BHII CTENEHHBIX TIONp BOK M3ydeH
B P MK X [ByX P 3/IMYHBIX IOAXOHOB: H OCHOBe yp BHeHus b smukoro—@ gun —Kyp es —JIun ToB
U C HUCIIONB30B HUEM Pe3ylbT TOB PEHOPM JIOHOB. B mocienneM ciiyd e H iiieHo Xopoluee cor cue ¢
9KCIEPUMEHT JIbHBIMH [ HHBIMU, MOJIy4eHHbIMH H yckoputene HERA.

PACS: 12.38,-t; 12.38.Bx; 12.38.Cy; 13.60.Hb

INTRODUCTION

For more than a decade, various models on the behavior of quarks and gluons
at small =z have been confronted with a large amount of experimental data from
HERA on the deep-inelastic scattering (DIS) structure function F> [1-14]. In
the small-z regime, nonperturbative effects are expected to give a substantial
contribution to F,. However, what is observed up to very low Q% ~ 1 GeV?
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values, traditionally explained by soft processes, is described reasonably well
by perturbative QCD evolution (see, for example, [15]). Thus, it is important
to identify the kinematical region where the well-established perturbative QCD
formalism can be safely applied.

At small z, the Q? dependence of quarks and gluons is usually obtained
from the numerical solution of the Dokshitzer—Gribov—Lipatov—Altarelli—Parisi
(DGLAP) equations [16-20]*. The z profile of partons at some initial Q2 and
the QCD energy scale A are determined from a fit to experimental data [30—43].

On the other hand, when analyzing exclusively the small-z region, a much
simpler analyses can be done by using some of the existing analytical approaches
of DGLAP equations in the small-z limit [44-53]. In [44-46,52,53] it was
pointed out that HERA small-z data can be interpreted in terms of the so-called
doubled asymptotic scaling (DAS) phenomenon related to the asymptotic behavior
of the DGLAP evolution discovered many years ago in [16,17,54].

In the present work we incorporate the contribution of higher-twist (HT)
terms of the Wilson operator product expansion to our previous analysis [53].
The semianalytical solution of DGLAP equations obtained in [53] using a flat
initial condition, is the next-to-leading order (NLO) extension of previous studies
performed at the leading order (LO) in perturbative QCD [44,52]. The flat initial
conditions at some initial value Q% correspond to the case of parton distributions
tending to some constant when x — 0.

In [53], both the gluon and quark singlet densities are presented in terms of
the diagonal «+» and «—» components obtained from the DGLAP equations in
the Mellin moment space. The «—» components are constants at small « for any
values of ()2, whereas the «+» components grow for Q% > Q3 as**

e (3 o (248) - (1002 (00 - 0)] (1)),

(1
where ay = 4C4/By and by = 8[23C4 — 26CF|TrRf/(95). In Eq.(1) and
hereafter we use the notation as = a/(4m).

The first two coefficients of the QCD S function in the MS scheme are
Bo = (11/3)Ca — (4/3)Trf and Bi = (2/3)[17C3 — 10CATrf — 6CFTr /],
where f is the number of active flavors. This new presentation as a function

*The x dependence can also be obtained from the Balitsky—Fadin—Kuraev—Lipatov (BFKL)
equation [21-25], which is out of the scope of this work. However, in Sec. 4, we use the twist-four
anomalous dimensions from [26-29] obtained from BFKL results.

**Since we are only interested in the small-z behavior, and the initial conditions are given by
the flat (z-independent) functions (see Eq.(15)), we can use permanently the variable z = x/xo with
values 0 < z < 1 with some arbitrary o < 1. However, the xo dependence of the results is very
little, so we put g = 1. The variable z is used in Appendix B only.
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of the SU(N) group Casimirs, with f active flavors, Cy = N, Tp = 1/2,
Tr = Trf, and Cr = (N? — 1)/(2N), permits one to apply our results to, for
example, the popular N = 1 supersymmetric model. Of course, for N = 3 one
obtains the QCD result [53].

The analysis performed in our previous work [53] has shown very good
agreement with H1 and ZEUS 1994 data [4,11,12] at Q% > 1.5 GeV?. Here, we
add the higher-twist contributions with the hope to describe also more modern
data [2,3,7-10] at lower Q2.

Moreover, in comparison with [53], in the present work we have solved
the technical problem of «backward» evolution that leads us now to have the
normalization scale Q% of DGLAP evolution in the middle point of the Q% range.

Basic Formulae. At this point of the introduction, we find convenient to
present the basic results of our article: the twist-four and twist-six corrections to
F, in the DAS approach. Thus, a reader who has interest only in application of
the formulae to the analysis of F5 can skip the following sections and start to
read Sec.9, where the fits of F, are performed. We note, however, that some
of the sections that follow contain also the contribution of power corrections to
the derivatives 9F5/01n Q% and d1n F,/d1n(1/x) and to the parton distributions
(see Secs.5, 6, 7 and 8, respectively).

The basic results of the present paper are the twist-four and twist-six correc-
tions to F5

Fa(, Q) = (@, Q) + b1 (0.Q) + i@ @
where for the higher-twist parts F} 46 BFKL-motivated evaluations [26-29] (in
this case only the twist-four correction has been estimated) and the calcula-
tions [55] in the framework of the renormalon model (hereafter marked with
superindex R) have been used.

Let us give some discussions about the estimations of the higher-twist cor-
rections in the renormalon model. We follow the article [55] and, for simplicity,
discuss here only the twist-four case.

Note that the direct calculation of the matrix elemens associlated with the
twist-four operators is a very difficult problem, which was studied systematically
in [56-60]. It was found (see also [61] and references therein) that the twist-
four operators may exhibit logarithmic and quadratic ultraviolet divergences, that
makes the definition of the twist-four contribution ambiguous. For DIS structure
functions the ambiguity always cancels against the corresponding ambiguity in
the definition of twist-two contribution, which arises because of the asymptotic
character of the QCD perturbative series [62-72]. Hence, the sum of twist-two
and twist-four contributions is unambiguous up to order 1/Q?, if all calculations
are given within the same regularization scheme.
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This relation between twist-two and twist-four contributions has motivated
a phenomenological hypothesis [73]: the main contribution to matrix elements
of twist-four operators is proportional to their quadratically divergent part and,
thus, can be extracted directly from the large-order behavior of the corresponding
perturbative series.

The approach is called the renormalon model. At low-x range the corre-
sponding formulae have been obtained in [55]. They are used in our paper to
estimate higher-twist terms and below they will be called «estimations of higher-
twist corrections in renormalon model».

These estimations are essentially more complete to compare with BFKL-
motivated ones, and the predicted HT corrections can be expressed through the
twist-two ones as follows:

F2RT4 LU Q2 —¢ Z a7'4 ) f7'2 LU Q2 Z FRT4 (3)

a=q,G a=q,G
where the symbol ® marks the Mellin convolution (see Eq.(56) below); the
f
functions 74(x, Q%) are given in [55], and e = (Zef)/f is the average
1

charge square for f-active quarks. We call F35* and Fy'5* the HT corrections
proportional to the twist-two quark and gluon densities, respectively.

Note that the parton distributions f72(x,Q?) are multiplied by z, i.e.,
[z, Q%) = zq(x, Q%) and f&*(x,Q*) = 2G(x, Q*). Note also that we neglect
the nonsinglet quark density fa(z,@?) and the valence part fy(z,Q?) of the
singlet quark distributions, because they have the following small-z asymptotics:
falz, Q%) ~ fy(x,Q?) ~ 2*v, where A\y ~ 0.3—0.5. Thus, our quark density

™2(z,Q?) contains only the sea part fs(z,Q?), i.e., f7%(x,Q?) = fs(x, Q?).

For the leading twist part we have [53] at the LO and NLO approximations,

respectively,

2LO('73 Q%) = qLO('r @%), (4a)

@) = (520 + a@pee). @

Note, that the absence of Mellin convolution in the r.h.s. of (4b) follows
from properties of generalized DAS approach (see Appendix B)

Let us keep the NLO relation (4b) beyond the leading twist approximation.
Then for the total I (see Eq.(2)) we obtain

dTrf

Ha @), ©

Fy(e.Q?) = e (fq<x,cz2> n
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where f,(z, Q?) are the parton distributions containing both the twist-two part [53]
(see the next Section) and the twist-four and twist-six contributions

fal@, Q%) = f7%(2,Q%) + QQfRT‘*( Q%) + QJRTG( Q7. ©
For the HT part f5745(z, Q?) calculations in the framework of the renormalon
model have been used™.

We would like to note that each HT term fZ746(x ()?) can be chosen in a
quite arbitrary form, and only the combination

A7, Q%) + S0 (@15 @, 0?) )

is unique, because we kept the original twist-two relation, Eq. (4b), to be the same
when HT corrections are incorporated (see Eq. (5)).

Note that in our previous studies [74—76] we did not use Eq. (5) to parame-
terize the HT corrections to F>. Instead we consider the following representation:

Fym %z, Q%) = efFrS(x, Q?), (8)

coming from the LO relation (4a) between F, and parton distributions. The
choice (8) looks quite natural for fits of F5 data if there is no interest to study the
parton distributions themselves: note that the HT corrections to the gluon density
are absent in Eq.(8). Indeed, in the calculation of F5> at NLO one has to take a
gluon density as in the r.h.s. of Eq. (4b). So, one should take the condition

[AT45 (2, Q%) = 0, 9)

which is not so natural. Moreover, the choice (8) and (9) leads to quite a
complicated form for the HT corrections to the quark density: there are two
independent contributions ~ A7? and ~ A7? (see [74-76] and formulae therein).

In the work we also study x and Q? dependences of 9F»/dInQ? and
0ln F5/01n(1/x), that force one to define the parton densities in a proper way.
So, we take another quite a natural choice

FE (0, Q) = af O 0, Q1) @ 1720, Q) = - FIY 0. @2), (10w

3/4AT i
57‘4,6(33’ Q2) / Rf 74,6 4,6

T2 2\ —
S(Q2) el ( Q)®fG (x7Q)—
_ 3/ATrf R0

2
- €Cls(Q2) (:EvQ )7 (10b)

*Note that twist-four corrections are studied below in two approaches based on BFKL and
DGLAP equations (see Sec.4). However, we give here the results only for the DGLAP approach
based on the infrared renormalon model because it contains a more complete calculation, and the
agreement with experimental data is much better.
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i.e., the HT quark (gluon) part of F; relates only to the corresponding quark
(gluon) twist-two density.

Note once again that the choice (10) corresponds exactly to Eq. (5), i.e., to the
extension of the standard twist-two relation (4b) between F5 and parton densities
at the NLO formulae with the purpose to include the HT contributions.

Note also that for both the above parton density choices the DGLAP equation
will be violated by the HT corrections (see Sec. 5 and discussions therein).

Estimations of Higher-Twist Terms in the Renormalon Model. As has
been already noted above it is useful to split the parton distributions in two parts

fa(@, Q%) = fF (2, Q%) + f (z,Q%), (11)

where both the «+» and «—» components contain twist-two and HT parts.

The two-component representation follows directly form the exact solution of
DGLAP equation in the Mellin moment space at the leading twist approximation
(see [53]).

The twist-two contribution is presented below in Sec.1 and the twist-four
and twist-six parts can be expressed through the twist-two one as follows (here
for simplicity we restrict our consideration to LO approximation):

for the (singlet) quark distribution

‘;%T4)+(377 Q2) _ 64CFTRf a‘r4 {i +1n < Q2 ) T(J(ULO) }+ O (pLO)
ot ’

fiig (@.Q?) 156 la7t| ) pro L1 (o10)

(12a)
Rt4,— 2

fero (z,Q%) 1543 Tq Zq |ag4|

(12b)

for the gluon distribution

Rt4,+ 2 T4 T 2
Q 2 T Q
G72,+ @,@) . { 1{o10) In ( 74‘> } + O (pLo),

Tio@Q1) 50 (@) | proTo(oo) | \laG
(12¢)
Rt4,— 2 4 )
fo Q) 8 a5 ( Q ) 0 N
CT:?LB(%QQ) 558 GS(Q2) . xé ‘8‘76‘4 + (J?), ( )

where a7* are the magnitudes which should be extracted from the fits of the

experimental data. The variables z, = x exp [p(v,)], where p(v,) = [¥(1 +
Va) — ¥(v,)] and v, are the powers of the x — 1 asymptotics of the parton
distributions, i.e., f, ~ (1 —x)"* at x — 1. From the quark counting rules we
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know that v, ~ 3 and v¢ ~ 4. Then, we get p(v,) ~ 11/6 and p(vg) ~ 25/12,
and their derivatives p'(v,) ~ —49/36 and p'(vg) ~ —205/144 (see Appendix B
for further details). B

The functions I, in Egs.(12a), (12c) are related to the modified Bessel

function 7, and to the Bessel function J, by
~ I,(3), if 02 =52 >0,
ik P _ (13)

ivJ,(5), if o?=-5%<0,

and the o and p values are given in Sec. 1 by Egs.(20) and (23) at the LO and
by Eqgs. (26) at the NLO, respectively.

Note that the upper (down) line in the r.h.s. of Eq.(13) corresponds to the
solution of the DGLAP equation for the «direct» («backward») evolution in the
DAS approximation.

The twist-six part can be easily obtained from the corresponding twist-four
one as

BT (2, Q%) = — 2| £RT (2, Q%) with

7 a
Q2> Q?
T a0 —1 . (14
ot ot n(\/_agﬁl W

The paper is organized as follows. In Sec.l we shortly review basic for-
mulae of the solution of DGLAP equation at small-z values with the flat initial
conditions, given in [53]. We show the possibility of adding the backward evo-
Iution to the formulae. In Secs. 2 and 3 we present the set of formulae for
the derivation OF>/01nQ? and for the effective slope dIn F»/dIn(1/x). Sec-
tion 4 contains the suggestions about the contributions of power corrections in
our approach. In Secs.5-8, we consider the estimations of the contributions
of the HT terms to the parton distributions and to the derivatives of Fy in the
framework of the infrared renormalon model. Section 9 contains the fits of
experimental data for Fb, the predictions for its derivatives and some discus-
sions of the obtained results. In Appendix A we present the Mellin moments
of renormalon contributions, calculated in [55], and their n — 1 asymptotics.
In Appendix B we illustrate the method [77,78] of replacing the convolution
of two functions by simple product at small . The method is used in the
present work for the correct incorporation of renormalon-type contributions of
higher-twist terms into our formulae. The conclusions contain the summary
of the results and the outlook about other applications of the presented ap-
proach.
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1. THE CONTRIBUTION OF TWIST-TWO OPERATORS

As in [53], we will work with the small-z asymptotic form of parton distrib-
utions in the framework of the DGLAP evolution equations starting at some ()3
with the flat function

[72(QF) = A7® (hereafter a = ¢, G), (15)

where A7? are unknown parameters that have to be determined from data.

