
®”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¯
1999, ’�Œ 30, ‚›�. 1

“„Š 539.12.01

�…„“Š–ˆŸ ‚ ‘ˆ‘’…Œ�•
‘ ‹�Š�‹œ��‰ ‘ˆŒŒ…’�ˆ…‰

‘.�.ƒµ£¨²¨¤§¥

ˆ”‚� ’¡¨²¨¸¸±µ£µ £µ¸Ê¤ ·¸É¢¥´´µ£µ Ê´¨¢¥·¸¨É¥É , 380086, ’¡¨²¨¸¨, ƒ·Ê§¨Ö

‚.�.�¥·¢ÊÏ¨´

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�.Œ.•¢¥¤¥²¨¤§¥

’¡¨²¨¸¸±¨° ³ É¥³ É¨Î¥¸±¨° ¨´¸É¨ÉÊÉ, 380086, ’¡¨²¨¸¨, ƒ·Ê§¨Ö

‚‚…„…�ˆ… 160

‹�ƒ���†…‚ ”��Œ�‹ˆ‡Œ 165

ƒ�Œˆ‹œ’���‚ ”��Œ�‹ˆ‡Œ 173

�…„“Š–ˆŸ ‚ ‘ˆ‘’…Œ�• ‘� ‘‚Ÿ‡ŸŒˆ �…�‚�ƒ� ��„� 180

‡�Š‹�—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ 196

��ˆ‹�†…�ˆŸ 197

�. �²£µ·¨É³  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  197
�. �¡¥²¥¢  ³µ¤¥²Ó •·¨¸É  Å ‹¨ Å �·µÌµ·µ¢  200
‚. SU(2) ¨´¢ ·¨ ´É´ Ö ³¥Ì ´¨±  Ÿ´£  Å Œ¨²²¸ 
¢ 0 + 1-³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ 204

‘�ˆ‘�Š ‹ˆ’…��’“�› 207



¼”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¼
1999, ’�Œ 30, ‚›�. 1

“„Š 539.12.01

�…„“Š–ˆŸ ‚ ‘ˆ‘’…Œ�•
‘ ‹�Š�‹œ��‰ ‘ˆŒŒ…’�ˆ…‰

‘.�.ƒµ£¨²¨¤§¥

ˆ”‚� ’¡¨²¨¸¸±µ£µ £µ¸Ê¤ ·¸É¢¥´´µ£µ Ê´¨¢¥·¸¨É¥É , 380086, ’¡¨²¨¸¨, ƒ·Ê§¨Ö

‚.�.�¥·¢ÊÏ¨´

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�.Œ.•¢¥¤¥²¨¤§¥

’¡¨²¨¸¸±¨° ³ É¥³ É¨Î¥¸±¨° ¨´¸É¨ÉÊÉ, 380086, ’¡¨²¨¸¨, ƒ·Ê§¨Ö

�¡§µ· ¶µ¸¢ÖÐ¥´ ¶·µ¡²¥³ É¨±¥, ¸¢Ö§ ´´µ° ¸ ¨§ÊÎ¥´¨¥³ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ±µ´¥Î´Ò³
Î¨¸²µ³ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, µ¡² ¤ ÕÐ¨Ì ²µ± ²Ó´µ° ¸¨³³¥É·¨¥°. ‚ · ³± Ì ±² ¸¸¨Î¥¸±µ° ² £· ´¦¥-
¢µ° ¨ £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨ µ¡¸Ê¦¤ ¥É¸Ö ¶·µÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨°
± É ± ´ §Ò¢ ¥³µ³Ê ´µ·³ ²Ó´µ³Ê ¢¨¤Ê, ±µ£¤  § ¤ Î  ŠµÏ¨ ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥. �¸´µ¢-
´µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ ¨§²µ¦¥´¨Õ £¥µ³¥É·¨Î¥¸±µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨, ±µÉµ· Ö ¶µ§¢µ²Ö¥É ¢Ò¤¥²¨ÉÓ
Ë¨§¨Î¥¸±µ¥ ¶µ¤¶·µ¸É· ´¸É¢µ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¢Ò·µ¦¤¥´´µ° ¤¨´ ³¨Î¥¸±µ° ¸¨¸É¥³Ò ¨
´ °É¨ ¢ Ö¢´µ³ ¢¨¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ± ´µ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¡¥§ ¢¢¥¤¥´¨Ö ¢ É¥µ·¨Õ ¤µ¶µ²-
´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, ± ²¨¡·µ¢µ±. �  µ¸´µ¢¥ ¸· ¢´¥´¨Ö ¤¢ÊÌ ³¥Éµ¤µ¢ ·¥¤Ê±Í¨¨
Å £¥µ³¥É·¨Î¥¸±µ£µ ¨ ¸ ¶µ³µÐÓÕ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ Å µ¡¸Ê¦¤ ¥É¸Ö ¢µ¶·µ¸ µ¡ Ê¸²µ¢¨ÖÌ ´ 
± ²¨¡·µ¢±¨, £ · ´É¨·ÊÕÐ¨Ì ±µ··¥±É´µ¸ÉÓ ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨.

The review is devoted to the discussion of problems connected with the description of dyna-
mical systems with ˇnite a number of degrees of freedom, which possesses local symmetry. In the
framework of the classical Lagrangian and Hamiltonian theory the geometric scheme of reduction
of degenerate dynamical equations to the normal form, which admits the correct Cauchy problem
with a unique solution is described. The main task of the review is to state geometrical problems
of constructing physical subspace in degenerate Hamiltonian systems in an explicit form without
introducing additional gauge ˇxing conditions into the theory. Two approaches to the reduction
procedure, the geometrical and gauge ˇxing methods, are compared with the aim to get requirements
to the gauge ˇxing conditions, which guarantee the correctness of gauge ˇxing reduction.

1. ‚‚…„…�ˆ…

‹ £· ´¦¥¢Ò ¸¨¸É¥³Ò ¸ ËÊ´±Í¨µ´ ²µ³ ¤¥°¸É¨Ö, ¨´¢ ·¨ ´É´Ò³ µÉ´µ¸¨-
É¥²Ó´µ ²µ± ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É, É.¥. ¶·¥µ¡· §µ¢ -
´¨° ¸ ¶ · ³¥É· ³¨, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¶·µ¨§¢µ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ µÉ ¶·µ-
¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ, ¶·¨´ ¤²¥¦ É ± ±² ¸¸Ê É ± ´ §Ò¢ ¥-
³ÒÌ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³. ˆ¸Éµ·¨Ö ¨¸¸²¥¤µ¢ ´¨Ö ¢Ò·µ¦¤¥´-
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´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³, ´¥¸³µÉ·Ö ´  ¶µÎÉ¥´´Ò° ¢µ§· ¸É ¸ ³µ° ±² ¸¸¨Î¥-
¸±µ° ³¥Ì ´¨±¨,∗ ´ ¸Î¨ÉÒ¢ ¥É ´¥ ¡µ²¥¥ ¶µ²Ê¢¥± . � Î ²µ ¨Ì ¸¨¸É¥³ É¨Î¥-
¸±µ³Ê  ´ ²¨§Ê, ¨´¨Í¨¨·µ¢ ´´µ¥ ¶µÉ·¥¡´µ¸ÉÓÕ £ ³¨²ÓÉµ´µ¢µ° Ëµ·³Ê²¨·µ¢±¨
§ ¤ Î Ô²¥±É·µ¤¨´ ³¨±¨ ¨ É¥µ·¨¨ £· ¢¨É Í¨¨, ¡Ò²µ ¶µ²µ¦¥´µ ¢ ±µ´Í¥ 40-Ì
£µ¤µ¢ ´ Ï¥£µ ¸Éµ²¥É¨Ö ¢ · ¡µÉ Ì „¨· ±  [2] ¨ �¥·£³ ´  [3]. ‚ ´¨Ì ¡Ò²¨
¸Ëµ·³Ê²¨·µ¢ ´Ò ¶·¨´Í¨¶Ò ´µ¢µ° É¥µ·¨¨, ¶µ²ÊÎ¨¢Ï¥° ´ §¢ ´¨¥ µ¡µ¡Ð¥´´µ°
£ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¨ ¨²¨ Ëµ·³ ²¨§³  „¨· ±  Å �¥·£³ ´ . Š ± ¶µ± -
§ ²µ ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ´ Ê±¨, ÔÉµÉ Ëµ·³ ²¨§³ ¸É ² ´¥µÉÑ¥³²¥³µ° Î ¸ÉÓÕ
±¢ ´Éµ¢µ-¶µ²¥¢µ£µ µ¶¨¸ ´¨Ö ¢¸¥Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ’¥µ·¨Ö
£· ¢¨É Í¨¨, ¥¤¨´ Ö É¥µ·¨Ö Ô²¥±É·µ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ³µ¤¥²¨
¡µ²ÓÏµ£µ µ¡Ñ¥¤¨´¥´¨Ö Å ¢¸¥ ÔÉµ É¥µ·¥É¨±µ-¶µ²¥¢Ò¥ ³µ¤¥²¨ ¸ µ¡µ¡Ð¥´´µ°
£ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±µ°, ¢Ò·µ¦¤¥´´µ¸ÉÓ ±µÉµ·µ° ¸¢Ö§ ´  ¸ Éµ° ¨²¨ ¨´µ°
²µ± ²Ó´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ Å ·¥¶ · ³¥É·¨Î¥¸±µ° ¨²¨ ± ²¨¡·µ¢µÎ´µ°.

