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‚. ‚. Šμ·´Ö±

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

ŒÒ · ¸¸³ É·¨¢ ¥³ ¤¥É¥·³¨´¨¸É¨Î¥¸±ÊÕ ¨ ±¢ ´Éμ¢ÊÕ ¤¨´ ³¨±Ê ¸ ±μ´¸É·Ê±É¨¢´μ° ®±μ´¥Î-
´μ°¯ ÉμÎ±¨ §·¥´¨Ö, ¶μ¸±μ²Ó±Ê ¢¢¥¤¥´¨¥ ±μ´É¨´ÊÊ³  ¨²¨ ¤·Ê£¨Ì  ±ÉÊ ²Ó´ÒÌ ¡¥¸±μ´¥Î´μ¸É¥° ¢ Ë¨-
§¨±Ê ¸μ§¤ ¥É ¸¥·Ó¥§´Ò¥ ±μ´Í¥¶ÉÊ ²Ó´Ò¥ ¨ É¥Ì´¨Î¥¸±¨¥ É·Ê¤´μ¸É¨ ¡¥§ ± ±μ°-²¨¡μ ´¥μ¡Ìμ¤¨³μ¸É¨
¢ ÔÉ¨Ì ¶μ´ÖÉ¨ÖÌ ¤²Ö Ë¨§¨±¨ ± ± Ô³¶¨·¨Î¥¸±μ° ´ Ê±¨. �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¸¨³³¥É·¨°´Ò³
¸¢μ°¸É¢ ³ ¤¨¸±·¥É´ÒÌ ¸¨¸É¥³. „²Ö ¸μ£² ¸μ¢ ´´μ£μ μ¶¨¸ ´¨Ö ¸¨³³¥É·¨° ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¢
· §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ ¨ ¸¨³³¥É·¨° · §²¨Î´ÒÌ Î ¸É¥° É ±¨Ì ¸¨¸É¥³ ³Ò ¢¢μ¤¨³ ¤¨¸±·¥É-
´Ò¥  ´ ²μ£¨ ± ²¨¡·μ¢μÎ´ÒÌ ¸¢Ö§´μ¸É¥°. �É¨ ¸É·Ê±ÉÊ·Ò μ¸μ¡¥´´μ ¢ ¦´Ò ¤²Ö μ¶¨¸ ´¨Ö ±¢ ´Éμ¢μ£μ
¶μ¢¥¤¥´¨Ö. ‘¨³³¥É·¨¨ μ¶·¥¤¥²ÖÕÉ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¸¢μ°¸É¢  ¶μ¢¥¤¥´¨Ö ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³.
‚ Î ¸É´μ¸É¨, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¤¢¨¦ÊÐ¨¥¸Ö ¸μ²¨Éμ´μ¶μ¤μ¡´Ò¥ ¸É·Ê±ÉÊ·Ò ¢μ§´¨± ÕÉ ´¥¨§-
¡¥¦´μ ¢ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³¥, £·Ê¶¶  ¸¨³³¥É·¨° ±μÉμ·μ° · §¡¨¢ ¥É ³´μ-
¦¥¸É¢μ ¸μ¸ÉμÖ´¨° ´  ±μ´¥Î´μ¥ Î¨¸²μ £·Ê¶¶μ¢ÒÌ μ·¡¨É. ŒÒ ¶μ± §Ò¢ ¥³, ÎÉμ ±¢ ´Éμ¢μ¥ ¶μ¢¥¤¥´¨¥
¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¸²¥¤¸É¢¨¥³ ¨Ì ¸¨³³¥É·¨°. ’ ±μ¥ ¶μ¢¥¤¥´¨¥ Ö¢²Ö¥É¸Ö
·¥§Ê²ÓÉ Éμ³ ËÊ´¤ ³¥´É ²Ó´μ° ´¥¢μ§³μ¦´μ¸É¨ ¶·μ¸²¥¤¨ÉÓ ¨¤¥´É¨Î´μ¸ÉÓ ´¥· §²¨Î¨³ÒÌ μ¡Ñ¥±Éμ¢
¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨. „μ¸ÉÊ¶´  ²¨ÏÓ ¨´Ëμ·³ Í¨Ö μ¡ ¨´¢ ·¨ ´É´ÒÌ ÊÉ¢¥·¦¤¥´¨ÖÌ ¨ ¢¥²¨Î¨´ Ì,
μÉ´μ¸ÖÐ¨Ì¸Ö ± É ±¨³ μ¡Ñ¥±É ³. ˆ¸¶μ²Ó§ÊÖ ³ É¥³ É¨Î¥¸±¨¥  ·£Ê³¥´ÉÒ μ¡Ð¥£μ Ì · ±É¥· , ³μ¦´μ
¶μ± § ÉÓ, ÎÉμ ²Õ¡ Ö ±¢ ´Éμ¢ Ö ¤¨´ ³¨±  ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¶¥·¥¸É ´μ-
¢μ±. Š¢ ´Éμ¢Ò¥ ¨´É¥·Ë¥·¥´Í¨¨ ¢μ§´¨± ÕÉ ¢ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ
¶·¥¤¸É ¢²¥´¨° £·Ê¶¶ ¸¨³³¥É·¨° ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³. � ¡²Õ¤ ¥³Ò¥ ¢¥²¨Î¨´Ò ³μ£ÊÉ ¡ÒÉÓ ¢Ò-
· ¦¥´Ò ¢ É¥·³¨´ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¨´¢ ·¨ ´Éμ¢. ŒÒ ¶μ± §Ò¢ ¥³ É ±¦¥, ÎÉμ ¤²Ö μ¶¨¸ ´¨Ö
±¢ ´Éμ¢ÒÌ Ö¢²¥´¨° ¢³¥¸Éμ ´¥±μ´¸É·Ê±É¨¢´μ° Î¨¸²μ¢μ° ¸¨¸É¥³Ò Å ¶μ²Ö ±μ³¶²¥±¸´ÒÌ Î¨¸¥² Å
¤μ¸É ÉμÎ´μ ¨¸¶μ²Ó§μ¢ ÉÓ Í¨±²μÉμ³¨Î¥¸±¨¥ ¶μ²Ö Å ³¨´¨³ ²Ó´Ò¥ · ¸Ï¨·¥´¨Ö ´ ÉÊ· ²Ó´ÒÌ Î¨-
¸¥², ¶·¨£μ¤´Ò¥ ¤²Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. Šμ´¥Î´Ò¥ £·Ê¶¶Ò ¸¨³³¥É·¨° ¨£· ÕÉ Í¥´É· ²Ó´ÊÕ ·μ²Ó
¢ ¤ ´´μ° ¸É ÉÓ¥. ˆ´É¥·¥¸ ± É ±¨³ £·Ê¶¶ ³ ¨³¥¥É ¤μ¶μ²´¨É¥²Ó´ÊÕ ³μÉ¨¢ Í¨Õ ¢ Ë¨§¨±¥. Œ´μ£μÎ¨-
¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¨ ´ ¡²Õ¤¥´¨Ö ¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Ê± §Ò¢ ÕÉ ´  ¢ ¦´ÊÕ ·μ²Ó
±μ´¥Î´ÒÌ £·Ê¶¶ μÉ´μ¸¨É¥²Ó´μ ´¥¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢ ¢ ·Ö¤¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·μÍ¥¸¸μ¢. �·μ¨¸-
Ìμ¦¤¥´¨¥ ÔÉ¨Ì £·Ê¶¶ ´¥ ¨³¥¥É μ¡ÑÖ¸´¥´¨Ö ¢ · ³± Ì ¶·¨§´ ´´ÒÌ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö É¥μ·¨°, ¢
Î ¸É´μ¸É¨, ¢ ‘É ´¤ ·É´μ° ³μ¤¥²¨.

We study deterministic and quantum dynamics from a constructive ®ˇnite¯ point of view,
since the introduction of a continuum, or other actual inˇnities in physics poses serious conceptual
and technical difˇculties, without any need for these concepts to physics as an empirical science.
Particular attention is paid to the symmetry properties of discrete systems. For a consistent description
of the symmetries of dynamical systems at different times and the symmetries of the various parts
of such systems, we introduce discrete analogs of the gauge connections. Gauge structures are
particularly important to describe the quantum behavior. Fundamental properties of the behavior of
dynamical systems are deˇned by their symmetries. In particular, we can show that the moving
soliton-like structures are inevitable in a deterministic (classical) dynamical system, whose symmetry
group breaks the set of states into a ˇnite number of orbits of the group. We show that quantum
behavior is a natural consequence of symmetries of dynamical systems. This behavior is the result of
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a fundamental inability to trace the identity of indistinguishable objects in the process of evolution.
Information is available only on invariant statements and values, relating to such objects. Using
mathematical arguments of a general nature we can show that any quantum dynamics can be reduced
to a sequence of permutations. Quantum interferences occur in the invariant subspaces of permutation
representations of symmetry groups of dynamical systems. The observable values can be expressed in
terms of permutation invariants. We also show that for the description of quantum phenomena, instead
of a nonconstructive number system Å the ˇeld of complex numbers, it is enough to use cyclotomic
ˇelds Å the minimal extentions of natural numbers suitable for quantum mechanics. Finite groups of
symmetries play a central role in this article. The interest in such groups has an additional motivation
in physics. Numerous experiments and observations in particle physics point to an important role
of ˇnite groups of relatively low orders in a number of fundamental processes. The origin of these
groups has no explanation within the currently recognized theories, in particular, in the Standard
Model.

PACS: 03.65.Aa; 03.65.Fd; 03.65.Ta; 02.20.-a; 11.30.-j; 11.15.-q

‚‚…„…�ˆ…

‘ÊÐ¥¸É¢Ê¥É ³´μ£μ  ·£Ê³¥´Éμ¢, ± ± ¶· £³ É¨Î¥¸±μ£μ, É ± ¨ ±μ´Í¥¶ÉÊ ²Ó-
´μ£μ Ì · ±É¥· , ¢ ¶μ²Ó§Ê Éμ£μ, ÎÉμ ¤¨¸±·¥É´ Ö ¨²¨ ¤ ¦¥ ±μ´¥Î´ Ö ³ É¥³ É¨± 
¡μ²¥¥ ¶·¨£μ¤´  ¤²Ö μ¶¨¸ ´¨Ö Ë¨§¨Î¥¸±μ° ·¥ ²Ó´μ¸É¨, Î¥³ ´¥¶·¥·Ò¢´ Ö. �¸μ-
¡¥´´μ μÉÎ¥É²¨¢μ ÔÉμ ¶·μÖ¢²Ö¥É¸Ö ´  ËÊ´¤ ³¥´É ²Ó´μ³ Ê·μ¢´¥. ‚ Î ¸É´μ¸É¨,
¨§ÊÎ¥´¨¥ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢, ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	Ò¥ ³ ¸ÏÉ ¡Ò ±μ-
Éμ·ÒÌ ¡²¨§±¨ ± ¶² ´±μ¢¸±¨³, ¶μÎÉ¨ ´¥¨§¡¥¦´μ ¶·¨¢μ¤¨É ± ´¥μ¡Ìμ¤¨³μ¸É¨
¢¢¥¤¥´¨Ö ¤¨¸±·¥É´ÒÌ ¸É·Ê±ÉÊ·. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ³μ¦´μ ¶·¨¢¥¸É¨ ®£μ²μ-
£· Ë¨Î¥¸±¨° ¶·¨´Í¨¶¯ ƒ. `É •μμËÉ  [16], ¢μ§´¨±Ï¨° ¶·¨ ¨§ÊÎ¥´¨¨ É¥·³μ¤¨-
´ ³¨±¨ Î¥·´ÒÌ ¤Ò·. ‘μ£² ¸´μ ÔÉμ³Ê ¶·¨´Í¨¶Ê ¢¸Ö Ë¨§¨Î¥¸± Ö ¨´Ëμ·³ Í¨Ö,
¸μ¤¥·¦ Ð Ö¸Ö ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ ¶·μ¸É· ´¸É¢ , ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²Ö¥É¸Ö
¤¨¸±·¥É´Ò³¨ ¤ ´´Ò³¨ ´  ¤¢Ê³¥·´μ° £· ´¨Í¥ ÔÉμ° μ¡² ¸É¨. �²μÉ´μ¸ÉÓ ¨´-
Ëμ·³ Í¨¨ ÔÉ¨Ì ¤ ´´ÒÌ · ¢´  ¸ ³μ¥ ¡μ²ÓÏ¥¥ μ¤´μ³Ê ¡¨ÉÊ ´  ¶² ´±μ¢¸±ÊÕ
¶²μÐ ¤Ó (®¶·¥¤¥² �¥±¥´ÏÉ¥°´ ¯). ‘ ¡μ²¥¥ ¸¶¥±Ê²ÖÉ¨¢´μ° ÉμÎ±¨ §·¥´¨Ö
¢¸Ö ‚¸¥²¥´´ Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ´¥Î´ÊÕ ¨´Ëμ·³ Í¨μ´´ÊÕ ¸É·Ê±ÉÊ·Ê ´ 
§ ³±´ÊÉμ° ¤¢Ê³¥·´μ° ·¥Ï¥É±¥ Å ®±μ¸³μ²μ£¨Î¥¸±μ³ £μ·¨§μ´É¥¯,   ´ ¡²Õ¤ -
¥³Ò¥ É·¨ ¨§³¥·¥´¨Ö ¢μ§´¨± ÕÉ ²¨ÏÓ ± ± ·¥§Ê²ÓÉ É ÔËË¥±É¨¢´μ£μ μ¶¨¸ ´¨Ö
¢ ³ ±·μ¸±μ¶¨Î¥¸±¨Ì ³ ¸ÏÉ ¡ Ì ¨ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ.

ˆ§ÊÎ¥´¨¥ ¤¨¸±·¥É´ÒÌ ¸¨¸É¥³ ¢ ¦´μ ¨ ¸ ¶·¨±² ¤´μ° ÉμÎ±¨ §·¥´¨Ö: ³´μ£¨¥
Ë¨§¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ, ¤ ¦¥ ¥¸²¨  ¤¥±¢ É´Ò¥ ¤²Ö ¨Ì μ¶¨¸ ´¨Ö ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´	Ò¥ ³ ¸ÏÉ ¡Ò ¸ÊÐ¥¸É¢¥´´μ ¡μ²ÓÏ¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ Å ´ ´μ¸É·Ê±-
ÉÊ·Ò, ´ ¶·¨³¥·, Å Ö¢²ÖÕÉ¸Ö ¶μ ¸ÊÐ¥¸É¢Ê ¤¨¸±·¥É´Ò³¨,   ´¥ ´¥¶·¥·Ò¢´Ò³¨
μ¡· §μ¢ ´¨Ö³¨.

‘ ±μ´Í¥¶ÉÊ ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ¢μ¶·μ¸ μ Éμ³, ®Ö¢²Ö¥É¸Ö ²¨ ·¥ ²Ó´Ò°
³¨· ¤¨¸±·¥É´Ò³ ¨²¨ ´¥¶·¥·Ò¢´Ò³¯ ¨²¨ ¤ ¦¥ ®±μ´¥Î´Ò³ ¨²¨ ¡¥¸±μ´¥Î-
´Ò³¯, μÉ´μ¸¨É¸Ö ¨¸±²ÕÎ¨É¥²Ó´μ ± ³¥É Ë¨§¨±¥, É ± ± ± ´¨± ±¨¥ Ô³¶¨·¨-
Î¥¸±¨¥ ´ ¡²Õ¤¥´¨Ö ¨²¨ ²μ£¨Î¥¸±¨¥  ·£Ê³¥´ÉÒ ´¥ ¢ ¸μ¸ÉμÖ´¨¨ μ¡μ¸´μ¢ ÉÓ
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ÉμÉ ¨²¨ ¨´μ° ¢Ò¡μ· Å ÔÉμ ¢μ¶·μ¸ ¢¥·Ò, ¢±Ê¸  ¨²¨ ¶·¨¢ÒÎ±¨. ‚μμ¡Ð¥, ¢
¶· ±É¨±¥ ¨¤¥Ö ´¥¶·¥·Ò¢´μ¸É¨ ¢μ§´¨± ¥É ¨§ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ μ¶ÒÉ  ± ±
¶·¨¡²¨¦¥´´μ¥ (®μ¸·¥¤´¥´´μ¥¯, ®É¥·³μ¤¨´ ³¨Î¥¸±μ¥¯) μ¶¨¸ ´¨¥ ¡μ²ÓÏ¨Ì ¸μ-
¢μ±Ê¶´μ¸É¥° ¤¨¸±·¥É´ÒÌ Ô²¥³¥´Éμ¢. ’¨¶¨Î´Ò° ¶·¨³¥· Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò,
¶μ·μ¦¤ ÕÐ¥° Ô³¶¨·¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ ´¥¶·¥·Ò¢´μ¸É¨, Å ¦¨¤±μ¸ÉÓ.
„¨´ ³¨±  ¦¨¤±μ¸É¨ μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ É¨¶ 
Ê· ¢´¥´¨° � ¢Ó¥Ä‘Éμ±¸ , Éμ£¤  ± ± ´  ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´μ³ Ê·μ¢´¥ ¦¨¤-
±μ¸ÉÓ Å ÔÉμ ¸μ¢μ±Ê¶´μ¸ÉÓ ³μ²¥±Ê²,   ´  ¥Ð¥ ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´μ³ Å
±μ³¡¨´ Í¨Ö ±¢ ´Éμ¢ÒÌ Î ¸É¨Í, ¶μ¤Î¨´ÖÕÐ¨Ì¸Ö ¤¨¸±·¥É´Ò³ § ±μ´ ³∗. Œ -
É¥³ É¨Î¥¸±μ¥ ¶μ´ÖÉ¨¥ ±μ´É¨´ÊÊ³  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ²μ£¨Î¥¸±μ¥ ÊÉμÎ´¥´¨¥
Ô³¶¨·¨Î¥¸±μ° ¨¤¥¨ ´¥¶·¥·Ò¢´μ¸É¨.

Šμ´¥Î´μ, ¤¨¸±·¥É´Ò¥ ¨ ´¥¶·¥·Ò¢´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ É¥μ·¨¨ ¸ÊÐ¥¸É-
¢¥´´μ · §²¨Î ÕÉ¸Ö, ¨ ÔËË¥±É¨¢´μ¸ÉÓ ¨Ì ¶·¨³¥´¥´¨Ö ¢ Ë¨§¨±¥ § ¢¨¸¨É μÉ
±μ´±·¥É´ÒÌ ¨¸Éμ·¨Î¥¸±¨Ì μ¡¸ÉμÖÉ¥²Ó¸É¢. �¥¶·¥·Ò¢´μ¸ÉÓ ¶μ§¢μ²Ö¥É ¸μ§¤ ¢ ÉÓ
³μ¤¥²¨ Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³, μ¸´μ¢ ´´Ò¥ ´  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ,
¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¨ ·¥Ï¥´¨Ö ±μÉμ·ÒÌ ¡Ò²μ · §· ¡μÉ ´μ ¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ
· §´μμ¡· §´ÒÌ ³¥Éμ¤μ¢. �³¶¨·¨Î¥¸±¨³ Ô±¢¨¢ ²¥´Éμ³ ¶μ´ÖÉ¨Ö ¶·μ¨§¢μ¤´μ°
Ö¢²Ö¥É¸Ö ¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ ³ ²Ò¥ ¨§³¥´¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´
¶·¨¡²¨§¨É¥²Ó´μ ¶·μ¶μ·Í¨μ´ ²Ó´Ò ³ ²Ò³ ¨§³¥´¥´¨Ö³ ±μμ·¤¨´ É, ¢ ±μÉμ·ÒÌ
ÔÉ¨ ¢¥²¨Î¨´Ò § ¤ ´Ò. Ÿ¸´μ, ÎÉμ É ± Ö £¨¶μÉ¥§  ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É Ë¨-
§¨Î¥¸±¨¥ ³μ¤¥²¨. ” ±É¨Î¥¸±¨, ¸μ ¢·¥³¥´ �ÓÕÉμ´  ¨ ¤μ ¶μÖ¢²¥´¨Ö ¸μ¢·¥³¥´-
´ÒÌ ±μ³¶ÓÕÉ¥·μ¢  ´ ²¨§ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö £¥μ³¥É·¨Ö ¡Ò²¨ ¥¤¨´¸É¢¥´´Ò³
¸·¥¤¸É¢μ³ ³ É¥³ É¨Î¥¸±μ£μ ¨§ÊÎ¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³. ‚Ò¸μ±μ μÍ¥´¨¢ ²
Ô¢·¨¸É¨Î¥¸±ÊÕ ¸¨²Ê ¶μ´ÖÉ¨Ö ´¥¶·¥·Ò¢´μ¸É¨ �Ê ´± ·¥ (ÌμÉÖ μ´ ¨ ´¥ ¶·¨-
§´ ¢ ² ËÊ´¤ ³¥´É ²Ó´ÊÕ μ¡μ¸´μ¢ ´´μ¸ÉÓ ÔÉμ£μ ¶μ´ÖÉ¨Ö). ‚ ±´¨£¥ ®� ´ Ê±¥¯
([57, ¸. 288Ä289 ¶¥·¥¢μ¤  ´  ·Ê¸¸±¨° Ö§Ò±]) �Ê ´± ·¥ ¶¨Ï¥É: ®…¤¨´¸É¢¥´´Ò°
¥¸É¥¸É¢¥´´Ò° ¶·¥¤³¥É ³ É¥³ É¨Î¥¸±μ° ³Ò¸²¨ ¥¸ÉÓ Í¥²μ¥ Î¨¸²μ. �¥¶·¥-
·Ò¢´μ¸ÉÓ . . . ¡¥§ ¸μ³´¥´¨Ö, ¨§μ¡·¥É¥´  ´ ³¨, ´μ ¨§μ¡·¥¸É¨ ¥¥ ´ ¸ ¢Ò´Ê¤¨²
¢´¥Ï´¨° ³¨·. �¥§ ´¥£μ ´¥ ¡Ò²μ ¡Ò  ´ ²¨§  ¡¥¸±μ´¥Î´μ ³ ²ÒÌ. ‚¸¥ ³ É¥-
³ É¨Î¥¸±μ¥ §´ ´¨¥ ¸¢¥²μ¸Ó ¡Ò ±  ·¨Ë³¥É¨±¥ ¨²¨ ± É¥μ·¨¨ ¶μ¤¸É ´μ¢μ±. �μ
³Ò, ´ ¶·μÉ¨¢, ¶μ¸¢ÖÉ¨²¨ ¨§ÊÎ¥´¨Õ ´¥¶·¥·Ò¢´μ¸É¨ ¶μÎÉ¨ ¢¸¥ ´ Ï¥ ¢·¥³Ö,
¶μÎÉ¨ ¢¸¥ ´ Ï¨ ¸¨²Ò. . . . ‚ ³, ¡¥§ ¸μ³´¥´¨Ö, ¸± ¦ÊÉ, ÎÉμ ¢´¥ Í¥²μ£μ Î¨¸² 
´¥É ¸É·μ£μ¸É¨,   ¸²¥¤μ¢ É¥²Ó´μ, ´¥É ³ É¥³ É¨Î¥¸±μ° ¨¸É¨´Ò, ÎÉμ μ´μ

∗�¶¨¸ ´¨¥ Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò ´ §Ò¢ ÕÉ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨³, ¥¸²¨ ¨§¢¥¸É´μ ¨²¨ ¶·¥¤¶μ-
² £ ¥É¸Ö, ÎÉμ μ´μ ³μ¦¥É ¡ÒÉÓ, ÌμÉÖ ¡Ò ¢ ¶·¨´Í¨¶¥, ¶μ²ÊÎ¥´μ ¨§ ´¥±μÉμ·μ£μ ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó-
´μ£μ μ¶¨¸ ´¨Ö ¸ ¶μ³μÐÓÕ ¶·¨¡²¨¦¥´¨° ¨ Ê¶·μÐ ÕÐ¨Ì ¶·¥¤¶μ²μ¦¥´¨°. ‚ ¸²ÊÎ ¥ Ê· ¢´¥´¨°
£¨¤·μ¤¨´ ³¨±¨ Í¥¶μÎ±Ê É ±¨Ì Ê¶·μÐ¥´¨°, ´ Î¨´ Ö μÉ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö, ²¥£±μ
¶·μ¸²¥¤¨ÉÓ: ‚Š
-¶·¨¡²¨¦¥´¨¥ → Ê· ¢´¥´¨¥ ‹¨Ê¢¨²²Ö ¤²Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö → · §²μ¦¥-
´¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶μ·Ö¤± ³ ³μ³¥´Éμ¢ → ®£¨¶μÉ¥§Ò § ³Ò± ´¨Ö¯ (Ë¥´μ³¥´μ²μ£¨Î¥-
¸±¨¥ ¸μμÉ´μÏ¥´¨Ö, ¢Ò· ¦ ÕÐ¨¥ ®¢Ò¸Ï¨¥¯ ³μ³¥´ÉÒ Î¥·¥§ ®´¨§Ï¨¥¯ ¨, É ±¨³ μ¡· §μ³, ¶μ§¢μ²Ö-
ÕÐ¨¥ ®μ¡μ·¢ ÉÓ¯ ¡¥¸±μ´¥Î´ÊÕ Í¥¶μÎ±Ê Ê· ¢´¥´¨° ¤²Ö ³μ³¥´Éμ¢) → Ê· ¢´¥´¨Ö £¨¤·μ¤¨´ ³¨±¨.
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¸±·Ò¢ ¥É¸Ö ¢¸Õ¤Ê ¨ ÎÉμ ´Ê¦´μ ¸É · ÉÓ¸Ö · §μ¡² Î¨ÉÓ ¥£μ ¶μ±·μ¢Ò, ÌμÉÖ
¡Ò ¤²Ö ÔÉμ£μ ¶·¨Ï²μ¸Ó μ¡·¥ÎÓ ¸¥¡Ö ´  ´¥¸±μ´Î ¥³Ò¥ ¶μ¢Éμ·¥´¨Ö. �μ ³Ò ´¥
¡Ê¤¥³ ¸Éμ²Ó ¸É·μ£¨; ³Ò ¡Ê¤¥³ ¶·¨§´ É¥²Ó´Ò ´¥¶·¥·Ò¢´μ¸É¨, ±μÉμ· Ö, ¥¸²¨
¤ ¦¥ ¢¸¥ ¨¸Ìμ¤¨É ¨§ Í¥²μ£μ Î¨¸² , μ¤´  Éμ²Ó±μ ¡Ò²  ¸¶μ¸μ¡´  ¨§¢²¥ÎÓ ¨§
´¥£μ É ± ³´μ£μ¯.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö Í¨Ë·μ¢Ò¥ É¥Ì´μ²μ£¨¨ ¶μÎÉ¨ ¶μ¢¸¥³¥¸É´μ ¢ÒÉ¥¸´ÖÕÉ
 ´ ²μ£μ¢Ò¥. 
² £μ¤ ·Ö ±μ³¶ÓÕÉ¥· ³ ·¥ ²Ó´Ò¥ ¢μ§³μ¦´μ¸É¨ ¤¨¸±·¥É´μ° ³ -
É¥³ É¨±¨ ¢ ¶·¨²μ¦¥´¨ÖÌ ¸ÊÐ¥¸É¢¥´´μ ¢Ò·μ¸²¨. ‘μμÉ¢¥É¸É¢¥´´μ ¨ ®¤¨¸±·¥É-
´Ò°¯ ¸É¨²Ó ³ÒÏ²¥´¨Ö ¸É ´μ¢¨É¸Ö ¢¸¥ ¡μ²¥¥ ¶μ¶Ê²Ö·´Ò³. ‚ ¦´Ò³ ¶·¥¨³Ê-
Ð¥¸É¢μ³ ¤¨¸±·¥É´μ£μ μ¶¨¸ ´¨Ö Ö¢²Ö¥É¸Ö ¥£μ ±μ´Í¥¶ÉÊ ²Ó´ Ö ®Ô±μ´μ³´μ¸ÉÓ¯
¢ μ±± ³μ¢¸±μ³ ¸³Ò¸²¥ Å μÉ¸ÊÉ¸É¢¨¥ ®²¨Ï´¨Ì ¸ÊÐ´μ¸É¥°¯, μ¸´μ¢ ´´ÒÌ ´ 
¨¤¥ÖÌ  ±ÉÊ ²Ó´μ° ¡¥¸±μ´¥Î´μ¸É¨ É¨¶  ®¤¥¤¥±¨´¤μ¢ÒÌ ¸¥Î¥´¨°¯, ®¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸É¥° ŠμÏ¨¯ ¨ É. ¶. 
μ²¥¥ Éμ£μ, ¤¨¸±·¥É´ Ö ³ É¥³ É¨±  ¸μ¤¥·¦ É¥²Ó´μ
¡μ£ Î¥ ´¥¶·¥·Ò¢´μ° Å ´¥¶·¥·Ò¢´μ¸ÉÓ ®¸£² ¦¨¢ ¥É¯ Éμ´±¨¥ ¤¥É ²¨ ¸É·μ¥-
´¨Ö ¸É·Ê±ÉÊ·. “¶·μÐ¥´¨Ö μ¶¨¸ ´¨Ö, ¤μ¸É¨£ ¥³Ò¥ ¢¢¥¤¥´¨¥³ ¶·μ¨§¢μ¤´ÒÌ ¢
³ É¥³ É¨Î¥¸±¨¥ ¸É·Ê±ÉÊ·Ò, ³μ£ÊÉ μ¡Ìμ¤¨ÉÓ¸Ö ¤μ¸É ÉμÎ´μ ¤μ·μ£μ. „²Ö ¨²²Õ-
¸É· Í¨¨ ÔÉμ£μ É¥§¨¸  ³μ¦´μ ¸· ¢´¨ÉÓ ¸¶¨¸±¨ ¶·μ¸ÉÒÌ £·Ê¶¶ ‹¨ ¨ ¶·μ¸ÉÒÌ
±μ´¥Î´ÒÌ £·Ê¶¶. 
² £μ¤ ·Ö ¤¨ËË¥·¥´Í¨·Ê¥³μ¸É¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢μ§³μ¦-
´μ¸É¨ ¢¢¥¤¥´¨Ö  ²£¥¡· ‹¨ ±² ¸¸¨Ë¨± Í¨Ö ¶·μ¸ÉÒÌ £·Ê¶¶ ‹¨ Å ¸· ¢´¨É¥²Ó´μ
´¥¸²μ¦´ Ö § ¤ Î , ±μÉμ· Ö ¡Ò²  ·¥Ï¥´  ¢ ´ Î ²¥ XX ¢. �¥§Ê²ÓÉ É ±² ¸¸¨-
Ë¨± Í¨¨: Î¥ÉÒ·¥ ¡¥¸±μ´¥Î´ÒÌ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¨ ¶ÖÉÓ ¨¸±²ÕÎ¨É¥²Ó´ÒÌ
£·Ê¶¶. Š² ¸¸¨Ë¨± Í¨Ö ¶·μ¸ÉÒÌ ±μ´¥Î´ÒÌ £·Ê¶¶ Å ¨¸±²ÕÎ¨É¥²Ó´μ É·Ê¤´ Ö
¶·μ¡²¥³ , ·¥Ï¥´¨¥ ±μÉμ·μ°, ± ± ¸Î¨É ¥É¸Ö, ¡Ò²μ § ¢¥·Ï¥´μ ± 2004 £. ‘¶¨-
¸μ± ¶·μ¸ÉÒÌ ±μ´¥Î´ÒÌ £·Ê¶¶ ¸μ¸Éμ¨É ¨§ 18 ¡¥¸±μ´¥Î´ÒÌ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¥°
(16 ¨§ ±μÉμ·ÒÌ ¸μ¤¥·¦ É ´¥¶μ¸·¥¤¸É¢¥´´Ò¥  ´ ²μ£¨ ¢¸¥Ì ¶·μ¸ÉÒÌ £·Ê¶¶ ‹¨)
¨ 26 ¸¶μ· ¤¨Î¥¸±¨Ì £·Ê¶¶.

‘É ÉÓÖ ´ Î¨´ ¥É¸Ö ¸ μ¡Ð¥£μ μ¡¸Ê¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨-
¸É¥³. � ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¶μ´ÖÉ¨Ö³¨ Ö¢²ÖÕÉ¸Ö ¤¨¸±·¥É´μ¥ ¢·¥³Ö ¨
³´μ¦¥¸É¢μ ¸μ¸ÉμÖ´¨°, Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¨Ì ¢μ ¢·¥³¥´¨. �·μ¸É· ´¸É¢μ · ¸¸³ -
É·¨¢ ¥É¸Ö ± ± ¤μ¶μ²´¨É¥²Ó´ Ö ¸É·Ê±ÉÊ· , ¶μ§¢μ²ÖÕÐ Ö μ·£ ´¨§μ¢ ÉÓ ³´μ¦¥-
¸É¢μ ¸μ¸ÉμÖ´¨° ¢ ¢¨¤¥ ³´μ¦¥¸É¢  ËÊ´±Í¨° ´  ÉμÎ± Ì ¶·μ¸É· ´¸É¢  ¸μ §´ -
Î¥´¨Ö³¨ ¢ ´¥±μÉμ·μ³ ³´μ¦¥¸É¢¥, ´ §Ò¢ ¥³μ³ ³´μ¦¥¸É¢μ³ ²μ± ²Ó´ÒÌ ¸μ¸Éμ-
Ö´¨°. ŒÒ μ¡¸Ê¦¤ ¥³ ¸¨³³¥É·¨¨ ¶·μ¸É· ´¸É¢  ¨ ²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ¨ Éμ,
± ±¨³ μ¡· §μ³ ÔÉ¨ ¸¨³³¥É·¨¨ ³μ£ÊÉ ¡ÒÉÓ μ¡Ñ¥¤¨´¥´Ò ¢ ¶μ²´ÊÕ £·Ê¶¶Ê ¸¨³-
³¥É·¨° ¸¨¸É¥³Ò ¢ Í¥²μ³∗.

∗…¸²¨ ¶μ¤μ°É¨ ± ¶·μ¡²¥³¥ ¸ ¶·μÉ¨¢μ¶μ²μ¦´μ° ¸Éμ·μ´Ò, Éμ ¶·μ¸É· ´¸É¢μ ³μ¦´μ ¶μ¸É·μ¨ÉÓ
¨§ § ¤ ´´μ£μ ¶μ²´μ£μ ³´μ¦¥¸É¢  ¸μ¸ÉμÖ´¨° ± ± ³´μ¦¥¸É¢μ ±² ¸¸μ¢ ¸³¥¦´μ¸É¨ ¶μ ´¥±μÉμ·μ°
¶μ¤£·Ê¶¶¥ ¶μ²´μ° £·Ê¶¶Ò,   £·Ê¶¶Ê ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  ± ± ÔËË¥±É¨¢´μ ¤¥°¸É¢ÊÕÐÊÕ ´ 
ÔÉμ³ ³´μ¦¥¸É¢¥ ±² ¸¸μ¢ Î ¸ÉÓ ¶μ²´μ° £·Ê¶¶Ò. �¤´ ±μ ¢ ¤ ´´μ° ¸É ÉÓ¥ ³Ò ´¥ ¡Ê¤¥³ · §¢¨¢ ÉÓ
ÔÉÊ É¥³Ê.
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‚ ¦´μ° μ¸μ¡¥´´μ¸ÉÓÕ ¸¨¸É¥³ ¸ ¸¨³³¥É·¨Ö³¨ Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò ¢ ¨Ì μ¶¨¸ ´¨¨, ¸¢Ö§ ´´ÒÌ ¸ ¶·μ¨§¢μ²μ³ ¢ ¢Ò¡μ·¥ ¸¨¸É¥³ ±μμ·¤¨´ É.
…¸²¨ ÔÉμÉ ¢Ò¡μ· ®£²μ¡ ²Ó´Ò°¯, É. ¥. Ê¸É ´μ¢²¥´ · § ¨ ´ ¢¸¥£¤  ¤²Ö ¢¸¥° Ô¢μ²Õ-
Í¨¨ ¸¨¸É¥³Ò ¨²¨ (¶·¨ ´ ²¨Î¨¨ ´¥É·¨¢¨ ²Ó´μ° ¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·Ò)
¤²Ö · §´ÒÌ Î ¸É¥° ¸¨¸É¥³Ò, Éμ μ´ ´¥ ³μ¦¥É ¸± § ÉÓ¸Ö ´  μ¡Ñ¥±É¨¢´μ ´ ¡²Õ¤ -
¥³ÒÌ ¤ ´´ÒÌ. ‚μ§³μ¦´μ¸ÉÓ ®²μ± ²Ó´μ£μ¯ ¢Ò¡μ·  ¸¨¸É¥³ ±μμ·¤¨´ É ¶·¨¢μ¤¨É
± Ë¨§¨Î¥¸±¨ ´ ¡²Õ¤ ¥³Ò³ ± ²¨¡·μ¢μÎ´Ò³ ÔËË¥±É ³. …¸É¥¸É¢¥´´μ° ³ É¥³ -
É¨Î¥¸±μ° ¸Ì¥³μ°, ¶μ¤Ìμ¤ÖÐ¥° ¤²Ö μ¶¨¸ ´¨Ö É ±¨Ì ÔËË¥±Éμ¢, Ö¢²Ö¥É¸Ö É¥μ·¨Ö
¸¢Ö§´μ¸É¥° ¢ · ¸¸²μ¥´¨ÖÌ. �μÔÉμ³Ê ¢ ¤ ´´μ° ¸É ÉÓ¥ ³Ò ¨¸¶μ²Ó§Ê¥³ ¶μ¤Ìμ-
¤ÖÐ¨³ μ¡· §μ³ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ¤²Ö ¤¨¸±·¥É´μ£μ ¸²ÊÎ Ö ¶μ´ÖÉ¨Ö · ¸¸²μ-
¥´¨° ¨ ¸¢Ö§´μ¸É¥° ¢ ÔÉ¨Ì · ¸¸²μ¥´¨ÖÌ. „²Ö ¨²²Õ¸É· Í¨¨ ³Ò ¶μ± §Ò¢ ¥³,
± ±, ¨¸Ìμ¤Ö ¨§ ¢¢¥¤¥´´ÒÌ ´ ³¨ ±μ´¸É·Ê±Í¨°, ³μ¦´μ ¶μ¸É·μ¨ÉÓ ±μ´É¨´Ê ²Ó-
´Ò¥ ¢¥·¸¨¨  ¡¥²¥¢ÒÌ (Ô²¥±É·μ¤¨´ ³¨± ) ¨ ´¥ ¡¥²¥¢ÒÌ (É¥μ·¨Ö Ÿ´£ ÄŒ¨²²¸ )
± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨°.

‘ ¶μ³μÐÓÕ ¶·μ¸Éμ° ³μ¤¥²¨ ³Ò ¤¥³μ´¸É·¨·Ê¥³, ± ±¨³ μ¡· §μ³ ¢ ¤¨¸-
±·¥É´μ° ¤¨´ ³¨±¥ ³μ£ÊÉ ¢μ§´¨± ÉÓ Ì · ±É¥·´Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	Ò¥
¸É·Ê±ÉÊ·Ò, É ±¨¥ ± ± ¶·¥¤¥²Ó´ Ö ¸±μ·μ¸ÉÓ ¨ ¸¢¥Éμ¢Ò¥ ±μ´Ê¸Ò.

„ ²¥¥ ³Ò μ¡¸Ê¦¤ ¥³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì ¤¥É¥·³¨´¨¸É¨-
Î¥¸±¨Ì ¸¨¸É¥³. ŒÒ ¶μ± §Ò¢ ¥³, ÎÉμ ¶·¨ ´ ²¨Î¨¨ ¸¨³³¥É·¨° ¢ É ±¨Ì ¸¨¸É¥³ Ì
¸μ¢¥·Ï¥´´μ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ§´¨± ÕÉ ¸μÌ· ´ÖÕÐ¨¥ Ëμ·³Ê ¤¢¨¦ÊÐ¨-
¥¸Ö (¸μ²¨Éμ´μ¶μ¤μ¡´Ò¥) ¸É·Ê±ÉÊ·Ò. ŒÒ É ±¦¥ μ¡¸Ê¦¤ ¥³ ¨¤¥Õ `É •μμËÉ  μ
Éμ³, ± ±¨³ μ¡· §μ³ ³μ¦¥É ¢μ§´¨± ÉÓ ´ ¡²Õ¤ ¥³ Ö ¢ ¶·¨·μ¤¥ μ¡· É¨³μ¸ÉÓ
ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·μÍ¥¸¸μ¢, ¨ ¶μ± §Ò¢ ¥³, ÎÉμ ¢ ¸²ÊÎ ¥ ¤¨¸±·¥É´ÒÌ ¤¥É¥·-
³¨´¨¸É¨Î¥¸±¨Ì ¸¨¸É¥³ μ¡· É¨³μ¸ÉÓ ( ¶·¨μ·¨ ·¥¤± Ö) ´¥¨§¡¥¦´μ ¢μ§´¨± ¥É ¢
·¥§Ê²ÓÉ É¥ Ô¢μ²ÕÍ¨¨ ± ± ÔËË¥±É¨¢´μ ´ ¡²Õ¤ ¥³μ¥ Ö¢²¥´¨¥.

� ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´ÊÕ Å Ë ±É¨Î¥¸±¨ μ¶·¥¤¥²ÖÕÐÊÕ Å ·μ²Ó ¸¨³-
³¥É·¨¨ ¨£· ÕÉ ¢ Ë¥´μ³¥´ Ì ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö. • · ±É¥·´μ° Î¥·Éμ° ±¢ ´-
Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö Ö¢²Ö¥É¸Ö ¥£μ Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ. …£μ ¤¥³μ´¸É·¨·ÊÕÉ ¸¨¸É¥³Ò
¸μ¢¥·Ï¥´´μ · §²¨Î´μ° Ë¨§¨Î¥¸±μ° ¶·¨·μ¤Ò ¨ ³ ¸ÏÉ ¡μ¢: μÉ ¸Ê¡ Éμ³´ÒÌ Ô²¥-
³¥´É ·´ÒÌ Î ¸É¨Í ¤μ ¡μ²ÓÏ¨Ì ³μ²¥±Ê²∗. “´¨¢¥·¸ ²Ó´μ¸ÉÓ Ö¢²¥´¨Ö (É. ¥. ´¥-
§ ¢¨¸¨³μ¸ÉÓ μÉ Ë¨§¨Î¥¸±μ£μ ¸Ê¡¸É· É ) Ê± §Ò¢ ¥É ´  Éμ, ÎÉμ μ¶¨¸Ò¢ ÕÐ Ö
¥£μ É¥μ·¨Ö ¤μ²¦´  μ¸´μ¢Ò¢ ÉÓ¸Ö ´  ´¥±μÉμ·ÒÌ  ¶·¨μ·´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì
¶·¨´Í¨¶ Ì. ŒÒ ¶μ± §Ò¢ ¥³, ÎÉμ ¢ ¸²ÊÎ ¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ É ±¨³ ¢¥-
¤ÊÐ¨³ ³ É¥³ É¨Î¥¸±¨³ ¶·¨´Í¨¶μ³ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Ö. � Ï¨  ·£Ê³¥´ÉÒ
μ¸´μ¢ ´Ò ´  Éμ³, ÎÉμ ±¢ ´Éμ¢μ¥ ¶μ¢¥¤¥´¨¥ ¤¥³μ´¸É·¨·ÊÕÉ ²¨ÏÓ ¸¨¸É¥³Ò, ¸μ-
¤¥·¦ Ð¨¥ ´¥· §²¨Î¨³Ò¥ Î ¸É¨ÍÒ: ²Õ¡μ¥ μÉ±²μ´¥´¨¥ μÉ ÉμÎ´μ° ¨¤¥´É¨Î´μ-

∗‚ Î ¸É´μ¸É¨, ¢ [53] μ¶¨¸ ´Ò Ô±¸¶¥·¨³¥´ÉÒ ¶μ ´ ¡²Õ¤¥´¨Õ ±¢ ´Éμ¢ÒÌ ¨´É¥·Ë¥·¥´Í¨°
³¥¦¤Ê ³μ²¥±Ê² ³¨ ËÊ²²¥·¥´  C60,   ´¥¤ ¢´μ ¡Ò²¨ μ¶Ê¡²¨±μ¢ ´Ò [20] ¤ ´´Ò¥ μ¡ ¨´É¥·-
Ë¥·¥´Í¨¨ ¤²Ö £μ· §¤μ ¡μ²ÓÏ¥° ³μ²¥±Ê²Ò Å ¶·μ¨§¢μ¤´μ° ËÉ ²μÍ¨ ´¨´  ¸ ¡·ÊÉÉμ-Ëμ·³Ê²μ°
C48H26F24N8O8.
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¸É¨ Î ¸É¨Í · §·ÊÏ ¥É ±¢ ´Éμ¢Ò¥ ¨´É¥·Ë¥·¥´Í¨¨. �¥· §²¨Î¨³μ¸ÉÓ Ô²¥³¥´Éμ¢
¸¨¸É¥³Ò μ§´ Î ¥É, ÎÉμ μ´¨ ²¥¦ É ´  μ¤´μ° ¨ Éμ° ¦¥ μ·¡¨É¥ £·Ê¶¶Ò ¸¨³-
³¥É·¨° ÔÉμ° ¸¨¸É¥³Ò. „²Ö ¸¨¸É¥³ ¸ ¸¨³³¥É·¨Ö³¨ μ¡Ñ¥±É¨¢´Ò³¨ Ö¢²ÖÕÉ¸Ö
Éμ²Ó±μ ´¥ § ¢¨¸ÖÐ¨¥ μÉ ®¶¥·¥μ¡μ§´ Î¥´¨°¯ ®μ¤´μ·μ¤´ÒÌ¯ Ô²¥³¥´Éμ¢, É. ¥. ¨´-
¢ ·¨ ´É´Ò¥, μÉ´μÏ¥´¨Ö ¨ ÊÉ¢¥·¦¤¥´¨Ö. � ¶·¨³¥·, ´¨± ±μ£μ μ¡Ñ¥±É¨¢´μ£μ
¸³Ò¸²  ´¥²Ó§Ö ¶·¨¶¨¸ ÉÓ Ô²¥±É·¨Î¥¸±¨³ ¶μÉ¥´Í¨ ² ³ ϕ ¨ ψ ¨²¨ ÉμÎ± ³ ¶·μ-
¸É· ´¸É¢ , μ¡μ§´ Î ¥³Ò³ ¢¥±Éμ· ³¨ a ¨ b. �¡Ñ¥±É¨¢´Ò° ¸³Ò¸² ¨³¥ÕÉ ²¨ÏÓ
´¥±μÉμ·Ò¥ ¨Ì ±μ³¡¨´ Í¨¨, ´ ¶·¨³¥·, ±μ³¡¨´ Í¨¨, μ¡μ§´ Î ¥³Ò¥ ± ± ψ−ϕ
¨²¨ b−a (¨²¨ ¢ ¡μ²¥¥ μ¡Ð¥° ¸¨³¢μ²¨±¥ É¥μ·¨¨ £·Ê¶¶ ϕ−1ψ ¨ a−1b).

‚ μ¸´μ¢¥ ±¢ ´Éμ¢μ£μ Ëμ·³ ²¨§³  ²¥¦ É Ê´¨É ·´Ò¥ μ¶¥· Éμ·Ò ¢ £¨²Ó¡¥·-
Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì. �É¨ μ¶¥· Éμ·Ò ¶·¨´ ¤²¥¦ É μ¡Ð¥° Ê´¨É ·´μ° £·Ê¶¶¥
¨²¨, ¢ ¡μ²¥¥ ¸É·μ£¨Ì É¥·³¨´ Ì, Ê´¨É ·´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ £·Ê¶¶Ò  ¢Éμ³μ·-
Ë¨§³μ¢ (¶·¥μ¡· §μ¢ ´¨°, ¸μÌ· ´ÖÕÐ¨Ì Ô·³¨Éμ¢μ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥)
£¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢ . „²Ö ¶·¨¤ ´¨Ö ±μ´¸É·Ê±É¨¢´μ¸É¨ ±¢ ´Éμ¢Ò³ ±μ´-
Í¥¶Í¨Ö³ ³Ò ³μ¦¥³ § ³¥´¨ÉÓ μ¡ÐÊÕ Ê´¨É ·´ÊÕ £·Ê¶¶Ê Ê´¨É ·´Ò³¨ ¶·¥¤¸É -
¢²¥´¨Ö³¨ ±μ´¥Î´ÒÌ £·Ê¶¶ ¡¥§ ¢¸Ö±μ£μ ·¨¸±  ¨¸± §¨ÉÓ Ë¨§¨Î¥¸±μ¥ ¸μ¤¥·¦ ´¨¥
¶·μ¡²¥³Ò, ¶μ¸±μ²Ó±Ê, ± ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ³¥É Ë¨§¨Î¥¸±μ¥ · §²¨Î¨¥ ³¥¦¤Ê
®±μ´¥Î´Ò³¯ ¨ ®¡¥¸±μ´¥Î´Ò³¯ ´¥ ³μ¦¥É ¨³¥ÉÓ ± ±¨Ì-²¨¡μ Ô³¶¨·¨Î¥¸±¨ ´ -
¡²Õ¤ ¥³ÒÌ ¶μ¸²¥¤¸É¢¨°. 
μ²¥¥ Éμ£μ, ¨³¥ÕÉ¸Ö ´ ¤¥¦´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥ μ Éμ³, ÎÉμ ¢ μ¸´μ¢¥ ´¥±μÉμ·ÒÌ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·μÍ¥¸¸μ¢ ²¥¦ É
±μ´¥Î´Ò¥∗ £·Ê¶¶Ò μÉ´μ¸¨É¥²Ó´μ ´¥¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢.

ˆ¸¶μ²Ó§ÊÖ ÉμÉ Ë ±É, ÎÉμ ²Õ¡μ¥ ²¨´¥°´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ±μ´¥Î´μ° £·Ê¶¶Ò
Ö¢²Ö¥É¸Ö ¶μ¤¶·¥¤¸É ¢²¥´¨¥³ ¶¥·¥¸É ´μ¢μÎ´μ£μ, ³Ò ¶μ± §Ò¢ ¥³, ÎÉμ ²Õ¡ Ö
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö ¶·μ¡²¥³  ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ± ¶¥·¥¸É ´μ¢± ³,  
±¢ ´Éμ¢Ò¥ ´ ¡²Õ¤ ¥³Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò ¢ É¥·³¨´ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ
¨´¢ ·¨ ´Éμ¢. 
μ²¥¥ ¤¥É ²Ó´Ò°  ´ ²¨§ ®¶¥·¥¸É ´μ¢μÎ´μ£μ¯ ¶μ¤Ìμ¤  ¶μ± §Ò-
¢ ¥É, ÎÉμ ±μ³¶²¥±¸´Ò¥ Î¨¸²  ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³ Ëμ·³ ²¨§³¥ ¤μ²¦´Ò
¡ÒÉÓ § ³¥´¥´Ò Í¨±²μÉμ³¨Î¥¸±¨³¨. …¸²¨ ¶·¨´ÖÉÓ ÔÉÊ ³μ¤¨Ë¨± Í¨Õ Ëμ·³ -
²¨§³ , Éμ

Å ±¢ ´Éμ¢Ò¥  ³¶²¨ÉÊ¤Ò ¶·¨μ¡·¥É ÕÉ ¶·μ¸Éμ° ¨ ¥¸É¥¸É¢¥´´Ò° ¸³Ò¸²:
μ´¨ Ö¢²ÖÕÉ¸Ö ¶·μ¥±Í¨Ö³¨ ¢ ¨´¢ ·¨ ´É´Ò¥ ¶μ¤¶·μ¸É· ´¸É¢  ¢¥±Éμ·μ¢ ±· É´μ-
¸É¥° (®Î¨¸¥² § ¶μ²´¥´¨Ö¯) Ô²¥³¥´Éμ¢ ³´μ¦¥¸É¢ , ´  ±μÉμ·μ³ £·Ê¶¶  ¤¥°¸É¢Ê¥É
¶¥·¥¸É ´μ¢± ³¨;

Å ¡μ·´μ¢¸±¨¥ ¢¥·μÖÉ´μ¸É¨ μ± §Ò¢ ÕÉ¸Ö · Í¨μ´ ²Ó´Ò³¨ Î¨¸² ³¨ Å
¢ ¶μ²´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¥¸É¥¸É¢¥´´μ° ¤²Ö ±μ´¥Î´ÒÌ ³´μ¦¥¸É¢ ®Î ¸ÉμÉ´μ°
¨´É¥·¶·¥É Í¨¥°¯ ¢¥·μÖÉ´μ¸É¥°;

Å ±¢ ´Éμ¢Ò¥ Ö¢²¥´¨Ö ¢μ§´¨± ÕÉ ± ± ·¥§Ê²ÓÉ É ËÊ´¤ ³¥´É ²Ó´μ° ´¥¢μ§-
³μ¦´μ¸É¨ ¶·μ¸²¥¤¨ÉÓ ¨¤¥´É¨Î´μ¸ÉÓ ´¥· §²¨Î¨³ÒÌ μ¡Ñ¥±Éμ¢ ¢ ¶·μÍ¥¸¸¥ Ô¢μ-

∗�·¨²μ¦¥´¨¥ „ ¸μ¤¥·¦¨É ±· É±¨° μ¡§μ· Éμ£μ, ± ± ±μ´¥Î´Ò¥ ¸¨³³¥É·¨¨ ¶·μÖ¢²ÖÕÉ¸Ö ¢
Ë¥´μ³¥´μ²μ£¨¨ Ë¨§¨±¨  ·μ³ Éμ¢.
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²ÕÍ¨¨ Å ¤μ¸ÉÊ¶´  Éμ²Ó±μ ¨´Ëμ·³ Í¨Ö μ¡ ¨´¢ ·¨ ´É´ÒÌ ±μ³¡¨´ Í¨ÖÌ É ±¨Ì
μ¡Ñ¥±Éμ¢.

�¥±μÉμ·Ò¥ É¥³Ò, ´¥¸±μ²Ó±μ μÉ±²μ´ÖÕÐ¨¥¸Ö μÉ μ¸´μ¢´μ£μ ´ ¶· ¢²¥´¨Ö
¸É ÉÓ¨ (¸É·Ê±ÉÊ·´Ò°  ´ ²¨§ ¤¨¸±·¥É´ÒÌ μÉ´μÏ¥´¨°, ±²¥ÉμÎ´Ò¥  ¢Éμ³ ÉÒ,
²μ± ²Ó´Ò¥ ±¢ ´Éμ¢Ò¥ ³μ¤¥²¨ ´  £· Ë Ì ¨ ¤·.),   É ±¦¥ ¨´Ëμ·³ Í¨Ö É¥Ì-
´¨Î¥¸±μ£μ Ì · ±É¥·  ¢Ò´¥¸¥´Ò ¢ ¶·¨²μ¦¥´¨Ö.

„²Ö μ¡¥¸¶¥Î¥´¨Ö Í¥²μ¸É´μ¸É¨ ¨§²μ¦¥´¨Ö ¨ ¥¤¨´¸É¢  μ¡μ§´ Î¥´¨° ¸ ¸ -
³μ£μ ´ Î ²  μ¶¨Ï¥³ ´ ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶μ´ÖÉ¨Ö, ¨¸¶μ²Ó§Ê¥³Ò¥ ¢
¤ ´´μ° ¸É ÉÓ¥.

� ÉÊ· ²Ó´Ò¥ Î¨¸² . ˆ¸Ìμ¤´μ° ¡ §μ¢μ° ¸¨¸É¥³μ° Î¨¸¥² Ê ´ ¸ Ö¢²Ö¥É¸Ö
¶μ²Ê±μ²ÓÍμ ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥²

N = {0, 1, 2, . . .}.

�μ¤Î¥·±´¥³, ÎÉμ ³Ò ¢±²ÕÎ ¥³ ´Ê²Ó ¢ ³´μ¦¥¸É¢μ ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥². � ÉÊ-
· ²Ó´Ò¥ Î¨¸²  ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´Ò ¢ ¤¨¸±·¥É´μ° ³ É¥³ É¨±¥, £¤¥ μ´¨ ¢Ò¸ÉÊ-
¶ ÕÉ ± ± ¸Î¥ÉÎ¨±¨ Ô²¥³¥´Éμ¢ ¨ ±μ³¡¨´ Í¨° Ô²¥³¥´Éμ¢ ¤¨¸±·¥É´ÒÌ ¸¨¸É¥³.
�¸É ²Ó´Ò¥ ±μ´¸É·Ê±É¨¢´Ò¥ ¸¨¸É¥³Ò Î¨¸¥² ¢Ò¢μ¤ÖÉ¸Ö ¨§ ³´μ¦¥¸É¢  N Î¨¸Éμ
³ É¥³ É¨Î¥¸±¨³¨ ¸·¥¤¸É¢ ³¨. � ¶·¨³¥·, ±μ²ÓÍμ Í¥²ÒÌ Î¨¸¥² Z = {. . . ,−1,
0, 1, . . .} ³Ò · ¸¸³ É·¨¢ ¥³ ± ±  ²£¥¡· ¨Î¥¸±μ¥ · ¸Ï¨·¥´¨¥ ¶μ²Ê±μ²ÓÍ  N ¸
¶μ³μÐÓÕ ¶·¨³¨É¨¢´μ£μ ±¢ ¤· É´μ£μ ±μ·´Ö ¨§ ¥¤¨´¨ÍÒ∗, ¶μ²¥ · Í¨μ´ ²Ó´ÒÌ
Î¨¸¥² Q, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¶μ²¥ Î ¸É´ÒÌ ±μ²ÓÍ  Z ¨ É. ¤.

� ¸¸²μ¥´¨Ö. „²Ö ¸¨¸É¥³ ¸ ¸¨³³¥É·¨Ö³¨, ¢ μ¸μ¡¥´´μ¸É¨ ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨
¨Ì ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö, ¢ ¦´ÊÕ ·μ²Ó ¨£· ¥É ¶μ´ÖÉ¨¥ · ¸¸²μ¥´¨Ö. � ¸¸²μ¥-
´¨¥³ ¶μ μ¶·¥¤¥²¥´¨Õ∗∗ ´ §Ò¢ ¥É¸Ö ¸É·Ê±ÉÊ·  ¢¨¤ 

(E, X, S, G, π),

£¤¥ E Å ³´μ¦¥¸É¢μ, ´ §Ò¢ ¥³μ¥ (ÉμÉ ²Ó´Ò³) ¶·μ¸É· ´¸É¢μ³ · ¸¸²μ¥´¨Ö;
X Å ³´μ¦¥¸É¢μ, ´ §Ò¢ ¥³μ¥ ¡ §μ° · ¸¸²μ¥´¨Ö; S Å ³´μ¦¥¸É¢μ, ´ §Ò¢ ¥-
³μ¥ É¨¶¨Î´Ò³ (³μ¤¥²Ó´Ò³) ¸²μ¥³ · ¸¸²μ¥´¨Ö; G Å £·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨°
É¨¶¨Î´μ£μ ¸²μÖ S, ´ §Ò¢ ¥³ Ö ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° · ¸¸²μ¥´¨Ö; π Å μÉμ-
¡· ¦¥´¨¥ E → X , ´ §Ò¢ ¥³μ¥ ¶·μ¥±Í¨¥° · ¸¸²μ¥´¨Ö.

�·μ¥±Í¨Ö π : E → X Ì · ±É¥·¨§Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¸¢μ°¸É¢μ³. …¸²¨ x Å
ÉμÎ±  ¡ §Ò, É. ¥. x ∈ X , Éμ ³´μ¦¥¸É¢μ Sx = π−1(x), ´ §Ò¢ ¥³μ¥ ¸²μ¥³ ´ ¤

∗’ ±μ¥ μ¶·¥¤¥²¥´¨¥, ± ± ¡Ê¤¥É ¢¨¤´μ ¨§ ¤ ²Ó´¥°Ï¥£μ, ³μÉ¨¢¨·μ¢ ´μ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°.
„·Ê£μ° · ¸¶·μ¸É· ´¥´´Ò° ¸¶μ¸μ¡ ¢¢¥¤¥´¨Ö Í¥²ÒÌ Î¨¸¥² Å ÔÉμ ¨´É¥·¶·¥É Í¨Ö ¨Ì ¢ ¢¨¤¥ ±² ¸¸μ¢
Ô±¢¨¢ ²¥´É´μ¸É¨ ¶ · ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² ¸ μÉ´μÏ¥´¨¥³ Ô±¢¨¢ ²¥´É´μ¸É¨ ∼: (n, m) ∼ (n′, m′)
μ§´ Î ¥É, ÎÉμ n + m′ = n′ + m, £¤¥ n, m, n′, m′ ∈ N.

∗∗‚ ²¨É¥· ÉÊ·¥ É¥μ·¨Ö · ¸¸²μ¥´¨° μ¡ÒÎ´μ ¨§² £ ¥É¸Ö ± ± ¸μ¸É ¢´ Ö Î ¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó-
´μ° £¥μ³¥É·¨¨ [23,64]. �¤´ ±μ ¸ÊÐ¥¸É¢¥´´Ò¥ ¤²Ö ´ ¸ Ô²¥³¥´ÉÒ ÔÉμ° É¥μ·¨¨ ´¥ É·¥¡ÊÕÉ ¶μ´ÖÉ¨Ö
¤¨ËË¥·¥´Í¨·Ê¥³μ¸É¨ ¨ ¡¥§ É·Ê¤  ¶¥·¥´μ¸ÖÉ¸Ö ´  ¤¨¸±·¥É´Ò° ¨ ±μ´¥Î´Ò° ¸²ÊÎ °.
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ÉμÎ±μ° x, ¨§μ³μ·Ë´μ É¨¶¨Î´μ³Ê ¸²μÕ S. ˆ§μ³μ·Ë¨§³ §¤¥¸Ó μ§´ Î ¥É, ÎÉμ
¸ÊÐ¥¸É¢Ê¥É Ô²¥³¥´É ¸É·Ê±ÉÊ·´μ° £·Ê¶¶Ò gx ∈ G, É ±μ°, ÎÉμ Sxg−1

x = S.
�μ²Ó ¸É·Ê±ÉÊ·´μ° £·Ê¶¶Ò ¢ Ë¨§¨±¥ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ μ´  ¤ ¥É ¢μ§-

³μ¦´μ¸ÉÓ ¸ ¶μ³μÐÓÕ ± ²¨¡·μ¢μÎ´ÒÌ ¸¢Ö§´μ¸É¥°∗ ®¸· ¢´¨¢ ÉÓ¯ ¤ ´´Ò¥, μÉ-
´μ¸ÖÐ¨¥¸Ö ± · §²¨Î´Ò³ ³μ³¥´É ³ ¢·¥³¥´¨ ¨ · §´Ò³ ÉμÎ± ³ ¶·μ¸É· ´¸É¢ .

‘¥Î¥´¨¥³ · ¸¸²μ¥´¨Ö (E, X, S, G, π) ´ §Ò¢ ¥É¸Ö μÉμ¡· ¦¥´¨¥
σ : X → E É ±μ¥, ÎÉμ π ◦ σ = idX . ‘¨³¢μ²¨Î¥¸±¨ ³´μ¦¥¸É¢μ ¢¸¥Ì ¸¥Î¥-
´¨° ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±

∏
x∈X

Sx. ’ ±¨³ μ¡· §μ³, ¤²Ö ±μ´¥Î´ÒÌ X ¨ S

¶μ²´μ¥ Î¨¸²μ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¸¥Î¥´¨° · ¢´μ |S||X|.
� ¸¸²μ¥´¨¥ ´ §Ò¢ ¥É¸Ö £² ¢´Ò³, ¥¸²¨ É¨¶¨Î´Ò³ ¸²μ¥³ Ö¢²Ö¥É¸Ö ¸ ³ 

¸É·Ê±ÉÊ·´ Ö £·Ê¶¶ . ‘¨³¢μ²¨Î¥¸±¨ £² ¢´μ¥ · ¸¸²μ¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

(P, X, G, ρ),

£¤¥ P Å ÉμÉ ²Ó´μ¥ ¶·μ¸É· ´¸É¢μ,   ρ Å ¶·μ¥±Í¨Ö. �μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ
¸É·Ê±ÉÊ·´ Ö £·Ê¶¶  G ¤¥°¸É¢Ê¥É ´  ¸²μ¥ G ¶· ¢Ò³¨ (¨²¨ ²¥¢Ò³¨) ¸¤¢¨£ ³¨.

1. Š‹�‘‘ˆ—…‘Š�Ÿ ˆ Š‚��’�‚�Ÿ „ˆ��ŒˆŠ�

1.1. �¸´μ¢´Ò¥ ¶μ´ÖÉ¨Ö ¨ ¸É·Ê±ÉÊ·Ò. � ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò³ ¶μ´Ö-
É¨¥³ ¤¨´ ³¨±¨ Ö¢²Ö¥É¸Ö ¢·¥³Ö. ‚ ¤¨¸±·¥É´μ° ¢¥·¸¨¨ ¢·¥³Ö T ÔÉμ ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ Í¥²ÒÌ Î¨¸¥², ´Ê³¥·ÊÕÐ¨Ì ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¸μ¡ÒÉ¨°, ´ ¶·¨³¥·,

T = Z ¨²¨ T = [0, 1, . . . , T ], (1)

£¤¥ T Å ´¥±μÉμ·μ¥ ´ ÉÊ· ²Ó´μ¥ Î¨¸²μ.
ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ ¸μ¸ÉμÖ´¨Ö ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò μ¡· §ÊÕÉ ±μ-

´¥Î´μ¥ ³´μ¦¥¸É¢μ
Ω = {ω1, . . . , ωN} (2)

´¥±μÉμ·ÒÌ Ô²¥³¥´Éμ¢. ’ ±¦¥ ¶·¥¤¶μ² £ ¥³ ´ ²¨Î¨¥ ´¥É·¨¢¨ ²Ó´μ° £·Ê¶¶Ò
¸¨³³¥É·¨°

G = {g1, . . . , gM} � Sym (Ω) , (3)

¤¥°¸É¢ÊÕÐ¥° ´  ³´μ¦¥¸É¢¥ ¸μ¸ÉμÖ´¨° Ω. 
¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ³μ¦´μ ¶·¥¤-
¶μ² £ ÉÓ, ÎÉμ £·Ê¶¶  G ¤¥°¸É¢Ê¥É ´  Ω ÉμÎ´μ (¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ G ³μ¦´μ
§ ³¥´¨ÉÓ Ë ±Éμ·-£·Ê¶¶μ° ¶μ Ö¤·Ê ¤¥°¸É¢¨Ö) ¨ É· ´§¨É¨¢´μ (¢ ¶·μÉ¨¢´μ³
¸²ÊÎ ¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ μ·¡¨ÉÒ ¤¥°¸É¢¨Ö ¶μ μÉ¤¥²Ó´μ¸É¨∗∗).

∗�μ´ÖÉ¨¥ ¸¢Ö§´μ¸É¨, ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸ÖÐ¥¥ μÉ ¸É·Ê±ÉÊ·Ò ¡ §Ò · ¸¸²μ¥´¨Ö, ³Ò · ¸¸³μÉ·¨³
¶μ¸²¥ ¡μ²¥¥ ±μ´±·¥É´μ£μ μ¡¸Ê¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ ¢¥·¸¨° ¡ §Ò.