The usage of the flat initial condition given in Eq.(15) is supported by
the actual experimental situation: low-Q? data [79-81] are well described for
Q? < 0.4 GeV? by Regge theory with the Pomeron intercept ap(0) = Ap + 1 =
1.08 [82-84], closed to the standard (ap(0) = 1) one. The small rise in HERA
data [1-14] at low Q? can be naturally explained by inclusion of the higher-twist
terms. This is the subject of our study here.

We shortly compile below the main results found in [53] at the LO and NLO
approximations.

1.1. Leading Order. The small-z asymptotic results for PD, f77, (a = ¢,G)
and Fy 25, at LO of perturbation theory and at twist-two in the operator product
expansion have been found in [53]:

Fiio(z, Q) = effio(z,Q%), (16a)
T, Q%) = f115 (x,Q%) + f1To (2, Q). (16b)

After Mellin inversion of the explicit moment solution to DGLAP equations,
the «+» and «—» PD components are given by

T T c T T —d S
Gio@ Q%) = (Ac? + c_iqu) In(oro) e %0 4 O (pro), (16¢)
T 2T T C T T —d. S
frio (@, Q%) = 35{ (AG2 + C_iAq2> pLo Ti(oLo) e + 0 (po)
(16d)
T2,— 2 Cr o —d_(1)sLo
Gcio(@, Q%) = T A" e + 0 (x), (16e)
f1t0 (@,Q%) = Aj? e =m0 1 O (2) (16f)

where

- T 8CkrT,
a1y =1 TS (1—ﬁ), a5t a7
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are the regular parts of d; and d_ anomalous dimensions, respectively, in the
limit n — 1*.
We define the variable

As (Qg) >
=In . 18
(as@?) (19
At LO, in terms of the QCD scale Aj o, it has the form:
In (Q*/ AEo))
=In| ——=2%). (19)
© (hl (Q%/Alz_o)

The argument o ¢ in the LO is given by**
aro = 2\/daasioln (), (20)

dac = %o (21)
is the singular part when n — 1 of dgg = VGG( )/(200), “YGG( ) being the LO
coefficient of the gluon—gluon anomalous dimension.

The prescription for the backward evolution given by Eq. (13) is the result, in
the more general case, of the following representation of the series which appear
in the inverse Mellin transformation of the exact solution for PD moments (see,
for example, Eq. (6) in [53]),

where

oo

s o [ LRV, ift>0,
=721, (2v%) = |t| 7/ 22
Z k+u+1) =PV = 1 {J,,(Q\/ﬂ), itr<o, 2

And finally, in Eq. (16d)

dGGSLo oLo
= 23
pro In(z) 2m(1/z) 23)
let us note that
~ 1
p " I,(0) — — In” (1/z) at Q* — Q2. (24)

*From now on, for a quantity k(n) we use the notation k(n) for the singular part when n — 1
and k(n) for the corresponding regular part.

**Hereafter, we use the variables oy and ppo, introduced in [44—46] for the case Q% > Qg.
In our work, they are generalized to arbitrary values of Q2 and beyond the LO approximation (see
below).
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1.2. Next-to-Leading Order. The small-z behavior of the twist-two parton
densities f72 (a = q, G) and of FJ? at the NLO approximation has been presented
in our previous paper [53]. Here we give the result that can also be used for Q2
below the initial condition point Q% (where partons have the flat form in x as in

Eq.(15))

0.0 = (17200 + T 0@ 2@ @), ase

FP(@, Q) = [ (2. Q%) + f727 (2, Q). (25b)
The «+» and «—» PD components in the equations above are:

1&H@,Q%) = AG(@Q% QD) Io(0) exp (=di (1)s — D1 (1)p) + O(p),  (250)
727 (@,Q%) = A7(Q%, Qf)x

x |1 E_(0a(@) pTa(o) + 2520 (@) To(o)| %
x exp (=d(1)s — Dy (1)p) + O(p), (25d)
S (0.Q%) = A Q1 @) exp (—d- (Vs = D-(Up) + O),  (25%)

where D (n) = d++(n) — (61/B0)d+(n); p = as(QF) — as(Q?) and

o= 2\/ (dys+ Dyp)In(z), (26)

_ (dys+ Dyp) _ o
P= n(z)  2Wn(l/z)

AL@Q%QF) = [1 - dS_(1)as(@Q%)] AZ+

+ g—j [1—dS (1)as(QF) — dF_(1)as(Q)] A7%,  (27a)

Aq(Q% Q7)) = AT — AL(Q%, Q7), (27b)
+ 2 2\ QTRf T2 ﬁ T2
AL(Q% Q) = 30, AT + CAAq , (27¢)
20C 4

A7 (Q% Q) = AT — == a,(QF) A7 (@7, Q7). (27d)
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Table 1. The values of the parameters used in the calculation of the parton distributions
as a function of the number of flavors

i | b Jao] bi Jeo| oo @ o[ ], )
—4/3 1180/81 101/81 | —43.370269 | 16/81 |1.974431|2.779310| 80/27 —29/9
—36/25(91096/5625 | 61/45 |—45.485532|64/225(3.108220|2.618816 | 320/81 | —89/27
—36/23 [84964/4761 | 307/207 | —47.729779 | 80/207 |4.674958 | 2.458322 | 400/81 | —91/27
—12/7 | 8576/441 103/63 | —50.057345 | 32/63 |6.864360 |2.297828 | 160/27 | —31/9

AN L AW~

The different singular and regular parts of anomalous dimensions appearing in
Egs. (25)-(26) have the form*:

dyy = % (23C4 — 26CF), d%_ = —20??“‘, d§_ =0, (28a)
- 8 [C2 1643
ds) = o [YA (36«3) T 33¢(2) - ?) -
36 547 2
26Cr (. CF\ o
. (1 QCA) T2f } (28b)
_ CF 26 OF
dl_(1)=C4 (9 —3=£ _ 4((2)) = (1 - 2—) Trf,
i Ca 9 Ca (28¢)
_ 40CFT
9§ = g,
_ACACr (. . Cr B 13 5203/
d__(1) = . (1 20,4) (2((3) 32+ + 27c7 +
8CF 47 Cr
+ e (44(2) -t SC—A) Trf,  (28d)
d (1)=0, &, (1=-(C +2 1 olF Trf (28e)
—4 ) —4 A 3 CA R .

The corresponding numerical values are collected in Table 1 (see [53] for details).

*The original results of [53] contain an error in the term a4 (1), where the correct number 23
at Cp = 4/3 and C4 = 3 was mistakenly replaced by 134/3. With the wrong number, the value
of Ji_(l) was approximately 10 times higher than in Table 1. However, the results of fits do not
practically depend on the mistake.
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We would like to note that the exact value of the variable ¢ and the small-x
asymptotics of the modified Bessel function

I,(0) ~exp (o) at o —

are given in Introduction (see Eq. (1)) with |d,| = ay and Dy = by +a(B1/5o).
So, the most important part from the NLO corrections (i.e., the singlet part at
x — 0) is taken in a proper way: it comes directly into the argument of the
Bessel functions and does not spoil the applicability of perturbation theory at
low-z values.

We stress that the LO and NLO results given above coincide with the ones
in [53] for positive values of s and spo (i.e., for the case Q% > Q3).

Let us remind that these analytical expressions which have been obtained
from the exact solution to the moment space DGLAP evolution equations in the
asymptotic limit n — 1 have been already used in [53] to reproduce the small-z
behavior of parton distributions and lastly of DIS structure functions themselves.
The consideration of negative values for s and sy, leads us to apply the backward
evolution in the present analysis and, thus, to have the possibility of choosing
any normalization point @2 and not only the low end of the Q? evolution as it
was done in [53].

2. THE CONTRIBUTION OF TWIST-TWO OPERATORS

Iy
TO THE DERIVATIVE
Oln Q2

In QCD, the scaling violations of Fy(x,Q?) are caused by gluon bremsstrah-
lung from quarks and quark pair creation from gluons. In the low-z domain,
the latter process dominates the scaling violations. F5 is then largely determined
by the sea quarks, whereas the 0F5/01n Q? is dominated by the convolution
of the splitting function P, and the gluon density. At the leading twist ap-
proximation the derivative 9F»/01n Q? relates strongly to the gluon distribution

Z2(z,Q?). Moreover, the derivative is measured with a good accuracy. Then,
the OF,/0In Q? experimental data can be successfully used to determine the
characteristic properties of gluon distribution.

The 0F,/01n Q? data becomes even more important, when we add higher-
twist corrections into consideration. In the case of the twist-four terms (of sum of
the twist-four and twist-six terms) in the renormalon model, there are two (four)
additional parameters (see below Sec. 3) which may lead to problems to fit all of
them together only with the help of F, experimental data.
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2.1. Leading Order. Note that at the LO approximation there are the fol-
lowing properties:

0 1 ~ 1 ~
— | /1 =404 as(Q*)——1 ) 29
9ln Q2 |:P’]fo k(O’LO):| A Q, (Q )p’]fz;l k+1(0LO) (29a)
0 ~ ~
dln Q2 {pILCOIk(ULO)} =4C4 as(Q?) Plfc_)lflk—u(al_o) (k=0,1,2,...),
(29b)
which lead to the following results:
3fg;2£,(x, QQ) oy | 4Ca fl(ULo) 7 72,4 2
BT —== —fody(1 ’ o
91n Q2 {pLo To(or0) Bod(1)| f&io(z, Q%) + O (pro)
(30a)
0735 (,Q%) 8Tf - o
Palo B2 — (@) | TEL . @) - Aol (017 0,01+
+ O (pLo), (30b)
Ofio(x, Q?) SCeTrf o
o Q2 —as(@%) TZAR fio(. Q%) + 0 (x), (30c)
foto (@.Q?) 8TRf ,ra—
% = 0:(Q) " /& o(#. Q%) + 0 (x). (30d)

Thus, we have
OF530(2,Q%) K 2 (2, Q)
Ol Q> dln Q?

= (@) | 122 o0, @7) — od, ()15 (.07 1)

The LO @2 evolution of the derivative FJ2/01n Q? is defined mostly
by the corresponding evolution of the gluon distribution fZ% (x,Q?), i.e., by
Egs. (16b), (16c), and (16e).

2.2. Next-to-Leading Order. At the NLO approximation of perturbation
theory, Eqgs. (29) are replaced by

_9 [p—lkffk(a)} = as(Q?) [40,4 - as(Q2)ﬂod++} M%Ewl(a)v (32a)

(k=0,1,2,...), (32b)
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which leads to the following results:

T2, 2
O Q) a;(gf ) (Q2)2TRf (AT2 + %A72>

x [wA’fo(o) — Bods (1)pFi (o) +

+as(Q ){83—0%]1( )— (ﬁo {d++ + 23_OCA (1 + d+(1))] —4C'Adi(1)>—70(0)+

() (1+ ) - d++<1>)p’f1<a>}] x

x exp (=d(1)s — Dy (1)p) + O(p), (33)

f @)

ol Q2 o as(Q7)

A2 (d-(1) + ay(@)d (1)) -

_ 40TRf
9

a:(Q2)d_(1) (Az,? LG Aﬂ)
Cx

x exp(—d_(1)s—D_(1)p) + O (z). (34)

Taking together equations (25), (30a), (30c), (33), and (34), after some
algebra, we have got the final result

T2 2
P —ca@)| T (180,00 + 00, 00) -

Bod (D72 (2,Q%) — an(@)od— (V)] (x, Q?)} . 39)
where

(z,Q%) = 0¥ (2,Q%) + © (z,Q%), (36a)
O (2,Q%) = ¢" (2, Q%) exp(—dy(1)s — Dy(1)p) + O(p), (36b)
O™ (2,Q%) = ¢ (2,Q%) exp (—d_(1)s — D_(1)p) + O(2). (36¢)
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The «+» and «—» components in the equations above are:

C 26 C'y ~
6000 = (@) (48 + goa ) {F i)
R 2 _ _ _ ~
- (fTOA [d++ + §CA(13+3d+(1))] 1) - d$(1)>10(0)+
b () - 4 0)) o) |+
+as(Q3)A72dC (1) Io (o), (36d)
6 (,Q%) = (a.(@F) — a.(QY) x
BT T C T C T
x {di’_u) (AG? + O—jAﬁ) - d€+<1>O—qu2}+
+ 17§F as(Q) AT%. (36e)

The values of the coefficients are given in Eqgs. (28).

Thus, the NLO Q? evolution of the derivative 0F;2/01In Q? is defined
mostly by the corresponding evolution of the gluon distribution fZ%(x, Q?), i.e.,
by Egs. (25b), (25¢), and (25e).

3. THE CONTRIBUTION OF TWIST-TWO OPERATORS TO THE
SLOPES OF F; AND OF PARTON DISTRIBUTIONS

The behavior of F» and parton distributions can mimic a power law shape
over a limited region of x, Q?:

fa(xv Q2) ~ :E_)\Z“(IVQZ) and FQ(SL’, Q2) ~ x_AeFff2(va2). (37)

The slopes are effective ones because the parton distributions and F» have mostly
the Bessel-like form.
Note that there are the following properties:

T (17 )] = ) s
m [Pkic(a)] =" i (o) (k=0,1,2,...), (38b)

which we will use below.
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3.1. Leading Order. The effective slopes have the form at the LO approxi-
mation

Lo, Q%) I (o10)

)\eff,‘r'Q(x7 Q2) — G,LO\*"» pLO ,\,1 LO 7

Lo é?LO(xv Q?) Iv(or0)
f130@,Q%)  Iy(owo)

)\eff,7'2 (37, Q2) — )\eff,'rQ(x’ QQ) — PLO = . (39b)
F2,L0 q,LO qTiO(x, Q?) I(oL0)

(39a)

The effective slopes AT and A\, depend on the magnitudes A7? of the initial
PD and also on the chosen input values of Q3 and A. At quite large values of
Q? < @3, where the «—» component is not relevant, the dependence on the
magnitudes of the initial PD disappears, having in this case for the asymptotic
values:

T(O'Lo) 1
N (@, Q%) = pLo = N pLo — (40a)
G,LO,as( ) pLO Io(O'Lo) PLO 41n (1/37)
eff,7 eff, T fz(ULo) 3
Koo @) = Nibale: Q%) = o000 ~ mo = oy (00
1oL

where symbol ~ marks approximations obtained by expansions of modified Bessel
functions I,,(0). These approximations should be correct only at very large o
values (i.e., at very large Q% and/or very small ). It is the case (see Figs.6
and 7).
. eff, 72 2 eff,72 2
We would like to note that the slope Ay . (7, Q%) = A 16 (7, Q%)
coincides at very large o with one obtained in [85] (see also [15]) in the

case of flat input. Note that the slope Agffgvas(m,QQ) is larger than the slope

ff, 72 ff, 72 .
)‘;210@5 (37, Q2) = AZ,LZ),as('r’ QQ)

Ii(oo) Ix(owo0) 1
AIET2 (0 02) _ pET2 (g 02) o _ ~ )
G.LO,as( ) = AF3.L0.as( ) = pLo To(oro)  Th(owo) 2In (1/x)
(41)

that coincides with the results of fits in [39,43].