‚ ¸µ¢·¥³¥´´µ° ²¨É¥· ÉÊ·¥, ¶µ¸¢ÖÐ¥´´µ° · §²¨Î´Ò³  ¸¶¥±É ³ µ¡µ¡Ð¥´-
´µ° £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨, ¸ÊÐ¥¸É¢Ê¥É ¡µ²ÓÏµ¥ ±µ²¨Î¥¸É¢µ µÎ¥´Ó Ìµ·µÏ¨Ì
±´¨£ ¨ µ¡§µ·µ¢ [4]∗∗, ¶µ¸²¥ µ§´ ±µ³²¥´¨Ö ¸ ±µÉµ·Ò³¨ ¢µ§´¨± ¥É µÐÊÐ¥´¨¥
¥¥ ©µ¸¢¥¦ ÕÐ¥° ´¥¶µÌµ¦¥¸É¨ª ´  É¥µ·¨Õ ´¥¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨-
¸É¥³. � ¨¡µ²¥¥ ¢ ¦´Ò³ ¨ Ö·±¨³ ¶·µÖ¢²¥´¨¥³ ¶µ¤µ¡´µ£µ ¸¢µ¥µ¡· §¨Ö Ö¢²Ö¥É¸Ö
É ± ´ §Ò¢ ¥³ Ö ¶·µÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨, ¸µ¸ÉµÖÐ Ö ¢ ·¥£Ê-
²Ö·´µ³ ¸¶µ¸µ¡¥ ¶µ¸É·µ¥´¨Ö ´¥¢Ò·µ¦¤¥´´µ° É¥µ·¨¨, ©Ô±¢¨¢ ²¥´É´µ°ª ¨¸Ìµ¤-
´µ° ¢Ò·µ¦¤¥´´µ° §  ¸Î¥É ¨¸±²ÕÎ¥´¨Ö Î ¸É¨ ©´¥¸ÊÐ¥¸É¢¥´´ÒÌª ¶¥·¥³¥´´ÒÌ.
�¥¤Ê±Í¨Ö ¢ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ, ´¥¸³µÉ·Ö ´  ¢¸¥ ¥¥ µ¸µ¡¥´´µ¸É¨, ¶·¥¤¸É -
¢²Ö¥É ¸µ¡µ° µ¶·¥¤¥²¥´´µ¥ µ¡µ¡Ð¥´¨¥ Ìµ·µÏµ ¨§¢¥¸É´µ° ¸ ±µ´Í  ¶·µÏ²µ£µ
¢¥±  µ¶¥· Í¨¨ ¨¸±²ÕÎ¥´¨Ö Í¨±²¨Î¥¸±¨Ì, ¨²¨, ¶µ-¤·Ê£µ³Ê, ¨£´µ·¨·Ê¥³ÒÌ ±µ-
µ·¤¨´ É, ±µÉµ· Ö ¨³¥¥É ³¥¸Éµ ¢ ¸¨¸É¥³ Ì, µ¡² ¤ ÕÐ¨Ì ´¥¶·¥·Ò¢´µ° ¸¨³³¥-
É·¨¥°, ¸¢Ö§ ´´µ° ¸ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò ‹¨. Š ± ¨ ¢ ¸²ÊÎ ¥ ·¥¤Ê±Í¨¨ Î¨¸²  ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò ¢ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¥, ·¥¤Ê±Í¨Ö ¢ ¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨-
Î¥¸±¨Ì ¸¨¸É¥³ Ì É ±¦¥ µ¡Ö§ ´  Î¨¸Éµ £¥µ³¥É·¨Î¥¸±¨³, ¸¨³³¥É·¨°´Ò³ ¶·¨´-
Í¨¶ ³, ²¥¦ Ð¨³ ¢ µ¸´µ¢¥ É¥µ·¨¨. �¡¸Ê¦¤¥´¨¥ ÔÉ¨Ì £¥µ³¥É·¨Î¥¸±¨Ì  ¸¶¥±Éµ¢
µ¶¥· Í¨¨ ·¥¤Ê±Í¨¨ ¨ ¤¥³µ´¸É· Í¨Ö ¥¥ ¨¸±²ÕÎ¨É¥²Ó´µ° ¢ ¦´µ¸É¨ ¢ ¢µ¶·µ¸¥
µ¶·¥¤¥²¥´¨Ö Ë¨§¨Î¥¸±µ£µ ¸µ¤¥·¦ ´¨Ö ± ²¨¡·µ¢µÎ´ÒÌ ¨ ·¥¶ · ³¥É·¨Î¥¸±¨-
¨´¢ ·¨ ´É´ÒÌ É¥µ·¨¨ ¨ ¸µ¸É ¢²Ö¥É ¶·¥¤³¥É ´ ¸ÉµÖÐ¥£µ µ¡§µ· .

ƒ¥µ³¥É·¨§ Í¨Ö ¤¨´ ³¨±¨ ¨ ´ ¡²Õ¤ ¥³Ò¥. �¥·¢Ò° Ï £ ¢ £¥µ³¥É·¨§ -
Í¨¨ ¢¸¥Ì ¢¨¤µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ¸²¥ Ô°´ÏÉ¥°´µ¢¸±µ° Ëµ·³Ê²¨·µ¢±¨ µ¡-
Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¡Ò² ¸¤¥² ´ ¢ 1918 £. ‚¥°²¥³ [5], ±µ£¤  ¶·¨
· §· ¡µÉ±¥ ¥¤¨´µ° É¥µ·¨¨ Ô²¥±É·µ³ £´¥É¨§³  ¨ £· ¢¨É Í¨¨ µ´ ¸Ëµ·³Ê²¨-

∗©�´ ²¨É¨Î¥¸± Ö ³¥Ì ´¨± ª ‹ £· ´¦  [1], ¢ ±µÉµ·µ° Ê¦¥ ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ¶· ±É¨Î¥¸±¨
¢¸¥ µ¸´µ¢´Ò¥ ¶·¨´Í¨¶Ò  ´ ²¨É¨Î¥¸±µ° ¤¨´ ³¨±¨, ¢ÒÏ²  ¢ 1788 £.

∗∗�¥§Ê¸²µ¢´µ, ¶¥·¥Î¥´Ó [4] ´¥ ¶·¥É¥´¤Ê¥É ´  ± ±ÊÕ-²¨¡µ ¶µ²´µÉÊ,   ¢¸¥£µ ²¨ÏÓ µÉ· ¦ ¥É
¢±Ê¸Ò ¨ ¶·¨¸É· ¸É¨Ö  ¢Éµ·µ¢.
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·µ¢ ² ¶·¨´Í¨¶ ²µ± ²Ó´µ° ³ ¸ÏÉ ¡´µ° ¨´¢ ·¨ ´É´µ¸É¨ É¥µ·¨¨ ± ± ´¥±¨°
£¥µ³¥É·¨Î¥¸±¨° ¶·¨´Í¨¶, µ¡ÑÖ¸´ÖÕÐ¨° ¸ÊÐ¥¸É¢µ¢ ´¨¥ Ô²¥±É·µ³ £´¨É´µ£µ
¶µ²Ö. �¤´ ±µ ·¥Ï ÕÐ¥° ¨¤¥¥°, ¤ ¢Ï¥° ´ Î ²µ ¸µ¢·¥³¥´´µ° £¥µ³¥É·¨Î¥-
¸±µ° É· ±Éµ¢±¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ É¥·³¨´ Ì ¸¢Ö§´µ¸É¥° ¢ £² ¢´µ³ · ¸¸²µ¥´-
´µ³ ¶·µ¸É· ´¸É¢¥∗, ¸É ²  ¨¤¥Ö § ³¥´¨ÉÓ £·Ê¶¶Ê ³ ¸ÏÉ ¡´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
¢ £· ¢¨É Í¨¨ ´  £·Ê¶¶Ê ²µ± ²Ó´ÒÌ Ë §µ¢ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢ § ·Ö¤µ¢µ³ ¶·µ-
¸É· ´¸É¢¥ Ô²¥±É·µ¤¨´ ³¨±¨. � ¥¥ µ¡µ¡Ð¥´¨¥, ¶µ¸²¥ Ëµ·³Ê²¨·µ¢±¨ Ÿ´£µ³
¨ Œ¨²²¸µ³ ¢ 1954 £µ¤Ê ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ´¥ ¡¥²¥¢ÒÌ ¶µ²¥° [8], µ±µ´-
Î É¥²Ó´µ ¶·¥¢· É¨²µ ¶·¨´Í¨¶ ²µ± ²Ó´µ° ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨ ¢
£¥µ³¥É·¨Î¥¸±ÊÕ µ¸´µ¢Ê ±µ´¸É·Ê¨·µ¢ ´¨Ö ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥° ËÊ´¤ -
³¥´É ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �µ¤µ¡´ Ö Ëµ·³Ê²¨·µ¢±  ¤¨´ ³¨±¨ ËÊ´¤ ³¥´-
É ²Ó´ÒÌ ¶µ²¥° ¨¸±²ÕÎ¨É¥²Ó´µ ¢ £¥µ³¥É·¨Î¥¸±¨Ì É¥·³¨´ Ì ¶·¨¢µ¤¨É ¸ ´¥µ¡-
Ìµ¤¨³µ¸ÉÓÕ ± ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¨ ´ ·Ö¤Ê ¸ ³ É¥³ É¨Î¥¸±¨³ ¨§ÖÐ¥¸É¢µ³ ¨
¶·µ§· Î´µ¸ÉÓÕ µ¸´µ¢´ÒÌ ¶µ²µ¦¥´¨° É·¥¡Ê¥É ·¥Ï¥´¨Ö ¸²µ¦´µ° ¶·µ¡²¥³Ò, ´¥
¨³¥ÕÐ¥°  ´ ²µ£  ¢ ´¥¢Ò·µ¦¤¥´´µ³ ¸²ÊÎ ¥. �·¨´Í¨¶ ²µ± ²Ó´µ° ¨´¢ ·¨ ´É-
´µ¸É¨, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¶·¨¶¨¸Ò¢ ¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ²¨ÏÓ ¨´¢ ·¨ ´É´Ò³
¢¥²¨Î¨´ ³, ¨ ¸ ¤·Ê£µ° Å É·¥¡Ê¥É ¶·¨¸ÊÉ¸É¢¨Ö ¢ É¥µ·¨¨ ©²¨Ï´¨Ìª ¸É¥¶¥´¥°
¸¢µ¡µ¤Ò, ´¥ ¶·µÖ¢²ÖÕÐ¨Ì¸Ö ¢ ´ ¡²Õ¤ ¥³ÒÌ ÔËË¥±É Ì∗∗. �µ¸²¥¤´¥¥ É·¥¡µ-
¢ ´¨¥ µ§´ Î ¥É, ÎÉµ ±µ··¥±É´ Ö ¶µ¸É ´µ¢±  Ë¨§¨Î¥¸±µ° § ¤ Î¨ ¶µ¤· §Ê³¥¢ ¥É
¢µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö ´  ¡ §¥ ¨¸Ìµ¤´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ´µ-
¢ÒÌ, ´µ Ê¦¥ ´ ¡²Õ¤ ¥³ÒÌ (Ë¨§¨Î¥¸±¨Ì) ¶¥·¥³¥´´ÒÌ, ¢ É¥·³¨´ Ì ±µÉµ·ÒÌ Ë¨-
§¨Î¥¸± Ö ·¥ ²Ó´µ¸ÉÓ ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ¸Ö µ¤´µ§´ Î´µ, ¡¥§ ©²¨Ï´¨Ìª Ô²¥³¥´Éµ¢.
�¤´ ±µ Ö¸´µ, ÎÉµ ¡¥§ µ¤´µ§´ Î´µ° ¨ ÔËË¥±É¨¢´µ° ¸Ì¥³Ò ¶µ¤µ¡´µ° ¨¤¥´É¨-
Ë¨± Í¨¨ ´ ¡²Õ¤ ¥³ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸ ¨¸Ìµ¤´Ò³¨ ËÊ´¤ ³¥´É ²Ó´Ò³¨
£¥µ³¥É·¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ É¥µ·¨Ö ´¥ Ö¢²Ö¥É¸Ö ¶µ²´µ° ¨ ±µ´¸É·Ê±É¨¢´µ°.
�·µÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¶·¨§¢ ´  µ¸ÊÐ¥¸É¢²ÖÉÓ É ±µ£µ ·µ¤  ¨¤¥´É¨Ë¨± Í¨Õ Ë¨-
§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸ § É· ¢µÎ´Ò³¨ £¥µ³¥É·¨Î¥¸±¨³¨, ¢Ò¤¥²ÖÖ ¢ É¥µ·¨¨ ¸ ²µ-
± ²Ó´µ° ¸¨³³¥É·¨¥° É ± ´ §Ò¢ ¥³Ò¥ Ë¨§¨Î¥¸±¨° ¨ ´¥Ë¨§¨Î¥¸±¨° ¸¥±Éµ·Ò. ‚
´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¡Ê¤ÊÉ ¨§²µ¦¥´Ò ¤¢¥ ¸Ì¥³Ò ·¥¤Ê±Í¨¨. �µ¸²¥ ±· É±µ£µ µ¶¨-
¸ ´¨Ö ¸É ´¤ ·É´µ£µ ¶µ¤Ìµ¤ , µ¸´µ¢ ´´µ£µ ´  ³¥Éµ¤¥ ©Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ª
³Ò ¶µ¤·µ¡´µ ¶·µ ´ ²¨§¨·Ê¥³  ²ÓÉ¥·´ É¨¢´Ò° ©£¥µ³¥É·¨Î¥¸±¨°ª ¨²¨ ©¡¥¸± -
²¨¡·µ¢µÎ´Ò°ª ³¥Éµ¤. �·¨ ÔÉµ³ ¶·¥¸²¥¤ÊÕÉ¸Ö ¤¢¥ Í¥²¨: ¨§²µ¦¨ÉÓ ¸ ³Ê ¸Ì¥³Ê
£¥µ³¥É·¨Î¥¸±µ° ·¥¤Ê±Í¨¨ ¨ ¶·µ ´ ²¨§¨·µ¢ ÉÓ É¥ µ£· ´¨Î¥´¨Ö, ±µÉµ·Ò¥ ¸²¥-