∗∗‚ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ, ´ ¶·¨³¥·, ¶·¨ μ¶¨¸ ´¨¨ μ¡¸Ê¦¤ ¥³ÒÌ ´¨¦¥ ®¸μ²¨Éμ´μ¢¯ ¢ ¤¨¸-
±·¥É´ÒÌ ¸¨¸É¥³ Ì, ¶·¨Ìμ¤¨É¸Ö · ¸¸³ É·¨¢ ÉÓ ¸μ¢μ±Ê¶´μ¸É¨ μ·¡¨É, É. ¥. ´¥É· ´§¨É¨¢´Ò¥ ¤¥°¸É¢¨Ö.
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�¢μ²ÕÍ¨Ö ¨²¨ É· ¥±Éμ·¨Ö ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò Å ÔÉμ ¶μ¸²¥¤μ¢ É¥²Ó-
´μ¸ÉÓ ¸μ¸ÉμÖ´¨°, ¨´¤¥±¸¨·μ¢ ´´ÒÌ ¢·¥³¥´¥³,

h = . . . → wt−1 → wt → wt+1 → . . . , £¤¥ wi ∈ Ω. (4)

‡¤¥¸Ó ³Ò ¸É ²±¨¢ ¥³¸Ö ¸ ¶·μ¡²¥³μ° μÉμ¦¤¥¸É¢²¥´¨Ö ®´¥· §²¨Î¨³ÒÌ¯
μ¡Ñ¥±Éμ¢ Å ¡μ²¥¥ Ëμ·³ ²Ó´μ, Ô²¥³¥´Éμ¢ ³´μ¦¥¸É¢  (2) ²¥¦ Ð¨Ì ´  μ¤´μ°
μ·¡¨É¥ £·Ê¶¶Ò ¸¨³³¥É·¨° (3) Å ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨∗. „¥²μ ¢
Éμ³, ÎÉμ ¤²Ö ·¥£¨¸É· Í¨¨ ¨ μÉμ¦¤¥¸É¢²¥´¨Ö ¨´¤¨¢¨¤Ê ²Ó´μ ´¥· §²¨Î¨³ÒÌ
μ¡Ñ¥±Éμ¢ ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥±μÉμ·Ò¥ ¨´¤¨¢¨¤Ê ²Ó´μ · §²¨Î¨³Ò¥ ³¥É±¨ (¸¨³-
¢μ²Ò, Î¨¸² ). Ÿ¸´μ, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É  ¡¸μ²ÕÉ´μ£μ ¸¶μ¸μ¡  ¸μ¶μ¸É ¢¨ÉÓ É -
±¨³ · §²¨Î¨³Ò³ ³¥É± ³ ´¥· §²¨Î¨³Ò¥ Ô²¥³¥´ÉÒ. ”¨±¸¨·μ¢ ÉÓ É ±¨¥ Ô²¥-
³¥´ÉÒ ³μ¦´μ Éμ²Ó±μ μÉ´μ¸¨É¥²Ó´μ ´¥±μÉμ·μ° ¤μ¶μ²´¨É¥²Ó´μ° ¸¨¸É¥³Ò [61],
¶·μÖ¢²ÖÕÐ¥°¸Ö ¢ · §´ÒÌ ±μ´É¥±¸É Ì ± ± ®¸¨¸É¥³  ±μμ·¤¨´ É¯ ¨²¨ ®´ ¡²Õ-
¤ É¥²Ó¯ ¨²¨ ®¨§³¥·¨É¥²Ó´Ò° ¶·¨¡μ·¯.

� ¸¸³μÉ·¨³ ¡μ²¥¥ ¶μ¤·μ¡´μ ¶μ´ÖÉ¨Ö ¸¨¸É¥³Ò ±μμ·¤¨´ É ¨ § ³¥´Ò ±μμ·-
¤¨´ É ¢ ±μ´¥Î´μ³ ¸²ÊÎ ¥. „²Ö ´ Î ²  Ë¨±¸¨·Ê¥³ ± ±μ°-´¨¡Ê¤Ó (¶·μ¨§¢μ²Ó-
´Ò°) ¶μ·Ö¤μ± ´  ¨§´ Î ²Ó´μ ´¥Ê¶μ·Ö¤μÎ¥´´μ³ ³´μ¦¥¸É¢¥ Ω, É. ¥. ¡Ê¤¥³ ¶·¥¤-
¶μ² £ ÉÓ, ÎÉμ Ω Å ÔÉμ ¢¥±Éμ· (¢ ¤ ´´μ³ ±μ´É¥±¸É¥ ¸²μ¢μ ®¢¥±Éμ·¯ μ§´ Î ¥É
¶·μ¸Éμ Ê¶μ·Ö¤μÎ¥´´μ¥ ³´μ¦¥¸É¢μ, ¨¸¶μ²Ó§Ê¥É¸Ö É ±¦¥ É¥·³¨´ ®±μ·É¥¦¯) ¢¨¤ 

Ω = (ω1, . . . , ωN) .

ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ω ± ´μ´¨Î¥¸±¨³ ³´μ¦¥¸É¢μ³ ¸μ¸ÉμÖ´¨°. „¥°¸É¢¨¥ £·Ê¶¶Ò
¸¨³³¥É·¨° G ´  ³´μ¦¥¸É¢¥ Ω ¨³¥¥É ¢¨¤∗∗

Ωg = (ω1g, . . . , ωkg, . . . , ωNg) = (ωi1 , . . . , ωik
, . . . , ωiN) .

� ³ Ê¤μ¡´μ ¢ ± Î¥¸É¢¥ ³¥Éμ± Ô²¥³¥´Éμ¢ ωk ∈ Ω ¨¸¶μ²Ó§μ¢ ÉÓ ´ ÉÊ· ²Ó´Ò¥
Î¨¸²  k. ‚¢¥¤¥³ ËÊ´±Í¨Õ site(v, V ), ±μÉμ· Ö ¶μ § ¤ ´´μ³Ê Ô²¥³¥´ÉÊ v, μ¤¨´
¨ Éμ²Ó±μ μ¤¨´ · § ¢Ìμ¤ÖÐ¥³Ê ¢ Ê¶μ·Ö¤μÎ¥´´μ¥ ³´μ¦¥¸É¢μ V , ¢Ò¤ ¥É ¥£μ
¶μ§¨Í¨Õ ¢ ÔÉμ³ ³´μ¦¥¸É¢¥, ´ ¶·¨³¥·, site(ωk, Ω) = k ¨ site(ωik

, Ωg) = k.
�μ§¨Í¨Õ Ô²¥³¥´É  ¢ Ê¶μ·Ö¤μÎ¥´´μ³ ³´μ¦¥¸É¢¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ±μ-

μ·¤¨´ Éμ°. �·¨³¥´¨¢ ËÊ´±Í¨Õ site ± Ô²¥³¥´É ³ ³´μ¦¥¸É¢  Ω, ³Ò ¶μ²ÊÎ¨³
¢¥±Éμ·

R = (1, 2, . . . , N) , (5)

∗‚ ¶·¨²μ¦¥´¨¨ ®Ars Combinatoria¯ ± ±´¨£¥ [66] ƒ. ‚¥°²Ó ( ¢Éμ· ¨¤¥¨ ± ²¨¡·μ¢μÎ´μ° ¨´¢ -
·¨ ´É´μ¸É¨ ¢ Ë¨§¨±¥) ¶μ¤·μ¡´μ μ¡¸Ê¦¤ ¥É ¶·μ¡²¥³Ò ¨´¤¨¢¨¤Ê ²¨§ Í¨¨ ´¥· §²¨Î¨³ÒÌ μ¡Ñ¥±Éμ¢
¨ ¨Ì μÉμ¦¤¥¸É¢²¥´¨Ö ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ ¢μ ¢·¥³¥´¨.

∗∗‚ ¸É ÉÓ¥ ³Ò ¡Ê¤¥³ ¢ μ¸´μ¢´μ³ § ¶¨¸Ò¢ ÉÓ ¤¥°¸É¢¨¥ £·Ê¶¶Ò ¸¶· ¢ . �Éμ ¸μ£² Ï¥´¨¥ ¡μ²¥¥
¥¸É¥¸É¢¥´´μ ¨ ¨´ÉÊ¨É¨¢´μ. �´μ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ³ É¥³ É¨±¥ ¨, ¢ Î ¸É´μ¸É¨, ¢ μ¸´μ¢´ÒÌ
¸¨¸É¥³ Ì ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò, μ·¨¥´É¨·μ¢ ´´ÒÌ ´  § ¤ Î¨ É¥μ·¨¨ £·Ê¶¶, GAP ¨ Magma.
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±μÉμ·Ò° ¡Ê¤¥³ ´ §Ò¢ ÉÓ ± ´μ´¨Î¥¸±μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É. „·Ê£¨³¨ ¸²μ-
¢ ³¨, ³Ò ¶μ³¥É¨²¨ ´¥±μÉμ·Ò³ Ë¨±¸¨·μ¢ ´´Ò³ μ¡· §μ³ ¸μ¸ÉμÖ´¨Ö ¨§ ³´μ¦¥-
¸É¢  Ω ´ ÉÊ· ²Ó´Ò³¨ Î¨¸² ³¨. �Éμ ¶μ§¢μ²¨É ´ ³ ±μ´É·μ²¨·μ¢ ÉÓ ¨´¤¨¢¨¤Ê-
 ²Ó´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò. „¥°¸É¢¨¥
Ô²¥³¥´É  £·Ê¶¶Ò g ∈ G ´  ¸μ¸ÉμÖ´¨Ö ¢ É¥·³¨´ Ì ±μμ·¤¨´ É ³μ¦´μ § ¶¨¸ ÉÓ
¢ ¢¨¤¥ ¶¥·¥¸É ´μ¢±¨ (

1 · · · k · · · N
1g · · ·kg · · ·Ng

)
.

�Éμ ®±μ´É· ¢ ·¨ ´É´μ¥¯ ¤¥°¸É¢¨¥ ¶¥·¥¢μ¤¨É μ¤´μ ¸μ¸ÉμÖ´¨¥ ¢ ¤·Ê£μ¥: ωkg →
ωj . ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ®±μ¢ ·¨ ´É´μ¥¯ ¶·¥μ¡· §μ¢ ´¨¥ ¸¨¸É¥³Ò ±μμ·¤¨´ É
¨³¥¥É ¢¨¤

S = Rg−1 =
(
1g−1, 2g−1, . . . , Ng−1

)
. (6)

�Éμ μ§´ Î ¥É, ÎÉμ ¥¸²¨ ´¥±μÉμ·Ò° Ô²¥³¥´É x ³´μ¦¥¸É¢  ¸μ¸ÉμÖ´¨° ¢ ± ´μ-
´¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É R ¨³¥¥É ±μμ·¤¨´ ÉÊ xR = site(x, R), Éμ ¥£μ
±μμ·¤¨´ Éμ° ¢ ¸¨¸É¥³¥ S ¡Ê¤¥É xS = site(x, S). �¶¥· Í¨μ´ ²Ó´μ ¶μ²ÊÎ¥´¨¥
±μμ·¤¨´ ÉÒ μ§´ Î ¥É, ÎÉμ ³Ò ¨³¥¥³ ¢μ§³μ¦´μ¸ÉÓ · ¸¶μ§´ ÉÓ x ¸·¥¤¨ Ô²¥³¥´-
Éμ¢ S ¨ ¶μ¤¸Î¨É ÉÓ Î¨¸²μ Ï £μ¢, ¶·μ°¤¥´´ÒÌ ¤μ ÔÉμ£μ Ô²¥³¥´É . �É  ¶·μ-
Í¥¤Ê·   ´ ²μ£¨Î´  ®±μμ·¤¨´ É¨§ Í¨¨¯ [61] ÉμÎ¥± ¢¥±Éμ·´μ£μ ¶·μ¸É· ´¸É¢ .
� ¶·¨³¥·, ±μμ·¤¨´ É  ÉμÎ±¨ ¢¥Ð¥¸É¢¥´´μ° ¶·Ö³μ° (μ¤´μ³¥·´μ£μ ¶·μ¸É· ´-
¸É¢  R) Å ÔÉμ ®· ¸¸ÉμÖ´¨¥¯, ±μÉμ·μ¥ ´¥μ¡Ìμ¤¨³μ ¶·μ°É¨ μÉ ´ Î ²  ±μμ·¤¨´ É
¤μ ¤ ´´μ° ÉμÎ±¨. � Î ²μ ±μμ·¤¨´ É ¨ ®³ ¸ÏÉ ¡ Ï £μ¢ · ¸¸ÉμÖ´¨Ö¯ (³¥É·¨± )
§ ¢¨¸ÖÉ μÉ ¢Ò¡μ·  ¸¨¸É¥³Ò ±μμ·¤¨´ É.

Ÿ¸´μ, ÎÉμ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (6) ¨§ ± ´μ´¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É (5)
³μ¦´μ ¶μ¸É·μ¨ÉÓ ¢¸¥ μ¸É ²Ó´Ò¥ ¨ ÎÉμ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ¶·μ¨§¢μ²Ó´Ò³¨ ¸¨¸É¥-
³ ³¨ ±μμ·¤¨´ É μ¶¨¸Ò¢ ÕÉ¸Ö Ëμ·³Ê²μ° S′ = Sh−1, h ∈ G.

‚¥·´¥³¸Ö ± Ô¢μ²ÕÍ¨¨ (4). ŒÒ ´¥ §´ ¥³ a priori, μÉ ± ±μ£μ ¨³¥´´μ ¨§
μ¡Ñ¥±Éμ¢ a ∈ Ω ¨²¨ b ∈ Ω ¢ ³μ³¥´É ¢·¥³¥´¨ t − 1 ®¶·μ¨§μÏ¥²¯ ´¥±μÉμ·Ò°
μ¡Ñ¥±É c ¢ ³μ³¥´É ¢·¥³¥´¨ t, ¥¸²¨ a ¨ b ²¥¦ É ´  μ¤´μ° £·Ê¶¶μ¢μ° μ·¡¨É¥,
É. ¥. b = ag ¤²Ö ´¥±μÉμ·μ£μ g ∈ G. ’ ±μ¥ μÉμ¦¤¥¸É¢²¥´¨¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢¢¥-
¤¥´¨¥³ ¤μ¶μ²´¨É¥²Ó´μ° ¸É·Ê±ÉÊ·Ò, ´ §Ò¢ ¥³μ° ± ²¨¡·μ¢μÎ´μ° ¸¢Ö§´μ¸ÉÓÕ
¨²¨ ¶ · ²²¥²Ó´Ò³ ¶¥·¥´μ¸μ³.

� ¸¸³μÉ·¨³ · ¸¸²μ¥´¨¥, ¡ §μ° ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ¢·¥³Ö (1), É¨¶¨Î´Ò³
¸²μ¥³ Å ± ´μ´¨Î¥¸±μ¥ ³´μ¦¥¸É¢μ ¸μ¸ÉμÖ´¨° (2),   ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° Å
£·Ê¶¶  (3)

(W, T , Ω, G, τ) . (7)

‡¤¥¸Ó W ¨ τ Å ÉμÉ ²Ó´μ¥ ¶·μ¸É· ´¸É¢μ ¨ ¶·μ¥±Í¨Ö ¸μμÉ¢¥É¸É¢¥´´μ. ‘¢Ö§´μ¸ÉÓ
μ¶·¥¤¥²Ö¥É ¨§μ³μ·Ë¨§³ ³¥¦¤Ê ¸²μÖ³¨ ÔÉμ£μ · ¸¸²μ¥´¨Ö ´ ¤ · §²¨Î´Ò³¨ ³μ-
³¥´É ³¨ ¢·¥³¥´¨:

Ωt2 = Ωt1χ (t1, t2) , £¤¥ χ (t1, t2) ∈ G.
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‚ ¦´Ò³ ¶·¨´Í¨¶μ³ ¢ Ë¨§¨±¥ Ö¢²Ö¥É¸Ö ± ²¨¡·μ¢μÎ´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ,
É. ¥. ¢μ§³μ¦´μ¸ÉÓ § ¤ ¢ ÉÓ ¸¨¸É¥³Ò ±μμ·¤¨´ É ¢ ¸²μÖÌ · ¸¸²μ¥´¨Ö ´ ¤ · §²¨Î-
´Ò³¨ ÉμÎ± ³¨ ¡ §Ò ´¥§ ¢¨¸¨³μ ¤·Ê£ μÉ ¤·Ê£ . ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ÔÉμÉ ¶·¨´Í¨¶
¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ¶· ¢¨²Ê ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö ¸¢Ö§´μ¸É¥°:

χ (t1, t2) → g (t1)
−1

χ (t1, t2) g (t2) , g (t1) , g (t2) ∈ G. (8)

‡¤¥¸Ó g (t1) ¨ g (t2) Å ¶·μ¨§¢μ²Ó´Ò¥ Ô²¥³¥´ÉÒ £·Ê¶¶Ò G, É. ¥. §´ Î¥´¨Ö ¶·μ-
¨§¢μ²Ó´μ£μ ¸¥Î¥´¨Ö £² ¢´μ£μ G-· ¸¸²μ¥´¨Ö ´ ¤ T . �Î¥¢¨¤´μ, ÎÉμ ¸¢Ö§´μ¸ÉÓ
³¥¦¤Ê ¶·μ¨§¢μ²Ó´Ò³¨ ³μ³¥´É ³¨ ¢·¥³¥´¨ ³μ¦´μ § ¶¨¸ ÉÓ ± ± ¶·μ¨§¢¥¤¥´¨¥
¸¢Ö§´μ¸É¥°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ô²¥³¥´É ·´Ò³ Ï £ ³ ¶μ ¢·¥³¥´¨:

χ (t1, t2) = χ (t1, t1 + 1) · · ·χ (t, t + 1) · · ·χ (t2 − 1, t2) .

’ ±¨³ μ¡· §μ³, ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸¢Ö§´μ¸ÉÓ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¸ ¶μ³μÐÓÕ
ËÊ´±Í¨¨ ´  ¶ · Ì ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ³μ³¥´Éμ¢ ¢·¥³¥´¨, É. ¥. ËÊ´±Í¨¨ ´ 
·¥¡· Ì ²¨´¥°´μ£μ £· Ë , ¢¥·Ï¨´ ³¨ ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö ³μ³¥´ÉÒ ¢·¥³¥´¨.

’· ¥±Éμ·¨¨ (4) ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸¥Î¥´¨Ö · ¸-
¸²μ¥´¨Ö (7). ‘¨³¢μ²¨Î¥¸±¨ ¶·¨´ ¤²¥¦´μ¸ÉÓ É· ¥±Éμ·¨¨ h ± ³´μ¦¥¸É¢Ê ¸¥Î¥-
´¨° ³μ¦´μ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

h ∈
∏
t∈T

Ωt. (9)

‚ μ¸´μ¢¥ ±² ¸¸¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ²¥¦¨É ¨§ÊÎ¥´¨¥ ¨´¤¨¢¨¤Ê ²Ó´ÒÌ É· ¥±Éμ-
·¨° ¢ ¶·¥¤¶μ²μ¦¥´¨¨ Ë¨±¸¨·μ¢ ´´μ£μ ¤²Ö ¢¸¥Ì ³μ³¥´Éμ¢ ¢·¥³¥´¨ ¶· ¢¨² 
μÉμ¦¤¥¸É¢²¥´¨Ö ¸μ¸ÉμÖ´¨° ωi. �μÔÉμ³Ê · ¸¸²μ¥´¨¥ (7) ³μ¦´μ § ³¥´¨ÉÓ ¶·Ö-
³Ò³ ¶·μ¨§¢¥¤¥´¨¥³ T × Ω ¨ ¨´É¥·¶·¥É¨·μ¢ ÉÓ É· ¥±Éμ·¨Õ ± ± ËÊ´±Í¨Õ μÉ
¢·¥³¥´¨ ¸μ §´ Î¥´¨Ö³¨ ¢ ³´μ¦¥¸É¢¥ ¸μ¸ÉμÖ´¨° Ω

h ∈ ΩT .

”¨§¨Î¥¸±¨ ¸ÊÐ¥¸É¢¥´´Ò³ ÊÎ¥É ²μ± ²Ó´μ° ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ-
¸É¨ ¸É ´μ¢¨É¸Ö ¢ ¸¨ÉÊ Í¨ÖÌ, ±μ£¤  · ¸¸³ É·¨¢ ÕÉ¸Ö ¸μ¢μ±Ê¶´μ¸É¨ · §²¨Î-
´ÒÌ ¨´¤¨¢¨¤Ê ²Ó´ÒÌ É· ¥±Éμ·¨°, ¸μ¥¤¨´ÖÕÐ¨Ì ÉμÎ±¨ · ¸¸²μ¥´¨Ö. �¸μ¡¥´´μ
μÉÎ¥É²¨¢μ ÔÉμ ¶·μÖ¢²Ö¥É¸Ö ¢ Ë¥°´³ ´μ¢¸±μ° Ëμ·³Ê²¨·μ¢±¥ ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¨ Î¥·¥§ ¨´É¥£· ²Ò ¶μ É· ¥±Éμ·¨Ö³.

1.2. „¨´ ³¨Î¥¸±¨¥ ¸¨¸É¥³Ò ¸ ¶·μ¸É· ´¸É¢μ³. ‚ Ë¨§¨±¥ ³´μ¦¥¸É¢μ ¸μ-
¸ÉμÖ´¨° Ω μ¡ÒÎ´μ ¨³¥¥É ¸¶¥Í¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê ³´μ¦¥¸É¢  ËÊ´±Í¨°

Ω = ΣX, (10)

£¤¥ ³´μ¦¥¸É¢μ  ·£Ê³¥´Éμ¢

X = {x1, . . . , xn} (11)
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´ §Ò¢ ¥É¸Ö ¶·μ¸É· ´¸É¢μ³,   ³´μ¦¥¸É¢μ §´ Î¥´¨°

Σ =
{
σ1, . . . , σ|Σ|

}
(12)

Å ³´μ¦¥¸É¢μ³ ²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨°.
‚ ¦´Ò³ ¸¢μ°¸É¢μ³ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¶·μ¸É· ´¸É¢μ³ Ö¢²Ö¥É¸Ö ¢μ§-

³μ¦´μ¸ÉÓ ¢¢¥¤¥´¨Ö ´¥É·¨¢¨ ²Ó´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ¸¢Ö§´μ¸É¥° ³¥¦¤Ê ÉμÎ± ³¨
¶·μ¸É· ´¸É¢ . Š ²¨¡·μ¢μÎ´Ò¥ ¸É·Ê±ÉÊ·Ò ¶·¨¢μ¤ÖÉ ± ´ ¡²Õ¤ ¥³Ò³ Ë¨§¨Î¥-
¸±¨³ ¶μ¸²¥¤¸É¢¨Ö³: ±·¨¢¨§´Ò ´¥É·¨¢¨ ²Ó´ÒÌ ¸¢Ö§´μ¸É¥° μ¶¨¸Ò¢ ÕÉ ¸¨²Ò ¢
Ë¨§¨Î¥¸±¨Ì É¥μ·¨ÖÌ. „·Ê£μ° É¥³μ°, ¢ ±μÉμ·μ° ¢ ¦´  ¶·μ¸É· ´¸É¢¥´´ Ö ¸É·Ê±-
ÉÊ· , Ö¢²Ö¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê ¸¶¨´μ³ ¨ ¸É É¨¸É¨±μ°.

ŒÒ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ± ± ¶·μ¸É· ´¸É¢μ (11), É ± ¨ ²μ± ²Ó´Ò¥
¸μ¸ÉμÖ´¨Ö (12) μ¡² ¤ ÕÉ ´¥É·¨¢¨ ²Ó´Ò³¨ £·Ê¶¶ ³¨ ¸¨³³¥É·¨°:

F =
{
f1, . . . , f|F|

}
� Sym (X) Å ¸¨³³¥É·¨¨ ¶·μ¸É· ´¸É¢ ,

(13)
Γ =
{
γ1, . . . , γ|Γ|

}
� Sym (Σ) Å ¢´ÊÉ·¥´´¨¥ ¸¨³³¥É·¨¨.

„²Ö ¨´É¥·¶·¥É Í¨¨ £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° Γ ± ± ²μ± ²Ó´μ° ± ²¨-
¡·μ¢μÎ´μ° £·Ê¶¶Ò ¢¢¥¤¥³ · ¸¸²μ¥´¨¥ ¸ ÉμÉ ²Ó´Ò³ ¶·μ¸É· ´¸É¢μ³ E, ¡ §μ° X,
É¨¶¨Î´Ò³ ¸²μ¥³ Σ ¨ ¶·μ¥±Í¨¥° π:

(E, X, Σ, Γ, π) . (14)

’¥¶¥·Ó ³´μ¦¥¸É¢μ ¸μ¸ÉμÖ´¨° ¢³¥¸Éμ (10) ¨³¥¥É ¢¨¤ ³´μ¦¥¸É¢  ¸¥Î¥´¨° · ¸-
¸²μ¥´¨Ö (14)

Ω =
∏
x∈X

Σx. (15)

�¥É·¨¢¨ ²Ó´μ¸ÉÓ £·Ê¶¶Ò (13) ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  ¶·¥¤¶μ² £ ¥É ´ -
²¨Î¨¥ ´¥±μÉμ·μ° ¸É·Ê±ÉÊ·Ò Ê ³´μ¦¥¸É¢  (11). „²Ö Ë¨§¨±¨ ¸ÊÐ¥¸É¢¥´´Ò
Éμ¶μ²μ£¨Î¥¸±¨¥ ¶μ´ÖÉ¨Ö, ¶μ§¢μ²ÖÕÐ¨¥ ±² ¸¸¨Ë¨Í¨·μ¢ ÉÓ ÉμÎ±¨ ¶μ ¸É¥¶¥´¨
¨Ì ®¡²¨§μ¸É¨¯ ¤·Ê£ ± ¤·Ê£Ê.

‚ ¶μ¤Ìμ¤¥, ´ §Ò¢ ¥³μ³ É¥μ·¥É¨±μ-³´μ¦¥¸É¢¥´´ Ö Éμ¶μ²μ£¨Ö, ¶μ´ÖÉ¨¥
®¡²¨§μ¸É¨¯ ÉμÎ¥± Ëμ·³ ²¨§Ê¥É¸Ö ¸ ¶μ³μÐÓÕ ¸¥³¥°¸É¢  μÉ±·ÒÉÒÌ ¶μ¤³´μ-
¦¥¸É¢, Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ μ¶·¥¤¥²¥´´Ò³  ±¸¨μ³ ³. �É¨  ±¸¨μ³Ò Ö¢²ÖÕÉ¸Ö
 ¡¸É· ±Í¨¥° μ¡ÒÎ´ÒÌ ¸¢μ°¸É¢ ±μ´É¨´ÊÊ³  ¨ ³ ²μ ¶·¨£μ¤´Ò ¤²Ö ¤¨¸±·¥É´ÒÌ
¶·μ¸É· ´¸É¢ (ÌμÉÖ Ëμ·³ ²Ó´μ ¨ ¶·¨³¥´¨³Ò ± ´¨³).

� ¨¡μ²¥¥  ¤¥±¢ É´μ° ¢ ¤¨¸±·¥É´μ³ ¸²ÊÎ ¥ Éμ¶μ²μ£¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ°
Ö¢²Ö¥É¸Ö  ¡¸É· ±É´Ò° ¸¨³¶²¨Í¨ ²Ó´Ò° ±μ³¶²¥±¸ [63], ±μÉμ·Ò° § ¤ ¥É¸Ö ´¥-
±μÉμ·Ò³ ´ ¡μ·μ³ K ¶μ¤³´μ¦¥¸É¢ ³´μ¦¥¸É¢  X. ‚ ¤ ´´μ³ ±μ´É¥±¸É¥ Ô²¥-
³¥´ÉÒ ³´μ¦¥¸É¢  X ´ §Ò¢ ÕÉ¸Ö ÉμÎ± ³¨ ¨²¨ ¢¥·Ï¨´ ³¨. �²¥³¥´ÉÒ ³´μ-
¦¥¸É¢  K , ´ §Ò¢ ¥³Ò¥ ¸¨³¶²¥±¸ ³¨∗, μ¡² ¤ ÕÉ É¥³ ¸¢μ°¸É¢μ³, ÎÉμ ²Õ¡Ò¥

∗ˆ´ÉÊ¨É¨¢´ Ö ¨¤¥Ö ®¡²¨§μ¸É¨¯ ÉμÎ¥± ¸μμÉ¢¥É¸É¢Ê¥É Éμ³Ê, ÎÉμ ÉμÎ±¨ ¨§ μ¤´μ£μ ¸¨³¶²¥±¸ 
®¡²¨¦¥ ¤·Ê£ ± ¤·Ê£Ê¯, Î¥³ ÉμÎ±¨ ¨§ · §´ÒÌ ¸¨³¶²¥±¸μ¢.
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¨Ì ¶μ¤³´μ¦¥¸É¢  É ±¦¥ Ö¢²ÖÕÉ¸Ö ¸¨³¶²¥±¸ ³¨, É. ¥. ¢Ìμ¤ÖÉ ¢ ³´μ¦¥¸É¢μ K .
Š·μ³¥ Éμ£μ, ¸¨³¶²¥±¸ ³¨ Ö¢²ÖÕÉ¸Ö ¢¸¥ μ¤´μÔ²¥³¥´É´Ò¥ ¶μ¤³´μ¦¥¸É¢  ³´μ-
¦¥¸É¢  ¢¥·Ï¨´ X. �μ¤¸¨³¶²¥±¸Ò ¸¨³¶²¥±¸μ¢ Î ¸Éμ ´ §Ò¢ ÕÉ £· ´Ö³¨. �Î¥-
¢¨¤´μ, ÎÉμ ¸É·Ê±ÉÊ·  ±μ³¶²¥±¸  K μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ³ ±¸¨³ ²Ó´Ò³¨
¶μ ¢±²ÕÎ¥´¨Õ ¸¨³¶²¥±¸ ³¨. � §³¥·´μ¸ÉÓ ¸¨³¶²¥±¸  δ ∈ K μ¶·¥¤¥²Ö¥É¸Ö
Ëμ·³Ê²μ° dim δ = |δ| − 1. �Éμ μ¶·¥¤¥²¥´¨¥ ³μÉ¨¢¨·μ¢ ´μ É¥³ Ë ±Éμ³,
ÎÉμ k + 1 ÉμÎ¥±, ¶μ£·Ê¦¥´´ÒÌ ¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨ ¢ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´-
¸É¢μ Rn, μ¡· §ÊÕÉ ¢¥·Ï¨´Ò ¶·μ¸É¥°Ï¥£μ (² É. simplex Å ¶·μ¸Éμ°) ¢Ò¶Ê±²μ£μ
k-³¥·´μ£μ ³´μ£μ£· ´´¨± , ¥¸²¨ n � k. � §³¥·´μ¸ÉÓ ±μ³¶²¥±¸  K μ¶·¥¤¥-
²Ö¥É¸Ö ± ± ³ ±¸¨³ ²Ó´ Ö · §³¥·´μ¸ÉÓ ¥£μ ¸¨³¶²¥±¸μ¢: dimK = max

δ∈K
dim δ.

�¤´μ³¥·´Ò° ¸¨³¶²¨Í¨ ²Ó´Ò° ±μ³¶²¥±¸ ´ §Ò¢ ¥É¸Ö £· Ëμ³,   ¸μ¸É ¢²ÖÕÐ¨¥
¥£μ ¤¢ÊÌÔ²¥³¥´É´Ò¥ ¶μ¤³´μ¦¥¸É¢  (μ¤´μ³¥·´Ò¥ ¸¨³¶²¥±¸Ò) ´ §Ò¢ ÕÉ¸Ö ·¥-
¡· ³¨. ‘ ÉμÎ±¨ §·¥´¨Ö  ¡¸É· ±É´μ° ±μ³¡¨´ Éμ·´μ° Éμ¶μ²μ£¨¨ ¢μ§³μ¦´μ¸ÉÓ
¶μ£·Ê¦¥´¨Ö ¢ ¥¢±²¨¤μ¢Ò ¶·μ¸É· ´¸É¢  ´¥ ¨³¥¥É μ¸μ¡μ£μ §´ Î¥´¨Ö. ‘ÊÐ¥-
¸É¢¥´´μ Éμ²Ó±μ, ± ±¨³ μ¡· §μ³ ¸¨³¶²¥±¸Ò, ¸μ¸É ¢²ÖÕÐ¨¥ ±μ³¶²¥±¸, ¸¢Ö§ ´Ò
(¶¥·¥¸¥± ÕÉ¸Ö) ³¥¦¤Ê ¸μ¡μ°. �¤´ ±μ § ³¥É¨³, ÎÉμ ¢ Éμ¶μ²μ£¨Î¥¸±μ° É¥μ·¨¨
· §³¥·´μ¸É¨ ¨³¥¥É¸Ö É¥μ·¥³  �¥¡¥²¨´£ Ä�μ´É·Ö£¨´ , ¨§ ±μÉμ·μ° ¸²¥¤Ê¥É,
ÎÉμ ²Õ¡μ° k-³¥·´Ò° ¸¨³¶²¨Í¨ ²Ó´Ò° ±μ³¶²¥±¸ ³μ¦¥É ¡ÒÉÓ ¶μ£·Ê¦¥´ ¢ ¶·μ-
¸É· ´¸É¢μ R2k+1. ‚ Î ¸É´μ¸É¨, ²Õ¡μ° £· Ë ³μ¦´μ ¶μ£·Ê§¨ÉÓ ¢ É·¥Ì³¥·´μ¥
¶·μ¸É· ´¸É¢μ R3.

…¸²¨ ´ ¸ ´¥ ¨´É¥·¥¸ÊÕÉ ´¥¸ÊÐ¥¸É¢¥´´Ò¥ ¸ ¤¨¸±·¥É´μ° ÉμÎ±¨ §·¥´¨Ö ¢μ-
¶·μ¸Ò £¥μ³¥É·¨Î¥¸±μ° ·¥ ²¨§ Í¨¨ ±μ³¶²¥±¸μ¢ ¢ ¥¢±²¨¤μ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì,
Éμ ²Õ¡Ò¥ § ¤ Î¨ ¸ ¤ ´´Ò³¨ ´  ¶·μ¨§¢μ²Ó´ÒÌ ±μ³¶²¥±¸ Ì ³μ¦´μ ¸¢¥¸É¨ ± § -
¤ Î ³ ´  £· Ë Ì, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¶μ´ÖÉ¨¥³ μ¸Éμ¢  ¸¨³¶²¨Í¨ ²Ó´μ£μ ±μ³-
¶²¥±¸ . �μ μ¶·¥¤¥²¥´¨Õ q-³¥·´Ò³ μ¸Éμ¢μ³ (q-μ¸Éμ¢μ³, q-¸±¥²¥Éμ³) ¸¨³¶²¨-
Í¨ ²Ó´μ£μ ±μ³¶²¥±¸  K ´ §Ò¢ ¥É¸Ö ¸¨³¶²¨Í¨ ²Ó´Ò° ±μ³¶²¥±¸, ¸μ¸ÉμÖÐ¨° ¨§
¢¸¥Ì p-³¥·´ÒÌ ¸¨³¶²¥±¸μ¢ ±μ³¶²¥±¸  K , £¤¥ p � q. ’ ±¨³ μ¡· §μ³, ¢³¥¸Éμ
¶·μ¨§¢μ²Ó´μ£μ ±μ³¶²¥±¸  K ³Ò ³μ¦¥³ · ¸¸³ É·¨¢ ÉÓ ¥£μ 1-μ¸Éμ¢, É. ¥. £· Ë.
Š ¦¤μ³Ê ¸¨³¶²¥±¸Ê ±μ³¶²¥±¸  K ¸μμÉ¢¥É¸É¢Ê¥É ´¥±μÉμ·Ò° ¶μ²´Ò° ¶μ¤£· Ë
ÔÉμ£μ 1-μ¸Éμ¢ . � ¶μ³´¨³, ÎÉμ £· Ë ´ §Ò¢ ¥É¸Ö ¶μ²´Ò³, ¥¸²¨ ¢¸¥ ¶ ·Ò ¥£μ
¢¥·Ï¨´ Ö¢²ÖÕÉ¸Ö ·¥¡· ³¨. ƒ· ËÒ (³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¨Ì É ±¦¥ ·¥Ï¥É± ³¨)
¤μ¸É ÉμÎ´Ò ¤²Ö ¢¸¥Ì, · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ¤ ´´μ° ¸É ÉÓ¥, § ¤ Î. ‚ Î ¸É´μ¸É¨,
μ´¨ ¤μ¸É ÉμÎ´Ò ¤²Ö ¢¢¥¤¥´¨Ö ± ²¨¡·μ¢μÎ´ÒÌ ¨ ±¢ ´Éμ¢ÒÌ ¸É·Ê±ÉÊ·. —Éμ¡Ò
´¥ ¶¥·¥£·Ê¦ ÉÓ É¥±¸É, ³Ò ¸μÌ· ´¨³ ¤²Ö μ¡μ§´ Î¥´¨Ö ¶·μ¸É· ´¸É¢  ¸¨³¢μ² X,
¶μ¤· §Ê³¥¢ Ö ¶·¨ ÔÉμ³, ÎÉμ ¶μ³¨³μ ¢¥·Ï¨´ {x1, . . . , xn} § ¤ ´Ò É ±¦¥ ¨
·¥¡· , É. ¥. ´¥±μÉμ·Ò° ´ ¡μ· 2-Ô²¥³¥´É´ÒÌ ¶μ¤³´μ¦¥¸É¢ ¢¨¤  eij = {xi, xj}.
ƒ·Ê¶¶μ° ¸¨³³¥É·¨° (13) ¶·μ¸É· ´¸É¢  X ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¡Ê¤¥É £·Ê¶¶   ¢Éμ-
³μ·Ë¨§³μ¢ £· Ë , É. ¥. F = Aut (X). ‚ ¶·¨´Í¨¶¥ £·Ê¶¶   ¢Éμ³μ·Ë¨§³μ¢ £· Ë 
¸ n ¢¥·Ï¨´ ³¨ ³μ¦¥É ¨³¥ÉÓ ¤μ n! Ô²¥³¥´Éμ¢. �¤´ ±μ ¸ÊÐ¥¸É¢Ê¥É ¢¥¸Ó³  ÔË-
Ë¥±É¨¢´Ò°  ²£μ·¨É³, · §· ¡μÉ ´´Ò° ¨ ·¥ ²¨§μ¢ ´´Ò° 
.Œ ±Š¥¥³ [48]. �ÉμÉ
 ²£μ·¨É³ ¸É·μ¨É ±μ³¶ ±É´μ¥ ³´μ¦¥¸É¢μ Ô²¥³¥´Éμ¢, ¶μ·μ¦¤ ÕÐ¨Ì £·Ê¶¶Ê F.
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�¨¸. 1. �·¨³¥·Ò Ê£²¥(¢μ¤μ)·μ¤´ÒÌ ´ ´μ¸É·Ê±ÉÊ·. F Å £·Ê¶¶  ¸¨³³¥É·¨° £· Ë  ¸É·Ê±-
ÉÊ·Ò. Floc Å £·Ê¶¶  ¸¨³³¥É·¨° μ±·¥¸É´μ¸É¨ ¢¥·Ï¨´Ò £· Ë . ‘¨³¢μ²Ò Zk, D2k, Ak

μ¡μ§´ Î ÕÉ Í¨±²¨Î¥¸±¨¥, ¤¨Ô¤· ²Ó´Ò¥ ¨  ²ÓÉ¥·´¨·ÊÕÐ¨¥ £·Ê¶¶Ò ¸μμÉ¢¥É¸É¢¥´´μ

—¨¸²μ ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢ ¢ ·¥ ²Ó´ÒÌ § ¤ Î Ì μ¡ÒÎ´μ · ¢´μ ¤¢Ê³ ¨²¨
É·¥³ ¨ ´¥ ³μ¦¥É ¶·¥¢μ¸Ìμ¤¨ÉÓ n − 1 ¶μ ¶μ¸É·μ¥´¨Õ  ²£μ·¨É³ .

� ¸¸³μÉ·¨³ ¶·¨³¥·Ò ·¥Ï¥Éμ± ¤μ¸É ÉμÎ´μ ¢Ò¸μ±μ° ¸¨³³¥É·¨¨, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì ·¥ ²Ó´Ò³ Ë¨§¨Î¥¸±¨³ μ¡Ñ¥±É ³ [32]. �  ·¨¸. 1 ¨§μ¡· ¦¥´Ò É ±
´ §Ò¢ ¥³Ò¥ ¶² Éμ´μ¢Ò Ê£²¥¢μ¤μ·μ¤Ò: É¥É· Ô¤· ´, ±Ê¡ ´ ¨ ¤μ¤¥± Ô¤· ´,  
É ±¦¥ ËÊ²²¥·¥´ ¨ £· Ë¥´ Å ¶¥·¸¶¥±É¨¢´Ò¥ ¢ μ¡² ¸É¨ ´ ´μÉ¥Ì´μ²μ£¨° Ê£²¥-
·μ¤´Ò¥ ¸É·Ê±ÉÊ·Ò.

‡ ³¥É¨³, ÎÉμ ±Ê¡ ´ ¨ ¤μ¤¥± Ô¤· ´ ¡Ò²¨ ¨¸±Ê¸¸É¢¥´´μ ¸¨´É¥§¨·μ¢ ´Ò.
�´¨ ¤μ¸É ÉμÎ´μ Ê¸Éμ°Î¨¢Ò, ÌμÉÖ ¨ ´¥ ¢¸É·¥Î ÕÉ¸Ö ¢ ¶·¨·μ¤¥. ’¥É· Ô¤· ´
´¥Ê¸Éμ°Î¨¢, ´μ ³μ¦´μ ¸¨´É¥§¨·μ¢ ÉÓ ¥£μ Ê¸Éμ°Î¨¢Ò¥  ´ ²μ£¨, ¶·¨¸μ¥¤¨´¨¢
± É¥É· Ô¤· ²Ó´μ³Ê Ê£²¥·μ¤´μ³Ê ± ·± ¸Ê ¢³¥¸Éμ  Éμ³μ¢ ¢μ¤μ·μ¤  É·¥É¡ÊÉ¨²μ-
¢Ò¥ (CH3)3C ¨²¨ É·¨³¥É¨²¸¨²¨²μ¢Ò¥ (CH3)3Si · ¤¨± ²Ò. �  ·¨¸Ê´±¥ É ±¦¥
¶·¨¢¥¤¥´Ò ¶μ²´Ò¥ £·Ê¶¶Ò ¸¨³³¥É·¨° £· Ëμ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¡Ñ¥±Éμ¢ F
¨ ¨Ì ¶μ¤£·Ê¶¶Ò, Ë¨±¸¨·ÊÕÐ¨¥ μÉ¤¥²Ó´Ò¥ ¢¥·Ï¨´Ò Floc. �¥Ï¥É±¨, ¶·¨¢¥-
¤¥´´Ò¥ ´  ·¨¸. 1, ¢¢¨¤Ê ¨Ì ´¥¢Ò¸μ±μ° ¸²μ¦´μ¸É¨ ¨´É¥·¥¸´Ò ¸ ³¥Éμ¤¨Î¥¸±μ°
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ÉμÎ±¨ §·¥´¨Ö ¤²Ö ¶μ¸É·μ¥´¨Ö ¶·μ¸ÉÒÌ ³μ¤¥²¥° ¤¨¸±·¥É´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì
¸¨¸É¥³. �·¨ ÔÉμ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° £· Ë ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¤¨¸±·¥É´μ¥
¶·μ¸É· ´¸É¢μ X, £·Ê¶¶  ¸¨³³¥É·¨° £· Ë  F Å ± ± ¶μ²´ Ö £·Ê¶¶  ¸¨³³¥-
É·¨° ¶·μ¸É· ´¸É¢ ,   ¶μ¤£·Ê¶¶  Floc Å ± ± £·Ê¶¶  ²μ± ²Ó´ÒÌ ¸¨³³¥É·¨°
¶·μ¸É· ´¸É¢ . �É  £·Ê¶¶ , μ¶¨¸Ò¢ ÕÐ Ö ¸¨³³¥É·¨¨ μ±·¥¸É´μ¸É¨ ¢¥·Ï¨´Ò
£· Ë , ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ´ ²μ£ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ¸¨³³¥É·¨° ¢ Ë¨§¨Î¥-
¸±¨Ì ³μ¤¥²ÖÌ, μ¸´μ¢ ´´ÒÌ ´  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ. …¸²¨ § ±μ´Ò
¤¨´ ³¨±¨ ¤¨¸±·¥É´ÒÌ ³μ¤¥²¥° μ¶·¥¤¥²ÖÕÉ¸Ö ²μ± ²Ó´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨,
É. ¥. ¸μμÉ´μÏ¥´¨Ö³¨, § ¤ ´´Ò³¨ ´  μ±·¥¸É´μ¸ÉÖÌ £· Ëμ¢ (± ±, ´ ¶·¨³¥·, ¢
±²¥ÉμÎ´ÒÌ  ¢Éμ³ É Ì ¨²¨ μ¶¨¸ ´´ÒÌ ¢ ¶·¨²μ¦¥´¨¨ ‚ ±¢ ´Éμ¢ÒÌ ³μ¤¥²ÖÌ ´ 
·¥£Ê²Ö·´ÒÌ £· Ë Ì), Éμ ¥¸É¥¸É¢¥´´Ò³ É·¥¡μ¢ ´¨¥³ ¤μ²¦´  ¡ÒÉÓ ¸¨³³¥É·¨Ö
ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò Floc.

‡ ³¥É¨³, ÎÉμ £· ËÒ ¸É·Ê±ÉÊ· ´  ·¨¸. 1 Ö¢²ÖÕÉ¸Ö 3-·¥£Ê²Ö·´Ò³¨ (3-¢ ²¥´É-
´Ò³¨). �¥£Ê²Ö·´μ¸ÉÓ £· Ë   ´ ²μ£¨Î´  ¢ ´¥±μÉμ·ÒÌ  ¸¶¥±É Ì ¨§μÉ·μ¶´μ¸É¨ ¨
μ¤´μ·μ¤´μ¸É¨ ´¥¶·¥·Ò¢´μ£μ ¶·μ¸É· ´¸É¢ . � ¸¸Ê¦¤ Ö ¸¶¥±Ê²ÖÉ¨¢´μ, ³μ¦´μ
¡Ò²μ ¡Ò ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¶·μ¸É· ´¸É¢μ ´  ¶² ´±μ¢¸±¨Ì ³ ¸ÏÉ ¡ Ì ³μ¦¥É
¡ÒÉÓ ¸³μ¤¥²¨·μ¢ ´μ ± ±¨³-´¨¡Ê¤Ó k-·¥£Ê²Ö·´Ò³ £· Ëμ³. �¤´ ±μ ³ ±·μ¸±μ-
¶¨Î¥¸±¨ ´ ¡²Õ¤ ¥³ Ö ·¥£Ê²Ö·´μ¸ÉÓ ¨ ¨§μÉ·μ¶´μ¸ÉÓ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ 
³μ¦¥É ¡ÒÉÓ ·¥§Ê²ÓÉ Éμ³ Ê¸·¥¤´¥´¨Ö ¶μ ¡μ²ÓÏ¨³  ´¸ ³¡²Ö³ £· Ëμ¢ ¸ ³ÒÌ
· §²¨Î´ÒÌ ¸É·Ê±ÉÊ·. ’¥³ ´¥ ³¥´¥¥ ¶·¥¤¶μ²μ¦¥´¨¥ μ ·¥£Ê²Ö·´μ¸É¨ ¸ÊÐ¥-
¸É¢¥´´μ Ê¶·μÐ ¥É ¤¨¸±·¥É´Ò¥ Ë¨§¨Î¥¸±¨¥ ³μ¤¥²¨.

‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó É¥³, ÎÉμ ¶·μ¸É· ´¸É¢μ X ¨³¥¥É ¸É·Ê±ÉÊ·Ê £· Ë , ³Ò
³μ¦¥³ ¢¢¥¸É¨ ´  ´¥³ ¸¢Ö§´μ¸ÉÓ ¸ ¶μ³μÐÓÕ Γ-§´ Î´μ° ËÊ´±Í¨¨ ´  ·¥¡· Ì
μ ({xi, xj}) ≡ μ (xi, xj). ‘¢Ö§´μ¸ÉÓ ¨³¥¥É μÎ¥¢¨¤´μ¥ ¸¢μ°¸É¢μ μ (xi, xj) =
μ (xj , xi)

−1.
‘¢Ö§´μ¸ÉÓ μ̃ (xi, xj) ´ §Ò¢ ¥É¸Ö É·¨¢¨ ²Ó´μ°, ¥¸²¨ ¥¥ ³μ¦´μ ¢Ò· §¨ÉÓ ¢

É¥·³¨´ Ì ËÊ´±Í¨¨ ´  ÉμÎ± Ì (¢¥·Ï¨´ Ì £· Ë ):

μ̃ (xi, xj) = α (xi)α (xj)
−1 , α (xi) , α (xj) ∈ Γ. (16)

ˆ§ ²μ± ²Ó´μ° ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¸²¥¤Ê¥É  ´ ²μ£¨Î´μ¥ (8)
¶· ¢¨²μ ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö ¸¢Ö§´μ¸É¥°

μ (xi, xj) → γ (xi)
−1

μ (xi, xj) γ (xj) , γ (xi) , γ (xj) ∈ Γ. (17)

‡¤¥¸Ó γ (xi) ¨ γ (xj) Å ¶·μ¨§¢μ²Ó´Ò¥ Ô²¥³¥´ÉÒ £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°
(³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ μ´¨ Ë¨±¸¨·ÊÕÉ ²μ± ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ ¢ ¸²μÖÌ Σxi ¨ Σxj ).

�·¥¤¶μ²μ¦¨¢ (μ¤´μ)¸¢Ö§´μ¸ÉÓ £· Ë  X (É. ¥. ´ ²¨Î¨¥ ¶ÊÉ¨, ¸μ¥¤¨´ÖÕÐ¥£μ
²Õ¡Ò¥ ¤¢¥ ¥£μ ¢¥·Ï¨´Ò xi1 ¨ xik

), ³Ò ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ § ¢¨¸ÖÐ¨° μÉ ¶ÊÉ¨
¶ · ²²¥²Ó´Ò° ¶¥·¥´μ¸

μ (xi1 , xi2 , . . . , xik
) = μ (xi1 , xi2 )μ (xi2 , xi3 ) · · ·μ

(
xik−1 , xik

)
,

£¤¥ ± ¦¤ Ö ¶ · 
{
xim , xim+1

}
Ö¢²Ö¥É¸Ö ·¥¡·μ³.
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� · ²²¥²Ó´Ò° ¶¥·¥´μ¸ ¢¤μ²Ó Í¨±²  £· Ë , É. ¥. ¢¤μ²Ó § ³±´ÊÉμ£μ ¶ÊÉ¨,

μ (xi1 , xi2 , . . . , xik
, xi1 ) = μ (xi1 , xi2 )μ (xi2 , xi3 ) · · ·μ (xik

, xi1 )

´ §Ò¢ ¥É¸Ö £μ²μ´μ³¨¥°. ‚ ´¥¶·¥·Ò¢´μ³ ¶·μ¸É· ´¸É¢¥ ¨´Ë¨´¨É¥§¨-
³ ²Ó´Ò³  ´ ²μ£μ³ £μ²μ´μ³¨¨ Ö¢²Ö¥É¸Ö ±·¨¢¨§´  ¸¢Ö§´μ¸É¨, ±μÉμ· Ö ¢ Ë¨§¨-
Î¥¸±¨Ì É¥μ·¨ÖÌ μ¶¨¸Ò¢ ¥É ¸¨²μ¢Ò¥ ¶μ²Ö. �Î¥¢¨¤´μ, ÎÉμ ²Õ¡ Ö £μ²μ-
´μ³¨Ö É·¨¢¨ ²Ó´μ° ¸¢Ö§´μ¸É¨ (16) É·¨¢¨ ²Ó´ , É. ¥. · ¢´  ¥¤¨´¨Í¥ £·Ê¶¶Ò
μ̃ (xi1 , xi2 , . . . , xik

, xi1) = 1. �Éμ μ§´ Î ¥É, ¢ Î ¸É´μ¸É¨, ÎÉμ É·¨¢¨ ²Ó´Ò¥
¸¢Ö§´μ¸É¨ ´¥ ¶·¨¢μ¤ÖÉ ± ± ±¨³-²¨¡μ Ë¨§¨Î¥¸±¨ ´ ¡²Õ¤ ¥³Ò³ ¶μ¸²¥¤¸É¢¨Ö³.

‡ ³¥É¨³, ÎÉμ ¢ ´ Ï¨Ì ±μ´¸É·Ê±Í¨ÖÌ ¢·¥³Ö ®¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´μ¯,
Î¥³ ¶·μ¸É· ´¸É¢μ, É. ¥. ¶·μ¸É· ´¸É¢μ ´¥ ¢Ìμ¤¨É ¢ ¥¤¨´ÊÕ ¸É·Ê±ÉÊ·Ê ´  · ¢-
´ÒÌ ¸ ¢·¥³¥´¥³, ± ± ÔÉμ ¶·¨´ÖÉμ ¢ ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´ÒÌ Ë¨§¨Î¥¸±¨Ì
É¥μ·¨ÖÌ. ‚¢¥¤¥´¨¥ ²μ± ²Ó´ÒÌ ¢·¥³¥´ ¢ ¤¨¸±·¥É´ÒÌ ³μ¤¥²ÖÌ ³μ¦¥É ¡ÒÉÓ ¤μ-
¸É ÉμÎ´μ ¶·μ¡²¥³ É¨Î´Ò³ ¨ ¨¸±Ê¸¸É¢¥´´Ò³ ¨§-§  μÉ¸ÊÉ¸É¢¨Ö ´¥¶·¥·Ò¢´ÒÌ
²μ·¥´Í¥¢ÒÌ ¸¨³³¥É·¨°. �¤´ ±μ ¤ ²¥¥ ³Ò ¶μ± ¦¥³, ÎÉμ É ±¨¥ ¶μ´ÖÉ¨Ö ± ±
®¶·¥¤¥²Ó´ Ö ¸±μ·μ¸ÉÓ¯ ¨ ®¸¢¥Éμ¢μ° ±μ´Ê¸¯ ¢μ§´¨± ÕÉ ¢ ¤¨¸±·¥É´μ° ¤¨´ ³¨±¥
¢¶μ²´¥ ¥¸É¥¸É¢¥´´μ,   ²μ·¥´Í¥¢Ò ¸¨³³¥É·¨¨ ³μ£ÊÉ ¶·μÖ¢²ÖÉÓ¸Ö ¢ ³ ±·μ¸±μ¶¨-
Î¥¸±¨Ì ³ ¸ÏÉ ¡ Ì ± ± ±μ´É¨´Ê ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö ¶·¨ μ¸·¥¤´¥´¨¨ ¶μ ¡μ²Ó-
Ï¨³ ±² ¸É¥· ³ ¤¨¸±·¥É´ÒÌ Ô²¥³¥´Éμ¢. Š·μ³¥ Éμ£μ, μ¡Ð¥¥, É. ¥. ¡¥§ ²μ± ²Ó´ÒÌ
·¥¶ · ³¥É·¨§ Í¨°, ¢·¥³Ö T (®¢·¥³Ö ¦¨§´¨ ‚¸¥²¥´´μ° ¢ Í¥²μ³¯) μ¡¥¸¶¥Î¨¢ ¥É
¥¤¨´¸É¢μ μ¶¨¸ ´¨Ö ¤¨´ ³¨±¨ ´¥§ ¢¨¸¨³μ μÉ Éμ£μ, ¶·¥¤¸É ¢²¥´Ò ²¨ ¸μ¸ÉμÖ´¨Ö
¸¨¸É¥³Ò ¢ μ¡Ð¥³ ¢¨¤¥ (2) ¨²¨ ¨³¥ÕÉ ¸¶¥Í¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê (15), ¶μ¤· §Ê-
³¥¢ ÕÐÊÕ ´ ²¨Î¨¥ ¶·μ¸É· ´¸É¢ .

�¶¨¸ ´¨¥ Ô¢μ²ÕÍ¨¨ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¶·μ¸É· ´¸É¢μ³ ¤μ²¦´μ ÊÎ¨-
ÉÒ¢ ÉÓ Ô¢μ²ÕÍ¨Õ ¸ ³μ£μ ¶·μ¸É· ´¸É¢ . ‡¤¥¸Ó É ±¦¥ (¢ ¸¨²Ê ´ ²¨Î¨Ö ¶·μ-
¸É· ´¸É¢¥´´ÒÌ ¸¨³³¥É·¨° F) ¢μ§´¨± ¥É ¥¸É¥¸É¢¥´´ Ö ¶·μ¡²¥³  μÉμ¦¤¥¸É¢²¥-
´¨Ö ÉμÎ¥± ¶·μ¸É· ´¸É¢  ¢ · §´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. „²Ö · §·¥Ï¥´¨Ö ÔÉμ°
¶·μ¡²¥³Ò ¶·¥¤¸É ¢¨³ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö M ¢ ¢¨¤¥ · ¸¸²μ¥´¨Ö σ : M → T ¸
¡ §μ° T , É¨¶¨Î´Ò³ ¸²μ¥³ X ¨ ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° F:

(M, T , X, F, σ) . (18)

Ÿ¸´μ, ÎÉμ ¥¸²¨ ¶·μ¸É· ´¸É¢μ X ¨³¥¥É ¸É·Ê±ÉÊ·Ê £· Ë ,   ¢·¥³Ö T ¤¨¸±·¥É´μ,
Éμ ¶μ¸É·μ¥´´μ¥ ´ ³¨ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö M É ±¦¥ Ö¢²Ö¥É¸Ö £· Ëμ³ ¨ ³Ò
³μ¦¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ±μ´¸É·Ê±Í¨¨ ¸¢Ö§´μ¸É¨ ¨ ¶ · ²²¥²Ó´μ£μ ¶¥·¥´μ¸ ,  ´ -
²μ£¨Î´Ò¥ ¶·¨¢¥¤¥´´Ò³ ¢ÒÏ¥.

„²Ö Éμ£μ ÎÉμ¡Ò ¢±²ÕÎ¨ÉÓ Ô¢μ²ÕÍ¨Õ ¸¨¸É¥³ ¸ ¶·μ¸É· ´¸É¢μ³ ¢ μ¡ÐÊÕ
¸Ì¥³Ê, μ¶¨¸Ò¢ ¥³ÊÕ · ¸¸²μ¥´¨¥³ (7), ´¥μ¡Ìμ¤¨³μ ¸É·Ê±ÉÊ·´ÊÕ £·Ê¶¶Ê G
ÔÉμ£μ · ¸¸²μ¥´¨Ö ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ±μ³¡¨´ Í¨¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨ ¢´Ê-
É·¥´´¨Ì ¸¨³³¥É·¨°: ¶·μ¸É· ´¸É¢¥´´ Ö £·Ê¶¶  F ¶¥·¥¸É ¢²Ö¥É ÉμÎ±¨ · ¸¸²μ¥-
´¨Ö (18),   £·Ê¶¶  ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° ¶·¥μ¡· §Ê¥É ¸²μ¨ ¢ (14). 
μ²¥¥ ¤¥-
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É ²Ó´Ò°  ´ ²¨§ ¶·¨¢μ¤¨É ± ±μ´¸É·Ê±Í¨¨, ´ §Ò¢ ¥³μ° ¸¶²¥É¥´¨¥³ [5,7,12,59]:

G = Γ �X F ∼= ΓX � F. (19)

�μ¸²¥¤´¨° ¨§μ³μ·Ë¨§³ μ§´ Î ¥É, ÎÉμ ¸¶²¥É¥´¨¥ ¨³¥¥É ¸É·Ê±ÉÊ·Ê ¶μ²Ê¶·Ö-
³μ£μ ¶·μ¨§¢¥¤¥´¨Ö, É. ¥. £·Ê¶¶  ΓX ËÊ´±Í¨° ´  ¶·μ¸É· ´¸É¢¥ ¸μ §´ Î¥´¨Ö³¨
¢ £·Ê¶¶¥ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° Ö¢²Ö¥É¸Ö ´μ·³ ²Ó´Ò³ ¤¥²¨É¥²¥³ £·Ê¶¶Ò G.

ˆ§ (19) ¢¨¤´μ, ÎÉμ £·Ê¶¶  G Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ · §²μ¦¨³μ£μ · ¸-
Ï¨·¥´¨Ö £·Ê¶¶Ò F ¸ ¶μ³μÐÓÕ £·Ê¶¶Ò ΓX. �·¨¢¥¤¥³ ¢ Ö¢´μ³ ¢¨¤¥ μ¶¥· Í¨¨
£·Ê¶¶Ò G, ¨³¥ÕÐ¥° ¸É·Ê±ÉÊ·Ê (19), ¢ É¥·³¨´ Ì μ¶¥· Í¨° ¸μ¸É ¢²ÖÕÐ¨Ì ¥¥
£·Ê¶¶ F ¨ Γ. „¥°¸É¢¨¥ £·Ê¶¶Ò G ´  ³´μ¦¥¸É¢¥ ¸μ¸ÉμÖ´¨° Ω ¢¨¤  (15) ¢Ò· -
¦ ¥É¸Ö Ëμ·³Ê²μ°

σ (x) (α (x) , a) = σ
(
xa−1

)
α
(
xa−1

)
, (20)

£¤¥ ¶ ·  (α (x) , a) Å Ô²¥³¥´É £·Ê¶¶Ò G, x ∈ X, σ (x) ∈ Ω, a ∈ F. �·μ¨§¢¥¤¥-
´¨¥ Ô²¥³¥´Éμ¢ G ¨³¥¥É ¢¨¤

(α (x) , a) (β (x) , b) = (α (x) β (xa) , ab) , (21)

£¤¥ (β (x) , b) ∈ G. „²Ö ¶μ²´μÉÒ ¶·¨¢¥¤¥³ É ±¦¥ Ëμ·³Ê²Ê μ¡· É´μ£μ Ô²¥³¥´É :

(α (x) , a)−1 =
(
α
(
xa−1

)−1
, a−1

)
. (22)

‡ ³¥É¨³, ÎÉμ · ¸Ï¨·¥´¨Ö £·Ê¶¶ μ¡· §ÊÕÉ ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨. ‚ Î ¸É-
´μ¸É¨, Ëμ·³Ê²Ò (20)Ä(22) ³μ¦´μ § ¶¨¸ ÉÓ · §²¨Î´Ò³¨ Ô±¢¨¢ ²¥´É´Ò³¨ ¸¶μ-
¸μ¡ ³¨. “¸É·μ°¸É¢μ ÔÉ¨Ì Ô±¢¨¢ ²¥´É´μ¸É¥°,   É ±¦¥ ¸¶μ¸μ¡Ò μ¡Ñ¥¤¨´¥´¨Ö
¶·μ¸É· ´¸É¢¥´´ÒÌ ¨ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° μ¡¸Ê¦¤ ÕÉ¸Ö ¢ ¶·¨²μ¦¥´¨¨ � ¸
μ¡Ð¥° ÉμÎ±¨ §·¥´¨Ö.

�μÊÎ¨É¥²Ó´μ ¶μ¸³μÉ·¥ÉÓ, ± ±¨³ μ¡· §μ³ ± ²¨¡·μ¢μÎ´Ò¥ ¸É·Ê±ÉÊ·Ò ·¥ -
²¨§ÊÕÉ¸Ö ¢ ´¥¶·¥·Ò¢´ÒÌ Ë¨§¨Î¥¸±¨Ì É¥μ·¨ÖÌ. ŒÒ · ¸¸³μÉ·¨³ ¤¢  ¶·¨³¥· ,
¢ ±μÉμ·ÒÌ ¢¢¥¤¥´´Ò¥ ¢ÒÏ¥ ±μ´¸É·Ê±Í¨¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¡¥§ ¶·¥¤¶μ²μ¦¥´¨Ö ¨Ì
¤¨¸±·¥É´μ¸É¨. ‚ μ¡μ¨Ì ¶·¨³¥· Ì ³´μ¦¥¸É¢μ³ M ¡Ê¤¥É 4-³¥·´μ¥ ¶·μ¸É· ´¸É¢μ
Œ¨´±μ¢¸±μ£μ ¸ ÉμÎ± ³¨ x = (xν),   ³´μ¦¥¸É¢ ³¨ ²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° Σ Å
±μ³¶²¥±¸´Ò¥ ²¨´¥°´Ò¥ ¶·μ¸É· ´¸É¢  · §²¨Î´ÒÌ · §³¥·´μ¸É¥°. ‘¥Î¥´¨Ö ψ(x)
ÔÉ¨Ì · ¸¸²μ¥´¨° ´ §Ò¢ ÕÉ¸Ö ¶μ²Ö³¨ Î ¸É¨Í.

1.2.1. �²¥±É·μ¤¨´ ³¨± . �¡¥²¥¢ ¶·μÉμÉ¨¶ ¢¸¥Ì ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨°.
‚ ¤ ´´μ³ ¸²ÊÎ ¥ £·Ê¶¶μ° ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° (¸¨³³¥É·¨¨ ² £· ´¦¨ ´μ¢
¨ Ë¨§¨Î¥¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ) Ö¢²Ö¥É¸Ö  ¡¥²¥¢  Ê´¨É ·´ Ö £·Ê¶¶  Γ = U (1).
‘¥Î¥´¨Ö £² ¢´μ£μ U (1)-· ¸¸²μ¥´¨Ö ´ ¤ ¶·μ¸É· ´¸É¢μ³-¢·¥³¥´¥³ ³μ¦´μ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥ e−iα(x).

� ¸¸³μÉ·¨³ ¶ · ²²¥²Ó´Ò° ¶¥·¥´μ¸ ¤²Ö ¤¢ÊÌ ¡²¨§±μ · ¸¶μ²μ¦¥´´ÒÌ ÉμÎ¥±
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨:

μ (x, x + Δx) = e−iρ(x,x+Δx).
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”Ê´¤ ³¥´É ²Ó´μ¥ ¶· ¢¨²μ ¶·¥μ¡· §μ¢ ´¨Ö ¸¢Ö§´μ¸É¥° (17) ¶·¨´¨³ ¥É ¢¨¤

μ′ (x, x + Δx) = eiα(x)μ (x, x + Δx) e−iα(x+Δx).

„ ²¥¥ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ £¨¶μÉ¥§μ°, ´  ±μÉμ·μ° μ¸´μ¢ ´Ò Ô³¶¨·¨Î¥¸±¨¥ ¶·¨²μ-
¦¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö, ³Ò § ³¥´Ö¥³ · ¸¸³ É·¨¢ ¥³Ò¥ ¢Ò· -
¦¥´¨Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ · §´μ¸É¥° ±μμ·¤¨´ É, ÎÉμ ¶·¨¢μ¤¨É ± ¶·¨-
¡²¨¦¥´¨Ö³

μ(x, x + Δx) = e−iρ(x,x+Δx) ≈ 1− iA(x)Δx,

μ′(x, x + Δx) = e−iρ(x,x+Δx) ≈ 1− iA′(x)Δx,

e−iα(x+Δx) ≈ e−iα(x) (1− i∇α(x)Δx) .

ŠμÔËË¨Í¨¥´ÉÒ A(x) ¨ A′(x), ¢¢¥¤¥´´Ò¥ ¢ ÔÉ¨Ì ¶·¨¡²¨¦¥´¨ÖÌ, ´ §Ò¢ ÕÉ¸Ö 1-
Ëμ·³ ³¨ ¸¢Ö§´μ¸É¨. ‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ±μ³³ÊÉ É¨¢´μ¸ÉÓÕ £·Ê¶¶Ò U (1), ³Ò
¶μ²ÊÎ ¥³ ¶· ¢¨²μ ¶·¥μ¡· §μ¢ ´¨Ö Ëμ·³Ò  ¡¥²¥¢μ° ¸¢Ö§´μ¸É¨ ¢ ¢¨¤¥

A′(x) = A(x) + ∇α(x).

‚ ±μ³¶μ´¥´É Ì ÔÉ  Ëμ·³Ê²  ¨³¥¥É ¢¨¤

A′
ν(x) = Aν(x) +

∂α(x)
∂xν .

1-Ëμ·³  A(x), ¶·¨´¨³ ÕÐ Ö §´ Î¥´¨Ö ¢  ²£¥¡·¥ ‹¨ £·Ê¶¶Ò U (1), μÉμ¦¤¥-
¸É¢²Ö¥É¸Ö ¸ ¢¥±Éμ·´Ò³ ¶μÉ¥´Í¨ ²μ³ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö,   ¥¥ ¤¨ËË¥-
·¥´Í¨ ² F = (Fνη) = dA Å ¸ Ô²¥±É·¨Î¥¸±¨³¨ ¨ ³ £´¨É´Ò³¨ ¸¨²μ¢Ò³¨
¶μ²Ö³¨. � ¶μ³´¨³, ÎÉμ ¢ É¥´§μ·´ÒÌ μ¡μ§´ Î¥´¨ÖÌ ¢ ²μ± ²Ó´ÒÌ ±μμ·¤¨´ É Ì
¤¨ËË¥·¥´Í¨ ² F Ëμ·³Ò A ¨³¥¥É ¢¨¤

Fνη =
∂Aη

∂xν − ∂Aν

∂xη .

„²Ö μ¡¥¸¶¥Î¥´¨Ö ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ ´¥μ¡Ìμ¤¨³μ ¢ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ, μ¶¨¸Ò¢ ÕÐ¨Ì ¶μ²Ö ψ(x), § ³¥´¨ÉÓ Î ¸É´Ò¥ ¶·μ¨§-
¢μ¤´Ò¥ ±μ¢ ·¨ ´É´Ò³¨:

∂ν → Dν = ∂ν − iAν(x).