3.2. Next-to-Leading Order. At the NLO approximation of perturbation
theory, we have the following properties of the effective slopes: the quark and
gluon ones X¢72(z, Q%) = dln f7%(z,Q?)/0In (1/z) are reduced by the NLO
terms which leads to the decreasing of the gluon distribution at small x. For the
quark case it is not the case, because the normalization factor A52’+ of the «+»

component produces an additional contribution undamped as ~ (In z) L.
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Indeed, the effective slopes have the form

eff, 72 2 72+(x Q2) ~(a)
Aa (,Q%) = fTQ(:U Q?) p~(0')’
)\sz,7—2(£’ QQ) —

P H@QY) Do) (1— d_(1)as(Q?)) + (20C4/3)as (@D (0)/p

TP ML) (1- 4 (1Dax(Q2) + (200a/3)a. (@) o(0) [’

(42a)

(42b)
Xps (2, Q%) =
(@ Q) 17 (. Q°) + (TR /3)au(Q2NF (. Q1) IE (2, Q)
- [72(@. Q%) + (4T /3)as(Q?) f32(x. Q%) '
(42¢)

The gluon effective slope )\gf’72(x,Q2) is larger than the quark slope
NE72(2,Q?), which is in excellent agreement with a recent MRS and GRV
analysis [39,43].

For the asymptotic values we have got

=

1(0’) 1

/\gf,;TsQ(man) = P To(o) ~p— mv (43a)
A2 (4 02) = (‘7) (1 —di_(1)as(Q%) ) (20C4/3) as(Q2) 1(0)/p
o I1(0) (1 —dL_(1)as(Q?)) + (20C4/3)as(Q?)Io(0)/p
Do) 200A
) B0 ()
N 10Cs as(Q?)
~P T (l/x) 3 pln(l/x) (43b)
N, Q%) = p% + 24007 <1 - 710%){;)(”)) -
= N2, Q) +2C4 a,(Q?) (1 - 770(}32)5@) ~
i(o)
3 13C4 a(Q?) Caas(Q?)

T T3 sy = e @@+ IS
(43¢)

%p—
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We would like to note that at the NLO approximation the slope )\;fl;ﬁ(x, Q?)

lies between quark and gluon ones but close to quark slope )xff:{; 2(90, Q?), that is
in agreement with [39,43].
Indeed,

f,72 72
Aeé,a‘fs- (maQ2)_>‘§72;s($»Q2) =

_ <p§(”> " @%@2)) (1 - 770(5)5@) -

Iy(o) I (o)
1 26C 4 1
~ (p_ i (1) 3 GS(Q2)> St (1)) 4

A (2, Q%) =N (2, Q%) =

_ fow)fz(o)) L Caa(@)

_ Qg 2 =~ ~ '
=204 as(Q) (1 1-12(0) pln(1/x)

Both slopes X\T72(x, Q?) decrease with decreasing 2. An x dependence of
the slope should not appear for a PD within a Regge-type asymptotics (z~*),
and precise measurement of the slope A\¢™72(x, Q?) may lead to the possibility of
verifying the type of small-z asymptotics of parton distributions. The present data,
however, are not enough to distinguish this small-x dependence of X\%:72(z, 2)
(see Fig.6).

In the following Sections, we study the higher-twist contributions to
Fy(z,Q?), its derivatives and parton distributions.

4. ESTIMATIONS OF THE HIGHER-TWIST
CONTRIBUTIONS FOR F;

In this Section we consider two different representations for twist-four effects.
The first one comes from Regge-like analysis [26-29]. Thus, it should have right
asymptotics at z — 0 limit, but, unfortunately, the knowledge of its form is very
restricted.

The second one is based on the IR-renormalon model. The predictions cannot
reproduce the exact form of x — 0 asymptotics, calculated in [26-29], but give
rather good agreement with modern experimental data from HERA (see Sec.9).
We think this agreement is similar to one (see [15]) at larger Q? values between
DGLAP approach (even for its analytical simplification: the generalized DAS
approach [53]) and experiment.

We would like to note here that in the analysis of experimental data performed
below, we consider both LO and NLO approximations in the twist-two case and
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for HT corrections in the renormalon case. In the BFKL-motivated approach, for
simplicity* we restrict the calculation of the HT contribution to the consideration
of LO @2 evolution alone.

4.1. BFKL-Motivated Estimations for Twist-Four Operators. Twist-four
operators are known [86] to have their own evolution equations but the diag-
onalization of the operator anomalous dimensions matrix is a very complicate
problem. For our purpose, however, as the relevant limit is » — 1, one can apply
the results of [26-29], which have very simple form and are given in the classical
DAS asymptotics considered in Sec.?2 of [53].

Here we show that the contribution from twist-four operators can be rep-
resented in the same form as the twist-two operators by using the twist-four
anomalous dimensions instead of the twist-two ones.

For the singular part of twist-four anomalous dimensions, we consider
from [26] the result:

-1
Ga(n—1) = 296 (”2 ) (1+9), (45)

where ¢ is very small: € = 1/1224.
Equation (45) allows us to find the relation between the singular part of
twist-four operators anomalous dimensions, 7 (n) and 77*(n), with the twist-

( (0)

two ones, %?,)(n) and v}’ (n). It leads to the following relations:

dt =dr, = a?dy = a?dgg, d™t=da%d_ =0, (46)
where a2 = 4(1 + ¢) and dy = dgg is given by Eq.(21).
To obtain the results (46), we applied a suggestion about the absence of the
n — 1 singularity in the «—» component of the twist-four term. The suggestion
cannot be proven accurately but it is motivated by the regularity at n — 1 of
the coefficient functions and the anomalous dimensions in the «—» component
of twist-two terms at first two orders of perturbation theory and presumably
above. Moreover, our information about the twist-four correction in the BFKL-
motivated approach is very poor and it is difficult really to propose something
else.
The prediction for the regular parts Ef(n) and d™*(n) cannot be obtained
from Eq. (45), but it should be essentially less important in the kinematical range
studied below, as it is discussed in Subsec. 9.2. Then, in the analysis presented

*This simplification is connected also with a quite poor present knowledge about HT contribu-
tions in the BFKL-motivated approach.
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below, we proceed by fixing this nonsingular part by means of a relation similar
to Eq. (46): - -
dA(1) =bdy(1), d7*(1)=bd_(1), (47)

and further we examine different «natural» choices of b: b = 0,1 and a?/2.

Note that the nonsingular (when n — 1) parts d7*(1), d7*(1) and d(1),
d_(1) determine the behavior of parton distributions and DIS structure functions
at nonsmall-x values. Usually, the fits to the experimental data at intermediate
and large values of x are performed with the help of the following forms for the
structure function F5:

Fy(x,Q%) = F*(z,Q%) + éF{ NED) (48)
or
Fy(z,Q%) = FJ*(z,Q%) (1 + é 54@)) (49)

with @?-independent functions Fj4(x) or fJ*(x).

In fact, Eq.(48) is closed to our choice b = 0, i.e., the twist-four contribu-
tion does not evolve logarithmically with Q2. Also Eq.(49) is analogous to
the choice b = 1, i.e., twist-two and twist-four operators have the same loga-
rithmic Q? dependence at large and intermediate = values. Lastly, the choice
b = a?/2 corresponds to the hypothesis about applicability of Eq.(45), obtained
in the classical DAS limit, to a more wide generalized DAS approximation con-
sidered here.

By analogy with Sec.1 we represent the twist-four contribution split in the
«+» and «—» parts:

F (2, Q%) = ef (2, Q), (50a)
T @, Q%) = [0 (2, Q%) + [N (2, Q). (50b)
The «+» and «—» PD components are:
T T c T4\ T —bd. s
15" (2,Q%) = ( Gt c—iAf) Io(aoio) ™M + O (pro),  (50c)
2T C b - _
57 @ = (A6 4 AT fo )¢ M0 40 o),
(50d)
a C _
G Q%) = — At e D 1 O (a), (50¢)

f;—4’_(.’ﬂ, Q2) _ A7q—4 e—bd_(l)SLo + O (ZL') , (50f)
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because the corresponding twist-four projectors (see [87]) have the following
form™:
a4 _ T4,— 4+ b T4,— _ 4,4+ _Td*E + b T4, + 5
€9¢' = E€6G =iz Cad =1l—-€u"s €6 =€ 3 ok €Gq —EGq (51)
In Egs. (50c)—(50f) the twist-four parameters Ag4 (a = ¢,G) have to be
determined from fits to experimental data.
The full contribution (i.e., the sum of twist-two and twist-four parts) is
given by

Fale Q%) = [, Q) + 5 f74(2.Q?) (52)

Qz
and

F2(5E7Q2) :F27—2(5L'7Q2) vl Fy ( 7Q2)7 (53)

Q
where the leading twist contributions f7?(x, Q?) and Fj?(x, Q?) are given at LO
by Egs. (16a), (16b) and at NLO by Egs. (25a), (25b).

To obtain (50)—(53) we have used the flat initial conditions

[ @) = AT+ oy AT (54)
Q3

From the study [88] we know that the slope A™#(Q3) of the twist-four part is
twice as high as the twist-two one. Thus, we can start with A™4(Q3) = 0, as it is
given in the r.h.s. of (54). The arguments in favor of this choice are similar to
ones given in twist-two case (see [53] and discussion therein).

4.2. Renormalon Model Predictions for Twist-Four Terms. The full
small-z asymptotic results for parton densities and F, structure function in the
framework of the infrared renormalon model, i.e., FQR, at LO of perturbation
theory are the following:

Ff(z,Q%) = F3*(z, Q%) + FRT‘*( ,Q%), (55)

Q?
where FJ2(x,Q?) is given by Egs. (16a)—(16f) at the LO approximation and by
Egs. (25a)—(25¢) at NLO one, respectively. The twist-four term FJ74(z, Q?) has
the form (3), i.e.,

iFRTAL Z a74 ~T4 ) f ( ,Q2)7

a=q,G

*The projectors E;;&,i can be obtained from Eq.(10) in [53] with the replacement d+(n) —
d4(n) = d™/(n — 1) + d™4(n).
+
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where the symbol ® marks the Mellin convolution

1

A(z) ® B(x) :/d?y Aly) B (g) (56)

x

The corresponding Mellin transforms of i7%%(z, Q?)

1
1T (n, Q7) = / de 2"V TS (2, Q) (57)
0

are presented in Appendix A (see Egs. (A2)—(A4) and (A7)).

Looking into the n-space representations for renormalon power-like correc-
tions given in Appendix A and applying the technique to transform the Mellin
convolutions to standard products at small = (see [77,78] and Appendix B) we
can represent Eq. (3) in the form

_ 64T f

1 Rr4 2 T4 ) o1 ﬂ 1 Q* 72 2
€F2 (.T,Q )_ 15ﬁg aG 6 + 120+21n ‘aTGAL G (.T,Q )+

~ 11 ~ 2201 1 Q% \ [/~ 139
20 T4 6—2 _5—1_ se _1 i 6—1_ it T2 2 .
Mtk { T120° 3600 T2 M\ Jard] iz ) (fa (@)

(58)

The operators 6~1 and 62 are defined as follows (see Appendix B for details):

5 Q)] = A0, Q)
R (59a)

5 I, Q)] = 7P (0 @2,
R

51 {pkfk(a)} = pkt Ff|k71\(‘7)7
(59b)

52 [Pkfk(a)} = pF 2y (0).

Note that Egs.(16) and (25) have been obtained in [53] with the accuracy
O(p) for the «+» component and with one O(z) for the «—» component, respec-
tively. It leads to the fact that we should use only the most singular terms in the
rhs. of Eq.(58): i.e., the terms 6! and ~ In (Q2/[aZ|) for the gluon part and

the terms 62 and In (Q2/ lag*]) 5-1 for the quark part.
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Then, Eq. (58) should be replaced by
64TRf

150 {5 #gh <Q2>} & @@+

+20Fag4{3—2 + L (|Q2|> }sz(x Q )]. (60)
q

1

1
EFQRTAL('ra Q2) -

[\)

Applying the operators 51 and 52 separately to the «+» and «—» compo-
nents of f72(x, Q?), we obtain the following results for FS4(z, Q?):

Fii (@, Q%) = By (2,Q) + BTV (2,Q7), (61a)
where
L o Rra+ 2y _ 32TRf .72+ 2y | 74 2—71(0)
EF2 (SL’,Q)_ 15ﬂg G (va)[aG {pfo(d) }+
ACFTRS .4 2 J 211(0) Q?
+ 50, % ((1—dq (1as(Q )){Pfo +1n ( 5’>}+
)

|
10 61b
7)) o

1 pra— 32TRf .o _ . 2
LRt = 20 g (“””’Q2)[ac4ln (szﬁ>_

1553 ¢ lag

1 2
— QC'Aa;4 {ln (x_q> In (:chfa“l’) P (Vq)}] . (6lc)

4.3. Incorporation of Twist-Six Contributions in the Framework of the
Renormalon Model. We shortly demonstrate the twist-six contributions in the
framework of the renormalon model.

When we added the twist-six part, the full small-z asymptotic results for PD
and F3" structure function at NLO of perturbation theory look like:

2004 (2 2 I(o) N
+ 3 S(Q){pQT()(U)+1 (

27|
q

FQR(va2) = F2T2(x7Q2) 2FRT4( 7Q2) Py RTG(x Q ) (62)

Q Q

By analogy with twist-four case, the twist-six term f7%(z, Q?) has the form:

FRT6 LU Q2 Z a‘r6 ~7'6 ) fT2(1' Q ) (63)

a=q,G
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where 7%(z,Q?) are given in [55]. The corresponding Mellin transform of
uZ8(n, Q?) is presented in Appendix A (see Egs. (A2), (A5), (A6), and (A7)).

