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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‚ µ¡§µ·¥ ¶·¥¤¸É ¢²¥´Ò ± ± ±² ¸¸¨Î¥¸±¨¥, É ± ¨ ´µ¢Ò¥ ³¥Éµ¤Ò ¨ ·¥§Ê²ÓÉ ÉÒ  ´ ²¨É¨Î¥¸±¨Ì
¨¸¸²¥¤µ¢ ´¨° ¸É·µ¥´¨° ¸É Í¨µ´ ·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¨ ¨Ì ·¥Ï¥´¨°, µ¶¨-
¸Ò¢ ÕÐ¨Ì ¸µ¸ÉµÖ´¨Ö É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ¸ Í¥´É· ²Ó´Ò³¨ ¨ S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨.
�¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ Ê£²µ¢µ³Ê  ´ ²¨§Ê ÔÉ¨Ì Ê· ¢´¥´¨° ¨ ÉµÎ´Ò³ § ±µ´ ³ ¶·¥µ¡· §µ¢ ´¨Ö
É·¥ÌÎ ¸É¨Î´ÒÌ ±µµ·¤¨´ É, µ¶¥· Éµ·µ¢, ¡ §¨¸´ÒÌ ¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¶·¨ Í¨±²¨Î¥¸±µ° ¶¥·¥-
¸É ´µ¢±¥ Î ¸É¨Í. „ ´  ´ ²¨§ ¶·µ¡²¥³Ò ²µ¦´ÒÌ ·¥Ï¥´¨°.

In the review we present classical and new methods and results of analytical studying of structure
of stationary Shréodinger and Faddeev equations and their solutions describing the states of three
particle systems with two-body center and S-wave potentials. A special attention is paid to the angular
analysis of those equations and exact transformation laws of three-body coordinates, operators, basic
and wave functions at cyclic permutation of the particles. Analysis of the spirious-solutions-problem
is given.

1. ‚‚…„…�ˆ…

Š ¸µ¦ ²¥´¨Õ, ¢ Ë¨§¨Î¥¸±µ° ²¨É¥· ÉÊ·¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ´¥ Éµ²Ó±µ ¸ ³Ò¥
· §´µµ¡· §´Ò¥ µ¡µ§´ Î¥´¨Ö µ¤´µ° ¨ Éµ° ¦¥ ¢¥²¨Î¨´Ò, µ¶¥· Éµ·  ¨²¨ ËÊ´±-
Í¨¨, ´µ ¨ ´¥·¥¤±µ ¢¢µ¤ÖÉ¸Ö ´¥ ¤¥±¢ É´Ò¥ µ¶·¥¤¥²¥´¨Ö ¨ ±µ´Í¥¶Í¨¨. �µÔÉµ³Ê
µ¡¸Ê¦¤¥´¨¥ Éµ° ¨²¨ ¨´µ° ¶·µ¡²¥³Ò ¶·¨Ìµ¤¨É¸Ö ´ Î¨´ ÉÓ ¸ µ£µ¢µ·µ± µ Éµ³,
± ±µ° ¸³Ò¸² ¡Ê¤¥É ¨³¥ÉÓ ÉµÉ ¨²¨ ¨´µ° É¥·³¨´ ¨ ¸¨³¢µ².

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥, ± ± ¶· ¢¨²µ, ¨¸¶µ²Ó§Ê¥É¸Ö É¥·³¨´µ²µ£¨Ö ¨ µ¡µ§´ -
Î¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ¨§¢¥¸É´ÒÌ ÊÎ¥¡´¨± Ì [1Ä5] ¨ ¸¶· ¢µÎ´¨± Ì [6Ä9] ¶µ · §-
²¨Î´Ò³ · §¤¥² ³ ³ É¥³ É¨±¨, ±² ¸¸¨Î¥¸±µ³Ê ±Ê·cÊ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ [10],
±´¨£ Ì ¶µ É¥µ·¨¨ ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö [11Ä21] ¨ Ê£²µ¢µ£µ ³µ³¥´É  [22Ä
24],   É ±¦¥ ¢ ³µ´µ£· Ë¨ÖÌ, ¶µ¸¢ÖÐ¥´´ÒÌ ³¥Éµ¤Ê £¨¶¥·£ ·³µ´¨± [25Ä27].
‚¸¥ É¥·³¨´Ò ¨ ±µ³¶ ±É´Ò¥  ¢Éµ·¸±¨¥ µ¡µ§´ Î¥´¨Ö ¶µ¤·µ¡´µ ¶µÖ¸´ÖÕÉ¸Ö ¤µ
¨Ì ¶¥·¢µ£µ ¨¸¶µ²Ó§µ¢ ´¨Ö. �¡¸µ²ÕÉ´µ¥ ¡µ²ÓÏ¨´¸É¢µ É ±¨Ì µ¡µ§´ Î¥´¨° ¸µ-
¢¶ ¤ ¥É ¸ ¨¸¶µ²Ó§µ¢ ´´Ò³¨ ¢ ¸¥·¨¨ · ¡µÉ [28Ä74], ¢Ò¶µ²´¥´´ÒÌ  ¢Éµ·µ³
²¨¡µ ¶·¨ ¥£µ ¶µ¸¨²Ó´µ³ ÊÎ ¸É¨¨. ‚¸Õ¤Ê ´¨¦¥ §´ ± ≡ ¸¢Ö§Ò¢ ¥É ¸¨³¢µ² ¨
¥£µ µ¶·¥¤¥²¥´¨¥ ²¨¡µ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ Éµ¦¤¥¸É¢ ; ¢¥±Éµ·Ò, ³ É·¨ÍÒ ¨
³´µ¦¥¸É¢  µ¡µ§´ Î ÕÉ¸Ö ¦¨·´Ò³¨ ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¶·µ¶¨¸´Ò³¨ ¡Ê±¢ ³¨.
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Š ± ¨§¢¥¸É´µ  ¢Éµ·Ê ¨§ ¥£µ ³´µ£µ²¥É´¥£µ µ¶ÒÉ , Ê ¤µ¢µ²Ó´µ Ï¨·µ±µ£µ
±·Ê£  Î¨É É¥²¥°-Ë¨§¨±µ¢ ¸²µ¢µ¸µÎ¥É ´¨¥ ® ´ ²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤µ-
¢ ´¨Ö ³ É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ ¶µ¸É ¢²¥´´µ° § ¤ Î¨¯  ¸¸µÍ¨¨·Ê¥É¸Ö Éµ²Ó±µ
¸ Ö¢´Ò³¨ ¨ § ³±´ÊÉÒ³¨ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö ÉµÎ´ÒÌ ·¥Ï¥´¨° É ±µ° § ¤ Î¨,
µ¡² ¤ ÕÐ¨Ì ¸Ê£Ê¡µ Ë¨§¨Î¥¸±¨³ ¸³Ò¸²µ³. ’ ±µ¥ ¢µ¸¶·¨ÖÉ¨¥ É¥·³¨´  ® ´ -
²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ...¯ Ö¢²Ö¥É¸Ö ¸²¨Ï±µ³ Ê§±¨³. ‚ ³ É¥³ É¨±¥ ±  ´ -
²¨É¨Î¥¸±¨³ ·¥§Ê²ÓÉ É ³  ´ ²¨§  ¶µ¸É ¢²¥´´µ° § ¤ Î¨ ¶·¨´ÖÉµ µÉ´µ¸¨ÉÓ ¢¸¥
ÊÉ¢¥·¦¤¥´¨Ö ¨ ¸¨³¢µ²Ó´Ò¥ ¢Ò· ¦¥´¨Ö, ¤µ± § ´´Ò¥ ¡¥§ ± ±¨Ì-²¨¡µ ¢ÒÎ¨¸²¥-
´¨° ¨ µ¶¨¸Ò¢ ÕÐ¨¥ ¸ ³Ò¥ · §´µµ¡· §´Ò¥ ¸¢µ°¸É¢  ± ± ¸ ³µ° § ¤ Î¨, É ± ¨
¢¸¥Ì ¥¥ ·¥Ï¥´¨°,   É ±¦¥ £²µ¡ ²Ó´Ò¥ ¨ ²µ± ²Ó´Ò¥ ¸¢µ°¸É¢  ¢¸¶µ³µ£ É¥²Ó´ÒÌ
µ¶¥· Éµ·µ¢ ¨ ËÊ´±Í¨°.

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥  ´ ²¨§¨·ÊÕÉ¸Ö Ï·¥¤¨´£¥·µ¢¸± Ö ¨ Ë ¤¤¥¥¢¸± Ö Ëµ·-
³Ê²¨·µ¢±¨ § ¤ Î¨ É·¥Ì ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±¨Ì Î ¸É¨Í ¸ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°-
¸É¢¨Ö³¨ ¢ ¢¨¤¥ ¶·µ¨§¢µ²Ó´ÒÌ ¸Ê¶¥·¶µ§¨Í¨° ±Ê²µ´µ¢¸±µ£µ ¨ Ö¤¥·´µ£µ ¶µÉ¥´-
Í¨ ²µ¢. �·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ± ¦¤µ¥ ¶ ·´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ § ¢¨¸¨É Éµ²Ó±µ
µÉ µÉ´µ¸¨É¥²Ó´ÒÌ ±µµ·¤¨´ É Î ¸É¨Í ¢ · ¸¸³ É·¨¢ ¥³µ° ¶ ·¥. „²Ö ±· É±µ¸É¨
É ± Ö § ¤ Î  ´ §¢ ´  ®§ ¤ Î¥° É·¥Ì Ö¤¥·´ÒÌ Î ¸É¨Í¯.

�¥·¥Î¨¸²¨³ µ¡Ñ¥±ÉÒ ±¢ ´Éµ¢µ° É¥µ·¨¨ ´¥¸±µ²Ó±¨Ì Î ¸É¨Í,  ´ ²¨É¨Î¥-
¸±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ±µÉµ·ÒÌ ¶·¥¤¸É ¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³ ¤²Ö ¤ ²Ó´¥°-
Ï¥£µ · §¢¨É¨Ö ÔÉµ° É¥µ·¨¨. �¸µ¡µ¥ ³¥¸Éµ § ´¨³ ÕÉ ÉµÎ´Ò¥ § ±µ´Ò ¶·¥µ¡· -
§µ¢ ´¨Ö µ¶¥· Éµ·µ¢, ¡ §¨¸´ÒÌ, ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¶·¨
£¥µ³¥É·¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨ÖÌ · §´µµ¡· §´ÒÌ ¸¨¸É¥³ ±µµ·¤¨´ É. �¥ ³¥-
´¥¥ ¢ ¦´Ò  ´ ²¨É¨Î¥¸±¨¥ ³¥Éµ¤Ò ¶·µ¥±É¨·µ¢ ´¨Ö ³´µ£µ³¥·´ÒÌ ¤¨´ ³¨Î¥-
¸±¨Ì Ê· ¢´¥´¨° ´  · §²¨Î´Ò¥ ¶µ²´Ò¥ ¡ §¨¸Ò ¸ Í¥²ÓÕ Ê³¥´ÓÏ¥´¨Ö Î¨¸² 
´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ. �·¨ É ±µ° ·¥¤Ê±Í¨¨ ´¥¨§¡¥¦´µ ¢µ§´¨± ÕÉ ³ -
É·¨Î´Ò¥ Ô²¥³¥´ÉÒ µÉ ¢§ ¨³µ¤¥°¸É¢¨° ¨ · §²¨Î´µ£µ ·µ¤  ¨´É¥£· ²Ò ¶¥·¥-
±·ÒÉ¨Ö ³¥¦¤Ê ¡ §¨¸´Ò³¨ ¨ ¨¸±µ³Ò³¨ ËÊ´±Í¨Ö³¨. ‡´ ´¨¥  ´ ²¨É¨Î¥¸±¨Ì
¸¢µ°¸É¢ ÔÉ¨Ì µ¡Ñ¥±Éµ¢ ¶µ§¢µ²Ö¥É ¸ÊÐ¥¸É¢¥´´µ Ê¶·µ¸É¨ÉÓ  ´ ²¨§ ·¥¤ÊÍ¨·µ¢ ´-
´ÒÌ Ê· ¢´¥´¨° ¨ ¨Ì Î¨¸²¥´´µ¥ ·¥Ï¥´¨¥. ‘ É¥µ·¥É¨Î¥¸±µ° ¨ ¶· ±É¨Î¥¸±µ°
ÉµÎ¥± §·¥´¨Ö, ´¥¸µ³´¥´´µ, ¨´É¥·¥¸´Ò ¨¸¸²¥¤µ¢ ´¨Ö Ô±¢¨¢ ²¥´É´µ¸É¨ · §²¨Î-
´ÒÌ Ëµ·³Ê²¨·µ¢µ± µ¤´µ° ¨ Éµ° ¦¥ ³´µ£µÎ ¸É¨Î´µ° § ¤ Î¨. �¤´  ¨§ ¶·µ¡²¥³
É ±µ£µ ·µ¤  Å ¸ÊÐ¥¸É¢µ¢ ´¨¥ ·¥£Ê²Ö·´ÒÌ, ´µ ²¨Ï¥´´ÒÌ Ë¨§¨Î¥¸±µ£µ ¸³Ò¸² 
·¥Ï¥´¨° ¶¥·¥Ëµ·³Ê²¨·µ¢ ´´µ° § ¤ Î¨. „µ± § É¥²Ó¸É¢  ±·¨É¥·¨¥¢ ¸ÊÐ¥¸É¢µ-
¢ ´¨Ö É ±¨Ì µ¸µ¡ÒÌ ·¥Ï¥´¨°, ¨Ì ±² ¸¸¨Ë¨± Í¨Ö ¨ ¸¶µ¸µ¡Ò ÉµÎ´µ£µ ¨¸±²ÕÎ¥-
´¨Ö, ¡¥§Ê¸²µ¢´µ, ¢ ¦´Ò ¤²Ö ¶µ¸É·µ¥´¨Ö ³ É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ° É¥µ·¨¨.
�Î¥¢¨¤´µ, ÎÉµ É ± Ö É¥µ·¨Ö µ± ¦¥É¸Ö ´¥§ ¢¥·Ï¥´´µ° ¡¥§  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì
³¥Éµ¤µ¢, ¶µ§¢µ²ÖÕÐ¨Ì ¶µ¸É·µ¨ÉÓ ¢ Ö¢´µ³ ¢¨¤¥ ¶µ²´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §-
²µ¦¥´¨Ö ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¥¤¥² Ì ¶µ  ·£Ê³¥´É ³
¨ ¶ · ³¥É· ³.

�¸´µ¢´ Ö Í¥²Ó ´ ¸ÉµÖÐ¥£µ µ¡§µ·  Å ¶µ¤·µ¡´µ¥ µ¶¨¸ ´¨¥ ´¥±µÉµ·ÒÌ
ËÊ´¤ ³¥´É ²Ó´ÒÌ ³¥Éµ¤µ¢  ´ ²¨É¨Î¥¸±µ£µ ¨¸¸²¥¤µ¢ ´¨Ö Ê¶µ³Ö´ÊÉÒÌ ¢ÒÏ¥
µ¡Ñ¥±Éµ¢ § ¤ Î¨ É·¥Ì Ö¤¥·´ÒÌ Î ¸É¨Í ¨  ´ ²¨§ ´  ¤µ¸Éµ¢¥·´µ¸ÉÓ ´¥±µÉµ·ÒÌ
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ÉµÎ´ÒÌ ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ¢ · ³± Ì É¥µ·¨¨ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° ¨
³¥Éµ¤  £¨¶¥·£ ·³µ´¨± ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥.

’ ±µ° ¢Ò¡µ· µ¡Ê¸²µ¢²¥´ É¥³, ÎÉµ  ¢Éµ· ¢Ò¶µ²´¨² ¸¥·¨Õ ¨¸¸²¥¤µ¢ ´¨°
[57Ä72,74] § ¤ Î¨ É·¥Ì Ö¤¥·´ÒÌ Î ¸É¨Í ¨³¥´´µ ÔÉ¨³¨ ³¥Éµ¤ ³¨. �¡¸Ê¦¤¥´¨¥
¤·Ê£¨Ì ¶µ¤Ìµ¤µ¢ ± ÉµÎ´µ³Ê ·¥Ï¥´¨Õ É ±µ° § ¤ Î¨ ´¥¢µ§³µ¦´µ ¨§-§  ¦¥¸É-
±¨Ì µ£· ´¨Î¥´¨° ´  ¤µ¶Ê¸É¨³Ò° µ¡Ñ¥³ µ¡§µ·  ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¨§²¨Ï´¨³
¨§-§  ´ ²¨Î¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸É É¥° µ¡§µ·´µ£µ Ì · ±É¥·  ¨ ³µ´µ£· Ë¨°.
“¶µ³Ö´¥³ ´ ¨¡µ²¥¥ ¢ ¦´Ò¥ ¨§ É ±¨Ì ¶Ê¡²¨± Í¨°, ÎÉµ¡Ò ´ ¶µ³´¨ÉÓ µ¸´µ¢Ò
´ ¨¡µ²¥¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ³¥Éµ¤µ¢ ¨ ¶µ¶ÊÉ´µ ¶µÖ¸´¨ÉÓ,
± ±¨¥ ¨³¥´´µ  ´ ²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ´¥ ¸Ê³³¨·µ¢ ²¨¸Ó ¨ ¶µÎ¥³Ê ÔÉµ ´¥-
µ¡Ìµ¤¨³µ ¸¤¥² ÉÓ ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥.

�¤¨´ ¨§ ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´ÒÌ ¸¶µ¸µ¡µ¢ ¨¸¸²¥¤µ¢ ´¨Ö ³´µ£µ³¥·-
´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö ´¥¸±µ²Ó±¨Ì Î ¸É¨Í µ¸´µ¢ ´ ´  ¶·¥¤¸É -
¢²¥´¨¨ ¨¸±µ³ÒÌ ËÊ´±Í¨° ¨ (¨²¨) µ¶¥· Éµ·µ¢ ¢ ¢¨¤¥ ·Ö¤µ¢ ¶µ ¶µ¤Ìµ¤ÖÐ¨³
¡ §¨¸ ³ ¨ ¶µ¸²¥¤ÊÕÐ¥³ ¶·µ¥±É¨·µ¢ ´¨¨ Ê· ¢´¥´¨° ´  É ±¨¥ ¡ §¨¸Ò. “£²µ-
¢Ò³¨ ¡ §¨¸ ³¨ ´ §Ò¢ ÕÉ¸Ö ¶µ²´Ò¥ ´ ¡µ·Ò ¨§ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ±¢ ¤· -
Éµ¢ µ¶¥· Éµ·µ¢ Ê£²µ¢ÒÌ ³µ³¥´Éµ¢, ¸µ¤¥·¦ Ð¨Ì¸Ö ¢ ¸¢µ¡µ¤´µ³ £ ³¨²ÓÉµ´¨ ´¥.
‡ ¤ Î  ¶·µ¥±É¨·µ¢ ´¨Ö Ê· ¢´¥´¨° ´  Ê£²µ¢Ò¥ ¡ §¨¸Ò Î ¸Éµ ¨³¥´Ê¥É¸Ö Ê£²µ-
¢Ò³  ´ ²¨§µ³ ÔÉ¨Ì Ê· ¢´¥´¨°. “£²µ¢Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ¨§¢¥¸É´Ò ¢ Ö¢´µ³
¢¨¤¥, Ìµ·µÏµ ¨§ÊÎ¥´Ò ¨ ¶µ µ¶·¥¤¥²¥´¨Õ ´¥ § ¢¨¸ÖÉ µÉ ¢§ ¨³µ¤¥°¸É¢¨°. �µ
ÔÉ¨³ ¶·¨Î¨´ ³ Ê£²µ¢Ò¥ ¡ §¨¸Ò ¨¸¶µ²Ó§ÊÕÉ¸Ö ´ ¨¡µ²¥¥ Î ¸Éµ. �·µ¥±É¨·µ¢ -
´¨¥³ ´  ¶µ¤Ìµ¤ÖÐ¨° Ê£²µ¢µ° ¡ §¨¸ ¨¸Ìµ¤´Ò¥ Ê· ¢´¥´¨Ö ÉµÎ´µ ¸¢µ¤ÖÉ¸Ö ±
Ê· ¢´¥´¨Ö³ ¸ ³¥´ÓÏ¨³ Î¨¸²µ³ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ. �´ ²¨É¨Î¥¸±¨°
¨ Î¨¸²¥´´Ò°  ´ ²¨§ Ê· ¢´¥´¨° ¢ ¶·µ¸É· ´¸É¢¥ ´¥¡µ²ÓÏµ° · §³¥·´µ¸É¨ Å
§ ¤ Î  ³¥´¥¥ ¸²µ¦´ Ö ¨ ¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ¤µ¸É ÉµÎ´µ ¶µ²´µ ·¥Ï¥´´ Ö. �·¨-
³¥· É ±µ° § ¤ Î¨ Å ¤¢ÊÌÎ ¸É¨Î´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ Í¥´É· ²Ó´Ò³
(¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³) ¢§ ¨³µ¤¥°¸É¢¨¥³ [14]. ˆ§´ Î ²Ó´µ ÔÉµ Ê· ¢´¥-
´¨¥ Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥ R3

x ¢¥±Éµ·µ¢ x, Ì · ±É¥·¨§Ê-
ÕÐ¨Ì µÉ´µ¸¨É¥²Ó´µ¥ · ¸¶µ²µ¦¥´¨¥ ¤¢ÊÌ Î ¸É¨Í ¢ ´¥±µÉµ·µ° Ë¨±¸¨·µ¢ ´´µ°
¸¨¸É¥³¥ ±µµ·¤¨´ É S3. ‚ ± Î¥¸É¢¥ Ê£²µ¢µ£µ ¡ §¨¸  Î ¸Éµ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¸Ë¥-
·¨Î¥¸±¨¥ ËÊ´±Í¨¨ [23] ¨²¨ ¨Ì ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨. ‘Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨
Ybβ(x̂) § ¢¨¸ÖÉ µÉ ¤¢ÊÌ ¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ x̂ = (θx, ϕx) ¢¥±Éµ·  x, Ö¢²ÖÕÉ¸Ö
¸µ¡¸É¢¥´´Ò³¨ ¤²Ö ±¢ ¤· É  µ¶¥· Éµ·  Ê£²µ¢µ£µ ³µ³¥´É  lx ¨ µ¡· §ÊÕÉ ¶µ²-
´Ò° µ·Éµ´µ·³¨·µ¢ ´´Ò° ¡ §¨¸ ´  ¥¤¨´¨Î´µ° ¸Ë¥·¥ S2

x ¢ R3
x. �µÔÉµ³Ê É ±µ°

¡ §¨¸ ´¥·¥¤±µ ´ §Ò¢ ÕÉ ¸Ë¥·¨Î¥¸±¨³. ˆ¸Ìµ¤´µ¥ É·¥Ì³¥·´µ¥ Ê· ¢´¥´¨¥ ˜·¥-
¤¨´£¥·  ¸ Í¥´É· ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¶·µ¥±É¨·µ¢ ´¨¥³ ´  ¸Ë¥·¨Î¥¸±¨°
¡ §¨¸ ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ·Ö¤±  ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° µ¤´µ° ¶¥·¥³¥´´µ°
x. ’ ±¨¥ Ê· ¢´¥´¨Ö ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ · ¤¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ ˜·¥¤¨´-
£¥· .

�¡Ð Ö É¥µ·¨Ö µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [1,6,8] ¤µ-
¸É ÉµÎ´µ · §¢¨É . …¥ ³¥Éµ¤ ³¨ · ¤¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ÉµÎ´µ ·¥-
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Ï¥´µ ¤²Ö ¸¥·¨¨ ³µ¤¥²Ó´ÒÌ ¶µÉ¥´Í¨ ²µ¢. Š ´¨³ µÉ´µ¸ÖÉ¸Ö ±Ê²µ´µ¢¸±¨° ¨
µ¸Í¨²²ÖÉµ·´Ò° ¶µÉ¥´Í¨ ²Ò, ¶µÉ¥´Í¨ ²Ò Œµ·¸  ¨ ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò [10],  
É ±¦¥ ¸¥³¥°¸É¢µ ¡ ·£³ ´µ¢¸±¨Ì ¶µÉ¥´Í¨ ²µ¢ [18].

„²Ö ¡µ²ÓÏ¨´¸É¢  ·¥ ²¨¸É¨Î¥¸±¨Ì ¶µÉ¥´Í¨ ²µ¢, ¢µ¸¶·µ¨§¢µ¤ÖÐ¨Ì Ô±¸¶¥-
·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ ¤¢ÊÌÎ ¸É¨Î´Ò³ ¸¶¥±É· ³ ¨ Ë § ³ · ¸¸¥Ö´¨Ö, · -
¤¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ÉµÎ´µ ´¥ · §·¥Ï¥´Ò. ‘ Í¥²ÓÕ ¨Ì  ´ ²¨É¨-
Î¥¸±µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ¨ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö ¡Ò²¨ · §· ¡µÉ ´Ò · §²¨Î-
´Ò¥ ¶µ¤Ìµ¤Ò: ³¥Éµ¤  ¶¶·µ±¸¨³ Í¨¨ ²µ± ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¸¥¶ · ¡¥²Ó-
´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ ±µ´¥Î´µ£µ · ´£  [17], ¢ ·¨ Í¨µ´´Ò° ³¥Éµ¤ [20], ³¥Éµ¤
¶µÉ¥´Í¨ ²  ´Ê²¥¢µ£µ · ¤¨Ê¸  [16], É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° [14,19], ±¢ §¨±² ¸-
¸¨Î¥¸±µ¥ ¶·¨¡²¨¦¥´¨¥ [4,11] ¨ · §²¨Î´Ò¥ ¢¥·¸¨¨ [73,74] ³¥Éµ¤  Ë §µ¢ÒÌ
ËÊ´±Í¨° [12,13].

�¡µ¡Ð¥´¨¥ ¢¸¥Ì ¢ÒÏ¥¶¥·¥Î¨¸²¥´´ÒÌ ³¥Éµ¤µ¢ ¤²Ö  ´ ²¨É¨Î¥¸±µ£µ ¨¸¸²¥-
¤µ¢ ´¨Ö § ¤ Î¨ É·¥Ì Î ¸É¨Í ¨ · §¢¨É¨¥ ²Õ¡ÒÌ ¤·Ê£¨Ì ¶µ¤Ìµ¤µ¢ ± É ±µ³Ê ¨¸-
¸²¥¤µ¢ ´¨Õ § É·Ê¤´ÖÕÉ¸Ö ¢¸¥£µ ¤¢Ê³Ö µ¡¸ÉµÖÉ¥²Ó¸É¢ ³¨: ¸· ¢´¨É¥²Ó´µ ¡µ²Ó-
Ïµ° · §³¥·´µ¸ÉÓÕ É·¥ÌÎ ¸É¨Î´µ£µ ¶·µ¸É· ´¸É¢  ¨ µ¡Ð¥¶·¨´ÖÉÒ³ ¸¶µ¸µ¡µ³
µ¶¨¸ ´¨Ö ¢§ ¨³µ¤¥°¸É¢¨°. �¡¸Ê¤¨³ µ¡  µ¡¸ÉµÖÉ¥²Ó¸É¢  ¤²Ö Ö¸´µ£µ ¶µ´¨³ ´¨Ö
Éµ£µ, ± ±¨¥ É·Ê¤´µ¸É¨ ³µ¦´µ ¶·¥µ¤µ²¥ÉÓ,   ± ±¨¥ Å ¢ ¶·¨´Í¨¶¥, ´¥²Ó§Ö.

‚ ¸¨¸É¥³¥ ±µµ·¤¨´ É S3, ¸¢Ö§ ´´µ° ¢ R3 ¸ Í¥´É·µ³ ³ ¸¸ É·¥ÌÎ ¸É¨Î-
´µ° ¸¨¸É¥³Ò, µÉ´µ¸¨É¥²Ó´µ¥ ¶µ²µ¦¥´¨¥ É·¥Ì Î ¸É¨Í Ì · ±É¥·¨§Ê¥É¸Ö Ê¦¥ ´¥
É·¥³Ö, ± ± ¢ ¸²ÊÎ ¥ ¤¢ÊÌ Î ¸É¨Í,   Ï¥¸ÉÓÕ ±µµ·¤¨´ É ³¨. ‚ ± Î¥¸É¢¥ É ±µ¢ÒÌ
Î ¸Éµ ¨¸¶µ²Ó§ÊÕÉ¸Ö É·¥Ì³¥·´Ò¥ ¢¥±Éµ·Ò Ÿ±µ¡¨ [17] x ¨ y ¨²¨ ¸µ¶µ¸É ¢²¥´-
´Ò¥ ¨³ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ [1] (r,Ω): £¨¶¥·· ¤¨Ê¸ r ≡

√
x2 + y2

¨ ´ ¡µ· ¨§ ¶ÖÉ¨ £¨¶¥·Ê£²µ¢ Ω ≡ (x̂, ŷ, ϕ), £¤¥ ϕ ≡ arctg (y/x). „²¨´Ò x
¨ y  ¸¸µÍ¨¨·ÊÕÉ¸Ö ¸ · ¸¸ÉµÖ´¨Ö³¨ ³¥¦¤Ê Î ¸É¨Í ³¨ ¢ ¢Ò¡· ´´µ° ¶ ·¥ Î -
¸É¨Í ¨ · ¸¸ÉµÖ´¨¥³ µÉ É·¥ÉÓ¥° Î ¸É¨ÍÒ ¤µ Í¥´É·  ³ ¸¸ ÔÉµ° ¶ ·Ò. Ÿ¸´µ,
ÎÉµ ¤²Ö ±µµ·¤¨´ É´µ£µ µ¶¨¸ ´¨Ö É·¥ÌÎ ¸É¨Î´µ° ±µ´Ë¨£Ê· Í¨¨ ´¥µ¡Ìµ¤¨³µ
¢¢¥¸É¨ Ï¥¸É¨³¥·´µ¥ ±µµ·¤¨´ É´µ¥ ¶·µ¸É· ´¸É¢µ R6 ≡ R3

x ⊕ R3
y. “£²µ¢µ°

¡ §¨¸ ´  Î¥ÉÒ·¥Ì³¥·´µ³ Éµ·¥ T 4
xy ≡ S2

x ⊕ S2
y (¥¤¨´¨Î´µ° ¶ÖÉ¨³¥·´µ° ¸Ë¥·¥

S5) ¢ R6 µ¡· §Ê¥É ¡¨¸Ë¥·¨Î¥¸±¨¥ (£¨¶¥·¸Ë¥·¨Î¥¸±¨¥) £ ·³µ´¨±¨ [1,23]. �¨-
¸Ë¥·¨Î¥¸±¨¥ £ ·³µ´¨±¨ Y`mab (x̂, ŷ) § ¢¨¸ÖÉ µÉ Î¥ÉÒ·¥Ì ¶¥·¥³¥´´ÒÌ ¨ Ö¢²ÖÕÉ¸Ö
¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ±¢ ¤· Éµ¢ µ¶¥· Éµ·µ¢ Ê£²µ¢ÒÌ ³µ³¥´Éµ¢ lx ¨ ly, ¸µ-
¶·Ö¦¥´´ÒÌ ¢¥±Éµ· ³ x ¨ y, ¨ ±¢ ¤· É  µ¶¥· Éµ·  ¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É 
l ≡ lx + ly. ƒ¨¶¥·¸Ë¥·¨Î¥¸±¨¥ £ ·³µ´¨±¨ (£¨¶¥·£ ·³µ´¨±¨) Y `mLab(Ω) § ¢¨-
¸ÖÉ µÉ ¶ÖÉ¨ Ê£²µ¢ ¨ Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ± ± ¢¸¥Ì ±¢ ¤· Éµ¢
¢ÒÏ¥¶¥·¥Î¨¸²¥´´ÒÌ µ¶¥· Éµ·µ¢, É ± ¨ ±¢ ¤· É  Ï¥¸É¨³¥·´µ£µ Ê£²µ¢µ£µ ³µ-
³¥´É  (£¨¶¥·³µ³¥´É ) L. � §²µ¦¥´¨¥ ¨¸¸²¥¤Ê¥³µ° ËÊ´±Í¨¨ ¢ ·Ö¤ ¶µ ¡¨¸Ë¥-
·¨Î¥¸±¨³ £ ·³µ´¨± ³ (£¨¶¥·£ ·³µ´¨± ³) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¥¥ ¡¨¸Ë¥·¨Î¥¸±¨³
(£¨¶¥·¸Ë¥·¨Î¥¸±¨³) ·Ö¤µ³. ŠµÔËË¨Í¨¥´ÉÒ É ±¨Ì ·Ö¤µ¢ ´ §µ¢¥³ ¡¨¸Ë¥·¨-
Î¥¸±¨³¨ ¨²¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ±µ³¶µ´¥´É ³¨ · §²µ¦¥´´µ° ËÊ´±Í¨¨. �µ
µ¶·¥¤¥²¥´¨Õ ¡¨¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ Å ËÊ´±Í¨¨ ¤¢ÊÌ  ·£Ê³¥´Éµ¢ x, y
¨²¨ r ¨ ϕ,   £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ § ¢¨¸ÖÉ Éµ²Ó±µ µÉ µ¤´µ° ±µµ·¤¨-
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´ ÉÒ r. �¡² ¸ÉÓ ¤µ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¶¥·¥³¥´´ÒÌ x, y ¨²¨ r, ϕ Å ¶¥·¢Ò°
±¢ ¤· ´É R+

2 ¤¢Ê³¥·´µ° ¶²µ¸±µ¸É¨ R2,   £¨¶¥·· ¤¨Ê¸ r ¢¸¥£¤  ¶·¨´ ¤²¥¦¨É
´¥µÉ·¨Í É¥²Ó´µ° ¶µ²Êµ¸¨ R+

1 .
…¸²¨ ËÊ´±Í¨¨, ¶µ¤Î¨´¥´´Ò¥ ¢ R6 ¨¸¸²¥¤Ê¥³Ò³ É·¥ÌÎ ¸É¨Î´Ò³ Ê· ¢´¥-

´¨Ö³, § ³¥´¨ÉÓ ¨Ì ¡¨¸Ë¥·¨Î¥¸±¨³¨ (£¨¶¥·¸Ë¥·¨Î¥¸±¨³¨) ·Ö¤ ³¨ ¨ § É¥³
¸¶·µ¥±É¨·µ¢ ÉÓ Ê· ¢´¥´¨Ö ´  ¡¨¸Ë¥·¨Î¥¸±¨° (£¨¶¥·¸Ë¥·¨Î¥¸±¨°) ¡ §¨¸, Éµ
¶µ²ÊÎ É¸Ö ÉµÎ´Ò¥ ¤¢Ê³¥·´Ò¥ (µ¤´µ³¥·´Ò¥) Ê· ¢´¥´¨Ö ¢ R2

+ (R1
+) ¤²Ö ´¥-

¨§¢¥¸É´ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì (£¨¶¥·¸Ë¥·¨Î¥¸±¨Ì) ±µ³¶µ´¥´É. ‚  ¡¸µ²ÕÉ´µ³
¡µ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¸µ¢µ±Ê¶´µ¸É¨ Ê· ¢´¥´¨° ¤²Ö ±µ³¶µ´¥´É Å ¡¥¸±µ´¥Î´Ò¥
¸¨¸É¥³Ò § Í¥¶²ÖÕÐ¨Ì¸Ö Ê· ¢´¥´¨°. ‡ Í¥¶²¥´¨¥ µ¡Ê¸² ¢²¨¢ ¥É¸Ö ¨´É¥£· ²Ó-
´Ò³¨ µ¶¥· Éµ· ³¨, ËÊ´±Í¨Ö³¨ ¨ Î¨¸²µ¢Ò³¨ ±µÔËË¨Í¨¥´É ³¨.

� ¶·¨³¥·, É·¥ÌÎ ¸É¨Î´Ò¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ R1
+ § Í¥¶²ÖÕÉ¸Ö Ô²¥-

³¥´É ³¨ ³ É·¨ÍÒ ¶µ²´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¡ §¨¸¥ £¨¶¥·£ ·³µ´¨± [25], Ê· ¢-
´¥´¨Ö ” ¤¤¥¥¢  ¢ R2

+ § Í¥¶²ÖÕÉ¸Ö ¨ ³ É·¨Í ³¨ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¢
¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥, ¨ ¨´É¥£· ²Ó´Ò³¨ µ¶¥· Éµ· ³¨.

� ¶µ³´¨³ µ¸´µ¢´Ò¥ ¶·¨Î¨´Ò, ¶µ·µ¦¤ ÕÐ¨¥ § Í¥¶²¥´¨¥. �Ê¸ÉÓ (i, j, k) Å
É·¨ ¤  · §²¨Î´ÒÌ ¨´¤¥±¸µ¢, ´Ê³¥·ÊÕÐ¨Ì É·¨ Î ¸É¨ÍÒ ¨ ¶·¨´¨³ ÕÐ¨Ì · §-
´Ò¥ §´ Î¥´¨Ö 1, 2 ¨²¨ 3. ˆ³¥¥É¸Ö ·µ¢´µ É·¨ · §¡¨¥´¨Ö i(j, k) ´  ¶ ·Ê Î ¸É¨Í
¸ ´µ³¥· ³¨ j ¨ k ¨ Î ¸É¨ÍÊ, ¨³¥ÕÐÊÕ ´µ³¥· i. Š ¦¤µ³Ê (i = 1, 2, 3) · §¡¨¥-
´¨Õ i(j, k) µÉ¢¥Î ¥É ¸¢µÖ ¶ ·  Ö±µ¡¨¥¢¸±¨Ì ¢¥±Éµ·µ¢ xi,yi ¨²¨ ¸µ¶µ¸É ¢²¥´-
´ÒÌ ¨³ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É (r,Ωi). �·¨ Í¨±²¨Î¥¸±µ° ¶¥·¥¸É ´µ¢±¥
¨´¤¥±¸µ¢ i(j, k) → k(i, j) ¶ ·  xi,yi ¶¥·¥Ìµ¤¨É ¢ ¶ ·Ê xk,yk . Šµµ·¤¨´ ÉÒ,
¶µ³¥Î¥´´Ò¥ ¨´¤¥±¸µ³ i, ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ¸µ¡¸É¢¥´´Ò³¨ ¤²Ö · §¡¨¥´¨Ö i(j, k)
¨ ´¥¸µ¡¸É¢¥´´Ò³¨ ¤²Ö ¤¢ÊÌ ¤·Ê£¨Ì · §¡¨¥´¨°. ‚§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸¨¸É¥³¥ É·¥Ì
Î ¸É¨Í  ¶·¨µ·´µ ¸Î¨É ÕÉ¸Ö ¶ ·´Ò³¨. �µ²¥¥ Éµ£µ, ¶µ¸ÉÊ²¨·Ê¥É¸Ö, ÎÉµ ¶µ²´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥ V · ¢´µ ¸Ê³³¥ ¢¸¥Ì É·¥Ì ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° Vi,   ¢§ ¨-
³µ¤¥°¸É¢¨Ö Vi ¢ ± ¦¤µ° ¶ ·¥ (j, k) µ¶¨¸Ò¢ ÕÉ¸Ö ËÊ´±Í¨¥° Vi(xi), § ¤ ´´µ°
¶µ µ¶·¥¤¥²¥´¨Õ ¢ ¸µ¡¸É¢¥´´ÒÌ ¤²Ö ÔÉµ° ¶ ·Ò ±µµ·¤¨´ É Ì xi. �µ¸ÉÊ² É µ
É ±µ³  ¤¤¨É¨¢´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¶µ²´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ¤É¢¥·¦¤¥´ · §-
´µµ¡· §´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. �¶·¥¤¥²¥´¨¥ ËÊ´±Í¨µ´ ²Ó´µ°
§ ¢¨¸¨³µ¸É¨ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¢ ´¥¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É Ì, ¢ ¶·¨´-
Í¨¶¥, ¢µ§³µ¦´µ ¶ÊÉ¥³ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ  ´ ²¨§  É·¥ÌÎ ¸É¨Î´ÒÌ ¶·µÍ¥¸¸µ¢.
’ ±¨¥ Ô±¸¶¥·¨³¥´ÉÒ ¤µ¸É ÉµÎ´µ ¸²µ¦´Ò,   ¨Ì ¶µ¸²¥¤ÊÕÐ Ö µ¡· ¡µÉ±  ¢´µ¸¨É
³´µ£µÎ¨¸²¥´´Ò¥ É¥µ·¥É¨Î¥¸±¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨. �µÔÉµ³Ê ¶ ·´Ò¥ ¢§ ¨³µ-
¤¥°¸É¢¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ ¢µ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ¢ ¨Ì ¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ -
É Ì ¨ ¢ É ±µ³ ¢¨¤¥ ¢Ìµ¤ÖÉ ¢ É¥µ·¨Õ. �Î¥¢¨¤´µ, ÎÉµ ¥¸²¨ § ¶¨¸ ÉÓ ¶µ²´µ¥
¢§ ¨³µ¤¥°¸É¢¨e ¢ µ¤´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É Ÿ±µ¡¨, Éµ µ´  µ± ¦¥É¸Ö ¸µ¡¸É¢¥´-
´µ° ¤²Ö µ¤´µ£µ ¶ ·´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ ´¥¸µ¡¸É¢¥´´µ° ¤²Ö ¤¢ÊÌ ¤·Ê£¨Ì.
�·¨ ¶¥·¥Ìµ¤¥ µÉ ¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É ± ´¥¸µ¡¸É¢¥´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨
ËÊ´±Í¨¨ µ¡ÒÎ´µ É¥·ÖÕÉ ³´µ£¨¥ ¸¢µ¨ ¸¢µ°¸É¢ ,   ¨Ì ËÊ´±Í¨µ´ ²Ó´ Ö § ¢¨-
¸¨³µ¸ÉÓ, ± ± ¶· ¢¨²µ, Ê¸²µ¦´Ö¥É¸Ö. � ¶·¨³¥·, Í¥´É· ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥
Vk(xk) ¢ ´¥¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É Ì µ¶¨¸Ò¢ ¥É¸Ö ËÊ´±Í¨¥° ¸²µ¦´µ£µ  ·£Ê-
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³¥´É  Vk(xk(xi,yi)), ´¥ µ¡² ¤ ÕÐ¥° ¸Ë¥·¨Î¥¸±µ° ¸¨³³¥É·¨¥° ´¨ ¶µ µ¤´µ³Ê
¨§ ´µ¢ÒÌ  ·£Ê³¥´Éµ¢ xi ¨²¨ yi.

ˆÉ ±, ¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨Ìµ¤¨É¸Ö ¸Î¨É ÉÓ ¶ ·´Ò³¨ ¨ § ¤ ´´Ò³¨ ¢ ¨Ì
¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É Ì. �µÔÉµ³Ê · §¢¨É¨¥ ÉµÎ´ÒÌ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ·¥¤Ê-
Í¨·µ¢ ´´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ´¥¢µ§³µ¦´µ ¡¥§ §´ ´¨Ö ¢¸¥Ì ¸¢µ°¸É¢
µ¡Ñ¥±Éµ¢, µ¡Ê¸² ¢²¨¢ ÕÐ¨Ì § Í¥¶²¥´¨¥ É ±¨Ì Ê· ¢´¥´¨°, ¨ ¸¶µ¸µ¡µ¢ ³¨´¨-
³¨§ Í¨¨ § Í¥¶²¥´¨°. ŒµÐ´Ò° ¶·¨¥³, ³¨´¨³¨§¨·ÊÕÐ¨° § Í¥¶²¥´¨¥, Å µ¤´µ-
¢·¥³¥´´µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ · §²¨Î´ÒÌ ¸¨¸É¥³ ±µµ·¤¨´ É ¨ · §¡¨¥´¨¥ ¨¸±µ³µ°
ËÊ´±Í¨¨ ´  ¢¸¶µ³µ£ É¥²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ. �ÉµÉ ¶·¨¥³ Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ¢
³µ²¥±Ê²Ö·´µ°,  Éµ³´µ° ¨ Ö¤¥·´µ° Ë¨§¨±¥ ¨ ¶µ§¢µ²Ö¥É ¸ÊÐ¥¸É¢¥´´µ Ê¶·µ¸É¨ÉÓ
± ± ³ É¥³ É¨Î¥¸±ÊÕ ¶µ¸É ´µ¢±Ê § ¤ Î¨ ´¥¸±µ²Ó±¨Ì Î ¸É¨Í, É ± ¨ ¶µ¸²¥¤ÊÕ-
Ð¨¥  ´ ²¨É¨Î¥¸±µ¥ ¨ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨Ö Ê¦¥ ¶µ¸É ¢²¥´´µ° § ¤ Î¨.

Ÿ·±¨° ¶·¨³¥· ¢ÒÏ¥¸± § ´´µ£µ Å Ë ¤¤¥¥¢¸±µ¥ · §¡¨¥´¨¥ [21] É·¥ÌÎ -
¸É¨Î´µ° T -³ É·¨ÍÒ ´  É·¨ Ê· ¢´¥´¨Ö ¤²Ö ¥¥ ±µ³¶µ´¥´É Ti(pi,qi), § ¶¨¸ ´-
´ÒÌ ¢ ¨Ì ¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É Ì Å ¨³¶Ê²Ó¸ Ì Ÿ±µ¡¨ pi,qi, ¸µ¶·Ö¦¥´´ÒÌ
±µµ·¤¨´ É ³ Ÿ±µ¡¨ xi,yi. ˆ³¥´´µ É ±µ¥ · §¡¨¥´¨¥ ¨ ¸¶µ¸µ¡ § ¶¨¸¨ ¶µ-
§¢µ²¨²¨ ” ¤¤¥¥¢Ê ¢¶¥·¢Ò¥ ³ É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¢ ¥£µ
· ¡µÉ¥ [75] § ¤ ÎÊ É·¥Ì Î ¸É¨Í ¸ ¶ ·´Ò³¨ ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨³¨ ¶µÉ¥´Í¨ -
² ³¨.

‚ ³¥Éµ¤¥ £¨¶¥·£ ·³µ´¨± [25Ä27] µ¤´µ¢·¥³¥´´µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ É·¥Ì (i =
= 1, 2, 3) ¸¨¸É¥³ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É (r,Ωi) ¶µ§¢µ²Ö¥É §´ Î¨É¥²Ó´µ
Ê¶·µ¸É¨ÉÓ ¨ Ê´¨Ë¨Í¨·µ¢ ÉÓ ¢ÒÎ¨¸²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¶ ·´ÒÌ ¢§ ¨-
³µ¤¥°¸É¢¨° ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ [76].

�¤´µ¢·¥³¥´´µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ´¥¸±µ²Ó±¨Ì ¸¨¸É¥³ ±µµ·¤¨´ É ´¥¢µ§³µ¦´µ
¡¥§ §´ ´¨Ö § ±µ´µ¢ ¶·¥µ¡· §µ¢ ´¨Ö µ¶¥· Éµ·µ¢, ¡ §¨¸´ÒÌ, ¢¸¶µ³µ£ É¥²Ó´ÒÌ
¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¶·¨ ¶¥·¥Ìµ¤¥ µÉ µ¤´µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É ± ¤·Ê£µ°.
�·¥µ¡· §µ¢ ´¨Ö µ¶¥· Éµ·µ¢ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, Ê£²µ¢ÒÌ ³µ³¥´Éµ¢ ¨
¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¶·¨ µÉ· ¦¥´¨¨, ¸¤¢¨£¥ ¨ ¢· Ð¥´¨¨ ¸¨¸É¥³ ±µµ·¤¨-
´ É ¢ R3

x ÉÐ É¥²Ó´µ ¨¸¸²¥¤µ¢ ´Ò [22,23]. „²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ³´µ£¨Ì
¤¢ÊÌÎ ¸É¨Î´ÒÌ µ¶¥· Éµ·µ¢, ¤¥°¸É¢ÊÕÐ¨Ì ¢ R3

x, ¨§¢¥¸É´Ò Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¨
· §¢¨ÉÒ ÔËË¥±É¨¢´Ò¥  ²£¥¡· ¨Î¥¸±¨¥ ³¥Éµ¤Ò ¢ÒÎ¨¸²¥´¨Ö [22Ä24]. �·¥µ¡· -
§µ¢ ´¨Ö É·¥ÌÎ ¸É¨Î´ÒÌ µ¶¥· Éµ·µ¢, Ê£²µ¢ÒÌ ¡ §¨¸µ¢ ¨ · §²¨Î´ÒÌ ¢¸¶µ³µ£ -
É¥²Ó´ÒÌ ËÊ´±Í¨° ¶·¨ Í¨±²¨Î¥¸±µ° ¶¥·¥¸É ´µ¢±¥ Î ¸É¨Í ¢ R6 (¨²¨ ¶¥·¥Ìµ¤¥
µÉ µ¤´µ£µ ´ ¡µ·  ±µµ·¤¨´ É Ÿ±µ¡¨ ± ¤·Ê£µ³Ê) ¨§ÊÎ¥´Ò ´¥ ¸Éµ²Ó ¶µ¤·µ¡´µ.
�µÔÉµ³Ê ¢ · §¤. 2 ¤ ´ µ·¨£¨´ ²Ó´Ò°  ´ ²¨§ ¡µ²¥¥ µ¡Ð¥£µ, Î¥³ Í¨±²¨Î¥¸± Ö
¶¥·¥¸É ´µ¢±  Î ¸É¨Í, ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ±µµ·¤¨´ É, µ¶¥· Éµ-
·µ¢ ¨ Ê£²µ¢ÒÌ ¡ §¨¸µ¢. �¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ ¨¸¸²¥¤µ¢ ´¨Õ µ¡Ð¨Ì ¨
²µ± ²Ó´ÒÌ ¸¢µ°¸É¢ Ö¤¥· ¨´É¥£· ²Ó´ÒÌ µ¶¥· Éµ·µ¢ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° ¢
R2

+ ¨ ±µÔËË¨Í¨¥´Éµ¢ Ê´¨É ·´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö £¨¶¥·£ ·³µ´¨± ¶·¨ ¶¥·¥-
Ìµ¤¥ (r,Ωi) → (r,Ωk). ‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ` = L = 0, 1, 2, 3 Ö¢´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö É ±¨Ì ±µÔËË¨Í¨¥´Éµ¢ ¢Ò¢¥¤¥´Ò �µ£µ¸²µ¢¸±¨³ ¨ Š²¥¶¨±µ-
¢Ò³ [77], a ¢ µ¡Ð¥³ ¸²ÊÎ ¥ Å ¶µ²ÊÎ¥´Ò ¶µ§¦¥ �¥°´ ²µ³ ¨ �¥¢ ¨ [78]. Šµ-
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ÔËË¨Í¨¥´ÉÒ �¥°´ ² Å�¥¢ ¨ Å Ï¥¸É¨±· É´Ò¥ ¸Ê³³Ò, ¸µ¤¥·¦ Ð¨e 3j- ¨ 9j-
¸¨³¢µ²Ò ¨ É·¨£µ´µ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ É ± ´ §Ò¢ ¥³µ£µ ±¨´¥³ É¨Î¥¸±µ£µ
Ê£²  γ. ‘Éµ²Ó ¸²µ¦´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ± § ²µ¸Ó ±· °´¥ ´¥Ê¤µ¡´Ò³ ¸ ¢ÒÎ¨¸²¨-
É¥²Ó´µ° ÉµÎ±¨ §·¥´¨Ö. �µÔÉµ³Ê ¢¶µ¸²¥¤¸É¢¨¨ ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å
�¥¢ ¨ ¡Ò²¨ ¢Ò¢¥¤¥´Ò · §´µµ¡· §´Ò¥ ·¥±Ê··¥´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö [25,79Ä81],
¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° [72,79,82], ¨´É¥£· ²Ó´µ¥ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥
¶·¥¤¸É ¢²¥´¨Ö [65,72].

�¤´ ±µ ·¥±Ê··¥´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¸²¨Ï±µ³ ¸²µ¦´Ò ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö
 ´ ²¨É¨Î¥¸±¨x ¸¢µ°¸É¢ ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨ ± ± ËÊ´±Í¨° ±¨´¥³ -
É¨Î¥¸±µ£µ Ê£²  γ. ‡´ ´¨¥ É ±¨Ì ¸¢µ°¸É¢ ´¥µ¡Ìµ¤¨³µ ´¥ Éµ²Ó±µ ¤²Ö Ê¸±µ·¥´¨Ö
¢ÒÎ¨¸²¥´¨° · §²¨Î´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¢ ¡ §¨¸¥ £¨¶¥·£ ·³µ´¨± [25] ¨
¶µ¸É·µ¥´¨Ö ËÊ´±Í¨° ¸ ´ ¶¥·¥¤ § ¤ ´´µ° ¸¨³³¥É·¨¥° [81,83Ä86], ´µ ¨ ¤²Ö
¸Ê³³¨·µ¢ ´¨Ö ¢ Ö¢´µ³ ¢¨¤¥ · §²¨Î´ÒÌ ·Ö¤µ¢, ¸µ¤¥·¦ Ð¨Ì ±µÔËË¨Í¨¥´ÉÒ
�¥°´ ² Å�¥¢ ¨. ‡ ¤ Î¨ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ´¥±µÉµ·ÒÌ ÉµÎ´ÒÌ [66] ¨ ²µ¦-
´ÒÌ [67Ä71] ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸¢µ¤ÖÉ¸Ö ± µ¶·¥¤¥²¥´¨Õ §´ Î¥´¨°
¶ · ³¥É·  γ, ¶·¨ ±µÉµ·ÒÌ · §·¥Ï¨³Ò  ²£¥¡· ¨Î¥¸±¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°,
¸µ¤¥·¦ Ð¨¥ ±µÔËË¨Í¨¥´ÉÒ �¥°´ ² Å�¥¢ ¨. ‡ ¤ Î  ¸Ê³³¨·µ¢ ´¨Ö ·Ö¤µ¢, ¸µ-
¤¥·¦ Ð¨Ì ÔÉ¨ ±µÔËË¨Í¨¥´ÉÒ, ¢µ§´¨± ¥É ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨  ¸¨³¶ÉµÉ¨± É·¥Ì-
Î ¸É¨Î´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¢ µ±·¥¸É´µ¸É¨
ÉµÎ±¨ É·µ°´µ£µ ¸Éµ²±´µ¢¥´¨Ö [64,68].

’ ±¨³ µ¡· §µ³, ¨³¥¥É¸Ö Ï¨·µ±¨° ±·Ê£ ¶·µ¡²¥³, ·¥Ï¥´¨¥ ±µÉµ·ÒÌ ´¥¢µ§-
³µ¦´µ ¡¥§ ¶·¥¤¢ ·¨É¥²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö µ¡Ð¨Ì ¨ ²µ± ²Ó´ÒÌ ¸¢µ°¸É¢ ±µÔË-
Ë¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨ ± ± ËÊ´±Í¨° ±¨´¥³ É¨Î¥¸±µ£µ Ê£² . ˆ¸¸²¥¤µ¢ -
´¨Õ É ±¨Ì ¸¢µ°¸É¢ ¶µ¸¢ÖÐ¥´Ò · ¡µÉÒ [58,65,72]. ˆ§²µ¦¥´¨¥³ ¨Ì µ¸´µ¢´ÒÌ
·¥§Ê²ÓÉ Éµ¢ ¨ ´¥±µÉµ·ÒÌ µ·¨£¨´ ²Ó´ÒÌ Î¨¸²¥´´ÒÌ  ²£µ·¨É³µ¢ § ¢¥·Ï ¥É¸Ö
· §¤. 2.

‘²¥¤ÊÕÐ¨° · §¤¥² ´ Î¨´ ¥É¸Ö ¸ µÉ¸ÊÉ¸É¢ÊÕÐ¥£µ ¢ ²¨É¥· ÉÊ·¥ ¶µ¤·µ¡´µ£µ
¨ ¥¤¨´µµ¡· §´µ£µ µ¶¨¸ ´¨Ö ¸É·µ¥´¨° É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· 
¨ ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¨ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸ Ì ¨ µ¡Ð¨Ì  ´ ²¨É¨-
Î¥¸±¨x ¸¢µ°¸É¢ ·¥Ï¥´¨° É ±¨Ì Ê· ¢´¥´¨°.

Œ É¥³ É¨Î¥¸±¨ ±µ··¥±É´ Ö Ëµ·³Ê²¨·µ¢±  ±¢ ´Éµ¢µ° § ¤ Î¨ É·¥Ì Î ¸É¨Í
¸ ¶ ·´Ò³¨ ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨³¨ ¶µÉ¥´Í¨ ² ³¨ ¢¶¥·¢Ò¥ ¡Ò²  ¤ ´  ” ¤¤¥-
¥¢Ò³ ¢ ¨³¶Ê²Ó¸´µ³ ¶·µ¸É· ´¸É¢¥ [75]. �µ§¤´¥¥ ´ ·Ö¤Ê ¸ ¨´É¥£· ²Ó´Ò³¨
Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢  ¤²Ö ±µ³¶µ´¥´É T -³ É·¨ÍÒ ¸É ²¨ ¨´É¥´¸¨¢´µ ¶·¨³¥-
´ÖÉÓ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¤²Ö É·¥Ì ±µ³¶µ´¥´É Ψi ¢µ²´µ-
¢µ° ËÊ´±Í¨¨ Ψ = Ψ1 + Ψ2 + Ψ3 ¢ Ï¥¸É¨³¥·´µ³ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥
R6. ƒ² ¢´ Ö ¶·µ¡²¥³  ±¢ ´Éµ¢µ° É¥µ·¨¨ É·¥Ì Î ¸É¨Í ¢ ±µµ·¤¨´ É´µ³ ¶·µ-
¸É· ´¸É¢¥ § ±²ÕÎ ² ¸Ó ¢ ¢Ò¢µ¤¥ Ë¨§¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¢ ¶·¥¤¥²¥
¡µ²ÓÏ¨Ì µÉ´µ¸¨É¥²Ó´ÒÌ · ¸¸ÉµÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨, £ · ´É¨·ÊÕÐ¨Ì ¸ÊÐ¥-
¸É¢µ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´µ¸ÉÓ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ . �¸´µ¢´µ° ¢±² ¤ ¢
·¥Ï¥´¨¥ ÔÉµ° ¸²µ¦´µ° § ¤ Î¨ ¡Ò² ¸¤¥² ´ Œ¥·±Ê·Ó¥¢Ò³ ¢ ¥£µ ¸µ¡¸É¢¥´´ÒÌ
· ¡µÉ Ì ¨ · ¡µÉ Ì, ¢Ò¶µ²´¥´´ÒÌ ¢ ¸µ ¢Éµ·¸É¢¥. Œ´µ£µÎ¨¸²¥´´Ò¥ ¸¸Ò²±¨ ´ 
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ÔÉ¨ · ¡µÉÒ ¨  ²ÓÉ¥·´ É¨¢´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¤ ´Ò ¢ ±´¨£¥ [21] ¨ ¶µ¤·µ¡´ÒÌ
µ¡§µ· Ì [87Ä91].

“· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ R2
+ Ö¢²ÖÕÉ¸Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ Ê· ¢-

´¥´¨Ö³¨ ¤²Ö ´¥¨§¢¥¸É´ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É, § ¢¨¸ÖÐ¨Ì µÉ ¤¢ÊÌ  ·-
£Ê³¥´Éµ¢ x ¨ y ¨²¨ r ¨ ϕ. ˆ´É¥´¸¨¢´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¨ ¶· ±É¨Î¥¸±µ¥ ¶·¨-
³¥´¥´¨¥ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¡Ò²µ µ¡Ê¸²µ¢²¥´µ ¤¢Ê³Ö µ¡-
¸ÉµÖÉ¥²Ó¸É¢ ³¨. ‚µ-¶¥·¢ÒÌ, É¥³, ÎÉµ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´µ¸ÉÓ ·¥Ï¥-
´¨° É ±¨Ì Ê· ¢´¥´¨° Ê¸É ´µ¢²¥´Ò ¤²Ö Ï¨·µ±µ£µ ±² ¸¸  ²µ± ²Ó´ÒÌ ¶ ·´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨° [21] ¢ ¸²ÊÎ ¥ ± ± ´¥°É· ²Ó´ÒÌ, É ± ¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í.
‚µ-¢Éµ·ÒÌ, É¥³, ÎÉµ ¨´É¥£· ²Ó´Ò¥ µ¶¥· Éµ·Ò ¤¥°¸É¢ÊÕÉ ²¨ÏÓ ´  µ¤´Ê ¶¥-
·¥³¥´´ÊÕ ϕ. �µÔÉµ³Ê ¤¨¸±·¥É¨§ Í¨¥° ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö
¸¢µ¤ÖÉ¸Ö ± ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ²¥´ÉµÎ´µ° ³ É·¨Í¥° [59,88,92].
ˆ³¥´´µ · §·Ö¦¥´´µ¸ÉÓ ³ É·¨ÍÒ ²¨´¥°´µ° § ¤ Î¨ ¢ ¸µÎ¥É ´¨¨ ¸ ¶·µ¸ÉÒ³¨
£· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¨ µ¡Ê¸² ¢²¨¢ ¥É Ï¨·µ±µ¥ ¶· ±É¨Î¥¸±µ¥ ¶·¨³¥´¥´¨¥
¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö · §²¨Î´ÒÌ ¸¢µ°¸É¢
É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³. ‘ ÔÉµ° Í¥²ÓÕ ¡Ò²¨ · §¢¨ÉÒ · §´µµ¡· §´Ò¥ Î¨¸²¥´´Ò¥
 ²£µ·¨É³Ò, µ¸´µ¢ ´´Ò¥ ´  ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ [88],  ¶¶·µ±-
¸¨³ Í¨¨ ±Ê¡¨Î¥¸±¨³¨ Ô·³¨Éµ¢Ò³¨ ¸¶² °´ ³¨ [92Ä94] ¨ ±Ê¡¨Î¥¸±¨³¨ ¸¶² °-
´ ³¨, µ¡² ¤ ÕÐ¨³¨ ¢Éµ·Ò³¨ ´¥¶·¥·Ò¢´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨ [59]. �¥¤ ¢´µ
¡Ò² ¶·¥¤²µ¦¥´ ³¥Éµ¤ ¸¨²Ó´µ° ¸¢Ö§¨ ± ´ ²µ¢ ¤²Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  [95].
�·¥¨³ÊÐ¥¸É¢  ÔÉµ£µ ¶µ¤Ìµ¤  ¶µ ¸· ¢´¥´¨Õ ¸ ³¥Éµ¤µ³ ±µ´¥Î´µ³¥·´ÒÌ  ¶-
¶·µ±¸¨³ Í¨° £ ³¨²ÓÉµ´¨ ´µ¢ ¶µ¤¸¨¸É¥³, · §¢¨ÉÒ³ ¢ · ¡µÉ Ì [29Ä38] ¢ · ³-
± Ì ³´µ£µÎ ¸É¨Î´µ£µ Ê· ¢´¥´¨Ö ‹¨¶¶³ ´ Å˜¢¨´£¥· , ¸Éµ¨É ¶µÖ¸´¨ÉÓ ¡µ²¥¥
¶µ¤·µ¡´µ. Œ¥Éµ¤ ±µ´¥Î´µ³¥·´ÒÌ  ¶¶·µ±¸¨³ Í¨° ¤²Ö É ±µ£µ Ê· ¢´¥´¨Ö ¨³¥¥É
¸²¨Ï±µ³ Ê§±ÊÕ µ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö [35], µ£· ´¨Î¥´´ÊÕ µÉ·¨Í É¥²Ó´Ò³¨ §´ -
Î¥´¨Ö³¨ ¶µ²´µ° Ô´¥·£¨¨ ¸¨¸É¥³Ò. �ÉµÉ ³¥Éµ¤, ¢ ¶·¨´Í¨¶¥, ´¥ ¶µ§¢µ²Ö¥É
ÊÎ¥¸ÉÓ ´¥¶·¥·Ò¢´Ò¥ ¸¶¥±É·Ò ¢¸¥Ì ¶µ¤¸¨¸É¥³,   ¶·¨ ¶· ±É¨Î¥¸±µ³ ¶·¨³¥´¥-
´¨¨ É·¥¡Ê¥É  ¶¶·µ±¸¨³ Í¨¨ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¸¥¶ · ¡¥²Ó´Ò³¨ ¶µÉ¥´-
Í¨ ² ³¨ ±µ´¥Î´µ£µ · ´£ . ’·¨ Ê¶µ³Ö´ÊÉÒÌ µ£· ´¨Î¥´¨Ö µ± §Ò¢ ÕÉ¸Ö ´¥¸Ê-
Ð¥¸É¢¥´´Ò³¨ ¢ ³¥Éµ¤¥ ¸¨²Ó´µ° ¸¢Ö§¨ ± ´ ²µ¢ ¤²Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  [95],
µ¸´µ¢ ´´µ³ ´  · §²µ¦¥´¨¨ ±µ³¶µ´¥´É ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶µ ¡ §¨¸ ³ ¨§ ¸µ¡-
¸É¢¥´´ÒÌ ËÊ´±Í¨° £ ³¨²ÓÉµ´¨ ´µ¢ ¤¢ÊÌÎ ¸É¨Î´ÒÌ ¶µ¤¸¨¸É¥³ [96]. �ÉµÉ ³¥-
Éµ¤ ¡ §¨·Ê¥É¸Ö ´  Ê· ¢´¥´¨ÖÌ ” ¤¤¥¥¢  ¨ ¶µÔÉµ³Ê µ¡² ¤ ¥É ·Ö¤µ³ ¶·¥¨³Ê-
Ð¥¸É¢ ¶µ ¸· ¢´¥´¨Õ ¸ ³¥Éµ¤µ³ ¸¨²Ó´µ° ¸¢Ö§¨ ± ´ ²µ¢ ¤²Ö Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  [14]. Š ± µÉ³¥Î ²µ¸Ó ¢ · ¡µÉ¥ [95], £² ¢´µ¥ ¨§ ´¨Ì Å µÉ¸ÊÉ¸É¢¨¥
¢ µ±µ´Î É¥²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ Î²¥´µ¢, ¸¢Ö§ ´´ÒÌ ¸ ´¥µ·Éµ£µ´ ²Ó´µ¸ÉÓÕ ± ´ -
²µ¢ · ¸¸¥Ö´¨Ö [97,98], ¨ ¢µ§³µ¦´µ¸ÉÓ ¸É·µ£µ£µ ÊÎ¥É  ¢±² ¤µ¢ ´¥¶·¥·Ò¢´µ£µ
¸¶¥±É·  ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ±² ¸É¥·µ¢.