—Éμ¡Ò § ¢¥·Ï¨ÉÓ ¶μ¸É·μ¥´¨¥, ´Ê¦´μ ¤μ¡ ¢¨ÉÓ Ê· ¢´¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥
Ô¢μ²ÕÍ¨Õ ¸ ³μ£μ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö A(x). ’μÎ´Ò° ¢¨¤ É ±¨Ì Ê· ¢´¥´¨°
´¥ ¸²¥¤Ê¥É ´¥¶μ¸·¥¤¸É¢¥´´μ ¨§ ± ²¨¡·μ¢μÎ´μ£μ ¶·¨´Í¨¶ . Ÿ¸´μ ²¨ÏÓ, ÎÉμ
μ´¨ ¤μ²¦´Ò ¡ÒÉÓ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´Ò³¨. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·μ¸É¥°-
Ï¨° ¢Ò¡μ· ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ Ê· ¢´¥´¨° ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Ö³
Œ ±¸¢¥²² 

dF = 0 Å ¶¥·¢ Ö ¶ · ,
(23)

d � F = 0 Å ¢Éμ· Ö ¶ · .
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‡¤¥¸Ó � Å μ¶¥· Éμ· ¸μ¶·Ö¦¥´¨Ö •μ¤¦  (®§¢¥§¤  •μ¤¦ ¯). ‡ ³¥É¨³, ÎÉμ
Ê· ¢´¥´¨¥ (23) ¸μμÉ¢¥É¸É¢Ê¥É Ê· ¢´¥´¨Ö³ Œ ±¸¢¥²²  ¢ ¢ ±ÊÊ³¥. ‚ ¶·¨¸ÊÉ¸É¢¨¨
Éμ±  J ¢Éμ· Ö ¶ ·  Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¶·¨´¨³ ¥É ¢¨¤

�d � F = J.

‡ ³¥É¨³ É ±¦¥, ÎÉμ ¶¥·¢ Ö ¶ ·  Ê· ¢´¥´¨° Å ¸ÊÐ¥¸É¢¥´´μ  ¶·¨μ·´μ¥ ÊÉ¢¥·-
¦¤¥´¨¥, É. ¥. Éμ¦¤¥¸É¢μ, ±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ²Õ¡μ£μ ¤¨ËË¥·¥´Í¨ ² 
¢´¥Ï´¥° Ëμ·³Ò, ± ±μ¢Ò³ F Ö¢²Ö¥É¸Ö ¶μ μ¶·¥¤¥²¥´¨Õ.

1.2.2. �¥ ¡¥²¥¢Ò ± ²¨¡·μ¢μÎ´Ò¥ É¥μ·¨¨ ¢ ´¥¶·¥·Ò¢´μ³ ¶·μ¸É· ´¸É¢¥-
¢·¥³¥´¨. …¸²¨ ± ²¨¡·μ¢μÎ´ Ö £·Ê¶¶  Γ Ö¢²Ö¥É¸Ö ´¥ ¡¥²¥¢μ° £·Ê¶¶μ° ‹¨, Éμ
¶μÉ·¥¡Ê¥É¸Ö ´¥§´ Î¨É¥²Ó´ Ö ³μ¤¨Ë¨± Í¨Ö ¶·¥¤Ò¤ÊÐ¥£μ ¶μ¸É·μ¥´¨Ö. ‘´μ¢ 
§ ³¥´  Γ-§´ Î´μ£μ ¶ · ²²¥²Ó´μ£μ ¶¥·¥´μ¸  ³¥¦¤Ê ¤¢Ê³Ö ¡²¨§±μ · ¸¶μ²μ¦¥´-
´Ò³¨ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	Ò³¨ ÉμÎ± ³¨ x ¨ x + Δx ²¨´¥°´μ° ±μ³¡¨´ -
Í¨¥° · §´μ¸É¥° ÔÉ¨Ì ÉμÎ¥± ¶·¨¢μ¤¨É ± 1-Ëμ·³¥ A = (Aν) ¸μ §´ Î¥´¨Ö³¨ ¢
 ²£¥¡·¥ ‹¨ £·Ê¶¶Ò Γ:

μ (x, x + Δx) ≈ 1 + Aν(x)Δxν .

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ²¸Ö ÉμÉ Ë ±É, ÎÉμ μ (x, x) = 1. ‘É ´¤ ·É´Ò¥ ¨´Ë¨´¨É¥§¨-
³ ²Ó´Ò¥ ³ ´¨¶Ê²ÖÍ¨¨ ¸ ¶· ¢¨²μ³ ¶·¥μ¡· §μ¢ ´¨Ö ¸¢Ö§´μ¸É¥° (17)

γ (x)−1 μ (x, x + Δx) γ (x + Δx) −→

−→ γ (x)−1 (1 + Aν (x) Δxν)
(

γ (x) +
∂γ (x)
∂xν Δxν

)
¶·¨¢μ¤ÖÉ ± ¸²¥¤ÊÕÐ¥³Ê ¶· ¢¨²Ê ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö 1-Ëμ·³Ò ¸¢Ö§´μ¸É¨:

A′
ν (x) = γ (x)−1

Aν (x) γ (x) + γ (x)−1 ∂γ (x)
∂xν .

2-Ëμ·³  ±·¨¢¨§´Ò ¸¢Ö§´μ¸É¨

F = dA + [A ∧ A] (24)

¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± Ë¨§¨Î¥¸±¨¥ ¸¨²μ¢Ò¥ ¶μ²Ö. 1-Ëμ·³  É·¨¢¨ ²Ó´μ° ¸¢Ö§-
´μ¸É¨ ¨³¥¥É ¢¨¤

Ãν (x) = γ0 (x)−1 ∂γ0 (x)
∂xν .

”μ·³  ±·¨¢¨§´Ò (24) É ±μ° ¸¢Ö§´μ¸É¨ · ¢´  ´Ê²Õ. ’·¨¢¨ ²Ó´ Ö ¸¢Ö§´μ¸ÉÓ ´¥
¶μ·μ¦¤ ¥É ´¨± ±¨Ì Ë¨§¨Î¥¸±¨Ì ¸¨² ¨ ´ §Ò¢ ¥É¸Ö ¶²μ¸±μ° ¢ ¤¨ËË¥·¥´Í¨ ²Ó-
´μ° £¥μ³¥É·¨¨.
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‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö ± ²¨¡·μ-
¢μÎ´ÒÌ ¶μ²¥° [56]. � ¨¡μ²¥¥ ¢ ¦´Ò³ ¶·¨³¥·μ³ Ö¢²Ö¥É¸Ö É¥μ·¨Ö Ÿ´£ Ä
Œ¨²²¸ , μ¸´μ¢ ´´ Ö ´  ² £· ´¦¨ ´¥

LYM = Tr [F ∧ �F ] .

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö Ÿ´£ ÄŒ¨²²¸  ¨³¥ÕÉ ¢¨¤

dF + [A ∧ F ] = 0,
(25)

d � F + [A ∧ �F ] = 0.

‡¤¥¸Ó ¸´μ¢  Ê· ¢´¥´¨¥ (25) Ö¢²Ö¥É¸Ö  ¶·¨μ·´Ò³ ÊÉ¢¥·¦¤¥´¨¥³, ´ §Ò¢ ¥³Ò³
Éμ¦¤¥¸É¢μ³ �ÓÖ´±¨. ‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³
¸²ÊÎ ¥³ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ .

ˆ´É¥·¥¸´μ ¶μ¸³μÉ·¥ÉÓ ± ± ¢Ò£²Ö¤¨É ² £· ´¦¨ ´ Ÿ´£ ÄŒ¨²²¸  ´  ¤¨¸-
±·¥É´μ° ·¥Ï¥É±¥. „²Ö ¶·μ¸ÉμÉÒ · ¸¸³μÉ·¨³ £¨¶¥·±Ê¡¨Î¥¸±ÊÕ ·¥Ï¥É±Ê ¢
¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±μ¢¸±μ£μ M. ‚ÒÎ¨¸²¥´¨¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨´Ë¨-
´¨É¥§¨³ ²Ó´ÒÌ  ¶¶·μ±¸¨³ Í¨° ¶μ± §Ò¢ ¥É, ÎÉμ LYM ∼

∑
f

σ (γf ), £¤¥ ¸Ê³³¨-

·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥³ ¤¢Ê³¥·´Ò³ £· ´Ö³ Ô²¥³¥´É ·´μ£μ £¨¶¥·±Ê¡ . ”Ê´±-
Í¨Ö σ ¨³¥¥É ¢¨¤

σ (γ) = 2 dimρ − χ (ρ (γ)) − χ
(
ρ† (γ)

)
≡ 2χ (1) − χ (ρ (γ)) − χ

(
ρ† (γ)

)
,

£¤¥ ρ Å ËÊ´¤ ³¥´É ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò (ρ† μ§´ Î ¥É
¤Ê ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥), χ Å Ì · ±É¥· (¸²¥¤ ³ É·¨ÍÒ ¶·¥¤¸É ¢²¥´¨Ö), γf Å
£μ²μ´μ³¨Ö £·Ê¶¶Ò Γ ¢μ±·Ê£ £· ´¨ f .

‚ É¥μ·¨¨ Ÿ´£ ÄŒ¨²²¸  ¨¸¶μ²Ó§Ê¥É¸Ö μ¶¥· Éμ· •μ¤¦ , ¶·¥μ¡· §ÊÕÐ¨°
k-Ëμ·³Ò ¢ (n − k)-Ëμ·³Ò ¶·¨ ´ ²¨Î¨¨ ³¥É·¨±¨ ¢ n-³¥·´μ³ ¶·μ¸É· ´¸É¢¥ M.
‚ Éμ¶μ²μ£¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨ÖÌ ¡μ²ÓÏÊÕ ·μ²Ó ¨£· ¥É É ± ´ §Ò¢ ¥³ Ö BF-
É¥μ·¨Ö. BF-É¥μ·¨Ö ¨§¡¥£ ¥É ¨¸¶μ²Ó§μ¢ ´¨Ö ³¥É·¨±¨ §  ¸Î¥É ¢¢¥¤¥´¨Ö ¤μ¶μ²-
´¨É¥²Ó´μ£μ ¤¨´ ³¨Î¥¸±μ£μ ¶μ²Ö B, ¶·¥¤¸É ¢²ÖÕÐ¥£μ ¸μ¡μ° (n − 2)-Ëμ·³Ê ¸μ
§´ Î¥´¨Ö³¨ ¢  ²£¥¡·¥ ‹¨ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò. Š ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É-
´Ò° ² £· ´¦¨ ´ BF-É¥μ·¨¨ ¨³¥¥É ¢¨¤

LBF = Tr [B ∧ F ] .

1.2.3. ‚μ§´¨±´μ¢¥´¨¥ ¶·μ¸É· ´¸É¢  ¢ ¤¨¸±·¥É´μ° ¤¨´ ³¨±¥. ‚ ´¥±μÉμ-
·ÒÌ ¸μ¢·¥³¥´´ÒÌ Ë¨§¨Î¥¸±¨Ì É¥μ·¨ÖÌ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ¶·μ¸É· ´¸É¢μ
¨ ¤ ¦¥ ¢·¥³Ö Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢μ¤´Ò³¨ ¶μ´ÖÉ¨Ö³¨, É. ¥. μ´¨ μÉ¸ÊÉ¸É¢ÊÕÉ ¢ ËÊ´-
¤ ³¥´É ²Ó´μ° Ëμ·³Ê²¨·μ¢±¥ É¥μ·¨¨, ´μ ¶μÖ¢²ÖÕÉ¸Ö ± ± ´¥±μÉμ·Ò¥ ¶·¨¡²¨-
¦¥´´Ò¥ ±μ´Í¥¶Í¨¨ ´  ³ ±·μ¸±μ¶¨Î¥¸±μ³ Ê·μ¢´¥. ˆ´É¥·¶·¥É Í¨Ö ¶·μ¸É· ´-
¸É¢  ¢ É ±μ³ ¤ÊÌ¥ ¢μ§´¨± ¥É ¤μ¢μ²Ó´μ ¥¸É¥¸É¢¥´´μ. —Éμ ¦¥ ± ¸ ¥É¸Ö ¢·¥³¥´¨∗,

∗ŒμÉ¨¢ Í¨Ö · ¸¸³ É·¨¢ ÉÓ ¢·¥³Ö ´  μ¤´μ³ Ê·μ¢´¥ ËÊ´¤ ³¥´É ²Ó´μ¸É¨ ¸ ¶·μ¸É· ´¸É¢μ³
¨¸Ìμ¤¨É ¨§ ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨.
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Éμ ¶μ¶ÒÉ±¨ ¢Ò¢¥¸É¨ ¥£μ ¨§ ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶μ´ÖÉ¨° É·¥¡ÊÕÉ ¤μ¶μ²-
´¨É¥²Ó´ÒÌ Ê¸¨²¨° ¨ ¨¸¶μ²Ó§μ¢ ´¨Ö ´¥±μÉμ·ÒÌ  ·£Ê³¥´Éμ¢ ad hoc. �·μ¡²¥³Ò
¢Ò¢μ¤  ¶·μ¸É· ´¸É¢  ¨ ¢·¥³¥´¨ ¨§ ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸ÊÐ´μ¸É¥° μ¡¸Ê-
¦¤ ÕÉ¸Ö, ¢ Î ¸É´μ¸É¨, ¢ É¥μ·¨¨ ¸É·Ê´ [60], É¥μ·¨¨ ± Ê§ ²Ó´ÒÌ ³´μ¦¥¸É¢ [52]
¨ É¥μ·¨¨ ¸¶¨´μ¢ÒÌ ¸¥É¥° [3].

‘ ¶μ³μÐÓÕ ¶·μ¸Éμ° ±μ´¸É·Ê±Í¨¨ [41] ¶μ± ¦¥³, ± ±¨³ μ¡· §μ³ ¶·μ¸-
É· ´¸É¢¥´´μ-¢·¥³¥´´	Ò¥ ¸É·Ê±ÉÊ·Ò ³μ£ÊÉ ¢μ§´¨± ÉÓ ¢ ¤¨¸±·¥É´μ° ¤¨´ ³¨±¥.
�·¥¤¶μ²μ¦¨³, ÎÉμ ¨³¥¥É¸Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¶μ³¥Î¥´´ÒÌ (¨´¤¥±¸¨·μ¢ ´-
´ÒÌ) ¢·¥³¥´¥³ ¸μ¡ÒÉ¨° · §´ÒÌ É¨¶μ¢ ¨ ¢μ§³μ¦´μ¸ÉÓ · §²¨Î ÉÓ ÔÉ¨ É¨¶Ò.

μ²¥¥ ±μ´±·¥É´μ · ¸¸³μÉ·¨³ ³´μ¦¥¸É¢μ ¸¨³¢μ²μ¢ Σ = {σ1, σ2, . . . , σN}, μ¡μ-
§´ Î ÕÐ¨Ì Ë¨±¸¨·Ê¥³Ò¥ ¢ ¢μ¸¶·¨ÖÉ¨¨ ´¥±μÉμ·μ£μ ®´ ¡²Õ¤ É¥²Ö¯ Ô²¥³¥´ÉÒ
μ¶ÒÉ , ¨ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ®´ ¡²Õ¤ É¥²Ó¯ ¸¶μ¸μ¡¥´ ®¢μ¸¶·¨´¨³ ÉÓ¯ ¨ ®§ -
¶μ³¨´ ÉÓ¯ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ (¶μÉμ±¨) ¸¨³¢μ²μ¢

h = s0s1 · · · st, £¤¥ si ∈ Σ, t ∈ N. (26)

�μ´ÖÉ¨Ö ®¶·¨Î¨´´μ¸É¨¯ ¨ ®¸¢¥Éμ¢μ£μ ±μ´Ê¸ ¯ ¢μ§´¨± ÕÉ ¸μ¢¥·Ï¥´´μ ¥¸É¥-
¸É¢¥´´μ. �¥¢μ§³μ¦´μ¸ÉÓ ¶·¥μ¤μ²¥ÉÓ ®¸±μ·μ¸ÉÓ ¸¢¥É ¯ μ§´ Î ¥É ´¥¢μ§³μ¦-
´μ¸ÉÓ ¶μ²ÊÎ¨ÉÓ ¡μ²ÓÏ¥ Î¥³ t ¸¨³¢μ²μ¢ (®Ô²¥³¥´Éμ¢ ¢μ¸¶·¨ÖÉ¨Ö¯) §  t ´ -
¡²Õ¤¥´¨°.

‚ ¶·μ¸É¥°Ï¥³ ¶μ¤Ìμ¤¥ ¸Î¥ÉÎ¨±¨ ¸μ¡ÒÉ¨° · §²¨Î´ÒÌ É¨¶μ¢ ³μ¦´μ ¨´-
É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¶·μ¸É· ´¸É¢¥´´Ò¥ ¨§³¥·¥´¨Ö,   ÉμÎ±Ê ¶·μ¸É· ´¸É¢ -¢·¥-
³¥´¨ p μ¶·¥¤¥²¨ÉÓ ± ± ±² ¸¸ Ô±¢¨¢ ²¥´É´μ¸É¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¥° ¸ μ¤¨´ -
±μ¢Ò³¨ ±· É´μ¸ÉÖ³¨ ¢Ìμ¦¤¥´¨Ö ± ¦¤μ£μ ¸¨³¢μ² , É. ¥. p ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°

�¨¸. 2. �·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	 Ö ÉμÎ±  p ± ± ±² ¸¸ Ô±¢¨¢ ²¥´É´μ¸É¨ ¶ÊÉ¥° ¸ μ¤¨-
´ ±μ¢Ò³¨ Î¨¸² ³¨ n1, n2, . . . , nN
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®±μ³³ÊÉ É¨¢´Ò° ³μ´μ³¯ ¶μ²´μ° ¸É¥¶¥´¨ t, μ¶¨¸Ò¢ ¥³Ò° ¢¥±Éμ·μ³ ¨§ N ´ -
ÉÊ· ²Ó´ÒÌ Î¨¸¥²:

p = (n1, . . . , nN+1)
T , n1 + . . . + nN = t, (27)

ni Å ±· É´μ¸ÉÓ ¢Ìμ¦¤¥´¨Ö ¸¨³¢μ²  σi ¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ h. ‚ É¥·³¨´ Ì
±μ³³ÊÉ É¨¢´ÒÌ ³μ´μ³μ¢ ®¸¢¥Éμ¢μ° ±μ´Ê¸ ¶·μÏ²μ£μ¯ Å ÔÉμ ³´μ¦¥¸É¢μ ¤¥-
²¨É¥²¥° ³μ´μ³  p,   ®¸¢¥Éμ¢μ° ±μ´Ê¸ ¡Ê¤ÊÐ¥£μ¯ Å ³´μ¦¥¸É¢μ ¥£μ ±· É´ÒÌ
(·¨¸. 2).

� §Ê³¥¥É¸Ö, ¶·¨¢¥¤¥´´ Ö ¸Ì¥³  ¨³¥¥É ²¨ÏÓ ¨²²Õ¸É· É¨¢´Ò° Ì · ±É¥·.
—Éμ¡Ò ¶·¨¸¶μ¸μ¡¨ÉÓ ¥¥ ± μ¶¨¸ ´¨Õ ¡μ²¥¥ ·¥ ²Ó´ÒÌ ³μ¤¥²¥°, ´¥μ¡Ìμ¤¨³μ
¢¢¥¤¥´¨¥ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¸É·Ê±ÉÊ· ¨, ¢μ§³μ¦´μ, ¤·Ê£μ£μ μ¶·¥¤¥²¥´¨Ö ¶μ-
´ÖÉ¨Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	μ° ÉμÎ±¨, ÊÎ¨ÉÒ¢ ÕÐ¥£μ, ¢ Î ¸É´μ¸É¨, ¸¨³-
³¥É·¨¨ ³¥¦¤Ê ¸¨³¢μ² ³¨ ³´μ¦¥¸É¢  Σ. �¥μ¡Ìμ¤¨³μ, ´ ¶·¨³¥·, ÎÉμ¡Ò ¢
¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨° ni (¨²¨, ¢ § ¢¨¸¨³μ¸É¨ μÉ μ¶·¥¤¥²¥´¨Ö ¶μ´ÖÉ¨Ö
ÉμÎ±¨, ± ±¨Ì-²¨¡μ ¤·Ê£¨Ì ¶μ¤μ¡´ÒÌ Ì · ±É¥·¨¸É¨± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ (26))
¢ ± Î¥¸É¢¥ ±μ´É¨´Ê ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ¢μ§´¨± ²¨ ¸¨³³¥É·¨¨ ‹μ·¥´Í  (¨²¨
�Ê ´± ·¥).

„²Ö ¨²²Õ¸É· Í¨¨ ÔÉ¨Ì ¸μμ¡· ¦¥´¨° ¶μ¸É·μ¨³ ¶·μ¸ÉÊÕ Ë¨§¨Î¥¸±ÊÕ ³μ-
¤¥²Ó. � ¸¸³μÉ·¨³ ³´μ¦¥¸É¢μ ¸¨³¢μ²μ¢ ¨§ ¤¢ÊÌ Ô²¥³¥´Éμ¢ Σ = {σ1, σ2} ¸
¥¸É¥¸É¢¥´´Ò³ ¶·¥¤¶μ²μ¦¥´¨¥³, ÎÉμ μ´μ ¸¨³³¥É·¨Î´μ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥-
¸É ´μ¢±¨ ¸¨³¢μ²μ¢. �É  ¶¥·¥¸É ´μ¢±  ¶μ·μ¦¤ ¥É £·Ê¶¶Ê S2. „μ¶Ê¸É¨³, ÎÉμ
ÉμÎ±  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ Ì · ±É¥·¨§Ê¥É¸Ö, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (27), ¢¥±Éμ·μ³

p =
(

n1

n2

)
. „¥°¸É¢¨¥ £·Ê¶¶Ò S2 ´  É ±¨¥ ¢¥±Éμ·Ò μ¶¨¸Ò¢ ¥É¸Ö ¤¢Ê³Ö ³ É·¨-

Í ³¨ e =
(

1 0
0 1

)
¨ r =

(
0 1
1 0

)
. „²Ö ÊÎ¥É  ¸¨³³¥É·¨¨ ¸¨³¢μ²μ¢ ´¥μ¡Ìμ¤¨³μ

¢Ò· §¨ÉÓ ÉμÎ±Ê p ¢ É¥·³¨´ Ì ¨´¢ ·¨ ´É´ÒÌ ¶μ¤³μ¤Ê²¥° £·Ê¶¶Ò S2. „²Ö ÔÉμ£μ
´Ê¦´μ · §²μ¦¨ÉÓ ¤¥°¸É¢¨¥ £·Ê¶¶Ò ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ. �¥·¥Ìμ¤
± ¡ §¨¸Ê ¨´¢ ·¨ ´É´ÒÌ ¶μ¤³μ¤Ê²¥° ³μ¦´μ ¢Ò¶μ²´¨ÉÓ, ´ ¶·¨³¥·, ¸ ¶μ³μÐÓÕ

³ É·¨ÍÒ T =
(

1 1
1 −1

)
. …¤¨´¨Î´ Ö ³ É·¨Í  e, μÎ¥¢¨¤´μ, ´¥ ¨§³¥´¨É¸Ö,  

³ É·¨Í  μÉ· ¦¥´¨Ö ¶·¨³¥É ¢¨¤ r′ =
(

1 0
0 −1

)
. ’μÎ±  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨

¢ ´μ¢μ³ ¡ §¨¸¥ ¶·¨³¥É ¢¨¤ p′ =
(

n1 + n2

n1 − n2

)
, ¨²¨, ¥¸²¨ ¢¢¥¸É¨ μ¡μ§´ Î¥´¨Ö

t = n1 + n2 ¨ x = n1 − n2, p′ =
(

t
x

)
. �¥·¥³¥´´ÊÕ x ´ §μ¢¥³ ®¶·μ¸É· ´-

¸É¢μ³¯ (®¶·μ¸É· ´¸É¢¥´´Ò³ ¨§³¥·¥´¨¥³¯). ŒÒ ¢¨¤¨³, ÎÉμ ´ ²¨Î¨¥ ¸¨³³¥-
É·¨° Ê³¥´ÓÏ¨²μ Î¨¸²μ μ¦¨¤ ¥³ÒÌ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨§³¥·¥´¨° ¨, ±·μ³¥
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Éμ£μ, ¶¥·¥Ìμ¤ ± ¨´¢ ·¨ ´É´Ò³ ¶μ¤³μ¤Ê²Ö³ ¢Ò´Ê¤¨² ´ ¸ ¢¢¥¸É¨ μÉ·¨Í É¥²Ó´Ò¥
Î¨¸² ∗.

’¥¶¥·Ó ¤μ¡ ¢¨³ ´¥³´μ£μ Ë¨§¨±¨, ¶·¥¤¶μ²μ¦¨¢, ÎÉμ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ
¸¨³¢μ²μ¢ h = s0s1 · · · st, si ∈ {σ1, σ2} ¸μμÉ¢¥É¸É¢Ê¥É ¸Ì¥³¥ ¨¸¶ÒÉ ´¨°
�¥·´Ê²²¨, É. ¥. ¢ ¤μ¸É ÉμÎ´μ ¤²¨´´ÒÌ ¶μ¤¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÖÌ ¸¨³¢μ²Ò σ1

¨ σ2 ¶μÖ¢²ÖÕÉ¸Ö ¸ Ë¨±¸¨·μ¢ ´´Ò³¨ Î ¸ÉμÉ ³¨ (¢¥·μÖÉ´μ¸ÉÖ³¨) p1 ¨ p2

(p1 + p2 = 1). ’μ£¤  ¢¥·μÖÉ´μ¸ÉÓ ± ¦¤μ° μÉ¤¥²Ó´μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ μ¶¨-
¸Ò¢ ¥É¸Ö ¡¨´μ³¨ ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³

P (n1, n2) =
(n1 + n2)!

n1!n2!
pn1
1 pn2

2 . (28)

‚¢¥¤¥³ ¢¥²¨Î¨´Ê v = p1−p2 ¨ ´ §μ¢¥³ ¥¥ ®¸±μ·μ¸ÉÓÕ¯. ‘±μ·μ¸ÉÓ, μÎ¥¢¨¤´μ,
μ£· ´¨Î¥´  ¶μ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´¥: −1 � v � 1. ‚ÒÎ¨¸²¨³ ¸ ¶μ³μÐÓÕ
Ëμ·³Ê²Ò ‘É¨·²¨´£   ¸¨³¶ÉμÉ¨±Ê ¢Ò· ¦¥´¨Ö (28) ¤²Ö ¡μ²ÓÏ¨Ì n1 ¨ n2 ¢
μ±·¥¸É´μ¸É¨ ¸É Í¨μ´ ·´μ£μ §´ Î¥´¨Ö ÔÉμ£μ ¢Ò· ¦¥´¨Ö. ŒÒ μ£· ´¨Î¨¢ ¥³¸Ö
Î²¥´ ³¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ¢ · §²μ¦¥´¨¨ ¢ ·Ö¤ ²μ£ ·¨Ë³  ¢Ò· ¦¥´¨Ö (28) ¢
μ±·¥¸É´μ¸É¨ ¸É Í¨μ´ ·´μ£μ §´ Î¥´¨Ö. ‡ ³¥´¨¢ n1 ¨ n2 ¶¥·¥³¥´´Ò³¨ t ¨ x,
  ¢¥·μÖÉ´μ¸É¨ Å ¸±μ·μ¸ÉÓÕ, ³Ò ¶μ²ÊÎ¨³

P (x, t) ≈ P̃ (x, t) =
1√

1 − v2

√
2
πt

exp

[
− 1

2t

(
x − vt√
1 − v2

)2
]

. (29)

‡ ³¥É¨³, ÎÉμ ÔÉμ ¢Ò· ¦¥´¨¥ ¸μ¤¥·¦¨É ®·¥²ÖÉ¨¢¨¸É¸±¨°¯ Ë· £³¥´É x − vt√
1 − v2

.

‚Ò¶μ²´¨¢ § ³¥´Ê ¶¥·¥³¥´´ÒÌ t = T + t′ ¨ x = vT + x′, ¢Ò· ¦¥´¨¥ (29)
³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

P̃ (x, t) =
1√

1 − v2

√
2

πT
exp

[
− 1

2T

(
x′ − vt′√

1 − v2

)2
]

+ O

(
t′

T

)
. (30)

…¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ t′ � T (1/T Å ®¶μ¸ÉμÖ´´ Ö • ¡¡² ¯,   t′ Å
®Ì · ±É¥·´μ¥ ¢·¥³Ö ´ ¡²Õ¤¥´¨°¯), Éμ (30) ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ ¢μ¸¶·μ¨§¢μ-
¤¨É ®·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ¯. ‚Ò· ¦¥´¨¥ (29) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö É¥¶²μ¶·μ¢μ¤´μ¸É¨∗∗

∂P̃ (x, t)
∂t

+ v
∂P̃ (x, t)

∂x
=

(
1 − v2

)
2

∂2P̃ (x, t)
∂x2

.

∗�μ¸±μ²Ó±Ê r2 = 1, ¸μ¡¸É¢¥´´Ò¥ Î¨¸²  ³ É·¨ÍÒ μÉ· ¦¥´¨Ö Å ±¢ ¤· É´Ò¥ ±μ·´¨ ¨§
¥¤¨´¨ÍÒ, μ¤¨´ ¨§ ±μÉμ·ÒÌ ε = e2πi/2 Ö¢²Ö¥É¸Ö ¶·¨³¨É¨¢´Ò³. ’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³
±μ²ÓÍμ Z ± ±  ²£¥¡· ¨Î¥¸±μ¥ · ¸Ï¨·¥´¨¥ ¶μ²Ê±μ²ÓÍ  N ¸ ¶μ³μÐÓÕ  ²£¥¡· ¨Î¥¸±μ£μ Ô²¥³¥´É  ε.

∗∗�Éμ Ê· ¢´¥´¨¥ ´ §Ò¢ ¥É¸Ö É ±¦¥, ¢ § ¢¨¸¨³μ¸É¨ μÉ ¨´É¥·¶·¥É Í¨¨ ËÊ´±Í¨¨ ˜P (x, t),
Ê· ¢´¥´¨¥³ ¤¨ËËÊ§¨¨ ¨²¨ Ê· ¢´¥´¨¥³ ”μ±±¥· Ä�² ´± .
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‚ ®¶·¥¤¥²¥ ¸±μ·μ¸É¨ ¸¢¥É ¯ |v| = 1 ÔÉμ Ê· ¢´¥´¨¥ ¶¥·¥Ìμ¤¨É ¢ ¢μ²´μ¢μ¥
Ê· ¢´¥´¨¥

∂P̃ (x, t)
∂t

± ∂P̃ (x, t)
∂x

= 0.

�·μ¸ÉμÉ  ÔÉμ° ³μ¤¥²¨ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¸· ¢´¨ÉÓ ÉμÎ´Ò¥ ±μ³¡¨´ Éμ·´Ò¥
¢Ò· ¦¥´¨Ö ¸ ¨Ì ±μ´É¨´Ê ²Ó´Ò³¨ ¶·¨¡²¨¦¥´¨Ö³¨. ‘· ¢´¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ
±μ´É¨´Ê ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö ³μ£ÊÉ ¢´μ¸¨ÉÓ ¸¥·Ó¥§´Ò¥  ·É¥Ë ±ÉÒ. � ¸¸³μ-
É·¨³ É¨¶¨Î´ÊÕ ¤²Ö ³¥Ì ´¨±¨ § ¤ ÎÊ: ´ °É¨ Ô±¸É·¥³ ²¨ É· ¥±Éμ·¨°, ¸¢Ö§Ò¢ -
ÕÐ¨Ì ¤¢¥ Ë¨±¸¨·μ¢ ´´Ò¥ ÉμÎ±¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ (0, 0) ¨ (X, T ). � -
Ï¥° ¢¥·¸¨¥° ®¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö¯ ¡Ê¤¥É ¶μ¨¸± É· ¥±Éμ·¨° ³ ±-
¸¨³ ²Ó´μ° ¢¥·μÖÉ´μ¸É¨. ‚¥·μÖÉ´μ¸ÉÓ É· ¥±Éμ·¨¨, ¸¢Ö§Ò¢ ÕÐ¥° ÉμÎ±¨ (0, 0)
¨ (X, T ) ¨ ¶·μÌμ¤ÖÐ¥° Î¥·¥§ ´¥±μÉμ·ÊÕ ¶·μ³¥¦ÊÉμÎ´ÊÕ ÉμÎ±Ê (x, t), ¢ ¸μμÉ-
¢¥É¸É¢¨¨ ¸ ¶· ¢¨²μ³ ¢ÒÎ¨¸²¥´¨Ö Ê¸²μ¢´μ° ¢¥·μÖÉ´μ¸É¨ ¨³¥¥É ¢¨¤

P(0,0)→(x,t)→(X,T ) =
P (x, t)P (X − x, T − t)

P (X, T )
=

=
t! (T − t)!

(
T − X

2

)
!
(

T + X

2

)
!(

t − x

2

)
!
(

t + x

2

)
!
(

T − t

2
− X − x

2

)
!
(

T − t

2
+

X − x

2

)
!T !

. (31)

�´ ²μ£¨Î´ Ö Ê¸²μ¢´ Ö ¢¥·μÖÉ´μ¸ÉÓ ¤²Ö ±μ´É¨´Ê ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö (29)
¶·¨´¨³ ¥É ¢¨¤

P̃(0,0)→(x,t)→(X,T ) =
T√

π

2
(
1 − v2

)
tT (T − t)

exp

[
− (Xt − xT )2

2 (1 − v2) tT (T − t)

]
.

(32)
ˆ³¥ÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ · §²¨Î¨Ö ³¥¦¤Ê ÉμÎ´Ò³ ¢Ò· ¦¥´¨¥³ (31) ¨ ¥£μ ±μ´-
É¨´Ê ²Ó´Ò³ ¶·¨¡²¨¦¥´¨¥³ (32):

Å ¢Ò· ¦¥´¨¥ (32) ¸μ¤¥·¦¨É ¨¸±Ê¸¸É¢¥´´ÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ ¸±μ·μ¸É¨ v
(¨²¨, Ô±¢¨¢ ²¥´É´μ, μÉ ¢¥·μÖÉ´μ¸É¥° p1, p2) ¢ μÉ²¨Î¨¥ μÉ ÉμÎ´μ° ¢¥·μÖÉ´μ-
¸É¨ (31).

Å ²¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ³ ±¸¨³Ê³ ¢¥·μÖÉ´μ¸É¨ ¢ ÉμÎ´μ³ ¢Ò· ¦¥´¨¨ (31)
¤μ¸É¨£ ¥É¸Ö ´¥ ´  ¥¤¨´¸É¢¥´´μ° É· ¥±Éμ·¨¨,   ´  ³´μ¦¥¸É¢¥ · §²¨Î´ÒÌ É· ¥±-
Éμ·¨°, Éμ£¤  ± ± ËÊ´±Í¨μ´ ² (32) ¨³¥¥É ¥¤¨´¸É¢¥´´ÊÕ Ô±¸É·¥³ ²Ó,   ¨³¥´´μ,

¶·Ö³ÊÕ ²¨´¨Õ x =
X

T
t ¢ ± Î¥¸É¢¥ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° É· ¥±Éμ·¨¨. ‡¤¥¸Ó

³Ò ¨³¥¥³ ¶·¨³¥· Éμ£μ, ÎÉμ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ³μ¦¥É ¢μ§´¨±´ÊÉÓ
¢ ·¥§Ê²ÓÉ É¥ ¶·¨¡²¨¦¥´¨Ö, μ¸´μ¢ ´´μ£μ ´  § ±μ´¥ ¡μ²ÓÏ¨Ì Î¨¸¥².
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1.3. �¸μ¡¥´´μ¸É¨ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° ¤¨´ ³¨±¨. �¥§Ê²ÓÉ ÉÒ ÔÉμ£μ · §-
¤¥²  μ¸´μ¢ ´Ò ´  · ¡μÉ Ì [27,31,34].

�É¸ÊÉ¸É¢¨¥ ± ±¨Ì-²¨¡μ § ±μ´μ³¥·´μ¸É¥° ¢ ¶μ¢¥¤¥´¨¨ ¤¨´ ³¨Î¥¸±μ° ¸¨-
¸É¥³Ò μ§´ Î ¥É, ÎÉμ ¥¥ É· ¥±Éμ·¨¥° ³μ¦¥É ¡ÒÉÓ ¸ ´¥μ¶·¥¤¥²¥´´μ° ¢¥·μÖÉ´μ-
¸ÉÓÕ ²Õ¡μ¥ ¸¥Î¥´¨¥ (9) · ¸¸²μ¥´¨Ö (7). � ¸¸³μÉ·¨³ Ô¢μ²ÕÍ¨¨ ¸ Ë¨±¸¨·μ-
¢ ´´Ò³ Î¨¸²μ³ k Ï £μ¢ ¶μ ¢·¥³¥´¨: hk,t = (ωt−k, . . . , ωt) . �É¨ É· ¥±Éμ·¨¨

Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ ³´μ¦¥¸É¢  Hk,t =
t∏

s=t−k

Ωs. ‘É ´¤ ·É´Ò° ¸¶μ¸μ¡ ¢¢¥¤¥-

´¨Ö § ±μ´μ³¥·´μ¸É¥° ¢ ¤¨´ ³¨±Ê ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¶·¨¶¨¸ ÉÓ ± ±¨¥-²¨¡μ
´¥μÉ·¨Í É¥²Ó´Ò¥ Î¨¸²  p (hk,t) ÉμÎ± ³ ³´μ¦¥¸É¢  Hk,t. �É¨ Î¨¸²  ³Ò ¡Ê-
¤¥³ ´ §Ò¢ ÉÓ ¢¥¸ ³¨∗. ‡´ Î¥´¨Ö³¨ ËÊ´±Í¨¨ p (·) ³μ£ÊÉ ¡ÒÉÓ ¶·μ¨§¢μ²Ó´Ò¥
¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² , μ¤´ ±μ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨¤¥μ²μ£¨¥° ¤ ´´μ° ¸É ÉÓ¨ ³Ò
¶·¥¤¶μÎ¨É ¥³ ´ ÉÊ· ²Ó´Ò¥ §´ Î¥´¨Ö. …¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ¤²Ö ¢¥¸μ¢μ° ËÊ´±-
Í¨¨ Éμ²Ó±μ §´ Î¥´¨Ö³¨ 0 ¨ 1, Éμ ³Ò ¶μ²ÊÎ¨³ Ì · ±É¥·¨¸É¨Î¥¸±ÊÕ ËÊ´±Í¨Õ
´¥±μÉμ·μ£μ ¶μ¤³´μ¦¥¸É¢  ³´μ¦¥¸É¢  Hk,t. ‚ ±² ¸¸¨Î¥¸±μ³ ¸²ÊÎ ¥ ¸μ¸ÉμÖ´¨Ö
¸¨¸É¥³Ò ¢μ ¢¸¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ T Ë¨±¸¨·μ¢ ´´μ μÉμ¦¤¥¸É¢²¥´Ò ¸ Ô²¥³¥´-
É ³¨ ³´μ¦¥¸É¢  Ω. �μÔÉμ³Ê ³´μ¦¥¸É¢μ É· ¥±Éμ·¨° ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥
Hk,t = Ωk+1 ≡ Hk. ‡ ³¥É¨³, ÎÉμ ³Ò ®¶μÉ¥·Ö²¨¯ § ¢¨¸¨³μ¸ÉÓ μÉ ®É¥±ÊÐ¥£μ
³μ³¥´É  ¢·¥³¥´¨¯ t, ¶μÔÉμ³Ê ¥¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¨ Ì · ±É¥·¨¸É¨-
Î¥¸± Ö ËÊ´±Í¨Ö É ±¦¥ § ¢¨¸¨É Éμ²Ó±μ μÉ ¤²¨´Ò É· ¥±Éμ·¨¨. ‹Õ¡μ¥ ¶μ¤³´μ-
¦¥¸É¢μ ¤¥± ·Éμ¢μ£μ ¶·μ¨§¢¥¤¥´¨Ö n ³´μ¦¥¸É¢ (´¥μ¡Ö§ É¥²Ó´μ μ¤¨´ ±μ¢ÒÌ)
´ §Ò¢ ¥É¸Ö n- ·´Ò³ μÉ´μÏ¥´¨¥³∗∗. (k + 1)- ·´μ¥ ¤¨¸±·¥É´μ¥ μÉ´μÏ¥´¨¥ ´ 
³´μ¦¥¸É¢¥ Hk ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ô¢μ²ÕÍ¨μ´´Ò³ μÉ´μÏ¥´¨¥³ k-£μ ¶μ·Ö¤± .
‘ ¶μ³μÐÓÕ Ì · ±É¥·¨¸É¨Î¥¸±μ° ËÊ´±Í¨¨ ÔÉμ μÉ´μÏ¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢
¢¨¤¥ Ê· ¢´¥´¨Ö

R (ωt−k, . . . , ωt) = 0. (33)

ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ô¢μ²ÕÍ¨μ´´μ¥ μÉ´μÏ¥´¨¥ k-£μ ¶μ·Ö¤±  ¤¥É¥·³¨´¨¸É¨Î¥-
¸±¨³, ¥¸²¨ Ê· ¢´¥´¨¥ (33) ³μ¦´μ · §·¥Ï¨ÉÓ∗∗∗ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥³¥´´μ° ωt.
„¥É¥·³¨´¨¸É¨Î¥¸±μ¥ Ô¢μ²ÕÍ¨μ´´μ¥ Ê· ¢´¥´¨¥ k-£μ ¶μ·Ö¤±  ³μ¦´μ § ¶¨¸ ÉÓ
¢ ¢¨¤¥

ωt = F (ωt−1, . . . , ωt−k) . (34)

‚ ¶·¨²μ¦¥´¨ÖÌ μ¡ÒÎ´μ · ¸¸³ É·¨¢ ÕÉ¸Ö ¤¥É¥·³¨´¨¸É¨Î¥¸±¨¥ ¤¨´ ³¨Î¥¸±¨¥
¸¨¸É¥³Ò ¶¥·¢μ£μ ¶μ·Ö¤± . „²Ö ²Õ¡μ° É· ¥±Éμ·¨¨ É ±μ° ¸¨¸É¥³Ò ¥¥ ¸μ¸ÉμÖ-

∗�É´μ·³¨·μ¢ ¢ ¢¥¸μ¢ÊÕ ËÊ´±Í¨Õ p (·) ¶μ ¢¸¥³ Ô²¥³¥´É ³ ³´μ¦¥¸É¢  Hk,t, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
· ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥°.

∗∗
μ²¥¥ ¶μ¤·μ¡´μ ¤¨¸±·¥É´Ò¥ μÉ´μÏ¥´¨Ö ¨ ¨Ì ¶·¨²μ¦¥´¨Ö ± ¸É·Ê±ÉÊ·´μ³Ê  ´ ²¨§Ê ¤¨´ -
³¨Î¥¸±¨Ì ¸¨¸É¥³, ¢ Î ¸É´μ¸É¨, ±²¥ÉμÎ´ÒÌ  ¢Éμ³ Éμ¢, μ¡¸Ê¦¤ ÕÉ¸Ö ¢ ¶·¨²μ¦¥´¨¨ 
.

∗∗∗�É´μÏ¥´¨Ö É ±μ£μ É¨¶  ´ §Ò¢ ÕÉ¸Ö ËÊ´±Í¨μ´ ²Ó´Ò³¨ (¸³. ¶·¨²μ¦¥´¨¥ 
).
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´¨¥ ¢ ¤ ´´Ò° ³μ³¥´É ¢·¥³¥´¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¸μ¸ÉμÖ´¨Ö ¢ ¶·¥¤Ò¤ÊÐ¨°
³μ³¥´É:

wt = F (wt−1) , wt, wt−1 ∈ Ω. (35)

„ ²¥¥ ¢ ÔÉμ³ · §¤¥²¥ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ ¸¨¸É¥³Ò ¶¥·¢μ£μ ¶μ-
·Ö¤± , ÌμÉÖ, ¸ ´¥±μÉμ·Ò³¨ É¥Ì´¨Î¥¸±¨³¨ Ê¸²μ¦´¥´¨Ö³¨, ·¥§Ê²ÓÉ ÉÒ,  ´ ²μ-
£¨Î´Ò¥ É¥³, ÎÉμ ¡Ê¤ÊÉ ¨§²μ¦¥´Ò ´¨¦¥, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨ ¤²Ö ¡μ²¥¥ μ¡Ð¥°
¤¥É¥·³¨´¨¸É¨Î¥¸±μ° ¤¨´ ³¨±¨ (34).

� Î´¥³ ¸ § ³¥Î ´¨° μ¡Ð¥£μ Ì · ±É¥·  μ ¸¢Ö§¨ ¸¨³³¥É·¨° ¸ ¤¨´ ³¨±μ°
¢ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ³ ¸²ÊÎ ¥. ƒ·Ê¶¶  ¸¨³³¥É·¨° G · §¡¨¢ ¥É ³´μ¦¥¸É¢μ Ω
´  ´¥¶¥·¥¸¥± ÕÐ¨¥¸Ö μ·¡¨ÉÒ ±μ´¥Î´μ£μ · §³¥· . ˆ§ ËÊ´±Í¨μ´ ²Ó´μ¸É¨ μÉ-
´μÏ¥´¨Ö (35) ´¥³¥¤²¥´´μ ¸²¥¤Ê¥É, ÎÉμ

Å ¤¨´ ³¨Î¥¸±¨¥ É· ¥±Éμ·¨¨ ¶·μÌμ¤ÖÉ £·Ê¶¶μ¢Ò¥ μ·¡¨ÉÒ ¢ ¶μ·Ö¤±¥ ´¥-
¢μ§· ¸É ´¨Ö · §³¥·μ¢ μ·¡¨É,

Å ¶¥·¨μ¤¨Î¥¸±¨¥ É· ¥±Éμ·¨¨ ¶·μÌμ¤ÖÉ Î¥·¥§ μ·¡¨ÉÒ μ¤´μ£μ ¨ Éμ£μ ¦¥
· §³¥· .

1.3.1. ‘μ²¨Éμ´μ¶μ¤μ¡´Ò¥ ¸É·Ê±ÉÊ·Ò ¢ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° ¤¨´ ³¨±¥.
�¡· É¨³¸Ö ± ¤¨´ ³¨Î¥¸±¨³ ¸¨¸É¥³ ³ ¸ ¶·μ¸É· ´¸É¢μ³. �¤´μ° ¨§ Ì · ±É¥·´ÒÌ
μ¸μ¡¥´´μ¸É¥° ¤¨´ ³¨±¨ É ±¨Ì ¸¨¸É¥³ Ö¢²Ö¥É¸Ö Ëμ·³¨·μ¢ ´¨¥ ¤¢¨¦ÊÐ¨Ì¸Ö ¢
¶·μ¸É· ´¸É¢¥ ¸É·Ê±ÉÊ·, ¸μÌ· ´ÖÕÐ¨Ì Ëμ·³Ê. �μ± ¦¥³, ÎÉμ É ±μ¥ ¶μ¢¥¤¥´¨¥
Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¸¢μ°¸É¢μ³ ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢ .

� Î´¥³ ¸ ¶·μ¸Éμ£μ μ¡μ§·¨³μ£μ ¶·¨³¥·  ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò. ‚ ± -
Î¥¸É¢¥ ¶·μ¸É· ´¸É¢  X ¢μ§Ó³¥³ ±Ê¡ (³Ò §¤¥¸Ó, ¤²Ö ±· É±μ¸É¨, ±Ê¡μ³ ´ §Ò-
¢ ¥³ £· Ë ±Ê¡ ). ‡ ³¥É¨³, ÎÉμ ±Ê¡ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¶·μ¸É¥°ÏÊÕ
®±μ´¥Î´ÊÕ ³μ¤¥²Ó £· Ë¥´ ¯, ¶μ²ÊÎ¥´´ÊÕ § ³Ò± ´¨¥³ £¥±¸ £μ´ ²Ó´μ° ¶μ¤·¥-
Ï¥É±¨ ¢ Éμ·, ± ± ÔÉμ ¶μ± § ´μ ´  ·¨¸. 3.

�¨¸. 3. ƒ· Ë ±Ê¡  μ¡· §Ê¥É Î¥ÉÒ·¥ÌÊ£μ²Ó´ÊÕ ·¥Ï¥É±Ê ´  ¸Ë¥·¥ (Ï¥¸ÉÓ Î¥ÉÒ·¥ÌÊ£μ²Ó-
´¨±μ¢) ¨ Ï¥¸É¨Ê£μ²Ó´ÊÕ ·¥Ï¥É±Ê ´  Éμ·¥ (Î¥ÉÒ·¥ Ï¥¸É¨Ê£μ²Ó´¨± )

ƒ·Ê¶¶μ° ¸¨³³¥É·¨° ±Ê¡  Ö¢²Ö¥É¸Ö 48-Ô²¥³¥´É´ Ö £·Ê¶¶  F = S4 × Z2.
…¸²¨ Σ = {0, 1} Å ³´μ¦¥¸É¢μ ¸μ¸ÉμÖ´¨° ¢¥·Ï¨´ ±Ê¡ , Éμ ¶μ²´μ¥ Î¨¸²μ
¸μ¸ÉμÖ´¨° ³μ¤¥²¨ · ¢´μ

∣∣ΣX
∣∣ = 28 = 256. „²Ö ¶·μ¸ÉμÉÒ ¶·¥¤¶μ²μ¦¨³,

ÎÉμ £·Ê¶¶  ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° É·¨¢¨ ²Ó´  Γ = {1}, Éμ£¤  ¢ ¸μμÉ¢¥É¸É¢¨¨
¸ Ëμ·³Ê²μ° (19) ¶μ²´ Ö £·Ê¶¶  ¸¨³³¥É·¨° ³μ¤¥²¨ Ë ±É¨Î¥¸±¨ ¸μ¢¶ ¤ ¥É ¸
£·Ê¶¶μ° ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢ : G = ΓX � F = {1}X

� F ∼= F. ƒ·Ê¶¶  G
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’ ¡²¨Í  1. �·¡¨ÉÒ ³´μ¦¥¸É¢  ¸μ¸ÉμÖ´¨°

� §³¥· μ·¡¨É 1 2 4 6 8 12 24

—¨¸²μ μ·¡¨É 2 1 2 2 5 4 6

· ¸Ð¥¶²Ö¥É ³´μ¦¥¸É¢μ ¸μ¸ÉμÖ´¨° ΣX ´  22 μ·¡¨ÉÒ, · §³¥·Ò ¨ Î¨¸²  ±μÉμ·ÒÌ
¶·¨¢¥¤¥´Ò ¢ É ¡². 1.

� ¸¸³μÉ·¨³ ¤¥É¥·³¨´¨¸É¨Î¥¸±ÊÕ ¤¨´ ³¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ´  ±Ê¡¥,
  ¨³¥´´μ, ¸¨³³¥É·¨Î´Ò° [26, 30] ¡¨´ ·´Ò° É·¥Ì¢ ²¥´É´Ò° ±²¥ÉμÎ´Ò°  ¢-
Éμ³ É (¸³. ¶·¨²μ¦¥´¨¥ 
) ¸ ¶· ¢¨²μ³ 86. —¨¸²μ 86 Å ÔÉμ ¤¥¸ÖÉ¨Î´μ¥
¶·¥¤¸É ¢²¥´¨¥ ¸É·μ±¨ ¡¨Éμ¢ (¶μ¤· §Ê³¥¢ ¥É¸Ö ¢μ§· ¸É ÕÐ¨° ¶μ·Ö¤μ± · §·Ö-
¤μ¢) ¨§ ¶μ¸²¥¤´¥° ±μ²μ´±¨ É ¡². 2, § ¤ ÕÐ¥° ¶· ¢¨²μ Ô¢μ²ÕÍ¨¨  ¢Éμ³ É .
‚ É ¡²¨Í¥ xi ¨ x′

i Å ¸μ¸ÉμÖ´¨Ö i-° ¢¥·Ï¨´Ò ±Ê¡  ¢ ¶·¥¤Ò¤ÊÐ¨° ¨ ¶μ¸²¥-
¤ÊÕÐ¨° ³μ³¥´ÉÒ ¢·¥³¥´¨ ¸μμÉ¢¥É¸É¢¥´´μ; x1,i, x2,i, x3,i Å ¸μ¸ÉμÖ´¨Ö ¢¥·-
Ï¨´, ¸³¥¦´ÒÌ ¸ i-° ¢ ¶·¥¤Ò¤ÊÐ¨° ³μ³¥´É. �μ¤· §Ê³¥¢ ¥É¸Ö ¸¨³³¥É·¨Î´μ¸ÉÓ
¶· ¢¨²  Ô¢μ²ÕÍ¨¨ μÉ´μ¸¨É¥²Ó´μ ¢¸¥Ì ¶¥·¥¸É ´μ¢μ± ¢¥·Ï¨´ x1,i, x2,i, x3,i, ¶μ-
ÔÉμ³Ê ¢ ¶¥·¢ÒÌ É·¥Ì ±μ²μ´± Ì É ¡²¨ÍÒ ¶·¥¤¸É ¢²¥´Ò ¸¨³³¥É·¨§μ¢ ´´Ò¥ ±μ³-
¡¨´ Í¨¨ §´ Î¥´¨°.

’ ¡²¨Í  2. �· ¢¨²μ Ô¢μ²ÕÍ¨¨  ¢Éμ³ É  86

x1,i x2,i x3,i xi x′
i

0 0 0 0 0

0 0 0 1 1

1 0 0 0 1

1 0 0 1 0

1 1 0 0 1

1 1 0 1 0

1 1 1 0 1

1 1 1 1 0

�Éμ ¶· ¢¨²μ ³μ¦´μ É ±¦¥ § ¶¨¸ ÉÓ ¢ ¸É¨²¥, ¶·¨´ÖÉμ³ ¤²Ö  ¢Éμ³ Éμ¢ É¨¶ 
Life Šμ´¢¥Ö, ¢ É¥·³¨´ Ì ¸¶¨¸±μ¢ ®·μ¦¤¥´¨¥¯/®¢Ò¦¨¢ ´¨¥¯ ¢ ¢¨¤¥ B123/S0
¨²¨ ¢ ¢¨¤¥ ¶μ²¨´μ³  ´ ¤ ±μ´¥Î´Ò³ ¶μ²¥³ F2

x′
i = xi + Π1 + Π2 + Π3,

£¤¥ Π1 = x1,i+x2,i+x3,i, Π2 = x1,ix2,i+x1,ix3,i+x2,ix3,i, Π3 = x1,ix2,ix3,i Å
Ô²¥³¥´É ·´Ò¥ ¸¨³³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨.

” §μ¢Ò° ¶μ·É·¥É  ¢Éμ³ É  ¶μ± § ´ ´  ·¨¸. 4. �  ÔÉμ³ ·¨¸Ê´±¥ £·Ê¶¶μ-
¢Ò¥ μ·¡¨ÉÒ ¶·¥¤¸É ¢²¥´Ò ³ ²¥´Ó±¨³¨ μ±·Ê¦´μ¸ÉÖ³¨, ¸μ¤¥·¦ Ð¨³¨ ³¥É±¨
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�¨¸. 4. Š² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨ É· ¥±Éμ·¨° ¤²Ö ¸¨³³¥É·¨Î´μ£μ ±²¥ÉμÎ´μ£μ  ¢Éμ³ É 
´  ±Ê¡¥ ¸ ¶· ¢¨²μ³ Ô¢μ²ÕÍ¨¨ 86

μ·¡¨É∗. —¨¸²  ´ ¤ μ·¡¨É ³¨ ¨ ¢´ÊÉ·¨ Í¨±²μ¢ Å · §³¥·Ò μ·¡¨É. � ¶μ³´¨³,
ÎÉμ Í¨±²Ò ¸μ¸ÉμÖÉ ¨§ μ·¡¨É μ¤¨´ ±μ¢μ£μ · §³¥·  (¸³. § ³¥Î ´¨¥ ´  ¸. 120).
� Í¨μ´ ²Ó´μ¥ Î¨¸²μ p μ¡μ§´ Î ¥É ¢¥¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ô²¥³¥´É  Ë §μ¢μ£μ
¶μ·É·¥É . ” ±É¨Î¥¸±¨ p Å ÔÉμ ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ É· ¥±Éμ·¨Ö ¸²ÊÎ °´μ
¢Ò¡· ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ± ¦¥É¸Ö ¨§μ²¨·μ¢ ´´Ò³ Í¨±²μ³ ¨²¨ ¡Ê¤¥É § Ì¢ Î¥´ 

¸μμÉ¢¥É¸É¢ÊÕÐ¨³  ÉÉ· ±Éμ·μ³: p =
· §³¥· ¡ ¸¸¥°´ 

¶μ²´μ¥ Î¨¸²μ ¸μ¸ÉμÖ´¨°
, £¤¥ · §³¥· ¡ ¸-

¸¥°´  Å ÔÉμ ¸Ê³³  · §³¥·μ¢ μ·¡¨É, ¢Ìμ¤ÖÐ¨Ì ¢ ¤ ´´ÊÕ ¸É·Ê±ÉÊ·Ê.
�¡μ¡Ð Ö ÔÉμÉ ¶·¨³¥·, ³Ò ¢¨¤¨³, ÎÉμ, ¥¸²¨ £·Ê¶¶  ¸¨³³¥É·¨° ¤¥É¥·-

³¨´¨¸É¨Î¥¸±μ° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò · ¸Ð¥¶²Ö¥É ³´μ¦¥¸É¢μ ¸μ¸ÉμÖ´¨° ´ 
±μ´¥Î´μ¥ Î¨¸²μ μ·¡¨É, Éμ ²Õ¡ Ö É· ¥±Éμ·¨Ö §  ±μ´¥Î´μ¥ Î¨¸²μ Ï £μ¢ ¶μ
¢·¥³¥´¨ ´¥¨§¡¥¦´μ ¶¥·¥°¤¥É ¢ Í¨±² ´ ¤ ´¥±μÉμ·μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓÕ μ·-
¡¨É. �Éμ ± ± · § ¨ μ§´ Î ¥É Ëμ·³¨·μ¢ ´¨¥ ¸μ²¨Éμ´μ¶μ¤μ¡´ÒÌ ¸É·Ê±ÉÊ·.
� ¨³¥´´μ, · ¸¸³μÉ·¨³ Ô¢μ²ÕÍ¨Õ

σt0(x) → σt1(x) = At1t0 (σt0(x)) . (36)

…¸²¨ ¸μ¸ÉμÖ´¨Ö ¢ ³μ³¥´ÉÒ t0 ¨ t1 ¶·¨´ ¤²¥¦ É μ¤´μ° ¨ Éμ° ¦¥ μ·¡¨É¥, É. ¥.

σt0(x), σt1 (x) ∈ Oi ⊆ ΣX,

∗” ±É¨Î¥¸±¨ ÔÉ¨ ³¥É±¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¶μ·Ö¤±μ¢Ò¥ ´μ³¥· , ±μÉμ·Ò¥ ±μ³¶ÓÕÉ¥·´ Ö
¶·μ£· ³³ , ¢ÒÎ¨¸²ÖÕÐ Ö Ô¢μ²ÕÍ¨Õ ³μ¤¥²¨, ¶·¨¸¢ ¨¢ ¥É μ·¡¨É ³ ¢ ¶·μÍ¥¸¸¥ ¨Ì ¶μÖ¢²¥´¨Ö.
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Éμ Ô¢μ²ÕÍ¨Õ (36) ³μ¦´μ § ³¥´¨ÉÓ £·Ê¶¶μ¢Ò³ ¤¥°¸É¢¨¥³

σt1(x) = σt0 (x)g, g ∈ G. (37)

�μ¸±μ²Ó±Ê ¤¥°¸É¢¨¥ £·Ê¶¶Ò ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  Ô±¢¨¢ ²¥´É´μ ®¤¢¨¦¥-
´¨Õ¯ ¢ ¶·μ¸É· ´¸É¢¥, Éμ (37) μ§´ Î ¥É, ÎÉμ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ (®Ëμ·³ ¯)
σt0(x) ¢μ¸¶·μ¨§¢μ¤¨É¸Ö ¶μ¸²¥ ´¥±μÉμ·μ£μ ¤¢¨¦¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥.

�·¨¢¥¤¥³ ´¥¸±μ²Ó±μ ¶·¨³¥·μ¢ Í¨±²μ¢ ´ ¤ £·Ê¶¶μ¢Ò³¨ μ·¡¨É ³¨ ¸ Ê± -
§ ´¨¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¨³³¥É·¨° (¤¢¥ ¨§ ±μÉμ·ÒÌ ´¥¶·¥·Ò¢´Ò¥):

Å ¡¥£ÊÐ¨¥ ¢μ²´Ò σ (x − vt) ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥ Å £·Ê¶¶  ƒ ²¨²¥Ö;
Å ®μ¡μ¡Ð¥´´Ò¥ ±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö¯ ¢ ±¢ ´Éμ¢μ° Ë¨§¨±¥ Å Ê´¨É ·-

´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ±μ³¶ ±É´ÒÌ £·Ê¶¶ ‹¨;
Å ®±μ¸³¨Î¥¸±¨¥ ±μ· ¡²¨¯ ¢ ±²¥ÉμÎ´ÒÌ  ¢Éμ³ É Ì Å ¸¨³³¥É·¨¨ ·¥Ï¥Éμ±.
‚ ± Î¥¸É¢¥ ¡μ²¥¥ ¤¥É ²Ó´μ£μ ¶·¨³¥·  · ¸¸³μÉ·¨³ ®£² °¤¥·¯ Å μ¤¨´ ¨§

®±μ¸³¨Î¥¸±¨Ì ±μ· ¡²¥°¯ ±μ´¢¥¥¢¸±μ£μ  ¢Éμ³ É  Life. �·μ¸É· ´¸É¢μ X ÔÉμ£μ
 ¢Éμ³ É  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±¢ ¤· É´ÊÕ ·¥Ï¥É±Ê. ŒÒ ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ÔÉ 
·¥Ï¥É±  ·¥ ²¨§μ¢ ´  ¢ ¢¨¤¥ ¤¨¸±·¥É´μ£μ Éμ·  · §³¥·  N×N . …¸²¨ N �= 4, Éμ
£·Ê¶¶  ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  X ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μ²Ê¶·Ö³μ¥ ¶·μ¨§¢¥¤¥-
´¨¥ ¤¢Ê³¥·´ÒÌ É· ´¸²ÖÍ¨° T2 = ZN×ZN ¨ ¤¨Ô¤· ²Ó´μ° £·Ê¶¶Ò D8

∼= Z4�Z2:

F = T2 � D8, ¥¸²¨ N = 3, 5, 6, . . . ,∞.

‚ ¸²ÊÎ ¥ N = 4 ¶μ¤£·Ê¶¶  É· ´¸²ÖÍ¨° T2 = Z4 × Z4 Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ´μ·-
³ ²Ó´Ò³ ¤¥²¨É¥²¥³ ¨ £·Ê¶¶  F ¶·¨μ¡·¥É¥É ´¥¸±μ²Ó±μ ¡μ²¥¥ ¸²μ¦´ÊÕ ¸É·Ê±-
ÉÊ·Ê [37]:

F =

�μ·³ ²Ó´μ¥ § ³Ò± ´¨¥ T2︷ ︸︸ ︷
((((Z2 × D8) � Z2) � Z3) � Z2) �Z2.

� ²¨Î¨¥ ¤μ¶μ²´¨É¥²Ó´μ£μ ¸μ³´μ¦¨É¥²Ö Z3 ¢ ÔÉμ³ ¢Ò· ¦¥´¨¨ μ¡ÑÖ¸´Ö¥É¸Ö
¸¨³³¥É·¨¥° ¤¨ £· ³³Ò „Ò´±¨´  ¸ Î¥ÉÒ·Ó³Ö ¢¥·Ï¨´ ³¨

D4 = ,

¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸²ÊÎ Õ N = 4.
Œ´μ¦¥¸É¢μ ²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ±²¥Éμ±  ¢Éμ³ É  Life ¨³¥¥É ¢¨¤ Σ =

{0, 1} = {®³¥·É¢ Ö¯, ®¦¨¢ Ö¯} . �μ¸±μ²Ó±Ê ²μ± ²Ó´μ¥ ¶· ¢¨²μ ÔÉμ£μ  ¢Éμ³ -
É  ´¥ ¸¨³³¥É·¨Î´μ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ ²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° 0 ↔ 1,
£·Ê¶¶  ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° Γ É·¨¢¨ ²Ó´ . �μÔÉμ³Ê G = {1}X

� F ∼= F.
„¥°¸É¢¨¥ G ´  ËÊ´±Í¨¨ σ (x) ∈ ΣX ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (20) ¨³¥¥É ¢¨¤
σ (x) g = σ

(
xf−1

)
, £¤¥ g = (1, f) , f ∈ F. �  ·¨¸. 5 ¢μ¸¶·μ¨§¢¥¤¥´Ò ¢

¶·¥¤¶μ²μ¦¥´¨¨ N > 4 Î¥ÉÒ·¥ Ï £  Ô¢μ²ÕÍ¨¨ £² °¤¥· .
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�¨¸. 5. �·¨³¥· ¸μ²¨Éμ´μ¶μ¤μ¡´μ° ¸É·Ê±ÉÊ·Ò. ®ƒ² °¤¥·¯ ±²¥ÉμÎ´μ£μ  ¢Éμ³ É  Life
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Í¨±² ´ ¤ ¤¢Ê³Ö μ·¡¨É ³¨ £·Ê¶¶Ò F = T2

�D8. Šμ´Ë¨£Ê· Í¨¨ σ3

¨ σ4 ¶μ²ÊÎ ÕÉ¸Ö ¨§ σ1 ¨ σ2 ¸μμÉ¢¥É¸É¢¥´´μ μ¤´μ° ¨ Éμ° ¦¥ ±μ³¡¨´ Í¨¥° ¸¤¢¨£ ,
¶μ¢μ·μÉ  ´  90◦ ¶μ Î ¸μ¢μ° ¸É·¥²±¥ ¨ μÉ· ¦¥´¨Ö μÉ´μ¸¨É¥²Ó´μ ¢¥·É¨± ²¨

1.3.2. 	¡ μ¡· É¨³μ¸É¨ ¢ ¤¨¸±·¥É´ÒÌ ¤¥É¥·³¨´¨¸É¨Î¥¸±¨Ì ¸¨¸É¥³ Ì.
’¨¶¨Î´ Ö ¤¨¸±·¥É´ Ö ¤¥É¥·³¨´¨¸É¨Î¥¸± Ö ¸¨¸É¥³  ´¥μ¡· É¨³ . ” §μ¢Ò°

¶μ·É·¥É É ±μ° ¸¨¸É¥³Ò ¶μÌμ¦ ´  ¶·¥¤¸É ¢²¥´´Ò° ´  ·¨¸. 4. ŒÒ ¢¨¤¨³, ÎÉμ
É ³ ¨³¥ÕÉ¸Ö ´¥¸±μ²Ó±μ ¨§μ²¨·μ¢ ´´ÒÌ ¨ ´¥¸±μ²Ó±μ ¶·¥¤¥²Ó´ÒÌ Í¨±²μ¢∗.
‚ ´¥¶·¥·Ò¢´μ³ ¸²ÊÎ ¥ ³μ¦´μ ¢ ¶·¨´Í¨¶¥, Ê¢¥²¨Î¨¢ Ö ÉμÎ´μ¸ÉÓ μ¶¨¸ ´¨Ö,
¢μ¸¸É ´μ¢¨ÉÓ ¶·¥¤Ò¸Éμ·¨Õ ²Õ¡μ° É· ¥±Éμ·¨¨, ¸É·¥³ÖÐ¥°¸Ö ± ¶·¥¤¥²Ó´μ³Ê
Í¨±²Ê, ¶μ¸±μ²Ó±Ê ÉμÎ±  ±μ´É¨´ÊÊ³  ³μ¦¥É ¸μ¤¥·¦ ÉÓ ¶μÉ¥´Í¨ ²Ó´μ ¡¥¸±μ-
´¥Î´μ¥ ±μ²¨Î¥¸É¢μ ¨´Ëμ·³ Í¨¨. ‚ ¤¨¸±·¥É´μ³ ¸²ÊÎ ¥ ¨´Ëμ·³ Í¨Ö μ ¸μ¸ÉμÖ-
´¨ÖÌ, ¢ ±μÉμ·ÒÌ ¡Ò²  ¸¨¸É¥³  ¤μ ¶¥·¥Ìμ¤  ´  ¶·¥¤¥²Ó´Ò° Í¨±², ¡¥§¢μ§¢· É´μ
É¥·Ö¥É¸Ö. �Éμ μ§´ Î ¥É, ÎÉμ ¶μ ¶·μÏ¥¸É¢¨¨ ´¥±μÉμ·μ£μ ¢·¥³¥´¨ ¶·¥¤¥²Ó´Ò¥
Í¨±²Ò ¸É ´μ¢ÖÉ¸Ö Ë¨§¨Î¥¸±¨ ´¥μÉ²¨Î¨³Ò³¨ μÉ ¨§μ²¨·μ¢ ´´ÒÌ ¨ ¤¨´ ³¨Î¥-
¸± Ö ¸¨¸É¥³  ¢¥¤¥É ¸¥¡Ö ± ± μ¡· É¨³ Ö. ‚μ§³μ¦´μ, ¶μ¤μ¡´Ò¥ ¸μμ¡· ¦¥´¨Ö
³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö μ¡ÑÖ¸´¥´¨Ö ´ ¡²Õ¤ ¥³μ° μ¡· É¨³μ¸É¨ ËÊ´¤ -
³¥´É ²Ó´ÒÌ § ±μ´μ¢ ¶·¨·μ¤Ò.

