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�¡§µ· ¶µ¸¢ÖÐ¥´ ÉµÎ´Ò³ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ·¥Ï¥´¨Ö³ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ±¢ ´Éµ¢ÒÌ ± -
²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¶µ²Ö ¨ ¨Ì Ëµ·³Ê²¨·µ¢±¥ ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. �¡¸Ê¦¤ ÕÉ¸Ö
µ¡Ð¨¥ ¸¢µ°¸É¢  ¨´É¥£·¨·Ê¥³µ¸É¨ ¢ ±µ´É¥±¸É¥ ¢µ§´¨±´µ¢¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸É·Ê±ÉÊ· ¢ · ³± Ì
Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¨ (¡²¨§±¨Ì ± ·¥ ²¨¸É¨Î¥¸±¨³) ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ-
¢µÎ´ÒÌ É¥µ·¨° ¶µ²Ö. ‘´ Î ²  · ¸¸³ É·¨¢ ÕÉ¸Ö µ¸´µ¢´Ò¥ ¸¢µ°¸É¢  ¸É·Ê´´µ£µ ±µ´É¨´Ê ²Ó´µ£µ
¨´É¥£· ² , ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶µ´ÖÉÓ ´¥±µÉµ·Ò¥ µ¡Ð¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¸¢µ°¸É¢  É¥µ·¨¨ ¨, ¢
¤ ²Ó´¥°Ï¥³, ¶·¥¤¶µ²µ¦¨ÉÓ µ¶·¥¤¥²¥´¨¥ ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±É¨¢´ÒÌ ¤¥°¸É¢¨° ± ±
·¥Ï¥´¨° ¸¨¸É¥³ ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �µ± § ´µ, ÎÉµ ¢µ§-
´¨± ÕÐ¨¥ ´¥²¨´¥°´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö µÉ´µ¸ÖÉ¸Ö ± ±² ¸¸Ê ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥°
É¨¶  Š ¤µ³Í¥¢  Å �¥É¢¨ Ï¢¨²¨ ¨²¨ ’µ¤Ò, ¶µ¤·µ¡´µ µ¡¸Ê¦¤ ÕÉ¸Ö · §²¨Î´Ò¥ ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò ÔÉµ£µ ±² ¸¸  ¨, ¢ µ¸µ¡¥´´µ¸É¨, ¶µÖ¢²ÖÕÐ¨¥¸Ö ¢ ±µ´É¥±¸É¥ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨-
¡·µ¢µÎ´ÒÌ É¥µ·¨°. � ¸¸³ É·¨¢ ÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸  ¨ ¸¶¥±É· ²Ó´Ò¥ ±·¨¢Ò¥ ÔÉ¨Ì ¸¨¸É¥³ ¨
¶·¥¤² £ ¥É¸Ö ´¥±µÉµ· Ö ±² ¸¸¨Ë¨± Í¨Ö ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ
É¥µ·¨° ¶µ²Ö, µ¸´µ¢ ´´ Ö ´  ¨Ì ¸µµÉ¢¥É¸É¢¨¨ ¨´É¥£·¨·Ê¥³Ò³ ³µ¤¥²Ö³.

The review is devoted to the exact nonperturbative solutions to supersymmetric quantum gauge
theories and their formulation in terms of integrable systems. We discuss general phenomenon of
integrability as it appears in the formulation of effective actions for various models of (topological,
low-dimensional) string theories and almost realistic supersymmetric gauge ˇeld theories. We con-
sider, ˇrst, preliminary basic features of the string theory path integral which allow to understand
better nonperturbative properties of the theory and, then, propose the formulation of the exact effec-
tive actions based on the systems of nonlinear differential equations. It is demonstrated, that arising
nonlinear differential equations are from the class of integrable models of, the so-called, Kadomt-
sev Å Petviashvili and Toda type. We discuss various particular models from this class and especially
pay attention to the integrable systems, appearing in the context of multidimensional supersymmetric
gauge theories. Their Lax representations and spectral curves are considered in detail and some
classiˇcation of the exact solutions to N = 2 supersymmetric gauge theories is proposed along these
lines.

1. ‚‚…„…�ˆ…

�  ¶·µÉÖ¦¥´¨¨ ¶µ¸²¥¤´¨Ì ¤¥¸ÖÉ¨²¥É¨° µ¸µ¡Ò° ¨´É¥·¥¸ ¢ É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¥ Å É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Å ¢Ò§Ò¢ ÕÉ ¤¢¥ ËÊ´¤ ³¥´É ²Ó´Ò¥
¶·µ¡²¥³Ò: ±µ´Ë °´³¥´É, ¨²¨ ¶·µ¡²¥³  ´¥¢Ò²¥É ´¨Ö ±¢ ·±µ¢ ¨§  ¤·µ´µ¢, ¨
±¢ ´Éµ¢ Ö É¥µ·¨Ö £· ¢¨É Í¨¨. ‚ ¦´¥°Ï¥° ¨Ì µ¸µ¡¥´´µ¸ÉÓÕ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ
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¶·µ£·¥¸¸ ¢ ¶µ´¨³ ´¨¨ ¨ ·¥Ï¥´¨¨ ÔÉ¨Ì § ¤ Î ´¥¢µ§³µ¦¥´ ¡¥§ ¨¸¸²¥¤µ¢ ´¨Ö
¸¢µ°¸É¢ ´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö Å ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨
¨ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¢ µ¡² ¸É¨ ¸¨²Ó´µ° ¸¢Ö§¨, É.¥. É ³, £¤¥ µ± -
§Ò¢ ÕÉ¸Ö ´¥¶·¨³¥´¨³Ò³¨, ¶µ ¸ÊÉ¨ ¤¥² , ¢¸¥ ¸É ´¤ ·É´Ò¥ É¥µ·¥É¨±µ-¶µ²¥¢Ò¥
³¥Éµ¤Ò, ¸Ò£· ¢Ï¨¥ ¸¢µÕ ·µ²Ó ¢ Ëµ·³Ê²¨·µ¢±¥ ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¨
¨ ³µ¤¥²¨ Ô²¥±É·µ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ‚ °´¡¥·£  Å ‘ ² ³  ¨ µ¸´µ¢ ´´Ò¥
´  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ’¥³ ¸ ³Ò³ ¶·µ£·¥¸¸ ¢ ¶µ´¨³ ´¨¨ ±²ÕÎ¥¢ÒÌ ¸µ¢·¥-
³¥´´ÒÌ § ¤ Î Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨ É¥µ·¨¨ £· ¢¨É Í¨¨ ´¥¢µ§³µ¦¥´
¡¥§ · §· ¡µÉ±¨ ¸ÊÐ¥¸É¢¥´´µ ´µ¢ÒÌ ³¥Éµ¤µ¢, ¶µ§¢µ²ÖÕÐ¨Ì ¨¸¸²¥¤µ¢ ÉÓ Ë¨§¨-
Î¥¸±¨¥ É¥µ·¨¨ ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ ·¥¦¨³¥.

ˆ¸Éµ·¨Î¥¸±¨ ¢ ¦´Ò³ ³µ³¥´Éµ³ Ö¢¨²µ¸Ó µ¸µ§´ ´¨¥ Éµ£µ Ë ±É , ÎÉµ ¸²µ¦-
´Ò¥ ´¥²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö, ²¥¦ Ð¨¥ ¢ µ¸´µ¢¥ ±² ¸¸¨Î¥¸±µ£µ ¶·¥¤¥²  ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨Ì ±¢ ´Éµ¢ÒÌ É¥µ·¨°, Ö¢²ÖÕÉ¸Ö ¨´É¥£·¨·Ê¥³Ò³¨, ¡µ²¥¥ Éµ£µ, ¶µ
±· °´¥° ³¥·¥ Î ¸ÉÓ ¨Ì ·¥Ï¥´¨° ³µ¦¥É ¡ÒÉÓ ¶µ¸É·µ¥´  Ö¢´µ. ’ ±, µ¡´ ·Ê-
¦¥´´Ò¥ �.�µ²Ö±µ¢Ò³ ¨ ¤·. ¨´¸É ´Éµ´´Ò¥ ·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨°
[1,2] (¢ µ¸µ¡¥´´µ¸É¨, ´ °¤¥´´Ò¥, ´ Î¨´ Ö ¸ · ¡µÉÒ �.�¥² ¢¨´ , �.�µ²Ö±µ¢ ,
�.˜¢ ·Í  ¨ �.’Õ¶±¨´ , ¨´¸É ´Éµ´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ÿ´£  Å Œ¨²²¸ 
[3]) µ± § ²¨ ¸ÊÐ¥¸É¢¥´´µ¥ ¢µ§¤¥°¸É¢¨¥ ´  ¶µ´¨³ ´¨¥ ´¥ Éµ²Ó±µ ±² ¸¸¨Î¥¸±µ°,
´µ ¨ ±¢ ´Éµ¢µ° ¸É·Ê±ÉÊ·Ò σ-³µ¤¥²¥° ¨ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¶µ²Ö [4] (¸³.
É ±¦¥ [5] ¨ ¸¶¨¸µ± ²¨É¥· ÉÊ·Ò ¢ ÔÉµ° · ¡µÉ¥). Š·µ³¥ Éµ£µ, ¨³¥´´µ ¨´¸É ´-
Éµ´Ò ¢¶¥·¢Ò¥ ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨ ¢ ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö É¥Ì´¨±¨ ±µ³¶²¥±¸-
´µ£µ  ´ ²¨§  [6] ¶·¨ ·¥Ï¥´¨¨ ¸µ¢·¥³¥´´ÒÌ ´¥²¨´¥°´ÒÌ § ¤ Î É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¨.

�µÖ¢²¥´¨¥ ¨´¸É ´Éµ´µ¢ ¨ ¤·Ê£¨Ì ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ¸ÊÐ¥¸É¢¥´´µ
· ¸Ï¨·¨²µ £µ·¨§µ´É É¥µ·¨¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ Ö¸´µ ¶·µ¤¥³µ´¸É·¨-
·µ¢ ²µ, ÎÉµ Ë¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ´¥ ¸¢µ¤¨É¸Ö ± É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨Ö, · ³±¨ ±µÉµ·µ° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥ (Š•„) µ£· ´¨Î¥´Ò µ¡² ¸ÉÓÕ
¢Ò¸µ±¨Ì Ô´¥·£¨° (·¥¦¨³  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò), £¤¥ Ìµ·µÏµ · ¡µÉ ¥É
¸É ´¤ ·É´ Ö Ëµ·³Ê²¨·µ¢±  É¥µ·¨¨ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° [7]. ’¥³ ´¥ ³¥-
´¥¥ ¨´¸É ´Éµ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö µ± § ²¨¸Ó ²¨ÏÓ ¸²¥¤ÊÕÐ¨³ ¶·¨¡²¨¦¥´¨¥³ ¢
Š•„, Ö¢´µ ´¥¤µ¸É ÉµÎ´Ò³ ¤²Ö Éµ£µ, ÎÉµ¡Ò µ¶¨¸ ÉÓ ±µ´Ë °´³¥´É ±¢ ·±µ¢ ¨
¤·Ê£¨¥ ÔËË¥±ÉÒ ¢ µ¡² ¸É¨ ¸¨²Ó´µ° ¸¢Ö§¨. —Éµ ± ¸ ¥É¸Ö ±¢ ´Éµ¢ ´¨Ö µ¡Ð¥°
É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨, Éµ ¤ ¦¥ ¶µÖ¢²¥´¨¥ ¸Ê¶¥·¸¨³³¥É·¨¨ [8] ± ± ³¥Ì -
´¨§³  ¸µ±· Ð¥´¨Ö · ¸Ìµ¤¨³µ¸É¥° ´¥ ¶µ§¢µ²Ö²µ ´ ¤¥ÖÉÓ¸Ö ´  ¢µ§´¨±´µ¢¥´¨¥
¸µ£² ¸µ¢ ´´µ° É¥µ·¨¨ ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨ ¢ · ³± Ì ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö
(¸³., ´ ¶·¨³¥·, [9]).

�± § ²µ¸Ó, ÎÉµ ¤²Ö ¶µ¸É·µ¥´¨Ö ¸µ£² ¸µ¢ ´´µ° ± ·É¨´Ò ±¢ ´Éµ¢µ° £· ¢¨-
É Í¨¨ ´¥µ¡Ìµ¤¨³µ ËÊ´¤ ³¥´É ²Ó´µ¥ ¨§³¥´¥´¨¥ É¥µ·¨¨ ´  ¶² ´±µ¢¸±¨Ì ³ ¸-
ÏÉ ¡ Ì, ¢ µ¸´µ¢¥ ±µÉµ·µ£µ ²¥¦¨É ¶¥·¥Ìµ¤ µÉ ÉµÎ¥Î´ÒÌ ± µ¤´µ³¥·´Ò³ ¶·µ-
ÉÖ¦¥´´Ò³ µ¡Ñ¥±É ³ Å ¸É·Ê´ ³. �µÖ¢²¥´¨¥ [10] ¨ · §¢¨É¨¥ É¥µ·¨¨ ¸É·Ê´
¶·¥¦¤¥ ¢¸¥£µ ¶·¨¢¥²µ, ± ± ¡Ò²µ µÉ³¥Î¥´µ „¦.˜¥·±µ³ ¨ „¦.˜¢ ·Í¥³ [11], ±
µ¡Ñ¥¤¨´¥´¨Õ É¥µ·¨¨ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° ¨ £· ¢¨É Í¨¨ ¢ ¥¤¨´µ¥ Í¥²µ¥, É.¥.
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¤¢¥ £² ¢´Ò¥ ¶·µ¡²¥³Ò ¶¥·¥¸É ²¨ ¸ÊÐ¥¸É¢µ¢ ÉÓ ´¥§ ¢¨¸¨³µ, É ± ± ± ¢ ¸¶¥±-
É·¥ ¸É·Ê´Ò ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¨³¥ÕÉ¸Ö ¡¥§³ ¸¸µ¢Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö ¨
¶µ²Ö ¸¶¨´  2. ƒ¥µ³¥É·¨Î¥¸± Ö ¸É·Ê±ÉÊ·  É¥µ·¨¨ ¸É·Ê´ ¡Ò²  ¸Ëµ·³Ê²¨·µ¢ ´ 
�.�µ²Ö±µ¢Ò³ ¢ ¢¨¤¥ ¨´É¥£· ²  ¶µ ¤¢Ê³¥·´Ò³ £¥µ³¥É·¨Ö³ [12]:

Fg =

∫
DgabDxe

−
∫∑

g
|∂x|2

; F =
∑
g

ΛgstrFg, (1.1)

£¤¥ x Å ¶µ²Ö ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö ¨²¨ ±µµ·¤¨´ ÉÒ ¸É·Ê´Ò,
gab Å ¤¢Ê³¥·´Ò¥ ³¥É·¨±¨ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ Σg ·µ¤  g, ±² ¸¸Ò
Ô±¢¨¢ ²¥´É´µ¸É¨ ±µÉµ·ÒÌ (µÉ´µ¸¨É¥²Ó´µ § ³¥´ ±µµ·¤¨´ É ´  ´¥´ ¡²Õ¤ ¥³ÒÌ
³¨·µ¢ÒÌ ²¨¸É Ì) µÉ¢¥Î ÕÉ · §²¨Î´Ò³ ¤¢Ê³¥·´Ò³ £¥µ³¥É·¨Ö³,   Λstr Å ¸É·Ê´-
´ Ö ±µ´¸É ´É  ¸¢Ö§¨. �µ É¥µ·¥³¥ �¥² ¢¨´  Å Š´¨¦´¨±  [13] ¨´É¥£· ² (1.1)
¸¢µ¤¨É¸Ö ± ¨´É¥£· ²Ê ¶µ ¶·µ¸É· ´¸É¢Ê ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ· ·¨³ -
´µ¢ÒÌ ¶µ¢¥·Ì´µ¸É¥° ¸¶¥Í¨ ²Ó´µ£µ ¢¨¤ 

Fg =

∫
Mg

dµ(y)|f(y)|2, (1.2)

£¤¥ Mg Å (±µ´¥Î´µ³¥·´µ¥) ¶·µ¸É· ´¸É¢µ ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ·
·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ Σg,   ±µ´±·¥É´Ò° ¢¨¤ ³¥·Ò ¨´É¥£·¨·µ¢ ´¨Ö § ¢¨-
¸¨É µÉ ¢Ò¡µ·  ¸É·Ê´´µ° ³µ¤¥²¨. Š ± ¡Ê¤¥É ¢¨¤´µ ¢ ¤ ²Ó´¥°Ï¥³ (· §¤. 2),
Ëµ·³Ê²¨·µ¢±  (1.1), (1.2), ¢ ¶·¨´Í¨¶¥, ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¸µµ¡· ¦¥´¨Ö
¸¨³³¥É·¨¨ ¤²Ö ¶µ²ÊÎ¥´¨Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¨´Ëµ·³ Í¨¨, ÌµÉÖ ¶µ ¸ ³µ³Ê
¸¢µ¥³Ê µ¶·¥¤¥²¥´¨Õ µ´  Ö¢²Ö¥É¸Ö ¶¥·ÉÊ·¡ É¨¢´Ò³ · §²µ¦¥´¨¥³ ¢ µ±·¥¸É´µ-
¸É¨ ´¥±µÉµ·µ£µ ¢ ±ÊÊ³ , ¨ ¨´É¥£· ² (1.1) ¢ÒÎ¨¸²Ö¥É g-¶¥É²¥¢ÊÕ ¶µ¶· ¢±Ê ¢
É¥µ·¨¨.

� §¢¨É¨¥ É¥µ·¨¨ ¸É·Ê´ ¶·¨¢¥²µ ± ¶µÖ¢²¥´¨Õ ¡µ²¥¥ ¨²¨ ³¥´¥¥ ·¥ ²¨¸É¨-
Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° (¸³., ´ ¶·¨³¥·, ±´¨£Ê [14] ¨ ¸¶¨¸µ± ²¨É¥· ÉÊ·Ò ¢
´¥°), ¢ µ¸´µ¢¥ ±µÉµ·ÒÌ ²¥¦ É ¶·¥¤¸É ¢²¥´¨Ö µ ·¥ ²Ó´µ³ ³¨·¥ ± ± µ Î ¸É¨
³´µ£µ³¥·´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ (¢ ¡µ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¤¥¸ÖÉ¨³¥·¨Ö),
µ¸É ¢Ï¨¥¸Ö ¨§³¥·¥´¨Ö ±µÉµ·µ£µ ±µ³¶ ±É´Ò ¨ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ³´µ£µµ¡· -
§¨¥ ¸¶¥Í¨ ²Ó´µ£µ ¢¨¤  (´ ¶·¨³¥·, ³´µ£µµ¡· §¨Ö Š ² ¡¨ Å Ÿµ). ‘É·Ê±ÉÊ· 
±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´ÒÌ ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¶µ§¢µ²Ö¥É ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¸Ê-
Ð¥¸É¢Ê¥É ¸µ¢¥·Ï¥´´µ ´¥É·¨¢¨ ²Ó´ Ö ¸¨³³¥É·¨Ö (¤Ê ²Ó´µ¸ÉÓ) [15Ä17], ¸¢Ö§Ò-
¢ ÕÐ Ö ³¥¦¤Ê ¸µ¡µ° · §²¨Î´Ò¥ ³µ¤¥²¨ É¥µ·¨¨ ¸É·Ê´, ¢ Î ¸É´µ¸É¨, É ±¨³
µ¡· §µ³, ÎÉµ ¶¥·ÉÊ·¡ É¨¢´Ò° ·¥¦¨³ ¢ µ¤´µ° ¨§ ´¨Ì ¶µ§¢µ²Ö¥É ¤¥² ÉÓ · §Ê³-
´Ò¥ ¶·¥¤¶µ²µ¦¥´¨Ö µ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±É Ì ¢ ¤·Ê£µ°. „·Ê£¨³¨ ¸²µ-
¢ ³¨, ¶·¥µ¡· §µ¢ ´¨Ö ¤Ê ²Ó´µ¸É¨ ¶µ§¢µ²ÖÕÉ · ¸¸³ É·¨¢ ÉÓ · §´Ò¥ ¸É·Ê´´Ò¥
³µ¤¥²¨ ± ± ¶¥·ÉÊ·¡ É¨¢´Ò¥ · §²µ¦¥´¨Ö (1.1) ¢µ±·Ê£ · §²¨Î´ÒÌ ¢ ±ÊÊ³µ¢ µ¤-
´µ° ¨ Éµ° ¦¥ É¥µ·¨¨. �¥¤µ¸É É±µ³ (´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó) ÔÉµ° ±µ´Í¥¶Í¨¨
Ö¢²Ö¥É¸Ö ¶µ±  ²¨ÏÓ µÉ¸ÊÉ¸É¢¨¥ ± ±¨Ì ¡Ò Éµ ´¨ ¡Ò²µ ¸É·µ£¨Ì ¢ ³ É¥³ É¨Î¥-
¸±µ³ ¸³Ò¸²¥ ÊÉ¢¥·¦¤¥´¨°.
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‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨³¥´´µ ¢ É¥µ·¨¨ ¸É·Ê´ (ÉµÎ´¥¥, ¢ ´¥±µÉµ·ÒÌ ¥¥ ¶·µ-
¸É¥°Ï¨Ì ³µ¤¥²ÖÌ) ¢¶¥·¢Ò¥ µ± § ²µ¸Ó ¢µ§³µ¦´Ò³ ¶µ²ÊÎ¨ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ
¨´Ëµ·³ Í¨Õ µ (ÉµÎ´ÒÌ) ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨ÖÌ. ˆ§-§  µ£· ´¨Î¥´´µ¸É¨
¶·Ö³ÒÌ ³¥Éµ¤µ¢ ¢ÒÎ¨¸²¥´¨Ö Å ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ ¶µ²Ö±µ¢¸±µ£µ ±µ´É¨´Ê-
 ²Ó´µ£µ ¨´É¥£· ²  (1.1), ¶µ§¢µ²ÖÕÐ¨Ì ²¨ÏÓ ¢ÒÎ¨¸²ÖÉÓ ±·¨É¨Î¥¸±¨¥ ¨´¤¥±¸Ò
¨ ¶·µ¸É¥°Ï¨¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ´  ¸Ë¥·¥ [19, 20], ¶·µ£·¥¸¸ ¡Ò² ¤µ-
¸É¨£´ÊÉ ¸ ¶µ³µÐÓÕ ¨§ÖÐ´µ° ¤¨¸±·¥É¨§ Í¨¨ c < 1 ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¨²¨
³ É·¨Î´ÒÌ ³µ¤¥²¥° ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ [22]:

Z[V ] =

∫
DM1 . . . DMke−V (M1,...,Mk) (1.3)

(£¤¥ DMα ∼
∏
i,j dMα,ij µ¡µ§´ Î ¥É ¨´É¥£· ² ¶µ ±µ´¥Î´µ° ³ É·¨Í¥,

  V (M1, . . . ,Mk) Å µ¡ÒÎ´µ ¶µ²¨´µ³¨ ²Ó´Ò° ¶µÉ¥´Í¨ ²), · §²µ¦¥´¨¥ ¶µ
¶¥É²Ö³ ¢ ±µÉµ·µ° ¢µ¸¶·µ¨§¢µ¤¨É (¤¨¸±·¥É¨§µ¢ ´´ÊÕ ¢¥·¸¨Õ) · §²µ¦¥´¨Ö ¶µ
¶¥É²Ö³ c ≤ 1 ¸É·Ê´´ÒÌ ³µ¤¥²¥° (c Å Í¥´É· ²Ó´Ò° § ·Ö¤  ²£¥¡·Ò ‚¨· ¸µ·µ
Å ±µ²¨Î¥¸É¢µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¥° É¥µ·¨¨ ¸É·Ê´). �·¥¤²µ¦¥´-
´Ò° ‚.Š § ±µ¢Ò³ ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² Ëµ·³Ê²Ò (1.3) [23] ¶µ§¢µ-
²¨² ¨¸¸²¥¤µ¢ ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¸É É¸Ê³³Ê (¨²¨, ¢ ¡µ²¥¥ µ¡Ð¥° ¸¨ÉÊ Í¨¨,
¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ ¸É·Ê´´ÒÌ ±µ··¥²ÖÉµ·µ¢) F ∼ logZ, ¨´Ëµ·³ Í¨Ö µ
±µÉµ·µ°, ± ± µ± § ²µ¸Ó, ³µ¦¥É ¡ÒÉÓ § ±µ¤¨·µ¢ ´  ¢ ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê-
¥³ÒÌ Ê· ¢´¥´¨ÖÌ [24Ä28]. �¤´¨³ ¨§ ¸¶µ¸µ¡µ¢ ¶µ²ÊÎ ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥
Ê· ¢´¥´¨Ö ´  ¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ (1.3) Ö¢²Ö¥É¸Ö ¨¸¸²¥¤µ¢ ´¨¥ ¶¥É²¥¢ÒÌ
Ê· ¢´¥´¨° ¨²¨ Éµ¦¤¥¸É¢ “µ·¤  ¤²Ö ¨´É¥£· ²  (1.3) [25Ä27] 〈δV 〉 = 0 (Ê¸·¥¤-
´¥´¨¥ ¶µ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ ¸É É¸Ê³³Ò (1.3)), Ö¢²ÖÕÐ¨Ì¸Ö, ¶µ ¸ÊÉ¨ ¤¥² ,
¶·µ¸É¥°Ï¨³  ´ ²µ£µ³ Éµ¦¤¥¸É¢ “µ·¤  ¢ ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö [30].

„·Ê£¨³ (ÌµÉÖ, ± ± µ± § ²µ¸Ó, ¸¢Ö§ ´´Ò³ ¸ ¶·¥¤Ò¤ÊÐ¨³) ¶·¨³¥·µ³ ¶·Ö-
³µ£µ ¶µÖ¢²¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸É·Ê±ÉÊ· ³µ£ÊÉ ¸²Ê¦¨ÉÓ Éµ¶µ²µ£¨Î¥¸±¨¥ ¸É·Ê´-
´Ò¥ ³µ¤¥²¨ [31,32,35Ä37], ¢ ±µÉµ·ÒÌ É¥µ·¨Ö Ë ±É¨Î¥¸±¨ µ¶·¥¤¥²Ö¥É¸Ö É¥³,
ÎÉµ ¥¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ª¸Î¨É ÕÉª Éµ¶µ²µ£¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨
¶·µ¸É· ´¸É¢ ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ Å ¨´¤¥±¸Ò ¶¥·¥¸¥Î¥´¨Ö, Ô°²¥·µ¢-
¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¨ É.¤. ˆ´É¥£· ² ¶µ ¶·µ¸É· ´¸É¢Ê ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ
¸É·Ê±ÉÊ· (1.2) (ÉµÎ´¥¥, ¶µ ¥£µ ±µ³¶ ±É¨Ë¨± Í¨¨ Mg , ¢ ± Î¥¸É¢¥ ±µÉµ·µ°
µ¡ÒÎ´µ ¢Ò¡¨· ¥É¸Ö ±µ³¶ ±É¨Ë¨± Í¨Ö „¥²¨´Ö Å Œ ³Ëµ·¤ ) ¶·¨ ÔÉµ³ ¢ÒÎ¨-
¸²Ö¥É ±² ¸¸Ò ±µ£µ³µ²µ£¨° Mg ,   ¸ ÉµÎ±¨ §·¥´¨Ö É¥µ·¨¨ ¶µ²Ö ÔÉµ µ§´ Î ¥É,
ÎÉµ Ë¨§¨Î¥¸±¨³ ¸É¥¶¥´Ö³ ¸¢µ¡µ¤Ò µÉ¢¥Î ¥É ²¨ÏÓ ±µ´¥Î´µ¥ Î¨¸²µ Éµ¶µ²µ-
£¨Î¥¸±¨Ì µ¶¥· Éµ·µ¢, ¶µ¸É·µ¥´¨¥ ±µÉµ·ÒÌ ¢µ§³µ¦´µ, ´ ¶·¨³¥·, ´  Ö§Ò±¥
±µ£µ³µ²µ£¨° ��‘’-µ¶¥· Éµ·  [38, 39]. �ËË¥±É¨¢´µ¥ ¶µ¸É·µ¥´¨¥ ¶·µ¨§¢µ¤Ö-
Ð¥° ËÊ´±Í¨¨ ¨´¤¥±¸µ¢ ¶¥·¥¸¥Î¥´¨Ö ¢ ¢¨¤¥ ³ É·¨Î´µ° ³µ¤¥²¨ Œ.Šµ´Í¥¢¨Î¥³
[40] ¶µ§¢µ²¨²µ ¶·¨¸ÉÊ¶¨ÉÓ ± Ëµ·³Ê²¨·µ¢±¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ Éµ¶µ²µ£¨Î¥-
¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ± ± ·¥Ï¥´¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¸¶¥Í¨ ²Ó´µ£µ
¢¨¤  [33,34].
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„ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¶µ± § ²µ, ÎÉµ ¨³¥´´µ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò Ö¢²Ö-
ÕÉ¸Ö  ¤¥±¢ É´Ò³ Ö§Ò±µ³ ¤²Ö µ¶¨¸ ´¨Ö ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ±¢ ´Éµ¢ÒÌ
É¥µ·¨°. �µ²¥¥ Éµ£µ, Ëµ·³Ê²¨·µ¢±  ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ö¢²Ö-
¥É¸Ö Ê´¨¢¥·¸ ²Ó´µ°, É.¥. ¥¤¨´µ° ¤²Ö ³´µ£¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°, ±µÉµ·Ò¥ a
priori ¸µ¢¥·Ï¥´´µ ´¥ ¶µÌµ¦¨ ¤·Ê£ ´  ¤·Ê£ . � ¶·¨³¥·, ¸ÊÐ¥¸É¢¥´´Ò° ¶·µ-
£·¥¸¸, ¤µ¸É¨£´ÊÉÒ° �.‚¨ÉÉ¥´µ³ ¨ �.‡ °¡¥·£µ³ [41,42] ¢ ¶µ´¨³ ´¨¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´µ° ¸É·Ê±ÉÊ·Ò Î¥ÉÒ·¥Ì³¥·´µ° N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ´¥ ¡¥²¥¢µ°
± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨, ¶µ§¢µ²¨² ¸Ëµ·³Ê²¨·µ¢ ÉÓ ÔÉ¨ ÉµÎ´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢-
´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´  Ö§Ò±¥, §´ ±µ³µ³ ¨§ c < 1 É¥µ·¨¨ ¸É·Ê´, É.¥. µ¶¨¸ ÉÓ ¨Ì
± ± ¤¥Ëµ·³ Í¨Õ ·¥Ï¥´¨° ¨¥· ·Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° É¨¶  Š ¤µ³-
Í¥¢  Å �¥É¢¨ Ï¢¨²¨ ¨²¨ ’µ¤Ò [43], ¨ Ê± § ² ´  ¸ÊÐ¥¸É¢¥´´µ ¸É·Ê´´ÊÕ
¶·¨·µ¤Ê ÉµÎ´ÒÌ ·¥Ï¥´¨° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö [44Ä47].

‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ, ÌµÉÖ · §¢¨É¨¥ ÔÉµ° µ¡² ¸É¨ É¥µ·¨¨ ¸É·Ê´
¶µ±  ¤ ²¥±µ ¥Ð¥ µÉ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ µ¡· Ð¥´¨Ö ± ¶·µ¡²¥³ ³ ±µ´Ë °´-
³¥´É  ¨ ·¥ ²Ó´µ° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨, § ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö É  Ê´¨¢¥·¸ ²Ó-
´µ¸ÉÓ, ±µÉµ· Ö µÉ²¨Î ¥É ¨³¥´´µ ¤ ´´Ò° ¶µ¤Ìµ¤ ± ·¥Ï¥´¨Õ § ¤ Î ´¥ ¡¥²¥¢µ°
± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö ¨ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨. ˆ¤¥°´µ ¶µ¤-
Ìµ¤, µ¸´µ¢ ´´Ò° ´  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì, ´  ¸µ¢·¥³¥´´µ³ ÔÉ ¶¥ µÌ¢ ÉÒ-
¢ ¥É Ï¨·µ±¨° ¸¶¥±É· § ¤ Î µÉ Š•„ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ (¶µ¤Ìµ¤ ‹.‹¨¶ Éµ¢ 
[48]) ¤µ ÉµÎ´µ ·¥Ï ¥³ÒÌ ³µ¤¥²¥° ¤¢Ê³¥·´µ° [23, 34, 40] ¨ É·¥Ì³¥·´µ° [49]
£· ¢¨É Í¨¨.

�·¥¨³ÊÐ¥¸É¢µ³ Ö§Ò±  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ¥£µ µÉ´µ¸¨É¥²Ó´ Ö
¶·µ¸ÉµÉ : ¢³¥¸Éµ ¸É·Ê´´ÒÌ ¨ ¶µ²¥¢ÒÌ ¸¨¸É¥³ ¸ ¡¥¸±µ´¥Î´Ò³ ±µ²¨Î¥¸É¢µ³
¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ³µ¦´µ · ¡µÉ ÉÓ ¸ ±µ´¥Î´µ³¥·´Ò³¨ (É.±. Î Ð¥ ¢¸¥£µ ·¥ÎÓ
¨¤¥É µ ·¥¤Ê±Í¨ÖÌ) ¤¨´ ³¨Î¥¸±¨³¨ ¸¨¸É¥³ ³¨, ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ±µÉµ·ÒÌ ¸Ê-
Ð¥¸É¢Ê¥É Ìµ·µÏµ · §· ¡µÉ ´´Ò° Ëµ·³ ²¨§³. � ¨¡µ²¥¥ Ê¤µ¡´Ò³ ¤²Ö · ¡µÉÒ
¸ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ¸É·Ê´´Ò³¨ ¨ ¶µ²¥¢Ò³¨ É¥µ·¨Ö³¨ µ± § ²¸Ö  ²£¥¡·µ-
£¥µ³¥É·¨Î¥¸±¨° ¶µ¤Ìµ¤ (‘.�µ¢¨±µ¢, ˆ.Š·¨Î¥¢¥·, �.„Ê¡·µ¢¨´ ¨ ¤·., ¸³. [50Ä
53]),   É ±¦¥ £ ³¨²ÓÉµ´µ¢ ¶µ¤Ìµ¤ ²¥´¨´£· ¤¸±µ° Ï±µ²Ò ‹.” ¤¤¥¥¢  [54, 55]
¨ Ö¶µ´¸±¨° Ë¥·³¨µ´´Ò° Ëµ·³ ²¨§³ [56,57], ¶·¨¢¥¤Ï¨° ± Ëµ·³Ê²¨·µ¢±¥ ·¥-
Ï¥´¨° ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¢ É¥·³¨´ Ì ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´¨ ´ 
Å Ê´¨¢¥·¸ ²Ó´µ£µ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° [58Ä60].

‘²¥¤Ê¥É É ±¦¥ § ³¥É¨ÉÓ, ÎÉµ · §¢¨É¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ±¢ ´Éµ¢µ° É¥µ-
·¨¨ ¶µ²Ö ¨ É¥µ·¨¨ ¸É·Ê´ µ± § ²µ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¸ÊÐ¥¸É¢¥´´µ¥ ¢µ§¤¥°¸É¢¨¥
´  É¥µ·¨Õ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, É ± ± ± ¶·¨¢¥²µ ± ´¥µ¡Ìµ¤¨³µ¸É¨ ¡µ²¥¥ ¤¥-
É ²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ´µ¢ÒÌ, ¢µµ¡Ð¥ £µ¢µ·Ö, ¸¨´£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¨´É¥£·¨-
·Ê¥³ÒÌ Ê· ¢´¥´¨° [34, 40, 63]. ‘¨´£Ê²Ö·´Ò¥ ¸¢µ°¸É¢  ÔÉµ£µ ±² ¸¸  ·¥Ï¥´¨°
(±µÉµ·Ò¥ ¢ ¤ ²Ó´¥°Ï¥³ ¡Ê¤ÊÉ ´ §Ò¢ ÉÓ¸Ö ¸É·Ê´´Ò³¨ ·¥Ï¥´¨Ö³¨) ´ ¶·Ö³ÊÕ
¸¢Ö§ ´Ò ¸ ¨Ì Ë¨§¨Î¥¸±¨³ ¸³Ò¸²µ³ Å µÉµ¦¤¥¸É¢²¥´¨¥³ ¸ ¸Ê³³µ° ·Ö¤  É¥µ-
·¨¨ ¢µ§³ÊÐ¥´¨°, Ö¢²ÖÕÐ¥£µ¸Ö ¢ µ¡Ð¥³ ¸²ÊÎ ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ·Ö¤µ³. ’¥³
´¥ ³¥´¥¥ µ± § ²µ¸Ó, ÎÉµ ¢ ´Ê²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ÔÉ¨ ·¥Ï¥´¨Ö µÉ¢¥Î ÕÉ Ìµ-
·µÏµ ¨§¢¥¸É´Ò³ § ¤ Î ³ ±µ´¥Î´µ§µ´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö,   ¶µ¸É·µ¥´¨¥ ÉµÎ-
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´ÒÌ ·¥Ï¥´¨° ¨³¥¥É µÉ´µÏ¥´¨¥ ± Ê¨§¥³µ¢¸±¨³ ¤¥Ëµ·³ Í¨Ö³ ±µ´¥Î´µ§µ´´ÒÌ
·¥Ï¥´¨° [36,51,61,62].

� ¡µÉÒ ¶µ¸²¥¤´¨Ì ²¥É ¶µ± § ²¨ (¸³., ´ ¶·¨³¥·, [23,25,34,40Ä43,64,65]),
ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²¨ÉÓ ÉµÎ´µ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ
(¸¶¥±É·, ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨, ÔËË¥±É¨¢´Ò¥ ¤¥°¸É¢¨Ö) ¢ É¥µ·¨ÖÌ, ±µ-
Éµ·Ò¥ ´¥ Ö¢²ÖÕÉ¸Ö ±¢ ´Éµ¢Ò³¨ ¨´É¥£·¨·Ê¥³Ò³¨ ³µ¤¥²Ö³¨ [54, 66] ¢ ± ´µ-
´¨Î¥¸±µ³ ¸³Ò¸²¥ ÔÉµ£µ ¸²µ¢ . ‚ µÉ²¨Î¨¥ µÉ ª± ´µ´¨Î¥¸±¨Ìª ±¢ ´Éµ¢ÒÌ ¨´-
É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, £¤¥ µ¡ÒÎ´µ ¸ÊÐ¥¸É¢Ê¥É (¡¥¸±µ´¥Î´µ³¥·´ Ö) ±¢ ´Éµ¢ Ö
 ²£¥¡·  ¸¨³³¥É·¨¨, ¶µ§¢µ²ÖÕÐ Ö µÉµ¦¤¥¸É¢¨ÉÓ £¨²Ó¡¥·Éµ¢µ ¶·µ¸É· ´¸É¢µ É¥-
µ·¨¨ ¸ ¶·µ¸É· ´¸É¢µ³ ¥¥ ¶·¥¤¸É ¢²¥´¨° ¨ ´ ²µ¦¨ÉÓ ¤µ¸É ÉµÎ´µ¥ Î¨¸²µ Ê¸²µ-
¢¨° ´  ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨, É¥µ·¨¨, µ¡¸Ê¦¤ ¥³Ò¥ ´¨¦¥, ´¥ Ö¢²ÖÕÉ¸Ö
±¢ ´Éµ¢µ-¨´É¥£·¨·Ê¥³Ò³¨ ¢ ÔÉµ³ ¸³Ò¸²¥ ¸²µ¢ . �¤´ ±µ µ´¨ ¶·¥¤¸É ¢²ÖÕÉ
´¥¸µ³´¥´´Ò° ¨´É¥·¥¸ ¸ ÉµÎ±¨ §·¥´¨Ö ¡²¨§µ¸É¨ ± ·¥ ²¨¸É¨Î¥¸±¨³ ³µ¤¥²Ö³
É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨ Ö¢²ÖÕÉ¸Ö ÉµÎ´µ ·¥Ï ¥³Ò³¨ ¢ ´¥¶¥·ÉÊ·¡ É¨¢-
´µ³ ·¥¦¨³¥ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥.

„²Ö ± ¦¤µ£µ ¨§ µ¡¸Ê¦¤ ¥³ÒÌ ¶·¨³¥·µ¢ ¸ÊÐ¥¸É¢Ê¥É ÔËË¥±É¨¢´µ¥ µ¶¨¸ -
´¨¥ ¢ É¥·³¨´ Ì ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ²  ÉµÎ´ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±-
Í¨° ¢ É¥µ·¨¨

〈Oi1 . . .Oin〉 =
δnF

δa1 . . . δan
(1.4)

¨/¨²¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö. ‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ³¥Éµ¤ ÔËË¥±-
É¨¢´µ£µ ¤¥°¸É¢¨Ö [67] ¥¸É¥¸É¢¥´ ¤²Ö Ëµ·³Ê²¨·µ¢±¨ ¸É·Ê´´ÒÌ É¥µ·¨°, £¤¥ ¢¸¥
¸É·Ê´´Ò¥ ÔËË¥±ÉÒ ¸ÊÐ¥¸É¢¥´´Ò ²¨ÏÓ ´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ. �ËË¥±É¨¢´ Ö
É¥µ·¨Ö ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê²¨·µ¢ ´  ¢ É¥·³¨´ Ì (±² ¸¸¨Î¥¸±µ°) ¨´É¥£·¨·Ê¥-
³µ° ¸¨¸É¥³Ò. �µ²¥¥ Éµ£µ, ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ, · ¸¸³µÉ·¥´´ÒÌ ´¨¦¥, ÔÉ  ¨´É¥£·¨-
·Ê¥³ Ö ¸¨¸É¥³  µ± §Ò¢ ¥É¸Ö µ¶·¥¤¥²¥´´µ° ·¥¤Ê±Í¨¥° ¨¥· ·Ì¨¨ ¨´É¥£·¨·Ê¥-
³ÒÌ Ê· ¢´¥´¨° É¨¶  Š ¤µ³Í¥¢  Å �¥É¢¨ Ï¢¨²¨ (Š�) Å ¶¥·¢µ¥ Ê· ¢´¥´¨¥
¨¥· ·Ì¨¨

3
∂2U

∂T 2
2

=
∂

∂T1

(
4
∂U

∂T3
− 12U

∂U

∂T1
− ∂3U

∂T 3
1

)
(1.5)

¨²¨ ¤¢Ê³¥·´µ° ·¥Ï¥É±¨ ’µ¤Ò, ¤²Ö ±µÉµ·µ° ¶¥·¢µ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

∂2φn

∂T1∂T̄1
= eφn+1−φn − eφn−φn−1 , (1.6)

ÌµÉÖ, ¢µµ¡Ð¥ £µ¢µ·Ö, µ£· ´¨Î¥´¨¥ ±² ¸¸  ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥° ¢Ò§¢ ´µ
²¨ÏÓ É¥³, ÎÉµ ³Ò ¨³¥¥³ ¤¥²µ ¸ ´ ¨¡µ²¥¥ ¶·µ¸ÉÒ³¨, ¸ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö,
É¥µ·¨Ö³¨ ¸É·Ê´: ¤¢Ê³¥·´Ò³¨ (2D) Éµ¶µ²µ£¨Î¥¸±¨³¨ ¸É·Ê´´Ò³¨ ³µ¤¥²Ö³¨ ¨
c ≤ 1 É¥µ·¨Ö³¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨³¨ ¸ ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¥°
(· §¤. 2, 3),   É ±¦¥ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³¨ ´¥ ¡¥²¥¢Ò³¨ ± ²¨¡·µ¢µÎ-
´Ò³¨ É¥µ·¨Ö³¨ ¶µ²Ö, ¢µ§´¨± ÕÐ¨³¨ ¢ ÉµÎ¥Î´µ³ (¶µ²¥¢µ³) ¶·¥¤¥²¥ ·¥ ²¨-
¸É¨Î¥¸±¨Ì É¥µ·¨° ¸É·Ê´ (· §¤. 4). �ËË¥±É¨¢´ Ö Ëµ·³Ê²¨·µ¢±  Ê´¨¢¥·¸ ²Ó´ 
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¢ Éµ³ ¸³Ò¸²¥, ÎÉµ µ´  ´¥ § ¢¨¸¨É µÉ µÎ¥´Ó ³´µ£¨Ì ¸¢µ°¸É¢ ª§ É· ¢µÎ´µ°ª
É¥µ·¨¨, É ±, ´ ¶·¨³¥·, µÉ · §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨: ¤¢Ê³¥·´Ò¥, Î¥-
ÉÒ·¥Ì³¥·´Ò¥ ¨ ¤ ¦¥ ¶ÖÉ¨³¥·´Ò¥ É¥µ·¨¨ ¢Ò£²Ö¤ÖÉ ¶· ±É¨Î¥¸±¨ µ¤¨´ ±µ¢µ ¸
ÔÉµ° ÉµÎ±¨ §·¥´¨Ö. �µ²¥¥ Éµ£µ, ¶µ²ÊÎ¥´´Ò¥ ÔËË¥±É¨¢´Ò¥ É¥µ·¨¨ ¢µ ³´µ£µ³
´ ¶µ³¨´ ÕÉ Éµ¶µ²µ£¨Î¥¸±¨¥ É¥µ·¨¨ ¶µ²Ö, µ¡² ¤ Ö ·Ö¤µ³ ¸¢µ°¸É¢, ¶·¨¸ÊÐ¨Ì
¤¢Ê³¥·´Ò³ Éµ¶µ²µ£¨Î¥¸±¨³ É¥µ·¨Ö³, ÌµÉÖ § É· ¢µÎ´Ò¥ É¥µ·¨¨ Ö¢²ÖÕÉ¸Ö § -
¢¥¤µ³µ ³´µ£µ³¥·´Ò³¨,   £² ¢´µ¥ Å ¢ ¸¶¥±É·¥ ÔËË¥±É¨¢´ÒÌ É¥µ·¨° ¨³¥ÕÉ¸Ö
¡¥§³ ¸¸µ¢Ò¥ · ¸¶·µ¸É· ´ÖÕÐ¨¥¸Ö Î ¸É¨ÍÒ.

ƒµ¢µ·Ö ¡µ²¥¥ ÉµÎ´µ, ¶µ¤ ÔËË¥±É¨¢´µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢±µ°
³Ò ¡Ê¤¥³ ¶µ´¨³ ÉÓ ¶µ¸É·µ¥´¨¥ Ö¢´µ° § ¢¨¸¨³µ¸É¨ ¸¶¥±É· , ±µ··¥²ÖÍ¨µ´-
´ÒÌ ËÊ´±Í¨°, ÔËË¥±É¨¢´ÒÌ ¤¥°¸É¢¨° (É.¥. ÔËË¥±É¨¢´ÒÌ ±µ´¸É ´É ¸¢Ö§¨) ± ±
ËÊ´±Í¨° ¶ · ³¥É·µ¢ (¨²¨ ³µ¤Ê²¥°) É¥µ·¨¨, Ö¢²ÖÕÐ¨Ì¸Ö, ± ± ¶· ¢¨²µ, ´¨§-
±µÔ´¥·£¥É¨Î¥¸±¨³¨ §´ Î¥´¨Ö³¨ Ëµ´µ¢ÒÌ ¶µ²¥° ¢ Ë¨§¨Î¥¸±µ³ ¶·µ¸É· ´¸É¢¥-
¢·¥³¥´¨. � ¶·¨³¥·, ¢ 4D ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨ÖÌ Å ÔÉµ
¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ Ì¨££¸µ¢¸±¨Ì ¶µ²¥° hk = 1

k
〈Trφk〉, ¢ ¡µ²¥¥ µ¡Ð¨Ì É¥µ·¨ÖÌ

¸É·Ê´ Å ÔÉµ ³µ¤Ê²¨ ³¥É·¨±¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ (´ ¶·¨³¥·, ¶ · ³¥É·Ò
±µ³¶²¥±¸´µ° ¨²¨ ±Ô²¥·µ¢¸±µ° ¸É·Ê±ÉÊ·), ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° (³µ¤Ê²¨ ¶²µ¸-
±¨Ì ¸¢Ö§´µ¸É¥° ¨²¨ ¨´¸É ´Éµ´µ¢) ¨ É.¶. ‡ ¤ Î  § ±²ÕÎ ¥É¸Ö ¢ ´ Ìµ¦¤¥´¨¨ ÉµÎ-
´µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ° § ¢¨¸¨³µ¸É¨ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ µÉ ÔÉ¨Ì ¶ · ³¥É·µ¢∗.
�¥Ï¥´¨¥ ÔÉµ° § ¤ Î¨ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É¸Ö É¥³, ÎÉµ ¶·µ¸É· ´¸É¢¥´´µ-
¢·¥³¥´´Ò¥ ³µ¤Ê²¨ ¢ É¥µ·¨ÖÌ ¸É·Ê´ Î ¸Éµ ³µ£ÊÉ ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´Ò ¸ ³µ-
¤Ê²Ö³¨ ±µ³¶²¥±¸´ÒÌ ³´µ£µµ¡· §¨°, ¶·µ¸É· ´¸É¢µ ±µÉµ·ÒÌ µ¡ÒÎ´µ Ö¢²Ö¥É¸Ö
Ë ±Éµ·µ³ Éµ¶µ²µ£¨Î¥¸±¨ É·¨¢¨ ²Ó´µ£µ ³´µ£µµ¡· §¨Ö ¶µ ¤¥°¸É¢¨Õ ¤¨¸±·¥É-
´µ° £·Ê¶¶Ò. „¥°¸É¢¨¥ ÔÉµ° ¤¨¸±·¥É´µ° £·Ê¶¶Ò £¨¶µÉ¥É¨Î¥¸±¨ µÉµ¦¤¥¸É¢²Ö-
¥É¸Ö ¸ ¶·¥µ¡· §µ¢ ´¨Ö³¨ ¤Ê ²Ó´µ¸É¨ [15Ä17], ¸¢Ö§Ò¢ ÕÐ¨³¨ ³¥¦¤Ê ¸µ¡µ°
· §²¨Î´Ò¥ ¶¥·ÉÊ·¡ É¨¢´Ò¥ · §²µ¦¥´¨Ö ¸É·Ê´´µ° É¥µ·¨¨.

ˆ³¥´´µ ±µ³¶²¥±¸´µ- ´ ²¨É¨Î¥¸± Ö ¸É·Ê±ÉÊ· , ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¢Ò¤¥-
²Ö¥É ±² ¸¸ É¥µ·¨°, ¤²Ö ±µÉµ·µ£µ ´¨¦¥ ¡Ê¤ÊÉ ¸Ëµ·³Ê²¨·µ¢ ´Ò ÉµÎ´Ò¥ ´¥¶¥·-
ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. �·¨ ÔÉµ³ ¸· §Ê ¢µ§´¨± ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ¸É ´µ¢±¨
·¥Ï ¥³ÒÌ É¥Ì´¨Î¥¸±¨ § ¤ Î, É ± ± ± ³´µ£¨¥ ·¥§Ê²ÓÉ ÉÒ ³µ£ÊÉ ¡ÒÉÓ ¸Ëµ·-
³Ê²¨·µ¢ ´Ò ¢ É¥·³¨´ Ì £µ²µ³µ·Ë´ÒÌ (¨²¨ ³¥·µ³µ·Ë´ÒÌ) ËÊ´±Í¨°. ˆ¤¥Ö
· ¡µÉÒ ¸ £µ²µ³µ·Ë´Ò³¨ ËÊ´±Í¨Ö³¨ ¢µ¸Ìµ¤¨É ± ¶·¨³¥´¥´¨Õ ±µ³¶²¥±¸´µ£µ
 ´ ²¨§  ¢ É¥µ·¨¨ ¨´¸É ´Éµ´µ¢ [6] ¨ É¥µ·¥³¥ �¥² ¢¨´  Å Š´¨¦´¨±  [13]
¢ ¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¸É·Ê´. ‚µ-¢Éµ·ÒÌ, ±² ¸¸ · ¸¸³ É·¨¢ ¥³ÒÌ § ¤ Î
¥Ð¥ ¡µ²¥¥ µ£· ´¨Î¥´ É¥³, ÎÉµ ¢ ´¥³ ³µ¤Ê²¨ Ë¨§¨Î¥¸±¨Ì É¥µ·¨° ³µ£ÊÉ ¡ÒÉÓ
µÉµ¦¤¥¸É¢²¥´Ò ¸ ³µ¤Ê²Ö³¨ µ¤´µ³¥·´ÒÌ (1D) ±µ³¶²¥±¸´ÒÌ ³´µ£µµ¡· §¨° Å

∗Š·µ³¥ ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ µÉ ³µ¤Ê²¥° Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ³µ£ÊÉ § ¢¨¸¥ÉÓ µÉ
Éµ¶µ²µ£¨Î¥¸±¨Ì (¤¨¸±·¥É´ÒÌ) Ì · ±É¥·¨¸É¨± ¶·µ¸É· ´¸É¢ ³µ¤Ê²¥°; ¡µ²¥¥ Éµ£µ, ¢ ¶·µ¸É¥°Ï¨Ì
Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²ÖÌ ¸ÊÐ¥¸É¢¥´´  ¨³¥´´µ (¨ Éµ²Ó±µ) ÔÉ  § ¢¨¸¨³µ¸ÉÓ, É.¥. ±µ··¥-
²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö Î¨¸² ³¨.
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(¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ!) ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ Σ (¨²¨ ¤¢Ê³¥·´ÒÌ ¢¥-
Ð¥¸É¢¥´´ÒÌ ³´µ£µµ¡· §¨° Å ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸É¥°). ‡¤¥¸Ó ´¥µ¡Ìµ¤¨³µ
¸¤¥² ÉÓ ¤¢  ¶µÖ¸´¥´¨Ö: ¢µ-¶¥·¢ÒÌ, ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ·¨³ ´µ¢Ò ¶µ-
¢¥·Ì´µ¸É¨ a priori ´¥ ¨³¥ÕÉ ´¨± ±µ£µ µÉ´µÏ¥´¨Ö ± ³¨·µ¢Ò³ ²¨¸É ³ ¢ É¥µ·¨¨
¸É·Ê´, ÎÉµ, É¥³ ´¥ ³¥´¥¥, ¸µ¢¥·Ï¥´´µ ´¥ ³¥Ï ¥É ¶·¨ · ¡µÉ¥ ¸ ´¨³¨ ¨¸¶µ²Ó§µ-
¢ ÉÓ ÉµÉ ¦¥ ¸ ³Ò° É¥Ì´¨Î¥¸±¨°  ·¸¥´ ², ÎÉµ ¨ ¢ ¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¸É·Ê´;
¢µ-¢Éµ·ÒÌ, ¢ ¶·¨´Í¨¶¥, ¸²¥¤Ê¥É µ¦¨¤ ÉÓ Éµ° ¦¥ ¸ ³µ° ± ·É¨´Ò ¤²Ö É¥µ·¨°,
£¤¥ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° µÉµ¦¤¥¸É¢²ÖÕÉ¸Ö ¸ ¶·µ¸É· ´¸É¢ ³¨ ³µ¤Ê²¥° ±µ³-
¶²¥±¸´ÒÌ ³´µ£µµ¡· §¨° ¸É ·Ï¥° · §³¥·´µ¸É¨ (K3, dimC = 3 ³´µ£µµ¡· §¨°
Š ² ¡¨ Å Ÿµ ¨ É.¤.). �µ²¥¥ Éµ£µ, ¢ ¥¤¨´µ° ± ·É¨´¥ É¥µ·¨¨ ¸É·Ê´ · ¸¸³ É·¨-
¢ ¥³Ò¥ ´¨¦¥ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ±µ³¶²¥±¸´Ò¥ ±·¨¢Ò¥ Î ¸Éµ ¸²¥¤Ê¥É
¸Î¨É ÉÓ ¢Ò·µ¦¤¥´´Ò³¨ ¸²ÊÎ Ö³¨ ³´µ£µµ¡· §¨° ¸É·Ê´´µ° ±µ³¶ ±É¨Ë¨± Í¨¨:
±µ£¤  ³´µ£µµ¡· §¨¥ Š ² ¡¨ Å Ÿµ ÔËË¥±É¨¢´µ ¢Ò·µ¦¤ ¥É¸Ö ¢ 1CD ±·¨¢ÊÕ
Σ [47]. �¥É·¨¢¨ ²Ó´ Ö Éµ¶µ²µ£¨Î¥¸± Ö ¸É·Ê±ÉÊ·  ¸¶¥±É· ²Ó´µ° ±·¨¢µ° Σ
Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¨´Ëµ·³ Í¨¥°, ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö
¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ¶µÖ¢²Ö¥É¸Ö ²¨ÏÓ ª²µ± ²Ó´µª, ± ± ³ ¸ÏÉ ¡´Ò° ¶ · -
³¥É·. �Éµ µ§´ Î ¥É, ÎÉµ ¨³¥´´µ ¸É·Ê´´Ò¥ ÔËË¥±ÉÒ ¨£· ÕÉ ¸ÊÐ¥¸É¢¥´´ÊÕ
·µ²Ó ¢ ¸É·Ê±ÉÊ·¥ ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨
¶µ²Ö,   Éµ¶µ²µ£¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ¸ÊÐ¥¸É¢¥´´Ò¥ ¤²Ö ¶µ¸É·µ¥´¨Ö ÔË-
Ë¥±É¨¢´µ° É¥µ·¨¨, ¸¢Ö§ ´Ò ´ ¶·Ö³ÊÕ ¸ ª´ ³µÉ± ³¨ª ¸É·Ê´ (¨, ¢µµ¡Ð¥ £µ¢µ·Ö,
D-¡· ´) ´  ´¥É·¨¢¨ ²Ó´Ò¥ Í¨±²Ò ³´µ£µµ¡· §¨° ¸É·Ê´´µ° ±µ³¶ ±É¨Ë¨± Í¨¨.

‘µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ·¥Ï¥´¨Ö³¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¨
¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¨¸¸²¥¤µ¢ ´µ ¤¥É ²Ó´µ ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ 2D
Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨° ¨ É¥µ·¨° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨,   É ±¦¥ ¤²Ö ·¥Ï¥´¨°
‡ °¡¥·£  Å ‚¨ÉÉ¥´  N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ
É¥µ·¨°: Î¨¸Éµ° £²Õµ¤¨´ ³¨±¨ [41,68], ¢±²ÕÎ¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ (Na = 1)
N = 2 £¨¶¥·³Ê²ÓÉ¨¶²¥Éµ³ ³ É¥·¨¨ ¢ ¶·¨¸µ¥¤¨´¥´´µ³ ¶·¥¤¸É ¢²¥´¨¨ ± ²¨-
¡·µ¢µÎ´µ° £·Ê¶¶Ò, µ¶¨¸Ò¢ ¥³µ³ ¢ É¥·³¨´ Ì ¸¥³¥°¸É¢  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨-
¸É¥³ Š ²µ¤¦¥·µ Å Œµ§¥·  [69Ä73]. Šµ£¤  ³ ¸¸  £¨¶¥·³Ê²ÓÉ¨¶²¥É  ¸É ´µ-
¢¨É¸Ö ¡¥¸±µ´¥Î´µ ¡µ²ÓÏµ°, µ´ ÔËË¥±É¨¢´µ µÉÐ¥¶²Ö¥É¸Ö µÉ É¥µ·¨¨ Ÿ´£  Å
Œ¨²²¸ , ¨ · §³¥·´ Ö É· ´¸³ÊÉ Í¨Ö ¶·¨¢µ¤¨É ± ¢Ò·µ¦¤¥´¨Õ Ô²²¨¶É¨Î¥¸±µ°
³µ¤¥²¨ Š ²µ¤¦¥·µ Å Œµ§¥·  ¢ ¶¥·¨µ¤¨Î¥¸±ÊÕ Í¥¶µÎ±Ê ’µ¤Ò, µ¶¨¸Ò¢ ÕÐÊÕ
Î¨¸ÉÊÕ Î¥ÉÒ·¥Ì³¥·´ÊÕ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ÊÕ £²Õµ¤¨´ ³¨±Ê [43]. ˆ§-
¢¥¸É´µ É ±¦¥ [74,75], ÎÉµ Nc = 3, Nf = 2 (Nc, Nf Å Î¨¸²  Í¢¥Éµ¢ ¨  ·o³ Éµ¢
¸µµÉ¢¥É¸É¢¥´´µ) ±·¨¢Ò¥ µÉ¢¥Î ÕÉ ¨´É¥£·¨·Ê¥³µ³Ê ¢µ²Î±Ê ƒµ·ÖÎ¥¢  Å — ¶²Ò-
£¨´ , ¢ Éµ ¢·¥³Ö ± ± ¥¸É¥¸É¢¥´´µ° £¨¶µÉ¥§µ°, ± ¸ ÕÐ¥°¸Ö ¸¥³¥°¸É¢  ³µ¤¥²¥°
N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„ [42,76], Ö¢²Ö¥É¸Ö ¥¥ Ëµ·³Ê²¨·µ¢±  ¢ É¥·³¨-
´ Ì ¨´É¥£·¨·Ê¥³ÒÌ (¢µµ¡Ð¥ £µ¢µ·Ö, ´¥µ¤´µ·µ¤´ÒÌ) sl(2) ¸¶¨´µ¢ÒÌ Í¥¶µÎ¥±,
¤²Ö ±µÉµ·ÒÌ, µ¶ÖÉÓ ¦¥, Í¥¶µÎ±  ’µ¤Ò Ö¢²Ö¥É¸Ö ¶·¥¤¥²Ó´Ò³ ¸²ÊÎ ¥³. ˆ¤¥Ö
ÔÉµ£µ µÉµ¦¤¥¸É¢²¥´¨Ö µ¸´µ¢ ´  [74] ´  ¸¶¥Í¨ ²Ó´µ° ±¢ ¤· É¨Î´µ° Ëµ·³¥
 ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°, µ¶¨¸Ò¢ ÕÐ¨Ì ¢²µ¦¥´¨¥ ¸¶¥±É· ²Ó´µ° ±·¨¢µ° ¢
C2 [42, 76]. „·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ [78] Å µ¸É ¢ ÉÓ¸Ö ¢ · ³± Ì ¤¨´ ³¨±¨ Í¥-
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¶µÎ±¨ ’µ¤Ò, ³¥´ÖÖ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö; ´  ÔÉµ³ ¶ÊÉ¨, µ¤´ ±µ, ¢¸É·¥Î ÕÉ¸Ö
É·Ê¤´µ¸É¨ ¢ ¸¨ÉÊ Í¨¨, ±µ£¤  Nf > Nc.

�µ¸±µ²Ó±Ê ·¥Ï¥´¨Ö Ëµ·³Ê²¨·ÊÕÉ¸Ö ¢ É¥·³¨´ Ì ¶¥·¨µ¤µ¢ ³¥·µ³µ·Ë´ÒÌ
¤¨ËË¥·¥´Í¨ ²µ¢ ´  ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ (µ¤¨´ ¨§ ¢µ§³µ¦´ÒÌ ¢Ò¡µ·µ¢ ±µµ·-
¤¨´ É ´  ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥°), ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò (¡µ²¥¥ Éµ£µ, ¨´É¥-
£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò É¨¶  Š� ¨²¨ ’µ¤Ò, ¶µ¤ ±µÉµ·Ò³¨ ³Ò ¡Ê¤¥³ ¶µ´¨³ ÉÓ É¥,
¢ ±µÉµ·ÒÌ ²¨Ê¢¨²²¥¢¸±¨° Éµ· (Ê£²µ¢Ò¥ ¶¥·¥³¥´´Ò¥) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³
¸¥Î¥´¨¥³ ¸¶¥Í¨ ²Ó´µ£µ ±µ³¶²¥±¸´µ£µ Éµ·  Å Ö±µ¡¨ ´  ±µ³¶²¥±¸´µ° ±·¨¢µ°)
¢µ§´¨± ÕÉ ¶µÎÉ¨ ¶µ µ¶·¥¤¥²¥´¨Õ, ¡² £µ¤ ·Ö ±µ´¸É·Ê±Í¨¨ Š·¨Î¥¢¥·  [50].