∗‘ µ¸´µ¢ ³¨ É¥µ·¨¨ · ¸¸²µ¥´´ÒÌ ¶·µ¸É· ´¸É¢ ³µ¦´µ µ§´ ±µ³¨ÉÓ¸Ö ¶µ ±² ¸¸¨Î¥¸±µ° ±´¨£¥
�.‹¨Ì´¥·µ¢¨Î  [6] ¨ ÊÎ¥¡´¨±Ê [7],    ´ ²¨§ £¥µ³¥É·¨Î¥¸±¨Ì  ¸¶¥±Éµ¢ Ëµ·³Ê²¨·µ¢±¨ É¥µ·¨° ¶µ²Ö
¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° ³µ¦´µ ´ °É¨ ¢ ³µ´µ£· Ë¨¨ �.�.Šµ´µ¶²¥¢µ° ¨ ‚.�.�µ¶µ¢  [4].

∗∗ˆ´É¥·¥¸´µ, ÎÉµ Ëµ·³Ê²¨·µ¢±  Ë¨§¨Î¥¸±¨Ì É¥µ·¨° ´  µ¸´µ¢¥ ¶·¨´Í¨¶  ²µ± ²Ó´µ° ¸¨³³¥-
É·¨¨ µ± § ² ¸Ó ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ·¥ ²¨§ Í¨¥° £¨¶µÉ¥§Ò ƒ¥·Í  µ ¡¥¸¸¨²µ¢µ³ Ì · ±É¥·¥ ¢§ -
¨³µ¤¥°¸É¢¨°. ‘É·¥³²¥´¨¥ ¨§ÑÖÉÓ ¶µ´ÖÉ¨¥ ¸¨²Ò ¨§ ³¥Ì ´¨±¨ ¨ § ³¥´¨ÉÓ ¥¥ ¤¥°¸É¢¨¥ ÔËË¥±É ³¨
¸±·ÒÉÒÌ ´¥´ ¡²Õ¤ ¥³ÒÌ ¸¢Ö§¥° ¡Ò²µ £² ¢´Ò³ ¶µ¡Ê¤¨É¥²Ó´Ò³ ³µÉ¨¢µ³ ´µ¢µ° Ëµ·³Ê²¨·µ¢±¨
³¥Ì ´¨±¨, ¨§²µ¦¥´´µ° ¢ ¥£µ §´ ³¥´¨Éµ° ±´¨£¥ ©�·¨´Í¨¶Ò ³¥Ì ´¨±¨ª [9].
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¤ÊÕÉ ¨§ ´¥¥, ´  É· ¤¨Í¨µ´´Ò° ³¥Éµ¤ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ ¢ µ¡µ¡Ð¥´´µ°
£ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¥.

�¥¤Ê±Í¨Ö ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨. ˆ¸Éµ·¨Î¥¸±¨ ¶¥·¢Ò° µ¶ÒÉ
µ¡· Ð¥´¨Ö ¸ ´¥Ë¨§¨Î¥¸±¨³¨ ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò ¢µ§´¨± ¢ · ³± Ì ±² ¸¸¨Î¥-
¸±µ° Ô²¥±É·µ¤¨´ ³¨±¨ ¶µ¸²¥ Éµ£µ, ± ± ¢ ´ Î ²¥ XX ¢¥±  ¢ ¸¢Ö§¨ ¸ ¦¥² ´¨¥³
¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¨§ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶  ¡Ò²µ ¢¢¥¤¥´µ ¶µ-
´ÖÉ¨¥ ¢¥±Éµ·-¶µÉ¥´Í¨ ²  Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö∗. � ¸¶² Éµ° µ± § ²µ¸Ó µÉ-
¸ÊÉ¸É¢¨¥ ¢§ ¨³µµ¤´µ§´ Î´µ° ¸¢Ö§¨ ³¥¦¤Ê ´ ¶·Ö¦¥´´µ¸ÉÖ³¨ Ô²¥±É·¨Î¥¸±µ£µ
¨ ³ £´¨É´µ£µ ¶µ²¥° ¨ ¢¥±Éµ·-¶µÉ¥´Í¨ ²µ³, ¶·¨¢¥¤Ï¥¥ ± Éµ³Ê, ÎÉµ ¢ É¥µ·¨¨
¢µ§´¨±²¨ ¶¥·¥³¥´´Ò¥, ´¥ ¶µ¤¤ ÕÐ¨¥¸Ö ´ ¡²Õ¤¥´¨Õ. ‚ · ³± Ì ±² ¸¸¨Î¥¸±µ°
Ô²¥±É·µ¤¨´ ³¨±¨ ¶µ¤µ¡´Ò° ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§¢µ², ¶·¨¢´¥¸¥´´Ò° ¢¢¥¤¥-
´¨¥³ ¢ É¥µ·¨Õ ´¥´ ¡²Õ¤ ¥³ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ´¥ ¤µ¸É ¢¨² µ¸µ¡ÒÌ É·Ê¤-
´µ¸É¥°, ¶µ¸±µ²Ó±Ê ¡Ò²  ¨§¢¥¸É´  ¶·µ¸É Ö ¸¢Ö§Ó ³¥¦¤Ê ¢¥±Éµ·-¶µÉ¥´Í¨ ²µ³
Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ¨ ´ ¡²Õ¤ ¥³Ò³¨ ¢¥²¨Î¨´ ³¨ Å ´ ¶·Ö¦¥´´µ¸ÉÖ³¨
Ô²¥±É·¨Î¥¸±µ£µ ¨ ³ £´¨É´µ£µ ¶µ²¥°. „µ¡ ¢¨¢ ± Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö ± ±µ¥-
²¨¡µ ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥, ´ ¶·¨³¥·, Ê¸²µ¢¨Ö ŠÊ²µ´ , ´¥Ë¨§¨Î¥¸±¨¥ ±µ³-
¶µ´¥´ÉÒ ¢¥±Éµ·-¶µÉ¥´Í¨ ²  Ê¤ ¥É¸Ö ¨¸±²ÕÎ¨ÉÓ ¶µ²´µ¸ÉÓÕ. ‚ ·¥§Ê²ÓÉ É¥ Î¥£µ
¢ É¥µ·¨¨ ¢µ§´¨± ¥É ¢§ ¨³µµ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ´ ¡²Õ¤ ¥³Ò³¨ ¨
¨¸Ìµ¤´Ò³¨ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¶¥·¥³¥´´Ò³¨. �µÉ·¥¡´µ¸ÉÓ ¢ µ¡µ¡Ð¥´¨¨ ÔÉµ°
¶·µ¸Éµ° ±µ´¸É·Ê±Í¨¨, ¶·¨³¥´Ö¥³µ° ¢ Ô²¥±É·µ¤¨´ ³¨±¥, ´  ¸²ÊÎ ° ± ´µ´¨Î¥-
¸±µ° Ëµ·³Ê²¨·µ¢±¨ £· ¢¨É Í¨¨ ¶·¨¢¥²  „¨· ±  ± · §¢¨É¨Õ µ¡Ð¥° ¸Ì¥³Ò
·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³, ¶µ²ÊÎ¨¢Ï¥° ´ §¢ ´¨¥
³¥Éµ¤  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ [11]∗∗. �ÉµÉ ¸¶µ¸µ¡ ¨¤¥´É¨Ë¨± Í¨¨ Ë¨§¨Î¥-
¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, µ¸´µ¢ ´´Ò° ´  ¢¢¥¤¥´¨¨ ¢ É¥µ·¨Õ ¤µ¶µ²´¨É¥²Ó´ÒÌ
Ê¸²µ¢¨°, ± ²¨¡·µ¢µ±, Ê¸É· ´ÖÕÐ¨Ì ´¥Ë¨§¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ¸É ² É· -
¤¨Í¨µ´´Ò³ ³¥Éµ¤µ³, ¶·¨³¥´Ö¥³Ò³ ± ± ¢ ±² ¸¸¨Î¥¸±µ°, É ± ¨ ¢ ±¢ ´Éµ¢µ°
É¥µ·¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¸ ²µ± ²Ó´Ò³¨ ¸¨³³¥É·¨Ö³¨.