By analogy with the previous Subsection, applying the technique to transform
the Mellin convolutions to the standard products at small x (see [77,78] and
Appendix B), we can represent Eq. (63) in the form

1
EFQRTﬁ('ra Q2) =

8 64TRf
T 7 1532

2663 1 Q2 -
{(5 1 3360+51 ( —|a86>} G2($7Q2)+

143 -, 870637

20pal® 624 5 -
T eCra, { * 3360 1411200
1 Q? ~ 3217
=1 ot — 2 H1. (64
| ( 3360)}f QY. 6
q
Considering only the most singular terms in the r.h.s. of (64), the

terms 61 and ~ In(Q2/+/[azf]) for the gluon part and the terms 5_2 and
In (Q?/ ]agﬂ)é ! for the quark part, we obtain immediately the following

b o
2 lag? |
Q2

\/125°]

which is very close to the twist-four one, see Eq. (60):

results:

8 64TRf

1
_FRT6 2y
e 2 ('er ) 7 15ﬁ0

—~ 1 -~
+2Cpai® 46 + S n o ;2(33,622)], (65)

1
g 2RT6(‘(E7 Q2) =

2 2
ffT4(x, Q*) with a7* — a’% In ( @ ) — In @ . (66)
[z VI1az]

Note that the representation (66) of the twist-six terms in the terms of the
twist-four ones is universal and has quite compact form and, thus, it will be often
used below.

Because the forms of the twist-four and twist-six contributions are very
similar, it is possible to present quite compact form for the full contribution of
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the higher-twist operators F"7 (x, Q?)
Ffi(x,Q%) = F3(2,Q) + F3"" (2,Q%), (67)

where

FFM (2,Q%) = Fy"™F (2, Q%) + F3 "™ (2,Q?) (67b)

and
1 RhT,+ 2\
g F2 (x7Q ) -
_ 2TRf r2h 2 ag" [ 21(0) Q?
~ g e (09 Mkm[c)(m—?){ Io(o) +ln(la8mp’">}+
(o)

4CFTRf a T Q2
3Ca Q(m D) ((1 — d}_(1)as(Q%) {;fo(a) +1In (W) } +

20C4 2 ) 2 Io) N Q* Li(o)
+— as(Q){pQTO(U)H (]agmp"L>pfo(g)}>]’ (67¢)

1 Rhr—
BT (@) =

82Tf oo Q?
= km 1 —
1558 G ’ Z (m— 2) n xé |a7c';m‘17m

m46

o, D (MY (L) e 6
AQm 2) n(;q)“ xq|agmpm —p W)

where ky = 1, kg = —8/7 and py = 1, pg = 1/2.

5. THE HIGHER-TWIST CONTRIBUTIONS

FOR THE DERIVATIVE
oln Q2

By analogy with the previous Section we consider firstly only the twist-four
terms in the framework of the infrared renormalon model. The contribution of
the twist-six terms will be incorporated shortly at the end of this Section.
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5.1. Renormalon Model Predictions for Twist-Four Terms. Note that

there are the following properties:
d 1 1

W@ )

d [1 (ANT_ 1 AN 1 (A
rn@z{@“(@)]“@(“(@)*)N‘@“(@)’

where we keep only most important terms (see discussions in the previous Section
and Eq. (60)).
In this approximation we easily obtain that

ORfe Q) _OFpe g | L (K0

— FF (g, Q2)> (69a)

dln Q2 dln Q2 Q2 9Tn (2
and o , -
2&9111(22@ IRy ;‘ L (@) 9872, Q). (69b)

The value of Ff™*(z,Q?) is given by Egs. (61a)—(61c) and

D (r, ) = 200 o 2 [G {%{2@ #in (L) 2200 } ¥

508 ¢ p* Io (o) agtl ) p Iy(o)
ACrTrf 4| 2 (o) | ( @ \1hL(o) .
+ 30, ag {PQ%(J)+H<|354|>[)TO(U)H' (69¢)

Thus, we see that the twist-four corrections to Fb and dF5/dIn Q? have
opposite signs, because dF5*/dIn Q? ~ as(Q?), and the most important twist-
four contribution is given by Ff™*(z, Q?).

5.2. Incorporation of Twist-Six Contributions in the Framework of the
Renormalon Model. Following Subsec. 4.3 of the previous Section and consid-
ering the properties

d 1 2

W@ Qv 70

d11A2_121A21~21A2
ma (@)~ (@) ) =g(a)

together with the one (29), we immediately obtain that
IR (2,Q*)  OF*(2,Q*) | 1 (9Ff™(x,Q%)
Oln Q2 0ln Q2 Q2 Oln Q?

L (OFf (@, Q?)
*@( aln Q2

- F§T4<m,cz2>) i

— 2Ff75(x, Q2)> (71a)
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and
8FRTG 2 8T
%m(ng IRy 5 L (@) 0875z, %), (71b)

The value of f17(2,Q?) is given by Eq.(66) and

Gz, Q%) =
2 2
= —% O (2, Q%) with a7* — a”% In ( @ ) — In ( @ )] . (7o)

g |azf|

Thus, we see that by analogy with the case of Fh(z,Q?) itself, for the
derivation (71) the twist-six terms partially compensate the contributions of the
twist-four terms.

6. PARTON DISTRIBUTION FUNCTIONS IN THE RENORMALON
MODEL APPROACH

It is clearly seen that the standard parton distributions f,(z,Q?) and
fa(z,Q?) fitted with the help of experimental data do not coincide with the above
twist-two ones f72(z,Q?%) and fZ*(z,Q?). These PD fy(x,Q?) and fg(x,Q?)
are usually defined keeping their twist-two relations (16a) or (25a) with the struc-
ture function Fy(z, Q?), i.e.,

at LO
Fy(,Q%) = e fy(, Q%) (72)
at NLO
R @) =e (1,00 + T @ few ). oy

Thus, the parton distributions f,(x, Q?) and fg(z,Q?) can be strongly devi-
ated for the corresponding twist-two densities f7(z, Q%) and fZ*(x, Q?) at quite
low @2 values, because there are the HT corrections to FJ2(z, Q?).

The HT correction to the parton distribution at the LO was presented in the
Introduction already. Here we present the results at the NLO. As it was in the
previous Section, we consider firstly the twist-four corrections.

6.1. Twist-Four Corrections to (Singlet) Quark Distribution. Consider
firstly the (singlet) quark parton distribution f,(z,Q?). From Eq.(16a) and the
analysis of Sec.4 we can obtain that

PR, Q) = f72(x.Q2) + é Ao (2, QP), (T4a)

where fI74(z,Q?) is given at the LO by Egs. (12a) and (12b).
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It is useful to represent also the complete expressions directly for ff‘(x, Q?):

[, Q%) = I (2, Q%) + f (2, Q7), (74b)

where at the NLO

Jot @ Q) | 6ACTafag"
(@, Q?) 155 Q2

y { 2 L(o) (1 = df_(1)as(Q?)) + (20Ca/3)as (@) Ia(0)/p
P? Ti(0) (1 — d%_(1)as(Q?)) + (20C4/3)as(Q?) o (o) /p
+m< Q ) 1Io(0) (1- @_(1)as(@%) + <2oo,4/3>as<@2>§<a>/p}+ 0.
a4 ) P (o) (1 — d%_(1)as(Q?)) + (20Ca/3)as(Q2)o(0)/p
(74¢)
(2, Q%)
f72 (2,Q2)
= 764CFTRfaLT4 n L n 7622 —9'(v x
=1+ 5RO {1 (xq>1 (xq’ag4|> p(q)}+0( ). (74d)

We clearly see that the twist-four terms are responsible for the additional
positive contributions to the quark distribution, which are very important at low
Q? values.

So, the experimentally extracted quark distribution f,(z, @?), which has the
leading twist relations (72) and (73) with Fy(z, Q?), strongly deviates from the
leading twist quark distribution f7%(x,@?). At quite low Q2 values, where
f7%(z, Q%) had the quite flat behavior closed to (15), the full quark distribution
JE(z, Q%) will rise at x — 0 (see Egs. (74c) and (74d)), because a* > 0 (see
Tables 6, 7). This rise is in full agreement with the corresponding experimental
data (see Tables 6, 7, Fig. 9, Sec.9 and discussions therein).

6.2. Twist-Four Corrections to Gluon Distribution. Consider now the gluon
parton distribution fg(x, Q). From Eq.(16a) and the analysis of Sec.4 we can
obtain that 1

16(@.Q%) = 13 (@, Q°) + 75 /™ (@. @), (752)
where f&™4(z,Q?) is given at the LO by Egs. (12c) and (12d).

For the gluon distribution in the NLO we have the similar relations

fE(2,Q%) = 5T (2, Q%) + 5 (2, Q%), (75b)
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6T 0QY ) 8 e [2hi0) (L) 5
67:2’+(337Q2) = 565 as(Q*)Q? | p Io(o) +In B +O(p), (75¢)
R, 2 T4 2
G ('er ) o 8 aG Q
@) R Qe (% jag? ) +0(x). (75d)

So, as in the case of the quark distribution, the experimentally extracted
gluon density fo(z,Q?), which has the leading twist relation with Fy(x, Q?)
and dFy/dIn Q?, strongly deviates from the leading twist gluon distribution

Z2(z,Q?). At quite low Q% values: Q% ~ QF , where fZ*(x, Q?) had the quite
flat behavior closed to (15), the full gluon distribution f[(z, Q?) falls at 2 — 0,
because aTG4 < 0 (see Tables 6, 7). The behavior is in full agreement with the
corresponding experimental data (see Tables 6, 7, Fig. 9, Sec.9 and discussions
therein).

6.3. Twist-Six Corrections to Parton Distributions. We shortly demon-
strate the twist-six contributions to parton distribution in the framework of the
renormalon model. When we added the twist-six part, the full small-x asymptotic
result for parton distributions is

1
Q@

PR, Q) + %fé“(x, Q?) =

= 722, Q%) + £ (2,Q%), (76)

falz, Q%) = f*(z, Q%) +

where fIi76(z, Q?) are given by Egs. (14):
fI70 (2, Q%) =

8 Rt4 2 : T4 76 Q2 Q2
== |fa (z,Q%) with al® — a’°, In Pz —1In 1) |

The twist-six corrections do not change the results for parton distributions
obtained in the previous Subsection.

7. THE HIGHER-TWIST CONTRIBUTIONS TO THE SLOPES
OF F» AND OF PARTON DISTRIBUTIONS

Consider the power-like corrections to the twist-two effective slopes
572 (2, Q%) and AS72(z,Q?) (a = ¢, G) introduced in Sec.3. The effective
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slopes have the following form:

(0,08 = gl | P, @) + g 0,00 + (0,02

" o'
(17)
0,0 = 0 | 220,09 + g 7 Q) + Q).
(78)

Using Eqgs.(38), the derivations 9F52/0In(1/z), 9f7%/0In(1/z), and
OfF™™ /91In (1/x) (m = 4,6) can be represented as the sum of two compo-
nents («+» and «—») which are obtained from the corresponding («+» and «—»)
PD functions. One can show that

OfF 1 (,Q%)
Oln(1/x)
_ 64CKTRf 74{2%(0) (1-di_(1ay(Q

. + (20C4/3)as(Q )fl(a)/pJr
1565 9 | pLi(o) (1 —d%_(1)as(

(20Ca/3)as(@)Io(o)/p
+1n ( 54 )}ff’*(x,éf), (792)

O™ (@,@) _ GACKTRS 4y ( Q
q

T2,—
dln(1/z) 150 Zz,af4|>f (z,Q%), (79b)

AUE " (2,Q*) 8 af <Q2> Li(o) r2.t
st sma@ T gl e 6 @@ 0%
A (2,Q%) 16 aZ!

_ T2,—
om0/ g @) 70

OfFO (2, Q%) _

Oln (1/z)
8 affﬂl’i(x?QQ) . T4 T6 Q2 Q2
[ Hmarm e e (im) - ()

(79¢)

Equations (77) and (78) together with Eqgs. (42) and (79) give complete
information about the full and asymptotical values of the slopes A\, (2, Q%) and
Xeff(z, Q?). The results will be demonstrated in Figs. 2, 6 and 7.
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It is possible, however, to give a simple demonstration of the effect of the HT
corrections. Following Sec. 3, we can prepare also the results for the higher-twist
corrections to the asymptotical values of A" (x, Q%) and A2 (z, Q2), which
can be obtained by neglecting the «—» components. Restricting ourselves by
the twist-four case, we can estimate the values of the slopes A%, | (z,Q?) and

Xt (2, Q?) in the form

a,as

1
N o (7, Q%) = X572 Q)+@Ae}féff4(x7c22)+0<@), (30)

X (2, Q) = X2, Q%) + szzft;l?ﬂ(x,cf)w(é), 81)

where at the LO

NILRTA L 02y B
Fias : 563 proli(oLo)

+1n <Q2> (1 howo)lx(o10) ) |,
ac IZ(ULO)
ACFTRf .4 9 o(ULo) fz(ULo)+
3Ca aq{ proli(oLo)

+1In (QTD (1 - —10(030)12(%0)) H . (82a)
e I#(o10)
1604 1 a4 <Q2>
55 2pron (1/7) aG{pLo )T

ACFTRf .4 Q?
T 1 v
+ 30, — 3y o — +1In 324
64CF7;Rf ag4 2IO(UL0~) - 12(ULO)+
1505 pIi(oL0)

Q? Io(or0) T2 (010)
+1n (aq ) (1 W)} (82¢)

T4 2
_GACETRf o {i o (Q_> } (82d)

16C 4 [54{2}0(%0) - TQ(ULO)+

, (82b)

)\eff RT4(:L,’ Q2) _

q,as

1582 2poln(1/z) | pro ard
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16 T4 j"2
N0, @) = g 2 (1 200 )
505 as(Q?) I5(o1o)
8 ag! 1
5 ax(Q2) proTn (1/2)

(82e)

From Equations (82b) and (82d) it is possible to see that the slopes
A as(2, Q%) and X% (z, Q%) have got the positive twist-four corrections, that
is in full agreement with the corresponding experimental H1 and ZEUS data
for the slope Apo at low @Q? values (see Fig.7). However, the difference be-
tween the twist-four corrections to these slopes is negative, because a7 < 0 (see

Tables 4, 6-8):

8C 4 alt 4 Q?
)\eff,RT4 z, 2 )\efg,gRTél z, Q2 ~ G In ( . (83
F2as ( Q ) gq,as ( ) 5/68 PLO In (1/%) PLO 324 ( )

Thus, the inequality A, (z,Q%) > X (x, Q%) coming form Eq.(44b)
takes place for not very small 2, because it is suppressed by power corrections.
We would like to note that Equations (82) are valid only at not very small
Q? values, where we can neglect the terms ~ 1/Q* coming from expanding the
denominator and from the twist-six terms. The small-Q* behavior of X¢, (2, Q?)

can be easy demonstrated at the point Q? = @3 in the following Section.

8. PARTON DISTRIBUTIONS IN THE RENORMALON MODEL AT Q?

As has been already shown in the previous Section, the total PD functions
fq(z, Q%) and fg(x, Q?) fitted in experiments data do not coincide with the above
twist-two ones f72(z, Q%) and f&*(z,Q?). It is very useful to demonstrate the
difference at 3, at the starting point of the DGLAP evolution.