�ËË¥±É¨¢´µ¸ÉÓ ¢¸¥Ì ¸¶µ¸µ¡µ¢ ¤¨¸±·¥É¨§ Í¨¨ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢R2

+ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¢Ò¡µ·  ¤¢Ê³¥·´µ° ¸¥É±¨ Ê§-
²µ¢. �¶É¨³ ²Ó´Ò° ¢Ò¡µ· µ¶·¥¤¥²Ö¥É¸Ö ± Î¥¸É¢¥´´µ° § ¢¨¸¨³µ¸ÉÓÕ ¨¸±µ³ÒÌ
·¥Ï¥´¨° (¡¨¸Ë¥·¨Î¥¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É) µÉ ¨Ì  ·£Ê³¥´Éµ¢. �µÔÉµ³Ê



1570 �“�›˜…‚ ‚.‚.

§´ ´¨¥  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ É ±¨Ì ±µ³¶µ´¥´É, ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¨Ì ¶µ²´ÒÌ
 ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° ¢¡²¨§¨ ¢¸¥Ì £· ´¨Í µ¡² ¸É¨ R2

+ ¶·¥¤¸É ¢²Ö¥É¸Ö
µ¸µ¡µ ¢ ¦´Ò³ ¨ ¤²Ö Ô±µ´µ³¨§ Í¨¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ  ²£µ·¨É³µ¢. ˆ¸¸²¥¤µ¢ -
´¨¥  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¡¨¸Ë¥·¨Î¥¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É § É·Ê¤-
´¥´µ É¥³, ÎÉµ µ´¨ § ¢¨¸ÖÉ µÉ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ ¨ ¶µ¤Î¨´¥´Ò Ê· ¢´¥´¨Ö³, ¸µ-
¤¥·¦ Ð¨³ ´¥²µ± ²Ó´Ò¥ µ¶¥· Éµ·Ò. �µÔÉµ³Ê ¢ ¦´Ò³ ¨ ¢¶µ²´¥ ¥¸É¥¸É¢¥´´Ò³
¶·¥¤¸É ¢²Ö²¸Ö ¸²¥¤ÊÕÐ¨° Ï £ ·¥¤Ê±Í¨¨, ´ ³¥Î¥´´Ò° Œ ´¤¥²ÓÍ¢¥°£µ³ [99].
�ÉµÉ Ï £ § ±²ÕÎ ¥É¸Ö ¢ · §¤¥²¥´¨¨ ¶¥·¥³¥´´ÒÌ r ¨ ϕ · §²µ¦¥´¨¥³ Ë ¤¤¥-
¥¢¸±¨Ì ¡¨¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É ¶µ ´ ¨¡µ²¥¥ Ê¤µ¡´Ò³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³
Ê£²µ¢µ° ¶¥·¥³¥´´µ° ϕ. �¸´µ¢´ Ö ¶·µ¡²¥³  É ±µ£µ · §¤¥²¥´¨Ö § ±²ÕÎ ² ¸Ó
¢ ¢Ò¡µ·¥ ´ ¨¡µ²¥¥ Ê¤µ¡´µ£µ Ê£²µ¢µ£µ ¡ §¨¸  ¨ ¨¸¸²¥¤µ¢ ´¨¨  ´ ²¨É¨Î¥¸±¨Ì
¸¢µ°¸É¢ Ö¤¥· ¨´É¥£· ²Ó´ÒÌ µ¶¥· Éµ·µ¢. „µ¸É ÉµÎ´µ ¶µ²´µ³Ê ·¥Ï¥´¨Õ ÔÉ¨Ì
§ ¤ Î ¡Ò²¨ ¶µ¸¢ÖÐ¥´Ò · ¡µÉÒ [58,67,72]. ‚ ´¨Ì ¨¸¸²¥¤µ¢ ²¸Ö ¶¥·¥Ìµ¤ µÉ
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ± Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  ¢ £¨¶¥·-
¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥. �´ ²¨§µ³ ÔÉµ£µ ¶¥·¥Ìµ¤  ± ± ¨¸Ìµ¤´µ£µ ÔÉ ¶  µ¡Ñ¥¤¨-
´¥´¨Ö É¥µ·¨¨ ” ¤¤¥¥¢  ¨ ³¥Éµ¤  £¨¶¥·£ ·³µ´¨± § ¢¥·Ï ¥É¸Ö · §¤. 3.

“¶µ³Ö´ÊÉµ¥ µ¡Ñ¥¤¨´¥´¨¥ µÉ±·Ò¢ ¥É ´¥³ ²µ ¢µ§³µ¦´µ¸É¥° ¤²Ö ÉµÎ´µ£µ
·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨.
�¸µ¡µ¥ ³¥¸Éµ ¸·¥¤¨ ³´µ¦¥¸É¢  ÉµÎ´ÒÌ ·¥Ï¥´¨° É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¸ § ¤ ´´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ § ´¨³ ÕÉ ·¥Ï¥´¨Ö, ´¥
´¥¸ÊÐ¨¥ ´¨± ±µ° ¨´Ëµ·³ Í¨¨ µ ¢§ ¨³µ¤¥°¸É¢¨ÖÌ. ’ ±¨¥ ´¥É·¨¢¨ ²Ó´Ò¥
(Ψi 6= 0) ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  µÉ¢¥Î ÕÉ É·¨¢¨ ²Ó´µ° ¢µ²´µ¢µ° ËÊ´±-
Í¨¨ (Ψ ≡ 0) ¨ ´ §Ò¢ ÕÉ¸Ö ²µ¦´Ò³¨ ·¥Ï¥´¨Ö³¨ ¨²¨ ·¥Ï¥´¨Ö³¨-¶·¨§· ± ³¨.
” ±É ¸ÊÐ¥¸É¢µ¢ ´¨Ö ²µ¦´ÒÌ ·¥Ï¥´¨° µÉ³¥Î ²¸Ö ³´µ£¨³¨  ¢Éµ· ³¨ µ¡§µ·-
´ÒÌ [100,101] ¨ µ·¨£¨´ ²Ó´ÒÌ · ¡µÉ [57,66Ä68,102Ä107]. �¡Ð¨¥ ¸¢µ°¸É¢ 
É·¥ÌÎ ¸É¨Î´µ£µ £ ³¨²ÓÉµ´¨ ´ , ¶µ·µ¦¤ ÕÐ¨¥ ²µ¦´Ò¥ ·¥Ï¥´¨Ö ¨ É ±¨¥ µ¡-
Ð¨¥ ¢µ¶·µ¸Ò, ± ± ¶µ²´µÉ  ¶·µ¸É· ´¸É¢  ²µ¦´ÒÌ ¨ Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨°,
¨¸¸²¥¤µ¢ ²¨¸Ó ¢ · ¡µÉ Ì [102Ä105]. � ¨¡µ²¥¥ §´ Î¨³µ¥ ¤²Ö ¸¶¥±É· ²Ó´µ°
É¥µ·¨¨ Ë ¤¤¥¥¢¸±¨Ì É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ÊÉ¢¥·¦¤¥´¨¥ ¤µ± § ´µ Ÿ±µ¢²¥-
¢Ò³ [105] ¢ ¸²ÊÎ ¥ ¶µ²´µ£µ É·¥ÌÎ ¸É¨Î´µ£µ £ ³¨²ÓÉµ´¨ ´  ¸ Î¨¸Éµ ¤¨¸±·¥É-
´Ò³ ¸¶¥±É·µ³. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³ É·¨Î´Ò¥ µ¶¥· Éµ·Ò, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ É·¥Ì-
Î ¸É¨Î´Ò³ Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  ¨ ¸µ¶·Ö¦¥´´Ò³ Ê· ¢´¥´¨Ö³, ¨³¥ÕÉ ¤¢  É¨¶ 
¨´¢ ·¨ ´É´ÒÌ ¶·µ¸É· ´¸É¢. �  ¶·µ¸É· ´¸É¢ Ì ¶¥·¢µ£µ É¨¶  ¸¶¥±É· µ¶¥· Éµ-
·µ¢ ¸µ¢¶ ¤ ¥É ¸µ ¸¶¥±É·µ³ ¶µ²´µ£µ £ ³¨²ÓÉµ´¨ ´ , ´  ¶·µ¸É· ´¸É¢ Ì ¢Éµ·µ£µ
É¨¶  ÔÉ¨ ¦¥ µ¶¥· Éµ·Ò Ô±¢¨¢ ²¥´É´Ò ¸¢µ¡µ¤´µ³Ê É·¥ÌÎ ¸É¨Î´µ³Ê £ ³¨²ÓÉµ-
´¨ ´Ê.

‚ Ö¢´µ³ ¢¨¤¥ ²µ¦´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ¸¨¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¶µ¸·¥¤¸É¢µ³ S-¢µ²´µ¢ÒÌ ¶ ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¨ ´ Ìµ¤Ö-
Ð¨Ì¸Ö ¢ ¸µ¸ÉµÖ´¨¨ ¸ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³ ` = 0, ¡Ò²¨ ´ °¤¥´Ò ¢ · ¡µ-
É Ì [57,67,106,107]. ‹µ¦´Ò¥ ·¥Ï¥´¨Ö ¤²Ö É ±µ° ¦¥ ¸¨¸É¥³Ò, ´µ ¢ ¸µ¸ÉµÖ´¨¨
¸ ` = 1, Ê¶µ³¨´ ²¨¸Ó ¢ · ¡µÉ Ì [66,68]. „²Ö ¶·µ¨§¢µ²Ó´µ° É·¥ÌÎ ¸É¨Î´µ°
¸¨¸É¥³Ò ¸ ¶ ·´Ò³¨ Í¥´É· ²Ó´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö
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²µ¦´ÒÌ ·¥Ï¥´¨°, µ¡² ¤ ÕÐ¨Ì ´ ¶¥·¥¤ § ¤ ´´Ò³ `, ¡Ò² ¢¶¥·¢Ò¥ ¤µ± § ´ ¢
· ¡µÉ¥ [71]. ‹µ¦´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ¸¨¸É¥³ ¨§ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢
¨²¨ Ë¥·³¨µ´µ¢ ¢ ¸µ¸ÉµÖ´¨ÖÌ ¸ ` = 0 ¶µ²ÊÎ¥´Ò ¢ Ö¢´µ³ ¢¨¤¥ ¢ · ¡µÉ¥ [108].

“· ¢´¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ²µ¦´Ò¥ ·¥Ï¥´¨Ö, ´¥ ¸µ¤¥·¦ É ¶µÉ¥´Í¨ ²Ò.
�µÔÉµ³Ê ²µ¦´Ò¥ ·¥Ï¥´¨Ö, ´ °¤¥´´Ò¥  ´ ²¨É¨Î¥¸±¨, ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ
± ± Ê´¨¢¥·¸ ²Ó´Ò¥ ÔÉ ²µ´´Ò¥ ËÊ´±Í¨¨ ¤²Ö É¥¸É¨·µ¢ ´¨Ö  ²£µ·¨É³µ¢ Î¨¸²¥´-
´µ£µ ·¥Ï¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨.
‘ÊÐ¥¸É¢µ¢ ´¨¥ ²µ¦´ÒÌ ·¥Ï¥´¨° ¨´µ£¤  µÏ¨¡µÎ´µ É· ±ÉÊ¥É¸Ö ± ± ´¥Ô±¢¨-
¢ ²¥´É´µ¸ÉÓ É·¥ÌÎ ¸É¨Î´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨ µÉ¢¥Î ÕÐ¨Ì ¥³Ê Ê· ¢-
´¥´¨° ” ¤¤¥¥¢ . ’ ±µ¥ ¶µ´¨³ ´¨¥ ¶µ·µ¦¤ ¥É¸Ö £² ¢´Ò³ µ¡· §µ³ ´¥µ¤´µ-
§´ Î´µ° · §·¥Ï¨³µ¸ÉÓÕ Ê· ¢´¥´¨° ” ¤¤¥¥¢ , ´¥ ¤µ¶µ²´¥´´ÒÌ Ë¨§¨Î¥¸±¨³¨
£· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¨²¨ ¦¥ ¸µ¤¥·¦ Ð¨Ì ¶µÉ¥´Í¨ ²Ò, ¤²Ö ±µÉµ·ÒÌ Ë ±É
¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´µ¸É¨ Ë ¤¤¥¥¢¸±µ° ±· ¥¢µ° § ¤ Î¨ ´¥ Ê¸É ´µ¢²¥´.
ˆ§ ¶µ¸²¥¤´¨Ì § ³¥Î ´¨° Ö¸´µ, ÎÉµ µ¡¸Ê¦¤¥´¨¥ ¨§¢¥¸É´ÒÌ ¸¢µ°¸É¢ ²µ¦´ÒÌ
·¥Ï¥´¨° ¨ ¶·µ¡²¥³, ¶µ·µ¦¤ ¥³ÒÌ ÔÉ¨³¨ ¸¢µ°¸É¢ ³¨, ¶·¥¤¸É ¢²Ö¥É¸Ö µ¸µ¡µ
¢ ¦´Ò³ ¨ ¨´É¥·¥¸´Ò³. �´ ²¨§µ³ µ¡Ð¨Ì ¸¢µ°¸É¢ ²µ¦´ÒÌ ·¥Ï¥´¨° ´ Î¨´ -
¥É¸Ö · §¤. 4, ¶µ¸¢ÖÐ¥´´Ò° ÉµÎ´Ò³ ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ’µÎ´Ò¥
·¥Ï¥´¨Ö ¨§¢¥¸É´Ò ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²µ¢. Š ´¨³ µÉ´µ¸ÖÉ¸Ö ¶µÉ¥´-
Í¨ ² £ ·³µ´¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ·  [57,106] ¨ ¶µÉ¥´Í¨ ², Ê¡Ò¢ ÕÐ¨° µ¡· É´µ
¶·µ¶µ·Í¨µ´ ²Ó´µ ±¢ ¤· ÉÊ · ¸¸ÉµÖ´¨Ö [66,109]. ’¥µ·¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨
¥¤¨´¸É¢¥´´µ¸É¨ ·¥Ï¥´¨° Ë ¤¤¥¥¢¸±µ° § ¤ Î¨ ¸ ¶ ·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨, · -
¸ÉÊÐ¨³¨ ´  ¡¥¸±µ´¥Î´µ¸É¨ ¨²¨ ¦¥ ¨³¥ÕÐ¨³¨ ¸¨´£Ê²Ö·´µ¸É¨ Í¥´É·µ¡¥¦´µ£µ
É¨¶  ¶·¨ ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ, ´¥ ¤µ± § ´ . �µ²¥¥ Éµ£µ, ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ  ¸¨³¶Éµ-
É¨±¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¶·¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ´¥¨§¢¥¸É´Ò. �µÔÉµ³Ê
 ´ ²¨§ ÉµÎ´ÒÌ ·¥Ï¥´¨° § ¤ Î¨ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ ¶µÉ¥´Í¨ ² ³¨
µ¸Í¨²²ÖÉµ·´µ£µ ¨ Í¥´É·µ¡¥¦´µ£µ É¨¶µ¢ ¨´É¥·¥¸¥´ ¤²Ö µ¡µ¡Ð¥´¨Ö É¥µ·¨¨
” ¤¤¥¥¢ . …Ð¥ µ¤´  ¶·¨Î¨´  ¶·µ¤µ²¦¨ÉÓ · §¤. 4 É ±¨³  ´ ²¨§µ³ ¢Ò§¢ ´ 
¤·Ê£¨³¨ ´¥³ ²µ¢ ¦´Ò³¨ ¤²Ö Ö¤¥·´µ° Ë¨§¨±¨ Ë ±É ³¨. �¥·¥Î¨¸²¨³ ¨Ì.

ˆ¸¸²¥¤µ¢ ´¨¥ § ¤ Î¨ N ±¢ ´Éµ¢ÒÌ Î ¸É¨Í ¸ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨-
Ö³¨, ¨³¥ÕÐ¨³¨ ¶·¨ x → 0 ¸¨´£Ê²Ö·´µ¸É¨ É¨¶  αx−2, £¤¥ α Å ´¥±µÉµ·Ò°
±µÔËË¨Í¨¥´É,   x Å µÉ´µ¸¨É¥²Ó´µ¥ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨, ¶·¥¤¸É ¢-
²Ö¥É¸Ö ¤µ¸É ÉµÎ´µ ¨´É¥·¥¸´Ò³ ± ± ¤²Ö µ¡µ¡Ð¥´¨Ö É¥µ·¨¨ · ¸¸¥Ö´¨Ö, É ±
¨ ¤²Ö ³ É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ£µ ·¥Ï¥´¨Ö É ±µ° § ¤ Î¨. „¥²µ ¢ Éµ³, ÎÉµ
³´µ£¨¥ ´Ê±²µ´-´Ê±²µ´´Ò¥ (NN) ¶µÉ¥´Í¨ ²Ò, ¶µ²ÊÎ¥´´Ò¥ ¨§ ¸µ¢·¥³¥´´ÒÌ
É¥µ·¥É¨±µ-¶µ²¥¢ÒÌ ³µ¤¥²¥° NN -¢§ ¨³µ¤¥°¸É¢¨Ö [74], ´ ¶·¨³¥· ¡µ´´¸±¨°
¶µÉ¥´Í¨ ² [110], ¸µ¤¥·¦ É ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨¥ ¸² £ ¥³Ò¥ ¸  ¸¨³¶ÉµÉ¨±µ°
O(x−2) ¶·¨ x → 0. �¤´ ±µ ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥-
´¨° N -Î ¸É¨Î´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ É ±¨³¨ ¸¨´£Ê²Ö·´Ò³¨ ¶µÉ¥´Í¨ -
² ³¨ ¨§¢¥¸É¥´ ²¨ÏÓ ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ. �·¨ N = 2 É ±¨¥ ·¥Ï¥´¨Ö ¸ÊÐ¥-
¸É¢ÊÕÉ [10], ¥¸²¨ α > −1/4. ‚ · ¡µÉ¥ [109] �¢¨Ï ¨ Î¨¸²¥´´µ ¨¸¸²¥¤µ¢ ²
§ ¤ ÎÊ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ ¶µ²´Ò³ ³µ³¥´Éµ³ ` = 0 ¨ S-¢µ²´µ¢Ò³¨
¶ ·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ αx−2

i . ˆÉµ£µ³ ¨¸¸²¥¤µ¢ ´¨Ö ¡Ò²µ ¶¥·¢µ¥ Î¨¸²¥´´µ¥
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¤µ± § É¥²Ó¸É¢µ Éµ£µ Ë ±É , ÎÉµ ¶·¨ ´¥±µÉµ·ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  α Ê· ¢-
´¥´¨Ö ” ¤¤¥¥¢  ¨³¥ÕÉ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ¢ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨Ö ËÊ´±Í¨¨
�¥¸¸¥²Ö Jν(r) ´  ËÊ´±Í¨Õ £¨¶¥·Ê£²  ϕ. ‚ · ¡µÉ¥ [66] ¨¸¸²¥¤µ¢ ² ¸Ó É ± Ö
¦¥ É·¥ÌÎ ¸É¨Î´ Ö § ¤ Î , ´µ ¢ ¸²ÊÎ ¥ ¶·µ¨§¢µ²Ó´µ£µ `. ‚ ÔÉµ³ µ¡Ð¥³ ¸²Ê-
Î ¥ ¡Ò² ¤µ± § ´ ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ÉµÎ´ÒÌ ·¥Ï¥´¨°, ¶·¥¤¸É ¢¨³ÒÌ ¢
¢¨¤¥ ¶·µ¨§¢¥¤¥´¨Ö ËÊ´±Í¨¨ �¥¸¸¥²Ö Jν(r) ´  ±µ´¥Î´ÊÕ ²¨´¥°´ÊÕ ±µ³¡¨´ -
Í¨Õ £¨¶¥·£ ·³µ´¨±. � §¤¥² 4 § ¢¥·Ï ¥É¸Ö ¤µ± § É¥²Ó¸É¢µ³ ÔÉµ£µ ±·¨É¥·¨Ö ¨
¸µ¶µ¸É ¢²¥´¨¥³ ·¥§Ê²ÓÉ Éµ¢ · ¡µÉ [66] ¨ [109].

�¥ ³¥´¥¥ ¢ ¦´Ò³ ¤²Ö É¥µ·¨¨ Ö¢²Ö¥É¸Ö §´ ´¨¥  ¸¨³¶ÉµÉ¨± ¢µ²´µ¢ÒÌ ËÊ´±-
Í¨° ¢ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¥¤¥² Ì ¨Ì ¶ · ³¥É·µ¢. �¤¨´ ¨§ ´¨Ì Å ¶µ²´ Ö
Ô´¥·£¨Ö. �¥±µÉµ·Ò¥  ´ ²¨É¨Î¥¸±¨¥ ³¥Éµ¤Ò ¶µ¸É·µ¥´¨Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì
· §²µ¦¥´¨° ¢ § ¤ Î Ì ¤¢ÊÌ ¨ É·¥Ì Ö¤¥·´ÒÌ Î ¸É¨Í µ¶¨¸ ´Ò ¢ · ¡µÉ Ì [39Ä56].
�´ ²¨§ ¸µ¢·¥³¥´´µ£µ ¸µ¸ÉµÖ´¨Ö É¥µ·¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì · §²µ¦¥´¨° ¤²Ö
É ±¨Ì § ¤ Î ¤ ´ ¢ ¶·¥¤Ò¤ÊÐ¨Ì µ¡§µ· Ì [73] ¨ [74].

� ¸ÉµÖÐ¨° µ¡§µ· ´ ¶¨¸ ´ ¢ Éµ³ ¦¥ ³¥Éµ¤¨Î¥¸±µ³ ¤ÊÌ¥, ÎÉµ ¨ ÔÉ¨ ¶Ê¡²¨-
± Í¨¨: µ¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¢Ò¢µ¤Ê ´ ¨¡µ²¥¥ §´ Î¨³ÒÌ ¸µµÉ´µÏ¥´¨°,
¸µ¶µ¸É ¢²¥´¨Õ ¨§¢¥¸É´ÒÌ ·¥§Ê²ÓÉ Éµ¢, µ¡¸Ê¦¤¥´¨Õ ¨Ì Ë¨§¨Î¥¸±µ£µ ¨ ³ É¥-
³ É¨Î¥¸±µ£µ ¸³Ò¸² . —Éµ¡Ò ¸¤¥² ÉÓ É ±µ¥ µ¶¨¸ ´¨¥ ¤µ¸ÉÊ¶´Ò³ ¨ ´¥ ¸Éµ²Ó
ÊÉµ³¨É¥²Ó´Ò³ ¤²Ö ³ ±¸¨³ ²Ó´µ Ï¨·µ±µ£µ ±·Ê£  Î¨É É¥²¥°, ¢ µ¡§µ·¥ ¸¶¥-
Í¨ ²Ó´µ ¶·¨¢µ¤ÖÉ¸Ö ¶·µ¸ÉÒ¥ ¶µÖ¸´ÖÕÐ¨¥ ¶·¨³¥·Ò, ³ É¥·¨ ² ¨§² £ ¥É¸Ö ¶µ
¶·¨´Í¨¶Ê ¶¥·¥Ìµ¤  µÉ ¶·µ¸Éµ£µ ± ¸²µ¦´µ³Ê,   ¸ ³ ¶¥·¥Ìµ¤ µ¶¨¸Ò¢ ¥É¸Ö ¤µ¸É -
ÉµÎ´µ ¶µ¤·µ¡´µ. �¸µ¡µ ¢ ¦´Ò¥ ÊÉ¢¥·¦¤¥´¨Ö ¸´ Î ²  Ëµ·³Ê²¨·ÊÕÉ¸Ö, § É¥³
¤µ± §Ò¢ ÕÉ¸Ö ¨ µ¡¸Ê¦¤ ÕÉ¸Ö. ’ ± Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¨§²µ¦¥´¨Ö ³ É¥·¨ -
²  ¶·¥¤¸É ¢²Ö¥É¸Ö  ¢Éµ·Ê µ¶É¨³ ²Ó´µ°, ¶µÉµ³Ê ÎÉµ ¶·¥¤µ¸É ¢²Ö¥É Î¨É É¥²Õ
¶µ²´µ¥ ¶· ¢µ ´  ¢Ò¡µ·: µ£· ´¨Î¨ÉÓ¸Ö ¶·µÖ¸´¥´¨¥³ ¸ÊÉ¨ · ¸¸³ É·¨¢ ¥³µ£µ
¢µ¶·µ¸  ¢ Í¥²µ³ ¨²¨ ¦¥ ¶µ§´ ±µ³¨ÉÓ¸Ö ¸µ ¢¸¥³¨ ®¶µ¤¢µ¤´Ò³¨ ± ³´Ö³¨¯,
¶·µÎ¨É ¢ ¶µ²´µ¥ ¤µ± § É¥²Ó¸É¢µ ¨ µ¡¸Ê¦¤¥´¨¥ µ¸µ¡ÒÌ ¸²ÊÎ ¥¢. ‚Ò¡· ÉÓ ¢
· §¤¥²¥ ´Ê¦´Ò° ¶ · £· Ë ¶µ§¢µ²¨É ±· É±¨° ¶² ´ ¨§²µ¦¥´¨Ö, ±µÉµ·Ò³ ´ Î¨-
´ ¥É¸Ö ± ¦¤Ò° · §¤¥², §  ¨¸±²ÕÎ¥´¨¥³ · §¤. 5, ¸µ¸É ¢²¥´´µ£µ ¨§ ¢Ò¢µ¤µ¢ ¨
§ ±²ÕÎ¨É¥²Ó´ÒÌ § ³¥Î ´¨°.

2. Šˆ�…Œ�’ˆ—…‘Š�… ��…����‡�‚��ˆ… ‚ ‡�„�—… ’�…• ’…‹

�ÉµÉ · §¤¥² ¶µ¸¢ÖÐ¥´ ¡µ²¥¥ µ¡Ð¥³Ê, Î¥³ ¨§¢¥¸É´ Ö Í¨±²¨Î¥¸± Ö ¶¥·¥¸É -
´µ¢±  Î ¸É¨Í, ±¨´¥³ É¨Î¥¸±µ³Ê ¶·¥µ¡· §µ¢ ´¨Õ ¢ § ¤ Î¥ É·¥Ì É¥². ‚ ¶. 2.1
¢¢µ¤ÖÉ¸Ö ¤¥± ·Éµ¢Ò ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ Ÿ±µ¡¨,   § É¥³ ¶µÖ¸-
´Ö¥É¸Ö £¥µ³¥É·¨Î¥¸±¨° ¸³Ò¸² ¨Ì ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¢ µ¡Ð¥³
¨ ¤¢ÊÌ µ¸µ¡ÒÌ ¸²ÊÎ ÖÌ: ±µ£¤  ¢¸¥ Î ¸É¨ÍÒ · ¸¶µ²µ¦¥´Ò ¢ ±µµ·¤¨´ É´µ°
¶²µ¸±µ¸É¨ ¨ ´  µ¤´µ° ¶·Ö³µ°. ‚ ¶. 2.2 µ¶¥· Éµ·´Ò³¨ ³¥Éµ¤ ³¨ É¥µ·¨¨ Ê£²µ-
¢µ£µ ³µ³¥´É  ¶µ¸²¥¤µ¢ É¥²Ó´µ  ´ ²¨§¨·Ê¥É¸Ö ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥
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ËÊ´±Í¨° ¶·µ¨§¢µ²Ó´µ° Ëµ·³Ò, Ê£²µ¢ÒÌ ¡ §¨¸µ¢ ¨ · §²µ¦¥´¨° ¶µ É ±¨³ ¡ §¨-
¸ ³. �´ ²¨§ ´ Î¨´ ¥É¸Ö ¢ ¶¶. 2.2.1 ¸ µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ·µ¢ ¶¥·¥¸É ´µ¢±¨,
µÉ· ¦¥´¨Ö ¨ ¶µ¢µ·µÉµ¢ ¨ ¶µ¸É·µ¥´¨Ö µ¶¥· Éµ·µ¢ ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· -
§µ¢ ´¨Ö. ‡ É¥³ ¢ ¶¶. 2.2.2 ¶¥·¥Î¨¸²ÖÕÉ¸Ö µ¸´µ¢´Ò¥ ¸¢µ°¸É¢  Ê£²µ¢ÒÌ ¡ §¨¸µ¢,
  ¢ ¶¶. 2.2.3 ¶µÖ¸´Ö¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê É¥µ·¥³ ³¨ ¸²µ¦¥´¨Ö ¨ ±¨´¥³ É¨Î¥¸±¨³
¶·¥µ¡· §µ¢ ´¨¥³. „ ²¥¥ ¢ ¶¶. 2.2.4 ¨ 2.2.5 µ¶¨¸Ò¢ ¥É¸Ö ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥-
µ¡· §µ¢ ´¨¥ ¡¨¸Ë¥·¨Î¥¸±¨Ì ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ·Ö¤µ¢.

2.1. Š¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ±µµ·¤¨´ É. � ¸¸³µÉ·¨³ ¸¨¸É¥³Ê
É·¥Ì Î ¸É¨Í ¸ ³ ¸¸ ³¨ mi, i = 1, 2, 3. ‚ É·¥Ì³¥·´µ³ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´-
¸É¢¥ R3 ¢¢¥¤¥³ ¤¥± ·Éµ¢Ê ¸¨¸É¥³Ê ±µµ·¤¨´ É S3 ¸ ´ ¶· ¢²ÖÕÐ¨³¨ µ·É ³¨ êi.
�Ê¸ÉÓ ai Å · ¤¨Ê¸-¢¥±Éµ· Î ¸É¨ÍÒ ¸ ´µ³¥·µ³ i ¢ ¸¨¸É¥³¥ S3. ‚¢¥¤¥³ É·¨
¸¨¸É¥³Ò µÉ´µ¸¨É¥²Ó´ÒÌ ±µµ·¤¨´ É Ÿ±µ¡¨:

xk ≡ ~−1

(
2mimj

mi +mj

)1/2

(aj − ai) , (1)

yk ≡ ~−1

(
2mk (mi +mj)

m1 +m2 +m3

)1/2(
miai +mjaj
mi +mj

− ak

)
,

£¤¥ ¨´¤¥±¸Ò i, j, k µ¡· §ÊÕÉ Í¨±²¨Î¥¸±ÊÕ ¶¥·¥¸É ´µ¢±Ê É·¨ ¤Ò ¨´¤¥±¸µ¢
(1, 2, 3): ¨´¤¥±¸ i ¶¥·¥Ìµ¤¨É ¢ k, j Å ¢ i,   k Å ¢ j. �·¨¢¥¤¥´´Ò¥ ¢¥±-
Éµ·Ò Ÿ±µ¡¨ xi ¨ yi µ¡Ñ¥¤¨´¨³ ¢ ¤¢ÊÌ±µ³¶µ´¥´É´Ò¥ ¸Éµ²¡ÍÒ (xi,yi)

T ¨
Ï¥¸É¨³¥·´Ò¥ ¢¥±Éµ·Ò ri ≡ (xi,yi). �·µ¨§¢µ²Ó´Ò³ µ¡· §µ³ ¢Ò¡¥·¥³ ¤¢  ¨§
É·¥Ì É ±¨Ì ¢¥±Éµ·µ¢ ¨ ¢¢¥¤¥³ ¸µ±· Ð¥´´Ò¥ µ¡µ§´ Î¥´¨Ö:

r = (x,y) ≡ ri = (xi,yi) , r′ = (x′,y′) ≡ rk = (xk,yk) . (2)

�µ µ¶·¥¤¥²¥´¨Õ ¢¥±Éµ· r ¸ É·¥Ì³¥·´Ò³¨ ±µ³¶µ´¥´É ³¨ x ¨ y ¶·¨´ ¤²¥¦¨É
Ï¥¸É¨³¥·´µ³Ê ±µµ·¤¨´ É´µ³Ê ¶·µ¸É· ´¸É¢Ê R6 ≡ R3

x⊕R3
y, ±µÉµ·µ¥ Ö¢²Ö¥É¸Ö

¶·Ö³µ° ¸Ê³³µ° É·¥Ì³¥·´ÒÌ ¶·µ¸É· ´¸É¢ R3
x ¨ R3

y ¢¥±Éµ·µ¢ x ¨ y. „¥± ·-
Éµ¢Ê ¸¨¸É¥³Ê ±µµ·¤¨´ É S6 ¢ R6 ¢Ò¡¥·¥³ É ±, ÎÉµ¡Ò ¶·µ¥±Í¨¨ rν ¢¥±Éµ·  r
´  ´ ¶· ¢²ÖÕÐ¨¥ µ·ÉÒ n̂ν ÔÉµ° ¸¨¸É¥³Ò ¡Ò²¨ ¡Ò ¸¢Ö§ ´Ò ¸ ±µµ·¤¨´ É ³¨
xµ ≡ x · êµ ¨ yµ ≡ y · êµ, µ = 1, 2, 3, ¢¥±Éµ·µ¢ x ¨ y ¢ ¸¨¸É¥³¥ S3 ¸²¥¤ÊÕÐ¨³
µ¡· §µ³: rν ≡ xν , ¥¸²¨ ν = 1, 2, 3, ¨ rν ≡ yν−3 ¶·¨ ν = 4, 5, 6. �·¨ É ±µ³
µ¶·¥¤¥²¥´¨¨ ¸¨¸É¥³Ò S6 £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ Ê£²Ò Ω = (x̂, ŷ, ϕ) ¢¥±Éµ·  r ¢ R6

¤µ¶Ê¸± ÕÉ ´ £²Ö¤´ÊÕ £¥µ³¥É·¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ¢ É·¥Ì³¥·´ÒÌ É¥·³¨-
´ Ì: ¶ ·  q̂ ≡ (θq, ϕq) ¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ ¢¥±Éµ·  q µ¶·¥¤¥²Ö¥É ´ ¶· ¢²¥´¨¥
¢¥±Éµ·  q = x,y ¢ S3,   ¢¥²¨Î¨´  £¨¶¥·Ê£²  ϕ ≡ arctg(y/x) ∈ [0, π/2] Ë¨±¸¨-
·Ê¥É µÉ´µÏ¥´¨¥ É·¥Ì³¥·´ÒÌ ¤²¨´ x ¨ y ¢¥±Éµ·µ¢ x ¨ y. �µÔÉµ³Ê ¢ µÉ²¨Î¨¥
µÉ Ê£²µ¢ x̂ ¨ ŷ Ê£µ² ϕ ´¥ ¨§³¥´Ö¥É¸Ö ¶·¨ ¶·µ¨§¢µ²Ó´µ³ É·¥Ì³¥·´µ³ ¶µ¢µ-
·µÉ¥ ¢¥±Éµ·µ¢ x ¨ y ¨²¨ ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò S3. ‚§ ¨³´µ¥ · ¸¶µ²µ¦¥´¨¥
É·¥Ì Î ¸É¨Í ¢ ¸¨¸É¥³¥ ¨Ì Í¥´É·  ³ ¸¸ Ì · ±É¥·¨§Ê¥É¸Ö Ï¥¸ÉÓÕ Î¨¸² ³¨. ‚
± Î¥¸É¢¥ ¸µ¢µ±Ê¶´µ¸É¨ É ±¨Ì Î¨¸¥², µ¡µ§´ Î ¥³µ° ¤ ²¥¥ ¤¨· ±µ¢¸±¨³ ±¥É-
¸¨³¢µ²µ³ |r〉, ¡Ê¤¥³ µ¤´µ¢·¥³¥´´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤¥± ·Éµ¢Ò ±µµ·¤¨´ ÉÒ xµ,
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yµ É·¥Ì³¥·´ÒÌ ±µ³¶µ´¥´É x ¨ y ¢¥±Éµ·  r ¢ ¸¨¸É¥³¥ S3, ¥£µ ¤¥± ·Éµ¢Ò
±µµ·¤¨´ ÉÒ rν ¢ ¸¨¸É¥³¥ S6 ¨ µÉ¢¥Î ÕÐ¨¥ ¨³ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨-
´ ÉÒ (r,Ω): £¨¶¥·· ¤¨Ê¸ r ≡ (x2 + y2)1/2 ¨ ´ ¡µ· Ê£²µ¢ Ω. ’Ê ¦¥ ¸ ³ÊÕ
É·¥ÌÎ ¸É¨Î´ÊÕ ±µ´Ë¨£Ê· Í¨Õ |r〉 ³µ¦´µ µ¶¨¸ ÉÓ ¢ ±µµ·¤¨´ É Ì x′µ, y

′
µ; r

′
ν

¨²¨ (r′,Ω′), Ω′ ≡ (x̂′, ŷ′, ϕ′) ¢¥±Éµ·  r′, ¶µÉµ³Ê ÎÉµ ³¥¦¤Ê ¢¥±Éµ· ³¨ r ¨
r′ ¨³¥¥É¸Ö ¢§ ¨³´µ µ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É¸É¢¨¥. „¥°¸É¢¨É¥²Ó´µ, ¨§ µ¶·¥¤¥²¥-
´¨Ö (1) ¸²¥¤Ê¥É, ÎÉµ ¸Éµ²¡ÍÒ (x,y)T ¨ (x′,y′)T ¢Ò¡· ´´ÒÌ ¢¥±Éµ·µ¢ Ÿ±µ¡¨,
µÉ¢¥Î ÕÐ¨¥ ¢¥±Éµ· ³ r ¨ r′, ¸¢Ö§ ´Ò ²¨´¥°´Ò³ µ·Éµ£µ´ ²Ó´Ò³ ¨ µ¤´µ¶ · -
³¥É·¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨¥³:(

x′

y′

)
= −

(
+ cos γ sin γ
− sinγ cos γ

)(
x
y

)
. (3)

�¡¸µ²ÕÉ´µ¥ §´ Î¥´¨¥ ¥£µ ¶ · ³¥É·  γ ¤²Ö ¨¸¸²¥¤Ê¥³µ° É·¥ÌÎ ¸É¨Î´µ° ¸¨¸-
É¥³Ò Ë¨±¸¨·Ê¥É¸Ö Éµ²Ó±µ µÉ´µÏ¥´¨Ö³¨ ³ ¸¸ Î ¸É¨Í,   §´ ± µ¶·¥¤¥²Ö¥É¸Ö
Î¥É´µ¸ÉÓÕ ¶¥·¥¸É ´µ¢±¨ É·¨ ¤Ò (k, i, j) ¨´¤¥±¸µ¢, ´Ê³¥·ÊÕÐ¨Ì Î ¸É¨ÍÒ, ±
É·¨ ¤¥ (1, 2, 3). ‚ ´ Ï¥³ ¸²ÊÎ ¥ x = xi,y = yi,   x′ = xk,y

′ = yk ¨

γ ≡ γki ≡ εki arctg (mj(m1 +m2 +m3)/mimk)1/2
, (4)

¶·¨Î¥³ εki = −εik = 1 ¤²Ö (k, i) = (3, 1), (1, 2), (2, 3). ’ ± ± ± ¶ · ³¥É· γ
¨³¥¥É ¸³Ò¸² Ê£² , µ¶·¥¤¥²Ö¥³µ£µ Éµ²Ó±µ ±¨´¥³ É¨Î¥¸±¨³¨ Ì · ±É¥·¨¸É¨± ³¨
É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò, Éµ ¥£µ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ±¨´¥³ É¨Î¥¸±¨³ Ê£²µ³,  
¸µµÉ´µÏ¥´¨¥ (3) Å ±¨´¥³ É¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨¥³ ¶ · ¢¥±Éµ·µ¢ Ÿ±µ¡¨ ¨
¸µ¶µ¸É ¢²¥´´ÒÌ ¨³ Ï¥¸É¨³¥·´ÒÌ ¢¥±Éµ·µ¢.

�¶¨Ï¥³ µ¡² ¸ÉÓ ¤µ¶Ê¸É¨³ÒÌ ¨ ³´µ¦¥¸É¢µ µ¸µ¡ÒÌ §´ Î¥´¨° ±¨´¥³ É¨Î¥-
¸±¨Ì Ê£²µ¢. ‘µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ (4) É·¨ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²  ¸ ¨´¤¥±¸ ³¨
¨§ · §´ÒÌ É·¨ ¤ ²¨´¥°´µ § ¢¨¸¨³Ò:

γ31 + γ12 + γ23 = π , γ13 + γ21 + γ32 = −π , (5)

  ¶·¨ ²Õ¡ÒÌ ´¥´Ê²¥¢ÒÌ ¨ ±µ´¥Î´ÒÌ §´ Î¥´¨ÖÌ ³ ¸¸ Î ¸É¨Í §´ Î¥´¨¥ ²Õ¡µ£µ
¨§ ¢¸¥Ì Ï¥¸É¨ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢ ¶·¨´ ¤²¥¦¨É ¨´É¥·¢ ²Ê (−π/2, π/2).
’µÎ±¨ 0, ±π/4 ¨ ±π/2 Ö¢²ÖÕÉ¸Ö ¶·¥¤¥²Ó´Ò³¨ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥. „²Ö
É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ¨§ µ¤´µ° ²¥£±µ° ¨ ¤¢ÊÌ ÉÖ¦¥²ÒÌ Î ¸É¨Í, ¸· ¢´¨³ÒÌ ¶µ
³ ¸¸ ³, §´ Î¥´¨Ö ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢ ¡²¨§±¨ ± 0 ¨ ±π/2. …¸²¨ ¦¥ ¸¨¸É¥³ 
¸µ¸Éµ¨É ¨§ µ¤´µ° ÉÖ¦¥²µ° Î ¸É¨ÍÒ ¨ ¤¢ÊÌ ²¥£±¨Ì Î ¸É¨Í ¸ · ¢´Ò³¨ ³ ¸¸ ³¨,
Éµ §´ Î¥´¨Ö ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢ ¡²¨§±¨ ± ±π/4 ¨ ±π/2.

� ¶·¨³¥·, ¸µ£² ¸´µ · ¢¥´¸É¢ ³ (4) ¨ (5),

γ12 → 0; γ31, γ23 → π/2, ¥¸²¨ m3/m1 → 0 , m1 = O(m2) ,

γ12 → π/2; γ31, γ23 → π/4, ¥¸²¨ m3/m1 →∞ , m1 = m2 .
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‚ ¢ÒÏ¥Ê± § ´´ÒÌ ¶·¥¤¥² Ì (γ = γ12 → 0, π/2) ¸µµÉ´µÏ¥´¨¥ (3) ¶·¨´¨³ ¥É
¸µµÉ¢¥É¸É¢ÊÕÐ¨°  ¸¨³¶ÉµÉ¨Î¥¸±¨° ¢¨¤:

x′ = −x + y O(γ) , y′ = −y + xO(γ) , γ → 0 ; (6)

x′ = −y + xO(γ′) , y′ = x + y O(γ′) , γ′ ≡ (π/2− γ)→ 0 . (7)

�·¨ ¢¸¥Ì γ ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ (3) x′ ¨ y′ ´¥±µ²²¨´¥ ·´ÒÌ ¢¥±Éµ·µ¢ x ¨
y ¶·¨´ ¤²¥¦ É µ¤´µ° ¨ Éµ° ¦¥ ¶²µ¸±µ¸É¨ P , ¶·µÌµ¤ÖÐ¥° Î¥·¥§ É·¨ Î ¸É¨ÍÒ.
�·¨ ²Õ¡µ³ γ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (3) ¸µÌ· ´Ö¥É ¨ ´µ·³ ²Ó N,

N ≡ x× y = x′ × y′, (8)

± ÔÉµ° ¶²µ¸±µ¸É¨, ¨ ¤²¨´Ê (r = r′) Ï¥¸É¨³¥·´µ£µ ¢¥±Éµ·  r. �µ ÔÉµ° ¨ ³´µ£¨³
¤·Ê£¨³ ¶·¨Î¨´ ³ Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ (r,Ω)
¨ (r,Ω′) ¢¥±Éµ·µ¢ r ¨ r′.

�¶¨Ï¥³ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ ¢ µ¡-
Ð¥³ ¨ ¤¢ÊÌ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ. ˆ¸¶µ²Ó§µ¢ ¢ Ëµ·³Ê²Ò (3) ¨ µ¶·¥¤¥²¥´¨¥ ÔÉ¨Ì
Ê£²µ¢, ³µ¦´µ ¢Ò· §¨ÉÓ É·¥Ì³¥·´Ò¥ ¶·µ¥±Í¨¨ x′µ ¨ y′µ ¢¥±Éµ·µ¢ x′ ¨ y′ ´ 
µ·ÉÒ êµ ¸¨¸É¥³Ò S3 ¨ ¢¥±Éµ·Ò x ¨ y Î¥·¥§ ¤²¨´Ê r ¢¥±Éµ·  r ¨ ¥£µ £¨¶¥·¸Ë¥-
·¨Î¥¸±¨¥ Ê£²Ò Ω,   § É¥³ ´ °É¨ ¢ Ö¢´µ³ ¢¨¤¥ § ¢¨¸¨³µ¸ÉÓ Ω′ = Ω′(Ω; γ) Ê£²µ¢
Ω′ µÉ Ê£²µ¢ Ω ¨ ¶ · ³¥É·  γ. ”µ·³Ê²Ò, µ¶¨¸Ò¢ ÕÐ¨¥ É ±ÊÕ § ¢¨¸¨³µ¸ÉÓ,
¡Ê¤ÊÉ ¨³¥ÉÓ ±µ³¶ ±É´Ò° ¢¨¤, ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ±µ³¡¨´ Í¨Õ u É·¨£µ´µ³¥-
É·¨Î¥¸±¨Ì ËÊ´±Í¨° Ê£²µ¢ x̂ ¨ ŷ, · ¢´ÊÕ ±µ¸¨´Ê¸Ê Ê£²  θ ³¥¦¤Ê ¢¥±Éµ· ³¨ x
¨ y:

u ≡ cos θ ≡ uxy = cos θx cos θy + sin θx sin θy cos(ϕx − ϕy) . (9)

� ¶·¨³¥·, Ê£µ² ϕ′ ¨ ¨´¢ ·¨ ´É´Ò¥ ¶µ µÉ´µÏ¥´¨Õ ± É·¥Ì³¥·´Ò³ ¶µ¢µ·µ-
É ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É S3 ±µ¸¨´Ê¸Ò uab Ê£²µ¢ θab ³¥¦¤Ê · §²¨Î´Ò³¨ ¢¥±Éµ-
· ³¨ a,b = x,y,x′,y′ ¨ Ê£µ² ϕ′ ¶·¥¤¸É ¢ÖÉ¸Ö ± ± ËÊ´±Í¨¨ ϕ′ = ϕ′(ϕ, u; γ)
¨ uab = uab(ϕ, u; γ) ¤¢ÊÌ  ·£Ê³¥´Éµ¢ ϕ ¨ u ¨ ¶ · ³¥É·  γ:

cos 2ϕ′ = cos 2(γ − ϕ) + (u− 1) sin 2γ sin 2ϕ , (10)

uxx′ ≡ cos θxx′ = − secϕ′ ( cos γ cosϕ+ u sin γ sinϕ ) ,

uxy′ ≡ cos θxy′ = cosecϕ′ ( sinγ cosϕ− u cos γ sinϕ ) ,

uyx′ ≡ cos θyx′ = − secϕ′( sin γ sinϕ+ u cos γ cosϕ ) , (11)

uyy′ ≡ cos θyy′ = −cosecϕ′( cos γ sinϕ− u sinγ cosϕ ) ,

ux′y′ ≡ cos θx′y′ = −cosec2ϕ′( sin 2γ cos 2ϕ− u cos 2γ sin 2ϕ ) .

”Ê´±Í¨µ´ ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ Ω′ = Ω′(Ω; γ) ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É¸Ö ¶·¨
´¥±µÉµ·ÒÌ Î ¸É´ÒÌ §´ Î¥´¨ÖÌ £¨¶¥·Ê£²µ¢ Ω, µÉ¢¥Î ÕÐ¨Ì µ¸µ¡Ò³ ±µ´Ë¨£Ê-
· Í¨Ö³ É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò. �¶¨Ï¥³ ¤¢¥ É ±¨¥ ±µ´Ë¨£Ê· Í¨¨.
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�Ê¸ÉÓ ¶²µ¸±µ¸ÉÓ P ¢¥±Éµ·µ¢ x ¨ y ¸µ¢¶ ¤ ¥É ¸ ¶²µ¸±µ¸ÉÓÕ P13 µ·Éµ¢ ê1

¨ ê3,   ¢¥±Éµ· x ±µ²²¨´¥ ·¥´ µ·ÉÊ ê3. „·Ê£¨³¨ ¸²µ¢ ³¨, ¶Ê¸ÉÓ ´µ·³ ²Ó (8)
¨ ¢¥±Éµ· x µ·¨¥´É¨·µ¢ ´Ò É ±, ÎÉµ N · ê2 = N ¨ x · ê3 = x. ’µ£¤  ¢ ¸¨²Ê
· ¢¥´¸É¢ (3), (9) ¨ (11)

θx , ϕx = 0 ; θy = θ , ϕy = 0 ; (12)

θx′ = arccosuxx′ , ϕx′ = π(signγ + 1)/2 ; θy′ = arccosuxy′ , ϕy′ = π .

� ¡µ·Ò Ω ¨ Ω′ É ±¨Ì £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢, µ¶¨¸Ò¢ ÕÐ¨¥ ±¨´¥³ É¨Î¥¸±µ¥
¶·¥µ¡· §µ¢ ´¨¥ ¢ ¶²µ¸±µ¸É¨ P13, ¶µ³¥É¨³ ¨´¤¥±¸µ³ p, É.¥. ¢¢¥¤¥³ µ¡µ§´ Î¥-
´¨Ö Ωp ≡ (0, 0, θ, 0, ϕ) ¨ Ω′p(θxx′ , ϕx′ , θxy′ , 0, ϕ

′).
�Ê¸ÉÓ É¥¶¥·Ó ¢¸¥ É·¨ Î ¸É¨ÍÒ ²¥¦ É ´  µ¤´µ° ¨ Éµ° ¦¥ ¶·Ö³µ° L3, ÎÉµ

¨ µ·É ê3, ¶·¨Î¥³ ¢¥±Éµ· y ±µ²²¨´¥ ·¥´ ÔÉµ³Ê µ·ÉÊ, É.¥. y · ê3 = y. ’µ£¤ 
¶µ µ¶·¥¤¥²¥´¨Õ (9) ¨³¥¥³ u = 1. �·¨ u = 1 ¨ ²Õ¡ÒÌ ϕ ¨ γ ËÊ´±Í¨¨ (11)
¤µ¸É¨£ ÕÉ ¸¢µ¨Ì Ô±¸É·¥³ ²Ó´ÒÌ §´ Î¥´¨°, ¶·¨Î¥³

uxx′ = −sign(π/2 + γ − ϕ) , uxy′ = sign(γ − ϕ) , (13)

  ¨§ · ¢¥´¸É¢  (10) ¸²¥¤ÊÕÉ  ²£¥¡· ¨Î¥¸±¨¥ ¸µµÉ´µÏ¥´¨Ö:

ϕ′ = |ϕ− γ| , γ ≥ 0; (14)

ϕ′ = π/2 + (ϕ− γ − π/2) sign(π/2 − ϕ+ γ) , γ < 0 .

ˆ¸¶µ²Ó§ÊÖ · ¢¥´¸É¢  (12) ¨ (13), ´ Ìµ¤¨³, ÎÉµ · ¸¸³ É·¨¢ ¥³µ° ±µ´Ë¨£Ê· Í¨¨
µÉ¢¥Î ÕÉ Ô±¸É·¥³ ²Ó´Ò¥ §´ Î¥´¨Ö ¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢:

θx, ϕx, θy, ϕy = 0; (15)

θx′ = π(1 + sign(π/2 + γ − ϕ))/2 , ϕx′ = π(signγ + 1)/2 ;

θy′ = π(1− sign(γ − ϕ))/2 , ϕy′ = 0 .

� ¡µ·Ò Ω ¨ Ω′ Ê£²µ¢ (14) ¨ (15), µ¶¨¸Ò¢ ÕÐ¨¥ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· -
§µ¢ ´¨¥ ´  ¶·Ö³µ° L3, ¸µ¢¶ ¤ ÕÐ¥° ¸ µ·Éµ³ ê3, ¶µ³¥É¨³ ¨´¤¥±¸µ³ l, É.¥.
¶µ²µ¦¨³ ¶µ µ¶·¥¤¥²¥´¨Õ Ωl ≡ (0, 0, 0, 0, ϕ) ¨ Ω′l(0, θxy′ , θxx′ , ϕ

′), £¤¥ ¸µ-
£² ¸´µ · ¢¥´¸É¢ ³ (13) ¨ (15) Ê£²Ò θxy′ ¨ θxx′ ¸µ¢¶ ¤ ÕÉ ¸ Ê£² ³¨ θy′ ¨ θx′ ¨
· ¢´Ò 0 ¨²¨ π.

„ ¤¨³ £¥µ³¥É·¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö
´  ¶·Ö³µ° L3. „²Ö ÔÉµ£µ ¢¢¥¤¥³ ¢¸¶µ³µ£ É¥²Ó´µ¥ ¤¢Ê³¥·´µ¥ ¶·µ¸É· ´¸É¢µ
R2
q ¢¥±Éµ·µ¢ q ¸ ±µµ·¤¨´ É ³¨ q1 ≡ r cosϕ ¨ q2 ≡ r sinϕ ¢ ´¥±µÉµ·µ° Ë¨±-

¸¨·µ¢ ´´µ° ¤¥± ·Éµ¢µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É S2. Š ± ¸²¥¤Ê¥É ¨§ Ëµ·³Ê² (3) ¨
(14), ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (3) ´  ¶·Ö³µ° L3 ¸µ¸Éµ¨É ¨§ µÉ· ¦¥´¨Ö
¢¥±Éµ·  q ¨ ¶µ¢µ·µÉ  ¶µ²ÊÎ¨¢Ï¥£µ¸Ö ¢¥±Éµ·  −q ´  Ê£µ² u γ ¢ R2

q .
�µ± ¦¥³, ÎÉµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö, § 

¨¸±²ÕÎ¥´¨¥³ ¢ÒÏ¥Ê¶µ³Ö´ÊÉµ£µ Î ¸É´µ£µ ¸²ÊÎ Ö, ¢ R3 ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ¸¨¸-
É¥³  ±µµ·¤¨´ É Sp3, ¢ ±µÉµ·µ° ÔÉµ ¶·¥µ¡· §µ¢ ´¨¥ ¶·µ¨¸Ìµ¤¨É ¢ ±µµ·¤¨´ É-
´µ° ¶²µ¸±µ¸É¨ Pp13 ¥¥ µ·Éµ¢ êp1 ¨ êp3.
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�Ê¸ÉÓ x ¨ y ¶·µ¨§¢µ²Ó´Ò¥, ´µ ´¥±µ²²¨´¥ ·´Ò¥ ¢¥±Éµ·Ò. ‚ R3 ¢¢¥¤¥³
¸¨¸É¥³Ê ±µµ·¤¨´ É Sp3 ¸ µ·É ³¨ êp2 ¨ êp3, ±µ²²¨´¥ ·´Ò³¨ ´µ·³ ²¨ (8) ¨
¢¥±Éµ·Ê x. ‘¨¸É¥³  Sp3 ¶µ²ÊÎ ¥É¸Ö ¶µ¢µ·µÉµ³ ¸¨¸É¥³Ò S3. ‚ S3 ÔÉµÉ ¶µ¢µ·µÉ
µ¶·¥¤¥²Ö¥É¸Ö ¸µ¢µ±Ê¶´µ¸ÉÓÕ ω É·¥Ì Ê£²µ¢ �°²¥·  [24]:

ω ≡ (ϕx, θx, ϕ̃y) , ϕ̃y ≡ ϕy − ϕx , (16)

¨ µ¶¨¸Ò¢ ¥É¸Ö É·¥Ì³¥·´µ° ³ É·¨Í¥° R(ω): ±µ³¶µ´¥´ÉÒ ²Õ¡µ£µ ¢¥±Éµ·  q ¢
S3p ¨ S3 ¸¢Ö§ ´Ò ³ É·¨Î´Ò³¨ · ¢¥´¸É¢ ³¨ [24]:

(q1p, q2p, q3p)
T = R−1(ω) (q1, q2, q3)T , (17)

R(ω) = R(ϕx, ê3) R(θx, ê2) R(ϕ̃y, ê3) ,

¢ ±µÉµ·ÒÌ R(α, êi) Å ³ É·¨Í  ¶µ¢µ·µÉ  ´  Ê£µ² α ¢µ±·Ê£ µ¸¨ êi:

R(α, ê2) =

 cosα 0 sinα
0 1 0

− sinα 0 cosα

 , R(α, ê3) =

 cosα − sinα 0
sinα cosα 0

0 0 1

 .

(18)
‚ ¸¨¸É¥³¥ Sp3 ¶ ·Ò (x,y) ¨ (x′,y′) ¢¥±Éµ·µ¢ Ÿ±µ¡¨ ¸¢Ö§ ´Ò ±¨´¥³ É¨Î¥¸±¨³
¶·¥µ¡· §µ¢ ´¨¥³ ¢ ¶²µ¸±µ¸É¨ Pp13 ¢¥±Éµ·µ¢ êp1 ¨ êp3,   £¨¶¥·Ê£²Ò ¢¥±Éµ·µ¢
r ¨ r′, µÉ¢¥Î ÕÐ¨¥ ÔÉ¨³ ¶ · ³, · ¢´Ò Ωp ¨ Ω′p.

’¥¶¥·Ó µ¶¨Ï¥³ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (3) ´  µ¶¥· Éµ·´µ³ Ö§Ò±¥.
‚¢¥¤¥³ µ¶¥· Éµ·Ò Px, Py ¨ Txy ¶¥·¥¸É ´µ¢±¨ ¨ µÉ· ¦¥´¨Ö ±µ³¶µ´¥´É x ¨ y
¢¥±Éµ·  r ¨ µ¶¥· Éµ·Ò Pr ¨ Rrν(γ) µÉ· ¦¥´¨Ö ¨ ¶µ¢µ·µÉ  ÔÉµ£µ ¢¥±Éµ·  ¢
£¨¶¥·¶²µ¸±µ¸ÉÖÌ µ·Éµ¢ n̂ν ¨ n̂ν+3 ´  Ê£µ² γ ¢µ±·Ê£ ´µ·³ ²¥° Nν ≡ n̂ν×n̂ν+3:

Px|x,y〉 ≡ | − x,y〉, Py|x,y〉 ≡ |x,−y〉, Pr ≡ Px Py ; (19)

Txy|r〉 = Txy|x,y〉 ≡ |y,x〉 ;

Rrν(γ)

(
rµ
r3+µ

)
≡
(

(1− δµν) + δµν

(
cos γ − sinγ
sin γ + cosγ

))(
rµ
r3+µ

)
,

µ, ν = 1, 2, 3.

�·¥µ¡· §µ¢ ´¨¥ (3) ¢¥±Éµ·  r ¢ ¢¥±Éµ· r′ µ¶¨Ï¥³ µ¶¥· Éµ·µ³

Kr(γ) : |r〉 → |r′〉 ≡ Kr(γ)|r〉 . (20)

‚Ò· §¨³ ¥£µ Î¥·¥§ µ¶¥· Éµ·Ò (19) ¢ ¶·¥¤¥² Ì (6) ¨ (7) ¨ ¢ µ¡Ð¥³ ¸²ÊÎ ¥:

Kr(0) = Pr , Kr(π/2) = PxTxy = TxyPy , (21)

Kr(γ) = Pr Rr(−γ) = Rr(−γ)Pr , Rr(γ) ≡ Rr1(γ) Rr2(γ) Rr3(γ) . (22)
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ˆ¸¶µ²Ó§ÊÖ · ¢¥´¸É¢  (3), (19), (20) ¨ (22), ¢Ò¢µ¤¨³ Ëµ·³Ê²Ê ¸²µ¦¥´¨Ö:

Kr(γ1 + γ2) = PrKr(γ1)Kr(γ2) , ∀γ1, γ2, (23)

¨ ¸¥·¨Õ Éµ¦¤¥¸É¢ ¶µ Ê£²Ê γ:

Kr(−γ) = PxKr(γ)Px = PyKr(γ)Py = TxyKr(γ)Txy , (24)

Kr(π/2− γ) = TxyKr(γ)Px = PyKr(γ)Txy .

�µÖ¸´¨³ £¥µ³¥É·¨Î¥¸±¨° ¸³Ò¸² ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¢ ¤µ-
¸ÉÊ¶´ÒÌ ¤²Ö ´ £²Ö¤´µ£µ ¶·¥¤¸É ¢²¥´¨Ö É·¥Ì³¥·´ÒÌ É¥·³¨´ Ì. Š ± ¢¨¤´µ ¨§
Ëµ·³Ê² (21), ¶·¨ Î ¸É´ÒÌ §´ Î¥´¨ÖÌ 0 ¨ π/2 Ê£²  γ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· -
§µ¢ ´¨¥ (3) ¸¢µ¤¨É¸Ö ± µÉ· ¦¥´¨Õ ¨ ¶¥·¥¸É ´µ¢±¥ É·¥Ì³¥·´ÒÌ ±µ³¶µ´¥´É
¢¥±Éµ·  r. � ¢¥´¸É¢  (22) µ§´ Î ÕÉ, ÎÉµ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥-
µ¡· §µ¢ ´¨¥ ¢ R6 ¸µ¸Éµ¨É ¨§ µÉ· ¦¥´¨Ö ¢¥±Éµ·  r ¨ ¶µ¸²¥¤ÊÕÐ¥£µ ¶µ¢µ·µÉ 
¶µ²ÊÎ¨¢Ï¥£µ¸Ö ¢¥±Éµ·  ¢ £¨¶¥·¶²µ¸±µ¸É¨ P . �É· ¦¥´¨¥ ¨ ¶µ¢µ·µÉ Å ±µ³-
³ÊÉ É¨¢´Ò¥ µ¶¥· Í¨¨. �µ¢µ·µÉ µ¶¨¸Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ Rr(−γ) ¨ ¶·¥¤¸É -
¢²Ö¥É¸Ö ¶·µ¨§¢µ²Ó´µ° ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓÕ É·¥Ì ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¶µ¢µ·µÉµ¢
¢µ±·Ê£ ´µ·³ ²¥° Nν , ν = 1, 2, 3, ´  µ¤¨´ ±µ¢Ò¥ Ê£²Ò, · ¢´Ò¥ −γ.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ µ¶·¥¤¥²¥´¨¥ ¢¥±Éµ·µ¢ Ÿ±µ¡¨ (1) ´¥ ¸µ¢¸¥³ Ê¤µ¡´µ.
O¤´ ±µ ¨³¥´´µ É ±µ¥ µ¶·¥¤¥²¥´¨¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ ²¨É¥· ÉÊ·¥ ´ ¨¡µ²¥¥ Î ¸Éµ
¨ ¶·¨´ÖÉµ ¢ ±´¨£ Ì [21,25]. �Éµ ¥¤¨´¸É¢¥´´ Ö ¶·¨Î¨´  Å ´¥ ¨¸¶µ²Ó§µ¢ ÉÓ
 ²ÓÉ¥·´ É¨¢´µ¥ µ¶·¥¤¥²¥´¨¥ ¢¥±Éµ·µ¢ Ÿ±µ¡¨ [26], ¶·¨ ±µÉµ·µ³ ±¨´¥³ É¨Î¥-
¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ Å ¶µ¢µ·µÉ ¢ £¨¶¥·¶²µ¸±µ¸É¨ P ´  Ê£µ² γ.