ˆ³¥´´μ ¸ É ±¨Ì ¶μ§¨Í¨° ƒ. `É •μμËÉ ¢ ·Ö¤¥ ¸¢μ¨Ì · ¡μÉ (¸³., ´ ¶·¨-
³¥·, [17, 18]) ¶ÒÉ ¥É¸Ö · §·¥Ï¨ÉÓ ±μ´Ë²¨±É ³¥¦¤Ê ´¥μ¡· É¨³μ¸ÉÓÕ £· ¢¨É -
Í¨¨ (¶μÉ¥·Ö ¨´Ëμ·³ Í¨¨ ´  £μ·¨§μ´É Ì Î¥·´ÒÌ ¤Ò·) ¨ μ¡· É¨³μ¸ÉÓÕ (Ê´¨-
É ·´μ¸ÉÓÕ) ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. �μ¤Ìμ¤ `É •μμËÉ  μ¸´μ¢ ´ ´ 
¸²¥¤ÊÕÐ¨Ì ¶·¥¤¶μ²μ¦¥´¨ÖÌ:

Å Ë¨§¨Î¥¸±¨¥ ¸¨¸É¥³Ò ´  ³¨±·μ¸±μ¶¨Î¥¸±¨Ì (¶² ´±μ¢¸±¨Ì) ³ ¸ÏÉ ¡ Ì
μ¶¨¸Ò¢ ÕÉ¸Ö ¤¨¸±·¥É´Ò³¨ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò;

Å ¸μ¸ÉμÖ´¨Ö ÔÉ¨Ì ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò μ¡· §ÊÕÉ ¶¥·¢¨Î´Ò° (primordial) ¡ -
§¨¸ £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢  (¢ ±μÉμ·μ³ § ¤ ´  ´¥Ê´¨É ·´ Ö Ô¢μ²ÕÍ¨Ö);

Å ¶¥·¢¨Î´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¡· §ÊÕÉ ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨: ¤¢  ¸μ¸ÉμÖ-
´¨Ö Ô±¢¨¢ ²¥´É´Ò, ¥¸²¨ ¶μ ¨¸É¥Î¥´¨¨ ´¥±μÉμ·μ£μ ¢·¥³¥´¨ μ´¨ ¶¥·¥Ìμ¤ÖÉ ¢
μ¤´μ ¨ Éμ ¦¥ ¸μ¸ÉμÖ´¨¥;

∗�¥¶μ¤¢¨¦´Ò¥ ÉμÎ±¨ ³μ¦´μ ¸Î¨É ÉÓ Í¨±² ³¨ ¥¤¨´¨Î´μ° ¤²¨´Ò.
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Å ÔÉ¨ ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨ ¶μ ¶μ¸É·μ¥´¨Õ μ¡· §ÊÕÉ ¡ §¨¸ £¨²Ó¡¥·-
Éμ¢  ¶·μ¸É· ´¸É¢  ¸ Ê´¨É ·´μ° Ô¢μ²ÕÍ¨¥°, μ¶¨¸Ò¢ ¥³μ° μ¡· É¨³Ò³ ¢μ ¢·¥-
³¥´¨ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· .

‚ ´ Ï¥° É¥·³¨´μ²μ£¨¨ ÔÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¶¥·¥Ìμ¤Ê ± ¶·¥¤¥²Ó´Ò³ Í¨±² ³.
‡  ±μ´¥Î´μ¥ Î¨¸²μ Ï £μ¢ ¶μ ¢·¥³¥´¨ ¸¨¸É¥³  ¶μ²´μ¸ÉÓÕ ®§ ¡Ò¢ ¥É¯ ¸¢μÕ
®¤μÍ¨±²μ¢ÊÕ¯ ¶·¥¤Ò¸Éμ·¨Õ.

…¸²¨ ¶·¨¢¥¤¥´´Ò¥ · ¸¸Ê¦¤¥´¨Ö ¨³¥ÕÉ ± ±μ¥-²¨¡μ μÉ´μÏ¥´¨¥ ± Ë¨§¨Î¥-
¸±μ° ·¥ ²Ó´μ¸É¨, Éμ ´¥μ¡· É¨³μ¸É¨ É ±μ£μ É¨¶  ¢·Ö¤ ²¨ ³μ¦´μ ´ ¡²Õ¤ ÉÓ
Ô±¸¶¥·¨³¥´É ²Ó´μ. ‘¨¸É¥³ , ¢¥·μÖÉ´μ, ¤μ²¦´  ¶·μ¢μ¤¨ÉÓ ¢´¥ Í¨±²  ¢·¥³Ö
¶μ·Ö¤±  ¶² ´±μ¢¸±μ£μ, É. ¥. ¶·¨³¥·´μ 10−44 ¸. � ¨¡μ²¥¥ ±μ·μÉ±¨° ¨´É¥·¢ ²
¢·¥³¥´¨, Ë¨±¸¨·Ê¥³Ò° Ô±¸¶¥·¨³¥´É ²Ó´μ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö, · ¢¥´ ¶·¨¡²¨-
§¨É¥²Ó´μ 10−18 ¸ ¨²¨ 1026 ¶² ´±μ¢¸±¨Ì ¥¤¨´¨Í.

2. Š��‘’�“Š’ˆ‚��… ��ˆ‘��ˆ… Š‚��’�‚�ƒ� ��‚…„…�ˆŸ

�ÉμÉ · §¤¥² μ¸´μ¢ ´ ´  · ¡μÉ Ì [42Ä46].
� ¨¡μ²¥¥ ¨§¢¥¸É´μ° Ô³¶¨·¨Î¥¸±μ° ¤¥³μ´¸É· Í¨¥° ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö

¸Î¨É ¥É¸Ö ¤¢ÊÌÐ¥²¥¢μ° Ô±¸¶¥·¨³¥´É. …¸²¨ ¶·μ¢¥¸É¨ ¤¢ÊÌÐ¥²¥¢μ° Ô±¸¶¥·¨-
³¥´É ¸ § ·Ö¦¥´´Ò³¨ Î ¸É¨Í ³¨ ¢ Ê¸É ´μ¢±¥, ¸´ ¡¦¥´´μ° ¸μ²¥´μ¨¤μ³, Éμ
³μ¦´μ ´ ¡²Õ¤ ÉÓ ÔËË¥±É � ·μ´μ¢ Ä�μ³  (·¨¸. 6), ¤¥³μ´¸É·¨·ÊÕÐ¨° ·μ²Ó
± ²¨¡·μ¢μÎ´ÒÌ ¸¢Ö§´μ¸É¥° ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. ‡ ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ ¤¢¨-
¦ÊÉ¸Ö ¢ μ¡² ¸É¨, ¸μ¤¥·¦ Ð¥° ¨¤¥ ²Ó´μ Ô±· ´¨·μ¢ ´´Ò° Éμ´±¨° ¸μ²¥´μ¨¤.
ˆ´É¥·Ë¥·¥´Í¨μ´´ Ö ± ·É¨´  ³¥´Ö¥É¸Ö ¶·¨ ¢±²ÕÎ¥´¨¨ ¸μ²¥´μ¨¤ , ´¥¸³μÉ·Ö
´  μÉ¸ÊÉ¸É¢¨¥ Ô²¥±É·μ³ £´¨É´ÒÌ ¸¨², ¤¥°¸É¢ÊÕÐ¨Ì ´  Î ¸É¨ÍÒ. �ËË¥±É
¢μ§´¨± ¥É ¨§-§  Éμ£μ, ÎÉμ · ¡μÉ ÕÐ¨° ¸μ²¥´μ¨¤ ¸μ§¤ ¥É ¢μ±·Ê£ ¸¥¡Ö U (1)-
¸¢Ö§´μ¸ÉÓ, ¨§³¥´ÖÕÐÊÕ Ë §Ò ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Î ¸É¨Í.

�¨¸. 6. �ËË¥±É � ·μ´μ¢ Ä
μ³ . ˆ´É¥·Ë¥·¥´Í¨μ´´ Ö ± ·É¨´  ¸¤¢¨£ ¥É¸Ö ¶·¨ ¢±²ÕÎ¥-
´¨¨ ¸μ²¥´μ¨¤ , ´¥¸³μÉ·Ö ´  μÉ¸ÊÉ¸É¢¨¥ Ô²¥±É·μ³ £´¨É´ÒÌ ¸¨² ¢´¥ ¸μ²¥´μ¨¤ 
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„²Ö ±¢ ´Éμ¢ ´¨Ö ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·μ°
´ ¨¡μ²¥¥ Ê¤μ¡¥´ Ë¥°´³ ´μ¢¸±¨° ³¥Éμ¤ ¨´É¥£· ²μ¢ ¶μ É· ¥±Éμ·¨Ö³ [8], Ë ±-
É¨Î¥¸±¨ ¢μ§´¨±Ï¨° ¨§ ¨§ÊÎ¥´¨Ö ¤¢ÊÌÐ¥²¥¢μ£μ Ô±¸¶¥·¨³¥´É ∗. ‘μ£² ¸´μ ¶μ¤-
Ìμ¤Ê ”¥°´³ ´   ³¶²¨ÉÊ¤  ±¢ ´Éμ¢μ£μ ¶¥·¥Ìμ¤  ¸¨¸É¥³Ò ¨§ μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö
¢ ¤·Ê£μ¥ ¢ÒÎ¨¸²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ¸Ê³³¨·μ¢ ´¨Ö  ³¶²¨ÉÊ¤ ¢¤μ²Ó ¢¸¥Ì ¢μ§-
³μ¦´ÒÌ ±² ¸¸¨Î¥¸±¨Ì É· ¥±Éμ·¨°, ¸μ¥¤¨´ÖÕÐ¨Ì ÔÉ¨ ¸μ¸ÉμÖ´¨Ö. �³¶²¨ÉÊ¤ 
¢¤μ²Ó μÉ¤¥²Ó´μ° É· ¥±Éμ·¨¨ ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ¶·μ¨§¢¥¤¥´¨¥  ³¶²¨ÉÊ¤ ¶¥·¥-
Ìμ¤μ¢ ³¥¦¤Ê ¡²¨¦ °Ï¨³¨ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ´  É· ¥±Éμ·¨¨.
� ¨³¥´´μ,  ³¶²¨ÉÊ¤  ¢¤μ²Ó É· ¥±Éμ·¨¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ Ô±¸¶μ´¥´ÉÒ μÉ
¤¥°¸É¢¨Ö ¢¤μ²Ó É· ¥±Éμ·¨¨:

AU(1) = A0 exp (iS) = A0 exp

⎛⎝i

T∫
0

L dt

⎞⎠ . (38)

”Ê´±Í¨Ö L, § ¢¨¸ÖÐ Ö μÉ ¶¥·¢ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¸μ¸ÉμÖ´¨° ¶μ ¢·¥³¥´¨, ´ §Ò-
¢ ¥É¸Ö ² £· ´¦¨ ´μ³. ‚ ¤¨¸±·¥É´μ³ ¢·¥³¥´¨ Ô±¸¶μ´¥´É  μÉ ¨´É¥£· ²  ¶¥·¥-
Ìμ¤¨É ¢ ¶·μ¨§¢¥¤¥´¨¥: exp

(
i
∫

L dt
)
→ eiL0,1 · · · eiLt−1,t · · · eiLT−1,T , ¨ ¢Ò· -

¦¥´¨¥ ¤²Ö  ³¶²¨ÉÊ¤Ò ¶·¨´¨³ ¥É ¢¨¤

AU(1) = A0eiL0,1 · · · eiLt−1,t · · · eiLT−1,T .

‘μ³´μ¦¨É¥²¨ μt−1,t = eiLt−1,t ÔÉμ£μ ¶·μ¨§¢¥¤¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ô²¥-
³¥´ÉÒ ¸¢Ö§´μ¸É¨ ¸μ §´ Î¥´¨Ö³¨ ¢ μ¤´μ³¥·´μ³ Ê´¨É ·´μ³ ¶·¥¤¸É ¢²¥´¨¨ U (1)
μ±·Ê¦´μ¸É¨, É. ¥. ±μ³³ÊÉ É¨¢´μ° £·Ê¶¶Ò ‹¨ Γ = S1 ≡ R/Z, Ö¢²ÖÕÐ¥°¸Ö
¢ ¤ ´´μ³ ¸²ÊÎ ¥ £·Ê¶¶μ° ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ´ Ï¨³
¢§£²Ö¤μ³ ´  ±¢ ´Éμ¢μ¥ ¶μ¢¥¤¥´¨¥ ÔÉμ ¶·¥¤¶μ² £ ¥É ´ ²¨Î¨¥ ´¥±μÉμ·μ£μ ³´μ-
¦¥¸É¢  Σ ²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨°, ´  ±μÉμ·μ³ ¤¥°¸É¢Ê¥É £·Ê¶¶  ‹¨ S1,   ¥¥
¶·¥¤¸É ¢²¥´¨¥ U (1) ¤¥°¸É¢Ê¥É ´  ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ (¢ ¤ ´´μ³ ¸²ÊÎ ¥ C)
 ³¶²¨ÉÊ¤ ¸μ¸ÉμÖ´¨° ¨§ Σ. „ ²¥¥ ¶·¨ μ¡¸Ê¦¤¥´¨¨ ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö ¸
μ¡Ð¥° ÉμÎ±¨ §·¥´¨Ö ³Ò ÊÉμÎ´¨³ ¸¢Ö§Ó ³¥¦¤Ê ¸μ¸ÉμÖ´¨Ö³¨ ¨ ¨Ì  ³¶²¨ÉÊ¤ ³¨,
É. ¥. Î¨¸²μ¢Ò³¨ ¢¥¸ ³¨, ¶·¨¶¨¸Ò¢ ¥³Ò³¨ ¸μ¸ÉμÖ´¨Ö³. ‡¤¥¸Ó, ± ± μ¡ÒÎ´μ,  ³-
¶²¨ÉÊ¤Ò, ´  ±μÉμ·ÒÌ ¤¥°¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨¥ U (1) (¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¸μ-
¸ÉμÖ´¨Ö, ´  ±μÉμ·ÒÌ ¤¥°¸É¢Ê¥É S1), ´¥´ ¡²Õ¤ ¥³Ò,   ´ ¡²Õ¤ ¥³Ò Éμ²Ó±μ ¨´-
¢ ·¨ ´ÉÒ ÔÉ¨Ì ¤¥°¸É¢¨°. �¥¶·¥·Ò¢´μ° ¢¥·¸¨¥° Éμ£μ, ÎÉμ Ô²¥³¥´ÉÒ ¸¢Ö§´μ¸É¨
μ¶·¥¤¥²¥´Ò ´  ¶ · Ì ¸μ¸ÉμÖ´¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ´ Î ²Ó´μ³Ê ¨ ±μ´¥Î´μ³Ê
³μ³¥´É ³ ¨´É¥·¢ ²  ¢·¥³¥´¨, É. ¥. ´  ·¥¡· Ì  ¡¸É· ±É´μ£μ £· Ë ∗∗, Ö¢²Ö¥É¸Ö
§ ¢¨¸¨³μ¸ÉÓ ² £· ´¦¨ ´  μÉ ¶¥·¢ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶μ ¢·¥³¥´¨.

∗ˆ§¢¥¸É´μ ¢Ò¸± §Ò¢ ´¨¥ �.”¥°´³ ´  μ Éμ³, ÎÉμ ®¢¸Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ³μ¦¥É ¡ÒÉÓ
¨§¢²¥Î¥´  ¨§ ÉÐ É¥²Ó´μ£μ μ¡¤Ê³Ò¢ ´¨Ö ¸²¥¤¸É¢¨° μ¤´μ£μ ÔÉμ£μ Ô±¸¶¥·¨³¥´É ¯.

∗∗� ¶μ³´¨³, ÎÉμ μ¶·¥¤¥²¥´¨¥ ¸¢Ö§´μ¸É¨ ± ± ËÊ´±Í¨¨ ´  ¶ · Ì ÉμÎ¥± ´¥μ¡Ìμ¤¨³μ ¤²Ö
μ¡¥¸¶¥Î¥´¨Ö ´¥É·¨¢¨ ²Ó´μ¸É¨ ¸¢Ö§´μ¸É¨.



Š‹�‘‘ˆ—…‘Šˆ… ˆ Š‚��’�‚›… „ˆ‘Š�…’�›… „ˆ��Œˆ—…‘Šˆ… ‘ˆ‘’…Œ› 127

…¸É¥¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ ¢μ§´¨± ¥É ¨§ ¶·¥¤¶μ²μ¦¥´¨°, ÎÉμ £·Ê¶¶  Γ ´¥
μ¡Ö§ É¥²Ó´μ μ±·Ê¦´μ¸ÉÓ ¨ ÎÉμ ¥¥ Ê´¨É ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ρ (Γ) ´¥ μ¡Ö§ -
É¥²Ó´μ μ¤´μ³¥·´μ. ‚ ÔÉμ³ ¸²ÊÎ ¥  ³¶²¨ÉÊ¤  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ³´μ£μ±μ³-
¶μ´¥´É´Ò° ¢¥±Éμ·, ÎÉμ Ê¤μ¡´μ ¤²Ö μ¶¨¸ ´¨Ö Î ¸É¨Í ¸ ¡μ²¥¥ ¸²μ¦´μ Ê¸É·μ¥´-
´Ò³¨ ¢´ÊÉ·¥´´¨³¨ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò. ‡´ Î¥´¨¥ É ±μ° ³´μ£μ±μ³¶μ´¥´É´μ°
 ³¶²¨ÉÊ¤Ò ´  É· ¥±Éμ·¨¨ ¶·¨´¨³ ¥É ¢¨¤∗

Aρ(Γ) = ρ (αT,T−1) · · · ρ (αt,t−1) · · · ρ (α1,0)A0, αt,t−1 ∈ Γ. (39)

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ´ Ï¥° ¨¤¥μ²μ£¨¥° ³Ò ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ Γ Å ±μ-
´¥Î´ Ö £·Ê¶¶ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ § ¡μÉ¨ÉÓ¸Ö μ¡ Ê´¨É ·´μ¸É¨,
¶μ¸±μ²Ó±Ê ²¨´¥°´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ±μ´¥Î´ÒÌ £·Ê¶¶  ¢Éμ³ É¨Î¥¸±¨ Ê´¨É ·´Ò.
Ÿ¸´μ, ÎÉμ ¸É ´¤ ·É´μ¥ ±¢ ´Éμ¢ ´¨¥ (38) ³μ¦´μ  ¶¶·μ±¸¨³¨·μ¢ ÉÓ ¸ ¶μ³μÐÓÕ
μ¤´μ³¥·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ±μ´¥Î´ÒÌ Í¨±²¨Î¥¸±¨Ì £·Ê¶¶ ¤μ¸É ÉμÎ´μ ¡μ²Ó-
Ïμ£μ ¶¥·¨μ¤ .

�· ¢¨²  ”¥°´³ ´ , ¸Ëμ·³Ê²¨·μ¢ ´´Ò¥ ¢  ¡¸É· ±É´μ° Ëμ·³¥, Ë ±É¨Î¥-
¸±¨ ¸μ¢¶ ¤ ÕÉ ¸ ¶· ¢¨² ³¨ Ê³´μ¦¥´¨Ö ³ É·¨Í. ‘μ£² ¸´μ ¶· ¢¨² ³ ”¥°´-
³ ´ , ¤²Ö Éμ£μ ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ  ³¶²¨ÉÊ¤Ê ¶¥·¥Ìμ¤  ¨§ μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ¤·Ê-
£μ¥, ´¥μ¡Ìμ¤¨³μ ¸μ¥¤¨´¨ÉÓ ÔÉ¨ ¸μ¸ÉμÖ´¨Ö ¢¸¥³¨ ¢μ§³μ¦´Ò³¨ É· ¥±Éμ·¨Ö³¨,
¶¥·¥³´μ¦¨ÉÓ  ³¶²¨ÉÊ¤Ò ¢¤μ²Ó ÔÉ¨Ì É· ¥±Éμ·¨° ¨ ¸Ê³³¨·μ¢ ÉÓ ¶μ²ÊÎ¥´´Ò¥
¶·μ¨§¢¥¤¥´¨Ö. ‘μ¢¶ ¤¥´¨¥ ÔÉ¨Ì ¨´¸É·Ê±Í¨° ¸ ¶· ¢¨² ³¨ Ê³´μ¦¥´¨Ö ³ É·¨Í
μÎ¥¢¨¤´μ ¨§ ¨²²Õ¸É· Í¨¨, ´  ±μÉμ·μ° ¤¢  Ï £  Ô¢μ²ÕÍ¨¨ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò
¸ ¤¢Ê³Ö ¸μ¸ÉμÖ´¨Ö³¨ (®μ¤´μ±Ê¡¨É´Ò° ·¥£¨¸É·¯) ¶·¥¤¸É ¢²¥´Ò ¶ · ²²¥²Ó´μ ¢
Ë¥°´³ ´μ¢¸±μ° ¨ ³ É·¨Î´μ° Ëμ·³ Ì:

BA =
(

b11a11 + b12a21 b21a11 + b22a21

b11a12 + b12a22 b21a12 + b22a22

)
∼ U =

(
u11 u12

u21 u22

)
.

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ë¥°´³ ´μ¢¸±¨³¨ ¶· ¢¨² ³¨ ¶¥·¥Ìμ¤, ¸± ¦¥³, ¨§ ¸μ¸ÉμÖ-
´¨Ö φ2 ¢ ψ1 μ¶·¥¤¥²Ö¥É¸Ö ¸Ê³³μ° ¶μ ¤¢Ê³ ¶ÊÉÖ³ b11a12 + b12a22. �μ ÔÉμ

∗‚ ´¥±μ³³ÊÉ É¨¢´μ³ ¸²ÊÎ ¥ ¢ ¦´μ ¸μ¡²Õ¤ ÉÓ ¶μ·Ö¤μ± μ¶¥· Éμ·μ¢, ¸μ£² ¸μ¢ ´´Ò° ¢ ¤ ´´μ³
¸²ÊÎ ¥ ¸ É· ¤¨Í¨¥° ¶¨¸ ÉÓ ³ É·¨ÍÒ ¸²¥¢  μÉ ¢¥±Éμ·μ¢.
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¦¥ ¢Ò· ¦¥´¨¥ Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ u12 ¶·μ¨§¢¥¤¥´¨Ö ³ É·¨Í U = BA. �¡-
Ð¨° ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  ¸μ¸ÉμÖ´¨° ¨ ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  Ï £μ¢ ¶μ
¢·¥³¥´¨ ²¥£±μ ¢Ò¢μ¤¨É¸Ö ¨§ ÔÉμ£μ Ô²¥³¥´É ·´μ£μ ¶·¨³¥·  ³ É¥³ É¨Î¥¸±μ°
¨´¤Ê±Í¨¥° ¶μ Ê± § ´´Ò³ Î¨¸² ³.

‚ ¸²ÊÎ ¥ ´¥±μ³³ÊÉ É¨¢´μ° ¸¢Ö§´μ¸É¨ Ëμ·³Ê²  (39) ¸μμÉ¢¥É¸É¢Ê¥É ´¥ ¡¥-
²¥¢μ° ± ²¨¡·μ¢μÎ´μ° É¥μ·¨¨. �·¨¢¥¤¥´´μ¥ ¢ÒÏ¥ · ¸¸Ê¦¤¥´¨¥ μ ¸μμÉ¢¥É¸É¢¨¨
Ë¥°´³ ´μ¢¸±μ£μ ±¢ ´Éμ¢ ´¨Ö ³ É·¨Î´μ³Ê Ê³´μ¦¥´¨Õ §¤¥¸Ó É ±¦¥ ¶·¨³¥-
´¨³μ. � ³ ¤μ¸É ÉμÎ´μ ²¨ÏÓ É· ±Éμ¢ ÉÓ Ô¢μ²ÕÍ¨μ´´Ò¥ ³ É·¨ÍÒ A, B ¨ U
± ± ¡²μÎ´Ò¥ ³ É·¨ÍÒ ¸ ´¥±μ³³ÊÉ É¨¢´Ò³¨ Ô²¥³¥´É ³¨, Ö¢²ÖÕÐ¨³¨¸Ö ³ -
É·¨Í ³¨ ¨§ ¶·¥¤¸É ¢²¥´¨Ö ρ (Γ).

�·¥¤¸É ¢²¥´¨¥ ³ É·¨Î´μ£μ Ê³´μ¦¥´¨Ö Ë¥°´³ ´μ¢¸±¨³¨ ¶· ¢¨² ³¨:
®¶¥·¥³´μ¦¨ÉÓ ¶μ¸²¥¤μ¢ É¥²Ó´Ò¥ ¸μ¡ÒÉ¨Ö¯ ¨ ®¸Ê³³¨·μ¢ ÉÓ  ²ÓÉ¥·´ É¨¢-
´Ò¥ ¨¸Éμ·¨¨¯, ¶·¨£μ¤´μ ¤²Ö ³ É·¨Í ¸ ¶·μ¨§¢μ²Ó´Ò³¨ Ô²¥³¥´É ³¨. ‚ μ¡ÒÎ´μ°
Ëμ·³Ê²¨·μ¢±¥ Ë¥°´³ ´μ¢¸±μ£μ ±¢ ´Éμ¢ ´¨Ö Ô²¥³¥´ÉÒ ³ É·¨Í ¨³¥ÕÉ μÎ¥´Ó
¸¶¥Í¨ ²Ó´Ò° ¢¨¤. � ¨³¥´´μ, ¢¸¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ±μ³-
¶²¥±¸´Ò¥ Î¨¸²  eiLdt, · ¢´Ò¥ ¶μ ³μ¤Ê²Õ ¥¤¨´¨Í¥. �É¨ Î¨¸²  ³μ¦´μ ¨´É¥·-
¶·¥É¨·μ¢ ÉÓ ± ± ±μ´É¨´Ê ²Ó´Ò¥  ´ ²μ£¨ ±μ·´¥° ¨§ ¥¤¨´¨ÍÒ. ’μ, ÎÉμ μ´¨ ´¥
³μ£ÊÉ μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó, μ§´ Î ¥É, ÎÉμ ´¥¢μ§³μ¦´μ ·¥ ²¨§μ¢ ÉÓ ¸¨¸É¥³Ò, ¢
±μÉμ·ÒÌ § ¶·¥Ð¥´Ò ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ´¥±μÉμ·Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ Å ´ ¶·¨³¥·,
³¥¦¤Ê ¸μ¸ÉμÖ´¨Ö³¨ ¢ ¤ ²¥±μ μÉ¸ÉμÖÐ¨Ì ¤·Ê£ μÉ ¤·Ê£  ÉμÎ± Ì ¶·μ¸É· ´¸É¢ .

μ²¥¥ Éμ£μ, ¢Ò¶ ¤ ¥É ¢ ¦´Ò° ¸²ÊÎ ° É·¨¢¨ ²Ó´μ° £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì ¸¨³³¥-
É·¨° Γ = {1}. ‚ ÔÉμ³ ¸²ÊÎ ¥ ±¢ ´Éμ¢ Ö Ô¢μ²ÕÍ¨Ö μ¶¨¸Ò¢ ¥É¸Ö ³ É·¨Í ³¨
¶¥·¥¸É ´μ¢μ±. Œ É·¨Í  ¶¥·¥¸É ´μ¢μ± · §³¥·  n × n ¸μ¤¥·¦¨É n ¥¤¨´¨Í ¨
n2−n ´Ê²¥°. �Ê²Ó, · §Ê³¥¥É¸Ö, ´¥¢μ§³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ Ô±¸¶μ´¥´Éμ° ± ±μ£μ-
²¨¡μ Î¨¸² .

ˆ§ÊÎ¥´¨¥ ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö ¤¨¸±·¥É´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¶·μ-
¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·μ° Å ±μ³¡¨´ Éμ·´μ É·Ê¤´ Ö § ¤ Î . �μ¸É·μ¥´¨¥ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ³μ¤¥²¥° ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨É μÉ ·Ö¤  ¤μ¶ÊÐ¥´¨°, ±μÉμ·Ò¥
´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ ´  ¸É·Ê±ÉÊ·Ê ¶·μ¸É· ´¸É¢  ¨ ¸¢μ°¸É¢  ±¢ ´Éμ¢ÒÌ ¶¥-
·¥Ìμ¤μ¢, ÎÉμ¡Ò ¸¤¥² ÉÓ ³μ¤¥²Ó ¶μ¤¤ ÕÐ¥°¸Ö ¨§ÊÎ¥´¨Õ. �¤¨´ ¨§ ¶μ¤Ìμ¤μ¢ ±
¶μ¸É·μ¥´¨Õ ±¢ ´Éμ¢ÒÌ ³μ¤¥²¥° ´  ¤¨¸±·¥É´ÒÌ ¶·μ¸É· ´¸É¢ Ì μ¶¨¸ ´ ¢ ¶·¨-
²μ¦¥´¨¨ ‚. Š¢ ´Éμ¢Ò¥ ¶¥·¥Ìμ¤Ò ¢ ÔÉ¨Ì ³μ¤¥²ÖÌ μ¶·¥¤¥²¥´Ò ²μ± ²Ó´μ,  
¨³¥´´μ, ´  μ±·¥¸É´μ¸ÉÖÌ ·¥£Ê²Ö·´ÒÌ £· Ëμ¢, ÎÉμ ¤¥² ¥É ¨Ì ¢ μ¶·¥¤¥²¥´´μ³
¸³Ò¸²¥ ¶μÌμ¦¨³¨ ´  ±²¥ÉμÎ´Ò¥  ¢Éμ³ ÉÒ.

„ ²¥¥ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¶·μ¡²¥³Ê ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö ¤¨¸±·¥É-
´ÒÌ ¸¨¸É¥³ ¢ μ¡Ð¥³ ¢¨¤¥, É. ¥. ¨£´μ·¨·ÊÖ ¢μ§³μ¦´μ¥ ´ ²¨Î¨¥ ¶·μ¸É· ´¸É¢ 
¢ ¸É·Ê±ÉÊ·¥ ¶μ²´μ£μ ³´μ¦¥¸É¢  ¸μ¸ÉμÖ´¨°. ‡ ³¥É¨³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ³´μ£μ
Ë¨§¨Î¥¸±¨Ì ¶·μ¡²¥³, ´ ¶·¨³¥·, ±¢ ´Éμ¢Ò¥ ¢ÒÎ¨¸²¥´¨Ö, ¤²Ö ±μÉμ·ÒÌ ¢Ò¤¥²¥-
´¨¥ ¢ ³´μ¦¥¸É¢¥ ¸μ¸ÉμÖ´¨° ± ±μ°-²¨¡μ ¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·Ò ´¥¸ÊÐ¥-
¸É¢¥´´μ.

2.1. Š¢ ´Éμ¢ ´¨¥ ¤¨¸±·¥É´ÒÌ ¸¨¸É¥³. ’ ±¨³ μ¡· §μ³, ³Ò ¡Ê¤¥³ ¶·¨¤¥·-
¦¨¢ ÉÓ¸Ö É· ¤¨Í¨μ´´μ° Ëμ·³Ê²¨·μ¢±¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ¢ ±μÉμ·μ° Ô¢μ-
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²ÕÍ¨Ö ±¢ ´Éμ¢μ° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò ¨§ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ±μ´¥Î´μ¥
μ¶¨¸Ò¢ ¥É¸Ö ³ É·¨Í¥° Ô¢μ²ÕÍ¨¨ U : |ψ0〉 → |ψT 〉 = U |ψ0〉. Œ É·¨Í  Ô¢μ²Õ-
Í¨¨ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö ³ É·¨Í, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
Ô²¥³¥´É ·´Ò³ ¢·¥³¥´´	Ò³ Ï £ ³: U = UT←T−1 · · ·Ut←t−1 · · ·U1←0.

2.1.1. ‘É ´¤ ·É´ Ö ¨ ®±μ´¥Î´ Ö¯ ¢¥·¸¨¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. „²Ö ¡μ-
²¥¥ Ëμ·³ ²Ó´μ£μ μ¡μ¸´μ¢ ´¨Ö § ±μ´´μ¸É¨ § ³¥´Ò ¢ Ë¨§¨Î¥¸±¨Ì § ¤ Î Ì ¡¥¸-
±μ´¥Î´ÒÌ £·Ê¶¶ ±μ´¥Î´Ò³¨ ³μ¦´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶μ´ÖÉ¨¥³ Ë¨´¨É´μ°  ¶-
¶·μ±¸¨³¨·Ê¥³μ¸É¨. (
¥¸±μ´¥Î´ Ö) £·Ê¶¶  G ´ §Ò¢ ¥É¸Ö Ë¨´¨É´μ  ¶¶·μ±¸¨³¨-
·Ê¥³μ°∗ [50], ¥¸²¨ ¤²Ö ± ¦¤μ£μ ¥¥ Ô²¥³¥´É  g �= 1 ¸ÊÐ¥¸É¢Ê¥É É ±μ° £μ³μ-
³μ·Ë¨§³ φ : G → H ¢ ±μ´¥Î´ÊÕ £·Ê¶¶Ê H , ÎÉμ φ (g) �= 1. �Éμ μ§´ Î ¥É,
ÎÉμ ²Õ¡Ò¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê Ô²¥³¥´É ³¨ £·Ê¶¶Ò G ³μ¦´μ ¸³μ¤¥²¨·μ¢ ÉÓ
¸μμÉ´μÏ¥´¨Ö³¨ ³¥¦¤Ê Ô²¥³¥´É ³¨ ±μ´¥Î´μ° £·Ê¶¶Ò. ‡¤¥¸Ó ¨³¥¥É¸Ö  ´ ²μ-
£¨Ö ¸ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³Ò³ ¢ Ë¨§¨±¥ ¶·¨¥³μ³, ±μ£¤  ¤²Ö ·¥Ï¥´¨Ö ´¥±μÉμ-
·μ° § ¤ Î¨ ¡¥¸±μ´¥Î´μ¥ ¶·μ¸É· ´¸É¢μ § ³¥´Ö¥É¸Ö, ´ ¶·¨³¥·, Éμ·μ³, · §³¥·
±μÉμ·μ£μ ¤μ¸É ÉμÎ¥´ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢³¥¸É¨ÉÓ ¤ ´´Ò¥ § ¤ Î¨. �  ¶· ±É¨±¥
¢¸¥ ±μ´¸É·Ê±É¨¢´Ò¥ ¡¥¸±μ´¥Î´Ò¥ £·Ê¶¶Ò, ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ Ë¨§¨±¥, Ö¢²ÖÕÉ¸Ö
Ë¨´¨É´μ  ¶¶·μ±¸¨³¨·Ê¥³Ò³¨. ’¨¶¨Î´Ò³ ¶·¨³¥·μ³ Ë¨´¨É´μ  ¶¶·μ±¸¨³¨·Ê-
¥³μ° £·Ê¶¶Ò Ö¢²Ö¥É¸Ö ¶μ¶Ê²Ö·´ Ö ¢ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¥ £·Ê¶¶  ±μ¸. ‘μ-
£² ¸´μ ¸É ´¤ ·É´μ° ±μ´¸É·Ê±Í¨¨ [58] £·Ê¶¶  ±μ¸ ¸ n ´¨ÉÖ³¨ Bn ¶μ·μ¦¤ ¥É¸Ö
μ¡· §ÊÕÐ¨³¨ b1, . . . , bn−1, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ¸μμÉ´μÏ¥´¨Ö³:

bibi+1bi = bi+1bibi+1, i = 1, . . . , n − 1 Å Ê· ¢´¥´¨¥ Ÿ´£ Ä� ±¸É¥· ,
(40)

bibj = bjbi, |i − j| � 2 Å ¤ ²Ó´ÖÖ ±μ³³ÊÉ É¨¢´μ¸ÉÓ. (41)

‡ ³¥É¨³, ÎÉμ £·Ê¶¶  ±μ¸ Ö¢²Ö¥É¸Ö ¡²¨¦ °Ï¨³ ¡¥¸±μ´¥Î´Ò³ ®·μ¤¸É¢¥´´¨±μ³¯
£·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±: £·Ê¶¶  ¶¥·¥¸É ´μ¢μ± Sn ¶μ²ÊÎ ¥É¸Ö ¨§ Bn, ¥¸²¨ ± (40)
¨ (41) ¤μ¡ ¢¨ÉÓ ¸μμÉ´μÏ¥´¨Ö b2

i = 1.
�¡· É¨³¸Ö É¥¶¥·Ó ± Ê´¨É ·´Ò³ £·Ê¶¶ ³, ¨£· ÕÐ¨³ Í¥´É· ²Ó´ÊÕ ·μ²Ó ¢

±¢ ´Éμ¢μ° Ë¨§¨±¥. ‡¤¥¸Ó, ¶μ¸±μ²Ó±Ê ³Ò ´ Î¨´ ¥³ ¸ ±μ´É¨´ÊÊ³ , É·¥¡Ê¥É¸Ö
¤¢  Ï £  ¤²Ö ¶¥·¥Ìμ¤  μÉ ¡¥¸±μ´¥Î´μ£μ ± ±μ´¥Î´μ³Ê.

1. ˆ§ É¥μ·¨¨ ±¢ ´Éμ¢ÒÌ ¢ÒÎ¨¸²¥´¨° [55] ¨§¢¥¸É´μ, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ Ê´¨-
¢¥·¸ ²Ó´Ò¥ ±μ´¥Î´Ò¥ ´ ¡μ·Ò Ê´¨É ·´ÒÌ μ¶¥· Éμ·μ¢, ´ §Ò¢ ¥³ÒÌ ±¢ ´Éμ-
¢Ò³¨ ¢¥´É¨²Ö³¨, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ³μ¦´μ ¶μ·μ¦¤ ÉÓ ³´μ¦¥¸É¢  μ¶¥· Éμ-
·μ¢, ¢¸Õ¤Ê ¶²μÉ´ÒÌ ¢ ³´μ¦¥¸É¢¥ ¢¸¥Ì Ê´¨É ·´ÒÌ μ¶¥· Éμ·μ¢, ¤¥°¸É¢ÊÕÐ¨Ì ¢
¸μμÉ¢¥É¸É¢ÊÕÐ¥³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥. Š¢ ´Éμ¢Ò¥ ¢¥´É¨²¨ ¤¥°¸É¢ÊÕÉ ¢
£¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì ´¥¡μ²ÓÏ¨Ì Ë¨±¸¨·μ¢ ´´ÒÌ · §³¥·´μ¸É¥° (μ¤´μ-
±Ê¡¨É´Ò¥, ¤¢ÊÌ±Ê¡¨É´Ò¥ ¨ É. ¤. ¢¥´É¨²¨), ´μ ¨§ ´¨Ì ³μ¦´μ ¶μ¸É·μ¨ÉÓ ±μ´¥Î-

∗‚  ´£²μÖ§ÒÎ´μ° ²¨É¥· ÉÊ·¥ ¨¸¶μ²Ó§Ê¥É¸Ö É¥·³¨´ residually ˇnite, ¥Ð¥ ¡μ²¥¥ ¶μ¤Î¥·±¨¢ Õ-
Ð¨° ®±μ´¥Î´Ò°¯  ¸¶¥±É É ±¨Ì £·Ê¶¶.
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´Ò¥ ´ ¡μ·Ò Ê´¨É ·´ÒÌ ³ É·¨Í, ¤¥°¸É¢ÊÕÐ¨Ì ¢ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì
¶·μ¨§¢μ²Ó´μ° · §³¥·´μ¸É¨. �É¨ ³ É·¨ÍÒ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± μ¡· §ÊÕ-
Ð¨¥ ±μ´¥Î´μ ¶μ·μ¦¤¥´´μ° £·Ê¶¶Ò, ±μÉμ· Ö  ¶¶·μ±¸¨³¨·Ê¥É ¸ ¶·μ¨§¢μ²Ó´μ°
ÉμÎ´μ¸ÉÓÕ (¶²μÉ´μ ¢±² ¤Ò¢ ¥É¸Ö ¢) μ¡ÐÊÕ Ê´¨É ·´ÊÕ £·Ê¶¶Ê.

2. ‘μ£² ¸´μ É¥μ·¥³¥ �.ˆ.Œ ²ÓÍ¥¢  [51], ¢¸Ö± Ö ±μ´¥Î´μ ¶μ·μ¦¤¥´´ Ö
£·Ê¶¶  ³ É·¨Í ´ ¤ (²Õ¡Ò³) ¶μ²¥³ Ë¨´¨É´μ  ¶¶·μ±¸¨³¨·Ê¥³ .

’ ±¨³ μ¡· §μ³, Ê´¨É ·´Ò¥ £·Ê¶¶Ò ³μ¦´μ § ³¥´¨ÉÓ ±μ´¥Î´Ò³¨ ¡¥§μ ¢¸Ö-
±μ£μ ÊÐ¥·¡  ¤²Ö Ë¨§¨±¨ ± ± Ô³¶¨·¨Î¥¸±μ° ´ Ê±¨.

„²Ö Éμ£μ ÎÉμ¡Ò ¢μ¸¶·μ¨§¢¥¸É¨ ±¢ ´Éμ¢ÊÕ ³¥Ì ´¨±Ê ¢ ±μ´¸É·Ê±É¨¢´μ°
®±μ´¥Î´μ°¯ ¶μ¸É ´μ¢±¥, ³Ò ¡Ê¤¥³ ¶·¨¤¥·¦¨¢ ÉÓ¸Ö ¶·¨´Í¨¶  �±± ³ : ¢¢μ-
¤¨ÉÓ ´μ¢Ò¥ Ô²¥³¥´ÉÒ μ¶¨¸ ´¨Ö, Éμ²Ó±μ ¥¸²¨ μ´¨ ¤¥°¸É¢¨É¥²Ó´μ ´¥μ¡Ìμ¤¨³Ò.
�·¨¢¥¤¥³ ¸· ¢´¥´¨¥ μ¸´μ¢´ÒÌ Ô²¥³¥´Éμ¢ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸
¨Ì ±μ´¸É·Ê±É¨¢´Ò³¨  ´ ²μ£ ³¨.

1. a) ‘É ´¤ ·É´ Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¨³¥¥É ¤¥²μ ¸ Ê´¨É ·´Ò³¨ μ¶¥-
· Éμ· ³¨ U , ¤¥°¸É¢ÊÕÐ¨³¨ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H ´ ¤ ¶μ²¥³
±μ³¶²¥±¸´ÒÌ Î¨¸¥² C. �²¥³¥´ÉÒ |ψ〉 ∈ H ÔÉμ£μ ¶·μ¸É· ´¸É¢  ´ §Ò¢ ÕÉ¸Ö
®¸μ¸ÉμÖ´¨Ö³¨¯, ®¢¥±Éμ· ³¨ ¸μ¸ÉμÖ´¨°¯, ®¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨¯, ® ³¶²¨-
ÉÊ¤ ³¨¯ ¨ É. ¤. �¶¥· Éμ·Ò U Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ μ¡Ð¥° Ê´¨É ·´μ° £·Ê¶¶Ò
Aut (H), ¤¥°¸É¢ÊÕÐ¥° ¢ H.

¡) ‚ ®±μ´¥Î´μ°¯ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥∗ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ ´ ¤
¶μ²¥³ C § ³¥´Ö¥É¸Ö K-³¥·´Ò³ £¨²Ó¡¥·Éμ¢Ò³ ¶·μ¸É· ´¸É¢μ³ HK ´ ¤  ¡¥²¥-
¢Ò³ Î¨¸²μ¢Ò³ ¶μ²¥³ F Å · ¸Ï¨·¥´¨¥³ · Í¨μ´ ²Ó´ÒÌ Î¨¸¥² Q ¸  ¡¥²¥¢μ°
£·Ê¶¶μ° ƒ ²Ê  [61]. �¶¥· Éμ·Ò U ¶·¨´ ¤²¥¦ É É¥¶¥·Ó Ê´¨É ·´μ³Ê ¶·¥¤¸É -
¢²¥´¨Õ U ¢ ¶·μ¸É· ´¸É¢¥ HK ´¥±μÉμ·μ° ±μ´¥Î´μ° £·Ê¶¶Ò G = {g1, . . . , gM}.
�μ²¥ F μ¶·¥¤¥²Ö¥É¸Ö ¸É·Ê±ÉÊ·μ° £·Ê¶¶Ò G ¨ ¥¥ ¶·¥¤¸É ¢²¥´¨¥³ U. ” ±É¨Î¥-
¸±¨ ¶μ²¥ F ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ³¨´¨³ ²Ó´μ¥ · ¸Ï¨·¥´¨¥ ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥²,
¶·¨³¥´¨³μ¥ ¤²Ö μ¶¨¸ ´¨Ö ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö.

2. ‚ μ¡¥¨Ì ¢¥·¸¨ÖÌ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ±¢ ´Éμ¢Ò¥ Î ¸É¨ÍÒ  ¸¸μÍ¨¨·Ê-
ÕÉ¸Ö ¸ Ê´¨É ·´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ μ¶·¥¤¥²¥´´ÒÌ £·Ê¶¶ ¸¨³³¥É·¨°. �·¥¤-
¸É ¢²¥´¨Ö, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨Ì · §³¥·´μ¸ÉÖ³¨, ´ §Ò¢ ÕÉ¸Ö ®¸¨´£²¥É ³¨¯,
®¤Ê¡²¥É ³¨¯, ®É·¨¶²¥É ³¨¯ ¨ É. ¤. Œ´μ£μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö, ¢ Î ¸É´μ-
¸É¨, μ¶¨¸Ò¢ ÕÉ ¸¶¨´.

3. Š¢ ´Éμ¢ Ö Ô¢μ²ÕÍ¨Ö μ¶¨¸Ò¢ ¥É¸Ö Ê´¨É ·´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ ´ Î ²Ó-
´μ£μ ¢¥±Éμ·  ¸μ¸ÉμÖ´¨Ö |ψin〉 ¢ ±μ´¥Î´Ò° |ψout〉 = U |ψin〉.

∗’¥·³¨´ ®±μ´¥Î´ Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨± ¯ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ²¨É¥· ÉÊ·¥ ¢ ¸ÊÐ¥¸É¢¥´´μ ¤·Ê-
£μ³ ¸³Ò¸²¥. ’ ± ´ §Ò¢ ÕÉ ´ ¶· ¢²¥´¨¥ (¸³., ´ ¶·¨³¥·, [2, 9, 10]), ¢μ§´¨±Ï¥¥ ¨§ ¶·¥¤²μ¦¥´¨Ö
ƒ. ‚¥°²Ö [65] § ³¥´¨ÉÓ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ (p, q) ±μ´¥Î´Ò³ ¤¨¸±·¥É-
´Ò³ Éμ·μ³. ŒÒ ¨¸¶μ²Ó§Ê¥³ §¤¥¸Ó ÔÉμÉ É¥·³¨´ §  ´¥¨³¥´¨¥³ ¤·Ê£μ£μ ¤μ¸É ÉμÎ´μ ±· É±μ£μ ¨
μ¸³Ò¸²¥´´μ£μ.
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a) ‚ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ Ô²¥³¥´É ·´Ò° Ï £ Ô¢μ²ÕÍ¨¨ ¢
´¥¶·¥·Ò¢´μ³ ¢·¥³¥´¨ μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· 

i
d

dt
|ψ〉 = H |ψ〉 ,

£¤¥ H Å Ô·³¨Éμ¢ μ¶¥· Éμ·, ´ §Ò¢ ¥³Ò° μ¶¥· Éμ·μ³ Ô´¥·£¨¨ ¨²¨ £ ³¨²ÓÉμ-
´¨ ´μ³.

¡) ‚ ±μ´¥Î´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨³¥¥É¸Ö ²¨ÏÓ ±μ´¥Î´μ¥ Î¨¸²μ ¢μ§-
³μ¦´ÒÌ Ô¢μ²ÕÍ¨°:

Uj ∈ {U(g1) , . . . , U(gj) , . . . , U(gM)} .

�Î¥¢¨¤´μ, ÎÉμ §¤¥¸Ó ¢μμ¡Ð¥ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ ¢ ± ±μ³-²¨¡μ  ´ ²μ£¥ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥· . ‚¶·μÎ¥³, Ëμ·³ ²Ó´μ ¢¸¥£¤  ³μ¦´μ ¢¢¥¸É¨ £ ³¨²ÓÉμ´¨ ´

¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò Hj = i lnUj ≡
p−1∑
k=0

λkUk
j , £¤¥ p Å ¶¥·¨μ¤ μ¶¥· Éμ·  Uj

(É. e. ³¨´¨³ ²Ó´μ¥ p > 0 É ±μ¥, ÎÉμ Up
j = I), λk Å ²¥£±μ ¢ÒÎ¨¸²Ö¥³Ò¥

±μÔËË¨Í¨¥´ÉÒ∗.
4. ‚ μ¡¥¨Ì ¢¥·¸¨ÖÌ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨° Ô±¸¶¥·¨-

³¥´É (´ ¡²Õ¤¥´¨¥, ®¨§³¥·¥´¨¥¯∗∗) ¸¢μ¤¨É¸Ö ± ¸· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò
|ψ〉 ¸ ¸μ¸ÉμÖ´¨¥³ ¶·¨¡μ·  ( ¶¶ · É ) |φ〉.

5. ‚ μ¡¥¨Ì ¢¥·¸¨ÖÌ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶· ¢¨²μ³ �μ·´ ,
¢¥·μÖÉ´μ¸ÉÓ § ·¥£¨¸É·¨·μ¢ ÉÓ Î ¸É¨ÍÊ, μ¶¨¸Ò¢ ¥³ÊÕ ¸μ¸ÉμÖ´¨¥³ |ψ〉  ¶¶ · -
Éμ³, ´ ¸É·μ¥´´Ò³ ´  ¸μ¸ÉμÖ´¨¥ |φ〉, · ¢´ 

P(φ, ψ) =
|〈φ | ψ〉|2

〈φ | φ〉 〈ψ | ψ〉 . (42)

�¤´ ±μ ¤²Ö ±μ´¥Î´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ É·¥¡Ê¥É¸Ö μ¶·¥¤¥²¥´´μ¥ ±μ´Í¥¶-
ÉÊ ²Ó´μ¥ ÊÉμÎ´¥´¨¥. ‚ ®±μ´¥Î´μ³¯ ±μ´É¥±¸É¥ ¥¤¨´¸É¢¥´´μ° μ¸³Ò¸²¥´´μ°
¨´É¥·¶·¥É Í¨¥° ¢¥·μÖÉ´μ¸É¨ ³μ¦¥É ¡ÒÉÓ ²¨ÏÓ Î ¸ÉμÉ´ Ö ¨´É¥·¶·¥É Í¨Ö:
¢¥·μÖÉ´μ¸ÉÓ Å ÔÉμ μÉ´μÏ¥´¨¥ Î¨¸²  ¢Ò¤¥²¥´´ÒÌ ±μ³¡¨´ Í¨° Ô²¥³¥´Éμ¢ ¸¨-
¸É¥³Ò ± ¶μ²´μ³Ê Î¨¸²Ê · ¸¸³ É·¨¢ ¥³ÒÌ ±μ³¡¨´ Í¨°. �μ¸±μ²Ó±Ê ³Ò ¨³¥¥³
¤¥²μ ¸ ±μ³¡¨´ Í¨Ö³¨ Ô²¥³¥´Éμ¢ ±μ´¥Î´ÒÌ ³´μ¦¥¸É¢, ³Ò μ¦¨¤ ¥³, ÎÉμ, ¥¸²¨
¢¸¥ μ·£ ´¨§μ¢ ´μ ¶· ¢¨²Ó´μ, Ëμ·³Ê²  (42) ¤μ²¦´  ¢Ò¤ ¢ ÉÓ · Í¨μ´ ²Ó´Ò¥ Î¨-
¸² . ŒÒ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ÔÉμ ¢ ¤ ²Ó´¥°Ï¨Ì ¶μ¸É·μ¥´¨ÖÌ ¢ ± Î¥¸É¢¥ μ¤´μ£μ
¨§ ¢¥¤ÊÐ¨Ì ¶·¨´Í¨¶μ¢.

∗�É¨ ±μÔËË¨Í¨¥´ÉÒ ¸μ¤¥·¦ É ´¥ ²£¥¡· ¨Î¥¸±¨° Ô²¥³¥´É, ¨³¥´´μ, Î¨¸²μ π, ¶·¥¤¸É ¢²ÖÕ-
Ð¥¥ ¸μ¡μ° ¡¥¸±μ´¥Î´ÊÕ ¸Ê³³Ê Ô²¥³¥´Éμ¢ ¨§ F . ˆ´Ò³¨ ¸²μ¢ ³¨, λk Å Ô²¥³¥´ÉÒ É· ´¸Í¥´¤¥´É-
´μ£μ · ¸Ï¨·¥´¨Ö ¶μ²Ö F . ‹μ£ ·¨Ë³¨Î¥¸± Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ ±μ´¸É·Ê±Í¨¥° ¨§
´¥¶·¥·Ò¢´μ° ³ É¥³ É¨±¨, ¨³¥ÕÐ¥° ¤¥²μ ¸  ±ÉÊ ²Ó´Ò³¨ ¡¥¸±μ´¥Î´μ¸ÉÖ³¨.

∗∗� ¨³¥´¥¥ Ê¤ Î´Ò° É¥·³¨´, ¶μ¸±μ²Ó±Ê ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨¥ ®¨§³¥·¥´¨Ö¯ Ë ±É¨Î¥¸±¨
¸¢μ¤ÖÉ¸Ö ± ¶μ¤¸Î¥ÉÊ Î¨¸²  ´¥±μÉμ·ÒÌ ¸μ¡ÒÉ¨°.
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6. Š¢ ´Éμ¢Ò¥ ´ ¡²Õ¤ ¥³Ò¥ μ¶¨¸Ò¢ ÕÉ¸Ö Ô·³¨Éμ¢Ò³¨ μ¶¥· Éμ· ³¨
¢ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì. ‚ ±μ´¥Î´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ÔÉ¨ μ¶¥-
· Éμ·Ò ³μ¦´μ ¢Ò· §¨ÉÓ ± ± Ô²¥³¥´ÉÒ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶μ¢μ°  ²£¥¡·Ò

A =
M∑

k=1

αkU(gk) .

� §Ê³¥¥É¸Ö, É·¥¡μ¢ ´¨¥ Ô·³¨Éμ¢μ¸É¨ ³μ¦¥É ´ ²μ¦¨ÉÓ μ¶·¥¤¥²¥´´Ò¥ μ£· ´¨-
Î¥´¨Ö ´  ±μÔËË¨Í¨¥´ÉÒ αk.

‡ ³¥É¨³, ÎÉμ μ¸É ²Ó´Ò¥ Ô²¥³¥´ÉÒ ±μ´¥Î´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²ÊÎ -
ÕÉ¸Ö ¨§ ¸É ´¤ ·É´μ° ¶·μ¸ÉÒ³ ¶¥·¥¶¨¸Ò¢ ´¨¥³. � ¶·¨³¥·, ± ± Ìμ·μÏμ ¨§-
¢¥¸É´μ, ¶·¨´Í¨¶ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£  ¸²¥¤Ê¥É ¨§ ´¥· ¢¥´¸É¢  ŠμÏ¨
(Ä
Ê´Ö±μ¢¸±μ£μÄ˜¢ ·Í )

〈Aψ | Aψ〉 〈Bψ | Bψ〉 � |〈Aψ | Bψ〉|2 ,

¸¶· ¢¥¤²¨¢μ£μ ¤²Ö ²Õ¡ÒÌ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ ´ ¤ ²Õ¡Ò³¨ ¶μ²Ö³¨.
�Î¥¢¨¤´μ, ÎÉμ ´¥· ¢¥´¸É¢μ ŠμÏ¨ Ô±¢¨¢ ²¥´É´μ ¸É ´¤ ·É´μ³Ê ¸¢μ°¸É¢Ê ²Õ¡μ°
¢¥·μÖÉ´μ¸É¨ P(Aψ, Bψ) � 1.

2.1.2. �¥·¥¸É ´μ¢±¨, ¶·¥¤¸É ¢²¥´¨Ö ¨ Î¨¸² . ‚¸¥ ³´μ¦¥¸É¢ , ´  ±μÉμ-
·ÒÌ ±μ´¥Î´ Ö £·Ê¶¶  G = {g1,. . ., gM} ¤¥°¸É¢Ê¥É É· ´§¨É¨¢´μ, ³μ¦´μ ²¥£±μ
μ¶¨¸ ÉÓ [12]. ‹Õ¡μ¥ É ±μ¥ ³´μ¦¥¸É¢μ Ω = {ω1,. . ., ωN} ´ Ìμ¤¨É¸Ö ¢μ ¢§ ¨³´μ-
μ¤´μ§´ Î´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ ³´μ¦¥¸É¢μ³ (¶· ¢ÒÌ H\G ¨²¨ ²¥¢ÒÌ G/H) ¸³¥¦-
´ÒÌ ±² ¸¸μ¢ ¶μ ´¥±μÉμ·μ° ¶μ¤£·Ê¶¶¥ H � G. Œ´μ¦¥¸É¢μ Ω ´ §Ò¢ ¥É¸Ö μ¤-
´μ·μ¤´Ò³ ¶·μ¸É· ´¸É¢μ³ £·Ê¶¶Ò G (¨²¨, ±· É±μ, G-¶·μ¸É· ´¸É¢μ³). „¥°-
¸É¢¨¥ G ´  Ω Ö¢²Ö¥É¸Ö ÉμÎ´Ò³, ¥¸²¨ ¶μ¤£·Ê¶¶  H ´¥ ¸μ¤¥·¦¨É ´μ·³ ²Ó´ÒÌ
¶μ¤£·Ê¶¶ £·Ê¶¶Ò G. ŒÒ ³μ¦¥³ § ¶¨¸ ÉÓ ¤¥°¸É¢¨¥ ¢ ¢¨¤¥ ¶¥·¥¸É ´μ¢μ±

π(g) =
(

ωi

ωig

)
∼
(

Ha

Hag

)
, g, a ∈ G, i = 1, . . . , N, (43)

¨²¨, Ô±¢¨¢ ²¥´É´μ, ¢ ¢¨¤¥ ³ É·¨Í, ¸μ¸ÉμÖÐ¨Ì ¨§ ´Ê²¥° ¨ ¥¤¨´¨Í:

π(g) → P(g) =
(
P(g)ij

)
, £¤¥ P(g)ij = δωig,ωj , i, j = 1, . . . , N. (44)

‡¤¥¸Ó δα,β μ§´ Î ¥É ¤¥²ÓÉÊ Š·μ´¥±¥·  ´  ³´μ¦¥¸É¢¥ Ω. �Éμ¡· ¦¥´¨¥ (44)
´ §Ò¢ ¥É¸Ö ¶¥·¥¸É ´μ¢μÎ´Ò³ ¶·¥¤¸É ¢²¥´¨¥³.

Œ ±¸¨³ ²Ó´μ¥ É· ´§¨É¨¢´μ¥ ³´μ¦¥¸É¢μ Ω Ô±¢¨¢ ²¥´É´μ ³´μ¦¥¸É¢Ê Ô²¥-
³¥´Éμ¢ ¸ ³μ° £·Ê¶¶Ò G, É. ¥. ³´μ¦¥¸É¢Ê ¸³¥¦´ÒÌ ±² ¸¸μ¢ ¶μ É·¨¢¨ ²Ó´μ°
¶μ¤£·Ê¶¶¥ H = {1}. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤¥°¸É¢¨¥ ¨ ³ É·¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥
´ §Ò¢ ÕÉ¸Ö ·¥£Ê²Ö·´Ò³¨. �¤´  ¨§ Í¥´É· ²Ó´ÒÌ É¥μ·¥³ É¥μ·¨¨ ¶·¥¤¸É ¢²¥-
´¨° (¸³. ¶·¨²μ¦¥´¨¥ ƒ) ÊÉ¢¥·¦¤ ¥É, ÎÉμ ²Õ¡μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥
±μ´¥Î´μ° £·Ê¶¶Ò ¸μ¤¥·¦¨É¸Ö ¢ ·¥£Ê²Ö·´μ³ ¶·¥¤¸É ¢²¥´¨¨.
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�·¥¤¸É ¢²¥´¨¥ (44) ¨³¥¥É ¸³Ò¸² ´ ¤ ²Õ¡μ° Î¨¸²μ¢μ° ¸¨¸É¥³μ°, ¸μ¤¥·¦ -
Ð¥° 0 ¨ 1. � ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´μ° ¸¨¸É¥³μ° Î¨¸¥² Ö¢²Ö¥É¸Ö ¶μ²Ê±μ²ÓÍμ ´ ÉÊ-
· ²Ó´ÒÌ Î¨¸¥² N = {0, 1, 2, . . .} . ‘ ¶μ³μÐÓÕ ÔÉμ£μ ¶μ²Ê±μ²ÓÍ  ³μ¦´μ ¸´ ¡-
¤¨ÉÓ Ô²¥³¥´ÉÒ ³´μ¦¥¸É¢  Ω ¸Î¥ÉÎ¨± ³¨, ¨´É¥·¶·¥É¨·ÊÖ ¨Ì ± ± ®±· É´μ¸É¨
¢Ìμ¦¤¥´¨Ö¯ (¨²¨ ®Î¨¸²  § ¶μ²´¥´¨Ö¯) Ô²¥³¥´Éμ¢ ωi ¢ ¸μ¸ÉμÖ´¨¥ ¸¨¸É¥³Ò, ¸μ-
¤¥·¦ Ð¥° ÔÉ¨ Ô²¥³¥´ÉÒ. �Éμ ¸μ¸ÉμÖ´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ ¢¥±Éμ·  ¸
´ ÉÊ· ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨

|n〉 =

⎛⎜⎝n1

...
nN

⎞⎟⎠ . (45)

’ ±¨³ μ¡· §μ³, ³Ò ¶·¨Ìμ¤¨³ ± ¶·¥¤¸É ¢²¥´¨Õ £·Ê¶¶Ò G ¢ N-³¥·´μ³ ³μ-
¤Ê²¥ HN ´ ¤ ¶μ²Ê±μ²ÓÍμ³ N. „¥°¸É¢¨¥ (44) ´  ¢¥±Éμ·¥ (45) ¸¢μ¤¨É¸Ö ¶μ¶·μ-
¸ÉÊ ± ¶¥·¥¸É ´μ¢±¥ ¥£μ ±μ³¶μ´¥´É. „²Ö ¤ ²Ó´¥°Ï¨Ì Í¥²¥° ´ ³ ´¥μ¡Ìμ¤¨³μ
¶·¥¢· É¨ÉÓ ³μ¤Ê²Ó HN ¢ N-³¥·´μ¥ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ HN, · ¸Ï¨·¨¢
¶μ²Ê±μ²ÓÍμ N ¤μ ± ±μ£μ-²¨¡μ ¶μ²Ö.

�¸´μ¢´Ò³ ¶μ²¥³ ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° (¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ ±¢ ´Éμ-
¢μ° ³¥Ì ´¨±¥) Ö¢²Ö¥É¸Ö ¶μ²¥ ±μ³¶²¥±¸´ÒÌ Î¨¸¥² C. �·¨Î¨´μ° É ±μ£μ ¢Ò-
¡μ·  Ö¢²Ö¥É¸Ö  ²£¥¡· ¨Î¥¸± Ö § ³±´ÊÉμ¸ÉÓ ¶μ²Ö C, μ§´ Î ÕÐ Ö, ¢ Î ¸É´μ¸É¨,
ÎÉμ ´¥ ³μ¦¥É ¢μ§´¨±´ÊÉÓ ´¨± ±¨Ì ¶·μ¡²¥³ ¶·¨ ·¥Ï¥´¨¨ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢μ ¢¸¥° ²¨´¥°´μ°  ²£¥¡·¥. ’¥³ ´¥ ³¥´¥¥ ¶μ²¥ C

Î·¥§³¥·´μ ¢¥²¨±μ Å ¡μ²ÓÏ¨´¸É¢μ ¥£μ Ô²¥³¥´Éμ¢ ´¥±μ´¸É·Ê±É¨¢´Ò ¨ ¶μÔÉμ³Ê
¡¥¸¶μ²¥§´Ò ¢ ¶·¨²μ¦¥´¨ÖÌ ± Ô³¶¨·¨Î¥¸±μ° ·¥ ²Ó´μ¸É¨. ’ ±¨³ μ¡· §μ³, ¸²¥-
¤Ê¥É · ¸¸³μÉ·¥ÉÓ ¸¨ÉÊ Í¨Õ ¡μ²¥¥ ÉÐ É¥²Ó´μ.

�·¥¦¤¥ ¢¸¥£μ ´ ³ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ ·¥Ï ÉÓ ¶·μ¨§¢μ²Ó´Ò¥ Ì · ±É¥·¨-
¸É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö: ²Õ¡μ¥ ²¨´¥°´μ¥ ¶·¥¤¸É ¢²¥´¨¥ Ö¢²Ö¥É¸Ö ¶μ¤¶·¥¤¸É -
¢²¥´¨¥³ ´¥±μÉμ·μ£μ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö,   ¢¸¥ ¸μ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¶μ¸²¥¤´¥£μ Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ ¨§ ¥¤¨´¨ÍÒ. �Éμ ¢¨¤´μ ¨§ ²¥£±μ ¢ÒÎ¨-
¸²Ö¥³μ£μ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ³ É·¨ÍÒ ¶¥·¥¸É ´μ¢μ± (44)

χP(g) (λ) = det (P(g) − λI) = (λ − 1)k1
(
λ2 − 1

)k2 · · · (λn − 1)kn ,

£¤¥ ki Å Î¨¸²μ Í¨±²μ¢ ¤²¨´Ò i ¢ ¶¥·¥¸É ´μ¢±¥ (43). „²Ö μ¡¥¸¶¥Î¥´¨Ö Ê´¨-
É ·´μ¸É¨ ¶·¥¤¸É ¢²¥´¨° ¢ ± Î¥¸É¢¥ ´μ·³¨·ÊÕÐ¨Ì ±μÔËË¨Í¨¥´Éμ¢ ¨¸¶μ²Ó§Ê-
ÕÉ¸Ö ±¢ ¤· É´Ò¥ ±μ·´¨ ¨Ì · §³¥·´μ¸É¥°. �  ¸ ³μ³ ¤¥²¥ ¨·· Í¨μ´ ²Ó´μ¸É¨
μ¡μ¨Ì É¨¶μ¢, É. ¥. ±μ·´¨ ¨§ ¥¤¨´¨ÍÒ ¨ ±¢ ¤· É´Ò¥ ±μ·´¨ ¨§ Í¥²ÒÌ Î¨¸¥²,
¨³¥ÕÉ μ¤¨´ ±μ¢ÊÕ ¶·¨·μ¤Ê Å ¢¸¥ μ´¨ Ö¢²ÖÕÉ¸Ö Í¨±²μÉμ³¨Î¥¸±¨³¨ Í¥²Ò³¨,
É. ¥. Í¥²μÎ¨¸²¥´´Ò³¨ ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ±μ·´¥° ¨§ ¥¤¨´¨ÍÒ. ˆ¸¶μ²Ó-
§ÊÖ ¸É ´¤ ·É´Ò¥ Éμ¦¤¥¸É¢  ¤²Ö ±μ·´¥° ¨§ ¥¤¨´¨ÍÒ, μÉ·¨Í É¥²Ó´Ò¥ ±μÔËË¨-
Í¨¥´ÉÒ ¢ Í¨±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ ¢¸¥£¤  ³μ¦´μ § ³¥´¨ÉÓ ¶μ²μ¦¨É¥²Ó´Ò³¨.
’ ±¨³ μ¡· §μ³, ¨§´ Î ²Ó´Ò³¨ Ô²¥³¥´É ³¨ Î¨¸²μ¢μ° ¸¨¸É¥³Ò, ±μÉμ·ÊÕ ³Ò
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¸μ¡¨· ¥³¸Ö ¶μ¸É·μ¨ÉÓ, Ö¢²ÖÕÉ¸Ö ´ ÉÊ· ²Ó´Ò¥ Î¨¸²  ¨ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨
¸ ´ ÉÊ· ²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ±μ·´¥° ¨§ ¥¤¨´¨ÍÒ ´¥±μÉμ·μ° ¸É¥¶¥´¨ P ,
§ ¢¨¸ÖÐ¥° μÉ ¸É·Ê±ÉÊ·Ò £·Ê¶¶Ò G. ‚¸¥ μ¸É ²Ó´μ¥ ¸É·μ¨É¸Ö ¸ ¶μ³μÐÓÕ ¸μ-
¢¥·Ï¥´´μ Ëμ·³ ²Ó´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì ¶·μÍ¥¤Ê·. ‘É¥¶¥´Ó P ¢ ³ É¥³ É¨Î¥-
¸±μ° ²¨É¥· ÉÊ·¥ μ¡ÒÎ´μ ´ §Ò¢ ¥É¸Ö ±μ´¤Ê±Éμ·μ³. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ±μ´¤Ê±Éμ·
Ö¢²Ö¥É¸Ö ±· É´Ò³ Ô±¸¶μ´¥´ÉÒ £·Ê¶¶Ò, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ± ± ´ ¨³¥´ÓÏ¥¥
μ¡Ð¥¥ ±· É´μ¥ ¶μ·Ö¤±μ¢ Ô²¥³¥´Éμ¢ £·Ê¶¶Ò G.