We begin the analysis with the consideration of only the twist-four terms.
The results can be calculated from the final formulae of the previous Section but
it is simpler to repeat all calculations given in Sec.4. At Q% = Q32 all results
simplify essentially because the leading-twist parton distributions are constant A,
and Ag at the point.

8.1. Parton Distributions at Q%. From Egs. (15) and (74) we can easy obtain
at Q% = Q% that

1 1
fal2,Q8) = A2 + 02 Bt (2, Q2) + ot 6 (2, Q7). (84a)
0 0
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where at the LO

64CE TS 4
55
QTRf Cr 2 8
Az P\ [ Y0 4
Ty ( ¢t ) <x2|ag4| o (34D

RT4 8 a‘G T2 Q(2) C’F 2
99 = 55 w@d [‘4 i () 2 A )1’ (840

RT4( QO)

18 (2,Q3) =

2 2
Rrd(z,Q2) with al* — a7% In @ —In Q
fa 10 a a 4
laz?| V]azf|

Thus, the total parton distributions f,(z,Q3) and f(z, Q3) are strongly devi-
ated for the corresponding twist-two densities f7?(z,Q3) = A7* and
&*(2,QF) = AZ?. Because usually the fitted values of al* (ag') are posi-
tive (negative), the twist-four terms lead to positive and negatlve contributions in
the case of quark and gluon densities, respectively. The twist-six terms do not
change the results essentially.

8.2. The Effective Slopes of F» and of Parton Distributions at Qg. To
estimate the values of the effective slopes at low Q? values, we can look on their
behavior at Q2, where our formula simplifies essentially. In the approximation,
when the twist-six contributions are negligible, we can easy obtain from Eqgs. (84)

T4 2 T2
XA, Q3) = SR T {ln<x il |> + Tt (‘4 + CF)}, (852)

(84d)

532 Q2 2lagd]) T 304 \A;2 " Ca
) 16 art
g (@, QF) = 57 QGO) (85b)

XIS F (2, Q2) =

_ 64CFTRf 1 ln< Q3 >+4TRf (AEE +ﬁ> +3_54A52
55 Q| 2lagl) " 3Ca \Ap2 " Cu/)[ " Cp AP

(85¢)
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Because a7t < 0, it is easy to see that A5 (z, Q3) < A™7(z, Q3). This
indicates that the inequality A% (z, @?) > Af(z,Q?) seems to be correct only
at quite large Q? values (see also the previous Section and discussions therein),
where the twist-two terms give basic contributions.

Note also, that at QF the slope A" (z, QF) rises at  — 0, but the gluon

slope )\eéf’R(x,Q%) is negative and z-independent. Thus, the gluon density*
falls down with  — 0 at Q* ~ Q3, that is, in full agreement with the recent
experimental data from HERA (see, for example, the recent ZEUS and H1 analy-
ses [89-91] and discussion therein). The twist-six terms do not change the above
results essentially.

9. RESULTS OF THE FITS

With the help of the results obtained in the previous Sections we have an-
alyzed Fy(x,Q?) HERA data at small z from the H1 [1-6] and ZEUS [7-14]
collaborations both separately and together.

Without higher-twist corrections our solution of the DGLAP equations de-
pends on five parameters, i.e., Qf, zo, A7’ A7% and A (or, equally well, on
as(Mz)). The incorporation of twist-four and twist-six corrections leads to two
and four additional parameters, respectively.

In order to keep the analysis as simple as possible we have fixed Ayg to
the values given in Eq. (86), which corresponds to a5(Mz) = 0.1166, obtained
recently by ZEUS [7]. The analyzed data region was restricted to z < 0.01,
to stay in the kinematic region where our results are expected to be applicable.
The x? minimizations were done with MINUIT [92]. In the fits, the errors are
statistical and systematical added in quadrature. Finally, the number of active
flavors was fixed to f = 3 and 4 for comparison.

9.1. Leading Twist Approximation. Tables 2 and 3 summarize the results of
the fits to H1 and ZEUS data using twist-two formulae at LO (16) and NLO (25)
approximations.

We can see in Tables 2 and 3 and in Fig. 1 that the qualities of the fits are
very similar for the LO and NLO approximations. This suggests that perturbation
theory works well in the small-z regime. This is in accord with [93-95] (see
also recent reviews [96,97]), where it was shown that the argument of the strong
coupling constant is effectively much larger as Q? in the small-z domain.

However, the similarity of the results found at LO and NLO fits does not agree
with our previous analysis [53], where NLO corrections essentially improved the
comparison between QCD and experiment. This disagreement relates mostly

*We speak about the full gluon density, which is not twist-two one (see Sec. 7).
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Table 2. The result of the LO and NLO fits to H1 (1996/1997) [2] and ZEUS (1996/1997)

[7] data for different low Q2 cuts. In the fits f is fixed to 4 flavors

Q? >, GeV? Aaz Agz Q(Q], GeV?2 x2/n.0.p.

LO

(H1, 1996/1997 [2])

1.5 0.79740.022 [0.791£0.026 | 0.3044-0.005 181/101

2.0 0.81940.022 |0.7814-0.026 | 0.30940.005 139/98

2.5 0.86940.024 [0.754+0.027 | 0.31940.005 88/90

3.5 0.92040.028 [0.733+0.029 | 0.3324-0.006 61/81
LO

(ZEUS, 1996/1997 [7])

2.7 0.91840.031 [0.754+0.040 | 0.31740.005 80/116

3.5 0.89340.034 |0.78040.042 | 0.31540.006 76/111
NLO

(H1, 1996/1997 [2])

1.5 —0.01340.015 {0.893+0.028 | 0.4944-0.009 201/101

2.0 0.00340.015 |0.88240.028 | 0.50540.009 153/98

2.5 0.04240.017 [0.850+0.029 |0.5264-0.010 95/90

3.5 0.08240.020 |0.8244-0.032 |0.55440.012 63/81

NLO

(ZEUS, 1996/1997 [7])

2.7 0.06140.023 |0.8444-0.044 | 0.52340.011 82/116

3.5 0.04440.025 |0.87140.046 | 0.52040.012 78/111

NLO

(H1 [2] + ZEUS [7])

1.5 (rz = 0.963) 0.01040.013 |0.87340.024 | 0.506+£0.007 | 286/217 (204/101, 82/116)
2.0 (rz = 0.964) 0.02140.013 [0.864+0.024 | 0.51240.007 | 233/214 (154/98, 79/116)
2.5 (rz = 0.963) 0.04640.013 |0.83940.024 [ 0.524+0.008 | 171/206 (95/90, 76/116)
3.5 (rz = 0.962) 0.06340.015 [0.829+0.026 |0.53740.008 | 140/192 (66/81, 74/111)

Table 3. The result of the LO and NLO fits to H1 [2-6] and ZEUS [7-14] data for

different low Q? cuts and different f

Q? >, Gev? A7? AT? Q3, GeV? x2/n.0.p.

LO (f=3)

0.5 (rg; = 0.933, rz = 0.955) | 1.21640.015 | 1.15340.015 | 0.3060.003 1163/667
(488/292, 675/375)

1.0 (rg; = 0.939, rz = 0.966) | 1.4244-0.023 | 0.97740.023 | 0.31340.003 854/631
(389/279, 465/352)

1.5 (rg; = 0.946, rz = 0.969) | 1.4724:0.024 | 0.95040.023 | 0.31740.003 7751614
(348/267, 427/347)

2.0 (rg; = 0.953, rz = 0.971) | 1.52740.025 | 0.92340.023 | 0.32340.003 673/591
(273/252, 400/339)
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The end of Table 3

Q2% >, Gev? AZ? AZQ Q3, GeV? x2/n.0.p.
2.5 (rg; = 0.958, rz = 0.971)| 1.589+0.026 {0.890+0.024|0.3304-0.003 580/573
(193/236, 387/337)
3.5 (rg = 0.963, rz = 0.971)| 1.655+0.030 |0.866+0.026 |0.33940.004 501/532
(142/210, 359/322)
LO (f=4)
0.5 (rg; = 0.934, rz = 0.957)| 0.641£0.010 {0.937£0.012|0.29540.003 1090/667
(455/292, 635/375)
1.0 (rg; = 0.940, rz = 0.966) | 0.755£0.015 [0.821£0.019]0.3014-0.003 826/631
(373/279, 453/352)
1.5 (rg; = 0.947, rz = 0.969) | 0.784£0.016 [0.801£0.019|0.30440.003 754/614
(335/267, 419/347)
2.0 (rg; = 0.953, rz = 0.971)| 0.817£0.017 {0.780+0.019|0.31040.003 659/591
(264/252, 395/339)
2.5 (rg; = 0.958, rz = 0.971)| 0.855+0.017 [0.754+0.020|0.3164-0.003 570/573
(188/236, 382/337)
3.5 (rg = 0.963, rz = 0.971)| 0.892+0.020 |0.73740.021 |0.32540.004 495/532
(140/210, 355/322)
NLO (f = 3)
0.5 (rg; = 0.929, rz = 0.951) | —0.09440.009 | 1.358+0.015 | 0.5154-0.006 1406/667
(599/292, 807/375)
1.0 (rg; = 0.936, 7z = 0.965) | 0.072+£0.014 |1.114£0.024|0.5264-0.006 966/631
(455/279, 511/352)
1.5 (rg; = 0.944, rz = 0.968) | 0.109£0.015 |1.078+0.025|0.53540.006 863/614
(403/267, 460/347)
2.0 (rg; = 0.952, rz = 0.971)| 0.151£0.016 |1.045£0.025 |0.54840.006 735/591
(311/252, 424/339)
2.5 (rg; = 0.958, rz = 0.970) | 0.198+0.016 |1.006£0.025 |0.5644-0.006 620/573
(213/236, 407/337)
3.5 (rgm = 0.963, rz = 0.971)| 0.254+0.019 |0.9724+0.027 | 0.58740.007 523/532
(151/210, 372/322)
NLO (f = 4)
0.5 (rg; = 0.932, rz = 0.955) | —0.14240.006 | 1.087£0.012 | 0.4784-0.006 1229/667
(514/292, 715/375)
1.0 (rg; = 0.938, 7z = 0.966) | —0.04240.011 {0.929+0.021 | 0.48740.006 884/631
(407/279, 477/352)
1.5 (rg; = 0.946, rz = 0.969) | —0.02040.011 {0.903+0.021 | 0.49540.006 798/614
(363/267, 435/347)
2.0 (rg; = 0.953, rz = 0.971)| 0.006+£0.012 {0.877£0.021 | 0.5061-0.006 688/591
(282/252, 406/339)
2.5 (rg; = 0.958, rz = 0.971)| 0.035+£0.012 {0.847+£0.022 | 0.5204-0.006 589/573
(197/236, 392/337)
3.5 (rg = 0.963, rz = 0.972)| 0.065+0.014 |0.826+0.023 |0.53940.007 505/532

(143/210, 362/322)
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to the incorrect use of the same value of the QCD parameter A in [53] in both
LO and NLO cases. By contrast, A should be different (see [98]). They are
extracted from «s(Myz) by using b- and c-quarks thresholds following to [99].
The values of A obtained by this procedure and used hereafter in all the fits are:

ALo(f = 5) = 80.80 MeV, Ags(f = 5) = 195.7 MeV,
Aro(f =4) = 111.8 MeV, Agrs(f = 4) = 284.0 MeV, (86)
ALo(f = 3) = 136.8 MeV, Agrs(f = 3) = 347.2 MeV,

obtained from ZEUS result «(Mz) = 0.1166 (see [7]).

Table 2 contains the results of separate fits to Hl and ZEUS data with a
low Q% cut, Q2,, that increases step by step. We observe that the agreement
between theory and experiment improves when increasing the value of Q2. For
Q? > 2.5 GeV? the agreement is good (see Tables 2 and 3).

Note that the separated fits of H1 and ZEUS data lead to purely comparable
values of the parameters QF, zo, A7, A7?. Thus, we may fit to the combined
data set. The results of such combined fits can be found in the last rows of
Tables 2 and 3.

Looking carefully on those Tables, we arrive to the following conclusions:

e In the leading twist approximation the preferred number of flavors f is four.

e The value of the quark distribution does not depend on the specific Q2
values within the limits of experimental errors. The magnitude of the gluon
density and Q2 decrease slowly with decreasing Q2.

e A strong reduction of the magnitude of the gluon density is observed when
NLO corrections are included.

The suppression of the gluon density rise with Q2 at NLO in comparison
with the LO prediction is the well-known effect [87, 100] but in addition we also
observe a strong reduction of the gluon magnitude at 3.

At least partially, this effect can be explained based on the GRV-like point
of view [40-43], where at low Q2 values there are only valence quarks and all
other types of partons are generated in the Q% evolution. Thus, the slow rise
with Q2 when NLO corrections are included directly implies a reduction of the
magnitude at a given Q3.

It should be mentioned that a similar relative reduction of gluon normalization
is obtained in the analyses [44,101], when the In (1/2) resummation was included.
Thus, the correct incorporation of NLO terms has a similar tendency.

e The fitted Q2 values are essentially higher at NLO: Q3 ~ 0.5—0.6 GeV?,
in comparison with LO fits, where Q% ~0.3-04 GeV2, and comparable to those
obtained earlier in [53].

Partially, the effect can be explained by different A values at LO and NLO
approximations. Note, however, that the ratio Af/Ts/ A?y ~ 6.4 and, thus, the Q2

dependence of F; data itself should be important in the definition of Q3.
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Fig. 1. F3%(x,Q?) as a function of x for different ? bins. The experimental points are
from H1 [2-6] (open points) and ZEUS [7-14] (solid points). The solid line represents
the NLO fit with x*/n.d.f. = 798/611 = 1.31 (A7’ = —0.020, A7* = 0.903, Qf =
0.495 GeV?). The long dashed line represents the LO fit with x*/n.d.f. = 754/611 = 1.23
(AZ =0.784, A7? =0.801, Qf = 0.304 GeV?)

Note, that our results are in agreement with the recent H1 and ZEUS analy-
ses [89-91] and with the recent GPR fits [102], which in turn have predictions
similar to ones obtained in global fits (see [34] and [39]). Our studies have
slightly higher x?/d.o.f. values in comparison with [89-91] and [101], because
our semianalytical approach incorporates only the basic properties of Q2 evo-
lution. Moreover, contrary to [89-91] and [102, 103] we use the flat initial
conditions (15) containing only one free parameter for each parton density.