2.2. Š¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ËÊ´±Í¨°. �·¥µ¡· §µ¢ ´¨¥ ËÊ´±-
Í¨°, § ¢¨¸ÖÐ¨Ì µÉ ´¥¸±µ²Ó±¨Ì ¨²¨ ¢¸¥Ì Ï¥¸É¨³¥·´ÒÌ ±µ³¶µ´¥´É ¢¥±Éµ·  r,
¶·¨ ±¨´¥³ É¨Î¥¸±µ³ ¶·¥µ¡· §µ¢ ´¨¨ ¨Ì  ·£Ê³¥´Éµ¢ ´ §µ¢¥³ ±¨´¥³ É¨Î¥¸±¨³.
„ ²¥¥ · ¸¸³ É·¨¢ ¥É¸Ö Éµ²Ó±µ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸± ²Ö·´ÒÌ
ËÊ´±Í¨°, § ¤ ´´ÒÌ, ¢µµ¡Ð¥ £µ¢µ·Ö, ¢ R6. Œ´µ¦¥¸É¢µ ¢¸¥Ì É ±¨Ì ËÊ´±Í¨°
µ¡µ§´ Î¨³ ¸¨³¢µ²µ³ A. �·¨ ´¥µ¡Ìµ¤¨³µ¸É¨ ¤µ¶µ²´¨É¥²Ó´Ò³¨ µ£· ´¨Î¥-
´¨Ö³¨ ´  £² ¤±µ¸ÉÓ ËÊ´±Í¨° ¡Ê¤¥³ ¢Ò¤¥²ÖÉÓ ¨§ ÔÉµ£µ ³´µ¦¥¸É¢  ¶µ¤³´µ-
¦¥¸É¢  ¨ Ê± §Ò¢ ÉÓ, ´  ± ±µ³ ¶µ¤³´µ¦¥¸É¢¥ ¸¶· ¢¥¤²¨¢µ µ¡¸Ê¦¤ ¥³µ¥ ¸µµÉ-
´µÏ¥´¨¥.

2.2.1. �¶¥· Éµ·Ò ¶¥·¥¸É ´µ¢µ±, µÉ· ¦¥´¨Ö, ¶µ¢µ·µÉµ¢ ¨ ±¨´¥³ É¨Î¥-
¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö. �Ê¸ÉÓ I Å µ¶¥· Éµ· Éµ¦¤¥¸É¢¥´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö:
IΨ ≡ Ψ. ‚¢¥¤¥³ µ¶¥· Éµ·Ò P1, P2, P , T ¨ K(γ), µ¶¨¸Ò¢ ÕÐ¨¥ ¶·¥µ¡· §µ-
¢ ´¨¥ ¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ Ψ ∈ A ¶·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° µ¶¥· Í¨¨ (19) ¨
(20) ´ ¤ ¥¥  ·£Ê³¥´É ³¨:

P1 Ψ(r) ≡ Ψ(Pxr) = Ψ(−x,y) , P2 Ψ(r) ≡ Ψ(Pyr) = Ψ(x,−y) , (25)

P Ψ(r) ≡ P1P2Ψ(r) ≡ Ψ(Prr) = Ψ(−r) ,

T Ψ(r) ≡ Ψ(Txyr) = Ψ(y,x) ,
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Ψ(r′) ≡ K(γ)Ψ(r) ≡ Ψ(Kr(γ)r) . (26)

ˆ§¢¥¸É´Ò³ ¢ É¥µ·¨¨ Ê£²µ¢µ£µ ³µ³¥´É  [24] ¸¶µ¸µ¡µ³ ¶µ¸É·µ¨³ µ¶¥· Éµ·
±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ËÊ´±Í¨° K(γ) ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ° Ëµ·³¥.
‘´ Î ² , ¨¸¶µ²Ó§ÊÖ · ¢¥´¸É¢  (21) ¨ (26), ¢Ò· ¦ ¥³ ÔÉµÉ µ¶¥· Éµ· ¶·¨ Î ¸É-
´ÒÌ §´ Î¥´¨ÖÌ γ = 0, π/2 Î¥·¥§ µ¶¥· Éµ·Ò µÉ· ¦¥´¨Ö ¨ ¶¥·¥¸É ´µ¢±¨ (25):

K(0) = P , K(π/2) = P1 T = T P2 . (27)

„ ²¥¥ § ³¥É¨³, ÎÉµ ¨§ · ¢¥´¸É¢ (23) ¨ (26) ¸²¥¤Ê¥É µ¶¥· Éµ·´µ¥ Éµ¦¤¥¸É¢µ

K(γ1 + γ2) ≡ P K(γ1)K(γ2) , ∀γ1, γ2 . (28)

’¥¶¥·Ó · ¸¸³µÉ·¨³ ¸²ÊÎ ° γ → 0. ˆ¸¶µ²Ó§µ¢ ¢ ¶·¥¤¸É ¢²¥´¨¥ r = (x,y),
· §²µ¦¨³ ËÊ´±Í¨Õ Ψ(r′) ¢ ·Ö¤ ’¥°²µ·  ¢ ÉµÎ±¥ −r. “ÎÉÖ ¸µµÉ´µÏ¥´¨Ö (6),
¶µ²ÊÎ¨³ Ëµ·³Ê²Ê ¶·¥µ¡· §µ¢ ´¨Ö ËÊ´±Í¨¨ Ψ(r) ¶·¨ ¨´Ë¨´¨É¥§¨³ ²Ó´µ³
(¡¥¸±µ´¥Î´µ ³ ²µ³) ±¨´¥³ É¨Î¥¸±µ³ ¨§³¥´¥´¨¨ ¥¥  ·£Ê³¥´Éµ¢:

K(γ)Ψ(r) = P ( I − iγ J )Ψ(r) +O(γ2) , γ → 0 . (29)

‡¤¥¸Ó ¸¨³¢µ²µ³ J µ¡µ§´ Î¥´ ´¥ § ¢¨¸ÖÐ¨° µÉ ¢¨¤  ËÊ´±Í¨¨ µ¶¥· Éµ· ¨´Ë¨-
´¨É¥§¨³ ²Ó´µ£µ ¶µ¢µ·µÉ  ¢ £¨¶¥·¶²µ¸±µ¸É¨ P ¶·µ¸É· ´¸É¢  R6:

J ≡ −i ( x · ∇y − y · ∇x ) = −i
3∑

µ=1

(xµ∂yµ − yµ∂xµ) . (30)

‚Ò· §¨³ µ¶¥· Éµ· K(γ) Î¥·¥§ µ¶¥· Éµ·Ò P ¨ J . „²Ö ÔÉµ£µ ¶µ²µ¦¨³
¢ Éµ¦¤¥¸É¢¥ (28) γ = γ1 ¨ δγ = γ2 → 0. “ÎÉÖ · ¢¥´¸É¢µ (29), ¶µ²ÊÎ¨³
 ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¸µµÉ´µÏ¥´¨¥:

K(γ + δγ) = P K(γ)K(δγ) = K(γ) (I − iγJ) +O(δγ2) , δγ → 0 . (31)

�´µ ¶µ·µ¦¤ ¥É µ¶¥· Éµ·´µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥:

dK(γ)/dγ = −iJ K(γ) . (32)

„µ¶µ²´¨³ ¥£µ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ (27) ¢ ÉµÎ±¥ γ = 0. …¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥
¶µ²ÊÎ¨¢Ï¥°¸Ö ±· ¥¢µ° § ¤ Î¨ ¶·¥¤¸É ¢¨³ ·Ö¤µ³

K(γ) = P exp(−iγJ) ≡ P
∞∑
n=0

(−iγ)n Jn/Γ(n+ 1) . (33)

ˆ¸¸²¥¤µ¢ ´¨¥ ÔÉµ£µ ·Ö¤  ´ Î´¥³ c  ´ ²¨§a ¸¢µ°¸É¢ µ¶¥· Éµ·  J , ´¥ § ¢¨¸ÖÐ¨Ì
µÉ ¢¨¤  ËÊ´±Í¨¨ Ψ ∈ A. Š É ±¨³ ¸¢µ°¸É¢ ³ µÉ´µ¸ÖÉ¸Ö ¶·¥¦¤¥ ¢¸¥£µ ±µ³-
³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö. ˆ¸¶µ²Ó§µ¢ ¢ µ¶·¥¤¥²¥´¨Ö (25) ¨ (30), Ê¡¥¤¨³¸Ö



1580 �“�›˜…‚ ‚.‚.

¢ Éµ³, ÎÉµ µ¶¥· Éµ· J  ´É¨±µ³³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ·µ³ T ¨ ±µ³³ÊÉ¨·Ê¥É ¸
µ¶¥· Éµ·µ³ P . ’¥¶¥·Ó ¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (30) ¢ ±µµ·¤¨´ É Ì (r1, ..., r6)
¢ ¢¨¤¥ ¸Ê³³Ò

J =

3∑
µ=1

Lµ,µ+3 , Lµν ≡ −i
(
rµ∂rν − rν∂rµ

)
, (34)

É·¥Ì ¨§ ¶ÖÉ´ ¤Í É¨ (µ > ν;µ, ν = 1, 2, ..., 6) ±µ³¶µ´¥´É Lµν µ¶¥· Éµ·  £¨¶¥·-
³µ³¥´É  L, ¶µ¤Î¨´¥´´ÒÌ ¨§¢¥¸É´Ò³ ±µ³³ÊÉ Í¨µ´´Ò³ Ê¸²µ¢¨Ö³ [26]:

[Lk`, Lmn]− = i ( δnkLm` + δm`Lnk − δmkLn` − δn`Lmk ) . (35)

‚Ò· §¨³ Î¥·¥§ µ¶¥· Éµ·Ò Lµν µ¶¥· Éµ·Ò Ê£²µ¢ÒÌ ³µ³¥´Éµ¢ lx, ly, ¸µ¶·Ö¦¥´-
´Ò¥ ¢¥±Éµ· ³ x ¨ y, ¨ µ¶¥· Éµ· ¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  l:

lx ≡ −ix×∇x =

3∑
i=1

lxiêi = L23ê1 + L31ê2 + L12ê3 , (36)

ly ≡ −iy×∇y =

3∑
i=1

lyiêi = L56ê1 + L64ê2 + L45ê3 ,

l ≡ lx + ly =

3∑
i=1

liêi , li = lxi + lyi .

� ¶µ³´¨³, ÎÉµ
L2 = −

∑
µ>ν

L2
µν , (37)

  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì

l2q = −cosec2 θq

(
sin θq∂θq(sin θq∂θq) + ∂2

ϕq

)
, lq3 = i ∂ϕq , q = x, y; (38)

L2 = −∂2
ϕ − 4 ctg2ϕ∂ϕ + l2x/ cos2 ϕ+ l2y/ sin2 ϕ . (39)

ˆ¸¶µ²Ó§µ¢ ¢ · ¢¥´¸É¢  (34)Ä(39), ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ µ¶¥· Éµ· J ´¥ ±µ³-
³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ· ³¨ l2q, lq3, q = x, y, ´µ ±µ³³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ· ³¨ l2, l3
¨ L2. �·µ¸Ê³³¨·Ê¥³ ¢c¥ ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒ¥ ±µ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö:

[J, T ]+ = [J,Q]− = 0 , Q = P,L2, l2, l3 ; [J, q]− 6= 0, q = l2x, l
2
y, lx3, ly3. (40)

�µ¸É·µ¨³ µ¶¥· Éµ·, Ê´¨É ·´µ¶µ¤µ¡´Ò° µ¶¥· Éµ·Ê J ¶µ µÉ´µÏ¥´¨Õ ±
É·¥Ì³¥·´µ³Ê ¶µ¢µ·µÉÊ (16), (17) ¸¨¸É¥³Ò ±µµ·¤¨´ É S3 ± ¸¨¸É¥³¥ Sp3. ‚
µ¶·¥¤¥²¥´¨¨ (30) µ¶¥· Éµ·  J ¶¥·¥°¤¥³ ± £¨¶¥·¸Ë¥·¨Î¥¸±¨³ ±µµ·¤¨´ É ³
(r,Ω). ‚µ§´¨±Ï¨¥ ±µ³¡¨´ Í¨¨ É·¨£µ´µ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¢Ò· §¨³ Î¥·¥§
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¶·µ¨§¢µ¤´Ò¥ µÉ ËÊ´±Í¨¨ u = u(x̂, ŷ), § ¤ ´´µ° Ëµ·³Ê²µ° (9). ’µ£¤  ¶µ²ÊÎ¨³
· ¢¥´¸É¢µ

J = − i

(
ctgϕ

( ∂u

∂θy
∂θy + cosec2θy

∂u

∂ϕy
∂ϕy

))
+

+ i

(
tgϕ

( ∂u

∂θx
∂θx + cosec2θx

∂u

∂ϕx
∂ϕx

))
− iu ∂ϕ . (41)

ˆ¸¶µ²Ó§ÊÖ ¥£µ ¨ µ¶·¥¤¥²¥´¨¥ (9) ËÊ´±Í¨¨ u, ¤µ± §Ò¢ ¥³ Ô±¢¨¢ ²¥´É´µ¸ÉÓ,

J F (r, u, ϕ) = Jp F (r, u, ϕ) , Jp ≡ i(2 ctg 2ϕ (1− u2)∂u + u∂ϕ) , (42)

µ¶¥· Éµ·µ¢ J ¨ Jp ´  ³´µ¦¥¸É¢¥ ËÊ´±Í¨° Ψ(r,Ω) = F (r, u, ϕ), § ¢¨¸ÖÐ¨Ì µÉ
¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ ¢¥±Éµ·µ¢ x ¨ y ²¨ÏÓ ¶µ¸·¥¤¸É¢µ³ ¨Ì ±µ³¡¨´ Í¨¨ u.

‡ ³¥É¨³, ÎÉµ ²Õ¡ Ö ËÊ´±Í¨Ö Ψ(r,Ω), § ¤ ´´ Ö ¢ ¸¨¸É¥³¥ ±µµ·¤¨´ É S3,
¢ Î ¸É´µ³ ¸²ÊÎ ¥ Ω = Ωp ¸É ´µ¢¨É¸Ö ËÊ´±Í¨¥° Ψ(r,Ωp) É¨¶  F (r, u, ϕ).

Š ± ¨§¢¥¸É´µ [23], ¶·¨ ¶¥·¥Ìµ¤¥ (16)Ä(18) µÉ ¸¨¸É¥³Ò ±µµ·¤¨´ É S3 ±
¸¨¸É¥³¥ Sp3 ËÊ´±Í¨¨ ±² ¸¸  A ¶·¥µ¡· §ÊÕÉ¸Ö ¶µ § ±µ´Ê

Ψ(r,Ω) = D−1(ω)Ψ(r,Ωp) = D−1(ω)F (r, u, ϕ) , (43)

£¤¥ µ¶¥· Éµ· ‚¨£´¥·  ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¶·µ¥±Í¨¨ l2 = L13 + L46 ¨ l3 =
= L12 + L45 µ¶¥· Éµ·  ¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  (36) ´  µ·ÉÒ ê2 ¨ ê3

Ëµ·³Ê²µ°
D(ω) ≡ exp(−iϕxl3) exp(−iθxl2) exp(−iϕ̃yl3) . (44)

ˆ¸¶µ²Ó§µ¢ ¢ Ëµ·³Ê²Ò (42) ¨ (43), § ¶¨Ï¥³ Í¥¶µÎ±Ê · ¢¥´¸É¢

J Ψ(r,Ωp) = J (D(ω) Ψ(r,Ω)) = Jp Ψ(r,Ωp) = JpD(ω) Ψ(r,Ω) (45)

¨ É¥³ ¸ ³Ò³ ¤µ± ¦¥³ Ê´¨É ·´µ¥ ¶µ¤µ¡¨¥ µ¶¥· Éµ·µ¢ J ¨ Jp:

J = D−1(ω)JpD(ω) . (46)

�¥·¥Î¨¸²¨³ ¸¢µ°¸É¢  µ¶¥· Éµ·  K(γ), ´¥ § ¢¨¸ÖÐ¨¥ µÉ ¢¨¤  ËÊ´±Í¨¨ Ψ.
ˆ§ ¶·¥¤¸É ¢²¥´¨° (30) ¨ (33) ¸²¥¤ÊÕÉ ¸µµÉ´µÏ¥´¨Ö Ê´¨É ·´µ¸É¨

K(γ)K(−γ) = I , K+(γ) = K−1(γ) = K(−γ) (47)

¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Éµ¦¤¥¸É¢ 

∂nγK(γ) = (−i J)nK(γ) , n = 0, 1, ... (48)

‚ ¸¨²Ê · ¢¥´¸É¢ (33) ¨ (40) ¢¥·´Ò ±µ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö:

[K(γ), Q]− = 0 , Q = P,L2, l2, l3 ; [K(γ), q]− 6= 0 , q = l2x, l
2
y, lx3, ly3 (49)
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¨ Ê´¨É ·´µ¥ ¶µ¤µ¡¨¥ µ¶¥· Éµ·µ¢ K ¨ Kp µÉ´µ¸¨É¥²Ó´µ É·¥Ì³¥·´µ£µ ¶µ¢µ-
·µÉ  (43), (44):

K(γ) = D(ω)Kp(γ)D−1(ω) , Kp(γ) ≡ P exp (−iγ Jp ) . (50)

� ¢¥´¸É¢  (24)Ä(26) ¶µ·µ¦¤ ÕÉ ¸²¥¤ÊÕÐ¨¥ Éµ¦¤¥¸É¢  ¶µ Ê£²Ê γ:

K(−γ) = P1K(γ)P1 = P2K(γ)P2 = TK(γ)T , (51)

K(π/2− γ) = TK(γ)P1 = P2K(γ)T .

�µÖ¸´¨³, ± ± ¤²Ö ¤ ´´µ° É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò µ¶¥· Éµ·Ò ²Õ¡ÒÌ ¶¥-
·¥¸É ´µ¢µ± Î ¸É¨Í ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ µ¶¥· Éµ·Ò P1 ¨ K(γ). ‚ ¶·¨´Ö-
ÉÒÌ µ¡µ§´ Î¥´¨ÖÌ (2) µ¶¥· Éµ· µÉ· ¦¥´¨Ö P1 Ô±¢¨¢ ²¥´É¥´ µ¶¥· Éµ·Ê Pjk
¶¥·¥¸É ´µ¢±¨ Î ¸É¨Í ¸ ´µ³¥· ³¨ j ¨ k. ‘µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ (1) ¶·¨ Í¨±-
²¨Î¥¸±µ° ¶¥·¥¸É ´µ¢±¥ Î ¸É¨Í ¸ ´µ³¥· ³¨ i, j, k ¢¥±Éµ·Ò xi,yi ¶¥·¥Ìµ¤ÖÉ ¢
¢¥±Éµ·Ò xk,yk . �µÔÉµ³Ê ¨§ · ¢¥´¸É¢ (3) ¨ (26) ¸²¥¤Ê¥É, ÎÉµ µ¶¥· Éµ· K(γ)
Ô±¢¨¢ ²¥´É¥´ µ¶¥· Éµ·Ê Í¨±²¨Î¥¸±µ° ¶¥·¥¸É ´µ¢±¨ Î ¸É¨Í Pijk Éµ²Ó±µ ¶·¨
µ¶·¥¤¥²¥´´µ³ §´ Î¥´¨¨ ¶ · ³¥É·  γ,   ¨³¥´´µ ¶·¨ γ = γki:

K(γki) = Pijk ≡ PkiPjk . (52)

�µÔÉµ³Ê µ¶¥· Éµ· K(γ) µ¶¨¸Ò¢ ¥É ¡µ²¥¥ µ¡Ð¥¥ ¶·¥µ¡· §µ¢ ´¨¥, Î¥³ Í¨±²¨-
Î¥¸± Ö ¶¥·¥¸É ´µ¢±  Î ¸É¨Í. “ÎÉÖ ¸¢Ö§¨ (52), ¶·¥¤¸É ¢¨³ µ¶¥· Éµ·Ò S− ¨ S+

 ´É¨¸¨³³¥É·¨§ Í¨¨ ¨ ¸¨³³¥É·¨§ Í¨¨ ¶µ µÉ´µÏ¥´¨Õ ± ²Õ¡Ò³ ¶¥·¥¸É ´µ¢± ³
Î ¸É¨Í ¢ ¨´¢ ·¨ ´É´µ³ ¶µ µÉ´µÏ¥´¨Õ ± ¢Ò¡µ·Ê ¨´¤¥±¸  i ¢¨¤¥:

S± = ( I ± (Pij + Pik + Pjk) + PikPjk + PikPij )/6 , (53)

S± = Si S
±
jk , Si ≡ (I +

∑
k 6=i

K(γki))/3 , S±jk ≡ (1± Pjk)/2 .

�É³¥É¨³, ÎÉµ µ¡· § S±jkΨ(ri) ²Õ¡µ° ËÊ´±Í¨¨ Ψ(ri) Å ( ´É¨)¸¨³³¥É·¨Î´ Ö
ËÊ´±Í¨Ö µÉ´µ¸¨É¥²Ó´µ ¶¥·¥¸É ´µ¢±¨ Î ¸É¨Í ¸ ´µ³¥· ³¨ j ¨ k,   µ¶¥· Éµ·
Si µÉµ¡· ¦ ¥É ËÊ´±Í¨Õ, Ê¦¥ µ¡² ¤ ÕÐÊÕ É ±µ° ¸¨³³¥É·¨¥°, ¢ ËÊ´±Í¨Õ
( ´É¨)¸¨³³¥É·¨Î´ÊÕ µÉ´µ¸¨É¥²Ó´µ ²Õ¡ÒÌ ¶¥·¥¸É ´µ¢µ±.

2.2.2. �¸´µ¢´Ò¥ ¸¢µ°¸É¢  Ê£²µ¢ÒÌ ¡ §¨¸µ¢. � ¶µ³´¨³ ´¥±µÉµ·Ò¥ ¨§¢¥¸É-
´Ò¥ ¸¢µ°¸É¢  ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨°, ¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± [23,24] ¨ É·¥Ì-
Î ¸É¨Î´ÒÌ £¨¶¥·£ ·³µ´¨± [1,25,26].

’·¥ÌÎ ¸É¨Î´Ò¥ £¨¶¥·£ ·³µ´¨±¨ § ¶¨Ï¥³ ¢ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨°

|L`mab〉 ≡ |`mab〉 |Lab〉 , (54)

〈Ω|L`mab〉 ≡ Y `mLab(Ω) ≡WLab(ϕ)Y`mab (x̂, ŷ)

ËÊ´±Í¨° |Lab〉

〈ϕ|Lab〉 ≡WLab(ϕ) ≡ NLab (sinϕ)a (cosϕ)b P (a+1/2 ,b+1/2)
n (cos 2ϕ) (55)



�…Š�’��›… Œ…’�„› ˆ �…‡“‹œ’�’› 1583

¸ ´µ·³¨·µ¢µÎ´Ò³¨ ³´µ¦¨É¥²Ö³¨

NLab ≡
(

(2L+ 4)Γ(n+ 1) Γ(L− n+ 2)

Γ(n+ a+ 3/2) Γ(n+ b+ 3/2)

)1/2

(56)

¨ ¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨±

〈x̂, ŷ|`mab〉 ≡ Y`mab (x̂, ŷ) ≡
∑
α

C`maαbβ Yaα(ŷ)Ybβ(x̂) , (57)

¸µ¤¥·¦ Ð¨Ì ±µÔËË¨Í¨¥´ÉÒ Š²¥¡Ï  Å ƒµ·¤µ´  C`maαbβ ¨ ¸Ë¥·¨Î¥¸±¨¥
ËÊ´±Í¨¨

〈q̂|cδ〉 ≡ Ycδ(q̂) = (2π)−1/2 exp(iδϕq) Θcδ(cos θq) , q̂ = x̂, ŷ . (58)

CÎ¥É´Ò¥ ³´µ¦¥¸É¢  ËÊ´±Í¨°

Ybβ(x̂) , b = 0, 1, ...; β = −b,−b+ 1, ..., b; (59)

Y`mab (x̂, ŷ), Y `mLab(Ω),

` = 0, 1...;−` ≤ m ≤ `; |a− b| ≤ ` ≤ a+ b;L = a+ b, a+ b + 2n, n = 0, 1, ...

µ¡· §ÊÕÉ ¶µ²´Ò¥ ¨ µ·Éµ´µ·³¨·µ¢ ´´Ò¥ ¡ §¨¸Ò, ¸µµÉ¢¥É¸É¢¥´´µ, ´  ¥¤¨´¨Î-
´µ° ¤¢Ê³¥·´µ° ¸Ë¥·¥ S2

x ¢ R3
x, Î¥ÉÒ·¥Ì³¥·´µ³ Éµ·¥ T 4

xy ≡ S2
x⊗S2

y ¨ ¶ÖÉ¨³¥·-
´µ° ¥¤¨´¨Î´µ° ¸Ë¥·¥ S5

xy ¢ R6. �·Éµ´µ·³¨·µ¢ ´´µ¸ÉÓ Ê£²µ¢ÒÌ ¡ §¨¸µ¢ (59)
µ§´ Î ¥É, ÎÉµ ¶·¨ ²Õ¡ÒÌ ¤µ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ ¨´¤¥±¸µ¢ ¢Ò¶µ²´ÖÕÉ¸Ö ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö:

〈bβ|b′β′〉 ≡
∫
S2
x

dx̂(Ybβ(x̂))∗Yb′β′(x̂) = δbb′ δββ′ , (60)∫
S2
x

dx̂ ≡
∫ π

0

dθx sin θx

∫ 2π

0

dϕx;

〈`mab|`′m′a′b′〉 ≡
∫
T 4
xy

dx̂dŷ(Y`mab (x̂, ŷ))∗Y`′m′a′b′ (x̂, ŷ) = (61)

= δ``′ δm,m′ δaa′ δbb′ ,∫
T 4
xy

dx̂dŷ ≡
∫
S2
x

dx̂

∫
S2
y

dŷ;

〈L`mab|L′`′m′a′b′〉 ≡
∫
S5

dΩ(Y `mLab(Ω))∗Y `
′m′

L′a′b′(Ω) = (62)

= δL′L δ``′δmm′ δaa′ δbb′ ,∫
S5
xy

dΩ ≡
∫ π/2

0

dϕρ2(ϕ)

∫
T 4
xy

dx̂ dŷ , ρ(ϕ) ≡ sinϕ cosϕ.
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�µ²´µÉ  ¡ §¨¸µ¢ (59) µ§´ Î ¥É, ÎÉµ ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö Ψ(r), ±¢ ¤· É¨Î´µ-
¨´É¥£·¨·Ê¥³ Ö (Ψ ∈ L2(g)) ´  ³´µ¦¥¸É¢¥ g = S2

x, T 4
xy, S5

xy, ¶·¥¤¸É ¢¨³ 
¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ·Ö¤µ³:

Ψ(r) =
∑
bβ

Ψbβ(r, ŷ, ϕ)Ybβ(x̂) , (63)

Ψbβ(r, ŷ, ϕ) ≡ 〈bβ|Ψ〉 ≡
∫
S2
x

dx̂(Ybβ(x̂))∗Ψ(r) ;

Ψ(r) =
∑
`m

∑
ab

Ψ`m
ab (r, ϕ)Y`mab (x̂, ŷ) , (64)

Ψ`m
ab (r, ϕ) ≡ 〈`mab|Ψ〉 ≡

∫
T 4
xy

dx̂dŷ (Y`mab (x̂, ŷ))∗Ψ(r) ;

Ψ(r) =
∑
L

∑
`m

∑
ab

Ψ`m
Lab(r)Y

`m
Lab(Ω) , (65)

Ψ`m
Lab(r) ≡ 〈L`mab|Ψ〉 ≡

∫
S5
xy

dΩ
(
Y `mLab(Ω)

)∗
Ψ(r) .

‚ ·Ö¤ Ì (63)Ä(65) ¨´¤¥±¸Ò ¶·µ¡¥£ ÕÉ Éµ²Ó±µ Ê± § ´´Ò¥ ¢ · ¢¥´¸É¢ Ì (59)
§´ Î¥´¨Ö. �·µ¥±Í¨¨ Ψ`m

ab ¨ Ψ`m
Lab ËÊ´±Í¨¨ Ψ ´  ¡¨¸Ë¥·¨Î¥¸±ÊÕ £ ·³µ´¨±Ê

|`mab〉 ¨ £¨¶¥·£ ·³µ´¨±Ê |L`mab〉 Î ¸Éµ ´ §Ò¢ ÕÉ, ¸µµÉ¢¥É¸É¢¥´´µ, ¶ ·Í¨-
 ²Ó´µ° ±µ³¶µ´¥´Éµ° [17] ÔÉµ° ËÊ´±Í¨¨ ¨ £¨¶¥·· ¤¨ ²Ó´µ° ËÊ´±Í¨¥° [25]
²¨¡µ ±µÔËË¨Í¨¥´É ³¨ · §²µ¦¥´¨° ËÊ´±Í¨¨ Ψ ¶µ ¡¨¸Ë¥·¨Î¥¸±µ³Ê ¨²¨ £¨-
¶¥·¸Ë¥·¨Î¥¸±µ³Ê ¡ §¨¸ ³. �µ²¥¥  ¤¥±¢ É´Ò³¨ ¨ ³¥´¥¥ £·µ³µ§¤±¨³¨ ¶·¥¤-
¸É ¢²ÖÕÉ¸Ö ¨¸¶µ²Ó§Ê¥³Ò¥ ¤ ²¥¥ É¥·³¨´Ò ¡¨¸Ë¥·¨Î¥¸± Ö ¨ £¨¶¥·¸Ë¥·¨Î¥¸± Ö
±µ³¶µ´¥´ÉÒ. �¨¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ Ψ`m

ab Å ËÊ´±Í¨¨ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ
x, y ¨²¨ ¦¥ r, ϕ, ¶·¨´ ¤²¥¦ Ð¨Ì µ¡² ¸É¨

R2
+ ≡ {x, y : 0 ≤ x, y ≤ ∞} = {r, ϕ : 0 ≤ r ≤ ∞, 0 ≤ ϕ ≤ π/2} .

‚ ¸¨²Ê ¸µµÉ´µÏ¥´¨° r = (x2 + y2)1/2 ¨ tg ϕ = y/x ¢ É ±µ° µ¡² ¸É¨ r ¨
ϕ Ö¢²ÖÕÉ¸Ö ¶µ²Ö·´Ò³¨ ±µµ·¤¨´ É ³¨. …¤¨´¸É¢¥´´Ò°  ·£Ê³¥´É r £¨¶¥·¸Ë¥-
·¨Î¥¸±¨Ì ±µ³¶µ´¥´É Ψ`m

Lab(r) ¢¸¥£¤  ¶·¨´ ¤²¥¦¨É ´¥µÉ·¨Í É¥²Ó´µ° Î¨¸²µ¢µ°
¶µ²Êµ¸¨:

R+
1 ≡ {r : 0 ≤ r ≤ ∞} .

‘²¥¤ÊÕÐ¨¥ § ³¥Î ´¨Ö µ¸µ¡µ ¢ ¦´Ò ¤²Ö ¶µ´¨³ ´¨Ö, ¢ ± ±µ³ ¸³Ò¸²¥
ËÊ´±Í¨¨ (55) Ö¢²ÖÕÉ¸Ö ¡ §¨¸´Ò³¨. ”Ê´±Í¨¨ |Lab〉 ¨ |L′ab〉 ¸ µ¤¨´ ±µ¢Ò³¨
¨´¤¥±¸ ³¨ a ¨ b µ·Éµ´µ·³¨·µ¢ ´Ò ¶µ  ·£Ê³¥´ÉÊ ϕ ´  µÉ·¥§±¥ [0, π/2]:

〈Lab|L′ab〉 ≡
∫ π/2

0

dϕρ2(ϕ)WLab(ϕ)WL′ab(ϕ) = δLL′ , (66)
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£¤¥ ¢¥¸ ρ2 § ¤ ´ Ëµ·³Ê²µ° (62). ’ ± ± ± ± ¦¤ Ö £¨¶¥·£ ·³µ´¨±  |L`mab〉 Å
¶·µ¨§¢¥¤¥´¨¥ (54) ËÊ´±Í¨° |Lab〉 ¨ |`mab〉,   ¡ §¨¸Ò £¨¶¥·£ ·³µ´¨± ¨ ¡¨¸Ë¥-
·¨Î¥¸±¨Ì £ ·³µ´¨± ¶µ²´Ò ¨ µ·Éµ´µ·³¨·µ¢ ´Ò, Éµ ´  µÉ·¥§±¥ 0 ≤ ϕ ≤ π/2
¸Î¥É´µ¥ (L = a+b, a+b+2, ...) ³´µ¦¥¸É¢µ ËÊ´±Í¨° |Lab〉 Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¨
µ·Éµ´µ·³¨·µ¢ ´´Ò³ ¸ ¢¥¸µ³ ρ2(ϕ) ¡ §¨¸µ³ ¤²Ö ¡¨¸Ë¥·¨Î¥¸±µ° ±µ³¶µ´¥´ÉÒ
Ψ`m
ab (r, ϕ) · ¸¸³ É·¨¢ ¥³µ° ËÊ´±Í¨¨ Ψ(r). „·Ê£¨³¨ ¸²µ¢ ³¨, ¤²Ö ± ¦¤µ°

¡¨¸Ë¥·¨Î¥¸±µ° ±µ³¶µ´¥´ÉÒ ¨³¥¥É ³¥¸Éµ ÉµÎ´µ¥ · §²µ¦¥´¨¥:

Ψ`m
ab (r, ϕ) =

∑
L

Ψ`m
Lab(r)WLab(ϕ) , ∀(r, ϕ) ∈ R2

+, (67)

Ψ`m
Lab(r, ϕ) ≡ 〈Lab|Ψ`m

ab 〉 ≡
∫ π/2

0

dϕρ2(ϕ)WLab(ϕ) Ψ`m
ab (r, ϕ),

£¤¥ ¨´¤¥±¸ L Å Í¥²µ¥ Î¨¸²µ (L = 2n + a + b, n = 0, 1, ...) Éµ° ¦¥ Î¥É´µ¸É¨
σ = (−1)a+b = (−1)L, ÎÉµ ¨ ¸Ê³³  a+ b.

�¶¥· Éµ·Ò µÉ· ¦¥´¨° ¨ ¶¥·¥¸É ´µ¢±¨ (25), ± ± ¨ µ¶¥· Éµ·Ò Ê£²µ¢ÒÌ
³µ³¥´Éµ¢ (36)Ä(39) ¨ É·¥Ì³¥·´µ£µ ¶µ¢µ·µÉ  (44), ¶·¥µ¡· §ÊÕÉ ¡ §¨¸Ò (55)
¨ (59) ¶µ µÎ¥´Ó ¶·µ¸ÉÒ³ Ëµ·³Ê² ³. �·µ±µ³³¥´É¨·Ê¥³ ´¥±µÉµ·Ò¥ ¨§ ´¨Ì.

Œ É·¨Í  ±¢ ¤· É  £¨¶¥·³µ³¥´É  (37), (39) ¤¨ £µ´ ²Ó´  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³
¡ §¨¸¥. Š ¦¤Ò° Ô²¥³¥´É ¥¥ ¤¨ £µ´ ²¨ Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·

L2
ab(ϕ) ≡ 〈`mab|L2|`mab〉 = −∂2

ϕ − 4 ctg 2ϕ ∂ϕ +
a(a+ 1)

sin2 ϕ
+
b(b+ 1)

cos2 ϕ
, (68)

¤²Ö ±µÉµ·µ£µ ËÊ´±Í¨Ö |Lab〉 Ö¢²Ö¥É¸Ö ¸µ¡¸É¢¥´´µ°:(
L2
ab − L(L+ 4)

)
|Lab〉 = 0 . (69)

‚¸¥ ËÊ´±Í¨¨ |Lab〉 ¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ µÉ· ¦¥´¨° (25) ¨ ¶µ¢µ·µÉ  (43),
(44). �·¨ ¶¥·¥¸É ´µ¢±¥ x↔ y Ê£µ² ϕ ¶¥·¥Ìµ¤¨É ¢ Ê£µ² ϕ→ π/2−ϕ,   ËÊ´±-
Í¨Ö 〈ϕ|Lab〉 ¶·¥µ¡· §ÊeÉ¸Ö ¶µ ¶· ¢¨²Ê

〈ϕ|T |Lab〉 = (−1)(L−a−b)/2〈ϕ|Lba〉 . (70)

‘Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ (58)  ·£Ê³¥´Éµ¢ x̂ Å ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ µ¶¥-
· Éµ·µ¢ l2x, lx3 ¨ P1:

(l2x − b(b+ 1))|bβ〉 , (lx3 − β)|bβ〉 , (P1 − (−1)b)|bβ〉 = 0 . (71)

�´ ²µ£¨Î´Ò³¨ ¸¢µ°¸É¢ ³¨ ¶µ µÉ´µÏ¥´¨Õ ± µ¶¥· Éµ· ³ l2y, ly3 ¨ P2 µ¡² ¤ ÕÉ
¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨  ·£Ê³¥´Éµ¢ ŷ:

(l2y − a(a+ 1))|aα〉 , (ly3 − α)|aα〉 , (P2 − (−1)a)|aα〉 = 0 . (72)
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ˆ¸¶µ²Ó§µ¢ ¢ ¶¥·¥Î¨¸²¥´´Ò¥ ¸¢µ°¸É¢  (70)Ä(72) ¸µ³´µ¦¨É¥²¥° ¶·µ¨§¢¥¤¥-
´¨° (54) ¨ (57) ¨ ¨§¢¥¸É´µ¥ · ¢¥´¸É¢µ ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ Š²¥¡Ï Åƒµ·¤µ´ 

Ccδaαbβ = (−1)c−a−bCcδbβaα , (73)

´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ²Õ¡ Ö ¡¨¸Ë¥·¨Î¥¸± Ö £ ·³µ´¨±  |`mab〉 ¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐ Ö ¥° £¨¶¥·£ ·³µ´¨±  |L`mab〉 Ö¢²ÖÕÉ¸Ö µ¤´µ¢·¥³¥´´µ ¸µ¡¸É¢¥´´Ò³¨
ËÊ´±Í¨Ö³¨ µ¶¥· Éµ·µ¢ P1, P2, P , l2x, l

2
y, l

2, l3,   ¤¥°¸É¢¨¥ µ¶¥· Éµ·  T ´ 
É ±¨¥ £ ·³µ´¨±¨ ¸¢µ¤¨É¸Ö ± ¶¥·¥¸É ´µ¢±¥ ¨´¤¥±¸µ¢ a ¨ b ¨ Ê³´µ¦¥´¨Õ ´ 
µ¶·¥¤¥²¥´´Ò° Ë §µ¢Ò° ³´µ¦¨É¥²Ó. ‚ ¸¨²Ê · ¢¥´¸É¢ (68) ¨ (69) £¨¶¥·£ ·³µ-
´¨±¨ Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ µ¶¥· Éµ·  L2. �·µ¸Ê³³¨·Ê¥³ ¢¸¥
Ê¶µ³Ö´ÊÉÒ¥ ¸¢µ°¸É¢  ¸²¥¤ÊÕÐ¨³ ±µ³¶ ±É´Ò³ µ¡· §µ³:

(P1 − (−1)b)|Q`mab 〉, (P2 − (−1)a)|Q`mab 〉 , (P − (−1)a+b)|Q`mab 〉 = 0 , (74)

(l2x − b(b+ 1))|Q`mab 〉 , (l2y − a(a+ 1))|Q`mab 〉 = 0 ,

(l2 − `(`+ 1))|Q`mab 〉 , (l3 −m)|Q`mab 〉 , |Q`mab 〉 = |`mab〉 , |L`mab〉;
T |`mab〉 = (−1)`−a−b|`mba〉 ,
T |L`mab〉 = (−1)(L−2`+a+b)/2|L`mba〉 ,

(
L2 − L(L+ 4)

)
|L`mab〉 = 0 .

�¶¥· Éµ· D(ω) ¶µ¢µ·µÉ  (43) ¸¨¸É¥³Ò ±µµ·¤¨´ É S3 ± ¸¨¸É¥³¥ S3p ¸¢Ö-
§Ò¢ ¥É ËÊ´±Í¨¨ (54), (57) ¨ (58), § ¶¨¸ ´´Ò¥ ¢ ¸¨¸É¥³¥ S3 ¢ ±µµ·¤¨´ É Ì
Ω ¨²¨ Ω′, ¸ ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨°, § ¶¨¸ ´-
´ÒÌ ¢ ¸¨¸É¥³¥ S3p ¢ ±µµ·¤¨´ É Ì Ωp ¨²¨ Ω′p, ¨ ËÊ´±Í¨° ‚¨£´¥·  D`

mmp(ω).
� §¨¸´Ò¥ ËÊ´±Í¨¨ £¨¶¥·Ê£²µ¢ Ω ¶·¥µ¡· §ÊÕÉ¸Ö ¶µ ¶· ¢¨² ³

Yδ(q̂) = D−1(ω)Ycδ(q̂p) =
∑
δp

Dc∗
δδp

(ω)Ycδp(q̂p) , q = x, y , (75)

Y`mab (x̂, ŷ) = D−1(ω)Y`mab (x̂p, ŷp) =
∑
mp

D`∗
mmp(ω)Y`mpab (x̂p, ŷp) , (76)

Y `mab (Ω) = D−1(ω)Y `mab (Ωp) =
∑
mp

D`∗
mmp

(ω)Y
`mp
Lab (Ωp) , (77)

  ¶· ¢¨²  ¶·¥µ¡· §µ¢ ´¨Ö ÔÉ¨Ì ¦¥ ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ´µ µÉ  ·£Ê³¥´Éµ¢ Ω′

¶µ²ÊÎ ÕÉ¸Ö § ³¥´µ° Ω→ Ω′ ¨ Ωp → Ω′p.
�¥·¥µ¶·¥¤¥²¨³ £¨¶¥·£ ·³µ´¨±¨ (54) ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [67]:

Y `mLab(Ω) = ρ−1(ϕ)Y`mab (x̂, ŷ) W̃Lab(ϕ) , (78)

〈ϕ|Lãb〉 = W̃Lab(ϕ) ≡ ρ(ϕ)WLab(ϕ) . (79)

ˆ§ ÔÉ¨Ì µ¶·¥¤¥²¥´¨° ¨ · ¢¥´¸É¢ (66)Ä(69) ¸²¥¤ÊÕÉ ¤¢  Ë ±É . ‚µ-¶¥·¢ÒÌ,
¸Î¥É´µ¥ (L = a+b, a+b+2, ...) ³´µ¦¥¸É¢µ ËÊ´±Í¨° |Lãb〉 Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¨



�…Š�’��›… Œ…’�„› ˆ �…‡“‹œ’�’› 1587

µ·Éµ´µ·³¨·µ¢ ´´Ò³ ¸ ¥¤¨´¨Î´Ò³ ¢¥¸µ³ ¡ §¨¸µ³ ¤²Ö · §²µ¦¥´¨Ö ¡¨¸Ë¥·¨-
Î¥¸±µ° ±µ³¶µ´¥´ÉÒ Ψ`m

ab ¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ Ψ ´  µÉ·¥§±¥ 0 ≤ ϕ ≤ π/2:

〈Lãb|L′ãb〉 =

∫ π/2

0

dϕ W̃Lab(ϕ) W̃L′ab = δLL′ , (80)

Ψ`m
ab (r, ϕ) =

∑
L

Ψ`m
Lab(r) W̃Lab(ϕ) , (81)

Ψ`m
Lab(r, ϕ) ≡ 〈Lãb|Ψ`m

ab 〉 ≡
∫ π/2

0

dϕW̃Lab(ϕ)Ψ`m
ab (r, ϕ) .

‚µ-¢Éµ·ÒÌ, ËÊ´±Í¨¨ |Lãb〉 ¸ · §´Ò³¨ L = a+ b, a+ b+ 2, ..., ´µ Ë¨±¸¨·µ¢ ´-
´Ò³¨ a ¨ b, Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¤²Ö µ¶¥· Éµ·  L̃2

ab:

(L̃2
ab − (L + 2)2)|Lãb〉 = 0, (82)

L̃2
ab ≡ −∂2

ϕ + a(a+ 1)/ sin2 ϕ+ b(b+ 1)/ cos2 ϕ . (83)

�¶¨Ï¥³ · §²µ¦¥´¨Ö ËÊ´±Í¨° ±² ¸¸  L2(S5
xy), ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¢¨¤¥

Ψε(r) = (xy)−1 Uε(r) = 2r−2cosec2ϕUε(r) (84)

¨ Ö¢²ÖÕÐ¨Ì¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¤²Ö É·¥Ì µ¶¥· Éµ·µ¢ l2, l3 ¨ P :

(l2 − `(`+ 1))|Ψε〉, (l3 −m)|Ψε〉, (P − σ)|Ψε〉 = 0 , ε ≡ (`,m, σ). (85)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ µ¶·¥¤¥²¥´´µ£µ ´ ¡µ·  µ¶¥· Éµ·µ¢ ¶µ-
³¥Î ¥³ ³Ê²ÓÉ¨¨´¤¥±¸µ³ ε, ±µ³¶µ´¥´ÉÒ ±µÉµ·µ£µ Å ¸µ¡¸É¢¥´´Ò¥ Î¨¸²  ÔÉ¨Ì
µ¶¥· Éµ·µ¢. Œ´µ¦¥¸É¢µ É ±¨Ì ËÊ´±Í¨° ¢ ±² ¸¸¥ L2(S5

xy) µ¡µ§´ Î ¥³ ¸¨³¢µ-
²µ³ Aε.

‚ ¸¨²Ê · ¢¥´¸É¢ (74) ¤²Ö ËÊ´±Í¨° (84) · §²µ¦¥´¨Ö (64) ¨ (65) ¶µ ¡ §¨¸ ³
¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± (57) ¨ £¨¶¥·£ ·³µ´¨± (54) ¨²¨ (78) ¢Ò·µ¦¤ ÕÉ¸Ö ¢
¤¢ÊÌ- ¨ É·¥Ì±· É´Ò¥ ¸Ê³³Ò:

Ψε(r) = (xy)−1
∑
ab

U `ab(r, ϕ)Y`mab (x̂, ŷ) , U `ab(r, ϕ) ≡ 〈`mab|Uε〉 ; (86)

Ψε(r) = r−2
∑
Lab

U `Lab(r, ϕ)Y `mLab(Ω) , U `Lab(r) ≡ 〈L`mab|Uε〉, (87)

¢ ±µÉµ·ÒÌ ¨´¤¥±¸Ò a ¨ b ¶µ¤Î¨´¥´Ò Ê¸²µ¢¨Õ (−1)a+b = σ. „²Ö ¶µ²-
´µÉÒ µ¶¨Ï¥³  ²ÓÉ¥·´ É¨¢´Ò° ¢Ò¢µ¤ ¶·¥¤¸É ¢²¥´¨Ö (87). “ÎÉÖ · ¢¥´¸É¢o
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xy = r2ρ(ϕ), · §²µ¦¨³ ¡¨¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ ρ−1U `ab ËÊ´±Í¨¨ r2Ψε ¢
·Ö¤Ò ¶µ ¡ §¨¸ ³ (55) ¨²¨ (79). ’µ£¤  ¶µ²ÊÎ¨³ ·Ö¤Ò

U `ab(r, ϕ) = ρ(ϕ)
∑
L

U `Lab(r)WLab(ϕ) =
∑
L

U `Lab(r) W̃Lab(ϕ) , (88)

U `Lab(r) ≡
∫ π/2

0

dϕρ(ϕ)WLab(ϕ)U `ab(r, ϕ) =

∫ π/2

0

dϕ W̃Lab(ϕ)U `ab(r, ϕ) .

ˆ¸¶µ²Ó§ÊÖ ¨Ì, ¶·¥µ¡· §µ¢Ò¢ ¥³ ·Ö¤ (86) ¢ ·Ö¤ (87). ‘ ¶µ³µÐÓÕ µ¶·¥¤¥²¥-
´¨° (39), (68) ¨ (83) ¢Ò¢µ¤¨³ Éµ¦¤¥¸É¢ 

(L2 + 4) (xy)−1Y`mab (x̂, ŷ)Q(r, ϕ) ≡ Y`mab (x̂, ŷ) (L2
ab + 4)(xy)−1Q(r, ϕ) ≡

≡ (xy)−1 Y `mab (Ω) L̃2
abQ(r, ϕ) , ∀Q(r, ϕ). (89)

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ Ô±µ´µ³´Ò¥  ²£µ·¨É³Ò ¢ÒÎ¨¸²¥´¨Ö ¡¨¸Ë¥·¨-
Î¥¸±¨Ì ËÊ´±Í¨° ¸ ` ≤ 3 ¶·¥¤²µ¦¥´Ò ¢ · ¡µÉ¥ [111].

2.2.3. Š¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¨ É¥µ·¥³Ò ¸²µ¦¥´¨Ö. �´ ²¨§
±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö Ê£²µ¢ÒÌ ¡ §¨¸µ¢ ´ Î´¥³ ¸ ¸ ³ÒÌ ¶·µ¸ÉÒÌ
¶·¨³¥·µ¢. ‚ ± Î¥¸É¢¥ É ±¨Ì · ¸¸³µÉ·¨³ ¨§¢¥¸É´Ò¥ É¥µ·¥³Ò ¸²µ¦¥´¨Ö ¤²Ö
¶µ²¨´µ³µ¢ ‹¥¦ ´¤·  Pn ¨ Ï ·µ¢ÒÌ ¸Ë¥·¨Î¥¸±¨Ì ¨ ¡¨¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨°,
¸¢Ö§ ´´ÒÌ ¸ £¨¶¥·£ ·³µ´¨± ³¨ (54) Ëµ·³Ê² ³¨ [24]:

Ybβ(x) ≡ xb Y bβb0b(Ω) , Y`mab (x,y) ≡ r` Y `ma+b,ab(Ω) . (90)

‘²µ¢µ¸µÎ¥É ´¨¥³ É¥µ·¥³  (Ëµ·³Ê² ) ¸²µ¦¥´¨Ö Î ¸Éµ ´ §Ò¢ ÕÉ · §²µ¦¥-
´¨¥ ËÊ´±Í¨¨ µÉ ¸Ê³³Ò ¤¢ÊÌ ¢¥±Éµ·µ¢ ¢ ·Ö¤ ¶µ ËÊ´±Í¨Ö³, § ¢¨¸ÖÐ¨³ Éµ²Ó±µ
µÉ ±µµ·¤¨´ É µ¤´µ£µ ¨²¨ ¤·Ê£µ£µ ¢¥±Éµ· . �·¨³¥· É ±µ° Ë ±Éµ·¨§ Í¨¨ Å
É¥µ·¥³  ¸²µ¦¥´¨Ö [23] ¤²Ö ¸Ë¥·¨Î¥¸±¨Ì Ï ·µ¢ÒÌ ËÊ´±Í¨° (90):

Ybβ(z + v) =
∑
c+d=b

Abcd Y
bβ
cd (z,v) , Abcd ≡

(
4πΓ(2b+ 2)

Γ(2c+ 2)Γ(2d+ 2)

)1/2

. (91)

�ÉµÉ ¦¥ É¥·³¨´ (É¥µ·¥³  ¨²¨ Ëµ·³Ê²  ¸²µ¦¥´¨Ö) Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ¨ ¤²Ö
µ¡µ§´ Î¥´¨Ö · §²µ¦¥´¨Ö ËÊ´±Í¨¨,  ·£Ê³¥´É ±µÉµ·µ° ¸ ³ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°
¤¢ÊÌ ¢¥±Éµ·µ¢ ¢ Ê¶µ³Ö´ÊÉÊÕ ¢ÒÏ¥ ¸Ê³³Ê ¸ · §¤¥²¥´´Ò³¨ ¶¥·¥³¥´´Ò³¨. •µ-
·µÏµ ¨§¢¥¸É´Ò° ¶·¨³¥· [6] É ±µ£µ ¶·¥¤¸É ¢²¥´¨Ö Å É¥µ·¥³  ¸²µ¦¥´¨Ö ¤²Ö
¶µ²¨´µ³µ¢ ‹¥¦ ´¤·  Pn(u),  ·£Ê³¥´É ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° (9) ¸Ë¥-
·¨Î¥¸±¨Ì ±µµ·¤¨´ É ¤¢ÊÌ ¢¥±Éµ·µ¢ x ¨ y. �¥·¥¶¨Ï¥³ ÔÉÊ É¥µ·¥³Ê ¢ ¢¨¤¥
É¥µ·¥³Ò ¸²µ¦¥´¨Ö ¤²Ö ËÊ´±Í¨° Θn0(u), µ¡· §ÊÕÐ¨Ì ¶µ²´Ò° ¨ µ·Éµ´µ·³¨-
·µ¢ ´´Ò° ¡ §¨¸ [23] ´  µÉ·¥§±¥ −1 ≤ u ≤ 1:

Θn0(u) =
√
n+ 1/2Pn(u) = (−1)n 2π Y00

nn(x̂, ŷ) , n = 0, 1, ... (92)



�…Š�’��›… Œ…’�„› ˆ �…‡“‹œ’�’› 1589

Š¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (3) Ö±µ¡¨¥¢¸±¨Ì ±µµ·¤¨´ É (1) µ¤´µ¢·¥-
³¥´´µ ¶¥·¥¢µ¤¨É ¢¥±Éµ· x ¢ ¸Ê³³Ê x′ ¢¥±Éµ·µ¢ −x cos γ ¨ −y sin γ, ¢¥±Éµ· y
¢ ¸Ê³³Ê y′ ¢¥±Éµ·µ¢ x sinγ ¨ −y cos γ,   Ê£µ² ϕ ¢ ËÊ´±Í¨Õ (10) ϕ′(ϕ, u; γ)
¶¥·¥³¥´´ÒÌ u, ϕ ¨ γ. ‘²¥¤µ¢ É¥²Ó´µ, ¶µ¸É·µ¥´¨¥ · §²µ¦¥´¨° ±¨´¥³ É¨Î¥-
¸±µ£µ µ¡· §  Ψ(Ω′(Ω; γ)) = K(γ)Ψ(Ω) ¶µ Ê£²µ¢Ò³ ¡ §¨¸ ³ (59)  ·£Ê³¥´Éµ¢
Ω µ§´ Î ¥É ¤µ± § É¥²Ó¸É¢µ É¥µ·¥³ ¸²µ¦¥´¨Ö. �¥·¢Ò° ¸¶µ¸µ¡ ¤µ± § É¥²Ó¸É¢ 
É ±¨Ì É¥µ·¥³ Å ¶·¨³¥´¨ÉÓ Ê¦¥ ¨§¢¥¸É´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤µ²¦´Ò³ µ¡· §µ³.
„²Ö ¶·¨³¥·  · §²µ¦¨³ ±¨´¥³ É¨Î¥¸±¨° µ¡· §

〈Ω|K(γ)|Yb′β′(x̂)〉 = Yb′β′(x̂
′) (93)

¸Ë¥·¨Î¥¸±µ° ËÊ´±Í¨¨ Yb′β′(x̂) ¢ ·Ö¤ ¶µ ËÊ´±Í¨Ö³ ¶¥·¥³¥´´ÒÌ Ω. �·¨³¥´¨³
Ëµ·³Ê²Ê (91) ± ¶· ¢µ° Î ¸É¨ · ¢¥´¸É¢  (93). �¥§Ê²ÓÉ É ¶¥·¥¶¨Ï¥³ ¢ ±µµ·-
¤¨´ É Ì Ω. ‘É¥¶¥´¨ É·¨£µ´µ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° Ê£²µ¢ ϕ, ϕ′ ¨ γ ¢Ò· §¨³
Î¥·¥§ ËÊ´±Í¨¨ (55). ‚ ¨Éµ£¥ ¶µ²ÊÎ¨³ ¨¸±µ³µ¥ · §²µ¦¥´¨¥:

〈Ω|K(γ)|Yb′β′(x̂)〉 = Yb′β′(x̂
′) =

(−1)b
′
Nb′0b′

Wb′0b′(ϕ′(ϕ, u; γ))
× (94)

×
∑

c+d=b′

Ab
′

cdN
−2
b′cdWb′cd(ϕ)Wb′cd(γ)Yb

′β′

cd (x̂, ŷ) .

�´ ²µ£¨Î´Ò³ µ¡· §µ³ ¤µ± §Ò¢ ¥³ Ëµ·³Ê²Ê

〈Ω|K(γ)|Ya′α′(ŷ)〉 = Ya′α′(ŷ
′) =

Na′a′0

Wa′a′0(ϕ′(ϕ, u; γ))
× (95)

×
∑

c+d=a′

(−1)cAa
′

cdN
−2
a′cdWa′cd(ϕ)Wa′dc(γ)Ya′α′cd (x̂, ŷ) .

�·¨³¥´¨¢ ¶· ¢¨²  (94) ¨ (95) ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ± ± ¦¤µ° ¸Ë¥-
·¨Î¥¸±µ° ËÊ´±Í¨¨, ¸µ¤¥·¦ Ð¥°¸Ö ¢ ¡¨¸Ë¥·¨Î¥¸±µ° £ ·³µ´¨±¥ Y`ma′b′(x̂′, ŷ′),
¶µ²ÊÎ¨³ ¥¥ · §²µ¦¥´¨¥ ¶µ ËÊ´±Í¨Ö³ ¶¥·¥³¥´´ÒÌ Ω:

〈Ω|K(γ)|Y`ma′b′(x̂, ŷ)〉 = Y`ma′b′(x̂′, ŷ′) = (96)

= (2a′ + 1)1/2(2b′ + 1)1/2 (−1)b
′
Na′+b′,a′b′

4πWa′+b′,a′b′(ϕ′(ϕ, u; γ))
×

×
∑

c+d=a′

(−1)cAa
′

cd

∑
e+f=b′

Ab
′

ef

Wa′+b′,d+e,c+f(γ)

Na′+b′,d+e,c+f

Wa′+b′,c+e,d+f(ϕ)

Na′+b′,c+e,d+f
×

×
∑
gh

BgceB
h
df


c e g
d f h
a′ b′ `

 Y`mgh (x̂, ŷ) ,

Bab ≡
(

(2a+ 1)(2b+ 1)
)1/2

Cc0a0b0 . (97)
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�É³¥É¨³, ÎÉµ ¢ ¸¨²Ê · ¢¥´¸É¢ (73) ±µÔËË¨Í¨¥´ÉÒ Bcab · ¢´Ò ´Ê²Õ ¢
¸²ÊÎ ¥ (−1)a+b+` = 1,   ¤µ± § ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö (94)Ä(96) ¢¥·´Ò ¶·¨ ¢¸¥Ì
§´ Î¥´¨ÖÌ ¶ÖÉ¨ Ê£²µ¢ Ω ¨ ¶ · ³¥É·  γ, É.¥. Ö¢²ÖÕÉ¸Ö ¶ÖÉ¨³¥·´Ò³¨ Éµ¦¤¥-
¸É¢ ³¨ ¶µ ÔÉ¨³ Ï¥¸É¨ Ê£² ³.

‘²¥¤ÊÕÐ¨° ¸¶µ¸µ¡ ¤µ± § É¥²Ó¸É¢  É¥µ·¥³ ¸²µ¦¥´¨Ö ¤²Ö ¡ §¨¸µ¢ (59) ¡µ-
²¥¥ ¨§ÖÐ¥´, Î¥³ µ¶¨¸ ´´ Ö ¢ÒÏ¥ £·µ³µ§¤± Ö Í¥¶µÎ±  ¶µ¸É·µ¥´¨°, ¨ ¸µ¸Éµ¨É
¢ ·¥¤Ê±Í¨¨ ¨§¢¥¸É´ÒÌ ³´µ£µ³¥·´ÒÌ Éµ¦¤¥¸É¢, ¸¢Ö§Ò¢ ÕÐ¨Ì Ê£²µ¢Ò¥ ËÊ´±Í¨¨
 ·£Ê³¥´Éµ¢ Ω ¨ Ω′(Ω; γ), ± Éµ¦¤¥¸É¢ ³ ³¥´ÓÏ¥° · §³¥·´µ¸É¨. ’ ±µ¥ ¶µ¸É·µ-
¥´¨¥ ³µ¦´µ ·¥ ²¨§µ¢ ÉÓ ¢Ò¡µ·µ³ Î ¸É´ÒÌ §´ Î¥´¨° Ê£²µ¢ Ω, ¶·¨ ±µÉµ·ÒÌ
ËÊ´±Í¨¨, ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ¨¸Ìµ¤´µ³ Éµ¦¤¥¸É¢¥, ¶·¨´¨³ ÕÉ ¡µ²¥¥ ¶·µ¸Éµ°
¢¨¤ ¨²¨ ¦¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. „²Ö ¶·¨³¥·  ¨¸¸²¥¤Ê¥³ Éµ¦¤¥¸É¢  (94)Ä(96)
¶·¨ Î ¸É´ÒÌ §´ Î¥´¨ÖÌ ¨Ì  ·£Ê³¥´Éµ¢ (12) ¨ (13)Ä(15).

‘´ Î ²  ¶·¨¢¥¤¥³ ¢¸¶µ³µ£ É¥²Ó´Ò¥ Ëµ·³Ê²Ò. �·¨ Ô±¸É·¥³ ²Ó´ÒÌ §´ -
Î¥´¨ÖÌ  ·£Ê³¥´É  θq ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ Ycδ(q̂) µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó, ¥¸²¨
δ 6= 0, ²¨¡µ § ¢¨¸ÖÉ Éµ²Ó±µ µÉ ¨Ì ¢Éµ·µ£µ  ·£Ê³¥´É  ϕq , ¶·¨Î¥³ [23]

Ycδ(v̂) = δδ0
√

(2c+ 1)/4π , v̂ = (0, 0), (98)

Ycδ(q̂) = Ycδ(v̂) (−1)(c−δ)θq/π exp(iδϕq).

�µÔÉµ³Ê ¢ ¸²ÊÎ ¥ (12), ±µ£¤  ϕx, θy, ϕy = 0 ¨ θy = θ, ¨³¥¥³

Ybβ(x̂) = Ybβ(v̂) , Yaα(ŷ) = (2π)−1/2 Θaα(u) ,

Yb′β′(x̂
′) = (−sign γ)β

′
(2π)1/2 Θb′β′(uxx′) , (99)

Ya′α′(ŷ
′) = (−1)α

′
(2π)−1/2 Θa′α′(uxy′) ,

  ¢ ¸²ÊÎ ¥ (13)Ä(15), ±µ£¤  ϕx, θx, θy, ϕy = 0, ¶µ²ÊÎ ¥³

Ycδ(q̂) = Ycδ(v̂) , q̂ = x̂, ŷ ; WLab(ϕ
′) = WLab(ϕ− γ) ; (100)

Yb′β′(x̂
′) = (−2signγ)β

′
2−β

′
(sign(π/2− γ + ϕ)− 1)β

′−b′Yb′β′(v̂) ,

Ya′α′(ŷ
′) = (−2)α

′
2−a

′
(sign(γ − ϕ)− 1)a

′−α′Ya′α′(v̂) .

ˆ¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ò (98), (99), ¤µ± §Ò¢ ¥³, ÎÉµ ¢ ¸²ÊÎ ¥ (12) ¸µµÉ´µÏ¥-
´¨Ö (94)Ä(96) ¢Ò·µ¦¤ ÕÉ¸Ö ¢ ¤¢Ê³¥·´Ò¥ Éµ¦¤¥¸É¢  ¶µ ¶¥·¥³¥´´Ò³ u ¨ ϕ:

Θb′β′(uxx′) =
(−1)b

′
Nb′0b′√

2πWb′0b′(ϕ′(ϕ, u; γ))
(−sign γ)β

′ × (101)

×
∑

c+d=b′

√
d+ 1/2

Ab
′

cd

N2
b′cd

Cb
′β′

cβ′d0Wb′cd(ϕ)Wb′cd(γ) Θcβ′(u),

Θa′α′(uxy′) =
Na′a′0√

2πWa′a′0(ϕ′(ϕ, u; γ))
(−1)α

′
× (102)
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×
∑

c+d=a′

√
d+ 1/2

(−1)cAa
′

cd

N2
a′cd

Ca
′α′

cα′d0Wa′cd(ϕ)Wa′dc(γ) Θcα′(u) ,

(−1)m
∑
α′

(−sign γ)β
′
C`maα′bβ′ Θaα′(uxy′) Θb′β′(uxx′) = (103)

= ( (2a′ + 1)(2b′ + 1) )
1/2 (−1)b

′
Na′+b′,a′b′

4πWa′+b′,a′b′(ϕ′(ϕ, u; γ))
×

×
∑

c+d=a′

(−1)cAa
′

cd

∑
e+f=b′

Ab
′

ef

Wa′+b′,d+e,c+f(γ)

Na′+b′,d+e,c+f

Wa′+b′,c+e,d+f(ϕ)

Na′+b′,c+e,d+f
×

×
∑
gh

BgceB
h
df


c e g
d f h
a′ b′ `

 √
h+ 1/2C`mgmh0Θgm(u) .