�  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ´¥ ¸ÊÐ¥¸É¢Ê¥É ³¥Ì ´¨§³ , ±µÉµ·Ò° ¶µ§¢µ²Ö¥É ¶µ-
²ÊÎ ÉÓ ÉµÎ´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ´¥¶µ¸·¥¤¸É¢¥´´µ ¸É ·ÉÊÖ ¸ ¶¥·-
¢µ¶·¨´Í¨¶µ¢ É¥µ·¨¨ ¸É·Ê´ ¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö (¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ
´¥±µÉµ·Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨¸¸²¥¤ÊÖ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ²Ö±µ¢-
¸±¨° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² (1.1), ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ · §¤. 2). �¥µ¡Ìµ-
¤¨³µ, µ¤´ ±µ, µÉ³¥É¨ÉÓ ¡·µ¸ ÕÐÊÕ¸Ö ¢ £² §   ´ ²µ£¨Õ ³¥¦¤Ê ¢µ§´¨± ÕÐ¨³¨
¶·¨ µ¶¨¸ ´¨¨ ¤¥Ëµ·³ Í¨¨ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö³¨ “¨§¥³  Å
Ê· ¢´¥´¨Ö³¨ £¨¤·µ¤¨´ ³¨Î¥¸±µ£µ É¨¶  Å ¨ ³¥Éµ¤µ³ ·¥´µ·³£·Ê¶¶Ò ¢ ¸É ´-
¤ ·É´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [79]. „¥°¸É¢¨É¥²Ó´µ, ³ ¸ÏÉ ¡´ Ö § ¢¨¸¨³µ¸ÉÓ
±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¸¢Ö§ ´  ¸ ¨Ì § ¢¨¸¨³µ¸ÉÓÕ µÉ ±µ´¸É ´É ¸¢Ö§¨ Ê· ¢-

´¥´¨¥³ ¶¥·¢µ£µ ¶µ·Ö¤± 
(

d
d log Λ −

∑
βi(g) ∂

∂gi

)
F (g; Λ) = 0. ‚ ÉµÎ´µ³ ·¥-

Ï¥´¨¨ ´¥É Ö¢´µ° § ¢¨¸¨³µ¸É¨ µÉ ³ ¸ÏÉ ¡ , ¨ ³µ¦´µ ¡Ò²µ ¡Ò ¸Î¨É ÉÓ, ÎÉµ
¶·µ¨§¢µ¤´Ò¥ ¶µ Λ ¸²¥¤Ê¥É § ³¥´¨ÉÓ ´  ¶·µ¨§¢µ¤´Ò¥ ¶µ ³µ¤Ê²Ö³, ´µ ¤ ¦¥
¶·¨´¨³ Ö É ±ÊÕ £¨¶µÉ¥§Ê, ´¥µ¡Ìµ¤¨³µ µÉ³¥É¨ÉÓ, ÎÉµ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¸¶µ¸µ¡ 
µ¶·¥¤¥²¨ÉÓ β-ËÊ´±Í¨Õ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö. Š·µ³¥ Éµ£µ, Ê· ¢´¥-
´¨Ö  ¸¸µÍ¨ É¨¢´µ¸É¨ ´  ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¸±µ·¥¥ ¶·¨¢µ¤ÖÉ ± ¢Ò¢µ¤Ê µ
Éµ³, ÎÉµ · §£ ¤±Ê ³¥Ì ´¨§³  ¢µ§´¨±´µ¢¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¸²¥-
¤Ê¥É ¨¸± ÉÓ ¢ É¥µ·¨¨ ¸É·Ê´.

�¸´µ¢´Ò¥ ¶µ´ÖÉ¨Ö, ¨¸¶µ²Ó§Ê¥³Ò¥ ¢ µ¡§µ·¥. ‘É·Ê´´ Ö É¥µ·¨Ö ¢µ§³Ê-
Ð¥´¨° (1.1) µ¶·¥¤¥²¥´  ±µ´É¨´Ê ²Ó´Ò³ ¨´É¥£· ²µ³ [12] ¶µ µÉµ¡· ¦¥´¨Ö³
x : Σg → X ³¨·µ¢µ£µ ²¨¸É  Σg ¢ Ë¨§¨Î¥¸±µ¥ ª¶·µ¸É· ´¸É¢µ-¢·¥³Öª X ¨
¤¢Ê³¥·´Ò³ £¥µ³¥É·¨Ö³ Å ³¥É·¨± ³ gab ¢ (1.1) ¨²¨ ¨Ì ±² ¸¸ ³ Ô±¢¨¢ ²¥´É-
´µ¸É¨ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ·¥¶ · ³¥É·¨§ Í¨° Å ³µ¤Ê²Ö³ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò
y ´  ¶·µ¸É· ´¸É¢¥ Mg ¢ (1.2). ‚µµ¡Ð¥ £µ¢µ·Ö, X ´¥ µ¡Ö§ ´µ ¡ÒÉÓ Î¥-
ÉÒ·¥Ì³¥·´Ò³ ¶·µ¸É· ´¸É¢µ³ Œ¨´±µ¢¸±µ£µ ¨²¨ ¶²µ¸±¨³ ¶·µ¸É· ´¸É¢µ³ R4,
µ´µ ³µ¦¥É ¨³¥ÉÓ ´¥É·¨¢¨ ²Ó´ÊÕ ³¥É·¨±Ê (Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ ¢ ¸¨²Ê ¤¢Ê³¥·-
´ÒÌ ¸¨³³¥É·¨° Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´  [67]) ¨²¨ ¤ ¦¥ ¡ÒÉÓ ´¥É·¨¢¨ ²Ó´Ò³
±µ³¶ ±É´Ò³ ³´µ£µµ¡· §¨¥³ (ÉµÎ´¥¥, ¨³¥ÉÓ ±µ³¶ ±É´ÊÕ ¸µ¸É ¢²ÖÕÐÊÕ), ÎÉµ
Ë¨§¨Î¥¸±¨ µÉ¢¥Î ¥É ¶·µ¨¸Ìµ¦¤¥´¨Õ ¢´ÊÉ·¥´´¨Ì (± ²¨¡·µ¢µÎ´ÒÌ) ¸É¥¶¥´¥°
¸¢µ¡µ¤Ò ¶µ ¸Ì¥³¥ Š ²ÊÍÒ Å Š²¥°´ . �·¨ ÔÉµ³ ¶µ²Ö±µ¢¸±¨° ¨´É¥£· ² (1.1)
¸²¥¤Ê¥É ¶µ´¨³ ÉÓ ¢ µ¡µ¡Ð¥´´µ³ ¸³Ò¸²¥, ±µ£¤  ¢³¥¸Éµ ¸¢µ¡µ¤´µ° ¤¢Ê³¥·´µ°
É¥µ·¨¨ ¶µ²Ö x, µÉ¢¥Î ÕÐ¥° ¶²µ¸±µ³Ê ¶·µ¸É· ´¸É¢Ê-¢·¥³¥´¨ X , ¸²¥¤Ê¥É · ¸-
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¸³ É·¨¢ ÉÓ ´¥±µÉµ·ÊÕ µ¡ÐÊÕ ¤¢Ê³¥·´ÊÕ ±µ´Ëµ·³´ÊÕ É¥µ·¨Õ ¶µ²Ö [80], ¢
±µÉµ·µ° ¶µ²Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥Ö¢´µ µÉ¢¥Î ÕÉ σ-³µ¤¥²¨ ´  ´¥É·¨¢¨ ²Ó´µ³
³´µ£µµ¡· §¨¨. �´µ³ ²¨Ö ³¥·Ò ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¤¢Ê³¥·´µ° ³¥É·¨±¥ Dgab
É ±¦¥ ³µ¦¥É ¡ÒÉÓ µÉ´¥¸¥´  ± £· ¢¨É Í¨µ´´µ³Ê ¢±² ¤Ê ¢ ¤¥°¸É¢¨¥ ¤¢Ê³¥·-
´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨, ¶·¨ Ê¸²µ¢¨¨ cmatter + cgravity − 26 = 0 ¤¢Ê³¥·´ Ö
£· ¢¨É Í¨Ö ¸µ±· Ð ¥É ±µ´Ëµ·³´ÊÕ  ´µ³ ²¨Õ ¨ ¨´É¥£· ² (1.1) ¶µ-¶·¥¦´¥³Ê
¸¢µ¤¨É¸Ö ± (1.2). �É¸Õ¤ , ¢ Î ¸É´µ¸É¨, ¸²¥¤Ê¥É, ÎÉµ ¤ ¦¥ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ³ -
É¥·¨¨ (Î¨¸É Ö) ¤¢Ê³¥·´ Ö £· ¢¨É Í¨Ö Ö¢²Ö¥É¸Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥É·¨¢¨ ²Ó´µ°
É¥µ·¨¥° ¸É·Ê´, ¨ ¨³¥´´µ É ±¨¥ É¥µ·¨¨ (±µ£¤  ¢±² ¤ ³ É¥·¨¨ ³ ², cmatter < 1,
¶µ ¸· ¢´¥´¨Õ ¸ ¢±² ¤µ³ £· ¢¨É Í¨¨) ¶µ¤¤ ÕÉ¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê  ´ ²¨§Ê.

„²Ö ±µ´Ëµ·³´µ° É¥µ·¨¨ µ¡Ð¥£µ ¢¨¤  ¸²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ ¤¢  ³µ-
³¥´É . ‚µ-¶¥·¢ÒÌ, ¢ É¥µ·¨¨ ¸É·Ê´ µ¤´  ¨ É  ¦¥ ±µ´Ëµ·³´ Ö É¥µ·¨Ö ³µ¦¥É
µÉ¢¥Î ÉÓ ¸É·Ê´ ³ ´  · §´ÒÌ ³´µ£µµ¡· §¨ÖÌ X1 ¨ X2. ’ ±¨¥ ³´µ£µµ¡· §¨Ö
´ §Ò¢ ÕÉ¸Ö §¥·± ²Ó´Ò³¨ [18], ¶·µ¸É¥°Ï¨³ ¶·¨³¥·µ³ ÔÉµ£µ ¸²ÊÎ Ö Ö¢²Ö¥É¸Ö
¸¢µ¡µ¤´ Ö É¥µ·¨Ö ¶µ²Ö, ¶·¨´¨³ ÕÐ¥£µ §´ Î¥´¨Ö ¢ µ±·Ê¦´µ¸É¨: É¥µ·¨¨ ´ 
X1 = SR ¨ X2 = S 1

R
Ô±¢¨¢ ²¥´É´Ò. ‚µ-¢Éµ·ÒÌ, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ±µ´-

Ëµ·³´Ò¥ É¥µ·¨¨, µÉ¢¥Î ÕÐ¨¥ ´¥É·¨¢¨ ²Ó´Ò³ ³´µ£µµ¡· §¨Ö³, ´ ¨¢´Ò³ µ¡· -
§µ³ ´¥ Ö¢²ÖÕÉ¸Ö ¸¢µ¡µ¤´Ò³¨, ¤²Ö ²Õ¡µ° 2D ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö ¸ÊÐ¥-
¸É¢Ê¥É É¥Ì´¨±  ¸¢µ¡µ¤´ÒÌ ¶µ²¥° ¨²¨ ¡µ§µ´¨§ Í¨Ö, É.¥. ¶¥·ÉÊ·¡ É¨¢´µ É¥µ·¨Ö
¸É·Ê´ ¶·¨´Í¨¶¨ ²Ó´µ µ¶·¥¤¥²¥´ , ¨ ¨´É¥£· ²Ò (1.1) ¨ (1.2) ³µ£ÊÉ ¡ÒÉÓ ¢Ò-
Î¨¸²¥´Ò. …¸É¥¸É¢¥´´µ, ¤²Ö ±µ´Ëµ·³´µ° É¥µ·¨¨ µ¡Ð¥£µ ¢¨¤  ÔÉµ É¥Ì´¨Î¥¸±¨
µÎ¥´Ó ¸²µ¦´ Ö § ¤ Î , µ¤´ ±µ ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨³¥·Ò ±µ´Ëµ·³´ÒÌ É¥µ·¨°, £¤¥
¨´É¥£· ² ¶µ ¶µ²Ö³ ³ É¥·¨¨ ¨ ¤ ¦¥ ¢µ§´¨± ÕÐ¨° ¨´É¥£· ² ¨´¤ÊÍ¨·µ¢ ´´µ°
£· ¢¨É Í¨¨ ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¤µ ±µ´Í . Š É ±¨³ É¥µ·¨Ö³ µÉ´µ¸ÖÉ¸Ö,
¶·¥¦¤¥ ¢¸¥£µ, ¸¢µ¡µ¤´Ò¥

SCFT =

∫
Σg

∂̄x∂x ≡
∫
Σg

cmatter∑
µ=1

∂̄xµ∂xµ (1.7)

¨ ´¥±µÉµ·Ò¥ É¥µ·¨¨ ¸ c < 0. � ²¨Î¨¥ ªµÉ·¨Í É¥²Ó´µ°ª ³ É¥·¨¨ ¶·¨¢µ-
¤¨É ± ¤µ¶µ²´¨É¥²Ó´Ò³ ¸µ±· Ð¥´¨Ö³ ¢ ³¥·¥ ¨´É¥£·¨·µ¢ ´¨Ö (1.2), ÎÉµ Î ¸Éµ
¶µ§¢µ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ ¶µ²Ö±µ¢¸±¨° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ². ’¥Ì´¨±  ¡µ§µ-
´¨§ Í¨¨ ÔËË¥±É¨¢´µ ¸¢µ¤¨É ¢ÒÎ¨¸²¥´¨Ö ¢ ´¥É·¨¢¨ ²Ó´ÒÌ ±µ´Ëµ·³´ÒÌ É¥-
µ·¨ÖÌ ± ¢ÒÎ¨¸²¥´¨Ö³ (¤µ¸É ÉµÎ´µ ¸²µ¦´ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°) ¢
É¥µ·¨ÖÌ ¢¨¤  (1.7),   ¡µ²¥¥ ÉµÎ´µ ¸ ªÊ¤²¨´¥´´Ò³ª ¸¢µ¡µ¤´Ò³ ¤¥°¸É¢¨¥³
SCFT (ϕ) =

∫
∂̄ϕ∂ϕ + α0Rϕ, £¤¥ ±µ´¸É ´É  α0 (¤²Ö ¸²ÊÎ Ö ³´µ£¨Ì ¶µ²¥° Å

¢¥±Éµ·) ¸¢Ö§ ´  ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ É¥µ·¨¨ cCFT = 1 − 12α 2
0 . � ¨¡µ²¥¥

¨§¢¥¸É´Ò³ ¶·¨³¥·µ³ ±µ´Ëµ·³´ÒÌ É¥µ·¨° ÔÉµ£µ É¨¶  Ö¢²ÖÕÉ¸Ö É ± ´ §Ò¢ ¥-

³Ò¥ pq-³µ¤¥²¨ [80] ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c = 1−6 (p−q)2

pq
. ‚¸¥ ÔÉµ ¶·¨¢µ¤¨É

± Éµ³Ê, ÎÉµ ¨´µ£¤  ¨´É¥£· ² (1.1) ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ Ö¢´µ, ¨ ¨³¥´´µ ¶·¨-
³¥·Ò É ±¨Ì É¥µ·¨° µ¡¸Ê¦¤ ÕÉ¸Ö ¢ ÔÉµ³ · §¤¥²¥. ‚µ ¢¸¥Ì É¥µ·¨ÖÌ cmatter < 1
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(¢ Éµ³ Î¨¸²¥ ¨ µÉ·¨Í É¥²Ó´Ò°) ¨²¨ Í¥²Ò°,   ¢Ò¢µ¤Ò µ ¸¢µ°¸É¢ Ì É¥µ·¨¨,
¸µÌ· ´ÖÕÐ¨Ì¸Ö ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ ·¥¦¨³¥ (±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨ÖÌ, ±
±µÉµ·Ò³ ´¥É ¸É ·Ï¨Ì ¶µ¶· ¢µ±, µ¶¥· Éµ·´µ°  ²£¥¡·¥), µ¸´µ¢ ´Ò ´   ²£¥-
¡· ¨Î¥¸±µ° ¸É·Ê±ÉÊ·¥ ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ( ²£¥¡· Ì ‚¨· ¸µ·µ ¨
Š Í  Å ŒÊ¤¨ [81, 82]) ¨ ¶·¥¤¸É ¢²¥´¨¨ 2D ±µ´Ëµ·³´ÒÌ É¥µ·¨° ¶µ²Ö ¸¢µ-
¡µ¤´Ò³¨ ¶µ²Ö³¨ [83Ä87].

Š ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ¨´Ëµ·³ Í¨Ö, ¶µ²ÊÎ¥´´ Ö ¶·¨ ´¥¶µ¸·¥¤¸É¢¥´-
´µ³ ¨§ÊÎ¥´¨¨ ¨´É¥£· ²  (1.1), ¨³¥¥É ¢¥¸Ó³  µ£· ´¨Î¥´´Ò° Ì · ±É¥· [19,20,88,
89]. ”µ·³Ê²¨·µ¢±  ´¥¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¤µ¸É ÉµÎ´µ ´¥ Ö¢´Ò³ µ¡· §µ³
¸¢Ö§ ´  ¸µ ¸¢µ°¸É¢ ³¨ É¥µ·¨¨ ´  ³¨·µ¢µ³ ²¨¸É¥, ¨ ¥¥ ³µ¦´µ µ¶¨¸ ÉÓ ¸²¥¤ÊÕ-
Ð¨³ µ¡· §µ³. –¥´É· ²Ó´Ò³ µ¡Ñ¥±Éµ³ Ö¢²Ö¥É¸Ö ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö (1.4)
ÉµÎ´ÒÌ Ë¨§¨Î¥¸±¨Ì ±µ··¥²ÖÉµ·µ¢ ( ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö), ¢ÒÎ¨¸²¥´¨¥ ±µÉµ·µ°
¨ Ö¢²Ö¥É¸Ö £² ¢´µ° § ¤ Î¥° É¥µ·¨¨. ‚ ¸²ÊÎ ¥ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¨ Éµ-
¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ËÊ´±Í¨µ´ ² F (1.4) Ö¢²Ö¥É¸Ö ¢ ¡Ê±¢ ²Ó´µ³
¸³Ò¸²¥ ËÊ´±Í¨¥°, ¢µµ¡Ð¥ £µ¢µ·Ö, ¡¥¸±µ´¥Î´µ£µ (ÌµÉÖ ¢ ¤ ´´µ° ¸¨ÉÊ Í¨¨ ¨
¤¨¸±·¥É´µ£µ) ´ ¡µ·  Î¨¸²µ¢ÒÌ ¶¥·¥³¥´´ÒÌ, ¨ ¢ ·¨ Í¨µ´´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢
Ëµ·³Ê²¥ (1.4) ¶·¥¢· Ð ÕÉ¸Ö ¢ µ¡ÒÎ´Ò¥ Î ¸É´Ò¥ ¶·µ¨§¢µ¤´Ò¥.

�·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö § ¢¨¸¨É µÉ ¶¥·¥³¥´´ÒÌ ¤¢ÊÌ É¨¶µ¢. �¥·¢Ò° É¨¶
¶¥·¥³¥´´ÒÌ Å ¨¸ÉµÎ´¨±¨ ¤²Ö Ë¨§¨Î¥¸±¨Ì µ¶¥· Éµ·µ¢

Fg → Fg(T) =

∫
DgabDxe−SCFT (x,gab)+

∑
TkOk ,

F → F(Λstr,T) =
∑
g

ΛgstrFg(T), (1.8)

¶·µ¨§¢µ¤´Ò¥ ¶µ ±µÉµ·Ò³ µ¶·¥¤¥²ÖÕÉ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ¢ É¥µ·¨¨.
‚Ò· ¦¥´¨¥ (1.8), ¡¥§Ê¸²µ¢´µ, § ¢¨¸¨É µÉ ¢Ò¡µ·  ¡ §¨¸  Ok ¨²¨ Tk, ¨ Éµ²Ó±µ
¢ ¸¶¥Í¨ ²Ó´µ³ ¡ §¨¸¥ (´¥ µ¡Ö§ É¥²Ó´µ Ê¤µ¡´µ³ ¸ ÉµÎ±¨ §·¥´¨Ö Ëµ·³Ê²¨·µ¢±¨
É¥µ·¨¨ ´  ³¨·µ¢µ³ ²¨¸É¥) µ´µ ³µ¦¥É ¡ÒÉÓ Ô²¥£ ´É´µ µ¶¨¸ ´µ ´  Ö§Ò±¥ ´¥-
²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨²¨ ¸µµÉ´µÏ¥´¨° É¨¶  Ê´¨É ·´µ¸É¨
¤²Ö ±µ··¥²ÖÉµ·µ¢ [25,26,28,32]. ‚µµ¡Ð¥ £µ¢µ·Ö, É ±¨¥ ¸µµÉ´µÏ¥´¨Ö Ìµ·µÏµ
¨§¢¥¸É´Ò ¢ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö (Éµ¦¤¥¸É¢  “µ·¤  [30], Ê· ¢-
´¥´¨Ö ˜¢¨´£¥·  Å „ °¸µ´  ¨ É.¶.), µ¤´ ±µ ¢ É¥µ·¨ÖÌ ¸É·Ê´ ¸¨ÉÊ Í¨Ö µÉ²¨-
Î ¥É¸Ö É¥³, ÎÉµ ÔÉ¨ Ê· ¢´¥´¨Ö ³µ¦´µ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥ ¶µ²´µ° ¸¨¸É¥³Ò ¨´É¥£-
·¨·Ê¥³ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÐ¨Ì ¶·µ¨§¢µ-
¤ÖÐÊÕ ËÊ´±Í¨Õ (1.8). Š ± ËÊ´±Í¨Ö T, ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö (1.4), (1.8)
³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ²¨ÏÓ ¢ ¢¨¤¥ Ëµ·³ ²Ó´µ£µ ·Ö¤ , ±µÔËË¨Í¨¥´ÉÒ ±µ-
Éµ·µ£µ ¨ µÉµ¦¤¥¸É¢²ÖÕÉ¸Ö ¸ ±µ··¥²ÖÍ¨µ´´Ò³¨ ËÊ´±Í¨Ö³¨,   ¸ ³ ·Ö¤ ¨³¥¥É,
¢µµ¡Ð¥ £µ¢µ·Ö, ´Ê²¥¢µ° · ¤¨Ê¸ ¸Ìµ¤¨³µ¸É¨. �ÉµÉ Ë ±É, ¡¥§Ê¸²µ¢´µ, µÉ· ¦ ¥É
Ìµ·µÏµ ¨§¢¥¸É´Ò¥ ¸¢µ°¸É¢  ·Ö¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö ¢ É¥µ·¨¨ ¸É·Ê´ ¨ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö,   ±·µ³¥ Éµ£µ, ¸µ£² ¸µ¢ ´ ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ö¢´Ò³¨ Ëµ·-
³Ê² ³¨ ¤²Ö ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨°, ±µÉµ·Ò¥, ¥¸²¨ ¸ÊÐ¥¸É¢ÊÕÉ
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¢µµ¡Ð¥, ¨³¥ÕÉ µ¡ÒÎ´µ ¨´É¥£· ²Ó´ÊÕ Ëµ·³Ê ¨ ¨´µ£¤  ³µ£ÊÉ ¡ÒÉÓ ¸¢¥¤¥´Ò
± ³ É·¨Î´Ò³ ¨´É¥£· ² ³ (1.3), É.¥. ± ¶·µ¸É¥°Ï¨³  ´ ²µ£ ³ ± ²¨¡·µ¢µÎ´µ°
É¥µ·¨¨ ¶µ²Ö.

„·Ê£¨³¨ ¶ · ³¥É· ³¨, µÉ ±µÉµ·ÒÌ § ¢¨¸¨É ¸É É¸Ê³³  ¨²¨ ¶·µ¨§¢µ¤ÖÐ Ö
ËÊ´±Í¨Ö, Ö¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨¥ ¨²¨ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ³µ¤Ê²¨ É¥-
µ·¨¨. �·µ¸É· ´¸É¢µ ÔÉ¨Ì ¶ · ³¥É·µ¢ µ¡ÒÎ´µ ±µ´¥Î´µ³¥·´µ, ¢ · ¸¸³ É·¨¢ -
¥³ÒÌ ¸²ÊÎ ÖÌ ±µ³¶²¥±¸´µ ¨ Î ¸Éµ ³µ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´µ ± ± ¶·µ-
¸É· ´¸É¢µ ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ. ‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ¢µ§-
´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ ±µ³¶²¥±¸´Ò¥ ±·¨¢Ò¥ ¨²¨ ·¨³ ´µ¢Ò ¶µ¢¥·Ì´µ¸É¨ ¨³¥ÕÉ
ª¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÊÕª ¶·¨·µ¤Ê (´ ¶·¨³¥·, ¶·µ¨¸Ìµ¤ÖÉ ¨§ ¸É·Ê´´µ°
±µ³¶ ±É¨Ë¨± Í¨¨) ¨ ´¨± ± ´¥ ¸¢Ö§ ´Ò ¸ ³¨·µ¢Ò³¨ ²¨¸É ³¨ ¢ É¥µ·¨¨ ¸É·Ê´!
Š ± ËÊ´±Í¨Ö ³µ¤Ê²¥°, ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö µ¡ÒÎ´µ° (´ ¶·¨³¥·,
³¥·µ³µ·Ë´µ°) ËÊ´±Í¨¥° ³´µ£¨Ì ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ¨ Î ¸Éµ ³µ¦¥É
¡ÒÉÓ ¢ÒÎ¨¸²¥´  ¡µ²¥¥ ¨²¨ ³¥´¥¥ Ö¢´Ò³ µ¡· §µ³. ‘ ³¨³ ³µ¤Ê²Ö³ ³µ¦´µ
¶·¨¤ ÉÓ ¸³Ò¸² ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì §´ Î¥´¨° Ëµ´µ¢ÒÌ ¶µ²¥° (Ì¨££¸µ¢¸±¨¥
¸·¥¤´¨¥ ¸± ²Ö·µ¢, ³µ¤Ê²¨ Ë¨§¨Î¥¸±µ° ³¥É·¨±¨ Å ±µ³¶²¥±¸´Ò¥ ¨ ±Ô²¥·µ¢-
¸±¨¥ ¸É·Ê±ÉÊ·Ò ¨ É.¶.), ¨, ± ± ËÊ´±Í¨Ö ³µ¤Ê²¥°, F µ¡ÒÎ´µ ¨³¥¥É ¸³Ò¸²
ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö.

‚ Éµ¶µ²µ£¨Î¥¸±µ° 2D-£· ¢¨É Í¨¨ ¨ ´¥±µÉµ·ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ
³µ¤¥²ÖÌ (Ap-¸¥·¨¨) § ¢¨¸¨³µ¸ÉÓ µÉ ³µ¤Ê²¥° t ¨ ¨¸ÉµÎ´¨±µ¢ T ¶· ±É¨Î¥¸±¨
¸µ¢¶ ¤ ¥É (t + T -Ëµ·³Ê²  [64]). ‡ ¤ Î¥° Ö¢²Ö¥É¸Ö ´ Ìµ¦¤¥´¨¥ Ö¢´µ£µ ¢¨¤ 
ËÊ´±Í¨¨ F(t,T) ¨²¨ ÌµÉÖ ¡Ò Ê· ¢´¥´¨°, ±µÉµ·Ò³ µ´  Ê¤µ¢²¥É¢µ·Ö¥É. ‚
¸²ÊÎ ¥ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨° ÔÉ  § ¤ Î  ·¥Ï ¥É¸Ö Ö¢´µ ¨ µÉ¢¥É ¢Ò· ¦ ¥É¸Ö
Î¥·¥§ ¨´É¥£· ² ¢¨¤ 

∫
DXe−TrV (X)+Tr ΛX , £¤¥ ³µ¤Ê²¨ t ¸¢Ö§ ´Ò ¸ ±µÔËË¨-

Í¨¥´É ³¨ ¶µÉ¥´Í¨ ²  V (X),   ¢´¥Ï´¨¥ ¨¸ÉµÎ´¨±¨ Å ¸µ ¸²¥¤ ³¨ ¸É¥¶¥´¥°
³ É·¨ÍÒ Λ. „µ± § É¥²Ó¸É¢µ t + T -Ëµ·³Ê²Ò Ö¢²Ö¥É¸Ö ´¥É·¨¢¨ ²Ó´µ° § ¤ Î¥°
(¸³. · §¤. 3).

‚ µ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ  § ¢¨¸¨³µ¸ÉÓ, ¥¸É¥¸É¢¥´´µ, · §²¨Î´  ¨ ¨´É¥·¥¸ ¶·¥¤-
¸É ¢²ÖÕÉ µ¡¥ § ¤ Î¨ ´¥§ ¢¨¸¨³µ. ‚ ¸²ÊÎ ¥ ÔËË¥±É¨¢´µ° N = 2 ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¢ Î¥ÉÒ·¥Ì ¨§³¥·¥´¨ÖÌ ¸ÊÐ¥¸É¢Ê¥É µÉ¢¥É
¶µ±  ²¨ÏÓ ´  ¶¥·¢Ò° ¢µ¶·µ¸ ¨ Î·¥§¢ÒÎ °´µ ¸ÊÐ¥¸É¢¥´´Ò³ Ë ±Éµ³ Ö¢²Ö¥É¸Ö
Éµ, ÎÉµ ¢¨²Ó¸µ´µ¢¸±µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¢ ¡¥§³ ¸¸µ¢µ³ ¸¥±Éµ·¥, Ö¢²Ö-
Ö¸Ó ËÊ´±Í¨µ´ ²µ³ ¶µ²¥°, ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´µ Î¥·¥§ ËÊ´±Í¨Õ ´¥¸±µ²Ó±¨Ì
±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ (¸³., ´ ¶·¨³¥·, [41, 42] ¨ ¸¸Ò²±¨ ¢ ÔÉ¨Ì · ¡µÉ Ì).
�ÉµÉ ÔËË¥±É ²¥£±µ ¶µ´ÖÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.

„²Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¸ £·Ê¶¶µ° SU(Nc)
¸± ²Ö·´Ò° ¶µÉ¥´Í¨ ² ¨³¥¥É ¢¨¤ V (φ) = Tr [φ,φ†]2, ¨ ¥£µ ³¨´¨³Ê³Ò ¸ ÉµÎ´µ-
¸ÉÓÕ ¤µ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° µÉ¢¥Î ÕÉ ¤¨ £µ´ ²Ó´Ò³ ¡¥¸¸²¥¤µ¢Ò³
³ É·¨Í ³ φ = diag (A1, . . . , ANc), ¨´¢ ·¨ ´ÉÒ ±µÉµ·ÒÌ

det (λ− φ) = PNc(λ) =

Nc∑
k=0

SNc−kλ
k (1.9)
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¢ ±µ²¨Î¥¸É¢¥, · ¢´µ³ · ´£Ê £·Ê¶¶Ò rank SU(Nc) = Nc − 1 (¨²¨ ²Õ¡µ° ¤·Ê-
£µ° ´ ¡µ·  ²£¥¡· ¨Î¥¸±¨ ´¥§ ¢¨¸¨³ÒÌ ¨´¢ ·¨ ´Éµ¢, ´ ¶·¨³¥·, hk = 1

k
Trφk),

¶ · ³¥É·¨§ÊÕÉ ¶·µ¸É· ´¸É¢µ Ë¨§¨Î¥¸±¨Ì ³µ¤Ê²¥°. �ËË¥±É •¨££¸  ¶·¨¢µ¤¨É
± ¶µÖ¢²¥´¨Õ ³ ¸¸Ò Ê ¢´¥¤¨ £µ´ ²Ó´µ° Î ¸É¨ ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö Aµ, É.±.
[φ,Aµ] = (Ai − Aj)Aij

µ , ¢ Éµ ¦¥ ¢·¥³Ö ¤¨ £µ´ ²Ó´ Ö Î ¸ÉÓ µ¸É ¥É¸Ö ¡¥§³ ¸-

¸µ¢µ°,   ± ²¨¡·µ¢µÎ´ Ö £·Ê¶¶  ´ ·ÊÏ ¥É¸Ö ¸ G = SU(Nc) ¤µ U(1)rankG =
= U(1)Nc−1. ’ ±¨³ µ¡· §µ³, ¡¥§³ ¸¸µ¢Ò° ¸¥±Éµ· ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´
± ± N = 2  ¡¥²¥¢  ± ²¨¡·µ¢µÎ´ Ö É¥µ·¨Ö, ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´ ±µÉµ·µ°
µ¶·¥¤¥²Ö¥É¸Ö ¢ É¥·³¨´ Ì ¸Ê¶¥·¶µ²¥° Φi = ϕi + ϑσµν ϑ̃G

i
µν + . . ., ¢ ±ÊÊ³-

´Ò¥ §´ Î¥´¨Ö ±µÉµ·ÒÌ ¸µ¢¶ ¤ ÕÉ ¸ ¤¨ £µ´ ²Ó´Ò³¨ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ φ.
�µÔÉµ³Ê ËÊ´±Í¨Ö ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ F(a) = F(A)|∑Ai=0 ¤¥°¸É¢¨-
É¥²Ó´µ µ¶·¥¤¥²Ö¥É ¢¨²Ó¸µ´µ¢¸±µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¡¥§³ ¸¸µ¢ÒÌ ¶µ²¥°,
±µÉµ·µ¥ ¶µ²ÊÎ ¥É¸Ö ¨§ ´¥¥ ¶µ¤¸É ´µ¢±µ°

Leff ∼
∫
d4ϑF(Ai → Φi) = . . .

∂2F
∂ai∂aj

GiµνG
j
µν + . . . (1.10)

—Éµ ± ¸ ¥É¸Ö ³ ¸¸¨¢´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¢ N = 2 ´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ°
É¥µ·¨¨, Éµ µ± §Ò¢ ¥É¸Ö [41,42], ÎÉµ, ¶µ ±· °´¥° ³¥·¥, ¸¶¥±É· ��‘-¸µ¸ÉµÖ´¨°∗

¸¢Ö§ ´ ¸ ËÊ´±Í¨¥° F ¸µµÉ´µÏ¥´¨¥³ M ∼ |na + maD|, £¤¥ aD = ∂F
∂a .

’ ±¨³ µ¡· §µ³, ¨³¥´´µ §´ ´¨¥ ËÊ´±Í¨¨ ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ F ± ±
ËÊ´±Í¨¨ ³µ¤Ê²¥° ¨ ¥¥ ¢¸¥¢µ§³µ¦´ÒÌ ¶·µ¨§¢µ¤´ÒÌ, ´ ¶·¨³¥·, · §²µ¦¥´¨¥ ¶µ
¨¸ÉµÎ´¨± ³ T, ¤ ¥É ´ ¨¡µ²¥¥ ¶µ²´ÊÕ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¨´Ëµ·³ Í¨Õ µ É¥µ-
·¨¨. �¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¶µ ±· °´¥° ³¥·¥ ¢ ´¥±µÉµ·µ³ ±² ¸¸¥ § ¤ Î,
µ¡Ð¨¥ Î¥·ÉÒ ±µÉµ·µ£µ µ¶¨¸ ´Ò ¢ ¤ ´´µ³ · §¤¥²¥, £² ¢´µ° Í¥²ÓÕ Ö¢²Ö¥É¸Ö
´ Ìµ¦¤¥´¨¥ ¨ Ëµ·³Ê²¨·µ¢±  ¸¢µ°¸É¢ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ F , ±µÉµ· Ö µÉ
Î ¸É¨ ¸¢µ¨Ì ¶¥·¥³¥´´ÒÌ § ¢¨¸¨É ± ± µÉ ³µ¤Ê²¥° ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò ´¥-
±µÉµ·µ° ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨.

�¸´µ¢´µ° ¨¤¥¥°, ± ± Ê¦¥ ¡Ò²µ ¸± § ´µ, Ö¢²Ö¥É¸Ö µÉµ¦¤¥¸É¢²¥´¨¥ ËÊ´±-
Í¨¨ F ,   É ±¦¥ ¤·Ê£¨Ì Ì · ±É¥·¨¸É¨± Ë¨§¨Î¥¸±µ° É¥µ·¨¨ ¸ ¢¥²¨Î¨´ ³¨,
¨³¥ÕÐ¨³¨ ¸³Ò¸² ¢ ¸¨¸É¥³ Ì ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° É¨¶  Š�/’µ¤Ò. „²Ö
Éµ£µ ÎÉµ¡Ò ¸Ëµ·³Ê²¨·µ¢ ÉÓ ÔÉÊ ¸¢Ö§Ó, ¶·¨¢¥¤¥³ É ±¦¥ ´¥±µÉµ·Ò¥ µ¶·¥¤¥²¥-
´¨Ö ¨§ É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥°. ‚ ±² ¸¸¥ · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ¤ ´´µ³
µ¡§µ·¥ § ¤ Î ¢¸¥ ¢µ§´¨± ÕÐ¨¥ Ê· ¢´¥´¨Ö µÉ´µ¸ÖÉ¸Ö ± ¨¥· ·Ì¨Ö³ Š� (1.5) ¨
’µ¤Ò (1.6), ÉµÎ´¥¥, ± ¨Ì ·¥¤Ê±Í¨Ö³. �µ´ÖÉ¨¥ ¨¥· ·Ì¨¨ µ§´ Î ¥É, ÎÉµ ¤¨´ -
³¨Î¥¸±¨¥ ¸¨¸É¥³Ò (1.5) ¨ (1.6) µ¡² ¤ ÕÉ ¡¥¸±µ´¥Î´Ò³ ±µ²¨Î¥¸É¢µ³ ¨´É¥£· -
²µ¢ ¤¢¨¦¥´¨Ö, ±µÉµ·Ò³ ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ ¡¥¸±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ ¢§ ¨³´µ
±µ³³ÊÉ¨·ÊÕÐ¨Ì (¨ ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ ¶¥·¢Ò³¨ (1.5) ¨ (1.6)) ¶µÉµ±µ¢. „¨Ë-

∗��‘-¸µ¸ÉµÖ´¨Ö³¨ (�µ£µ³µ²Ó´µ£µ Å �· ¸ ¤  Å ‡µ³³¥·Ë¥²Ó¤ ) ´ §Ò¢ ÕÉ¸Ö ¸µ¸ÉµÖ-
´¨Ö, ³ ¸¸Ò ±µÉµ·ÒÌ ¶·µ¶µ·Í¨µ´ ²Ó´Ò Í¥´É· ²Ó´Ò³ § ·Ö¤ ³ · ¸Ï¨·¥´´µ° N ≥ 2  ²£¥¡·Ò
¸Ê¶¥·¸¨³³¥É·¨¨.
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Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¶µ ¸É ·Ï¨³ ¢·¥³¥´ ³ Tk ¨³¥ÕÉ ¡µ²¥¥ ¸²µ¦´Ò°
¢¨¤, ¥¸²¨ ¨Ì ¶¨¸ ÉÓ ± ± Ê· ¢´¥´¨Ö ´  ËÊ´±Í¨¨ U(T) ¨ φn(T), ´µ ¸ÊÐ¥¸É¢Ê¥É
¡µ²¥¥ ¨§ÖÐ´Ò° ¸¶µ¸µ¡ § ¤ ´¨Ö ¢¸¥° ¨¥· ·Ì¨¨.

�ÉµÉ ¸¶µ¸µ¡ µ¸´µ¢ ´ ´  ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § ¤ Î¥ ¤²Ö ¨¥· ·Ì¨¨
¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°

∂

∂Tk
Ψ = BkΨ, (1.11)

£¤¥ Bk = Bk[U ;φ] Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò Éµ²Ó±µ ¶µ T1 ¢ ¸²Ê-
Î ¥ Š� (1.5) ¨²¨ · §´µ¸É´Ò¥ µ¶¥· Éµ·Ò ¶µ ¤¨¸±·¥É´µ³Ê ¢·¥³¥´¨ n ¢ ¸²Ê-
Î ¥ ’µ¤Ò (1.6),   ·¥Ï¥´¨¥ Ψ ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § ¤ Î¨ ´ §Ò¢ ¥É¸Ö
µ¡ÒÎ´µ ËÊ´±Í¨¥° �¥°±¥·  Å �Ì¨¥§¥· . Š Ê· ¢´¥´¨Ö³ (1.11) ³µ¦´µ ¤µ¡ ¢¨ÉÓ
Ê· ¢´¥´¨¥ ‹ ±¸ 

LΨ = λΨ, (1.12)

±µÉµ·µ¥ ¶·¨ ·¥¤Ê±Í¨ÖÌ ¢µ§´¨± ¥É ± ± µ¤´µ ¨§ Ê· ¢´¥´¨° Í¥¶µÎ±¨ (1.11).
ˆ¥· ·Ì¨Ö ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¶·¨ ÔÉµ³ Ô±¢¨¢ ²¥´É´  Ê· ¢-
´¥´¨Ö³ ‹ ±¸ 

∂L
∂Tk

= [Bk,L] (1.13)

¨²¨ Ê¸²µ¢¨Ö³ ¸µ¢³¥¸É´µ¸É¨ (‡ Ì ·µ¢  Å ˜ ¡ É )[
∂

∂Tk
−Bk,

∂

∂Tl
−Bl

]
= 0. (1.14)

� ¨¡µ²¥¥ Ê´¨¢¥·¸ ²Ó´Ò³ µ¡Ñ¥±Éµ³ ¢ É ±µ° Ëµ·³Ê²¨·µ¢±¥ ¨´É¥£·¨·Ê¥³ÒÌ § -
¤ Î Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨Ö •¨·µÉÒ, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö ¡¥¸±µ´¥Î´µ° Í¥¶µÎ±¥ ¡¨-
²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ (· §´µ¸É´ÒÌ) Ê· ¢´¥´¨° ¨ £¥´¥·¨·ÊÕÐ Ö ·¥Ï¥-
´¨Ö ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨, ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥·  ¨ É.¶. � ¶·¨³¥·,
¤²Ö ¨¥· ·Ì¨¨ Š�

Ψ = e
∑
Tkλ

k τ
(
Tk − 1

kλk

)
τ(T )

; U(T) = ∂2 log τ(T); . . . (1.15)

�´ ²µ£¨Î´Ò¥ Ëµ·³Ê²Ò ¸ÊÐ¥¸É¢ÊÕÉ ¨ ¤²Ö ¤·Ê£¨Ì ¨¥· ·Ì¨°.
ˆ¥· ·Ì¨¨ ’µ¤Ò ¨ Š� ¨³¥ÕÉ ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ·¥Ï¥´¨°, ¶ · ³¥É·¨§Ê¥-

³ÒÌ É ± ´ §Ò¢ ¥³µ° ÉµÎ±µ° ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´¨ ´  [58, 59], ¨²¨,
£·Ê¡µ £µ¢µ·Ö, ËÊ´±Í¨¥° ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ. — ¸É´Ò¥ ·¥Ï¥´¨Ö ³µ¦´µ ¢Ò-
¤¥²ÖÉÓ ¤µ¶µ²´¨É¥²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨, Î ¸Éµ ¨³¥ÕÐ¨³¨ ¢¨¤ ¤µ¶µ²´¨É¥²Ó´ÒÌ
(¢ µ¸´µ¢´µ³ ²¨´¥°´ÒÌ) Ê· ¢´¥´¨° ´  τ -ËÊ´±Í¨Õ.

�¸µ¡ÊÕ ·µ²Ó ¨£· ÕÉ ±µ´¥Î´µ³¥·´Ò¥ ·¥¤Ê±Í¨¨ ¨¥· ·Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ
Ê· ¢´¥´¨°, ±µ£¤  Éµ²Ó±µ ±µ´¥Î´µ¥ Î¨¸²µ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ¨ ¶µÉµ±µ¢ ∂

∂Tk
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Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨. Š· ¸¨¢Ò³ ¶·¨³¥·µ³ ±µ´¥Î´µ³¥·´ÒÌ ·¥¤Ê±Í¨° ¨¥· ·-
Ì¨° Ê· ¢´¥´¨° Š�/’µ¤Ò Ö¢²ÖÕÉ¸Ö É ± ´ §Ò¢ ¥³Ò¥ ±µ´¥Î´µ§µ´´Ò¥ ·¥Ï¥´¨Ö,
µ¶·¥¤¥²Ö¥³Ò¥ Ê¸²µ¢¨Ö³¨

[L,A] = 0, A =

finite∑
k

ckBk, (1.16)

£¤¥ LÅ µ¶¥· Éµ· ‹ ±¸  (1.12), Bk Å µ¶¥· Éµ·Ò Ô¢µ²ÕÍ¨¨ ËÊ´±Í¨¨ �¥°±¥· 
(1.11),   ck Å ´¥±µÉµ·Ò° ±µ´¥Î´Ò° ´ ¡µ· ´¥´Ê²¥¢ÒÌ ±µ´¸É ´É. ˆ´É¥£·¨·µ-
¢ ´¨¥ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨° ´ §Ò¢ ¥É¸Ö ±µ´¸É·Ê±Í¨¥° Š·¨Î¥¢¥·  [50] ¨
¸¢µ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¨³ Ï £ ³∗.
• ‘µ¢³¥¸É´Ò° ¸¶¥±É· ±µ³³ÊÉ¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ L ¨ A (1.16) § ¤ ¥É¸Ö

¸¨¸É¥³µ° Ê· ¢´¥´¨°, µ¶¨¸Ò¢ ÕÐ¨Ì ±µ³¶²¥±¸´ÊÕ ±·¨¢ÊÕ Σ, ¢ ¶·µ¸É¥°Ï¥³
¸²ÊÎ ¥ P(L,A) = 0.
• ”Ê´±Í¨Ö �¥°±¥·  Å �Ì¨¥§¥·  Ö¢²Ö¥É¸Ö ¸¥Î¥´¨¥³ ´¥±µÉµ·µ£µ · ¸¸²µ¥-

´¨Ö ´ ¤ Σ Å ¢ ¨¸¶µ²Ó§Ê¥³ÒÌ ´¨¦¥ ¸²ÊÎ ÖÌ ¶µÎÉ¨ ¢¸¥£¤  ²¨´¥°´µ£µ · ¸¸²µ¥-
´¨Ö.
• Œµ¤Ê²¨ ±µ³¶²¥±¸´µ° ±·¨¢µ° Ö¢²ÖÕÉ¸Ö ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö ¸¨¸É¥³Ò

(1.16).
• ˆ´É¥£·¨·ÊÕÐ¥° § ³¥´µ° ¶¥·¥³¥´´ÒÌ Ö¢²Ö¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥ �¡¥²Ö,

¨ ²¨Ê¢¨²²¥¢¸±¨° Éµ· (Ê£²µ¢Ò¥ ¶¥·¥³¥´´Ò¥) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³ ¸¥Î¥´¨¥³
Ö±µ¡¨ ´  ±·¨¢µ° Σ.
• ƒ ³¨²ÓÉµ´µ¢¸± Ö ¸É·Ê±ÉÊ·  ±µ´¥Î´µ§µ´´µ£µ ·¥Ï¥´¨Ö Ëµ·³Ê²¨·Ê¥É¸Ö ¸

¶µ³µÐÓÕ ¶·µ¨§¢µ¤ÖÐ¥£µ ³¥·µ³µ·Ë´µ£µ 1-¤¨ËË¥·¥´Í¨ ²  dS, ¶¥·¨µ¤Ò ±µ-
Éµ·µ£µ (¨´É¥£· ²Ò ¶µ ´¥É·¨¢¨ ²Ó´Ò³ Í¨±² ³ ´  ·¨³ ´µ¢¸±µ° ¶µ¢¥·Ì´µ¸É¨)
Ö¢²ÖÕÉ¸Ö ¶¥·¥³¥´´Ò³¨ ¤¥°¸É¢¨Ö (± ´µ´¨Î¥¸±¨³ ´ ¡µ·µ³ ¨´É¥£· ²µ¢ ¤¢¨¦¥-
´¨Ö) ¸¨¸É¥³Ò.
‚µ§´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ ±µ³¶²¥±¸´Ò¥ ±·¨¢Ò¥ § ¤ ÕÉ¸Ö  ²£¥¡· ¨Î¥¸±¨³¨ Ê· ¢-
´¥´¨Ö³¨ ¢¨¤ 

P(λ,w) = 0 (1.17)

(µ¤´µ ¸µµÉ´µÏ¥´¨¥ ´  ¤¢¥ ¶¥·¥³¥´´Ò¥ ¢¨¤  (1.17), £¤¥ P Ä ¶µ²¨´µ³, ±µ-
ÔËË¨Í¨¥´ÉÒ ±µÉµ·µ£µ Ö¢²ÖÕÉ¸Ö ³µ¤Ê²Ö³¨ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò, § ¤ ¥É
µ¤´µ³¥·´µ¥ ±µ³¶²¥±¸´µ¥ (¨²¨ ¤¢Ê³¥·´µ¥ ¢¥Ð¥¸É¢¥´´µ¥) ³´µ£µµ¡· §¨¥) ¨²¨
¸¨¸É¥³ ³¨ Ê· ¢´¥´¨° ´  ´¥¸±µ²Ó±µ ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ. ’µ¶µ²µ£¨Î¥-
¸±¨ ± ¦¤ Ö ±µ³¶²¥±¸´ Ö ±·¨¢ Ö Ì · ±É¥·¨§Ê¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ¶ · ³¥É·µ³
Å ·µ¤µ³ g (±µ²¨Î¥¸É¢µ³ ¶·¨±²¥¥´´ÒÌ ª·ÊÎ¥±ª), ¶·¨ ÔÉµ³ ¤²Ö ¶µ¢¥·Ì´µ¸É¨

∗ŒÒ ¶·¨¢µ¤¨³ §¤¥¸Ó ²¨ÏÓ ª£·Ê¡ÊÕª ± ·É¨´Ê ±µ´¥Î´µ§µ´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¨¸±²ÕÎ¨-
É¥²Ó´µ ¤²Ö ¶µÖ¸´¥´¨Ö ÊÉ¢¥·¦¤¥´¨°, ¸¤¥² ´´ÒÌ ¢ µ¸´µ¢´µ³ É¥±¸É¥, µÉ¸Ò² Ö §  ÉµÎ´Ò³¨ ³ É¥³ -
É¨Î¥¸±¨³¨ Ëµ·³Ê²¨·µ¢± ³¨ ± [50Ä53].
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Ë¨±¸¨·µ¢ ´´µ£µ ·µ¤  Σg ±µ³¶²¥±¸´ Ö ¸É·Ê±ÉÊ·  µ¶·¥¤¥²Ö¥É¸Ö 3g − 3 ¶ · -
³¥É· ³¨ Å ³µ¤Ê²Ö³¨ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò, É.¥. dimCMg = 3g − 3. Šµ-
´¥Î´µ§µ´´Ò³ ¨´É¥£·¨·Ê¥³Ò³ ¸¨¸É¥³ ³ µ¡ÒÎ´µ µÉ¢¥Î ÕÉ g-¶ · ³¥É·¨Î¥¸±¨¥
¸¥³¥°¸É¢  ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ (ÎÉµ¡Ò · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥°,
· ¢´ Ö ±µ²¨Î¥¸É¢Ê ´¥§ ¢¨¸¨³ÒÌ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö, ¸µ¢¶ ¤ ²  ¸ · §³¥·-
´µ¸ÉÓÕ Ö±µ¡¨ ´  ±·¨¢µ°, É.¥. Î¨¸²µ³ Ê£²µ¢ÒÌ ¶¥·¥³¥´´ÒÌ). � §³¥·´µ¸ÉÓ
¦¥ Ö±µ¡¨ ´  ¸µ¢¶ ¤ ¥É ¸ ±µ²¨Î¥¸É¢µ³ £²µ¡ ²Ó´µ µ¶·¥¤¥²¥´´ÒÌ £µ²µ³µ·Ë´ÒÌ
¤¨ËË¥·¥´Í¨ ²µ¢ dωi, i = 1, . . . , g, ¨ · ¢´  ·µ¤Ê ¶µ¢¥·Ì´µ¸É¨. �  ¶µ¢¥·Ì´µ-
¸É¨ ·µ¤  g ¸ÊÐ¥¸É¢Ê¥É 2g ´¥§ ¢¨¸¨³ÒÌ ´¥¸ÉÖ£¨¢ ¥³ÒÌ Í¨±²µ¢ (¶µ ¤¢  ¢µ±·Ê£
± ¦¤µ° ª·ÊÎ±¨ª), ± ´µ´¨Î¥¸±¨° ´ ¡µ· ±µÉµ·ÒÌ µÉ¢¥Î ¥É · §¡¨¥´¨Õ ´  É ± ´ -
§Ò¢ ¥³Ò¥ Ai, i = 1, . . . , g, ¨ Bi, i = 1, . . . , g, Í¨±²Ò ¸ ¨´¤¥±¸µ³ ¶¥·¥¸¥Î¥´¨Ö
Ai ◦ Bj = δij . ƒµ²µ³µ·Ë´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò ± ´µ´¨Î¥¸±¨ ¢Ò¡¨· ÕÉ¸Ö ´µ·-
³¨·µ¢ ´´Ò³¨ ´  A-Í¨±²Ò

∮
Aj
dωi = δij , ¶·¨ ÔÉµ³ ¨´É¥£· ²Ò ¶µ B-Í¨±² ³

¤ ÕÉ ³ É·¨ÍÊ ¶¥·¨µ¤µ¢
∮
Bj
dωi = Tij . Šµ´¥Î´µ§µ´´Ò¥ ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö

´ ¨¡µ²¥¥ ¶·µ¸ÉÒ³¨ ·¥Ï¥´¨Ö³¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, ¨§ ¨³¥ÕÐ¨Ì µÉ´µ-
Ï¥´¨¥ ± ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ±¢ ´Éµ¢Ò³ É¥µ·¨Ö³. ‚µµ¡Ð¥ £µ¢µ·Ö, µ´¨ ¶·¥¤-
¸É ¢²ÖÕÉ ¸µ¡µ° ²¨ÏÓ ¶¥·¢µ¥ ¶·¨¡²¨¦¥´¨¥ ± ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ·¥Ï¥´¨Ö³,
Ö¢²ÖÕÐ¨³¸Ö µ¸´µ¢´µ° É¥³µ° ¤ ´´µ£µ µ¡§µ· , Ê¦¥ ¶µ§¢µ²ÖÖ ¶·¨ ÔÉµ³ µ¶¨-
¸ ÉÓ Î ¸ÉÓ ¨´Ëµ·³ Í¨¨ µ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± Ì ÔËË¥±É¨¢´µ° É¥µ·¨¨.
Š·µ³¥ Éµ£µ, ¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¨´-
É¥£·¨·Ê¥³Ò¥ ¤¥Ëµ·³ Í¨¨ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨°, µ¶¨¸Ò¢ ¥³Ò¥ ¨¥· ·Ì¨Ö³¨
Ê· ¢´¥´¨° “¨§¥³ . ‚ É¥Ì ¦¥ ¸²ÊÎ ÖÌ, ±µ£¤  ·¥Ï¥´¨¥ É¥µ·¨¨ ¸É·Ê´ ³µ¦¥É ¡ÒÉÓ
´ °¤¥´µ ÉµÎ´µ, µ´µ µ± §Ò¢ ¥É¸Ö ¶²µÌµ µ¶·¥¤¥²¥´´Ò³ ·¥Ï¥´¨¥³ ¨´É¥£·¨·Ê-
¥³µ° ¸¨¸É¥³Ò (´¥¶¥·¨µ¤¨Î¥¸±¨³, ´¥ Ê¡Ò¢ ÕÐ¨³,  , ´ µ¡µ·µÉ, · ¸ÉÊÐ¨³ ´ 
¡¥¸±µ´¥Î´µ¸É¨ ¨ É.¶.), ´µ ¢ Éµ ¦¥ ¢·¥³Ö µÉ¢¥Î ¥É ³¨´¨³ ²Ó´µ° ¤¥Ëµ·³ Í¨¨
Ê· ¢´¥´¨Ö (1.16) Å ¶µÖ¢²¥´¨Õ ±µ´¸É ´ÉÒ ¢ ¶· ¢µ° Î ¸É¨ · ¢¥´¸É¢ . ’ ±µ¥
¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥ ´ §Ò¢ ¥É¸Ö ¸É·Ê´´Ò³ Ê· ¢´¥´¨¥³ [24], ¶·¨ ª¶·µ¤²¥-
´¨¨ª ¥£µ ´  ¢¸Õ ¨¥· ·Ì¨Õ ÔÉµ Ê¸²µ¢¨¥ ¶·¨´¨³ ¥É ¢¨¤ Ê¸²µ¢¨Ö ¨´¢ ·¨ ´É´µ¸É¨
τ -ËÊ´±Í¨¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢,
µ¡· §ÊÕÐ¨Ì ¡µ·¥²¥¢¸±ÊÕ (n ≥ −1) Î ¸ÉÓ  ²£¥¡·Ò ‚¨· ¸µ·µ.

� ¸µ¤¥·¦ ´¨¨ µ¡§µ· . ŒÒ ´ Î´¥³ ¸ Ëµ·³Ê²¨·µ¢±¨ Éµ¶µ²µ£¨Î¥¸±µ° Ë §Ò
2D-£· ¢¨É Í¨¨ ´  µ¸´µ¢¥ É¥Ì´¨±¨ ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö ¨ É¥-
µ·¨¨ ¸¢µ¡µ¤´ÒÌ ¶µ²¥° ´  ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸ÉÖÌ Ä ³¨·µ¢ÒÌ ²¨¸É Ì ¢ É¥µ-
·¨¨ ¸É·Ê´. �µ± § ´µ, ÎÉµ ±µ··¥²ÖÉµ·Ò ¢ É¥µ·¨¨ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¨
¨³¥ÕÉ ¶·¥¤¸É ¢²¥´¨¥ ¢ É¥·³¨´ Ì cCFT = −2 ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨
¸µ ¸¶¥Í¨ ²Ó´µ° ³ É¥·¨¥°, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ µ¡ÒÎ´µ° ²¨Ê¢¨²²¥¢¸±µ° £· -
¢¨É Í¨¥°,   É ±¦¥ ¨¸¸²¥¤µ¢ ´µ µ¡µ¡Ð¥´¨¥ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ´  ¸²ÊÎ °
¢Ò¸Ï¨Ì ´¥²¨´¥°´ÒÌ ¤¢Ê³¥·´ÒÌ ¸¨³³¥É·¨°, µÉ¢¥Î ÕÐ¨Ì W - ²£¥¡· ³. � ¸-
¸³µÉ·¥´  £¥µ³¥É·¨Î¥¸± Ö Ëµ·³Ê²¨·µ¢±  2D- ¨ W -£· ¢¨É Í¨¨, ¶·¨ ±µÉµ·µ°
¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¢µ§´¨± ÕÉ µ¡Ñ¥±ÉÒ ¨§ É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³.
ˆ¸¸²¥¤µ¢ ´Ò  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ ¢ 2D- ¨ W -£· ¢¨É Í¨¨, ¢ Î ¸É´µ¸É¨, ¶µ-
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± § ´µ, ÎÉµ ¢ ¸¥±Éµ·¥ µÉ±·ÒÉÒÌ ¸É·Ê´ (¨²¨ £µ²µ³µ·Ë´µ³ ¸¥±Éµ·¥ ³µ¤¥²¨)
¸ÊÐ¥¸É¢ÊÕÉ § ³±´ÊÉÒ¥ ¶µ¤ ²£¥¡·Ò, ¸É·Ê±ÉÊ·  ±µÉµ·ÒÌ µ¶·¥¤¥²Ö¥É¸Ö ³µ¤¥²ÓÕ
(¸Ê³³µ° ¢¸¥Ì Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸ ¥¤¨´¨Î´Ò³ ¢¥¸µ³) ¸µµÉ¢¥É¸É¢ÊÕÐ¥°
±µ´¥Î´µ³¥·´µ° £·Ê¶¶Ò (£·Ê¶¶Ò G ¤²Ö WG-£· ¢¨É Í¨¨).

„ ²¥¥ ¢ · §¤.2 ³Ò ¶¥·¥Ìµ¤¨³ ´¥¶µ¸·¥¤¸É¢¥´´µ ± ÉµÎ´µ° ´¥¶¥·ÉÊ·¡ É¨¢-
´µ° Ëµ·³Ê²¨·µ¢±¥ ±¢ ´Éµ¢ÒÌ É¥µ·¨° ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¨,
¤²Ö ´ Î ² , · ¸¸³ É·¨¢ ¥³ ¶µÖ¢¨¢Ï¨°¸Ö ¨¸Éµ·¨Î¥¸±¨ ¶¥·¢Ò³ ¶·¨³¥· Å ³µ-
¤¥²¨ ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨. ‚ ¶.2.3 ¶µ± § ´µ, ± ± ÉµÎ´µ¥ ´¥¶¥·ÉÊ·¡ É¨¢-
´µ¥ ·¥Ï¥´¨¥ ³µ¤¥²¥° 2D-£· ¢¨É Í¨¨ (2, 2k + 1)-¸¥·¨¨ (¢±²ÕÎ ÕÐ¨Ì Î¨¸ÉÊÕ
£· ¢¨É Í¨Õ Å É¥µ·¨Õ ¸ k = 1) Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É¥·³¨´ Ì ·¥Ï¥´¨Ö ¨¥· ·-
Ì¨¨ Ê· ¢´¥´¨Ö Šµ·É¥¢¥£  Å ¤¥ ”·¨§  (Š¤”), ¨´¢ ·¨ ´É´µ£µ µÉ´µ¸¨É¥²Ó´µ
¤¥°¸É¢¨Ö n ≥ 1 (¡µ·¥²¥¢¸±µ°) ¶µ¤ ²£¥¡·Ò  ²£¥¡·Ò ‚¨· ¸µ·µ. ‚ ÔÉµ³ · §-
¤¥²¥ ¢¶¥·¢Ò¥ ¶·¨¢¥¤¥´ ²µ£ ·¨Ë³ τ -ËÊ´±Í¨¨ ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨, Ö¢²Ö-
ÕÐ¨°¸Ö ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¥° ¤²Ö ±µ··¥²ÖÉµ·µ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¸É·Ê´-
´µ° É¥µ·¨¨,   É ±¦¥ ¶µ¸É·µ¥´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¤²Ö
¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö, ¶µ§¢µ²ÖÕÐ¥¥ ¶µ¸É ¢¨ÉÓ ¢µ¶·µ¸ µ¡ ¨´É¥·¶µ²ÖÍ¨¨ ³¥¦¤Ê
· §²¨Î´Ò³¨ ±·¨É¨Î¥¸±¨³¨ ÉµÎ± ³¨ (2, 2k + 1)-¸¥·¨¨. ‚ ¶.2.4 ¤µ± § ´µ, ÎÉµ
¸ÊÐ¥¸É¢Ê¥É Ö¢´µ¥ ·¥Ï¥´¨¥ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°, É.¥. ¨³¥¥É¸Ö ¶·¥¤¸É ¢²¥-
´¨¥ ¢ ¢¨¤¥ ³ É·¨Î´µ£µ ¨´É¥£· ²  ¤²Ö τ -ËÊ´±Í¨¨, ¤²Ö É¥µ·¨¨ Éµ¶µ²µ£¨Î¥-
¸±µ° £· ¢¨É Í¨¨, Ëµ·³ ²Ó´µ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ±µÉµ·µ° Ê¤µ¢²¥É¢µ·Ö¥É
É¥³ ¦¥ Ê· ¢´¥´¨Ö³, ÎÉµ ¨ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨
((2, 2k + 1)-¸¥·¨¨).