SMALL-z BEHAVIOR OF PARTON DISTRIBUTIONS 645

We note also that the fits [89-91] give the gluon density falling down
with £ — 0 at low @2, that contradicts our flat initial conditions (15). At
least partially, this difference could be due to the disregard of the nonsinglet
contribution. However, this part can have not so strong decrease at low z
(see [104-107]). Note, however, that the last ZEUS analysis [89] shows
at Q2 ~ 1 GeV? the strong rise of the gluon density at x ~ 10~* (that is
close to the behavior of singlet quark density) and the decreasing at z ~ 1072,
Thus, it seems, that this flat behavior can be quite reasonable approximation at
1074 <z <1072

Considering Tables 2 and 3 and Fig.1 we find good agreement with data
only at Q> > 2.5 GeV?. The x?/d.of. is slightly higher than it was before
in [53], mainly due to the strong improvement of experimental data. To expand
the range of applicability of our analysis to Q% < 2.5 GeV?, we add to our fits
HT corrections presented in the previous sections.

Let’s consider both types of estimations of the HT corrections separately.

9.2. BFKL-Motivated Estimations for Twist-Four Terms. Tables 4-6 and
Fig.2 contain the results of the fits to H1 and ZEUS data using Egs. (16), (50),
and (53) at LO and (25), (50), and (53) at NLO.

The results show a good agreement between the theoretical predictions having
BFKL-like twist-four term and experimental data of the H1 [3,4] and ZEUS [11,
12] collaborations.

The fits of H1 [3,4] and ZEUS [11,12] data demonstrate a strong improvement
of the agreement between theory and experiment (see Fig.2), essentially at LO
and in the case f = 4.

The values of parameters in the twist-two terms do not change drastically;
Q3 rises 100 and 150 MeV at LO and NLO, respectively. The gluon density in
the twist-two term rises essentially and the quark distribution decreases slowly.
The changes are compensated by a negative gluon and a positive quark twist-four
magnitudes, respectively.

We found also a tiny dependence on the real value of the parameter «b» that
supports our hypothesis (see Sec.2) about the irrelevance of the exact form for
the nonsingular (at n — 1) terms in the twist-four anomalous dimensions.

An interesting fact is that the value of the sum A7 +4/9A7* is very close
to zero. Hence, HERA data do not seem to support a strong increase of the twist-
four terms at small z, contrary to the expectation from various BFKL-motivated
estimations [26-29].

9.3. Renormalon Model Predictions for Higher-Twist Terms. Tables 4-
7 and Figs.2 and 3 contain the results of the fits to Hl and ZEUS data using
Egs. (16) and (67) at LO and (25) and (67) at NLO. The results show the ex-
cellent agreement between theoretical predictions and experimental data. The x>
decreases very strongly.
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Fig. 2. Fx(x, Q?) as a function of z for different Q2 bins. The experimental points are the
same as in Fig. 1. The solid line represents the NLO fit alone with x*/n.d.f. = 798/611 =
1.31 (AZ = —0.020, A7®> = 0.903, Qj = 0.495 GeV?). The dash-dotted curve rep-
resents the BFKL-motivated estimations for higher-twist contribution to F(x, @?) with
the value of the parameter b = a®/2. The corresponding x?/n.d.f. = 629/609 = 1.03
(AZ = 0.301, A7? = 0.535, Qf = 0.631 GeV® and AZ' = —0.580 GeV?, A =
1.311 GeV?). The dashed curve is obtained from the fits at the NLO, when the renor-
malon contributions of higher-twist terms have been incorporated. The corresponding
xX°/ndf. = 500/607 = 0.82 (A7 = 0.041, A7* = 0.824, Qf = 0.493 GeV? and
ag' = —2.765 GeV?, a;* = 0.676 GeV?, ag’ = 0.939 GeV*, a7® = 0.252 GeV*)

Consider separately the fits of data for Q% > 1.5 GeV? and Q? > 0.5 GeV?,
presented in Tables 4—6 (and in Fig.2) and Table 7 (and in Fig. 3), respectively.
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Fig. 3. Fa(x, Q%) as a function of x for different Q? bins. The experimental points are
from HI1 [2-6] (open points) and ZEUS [7-14] (solid points). The solid line represents the
NLO fit alone with x*/n.d.f. = 798/611 = 1.31 (AZ = —0.020, A}> = 0.903, Q5 =
0.495 GeV2). The dashed curve is obtained from the fit at the NLO, when the renor-
malon contributions of higher-twist terms have been incorporated. The corresponding
X°/ndf. = 565/660 = 0.86 (A7 = 0.279, A7® = 0.640, Qj = 0.672 GeV® and
ag' = —0.143 GeV?, a]* = 0.140 GeV?, ag’ = —0.044 GeV*, a® = 0.043 GeV?).
The dash-dotted curve (hardly distinguished from the dashed one) represents the fit at the
LO together with the renormalon contributions of higher-twist terms. The corresponding
X°/ndf. = 555/660 = 0.84 (A7 = 1.211, A7® = 0.539, Qf = 0.404 GeV? and
ag = —0.002 GeV?, aj* = 0.102 GeV?, ag’ = 0.001 GeV*, a7 = 0.031 GeV*)

Looking carefully at Tables 4-6 and Fig.2, we arrive at the following con-
clusions:
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Table 4. The result of the LO and NLO fits to H1 (1996/1997) [2] data. Power correc-
tions included for different values of the parameter b and in the infrared renormalon
case

HI, T4 (.74 T4 (74
1996/1997 AZ? A7? AG Eafﬁ Ag (azﬁ) Q3, GeV? [x2/n.o.p.
[2] a‘G (aq )
LO
(f=4)
No ht 0.79740.022 {0.79140.026 — — 0.30440.005| 181/101
b=0 1.21440.060 |0.426+0.054 — 0.96940.127 [0.36040.009| 124/101
b=1 1.2634+0.070 {0.43640.051|—0.496+0.062| 1.12740.142 [0.388+0.022| 119/101
b=a?/2| 1.321£0.072 |0.4460.049 | —0.5234-0.065| 1.2054-0.148 |0.41740.023| 106/101
Rt4 1.15540.060 {0.58240.032|—0.310+£0.171| 0.230+0.078 |0.381+0.020| 56/101
(0.000 fix) (0.000 fix)
Renorm. | 1.037+£0.121 |0.668+0.073 | —0.01140.259 | —0.00740.1220.356£0.035| 54/101
—0.48610.841| 0.08440.325
NLO
(f=4
No ht —0.01340.015]0.893+0.028 — — 0.4944-0.009| 201/101
b=0 —0.02440.017|0.882+£0.029 — —0.0014:0.000|0.473+£0.017 | 199/101
b=1 0.31640.047 [0.47440.056 | —0.542+0.065| 1.21940.147 {0.60040.030| 133/101
b =a?/2| 0.336£0.045 |0.492+0.053 | —0.6034-0.067| 1.36240.152 |0.63540.030| 127/101
R74 0.14440.078 [0.76440.056 | —0.692+0.275| 0.1554+0.021 |0.576+0.060| 55/101
(0.000 fix) (0.000 fix)
Renorm. | 0.102+0.086 |0.800+£0.066 | —1.3274+1.218| 0.310£0.281 |0.548+0.067 | 54/101
0.4124+0.834 | 0.063+0.144

e For the data, usage of f =4 is strongly preferred.

e The values of parameters in the twist-two terms do not change essentially.

We see, however, for H1 data in Table 4 and for combined data in Table 6
some rise of gluon terms when higher-twist terms are incorporated. The rise
exists for both the LO and NLO approximations and it is compensated by a
negative gluon twist-four magnitude. The twist-six gluon magnitude has different
signs (it is negative and positive at LO and NLO approximations, respectively),
but the combination of the higher-twist terms gives negative contribution for the
gluon case.

Note that the phenomenon is similar to one observed for BFKL-motivated
twist-four corrections (see the previous Subsection) and can be considered as
quite general property of the HT corrections.

e For the ZEUS data in Table 5 the influence of the higher-twist terms is not
S0 important.

e In contrary to the gluon case, the higher-twist corrections for the quark
density are mostly positive that leads to different small-z asymptotics of gluon and
quark distributions at low Q2 values, observed recently at HERA experiments [90]
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Table 5. The result of the LO and NLO fits to ZEUS (1996/1997) [7] data. Power correc-
tions included for different values of the parameter b and in the infrared renormalon

case

ZEUS, T4 T4 T4 T4
1996/1997|  A7? A7 AG EZ?G) Ag E:zﬁi Q2, GeV? |x¥n.o.p.
[7] G q

LO

(f=4

No hr | 0.918+0.031 |0.75440.040 — — 0.31740.005| 80/116

b=0 | 0.891+0.067 |0.78040.070 — —0.09340.203|0.314-:0.009| 80/116

b=1 0.910-£0.074 |0.780+0.068| 0.04640.101 |—0.10120.229{0.32440.023| 79/116

b=a2/2 | 0.92040.069 |0.78640.066| 0.083+0.117 |—0.179+0.263|0.3300.019| 78/116

Rrd 0.9800.063 [0.73940.050] 0.34440.320 |—0.137=0.135|0.3430.021| 78/116
(0.000 fix) | (0.000 fix)

Renorm. | 0.859+0.087 |0.75740.074 | —2.439-£1.207 | 1.01440.559 [0.28140.024| 68/116
—10.66+3.60 | 4.99+1.78

NLO

(f=4

No hr | 0.0612£0.023 |0.84440.044 — — 0.523+£0.011| 82/116

b=0 | 0.067£0.030 |0.84940.046 — —0.00140.002|0.533£0.034| 81/116

b=1 0.062-£0.015 0.859+0.026| 0.02040.002 |—0.044=0.005|0.53440.017| 81/116

b=a2/2 | 0.071£0.055 |0.86640.073| 0.046+0.122 |—0.10120.275|0.549+0.037| 80/116

Rrd 0.083+0.081 [0.82340.078| —0.046+0.313 | 0.016:£0.041 |0.533+0.054| 81/116
(0.000 fix) | (0.000 fix)

Renorm. | —0.329-£0.068 | 1.24240.094 | —1.599-£0.643 |—0.17740.173[0.31240.027| 64/116
—16.008+2.451 | 2.25340.492

(see a detailed discussion in Subsec. 9.6).

e The fitted value of Q2 tends to be little higher (at LO Q3 ~ 0.5 GeV?
and at NLO Q3 ~ 0.7—0.8 GeV?) when the twist-four corrections have been
added. It is in agreement with the results when BFKL-motivated twist-four
corrections have been considered (see the previous Subsection). The incorporation
of twist-six terms returns the Q% values to the ones, obtained in the twist-two
approximation.

Looking carefully at Table 7 and Fig. 3, we see full support of above results:
the agreement with experimental data improves drastically, essentially for 0.5 <
Q2<25 GeV?2. We should note, however, the following excepting features:

e Usage of f = 3 is preferred, that is natural choice at low Q? values.

e The twist-six corrections are important to stabilize the HT contributions and,
thus, the results of Table 7 are comparable with ones in Tables 4—-6 only when
the twist-six corrections are included. Indeed, at Q2 > 1 GeV2, the experimental
data increase at + — O essentially faster than the twist-two predictions.
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The twist-four term, which is most important here, is responsible for the strong
antishadowing effect.

At Q2 ~ 0.5 GeV?, the experimental data rises already slowly at x — 0.
Then, the twist-four term, if it is alone, turnes out to be smaller as compared with
the results obtained from the fits of data at Q2 >1 GeVZ2.

So, the contribution of the twist-six term is important and should be added
to recover an agrement between these analyses. The twist-six term is responsible
for the shadowing effect and stabilizes the HT contributions.

We comment here on the values of the magnitudes of HT corrections obtained
in the fits above which are essentially higher than the expected A? for twist four
and A* for twist six. As it was done in Introduction we start with the case when
only the twist-four corrections are taken into account.

Following [55] we stress that the renormalon model cannot account for the
absolute normalization of the twist-four corrections. As was proposed in [52,55,
108] it is necessary to assume that the model parameters, the overall normalization
factors and scales, should be fitted to the experimental data.

Recall that for the flavour nonsinglet case data can be described at =z >
0.25 using the normalization factors about 2 or 3 times larger than p% =
(2/B0)AZe™ s ~ (10.6/ o) A2 (Cygg = —5/3) arising directly from the renor-
malon model. For example, the authors of [108] used al = 0.2 GeV? and
all = (aﬁ“sf = 0.04 GeV?*. The fits of nonsinglet data give similar results:
aky = 0.104 GeV? in [110] at the NLO level and al = 0.340,0.125 and
0.013 GeV? in [111] for LO, NLO, and NNLO approximations, respectively.

Note, that in the low-x range there is no the strong reduction of the magni-
tudes of the twist-four corrections with the increasing of the order of perturbation
theory or with the application of a proper resummation, that was observed at large
and intermediate = values (see [111-115] and [116], respectively).

Considering Table 6 we see that a]*(f = 3) = 0.326 GeV?, ai(f =4) =
0.162 GeV* and al*(f = 3) = 0.265 GeV?>, a7*(f = 4) = 0.141 GeV” at LO and
NLO approximations, respectively. Thus, the results for quark magnitudes are
stable in perturbation theory and they are in full agreement with those obtained
for the NS part.

For the gluon density we have that aZ'(f = 3) = —0.279 GeV?, aZ!(f =
4) = —0.172 GeV? and aZ}(f = 3) = —0.660 GeV?, aZ(f = 4) = —0.552 GeV?
at LO and NLO approximations, respectively. Thus, the results for gluon mag-
nitudes are nonstable in perturbation theory. At the LO they are very similar
to the quark ones but at NLO their values increase 2 or 3 times. Perhaps the

*We would like to note that the similar analysis [109] has aﬁ% =0 and aﬁ‘ls =1 GeV2, ie.,

a&‘é is 5 times larger than one in [52,55, 108].
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most natural explanation of this rise is a partial compensation by the twist-four
corrections of the twist-two part of gluon density, which decreases strongly when
NLO corrections are taken into account.

In our opinion, our results should be considered as a first estimation of HT
gluon magnitudes and some additional efforts should be necessary. We plan to
attempt this problem in the following publication, where the nonsinglet quark
density and the new experimental data [89-91] will be taken into account.

The investigation will contain also the study of the twist-six terms, which
were not studied in detail before and in the present work. For example, the
paper [108] contains the suggestion all = (af\fls)Q. Our present investigation
shows really only a strong correlation between twist-four and twist-six terms,
which have usually opposite signs.

We hope that the incorporation of the nonsinglet contributions and the new
experimental data of ZEUS and H1 collaborations [89,91] leads to stabilization
of our results for the magnitudes a®™* and a*™%, a = (¢, G).

94. Leading and Higher-Twist Approximations for the Derivative
OF,/01In Q%. The results for the derivative OF;/01n Q? are shown in Figs. 4
and 5 together with H1 experimental data [2].