‘ ¶µ³µÐÓÕ · ¢¥´¸É¢ (73) ¨ (100) ¶µ± §Ò¢ ¥³, ÎÉµ ¢ ¸²ÊÎ ¥ (13)Ä(15) Éµ¦-
¤¥¸É¢µ (94) c β′ 6= 0, Éµ¦¤¥¸É¢µ (95) c α′ 6= 0 ¨ Éµ¦¤¥¸É¢µ (96) c
m 6= 0, (−1)a

′+b′ 6= (−1)` ¢Ò·µ¦¤ ÕÉ¸Ö ¢ É·¨¢¨ ²Ó´µ¥ · ¢¥´¸É¢µ 0 ≡ 0.
…¸²¨ ¦¥ β′, α′,m, (−1)a

′+b′−`−1 = 0, Éµ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ (13)Ä(15)
Éµ¦¤¥¸É¢  (94)Ä(96) ¶µ·µ¦¤ ÕÉ ¸²¥¤ÊÕÐ¨¥ É¥µ·¥³Ò ¸²µ¦¥´¨Ö ¤²Ö ËÊ´±Í¨°
WLa′b′ ¸ ¨´¤¥±¸µ³ L = a′ + b′:

Wb′0b′(ϕ−γ) = (2
√

2π)−1Nb′0b′ (−1)b
′ ∑
c+d=b′

Ab
′

cdB
b′

cdN
−2
b′cdWb′cd(ϕ)Wb′cd(γ) ,

Wa′a0(ϕ−γ) = (2
√

2π)−1Na′a′0
∑

c+d=a′

(−1)cAa
′

cdB
a′

cdN
−2
a′cdWa′cd(ϕ)Wa′dc(γ) ,

Wa′+b′,a′b′(ϕ− γ) = (−1)b
′
Na′+b′,a′b′(4πC

`0
a′0b′0)−1×

×
∑

c+d=a′

(−1)cAa
′

cd

∑
e+f=b′

Ab
′

ef

Wa′+b′,d+e,c+f(γ)

Na′+b′,d+e,c+f

Wa′+b′,c+e,d+f(ϕ)

Na′+b′,c+e,d+f
×

×
∑
gh

BgceB
h
df


c e g
d f h
a′ b′ `

B`gh . (104)

„µ± § ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö (104) ³µ¦´µ É· ±Éµ¢ ÉÓ ¨ ± ± ¶· ¢¨²  ¶·¥µ¡· -
§µ¢ ´¨Ö ËÊ´±Í¨¨ Wa+b,ab(ϕ) ¶·¨ ¸¤¢¨£¥ ¥¥  ·£Ê³¥´É  ´  Ê£µ² γ. �µ²¥§´µ
¶µ± § ÉÓ, ÎÉµ µ¶¥· Éµ· K(γ) ¢ Î ¸É´µ³ ¸²ÊÎ ¥ (13)Ä(15) ¸µ¢¥·Ï ¥É ¨³¥´´µ
É ±µ¥ ¶·¥µ¡· §µ¢ ´¨¥. ‘ ÔÉµ° Í¥²ÓÕ ¨¸¸²¥¤Ê¥³ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ-
¢ ´¨¥ (26) ËÊ´±Í¨¨ Ψ = WLab(ϕ). ‚ ¸¨²Ê · ¢¥´¸É¢ (42), (46) ¨ (50) ¨³¥¥³
¤¢Ê³¥·´Ò¥ ¶µ  ·£Ê³¥´É ³ u ¨ ϕ Éµ¦¤¥¸É¢ :

〈Ω|J |WLab(ϕ)〉 = 〈Ω|Jp|WLab(ϕ)〉 = u ∂ϕWLab(ϕ) , (105)

〈Ω|K(γ)|WLab(ϕ)〉 = 〈Ω|Kp(γ)|WLab(ϕ)〉 = WLab(ϕ
′(ϕ, u; γ)) ,
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±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ËÊ´±Í¨¨ WLab(ϕ) ¢ ËÊ´±-
Í¨Õ ¶¥·¥³¥´´ÒÌ u ¨ ϕ. �µ² £ Ö u = 1 ¢ Éµ¦¤¥¸É¢ Ì (105), ¶¥·¥Ìµ¤¨³ ±
¸²ÊÎ Õ (13)Ä(15) ¨ ¶µ²ÊÎ ¥³ µ¶¥· Éµ·´Ò¥ Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨
¸¤¢¨£   ·£Ê³¥´É  ËÊ´±Í¨¨ WLab(ϕ) ´  Ê£µ² γ:

JpWLab(ϕ) = ∂ϕWLab(ϕ) , Kp(γ)WLab(ϕ) = WLab(ϕ− γ) . (106)

’·¥É¨° ¨ ´ ¨¡µ²¥¥ µ¡Ð¨° ¶µ¤Ìµ¤ ± ¤µ± § É¥²Ó¸É¢Ê É¥µ·¥³ ¸²µ¦¥´¨Ö ¤²Ö
Ê£²µ¢ÒÌ ¡ §¨¸µ¢ (59) ¸µ¸Éµ¨É ¢ ¨¸¸²¥¤µ¢ ´¨¨ ¨´É¥£· ²µ¢ ¶¥·¥±·ÒÉ¨Ö ³¥¦¤Ê
¡ §¨¸´Ò³¨ ËÊ´±Í¨Ö³¨ ¨ ¨Ì ±¨´¥³ É¨Î¥¸±¨³¨ µ¡· § ³¨. �ÉµÉ ³¥Éµ¤ ¤¥³µ´-
¸É·¨·Ê¥É¸Ö ¢ ¶¶. 2.2.4 ¨ 2.2.5 µ¶¨¸ ´¨¥³ ¨§¢¥¸É´ÒÌ ¨ ´µ¢ÒÌ ¸¶µ¸µ¡µ¢ ¶µ´¨-
¦¥´¨Ö · §³¥·´µ¸É¨ É ±¨Ì ¨´É¥£· ²µ¢.

2.2.4. Š¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¡¨¸Ë¥·¨Î¥¸±¨Ì ·Ö¤µ¢. —Éµ¡Ò ¸Ê-
Ð¥¸É¢¥´´µ ¸µ±· É¨ÉÓ ¢Ò±² ¤±¨, ¶µ¸ÉÊ¶¨³ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‘´ Î ²  ¨¸-
¸²¥¤Ê¥³ ´¥ § ¢¨¸ÖÐ¨¥ µÉ ¢¨¤  ³´µ¦¨É¥²Ö Q(r, ϕ) ¸¢µ°¸É¢  ±¨´¥³ É¨Î¥¸±µ£µ
¶·¥µ¡· §µ¢ ´¨Ö (26) ¶·µ¨§¢¥¤¥´¨°

|Ψ〉 ≡ |Q`ma′b′〉 , Ψ(r) = Q(r, ϕ)Y`ma′b′(x̂, ŷ) . (107)

�µ²µ¦¨¢ ¢ ¢Ò¢¥¤¥´´ÒÌ Ëµ·³Ê² Ì Q ≡ 1,Ψ`m
a′b′ , U

`
a′b′ ,WLa′b′ , ¤µ± ¦¥³ ¶· -

¢¨²  ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¡¨¸Ë¥·¨Î¥¸±µ£µ ¡ §¨¸ , ·Ö¤µ¢ (64),
(86) ¨ ¶·¥¤¸É ¢²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  K(γ) ¢ £¨¶¥·¸Ë¥·¨Î¥-
¸±µ³ ¡ §¨¸¥ ¢ ¢¨¤¥ ¤¢µ°´ÒÌ ¨´É¥£· ²µ¢.

‘µ£² ¸´µ · ¢¥´¸É¢ ³ (25), (38), (40) ¨ (49) µ¶¥· Éµ·Ò P, l2, l3 ´¥ ¤¥°-
¸É¢ÊÕÉ ´  ¶¥·¥³¥´´ÊÕ ϕ ¨ ±µ³³ÊÉ¨·ÊÕÉ ¸ µ¶¥· Éµ· ³¨ J ¨ K(γ). ‡´ Î¨É,
ËÊ´±Í¨¨ É¨¶  (107) ¨ ¨Ì ±¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò JΨ ¨ K(γ)Ψ Ö¢²ÖÕÉ¸Ö ¸µ¡-
¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ µ¶¥· Éµ·µ¢ P, l2, l3 ¨ µÉ¢¥Î ÕÉ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³
`(` + 1), m ¨ σ′ = (−1)a

′+b′ . �¤´ ±µ µ¶¥· Éµ·Ò J ¨ K(γ) ´¥ ±µ³³ÊÉ¨·ÊÕÉ
¸ µ¶¥· Éµ· ³¨ l2x ¨ l2y. ‘²¥¤µ¢ É¥²Ó´µ, ±µÔËË¨Í¨¥´ÉÒ 〈`mab|K(γ)|Ψ〉 · §-
²µ¦¥´¨Ö ±¨´¥³ É¨Î¥¸±µ£µ µ¡· §  ËÊ´±Í¨¨ (107) ¶µ ¡¨¸Ë¥·¨Î¥¸±µ³Ê ¡ §¨¸Ê,
¢ÒÎ¨¸²Ö¥³Ò¥ ¶µ ¶· ¢¨² ³ (64), ¤¨ £µ´ ²Ó´Ò Éµ²Ó±µ ¶µ ±¢ ´Éµ¢Ò³ Î¨¸² ³
`,m, σ:

〈`′m′ab|K(γ)|Q`ma′b′〉 ≡ δ`′` δm′mδσ′σ 〈ab|K(γ)|Qa′b′〉`(ϕ) , (108)

〈ab|K(γ)|Qa′b′〉`(ϕ) ≡
∫
T 4
xy

dx̂ dŷ
(
Y`mab (x̂, ŷ)

)∗
Q(r, ϕ′)Y`ma′b′(x̂′, ŷ′) .

‡¤¥¸Ó ¶¥·¥³¥´´Ò¥ x̂′, ŷ′ ¨ ϕ′ Å ËÊ´±Í¨¨  ·£Ê³¥´Éµ¢ x̂, ŷ, ϕ ¨ ¶ · ³¥É·  γ.
�µÔÉµ³Ê ËÊ´±Í¨Õ Q(r, ϕ′) ´¥²Ó§Ö ¢Ò´¥¸É¨ ¨§-¶µ¤ §´ ±  ¨´É¥£· ² ,   ¸ ³
¨´É¥£· ² § ¢¨¸¨É µÉ ¨´¤¥±¸  ` ¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°  ·£Ê³¥´É  ϕ ¨ ¶ · ³¥É· 
γ. ˆ¸¸²¥¤Ê¥³ ¨´É¥£· ²Ò É ±µ£µ É¨¶ .

‡ ¶¨¸ ¢ Éµ¦¤¥¸É¢  (47) ¨ (51) ¢ µ¡±² ¤± Ì 〈`mab| ¨ |Q`ma′b′〉 ¨ ¨¸¶µ²Ó-
§µ¢ ¢ ¸¢µ°¸É¢  (74) µ¶¥· Éµ·µ¢ (25), ¤µ± ¦¥³ ¸µµÉ´µÏ¥´¨Ö ¸¨³³¥É·¨¨:

〈ab|K(γ)|Qa′b′〉`(ϕ) = 〈Qa′b′|K(−γ)|ab〉`(ϕ) = (109)
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= 〈ba|K(γ)|Qb′a′〉`(π/2− ϕ) =

= (−1)a〈ab|K(−γ)|Qa′b′〉`(ϕ) =

= (−1)`+a
′
〈ba|K(π/2− γ)|Qa′b′〉`(π/2− ϕ) =

= (−1)`+a〈ab|K(π/2− γ)|Qb′a′〉`(π/2− ϕ) .

�´¨ µ§´ Î ÕÉ, ÎÉµ ËÊ´±Í¨¨ 〈ab|K(γ)|Qa′b′〉`(ϕ) ¸ ²Õ¡Ò³¨ ¨´¤¥±¸ ³¨ Ö¢²Ö-
ÕÉ¸Ö Î¥É´Ò³¨ ¨²¨ ´¥Î¥É´Ò³¨ µÉ´µ¸¨É¥²Ó´µ ÉµÎ±¨ γ = 0 ´  ¨´É¥·¢ ²¥
−π/2 < γ < π/2,   ¶·¨ a = b ¨ (¨²¨) a′ = b′ É ±¨¥ ËÊ´±Í¨¨ µ¡² ¤ ÕÉ µ¶·¥-
¤¥²¥´´µ° Î¥É´µ¸ÉÓÕ µÉ´µ¸¨É¥²Ó´µ ÉµÎ±¨ γ = π/4 ´  ¨´É¥·¢ ²¥ 0 < γ < π/2.

�·¨³¥´¨¢ · ¢¥´¸É¢  (27) ¨ (74), ¶µ²ÊÎ¨³

〈ab|K(0)|Qa′b′〉`(ϕ) = (−1)a
′+b′ δaa′ δbb′ Q(r, ϕ) , (110)

〈ab|K(π/2)|Qa′b′〉`(ϕ) = (−1)`−b
′
δab′ δa′bQ(r, π/2− ϕ) .

‚ ¸¨²Ê · ¢¥´¸É¢ (108) ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ (64) ËÊ´±Í¨¨ |Ψ〉 =
= K(γ)|Q`ma′b′〉 ¢Ò·µ¦¤ ¥É¸Ö ¢ ¤¢µ°´ÊÕ ¸Ê³³Ê:

K(γ)Q(r, ϕ)Y`ma′b′(x̂, ŷ) = Q(r, ϕ′)Y`ma′b′(x̂′, ŷ′) = (111)

=
∑
ab

〈ab|K(γ)|Qa′b′〉`(ϕ) Y`mab (x̂, ŷ) ,

£¤¥ a ¨ b ¶·µ¡¥£ ÕÉ ¢¸¥ ¢µ§³µ¦´Ò¥ ¶·¨ ¤ ´´ÒÌ ` ¨ σ §´ Î¥´¨Ö. �·¨ γ = 0 ¨
γ = π/2, ¡² £µ¤ ·Ö · ¢¥´¸É¢ ³ (110), ÔÉ  ¸Ê³³  ¸µ¤¥·¦¨É µ¤´µ ¸² £ ¥³µ¥.

� ¢¥´¸É¢µ (111) ¸¶· ¢¥¤²¨¢µ ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ Ê£²µ¢ Ω, É.¥. Ö¢²Ö¥É¸Ö
¶ÖÉ¨³¥·´Ò³ Éµ¦¤¥¸É¢µ³ ¶µ ¶¥·¥³¥´´Ò³ x̂, ŷ ¨ ϕ, µÉ ±µÉµ·ÒÌ § ¢¨¸ÖÉ ¶¥-
·¥³¥´´Ò¥ x̂′, ŷ′ ¨ ϕ′. ‚ Î ¸É´µ³ ¸²ÊÎ ¥ (12) ¢Ò¶µ²´ÖÕÉ¸Ö · ¢¥´¸É¢  (99) ¨
¶µÔÉµ³Ê Éµ¦¤¥¸É¢µ (111) ¸É ´µ¢¨É¸Ö ¤¢Ê³¥·´Ò³ Éµ¦¤¥¸É¢µ³ ¶µ ¶¥·¥³¥´´Ò³
ϕ ¨ u:

Q(r, ϕ′)
∑
α′

(signγ)α
′
C`ma′α′b′β′ Θa′α′(uxy′) Θb′β′(uxx′) = (112)

=
∑
ab

(−signγ)m
√
b+ 1/2C`mamb0Θam(u) 〈ab|K(γ)|Qa′b′〉`(ϕ),

£¤¥ uab ¨ ϕ′ Å ËÊ´±Í¨¨ (10) ¨ (11) ¶¥·¥³¥´´ÒÌ ϕ, u ¨ ¶ · ³¥É·  γ. ‚ Î ¸É-
´µ³ ¸²ÊÎ ¥ (13)Ä(15) Éµ¦¤¥¸É¢µ (111), ¡² £µ¤ ·Ö · ¢¥´¸É¢ ³ (100) ¨ µ¶·¥¤¥²¥-
´¨Ö³ (97) ±µÔËË¨Í¨¥´Éµ¢ Bcab, ¢Ò·µ¦¤ ¥É¸Ö ¢ É·¨¢¨ ²Ó´µ¥ · ¢¥´¸É¢µ 0 = 0,
¥¸²¨ m, (−1)a+b+` − 1 6= 0. …¸²¨ m, (−1)a+b+` − 1 = 0, Éµ ÔÉµ Éµ¦¤¥¸É¢µ
¸É ´µ¢¨É¸Ö µ¤´µ³¥·´Ò³ Éµ¦¤¥¸É¢µ³ ¶µ ¶¥·¥³¥´´µ° ϕ ¨ ¶ · ³¥É·Ê γ:

B`a′b′ Q(r, ϕ− γ) =
∑
ab

B`ab 〈ab|K(γ)|Qa′b′〉`(ϕ) . (113)
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—¥ÉÒ·¥Ì±· É´Ò° ¨´É¥£· ² (108) ³µ¦´µ ¸¢¥¸É¨ ± µ¤´µ³¥·´µ³Ê. ‘´ Î ² 
µ¶¨Ï¥³ ¸ ³Ò° ¶·µ¸Éµ° ¸¶µ¸µ¡ É ±µ° ·¥¤Ê±Í¨¨. “³´µ¦¨³ ± ¦¤µ¥ (m =
= −`, ..., `) Éµ¦¤¥¸É¢µ (112) ´  ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ËÊ´±Í¨Õ C`mamb0 Θam(u),
¶·µ¨´É¥£·¨·Ê¥³ ¶µ²ÊÎ¨¢Ï¨¥¸Ö · ¢¥´¸É¢  ¶µ ¶¥·¥³¥´´µ° u ´  µÉ·¥§±¥ [−1, 1]
¨, ´ ±µ´¥Í, ¶·µ¸Ê³³¨·Ê¥³ ¶µ²ÊÎ¨¢Ï¨¥¸Ö ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¶µ ¨´-
¤¥±¸Ê m. ˆÉµ£µ¢ÊÕ ¸Ê³³Ê Ê¶·µ¸É¨³, ¨¸¶µ²Ó§µ¢ ¢ Ê¸²µ¢¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨
¤²Ö ËÊ´±Í¨° Θ`m ¨ ±µÔËË¨Í¨¥´Éµ¢ Š²¥¡Ï Åƒµ·¤µ´  [23]:∫ 1

−1

duΘam(u) Θbm(u) = δab ,
∑̀
m=−`

C`mamb0 C
`m
amc0 = δbc

2`+ 1

2b+ 1
. (114)

’ ±¨³ ¸¶µ¸µ¡µ³ ¤²Ö ¨´É¥£· ²  (108) ¢Ò¢µ¤¨³ ¨¸±µ³µ¥ ¶·¥¤¸É ¢²¥´¨¥:

〈ab|K(γ)|Qa′b′〉`(ϕ) =

∫ 1

−1

duK`
aba′b′(ϕ, u; γ)Q(r, ϕ′(ϕ, u; γ)) , (115)

K`
aba′b′(ϕ, u; γ) =

√
4b+ 2

2`+ 1

∑
m

(−signγ)m C`mamb0Θam(u)× (116)

×
∑
α′

(signγ)α
′
C`ma′α′b′β′ Θa′α′(uxy′) Θb′β′(uxx′) .

‚ ¶ÖÉ¨ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ, ±µ£¤  ` = 0 ²¨¡µ ` 6= 0,   ¤¢  ¨´¤¥±¸  ¨§ Î¥É¢¥·±¨
¨´¤¥±¸µ¢ (a, b, a′, b′) · ¢´Ò ´Ê²Õ, ¤¢µ°´ Ö ¸Ê³³  (116) § ³¥É´µ Ê¶·µÐ ¥É¸Ö:

K0
aaa′a′(ϕ, u; γ) = (−1)a+a′

(
(2a+ 1)(2a′ + 1)

)1/2
Pa(u)Pa′(ux′y′) ,

K`
0`0`(ϕ, u; γ) = P`(uxx′) , K`

`0`0(ϕ, u; γ) = P`(uyy′) , (117)

K`
0``0(ϕ, u; γ) = P`(uxy′) , K`

`00`(ϕ, u; γ) = P`(uyx′) .

� ¶µ³´¨³, ÎÉµ ¢ · ¢¥´¸É¢ Ì (116) ¨ (117)  ·£Ê³¥´ÉÒ ËÊ´±Í¨° Θam ¨ Pn
Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ (11) ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ u ¨ ϕ.

�·¨¢¥¤¥³ ¨´µ° ¢Ò¢µ¤ [67] ¸µµÉ´µÏ¥´¨° (115)Ä(117), µ¸´µ¢ ´´Ò° ´  ¶· -
¢¨² Ì ¶·¥µ¡· §µ¢ ´¨Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¶·¨ É·¥Ì³¥·´ÒÌ ¶µ¢µ·µÉ Ì.
‚ ¨´É¥£· ²¥ (108) § ³¥´¨³ ÔÉ¨ ËÊ´±Í¨¨ ¸Ê³³ ³¨ (76) ¨ ¶¥·¥°¤¥³ µÉ ¶¥·¥-
³¥´´ÒÌ x̂, ŷ ± ¶¥·¥³¥´´Ò³ ω ¨ u. ’µ£¤  ¢ ¶µ¤Ò´É¥£· ²Ó´µ° ËÊ´±Í¨¨ µÉ
¸µ¢µ±Ê¶´µ¸É¨ ω É·¥Ì Ê£²µ¢ �°²¥·  (16) ¡Ê¤ÊÉ § ¢¨¸¥ÉÓ Éµ²Ó±µ ¶·µ¨§¢¥¤¥´¨Ö

(D`
mmp(ω))∗D`

m′mp(ω) .

…¸²¨ ¶·¨³¥´¨ÉÓ ¸µµÉ´µÏ¥´¨Ö µ·Éµ£µ´ ²Ó´µ¸É¨ ¤²Ö D-ËÊ´±Í¨° [23] ¨ ¢ÒÎ¨-
¸²¨ÉÓ ¨´É¥£· ²Ò ¶µ Ê£² ³ ω µÉ É ±µ£µ ¶·µ¨§¢¥¤¥´¨Ö, Éµ ¶µ²ÊÎ¨É¸Ö µ¤´µ±· É-
´Ò° ¨´É¥£· ² (115) ¸ Ö¤·µ³ (116).
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…Ð¥ µ¤¨´ ¨ ¸ ³Ò° £·µ³µ§¤±¨° ¸¶µ¸µ¡ ¶·¥µ¡· §µ¢ ´¨Ö ¨´É¥£· ²  (108) ±
µ¤´µ³¥·´µ³Ê ¨´É¥£· ²Ê (115) ¨ ¢Ò¢µ¤Ê ¤²Ö ËÊ´±Í¨¨ K`

aba′b′ ¶·¥¤¸É ¢²¥´¨Ö
¢ ¢¨¤¥ ¸¥³¨±· É´µ° ¸Ê³³Ò ¶µ¤·µ¡´µ µ¶¨¸ ´ ¢ ±´¨£¥ [21] ¢ ¸²ÊÎ ¥ · ¢´ÒÌ
³ ¸¸ Î ¸É¨Í. �¶¨Ï¥³ ÔÉµÉ ¸¶µ¸µ¡ ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ ³ ¸¸. ‚ ¨´É¥£· ²¥ (108)
§ ³¥´¨³ ËÊ´±Í¨Õ Y`ma′b′ ·Ö¤µ³ (96),   ËÊ´±Í¨Õ W−1

a′+b′,a′b′Q · §²µ¦¨³ ¢ ·Ö¤
¶µ ¡ §¨¸Ê (92):

W−1
a′+b′,a′b′(ϕ

′)Q(r, ϕ′) = 2π

∞∑
n=0

(−1)nY00
nn(x̂, ŷ)×

×
∫ 1

−1

duΘn0(u)W−1
a′+b′,a′b′(ϕ

′(u, ϕ; γ))Q(r, ϕ′(ϕ, u; γ)) . (118)

„ ²¥¥ ¶·µ¨´É¥£·¨·Ê¥³ ¶·µ¨§¢¥¤¥´¨Ö É·¥Ì ¡¨¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¶µ Éµ·Ê
T 4
xy ¸ ¶µ³µÐÓÕ ¨§¢¥¸É´µ° Ëµ·³Ê²Ò [23]:

Y00
nn(x̂, ŷ)Y`mab (x̂, ŷ) =

=
(−1)a+b+`

4π(2n+ 1)1/2

∑
cd

(−1)cBcanB
d
bn

{
d c `
a b n

}
Y`mcd (x̂, ŷ) , (119)

£¤¥ ±µÔËË¨Í¨¥´ÉÒ Bacd § ¤ ´Ò Ëµ·³Ê² ³¨ (97). ˆ¸¶µ²Ó§ÊÖ ¶µ²ÊÎ¨¢Ï¨¥¸Ö
· ¢¥´¸É¢ :

Γ`naba′b′ ≡
∫
T 4
xy

dx̂ dŷ (Y`mab (x̂, ŷ))∗ Y00
nn(x̂, ŷ)Y`ma′b′(x̂, ŷ) = (120)

=
(−1)a

′+b′+`

4π(2n+ 1)1/2
Baa′nB

b
b′n

{
b a `
a′ b′ n

}
,

¸¢µ¤¨³ ¨¸¸²¥¤Ê¥³Ò° ¨´É¥£· ² (108) ± µ¤´µ±· É´µ³Ê ¨´É¥£· ²Ê (115) ¸ Ö¤·µ³:

K`
aba′b′(ϕ, u; γ) = (−1)a

′+b′+b+` (2a+ 1)(2b+ 1)× (121)

× ( 2Γ(2a+ 1)Γ(2b+ 1) )
1/2

Na′+b′,a′b′W
−1
a′+b′,a′b′(ϕ

′(ϕ, u; γ))×

×
(a+b+a′+b′)/2∑

n=0

(−1)n
√

4n+ 2 Θn0(u)×

×
∑
d+e=a

∑
f+g=b

(−1)d ( Γ(2d+ 2)Γ(2e+ 2)Γ(2f + 2)Γ(2g + 2) )
−1/2 ×

×N−1
a+b,e+f,d+gN

−1
a+b,d+f,e+gWa+b,e+f,d+g(γ)Wa+b,d+f,e+g(ϕ)×

×
∑
s,t

Bsdf B
t
eg B

a′

nsB
b′

nt

{
b′ a′ `
s t n

} d e a
f g b
s t `

 .
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„µ ¸¨Ì ¶µ· ¶¥·¥³¥´´Ò¥ ϕ ¨ u ¡Ò²¨  ·£Ê³¥´É ³¨ Ö¤¥· K`
aba′b′ ¨´É¥£· -

²µ¢ (115) ¨ ¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ Q(r, ϕ′(ϕ, u; γ)),   ¶¥·¥³¥´´ Ö u Å ¶¥·¥-
³¥´´µ° ¨´É¥£·¨·µ¢ ´¨Ö. �¶¨Ï¥³ ¡µ²¥¥ ¶µ¤·µ¡´µ, Î¥³ ¢ ±´¨£¥ [21], § ³¥´Ê
¶¥·¥³¥´´ÒÌ u→ ϕ′. ˆ§ · ¢¥´¸É¢  (10) ¢Ò· §¨³ ¶¥·¥³¥´´ÊÕ u ± ± ËÊ´±Í¨Õ
 ·£Ê³¥´Éµ¢ ϕ, ϕ′ ¨ ¶ · ³¥É·  γ:

u(ϕ,ϕ′; γ) = ( cos 2ϕ′ − cos 2γ cos 2ϕ ) cosec 2γ cosec 2ϕ . (122)

�µ¤¸É ¢¨¢ u ¢ É ±µ³ ¢¨¤¥ ¢ · ¢¥´¸É¢  (11), ¶µ²ÊÎ¨³ ËÊ´±Í¨¨ uab =
= uab(ϕ,ϕ

′; γ) ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ϕ ¨ ϕ′:

uxx′ = − secϕ′
(

cos 2ϕ+ cos 2ϕ′ + cos 2γ + 1
)
/4 , (123)

uxy′ = −cosecϕ′
(

cos 2ϕ− cos 2ϕ′ − cos 2γ + 1
)
/4 ,

uyx′ = secϕ′
(

cos 2ϕ− cos 2ϕ′ + cos 2γ − 1
)
/4 ,

uyy′ = cosecϕ′
(

cos 2ϕ+ cos 2ϕ′ − cos 2γ − 1
)
/4 ,

ux′y′ = cosec 2ϕ′ cosec 2γ
(

cos 2ϕ+ cos 2ϕ′ cos 2γ
)
/4 .

‚ÒÎ¨¸²¨³ Ö±µ¡¨ ´ ¨¸¸²¥¤Ê¥³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö u→ ϕ′

∂ϕ′ u(ϕ,ϕ′; γ) = −t(ϕ,ϕ′; γ) signγ , t(ϕ,ϕ′; γ) ≡ 2 sin 2ϕ′

sin 2ϕ| sin 2γ| (124)

¨ ¶·¥¤¥²Ò ¨´É¥£·¨·µ¢ ´¨Ö C− ¨ C+ ¶µ ´µ¢µ° ¶¥·¥³¥´´µ° ϕ′, µÉ¢¥Î ÕÐ¨¥
£· ´¨Î´Ò³ §´ Î¥´¨Ö³ u = −1 ¨ u = 1 ¶¥·¥³¥´´µ° u. …¸²¨ γ > 0, Éµ ¢¸¥£¤ 
∂ϕ′u ≤ 0,   ¢¥·Ì´¨° ¶·¥¤¥² C+ ´¥ ³¥´ÓÏ¥ ´¨¦´¥£µ ¶·¥¤¥²  C−. �·¨ γ < 0
∂ϕ′u ≥ 0,   ¢¥·Ì´¨° ¶·¥¤¥² C+ ´¥ ¶·¥¢ÒÏ ¥É ´¨¦´¨° ¶·¥¤¥² C−. ‚ ¸²ÊÎ ¥
γ < 0 ³µ¦´µ ¶µ³¥´ÖÉÓ ¶·¥¤¥²Ò ¨´É¥£·¨·µ¢ ´¨Ö ³¥¸É ³¨ ¨ ¨§³¥´¨ÉÓ §´ ±
¶¥·¥¤ ¨´É¥£· ²µ³. ’ ±µ¥ Éµ¦¤¥¸É¢¥´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ´¥ ¶µÉ·¥¡Ê¥É¸Ö, ¥¸²¨
¶·µ¨§¢µ¤´ÊÕ (124) § ³¥´¨ÉÓ ¥¥ ³µ¤Ê²¥³ t,   ´¨¦´¨° ¨ ¢¥·Ì´¨° ¶·¥¤¥²Ò C−
¨ C+ ¶¥·¥µ¶·¥¤¥²¨ÉÓ · ¢¥´¸É¢ ³¨

C−(ϕ; γ) ≡ |ϕ− |γ|| , C+(ϕ; γ) ≡ min {ϕ+ γ, π − ϕ− |γ|} . (125)

ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨Ö (123)Ä(125), § ¶¨¸Ò¢ ¥³ ¨´É¥£· ² (115) ¢ ¢¨¤¥

〈ab|K(γ)|Qa′b′〉`(ϕ) =

∫ C+(ϕ;γ)

C−(ϕ;γ)

dϕ′K`
aba′b′(ϕ,ϕ

′; γ)Q(r, ϕ′) , (126)

K`
aba′b′(ϕ,ϕ

′; γ) ≡ t(ϕ,ϕ′; γ)K`
aba′b′(ϕ, u(ϕ,ϕ′; γ)) . (127)
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�Ê¸ÉÓ Q ≡ 1. ’µ£¤  ËÊ´±Í¨Ö (107) Å ¡¨¸Ë¥·¨Î¥¸± Ö £ ·³µ´¨± ,   · ¢¥´-
¸É¢  (109) ¨ (110) µ¶¨¸Ò¢ ÕÉ ¸¨³³¥É·¨Õ ¨ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö ³ É·¨Î´ÒÌ
Ô²¥³¥´Éµ¢ (108) µ¶¥· Éµ·  K(γ) ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥. �É¨ ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ Ê¤µ¢²¥É¢µ·ÖÕÉ ¶· ¢¨² ³ ¸Ê³³ (112) ¨ (113) ¨ ¶·¥¤¸É ¢¨³Ò ¨´É¥-
£· ² ³¨ (115) µÉ ËÊ´±Í¨° (116), (117) ¨²¨ (121).

�·¨ Q ≡ Ψ`m
a′b′ Ëµ·³Ê²Ò (115), (116) ¨ (126), (127) ¸É ´µ¢ÖÉ¸Ö ¶· ¢¨-

² ³¨ ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¸² £ ¥³µ£µ Ψ`m
a′b′Y`ma′b′ ¡¨¸Ë¥·¨Î¥¸±µ£µ

·Ö¤  (64) ¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ Ψ. �·¨³¥´¨¢ ¨Ì ± ± ¦¤µ³Ê ¸² £ ¥³µ³Ê
ÔÉµ£µ ·Ö¤ , ¶µ²ÊÎ¨³ ¥£µ · §²µ¦¥´¨¥ ¶µ ¡¨¸Ë¥·¨Î¥¸±¨³ ËÊ´±Í¨Ö³ Y`mab (x̂, ŷ):

K(γ)
∑
`m

∑
a′b′

Ψ`m
a′b′(r, ϕ)Y`ma′b′(x̂, ŷ) =

∑
`m

∑
a′b′

Ψ`m
a′b′(r, ϕ

′)Y`ma′b′(x̂′, ŷ′) = (128)

=
∑
`m

∑
ab

Y`mab (x̂, ŷ)

∫ 1

−1

duK`
aba′b′(ϕ, u; γ)Ψ`m

a′b′(r, ϕ
′(ϕ, u; γ)) =

=
∑
`m

∑
ab

Y`mab (x̂, ŷ)

∫ C+(ϕ;γ)

C−(ϕ;γ)

dϕ′K`
aba′b′(ϕ,ϕ

′; γ)Ψ`m
a′b′(r, ϕ

′) .

�É³¥É¨³, ÎÉµ ¸µ£² ¸´µ ÔÉ¨³ Ëµ·³Ê² ³ ±¨´¥³ É¨Î¥¸±¨° µ¡· § ËÊ´±Í¨¨ Ψ(x)
³µ¤Ê²Ö ¢¥±Éµ·  x, É.¥. ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ ¨§ µ¤´µ£µ ¸² £ ¥³µ£µ

Ψ(x) = Y00
00 (x̂, ŷ) Ψ00

00(x) , Ψ00
00(x) = (4π) Ψ(x) ,

Å ¡¥¸±µ´¥Î´ Ö ¸Ê³³  ¶µ ¢¸¥³ ¡¨¸Ë¥·¨Î¥¸±¨³ ËÊ´±Í¨Ö³ ¸ `,m = 0:

K(γ)Ψ(x) =
∑
ab

Y00
ab (x̂, ŷ)

∫ 1

−1

duK0
ab00(ϕ, u; γ)Ψ(r cosϕ′(ϕ, u; γ)) . (129)

…¸²¨ Q ≡ U `a′b′ , Éµ Ëµ·³Ê²Ò (115), (116) ¨ (126), (127) µ¶¨¸Ò¢ ÕÉ ±¨-
´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸² £ ¥³µ£µ U `a′b′Y`ma′b′ ·Ö¤  (86) ËÊ´±Í¨¨ (84),
¶µ¤Î¨´¥´´µ° Ê¸²µ¢¨Ö³ (85). „²Ö É ±µ° ËÊ´±Í¨¨

K(γ)Ψε(r) = K(γ)(xy)−1
∑
a′b′

U `a′b′(r, ϕ)Y`ma′b′(x̂, ŷ) = (130)

= (x′y′)−1
∑
a′b′

U `a′b′(r, ϕ
′)Y`ma′b′(x̂′, ŷ′) =

= (xy)−1
∑
ab

∑
a′b′

Y`mab (x̂, ŷ) 〈r, ϕ|h`aba′b′(γ)|U `a′b′〉 .

‡¤¥¸Ó ¢¢¥¤¥´ ¨´É¥£· ²Ó´Ò° µ¶¥· Éµ· h`aba′b′(γ). �µ µ¶·¥¤¥²¥´¨Õ µ´ µÉµ¡· -
¦ ¥É ¶·µ¨§¢µ²Ó´ÊÕ ËÊ´±Í¨Õ Q(r, ϕ), § ¤ ´´ÊÕ ¢ R2

+, ¢ µ¤´µ±· É´Ò¥ ¨´É¥-
£· ²Ò

〈r, ϕ|h`aba′b′(γ)|Q〉 ≡
∫ 1

−1

du h`aba′b′(ϕ, u; γ)Q(r, ϕ′(ϕ, u; γ)) = (131)
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=

∫ C+(ϕ;γ)

C−(ϕ;γ)

dϕ′ h`aba′b′(ϕ,ϕ
′; γ)Q(r, ϕ′) ,

Ö¤·  ±µÉµ·ÒÌ ¸¢Ö§ ´Ò ¸ ËÊ´±Í¨Ö³¨ (116) ¨ (127) · ¢¥´¸É¢ ³¨

h`aba′b′(ϕ, u; γ) ≡ (xy/x′y′)K`
aba′b′(ϕ, u; γ) , (132)

h`aba′b′(ϕ,ϕ
′; γ) ≡ (sin 2ϕ/ sin 2ϕ′)K`

aba′b′(ϕ,ϕ
′; γ) .

’¥¶¥·Ó, ¨¸¶µ²Ó§µ¢ ¢ ¶·¨¥³, µ¶¨¸ ´´Ò° ¢ · ¡µÉ¥ [67], ¸¢¥¤¥³ ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ µ¶¥· Éµ·  K(γ) ¢ ¡ §¨¸¥ £¨¶¥·£ ·³µ´¨± ± ¤¢Ê³¥·´Ò³ ¨´É¥£· ² ³ ¸
Ö¤· ³¨ K`

aba′b′ . „²Ö ÔÉµ£µ ¶µ²µ¦¨³ Q = WLa′b′(ϕ). ˆ´É¥£· ² (108) Ê³´µ¦¨³
´  ËÊ´±Í¨Õ ρ2(ϕ)WLab(ϕ). �µ²ÊÎ¨¢Ï¥¥¸Ö ¢Ò· ¦¥´¨¥ ¶·µ¨´É¥£·¨·Ê¥³ ¶µ
¶¥·¥³¥´´µ° ϕ ´  µÉ·¥§±¥ [0, π/2]. ˆÉµ£µ¢Ò° ¨´É¥£· ² ¡Ê¤¥É ¨´É¥£· ²µ³ µÉ
¶·µ¨§¢¥¤¥´¨Ö £¨¶¥·£ ·³µ´¨± 〈L`mab|Ω〉 ¨ 〈Ω|K(γ)|L`ma′b′〉 ¶µ £¨¶¥·¸Ë¥·¥
S5
xy. ˆ´É¥£·¨·ÊÖ ¶µ Éµ·Ê T 4

xy ²Õ¡Ò³ ¨§ ¢ÒÏ¥µ¶¨¸ ´´ÒÌ ¸¶µ¸µ¡µ¢, ¶µ²ÊÎ ¥³
¤²Ö É ±µ£µ ¨´É¥£· ²  ¨¸±µ³µ¥ ¶·¥¤¸É ¢²¥´¨¥:

〈L`mab|K(γ)|L`ma′b′〉 ≡
∫
S5
xy

dΩ (Y `mLab(Ω))∗ Y `mLa′b′(Ω
′(Ω; γ)) =

=

∫ π/2

0

ρ2(ϕ)WLab(ϕ)

∫ 1

−1

duK`
aba′b′(ϕ, u; γ)WLa′b′(ϕ

′) . (133)

ˆ¸¶µ²Ó§µ¢ ¢ µ¶·¥¤¥²¥´¨Ö (79), (131) ¨ (132), ¶¥·¥¶¨Ï¥³ ÔÉµ ¶·¥¤¸É ¢²¥´¨¥ ¢
¢¨¤¥ ¸¢Ö§¨ ³¥¦¤Ê ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ µ¶¥· Éµ·µ¢ K(γ) ¨ h`aba′b′ ¢ ¡ §¨¸¥
£¨¶¥·£ ·³µ´¨± ¨ ËÊ´±Í¨° W̃Lab:

〈L`mab|K(γ)|L`ma′b′〉 = 〈Lãb|h`aba′b′(γ)|Lã′b′〉 ≡ (134)

≡
∫ π/2

0

dϕ W̃Lab(ϕ)

∫ C+(ϕ;γ)

C−(ϕ;γ)

dϕ′ h`aba′b′(ϕ,ϕ
′; γ) W̃La′b′(ϕ

′) .

‚ ¶·¨´Í¨¶¥, ¶·¥¤¸É ¢²¥´¨Ö (133) ¨ (134) ¶µ§¢µ²ÖÕÉ ¢µ¸¶·µ¨§¢¥¸É¨ ¸¢µ°-
¸É¢  ¢¸¥Ì ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  K(γ) ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥
¶µ ¨§¢¥¸É´Ò³ ¸¢µ°¸É¢ ³ Ö¤¥· K`

aba′b′ ¨²¨ h`aba′b′ . ’ ±µ° ¸¶µ¸µ¡ ¨¸¸²¥¤µ¢ -
´¨Ö ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö £¨¶¥·£ ·³µ´¨± ´¥ Éµ²Ó±µ ¤µ ¸¨Ì ¶µ·
´¥ ·¥ ²¨§µ¢ ´ ¨§-§  µÉ¸ÊÉ¸É¢¨Ö ¶µ²´µ£µ  ´ ²¨§  ÔÉ¨Ì Ö¤¥· ± ± ËÊ´±Í¨° ¤¢ÊÌ
¶¥·¥³¥´´ÒÌ ϕ ¨ u ¨²¨ ϕ ¨ ϕ′, ´µ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¸²¨Ï±µ³ ¸²µ¦´Ò³. �µ²¥¥
¶·µ¸Éµ° ¶µ¤Ìµ¤, µ¸´µ¢ ´´Ò° ´  ¶·¨³¥´¥´¨¨ µ¶¥· Éµ·´ÒÌ ³¥Éµ¤µ¢ É¥µ·¨¨
Ê£²µ¢µ£µ ³µ³¥´É  ´¥¶µ¸·¥¤¸É¢¥´´µ ± £¨¶¥·£ ·³µ´¨± ³, µ¶¨¸Ò¢ ¥É¸Ö ´¨¦¥.

2.2.5. Š¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ·Ö¤µ¢. ‘´ Î ² 
µ¶¨Ï¥³ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (26) £¨¶¥·£ ·³µ´¨± (54) ´  µ¶¥· -
Éµ·´µ³ Ö§Ò±¥. ‚ ¡ §¨¸¥ £¨¶¥·£ ·³µ´¨± ¥¤¨´¨Î´Ò° µ¶¥· Éµ· ¨³¥¥É µÎ¥´Ó ¶·µ-
¸Éµ¥ ¸¶¥±É· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥:

I =
∑
L`mab

|L`mab〉 〈L`mab| , (135)
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  ³ É·¨ÍÒ µ¶¥· Éµ·µ¢ J ¨ K ¸ÊÐ¥¸É¢¥´´µ · §·¥¦¥´Ò, ¡² £µ¤ ·Ö ±µ³³Ê-
É Í¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³ (40) ¨ (49). ‚ ¸¨²Ê ÔÉ¨Ì ¸µµÉ´µÏ¥´¨° µ¡· §Ò
J |L`mab〉 ¨ K(γ)|L`mab〉 ²Õ¡µ° £¨¶¥·£ ·³µ´¨±¨ |L`mab〉 Ö¢²ÖÕÉ¸Ö ¸µ¡-
¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ µ¶¥· Éµ·µ¢ P, l2, l3 ¨ L2, ´µ ´¥ Ö¢²ÖÕÉ¸Ö É ±µ¢Ò³¨
¤²Ö µ¶¥· Éµ·µ¢ l2x ¨ l2y. ˆ´ Î¥ £µ¢µ·Ö, ¶·¨ ±¨´¥³ É¨Î¥¸±µ³ ¶·¥µ¡· §µ¢ ´¨¨
£¨¶¥·£ ·³µ´¨± |L`mab〉 ± ± ´  ¡¥¸±µ´¥Î´µ ³ ²Ò°, É ± ¨ ´  ²Õ¡µ° ±µ´¥Î´Ò°
Ê£µ² γ ¸µÌ· ´ÖÕÉ¸Ö ±¢ ´Éµ¢Ò¥ Î¨¸²  L, `,m ¨ σ = (−1)L, ´µ ´¥ ¸µÌ· ´ÖÕÉ¸Ö
Î¨¸²  a ¨ b. ‡´ Î¨É ¢¥·´Ò ¶·¥¤¸É ¢²¥´¨Ö

〈L′`′m′a′b′|Q|L`mab〉 = δL′L δ`′` δm′m 〈a′b′|Q|ab〉L` , Q = J,K(γ) . (136)

�µ µ¶·¥¤¥²¥´¨Õ (30) µ¶¥· Éµ· J Å  ´É¨¸¨³³¥É·¨§µ¢ ´´µ¥ ¶µ ¶¥·¥¸É ´µ¢±¥
x ↔ y ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢ x ¨ ∇y. Š ± ¨§-
¢¥¸É´µ [23], ¢ µ¡Ð¥³ ¸²ÊÎ ¥ µ¶¥· Éµ·Ò Ê³´µ¦¥´¨Ö ´  ¢¥±Éµ· q ¨ µ¶¥· Éµ·
£· ¤¨¥´É  ∇q µÉµ¡· ¦ ÕÉ ¸Ë¥·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ Y`m(q̂) ¢ ²¨´¥°´ÊÕ ±µ³¡¨-
´ Í¨Õ ¤¢ÊÌ ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° Y`±1,m(q̂). ‘²¥¤µ¢ É¥²Ó´µ, ¢ µ¡Ð¥³ ¸²ÊÎ ¥
ËÊ´±Í¨Ö J |L`mab〉 Å ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö É¨¶ 

J |L`mab〉 =
∑

µ,ν=±1

〈a+ µ, b+ ν|J |mab 〉L` |L`m, a+ µ, b+ ν〉 . (137)

�µ¤¥°¸É¢Ê¥³ µ¶¥· Éµ·µ³ J ´  ÔÉÊ ±µ³¡¨´ Í¨Õ. �¡· §Ò J |L`m, a+ µ, b+ ν〉
¢Ò· §¨³ ¸Ê³³ ³¨ Éµ£µ ¦¥ É¨¶  (137). �µ¢Éµ·¨³ µ¶¨¸ ´´µ¥ ¶µ¸É·µ¥´¨¥ n− 2
· § . ’µ£¤  µ¡· § Jn|L`mab〉 ¶·¥¤¸É ¢¨É¸Ö ²¨´¥°´µ° ±µ³¡¨´ Í¨¥° £¨¶¥·£ ·-
³µ´¨± |L`m, a′, b′〉 ¸ ¨´¤¥±¸ ³¨ a′ ¨ b′, § ¤ ´´Ò³¨ Ëµ·³Ê² ³¨ a′ = a−n+2µ
¨ b′ = b − n + 2ν, £¤¥ µ ¨ ν ¶·¨´¨³ ÕÉ Éµ²Ó±µ É¥ Í¥²Ò¥ §´ Î¥´¨Ö µÉ 0 ¤µ
n, ¶·¨ ±µÉµ·ÒÌ |a′ − b′| ≤ ` ≤ a′ + b′. ‡´ Î¨É, ¤²Ö µ¶¥· Éµ·  Jn ¢¥·´Ò
¸²¥¤ÊÕÐ¨¥ ¶· ¢¨²  µÉ¡µ· :

〈a′b′|Jn|ab〉L` = 0 , n < max{ |a− a′|, |b − b′| } , (138)

  ¢¸¥ µ¸É ²Ó´Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ, ¢µµ¡Ð¥ £µ¢µ·Ö, µÉ²¨Î´Ò µÉ ´Ê²Ö. ˆ¸-
¶µ²Ó§ÊÖ ÔÉ¨ ¶· ¢¨²  µÉ¡µ·  ¨ ÉµÉ Ë ±É, ÎÉµ ¶·¨ |γ| 6= 0, π/2 µ¶¥· Éµ·K(γ) Å
¡¥¸±µ´¥Î´Ò° ·Ö¤ (33) ¶µ Í¥²Ò³ ¸É¥¶¥´Ö³ µ¶¥· Éµ·  J , ¤µ± §Ò¢ ¥³, ÎÉµ ¢ µ¡-
Ð¥³ ¸²ÊÎ ¥

K(γ)|L`ma′b′〉 =
∑
ab

〈ab|K(γ)|a′b′〉L` |L`mab〉 , (139)

£¤¥ ¨´¤¥±¸Ò a ¨ b ¶·¨´¨³ ÕÉ ¢¸¥ ¢µ§³µ¦´Ò¥ ¶·¨ ¤ ´´ÒÌ L ¨ ` §´ Î¥´¨Ö.
�·¨³¥´ÖÖ Ëµ·³Ê²Ò (27) ¨ (74), ¶µ± §Ò¢ ¥³, ÎÉµ ¶·¨ γ = 0, π/2 ± ¦¤ Ö
¸É·µ±  ³ É·¨ÍÒ µ¶¥· Éµ·  K(γ) ¨³¥¥É Éµ²Ó±µ µ¤¨´ ´¥´Ê²¥¢µ° Ô²¥³¥´É:

〈ab|K(0)|a′b′〉L` = (−1)L δaa′ δbb′ , (140)
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〈ab|K(π/2)|a′b′〉L` = (−1)(L−2`+a′−b′)/2 δab′ δa′b . (141)

�µÔÉµ³Ê ¢ ¸²ÊÎ ÖÌ γ = 0, π/2 ¸Ê³³  (139) ¸µ¸Éµ¨É ¨§ µ¤´µ£µ ¸² £ ¥³µ£µ.
’¥¶¥·Ó µ¶¨Ï¥³ ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ £¨¶¥·£ ·³µ´¨± ¢ ±µµ·-

¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈r| = 〈r,Ω|. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¸¢Ö§¨ (139) ³¥¦¤Ê
£¨¶¥·£ ·³µ´¨± ³¨ ¤µ ¨ ¶µ¸²¥ ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö Ö¢²ÖÕÉ¸Ö Éµ-
¦¤¥¸É¢ ³¨ µÉ´µ¸¨É¥²Ó´µ ¶ÖÉ¨ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ Ω = (θx, ϕx, θy, ϕy, ϕ)
¨ ¨´¤¥±¸µ¢ a′ ¨ b′:

〈Ω|K(γ)|L`ma′b′〉 = Y `mLa′b′(Ω
′(Ω; γ)) =

∑
ab

〈ab|K(γ)|a′b′〉L` Y `mLab(Ω) . (142)

�  ¶²µ¸±µ¸É¨ P (¸²ÊÎ ° (12)) ¢Ò¶µ²´ÖÕÉ¸Ö · ¢¥´¸É¢  (99), ¢ ¸¨²Ê ±µÉµ·ÒÌ £¨-
¶¥·£ ·³µ´¨±¨ ¨ ¨Ì ±¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò ¸É ´µ¢ÖÉ¸Ö ËÊ´±Í¨Ö³¨ ¤¢ÊÌ,   ´¥
¶ÖÉ¨ ¶¥·¥³¥´´ÒÌ. �µÔÉµ³Ê ´  ¶²µ¸±µ¸É¨ P ¸¢Ö§¨ (142) ¢Ò·µ¦¤ ÕÉ¸Ö ¢ ¤¢Ê-
³¥·´Ò¥ Éµ¦¤¥¸É¢  µÉ´µ¸¨É¥²Ó´µ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ u ¨ ϕ, ¶ · ³¥É· 
γ ¨ ¨´¤¥±¸µ¢ a′ ¨ b′:∑

ab

(−signγ)m
√
b+ 1/2C`mamb0 Θam(u)WLab(ϕ) 〈ab|K(γ)|a′b′〉L` =

=
∑
α′

(signγ)α
′
C`ma′α′b′β Θa′α(uxy′) Θb′β(uxx′)WLa′b′(ϕ

′). (143)

�  ¶·Ö³µ° L3 (¸²ÊÎ ° (13)Ä(15)) ¢¥·´Ò · ¢¥´¸É¢  (100), ¸µ£² ¸´µ ±µÉµ·Ò³
£¨¶¥·£ ·³µ´¨±¨ ¨ ¨Ì ±¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ, ¥¸²¨
m 6= 0 ¨²¨ (−1)`+L 6= 1,   ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ¢Ò·µ¦¤ ÕÉ¸Ö ¢ ËÊ´±Í¨¨ µ¤´µ°
¶¥·¥³¥´´µ°. �µÔÉµ³Ê ´  ¶·Ö³µ° L3 Éµ¦¤¥¸É¢  (142) ¨ (143) ¢Ò·µ¦¤ ÕÉ¸Ö ¢
É·¨¢¨ ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö 0 = 0, ¥¸²¨ m 6= 0 ¨²¨ (−1)`+L = −1,   ¢ ¸²ÊÎ ¥
m = (−1)`+L − 1 = 0 Å ¶·¨´¨³ ÕÉ ¢¨¤ µ¤´µ³¥·´ÒÌ Éµ¦¤¥¸É¢ ¶µ £¨¶¥·Ê£²Ê
ϕ, ¶ · ³¥É·Ê γ ¨ ¨´¤¥±¸ ³ a′ ¨ b′:∑

ab

B`abWLab(ϕ) 〈ab|K(γ)|a′b′〉L` = (−1)LB`a′b′WLa′b′(ϕ− γ) , (144)

£¤¥ ±µÔËË¨Í¨¥´ÉÒ Bcab § ¤ ´Ò · ¢¥´¸É¢ ³¨ (97).
ƒ¨¶¥·· ¤¨Ê¸ ´¥ ¨§³¥´Ö¥É¸Ö ¶·¨ ±¨´¥³ É¨Î¥¸±µ³ ¶·¥µ¡· §µ¢ ´¨¨ ±µµ·-

¤¨´ É. �µÔÉµ³Ê Ëµ·³Ê²Ò ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö (26) £¨¶¥·¸Ë¥·¨-
Î¥¸±µ£µ ·Ö¤  (65) ¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ Ψ ³µ¦´µ ¢Ò¢¥¸É¨, ¶·¨³¥´¨¢ ¶· -
¢¨²µ (142) ± ± ¦¤µ° £¨¶¥·£ ·³µ´¨±¥ É ±µ£µ ·Ö¤ . ‘²¥¤µ¢ É¥²Ó´µ,

〈r|K(γ)|Ψ(r)〉 =
∑
`m

∑
La′b′

Ψ`m
La′b′(r)Y

`m
La′b′(Ω

′) = (145)

=
∑
`m

∑
Lab

Y `mLab(Ω)
∑
a′b′

〈ab|K(γ)|a′b′〉L` Ψ`m
La′b′(r) .
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’ ± ± ± ÔÉ  Í¥¶µÎ±  · ¢¥´¸É¢ ¸¶· ¢¥¤²¨¢  ¤²Ö ²Õ¡µ° ËÊ´±Í¨¨ ±² ¸¸  L2(S5
xy),

  £¨¶¥·£ ·³µ´¨±¨ µ¡· §ÊÕÉ µ·Éµ´µ·³¨·µ¢ ´´Ò° ¡ §¨¸ ¢ ÔÉµ³ ±² ¸¸¥, Éµ ¸¶· -
¢¥¤²¨¢µ ¸¶¥±É· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥

K(γ) =
∑
`m

∑
aba′b′

∑
L

|L`mab〉 〈ab|K(γ)|a′b′〉L` 〈L`ma′b′| , (146)

¢ ±µÉµ·µ³ ¤¥°¸É¢¨¥ ¡· - ¨ ±¥É-µ¶¥· Éµ·µ¢ µ¶·¥¤¥²¥´µ · ¢¥´¸É¢ ³¨ (62)Ä(65).
ˆ¸¶µ²Ó§µ¢ ¢ µ¶·¥¤¥²¥´¨¥ (54) ÔÉ¨Ì µ¶¥· Éµ·µ¢ ± ± ¶·µ¨§¢¥¤¥´¨° µ¶¥· Éµ·µ¢
|`mab〉 ¨ |Lab〉, ¢Ò¤¥²¨³ ¢ ¸Ê³³¥ (146) ¶µ¤¸Ê³³Ê K`

aba′b′(γ) ¶µ ¨´¤¥±¸Ê L.
’µ£¤  ¶µ²ÊÎ¨³

K(γ) =
∑
`m

∑
ab

|`mab〉
∑
a′b′

K`
aba′b′(γ) 〈`ma′b′| , (147)

K`
aba′b′(γ) ≡

∑
L

|Lab〉 〈ab|K(γ)|a′b′〉L` 〈La′b′|. (148)

‚ ¸¨²Ê · ¢¥´¸É¢ (128) ¨ (145) ²Õ¡µ° ¨§ µ¶¥· Éµ·µ¢ K`
aba′b′(γ) ¤¥°¸É¢Ê¥É

´  ¡¨¸Ë¥·¨Î¥¸±ÊÕ ±µ³¶µ´¥´ÉÊ Ψ`m
a′b′(r, ϕ) ÉµÎ´µ É ± ¦¥, ± ± ¨´É¥£· ²Ó´Ò°

µ¶¥· Éµ· (126) ¸ Ö¤·µ³ (121):

〈r|K`
aba′b′ |Ψ`m

a′b′(r, ϕ)〉 =

∫ C+(ϕ;γ)

C−(ϕ;γ)

dϕ′K`
aba′b′(ϕ,ϕ

′; γ) Ψ`m
a′b′(r, ϕ

′) . (149)

„²Ö ¶µ²´µÉÒ µ¶¨¸ ´¨Ö ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö £¨¶¥·¸Ë¥·¨Î¥-
¸±¨Ì ·Ö¤µ¢ µ¸É ¥É¸Ö ¶¥·¥Î¨¸²¨ÉÓ ¸¢µ°¸É¢  ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·µ¢
J ¨ K ¨ ¸¶µ¸µ¡Ò ¨Ì ¢ÒÎ¨¸²¥´¨Ö.

Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ µ¶¥· Éµ·  J . � ¸¸³µÉ·¨³ ¨´É¥£· ² (136) ¢ ¸²Ê-
Î ¥ Q = J . ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨¥ (46), § ³¥´¨³ µ¶¥· Éµ· J ¶·µ¨§¢¥¤¥-
´¨¥³ D−1JpD. „ ²¥¥ ¶·¨³¥´¨³ ¶· ¢¨²µ (77) ¨ ¸¤¥² ¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ
x̂, ŷ → ω, u. ‚ ¸¨²Ê · ¢¥´¸É¢ (99) ¢ ¶µ²ÊÎ¨¢Ï¥³¸Ö ¶µ¤Ò´É¥£· ²Ó´µ³ ¢Ò· ¦¥-
´¨¨ µÉ ´ ¡µ·  Ê£²µ¢ ω § ¢¨¸ÖÉ Éµ²Ó±µ D-ËÊ´±Í¨¨. �·µ¨´É¥£·¨·µ¢ ¢ ¶µ ÔÉ¨³
Ê£² ³, ¸¢¥¤¥³ ¨¸¸²¥¤Ê¥³Ò° ¨´É¥£· ² ± ¤¢ÊÌ±· É´µ³Ê ¨´É¥£· ²Ê:

〈ab|J |a′b′〉L` = (2`+ 1)−1((2b+ 1)(2b′ + 1))1/2NLabNLa′b′ ×

×
∑̀
m=−`

C`mamb0 C
`m
a′mb′0

∫ π/2

0

dϕρ2(ϕ)WLab(ϕ)×

×
∫ 1

−1

duΘam(u)Jp(ϕ, u) (Θa′m(u)WLa′b′(ϕ)). (150)

—Éµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¥£µ, ¶·¥µ¡· §Ê¥³ ¶µ¤Ò´É¥£· ²Ó´Ò¥ ËÊ´±Í¨¨

JpΘcδ(u)WLab(ϕ) = i (1− u2)∂u Θcδ(u) 2ctg 2ϕWLab(ϕ) + iuΘcδ(u) ∂ϕWLab .
(151)
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‘´ Î ²  ¶¥·¥¶¨Ï¥³ ¨§¢¥¸É´Ò¥ ¸µµÉ´µÏ¥´¨Ö [23] ¢ ±µ³¶ ±É´µ³ ¢¨¤¥:

(1− u2)∂uΘcδ(u) =
∑
τ=±1

(c+ 1)(2)τCcδτ Θc+τ,δ(u) , (152)

uΘcδ(u) =
∑
τ=±1

Ccδτ Θc+τ,δ(u), Ccδτ ≡
(

(c+ 1/2 + τ/2)2 − δ2

4(c+ 1/2 + τ/2)2 − 1

)1/2

.

’¥¶¥·Ó ¤µ± ¦¥³ ¸¥·¨Õ Éµ¦¤¥¸É¢ ¤²Ö ËÊ´±Í¨° WLab. �¶¥· Éµ·Ò 2ctg2ϕ ¨
∂ϕ, ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ¨¸¸²¥¤Ê¥³µ³ ¸µµÉ´µÏ¥´¨¨ (151), ¢Ò· §¨³ Î¥·¥§ ¡µ²¥¥
Ê¤µ¡´Ò¥ µ¶¥· Éµ·Ò. ˆ¸¶µ²Ó§µ¢ ¢ ¨§¢¥¸É´Ò¥ [6] Ëµ·³Ê²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö

¨ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ¶µ²¨´µ³µ¢ Ÿ±µ¡¨ P (a+1/2,b+1/2)
n ¸ ¢¥·Ì´¨³¨ ¨´¤¥±¸ ³¨,

µÉ²¨Î ÕÐ¨³¨¸Ö ´  ±1, Ê¡¥¤¨³¸Ö ¢ Éµ³, ÎÉµ µ¶¥· Éµ·Ò

W ab
++ ≡ ∂ϕ − a ctgϕ+ b tgϕ, W ab

−+ ≡ ∂ϕ + (a+ 1) ctgϕ+ b tgϕ , (153)

W ab
+− ≡ ∂ϕ − a ctgϕ− (b + 1)tgϕ, W ab

−− ≡ ∂ϕ + (a+ 1) ctgϕ− (b + 1) tgϕ

¨§³¥´ÖÕÉ ¨´¤¥±¸Ò a ¨ b ËÊ´±Í¨¨ WLab ´  ¥¤¨´¨ÍÊ, ´µ ¸µÌ· ´ÖÕÉ ¨´¤¥±¸ L:

W ab
µνWLab(ϕ) = 〈a+ µ, b+ ν|W ab

µν |ab〉LWL,a+µ,b+ν(ϕ), µ, ν = ±1; (154)

〈a+ 1, b+ 1|W ab
++|ab〉L = −2 (n(n+ a+ b+ 2))

1/2
,

〈a− 1, b+ 1|W ab
−+|ab〉L = ( (2n+ 2a+ 1)(2n+ 2b+ 3))

1/2
,

〈a+ 1, b− 1|W ab
+−|ab〉L = − ( (2n+ 2b+ 1)(2n+ 2a+ 3))

1/2
,

〈a− 1, b− 1|W ab
−−|ab〉L = 2 ( (n+ 1)(n+ a+ b+ 1))

1/2
.