� §¤¥² 3 ¶µ¸¢ÖÐ¥´ ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢±¥ Éµ¶µ²µ£¨Î¥¸±¨Ì
c < 1 ¸É·Ê´´ÒÌ ³µ¤¥²¥° Å É¥µ·¨°, £¤¥ ¨§¢¥¸É´Ò ´¥ Éµ²Ó±µ Ëµ·³Ê²¨·µ¢±  ´¥-
¶¥·ÉÊ·¡ É¨¢´µ£µ ·¥¦¨³  ¢ É¥·³¨´ Ì ¸¨¸É¥³ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°, ´µ ¨
´ °¤¥´Ò Ö¢´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ¢ ¨´É¥£· ²Ó´µ° Ëµ·³¥, ¶µ§¢µ²ÖÕÐ¥°,
¢ ¶·¨´Í¨¶¥, ¶µ²ÊÎ¨ÉÓ ÉµÎ´Ò° µÉ¢¥É ¤²Ö ±µ··¥²ÖÍ¨µ´´µ° ËÊ´±Í¨¨. ‚ ¶.3.1 ¤µ-
± § ´  ¨´É¥£·¨·Ê¥³µ¸ÉÓ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° (A(p−1)-¸¥·¨¨):  
¨³¥´´µ, ÎÉµ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ²µ£ ·¨Ë³µ³ τ -ËÊ´±Í¨¨ ·¥¤Ê-
Í¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š ¤µ³Í¥¢  Å �¥É¢¨ Ï¢¨²¨ (Š�), Ê¤µ¢²¥É¢µ·ÖÕÐ¥°

¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ
∑
k

kTk
∂F(p)

∂Tk−p
+

∑
a+b=p

aTabTb = 0. ‚ ¶.3.2 Ö¢´µ ¶µ-

¸É·µ¥´Ò ·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¨ ¨Ì Éµ¶µ²µ£¨Î¥¸±¨¥
¤¥Ëµ·³ Í¨¨ ¢ É¥µ·¨¨ ƒ¨´§¡Ê·£  Å ‹ ´¤ Ê (É.¥. µ¶·¥¤¥²Ö¥³Ò¥ ¶µ²¨´µ³¨ ²Ó-
´Ò³ (¸Ê¶¥·)¶µÉ¥´Í¨ ²µ³) ¢ ¢¨¤¥ ³ É·¨Î´µ-¨´É¥£· ²Ó´ÒÌ ·¥Ï¥´¨° ¨¥· ·Ì¨¨
Š�. ‚ ¶.3.3 · ¸¸³ É·¨¢ ¥É¸Ö µ¡µ¡Ð¥´¨¥ ±µ´¸É·Ê±Í¨¨ ´  ¸²ÊÎ ° ´¥Éµ¶µ-
²µ£¨Î¥¸±¨Ì ·¥Ï¥´¨°. �µ± § ´µ, ÎÉµ Ö¢´Ò¥ ·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨°
Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ¡µ²¥¥ µ¡Ð¥° Ëµ·³Ê²Ò Å ¶·¥µ¡· §µ¢ ´¨Ö pq-¤Ê ²Ó´µ¸É¨

Ψ(p,q)(λ) =
∫
dµ(x)eS

(p,q)(λ,x)Ψ(q,p)(x), Ëµ·³Ê²¨·µ¢±  ±µÉµ·µ£µ ¨ Ö¢²Ö¥É¸Ö
Í¥´É· ²Ó´Ò³ ³¥¸Éµ³ ¶.3.3. � ±µ´¥Í, ¢ ¶.3.4 ¨¸¸²¥¤µ¢ ´ c→ 1 ¶·¥¤¥² ´¥¶¥·-
ÉÊ·¡ É¨¢´ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì ·¥Ï¥´¨° ¨ ¶µ¸É·µ¥´  ¥£µ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±-
Í¨Ö ¢ É¥·³¨´ Ì τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ ¤¢Ê³¥·´µ° ·¥Ï¥É±¨ ’µ¤Ò. Š·µ³¥ Éµ£µ,
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¢ ¶.3.4 ¶·¥¤²µ¦¥´  ¨´É¥·¶·¥É Í¨Ö ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¸ ÉµÎ±¨ §·¥´¨Ö
¸É·Ê´´µ° É¥µ·¨¨ ¶µ²Ö.

� ±µ´¥Í, ¢ · §¤. 4 ³Ò ¶¥·¥Ìµ¤¨³ ± Ë¨§¨Î¥¸±¨ ´ ¨¡µ²¥¥ ¨´É¥·¥¸´µ³Ê ¸²Ê-
Î Õ Å Î¥ÉÒ·¥Ì³¥·´Ò³ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ ± ²¨¡·µ¢µÎ´Ò³ É¥µ·¨Ö³
¶µ²Ö, Ö¢²ÖÕÐ¨³¸Ö ÉµÎ¥Î´Ò³ (¨²¨ ¶µ²¥¢Ò³) ¶·¥¤¥²µ³ ¡µ²¥¥ ¸²µ¦´ÒÌ c > 1
É¥µ·¨° ¸É·Ê´. ‚ ¶.4.1 ¸Ëµ·³Ê²¨·µ¢ ´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ·¥Ï¥´¨¥ N = 2
¸Ê¶¥·¸¨³³¥É·¨Î´µ° £²Õµ¤¨´ ³¨±¨ ¢ É¥·³¨´ Ì ¶¥·¨µ¤¨Î¥¸±¨Ì ·¥Ï¥´¨° Í¥-
¶µÎ±¨ ’µ¤Ò. �µ± § ´µ, ¢ Î ¸É´µ¸É¨, ÎÉµ ³µ¤Ê²¨ Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨° (¶ -
· ³¥É·Ò ·¥Ï¥´¨° ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö) ¢ ¸²ÊÎ ¥ N = 2 ³µ£ÊÉ
¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´Ò ¸ ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö Í¥¶µÎ±¨ ’µ¤Ò, ¨ ¸ÊÐ¥¸É¢Ê¥É
¨§ÖÐ´Ò° Ëµ·³ ²¨§³ É ±µ£µ µÉµ¦¤¥¸É¢²¥´¨Ö ¢ É¥·³¨´ Ì ±µ³¶²¥±¸´ÒÌ ±·¨-
¢ÒÌ. ‚ ¶.4.2 · ¸¸³µÉ·¥´  Ô²²¨¶É¨Î¥¸± Ö ¤¥Ëµ·³ Í¨Ö Í¥¶µÎ±¨ ’µ¤Ò ¢ ³µ-
¤¥²Ó Š ²µ¤¦¥·µ Å Œµ§¥· , µÉ¢¥Î ÕÐ Ö ¢±²ÕÎ¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö N = 2
´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¸ ³ É¥·¨¥° ¢ ¶·¨¸µ¥¤¨´¥´´µ³ ¶·¥¤¸É ¢²¥-
´¨¨ ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò. ‚ ¶.4.3 ¨¸¸²¥¤µ¢ ´   ²ÓÉ¥·´ É¨¢´ Ö ¤¥Ëµ·³ Í¨Ö
Í¥¶µÎ±¨ ’µ¤Ò ¢ (±² ¸¸¨Î¥¸±¨¥) ¸¶¨´µ¢Ò¥ Í¥¶µÎ±¨, ¨ ·¥Ï¥´¨¥ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥° ¶¥·¨µ¤¨Î¥¸±µ° § ¤ Î¨ µÉµ¦¤¥¸É¢²¥´µ ¸ ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢-
±µ° N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„.

’ ±¨³ µ¡· §µ³, ¢ · §¤. 4 ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥Ï¥´¨Ö N = 2 ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° ´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¸Ëµ·³Ê²¨·µ¢ ´Ò ¢ É¥·³¨´ Ì
±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° É¨¶  Š�/’µ¤Ò. �µ²¥¥ ¶µ¤·µ¡´µ ¤¥É ²¨
¸¢Ö§¨ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¸ ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¡Ê¤ÊÉ · ¸¸³µÉ·¥´Ò
¢ ¤ ²Ó´¥°Ï¥³ [90].

2. ’�—�›… �…‡“‹œ’�’› ‚ 2D-ƒ��‚ˆ’�–ˆˆ
ˆ ‘’�“��›… �…˜…�ˆŸ ˆ�’…ƒ�ˆ�“…Œ›• ‘ˆ‘’…Œ

2.1. 2D- ¨ W -£· ¢¨É Í¨Ö ¢ Ëµ·³ ²¨§³¥ ±µ´Ëµ·³´ÒÌ É¥µ·¨° ¨ ¨´É¥-
£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò É¨¶  Š�. �É¶· ¢´µ° ÉµÎ±µ° ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨ ±¢ ´Éµ-
¢µ° £· ¢¨É Í¨¨ ¡Ê¤¥³ ¸Î¨É ÉÓ Éµ, ÎÉµ É¥µ·¨Ö, ¸¢µ¤ÖÐ Ö¸Ö ¶µ µ¶·¥¤¥²¥´¨Õ ±
¨´É¥£·¨·µ¢ ´¨Õ ¶µ ¢¸¥³ ³¥É·¨± ³ (¥¸²¨ ³Ò ´¥ ´ Ìµ¤¨³¸Ö ¢ ¸¶µ´É ´´µ ´ -
·ÊÏ¥´´µ° Ë §¥), ¶µ ±· °´¥° ³¥·¥, ´ ¨¢´µ Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ° É¥µ·¨¥°.
�¸É ¢¨³ ¶µ±  ¢ ¸Éµ·µ´¥ ¤¥É ²Ó´µ¥ µ¡¸Ê¦¤¥´¨¥ Éµ¶µ²µ£¨Î¥¸±µ° ¶·¨·µ¤Ò ¶·µ-
¨§¢µ²Ó´µ° É¥µ·¨¨ £· ¢¨É Í¨¨, §¤¥¸Ó ¡Ê¤¥É ·¥Ï¥´  £µ· §¤µ ¡µ²¥¥ ¸±·µ³´ Ö
§ ¤ Î ,   ¨³¥´´µ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ Éµ¶µ²µ£¨Î¥¸±¨¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±-
Í¨¨ ¢ ¸ ³µ³ ¤¥²¥ ¢µ§´¨± ÕÉ ¢ µ·¨£¨´ ²Ó´µ³ ¶µ²Ö±µ¢¸±µ³ ¶µ¤Ìµ¤¥ [12,19Ä21]
± ¶¥·ÉÊ·¡ É¨¢´µ° ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨.

ŒÒ ¶·µ¤¥³µ´¸É·¨·Ê¥³, ÎÉµ ´ ¡²Õ¤ ¥³Ò¥ ¢ Éµ¶µ²µ£¨Î¥¸±µ³ ¸¥±Éµ·¥ [32]
¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¸¢Ö§ ´Ò ¸ µ¶¥· Éµ· ³¨ ´Ê²¥¢µ° · §³¥·´µ¸É¨ ¸ ÉµÎ±¨
§·¥´¨Ö ±µ´Ëµ·³´µ° É¥µ·¨¨,   ¢ÒÎ¨¸²¥´¨¥ ³´µ£µ¶¥É²¥¢ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì
±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¨³¥¥É µÉ´µÏ¥´¨¥ ± ¶·µ¡²¥³¥ ¶·¥¤¸É ¢²¥´¨Ö ¸¢µ-
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¡µ¤´Ò³¨ ¡µ§µ´´Ò³¨ ¶µ²Ö³¨ ¡µ§µ´´ÒÌ ¸¨¸É¥³ ¶¥·¢µ£µ ¶µ·Ö¤±  Å É ± ´ §Ò-
¢ ¥³ÒÌ βγ-¸¨¸É¥³ [83,86,87].

‘Ëµ·³Ê²¨·µ¢ ´´Ò¥ ´¨¦¥ ·¥§Ê²ÓÉ ÉÒ µ¸´µ¢ ´Ò ´  ¸²¥¤ÊÕÐ¨Ì ¶µ¸ÉÊ² -
É Ì ±µ´Ëµ·³´µ£µ ¶µ¤Ìµ¤  ± ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ [19Ä21].
• ‚Ò¡µ· ±µ´Ëµ·³´µ° ¸É·Ê±ÉÊ·Ò ¢ ¤¢Ê³¥·¨¨ Ô±¢¨¢ ²¥´É¥´ ¢Ò¡µ·Ê ±µ³¶²¥±¸-
´µ° ¸É·Ê±ÉÊ·Ò: ¢ ±µµ·¤¨´ É Ì z, z̄ ´  ¶µ¢¥·Ì´µ¸É¨ Ë¨±¸¨·µ¢ ´´µ£µ ·µ¤  g
³¥É·¨±  gab ³µ¦¥É ¡ÒÉÓ § ³¥´¥´  ´  ¶µ²¥ ‹¨Ê¢¨²²Ö φL: gab = eφL(g0)ab
¨ ¤ÊÌ¨ bc Å  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨¥ ¶µ²Ö ¸¶¨´  2 ¨ −1 ¨ ¨³ ±µ³¶²¥±¸´µ-
¸µ¶·Ö¦¥´´Ò¥. „¥°¸É¢¨¥ É ±¦¥ § ¢¨¸¨É µÉ µ¶µ·´µ° ³¥É·¨±¨ g0 = g0(y), Ö¢²Ö-
ÕÐ¥°¸Ö ËÊ´±Í¨¥° ³µ¤Ê²¥° ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò ({y} Å ±µµ·¤¨´ ÉÒ ´ 
Mg [12,13]).

„²Ö ¸¨¸É¥³Ò ¨§ ±µ´Ëµ·³´µ° É¥µ·¨¨ ª³ É¥·¨¨ª, ¸ ¤¥°¸É¢¨¥³ SCFT {ϕ, g},
Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c, ¨ 2D-£· ¢¨É Í¨¨ ¶µ²Ö±µ¢¸±¨° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥-
£· ² (1.1) [12,19,20] ¶·¨´¨³ ¥É ¢¨¤

Fg{K} =

∫
Σg

Dgab e−Sgravity{gab}
∫
Dϕ e−SCFT {ϕ,gab}K̃{ϕ, gab} =

= Ag

∫
Mp

dy

∫
DφLDϕ e−

25−c
48π

∫
d2z(

1
2 |∂φL|2+R0φL)−SCFT {ϕ,g0}×

×
∫ ∣∣∣Db Dc e

∫
b∂̄c
∣∣∣2K{ϕ, b, c, φL}, (2.1)

£¤¥ R0 = ∂∂̄ log g0, |∂φL|2 ≡ ∂φL∂̄φL,   K̃{ϕ, gab} µ¡µ§´ Î ¥É ´¥±µÉµ·Ò° ´ -
¡µ· ¢¥·Ï¨´´ÒÌ µ¶¥· Éµ·µ¢ ¢ É¥µ·¨¨ ∗. ŠµÔËË¨Í¨¥´É 25−c

48π ¶¥·¥¤ ¤¥°¸É¢¨¥³
‹¨Ê¢¨²²Ö ¢ ¶· ¢µ° Î ¸É¨ (2.1) µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö ¸µ±· Ð¥´¨Ö ±µ´Ëµ·³-
´µ°, £µ²µ³µ·Ë´µ° ¨ £· ¢¨É Í¨µ´´µ°  ´µ³ ²¨¨ [12,13,19,20]. Šµ´¸É ´É  Ag
§ ¢¨¸¨É µÉ ¢Ò¡µ·  ´µ·³¨·µ¢±¨ ±µ´É¨´Ê ²Ó´µ£µ ¨´É¥£· ²  (2.1) ¨, ¢µµ¡Ð¥
£µ¢µ·Ö, ´¥ Ë¨±¸¨·Ê¥É¸Ö ¢ ¶µ²Ö±µ¢¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö. ‚µ¶·µ¸ µ Ë¨±-
¸ Í¨¨ ÔÉµ° ´µ·³¨·µ¢±¨ (ÉµÎ´¥¥, µÉ´µ¸¨É¥²Ó´µ° ´µ·³¨·µ¢±¨ Fg , µÉ¢¥Î ÕÐ¨Ì
· §´Ò³ ·µ¤ ³) ·¥Ï ¥É¸Ö ²¨ÏÓ ¶ÊÉ¥³ ´ ²µ¦¥´¨Ö ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ´ 
¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ ¨ ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ´¨¦¥.
• �¸´µ¢´µ° ¶µ¸ÉÊ² É § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ DφL Å ³¥·  ¤²Ö ¸¢µ¡µ¤´µ£µ
¸± ²Ö·´µ£µ ¶µ²Ö, É.¥. µ¶·¥¤¥²Ö¥É¸Ö ´µ·³µ° ‖δφ‖2 =

∫
d2z

|δφ|2,   ´¥
∫
d2z

|δφ|2eφ.

�¸´µ¢´µ° (ÌµÉÖ ¨ ´¥ ¢¶µ²´¥ Ê¡¥¤¨É¥²Ó´Ò°)  ·£Ê³¥´É ¢ ¶µ²Ó§Ê ÔÉµ£µ ¶µ¸ÉÊ-
² É  Å ¸¢Ö§Ó 2D-£· ¢¨É Í¨¨ ¸ ·¥¤Ê±Í¨¥° „·¨´Ë¥²Ó¤  Å ‘µ±µ²µ¢  SL(2,R)

∗K µÉ²¨Î ¥É¸Ö µÉ K̃ Ë ±Éµ·µ³
3g−3∏
i=1

∣∣∣∣∣ ∫
d2z

µib

∣∣∣∣∣
2

, £¤¥ µi Å (−1, 1)-¤¨ËË¥·¥´Í¨ ²Ò �¥²Ó-

É· ³¨, ¸¢Ö§ ´´Ò¥ ¸ ±µ´±·¥É´Ò³ ¢Ò¡µ·µ³ ±µµ·¤¨´ É yi ´  ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° Mg .
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³µ¤¥²¨ ‚¥¸¸  Å ‡Ê³¨´µ Å �µ¢¨±µ¢  Å ‚¨ÉÉ¥´  (‚‡�‚) ¨²¨ £¥µ³¥É·¨Î¥¸-
±¨³ ±¢ ´Éµ¢ ´¨¥³  ²£¥¡·Ò ‚¨· ¸µ·µ [21, 87], ¨§ ±µÉµ·µ° ¸²¥¤Ê¥É SL(2)-
¨´¢ ·¨ ´É´ Ö ³¥·  ¨´É¥£·¨·µ¢ ´¨Ö DφL ∼

∏
z

dF
F ′ (z) ∼ (det ∂)−1

∏
z

dφL(z),

F ′(z) = ∂F (z) = eφL(z), ¢ Éµ ¢·¥³Ö ± ±
∏
z

eφL(z)dφL(z) µÉ¢¥Î ¥É
∏
z

dF
F ′2 , ±µ-

Éµ· Ö ´¥ ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ ¤·µ¡´µ-²¨´¥°´ÒÌ ¶·¥µ¡· §µ¢ ´¨° F →
→ aF+b

cF+d . Š·µ³¥ ¢¸¥£µ ¶·µÎ¥£µ, ÔÉµÉ  ·£Ê³¥´É ¶·¨³¥´¨³ ²¨ÏÓ ± ª£µ²µ³µ·Ë-
´µ³Ê ±¢ ¤· É´µ³Ê ±µ·´Õª ¨§ DφL,   ´¥ ± ¸ ³µ° ³¥·¥.
• �¥ ¢¸¥ ´ ¡²Õ¤ ¥³Ò¥ ¢ ±µ´Ëµ·³´µ° É¥µ·¨¨ ¢ ¶· ¢µ° Î ¸É¨ (2.1) ¨³¥ÕÉ
¸³Ò¸² ´ ¡²Õ¤ ¥³ÒÌ ¢ ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨. ’µ²Ó±µ ¶·µ¨´É¥£·¨·µ¢ ´´Ò¥ ¶µ
¶µ¢¥·Ì´µ¸É¨ (1-³¥·´Ò¥) µ¶¥· Éµ·Ò ¨²¨ µ¶¥· Éµ·Ò ´Ê²¥¢µ° · §³¥·´µ¸É¨ ³µ-
£ÊÉ ¶µÖ¢¨ÉÓ¸Ö ± ± µ¶¥· Éµ·Ò K Å µ´¨ ´¥ § ¢¨¸ÖÉ µÉ ¶µ²µ¦¥´¨Ö ÉµÎ¥± ´ 
³¨·µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ´ ¶·¨³¥·,

∫
d2z

O∆{b, c, ϕ}eA∆φL , £¤¥ O∆ Å µ¶¥· Éµ·

· §³¥·´µ¸É¨ ∆ ¨§ ¸¥±Éµ·  ³ É¥·¨¨,   A∆ ¶µ¤¡¨· ¥É¸Ö É ±, ÎÉµ

∆L + ∆ = 1, (2.2)

£¤¥ · §³¥·´µ¸ÉÓ ²¨Ê¢¨²²¥¢¸±µ° Î ¸É¨ eA∆φL µ¶·¥¤¥²Ö¥É¸Ö É¥´§µ·µ³ Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¶µ²Ö ‹¨Ê¢¨²²Ö

TL =
25− c

12

(
−1

2
(∂φL)2 + ∂2φL

)
; ∆L = − 6

25− cA
2

∆ +A∆ (2.3)

(§ ³¥É¨³, ÎÉµ φL(z, z̄)φL(0, 0) = − 12
25−c log zz̄ + ... ). �¥Ï Ö (2.2) µÉ´µ¸¨-

É¥²Ó´µ A∆, ¶µ²ÊÎ ¥³

A∆ =
1

12

[
25− c−

√
(25− c)(1 − c+ 24∆)

]
, (2.4)

£¤¥ §´ ± ¶¥·¥¤ ±µ·´¥³ ¢Ò¡· ´ É ±, ÎÉµ A∆ = 0 ¶·¨ ∆ = 1.
� ¸¸³µÉ·¨³ µ¶¥· Éµ·Ò, ´¥ § ¢¨¸ÖÐ¨¥ µÉ ³ É¥·¨¨. �·µ¸É¥°Ï¨¥ ²µ± ²Ó´Ò¥

µ¶¥· Éµ·Ò, ¶µ¸É·µ¥´´Ò¥ ¨§ ¤ÊÌµ¢ bc, ¨³¥ÕÉ ¢¨¤

sn(z) = b ∂b . . . ∂n−2b(z), n > 1; sn(z) = c ∂c . . . ∂|n|c(z), n < 1;

∆(sn) = 2(n− 1) +
(n− 2)(n− 1)

2
=
n2 + n

2
− 1 (2.5)

¨²¨, ¢ ¶·¥¤¸É ¢²¥´¨¨ µ¤´µ£µ ¡µ§µ´´µ£µ ¶µ²Ö Φ

|b|2 = eiΦ; |c|2 = e−iΦ; Tbc = −1

2
(∂Φ)2− i

(
j − 1

2

)
∂2Φ; |sn|2 = ei(n−1)Φ.

(2.6)
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‘¨ÉÊ Í¨Ö ¸¨²Ó´µ Ê¶·µÐ ¥É¸Ö, ¥¸²¨ µ¶¥· Éµ·Ò σn = eBnφL |sn|2 ¨³¥ÕÉ ´Ê²¥-
¢ÊÕ · §³¥·´µ¸ÉÓ ¨ ¶·¨ c = −2. „¥°¸É¢¨É¥²Ó´µ, ¶·¨ ÔÉµ³ ¢³¥¸Éµ (2.2) ¨ (2.4)
¨³¥¥³

∆L + ∆ = 0; B∆ =
1

12

[
25− c−

√
(25− c)(25− c+ 24∆)

]
, (2.7)

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ

Bn =
1

12

(
25− c−

√
(25− c)(1− c+ 12[n2 + n])

)
=

3

2
(1 − n). (2.8)

’µ¶µ²µ£¨Î¥¸±¨° µ¶¥· Éµ· ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥

σn = eBnφL |sn|2 = e
3
2 (1−n)φL |sn|2 = e(1−n)(ΦL−iΦ) (2.9)

(£¤¥ ¢¢¥¤¥´µ ´µ·³¨·µ¢ ´´µ¥ ¶µ²¥ ‹¨Ê¢¨²²Ö ΦL =
√

25−c
12 φL = 3

2φL) ¨, µÎ¥-

¢¨¤´µ, ¨³¥¥É ´Ê²¥¢ÊÕ · §³¥·´µ¸ÉÓ. ‚ µÉ¸ÊÉ¸É¢¨¥ £· ¢¨É Í¨µ´´µ°  ´µ³ ²¨¨
(¸²ÊÎ ° É¥µ·¨¨ (2.1)) ±µ··¥²ÖÉµ·Ò µ¶¥· Éµ·µ¢ ´Ê²¥¢µ° · §³¥·´µ¸É¨ ´¥ § ¢¨-
¸ÖÉ µÉ ¶µ²µ¦¥´¨Ö ´  ¶µ¢¥·Ì´µ¸É¨ ¨ ³µ£ÊÉ ¨£· ÉÓ ·µ²Ó (Î ¸É¨) ´ ¡²Õ¤ ¥³ÒÌ
¢ ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨.

�¶¥· Éµ·Ò σn µ¡² ¤ ÕÉ ¢ ¦´Ò³ ¸¢µ°¸É¢µ³: ²Õ¡µ° ¨Ì ´ ¡µ·
N∏
i=1

σni(zi, z̄i),

Ê¤µ¢²¥É¢µ·ÖÕÐ¨° ¶· ¢¨²Ê µÉ¡µ· 
N∑
i=1

gh#(σni) =
N∑
i=1

(ni − 1) = 3g − 3 =

= dimCMg ¶µ ¤ÊÌµ¢µ³Ê Î¨¸²Ê,  ¢Éµ³ É¨Î¥¸±¨ Ê¤µ¢²¥É¢µ·Ö¥É § ±µ´Ê ¸µÌ· -
´¥´¨Ö § ·Ö¤  ¶µ ¶µ²Õ ‹¨Ê¢¨²²Ö

N∑
i=1

Ani =

N∑
i=1

3

2
(1− ni) =

25− c
6

(1− g) =
9

2
(1− g). (2.10)

�Éµ § ³¥Î É¥²Ó´µ¥ ¸µ¢¶ ¤¥´¨¥ ¶·µ¨¸Ìµ¤¨É Éµ²Ó±µ ¶·¨ ¢Ò¤¥²¥´´µ³ §´ Î¥´¨¨
c = −2.

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¤·¥¢¥¸´Ò¥ (g = 0) ´¥´Ê²¥¢Ò¥ (É.¥. Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥
¶· ¢¨²Ê µÉ¡µ·  (2.10)) ±µ··¥²ÖÉµ·Ò µ¶¥· Éµ·µ¢ σn · ¢´Ò ±µ´¸É ´É¥ Å ¢±² ¤
¤ÊÌµ¢ ¢ ÉµÎ´µ¸É¨ ¸µ±· Ð ¥É¸Ö ¢±² ¤µ³ ¶µ²Ö ‹¨Ê¢¨²²Ö. �Éµ ´¥ ¸Éµ²Ó µÎ¥¢¨¤´µ
¤²Ö ³´µ£µ¶¥É²¥¢ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°: ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¸µ±· Ð¥´¨¥
³¥¦¤Ê bc- ¨ ²¨Ê¢¨²²¥¢¸±¨³¨ ¢±² ¤ ³¨ ¤²Ö ¸É ·Ï¨Ì ·µ¤µ¢ g > 0, φL ¸²¥¤Ê¥É
· ¸¸³ É·¨¢ ÉÓ ´¥ ± ± ªµ¡ÒÎ´µ¥ª ¸± ²Ö·´µ¥ ¶µ²¥ ¸µ §´ Î¥´¨Ö³¨ ¢ ¢¥Ð¥¸É¢¥´-
´ÒÌ Î¨¸² Ì. �·µ¡²¥³  § ±²ÕÎ ¥É¸Ö ¢ ¸µ±· Ð¥´¨¨ ¨´¸É ´Éµ´´µ£µ ¸¥±Éµ· 
¶µ²Ö Φ− bc-¸¨¸É¥³Ò, ¢±² ¤ ±µÉµ·µ£µ µ¶¨¸Ò¢ ¥É¸Ö Θ-ËÊ´±Í¨¥° ¢ ¸²¥¤ÊÕÐ¥°
Ëµ·³Ê²¥:
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i

ei(ni−1)Φ(ξi)

〉
∼

∼
∏
i<j

E(ξi, ξj)
(1−ni)(1−nj)Θ

(
2
√

2

(∑
i

(1− ni)ξi + 3
√

2∆

)
| 4T

)
, (2.11)

£¤¥ E(ξi, ξj) Å £² ¢´ Ö Ëµ·³  ´  ¶µ¢¥·Ì´µ¸É¨ ¸É ·Ï¥£µ ·µ¤  ( ´ ²µ£ 1
ξi−ξj ´ 

¸Ë¥·¥),   Θ µ¡µ§´ Î ¥É ÉÔÉ -ËÊ´±Í¨Õ �¨³ ´  ´  Ö±µ¡¨ ´¥ (g-³¥·´µ³ Éµ·¥)
¶µ¢¥·Ì´µ¸É¨ ·µ¤  g (¸³., ´ ¶·¨³¥·, [52, 91, 92]). �± §Ò¢ ¥É¸Ö, £µ· §¤µ ¡µ-
²¥¥ ¥¸É¥¸É¢¥´´µ · ¸¸³ É·¨¢ ÉÓ ¶µ²¥ φL ± ± ¢µ§´¨± ÕÐ¥¥ ¶·¨ ¡µ§µ´¨§ Í¨¨
βγ-¸¨¸É¥³ ¨ ¨³¥ÕÐ¥¥ ´¥É·¨¢¨ ²Ó´µ¥ £²µ¡ ²Ó´µ¥ ¶µ¢¥¤¥´¨¥ ¶·¨ p > 0 (¸³.
¶µ¤·µ¡´µ¸É¨ ¢ [86,87]). ‚ µÉ²¨Î¨¥ µÉ µ¡ÒÎ´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ±µ··¥²ÖÉµ·Ò
ΦL (· ¸¸³ É·¨¢ ¥³µ£µ ± ± ¶µ²¥, ¢µ§´¨± ÕÐ¥¥ ¶·¨ ¡µ§µ´¨§ Í¨¨ βγ-¸¨¸É¥³Ò)
¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê²¥ [86]:

〈ξ(z)
∏
i

e(1−ni)ΦL(ξi)〉 ∼
∏
i<j

E(ξi, ξj)
−(1−ni)(1−nj)×

×
(

Θ

(
2
√

2(
∑
i

(1− ni)ξi + 3
√

2∆) | 4T
))−1

, (2.12)

±µÉµ· Ö ¸µ±· Ð ¥É ´¥É·¨¢¨ ²Ó´Ò¥ ³´µ¦¨É¥²¨ ¢ (2.11) ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ±µ´-
¸É ´ÉÒ.

‚ ¶·¨¢¥¤¥´´µ³ ¢ÒÏ¥ · ¸¸Ê¦¤¥´¨¨ µ¡ÒÎ´ Ö ¤ÊÌµ¢ Ö ¸¨¸É¥³  ³µ¦¥É ¡ÒÉÓ
²¥£±µ § ³¥´¥´  ´  ¶·µ¨§¢µ²Ó´ÊÕ ¸¨¸É¥³Ê  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨Ì ¶µ²¥° ¸¶¨´ 
j (j 6= 2) − bjc1−j (Î ¸É´Ò° ¸²ÊÎ ° j = 0 µ¡µ§´ Î¨³, ¸²¥¤ÊÖ [83], ± ± ηξ-
¸¨¸É¥³Ê (η = b Å ¶µ²¥ ¸¶¨´  1), ÎÉµ µÉ¢¥Î ¥É ¢¥¸Ó³  ¸¶¥Í¨ ²Ó´µ³Ê ¸²ÊÎ Õ
³ É¥·¨¨ ¸ µÉ·¨Í É¥²Ó´Ò³ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c = −2). „²Ö ¸²ÊÎ Ö c = −2
±µ´Ëµ·³´µ° ³ É¥·¨¨, ·¥ ²¨§µ¢ ´´µ° ± ± ηξ-¸¨¸É¥³ , ¶µ²´µ¥ ¤¥°¸É¢¨¥ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

Stotal =
1

4π

∫
d2z

(
1

2
|∂ΦL|2 +

3

2
R0ΦL + η∂̄ξ + c.c.+ b∂̄c+ c.c.

)
=

=
1

4π

∫
d2z

(
β∂̄γ + b∂̄c+ c.c.

)
. (2.13)

—²¥´Ò, ¸ÉµÖÐ¨¥ ¶¥·¥¤ b∂̄c, ¤ ÕÉ ¢ ÉµÎ´µ¸É¨ ¤¥°¸É¢¨¥, ¢µ§´¨± ÕÐ¥¥ ¶·¨
¡µ§µ´¨§ Í¨¨ ±µ³³ÊÉ¨·ÊÕÐ¥° βγ-¸¨¸É¥³Ò ¸µ ¸¶¨´µ³ j = 2 (β = ∂ξeΦL ,
γ = ηe−ΦL). ’ ±¨³ µ¡· §µ³, ¶µ²´ Ö É¥µ·¨Ö ¶·¥¢· Ð ¥É¸Ö ¢ ±µ³¡¨´ Í¨Õ
bc- ¨ βγ-¸¨¸É¥³ ¸ µ¤´¨³ ¨ É¥³ ¦¥ ¸¶¨´µ³ j = 2. „µ¢µ²Ó´µ ¥¸É¥¸É¢¥´´µ
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¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ É ± Ö ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö ±µ³¡¨´ Í¨Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ°
Éµ¶µ²µ£¨Î¥¸±ÊÕ É¥µ·¨Õ.

Œ¥·  ¢ ±µ´É¨´Ê ²Ó´µ³ ¨´É¥£· ²¥ ¤²Ö ¶µ¤µ¡´µ° c = −2 É¥µ·¨¨ ¸ 2D-£· -
¢¨É Í¨¥° ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ± ±

DgabD(c = −2 CFT ) = (dµ(y)DbDcDφ)(DξDη)

¨²¨
dµ(y)(DbDc)(DφDξDη) = dµ(y)(DbDc)(DβDγ). (2.14)

’ ±¨³ µ¡· §µ³, µ·¨£¨´ ²Ó´Ò° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢
Ëµ·³¥ ¨´É¥£· ²  ¤²Ö bc− βγ-¸¨¸É¥³Ò.

�·¥¤²µ¦¥´´Ò° ¶µ¤Ìµ¤ ´¥¶µ¸·¥¤¸É¢¥´´µ µ¡µ¡Ð ¥É¸Ö ¨ ´  É¥µ·¨¨ ¸ ¡µ²¥¥
¡µ£ Éµ° ¸¨³³¥É·¨¥° ´  ³¨·µ¢µ³ ²¨¸É¥ Å É ± ´ §Ò¢ ¥³Ò¥ W -¸É·Ê´Ò, £¤¥ ¢´Ê-
É·¥´´ÖÖ £¥µ³¥É·¨Ö Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É¥·³¨´ Ì W -£· ¢¨É Í¨¨, ¸¢Ö§ ´´µ° ¸ · ¸-
Ï¨·¥´´Ò³¨  ²£¥¡· ³¨ ‚¨· ¸µ·µ ¨²¨ W - ²£¥¡· ³¨ [93, 94].
W - ²£¥¡·Ò É¥¸´µ ¸¢Ö§ ´Ò ¸ É¥µ·¨¥° ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ [95] (WN - ²£¥¡·Ò
¸ N -·¥¤Ê±Í¨Ö³¨ ¨¥· ·Ì¨¨ Š�: ¨¥· ·Ì¨Ö³¨ Š¤” (N = 2), �Ê¸¨´¥¸±  (N = 3)
¨ É.¶.). �¸´µ¢´µ° Í¥²ÓÕ Ö¢²Ö¥É¸Ö ¶µ²ÊÎ¥´¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢±¨
¨²¨ ª¶·µ¸Ê³³¨·µ¢ ´´µ°ª É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, µ¸´µ¢ ´´µ° ´  É¥Ì´¨±¥ Ê´¨¢¥·-
¸ ²Ó´µ£µ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° Å ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´¨ ´  [58,59],
¶ · ³¥É·¨§ÊÕÐ¥£µ · §²¨Î´Ò¥ ·¥Ï¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ É¨¶  Š� ¨²¨
’µ¤Ò. W -£¥µ³¥É·¨Ö ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° ¢ Ë¨§¨Î¥-
¸±µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ [25Ä27] (¢ µ¡Ð¥³ ¸²ÊÎ ¥, ¡Ê±¢ ²Ó´µ, W -Ê¸²µ¢¨°:
¢ ¤ ²Ó´¥°Ï¥³, ¥¸²¨ ´¥ µ£µ¢ ·¨¢ ¥É¸Ö ¸¶¥Í¨ ²Ó´µ, ¢¨· ¸µ·µ¢¸±¨³¨ Ê¸²µ¢¨-
Ö³¨ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ê¸²µ¢¨Ö ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö ª¡µ·¥-
²¥¢¸±µ°ª WN,k≥−N+1 Î ¸É¨ £¥´¥· Éµ·µ¢ ¨³¥´´µ W - ²£¥¡·, Ö¢²ÖÕÐ¨Ì¸Ö, ¡Ê±-
¢ ²Ó´µ, £¥´¥· Éµ· ³¨  ²£¥¡·Ò ‚¨· ¸µ·µ Éµ²Ó±µ ¶·¨ N = 2), ¢µ§´¨± ÕÐ¨Ì ¨§
W∞-¸¨³³¥É·¨° £· ¸¸³ ´¨ ´  [59,60].

� Î´¥³ ¸ ¶·¥¤¸É ¢²¥´¨Ö Éµ¶µ²µ£¨Î¥¸±µ£µ ¸¥±Éµ·  W -£· ¢¨É Í¨¨ ¢ É¥·-
³¨´ Ì ¸¢µ¡µ¤´ÒÌ ¶µ²¥°. „¢Ê³¥·´ Ö £· ¢¨É Í¨Ö µ¶·¥¤¥²Ö¥É¸Ö ±µ´É¨´Ê ²Ó´Ò³
¨´É¥£· ²µ³ (2.1), ¨, ± ± ¡Ò²µ ¶µ± § ´µ ¢ÒÏ¥, ¶·µ¸É¥°Ï¨° Éµ¶µ²µ£¨Î¥¸±¨°
¶·¨³¥· µÉ¢¥Î ¥É ¸¶¥Í¨ ²Ó´µ³Ê ¢Ò¡µ·Ê ¢ (2.1) ηξ-³ É¥·¨¨ (2.13), ¶·¨ ±µÉµ-
·µ³ Éµ¶µ²µ£¨Î¥¸±¨° ¶µ¤¸¥±Éµ· (2.13) Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É¥·³¨´ Ì j = 2 bc- ¨
βγ-¸¨¸É¥³

S = Sgravity + Smatter =

∫
b∂̄c+ β∂̄γ + c.c., (2.15)

£¤¥ ¨¸¶µ²Ó§µ¢ ´Ò ¶· ¢¨²  ¡µ§µ´¨§ Í¨¨

β = e−φ∂ξ , γ = eφη ,

cβγ = −cbc = 2(6j2 − 6j + 1) = 26 = cmatter + cLiouville. (2.16)
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�Î¥¢¨¤´µ, ± ± ÔÉ¨ Ëµ·³Ê²Ò µ¡µ¡Ð ÕÉ¸Ö ´  ¸²ÊÎ ° W -£· ¢¨É Í¨¨. ’µ¶µ²µ-
£¨Î¥¸±µ¥ ¤¥°¸É¢¨¥ (2.15) ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

SW−gravity + Smatter =

∫ N∑
j=2

(bj∂̄c1−j + βj ∂̄γ1−j + c.c.) =

=

∫ N∑
j=2

(
bj ∂̄c1−j + η∂̄ξ + c.c.+

1

2
|∂φj |2 +

(
j − 1

2

)
R0(y)φj

)
. (2.17)

‡ ³¥É¨³ ¸´ Î ² , ÎÉµ ¶µ²´Ò° Í¥´É· ²Ó´Ò° § ·Ö¤ ¸¨¸É¥³Ò W -¤ÊÌµ¢

cN =

N∑
j=2

−2(6j2 − 6j + 1) = 2(1−N)(2N(N + 1) + 1) (2.18)

(¢ Î ¸É´µ¸É¨, c2 = −26, c3 = −100, ¨ É.¤.) µ£· ´¨Î¨¢ ¥É ¢µ§³µ¦´Ò¥ §´ Î¥´¨Ö
Í¥´É· ²Ó´µ£µ § ·Ö¤  W - ²£¥¡·Ò

cWN =
N∑
j=2

{
1 + 12

(
j − 1

2

)2
}

= 4(N − 1)(N2 +N + 1) (2.19)

(¤²Ö N = 2 Ëµ·³Ê²  (2.19) ¢µ¸¶·µ¨§¢µ¤¨É ©Éµ¶µ²µ£¨Î¥¸±¨°ª ¢¨· ¸µ·µ¢¸±¨°
Í¥´É· ²Ó´Ò° § ·Ö¤ c = 28). —¨¸²µ ´Ê²¥¢ÒÌ ³µ¤ {bj , c1−j} ¤ÊÌµ¢ÒÌ ¶µ²¥°
· ¢´µ (±µ³¶²¥±¸´µ°) · §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢  W -³µ¤Ê²¥°. ˆ§ É¥µ·¥³Ò �¨-
³ ´  Å �µÌ  ¸²¥¤Ê¥É, ÎÉµ

N∑
j=2

#b
(0)
j = (g−1)

N∑
j=2

(2j−1) = (g−1)(N2−1) = (g−1)dimSL(N) (2.20)

(¤²Ö N = 2, (g − 1) dim SL(2) = 3g − 3 = dimCMg ¸µ¢¶ ¤ ¥É ¸ · §³¥·´µ-
¸ÉÓÕ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ·). � ¢¥´¸É¢µ (2.20) ¡Ò²µ
µÉ³¥Î¥´µ �.•¨ÉÎ¨´Ò³ ¶·¨ ¨§ÊÎ¥´¨¨ ¶·µ¸É· ´¸É¢ ³µ¤Ê²¥° ¶²µ¸±¨Ì SL(N,R)
¸¢Ö§´µ¸É¥° [96] ¨ Ê± §Ò¢ ¥É ´  ¸¢Ö§Ó ¶·µ¸É· ´¸É¢ WG-³µ¤Ê²¥° ¨ ¶²µ¸±¨Ì G-
¸¢Ö§´µ¸É¥° ´  ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸ÉÖÌ.

� ¨¡µ²¥¥ µ¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±µ´É¨´Ê ²Ó´µ£µ ¨´É¥£· ²  ¢ ±µ´Ëµ·³´µ°
W -£· ¢¨É Í¨¨ ¨³¥¥É ¢¨¤ (¸·. ¸ (2.1)):∫

Mg

{dy}
∫
Dφ e

−
∫
d2z

(
1
2 |∂φ|

2+β0R0(y)ρφ+
∑
α eαϕ

)
×

×
N∏
j=2

∫ ∣∣∣DbjDc1−j e
∫
bj ∂̄c1−j

∣∣∣2 ∫ Dϕ e−Smatter{ϕ,g0}K{ϕ; {bj}, {c1−j}, φ}.

(2.21)
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�¥·¥°¤¥³ É¥¶¥·Ó ± · ¸¸³µÉ·¥´¨Õ ¶·µ¸É¥°Ï¥£µ ¶·¨³¥· , ¶µ§¢µ²ÖÕÐ¥£µ ²ÊÎÏ¥
¶µ´ÖÉÓ ¸¢µ°¸É¢  (±² ¸¸¨Î¥¸±µ°) W -¸¨³³¥É·¨¨. „¥Ëµ·³¨·Ê¥³ ¸É É¸Ê³³Ê É¥µ-
·¨¨ ¸ W -¸¨³³¥É·¨¥°

〈〈1〉〉 ≡ 〈e
∫
µ2T+µ3W3+...〉 =

∫
e−Se

∫
µ2T+µ3W3+..., (2.22)

£¤¥ µndz̄(dz)−n Å µ¡µ¡Ð¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò �¥²ÓÉ· ³¨, ¨ · ¸¸³µÉ·¨³
¸´ Î ²  ¸²ÊÎ °, ±µ£¤  Éµ²Ó±µ µ2 ¨ µ3 ´¥ · ¢´Ò ´Ê²Õ. ‚ÒÎ¨¸²¨³ ¤¥Ëµ·³ Í¨Õ
¢ ¶¥·¢µ³ ¶µ·Ö¤±¥

∂̄u2 ≡ ∂̄〈T (z)〉 =

∫
d2ξ ∂z̄{µ2(ξ)〈T (z)T (ξ)〉+µ3(ξ)〈T (z)W (ξ)〉}+O(δy2) =

= − c

12
∂3µ2 − 2u2∂µ2 − µ2∂u2 − 3∂µ3u3 − 2µ3∂u3 + . . . , (2.23)

£¤¥
u2(z) = 〈T (z)〉, u3(z) = 〈W3(z)〉, . . . , un(z) = 〈Wn(z)〉, (2.24)

  c Å Í¥´É· ²Ó´Ò° § ·Ö¤. �´ ²µ£¨Î´µ

∂̄u3 = 3∂µ2u3 + µ2∂u3 +
c

360
∂5µ3 +

1

3
∂3µ2u2 +

1

2
∂2µ3∂u2+

+∂µ3

[
2b2Λ +

3

10
∂2u2

]
+ µ3

[
b2∂Λ +

1

15
∂3u2

]
. (2.25)

�·¨ µ3 = 0, µ2 ≡ µ, u2 ≡ u Ëµ·³Ê²  (2.23) ¶·¥¢· Ð ¥É¸Ö ¢

−∂̄u = 2∂µ u+ µ∂u+
c

12
∂3µ. (2.26)

�Éµ · ¢¥´¸É¢µ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± Ê¸²µ¢¨¥ ¸µ¢³¥¸É´µ¸É¨ ¢¸¶µ³µ£ É¥²Ó-
´µ° ²¨´¥°´µ° § ¤ Î¨( c

6
∂2 + u

)
Ψ− 1

2
= 0;

(
∂̄ + µ∂ − 1

2
∂µ

)
Ψ− 1

2
= 0, (2.27)

£¤¥ c
6 Å ¨§¢¥¸É´Ò° ±¢ §¨±² ¸¸¨Î¥¸±¨° ±µÔËË¨Í¨¥´É,   Ψ− 1

2
µ¡µ§´ Î ¥É

− 1
2 -¤¨ËË¥·¥´Í¨ ². ‘µ¢³¥¸É´µ¸ÉÓ ÔÉ¨Ì Ê¸²µ¢¨° ¨³¥¥É ¸³Ò¸² ¸µ£² ¸µ¢ ´´µ-

¸É¨ ±µ³¶²¥±¸´µ° ¨ ¶·µ¥±É¨¢´µ° ¸É·Ê±ÉÊ·. ‚Ò¡¨· Ö µ = ∂̄ε, ²¥£±µ § ³¥É¨ÉÓ,
ÎÉµ ¶µ¸²¥¤´¥¥ · ¢¥´¸É¢µ ¢ (2.27) Ö¢²Ö¥É¸Ö ¶·µ¸ÉÒ³ ¸²¥¤¸É¢¨¥³ § ±µ´  ¶·¥-
µ¡· §µ¢ ´¨Ö − 1

2 -¤¨ËË¥·¥´Í¨ ² 

δΨ− 1
2

= ε∂Ψ− 1
2
− 1

2
∂εΨ− 1

2
. (2.28)
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„²Ö W3-Éµ¦¤¥¸É¢  “µ·¤  (2.25) ¢¸¶µ³µ£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î  ¨³¥¥É ¢¨¤(
c

24
∂3 + u2∂ +

1

2
∂u2 + u3

)
Ψ−1 = 0,

(
∂̄ + µ2∂ − ∂µ2 −

1

6
∂2µ3 +

1

2
∂µ3∂ − µ3

[
∂2 − 16

c
u2

])
Ψ−1 = 0 (2.29)

(¸ ÊÎ¥Éµ³ ¶¥·¥´µ·³¨·µ¢±¨ µ3 →
√

2
5µ3 , u3 →

√
5
2u3; ±µÔËË¨Í¨¥´ÉÒ ¢ (2.29)

Ê¶·µÐ ÕÉ¸Ö ¤²Ö ¸¶¥Í¨ ²Ó´µ£µ §´ Î¥´¨Ö c = 24, ±µÉµ·µ¥ ¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö
´¨¦¥). ‚Éµ·µ¥ Ê· ¢´¥´¨¥ ¢ (2.29) µÉ¢¥Î ¥É ¸²¥¤ÊÕÐ¥³Ê § ±µ´Ê ¶·¥µ¡· §µ¢ -
´¨Ö:

δΨ−1 = ε2∂Ψ−1 − ε3(∂2 − 2

3
u2)Ψ−1 + ε-derivative terms, (2.30)

±µÉµ·µ¥ Ö¢´µ § ¢¨¸¨É µÉ ©¢´¥Ï´¥£µ ¶µ²Öª u2. ‚ ÔÉµ³ § ±²ÕÎ ¥É¸Ö £² ¢´µ¥
µÉ²¨Î¨¥ ³¥¦¤Ê ¸²ÊÎ Ö³¨ W2 ¨ ¸É ·Ï¨Ì Wn. �¡Ð Ö Ëµ·³  ¶·¥µ¡· §µ¢ ´¨°
(2.30) ¨³¥¥É ¢¨¤

δf =
∑

εnDn(u0, . . . , un−1)f + ε-derivative terms, (2.31)

£¤¥
Dn(u0, . . . , un−1) = ∂n + un−1∂

n−1 + . . .+ u0 (2.32)

Å ´¥±µÉµ·Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò n-£µ ¶µ·Ö¤± . �µÖ¢²¥´¨¥ ¢ ¤ ´-
´µ° ¸¨ÉÊ Í¨¨ µ¶¥· Éµ·µ¢ (2.32) ¸ ´¥É·¨¢¨ ²Ó´Ò³¨ ±µÔËË¨Í¨¥´É ³¨ ¶µ¤· -
§Ê³¥¢ ¥É ¸¢Ö§Ó ¸ ¨¥· ·Ì¨¥° Š� ¨  ²£¥¡·µ° ¶¸¥¢¤µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· -
Éµ·µ¢ [97]:

LKP = ∂ +

∞∑
i=1

ai∂
−i; (LnKP )+ = ∂n + . . .+ u0. (2.33)

„¥°¸É¢¨É¥²Ó´µ, É·¨¢¨ ²Ó´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ∂n µÉ¢¥Î ¥É ¢Ò-
¡µ·Ê É·¨¢¨ ²Ó´µ° ÉµÎ±¨ £· ¸¸³ ´¨ ´  W0 = {1, λ, λ2, λ3, . . .}, ¢ Éµ ¢·¥³Ö
± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· µ¡Ð¥£µ ¢¨¤  (2.32) µÉ¢¥Î ¥É, ¢µµ¡Ð¥ £µ¢µ·Ö,
²Õ¡µ° ÉµÎ±¥ £· ¸¸³ ´¨ ´ . ’ ±¨³ µ¡· §µ³, ¥¸É¥¸É¢¥´´µ · ¸¸³ É·¨¢ ÉÓ
ËÊ´±Í¨¨ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ ± ± µ¡Ñ¥±ÉÒ, § ¢¨¸ÖÐ¨¥ µÉ ÉµÎ±¨
£· ¸¸³ ´¨ ´ . ‚µ§Ó³¥³, ´ ¶·¨³¥·, ´¥±µÉµ·ÊÕ ËÊ´±Í¨Õ ´  ±·¨¢µ° ¨ ¶·¥¤-
¸É ¢¨³ ¥¥ (²µ± ²Ó´µ) ¢ ¢¨¤¥ ¨´É¥£· ²  ”Ê·Ó¥ ¨²¨ ‹ ¶² ¸  f(ξ) =

=
∫

eλξ f̂(λ)dλ. ’¥¶¥·Ó ÔÉÊ ËÊ´±Í¨Õ ³µ¦´µ ¶µ¤´ÖÉÓ ¤µ ¸¥Î¥´¨Ö ´¥±µÉµ-
·µ£µ · ¸¸²µ¥´¨Ö ´ ¤ £· ¸¸³ ´¨ ´µ³, § ¤ ¢ ¥³µ£µ ¶µÉµ± ³¨ ¨¥· ·Ì¨¨ Š�
f(t1, . . . , tn) =

∫
eλt1+...+λntn+...f̂(λ)dλ, £¤¥ t1 ≡ ξ. ’µ£¤  ¸¨³³¥É·¨¨, µÉ-

¢¥Î ÕÐ¨¥ ¤¥°¸É¢¨Õ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ¸É ·Ï¥£µ ¶µ·Ö¤±  ¶µ ξ,
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¸¢Ö§ ´Ò ¸ ¤¥°¸É¢¨¥³ ¶µÉµ±µ¢ ¨¥· ·Ì¨¨ Š� ∂nξ f = ∂nt1f = ∂tnf ´  ¢Ò· ¦¥-
´¨¥ ¢ É·¨¢¨ ²Ó´µ° ÉµÎ±¥ £· ¸¸³ ´¨ ´ . ‚ ¶·µ¨§¢µ²Ó´µ° ÉµÎ±¥ £· ¸¸³ ´¨ ´ 
¢³¥¸Éµ ¢Ò· ¦¥´¨Ö ¸²¥¤Ê¥É ´ ¶¨¸ ÉÓ ¶·¥µ¡· §µ¢ ´¨¥

f(t1, . . . , tn) =

∫
ΨW(λ, {tn})f̂(λ)dλ, (2.34)

£¤¥ ΨW(λ, {tn}) Å ´¥±µÉµ· Ö ËÊ´±Í¨Ö �¥°±¥·  Å �Ì¨¥§¥· . �·¨ É ±µ°
§ ³¥´¥ ¶µÖ¢²ÖÕÉ¸Ö ´¥É·¨¢¨ ²Ó´Ò¥ ¶µÉµ±¨

∂tnf = (∂n + un−1∂
n−1 + . . .+ u0)f, (2.35)

ÎÉµ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶¥·¥Ìµ¤  ± µ¡Ð¥° ÉµÎ±¥ W . �  ¸ ³µ³ ¤¥²¥, µ¡Ð Ö
ÉµÎ±  £· ¸¸³ ´¨ ´  µÉ¢¥Î ¥É W∞-£· ¢¨É Í¨¨ [59]. �µ²¥¥ Î ¸Éµ ¢¸É·¥Î Õ-
Ð¨°¸Ö ¸²ÊÎ ° ±µ´¥Î´ÒÌ WN µÉ¢¥Î ¥É ¸¶¥Í¨ ²Ó´Ò³ ·¥¤Ê±Í¨Ö³ W∞. � ¸¸³µ-
É·¨³, ´ ¶·¨³¥·, ¸¶¥Í¨ ²Ó´ÊÕ ·¥¤Ê±Í¨Õ ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥· 

ΨW(λ, {tn})e
∑
λktk

τ(t1 − 1
λ
, . . . , tn − 1

nλn
, . . .)

τ(t1, . . . , tn, . . .)
=

= e
∑
tnλ

n

[
1 +

∞∑
i=1

wi({tn})λ−i
]
, (2.36)

É ±ÊÕ, ÎÉµ ¸Ê³³  ¢ ¶· ¢µ° Î ¸É¨ ±µ´¥Î´  Å ¶µ·Ö¤±  N .
‘µµÉ¢¥É¸É¢ÊÕÐ Ö τ -ËÊ´±Í¨Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö

(∂N+w1∂
N−1+. . .+wN )fi = 0, i = 1, . . . , N [98], τ = detij f

(j−1)
i . �¥É·Ê¤´µ

¢ÒÎ¨¸²¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ Ψ-ËÊ´±Í¨Õ:

Ψ(λ, t1, . . . , tn, . . .) = e
∑
λktk

τ(t1 − 1
λ
, . . . , tn − 1

nλn
, . . .)

τ(t1, . . . , tn, . . .)
=

= e
∑
λktk

(
1 +

w1

λ
+ . . .+

wN

λN

)
, (2.37)

£¤¥ wN−i = detkl f
(l)
k

∣∣∣
l 6=i
·
(

detkl f
(l−1)
k

)−1

. GL(N)-¶·¥µ¡· §µ¢ ´¨Ö ËÊ´±Í¨°

fi ´¥ ³¥´ÖÕÉ §´ Î¥´¨Ö Ψ-ËÊ´±Í¨¨. � ² £ Ö ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥ w1 = 0,
Ê¡¥¦¤ ¥³¸Ö, ÎÉµ ∂τ

∂t1
= 0. ‘ÊÐ¥¸É¢Ê¥É ¶·µ¸Éµ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¢Ò· ¦¥´¨-

Ö³¨ wn ¨§ (2.37) ¨ un ¨§ (2.32). � §² £ Ö ²µ£ ·¨Ë³ ¢ µ¡¥¨Ì Î ¸ÉÖÌ · ¢¥´¸É¢ 
(2.37) ¢ ·Ö¤ ¶µ 1

λ
¨ ¶µ²Ó§ÊÖ¸Ó · ¢¥´¸É¢µ³ ∂t1∂tn log τ = (LnKP )−1 (É.¥. ¶·µ¸Éµ

±µÔËË¨Í¨¥´É ¶¥·¥¤ Î²¥´µ³ ¸ ∂−1), ´¥³¥¤²¥´´µ ¶µ²ÊÎ ¥³

w2 = ∂2
t1

log τ+∂t2 log τ ; w3 = ∂3
t1

log τ+∂t1∂t2 log τ+∂t3 log τ ; . . . (2.38)
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� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±µ£¤  ´¥§ ¢¨¸¨³µ° ËÊ´±Í¨¥° Ö¢²Ö¥É¸Ö Éµ²Ó±µ u2

(É.¥. ŜL(2)- ¨²¨ Š¤”-·¥¤Ê±Í¨Ö Š�). ’µ£¤  ∂t2 log τ = 0 ¨ w2 = u2. �´ ²µ-

£¨Î´µ ¤²Ö ŜL(3)-·¥¤Ê±Í¨¨ ∂t3 log τ = 0 ¨ w3 = 1
2∂u2 + u3.

2.2. �²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ ¢ 2D- ¨ W-£· ¢¨É Í¨¨. �¥·¥°¤¥³ É¥¶¥·Ó ±
· ¸¸³µÉ·¥´¨Õ  ²£¥¡· ´ ¡²Õ¤ ¥³ÒÌ ¢ c = 1 É¥µ·¨ÖÌ 2D-£· ¢¨É Í¨¨ ¨ É¥µ·¨ÖÌ
W -£· ¢¨É Í¨¨ ¸ Í¥²Ò³ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³. �É¨  ²£¥¡·Ò ³µ¦´µ · ¸¸³ É·¨-
¢ ÉÓ ± ± µ¸´µ¢´Ò¥ ¨´¢ ·¨ ´É´Ò¥ Ì · ±É¥·¨¸É¨±¨ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ
³µ¤¥²¥°, ¢ Éµ³ Î¨¸²¥ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, É ± ± ± µ´¨, ¢ Î ¸É´µ¸É¨,
´¥ § ¢¨¸ÖÉ µÉ ¶µ·Ö¤±  Î²¥´  ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ · §²µ¦¥´¨¨. ‚ µ¡¸Ê¦¤ ¥³µ³
¶µ¤Ìµ¤¥ ¶·¨³ ·´Ò¥ ¶µ²Ö ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ Å (· ¸Ï¨·¥´´µ°)
 ²£¥¡·Ò ‚¨· ¸µ·µ, ªµ¤¥ÉÒ¥ª ¸ ¶µ³µÐÓÕ ²¨Ê¢¨²²¥¢¸±¨Ì ¶µ²¥° ¨ ¤ÊÌµ¢, Ö¢²Ö-
ÕÉ¸Ö ¶·¥¤¸É ¢¨É¥²Ö³¨ ±² ¸¸µ¢ ��‘’-±µ£µ³µ²µ£¨° [38,100] ¨²¨ Ë¨§¨Î¥¸±¨³¨
µ¶¥· Éµ· ³¨. ‘ ÉµÎ±¨ §·¥´¨Ö ² £· ´¦¥¢¸±µ£µ ¶µ¤Ìµ¤  ÔÉµ § ³¥É´µ¥ Ê¶·µÐ¥-
´¨¥, É ± ± ± ³´µ¦¥¸É¢µ ¶·¨³ ·´ÒÌ ¶µ²¥°, ± ± ¶· ¢¨²µ, µ¡² ¤ ¥É ¤µ¶µ²´¨-
É¥²Ó´Ò³¨ ¸É·Ê±ÉÊ· ³¨ ¨²¨ ¸¨³³¥É·¨Ö³¨, ´¥ § ³¥É´Ò³¨ ¶·¨ · ¸¸³µÉ·¥´¨¨
¢¸¥Ì ¶µ²¥° ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨. ‡¤¥¸Ó ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¶·¨-
³¥·µ³ ¶µ¤µ¡´µ° ¸É·Ê±ÉÊ·Ò Ö¢²Ö¥É¸Ö, ¶µ ¸ÊÉ¨ ¤¥² , µ¡´ ·Ê¦¥´´ Ö [101] ¢
SU(2)-¨´¢ ·¨ ´É´µ° ÉµÎ±¥ c = 1 ±µ´Ëµ·³´µ° É¥µ·¨¨ ³µ¤¥²Ó £·Ê¶¶Ò SU(2),
É.¥. ¶·Ö³ Ö ¸Ê³³  ¢¸¥Ì Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° SU(2) ¸É ·Ï¥£µ ¢¥¸ , ¢
±µÉµ·ÊÕ ± ¦¤µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢Ìµ¤¨É Éµ²Ó±µ µ¤¨´ · §. ‘É·Ê±ÉÊ·  ³µ¤¥²¨
¸µÌ· ´Ö¥É¸Ö ¶·¨ ªµ¤¥¢ ´¨¨ª ¶µ²¥³ ‹¨Ê¢¨²²Ö ¨ µ¡Ñ¥¤¨´Ö¥É ´¥±µÉµ·Ò° ±² ¸¸
´ ¡²Õ¤ ¥³ÒÌ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¸É·Ê´´µ° ³µ¤¥²¨,   ¡µ²¥¥ ÉµÎ´µ Å ¢ ¸¥±-
Éµ·¥ µÉ±·ÒÉÒÌ ¸É·Ê´. �µ²¥¥ Éµ£µ, ÔÉ  ¸É·Ê±ÉÊ·  µ¶·¥¤¥²Ö¥É ¤µ ´¥±µÉµ·µ°
¸É¥¶¥´¨ ¨  ²£¥¡·Ê ´ ¡²Õ¤ ¥³ÒÌ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¸É·Ê´´µ° É¥µ·¨¨. �¨¦¥
¡Ê¤¥É ¶·¥¤²µ¦¥´µ ¥¸É¥¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ ÔÉµ° ¸É·Ê±ÉÊ·Ò ´  ¶·µ¨§¢µ²Ó´Ò¥
£·Ê¶¶Ò G (ADE-¸¥·¨¨), Ë¨§¨Î¥¸±¨ µÉ¢¥Î ÕÐ¨¥ c = rank G WG-£· ¢¨É Í¨¨.

Šµ´¸É·Ê±Í¨Ö [101] ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.