�·¥¤¸É ¢²¥´¨¥ ¤²Ö ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ´¥ ¡¥²¥¢ÒÌ ¶µ²¥° ¢ ¢¨¤¥ ±µ´É¨-
´Ê ²Ó´µ£µ ¨´É¥£· ²  [12], ¶µ²ÊÎ¥´´µ¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³¥Éµ¤  Ë¨±¸ Í¨¨
± ²¨¡·µ¢µ±, ¸ Ê¸¶¥Ìµ³ ¡Ò²µ ¶·¨³¥´¥´µ ¢ ·¥Ï¥´¨¨ Í¥²µ£µ ·Ö¤  ¶¥·ÉÊ·¡ É¨¢-
´ÒÌ § ¤ Î É¥µ·¨° Ô²¥±É·µ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ ¤ ²Ó´¥°Ï¥³,
µ¤´ ±µ, µ± § ²µ¸Ó, ÎÉµ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± -
²¨¡·µ¢±¨ ¢µ§´¨± ¥É É·Ê¤´µ¸ÉÓ ¶·¨´Í¨¶¨ ²Ó´µ£µ Ì · ±É¥· , É ± ´ §Ò¢ ¥³ Ö
¶·µ¡²¥³  ´¥µ¤´µ§´ Î´µ¸É¥° ƒ·¨¡µ¢  [13]. ƒ·¨¡µ¢¸±¨°  ´ ²¨§ ¤µ¶µ²´¨É¥²Ó-
´µ£µ Ê¸²µ¢¨Ö ŠÊ²µ´  ¨ ¤ ²Ó´¥°Ï¨° Éµ¶µ²µ£¨Î¥¸±¨° § ¶·¥É ‡¨´£¥·  ´  £²µ-
¡ ²Ó´ÊÕ ± ²¨¡·µ¢±Ê ¢ ´¥ ¡¥²¥¢µ° É¥µ·¨¨ [14, 15] Ê± § ²¨ ´  ´¥µ¡Ìµ¤¨³µ¸ÉÓ

∗ˆ¸Éµ·¨Õ ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ¢ · ¡µÉ Ì ‹ ·³µ· , ‹µ·¥´Í , ˜¢ ·ÍÏ¨²Ó¤  ¨ �Ê ´± ·¥
³µ¦´µ ¶·µ¸²¥¤¨ÉÓ ¶µ ±´¨£¥ [10].

∗∗�µ²ÊÎ¥´´µ¥ „¨· ±µ³ ·¥Ï¥´¨¥ § ¤ Î¨ ·¥¤Ê±Í¨¨ § ³¥Î É¥²Ó´Ò³ µ¡· §µ³ ¢Ò· ¦ ¥É¸Ö ¢
ÔËË¥±É¨¢´µ³ ¸µ±· Ð¥´¨¨ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò §  ¸Î¥É § ³¥´Ò ¸±µ¡µ± �Ê ¸¸µ´  ´  ¸±µ¡±¨
„¨· ±  [2].
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¸É·µ£µ£µ µ¶·¥¤¥²¥´¨Ö ±² ¸¸  ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ±. •µÉÖ ´  ¸¥£µ¤´ÖÏ´¨°
¤¥´Ó Ìµ·µÏµ ¨§¢¥¸É´µ ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ¶·¨´ ¤²¥¦´µ¸É¨ ± ²¨¡·µ¢µÎ´ÒÌ
ËÊ´±Í¨° ± ±² ¸¸Ê ¤µ¶Ê¸É¨³ÒÌ Å µÉ²¨Î¨¥ µÉ ´Ê²Ö ¤¥É¥·³¨´ ´É  ” ¤¤¥¥¢  Å
�µ¶µ¢ , ¢µ¶·µ¸ µ ¤µ¸É ÉµÎ´ÒÌ Ê¸²µ¢¨ÖÌ ´  ± ²¨¡·µ¢±¨, £ · ´É¨·ÊÕÐ¨Ì ±µ·-
·¥±É´µ¸ÉÓ ¢Ò¤¥²¥´¨Ö Ë¨§¨Î¥¸±µ£µ ¶·µ¸É· ´¸É¢ , µ¸É ¥É¸Ö µÉ±·ÒÉÒ³. Ÿ¸´µ,
ÎÉµ ·¥Ï¥´¨¥ § ¤ Î¨ µ¶·¥¤¥²¥´¨Ö ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± ¢ µ¡µ¡Ð¥´´µ° £ -
³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¥ ´¥¢µ§³µ¦´µ ¡¥§ ¤¥É ²Ó´µ£µ §´ ´¨Ö ¸ ³µ° ¸É·Ê±ÉÊ·Ò
Ë¨§¨Î¥¸±µ£µ ¨ ´¥Ë¨§¨Î¥¸±µ£µ ¸¥±Éµ·µ¢ É¥µ·¨¨. �µÔÉµ³Ê ¶·¨µ¡·¥É ¥É µ¸µ¡ÊÕ
§´ Î¨³µ¸ÉÓ  ²ÓÉ¥·´ É¨¢´ Ö ¸Ì¥³  ·¥¤Ê±Í¨¨, µ¸´µ¢ ´´ Ö ´  Ö¢´µ³ · §¤¥²¥-
´¨¨ ÔÉ¨Ì ¸¥±Éµ·µ¢, ¡¥§ ¢¢¥¤¥´¨Ö ± ±¨Ì-²¨¡µ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ
Ê¸²µ¢¨°. ’ ±ÊÕ ¸Ì¥³Ê ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ £¥µ³¥É·¨Î¥¸±µ°, µÉ¤ ¢ Ö ¤ ´Ó £¥µ-
³¥É·¨Î¥¸±µ³Ê ¶µ¤Ìµ¤Ê ¢ £·Ê¶¶µ¢µ³  ´ ²¨§¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°,
¨²¨ ¡¥¸± ²¨¡·µ¢µÎ´µ°, É¥³ ¸ ³Ò³ ¶µ¤Î¥·±¨¢ Ö ¥¥  ²ÓÉ¥·´ É¨¢´µ¸ÉÓ É· ¤¨Í¨-
µ´´µ³Ê ³¥Éµ¤Ê.