’ ± ± ± Î¥ÉÒ·¥ µ¶¥· Éµ·  W ab
±1,±1 ²¨´¥°´µ § ¢¨¸¨³Ò,∑

ν=±1

(
W ab
νν −W ab

ν,−ν
)

= 0 , (155)

Éµ µ¶¥· Éµ·Ò 2 ctg 2ϕ ¨ ∂ϕ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ²¨´¥°´ÒÌ ±µ³¡¨´ Í¨°
Î¥ÉÒ·¥Ì ¨²¨ É·¥Ì É ±¨Ì µ¶¥· Éµ·µ¢. � ¶·¨³¥·,

∂ϕ = W ab
++ − b(2b+ 1)−1W ab

−+ − a(2a+ 1)−1W ab
+− + (156)

+

(
1− a+ b+ 1

(2a+ 1)(2b+ 1)

)
W ab
−− =

=
a+ b+ 1

(2a+ 1)(2b+ 1)
W ab

++ + b(2b+ 1)−1W ab
−+ + a(2a+ 1)−1W ab

+− ,

2 ctg2ϕ = −(2a+ 1)−1W ab
++ + (2b+ 1)−1W ab

−− + (157)

+
2(b− a)

(2a+ 1)(2b+ 1)

(
W ab
−+ −W ab

+−
)

=

= (2a+ 1)−1(W ab
−+ −W ab

++ ) + (2b+ 1)−1(W ab
+− −W ab

++ ) .
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ˆ¸¶µ²Ó§ÊÖ · ¢¥´¸É¢  (153)Ä(155), ¢Ò¢µ¤¨³ ¨§ ¸µµÉ´µÏ¥´¨Ö (156) ¤¢¥ Ô±¢¨¢ -
²¥´É´Ò¥ Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ËÊ´±Í¨° WLab:

∂ϕWLab(ϕ) = 2
[
1− a+ b + 1

(2a+ 1)(2b+ 1)

]
× (158)

× [(n+ 1)(n+ a+ b+ 1)]1/2WL,a−1,b−1(ϕ)−

− b

b+ 1

[
(2n+ 2a+ 1)(2n+ 2b+ 3)

]1/2
WL,a−1,b+1(ϕ) +

+
a

a+ 1

[
(2n+ 2b+ 1)(2n+ 2a+ 3)

]1/2
WL,a+1,b−1(ϕ)−

− 2[n(n+ a+ b+ 2)]1/2WL,a+1,b+1(ϕ) ,

∂ϕWLab(ϕ) =
a

2a+ 1

[
(2n+ 2a+ 1)(2n+ 2b+ 3)

]1/2
WL,a−1,b+1(ϕ)−

− a

2b+ 1

[
(2n+ 2b+ 1)(2n+ 2a+ 3)

]1/2
WL,a+1,b−1(ϕ) −

− 2
a+ b+ 1

(2a+ 1)(2b+ 1)

[
n(n+ a+ b+ 2)

]1/2
WL,a+1,b+1(ϕ). (159)

ˆ§-§  Ê± § ´´µ° Ô±¢¨¢ ²¥´É´µ¸É¨ ËÊ´±Í¨¨ WL,a±1,b±1 ²¨´¥°´µ § ¢¨¸¨³Ò.
ˆ¸¶µ²Ó§µ¢ ¢ · §²µ¦¥´¨Ö (152), (156) ¨ (157), ¸¢¥¤¥³ · ¢¥´¸É¢µ (151) ±

¸Ê³³¥

Jp(ϕ, u)ΘcδWLab(ϕ) = i
∑

τ,µ,ν=±1

Caδτ D
abδ
τµν×

×〈a+ µ, b+ ν|W ab
µν |ab〉L Θa+τ,δ(u)WL,a+µ,b+ν(ϕ), (160)

Dabδ
τ1,−1 ≡ (2(2a)τ (a+ 1)(b− a)− b(2a+ 1))/(2a+ 1)(2b+ 1),

Dabδ
τ−1,1 ≡ Dbaδ

τ1,−1 , D
abδ
τ11 ≡ 1− (2a)τ (a+ 1)/(2a+ 1),

Dabδ
τ,−1,−1 ≡ (1 + 3a+ 3b+ 8ab)/(2a+ 1)(2b+ 1)−Dabδ

τ11, (161)

µ§´ Î ÕÐ¥°, ÎÉµ µ¶¥· Éµ· J µÉµ¡· ¦ ¥É ËÊ´±Í¨¨ É¨¶  Θcδ(u)WLab(ϕ) ¢
±µ´¥Î´Ò¥ ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ Î¥ÉÒ·¥Ì ËÊ´±Í¨° Éµ£µ ¦¥ É¨¶ . „²Ö ¢ÒÎ¨-
¸²¥´¨Ö ¨´É¥£· ²µ¢ (150) ¨¸¶µ²Ó§Ê¥³ ÔÉµÉ Ë ±É ¨ ¨§¢¥¸É´Ò¥ ¸¢Ö§¨ [23] ³¥¦¤Ê
±µÔËË¨Í¨¥´É ³¨ Š²¥¡Ï Åƒµ·¤µ´  ¸ ¨´¤¥±¸ ³¨ ³µ³¥´Éµ¢, µÉ²¨Î ÕÐ¨³¨¸Ö
´  ±1. ‚ ¨Éµ£¥ ¤µ± §Ò¢ ¥³ ¶· ¢¨²  µÉ¡µ·  (138) ¤²Ö µ¶¥· Éµ·  J ¨ ´ Ìµ-
¤¨³ ¢ Ö¢´µ³ ¢¨¤¥ ¢¸¥ ¥£µ ´¥´Ê²¥¢Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ. „²Ö ¨Ì ¶µ²´µ£µ
µ¶¨¸ ´¨Ö ¶·¨¢¥¤¥³ Ëµ·³Ê²Ò

〈 a+ 1, b+ 1|J |ab 〉L` = i (n(n+ a+ b+ 2) )1/2 × (162)
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×
{

(`+ a+ b+ 2)(`+ a+ b + 3)(`− a− b− 1)(`− a− b− 2)

(2a+ 1)(2a+ 3)(2b+ 1)(2b+ 3)

}1/2

,

〈a− 1, b+ 1|J |ab〉L` = (i/2) ( (2n+ 2a+ 1)(2n+ 2b+ 1) )
1/2 ×

×
{

(` + a− b+ 1)(`+ b− a+ 2)(`+ a− b− 1)(`+ a− b)
(2a− 1)(2a+ 1)(2b+ 1)(2b+ 3)

}1/2

,

¢ ±µÉµ·ÒÌ n = (L − a− b)/2, ¶¥·¥Î¨¸²¨³ ¸¢µ°¸É¢  ¸¨³³¥É·¨¨:

〈a′b′|J |ab〉L` = −〈ab|J |a′b′〉L` , (163)

〈a+ 1, b− 1|J |ab〉L` = −〈a− 1, b+ 1|J |ab〉L` ,
〈a+ µ, b+ ν|J |ab〉L` = (−1)µ+ν+1 〈b+ ν, a+ µ|J |ba〉L`

¨ ¤µ¶µ²´¨É¥²Ó´Ò¥ ¶· ¢¨²  µÉ¡µ· :

〈a+ ν, a− ν|J |aa 〉L` = 0 , ν = ±1 ` = 0, 1 . (164)

ŠµÔËË¨Í¨¥´ÉÒ 〈ab|Jn|a′b′〉L` ¸ n > 1 ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¸Ê³³Ò ³ -
É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  J , ¨¸¶µ²Ó§µ¢ ¢ Éµ¦¤¥¸É¢µ Jn ≡ JIJ...JIJ ¨
· ¢¥´¸É¢  (135), (162) ¨ (163). � ¶·¨³¥·, ¶·¨ n = 2 ¨³¥¥³

〈ab|J2|a′b′〉L` =
∑

µ,ν=±1

〈ab|J |a′ + µ, b′ + ν〉L` 〈a′ + µ, b′ + ν|J |a′b′〉L` .

Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ µ¶¥· Éµ·  K . � Î´¥³ ¸  ´ ²¨§  £²µ¡ ²Ó´ÒÌ
¸¢µ°¸É¢ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  (γ). ‡ ¶¨¸Ò¢ Ö Éµ¦¤¥¸É¢  (47) ¨
(51) ¢ ¡ §¨¸¥ £¨¶¥·£ ·³µ´¨± ¨ ÊÎ¨ÉÒ¢ Ö ¸¢µ°¸É¢  (74) µ¶¥· Éµ·µ¢ (25), ¤µ± -
§Ò¢ ¥³ ¸µµÉ´µÏ¥´¨Ö ¸¨³³¥É·¨¨

〈ab|K(γ)|a′b′〉L` = 〈a′b′|K(−γ)|ab〉L` = (165)

= (−1)(a−b+a′−b′)/2〈ba|K(γ)|b′a′〉L` =

= (−1)a+a′〈ab|K(−γ)|a′b′〉L` = (−1)b+b
′〈ab|K(−γ)|a′b′〉L` =

= (−1)`+b
′+(L+a+b)/2〈ba|K(π/2− γ)|a′b′〉L` =

= (−1)`+a+(L+a′+b′)/2〈ab|K(π/2− γ)|b′a′〉L` .

�É¨ · ¢¥´¸É¢  µ§´ Î ÕÉ, ÎÉµ ¢¸¥ ËÊ´±Í¨¨ 〈ab|K(γ)|a′b′〉L` Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨
¨²¨ ´¥Î¥É´Ò³¨ µÉ´µ¸¨É¥²Ó´µ ÉµÎ±¨ γ = 0 ´  ¨´É¥·¢ ²¥ (−π/2, π/2),   ¢
Î ¸É´ÒÌ ¸²ÊÎ ÖÌ a = b ¨ (¨²¨) a′ = b′ É ±¨¥ ËÊ´±Í¨¨ µ¡² ¤ ÕÉ µ¶·¥¤¥²¥´´µ°
Î¥É´µ¸ÉÓÕ µÉ´µ¸¨É¥²Ó´µ ÉµÎ±¨ γ = π/4 ´  ¨´É¥·¢ ²¥ (0, π/2).

‡ ¶¨Ï¥³ µ¶¥· Éµ·´Ò¥ · ¢¥´¸É¢  (28), (47) ¨ (48) ¢ ¡ §¨¸¥ £¨¶¥·£ ·³µ-
´¨±. �µ¤¸É ¢²ÖÖ ³¥¦¤Ê ¢¸¥³¨ µ¶¥· Éµ·´Ò³¨ ¸µ³´µ¦¨É¥²Ö³¨ ¥¤¨´¨Î´Ò° µ¶¥-
· Éµ· (135) ¨ ÊÎ¨ÉÒ¢ Ö ¶· ¢¨²µ (137), ¢Ò¢µ¤¨³ ¤²Ö ËÊ´±Í¨° 〈ab|K(γ)|a′b′〉L`
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¸µµÉ´µÏ¥´¨¥ Ê´¨É ·´µ¸É¨ ¨ Ëµ·³Ê²Ò ¸²µ¦¥´¨Ö ¨ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö:∑
ab

〈a′b′|K(γ)|ab〉L` 〈ab|K(−γ)|a′′b′′〉L` = δa′a′′ δb′b′′ , (166)

〈a′b′|K(γ1 + γ2)|a′′b′′〉L` = (−1)L
∑
ab

〈a′b′|K(γ1)|ab〉L` 〈ab|K(γ2)|a′′b′′〉L` ,

(167)
i ∂γ〈ab|K(γ)|a′b′〉L` =

=
∑

µ,ν=±1

〈ab|J |a+ µ, b+ ν〉L` 〈a+ µ, b+ ν|K(γ)|a′b′〉L` . (168)

ˆ¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö (168) ¨ £· ´¨Î´Ò¥ §´ Î¥´¨Ö (140) ¨
(141), ¤µ± §Ò¢ ¥³ ¶µ²¥§´µ¥ ¨´É¥£· ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥:

i
∑

µ,ν=±1

〈ab|J |a+ µ, b+ ν〉L`
∫ π/2

0

dγ 〈a+ µ, b+ ν|K(γ)|a′b′〉L` = (169)

= (−1)L δaa′δbb′ − (−1)(L−2`+a′−b′)/2 δab′δa′b .

�É³¥É¨³, ÎÉµ Ëµ·³Ê²Ò (165)Ä(169) ¢¥·´Ò ¢ µ¡µ¨Ì ¸²ÊÎ ÖÌ (−1)`+L = ±1.
‚ ¸²ÊÎ ¥ (−1)`+L = 1 ±µÔËË¨Í¨¥´ÉÒ (97) ´¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¨ Éµ¦¤¥-

¸É¢  (144) Ö¢²ÖÕÉ¸Ö ´¥É·¨¢¨ ²Ó´Ò³¨. ‚Ò¢¥¤¥³ ¨§ ÔÉ¨Ì Éµ¦¤¥¸É¢ ¸¥·¨Õ ¤µ-
¶µ²´¨É¥²Ó´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  K(γ). �µ
µ¶·¥¤¥²¥´¨Õ (55) ¢ ÉµÎ± Ì ϕ = 0, π/2 ¢¸¥ ËÊ´±Í¨¨ WLab(ϕ) ¸ µÉ²¨Î´Ò³
µÉ ´Ê²Ö ¨´¤¥±¸µ³ a ¨²¨, ¸µµÉ¢¥É¸É¢¥´´µ, b µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. �µÔÉµ³Ê ¢
¶·¥¤¥² Ì ϕ → 0, π/2 Éµ¦¤¥¸É¢  (144) ¶·¥¢· Ð ÕÉ¸Ö ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨
¸¶· ¢¥¤²¨¢Ò¥ ¶·¨ ²Õ¡ÒÌ a′ ¨ b′ · ¢¥´¸É¢ :

〈0`|K(γ)|a′b′〉L` = (−1)LB`a′b′WLa′b′(γ)/
(

(2`+ 1)1/2WL0`(0)
)
, (170)

〈`0|K(γ)|a′b′〉L` = (−1)LB`a′b′WLa′b′(γ)/
(

(2`+ 1)1/2WL`0(π/2)
)
. (171)

‚ ¸¨²Ê · ¢¥´¸É¢ (156) ¶·µ¨§¢µ¤´ Ö ∂ϕWLab(ϕ) µÉ²¨Î´  µÉ ´Ê²Ö ¶·¨ ϕ = 0
Éµ²Ó±µ ¢ ¸²ÊÎ ¥ a = 1. �µÔÉµ³Ê, ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ¢ Éµ¦¤¥¸É¢µ (144) ¶µ
¶¥·¥³¥´´µ° ϕ ¨ ¶µ²µ¦¨¢ § É¥³ ϕ = 0, ¶µ²ÊÎ¨³ · ¢¥´¸É¢µ∑

b

B`1b∂ϕWL1b(0) 〈 1b|K(γ)|a′b′ 〉L` = (−1)L+1B`a′b′ ∂γWLa′b′(γ) , (172)

¢ ±µÉµ·µ³ ¸Ê³³  ¢ÒÎ¨¸²Ö¥É¸Ö ¶µ ¢¸¥³ §´ Î¥´¨Ö³ ¨´¤¥±¸  b, ¤µ¶Ê¸É¨³Ò³ ¶·¨
a = 1. �´ ²µ£¨Î´Ò³ ¸¶µ¸µ¡µ³ ¢Ò¢µ¤¨³ Éµ¦¤¥¸É¢µ∑
a=0,2

∑
b

B`ab ∂
2
ϕWLab(0) 〈ab|K(γ)|a′b′ 〉L`(γ) = (−1)LB`a′b′ ∂

2
γWLa′b′(γ) ,

(173)
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¢ ±µÉµ·µ³ ¨´¤¥±¸ b ¶·µ¡¥£ ¥É ¢¸¥ ¤µ¶Ê¸É¨³Ò¥ ¶·¨ a = 0 ¨ a = 2 §´ Î¥´¨Ö.
„ ²¥¥ ¶µ ¨´¤Ê±Í¨¨ ¤µ± §Ò¢ ¥³, ÎÉµ ¢ · ¸¸³µÉ·¥´´µ³ ¸²ÊÎ ¥ (−1)L+` = 1
¢¥·´  ¸¥·¨Ö Éµ¦¤¥¸É¢

[n/2]∑
k=0

∑
b

B`n−2k,b ∂
n
ϕWL,n−2k,b(0) 〈n− 2k, b|K(γ)|a′b′ 〉L` = (174)

= (−1)L+nB`a′b′ ∂
n
γWLa′b′(γ) , n = 0, 1, ...,

£¤¥ ¨´¤¥±¸ b ¶·µ¡¥£ ¥É ¢¸¥ §´ Î¥´¨Ö, ¤µ¶Ê¸É¨³Ò¥ ¶·¨ ¤ ´´µ³ ¨´¤¥±¸¥ a =
= n− 2k,   ¸¨³¢µ²µ³ [n] µ¡µ§´ Î¥´  Í¥² Ö Î ¸ÉÓ Î¨¸²  n.

�·µ¤µ²¦¨³ µ¶¨¸ ´¨¥ £²µ¡ ²Ó´ÒÌ ¸¢µ°¸É¢ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· -
Éµ·  K(γ)  ´ ²¨§µ³ ¨Ì ¨§¢¥¸É´ÒÌ ¶·¥¤¸É ¢²¥´¨°, ¸¶· ¢¥¤²¨¢ÒÌ ¢ µ¡µ¨Ì ¸²Ê-
Î ÖÌ (−1)L+` = ±1. ‘µ£² ¸´µ Ëµ·³Ê² ³ (139) ¨ (142) É ±¨¥ ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ µ¶¨¸Ò¢ ÕÉ ¸¢Ö§Ó ³¥¦¤Ê £¨¶¥·£ ·³µ´¨± ³¨,  ·£Ê³¥´ÉÒ ±µÉµ·ÒÌ ¸¢Ö-
§ ´Ò ±¨´¥³ É¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨¥³. ŠµÔËË¨Í¨¥´ÉÒ É ±µ£µ ¢¨¤  ¶·¨´ÖÉµ
´ §Ò¢ ÉÓ ±µÔËË¨Í¨¥´É ³¨ �¥°´ ² Å�¥¢ ¨. Œ¥¦¤Ê ´ Ï¨³¨ µ¡µ§´ Î¥´¨Ö³¨
¤²Ö É ±¨Ì ±µÔËË¨Í¨¥´Éµ¢ ¨ µ¡µ§´ Î¥´¨Ö³¨, ¨¸¶µ²Ó§µ¢ ´´Ò³¨ ¢ ±´¨£¥ [25] ¨
· ¡µÉ¥ [78], ¨³¥eÉ¸Ö ¶·µ¸Éµ¥ ¸µµÉ¢¥É¸É¢¨¥:

〈ab|K(γ)|a′b′〉L` = i〈ba|b′a′〉kL` = (−1)a+a′〈ba|b′a′〉γL` , γ = γki . (175)

ˆ¸¶µ²Ó§µ¢ ¢ ÔÉ¨ ¸¢Ö§¨, ¶¥·¥¶¨Ï¥³ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢
�¥°´ ² Å�¥¢ ¨, ¶µ²ÊÎ¥´´Ò¥ ¢ · ¡µÉ¥ [78], ¢ ¢¨¤¥ £·µ³µ§¤±¨Ì ¸Ê³³:

〈ab|K(γ)|a′b′〉L`(γ) =
π

4
(CnabC

n′

a′b′)
−1/2×

×
∑
cdef

(−1)c+die+f+b−b′Ba
′

ceB
b′

df B
a
cf B

b
ed

 c e a
f d b
a′ b′ `

×
×
∑
gh

(−1)g Cgdf C
h
cd (cos γ)2h+c+d (sin γ)2g+e+f , (176)

£¤¥ ±µÔËË¨Í¨¥´ÉÒ Bcab ¨ Ccab § ¤ ´Ò Ëµ·³Ê² ³¨ (97) ¨ · ¢¥´¸É¢ ³¨

Ccab ≡
Γ(2c+ a+ b+ 2)

Γ(c+ 1)Γ(a+ b+ c+ 2)Γ(c+ a+ 3/2)Γ(c+ b+ 3/2)
.

’¥¶¥·Ó, · §¢¨¢ Ö ¨¤¥Õ · ¡µÉÒ [72], · ¸¸³µÉ·¨³ ¸µµÉ´µÏ¥´¨Ö (168) ± ±
¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° 〈ab|K(γ)|a′b′〉L` ¸ Ë¨±¸¨·µ¢ ´-
´Ò³¨ ¨´¤¥±¸ ³¨ L, `, a′ ¨ b′ ¨ ¢¸¥³¨ ¢µ§³µ¦´Ò³¨ §´ Î¥´¨Ö³¨ a ¨ b. ‘¨³¢µ-
²µ³ N µ¡µ§´ Î¨³ Î¨¸²µ É ±¨Ì ¶ · ¨´¤¥±¸µ¢ a ¨ b. � ¸¸³ É·¨¢ ¥³ÊÕ ¸¨¸É¥³Ê
¤µ¶µ²´¨³ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (140). ˆ¸¸²¥¤Ê¥³ ¶µ²ÊÎ¨¢ÏÊÕ¸Ö ±· ¥¢ÊÕ
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§ ¤ ÎÊ ¨§¢¥¸É´Ò³ ¢ É¥µ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [8] ¸¶µ¸µ¡µ³ ·¥-
Ï¥´¨Ö ¸¨¸É¥³ µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¶µ¸ÉµÖ´´Ò³¨
±µÔËË¨Í¨¥´É ³¨. ˆ´¤¥±¸µ³ i = 1, ..., N ¶·µ´Ê³¥·Ê¥³ ¢¸¥ ¢µ§³µ¦´Ò¥ ¶ ·Ò
¨´¤¥±¸µ¢ a ¨ b. �·¥¤¶µ²µ¦¨³, ÎÉµ ¸¶¥±É· ²Ó´ Ö § ¤ Î ∑

µ,ν=±1

〈ab|J |a+ µ, b+ ν〉L` Xa+µ,b+ν = −λXab, ∀a, b, (177)

¨³¥¥É N · §²¨Î´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λ = λj ¨ µÉ¢¥Î ÕÐ¨Ì ¨³ ¸µ¡-
¸É¢¥´´ÒÌ ·¥Ï¥´¨° Xab = Xj

ab, j = 1, ..., N . ’µ£¤  ¨¸Ìµ¤´µ° § ¤ Î¥ (140),
(168) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸Ê³³Ò

〈ab|K(γ)|a′b′〉L` =

N∑
j=1

Cj X
j
ab exp(iλjγ) (178)

¸ ±µÔËË¨Í¨¥´É ³¨ Cj , ¶µ¤Î¨´¥´´Ò³¨ ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°:

N∑
j=1

Cj X
j
ab = (−1)L δaa′ δbb′ , (179)

µ¡¥¸¶¥Î¨¢ ÕÐ¥° ¢Ò¶µ²´¥´¨¥ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (140).
„µ± ¦¥³, ÎÉµ ¢¸¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö § ¤ Î¨ (177) ´¥ ¢Ò·µ¦¤¥´Ò.

�·¥¤¶µ²µ¦¨³ ¶·µÉ¨¢´µ¥: ¶Ê¸ÉÓ ÌµÉÖ ¡Ò µ¤´µ ¨§ ´¨Ì,   ¨³¥´´µ λ1, ¨³¥¥É
±· É´µ¸ÉÓ s+ 1 > 1. Š ± ¨§¢¥¸É´µ [8], É ±µ³Ê §´ Î¥´¨Õ µÉ¢¥Î ¥É ËÊ´¤ ³¥´-
É ²Ó´µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (168):

Zab(γ) = X1
ab Ps(γ) exp(iλ1γ),

£¤¥ Ps Å ¶µ²¨´µ³ ¸É¥¶¥´¨ s ¶¥·¥³¥´´µ° γ. ‘²¥¤µ¢ É¥²Ó´µ, µ¡Ð¥¥ ·¥Ï¥´¨¥
ÔÉµ° ¸¨¸É¥³Ò § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò, ¸µ¤¥·¦ Ð¥° ÔÉµÉ ¦¥ ¶µ²¨´µ³:

〈ab|K(γ)|a′b′〉L` = C1 Zab(γ) +

N∑
j=2

Cj X
j
ab exp(iλjγ) . (180)

�¤´ ±µ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ±µÔËË¨Í¨¥´É �¥°´ ² Å�¥¢ ¨ (175), (176) Å ·Ö¤
¶µ Í¥²Ò³ ¸É¥¶¥´Ö³ ËÊ´±Í¨° cos γ ¨ sin γ. ’ ±µ° ·Ö¤ ¸¢µ¤¨É¸Ö ± ±µ´¥Î´µ°
²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ËÊ´±Í¨° exp(±inγ) ¸ Í¥²Ò³¨ ¨´¤¥±¸ ³¨ n = 0, 1, ...
’ ± Ö ±µ³¡¨´ Í¨Ö ´¥ ¨³¥¥É ¸² £ ¥³ÒÌ ¸ ¶µ²¨´µ³¨ ²Ó´µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ
γ ¨ ¶µÔÉµ³Ê ´¥ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ (180). �µ²ÊÎ¥´´µ¥ ¶·µ-
É¨¢µ·¥Î¨¥ µ§´ Î ¥É, ÎÉµ ¢¸¥ ¸µ¡¸É¢¥´´Ò¥ Î¨¸²  λj § ¤ Î¨ (177) Ö¢²ÖÕÉ¸Ö
´¥¢Ò·µ¦¤¥´´Ò³¨ ¨ Í¥²Ò³¨ Î¨¸² ³¨.
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�¥Ï¥´¨Ö ¨¸¸²¥¤Ê¥³µ° § ¤ Î¨ (168), (140) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¨ ¢ ¢¨¤¥ µ¤-
´µ±· É´ÒÌ ²¨¡µ ¤¢ÊÌ±· É´ÒÌ ¨´É¥£· ²µ¢. —Éµ¡Ò ¢Ò¢¥¸É¨ ¶¥·¢µ¥ ¨´É¥£· ²Ó-
´µ¥ ¶·¥¤¸É ¢²¥´¨¥, Ê³´µ¦¨³ ± ¦¤µ¥ (m = −`, ..., `) Éµ¦¤¥¸É¢µ (143) ´  ¸µ-
µÉ¢¥É¸É¢ÊÕÐÊÕ ËÊ´±Í¨Õ C`mamb0 Θam(u). �µ²ÊÎ¨¢Ï¨¥¸Ö (2` + 1) · ¢¥´¸É¢ 
¶·µ¨´É¥£·¨·Ê¥³ ¶µ ¶¥·¥³¥´´µ° u ´  µÉ·¥§±¥ −1 ≤ u ≤ 1 ¨ ¶·µ¸Ê³³¨·Ê¥³
¶µ ¨´¤¥±¸Ê m. ˆÉµ£µ¢µ¥ · ¢¥´¸É¢µ ¸¢¥¤¥³, ¨¸¶µ²Ó§µ¢ ¢ ¸µµÉ´µÏ¥´¨Ö (114) ¨
(116), ± µ¤´µ³¥·´µ³Ê ¨´É¥£· ²Ó´µ³Ê Éµ¦¤¥¸É¢Ê ¶µ ¶¥·¥³¥´´µ° ϕ:

〈 ab|K(γ)|a′b′ 〉L`(γ) = W−1
Lab(ϕ)

∫ 1

−1

duK`
aba′b′(ϕ, u; γ)WLa′b′(ϕ

′(ϕ, u; γ)) .

(181)
‡ ³¥´¨¢ ¶¥·¥³¥´´ÊÕ ¨´É¥£·¨·µ¢ ´¨Ö u ´  ϕ′ ¶µ ¶· ¢¨² ³ (122)Ä(127), ¶¥·¥-
¶¨Ï¥³ ÔÉµ Éµ¦¤¥¸É¢µ ¢ ¢¨¤¥

〈 ab|K(γ)|a′b′ 〉L`(γ) = W−1
Lab(ϕ)

∫ C−(ϕ;γ)

C+(ϕ;γ)

dϕ′K`
aba′b′(ϕ,ϕ

′; γ)WLa′b′(ϕ
′) .

(182)
ˆ¸¶µ²Ó§µ¢ ¢ µ¶·¥¤¥²¥´¨Ö (79) ¨ (131), ¶·¥¤¸É ¢¨³ ¶µ²ÊÎ¥´´µ¥ ¸µµÉ´µÏ¥´¨¥
¢ ¢¨¤¥ · ¢¥´¸É¢ 

〈ϕ|h`aba′b′(γ)|W̃La′b′(ϕ)〉 = 〈ab|K(γ)|a′b′〉L` W̃Lab(ϕ). (183)

’¥¶¥·Ó Ê³´µ¦¨³ Éµ¦¤¥¸É¢µ (181) ´  ËÊ´±Í¨Õ ρ2(ϕ)WLab(ϕ). �·¨³¥´¨¢
Ê¸²µ¢¨Ö µ·Éµ´µ·³¨·µ¢ ´´µ¸É¨ (66) ¤²Ö É ±¨Ì ËÊ´±Í¨°, ¶·µ¨´É¥£·¨·Ê¥³ µ¡¥
Î ¸É¨ ¶µ²ÊÎ¨¢Ï¥£µ¸Ö ¸µµÉ´µÏ¥´¨Ö ¶µ ¶¥·¥³¥´´µ° ϕ ´  µÉ·¥§±¥ [0, π/2]. ‚
·¥§Ê²ÓÉ É¥ ³ É·¨Î´Ò° Ô²¥³¥´É 〈 ab|K(γ)|a′b′ 〉L` ¶·¥¤¸É ¢¨É¸Ö ¢ ¢¨¤¥ ¤¢µ°´µ£µ
¨´É¥£· ²  (133), · ¢´µ£µ ¨´É¥£· ²Ê (134).

�·¨¸ÉÊ¶¨³ ± ¢Ò¢µ¤Ê ¤¨¸±·¥É´ÒÌ ¶·¥¤¸É ¢²¥´¨° ËÊ´±Í¨° 〈 ab|K(γ)|a′b′ 〉L`
¢ ¢¨¤¥ µ¤´µ±· É´ÒÌ ¨²¨ ¤¢ÊÌ±· É´ÒÌ ¸Ê³³ ¶µ ¶·µ¨§¢µ²Ó´Ò³ Ê§²µ¢Ò³ §´ Î¥-
´¨Ö³ ¸µ¢µ±Ê¶´µ¸É¥°  ·£Ê³¥´Éµ¢ Ω ¨²¨, ¸µµÉ¢¥É¸É¢¥´´µ, u ¨ ϕ.

�Ê¸ÉÓ N Å Î¨¸²µ £¨¶¥·£ ·³µ´¨± (54) ¸ ¤ ´´Ò³¨ ¨´¤¥±¸ ³¨ L, ` ¨ m.
‡ ¶¨Ï¥³ ¶ÖÉ¨³¥·´µ¥ Éµ¦¤¥¸É¢µ (142) ¢ N ¶·µ¨§¢µ²Ó´ÒÌ, ´µ · §²¨Î´ÒÌ ÉµÎ-
± Ì Ω = Ωi, i = 1, ..., N , ¥¤¨´¨Î´µ° £¨¶¥·¸Ë¥·Ò S5

xy, µÉ²¨Î´ÒÌ µÉ ÉµÎ¥± ¸
±µµ·¤¨´ É ³¨ Ωp (¸²ÊÎ ° (12)) ¨²¨ Ωl (¸²ÊÎ ° (13)Ä(15)). ’µ£¤  ¶µ²ÊÎ¨³ ¸¨-
¸É¥³Ê ¨§ N ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° 〈ab|K(γ)|a′b′〉L`
¸ Ë¨±¸¨·µ¢ ´´Ò³¨ ¨´¤¥±¸ ³¨ L, `, a′ ¨ b′ ¨ ¢¸¥³¨ ¢µ§³µ¦´Ò³¨ ¶·¨ É ±µ³
Ê¸²µ¢¨¨ ¨´¤¥±¸ ³¨ a ¨ b:

Y `mLa′b′(Ω
′(Ωi; γ)) =

∑
ab

〈ab|K(γ)|a′b′〉L` Y `mLab(Ωi) , i = 1, ..., N. (184)

ˆ´¤¥±¸Ò a ¨ b ¶·µ´Ê³¥·Ê¥³ ¨´¤¥±¸µ³ j = 1, ..., N , ÎÉµ¡Ò ¶¥·¥¶¨¸ ÉÓ Ê· ¢´¥-
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´¨Ö (184) ¢ ¢¨¤¥, Ê¤µ¡´µ³ ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö:

N∑
j=1

Yij Xj = Y `mLa′b′(Ω
′(Ωi; γ)) , (185)

Xj ≡ 〈ajbj |K(γ)|a′b′〉L` , Yij ≡ Y `mLajbj (Ωi) , i, j = 1, ..., N.

’ ± ± ± £¨¶¥·£ ·³µ´¨±¨ Y `majbj (Ω) ¸ j = 1, ..., N ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò ´ 

S5
xy, Éµ ³ É·¨Í  Y ¸¨¸É¥³Ò (185) ´¥ ¢Ò·µ¦¤¥´  ¶·¨ ²Õ¡µ³ ¢Ò¡µ·¥ ÉµÎ¥±

Ωi. ‘²¥¤µ¢ É¥²Ó´µ, ÔÉ  ¸¨¸É¥³  ¢¸¥£¤  ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥. �´µ
¨´¢ ·¨ ´É´µ µÉ´µ¸¨É¥²Ó´µ ¢Ò¡µ·  Ê§²µ¢ Ωi ¨ ¶·¥¤¸É ¢¨³µ ¢ ¢¨¤¥

〈ajbj |K(γ)|a′b′〉L` =

N∑
i=1

Y −1
ji Y `mLa′b′(Ω

′(Ωi; γ)) , j = 1, ..., N. (186)

ˆ¤¥Ö µ¶¨¸ ´´µ° ¤¨¸±·¥É¨§ Í¨¨ Éµ¦¤¥¸É¢  (142) ¨ ¨¸¶µ²Ó§µ¢ ´¨Ö ¶·¥¤¸É -
¢²¥´¨Ö (186) ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨ ¶·¨´ ¤²¥¦¨É
�Ë·µ¸Ê [82]. � §¢¨¢ Ö ÔÉÊ ¨¤¥Õ, ¢Ò¢e¤e³ ¤²Ö É ±¨Ì ±µÔËË¨Í¨¥´Éµ¢ ¡µ²¥¥
Ê¤µ¡´µ¥ ¸ ¢ÒÎ¨¸²¨É¥²Ó´µ° ÉµÎ±¨ §·¥´¨Ö ¤¨¸±·¥É´µ¥ ¶·¥¤¸É ¢²¥´¨¥.

�Ê¸ÉÓ É¥¶¥·Ó N Å Î¨¸²µ ¢µ§³µ¦´ÒÌ §´ Î¥´¨° ¨´¤¥±¸  a £¨¶¥·£ ·³µ-
´¨± ¸ ¤ ´´Ò³¨ L,` ¨ m,   M Å Î¨¸²µ ¢µ§³µ¦´ÒÌ §´ Î¥´¨° ¨´¤¥±¸  b
É ±¨Ì £¨¶¥·£ ·³µ´¨± ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ¨´¤¥±¸¥ a. ‚¸¥ ¢µ§³µ¦´Ò¥ §´ -
Î¥´¨Ö ¨´¤¥±¸  a · ¸¶µ²µ¦¨³ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨ ¶·µ´Ê³¥·Ê¥³ Í¥²Ò³
¨´¤¥±¸µ³: a = ai, i = 1, ..., N, a1 < a2 < ... < aN . �´ ²µ£¨Î´µ¥ ¸µµÉ-
¢¥É¸É¢¨¥ ¢¢¥¤¥³ ¤²Ö ¢¸¥Ì ¢µ§³µ¦´ÒÌ ¶·¨ ¤ ´´µ³ a §´ Î¥´¨° ¨´¤¥±¸  b:
b = bj, j = 1, ...,M, b1 < b2 < ... < bM . ‡ Ë¨±¸¨·Ê¥³ §´ Î¥´¨Ö ¨´¤¥±¸µ¢
a′ ¨ b′. „²Ö Ê¶·µÐ¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¶µ²µ¦¨³ m = (1 − (−1)`+L)/2. ’µ¦¤¥-
¸É¢µ (143) ¸ ¢Ò¡· ´´Ò³¨ a′, b′ ¨ m § ¶¨Ï¥³ ¢ ¢¨¤¥

N∑
j=1

Θajm(u)Xj(ϕ; γ) = Qa′b′(u, ϕ; γ) , (187)

Xj(ϕ; γ) ≡
M∑
t=1

(bt + 1/2)1/2C`majmbt0WLajbt(ϕ)〈ajbt|K(γ)|a′b′〉L` . (188)

�  ¨´É¥·¢ ²¥ (−1, 1) § ¤ ¤¨³ ´¥±µÉµ·ÊÕ ¸¥É±Ê Ê§²µ¢ ui, i = 1, ..., N . ‡ ¶¨Ï¥³
Éµ¦¤¥¸É¢µ (187) ´  ÔÉµ° ¸¥É±¥. ‚ ·¥§Ê²ÓÉ É¥ É ±µ° ¤¨¸±·¥É¨§ Í¨¨ ¶µ²ÊÎ¨³
¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° (188):

N∑
j=1

Θij Xj(ϕ; γ) = Qa′b′(ui, ϕ; γ) , Θij ≡ Θajm(ui) , i, j = 1, ..., N . (189)
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�  ¨´É¥·¢ ²¥ (−1, 1) ËÊ´±Í¨¨ Θam(u) ¸ Ë¨±¸¨·µ¢ ´´Ò³ ¨´¤¥±¸µ³ m ¨ · §-
²¨Î´Ò³¨ ¨´¤¥±¸ ³¨ a ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò [6]. �µÔÉµ³Ê ¶·¨ ²Õ¡µ³ ¢Ò¡µ·¥
¸¥É±¨ ³ É·¨Í  Θ ¸¨¸É¥³Ò (189) ´¥ ¢Ò·µ¦¤¥´ . �¡· É¨¢ ÔÉÊ ³ É·¨ÍÊ, ¤²Ö
± ¦¤µ£µ j ¶µ²ÊÎ¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ Éµ¦¤¥¸É¢µ ¶µ ¶¥·¥³¥´´µ° ϕ:

M∑
t=1

(bt + 1/2)1/2C`majmbt0WLajbt(ϕ) 〈ajbt|K(γ)|a′b′〉 = (190)

=
N∑
i=1

Θ−1
ji Qa′b′(ui, ϕ; γ) .

‡ ¶¨¸ ¢ ± ¦¤µ¥ É ±µ¥ Éµ¦¤¥¸É¢µ ¢ Ê§² Ì ϕs, s = 1, ...,M , ¶·µ¨§¢µ²Ó´µ° ¸¥É±¨,
§ ¤ ´´µ° ´  ¨´É¥·¢ ²¥ (0, π/2), ¶µ²ÊÎ¨³ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ
Ê· ¢´¥´¨° ¤²Ö ¨¸±µ³ÒÌ ËÊ´±Í¨° 〈abt|K(γ)|a′b′〉L` ¸ µ¤¨´ ±µ¢Ò³¨ ¨´¤¥±¸ ³¨
a = aj ¨ a′, b′, ´µ · §´Ò³¨ ¨´¤¥±¸ ³¨ bt:

M∑
t=1

Wst 〈ajbt|K(γ)|a′b′〉L` =
N∑
i=1

Θ−1
ji Qa′b′(ui, ϕs; γ) , s = 1, ...,M. (191)

„µ± ¦¥³, ÎÉµ ³ É·¨Í  W,

Wst ≡ (bt + 1/2)1/2 C`majmbt0WLajbt(ϕs) , s, t = 1, ...,M, (192)

¸¨¸É¥³Ò Ê· ¢´¥´¨° (191) ´¥ ¢Ò·µ¦¤¥´ . ‚¢¥¤Ö µ¡µ§´ Î¥´¨Ö α ≡ aj , β ≡
≡ b1, z ≡ cos 2ϕ ¨ ¨¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨¥ (55) ËÊ´±Í¨° WLab, § ¶¨Ï¥³ ¢¸¥
³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ (192) ¢ ¢¨¤¥

Wst = 2t−1 (bt + 1/2)1/2 C`majmbt0NLajbt (sinϕs)
aj (cosϕs)

b1 Fst , (193)

£¤¥ ³ É·¨Í  F ¸µ¸É ¢²¥´  ¨§ Ê§²µ¢ÒÌ §´ Î¥´¨° ËÊ´±Í¨°

ft(z) ≡ (1 + z)t−1 P
(α,β+2(t−1))
M−t (z) , t = 1, ...,M, (194)

¶µ ¶· ¢¨² ³
Fst ≡ ft(zs) , zs ≡ cos 2ϕs , s, t = 1, ...,M . (195)

�·¨³¥´¨¢ ¨§¢¥¸É´Ò¥ ·¥±Ê··¥´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ¶µ²¨´µ³µ¢ Ÿ±µ¡¨ [6],
¶·¥¤¸É ¢¨³ ¢¸¥ ËÊ´±Í¨¨ (194) ¢ ¢¨¤¥ · §²µ¦¥´¨°

ft(z) =

M−1∑
k=0

Ctk P
(α,β+M−1)
k (z) , t = 1, ...,M, (196)

¶µ ¸¨¸É¥³¥ ¨§ M ËÊ´±Í¨° P
(α,β+M−1)
k (z), k = 1, ...,M . ˆ§¢¥¸É´µ [6], ÎÉµ

É ±¨¥ ¶µ²¨´µ³Ò ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò ´  ¨´É¥·¢ ²¥ z ∈ (−1, 1). ‚ ¸¨²Ê ¶·¥¤-
¸É ¢²¥´¨Ö (196) ÔÉ¨³ ¦¥ ¸¢µ°¸É¢µ³ µ¡² ¤ ¥É ¨ ¸¨¸É¥³  ¨§ M ËÊ´±Í¨° (194).
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�µÔÉµ³Ê ¶·¨ ²Õ¡µ³ ¢Ò¡µ·¥ Ê§²µ¢ ϕs ³ É·¨Í  (195),   §´ Î¨É, ¨ ³ É·¨Í  (193),
¨³¥ÕÉ µ¡· É´Ò¥ ³ É·¨ÍÒ F−1 ¨ W−1. ‘²¥¤µ¢ É¥²Ó´µ, ¸¨¸É¥³  (191) ¢¸¥£¤ 
¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥. �´µ ´¥ § ¢¨¸¨É µÉ ¢Ò¡µ·  Ê§²µ¢ ui ¨ ϕs ¨
¶·¥¤¸É ¢¨³µ ¢ ¢¨¤¥

〈ajbt|K(γ)|a′b′〉L` =
M∑
s=1

W−1
ts

N∑
i=1

Θ−1
ji Qa′b′(ui, ϕs; γ) , t = 1, ...,M. (197)

‚Ò¢¥¤¥³ ¸µµÉ´µÏ¥´¨Ö, ¶µ§¢µ²ÖÕÐ¨¥ ¨¸¸²¥¤µ¢ ÉÓ É ±¨¥ ²µ± ²Ó´Ò¥ ¸¢µ°-
¸É¢  ËÊ´±Í¨° 〈ab|K(γ)|a′b′〉L`, ± ±  ¸¨³¶ÉµÉ¨±¨ ¢ ¢Ò¡· ´´µ° ÉµÎ±¥ γ0 ¨
¶µ²µ¦¥´¨Ö Ô±¸É·¥³Ê³µ¢.

�·¨³¥´¨¢ Ëµ·³Ê²Ò (48) ¨ (138), · §²µ¦¨³ ËÊ´±Í¨Õ 〈ab|K(γ0+γ)|a′b′〉L`
¢ ·Ö¤ ’¥°²µ·  ¸ Í¥´É·µ³ ¢ ÉµÎ±¥ γ0:

〈ab|K(γ0 + γ)|a′b′〉L` =

∞∑
n=0

(−iγ)n
n∑

µ,ν=0

〈ab|Jn|a− n+ 2µ, b− n+ 2ν〉L`×

×〈a− n+ 2µ, b− n+ 2ν|K(γ0)|a′b′〉L` . (198)

�·¨ γ → 0 É ±µ° ·Ö¤ ³µ¦´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ¥£µ ±µ´¥Î´µ° ¶µ¤¸Ê³³µ° ¨
¨¸¶µ²Ó§µ¢ ÉÓ ¥¥ ¤²Ö ± Î¥¸É¢¥´´µ£µ µ¶¨¸ ´¨Ö ¶µ¢¥¤¥´¨Ö ËÊ´±Í¨¨ 〈ab|K(γ0+
+γ)|a′b′〉L` ¢ ³ ²µ° µ±·¥¸É´µ¸É¨ ÉµÎ±¨ γ0. ‚ ± Î¥¸É¢¥ ¶·µ¸ÉÒÌ ¶·¨³¥·µ¢
· ¸¸³µÉ·¨³ ¸²ÊÎ ¨ γ0 = 0, π/2. �µ²µ¦¨³ ¢ ·Ö¤¥ (198) ¸´ Î ²  γ0 = 0,  
§ É¥³ γ0 = π/2. „ ²¥¥, ÊÎ¨ÉÒ¢ Ö · ¢¥´¸É¢  (138), (140) ¨ (141), ¶µ²ÊÎ ¥³
· §²µ¦¥´¨Ö

〈ab|K(γ)|a′b′〉L` = (−1)L
∞∑
n=0

(−iγ)N+n〈ab|JN+n|a′b′〉L` , (199)

〈ab|K(π/2 + γ)|a′b′〉L` = (−1)(L+2`+a′−b′)/2
∞∑
n=0

(−iγ)N
′+n〈ab|JN ′+n|b′a′〉L` ,

N ≡ max {|a′ − a|, |b′ − b|} , N ′ ≡ max {|a′ − b|, |b′ − a|} ,

¸µ£² ¸´µ ±µÉµ·Ò³ ¶·¨ γ → 0, π/2 ËÊ´±Í¨¨ 〈ab|K(γ)|ab〉L` ¸É·¥³ÖÉ¸Ö ± ±1,
¥¸²¨ a′ = a, b′ = b ¨²¨ a′ = b, b′ = a,   ¢ ¤·Ê£¨Ì ¸²ÊÎ ÖÌ ¸Ìµ¤ÖÉ¸Ö ± ´Ê²Õ ´¥
³¥¤²¥´´¥¥, Î¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸É¥¶¥´´Ò¥ ËÊ´±Í¨¨ γN ¨ (π/2− γ)N

′
.

�·µ¨§¢µ¤´ Ö ËÊ´±Í¨¨ 〈ab|K(γ)|a′b′〉L` µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó Éµ£¤  ¨ Éµ²Ó±µ
Éµ£¤ , ¥¸²¨ · ¢´  ´Ê²Õ ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (168). �µÔÉµ³Ê ¶µ²µ¦¥´¨¥
²µ± ²Ó´ÒÌ Ô±¸É·¥³Ê³µ¢ ÔÉµ° ËÊ´±Í¨¨ µ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³∑

µ,ν=±1

〈ab|J |a+ µ, b+ ν〉L` 〈a+ µ, b+ ν|K(γ)|a′b′〉L` = 0 . (200)
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’¥¶¥·Ó ¤µ± ¦¥³ É¥µ·¥³Ê ¸²µ¦¥´¨Ö ¤²Ö ¶µ²¨´µ³µ¢ Ÿ±µ¡¨ ¸ ¶µ²ÊÍ¥²Ò³¨
¢¥·Ì´¨³¨ ¨´¤¥±¸ ³¨. ’¥µ·¥³  ¸²µ¦¥´¨Ö ¤²Ö ¶µ²¨´µ³µ¢ Ÿ±µ¡¨ ¸ Í¥²Ò³¨
¢¥·Ì´¨³¨ ¨´¤¥±¸ ³¨ ¶·¨¢¥¤¥´  ¢ ±´¨£¥ [23] ¢ ¢¨¤¥ É¥µ·¥³Ò ¸²µ¦¥´¨Ö ¤²Ö
D-ËÊ´±Í¨° ‚¨£´¥· . ’¥µ·¥³  ¸²µ¦¥´¨Ö ¤²Ö ¶µ²¨´µ³µ¢ Ÿ±µ¡¨ ¢ ¸²ÊÎ ¥ ¶µ²Ê-
Í¥²ÒÌ ¢¥·Ì´¨Ì ¨´¤¥±¸µ¢ ´¥ Ê¶µ³¨´ ¥É¸Ö ´¨ ¢ ÔÉµ° ±´¨£¥, ´¨ ¢ ¸¶¥Í¨ ²Ó´ÒÌ
³ É¥³ É¨Î¥¸±¨Ì ¸¶· ¢µÎ´¨± Ì [6] ¨ [7]. �µÔÉµ³Ê ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´Ò³
· ¸¸³µÉ·¥ÉÓ ÔÉµÉ ¸²ÊÎ °. ˆ¸¶µ²Ó§µ¢ ¢ µ¶·¥¤¥²¥´¨Ö (55) ËÊ´±Í¨° WLab, ¶¥-
·¥¶¨Ï¥³ Éµ¦¤¥¸É¢µ (144) ¢ É¥·³¨´ Ì ¶µ²¨´µ³µ¢ Ÿ±µ¡¨. ’ ±¨³ µ¡· §µ³, ¤µ-
± §Ò¢ ¥³ ¸²¥¤ÊÕÐÊÕ É¥µ·¥³Ê.

’¥µ·¥³  1. �·¨ ²Õ¡ÒÌ Í¥²ÒÌ ¨´¤¥±¸ Ì

`, a, b, a′, b′;L = 2n+ a+ b = 2n′ + a′ + b′; (−1)a+b+` = 1

¨ Ê¸²µ¢¨ÖÌ ϕ′ = ϕ− γ 6= 0, ±π/2, ±π ¢¥·´  Ëµ·³Ê²  ¸²µ¦¥´¨Ö

P
(a′+1/2, b′+1/2)
n′ (cos 2ϕ′) = (−1)a

′+b′
∑
ab

B`abNLab

B`a′b′NLa′b′
〈ab|K(γ)|a′b′〉L` ×

× (sinϕ)a (cosϕ)b

(sinϕ′)a′(cosϕ′)b′
P (a+1/2, b+1/2)
n (cos 2ϕ) ,

£¤¥ ±µÔËË¨Í¨¥´ÉÒ NLab ¨ B`ab § ¤ ´Ò Ëµ·³Ê² ³¨ (56) ¨ (97).
�¡¸Ê¤¨³ ´µ¢Ò¥ ¸¶µ¸µ¡Ò ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨.

ŠµÔËË¨Í¨¥´ÉÒ �¥°´ ² Å�¥¢ ¨ (175) ³µ¦´µ ´ °É¨ ¨´É¥£·¨·µ¢ ´¨¥³ ¸¨¸É¥³Ò
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (168) ¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ (140) ¨²¨ ·¥Ï¥-
´¨¥³ Ô±¢¨¢ ²¥´É´µ° ³ É·¨Î´µ° § ¤ Î¨ (177)Ä(179),   É ±¦¥ ¢ÒÎ¨¸²¥´¨¥³ µ¤-
´µ³¥·´ÒÌ ¨´É¥£· ²µ¢ (181), (182) ¨²¨ ¦¥ ·¥Ï¥´¨¥³ ¸µ¢µ±Ê¶´µ¸É¨ ±µ´¥Î-
´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (187)Ä(192). � §³¥·´µ¸ÉÓ ³ É·¨ÍÒ Y ¸¨-
¸É¥³Ò (185) ¢µ§· ¸É ¥É ¶·¨ L → ∞, ± ± O(L4). �µÔÉµ³Ê ¶·¨ ¡µ²ÓÏ¨Ì
L ¢³¥¸Éµ ¶·¥¤¸É ¢²¥´¨Ö (186) · §Ê³´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥ (197),
· §³¥·´µ¸É¨ ³ É·¨Í Θ ¨ W ±µÉµ·µ£µ · ¸ÉÊÉ £µ· §¤µ ³¥¤²¥´´¥¥. „¥°¸É¢¨-
É¥²Ó´µ, ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶µ Ëµ·³Ê² ³ (187)Ä(192), (197) ¢¸¥Ì ±µÔËË¨Í¨¥´Éµ¢
�¥°´ ² Å�¥¢ ¨ 〈ajbt|K(γ)|a′b′〉L` ¸ ¤ ´´Ò³¨ ¨´¤¥±¸ ³¨ L, ` ¨ a′, b′ ´¥µ¡Ìµ-
¤¨³µ µ¤¨´ · § µ¡· É¨ÉÓ ³ É·¨ÍÊ Θ · §³¥·´µ¸É¨ N ∼ L, ¶µ¸É·µ¨ÉÓ N µ¡· É-
´ÒÌ ³ É·¨Í W−1 · §³¥·´µ¸É¨ M ∼ L ¨, ´ ±µ´¥Í, ¢ÒÎ¨¸²¨ÉÓ ¸Ê³³Ò (197)
¤²Ö ¢¸¥Ì j = 1, ..., N ¨ t = 1, ...,M .

‘ÊÐ¥¸É¢¥´´µ ¸µ±· É¨ÉÓ µ¡Ñ¥³ ³ É¥³ É¨Î¥¸±¨Ì µ¶¥· Í¨°, ´¥µ¡Ìµ¤¨³ÒÌ
¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨ ²Õ¡Ò³ ¨§ ¶¥·¥Î¨¸²¥´´ÒÌ
¢ÒÏ¥ ¸¶µ¸µ¡µ¢, ¶µ§¢µ²ÖÕÉ ¸µµÉ´µÏ¥´¨Ö ¸¨³³¥É·¨¨ (165) ¨ Ëµ·³Ê²  ¸²µ-
¦¥´¨Ö (167). �·¨³¥´¨¢ ÔÉÊ Ëµ·³Ê²Ê, ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ±µÔËË¨Í¨¥´ÉÒ �¥°-
´ ² Å�¥¢ ¨ ¶·¨ ±¨´¥³ É¨Î¥¸±µ³ Ê£²¥ γ = γ1 + γ2 ¶µ ¨§¢¥¸É´Ò³ §´ Î¥´¨Ö³
ÔÉ¨Ì ±µÔËË¨Í¨¥´Éµ¢ ¤²Ö γ = γ1 ¨ γ = γ2. ‚ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ (6) ¨ (7)
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±µÔËË¨Í¨¥´ÉÒ �¥°´ ² Å�¥¢ ¨ ³µ¦´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ±µ´¥Î´Ò³¨ ¸Ê³-
³ ³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ·Ö¤µ¢ (199). ’Ð É¥²Ó´Ò° ±µ´É·µ²Ó ÉµÎ´µ¸É¨ ¢ÒÎ¨-
¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨ ²Õ¡Ò³ ¨§ ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ ¸¶µ¸µ¡µ¢
³µ¦´µ µ¸ÊÐ¥¸É¢¨ÉÓ, ¶µ¤¸É ¢¨¢ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ¢ ²¥¢Ò¥ Î ¸É¨ ¸µµÉ-
´µÏ¥´¨° (143), (144), (166), (169), (172)Ä(174) ¨ (200) ¨ ¸· ¢´¨¢ § É¥³ ¶µ-
²ÊÎ¥´´Ò¥ §´ Î¥´¨Ö ¸µ §´ Î¥´¨Ö³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶· ¢ÒÌ Î ¸É¥° ÔÉ¨Ì ¦¥
¸µµÉ´µÏ¥´¨°.

‚ § ±²ÕÎ¥´¨¥ ¶¥·¥Î¨¸²¨³ Ëµ·³Ê²Ò, ¤µ± § ´´Ò¥ · ´¥¥ ¢ ¤·Ê£¨Ì · ¡µÉ Ì,
´µ ¡µ²¥¥ ¸²µ¦´Ò³¨ ¸¶µ¸µ¡ ³¨, Î¥³ Ê¶µ³Ö´ÊÉÒ¥ ¢ÒÏ¥. ”µ·³Ê²Ò (162)Ä(164)
¤µ± § ´Ò ¢ · ¡µÉ¥ [79] ¶·¥¤¥²Ó´Ò³ ¶¥·¥Ìµ¤µ³ γ → 0 ¢ Ö¢´ÒÌ ¢Ò· ¦¥´¨ÖÌ
¤²Ö ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Å�¥¢ ¨ (176). ‚ ÔÉµ° ¦¥ · ¡µÉ¥ ¤²Ö É ±¨Ì ±µÔË-
Ë¨Í¨¥´Éµ¢ ¡Ò²¨ ¢Ò¢¥¤¥´Ò ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° É¨¶  (168) ¨ ¤µ± -
§ ´µ, ÎÉµ ¸µ¡¸É¢¥´´Ò¥ Î¨¸²  § ¤ Î¨ (177) Ö¢²ÖÕÉ¸Ö Í¥²Ò³¨. ”µ·³Ê²Ò (170)
¨ (171) ¶µ²ÊÎ¥´Ò ¢ · ¡µÉ¥ [80] ± ± Î ¸É´Ò° ¸²ÊÎ ° ¸²µ¦´ÒÌ ·¥±Ê··¥´É´ÒÌ
¸µµÉ´µÏ¥´¨°. ˆ´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ (181)Ä(183) ¢¶¥·¢Ò¥ ¤µ± § ´µ ¢
· ¡µÉ¥ [65].

3. “��‚�…�ˆŸ ˜�…„ˆ�ƒ…�� ˆ ”�„„……‚�

�¸´µ¢´ Ö Í¥²Ó ÔÉµ£µ · §¤¥²  Å µ¶¨¸ ÉÓ, ¨¸¶µ²Ó§µ¢ ¢ ¶µ´ÖÉ¨¥ ¨ ¸¢µ°¸É¢ 
±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö, ·¥¤Ê±Í¨Õ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤-
¤¥¥¢ , ¨§´ Î ²Ó´µ § ¶¨¸ ´´ÒÌ ¢ R6, ± ¸¨¸É¥³ ³ Ê· ¢´¥´¨° ¢ R2

+ ¨²¨ R1
+. ‚

¶. 3.1 ¶¥·¥Î¨¸²¥´Ò ´¥±µÉµ·Ò¥ ¨§¢¥¸É´Ò¥ µ¶¥· Éµ·´Ò¥ ¨ ¸¶¥±É· ²Ó´Ò¥ ¸¢µ°-
¸É¢  ¸¢µ¡µ¤´µ£µ É·¥ÌÎ ¸É¨Î´µ£µ £ ³¨²ÓÉµ´¨ ´ . ‚ ¶. 3.2 ¶µÖ¸´ÖÕÉ¸Ö ³ É·¨Î-
´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Í¥´É· ²Ó´µ£µ ¨ S-¢µ²´µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨° ¢ Ê£²µ¢ÒÌ
¡ §¨¸ Ì. ‘É·µ¥´¨Õ ¨ Ê£²µ¢µ³Ê  ´ ²¨§Ê Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢ 
¶µ¸¢ÖÐ¥´Ò ¶. 3.3 ¨ 3.4.

3.1. �¸´µ¢´Ò¥ ¸¢µ°¸É¢  ¸¢µ¡µ¤´µ£µ £ ³¨²ÓÉµ´¨ ´ . ‚ ±¢ ´Éµ¢µ° ³¥Ì -
´¨±¥ [10] ¸µ¸ÉµÖ´¨Ö |ε〉 ¸¨¸É¥³Ò Î ¸É¨Í ±² ¸¸¨Ë¨Í¨·ÊÕÉ¸Ö ´ ¡µ· ³¨ ε ¸µÌ· -
´ÖÕÐ¨Ì¸Ö ±¢ ´Éµ¢ÒÌ Î¨¸¥². ‘µ¸ÉµÖ´¨Õ |ε〉 ¸É ¢¨É¸Ö ¢ ¸µµÉ¢¥É¸É¢¨¥ ·¥£Ê²Ö·-
´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψε(r) ≡ 〈r|ε〉. ‚µ²´µ¢ Ö ËÊ´±Í¨Ö Ψε É·¥Ì ¸¢µ¡µ¤´ÒÌ
Î ¸É¨Í ¶µ¤Î¨´¥´  Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· 

(H0(r) − E)Ψε(r) = 0 , (201)

£¤¥ Î¨¸²µ¢µ° ¶ · ³¥É· E ¨³¥¥É ¸³Ò¸² ¶µ²´µ° Ô´¥·£¨¨,   ¸¢µ¡µ¤´Ò° É·¥ÌÎ -
¸É¨Î´Ò° £ ³¨²ÓÉµ´¨ ´ H0 ¢ ¶·¥¤¸É ¢²¥´¨¨ |r〉 = |x,y〉 Ô±¢¨¢ ²¥´É¥´ ¸Ê³³¥
¤¢ÊÌ µ¶¥· Éµ·µ¢ ‹ ¶² ¸ :

H0(x,y) ≡ −4x −4y , 4q ≡
3∑

µ=1

∂2
qµ
, q = x,y . (202)
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‡¤¥¸Ó ¨ ¤ ²¥¥ ¤²Ö Ö¸´µ¸É¨ ¢ ¸±µ¡± Ì §  ¸¨³¢µ²µ³ · ¸¸³ É·¨¢ ¥³µ£µ µ¶¥· Éµ· 
Ê± §Ò¢ ¥³ ¶·¨ ´¥µ¡Ìµ¤¨³µ¸É¨ ¶¥·¥³¥´´Ò¥, ´  ±µÉµ·Ò¥ µ´ ¤¥°¸É¢Ê¥É.

�¥·¥Î¨¸²¨³ ¤·Ê£¨¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £ ³¨²ÓÉµ´¨ ´ 
H0. ˆ¸¶µ²Ó§µ¢ ¢ µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ·µ¢ Ê£²µ¢ÒÌ ³µ³¥´Éµ¢ (36) ¨ (37),
³µ¦´µ ¶¥·¥¶¨¸ ÉÓ £ ³¨²ÓÉµ´¨ ´ (202) ¢ ¢¨¤¥ ¸Ê³³Ò µ¶¥· Éµ·µ¢, ¤¥°¸É¢ÊÕ-
Ð¨Ì ´  ³µ¤Ê²¨ ¢¥±Éµ·µ¢ x, y ¨ ¨Ì ¸Ë¥·¨Î¥¸±¨¥ Ê£²Ò, ²¨¡µ ´  £¨¶¥·· ¤¨Ê¸ r
¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ Ê£²Ò Ω:

H0(x,y) = −x−2∂x(x2∂x)− y−2∂y(y2∂y) + x−2l2x(x̂) + y−2l2y(ŷ) , (203)

H0(r,Ω) = −r−5∂r(r
5∂r) + r−2L2(Ω) . (204)

ˆ¸¶µ²Ó§µ¢ ¢ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¸¢µ°¸É¢  (89) µ¶¥· Éµ·  L2, ´¥¸²µ¦´µ ¶µ± -
§ ÉÓ, ÎÉµ ¤²Ö ²Õ¡µ° ËÊ´±Í¨¨ Q ¶¥·¥³¥´´ÒÌ x, y; r, ϕ ¨²¨ r ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥
· ¢¥´¸É¢ :

H0(x,y) (xy)−1Y`mab (x̂, ŷ)Q(x, y) = −(xy)−1Y`mab (x̂, ŷ)H̃0ab(x, y)Q(x, y),

H̃0ab(x, y) ≡ ∂2
x + ∂2

y − a(a+ 1)y−2 − b(b+ 1)x−2 ; (205)

H0(r,Ω)(xy)−1Y`mab (x̂, ŷ)Q(r, ϕ) = (xy)−1Y`mab (x̂, ŷ)H̃0ab(r, ϕ)Q(r, ϕ),

H̃0ab(r, ϕ) ≡ ∂2
r + r−1∂r − r−2L̃2

ab(ϕ) ; (206)

H0(r,Ω)(xy)−1Y `mLab(Ω)Q(r) = −r−2 Y `mLab(Ω)H̃0L(r)Q(r) , (207)

H̃0L(r) ≡ ∂2
r + r−1∂r − r−2(L+ 2)2 .

�¶¨Ï¥³ ¤¢  ¸¶µ¸µ¡  · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨¨ (201) ¨ ¥£µ
Î ¸É´Ò¥ ¨ µ¡Ð¨¥ ·¥Ï¥´¨Ö. ‚ ¸¨²Ê · ¢¥´¸É¢ (25), (36), (37), (202) ¨ (204)

[H0, Q]− = 0 , Q = l2, l3, l
2
x, l

2
y,L

2, P1, P2, P, T . (208)

�² £µ¤ ·Ö ÔÉ¨³ ±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³, ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ µ¶¥-
· Éµ·µ¢ l2, l3 ¨ P Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¨ ¤²Ö µ¶¥· Éµ·  H0. �µÔÉµ³Ê
·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö (201) ¸ ´ ¡µ·µ³ ±¢ ´Éµ¢ÒÌ Î¨¸¥² ε = (`,m, σ) ¨Ð¥³
¢ ¢¨¤¥ ËÊ´±Í¨¨ (84), ¶µ¤Î¨´¥´´µ° Ê¸²µ¢¨Ö³ (85) ¨ ¶·¥¤¸É ¢²¥´´µ° ¡¨¸Ë¥·¨-
Î¥¸±¨³ ·Ö¤µ³ (86). ‡ ³¥´¨³ ¨³ ËÊ´±Í¨Õ Ψε ¢ Ê· ¢´¥´¨¨ (201). ˆ¸¶µ²Ó§µ¢ ¢
· ¢¥´¸É¢  (206), ¸¶·µ¥±É¨·Ê¥³ ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥ ´  ¡¨¸Ë¥·¨Î¥¸±¨° ¡ -
§¨¸. ’µ£¤  ¤²Ö ¨¸±µ³ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É U `ab ¶µ²ÊÎ¨³ ¡¥¸±µ´¥Î´ÊÕ
¸¨¸É¥³Ê ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¶µ ¨´¤¥±¸ ³ a ¨ b Ê· ¢´¥´¨°:(

H̃0ab(r, ϕ) + E
)
U `ab(r, ϕ) = 0 . (209)
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ˆ¸±µ³µ¥ ·¥Ï¥´¨¥ U `ab, (−1)a+b = σ, ± ¦¤µ£µ É ±µ£µ Ê· ¢´¥´¨Ö § ³¥´¨³ ¥£µ
·Ö¤µ³ (88) ¶µ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ W̃Lab. �µ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ¸¶·µ¥±-
É¨·Ê¥³, ¨¸¶µ²Ó§µ¢ ¢ ¸¢µ°¸É¢µ (82) µ¶¥· Éµ·  L̃2

ab, ´  É ±µ° ¡ §¨¸. ’µ£¤  ¤²Ö
± ¦¤µ° ´¥¨§¢¥¸É´µ° ËÊ´±Í¨¨ U `Lab, L = a+b, a+b+2, ..., ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥

(H̃0L(r) + E)U `Lab(r) = 0 . (210)

‘¢¥¤¥³ ¥£µ ¶µ¤¸É ´µ¢±µ°

z =
√
Er, ν = L+ 2 , U `Lab(r) = Zν(z)

± ± ´µ´¨Î¥¸±µ³Ê Ê· ¢´¥´¨Õ ¤²Ö Í¨²¨´¤·¨Î¥¸±¨Ì ËÊ´±Í¨° �¥¸¸¥²Ö [6]:(
z2∂2

z + z∂z + z2 − ν2
)
Zν(z) = 0 . (211)

�Éµ Ê· ¢´¥´¨¥,   §´ Î¨É ¨ ¨¸Ìµ¤´µ¥ Ê· ¢´¥´¨¥ (210), ¨³¥¥É ´¥É·¨¢¨ ²Ó´µ¥
·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ JL+2 Éµ²Ó±µ ¶·¨ E > 0. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ ²Õ¡ÒÌ
¤µ¶Ê¸É¨³ÒÌ ¨´¤¥±¸ Ì a, b ¨ L

U `Lab(r) = JL+2(
√
Er) , E > 0 , (212)

  µ¡Ð¥¥ ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ U `ab Ê· ¢´¥´¨Ö (210) µ¶¨¸Ò¢ ¥É¸Ö · ¢¥´¸É¢ ³¨

U `ab(r, ϕ) =

{
0, E < 0∑

L

CLJL+2(
√
Er) W̃Lab(ϕ), E > 0 , (213)

£¤¥ CL Å ¶·µ¨§¢µ²Ó´Ò¥ Î¨¸² . �µ ¶µ¸É·µ¥´¨Õ ·¥Ï¥´¨Õ (212) Ê· ¢´¥´¨Ö (210)
µÉ¢¥Î ¥É ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö µ¶¥· Éµ·  H0 ¨ ¢¸¥Ì ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ ´¨³
µ¶¥· Éµ·µ¢ (208):

Ψε
0(r) = r−2 JL+2(

√
Er)Y `mLab(Ω) , ε = (L, a, b, `,m, σ) . (214)

‹¨´¥°´ Ö ±µ³¡¨´ Í¨Ö É ±¨Ì ËÊ´±Í¨° ¸µ ¢¸¥³¨ ¢µ§³µ¦´Ò³¨ ¨´¤¥±¸ ³¨ L, a
¨ b Å ¨¸±µ³µ¥ ·¥Ï¥´¨¥ Ψε, ε = (`,m, σ), Ê· ¢´¥´¨Ö (201).