Figure 4 contains only the leading twist theoretical predictions. As in the case
of Iy data, we have very good agreement between our formulae and experimental
data at Q2 > 3 GeVZ.

When we added the HT corrections, the theoretical results begin to be in
agreement with experiment also at Q% < 3 GeV? (see Fig. 5), especially when we
used the results of F data fits at Q2 > 0.5 GeV?. The corresponding results for
OF>/01n Q? are shown as the dashed curve for the NLO and as the dash-dotted
curve for the LO fits.

Both curves are hardly distinguished from each other. It means, that in this
kinematical region of small x the order of perturbation theory inside the leading
twist does not matter. The importance has the number of twists taking into
account.

Note that the HT corrections to Fy and 9F5/91n QQ? structure functions are
opposite in sign that demonstrates the importance, respectively, of the quark
density and gluon one for the functions (see also the following Subsection and
discussions therein). The fact is in full agreement with the results of Sec. 3.

Thus, our quite simple formulae obtained in the generalized DAS approach
are very convenient also to the study of the derivative 9F,/d1n Q?, which is very
important to extract gluon density and the longitudinal F}, or the ratio R = o, /o
(see [117,118] and [119-121], respectively).

9.5. Effective Slope A (2, Q*). The results for the slope At (z, Q%) are
shown in Figs. 6, 7 and 8 together with Hl and ZEUS experimental data [1, 8,
122,123].
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Fig. 4. The derivative function OF52(z,Q?)/01n Q? taken at fixed Q? and plotted as a
function of x. The experimental points are from H1 [2]. The outer error bars represent the
quadratic sum of statistical and systematical errors. The inner error bars show the statistical
error only. The solid line represents the NLO fit with x?/n.d.f. = 798/611 = 1.31
(AZ = —0.020, A7% =0.903, Qj = 0.495 GeV?), while the long dashed line is the LO
fit with x*/n.d.f. = 754/611 = 1.23 (A7 = 0.784, A]* = 0.801, QF = 0.304 GeV?)

In Figs. 6 and 7 we see very good agreement between theory and experiment
both with and without consideration of the HT corrections. Note that the asymp-
totic approximation does not work so well because at large QO values, i.e., at its
range of applicability, there are experimental data only at quite large = values:
x> 1073

Since the logarithmic 2 derivative is compatible with independence of 2,
both H1 and ZEUS have fitted their data on the proton structure function to the
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Fig. 5. The derivative function OFz(z, Q*)/01In Q? taken at fixed @Q* and plotted as a
function of . The experimental points and the solid line (NLO fit with x?/n.d.f. =
798/611 = 1.31) are the same as in Fig. 4. The dashed and dotted curves are obtained
from the fit at the NLO, when the renormalon contributions of higher-twist terms have
been incorporated. The dashed one is the same as in Fig. 3 with the corresponding
x> /n.d.f. = 565/660 = 0.86, while the dotted line is the one from Fig. 2 with x?/n.d.f. =
500/607 = 0.82. The dash-dotted curve (hardly distinguished from the dashed one) is
the same as as in Fig. 3 and represents the fit of data on structure function F(x, Q%) at
the LO, the renormalon contributions of higher-twist terms included. The corresponding
x?/n.d.f. = 555/660 = 0.84

form I = ¢(Q?) =M@ Figure 8 shows recent HI and ZEUS fits [1,8,9,122]
for A\(Q?). Some of them are preliminary only and extracted from Fig. 14 of the
recent review [123].
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Fig. 6.The derivative function (effective slope) A" (z,Q*)=01n F7*(z,Q?)/0In (1/x)
as a function of x for different Q? bins. The experimental points are from H1 [2]. The
outer error bars include statistical and systematical errors added in quadrature, while the
inner error bars correspond to statistical errors only. The solid line represents the NLO fit
with x*/n.d.f. = 798/611 = 1.31 (A7 = —0.020, A7> = 0.903, Q5 = 0.495 GeV?),
while the long dashed line is the LO fit with x?/n.d.f. = 754/611 = 1.23 (AF =
0.784, A;Q =0.801, Q3 = 0.304 GeV?). The dotted line corresponds to the asymptotic
expression X2 (z, Q?) in Eq. (43c)

Fa,as

The experimental data shows a rise of the slope ASH (, Q?) from the value

~ 0.1 at Q? < 1 GeV? (the so-called «soft pomeron range») to the value
~0.3—0.4 at Q2 > 100 GeV? (the so-called «hard pomeron range») and ¢ ~ 0.18
is consistent with being constant.
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Fig. 7. The derivative function (effective slope) A%, = 9ln Fz(z,Q%)/0In(1/z) as a
function of x for different Q2 bins. The experimental points and the solid line (NLO fit with
x?/n.d.f. = 798/611 = 1.31) are the same as in Fig. 6. All other curves are obtained from
the fits, when the renormalon contributions of higher-twist terms have been incorporated.
The dashed one is the same as in Fig. 3 with the corresponding x?/n.d.f. = 565/660 =
0.86, while the dash-dotted line is the one from Fig. 2 with x*/n.d.f. = 500/607 = 0.82.
The dotted line corresponds to the asymptotic LO expression Aiﬁ;as(w, Q%) in Eq.(80),
plotted at x*/n.d.f. = 573/667 = 0.87 (A7’ = 1.234, A]* = 0.518, Qj = 0.407 GeV?
and aZ' = 0.201 GeV?, aj* = —0.011 GeV?)

In our opinion, the strong @ dependence of the slope ASH (z, Q%) was ob-
served first in [124], where fits of experimental data have been performed for
the Regge-like PD form. At high Q2 side, the slope value is close to LO BFKL
prediction (A (2, Q%) ~ 0.3—0.4), at smaller Q? values A\ (z,Q%) ~ 0.2,
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Fig. 8. The derivative function (effective slope) A%, = 9ln Fz(z,Q%)/0In(1/z) as a
function of Q2. The experimental points (Hl and ZEUS) have fitted their = < 0.01
data to the form Fy = c(QZ)x’MQQ): black points — H1 F data [1]; squares — H1
data [122] combined with NMC data [80]; triangles — H1 data [122] combined with
low Q? ZEUS BPT data [8]; open diamonds — preliminary ZEUS slope fit 2001 [123].
The inner error bars illustrate the statistical uncertainties, the full error bars represent the
statistical and systematic uncertainties added in quadrature. The data are compared with
a parameterization [1] (see the short-dashed line) in which \(Q?) = a1n[Q?/A?] grows
logarithmically with Q% (a = 0.0481, A = 292 MeV). Using data for Q* > 3.5 GeV?, the
next-to-leading fit leads to the results (see solid line) close to the parameterization [1]. The
solid line (NLO fit with x?/n.d.f. = 798/611 = 1.31), the long-dashed one (NLO&RAt fit
with x? /n.d.f. = 565/660 = 0.86) and the dash-dotted one (NLO&RAt fit with x? /n.d.f. =
500/607 = 0.82) are the same as in Fig. 7. The value of = was fixed to 1073 for all
curves

that is close to the model with Pomeron interactions [125] and to NLO BFKL
predictions [95] based on non-MS-like renormalization schemes and BLM resum-
mation of large values of NLO corrections calculated recently in [126, 127] (see
also [128,129] ). At low Q? the slope value coincides with Donnachie—Landshoff
model, where A (2, Q%) ~ 0.1.

In a sense, the shape of the slope ASH (, @?) is in contrast with Regge asymp-
totics, where the corresponding slopes should be Q?-independent. Note, however,
that this Q% dependence can be described in phenomenological Regge-like mod-
els [130-133]. There are also attempts (see [48,49]) to recover the slope shape in
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the  Regge-like form  of parton  distributions  considering  the
small-z asymptotics of DGLAP equation. A quite natural explanation of the
rise is given in the generalized DAS approximation as it was shown in [53].

Quite recently, the H1 (1996/1997) data [1] (black circles in Fig. 8) has
been analyzed in [76], where good agreement has been found between data and
theoretical predictions based on generalized DAS approach. For example, the rise
can be described as InIn Q?, i.e., in pure perturbative QCD. Incorporation of HT
corrections gives a possibility of extending the agreement to new preliminary H1
and ZEUS data for quite low Q? values (see dashed curve and the preliminary
data near Q2 ~ 1 GeV? in Fig. 8).

9.6. Parton Distributions. The results for the quark and gluon densities
are shown in Fig. 9 together with the NLO QCD predictions of AO2NLO [134],
represented by dots.

As was noted already in Secs. 6 and 8§, there is very strong difference between
the twist-two and total parton distributions. In the case of the twist-two parton
densities f7%(z,Q?), the higher-twist corrections contribute to the Wilson coef-
ficient functions, i.e., (in MS-like factorization scheme used here) to the relation
between the parton distributions f72(x, Q?) and F,. Then, the higher-twist terms
give additional power-like corrections to the relation and, thus, change it.

Contrary to this, in the case of the total parton densities f,(z,Q?), the
coefficient functions are pure twist-two ones, i.e., the relation between the par-
ton distributions f,(z,@?) and the structure function Fy taken in the standard
MS-like way. Thus, in this case the higher-twist corrections are responsible for
the difference between the twist-two parton distributions f72(x, Q?) and the full
ones fo(z, Q).

For the quark density the difference between twist-two distributions and total
densities is not very strong. In Fig. 9, one can see good agreement between
quark distributions obtained in the different approximations. For the renormalon
higher-twist corrections, our results are very close to those obtained by ZEUS
collaboration in [90].

At high Q? values, there is also good agreement between gluon distributions
obtained in the different approximations. For small Q? values, in the renormalon
model our total gluon density is strictly less than twist-two one: for example,
at Q2 = 2 GeV? the ratio fa(z,Q?)/ fE3(x, Q%) < 1/3. Nevertheless, there
is a disagreement here between our results and the recent ones from ZEUS
collaboration (see [90]) in the range of small Q2 values: our total gluon density
is essentially higher than the ZEUS one. A similar disagreement exists between
our total gluon distribution and the Alekhin one [134] (see Fig.9). Thus, the
deviation between our twist-two and total gluon distributions is strong but less to
have agreement with experimental data.

In our opinion, the most part of the difference comes from neglection of
valence quark part fy (z, @?) in our paper. The neglection is a quite standard tool
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Fig. 9. The parton distributions f, (2, @*) as a function of  for Q* = 2, 10 and 100 GeV>
compared to the NLO QCD predictions of AO2NLO [134], represented by black dots.
The solid lines represent the NLO fit alone with x?/n.d.f. = 798/611 = 1.31 (A7 =
—0.020, A;Q =0.903, Q% = 0.495 GeV?). The dash-dotted curves represent the BFKL-
motivated estimation for the higher-twist contribution with the value of the parameter
b = a®/2. The corresponding x*/n.d.f. = 629/609 = 1.03 (A7 = 0.301, A]> =
0.535, Q5 = 0.631 GeV? and AZ' = —0.580 GeV?, A]* = 1.311 GeV?). The dashed
curves are obtained from the fits at the NLO, when the renormalon contributions of higher-
twist terms have been incorporated. The corresponding x?/n.d.f. = 565/660 = 0.86
(AF = 0.279, A7? = 0.640, Qf = 0.672 GeV? and ag' = —0.143 GeV?, a]* =
0.140 GeV?, ag’ = —0.044 GeV*, a7® = 0.043 GeV?)

at small-z range (and quite large Q2 values, where parton model is applicable),
because fi(x, Q%) ~ z*v with Ay ~ 0.3—0.5.

At low Q? values, however, the ignoring of the valence and nonsinglet quark
distributions cannot be the correct approximation, because here the singlet parton
distributions (at least the gluon density) start to fall when © — 0. Moreover, at
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higher orders of perturbation theory, strong double-logarithmic terms contribute to
the valence and nonsinglet quark distributions. The contributions can be evaluated
in the framework of BFKL-like approach, and they can lead to essential decreasing
of the Ay value at low Q2 values (see [135,136] and discussion therein).

Thus, in our model gluon density at small Q2 values includes effectively a
contribution of the valence quark distributions and, thus, is essentially large to
compare with ZEUS and Alekhin predictions from [90] and [134], respectively.

Note that the absence of the valence quarks can be partially responsible for
some disagreement between theory and experiment for the derivation dF» /9 1n Q>
(see Figs.4 and 5 and discussions in Subsec.9.4), which depends strongly on
gluon density.

We plan to return to the study of the problem and to incorporate the valence
quark densities in our future investigations.

CONCLUSIONS

In generalized DAS approximation we have incorporated HT corrections for
semianalytical solution of DGLAP equation obtained earlier in [53] at LO and
NLO Ilevels in the leading twist approximation for the flat initial condition.

The HT corrections have been added in two models — the so-called BFKL-
like one and the renormalon one. In both models the HT terms lead to im-
provement of the agreement with new precise experimental data of Hl1 and ZEUS
collaborations. The elements of the renormalon model, however, are essentially
better defined and the model describes experimental data much better, especially
at very low Q2 values (Q? > 0.5 GeV?).

After verification of all uncalculable parameters in our formulae from the fits
of F; data, we apply our approach to compare with H1 data for the derivative
OF,/0InQ?, with H1 and ZEUS data for the effective slope A (z,Q?) data,
and with experimental predictions for the parton distributions.

We have found rather good agreement with the data for the effective slope
A (#,Q?) and for the derivative OF,/91InQ? and also with experimental pre-
dictions for the quark distribution, but have some disagreement with other results
for gluon densities at low Q? values (see Subsec. 9.6 in the previous Section and
discussions therein), that needs an additional investigations. We plan to study
this problem in a further publication where the nonsinglet quark density and the
new experimental data [89-91] will be taken into account.

As next steps we plan to add (at low Q2 values) to our analysis some
phenomenological models of coupling constant. We hope to apply the Shirkov—
Solovtsov analylical coupling constant [137,138] and a «freezing» procedure (see,
for example, [139] and discussions therein).
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Moreover, we plan also to add to our initial conditions (15) the corrections
~ In(1/x) and ~ In*(1/z) obeying Froassart restriction by analogy with con-
sideration of these corrections in the Regge-like small-z asymptotics of parton
distributions done earlier in [140, 141].

Addition of HT terms should be important also for high-energy cosmic rays,
where they can lead to quite important shadowing corrections for cross sections
of neutrino—proton scattering studied in DAS approach in [142—-144]. The subject
will be considered in the forthcoming article.

We are considering also to extend the application of the higher-twist cor-
rections for the longitudinal structure function F7. The consideration of FTp,
should be very important essentially at low Q? values, where Fy should go to
zero when Q? — 0 [145-149] at low-z values based on k;-factorization proce-
dure [150-153]).