�¥¤Ê±Í¨Ö ¢ £¥µ³¥É·¨Î¥¸±¨Ì É¥·³¨´ Ì. ˆ§²µ¦¥´´ Ö ¢ µ¡§µ·¥ ¸Ì¥³  µ¶¨-
¸ ´¨Ö ·¥¤Ê±Í¨¨ ¡¥§ ¶·¨¢²¥Î¥´¨Ö ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° ¨³¥¥É ¸¢µ¨³¨ ±µ·-
´Ö³¨ Ìµ·µÏµ ¨§¢¥¸É´ÊÕ µ¶¥· Í¨Õ ·¥¤Ê±Í¨¨, ¨²¨ ¶µ´¨¦¥´¨Ö ¶µ·Ö¤±  ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¤µ¶Ê¸± ÕÐ¨Ì ¸¨³³¥É·¨Õ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö
£·Ê¶¶Ò ‹¨ [16Å19] . �¶¥· Í¨Ö ·¥¤Ê±Í¨¨ §  ¸Î¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨´É¥£· -
²µ¢ ¤¢¨¦¥´¨Ö ¶·¨³¥´Ö² ¸Ó, ´ Î¨´ Ö ¸ · ¡µÉ Ÿ±µ¡¨, ‹¨ ¨ �Ê ´± ·¥, ²¨¡µ ¸
Í¥²ÓÕ Ê¶·µÐ¥´¨Ö ¨¸Ìµ¤´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ²¨¡µ ¤²Ö ¤µ± § É¥²Ó¸É¢  ¨Ì
¨´É¥£·¨·Ê¥³µ¸É¨ ¢ ±¢ ¤· ÉÊ· Ì. ‚¢¥¤¥´¨¥ ¶µ´ÖÉ¨Ö µ ´¥±µ³³ÊÉ É¨¢´µ ¨´É¥-
£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì [20] ¶·¨¢¥²µ ± µ¡µ¡Ð¥´¨Õ ³¥Éµ¤  ¶µ´¨¦¥´¨Ö ¶µ·Ö¤± 
Ê· ¢´¥´¨° ¸ ¶µ³µÐÓÕ ¨´¢µ²ÕÉ¨¢´ÒÌ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ´  ¸²ÊÎ ° ¨´É¥£· -
²µ¢, µ¡· §ÊÕÐ¨Ì ´¥±ÊÕ  ²£¥¡·Ê ‹¨. Œ¥Éµ¤ £¥µ³¥É·¨Î¥¸±µ° ·¥¤Ê±Í¨¨ Ö¢²Ö¥É
¸µ¡µ° µ¡µ¡Ð¥´¨¥ ÔÉ¨Ì ¨¤¥° ´  ¸²ÊÎ ° ¸¨³³¥É·¨¨ £ ³¨²ÓÉµ´µ¢ÒÌ ¸¨¸É¥³,
¸¢Ö§ ´´ÒÌ ¸ ¤¥°¸É¢¨¥³ ¡¥¸±µ´¥Î´µ³¥·´ÒÌ £·Ê¶¶ ‹¨ ¨ ¶¸¥¢¤µ£·Ê¶¶ ‹¨ [21].
�·µ¡²¥³  ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¸µµÉ¢¥É¸É¢Ê¥É § ¤ Î¥,
¶µ¸É ¢²¥´´µ° ¥Ð¥ ‹¨: ©„²Ö ¤ ´´µ£µ Ê· ¢´¥´¨Ö ¨ ¤µ¶Ê¸± ¥³µ° ¨³ £·Ê¶¶Ò
¸¨³³¥É·¨¨ ´ °É¨ Ê· ¢´¥´¨Ö µ·¡¨É ²Õ¡ÒÌ ¥£µ ·¥Ï¥´¨° ¨ Ê· ¢´¥´¨Ö, ·¥Ï¥-
´¨Ö ±µÉµ·ÒÌ µ¶·¥¤¥²ÖÕÉ ¸µ¢µ±Ê¶´µ¸ÉÓ ¢¸¥Ì µ·¡¨Éª [18]. ’ ±µ¥ · ¸Ð¥¶²¥-
´¨¥ Ê· ¢´¥´¨° ´  · §·¥Ï ÕÐÊÕ ¸¨¸É¥³Ê, µ¶·¥¤¥²ÖÕÐÊÕ ¸¥³¥°¸É¢µ ´¥Ô±¢¨-
¢ ²¥´É´ÒÌ ·¥Ï¥´¨°, ¨  ¢Éµ³µ·Ë´ÊÕ ¸¨¸É¥³Ê, ±µÉµ· Ö § ¤ ¥É ¤²Ö ± ¦¤µ£µ
·¥Ï¥´¨Ö · §·¥Ï ÕÐ¥° ¸¨¸É¥³Ò ³´µ¦¥¸É¢µ ¥° Ô±¢¨¢ ²¥´É´ÒÌ, ¶µ²ÊÎ¨²µ ´ -
§¢ ´¨¥ £·Ê¶¶µ¢µ£µ · §²µ¦¥´¨Ö ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨²¨
· ¸¸²µ¥´¨Ö ‹¨ Å ‚¥¸¸¨µ [18, 19]. ‚ É¥·³¨´ Ì, ¶·¨³¥´Ö¥³ÒÌ ¢ Ë¨§¨Î¥¸±¨Ì
¶·¨²µ¦¥´¨ÖÌ, ¤ ´´µ¥ · ¸Ð¥¶²¥´¨¥ µ§´ Î ¥É · §¤¥²¥´¨¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
´  ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò° ¨ Î¨¸Éµ ± ²¨¡·µ¢µÎ´Ò° ¸¥±Éµ·Ò. ‘ ¶µ¤µ¡-
´µ° ÉµÎ±¨ §·¥´¨Ö § ¤ Î  ŠµÏ¨ ¢ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¨ £ ³¨²ÓÉµ´µ-
¢ÒÌ ¸¨¸É¥³ Ì ´ ¨¡µ²¥¥ Î¥É±µ ¡Ò²  ¸Ëµ·³Ê²¨·µ¢ ´  ¢ · ¡µÉ¥ [22], £¤¥ ¡Ò²
¶·¨³¥´¥´ ³¥Éµ¤ ‹¥¢¨-—¨¢¨É  ·¥Ï¥´¨Ö § ¤ Î¨ ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¨´¢µ²ÕÉ¨¢´Ò³¨ ¨´¢ ·¨ ´É´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ [23].
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�¡µ¡Ð¥´¨¥ ¤ ´´µ£µ ³¥Éµ¤  ´  ¸²ÊÎ ° ´¥¨´¢µ²ÕÉ¨¢´ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¸µµÉ-
´µÏ¥´¨°, µ¡· §ÊÕÐ¨Ì ¶¸¥¢¤µ ²£¥¡·Ê ‹¨, ´¥¢µ§³µ¦´µ ¡¥§ · §· ¡µÉ±¨ ÔËË¥±-
É¨¢´µ£µ ³¥Éµ¤  ¶¥·¥Ìµ¤  ± Ô±¢¨¢ ²¥´É´µ³Ê ´ ¡µ·Ê ¨´¢µ²ÕÉ¨¢´ÒÌ ¸¢Ö§¥° ¨²¨
 ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¢ Ë¨§¨Î¥¸±µ° É¥·³¨´µ²µ£¨¨∗. ‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¡Ê¤ÊÉ
· ¸¸³µÉ·¥´Ò ¤¢  ¸¶µ¸µ¡   ¡¥²¨§ Í¨¨ ¸¢Ö§¥°. �¥·¢Ò° µ¸´µ¢ ´ ´  ¶·µÍ¥¤Ê·¥
· §·¥Ï¥´¨Ö ¸¢Ö§¥° ( [4], Henneaux M. Teitelboim C.), ±µ´¸É·Ê±É¨¢´µ¸ÉÓ ¨ ¡¥§-
¡µ²¥§´¥´´µ¸ÉÓ ±µÉµ·µ° ´¨Î¥³ ´¥ £ · ´É¨·µ¢ ´ , ¢Éµ·µ° ³¥Éµ¤ [26,27] ¸¢Ö§ ´
¸ ¶·¨³¥´¥´¨¥³ ¤µ¶Ê¸É¨³ÒÌ ¢ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ Ì µ¡µ¡Ð¥´´ÒÌ ± ´µ´¨Î¥-
¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°.

�² ´ ¨§²µ¦¥´¨Ö. „²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¨§²µ¦¥´¨Ö ¢¸¥° £¥µ³¥É·¨Î¥-
¸±µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨, ¢±²ÕÎ Ö ¨ ¶·µÍ¥¤Ê·Ê  ¡¥²¨§ Í¨¨ ¸¢Ö§¥°, ´ ³ ¶µÉ·¥-
¡ÊÕÉ¸Ö ´¥±µÉµ·Ò¥ ¸¢¥¤¥´¨Ö ¨§ É¥µ·¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³.
‘É · Ö¸Ó ´¥ ¤Ê¡²¨·µ¢ ÉÓ ¨§²µ¦¥´¨¥ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ Ë ±Éµ¢, ³Ò ±µ´¸¶¥±-
É¨¢´µ ¨§²µ¦¨³ µ¸´µ¢´Ò¥ µ¶·¥¤¥²¥´¨Ö ¨ ¶·Ö³µ ´ Î´¥³ ¸ ¢µ¶·µ¸  µ ¶µ¸É ´µ¢±¥
§ ¤ Î¨ ŠµÏ¨ ¢ ² £· ´¦¥¢µ³ ¨ £ ³¨²ÓÉµ´µ¢µ³ ¶µ¤Ìµ¤ Ì ¤²Ö ¢Ò·µ¦¤¥´´ÒÌ ¤¨-
´ ³¨Î¥¸±¨Ì ¸¨¸É¥³. „ ²¥¥ µ¸´µ¢´µ¥ ¢´¨³ ´¨¥ ¸µ¸·¥¤µÉµÎ¨³ ´  ¨§²µ¦¥´¨¨
³¥Éµ¤  ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¨ ¶¥·¥°¤¥³ ±
¢µ¶·µ¸Ê µ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨ÖÌ. ‚¸¥ ¨§²µ¦¥´¨¥ ¡Ê¤¥É ¢¥¸-
É¨¸Ó ¢ · ³± Ì ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò
¨ ¡¥§ µ¡¸Ê¦¤¥´¨Ö ¢µ§³µ¦´ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì ¶·¥¶ÖÉ¸É¢¨°. ‚ ¤ ´´µ³ µ¡§µ·¥
³Ò µ£· ´¨Î¨³¸Ö ±µµ·¤¨´ É´Ò³ µ¶¨¸ ´¨¥³ ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨. ‘ £¥µ³¥É·¨-
Î¥¸±¨³, ¡¥¸±µµ·¤¨´ É´Ò³ µ¶¨¸ ´¨¥³ ´¥¢Ò·µ¦¤¥´´ÒÌ ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³
³µ¦´µ µ§´ ±µ³¨ÉÓ¸Ö ¶µ ±´¨£ ³ [28Å31],   ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨  ¸¶¥±É ³¨
¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨° Å ¶µ ¸É ÉÓÖ³ [32Å36] .

2. ‹�ƒ���†…‚ ”��Œ�‹ˆ‡Œ

� Î´¥³ ¸ ±µ´¸¶¥±É¨¢´µ£µ ¨§²µ¦¥´¨Ö É¥Ì ¶µ²µ¦¥´¨° ² £· ´¦¥¢µ° Ëµ·-
³Ê²¨·µ¢±¨ É¥µ·¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³, ±µÉµ·Ò¥ µ¸µ¡¥´´µ ¢ ¦´Ò ¸ ÉµÎ±¨
§·¥´¨Ö ¶·µ¡²¥³Ò ·¥¤Ê±Í¨¨ ¨ ¶µ¸É ´µ¢±¨ § ¤ Î¨ ŠµÏ¨.