ˆÉ ±, ¢ ¸¢µ¡µ¤´µ³ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (201) ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ
µÉ¤¥²¨ÉÓ ¶¥·¥³¥´´Ò¥ x̂, ŷ µÉ ¶¥·¥³¥´´ÒÌ r, ϕ,   § É¥³ ¨ ¶¥·¥³¥´´Ò¥ r ¨ ϕ
¤·Ê£ µÉ ¤·Ê£ . � §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¤µ¸É¨£ ¥É¸Ö ¶·µ¥±É¨·µ¢ ´¨¥³ ¨¸Ìµ¤-
´µ£µ Ê· ¢´¥´¨Ö ´  ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ ¨ ¶µ¸²¥¤ÊÕÐ¨³ §  ´¨³ ¶·µ¥±É¨·µ¢ -
´¨¥³ ± ¦¤µ£µ ¶µ²ÊÎ¨¢Ï¥£µ¸Ö Ê· ¢´¥´¨Ö (209) ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¡ §¨¸ ¨§
ËÊ´±Í¨° W̃Lab.

�²ÓÉ¥·´ É¨¢´Ò°, ´µ Ô±¢¨¢ ²¥´É´Ò° ¸¶µ¸µ¡ µ¸´µ¢ ´ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ¤²Ö
¨¸±µ³µ° ËÊ´±Í¨¨ Ψε, ε = (`,m, σ), £¨¶¥·¸Ë¥·¨Î¥¸±µ£µ  ´§ Í  (84), (87) ¨
¸µ¸Éµ¨É ¢ µ¤´µÔÉ ¶´µ³ · §¤¥²¥´¨¨ ¶¥·¥³¥´´ÒÌ Ω µÉ r ¶ÊÉ¥³ ¶·µ¥±É¨·µ¢ ´¨Ö
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Ê· ¢´¥´¨Ö (201) ¸· §Ê ´  £¨¶¥·¸Ë¥·¨Î¥¸±¨° ¡ §¨¸. ‘ ¶µ³µÐÓÕ Ëµ·³Ê² (207)
´¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¢ ·¥§Ê²ÓÉ É¥ É ±µ£µ ¶·µ¥±É¨·µ¢ ´¨Ö ¤²Ö ¨¸±µ³ÒÌ
£¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É U `Lab ¶µ²ÊÎ ÕÉcÖ É¥ ¦¥ ¸ ³Ò¥ Ê· ¢´¥´¨Ö (210),
ÎÉµ ¨ ¢ · ´¥¥ µ¶¨¸ ´´µ³ ¸¶µ¸µ¡¥.

ˆ§¢¥¸É´µ [14,19], ÎÉµ ³´µ¦¥¸É¢µ ËÊ´±Í¨° (214) ¸µ ¢¸¥³¨ ¢µ§³µ¦´Ò³¨
±µ³¶µ´¥´É ³¨ ³Ê²ÓÉ¨¨´¤¥±¸  ε Ö¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´µ° ¸¨¸É¥³µ° ·¥£Ê²Ö·-
´ÒÌ ·¥Ï¥´¨° (”‘�) ¸¢µ¡µ¤´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· : ²Õ¡µ¥ ¤·Ê£µ¥ ·¥-
£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢¨³µ ¢ ¢¨¤¥ ±µ´¥Î´µ° ¨²¨ ¡¥¸±µ´¥Î´µ° ²¨´¥°´µ°
±µ³¡¨´ Í¨¨ ËÊ´±Í¨° (214) ¨ ¶·µ¨§¢µ²Ó´ÒÌ Î¨¸²µ¢ÒÌ ±µÔËË¨Í¨¥´Éµ¢. � -
¶·¨³¥·, ·¥Ï¥´¨¥, µ¶¨¸Ò¢ ÕÐ¥¥ ¶²µ¸±ÊÕ ¢µ²´Ê ¨ µÉ¢¥Î ÕÐ¥¥ ´ ¡µ·Ê ¸µÌ· -
´ÖÕÐ¨Ì¸Ö ±¢ ´Éµ¢ÒÌ Î¨¸¥² ε = (p,q) ¨§ Ï¥¸É¨ ±µµ·¤¨´ É ¤¢ÊÌ É·¥Ì³¥·´ÒÌ
¨³¶Ê²Ó¸µ¢ · ¸¸¥Ö´¨Ö p ¨ q, ¶·¥¤¸É ¢¨³µ ¢ ¢¨¤¥ [25]

Ψp,q
0 (r) = exp(i(p · x) (q · y)) =

8π3

E

∑
`m

∑
ab

∑
L

iL
(
Y `mLab(Ωs)

)∗ ×
× r−2 JL+2(

√
Er)Y `mLab(Ω) , s ≡ (p,q) , E = p2 + q2 . (215)

3.2. Œ É·¨Î´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ¶¥· Éµ·µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö. ˆ§¢¥¸É´Ò°
¸¶µ¸µ¡ ¨§ÖÐ´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ ¶·µ¥±É¨·µ¢ ´¨° µ¶¥· Éµ·´ÒÌ ¸µµÉ´µÏ¥-
´¨° ´  Ê£²µ¢Ò¥ ¡ §¨¸Ò µ¸´µ¢ ´ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ³ É·¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨°
µ¶¥· Éµ·µ¢. �·¨¢¥¤¥³ ¨ ¶·µ±µ³³¥´É¨·Ê¥³ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ¤¢ÊÌ É¨-
¶µ¢ ¶ ·´ÒÌ µ¶¥· Éµ·µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö Vi(ri), i = 1, 2, 3, ¤¥°¸É¢ÊÕÐ¨Ì ¢
¶·µ¸É· ´¸É¢¥ R6 Éµ²Ó±µ ´  µÉ´µ¸¨É¥²Ó´Ò¥ ±µµ·¤¨´ ÉÒ xi ¸µµÉ¢¥É¸É¢ÊÕÐ¥°
¶ ·Ò Î ¸É¨Í ¸ ´µ³¥· ³¨ j ¨ k.

� ¶µ³´¨³ µÉ´µ¸¨É¥²Ó´Ò¥ ¶µ´ÖÉ¨Ö ¸µ¡¸É¢¥´´µ£µ (´¥¸µ¡¸É¢¥´´µ£µ) ±µµ·-
¤¨´ É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¨ Ê£²µ¢µ£µ ¡ §¨¸ . Šµµ·¤¨´ É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ 〈ri|
¨²¨ ¸¨¸É¥³  ±µµ·¤¨´ É ri ´ §Ò¢ ¥É¸Ö ¸µ¡¸É¢¥´´Ò³ ¤²Ö ´¥±µÉµ·µ£µ µ¶¥· Éµ· 
Vi ¨²¨ ËÊ´±Í¨¨ Ψi, ¶µ³¥Î¥´´ÒÌ µ¤¨´ ±µ¢Ò³ ¨´¤¥±¸µ³ i. „¢  ¤·Ê£¨Ì ¶·¥¤-
¸É ¢²¥´¨Ö 〈rk|, k 6= i, ¡Ê¤ÊÉ ´¥¸µ¡¸É¢¥´´Ò³¨ ¤²Ö É ±µ£µ µ¶¥· Éµ·  ¨²¨ É ±µ°
ËÊ´±Í¨¨. �´ ²µ£¨Î´µ µ¶·¥¤¥²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò¥ ¨ ´¥¸µ¡¸É¢¥´´Ò¥ Ê£²µ¢Ò¥
¡ §¨¸Ò: Ê£²µ¢µ° ¡ §¨¸, ¸µ¸É ¢²¥´´Ò° ¨§ ËÊ´±Í¨°  ·£Ê³¥´Éµ¢ ri (rk), ´ §Ò¢ -
¥É¸Ö ¸µ¡¸É¢¥´´Ò³ (´¥¸µ¡¸É¢¥´´Ò³) ¤²Ö Vi ¨²¨ Ψi.

�¨¦¥ ¤²Ö ±· É±µ¸É¨ µ¶Ê¸É¨³ ¨´¤¥±¸Ò i ¨ k, ¶·¥¤¸É ¢²¥´¨¥ 〈r| ≡ 〈ri| ¨²¨
〈r′| ≡ 〈rk| ¸Î¨É ¥³ ¸µ¡¸É¢¥´´Ò³ ¨²¨ ´¥¸µ¡¸É¢¥´´Ò³.

�¶¥· Éµ· V (r), ¤¥°¸É¢ÊÕÐ¨° ¢ ¸µ¡¸É¢¥´´µ³ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥-
´¨¨ 〈r| ´  ¶·µ¨§¢µ²Ó´ÊÕ ËÊ´±Í¨Õ Ψ(r) ± ± µ¶¥· Éµ· µ¡ÒÎ´µ£µ Ê³´µ¦¥-
´¨Ö ´  ËÊ´±Í¨Õ-¶µÉ¥´Í¨ ² V (x), ´ §Ò¢ ÕÉ Í¥´É· ²Ó´Ò³ ¨²¨ ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´Ò³ ¶ ·´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ [10]. ‚ R6 µ¶¥· Éµ· V (r) ´¥ ¤¥°-
¸É¢Ê¥É ´  ¶¥·¥³¥´´Ò¥ y,   ËÊ´±Í¨Ö V (x) ´¥ § ¢¨¸¨É µÉ Ê£²µ¢ x̂. �µÔÉµ³Ê
´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ ³ É·¨Í µ¶¥· Éµ·  V (r) ¢ ¥£µ ¸µ¡¸É¢¥´´ÒÌ Ê£²µ¢ÒÌ ¡ -
§¨¸ Ì § ¤ ÕÉ¸Ö Ëµ·³Ê² ³¨

〈bβ|V (r)|bβ〉 = 〈`mab|V (r)|`mab〉 = V (x) , (216)
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〈L`mab|V (r)|L′`mab〉 = 〈Lãb|V (r cosϕ)|L′ãb〉 =

=

∫ π/2

0

dϕ W̃Lab(ϕ)V (r cosϕ)W̃L′ab(ϕ) ≡ V LL
′

ab (r) .

ˆ¸¶µ²Ó§µ¢ ¢ ÔÉ¨ ¶· ¢¨²  µÉ¡µ·  ¨ Ê£²µ¢Ò¥ ¡· - ¨ ±¥É-µ¶¥· Éµ·Ò, µ¶·¥¤¥-
²¥´´Ò¥ · ¢¥´¸É¢ ³¨ (63)Ä(65), § ¶¨Ï¥³ Í¥´É· ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¢ ¢¨¤¥
¡¥¸±µ´¥Î´µ° ¸Ê³³Ò b-¢µ²´µ¢ÒÌ µ¶¥· Éµ·µ¢ V b:

V (r) =

∞∑
b=0

V b(r) , (217)

V b(r) =

b∑
β=−b

|Ybβ(x̂)〉V (x) 〈Ybβ(x̂)| , (218)

V b(r) =
∑
`m

∑
a

|Y`mab (x̂, ŷ)〉V (x) 〈Y`mab (x̂, ŷ)| , (219)

V b(r) =
∑
`m

∑
a

∑
LL′

|Y `mLab(Ω)〉V LL
′

ab (r) 〈Y `mL′ab(Ω)| . (220)

Š ± ¸²¥¤Ê¥É ¨§ ³ É·¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° (218)Ä(220), ± ¦¤Ò° µ¶¥· Éµ· V b ´¥
Ö¢²Ö¥É¸Ö ¶·µ¥±Éµ·µ³ (V bV b 6= I), ´µ µ¡² ¤ ¥É ¶·µ¥±Í¨µ´´Ò³¨ ¸¢µ°¸É¢ ³¨:(

V b(r)− δbb′V (x)
)
|Qb′β〉 = 0, ∀|Qb′β〉 = |b′β〉, |`ma′b′〉, |L`mab′〉, (221)

¨ ¶µÔÉµ³Ê µÉµ¡· ¦ ¥É ¶·µ¨§¢µ²Ó´ÊÕ ËÊ´±Í¨Õ Ψ(r) ¢ ¸µ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ
µ¶¥· Éµ·  l2x, µÉ¢¥Î ÕÐÊÕ ¥£µ ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ b(b+ 1).

‚ Ö¤¥·´µ° Ë¨§¨±¥ µ¶¥· Éµ·Ò V b ¸ ¨´¤¥±¸µ³ b = 0, 1 ´ §Ò¢ ÕÉ¸Ö S- ¨
P -¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨. ‚ ·Ö¤ Ì (218)Ä(220) ¤²Ö S- ¨ P -¢µ²´µ¢ÒÌ
¢§ ¨³µ¤¥°¸É¢¨° a = `, b = 0 ¨, ¸µµÉ¢¥É¸É¢¥´´µ, a = `, `± 1, b = 1.

3.3. ‘É·µ¥´¨¥ ¨ Ê£²µ¢µ°  ´ ²¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . “· ¢´¥´¨¥
˜·¥¤¨´£¥·  ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψε ¸µ¸ÉµÖ´¨Ö |ε〉 É·¥Ì Î ¸É¨Í ¸ ¶ ·-
´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ Vi µ¡ÒÎ´µ ¶·¨¢µ¤¨É¸Ö ¢ ±µ³¶ ±É´µ° (µ¶¥· Éµ·´µ°)
Ëµ·³¥ [10]:

(H − E)Ψε = 0 , H ≡ H0 + V , V ≡
3∑

k=1

Vk, (222)

¨ ¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö § ¤ ´Ò ¢ ¸¢µ¨Ì ¸µ¡¸É¢¥´-
´ÒÌ ±µµ·¤¨´ É Ì,   ¢¸¥ µ¶¥· Éµ·Ò ¨ ¨¸±µ³µ¥ ·¥Ï¥´¨¥ Ψε Å ¢ ± ±µ³-Éµ
µ¤´µ³ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|. Ÿ¸´µ, ÎÉµ ¶·¨ ²Õ¡µ³ ¢Ò¡µ·¥ µ¤-
´µ£µ ¨§ É·¥Ì É ±¨Ì ¶·¥¤¸É ¢²¥´¨° µ´µ µ± §Ò¢ ¥É¸Ö ´¥¸µ¡¸É¢¥´´Ò³ ¤²Ö ¤¢ÊÌ
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¢§ ¨³µ¤¥°¸É¢¨°,   ¨³¥´´µ ¤²Ö Vj ¨ Vk . �µÖ¸´¨³, ¶µÎ¥³Ê ÔÉµ ´¥¶·¥µ¤µ²¨³µ¥
¢ · ³± Ì Ï·¥¤¨´£¥·µ¢¸±µ° ¶µ¸É ´µ¢±¨ § ¤ Î¨ É·¥Ì Î ¸É¨Í µ¡¸ÉµÖÉ¥²Ó¸É¢µ
¸ÊÐ¥¸É¢¥´´µ § É·Ê¤´Ö¥É  ´ ²¨É¨Î¥¸±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¤ ´´µ° § ¤ Î¨. ‘ ÔÉµ°
Í¥²ÓÕ · ¸¸³µÉ·¨³ ¸²ÊÎ ° Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ (222), ÊÎ¨ÉÒ¢ Ö µ¡Ð¥¶·¨´ÖÉÒ¥ ¨ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥
¶· ¢¨²  ¨ µ¶·¥¤¥²¥´¨¥ (26) µ¶¥· Éµ·  K(γ). ’µ£¤  ¢ ¶·µ¸É· ´¸É¢¥ R6 ¶µ²Ê-
Î¨³ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢ ¥£µ ± ´µ´¨Î¥¸±µ° Ëµ·³¥:H0(xi,yi) + Vi(xi)− E +

∑
k 6=i

K(γki)Vk(xi)

 Ψε(ri) = 0 . (223)

‡¤¥¸Ó Vi(xi) Å ËÊ´±Í¨Ö É·¥Ì  ·£Ê³¥´Éµ¢ xi,   ¤¢  ±¨´¥³ É¨Î¥¸±¨Ì µ¡· §  Å
ËÊ´±Í¨¨ Ï¥¸É¨ ¶¥·¥³¥´´ÒÌ ri:

K(γki)Vk(xi) = Vk(xk(ri)) , k 6= i . (224)

ˆ³¥´´µ ¨§-§  É ±µ° ËÊ´±Í¨µ´ ²Ó´µ° § ¢¨¸¨³µ¸É¨ ¶µ¸É·µ¨ÉÓ ÉµÎ´µ¥ ·¥Ï¥-
´¨¥ ¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (223) ´¥ É ± ¶·µ¸Éµ ¤ ¦¥ ¢ ¸²ÊÎ ¥
¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, µ¶¨¸Ò¢ ¥³ÒÌ ¢ ¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É Ì Ô²¥³¥´-
É ·´Ò³¨ ËÊ´±Í¨Ö³¨.

� ¶µ³´¨³, ÎÉµ ³¥Ï ¥É ¶µ¸É·µ¥´¨Õ ÉµÎ´µ£µ ·¥Ï¥´¨Ö ³¥Éµ¤µ³ · §¤¥²¥´¨Ö
¶¥·¥³¥´´ÒÌ. ‚ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´ H
Ê¤µ¢²¥É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Ö³

[H,Q]− = 0, Q = l2, l3, P ; [H, q]− 6= 0, q = L2, l2x, l
2
y , (225)

¶µÔÉµ³Ê ¸µÌ· ´Ö¥É¸Ö ´ ¡µ· ±¢ ´Éµ¢ÒÌ Î¨¸¥² ε = (`,m, σ) ¨ ¤²Ö ¨¸±µ³µ°
ËÊ´±Í¨¨ Ψε ¢¥·´Ò ¶·¥¤¸É ¢²¥´¨Ö (84)Ä(86). ‚ Ê· ¢´¥´¨¨ (223) § ³¥´¨³
ËÊ´±Í¨Õ Ψε, ±¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò (224) ¨ ¢§ ¨³µ¤¥°¸É¢¨¥ Vi(xi) ¨Ì ¡¨-
¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨, § ¶¨¸ ´´Ò³¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈ri| ¶µ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨³ ¶· ¢¨² ³ (86), (129) ¨ (219). ˆ¸¶µ²Ó§µ¢ ¢ · ¢¥´¸É¢  (119), (120) ¨
(206), ¸¶·µ¥±É¨·Ê¥³ ¶µ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ´  ¥£µ ¸µ¡¸É¢¥´´Ò° ¡¨¸Ë¥·¨-
Î¥¸±¨° ¡ §¨¸ ¨§ ËÊ´±Í¨° Y`mab (x̂i, ŷi). ’µ£¤  ¤²Ö ´¥¨§¢¥¸É´ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì
±µ³¶µ´¥´É U `ab ¶µ²ÊÎ¨³ ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:

(H̃0ab(r, ϕi)− Vi(r cosϕi) + E) U `ab(r, ϕi) =

=
∑
k 6=i

∑
a′b′

Γ`maba′b′

(∫ C+(ϕi,γik)

C−(ϕi,γik)

dϕkK
`
aba′b′(ϕi, ϕk; γki)Vk(r cosϕk)

)
U `ab(r, ϕi).

(226)
Š¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò (224) ¢ ¨Ì ´¥¸µ¡¸É¢¥´´µ³ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥
¨³¥ÕÉ ´¥¤¨ £µ´ ²Ó´Ò¥ ³ É·¨ÍÒ. �µÔÉµ³Ê Î¨¸²µ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (226)
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¡¥¸±µ´¥Î´µ ¶µ ¨´¤¥±¸ ³ a ¨ b,   ¸ ³¨ Ê· ¢´¥´¨Ö § Í¥¶²ÖÕÉ¸Ö ¶µ ¨´¤¥±¸ ³ a′

¨ b′, ¸µ¤¥·¦ É ±µÔËË¨Í¨¥´ÉÒ Γ`maba′b′ (¨´É¥£· ²Ò (120) µÉ É·¥Ì ¡¨¸Ë¥·¨Î¥¸±¨Ì
ËÊ´±Í¨°) ¨ ¤µ¸É ÉµÎ´µ ¸²µ¦´Ò¥ ¨´É¥£· ²Ò µÉ ¤¢ÊÌ ¶µÉ¥´Í¨ ²µ¢.

�¶¨Ï¥³ ´¥É· ¤¨Í¨µ´´Ò° ¸¶µ¸µ¡ ·¥¤Ê±Í¨¨ Ê· ¢´¥´¨Ö (223). �¶¥· Éµ·
H0, ËÊ´±Í¨Õ Ψε ¢ ¢Ò· ¦¥´¨¨ H0Ψε ¨ µ¡  ¸µ³´µ¦¨É¥²Ö ¶·µ¨§¢¥¤¥´¨Ö ViΨε

§ ¶¨Ï¥³ ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|,   ¸µ³´µ¦¨É¥²¨ µ¡µ¨Ì (k 6= i) ¶·µ¨§¢¥¤¥´¨°
VkΨε Å ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸µ¡¸É¢¥´´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ 〈rk|. ’µ£¤  ¶µ²ÊÎ¨³
Ê· ¢´¥´¨¥

(H0(xi,yi) + Vi(xi)− E ) Ψε(ri) +
∑
k 6=i

K(γki) (Vk(xk) Ψε(rk) ) = 0 . (227)

ˆ¸¶µ²Ó§ÊÖ  ´§ Í (84), (86) ¨ Ëµ·³Ê²Ò (130), (217)Ä(219), ¸¢µ¤¨³ ´¥¸É ´¤ ·É-
´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (227) ± ¸¨¸É¥³¥ Ê· ¢´¥´¨°

(H̃0ab(r, ϕi)− Vi(r cosϕi) + E) U `ab(r, ϕi) = (228)

=
∑
k 6=i

∑
a′b′

∫ C+(ϕi,γki)

C−(ϕi,γki)

dϕk
(
h`aba′b′(ϕi, ϕk; γki)Vk(r cosϕk)U `a′b′(r, ϕk)

)
.

�É¨ Ê· ¢´¥´¨Ö ¸µ¤¥·¦ É ¶µ¤ §´ ± ³¨ ¨´É¥£· ²µ¢ ¨ ¶µÉ¥´Í¨ ²Ò, ¨ ¨¸±µ³Ò¥
ËÊ´±Í¨¨ U `ab ¨ ¶µÔÉµ³Ê Ö¢²ÖÕÉ¸Ö ¥Ð¥ ¡µ²¥¥ ´¥Ê¤µ¡´Ò³¨ ¤²Ö ÉµÎ´µ£µ ·¥Ï¥-
´¨Ö, Î¥³ · ¸¸³µÉ·¥´´Ò¥ · ´¥¥ Ê· ¢´¥´¨Ö (226).

ˆ¸¶ÒÉ ¢ ¢¸¥ µÉ²¨Î´Ò¥ µÉ µ¶¨¸ ´´ÒÌ ¢ÒÏ¥ ¸¶µ¸µ¡Ò ¶·¥¤¸É ¢²¥´¨Ö ¸² -
£ ¥³ÒÌ µ¶¥· Éµ·´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (222), ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³,
ÎÉµ ¶·µ¥±É¨·µ¢ ´¨¥ ¶µ²ÊÎ ÕÐ¨Ì¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´-
£¥·  ´  ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ ¶·¨¢µ¤¨É ± ¸¨¸É¥³ ³ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨°.

� ¸¸³µÉ·¨³ ¢ ¦´Ò° ¤²Ö Ö¤¥·´µ° Ë¨§¨±¨ ¸²ÊÎ ° É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î -
¸É¨Í. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢¸¥ Î ¸É¨ÍÒ ¨³¥ÕÉ µ¤¨´ ±µ¢Ò¥ ³ ¸¸Ò, ¶µ µ¶·¥¤¥²¥-
´¨Õ (4) ³µ¤Ê²¨ ¢¸¥Ì ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢ · ¢´Ò π/3,   ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ¢ ¨Ì ¸µ¡¸É¢¥´´ÒÌ ¸¨¸É¥³ Ì ±µµ·¤¨´ É µ¶¨¸Ò¢ ÕÉ¸Ö µ¤´¨³ ¨ É¥³ ¦¥
µ¶¥· Éµ·µ³ V :

mi = m, |γki| = π/3, Vi(ri) = V (ri), ∀k 6= i = 1, 2, 3. (229)

�µ ¶·¨´Í¨¶Ê � Ê²¨ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψε ¤µ²¦´  ¡ÒÉÓ ( ´É¨)¸¨³³¥É·¨Î´µ°
µÉ´µ¸¨É¥²Ó´µ ²Õ¡ÒÌ ¶¥·¥¸É ´µ¢µ± Éµ¦¤¥¸É¢¥´´ÒÌ (Ë¥·³¨µ´µ¢) ¡µ§µ´µ¢:

S±Ψε(ri) = Ψε(ri) , i = 1, 2, 3. (230)

‡¤¥¸Ó §´ ± ³¨´Ê¸ ¨²¨ ¶²Õ¸ ¡¥·¥É¸Ö ¢ ¸²ÊÎ ¥ Ë¥·³¨µ´µ¢ ¨²¨, ¸µµÉ¢¥É¸É¢¥´´µ,
¡µ§µ´µ¢,   µ¶¥· Éµ·Ò S± µ¶·¥¤¥²¥´Ò · ¢¥´¸É¢ ³¨ (52) ¨ (53).
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�·¨ ¤µ¶µ²´¨É¥²Ó´µ³ Ê¸²µ¢¨¨ (230) Éµ¦¤¥¸É¢¥´´µ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° ˜·¥¤¨´£¥·  (226) ¨²¨ (227) Ê¶·µÐ ÕÉ¸Ö ´¥¸ÊÐ¥¸É¢¥´´µ: ¢ ¸¨²Ê · -
¢¥´¸É¢ (229) ¢³¥¸Éµ · §´ÒÌ ³ É·¨Í ¢§ ¨³µ¤¥°¸É¢¨Ö ÔÉ¨ ¸¨¸É¥³Ò ¸µ¤¥·¦ É
²¨ÏÓ µ¤´Ê ³ É·¨ÍÊ V, µ¤´ ±µ µ¸É ÕÉ¸Ö ¸¨¸É¥³ ³¨ ¡¥¸±µ´¥Î´µ£µ · ´£ .

ˆÉ ±, Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸µ¤¥·¦¨É ¸Ê³³Ê ¢¸¥Ì ¶ ·´ÒÌ ¢§ ¨³µ¤¥°-
¸É¢¨°, ± ¦¤µ¥ ¨§ ±µÉµ·ÒÌ § ¤ ´µ ¶µ µ¶·¥¤¥²¥´¨Õ ¢ ¸¢µ¥³ ¸µ¡¸É¢¥´´µ³ ±µµ·-
¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨. �·µ¥±É¨·µ¢ ´¨¥ Ê· ¢´¥´¨Ö ¸ É ±µ° ¸É·Ê±ÉÊ·µ° ´ 
¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ ¶·¨¢µ¤¨É ± ¡¥¸±µ´¥Î´Ò³ ¸¨¸É¥³ ³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° (226) ¸ £·µ³µ§¤±¨³¨ ±µÔËË¨Í¨¥´É ³¨ (120) ¨ ¨´É¥£· ² ³¨ µÉ ¶µ-
É¥´Í¨ ²µ¢ ²¨¡µ ± ¡¥¸±µ´¥Î´Ò³ ¸¨¸É¥³ ³ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° É¨¶  (228). �ÉµÉ ¢Ò¢µ¤ µ¸É ¥É¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¨ ¢ ¸²ÊÎ ¥ Éµ¦¤¥¸É¢¥´´ÒÌ
Î ¸É¨Í, ¨, ± ± ´¥¸²µ¦´µ Ê¡¥¤¨ÉÓ¸Ö, ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°.
‚µ ¢¸¥Ì ÔÉ¨Ì ¸²ÊÎ ÖÌ ¨ ¶µ Éµ° ¦¥ ¶·¨Î¨´¥ ´¥ ³¥´¥¥ £·µ³µ§¤±µ ¢Ò£²Ö¤ÖÉ
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶µ²ÊÎ¥´´Ò¥ ¶·µ¥±É¨·µ¢ ´¨¥³ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥·  (223) ¨²¨ (227) ´  £¨¶¥·¸Ë¥·¨Î¥¸±¨° ¡ §¨¸.

�¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ Ë ±ÉÒ ¶µ¤¸± §Ò¢ ÕÉ, ± ± ¸²¥¤Ê¥É ¶¥·¥Ëµ·³Ê²¨-
·µ¢ ÉÓ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· , ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ § ¤ ÎÊ ¸
¡µ²¥¥ ¶·µ¸Éµ° ¸É·Ê±ÉÊ·µ°. �Éµ Ê· ¢´¥´¨¥ ´¥µ¡Ìµ¤¨³µ ¸¢¥¸É¨ ± ¸¨cÉ¥³¥ É·¥Ì
Ê· ¢´¥´¨°. Š ¦¤µ¥ Ê· ¢´¥´¨¥ ¤µ²¦´µ ¸µ¤¥·¦ ÉÓ Éµ²Ó±µ µ¤´µ ¢§ ¨³µ¤¥°¸É¢¨¥
Vi ¨ § ¶¨¸Ò¢ ÉÓ¸Ö ¢ ¸µ¡¸É¢¥´´µ³ ¤²Ö ÔÉµ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²¥´¨¨
〈ri|. �µ É ±µ³Ê ¶ÊÉ¨ ¡Ò²  ¶µ¸É·µ¥´  É¥µ·¨Ö ” ¤¤¥¥¢  [21].

3.4. ‘É·µ¥´¨¥ ¨ Ê£²µ¢µ°  ´ ²¨§ Ê· ¢´¥´¨° ” ¤¤¥¥¢ . �·µ ´ ²¨§¨·Ê¥³
¸É·µ¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¶·µ¸É· ´¸É¢¥ R6, ¶µ±  ´¥
´ ±² ¤Ò¢ Ö ± ±¨Ì-²¨¡µ µ£· ´¨Î¥´¨° ´  ³ ¸¸Ò Î ¸É¨Í ¨ ¢¨¤ ¶ ·´ÒÌ ¢§ ¨³µ-
¤¥°¸É¢¨°. Š²ÕÎ¥¢Ò³¨, ´µ ¤µ ¸¨Ì ¶µ· ´¥ ¨³¥ÕÐ¨³¨ ¶·µ§· Î´µ° Ë¨§¨Î¥¸±µ°
¨´É¥·¶·¥É Í¨¨, ³ É¥³ É¨Î¥¸±¨³¨ µ¡Ñ¥±É ³¨ É¥µ·¨¨ ” ¤¤¥¥¢  Ö¢²ÖÕÉ¸Ö É·¨
Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ:

Ψε
i ≡ G0(Z)Vi Ψε+Ψε

i0, G0(Z) ≡ (H0−Z)−1, Z ≡ E+ i0, i = 1, 2, 3, (231)

¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψε · ¸¸³ É·¨¢ ¥³µ£µ É·¥ÌÎ ¸É¨Î´µ£µ ¸µ¸ÉµÖ´¨Ö |ε〉:

Ψε =

3∑
k=1

Ψε
k. (232)

�É¨ ±µ³¶µ´¥´ÉÒ ¶µ¤Î¨´¥´Ò ¸¨¸É¥³¥ É·¥Ì (i = 1, 2, 3) µ¶¥· Éµ·´ÒÌ Ê· ¢´¥-
´¨°:

(H0 − E) Ψε
i = −Vi Ψε = −Vi

3∑
k=1

Ψε
k (233)

¨ µ¡² ¤ ÕÉ ¢ ¦´Ò³ ¸¢µ°¸É¢µ³. Š ± ¸²¥¤Ê¥É ¨§ · ¢¥´¸É¢ (231), ¥¸²¨ Ψε Å
¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ´¥±µÉµ·µ£µ µ¶¥· Éµ· , ±µ³³ÊÉ¨·ÊÕÐ¥£µ ¸ H0 ¨ Vi, Éµ
Ψε
i ¡Ê¤¥É ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¥° ÔÉµ£µ ¦¥ µ¶¥· Éµ· . �¡· É´µ¥ ÊÉ¢¥·¦¤¥´¨¥
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´¥ ¢¸¥£¤  ¢¥·´µ: ¥¸²¨ Ψε
i Å ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ´¥±µÉµ·µ£µ µ¶¥· Éµ· ,

±µ³³ÊÉ¨·ÊÕÐ¥£µ ¸ H0 ¨ Vi, Éµ ËÊ´±Í¨Ö Ψε ³µ¦¥É µ± § ÉÓ¸Ö ´¥¸µ¡¸É¢¥´´µ°
¤²Ö ÔÉµ£µ ¦¥ µ¶¥· Éµ· .

‘µµÉ´µÏ¥´¨Ö (231)Ä(233) ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ R6 ¶µ ¸²¥¤ÊÕÐ¥³Ê ¶· ¢¨²Ê:
± ¦¤ Ö Ë ¤¤¥¥¢¸± Ö ±µ³¶µ´¥´É  Ψε

i ¨ ¸ ³µ Ê· ¢´¥´¨¥, ¢ ²¥¢µ° Î ¸É¨ ±µÉµ·µ£µ
µ´  ¸µ¤¥·¦¨É¸Ö, § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¨Ì ¸µ¡¸É¢¥´´µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|. ˆÉ ±, ¢
R6 ±µ³¶µ´¥´ÉÒ Ψε

i µ¶·¥¤¥²ÖÕÉ¸Ö Ëµ·³Ê² ³¨

Ψε
i (ri) ≡ G0(ri;Z)Vi(ri) Ψε(ri) , i = 1, 2, 3, (234)

¸±² ¤Ò¢ ÕÉ¸Ö ¢ ¸Ê³³Ê (232) ¶µ ¶· ¢¨²Ê

Ψε(ri) = Ψε
i (ri) +

∑
k 6=i

K(γki)Ψ
ε
k(ri) (235)

¨ ¶µ¤Î¨´¥´Ò É·¥³ (i = 1, 2, 3) ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³:

(H0(ri)− E ) Ψε
i (ri) = −Vi(ri)

Ψε
i (ri) +

∑
k 6=i

K(γik)Ψε
k(ri)

 . (236)

”¨§¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ÔÉµ° ¸¨¸É¥³Ò ¨ÐÊÉ¸Ö ¢ ±² ¸¸¥ ËÊ´±Í¨° C2(R6), Ê¤µ-
¢²¥É¢µ·ÖÕÐ¨x µ¶·¥¤¥²¥´´Ò³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³:

Ψε
i (ri)→ (xiyi)

−1Uasi (ri) , r →∞, (237)

£¤¥ Uasi Å ¨§¢¥¸É´ Ö ËÊ´±Í¨Ö, µÉ¢¥Î ÕÐ Ö ¨¸¸²¥¤Ê¥³µ° É·¥ÌÎ ¸É¨Î´µ° ±µ´-
Ë¨£Ê· Í¨¨: ¸¢Ö§ ´´µ³Ê ¸µ¸ÉµÖ´¨Õ ¨²¨ ¸µ¸ÉµÖ´¨Ö³ · ¸¸¥Ö´¨Ö.

‘²¥¤ÊÖ ±´¨£¥ [21], ´µ ¨¸¶µ²Ó§ÊÖ µ¶¥· Éµ·Ò K(γki), ´ ¶µ³´¨³, ± ± ¨
¶µÎ¥³Ê ¢ ¸²ÊÎ ¥ Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸¨¸É¥³  É·¥Ì Ê· ¢´¥´¨° (236) ¸¢µ¤¨É¸Ö
± µ¤´µ³Ê Ê· ¢´¥´¨Õ.

�Ê¸ÉÓ ±·µ³¥ ´¥µ¡Ìµ¤¨³ÒÌ Ê¸²µ¢¨° Éµ¦¤¥¸É¢¥´´µ¸É¨ Î ¸É¨Í (229) ¨ ¶µ-
¸ÉÊ² É  � Ê²¨ (230) ¢Ò¶µ²´ÖÕÉ¸Ö · ¢¥´¸É¢ 

Ψε
i (ri) = S±jkΨε

i (ri) , i = 1, 2, 3. (238)

�´¨ µ§´ Î ÕÉ, ÎÉµ ¶µ ¶µ¸É·µ¥´¨Õ ¤²Ö É·¥Ì (Ë¥·³¨µ´µ¢) ¡µ§µ´µ¢ ± ¦-
¤ Ö Ë ¤¤¥¥¢¸± Ö ±µ³¶µ´¥´É  Å ( ´É¨)¸¨³³¥É·¨Î´ Ö µÉ´µ¸¨É¥²Ó´µ µÉ· ¦¥´¨Ö
xi → −xi (¶¥·¥¸É ´µ¢±¨ Î ¸É¨Í ¸ ´µ³¥· ³¨ j ¨ k) ËÊ´±Í¨Ö. �µ¤¥°¸É¢Ê¥³
µ¶¥· Éµ·µ³ K(γki) ´  · ¢¥´¸É¢µ (234), µ¶·¥¤¥²ÖÕÐ¥¥ ±µ³¶µ´¥´ÉÊ Ψε

i . ’µ£¤ 
¨§-§  Ê¸²µ¢¨° ¸¨³³¥É·¨¨ (230) ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¨ Éµ¦¤¥¸É¢¥´´µ¸É¨ ¢§ ¨-
³µ¤¥°¸É¢¨° (229) ÔÉµ · ¢¥´¸É¢µ ¶¥·¥°¤¥É ¢ · ¢¥´¸É¢µ (234), µ¶·¥¤¥²ÖÕÐ¥¥
±µ³¶µ´¥´ÉÊ Ψε

k. ‡´ Î¨É, Éµ¦¤¥¸É¢¥´´µ¸ÉÓ Î ¸É¨Í ¶µ·µ¦¤ ¥É ¶·µ¸ÉÒ¥ ¸¢Ö§¨
³¥¦¤Ê Ë ¤¤¥¥¢¸±¨³¨ ±µ³¶µ´¥´É ³¨:

Ψi(rk) = K(γki)Ψk(ri). (239)
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�² £µ¤ ·Ö ¨³ ( ´É¨)¸¨³³¥É·¨Î´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö (235) ¢Ò· ¦ ¥É¸Ö Î¥·¥§
¸¢µÕ ±µ³¶µ´¥´ÉÊ ¨ ±¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò ÔÉµ° ¦¥ ±µ³¶µ´¥´ÉÒ:

Ψε(ri) = SiΨ
ε
i (ri) = (I +

∑
k 6=i

K(γki)) Ψε
i (ri) . (240)

‚ ¸¨²Ê ¸µµÉ´µÏ¥´¨° (229) ¨ (240) ¤²Ö Éµ¦¤¥¸É¢¥´´ÒÌ Ë¥·³¨µ´µ¢ ¨²¨ ¡µ§µ´µ¢
¢¸¥ É·¨ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (236) ¶·¨´¨³ ÕÉ ËÊ´±Í¨µ´ ²Ó´µ µ¤¨´ ±µ¢Ò° ¢¨¤:

(H0(r)− E ) Ψε
i (r) = −V (r)SiΨ

ε
i (r) , (241)

£¤¥ r ≡ ri,   µ¶ÊÐ¥´´Ò° ¨´¤¥±¸ i ³µ¦¥É ¶·¨´¨³ ÉÓ ²Õ¡µ¥ ¨§ É·¥Ì §´ Î¥´¨°.
�¡¸Ê¤¨³ ¸ÊÐ¥¸É¢¥´´µ¥ · §²¨Î¨¥ ¢ ¸É·µ¥´¨¨ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨

” ¤¤¥¥¢ . ‚ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (223) ±¨´¥³ É¨Î¥¸±µ³Ê ¶·¥µ¡· §µ¢ ´¨Õ
¶µ¤¢¥·£ ÕÉ¸Ö ¤¢¥ ±µ³¶µ´¥´ÉÒ ¶µ²´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, ¢ Éµ ¢·¥³Ö ± ± ¢ ± -
¦¤µ³ Ê· ¢´¥´¨¨ ” ¤¤¥¥¢  (236) É ±µ³Ê ¶·¥µ¡· §µ¢ ´¨Õ ¶µ¤¢¥·£ ÕÉ¸Ö ²¨ÏÓ
¤¢¥ ±µ³¶µ´¥´ÉÒ ¨¸±µ³µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨. ’ ±µ¥ ¸É·µ¥´¨¥ Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  ¢ R6 ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É ¨Ì ·¥¤Ê±Í¨Õ ± ¸¨¸É¥³ ³ ¨´É¥£·µ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ (¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ) Ê· ¢´¥´¨° ¢ R2

+ (R1
+).

�¥·¥°¤¥³ ±  ´ ²¨§Ê É ±µ° ·¥¤Ê±Í¨¨ ¢ ¸²ÊÎ ÖÌ Í¥´É· ²Ó´ÒÌ,   § É¥³ ¨ S-
¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ µ¡o¨Ì ¸²ÊÎ ÖÌ µÉ¤¥²Ó´µ · ¸¸³µÉ·¨³ ¶·¨³¥·Ò ´¥-
Éµ¦¤¥¸É¢¥´´ÒÌ ¨ Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í. �¸µ¡µ¥ ¢´¨³ ´¨¥ µ¡· É¨³ ´  Ô±¢¨-
¢ ²¥´É´µ¸ÉÓ ¤¢ÊÌ ¸¶µ¸µ¡µ¢ ·¥¤Ê±Í¨¨ ¨¸Ìµ¤´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ± Ê· ¢-
´¥´¨Ö³ ¢ R1

+. � ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö µ¡µ¨Ì · ¸¸³ É·¨¢ ¥³ÒÌ É¨¶µ¢ (217)Ä
(220) ±µ³³ÊÉ¨·ÊÕÉ ¸ µ¶¥· Éµ· ³¨ l2, l3 ¨ P . �µÔÉµ³Ê ¢Ò¶µ²´ÖÕÉ¸Ö ¸µµÉ-
´µÏ¥´¨Ö (225),   Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ (231) ¨ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö (232)
Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ÔÉ¨Ì ¦¥ µ¶¥· Éµ·µ¢. ‘²¥¤µ¢ É¥²Ó´µ, ¤²Ö
ÔÉ¨Ì ±µ³¶µ´¥´É ¢¥·´Ò ÉµÎ´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¢¨¤¥ ·Ö¤µ¢ É¨¶  (84)Ä(87)
¸ ³Ê²ÓÉ¨¨´¤¥±¸µ³ ε = (`,m, σ). ‚¸Õ¤Ê ¤ ²¥¥ ¨¸¶µ²Ó§Ê¥³ É ±¨¥  ´§ ÍÒ ¢
± Î¥¸É¢¥ ¨¸Ìµ¤´ÒÌ,   £¤¥ ÔÉµ ¡Ê¤¥É ¢µ§³µ¦´Ò³ ¤µ¶µ²´¨³ ´ ¡µ· ε ¤·Ê£¨³¨
¸µÌ· ´ÖÕÐ¨³¨¸Ö ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨.

3.4.1. “£²µ¢µ°  ´ ²¨§ ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �Ê¸ÉÓ Î -
¸É¨ÍÒ ´¥ Éµ¦¤¥¸É¢¥´´Ò. Šµ³¶µ´¥´ÉÒ Ψε

i ¶·¥¤¸É ¢¨³ ·Ö¤ ³¨

Ψε
i (ri) = 2r−2cosec 2ϕi U

`
i (ri), U

`
i (ri) =

∑
ab

U `iab(r, ϕi)Y`mab (x̂i, ŷi), (242)

U `iab(r, ϕi) =
∑
L

W̃Lab(ϕi)U
`
iLab(r), (243)

Ψε
i (ri) = r−2

∑
L

∑
ab

Y `mLab(Ωi)U
`
iLab(r). (244)
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Š¨´¥³ É¨Î¥¸±¨¥ µ¡· §Ò ÔÉ¨Ì ·Ö¤µ¢ ¢Ò· §¨³ ¶µ ¶· ¢¨² ³ (130)Ä(132) ¨ (145).
’µ£¤  ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ (235) ¶µ²ÊÎ¨³ · §²µ¦¥´¨Ö

Ψε(ri) = 2r−2cosec2ϕi
∑
ab

Y`mab (x̂i, ŷi)× (245)

×

U `iab(r, ϕi) +
∑
k 6=i

∑
a′b′

〈r, ϕi|h`aba′b′(γki)|U `ka′b′〉

 ,

〈r, ϕi|h`aba′b′(γki)|U `ka′b′〉 ≡
∫ C+(ϕi;γki)

C−(ϕi;γki)

dϕkh
`
aba′b′(ϕi, ϕk; γki)U

`
ka′b′(r, ϕk),

Ψε(ri) = r−2
∑
Lab

Y `mLab(Ωi)
(
U `iLab(r, ϕi) + (246)

+
∑
k 6=i

∑
a′b′

〈ab|K(γki)|a′b′〉L` U `kLa′b′(r)
)
.

‡ ³¥´¨³ ¢ Ê· ¢´¥´¨ÖÌ (236) ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ ¨Ì
¡¨¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨ (219) ¨ (242). ˆ¸¶µ²Ó§µ¢ ¢ · ¢¥´¸É¢  (206), ¸¶·µ-
¥±É¨·Ê¥³ ± ¦¤µ¥ ¨§ É·¥Ì ¶µ²ÊÎ¨¢Ï¨Ì¸Ö Ê· ¢´¥´¨° ´  ¥£µ ¸µ¡¸É¢¥´´Ò° ¡¨-
¸Ë¥·¨Î¥¸±¨° ¡ §¨¸. ’µ£¤  ¶µ²ÊÎ¨³ ¡¥¸±µ´¥Î´ÊÕ ¶µ ¨´¤¥±¸ ³ a ¨ b ¸¨¸É¥³Ê
¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ R2

+:(
∂2
r + r−1∂r − r−2L̃2

ab(ϕi) + E − Vi(r cosϕi)
)
U `iab(r, ϕi) =

= Vi(r cosϕi)
∑
k 6=i

∑
a′b′

〈r, ϕi|h`aba′b′(γki)|U `ka′b′〉 . (247)

„µ¶µ²´¨³ ÔÉÊ ¸¨¸É¥³Ê ¤µ ±· ¥¢µ° § ¤ Î¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

U `iab(r, ϕi) = 0, ϕi = 0, π/2, r ∈ R1
+; r = 0, ∀ϕi, (248)

U `iab(r, ϕi)→ Uasiab(r, ϕi) ≡ 〈`mab|Uasi 〉 , r →∞. (249)

’µ£¤  Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ (242) ¡Ê¤ÊÉ ·¥£Ê²Ö·´Ò³¨ ËÊ´±Í¨Ö³¨ ¸ ´Ê¦-
´Ò³¨  ¸¨³¶ÉµÉ¨± ³¨ (237).

‘¶µ¸µ¡µ³, ¶·¥¤²µ¦¥´´Ò³ ¢ · ¡µÉ¥ [67], ¸¢¥¤¥³ ¶µ²ÊÎ¨¢ÏÊÕ¸Ö ±· ¥-
¢ÊÕ § ¤ ÎÊ (247)Ä(249) ± µ¤´µ³¥·´µ°. ‘´ Î ²  ¶·µ´Ê³¥·Ê¥³ ³Ê²ÓÉ¨¨´¤¥±¸µ³
τ ≡ (i, a, b) Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (247). “· ¢´¥´¨¥, ¸µ¤¥·¦ Ð¥¥ ¢ ²¥¢µ° Î ¸É¨
¨¸±µ³ÊÕ ËÊ´±Í¨Õ U `iab, ´ §µ¢¥³ τ -Ê· ¢´¥´¨¥³. ‚ ÔÉµ³ Ê· ¢´¥´¨¨ § ³¥´¨³
¢¸¥ ¡¥§ ¨¸±²ÕÎ¥´¨Ö ¡¨¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ U `ia′b′(r, ϕi) ·Ö¤ ³¨ (243) ¶µ
¸µ¡¸É¢¥´´Ò³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ W̃La′b′(ϕi). � ¸¸³µÉ·¨³, ± ± ÔÉ¨ ËÊ´±Í¨¨
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µÉµ¡· ¦ ÕÉ¸Ö µ¶¥· Éµ· ³¨ L̃2
ab, h

`
aba′b′ ¨ Vi. ‘µ£² ¸´µ · ¢¥´¸É¢ ³ (82) ËÊ´±-

Í¨Ö W̃Lab(ϕi) Ö¢²Ö¥É¸Ö ¸µ¡¸É¢¥´´µ° ¤²Ö µ¶¥· Éµ·  L̃2
ab(r, ϕi). ‚ ¸¨²Ê ¸¢µ°¸É-

¢  (183) ËÊ´±Í¨Ö W̃La′b′(ϕk) µÉµ¡· ¦ ¥É¸Ö µ¶¥· Éµ·µ³ h`aba′b′(γki) ¢ ËÊ´±-
Í¨Õ W̃Lab(ϕi). � ±µ´¥Í, ¨§ · ¢¥´¸É¢ (217)Ä(220) ¸²¥¤Ê¥É, ÎÉµ µ¡· §
ViW̃Lab Å ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö ËÊ´±Í¨° W̃Lab(ϕi) ¶µ ¨´¤¥±¸Ê L. ‘²¥-
¤µ¢ É¥²Ó´µ, · ¸¸³ É·¨¢ ¥³µ¥ τ -Ê· ¢´¥´¨¥ ¸¢µ¤¨É¸Ö ± · ¢´µ° ´Ê²Õ ¸Ê³³¥ ¶µ
¨´¤¥±¸Ê L. Š ¦¤µ¥ ¥¥ ¸² £ ¥³µ¥ Å ¶·µ¨§¢¥¤¥´¨¥ ËÊ´±Í¨¨ W̃Lab(ϕi) ´ 
¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥ ¶µ ¶¥·¥³¥´´µ° r ¤²Ö ËÊ´±Í¨° U `kLa′b′(r).
”Ê´±Í¨¨ W̃Lab ¸ · §´Ò³¨ L, ´µ µ¤¨´ ±µ¢Ò³¨ a ¨ b, ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò.
�µÔÉµ³Ê · ¸¸³ É·¨¢ ¥³ Ö ¸Ê³³  · ¢´  ´Ê²Õ ¢ R+

2 Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ ,
¥¸²¨ ± ¦¤µ¥ É ±µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥ · ¢´µ ´Ê²Õ. ‡´ Î¨É,
τ -Ê· ¢´¥´¨¥ ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨°
U `kLa′b′(r), k = 1, 2, 3.

‘Ëµ·³Ê²¨·Ê¥³ ¤µ± § ´´Ò¥ ÊÉ¢¥·¦¤¥´¨Ö. ‚µ-¶¥·¢ÒÌ, ¸Î¥É´µ¥ (L = a+
+b, a+ b+ 2, ...) ³´µ¦¥¸É¢µ ËÊ´±Í¨° W̃Lab(ϕi) Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¡ §¨¸µ³ ¤²Ö
τ -Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (247), ¸µ¤¥·¦ Ð¥£µ ¢ ¸¢µ¥° ²¥¢µ° Î ¸É¨ ËÊ´±Í¨Õ U `iab ¸
¢Ò¡· ´´Ò³¨ ¨´¤¥±¸ ³¨ i, a, b. ‚µ-¢Éµ·ÒÌ, ¢ ÔÉµ³ ¨ Éµ²Ó±µ ¢ ÔÉµ³ Ê· ¢´¥´¨¨
¤²Ö µ¶¥· Éµ·µ¢ L̃2

ab, h
`
aba′b′(γki) ¨ Vi ¢¥·´Ò ¸¶¥±É· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö:

L̃2
ab(ϕi) =

∑
L

|W̃Lab(ϕi)〉 (L + 2)2 〈W̃Lab(ϕi)|, (250)

h`aba′b′(γki) =
∑
L

|W̃Lab(ϕi〉 〈ab|K(γki)|a′b′〉L` 〈W̃Lab(ϕk)| , k 6= i, (251)

Vi(r cosϕi) =
∑

L′,L=a+b

|W̃L′ab(ϕi〉V LL
′

iab 〈W̃Lab(ϕi)|. (252)

ˆ¸¶µ²Ó§µ¢ ¢ ¶·¥¤¸É ¢²¥´¨Ö (243) ¨ (250)Ä(252), ¸¶·µ¥±É¨·Ê¥³ ± ¦¤µ¥
τ -Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (247) ¨ ¥¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (248) ¨ (249) ´  ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨° ¸µ¡¸É¢¥´´Ò° ¡ §¨¸ ¨§ ËÊ´±Í¨° W̃Lab(ϕi). ’ ±¨³ µ¡· §µ³, ¢ R1

+

¶µ¸É ¢¨³ ±· ¥¢ÊÕ § ¤ ÎÊ ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° U `iLab(r):(
∂2
r + r−1∂r − r−2(L + 2)2 + E

)
U `iLab(r) = (253)

=
∑
L′

V LL
′

iab (r)

U `iL′ab(r) +
∑
k 6=i

∑
a′b′

〈a′b′|K(γki)|ab〉L′` U `kL′a′b′(r)

 ,

U `iLab(0) = 0 ; U `iLab(r)→ 〈W̃Lab(ϕi)|Uasiab(r, ϕi)〉 , r→∞. (254)

ƒ¨¶¥·£ ·³µ´¨±¨ (78) Å ¶·µ¨§¢¥¤¥´¨Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± ´  ËÊ´±-
Í¨¨ (79). ‘²¥¤µ¢ É¥²Ó´µ, · §²µ¦¥´¨¥ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¸´ Î ²  ¢ ¡¨-
¸Ë¥·¨Î¥¸±¨¥ ·Ö¤Ò (242),   § É¥³ ¢ ·Ö¤Ò (243) ¶µ ËÊ´±Í¨Ö³ |Lãb〉 Ô±¢¨¢ -
²¥´É´µ ·¥§Ê²ÓÉ¨·ÊÕÐ¥³Ê · §²µ¦¥´¨Õ ÔÉ¨Ì ±µ³¶µ´¥´É ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥
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·Ö¤Ò (244). �µÔÉµ³Ê ÉÊ ¦¥ ¸ ³ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ (253), (254) ³µ¦´µ ¢Ò¢¥¸É¨
 ²ÓÉ¥·´ É¨¢´Ò³ ¸¶µ¸µ¡µ³: ¶µ¤¸É ´µ¢±µ°  ´§ Í¥¢ (244) ¢ Ê· ¢´¥´¨Ö (236) ¨
£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (237) ¨ ¶µ¸²¥¤ÊÕÐ¨³ ¶·µ¥±É¨·µ¢ ´¨¥³ ¶µ²ÊÎ¥´´ÒÌ ¸µµÉ-
´µÏ¥´¨° ´  ¨Ì ¸µ¡¸É¢¥´´Ò¥ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ¡ §¨¸Ò.

ˆÉ ±, ¶¥·¥Ìµ¤ µÉ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ (247)
± Ë ¤¤¥¥¢¸±¨³ Ê· ¢´¥´¨Ö³ ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ (253) µ¸ÊÐ¥¸É¢²Ö-
¥É¸Ö ¶·µ¥±É¨·µ¢ ´¨¥³ ¶¥·¢ÒÌ Ê· ¢´¥´¨° ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸µ¡¸É¢¥´´Ò¥
¡ §¨¸´Ò¥ ËÊ´±Í¨¨ W̃Lab(ϕi). �Éµ ÊÉ¢¥·¦¤¥´¨¥ ¢ ¸ ³µ³ µ¡Ð¥³ ¸²ÊÎ ¥ ¡Ò²µ
¤µ± § ´µ ¢ ¶·¥¶·¨´É¥ [61] ¨ Ê¶µ³¨´ ²µ¸Ó ¢ ¥£µ ¸ÊÐ¥¸É¢¥´´µ ¸µ±· Ð¥´´µ³
¦Ê·´ ²Ó´µ³ ¢ ·¨ ´É¥ [67]. �¡· É´Ò° ¶¥·¥Ìµ¤, Éµ ¥¸ÉÓ ¢Ò¢µ¤ Ë ¤¤¥¥¢¸±¨Ì
Ê· ¢´¥´¨° ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ¨§ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° ¢ £¨¶¥·¸Ë¥-
·¨Î¥¸±µ³ ¡ §¨¸¥, ¡Ò² ·¥ ²¨§µ¢ ´ ¢ · ¡µÉ¥ [112] Éµ²Ó±µ ¢ Î ¸É´µ³ ¸²ÊÎ ¥,  
¨³¥´´µ ¤²Ö ¸¨¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°-
¸É¢¨Ö³¨ ¨ ´Ê²¥¢Ò³ ¶µ²´Ò³ ³µ³¥´Éµ³.

� ¸¸³µÉ·¨³ ¸²ÊÎ ° Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í. �¥·¥¸É ´µ¢±  Î ¸É¨Í ¸ ´µ³¥-
· ³¨ j ¨ k Ô±¢¨¢ ²¥´É´  µÉ· ¦¥´¨Õ ¢¥±Éµ·  xi. �·¨ É ±µ° µ¶¥· Í¨¨ ¡¨-
¸Ë¥·¨Î¥¸±¨¥ £ ·³µ´¨±¨ Y`mab (x̂i, ŷi) ¶·¨µ¡·¥É ÕÉ Ë §µ¢Ò° ³´µ¦¨É¥²Ó (−1)b.
�µÔÉµ³Ê ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥ ¸¨³³¥É·¨¨ (238) ¡Ê¤¥É  ¢Éµ³ É¨Î¥¸±¨ ¢Ò-
¶µ²´ÖÉÓ¸Ö, ¥¸²¨ ¢  ´§ Í Ì (242) ¨ (244) ¤²Ö ¨¸±µ³µ° Ë ¤¤¥¥¢¸±µ° ±µ³¶µ´¥´ÉÒ
É·¥Ì(Ë¥·³¨µ´´µ°)¡µ§µ´´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶µ²µ¦¨ÉÓ ¶µ µ¶·¥¤¥²¥´¨Õ ¢¸¥
¡¨¸Ë¥·¨Î¥¸±¨¥ ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ ¸ (Î¥É´Ò³¨) ´¥Î¥É´Ò³¨ ¨´-
¤¥±¸ ³¨ b · ¢´Ò³¨ ´Ê²Õ:

U `iab(r, ϕi), U `iLab(r) ≡ 0

{
Ë¥·³¨µ´Ò b = 1, 3, ...

¡µ§µ´Ò b = 0, 2, ...

�µ¤¸É ¢¨¢ É ±¨³ µ¡· §µ³ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ · §²µ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³-
¶µ´¥´É ¢ · ¢¥´¸É¢µ (240), ¶µ²ÊÎ¨³ · §²µ¦¥´¨Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¢ ¸²ÊÎ ¥
Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|:

Ψε(ri) = 2r−2cosec2ϕi
∑
ab

Y`mab (x̂i, ŷi)
∑
a′b′

〈r, ϕi|S`aba′b′ |U `ia′b′〉 ,

〈r, ϕi|S`iaba′b′ |U `ia′b′〉 ≡ 〈`mab|Si|`mabU `ia′b′〉 ≡
≡ δaa′δbb′U

`
iab(r, ϕi) +

∑
k 6=i
〈r, ϕi|h`aba′b′(γki)|U `ia′b′〉 , (255)

Ψε(ri) = r−2
∑
Lab

Y `mLab(Ωi)
∑
a′b′

〈ab|Si|a′b′〉L` U `Lab(r), (256)

〈ab|Si|a′b′〉L` ≡ 〈L`mab|Si|L`ma′b′〉 ≡ δaa′δbb′ +
∑
k 6=i
〈ab|K(γki)|a′b′〉L`.
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3.4.2. “£²µ¢µ°  ´ ²¨§ ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �¥·¥°¤¥³ ±
Ê£²µ¢µ³Ê  ´ ²¨§Ê Ê· ¢´¥´¨Ö (241) ¤²Ö É·¥Ì ¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°-
¸É¢¨Ö³¨, § ¤ ´´Ò³¨ · ¢¥´¸É¢ ³¨ (218) ¸ b = 0. ‚ ÔÉµ³ Ê· ¢´¥´¨¨ ¶µ²µ¦¨³
Vi = V 0

i ,   ËÊ´±Í¨¨ Ψε
i ¨ Ψε ¶·¥¤¸É ¢¨³ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨ (242)

¨ (255) ¸ Î¥É´Ò³ ¨´¤¥±¸µ³ b. ‘¶·µ¥±É¨·Ê¥³ ¶µ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ´  ¥£µ
¸µ¡¸É¢¥´´Ò° ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸. �² £µ¤ ·Ö ¶·µ¥±Í¨µ´´µ³Ê ¸¢µ°¸É¢Ê (221)
¢§ ¨³µ¤¥°¸É¢¨Ö V 0

i , ¤²Ö ± ¦¤µ° ¡¨¸Ë¥·¨Î¥¸±µ° ±µ³¶µ´¥´ÉÒ U `iab ¸ ¨´¤¥±-
¸µ³ b 6= 0 ¶µ²ÊÎ¨É¸Ö µ¤´µ·µ¤´µ¥ Ê· ¢´¥´¨¥ É¨¶  (209) ¸ ¨§¢¥¸É´Ò³ ·¥Ï¥-
´¨¥³ (213),   Ê· ¢´¥´¨¥ ¤²Ö ±µ³¶µ´¥´ÉÒ U `i`0 c b = 0 ¡Ê¤¥É ´¥µ¤´µ·µ¤´Ò³.
‡ ¶¨Ï¥³ ÔÉµ Ê· ¢´¥´¨¥ ¢ ¢¨¤¥(

∂2
r + r−1 ∂r − r−2L̃2

`0 + E
)
U `(r, ϕ) = V (r cosϕ)〈r, ϕ|S`|U `〉 , (257)

£¤¥ µ¶ÊÐ¥´Ò ¨´¤¥±¸Ò i, a = ` ¨ b = 0,

U ` ≡ U `i`0 , 〈r, ϕ|S`|U `〉 ≡ 〈r, ϕ|S`i`0`0|U `i`0〉 , (258)

¨ ¸µ£² ¸´µ Ëµ·³Ê² ³ (115), (117), (123), (127), (132) ¨ (255)

〈r, ϕ|S`|U `〉 = U `(r, ϕ) + (259)

+ (4/
√

3)

∫ C+(ϕ,π/3)

C−(ϕ,π/3)

dϕ′ P`(uyy′(ϕ,ϕ
′;π/3))U `(r, ϕ′) ,

uyy′(ϕ,ϕ
′;π/3) = ( 2(cos 2ϕ+ cos 2ϕ′)− 1 ) /(4 sinϕ sinϕ′) .

�¶¨Ï¥³ ¸É·µ¥´¨¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψε. …¸²¨ E < 0, Éµ ∀U `iab ≡ 0 ¶·¨
b 6= 0 ¨ ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ (255) ÔÉµ° ËÊ´±Í¨¨ ¢Ò·µ¦¤ ¥É¸Ö ¢ · ¢¥´¸É¢µ

Ψε(r) = 2r−2cosec2ϕ 〈r, ϕ|S`|U `〉 Y`m`0 (x̂, ŷ) . (260)

’ ± Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ¸µ¡¸É¢¥´´µ° ¤²Ö µ¶¥· Éµ·µ¢ l2x ¨ l2y:

l2xΨε = 0 , (l2y − `(`+ 1)) Ψε = 0 .