1. � ¸¸³µÉ·¨³ ¸± ²Ö·´µ¥ ¶µ²¥ (³ É¥·¨¨) X , ±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´µ¥
´  µ±·Ê¦´µ¸ÉÓ · ¤¨Ê¸  r =

√
2 (É.¥. X ∼ X + 2πr = X + 2π

√
2), ¸ É¥´-

§µ·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸  −1

2
(∂X)2. �·¨ É ±µ³ · ¤¨Ê¸¥ µÎ¥¢¨¤´ Ö ¸¨³³¥É·¨Ö

U(1)× U(1) ¢µ§· ¸É ¥É ¤µ SU(2)× SU(2) ¨ ³Ò ³µ¦¥³ · ¸¸³µÉ·¥ÉÓ ±¨· ²Ó-
´Ò° ¸¥±Éµ· ¸ SU(2)-¸¨³³¥É·¨¥°. �Éµ µÉ¢¥Î ¥É ¸ ³µ¤Ê ²Ó´µ° ÉµÎ±¥ c = 1
£ Ê¸¸µ¢¸±µ° ³µ¤¥²¨ [102], £¤¥ SU(2) × SU(2) ¥¸É¥¸É¢¥´´µ ¤¥°¸É¢Ê¥É ´  ¢¨-
· ¸µ·µ¢¸±¨¥ ¶·¨³ ·´Ò¥ ¶µ²Ö. �¨¦¥ ³Ò · ¸¸³µÉ·¨³ £µ²µ³µ·Ë´Ò° ¸¥±Éµ·
¢ É ±µ° É¥µ·¨¨ (¸¥±Éµ· µÉ±·ÒÉÒÌ ¸É·Ê´), ¢ ±µÉµ·µ³ ¥¸É¥¸É¢¥´´µ ¤¥°¸É¢Ê¥É
ª²¥¢ Öª (¨²¨ ª¶· ¢ Öª) £·Ê¶¶  SU(2). �·¨ ÔÉµ³ ¢¸¥ ±¨· ²Ó´Ò¥ ¶·¨³ ·´Ò¥
¢¥·Ï¨´´Ò¥ µ¶¥· Éµ·Ò ¢ É¥µ·¨¨ µ¡· §ÊÕÉ ³µ¤¥²Ó SU(2): M [SU(2)].

2. „²Ö ¢Ò¤¥²¥´¨Ö ¸É·Ê±ÉÊ·Ò ¶·¨³ ·´ÒÌ ¶µ²¥° ³µ¦´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶µ-
Éµ³±µ¢, ¢¢¥¤Ö ¢§ ¨³µ¤¥°¸É¢¨¥ ¸ 2D-£· ¢¨É Í¨¥°, É.¥. ¶¥·¥°É¨ ± É¥µ·¨¨ ¸É·Ê´.
‘·¥¤¨ ¸É·Ê´´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ ¸ÊÐ¥¸É¢Ê¥É ¶µ¤¸¥±Éµ·, ¸µ¸ÉµÖÐ¨° ¨§ ¨´É¥£· -
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²µ¢ ¶µ ¶µ¢¥·Ì´µ¸É¨ (¤²Ö £µ²µ³µ·Ë´µ£µ ¸¥±Éµ·  ¶µ ±µ´ÉÊ· ³) µÉ £· ¢¨É Í¨µ´´µ-
µ¤¥ÉÒÌ ¶·¨³ ·´ÒÌ ¶µ²¥° ¸ ¶µ²´µ° ¥¤¨´¨Î´µ° · §³¥·´µ¸ÉÓÕ. ‘µµÉ¢¥É¸É¢ÊÕ-
Ð¨¥ ¢¥·Ï¨´´Ò¥ µ¶¥· Éµ·Ò ¨³¥ÕÉ ¢¨¤

qJ,m =

∮
ψJ,m(x)e(J−1)

√
2φ . (2.39)

3. �É¨ µ¶¥· Éµ·Ò µ¡· §ÊÕÉ  ²£¥¡·Ê ‹¨ G (¢ µÉ²¨Î¨¥ µÉ µ¶¥· Éµ·-
´µ£µ · §²µ¦¥´¨Ö (��…) ¢ ±µ´Ëµ·³´µ° É¥µ·¨¨), ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ ±µ-
Éµ·µ° Ö¢²ÖÕÉ¸Ö É·¥ÌÉµÎ¥Î´Ò³¨ ±µ··¥²ÖÉµ· ³¨ ´  ¸Ë¥·¥. ’ ±¨³ µ¡· §µ³,
³Ò ¶µ²ÊÎ¨²¨ µÉµ¡· ¦¥´¨¥ M [SU(2)] ¢ ´¥±µÉµ·ÊÕ  ²£¥¡·Ê (Î ¸É¨) ´ ¡²Õ-
¤ ¥³ÒÌ, ±µÉµ· Ö Ö¢²Ö¥É¸Ö  ²£¥¡·µ° ‹¨ G[SU(2)]. �µ²¥¥ Éµ£µ, µÉµ¡· ¦¥-
´¨¥ M [SU(2)] ↪→ G[SU(2)] Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥³, É.¥. ¸µÌ· ´Ö¥É ¸É·Ê±-
ÉÊ·Ê ³µ¤¥²¨: a) q1,m = Qm µ¡· §Ê¥É ¶·¨¸µ¥¤¨´¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ SU(2) ¢
G[SU(2)]; ¡) ¶µ¸±µ²Ó±Ê Qm ¤¥°¸É¢ÊÕÉ É·¨¢¨ ²Ó´µ ´  ²¨Ê¢¨²²¥¢¸±µ¥ ¶µ²¥ φ,
{qJ,m} µ¡· §ÊÕÉ ³µ¤¥²Ó SU(2): ´ ¡µ· ¶·¥¤¸É ¢²¥´¨° ¸É ·Ï¥£µ ¢¥¸  ¸¶¨´  J .

4. �² £µ¤ ·Ö ¸¶¥Í¨ ²Ó´Ò³ ¶· ¢¨² ³ µÉ¡µ· , µ¶·¥¤¥²Ö¥³Ò³ ¸¢µ°¸É¢ ³¨
²¨Ê¢¨²²¥¢¸±µ£µ ¸¥±Éµ· , ±µ³³ÊÉ Éµ· [qJ′,m′ , qJ′′,m′′ ] ¸µ¤¥·¦¨É ¥¤¨´¸É¢¥´´Ò°
Î²¥´ qJ,m ¸ J = J ′ + J ′′ − 1 (¨ m = m′ + m′′):

[qJ′,m′ , qJ′′,m′′ ] = CJ
′+J′′−1

J′,J′′ qJ′+J′′−1,m′+m′′ . (2.40)

ŠµÔËË¨Í¨¥´ÉÒ C[SU(2)] Ö¢²ÖÕÉ¸Ö 3j-¸¨³¢µ² ³¨ (±µÔËË¨Í¨¥´É ³¨
Š²¥¡Ï  Å ƒµ·¤ ´ ) £·Ê¶¶Ò SU(2) ¢ ´¥±µÉµ·µ³ ¡ §¨¸¥.

5. ‘É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ, § ¤ ´´Ò¥ 3j-¸¨³¢µ² ³¨ CJ
′+J“−1

J′,J“ , ¨³¥ÕÉ É ±-
¦¥ ¨´É¥·¶·¥É Í¨Õ ¸É·Ê±ÉÊ·´ÒÌ ±µ´¸É ´É  ²£¥¡·Ò ¤¨ËË¥µ³µ·Ë¨§³µ¢ ¤¢Ê³¥·-
´µ° ¶²µ¸±µ¸É¨ R2 ∼ C, ¸µÌ· ´ÖÕÐ¨Ì ¶²µÐ ¤Ó (É.¥.  ²£¥¡·Ò £ ³¨²ÓÉµ´µ¢ÒÌ
¢¥±Éµ·´ÒÌ ¶µ²¥° ´  ¶²µ¸±µ¸É¨, Î ¸Éµ µÉµ¦¤¥¸É¢²Ö¥³µ° ¸  ²£¥¡·µ° W∞) ∗.

� ¸¸³µÉ·¨³ ¶µ¤·µ¡´¥¥ É¥µ·¨Õ µ¤´µ£µ ¸¢µ¡µ¤´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö X ,
±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´µ£µ ´  µ±·Ê¦´µ¸ÉÓ, ¸ ² £· ´¦¨ ´µ³

∫
∂X∂̄X . ‚ É -

±µ° É¥µ·¨¨ ±¨· ²Ó´ Ö  ²£¥¡·  µ¡ÒÎ´µ ¸µ¤¥·¦¨É Û(1) × Û(1), £¥´¥·¨·Ê¥³ÊÕ
Éµ±µ³ J0 = ∂X , ¨  ²£¥¡·Ê ‚¨· ¸µ·µ, £¥´¥·¨·Ê¥³ÊÕ T = − 1

2 (∂X)2 (¶²Õ¸
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ¸µ¶·Ö¦¥´´Ò¥). ‘É ´¤ ·É´Ò° ´ ¡µ· ¶·¨³ ·´ÒÌ ¶µ²¥° ¢
ÔÉµ° É¥µ·¨¨ § ¤ ¥É¸Ö Ô±¸¶µ´¥´É ³¨ eipxeip̄x̄ ∗∗, £¤¥

p+ p̄ =
n

R
, p− p̄ = 2mR, (2.41)

∗Š·µ³¥ Éµ£µ, G[SU(2)] Ö¢²Ö¥É¸Ö  ²£¥¡·µ° ¶·µ¨§¢µ¤´ÒÌ ¢ ±ÊÊ³´µ£µ ±µ²ÓÍ , µ¡· §Ê¥³µ£µ
¤·Ê£µ° Î ¸ÉÓÕ  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ: Ë¨§¨Î¥¸±¨Ì ¢¥·Ï¨´´ÒÌ µ¶¥· Éµ·µ¢ ´Ê²¥¢µ° · §³¥·´µ-
¸É¨ ¨ ´Ê²¥¢µ£µ ¤ÊÌµ¢µ£µ Î¨¸²  [100, 101], ¨§µ³µ·Ë´µ£µ, ´  ¸ ³µ³ ¤¥²¥, ±µ²ÓÍÊ £ ³¨²ÓÉµ´¨ ´µ¢
(¶µ²¨´µ³µ¢ ´  R2 ∼ C).

∗∗x ¨ x̄ µ¡µ§´ Î ÕÉ £µ²µ³µ·Ë´ÊÕ ¨  ´É¨£µ²µ³µ·Ë´ÊÕ Î ¸É¨ X ¸µµÉ¢¥É¸É¢¥´´µ.
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n,m ∈ Z,   R Å É ± ´ §Ò¢ ¥³Ò° · ¤¨Ê¸ ±µ³¶ ±É¨Ë¨± Í¨¨ [102] (§ ³¥É¨³,
ÎÉµ ´  ¸ ³µ³ ¤¥²¥ ÔÉ  ¢¥²¨Î¨´  Ö¢²Ö¥É¸Ö ¶µ²µ¢¨´µ° ´ ¸ÉµÖÐ¥£µ · ¤¨Ê¸  ±µ³-
¶ ±É¨Ë¨± Í¨¨: x ∼ x+2πR ¨ x̄ ∼ x̄+2πR µ§´ Î ¥É, ÎÉµ x+x̄ = X ∼ X+2πr,
£¤¥ r = 2R). �¤´ ±µ ¢ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ £µ²µ³µ·Ë´ Ö ±¨· ²Ó´ Ö  ²£¥¡· 

¢µ§· ¸É ¥É ¤µ SÛ(2)k=1, µ¡· §Ê¥³ Ö Éµ± ³¨ J± = e±i
√

2x ¨ J0 . �Éµ ¶·µ-
¨¸Ìµ¤¨É ¢ ¸ ³µ¤Ê ²Ó´µ° ÉµÎ±¥ ¶·¨ R = 1√

2
(¢ ±µÉµ·µ° É¥µ·¨Ö ¸¢Ö§ ´  ¸

ŜU(2)k=1 ³µ¤¥²ÓÕ ‚‡�‚). �·¨ ÔÉµ³ ³´µ¦¥¸É¢µ ¶·¨³ ·´ÒÌ ¶µ²¥° ¸É ´µ-
¢¨É¸Ö SU(2) × SU(2)-¨´¢ ·¨ ´É´Ò³,   ¤²Ö £µ²µ³µ·Ë´µ£µ ¸¥±Éµ·  (¨²¨ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥° É¥µ·¨¨ µÉ±·ÒÉÒÌ ¸É·Ê´) ÔÉµ µ§´ Î ¥É, ÎÉµ ¤²Ö ± ¦¤µ£µ eipx

¸¶¥±É· ¸µ¤¥·¦¨É ¢¸¥ ´¥´Ê²¥¢Ò¥ (Q−)keipx (¶·¨ p > 0, ¨²¨ (Q+)keipx ¶·¨
p < 0; Q± =

∮
J± Ö¢²ÖÕÉ¸Ö £¥´¥· Éµ· ³¨ SU(2) ¨ ±µ³³ÊÉ¨·ÊÕÉ ¸ É¥´§µ·µ³

Ô´¥·£¨¨-¨³¶Ê²Ó¸ ). …¸²¨ p = integer ×
√

2, ÔÉ  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ±µ´¥Î´ :
k ≤ |p|√

2
¨ µ¡· §Ê¥É ¶·¥¤¸É ¢²¥´¨¥ SU(2) ¸¶¨´  J (J = |p|/2). Š ¦¤µ¥ ¶·¥¤-

¸É ¢²¥´¨¥ ¢µ§´¨± ¥É µ¤¨´ · §, ¨ ³Ò ¶µ²ÊÎ ¥³ ³µ¤¥²Ó SU(2).
�ÉµÉ ¢Ò¢µ¤ ¶µ¤É¢¥·¦¤ ¥É¸Ö ¢ÒÎ¨¸²¥´¨¥³ µ¤´µ¶¥É²¥¢µ° ¸É É¸Ê³³Ò ¢ É¥µ-

·¨¨. „¥°¸É¢¨É¥²Ó´µ [87,102,103], ¤²Ö R = 1√
2

¨³¥¥³ (q = e2πiτ ):

Z(τ, τ̄ ) =

∣∣θ [ 0
0

]
(2τ)

∣∣2 +
∣∣∣θ [1/2

0

]
(2τ)

∣∣∣2
|η(q)|2 , (2.42)

£¤¥ θ Å ÉÔÉ -ËÊ´±Í¨Ö Ÿ±µ¡¨, ¨ ¸µ¢¶ ¤ ¥É ¸µ ¸É É¸Ê³³µ° SU(2)k=1 ³µ¤¥²¨
‚‡�‚. ‚¢¥¤¥³ ¢¥²¨Î¨´Ê

Z(τ) =
θ
[

0
0

]
(2τ)

η(q)
+
θ
[

1/2
0

]
(2τ)

η(q)
, (2.43)

±µÉµ·ÊÕ ³µ¦´µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± ª£µ²µ³µ·Ë´Ò° ±¢ ¤· É´Ò° ±µ·¥´Óª
¸É É¸Ê³³Ò ¨²¨, ÎÉµ ¶· ±É¨Î¥¸±¨ Éµ ¦¥ ¸ ³µ¥, ± ± ¸É É¸Ê³³Ê ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥° ³µ¤¥²¨ µÉ±·ÒÉÒÌ ¸É·Ê´ [104]. �É  £µ²µ³µ·Ë´ Ö ¸É É¸Ê³³  ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´  ± ± ¸Ê³³  ¢¨· ¸µ·µ¢¸±¨Ì Ì · ±É¥·µ¢ ¶µ ¢¸¥³ ¢¨· ¸µ·µ¢¸±¨³
¶·¨³ ·´Ò³ ¶µ²Ö³ ¨§ ¸¶¥±É·  É¥µ·¨¨. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶·¨¢¥¤¥´´Ò³¨ ¢ÒÏ¥
 ·£Ê³¥´É ³¨ (2.43) Ö¢²Ö¥É¸Ö ¢ ÉµÎ´µ¸É¨ ¸É É¸Ê³³µ° ³µ¤¥²¨ ¨²¨ ¢¸¥Ì ¶·¥¤¸É -
¢²¥´¨° SU(2):

Z(τ) =
∑

J∈Z+/2

(2J + 1)χJ(τ), (2.44)

£¤¥ χJ (τ) µ¡µ§´ Î ÕÉ Ì · ±É¥·Ò ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò ‚¨· ¸µ·µ ¶·¨

c = 1, χJ(τ) = qJ
2
−q(J+1)2

η(q) [105],   ³´µ¦¨É¥²Ó (2J + 1) = dimRJ ¡Ê±¢ ²Ó´µ

µÉ· ¦ ¥É ÉµÉ Ë ±É, ÎÉµ ³Ò ¨³¥¥³ ¤¥²µ ¸ ³µ¤¥²ÓÕ SU(2). ’ ±¨³ µ¡· §µ³,
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¶µ²ÊÎ ¥³

η(q)Z(τ) =
1

2

 ∑
J∈Z+/2

(2J + 1)χJ(τ) + (J → −J − 1)

 =

=

∞∑
n=−∞

q(n/2)2

= θ

(
0

0

)
(τ/2) = θ

(
0

0

)
(2τ) + θ

(
1/2

0

)
(2τ) (2.45)

¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (2.43).
�¥·¥°¤¥³ ± ¸²ÊÎ Õ ¶·µ¨§¢µ²Ó´µ° ADE- ²£¥¡·Ò ‹¨ G,   ¨³¥´´µ · ¸-

¸³µÉ·¨³ rG = rank(G) ¸¢µ¡µ¤´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥° X = {X1, . . . , XrG} ¸
² £· ´¦¨ ´µ³

∫
∂X∂̄X. �¡ÒÎ´µ ±¨· ²Ó´ Ö  ²£¥¡·  ¢ rG-³¥·´µ° ¸¢µ¡µ¤-

´µ° É¥µ·¨¨ ¥¸ÉÓ Û(1)rG × Û(1)rG ,   £¥´¥· Éµ·µ³  ²£¥¡·Ò ‚¨· ¸µ·µ Ö¢²Ö¥É¸Ö

T = −1

2
∂X∂X. ‚ ¸²ÊÎ ¥ ³´µ£¨Ì ¶µ²¥° ¡µ²¥¥ ¥¸É¥¸É¢¥´´µ · ¸¸³ É·¨¢ ÉÓ

´¥ ¢¨· ¸µ·µ¢¸±ÊÕ ¶µ¤ ²£¥¡·Ê ±¨· ²Ó´µ°  ²£¥¡·Ò,    ²£¥¡·Ê (¢Ò¸Ï¨Ì ¸¶¨´µ¢)
WG, µ¡· §Ê¥³ÊÕ £¥´¥· Éµ· ³¨ ¢¨¤ 

∑
(µ∂X)n. �·¨ ±µ³¶ ±É¨Ë¨± Í¨¨ ´ 

r-³¥·´ÊÕ ·¥Ï¥É±Ê Γ = {γ}: X ∼ X + 2πγ ¶·¨³ ·´Ò³¨ ¶µ²Ö³¨ ‚¨· ¸µ·µ
Ö¢²ÖÕÉ¸Ö eipxeip̄x̄, ±µ£¤ 

p = γ∗ +
1

2
γ , p̄ = γ∗ − 1

2
γ ; γ ∈ Γ, γ∗ ∈ Γ∗ , (2.46)

£¤¥ Γ∗ Å ¤Ê ²Ó´ Ö ± Γ ·¥Ï¥É± , É.¥. γγ∗ = Í¥²µ¥ Î¨¸²µ. �¤´ ±µ ¢ ¸²ÊÎ ¥
¸¶¥Í¨ ²Ó´ÒÌ ·¥Ï¥Éµ± ±¨· ²Ó´ Ö  ²£¥¡·  ¢µ§· ¸É ¥É ¤µ Ĝk=1 ¸ £¥´¥· Éµ· ³¨
Jα = eiαx, Hν = ν∂x, £¤¥ α Å ¢¸¥ ±µ·´¨ G,   ν Å ´¥±µÉµ·Ò° ¡ §¨¸ ¢
± ·É ´µ¢¸±µ° (£¨¶¥·)¶²µ¸±µ¸É¨. �Éµ ¶·µ¨¸Ìµ¤¨É, ±µ£¤  Γ (γ ∈ Γ) Ö¢²Ö¥É¸Ö ·¥-

Ï¥É±µ° ±µ·´¥°  ²£¥¡·Ò G; Éµ£¤  § ·Ö¤Ò Qα =

∮
Jα ¨ Qν =

∮
Hν , Ö¢²ÖÕ-

Ð¨¥¸Ö £¥´¥· Éµ· ³¨  ²£¥¡·Ò £²µ¡ ²Ó´µ° ¸¨³³¥É·¨¨ G, ±µ³³ÊÉ¨·ÊÕÉ ¸ É¥´§µ-
·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸ ,   ¢¨· ¸µ·µ¢¸±¨¥ ¶·¨³ ·´Ò¥ ¶µ²Ö µ¡· §ÊÕÉ ¶·¥¤¸É ¢-
²¥´¨¥ G. �Éµ ¶µ¤· §Ê³¥¢ ¥É, ÎÉµ, ± ± ¨ ¢ ¸²ÊÎ ¥ SU(2), ´ ·Ö¤Ê ¸ ª´ ¨¢´Ò³¨ª
¶·¨³ ·´Ò³¨ ¶µ²Ö³¨ (¨²¨ É Ì¨µ´ ³¨) eipxeip̄x̄ ¸ÊÐ¥¸É¢ÊÕÉ ¨ ¤·Ê£¨¥, µ¡· §Ê¥-
³Ò¥ ¤¥°¸É¢¨¥³ G. Šµ£¤  rG > 1, ¸¨ÉÊ Í¨Ö ÔÉ¨³ ´¥ ¨¸Î¥·¶Ò¢ ¥É¸Ö,   ¨³¥´´µ:
¶·¨³ ·´ÒÌ ¶µ²¥° ‚¨· ¸µ·µ £µ· §¤µ ¡µ²ÓÏ¥ (£· ¢¨Éµ´Ò ¨ É.¶. Å ¢¸¥ ¸É ·Ï¨¥
¸¶¨´Ò). —Éµ¡Ò ¸Ê§¨ÉÓ ±² ¸¸ ¶·¨³ ·´ÒÌ ¶µ²¥° ¨ § ³¥É¨ÉÓ ¸É·Ê±ÉÊ·Ê ³µ¤¥²¨
£·Ê¶¶Ò G, ´Ê¦´µ ¶¥·¥°É¨ ± ¶·¨³ ·´Ò³ ¶µ²Ö³ WG- ²£¥¡·Ò. ƒ¥´¥· Éµ· ³¨
WG- ²£¥¡·Ò Ö¢²ÖÕÉ¸Ö ±µ³¡¨´ Í¨¨ É¨¶ 

∑
a=0(νa∂x)n, £¤¥ n = 1, . . . , rG

(  νa Å ´¥±µÉµ·Ò¥ ¢¥±Éµ·Ò ¢ ± ·É ´µ¢¸±µ° (£¨¶¥·)¶²µ¸±µ¸É¨, ¸¢Ö§ ´´Ò¥ ¸
ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¢¥¸ ³¨). ‘ ³  WG- ²£¥¡·  (¨²¨ ¥¥ Ê´¨¢¥·¸ ²Ó´ Ö µ¡¥·ÉÒ-
¢ ÕÐ Ö) µ¶·¥¤¥²Ö¥É¸Ö ± ± Î ¸ÉÓ ±¨· ²Ó´µ°  ²£¥¡·Ò (¢ ´ Ï¥³ ¸²ÊÎ ¥ Ê´¨¢¥·-
¸ ²Ó´ Ö µ¡¥·ÉÒ¢ ÕÐ Ö Ĝ1), ±µ³³ÊÉ¨·ÊÕÐ Ö ¸ § ·Ö¤ ³¨ Qα, Qν . �µÔÉµ³Ê
¶·¨³ ·´Ò¥ ¶µ²Ö WG ¶µ-¶·¥¦´¥³Ê µ¡· §ÊÕÉ ³Ê²ÓÉ¨¶²¥ÉÒ G,   ¶µ²´Ò° ¨Ì
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´ ¡µ· Å ³µ¤¥²Ó M [G]. —Éµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ÔÉµ, µ¡· É¨³¸Ö µ¶ÖÉÓ ±
Ëµ·³Ê² ³ ¤²Ö µ¤´µ¶¥É²¥¢ÒÌ ¸É É¸Ê³³:

Z(τ, τ̄ ) = |η(q)−rG |2
∑

ν∈Γ∗/Γ

∑
ε

∣∣∣∣Θ [ν + ε

0

]
(τ)

∣∣∣∣2 , (2.47)

£¤¥ ε ¶·µ¡¥£ ¥É ¶µ ¢¥±Éµ· ³ {1

2
ei} ¨ 0 ({ei} Å ¡ §¨¸ ·¥Ï¥É±¨ Γ ) [87,103].

—²¥´ ¸ ε = 0

Z(τ, τ̄ ) = |η(q)−rG |2
∑

ν∈Γ∗/Γ

∣∣∣Θ [ν
0

]
(τ)
∣∣∣2 (2.48)

³µ¤Ê²Ö·´µ-¨´¢ ·¨ ´É¥´ ¨ Ö¢²Ö¥É¸Ö µ¤´µ¶¥É²¥¢µ° ¸É É¸Ê³³µ° k = 1 ³µ¤¥²¨
‚‡�‚ ¤²Ö ADE-£·Ê¶¶Ò G. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö µ¤´µ¶¥É²¥¢ Ö ¸É É¸Ê³³  ¢ ª±¨-
· ²Ó´µ³ª ¨²¨ ªµÉ±·ÒÉµ³ª ¸¥±Éµ·¥ ¥¸ÉÓ

Z(τ) ≡ η(q)−rG
∑

ν∈Γ∗/Γ

Θ
[ν

0

]
(τ) =

∑
Λ∈Γ∗

DΛχΛ(τ), (2.49)

£¤¥ ¶·¥¤¸É ¢²¥´¨¥ ¸É ·Ï¥£µ ¢¥¸  RG[Λ] £·Ê¶¶Ò G Å ¢§ ¨³´µ µ¤´µ§´ Î´µ
¸É ·Ï¨° ¢¥±Éµ· Λ, ²¥¦ Ð¨° ¢ ©¶µ²µ¦¨É¥²Ó´µ°ª ± ³¥·¥ ‚¥°²Ö Γ+. � §³¥·-
´µ¸ÉÓ ¶·¥¤¸É ¢²¥´¨Ö RG[Λ] ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ¶·µ¨§¢¥¤¥´¨¥ ¶µ ¢¸¥³ ¶µ²µ¦¨-
É¥²Ó´Ò³ ±µ·´Ö³ α [106]:

DΛ =
∏
α∈∆+

〈Λ + ρ,α〉
〈ρ,α〉 (2.50)

(ρ =
1

2

∑
α∈∆+

α, 〈, 〉Å ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¢ ± ·É ´µ¢¸±µ° (£¨¶¥·)¶²µ¸±µ-

¸É¨). ‘µ£² ¸´µ ¶·¨¢¥¤¥´´Ò³ ¢ÒÏ¥  ·£Ê³¥´É ³, É¥ ¦¥ ¸ ³Ò¥ ¢¥±Éµ·Ò Λ µÉ-
¢¥Î ÕÉ ¶·¨³ ·´Ò³ ¶µ²Ö³  ²£¥¡·Ò WG ¨²¨ ´¥¶·¨¢µ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³
RWG [Λ] ¸ c = rG. (‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ ¸ ³¨ ¶·¥¤¸É ¢²¥´¨Ö RWG [Λ] ¨
RG[Λ] ´¥ ¸µ¢¶ ¤ ÕÉ: Ö¢²ÖÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ · §²¨Î´ÒÌ  ²£¥¡·!) �¡µ-
§´ Î¨³ χΛ(τ)  ´ ²µ£¨ ¢¨· ¸µ·µ¢¸±¨Ì Ì · ±É¥·µ¢ Š Í  Å �µÏ  Å Š ·¨¤¨
¤²Ö ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° RWG [Λ] ¸ ±µ´Ëµ·³´Ò³¨ · §³¥·´µ¸ÉÖ³¨

∆Λ =
1

2
Λ2:

χΛ(τ) = η(q)−rG
∑
σ∈W

det (σ) q
1
2 (Λ+ρ−σ(ρ))2

, (2.51)

£¤¥W Å £·Ê¶¶  ‚¥°²Ö  ²£¥¡·Ò G,   det (σ) µ¡µ§´ Î ¥É ¤¥É¥·³¨´ ´É ¶·¥µ¡· -
§µ¢ ´¨Ö σ ∈ W . �É¨ Ì · ±É¥·Ò § ¢¨¸ÖÉ Éµ²Ó±µ µÉ · §³¥·´µ¸É¨ ∆, ¶µÔÉµ³Ê
µ´¨ µ¤¨´ ±µ¢Ò ¤²Ö ¢¸¥Ì ¶·¨³ ·´ÒÌ ¶µ²¥° DΛ, ¶·¥¤¸É ¢²¥´¨Ö R[Λ] ¨ ¤ ÕÉ
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µ¤¨´ ±µ¢Ò° ¢±² ¤ ¢ (2.49), ¶·¨¢µ¤Ö ± ¶µÖ¢²¥´¨Õ ³´µ¦¨É¥²¥° DΛ. ”µ·³Ê² 
(2.49) ¤µ± §Ò¢ ¥É, ÎÉµ WG-¶·¨³ ·´Ò¥ ¶µ²Ö µ¡· §ÊÕÉ ³µ¤¥²Ó £·Ê¶¶Ò G.

„²Ö ¤µ± § É¥²Ó¸É¢  (2.49) ¢ÒÎ¨¸²¨³ ¸Ê³³Ê ¢ ¶· ¢µ° Î ¸É¨. ‘´ Î ²  ¶¥-
·¥¶¨Ï¥³ ¥¥ ± ± ¸Ê³³Ê ¶µ ¢¸¥° ·¥Ï¥É±¥ ¢¥¸µ¢, ¨¸¶µ²Ó§ÊÖ Éµ, ÎÉµ ¢¸²¥¤¸É¢¨¥
(2.50) ¨ (2.51) ¤²Ö ²Õ¡µ£µ σ ∈ W ¨ ν ¨³¥¥³

Dνχν (τ) = Dνσχνσ (τ), (2.52)

£¤¥ νσ ≡ σ(ν) + σ(ρ)− ρ. �Éµ ¤ ¥É ¤²Ö ²Õ¡µ° ·¥Ï¥É±¨ T

∑
ν∈T+

Dνχν(τ) =
1

ordW

(∑
ν∈T

Dνχν (τ)

)
, (2.53)

£¤¥ ordW Å ¶µ·Ö¤µ± (Î¨¸²µ Ô²¥³¥´Éµ¢) £·Ê¶¶Ò ‚¥°²Ö, T+ Å ¶¥·¥¸¥Î¥´¨¥ T
¸ ± ³¥·µ° ‚¥°²Ö,  

T̂ =
⋃
σ∈W

[σ(T+) + σ(ρ)− ρ]. (2.54)

‚µµ¡Ð¥ £µ¢µ·Ö, T̂ ´¥ ¸µ¢¶ ¤ ¥É ¸ ¨§´ Î ²Ó´µ° ·¥Ï¥É±µ° T : ÔÉµ ¢¥·´µ ¤²Ö
·¥Ï¥É±¨ ±µ·´¥° Γ̂ = Γ, ´µ ´¥ ¤²Ö Γ̂∗ 6= Γ∗. (‚ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ SU(2)
Γ∗ = {n/

√
2, n ∈ Z}, ρ = 1/

√
2, Γ∗+ = {n/

√
2, n ∈ Z, n ≥ 0},   Γ̂∗+ =

= {n/
√

2, n ∈ Z, n 6= −1}. ’¥³ ´¥ ³¥´¥¥ · §´¨Í  ³¥¦¤Ê Γ∗+ ¨ Γ̂∗+ ¸µ¸Éµ¨É
¨§ ¥¤¨´¸É¢¥´´µ° ÉµÎ±¨ ν = −ρ,   ¸µ£² ¸´µ (2.50) ¢ ÔÉµ° ÉµÎ±¥ D−ρ = 0,
É.¥. µ´  ´¥ ¤ ¥É ¢±² ¤  ¢ ¸Ê³³Ê ¢ ¶· ¢µ° Î ¸É¨ (2.53), É ± ÎÉµ ¸Ê³³¨·µ¢ ´¨¥
³µ¦¥É ¶·µ¢µ¤¨ÉÓ¸Ö ¶µ ¢¸¥° ·¥Ï¥É±¥ Γ∗+.) �µ¸²¥¤´¥¥ ÊÉ¢¥·¦¤¥´¨¥ ¢¥·´µ ¤²Ö

¶·µ¨§¢µ²Ó´ÒÌ ADE- ²£¥¡· G: ¢ µ¡Ð¥³ ¸²ÊÎ ¥ · §´¨Í  ³¥¦¤Ê Γ∗+ ¨ Γ̂∗+ Ê¦¥ ´¥
ÉµÎ± ,   ¸µ¸Éµ¨É ¨§ £¨¶¥·¶²µ¸±µ¸É¥° ±µ· §³¥·´µ¸É¨ 1, É ± ÎÉµ ¤²Ö ²Õ¡µ£µ ν ∈
Γ∗− Γ̂∗ ¸Ê³³  ν+ρ µ·Éµ£µ´ ²Ó´  ¶µ ±· °´¥° ³¥·¥ µ¤´µ³Ê ¨§ ¶µ²µ¦¨É¥²Ó´ÒÌ
±µ·´¥°,   ¶µÔÉµ³Ê ¸µ£² ¸´µ (2.50) ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Dν = 0, ¨ ¸Ê³³¨·µ¢ ´¨¥
¢ ¶· ¢µ° Î ¸É¨ (2.53) ³µ¦¥É ¶·µ¨§¢µ¤¨ÉÓ¸Ö ¶µ ¶µ²´µ° ·¥Ï¥É±¥ Γ∗ ¢³¥¸Éµ Γ̂∗.
�µ¸²¥ ÔÉµ£µ ¨³¥¥³

Z(τ) =
∑
ν∈Γ∗+

Dνχν(τ) =
1

ordW
∑
ν∈Γ̂∗

Dνχν (τ) =
1

ordW
∑
ν∈Γ∗

Dνχν(τ),

(2.55)
£¤¥ É ±¦¥ ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ Dν = 0 ¤²Ö ν ∈ Γ∗ − Γ̂∗. �µ¤¸É ¢²ÖÖ (2.55) ¨
¤¥² Ö § ³¥´Ê ¶¥·¥³¥´´µ° ¸Ê³³¨·µ¢ ´¨Ö Λ = ν + ρ− s(ρ), ¶µ²ÊÎ ¥³

η(q)rGZ(τ) =
1

ordW
∑
ν∈Γ∗

∑
s∈W

∏
α∈∆+

〈ν + ρ,α〉
〈ρ,α〉 det (s)q

1
2 [ν+ρ−s(ρ)]2 =

=
1

ordW
∑
s∈W

det (s)
∑

Λ∈Γ∗

∏
α∈∆+

〈Λ + s(ρ),α〉
〈ρ,α〉 q

1
2Λ2

=
∑

Λ∈Γ∗

q
1
2Λ2

, (2.56)
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£¤¥ ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ s2 = 1 ¤²Ö s ∈ W ,   É ±¦¥∑
σ∈W

det (σ)
〈Λ + σ(ρ),α〉
〈ρ,α〉 = ordW (2.57)

¤²Ö ²Õ¡µ£µ Λ. � ±µ´¥Í, ¤²Ö ¶· ¢µ° Î ¸É¨ (2.56) ¶µ²ÊÎ ¥³

∑
ν∈Γ∗

qν
2/2 =

∑
ν∈Γ∗/Γ

∑
λ∈Γ

q(λ+ν)2/2

 =
∑

ν∈Γ∗/Γ

Θ
[ν
0

]
(τ), (2.58)

£¤¥ ¶µÖ¢¨² ¸Ó ·¥Ï¥ÉµÎ´ Ö Θ-ËÊ´±Í¨Ö, µ¶·¥¤¥²¥´´ Ö ± ± ¸Ê³³  ¶µ ·¥Ï¥É±¥
±µ·´¥° Γ.

• · ±É¥·Ò ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·ÒWG (2.51) ³µ¦´µ ¶µ²Ê-
Î¨ÉÓ ¶·¥¤¥²Ó´Ò³ ¶¥·¥Ìµ¤µ³ c→ rG ¨²¨ α0 → 0,   ¨³¥´´µ ¨¸¶µ²Ó§ÊÖ Ì · ±-
É¥·Ò ©³¨´¨³ ²Ó´µ°ª ¸¥·¨¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ §´ Î¥´¨ÖÌ c = rG − 12α2

0ρ
2 =

= rG − 6 (p−p′)2

pp′ ρ2. ‘µ£² ¸´µ [94]

χΛ1,Λ2
(τ) = η(q)−rG

∑
s1,s2∈W

det (s1) det (s2)

ordW Θ

[
ps1Λ1 − p′s2Λ2

0

]
(pp′τ) =

= η(q)−rG
∑
s∈W

det (s)
∑
α∈Γ

exp

(
iπτ

pp′
(psΛ1 − p′Λ2 − 2pp′α)2

)
, (2.59)

µÉ±Ê¤  ¢ ¶·¥¤¥²¥ p→∞, p′ →∞ ¶·¨ Ë¨±¸¨·µ¢ ´´µ° · §´µ¸É¨ p′−p µ¸É ¥É¸Ö
²¨ÏÓ Î²¥´ ¸ α = 0. �¥·¥µ¶·¥¤¥²¨¢ Λi → Λi + ρ ¨ ¶µ²µ¦¨¢ Λ1 = 0 (n = 1
¢ ¸²ÊÎ ¥ SU(2)),   Λ2 ≡ Λ, ¶·¨Ìµ¤¨³ ± Ëµ·³Ê²¥ (2.51).

‚§ ¨³µ¤¥°¸É¢¨¥ ¸ WG-£· ¢¨É Í¨¥°. � ±µ´¥Í, ÎÉµ¡Ò ¢Ò¤¥²¨ÉÓ ¸É·Ê±-
ÉÊ·Ê ³µ¤¥²¨, ´¥µ¡Ìµ¤¨³µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶µÉµ³±µ¢: ¸¤¥² ÉÓ WG-¸¨³³¥É·¨Õ ± -
²¨¡·µ¢µÎ´µ° ¨²¨ ¶¥·¥°É¨ ± WG-¸É·Ê´ ³. ƒ² ¢´Ò³ µÉ²¨Î¨¥³ WG-£· ¢¨É Í¨¨
µÉ µ¡ÒÎ´µ° 2D-£· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö ¶·µ¡²¥³  ¸ Ëµ·³Ê²¨·µ¢±µ°, ¢ ±µÉµ·µ°
Ë¨§¨Î¥¸±¨¥ µ¶¥· Éµ·Ò (´ ¡²Õ¤ ¥³Ò¥) ¶·¥¤¸É ¢²ÖÕÉ¸Ö ± ± ¶·µ¨´É¥£·¨·µ¢ ´-
´Ò¥ ¶·µ¸ÉÒ¥ µ¶¥· Éµ·Ò ¥¤¨´¨Î´µ° · §³¥·´µ¸É¨, ´¥ ¸µ¤¥·¦ Ð¨¥ ¤ÊÌµ¢ÒÌ ¶µ-
²¥°. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¡¥§¤ÊÌµ¢Ò¥ µ¶¥· Éµ·Ò ¨³¥ÕÉ ¥¸É¥¸É¢¥´´ÊÕ · §³¥·-

´µ¸ÉÓ ∆{G} = 2ρ2 =
1

6
CV [G] dimG. „ ¦¥ É·¥ÌÉµÎ¥Î´Ò¥ ±µ··¥²ÖÍ¨µ´´Ò¥

ËÊ´±Í¨¨ É ±¨Ì µ¶¥· Éµ·µ¢ ¸µ¤¥·¦ É ´¥É·¨¢¨ ²Ó´ÊÕ ¤ÊÌµ¢ÊÕ Î ¸ÉÓ (É.¥. ¶·µ-
¸É· ´¸É¢µ ³µ¤Ê²¥° WG-£· ¢¨É Í¨¨ ´¥É·¨¢¨ ²Ó´µ Ê¦¥ ¤²Ö ¸Ë¥·Ò ¸ É·¥³Ö µÉ-
³¥Î¥´´Ò³¨ ÉµÎ± ³¨).

�´ ²µ£µ³ ¤¥°¸É¢¨Ö ‹¨Ê¢¨²²Ö Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨¥ ±µ´Ëµ·³´µ° G-Éµ¤µ¢¸±µ°
É¥µ·¨¨ ¶µ²Ö (2.21):∫

d2z

|∂φ|2 + β0R0(y)ρφ+
∑

simple α
ηie
αφ

 , (2.60)
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£¤¥ ¸Ê³³¨·µ¢ ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶µ rG ¶·µ¸ÉÒ³ ±µ·´Ö³ G, ¨, ± ± µ¡ÒÎ´µ,
¢ Ëµ·³ ²¨§³¥ „„Š · ¸¸³ É·¨¢ ¥É¸Ö ÉµÎ± , £¤¥ ¢¸¥ ηi = 0. Š·µ³¥ rG-±µ³-
¶µ´¥´É´µ£µ ¶µ²Ö W -’µ¤Ò φ, ¸²¥¤Ê¥É ¢¢¥¸É¨ rG ¤ÊÌµ¢ÒÌ ¶ · Å bc-¸¨¸É¥³∫
d2z

∑
j∈SG

(
bj∂̄c1−j + c.c.

)
¸µ ¸¶¨´ ³¨ j ∈ SG, £¤¥ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ SG Å ³´µ-

¦¥¸É¢µ G-¨´¢ ·¨ ´Éµ¢, ¨²¨ ± §¨³¨·µ¢, ¤²Ö É·¥Ì A-, D- ¨ E-¸¥·¨°:
SU(r + 1) − j = 2, . . . , rG + 1 (¸·. ¸ (2.17)); SO(2r) − j = 2, 4, . . . , 2r − 2
¨ r; E6 − j = 2, 5, 6, 8, 9, 12; E7 − j = 2, 6, 8, 10, 12, 14, 18; E8 − j =
= 2, 8, 12, 14, 18, 20, 24, 30 ¸µµÉ¢¥É¸É¢¥´´µ. –¥´É· ²Ó´Ò° § ·Ö¤ ¤ÊÌµ¢µ° ¸¨-
¸É¥³Ò ¢ µ¡Ð¥³ ¸²ÊÎ ¥ · ¢¥´ cghosts =

∑
j∈SG

[−2(6j2− 6j+ 1)] = −48ρ2− 2rG,

  Í¥´É· ²Ó´Ò° § ·Ö¤ ¶µ²¥° W -’µ¤Ò Å cφ = rG + 48β2
0ρ

2. ˆ§ Ê¸²µ¢¨Ö

cmatter + cφ+ cghosts = 0 ¨³¥¥³ 48(β2
0 −1)ρ2 = cmatter− rG,   ¸²¥¤µ¢ É¥²Ó´µ,

¤²Ö cmatter = rG ¶µ²ÊÎ ¥³ β0 = ±1.
„²Ö ¶µ¸É·µ¥´¨Ö ´ ¡²Õ¤ ¥³ÒÌ ¢ WG-¸É·Ê´´µ° ³µ¤¥²¨ ¥¸É¥¸É¢¥´´µ¥ µ¡µ¡-

Ð¥´¨¥ Ëµ·³ ²¨§³  „„Š ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê  ²£µ·¨É³Ê:
A) ‚Ò¡¥·¥³ ²Õ¡µ¥ WG-¶·¨³ ·´µ¥ ¶µ²¥ ³ É¥·¨¨ Ψν,ξ(x) =

=
rG∏
i=1

(Q−αi)
(µiξ)Ψν,0, Ψν,0 = eiνx, £¤¥ ν µÉ¢¥Î ¥É ¶·¥¤¸É ¢²¥´¨Õ Rν [G]

¸µ ¸É ·Ï¨³ ¢¥±Éµ·µ³ ν,   ξ ≡ ξR Å Ô²¥³¥´ÉÊ ÔÉµ£µ ¶·¥¤¸É ¢²¥´¨Ö, ¶·¨ ÔÉµ³
±µ´Ëµ·³´ Ö · §³¥·´µ¸ÉÓ ∆ν ,ξ = ν2/2 ´¥ § ¢¨¸¨É µÉ ξ.

�) ª�¤¥´¥³ª ¶µ²¥ ³ É¥·¨¨ W -Éµ¤µ¢¸±µ° Ô±¸¶µ´¥´Éµ° Ξν ,ξ(x,φ) =

= Ψν ,ξ(x)eβνφ É ±, ÎÉµ¡Ò ¶µ²¥ Ξν ,ξ ¡Ò²µ Ë¨±¸¨·µ¢ ´´µ° · §³¥·´µ¸É¨

∆{G}. �Éµ ¤ ¥É Ê¸²µ¢¨¥ ∆ν,ξ −
1
2β

2
ν − 2β0βνρ = ∆{G}, ¨²¨, ¢ ´ Ï¥³

¸²ÊÎ ¥, ±µ£¤  ∆ν ,ξ =
1

2
ν2 ¨ β0 = 1,

1

2
ν2 =

1

2
(βν + 2ρ)2 + (∆{G} − 2ρ2). (2.61)

�¥§Ê¸²µ¢´µ, ÔÉµ ¥¤¨´¸É¢¥´´µ¥ (¸± ²Ö·´µ¥) Ê· ¢´¥´¨¥ ´  rG ¢¥²¨Î¨´ (¢¥±Éµ·)
βν (¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ν) ¨³¥¥É ³´µ£µ ·¥Ï¥´¨°, É¥³ ´¥ ³¥´¥¥ ¸ÊÐ¥¸É¢Ê¥É
¢Ò¤¥²¥´´ Ö ¸¨ÉÊ Í¨Ö, ±µ£¤  ∆{G} = 2ρ2,  

βν = ν − 2ρ. (2.62)

‚) „µ¡ ¢¨³ ¤ÊÌµ¢Ò° ³´µ¦¨É¥²Ó, ÎÉµ¡Ò µ¡· §µ¢ ÉÓ ¨§ ∆{G} µ¶¥· Éµ· ´Ê²¥¢µ°
· §³¥·´µ¸É¨. ‚ µ¡ÒÎ´µ° £· ¢¨É Í¨¨ ¸ ∆{SU(2)} = 1 ¤µ¸É ÉµÎ´µ Ê³´µ¦¨ÉÓ
Ξ(x, φ) ´  ¤ÊÌµ¢µ¥ ¶µ²¥, µÉ¢¥Î ÕÐ¥¥ ·¥¶ · ³¥É·¨§ Í¨Ö³, c−1 ≡ c:

Oν,ξ(x, φ, c) = Ξν,ξ(x, φ)c−1 = ψν,ξ(x)eβνφc−1. (2.63)

�·¨ ÔÉµ³ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ´ ¡²Õ¤ ¥³ÒÌ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¤µ¶µ²´¨-

É¥²Ó´Ò³¨ ¢¸É ¢± ³¨ ¢¨¤ 
N(2)∏
α=1

∫
d2z

b2µ
(2)
α , £¤¥ µ(2)

α Å ¤¨ËË¥·¥´Í¨ ²Ò �¥²Ó-
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É· ³¨,   N (2) Å · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥°. �²ÓÉ¥·´ É¨¢´Ò³ µ¶·¥-
¤¥²¥´¨¥³

Ôν,ξ(x, φ) =

∫
dz

Ξν,ξ(x, φ) =

∫
dz

ψν,ξ(x)eβνφ (2.64)

Ö¢²Ö¥É¸Ö ¶·µ¨´É¥£·¨·µ¢ ´´Ò° ¡¥§¤ÊÌµ¢Ò° µ¶¥· Éµ· ¥¤¨´¨Î´µ° · §³¥·´µ¸É¨.
„²Ö G 6= SU(2) ¸¨ÉÊ Í¨Ö ¡µ²¥¥ ¸²µ¦´ Ö, É ± ± ± ´¥ ¸ÊÐ¥¸É¢Ê¥É (¶µ

±· °´¥° ³¥·¥, ´  ¤ ´´Ò° ³µ³¥´É) ¥¸É¥¸É¢¥´´µ£µ µ¶·¥¤¥²¥´¨Ö ¢¨¤  (2.64) ¨
µ¸É ¥É¸Ö ²¨ÏÓ Ëµ·³Ê²¨·µ¢±  ��‘’-É¨¶ ,  ´ ²µ£¨Î´ Ö (2.63). ’¥¶¥·Ó ¢³¥-
¸Éµ µ¤¥¢ ´¨Ö Ξ(x,φ) ¥¤¨´¸É¢¥´´Ò³ ¤ÊÌµ¢Ò³ ¶µ²¥³ c−1 ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ
±µ³¡¨´ Í¨Õ ¤ÊÌµ¢ÒÌ ¶µ²¥°:

Oν ,ξ(x,φ, c) = Ξν ,ξ(x,φ)
∏
j∈Sj

(
c1−j∂c1−j∂

2c1−j . . . ∂
j−2c1−j

)
=

= ψν,ξ(x)e(ν−2ρ)φei
∑

(j−1)ϕj . (2.65)

‚ ¶µ¸²¥¤´¥³ · ¢¥´¸É¢¥ ÊÎÉ¥´  Ö¢´ Ö Ëµ·³Ê²  (2.62) ¤²Ö βν ¨ ¡µ§µ´¨§ -
Í¨Ö ¤ÊÌµ¢ÒÌ ¶µ²¥°, É.¥. bj = e−iϕj , c1−j = eiϕj . � §³¥·´µ¸ÉÓ ±µ³¡¨´ -
Í¨¨ {c1−j∂c1−j∂2c1−j . . . ∂

j−2c1−j} =: (c1−j)
j−1 := ei(j−1)ϕj · ¢´  ∆j =

= −j(j− 1)/2, ¨ ¶·µ¨§¢¥¤¥´¨¥ ¤ÊÌµ¢ÒÌ ¢±² ¤µ¢ ¢ (2.65) ¶·¨µ¡·¥É ¥É · §³¥·-
´µ¸ÉÓ∑
j∈SG

∆j =
1

24

∑
j∈SG

[−2(6j2−6j+ 1) + 2] =
1

24
(cghosts + 2rG) = −2ρ2. (2.66)

’ ±¨³ µ¡· §µ³, µ¶¥· Éµ·, µÉ¢¥Î ÕÐ¨° ´ ¡²Õ¤ ¥³µ°, µ± §Ò¢ ¥É¸Ö ´Ê²¥¢µ°
· §³¥·´µ¸É¨, ´µ ¶·¨µ¡·¥É ¥É ¶·¨ ÔÉµ³ ¡µ²ÓÏµ° ¤ÊÌµ¢Ò° § ·Ö¤. �ÉµÉ ¤Ê-
Ìµ¢Ò° § ·Ö¤ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ±µ··¥²ÖÉµ·µ¢ ±µ³¶¥´¸¨·Ê¥É¸Ö ¢¸É ¢± ³¨∏
j∈SG

(
N(j)∏
α=1

∫
d2z

bjµ
(j)
α

)
, ±µÉµ·Ò¥ É¥¶¥·Ó ¢±²ÕÎ ÕÉ ¤¨ËË¥·¥´Í¨ ²Ò �¥²ÓÉ· ³¨,

µÉ¢¥Î ÕÐ¨¥ ³µ¤Ê²Ö³ W -¸É·Ê±ÉÊ·. ‡ ³¥É¨³, ÎÉµ µ¶¥· Éµ·Ò ´ ¡²Õ¤ ¥³ÒÌ
(2.65) ¢ WG-¸É·Ê´ Ì ¸ c = rG ³µ¦´µ ¢Ò¡¨· ÉÓ ¢ ± Î¥¸É¢¥ ¶·¥¤¸É ¢¨É¥²¥°
±² ¸¸µ¢ ��‘’-±µ£µ³µ²µ£¨° (¶µ ±· °´¥° ³¥·¥, ¤²Ö ¸²ÊÎ Ö G = SU(3) [107]).
�¶¥· Éµ·´ Ö  ²£¥¡·  ¢ ¸¥±Éµ·¥, µ¶·¥¤¥²Ö¥³µ³ ³µ¤¥²ÓÕ £·Ê¶¶Ò G, ¸¢µ¤¨É¸Ö ±
¶· ¢¨² ³ ¶·µ¨§¢¥¤¥´¨Ö ¶·¥¤¸É ¢²¥´¨° ¸µµÉ¢¥É¸É¢ÊÕÐ¥° £·Ê¶¶Ò, ´µ ¶·¨ ÔÉµ³
¢ÒÎ¨¸²¥´¨¥ ¸É·Ê±ÉÊ·´ÒÌ ±µ´¸É ´É § É·Ê¤´¥´µ ¨§-§  µÉ¸ÊÉ¸É¢¨Ö ¨²¨ £·µ³µ§¤-
±µ¸É¨ Ëµ·³Ê² ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ Š²¥¡Ï  Å ƒµ·¤ ´  ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ, ±·µ³¥
SL(2).

2.3. �¥¶¥·ÉÊ·¡ É¨¢´ Ö Ëµ·³Ê²¨·µ¢±  ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨: ·¥Ï¥-
´¨¥ Ê¸²µ¢¨° ‚¨· ¸µ·µ. �µ µ¶·¥¤¥²¥´¨Õ ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ¸É É¸Ê³³  (¨²¨
¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¤²Ö Ë¨§¨Î¥¸±¨Ì  ³¶²¨ÉÊ¤) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢
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¢¨¤¥ ¸Ê³³Ò ·Ö¤ , ± ¦¤Ò° Î²¥´ ¢ ±µÉµ·µ³ ¶·¥¤¸É ¢²¥´ ¶µ²Ö±µ¢¸±¨³ ±µ´É¨´Ê-
 ²Ó´Ò³ ¨´É¥£· ²µ³ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ µ¶·¥¤¥²¥´´µ£µ ·µ¤  (¸³. (2.1)):

F(λ) =
∑

genus

λgFg; Fg =

∫
Σp

Dg exp γ

∫
R∆−1R. (2.67)

‚ÒÏ¥ ¡Ò²µ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ, ÎÉµ ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² (2.1), (2.67)
¤ ¦¥ ¶¥·ÉÊ·¡ É¨¢´µ (É.¥. ± ¦¤Ò° Î²¥´ ¢ µÉ¤¥²Ó´µ¸É¨) ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨-
¸²¥´ ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ¸²ÊÎ ¥¢ ¢ ¶·µ¸É¥°Ï¨Ì É¥µ·¨ÖÌ 2D-
£· ¢¨É Í¨¨. ‚ÒÎ¨¸²¥´¨¥ ¦¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éµ¢ ¨²¨ ¸Ê³³¨·µ¢ ´¨¥
·Ö¤  (2.67) Ö¢²Ö¥É¸Ö ¸²µ¦´µ° § ¤ Î¥°, ±µÉµ· Ö ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ´¥ ¨³¥¥É
¶·Ö³µ£µ ·¥Ï¥´¨Ö. ‚ÒÎ¨¸²¥´¨¥ ÉµÎ´µ£µ µÉ¢¥É  ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´µ ²¨ÏÓ
±µ¸¢¥´´Ò³¨ ³¥Éµ¤ ³¨, ¨§ ±µÉµ·ÒÌ ¨¸Éµ·¨Î¥¸±¨ ¶¥·¢Ò³ ¶µÖ¢¨² ¸Ó Ëµ·³Ê²¨-
·µ¢±  ¢ É¥·³¨´ Ì ³ É·¨Î´ÒÌ ³µ¤¥²¥° [22], ±µ£¤  ¢³¥¸Éµ ´¥¶·¥·Ò¢´µ° É¥µ·¨¨
(2.67) · ¸¸³ É·¨¢ ¥É¸Ö ¥¥ ÔËË¥±É¨¢´ Ö ¤¨¸±·¥É¨§ Í¨Ö, Ö¢²ÖÕÐ Ö¸Ö ¢ ´¥±µÉµ-
·µ³ ¸³Ò¸²¥ ÉµÎ´µ° ¤²Ö ¶·µ¸É¥°Ï¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°, É.¥. ¶·¨ ¸¶¥Í¨ ²Ó´ÒÌ
É·¥¡µ¢ ´¨ÖÌ ´  ¶·µ¸É· ´¸É¢µ-¢·¥³Ö (´ ¶·¨³¥·, ´  · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨: ÔËË¥±É¨¢´Ò¥ ³ É·¨Î´Ò¥ É¥µ·¨¨ ¨§¢¥¸É´Ò ²¨ÏÓ ¤²Ö ¶·µ¸É· ´¸É¢
³ ²µ° · §³¥·´µ¸É¨ Å ¢ ¶·¥¤¥²¥ ¤²Ö ¸²ÊÎ Ö Î¨¸Éµ° £· ¢¨É Í¨¨ (2.67)).

�·µ¡²¥³Ò ¸ ´¥¶·¥·Ò¢´µ° Ëµ·³Ê²¨·µ¢±µ° (2.67), ± ± ¶· ¢¨²µ, ¸¢Ö§ ´Ò
¸ É¥³, ÎÉµ µ´  ´¥¸¥É ª¨§¡ÒÉµÎ´ÊÕª ¨´Ëµ·³ Í¨Õ, ¸¢Ö§ ´´ÊÕ ¸ ª¢´ÊÉ·¥´´¥°ª
¸É·Ê±ÉÊ·µ° ³¨·µ¢µ£µ ²¨¸É  (´ ¶·¨³¥·, ¨´Ëµ·³ Í¨Õ µ ¸É·Ê±ÉÊ·¥ ¶·¥¤¸É ¢²¥-
´¨° ±¨· ²Ó´µ°  ²£¥¡·Ò 2D ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö), ±µÉµ· Ö ´¥ Ö¢²Ö¥É¸Ö
¸ÊÐ¥¸É¢¥´´µ° ¤²Ö Ëµ·³Ê²¨·µ¢±¨ ±µ´¥Î´µ° ªÔËË¥±É¨¢´µ°ª É¥µ·¨¨ Ê¦¥ ´¥¶µ-
¸·¥¤¸É¢¥´´µ ¢ Ë¨§¨Î¥¸±µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨. „·Ê£¨³¨ ¸²µ¢ ³¨, ¢§ ¨³µ-
¤¥°¸É¢¨¥ ¸ £· ¢¨É Í¨¥° ¶·¥¢· Ð ¥É ±µ´Ëµ·³´Ò¥ ¶µÉµ³±¨ ¢ ª± ²¨¡·µ¢µÎ´Ò¥ª
¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ±µÉµ·Ò¥ ´¥ ´¥¸ÊÉ Ë¨§¨Î¥¸±µ° ´ £·Ê§±¨, ¨ ¶µÖ¢²Ö¥É¸Ö ´ ¤¥-
¦¤  ´  ¢µ§³µ¦´µ¸ÉÓ ÔËË¥±É¨¢´µ° Ëµ·³Ê²¨·µ¢±¨, ª§ ¡Ò¢ ÕÐ¥°ª ¶·µ ¸É·Ê±-
ÉÊ·Ò ´  ³¨·µ¢µ³ ²¨¸É¥, ±µÉµ· Ö (¶·¨ Ê¤ Î¥) ¶µÖ¢²Ö¥É¸Ö ¨ § ¶¨¸Ò¢ ¥É¸Ö ¢ É¥·-
³¨´ Ì ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò. ‚ ´¥±µÉµ·µ³ ¸³Ò¸²¥ ¨´É¥£·¨·Ê¥³µ¸ÉÓ ³µ¦´µ
· ¸¸³ É·¨¢ ÉÓ ± ± ¤µ¶µ²´¨É¥²Ó´Ò° ¶·¨´Í¨¶, ¶µ§¢µ²ÖÕÐ¨° µ¶·¥¤¥²¨ÉÓ ¸Ê³³Ê
·Ö¤  (2.67),   ¨³¥´´µ, ¥¸²¨ ´ °¤¥É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥, ¤²Ö ±µÉµ-
·µ£µ ( ¸¨³¶ÉµÉ¨Î¥¸±¨°) ·Ö¤ (2.67) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³, Éµ ¥£µ ÉµÎ´µ¥ ·¥Ï¥´¨¥
µÉ¢¥Î ¥É ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥¦¨³Ê.

‘´ Î ²  ³Ò · ¸¸³µÉ·¨³ ¶·¨³¥·, £¤¥ ÔËË¥±É¨¢´ Ö É¥µ·¨Ö ¤ ¥É¸Ö ´¥¶·¥-
·Ò¢´Ò³ ¶·¥¤¥²µ³ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, µ¶·¥¤¥²¥´´ÒÌ ¨´É¥£· ² ³¨ É¨¶  (1.3),
¡µ²¥¥ ÉµÎ´µ ¢ ¸²ÊÎ ¥ µ¤´µ° ³ É·¨ÍÒ ¨³¥ÕÐ¨³ ¢¨¤

ZN =

∫
DMN×N exp−Tr

∑
tkM

k; DMN×N ≡
∏
dMij

Vol U(N)
. (2.68)
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�¥¶·¥·Ò¢´Ò° ¶·¥¤¥², ¢ Î ¸É´µ¸É¨, ¶·¥¤¶µ² £ ÕÐ¨° N → ∞, logZ −→
N→∞

F ,

¤ ¥É ÉµÎ´µ¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ·¥Ï¥´¨¥ (2.67) ¤²Ö ±² ¸¸  (2, 2k + 1) ³µ¤¥-
²¥° [23].

�¸´µ¢´Ò³ · §²¨Î¨¥³ ³¥¦¤Ê ´¥¶·¥·Ò¢´µ° (2.67) ¨ ÔËË¥±É¨¢´µ° ³ É·¨Î-
´µ° Ëµ·³Ê²¨·µ¢± ³¨ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶¥·¢ Ö ¶·¥¤¶µ² £ ¥É ´¥±µÉµ·Ò° ¤µ-
¶µ²´¨É¥²Ó´Ò° ´ ¡µ· Ê¸²µ¢¨° Ê´¨É ·´µ¸É¨ ¨²¨ Ë ±Éµ·¨§ Í¨¨, ÎÉµ¡Ò ¸¢Ö§ ÉÓ
³¥¦¤Ê ¸µ¡µ° ´µ·³¨·µ¢±Ê · §²¨Î´ÒÌ Î²¥´µ¢ ¢ ¸Ê³³¥ ¶µ Éµ¶µ²µ£¨Ö³ ¢ (2.67),
¢ Éµ ¢·¥³Ö ± ± ¢ ³ É·¨Î´µ° Ëµ·³Ê²¨·µ¢±¥ (2.68) ÔÉ¨ ¸µµÉ´µÏ¥´¨Ö ¢µ§´¨± ÕÉ
 ¢Éµ³ É¨Î¥¸±¨. �µ²¥¥ Éµ£µ, ¶µ ±· °´¥° ³¥·¥ ¤²Ö ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨° µ´¨
¨³¥ÕÉ ¢¨¤ É ± ´ §Ò¢ ¥³ÒÌ ¢¨· ¸µ·µ¢¸±¨Ì (¢ µ¡Ð¥³ ¸²ÊÎ ¥ W ) Ê¸²µ¢¨° ∗,
±µÉµ·Ò¥ ´  ¸ ³µ³ ¤¥²¥ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± µ¶·¥¤¥²¥´¨¥ ´¥¶¥·ÉÊ·¡ -
É¨¢´µ° É¥µ·¨¨. ‚ ¤ ²Ó´¥°Ï¥³ ·¥Ï¥´¨Ö ¨¥· ·Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ¢¨· ¸µ·µ¢¸±¨³ Ê¸²µ¢¨Ö³, ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸É·Ê´´Ò³¨ ·¥Ï¥-
´¨Ö³¨.