�¡µ¡Ð¥´´Ò¥ ² £· ´¦¥¢Ò ±µµ·¤¨´ ÉÒ ¨ Ô¢µ²ÕÍ¨Ö. Šµ´Ë¨£Ê· Í¨Ö ±² ¸-
¸¨Î¥¸±µ° ² £· ´¦¥¢µ° ¸¨¸É¥³Ò ¸ N ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò ¢ ´¥±¨° ³µ³¥´É ¢·¥-
³¥´¨ t = T § ¤ ¥É¸Ö ´ ¡µ·µ³ Î¨¸¥² qi(T ), (i = 1, . . . , N). Œ´µ¦¥¸É¢µ ¢¸¥¢µ§-
³µ¦´ÒÌ ±µ´Ë¨£Ê· Í¨° M ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ±µ´Ë¨£Ê· Í¨µ´´Ò³ ¶·µ¸É· ´-
¸É¢µ³, ¢¥²¨Î¨´Ò qi Å µ¡µ¡Ð¥´´Ò³¨ ² £· ´¦¥¢Ò³¨ ±µµ·¤¨´ É ³¨,   Ô¢µ²Õ-
Í¨Ö ¸¨¸É¥³Ò ¥¸ÉÓ ¨§³¥´¥´¨¥ ±µ´Ë¨£Ê· Í¨¨ ¸¨¸É¥³Ò ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨, ¶·¨
±µÉµ·µ³ ÉµÎ±  qi µ¶¨¸Ò¢ ¥É ´  ³´µ£µµ¡· §¨¨ M ´¥±ÊÕ ±·¨¢ÊÕ Å ±² ¸¸¨Î¥-

∗Šµ·´¨ ÔÉµ° µ¶¥· Í¨¨ ³µ¦´µ ´ °É¨ ¢ ¨§¢¥¸É´µ° É¥µ·¥³¥ ‹¨ Å Š ·É ´  ¨§ É¥µ·¨¨ ËÊ´±-
Í¨µ´ ²Ó´ÒÌ £·Ê¶¶ [24, 25].
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¸±ÊÕ É· ¥±Éµ·¨Õ ¸¨¸É¥³Ò. ‡ ¤ Î¥° ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¨ Ö¢²Ö¥É¸Ö µ¶¨¸ -
´¨¥ Ô¢µ²ÕÍ¨¨ ¸¨¸É¥³Ò, Éµ ¥¸ÉÓ µ¶·¥¤¥²¥´¨¥ ¥¥ ±² ¸¸¨Î¥¸±µ° É· ¥±Éµ·¨¨.

�·¨´Í¨¶ ±² ¸¸¨Î¥¸±µ£µ ¤¥É¥·³¨´¨§³ . Š² ¸¸¨Î¥¸± Ö É· ¥±Éµ·¨Ö ¢ ±µ´-
Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥ µ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö. �¸´µ¢´µ¥ É·¥¡µ¢ ´¨¥, ¶·¥¤ÑÖ¢²Ö¥³µ¥ ± ¤¨´ ³¨Î¥¸±¨³
Ê· ¢´¥´¨Ö³, § ±²ÕÎ ¥É¸Ö ¢ ¢Ò¶µ²´¥´¨¨ ¶·¨´Í¨¶  ©±² ¸¸¨Î¥¸±µ£µ ¤¥É¥·³¨-
´¨§³ ª �ÓÕÉµ´  Ä ‹ ¶² ¸ , ³ É¥³ É¨Î¥¸± Ö Ëµ·³Ê²¨·µ¢±  ±µÉµ·µ£µ ¸µ¸Éµ¨É
¢ ¢µ§³µ¦´µ¸É¨ µ¤´µ§´ Î´µ£µ µ¶·¥¤¥²¥´¨Ö ±µ´Ë¨£Ê· Í¨¨ ¸¨¸É¥³Ò ¢ ¶·µ¨§-
¢µ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨ t ´  µ¸´µ¢¥ §´ ´¨Ö §´ Î¥´¨° µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É
qi(t), ¢³¥¸É¥ ¸ ¶·µ¨§¢µ¤´Ò³¨ ¶µ ¢·¥³¥´¨ ¤µ ´¥±µÉµ·µ£µ ¶µ·Ö¤±  (¸±µ·µ¸É¥°,
Ê¸±µ·¥´¨°) ¢ ²Õ¡µ° Ë¨±¸¨·µ¢ ´´Ò° ³µ³¥´É ¢·¥³¥´¨ t = T . ˆ´Ò³¨ ¸²µ¢ ³¨,
¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤µ²¦´Ò ¤µ¶Ê¸± ÉÓ ±µ··¥±É´ÊÕ ¶µ-
¸É ´µ¢±Ê § ¤ Î¨ ŠµÏ¨.

�·¨´Í¨¶ ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. ‚ ¦´¥°Ï¥¥
µÉ±·ÒÉ¨¥ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¨ ¸µ¸Éµ¨É ¢ ¢µ§³µ¦´µ¸É¨ ¢Ò¢µ¤  ¶µ¤µ¡´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨§ Éµ° ¨²¨ ¨´µ° ¢ ·¨ Í¨µ´´µ° § -
¤ Î¨. ˆ§¢¥¸É´µ ¡µ²ÓÏµ¥ · §´µµ¡· §¨¥ ¢ ·¨ Í¨µ´´ÒÌ ¶·¨´Í¨¶µ¢, ¨¸Éµ·¨Ö ¨
 ´ ²¨§ Ëµ·³Ê²¨·µ¢µ± ±µÉµ·ÒÌ ¸¨¸É¥³ É¨Î¥¸±¨ ¨§²µ¦¥´ ¢ § ³¥Î É¥²Ó´ÒÌ ±´¨-
£ Ì [23, 37]. ‚ ¸µ¢·¥³¥´´ÒÌ É¥µ·¥É¨±µ-¶µ²¥¢ÒÌ Ëµ·³Ê²¨·µ¢± Ì µ¡ÒÎ´µ ¨¸-
Ìµ¤ÖÉ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ƒ ³¨²ÓÉµ´  Å �¸É·µ£· ¤¸±µ£µ, ¸µ-
£² ¸´µ ±µÉµ·µ³Ê Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ±² ¸¸¨Î¥¸±µ° É· ¥±Éµ·¨¨ Å Ê· ¢-
´¥´¨Ö �°²¥·  Å ‹ £· ´¦  Å ¸²¥¤ÊÕÉ ¨§ Ê¸²µ¢¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ô±¸É·¥³Ê³ ,
É ± ´ §Ò¢ ¥³µ£µ ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö∗. …¸²¨ ÉµÎ´¥¥, Éµ ¶·¥¤¶µ² £ ¥É¸Ö
¸ÊÏ¥¸É¢µ¢ ´¨¥ ¨´É¥£· ² 

S [q] =

∫
dtL

(
q,
dq

dt
,
d2q

dt2
, . . . ,

dkq

dtk
, t

)
, (2.1)

§ ¤ ¢ ¥³µ£µ ¶µ¸·¥¤¸É¢µ³ ² £· ´¦¨ ´  ¸¨¸É¥³Ò L Å ËÊ´±Í¨¨ µÉ µ¡µ¡Ð¥´-
´ÒÌ ² £· ´¦¥¢ÒÌ ±µµ·¤¨´ É ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ ¶µ ¢·¥³¥´¨ ¢¶²µÉÓ ¤µ ´¥±µ£µ
k-µ£µ ¶µ·Ö¤± . ‹ £· ´¦¨ ´ µ¶·¥¤¥²Ö¥É ¤¨´ ³¨±Ê ¸¨¸É¥³Ò ¨§ Ê¸²µ¢¨Ö Éµ£µ,
ÎÉµ ±² ¸¸¨Î¥¸± Ö É· ¥±Éµ·¨Ö Ö¢²Ö¥É¸Ö Ô±¸É·¥³ ²ÓÕ ËÊ±Í¨µ´ ²  ¤¥°¸É¢¨Ö S
¶·¨ µ¶·¥¤¥²¥´´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ ´  ¢ ·¨ Í¨¨. �µ²ÓÏµ° ±² ¸¸ ¤¨´ -
³¨Î¥¸±¨Ì ¸¨¸É¥³, ¢¸É·¥Î ÕÐ¨Ì¸Ö ¢ ¶·¨·µ¤¥, µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¢Éµ-
·µ£µ ¶µ·Ö¤± , ¶µÔÉµ³Ê µ¡ÒÎ´µ µ£· ´¨Î¨¢ ÕÉ¸Ö · ¸¸³µÉ·¥´¨¥³ ² £· ´¦¨ ´µ¢,
±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ µÉ ±µµ·¤¨´ É ¨ ¨Ì ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶µ

∗‚µ¶·µ¸Ò µ £· ´¨Í Ì ¶·¨³¥´¨³µ¸É¨ ¢ ·¨ Í¨µ´´ÒÌ ¶·¨´Í¨¶µ¢ Å µÉ¤¥²Ó´ Ö µÎ¥´Ó ¨´É¥-
·¥¸´ Ö § ¤ Î , ¢ ¸¢Ö§¨ ¸ ´¥° § ³¥É¨³, ´ ¶·¨³¥·, ÎÉµ ¨´É¥£· ²Ó´Ò° ¶·¨´Í¨¶ ƒ ³¨²ÓÉµ´  Å
�¸É·µ£· ¤¸±µ£µ ¢ ¸É ´¤ ·É´µ° Ëµ·³Ê²¨·µ¢±¥ ¢¥·¥´ ²¨ÏÓ ¤²Ö £µ²µ´µ³´ÒÌ ¸¨¸É¥³, ¢ Éµ ¢·¥³Ö ± ±
¤·Ê£µ°, Ìµ·µÏµ ¨§¢¥¸É´Ò° ¶·¨´Í¨¶ ƒ Ê¸¸  Å ƒ¥·Í  [23] ¶·¨³¥´¨³ ¨ ± ´¥£µ²µ´µ³´Ò³ ¸¨¸É¥-
³ ³ [37].
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¢·¥³¥´¨∗. ‚ ÔÉµ³ ¸²ÊÎ ¥ ´¥µ¡Ìµ¤¨³Ò³ Ê¸²µ¢¨¥³ Ô±¸É·¥³Ê³  ¤¥°¸É¢¨Ö

S[q] =

∫ t2

t1

dtL(q, q̇, t) (2.2)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ´  ¢ ·¨ Í¨¨ δq(t1) = δq(t2) = 0 Ö¢²Ö¥É¸Ö ¢Ò¶µ²´¥-
´¨¥ Ê· ¢´¥´¨° �°²¥·  Å ‹ £· ´¦ ∗∗ ¤²Ö ËÊ´±Í¨° qi(t):

Li[q] :=
d

dt

(
∂L(q, q̇, t)

∂q̇i

)
− ∂L(q, q̇, t)

∂qi
= 0 , i = 1, . . . , N, (2.3)

±µÉµ·Ò¥ ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ Ëµ·³¥

Wij q̈j − li = 0, (2.4)