‡´ Î¨É, ¶·¨ E < 0 ¸µÌ· ´ÖÕÉ¸Ö ¶ÖÉÓ ±¢ ´Éµ¢ÒÌ Î¨¸¥²: ε = (`,m, σ, a, b), £¤¥
σ = (−1)`, a = ` ¨ b = 0. ‚ ¸²ÊÎ ¥ E ≥ 0 ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ (255) ¢µ²´µ¢µ°
ËÊ´±Í¨¨ Ψε ¸µ¤¥·¦¨É Éµ²Ó±µ µ¤´µ § ¢¨¸ÖÐ¥¥ µÉ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸² £ ¥³µ¥,
  µ¸É ²Ó´Ò¥ ¸² £ ¥³Ò¥  ¶·¨µ·¨ ¨§¢¥¸É´Ò ¢ Ö¢´µ³ ¢¨¤¥. �µÔÉµ³Ê ¢¸Õ¤Ê ¤ ²¥¥
¶·¨ ²Õ¡µ³ §´ ±¥ Ô´¥·£¨¨ E ¨¸¸²¥¤Ê¥³ Éµ²Ó±µ Î ¸É¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É

Ψε
i (r) = 2r−2 cosec 2ϕU ``0(r, ϕ)Y`m`0 (x̂, ŷ), r ≡ ri, (261)

§ ¢¨¸ÖÐ¨¥ µÉ ¶µÉ¥´Í¨ ² , ¨ µÉ¢¥Î ÕÐÊÕ ¨³ ËÊ´±Í¨Õ (260).
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� §¤¥²¨³ ¶¥·¥³¥´´Ò¥ r ¨ ϕ ¢ Ê· ¢´¥´¨¨ (257). „²Ö ÔÉµ£µ § ¶¨Ï¥³ ¨¸±µ-
³ÊÕ ËÊ´±Í¨Õ U ` ¨ ³ É·¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢¸¥Ì µ¶¥· Éµ·µ¢ (250)Ä(252),
¸µ¤¥·¦ Ð¨Ì¸Ö ¢ ÔÉµ³ Ê· ¢´¥´¨¨, ¢ ¸µ±· Ð¥´´ÒÌ µ¡µ§´ Î¥´¨ÖÌ (258) ¨ (259):

U `(r, ϕ) =
∑
L

U `L(r) W̃L`0(ϕ) , (262)

L̃2
`0(r, ϕ) =

∑
L

|W̃L`0(ϕ)〉 (L + 2)2 〈W̃L`0(ϕ)| , (263)

S` =

∞∑
L=`

|W̃L`0(ϕ)〉S`L 〈W̃L`0(ϕ)| , (264)

S`L ≡ S``0`0 = 1 + 2〈`0|K(π/3)|`0〉L` , (265)

V (r cosϕ) =
∑
LL′

|W̃L`0(ϕ)〉V LL
′

`0 (r) 〈W̃L`0(ϕ)| . (266)

’¥¶¥·Ó, ¨¸¶µ²Ó§µ¢ ¢ ¶·¥¤¸É ¢²¥´¨Ö (262)Ä(266), c¶·µ¥±É¨·Ê¥³ Ê· ¢´¥´¨¥ (257)
´  ¥£µ ¸µ¡¸É¢¥´´Ò° ¡ §¨¸ ¨§ ËÊ´±Í¨° W̃L`0, L = `, `+ 2, ... ‚ ¨Éµ£¥ ¶µ²ÊÎ¨³
¨¸±µ³ÊÕ ¸¨¸É¥³Ê µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:(

∂2
r + r−1∂r − r−2(L+ 2)2 + E

)
U `L(r) = R`L(r) ≡ (267)

≡
∑
L′

V LL
′

`0 (r)S`L′ U
`
L′(r) .

‚ § ±²ÕÎ¥´¨¥ ¸ ¶µ³µÐÓÕ Ëµ·³Ê² (262) ¨ (264) ¢Ò· §¨³ ¢µ²´µ¢ÊÕ ËÊ´±-
Í¨Õ (260) Î¥·¥§ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ, ¶µ¤Î¨´¥´´Ò¥ ¸¨¸É¥³¥ Ê· ¢-
´¥´¨° (267):

Ψε(r) = r−2
∑
L

Y `m`0 (Ω)S`L U
`
L(r), ε = (`,m, σ, a, b), σ = (−1)`, a = `, b = 0.

(268)

4. ’�—�›… �…˜…�ˆŸ “��‚�…�ˆ‰ ”�„„……‚�

‚ ¶. 4.1 µ¡¸Ê¦¤ ÕÉ¸Ö Ê¸²µ¢¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨ ¸¶µ¸µ¡Ò ¶µ¸É·µ¥´¨Ö ²µ¦-
´ÒÌ ·¥Ï¥´¨° Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° (236), ¶·¨¢µ¤ÖÉ¸Ö ¶·¨³¥·Ò ²µ¦´ÒÌ
·¥Ï¥´¨° ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ, S- ¨ P -¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ ¶. 4.2
· ¸¸³µÉ·¥´Ò É·¨ Î ¸É´ÒÌ ¸²ÊÎ Ö, ±µ£¤  ·¥Ï¥´¨Ö, µ¡² ¤ ÕÐ¨¥ Ë¨§¨Î¥¸±¨³
¸³Ò¸²µ³, ¨ ¸¶¥Í¨ ²Ó´Ò¥ (²µ¦´Ò¥) ¸² £ ¥³Ò¥ É ±¨Ì ·¥Ï¥´¨° ³µ¦´µ ´ °É¨
ÉµÎ´µ.
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4.1. ‹µ¦´Ò¥ ·¥Ï¥´¨Ö. „²Ö ´ Î ²  ¶µÖ¸´¨³, ¶µÎ¥³Ê ²µ¦´Ò¥ ·¥Ï¥´¨Ö
³µ£ÊÉ ¸ÊÐ¥¸É¢µ¢ ÉÓ ¨ ¶µÎ¥³Ê ¨Ì ¨¸¸²¥¤µ¢ ´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³.
‚ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (223) ´¥¨§¢¥¸É´µ° ËÊ´±Í¨¥° Ψε Ö¢²Ö¥É¸Ö ¢¸Ö Ë ¤-
¤¥¥¢¸± Ö ¸Ê³³  (232). ‚ ¸¨¸É¥³¥ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (233) ´¥¨§¢¥¸É´Ò³¨
ËÊ´±Í¨Ö³¨ Ö¢²ÖÕÉ¸Ö ¸² £ ¥³Ò¥ ÔÉµ° ¸Ê³³Ò. ‚µµ¡Ð¥ £µ¢µ·Ö, ¸Ê³³  É·¥Ì ´¥-
±µÉµ·ÒÌ ËÊ´±Í¨°, µÉ²¨Î´ÒÌ µÉ ´Ê²Ö, ³µ¦¥É ¡ÒÉÓ Éµ¦¤¥¸É¢¥´´µ · ¢´µ° ´Ê²Õ.
‘²¥¤µ¢ É¥²Ó´µ, ¸¨¸É¥³  (233), ¡¥§ ± ±¨Ì-²¨¡µ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°, ³µ-
¦¥É ¨³¥ÉÓ ´¥É·¨¢¨ ²Ó´µ¥ ¨ ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ (Ψε

1,Ψ
ε
2,Ψ

ε
3), ¸Ê³³  (232)

±µ³¶µ´¥´É ±µÉµ·µ£µ Éµ¦¤¥¸É¢¥´´µ · ¢´  ´Ê²Õ, Ψε ≡ 0. ’ ±µ¥ ·¥Ï¥´¨¥ (µ¡µ-
§´ Î¨³ ¥£µ ¸µ¢µ±Ê¶´µ¸ÉÓÕ (S1, S2, S3)) µ¡· Ð ¥É ¢ ´Ê²Ó µ¤´µ¢·¥³¥´´µ ± ±
¶· ¢ÊÕ, É ± ¨ ²¥¢ÊÕ Î ¸É¨ ¸¨¸É¥³Ò (236):

Si(ri) +
∑
k 6=i

K(γki)Si(ri) = 0, i = 1, 2, 3 , (269)

(H0(ri)− E)Si(ri) = 0, i = 1, 2, 3. (270)

‘µ¢µ±Ê¶´µ¸ÉÓ (S1, S2, S3) ¤¢ ¦¤Ò ´¥¶·¥·Ò¢´µ ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ËÊ´±Í¨°,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Éµ²Ó±µ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (269), (270), ¶·¨´ÖÉµ [100] ´ §Ò-
¢ ÉÓ ²µ¦´Ò³ ·¥Ï¥´¨¥³ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° (236). ’ ± ± ± ²µ¦´µ¥ ·¥Ï¥-
´¨¥ Ê¤µ¢²¥É¢µ·Ö¥É ¸¢µ¡µ¤´µ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (270), Éµ µ´µ ´¥ ¸µ¤¥·-
¦¨É ´¨± ±µ° ¨´Ëµ·³ Í¨¨ µ ¶ ·´ÒÌ ¶µÉ¥´Í¨ ² Ì. ‘µ£² ¸´µ · ¢¥´¸É¢ ³ (269)
²µ¦´µ¥ ·¥Ï¥´¨¥ µÉ¢¥Î ¥É É·¨¢¨ ²Ó´µ³Ê ·¥Ï¥´¨Õ (Ψε ≡ 0) Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  (222). ‘²¥¤µ¢ É¥²Ó´µ, ²µ¦´µ¥ ·¥Ï¥´¨¥ ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ´¨± ±µ³Ê
Ë¨§¨Î¥¸±µ³Ê ¸µ¸ÉµÖ´¨Õ ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í. Š ± µÉ³¥Î ²µ¸Ó ¢ · ¡µÉ¥ [108],
¸¨¸É¥³  Ê· ¢´¥´¨° (269), (270) ¢¸¥£¤  ¨³¥¥É ´¥É·¨¢¨ ²Ó´µ¥ ¤¢ÊÌ¶ · ³¥É·¨Î¥-
¸±µ¥ ·¥Ï¥´¨¥. �µ¸É·µ¨³ ¥£µ.

�Ê¸ÉÓ Ψ0 ¨ E Å ´¥±µÉµ·Ò¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨ §´ Î¥´¨¥ ¸¢µ¡µ¤´µ£µ
£ ³¨²ÓÉµ´¨ ´  H0. �·¨ ²Õ¡ÒÌ Î¨¸² Ì ci ËÊ´±Í¨¨

Si(ri) ≡ ci Ψ0(ri) , i = 1, 2, 3, (271)

Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ (270). �µ²µ¦¨³ c1 = −c2 − c3. ’µ£¤  ±µÔË-
Ë¨Í¨¥´ÉÒ c2 ¨ c3 µ¸É ´ÊÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨,   ËÊ´±Í¨¨ (271) Ê¤µ¢²¥É¢µ·ÖÉ
Ê· ¢´¥´¨Õ (269). ‘²¥¤µ¢ É¥²Ó´µ, ²Õ¡µ³Ê ·¥Ï¥´¨Õ Ψ0 ¸¢µ¡µ¤´µ£µ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  µÉ¢¥Î ¥É ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±µ¥ ²µ¦´µ¥ ·¥Ï¥´¨¥ (271) Ê· ¢´¥´¨°
” ¤¤¥¥¢  (236). Šµ³¶µ´¥´ÉÒ Si É ±µ£µ ·¥Ï¥´¨Ö ´¥ ¢¸¥£¤  ¡Ê¤ÊÉ ¸µ¡¸É¢¥´-
´Ò³¨ ËÊ´±Í¨Ö³¨ ¤²Ö § ¤ ´´µ£µ ´ ¡µ·  µ¶¥· Éµ·µ¢, ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ ¶µ²-
´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ H . �·¨¢¥¤¥³ ¶µÖ¸´ÖÕÐ¨° ¶·¨³¥·. ‘ ÔÉµ° Í¥²ÓÕ § ³¥-
´¨³ ËÊ´±Í¨Õ Ψ0 ¢ ¸µµÉ´µÏ¥´¨ÖÌ (271) ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¥° (215) Ï¥¸É¨
µ¶¥· Éµ·µ¢ ¨³¶Ê²Ó¸µ¢. � ²µ¦¨³ Ê¸²µ¢¨¥ c1 = −c2 − c3. Šµ³¶µ´¥´ÉÒ ¶µ²Ê-
Î¥´´µ£µ ²µ¦´µ£µ ·¥Ï¥´¨Ö ¡Ê¤ÊÉ ¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ É¥Ì ¦¥ µ¶¥· Éµ·µ¢
¨³¶Ê²Ó¸µ¢, ´µ ¢ ¸¨²Ê · §²µ¦¥´¨Ö (215) ´¥ ¡Ê¤ÊÉ ¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨
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µ¶¥· Éµ·µ¢ l2, l3, P . ‚¸¥£¤  ²¨ ¸ÊÐ¥¸É¢ÊÕÉ ²µ¦´Ò¥ ·¥Ï¥´¨Ö, µÉ¢¥Î ÕÐ¨¥ ´ -
¶¥·¥¤ § ¤ ´´µ³Ê ´ ¡µ·Ê ε = (`,m, σ) ¸µ¡¸É¢¥´´ÒÌ Î¨¸¥² É ±¨Ì µ¶¥· Éµ·µ¢?
…¸²¨ É ±¨¥ ·¥Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ, Éµ ± ± ¨Ì ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¢ Ö¢´µ³ ¢¨¤¥ ¨
ÊÎ¥¸ÉÓ ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¤²Ö ¸¨¸É¥³Ò ¨§ É·¥Ì Î ¸É¨Í ¸ ¶·µ-
¨§¢µ²Ó´Ò³¨ ³ ¸¸ ³¨ ¨ Í¥´É· ²Ó´Ò³¨ ²¨¡µ b-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨?
�É¢¥É ³ ´  ÔÉ¨ ¢µ¶·µ¸Ò ¶µ¸¢ÖÐ¥´  · ¡µÉ  [71]. ˆ§²µ¦¨³ ¥¥ µ¸´µ¢´Ò¥ ·¥-
§Ê²ÓÉ ÉÒ: ¤µ± § É¥²Ó¸É¢µ ±·¨É¥·¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ²µ¦´ÒÌ ·¥Ï¥´¨° ¢ ±² ¸¸¥
ËÊ´±Í¨° Aε ¨ ¸¶µ¸µ¡ ¨¸±²ÕÎ¥´¨Ö É ±¨Ì ·¥Ï¥´¨°.

‘´ Î ²  ¨¸¸²¥¤Ê¥³ Ê¸²µ¢¨¥ (269),   § É¥³ Å Ê¸²µ¢¨¥ (270). ‘µ£² ¸´µ
Ê¸²µ¢¨Õ (269) ¸Ê³³  ¢¸¥Ì ±µ³¶µ´¥´É ²µ¦´µ£µ ·¥Ï¥´¨Ö ¤µ²¦´  ¡ÒÉÓ ´Ê²¥-
¢µ° ¢ ± ¦¤µ³ ¨§ É·¥Ì (i = 1, 2, 3) ´ ¡µ·µ¢ ±µµ·¤¨´ É Ÿ±µ¡¨. � ¸¸³µÉ·¨³
ÔÉ¨ Ê¸²µ¢¨Ö ± ± É·¨ Ê· ¢´¥´¨Ö ¤²Ö ´¥¨§¢¥¸É´ÒÌ ±µ³¶µ´¥´É. Šµ³¶µ´¥´ÉÒ ¡Ê-
¤¥³ ¨¸± ÉÓ ¢ ±² ¸¸¥ Aε ¢ ¢¨¤¥ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ·Ö¤µ¢ ¶µ ¨Ì ¸µ¡¸É¢¥´´Ò³
¡ §¨¸ ³:

Si(ri) ≡ Sεi (ri) = r−2
∑
L

∑
ab

SiLab(r) Y
`m
Lab(Ωi) . (272)

�µ¤¸É ¢¨³ ÔÉ¨ ·Ö¤Ò ¢ Ê· ¢´¥´¨Ö (269). “ÎÉ¥³ · ¢¥´¸É¢  (142). ’µ£¤  ¤²Ö
± ¦¤µ£µ §´ Î¥´¨Ö L ¶µ²ÊÎ¨³ ²¨´¥°´ÊÕ ¨ µ¤´µ·µ¤´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°:

SiLa′b′(r) +
∑
k 6=i

∑
a′b′

〈ab|K(γki)|a′b′〉L` SkLa′b′(r) = 0 , (273)

¢ ±µÉµ·µ° i = 1, 2, 3,   ¨´¤¥±¸Ò a, b, a′, b′ ¶·¨´¨³ ÕÉ ¢¸¥ §´ Î¥´¨Ö, ¤µ¶Ê-
¸É¨³Ò¥ ¶·¨ § ¤ ´´ÒÌ L ¨ `. —¨¸²µ É ±¨Ì §´ Î¥´¨° µ£· ´¨Î¥´µ. �µÔÉµ³Ê
³ É·¨Í  ML · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³Ò (273) ¨³¥¥É ±µ´¥Î´ÊÕ · §³¥·´µ¸ÉÓ,
· ¢´ÊÕ ÊÉ·µ¥´´µ³Ê Î¨¸²Ê £¨¶¥·£ ·³µ´¨± (54) ¸ ¤ ´´Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨
L, ` ¨ m. ˆ§ É¥µ·¨¨ ³ É·¨Í [2] ¨§¢¥¸É´µ, ÎÉµ ¸¨¸É¥³  (273) ¨³¥¥É

NL = dim ML − rank ML

´¥É·¨¢¨ ²Ó´ÒÌ ¨ ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨° Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨
¤¥É¥·³¨´ ´É ÔÉµ° ³ É·¨ÍÒ · ¢¥´ ´Ê²Õ,

det ML = 0 . (274)

�Ê¸ÉÓ D Å ³´µ¦¥¸É¢µ §´ Î¥´¨° L, ¶·¨ ±µÉµ·ÒÌ ¢Ò¶µ²´ÖÕÉ¸Ö Ê¸²µ-
¢¨Ö (274). …¸²¨ ÔÉµ ³´µ¦¥¸É¢µ ¶Ê¸Éµ¥ (D = ∅), Éµ ¥¸ÉÓ detML 6= 0 ¶·¨ ²Õ¡µ³
L, Éµ ´¥ ¸ÊÐ¥¸É¢Ê¥É µÉ²¨Î´ÒÌ µÉ ´Ê²Ö ËÊ´±Í¨° (272), Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì
Ê· ¢´¥´¨Ö³ (269). ‚ ÔÉµ³ É·¨¢¨ ²Ó´µ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (233) ´¥
¨³¥ÕÉ ²µ¦´ÒÌ ·¥Ï¥´¨° ¢ ±² ¸¸¥ Aε. ’ ± ± ± Ê· ¢´¥´¨Ö (269) ¸¢µ¤ÖÉ¸Ö
± ´¥§ Í¥¶²ÖÕÐ¨³¸Ö ¸¨¸É¥³ ³ Ê· ¢´¥´¨° (273), Éµ ¨Ì µ¡Ð¥¥ ·¥Ï¥´¨¥ (272)
Ö¢²Ö¥É¸Ö ²¨´¥°´µ° ±µ³¡¨´ Í¨¥°

Sεi (ri) =
∑
L∈D

CL SLi (ri) (275)



1630 �“�›˜…‚ ‚.‚.

´¥±µÉµ·ÒÌ Î¨¸²µ¢ÒÌ ±µÔËË¨Í¨¥´Éµ¢ CL ¨ Î ¸É´ÒÌ ·¥Ï¥´¨°:

SLi (ri) =
∑
ab

SiLab(r) Y
`m
Lab(Ωi) , (276)

µ¡² ¤ ÕÐ¨Ì ¤µ¶µ²´¨É¥²Ó´Ò³ ± ´ ¡µ·Ê ε = (`,m, σ) ±¢ ´Éµ¢Ò³ Î¨¸²µ³ L.
‘Ëµ·³Ê²¨·Ê¥³ ¤µ± § ´´Ò¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨Ö ¢ ¢¨¤¥ ²¥³³Ò.

‹¥³³ . ‚ ±² ¸¸¥ Aε ¸¨¸É¥³  Ê· ¢´¥´¨° (269) ¨³¥¥É ´¥É·¨¢¨ ²Ó´Ò¥ ·¥-
Ï¥´¨Ö Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨ D 6= ∅. ‚¸¥ É ±¨¥ ·¥Ï¥´¨Ö Å ²¨´¥°´Ò¥
±µ³¡¨´ Í¨¨ (275) ËÊ´±Í¨° (276) ¸ £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ±µ³¶µ´¥´É ³¨, ¶µ¤Î¨-
´¥´´Ò³¨ Ê¸²µ¢¨Ö³ (273).

’¥¶¥·Ó ¨§ ¢¸¥Ì ·¥Ï¥´¨° (275) Ê· ¢´¥´¨° (269) ¢Ò¡¥·¥³ ·¥Ï¥´¨Ö, Ê¤µ-
¢²¥É¢µ·ÖÕÐ¨¥ Ê¸²µ¢¨Õ (270). ’ ±¨¥ ·¥Ï¥´¨Ö ¨ ¡Ê¤ÊÉ ²µ¦´Ò³¨. ‚ Ê· ¢´¥-
´¨Ö (270) ¶µ¤¸É ¢¨³ ¨¸±µ³Ò¥ ËÊ´±Í¨¨ Sεi ¢ ¨Ì µ¡Ð¥³ ¢¨¤¥ (275), (276). ˆ¸-
¶µ²Ó§µ¢ ¢ · ¢¥´¸É¢  (69), ¸¶·µ¥±É¨·Ê¥³ ¶µ²ÊÎ¨¢Ï¨¥¸Ö Ê· ¢´¥´¨Ö ´  ¨Ì ¸µ¡-
¸É¢¥´´Ò¥ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ¡ §¨¸Ò. „ ²¥¥ ¶µ¤¸É ´µ¢±µ° z =

√
Er, Zν(z) =

= SiLab(r) ¸¢¥¤¥³ Ê· ¢´¥´¨¥ ¤²Ö ± ¦¤µ° ¨¸±µ³µ° ±µ³¶µ´¥´ÉÒ SiLab(z) ¸
L ∈ D ± Ê· ¢´¥´¨Õ �¥¸¸¥²Ö (211) ¸ ¨´¤¥±¸µ³ ν = L + 2. �´µ ¨³¥¥É ´¥É·¨-
¢¨ ²Ó´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ²¨ÏÓ ¶·¨ ¤¥°¸É¢¨É¥²Ó´µ³ z > 0, Éo ¥¸ÉÓ ¶·¨
E > 0. ‚¸¥ É ±¨¥ ·¥Ï¥´¨Ö ¶·µ¶µ·Í¨µ´ ²Ó´Ò ·¥£Ê²Ö·´Ò³ ËÊ´±Í¨Ö³ �¥¸¸¥²Ö:

SiLab(r) = DL
iab JL+2(

√
Er), E > 0. (277)

�·¨ ± ¦¤µ³ § ¤ ´´µ³ L ∈ D ËÊ´±Í¨¨ (277) § ¢¨¸ÖÉ µÉ r µ¤¨´ ±µ¢Ò³ µ¡· -
§µ³, ¶µÔÉµ³Ê µ´¨ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸¨¸É¥³¥ (273) Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨
±µÔËË¨Í¨¥´ÉÒ DL

iab ¶µ¤Î¨´ÖÕÉ¸Ö ¸¨¸É¥³¥ Ê· ¢´¥´¨°

DL
iab +

∑
k 6=i

∑
a′b′

〈ab|K(γki)|a′b′〉L`DL
ka′b′ = 0 , (278)

±µÉµ· Ö ¨³¥¥É ÉÊ ¦¥ ¸ ³ÊÕ ³ É·¨ÍÊ ML, ÎÉµ ¨ ¸¨¸É¥³  (273).
�µ¤¸É ¢¨¢  ´§ Í (277) ¢ Ê¸²µ¢¨¥ (276), ¶µ²ÊÎ¨³ Î ¸É´µ¥ ²µ¦´µ¥ ·¥Ï¥´¨¥

¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ `,m, σ ¨ L ∈ D:

SLi (ri) = r−2 JL+2(
√
Er)

∑
ab

DL
iab Y

`m
Lab(Ωi) . (279)

…¸²¨ ¢¸¥ É ±¨¥ ·¥Ï¥´¨Ö ¶µ¤¸É ¢¨ÉÓ ¢ ¸Ê³³Ê (275), Éµ ¶µ²ÊÎ¨É¸Ö µ¡Ð¥¥ ²µ¦´µ¥
·¥Ï¥´¨¥ ¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ε = (`,m, σ):

Sεi = r−2
∑
L∈D

CL JL+2(
√
Er)

∑
ab

DL
iab Y

`m
Lab(Ωi) . (280)

‚ ¸¨²Ê ²¥³³Ò ¨ ¸µµÉ´µÏ¥´¨° (277)Ä(280) ¸¶· ¢¥¤²¨¢ ¸²¥¤ÊÕÐ¨° ±·¨É¥·¨°.
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’¥µ·¥³  2. ‚ ±² ¸¸¥ Aε Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (236) ¨³¥ÕÉ ²µ¦´Ò¥ ·¥-
Ï¥´¨Ö (Sε1 , S

ε
2 , S

ε
3) Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨ E > 0 ¨ D 6= ∅. ‚¸¥ É ±¨¥

²µ¦´Ò¥ ·¥Ï¥´¨Ö Å ¸Ê³³Ò (280), ¢ ±µÉµ·ÒÌ ±µÔËË¨Í¨¥´ÉÒ CL Å ¶·µ¨§¢µ²Ó-
´Ò¥ Î¨¸² ,   ±µÔËË¨Í¨¥´ÉÒ DL

iab ¶µ¤Î¨´¥´Ò Ê¸²µ¢¨Ö³ (278).
’¥¶¥·Ó ¤µ± ¦¥³, ÎÉµ ¢¸¥ ²µ¦´Ò¥ ·¥Ï¥´¨Ö µ¡² ¤ ÕÉ µ¤´¨³ ¨ É¥³ ¦¥

¤µ¶µ²´¨É¥²Ó´Ò³ ± ´ ¡µ·Ê ε = (`,m, σ) ±¢ ´Éµ¢Ò³ Î¨¸²µ³. �Ê¸ÉÓ Sε ¨ Uε Å
²¨´¥°´Ò¥ ¶µ¤¶·µ¸É· ´¸É¢  ¶·µ¸É· ´¸É¢  Aε, ¡ §¨¸Ò ±µÉµ·ÒÌ ´  S5 ¢ R6

µ¡· §ÊÕÉ £¨¶¥·£ ·³µ´¨±¨ (54) ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨´¤¥±¸ ³¨ L ∈ D ¨
L /∈ D. ’µ£¤  µ¶¥· Éµ·Ò

Ps ≡
∑
L∈D

∑
ab

|Y `mLab(Ωi) 〉 〈Y `mLab(Ωi)| , Pu ≡
∑
L 6⊂D

∑
ab

|Y `mLab(Ωi)〉〈Y `mLab(Ωi)|

(281)
Ö¢²ÖÕÉ¸Ö ¶·µ¥±Éµ· ³¨ ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶µ¤¶·µ¸É· ´¸É¢  Sε ¨ Uε, µ·-
Éµ£µ´ ²Ó´Ò¥ ¤·Ê£ ¤·Ê£Ê µÉ´µ¸¨É¥²Ó´µ ¨´É¥£·¨·µ¢ ´¨Ö ´  £¨¶¥·¸Ë¥·¥ S5 ¶µ
¸µ¢µ±Ê¶´µ¸É¨ £¨¶¥·Ê£²µ¢ Ωi. ’ ± ± ± ±¨´¥³ É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ £¨-
¶¥·£ ·³µ´¨± (142) Ö¢²Ö¥É¸Ö Ê´¨É ·´Ò³, Éµ ¶·¥¤¸É ¢²¥´¨Ö (281) ¶·µ¥±Éµ·µ¢
Ps ¨ Pu ¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ¢Ò¡µ·  ¨´¤¥±¸  i. “Î¨ÉÒ¢ Ö ÔÉµ ¸¢µ°-
¸É¢µ, ¶µ¤¥°¸É¢Ê¥³ ¶·µ¥±Éµ· ³¨ ´  ²µ¦´Ò¥ ·¥Ï¥´¨Ö (280). ’µ£¤  ¶µ²ÊÎ¨³
· ¢¥´¸É¢ 

PsS
ε
i = ps S

ε
i , ps = 1 ; Pu S

ε
i = 0 , (282)

µ§´ Î ÕÐ¨¥, ÎÉµ ±µ³¶µ´¥´ÉÒ Sεi ¢¸¥Ì ²µ¦´ÒÌ ·¥Ï¥´¨° (Sε1 , S
ε
2 , S

ε
3) Ö¢²ÖÕÉ¸Ö

¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ µ¶¥· Éµ·  Ps, µÉ¢¥Î ÕÐ¨³¨ µ¤´µ³Ê ¨ Éµ³Ê ¦¥
¸µ¡¸É¢¥´´µ³Ê Î¨¸²Ê ps = 1 ¨ ¶·¨´ ¤²¥¦ Ð¨³¨ ³´µ¦¥¸É¢Ê Sε. ‘²¥¤µ¢ É¥²Ó´µ,
¢ ¶µ¤¶·µ¸É· ´¸É¢¥ Uε Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (233) ¨²¨ (236) ´¥ ³µ£ÊÉ ¨³¥ÉÓ
²µ¦´ÒÌ ·¥Ï¥´¨°.

ˆ¸¶µ²Ó§ÊÖ ÔÉµÉ Ë ±É, ¢Ò¢µ¤¨³ ¨§ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥
Ê· ¢´¥´¨Ö, ´¥ ¨³¥ÕÐ¨¥ ²µ¦´ÒÌ ·¥Ï¥´¨°. ’ ± ± ± Uε Ö¢²Ö¥É¸Ö µ·Éµ£µ´ ²Ó-
´Ò³ ¤µ¶µ²´¥´¨¥³ Sε ¤µ Aε, Éµ ±µ³¶µ´¥´ÉÒ ²Õ¡µ£µ ´¥É·¨¢¨ ²Ó´µ£µ ·¥Ï¥´¨Ö
Ê· ¢´¥´¨° (233) ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ¸Ê³³ ¨Ì ¶·µ¥±Í¨° ´  ÔÉ¨ ¶µ¤¶·µ¸É· ´-
¸É¢ :

Ψε
i = Pu Ψε

i + Ps Ψε
i , i = 1, 2, 3. (283)

ˆ¸¶µ²Ó§µ¢ ¢ ÔÉµ ¶·¥¤¸É ¢²¥´¨¥, ¤µ± ¦¥³ µÉ ¶·µÉ¨¢´µ£µ, ÎÉµ

3∑
k=1

Pu Ψε
k 6= 0 ,

3∑
k=1

Ps Ψε
k = 0 . (284)

�Ê¸ÉÓ ¶·¨ ²Õ¡µ³ i = 1, 2, 3 ¨ ´¥±µÉµ·ÒÌ ´¥´Ê²¥¢ÒÌ ËÊ´±Í¨ÖÌ Ri ∈ Sε

3∑
k=1

〈ri|Pu Ψε
k(rk)〉 = 0 ,

3∑
k=1

〈ri|Ps Ψε
k(rk)〉 = Ri .
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‡ ³¥´¨³ ¢ ÔÉ¨Ì ¶·¥¤¶µ² £ ¥³ÒÌ · ¢¥´¸É¢ Ì ËÊ´±Í¨¨ Ψε
i ¨ Ri ¨Ì £¨¶¥·¸Ë¥-

·¨Î¥¸±¨³¨ ·Ö¤ ³¨ É¨¶  (65):

Ψε
i (ri) =

∑
L

∑
ab

Ψ`
iLab(r)Y

`m
Lab(Ωi), Ri(ri) =

∑
L

∑
ab

R`iLab(r)Y
`m
Lab(Ωi) ,

  µ¶¥· Éµ·Ò Ps ¨ Pu ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ (281). �µ²ÊÎ¥´´Ò¥ ¸µµÉ´µÏ¥´¨Ö
¸¶·µ¥±É¨·Ê¥³ ´  £¨¶¥·¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ ¸ ¶µ³µÐÓÕ Ëµ·³Ê² (145). ’ ±¨³
µ¡· §µ³, ¤²Ö ± ¦¤µ£µ Ë¨±¸¨·µ¢ ´´µ£µ L ¨³¥¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

Ψ`
iLab +

∑
k 6=i

∑
a′b′

〈ab|K(γki)|a′b′〉L`Ψ`
kLa′b′ =

{
0, L /∈ D
R`iLab, L ∈ D, (285)

£¤¥ a ¨ b ¶·¨´¨³ ÕÉ ¢¸¥ §´ Î¥´¨Ö, ¢µ§³µ¦´Ò¥ ¶·¨ ¤ ´´ÒÌ L ¨ `. …¸²¨ L /∈ D,
Éµ µ¤´µ·µ¤´ Ö ¸¨¸É¥³  (285) ¨³¥¥É ²¨ÏÓ É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥, É ± ± ± ¥¥ ³ -
É·¨Í  ML ´¥ ¢Ò·µ¦¤¥´ . ‚ ¸²ÊÎ ¥ L ∈ D ´¥µ¤´µ·µ¤´ Ö ¸¨¸É¥³  (285) ¨³¥¥É
¢Ò·µ¦¤¥´´ÊÕ ³ É·¨ÍÊ ML ¨ ´¥¸µ¢³¥¸É´  ¶µ  ²ÓÉ¥·´ É¨¢¥ ”·¥¤£µ²Ó³  [2].
�µ²ÊÎ¥´´Ò¥ ¶·µÉ¨¢µ·¥Î¨Ö ¤µ± §Ò¢ ÕÉ ¸¶· ¢¥¤²¨¢µ¸ÉÓ ¸µµÉ´µÏ¥´¨° (284).

�¡µ§´ Î¨³ Uεi ≡ Pu Ψε
i . ‘ ¶µ³µÐÓÕ · ¢¥´¸É¢ (281)Ä(284) ¸¶·µ¥±É¨·Ê¥³

Ê· ¢´¥´¨Ö (233) ´  ¶µ¤¶·µ¸É· ´¸É¢µ Uε. ‹Õ¡µ¥ ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ ¶µ-
²ÊÎ¥´´ÒÌ ³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ 

(H0 − E)Uεi = −Pu Vi Ψε = −Pu Vi
3∑

k=1

Uεk (286)

¶·¨´ ¤²¥¦¨É ¶·µ¸É· ´¸É¢Ê Uε,   µÉ¢¥Î ÕÐ Ö ¥³Ê ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψε =
= Uε1 + Uε2 + Uε3 ´¥ · ¢´  Éµ¦¤¥¸É¢¥´´µ ´Ê²Õ.

ˆ¸¸²¥¤µ¢ ´¨¥ µ¡Ð¨Ì ¸¢µ°¸É¢ ²µ¦´ÒÌ ·¥Ï¥´¨° § ¢¥·Ï¨³ Ëµ·³Ê²¨·µ¢-
±µ° É¥µ·¥³Ò, ¸Ê³³¨·ÊÕÐ¥° ¤µ± § ´´Ò¥ ÊÉ¢¥·¦¤¥´¨Ö (283), (284) ¨ (286), ¨
¶µÖ¸´ÖÕÐ¨³¨ § ³¥Î ´¨Ö³¨.

’¥µ·¥³  3. ‚ ±² ¸¸¥ Aε Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ Ψε
i ¶·¥¤¸É ¢¨³Ò ¢

¢¨¤¥ ¸Ê³³ (283) µ·Éµ£µ´ ²Ó´ÒÌ ¸² £ ¥³ÒÌ Pu Ψε
i ¨ Ps Ψε

i , ±µÉµ·Ò¥ Ê¤µ¢²¥-
É¢µ·ÖÕÉ ¸µµÉ´µÏ¥´¨Ö³ (284). ‘² £ ¥³Ò¥ Uεi ≡ Pu Ψε

i ¶µ¤Î¨´¥´Ò ¸¨¸É¥³¥
Ê· ¢´¥´¨° (286), ´¥ ¨³¥ÕÐ¥° ²µ¦´ÒÌ ·¥Ï¥´¨°.

�É³¥É¨³, ÎÉµ ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ (E > 0) ¸ÊÐ¥¸É¢µ¢ ´¨Ö ²µ¦´ÒÌ ·¥Ï¥-
´¨° Ê± §Ò¢ ²µ¸Ó ¢ ¤ ¢´¥° · ¡µÉ¥ [100],   ¶·¥¤¸É ¢²¥´¨¥ (283) ¡Ò²µ ¤µ± § ´µ
¢ · ¡µÉ¥ [103] ¤·Ê£¨³, ³¥´¥¥ ´ £²Ö¤´Ò³ ¸¶µ¸µ¡µ³. ‘µ£² ¸´µ É¥·³¨´µ²µ£¨¨
ÔÉµ° · ¡µÉÒ ¶·µ¸É· ´¸É¢  Uε ¨ Sε ´ §Ò¢ ÕÉ¸Ö ¶·µ¸É· ´¸É¢ ³¨ Ë¨§¨Î¥¸±¨Ì
¨ ²µ¦´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ . �µÔÉµ³Ê µ¸´µ¢´µ¥ ÊÉ¢¥·¦¤¥´¨¥ É¥µ-
·¥³Ò 3 ³µ¦´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢
Ë¨§¨Î¥¸±µ³ ¶·µ¸É· ´¸É¢¥ (286) ´¥ ¨³¥ÕÉ ²µ¦´ÒÌ ·¥Ï¥´¨°.

�·¨¢¥¤¥³ ¶·¨³¥·Ò ²µ¦´ÒÌ ·¥Ï¥´¨° ¨§ · ¡µÉÒ [71]. � Î´¥³ ¸ ¡µ²¥¥
µ¡Ð¥£µ ¸²ÊÎ Ö Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‡ É¥³ ¶¥·¥°¤¥³ ± Î ¸É´Ò³ ¸²Ê-
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Î Ö³ S- ¨ P -¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ ¸¨²Ê Ëµ·³Ê² (217)Ä(221) ¤²Ö ¶¥·¥-
Ìµ¤  µÉ Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ± b̃-¢µ²´µ¢Ò³ ´Ê¦´µ § ¶·¥É¨ÉÓ ¨´¤¥±-
¸ ³ b ¨ b′ ¶·¨´¨³ ÉÓ ¢ ¸µµÉ´µÏ¥´¨ÖÌ (276)Ä(280) §´ Î¥´¨Ö, µÉ²¨Î´Ò¥ µÉ b̃.
„²Ö S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ÔÉµÉ Ë ±É ¡Ò² ¤µ± § ´ ¢ ¶¶.3.4.2, ¢ ¸²ÊÎ ¥
P -¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨³¥¥É¸Ö  ´ ²µ£¨Î´µ¥ ¤µ± § É¥²Ó¸É¢µ.

‹µ¦´Ò¥ ·¥Ï¥´¨Ö ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‡ ³¥É¨³, ÎÉµ
Éµ²Ó±µ ¶·¨ L, ` = 0 ¨²¨ L = 2, ` = 1 ¨´¤¥±¸Ò a ¨ b £¨¶¥·£ ·³µ´¨± (54)
³µ£ÊÉ ¶·¨´¨³ ÉÓ §´ Î¥´¨Ö a, b = 0 ¨, ¸µµÉ¢¥É¸É¢¥´´µ, a, b = 1. ‚ ÔÉ¨Ì ¸²Ê-
Î ÖÌ ¨³¥¥É¸Ö Éµ²Ó±µ µ¤¨´ ±µÔËË¨Í¨¥´É �¥°´ ² Å�¥¢ ¨, µÉ²¨Î´Ò° µÉ ´Ê²Ö
¨ · ¢´Ò° ¥¤¨´¨Í¥: 〈aa|K(γki)|aa〉L` = 1. �µÔÉµ³Ê ¸¢Ö§¨ (142) ¢Ò·µ¦¤ ÕÉ¸Ö
¢ · ¢¥´¸É¢ 

Y `mLaa(Ωi) = Y `mLaa(Ωk) , `, L = 0 ; ` = 1, L = 2 , (287)

  ¢¸¥ Ô²¥³¥´ÉÒ ³ É·¨Í M0 ¨ M2 ¸¨¸É¥³ (278) · ¢´Ò ¥¤¨´¨Í¥. ˆÉ ±,

dim ML = 3, rankML = 1, L, ` = 0; L = 2, ` = 1.

‚ µ¡µ¨Ì ¸²ÊÎ ÖÌ µ¡Ð¥¥ ·¥Ï¥´¨¥ ¸¨¸É¥³ (278) É ±µ¢µ: DL
2ab ¨ DL

3ab Å ¶·µ¨§-
¢µ²Ó´Ò¥ Î¨¸² , ´¥ · ¢´Ò¥ ´Ê²Õ µ¤´µ¢·¥³¥´´µ,  

DL
1ab = −DL

2ab −DL
3ab .

�µ Ëµ·³Ê²¥ (279) ´ Ìµ¤¨³ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ

SLi (ri) = r−2 JL+2(
√
Er)

(
DL

2ab(δi2 − δi1) +DL
3ab(δi3 − δi1)

)
Y `mLab(Ωi)

(288)
Î ¸É´ÒÌ ²µ¦´ÒÌ ·¥Ï¥´¨°, µ¡² ¤ ÕÐ¨Ì ¸µÌ· ´ÖÕÐ¨³¨¸Ö ±¢ ´Éµ¢Ò³¨ Î¨-
¸² ³¨ L, `,m, a, b = 0, σ = 1 ¨²¨ L = 2; `, a, b = 1; m = 0,±1, σ = 1.
� °¤¥´´Ò¥ ·¥Ï¥´¨Ö (288) ´¥ § ¢¨¸ÖÉ µÉ ³ ¸¸ Î ¸É¨Í ¨ ¢Ò·µ¦¤ ÕÉ¸Ö ¢ É·¨¢¨-
 ²Ó´Ò¥, ¥¸²¨ ¢¸¥ É·¨ Î ¸É¨ÍÒ Éµ¦¤¥¸É¢¥´´Ò¥.

„µ± ¦¥³ ÔÉµ ÊÉ¢¥·¦¤¥´¨¥. � ¶µ³´¨³, ÎÉµ ¤²Ö ²Õ¡µ£µ ¸µ¸ÉµÖ´¨Ö |ε〉 ¸¨-
¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ±µ³¶µ´¥´ÉÒ Ë¨§¨Î¥¸±µ£µ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  (233) ¶µ¤Î¨´¥´Ò ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨Ö³ (238) ¨ (239).
� ²µ¦¨³  ´ ²µ£¨Î´Ò¥ Ê¸²µ¢¨Ö ¨ ´  ±µ³¶µ´¥´ÉÒ ²µ¦´µ£µ ·¥Ï¥´¨Ö: ¶Ê¸ÉÓ

Sεi (xi,yi) = ±Sεi (−xi,yi) ; Sεi (ri) = Sεk(rk(ri)) , ∀k 6= i = 1, 2, 3. (289)

ˆ¸¶µ²Ó§ÊÖ · ¢¥´¸É¢  (287), ¶µ± §Ò¢ ¥³, ÎÉµ Ê¸²µ¢¨Ö³ ¸¨³³¥É·¨¨ (289) Ê¤µ-
¢²¥É¢µ·ÖÕÉ Éµ²Ó±µ É·¨¢¨ ²Ó´Ò¥ ²µ¦´Ò¥ ·¥Ï¥´¨Ö (288) ¸ ±µÔËË¨Í¨¥´É ³¨
DL
iab = 0, i = 1, 2, 3, ÎÉµ ¨ É·¥¡µ¢ ²µ¸Ó ¤µ± § ÉÓ.

‹µ¦´Ò¥ ·¥Ï¥´¨Ö ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ ¸²ÊÎ ¥ S-¢µ²´µ-
¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¸µÌ· ´Ö¥É¸Ö ´ ¡µ· ±¢ ´Éµ¢ÒÌ Î¨¸¥² ε = (`,m, a, b, σ),
a = `, b = 0. �·¨ ²Õ¡ÒÌ L ¨ ` ¨´¤¥±¸Ò a, b ¨ a′, b′ ¢ Ëµ·³Ê² Ì (276)Ä(280)



1634 �“�›˜…‚ ‚.‚.

³µ£ÊÉ ¶·¨´¨³ ÉÓ ²¨ÏÓ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö: a, a′ = ` ¨ b, b′ = 0. �µÔÉµ³Ê
³ É·¨Í  ML ¸¨¸É¥³Ò (278) ¢¸¥£¤  ¨³¥¥É · §³¥·´µ¸ÉÓ, · ¢´ÊÕ É·¥³. ‚¸¥ ´¥-
¤¨ £µ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ÔÉµ° ³ É·¨ÍÒ ´ Ìµ¤¨³ ¶µ Ëµ·³Ê²¥ (170), ¸µ£² ¸´µ
±µÉµ·µ°

ML
ki ≡ 〈`0|K(γki)|`0〉L` = (290)

= (−1)L(cos γki)
` P

(`+1/2 ,1/2)
n (− cos 2γki)

P
(`+1/2 ,1/2)
n (−1)

, n = (L − `)/2.

“¸²µ¢¨¥ (274) ¸¢µ¤¨³ ± · ¢¥´¸É¢ ³

det ML = 1− (ML
12)2 − (ML

31)2 − (ML
23)2 + 2 ML

12 M
L
31 M

L
23 = 0 . (291)

�Ê¸ÉÓ ` = 0, L = 2. ’µ£¤  a, b, a′, b′ = 0. ‘ ¶µ³µÐÓÕ Ëµ·³Ê² (290) ¨
(291) ´ Ìµ¤¨³, ÎÉµ ¶·¨ ²Õ¡ÒÌ ³ ¸¸ Ì Î ¸É¨Í

rank M2 = 2; det M2 = 0; M2
ii = 1, M2

ki = cos 2γki , i, k = 1, 2, 3; k 6= i.

„ ²¥¥, ¨¸¶µ²Ó§ÊÖ ¤¢  ¸¢µ°¸É¢  ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢ (4),

γ12, γ31, γ23 > 0; γ23 = π − γ12 − γ31,

¶µ± §Ò¢ ¥³, ÎÉµ ¢¸¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (278) ¶·µ¶µ·Í¨µ´ ²Ó´Ò ·¥Ï¥´¨Õ

DL
iab = sin (L(γ23δi1 + γ31δi2 + γ12δi3)) , i = 1, 2, 3. (292)

�µ¤¸É ¢²ÖÖ ¥£µ ¢ · ¢¥´¸É¢  (279), ´ Ìµ¤¨³ É·¨ (i = 1, 2, 3) ±µ³¶µ´¥´ÉÒ ²µ¦-
´µ£µ ·¥Ï¥´¨Ö, µ¡² ¤ ÕÐ¥£µ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ `, a, b = 0, σ = 1 ¨ L = 2 ¨
§ ¢¨¸ÖÐ¥£µ µÉ ³ ¸¸ Î ¸É¨Í ¶µ¸·¥¤¸É¢µ³ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢:

SLi (ri) = r−2 JL+2(
√
Er) Y `mLab(Ωi)×

× sin (L(γ23δi1 + γ31δi2 + γ12δi3) ) . (293)

�Ê¸ÉÓ L, ` = 1. ’µ£¤  ¢¸Õ¤Ê a, a′ = 1 ¨ b, b′ = 0. ‚ ¸¨²Ê · ¢¥´¸É¢ (290) ¨
(291) ¨³¥¥³

rankM1 = 2; detM1 = 0; M1
ii = 1, M1

ki = − cosγki, k, i = 1, 2, 3; k 6= i.

�¥Ï¥´¨¥ ¸¨¸É¥³Ò (278) ¨ µÉ¢¥Î ÕÐ¥¥ ¥³Ê ²µ¦´µ¥ ·¥Ï¥´¨¥ (279) ¶·¥¤¸É -
¢²Ö¥³ Ëµ·³Ê² ³¨ (292) ¨ (293) ¸ ¨´¤¥±¸ ³¨ L, `, a = 1, σ = −1 ¨ b = 0.

�Ê¸ÉÓ L ¨ ` ²Õ¡Ò¥, ´µ Î ¸É¨ÍÒ ¨³¥ÕÉ µ¤¨´ ±µ¢Ò¥ ³ ¸¸Ò. ’µ£¤  a, a′ = `
¨ b, b′ = 0 ¨ ∀|γki| = π/3. �µÔÉµ³Ê ¢¸¥ ´¥¤¨ £µ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ (290)
³ É·¨ÍÒ ML · ¢´Ò ¤·Ê£ ¤·Ê£Ê ¨ Ê¸²µ¢¨¥ (291) Ê¶·µÐ ¥É¸Ö: ¶·¨ ± ¦¤µ³
Ë¨±¸¨·µ¢ ´´µ³ ` µ´µ ¸¢µ¤¨É¸Ö ± ¤¨µË ´Éµ¢Ê Ê· ¢´¥´¨Õ

(−2)`−1P
(`+1/2, 1/2)
(L−`)/2 (−1) = P

(`+1/2, 1/2)
(L−`)/2 (1/2) (294)
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µÉ´µ¸¨É¥²Ó´µ L. �·¨ ` = 0 ¨²¨ ` = 1 ¨³¥¥É¸Ö ¶µ µ¤´µ³Ê ·¥Ï¥´¨Õ: L = 2 ¨²¨
L = 1,   ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ±µ³¶µ´¥´ÉÒ (293) ²µ¦´µ£µ ·¥Ï¥´¨Ö Ê¤µ¢²¥É¢µ·ÖÕÉ
Ê¸²µ¢¨Ö³ ¸¨³³¥É·¨¨ (289) ¨ ¨³¥ÕÉ ¢¨¤

SLi (ri) = (−1)L+1(
√

3/2) r−2 JL+2(
√
Er) Y `mLab(Ωi). (295)

�É³¥É¨³, ÎÉµ ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¶·µ¸É· ´¸É¢¥´´ Ö
Î ¸ÉÓ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ±¢ ·É¥É´µ£µ ¶µ ¸¶¨´Ê (s = 3/2) · ¸¸¥Ö´¨Ö ´¥°É·µ´ 
´  ¤¥°É·µ´¥ ¢ ¸µ¸ÉµÖ´¨¨ ¸ ` = 0 ¶µ²´µ¸ÉÓÕ ¸¨³³¥É·¨Î´  [21]. ” ¤¤¥¥¢¸±¨¥
±µ³¶µ´¥´ÉÒ ÔÉµ° Î ¸É¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶µ¤Î¨´¥´Ò ¸¨¸É¥³¥ (233), ±µÉµ· Ö
¨³¥¥É ²µ¦´µ¥ ·¥Ï¥´¨¥ (295) c L = 2.

‹µ¦´Ò¥ ·¥Ï¥´¨Ö ¢ ¸²ÊÎ ¥ P -¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �Ê¸ÉÓ ¢§ ¨³µ-
¤¥°¸É¢¨Ö P Å ¢µ²´µ¢Ò¥,   ³ ¸¸Ò Î ¸É¨Í Å ¶·µ¨§¢µ²Ó´Ò. ’¥¶¥·Ó, ±·µ³¥
Î¨¸¥² `,m ¨ σ, ¸µÌ· ´Ö¥É¸Ö Î¨¸²µ b = 1,   ¨´¤¥±¸ a ³µ¦¥É ¶·¨´¨³ ÉÓ ´¥
¡µ²¥¥ É·¥Ì §´ Î¥´¨° a = `, ` ± 1 ¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ¸µÌ· ´Ö¥É¸Ö. ‘²¥¤µ-
¢ É¥²Ó´µ, ¨´¤¥±¸Ò a, b ¨ a′, b′ ¢ Ëµ·³Ê² Ì (276)Ä(280) ÔÉ¨Ì ·¥Ï¥´¨° ³µ£ÊÉ
¶·¨´¨³ ÉÓ Éµ²Ó±µ É ±¨¥ §´ Î¥´¨Ö: b, b′ = 1; a, a′ = `, `± 1. �µÔÉµ³Ê · §³¥·-
´µ¸ÉÓ ³ É·¨ÍÒ ML ¸¨¸É¥³Ò (278) ´¥ ³µ¦¥É ¡ÒÉÓ ¡µ²ÓÏ¥ ¤¥¢ÖÉ¨. ˆ¸±²ÕÎ¥´¨¥
¸µ¸É ¢²ÖÕÉ ¨¸¸²¥¤µ¢ ´´Ò° ¢ÒÏ¥ ¸²ÊÎ ° L = 2, ` = 1 ¨ ¸²ÊÎ ¨ L = 2, ` = 0 ¨
L, ` = 1. � ¸¸³µÉ·¨³ ¨Ì.

�Ê¸ÉÓ ` = 0 ¨ L = 2. ’µ£¤  a, b, a′, b′ = 1. �µ Ëµ·³Ê² ³, ¶·¨¢¥-
¤¥´´Ò³ ¢ ±´¨£¥ [25], ´ Ìµ¤¨³ ¢¸¥ ´¥¤¨ £µ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ M2

¸¨¸É¥³Ò (278). �µ²ÊÎ ¥³ M2
ii = 1 ¨ M2

ki = cos 2γki. �É  ³ É·¨Í  ¸µ¢¶ ¤ ¥É
¸ ³ É·¨Í¥° M2, ¨¸¸²¥¤µ¢ ´´µ° · ´¥¥ ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¶µÉ¥´Í¨ ²µ¢. �µ-
ÔÉµ³Ê Ëµ·³Ê²Ò (292) ¨ (293) ¢¥·´Ò ¨ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥, ±µ£¤  ` = 0;
a, b = 1 ¨ L = 2.

�Ê¸ÉÓ `, L = 1. ’µ£¤  a, a′ = 1 ¨ b, b′ = 0. ’¥¶¥·Ó ³ É·¨Í  M1 ¸µ¢¶ -
¤ ¥É ¸ ³ É·¨Í¥° M1, · ¸¸³µÉ·¥´´µ° ¢ÒÏ¥ ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¶µÉ¥´Í¨ ²µ¢.
‡´ Î¨É Ëµ·³Ê²Ò (292) ¨ (293) ¸¶· ¢¥¤²¨¢Ò ¨ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥, Éµ
¥¸ÉÓ ¶·¨ a, b, `, L = 1 ¨ a = 0.

‚ µ¡µ¨Ì · ¸¸³µÉ·¥´´ÒÌ ¸²ÊÎ ÖÌ (` = 0, L = 2 ¨ `, L = 1) Î ¸É´Ò¥ ²µ¦-
´Ò¥ ·¥Ï¥´¨Ö (293) ¶·¨ · ¢´ÒÌ ³ ¸¸ Ì Î ¸É¨Í ¸¢µ¤ÖÉ¸Ö ± ¸µµÉ¢¥É¸É¢ÊÕÐ¨³
²µ¦´Ò³ ·¥Ï¥´¨Ö³ (295), ±µÉµ·Ò¥ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³ (289), µ¡¥¸¶¥-
Î¨¢ ÕÐ¨³ ¶µ²´ÊÕ  ´É¨¸¨³³¥É·¨Õ ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψε. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³
§ ³¥Î ´¨¥³ · ¸¸³µÉ·¨³ ¸¨¸É¥³Ê ¨§ É·¥Ì ´¥°É·µ´µ¢ ¢ ¸µ¸ÉµÖ´¨¨ ¸ ` = 1,
s = 3/2 ¨ ¶µ²´Ò³ ³µ³¥´Éµ³ (j = l + s), · ¢´Ò³ 5/2. ‚ É ±µ³ ¸µ¸ÉµÖ´¨¨
´¥°É·µ´Ò ¢§ ¨³µ¤¥°¸É¢ÊÕÉ Éµ²Ó±µ ¶µ¸·¥¤¸É¢µ³ P -¢µ²´µ¢ÒÌ ¶µÉ¥´Í¨ ²µ¢,  
¶·µ¸É· ´¸É¢¥´´ Ö Î ¸ÉÓ ¨Ì ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶µ²´µ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´ .
…¥ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ ¶µ¤Î¨´¥´Ò ¸¨¸É¥³¥ (233), ±µÉµ· Ö ¨³¥¥É ²µ¦´µ¥
·¥Ï¥´¨¥ (295) c L = 1.

4.2. �·¨³¥·Ò ÉµÎ´ÒÌ Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨° ¨ ¨Ì ²µ¦´ÒÌ ¸² £ ¥³ÒÌ. ‚
¶. 4.2 · ¸¸³ É·¨¢ ¥É¸Ö ¸¨¸É¥³  É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨
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¢§ ¨³µ¤¥°¸É¢¨Ö³¨ µ¸Í¨²²ÖÉµ·´µ£µ, § ¶¨· ÕÐ¥£µ ¨ Í¥´É·µ¡¥¦´µ£µ É¨¶µ¢. ’ -
±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö Ëµ·³Ê² ³¨ (217)Ä(219), ¢ ±µÉµ·ÒÌ b = 0 ¨,
¸µµÉ¢¥É¸É¢¥´´µ,

V (x) = (ωx)2/6 = (ω r cosϕ)2/6, ω, x ∈ R1
+, (296)

V (x)→∞, x→∞, (297)

V (x) = αx−2 = α(r cosϕ)−2, |α|, x ∈ R1
+. (298)

‘²ÊÎ ° µ¸Í¨²²ÖÉµ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ · ¡µÉ¥ [106] ”· ¥·, ƒ¨¡¸µ´ ¨
�¥°´ ¨¸¸²¥¤µ¢ ²¨ ¸É·µ¥´¨¥ Ë ¤¤¥¥¢¸±µ° ±µ³¶µ´¥´ÉÒ Ψε

1 ¢µ²´µ¢µ° ËÊ´±Í¨¨

Ψε(r) = (1 + P+ + P−)Ψε
1(r), r ≡ r1, P

± = K(±π/3) (299)

µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ε = (`,m, σ, a, b); `,m, a, b = 0, σ = 1, É·¥Ì Éµ¦¤¥¸É¢¥´-
´ÒÌ ¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¶µÉ¥´Í¨ ² ³¨ (296). ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥·  (223) ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ (299) ¸¢µ¤¨É¸Ö ± Ê· ¢´¥´¨Õ ¸ · §-
¤¥²ÖÕÐ¨³¨¸Ö ¶¥·¥³¥´´Ò³¨ x ¨ y:(

x−2∂x(x2∂x) + y−2∂y(y2∂y)− ω2(x2 + y2)/4 + E
)

Ψε(r) = 0 , (300)

  Ê· ¢´¥´¨¥ ” ¤¤¥¥¢  (236) ¤²Ö ±µ³¶µ´¥´ÉÒ Ψε
1 ¨³¥¥É ¢¨¤

6(4x +4y + E)Ψε
1(x, y) = (ωx)2Ψε(r). (301)

�µ¤¸É ¢¨¢ ¨§¢¥¸É´µ¥ ÉµÎ´µ¥ ·¥Ï¥´¨¥ [113] Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (300)

Ψε(r) = 3 exp(−ωr2/2) , E = 3ω, (302)

¢ Ê· ¢´¥´¨¥ ” ¤¤¥¥¢  (301),  ¢Éµ·Ò ¢Ò¢¥²¨ Ê· ¢´¥´¨¥

2(4x +4y + 3ω)Ψε
1(x, y) = (ωx)2 exp(−ωr2/4) . (303)

�µ µ¶·¥¤¥²¥´¨Õ µ¡· § (299) ·¥Ï¥´¨Ö ÔÉµ£µ Ê· ¢´¥´¨Ö ¤µ²¦¥´ ¸µ¢¶ ¤ ÉÓ ¸
ÉµÎ´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¥° (302). �µÔÉµ³Ê ¢ ¨¸¶µ²Ó§µ¢ ´´µ³ ¤ ²¥¥  ´§ Í¥

Ψε
1(x2, y2) = exp(−ωr2/4) + S(x2, y2) (304)

´  ¨¸±µ³ÊÕ ËÊ´±Í¨Õ S ¡Ò²µ ´ ²µ¦¥´µ ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥:

(1 + P+ + P−)S(x2, y2) ≡ 0, ∀x, y ∈ R1
+. (305)

„ ²¥¥ ”· ¥·, ƒ¨¡¸µ´ ¨ �¥°´ § ³¥É¨²¨, ÎÉµ ¢ ¸¨²Ê Éµ¦¤¥¸É¢

P±(x2 + y2) ≡ x2 + y2, (1 + P+ + P−) (x2 − y2) ≡ 0, ∀x, y ∈ R1
+,
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ÔÉµ³Ê Ê¸²µ¢¨Õ Ê¤µ¢²¥É¢µ·ÖÕÉ ¢¸¥ ËÊ´±Í¨¨ É¨¶ 

S(x2, y2) = (ω/4) (x2 − y2)Z(s) , s ≡
√
ω/2 r . (306)

�µ¤¸É ´µ¢±µ° (304), (306)  ¢Éµ·Ò ¸¢¥²¨ Ê· ¢´¥´¨¥ (303) ± ´¥µ¤´µ·µ¤´µ³Ê
Ê· ¢´¥´¨Õ �¥¸¸¥²Ö ¤²Ö ËÊ´±Í¨¨ Z(s).

Š ± ¨§¢¥¸É´µ [8], µ¡Ð¥¥ ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ É ±µ£µ ´¥µ¤´µ·µ¤´µ£µ Ê· ¢-
´¥´¨Ö ¶·¥¤¸É ¢¨³µ ¢ ¢¨¤¥ ¸Ê³³Ò µ¡Ð¥£µ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ µ¤´µ-
·µ¤´µ£µ Ê· ¢´¥´¨Ö ¨ ²Õ¡µ£µ Î ¸É´µ£µ ·¥Ï¥´¨Ö ¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö. �¡-
Ð¥¥ ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö �¥¸¸¥²Ö · ¢´µ ¶·µ¨§¢¥¤¥´¨Õ
ËÊ´±Í¨¨ �¥¸¸¥²Ö Jν µ¶·¥¤¥²¥´´µ£µ ¶µ·Ö¤±  ´  ¶·µ¨§¢µ²Ó´ÊÕ ¶µ¸ÉµÖ´´ÊÕ λ,
  Î ¸É´µ¥ ·¥Ï¥´¨¥ ´¥µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö �¥¸¸¥²Ö ¤ ¥É¸Ö ¸¢¥·É±µ° ËÊ´±-
Í¨¨ ƒ·¨´  ¸ ¥£µ ¶· ¢µ° Î ¸ÉÓÕ.

ˆ¸¶µ²Ó§µ¢ ¢ µ¶¨¸ ´´µ¥ ¢ÒÏ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ Z ¨  ´§ Í (306),
”· ¥·, ƒ¨¡¸µ´ ¨ �¥°´ ¢¶¥·¢Ò¥ ´ Ï²¨ Ö¢´µ¥ ¢Ò· ¦¥´¨¥:

S(x2, y2) =
(

(x2 − y2)/ωr4
)(

λJ4(t) + (307)

+ π

∫ t

0

ds s3 exp(−s2)(Y4(t)J4(s)− J4(t)Y4(s))
)
, t ≡

√
3ω r,

¤²Ö ´¥µ¡ÒÎ´µ£µ ¸² £ ¥³µ£µ S Ë ¤¤¥¥¢¸±µ° ±µ³¶µ´¥´ÉÒ (304) ¨ ´ §¢ ²¨ ÔÉµ
¸² £ ¥³µ¥ ²µ¦´Ò³. •µÉÖ ²µ¦´µ¥ ¸² £ ¥³µ¥ (307) µ¶·¥¤¥²¥´µ ´¥µ¤´µ§´ Î´µ,
¶·¨ ²Õ¡µ³ §´ Î¥´¨¨ ¶ · ³¥É·  λ µ´µ ´¥ ¤ ¥É, ¢ ¸¨²Ê · ¢¥´¸É¢a (305), ´¨-
± ±µ£µ ¢±² ¤  ¢ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ (299). Š·µ³¥ Éµ£µ, ²µ¦´µ¥ ¸² £ ¥³µ¥
¨³¥¥É ³¥¤²¥´´µ Ê¡Ò¢ ÕÐÊÕ ¨ µ¸Í¨²²¨·ÊÕÐÊÕ ¶·¨ r → ∞  ¸¨³¶ÉµÉ¨±Ê.
„·Ê£¨³¨ ¸²µ¢ ³¨, Ë ¤¤¥¥¢¸±µ³Ê Ê· ¢´¥´¨Õ (301) ¨²¨ (303) Ê¤µ¢²¥É¢µ·Ö¥É
µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ (Ψε

1 = Ψε
1(x, y;λ)) ³´µ¦¥¸É¢µ ·¥Ï¥´¨° (304), (307) ¸

µ¸Í¨²²¨·ÊÕÐ¨³¨  ¸¨³¶ÉµÉ¨± ³¨. �¤´ ±µ ²Õ¡µ³Ê Ô²¥³¥´ÉÊ ÔÉµ£µ ³´µ¦¥¸É¢ 
µÉ¢¥Î ¥É Éµ²Ó±µ µ¤´µ ·¥Ï¥´¨¥ (302) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (300) ¸ Ô±¸¶µ-
´¥´Í¨ ²Ó´µ Ê¡Ò¢ ÕÐ¥°  ¸¨³¶ÉµÉ¨±µ°. Š ± µÉ³¥É¨²¨ ”· ¥·, ƒ¨¡¸µ´ ¨ �¥°´,
É ± Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ²¨ÏÓ ¢ · ¸¸³µÉ·¥´´µ³ ¨³¨ ±µ´±·¥É´µ³ ¸²ÊÎ ¥,  
¢µ¶·µ¸ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¢ µ¡Ð¥³
¸²ÊÎ ¥ É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨°.