In the QCD improved parton model, the LO results for F, are proportional
to as(Q?) and, thus, do not lead to zero values to the longitudinal structure
function. Moreover, the NLO corrections to F, are large and negative at low-x
values (see [154-161]) and, thus, give large negative contributions at low Q2
range [94,162-164]. Thus, these corrections can lead to the negative values
for Fr, [38,94] of perturbation theory and one needs a resummation of large
corrections at low (2 values. Based on Grunberg approach [165,166], the
resummation leads to recovering the well-know Callan—Gross relation F;, = 0 at
asymptotics x — 0 (see [94]).

Thus, there are quite conserved results for F at low-z and Q2 values.
The incorporation of the higher-twist corrections, which can be very important,
namely, in the case of the longitudinal structure function (see recent study [88]
and discussions therein), should give an additional important information about
Fy, structure at low-z and Q? values. Moreover, the measurement of F, should
become possible in the nearest future (see discussions in Sec. VII of [15]) with the
proposed updates to the HERA machine, which will yield very large integrated
luminosity. Note that some precise preliminary results for Fr, can be found
already in the recent review [123] and we plan to study them in the nearest
future.
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APPENDIX A

The estimations of the twist-four and twist-six contributions in the framework
of IR-renormalon model have been done in [108] (for nonsinglet case) and in [55]
(for singlet one). As we already noted in Sec.1, we neglect the nonsinglet
component in our analysis. The higher-twist corrections to singlet case contain
sum of nonsinglet and singlet higher-twist results. However, we take an interest
only in n — 1 asymptotics of the corrections, where nonsinglet part of higher-
twist corrections are neglected because of exact Bjorken sum rule.

The singlet part of higher-twist corrections may be presented in the following

form:
Mf(nv QQ) =
T4 T4 76 P
e () e ()
(AD)

The quark contributions 17*(n,In (A/Q?)) and u7%(n,In (A/Q?)) [55] may
be transformed to n space

i (n,ln (A)) _ 8CrTRf {Bgm(n) 07 (n) In (%)] (A2

Q? Jors
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64 1 8 1 8 1 8 24 1 16 1
b;‘G(n)_

T105n—1 B5n+1 _§n+2+n+3_€n+4+£n+6'
(A6)

The gluon contributions uZ(n,In(A/Q?)) and uZ’(n,In(A/Q?)) may be
estimated [55] as

In(A/Q?
B (A Q) = iy (n, IS, (A7)
’YGq (n)
where [167]
0) 2+n+n?

’VGq (n) = _4CF (Tl — l)n(n + 1)

is the leading contribution to the gluon—quark anomalous dimension.

We take an interest in the asymptotics n — 1, where the above values may
be represented as

- 4 1 111 2291
BI*(n) = ( + >+O(5),

15\ 482 1 1206 3600
2 (1 139
T4 _ 2= _ =
b’ () = 1 (5 120) +00), (AS)
32 /1 1431 870637
B‘rG _ 2 [ = -
()= 155 (52 " 33600 1411200) +00),
16 (1 3217
76 _ = .
b (M) = 105 (5 3360) +00);
2 /1 101 1
BZ(n) = — 4+ 5), bii(n) = )
16 (1 2663 8
B‘rG _ - ) b‘rG — _ §
&M = To5cy (5 + 3360) +000), &) = 1556, T 00)
with 6 =n — 1.

APPENDIX B

We present here the detailed analysis* of the method of replacing the convo-
lution of two functions by a simple product at small x. We restrict ourselves to
the accuracy O(z). Some earlier presentations can be found in [77,78] (here the
accuracy O(z?%) has been considered) and in [53].

*Contrary to [77,78] and to the main body of the paper we use here the variable z = z/xo.
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Let to consider the set of PD with different forms:

(I) Regge-like form fr(2) = 270 f(z),

(I1) Logarithmic-like form fr,(z) = 2% In(1/2) f(2),

(IIT) Bessel-like form f7(z) = z7° dln(l/z)kmfk <2y/dln(1/z)> f(2) with de-

finition (22) of the I, function,

where f(z) and its derivative f'(z) = df(z)/dz are smooth at z = 0 and both
are equal to zero at z = 1: N N
fy=rf@=o.
(1) At the beginning, we consider the basic integral with integer nonnegative
n values:

1

Jé}i)(nvz)=2"®fi(2)f/(;—y y" f; (g) i=R,L1I.

z

(a) Regge-like case. Expanding f(z) near f(0), we have

1
T5h(n,2) =Z‘5/dyy"+5‘1x

~ ~ 1
x| O+ =70+t (=) THO) 4| =
=2 | (0 + 0)| -
—c n+9 N
1 - 1 ~ 1 1 ~
_n - R ()
z {n+5f(0)+n+5—1f 0)+...+ k!n+5—kf (O)+..} .
B1)
Using the power-like large-x asymptotics
f(z) ~ (1 —2)" when z — 1, (B2)
the second term in the r.h.s. of Eq.(B1) can be summed:
YRS B S DT+ +0) 0
Jsr(n,2) =2 n+5f(0)—|—(’)(z) +z N — f(0). (B3)
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Consider particular cases n > 1 and n = 0 separately:
(al) If n > 1, then the second term in the r.h.s. of (B3) is negligible and we
have

1 - 1 ~
Js(n, z) :z—én—M F(0) + O(z' ) = — fr(z) + 0. (B4)

(a2) If n = 0, the r.h.s. of (B3) can be rewritten as follows:

1

Tyn(0.2) == {—f(O) + 0(2)] L DA +v) &

r'l+v-9) 10) =
= 65" (2)fr(2) + O(z'"°), (BS)

0

where

(B6)

or(z) 6
i.e., there is the correlation between small-z and large-x asymptotics of parton
distributions (see [168-170]. Note that the value (51}1(z) is finite at the limit
6 —0:

11 F(1-6)T(1+v) 4
{_ I(1+v—9) ]

z

1 1 1
lim () =In (—) —[T(1+4v)—0(1) In (—) —p(v), (B7)
z z

where the Riemannian W function is the logarithmic derivation of the I' function.

Remember that the large-z asymptotics are different in quark and gluon cases,
the values v, =~ 3 and v¢ ~ 4 are coming from quark counting rules, which leads
to p(vy) ~ 11/6 and p(vg) ~ 25/12.

(b) Logarithmic-like case. Using the simple relation

1 d(z79)

—0
1 — =
£y s

we immediately obtain:
(bl) n > 1 case:

I8, 2) = 2~ In(1/2) {nié (1 - (n+(5)11n(1/z)> 7(0) +0(2)] _

1 1 _
i (1 - (n+5)ln(1/z)> fr(z) +0(z'7%) =
1 1
:me(Z)+O<m)~ (B8)
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(b2) n = 0 case:

J0(0,2) = 270 In(1/2) E (1 _ m> 7o) + 0(2)] 4

P(=5)T(1+v) ~
TU+v—0) FO) [P +v—35) —¥(=9)]

i (o
6 In(1/2) \ 0r(z)

Ir(1—0)I(1+v)
T(1+v-—0) P+v—0) -0 —&])1. (B10)

The value 6, '(z) is also finite at the limit § — 0:
li !
im —— =
6—0 (5[,(2)

-1y <1> - m (101 +v) — WP~ [0+ )~ w(1)]) =

[\

z

z

1. /1 1 ,
= 5111 (‘) T Im(1/2) (p(v)* =p'(v)), (BI)

where the ¥’ function is the derivation of the ¥ function, p'(v,) =~ —49/36 and
P’ (vg) = —205/144 are coming from quark counting rules.
(c) Bessel-like case. Representing Bessel function in the form

2" %dIn (l/z)k/QFIv,yC (2\/ dln(l/z)) 22 m (d%)Tsz_‘s =

k/2 A
— d(%) I (2,/d<d%>> 279 (B12)

and repeating the above analysis, we have
(cl) in the n > 1 case:

1 d
ng,ll (n,z) = p—— fi(z)+0O ( ) ; (B13)
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(c2) in the n = 0 case:

J8(0,2) = fr(z) + 0(z'79), (B14)

1
51(2)

where

! M(%)’“/Q ~ A\ =°
5O bty 8 (2 (3)i(@)) sy o

The value 6;'(z) is also finite at the limit § — 0:

I -
520 87(2)

B ln(lA/z)ka <2VCZ1“(1/Z)>N n(1/z) 2k+1 d
" a

h (2y/any2)) Voa T T \Vmam )
(B16)

where the r.h.s. of (B16) is obtained from the expansion of the modified Bessel
functions at z — 0.
Note that we can represented Eqs. (BS), (B9), and (B14) formally as follows:

1
0p(2)

which has been used in Secs. 2 and 4.

6 fp(2) = f(z) (B=R,L,I), (B17)

(2) Since the HT coefficient functions Bj*®(n) contain the terms
~ 1/(n — 1)? (see Egs.(A3) and (A5)), we should consider also the second
basic integral with integer nonnegative n values:

1

T (n,2) = 2 In(1/2) ® fi(2) = /ij_y yIn(1/y)f; (g) =R

z

It is easy to demonstrate that

2 d
Jé)i)(n, z) = %Jé’i) (n —a, 2)|a=0,

which simplifies essentially the consideration of J{* (1, z).
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(a) Regge-like case. Repeating the analysis of Subsec. (1a), we obtain easy
that

Jéi%(n, z) =27 {(n _i 6)2f(0) + (’)(2)] +

ZL(=(n+6)I(1+v) [lnl
I'l4+v—n—9)

+U(=(n+0)) = ¥(1+v—n-—26)|f(0)
(B18)

+z
z

Consider particular cases n > 1 and n = 0 separately:
(al) If n > 1, then the second term in the r.h.s. of (B3) is negligible and we

have
1 ~ 1 ~
Jé?)z(n,Z) = z‘5mf(0)+0(21—5) = 1o fr(2)+0(z'7%). (B19)

(a2) If n = 0, the r.h.s. of (B18) can be rewritten as follows:

T3 (0,2) = 27° Lsizf(O) - O(z)] +
D(-OHI(1+v) [ 1 _—
T(14+v—10) {m S V(=0) — ¥ +v - 5)] f(0) =
= 072(2) fr(z) + O(z'7%), (B20)
where
1 __dl FA-§)f(+v) 5] _ d 1
82(z)  déé { T T(+v-9) 25] = "B o) (B21)

Note that the value J5%(2) is finite at the limit § — 0:

Jim —— U (i L i '(v) (B22)
im——==|(lim—— ) —p'(v

52005 (2) 2 |[\omodn(z)) PV

where the value of lims_, (1/dr(2)) is given in (B7).

(b) Logarithmic-like case. Following Subsec. (1b), we obtain:
(bl) n > 1 case:

(2) _ 1 1
Totn:2) = gy (@) + 0 (111(1/2)) ' (B23)
(b2) n = 0 case:

J80,2) = 872(2) fr(z) + O(z'7%), (B24)
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where ) 4 1
- = = B25
72 0) 351 (2) (B25)

and the value of 1/6.,(z) is given in (B10).
The value &, '(z) is also finite at the limit § — 0:

11 1\]* 1 ,
3. 6 [1“ (‘ﬂ g b7 ) -
(p(v)* = 3 (W)p(v) +p"(v)) ,  (B26)

~ 3In(1/z)

where the U” function is the second derivation of the ¥ function; p”(v,) ~
251/108 and p"(vg) =~ 2035/865 are coming from quark counting rules.

(c) Bessel-like case. Following Subsec. (1¢), we obtain:

(cl) in the n > 1 case:

T, 2) = ﬁ fr(z)+0 ﬁ : (B27)
(c2) in the n = 0 case:
J310.2) = % f1(2) + O(z179), (B28)
where ) o
o - @0 (B29)

and the value of 1/0;(2) is given in (B15).
The value 6; (z) is also finite at the limit § — 0:

| _1n<1/z>ﬁ“+2<2v‘i1“(1/2)>z<hm ! 1>2+M
A - |

82

lim 52 =
9=0 07 (2) d 7 <2y/dln(1/z)>
(B30)

Note that the r.h.s. of (B16) is obtained from the expansion of the modified
Bessel functions at z — 0.

Note that we can represented Eqgs. (B20), (B24), and (B28) formally as fol-
lows:

6r(z)  4d

07fp(2) = 57~ f8(x) (B=R,L1I), (B31)

which has been used in Sec. 4.
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(3) Consider the Mellin integral

I(2) = () ® () E/l%f“y)f G)

z

and define the moments of the kernel K (y) in the following form:

1
K, = /dy y" 2 K(y).
0

In analogy with part (1) we have for the Regge-like case:

1571{(2) =
1

= 2‘5/dy v K (y)

Y z

k
Z71) LN AN
O+ 2T+ + (y) F®0) ...

=270 [KH& F(0) + (’)(z)} —

- [N1+5<x>f<o> FNSETO0) +. 4 Mo k(DFO0) + ] . B32)

where

1
Ny(z) = /dyy””ff(zy)
0

The case K145 = 1/(n + ) corresponds to K(y) = y™ and has been
already considered in part (1). In the more general cases (for example, K15 =
U(1 + §) + ) we can represent the «moment» Kj.s as a series of the sort

> 1/ (n+6+m).

m=1
So, for the initial integral at small x we get the simple equation:

Isn(z) = 27" Krags f(2) + O('7°) = Kis fr(z) + O(z'7%),  (B33)

where the coefficient Kr 14s coincides with the one K5 in the case if K,
does not contain the term 1/(n — 1). The coefficient K 144 contains the term
65" (2) if the term 1/(n — 1) contributed to K. So, the function K145 can be
represented in the form:

Kprivs = Kiysp(2)- (B34)
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Repeating the analysis of the subparts () and (c), one easy obtains

1
L;,L(n, Z) = KL)1+5 fL(Z) +O <M> s (B35)
d
Is(n,z) = Kraqs f1(2) +O m(i/7) | (B36)
where
Krit+s = Kits,(2)s (B37)
Kii4s = Ki46,(2)- (B38)

Thus, in the nonsingular case (i.e., in the case when K, does not contain
the term 1/(n — 1)), the results of transformation of the Mellin convolution to
usual products depend only on the § value but not on the concrete shape of
parton distribution. The presence of the term 1/(n —1) in K, leads to the results
depending on numerical value of 8. If § is large (more precisely, if z~% >> const),
the presence of the term 1/(n — 1) in K, leads to the term 1/ in the functions
Kii+s (i = R, L, I) (because the term 2° is negligible in expressions for 1/;),
and the results do not also depend on the concrete shape of parton distribution.
If § is small (e, if 270 ~ 1+ 01n(1/z), that depends on concrete z values,
of course), then the subasymptotics of parton distribution starts to play and the
function K; 145 (¢ = R, L,I) contains the term 1/;, which is determined by
both the asymptotics and subasymptotics of parton distributions.
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