¥¸²¨ ¢¢¥¸É¨ ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö:

Wij(q, q̇, t) =
∂2L
∂q̇i∂q̇j

, (2.5)

li(q, q̇, t) = − ∂2L
∂qj∂q̇i

q̇j −
∂2L
∂t∂q̇i

+
∂L
∂qi

. (2.6)

Œ É·¨Í  Wij ´µ¸¨É ´ §¢ ´¨¥ ³ É·¨ÍÒ ƒ¥¸¸  ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö (2.3). …¥ ¤¥É¥·³¨´ ´É, £¥¸¸¨ ´, Ö¢²Ö¥É¸Ö µ¤´µ° ¨§ µ¸´µ¢´ÒÌ Ì · ±É¥·¨-
¸É¨± ³¥Ì ´¨Î¥¸±µ° ¸¨¸É¥³Ò. ‚ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, ¢Ò·µ¦¤¥´  ²¨ ³ É·¨Í 
ƒ¥¸¸ , É.¥. det ‖Wij‖ = 0, ²¨¡µ £¥¸¸¸¨ ´ µÉ²¨Î¥´ µÉ ´Ê²Ö det ‖Wij‖ 6= 0,
¶·¨´ÖÉµ ¤¥²¨ÉÓ ³¥Ì ´¨Î¥¸±¨¥ ¸¨¸É¥³Ò ´  ¢Ò·µ¦¤¥´´Ò¥ ¨ ´¥¢Ò·µ¦¤¥´´Ò¥
¸µµÉ¢¥É¸É¢¥´´µ∗∗∗. ˆ´µ£¤  ¶·¥¤¶µÎ¨É ÕÉ ¶µ²Ó§µ¢ ÉÓ¸Ö É¥·³¨´ ³¨ ¸¨´£Ê²Ö·-
´Ò¥ ¨ ´¥¸¨´£Ê²Ö·´Ò¥. ‚¢¥¤¥´¨¥ ¶µ¤µ¡´µ° £· ¤ Í¨¨ ¶µ²´µ¸ÉÓÕ µ¶· ¢¤ ´´µ,
¶µ¸±µ²Ó±Ê ¤¢  ¤ ´´ÒÌ É¨¶  É¥µ·¨° µ¡² ¤ ÕÉ ¶·¨´Í¨¶¨ ²Ó´µ · §´Ò³¨ ¸¢µ°-
¸É¢ ³¨, ´ Î¨´ Ö Ê¦¥ ¸ ¶µ¸É ´µ¢±¨ Ô¢µ²ÕÍ¨µ´´ÒÌ § ¤ Î.

‡ ¤ Î  ŠµÏ¨ ¢ ´¥¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ. …¸²¨ É¥µ·¨Ö ´¥ Ö¢²Ö¥É¸Ö ¢Ò-
·µ¦¤¥´´µ°,

det ‖Wij‖ 6= 0, (2.7)

∗ˆ´É¥·¥¸´µ, ÎÉµ, ± ± ¶· ¢¨²µ, ² £· ´¦¥¢Ò É¥µ·¨¨ ¸ ¢Ò¸Ï¨³¨ ¶·µ¨§¢µ¤´Ò³¨ ±µµ·¤¨´ É ¶µ
¢·¥³¥´¨ µ¶¨¸Ò¢ ÕÉ µ¡Ñ¥±ÉÒ, µ¡² ¤ ÕÐ¨¥ ´¥±µ° ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·µ°.

∗∗‚µ¶·µ¸Ò µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ Ô±¸É·¥³Ê³  ¨ µ ¤µ¸É ÉµÎ´ÒÌ Ê¸²µ¢¨ÖÌ, ± ± ¶· ¢¨²µ, µ¡Ìµ¤ÖÉ¸Ö
¢ Ë¨§¨Î¥¸±¨Ì § ¤ Î Ì ´¥±¨³¨ Ô¢·¨¸É¨Î¥¸±¨³¨ ¸µµ¡· ¦¥´¨Ö³¨. ‘  ´ ²¨§µ³ ¤ ´´ÒÌ ¶·µ¡²¥³
³µ¦´µ µ§´ ±µ³¨ÉÓ¸Ö ¢ ±´¨£¥ [38].

∗∗∗‡ ´Ê²¥´¨¥ £¥¸¸¨ ´  ´¥ § ¢¨¸¨É µÉ ¢Ò¡µ·  ±µµ·¤¨´ É, µ´µ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´µ° Ì · ±-
É¥·¨¸É¨±µ° ¸¨¸É¥³Ò ¸ ÉµÎ±¨ §·¥´¨Ö ¤µ¶Ê¸É¨³ÒÌ ¢ ² £· ´¦¥¢µ³ ¶µ¤Ìµ¤¥ ´¥¸¨´£Ê²Ö·´ÒÌ ¶·¥µ¡· -
§µ¢ ´¨° µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É.
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Éµ, ¸Î¨É Ö qi ¨ q̇i ´¥§ ¢¨¸¨³Ò³¨ ¢¥²¨Î¨´ ³¨, ³µ¦´µ · ¸¸³µÉ·¥ÉÓ Ê· ¢´¥´¨Ö
�°²¥·  Å ‹ £· ´¦  (2.3) ± ±  ²£¥¡· ¨Î¥¸±ÊÕ ¸¨¸É¥³Ê µÉ´µ¸¨É¥²Ó´µ ´¥¨§-
¢¥¸É´ÒÌ Ê¸±µ·¥´¨° q̈i ¨ · §·¥Ï¨ÉÓ ¨Ì µÉ´µ¸¨É¥²Ó´µ ¢Éµ·ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶µ
¢·¥³¥´¨

q̈i = W−1
ij lj , i, j = 1, . . . , N. (2.8)

�µ¤µ¡´ Ö § ¶¨¸Ó Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¢ É ± ´ §Ò¢ ¥³µ° ´µ·³ ²Ó´µ° Ëµ·³¥
¶·¥¤¸É ¢²¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, µ§´ Î ¥É ¢Ò¶µ²´¨³µ¸ÉÓ ©²µ-
± ²Ó´µ£µª ¶·¨´Í¨¶  ©±² ¸¸¨Î¥¸±µ£µ ¤¥É¥·³¨´¨§³ ª . „¥°¸É¢¨É¥²Ó´µ, ¤²Ö Ê· ¢-
´¥´¨° �°²¥·  Å ‹ £· ´¦ , ¶·¥¤¸É ¢²¥´´ÒÌ ¢ Ëµ·³¥ (2.8), ¢¸¥£¤  ¸ÊÏ¥¸É¢Ê¥É
¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ ¢ µ±·¥¸É´µ¸É¨ ¶·µ¨§¢µ²Ó´ÒÌ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ, § -
¤ ´´ÒÌ ¢ Ëµ·³¥ ´ ¡µ·  ´ Î ²Ó´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°, ¶µ¸±µ²Ó±Ê ¤²Ö
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, · §·¥Ï¥´´ÒÌ µÉ´µ¸¨É¥²Ó´µ ¸É ·Ï¥°
¶·µ¨§¢µ¤´µ°, ¨³¥¥É ³¥¸Éµ É¥µ·¥³  ŠµÏ¨ Å Šµ¢ ²¥¢¸±µ° µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨
¥¤¨´¸É¢¥´´µ¸É¨ ·¥Ï¥´¨°.

�¥§Õ³¥. ‚ ¸²ÊÎ ¥ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¤²Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
�°²¥·  Å ‹ £· ´¦  (2.3) § ¤ Î  ŠµÏ¨ ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥-
´¨¥ ¢ µ±·¥¸É´µ¸É¨ ¶·µ¨§¢µ²Ó´ÒÌ ´ Î ²Ó´ÒÌ §´ Î¥´¨¨° ±µµ·¤¨´ É
¨ ¸±µ·µ¸É¥°.

‡ ¤ Î  ŠµÏ¨ ¢ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ. ‚ É¥µ·¨ÖÌ ¸ ¢Ò·µ¦¤¥´´Ò³ ² £· ´¦¨-
 ´µ³ ¸¨ÉÊ Í¨Ö ¶·¨´Í¨¶¨ ²Ó´µ ¨´ Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨§-§  µÉ¸ÊÉ¸É¢¨Ö µ¡· É´µ°
³ É·¨ÍÒ ƒ¥¸¸  ¶·¨¢¥¤¥´¨¥ ± ´µ·³ ²Ó´µ° Ëµ·³¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ´¥¢µ§-
³µ¦´µ, ÎÉµ ¢²¥Î¥É §  ¸µ¡µ° ´¥¢µ§³µ¦´µ¸ÉÓ ¶µ¸É ´µ¢±¨ ±² ¸¸¨Î¥¸±µ° § ¤ Î¨
ŠµÏ¨. �¤´ ±µ ¶·¨ ÔÉµ³ ´¥ ¨¸±²ÕÎ ¥É¸Ö ¥¥ µ¶·¥¤¥²¥´´ Ö ³µ¤¨Ë¨± Í¨Ö, ±µÉµ-
· Ö ¢ Ö¢´µ° ¨²¨ ´¥Ö¢´µ° Ëµ·³¥ ¶·¨³¥´Ö¥É¸Ö ¢µ ¢¸¥Ì ¤¨´ ³¨Î¥¸±¨Ì § ¤ Î Ì,
¸¢Ö§ ´´ÒÌ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ¸¨¸É¥³ ³¨, ¶·¨³¥· Éµ³Ê Å ¶·µ¡²¥³  ŠµÏ¨ ¢
£· ¢¨É Í¨¨ ¨ § ¤ Î  µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ·  Ô¢µ²ÕÍ¨¨ ¢ É¥µ·¨¨ ´¥ ¡¥²¥¢ÒÌ
± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°.