‘ ¶μ³μÐÓÕ ²Õ¡μ£μ ´ ¡μ·  Í¨±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ ³μ¦´μ ¶μ¸É·μ¨ÉÓ
´¥±μÉμ·μ¥  ¡¥²¥¢μ Î¨¸²μ¢μ¥ ¶μ²¥ F , ¸μ¤¥·¦ Ð¥¥ ¢¸¥ Ô²¥³¥´ÉÒ ÔÉμ£μ ´ ¡μ· .
‚ Î ¸É´μ¸É¨, ³¨´¨³ ²Ó´μ¥  ¡¥²¥¢μ Î¨¸²μ¢μ¥ ¶μ²¥, ¸μ¤¥·¦ Ð¥¥ § ¤ ´´μ¥ ³´μ-
¦¥¸É¢μ ¨·· Í¨μ´ ²Ó´μ¸É¥°, ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¸ ¶μ³μÐÓÕ ¸¨¸É¥³Ò ±μ³¶ÓÕ-
É¥·´μ°  ²£¥¡·Ò GAP [11]. Šμ³ ´¤  Field(gens) ÔÉμ° ¸¨¸É¥³Ò ¢μ§¢· Ð ¥É
´ ¨³¥´ÓÏ¥¥ ¶μ²¥, ¸μ¤¥·¦ Ð¥¥ ¢¸¥ Ô²¥³¥´ÉÒ ¨§ ¸¶¨¸±  ¨·· Í¨μ´ ²Ó´μ¸É¥°
gens . ’¥μ·¥³  Š·μ´¥±¥· Ä‚¥¡¥·  ÊÉ¢¥·¦¤ ¥É, ÎÉμ ²Õ¡μ¥  ¡¥²¥¢μ (¢ Î ¸É´μ-
¸É¨, ±¢ ¤· É¨Î´μ¥) · ¸Ï¨·¥´¨¥ · Í¨μ´ ²Ó´ÒÌ Î¨¸¥² Ö¢²Ö¥É¸Ö ¶μ¤¶μ²¥³ ´¥-
±μÉμ·μ£μ Í¨±²μÉμ³¨Î¥¸±μ£μ ¶μ²Ö.

�¸É ´μ¢¨³¸Ö ¶μ¤·μ¡´¥¥ ´  ±μ´¸É·Ê±Í¨¨ Í¨±²μÉμ³¨Î¥¸±¨Ì ¶μ²¥°. Šμ·-
´¥³ ¨§ ¥¤¨´¨ÍÒ P-° ¸É¥¶¥´¨ ´ §Ò¢ ¥É¸Ö ²Õ¡μ¥ ·¥Ï¥´¨¥ Í¨±²μÉμ³¨Î¥¸±μ£μ
Ê· ¢´¥´¨Ö rP = 1. ‹Õ¡μ° ±μ·¥´Ó ¨§ ¥¤¨´¨ÍÒ Ö¢²Ö¥É¸Ö ´¥±μÉμ·μ° ¸É¥¶¥´ÓÕ
¶·¨³¨É¨¢´μ£μ ±μ·´Ö ¨§ ¥¤¨´¨ÍÒ, É. ¥. ±μ·´Ö ¨§ ¥¤¨´¨ÍÒ ¸ ¶¥·¨μ¤μ³, · ¢´Ò³
¢ ÉμÎ´μ¸É¨ P . ‚¸¥ ¶·¨³¨É¨¢´Ò¥ ±μ·´¨ ¨§ ¥¤¨´¨ÍÒ (¨ Éμ²Ó±μ μ´¨) Ö¢²ÖÕÉ¸Ö
·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ΦP (r) = 0, £¤¥ ΦP (r) Å ´¥¶·¨¢μ¤¨³Ò° ´ ¤ Q ¤¥-
²¨É¥²Ó ¡¨´μ³  rP − 1, ´ §Ò¢ ¥³Ò° Í¨±²μÉμ³¨Î¥¸±¨³ ¶μ²¨´μ³μ³. ‹¨´¥°´Ò¥
±μ³¡¨´ Í¨¨ ±μ·´¥° ¨§ ¥¤¨´¨ÍÒ ¸ Í¥²Ò³¨ ±μÔËË¨Í¨¥´É ³¨ μ¡· §ÊÕÉ ±μ²ÓÍμ
Í¨±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ NP . ” ±É¨Î¥¸±¨ ¢ ± Î¥¸É¢¥ ±μÔËË¨Í¨¥´Éμ¢ Í¨-
±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ ¤μ¸É ÉμÎ´μ μ£· ´¨Î¨ÉÓ¸Ö ´ ÉÊ· ²Ó´Ò³¨ Î¨¸² ³¨, ¶μ-
¸±μ²Ó±Ê ¢ ¸²ÊÎ ¥ P � 2 μÉ·¨Í É¥²Ó´Ò¥ Í¥²Ò¥ ³μ¦´μ ¢¢¥¸É¨ ¸ ¶μ³μÐÓÕ

Éμ¦¤¥¸É¢  (−1) =
p−1∑
k=1

r
P
p k, £¤¥ p Å ¶·μ¨§¢μ²Ó´Ò° ¤¥²¨É¥²Ó ¶¥·¨μ¤  P . ‚¢¥-

¤¥´¨¥ μÉ·¨Í É¥²Ó´ÒÌ Î¨¸¥² ´¥ Ö¢²Ö¥É¸Ö ±μ´Í¥¶ÉÊ ²Ó´μ ´¥μ¡Ìμ¤¨³Ò³. �¤´ ±μ
μ´μ ¤ ¥É É¥Ì´¨Î¥¸±¨¥ ¶·¥¨³ÊÐ¥¸É¢ , ¶μ§¢μ²ÖÖ ¨¸¶μ²Ó§μ¢ ÉÓ · §¢¨ÉÒ¥ ³¥Éμ¤Ò
¶μ²¨´μ³¨ ²Ó´μ°  ²£¥¡·Ò. P-¥ Í¨±²μÉμ³¨Î¥¸±μ¥ ¶μ²¥ QP ¢¢μ¤¨É¸Ö ± ± ¶μ²¥
Î ¸É´ÒÌ ±μ²ÓÍ  NP . �μ²¥ QP ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

QP =
Q [r]

〈ΦP (r)〉 . (46)

ˆ§ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¸¢μ°¸É¢ Í¨±²μÉμ³¨Î¥¸±¨Ì ¶μ²¨´μ³μ¢ ¸²¥¤Ê¥É, ÎÉμ
¶μ²¥ QP ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ (¡μ²¥¥ Éμ£μ,  ²£¥¡·Ê)
· §³¥·´μ¸É¨ ϕ (P) ´ ¤ ¶μ²¥³ · Í¨μ´ ²Ó´ÒÌ Î¨¸¥² Q. ‡¤¥¸Ó ϕ (P) μ¡μ§´ -
Î ¥É ËÊ´±Í¨Õ �°²¥·  (¤·Ê£μ¥ ´ §¢ ´¨¥ ÔÉμ° ËÊ´±Í¨¨ Å ÉμÉ¨¥´É), μ¶·¥-
¤¥²Ö¥³ÊÕ ± ± Î¨¸²μ ¶μ²μ¦¨É¥²Ó´ÒÌ Í¥²ÒÌ, ´¥ ¶·¥¢μ¸Ìμ¤ÖÐ¨Ì P ¨ ¢§ ¨³´μ
¶·μ¸ÉÒÌ ¸ P (¶μ μ¶·¥¤¥²¥´¨Õ Î¨¸²μ 1 ¸Î¨É ¥É¸Ö ¢§ ¨³´μ ¶·μ¸ÉÒ³ ¸ ²Õ¡Ò³
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Í¥²Ò³). � ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´Ò³ ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö (46) Ö¢²Ö¥É¸Ö ¸É¥¶¥´´μ°
¡ §¨¸ ¢¥±Éμ·´μ£μ ¶·μ¸É· ´¸É¢  QP , É. ¥. Ô²¥³¥´ÉÒ ¶μ²Ö QP ¶·¥¤¸É ¢²ÖÕÉ¸Ö
¢ ¢¨¤¥ ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° ¸ · Í¨μ´ ²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ¸É¥¶¥´¥°
¶·¨³¨É¨¢´μ£μ ±μ·´Ö, ³¥´ÓÏ¨Ì ¸É¥¶¥´¨ Í¨±²μÉμ³¨Î¥¸±μ£μ ¶μ²¨´μ³ . �ÉμÉ
¡ §¨¸ Ö¢²Ö¥É¸Ö Í¥²μÎ¨¸²¥´´Ò³ ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ²Õ¡μ¥ Í¨±²μÉμ³¨Î¥¸±μ¥ Í¥-
²μ¥ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ´¥³ ± ± Í¥²μÎ¨¸²¥´´Ò° ¢¥±Éμ·. ‡ ³¥É¨³, ÎÉμ
¢ ³ É¥³ É¨±¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤·Ê£¨¥ Í¥²μÎ¨¸²¥´´Ò¥ ¡ §¨¸Ò ¤²Ö Í¨±²μÉμ-
³¨Î¥¸±¨Ì Î¨¸¥².

�¡¥²¥¢μ Î¨¸²μ¢μ¥ ¶μ²¥ F ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μ¤¶μ²¥ ¶μ²Ö QP , Ë¨±¸¨·Ê-
¥³μ¥ ¤μ¶μ²´¨É¥²Ó´Ò³¨ ¸¨³³¥É·¨Ö³¨, ´ §Ò¢ ¥³Ò³¨  ¢Éμ³μ·Ë¨§³ ³¨
ƒ ²Ê . �¢Éμ³μ·Ë¨§³ ƒ ²Ê  ∗k Å ÔÉμ μÉμ¡· ¦¥´¨¥, § ¤ ¢ ¥³μ¥ ¶·¥μ¡· §μ-
¢ ´¨¥³ rP → rkP ¶·¨³¨É¨¢´μ£μ ±μ·´Ö P-° ¸É¥¶¥´¨ ¨§ ¥¤¨´¨ÍÒ. ‡¤¥¸Ó k Å
¢§ ¨³´μ ¶·μ¸Éμ¥ ¸ P Í¥²μ¥ ¢ ¶·¥¤¥² Ì 1 � k < P .

–¨±²μÉμ³¨Î¥¸±¨¥ Î¨¸²  ³μ¦´μ ¶μ£·Ê§¨ÉÓ ¢ ¶μ²¥ ±μ³¶²¥±¸´ÒÌ Î¨¸¥² C,
μ¤´ ±μ ¢ ÔÉμ³ ´¥É ´¨± ±μ° ´¥μ¡Ìμ¤¨³μ¸É¨. —¨¸Éμ  ²£¥¡· ¨Î¥¸±¨Ì ¸¢μ°¸É¢
Í¨±²μÉμ³¨Î¥¸±¨Ì Î¨¸¥² ¤μ¸É ÉμÎ´μ ¤²Ö ¢¸¥Ì ³ ´¨¶Ê²ÖÍ¨° ¢ £¨²Ó¡¥·Éμ¢μ³
¶·μ¸É· ´¸É¢¥ HN ¨ ¥£μ ¶μ¤¶·μ¸É· ´¸É¢ Ì. � ¶·¨³¥·, ±μ³¶²¥±¸´μ¥ ¸μ¶·Ö-
¦¥´¨¥ Í¨±²μÉμ³¨Î¥¸±μ£μ Î¨¸²  μ¶·¥¤¥²Ö¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥³ rmP = rP−m

P .
�¤´ ±μ ¤²Ö ¨²²Õ¸É· Í¨¨ ³Ò ¶·¨¢μ¤¨³ ´  ·¨¸. 7 ¶·¨³¥·Ò ¶μ£·Ê¦¥´¨Ö Í¨-
±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ ¢ ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ. Ÿ¸´μ, ÎÉμ Í¨±²μÉμ³¨Î¥¸±¨¥
¤·μ¡¨, É. ¥. Ô²¥³¥´ÉÒ ¶μ²Ö QP , ¶·¨ P � 3 § ¶μ²´ÖÕÉ ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ
¢¸Õ¤Ê ¶²μÉ´μ.

‚¸¥ ¨·· Í¨μ´ ²Ó´μ¸É¨ Ö¢²ÖÕÉ¸Ö ¶·μ³¥¦ÊÉμÎ´Ò³¨ Ô²¥³¥´É ³¨ ±¢ ´Éμ-
¢μ£μ μ¶¨¸ ´¨Ö, ¨¸Î¥§ ÕÐ¨³¨ ¢ μ±μ´Î É¥²Ó´ÒÌ ¢Ò· ¦¥´¨ÖÌ ¤²Ö ±¢ ´Éμ¢ÒÌ
´ ¡²Õ¤ ¥³ÒÌ. �Éμ ÊÉ¢¥·¦¤¥´¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ´¸É·Ê±É¨¢´μ¥ ÊÉμÎ´¥-

�¨¸. 7. �μ£·Ê¦¥´¨¥ NP ¢ C. �·¨³¨É¨¢´Ò¥ ±μ·´¨ ¢Ò¤¥²¥´Ò ¡μ²¥¥ ¦¨·´Ò³¨ ¸É·¥²± ³¨



136 Š���ŸŠ ‚.‚.

´¨¥ ¢§ ¨³μ¸¢Ö§¨ ³¥¦¤Ê ±μ³¶²¥±¸´Ò³¨ ¨ ¢¥Ð¥¸É¢¥´´Ò³¨ Î¨¸² ³¨ ¢ ¸É ´¤ ·É-
´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, £¤¥ ¶·μ³¥¦ÊÉμÎ´Ò¥ ¢¥²¨Î¨´Ò ³μ£ÊÉ ¡ÒÉÓ ±μ³¶²¥±¸-
´Ò³¨, ´μ ´ ¡²Õ¤ ¥³Ò¥ μ¡Ö§ ´Ò ¡ÒÉÓ ¢¥Ð¥¸É¢¥´´Ò³¨.

2.1.3. �·¥¤¸É ¢²¥´¨¥ ±¢ ´Éμ¢μ° Ô¢μ²ÕÍ¨¨ ¶¥·¥¸É ´μ¢± ³¨. ˆ§ ¸± § ´-
´μ£μ ¢ÒÏ¥ ¸²¥¤Ê¥É, ÎÉμ ²Õ¡μ¥ K-³¥·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ U ³μ¦¥É ¡ÒÉÓ · ¸-
Ï¨·¥´μ ¤μ N-³¥·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö Ũ, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶¥·¥¸É ´μ¢μÎ´μ³Ê
¤¥°¸É¢¨Õ £·Ê¶¶Ò G ´  N-Ô²¥³¥´É´μ³ ³´μ¦¥¸É¢¥ Ω = {ω1, . . . , ωN}. �Éμ μ§´ -
Î ¥É, ÎÉμ T−1PT = Ũ, £¤¥ P Å ¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (44),   T Å
³ É·¨Í  ¶·¥μ¡· §μ¢ ´¨Ö. Ÿ¸´μ, ÎÉμ N � K. …¸²¨ N = K, Éμ ¶·¥¤¸É ¢²¥´¨¥ U
¸ ³μ ¶μ ¸¥¡¥ Ö¢²Ö¥É¸Ö ¶¥·¥¸É ´μ¢μÎ´Ò³. …¸²¨ N > K, Éμ ¶¥·¥¸É ´μ¢μÎ´μ¥
¶·¥¤¸É ¢²¥´¨¥ ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

T−1PT =

⎛⎝1
U

V

⎞⎠ ≡ 1⊕ U ⊕ V.

‡¤¥¸Ó 1 μ§´ Î ¥É É·¨¢¨ ²Ó´μ¥ μ¤´μ³¥·´μ¥ ¶·¥¤¸É ¢²¥´¨¥, Ö¢²ÖÕÐ¥¥¸Ö μ¡Ö-
§ É¥²Ó´μ° ±μ³¶μ´¥´Éμ° ²Õ¡μ£μ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö. Šμ³¶μ-
´¥´É  V ³μ¦¥É μÉ¸ÊÉ¸É¢μ¢ ÉÓ.

�Î¥¢¨¤´μ, ÎÉμ ¤μ¶μ²´¨É¥²Ó´Ò¥ ®¸±·ÒÉÒ¥ ¶ · ³¥É·Ò¯, ¶μÖ¢²ÖÕÐ¨¥¸Ö ¨§-
§  Ê¢¥²¨Î¥´¨Ö · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢ , ´¨±μ¨³ μ¡· §μ³ ´¥ ³μ£ÊÉ ¢²¨ÖÉÓ ´ 
¤ ´´Ò¥, μÉ´μ¸ÖÐ¨¥¸Ö ± ¶·μ¸É· ´¸É¢Ê HK, ¶μ¸±μ²Ó±Ê ± ± ¸ ³μ ÔÉμ ¶·μ¸É· ´-
¸É¢μ, É ± ¨ ¥£μ ¤μ¶μ²´¥´¨¥ Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ ¶μ¤¶·μ¸É· ´¸É¢ ³¨ ¢
¶·μ¸É· ´¸É¢¥ HN. ’ ±¨³ μ¡· §μ³, ²Õ¡ Ö ±¢ ´Éμ¢ Ö ¶·μ¡²¥³  ¢ K-³¥·´μ³
£¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ³μ¦¥É ¡ÒÉÓ ¶¥·¥Ëμ·³Ê²¨·μ¢ ´  ¢ É¥·³¨´ Ì ¶¥-
·¥¸É ´μ¢μ± N ¶·¥¤³¥Éμ¢∗.

�·¨´Ö¢ É·¨¢¨ ²Ó´μ¥ ¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢
¸μ¸ÉμÖ´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶·μ¨§¢μ²Ó´Ò³¨ Ô²¥³¥´É ³¨ μ¸´μ¢´μ£μ ¶μ²Ö F , ³Ò ³μ-
¦¥³ Ê¸É ´μ¢¨ÉÓ ¶·μ¨§¢μ²Ó´Ò¥ (´ ¶·¨³¥·, ´Ê²¥¢Ò¥) ¤ ´´Ò¥ ¢ ¶μ¤¶·μ¸É· ´¸É¢¥
HN−K, ¤μ¶μ²´¨É¥²Ó´μ³ ± HK. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³Ò ¶μ²ÊÎ ¥³ Å ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
Ë¨§¨Î¥¸±¨ ´¥¸ÊÐ¥¸É¢¥´´μ£μ · §²¨Î¨Ö ³¥¦¤Ê ®±μ´¥Î´Ò³¯ ¨ ®¡¥¸±μ´¥Î´Ò³¯ Å
¸É ´¤ ·É´ÊÕ ±¢ ´Éμ¢ÊÕ ³¥Ì ´¨±Ê, ¶¥·¥Ëμ·³Ê²¨·μ¢ ´´ÊÕ ¢ É¥·³¨´ Ì ¶¥·¥¸É -
´μ¢μ±.

∗‘  ²£μ·¨É³¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö μ¶¥· Í¨¨ ¸ ¶¥·¥¸É ´μ¢± ³¨ ¸ÊÐ¥¸É¢¥´´μ ¡μ²¥¥ ÔËË¥±-
É¨¢´Ò, Î¥³ ³ ´¨¶Ê²ÖÍ¨¨ ²¨´¥°´μ°  ²£¥¡·Ò ¸ ³ É·¨Í ³¨. �¤´ ±μ ¸É¥¶¥´Ó N ¶¥·¥¸É ´μ¢μ± ³μ¦¥É
§´ Î¨É¥²Ó´μ ¶·¥¢μ¸Ìμ¤¨ÉÓ · §³¥·´μ¸ÉÓ K ³ É·¨Í. � ¶·¨³¥·, ´ ¨¡μ²ÓÏ Ö ¸¶μ· ¤¨Î¥¸± Ö ¶·μ¸É Ö
£·Ê¶¶  M (®³μ´¸É· ”¨Ï¥· Äƒ·¨¸¸ ¯) ¶μ·Ö¤±  246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 ×
31 · 41 · 47 · 59 · 71 ≈ 1054 ¨³¥¥É ³¨´¨³ ²Ó´μ¥ ÉμÎ´μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ · §³¥·-
´μ¸É¨ 47 · 59 · 71 ≈ 2 · 105,   ¸É¥¶¥´Ó ¥¥ ³¨´¨³ ²Ó´μ£μ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö · ¢´ 
24 ·37 ·53 ·74 ·11·132 ·29·41·59·71 ≈ 1020. ’¥³ ´¥ ³¥´¥¥ ¸ ³  ¢μ§³μ¦´μ¸ÉÓ ¸¢¥¤¥´¨Ö ±¢ ´Éμ¢μ°
¤¨´ ³¨±¨ ± ¶¥·¥¸É ´μ¢± ³ ±μ´Í¥¶ÉÊ ²Ó´μ £μ· §¤μ ¢ ¦´¥¥  ²£μ·¨É³¨Î¥¸±¨Ì ¢μ¶·μ¸μ¢.
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�¤´ ±μ, μÉ± § ¢Ï¨¸Ó μÉ ÔÉμ£μ É·¨¢¨ ²Ó´μ£μ ¶·¥¤¶μ²μ¦¥´¨Ö, ³μ¦´μ ¶·¨-
¤ ÉÓ £μ· §¤μ ¡μ²¥¥ ´ ÉÊ· ²Ó´Ò° ¸³Ò¸² ±¢ ´Éμ¢Ò³  ³¶²¨ÉÊ¤ ³. …¸É¥¸É¢¥´´μ
¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ±¢ ´Éμ¢Ò¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¨  ¶¶ · É  ¢ ¶¥·¥¸É ´μ¢μÎ-
´μ³ ¡ §¨¸¥ Ö¢²ÖÕÉ¸Ö ¢¥±Éμ· ³¨ ¸ ´ ÉÊ· ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨:

|n〉 =

⎛⎜⎝n1

...
nN

⎞⎟⎠ ¨ |m〉 =

⎛⎜⎝m1

...
mN

⎞⎟⎠ .

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶· ¢¨²μ³ 
μ·´  ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ ¸μ¸ÉμÖ´¨¥ |n〉  ¶-
¶ · Éμ³, ´ ¸É·μ¥´´Ò³ ´  ¸μ¸ÉμÖ´¨¥ |m〉, · ¢´ 

P(m, n) =

(∑
i

mini

)2

∑
i

mi
2
∑
i

ni
2
.

Ÿ¸´μ, ÎÉμ §´ Î¥´¨¥ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ´  ´¥´Ê²¥¢ÒÌ ¢¥±Éμ· Ì |n〉 ¨ |m〉 Ö¢²Ö-
¥É¸Ö · Í¨μ´ ²Ó´Ò³ Î¨¸²μ³, ¸É·μ£μ ¡μ²ÓÏ¨³ ´Ê²Ö. �Éμ μ§´ Î ¥É, ¢ Î ¸É-
´μ¸É¨, ´¥¢μ§³μ¦´μ¸ÉÓ ´ ¡²Õ¤ ÉÓ ¤¥¸É·Ê±É¨¢´ÊÕ ±¢ ´Éμ¢ÊÕ ¨´É¥·Ë¥·¥´Í¨Õ
¢ ¸¨¸É¥³¥ ¢ Í¥²μ³. ’¥³ ´¥ ³¥´¥¥ ¤¥¸É·Ê±É¨¢´ Ö ¨´É¥·Ë¥·¥´Í¨Ö ¢¥±Éμ·μ¢ ¸
´ ÉÊ· ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨ ¢μ§³μ¦´  ¢ ¸μ¡¸É¢¥´´ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ-
¸É· ´¸É¢ Ì ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö. � ¸¸³μÉ·¨³ ¢´ Î ²¥ ¶·μ¸Éμ°
¶·¨³¥·.

2.2. �·¨³¥·Ò ±μ´¥Î´ÒÌ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³. 2.2.1. �μ¤·μ¡´Ò° ¶·¨³¥·:
´ ¨³¥´ÓÏ Ö ´¥±μ³³ÊÉ É¨¢´ Ö £·Ê¶¶  S3. ŒÒ ¢Ò¡· ²¨ £·Ê¶¶Ê S3 ¢ ± Î¥¸É¢¥
¶·¨³¥·  ¨§-§  ¶·μ¸ÉμÉÒ  ´ ²¨§ . ’¥³ ´¥ ³¥´¥¥ ÔÉ  £·Ê¶¶  ¨³¥¥É ¢ ¦´Ò¥ ¶·¨-
²μ¦¥´¨Ö ¢ Ë¨§¨±¥. ‚ Î ¸É´μ¸É¨, μ´  ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¶¨¸ ´¨Ö É ± ´ §Ò¢ ¥-
³μ£μ É·¨-¡¨³ ±¸¨³ ²Ó´μ£μ ¸³¥Ï¨¢ ´¨Ö ¢ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨ÖÌ [13, 14].
(
μ²¥¥ ¶μ¤·μ¡´μ¥ μ¡¸Ê¦¤¥´¨¥ ¸³. ¢ ¶·¨²μ¦¥´¨¨ „.) ƒ·Ê¶¶  ¸μ¸Éμ¨É ¨§ Ï¥-
¸É¨ Ô²¥³¥´Éμ¢, ±μÉμ·Ò¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸²¥¤ÊÕÐ¨³¨ ¶¥·¥¸É ´μ¢± ³¨ É·¥Ì
μ¡Ñ¥±Éμ¢

g1 = () , g2 = (2, 3) , g3 = (1, 3) , g4 = (1, 2) , g5 = (1, 2, 3) , g6 = (1, 3, 2) .

�±¸¶μ´¥´É  £·Ê¶¶Ò S3 · ¢´  Ï¥¸É¨, ¶μ¸±μ²Ó±Ê ¸É¥¶¥´¨ ¥¥ Ô²¥³¥´Éμ¢
· ¢´Ò 2 ¨ 3. ƒ·Ê¶¶  ³μ¦¥É ¡ÒÉÓ ¶μ·μ¦¤¥´  · §²¨Î´Ò³¨ ¶ · ³¨ ¸¢μ¨Ì Ô²¥-
³¥´Éμ¢. � ¶·¨³¥·, ¢ ± Î¥¸É¢¥ ¶μ·μ¦¤ ÕÐ¥£μ ³´μ¦¥¸É¢  ³μ¦´μ ¢Ò¡· ÉÓ ¶ ·Ê
{g2, g6}. ƒ·Ê¶¶  S3 · ¸¶ ¤ ¥É¸Ö ´  É·¨ ±² ¸¸  ¸μ¶·Ö¦¥´´ÒÌ Ô²¥³¥´Éμ¢:

K1 = {g1} , K2 = {g2, g3, g4} , K3 = {g5, g6} .
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‚ É ¡². 3 ¶·¥¤¸É ¢²¥´Ò Ì · ±É¥·Ò (¸³. ¶·¨²μ¦¥´¨¥ ƒ) ÔÉμ° £·Ê¶¶Ò.

’ ¡²¨Í  3. • · ±É¥·Ò £·Ê¶¶Ò S3

K1 K2 K3

χ1 1 1 1

χ2 1 Ä1 1

χ3 2 0 Ä1

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ É· ¤¨Í¨¥°, ¶·¨´ÖÉμ° ¢ Ë¨§¨Î¥¸±μ° ²¨É¥· ÉÊ·¥, ³Ò
¡Ê¤¥³ μ¡μ§´ Î ÉÓ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¨Ì · §³¥·´μ¸ÉÖ³¨ ¦¨·´Ò³
Ï·¨ËÉμ³. ’ ±¨³ μ¡· §μ³, ³Ò ¨³¥¥³ É·¨ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨Ö 1, 1′

¨ 2, ¨§ ±μÉμ·ÒÌ Éμ²Ó±μ 2 Ö¢²Ö¥É¸Ö ÉμÎ´Ò³. „²Ö μ¡μ§´ Î¥´¨Ö ¶¥·¥¸É ´μ-
¢μÎ´ÒÌ ¶·¥¤¸É ¢²¥´¨°, ¨£· ÕÐ¨Ì ¢ ¦´ÊÕ ·μ²Ó ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥, ³Ò ¡Ê¤¥³
¨¸¶μ²Ó§μ¢ ÉÓ É ±¦¥ ¨Ì · §³¥·´μ¸É¨, ¢Ò¤¥²¥´´Ò¥ ¦¨·´Ò³ Ï·¨ËÉμ³, ´μ ¸ ¤μ-
¶μ²´¨É¥²Ó´Ò³ ¶μ¤Î¥·±¨¢ ´¨¥³.

Œ É·¨ÍÒ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢
¨³¥ÕÉ ¢¨¤

P2 =

⎛⎝1 · ·
· · 1
· 1 ·

⎞⎠ ¨ P6 =

⎛⎝ · · 1
1 · ·
· 1 ·

⎞⎠ .

�É¨ ³ É·¨ÍÒ ¨³¥ÕÉ, ¸μμÉ¢¥É¸É¢¥´´μ, ¸²¥¤ÊÕÐ¨¥ ´ ¡μ·Ò ¸μ¡¸É¢¥´´ÒÌ §´ -
Î¥´¨°: (1, 1,−1) ¨

(
1, r3, r

2
3

)
, £¤¥ r3 Å ¶·¨³¨É¨¢´Ò° ±μ·¥´Ó 3-° ¸É¥¶¥´¨ ¨§

¥¤¨´¨ÍÒ, μ¶·¥¤¥²Ö¥³Ò° Í¨±²μÉμ³¨Î¥¸±¨³ ¶μ²¨´μ³μ³ Φ3 (r) = 1 + r + r2.

Š ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ²Õ¡μ¥ ¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨³¥¥É
μ¤´μ³¥·´μ¥ ¨´¢ ·¨ ´É´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ ¸ ¡ §¨¸´Ò³ ¢¥±Éμ·μ³ (1, . . . , 1)T.
’ ±¨³ μ¡· §μ³, ¥¤¨´¸É¢¥´´Ò³ ¢μ§³μ¦´Ò³ · §²μ¦¥´¨¥³ ¶¥·¥¸É ´μ¢μÎ´μ£μ
¶·¥¤¸É ¢²¥´¨Ö Ö¢²Ö¥É¸Ö 3 ∼= 1⊕ 2 ¨²¨ ¢ Ö¢´μ³ ³ É·¨Î´μ³ ¢¨¤¥

Ũj =
(
1 0
0 Uj

)
, j = 1, . . . , 6, (47)

£¤¥ ³ É·¨ÍÒ Uj Å Ô²¥³¥´ÉÒ ÉμÎ´μ£μ ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö 2.

„²Ö ¶μ¸É·μ¥´¨Ö · §²μ¦¥´¨Ö (47) ´¥μ¡Ìμ¤¨³μ μ¶·¥¤¥²¨ÉÓ ³ É·¨ÍÒ Uj ¨ T
É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¢Ò¶μ²´Ö²μ¸Ó ¸μμÉ´μÏ¥´¨¥ Ũj = T−1PjT. „μ¶μ²´¨-
É¥²Ó´μ ³Ò ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò ¢¸¥ ÔÉ¨ ³ É·¨ÍÒ ¡Ò²¨ Ê´¨É ·´Ò³¨. Ÿ¸´μ, ÎÉμ
¤²Ö ¶μ¸É·μ¥´¨Ö ³ É·¨Í Uj ¨ T ¤μ¸É ÉμÎ´μ ¨¸¶μ²Ó§μ¢ ÉÓ Éμ²Ó±μ ¶¥·¥¸É ´μ¢μÎ-
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´Ò¥ ³ É·¨ÍÒ ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢∗. � §²μ¦¥´¨¥ (47) ³μ¦´μ ¶μ¸É·μ¨ÉÓ
· §´Ò³¨ ¸¶μ¸μ¡ ³¨. Ÿ¸´μ, ÎÉμ ³Ò ¢¸¥£¤  ³μ¦¥³ ¢Ò¡· ÉÓ ¤¨ £μ´ ²Ó´μ° ³ -
É·¨ÍÊ Uj μ¤´μ£μ ¨§ ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢.

…¸²¨ ´ Î ÉÓ ¸ ¤¨ £μ´ ²¨§ Í¨¨ P6, Éμ ³Ò ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨° ´ ¡μ· ³ -
É·¨Í Uj:

U1 =
(

1 0
0 1

)
, U2 =

(
0 r23
r3 0

)
, U3 =

(
0 r3
r23 0

)
,

U4 =
(

0 1
1 0

)
, U5 =

(
r23 0
0 r3

)
, U6 =

(
r3 0
0 r23

)
.

(48)

Œ É·¨Í  ¶·¥μ¡· §μ¢ ´¨Ö (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´´μ£μ ¶·μ¨§¢μ²  ¢ ¢Ò-
¡μ·¥ ¥¥ Ô²¥³¥´Éμ¢) ¨³¥¥É ¢¨¤

T =
1√
3

⎛⎝1 1 r23
1 r23 1
1 r3 r3

⎞⎠ , T−1 =
1√
3

⎛⎝1 1 1
1 r3 r23
r3 1 r23

⎞⎠ . (49)

Œ¨´¨³ ²Ó´Ò³  ¡¥²¥¢Ò³ Î¨¸²μ¢Ò³ ¶μ²¥³, ¸μ¤¥·¦ Ð¨³ ¢¸¥ Ô²¥³¥´ÉÒ ³ -
É·¨Í (48) ¨ (49), Ö¢²Ö¥É¸Ö Í¨±²μÉμ³¨Î¥¸±μ¥ ¶μ²¥ Q12. ’ ±¨³ μ¡· §μ³, ³Ò
³μ¦¥³ ¶¥·¥¶¨¸ ÉÓ, ¸± ¦¥³, ³ É·¨ÍÊ (49) ¢ É¥·³¨´ Ì Ô²¥³¥´Éμ¢ ¨§ Q12:

T =
1
3

⎛⎜⎝ 2r12 + r912 2r12 + r912 r712 + r912
2r12 + r912 r712 + r912 2r12 + r912
2r12 + r912 2r312 + r712 2r312 + r712

⎞⎟⎠ , (50)

£¤¥ r12 Å ¶·¨³¨É¨¢´Ò° 12-° ±μ·¥´Ó ¨§ ¥¤¨´¨ÍÒ, É. ¥. ¶·μ¨§¢μ²Ó´μ¥ ( ¡¸É· ±É-
´μ¥) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Φ12 (r) ≡ 1 − r2 + r4 = 0. ‚ (50) ³Ò ¨¸¶μ²Ó§μ¢ ²¨
®´ ÉÊ· ²Ó´μ¥¯ ¶·¥¤¸É ¢²¥´¨¥ Í¨±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ. �·¨¢¥¤¥´¨¥ ¶μ ³μ-
¤Ê²Õ Í¨±²μÉμ³¨Î¥¸±μ£μ ¶μ²¨´μ³  Φ12 (r) ¤ ¥É ®Í¥²μ¥¯ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¸É¥-
¶¥´´μ³ ¡ §¨¸¥, É. ¥. ¶·¥¤¸É ¢²¥´¨¥ ¸ μÉ·¨Í É¥²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨, ´μ ¸
³¨´¨³ ²Ó´Ò³¨ ¸É¥¶¥´Ö³¨ r12:

T =
1
3

⎛⎜⎝ 2r12 − r312 2r12 − r312 −r12 − r312
2r12 − r312 −r12 − r312 2r12 − r312
2r12 − r312 −r12 + 2r312 −r12 + 2r312

⎞⎟⎠ .

∗‡ ³¥É¨³, ÎÉμ ¶·μ¡²¥³  ¶μ¸É·μ¥´¨Ö μ¡Ð¨Ì ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ ¤²Ö ´¥¸±μ²Ó±¨Ì
³ É·¨Í ¨²¨, ¢ ´¥¸±μ²Ó±μ ¡μ²¥¥ μ¡Ð¥³ ¸³Ò¸²¥, ¶·μ¡²¥³  · ¸Ð¥¶²¥´¨Ö ³μ¤Ê²¥° ´ ¤  ¸¸μÍ¨ É¨¢-
´Ò³¨  ²£¥¡· ³¨ ´  ´¥¶·¨¢μ¤¨³Ò¥ ¶μ¤³μ¤Ê²¨  ²£μ·¨É³¨Î¥¸±¨ ¢¥¸Ó³  ´¥É·¨¢¨ ²Ó´ . „μ¸É ÉμÎ´μ
Ê´¨¢¥·¸ ²Ó´Ò°  ²£μ·¨É³, ´ §Ò¢ ¥³Ò° MeatAxe [15], · §· ¡μÉ ´ Éμ²Ó±μ ¤²Ö  ²£¥¡· ´ ¤ ±μ´¥Î´Ò³¨
¶μ²Ö³¨. �²£μ·¨É³ MeatAxe ¢±²ÕÎ¥´ ¢ ¸¨¸É¥³Ò ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò GAP ¨ Magma. �¤´ ±μ
¢ ¸²ÊÎ ¥ £·Ê¶¶μ¢ÒÌ  ²£¥¡· (¶μ ±· °´¥° ³¥·¥ ¤²Ö ´¥¡μ²ÓÏ¨Ì £·Ê¶¶) ´¥μ¡Ìμ¤¨³Ò¥ ¶μ¸É·μ¥´¨Ö
³μ¦´μ ¶·μ¢¥¸É¨ ®³¥Éμ¤μ³ ¶·μ¡ ¨ μÏ¨¡μ±¯, ± ± ¶· ¢¨²μ, ¡¥§ μ¸μ¡ÒÌ § É·Ê¤´¥´¨° ¨ ´ ¤ ¶μ²Ö³¨
´Ê²¥¢μ° Ì · ±É¥·¨¸É¨±¨, ¢ Î ¸É´μ¸É¨, ´ ¤ Í¨±²μÉμ³¨Î¥¸±¨³¨ ¶μ²Ö³¨ ¨²¨ ¨Ì ¶μ¤¶μ²Ö³¨.
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„¨ £μ´ ²¨§ Í¨Ö P2 ¶·¨¢μ¤¨É ± ¤·Ê£μ³Ê ¢¨¤Ê · §²μ¦¥´¨Ö (47). ‚ ÔÉμ³
¸²ÊÎ ¥ ¤²Ö ³ É·¨Í ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢ ³Ò ¨³¥¥³

U ′
2 =
(

1 0
0 −1

)
, U ′

6 =

⎛⎜⎜⎝ −1
2

√
3

2

−
√

3
2

−1
2

⎞⎟⎟⎠ . (51)

Œ É·¨Í  ¶·¥μ¡· §μ¢ ´¨Ö ¶·¨´¨³ ¥É ¢¨¤

T′ =

⎛⎜⎜⎜⎜⎜⎜⎝
1√
3

√
2
3

0

1√
3

− 1√
6

− 1√
2

1√
3

− 1√
6

1√
2

⎞⎟⎟⎟⎟⎟⎟⎠ , T′−1 =

⎛⎜⎜⎜⎜⎜⎜⎝

1√
3

1√
3

1√
3√

2
3

− 1√
6

− 1√
6

0 − 1√
2

1√
2

⎞⎟⎟⎟⎟⎟⎟⎠ . (52)

�É  ³ É·¨Í  ¨¸¶μ²Ó§Ê¥É¸Ö ¢ Ë¨§¨±¥ Î ¸É¨Í ¤²Ö μ¶¨¸ ´¨¨ Ë¥´μ³¥´μ²μ£¨¨ ´¥°-
É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°, £¤¥ μ´  ¨§¢¥¸É´  ¶μ¤ ¨³¥´ ³¨ ³ É·¨Í  É·¨-¡¨³ ±¸¨-
³ ²Ó´μ£μ ¸³¥Ï¨¢ ´¨Ö ¨²¨ ³ É·¨Í  • ··¨¸μ´ Ä�¥·±¨´¸ Ä‘±μÉÉ .

Œ¨´¨³ ²Ó´μ¥  ¡¥²¥¢μ Î¨¸²μ¢μ¥ ¶μ²¥ F , ¸μ¤¥·¦ Ð¥¥ ¢¸¥ Ô²¥³¥´ÉÒ ³ -
É·¨Í (51) ¨ (52), Ö¢²Ö¥É¸Ö ¶μ¤¶μ²¥³ Í¨±²μÉμ³¨Î¥¸±μ£μ ¶μ²Ö Q24, Ë¨±¸¨·Ê¥-
³Ò³ ¸ ¶μ³μÐÓÕ  ¢Éμ³μ·Ë¨§³  ƒ ²Ê  r24 → r2324. ‡¤¥¸Ó r24 Å ¶·¨³¨É¨¢´Ò°
24-° ±μ·¥´Ó ¨§ ¥¤¨´¨ÍÒ. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° Í¨±²μÉμ³¨Î¥¸±¨° ¶μ²¨´μ³ ¨³¥¥É
¢¨¤ Φ24 (r) = 1 − r4 + r8. ‚ É¥·³¨´ Ì Í¨±²μÉμ³¨Î¥¸±¨Ì Î¨¸¥² ³ É·¨ÍÒ (51)
¨ (52) ¨³¥ÕÉ ¢¨¤

U ′
6 =

1
2

(
−1 2r224 − r624

−2r224 + r624 −1

)
¨

T′ =
1
6

⎛⎜⎜⎝
4r224 − 2r624 2r24 + 2r324 + 2r524 − 4r724 0

4r224 − 2r624 −r24 − r324 − r524 + 2r724 −6r24 + 6r524

4r224 − 2r624 −r24 − r324 − r524 + 2r724 6r24 − 6r524

⎞⎟⎟⎠ .

” ±É¨Î¥¸±¨ ¨´Ëμ·³ Í¨Ö μ ®±¢ ´Éμ¢μ³ ¶μ¢¥¤¥´¨¨¯ § ±μ¤¨·μ¢ ´  ¢ ³ -
É·¨Í Ì ¶·¥μ¡· §μ¢ ´¨Ö, É ±¨Ì ± ± (49) ¨²¨ (52).

�Ê¸ÉÓ |n〉 =

⎛⎝n1

n2

n3

⎞⎠ ¨ |m〉 =

⎛⎝m1

m2

m3

⎞⎠ Å ¢¥±Éμ·Ò ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò ¨  ¶-

¶ · É  ¢ ®¶¥·¥¸É ´μ¢μÎ´μ³¯ ¡ §¨¸¥. ‘ ¶μ³μÐÓÕ ³ É·¨ÍÒ ¶·¥μ¡· §μ¢ ´¨Ö (49)
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³Ò ³μ¦¥³ § ¶¨¸ ÉÓ ÔÉ¨ ¢¥±Éμ·Ò ¢ ®±¢ ´Éμ¢μ³¯ ¡ §¨¸¥:

∣∣∣ψ̃〉 = T−1 |n〉 =
1√
3

⎛⎜⎝ n1 + n2 + n3

n1 + n2r3 + n3r
2
3

n1r3 + n2 + n3r
2
3

⎞⎟⎠ ,

∣∣∣φ̃〉 = T−1 |m〉 =
1√
3

⎛⎜⎝ m1 + m2 + m3

m1 + m2r3 + m3r
2
3

m1r3 + m2 + m3r
2
3

⎞⎟⎠ .

�·μ¥±Í¨¨ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨° ¢ ¤¢Ê³¥·´μ¥ ¨´¢ ·¨ ´É´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ
¨³¥ÕÉ ¢¨¤

|ψ〉 =
1√
3

(
n1 + n2r3 + n3r

2
3

n1r3 + n2 + n3r
2
3

)
, |φ〉 =

1√
3

(
m1 + m2r3 + m3r

2
3

m1r3 + m2 + m3r
2
3

)
.

‘μμÉ¢¥É¸É¢¥´´μ, ¸μ¸É ¢²ÖÕÐ¨¥ ¡μ·´μ¢¸±μ° ¢¥·μÖÉ´μ¸É¨ (42) ¤²Ö ¤¢Ê³¥·´μ°
¶μ¤¸¨¸É¥³Ò ¶·¨´¨³ ÕÉ ¢¨¤

〈ψ | ψ〉 = Q3 (n, n) − 1
3
L3 (n)2 , (53)

〈φ | φ〉 = Q3 (m, m) − 1
3
L3 (m)2 , (54)

|〈φ | ψ〉|2 =
(

Q3 (m, n) − 1
3
L3 (m) L3 (n)

)2

, (55)

£¤¥ LN (n) =
N∑

i=1

ni ¨ QN (m, n) =
N∑

i=1

mini Å ²¨´¥°´Ò° ¨ ±¢ ¤· É¨Î´Ò°

¶¥·¥¸É ´μ¢μÎ´Ò¥ ¨´¢ ·¨ ´ÉÒ. �É¨ ¨´¢ ·¨ ´ÉÒ Ö¢²ÖÕÉ¸Ö μ¡Ð¨³¨ ¤²Ö ²Õ¡ÒÌ
£·Ê¶¶ ¶¥·¥¸É ´μ¢μ±.

�¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ
1. ‚Ò· ¦¥´¨Ö (53)Ä(55) ¸±μ³¡¨´¨·μ¢ ´Ò ¨§ ¨´¢ ·¨ ´Éμ¢ ¶¥·¥¸É ´μ¢μÎ-

´μ£μ ¶·¥¤¸É ¢²¥´¨Ö.
2. „¥¸É·Ê±É¨¢´ Ö ±¢ ´Éμ¢ Ö ¨´É¥·Ë¥·¥´Í¨Ö, É. ¥. μ¡· Ð¥´¨¥ ¢ ´Ê²Ó ¡μ·-

´μ¢¸±μ° ¢¥·μÖÉ´μ¸É¨, μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³

3 (m1n1 + m2n2 + m3n3) − (m1 + m2 + m3) (n1 + n2 + n3) = 0.

�Éμ Ê· ¢´¥´¨¥ ¨³¥¥É ¡¥¸±μ´¥Î´μ ³´μ£μ ®´ ÉÊ· ²Ó´ÒÌ¯ ·¥Ï¥´¨°, ´ ¶·¨³¥·,

|n〉 =

⎛⎝1
1
2

⎞⎠ , |m〉 =

⎛⎝1
3
2

⎞⎠.
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’ ±¨³ μ¡· §μ³, ¶·μ¸ÉÒ³ ¶¥·¥Ìμ¤μ³ ± ¨´¢ ·¨ ´É´μ³Ê ¶μ¤¶·μ¸É· ´¸É¢Ê
³Ò ¶μ²ÊÎ¨²¨ ¸ÊÐ¥¸É¢¥´´Ò¥ Î¥·ÉÒ ±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö ¨§ ®¶¥·¥¸É ´μ¢μÎ´μ°
¤¨´ ³¨±¨¯ ¨ ®´ ÉÊ· ²Ó´μ°¯ ¨´É¥·¶·¥É Í¨¨ (45) ±¢ ´Éμ¢ÒÌ  ³¶²¨ÉÊ¤.

�ÉμÉ ¶·¨³¥· ³μ¦´μ ¸²¥£±  μ¡μ¡Ð¨ÉÓ. ‹Õ¡μ¥ ¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É -
¢²¥´¨¥ ¸μ¤¥·¦¨É (N − 1)-³¥·´μ¥ ¨´¢ ·¨ ´É´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ. ‘± ²Ö·´μ¥
¶·μ¨§¢¥¤¥´¨¥ ¢ ÔÉμ³ ¶μ¤¶·μ¸É· ´¸É¢¥ ¢ É¥·³¨´ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¨´¢ ·¨-
 ´Éμ¢ ¨³¥¥É ¢¨¤

〈φ |ψ〉 = QN (m, n) − 1
N

LN (m) LN (n) .

’μ¦¤¥¸É¢μ QN (n, n) − 1
N

LN (n)2 ≡ 1
N2

N∑
i=1

(LN (n) − Nni)
2 ¶μ± §Ò¢ ¥É Ö¢´μ,

ÎÉμ 〈ψ |ψ〉 > 0 ¤²Ö |n〉 ¸ · §²¨Î´Ò³¨∗ ±μ³¶μ´¥´É ³¨ ni. �Éμ ¸± ²Ö·´μ¥ ¶·μ¨§-
¢¥¤¥´¨¥ ´¥ ¸μ¤¥·¦¨É ¨·· Í¨μ´ ²Ó´μ¸É¥°, ¥¸²¨ ¢¥±Éμ·Ò |n〉 ¨ |m〉 ´ ÉÊ· ²Ó´Ò.

2.2.2. ƒ·Ê¶¶  ¨±μ¸ Ô¤·  A5. ƒ·Ê¶¶  ¸¨³³¥É·¨° ¨±μ¸ Ô¤·  A5 Å ÔÉμ ´ ¨-
³¥´ÓÏ Ö ¶·μ¸É Ö ´¥±μ³³ÊÉ É¨¢´ Ö £·Ê¶¶ . �´  ¸μ¸Éμ¨É ¨§ 60 Ô²¥³¥´Éμ¢, ¨ ¥¥
Ô±¸¶μ´¥´É  · ¢´  30. �É  £·Ê¶¶  ¨£· ¥É ´ ¸Éμ²Ó±μ ¢ ¦´ÊÕ ·μ²Ó ¢ ³ É¥³ É¨±¥
¨ ¶·¨²μ¦¥´¨ÖÌ, ÎÉμ ”.Š²¥°´ ¶μ¸¢ÖÉ¨² ¥° μÉ¤¥²Ó´ÊÕ ±´¨£Ê [22]. ‚ Ë¨§¨Î¥-
¸±μ° ²¨É¥· ÉÊ·¥ ¤²Ö £·Ê¶¶Ò ¨±μ¸ Ô¤·  Î ¸Éμ ¨¸¶μ²Ó§Ê¥É¸Ö μ¡μ§´ Î¥´¨¥ Σ (60).
ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ A5 ¨³¥¥É ®Ë¨§¨Î¥¸±μ¥ ¢μ¶²μÐ¥´¨¥¯: ³μ²¥±Ê²  ËÊ²-

�¨¸. 8. ƒ· Ë ŠÔ²¨ £·Ê¶¶Ò A5. �ÖÉ¨Ê£μ²Ó´¨±¨, Ï¥¸É¨Ê£μ²Ó´¨±¨ ¨ ¸¢Ö§¨, ¸μ¥¤¨´ÖÕÐ¨¥
¸³¥¦´Ò¥ ¶ÖÉ¨Ê£μ²Ó´¨±¨, ¸μμÉ¢¥É¸É¢ÊÕÉ ·¥²ÖÉμ· ³ a5, (ab)3 ¨ b2 ¢ ¶·¥¤¸É ¢²¥´¨¨ (8)

∗‚¥±Éμ·Ò ¸ μ¤¨´ ±μ¢Ò³¨ ±μ³¶μ´¥´É ³¨ ¶·¨´ ¤²¥¦ É μ¤´μ³¥·´μ³Ê ¤μ¶μ²´¥´¨Õ ± · ¸¸³ -
É·¨¢ ¥³μ³Ê (N − 1)-³¥·´μ³Ê ¶μ¤¶·μ¸É· ´¸É¢Ê.
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²¥·¥´  C60 ¨³¥¥É ¸É·Ê±ÉÊ·Ê £· Ë  ŠÔ²¨ ÔÉμ° £·Ê¶¶Ò (·¨¸. 8). �Éμ Ö¸´μ ¨§
¸²¥¤ÊÕÐ¥£μ ¶·¥¤¸É ¢²¥´¨Ö A5 ¸ ¶μ³μÐÓÕ ¤¢ÊÌ ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢, ´ 
±μÉμ·Ò¥ ´ ²μ¦¥´Ò É·¨ ¸μμÉ´μÏ¥´¨Ö∗:

A5
∼= 〈a, b | a5, b2, (ab)3〉. (56)

ƒ·Ê¶¶  A5 · §¡¨¢ ¥É¸Ö ´  ¶ÖÉÓ ±² ¸¸μ¢ ¸μ¶·Ö¦¥´´ÒÌ Ô²¥³¥´Éμ¢ K1, K15,
K20, K12, K12′ . „²Ö · §²¨Î¥´¨Ö ±² ¸¸μ¢ ³Ò §¤¥¸Ó ¨¸¶μ²Ó§Ê¥³ ¨Ì · §³¥·Ò ¢
± Î¥¸É¢¥ ´¨¦´¨Ì ¨´¤¥±¸μ¢. ‚ É ¡². 4 ¶·¨¢¥¤¥´Ò Ì · ±É¥·Ò £·Ê¶¶Ò.

’ ¡²¨Í  4. • · ±É¥·Ò £·Ê¶¶Ò A5

K1 K15 K20 K12 K12′

χ1 1 1 1 1 1

χ3 3 −1 0 φ 1 − φ

χ3′ 3 −1 0 1 − φ φ

χ4 4 0 1 −1 −1

χ5 5 1 −1 0 0

‡¤¥¸Ó φ =
1 +

√
5

2
Å ®§μ²μÉμ¥ ¸¥Î¥´¨¥¯. ‡ ³¥É¨³, ÎÉμ φ ¨ 1 − φ Ö¢²Ö-

ÕÉ¸Ö Í¨±²μÉμ³¨Î¥¸±¨³¨ Í¥²Ò³¨ (¨²¨ ®Í¨±²μÉμ³¨Î¥¸±¨³¨ ´ ÉÊ· ²Ó´Ò³¨¯):
φ = −r25 − r35 ≡ 1 + r5 + r45 ¨ 1 − φ = −r5 − r45 ≡ 1 + r25 + r35, £¤¥ r5 Å
¶·¨³¨É¨¢´Ò° ±μ·¥´Ó 5-° ¸É¥¶¥´¨ ¨§ ¥¤¨´¨ÍÒ. ˆ§ É ¡²¨ÍÒ Ì · ±É¥·μ¢ ¢¨¤´μ,
ÎÉμ A5 ¨³¥¥É ¶ÖÉÓ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°: É·¨¢¨ ²Ó´μ¥ 1 ¨ Î¥ÉÒ·¥
ÉμÎ´ÒÌ 3,3′,4, 5.

—Éμ ± ¸ ¥É¸Ö ¶¥·¥¸É ´μ¢μ±, Éμ £·Ê¶¶  ¨³¥¥É É·¨ ¶·¨³¨É¨¢´ÒÌ ¤¥°¸É¢¨Ö
´  ³´μ¦¥¸É¢ Ì ¨§ 5, 6 ¨ 10 Ô²¥³¥´Éμ¢. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¥¸É ´μ¢μÎ´Ò¥
¶·¥¤¸É ¢²¥´¨Ö ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ · §²μ¦¥´¨Ö ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ

5 ∼= 1⊕ 4, 6 ∼= 1 ⊕ 5, 10 ∼= 1 ⊕ 4⊕ 5.

� ¶μ³´¨³, ÎÉμ É· ´§¨É¨¢´μ¥ ¤¥°¸É¢¨¥ £·Ê¶¶Ò G ´  ³´μ¦¥¸É¢¥ Ω ´ §Ò¢ ¥É¸Ö
¨³¶·¨³¨É¨¢´Ò³ [67], ¥¸²¨ ¨³¥¥É¸Ö ´¥É·¨¢¨ ²Ó´μ¥ · §¡¨¥´¨¥ ³´μ¦¥¸É¢  Ω,
¨´¢ ·¨ ´É´μ¥ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö £·Ê¶¶Ò. �·¨ ÔÉμ³ É·¨¢¨ ²Ó´Ò³¨ · §-
¡¨¥´¨Ö³¨ ¶μ μ¶·¥¤¥²¥´¨Õ Ö¢²ÖÕÉ¸Ö: · §¡¨¥´¨¥ ´  μ¤´μÔ²¥³¥´É´Ò¥ ¡²μ±¨
¨ · §¡¨¥´¨¥ ´  ¡²μ±, ¸μ¤¥·¦ Ð¨° ¢¸¥ ³´μ¦¥¸É¢μ Ω, ¨ ¤μ¶μ²´¨É¥²Ó´Ò° ±
´¥³Ê ¶Ê¸Éμ° ¡²μ±. �¥É·¨¢¨ ²Ó´μ¥ ¨´¢ ·¨ ´É´μ¥ · §¡¨¥´¨¥ ´ §Ò¢ ¥É¸Ö ¸¨-
¸É¥³μ° ¨³¶·¨³¨É¨¢´μ¸É¨ ¨²¨ ¸¨¸É¥³μ° ¡²μ±μ¢. …¸²¨ ¨´¢ ·¨ ´É´Ò³¨ Ö¢²Ö-
ÕÉ¸Ö Éμ²Ó±μ É·¨¢¨ ²Ó´Ò¥ · §¡¨¥´¨Ö, Éμ ¤¥°¸É¢¨¥ ´ §Ò¢ ¥É¸Ö ¶·¨³¨É¨¢´Ò³.

∗…¸²¨ ¸μμÉ´μÏ¥´¨¥ § ¶¨¸ ´μ ¢ ¢¨¤¥ R = 1, Éμ ¥£μ ²¥¢ÊÕ Î ¸ÉÓ R ´ §Ò¢ ÕÉ ·¥²ÖÉμ·μ³.
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�¨¸. 9. ˆ±μ¸ Ô¤·. � ·Ò ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¢¥·Ï¨´ μ¡· §ÊÕÉ ¸¨¸É¥³Ê ¨³¶·¨³¨É¨¢-
´μ¸É¨

�·¨³¨É¨¢´Ò¥ ¤¥°¸É¢¨Ö ¸Î¨É ÕÉ¸Ö ´ ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¸·¥¤¨ ¢¸¥Ì
¶¥·¥¸É ´μ¢μÎ´ÒÌ ¤¥°¸É¢¨°.

� ¸¸³μÉ·¨³ ¤¥°¸É¢¨¥ A5 ´  ³´μ¦¥¸É¢¥ ¢¥·Ï¨´ ¨±μ¸ Ô¤·  Ω12. �Éμ ¤¥°-
¸É¢¨¥ É· ´§¨É¨¢´μ, ´μ ¨³¶·¨³¨É¨¢´μ. ‘¨¸É¥³  ¨³¶·¨³¨É¨¢´μ¸É¨ ¨³¥¥É ¢¨¤

{| B1 | · · · | Bi | · · · | B6 |} ≡ {| 1, 7 | · · · | i, i + 6 | · · · | 6, 12 |}

¢ ¶·¥¤¶μ²μ¦¥´¨¨ ´Ê³¥· Í¨¨ ¢¥·Ï¨´, ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 9. Š ¦¤Ò°
¡²μ± Bi ¸μ¸Éμ¨É ¨§ ¶ ·Ò ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¢¥·Ï¨´ ¨±μ¸ Ô¤· . ƒ·Ê¶¶  A5

¶¥·¥¸É ¢²Ö¥É ¡²μ±¨ ³¥¦¤Ê ¸μ¡μ° ± ± Í¥²Ò¥ μ¡Ñ¥±ÉÒ. ŒÒ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ
¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¶·μÉ¨¢μ¶μ²μ¦´Ò³¨ ¢¥·Ï¨´ ³¨ ¡²μ±μ¢ (®±μ³¶²¥³¥´É ·-
´μ¸ÉÓ¯) ¸¨³¢μ²μ³ c, É. ¥., ¥¸²¨ Bi = {p, q}, Éμ q = pc ¨ p = qc. „²Ö ´Ê³¥· -
Í¨¨, ¨¸¶μ²Ó§Ê¥³μ° ´  ·¨¸. 9, ±μ³¶²¥³¥´É ·´μ¸ÉÓ ³μ¦´μ ¢Ò· §¨ÉÓ Ëμ·³Ê²μ°
pc ≡ 1 + (p + 5 mod 12).

�¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤¥°¸É¢¨Ö A5 ´  ¢¥·Ï¨´ Ì ¨±μ¸ Ô¤·  ¨³¥¥É
¸²¥¤ÊÕÐ¥¥ · §²μ¦¥´¨¥ ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ:

12 ∼= 1⊕ 3⊕ 3′ ⊕ 5 ¨²¨
(57)

T−1 (12)T = 1 ⊕ 3⊕ 3′ ⊕ 5.

ˆ¸¶μ²Ó§ÊÖ μ¡μ§´ Î¥´¨Ö

α =
φ

4

√
10 − 2

√
5, β =

√
5
√

10 − 2
√

5
20

,

γ =
√

3
8

(
1 −

√
5

3

)
, δ = −

√
3

8

(
1 +

√
5

3

)
,
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³ É·¨ÍÊ ¶·¥μ¡· §μ¢ ´¨Ö T ¨§ Ëμ·³Ê²Ò (57) ³μ¦´μ § ¶¨¸ ÉÓ, ¢ Î ¸É´μ¸É¨, ± ±

T=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
3

6
α β 0 α β 0

1
4

−1
2

0 0
√

15
12√

3
6

0 α β −β 0 α −φ

4
0 −1

2
0 γ

√
3

6
β 0 α 0 −α −β

φ − 1
4

0 0 −1
2

δ
√

3
6

0 α −β −β 0 −α −φ

4
0

1
2

0 γ
√

3
6

−β 0 α 0 α −β
φ − 1

4
0 0

1
2

δ
√

3
6

α −β 0 −α β 0
1
4

1
2

0 0
√

15
12√

3
6

0 −α β β 0 α −φ

4
0

1
2

0 γ
√

3
6

β 0 −α 0 −α β
φ − 1

4
0 0

1
2

δ
√

3
6

−α β 0 α −β 0
1
4

1
2

0 0
√

15
12√

3
6

−α −β 0 −α −β 0
1
4

−1
2

0 0
√

15
12√

3
6

0 −α −β β 0 −α −φ

4
0 −1

2
0 γ

√
3

6
−β 0 −α 0 α β

φ − 1
4

0 0 −1
2

δ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(58)

‡ ³¥É¨³, ÎÉμ ¸É ´¤ ·É´Ò¥ ¸¨¸É¥³Ò ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò, É ±¨¥ ± ± Maple
¨²¨ Mathematica, ´¥ ¢ ¸μ¸ÉμÖ´¨¨ ¢Ò¶μ²´ÖÉÓ ¢ÒÎ¨¸²¥´¨Ö ¸ ³ É·¨Í ³¨ É ±μ£μ
É¨¶  ¨§-§  μ£· ´¨Î¥´´ÒÌ ¢μ§³μ¦´μ¸É¥° ÔÉ¨Ì ¸¨¸É¥³ ¢ Ê¶·μÐ¥´¨¨ ¸²μ¦´ÒÌ
¢Ò· ¦¥´¨° ¸ ¨·· Í¨μ´ ²Ó´μ¸ÉÖ³¨, ¢ μ¸μ¡¥´´μ¸É¨ ¸ ¢²μ¦¥´´Ò³¨ ±μ·´Ö³¨.

�¤´ ±μ ¥¸²¨ ¢Ò· §¨ÉÓ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢ É¥·³¨´ Ì ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
 ¡¥²¥¢μ£μ Î¨¸²μ¢μ£μ ¶μ²Ö, Éμ ¶·μ¡²¥³  Ê¶·μÐ¥´¨Ö ¸¢μ¤¨É¸Ö ± ¶·μ¸ÉÒ³ ¢Ò-
Î¨¸²¥´¨Ö³ ¸ ¶μ²¨´μ³ ³¨ μÉ μ¤´μ° ¶¥·¥³¥´´μ° ¶μ ³μ¤Ê²Õ Í¨±²μÉμ³¨Î¥¸±μ£μ
¶μ²¨´μ³ . ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ³¨´¨³ ²Ó´Ò³ ¶μ²¥³ F Ö¢²Ö¥É¸Ö ¶μ¤¶μ²¥ Í¨-
±²μÉμ³¨Î¥¸±μ£μ ¶μ²Ö Q60, Ë¨±¸¨·Ê¥³μ¥ ¢ Q60  ¢Éμ³μ·Ë¨§³μ³ ƒ ²Ê  r → r59,
£¤¥ r Å ¶·¨³¨É¨¢´Ò° ±μ·¥´Ó ¨§ ¥¤¨´¨ÍÒ 60-° ¸É¥¶¥´¨. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° Í¨-
±²μÉμ³¨Î¥¸±¨° ¶μ²¨´μ³ ¨³¥¥É ¢¨¤ Φ60 (r) = 1+ r2− r6− r8− r10 + r14 + r16.
ˆ·· Í¨μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ (58) ´  Ö§Ò±¥ Í¨±²μÉμ³¨Î¥¸±¨Ì Î¨¸¥²
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¨³¥ÕÉ ¢¨¤
√

3
6

=
1
6
(
2r5 − r15

)
,

φ

4

√
10 − 2

√
5 =

1
2
(
r + r3 − r9 − r11 + r15

)
,

√
5
√

10 − 2
√

5
20

=
1
2
(
r + 4r3 − 3r9 − r11 + 2r15

)
,

−φ

4
=

1
4
(
−r4 − r6 + r14

)
,

φ − 1
4

=
1
4
(
−1 + r4 + r6 − r14

)
,

√
15

12
=

1
12
(
−2r + 2r5 + 4r7 + 2r9 + 2r11 − 4r13 − 3r15

)
,

√
3

8

(
1 −

√
5

3

)
=

1
12
(
r + 2r5 − 2r7 − r9 − r11 + 2r13

)
,

−
√

3
8

(
1 +

√
5

3

)
=

1
12
(
r − 4r5 − 2r7 − r9 − r11 + 2r13 + 3r15

)
.

‘± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¢ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶·¥¤¸É ¢²¥-
´¨Ö (57) ¢ É¥·³¨´ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¨´¢ ·¨ ´Éμ¢ ¶·¨´¨³ ÕÉ ¢¨¤

〈Φ1 | Ψ1〉 =
1
12

L12 (m) L12 (n) ,

〈Φ3 | Ψ3〉 =
1
20

(
5Q12 (m, n) − 5A (m, n) +

√
5 (B (m, n) − C (m, n))

)
,

(59)

〈Φ3′ | Ψ3′〉 =
1
20

(
5Q12 (m, n) − 5A (m, n) −

√
5 (B (m, n) − C (m, n))

)
,

(60)

〈Φ5 | Ψ5〉 =
1
12

(5Q12 (m, n) + 5A (m, n) − B (m, n) − C (m, n)) ,

£¤¥

A(m, n) = A (n, m) =
12∑

k=1

mknkc , (61)

B (m, n) = B (n, m) =
12∑

k=1

mk

∑
i∈N(k)

ni, (62)

C (m, n) = C (n, m) =
12∑

k=1

mk

∑
i∈N(kc)

ni. (63)
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‚ Ëμ·³Ê² Ì (62) ¨ (63) N(k) μ¡μ§´ Î ¥É ®μ±·¥¸É´μ¸ÉÓ¯ k-° ¢¥·Ï¨´Ò ¨±μ¸ -
Ô¤· , É. ¥. ³´μ¦¥¸É¢μ ¢¥·Ï¨´, ¸³¥¦´ÒÌ ¸ k. � ¶·¨³¥·, N(1) = {2, 3, 4, 5, 6}
´  ·¨¸. 9. ’ ±¨³ μ¡· §μ³, ¢´ÊÉ·¥´´ÖÖ ¸Ê³³  ¢ (62) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê
¤ ´´ÒÌ ´  μ±·¥¸É´μ¸É¨ ¢¥·Ï¨´Ò k,    ´ ²μ£¨Î´ Ö ¸Ê³³  ¢ (63) Å ÔÉμ ¸Ê³³ 
¤ ´´ÒÌ ´  μ±·¥¸É´μ¸É¨ ¢¥·Ï¨´Ò, ¶·μÉ¨¢μ¶μ²μ¦´μ° ± k.