‘²ÊÎ ° ¶·µ¨§¢µ²Ó´ÒÌ § ¶¨· ÕÐ¨Ì ¢§ ¨³µ¤¥°¸É¢¨°. ‚Ò¢µ¤Ò ”· ¥· , ƒ¨¡-
¸µ´  ¨ �¥°´  ¡Ò²¨ µ¡µ¡Ð¥´Ò  ¢Éµ·µ³ ¢ · ¡µÉ¥ [57], ¢ ±µÉµ·µ° Ê¤ ²µ¸Ó
¤µ± § ÉÓ, ÎÉµ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ Ë ¤¤¥e¢¸±¨Ì ±µ³¶µ´¥´É ¸ÊÐ¥¸É¢ÊÕÉ ¤²Ö ¸¢Ö-
§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¸ ` = 0 É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ ¶·µ¨§¢µ²Ó´Ò³¨
S-¢µ²´µ¢Ò³¨ § ¶¨· ÕÐ¨³¨ ¶µÉ¥´Í¨ ² ³¨ (297). ’ ±µ¥ µ¡µ¡Ð¥´¨¥ ´¥µ¡Ìµ-
¤¨³o ¶µ ¸²¥¤ÊÕÐ¨³ ¶·¨Î¨´ ³.

Š ± ¨§¢¥¸É´µ [19], É·¥ÌÎ ¸É¨Î´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ±µ´Ë °´³¥´É-
¶µÉ¥´Í¨ ² ³¨ (297) ¨³¥¥É Éµ²Ó±µ ¶µ²µ¦¨É¥²Ó´Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
(E > 0),   µÉ¢¥Î ÕÐ¨¥ ÔÉ¨³ §´ Î¥´¨Ö³ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¶·¨´ ¤²¥¦ É
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±² ¸¸Ê L2(R6). �¤´ ±µ É¥µ·¥³  o ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨ ¥¤¨´¸É¢¥´´µ¸É¨ ·¥Ï¥´¨°
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¸²ÊÎ ¥ ¶ ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢, · ¸ÉÊÐ¨Ì ´  ¡µ²ÓÏ¨Ì
· ¸¸ÉµÖ´¨ÖÌ, ´¥ ¤µ± § ´  [21] ´¨ ¢ ± ±µ³ ±² ¸¸¥ ËÊ´±Í¨°. �µ²¥¥ Éµ£µ,  ¸¨³¶-
ÉµÉ¨±¨ ¢µ§³µ¦´ÒÌ ·¥Ï¥´¨° ÔÉ¨Ì Ê· ¢´¥´¨° ´¥¨§¢¥¸É´Ò.

‚ ¸¨²Ê ¶¥·¥Î¨¸²¥´´ÒÌ Ë ±Éµ¢ ¤²Ö ±µ´Ë °´³¥´É-¶µÉ¥´Í¨ ²µ¢ ¸Éµ¨É ¨¸-
¸²¥¤µ¢ ÉÓ ¸É·µ¥´¨¥ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¢ ¡µ²¥¥ Ï¨·µ±µ³ ±² ¸¸¥ ËÊ´±Í¨°
Aε, Î¥³ ±² ¸¸ ±¢ ¤· É¨Î´µ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° L2(R6). �·¨ É ±µ³ ¨¸-
¸²¥¤µ¢ ´¨¨ ¤µ¸É ÉµÎ´µ µ£· ´¨Î¨ÉÓ¸Ö ¶µ¨¸±µ³ ¢¸¥Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É,
±µÉµ·Ò³ µÉ¢¥Î ¥É ±¢ ¤· É¨Î´µ-¨´É¥£·¨·Ê¥³ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¸ ¶µ²µ¦¨-
É¥²Ó´µ° ¶µ²´µ° Ô´¥·£¨¥°. �·¨³¥·µ³ Éµ£µ, ± ± ÔÉµ ³µ¦´µ ¸¤¥² ÉÓ, Ö¢²Ö¥É¸Ö
· ¡µÉ  [57]. ˆ§²µ¦¨³ ¥¥ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

� ¶µ³´¨³, ÎÉµ ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¡¨¸Ë¥·¨Î¥¸± Ö ±µ³-
¶µ´¥´É  U ` ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ U `L ¢µ²´µ¢µ° ËÊ´±Í¨¨ (260),
(268) É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¶µ¤Î¨´¥´Ò Ê· ¢´¥´¨Ö³ (257) ¨ (267).
ˆ¸¸²¥¤Ê¥³ ¸É·µ¥´¨¥ µ¡Ð¨Ì ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ÔÉ¨Ì Ê· ¢´¥´¨° ¢ ¸²ÊÎ ¥
E > ` = 0, ¶µ±  ´¥ ±µ´±·¥É¨§¨·ÊÖ Ëµ·³Ê § ¶¨· ÕÐ¥£µ ¶µÉ¥´Í¨ ² . �·¥¦¤¥
¢¸¥£µ § ³¥É¨³, ÎÉµ ¶·¨ ` = 0, ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ (79),

W̃L00(ϕ) = (2/
√
π) sin(L+ 2)ϕ , L = 0, 2, ..., (308)

  · §²µ¦¥´¨¥ (262) ¸É ´µ¢¨É¸Ö ¤¨¸±·¥É´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ ”Ê·Ó¥ [3]:

U0(r, ϕ) = (2
√
π)

∞∑
L=0

U0
L(r) sin(L+ 2)ϕ . (309)

�µ Ëµ·³Ê² ³ (264) ¨ (265) ´ Ìµ¤¨³

S0
L = 1 + 4

sin(L+ 2)π/3

(L+ 2) sin 2π/3
, L = 0, 2, ... , (310)

S0
0 = 1, S0

2 = 0, S0
L 6= 0, ∀L > 2.

’ ± ± ± S0
2 = 0, Éµ ¶·¨ ²Õ¡µ³ ¶µÉ¥´Í¨ ²¥ V ¸¨¸É¥³  Ê· ¢´¥´¨° (267) · ¸¶ -

¤ ¥É¸Ö ´  ¸¨¸É¥³Ê (L = 0, 4, 6, ...) Ê· ¢´¥´¨°

(∂2
r + r−1∂r − (L+ 2)2r−2 + E)U0

L(r) = R0
L(r) ≡

∑
L′ 6=2

V LL
′

00 (r)S0
L′ U

0
L′(r),

(311)
´¥ ¸µ¤¥·¦ ÐÊÕ ËÊ´±Í¨Õ U0

2 , ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥

(∂2
r + r−1∂r − 16r−2 + E)U0

2 (r) = R0
2(r) ≡

∑
L′ 6=2

V 2L′

00 (r)S0
L′ U

0
L′(r), (312)

µ¶·¥¤¥²ÖÕÐ¥¥ ËÊ´±Í¨Õ U0
2 Î¥·¥§ ¢¸¥ µ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ U0

L ¸ ¨´¤¥±¸ ³¨
L 6= 2. ‡ ³¥´µ°  ·£Ê³¥´É  t ≡ r

√
E ¸¢¥¤¥³ ÔÉµ ¸µµÉ´µÏ¥´¨¥ ± ´¥µ¤´µ-
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·µ¤´µ³Ê Ê· ¢´¥´¨Õ �¥¸¸¥²Ö. �¡Ð¥¥ ·¥£Ê²Ö·´µ¥ ¢ ´Ê²¥ ·¥Ï¥´¨¥ U0
2 (t) ¶µ-

²ÊÎ¥´´µ£µ Ê· ¢´¥´¨Ö ¸µ¤¥·¦¨É µ¡Ð¥¥ ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ λJ4(t) ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥£µ µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö ¨ Î ¸É´µ¥ ·¥Ï¥´¨¥ ¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö.
�µÔÉµ³Ê ¶·¨ E > 0 Ê· ¢´¥´¨¥ (312) ¨³¥¥É µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ³´µ¦¥¸É¢µ
·¥Ï¥´¨° ¸ ¶ · ³¥É·µ³ λ ¨ µ¸Í¨²²¨·ÊÕÐ¥° ¶·¨ r →∞  ¸¨³¶ÉµÉ¨±µ°:

U0
2 (r;λ) = λJ4(t) + (313)

+ (π/2)

∫ r

0

ds s (Y4(t)J4(s)− J4(t)Y4(s) ) R0
2(s/
√
E) , t = r

√
E .

‘²¥¤µ¢ É¥²Ó´µ, µ¡Ð¥¥ ·¥Ï¥´¨¥ (309) Ê· ¢´¥´¨Ö (257) É ±¦¥ § ¢¨¸¨É µÉ ¶ · -
³¥É·  λ ¨ ¶·¥¤¸É ¢¨³µ ¢ ¢¨¤¥ ¸Ê³³Ò Ë¨§¨Î¥¸±µ£µ (§ ±²ÕÎ¥´´µ£µ ¢ ¸±µ¡±¨) ¨
²µ¦´µ£µ ¸² £ ¥³ÒÌ:

U0(r, ϕ) = (2/
√
π)

∑
L 6=2

U0
L(r) sin(L + 2)ϕ

+ (2/
√
π)U0

2 (r;λ) sin 4ϕ.

(314)
’ ±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µ·µ¦¤ ¥É ¸²¥¤ÊÕÐ¥¥ · §¡¨¥´¨¥ ± ¦¤µ° (i = 1, 2, 3)
Ë ¤¤¥¥¢¸±µ° ±µ³¶µ´¥´ÉÒ (261):

Ψε
i (ri;λ) =

 4√
πr2

∞∑
L 6=2

U0
L(r)

sin (L+ 2)ϕi
sin 2ϕi

+
8√
πr2

U0
2 (r; λ) cos 2ϕi.

(315)
‡¤¥¸Ó ¸² £ ¥³Ò¥, § ±²ÕÎ¥´´Ò¥ ¢ ¸±µ¡±¨, Å Ë¨§¨Î¥¸±¨¥,   ¢Éµ·Ò¥ ¸² -

£ ¥³Ò¥ Å ²µ¦´Òe. „¥°¸É¢¨É¥²Ó´µ, ¢ ¸¨²Ê · ¢¥´¸É¢  S0
2 = 0 µ´¨ ´¥ ¤ ÕÉ

´¨± ±µ£µ ¢±² ¤  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ¥ · §²µ¦¥´¨¥ (268) ¢µ²´µ¢µ° ËÊ´±Í¨¨:

Ψε(ri) =
4√
πr2

(
3U0

0 (r) +

∞∑
L=4

S0
LU

0
L(r)

sin (L+ 2)ϕi
sin 2ϕi

)
. (316)

� ¸¸³µÉ·¨³ ¢ ± Î¥¸É¢¥ ¨²²Õ¸É·¨·ÊÕÐ¥£µ ¶·¨³¥·  Î ¸É´Ò° ¸²ÊÎ ° µ¸Í¨²-
²ÖÉµ·´ÒÌ ±µ´Ë °´³¥´É-¶µÉ¥´Í¨ ²µ¢ (296). �·¨³¥´¨¢ Ëµ·³Ê²Ò (216), (266),
(308) ¨ Éµ¦¤¥¸É¢µ

2 cos2 ϕ sin(L+ 2)ϕ ≡ sin(L+ 4)ϕ− sinLϕ ,

¢ÒÎ¨¸²¨³ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ É ±¨Ì ¶µÉ¥´Í¨ ²µ¢:

V LL
′

00 (r) = ±(ωr2) δL′,L±2/12 .

’ ± ± ± V LL
′

00 = 0 ¶·¨ L′ 6= L ± 2 ¨ S0
2 = 0, Éµ ¸¨¸É¥³  Ê· ¢´¥´¨° (311)

· ¸Ð¥¶²Ö¥É¸Ö ´  µ¤´µ·µ¤´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ U0
0 :(

∂2
r + r−1∂r − 4r−2 + E − (ωr)2/4

)
U0

0 (r) = 0, (317)
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¨ ¸¨¸É¥³Ê (L = 4, 6, ...) § Í¥¶²ÖÕÐ¨Ì¸Ö Ê· ¢´¥´¨°, ´¥ ¸µ¤¥·¦ Ð¨Ì ËÊ´±Í¨°
U0

0 ¨ U0
2 :

24
(
∂2
r + r−1∂r − (L+ 2)2r−2 + E

)
U0
L(r) = (ωr)2

∑
L′=L±2

S0
L′ U

0
L′(r).

(318)
�µ Éµ° ¦¥ ¶·¨Î¨´¥ ¸µµÉ´µÏ¥´¨¥ (312) ¶·¨´¨³ ¥É ¢¨¤

24
(
∂2
r + r−1∂r − 16r−2 + E

)
U0

2 (r) = (ωr)2
(

3U0
0 (r) + U0

6 (r)
)
. (319)

�µ¸É·µ¨³ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (317)Ä(319). Š ± ¨§¢¥¸É´µ [8],
Ê· ¢´¥´¨¥ (317) ¢ ±² ¸¸¥ ËÊ´±Í¨° L2(R1

+) ¨³¥¥É ¸Î¥É´µ¥ (p = 0, 1, ...) ³´µ-
¦¥¸É¢µ ·¥Ï¥´¨°, ¶·¨Î¥³ ± ¦¤µ³Ê ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ E = Ep µÉ¢¥Î ¥É
µ¤´  ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö, ¸µ¤¥·¦ Ð Ö ¶µ²¨´µ³ ‹Ö££¥·  L2

p:

E = Ep = (3 + 2p)ω , (320)

U0
0 (r;Ep) = r2 L2

p(s) exp(−s/2), s ≡ ωr2/2 , p = 0, 1, ...

„²Ö ± ¦¤µ£µ p ¢ ± Î¥¸É¢¥ ·¥£Ê²Ö·´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (318)
¢Ò¡¥·¥³ É·¨¢¨ ²Ó´µ¥:

U0
L(r;Ep) ≡ 0 , ∀r ∈ R1

+, L = 4, 6, ... (321)

’µ£¤  ± ¦¤µ³Ê (p = 0, 1, ...) ·¥Ï¥´¨Õ (320) Ê· ¢´¥´¨Ö (317) ¡Ê¤¥É µÉ¢¥Î ÉÓ
¸¢µ¥ µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ³´µ¦¥¸É¢µ (313) ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (319):

U0
2 (r;Ep, λ) = λJ4(tp) + (322)

+ (πω2/16)

∫ r

0

ds s3
(
Y4(tp)J4(s)− J4(tp)Y4(s)

)
U0

0 (s;Ep)

¸  ·£Ê³¥´Éµ³ tp ≡ r
√
Ep ¨ ¶ · ³¥É·µ³ λ. �·¨ ¢Ò¡µ·¥ (321) Ëµ·³Ê²Ò (314)Ä

(316) § ³¥É´µ Ê¶·µÐ ÕÉ¸Ö: pÖ¤ (314) ¢Ò·µ¦¤ ¥É¸Ö ¢ ¸Ê³³Ê ¤¢ÊÌ ËÊ´±Í¨°:

U0(r, ϕ;Ep, λ) = (2/
√
π)
(
U0

0 (r;Ep) sin 2ϕ+ U0
2 (r;Ep, λ) sin 4ϕ

)
,

¢Éµ· Ö ¨Ì ´¨Ì ¶µ·µ¦¤ ¥É ²µ¦´µ¥ ¸² £ ¥³µ¥ Ë ¤¤¥¥¢¸±µ° ±µ³¶µ´¥´ÉÒ (315):

Ψε
i (ri, Ep;λ) =

4√
πr2

(
U0

0 (r;Ep) + 2U0
2 (r;Ep, λ) cos 2ϕi

)
.

„²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö (p = 0) ÔÉµ ¸² £ ¥³µ¥ ¶·µ¶µ·Í¨µ´ ²Ó´µ ²µ¦´µ³Ê
¸² £ ¥³µ³Ê (307), ´ °¤¥´´µ³Ê ”· ¥·µ³, ƒ¨¡¸µ´µ³ ¨ �¥°´µ³. ‚µ²´µ¢ Ö ËÊ´±-
Í¨Ö (316) p-¸µ¸ÉµÖ´¨Ö,

Ψε(ri;Ep) = (2/3
√
π)U0

0 (r;Ep),
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¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö ¸µ¢¶ ¤ ¥É ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¢µ²-
´µ¢µ° ËÊ´±Í¨¥°, ¶µ²ÊÎ¥´´µ° ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (223) ³¥Éµ¤µ³
£¨¶¥·£ ·³µ´¨± [114].

’¥¶¥·Ó ´  ¶·¨³¥·¥ Ê· ¢´¥´¨Ö (257) ¸ ´¥±µÉµ·Ò³ § ¶¨· ÕÐ¨³ ¶µÉ¥´-
Í¨ ²µ³ (297) ¨ E > ` = 0 ¶µÖ¸´¨³ ¸¶µ¸µ¡Ò, ¶µ§¢µ²ÖÕÐ¨¥, ¢ ¶·¨´Í¨¶¥,
¨§¡ ¢¨ÉÓ¸Ö µÉ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ, ¨ ¶·µ ´ ²¨§¨·Ê¥³, ± ±¨³ µ¡· §µ³ ¶·¨ Î¨-
¸²¥´´µ³ ·¥Ï¥´¨¨ ÔÉµ£µ Ê· ¢´¥´¨Ö ¸µ ¸É ´¤ ·É´Ò³ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ ¶·µ-
¨¸Ìµ¤¨É ¢Ò¡µ·  ³¶²¨ÉÊ¤Ò λ ´¥µ¤´µ§´ Î´µ° Î ¸É¨ ²µ¦´µ£µ ¸² £ ¥³µ£µ.

‘ ³Ò° ´ ¤¥¦´Ò° ¸¶µ¸µ¡ ¨§¡ ¢¨ÉÓ¸Ö µÉ ²µ¦´µ£µ ¸² £ ¥³µ£µ µ¸´µ¢ ´ ´ 
É¥µ·¥³¥ 3. �ÉµÉ ¸¶µ¸µ¡ ·¥ ²¨§Ê¥É¸Ö ¤µ¶µ²´¥´¨¥³ Ê· ¢´¥´¨Ö (257) Ê¸²µ¢¨¥³
µ·Éµ£µ´ ²Ó´µ¸É¨ ¨¸±µ³µ£µ ·¥Ï¥´¨Ö U0 ËÊ´±Í¨¨ W̃200, µ¶¨¸Ò¢ ÕÐ¥° £¨¶¥·-
Ê£²µ¢ÊÕ § ¢¨¸¨³µ¸ÉÓ ²µ¦´µ£µ ¸² £ ¥³µ£µ:∫ π/2

0

dϕ sin 4ϕU0(r, ϕ;λ) ≡ 0 , ∀r ∈ R1
+. (323)

’ ±µ¥ Ê¸²µ¢¨¥ ´¥¸²µ¦´µ ¢±²ÕÎ¨ÉÓ ¢ ¨§¢¥¸É´Ò¥  ²£µ·¨É³Ò [59,60,88,92,93]
Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (257).

‹µ¦´µ¥ ¸² £ ¥³µ¥ Å ´¥¨´É¥£·¨·Ê¥³ Ö ¶µ ¶¥·¥³¥´´µ° r ËÊ´±Í¨Ö. �µ-
ÔÉµ³Ê ¨§¡ ¢¨ÉÓ¸Ö µÉ ¥£µ ´¥µ¤´µ§´ Î´µ° Î ¸É¨ ¶µ§¢µ²Ö¥É § ³¥´  Ê¸²µ¢¨Ö (323)
 ²ÓÉ¥·´ É¨¢´Ò³ Ê¸²µ¢¨¥³:∫ ∞

0

dr
(
U0(r, ϕ;λ)

)2 ≡ 0 , ∀ϕ ∈ [0, π/2], (324)

¶µ·µ¦¤ ÕÐ¨³ · ¢¥´¸É¢µ λ = 0. �¤´ ±µ ÔÉµ Ê¸²µ¢¨¥, ¸Ê¦ ÕÐ¥¥ ±² ¸¸ ¨¸±µ-
³ÒÌ ·¥Ï¥´¨° U0 ¤µ ±² ¸¸  L2(R2

+) ËÊ´±Í¨°, ´¥ É ± ¶·µ¸Éµ ¢±²ÕÎ¨ÉÓ ¢ É· -
¤¨Í¨µ´´Ò¥  ²£µ·¨É³Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨°. �¡ÒÎ´µ
É ±¨¥ Ê· ¢´¥´¨Ö ¤²Ö § ¤ Î¨ ´  É·¥ÌÎ ¸É¨Î´µ¥ ¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ ·¥Ï ÕÉ¸Ö
¶·¨ §´ Î¥´¨ÖÌ ¶¥·¥³¥´´µ° r, µ£· ´¨Î¥´´ÒÌ (r ≤ R) ´¥±µÉµ·Ò³ ¤µ¸É ÉµÎ´µ
¡µ²ÓÏ¨³, ´µ ±µ´¥Î´Ò³ ¶ · ³¥É·µ³ R < ∞,   Ê¸²µ¢¨¥ (324) § ³¥´Ö¥É¸Ö É·¥-
¡µ¢ ´¨¥³

U0(r, ϕ;λ) ≡ 0 , ∀r ≥ R, ∀ϕ ∈ [0, π/2]. (325)

Ÿ¸´µ, ÎÉµ ¶·¨ ²Õ¡µ³, ´µ ±µ´¥Î´µ³ R ·¥Ï¥´¨¥ U0 Ê· ¢´¥´¨Ö (257) ¸ £· ´¨Î-
´Ò³ Ê¸²µ¢¨¥³ (325) ±¢ ¤· É¨Î´µ-¨´É¥£·¨·Ê¥³µ ¢µ ¢¸¥° µ¡² ¸É¨ R2

+. ’¥³ ´¥
³¥´¥¥ ¢ÒÎ¨¸²¥´´ Ö ËÊ´±Í¨Ö U0,   §´ Î¨É ¨ ¸µ¶µ¸É ¢²¥´´ Ö ¥° Ë ¤¤¥¥¢¸± Ö
±µ³¶µ´¥´É  (315), ¸µ¤¥·¦ É ²µ¦´Ò¥ ¸² £ ¥³Ò¥. „µ± ¦¥³ ÔÉµ ÊÉ¢¥·¦¤¥´¨¥,
· ¸¸³µÉ·¥¢ ¤¢  ¢µ§³µ¦´ÒÌ ¸²ÊÎ Ö (A) ¨ (B), ±µ£¤  Î¨¸²µ q ≡

√
ER ¸µ¢¶ -

¤ ¥É ¨²¨ ´¥ ¸µ¢¶ ¤ ¥É ¸ ± ±¨³-²¨¡µ ±µ·´¥³ ËÊ´±Í¨¨ J4:

J4(q) 6= 0 (A); J4(q) = 0 (B) . (326)

‚ ¸¨²Ê ²¨´¥°´µ° ´¥§ ¢¨¸¨³µ¸É¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° (308) ·Ö¤ (309) ¤²Ö
ËÊ´±Í¨¨ U0 µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ r = R Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨ ¢¸¥
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¥£µ ±µ³¶µ´¥´ÉÒ U0
L · ¢´Ò ´Ê²Õ ¢ ÔÉµ° ÉµÎ±¥. ‘²¥¤µ¢ É¥²Ó´µ, Ê¸²µ¢¨¥ (325)

¶µ·µ¦¤ ¥É · ¢¥´¸É¢µ U0
2 (R;λ) = 0.

B ¸²ÊÎ ¥ (A) ÔÉµ · ¢¥´¸É¢µ ´¥ ¶·µÉ¨¢µ·¥Î¨É ¶·¥¤¸É ¢²¥´¨Õ (313) Éµ²Ó±µ
¶·¨ µ¤´µ³, ¢µµ¡Ð¥ £µ¢µ·Ö, µÉ²¨Î´µ³ µÉ ´Ê²Ö §´ Î¥´¨¨ ¶ · ³¥É·  λ:

λ = λ(R,E) = − π

2J4(q)

∫ R

0

ds s (Y4(q)J4(s)− J4(q)Y4(s) ) R0
2(s/
√
E).

(327)
‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ ¢¸¥Ì r < R ¢ÒÎ¨¸²¥´´ Ö ËÊ´±Í¨Ö U0 ¸µ¤¥·¦¨É µ¤´µ-
§´ Î´µ µ¶·¥¤¥²¥´´µ¥ ²µ¦´µ¥ ¸² £ ¥³µ¥ λ(R,E)J4(

√
Er) sin 4ϕ. Š·µ³¥ Éµ£µ,

¥¸²¨ Î¨¸²µ q ¸É·¥³¨É¸Ö ± ± ±µ³Ê-²¨¡µ ±µ·´Õ ËÊ´±Í¨¨ �¥¸¸¥²Ö J4, Éµ ËÊ´±-
Í¨Ö λ(R,E) ´¥µ£· ´¨Î¥´´µ ¢µ§· ¸É ¥É, ÎÉµ ¶µ·µ¦¤ ¥É ´¥Ê¸Éµ°Î¨¢µ¸ÉÓ ¢ ¢Ò-
Î¨¸²Ö¥³ÒÌ §´ Î¥´¨ÖÌ ËÊ´±Í¨¨ U0.

‚ ¸²ÊÎ ¥ (B) ´¥§ ¢¨¸¨³µ µÉ §´ Î¥´¨Ö ¶ · ³¥É·  λ ¶¥·¢µ¥ ¸² £ ¥³µ¥
λJ4 ¸Ê³³Ò (313), ¶·µ¶µ·Í¨µ´ ²Ó´µ¥ §´ ³¥´ É¥²Õ ¤·µ¡¨ (327), µ¡· Ð ¥É¸Ö
¢ ´Ê²Ó ¶·¨ r = R. ‚ ¸¨²Ê Ê¸²µ¢¨Ö U0

2 (R;λ) = 0 ¢ ÔÉµ° ¦¥ ÉµÎ±¥ ´Ê²¥¢Ò³
¸É ´µ¢¨É¸Ö ¨ ¢Éµ·µ¥ (¨´É¥£· ²Ó´µ¥) ¸² £ ¥³µ¥ ÔÉµ° ¸Ê³³Ò, ¶·µ¶µ·Í¨µ´ ²Ó-
´µ¥ Î¨¸²¨É¥²Õ ¤·µ¡¨ (327). �µÔÉµ³Ê · ¸¸³ É·¨¢ ¥³ Ö ¤·µ¡Ó (327) É¥·Ö¥É
¸³Ò¸², ¶ · ³¥É· λ ³µ¦¥É ¶·¨´¨³ ÉÓ ²Õ¡Ò¥ §´ Î¥´¨Ö,   ËÊ´±Í¨Ö U0 ¶·¨
¢¸¥Ì r ≤ R ¸µ¤¥·¦¨É ¢¸¥ µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ³´µ¦¥¸É¢µ ²µ¦´ÒÌ ¸² £ -
¥³ÒÌ É¨¶  λJ4(

√
Er) sin 4ϕ. � ¸¸³µÉ·¥´´Ò° ¸²ÊÎ ° (B) ´¥ ·¥ ²¨§Ê¥É¸Ö ´ 

¶· ±É¨±¥ ¨§-§  µÏ¨¡µ± µ±·Ê£²¥´¨Ö, ¢µ§´¨± ÕÐ¨Ì, ´ ¶·¨³¥·, ¶·¨ ¢ÒÎ¨¸²¥´¨¨
´Ê²¥° ËÊ´±Í¨¨ J4.

‚ § ±²ÕÎ¥´¨¥ ¸Ëµ·³Ê²¨·Ê¥³ ¤µ± § ´´ÊÕ  ²ÓÉ¥·´ É¨¢Ê.
’¥µ·¥³  4. ƒ· ´¨Î´µ³Ê Ê¸²µ¢¨Õ (325) c ¢Ò¡· ´´Ò³ R < ∞ µÉ¢¥Î ¥É

²¨¡µ ¥¤¨´¸É¢¥´´µ¥ ²µ¦´µ¥ ¸² £ ¥³µ¥ ¸ µ¶·¥¤¥²¥´´Ò³ Ëµ·³Ê²µ° (327) ±µÔË-
Ë¨Í¨¥´Éµ³ λ, ²¨¡µ ¢¸¥ µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ³´µ¦¥¸É¢µ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ.
�¥·¢Ò° ¸²ÊÎ ° ·¥ ²¨§Ê¥É¸Ö ¨ ¢ É¥µ·¨¨, ¨ ´  ¶· ±É¨±¥ ¶·¨ Ê¸²µ¢¨¨ (326)(A),
¢Éµ·µ° Å É¥µ·¥É¨Î¥¸±¨ ¢µ§³µ¦¥´ ¶·¨ Ê¸²µ¢¨¨ (326)(B).

‘²ÊÎ ° ¢§ ¨³µ¤¥°¸É¢¨° Í¥´É·µ¡¥¦´µ£µ É¨¶ . � ¸¸³µÉ·¨³ ¸¨¸É¥³Ê É·¥Ì
Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ (218), (298). ˆ¸-
¸²¥¤Ê¥³ Ë ¤¤¥¥¢¸±µ¥ Ê· ¢´¥´¨¥ (257) ¸ ´¥±µÉµ·Ò³ `-³¥Éµ¤µ³ · §¤¥²¥´¨Ö ¶¥-
·¥³¥´´ÒÌ [8]. �·¥¤¶µ²µ¦¨³, ÎÉµ p2 Å ¶µ¸ÉµÖ´´ Ö · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ
r ¨ ϕ,   ¨¸±µ³µ¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

U `(r, ϕ) = Zp(
√
Er)F `p (ϕ) . (328)

�µ¤¸É ¢¨¢ É ±µ°  ´§ Í ¢ Ê· ¢´¥´¨¥ (257), ¢Ò¢e¤e³ ¤¢  ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö Ê· ¢-
´¥´¨Ö: Ê· ¢´¥´¨¥ �¥¸¸¥²Ö (211) ¸ ¨´¤¥±¸µ³ ν = p ¤²Ö ËÊ´±Í¨¨ Zp(

√
Er) ¨

¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ F `p (ϕ):

cos2 ϕ
(
p2 − L̃2

`0

)
F `p (ϕ) = α 〈ϕ|S`|F `p 〉 . (329)
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‚ÒÖ¸´¨³, ¶·¨ ± ±¨Ì Ê¸²µ¢¨ÖÌ ÔÉµ³Ê Ê· ¢´¥´¨Õ Ê¤µ¢²¥É¢µ·Ö¥É ±µ´¥Î´ Ö ²¨-
´¥°´ Ö ±µ³¡¨´ Í¨Ö

F `p (ϕ) = F `pt(ϕ) ≡
t∑

L=`

B`L W̃L`0(ϕ) , t <∞, (330)

¸ ¶µ±  ¥Ð¥ ´¥¨§¢¥¸É´Ò³¨ ¶µ¸ÉµÖ´´Ò³¨ p ¨ B`L.
ˆ¸¶µ²Ó§ÊÖ ·¥±Ê··¥´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ¶µ²¨´µ³µ¢ Ÿ±µ¡¨ ¸ ´¨¦´¨³¨

¨´¤¥±¸ ³¨ n ¨ n± 1, ¤µ± §Ò¢ ¥³ ±²ÕÎ¥¢µ¥ · §²µ¦¥´¨¥

cos2 ϕW̃L`0(ϕ) =
∑

s=0,±1

C`Ls W̃L+2s,`0(ϕ), (331)

¢ ±µÉµ·µ³ C`Ls = 0 ¶·¨ L+ 2s < `,   ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥

2C`L′s ≡ δs0

(
1− `(`+ 1)

(L+ 1)(L+ 3)

)
+ (332)

+

(
n(2n+ 1)(n+ `+ 1)(L+ `+ 1)

L(L+ 2)(L+ 1)2

)1/2

,

s = 0,±1; L′ ≡ L− 2δs1; L = 2n+ 1.

�µ¤¸É ¢¨³ ¨¸±µ³ÊÕ ËÊ´±Í¨Õ (330) ¢ Ê· ¢´¥´¨¥ (329). ˆ¸¶µ²Ó§ÊÖ · ¢¥´-
¸É¢  (263), (264) ¨ (331), ¢Ò¢µ¤¨³ ¸µµÉ´µÏ¥´¨¥ p2 = (t+ 2)2, µ¶·¥¤¥²ÖÕÐ¥¥
¶µ¸ÉµÖ´´ÊÕ · §¤¥²¥´¨Ö p2 ¶¥·¥³¥´´ÒÌ r ¨ ϕ, ¨ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥-
´¨° ¤²Ö ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ B`L. „²Ö ¸Éµ²¡Í  B` ≡ (B`` , B

`
`+2, ..., B

`
t )
T ,

¸µ¸É ¢²¥´´µ£µ ¨§ É ±¨Ì ±µÔËË¨Í¨¥´Éµ¢, ÔÉÊ ¸¨¸É¥³Ê ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥
µ¤´µ·µ¤´µ£µ ³ É·¨Î´µ£µ Ê· ¢´¥´¨Ö:

A`(α) B` = 0 (333)

¨²¨ ¢ ¢¨¤¥ µ¡µ¡Ð¥´´µ° ¸¶¥±É· ²Ó´µ° ³ É·¨Î´µ° § ¤ Î¨:

A`(0) B` = αS` B` . (334)

�¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ ¤¨ £µ´ ²Ó´µ° ³ É·¨ÍÒ

diag S` =
(
S`` , S

`
`+2, ..., S

`
t

)
§ ¤ ´Ò Ëµ·³Ê² ³¨ (265),   Ô²¥³¥´ÉÒ £² ¢´µ° (s = 0), ¢¥·Ì´¥° (s = +1) ¨
´¨¦´¥° (s = −1) ¤¨ £µ´ ²¥° É·¥Ì¤¨ £µ´ ²Ó´µ° ³ É·¨ÍÒ

A`(α) = A`(0)− αS`

¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ (265) ¨ (332) · ¢¥´¸É¢ ³¨

A`Ls ≡
(
p2 − (L+ 2s+ 2)2

)
C`L+2s,−s − αS`L δs0 , L = `, `+ 2, ..., t. (335)
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�² £µ¤ ·Ö ¨³ ³ É·¨Î´Ò° Ô²¥³¥´É A`L′0 ´¥ § ¢¨¸¨É µÉ α Éµ£¤  ¨ Éµ²Ó±µ
Éµ£¤ , ¥¸²¨ S`L′ = 0. ‚ ÔÉµ³ µ¸µ¡µ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö W̃L′`0 ¸µ£² ¸´µ · -
¢¥´¸É¢ ³ (264) ¨ (265) µÉµ¡· ¦ ¥É¸Ö µ¶¥· Éµ·µ³ S` ¢ Éµ¦¤¥¸É¢¥´´Ò° ´Ê²Ó,  
Ê· ¢´¥´¨Ö (333) µ¡· Ð ÕÉ¸Ö ¢ Éµ¦¤¥¸É¢ , ¥¸²¨ t = L′ ¨ ²¨ÏÓ µ¤¨´ ¨§ Ô²¥³¥´-
Éµ¢ ¸Éµ²¡Í  B,   ¨³¥´´µ B`L′ , µÉ²¨Î¥´ µÉ ´Ê²Ö. ‘µ£² ¸´µ  ´§ ÍÊ (328) É ±µ³Ê
¸Éµ²¡ÍÊ µÉ¢¥Î ¥É ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (257), ´¥ § ¢¨¸ÖÐ¥¥ µÉ
¶ · ³¥É·  α:

U `(r, ϕ) = B`L′ JL′+2(
√
Er) W̃L′`0(ϕ) .

…¸²¨ ÔÉµ ²µ¦´µ¥ ·¥Ï¥´¨¥ ¶µ¤¸É ¢¨ÉÓ ¢ Ëµ·³Ê²Ê (260), Éµ ¶µ²ÊÎ¨É¸Ö É·¨-
¢¨ ²Ó´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψε ≡ 0. Š ± µÉ³¥Î ²µ¸Ó ¢ ¶. 4.1, ¤²Ö · ¸¸³ -
É·¨¢ ¥³µ° É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò É ± Ö ¸¨ÉÊ Í¨Ö ·¥ ²¨§Ê¥É¸Ö Éµ²Ó±µ ¶·¨
L, ` = 1 ¨²¨ L = 2, ` = 0. ‚µ ¢¸¥Ì µ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ, ±µ£¤  § ¤ Î  (333)
¨³¥¥É ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥, ¡¨¸Ë¥·¨Î¥¸±µ° ±µ³¶µ´¥´É¥ U `, µ¶·¥¤¥²¥´´µ°
Ëµ·³Ê² ³¨ (328) ¨ (330), µÉ¢¥Î ¥É É·¥ÌÎ ¸É¨Î´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö (260):

Ψε(r) = r−2Zp(
√
Er)

t∑
L=`

S`LB
`
L Y

`m
L`0(Ω). (336)

�µ  ²ÓÉ¥·´ É¨¢¥ ”·¥¤£µ²Ó³  [2] ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (333),
¨³¥ÕÐ¥¥ ¢¨¤ ¸Éµ²¡Í  B` ¸ ¤¢Ê³Ö ¨ ¡µ²¥¥ ´¥´Ê²¥¢Ò³¨ Ô²¥³¥´É ³¨, ¸ÊÐ¥¸É¢Ê¥É
Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨ ¶ · ³¥É· α Ö¢²Ö¥É¸Ö ´Ê²¥³ ¤¥É¥·³¨´ ´É  ³ É·¨ÍÒ
A`(α). ˆ§ · ¢¥´¸É¢ (335) ¸²¥¤Ê¥É, ÎÉµ ¶·¨ ²Õ¡ÒÌ ` ¨ t ¶µ¸²¥¤´¨° Ô²¥³¥´É A`t0
£² ¢´µ° ¤¨ £µ´ ²¨ ³ É·¨ÍÒ A` · ¢¥´ −αS`t ,   ¢ µ¸µ¡ÒÌ ¸²ÊÎ ÖÌ, L, ` = 1
¨ L = 2, ` = 0, ¢¥·´µ · ¢¥´¸É¢µ ∂αA

`
L0 = 0. �µÔÉµ³Ê α = 0 Ö¢²Ö¥É¸Ö

±µ·´¥³ ¶µ²¨´µ³  det A`(α),   Î¨¸²µ ¥£µ µ¸É ²Ó´ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ ´Ê²¥° ´¥
¶·¥¢ÒÏ ¥É

N `
t ≡ (t− `)/2− δ`0 − δ`1 . (337)

…¸²¨ ³ É·¨Í  A` ¨³¥¥É ¤¨ £µ´ ²Ó´µ¥ ¶·¥µ¡² ¤ ´¨¥, Éµ µ´  ´¥¢Ò·µ¦¤¥´-
´ Ö [2]. ‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ´Ê²¨ ¥¥ ¤¥É¥·³¨´ ´É  Ê¤µ¢²¥É¢µ·ÖÕÉ ÌµÉÖ ¡Ò
µ¤´µ³Ê (L = `, `+ 2, ..., t) ¨§ ´¥· ¢¥´¸É¢

|A`L0(0)− αS`L| <
∑
s=±1

A`Ls(0) . (338)

�·¨¢¥¤¥³ ´¥±µÉµ·Ò¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö § ¤ Î¨ (333).
�Ê¸ÉÓ ` = 0. ’µ£¤  ¶·¨ t = 0 ¸ÊÐ¥¸É¢Ê¥É ²¨ÏÓ É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥

B0 = (0)T ,   ¶·¨ t = 2 ¨ ²Õ¡µ³ α ¨³¥¥É¸Ö µ¸µ¡µ¥ ·¥Ï¥´¨¥ B0 = (0, 1)T .
…¸²¨ t = 4, Éµ ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ É ±µ¢µ:

α = 4 , B0 = (−5, 4, 5)T .

‚ ¸²ÊÎ ¥ t = 6 ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ·¥Ï¥´¨Ö:

α± = 9±
√

11, B0
± =

(
4, α± − 10,

60

21− α±
,

280

α±(21− α±)

)T
.
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�Ê¸ÉÓ ` = 1. ’µ£¤  ¶·¨ t = 1 ¨ ²Õ¡µ³ α ¸ÊÐ¥¸É¢Ê¥É µ¸µ¡µ¥ ·¥Ï¥´¨¥
B1 = (1)T , ¶·¨ t = 3 ·¥Ï¥´¨Ö ´¥É,   ¶·¨ t = 5 ¨³¥¥É¸Ö µ¤´µ ·¥Ï¥´¨¥:

α = 79/6, B1 =
(

79
√

3,−395, 120
√

2/S1
5

)T
.

…¸²¨ ` > 1 ¨ t = `, Éµ ¨³¥¥É¸Ö Éµ²Ó±µ É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥,   ¢ ¸²ÊÎ ¥
t = `+ 2 ¸ÊÐ¥¸É¢Ê¥É µ¤´µ ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥:

α = 6/(1 + 2(−2)`), B` =
(√

3(`+ 4)S``+2,
√

2`+ 3S``

)T
.

‚ ¤·Ê£¨Ì ¸²ÊÎ ÖÌ ¸¶¥±É· ²Ó´ÊÕ § ¤ ÎÊ (333) ¨²¨ (334) ´¥É·Ê¤´µ ·¥-
Ï¨ÉÓ ¨§¢¥¸É´Ò³¨ Î¨¸²¥´´Ò³¨ ³¥Éµ¤ ³¨ [2]. O¡¸Ê¤¨³ ¨§¢¥¸É´Ò¥ ·¥§Ê²Ó-
É ÉÒ [66,109] Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ¢ ¸²ÊÎ ¥ ` = 0. ˆ¸¶µ²Ó§µ¢ ¢
· ¢¥´¸É¢  (332) ¨ (335), Ê¡¥¤¨³¸Ö ¢ Éµ³, ÎÉµ ¸µµÉ´µÏ¥´¨Ö (338) ´¥ ¢Ò¶µ²´Ö-
ÕÉ¸Ö ´¨ ¶·¨ ± ±µ³ α ≤ 0. ‡´ Î¨É, ¢¸¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö α § ¤ Î¨ (334)
¸ ` = 0 Å ´¥µÉ·¨Í É¥²Ó´Ò¥ Î¨¸² . Œ¨´¨³ ²Ó´µ¥ ¨§ ´¨Ì · ¢´µ 9 −

√
11,

´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¶·¨¢¥¤¥´Ò ¢ ¢¨¤¥ É ¡²¨ÍÒ ¢ · ¡µÉ¥ [66]. �É¨ ¤ ´´Ò¥ ¤µ-
¶µ²´ÖÕÉ É ¡²¨ÍÊ · ¡µÉÒ [109], ¢ ±µÉµ·µ° ¡Ò² ¢Ò¶µ²´¥´ Î¨¸²¥´´Ò°  ´ ²¨§
Ê· ¢´¥´¨Ö (329) ¢ ¸²ÊÎ ¥ ` = 0 ¨ −α = 1, 2, ..., 6. „µ± ¦¥³, ÎÉµ ËÊ´±Í¨¨
F 0
p (ϕ), ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ É ±¨³ µÉ·¨Í É¥²Ó´Ò³ §´ Î¥´¨Ö³ ¶ · ³¥É·  α, ´¥

¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ (330). �·¥¤¶µ²µ¦¨³ ¶·µÉ¨¢´µ¥: ¶Ê¸ÉÓ ¶·¨ α < ` = 0
¨³¥¥É¸Ö ÌµÉÖ ¡Ò µ¤´µ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (333) É¨¶  (330). ’µ£¤  ¸¶¥±É· ²Ó-
´ Ö § ¤ Î  (333) ¨³¥¥É ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ B0, µÉ¢¥Î ÕÐ¥¥ ¢Ò¡· ´´µ³Ê
µÉ·¨Í É¥²Ó´µ³Ê ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ α < 0. Š ± ¶µÖ¸´Ö²µ¸Ó · ´¥¥, É ±¨Ì
¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ´¥É. �µ²ÊÎ¥´´µ¥ ¶·µÉ¨¢µ·¥Î¨¥ ¤µ± §Ò¢ ¥É ÉµÉ Ë ±É,
ÎÉµ ¢¸¥ ËÊ´±Í¨¨ F 0

p (ϕ), ¢ÒÎ¨¸²¥´´Ò¥ ¢ · ¡µÉ¥ [109], Ö¢²ÖÕÉ¸Ö ¡¥¸±µ´¥Î´Ò³¨

·Ö¤ ³¨ ¶µ ËÊ´±Í¨Ö³ W̃L`0.
‚ § ±²ÕÎ¥´¨¥ ¸Ëµ·³Ê²¨·Ê¥³ ¤µ± § ´´Ò° ±·¨É¥·¨°.
’¥µ·¥³  5. “· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¸¨¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ

¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¶µÉ¥´Í¨ ² ³¨ (298) ¨³¥¥É ÉµÎ´Ò¥ ·¥Ï¥´¨Ö (336)
Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ¥¸²¨ ¶ · ³¥É· α ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¥³Ê ¸Éµ²¡¥Í
B`(α) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸¶¥±É· ²Ó´µ° § ¤ Î¥ (334). �·¨ ²Õ¡ÒÌ Ë¨±¸¨·µ¢ ´-
´ÒÌ ¨´¤¥±¸ Ì ` ¨ t ¥¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶µ¤Î¨´ÖÕÉ¸Ö ´¥· ¢¥´¸É¢Ê (338),
  ¨Ì Î¨¸²µ ´¥ ¶·¥¢ÒÏ ¥É Î¨¸²  N `

t , § ¤ ´´µ£µ · ¢¥´¸É¢µ³ (337).

5. ‡�Š‹�—…�ˆ…

�¸´µ¢´Ò¥ ¨Éµ£¨ µ¡§µ·  ¡Ò²¨ ±· É±µ ¸Ëµ·³Ê²¨·µ¢ ´Ò ¢ ¢¨¤¥ É¥µ·¥³ 1Ä5
²¨¡µ ¶·¨¢µ¤¨²¨¸Ó ± ± ¢Ò¢µ¤Ò, § ¢¥·Ï ÕÐ¨¥ ¨§²µ¦¥´¨¥ · §¤¥²  ¨²¨ ¶ · -
£· Ë . �µÔÉµ³Ê ¢ § ±²ÕÎ¥´¨¨ ¶¥·¥Î¨¸²¨³ ²¨ÏÓ ´¥±µÉµ·Ò¥ ¨´É¥·¥¸´Ò¥, ´µ
´¥·¥Ï¥´´Ò¥ ¶·µ¡²¥³Ò. �¡µ¡Ð¥´¨¥ É¥µ·¥³ 1Ä5 ´  ¸²ÊÎ ° É·¥Ì Î ¸É¨Í ¸
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¤¨¸±·¥É´Ò³¨ (¸¶¨´-¨§µ¸¶¨´µ¢Ò³¨) ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò ´¥ ¢Ò§Ò¢ ¥É ¶·¨´Í¨-
¶¨ ²Ó´ÒÌ § É·Ê¤´¥´¨° ¨ ³µ¦¥É ¡ÒÉÓ µ¸ÊÐ¥¸É¢²¥´µ ¶µ¸²¥ µÉ¤¥²¥´¨Ö ¸¶¨´-
¨§µ¸¶¨´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ µ¶¨¸ ´´Ò³¨ ¢ µ¡§µ·¥ ¸¶µ¸µ¡ ³¨. „²Ö ¤ ²Ó´¥°Ï¥£µ
· §¢¨É¨Ö ÉµÎ´ÒÌ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö É·¥ÌÎ ¸É¨Î´µ° § ¤ Î¨ ¸ Í¥´É· ²Ó´Ò³¨ ¢§ -
¨³µ¤¥°¸É¢¨Ö³¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´Ò³  ´ ²¨§ ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ -
´¨Ö Ê£²µ¢µ£µ ¡ §¨¸  ¨§ D-ËÊ´±Í¨° ‚¨£´¥·  ¨ ¨¸¸²¥¤µ¢ ´¨Ö ¸É·µ¥´¨Ö ²µ¦´ÒÌ
¨ Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ , § ¶¨¸ ´´ÒÌ ¢ É ±µ³ ¡ §¨¸¥. �¥
³¥´¥¥ ¨´É¥·¥¸´µ° ¨  ±ÉÊ ²Ó´µ° § ¤ Î¥° Ö¢²Ö¥É¸Ö ¶µ¸É·µ¥´¨¥ ¶µ²´ÒÌ ¨ Ö¢´ÒÌ
 ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ µ±·¥¸É´µ¸ÉÖÌ ÉµÎ¥± É·µ°-
´µ£µ ¨ ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨°. ‘· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¨§¢¥¸É´ÒÌ ¶µ¤Ìµ¤µ¢ ±
·¥Ï¥´¨Õ ÔÉµ° ¶·µ¡²¥³Ò ´¥ ¢µÏ¥² ¢ µ¡§µ· ¨ ¡Ê¤¥É ¤ ´ ¢ µÉ¤¥²Ó´µ° · ¡µÉ¥.
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ÓÄÊ 539.14
Ðåëÿòèâèñòñêàÿ òåîðèÿ ýâîëþöèè ñòðóêòóðû íóêëîíà â ÿäðå. Áóðîâ B.B., Ìîëî÷-

êîâ A.B., Ñìèðíîâ Ã.È. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì 30,
âûï.6, ñ.1337.

Ïðåäñòàâëåí îáçîð ýêñïåðèìåíòàëüíûõ è òåîðåòè÷åñêèõ èññëåäîâàíèé ãëóáîêî-
íåóïðóãîãî ðàññåÿíèÿ (ÃÍÐ) ëåïòîíîâ íà ÿäåðíûõ ìèøåíÿõ. Î÷åð÷åíû îñíîâíûå ïðî-
áëåìû, êîòîðûå íåîáõîäèìî ðåøèòü ïðè àíàëèçå x- è A-çàâèñèìîñòåé ñå÷åíèé ÃÍÐ.
Àíàëèçèðóåòñÿ ðÿä ìîäåëåé, ïðåäëàãàâøèõñÿ äëÿ èçó÷åíèÿ âêëàäà ÿäåðíûõ ýôôåêòîâ
â ñòðóêòóðíûå ôóíêöèè F x2( ). Ðàçðàáîòàí è ðåàëèçîâàí ðåëÿòèâèñòñêèé òåîðåòèêî-ïî-
ëåâîé ïîäõîä äëÿ ðàññìîòðåíèÿ ÃÍÐ ëåïòîíîâ íà ëåã÷àéøèõ ÿäðàõ. Âïåðâûå â ðàìêàõ
åäèíîãî ïîäõîäà âûïîëíåíî èññëåäîâàíèå ìîäèôèêàöèè ñòðóêòóðû íóêëîíà â D,3H,
3He è 4He. Íàéäåíî, ÷òî ýâîëþöèÿ ìîäèôèêàöèé ïîëíîñòüþ îòëè÷àåòñÿ îò ýâîëþöèè,
íàáëþäàâøåéñÿ ðàíåå äëÿ òÿæåëûõ ÿäåð. Â ÷àñòíîñòè, îáíàðóæåíî, ÷òî êàðòèíà ìîäè-

ôèêàöèé F x2( ), ïðåäñòàâëåííàÿ â òåðìèíàõ îòíîøåíèé F F2 2
A N(D)/ , îïðåäåëÿåòñÿ çíà÷å-

íèÿìè ( ) ,1 0 323− =x (D/ N), 0,16 (3He/ D) è 0,08 (4He/ D). Ïîëó÷åííûå ðåçóëüòàòû ïîçâî-

ëÿþò îïðåäåëèòü êëàññ ìîäèôèêàöèé ñòðóêòóðû ñâÿçàííîãî íóêëîíà è ââåñòè åäèíèöó
ìîäèôèêàöèè ñòðóêòóðû íóêëîíà. Ïîëó÷åíî òàêæå òåîðåòè÷åñêîå îáîñíîâàíèå êîí-
öåïöèè äâóõýòàïíîé ýâîëþöèè ñòðóêòóðû íóêëîíà êàê ôóíêöèè A, ïðîèñõîäÿùåé íà
ïåðâîì ýòàïå äëÿ A ≤4 è çàòåì äëÿ A > 4. Äàâíÿÿ ïðîáëåìà ïðèðîäû ÅÌÑ-ýôôåêòà ïî-
íèìàåòñÿ êàê ìîäèôèêàöèÿ ñòðóêòóðû íóêëîíà â ïîëå ÿäåðíûõ ñèë òðåõíóêëîííîé
ñâÿçàííîé ñèñòåìû.

Èë.10. Áèáëèîãð.: 95.

ÓÄÊ 539.172.3
Ôîòîîáðàçîâàíèå ëåãêèõ η-ÿäåð. Òðÿñó÷åâ Â.À. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è
àòîìíîãî ÿäðà, 1999, òîì 30, âûï.6, ñ.1391.

Íà îñíîâå àíàëèçà ýêñïåðèìåíòàëüíûõ è òåîðåòè÷åñêèõ äàííûõ î âçàèìîäåé-
ñòâèè η-ìåçîíîâ ñ íóêëîíàìè è ÿäðàìè â ðàìêàõ ìîäåëè ñ ìåçîí-ÿäåðíûì îïòè÷å-
ñêèì ïîòåíöèàëîì ïðÿìîóãîëüíîé ôîðìû äîêàçûâàåòñÿ âîçìîæíîñòü ñóùåñòâîâàíèÿ
ñâåðõëåãêèõ η-ÿäåð ñ A > 2. Îáðàçîâàíèå η-ÿäåð âïåðâûå ðàññìàòðèâàåòñÿ âî âçàèìî-
äåéñòâèè ôîòîíîâ âûñîêèõ ýíåðãèé ñ àòîìíûìè ÿäðàìè â ðåàêöèÿõ âèäà
γ η+ → + ′A N A , ñîïðîâîæäàþùèõñÿ âûëåòîì «áûñòðîãî» íóêëîíà N . Ïðåäëîæåí è ðå-
àëèçîâàí ïðîñòåéøèé ìåõàíèçì òàêîé ðåàêöèè. Ïîä÷åðêèâàåòñÿ âàæíàÿ ðîëü âçàèìî-
äåéñòâèÿ â êîíå÷íîì ñîñòîÿíèè â îêîëîïîðîãîâîé îáëàñòè ýíåðãèé ôîòîíîâ. Ðàññ÷èòà-
íû âåðîÿòíîñòè îáðàçîâàíèÿ ñâåðõëåãêèõ η-ÿäåð ηT è η

3He ôîòîíàìè è èçó÷åíà

âîçìîæíîñòü èõ íàáëþäåíèÿ ïî ïèêó â ñïåêòðå âûáèâàåìûõ íóêëîíîâ èç ÿäðà-ìèøåíè
4He. Â îáëàñòè ýíåðãèé íàëåòàþùèõ γ-êâàíòîâ îò ïîðîãà äî 1 ÃýÂ èññëåäîâàíà çàâèñè-

ìîñòü ñå÷åíèé ðåàêöèé 12C ,( , )γ ηN ′A 16O( , )γ ηN ′A îò êâàíòîâûõ ÷èñåë ÿäåðíûõ îñòî-

âîâ η-ÿäåð è êâàíòîâûõ ÷èñåë óðîâíåé îáðàçóåìûõ η-ÿäåð. Âïåðâûå ðàññ÷èòàíû âåðî-
ÿòíîñòè îáðàçîâàíèÿ η-ÿäåð â 1p-ñîñòîÿíèè.

Òàáë.2. Èë.19. Áèáëèîãð.: 58.

ÐÅÔÅÐÀÒÛ ÑÒÀÒÅÉ, ÏÎÌÅÙÅÍÍÛÕ Â ÂÛÏÓÑÊÅ



ÓÄÊ 539.143; 539.172.17
Ñèëüíîíåéòðîíîèçáûòî÷íûå èçîòîïû ëåãêèõ ýëåìåíòîâ. Ñòðóêòóðà ÿäåð. Êàë-

ïàê÷èåâà Ð., Ïåíèîíæêåâè÷ Þ.Ý., Áîëåí Õ.Ã. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî
ÿäðà, 1999, òîì 30, âûï.6, ñ.1429.

Â ðàáîòå èññëåäóåòñÿ ñòðóêòóðà ñèëüíîíåéòðîíîèçáûòî÷íûõ èçîòîïîâ ëåãêèõ
ýëåìåíòîâ (2 5≤ ≤Z ). Ïðåäñòàâëåíà ïîñëåäíÿÿ èíôîðìàöèÿ î ñõåìàõ ýíåðãåòè÷åñêèõ
óðîâíåé ýòèõ ÿäåð, èõ ìàññàõ, ýíåðãèÿõ ñâÿçè. Áëàãîäàðÿ ðàçâèòèþ èçìåðèòåëüíîé òåõ-
íèêè, à òàêæå ïîëó÷åíèþ èíòåíñèâíûõ ïó÷êîâ òÿæåëûõ èîíîâ ñ âûñîêèì ýíåðãåòè÷å-
ñêèì ðàçðåøåíèåì, áûëè îáíàðóæåíû íîâûå ñâÿçàííûå íåéòðîíîèçáûòî÷íûå ÿäðà, à
òàêæå ÿäðà, ðàñïîëîæåííûå çà ãðàíèöåé íåéòðîííîé ñòàáèëüíîñòè. Òàêèå ÿäðà, ÿâëÿ-
ÿñü íåéòðîííî-íåñòàáèëüíûìè, æèâóò äîñòàòî÷íî äîëãî è ïðîÿâëÿþòñÿ â âèäå ðåçî-
íàíñîâ. Ïðè ýòîì â ÿäåðíûõ ñèñòåìàõ ñóùåñòâóþò îñíîâíîå è âîçáóæäåííûå ñîñòîÿ-
íèÿ, à òàêæå îïðåäåëåííàÿ ñòðóêòóðà âîçáóæäåííûõ óðîâíåé. Èññëåäîâàíèå ýòèõ ÿäåð
ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ â ñâÿçè ñ èõ íåîáû÷íûìè ñâîéñòâàìè — íåéòðîí-
íîå ãàëî, íîâûå îáëàñòè äåôîðìàöèé, íîâûå òèïû ðàñïàäîâ, îñîáåííîñòè çàïîëíåíèÿ
îáîëî÷åê. Â îáçîðå äàåòñÿ äîñòàòî÷íî ïîëíàÿ èíôîðìàöèÿ î õàðàêòåðèñòèêàõ íåé-
òðîííî-íåñòàáèëüíûõ ÿäåð. Ïîäðîáíî îïèñûâàþòñÿ ñâîéñòâà íåéòðîííîãî ãàëî,
ïðîÿâëÿþùèåñÿ â ñóïåðíåéòðîíîèçáûòî÷íûõ ÿäðàõ ëåãêèõ ýëåìåíòîâ. Îáñóæäàþòñÿ
îñîáåííîñòè ñòðóêòóðû ÿäåð ñ äâóõíåéòðîííûì ãàëî (6He, 8He, 11Li, 14Be). Ýêñïåðè-
ìåíòàëüíûå ðåçóëüòàòû ñðàâíèâàþòñÿ ñ ïðåäñêàçàíèÿìè ðàçëè÷íûõ òåîðåòè÷åñêèõ
ìîäåëåé, ðàññ÷èòûâàþùèõ ïîëîæåíèå ãðàíèöû íóêëîííîé ñòàáèëüíîñòè ÿäåð. Íîâûå
âîçìîæíîñòè â ïîäîáíûõ èññëåäîâàíèÿõ îòêðûâàþò âòîðè÷íûå ïó÷êè ðàäèîàêòèâíûõ
ÿäåð. Â íàñòîÿùåå âðåìÿ â êà÷åñòâå óñêîðåííûõ ïó÷êîâ ýêñïåðèìåíòàòîðû èñïîëüçó-
þò îòíîñèòåëüíî èíòåíñèâíûå ïó÷êè óñêîðåííûõ ýêçîòè÷åñêèõ ÿäåð 6He, 8He, 11Li,
14Be è ïðîâîäÿò ñ íèìè èññëåäîâàíèÿ. Ðåçóëüòàòû, ïîëó÷åííûå íà âòîðè÷íûõ ïó÷êàõ
ðàäèîàêòèâíûõ ÿäåð è ïåðñïåêòèâû èññëåäîâàíèé ñ íèìè, òàêæå îáñóæäàþòñÿ â íàñòî-
ÿùåì îáçîðå.

Òàáë.11. Èë.39. Áèáëèîãð.: 242.

ÓÄÊ 539.173
Çàïàçäûâàþùåå äåëåíèå àòîìíûõ ÿäåð. Êóçíåöîâ Â.È., Ñêîáåëåâ Í.Ê. Ôèçèêà ýëå-
ìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì 30, âûï.6, ñ.1514.

Èçëîæåíà èñòîðèÿ îòêðûòèÿ, ìåòîäû ñèíòåçà è ðåãèñòðàöèè çàïàçäûâàþùåãî äå-
ëåíèÿ êàê âèäà ðàäèîàêòèâíîãî ðàñïàäà àòîìíûõ ÿäåð, ëåæàùèõ â îòäàëåíèè îò ïîëî-
ñû áåòà-ñòàáèëüíîñòè. Ðàññìîòðåíà êà÷åñòâåííàÿ òåîðèÿ, îïèñûâàþùàÿ ýòîò âèä ðà-
äèîàêòèâíîãî ðàñïàäà. Îòìå÷åíî ñóùåñòâîâàíèå îáëàñòåé àòîìíûõ ÿäåð, èñïûòûâàþ-
ùèõ çàïàçäûâàþùåå äåëåíèå ëåâåå ( , )N Z< <126 82 íóêëîííûõ îáîëî÷åê N =126 è
Z = 82. Ïðèâåäåíû ïðèìåðû âû÷èñëåíèÿ íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ î
çàïàçäûâàþùåì äåëåíèè âûñîò áàðüåðîâ äåëåíèÿ ÿäåð, óäàëåííûõ îò ëèíèè áåòà-ñòà-
áèëüíîñòè. Ïîêàçàíî, ÷òî â íàñòîÿùåå âðåìÿ òîëüêî èçó÷åíèå ýòîãî ïðîöåññà äàåò âîç-
ìîæíîñòü ïîëó÷èòü äîñòîâåðíûå äàííûå î âûñîòàõ áàðüåðîâ äåëåíèÿ ÿäåð ñ áîëüøèì
èçáûòêîì èëè íåäîñòàòêîì íåéòðîíîâ. Îáñóæäåíî âëèÿíèå çàïàçäûâàþùåãî äåëåíèÿ
íà ïðîöåññ íóêëåîñèíòåçà â èìïóëüñíûõ íåéòðîííûõ ïîòîêàõ òåðìîÿäåðíûõ âçðûâîâ,
íà ñèíòåç ýëåìåíòîâ Âñåëåííîé, â ÷àñòíîñòè, íà îáðàçîâàíèå õðîíîìåòðè÷åñêèõ ïàð è,
êàê ñëåäñòâèå, íà îöåíêó âîçðàñòà Ãàëàêòèêè.

Òàáë.5. Èë.18. Áèáëèîãð.:55.

ÐÅÔÅÐÀÒÛ 1651



ÓÄÊ 539.17
Íåêîòîðûå ìåòîäû è ðåçóëüòàòû àíàëèòè÷åñêèõ èññëåäîâàíèé çàäà÷è òðåõ ÿäåð-
íûõ ÷àñòèö. Ïóïûøåâ Â.Â. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì
30, âûï.6, ñ.1562.

Â îáçîðå ïðåäñòàâëåíû êàê êëàññè÷åñêèå, òàê è íîâûå ìåòîäû è ðåçóëüòàòû àíà-
ëèòè÷åñêèõ èññëåäîâàíèé ñòðîåíèÿ ñòàöèîíàðíûõ óðàâíåíèé Øðåäèíãåðà è Ôàääååâà
è èõ ðåøåíèé, îïèñûâàþùèõ ñîñòîÿíèÿ òðåõ÷àñòè÷íûõ ñèñòåì ñ öåíòðàëüíûìè è
S-âîëíîâûìè âçàèìîäåéñòâèÿìè. Îñîáîå âíèìàíèå óäåëåíî óãëîâîìó àíàëèçó ýòèõ
óðàâíåíèé è òî÷íûì çàêîíàì ïðåîáðàçîâàíèÿ òðåõ÷àñòè÷íûõ êîîðäèíàò, îïåðàòîðîâ,
áàçèñíûõ è âîëíîâûõ ôóíêöèé ïðè öèêëè÷åñêîé ïåðåñòàíîâêå ÷àñòèö. Äàí àíàëèç
ïðîáëåìû ëîæíûõ ðåøåíèé. Ïîäðîáíî èçëîæåíû íîâûå ìåòîäû âû÷èñëåíèÿ êîýôôè-
öèåíòîâ Ðåéíàëà—Ðåâàè è ñïîñîáû èñêëþ÷åíèÿ ëîæíûõ ðåøåíèé ïðè ÷èñëåííîì àíà-
ëèçå óðàâíåíèé Ôàääååâà.

Áèáëèîãð.:114.
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