�¨¦¥ ³Ò µ¶·¥¤¥²¨³ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ É¥µ·¨¨ ± ± ·¥Ï¥´¨Ö ¢¨· ¸µ·µ¢-
¸±¨Ì Ê¸²µ¢¨°. �± §Ò¢ ¥É¸Ö, ÔÉ¨ Ê¸²µ¢¨Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨¢µ¤ÖÉ ± ¨´É¥-
£·¨·Ê¥³µ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ÔËË¥±É¨¢´ÒÌ É¥µ·¨°, ¢ Î ¸É´µ¸É¨, ·¥Ï¥´¨Ö
¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° µ± §Ò¢ ÕÉ¸Ö τ -ËÊ´±Í¨Ö³¨ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ ¨¥· ·-
Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° [24Ä26].

‚ É¥·³¨´ Ì ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ (2.67) ÔÉµ µ§´ Î ¥É, ÎÉµ F(T ) =
= log τ(T ), £¤¥ T ≡ {Tk} Ö¢²Ö¥É¸Ö ´ ¡µ·µ³ ¢·¥³¥´ ¨´É¥£·¨·Ê¥³µ° ¨¥· ·-
Ì¨¨ ¨²¨ ´ ¡µ·µ³ ±µ´¸É ´É ¸¢Ö§¨ ´¥¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ 2D-£· ¢¨É Í¨¨.
ˆ³¥´´µ ¶µÖ¢²¥´¨¥ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö Éµ° ´µ¢µ° Î¥·Éµ° ÔË-
Ë¥±É¨¢´µ° Ëµ·³Ê²¨·µ¢±¨, ±µÉµ· Ö ¶µ§¢µ²Ö¥É £µ· §¤µ ¤ ²ÓÏ¥ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢
¨§ÊÎ¥´¨¨ ¸¢µ°¸É¢ (2.68), ´¥¦¥²¨ µ·¨£¨´ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ (2.67).

�¥Ï¥´¨¥ É ± ´ §Ò¢ ¥³ÒÌ ª¤¨¸±·¥É´ÒÌª ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° [27]:

LnZN (t) = 0, n ≥ −1; Ln ≡
∞∑
k=0

ktk
∂

∂tk+n
+
∑

a+b=n

∂2

∂ta∂tb
(2.69)

¸ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ (¶·¨¤ ÕÐ¨³ ¸³Ò¸² ¶¥·¥³¥´´µ° t0)
∂ZN
∂t0

=
= −NZN (£¤¥ N ¸²¥¤Ê¥É µÉµ¦¤¥¸É¢²ÖÉÓ ¸ · §³¥·µ³ ³ É·¨Í ¢ Ëµ·³Ê²¥ (2.68))
¢ ¸¶¥Í¨ ²Ó´µ³ ¤¢µ°´µ³ ¸±¥°²¨´£µ¢µ³ ¶·¥¤¥²¥ [23] ¤ ¥É ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ
Ëµ·³Ê²¨·µ¢±Ê ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨ ± ± ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°

∗�ÉµÉ ÔËË¥±É Ö¸´µ Ê± §Ò¢ ¥É ´  ´ ²¨Î¨¥ µ¶·¥¤¥²¥´´µ° ¤Ê ²Ó´µ¸É¨ ³¥¦¤Ê ³¨·µ¢Ò³ ²¨¸Éµ³
¨ ¶·µ¸É· ´¸É¢µ³-¢·¥³¥´¥³, ¶·¨ ±µÉµ·µ° ·¥¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢µ£µ ²¨¸É  ¨ ¶·¥µ¡· §µ¢ ´¨Ö ¢
¶·µ¸É· ´¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨ ³¥´ÖÕÉ¸Ö ³¥¸É ³¨.
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Lnτ = 0, n ≥ −1,

Ln =
∑
k=0

(
k +

1

2

)
T2k+1

∂

∂T2(k+n)+1
+

+G
∑

0≤k≤n−1

∂2

∂T2k+1∂T2(n−k)−1
+
δ0,n

16
+
δ−1,nT

2
1

16G
, (2.70)

£¤¥ τ Å τ -ËÊ´±Í¨Ö ¨¥· ·Ì¨¨ Š¤”, É.¥. ¶µ³¨³µ (2.70) Ê¤µ¢²¥É¢µ·Ö¥É ¥Ð¥ ¨
¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (¡¨²¨´¥°-
´ÒÌ ¸µµÉ´µÏ¥´¨° •¨·µÉÒ, ¸³., ´ ¶·¨³¥·, [56]). �±µ´Î É¥²Ó´ Ö Ëµ·³Ê²¨-
·µ¢±  ¤ ´´µ£µ ¸¥³¥°¸É¢  ³µ¤¥²¥° 2D-£· ¢¨É Í¨¨ ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ
¸¨¸É¥³ µ¸´µ¢ ´  ´  ¸²¥¤ÊÕÐ¨Ì ÊÉ¢¥·¦¤¥´¨ÖÌ.
• �·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ³ É·¨Î´µ° ³µ¤¥²¨ (2.69) ± ± ËÊ´±Í¨Ö ¢·¥³¥´

Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¶µ²Ê¡¥¸±µ´¥Î´µ° Í¥¶µÎ±¨ ’µ¤Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¶·µ-
¡²¥³  �¨³ ´  Å ƒ¨²Ó¡¥·É  § ¤ ¥É¸Ö ¸± ²Ö·´Ò³ ¶·µ¨§¢¥¤¥´¨¥³

〈A(λ), B(λ)〉 =

∮
A(λ)B∗(λ)e−V (λ); V (λ) ≡

∑
k≥0

tkλ
k. (2.71)

�Éµ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¶µ§¢µ²Ö¥É ¢¢¥¸É¨ ´ ¡µ· µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨-
´µ³µ¢ Pn(λ) = λn + O(λn−1), µÉ²¨Î ÕÐ¨Ì¸Ö ´µ·³¨·µ¢±µ° µÉ ¸É ´¤ ·É´ÒÌ

ËÊ´±Í¨° �¥°±¥·  Å �Ì¨¥§¥·  Ψn(λ) = Pn(λ) e−
V (λ)

2 −φn2 :

〈Pn(λ), Pm(λ)〉 = eφnδmn, (2.72)

É ± ÎÉµ

ZN (t) = τN (t) = τ0

N−1∏
n=1

eφn , (2.73)

  ¶¥·¥³¥´´Ò¥ φn ± ± ËÊ´±Í¨¨ ¢·¥³¥´ {tk} Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ ¨¥· ·-
Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò

∂2φn

∂t21
= eφn+1−φn − eφn−φn−1 ≡ Rn+1 −Rn,

∂φn

∂t2
= −

(
eφn+1−φn +

(
∂φn

∂t1

)2

− eφn−φn−1

)
≡ −(Rn+1 + p2

n −Rn) (2.74)

¨ É.¤. ‚ ·¥¤ÊÍ¨·µ¢ ´´µ° ³µ¤¥²¨ ¸¨¸É¥³  (2.74) ¢Ò·µ¦¤ ¥É¸Ö ¢ ¨¥· ·Ì¨Õ ‚µ²Ó-
É¥·· , ¶¥·¢µ¥ Ê· ¢´¥´¨¥ ±µÉµ·µ° (¢ ¶¥·¥³¥´´ÒÌ Rn{t2k} ≡ eφn−φn−1{t2k})
¨³¥¥É ¢¨¤ ∂Rn

∂t2
= −Rn(Rn+1 − Rn−1). ‘µ¢³¥¸É´µ¸ÉÓ ³¥¦¤Ê Ê· ¢´¥´¨Ö³¨

’µ¤Ò ¨ ¢¨· ¸µ·µ¢¸±¨³¨ Ê¸²µ¢¨Ö³¨ (2.69) ¤ ¥É ª¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ª [27].
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• �¥¶·¥·Ò¢´Ò° ¶·¥¤¥² µ¶·¥¤¥²Ö¥É¸Ö ± ± ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥²
[23], ¶·¨ ±µÉµ·µ³ N → ∞ µ¤´µ¢·¥³¥´´µ ¸ Ê¸²µ¢¨¥³, ÎÉµ ±µ´¸É ´ÉÒ ¸¢Ö§¨
¤µ¸É¨£ ÕÉ ¸¢µ¨Ì ±·¨É¨Î¥¸±¨Ì §´ Î¥´¨° É ±, ÎÉµ ¸É·Ê´´ Ö ±µ´¸É ´É  ¸¢Ö§¨
(¶ · ³¥É· · §²µ¦¥´¨Ö ¶µ ·µ¤ ³) Ë¨±¸¨·µ¢ ´ . ª�¥¶·¥·Ò¢´Ò¥ª ¢¥²¨Î¨´Ò ¶µ-
²ÊÎ ÕÉ¸Ö ¨§ ª¤¨¸±·¥É´ÒÌª ¶¥·¥´µ·³¨·µ¢±µ°, Ö¢²ÖÕÐ¥°¸Ö ¸²¥¤¸É¢¨¥³ ´¥É·¨-
¢¨ ²Ó´µ° § ³¥´Ò ¢·¥³¥´ {t} → {T̃ } → {T} ¨ ¶¥·¥´µ·³¨·µ¢±¨ ¶·µ¨§¢µ¤Ö-
Ð¥° ËÊ´±Í¨¨. �µ²¥¥ ÉµÎ´µ ´¨¦¥ ¡Ê¤¥É ¢¢¥¤¥´ ¶ · ³¥É· a É ±µ°, ÎÉµ a → 0
¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥,   ¢¸¥ ¤¨¸±·¥É´Ò¥ ¢¥²¨Î¨´Ò Ö¢²ÖÕÉ¸Ö ´¥±µÉµ·Ò³¨
ËÊ´±Í¨Ö³¨ ¶ · ³¥É·  a, ´ ¶·¨³¥·, ¤¨¸±·¥É´Ò¥ ¢·¥³¥´  tk ≡ tk(a,T ), · §-
³¥· ³ É·¨ÍÒ N ≡ N(a,T ) →

a→0
∞ ¨ É.¶. �ÉµÉ ¶·¥¤¥² ´¥É·¨¢¨ ²¥´ ± ± ¤²Ö

Éµ¤µ¢¸±¨Ì Ê· ¢´¥´¨°∗, É ± ¨ ¤²Ö ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°. �·µ¸É¥°Ï¨³ ¸²Ê-
Î ¥³, ±µ£¤  µ´ ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´ ¨ ¶·¨¢µ¤¨É ± ¸¥³¥°¸É¢Ê (2, 2k + 1)
³µ¤¥²¥° 2D-£· ¢¨É Í¨¨, Ö¢²Ö¥É¸Ö µ¤´µ³ É·¨Î´ Ö Ô·³¨Éµ¢¸± Ö ³µ¤¥²Ó ¸ ´Ê²¥-
¢Ò³¨ ´¥Î¥É´Ò³¨ ¢·¥³¥´ ³¨ [28]. ‘¢Ö§Ó ³¥¦¤Ê ¤¨¸±·¥É´Ò³¨ ¨ ´¥¶·¥·Ò¢´Ò³¨
É¥µ·¨Ö³¨ ´  Ö§Ò±¥ ¸¢µ¡µ¤´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥°, µÉ¢¥Î ÕÐ¨Ì ª¡µ§µ´¨§ Í¨¨ª
¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° (2.69) ¨ (2.70), § ¤ ¥É¸Ö § ³¥´µ° ¸¶¥±É· ²Ó´µ£µ ¶ -
· ³¥É·  u2 = 1 + az. �·¨ ÔÉµ³ ´¥¶·¥·Ò¢´Ò¥ £¥´¥· Éµ·Ò  ²£¥¡·Ò ‚¨· ¸µ·µ
(2.70) Ö¢²ÖÕÉ¸Ö ³µ¤ ³¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 

T (z) =
1

2
: ∂Φ2(z):− 1

16z2
=
∑ Ln

zn+2
. (2.75)

�µ¤·µ¡´µ¸É¨ ¶·µÍ¥¤Ê·Ò ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥²  ³µ¦´µ ´ °É¨ ¢ [28,29].
• “¸²µ¢¨¥ ¸µ¢³¥¸É´µ¸É¨ Ê· ¢´¥´¨° ’µ¤Ò ¨ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° Å

¤¨¸±·¥É´µ¥ ¸É·Ê´´µ¥ Ê· ¢´¥´¨¥

n+
1

2
= G(k)

n {R} ¨²¨ 1 = G
(k)
n+1{R} −G

(k)
n−1{R} (2.76)

Ô±¢¨¢ ²¥´É´µ Ê¸²µ¢¨Õ Ô±¸É·¥³Ê³  δS
δ logRn

= 0 ËÊ´±Í¨µ´ ² 

S =
∑
n

(
φn +

∑
k

tkG
(k)
n {R}

)
. (2.77)

„¥°¸É¢¨¥ (2.77), § ¶¨¸ ´´µ¥ ¢ É¥·³¨´ Ì µ¶¥· Éµ·  ‹ ±¸  L ¸µ ¸É ´¤ ·É´µ°
´µ·³¨·µ¢±µ° ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ Lmn ≡ 〈m|λ|n〉√

〈m|m〉〈n|n〉
[27], ¶·¨µ¡·¥É ¥É

¢¨¤

S =
∑
n

(
φn +

1

2

∑
k

tk Tr L2k

)
. (2.78)

∗�Éµ Ìµ·µÏµ ¨§¢¥¸É´Ò° ¶·¥¤¥² ¢ É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, µÉ¢¥Î ÕÐ¨° ª¸²¨Ö´¨Õª
¤¢ÊÌ µ¸µ¡ÒÌ ÉµÎ¥± (µ¸µ¡¥´´µ¸É¥° ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥·  ¨ É.¶.) ¢ É¥µ·¨¨ ’µ¤Ò ¢ µ¤´Ê,
µÉ¢¥Î ÕÐÊÕ ¨¥· ·Ì¨¨ Š¤” ¶·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶¥·¥µ¶·¥¤¥²¥´¨¨ ¢·¥³¥´.
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’ ±¨³ µ¡· §µ³, Ö¢´µ ¶·¥¤¸É ¢²¥´  ±µ´¸É·Ê±Í¨Ö, ¢ ±µÉµ·µ° ¸¥³¥°¸É¢µ ·¥Ï¥-
´¨° ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò (Ö¢²ÖÕÐ¥°¸Ö ´¥±µÉµ·µ° ·¥¤Ê±Í¨¥° ¨¥· ·Ì¨¨ Š�
¨²¨ ¤¢Ê³¥·´µ° ·¥Ï¥É±¨ ’µ¤Ò), ¢Ò¤¥²Ö¥³µ¥ Ê¸²µ¢¨¥³ ¨´¢ ·¨ ´É´µ¸É¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨Ì τ -ËÊ´±Í¨° µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö Î ¸É¨ £¥´¥· Éµ·µ¢  ²£¥¡·Ò
‚¨· ¸µ·µ (W - ²£¥¡·Ò) Lnτ = 0, n ≥ −1, Ëµ·³Ê²¨·Ê¥É¸Ö ´  ² £· ´¦¥¢¸±µ³
Ö§Ò±¥, É.¥. ¢ ¢¨¤¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö δS = 0. „¥°¸É¢¨¥, ± ± µ¡ÒÎ´µ, ¶µ-
§¢µ²Ö¥É ¢Ò°É¨ §  · ³±¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö: ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² ¢¨¤ ∫
Dφ exp

(
− 1
~S{φ}

)
¶·¨ ´¥´Ê²¥¢µ° ¶µ¸ÉµÖ´´µ° �² ´±  ~ 6= 0, ¢ ¶·¨´Í¨¶¥,

¶µ§¢µ²Ö¥É ¨¸¸²¥¤µ¢ ÉÓ ¤¨´ ³¨±Ê ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥ ¸É·Ê´´µ°
É¥µ·¨¨ ¶µ²Ö. ‚ Î ¸É´µ¸É¨, ³µ¦´µ ´ ¤¥ÖÉÓ¸Ö, ÎÉµ, ³¥´ÖÖ ¸ ¶µ³µÐÓÕ ·¥´µ·³-
£·Ê¶¶Ò §´ Î¥´¨Ö ¶ · ³¥É·µ¢ t ¢ (2.78), ³µ¦´µ µ¶¨¸Ò¢ ÉÓ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê
· §²¨Î´Ò³¨ ³Ê²ÓÉ¨±·¨É¨Î¥¸±¨³¨ ÉµÎ± ³¨, ¨²¨ ³¥¦¤Ê · §²¨Î´Ò³¨ ÉµÎ± ³¨
ÔËË¥±É¨¢´µ° É¥µ·¨¨ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨. ‚ ¶µ¸É·µ¥´´µ° Ëµ·³Ê²¨·µ¢±¥
ÔÉ¨ ¤¥Ëµ·³ Í¨¨ ¤¥°¸É¢¨Ö S{φ} § ¤ ÕÉ¸Ö ¶·µ¨§¢µ¤´Ò³¨ ¶µ ¢·¥³¥´ ³ T , É.¥.
(¢§ ¨³´µ ±µ³³ÊÉ¨·ÊÕÐ¨³¨) ¶µÉµ± ³¨ ¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨°.

2.4. ’µ¶µ²µ£¨Î¥¸± Ö 2D-£· ¢¨É Í¨Ö ± ± Ö¢´µ¥ ·¥Ï¥´¨¥ ¢¨· ¸µ·µ¢¸±¨Ì
Ê¸²µ¢¨°. ‡¤¥¸Ó ³Ò ¶µ¸É·µ¨³ ·¥Ï¥´¨¥ ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¢´¥
¢¸Ö±µ° ¸¢Ö§¨ ¸ ¨Ì ¤¨¸±·¥É´Ò³¨  ´ ²µ£ ³¨, É.¥. ¡Ê¤¥É ¶·¥¤²µ¦¥´  ¸µ¢¥·Ï¥´´µ
µÉ²¨Î´ Ö µÉ ¶·¨¢¥¤¥´´µ° ¢ÒÏ¥ ¶·µÍ¥¤Ê·  ¶µ¸É·µ¥´¨Ö ·¥Ï¥´¨Ö ´¥¶¥·ÉÊ·-
¡ É¨¢´µ° ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨ ± ± ¶·¥¤¥²  ¨§ ¢¸¶µ³µ£ É¥²Ó´µ°
¤¨¸±·¥É´µ° § ¤ Î¨ ¸ ¡µ²¥¥ ¶·µ¸ÉÒ³¨ ªÊ¸²µ¢¨Ö³¨ Ê´¨É ·´µ¸É¨ª. ‚ µÉ²¨Î¨¥
µÉ ¤¨¸±·¥É´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ, £¤¥ ·¥Ï¥´¨¥ ¸· §Ê ´ Ìµ¤¨É¸Ö ¢ ¢¨¤¥ ±µ´-
Ëµ·³´µ£µ ±µ··¥²ÖÉµ·  µ¡ÒÎ´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥° [108], ´¥¶·¥·Ò¢´Ò° ¸²ÊÎ °
µ± §Ò¢ ¥É¸Ö £µ· §¤µ ¡µ²¥¥ ¸²µ¦´Ò³. �¸´µ¢´ Ö ¶·¨Î¨´  § ±²ÕÎ ¥É¸Ö ¢ Éµ³,
ÎÉµ ´¥¶·¥·Ò¢´Ò° ¸²ÊÎ ° µÉ²¨Î ¥É¸Ö µÉ ¤¨¸±·¥É´µ£µ (¶µ Ö¢´µ³Ê ¢¨¤Ê: ¸·.
(2.69) ¨ (2.70)) § ³¥´µ° µ¡ÒÎ´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ´  ¸± ²Ö·´µ¥ ¶µ²¥ ¸  ´-
É¨¶¥·¨µ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ Å ¨³¥´´µ ¢ É ±µ³ ¸¨´£Ê²Ö·´µ³
¶·¥µ¡· §µ¢ ´¨¨ ¨ § ±²ÕÎ ¥É¸Ö ¸³Ò¸² ¤¢µ°´µ£µ ¸±¥°²¨´£µ¢µ£µ ¶·¥¤¥² . ‚ ¶µ-
²ÖÌ ¸  ´É¨¶¥·¨µ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¶µ¸É·µ¨ÉÓ ±µ´Ëµ·³´µ¥ ·¥-
Ï¥´¨¥ £µ· §¤µ ¸²µ¦´¥¥∗, ¶µÔÉµ³Ê ´¨¦¥ ¤²Ö ·¥Ï¥´¨Ö ´¥¶·¥·Ò¢´µ° ¶·µ¡²¥³Ò
¢µ¸¶µ²Ó§Ê¥³¸Ö ¤·Ê£¨³ ³¥Éµ¤µ³.

�± §Ò¢ ¥É¸Ö, ÎÉµ ´¥¶·¥·Ò¢´Ò¥ Ê¸²µ¢¨Ö ‚¨· ¸µ·µ (¢ ¸¶¥Í¨ ²Ó´ÒÌ ¶¥·¥-
³¥´´ÒÌ Œ¨¢Ò, ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¶µ¤·µ¡´µ µ¡¸Ê¦¤¥´Ò ´¨¦¥) ³µ£ÊÉ ¡ÒÉÓ ª¶·µ-
¸Ê³³¨·µ¢ ´Òª ¢ µ¶·¥¤¥²¥´´Ò¥ ³ É·¨Î´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò.
Šµ´±·¥É´µ ¤²Ö W (p)- ²£¥¡·Ò (Vir = W (2)) ÔÉ¨ µ¶¥· Éµ·Ò ¸¢Ö§ ´Ò ¸ ² ¶² -
¸¨ ´ ³¨ (¨²¨ ± §¨³¨· ³¨) ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µ´¥Î´µ³¥·´ÒÌ  ²£¥¡· (SL(n)
¤²Ö W (n)) ¨ ¨³¥ÕÉ ¢¨¤

∂p

∂Λp
+ ..., (2.79)

∗�¤´µ° ¨§ ¶·¨Î¨´ Ö¢²Ö¥É¸Ö µÉ¸ÊÉ¸É¢¨¥ ¸¨²Ó´µ Ê¶·µÐ ÕÐ¥£µ ¶· ¢¨²  µÉ¡µ·  ¶µ ´Ê²¥¢µ°
³µ¤¥ ¸± ²Ö·´µ£µ ¶µ²Ö.
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£¤¥ Λ Å Ô·³¨Éµ¢  ³ É·¨Í  · §³¥·  N × N (¤²Ö ¸²ÊÎ Ö SL(N)). “¸²µ¢¨Ö
¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·µ¢ (2.79) ³µ£ÊÉ ¡ÒÉÓ ¨´É¥·-
¶·¥É¨·µ¢ ´Ò ± ± Éµ¦¤¥¸É¢  “µ·¤  ¢ ´¥±µÉµ·ÒÌ ÔËË¥±É¨¢´ÒÌ ³ É·¨Î´ÒÌ É¥-
µ·¨ÖÌ.

’ ±¨³ µ¡· §µ³, ´¨¦¥ ¡Ê¤¥É ¤µ± § ´µ, ÎÉµ ¨§ (¸¨¸É¥³Ò) Ê· ¢´¥´¨° ¨´¢ -
·¨ ´É´µ¸É¨ ËÊ´±Í¨¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  É¨¶  (2.79)

Tr ε(Λ)

(
W

(
∂

∂Λtr

)
− Λ

)
Z[Λ] = 0 (2.80)

(£¤¥ W (X) Å ´¥±µÉµ·Ò° ¶µ²¨´µ³,   (Λtr)ij ≡ Λji), ¸²¥¤ÊeÉ (¸É·µ£µ £µ¢µ·Ö,
¢ ¶·¥¤¥²¥ N → ∞), ÎÉµ ÔÉ  ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ´¥¶·¥·Ò¢´ÒÌ ¢¨-
· ¸µ·µ¢¸±¨Ì (¨²¨ W ) Ê¸²µ¢¨°. ˆ§ Ëµ·³Ò Ê· ¢´¥´¨Ö (2.80) ¸²¥¤Ê¥É, ÎÉµ µ´µ
³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ± ± Éµ¦¤¥¸É¢µ “µ·¤  ¤²Ö ³ É·¨Î´µ£µ ¨´É¥£· ² , ±µÉµ-
·Ò° (¶·¨ µ¶·¥¤¥²¥´´µ° ´µ·³¨·µ¢±¥) ¤ ¥É ÉµÎ´µ¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ·¥Ï¥´¨¥
2D (Éµ¶µ²µ£¨Î¥¸±µ°)-£· ¢¨É Í¨¨. ’µÎ´ Ö Ëµ·³Ê²  ¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¶·µ-
¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ ¨³¥¥É ¢¨¤ [34] (W (M) ≡ V ′(M)):

Z(N)[V |M ] ≡ C(N)[V |M ] eTr V (M)−Tr MW (M)

∫
DX e−Tr V (X)+Tr W (M)X ,

(2.81)
£¤¥ ¨´É¥£·¨·µ¢ ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶µ ¶·µ¸É· ´¸É¢Ê N × N ªÔ·³¨Éµ¢ÒÌª ³ -
É·¨Í,   ´µ·³¨·µ¢µÎ´Ò° ³´µ¦¨É¥²Ó ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥ £ Ê¸¸µ¢¸±µ£µ
¨´É¥£· ² 

C(N)[V |M ]−1 ≡
∫
DY e−Tr U2[M,Y ],

U2 ≡ lim
ε→0

1

ε2
Tr [V (M + εY )− V (M)− εY V ′(M)]. (2.82)

‘´ Î ²  ³Ò µ¡¸Ê¤¨³ Éµ²Ó±µ ¸¶¥Í¨ ²Ó´Ò¥ ¶µÉ¥´Í¨ ²Ò ³µ´µ³¨ ²Ó´µ£µ ¢¨¤ 

Vp(X) = Xp+1

p+1 , ¶·¨¢µ¤ÖÐ¨¥ ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ ¢ (2.80) ± Ê· ¢´¥´¨Ö³ É¨¶ 
(2.79) ∗.

‚ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥ p = 2 ¨³¥¥É¸Ö ±¢ ¤· É¨Î´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· (² ¶² ¸¨ ´), ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´Ê¦´µ ¤µ± § ÉÓ · ¢¥´¸É¢µ

1

Z Tr

(
ε
∂2

∂Λ2
tr

− εΛ
)
Z =

1

Z

∑
n≥−1

LnZ Tr (εΛ−n−2) (2.83)

∗„µ± § É¥²Ó¸É¢µ ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° ¤²Ö ¶µÉ¥´Í¨ ²µ¢ µ¡-
Ð¥£µ ¢¨¤  µ¸´µ¢ ´µ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ¨´É¥£·¨·Ê¥³µ¸É¨ ¨ ¡Ê¤¥É ¶·¨¢¥¤¥´µ ´¨¦¥.
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¤²Ö

Z{2}{Λ} ≡
∫
DX exp

(
−1

3
Tr X3 + Tr ΛX

)
=

= C[
√

Λ] exp

(
2

3
Tr Λ3/2

)
Z{2}(Tm),

Tm =
1

m
Tr M−m =

1

m
Tr Λ−m/2, m− ´¥Î¥É. (2.84)

¶·¨
C[
√

Λ] = det (
√

Λ⊗ I + I ⊗
√

Λ)−
1
2 (2.85)

¨

Ln =
1

2

∑
k>δn+1,0
k ´¥Î¥É.

kTk
∂

∂Tk+2n
+

+
1

4

∑
a+b=2n

a,b>0; a,b ´¥Î¥É.

∂2

∂Ta∂Tb
+ δn+1,0

T 2
1

4
+ δn,0

1

16
− ∂

∂T2n+3
. (2.86)

“· ¢´¥´¨¥ (2.83) ¢¥·´µ ¤²Ö ²Õ¡µ£µ · §³¥·  ³ É·¨Í Λ∗, ¡µ²¥¥ Éµ£µ, ¢ ¶·¥-
¤¥²¥ ¡¥¸±µ´¥Î´µ ¡µ²ÓÏµ£µ · §³¥·  ³ É·¨ÍÒ Λ (N → ∞) ¢¸¥ ¢¥²¨Î¨´Ò
Tr (εΛ−n−2), ´ ¶·¨³¥·, Tr Λp−n−2 ¤²Ö ε = Λp, ¸É ´µ¢ÖÉ¸Ö  ²£¥¡· ¨Î¥¸±¨ ´¥-
§ ¢¨¸¨³Ò³¨, É ± ÎÉµ ¨§ Ê· ¢´¥´¨Ö (2.83) ¸²¥¤Ê¥É, ÎÉµ LnZ{T } = 0, n ≥ −1.
‡ ³¥É¨³, ÎÉµ ËÊ´±Í¨Ö Z{Λ}, ±µÉµ·ÊÕ ´Ê¦´µ ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ÉÓ ¢ Ëµ·-
³Ê²¥ (2.84), ÎÉµ¡Ò ¤µ± § ÉÓ ¢Ò¶µ²´¥´¨¥ Éµ¦¤¥¸É¢ ‚¨· ¸µ·µ (2.83), § ¢¨¸¨É
Éµ²Ó±µ µÉ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° {λk} ³ É·¨ÍÒ Λ. �µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ · ¸-
¸³µÉ·¥ÉÓ Ê· ¢´¥´¨¥ (2.83) ¢ ª¤¨ £µ´ ²Ó´µ° ÉµÎ±¥ª Λij = 0, ±µ£¤  i 6= j.
…¤¨´¸É¢¥´´Ò° ª´¥¤¨ £µ´ ²Ó´Ò°ª ±Ê¸µ± ¢ Ëµ·³Ê²¥ (2.83), ¢Ò¦¨¢ ÕÐ¨° ¶µ¸²¥
¤¨ £µ´ ²¨§ Í¨¨, ¶·µ¶µ·Í¨µ´ ²¥´

∂2λk

∂Λij∂Λji

∣∣∣∣
Λmn=0, m 6=n

=
δki − δkj
λi − λj

¤²Ö i 6= j. (2.87)

”µ·³Ê²  (2.87) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± Ìµ·µÏµ §´ ±µ³ Ö ¨§ ±Ê·¸  ±¢ ´Éµ¢µ°
³¥Ì ´¨±¨ ¶µ¶· ¢±  ¢Éµ·µ£µ ¶µ·Ö¤±  ± ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ £ ³¨²ÓÉµ´¨ ´ 
¢ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö. �É  Ëµ·³Ê² 
³µ¦¥É ¡ÒÉÓ ²¥£±µ ¢Ò¢¥¤¥´  ¨§ ¢ ·¨ Í¨¨ ¤¥É¥·³¨´ ´É :

δ log (det Λ) = Tr
1

Λ
δΛ− 1

2
Tr (

1

Λ
δΛ

1

Λ
δΛ) + . . . . (2.88)

∗‚¸¥, ÎÉµ ´¥µ¡Ìµ¤¨³µ ¶µÉ·¥¡µ¢ ÉÓ Å ÔÉµ Éµ, ÎÉµ¡Ò ³ É·¨Î´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· -
Éµ· ¤¥°¸É¢µ¢ ² ´  ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ Tk (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´µ·³¨·µ¢±¨).
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„²Ö ¤¨ £µ´ ²Ó´µ° Λij = λiδij , ´µ, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥¤¨ £µ´ ²Ó´µ° δΛij , Ê· ¢-
´¥´¨¥ (2.88) ¤ ¥É∑

k

δλk

λk
= −1

2

∑
i6=j

δΛijδΛji
λiλj

=
1

2

∑
i6=j

(
1

λi
− 1

λj

)
δΛijδΛji
λi − λj

+ . . . , (2.89)

ÎÉµ ¨ ¤µ± §Ò¢ ¥É Ëµ·³Ê²Ê (2.87).
�µ¸±µ²Ó±Ê ³ É·¨Í  ε ¶·µ¨§¢µ²Ó´  (  §´ Î¨É, ³µ¦¥É ¡ÒÉÓ ËÊ´±Í¨¥° Λ), ¥¥

³µ¦´µ ¢Ò¡· ÉÓ § ¢¨¸ÖÐ¥° ²¨ÏÓ µÉ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λi. ’ ±¨³ µ¡· §µ³,
³Ò ·¥ ²Ó´µ ¨¸¶µ²Ó§Ê¥³ Éµ²Ó±µ ¤¢  Ê¸²µ¢¨Ö:

1) ±µ´±·¥É´ÊÕ Ëµ·³Ê ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö (2.82);
2) ÉµÉ Ë ±É, ÎÉµ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö Z[T (λi)] Ö¢²Ö¥É¸Ö ¸²µ¦´µ° ËÊ´±-

Í¨¥°, É.¥. ¥¥ ´Ê¦´µ ¤¨ËË¥·¥´Í¨·µ¢ ÉÓ ± ± § ¢¨¸ÖÐÊÕ µÉ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨° {λi} Éµ²Ó±µ Î¥·¥§ ¶¥·¥³¥´´Ò¥ Tk.

�µ¸²¥ ¢Ò¶µ²´¥´¨Ö ÔÉ¨Ì Ê¸²µ¢¨° Ëµ·³Ê²  (2.83) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ 
¢ ¢¨¤¥

e−
2
3 Tr Λ3/2

C(
√

Λ)Z{T }

[
Tr ε

{
∂2

∂Λ2
− Λ

}]
C(
√

Λ)e
2
3 Tr Λ3/2

Z{T } =

=
1

Z

∑
a,b>0

∂2Z

∂Ta∂Tb

∑
i

ε(λi)
∂Ta

∂λi

∂Tb

∂λi
+

+
1

Z

∑
n≥0

∂Z

∂Tn

∑
i,j

ε(λi)
∂2Tn

∂Λij∂Λji
+ 2

∑
i

ε(λi)
∂Tn

∂λi

∂ logC

∂λi
+

+ 2
∑
i

ε(λi)
∂Tn

∂λi

(
2

3

)
∂

∂λi
Tr Λ3/2

]
+

+

[∑
i

ε(λi)

(
∂

∂λi

(
2

3

)
Tr Λ3/2

)2

−
∑
i

λiε(λi)+

+
∑
i,j

ε(λi)

(
∂2

∂Λij∂Λji

(
2

3

)
Tr Λ3/2

)
+

+ 2
∑
i

ε(λi)

(
2

3

)
∂ Tr Λ3/2

∂λi

∂ logC

∂λi
+

1

C

∑
i,j

ε(λi)
∂2C

∂Λij∂Λji

 , (2.90)

£¤¥ Tr Λ3/2 =
∑

k λ
3/2
k ,   C =

∏
i,j(
√
λi +

√
λj)
− 1

2 . ’¥¶¥·Ó ¢ÒÎ¨¸²¥´¨¥ ¢¸¥Ì
¢¥²¨Î¨´ ¢ Ëµ·³Ê²¥ (2.90) ¸¢µ¤¨É¸Ö ± Ê¶· ¦´¥´¨Õ ¶µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Õ
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¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ëµ·³Ê²Ò (2.87). Ÿ¢´µ¥ ¢ÒÎ¨¸²¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ¶µ-
¸²¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¢µ§´¨± ÕÐ¨¥ Î²¥´Ò ¸µ¤¥·¦ É ²¨ÏÓ µÉ·¨Í É¥²Ó´Ò¥
¸É¥¶¥´¨

√
λi ¨ ³µ£ÊÉ ¡ÒÉÓ ª¶µ£²µÐ¥´Òª, É.¥. ¶¥·¥¶¨¸ ´Ò Î¥·¥§ ¢·¥³¥´  Tk.

‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³

e−
2
3 Tr Λ3/2

C(
√

Λ)Z{T }

[
Tr ε

{
∂2

∂Λ2
− Λ

}]
C(
√

Λ)e
2
3 Tr Λ3/2

Z{T } =

=
1

Z

∑
n≥−1

Tr (εpΛ
−n−2)

1

2

∑
k>δn+1,0

kTk
∂

∂T2n+k
+

1

4

∑
a+b=2n
a>0,b>0

∂2

∂Ta∂Tb
+

+
1

16
δn,0 +

1

4
δn+1,0T

2
1 −

∂

∂T2n+3

Z(T ) = 0, (2.91)

  ¨³¥´´µ ª¡ Ï´Õª ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¤²Ö ¸²ÊÎ Ö p = 2.
„²Ö ¶·µ¨§¢µ²Ó´µ£µ §´ Î¥´¨Ö p ¢Ò¢µ¤ ¶µ²´µ¸ÉÓÕ  ´ ²µ£¨Î¥´ ¨ ¸µ¤¥·¦¨É

¸²¥¤ÊÕÐ¨¥ ÔÉ ¶Ò.
• �·¥¤¸É ¢¨³ Z[Λ] ¢ ¢¨¤¥ Z{p}[Λ] = gp[Λ]Z{p}(Tn), £¤¥

gp[Λ] =
∆(M)

∆(Λ)

∏
i

[
V ′′(µi)

− 1
2 e(µiV

′(µi)−V (µi))
]

=

=
∆(Λ1/p)

∆(Λ)

∏
i

[
λ
− p−1

2p

i e
p
p+1λ

1+1/p
i

]
, (2.92)

É.¥. Ö¢´µ µÉ¤¥²¨³ ´µ·³¨·µ¢µÎ´Ò° ¶·¥Ë ±Éµ· µÉ ËÊ´±Í¨¨ ¢·¥³¥´.
• �µ¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ Z{p}[Λ] ¢ Ê· ¢´¥´¨¥ (2.80), ±µÉµ·µ¥ ¢ ¸²ÊÎ ¥

³µ´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ²  Vp(X) =
Xp+1

p+ 1
¨³¥¥É ¢¨¤

{
Tr ε(Λ)

[(
∂

∂Λtr

)p
− Λ

]}
gp[Λ]Z{p}(Tn) = 0. (2.93)

‘É ·Ï¨¥ ¶·µ¨§¢µ¤´Ò¥
∂iZ

∂Λitr
¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨° É¨¶  (2.87).

• ‘¤¢¨´¥³ ¶¥·¥³¥´´Ò¥

Tn → T̂n = Tn −
p

n
δn,p+1 (2.94)

(ÔÉ  ¶·µÍ¥¤Ê·  ´¥ ³¥´Ö¥É ¶·µ¨§¢µ¤´ÒÌ).
• �µ¸²¥ ¢¸¥Ì ¶µ¤¸É ´µ¢µ± ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (2.93) ¶·¨´¨³ ¥É Ëµ·³Ê

¡¥¸±µ´¥Î´µ£µ ·Ö¤ , ¢ ±µÉµ·µ³ ± ¦¤Ò° Î²¥´ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶·µ¨§¢¥¤¥´¨¥
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Tr [ε̃(M)M−k] ´  ²¨´¥°´ÊÕ ±µ³¡¨´ Í¨Õ £¥´¥· Éµ·µ¢ Wp- ²£¥¡·Ò, ¤¥°¸É¢Ê-
ÕÐ¨Ì ´  Z{p}(Tn). � ¶·¨³¥·, ¥¸²¨ p = 3, ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

1

27
Tr

[
ε̃(M)M−3

(∑
M−3nW(3)

3n + 9
∑

M−3n−1/3×

×
(∑

(3k − 2)T̂3k−2W(2)
3n+3k +

∑ ∂

∂T3a+1
W(2)

3b−3

)
+ 9

∑
M−3n−2/3×

×
(∑

(3k − 2)T̂3k−2W(2)
3n+3k +

∑ ∂

∂T3a+1
W(2)

3b−3

))]
Z{3} = 0. (2.95)

• ‚ ¶·¥¤¥²¥ N → ∞ ¢¸¥ ¢Ò· ¦¥´¨Ö Tr ε̃(M)M−k ¸ Ë¨±¸¨·µ¢ ´´Ò³
k ¨ ¶·µ¨§¢µ²Ó´Ò³ ε̃(M) ¸É ´µ¢ÖÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¨ Ê· ¢´¥´¨¥ (2.93) ¤ ¥É
ª¡ Ï´Õª Ê¸²µ¢¨° ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨ÖW -£¥´¥· Éµ·µ¢. ’µÎ-
´µ¥ ¤µ± § É¥²Ó¸É¢µ ¤²Ö ¸²ÊÎ Ö p = 3 ¶·¥¤²µ¦¥´´Ò³ §¤¥¸Ó ³¥Éµ¤µ³ ¡Ò²µ
¶µ²ÊÎ¥´µ �.Œ¨Ì °²µ¢Ò³ [109]. �¨¦¥ ¢ · §¤. 3 ¡Ê¤¥É ¶·¥¤¸É ¢²¥´µ ¤·Ê£µ¥ ¤µ-
± § É¥²Ó¸É¢µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°, ¨¸¶µ²Ó§ÊÕÐ¥¥ ¨´É¥£·¨-
·Ê¥³µ¸ÉÓ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ É¥µ·¨°, ±µÉµ·µ¥ ¸ÊÐ¥¸É¢Ê¥É ¤²Ö ²Õ¡µ£µ p.

� ±µ´¥Í, µ¡¸Ê¤¨³, ± ±µ¥ §´ Î¥´¨¥ ¨³¥¥É ¸¤¢¨£ (2.94). ‚ ¶·¥¤Ò¤ÊÐ¥³ · §-
¤¥²¥ · ¸¸³ É·¨¢ ² ¸Ó ¸²µ¦´ Ö ¶·µÍ¥¤Ê·  ¶µ²ÊÎ¥´¨Ö ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢-
´ÒÌ ·¥Ï¥´¨° ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨ ± ± ·¥Ï¥´¨° ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨°
‚¨· ¸µ·µ; ¤²Ö ÔÉ¨Ì ·¥Ï¥´¨° ´¥ ¶µ²ÊÎ¨²¨ Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨°. ‚ ¤ ´´µ³
· §¤¥²¥ ³Ò ¤µ± § ²¨, ÎÉµ Ê ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¸ÊÐ¥¸É¢ÊÕÉ Ö¢-
´Ò¥ ·¥Ï¥´¨Ö, ¶µ ±· °´¥° ³¥·¥, ¨³¥ÕÐ¨¥ Ö¢´µ¥ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥.
„²Ö ¸²ÊÎ Ö p = 2 ÔÉµ ¶·¥¤¸É ¢²¥´¨¥ ¤ ¥É ·¥Ï¥´¨¥ Î¨¸Éµ° Éµ¶µ²µ£¨Î¥¸±µ°
£· ¢¨É Í¨¨ ¨ ´ §Ò¢ ¥É¸Ö ³µ¤¥²ÓÕ Šµ´Í¥¢¨Î  [40]. ’ ±¨³ µ¡· §µ³, ³Ò ¤µ-
± § ²¨, ÎÉµ ¶·µ¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨¨ ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° ¨ Éµ¶µ²µ£¨Î¥¸±µ°
£· ¢¨É Í¨¨ Ê¤µ¢²¥É¢µ·ÖÕÉ µ¤´¨³ ¨ É¥³ ¦¥ ¢¨· ¸µ·µ¢¸±¨³ Ê¸²µ¢¨Ö³ ¨, ¢ ÔÉµ³
¸³Ò¸²¥, Ô±¢¨¢ ²¥´É´Ò. ’¥³ ´¥ ³¥´¥¥ ¶·¨ ¡µ²¥¥ ¤¥É ²Ó´µ³ · ¸¸³µÉ·¥´¨¨
µ± §Ò¢ ¥É¸Ö, ÎÉµ ¶¥·ÉÊ·¡ É¨¢´Ò¥ · §²µ¦¥´¨Ö ¤²Ö Éµ¶µ²µ£¨Î¥¸±µ° ¨ ±¢ ´Éµ-
¢µ° £· ¢¨É Í¨¨ ¶·µ¨¸Ìµ¤ÖÉ ¢ ¸µ¢¥·Ï¥´´µ · §´ÒÌ ÉµÎ± Ì (¸³. ´¨¦¥) ¨ ¸¤¢¨£
¢·¥³¥´ (2.94) µÉ¢¥Î ¥É ¨³¥´´µ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¨.

3. ’�—�›… �…˜…�ˆŸ ’���‹�ƒˆ—…‘Šˆ• ‘’�“��›• Œ�„…‹…‰

3.1. ˆ´É¥£·¨·Ê¥³µ¸ÉÓ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°. ‚ ¤ ´´µ³ · §-
¤¥²¥ ¡Ê¤¥É ¤µ± § ´µ, ÎÉµ · ¸¸³µÉ·¥´´Ò¥ ¢ÒÏ¥ ¢¨· ¸µ·µ¢¸±¨¥ Ê¸²µ¢¨Ö (2.70),
(2.86) ¨ (2.95), µ¶·¥¤¥²ÖÕÐ¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¸É·Ê´´Ò¥ ·¥Ï¥´¨Ö, § ¤ ÕÉ
¢¶µ²´¥ ±µ´±·¥É´µ¥ ·¥Ï¥´¨¥ ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨ Š�,   ¨³¥´´µ:
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Å ¸É É¸Ê³³  ZVN [M ] (2.81) ± ± ËÊ´±Í¨Ö ¢·¥³¥´¨ [57]:

Tk =
1

k
Tr M−k, k ≥ 1, (3.1)

Ö¢²Ö¥É¸Ö (¶·¨ ²Õ¡µ³ N ) τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Š� ¶·¨ ²Õ¡µ³ ¶µÉ¥´Í¨ ²¥
V [X ];

Å ¥¸²¨ ¶µÉ¥´Í¨ ² V [X ] µ± §Ò¢ ¥É¸Ö µ¤´µ·µ¤´Ò³ ¶µ²¨´µ³µ³ ¸É¥¶¥´¨

p+1, Éµ ¸É É¸Ê³³  Z{V }N [M ] = Z
{p}
N [M ] ´  ¸ ³µ³ ¤¥²¥ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° p-

·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š�, ¨²¨, ÎÉµ Éµ ¦¥ ¸ ³µ¥, ¨¥· ·Ì¨¨ p-£µ Ê· ¢´¥´¨Ö
Š¤” [59] ∗.

„²Ö ¤µ± § É¥²Ó¸É¢  ³Ò ¸´ Î ²  ¶¥·¥¶¨Ï¥³ · ¢¥´¸É¢µ (2.81) ¢ ¢¨¤¥ ¤¥É¥·-
³¨´ ´É´µ° Ëµ·³Ê²Ò

Z
{V }
N [M ] =

det(ij) φi(µj)

∆(µ)
, i, j = 1, ..., N, (3.2)

  § É¥³ ¶µ± ¦¥³, ÎÉµ ÔÉ  Ëµ·³  ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥ Ö¢²Ö¥É¸Ö µ¶·¥¤¥²¥´¨¥³
²Õ¡µ° τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Š�, § ¶¨¸ ´´µ° ¢ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò ∗∗.

ƒ² ¢´µ° µ¸µ¡¥´´µ¸ÉÓÕ, ¢Ò¤¥²ÖÕÐ¥° ¨³¥´´µ ¸É·Ê´´Ò¥ ·¥Ï¥´¨Ö ¨¥· ·-
Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° É¨¶  Š�, Ö¢²Ö¥É¸Ö ¸¶¥Í¨ ²Ó´Ò° ¢¨¤ ËÊ´±Í¨°
{φi(µ)} ¢ (3.2), ±µÉµ·Ò¥ µÉ´Õ¤Ó ´¥ ¶·µ¨§¢µ²Ó´Ò. �µ²¥¥ Éµ£µ, ¢ · ¸¸³ É-
·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¢¥¸Ó ¡¥¸±µ´¥Î´Ò° ´ ¡µ· ËÊ´±Í¨° ¢ (3.2) ¢Ò· ¦ ¥É¸Ö Î¥-
·¥§ ¥¤¨´¸É¢¥´´ÊÕ ËÊ´±Í¨Õ Å ¶µÉ¥´Í¨ ² V [X ] (É.¥. ¢³¥¸Éµ ¶·µ¨§¢µ²Ó´µ°
³ É·¨ÍÒ Aij , µ¶·¥¤¥²ÖÕÐ¥° φi(µ) =

∑
Aijµ

j , ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ·¥Ï¥´¨Ö,
µÉ¢¥Î ÕÐ¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥¦¨³Ê, ¢ (Éµ¶µ²µ£¨Î¥¸±¨Ì) É¥µ·¨ÖÌ ¸É·Ê´
¶ · ³¥É·¨§ÊÕÉ¸Ö ¢¥±Éµ·µ³ Vi ¨²¨ ËÊ´±Í¨¥° V [µ] =

∑
Viµ

i). �É  ¢Ò¤¥-
²¥´´µ¸ÉÓ µ¶·¥¤¥²Ö¥É¸Ö ´ ²¨Î¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ L−1- ¨ ¤·Ê£¨Ì W-Ê¸²µ¢¨°
(±µÉµ·Ò¥ ¢ ±µ´É¥±¸É¥ ¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨° É¨¶  Š� ³µ£ÊÉ · ¸¸³ É·¨¢ ÉÓ-
¸Ö ± ± ¸²¥¤¸É¢¨¥ L−1). ‚¸¥ ÔÉ¨ Ê¸²µ¢¨Ö, ¢ Î ¸É´µ¸É¨, Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³
Éµ¦¤¥¸É¢ “µ·¤  (2.80).

„²Ö ¤µ± § É¥²Ó¸É¢  ¸´ Î ²  ¸¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ³ É·¨Î´µ£µ ¨´-
É¥£· ² 

Z{V }N [Λ] ≡
∫
DX e−Tr [V (X)−TrΛX], (3.3)

∗�µ²¥¥ Éµ£µ, ¢ ¤ ´´µ³ ¸²ÊÎ ¥ · ¢¥´¸É¢µ
∂Z{p}

∂Tnp
= 0 ¢Ò¶µ²´Ö¥É¸Ö ¡Ê±¢ ²Ó´µ.

∗∗‚ ± Î¥¸É¢¥ ¶·µ¢¥·±¨ ³µ¦´µ ¤µ¸É ÉµÎ´µ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö (¸³. [34]), ÎÉµ ¤¥É¥·³¨´ ´É´ Ö
Ëµ·³Ê²  (3.2) ¸ ²Õ¡Ò³ ´ ¡µ·µ³ ËÊ´±Í¨° {φi(µ)} Ê¤µ¢²¥É¢µ·Ö¥É ¡¨²¨´¥°´Ò³ ¸µµÉ´µÏ¥´¨Ö³
•¨·µÉÒ.
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£¤¥ ¶µ ªÊ£²µ¢Ò³ª U(N)-³ É·¨Í ³ ³µ¦´µ ²¥£±µ ¶·µ¨´É¥£·¨·µ¢ ÉÓ [110], ± N -
±· É´µ³Ê ¨´É¥£· ²Ê ¶µ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ ³ É·¨Í X ¨ Λ (µ¡µ§´ Î¥´´Ò³
± ± {xi} ¨ {λi} ¸µµÉ¢¥É¸É¢¥´´µ). ˆ´É¥£· ² (3.3) ¶·¨´¨³ ¥É ¢¨¤

1

∆(Λ)

(
N∏
i=1

∫
dxie

−V (xi)+λixi

)
∆(X), (3.4)

£¤¥ ∆(X) ¨ ∆(Λ) Å ¤¥É¥·³¨´ ´ÉÒ ‚ ´¤¥·³µ´¤ , ´ ¶·¨³¥·: ∆(X) =
∏
i>j

(xi−

xj).
’¥¶¥·Ó Ëµ·³Ê²  (3.4) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¢¨¤¥

∆−1(Λ)∆

(
∂

∂Λ

)∏
i

∫
dxie

−V (xi)+λixi = ∆−1(Λ) det(ij)Fi(λj) (3.5)

¸ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨

Fi+1(λ) ≡
∫
dx xie−V (x)+λx = (

∂

∂λ
)iF1(λ). (3.6)

�É³¥É¨³, ÎÉµ F1(λ) = Z{V }N=1[λ]. ‚¸¶µ³¨´ Ö, ÎÉµ Λ = V ′(M), ¨ ¶¥·¥Ìµ¤Ö ±
¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ ³ É·¨ÍÒ M Å {µi}, ¶µ²ÊÎ ¥³

Z{V }N [V ′(M)] =
det Φ̃i(µj)∏

i>j

(V ′(µi)− V ′(µj))
, (3.7)

£¤¥
Φ̃i(µ) = Fi(V

′(µ)). (3.8)

�¥·¥°¤¥³ É¥¶¥·Ó ± ´µ·³¨·µ¢±¥ (2.82), § ¤ ¢ ¥³µ° £ Ê¸¸µ¢¸±¨³ ¨´É¥£· ²µ³:

C(N)[V |M ]−1 ≡
∫
DX e−U2(M,X). (3.9)

ˆ¸¶µ²Ó§ÊÖ U(N)-¨´¢ ·¨ ´É´µ¸ÉÓ ³¥·Ò •  ·  dX , ³µ¦´µ ²¥£±µ ¤¨ £µ´ ²¨§µ-
¢ ÉÓ M . �µ¸²¥ ÔÉµ£µ £ Ê¸¸µ¢¸±¨° ¨´É¥£· ² (3.9) ²¥£±µ ¢ÒÎ¨¸²Ö¥É¸Ö:∫

DX e
−
N∑
i,j

UijXijXji
∼

N∏
i,j

U
− 1

2

ij , (3.10)

¨ µ¸É ¥É¸Ö ¶µ¤¸É ¢¨ÉÓ Ö¢´Ò° ¢¨¤ Uij(M). …¸²¨ ¶µÉ¥´Í¨ ² ¶·¥¤¸É ¢²Ö¥É¸Ö ¢
¢¨¤¥ Ëµ·³ ²Ó´µ£µ ·Ö¤  V (X) =

∑ vn
n
Xn, Éµ

U2(M,X) =

∞∑
n=0

vn+1

( ∑
a+b=n−1

Tr MaXM bX

)
,
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Uij =
∞∑
n=0

vn+1

( ∑
a+b=n−1

µai µ
b
j

)
=
∞∑
n=0

vn+1

µni − µnj
µi − µj

=
V ′(µi)− V ′(µj)

µi − µj
.

(3.11)
‚µ§¢· Ð Ö¸Ó ± (2.81), ¶µ²ÊÎ ¥³

Z
{V }
N [M ] = eTr [V (M)−MV ′(M)]C(N)[V |M ]ZN [V ′(M)] ∼

∼ [det Φ̃i(µj)]

N∏
i>j

Uij

(V ′(µi)− V ′(µj))
∏
i=1

s(µi) =
[det Φ̃i(µj)]

∆(M)

N∏
i=1

s(µi),

(3.12)

s(µ) = [V ′′(µ)]
1
2 eV (µ)−µV ′(µ). (3.13)

�·µ¨§¢¥¤¥´¨¥ s-Ë ±Éµ·µ¢ ¢ ¶· ¢µ° Î ¸É¨ (3.12) ³µ¦¥É ¡ÒÉÓ ¢±²ÕÎ¥´µ ¢ µ¶·¥-
¤¥²¥´¨¥ Φ̃-ËÊ´±Í¨°:

Z
{V }
N [M ] =

det Φi(µj)

∆(M)
, (3.14)

£¤¥

Φi(µ) = s(µ)Φ̃i(µ) −→
µ→∞

µi−1

(
1 +O

(
1

µ

))
, (3.15)

¨  ¸¨³¶ÉµÉ¨±  ¸ÊÐ¥¸É¢¥´´  ¤²Ö Éµ£µ, ÎÉµ¡Ò ¤¥É¥·³¨´ ´É (3.14) ¤ ¢ ² ·¥Ï¥´¨¥
¨¥· ·Ì¨¨ Š� ¢ ¸³Ò¸²¥ [58,59].

ˆ§ Ê· ¢´¥´¨° (3.8), (3.13) ¨ (3.15) ¸²¥¤Ê¥É, ÎÉµ Φi(µ) ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò
¨§ µ¸´µ¢´µ° ËÊ´±Í¨¨ Φ1(µ) ¸ ¶µ³µÐÓÕ ¸²¥¤ÊÕÐ¥£µ ¸µµÉ´µÏ¥´¨Ö:

Φi(µ) = [V ′′(µ)]
1
2

∫
xi−1e−V (x)+xV ′(µ)dx = Ai−1

{V }(µ)Φ1(µ) , (3.16)

£¤¥ A{V }(µ) Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ¶¥·¢µ£µ ¶µ·Ö¤± :

A{V }(µ) = s
∂

∂λ
s−1 =

eV (µ)−µV ′(m)

[V ′′(µ)]
1
2

∂

∂µ

e−V (µ)+µV ′(µ)

[V ′′(µ)]
1
2

=

=
1

V ′′(µ)

∂

∂µ
+ µ− V ′′′(µ)

2[V ′′(µ)]2
. (3.17)

‚ Î ¸É´µ³ ¸²ÊÎ ¥ V (x) = xp+1

p+1 µ¶¥· Éµ· A{p}(µ) = 1
pµp−1

∂
∂µ

+µ− p−1
2pµp ¸µ¢¶ -

¤ ¥É (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³ ¸ÏÉ ¡´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö µ ¨ A{p}(µ)) ¸ µ¶¥· Éµ·µ³,
¢Ò¤¥²ÖÕÐ¨³ ±µ´¥Î´µ³¥·´µ¥ ¶µ¤¶·µ¸É· ´¸É¢µ ¢ ¡¥¸±µ´¥Î´µ³¥·´µ³ £· ¸¸³ -
´¨ ´¥ [63]. ‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ¨³¥´´µ ¸µµÉ´µÏ¥´¨¥ Φi+1(µ) =
= A{V }(µ)Φi(µ) (Fi+1(λ) = ∂

∂λ
Fi(λ) ) µÉ¢¥É¸É¢¥´´µ §  ¢Ò¤¥²¥´¨¥ ¸É É¸Ê³³Ò
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Éµ¶µ²µ£¨Î¥¸±µ° (W )-£· ¢¨É Í¨¨ Ä GKM ¸·¥¤¨ ·¥Ï¥´¨° (¨ τ -ËÊ´±Í¨°) µ¡-
Ð¥£µ ¢¨¤ , § ¶¨¸ ´´ÒÌ ¢ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò

τ
{φi}
N [M ] =

[det φi(µj)]

∆(M)
(3.18)

¸ ¶·µ¨§¢µ²Ó´Ò³ ´ ¡µ·µ³ ËÊ´±Í¨° φi(µ). �¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¢Ò· -
¦¥´¨¥ (3.18) ¢ ÉµÎ´µ¸É¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Š� ¢ ¶·¥¤¸É ¢²¥´¨¨
Œ¨¢Ò.

� ¨¡µ²¥¥ ¨§¢¥¸É´µ ¶·¥¤¸É ¢²¥´¨¥ (µ¡Ð¥°) τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Š� ¢
¢¨¤¥ Ë¥·³¨µ´´µ£µ ±µ··¥²ÖÉµ·  τG{Tn} = 〈0| : e

∑
TnJn : G|0〉 [56], £¤¥

J(z) = ψ̃(z)ψ(z), G = : exp Gmnψ̃mψn : (3.19)

¢ (¤¢Ê³¥·´µ°) É¥µ·¨¨ ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´´ÒÌ ¶µ²¥° ψ(z), ψ̃(z) ¸ (£µ²µ-
³µ·Ë´Ò³) ¤¥°¸É¢¨¥³

∫
ψ̃∂̄ψ. ‚ ±ÊÊ³´Ò¥ ¸µ¸ÉµÖ´¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö Ê¸²µ¢¨-

Ö³¨ ψn|0〉 = 0, n < 0 ¨ ψ̃n|0〉 = 0, n ≥ 0, £¤¥ ψ(z) =
∑
Z
ψnz

n dz
1
2 ,

ψ̃(z) =
∑
Z
ψ̃nz

−n−1 dz
1
2 . ‘ÊÐ¥¸É¢¥´´Ò³ µ£· ´¨Î¥´¨¥³ ´  ¢¨¤ ±µ··¥²ÖÉµ·  ¸µ

¢¸É ¢± ³¨ (3.19) Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ µ¶¥· Éµ· : e
∑

TnJn : G £ Ê¸¸µ¢¸±¨°, ¨
¥£µ ¢¸É ¢±  ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ³µ¤¨Ë¨± Í¨Ö ±¢ ¤· É¨Î´µ£µ ¤¥°¸É¢¨Ö
¨ Ë¥·³¨µ´´µ£µ ¶·µ¶ £ Éµ·  〈ψ̃ψ〉, É ± ÎÉµ ¶µ-¶·¥¦´¥³Ê ¶·¨³¥´¨³  É¥µ·¥³ 
‚¨± ,   ¨³¥´´µ: ±µ··¥²ÖÉµ·Ò 〈0|

∏
i ψ̃(µi)ψ(λi)G|0〉 ¤²Ö ²Õ¡µ£µ ¶µ¤Ìµ¤ÖÐ¥£µ

µ¶¥· Éµ·  G ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶ ·´Ò¥

〈0|
∏
i

ψ̃(µi)ψ(λi)G|0〉 = det(ij)〈0|ψ̃(µi)ψ(λj)G|0〉. (3.20)

„²Ö Éµ£µ ÎÉµ¡Ò ¶µ´ÖÉÓ, ÎÉµ ¶·µ¨¸Ìµ¤¨É ¸ µ¶¥· Éµ·µ³ e
∑
TnJn ¶µ¸²¥ ¶·¥-

µ¡· §µ¢ ´¨Ö Œ¨¢Ò (3.1), ¶·µÐ¥ ¢¸¥£µ ¶¥·¥°É¨ ± ¶·¥¤¸É ¢²¥´¨Õ ¸ ¶µ³µÐÓÕ
¸¢µ¡µ¤´ÒÌ ¡µ§µ´´ÒÌ (¸± ²Ö·´ÒÌ) ¶µ²¥° Éµ±  J(z) = ∂ϕ(z). ’µ£¤ 

∑
TnJn =

∑
i

(∑
n

1

n · µni
ϕn

)
=
∑
i

ϕ(µi)

¨

: e

∑
i

ϕ(µi)
:=

1∏
i<j

(µi − µj)
∏
i

: eϕ(µi) : . (3.21)

‚ Ë¥·³¨µ´´µ³ ¶·¥¤¸É ¢²¥´¨¨ ²ÊÎÏ¥ ´ Î ÉÓ ¸

Tn =
1

n

∑
i

(
1

µni
− 1

µ̃ni
) (3.22)
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¢³¥¸Éµ (3.1). ’µ£¤ 

: e
∑
TnJn :=

N∏
i,j

(µ̃i − µj)∏
i>j

(µi − µj)
∏
i>j

(µ̃i − µ̃j)
∏
i

ψ̃(µ̃i)ψ(µi), (3.23)

  ¤²Ö ¢µ¸¸É ´µ¢²¥´¨Ö Ëµ·³Ò § ³¥´Ò (3.1) ´¥µ¡Ìµ¤¨³µ ¶ÊÉ¥³ ¶·¥¤¥²Ó´µ£µ
¶¥·¥Ìµ¤  § £´ ÉÓ ¢¸¥ µ̃i ¢ ¡¥¸±µ´¥Î´µ¸ÉÓ. �  ¤·Ê£µ³ Ö§Ò±¥ ÔÉµ µ§´ Î ¥É, ÎÉµ
²¥¢Ò° ¢ ±ÊÊ³ § ³¥´Ö¥É¸Ö ´ 

〈N | ∼ 〈0|ψ̃(∞)ψ̃′(∞)...ψ̃(N−1)(∞). (3.24)

’¥¶¥·Ó τ -ËÊ´±Í¨Ö ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ Ëµ·³¥:

τGN [M ] = 〈0| : e
∑
TnJn : G|0〉 = ∆(M)−1〈N |

∏
i

: eϕ(µi) : G|0〉 =

= lim
µ̃j→∞

∏
i,j

(µ̃i − µj)∏
i>j

(µi − µj)
∏
i>j

(µ̃i − µ̃j)
〈0|
∏
i

ψ̃(µ̃i)ψ(µi)G|0〉, (3.25)

£¤¥, ¶·¨³¥´ÖÖ É¥µ·¥³Ê ‚¨±  (3.20) ¨ ¶¥·¥Ìµ¤Ö ± ¶·¥¤¥²Ê µ̃i →∞, ¶µ²ÊÎ ¥³

τGN [M ] =
det φi(µj)

∆(M)
(3.26)

¸ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ Å ËÊ´±Í¨Ö³¨

φi(µ) ∼ 〈0|ψ̃(i−1)(∞)ψ(µ)G|0〉 −→
µ→∞

µi−1

(
1 +O

(
1

µ

))
. (3.27)

’ ±¨³ µ¡· §µ³, ³Ò ¤µ± § ²¨, ÎÉµ τ -ËÊ´±Í¨Ö ¨¥· ·Ì¨¨ Š� ¢ ¶¥·¥³¥´-
´ÒÌ Œ¨¢Ò (3.1) ¶·¨´¨³ ¥É ¤¥É¥·³¨´ ´É´ÊÕ Ëµ·³Ê (3.2), ¨²¨, ÎÉµ Éµ ¦¥ ¸ -
³µ¥, (3.2) Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Š�. ’¥¶¥·Ó ³Ò ¸Ëµ·³Ê²¨·Ê¥³,
± ± µÉ µ¡Ð¥° ÉµÎ±¨ £· ¸¸³ ´¨ ´ , µ¶¨¸Ò¢ ¥³µ° (¡¥¸±µ´¥Î´µ°) ³ É·¨Í¥°
G = exp

∑
Aijψ̃iψj ¸ ¤¢Ê³Ö ¨´¤¥±¸ ³¨ (∞2), ¶¥·¥°É¨ ± ¸¶¥Í¨ ²Ó´Ò³ ·¥Ï¥-

´¨Ö³, µ¶·¥¤¥²Ö¥³Ò³, ¢ Î ¸É´µ¸É¨, ¥¤¨´¸É¢¥´´µ° (∞) (¨²¨ ¤¢Ê³Ö) ËÊ´±Í¨Ö³¨
µ¤´µ£µ ¶¥·¥³¥´´µ£µ (2×∞).