Š¢ ¤· É¨Î´Ò¥ ¨´¢ ·¨ ´ÉÒ (61)Ä(63) ´¥ ´¥§ ¢¨¸¨³Ò. Œ¥¦¤Ê ´¨³¨ ¨³¥-
¥É¸Ö ¸²¥¤ÊÕÐ¥¥ Éμ¦¤¥¸É¢μ:

A(m, n) + B (m, n) + C (m, n) + Q12 (m, n) = L12 (m) L12 (n) . (64)

‘± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö (59) ¨ (60), ¥¸²¨ ¨Ì · ¸¸³ É·¨¢ ÉÓ ¶μ μÉ¤¥²Ó´μ-
¸É¨, ¶·¨¢μ¤ÖÉ ± Ê¶μ³Ö´ÊÉμ° ¢ÒÏ¥ ¶·μ¡²¥³¥ ¸ ¢¥·μÖÉ´μ¸ÉÖ³¨. � ¨³¥´´μ, ¡μ·-
´μ¢¸±¨¥ ¢¥·μÖÉ´μ¸É¨ ¤²Ö ¶μ¤¶·¥¤¸É ¢²¥´¨° 3 ¨ 3′ ¸μ¤¥·¦ É ¨·· Í¨μ´ ²Ó´μ-
¸É¨, ÎÉμ ¶·μÉ¨¢μ·¥Î¨É Î ¸ÉμÉ´μ° ¨´É¥·¶·¥É Í¨¨ ¢¥·μÖÉ´μ¸É¥° ¤²Ö ±μ´¥Î´ÒÌ
³´μ¦¥¸É¢. �Î¥¢¨¤´μ, ÔÉμ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¨³¶·¨³¨É¨¢´μ¸É¨: ´¥¢μ§³μ¦´μ
¶¥·¥³¥¸É¨ÉÓ ¢¥·Ï¨´Ê ¨±μ¸ Ô¤·  ¡¥§ μ¤´μ¢·¥³¥´´μ£μ ¶¥·¥³¥Ð¥´¨Ö ¶·μÉ¨¢μ-
¶μ²μ¦´μ° ¢¥·Ï¨´Ò. —Éμ¡Ò · §·¥Ï¨ÉÓ ÔÉμ ¶·μÉ¨¢μ·¥Î¨¥, ´¥μ¡Ìμ¤¨³μ · ¸-
¸³ É·¨¢ ÉÓ ±μ³¶²¥³¥´É ·´Ò¥ ¶μ¤¶·¥¤¸É ¢²¥´¨Ö 3 ¨ 3′ ¸μ¢³¥¸É´μ. ‘± ²Ö·´μ¥
¶·μ¨§¢¥¤¥´¨¥ ¢ ¶μ¤¶·¥¤¸É ¢²¥´¨¨ 3 ⊕ 3′

〈Φ3⊕3′ | Ψ3⊕3′〉 =
1
2

(Q12 (m, n) − A(m, n))

¢¸¥£¤  ¤ ¥É · Í¨μ´ ²Ó´Ò¥ ¡μ·´μ¢¸±¨¥ ¢¥·μÖÉ´μ¸É¨ ¤²Ö ¢¥±Éμ·μ¢ ¸ ´ ÉÊ· ²Ó-
´Ò³¨ ®Î¨¸² ³¨ § ¶μ²´¥´¨Ö¯.

3. �…�…‘’���‚�—��-ˆ�‚��ˆ��’�›… �ˆ‹ˆ�…‰�›… ”��Œ›

„²Ö ¢ÒÎ¨¸²¥´¨Ö ±¢ ´Éμ¢ÒÌ ¨´É¥·Ë¥·¥´Í¨° ´ ÉÊ· ²Ó´ÒÌ  ³¶²¨ÉÊ¤ ¢ ¸μ-
μÉ¢¥É¸É¢¨¨ ¸ ¶· ¢¨²μ³ 
μ·´  ¤μ¸É ÉμÎ´μ §´ ÉÓ ¢Ò· ¦¥´¨Ö ¤²Ö ¸± ²Ö·´ÒÌ
¶·μ¨§¢¥¤¥´¨° ¢ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É -
¢²¥´¨Ö. � ´¥¥ ³Ò ¶μ²ÊÎ ²¨ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¸ ¶μ³μÐÓÕ
³ É·¨ÍÒ ¶¥·¥Ìμ¤  μÉ ®¶¥·¥¸É ´μ¢μÎ´μ£μ¯ ¡ §¨¸  ± ®±¢ ´Éμ¢μ³Ê¯. Š ± ¡Ò²μ
μÉ³¥Î¥´μ ¢ ¸´μ¸±¥ ´  ¸. 139, ¶·μ¡²¥³  · ¸Ð¥¶²¥´¨Ö ³μ¤Ê²Ö ´ ¤  ¸¸μÍ¨ É¨¢-
´μ°  ²£¥¡·μ° ´  ´¥¶·¨¢μ¤¨³Ò¥ ¶μ¤³μ¤Ê²¨ ¨, ¢ Î ¸É´μ¸É¨, ¢ÒÎ¨¸²¥´¨¥ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥° ³ É·¨ÍÒ ¶¥·¥Ìμ¤  ´¥ ¨³¥¥É Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ£μ  ²£μ·¨É³¨Î¥-
¸±μ£μ ·¥Ï¥´¨Ö ¤²Ö ¢ ¦´ÒÌ ¤²Ö ´ ¸ ¸¨¸É¥³ Î¨¸¥². �¤´ ±μ ³μ¦´μ ¶μ¶ÒÉ ÉÓ¸Ö
μ¡μ°É¨ ÔÉ¨ É·Ê¤´μ¸É¨, ¥¸²¨ Ê¤ ¸É¸Ö ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨Ö ¤²Ö ¸± ²Ö·´ÒÌ ¶·μ-
¨§¢¥¤¥´¨° ´¥¶μ¸·¥¤¸É¢¥´´μ, É. ¥. ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ³ É·¨Í ¶¥·¥Ìμ¤ . �¶¨Ï¥³
μ¤¨´ ¨§ ¢μ§³μ¦´ÒÌ ¶μ¤Ìμ¤μ¢.
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3.1. � §¨¸ ¶¥·¥¸É ´μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ Ëμ·³. „²Ö ´ Î ²  ¶μ¸É·μ¨³
³´μ¦¥¸É¢μ ¢¸¥Ì ¨´¢ ·¨ ´É´ÒÌ ¡¨²¨´¥°´ÒÌ Ëμ·³ ¢ ¶¥·¥¸É ´μ¢μÎ´μ³ ¡ §¨¸¥.
�·¥¤¶μ²μ¦¨³, ÎÉμ £·Ê¶¶  G ≡ G (Ω), ¤¥°¸É¢ÊÕÐ Ö ¶¥·¥¸É ´μ¢± ³¨ ´  ³´μ¦¥-
¸É¢¥ Ω = {ω1, . . . , ωN}, ¶μ·μ¦¤ ¥É¸Ö K Ô²¥³¥´É ³¨ g1, . . . , gk, . . . , gK . Ÿ¸´μ,
ÎÉμ ¤μ¸É ÉμÎ´μ ¶·μ¢¥·¨ÉÓ ¨´¢ ·¨ ´É´μ¸ÉÓ Ëμ·³Ò μÉ´μ¸¨É¥²Ó´μ ÔÉ¨Ì Ô²¥³¥´-
Éμ¢. „²Ö Ê¤μ¡¸É¢  ³´μ¦¥¸É¢μ Ω μÉμ¦¤¥¸É¢¨³ ± ´μ´¨Î¥¸±¨ ¸ ³´μ¦¥¸É¢μ³ ¨´-
¤¥±¸μ¢ ¥£μ Ô²¥³¥´Éμ¢: Ω = �N = {1, . . . , N}. �¡μ§´ Î¨³ ³ É·¨ÍÒ ¶¥·¥¸É -
´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥³¥´Éμ¢ ¸¨³¢μ² ³¨ Pk = P (gk).
�Î¥¢¨¤´μ, ÎÉμ Pk

T = P
(
g−1

k

)
. “¸²μ¢¨¥ ¨´¢ ·¨ ´É´μ¸É¨ ¡¨²¨´¥°´μ° Ëμ·³Ò

A =
(
aij

)
μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò G ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ³ É·¨Î´ÒÌ

Ê· ¢´¥´¨°
A = PkAPk

T, 1 � k � K. (65)

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¢ ±μ³¶μ´¥´É Ì Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (65) ¨³¥ÕÉ ¢¨¤

aij = aigkjgk
. (66)

’ ±¨³ μ¡· §μ³, ¡ §¨¸ ¢¸¥Ì ¨´¢ ·¨ ´É´ÒÌ ¡¨²¨´¥°´ÒÌ Ëμ·³ ´ Ìμ¤¨É¸Ö ¢μ
¢§ ¨³´μ-μ¤´μ§´ Î´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ ³´μ¦¥¸É¢μ³ μ·¡¨É Δ1, . . . , ΔR ¤¥°¸É¢¨Ö
£·Ê¶¶Ò G ´  ¤¥± ·Éμ¢μ³ ¶·μ¨§¢¥¤¥´¨¨ Ω×Ω. �·¡¨ÉÒ £·Ê¶¶Ò ´  ¶·μ¨§¢¥¤¥´¨¨
Ω × Ω, ´ §Ò¢ ¥³Ò¥ μ·¡¨É ² ³¨, ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ¢ É¥μ·¨¨ £·Ê¶¶ ¶¥·¥-
¸É ´μ¢μ± ¨ ¨Ì ¶·¥¤¸É ¢²¥´¨° [5, 7]. …¸²¨ £·Ê¶¶  É· ´§¨É¨¢´ , Éμ ¸ÊÐ¥¸É¢Ê¥É
¥¤¨´¸É¢¥´´Ò° μ·¡¨É ², ¸μ¸ÉμÖÐ¨° ¨§ ¢¸¥Ì ¶ · ¢¨¤  (i, i). ’ ±μ° μ·¡¨É ²
´ §Ò¢ ¥É¸Ö É·¨¢¨ ²Ó´Ò³ ¨²¨ ¤¨ £μ´ ²Ó´Ò³. —¨¸²μ μ·¡¨É ²μ¢ R ´ §Ò¢ ¥É¸Ö
· ´£μ³ £·Ê¶¶Ò G. Š ¦¤μ³Ê μ·¡¨É ²Ê Δr ³μ¦´μ ¶μ¸É ¢¨ÉÓ ¢ ¸μμÉ¢¥É¸É¢¨¥

1) μ·¨¥´É¨·μ¢ ´´Ò° £· Ë, ¢¥·Ï¨´ ³¨ ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö Ô²¥³¥´ÉÒ Ω,
  ·¥¡· ³¨ Å ¶ ·Ò (i, j) ∈ Δr,

2) ³ É·¨ÍÊ A (Δr) · §³¥·  N × N ¶μ ¶· ¢¨²Ê

A (Δr)ij =

{
1, ¥¸²¨ (i, j) ∈ Δr,

0, ¥¸²¨ (i, j) /∈ Δr.

‘¢μ°¸É¢  £· Ëμ¢ μ·¡¨É ²μ¢ μÉ· ¦ ÕÉ ¢ ¦´Ò¥ ¸¢μ°¸É¢  £·Ê¶¶. � ¶·¨³¥·,
É· ´§¨É¨¢´ Ö £·Ê¶¶  ¶¥·¥¸É ´μ¢μ± ¶·¨³¨É¨¢´  Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤ 
£· ËÒ ¢¸¥Ì ¥¥ ´¥É·¨¢¨ ²Ó´ÒÌ μ·¡¨É ²μ¢ ¸¢Ö§´Ò.

Œ´μ¦¥¸É¢μ ³ É·¨Í μ·¡¨É ²μ¢ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¡ §¨¸ Í¥´É· ²¨§ Éμ·-
´μ£μ ±μ²ÓÍ  ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò G. �Éμ ±μ²ÓÍμ ¨£· ¥É
¢ ¦´ÊÕ ·μ²Ó ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶. ŒÒ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¥£μ ¸¨³-
¢μ²μ³ ZR ≡ ZR (G (Ω)). ’ ¡²¨Í  Ê³´μ¦¥´¨Ö ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ Í¥´É· ²¨-
§ Éμ·´μ£μ ±μ²ÓÍ  ZR ¨³¥¥É ¢¨¤

A (Δp)A (Δq) =
R∑

r=1

ar
pqA (Δr) ,

£¤¥ ¢¸¥ ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ ar
pq Å ´ ÉÊ· ²Ó´Ò¥ Î¨¸² .
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‡ ³¥É¨³, ÎÉμ ¤²Ö ¶μ¸É·μ¥´¨Ö Í¥´É· ²¨§ Éμ·´μ£μ ±μ²ÓÍ  Î ¸Éμ ¨¸¶μ²Ó§Ê-
¥É¸Ö ´¥¸±μ²Ó±μ ¨´μ° ¶μ¤Ìμ¤ [67]. �ÉμÉ (¨¤ÊÐ¨° μÉ ±² ¸¸¨Î¥¸±¨Ì · ¡μÉ ˜Ê· )
¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ¨§ÊÎ¥´¨¨ μ·¡¨É ¸É ¡¨²¨§ Éμ·μ¢ ÉμÎ¥± ³´μ¦¥¸É¢  Ω. � ¶μ-
³´¨³, ÎÉμ ¸É ¡¨²¨§ Éμ·μ³ Ô²¥³¥´É  i ∈ Ω ´ §Ò¢ ¥É¸Ö ¶μ¤£·Ê¶¶  Gi £·Ê¶¶Ò G,
μ¸É ¢²ÖÕÐ Ö ÔÉμÉ Ô²¥³¥´É ´¥¶μ¤¢¨¦´Ò³. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¸É ¡¨²¨§ Éμ· Gi

É· ´§¨É¨¢´μ° £·Ê¶¶Ò G ¤¥°¸É¢Ê¥É ´  ³´μ¦¥¸É¢¥ Ω ´¥É· ´§¨É¨¢´μ, ¶μ·μ¦¤ Ö
³´μ¦¥¸É¢μ μ·¡¨É Λ1 = {i} , Λ2, . . . , ΛR. Œ¥¦¤Ê μ·¡¨É ³¨ ¸É ¡¨²¨§ Éμ·  (¨´μ-
£¤  ´ §Ò¢ ¥³Ò³¨ ¶μ¤μ·¡¨É ³¨) ¨ ³´μ¦¥¸É¢μ³ μ·¡¨É ²μ¢ É·¨¢¨ ²Ó´Ò³ μ¡· -
§μ³ ¸É·μ¨É¸Ö ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥ (¸³., ´ ¶·¨³¥·, [5, 7]). �μ-
ÔÉμ³Ê Î¨¸²μ R μ·¡¨É ¸É ¡¨²¨§ Éμ·  Gi ¸μ¢¶ ¤ ¥É ¸ · ´£μ³ £·Ê¶¶Ò ¶¥·¥¸É -
´μ¢μ± G (Ω). ‚ É¥·³¨´ Ì μ·¡¨É ¸É ¡¨²¨§ Éμ·μ¢ ¡ §¨¸´Ò¥ ³ É·¨ÍÒ Í¥´É· -
²¨§ Éμ·´μ£μ ±μ²ÓÍ  ¸É·μÖÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. � ¸¸³ É·¨¢ ÕÉ¸Ö μ·¡¨ÉÒ
¸É ¡¨²¨§ Éμ·  G1. Š ¦¤μ° μ·¡¨É¥ Λ ¸É ¡¨²¨§ Éμ·  G1 ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É-
¸É¢¨¥ ³ É·¨Í  A (Λ) ¶μ ¶· ¢¨²Ê

A (Λ)ij =

{
1, ¥¸²¨ ¸ÊÐ¥¸É¢ÊÕÉ g ∈ G ¨ l ∈ Λ É ±¨¥, ÎÉμ 1g = i ¨ lg = j,

0, ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥.

’¥Ì´¨Î¥¸±¨³ ¶·¥¨³ÊÐ¥¸É¢μ³ É ±μ£μ ¶μ¤Ìμ¤  Ö¢²Ö¥É¸Ö ¨¸¶μ²Ó§μ¢ ´¨¥ ¨§μ³μ·-
Ë¨§³  μ·¡¨É ¸É ¡¨²¨§ Éμ·μ¢ · §²¨Î´ÒÌ ÉμÎ¥±: ¢´ Î ²¥ ¶μ μ·¡¨É¥ ¸É ¡¨²¨§ -
Éμ·  ÉμÎ±¨ 1 ³Ò ¸É·μ¨³ ¶¥·¢ÊÕ ¸É·μ±Ê ³ É·¨ÍÒ,   § É¥³ ¸ ¶μ³μÐÓÕ £·Ê¶¶μ-
¢ÒÌ ¶¥·¥´μ¸μ¢ Å μ¸É ²Ó´Ò¥ ¸É·μ±¨.

ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³ É·¨ÍÒ μ·¡¨É ²μ¢ Ar ≡ A (Δr) (¨²¨, ¥¸²¨ Ê£μ¤´μ,
³ É·¨ÍÒ ¶μ¤μ·¡¨É) ¡ §¨¸´Ò³¨ Ëμ·³ ³¨, ¶μ¸±μ²Ó±Ê ²Õ¡ Ö ¶¥·¥¸É ´μ¢μÎ´μ-
¨´¢ ·¨ ´É´ Ö ¡¨²¨´¥°´ Ö Ëμ·³  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¨Ì ²¨´¥°´μ° ±μ³-
¡¨´ Í¨¥°.

�²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¡ §¨¸´ÒÌ Ëμ·³ ¸¢μ¤¨É¸Ö ± ¶μ¸É·μ¥´¨Õ μ·¡¨É ²μ¢
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (66). �¸´μ¢´μ° Í¨±²  ²£μ·¨É³  ¨³¥¥É ¸²¥¤ÊÕ-
Ð¨° ¢¨¤.

1. „μ¶Ê¸É¨³, ÎÉμ Ê ´ ¸ Ê¦¥ ¶μ¸É·μ¥´Ò μ·¡¨É ²Ò Δ1, . . . , Δr−1 ¨ ¡ §¨¸´Ò¥
Ëμ·³Ò A1, . . . ,Ar−1.

2. ˆÐ¥³ ¶ ·Ê (i, j), ´¥ ¶·¨´ ¤²¥¦ ÐÊÕ ± Ê¦¥ ¶μ¸É·μ¥´´Ò³ μ·¡¨É ² ³.
…¸²¨ É ±μ° ¶ ·Ò ´¥É, Éμ  ²£μ·¨É³ μ± ´Î¨¢ ¥É · ¡μÉÊ.

3. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ É¥±ÊÐ¨° μ·¡¨É ² Ê¸É ´ ¢²¨¢ ¥³ ¢ ¢¨¤¥ Δr =
{(i, j)},   ³ É·¨ÍÊ É¥±ÊÐ¥° Ëμ·³Ò Å ¢ ¢¨¤¥ Ar = 0.

4. „μ¡ ¢²Ö¥³ ± Δr ¢¸¥ ¶ ·Ò ¢¨¤  (igk, jgk) ¤²Ö ¢¸¥Ì ¶μ·μ¦¤ ÕÐ¨Ì Ô²¥-
³¥´Éμ¢ gk ¨ ¶·¨³¥´Ö¥³ É ±ÊÕ ¦¥ ¶·μÍ¥¤Ê·Ê ± ´μ¢Ò³ Ô²¥³¥´É ³ μ·¡¨É ²  ¤μ
É¥Ì ¶μ·, ¶μ±  ´μ¢Ò¥ Ô²¥³¥´ÉÒ ´¥ ¶¥·¥¸É ´ÊÉ ¶μÖ¢²ÖÉÓ¸Ö.

5. � · ²²¥²Ó´μ ¸É·μ¨³ ³ É·¨ÍÊ Ar ¶μ ¶· ¢¨²Ê (Ar)ij = 1, ¥¸²¨
(i, j) ∈ Δr.

�¥§Ê²ÓÉ Éμ³ · ¡μÉÒ  ²£μ·¨É³  Ö¢²Ö¥É¸Ö ¶μ²´Ò° ¡ §¨¸ ¶¥·¥¸É ´μ¢μÎ´μ-
¨´¢ ·¨ ´É´ÒÌ ¡¨²¨´¥°´ÒÌ Ëμ·³

A1, . . . ,AR.
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�²£μ·¨É³ ¢¥¸Ó³  ¶·μ¸É. � Ï  ·¥ ²¨§ Í¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥¸±μ²Ó±μ
¸É·μ± ´  Ö§Ò±¥ ‘¨.

�¥¶μ¸·¥¤¸É¢¥´´μ ¨§ ¶μ¸É·μ¥´¨Ö ¸²¥¤Ê¥É Éμ¦¤¥¸É¢μ

A1 + A2 + · · · + AR = LTL = UN ≡

⎛⎜⎜⎜⎝
1 1 · · · 1
1 1 · · · 1
...

...
...

...
1 1 · · · 1

⎞⎟⎟⎟⎠ , (67)

£¤¥ L Å ±μ¢¥±Éμ· ¢¨¤ 

N︷ ︸︸ ︷
(1, 1, . . . , 1),   UN Å ®³ É·¨Í  ¨§ ¥¤¨´¨Í¯ · §³¥· 

N × N. — ¸É´Ò³ ¸²ÊÎ ¥³ Éμ¦¤¥¸É¢  (67) Ö¢²Ö¥É¸Ö Ëμ·³Ê²  (64).
�·μ¨²²Õ¸É·¨·Ê¥³ · ¡μÉÊ  ²£μ·¨É³  ´  ¶·¨³¥·¥ £·Ê¶¶Ò Z3, ¤¥°¸É¢ÊÕÐ¥°

´  ³´μ¦¥¸É¢¥ Ω = {1, 2, 3}. ƒ·Ê¶¶  ¶μ·μ¦¤ ¥É¸Ö μ¤´¨³ Ô²¥³¥´Éμ³, ´ ¶·¨³¥·,
g1 = (1, 2, 3). � ³ ´¥μ¡Ìμ¤¨³μ · ¸¶·¥¤¥²¨ÉÓ ³´μ¦¥¸É¢μ ¶ · ¨´¤¥±¸μ¢

(1, 1) (1, 2) (1, 3)
(2, 1) (2, 2) (2, 3)
(3, 1) (3, 2) (3, 3)

(68)

¶μ ±² ¸¸ ³ Ô±¢¨¢ ²¥´É´μ¸É¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (66). …¸²¨ ´ Î ÉÓ ¶μ-
¸É·μ¥´¨¥ ¸ ²¥¢μ£μ ¢¥·Ì´¥£μ Ê£²  É ¡²¨ÍÒ (68) ¨ ¨¸± ÉÓ ´¥μ¡· ¡μÉ ´´Ò¥ ¶ ·Ò
¢ ²¥±¸¨±μ£· Ë¨Î¥¸±μ³ ¶μ·Ö¤±¥, Éμ μ·¡¨É ²Ò ¡Ê¤ÊÉ ¶μ¸É·μ¥´Ò ¢ ¸²¥¤ÊÕÐ¥³
¶μ·Ö¤±¥:

Δ1 = {(1, 1) , (2, 2) , (3, 3)} ,

Δ2 = {(1, 2) , (2, 3) , (3, 1)} ,

Δ3 = {(1, 3) , (2, 1) , (3, 2)} .

‘μμÉ¢¥É¸É¢ÊÕÐ¨° ¶μ²´Ò° ¡ §¨¸ ¨´¢ ·¨ ´É´ÒÌ Ëμ·³ ¨³¥¥É ¢¨¤

A1 =

⎛⎝1 · ·
· 1 ·
· · 1

⎞⎠ , A2 =

⎛⎝ · 1 ·
· · 1
1 · ·

⎞⎠ , A3 =

⎛⎝ · · 1
1 · ·
· 1 ·

⎞⎠ .

‡ ³¥É¨³, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥, ¥¸²¨ ³Ò Ê¸²μ¢¨³¸Ö ´ Î¨´ ÉÓ · ¡μÉÊ  ²£μ·¨É³ 
¸ ¶ ·Ò (1, 1) ¨ £·Ê¶¶  G ¤¥°¸É¢Ê¥É ´  Ω É· ´§¨É¨¢´μ, Éμ ¶¥·¢μ° ¡ §¨¸´μ°
Ëμ·³μ° ¢¸¥£¤  ¡Ê¤¥É ¥¤¨´¨Î´ Ö ³ É·¨Í  A1 = IN, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö É·¨¢¨-
 ²Ó´μ³Ê μ·¡¨É ²Ê. ‚ ¤ ´´μ³ ¶·¨³¥·¥ ¢¸¥ ¡ §¨¸´Ò¥ ³ É·¨ÍÒ ¨´¢ ·¨ ´É´ÒÌ
Ëμ·³ μ± §Ò¢ ÕÉ¸Ö ³ É·¨Í ³¨ ¶¥·¥¸É ´μ¢μ±.

3.2. ‘¢Ö§Ó ¶¥·¥¸É ´μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ Ëμ·³ ¸ · §²μ¦¥´¨¥³ ´  ´¥-
¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ. �¥¸³μÉ·Ö ´  ¶·μ¸ÉμÉÊ ¶μ²ÊÎ¥´¨Ö, ¶¥·¥¸É ´μ¢μÎ´μ-
¨´¢ ·¨ ´É´Ò¥ Ëμ·³Ò ¤μ¸É ÉμÎ´μ ¨´Ëμ·³ É¨¢´Ò. � ¸¸³μÉ·¨³ · §²μ¦¥´¨¥
¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ ¸ ¶μ³μÐÓÕ
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³ É·¨ÍÒ ¶·¥μ¡· §μ¢ ´¨Ö T. �Éμ · §²μ¦¥´¨¥ ¤²Ö É· ´§¨É¨¢´ÒÌ £·Ê¶¶ ¶¥·¥-
¸É ´μ¢μ± ¨³¥¥É ¢¨¤

T−1P(g)T =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

m2

⎧⎪⎨⎪⎩
U2(g)

. . .
U2(g)

. . .

mNirr

⎧⎪⎨⎪⎩
UNirr(g)

. . .
UNirr(g)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, g ∈ G.

‡¤¥¸Ó Nirr Å ¶μ²´μ¥ Î¨¸²μ · §²¨Î´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° Uk

(U1 ≡ 1) £·Ê¶¶Ò G, ¢Ìμ¤ÖÐ¨Ì ¢ ¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ P; mk Å
±· É´μ¸ÉÓ ¶μ¤¶·¥¤¸É ¢²¥´¨Ö Uk ¢ ¶·¥¤¸É ¢²¥´¨¨ P.

� ¨¡μ²¥¥ μ¡ÐÊÕ ¶¥·¥¸É ´μ¢μÎ´μ-¨´¢ ·¨ ´É´ÊÕ ¡¨²¨´¥°´ÊÕ Ëμ·³Ê
³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¡ §¨¸´ÒÌ Ëμ·³

A = a1A1 + a2A2 + . . . + aRAR, (69)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ ai Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ ´¥±μÉμ·μ£μ  ¡¥²¥¢  Î¨¸²μ¢μ£μ
¶μ²Ö F . Šμ´±·¥É´μ ÔÉμ ¶μ²¥ μ¶·¥¤¥²Ö¥É¸Ö ¢ Ìμ¤¥ ¢ÒÎ¨¸²¥´¨°, ±μÉμ·Ò¥ ¡Ê¤ÊÉ
μ¶¨¸ ´Ò ´¨¦¥.

‹¥£±μ ¶μ± § ÉÓ (¸³. [5, 67]), ÎÉμ ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É, · ¸Ð¥¶²ÖÕÐ¥°
¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ, Ëμ·³  (69)
¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

T−1AT =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

B1

B2 ⊗ Id2

. . .
Bk ⊗ Idk

. . .
BNirr ⊗ IdNirr

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (70)

‡¤¥¸Ó ⊗ μ§´ Î ¥É ±·μ´¥±¥·μ¢μ ¶·μ¨§¢¥¤¥´¨¥ ³ É·¨Í; Bk Å ³ É·¨Í  · §-
³¥·  mk × mk, Ô²¥³¥´ÉÒ ±μÉμ·μ° ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ²¨´¥°´Ò¥ ±μ³¡¨´ -
Í¨¨ ±μÔËË¨Í¨¥´Éμ¢ ai ¨§ Ëμ·³Ê²Ò (69),   mk Å ±· É´μ¸ÉÓ ´¥¶·¨¢μ¤¨³μ°
±μ³¶μ´¥´ÉÒ Uk; Idk

Å ¥¤¨´¨Î´ Ö ³ É·¨Í  · §³¥·  dk × dk, £¤¥ dk Å
· §³¥·´μ¸ÉÓ Uk. ˆ§ ¸É·Ê±ÉÊ·Ò ³ É·¨ÍÒ (70) ¢¨¤´μ, ÎÉμ · ´£ R £·Ê¶¶Ò
(É. ¥. · §³¥·´μ¸ÉÓ Í¥´É· ²¨§ Éμ·´μ£μ ±μ²ÓÍ ) · ¢¥´ ¸Ê³³¥ ±¢ ¤· Éμ¢ ±· É-
´μ¸É¥°: R = 1 + m2

2 + . . . + m2
Nirr

.
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� ¸¸³μÉ·¨³ É¥¶¥·Ó μ¶·¥¤¥²¨É¥²Ó det (A). ‚ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ
a1, . . . , aR ÔÉμÉ μ¶·¥¤¥²¨É¥²Ó ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¤´μ·μ¤´Ò° ¶μ²¨´μ³ ¸É¥-
¶¥´¨ N. �μ¸±μ²Ó±Ê μ¶·¥¤¥²¨É¥²Ó Ëμ·³Ò ´¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  ¸¨¸É¥³Ò ±μ-
μ·¤¨´ É,   μ¶·¥¤¥²¨É¥²Ó ¡²μÎ´μ-¤¨ £μ´ ²Ó´μ° ³ É·¨ÍÒ · ¢¥´ ¶·μ¨§¢¥¤¥´¨Õ
μ¶·¥¤¥²¨É¥²¥° ¥¥ ¡²μ±μ¢, Éμ ¨§ · §²μ¦¥´¨Ö (70) ¸²¥¤Ê¥É

det (A) = det (B1) det (B2)
d2 · · ·det (Bk)dk · · · det (BNirr)

dNirr .

‡¤¥¸Ó ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó Éμ¦¤¥¸É¢μ³ det (X ⊗ Y ) = det (X)m det (Y )n ¤²Ö
±·μ´¥±¥·μ¢  ¶·μ¨§¢¥¤¥´¨Ö n × n ³ É·¨ÍÒ X ´  m × m ³ É·¨ÍÊ Y .

Ÿ¸´μ, ÎÉμ det (Bk) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¤´μ·μ¤´Ò° ¶μ²¨´μ³ ¸É¥¶¥´¨ mk

μÉ ¶¥·¥³¥´´ÒÌ a1, . . . , aR: det (Bk) = Ek (a1, . . . , aR) . ’ ±¨³ μ¡· §μ³, ³Ò
¨³¥¥³ ¸²¥¤ÊÕÐ¥¥

“É¢¥·¦¤¥´¨¥. 	¶·¥¤¥²¨É¥²Ó ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¡ §¨¸´ÒÌ Ëμ·³ ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³ · §² £ ¥É¸Ö ´  ³´μ¦¨É¥²¨ ´ ¤ ´¥±μÉμ·Ò³ ±μ²ÓÍμ³ Í¨±²μ-
Éμ³¨Î¥¸±¨Ì Í¥²ÒÌ Î¨¸¥²:

det
R∑

i=1

aiAi =
Nirr∏
k=1

Ek (a1, . . . , aR)dk , deg Ek (a1, . . . , aR) = mk. (71)

‡¤¥¸Ó Nirr Å Î¨¸²μ · §²¨Î´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°, ¢Ìμ¤ÖÐ¨Ì ¢
¸μ¸É ¢ ¶¥·¥¸É ´μ¢μÎ´μ£μ; Ek Å ´¥¶·¨¢μ¤¨³Ò° ¶μ²¨´μ³, ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
k-³Ê ´¥¶·¨¢μ¤¨³μ³Ê ¶·¥¤¸É ¢²¥´¨Õ · §³¥·´μ¸É¨ dk, ¢Ìμ¤ÖÐ¥³Ê ¢ ¶¥·¥¸É ´μ-
¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸ ±· É´μ¸ÉÓÕ mk. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ´¥¶·¨¢μ¤¨³Ò¥
¶μ²¨´μ³Ò Ek Ô²¥³¥´É ·´Ò³¨ ³´μ¦¨É¥²Ö³¨.

ˆ§ ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö ¸²¥¤Ê¥É ¨¤¥Ö  ²£μ·¨É³  ¢ÒÎ¨¸²¥´¨Ö ¨´¢ ·¨ ´É´ÒÌ
Ëμ·³ ¢ ´¥¶·¨¢μ¤¨³ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö.

‚´ Î ²¥ ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ ¶μ²¨´μ³ det (A), ÎÉμ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
 ²£μ·¨É³¨Î¥¸±¨ μÉ´μ¸¨É¥²Ó´μ ´¥¸²μ¦´ÊÕ § ¤ ÎÊ. ‚ Î ¸É´μ¸É¨, ¶· ±É¨Î´Ò¥
 ²£μ·¨É³Ò, ¨¸¶μ²Ó§ÊÕÐ¨¥ £ Ê¸¸μ¢μ ¨¸±²ÕÎ¥´¨¥, ¨³¥ÕÉ ±Ê¡¨Î¥¸±ÊÕ ¸²μ¦-
´μ¸ÉÓ ¶μ · §³¥·´μ¸É¨ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö.

‡ É¥³ ´¥μ¡Ìμ¤¨³μ · §²μ¦¨ÉÓ ¶μ²¨´μ³ det (A) ´  ³ ±¸¨³ ²Ó´μ¥ Î¨¸²μ
´¥¶·¨¢μ¤¨³ÒÌ ±μ³¶μ´¥´É. ‡ ³¥É¨³, ÎÉμ ¸μ¢·¥³¥´´Ò¥  ²£μ·¨É³Ò Ë ±Éμ·¨§ -
Í¨¨ ¶μ²¨´μ³μ¢  ¢Éμ³ É¨Î¥¸±¨ μ¶·¥¤¥²ÖÕÉ  ²£¥¡· ¨Î¥¸±μ¥ · ¸Ï¨·¥´¨¥ · Í¨-
μ´ ²Ó´ÒÌ Î¨¸¥², μ¡¥¸¶¥Î¨¢ ÕÐ¥¥ ³ ±¸¨³ ²Ó´μ¥ · §²μ¦¥´¨¥ ´  ³´μ¦¨É¥²¨.
’ ±μ£μ ·μ¤   ²£μ·¨É³Ò ´ §Ò¢ ÕÉ¸Ö  ²£μ·¨É³ ³¨ ® ¡¸μ²ÕÉ´μ° Ë ±Éμ·¨§ -
Í¨¨¯. ‘ÊÐ¥¸É¢Ê¥É ¡μ²ÓÏμ¥ Î¨¸²μ ¶· ±É¨Î´ÒÌ ·¥ ²¨§ Í¨°  ²£μ·¨É³μ¢ Ë ±Éμ-
·¨§ Í¨¨ ¶μ²¨´μ³μ¢, ¨³¥ÕÐ¨Ì · §²¨Î´Ò¥ μÍ¥´±¨ ¸²μ¦´μ¸É¨∗.

∗„²Ö ¶μ¢ÒÏ¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ³μ¦´μ ¶μ¶ÒÉ ÉÓ¸Ö ´ ¶¨¸ ÉÓ ¸¶¥Í¨ ²¨§¨·μ¢ ´´Ò°  ²£μ-
·¨É³, ÊÎ¨ÉÒ¢ ÕÐ¨° ÉμÉ Ë ±É, ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¶μ²¨´μ³Ò · §² £ ÕÉ¸Ö ´ ¤ ±μ²ÓÍ ³¨ Í¨±²μÉμ-
³¨Î¥¸±¨Ì Í¥²ÒÌ, ±μ´¤Ê±Éμ· ³¨ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ¤¥²¨É¥²¨ Ô±¸¶μ´¥´ÉÒ £·Ê¶¶Ò. �¤´ ±μ ¶μ²Ó§ 
É ±μ° · ¡μÉÒ É·¥¡Ê¥É μÉ¤¥²Ó´μ£μ ¨§ÊÎ¥´¨Ö.
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’ ±¨³ μ¡· §μ³, ¶μ¸É·μ¥´¨¥ · §²μ¦¥´¨Ö (71) Ö¢²Ö¥É¸Ö  ²£μ·¨É³¨Î¥¸±¨
·¥ ²¨§Ê¥³μ° § ¤ Î¥°. �¥Ï¨¢ ÔÉÊ § ¤ ÎÊ, ³Ò ¨³¥¥³ ¶μ²´ÊÕ ¨´Ëμ·³ Í¨Õ μ
· §³¥·´μ¸ÉÖÌ ¨ ±· É´μ¸ÉÖÌ ¢¸¥Ì ´¥¶·¨¢μ¤¨³ÒÌ ¶μ¤¶·¥¤¸É ¢²¥´¨°. �Éμ ¤ ¥É
μ¶·¥¤¥²¥´´ÊÕ ±μ´±·¥É¨§ Í¨Õ ¸É·Ê±ÉÊ·Ò · §²μ¦¥´¨Ö ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ.

‘²¥¤ÊÕÐ¨³ ¥¸É¥¸É¢¥´´Ò³ Ï £μ³ ¡Ê¤¥É ¶μ¶ÒÉ±  ¢ÒÎ¨¸²¨ÉÓ Ö¢´μ ¨´¢ ·¨-
 ´É´Ò¥ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö Bk ¢ ´¥¶·¨¢μ¤¨³ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶¥·¥-
¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö. „²Ö ÔÉμ£μ ´¥μ¡Ìμ¤¨³μ ¨¸±²ÕÎ¨ÉÓ ¨§ · ¸¸³μÉ·¥-
´¨Ö ³´μ¦¨É¥²Ó Ek (a1, . . . , aR), μÉ´μ¸ÖÐ¨°¸Ö ± ±μ³¶μ´¥´É¥ Bk, ¨ ¶·¨· ¢´ÖÉÓ
± ´Ê²Õ μ¸É ²Ó´Ò¥ ³´μ¦¨É¥²¨, É. ¥. ´¥μ¡Ìμ¤¨³μ § ¶¨¸ ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

E1 = . . . = Êk = . . . = ENirr = 0. (72)

…¸²¨ ¢¸¥ ±· É´μ¸É¨ mi = 1 (¶·¨ ¸μ¡²Õ¤¥´¨¨ ÔÉμ£μ Ê¸²μ¢¨Ö R = Nirr

¨ Í¥´É· ²¨§ Éμ·´μ¥ ±μ²ÓÍμ ±μ³³ÊÉ É¨¢´μ), Éμ ¢¸¥ ¶μ²¨´μ³Ò Ei ²¨´¥°´Ò.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ÒÎ¨¸²¥´¨¥ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° ¢ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ-
¸É· ´¸É¢ Ì ¡¥§ É·Ê¤  ³μ¦¥É ¡ÒÉÓ ¤μ¢¥¤¥´μ ¤μ ±μ´Í , ¶μ¸±μ²Ó±Ê ¸¢μ¤¨É¸Ö ±
·¥Ï¥´¨Õ ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨°.

� ¸¸³μÉ·¨³ ¤²Ö ¶·¨³¥·  £·Ê¶¶Ê SL (2, 3), μ¶·¥¤¥²Ö¥³ÊÕ ± ± £·Ê¶¶  ¸¶¥-
Í¨ ²Ó´ÒÌ ²¨´¥°´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¤¢Ê³¥·´μ£μ ¶·μ¸É· ´¸É¢  ´ ¤ ¶μ²¥³ ¨§
É·¥Ì Ô²¥³¥´Éμ¢ F3. �É  £·Ê¶¶  ¨¸¶μ²Ó§Ê¥É¸Ö ¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í,
£¤¥ ¥¥ Î ¸Éμ μ¡μ§´ Î ÕÉ ¸¨³¢μ²μ³ T′, ¶μ¸±μ²Ó±Ê μ´  Ö¢²Ö¥É¸Ö ¤¢ÊÌ±· É´μ°
´ ±·Ò¢ ÕÐ¥° £·Ê¶¶Ò ¸¨³³¥É·¨° T ∼= A4 É¥É· Ô¤· . ƒ·Ê¶¶  ¸μ¸Éμ¨É ¨§ 24 Ô²¥-
³¥´Éμ¢, ¥¥ Ô±¸¶μ´¥´É  · ¢´  12. ŒÒ · ¸¸³μÉ·¨³ ¥¥ ÉμÎ´μ¥ ¶¥·¥¸É ´μ¢μÎ´μ¥
¤¥°¸É¢¨¥ ¸É¥¶¥´¨ 8, ±μÉμ·μ¥ ³μ¦´μ ¶μ·μ¤¨ÉÓ, ´ ¶·¨³¥·, ¸²¥¤ÊÕÐ¨³¨ ¤¢Ê³Ö
¶¥·¥¸É ´μ¢± ³¨:

g1 = (1, 5, 3, 2, 6, 4) (7, 8) ¨ g2 = (1, 3, 7, 2, 4, 8)(5, 6) .

�¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ · §³¥·´μ¸É¨ 8 ³Ò ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¸¨³¢μ-
²μ³ 8.

‘²¥¤ÊÕÐ¨¥ Î¥ÉÒ·¥ ³ É·¨ÍÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ÒÎ¨¸²¥´¨¥³ μ·¡¨É ²μ¢, ¸μ¸É -

¢²ÖÕÉ ¡ §¨¸ ±μ²ÓÍ  ZR ≡ ZR
(
SL (2, 3)

(
�8
))

¶¥·¥¸É ´μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ

Ëμ·³

A1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · · · · ·
· 1 · · · · · ·
· · 1 · · · · ·
· · · 1 · · · ·
· · · · 1 · · ·
· · · · · 1 · ·
· · · · · · 1 ·
· · · · · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, A2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

· 1 · · · · · ·
1 · · · · · · ·
· · · 1 · · · ·
· · 1 · · · · ·
· · · · · 1 · ·
· · · · 1 · · ·
· · · · · · · 1
· · · · · · 1 ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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A3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

· · 1 · 1 · 1 ·
· · · 1 · 1 · 1
· 1 · · · 1 1 ·
1 · · · 1 · · 1
· 1 1 · · · · 1
1 · · 1 · · 1 ·
· 1 · 1 1 · · ·
1 · 1 · · 1 · ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, A4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

· · · 1 · 1 · 1
· · 1 · 1 · 1 ·
1 · · · 1 · · 1
· 1 · · · 1 1 ·
1 · · 1 · · 1 ·
· 1 1 · · · · 1
1 · 1 · · 1 · ·
· 1 · 1 1 · · ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

�¶·¥¤¥²¨É¥²Ó ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ÔÉ¨Ì ³ É·¨Í

A = a1A1 + a2A2 + a3A3 + a4A4

· §² £ ¥É¸Ö ´  ²¨´¥°´Ò¥ ³´μ¦¨É¥²¨ ´ ¤ ±μ²ÓÍμ³ Í¨±²μÉμ³¨Î¥¸±¨Ì Í¥²ÒÌ N3

(μ¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ ±μ´¤Ê±Éμ· 3 Å ¤¥²¨É¥²Ó Ô±¸¶μ´¥´ÉÒ £·Ê¶¶Ò)

detA = (a1 + a2 + 3a3 + 3a4)×
× {a1 − a2 + (1 + 2r) a3 − (1 + 2r) a4}2 ×
× {−a1 + a2 + (1 + 2r) a3 − (1 + 2r) a4}2 ×

× (a1 + a2 − a3 − a4)
3 , (73)

£¤¥ r Å ¶·¨³¨É¨¢´Ò° ±μ·¥´Ó ¨§ ¥¤¨´¨ÍÒ 3-° ¸É¥¶¥´¨. ˆ§ Ëμ·³Ê²Ò (73) ´¥¶μ-
¸·¥¤¸É¢¥´´μ ¢¨¤´  ¸É·Ê±ÉÊ·  · §²μ¦¥´¨Ö ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö 8
´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ:

8 = 1⊕ 2⊕ 2′ ⊕ 3.

ˆ¸±²ÕÎ Ö ²¨´¥°´Ò¥ ³´μ¦¨É¥²¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¶·¥¤¸É -
¢²¥´¨Ö³ k = 1,2,2′,3, ¨ ¶·¨· ¢´¨¢ Ö ± ´Ê²Õ μ¸É ²Ó´Ò¥ ³´μ¦¨É¥²¨, ³Ò
¶μ²ÊÎ¨³ Î¥ÉÒ·¥ ¸¨¸É¥³Ò ¨§ É·¥Ì ²¨´¥°´ÒÌ Ê· ¢´¥´¨° μÉ Î¥ÉÒ·¥Ì ¶¥·¥³¥´-
´ÒÌ.

� ¸¸³μÉ·¨³ ¤²Ö ¶·¨³¥·  ¶μ¤¶·¥¤¸É ¢²¥´¨¥ 2. „²Ö ÔÉμ° ±μ³¶μ´¥´ÉÒ ¸¨-
¸É¥³  Ê· ¢´¥´¨° (72) ¶·¨´¨³ ¥É ¢¨¤

a1 + a2 + 3a3 + 3a4 = 0, (74)

−a1 + a2 + (1 + 2r) a3 − (1 + 2r) a4 = 0, (75)

a1 + a2 − a3 − a4 = 0. (76)

‹¨´¥°´Ò¥ ¸¨¸É¥³Ò É ±μ£μ É¨¶  ¸μ¸ÉμÖÉ ¨§ R− 1 Ê· ¢´¥´¨°, ´μ ¸μ¤¥·¦ É
R ¶¥·¥³¥´´ÒÌ. �μ¸±μ²Ó±Ê ¡¨²¨´¥°´ Ö Ëμ·³  (69) μ¶¨¸Ò¢ ¥É ´¥¢Ò·μ¦¤¥´-
´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥, ±μÔËË¨Í¨¥´É a1 ¶·¨ ¤¨ £μ´ ²Ó´μ° ¡ §¨¸´μ°
Ëμ·³¥ ´¥ ³μ¦¥É μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó. �μÔÉμ³Ê a1 ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ±
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¶ · ³¥É· ¨ ·¥Ï ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ μ¸É ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ.
‚ ¶·¨´Í¨¶¥, ±μÔËË¨Í¨¥´É a1 ³μ¦¥É ¡ÒÉÓ ¶·μ¨§¢μ²Ó´Ò³ (´¥´Ê²¥¢Ò³) ¶ -
· ³¥É·μ³, ¶μ¸±μ²Ó±Ê ¡μ·´μ¢¸± Ö ¢¥·μÖÉ´μ¸ÉÓ ´¥ § ¢¨¸¨É μÉ ¥£μ §´ Î¥´¨Ö.
�¤´ ±μ ¤²Ö ± ¦¤μ° ´¥¶·¨¢μ¤¨³μ° ±μ³¶μ´¥´ÉÒ Uk · §Ê³´μ ¢Ò¡¨· ÉÓ §´ Î¥-
´¨¥ a1 = dk/N Å ¶·¨ É ±μ° ´μ·³¨·μ¢±¥ ¸Ê³³  ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° ¢
¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¡Ê¤¥É · ¢´  ¸É ´¤ ·É´μ³Ê ¸± ²Ö·´μ³Ê ¶·μ-
¨§¢¥¤¥´¨Õ ¢ ¶·μ¸É· ´¸É¢¥ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö.

�¥Ï Ö ²¨´¥°´ÊÕ ¸¨¸É¥³Ê (74)Ä(76), Ê¸É ´μ¢¨¢ a1 = 2/8 = 1/4, ³Ò ¶μ²Ê-
Î¨³

a2 = −1
4
, a3 = −1 + 2r

12
, a4 =

1 + 2r

12
.

�·¨³¥´ÖÖ  ´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê ±μ ¢¸¥³ ´¥¶·¨¢μ¤¨³Ò³ ±μ³¶μ´¥´É ³,
³Ò ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ´ ¡μ·Ê ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° ¢ ¨´¢ ·¨ ´É´ÒÌ
¶μ¤¶·μ¸É· ´¸É¢ Ì

B1 =
1
8

(A1 + A2 + A3 + A4) ≡
1
8
U8,

B2 =
1
4

(
A1 −A2 −

1 + 2r

3
A3 +

1 + 2r

3
A4

)
,

B2′ =
1
4

(
A1 −A2 +

1 + 2r

3
A3 −

1 + 2r

3
A4

)
,

B3 =
3
8

(
A1 + A2 −

1
3
A3 −

1
3
A4

)
.

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¨¸¶μ²Ó§μ¢ ´´ Ö ´ ³¨ ´μ·³¨·μ¢±  ±μÔËË¨Í¨¥´Éμ¢ μ¡¥¸-
¶¥Î¨¢ ¥É Éμ¦¤¥¸É¢μ B1 + B2 + B2′ + B3 = A1 ≡ I8. � ¶μ³´¨³, ÎÉμ ¢μ ¢¸¥Ì
¶μ¤μ¡´ÒÌ § ¤ Î Ì B1 ´¥ É·¥¡Ê¥É ¢ÒÎ¨¸²¥´¨Ö, ¶μ¸±μ²Ó±Ê ¸± ²Ö·´μ¥ ¶·μ¨§¢¥-

¤¥´¨¥ ¢ ¶μ¤¶·μ¸É· ´¸É¢¥ É·¨¢¨ ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢¸¥£¤  ¨³¥¥É ¢¨¤
1
N
UN.

‚ ¸²ÊÎ ¥ ±· É´ÒÌ ¶μ¤¶·¥¤¸É ¢²¥´¨° ¸¨ÉÊ Í¨Ö ¸ÊÐ¥¸É¢¥´´μ Ê¸²μ¦´Ö¥É¸Ö
¢¢¨¤Ê ´¥²¨´¥°´μ¸É¨ ¸μμÉ´μÏ¥´¨°. ‚μ ³´μ£¨Ì ±μ´±·¥É´ÒÌ ¶·¨³¥· Ì, ¶·¨³¥-
´ÖÖ ¶·¨¥³Ò ad hoc, Ê¤ ¥É¸Ö ¶·μ¢¥¸É¨,  ´ ²μ£¨Î´μ ¸²ÊÎ Õ ¥¤¨´¨Î´ÒÌ ±· É-
´μ¸É¥°, ¶μ²´μ¥ · §²μ¦¥´¨¥ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³-
¶μ´¥´ÉÒ. ‚μ¶·μ¸ μ Éμ³, ³μ¦´μ ²¨ · §· ¡μÉ ÉÓ μ¡Ð¨°  ²£μ·¨É³ ¤²Ö ¸²Ê-
Î Ö ±· É´ÒÌ ¶μ¤¶·¥¤¸É ¢²¥´¨°, É·¥¡Ê¥É ¡μ²¥¥ £²Ê¡μ±μ£μ ¤μ¶μ²´¨É¥²Ó´μ£μ
¨§ÊÎ¥´¨Ö.

‡�Š‹	—…�ˆ…

‚ μ¸´μ¢¥ ¤ ´´μ° ¸É ÉÓ¨ ²¥¦¨É ¶·¥¤¸É ¢²¥´¨¥ μ Éμ³, ÎÉμ ²Õ¡ Ö ¶·μ¡²¥³ ,
¨³¥ÕÐ Ö μ¸³Ò¸²¥´´μ¥ Ô³¶¨·¨Î¥¸±μ¥ ¸μ¤¥·¦ ´¨¥, ³μ¦¥É ¡ÒÉÓ ¸Ëμ·³Ê²¨·μ-
¢ ´  ¢ ±μ´¸É·Ê±É¨¢´ÒÌ, ¡μ²¥¥ Éμ£μ, ±μ´¥Î´ÒÌ É¥·³¨´ Ì. ˆ¸±²ÕÎ¥´¨¥  ±-
ÉÊ ²Ó´ÒÌ ¡¥¸±μ´¥Î´μ¸É¥° ¨§ μ¶¨¸ ´¨Ö Ë¨§¨Î¥¸±μ° ·¥ ²Ó´μ¸É¨, μ¸¢μ¡μ¦¤ Ö
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μÉ ³´μ¦¥¸É¢  É¥Ì´¨Î¥¸±¨Ì É·Ê¤´μ¸É¥°, ¶μ§¢μ²Ö¥É ¸±μ´Í¥´É·¨·μ¢ ÉÓ¸Ö ´  ¸μ-
¤¥·¦ É¥²Ó´μ° ¸Éμ·μ´¥ Ë¨§¨Î¥¸±¨Ì § ¤ Î. Š·μ³¥ Éμ£μ, ±μ´¸É·Ê±É¨¢´μ¸ÉÓ Å
´¥μ¡Ìμ¤¨³μ¥ É·¥¡μ¢ ´¨¥ ¤²Ö ¸ ³μ° ¢μ§³μ¦´μ¸É¨ ¶μ¸É·μ¥´¨Ö ±μ³¶ÓÕÉ¥·´ÒÌ
³μ¤¥²¥° Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³. ŒÒ É ±¦¥ ¶·¨¤¥·¦¨¢ ²¨¸Ó ¶·¨´Í¨¶  Ô±μ´μ³-
´μ£μ ¢¢¥¤¥´¨Ö ´μ¢ÒÌ Ô²¥³¥´Éμ¢ ¢ μ¶¨¸ ´¨Ö, É. ¥. ³ É¥³ É¨Î¥¸±¨¥ ¶μ´ÖÉ¨Ö
¢¢μ¤¨²¨¸Ó Éμ²Ó±μ Éμ£¤ , ±μ£¤  μ´¨ ¡Ò²¨ ·¥ ²Ó´μ ´¥μ¡Ìμ¤¨³Ò (±μ´¥Î´μ, ¸ ÉμÎ-
´μ¸ÉÓÕ ¤μ ´ Ï¥£μ ¶μ´¨³ ´¨Ö ¶·μ¡²¥³Ò) Å ¡¥¸±μ´É·μ²Ó´μ¥ ¢¢¥¤¥´¨¥ ´μ¢ÒÌ
³ É¥³ É¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· (¨²¨ · ¸Ï¨·¥´¨¥ ¸É ·ÒÌ ¶·μ¸Éμ ¨§-§  ¢μ§³μ¦´μ-
¸É¨ μ¡μ¡Ð¥´¨Ö) § É·Ê¤´Ö¥É μÉ¤¥²¥´¨¥ ¸μ¤¥·¦ É¥²Ó´ÒÌ Ô²¥³¥´Éμ¢ μ¶¨¸ ´¨Ö
μÉ  ·É¥Ë ±Éμ¢.

�·¨¤¥·¦¨¢ Ö¸Ó ÔÉ¨Ì ¶μ§¨Í¨°, ³Ò · ¸¸³μÉ·¥²¨ ±² ¸¸¨Î¥¸±¨¥ ¨ ±¢ ´Éμ¢Ò¥
¤¨´ ³¨Î¥¸±¨¥ ¸¨¸É¥³Ò ¸ ´¥É·¨¢¨ ²Ó´Ò³¨ ¸¨³³¥É·¨°´Ò³¨ ¸¢μ°¸É¢ ³¨. �¸μ-
¡μ¥ ¢´¨³ ´¨¥ ¡Ò²μ Ê¤¥²¥´μ μ¤´μ³Ê ¨§ Í¥´É· ²Ó´ÒÌ ¶·¨´Í¨¶μ¢ ¢ Ë¨§¨±¥ Å
¶·¨´Í¨¶Ê ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨, ±μÉμ·Ò° ³Ò ¶¥·¥Ëμ·³Ê²¨·μ¢ ²¨
¢ ®±μ´¥Î´μ³¯ ¢¨¤¥. ŒÒ · ¸¸³μÉ·¥²¨ ¤¥É¥·³¨´¨¸É¨Î¥¸±¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¨-
¸É¥³Ò ¨ μ¡¸Ê¤¨²¨ £·Ê¶¶μ¢ÊÕ ¶·¨·μ¤Ê Ëμ·³¨·μ¢ ´¨Ö ¸μÌ· ´ÖÕÐ¨Ì Ëμ·³Ê
¤¢¨¦ÊÐ¨Ì¸Ö ¸É·Ê±ÉÊ·, Î ¸Éμ ´ ¡²Õ¤ ¥³ÒÌ ¢ ¤¨´ ³¨±¥ É ±¨Ì ¸¨¸É¥³. ŒÒ μ¡-
¸Ê¤¨²¨ É ±¦¥, ± ±¨³ μ¡· §μ³ ¢ ¤¥É¥·³¨´¨¸É¨Î¥¸±μ° ¤¨´ ³¨±¥ ³μ¦¥É ¢μ§´¨±-
´ÊÉÓ Ê´¨É ·´μ¸ÉÓ, ¶·¨¸ÊÐ Ö ËÊ´¤ ³¥´É ²Ó´Ò³ § ±μ´ ³ ¶·¨·μ¤Ò ¨ ²¥¦ Ð Ö
¢ μ¸´μ¢¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö.

Šμ´¸É·Ê±É¨¢´Ò°  ´ ²¨§ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¶·¨¢μ¤¨É ±
¸²¥¤ÊÕÐ¨³ ¢Ò¢μ¤ ³.

1. Š¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¶μ ¸ÊÐ¥¸É¢Ê Ö¢²Ö¥É¸Ö  ¶·¨μ·´μ° ³ É¥³ É¨Î¥¸±μ°
¸Ì¥³μ°, ¢ μ¸´μ¢¥ ±μÉμ·μ° ²¥¦¨É ¶·¨´Í¨¶¨ ²Ó´ Ö ´¥¢μ§³μ¦´μ¸ÉÓ ¶·μ¸²¥¤¨ÉÓ
¨¤¥´É¨Î´μ¸ÉÓ ´¥· §²¨Î¨³ÒÌ μ¡Ñ¥±Éμ¢ ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ ¸μ¢μ±Ê¶´μ¸É¨ É -
±¨Ì μ¡Ñ¥±Éμ¢. ” ±É¨Î¥¸±¨ ÔÉμ · §¤¥² ±μ³¡¨´ Éμ·¨±¨, ±μÉμ·Ò° ³μ¦´μ ´ §¢ ÉÓ
®¨¸Î¨¸²¥´¨¥³ ´¥· §²¨Î¨³ÒÌ¯.

2. ‹Õ¡ Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö ¶·μ¡²¥³  ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ± ¶¥·¥-
¸É ´μ¢± ³.

3. Š¢ ´Éμ¢Ò¥ ¨´É¥·Ë¥·¥´Í¨¨ Å ÔÉμ Ö¢²¥´¨Ö, ´ ¡²Õ¤ ¥³Ò¥ ¢ ¨´¢ ·¨-
 ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¨ ¢Ò· ¦ ¥³Ò¥ ¢
É¥·³¨´ Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¨´¢ ·¨ ´Éμ¢.

4. � ÉÊ· ²Ó´ Ö ¨´É¥·¶·¥É Í¨Ö ±¢ ´Éμ¢ÒÌ  ³¶²¨ÉÊ¤ (®¢μ²´¯) ± ± ¢¥±-
Éμ·μ¢ ±· É´μ¸É¥° ¢Ìμ¦¤¥´¨Ö Ô²¥³¥´Éμ¢, ¶μ¤¢¥·£ ¥³ÒÌ ¶¥·¥¸É ´μ¢± ³, (®Î -
¸É¨Í¯) ¢ ¸μ¢μ±Ê¶´μ¸ÉÓ É ±¨Ì Ô²¥³¥´Éμ¢, ¶·¨¢μ¤¨É ± · Í¨μ´ ²Ó´Ò³ ±¢ ´Éμ¢Ò³
¢¥·μÖÉ´μ¸ÉÖ³. �Éμ ¸μ£² ¸Ê¥É¸Ö ¸ Î ¸ÉμÉ´μ° ¨´É¥·¶·¥É Í¨¥° ¢¥·μÖÉ´μ¸É¨ ¤²Ö
±μ´¥Î´ÒÌ ³´μ¦¥¸É¢.

ˆ¤¥Ö ´ ÉÊ· ²Ó´ÒÌ ±¢ ´Éμ¢ÒÌ  ³¶²¨ÉÊ¤ ¢Ò£²Ö¤¨É ¢¥¸Ó³  ¶·¨¢²¥± É¥²Ó´μ°.
‚ Î ¸É´μ¸É¨, μ´  ¶μ§¢μ²Ö¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ Ô²¥³¥´ÉÒ ³´μ¦¥¸É¢  ´¥· §²¨-
Î¨³ÒÌ μ¡Ñ¥±Éμ¢, ´  ±μÉμ·ÒÌ £·Ê¶¶  ¸¨³³¥É·¨° ¤¥°¸É¢Ê¥É ¶¥·¥¸É ´μ¢± ³¨,
± ± ®Î ¸É¨ÍÒ¯,   ¢¥±Éμ·Ò ±· É´μ¸É¥° ¢Ìμ¦¤¥´¨Ö ÔÉ¨Ì μ¡Ñ¥±Éμ¢ ¢  ´¸ ³¡²Ó
± ± ®¢μ²´Ò¯. �É  ¨¤¥Ö ¢¥¤¥É ± ¶·μ¸Éμ° ¨ ¸ ³μ¸μ£² ¸μ¢ ´´μ° ± ·É¨´¥ ±¢ ´-
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Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö. �´ , μ¤´ ±μ, É·¥¡Ê¥É ¶·μ¢¥·±¨. …¸²¨ ¨¤¥Ö ¢¥·´ , Éμ ±¢ ´-
Éμ¢Ò¥ Ö¢²¥´¨Ö ¢ · §²¨Î´ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¶·¥¤¸É ¢²ÖÕÉ
¸μ¡μ° · §²¨Î´Ò¥ ¶·μÖ¢²¥´¨Ö Å ¢¨¤¨³Ò¥ ¢ · §²¨Î´ÒÌ ®´ ¡²Õ¤ É¥²Ó´ÒÌ (Ô±¸-
¶¥·¨³¥´É ²Ó´ÒÌ) Ê¸É ´μ¢± Ì¯ Å ¥¤¨´μ£μ ¶·μÍ¥¸¸  ¶¥·¥¸É ´μ¢μ± μ¤´μ° ¨ Éμ°
¦¥ ¸μ¢μ±Ê¶´μ¸É¨ μ¡Ñ¥±Éμ¢. „ ´´Ò¥, μÉ´μ¸ÖÐ¨¥¸Ö ± · §²¨Î´Ò³ ¨´¢ ·¨ ´É´Ò³
¶μ¤¶·μ¸É· ´¸É¢ ³ ¶¥·¥¸É ´μ¢μÎ´μ£μ ¶·¥¤¸É ¢²¥´¨Ö, É·¥¡ÊÕÉ ¨´É¥·¶·¥É Í¨¨.
� ¶·¨³¥·, É·¨¢¨ ²Ó´μ¥ μ¤´μ³¥·´μ¥ ¶μ¤¶·¥¤¸É ¢²¥´¨¥ ²Õ¡μ£μ ¶¥·¥¸É ´μ¢μÎ-
´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ®¸Î¥ÉÎ¨± Î ¸É¨Í¯: ¶¥·¥-
¸É ´μ¢μÎ´Ò° ¨´¢ ·¨ ´É LN (n), ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ÔÉμ³Ê ¶μ¤¶·¥¤¸É ¢²¥´¨Õ,
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μ²´μ¥ Î¨¸²μ Î ¸É¨Í ¢  ´¸ ³¡²¥. ˆ´É¥·¶·¥É Í¨Ö ¤ ´´ÒÌ,
μÉ´μ¸ÖÐ¨Ì¸Ö ± ¤·Ê£¨³ ¨´¢ ·¨ ´É´Ò³ ¶μ¤¶·μ¸É· ´¸É¢ ³, É·¥¡Ê¥É ¤ ²Ó´¥°Ï¥£μ
¨§ÊÎ¥´¨Ö.

�² £μ¤ ·´μ¸É¨. �¢Éμ· ¡² £μ¤ ·¥´ ‘.�.�¡· ³μ¢Ê, �.�. 
²¨´±μ¢Ê,
‘.ˆ. ‚¨´¨Í±μ³Ê, ‚.�. ƒ¥·¤ÉÊ, ‚. ‚.ˆ¢ ´μ¢Ê, ‚.‘.Œ¥²¥¦¨±Ê ¨ �.�.Œ¨Ì -
²¥¢Ê §  μ¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éμ¢, ¨§²μ¦¥´´ÒÌ ¢ ¸É ÉÓ¥. � ¡μÉ  Î ¸É¨Î´μ ¶μ¤-
¤¥·¦¨¢ ² ¸Ó �μ¸¸¨°¸±¨³ Ëμ´¤μ³ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨°
(£· ´É º 01-01-00200) ¨ Œ¨´¨¸É¥·¸É¢μ³ μ¡· §μ¢ ´¨Ö ¨ ´ Ê±¨ �” (£· ´É
º 3802.2012.2).

�·¨²μ¦¥´¨¥ �
��š…„ˆ�…�ˆ… ���‘’���‘’‚…��›•

ˆ ‚�“’�…��ˆ• ‘ˆŒŒ…’�ˆ‰

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¢ ± Î¥¸É¢¥ ¸¨³³¥É·¨° ³´μ¦¥¸É¢  ¸μ¸ÉμÖ´¨° Ω ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ¶·μ¨§¢μ²Ó´ÊÕ ¶μ¤£·Ê¶¶Ê ¸¨³³¥É·¨Î¥¸±μ° £·Ê¶¶Ò SΩ. �¤´ ±μ,
¥¸²¨ É·¥¡Ê¥É¸Ö, ÎÉμ¡Ò ¤²Ö ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¶·μ¸É· ´¸É¢μ³ ¨ ²μ± ²Ó-
´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ £·Ê¶¶  ¸¨³³¥É·¨° G ¡Ò²  ¸±μ´¸É·Ê¨·μ¢ ´  ¨§ £·Ê¶¶ F
¨ Γ, Éμ ´¥μ¡Ìμ¤¨³μ ¸´ ¡¤¨ÉÓ £·Ê¶¶μ¢μ° ¸É·Ê±ÉÊ·μ° ¤¥± ·Éμ¢μ ¶·μ¨§¢¥¤¥´¨¥
ΓX ⊗ F. ‡¤¥¸Ó ΓX Å ³´μ¦¥¸É¢μ ËÊ´±Í¨° ´  ¶·μ¸É· ´¸É¢¥ X ¸μ §´ Î¥´¨Ö³¨
¢ £·Ê¶¶¥ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° Γ. ’ ±¨³ μ¡· §μ³, ± ¦¤Ò° Ô²¥³¥´É u ∈ G
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶ ·Ê u = (α(x), a) , £¤¥ α(x) ∈ ΓX ¨ a ∈ F. …¸É¥-
¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ·¥§Ê²ÓÉ Éμ³ ¤¥°¸É¢¨Ö ¶·μ¸É· ´¸É¢¥´´ÒÌ ¸¨³³¥-
É·¨° ´  ËÊ´±Í¨¨ ¨§ ΓX Ö¢²ÖÕÉ¸Ö É ±¦¥ Ô²¥³¥´ÉÒ ΓX. �Éμ μ§´ Î ¥É, ÎÉμ
£·Ê¶¶  ΓX ¤μ²¦´  ¡ÒÉÓ ´μ·³ ²Ó´Ò³ ¤¥²¨É¥²¥³ ¨¸±μ³μ° £·Ê¶¶Ò G, É. ¥. G
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · ¸Ï¨·¥´¨¥ £·Ê¶¶Ò F ¸ ¶μ³μÐÓÕ £·Ê¶¶Ò ΓX. …¸²¨ ¤ ²¥¥
¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¸¨³³¥É·¨¨ ¶·μ¸É· ´¸É¢  ¢±² ¤Ò¢ ÕÉ¸Ö ¢ ¶μ²´ÊÕ £·Ê¶¶Ê G
± ± ¶μ¤£·Ê¶¶ , Éμ ¶μ²ÊÎ ¥É¸Ö Î ¸É´Ò° É¨¶ · ¸Ï¨·¥´¨°, ´ §Ò¢ ¥³ÒÌ · §²μ-
¦¨³Ò³¨.

� ¨¡μ²¥¥ ¢ ¦´Ò° ¶·¨³¥· · §²μ¦¨³μ£μ · ¸Ï¨·¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
¸¶²¥É¥´¨¥, ¢¢¥¤¥´´μ¥ ´  ¸. 111. �É  ±μ´¸É·Ê±Í¨Ö  ¤¥±¢ É´  ¶·¨´Í¨¶Ê ± -
²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨. ‚ Ë¨§¨Î¥¸±¨Ì É¥μ·¨ÖÌ μ¡ÒÎ´μ ¶·¥¤¶μ² £ ¥É¸Ö
´¥§ ¢¨¸¨³μ¸ÉÓ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°, ÎÉμ ¶·¨¢μ¤¨É ±
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¡μ²¥¥ ¶·μ¸Éμ° ±μ´¸É·Ê±Í¨¨ · §²μ¦¨³μ£μ · ¸Ï¨·¥´¨Ö,   ¨³¥´´μ, ± ¶·Ö³μ³Ê
¶·μ¨§¢¥¤¥´¨Õ G ∼= ΓX × F. „¥°¸É¢¨¥ ¨ £·Ê¶¶μ¢μ¥ Ê³´μ¦¥´¨¥ ¤²Ö ¶·Ö³μ£μ
¶·μ¨§¢¥¤¥´¨Ö ¨³¥ÕÉ ¢¨¤

σ(x) (α (x), a) = σ (x)α (x) ,
(77)

(α (x), a) (β (x), b) = (α (x) β (x), ab) .

‘²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥ μ¡μ¡Ð ¥É μ¡¥ ÔÉ¨ ±μ´¸É·Ê±Í¨¨.
‹Õ¡μ°  ´É¨£μ³μ³μ·Ë¨§³ μ : F → F (É¥·³¨´ ® ´É¨£μ³μ³μ·Ë¨§³¯ μ§´ Î ¥É,
ÎÉμ μ(a)μ(b) = μ(ba)) £·Ê¶¶Ò ¶·μ¸É· ´¸É¢¥´´ÒÌ ¸¨³³¥É·¨° μ¶·¥¤¥²Ö¥É
±² ¸¸ Ô±¢¨¢ ²¥´É´μ¸É¨ · §²μ¦¨³ÒÌ £·Ê¶¶μ¢ÒÌ · ¸Ï¨·¥´¨°

1 → ΓX → G → F → 1.

�±¢¨¢ ²¥´É´μ¸ÉÓ μ¶¨¸Ò¢ ¥É¸Ö ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¥° κ : F → F. 	¸´μ¢-
´Ò¥ £·Ê¶¶μ¢Ò¥ μ¶¥· Í¨¨ Å ¤¥°¸É¢¨¥ ´  ΣX, £·Ê¶¶μ¢μ¥ Ê³´μ¦¥´¨¥ ¨ ¢§ÖÉ¨¥
μ¡· É´μ£μ Ô²¥³¥´É  Å ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° Ö¢´Ò° ¢¨¤:

σ(x) (α (x), a) = σ (xμ(a)) α (xκ(a))

(α (x), a) (β (x), b) =
(
α
(
xκ(ab)−1μ(b)κ(a)

)
β
(
xκ(ab)−1κ(b)

)
, ab
)
,

(α(x), a)−1 = (α(xκ(a−1)−1μ(a)−1κ(a))−1, a−1).

�Éμ ÊÉ¢¥·¦¤¥´¨¥ ¶μ²ÊÎ ¥É¸Ö ¸¶¥Í¨ ²¨§ Í¨¥° μ¡Ð¥° ±μ´¸É·Ê±Í¨¨ · §²μ-
¦¨³ÒÌ · ¸Ï¨·¥´¨° £·Ê¶¶Ò F £·Ê¶¶μ° H (¸³., ´ ¶·¨³¥·, [21]) ´  ¸²ÊÎ °,
±μ£¤  H ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° £·Ê¶¶Ê Γ-§´ Î´ÒÌ ËÊ´±Í¨° ´  X,   F ¤¥°¸É¢Ê¥É
´   ·£Ê³¥´É Ì ÔÉ¨Ì ËÊ´±Í¨°. �±¢¨¢ ²¥´É´μ¸ÉÓ · ¸Ï¨·¥´¨° ¸ μ¤´¨³ ¨ É¥³ ¦¥
 ´É¨£μ³μ³μ·Ë¨§³μ³ μ, ´μ ¸ · §²¨Î´Ò³¨ ËÊ´±Í¨Ö³¨ κ ¢Ò· ¦ ¥É¸Ö ¸²¥¤ÊÕ-
Ð¥° ±μ³³ÊÉ É¨¢´μ° ¤¨ £· ³³μ°:

1 ΓX G F 1

1 ΓX G′ F 1

� �

�

�

�
K

�

�
� � � �

,

£¤¥ μÉμ¡· ¦¥´¨¥ K ¨³¥¥É ¢¨¤ K : (α(x), a) �→ (α (xκ(a)), a) .
‘É ´¤ ·É´Ò¥ ¸¶²¥É¥´¨¥ ¨ ¶·Ö³μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¶μ²ÊÎ ÕÉ¸Ö ¨§ ÔÉμ° μ¡-

Ð¥° ±μ´¸É·Ê±Í¨¨ ¢Ò¡μ·μ³  ´É¨£μ³μ³μ·Ë¨§³μ¢ μ(a) = a−1 ¨ μ(a) = 1 ¸μ-
μÉ¢¥É¸É¢¥´´μ. —Éμ ± ¸ ¥É¸Ö ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¨ κ, ¢ ³ É¥³ É¨Î¥¸±μ° ²¨-
É¥· ÉÊ·¥ μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ¸Ö κ(a) = a−1 ¤²Ö ¸¶²¥É¥´¨Ö ¨ κ(a) = 1 ¤²Ö
¶·Ö³μ£μ ¶·μ¨§¢¥¤¥´¨Ö. ‚ Ëμ·³Ê² Ì (20)Ä(22) ¨ (77) ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ± ± · §
ÔÉ¨ ËÊ´±Í¨¨.
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Œ¥Éμ¤Ò  ´ ²¨§  ¸μ¢³¥¸É´μ¸É¨, É ±¨¥ ± ± ¢ÒÎ¨¸²¥´¨¥ ¡ §¨¸μ¢ ƒ·¥¡´¥· 
¨²¨ ¶·¨¢¥¤¥´¨¥ ¢ ¨´¢μ²ÕÍ¨Õ, Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ¨§ÊÎ¥´¨Ö ¸¨¸É¥³
¶μ²¨´μ³¨ ²Ó´ÒÌ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚ ÔÉμ³ ¶·¨²μ¦¥´¨¨ ³Ò
· §¢¨¢ ¥³  ´ ²μ£¨Î´ÊÕ É¥Ì´¨±Ê ¤²Ö ¤¨¸±·¥É´ÒÌ ¸¨¸É¥³ [24, 25]. „²Ö ¨²-
²Õ¸É· Í¨¨ ¢μ§³μ¦´μ¸É¥° ´ Ï¥£μ ¶μ¤Ìμ¤  ³Ò ¶·¨¢μ¤¨³ ¥£μ ¶·¨²μ¦¥´¨Ö ±
¨§ÊÎ¥´¨Õ ±²¥ÉμÎ´ÒÌ  ¢Éμ³ Éμ¢.

� ¸¸³μÉ·¨³ ¤¥± ·Éμ¢μ ¶·μ¨§¢¥¤¥´¨¥ Σn = Σ1 × Σ2 × · · · × Σn, É. ¥. ³´μ-
¦¥¸É¢μ ±μ·É¥¦¥° (¢¥±Éμ·μ¢) ¢¨¤  (σ1, σ2, . . . , σn), £¤¥ σi ∈ Σi ¤²Ö ± ¦¤μ£μ i.
n- ·´Ò³ μÉ´μÏ¥´¨¥³ ´ §Ò¢ ¥É¸Ö ²Õ¡μ¥ ¶μ¤³´μ¦¥¸É¢μ n-³¥·´μ£μ £¨¶¥·¶ -
· ²²¥²¥¶¨¶¥¤  Σn. ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ ¢¸¥ Σi Å ±μ´¥Î´Ò¥ ³´μ¦¥¸É¢ ,
¸μ¸ÉμÖÐ¨¥ ¨§ qi = |Σi| Ô²¥³¥´Éμ¢, ±μÉμ·Ò¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸μ¸ÉμÖ´¨Ö³¨.

ŒÒ ³μ¦¥³ ¨´É¥·¶·¥É¨·μ¢ ÉÓ n ¨§³¥·¥´¨° £¨¶¥·¶ · ²²¥²¥¶¨¶¥¤  Σn ± ±
³´μ¦¥¸É¢μ ÉμÎ¥± X = (x1, x2, . . . , xn). „²Ö Éμ£μ ÎÉμ¡Ò ¶·¥¢· É¨ÉÓ ÔÉμ ¨§´ -
Î ²Ó´μ  ³μ·Ë´μ¥ ³´μ¦¥¸É¢μ ¢ ®¶·μ¸É· ´¸É¢μ¯, ´Ê¦´μ ¸´ ¡¤¨ÉÓ X ´¥±μÉμ·μ°
¸É·Ê±ÉÊ·μ°, μ¶·¥¤¥²ÖÕÐ¥° ¸É¥¶¥´Ó ®¡²¨§μ¸É¨¯ ¤·Ê£ ± ¤·Ê£Ê · §²¨Î´ÒÌ Éμ-
Î¥±. �μ¤Ìμ¤ÖÐ¥° ¤²Ö ÔÉ¨Ì Í¥²¥° ³ É¥³ É¨Î¥¸±μ° ±μ´¸É·Ê±Í¨¥° Ö¢²Ö¥É¸Ö  ¡-
¸É· ±É´Ò° ¸¨³¶²¨Í¨ ²Ó´Ò° ±μ³¶²¥±¸. � ÉÊ· ²Ó´ Ö ±μ´Í¥¶Í¨Ö ¶·μ¸É· ´¸É¢ 
¶·¥¤¶μ² £ ¥É μ¤´μ·μ¤´μ¸ÉÓ ¥£μ ÉμÎ¥±. �Éμ μ§´ Î ¥É, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É £·Ê¶¶ 
¸¨³³¥É·¨°, ¤¥°¸É¢ÊÕÐ Ö É· ´§¨É¨¢´μ ´  X , É. ¥. ¨³¥¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ®¶¥·¥-
³¥Ð ÉÓ¯ ¸¢μ¡μ¤´μ ÉμÎ±¨ ¤·Ê£ ¢ ¤·Ê£ . �¤´μ·μ¤´μ¸ÉÓ ¢μ§³μ¦´ , Éμ²Ó±μ ¥¸²¨
¢¸¥ Σi Ô±¢¨¢ ²¥´É´Ò. �Ê¸ÉÓ Σ μ§´ Î ¥É ±² ¸¸ Ô±¢¨¢ ²¥´É´μ¸É¨. ŒÒ ³μ¦¥³
¶·¥¤¸É ¢¨ÉÓ Σ ± ´μ´¨Î¥¸±¨ ¢ ¢¨¤¥ Σ = (0, . . . , q − 1), q = |Σ|.

…¸²¨ Î¨¸²μ ¸μ¸ÉμÖ´¨° Å ¸É¥¶¥´Ó ¶·μ¸Éμ£μ Î¨¸² , É. ¥. q = pm, ³Ò ³μ¦¥³
¸´ ¡¤¨ÉÓ ³´μ¦¥¸É¢μ Σ ¤μ¶μ²´¨É¥²Ó´μ ¸É·Ê±ÉÊ·μ° ¶μ²Ö ƒ ²Ê  Fq. ‚μ¸¶μ²Ó§μ-
¢ ¢Ï¨¸Ó ËÊ´±Í¨μ´ ²Ó´μ° ¶μ²´μÉμ° ¶μ²¨´μ³μ¢ ´ ¤ ±μ´¥Î´Ò³¨ ¶μ²Ö³¨ [47],
³Ò ³μ¦¥³ ¶·¥¤¸É ¢¨ÉÓ ²Õ¡μ¥ k- ·´μ¥ μÉ´μÏ¥´¨¥ ´  Σ ¢ ¢¨¤¥ ³´μ¦¥¸É¢ 
´Ê²¥° ´¥±μÉμ·μ£μ ¶μ²¨´μ³  ¨§ ±μ²ÓÍ  Fq [x1, x2, . . . , xn]. ’ ±¨³ μ¡· §μ³,
³´μ¦¥¸É¢μ μÉ´μÏ¥´¨° ³μ¦´μ ·¥ ²¨§μ¢ ÉÓ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¶μ²¨´μ³¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°. •μÉÖ É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³ (¨ ´¥ · ¡μ-
É ¥É, ¥¸²¨ Σi Å · §²¨Î´Ò¥ ³´μ¦¥¸É¢  ¨²¨ q ´¥ Ö¢²Ö¥É¸Ö ¸É¥¶¥´ÓÕ ¶·μ¸Éμ£μ
Î¨¸² ), μ´μ ¶μ²¥§´μ ¢¢¨¤Ê ´ Ï¥° ¶·¨¢ÒÎ±¨ ± · ¡μÉ¥ ¸ ¶μ²¨´μ³ ³¨ ¨ ¢μ§³μ¦-
´μ¸É¨ ¨¸¶μ²Ó§μ¢ ÉÓ · §¢¨ÉÒ¥ ¸·¥¤¸É¢  ¶μ²¨´μ³¨ ²Ó´μ°  ²£¥¡·Ò, ¢ Î ¸É´μ¸É¨,
¡ §¨¸Ò ƒ·¥¡´¥· .

�.1. �¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ±μ´¸É·Ê±Í¨¨. �μ³¨³μ ¸¨³¶²¥±¸μ¢, Ö¢²ÖÕ-
Ð¨Ì¸Ö ¢Ò¤¥²¥´´Ò³¨ ¶μ¤³´μ¦¥¸É¢ ³¨ ³´μ¦¥¸É¢  X , ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ
¶·μ¨§¢μ²Ó´Ò¥ ³´μ¦¥¸É¢  ÉμÎ¥± ¨§ X . „²Ö ±· É±μ¸É¨ ³´μ¦¥¸É¢ , ¸μ¤¥·¦ -
Ð¨¥ k ÉμÎ¥±, ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ k-³´μ¦¥¸É¢ ³¨. ˆ³¥Ö ¤¥²μ ¸ ¸¨¸É¥³ ³¨
μÉ´μÏ¥´¨°, μ¶·¥¤¥²¥´´ÒÌ ´  · §²¨Î´ÒÌ ³´μ¦¥¸É¢ Ì ÉμÎ¥±, ´ ³ ´¥μ¡Ìμ¤¨³μ
Ê¸É ´μ¢¨ÉÓ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ÉμÎ± ³¨ ¨ · §³¥·´μ¸ÉÖ³¨ £¨¶¥·±Ê¡  Σk. „²Ö
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ÔÉμ£μ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ Ô±¸¶μ´¥´Í¨ ²Ó´Ò¥ μ¡μ§´ Î¥´¨Ö. �¡μ§´ Î¥´¨¥
Σ{xi} Ë¨±¸¨·Ê¥É Σ ± ± ³´μ¦¥¸É¢μ §´ Î¥´¨° ÉμÎ±¨ xi. „²Ö k-³´μ¦¥¸É¢ 

δ = {xi1 , . . . , xik
} ³Ò ¢¢μ¤¨³ μ¡μ§´ Î¥´¨¥ Σδ = Σ{xi1} × · · · × Σ{xik}. ŒÒ

¡Ê¤¥³ ´ §Ò¢ ÉÓ ³´μ¦¥¸É¢μ ÉμÎ¥± δ μ¡² ¸ÉÓÕ μ¶·¥¤¥²¥´¨Ö μÉ´μÏ¥´¨Ö Rδ,
¥¸²¨ Rδ ⊆ Σδ. ‚¥¸Ó £¨¶¥·±Ê¡ Σδ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ É·¨¢¨ ²Ó´Ò³ μÉ´μ-
Ï¥´¨¥³. ‡ ³¥É¨³, ÎÉμ μÉ´μÏ¥´¨Ö ¢¥¸Ó³  Ô±μ´μ³´μ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¶ ³ÖÉ¨
±μ³¶ÓÕÉ¥·  ¡¨Éμ¢Ò³¨ ¸É·μ± ³¨,   ³ ´¨¶Ê²ÖÍ¨¨ ¸ μÉ´μÏ¥´¨Ö³¨ ÔËË¥±É¨¢´μ
·¥ ²¨§ÊÕÉ¸Ö ¡¨Éμ¢Ò³¨ μ¶¥· Í¨Ö³¨ ¨§ ¡ §μ¢μ£μ ´ ¡μ·  ¶·μÍ¥¸¸μ·´ÒÌ ±μ³ ´¤.

�.1.1. 	É´μÏ¥´¨Ö. ’ ±¨³ μ¡· §μ³, ³Ò ¨³¥¥³
�¶·¥¤¥²¥´¨¥ 1 (μÉ´μÏ¥´¨¥). 	É´μÏ¥´¨¥³ Rδ ´  ³´μ¦¥¸É¢¥ ÉμÎ¥± δ =

{xi1 , . . . , xik
} ´ §Ò¢ ¥É¸Ö ²Õ¡μ¥ ¶μ¤³´μ¦¥¸É¢μ £¨¶¥·±Ê¡  Σδ, É. ¥. Rδ ⊆ Σδ .

�É´μÏ¥´¨¥ Rδ ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ ¡Ê²¥¢μ§´ Î´μ° (Ì · ±É¥·¨¸É¨Î¥¸±μ°)
ËÊ´±Í¨¥° Rδ : Σδ → {0, 1}.

‚ ¦´Ò° ¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ ° μÉ´μÏ¥´¨Ö:
�¶·¥¤¥²¥´¨¥ 2 (ËÊ´±Í¨μ´ ²Ó´μ¥ μÉ´μÏ¥´¨¥). �É´μÏ¥´¨¥ Rδ ´  ³´μ¦¥-

¸É¢¥ ÉμÎ¥± δ = {xi1 , . . . , xik
} ´ §Ò¢ ¥É¸Ö ËÊ´±Í¨μ´ ²Ó´Ò³, ¥¸²¨ ¸ÊÐ¥¸É¢Ê¥É

¶μ§¨Í¨Ö p ∈ (1, . . . , k), É ± Ö, ÎÉμ ¤²Ö ²Õ¡ÒÌ σi1 , . . . , σip−1 , σip+1 , . . . , σik
, ς,

τ ∈ Σ ¨§
(
σi1 , . . . , σip−1 , ς, σip+1 , . . . , σik

)
∈ Rδ ¨ (σi1 , . . . , σip−1 , τ, σip+1 ,

. . . , σik
) ∈ Rδ ¸²¥¤Ê¥É ς = τ .

…¸²¨ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ÉμÎ±¨ ¶·μ¸É· ´¸É¢  ± ± ¶¥·¥³¥´´Ò¥, Éμ ËÊ´±Í¨-
μ´ ²Ó´μ¥ μÉ´μÏ¥´¨¥ ³μ¦´μ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥

xip = F
(
xi1 , . . . , xip−1 , xip+1 , . . . , xik

)
, £¤¥ F : Σδ\{xip} → Σ.

� ³ ¶μÉ·¥¡Ê¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ · ¸Ï¨·ÖÉÓ μÉ´μÏ¥´¨Ö ¸ ³´μ¦¥¸É¢  ÉμÎ¥±
´  ¥£μ ´ ¤³´μ¦¥¸É¢μ:

�¶·¥¤¥²¥´¨¥ 3 (· ¸Ï¨·¥´¨¥ μÉ´μÏ¥´¨Ö). „²Ö ¤ ´´μ£μ ³´μ¦¥¸É¢  Éμ-
Î¥± δ, ¥£μ ¶μ¤³´μ¦¥¸É¢  τ ⊆ δ ¨ μÉ´μÏ¥´¨Ö Rτ ´  τ ³Ò μ¶·¥¤¥²Ö¥³ · ¸Ï¨-
·¥´¨¥ μÉ´μÏ¥´¨Ö Rτ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Rδ = Rτ × Σδ\τ .

�Éμ μ¶·¥¤¥²¥´¨¥ ¶μ§¢μ²Ö¥É, ¢ Î ¸É´μ¸É¨, ¶·¨¢¥¸É¨ μÉ´μÏ¥´¨Ö Rδ1 , . . . , Rδm ,
μ¶·¥¤¥²¥´´Ò¥ ´  · §´ÒÌ μ¡² ¸ÉÖÌ, ± μ¡Ð¥° μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö, É. ¥. ± μ¡Ñ-
¥¤¨´¥´¨Õ δi1 ∪ . . . ∪ δim .

‹μ£¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö μÉ´μÏ¥´¨° μ¶·¥¤¥²ÖÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³:
�¶·¥¤¥²¥´¨¥ 4 (¸²¥¤¸É¢¨¥ μÉ´μÏ¥´¨Ö). �É´μÏ¥´¨¥ Qδ ´ §Ò¢ ¥É¸Ö ¸²¥¤-

¸É¢¨¥³ μÉ´μÏ¥´¨Ö Rδ, ¥¸²¨ Rδ ⊆ Qδ ⊆ Σδ , É. ¥. Qδ Å ¶·μ¨§¢μ²Ó´μ¥ ´ ¤-
³´μ¦¥¸É¢μ ³´μ¦¥¸É¢  Rδ.

�É´μÏ¥´¨¥ Rδ ³μ¦¥É ¨³¥ÉÓ ³´μ£μ · §²¨Î´ÒÌ ¸²¥¤¸É¢¨°: ¨Ì ¶μ²´μ¥ Î¨¸²μ

· ¢´μ, μÎ¥¢¨¤´μ, 2|Σ
δ|−|Rδ|.

�·¨  ´ ²¨§¥ ¸É·Ê±ÉÊ·Ò μÉ´μÏ¥´¨Ö ¢ ¦´μ ¢Ò¤¥²¨ÉÓ ¸²¥¤¸É¢¨Ö, ±μÉμ·Ò¥
³μ¦´μ ¸¢¥¸É¨ ± μÉ´μÏ¥´¨Ö³ ´  ³¥´ÓÏ¨Ì ³´μ¦¥¸É¢ Ì ÉμÎ¥±:
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�¶·¥¤¥²¥´¨¥ 5 (¸μ¡¸É¢¥´´μ¥ ¸²¥¤¸É¢¨¥). �¥É·¨¢¨ ²Ó´μ¥ μÉ´μÏ¥´¨¥ Qτ

´ §Ò¢ ¥É¸Ö ¸μ¡¸É¢¥´´Ò³ ¸²¥¤¸É¢¨¥³ μÉ´μÏ¥´¨Ö Rδ, ¥¸²¨ τ Å ¸μ¡¸É¢¥´´μ¥
¶μ¤³´μ¦¥¸É¢μ ³´μ¦¥¸É¢  δ (É. ¥. τ ⊂ δ), ¨ μÉ´μÏ¥´¨¥

Qτ × Σδ\τ

Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ μÉ´μÏ¥´¨Ö Rδ.
�É´μÏ¥´¨Ö, ´¥ ¨³¥ÕÐ¨¥ ¸μ¡¸É¢¥´´ÒÌ ¸²¥¤¸É¢¨°, ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶·μ-

¸ÉÒ³¨ μÉ´μÏ¥´¨Ö³¨.
�.1.2. ‘μ¢³¥¸É´μ¸ÉÓ ¸¨¸É¥³ μÉ´μÏ¥´¨°. ‘μ¢³¥¸É´μ¸ÉÓ ´¥¸±μ²Ó±¨Ì μÉ-

´μÏ¥´¨° ¥¸É¥¸É¢¥´´μ μ¶·¥¤¥²¨ÉÓ ± ± ¶¥·¥¸¥Î¥´¨¥ · ¸Ï¨·¥´¨° ÔÉ¨Ì μÉ´μÏ¥-
´¨° ´  ¨Ì μ¡ÐÊÕ μ¡² ¸ÉÓ μ¶·¥¤¥²¥´¨Ö.

�¶·¥¤¥²¥´¨¥ 6 (¡ §¨¸´μ¥ μÉ´μÏ¥´¨¥). � §¨¸´Ò³ μÉ´μÏ¥´¨¥³ ¸¨¸É¥³Ò
μÉ´μÏ¥´¨° Rδ1 , . . . , Rδm ´ §Ò¢ ¥É¸Ö μÉ´μÏ¥´¨¥

Rδ =
m⋂

i=1

Rδi × Σδ\δi , £¤¥ δ =
⋃
i=1

δi. (78)

‚ ¶μ²¨´μ³¨ ²Ó´μ³ ¸²ÊÎ ¥, ±μ£¤  q = pn, ¸É ´¤ ·É´Ò³ ¸·¥¤¸É¢μ³  ´ ²¨§ 
¸μ¢³¥¸É´μ¸É¨ Ö¢²Ö¥É¸Ö ³¥Éμ¤ ¡ §¨¸μ¢ ƒ·¥¡´¥· . �É´μ¸¨É¥²Ó´μ ¸¢Ö§¨ ¡ §¨¸μ¢
ƒ·¥¡´¥·  ¸ ´ Ï¨³ μ¶·¥¤¥²¥´¨¥³ ³μ¦´μ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ § ³¥Î ´¨Ö:

• ¢ μÉ²¨Î¨¥ μÉ ¡ §¨¸  ƒ·¥¡´¥· , ±μÉμ·Ò° μ¡ÒÎ´μ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸¨-
¸É¥³Ê ¶μ²¨´μ³μ¢, Ê¸²μ¢¨¥ ¸μ¢³¥¸É´μ¸É¨, ¢Ò· ¦ ¥³μ¥ ¡ §¨¸´Ò³ μÉ´μÏ¥´¨¥³,
¢¸¥£¤  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¥¤¨´¸É¢¥´´Ò³ ¶μ²¨´μ³μ³;

• ²Õ¡μ° ¢μ§³μ¦´Ò° ¡ §¨¸ ƒ·¥¡´¥·  ¸¨¸É¥³Ò μÉ´μÏ¥´¨° Rδ1 , . . . , Rδm ,
¶·¥¤¸É ¢²¥´´ÒÌ ¶μ²¨´μ³ ³¨, Ö¢²Ö¥É¸Ö ´¥±μÉμ·μ° ±μ³¡¨´ Í¨¥° ¸²¥¤¸É¢¨°
¡ §¨¸´μ£μ μÉ´μÏ¥´¨Ö.

�.1.3. „¥±μ³¶μ§¨Í¨Ö μÉ´μÏ¥´¨°. …¸²¨ μÉ´μÏ¥´¨¥ ¨³¥¥É ¸μ¡¸É¢¥´´Ò¥
¸²¥¤¸É¢¨Ö, Éμ ³μ¦´μ ¶μ¶ÒÉ ÉÓ¸Ö ¶·¥¤¸É ¢¨ÉÓ ¥£μ ¢ ¢¨¤¥ ±μ³¡¨´ Í¨¨ ÔÉ¨Ì
¸²¥¤¸É¢¨°, É. ¥. μÉ´μÏ¥´¨° ´  ³¥´ÓÏ¨Ì ³´μ¦¥¸É¢ Ì ÉμÎ¥±. „²Ö ÔÉμ£μ ³Ò ¢¢μ-
¤¨³ ¸²¥¤ÊÕÐ¥¥ μ¶·¥¤¥²¥´¨¥.

�¶·¥¤¥²¥´¨¥ 7 (± ´μ´¨Î¥¸± Ö ¤¥±μ³¶μ§¨Í¨Ö). Š ´μ´¨Î¥¸±μ° ¤¥±μ³¶μ§¨-
Í¨¥° μÉ´μÏ¥´¨Ö Rδ , ¨³¥ÕÐ¥£μ ¸μ¡¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö Qδ1 , . . . , Qδm , ´ §Ò¢ -
¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ Rδ ¢ ¢¨¤¥

Rδ = P δ
⋂( m⋂

i=1

Qδi × Σδ\δi

)
, (79)

£¤¥ Ë ±Éμ· P δ μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:
�¶·¥¤¥²¥´¨¥ 8 (£² ¢´Ò° Ë ±Éμ·). ƒ² ¢´Ò³ Ë ±Éμ·μ³ μÉ´μÏ¥´¨Ö Rδ,

¨³¥ÕÐ¥£μ ¸μ¡¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö Qδ1 , . . . , Qδm , ´ §Ò¢ ¥É¸Ö μÉ´μÏ¥´¨¥

P δ = Rδ
⋃(

Σδ \
m⋂

i=1

Qδi × Σδ\δi

)
.
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ƒ² ¢´Ò° Ë ±Éμ· ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ³ ±¸¨³ ²Ó´μ ®¸¢μ¡μ¤´μ¥¯, É. ¥. ´ ¨¡μ²¥¥
¡²¨§±μ¥ ± É·¨¢¨ ²Ó´μ³Ê, μÉ´μÏ¥´¨¥, ¶μ§¢μ²ÖÕÐ¥¥ ¢ ±μ³¡¨´ Í¨¨ ¸ ¸μ¡¸É¢¥´-
´Ò³¨ ¸²¥¤¸É¢¨Ö³¨ ¢μ¸¸É ´μ¢¨ÉÓ ¨¸Ìμ¤´μ¥ μÉ´μÏ¥´¨¥.

…¸²¨ £² ¢´Ò° Ë ±Éμ· ¢ ± ´μ´¨Î¥¸±μ° ¤¥±μ³¶μ§¨Í¨¨ É·¨¢¨ ²¥´, Éμ μÉ-
´μÏ¥´¨¥ ³μ¦´μ ¶μ²´μ¸ÉÓÕ ¸¢¥¸É¨ ± μÉ´μÏ¥´¨Ö³ ´  ³¥´ÓÏ¨Ì ³´μ¦¥¸É¢ Ì
ÉμÎ¥±.

�¶·¥¤¥²¥´¨¥ 9 (¶·¨¢μ¤¨³μ¥ μÉ´μÏ¥´¨¥). �É´μÏ¥´¨¥ Rδ ´ §Ò¢ ¥É¸Ö ¶·¨-
¢μ¤¨³Ò³, ¥¸²¨ ¥£μ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

Rδ =
m⋂

i=1

Qδi × Σδ\δi , (80)

£¤¥ δi Å ¸μ¡¸É¢¥´´Ò¥ ¶μ¤³´μ¦¥¸É¢  δ.
�Éμ μ¶·¥¤¥²¥´¨¥ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¢¢¥¸É¨ ®Éμ¶μ²μ£¨Õ¯, É. ¥. ¸É·Ê±ÉÊ·Ê

 ¡¸É· ±É´μ£μ ¸¨³¶²¨Í¨ ²Ó´μ£μ ±μ³¶²¥±¸  ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ É¥μ·¨Ö³¨ £μ-
³μ²μ£¨°, ±μ£μ³μ²μ£¨° ¨ É. ¤., ´  ¶·μ¨§¢μ²Ó´μ³ n- ·´μ³ μÉ´μÏ¥´¨¨ R ⊆ Σn.
„²Ö ÔÉμ£μ ´Ê¦´μ

1) ´ §¢ ÉÓ ¨§³¥·¥´¨Ö £¨¶¥·±Ê¡  Σn ®ÉμÎ± ³¨¯ x1, . . . , xn ∈ X ;
2) · §²μ¦¨ÉÓ μÉ´μÏ¥´¨¥ R (±μÉμ·μ¥ É¥¶¥·Ó ³μ¦´μ μ¡μ§´ Î¨ÉÓ ± ± RX )

´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ;
3) μ¡ÑÖ¢¨ÉÓ μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ´¥¶·¨¢μ¤¨³ÒÌ ±μ³¶μ´¥´É μÉ´μÏ¥-

´¨Ö RX ³ ±¸¨³ ²Ó´Ò³¨ ¸¨³¶²¥±¸ ³¨ ¸¨³¶²¨Í¨ ²Ó´μ£μ ±μ³¶²¥±¸ .
�.2. �·¨²μ¦¥´¨¥ ± ¨¸¸²¥¤μ¢ ´¨Õ ±²¥ÉμÎ´ÒÌ  ¢Éμ³ Éμ¢. �.2.1. Š²¥ÉμÎ-

´Ò°  ¢Éμ³ É „¦.Šμ´¢¥Ö Life. �¢Éμ³ É Šμ´¢¥Ö Life ¢Ìμ¤¨É ¢ ¸¥³¥°¸É¢μ 2-
³¥·´ÒÌ ¡¨´ ·´ÒÌ (É. ¥. Σ = {0, 1} ; q = 2) ±²¥ÉμÎ´ÒÌ  ¢Éμ³ Éμ¢ ¸ ¶· ¢¨² ³¨,
§ ¤ ´´Ò³¨ ´  μ±·¥¸É´μ¸É¨ ŒÊ·  3×3. Š¢ ¤· É´ Ö ·¥Ï¥É±  ¸ É ±μ° μ±·¥¸É´μ-
¸ÉÓÕ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  8-¢ ²¥´É´Ò³ (8-·¥£Ê²Ö·´Ò³) £· Ëμ³. �· ¢¨²μ
 ¢Éμ³ É  Life μ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ±²¥É±  (¢¥·Ï¨´  £· Ë ) ®·μ-
¦¤ ¥É¸Ö¯, ¥¸²¨ ¨³¥¥É ·μ¢´μ É·¨ ®¦¨¢ÒÌ¯ ¸μ¸¥¤ , ®¢Ò¦¨¢ ¥É¯, ¥¸²¨ ¨³¥¥É ¤¢ 
¨²¨ É·¨ ®¦¨¢ÒÌ¯ ¸μ¸¥¤  ¨ ®Ê³¨· ¥É¯ ¢μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ. ‘¨³¢μ²¨Î¥-
¸±¨ ÔÉμ ¶· ¢¨²μ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ ¸¶¨¸±  ®·μ¦¤¥´¨¥¯/®¢Ò¦¨¢ ´¨¥¯ ± ±
B3/S23. „·Ê£¨¥ ¶·¨³¥·Ò  ¢Éμ³ Éμ¢ ¨§ ÔÉμ£μ ¸¥³¥°¸É¢  Å HighLife (¶· ¢¨²μ
B36/S23) Day&Night (¶· ¢¨²μ B3678/S34678).

„²Ö μ¡μ¡Ð¥´¨Ö ÔÉμ£μ É¨¶  ¶· ¢¨² ³Ò μ¶·¥¤¥²Ö¥³ k-¢ ²¥´É´μ¥ ¶· ¢¨²μ
Life ± ± ¡¨´ ·´μ¥ ¶· ¢¨²μ ´  μ±·¥¸É´μ¸É¨ k-¢ ²¥´É´μ£μ £· Ë  (³Ò ¡Ê¤¥³ μ¡μ-
§´ Î ÉÓ Í¥´É· ²Ó´ÊÕ ¢¥·Ï¨´Ê ÔÉμ£μ £· Ë  ¸¨³¢μ²μ³ xk+1,   ¸³¥¦´Ò¥ ¸ ´¥°
¢¥·Ï¨´Ò ¸μμÉ¢¥É¸É¢¥´´μ x1, . . . , xk), § ¤ ¢ ¥³μ¥ ¤¢Ê³Ö ¶·μ¨§¢μ²Ó´Ò³¨ ¶μ¤-
³´μ¦¥¸É¢ ³¨ ³´μ¦¥¸É¢  {0, 1, . . . , k}. �É¨ ¶μ¤³´μ¦¥¸É¢  B, S ⊆ {0, 1, . . . , k}
¸μ¤¥·¦ É Ê¸²μ¢¨Ö ¶¥·¥Ìμ¤μ¢ §  μ¤¨´ Ï £ ¶μ ¢·¥³¥´¨ xk+1 → x′

k+1 ¢¨¤  0 → 1
¨ 1 → 1 ¸μμÉ¢¥É¸É¢¥´´μ. �μ¸±μ²Ó±Ê Î¨¸²μ ¶μ¤³´μ¦¥¸É¢ ²Õ¡μ£μ ±μ´¥Î´μ£μ
³´μ¦¥¸É¢  A · ¢´μ 2|A|,   · §²¨Î´Ò¥ ¶ ·Ò B/S μ¶·¥¤¥²ÖÕÉ · §²¨Î´Ò¥ ¶· -
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¢¨² , Éμ ¶μ²´μ¥ Î¨¸²μ · §²¨Î´ÒÌ ¶· ¢¨² · ¢´μ

NB/S,k = 2k+1 × 2k+1 = 22k+2. (81)

‚¢¥¤¥³ ¤·Ê£μ¥ μ¶·¥¤¥²¥´¨¥: k-¸¨³³¥É·¨Î´Ò³ q- ·´Ò³ ¶· ¢¨²μ³ ´ §Ò¢ -
¥É¸Ö ¶· ¢¨²μ ´  k-¢ ²¥´É´μ° μ±·¥¸É´μ¸É¨, ¸¨³³¥É·¨Î´μ¥ μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò
Sk ¢¸¥Ì ¶¥·¥¸É ´μ¢μ± k ¢´¥Ï´¨Ì ¢¥·Ï¨´ μ±·¥¸É´μ¸É¨. �¥É·Ê¤´μ ¶μ¤¸Î¨É ÉÓ
¶μ²´μ¥ Î¨¸²μ ¢¸¥Ì · §²¨Î´ÒÌ k-¸¨³³¥É·¨Î´ÒÌ q- ·´ÒÌ ¶· ¢¨²:

Nq,Sk
= q(

k+q−1
q−1 )q. (82)

ŒÒ ¢¨¤¨³, ÎÉμ ¶·¨ q = 2 Î¨¸²  (81) ¨ (82) ¸μ¢¶ ¤ ÕÉ: NB/S,k = N2,Sk
.

’ ±¨³ μ¡· §μ³, ²Õ¡μ¥ k-¸¨³³¥É·¨Î´μ¥ ¡¨´ ·´μ¥ ¶· ¢¨²μ ³μ¦´μ § ¶¨¸ ÉÓ ¢
Ëμ·³¥ ¸¶¨¸±  ®·μ¦¤¥´¨¥¯/®¢Ò¦¨¢ ´¨¥¯.

‹μ± ²Ó´μ¥ μÉ´μÏ¥´¨¥  ¢Éμ³ É  Life, ±μÉμ·μ¥ ³Ò ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¸¨³-
¢μ²μ³ Rδ

Life, μ¶·¥¤¥²¥´μ ´  10-³´μ¦¥¸É¢¥ δ = {x1, . . . , x10}:

£¤¥ ÉμÎ±  x10 ≡ x′
9 μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ®ÉμÎ±μ° x9 ¢ ¸²¥¤ÊÕÐ¨° ³μ³¥´É ¢·¥-

³¥´¨¯. �μ ¶μ¸É·μ¥´¨Õ ÉμÎ±¨ 10-³¥·´μ£μ £¨¶¥·±Ê¡  Σδ ¶·¨´ ¤²¥¦ É μÉ´μ-
Ï¥´¨Õ Rδ

Life, É. ¥. (x1, . . . , x10) ∈ Rδ
Life, ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ:

1)

(
8∑

i=1

xi = 3
)
∧ (x10 = 1) ,

2)

(
8∑

i=1

xi = 2
)
∧ (x9 = x10) ,

3) x10 = 0, ¥¸²¨ ´¥ ¢Ò¶μ²´Ö¥É¸Ö ´¨ μ¤´μ ¨§ ¶·¥¤Ò¤ÊÐ¨Ì Ê¸²μ¢¨°.
—¨¸²μ Ô²¥³¥´Éμ¢ μÉ´μÏ¥´¨Ö · ¢´μ

∣∣Rδ
Life

∣∣ = 512. �É´μÏ¥´¨¥ Rδ
Life, ± ±

¨ ¢ ¸²ÊÎ ¥ ²Õ¡μ£μ ±²¥ÉμÎ´μ£μ  ¢Éμ³ É , Ö¢²Ö¥É¸Ö ËÊ´±Í¨μ´ ²Ó´Ò³: ¸μ¸ÉμÖ´¨¥
ÉμÎ±¨ x10 μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¸μ¸ÉμÖ´¨Ö³¨ ¤·Ê£¨Ì ÉμÎ¥±. …¸²¨ ¤μ¶μ²-
´¨É¥²Ó´μ ¸´ ¡¤¨ÉÓ ³´μ¦¥¸É¢μ Σ = {0, 1} ¸É·Ê±ÉÊ·μ° ¶μ²Ö F2, Éμ μÉ´μÏ¥´¨¥
Rδ

Life ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ ¶μ²¨´μ³  ¨§ ±μ²ÓÍ  F2 [x1, . . . , x10]. �Éμ ¶μ-
§¢μ²Ö¥É ¶·μ¢¥¸É¨ ¨¸¸²¥¤μ¢ ´¨¥  ¢Éμ³ É  ± ± ´ Ï¨³ ³¥Éμ¤μ³ ¸É·Ê±ÉÊ·´μ£μ
 ´ ²¨§ , É ± ¨ ¶μ²¨´μ³¨ ²Ó´Ò³¨ ³¥Éμ¤ ³¨. �·¨¢¥¤¥³ ¸· ¢´¥´¨¥ ´ Ï¥£μ ¶μ¤-
Ìμ¤  ¸ ³¥Éμ¤μ³ ¡ §¨¸μ¢ ƒ·¥¡´¥· .

�μ²¨´μ³¨ ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μÉ´μÏ¥´¨Ö Rδ
Life ¨³¥¥É ¢¨¤

PLife = x10 + x9 (Π7 + Π6 + Π3 + Π2) + Π7 + Π3, (83)
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£¤¥ Πk ≡ Πk (x1, . . . , x8) Å k-° Ô²¥³¥´É ·´Ò° ¸¨³³¥É·¨Î¥¸±¨° ¶μ²¨´μ³,
μ¶·¥¤¥²Ö¥³Ò° ¤²Ö n ¶¥·¥³¥´´ÒÌ x1, . . . , xn Ëμ·³Ê²μ°

Πk (x1, . . . , xn) =
∑

1�i1<i2<···<ik�n

xi1xi2 · · ·xik
.

„ ²¥¥ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Πk ≡ Πk (x1, . . . , x8) , Πi
k ≡ Πk (x1, . . . , x̂i, . . . , x8) ,

Πij
k ≡ Πk (x1, . . . , x̂i, . . . , x̂j , . . . , x8) .

�·¨³¥´ÖÖ ´ ¶¨¸ ´´ÊÕ ´ ³¨ ¶·μ£· ³³Ê ¤²Ö ¸É·Ê±ÉÊ·´μ£μ  ´ ²¨§  ¤¨¸-
±·¥É´ÒÌ μÉ´μÏ¥´¨° ± Rδ

Life, ³Ò μ¡´ ·Ê¦¨¢ ¥³, ÎÉμ ÔÉμ μÉ´μÏ¥´¨¥ ¶·¨¢μ¤¨³μ
¨ ¥£μ ± ´μ´¨Î¥¸± Ö ¤¥±μ³¶μ§¨Í¨Ö ¨³¥¥É ¢¨¤

Rδ
Life = R

δ\{x9}
2

⋂( 7⋂
k=1

R
δ\{xik}
1

)
, (84)

£¤¥ (i1, . . . , i7) Å ¶·μ¨§¢μ²Ó´μ¥ 7-Ô²¥³¥´É´μ¥ ¶μ¤³´μ¦¥¸É¢μ ³´μ¦¥¸É¢ 

(1, . . . , 8). „²Ö ±· É±μ¸É¨ ³Ò μÉ¡·μ¸¨²¨ ¢ (84) É·¨¢¨ ²Ó´Ò¥ Ë ±Éμ·Ò Σ{xik},
¢Ìμ¤ÖÐ¨¥ ¢ μ¡ÐÊÕ Ëμ·³Ê²Ê (80).

‚μ¸¥³Ó μÉ´μÏ¥´¨° R
δ\{xi}
1 (1 � i � 8; ¤²Ö ¶μ¸É·μ¥´¨Ö ¤¥±μ³¶μ§¨-

Í¨¨ (84) ¤μ¸É ÉμÎ´μ ¢§ÖÉÓ ²Õ¡Ò¥ ¸¥³Ó ¨§ ´¨Ì) ¨³¥ÕÉ ¸²¥¤ÊÕÐÊÕ ¶μ²¨´μ-
³¨ ²Ó´ÊÕ Ëμ·³Ê:

x9x10

(
Πi

6 + Πi
5 + Πi

2 + Πi
1

)
+ x10

(
Πi

6 + Πi
2 + 1

)
+

+ x9

(
Πi

7 + Πi
6 + Πi

3 + Πi
2

)
= 0.

�μ²¨´μ³¨ ²Ó´ Ö Ëμ·³  μÉ´μÏ¥´¨Ö R
δ\{x9}
2 ¨³¥¥É ¢¨¤

x10 (Π7 + Π6 + Π3 + Π2 + 1) + Π7 + Π3 = 0.

�É´μÏ¥´¨Ö R
δ\{xi}
1 ¨ R

δ\{x9}
2 Ö¢²ÖÕÉ¸Ö ´¥¶·¨¢μ¤¨³Ò³¨, ´μ ´¥ ¶·μ¸ÉÒ³¨, ¨

³μ£ÊÉ ¡ÒÉÓ · §²μ¦¥´Ò ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (79). �·μ¤μ²¦ Ö ¨É¥· -
Í¨¨ ¤¥±μ³¶μ§¨Í¨°, ³Ò μ±μ´Î É¥²Ó´μ ¶·¨Ìμ¤¨³ ± ³ ±¸¨³ ²Ó´μ Ê¶·μÐ¥´´μ°
¸¨¸É¥³¥ μÉ´μÏ¥´¨°, Ô±¢¨¢ ²¥´É´μ° ¨¸Ìμ¤´μ³Ê μÉ´μÏ¥´¨Õ Rδ

Life. „²Ö ´ £²Ö¤-
´μ¸É¨ ¶·¨¢¥¤¥³ ¨Ì ¶μ²¨´μ³¨ ²Ó´ÊÕ Ëμ·³Ê:

x9x10

(
Πi

2 + Πi
1

)
+ x10

(
Πi

2 + 1
)

+ x9

(
Πi

7 + Πi
6 + Πi

3 + Πi
2

)
= 0, (85)

x10 (Π3 + Π2 + 1) + Π7 + Π3 = 0, (86)

(x9x10 + x10) (Πij
3 + Πij

2 + Πij
1 + 1) = 0, (87)

x10

(
Πi

3 + Πi
2 + Πi

1 + 1
)

= 0, (88)

x10xi1xi2xi3xi4 = 0. (89)
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�·μ¸É¥°Ï¨¥ μÉ´μÏ¥´¨Ö (89) ²¥£±μ ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö: ¥¸²¨ ¸μ¸ÉμÖ´¨¥
ÉμÎ±¨ x10 · ¢´μ 1, Éμ£¤  ¶μ ±· °´¥° ³¥·¥ μ¤´  ¨§ ²Õ¡ÒÌ Î¥ÉÒ·¥Ì ÉμÎ¥±,
μ±·Ê¦ ÕÐ¨Ì x9, ¤μ²¦´  ¡ÒÉÓ ¢ ¸μ¸ÉμÖ´¨¨ 0.

�·¨¢¥¤¥´´Ò° ¢ÒÏ¥  ´ ²¨§ μÉ´μÏ¥´¨Ö Rδ
Life ¢Ò¶μ²´Ö¥É¸Ö ³¥´¥¥ Î¥³ §  1 ¸

´  ¸·¥¤´¥³ ´μÊÉ¡Ê±¥. „²Ö ¢ÒÎ¨¸²¥´¨Ö ¡ §¨¸  ƒ·¥¡´¥·  ± ¶μ²¨´μ³Ê (83) ´Ê¦´μ
¤μ¡ ¢¨ÉÓ ¤¥¸ÖÉÓ ¶μ²¨´μ³μ¢

x2
i + xi, i = 1, . . . , 10,

¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Éμ¦¤¥¸É¢μ³ xq = x, ±μÉμ·μ³Ê Ê¤μ¢²¥É¢μ·ÖÕÉ ¢¸¥ Ô²¥³¥´ÉÒ
±μ´¥Î´μ£μ ¶μ²Ö Fq . ‚ÒÎ¨¸²¥´¨¥ ¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨, ¢¸É·μ¥´´μ° ¢ ¸¨¸É¥³Ê
Maple, ¢Ò¶μ²´Ö¥É¸Ö ¶·¨³¥·´μ §  1 Î. �¥§Ê²ÓÉ É § ¢¨¸¨É μÉ Ê¶μ·Ö¤μÎ¥´¨Ö
¶¥·¥³¥´´ÒÌ, ±μÉμ·μ¥ ´¥μ¡Ìμ¤¨³μ § ¤ ¢ ÉÓ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³¥Éμ¤  ¡ §¨¸μ¢
ƒ·¥¡´¥· :

Å Î¨¸Éμ ²¥±¸¨±μ£· Ë¨Î¥¸±μ¥ Ê¶μ·Ö¤μÎ¥´¨¥ ¸ ¶μ·Ö¤±μ³ ¶¥·¥³¥´´ÒÌ
x10 � x9 � · · · � x1 ´¥ ¤ ¥É ´μ¢μ° ¨´Ëμ·³ Í¨¨, μ¸É ¢²ÖÖ ¨¸Ìμ¤´Ò° ¶μ-
²¨´μ³ (83) ´¥¨§³¥´´Ò³;

Å Î¨¸Éμ ²¥±¸¨±μ£· Ë¨Î¥¸±μ¥ Ê¶μ·Ö¤μÎ¥´¨¥ ¸ ¶μ·Ö¤±μ³ ¶¥·¥³¥´´ÒÌ
x1 � x2 � · · · � x10 ¨ Ê¶μ·Ö¤μÎ¥´¨¥ ¶μ ¸É¥¶¥´Ö³ ¸ μ¡· É´μ° ²¥±¸¨±μ£· Ë¨¥°
¢μ¸¶·μ¨§¢μ¤ÖÉ μÉ´μÏ¥´¨Ö (85)Ä(89) ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸±μ²Ó±¨Ì ¤μ¶μ²´¨É¥²Ó-
´ÒÌ ¶μ²¨´μ³¨ ²Ó´ÒÌ ·¥¤Ê±Í¨°, ´ ·ÊÏ ÕÐ¨Ì ¸¨³³¥É·¨Õ ¶μ²¨´μ³μ¢.

�.2.2. �²¥³¥´É ·´Ò¥ ±²¥ÉμÎ´Ò¥  ¢Éμ³ ÉÒ. �·μ¸É¥°Ï¨¥ ¡¨´ ·´Ò¥ μ¤-
´μ³¥·´Ò¥ ±²¥ÉμÎ´Ò¥  ¢Éμ³ ÉÒ ¡Ò²¨ ´ §¢ ´Ò ‘.‚μ²ÓË· ³μ³ Ô²¥³¥´É ·´Ò³¨
±²¥ÉμÎ´Ò³¨  ¢Éμ³ É ³¨. ‚ ÔÉμ³ · §¤¥²¥ ³Ò ¡Ê¤¥³ ¶·¨¤¥·¦¨¢ ÉÓ¸Ö μ¡μ-
§´ Î¥´¨° ¨ É¥·³¨´μ²μ£¨¨ ±´¨£¨ ‚μ²ÓË· ³  [68]. �²¥³¥´É ·´Ò¥  ¢Éμ³ ÉÒ
¸ÊÐ¥¸É¢¥´´μ ¶·μÐ¥, Î¥³ Life, ¨ ³Ò ³μ¦¥³ ¶·¨ ¨Ì ¨¸¸²¥¤μ¢ ´¨¨ Ê¤¥²¨ÉÓ
¡μ²ÓÏ¥ ¢´¨³ ´¨Ö Éμ¶μ²μ£¨Î¥¸±¨³  ¸¶¥±É ³ ¸É·Ê±ÉÊ·´μ£μ  ´ ²¨§ .

‹μ± ²Ó´Ò¥ ¶· ¢¨²  Ô²¥³¥´É ·´ÒÌ ±²¥ÉμÎ´ÒÌ  ¢Éμ³ Éμ¢ μ¶·¥¤¥²ÖÕÉ¸Ö ´ 
4-³´μ¦¥¸É¢¥ δ = {p, q, r, s}, ±μÉμ·μ¥ ³μ¦´μ ¨§μ¡· §¨ÉÓ ± ·É¨´±μ°

.

‹μ± ²Ó´μ¥ ¶· ¢¨²μ Å ÔÉμ ¡¨´ ·´ Ö ËÊ´±Í¨Ö ¢¨¤  s = f(p, q, r). �μ²´μ¥

Î¨¸²μ É ±¨Ì ËÊ´±Í¨° · ¢´μ 223
= 256. ‘²¥¤μ¢ É¥²Ó´μ, ± ¦¤μ¥ ¶· ¢¨²μ

³μ¦´μ ¨´¤¥±¸¨·μ¢ ÉÓ 8-¡¨É´Ò³ ¡¨´ ·´Ò³ Î¨¸²μ³.

� Ï¨ ¢ÒÎ¨¸²¥´¨Ö ¶μ± §Ò¢ ÕÉ, ÎÉμ 256 μÉ´μÏ¥´¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
ÔÉ¨³ ¶· ¢¨² ³, ¶μ¤· §¤¥²ÖÕÉ¸Ö ´  118 ¶·¨¢μ¤¨³ÒÌ ¨ 138 ´¥¶·¨¢μ¤¨³ÒÌ.
’μ²Ó±μ ¤¢  μÉ´μÏ¥´¨Ö ¨§ ´¥¶·¨¢μ¤¨³ÒÌ μ± § ²¨¸Ó ¶·μ¸ÉÒ³¨,   ¨³¥´´μ, ¶· -
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¢¨²  105 ¨ 150 ¢ ´Ê³¥· Í¨¨ ‚μ²ÓË· ³ ∗. �·μ¸ÉÒ¥ ¶· ¢¨²  105 ¨ 150 ¨³¥ÕÉ
²¨´¥°´Ò¥ ¶μ²¨´μ³¨ ²Ó´Ò¥ Ëμ·³Ò s = p + q + r + 1 ¨ s = p + q + r ¸μμÉ¢¥É-
¸É¢¥´´μ.

�·μ¸É· ´¸É¢μ-¢·¥³Ö Ô²¥³¥´É ·´ÒÌ  ¢Éμ³ Éμ¢ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ·¥Ï¥É±Ê
¸ Í¥²μÎ¨¸²¥´´Ò³¨ ±μμ·¤¨´ É ³¨ (x, t) ∈ Z × Z. � §Ê³¥¥É¸Ö, ³Ò ³μ¦¥³ ¡¥§
¢¸Ö±¨Ì ¶·μ¡²¥³ · ¸¸³ É·¨¢ ÉÓ ±μ´¥Î´ÊÕ ·¥Ï¥É±Ê Zm × [0, 1, . . . , T ], ¢Ò¡· ¢
¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨¥ m ¨ T . ‘μ¸ÉμÖ´¨¥ ÉμÎ±¨ ·¥Ï¥É±¨ ³Ò ¡Ê¤¥³ ¶·¥¤¸É ¢²ÖÉÓ
ËÊ´±Í¨¥° u(x, t) ∈ Σ = {0, 1}. …¸²¨ ¶·¥¤¸É ¢¨ÉÓ ·¥Ï¥É±Ê ¢ ¢¨¤¥ £· Ë , Éμ
¢ μ¡Ð¥³ ¸²ÊÎ ¥ ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ ÉμÎ±¨ ·¥Ï¥É±¨ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ°,
± ± ¶μ± § ´μ ´  ·¨¸Ê´±¥

.

�É¸ÊÉ¸É¢¨¥ £μ·¨§μ´É ²Ó´ÒÌ ¸¢Ö§¥° ¢Ò· ¦ ¥É ´¥§ ¢¨¸¨³μ¸ÉÓ ®¶·μ¸É· ´¸-
É¢¥´´μ-¶μ¤μ¡´ÒÌ¯ ÉμÎ¥± ¢ ±²¥ÉμÎ´ÒÌ  ¢Éμ³ É Ì.

�·¨¢μ¤¨³Ò¥  ¢Éμ³ ÉÒ. �´ ²¨§ ¶μ± §Ò¢ ¥É, ÎÉμ ´¥±μÉμ·Ò¥  ¢Éμ³ ÉÒ ¸
¶·¨¢μ¤¨³Ò³¨ ²μ± ²Ó´Ò³¨ μÉ´μÏ¥´¨Ö³¨ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ μ¡Ñ¥¤¨-
´¥´¨Ö  ¢Éμ³ Éμ¢, μ¶·¥¤¥²¥´´ÒÌ ´  ´¥¸¢Ö§´ÒÌ (´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö) ¶μ¤±μ³-
¶²¥±¸ Ì.

• „¢   ¢Éμ³ É  0 ¨ 255 μ¶·¥¤¥²ÖÕÉ¸Ö Ê´ ·´Ò³¨ μÉ´μÏ¥´¨Ö³¨ s = 0 ¨
s = 1 ´  ´¥¸¢Ö§´μ³ ³´μ¦¥¸É¢¥ ÉμÎ¥±:

.

‡ ³¥É¨³, ÎÉμ ¢ ³ É¥³ É¨±¥ Ê´ ·´Ò¥ μÉ´μÏ¥´¨Ö μ¡ÒÎ´μ ´ §Ò¢ ÕÉ ¸¢μ°¸É¢ ³¨.
• ˜¥¸ÉÓ  ¢Éμ³ Éμ¢ 15, 51, 85, 170, 204 ¨ 240 Ë ±É¨Î¥¸±¨ ¶·¥¤¸É ¢²ÖÕÉ

¸μ¡μ° ´ ¡μ·Ò ´¥¸¢Ö§´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-´Ê²Ó³¥·´ÒÌ  ¢Éμ³ Éμ¢, É. ¥. ¨§μ²¨-
·μ¢ ´´Ò¥ ÉμÎ±¨, Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¨¥ ¢μ ¢·¥³¥´¨. „²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³

∗
¨Éμ¢Ò¥ ¸É·μ±¨ §´ Î¥´¨° ËÊ´±Í¨¨ s = f(p, q, r) ¶·¨ ²¥±¸¨±μ£· Ë¨Î¥¸±¨ ¢μ§· ¸É ÕÐ¥³
¶μ·Ö¤±¥ ±μ³¡¨´ Í¨° §´ Î¥´¨° ¶¥·¥³¥´´ÒÌ p, q, r ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± Î¨¸²  ¸ ¡¨´ ·´Ò³¨
· §·Ö¤ ³¨, ¨¤ÊÐ¨³¨ ¢ Ê¡Ò¢ ÕÐ¥³ ¶μ·Ö¤±¥.
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 ¢Éμ³ É 15. …£μ ²μ± ²Ó´μ¥ ¶· ¢¨²μ, μ¶·¥¤¥²¥´´μ¥ ´  ³´μ¦¥¸É¢¥

,

³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸É·μ±μ° ¡¨Éμ¢ 0101010110101010. �Éμ μÉ´μÏ¥´¨¥ ¸¢μ-
¤¨É¸Ö ± μÉ´μÏ¥´¨Õ ´  £· ´¨

¸ ¡¨Éμ¢μ° ¸É·μ±μ° 0110. �·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	 Ö ·¥Ï¥É±  · ¸Ð¥¶²Ö¥É¸Ö
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

.

‘É·μ±  ¡¨Éμ¢ 0110 μ§´ Î ¥É, ÎÉμ ¸μ¸ÉμÖ´¨Ö ÉμÎ¥± p ¨ s ¢¸¥£¤  ¶·μÉ¨¢μ¶μ-
²μ¦´Ò, ¶μÔÉμ³Ê ³μ¦´μ ¸· §Ê ´ ¶¨¸ ÉÓ μ¡Ð¥¥ ·¥Ï¥´¨¥ ¤²Ö  ¢Éμ³ É  15:

u(x, t) = a(x − t) + t mod 2,

£¤¥ u(x, 0) ≡ a(x) Å ¶·μ¨§¢μ²Ó´μ¥ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥.
• Š ¦¤Ò° ¨§ ¤¥¸ÖÉ¨  ¢Éμ³ Éμ¢ 5, 10, 80, 90, 95, 160, 165, 175, 245,

250 · ¸¶ ¤ ¥É¸Ö ´  ¤¢  ¨¤¥´É¨Î´ÒÌ  ¢Éμ³ É . „²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³ ¶· -
¢¨²μ 90. �ÉμÉ  ¢Éμ³ É ¨§¢¥¸É¥´ É¥³, ÎÉμ μ´ ¶μ·μ¦¤ ¥É Ë· ±É ² Éμ¶μ²μ£¨Î¥-
¸±μ° · §³¥·´μ¸É¨ 1 ¨ Ì Ê¸¤μ·Ëμ¢μ° · §³¥·´μ¸É¨ ln 3/ ln 2 ≈ 1,58, ¨§¢¥¸É´Ò°
± ± ®É·¥Ê£μ²Ó´¨± ‘¥·¶¨´¸±μ£μ¯ (  É ±¦¥ ± ± ®·¥Ï¥É± ¯ ¨²¨ ®¸ ²Ë¥É± ¯
‘¥·¶¨´¸±μ£μ). ‹μ± ²Ó´μ¥ μÉ´μÏ¥´¨¥ ¶· ¢¨²  90 ´  ³´μ¦¥¸É¢¥

¶·¥¤¸É ¢²Ö¥É¸Ö ¡¨Éμ¢μ° ¸É·μ±μ° 1010010101011010. �Éμ μÉ´μÏ¥´¨¥ ¢ ¸μμÉ-
¢¥É¸É¢¨¨ ¸ · §²μ¦¥´¨¥³ (80) ¸¢μ¤¨É¸Ö ± μÉ´μÏ¥´¨Õ ¸ ¡¨Éμ¢μ° ¸É·μ±μ°

10010110 ´  £· ´¨ . (90)

ˆ§ ¸É·Ê±ÉÊ·Ò ÔÉμ° £· ´¨ ¢¨¤´μ, ÎÉμ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	 Ö ·¥Ï¥É±  · ¸-
¶ ¤ ¥É¸Ö ´  ¤¢  ¨¤¥´É¨Î´ÒÌ ´¥§ ¢¨¸¨³ÒÌ ±μ³¶²¥±¸ :
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.

„²Ö ¶μ¸É·μ¥´¨Ö μ¡Ð¥£μ ·¥Ï¥´¨Ö  ¢Éμ³ É  90 Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ²¨´μ³¨-
 ²Ó´ÊÕ Ëμ·³Ê s + p + r = 0 μÉ´μÏ¥´¨Ö (90). ˆ§ ÔÉμ£μ ²¨´¥°´μ£μ ¢Ò· ¦¥´¨Ö
²¥£±μ ¢Ò¢μ¤¨É¸Ö μ¡Ð¥¥ ·¥Ï¥´¨¥:

u(x, t) =
t∑

k=0

(
t

k

)
a(x − t + 2k) mod 2, u(x, 0) ≡ a(x).

ˆ¸¶μ²Ó§μ¢ ´¨¥ ¸μ¡¸É¢¥´´ÒÌ ¸²¥¤¸É¢¨°. ‘μ¡¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö, ¤ ¦¥
¥¸²¨ μ´¨ ´¥ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨μ´ ²Ó´Ò³¨, ¸μ¤¥·¦ É ¶μ²¥§´ÊÕ ¨´Ëμ·³ Í¨Õ μ
£²μ¡ ²Ó´μ³ ¶μ¢¥¤¥´¨¨ ±²¥ÉμÎ´μ£μ  ¢Éμ³ É .

� ¶·¨³¥·, 64  ¢Éμ³ É ∗ ¨³¥ÕÉ ¸μ¡¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö ¸ ¡¨Éμ¢μ° ¸É·μ±μ°

1101 (91)

´ , ¶μ ±· °´¥° ³¥·¥, μ¤´μ° ¨§ £· ´¥°

. (92)

�É´μÏ¥´¨Ö (91) ¨³¥ÕÉ ´  £· ´ÖÌ (92) ¶μ²¨´μ³¨ ²Ó´Ò¥ Ëμ·³Ò

ps + s = 0, qs + s = 0, rs + s = 0

¸μμÉ¢¥É¸É¢¥´´μ.
�É´μÏ¥´¨¥ (91) ´¥ ËÊ´±Í¨μ´ ²Ó´μ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥ ³μ¦¥É μ¶¨¸Ò¢ ÉÓ

± ±ÊÕ ¡Ò Éμ ´¨ ¡Ò²μ ¤¥É¥·³¨´¨¸É¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ. ’¥³ ´¥ ³¥´¥¥ μ´μ
´ ±² ¤Ò¢ ¥É ¦¥¸É±¨¥ μ£· ´¨Î¥´¨Ö ´  ¶μ¢¥¤¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì  ¢Éμ³ Éμ¢.
• · ±É¥·´Ò¥ Î¥·ÉÒ É ±μ£μ ¶μ¢¥¤¥´¨Ö μÉÎ¥É²¨¢μ ¢¨¤´Ò ´  ³´μ£¨Ì ¶·¥¤¸É -
¢²¥´´ÒÌ ¢  É² ¸¥ [69] ¨²²Õ¸É· Í¨ÖÌ ± ±μ³¶ÓÕÉ¥·´Ò³ ¢ÒÎ¨¸²¥´¨Ö³ Ô¢μ²ÕÍ¨¨
 ¢Éμ³ Éμ¢. ’¨¶¨Î´ Ö ± ·É¨´  ¨§ ÔÉμ£μ  É² ¸ , ´  ±μÉμ·μ° ¶·¥¤¸É ¢²¥´Ò ´¥-
¸±μ²Ó±μ Ô¢μ²ÕÍ¨°  ¢Éμ³ É  168, ¢μ¸¶·μ¨§¢¥¤¥´  ´  ·¨¸. 10. �  ·¨¸Ê´±¥ ´Ê²¨

∗�·¨¢¥¤¥³ ¶μ²´Ò° ¸¶¨¸μ± ÔÉ¨Ì  ¢Éμ³ Éμ¢ ¢ ´Ê³¥· Í¨¨ ‚μ²ÓË· ³ : 2, 4, 8, 10, 16, 32, 34,
40, 42, 48, 64, 72, 76, 80, 96, 112, 128, 130, 132, 136, 138, 140, 144, 160, 162, 168, 171, 174Ä176,
186, 187, 190Ä192, 196, 200, 205, 206, 208, 220, 222Ä224, 234Ä239, 241Ä254. �¢Éμ³ ÉÒ ¨§ ÔÉμ£μ
¸¶¨¸±  ¨³¥ÕÉ ± ± ¶·¨¢μ¤¨³Ò¥, É ± ¨ ´¥¶·¨¢μ¤¨³Ò¥ ²μ± ²Ó´Ò¥ μÉ´μÏ¥´¨Ö.
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�¨¸. 10. �· ¢¨²μ 168. �¥¸±μ²Ó±μ Ô¢μ²ÕÍ¨° ¸μ ¸²ÊÎ °´Ò³¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨

¨ ¥¤¨´¨ÍÒ ¨§μ¡· ¦¥´Ò ¶Ê¸ÉÒ³¨ ¨ § ¶μ²´¥´´Ò³¨ ±¢ ¤· É´Ò³¨ ±²¥É± ³¨ ¸μ-
μÉ¢¥É¸É¢¥´´μ. ‡ ³¥É¨³, ÎÉμ  ¢Éμ·Ò ¢ÒÎ¨¸²¥´¨° ¨¸¶μ²Ó§μ¢ ²¨ ¶¥·¨μ¤¨Î´μ¸ÉÓ
¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¨§³¥·¥´¨Õ: x ∈ Z30.

‹μ± ²Ó´μ¥ μÉ´μÏ¥´¨¥  ¢Éμ³ É  168 ¢ ¶μ²¨´μ³¨ ²Ó´μ° Ëμ·³¥ ¨³¥¥É
¢¨¤ pqr + qr + pr + s = 0. �Éμ μÉ´μÏ¥´¨¥ ¨³¥¥É ¸μ¡¸É¢¥´´μ¥ ¸²¥¤¸É¢¨¥
rs+s = 0, μ§´ Î ÕÐ¥¥, ÎÉμ ¥¸²¨ r ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ 1, Éμ s ³μ¦¥É ¡ÒÉÓ
¢ ²Õ¡μ³ ¨§ ¤¢ÊÌ ¸μ¸ÉμÖ´¨° 0 ¨²¨ 1, μ¤´ ±μ, ¥¸²¨ ¸μ¸ÉμÖ´¨¥ r · ¢´μ 0, Éμ s
μ¡Ö§ ´μ ¡ÒÉÓ ¢ ¸μ¸ÉμÖ´¨¨ 0. ‘¨³¢μ²¨Î¥¸±¨:

r = 1 ⇒ s = 0 ∨ s = 1,

r = 0 ⇒ s = 0.

�  ·¨¸. 10 ¢¨¤´μ, ÎÉμ ²Õ¡ Ö Ô¢μ²ÕÍ¨Ö ¸μ¸Éμ¨É ¨§ μ¡·Ò¢ ÕÐ¨Ì¸Ö ¤¨ £μ´ ²¥°,
´ ¶· ¢²¥´´ÒÌ ¢²¥¢μ ¢´¨§. Š ¦¤ Ö ¤¨ £μ´ ²Ó ´ Î¨´ ¥É¸Ö ¸ ´¥¸±μ²Ó±¨Ì ¨¤ÊÐ¨Ì
¶μ¤·Ö¤ ¥¤¨´¨Í, ´μ ¶μ¸²¥ ¶¥·¢μ£μ ¶μÖ¢²¥´¨Ö ´Ê²Ö ¢¸¥ ¶μ¸²¥¤ÊÕÐ¨¥ ±²¥É±¨
¤¨ £μ´ ²¨ ³μ£ÊÉ ¡ÒÉÓ Éμ²Ó±μ ´Ê²Ö³¨.