‚¥·´¥³¸Ö ± ¢µ¶·µ¸Ê o ¢Ò¤¥²¥´¨¨ ¸É·Ê´´ÒÌ ·¥Ï¥´¨° ¸·¥¤¨ ¢¸¥Ì ·¥Ï¥´¨°
¨¥· ·Ì¨¨ Š� Å É.¥., ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥, § ¤ ´¨Õ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°.
ˆ¸¶µ²Ó§ÊÖ ¨´É¥£·¨·Ê¥³µ¸ÉÓ, ¤µ¸É ÉµÎ´µ ¤µ± § ÉÓ ²¨ÏÓ µ¤´µ ¨§ ¡¥¸±µ´¥Î´µ£µ
´ ¡µ·  ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°, É ± ´ §Ò¢ ¥³µ¥ ¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ ¨²¨ ¤¥°-
¸É¢¨¥ L−1-£µ £¥´¥· Éµ·   ²£¥¡·Ò ‚¨· ¸µ·µ, ¢¸Ö µ¸É ²Ó´ Ö ª¡ Ï´Öª ¢¨· ¸µ-
·µ¢¸±¨Ì Ê¸²µ¢¨° ¸²¥¤Ê¥É ¨§ ÔÉ¨Ì ¤¢ÊÌ ¸¢µ°¸É¢ ¶µ ¨´¤Ê±Í¨¨ [25,111].
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„¥°¸É¢¨¥ L−1-£µ £¥´¥· Éµ·  ‚¨· ¸µ·µ (¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¸¶¥±É· ²Ó-
´µ³Ê ¶ · ³¥É·Ê) ¸¢Ö§ ´µ ¸ µ¶¥· Éµ·µ³

Tr
∂

∂Λtr
= Tr

1

V ′′(M)

∂

∂Mtr
, (3.28)

¶µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ ¸´ Î ²  µÉ¢¥É¨ÉÓ ´  ¢µ¶·µ¸, ± ± µ¶¥· Éµ· (3.28) ¤¥°-
¸É¢Ê¥É ´  ¸É É¸Ê³³Ê

Z{V }[M ] =
det Φ̃i(µj)

∆(M)

∏
i

s(µi),

s(µ) = (V ′′(µ))
1
2 eV (µ)−µV ′(µ),

Φ̃i(µ) = Fi(λ) =

(
∂

∂λ

)i−1

F1(λ), λ = V ′(µ). (3.29)

‚µ-¶¥·¢ÒÌ, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ Z{V } ± ± ËÊ´±Í¨Õ ¢·¥³¥´ T , Éµ

1

Z{V }
Tr

∂

∂Λtr
Z{V } = −

∑
n≥1

Tr

[
1

V ′′(M)Mn+1

]
∂ logZ{V }

∂Tn
. (3.30)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶·¨³¥´ÖÖ ´¥¶µ¸·¥¤¸É¢¥´´µ (3.28) ± Ö¢´µ° Ëµ·³Ê²¥ (3.29),
¶µ²ÊÎ ¥³

1

Z{V }
Tr

∂

∂Λtr
Z{V } =

= −Tr M +
1

2

∑
i,j

1

V ′′(µi)V ′′(µj)

V ′′(µi)− V ′′(µj)
µi − µj

+

+Tr
∂

∂Λtr
log det Fi(λj). (3.31)

�¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ Ëµ·³Ê² 

1

Z{V }
L{V }−1 Z{V } =

= − ∂

∂T1
log Z{V } + TrM − Tr

∂

∂Λtr
log det Fi(λj) (3.32)

³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´  ¤²Ö µ¶·¥¤¥²¥´¨Ö Ê´¨¢¥·¸ ²Ó´µ£µ µ¶¥· Éµ·  L{V }−1 .
�Éµ µ¶·¥¤¥²¥´¨¥ ¨³¥¥É ¢¨¤
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L{V }−1 =
∑
n≥1

Tr

[
1

V ′′(M)Mn+1

]
∂

∂Tn
+

+
1

2

∑
i,j

1

V ′′(µi)V ′′(µj)

V ′′(µi)− V ′′(µj)
µi − µj

− ∂

∂T1
, (3.33)

¨ ÔÉµ ¢Ò· ¦¥´¨¥ ¶·¥¢· Ð ¥É¸Ö ¢ Ê¦¥ ¨§¢¥¸É´µ¥ ¤²Ö ³µ´µ³¨ ²Ó´ÒÌ ¶µÉ¥´Í¨-

 ²µ¢ V (X) = Xp+1

(p+1) (µÉ³¥É¨³, ÎÉµ Î²¥´Ò ¸ i = j ¢±²ÕÎ¥´Ò ¢ ¸Ê³³¨·µ¢ ´¨¥ ¢
¶· ¢µ° Î ¸É¨ (3.33)).

’ ±¨³ µ¡· §µ³, ¤²Ö ¤µ± § É¥²Ó¸É¢  L{V }−1 -Ê¸²µ¢¨Ö µ¸É ¥É¸Ö ¶µ± § ÉÓ, ÎÉµ
¶· ¢ Ö Î ¸ÉÓ (3.32) · ¢´  ´Ê²Õ, É.¥.

∂

∂T1
log Z

{V }
N = Tr M − Tr

∂

∂Λtr
log det Fi(λj). (3.34)

„²Ö Éµ£µ ÎÉµ¡Ò ¤µ± § ÉÓ ÔÉµ, µÎ¥´Ó ¸ÊÐ¥¸É¢¥´´µ, ÎÉµ ¸É É¸Ê³³  Ö¢²Ö¥É¸Ö

τ -ËÊ´±Í¨¥°: Z{V }N = τ
{V }
N . �·¨ ÔÉµ³ ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  ³µ¦¥É ¡ÒÉÓ

¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¢ÒÎ¥É  µÉ´µÏ¥´¨Ö τ -ËÊ´±Í¨°

resµ
τ
{V }
N (Tn + µ−n/n)

τ
{V }
N (Tn)

=
∂

∂T1
log τ

{V }
N (Tn). (3.35)

’¥¶¥·Ó, ¥¸²¨ ¶¥·¥°É¨ ± ¶¥·¥³¥´´Ò³ Œ¨¢Ò, τ -ËÊ´±Í¨Ö ¢ Î¨¸²¨É¥²¥ ¢Ò· -
¦ ¥É¸Ö Éµ° ¦¥ ¸ ³µ° Ëµ·³Ê²µ°, ÎÉµ ¨ ¢ §´ ³¥´ É¥²¥, ´µ ¸ ¤µ¶µ²´¨É¥²Ó´Ò³

¶ · ³¥É·µ³ µ, É.¥. µ´  · ¢´  τ
{V }
N+1. �Éµ£µ ´ ¡²Õ¤¥´¨Ö ¶µÎÉ¨ ¤µ¸É ÉµÎ´µ,

ÎÉµ¡Ò ¢Ò¢¥¸É¨ (3.34). „²Ö ¶·µ¸É¥°Ï¥£µ ¸²ÊÎ Ö N = 1 ¨³¥¥³ (λ = V ′(µ)):

τ
{V }
1 (Tn) = τ

{V }
1 [µ1] = eV (µ1)−µ1V

′(µ1)[V ′′(µ1)]
1
2F (λ1), (3.36)

τ
{V }
1 (Tn + µ−n/n) = τ

{V }
2 [µ1, µ] =

= eV (µ1)−µ1V
′(µ1)eV (µ)−µV ′(µ) [V ′′(µ1)V ′′(µ)]

1
2

µ− µ1

[
F (λ1)

∂F (λ)

∂λ
− F (λ)

∂F (λ1)

∂λ1

]
=

=
eV (µ)−µV ′(µ)[V ′′(µ)]

1
2F (λ)

µ− µ1
τ
{V }
1 [µ1]

[
−∂ logF (λ1)

∂λ1
+
∂ logF (λ)

∂λ

]
. (3.37)

”Ê´±Í¨Ö F ¨³¥¥É ¸²¥¤ÊÕÐÊÕ  ¸¨³¶ÉµÉ¨±Ê:

F (λ) =

∫
dx e−V (x)+λx ∼ eV (µ)−µV ′(µ)[V ′′(µ)]−

1
2

{
1 +O

(
V ′′′′

V ′′V ′′

)}
.

(3.38)
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…¸²¨ V (µ) · ¸É¥É ´  ¡¥¸±µ´¥Î´µ¸É¨ µ → ∞ ± ± µn, Éµ V ′′′′

(V ′′)2 ∼ µ−n , ¨ ¤²Ö

¤ ²Ó´¥°Ï¥£µ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò n = p + 1 > 1, É ± ÎÉµ ¢ ¸±µ¡± Ì ¢ ¶· ¢µ°
Î ¸É¨ (3.38)  ¸¨³¶ÉµÉ¨±  ¨³¥¥É ¢¨¤ {1 + o( 1

µ
)}, £¤¥ µ · o(µ)→ 0 ¶·¨ µ→∞.

—¨¸²¨É¥²Ó ¶· ¢µ° Î ¸É¨ (3.37) Ê¸É·µ¥´ ± ± ∼ 1 + o(1/µ), ¢ Éµ ¢·¥³Ö ± ±

¢Éµ·µ° Î²¥´ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì ¢¥¤¥É ¸¥¡Ö ± ± ∂ logF (λ)
∂λ ∼ µ(1 + o( 1

µ)).
‘µ¡¨· Ö ¢¸¥ ¢³¥¸É¥, ¶µ²ÊÎ ¥³

∂

∂T1
log τ

{V }
1 = resµ

(
1 + o( 1

µ )

µ− µ1

(
−∂ logF (λ1)

∂λ1
+ µ

(
1 + o

(
1

µ

))))
=

= µ1 −
∂ logF (λ1)

∂λ1
, (3.39)

É.¥. ³Ò ¤µ± § ²¨ (3.34) ¤²Ö Î ¸É´µ£µ ¸²ÊÎ Ö N = 1.
„²Ö ¶·µ¨§¢µ²Ó´µ£µ N ¤µ± § É¥²Ó¸É¢µ ¶· ±É¨Î¥¸±¨ ´¥ ³¥´Ö¥É¸Ö: ¶µ¸²¥

¶·µ¸Éµ£µ, ´µ ¤²¨´´µ£µ ¢ÒÎ¨¸²¥´¨Ö ¶µ²ÊÎ¨³

∂

∂T1
log τ

{V }
N = resµ

(
1 + o(1/µ)∏
j=1(µ− µj)

µN ([1 + o(1/µ)]−

− 1

µ

[
Tr

∂

∂Λtr
log det Fi(λj)

]
· [1 +O(1/µ)]

))
=

=

N∑
j=1

µj − Tr
∂

∂Λtr
log det Fi(λj), (3.40)

ÎÉµ § ¢¥·Ï ¥É ¤µ± § É¥²Ó¸É¢µ Ê· ¢´¥´¨Ö (3.34) ¨ ¢Ò¢µ¤ Ëµ·³Ò Ê´¨¢¥·¸ ²Ó´µ£µ

¤µ¶µ²´¨É¥²Ó´µ£µ Ê¸²µ¢¨Ö Ä L{V }−1 -µ¶¥· Éµ· .

‚ Î ¸É´µ³ ¸²ÊÎ ¥ ³µ´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ²  V ≡ Vp = Xp+1

p+1 µ¡Ð Ö
Ëµ·³Ê²  (3.33) µ¡·¥É ¥É ¡µ²¥¥ ¶·¨¢ÒÎ´Ò° ¢¨¤ [25,26]:

L{p}−1 =
1

p

∑
n≥1

(n+ p)Tn+p
∂

∂Tn
+

1

2p

∑
a+b=p
a,b≥0

aTabTb −
∂

∂T1
. (3.41)

3.2. ’µÎ´Ò¥ ·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì (p, 1)-³µ¤¥²¥° ¨ ¨Ì ¤¥Ëµ·³ Í¨¨
¢ É¥µ·¨¨ É¨¶  ƒ¨´§¡Ê·£  Å ‹ ´¤ Ê. „²Ö · §´ÒÌ ¶µÉ¥´Í¨ ²µ¢ V (X) ³µ-
¤¥²Ó (2.81) Ëµ·³ ²Ó´µ ¢µ¸¶·µ¨§¢µ¤¨É · §²¨Î´Ò¥ É¥µ·¨¨ (p, q)-¸¥·¨¨ ¸²¥¤ÊÕ-

Ð¨³ µ¡· §µ³: ¶µÉ¥´Í¨ ² V (X) = Xp+1

p+1 § ¤ ¥É Í¥²ÊÕ ¸¥·¨Õ (p, q) ¸É·Ê´´ÒÌ
³µ¤¥²¥° ¸ Ë¨±¸¨·µ¢ ´´Ò³ p ¨ ¢¸¥³¨ ¢µ§³µ¦´Ò³¨ q. „²Ö Éµ£µ ÎÉµ¡Ò § -
Ë¨±¸¨·µ¢ ÉÓ q, ´¥µ¡Ìµ¤¨³µ ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³ § Ë¨±¸¨·µ¢ ÉÓ ¢·¥³¥´  T :
¶µ²µ¦¨ÉÓ ¢¸¥ Tk = 0, ±·µ³¥ T1 ¨ Tp+q (§ ³¥É¨³, ÎÉµ ÔÉ  ¶·µÍ¥¤Ê·  ´ ·ÊÏ ¥É
¸¨³³¥É·¨Õ ³¥¦¤Ê p ¨ q, ¶·¨¸ÊÐÊÕ ±µ´Ëµ·³´µ° É¥µ·¨¨).
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� ¸¸³µÉ·¨³ ¤²Ö ¨²²Õ¸É· Í¨¨ ¤¢  ¶·µ¸ÉÒÌ ¶·¨³¥· . ‘´ Î ²  ¶µ²µ¦¨³
p = 2, É.¥. ´ Î´¥³ ¸µ ¸²ÊÎ Ö Š¤”-·¥¤Ê±Í¨¨ ¨¥· ·Ì¨¨ Š�. ‚ ÔÉµ³ ¸²ÊÎ ¥
¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ ¶·¨µ¡·¥É ¥É ¢¨¤

1

τKdV
L−1τKdV =

1

2

∑
k>1
k odd

kTk
∂

∂Tk−2
log τKdV +

T 2
1

4
= 0, (3.42)

¨²¨, ¤¨ËË¥·¥´Í¨·ÊÖ ¥Ð¥ · § ¶µ T1, ¶µ²ÊÎ¨³∑
k>1
k odd

kTk
∂2

∂Tk−2∂T1
log τKdV + T1 = 0. (3.43)

ˆ¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨¥ ¶µ²¨´µ³µ¢ ƒ¥²ÓË ´¤  Å „¨±µ£µ

∂2

∂Tk−2∂T1
log τKdV =

[
L2m−1

]
−1
≡ Rm[u], (3.44)

¨³¥¥³ ∑
m≥0

(2m+ 1)T2m+1Rm[u] = 0. (3.45)

’¥¶¥·Ó Ê¦¥ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ª¶· ¢¨² ª ¢Ò¤¥²¥´¨Ö (p, q) ±·¨É¨Î¥¸±¨Ì Éµ-
Î¥± [25] ¤²Ö p = 2 ¨ q = 2m− 1, É.¥. (2, 2m − 1) ·¥Ï¥´¨° ¨§ (3.43), (3.45).

‘ ³Ò° ¶·µ¸Éµ° ¸²ÊÎ °: m = 1, ±µ£¤  3T3
∂2

∂T 2
1

log τKdV + T1 = 0. ˆ¸¶µ²Ó§ÊÖ

u ∼ ∂2

∂T 2
1

log τKdV, ´ Ìµ¤¨³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Š¤” u ∼ T1

T3
, ¨²¨, Ë¨±¸¨·ÊÖ

T3, ¶µ²ÊÎ ¥³ F = log τ ∼ T 3
1 , ÎÉµ ¸µ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ É ³¨ ¢Éµ·µ£µ · §¤¥² 

(2.10) ¤²Ö c = −2 É¥µ·¨¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ 2D-£· ¢¨É Í¨¥°, ¢ ±µÉµ·µ°
〈P 3〉 = 1, £¤¥ P Å ¥¤¨´¨Î´Ò° µ¶¥· Éµ· (2.9), P = cc̄eφ. �ÉµÉ ¶·¨³¥· Å
´ ¨¡µ²¥¥ ¨§¢¥¸É´Ò° ¸²ÊÎ ° Î¨¸Éµ° Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¨.

Œ¥´¥¥ É·¨¢¨ ²Ó´Ò° ¶·¨³¥· Å (2, 3)-É¥µ·¨Ö ¸ m = 2, ¢ ±µÉµ·µ° (3.45)
¨ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ R2 ∼ u2 + u′′ ¶·¨¢µ¤ÖÉ ± ¶µÖ¢²¥´¨Õ ¶¥·¢µ£µ Ê· ¢´¥´¨Ö
�¥´²¥¢¥ u2 + u′′ = T1. „ ´´Ò° ¶·¨³¥· µÉ¢¥Î ¥É É¥µ·¨¨ Î¨¸Éµ° (Ë¨§¨Î¥¸±µ°)
£· ¢¨É Í¨¨, £¤¥ ·¥Ï¥´¨¥, ± ± ¢¨¤´µ, Ê¦¥ £µ· §¤µ ³¥´¥¥ É·¨¢¨ ²Ó´µ, Î¥³ ¢
¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥.

‘ · ¸¸³µÉ·¥´´µ° ÉµÎ±¨ §·¥´¨Ö ´ ²¨Î¨¥ ¢¸¥Ì (p, q) ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±
¢ ³µ¤¥²¨ (2.81) Ö¢²Ö¥É¸Ö Î¨¸Éµ Ëµ·³ ²Ó´Ò³ ÊÉ¢¥·¦¤¥´¨¥³. „²Ö ¶µÉ¥´Í¨ ² 

V (X) = Xp+1

p+1 ¸É É¸Ê³³  Z[V |Tk] = τV [Tk] ≡ τp[Tk] Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕ-
Ð¥³Ê ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ:

p−1∑
k=1

k(p− k)TkTp−k +

∞∑
k=1

(p+ k)

(
Tp+k −

p

p+ 1
δk,1

)
∂

∂Tk
log τp[T ] = 0,

(3.46)
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É.¥. τ -ËÊ´±Í¨Ö µ¶·¥¤¥²¥´  ± ± · §²µ¦¥´¨¥ ¶µ (³ ²Ò³) ¢·¥³¥´ ³ Œ¨¢Ò (3.1) ¢
µ±·¥¸É´µ¸É¨ ´Ê²¥¢ÒÌ §´ Î¥´¨° ¢¸¥Ì ¢·¥³¥´, ±·µ³¥ Tp+1, ±µÉµ·µ¥ ¸¤¢¨´ÊÉµ ´ 
´¥±µÉµ·Ò° ±µ´¥Î´Ò° Ë ±Éµ· ( p

p+1 ), ÎÉµ µÉ¢¥Î ¥É ¢ ¸¨²Ê ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥

 ·£Ê³¥´Éµ¢ (p, 1)-³µ¤¥²¨. ’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ ³ É·¨Î´µ¥ ¨´É¥-
£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ É¨¶  Šµ´Í¥¢¨Î  µÉ¢¥Î ¥É ·¥Ï¥´¨Õ (p, 1) ¸É·Ê´´ÒÌ
³µ¤¥²¥°, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ ¢§ ¨³µ¤¥°¸É¢¨¥ (An-) Éµ¶µ²µ£¨Î¥¸±µ° ³ É¥·¨¨
¸ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¥° ¨²¨ Éµ¶µ²µ£¨Î¥¸±ÊÕ W -£· ¢¨É Í¨Õ.

’¥¶¥·Ó ¶¥·¥°¤¥³ ± · ¸¸³µÉ·¥´¨Õ ¤¥Ëµ·³ Í¨° Î¨¸Éµ° (p, 1)-É¥µ·¨¨ [64,
112], ¸¢Ö§ ´´µ° ¸ ¤¥Ëµ·³ Í¨¥° ¶µÉ¥´Í¨ ²  ¨ É ± ´ §Ò¢ ¥³Ò³¨ p- ¨²¨ Ê¨§¥³µ¢-
¸±¨³¨ ¢·¥³¥´ ³¨, ±µÉµ·Ò¥ ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´Ò ¸ ¤¥Ëµ·³ Í¨¥° ³µ¤Ê²¥°
·¥Ï¥´¨°. �  ¸ ³µ³ ¤¥²¥ ¸ÊÐ¥¸É¢Ê¥É a priori ¤·Ê£ Ö ¨´É¥£·¨·Ê¥³ Ö ¸É·Ê±ÉÊ·  ¢
³µ¤¥²¨ (2.81), £¤¥ ¶µÉµ±¨ µ¶¨¸Ò¢ ÕÉ¸Ö ¢·¥³¥´ ³¨, ¸¢Ö§ ´´Ò³¨ ¸ ´¥É·¨¢¨ ²Ó-
´Ò³¨ ±µÔËË¨Í¨¥´É ³¨ ¶µÉ¥´Í¨ ²  V . ‚ ·¥§Ê²ÓÉ É¥ É¥µ·¨¨ ¸ ³µ´µ³¨ ²Ó´Ò³

¶µÉ¥´Í¨ ²µ³ Vp(X) = Xp+1

p+1 ¨ ¶·µ¨§¢µ²Ó´Ò³ ¶µ²¨´µ³µ³ ¸É¥¶¥´¨ (p + 1)
µ± §Ò¢ ÕÉ¸Ö É¥¸´µ ¸¢Ö§ ´´Ò³¨ ¤·Ê£ ¸ ¤·Ê£µ³.

„²Ö Éµ£µ ÎÉµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉµ³, ¢¥·´¥³¸Ö ± ¢µ¶·µ¸Ê µ ¢ÒÎ¨¸²¥´¨¨ ¶·µ-
¨§¢µ¤´ÒÌ ZGKM ¶µ ¢·¥³¥´ ³ Tk. �É¨ ¶·µ¨§¢µ¤´Ò¥ µ¶·¥¤¥²ÖÕÉ ´¥¶¥·ÉÊ·¡ -
É¨¢´Ò¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ¢ ¸É·Ê´´µ° É¥µ·¨¨ ¨ ¶·¥¤¸É ¢²ÖÕÉ µ¶·¥-
¤¥²¥´´Ò° ¨´É¥·¥¸ ¸ ª¢´ÊÉ·¥´´¥°ª ÉµÎ±¨ §·¥´¨Ö ¢ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³¥.
�·µ¨§¢µ¤´Ò¥ ¶µ ¢·¥³¥´ ³ Tk ¸ k ≥ p+ 1 (µÉ¢¥Î ÕÐ¨¥ ±µ··¥²ÖÉµ· ³ ¨··¥²¥-
¢ ´É´ÒÌ µ¶¥· Éµ·µ¢) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¤µ¸É ÉµÎ´µ ¸²µ¦´µ, ´ ¶·µÉ¨¢, ¤²Ö ¢·¥³¥´
Tk ¶·¨ 1 ≤ k ≤ p ¸¨ÉÊ Í¨Ö £µ· §¤µ ¶·µÐ¥. ˆ¸¶µ²Ó§ÊÖ µÎ¥¢¨¤´µ¥ µ¶·¥¤¥²¥´¨¥
ª¸·¥¤´¥£µª, É ±µ¥, ÎÉµ ¸É É¸Ê³³  (2.81) ZGKM = 〈1〉, ¨³¥¥³

∂ZGKM

∂Tk

∣∣∣∣
V

= 〈TrMk − TrXk〉, 1 ≤ k ≤ p. (3.47)

�·¨ ÔÉµ³ ¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ ¶·µ¨§¢µ¤´ Ö ¢ ²¥¢µ° Î ¸É¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¶·¨
Ë¨±¸¨·µ¢ ´´µ³ ¶µÉ¥´Í¨ ²¥ V (x) =

∑p+1 vk
k
Xk.

�· ¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (3.47) ³µ¦¥É ¡ÒÉÓ É ±¦¥ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

∂ZGKM

∂Tk

∣∣∣∣
V

=

〈
Tr

∂V (M)

∂vk
− Tr

∂V (X)

∂vk

〉
, 1 ≤ k ≤ p, (3.48)

ÎÉµ Ê¦¥ µÎ¥´Ó ¶µÌµ¦¥, ´µ ´  ¸ ³µ³ ¤¥²¥ ´¥ ¸µ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³
− ∂
∂vk

ZGKM , ±µÉµ·µ¥ µÉ²¨Î ¥É¸Ö µÉ (3.48) ´  ´¥±µÉµ·Ò¥ ¶µ¶· ¢µÎ´Ò¥ Ë ±-

Éµ·Ò. �·µ¡²¥³  § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¢ ¢Ò· ¦¥´¨¨ ∂
∂vk

ZGKM ¥¸ÉÓ ¢±² ¤Ò
´¥ Éµ²Ó±µ µÉ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö V (X) − V (M) ¨§ Ô±¸¶µ´¥´ÉÒ (2.81), ´µ
¨ ¢±² ¤ µÉ Î²¥´  V ′(M)(X −M) ≡ W (M)(X −M),   É ±¦¥ ¶·µ¨§¢µ¤´ Ö
´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö (2.82). �É¨ ¶µ¶· ¢±¨ ³µ¦´µ · §¤¥²¨ÉÓ ´  ¤¢¥
Î ¸É¨:

O
(

∂

∂vk
W

)
+ ”±¢ ´Éµ¢Ò¥ ¶µ¶· ¢±¨”. (3.49)



1176 Œ��˜�Š�‚ �.‚.

�¥·¢ÊÕ Î ¸ÉÓ ³µ¦´µ Ê¡· ÉÓ, ¥¸²¨ ¢¢¥¸É¨ ´µ¢Ò° ª¸¶¥±É· ²Ó´Ò° ¶ · ³¥É·ª
W (M) = M̃p, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¢µ§´¨± ÕÉ ´µ¢Ò¥ ¢·¥-
³¥´  T̃k = 1

k
Tr M̃−k. ƒ²Ö¤Ö ´  Ëµ·³Ê²Ê (3.49), ¸É ´µ¢¨É¸Ö Ö¸´µ, ÎÉµ ´¥ ¸ ³¨

{vk} Ö¢²ÖÕÉ¸Ö ª¶· ¢¨²Ó´Ò³¨ª ¶¥·¥³¥´´Ò³¨ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ¶µÉ¥´Í¨ ² .
‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ £µ· §¤µ Ê¤µ¡´¥¥ · ¡µÉ ÉÓ ¸ ¨Ì ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨-
Ö³¨ {tk}, µ¶·¥¤¥²¥´´Ò³¨ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [36]:

tk = − p

k(p− k)
res W 1−k/p(µ)dµ. (3.50)

ˆ¸¶µ²Ó§ÊÖ (3.50), ²¥£±µ ¶µ²ÊÎ¨ÉÓ

µ =
1

p

p+1∑
−∞

ktkµ̃
k−p, V (µ)− µV ′(µ) = −

p+1∑
−∞

tkµ̃
k. (3.51)

‚Ò· ¦¥´¨¥ (3.51) £µ¢µ·¨É µ Éµ³, ÎÉµ Ô±¸¶µ´¥´Í¨ ²Ó´Ò° ³´µ¦¨É¥²Ó ¢ Ëµ·-
³Ê²¥ (2.81) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¸É ´¤ ·É´ Ö ¸ÊÐ¥¸É¢¥´´ Ö µ¸µ¡¥´´µ¸ÉÓ
ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥·  ¤²Ö ¨¥· ·Ì¨¨, £¤¥ ¨´É¥£·¨·Ê¥³Ò¥ ¶µÉµ±¨ ¶ -
· ³¥É·¨§ÊÕÉ¸Ö p-¢·¥³¥´ ³¨.

� ±µ´¥Í, ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¶µ²ÊÎ ¥³

Z[V |Tk] = τV [Tk] = exp

(
−1

2

∑
Aij(t)(ti + T̃i)(tj + T̃j)

)
τp[tk + T̃k],

(3.52)
£¤¥ Aij = resµW

i/pdW
j/p
+ ,   f(µ)+ µ¡µ§´ Î ¥É ´¥µÉ·¨Í É¥²Ó´ÊÕ Î ¸ÉÓ ·Ö¤ 

‹µ· ´  f(µ) = Σ fiµ
i: f(µ)+ = Σi≥0 fiµ

i. ’¥¶¥·Ó Ê¦¥ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ
τp[T ] ≡ τVp [T ] Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° p-·¥¤Ê±Í¨¨ ¨¥· ·Ì¨¨ Š� (¨¥· ·Ì¨¨ p-£µ
Ê· ¢´¥´¨Ö Š¤”).

‘³Ò¸² Ëµ·³Ê²Ò (3.52) § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ª¸¤¢¨´ÊÉ Öª ¶µÉµ± ³¨ p-
¢·¥³¥´ (3.50) τ -ËÊ´±Í¨Ö ¤µ¸É ÉµÎ´µ ¶·µ¸Éµ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ τ -ËÊ´±Í¨Õ
p-·¥¤Ê±Í¨¨, § ¢¨¸ÖÐ¥° Ê¦¥ Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´ T̃k ¨ tk. ‡ ³¥´  ¸¶¥±É-
· ²Ó´µ£µ ¶ · ³¥É·  M → M̃ = f(M) = W 1/p(M) (¨ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö § -
³¥´  ¢·¥³¥´ Tk → T̃k) Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´µ° µ¶¥· Í¨¥° ¶·¨ ¶µ¸É·µ¥´¨¨
Ô±¢¨¢ ²¥´É´ÒÌ ¨¥· ·Ì¨° [113].

„¥°¸É¢¨É¥²Ó´µ, ¸¢Ö§Ó ³¥¦¤Ê τ -ËÊ´±Í¨Ö³¨ Ô±¢¨¢ ²¥´É´ÒÌ ¨¥· ·Ì¨° ³µ¦¥É
¡ÒÉÓ ¶µ²ÊÎ¥´  ¨§ ¸²¥¤ÊÕÐ¥£µ Éµ¦¤¥¸É¢¥´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö:

τ(T ) =
∆(µ̃)

∆(µ)

∏
i

[f ′(µi)]
1
2 τ̃ (T̃ ), (3.53)

£¤¥ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ τ̃ (T̃ ) ± ± ËÊ´±Í¨¨ ¢·¥³¥´ T̃ (3.2) ¸É·µ¨É-
¸Ö ¨§ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ φ̃(µ̃) = [f ′(µ(µ̃))]

1
2φi(µ(µ̃)). �·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³
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³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ³´µ¦¨É¥²Ó ¶¥·¥¤ τ -ËÊ´±Í¨¥° ¢ ¶· ¢µ° Î ¸É¨ Ëµ·³Ê²Ò
(3.53) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

∆(µ̃)

∆(µ)

∏
i

[f ′(µi)]
1
2 = exp

−1

2

∑
i,j

Aij T̃iT̃j

 , (3.54)

£¤¥ Aij = res f i(λ)dλf
j
+(λ). ˆ§ (3.53) ¸²¥¤Ê¥É, ÎÉµ

τ(T (T̃ )) = τ̃ (T̃ ) exp

−1

2

∑
i,j

Aij T̃iT̃j

 . (3.55)

‚¢¥¤¥³ τ -ËÊ´±Í¨Õ τ̂(T̃ ) p-·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š�, µ¶·¥¤¥²¥´´ÊÕ ± ±

τ̃(T̃ ) ≡ τ̂(T̃ )

τ0(t)
exp

∑
j

jt−j T̃j

 , τ0(t) = exp

(
−1

2

∑
Aijtitj

)
, (3.56)

¤²Ö ±µÉµ·µ° ¢³¥¸Éµ

τV [T ] =
det φi(µj)

∆(µ)
(3.57)

¨³¥¥³
τp[t+ T̃ ]

τp[t]
=

det φ̂i(µ̃j)

∆(µ̃)
, (3.58)

  ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ (3.57) ¨ (3.58) ÉµÎ±¨ £· ¸¸³ ´¨ ´  µ¶·¥¤¥²ÖÕÉ¸Ö ¡ §¨¸-
´Ò³¨ ¢¥±Éµ· ³¨

φi(µ) = [W ′(µ)]
1
2 exp (V (µ)− µW (µ))

∫
xi−1exp (−V (x) + xW (µ))dx

(3.59)
¨

φ̂i(µ̃) = [pµ̃p−1]
1
2 exp

− p+1∑
j=1

tj µ̃j

∫ xi−1exp (−V (x) + xµ̃p)dx. (3.60)

�·¨ ÔÉµ³ ²¥£±µ ¶µ± § ÉÓ, ÎÉµ τ̂p(T ) Ê¤µ¢²¥É¢µ·Ö¥É ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ
(L−1-Ê¸²µ¢¨Õ) ¸µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ¸¤¢¨´ÊÉÒ³¨ Š�-¢·¥³¥´ ³¨:

p−1∑
k=1

k(p−k)(tk+T̃k)(tp−k+T̃p−k)+

∞∑
k=1

(p+k)(tp+k+T̃p+k)
∂

∂T̃k
log τ̂p [t+T̃ ] = 0,

(3.61)
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¶·¨Î¥³ ti, µ¶·¥¤¥²¥´´Ò¥ ¢ (3.50), Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ
¶·¨ i ≥ p+ 2.

ˆ§ Ëµ·³Ê² (3.52), (3.61) ³µ¦´µ ¨§¢²¥ÎÓ ± ± ³¨´¨³Ê³ ¤¢  · §²¨Î´ÒÌ
¸²¥¤¸É¢¨Ö. ‚µ-¶¥·¢ÒÌ, ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¢ ¸²ÊÎ ¥ ¤¥Ëµ·³ Í¨¨ ³µ-
´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ²  (≡ ¶µ²¨´µ³  Éµ° ¦¥ ¸É¥¶¥´¨) ¢Ò· ¦ ¥É¸Ö Î¥·¥§
τ -ËÊ´±Í¨Õ Ô±¢¨¢ ²¥´É´µ° (¢ ¸³Ò¸²¥ [113]) p-·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š�;
¢µ-¢Éµ·ÒÌ, ¢ ¤¥Ëµ·³¨·µ¢ ´´µ³ ¸²ÊÎ ¥ ´¥ Éµ²Ó±µ tp+1,   ¢¸¥ tk ¸ ´µ³¥· ³¨
k ≤ p + 1 µÉ²¨Î´Ò µÉ ´Ê²Ö. �µ¤µ¡´Ò¥ É¥µ·¨¨ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Éµ¶µ²µ-
£¨Î¥¸±¨ ¤¥Ëµ·³¨·µ¢ ´´Ò³¨ (p, 1)-³µ¤¥²Ö³¨ (ÎÉµ¡Ò ´¥ ¶ÊÉ ÉÓ ¸ ¸µ¡¸É¢¥´´µ
(p, 1)-³µ¤¥²Ö³¨, § ¤ ¢ ¥³Ò³¨ ³µ´µ³¨ ²Ó´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ Vp(X)), É ± ± ±
¤¥Ëµ·³ Í¨Ö Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ° ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¸µÌ· ´Ö¥É ¢¸¥ ¸¢µ°-
¸É¢  Éµ¶µ²µ£¨Î¥¸±¨Ì ³µ¤¥²¥°. ‘ ÉµÎ±¨ §·¥´¨Ö ¶µ²¥¢ÒÌ É¥µ·¨° ÔÉ¨ ³µ¤¥²¨
µÉ¢¥Î ÕÉ ¤¢Ê³¥·´Ò³ N = 2 É¢¨¸Éµ¢ ´´Ò³ É¥µ·¨Ö³ ƒ¨´§¡Ê·£  Å ‹ ´¤ Ê,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨³ ¸ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¥°. ‚ ¸Ë¥·¨Î¥¸±µ³ ¶·¥¤¥²¥
¶µ²ÊÎ¥´´µ¥ ¢ÒÏ¥ ¸µµÉ´µÏ¥´¨¥ ¡Ò²µ ¢µ¸¶·µ¨§¢¥¤¥´µ ¤·Ê£¨³ ¸¶µ¸µ¡µ³ ¢ [35].

3.3. �¥Éµ¶µ²µ£¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¨ pq-¤Ê ²Ó´µ¸ÉÓ. �·¨¢¥¤¥´´ Ö ¢ÒÏ¥
¸Ì¥³  ¶µ¸É·µ¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì ·¥Ï¥´¨° ¨³¥¥É Ö¸´ÊÕ ¨´É¥·¶·¥É Í¨Õ ´ 
Ö§Ò±¥ ± ´µ´¨Î¥¸±µ£µ ±¢ ´Éµ¢ ´¨Ö. ‚ ¸ ³µ³ ¤¥²¥, ÉµÎ´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥
·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì (p, 1)-É¥µ·¨° µ¶¨¸Ò¢ ÕÉ¸Ö ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¥°
(2.81), ±µÉµ·ÊÕ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ± ± ¶·¥¤¸É ¢²¥-
´¨¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ¤²Ö Ê· ¢´¥´¨° [24] [P̂ , Q̂] = 1, É.¥. ¶·µ¸Éµ
 ²£¥¡·Ò ƒ¥°§¥´¡¥·£  ¢ ·¥ ²¨§ Í¨¨, £¤¥ P̂ ¨ Q̂ Ä ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· -
Éµ·Ò ±µ´¥Î´µ£µ ¶µ·Ö¤±  (p ¨ q ¸µµÉ¢¥É¸É¢¥´´µ), ¶·¨Î¥³ p-° ¶µ·Ö¤µ± µ¶¥-
· Éµ·  P̂ § ¤ ¥É p-·¥¤Ê±Í¨Õ, ¢ Éµ ¢·¥³Ö ± ± q µÉ¢¥Î ¥É §  q-Õ ±·¨É¨Î¥-
¸±ÊÕ ÉµÎ±Ê. Š¢ §¨±² ¸¸¨Î¥¸±¨ ±µ³³ÊÉ Éµ· ¶·¥¢· Ð ¥É¸Ö ¢ ¸±µ¡±Ê �Ê ¸-
¸µ´  [36, 114] {P,Q} = 1, £¤¥ Ê¦¥ P (x) ¨ Q(x) Å µ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨
(¶µ²¨´µ³Ò). ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ · ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥ ¸²ÊÎ ° µÉ¢¥Î ¥É ¸¨-
ÉÊ Í¨¨, ±µ£¤  Q(x) ≡ x Ö¢²Ö¥É¸Ö ¶µ²¨´µ³µ³ ¶¥·¢µ£µ ¶µ·Ö¤± ,   ¶µ²¨´µ³
¸É¥¶¥´¨ p Å P (x) ¸²¥¤Ê¥É µÉµ¦¤¥¸É¢¨ÉÓ∗ ¸ W (x) ≡ V ′(x). �·¨ ÔÉµ³ ¢Ò· -
¦¥´¨¥, ¸ÉµÖÐ¥¥ ¢ Ô±¸¶µ´¥´É¥ ¢ Ëµ·³Ê² Ì (2.81), (3.59) ¨ (3.60), ¶·¨µ¡·¥É ¥É
¥¸É¥¸É¢¥´´Ò° ¸³Ò¸² ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö

Sp,1(x, µ) = −V (x) + xW (µ) = −
x∫

0

dy W (y)Q′(y) +Q(x)W (µ),

∗� ¶·¨³¥·: W (µ) = µ2 + t1, Q(µ) = µ, Éµ£¤ 

{W,Q} =
∂W

∂t1

∂Q

∂µ
− ∂Q

∂t1

∂W

∂µ
= 1.
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W (x) = V ′(x) = xp +

p∑
k=1

vkx
k−1, Q(x) = xq, (3.62)

¨, ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³, ¥£µ µ¡µ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ¶·µ¨§¢µ²Ó´ÒÌ (p, q) ³µ-
¤¥²¥° ¨³¥¥É ¢¨¤

SW,Q = −
x∫

0

dy W (y)Q′(y) +Q(x)W (µ),

W (x) = V ′(x) = xp +

p∑
k=1

vkx
k−1, Q(x) = xq +

q∑
k=1

v̄kx
k−1. (3.63)

‚ ·¨ Í¨Ö ¤¥°¸É¢¨Ö (3.63) ¶µ-¶·¥¦´¥³Ê ¤ ¥É W (x) = W (µ) ¸ µ¤´¨³ ¨§ ·¥Ï¥-
´¨° x = µ,   §´ Î¥´¨¥ ¤¥°¸É¢¨Ö ´  Ô±¸É·¥³ ²¨ x = µ ¨³¥¥É ¢¨¤

SW,Q|x=µ =

µ∫
0

dy W ′(y)Q(y) =

p+q∑
k=−∞

tkµ̃
k, (3.64)

£¤¥ µ̃p = W (µ),  

tk ≡ t(W,Q)
k = − p

k(p− k)
res W 1−k/pdQ. (3.65)

�¥µ¡Ìµ¤¨³µ § ³¥É¨ÉÓ, ÎÉµ §´ Î¥´¨¥ ¤¥°¸É¢¨Ö (3.63) ´  Ô±¸É·¥³ ²¨, § ¶¨¸ ´-
´µ¥ ¢ Ëµ·³¥ (3.64), µ¶·¥¤¥²Ö¥É ±¢ §¨±² ¸¸¨Î¥¸±¨° (¨²¨ ¡¥§¤¨¸¶¥·¸¨µ´´Ò°)
¶·¥¤¥² p-·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š� [36, 114] ¸ p + q − 1 ´¥§ ¢¨¸¨³Ò³¨
¶µÉµ± ³¨. ‚ÒÏ¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢ ¸²ÊÎ ¥ Éµ¶µ²µ£¨Î¥¸±¨ ¤¥Ëµ·³¨·µ-
¢ ´´µ° (p, 1)-³µ¤¥²¨ ±¢ §¨±² ¸¸¨Î¥¸± Ö ¨¥· ·Ì¨Ö Ö¢²Ö¥É¸Ö ÉµÎ´µ° ¢ ¸²¥¤Ê-
ÕÐ¥³ ¸³Ò¸²¥: ·¥Ï¥´¨Ö ¨¥· ·Ì¨¨, £¤¥ ¶µÉµ±¨ µ¶·¥¤¥²ÖÕÉ¸Ö p-¢·¥³¥´ ³¨,
Ö¢²ÖÕÉ¸Ö É ±¦¥ ·¥Ï¥´¨Ö³¨ ¶µ²´ÒÌ Ê· ¢´¥´¨° ¨¥· ·Ì¨¨ Š� (t + T -Ëµ·³Ê² 
(3.52)),   ¶¥·¢Ò° ¨§ ´ ¡µ·  ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ Ö¢²Ö¥É¸Ö ¢ ÉµÎ´µ¸É¨ ËÊ´±Í¨¥°
�¥°±¥·  Å �Ì¨¥§¥· , µ£· ´¨Î¥´´µ° ´  ª³ ²µ¥ª Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ. �Éµ,
¡¥§Ê¸²µ¢´µ, ´¥ É ± ¤²Ö µ¡Ð¥£µ ¸²ÊÎ Ö (p, q)-³µ¤¥²¥°: §¤¥¸Ó ±¢ §¨±² ¸¸¨±  Ê¦¥
´¥ ÉµÎ´ , ¨ ¤²Ö Éµ£µ, ÎÉµ¡Ò ´ °É¨ Ö¢´Ò° ¢¨¤ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢, ´¥µ¡Ìµ¤¨³µ
·¥Ï¨ÉÓ ª¶µ²´ÊÕª § ¤ ÎÊ Å ´ °É¨ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¶µ²´µ° ¨¥· ·Ì¨¨ (·¥¤Ê-
Í¨·µ¢ ´´µ£µ) Š� ¢¤µ²Ó ¶¥·¢ÒÌ p + q − 1 ¶µÉµ±µ¢. ’¥³ ´¥ ³¥´¥¥ ´ ²¨Î¨¥
ª±¢ §¨±² ¸¸¨Î¥¸±µ° ±µ³¶µ´¥´ÉÒª ¢ ¶µ²´µ° ¨´É¥£·¨·Ê¥³µ° ¸É·Ê±ÉÊ·¥ ¤ ´´ÒÌ
³µ¤¥²¥° ³µ¦¥É ¤ ÉÓ, ¢ ¶·¨´Í¨¶¥, ´¥±µÉµ·ÊÕ ¶µ²¥§´ÊÕ ¨´Ëµ·³ Í¨Õ: ´ ¶·¨-
³¥·, ³µ¦´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ±µÔËË¨Í¨¥´ÉÒ  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨°
¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ ¢Ò· ¦ ÕÉ¸Ö Éµ²Ó±µ Î¥·¥§ ¶·µ¨§¢µ¤´Ò¥ ±¢ §¨±² ¸¸¨Î¥¸±µ°
τ -ËÊ´±Í¨¨.
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‚µ§¢· Ð Ö¸Ó ± Ê· ¢´¥´¨Õ (3.65), ¸· §Ê § ³¥É¨³, ÎÉµ É¥¶¥·Ó Éµ²Ó±µ ¤²Ö
k ≥ p + q + 1 p-¢·¥³¥´  Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ,   ¤²Ö k = p + q-£µ
§´ Î¥´¨Ö ¢·¥³¥´¨ ¨³¥¥³

tp+q ≡ t(W,Q)
p+q =

p

p+ q
, (3.66)

¨ ±µ··¥±É´µ¥ ±·¨É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¶µ²ÊÎ ¥É¸Ö ¶·¨ ª¶µ¤±·ÊÉ±¥ª ¢¸¥Ì ¢·¥³¥´
{tk} ¸ k < p+ q, É ± ÎÉµ µ´¨ ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨ ´Ê²Õ. ’µÎ´ Ö Ëµ·³Ê²  ¤²Ö
¢¥±Éµ·µ¢ ¡ §¨¸  ¢ £· ¸¸³ ´¨ ´¥ ¤²Ö µ¡Ð¥£µ ¸²ÊÎ Ö (p, q)-³µ¤¥²¥° ¶·¨´¨³ ¥É
¢¨¤

φi(µ) = [W ′(µ)]
1
2 exp (− SW,Q|x=µ)

∫
dMQ(x)fi(x) exp SW,Q(x, µ), (3.67)

£¤¥ dMQ(x) Å ³¥·  ¨´É¥£·¨·µ¢ ´¨Ö. Š ± ¡Ê¤¥É ¢¨¤´µ ¢ ¤ ²Ó´¥°Ï¥³, ¤²Ö
µ¡Ð¥£µ ¸²ÊÎ Ö (p, q)-³µ¤¥²¥° ³¥·  µ¶·¥¤¥²Ö¥É¸Ö ¤¢Ê³Ö ¶µ²¨´µ³ ³¨ W ¨ Q ¨
¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

dMQ(z) = [Q′(z)]
1
2 dz, (3.68)

ÎÉµ ¸²¥¤Ê¥É ¨§ ¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö. �·¨ ¢Ò¡µ·¥ ³¥·Ò ¢ ¢¨¤¥ (3.68), ¤²Ö Éµ£µ
ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢
φi(µ), ¸²¥¤Ê¥É ¢Ò¡· ÉÓ ËÊ´±Í¨¨ fi(x) (´¥ µ¡Ö§ É¥²Ó´µ ³µ´µ³Ò ¨²¨ ¶µ²¨-
´µ³Ò!), Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ É ±µ³Ê ¦¥  ¸¨³¶ÉµÉ¨Î¥¸±µ³Ê Ê¸²µ¢¨Õ: fi(x) ∼
∼ xi−1(1 + O(1/x)). � ±µ´¥Í, ¤²Ö Éµ£µ, ÎÉµ¡Ò ¡ §¨¸´Ò¥ ¢¥±Éµ·Ò Ê¤µ¢²¥-
É¢µ·Ö²¨ ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ, ´¥µ¡Ìµ¤¨³µ ¢Ò¶µ²´¨ÉÓ ¤¢  Ê¸²µ¢¨Ö: Ê¸²µ¢¨¥
·¥¤Ê±Í¨¨

W (µ)φi(µ) =
∑
j

Cijφj(µ) (3.69)

¨ ¨´¢ ·¨ ´É´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  Š Í  Å ˜¢ ·Í  (3.17)

A(W,Q)φi(µ) =
∑

Aijφj(µ), (3.70)

£¤¥

A(W,Q) ≡ N (W,Q)(µ)
1

W ′(µ)

∂

∂µ
[N (W,Q)(µ)]−1 =

=
1

W ′(µ)

∂

∂µ
− 1

2

W ′′(µ)

W ′(µ)2
+Q(µ),

N (W,Q)(µ) ≡ [W ′(µ)]
1
2 exp (− SW,Q|x=µ). (3.71)
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‘É·Ê´´µ¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ (3.69), (3.70). �¥³¥¤²¥´´µ ¸É·Ê±ÉÊ· 
¤¥°¸É¢¨Ö ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ

A(W,Q)φi(µ) = N (W,Q)(µ)

∫
dMQ(z)Q(z)fi(z) exp SW,Q(z, µ), (3.72)

¨ Ê¸²µ¢¨¥ (3.70) ³µ¦¥É ¡ÒÉÓ ¶¥·¥Ëµ·³Ê²¨·µ¢ ´µ ± ± ¸¢µ°¸É¢µ Q-·¥¤Ê±Í¨¨
(¤Ê ²Ó´µ£µ) ¡ §¨¸  {fi(z)}:

Q(z)fi(z) =
∑

Aijfi(z). (3.73)

’¥¶¥·Ó ¢¥·´¥³¸Ö ± Ê¸²µ¢¨Õ W -·¥¤Ê±Í¨¨. “³´µ¦ Ö φi(µ) ´  W (µ) ¨ ¨´É¥£·¨-
·ÊÖ ¶µ Î ¸ÉÖ³, ¶µ²ÊÎ ¥³

W (µ)φi(µ) = N (W,Q)(µ)

∫
dMQ(z)fi(z)

1

Q′(z)

∂

∂z
[exp Q(z)W (µ)]×

× exp

− z∫
0

dy W (y)Q′(y)

 = −N (W,Q)(µ)

∫
dMQ(z) exp [SW,Q(z, µ)]×

×
(

1

Q′(z)

∂

∂z
− 1

2

Q′′(z)

Q′(z)2
−W (z)

)
fi(z) ≡

≡ −N (W,Q)(µ)

∫
dMQ(z) exp [SW,Q(z, µ)]A(Q,W )fi(z). (3.74)

’ ±¨³ µ¡· §µ³, ¤²Ö ¤Ê ²Ó´µ£µ ¡ §¨¸  {fi(z)} Ê¸²µ¢¨¥ (3.69) ¶·¥¢· Ð ¥É¸Ö ¢

A(Q,W )fi(z) = −
∑

Cijfj(z), (3.75)

£¤¥ ³Ò ¢¢¥²¨ µ¡µ§´ Î¥´¨¥ A(Q,W ) (6= A(W,Q)) ¤²Ö ¤Ê ²Ó´µ£µ µ¶¥· Éµ· 
Š Í  Å ˜¢ ·Í :

A(Q,W ) =
1

Q′(z)

∂

∂z
− 1

2

Q′′(z)

Q′(z)2
−W (z). (3.76)

”µ·³Ê²Ò (3.67), (3.68) ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ÉµÎ´Ò¥ ¨´É¥£· ²Ó´Ò¥ ¢Ò· ¦¥-
´¨Ö ¤²Ö ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢, Ö¢²ÖÕÐ¨Ì¸Ö ·¥Ï¥´¨Ö³¨ (p, q) ¸É·Ê´´ÒÌ ³µ¤¥-
²¥° [112]. ‘³Ò¸² ÔÉ¨Ì Ëµ·³Ê² § ±²ÕÎ ¥É¸Ö ¢ Ö¢´µ³ ¢¨¤¥ ¨´É¥£· ²Ó´µ£µ ¶·¥-
µ¡· §µ¢ ´¨Ö, ¸¢Ö§Ò¢ ÕÐ¥£µ ¤Ê ²Ó´Ò¥ (p, q) ¨ (q, p) ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÉµÎ´Ò¥
¸É·Ê´´Ò¥ ·¥Ï¥´¨Ö. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉµ ¶·¥µ¡· §µ¢ ´¨¥ Å ¶·¥µ¡· §µ¢ -
´¨¥³ pq-¤Ê ²Ó´µ¸É¨ (¢ µ¡Ð¥³ ¸²ÊÎ ¥ W − Q-¤Ê ²Ó´µ¸É¨) ¤²Ö ÉµÎ´ÒÌ ´¥¶¥·-
ÉÊ·¡ É¨¢´ÒÌ ¶·µ¨§¢µ¤ÖÐ¨Ì ËÊ´±Í¨° (¸³. É ±¦¥ [115]). ‚ ± Î¥¸É¢¥ µ¸´µ¢´µ£µ
¸²¥¤¸É¢¨Ö ¨§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ Ëµ·³Ê² ³µ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ µ¡Ð¥¥ ·¥Ï¥-
´¨¥ c ≤ 1 2D ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¸É·Ê´´µ° É¥µ·¨¨ Ëµ·³Ê²¨·Ê¥É¸Ö ¸ ¶µ³µÐÓÕ
¤¢ÊÌ (¶µ²¨´µ³¨ ²Ó´ÒÌ) ËÊ´±Í¨°: W (x) ¨ Q(x).
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3.4. ‘É·Ê´´ Ö É¥µ·¨Ö ¶µ²Ö ¨ ¶·¥¤¥² c → 1. � ±µ´¥Í, ¶¥·¥°¤¥³ ± µ¡¸Ê-
¦¤¥´¨Õ ¢µ¶·µ¸ , ¶µÎ¥³Ê ¶·¥¤²µ¦¥´´ Ö ¢ÒÏ¥ ¸Ì¥³  ¥¤¨´µ£µ µ¶¨¸ ´¨Ö ´¥¶¥·-
ÉÊ·¡ É¨¢´µ£µ ·¥¦¨³  ¢ ´¥±µÉµ·µ³ ±² ¸¸¥ ¸É·Ê´´ÒÌ ³µ¤¥²¥° ³µ¦¥É · ¸¸³ -
É·¨¢ ÉÓ¸Ö ± ± ¶µ¶ÒÉ±  ¶µ¸É·µ¥´¨Ö ¸É·Ê´´µ° É¥µ·¨¨ ¶µ²Ö ¨²¨ ÔËË¥±É¨¢´µ°
Ëµ·³Ê²¨·µ¢±¨ É¥µ·¨¨ ¸É·Ê´, ¢ ±µÉµ·µ° ³¨·µ¢ Ö ¶µ¢¥·Ì´µ¸ÉÓ ¸É·Ê´Ò Ê¦¥ ´¥
¶·¨¸ÊÉ¸É¢Ê¥É Ö¢´µ. ‘ ¸ ³µ£µ ´ Î ²  ´¥µ¡Ìµ¤¨³µ § ³¥É¨ÉÓ, ÎÉµ ¶µ¤ ¸É·Ê´-
´µ° É¥µ·¨¥° ¶µ²Ö ¡Ê¤¥É ¶µ´¨³ ÉÓ¸Ö ´¥ÎÉµ ¡µ²ÓÏ¥¥, Î¥³ ¥¥ É· ¤¨Í¨µ´´µ¥
µ¶·¥¤¥²¥´¨¥ ± ± ¶µ²¥¢µ° É¥µ·¨¨ ËÊ´±Í¨µ´ ²µ¢, µ¶·¥¤¥²¥´´ÒÌ ´  ¸É·Ê´´ÒÌ
¶¥É²ÖÌ; ´¨¦¥ ¶µ¤ ¸É·Ê´´µ° É¥µ·¨¥° ¶µ²Ö ¡Ê¤¥É ¶µ´¨³ ÉÓ¸Ö ´¥±µÉµ· Ö ÔË-
Ë¥±É¨¢´ Ö É¥µ·¨Ö, ¶µ§¢µ²ÖÕÐ Ö ¸ ¥¤¨´µ° ÉµÎ±¨ §·¥´¨Ö · ¸¸³ É·¨¢ ÉÓ ¸É·Ê´-
´Ò¥ ¢ ±ÊÊ³Ò (·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸É·Ê´´µ° É¥µ·¨¨
¶µ²Ö Å 2D ±µ´Ëµ·³´Ò¥ É¥µ·¨¨ ¶µ²Ö, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ¸ 2D-£· ¢¨É Í¨¥°)
¨ ¶·¥¤² £ ÕÐ Ö µÉ¢¥É ¤²Ö ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö Å ´¥±µÉµ·µ° ËÊ´±Í¨¨,
¨³¥ÕÐ¥° (¶¥·ÉÊ·¡ É¨¢´Ò¥) · §²µ¦¥´¨Ö ¢µ±·Ê£ ¤ ´´ÒÌ ¸É·Ê´´ÒÌ ¢ ±ÊÊ³µ¢.
’ ± Ö É¥µ·¨Ö, ¢ Î ¸É´µ¸É¨, ¤µ²¦´  Ê³¥ÉÓ µ¶¨¸Ò¢ ÉÓ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê · §²¨Î-
´Ò³¨ ¸É·Ê´´Ò³¨ ¢ ±ÊÊ³ ³¨ ¨ ¤·Ê£¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ.

� ¸c³µÉ·¥´´ Ö ¢ÒÏ¥ ¸Ì¥³  ³µ¦¥É ¶·¥É¥´¤µ¢ ÉÓ ´  Éµ, ÎÉµ¡Ò ´ §Ò¢ ÉÓ¸Ö
¸É·Ê´´µ° É¥µ·¨¥° ¶µ²Ö, É ± ± ± ¢ µ¸´µ¢¥ ¥¥ ²¥¦¨É ¤¢Ê³¥·´ Ö £¥µ³¥É·¨Ö ³¨-
·µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ¶·¨¢µ¤ÖÐ Ö ± Éµ³Ê, ÎÉµ ±µ··¥²ÖÉµ·Ò (¢ Éµ¶µ²µ£¨Î¥¸±µ³
¸¥±Éµ·¥) ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¨´É¥£· ²Ò µÉ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ëµ·³ ´ 
¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° [40]. �Éµ µ¸´µ¢´µ¥ µÉ²¨Î¨¥ µÉ µ¡ÒÎ´µ° É¥µ·¨¨ ¶µ²Ö,
£¤¥ ´¥É µ£· ´¨Î¥´¨°, ´ ² £ ¥³ÒÌ ¤¢Ê³¥·´µ° £¥µ³¥É·¨¥°: µ¡Ð¨° ¢¨¤ ¶·¥¤-
¸É ¢²¥´´µ° ¢ÒÏ¥ ±µ´¸É·Ê±Í¨¨ ¸¢Ö§ ´ ¸ ±²¥ÉµÎ´Ò³ · §¡¨¥´¨¥³ ¶·µ¸É· ´¸É¢ 
³µ¤Ê²¥° [40,116].

’ ±¨³ µ¡· §µ³, ´  ¤ ´´Ò° ³µ³¥´É ³Ò ¨³¥¥³ ¤¥²µ ¸ É¥µ·¨¥°, µ¶¨¸Ò¢ Õ-
Ð¥° · §²¨Î´Ò¥ (p, q)-³µ¤¥²¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ¸ 2D-£· ¢¨É Í¨¥°, ¢´¥ · -
³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö ¨ É¥Ì´¨Î¥¸±¨ µ¸´µ¢ ´´µ° ´  (¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ)
Ê· ¢´¥´¨ÖÌ ¢ ¶·µ¸É· ´¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨, ´ ² £ ¥³ÒÌ ´  ¶·µ¨§¢µ¤ÖÐÊÕ
ËÊ´±Í¨Õ Ë¨§¨Î¥¸±¨Ì ±µ··¥²ÖÉµ·µ¢. �¸´µ¢´Ò³ ÊÉ¢¥·¦¤¥´¨¥³ Ö¢²Ö¥É¸Ö µÉµ-
¦¤¥¸É¢²¥´¨¥ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ ¸ τ -ËÊ´±Í¨¥° ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨
É¨¶  Š�/’µ¤Ò, ±µÉµ· Ö ´¥ µ¶·¥¤¥²Ö¥É¸Ö ± ± £²µ¡ ²Ó´ Ö ËÊ´±Í¨Ö ¢ ¶·µ¸É· ´-
¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨,   ¨³¥¥É ´¥±µÉµ·µ¥ Ë¨±¸¨·µ¢ ´´µ¥ · §²µ¦¥´¨¥ ¢µ±·Ê£
± ¦¤µ° ±·¨É¨Î¥¸±µ° ÉµÎ±¨, ¢µ¸¶·µ¨§¢µ¤ÖÐ¥¥ ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° µ·¨£¨-
´ ²Ó´µ° ¶¥·¢¨Î´µ-±¢ ´Éµ¢ ´´µ° É¥µ·¨¨ (2.67). �¤´ ±µ ¶·¨ ´¥ ¸É·µ£¨Ì ¶¥·¥-
Ìµ¤ Ì ¢ ¶·µ¸É· ´¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨ µÉ µ¤´µ£µ ·¥Ï¥´¨Ö ± ¤·Ê£µ³Ê ¶µÖ¢²ÖÕÉ¸Ö
¶·¥¶ÖÉ¸É¢¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ¶²µÌµ° ¸Ìµ¤¨³µ¸ÉÓÕ ¶¥·ÉÊ·¡ É¨¢´ÒÌ · §²µ¦¥´¨°,
É.¥. ¢µ§´¨± ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ´¥É·¨¢¨ ²Ó´µ£µ  ´ ²¨É¨Î¥¸±µ£µ ¶·µ¤µ²¦¥´¨Ö,
¶·¨ ±µÉµ·µ° ¨ ¶µÖ¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¢±² ¤Ò. „²Ö ¶·µ¸-
É¥°Ï¨Ì Éµ¶µ²µ£¨Î¥¸±¨Ì (p, 1)-É¥µ·¨° ÔÉÊ ¸Ì¥³Ê ³µ¦´µ µ¶¨¸ ÉÓ ´  Ö§Ò±¥ ÔË-
Ë¥±É¨¢´µ£µ ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö, ±µÉµ·µ¥ ¸¢µ¤¨É¸Ö ± ¨´É¥£· ²Ê ¶µ
Ô·³¨Éµ¢Ò³ ³ É·¨Í ³ (2.81), ÉµÎ´Ò¥ ¨´É¥£· ²Ó´Ò¥ Ëµ·³Ê²Ò ¤²Ö µ¡Ð¥£µ ¸²Ê-
Î Ö Ê¸É·µ¥´Ò £µ· §¤µ ¡µ²¥¥ ¸²µ¦´Ò³ µ¡· §µ³.
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�É  ¸Ì¥³ , ¢ ¶·¨´Í¨¶¥, ¶·¨³¥´¨³  ¨ ± ª£· ´¨Î´µ³Êª c = 1 ¸²ÊÎ Õ.
�¤´ ±µ c = 1 É¥µ·¨Ö µ¡Ð¥£µ ¢¨¤  Ö¢²Ö¥É¸Ö £µ· §¤µ ¡µ²¥¥ ª´ ¸ÒÐ¥´´µ°ª, Î¥³
c < 1 Éµ¶µ²µ£¨Î¥¸±¨¥ ³µ¤¥²¨, ¶µÔÉµ³Ê ´ ¨¢´Ò° ¶·¥¤¥² ¨§ c < 1 ÔËË¥±É¨¢´ÒÌ
³ É·¨Î´ÒÌ ³µ¤¥²¥° ¶·¨¢µ¤¨É ²¨ÏÓ ± Ëµ·³Ê²¨·µ¢±¥ ¸¨²Ó´µ ¢Ò·µ¦¤¥´´ÒÌ
c = 1 É¥µ·¨°.

‚¸¥ ÔÉ¨ ¸²ÊÎ ¨ ¡µ²¥¥ ¨²¨ ³¥´¥¥ µ¸´µ¢ ´Ò ´  µ¡µ¡Ð¥´¨ÖÌ ³µ¤¥²¨ �¥´-
´¥· , ¢ÒÎ¨¸²ÖÕÐ¥° Ô°²¥·µ¢¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¶·µ¸É· ´¸É¢ ³µ¤Ê²¥° ±µ³-
¶²¥±¸´ÒÌ ±·¨¢ÒÌ. ‚ ¸ ³µ³ ¤¥²¥, ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸É É¸Ê³³Ò
³µ¤¥²¨ �¥´´¥·  [116] Ê¦¥ ¸ ³µ ¶µ ¸¥¡¥ ¶·¥¤¶µ² £ ¥É, ÎÉµ (¶·¨ Ë¨±¸¨·µ¢ ´-
´ÒÌ ¢·¥³¥´ Ì) ÔÉ  ¸É É¸Ê³³  Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ·¥Ï¥É±¨ ’µ¤Ò. � ²¨Î¨¥
¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ³µ¤¥²¨ �¥´´¥·  £µ¢µ·¨É µ Éµ³, ÎÉµ ÔÉ  É¥µ·¨Ö
Ö¢²Ö¥É¸Ö ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥  ´ ²µ£µ³ µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ Šµ´Í¥¢¨Î .
„¥°¸É¢¨É¥²Ó´µ, ·¥Ï¥´¨¥ ³µ¤¥²¨ �¥´´¥· 

Z ∼ det H(α)
ij (3.77)

¸ H(α)
ij = Γ(α+ i+ j − 1) Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨°,

±µÉµ·Ò¥ ¡Ò²¨ · ¸¸³µÉ·¥´Ò ¢ÒÏ¥.
„²Ö Éµ£µ ÎÉµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ÔÉµ, ¸´ Î ²  § ³¥É¨³, ÎÉµ ¤²Ö ²Õ¡µ£µ

·¥Ï¥´¨Ö ¨¥· ·Ì¨¨ Š� ¸ÊÐ¥¸É¢Ê¥É Ö¢´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¤¥É¥·³¨´ ´É´Ò³
¶·¥¤¸É ¢²¥´¨¥³ ¢ τ -ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò

τKP [Tk] =
detij φi(µj)

∆(µ)
(3.78)

¨ ¤¥É¥·³¨´ ´É´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ τ -ËÊ´±Í¨¨, Ì · ±É¥·´Ò³ ¤²Ö ·¥Ï¥´¨° ·¥-
Ï¥É±¨ ’µ¤Ò

τN [T−k, Tk] = det
ij
Hi+N,j+N [T−k, Tk], (3.79)

£¤¥

∆(µ) =
∏
i>j

(µi−µj), φi(µ) = µi−1

(
1 +O

(
1

µ

))
, Tk =

1

k

∑
i

µ−ki , k > 0

(3.80)
¨

∂Hij/∂Tk = Hi,j−k, j > k > 0, ∂Hij/∂T−k = Hi−k,j , i > k > 0. (3.81)

‘µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶·¥¤¸É ¢²¥´¨Ö³¨ (3.78) ¨ (3.79) ¶·µÐ¥ ¢¸¥£µ Ëµ·³Ê²¨·Ê¥É-
¸Ö ¸ ¶µ³µÐÓÕ ¶µ²¨´µ³µ¢ ˜Ê· , µ¶·¥¤¥²Ö¥³ÒÌ ¸²¥¤ÊÕÐ¥° Ëµ·³Ê²µ°:

P [z|Tk] ≡ exp

{∑
k>0

Tkz
k

}
=
∑

zkPk[T ], (3.82)
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¢ Î ¸É´µ¸É¨, P−n = 0 ¶·¨ ²Õ¡ÒÌ n > 0; P0[T ] = 1; P1[T ] = T1; P2[T ] =
= T2 + 1

2 T
2
1 ; P3[T ] = T3 + T2T1 + 1

6T
3
1 ¨ É.¤. ‚ ¦´Ò³ ¸¢µ°¸É¢µ³ ¶µ²¨´µ³µ¢

˜Ê·  Ö¢²Ö¥É¸Ö · ¢¥´¸É¢µ ∂Pk
∂Tn

= Pk−n, ¸²¥¤ÊÕÐ¥¥ ¨§ Éµ£µ, ÎÉµ ∂P
∂Tk

= zkP .
�Éµ ¸¢µ°¸É¢µ ¶µ§¢µ²Ö¥É ¢Ò· §¨ÉÓ § ¢¨¸¨³µ¸ÉÓ µÉ ¢·¥³¥´ ³ É·¨ÍÒ Hij [T ],
Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê· ¢´¥´¨Ö³ (3.81), Î¥·¥§ ¶µ²¨´µ³Ò ˜Ê· :

Hij [T−p, Tp] =
∑
k≤i
l≥−j

Pi−k[T−p]HklPl+j [Tp], (3.83)

£¤¥ Hkl ≡ Hkl[0, 0] Ê¦¥ Ö¢²Ö¥É¸Ö ³ É·¨Í¥°, ´¥ § ¢¨¸ÖÐ¥° µÉ ¢·¥³¥´ T .
� ¸¸³µÉ·¨³ ¸´ Î ²  ¸²ÊÎ ° ´Ê²¥¢ÒÌ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´ ¨ ´Ê²¥¢µ£µ

¢·¥³¥´¨ N = T−k = 0,   § É¥³ · §·¥Ï¨³ ´Ê²¥¢µ³Ê ¢·¥³¥´¨ ¶·¨´¨³ ÉÓ ²Õ¡Ò¥
(Í¥²Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥) ∗ §´ Î¥´¨Ö N > 0 ¨ ¢¢¥¤¥³ µÉ·¨Í É¥²Ó´Ò¥ ¢·¥³¥´ 
T−k.

„²Ö § ¤ ´´µ° ¸¨¸É¥³Ò ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ φi(µ) ¶·¨ i > 0 ¢¢¥¤¥³ ¶µ
µ¶·¥¤¥²¥´¨Õ

Hij [T−k = 0, Tk] =

∮
z↪→0

φi(z)z−jP [z|Tk]dz, i > 0. (3.84)

Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö, ¶·µÌµ¤ÖÐ¨° ¢µ±·Ê£ ´Ê²Ö, ³µ¦¥É ¡ÒÉÓ ¤¥Ëµ·³¨·µ-
¢ ´ ± ¡¥¸±µ´¥Î´µ Ê¤ ²¥´´µ° ÉµÎ±¥, ¶·¨ ÔÉµ³ ¨´É¥£· ² É ±¦¥ ¡Ê¤¥É µ¶·¥¤¥-
²ÖÉÓ¸Ö µ¸µ¡¥´´µ¸ÉÖ³¨ ËÊ´±Í¨¨ P [z], ¥¸²¨ µ´¨ ¨³¥ÕÉ¸Ö. �µ¤¸É ¢¨¢ µ¶·¥-
¤¥²¥´¨¥ (3.82) ËÊ´±Í¨¨ P [z] ¢ (3.84), ¶µ²ÊÎ¨³ Ëµ·³Ê²Ê (3.83), ¢ ±µÉµ·µ°
Pk−i[T−m = 0] = δki,   É ±¦¥

Hkl =

∮
z↪→0

φk(z)zldz. (3.85)

—Éµ¡Ò ¤µ± § ÉÓ · ¢¥´¸É¢µ ¢Ò· ¦¥´¨° (3.78) ¨ (3.79), ¶¥·¥°¤¥³ ¢ Ëµ·³Ê²¥
(3.82) ± ¶¥·¥³¥´´Ò³ Œ¨¢Ò (3.80)

P [z|Tk] =
det M

det (M − Iz)
=
∏
i

µi

(µi − z)
=

[∏
i

µi

]∑
k

(−)k

(z − µk)

∆k(µ)

∆(µ)
,

(3.86)
£¤¥ ∆k(µ) ≡

∏
i>j;i,j 6=k

(µi − µj). ’¥¶¥·Ó ¢±² ¤ ¢ ¨´É¥£· ² (3.84) ¤ ¥É¸Ö Éµ²Ó±µ

¶µ²Õ¸ ³¨ ËÊ´±Í¨¨ P [z|Tk] ¢ ÉµÎ± Ì µk:

Hij [T−k = 0, Tk] =

∮
z↪→0

φi(z)z−jP [z|Tk]dz =

∏
i

µi

∆(µ)

∑
k

(−)kφi(µk)
∆k(µ)

µjk
.

(3.87)

∗�¡¸Ê¦¤¥´¨¥ ¸²ÊÎ Ö N < 0 ¸³. ¢ [117].
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‘Ê³³  ¢ ¶· ¢µ° Î ¸É¨ (3.87) ¨³¥¥É ¢¨¤ ¶·µ¨§¢¥¤¥´¨Ö ³ É·¨Í, ¸²¥¤µ¢ É¥²Ó´µ,

det Hij = det φi(µk)
∏
k


∏
i

µi

∆(µ)
(−)k∆k(µ)

 det
1

µjk
. (3.88)

�µ¸²¥¤´¨° ¤¥É¥·³¨´ ´É ¢ ¶· ¢µ° Î ¸É¨ (3.88) · ¢¥´ ∆(1/µ) ∼

∼ ∆(µ)

[∏
k

µNk

]−1

, § ³¥É¨³ É ±¦¥, ÎÉµ
∏
k

[
∆k(µ)

∆(µ)

]
= ∆(µ)−2, ¨, ¸µ¡¨· Ö

¢¸¥ ¢³¥¸É¥, Ê¡¥¤¨³¸Ö ¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ · ¢¥´¸É¢  det Hij =
det φi(µj)

∆(µ) , ÎÉµ ¨

É·¥¡µ¢ ²µ¸Ó ¤µ± § ÉÓ.
�¥·¥°¤¥³ É¥¶¥·Ó ± ¢¢¥¤¥´¨Õ ´Ê²¥¢µ£µ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´. �Ê²¥¢µ¥

¢·¥³Ö n ¢µ§´¨± ¥É ¶·µ¸Éµ ± ± µ¤´µ¢·¥³¥´´Ò° ¸¤¢¨£ ¨´¤¥±¸µ¢ i ¨ j ³ É·¨ÍÒ
Hij : Hij → Hi+N,j+N . �µÔÉµ³Ê ³µ¦´µ ´ ¶¨¸ ÉÓ

Hi+N,j+N [0, Tk] =

∮
z↪→0

φ
{N}
i (z)z−jP [z]dz (3.89)

¸ ¢¥±Éµ· ³¨ φ{N}i (z) = z−Nφi+N (z). �Éµ ¶µ²´µ¸ÉÓÕ ·¥Ï ¥É ¶·µ¡²¥³Ê ´Ê²¥-
¢µ£µ ¢·¥³¥´¨ N ¶·¨ ¶µ²µ¦¨É¥²Ó´ÒÌ Í¥²ÒÌ §´ Î¥´¨ÖÌ N .

—Éµ ± ¸ ¥É¸Ö µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´, ± ± Éµ²Ó±µ µ¶·¥¤¥²¥´  ³ É·¨Í  Hkl,
µ´¨ ³µ£ÊÉ ¡ÒÉÓ ¢¢¥¤¥´Ò ¸ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨Ö (3.83), É ± ÎÉµ

Hi+N,j+N [T−k, Tk] ≡
∑
k≤i

Pi−k[T−p]Hk+N,j+N [0, Tl] =

=

∮
z↪→0

φ
{T−k,N}
i (z)z−jP

[
1

z
|T−k

]
P [z|Tk]dz (3.90)

¸ ¡ §¨¸´Ò³¨ ¢¥±Éµ· ³¨

φ
{T−k,N}
i (z) ≡

(
P
[

1

z
|T−k

])−1∑
Pi−k[T−l]φ

[N ]
k =

= z−N exp

(
−
∑
k>0

T−kz
−k

)∑
Pk[T−l]φi+N−k(z). (3.91)

‚ µ¶·¥¤¥²¥´¨¥ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ (3.91) ¢¢¥¤¥´ ¤µ¶µ²´¨É¥²Ó´Ò° Ô±¸¶µ´¥´-
Í¨ ²Ó´Ò° ³´µ¦¨É¥²Ó, ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥-

¤¥´¨¥ φ{T−k,N}i (z) = zi−1{1 +O(1
z
)}.

‚ ¦´Ò³ Î ¸É´Ò³ ¸²ÊÎ ¥³ ¨¥· ·Ì¨¨ ·¥Ï¥É±¨ ’µ¤Ò Ö¢²Ö¥É¸Ö ¥¥ ·¥¤Ê±-
Í¨Ö ± Í¥¶µÎ±¥ ’µ¤Ò (¸³., ´ ¶·¨³¥·, [98]). �¥¤Ê±Í¨Ö ± Í¥¶µÎ±¥ ’µ¤Ò ³µ¦¥É
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¡ÒÉÓ ²¥£±µ µ¶¨¸ ´  ¢ É¥·³¨´ Ì § ¤ ÕÐ¥£µ ÉµÎ±Ê £· ¸¸³ ´¨ ´  Ë¥·³¨µ´´µ£µ
µ¶¥· Éµ·  G, Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ Ê¸²µ¢¨Õ [G, Jk + J−k] = 0,   É ±¦¥ ´  ¤¥-
É¥·³¨´ ´É´µ³ Ö§Ò±¥. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ´ ² £ ¥É¸Ö Ê¸²µ¢¨¥ ¸¨³³¥É·¨¨

[H , Λ + Λ−1] = 0, (3.92)

£¤¥ Λ Å ³ É·¨Í  ¸¤¢¨£  Λij ≡ δi,j−1. ‚Ò¶µ²´¥´¨¥ ÔÉµ£µ Ê¸²µ¢¨Ö ¶·¨¢µ¤¨É
± ¶µÖ¢²¥´¨Õ τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò, ±µÉµ· Ö Ê¦¥ § ¢¨¸¨É ²¨ÏÓ
µÉ ¸Ê³³Ò ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´ tk = 1

2 (Tk + T−k), ¨ ´¥
§ ¢¨¸¨É µÉ ¨Ì · §´µ¸É¨ (³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ÔÉµ ± ± µ¶·¥¤¥²ÖÕÐ¥¥ ¸¢µ°¸É¢µ
Í¥¶µÎ±¨ ’µ¤Ò). ‡ ³¥É¨³, ÎÉµ ·¥Ï¥´¨¥³ Ê¸²µ¢¨Ö (3.92) Ö¢²Ö¥É¸Ö Hi,j = Hi−j .

’¥¶¥·Ó Ê¦¥ ²¥£±µ ¢µ¸¸É ´µ¢¨ÉÓ § ¢¨¸¨³µ¸ÉÓ µÉ µÉ·¨Í É¥²Ó´ÒÌ ¨ ´Ê²¥-
¢µ£µ ¢·¥³¥´¨ ¢ ¨´É¥£· ²Ó´ÒÌ Ëµ·³Ê² Ì ¤²Ö ¸É·Ê´´ÒÌ ·¥Ï¥´¨° ¨¥· ·Ì¨¨ Š�,
É ± ÎÉµ ¸É É¸Ê³³  ÔËË¥±É¨¢´µ° É¥µ·¨¨ ¶·¥¢· É¨É¸Ö ¢ τ -ËÊ´±Í¨Õ ¨¥· ·Ì¨¨
·¥Ï¥É±¨ ’µ¤Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ¨° ´ ¡µ· ËÊ´±Í¨° Å ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ ¢
ÉµÎ±¥ £· ¸¸³ ´¨ ´¥, µÉ¢¥Î ÕÐ¥° µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ Šµ´Í¥¢¨Î , § ¤ ¥É¸Ö
¨´É¥£· ²Ó´Ò³¨ Ëµ·³Ê² ³¨

φ
{V }
i (µ) = eV (µ)−µV ′(µ)

√
V ′′(µ)

∫
dx xi−1e−V (x)+xV ′(µ) ≡

≡ s(µ)

∫
dx xi−1e−V (x)+xV ′(µ) ≡

〈
xi−1

〉
µ
. (3.93)

‡ ¢¨¸¨³µ¸ÉÓ µÉ N ¨ T−k ¢¢µ¤¨É¸Ö ¶µ ¸²¥¤ÊÕÐ¥³Ê ¶· ¢¨²Ê ∗:

φ
{V,N,T−k}
i (µ) ≡

〈
xi−1

[
x

µ

]N
exp

(∑
l>0

T−l(x
−l − µ−l)

)〉
µ

=

=

√
V ′′(µ) exp (V (µ)− µV ′(µ))

µN
×

×
∫
dx xN+i−1exp (−V (x) + xV ′(µ)) exp

(∑
l>0

T−l(x
−l − µ−l)

)
=

= exp (V̂ (µ)− µV ′(µ))
√
V ′′(µ)

∫
dx xi−1exp (−V̂ (x) + xV ′(µ)), (3.94)

∗‡ ³¥É¨³, ÎÉµ Ô±¸¶µ´¥´É  µÉ µÉ·¨Í É¥²Ó´ÒÌ ¸É¥¶¥´¥° ¢ ´µ·³¨·µ¢±¥ ´¥ µ± §Ò¢ ¥É ¸Ê-
Ð¥¸É¢¥´´µ£µ ¢²¨Ö´¨Ö ´  τ -ËÊ´±Í¨Õ ¨¥· ·Ì¨¨ Š�, É ± ± ± ÔÉµÉ Ë ±Éµ· ¸¢µ¤¨É¸Ö ± Ô±¸¶µ-
´¥´É¥ µÉ É·¨¢¨ ²Ó´µ° ¡¨²¨´¥°´µ° Ëµ·³Ò ¶µ ¢·¥³¥´ ³ ¨ µÉ¢¥Î ¥É ¸¢µ¡µ¤¥ ¢ ¥¥ µ¶·¥¤¥²¥-

´¨¨. „¥°¸É¢¨É¥²Ó´µ, τ ∼ det

(
exp

[∑
k

akz
−k
j

]
φi(zj)

)
∼
∏
l

exp [
∑
akz
−k
l ] det φi(zj) ∼

exp [
∑
kakTk] det φi(zj).
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£¤¥ V̂ (X) ≡ V (X)−N logX−
∑
k>0

t−kX
−k. � Î ²Ó´Ò° ¶µÉ¥´Í¨ ² V µÉµ¦¤¥¸É-

¢²Ö¥É¸Ö ¸ V̂+. ˆ§ Ëµ·³Ê²Ò (3.94) ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¸É É¸Ê³³  µ¡µ¡-
Ð¥´´µ° ³µ¤¥²¨ Šµ´Í¥¢¨Î  ¸ ÊÎÉ¥´´µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ ´Ê²¥¢µ£µ ¨ µÉ·¨Í -
É¥²Ó´ÒÌ ¢·¥³¥´ ( ¢Éµ³ É¨Î¥¸±¨ Ö¢²ÖÕÐ Ö¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ ·¥Ï¥É±¨
’µ¤Ò) ¥¸ÉÓ

Ẑ{V̂ }[M ] = eTr V̂ (M)−TrMV̂ ′+(M)

∫
DX e−Tr V̂ (X)+Tr V̂ ′+(M)X∫

dX e−Tr Û+,2(X,M)
. (3.95)

’¥¶¥·Ó Ê¦¥ ²¥£±µ ¢¢¥¸É¨ § ¢¨¸¨³µ¸ÉÓ µÉ ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ

¢·¥³¥´ ¢ ³µ¤¥²¨ �¥´´¥·  (3.77) ¨ ¢µ¸¸É ´µ¢¨ÉÓ Φ
{V }
k (z) ¨§ (3.91). „¥°¸É¢¨-

É¥²Ó´µ,

h
(α)
ij = H(α)

ij = Γ(α− 1 + i+ j) =

∞∫
0

dy

y
e−yyα−1+i+j =

∮
φ

(α)
i (z)zj (3.96)

¸· §Ê ¤ ¥É

φ
(α)
i (z) =

∞∫
0

dy

y
ezy−yyα−1+i, (3.97)

ÎÉµ Ö¢²Ö¥É¸Ö Ê¦¥ ¶·¥¤¸É ¢²¥´¨¥³ ¢ ¤ÊÌ¥ Éµ¶µ²µ£¨Î¥¸±¨Ì ³µ¤¥²¥°, ¨§ÊÎ ¢-
Ï¨Ì¸Ö ¢ÒÏ¥. ‘ÊÐ¥¸É¢¥´´ Ö · §´¨Í  ¸ · ¸¸³µÉ·¥´´Ò³¨ ¢ÒÏ¥ c < 1 ¶·¨³¥-
· ³¨ § ±²ÕÎ ¥É¸Ö ¢ µ¶·¥¤¥²¥´¨¨ ±µ´ÉÊ·  ¨´É¥£·¨·µ¢ ´¨Ö ¢ Ëµ·³Ê²¥ (3.97),
  É ±¦¥ ¢ Éµ³, ÎÉµ § ¢¨¸¨³µ¸ÉÓ µÉ ¶ · ³¥É·  z É·¨¢¨ ²Ó´ , É ± ± ± ¨´É¥£· ²
²¥£±µ ¢ÒÎ¨¸²Ö¥É¸Ö, ¶·¨¢µ¤Ö ± ·¥§Ê²ÓÉ ÉÊ

φ
(α)
i (z) =

Γ(α+ i)

(z − 1)α+i
≡ φα+i(z) ,

(
∂

∂z

)j
φ

(α)
i (z) = (−)jφ

(α)
i+j(z) = (−)j

Γ(α+ i+ j)

(z − 1)α+i+j
. (3.98)

‚¢µ¤Ö µÉ·¨Í É¥²Ó´Ò¥ ¢·¥³¥´ , ¶µ²ÊÎ ¥³ [118]

φ
(α)
i (z|T−p) = z−α exp

(
−
∑
p>0

T−pz
−p

)∑
k

Pk[T−p]φ
(α)
i−k(z) (3.99)

¨²¨

Zc=1 ∼
∫
DY exp TrZY + αTr logY +

∑
k>0

T−k TrY −k (3.100)
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¸ ¶µ²µ¦¨É¥²Ó´Ò³¨ ¢·¥³¥´ ³¨ T+k = 1
kTrZk. ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ Ëµ·³Ê² 

(3.100) ¡Ò²  ´¥§ ¢¨¸¨³µ ¶µ²ÊÎ¥´  ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ¸ ·¥§Ê²ÓÉ É ³¨ ¢ÒÎ¨¸²¥-
´¨Ö ªÉ Ì¨µ´´ÒÌª  ³¶²¨ÉÊ¤ ¢ c = 1 É¥µ·¨¨ [119].

� ±µ´¥Í, ¸¤¥² ¥³ ¥Ð¥ ´¥¸±µ²Ó±µ § ³¥Î ´¨° ¶µ ¶µ¢µ¤Ê c = 1 É¥µ·¨°. ‚µ-
µ¡Ð¥ £µ¢µ·Ö, ¢ ÔÉµ³ ¸²ÊÎ ¥ ³Ò µ¦¨¤ ²¨ ¶µ²ÊÎ¨ÉÓ ´ ¨¡µ²¥¥ µ¡ÐÊÕ (´¥·¥¤Ê-
Í¨·µ¢ ´´ÊÕ) τ -ËÊ´±Í¨Õ ¨¥· ·Ì¨¨ Š� ¨²¨ ·¥Ï¥É±¨ ’µ¤Ò, Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ
´¥±µÉµ·µ³Ê (µ¶ÖÉÓ ¦¥ ´¥·¥¤ÊÍ¨·µ¢ ´´µ³Ê) ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ. ’ ± Ö ¸¨-
ÉÊ Í¨Ö µÉ¢¥Î ²  ¡Ò ¸±µ·¥¥ ¢§ÖÉ¨Õ ª¶·Ö³µ° ¸Ê³³Òª · §²¨Î´ÒÌ (p, q)-É¥µ·¨°,
  ´¥ ¶·¥¤¥²Ê ¨§ µ¡² ¸É¨ c < 1. �¤´ ±µ ¢ ´¥±µÉµ·ÒÌ ¢Ò·µ¦¤¥´´ÒÌ ¸²ÊÎ ÖÌ
· ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥ ¶·Ö³µ° ¶·¥¤¥² c → 1 É ±¦¥ ¨³¥¥É ¸³Ò¸². �É¨ ¢Ò·µ-
¦¤¥´´Ò¥ ¸²ÊÎ ¨ µ± §Ò¢ ÕÉ¸Ö, ¶µ ¸ÊÉ¨ ¤¥² , c = 1  ´ ²µ£ ³¨ (p, q) ¸É·Ê´´ÒÌ
³µ¤¥²¥° ¨ µÉ¢¥Î ÕÉ Éµ¶µ²µ£¨Î¥¸±µ³Ê ¸¥±Éµ·Ê c = 1 É¥µ·¨¨.

„¥°¸É¢¨É¥²Ó´µ, ²¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  p = ±q,
Ê· ¢´¥´¨Ö (3.69) ¨ (3.70) ¸¨²Ó´µ Ê¶·µÐ ÕÉ¸Ö ¨ ¸¨¸É¥³  ¢Ò·µ¦¤ ¥É¸Ö ¢ ¥¤¨´-
¸É¢¥´´µ¥ Ê· ¢´¥´¨¥. �¥§Ê¸²µ¢´µ, ÔÉµÉ ¸²ÊÎ ° ´¥ µÉ¢¥Î ¥É ³¨´¨³ ²Ó´µ° ¸¥·¨¨,
£¤¥ ¶ ·  (p, q) ¤µ²¦´  ¡ÒÉÓ ¢§ ¨³´µ ¶·µ¸ÉÒ³¨ Î¨¸² ³¨. ’¥³ ´¥ ³¥´¥¥ ³µ¦´µ
¶µ-¶·¥¦´¥³Ê Ê¤µ¢²¥É¢µ·¨ÉÓ µ¡µ¨³ Ê¸²µ¢¨Ö³: ·¥¤Ê±Í¨¨ ¨ ¨´¢ ·¨ ´É´µ¸É¨ µÉ-
´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  Š Í  Å ˜¢ ·Í ; ¶µ²ÊÎ¥´´Ò¥ ¦¥ ·¥Ï¥´¨Ö,
¥¸²¨ ¶µ¸³µÉ·¥ÉÓ ´  Ëµ·³Ê²Ê ¤²Ö Í¥´É· ²Ó´µ£µ § ·Ö¤  ³ É¥·¨¨, Ëµ·³ ²Ó´µ
µÉ¢¥Î ÕÉ c = 1 ¤²Ö p = q ¨ c = 25 ¤²Ö p = −q.

�·µ¸É¥°Ï¨° ¶·¨³¥· µ¶ÖÉÓ ¢µ§´¨± ¥É ¶·¨ q = 1. ‚ ÔÉµ³ ¸²ÊÎ ¥ c = 1
É¥µ·¨Ö µ± §Ò¢ ¥É¸Ö Ô±¢¨¢ ²¥´É´µ° ¢¸¶µ³µ£ É¥²Ó´µ° ¤¨¸±·¥É´µ° ³ É·¨Î´µ°
³µ¤¥²¨ [117], ¢ Éµ ¢·¥³Ö ± ± c = 25 ¡Ê±¢ ²Ó´µ µÉ¢¥Î ¥É Éµ³Ê, ÎÉµ µ¦¨¤ ¥É¸Ö
¨§ · §¢¨É¨Ö ¶µ¤Ìµ¤  �¥´´¥·  [118, 119]. „¥°¸É¢¨É¥²Ó´µ, ¥¸²¨ ¢§ÖÉÓ ¢ µ¡Ð¥³
¸²ÊÎ ¥ (´¥¶µ²¨´µ³¨ ²Ó´Ò¥) ËÊ´±Í¨¨ W (x) = x−β ¨ Q(x) = xβ , ¤¥°¸É¢¨¥

¶·¨µ¡·¥É ¥É ²µ£ ·¨Ë³¨Î¥¸±¨° Î²¥´ S−β,β = −β log x+ xβ

µβ
,   Ê· ¢´¥´¨Ö (3.69)

¨ (3.70) ¶·¨¢µ¤ÖÉ ± ¶·µ¸ÉÒ³ · Í¨µ´ ²Ó´Ò³ ·¥Ï¥´¨Ö³. ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ
β = 1 ¸· §Ê ¤ ¥É ³µ¤¥²Ó �¥´´¥·  ¢µ ¢´¥Ï´¥³ ¶µ²¥, ÎÉµ, ± ± ³Ò ¢¨¤¥²¨,
¸±µ·¥¥ µÉ¢¥Î ¥É ª¤Ê ²Ó´µ°ª ± c = 1 É¥µ·¨¨ ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ ³ É¥·¨¨
cmatter = 25 ¨ ¸¨²Ó´µ ´¥Ê´¨É ·´µ° ·¥ ²¨§ Í¨¥° ±µ´Ëµ·³´µ° ³ É¥·¨¨ ∗.

4. �…�…�’“���’ˆ‚�›… �…‡“‹œ’�’› ‚ 4D N=2
‘“�…�‘ˆŒŒ…’�ˆ—�›• Š�‹ˆ���‚�—�›• ’…��ˆŸ•:

Š�Œ�‹…Š‘�›… Š�ˆ‚›… ˆ ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ›

‚ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì ¡Ò²¨ · ¸¸³µÉ·¥´Ò ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥Ï¥´¨Ö
Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°, ¤²Ö ±µÉµ·ÒÌ ¸ÊÐ¥¸É¢ÊÕÉ Ö¢´Ò¥ ÉµÎ´Ò¥

∗�É  ¤Ê ²Ó´µ¸ÉÓ ³¥¦¤Ê ³µ¤¥²Ö³¨ ¸ c = 1 ¨ c = 25, ¢¶µ²´¥ ¢¥·µÖÉ´µ, ¸¢Ö§ ´  ¸ ¨§¢¥¸É´Ò³
Ë ±Éµ³, ÎÉµ ·¥Ï¥´¨¥ c = 1 ³ É·¨Î´µ° ³µ¤¥²¨ ƒ·µ¸¸  ¨ Š²¥¡ ´µ¢  ¸¢Ö§ ´µ [120] ¸ ·¥Ï¥´¨¥³
³µ¤¥²¨ �¥´´¥·  [116] ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥¦ ´¤· .
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Ëµ·³Ê²Ò, µ¶¨¸Ò¢ ÕÐ¨¥ ¶·µ¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨¨ ¢¸¥Ì ±µ··¥²ÖÉµ·µ¢. �É  ¸¢Ö-
§ ´µ, ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¸ É¥³, ÎÉµ ÔÉ¨ ·¥Ï¥´¨Ö ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ±
¤¥Ëµ·³ Í¨Õ É·¨¢¨ ²Ó´ÒÌ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨°, ¤²Ö ±µÉµ·ÒÌ ¸¶¥±É· ²Ó-
´ Ö ±·¨¢ Ö Σ Ö¢²Ö¥É¸Ö ±µ³¶²¥±¸´µ° ¸Ë¥·µ°, ¨, ¢ Î ¸É´µ¸É¨, ¶µÔÉµ³Ê ¸ÊÐ¥-
¸É¢¥´´Ò ²¨ÏÓ ¶ · ³¥É·Ò, ¸¢Ö§ ´´Ò¥ ¸ ¢ÒÎ¥É ³¨ ¢ µÉ³¥Î¥´´ÒÌ ÉµÎ± Ì (3.65),
  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ¶¥· Éµ·µ¢, µ¶·¥¤¥²ÖÕÐ¨Ì ¶·µ¨§¢µ¤ÖÐ¨° ¤¨ËË¥-
·¥´Í¨ ², Å ¶µ²¨´µ³¨ ²Ó´Ò¥ ËÊ´±Í¨¨ (3.63) ´  ¸Ë¥·¥ CP 1. �·¨ ÔÉµ³ ¶·¥-
¶µÉ¥´Í¨ ² Å ²µ£ ·¨Ë³ ±¢ §¨±² ¸¸¨Î¥¸±µ° τ -ËÊ´±Í¨¨ Å Ö¢²Ö¥É¸Ö ¶·µ¸Éµ°

¶µ²¨´µ³¨ ²Ó´µ° ËÊ´±Í¨¥° ¢·¥³¥´ F =
t31
6 + . . .,   Éµ¶µ²µ£¨Î¥¸±¨¥ ±µ··¥-

²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ Å ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ¶·¥¶µÉ¥´Í¨ ² , ± ± ¡Ò²µ
¢¨¤´µ, ÔÉµ Î¨¸² , µÉ¢¥Î ÕÐ¨¥ ¨´¤¥±¸ ³ ¶¥·¥¸¥Î¥´¨° ´  ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥°
±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ·. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö É¥µ·¨Ö ´ §Ò¢ ¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ°
£· ¢¨É Í¨¥° [31,32,34,40].

‚ ¸²ÊÎ ¥ Ë¨§¨Î¥¸±µ° (c < 1 ¨²¨ pq) £· ¢¨É Í¨¨ ¨§¢¥¸É´µ £µ· §¤µ ³¥´ÓÏ¥
Ö¢´ÒÌ Ëµ·³Ê², ÔÉ¨ É¥µ·¨¨ µÉ¢¥Î ÕÉ Ê¦¥ ´¥É·¨¢¨ ²Ó´Ò³ ¸¶¥±É· ²Ó´Ò³ ±·¨-
¢Ò³ ∗ Σ

g= (p−1)(q−1)
2

[121]. ”µ·³ ²Ó´µ 2D Éµ¶µ²µ£¨Î¥¸±¨¥ É¥µ·¨¨ ¸ ´¥É·¨¢¨-

 ²Ó´Ò³¨ ¸¶¥±É· ²Ó´Ò³¨ ±·¨¢Ò³¨, µÉ¢¥Î ÕÐ¨³¨ ¶·µ¸É· ´¸É¢Ê-¢·¥³¥´¨, ¡Ò²¨
¶µ¸É·µ¥´Ò ¢ [36,37].

‚ ¤ ´´µ³ · §¤¥²¥ (¸³. É ±¦¥ [90]) ¡Ê¤¥É ¶µ¤·µ¡´µ · ¸¸³µÉ·¥´ ¡µ²¥¥ ¨´É¥-
·¥¸´Ò° ¶·¨³¥· ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨°, ¸¢Ö§ ´´Ò° ¸ ¶µÖ¢²¥´¨¥³ ´¥É·¨-
¢¨ ²Ó´ÒÌ ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ ¸É ·Ï¥£µ ·µ¤  Å ¢ ÔËË¥±É¨¢´ÒÌ ·¥Ï¥´¨ÖÌ
‚¨ÉÉ¥´  Å ‡ °¡¥·£  [41, 42] 4D N ≥ 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ
É¥µ·¨ÖÌ ¶µ²Ö c § É· ¢µÎ´Ò³ ² £· ´¦¨ ´µ³

L =

∫
d4ϑF (Φi) = . . .

1

g2
Tr F 2

µν + iθTr F µν F̃ µν + . . . (4.1)

(£¤¥ ¸Ê¶¥·¶µ²¥ Φi = ϕi + ϑσµν ϑ̃G
i
µν + . . .), ¤²Ö ±µÉµ·µ£µ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥

ÉµÎ´µ¥ ·¥Ï¥´¨¥ Ëµ·³ ²Ó´µ µ¶·¥¤¥²¥´µ ± ± µÉµ¡· ¦¥´¨¥

G, τ, hk → ai, a
D
i , a

D
i =

∂F
∂ai

(4.2)

(G Å ± ²¨¡·µ¢µÎ´ Ö £·Ê¶¶ , τ Å Ê²ÓÉ· Ë¨µ²¥Éµ¢ Ö ±µ´¸É ´É  ¸¢Ö§¨, hk =
1
k 〈Tr Φk〉 Å ¢ ±ÊÊ³´Ò¥ §´ Î¥´¨Ö ¶µ²Ö •¨££¸ ), ¨ ¸ÊÐ¥¸É¢Ê¥É ¥£µ Ô²¥£ ´É´µ¥
µ¶¨¸ ´¨¥ ¢ É¥·³¨´ Ì ±·¨¢µ° Σg=rankG, Ê ±µÉµ·µ° hk ¶ · ³¥É·¨§Ê¥É ´¥±µÉµ-
·Ò¥ (Î Ð¥ ¢¸¥£µ £¨¶¥·Ô²²¨¶É¨Î¥¸±¨¥) ³µ¤Ê²¨ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò. �¥·¨-
µ¤Ò

ai =

∮
Ai

dS, aDi =

∮
Bi

dS (4.3)

∗‚ ÔÉµ³ ¸²ÊÎ ¥ Ö¢´µ ¨§¢¥¸É´µ ²¨ÏÓ ¶·¥µ¡· §µ¢ ´¨¥ ¤Ê ²Ó´µ¸É¨, ¸¢Ö§Ò¢ ÕÐ¥¥ ¶·µ¨§¢µ¤Ö-

Ð¨¥ ËÊ´±Í¨¨ ¤Ê ²Ó´ÒÌ É¥µ·¨° ¨ ¨³¥ÕÐ¥¥ ¢¨¤ ¶·¥µ¡· §µ¢ ´¨Ö ”Ê·Ó¥ ¸ Ô±¸¶µ´¥´Éµ° S =
∫ λ

dS
(3.63).
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¶·µ¨§¢µ¤ÖÐ¥£µ ³¥·µ³µ·Ë´µ£µ 1-¤¨ËË¥·¥´Í¨ ² 

dS = λd logw = Tr Ld logT, (4.4)

Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ Ê¸²µ¢¨Ö³

∂dS

∂hk
∼= dωk, (4.5)

£¤¥ dωk Å £µ²µ³µ·Ë´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò ´  Σ, µ¶·¥¤¥²ÖÕÉ ¸¶¥±É· ³ ¸¸¨¢´ÒÌ
��‘-¸µ¸ÉµÖ´¨°

M ∼ |na+maD|, (4.6)

  Ëµ·³Ê²  aDi = ∂F
∂ai Å ¶·¥¶µÉ¥´Í¨ ² F , µ¶·¥¤¥²ÖÕÐ¨° ´¨§±µÔ´¥·£¥É¨Î¥-

¸±µ¥ ¤¥°¸É¢¨¥ (¸³. · §¤. 1 ¶µ ¶µ¢µ¤Ê ¡µ²¥¥ ¶µ¤·µ¡´µ£µ ¶µÖ¸´¥´¨Ö µ¸´µ¢´ÒÌ
¶µ´ÖÉ¨°) ¨, É¥³ ¸ ³Ò³, ´ ¡µ· ÔËË¥±É¨¢´ÒÌ ±µ´¸É ´É ¸¢Ö§¨

Tij =
∂2F
∂ai∂aj

=
∂aDi
∂aj

. (4.7)

‚ ¤ ´´µ³ · §¤¥²¥ ¶µ± § ´µ, ÎÉµ ¢µ§´¨± ÕÐ¨¥ ¢ ·¥Ï¥´¨ÖÌ ‚¨ÉÉ¥´  Å
‡ °¡¥·£  ±·¨¢Ò¥ Ö¢²ÖÕÉ¸Ö ¸¶¥±É· ²Ó´Ò³¨ ±·¨¢Ò³¨ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨°
¶¥·¨µ¤¨Î¥¸±µ° Í¥¶µÎ±¨ ’µ¤Ò ¨ ¥¥ ¥¸É¥¸É¢¥´´ÒÌ ¤¥Ëµ·³ Í¨° ¢ Ô²²¨¶É¨Î¥-
¸±ÊÕ ³µ¤¥²Ó Š ²µ¤¦¥·µ Å Œµ§¥·  ¨ (±² ¸¸¨Î¥¸±¨¥) ¸¶¨´µ¢Ò¥ Í¥¶µÎ±¨.

4.1. N=2 ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö £²Õµ¤¨´ ³¨±  ¨ ¶¥·¨µ¤¨Î¥¸± Ö Í¥¶µÎ± 
’µ¤Ò. � Î´¥³  ´ ²¨§ ¸ ¶·µ¸É¥°Ï¥£µ ¸²ÊÎ Ö ¶¥·¨µ¤¨Î¥¸±µ° Í¥¶µÎ±¨ ’µ¤Ò,
µÉ¢¥Î ÕÐ¥° ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥Ï¥´¨Õ 4D N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ°
£²Õµ¤¨´ ³¨±¨. �¥·¨µ¤¨Î¥¸± Ö § ¤ Î  ¢ Í¥¶µÎ±¥ ’µ¤Ò ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê-
²¨·µ¢ ´  ¤¢Ê³Ö · §²¨Î´Ò³¨ ¸¶µ¸µ¡ ³¨, ±µÉµ·Ò¥ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ª¤¥-
Ëµ·³¨·ÊÕÉ¸Öª ¢ ¤¢ÊÌ · §²¨Î´ÒÌ ´ ¶· ¢²¥´¨ÖÌ. ‘ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö
· §²¨Î´Ò¥ ¤¥Ëµ·³ Í¨¨ Í¥¶µÎ±¨ ’µ¤Ò µÉ¢¥Î ÕÉ ¢±²ÕÎ¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö
4D N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¤¢ÊÌ É¨¶µ¢: ¸ ³ É¥-
·¨¥° ¢ ¶·¨¸µ¥¤¨´¥´´µ³ ¨ ËÊ´¤ ³¥´É ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨ÖÌ ± ²¨¡·µ¢µÎ´µ°
£·Ê¶¶Ò.

–¥¶µÎ±  ’µ¤Ò § ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö

∂φi

∂t
= pi ,

∂pi

∂t
= eφi+1−φi − eφi−φi−1 , (4.8)

£¤¥ ¤²Ö ¶¥·¨µ¤¨Î¥¸±µ° § ¤ Î¨ (¸ ¶¥·¨µ¤µ³ Nc ¶µ ª´µ³¥·Êª Î ¸É¨ÍÒ) ´ ±² ¤Ò-
¢ ÕÉ¸Ö Ê¸²µ¢¨Ö φi+Nc = φi ¨ pi+Nc = pi. –¥¶µÎ±  ’µ¤Ò Ö¢²Ö¥É¸Ö ¢¶µ²´¥ ¨´-
É¥£·¨·Ê¥³µ° ¸¨¸É¥³µ° ¸ Nc ¢§ ¨³´µ ±µ³³ÊÉ¨·ÊÕÐ¨³¨ (µÉ´µ¸¨É¥²Ó´µ ¸±µ¡±¨
�Ê ¸¸µ´ ) £ ³¨²ÓÉµ´¨ ´ ³¨, hTC

1 =
∑
pi, hTC

2 =
∑(

1
2p

2
i + eφi−φi−1

)
¨ É.¤.

Š ± ²Õ¡µ¥ ±µ´¥Î´µ§µ´´µ¥ ·¥Ï¥´¨¥, ¶¥·¨µ¤¨Î¥¸± Ö § ¤ Î  ¢ Í¥¶µÎ±e ’µ¤Ò
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³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´  ¢ É¥·³¨´ Ì (¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±-
Í¨°) ¤¢ÊÌ µ¶¥· Éµ·µ¢: µ¶¥· Éµ·  ‹ ±¸  L (¨²¨ ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ°
§ ¤ Î¨ ¤²Ö (4.8))

λψ±n =
∑
k

Lnkψ±k = e
1
2 (φn+1−φn)ψ±n+1+pnψ

±
n +e

1
2 (φn−φn−1)ψ±n−1 (= ± ∂

∂t
ψ±n )

(4.9)
¨ µ¶¥· Éµ·  ³µ´µ¤·µ³¨¨ (¨²¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨°) Å ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¶·µ¸Éµ
¸¤¢¨£  ¶µ ¤¨¸±·¥É´µ° ¶¥·¥³¥´´µ° ª´µ³¥· ª Î ¸É¨ÍÒ Tφn = φn+Nc , Tpn =
= pn+Nc , Tψn = ψn+Nc . “¸²µ¢¨¥ ¸µ¢³¥¸É´µ£µ ¸¶¥±É·  ÔÉ¨Ì ¤¢ÊÌ µ¶¥· Éµ·µ¢

Lψ = λψ , Tψ = wψ , [L, T ] = 0 (4.10)

µ§´ Î ¥É, ÎÉµ ³¥¦¤Ê ´¨³¨ ¸ÊÐ¥¸É¢Ê¥É ¸µµÉ´µÏ¥´¨¥ P(L, T ) = 0, ±µÉµ·µ¥
³µ¦¥É ¡ÒÉÓ ¸É·µ£µ ¸Ëµ·³Ê²¨·µ¢ ´µ ¢ É¥·³¨´ Ì ¸¶¥±É· ²Ó´µ° ±·¨¢µ° Σ:
P(λ,w) = 0 [50, 53]. �·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ³µ¦¥É
¡ÒÉÓ ¢Ò¶¨¸ ´  ¢ É¥·³¨´ Ì L- ¨ T -µ¶¥· Éµ·µ¢, ¨ ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò ¸ÊÐ¥-
¸É¢ÊÕÉ ¤¢¥ · §²¨Î´Ò¥ Ëµ·³Ê²¨·µ¢±¨ É ±µ£µ É¨¶ .

‚ ¶¥·¢µ³ ¢ ·¨ ´É¥ (±µÉµ·Ò° ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¶·¥¤¥²Ó´Ò° ¸²Ê-
Î ° ¸¨¸É¥³ •¨ÉÎ¨´  [96]) µ¶¥· Éµ· ‹ ±¸  (4.9) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¡ §¨¸¥ ¸µ¡-
¸É¢¥´´ÒÌ ËÊ´±Í¨° T -µ¶¥· Éµ· . „²Ö Í¥¶µÎ±¨ ¤²¨´µ° Nc µ´ ¸É ´µ¢¨É¸Ö ¶·¨
ÔÉµ³ ³ É·¨Í¥° c · §³¥·µ³ Nc ×Nc:

LTC(w) =


p1 e

1
2 (φ2−φ1) 0 we

1
2 (φ1−φNc )

e
1
2 (φ2−φ1) p2 e

1
2 (φ3−φ2) . . . 0

0 e
1
2 (φ3−φ2) p3 0

. . .
1
w

e
1
2 (φ1−φNc ) 0 0 pNc

 ,

(4.11)
µ¶·¥¤¥²¥´´µ° ´  Í¨²¨´¤·¥. ‘±µ¡±¨ �Ê ¸¸µ´  {pi, φj} = δij Ô±¢¨¢ ²¥´É´Ò
¶Ê ¸¸µ´µ¢¸±µ³Ê ¸µµÉ´µÏ¥´¨Õ ´  µ¶¥· Éµ· ‹ ±¸ 

{
LTC(w) ⊗, LTC(w′)

}
=

=
[
R(w,w′),LTC(w)⊗ 1 + 1⊗ LTC(w′)

]
¸ Î¨¸²µ¢µ° É·¨£µ´µ³¥É·¨Î¥¸±µ°

R-³ É·¨Í¥°

R(w,w′) =
w
∑

(δi,i+1 ⊗ δi+1,i) + (w′
∑
δi+1,i ⊗ δi,i+1)

w − w′ , (4.12)

  ¸µ¡¸É¢¥´´Ò¥ Î¨¸²  µ¶¥· Éµ·  ‹ ±¸ , µ¶·¥¤¥²Ö¥³Ò¥ ¸¶¥±É· ²Ó´Ò³ Ê· ¢´¥-
´¨¥³

P(λ,w) = det
Nc×Nc

(
LTC(w) − λ

)
= 0, (4.13)

±µ³³ÊÉ¨·ÊÕÉ ¤·Ê£ ¸ ¤·Ê£µ³ µÉ´µ¸¨É¥²Ó´µ ¸±µ¡±¨ �Ê ¸¸µ´ . �µ¤¸É ¢²ÖÖ Ö¢´µ¥
¢Ò· ¦¥´¨¥ (4.11) ¢ (4.13), ¶µ²ÊÎ ¥³ [122]

w +
1

w
= 2PNc(λ) (4.14)
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¨²¨

y2 = P 2
Nc(λ)− 1, 2y = w − 1

w
, (4.15)

£¤¥ PNc(λ) Å ¶µ²¨´µ³ ¸É¥¶¥´¨ Nc, ±µÔËË¨Í¨¥´ÉÒ ±µÉµ·µ£µ Å ¶µ²¨´µ³Ò

˜Ê·  Sj(h) µÉ £ ³¨²ÓÉµ´¨ ´µ¢ hk =
Nc∑
i=1

pki + . . .:

PNc(λ) =

Nc∑
k=0

SNc−k(h)λk =

(
λNc + h1λ

Nc−1 +
1

2
(h2 − h2

1)λNc−2 + . . .

)
.

(4.16)
‘¶¥±É· ²Ó´µ¥ Ê· ¢´¥´¨¥ § ¢¨¸¨É Éµ²Ó±µ µÉ ¢§ ¨³´µ ±µ³³ÊÉ¨·ÊÕÐ¨Ì ±µ³¡¨-
´ Í¨° ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Å £ ³¨²ÓÉµ´¨ ´µ¢ ¨²¨ ¶¥·¥³¥´´ÒÌ ¤¥°-
¸É¢¨Ö, ¶ · ³¥É·¨§ÊÕÐ¨Ì ¶µ¤¶·µ¸É· ´¸É¢µ ¢ ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° ±µ³¶²¥±¸-
´ÒÌ ¸É·Ê±ÉÊ· £¨¶¥·Ô²²¨¶É¨Î¥¸±¨Ì ±·¨¢ÒÌ ΣTC ·µ¤  Nc − 1 = rank SU(Nc).

�²ÓÉ¥·´ É¨¢´µ¥ µ¶¨¸ ´¨¥ Éµ° ¦¥ ¸¨¸É¥³Ò ¢µ§´¨± ¥É, ¥¸²¨ Ö¢´µ ·¥Ï¨ÉÓ
¢¸¶µ³µ£ É¥²Ó´ÊÕ ²¨´¥°´ÊÕ § ¤ ÎÊ (4.9), Ö¢²ÖÕÐÊÕ¸Ö · §´µ¸É´Ò³ Ê· ¢´¥´¨¥³
¢Éµ·µ£µ ¶µ·Ö¤± , ·¥Ï¨ÉÓ ±µÉµ·µ¥ ³µ¦´µ, ¶·µ¸Éµ ¶¥·¥¶¨¸ ¢ ¥£µ ¢ ¢¨¤¥ ψ̃i+1 =
= LTC

i (λ)ψ̃i, É.¥. ¸ ¶µ³µÐÓÕ Í¥¶µÎ±¨ ª³ É·¨Í ‹ ±¸ ª 2 × 2 [54], ¨³¥ÕÐ¨Ì
(¶µ¸²¥ ¶·µ¸Éµ£µ ª± ²¨¡·µ¢µÎ´µ£µ ¶·¥µ¡· §µ¢ ´¨Öª) ¢¨¤

LTC
i (λ) =

(
pi + λ eφi

e−φi 0

)
, i = 1, . . . , Nc. (4.17)

�É¨ ³ É·¨ÍÒ Ê¤µ¢²¥É¢µ·ÖÕÉ ±¢ ¤· É¨Î´µ³Ê ¶Ê ¸¸µ´µ¢¸±µ³Ê ¸µµÉ´µÏ¥´¨Õ
r-³ É·¨Î´µ£µ É¨¶  [55]:{

LTC
i (λ) ⊗, LTC

j (λ′)
}

= δij
[
r(λ − λ′), LTC

i (λ) ⊗ LTC
j (λ′)

]
(4.18)

¸ (´¥ § ¢¨¸ÖÐ¥° µÉ ´µ³¥·  i!) Î¨¸²µ¢µ° · Í¨µ´ ²Ó´µ° r-³ É·¨Í¥°, Ê¤µ¢²¥-

É¢µ·ÖÕÐ¥° ±² ¸¸¨Î¥¸±µ³Ê Ê· ¢´¥´¨Õ Ÿ´£  Å � ±¸É¥·  r(λ) = 1
λ

3∑
a=1

σa⊗σa.
Š ± ¸²¥¤¸É¢¨¥, ³ É·¨Í  ³µ´µ¤·µ³¨¨ (µ¡ÒÎ´µ µ¶·¥¤¥²Ö¥³ Ö ¤²Ö ´¥µ¤´µ·µ¤´µ°
·¥Ï¥É±¨ ¸ ´¥µ¤´µ·µ¤´µ¸ÉÖ³¨ λi)

TNc(λ) =
∏

Nc≥i≥1

Li(λ − λi) (4.19)

Ê¤µ¢²¥É¢µ·Ö¥É Éµ³Ê ¦¥ ¸µµÉ´µÏ¥´¨Õ:{
TNc(λ) ⊗, TNc(λ

′)
}

= [r(λ − λ′), TNc(λ)⊗ TNc(λ′)] , (4.20)

  ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö Í¥¶µÎ±¨ ’µ¤Ò £¥´¥·¨·ÊÕÉ¸Ö ¸¶¥±É· ²Ó´Ò³ Ê· ¢´¥´¨¥³
¢ ¤·Ê£µ° Ëµ·³¥:

det
2×2

(
TTC
Nc (λ) − w

)
= w2−wTrTTC

Nc (λ)+detTTC
Nc (λ) = w2−wTrTTC

Nc (λ)+1 = 0

(4.21)
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¨²¨

P(λ,w) = w +
1

w
− TrTTC

Nc
(λ) = w +

1

w
− 2PNc(λ) = 0. (4.22)

(‡¤¥¸Ó ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ det2×2 L
TC(λ) = 1 ¶·¨¢µ¤¨É ± det2×2 T

TC
Nc

(λ) = 1.)
�· ¢ Ö Î ¸ÉÓ (4.22) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶µ²¨´µ³ ¶µ λ ¸É¥¶¥´¨ Nc, ±µÔËË¨-
Í¨¥´ÉÒ ±µÉµ·µ£µ Å ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö, É.±.

{TrTNc(λ),Tr TNc(λ
′)} = Tr

{
TNc(λ) ⊗, TNc(λ

′)
}

=

= Tr [r(λ − λ′), TNc(λ) ⊗ TNc(λ′)] = 0. (4.23)

„²Ö Î ¸É´µ£µ ¸²ÊÎ Ö L-³ É·¨Í (4.17) ´¥µ¤´µ·µ¤´µ¸É¨ Í¥¶µÎ±¨ λi ¸¢µ¤ÖÉ¸Ö ±
É·¨¢¨ ²Ó´µ³Ê ¸¤¢¨£Ê ¨³¶Ê²Ó¸µ¢ pi → pi − λi.

�¨¦¥ ³Ò · ¸¸³µÉ·¨³ ¢µ§³µ¦´Ò¥ Ô²²¨¶É¨Î¥¸±¨¥ ¤¥Ëµ·³ Í¨¨ ¤¢ÊÌ · §-
²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° ‹ ±¸  Í¥¶µÎ±¨ ’µ¤Ò. „¥Ëµ·³ Í¨Ö ¶·¥¤¸É ¢²¥´¨Ö
Nc×Nc ¶·¨¢µ¤¨É ± ³µ¤¥²¨ Š ²µ¤¦¥·µ Å Œµ§¥· , ¢ Éµ ¢·¥³Ö ± ± ¤¥Ëµ·³ Í¨Ö
¶·¥¤¸É ¢²¥´¨Ö 2× 2 Å ± XY Z-³µ¤¥²¨ ¨  ²£¥¡·¥ ‘±²Ö´¨´ .

‚ ¤µ¶µ²´¥´¨¥ ± Ê· ¢´¥´¨Õ ¸¶¥±É· ²Ó´µ° ±·¨¢µ° (4.13), (4.14), (4.15) ¨
(4.22), ÎÉµ¡Ò µ¶·¥¤¥²¨ÉÓ Í¥¶µÎ±Ê ’µ¤Ò, ³¨´¨³ ²Ó´Ò° ´ ¡µ· ¤ ´´ÒÌ ¤ ¥É¸Ö
¶·µ¨§¢µ¤ÖÐ¨³ 1-¤¨ËË¥·¥´Í¨ ²µ³ dSTC. ‘¢µ°¸É¢  ÔÉµ£µ ¤¨ËË¥·¥´Í¨ ²  ¡Ê-
¤ÊÉ ¶µ¤·µ¡´µ ¨§ÊÎ¥´Ò ¢ [90], § ³¥É¨³ ¸¥°Î ¸ Éµ²Ó±µ, ÎÉµ dSTC = λdww ¢
¸²ÊÎ ¥ Í¥¶µÎ±¨ ’µ¤Ò ¨³¥¥É, ¡Ê±¢ ²Ó´µ, ¢¨¤ (4.4), £¤¥ λ Ö¢²Ö¥É¸Ö £¨¶¥·Ô²-
²¨¶É¨Î¥¸±µ° ±µµ·¤¨´ Éµ° ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ (4.14) ¨ (4.15). �¥·¨µ¤Ò ÔÉµ£µ
¤¨ËË¥·¥´Í¨ ² 

a =

∮
A
dSTC =

∮
A
λ
dw

w
, aD =

∮
B
dSTC =

∮
B
λ
dw

w
(4.24)

§ ¤ ÕÉ ³ ¸¸¨¢´Ò° ��‘-¸¶¥±É· (4.6) ¨ µ¶·¥¤¥²ÖÕÉ ¶·¥¶µÉ¥´Í¨ ² ¨ ÔËË¥±É¨¢-
´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ (4.7) ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ¶·¥¤¥²¥ N = 2 ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° £²Õµ¤¨´ ³¨±¨ Å ÔËË¥±É¨¢´µ° N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¨
¸ ( ¡¥²¥¢µ°) ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶µ° U(1)rankG.

4.2. �²²¨¶É¨Î¥¸± Ö ¤¥Ëµ·³ Í¨Ö ¶·¥¤¸É ¢²¥´¨Ö Nc×Nc: ³µ¤¥²Ó Š ²µ¤-
¦¥·µ Å Œµ§¥·  ¨ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸ ¶·¨¸µ¥¤¨´¥´´µ° ³ É¥·¨¥°. Nc × Nc
³ É·¨Î´Ò° µ¶¥· Éµ· ‹ ±¸  ¤²Ö GL(Nc)-¸¨¸É¥³Ò Š ²µ¤¦¥·µ, Ö¢´µ § ¢¨¸ÖÐ¨°
µÉ ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É· , ¨³¥¥É ¢¨¤ [123]

LCal(ξ) =

(
pH +

∑
α
F (qα|ξ)Eα

)
=

=


p1 F (q1 − q2|ξ) . . . F (q1 − qNc |ξ)

F (q2 − q1|ξ) p2 . . . F (q2 − qNc |ξ)
. . .

F (qNc − q1|ξ) F (qNc − q2|ξ) . . . pNc

 . (4.25)
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…£µ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ F (q|ξ) = g
ω
σ(q+ξ)
σ(q)σ(ξ) eζ(q)ξ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ô²²¨¶-

É¨Î¥¸±¨¥ ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ , É.¥. µ¶¥· Éµ· ‹ ±¸  L(ξ) µ¶·¥¤¥²¥´ ´  Ô²-
²¨¶É¨Î¥¸±µ° ±·¨¢µ° E(τ) (±µ³¶²¥±¸´µ³ Éµ·¥ ¸ ¶¥·¨µ¤ ³¨ ω, ω′ ¨ ³µ¤Ê²¥³

τ = ω′

ω
). Šµ´¸É ´É  ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸¨¸É¥³¥ Š ²µ¤¦¥·µ g2

ω2 ∼ m2, ¸ ÉµÎ±¨
§·¥´¨Ö 4D-¨´É¥·¶·¥É Í¨¨ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ³ ¸¸Ê m ¶·¨¸µ¥¤¨´¥´´µ£µ N = 2
£¨¶¥·³Ê²ÓÉ¨¶²¥É , ´ ·ÊÏ ÕÐ¥£µ N = 4 ¸Ê¶¥·¸¨³³¥É·¨Õ ¤µ N = 2 [69].

ˆ§ (4.25) ¸· §Ê ¸²¥¤Ê¥É, ÎÉµ ¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ΣCal ¤²Ö GL(Nc) ¸¨-
¸É¥³Ò Š ²µ¤¦¥·µ ¨³¥¥É ¢¨¤

det
Nc×Nc

(
LCal(ξ)− λ

)
= 0, (4.26)

  ³ ¸¸Ò ��‘-¸µ¸ÉµÖ´¨° (4.6) (a ¨ aD) § ¤ ÕÉ¸Ö ¶¥·¨µ¤ ³¨ ¶·µ¨§¢µ¤ÖÐ¥£µ
1-¤¨ËË¥·¥´Í¨ ² 

dSCal ∼= λdξ (4.27)

¶µ ´¥¸ÉÖ£¨¢ ¥³Ò³ ±µ´ÉÊ· ³ ´  ΣCal. ˆ´É¥£·¨·Ê¥³µ¸ÉÓ ³µ¤¥²¨ Š ²µ¤¦¥-
·µ Å Œµ§¥·  ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´  ´  Ö§Ò±¥ ¶Ê ¸¸µ´µ¢¸±µ° ¸É·Ê±ÉÊ·Ò{
L(ξ) ⊗, L(ξ′)

}
=
[
RCal

12 (ξ, ξ′), L(ξ)⊗ 1
]
−
[
RCal

21 (ξ, ξ′), 1⊗ L(ξ′)
]
, (4.28)

µ¶·¥¤¥²Ö¥³µ° ¤¨´ ³¨Î¥¸±µ° Ô²²¨¶É¨Î¥¸±µ° R-³ É·¨Í¥° [124], µ¡¥¸¶¥Î¨¢ Õ-
Ð¥° ¨´¢µ²ÕÍ¨Õ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ³ É·¨ÍÒ L.