‘· ¢´¥´¨¥ ± ´μ´¨Î¥¸±μ° ¤¥±μ³¶μ§¨Í¨¨ ¸ ¡ §¨¸ ³¨ ƒ·¥¡´¥· . Ÿ¸´μ,
ÎÉμ ´ Ï  ± ´μ´¨Î¥¸± Ö ¤¥±μ³¶μ§¨Í¨Ö (79) Å ¡μ²¥¥ μ¡Ð¨° ³¥Éμ¤ ¨¸¸²¥¤μ¢ -
´¨Ö ¤¨¸±·¥É´ÒÌ μÉ´μÏ¥´¨°, Î¥³ ¡ §¨¸Ò ƒ·¥¡´¥· . �¤´ ±μ ¢ ¶μ²¨´μ³¨ ²Ó´μ³
¸²ÊÎ ¥ ¨Ì ³μ¦´μ ¸· ¢´¨¢ ÉÓ. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·¨¢¥¤¥³ ¡ §¨¸Ò ƒ·¥¡´¥· 
¨ ± ´μ´¨Î¥¸±¨¥ ¤¥±μ³¶μ§¨Í¨¨ ¤¢ÊÌ Ô²¥³¥´É ·´ÒÌ ±²¥ÉμÎ´ÒÌ  ¢Éμ³ Éμ¢. ŒÒ
¢ÒÎ¨¸²Ö²¨ ¡ §¨¸Ò ƒ·¥¡´¥·  ¢ Ê¶μ·Ö¤μÎ¥´¨¨ ¶μ ¶μ²´μ° ¸É¥¶¥´¨ ¨ μ¡· É´μ°
²¥±¸¨±μ£· Ë¨¨. ’·¨¢¨ ²Ó´Ò¥ ¶μ²¨´μ³Ò p2 + p, q2 + q, r2 + r ¨ s2 + s ¨¸-
±²ÕÎ¥´Ò ¨§ μ¶¨¸ ´¨° ¡ §¨¸μ¢ ƒ·¥¡´¥· .

• �¢Éμ³ É 30 ¨§¢¥¸É¥´ ¸¢μ¨³ Ì μÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³. �´ ¤ ¦¥ ¨¸¶μ²Ó-
§Ê¥É¸Ö ± ± £¥´¥· Éμ· ¸²ÊÎ °´ÒÌ Î¨¸¥² ¢ ¸¨¸É¥³¥ Mathematica.

�É´μÏ¥´¨¥: 1001010101101010 ¨²¨ qr + s + r + q + p = 0.
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Š ´μ´¨Î¥¸± Ö ¤¥±μ³¶μ§¨Í¨Ö.
‘μ¡¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö:

ƒ· ´Ó

‘É·μ±  ¡¨Éμ¢ 11011110 11011110

�μ²¨´μ³ qs + pq + q rs + pr + r.

ƒ² ¢´Ò° Ë ±Éμ·: 1011111101111111 ¨²¨ qrs + pqr + rs + qs + pr + pq +
s + p = 0.

� §¨¸ ƒ·¥¡´¥· : {qr + s + r + q + p, qs + pq + q, rs + pr + r} . ’ ±¨³
μ¡· §μ³, ¤²Ö  ¢Éμ³ É  30 ³´μ¦¥¸É¢μ ¶μ²¨´μ³μ¢ ± ´μ´¨Î¥¸±μ° ¤¥±μ³¶μ§¨Í¨¨
¸μ¢¶ ¤ ¥É (¸ ÉμÎ´μ¸ÉÓÕ ¤μ μÎ¥¢¨¤´ÒÌ ¶μ²¨´μ³¨ ²Ó´ÒÌ ¶μ¤¸É ´μ¢μ± ¢ £² ¢´Ò°
Ë ±Éμ·) ¸ ¡ §¨¸μ³ ƒ·¥¡´¥· .

• �¢Éμ³ É 110 Ö¢²Ö¥É¸Ö, ¶μ¤μ¡´μ ³ Ï¨´¥ ’ÓÕ·¨´£ , Ê´¨¢¥·¸ ²Ó´Ò³, É. ¥.
¸ ¥£μ ¶μ³μÐÓÕ ³μ¦´μ ·¥ ²¨§μ¢ ÉÓ ²Õ¡μ° ¢ÒÎ¨¸²¨É¥²Ó´Ò° ¶·μÍ¥¸¸, ¢ Î ¸É-
´μ¸É¨, ¢μ¸¶·μ¨§¢¥¸É¨ ¶μ¢¥¤¥´¨¥ ²Õ¡μ£μ ¤·Ê£μ£μ ±²¥ÉμÎ´μ£μ  ¢Éμ³ É .

�É´μÏ¥´¨¥: 1100000100111110 ¨²¨ pqr + qr + s + r + q = 0.
Š ´μ´¨Î¥¸± Ö ¤¥±μ³¶μ§¨Í¨Ö.
‘μ¡¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö:

ƒ· ´Ó

‘É·μ±  ¡¨Éμ¢ 11011111 11011111 10010111

�μ²¨´μ³ pqs + qs + pq + q prs + rs + pr + r qrs + s + r + q.

ƒ² ¢´Ò° Ë ±Éμ·: 1111111111111110 ¨²¨ pqrs = 0.
� §¨¸ ƒ·¥¡´¥· :

{prs + rs + pr + r, qs + rs + r + q, qr + rs + s + q, pr + pq + ps} .

‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ²¨´μ³Ò ¡ §¨¸  ƒ·¥¡´¥·  ´¥ ¸μ¢¶ ¤ ÕÉ ¸ ¶μ²¨´μ³ ³¨ ± ´μ´¨-
Î¥¸±μ° ¤¥±μ³¶μ§¨Í¨¨. ‘¨¸É¥³  μÉ´μÏ¥´¨°, μ¶·¥¤¥²Ö¥³ÒÌ ¡ §¨¸μ³ ƒ·¥¡´¥· ,
¨³¥¥É ¢¨¤

R
{p,r,s}
1 = 11011111 = (prs + rs + pr + r = 0) ,

R
{q,r,s}
2 = 10011111 = (qs + rs + r + q = 0) ,

R
{q,r,s}
3 = 10110111 = (qr + rs + s + q = 0) ,

R
{p,q,r,s}
4 = 1110101110111110 = (pr + pq + ps = 0) .
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‚ Í¥²μ³ ³μ¦´μ Ê¶μ³Ö´ÊÉÓ ¸²¥¤ÊÕÐ¨¥ · §²¨Î¨Ö ³¥¦¤Ê ´ Ï¨³ ¶μ¤Ìμ¤μ³
¨ ³¥Éμ¤μ³ ¡ §¨¸  ƒ·¥¡´¥· .

• ‚ μÉ²¨Î¨¥ μÉ ¡ §¨¸  ƒ·¥¡´¥·  ¡ §¨¸´μ¥ μÉ´μÏ¥´¨¥ (78), μ¶·¥¤¥²Ö¥³μ¥
± ± ¶¥·¥¸¥Î¥´¨¥ Ê¸²μ¢¨°, ¸μ£² ¸Ê¥É¸Ö ¸ ´ ÉÊ· ²Ó´Ò³ ¤²Ö ²μ£¨±¨ ¨ É¥μ·¨¨
³´μ¦¥¸É¢ ¶μ´ÖÉ¨¥³ ¸μ¢³¥¸É´μ¸É¨.

• ‚ μÉ²¨Î¨¥ μÉ ± ´μ´¨Î¥¸±μ° ¤¥±μ³¶μ§¨Í¨¨ ¡ §¨¸ ƒ·¥¡´¥·  ³μ¦¥É ¢Ò-
£²Ö¤¥ÉÓ ¢´¥ ¶μ²¨´μ³¨ ²Ó´μ£μ ±μ´É¥±¸É  ± ± ´ ¡μ· ¸²ÊÎ °´ÒÌ ´ ¤³´μ¦¥¸É¢.

• ’¥³ ´¥ ³¥´¥¥ ´¥±μÉμ· Ö  ´ ²μ£¨Ö ³¥¦¤Ê ¡ §¨¸ ³¨ ƒ·¥¡´¥·  ¨ ± ´μ´¨-
Î¥¸±¨³¨ ¤¥±μ³¶μ§¨Í¨Ö³¨ ¨³¥¥É¸Ö. ” ±É¨Î¥¸±¨ ¢ ´ Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ ´ ¡μ·Ò ¶μ²¨´μ³μ¢ ¸μ¢¶ ¤ ²¨ ¶·¨³¥·´μ ¢ ¶μ²μ¢¨´¥ ¸²ÊÎ ¥¢.

• Š ´μ´¨Î¥¸± Ö ¤¥±μ³¶μ§¨Í¨Ö ¡μ²¥¥ ÔËË¥±É¨¢´  ¢ ¶·μ¡²¥³ Ì, ¢ ±μÉμ-
·ÒÌ ¶μ²¨´μ³Ò ³μ£ÊÉ ¨³¥ÉÓ ¶·μ¨§¢μ²Ó´Ò¥ ¸É¥¶¥´¨, Å ¨²²Õ¸É· Í¨¥° ÔÉμ£μ
Ö¢²ÖÕÉ¸Ö ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¢ÒÎ¨¸²¥´¨Ö ¸  ¢Éμ³ Éμ³ Šμ´¢¥Ö.

• „²Ö § ¤ Î ¸ ¶μ²¨´μ³ ³¨ ³ ²ÒÌ ¸É¥¶¥´¥° ¨ ¡μ²ÓÏ¨³ Î¨¸²μ³ n ¶¥·¥-
³¥´´ÒÌ ¡ §¨¸ ƒ·¥¡´¥·  ¶·¥¢μ¸Ìμ¤¨É ± ´μ´¨Î¥¸±ÊÕ ¤¥±μ³¶μ§¨Í¨Õ Å Î¨¸²μ
¶μ²¨´μ³μ¢ μ£· ´¨Î¥´´μ° ¸É¥¶¥´¨ ¶μ²¨´μ³¨ ²Ó´μ § ¢¨¸¨É μÉ n,    ²£μ·¨É³
± ´μ´¨Î¥¸±μ° ¤¥±μ³¶μ§¨Í¨¨ ¸± ´¨·Ê¥É Ô±¸¶μ´¥´Í¨ ²Ó´μ ¡μ²ÓÏμ¥ Î¨¸²μ qn

ÉμÎ¥± £¨¶¥·±Ê¡  Σn.

�·¨²μ¦¥´¨¥ ‚
‹�Š�‹œ�›… Š‚��’�‚›… Œ�„…‹ˆ �� �…ƒ“‹Ÿ��›• ƒ��”�•

‚ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥  ³¶²¨ÉÊ¤  ¢¤μ²Ó ¶ÊÉ¨ ¶·μ¶μ·Í¨μ-

´ ²Ó´  Ô±¸¶μ´¥´É¥ μÉ ¤¥°¸É¢¨Ö: A ∝ exp
(

i

�
S

)
. Ÿ¸´μ, ÎÉμ ÔÉμ ¢Ò· ¦¥-

´¨¥ ´¨±μ£¤  ´¥ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. �μÔÉμ³Ê ¢ ¸É ´¤ ·É´μ° Ëμ·³Ê²¨·μ¢±¥
¢ ¶·¨´Í¨¶¥ ¢μ§³μ¦´Ò ±¢ ´Éμ¢Ò¥ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ²Õ¡Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ¸¨-
¸É¥³Ò. ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ ¡μ²¥¥ Ê¤μ¡´Ò¥ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ³μ¤¥²¨ ¸ μ£· -
´¨Î¥´´Ò³¨ ³´μ¦¥¸É¢ ³¨ ¢μ§³μ¦´ÒÌ ¶¥·¥Ìμ¤μ¢. � ¨³¥´´μ, ¢ ´ Ï¨Ì ³μ¤¥-
²ÖÌ [37,39], μ¶·¥¤¥²¥´´ÒÌ ´  ·¥£Ê²Ö·´ÒÌ £· Ë Ì, ¶¥·¥Ìμ¤Ò ¡Ê¤ÊÉ ¢μ§³μ¦´Ò
Éμ²Ó±μ ¢ ¶·¥¤¥² Ì μ±·¥¸É´μ¸É¥° ¢¥·Ï¨´ £· Ëμ¢.

‚.1. �¡Ð¥¥ μ¶·¥¤¥²¥´¨¥ ±¢ ´Éμ¢μ° ³μ¤¥²¨ ´  £· Ë¥. �¶·¥¤¥²¥´¨¥ ²μ-
± ²Ó´μ° ±¢ ´Éμ¢μ° ³μ¤¥²¨ ´  k-¢ ²¥´É´μ³ £· Ë¥ ¢±²ÕÎ ¥É ¸²¥¤ÊÕÐ¥¥.

1. �·μ¸É· ´¸É¢μ X = {x1, . . . , xn} ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° k-¢ ²¥´É´Ò° £· Ë.
‚¥·Ï¨´Ò £· Ë , ¸³¥¦´Ò¥ ¸ ¤ ´´μ° ¢¥·Ï¨´μ° xi, ³Ò ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¸¨³-
¢μ² ³¨ x1,i, . . . , xk,i.

2. ‘Ì¥³  ²μ± ²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢ Ei = {e0,i, e1,i, . . . , ek,i} Å ÔÉμ ³´μ¦¥-
¸É¢μ ·¥¡¥·, ¸³¥¦´ÒÌ ¸ ¢¥·Ï¨´μ° xi, ¤μ¶μ²´¥´´μ¥ ·¥¡·μ³ e0,i = (xi → xi) ≡
(xi → x0,i). Š ¦¤μ¥ ·¥¡·μ em,i = (xi → xm,i) ¸¨³¢μ²¨§¨·Ê¥É ¶¥·¥Ìμ¤ §  μ¤¨´
Ï £ ¢·¥³¥´¨ ¨§ ¢¥·Ï¨´Ò xi ¢ ´¥±μÉμ·ÊÕ ¢¥·Ï¨´Ê μ±·¥¸É´μ¸É¨ ¨²¨ ¢ ¸ ³Ê xi.
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3. ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ £·Ê¶¶  ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  F = Aut (X)
¤¥°¸É¢Ê¥É É· ´§¨É¨¢´μ ´  ³´μ¦¥¸É¢¥ ¸Ì¥³ ²μ± ²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢ {E1, . . . , En}.

4. �¶·¥¤¥²¨³ £·Ê¶¶Ê ²μ± ²Ó´ÒÌ ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  ± ± ¶μ¤£·Ê¶-
¶Ê F, Ë¨±¸¨·ÊÕÐÊÕ ¢¥·Ï¨´Ê xi: Floc = StabF (xi) � F. ‚¢¨¤Ê É· ´§¨É¨¢´μ¸É¨
¤¥°¸É¢¨Ö F ´  ³´μ¦¥¸É¢¥ μ±·¥¸É´μ¸É¥° £·Ê¶¶  Floc ´¥ § ¢¨¸¨É μÉ ¢Ò¡μ· 
¢¥·Ï¨´Ò.

5. Ωi = {ω0,i, ω1,i, . . . , ωh,i} μ§´ Î ¥É ³´μ¦¥¸É¢μ μ·¡¨É Floc ´  Ei. Ÿ¸´μ,
ÎÉμ ÔÉ¨ ³´μ¦¥¸É¢  ¨§μ³μ·Ë´Ò ¤²Ö ¢¸¥Ì ¢¥·Ï¨´ xi.

6. ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ ¸ ± ¦¤μ° ¢¥·Ï¨´μ°  ¸¸μÍ¨¨·μ¢ ´μ ³´μ¦¥¸É¢μ
¢´ÊÉ·¥´´¨Ì ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò (²μ± ²Ó´ÒÌ ¸μ¸ÉμÖ´¨°) Σ, ´  ±μÉμ·μ³ ¤¥°¸É¢Ê¥É
£·Ê¶¶  ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° Γ.

7. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ô¢μ²ÕÍ¨μ´´Ò³ ¶· ¢¨²μ³ R ËÊ´±Í¨Õ ´  Ei ¸μ §´ -
Î¥´¨¥³ ¢ ´¥±μÉμ·μ³ ¶·¥¤¸É ¢²¥´¨¨ ρ (Γ) £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°. �Éμ
¶· ¢¨²μ ¶·¥¤¶¨¸Ò¢ ¥É ρ (Γ)-§´ Î´Ò¥ ¢¥¸  ¶¥·¥Ìμ¤ ³ §  μ¤¨´ Ï £ ¶μ ¢·¥³¥´¨
³¥¦¤Ê ¢¥·Ï¨´ ³¨ μ±·¥¸É´μ¸É¨ xi. ˆ§ ¸μμ¡· ¦¥´¨° ¸¨³³¥É·¨¨ ¶· ¢¨²μ R
¤μ²¦´μ ¡ÒÉÓ ËÊ´±Í¨¥° ´  μ·¡¨É Ì ¨§ ³´μ¦¥¸É¢  Ωi, É. ¥. R (em,ig) = R (em,i),
¥¸²¨ g ∈ Floc.

„²Ö ¨²²Õ¸É· Í¨¨ ÔÉ¨Ì ±μ´¸É·Ê±Í¨° · ¸¸³μÉ·¨³ ²μ± ²Ó´ÊÕ ±¢ ´Éμ¢ÊÕ
³μ¤¥²Ó ´  £· Ë¥ ËÊ²²¥·¥´  C60. �ÉμÉ £· Ë ¨§μ¡· ¦¥´ ´  ·¨¸. 1 ¨ 8. ‚ ¤ ´´μ³
¸²ÊÎ ¥ £·Ê¶¶μ° ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢  X = {x1, . . . , x60} Ö¢²Ö¥É¸Ö F =
Aut (X) = A5 × Z2. �±·¥¸É´μ¸ÉÓ ¢¥·Ï¨´Ò £· Ë  xi Ê¸É·μ¥´  ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

.

‘Ì¥³  ²μ± ²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢ ¨³¥¥É ¢¨¤ Ei = {e0,i, e1,i, e2,i, e3,i}, £¤¥

e0,i = (xi → xi) ,

e1,i = (xi → x1,i) ,

e2,i = (xi → x2,i) ,

e3,i = (xi → x3,i) .

‡ ³¥É¨³, ÎÉμ ·¥¡·  μ±·¥¸É´μ¸É¨ ´¥ · ¢´μ§´ Î´Ò: ·¥¡·  e1,i ¨ e2,i ¶·¨´ ¤²¥-
¦ É ¶ÖÉ¨Ê£μ²Ó´¨±Ê, ¶·¨³Ò± ÕÐ¥³Ê ± ¢¥·Ï¨´¥ xi,   ·¥¡·μ e3,i · §¤¥²Ö¥É ¤¢ 
Ï¥¸É¨Ê£μ²Ó´¨± ; ¨²¨, ¸ ÉμÎ±¨ §·¥´¨Ö Ì¨³¨¨, ·¥¡·μ e3,i ¸μμÉ¢¥É¸É¢Ê¥É ¤¢μ°-
´μ° ¸¢Ö§¨ ¢ ³μ²¥±Ê²¥ Ê£²¥·μ¤  C60,   μ¸É ²Ó´Ò¥ ·¥¡·  ¶·¥¤¸É ¢²ÖÕÉ ¶·μ¸ÉÒ¥
¸¢Ö§¨. �μÔÉμ³Ê £·Ê¶¶  ²μ± ²Ó´ÒÌ ¸¨³³¥É·¨° ¶·μ¸É· ´¸É¢ , É. ¥. ¸É ¡¨²¨§ Éμ·



Š‹�‘‘ˆ—…‘Šˆ… ˆ Š‚��’�‚›… „ˆ‘Š�…’�›… „ˆ��Œˆ—…‘Šˆ… ‘ˆ‘’…Œ› 173

¢¥·Ï¨´Ò xi, ´¥ Ö¢²Ö¥É¸Ö ³ ±¸¨³ ²Ó´μ° ¤²Ö ¶μ¤μ¡´ÒÌ μ±·¥¸É´μ¸É¥° £·Ê¶-
¶μ° D6,   ¨³¥¥É ¢¨¤ Floc = StabF (xi) = Z2. Œ´μ¦¥¸É¢μ μ·¡¨É Floc ´  Ei

¸μ¸Éμ¨É ¨§ É·¥Ì Ô²¥³¥´Éμ¢ (¶μ¤³´μ¦¥¸É¢):

Ωi = {ω0,i = {e0,i} , ω1,i = {e1,i, e2,i} , ω2,i = {e3,i}} ,

É. e. ¸É ¡¨²¨§ Éμ· ¶¥·¥¸É ¢²Ö¥É ·¥¡·  (xi → x1,i) ¨ (xi → x2,i), ´μ ´¥ ¤¢¨£ ¥É
(xi → xi) ¨ (xi → x3,i).

‘ ÊÎ¥Éμ³ ÔÉ¨Ì ¸¨³³¥É·¨° ¶· ¢¨²μ Ô¢μ²ÕÍ¨¨ ¶·¨´¨³ ¥É ¢¨¤

R (xi → xi) = ρ (α0) ,

R (xi → x1,i) =R (xi → x2,i) = ρ (α1) ,

R (xi → x3,i) = ρ (α2) ,

£¤¥ α0, α1, α2 ∈ Γ.
‚.2. ˆ²²Õ¸É· Í¨Ö: ¤¨¸±·¥É´ Ö ³μ¤¥²Ó ±¢ ´Éμ¢μ° ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ.

� ¸¸³μÉ·¨³ ±¢ ´Éμ¢ ´¨¥ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ, ¤¢¨¦ÊÐ¥°¸Ö ¢ μ¤´μ³ ¨§³¥·¥-

´¨¨. ’ ± Ö Î ¸É¨Í  μ¶¨¸Ò¢ ¥É¸Ö ² £· ´¦¨ ´μ³ L =
mẋ2

2
. �·¥¤¶μ² £ Ö, ÎÉμ

¨³¥ÕÉ¸Ö ±¢ ´Éμ¢Ò¥ ¶¥·¥Ìμ¤Ò Éμ²Ó±μ ¢ ¡²¨¦ °Ï¨¥ ÉμÎ±¨ ¤¨¸±·¥É¨§¨·μ¢ ´-
´μ£μ ¶·μ¸É· ´¸É¢ , ³Ò ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¶· ¢¨²Ê ¶¥·¥Ìμ¤μ¢ §  μ¤¨´
Ï £ ¢·¥³¥´¨:

exp

[
i

�

m {(x + 1) − x}2

2

]
= exp

(
i
m

2�

)
,

exp

[
i

�

m (x − x)2

2

]
= 1,

exp

[
i

�

m {(x − 1) − x}2

2

]
= exp

(
i
m

2�

)
,

É. ¥. ¶· ¢¨²μ Ô¢μ²ÕÍ¨¨ R ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ËÊ´±Í¨Õ ¸μ §´ Î¥´¨Ö³¨ ¢ Ê´¨-
É ·´μ³ ¶·¥¤¸É ¢²¥´¨¨ μ±·Ê¦´μ¸É¨ U (1):

R (x → x) = 1 ∈ U (1) ,

R (x → x − 1) = R (x → x + 1) = w = exp
(
i
m

2�

)
∈ U (1) .

„ ²¥¥ ¶·¥¤¶μ²μ¦¨³, ÎÉμ w Å Ô²¥³¥´É ´¥±μÉμ·μ£μ μ¤´μ³¥·´μ£μ ¶·¥¤¸É ¢²¥-
´¨Ö ±μ´¥Î´μ° £·Ê¶¶Ò Γ. �¤´μ³¥·´μ¸ÉÓ ¶·¥¤¸É ¢²¥´¨Ö ¶·¥¤¶μ² £ ¥É, ÎÉμ ¡¥§
¶μÉ¥·¨ μ¡Ð´μ¸É¨ ³μ¦´μ ¸Î¨É ÉÓ £·Ê¶¶Ê Í¨±²¨Î¥¸±μ° Γ = ZM ,   w Å ¶·¨-
³¨É¨¢´Ò³ ±μ·´¥³ ¨§ ¥¤¨´¨ÍÒ M -° ¸É¥¶¥´¨. �¥μ·£ ´¨§ÊÖ ³Ê²ÓÉ¨´μ³¨ ²Ó´Ò¥
±μÔËË¨Í¨¥´ÉÒ Å É·¨´μ³¨ ²Ó´Ò¥ ¢ ¤ ´´μ³ ±μ´±·¥É´μ³ ¸²ÊÎ ¥, Å ´¥É·Ê¤´μ
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´ ¶¨¸ ÉÓ ¸Ê³³Ê  ³¶²¨ÉÊ¤ ¶μ ¢¸¥³ ¢μ§³μ¦´Ò³ ¶ÊÉÖ³ ³¥¦¤Ê ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´	Ò³¨ ÉμÎ± ³¨ (0, 0) ¨ (x, t):

At
x (w) =

t∑
τ=0

τ !(
τ − x

2

)
!
(

τ + x

2

)
!
× t!

τ ! (t − τ)!
wτ .

‡ ³¥É¨³, ÎÉμ §´ Î¥´¨¥ x ¤μ²¦´μ ²¥¦ ÉÓ ¢ ¶·¥¤¥² Ì ±t: x ∈ [−t, t] .

Œμ¦´μ Ê¸²μ¦´¨ÉÓ ³μ¤¥²Ó, ¤μ¡ ¢¨¢, ´ ¶·¨³¥·, ± ²¨¡·μ¢μÎ´Ò¥ ¸¢Ö§´μ¸É¨,
¤¥°¸É¢ÊÕÐ¨¥ ¢¤μ²Ó ¶ÊÉ¥°, ¢¢μ¤Ö μ£· ´¨Î¥´¨Ö ´  ¢μ§³μ¦´Ò¥ ¶ÊÉ¨, ± ±, ´ -
¶·¨³¥·, Ô±· ´ ¢ ®¤¢ÊÌÐ¥²¥¢μ³ Ô±¸¶¥·¨³¥´É¥¯ ¨ É. ¶. ‚ ²Õ¡μ³ ¸²ÊÎ ¥  ³¶²¨-
ÉÊ¤  A (w) ¡Ê¤¥É ¶μ²¨´μ³¨ ²Ó´μ° ËÊ´±Í¨¥° μÉ w. „²Ö Éμ£μ ÎÉμ¡Ò ¢μ¸¶·μ¨§-
¢¥¸É¨, ¸± ¦¥³, ¤¥¸É·Ê±É¨¢´ÊÕ ¨´É¥·Ë¥·¥´Í¨Õ Å μ¤´μ ¨§ Ö·±¨Ì ¶·μÖ¢²¥´¨°
±¢ ´Éμ¢μ£μ ¶μ¢¥¤¥´¨Ö, Å ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ ¸¨¸É¥³Ê ¶μ²¨´μ³¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨°: A (w) = ΦM (w) = 0, £¤¥ ΦM (w) Å M -° Í¨±²μÉμ³¨Î¥¸±¨° ¶μ²¨´μ³.
‚ ¤ ´´μ° ³μ¤¥²¨ ´ ¨³¥´ÓÏ¥° £·Ê¶¶μ°, ¶·¨ ±μÉμ·μ° ¶μÖ¢²Ö¥É¸Ö ¤¥¸É·Ê±É¨¢-
´ Ö ¨´É¥·Ë¥·¥´Í¨Ö, Ö¢²Ö¥É¸Ö Z4.

�¨¸. 11. ƒ·Ê¶¶  Z4. ˆ´É¥·Ë¥·¥´Í¨Ö μÉ ¤¢ÊÌ ¨¸ÉμÎ´¨±μ¢ ¢ ¶μ§¨Í¨ÖÌ −4 ¨ 4. —¨¸²μ
Ï £μ¢ ¶μ ¢·¥³¥´¨ T = 20. Δφ = φ4 − φ−4 Å · §´μ¸É¨ Ë § ³¥¦¤Ê ¨¸ÉμÎ´¨± ³¨

�  ·¨¸. 11 ¶μ± § ´Ò ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ ± ·É¨´Ò Å ´μ·³ ²¨§μ¢ ´´Ò¥
±¢ ¤· ÉÒ ³μ¤Ê²¥°  ³¶²¨ÉÊ¤ (®¢¥·μÖÉ´μ¸É¨¯) Å μÉ ¤¢ÊÌ ¨¸ÉμÎ´¨±μ¢, ¶μ³¥-
Ð¥´´ÒÌ ¢ ÉμÎ± Ì x = −4 ¨ x = 4 ¤²Ö 20 Ï £μ¢ ¶μ ¢·¥³¥´¨. ‚¥·Ì´¨° ¨
´¨¦´¨° £· Ë¨±¨ ¶μ± §Ò¢ ÕÉ ¨´É¥·Ë¥·¥´Í¨¨ ¢ ¸²ÊÎ ÖÌ, ±μ£¤  Ë §Ò ¨¸ÉμÎ´¨-
±μ¢ μ¤¨´ ±μ¢Ò (Δφ = 0) ¨ ¶·μÉ¨¢μ¶μ²μ¦´Ò (Δφ = π) ¸μμÉ¢¥É¸É¢¥´´μ.
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�·¨²μ¦¥´¨¥ ƒ
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‹Õ¡μ¥ ²¨´¥°´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ±μ´¥Î´μ° £·Ê¶¶Ò Ô±¢¨¢ ²¥´É´μ Ê´¨É ·-
´μ³Ê, ¶μ¸±μ²Ó±Ê ¨§ ¶·μ¨§¢μ²Ó´μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö ¸ ¶μ³μÐÓÕ
®Ê¸·¥¤´¥´¨Ö ¶μ £·Ê¶¶¥¯ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¨´¢ ·¨ ´É´μ¥. � ¶·¨³¥·, ¢ ± -
Î¥¸É¢¥ ¨¸Ìμ¤´μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö ¢ K-³¥·´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ-
¸É· ´¸É¢¥ H ³μ¦´μ ¢§ÖÉÓ ¸É ´¤ ·É´μ¥

(φ | ψ) ≡
K∑

i=1

φiψi. (93)

“¸·¥¤´¨¢ (93) ¶μ £·Ê¶¶¥, ³Ò ¶·¨Ìμ¤¨³ ± ¨´¢ ·¨ ´É´μ³Ê ¸± ²Ö·´μ³Ê ¶·μ¨§-
¢¥¤¥´¨Õ

〈φ | ψ〉 ≡ 1
|G|
∑
g∈G

(U (g)φ | U (g)ψ) ,

μ¡¥¸¶¥Î¨¢ ÕÐ¥³Ê Ê´¨É ·´μ¸ÉÓ ¶·¥¤¸É ¢²¥´¨Ö U £·Ê¶¶Ò G ¢ ¶·μ¸É· ´¸É¢¥ H.
‚ ¦´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ Ô²¥³¥´Éμ¢ £·Ê¶¶Ò Å  ´ ²μ£μ³ § ³¥´Ò ¸¨¸É¥³Ò

±μμ·¤¨´ É ¢ Ë¨§¨±¥ Å Ö¢²Ö¥É¸Ö ¸μ¶·Ö¦¥´¨¥ a−1ga → g′, g, g′ ∈ G, a ∈ SG.
‘μ¶·Ö¦¥´¨¥ ¸ ¶μ³μÐÓÕ Ô²¥³¥´É  ¸ ³μ° £·Ê¶¶Ò, É. ¥., ¥¸²¨ a ∈ G, ´ §Ò-
¢ ¥É¸Ö ¢´ÊÉ·¥´´¨³  ¢Éμ³μ·Ë¨§³μ³. Š² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ
¢´ÊÉ·¥´´¨Ì  ¢Éμ³μ·Ë¨§³μ¢ ´ §Ò¢ ÕÉ¸Ö ±² ¸¸ ³¨ ¸μ¶·Ö¦¥´´ÒÌ Ô²¥³¥´Éμ¢.
�É¶· ¢´μ° ÉμÎ±μ° ¨§ÊÎ¥´¨Ö ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò Ö¢²Ö¥É¸Ö ¥¥ · §²μ¦¥´¨¥
´  ±² ¸¸Ò ¸μ¶·Ö¦¥´´ÒÌ Ô²¥³¥´Éμ¢

G = K1 � K2 � . . . � Km.

ƒ·Ê¶¶μ¢μ¥ Ê³´μ¦¥´¨¥ ¨´¤ÊÍ¨·Ê¥É Ê³´μ¦¥´¨¥ ´  ±² ¸¸ Ì. �·μ¨§¢¥¤¥´¨¥
±² ¸¸μ¢ Ki ¨ Kj ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · §²μ¦¥´´μ¥ ´  ±² ¸¸Ò ³Ê²ÓÉ¨³´μ¦¥-
¸É¢μ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¶·μ¨§¢¥¤¥´¨° ab, a ∈ Ki, b ∈ Kj . �Î¥¢¨¤´μ, ÎÉμ
ÔÉμ ¶·μ¨§¢¥¤¥´¨¥ ±μ³³ÊÉ É¨¢´μ, ¶μ¸±μ²Ó±Ê ab ¨ ba ¶·¨´ ¤²¥¦ É μ¤´μ³Ê ¨
Éμ³Ê ¦¥ ±² ¸¸Ê: ab ∼ a−1 (ab) a = ba. ’ ±¨³ μ¡· §μ³, ³Ò ¨³¥¥³ ¸²¥¤ÊÕÐÊÕ
É ¡²¨ÍÊ Ê³´μ¦¥´¨Ö ±² ¸¸μ¢:

KiKj = KjKi =
m∑

k=1

cijkKk.

� ÉÊ· ²Ó´Ò¥ Í¥²Ò¥ cijk Å ±· É´μ¸É¨ ¢Ìμ¦¤¥´¨Ö ±² ¸¸μ¢ ¢ ³Ê²ÓÉ¨³´μ¦¥-
¸É¢  Å ´ §Ò¢ ÕÉ¸Ö ±μÔËË¨Í¨¥´É ³¨ ±² ¸¸μ¢. �μ²ÊÎ¥´´ Ö É ±¨³ μ¡· §μ³
 ²£¥¡·  ±² ¸¸μ¢ ¸μ¤¥·¦¨É ¢¸Õ ¨´Ëμ·³ Í¨Õ, ´¥μ¡Ìμ¤¨³ÊÕ ¤²Ö ¶μ¸É·μ¥´¨Ö
¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò.
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�·¨¢¥¤¥³ ±· É±¨° ¸¶¨¸μ± μ¸´μ¢´ÒÌ ¸¢μ°¸É¢ ²¨´¥°´ÒÌ ¶·¥¤¸É ¢²¥´¨°
±μ´¥Î´ÒÌ £·Ê¶¶.

1. ‹Õ¡μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸μ¤¥·¦¨É¸Ö ¢ ·¥£Ê²Ö·´μ³. 
μ²¥¥
±μ´±·¥É´μ, ¸ÊÐ¥¸É¢Ê¥É ³ É·¨Í  ¶·¥μ¡· §μ¢ ´¨Ö T, μ¤´μ¢·¥³¥´´μ ¶·¨¢μ¤ÖÐ Ö
¢¸¥ ³ É·¨ÍÒ ·¥£Ê²Ö·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ± ¢¨¤Ê

T−1P(g)T =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D1(g)

d2

⎧⎪⎨⎪⎩
D2(g)

. . .
D2(g)

. . .

dm

⎧⎪⎨⎪⎩
Dm(g)

. . .
Dm(g)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (94)

¨ ²Õ¡μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ Dj . —¨¸²μ ´¥Ô±¢¨-
¢ ²¥´É´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° · ¢´μ Î¨¸²Ê ±² ¸¸μ¢ ¸μ¶·Ö¦¥´´ÒÌ
Ô²¥³¥´Éμ¢. —¨¸²μ dj Å ÔÉμ μ¤´μ¢·¥³¥´´μ · §³¥·´μ¸ÉÓ ´¥¶·¨¢μ¤¨³μ° ±μ³-
¶μ´¥´ÉÒ Dj ¨ ±· É´μ¸ÉÓ ¥¥ ¢Ìμ¦¤¥´¨Ö ¢ ·¥£Ê²Ö·´μ¥ ¶·¥¤¸É ¢²¥´¨¥. ˆ§ (94)
¢¨¤´μ, ÎÉμ ¤²Ö · §³¥·´μ¸É¥° ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸¶· ¢¥¤²¨¢μ · -
¢¥´¸É¢μ d2

1 +d2
2 + . . .+d2

m = |G| = M. Š·μ³¥ Éμ£μ, · §³¥·´μ¸É¨ ´¥¶·¨¢μ¤¨³ÒÌ
¶·¥¤¸É ¢²¥´¨° ¤¥²ÖÉ ¶μ·Ö¤μ± £·Ê¶¶Ò: dj | M.

2. ‹Õ¡μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ Dj μ¶·¥¤¥²Ö¥É¸Ö μ¤´μ§´ Î´μ ¸¢μ¨³
Ì · ±É¥·μ³ χj , É. ¥. ´ ¡μ·μ³ ¸²¥¤μ¢ ³ É·¨Í ¶·¥¤¸É ¢²¥´¨Ö: χj (g) = Tr Dj (g).
�ÉμÉ ´ ¡μ· Ö¢²Ö¥É¸Ö Ë ±É¨Î¥¸±¨ ËÊ´±Í¨¥° ´  ±² ¸¸ Ì ¸μ¶·Ö¦¥´´ÒÌ Ô²¥³¥´-
Éμ¢, ¶μ¸±μ²Ó±Ê ¢ ¸¨²Ê ¸É ´¤ ·É´ÒÌ ¸¢μ°¸É¢ ¸²¥¤μ¢ ³ É·¨Í χj (g) = χj

(
a−1ga

)
.

�Î¥¢¨¤´μ, ÎÉμ χj (1) = dj .
3. Šμ³¶ ±É´Ò³ ¸·¥¤¸É¢μ³ ¶¥·¥Î¨¸²¥´¨Ö ¢¸¥Ì ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥-

´¨° Ö¢²Ö¥É¸Ö É ¡²¨Í  Ì · ±É¥·μ¢. ‘Éμ²¡ÍÒ ÔÉμ° É ¡²¨ÍÒ ¶·μ´Ê³¥·μ¢ ´Ò
±² ¸¸ ³¨ ¸μ¶·Ö¦¥´´ÒÌ Ô²¥³¥´Éμ¢,   ¸É·μ±¨ ¸μ¤¥·¦ É §´ Î¥´¨Ö Ì · ±É¥·μ¢ ´¥-
Ô±¢¨¢ ²¥´É´ÒÌ ¶·¥¤¸É ¢²¥´¨°. ‘μ£² ¸´μ É· ¤¨Í¨¨, 1-° ¸Éμ²¡¥Í ¸μμÉ¢¥É¸É¢Ê¥É

’ ¡²¨Í  5. ’ ¡²¨Í  Ì · ±É¥·μ¢

K1 K2 · · · Km

χ1 1 1 · · · 1
χ2 χ2 (K1) = d2 χ2 (K2) · · · χ2 (Km)
...

...
...

...
χm χm (K1) = dm χm (K2) · · · χm (Km)
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±² ¸¸Ê £·Ê¶¶μ¢μ° ¥¤¨´¨ÍÒ,   1-Ö ¸É·μ±  ¸μ¤¥·¦¨É É·¨¢¨ ²Ó´μ¥ ¶·¥¤¸É ¢²¥-
´¨¥. Š ± ¸É·μ±¨, É ± ¨ ¸Éμ²¡ÍÒ ¶μ¶ ·´μ μ·Éμ£μ´ ²Ó´Ò. ‚ ¦´ Ö ¨´Ëμ·³ Í¨Ö
μ £·Ê¶¶¥ ¨ ¥¥ ¶·¥¤¸É ¢²¥´¨ÖÌ ³μ¦¥É ¡ÒÉÓ ¸Î¨É ´  ´¥¶μ¸·¥¤¸É¢¥´´μ ¸ É ¡²¨ÍÒ
Ì · ±É¥·μ¢. � ¶·¨³¥·, ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ Ö¢²Ö¥É¸Ö ÉμÎ´Ò³ Éμ£¤ 
¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  §´ Î¥´¨¥ Ì · ±É¥·  ¢ 1-³ ¸Éμ²¡Í¥ (É. ¥. · §³¥·´μ¸ÉÓ)
´¥ ¶μ¢Éμ·Ö¥É¸Ö ¡μ²¥¥ ´¨£¤¥ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸É·μ±¥. ’ ¡²¨ÍÒ Ì · ±É¥·μ¢
¶μÎÉ¨ ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²ÖÕÉ £·Ê¶¶Ò. �´¨ ´¥ · §²¨Î ÕÉ ²¨ÏÓ ¨§μ±²¨´´Ò¥
£·Ê¶¶Ò [6]. ƒ·Ê¶¶Ò ´ §Ò¢ ÕÉ¸Ö ¨§μ±²¨´´Ò³¨, ¥¸²¨ ¨Ì Ë ±Éμ·-£·Ê¶¶Ò ¶μ ¨Ì
Í¥´É· ³ ¨§μ³μ·Ë´Ò. ˆ§μ±²¨´´Ò¥ £·Ê¶¶Ò ¨³¥ÕÉ ¨¤¥´É¨Î´Ò¥ É ¡²¨ÍÒ Ì · ±-
É¥·μ¢, ¶μ¸±μ²Ó±Ê Ì · ±É¥·Ò ®¨£´μ·¨·ÊÕÉ¯ Í¥´É·Ò. �·¨³¥·μ³ ¨§μ±²¨´´ÒÌ
£·Ê¶¶ Ö¢²ÖÕÉ¸Ö 8-Ô²¥³¥´É´Ò¥ ¤¨Ô¤· ²Ó´ Ö D8 = {¸¨³³¥É·¨¨ ±¢ ¤· É } ¨
±¢ É¥·´¨μ´´ Ö Q8 = {±1,±i,±j,±k} £·Ê¶¶Ò. ‡¤¥¸Ó i, j, k Å ±¢ É¥·´¨μ´´Ò¥
³´¨³Ò¥ ¥¤¨´¨ÍÒ.

�·¨²μ¦¥´¨¥ „
Š��…—�›… ƒ�“��› ‘ˆŒŒ…’�ˆ‰

ˆ ”…��Œ…��‹�ƒˆŸ 
‹…Œ…�’���›• —�‘’ˆ–

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢¸¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [54], ± ¸ ÕÐ¨¥¸Ö ËÊ´-
¤ ³¥´É ²Ó´ÒÌ Î ¸É¨Í, ¸μ£² ¸ÊÕÉ¸Ö ¸μ ‘É ´¤ ·É´μ° ³μ¤¥²ÓÕ, ±μÉμ· Ö ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ± ²¨¡·μ¢μÎ´ÊÕ É¥μ·¨Õ ¸ £·Ê¶¶μ° ¢´ÊÉ·¥´´¨Ì (± ²¨¡·μ¢μÎ-
´ÒÌ) ¸¨³³¥É·¨° Γ, Ö¢²ÖÕÐ¥°¸Ö ¶·Ö³Ò³ ¶·μ¨§¢¥¤¥´¨¥³ £·Ê¶¶ U (1), SU (2) ¨
SU (3). ‚ ±μ´É¥±¸É¥ É¥μ·¨¨ 
μ²ÓÏμ£μ μ¡Ñ¥¤¨´¥´¨Ö ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ Γ Å
¶μ¤£·Ê¶¶  ´¥±μÉμ·μ° ¡μ²ÓÏ¥° (¶·¥¤¶μ²μ¦¨É¥²Ó´μ, ¶·μ¸Éμ°) £·Ê¶¶Ò. �É´μ-
¸¨É¥²Ó´μ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	ÒÌ ¸¨³³¥É·¨° Ô²¥³¥´É ·´Ò¥ Î ¸É¨ÍÒ ¶μ¤-
· §¤¥²ÖÕÉ¸Ö ´  ¤¢  ±² ¸¸ : ¡μ§μ´Ò, μÉ¢¥Î ÕÐ¨¥ §  Ë¨§¨Î¥¸±¨¥ ¸¨²Ò (£·Ê¡μ
£μ¢μ·Ö, μ´¨ ¸μμÉ¢¥É¸É¢ÊÕÉ Ô²¥³¥´É ³ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò), ¨ Ë¥·³¨μ´Ò,
¨´É¥·¶·¥É¨·Ê¥³Ò¥ ± ± Î ¸É¨ÍÒ ³ É¥·¨¨. ”¥·³¨μ´Ò ‘É ´¤ ·É´μ° ³μ¤¥²¨ ¸μ-
¸É ¢²ÖÕÉ É·¨ ¶μ±μ²¥´¨Ö ±¢ ·±μ¢ ¨ ²¥¶Éμ´μ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ É ¡². 6. — -
¸É¨ÍÒ · §²¨Î´ÒÌ ¶μ±μ²¥´¨° μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£  Éμ²Ó±μ ³ ¸¸ ³¨ ¨ ±¢ ´-
Éμ¢Ò³ ¸¢μ°¸É¢μ³, ´ §Ò¢ ¥³Ò³  ·μ³ Éμ³. ”¨§¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò, ¨§³¥´ÖÕ-
Ð¨¥  ·μ³ ÉÒ, É ±¨¥ ± ± ¸² ¡Ò¥ · ¸¶ ¤Ò ±¢ ·±μ¢ ¨²¨ μ¸Í¨²²ÖÍ¨¨ ´¥°É·¨´μ,

’ ¡²¨Í  6. ”¥·³¨μ´Ò ‘É ´¤ ·É´μ° ³μ¤¥²¨. �´É¨Î ¸É¨ÍÒ ¤²Ö ±· É±μ¸É¨ μ¶ÊÐ¥´Ò

�μ±μ²¥´¨Ö 1 2 3

‚¥·Ì´¨¥ ±¢ ·±¨ u c t

�¨¦´¨¥ ±¢ ·±¨ d s b

‡ ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò e− μ− τ−

�¥°É·¨´μ νe νμ ντ
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μ¶¨¸Ò¢ ÕÉ¸Ö Ê´¨É ·´Ò³¨ ³ É·¨Í ³¨ ¸³¥Ï¨¢ ´¨Ö · §³¥·  3 × 3. �±¸¶¥·¨-
³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶μ§¢μ²ÖÕÉ ¢ÒÎ¨¸²¨ÉÓ  ¡¸μ²ÕÉ´Ò¥ ¢¥²¨Î¨´Ò Ô²¥³¥´Éμ¢
ÔÉ¨Ì ³ É·¨Í.

‚ ¸²ÊÎ ¥ ±¢ ·±μ¢ (®¢ ±¢ ·±μ¢μ³ ¸¥±Éμ·¥¯), ³ É·¨Í¥° ¶¥·¥Ìμ¤  ³¥¦¤Ê
®¢¥·Ì´¨³¨¯ ¨ ®´¨¦´¨³¨¯ ±¢ ·± ³¨ Ö¢²Ö¥É¸Ö É ± ´ §Ò¢ ¥³ Ö ³ É·¨Í 
Š ¡¨¡¡μÄŠμ¡ ÖÏ¨ÄŒ ¸± ¢Ò (CKM)

VCKM =

⎛⎝Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

⎞⎠ ,

£¤¥ |Vαβ |2 ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢¥·μÖÉ´μ¸ÉÓ Éμ£μ, ÎÉμ ±¢ ·± (¨³¥ÕÐ¨°  ·μ-
³ É) β ¶·¨ ¸² ¡μ³ ¶·μÍ¥¸¸¥ ¶¥·¥Ìμ¤¨É ¢ ±¢ ·± α. �μ²ÊÎ¥´´Ò¥ ± ´ ¸ÉμÖÐ¥³Ê
¢·¥³¥´¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¤ ÕÉ ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò ¤²Ö ³μ¤Ê²¥°
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢:⎛⎝|Vud| |Vus| |Vub|

|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

⎞⎠ =

⎛⎝0,974 0,225 0,004
0,225 0,974 0,041
0,009 0,040 0,999

⎞⎠ .

ŒÒ ¨¸¶μ²Ó§μ¢ ²¨ μ±·Ê£²¥´¨¥ ¤μ É·¥Ì ¤¥¸ÖÉ¨Î´ÒÌ Í¨Ë· Å ¡μ²¥¥ ÉμÎ´Ò¥
¢¥²¨Î¨´Ò ³μ¦´μ ´ °É¨ ¢ [54].

‚ ®²¥¶Éμ´´μ³ ¸¥±Éμ·¥¯ ¸² ¡Ò¥ ¶·μÍ¥¸¸Ò μ¶¨¸Ò¢ ÕÉ¸Ö ³ É·¨Í¥° ¸³¥-
Ï¨¢ ´¨Ö �μ´É¥±μ·¢μÄŒ ±¨Ä� ± £ ¢ÒÄ‘ ± ÉÒ (PMNS)

UPMNS =

⎛⎝Ue1 Ue2 Ue3

Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

⎞⎠ .

‡¤¥¸Ó ¨´¤¥±¸Ò e, μ, τ ¸μμÉ¢¥É¸É¢ÊÕÉ  ·μ³ É ³ ´¥°É·¨´μ. �Éμ μ§´ Î ¥É, ÎÉμ
¢ ¸² ¡ÒÌ ¶·μÍ¥¸¸ Ì ´¥°É·¨´μ νe, νμ, ντ ¢μ§´¨± ÕÉ ¸μ¢³¥¸É´μ ¸ e+, μ+, τ+

(¨²¨ ¶μ·μ¦¤ ÕÉ e−, μ−, τ−) ¸μμÉ¢¥É¸É¢¥´´μ. ˆ´¤¥±¸Ò 1, 2, 3 ¸μμÉ¢¥É¸É¢ÊÕÉ
¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ μ¶¥· Éμ·  ³ ¸¸Ò, É. ¥. ¸¨³¢μ²Ò ν1, ν2, ν3 μ§´ Î ÕÉ
´¥°É·¨´μ, ¨³¥ÕÐ¨¥ μ¶·¥¤¥²¥´´Ò¥ ³ ¸¸Ò m1, m2, m3. Œ´μ£μÎ¨¸²¥´´Ò¥ ´ -
¡²Õ¤¥´¨Ö ¸μ²´¥Î´ÒÌ ¨  É³μ¸Ë¥·´ÒÌ ´¥°É·¨´μ ¨ Ô±¸¶¥·¨³¥´ÉÒ ¸ ´¥°É·¨´μ,
¶μ²ÊÎ ¥³Ò³¨ ¸ ¶μ³μÐÓÕ ·¥ ±Éμ·μ¢ ¨ Ê¸±μ·¨É¥²¥°, ¢ÒÖ¢²ÖÕÉ ¤¨¸±·¥É´Ò¥ (¡μ-
²¥¥ Éμ£μ, ±μ´¥Î´Ò¥) ¸¨³³¥É·¨¨, ±μÉμ·Ò¥ ´¥¢μ§³μ¦´μ ¢Ò¢¥¸É¨ ¨§ ‘É ´¤ ·É´μ°
³μ¤¥²¨. ”¥´μ³¥´μ²μ£¨Î¥¸± Ö ± ·É¨´  ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ ¢Ò£²Ö¤¨É ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³ [62]:

a)  ·μ³ ÉÒ νμ ¨ ντ · ¸¶·¥¤¥²¥´Ò ¸ · ¢´Ò³¨ ¢¥¸ ³¨ ¶μ ¢¸¥³ É·¥³ ³ ¸-

¸ ³ ν1, ν2, ν3 (ÔÉμ ´ §Ò¢ ¥É¸Ö ®¡¨-³ ±¸¨³ ²Ó´Ò³ ¸³¥Ï¨¢ ´¨¥³¯): |Uμi|2 =
|Uτi|2, i = 1, 2, 3;
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¡) ¢¸¥ É·¨  ·μ³ É  ¶·¥¤¸É ¢²¥´Ò · ¢´μ³¥·´μ ¢ ¸μ¡¸É¢¥´´μ³ §´ Î¥´¨¨
ν2 μ¶¥· Éμ·  ³ ¸¸Ò (®É·¨-³ ±¸¨³ ²Ó´μ¥ ¸³¥Ï¨¢ ´¨¥¯): |Ue2|2 = |Uμ2|2 =
|Uτ2|2;

¢) νe μÉ¸ÊÉ¸É¢Ê¥É ¢ ν3: |Uμ3|2 = 0.
�É¨ ¸μμÉ´μÏ¥´¨Ö ¸μ¢³¥¸É´μ ¸ Ê¸²μ¢¨Ö³¨ ´μ·³ ²¨§ Í¨¨ ¢¥·μÖÉ´μ¸É¥°

¶·¨¢μ¤ÖÉ ± ¸²¥¤ÊÕÐ¨³ §´ Î¥´¨Ö³ ±¢ ¤· Éμ¢ ³μ¤Ê²¥° ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢:

(
|Uli|2

)
=

⎛⎜⎜⎜⎜⎜⎝
2
3

1
3

0

1
6

1
3

1
2

1
6

1
3

1
2

⎞⎟⎟⎟⎟⎟⎠ . (95)

— ¸É´Ò° ¢¨¤ Ê´¨É ·´μ° ³ É·¨ÍÒ, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ¤ ´´Ò³ (95), ¡Ò² ¶·¥¤-
²μ¦¥´ • ··¨¸μ´μ³, �¥·±¨´¸μ³ ¨ ‘±μÉÉμ³ ¢ [13]:

UTB ==

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
2
3

1√
3

0

− 1√
6

1√
3

1√
2

− 1√
6

1√
3

1√
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

�É  É ± ´ §Ò¢ ¥³ Ö É·¨¡¨³ ±¸¨³ ²Ó´ Ö (TB) ³ É·¨Í  ¸³¥Ï¨¢ ´¨Ö ¸μ¢¶ -
¤ ¥É Å ¸ ÉμÎ´μ¸ÉÓÕ ¤μ É·¨¢¨ ²Ó´μ° ¶¥·¥¸É ´μ¢±¨ ¤¢ÊÌ ¸Éμ²¡Íμ¢, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° ¶¥·¥¨³¥´μ¢ ´¨Õ ν1 � ν2 ¤¢ÊÌ ³ ¸¸μ¢ÒÌ ¸μ¸ÉμÖ´¨° Å ¸ ³ É·¨Í¥°
¶·¥μ¡· §μ¢ ´¨Ö (52), · §² £ ÕÐ¥° 3-³¥·´μ¥ ¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥
£·Ê¶¶Ò S3 ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ. �Éμ μ§´ Î ¥É, ÎÉμ ³Ò ³μ¦¥³ μÉμ-
¦¤¥¸É¢¨ÉÓ ¡ §¨¸  ·μ³ Éμ¢ ¸ ¡ §¨¸μ³ ¶¥·¥¸É ´μ¢μ± É·¥Ì Ô²¥³¥´Éμ¢,   ³ ¸¸μ¢Ò°
¡ §¨¸ ¸ ¡ §¨¸μ³, ¢ ±μÉμ·μ³ ¶¥·¥¸É ´μ¢μÎ´μ¥ ¶·¥¤¸É ¢²¥´¨¥ · §²μ¦¥´μ ´  ´¥-
¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ. ‚ [14] • ··¨¸μ´ ¨ ‘±μÉÉ ¶μ¤·μ¡´μ ¨¸¸²¥¤ÊÕÉ
¸¢Ö§Ó μ¶¥· Éμ·  ³ ¸¸Ò ´¥°É·¨´μ ¸ É ¡²¨Í¥° Ì · ±É¥·μ¢ ¨  ²£¥¡·μ° ±² ¸¸μ¢
£·Ê¶¶Ò S3.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö  ±É¨¢´μ · §· ¡ ÉÒ¢ ÕÉ¸Ö ¨ ¨§ÊÎ ÕÉ¸Ö ³μ¤¥²¨, ¢ μ¸´μ¢¥
±μÉμ·ÒÌ ²¥¦ É ±μ´¥Î´Ò¥ £·Ê¶¶Ò ¸¨³³¥É·¨°, ¸¢Ö§ ´´ÒÌ ¸  ·μ³ É ³¨ (μ¡§μ·Ò
ÔÉμ° ¤¥ÖÉ¥²Ó´μ¸É¨ ¶·¥¤¸É ¢²¥´Ò, ´ ¶·¨³¥·, ¢ · ¡μÉ Ì [19,49]). �·¨ ±μ´¸É·Ê-
¨·μ¢ ´¨¨ ÔÉ¨Ì ³μ¤¥²¥° ´ ¨¡μ²¥¥ ¶μ¶Ê²Ö·´Ò ¸²¥¤ÊÕÐ¨¥ £·Ê¶¶Ò:

• T = A4 Å £·Ê¶¶  (¸¨³³¥É·¨°) É¥É· Ô¤· ;
• T′ Å ¤¢μ°´ Ö ´ ±·Ò¢ ÕÐ Ö £·Ê¶¶Ò A4;
• O = S4 Å £·Ê¶¶  μ±É Ô¤· ;
• I = A5 Å £·Ê¶¶  ¨±μ¸ Ô¤· ;
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• DN Å ¤¨Ô¤· ²Ó´ Ö £·Ê¶¶  (N Ä Î¥É´μ¥);
• QN Å ±¢ É¥·´¨μ´´ Ö £·Ê¶¶  (4 ¤¥²¨É N );
• Σ
(
2N2
)

Å £·Ê¶¶Ò ÔÉμ° ¸¥·¨¨ ¨³¥ÕÉ ¸É·Ê±ÉÊ·Ê (ZN × ZN ) � Z2;

• Δ
(
3N2
)

Å ¸É·Ê±ÉÊ·  (ZN × ZN ) � Z3;

• Σ
(
3N3
)

Å ¸É·Ê±ÉÊ·  (ZN × ZN × ZN ) � Z3;

• Δ
(
6N2
)

Å ¸É·Ê±ÉÊ·  (ZN × ZN ) � S3.
‚ ±¢ ·±μ¢μ³ ¸¥±Éμ·¥ ´ ¡²Õ¤¥´¨Ö ´¥ ¤ ÕÉ É ±μ° μÉÎ¥É²¨¢μ° ± ·É¨´Ò,

± ± ¢ ¸²ÊÎ ¥ ²¥¶Éμ´μ¢. ˆ³¥¥É¸Ö ·Ö¤ · ¡μÉ, ¶μ¸¢ÖÐ¥´´ÒÌ ¶μ¨¸±Ê ±μ´¥Î´ÒÌ
¸¨³³¥É·¨° ¢ ±¢ ·±μ¢μ³ ¸¥±Éμ·¥ ¨ ¸¨³³¥É·¨°, μ¡Ð¨Ì ¤²Ö ±¢ ·±μ¢ ¨ ²¥¶Éμ-
´μ¢. � ¶·¨³¥·, ¢ [4] £·Ê¶¶  D14 ¨¸¶μ²Ó§μ¢ ² ¸Ó ¤²Ö μ¡ÑÖ¸´¥´¨Ö ¢¥²¨Î¨´Ò
Ê£²  Š ¡¨¡¡μ (μ¤¨´ ¨§ ¶ · ³¥É·μ¢ ³ É·¨ÍÒ ¸³¥Ï¨¢ ´¨Ö CKM), μ¤´ ±μ ¡¥§
± ±μ°-²¨¡μ ¸¢Ö§¨ ¸ ²¥¶Éμ´´Ò³¨ ¸¨³³¥É·¨Ö³¨. ‚ Í¥²μ³ ¥¸É¥¸É¢¥´´Ò¥ ¶μ¶ÒÉ±¨
´ °É¨ ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨, μ¡Ñ¥¤¨´ÖÕÐ¨¥ ²¥¶Éμ´Ò ¨ ±¢ ·±¨, ¤μ ¸¨Ì ¶μ·
μ¸É ÕÉ¸Ö ´¥ ¸²¨Ï±μ³ Ê¸¶¥Ï´Ò³¨. ’¥³ ´¥ ³¥´¥¥ ¨³¥ÕÉ¸Ö ´¥±μÉμ·Ò¥ μ¡´ ¤¥-
¦¨¢ ÕÐ¨¥ ´ ¡²Õ¤¥´¨Ö: ´ ¶·¨³¥·, ±¢ ·±-²¥¶Éμ´´ Ö ±μ³¶²¥³¥´É ·´μ¸ÉÓ Å
Ô±¸¶¥·¨³¥´É ²Ó´Ò° Ë ±É ¶·¨¡²¨¦¥´´μ£μ · ¢¥´¸É¢  π/4 ¸Ê³³Ò Ê£²μ¢ ¸³¥Ï¨-
¢ ´¨Ö ¤²Ö ±¢ ·±μ¢ ¨ ²¥¶Éμ´μ¢.

�·μ¨¸Ìμ¦¤¥´¨¥ ±μ´¥Î´ÒÌ ¸¨³³¥É·¨° ³¥¦¤Ê ËÊ´¤ ³¥´É ²Ó´Ò³¨ Î ¸É¨-
Í ³¨ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´¥ Ö¸´μ. ˆ³¥ÕÉ¸Ö · §²¨Î´Ò¥ ¶μ¶ÒÉ±¨ μ¡ÑÖ¸´¥´¨Ö,
¨´μ£¤  ´¥¸±μ²Ó±μ ¶¥·¥Ê¸²μ¦´¥´´Ò¥ ¨ ¨¸±Ê¸¸É¢¥´´Ò¥. � ¶·¨³¥·, ÔÉ¨ ¸¨³-
³¥É·¨¨ ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ¸¨³³¥É·¨¨ ³´μ£μμ¡· §¨°, ¢μ§´¨± ÕÐ¨Ì ¢ ·¥-
§Ê²ÓÉ É¥ ±μ³¶ ±É¨Ë¨± Í¨¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¨§³¥·¥´¨° ¢ É¥μ·¨ÖÌ ¸ ¶·μ¸É· ´-
¸É¢ ³¨ ¢Ò¸μ±¨Ì · §³¥·´μ¸É¥° [1]. ‘ ´ Ï¥° ÉμÎ±¨ §·¥´¨Ö, ¨¤¥Ö Éμ£μ, ÎÉμ
¸¨³³¥É·¨¨ ´ ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´μ£μ Ê·μ¢´Ö Ö¢²ÖÕÉ¸Ö ±μ´¥Î´Ò³¨ ¸ ³¨ ¶μ
¸¥¡¥, ¢Ò£²Ö¤¨É ¡μ²¥¥ ¶·¨¢²¥± É¥²Ó´μ°. �·¨ É ±μ³ ¶μ¤Ìμ¤¥ Ê´¨É ·´Ò¥ £·Ê¶¶Ò,
¨¸¶μ²Ó§Ê¥³Ò¥ ¢ Ë¨§¨Î¥¸±¨Ì É¥μ·¨ÖÌ, ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸¢μ¥£μ ·μ¤  ®·¥§¥·-
¢Ê ·Ò¯, ¢ ±μÉμ·ÒÌ ¸μ¡· ´Ò ®´  ¢¸Ö±¨° ¸²ÊÎ °¯ ¢¸¥ ¢μ§³μ¦´Ò¥ ±μ´¥Î´Ò¥
£·Ê¶¶Ò, ¨³¥ÕÐ¨¥ ÉμÎ´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · §³¥·´μ¸É¨. � -
¶·¨³¥·, £·Ê¶¶  SU (n) ¢ ± Î¥¸É¢¥ ¶μ¤£·Ê¶¶ ¸μ¤¥·¦¨É ¢¸¥ ±μ´¥Î´Ò¥ £·Ê¶¶Ò,
¨³¥ÕÐ¨¥ ÉμÎ´Ò¥ n-³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸ μ¶·¥¤¥²¨É¥²¥³, · ¢´Ò³ ¥¤¨´¨Í¥.

μ²¥¥ Éμ£μ, ¢¢¨¤Ê ¨§¡ÒÉμÎ´μ¸É¨ ¶μ²Ö C £·Ê¶¶  SU (n) ´¥ Ö¢²Ö¥É¸Ö ³¨´¨³ ²Ó-
´μ° £·Ê¶¶μ°, ¸μ¤¥·¦ Ð¥° ¢¸¥ ±μ´¥Î´Ò¥ £·Ê¶¶Ò ¸ Ê± § ´´Ò³¨ ¸¢μ°¸É¢ ³¨.

‘±μ·¥¥ ¢¸¥£μ, É ±¨¥ ´¥¡μ²ÓÏ¨¥ £·Ê¶¶Ò, ± ± S3, A4 ¨ É. ¶., ¶·¥¤¸É ¢²ÖÕÉ
¸μ¡μ° ²¨ÏÓ ¸²¥¤Ò ¡μ²ÓÏ¨Ì ±μ³¡¨´ Í¨° (· ¸Ï¨·¥´¨°, ¶·Ö³ÒÌ ¨ ¶μ²Ê¶·Ö-
³ÒÌ ¶·μ¨§¢¥¤¥´¨°) ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ ±μ´¥Î´ÒÌ ¸¨³³¥É·¨°. Œμ¦´μ
μ¦¨¤ ÉÓ, ÎÉμ ¥¸É¥¸É¢¥´´Ò° ³ ¸ÏÉ ¡, ´  ±μÉμ·μ³ É ±¨¥ ËÊ´¤ ³¥´É ²Ó´Ò¥
¸¨³³¥É·¨¨ ¶·μÖ¢²ÖÕÉ¸Ö, ÔÉμ ³ ¸ÏÉ ¡ 
μ²ÓÏμ£μ μ¡Ñ¥¤¨´¥´¨Ö. Œμ¦´μ ¶μ-
¶ÒÉ ÉÓ¸Ö ¤²Ö ´ ¶· ¢²¥´´μ£μ ¶μ¨¸±  ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸¨³³¥É·¨° ¢μ¸¶μ²Ó-
§μ¢ ÉÓ¸Ö ¸¨³³¥É·¨Ö³¨ ‘É ´¤ ·É´μ° ³μ¤¥²¨. � ¶·¨³¥·, ±μ´¥Î´Ò¥ ¶μ¤£·Ê¶¶Ò
£·Ê¶¶Ò SU (3), ¨³¥ÕÐ¨¥ ÉμÎ´Ò¥ 3-³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö, ¶μ²´μ¸ÉÓÕ μ¶¨-
¸ ´Ò: ¨Ì ¸¶¨¸μ± ¸μ¤¥·¦¨É ´¥¸±μ²Ó±μ ¡¥¸±μ´¥Î´ÒÌ ¸¥·¨° ¨ ´¥¸±μ²Ó±μ μÉ-
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¤¥²Ó´ÒÌ £·Ê¶¶. �¤´ ±μ É ± Ö ¶μ¶ÒÉ±  ¢·Ö¤ ²¨ ¡Ê¤¥É ¤μ¸É ÉμÎ´μ Ê¸¶¥Ï´μ°,
¶μ¸±μ²Ó±Ê ‘É ´¤ ·É´ Ö ³μ¤¥²Ó ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ³¶ ±É´ÊÕ Ëμ·³Ê μ¶¨¸ -
´¨Ö Ë¥´μ³¥´μ²μ£¨¨, ¶μ²ÊÎ¥´´μ° ¶·¨ ³ ¸ÏÉ ¡ Ì Ô´¥·£¨¨ μ±μ²μ 104 ƒÔ‚, Éμ£¤ 
± ± ³ ¸ÏÉ ¡ 
μ²ÓÏμ£μ μ¡Ñ¥¤¨´¥´¨Ö · ¢¥´ ¶·¨³¥·´μ 1016 ƒÔ‚, ÎÉμ ¤μ¢μ²Ó´μ
¡²¨§±μ ± ¶² ´±μ¢¸±μ³Ê ³ ¸ÏÉ ¡Ê (1019 ƒÔ‚) ¨ ¤ ²¥±μ ¢ÒÌμ¤¨É §  ¶·¥¤¥²Ò Ô±¸-
¶¥·¨³¥´É ²Ó´ÒÌ ¢μ§³μ¦´μ¸É¥°. �μ-¢¨¤¨³μ³Ê, ¥¤¨´¸É¢¥´´Ò³ ¶· ±É¨Î¥¸±¨³
¶μ¤Ìμ¤μ³ Ö¢²Ö¥É¸Ö ±μ´¸É·Ê¨·μ¢ ´¨¥ ³μ¤¥²¥° ¨ ¸· ¢´¥´¨¥ ¸²¥¤¸É¢¨° ¨§ ´¨Ì
¸ ¤μ¸ÉÊ¶´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ‚ É ±μ£μ ·μ¤  ¨¸¸²¥¤μ¢ ´¨ÖÌ
³μ£ÊÉ μ± § ÉÓ¸Ö ¶μ²¥§´Ò³¨ ³¥Éμ¤Ò ¢ÒÎ¨¸²¨É¥²Ó´μ° É¥μ·¨¨ £·Ê¶¶ [15].
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