�¥·¨µ¤¨Î¥¸± Ö Í¥¶µÎ±  ’µ¤Ò ¶µ²ÊÎ ¥É¸Ö ¨§ Ô²²¨¶É¨Î¥¸±µ° ³µ¤¥²¨ Š -
²µ¤¦¥·µ ¢ ¸¶¥Í¨ ²Ó´µ³ ¤¢µ°´µ³ ¸±¥°²¨´£µ¢µ³ ¶·¥¤¥²¥ [125], ±µ£¤  g ∼ m→
∞, −iτ → ∞,   qi − qj = 1

2 [(i− j) log g + (φi − φj)], É ± ÎÉµ ¡¥§· §³¥·´ Ö
±µ´¸É ´É  ¸¢Ö§¨ τ ¶¥·¥Ìµ¤¨É ¢ · §³¥·´Ò° ¶ · ³¥É· ΛNc ∼ mNceiπτ . ‚ ÔÉµ³
¶·¥¤¥²¥ Ô²²¨¶É¨Î¥¸± Ö ±·¨¢ Ö E(τ) ¢Ò·µ¦¤ ¥É¸Ö ¢ Í¨²¨´¤· ¸ ±µµ·¤¨´ Éµ°
w = eξeiπτ ,   ¶·µ¨§¢µ¤ÖÐ¨° 1-¤¨ËË¥·¥´Í¨ ² dSCal → dSTC ∼= λdw

w
¢ ¶·µ¨§-

¢µ¤ÖÐ¨° ¤¨ËË¥·¥´Í¨ ² Í¥¶µÎ±¨ ’µ¤Ò. �¶¥· Éµ· ‹ ±¸  ¸¨¸É¥³Ò Š ²µ¤¦¥·µ
¶¥·¥Ìµ¤¨É ¢ µ¶¥· Éµ· ‹ ±¸  (4.11): LCal(ξ)dξ → LTC(w)dw

w
,   ¸¶¥±É· ²Ó-

´ Ö ±·¨¢ Ö ¶·¨µ¡·¥É ¥É Ëµ·³Ê (4.13). ‚ µÉ²¨Î¨¥ µÉ Í¥¶µÎ±¨ ’µ¤Ò, Ëµ·³Ê² 
(4.26) ´¥ ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¢¨¤¥ (4.14), É.¥. ¸¶¥Í¨Ë¨Î¥¸± Ö § ¢¨¸¨-
³µ¸ÉÓ µÉ w ¸¶¥±É· ²Ó´µ£µ Ê· ¢´¥´¨Ö (4.13) ´¥ ¸µÌ· ´Ö¥É¸Ö ¶·¨ ¢²µ¦¥´¨¨
Í¥¶µÎ±¨ ’µ¤Ò ¢ ¸¨¸É¥³Ê Î ¸É¨Í Š ²µ¤¦¥·µ Å Œµ§¥· . �¤´ ±µ Ëµ·³  (4.14)
¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¸µÌ· ´Ö¥É¸Ö ¶·¨ ¨´É¥·¶·¥É Í¨¨ Í¥¶µÎ±¨ ’µ¤Ò ± ±
Î ¸É´µ£µ ¸²ÊÎ Ö ¸¶¨´µ¢ÒÌ ³µ¤¥²¥°.

„²Ö µ¶¨¸ ´¨Ö ¤·Ê£µ° ªÔ²²¨¶É¨Î¥¸±µ° ¤¥Ëµ·³ Í¨¨ª ´¨¦¥ ¡Ê¤¥É ¨¸¶µ²Ó-
§µ¢ ´  ´¥¸É ´¤ ·É´ Ö ´µ·³¨·µ¢±  ℘-ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ :

℘(ξ|τ) =

+∞∑
m,n=−∞

1

(ξ +m+ nτ)2
−

+∞∑
m,n=−∞

′
1

(m+ nτ)2
, (4.29)
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¤¢µÖ±µ¶¥·¨µ¤¨Î¥¸±µ° ¶µ ξ ËÊ´±Í¨¨ ¸ ¶¥·¨µ¤ ³¨ 1 ¨ τ = ω′

ω (ÔÉµ µÉ²¨Î ¥É¸Ö
µÉ ¸É ´¤ ·É´µ£µ µ¶·¥¤¥²¥´¨Ö Ë ±Éµ·µ³ ω−2 ¨ ¶¥·¥µ¶·¥¤¥²¥´¨¥³ ξ → ωξ).
‘µ£² ¸´µ (4.29) §´ Î¥´¨Ö ℘(ξ|τ) ¢ ¶µ²Ê¶¥·¨µ¤ Ì, ea = ea(τ), a = 1, 2, 3,
Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ Éµ²Ó±µ ³µ¤Ê²Ö·´µ£µ ¶ · ³¥É·  τ , É ±¦¥ µÉ²¨Î Ö¸Ó ³´µ-
¦¨É¥²¥³ ω−2 µÉ ¸É ´¤ ·É´µ£µ µ¶·¥¤¥²¥´¨Ö. Šµ³¶²¥±¸´Ò° Éµ· E(τ) ³µ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ± ± Ë ±Éµ· C/Z ⊕ τZ ¸ ©¶²µ¸±µ°ª ±µµ·¤¨´ Éµ° ξ, µ¶·¥-
¤¥²¥´´µ° ¶µ ³µ¤Ê²Õ (1, τ). Š·µ³¥ Éµ£µ, Éµ· (¸ µÉ³¥Î¥´´µ° ÉµÎ±µ°) ³µ¦¥É
¡ÒÉÓ § ¤ ´ Ô²²¨¶É¨Î¥¸±µ° ±·¨¢µ°

y2 = (x− e1)(x− e2)(x− e3), x = ℘(ξ), y =
1

2
℘′(ξ), dξ =

dx

2y
. (4.30)

‘ÊÐ¥¸É¢ÊÕÉ É·¨ ¨´É¥·¥¸´ÒÌ ¢Ò·µ¦¤¥´¨Ö Ô²²¨¶É¨Î¥¸±µ° ± ·É¨´Ò.
� Í¨µ´ ²Ó´Ò° ¶·¥¤¥²: µ¡  ¶¥·¨µ¤  ω, ω′ → ∞, ξ ¶¥·¥µ¶·¥¤¥²Ö¥É¸Ö ± ±

ξ = ω−1ζ ¶·¨ ±µ´¥Î´µ³ τ = ω′

ω ¨ ζ. ’µ£¤ 

x = ℘(ξ) =
ω2

ζ2
(1 + o(ω−1)), y =

1

2
℘′(ξ) = −ω

3

ζ3
(1 + o(ω−1)). (4.31)

‚ ¤¢ÊÌ ¤·Ê£¨Ì ¶·¥¤¥² Ì τ → +i∞, É.¥. q = eiπτ → 0.

’·¨£µ´µ³¥É·¨Î¥¸±¨° ¶·¥¤¥²: ξ ±µ´¥Î´µ ¶·¨ q → 0,

x = ℘(ξ) = −1

3
+

1

sin2 πξ
+ o(q), y =

1

2
℘′(ξ) = −π cosπξ

sin3 πξ
+ o(q). (4.32)

„¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥²: ξ = log (qw), ÉµÎ±¨ ¢¥É¢²¥´¨Ö

e1,2 → −
1

3
± 8q + o(q2), e3 → +

2

3
+ o(q2), (4.33)

±·µ³¥ Éµ£µ,

x = ℘(ξ) = −1

3
+ 4q(w+w−1) + o(q2), y =

1

2
℘′(ξ) = 4q(w−w−1) + o(q2),

(4.34)
É ± ÎÉµ dξ = dw

w (1 + O(q)). ‚ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ Nc = 2 Ê ±·¨¢µ° ΣCal

·µ¤ 2. „¥°¸É¢¨É¥²Ó´µ, ¢ ÔÉµ³ Î ¸É´µ³ ¸²ÊÎ ¥ (4.26) ¶·¥¢· Ð ¥É¸Ö ¢ ¢Ò· ¦¥´¨¥

P(λ, x) = λ2 − h2 +
g2

ω2
x = λ2 − h2 +

g2

ω2
℘(ξ) = 0, (4.35)

Ê¸É ´ ¢²¨¢ ÕÐ¥¥, ÎÉµ ± ¦¤µ³Ê §´ Î¥´¨Õ x µÉ¢¥Î ÕÉ ¤¢¥ ÉµÎ±¨ ´  ±·¨¢µ°

ΣCal, λ = ±
√
h2 − g2

ω2x, É.¥. § ¤ ¥É Σcal ± ± ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ Ô²²¨¶É¨Î¥¸±µ°

±·¨¢µ° E(τ) ¸ ÉµÎ± ³¨ ¢¥É¢²¥´¨Ö x =
(
ω
g

)2

h2 ¨ x =∞. �  ¸ ³µ³ ¤¥²¥, É ±
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± ± ¸ ³  ±µµ·¤¨´ É  x Ö¢²Ö¥É¸Ö Ô²²¨¶É¨Î¥¸±µ° ´  E(τ) (±µ£¤  Ô²²¨¶É¨Î¥¸± Ö

±·¨¢ Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ ¸Ë¥·Ò CP 1), x =
(
ω
g

)2

h2

µÉ¢¥Î ¥É ¶ ·¥ ÉµÎ¥± ´  E(τ), · §²¨Î ¥³ÒÌ §´ ±µ³ y. �Éµ ¡Ò²µ ¡Ò ¢¥·´µ
¨ ¤²Ö x = ∞, ´µ x = ∞ Å µ¤´  ¨§ ÉµÎ¥± ¢¥É¢²¥´¨Ö ¢ ¶ · ³¥É·¨§ Í¨¨

(4.30) ±·¨¢µ° E(τ). ’ ±¨³ µ¡· §µ³, ¤¢  · §·¥§  ³¥¦¤Ê x =
(
ω
g

)2

h2 ¨

x = ∞ ´  ± ¦¤µ³ ¨§ ²¨¸Éµ¢ E(τ) ÔËË¥±É¨¢´µ ¸²¨¢ ÕÉ¸Ö ¢ ¥¤¨´¸É¢¥´´Ò°

³¥¦¤Ê ÉµÎ± ³¨

((
ω
g

)2

h2,+

)
¨

((
ω
g

)2

h2,−
)

. �µÔÉµ³Ê ±·¨¢ÊÕ ΣCal ³µ¦´µ

· ¸¸³ É·¨¢ ÉÓ ± ± ¤¢  Éµ·  E(τ), ¸±²¥¥´´Ò¥ ¢¤µ²Ó µ¤´µ£µ · §·¥§ , É.¥. ΣCal
Nc=2

Ö¢²Ö¥É¸Ö ±·¨¢µ° ·µ¤  2.
�´ ²¨É¨Î¥¸±¨ ±·¨¢ Ö ΣCal ¤²Ö Nc = 2 § ¤ ¥É¸Ö ¸¨¸É¥³µ° Ê· ¢´¥´¨°

(4.30), (4.35), ¨, ¸²ÊÎ °´µ, ÔÉ  ±·¨¢ Ö µ¶ÖÉÓ µ± §Ò¢ ¥É¸Ö £¨¶¥·Ô²²¨¶É¨Î¥¸±µ°
(Éµ²Ó±µ ¤²Ö Nc = 2!), ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ x ¨§ (4.35) ¢ (4.30).

‚ ± Î¥¸É¢¥ ¤¢ÊÌ £µ²µ³µ·Ë´ÒÌ 1-¤¨ËË¥·¥´Í¨ ²µ¢ ´  ΣCal ³µ¦´µ ¢Ò¡· ÉÓ

v =
dx

y
∼ λdλ

y
, V =

dx

yλ
∼ dλ

y
, (4.36)

É ± ÎÉµ

dS ∼= λdξ =

√
h2 −

g2

ω2
℘(ξ) dξ =

dx

y

√
h2 −

g2

ω2
x. (4.37)

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ∂dS
∂h2

∼= 1
2
dx
yλ

. � ²¨Î¨¥ ²¨ÏÓ µ¤´µ£µ ¨§ ¤¢ÊÌ £µ²µ³µ·Ë´ÒÌ
¤¨ËË¥·¥´Í¨ ²µ¢ (4.36) ¢ ¶· ¢µ° Î ¸É¨ ¸¢Ö§ ´µ ¸ ¨Ì · §²¨Î´µ° Î¥É´µ¸ÉÓÕ
µÉ´µ¸¨É¥²Ó´µ Z2⊗Z2 ¸¨³³¥É·¨¨ ΣCal: y → −y ¨ λ→ −λ. ’ ± ± ± dS ¨³¥¥É
µ¶·¥¤¥²¥´´ÊÕ Î¥É´µ¸ÉÓ, ¥£µ ¶¥·¨µ¤Ò ¢¤µ²Ó ¤¢ÊÌ ¨§ Î¥ÉÒ·¥Ì Ô²¥³¥´É ·´ÒÌ
Í¨±²µ¢ ´  ΣCal  ¢Éµ³ É¨Î¥¸±¨ · ¢´Ò ´Ê²Õ, µ¸É ¢²ÖÖ ²¨ÏÓ ¤¢  ´¥É·¨¢¨ ²Ó´ÒÌ
¶¥·¨µ¤  a ¨ aD, ÎÉµ ¢ ÉµÎ´µ¸É¨ µÉ¢¥Î ¥É ¤¢Ê³ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³
¢ Î¥ÉÒ·¥Ì³¥·´µ° ¨´É¥·¶·¥É Í¨¨. �µ²¥¥ Éµ£µ, ¤¢  ´¥´Ê²¥¢ÒÌ ¶¥·¨µ¤  ³µ£ÊÉ
¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¢ É¥·³¨´ Ì ª·¥¤ÊÍ¨·µ¢ ´´µ°ª ±·¨¢µ° ·µ¤  1: Y 2 = (yλ)2 =

=
(
h2 − g2

ω2x
) 3∏
a=1

(x− ea), ´  ±µÉµ·µ° dS ∼=
(
h2 − g2

ω2x
)
dx
Y

. ’ ± ± ± ¤²Ö ´¥¥

x =∞ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¢¥É¢²¥´¨Ö, dS ¨³¥¥É ¶·µ¸ÉÒ¥ ¶µ²Õ¸  ¢ x =∞
(´  ¤¢ÊÌ · §´ÒÌ ²¨¸É Ì ΣCal

reduced) ¸ ¢ÒÎ¥É ³¨ ± g
ω
∼ ±m.

‚ ª¶·µÉ¨¢µ¶µ²µ¦´µ³ª ¶·¥¤¥²¥ ¸¨¸É¥³Ò Š ²µ¤¦¥·µ Å Œµ§¥·  g2 ∼
∼ m2 → 0, ÎÉµ µÉ¢¥Î ¥É N = 4 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¨ Ÿ´£  Å Œ¨²²¸ 
¸ Éµ¦¤¥¸É¢¥´´µ ´Ê²¥¢µ° β-ËÊ´±Í¨¥°. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¨´É¥£·¨·Ê¥³ Ö ¸¨-
¸É¥³  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¨¸É¥³Ê ¸¢µ¡µ¤´ÒÌ Î ¸É¨Í,   ¶·µ¨§¢µ¤ÖÐ¨° 1-¤¨Ë-
Ë¥·¥´Í¨ ² dS ∼=

√
h2 · dξ Ö¢²Ö¥É¸Ö ¶·µ¸Éµ £µ²µ³µ·Ë´Ò³ ¤¨ËË¥·¥´Í¨ ²µ³ ´ 

(Nc ±µ¶¨ÖÌ) E(τ).
4.3. �É ’µ¤Ò ± ¸¶¨´µ¢Ò³ Í¥¶µÎ± ³ ¨ ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„: ¸²Ê-

Î ° Nf < 2Nc ¨ XXX-¸¶¨´µ¢Ò¥ ³µ¤¥²¨. �¥·¥°¤¥³ É¥¶¥·Ó ± ¤·Ê£µ° ¤¥-
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Ëµ·³ Í¨¨ Í¥¶µÎ±¨ ’µ¤Ò, µÉ¢¥Î ÕÐ¥° ¢±²ÕÎ¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ N = 2
£¨¶¥·³Ê²ÓÉ¨¶²¥É ³¨ ³ É¥·¨¨ ¢ ËÊ´¤ ³¥´É ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨¨ ± ²¨¡·µ-
¢µÎ´µ° £·Ê¶¶Ò Å N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„. ‘µ£² ¸´µ [42,76], ¸¶¥±É-
· ²Ó´Ò¥ ±·¨¢Ò¥ ¤²Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„ ¶·¨ Nf < 2Nc ¨³¥ÕÉ
ÉÊ ¦¥ ¸É·Ê±ÉÊ·Ê, ÎÉµ ¨ (4.10) ¸ ³¥´¥¥ É·¨¢¨ ²Ó´µ° ³ É·¨Í¥° ³µ´µ¤·µ³¨¨,
Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê¸²µ¢¨Ö³

Tr TNc(λ) = 2PNc(λ) +RNc−1(λ), detTNc(λ) = QNf (λ), (4.38)

£¤¥ QNf (λ) ¨ RNc−1(λ) Å ´¥±µÉµ·Ò¥ ´¥ § ¢¨¸ÖÐ¨¥ µÉ h ¶µ²¨´µ³Ò ¶µ λ
(´ ¶µ³´¨³, ÎÉµ ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò ¸ ³ É·¨Í¥° ‹ ±¸  (4.17) det2×2 T

TC
Nc

(λ) =

=
Nc∏
i=1

det2×2 L
TC
i (λ − λi) = 1 ¨ Tr TTC

Nc
(λ) = PNc(λ)). „¢¥ Ëµ·³Ê²¨·µ¢±¨

(4.13) ¨ (4.21) Ô±¢¨¢ ²¥´É´Ò ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò, ´µ ¨Ì ¤¥Ëµ·³ Í¨¨ Ê¦¥
· §²¨Î´Ò: ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ªÍ¥¶µÎ±¨ª 2 × 2 ³ É·¨Í (4.21), (4.22) ¥¸É¥-
¸É¢¥´´Ò³ µ¡· §µ³ µ¡µ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ¸¥³¥°¸É¢  XY Z ¸¶¨´µ¢ÒÌ ³µ¤¥-
²¥° [54,55].

�¡Ð Ö ¨¤¥Ö ¤¥Ëµ·³ Í¨¨ ¶·¥¤¸É ¢²¥´¨Ö ³ É·¨Í ³¨ 2 × 2 § ±²ÕÎ ¥É¸Ö ¢
³µ¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨° (4.18) Å (4.23) ¶·¨ ¸µÌ· ´¥´¨¨ ¸±µ¡µ± �Ê ¸¸µ´ {

L(λ) ⊗, L(λ′)
}

= [r(λ − λ′), L(λ)⊗ L(λ′)] ,{
TNc(λ) ⊗, TNc(λ

′)
}

= [r(λ − λ′), TNc(λ) ⊗ TNc(λ′)] , (4.39)

¨, É¥³ ¸ ³Ò³, ¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¥´¨Ö ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨ T (λ) ¶ÊÉ¥³
¶¥·¥³´µ¦¥´¨Ö ³ É·¨Í Li(λ) ¶µ ¢¸¥³ Ê§² ³. “· ¢´¥´¨¥ ¸¶¥±É· ²Ó´µ° ±·¨¢µ°
¤²Ö ¶¥·¨µ¤¨Î¥¸±µ° ´¥µ¤´µ·µ¤´µ° ¸¶¨´µ¢µ° Í¥¶µÎ±¨ ¶·¨µ¡·¥É ¥É ¢¨¤

det (TNc(λ) − w) = 0 (4.40)

¸ T -³ É·¨Í¥° TNc(λ) =
1∏

i=Nc

Li(λ−λi), ¶µ-¶·¥¦´¥³Ê Ê¤µ¢²¥É¢µ·ÖÕÐ¥° (4.39).

„²Ö sl(2)-Í¥¶µÎ¥± ¸¶¥±É· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¢Ò¶¨¸Ò¢ ÕÉ¸Ö ¡µ²¥¥ Ö¢´µ:

w +
det2×2 TNc(λ)

w
= Tr 2×2 TNc(λ), (4.41)

¨²¨

W +
1

W
=

Tr 2×2TNc(λ)√
det2×2 TNc(λ)

, (4.42)

  ¶·µ¨§¢µ¤ÖÐ¨° 1-¤¨ËË¥·¥´Í¨ ² É¥¶¥·Ó dS = λdWW , W = w√
detTNc (λ)

. Š ±

¨ · ´¥¥, Ê· ¢´¥´¨Ö ¸µ¤¥·¦ É ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò
Éµ²Ó±µ ¢ ¢¨¤¥ ¸¶¥Í¨ ²Ó´ÒÌ ±µ³¡¨´ Í¨° Å ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ¨ ¨´¢ ·¨ ´-
Éµ¢. ˆ³¥´´µ ¸¶¥Í¨ ²Ó´ Ö Ëµ·³  ÔÉ¨Ì Ê· ¢´¥´¨° (±¢ ¤· É¨Î´ Ö § ¢¨¸¨³µ¸ÉÓ
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µÉ ¶ · ³¥É·µ¢ w ¨ W ) [74] ¶µ§¢µ²Ö¥É ¨¤¥´É¨Ë¨Í¨·µ¢ ÉÓ ¶¥·¨µ¤¨Î¥¸±¨¥ ¸¶¨-
´µ¢Ò¥ Í¥¶µÎ±¨ ¸ ·¥Ï¥´¨Ö³¨ § ¤ Î¨ ‚¨ÉÉ¥´  Å ‡ °¡¥·£  ¸ ËÊ´¤ ³¥´É ²Ó´µ°
³ É¥·¨¥°.

Œ É·¨Í  ‹ ±¸  2× 2 ¤²Ö sl(2) XXX-Í¥¶µÎ±¨ ¨³¥¥É ¢¨¤

L(λ) = λ · 1 +

3∑
a=1

Sa · σa. (4.43)

‘±µ¡±¨ �Ê ¸¸µ´  ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Sa, a = 1, 2, 3 (¶·¨´¨³ ÕÐ¨Ì
§´ Î¥´¨Ö ¢  ²£¥¡·¥ ËÊ´±Í¨°) ¸²¥¤ÊÕÉ ¨§ ¸µµÉ´µÏ¥´¨Ö (4.39) ¸ · Í¨µ´ ²Ó´µ°
r-³ É·¨Í¥°

r(λ) =
1

λ

3∑
a=1

σa ⊗ σa (4.44)

¨ (¢ ¸²ÊÎ ¥ sl(2)) ¶·¥¢· Ð ÕÉ¸Ö ¢

{Sa, Sb} = iεabcSc, (4.45)

É.¥. {Sa} ¨³¥ÕÉ ¸³Ò¸² ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö (©¨²¨ ±² ¸¸¨Î¥¸±µ£µ
¸¶¨´ ª). ‚  ²£¥¡·¥ (4.45) ¨³¥ÕÉ¸Ö µ¶¥· Éµ·Ò Š §¨³¨·  (É.¥. ¨´¢ ·¨ ´É´Ò¥ ¨
¨³¥ÕÐ¨¥ ´Ê²¥¢ÊÕ ¸±µ¡±Ê �Ê ¸¸µ´  ¸µ ¢¸¥³¨ £¥´¥· Éµ· ³¨ Sa) K2 = S2 =

=
3∑
a=1

SaSa, É ± ÎÉµ

det
2×2

L(λ) = λ2 −K2, det
2×2

TNc(λ) =

Nc∏
i=1

det
2×2

Li(λ− λi) =

=

Nc∏
i=1

(
(λ− λi)2 −K2

i

)
=

Nc∏
i=1

(λ +m+
i )(λ+m−i ) = Q2Nc(λ), (4.46)

£¤¥ ¨³¥¥É¸Ö ¢ ¢¨¤Ê, ÎÉµ §´ Î¥´¨Ö ¸¶¨´  K ³µ£ÊÉ µÉ²¨Î ÉÓ¸Ö ¢ · §²¨Î´ÒÌ Ê§² Ì
Í¥¶µÎ±¨ ¨∗

m±i = −λi ∓Ki. (4.47)

‚ Éµ ¢·¥³Ö ± ± ¤¥É¥·³¨´ ´É (4.46) § ¢¨¸¨É ²¨ÏÓ µÉ ¨´¢ ·¨ ´Éµ¢ Š §¨³¨·  Ki

¶Ê ¸¸µ´µ¢¸±µ°  ²£¥¡·Ò, ¸²¥¤ ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨ TNc(λ) = 1
2Tr 2×2 TNc(λ)

´¥ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³,  , ± ± µ¡ÒÎ´µ ¢ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì, § ¢¨¸¨É

µÉ ¶¥·¥³¥´´ÒÌ S(i)
a Éµ²Ó±µ Î¥·¥§ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö, ±µÉµ·Ò¥, ¢ µÉ²¨Î¨¥ µÉ

± §¨³¨·µ¢, ±µ³³ÊÉ¨·ÊÕÉ Éµ²Ó±µ ¤·Ê£ ¸ ¤·Ê£µ³.

∗”µ·³Ê²  (4.47) ¤¥³µ´¸É·¨·Ê¥É, ÎÉµ ¢ ¶·¥¤¥²¥ ´Ê²¥¢ÒÌ ³ ¸¸ m±i = 0 Í¥¶µÎ±  ¸É ´µ¢¨É¸Ö
µ¤´µ·µ¤´µ° (¢¸¥ λi = 0) ¨ ¸ ´Ê²¥¢Ò³¨ ¸¶¨´ ³¨ ¢ ± ¦¤µ³ Ê§²¥ (¢¸¥ Ki = 0).
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„²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ Ö¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ £ ³¨²ÓÉµ´¨ ´ Ì, ´¨¦¥
¡Ê¤ÊÉ · §µ¡· ´Ò Ö¢´Ò¥ ¶·¨³¥·Ò ³ É·¨Í ³µ´µ¤·µ³¨¨ ¤²Ö Nc = 2 ¨ Nc = 3.
ˆ´É¥£· ²Ò ¤¢¨¦¥´¨Ö ´¥É·¨¢¨ ²Ó´µ § ¢¨¸ÖÉ µÉ ´¥µ¤´µ·µ¤´µ¸É¥° Í¥¶µÎ±¨ λi,  
±µÔËË¨Í¨¥´ÉÒ ¸¶¥±É· ²Ó´µ£µ Ê· ¢´¥´¨Ö (4.40) § ¢¨¸ÖÉ Éµ²Ó±µ µÉ ¨´É¥£· ²µ¢
¤¢¨¦¥´¨Ö ¨ ¸¨³³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ³ ¸¸µ¢ÒÌ ¶ · ³¥É·µ¢ m (4.47). �Éµ
¸¢µ°¸É¢µ ¸ÊÐ¥¸É¢¥´´µ ¤²Ö µÉµ¦¤¥¸É¢²¥´¨Ö ¶ · ³¥É·µ¢ m ¸ ³ ¸¸ ³¨ £¨¶¥·-
³Ê²ÓÉ¨¶²¥Éµ¢ ³ É¥·¨¨ ¢ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„. Ÿ¢´Ò¥ ¶·¨³¥·Ò
Nc = 2, 3 ¡Ò²¨ · §µ¡· ´Ò ¢ [77].

4.4. Nf = 2Nc: ¸¶¨´µ¢Ò¥ Í¥¶µÎ±¨ µ¡Ð¥£µ ¢¨¤  ¨  ²£¥¡·  ‘±²Ö´¨´ .
�·¨¢¥¤¥´´ Ö ¢ÒÏ¥ ±µ´¸É·Ê±Í¨Ö ´¥ ³µ¦¥É ¡ÒÉÓ, µ¤´ ±µ, § ±µ´Î¥´´µ° ¡¥§
¨§ÊÎ¥´¨Ö ´ ¨³¥´¥¥ ¨¸¸²¥¤µ¢ ´´µ£µ ©Ô²²¨¶É¨Î¥¸±µ£µª ¸²ÊÎ Ö Nf = 2Nc, ±µ-
£¤  4D-É¥µ·¨Ö Ö¢²Ö¥É¸Ö Ê²ÓÉ· Ë¨µ²¥Éµ¢µ-±µ´¥Î´µ° (¶µ ±· °´¥° ³¥·¥, ¶·¨
µ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ³µ¤Ê²¥°) ¨ µ¡² ¤ ¥É ¤µ¶µ²´¨É¥²Ó´Ò³ ¡¥§· §³¥·´Ò³
¶ · ³¥É·µ³ Å UV ´¥ ¡¥²¥¢µ° ±µ´¸É ´Éµ° ¸¢Ö§¨ τ = 8πi

e2 + θ
π .

� ¨¡µ²¥¥ µ¡Ð Ö É¥µ·¨Ö É ±µ£µ ¢¨¤  ¨§¢¥¸É´  Å ÔÉµ XY Z ¸¶¨´µ¢ Ö Í¥-
¶µÎ± , ¢ ±µÉµ·µ° Ô²¥³¥´É ·´ Ö L-³ É·¨Í  µ¶·¥¤¥²¥´  ´  Ô²²¨¶É¨Î¥¸±µ° ±·¨-
¢µ° E(τ) ¨ ¨³¥¥É ¢¨¤ [54,55,126]:

LSkl(ξ) = S01 + i

3∑
a=1

Wa(ξ)Saσa, (4.48)

£¤¥

Wa(ξ) =
√
ea − ℘ (ξ|τ) = i

θ′11(0)θa+1 (ξ)

θa+1(0)θ11 (ξ)
. (4.49)

Œ É·¨Í  ‹ ±¸  (4.48) Ê¤µ¢²¥É¢µ·Ö¥É ¸±µ¡±¥ �Ê ¸¸µ´  (4.18) ¸ Î¨¸²µ¢µ° Ô²²¨¶-
É¨Î¥¸±µ° r-³ É·¨Í¥°

r(ξ) = i
g

ω

3∑
a=1

Wa(ξ)σa ⊗ σa,

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ S0, Sa µ¡· §ÊÕÉ (±² ¸¸¨Î¥¸±ÊÕ)  ²£¥¡·Ê ‘±²Ö´¨´  [55,
126]: {

Sa, S0
}

= 2i (eb − ec)SbSc,
{
Sa, Sb

}
= 2iS0Sc (4.50)

¸ ¥¸É¥¸É¢¥´´Ò³ µ¡µ§´ Î¥´¨¥³: abc Ö¢²Ö¥É¸Ö É·µ°±µ° 123 ¨²¨ ¥¥ Í¨±²¨Î¥¸±µ°
¶¥·¥¸É ´µ¢±µ°.

‘µµÉ¢¥É¸É¢¥´´µ ¸ · ¸¸³µÉ·¥´´Ò³¨ ¢ÒÏ¥ ¶·¥¤¥²Ó´Ò³¨ ¸²ÊÎ Ö³¨ (¢Ò·µ-
¦¤¥´¨Ö³¨) Ô²²¨¶É¨Î¥¸±µ° ±·¨¢µ° (4.31) Å (4.34) ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ É·¨
¨´É¥·¥¸´ÒÌ ¢Ò·µ¦¤¥´¨Ö  ²£¥¡·Ò ‘±²Ö´¨´ .

� Í¨µ´ ²Ó´Ò° ¶·¥¤¥². �¡  ¶¥·¨µ¤  ω, ω′ → ∞, Éµ£¤  (4.50) ¶·¥¢· Ð -
¥É¸Ö ¢

{Sa, S0} = 0, {Sa, Sb} = 2iεabcS0Sc, (4.51)
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É.¥. £¥´¥· Éµ· S0 ¶·¥¢· Ð ¥É¸Ö ¢ µ¶¥· Éµ· Š §¨³¨·  (±µ´¸É ´ÉÊ, ´ ¶·¨³¥·,
1
2 ),   µ¸É ²Ó´Ò¥ Sa µ¡· §ÊÕÉ  ²£¥¡·Ê ±² ¸¸¨Î¥¸±¨Ì ¸¶¨´µ¢ (4.45). ‘µµÉ¢¥É-
¸É¢ÊÕÐ Ö ³ É·¨Í  ‹ ±¸  (4.43) L ≡ λLXXX = λ1 + S · σ µ¶¨¸Ò¢ ¥É XXX
¸¶¨´µ¢ÊÕ ³µ¤¥²Ó ¸ · Í¨µ´ ²Ó´µ° r-³ É·¨Í¥° (4.44).

’·¨£µ´µ³¥É·¨Î¥¸±¨° ¶·¥¤¥². �·¨ τ → +i∞,   q → 0,  ²£¥¡·  ‘±²Ö´¨´ 
(4.50) ¶¥·¥Ìµ¤¨É ¢

{Ŝ3, Ŝ0} = 32iqŜ1Ŝ2 +O(q)→ 0, {Ŝ1, Ŝ0} = −2iŜ2Ŝ3 +O(q),

{Ŝ2, Ŝ0} = 2iŜ3Ŝ1 +O(q), {Ŝ1, Ŝ2} = 2iŜ0Ŝ3 +O(q),

{Ŝ1, Ŝ3} = −2iŜ0Ŝ2 +O(q), {Ŝ2, Ŝ3} = 2iŜ0Ŝ1 +O(q).

(4.52)
‘µµÉ¢¥É¸É¢ÊÕÐ Ö ³ É·¨Í  ‹ ±¸  ¥¸ÉÓ

LXXZ = Ŝ01− 1

sinπξ

(
Ŝ1σ1 + Ŝ2σ2 + cosπξŜ3σ3

)
, (4.53)

  r-³ É·¨Í 

r(ξ) =
i

sinπξ
(σ1 ⊗ σ1 + σ2 ⊗ σ2 + cosπξσ3 ⊗ σ3) . (4.54)

„¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥². ˆ¸¶µ²Ó§ÊÖ (4.33) ¨ (4.34), ´ Ìµ¤¨³√
e1,2 − ℘ (ξ) = 2

√
q

(√
w ± 1√

w

)
+O(q),

√
e3 − ℘ (ξ) = 1 +O(q), (4.55)

¶µÔÉµ³Ê  ²£¥¡·  ‘±²Ö´¨´  (4.50), ¶µ¸²¥ ¶¥·¥µ¶·¥¤¥²¥´¨Ö Ŝ1,2 = 1
4
√
q
S̄1,2,

¶·¨´¨³ ¥É ¢¨¤

{S̄2, S̄3} = 2iS̄0S̄1 +O(q), {S̄1, S̄0} = −2iS̄2S̄3 +O(q),

{S̄2, S̄0} = 2iS̄3S̄1 +O(q), {S̄1, S̄2} = 32iqS̄0S̄3 +O(q)→ 0,

{S̄1, S̄3} = −2iS̄0S̄2 +O(q), {S̄3, S̄0} = 2iS̄1S̄2,

(4.56)
¸ ³ É·¨Í¥° ‹ ±¸ 

Lds = S̄01 + iS̄3σ3 +
i

2

(√
w +

1√
w

)
S̄1σ1 +

i

2

(√
w − 1√

w

)
S̄2σ2. (4.57)

‹¥£±µ § ³¥É¨ÉÓ, ÎÉµ (4.53) ¨ (4.57) ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ. ‚ Î ¸É´µ¸É¨,
³ É·¨Í  ‹ ±¸  (4.57) Ê¤µ¢²¥É¢µ·Ö¥É ±¢ ¤· É¨Î´Ò³ ¶Ê ¸¸µ´µ¢¸±¨³ ¸µµÉ´µÏ¥-
´¨Ö³ (4.18) ¸ É·¨£µ´µ³¥É·¨Î¥¸±µ° r-³ É·¨Í¥° (4.54). „¥°¸É¢¨É¥²Ó´µ, ÔÉ¨ ¤¢¥
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³ É·¨ÍÒ ‹ ±¸  ¸¢Ö§ ´Ò ¶·µ¸ÉÒ³ ¶·¥µ¡· §µ¢ ´¨¥³ Lds = − sin (πξσ2)LXXZ ,
£¤¥ w µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ e2iξ ,   S̄0, S̄1, S̄2, S̄3 ¸ Ŝ2, Ŝ3, Ŝ0, Ŝ1 ¸µµÉ¢¥É¸É¢¥´´µ.
‡ ³¥É¨³ É ±¦¥, ÎÉµ ³ É·¨Í  (4.57) Ö¢²Ö¥É¸Ö L-³ É·¨Í¥° ·¥Ï¥ÉµÎ´µ° ³µ¤¥²¨
¸¨´Ê¸-ƒµ·¤µ´ .

„¥É¥·³¨´ ´É

det
2×2

L̂(ξ) = Ŝ2
0 +

3∑
a=1

eaŜ
2
a − ℘(ξ)

3∑
a=1

Ŝ2
a = K −M2℘(ξ) = K −M2x, (4.58)

£¤¥

K = Ŝ2
0 +

3∑
a=1

ea(τ)Ŝ2
a , M2 =

3∑
a=1

Ŝ2
a (4.59)

Å µ¶¥· Éµ·Ò Š §¨³¨·   ²£¥¡·Ò ‘±²Ö´¨´  (¶Ê ¸¸µ´µ¢µ-±µ³³ÊÉ¨·ÊÕÐ¨¥ ¸µ
¢¸¥³¨ £¥´¥· Éµ· ³¨ Ŝ0, Ŝ1, Ŝ2, Ŝ3). „¥É¥·³¨´ ´É ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨
(4.19), ¢ ¸¢µÕ µÎ¥·¥¤Ó, · ¢¥´

Q(ξ) = det
2×2

TNc(ξ) =

Nc∏
i=1

det
2×2

L̂(ξ − ξi) =

Nc∏
i=1

(
Ki −M2

i ℘(ξ − ξi)
)
, (4.60)

  ¥¥ ¸²¥¤ P (ξ) = 1
2TrTNc(ξ) £¥´¥·¨·Ê¥É ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö, É ± ± ± ¶µ-

¶·¥¦´¥³Ê
{TrTNc(ξ), TrTNc(ξ

′)} = 0. (4.61)

� ¶·¨³¥·, ¢ ¸²ÊÎ ¥ µ¤´µ·µ¤´µ° Í¥¶µÎ±¨ (¢¸¥ ξi = 0 ¢ (4.60)) TrTNc(ξ)

Ö¢²Ö¥É¸Ö ±µ³¡¨´ Í¨¥° ¶µ²¨´µ³µ¢ P (ξ) = Pol
(1)

[Nc2 ]
(x) + yPol

(2)

[Nc−3
2 ]

(x), £¤¥[
Nc
2

]
Å Í¥² Ö Î ¸ÉÓ Nc

2 ,   ±µÔËË¨Í¨¥´ÉÒ Pol(1) ¨ Pol(2) Å ¨´É¥£· ²Ò
¤¢¨¦¥´¨Ö XY Z-³µ¤¥²¨ ∗. ‚ ·¥§Ê²ÓÉ É¥ ¸¶¥±É· ²Ó´µ¥ Ê· ¢´¥´¨¥ (4.42) ¤²Ö
XY Z-Í¥¶µÎ±¨ ¶·¨´¨³ ¥É ¢¨¤

w +
Q(ξ)

w
= 2P (ξ), (4.62)

£¤¥ ¤²Ö µ¤´µ·µ¤´µ° Í¥¶µÎ±¨ P ¨ Q Å ¶µ²¨´µ³Ò ¶µ x = ℘(ξ) ¨ y = 1
2℘
′(ξ).

“· ¢´¥´¨¥ (4.62) µ¶¨¸Ò¢ ¥É ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ Ô²²¨¶É¨Î¥¸±µ° ±·¨¢µ° E(τ):

∗„²Ö ´¥µ¤´µ·µ¤´µ° Í¥¶µÎ±¨ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸²¥¤  Ê¸É·µ¥´µ ¡µ²¥¥ ¸²µ¦´µ, ¥£µ ³µ¦´µ
Ê¶·µ¸É¨ÉÓ ¸ ¶µ³µÐÓÕ Ëµ·³Ê² É¨¶ 

℘(ξ − ξi) =

(
℘′(ξ) + ℘′(ξi)

℘(ξ)− ℘(ξi)

)2

− ℘(ξ)− ℘(ξi) = 4

(
y + yi

x− xi

)2

− x− xi.
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± ¦¤µ° ÉµÎ±¥ µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö ξ ∈ E(τ) ¸µµÉ¢¥É¸É¢ÊÕÉ ¤¢¥ ÉµÎ±¨ ´  ΣXY Z ,
µÉ¢¥Î ÕÐ¨¥ ¤¢Ê³ ±µ·´Ö³ w± Ê· ¢´¥´¨Ö (4.62). ’µÎ± ³¨ ¢¥É¢²¥´¨Ö Ö¢²ÖÕÉ¸Ö

w+ = w− = ±
√
Q ¨²¨ Y = 1

2

(
w − Q

w

)
=
√
P 2 −Q = 0.

Š·¨¢ Ö (4.62) ¶µÌµ¦  ´  ¸¶¥±É· ²Ó´ÊÕ ±·¨¢ÊÕ Nc = 2 ³µ¤¥²¨ Š ²µ¤-
¦¥·µ Å Œµ§¥·  (4.35), µ¤´ ±µ ¸ÊÐ¥¸É¢¥´´µ¥ · §²¨Î¨¥ § ±²ÕÎ ¥É¸Ö ¢ Éµ³,
ÎÉµ É¥¶¥·Ó x = ∞ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¢¥É¢²¥´¨Ö, ¶µÔÉµ³Ê ¶µ²´µ¥ Î¨¸²µ
· §·¥§µ¢ ´  µ¡¥¨Ì ±µ¶¨ÖÌ E(τ) Å Nc,   ·µ¤ ¸¶¥±É· ²Ó´µ° ±·¨¢µ° Å Nc + 1.

�´ ²¨É¨Î¥¸±¨ ΣXY Z ³µ¦´µ µ¶¨¸ ÉÓ ¸¨¸É¥³µ° Ê· ¢´¥´¨°

y2 =

3∏
a=1

(x− ea), Y 2 = P 2 −Q, (4.63)

  ´ ¡µ· £µ²µ³µ·Ë´ÒÌ 1-¤¨ËË¥·¥´Í¨ ²µ¢ ´  ΣXY Z ³µ¦´µ ¢Ò¡· ÉÓ ¢ ¢¨¤¥

v =
dx

y
, Vα =

xαdx

yY
, α = 0, . . . ,

[
Nc

2

]
,

Ṽβ =
xβdx

Y
, β = 0, . . . ,

[
Nc − 3

2

]
. (4.64)

�µ²´µ¥ Î¨¸²µ ÔÉ¨Ì ¤¨ËË¥·¥´Í¨ ²µ¢ 1 +
([
Nc
2

]
+ 1
)

+
([
Nc−3

2

]
+ 1
)

= Nc + 1
· ¢´µ ·µ¤Ê ΣXY Z .

� ±µ´¥Í, ¨³¥Ö ¸¶¥±É· ²Ó´ÊÕ ±·¨¢ÊÕ, ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ´ ¶¨¸ ÉÓ ¶·µ-
¨§¢µ¤ÖÐ¨° 1-¤¨ËË¥·¥´Í¨ ² dS, µ¡² ¤ ÕÐ¨° µ¶·¥¤¥²ÖÕÐ¨³ ¸¢µ°¸É¢µ³ (4.5).
„²Ö Í¥¶µÎ±¨ ’µ¤Ò ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ¢µ§³µ¦´ÒÌ ¢Ò¡µ· :

dΣTC ∼= dλ logw, dSTC ∼= λ
dw

w
, dΣTC = −dSTC + dfTC. (4.65)

�¡  ¤¨ËË¥·¥´Í¨ ²  dΣTC ¨ dSTC Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ (4.5),   ËÊ´±Í¨Ö
fTC µ¶·¥¤¥²¥´  É ±, ÎÉµ ¥¥ ¢ ·¨ Í¨Ö δfTC = λ δw

w
Ö¢²Ö¥É¸Ö (³¥·µ³µ·Ë´µ°)

µ¤´µ§´ Î´µ° ËÊ´±Í¨¥° ´  ΣTC.
‚ ¸²ÊÎ ¥ XXX-³µ¤¥²¨ ¸¢µ°¸É¢  ¶·µ¨§¢µ¤ÖÐ¥£µ ¤¨ËË¥·¥´Í¨ ²  ¶µ ¸· ¢-

´¥´¨Õ ¸ (4.65) ¶· ±É¨Î¥¸±¨ ´¥ ³¥´ÖÕÉ¸Ö:

dΣXXX ∼= dλ logW, dSXXX ∼= λ
dW

W
, dΣXXX = −dSXXX + dfXXX .

(4.66)
„²Ö XY Z-³µ¤¥²¨ (4.62) ¶·µ¨§¢µ¤ÖÐ¨°(¥) ¤¨ËË¥·¥´Í¨ ²(Ò) dSXY Z ³µ¦´µ
µ¶·¥¤¥²¨ÉÓ ± ±

dΣXY Z ∼= dξ logW, dSXY Z ∼= ξ
dW

W
= −dΣXY Z + d(ξ logW ). (4.67)
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’¥¶¥·Ó ¶·¨ ¢ ·¨ Í¨¨ ¶µ ³µ¤Ê²Ö³ (±µÉµ·Ò¥ ¢¸¥ ¸µ¤¥·¦ É¸Ö ¢ P )

δ(dΣXY Z) ∼=
δW

W
dξ =

δP (ξ)√
P (ξ)2 −Q(ξ)

dξ =
dx

yY
δP, (4.68)

¨, ¸µ£² ¸´µ (4.4), ¶· ¢ Ö Î ¸ÉÓ Ö¢²Ö¥É¸Ö £µ²µ³µ·Ë´Ò³ 1-¤¨ËË¥·¥´Í¨ ²µ³ ´ 
¸¶¥±É· ²Ó´µ° ±·¨¢µ° (4.62).

�¸µ¡¥´´µ¸É¨ dΣXY Z · ¸¶µ²µ¦¥´Ò ¢ ÉµÎ± Ì W = 0 ¨²¨ W = ∞, É.¥. ¢
´Ê²ÖÌ Q(ξ) ¨²¨ ¶µ²Õ¸ Ì P (ξ). ‚ µ±·¥¸É´µ¸É¨ µ¸µ¡ÒÌ ÉµÎ¥± dΣXY Z ´¥µ¤-
´µ§´ Î¥´, É.¥. ¶·¨ µ¡Ìµ¤¥ ¢µ±·Ê£ µ¸µ¡µ° ÉµÎ±¨ ¶·¨µ¡·¥É ¥É ¤µ¡ ¢±Ê 2πidξ.
� §´µ¸ÉÓ ³¥¦¤Ê dΣ ¨ dS µ¶ÖÉÓ Ö¢²Ö¥É¸Ö ¶µ²´µ° ¶·µ¨§¢µ¤´µ°, ´µ ¥¥ ¢ ·¨ Í¨Ö
δfXY Z = ξ δW

W
Ê¦¥ ´¥µ¤´µ§´ Î´  ´  ±·¨¢µ°. ‚ µÉ²¨Î¨¥ µÉ dΣXY Z , dSXY Z

¨³¥¥É ¶·µ¸ÉÒ¥ ¶µ²Õ¸Ò ¢ W = 0,∞ ¸ ¢ÒÎ¥É ³¨ ξ|w=0,∞, µ¶·¥¤¥²¥´´Ò³¨ ¶µ

³µ¤Ê²Õ 1, τ . �µ²¥¥ Éµ£µ, ¸ ³ ¤¨ËË¥·¥´Í¨ ² dSXY Z ´¥µ¤´µ§´ Î¥´: ³¥´Ö¥É¸Ö
´  (1, τ) × dW

W ¶·¨ µ¡Ìµ¤¥ ¶µ ´¥¸ÉÖ£¨¢ ¥³Ò³ ±µ´ÉÊ· ³ ´  E(τ).
’ ±¨³ µ¡· §µ³, ´¨ dΣXY Z , ´¨ dSXY Z ´¥ Ö¢²ÖÕÉ¸Ö ¢ ¡Ê±¢ ²Ó´µ³ ¸³Ò¸²¥

1-Ëµ·³ ³¨ ‚¨ÉÉ¥´  Å ‡ °¡¥·£ , ±µÉµ·Ò¥ ¤µ²¦´Ò ¨³¥ÉÓ Ìµ·µÏµ µ¶·¥¤¥²¥´-
´Ò¥ ¢ÒÎ¥ÉÒ, µÉ¢¥Î ÕÐ¨¥ ³ ¸¸ ³ £¨¶¥·³Ê²ÓÉ¨¶²¥Éµ¢ [42].

‚ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ Nc = 2 ¢Éµ·µ¥ Ê· ¢´¥´¨¥ (4.63) ¨³¥¥É ¢¨¤

Y 2 = P 2−Q = (H0−H2x)2 − (K1−M2
1x)(K2 −M2

2x) ≡ A(x− x1)(x− x2)
(4.69)

¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ±·¨¢ÊÕ ·µ¤  Nc+ 1 = 3, ¶µ²ÊÎ¥´´ÊÕ ¸±²¥¨¢ ´¨¥³ ¤¢ÊÌ
±µ¶¨° E(τ) ¢¤µ²Ó ¤¢ÊÌ · §·¥§µ¢: ³¥¦¤Ê x = x1 ¨ x = x2 ´  ± ¦¤µ³ ¨§ ²¨¸Éµ¢
E(τ). ‚ Ëµ·³Ê²¥ (4.69)

H0 = Ŝ0
1 Ŝ

0
2 +

3∑
a=1

eaŜ
a
1 Ŝ

a
2 , H2 =

3∑
a=1

Ŝa1 Ŝ
a
2 (4.70)

¨, ¸· ¢´¨¢ Ö ¸ (4.59), ¥¸É¥¸É¢¥´´µ ¸Î¨É ÉÓ, ÎÉµ H2 = M1M2 cosh. ’ ±µ¥
· §¤¥²¥´¨¥ § ¢¨¸¨³µ¸É¨ µÉ ± §¨³¨·µ¢ (M ) ¨ ³µ¤Ê²¥° (h) µ¸´µ¢ ´µ ´  · ¸-
¸³µÉ·¥´¨¨ · §²¨Î´ÒÌ ¶·¥¤¥²µ¢: ±µ´Ëµ·³´µ£µ Å ¢¸¥ Mi → 0 ¨ ª· §³¥·´µ°
É· ´¸³ÊÉ Í¨¨ª, ±µ£¤  Mi →∞ ¶·¨ τ → +i∞.

Šµ£¤  τ → +i∞ ¨²¨ q = eiπτ → 0, ÉµÎ±¨ ¢¥É¢²¥´¨Ö e1 ¨ e2 ¸É·¥³ÖÉ¸Ö
¤·Ê£ ± ¤·Ê£Ê: e1 − e2 = 16q +O(q3) ¨ ¶· ¢¨²Ó´Ò³¨ ±µµ·¤¨´ É ³¨ ´  ΣXY Z

¸É ´µ¢ÖÉ¸Ö x = − 1
3 + qx̌, y = qy̌. ’µ£¤  Ê· ¢´¥´¨¥ (4.30) ¤²Ö E(τ) ¶·¥¢· -

Ð ¥É¸Ö ¢ y̌2 = x̌2− 1 ¨ µ¶¨¸Ò¢ ¥É ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ CP 1, Ö¢²ÖÕÐ¥¥¸Ö µ¶ÖÉÓ
CP 1. Š ´µ´¨Î¥¸± Ö £µ²µ³µ·Ë´ Ö 1-Ëµ·³  dξ = 2 dx

y
¶¥·¥Ìµ¤¨É ¢ ³¥·µ³µ·Ë-

´Ò° ¤¨ËË¥·¥´Í¨ ² ´  CP 1 2 dx̌y̌ = 2 dx̌√
x̌2−1

= 2 dzz , £¤¥ x̌ = z + z−1.
„¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² ¶·¥¤¶µ² £ ¥É, ÎÉµ ÉµÎ±¨ ¢¥É¢²¥´¨Ö x1 ¨

x2 É ±¦¥ ¢¥¤ÊÉ ¸¥¡Ö ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³ ¶·¨ q → 0. �Ê¸ÉÓ xi = − 1
3 + qx̌i,

Éµ£¤ , ¶¥·¥µ¶·¥¤¥²ÖÖ Y = qY̌ , ¤²Ö ΣXY Z ¢ ¤¢µ°´µ³ ¸±¥°²¨´£µ¢µ³ ¶·¥¤¥²¥
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¶µ²ÊÎ¨³ y̌2 = x̌2 − 1, Y̌ 2 = A(x̌ − x̌1)(x̌ − x̌2). �É¨ Ê· ¢´¥´¨Ö µ¶¨¸Ò¢ ÕÉ
¤¢¥ ±µ¶¨¨ CP 1, ¸±²¥¥´´Ò¥ ¢¤µ²Ó ¤¢ÊÌ · §·¥§µ¢ (³¥¦¤Ê x̌ = Ǎ1 ¨ x̌ = Ǎ2

´  ± ¦¤µ³ ¨§ ²¨¸Éµ¢), É.¥. Ô²²¨¶É¨Î¥¸±ÊÕ ±·¨¢ÊÕ ·µ¤  1. �·µ¨§¢µ¤ÖÐ¨°
1-¤¨ËË¥·¥´Í¨ ²

dΣXY Z ∼= dξlogW → dΣTC ∼=
dz

z
logW. (4.71)

„²Ö ¸É ·Ï¨Ì Nc ³Ê²ÓÉ¨¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ´ ²µ-
£¨Î´µ, É.¥. ¸Î¨É Ö, ÎÉµ ¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ·µ¤  Nc + 1 Å ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥
E(τ) Å ¢Ò·µ¦¤ ¥É¸Ö ¢ ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ CP 1 ·µ¤  Nc − 1,  ¸¸µÍ¨¨·Ê¥³µ¥
¸ Í¥¶µÎ±µ° ’µ¤Ò. �·µ¨§¢µ¤ÖÐ¨¥ ¤¨ËË¥·¥´Í¨ ²Ò dΣXY Z ¨ dSXY Z É ±¦¥
¶¥·¥Ìµ¤ÖÉ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ 1-Ëµ·³Ò (4.65).

’ ±¨³ µ¡· §µ³, ¥¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ XY Z-Í¥¶µÎ± , Ö¢²ÖÕ-
Ð Ö¸Ö Ô²²¨¶É¨Î¥¸±¨³ µ¡µ¡Ð¥´¨¥³ XXX-Í¥¶µÎ±¨, µ¶¨¸Ò¢ ÕÐ¥° N = 2 ¸Ê-
¶¥·¸¨³³¥É·¨Î´ÊÕ Š•„ ¸ Nf < 2Nc, ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´  ¸µ ¸²ÊÎ ¥³ Nf =
2Nc (¸³., ´ ¶·¨³¥·, [127], £¤¥ ÔÉ  É¥µ·¨Ö · ¸¸³µÉ·¥´  ¡µ²¥¥ ¶µ¤·µ¡´µ ¢ ±µ´-
É¥±¸É¥ ³´µ£µ³¥·´ÒÌ µ¡µ¡Ð¥´¨° ·¥Ï¥´¨° ‚¨ÉÉ¥´  Å ‡ °¡¥·£ ).

5. ‡�Š‹�—…�ˆ…

‚ ¤ ´´µ³ µ¡§µ·¥ ¡Ò²  ¸¤¥² ´  ¶µ¶ÒÉ±  µ¡ÑÖ¸´¨ÉÓ, ± ± ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò É¨¶  ¨¥· ·Ì¨¨ Š� ¨²¨ Í¥¶µÎ±¨ ’µ¤Ò ¢µ§´¨± ÕÉ ¶·¨ µ¶¨¸ ´¨¨ ÉµÎ-
´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éµ¢ ¢ É¥µ·¨¨ ¸É·Ê´ (¶·µ¸É¥°Ï¨Ì ³µ¤¥²ÖÌ) ¨
¸Ê¶¥·¸¨³³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö. ŒÒ ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨,
ÎÉµ ¶µ¤µ¡´µ ³µ¤¥²Ö³ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° ¨ Éµ¶µ²µ£¨Î¥-
¸±µ° £· ¢¨É Í¨¨ ¢ Î¥ÉÒ·¥Ì³¥·´µ° · ¸Ï¨·¥´´µ-¸Ê¶¥·¸¨³³¥É·¨Î´µ° ´¥ ¡¥²¥-
¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ²¥£±¨Ì ¶µ²¥° ³µ¦¥É ¡ÒÉÓ
§ ¤ ´µ (²µ£ ·¨Ë³µ³) É Ê-ËÊ´±Í¨¨ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³
Ê¨§¥³µ¢¸±µ£µ É¨¶ , ¸¢Ö§ ´´ÒÌ ¸ Í¥¶µÎ± ³¨ ’µ¤Ò.

�µ²¥¥ ±µ´±·¥É´µ ��‘-¸¶¥±É· ¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°-
¸É¢¨¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¢ É¥·³¨´ Ì ¢¸¶µ³µ£ É¥²Ó´µ° ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ Å
¸¶¥±É· ²Ó´µ° ¶µ¢¥·Ì´µ¸É¨ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò (¢ ¸²ÊÎ ¥ ¤¢Ê³¥·´ÒÌ ³µ-
¤¥²¥°, · ¸¸³µÉ·¥´´ÒÌ ¶µ¤·µ¡´µ ¢ ¶¥·¢ÒÌ ¤¢ÊÌ · §¤¥² Ì µ¡§µ· , ¸µµÉ¢¥É¸É¢Ê-
ÕÐ Ö ¸¶¥±É· ²Ó´ Ö ¶µ¢¥·Ì´µ¸ÉÓ Ö¢²Ö¥É¸Ö ¶·µ¸Éµ ·¨³ ´µ¢µ° ±µ³¶²¥±¸´µ°
¸Ë¥·µ° ¸ µÉ³¥Î¥´´Ò³¨ ÉµÎ± ³¨) ¨ ¶·µ¨§¢µ¤ÖÐ¥° 1-Ëµ·³Ò. ŒÒ ¶µ¤·µ¡´µ
· ¸¸³µÉ·¥²¨ ·¨³ ´µ¢Ò ¶µ¢¥·Ì´µ¸É¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ µ¶¨¸ ´¨¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´µ£µ ¶µ¢¥¤¥´¨Ö ¢ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° £²Õµ¤¨´ ³¨±¥,   É ±¦¥
¢ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„ ¨ É¥µ·¨¨ ¸ ³ É¥·¨¥° ¢ ¶·¨¸µ¥¤¨´¥´´µ³
¶·¥¤¸É ¢²¥´¨¨ Å ´ ·ÊÏ¥´´µ° ¤µ N = 2, N = 4 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¥°
¶µ²¥° Ÿ´£  Å Œ¨²²¸ , ¨ ¸¢Ö§ ´´Ò¥ ¸ ÔÉ¨³¨ ¶µ¢¥·Ì´µ¸ÉÖ³¨ ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò.
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‚ · ¡µÉ¥ [90] µ¡¸Ê¦¤ ÕÉ¸Ö ¡µ²¥¥ Éµ´±¨¥ ¢µ¶·µ¸Ò Ëµ·³Ê²¨·µ¢±¨ ¸Ê-
¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³.
ˆ³¥´´µ ÔÉ¨ ¢µ¶·µ¸Ò: ¸¢µ°¸É¢  ¶·µ¨§¢µ¤ÖÐ¥£µ ¤¨ËË¥·¥´Í¨ ² , Ö¢´Ò¥ Ê· ¢-
´¥´¨Ö ( ¸¸µÍ¨ É¨¢´µ¸É¨), ±µÉµ·Ò³ Ê¤µ¢²¥É¢µ·Ö¥É ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¢
¸²ÊÎ ¥ ª¸É ·Ï¨Ìª ± ²¨¡·µ¢µÎ´ÒÌ £·Ê¶¶,   É ±¦¥ ¸¢Ö§Ó ÉµÎ´ÒÌ ·¥Ï¥´¨° ‚¨É-
É¥´  Å ‡ °¡¥·£  ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¸ µ¡Ð¨³¨
¨¤¥Ö³¨ ¸µ¢·¥³¥´´µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¸É·Ê´ (M-É¥µ·¨¨), ¶·¥¤¸É ¢-
²ÖÕÉ ´ ¨¡µ²ÓÏ¨° ¨´É¥·¥¸ ¸ ÉµÎ±¨ §·¥´¨Ö ¸µ¢·¥³¥´´µ° É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í.

�¢Éµ· ¡² £µ¤ ·¥´ ¸¢µ¥³Ê ÊÎ¨É¥²Õ ‚.Ÿ.” °´¡¥·£Ê ¨ ¸¢µ¨³ ¸µ ¢Éµ· ³
�.�.ƒ¥· ¸¨³µ¢Ê, �.‘.ƒµ·¸±µ³Ê, �.‚.‡ ¡·µ¤¨´Ê, ˆ.Œ.Š·¨Î¥¢¥·Ê, �.Œ.‹¥¢¨´Ê,
�.Œ.Œ ±¥¥´±µ, �.„.Œ¨·µ´µ¢Ê, �.�.Œµ·µ§µ¢Ê, Œ.�.�²ÓÏ ´¥Í±µ³Ê, �.�.�·-
²µ¢Ê, ‚.�.�Ê¡Íµ¢Ê ¨ ‘.Œ.• ·Î¥¢Ê, ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ ¸ ±µÉµ·Ò³¨ ²¥£²¨ ¢
µ¸´µ¢Ê ¤ ´´µ£µ µ¡§µ· ,   É ±¦¥ Ÿ.�³¡Óµ·´Ê, ˆ.�.� É ²¨´Ê, „.‚.�Ê² Éµ¢Ê,
�.ˆ.‚ °´ÏÉ¥°´Ê, �.‹.‚µ·µ´µ¢Ê, Š.‚ Ë¥, �.‚.ƒÊ·¥¢¨ÎÊ, �.�.„Ê¡·µ¢¨´Ê,
„.�.‹¥¡¥¤¥¢Ê, �.‘.‹µ¸¥¢Ê, ‚.‚.‹µ¸Ö±µ¢Ê, �.�.�¥±· ¸µ¢Ê, ‘.�.�µ¢¨±µ¢Ê,
‘.‡.� ±Ê²Ö±Ê, ˆ.‚.�µ²Õ¡¨´Ê, �.�.�µ¸²µ³Ê, �.‘ ´ÓµÉÉ¨, �.�.‘² ¢´µ¢Ê,
�.‚.‘³¨²£¥, Œ.�.‘µ²µ¢Ó¥¢Ê, ˆ.‚.’ÕÉ¨´Ê, ‹.„.” ¤¤¥¥¢Ê, ‚.‚.”µ±Ê, „.”µ´£Ê,
‘.Œ.•µ·µÏ±¨´Ê, „¦.˜¢ ·ÍÊ, ‰.˜´¨ÉÉ£¥·Ê, �.ˆ.�´£Ê §  ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥-
´¨Ö. �¢Éµ· ÌµÉ¥² ¡Ò µ¸µ¡µ ¶µ¡² £µ¤ ·¨ÉÓ �.�.ˆ¸ ¥¢  §  ¨´É¥·¥¸´Ò¥ µ¡¸Ê-
¦¤¥´¨Ö ¨ ¶·¥¤²µ¦¥´¨¥ ´ ¶¨¸ ÉÓ ¤ ´´Ò° µ¡§µ·.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ £· ´Éµ¢ �””ˆ º98-01-00344 ¨ INTAS,
96-482.
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