Šµ··¥±É´ Ö ¶µ¸É ´µ¢±  § ¤ Î¨ ŠµÏ¨ ¶µ¤· §Ê³¥¢ ¥É ¢Ò¶µ²´¥´¥´¨¥ ¸²¥-
¤ÊÕÐ¨Ì ¶Ê´±Éµ¢:

a) ¸ÊÐ¥¸É¢µ¢ ´¨¥ ·¥Ï¥´¨Ö,
¡) ¥¤¨´¸É¢¥´´µ¸ÉÓ ·¥Ï¥´¨Ö,
¢) ¶·µ¨§¢µ²Ó´µ¸ÉÓ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ.
‚µ§³µ¦´ Ö ³µ¤¨Ë¨± Í¨Ö, µÎ¥¢¨¤´µ, ¸µ¸Éµ¨É ²¨ÏÓ ¢ µÉ± §¥ µÉ ¸µ¡²Õ-

¤¥´¨Ö ¶Ê´±Éµ¢ ( ) ¨ (¢). �µÔÉµ³Ê ¢¸Õ¤Ê ¢ ¤ ²Ó´¥°Ï¥³ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ
¢Ò·µ¦¤¥´´ Ö É¥µ·¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢  ¢ ¸³Ò¸²¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥Ï¥´¨Ö, ¨
¢µ§³µ¦´  ²¨ÏÓ (²¨¡µ) ¥£µ ´¥µ¤´µ§´ Î´µ¸ÉÓ ¨ (²¨¡µ) ¸ÊÐ¥¸É¢µ¢ ´¨¥ ²¨ÏÓ
¤²Ö ´¥±µÉµ·ÒÌ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ. �µ³¨³µ ÔÉµ£µ, ¸ ÉµÎ±¨ §·¥´¨Ö Ë¨§¨Î¥-
¸±¨Ì ¶·¨²µ¦¥´¨° ´ ¨¡µ²¥¥ ¢ ¦´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö É ± Ö µ¡µ¡Ð¥´´ Ö Ëµ·-
³Ê²¨·µ¢±  § ¤ Î¨, ±µ£¤  ¢ ¨¸Ìµ¤´µ° ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ³µ¦´µ ¢Ò¡· ÉÓ É -
±µ° ´ ¡µ· µ¡µ¡Ð¥´´ÒÌ ² £· ´¦¥¢ÒÌ ±µµ·¤¨´ É, ÎÉµ ¤²Ö µ¶¨¸ ´¨Ö Ô¢µ²ÕÍ¨¨
µ¶·¥¤¥²¥´´µ° Î ¸É¨ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ § ¤ Î  ŠµÏ¨ µ± §Ò¢ ¥É¸Ö ±µ··¥±É´µ°
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¢ ±² ¸¸¨Î¥¸±µ³ ¸³Ò¸²¥. �µ¸É·µ¥´¨¥ É ±µ£µ ´ ¡µ·  ¶¥·¥³¥´´ÒÌ ¨ ¸µ¸É ¢²Ö¥É
¸ÊÐ´µ¸ÉÓ ¶·µÍ¥¤Ê·Ò ² £· ´¦¥¢µ° ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³. �·µ¡²¥³ 
² £· ´¦¥¢µ° ·¥¤Ê±Í¨¨, É·¥¡ÊÕÐ Ö µÉ¤¥²Ó´µ£µ ¨ ÉÐ É¥²Ó´µ£µ · ¸¸³µÉ·¥´¨Ö,
´¥ ¸µ¸É ¢²Ö¥É Í¥²¨ ¤ ´´µ£µ µ¡§µ· , ¶µÔÉµ³Ê ³Ò ²¨ÏÓ § Ë¨±¸¨·Ê¥³ ¥¥ ´¥±µ-
Éµ·Ò¥  ¸¶¥±ÉÒ ¢ ¸¢Ö§¨ ¸ ¶µ¸É ´µ¢±µ° § ¤ Î¨ ŠµÏ¨.

‚ ¸¨²Ê ¢Ò·µ¦¤¥´´µ¸É¨ É¥µ·¨¨ · ´£ ³ É·¨ÍÒ ƒ¥¸¸  ³¥´ÓÏ¥∗, Î¥³ Î¨¸²µ
¸É¥¶¥´¥° ¸¢µ¡µ¤Ò N :

rank ‖Wij(q, q̇, t) ‖= R < N. (2.9)

‚ µÉ²¨Î¨¥ µÉ ´¥¢Ò·µ¦¤¥´´µ£µ ¸²ÊÎ Ö É¥¶¥·Ó Ê· ¢´¥´¨Ö �°²¥·  Å ‹ £· ´¦ 
(2.3), · ¸¸³ É·¨¢ ¥³Ò¥ ± ± ¸¨¸É¥³  ¨§ N ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ´¥µ¤´µ-
·µ¤´ÒÌ Ê· ¢´¥´¨° ¸ ´¥¨§¢¥¸É´Ò³¨ q̈j , j = 1, . . . , N , · §·¥Ï ÕÉ¸Ö ²¨ÏÓ µÉ´µ-
¸¨É¥²Ó´µ Ê¸±µ·¥´¨° R, ¶µ¸±µ²Ó±Ê · ´£ µ¸´µ¢´µ° ³ É·¨ÍÒ ¸¨¸É¥³Ò · ¢¥´ R:

q̈α = Qα (q1, . . . , qN , q̇1, . . . , q̇N , q̈R+1, ..., q̈N ) , α = 1, . . . , R. (2.10)

„¥°¸É¢¨É¥²Ó´µ, ¨§ (2.9) ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ Ê ³ É·¨ÍÒ ‖ Wij(q, q̇, t) ‖ R
²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ¢¥±Éµ·µ¢ µai (q, q̇, t) ¸ ´¥´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥-
´¨Ö³¨ ξa(q, q̇):

Wij(q, q̇, t)µ
a
i (q, q̇, t) = ξa(q, q̇, t)µaj (q, q̇, t) (2.11)

¨ N−R ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ´Ê²Ó-¢¥±Éµ·µ¢ µa(q, q̇, t) ¸ ´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´-
´Ò³¨ §´ Î¥´¨Ö³¨

Wij(q, q̇, t)µ
a
i (q, q̇, t) = 0, i, j = 1, . . . , N, a = 1, . . . , N −R. (2.12)

‘¢¥·ÉÒ¢ Ö ¸µ¡¸É¢¥´´Ò¥ ¢¥±Éµ·Ò ¸ ´¥´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ ¸
Ê· ¢´¥´¨Ö³¨ (2.3), ³Ò ¶µ²ÊÎ¨³ Ê· ¢´¥´¨Ö (2.10), ¢ Éµ ¢·¥³Ö ± ± ¸¢¥·É±  ´Ê²Ó-
¢¥±Éµ·µ¢ c (2.3) ¤ ¥É ¸¨¸É¥³Ê N −R Ê· ¢´¥´¨°, ´¥ ¸µ¤¥·¦ Ð¨Ì Ê¸±µ·¥´¨°:

χa(q, q̇, t) = li(q, q̇, t)µ
a
i (q, q̇, t) = 0. (2.13)

�·¨  ´ ²¨§¥ Ê· ¢´¥´¨° (2.10) ¨ (2.13) ¢µ§³µ¦´Ò ¸²¥¤ÊÕÐ¨¥ ¢ ·¨ ´ÉÒ:
(i) Ê· ¢´¥´¨Ö ´¥¸ ³µ¸µ£² ¸µ¢ ´´Ò (¶·µÉ¨¢µ·¥Î¨¢Ò);
(ii) Ê· ¢´¥´¨Ö (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ;
(iii) ¨§ N−R Ê· ¢´¥´¨° (2.13) r (r1) Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨µ´ ²Ó´µ

´¥§ ¢¨¸¨³Ò³¨ (§ ¢¨¸¨³Ò³¨),   r2 Ê· ¢´¥´¨° ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ.
‚ ·¨ ´É (i) µ§´ Î ¥É µÉ¸ÊÉ¸É¢¨¥ Ê ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö ÉµÎ¥± Ô±¸É·¥-

³Ê³  ¨ ¶µÔÉµ³Ê ¨¸±²ÕÎ ¥É¸Ö ¨§ ¤ ²Ó´¥°Ï¥£µ  ´ ²¨§  ± ± ¸²ÊÎ °, ´¥ ¶·¥¤¸É ¢-
²ÖÕÐ¨° Ë¨§¨Î¥¸±µ£µ ¨´É¥·¥¸ . …¸²¨ ¨³¥¥É ³¥¸Éµ (ii), É.¥. ¢¸¥ N −R ¸µµÉ´µ-
Ï¥´¨° (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ, Éµ Ê· ¢´¥´¨Ö (2.10) ¶·¥¤¸É ¢²ÖÕÉ

∗‚ ¤ ²Ó´¥°Ï¥³ · ´£ £¥¸¸¨ ´  ¡Ê¤¥³ ¸Î¨É ÉÓ ¶µ¸ÉµÖ´´Ò³ ¢µ ¢¸¥° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶¥·¥-
³¥´´ÒÌ (q, q̇).
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¸µ¡µ° ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö R ±µµ·¤¨´ É (q1, ..., qR) ¢
´µ·³ ²Ó´µ° Ëµ·³¥, ¶· ¢ Ö Î ¸ÉÓ ±µÉµ·ÒÌ § ¢¨¸¨É µÉ ´¥±¨Ì ¶·µ¨§¢µ²Ó´ÒÌ
ËÊ´±Í¨° (qR+1, . . . , qN ). �µÔÉµ³Ê §¤¥¸Ó ³Ò ¨³¥¥³ ¸¨ÉÊ Í¨Õ, ±µ£¤  § ¤ Î 
ŠµÏ¨ ´¥ ¨³¥¥É ¥¤¨´¸É¢¥´´µ£µ ·¥Ï¥´¨Ö; ¶µ¸²¥ Ë¨±¸ Í¨¨ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨°
¤²Ö ±µµ·¤¨´ É (q1, . . . , qR) ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸±µ·µ¸É¥° (q̇1, . . . , q̇R) ·¥Ï¥-
´¨¥ Ê· ¢´¥´¨Ö (2.10) ¸µ¤¥·¦¨É N −R ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨°.

�¥§Õ³¥. …¸²¨ ¢¸¥ N − R ¸µµÉ´µÏ¥´¨° (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦-
¤¥¸É¢¥´´µ, Éµ ·¥Ï¥´¨¥ § ¤ Î¨ ŠµÏ¨ ¤²Ö Ê· ¢´¥´¨° �°²¥·  Å
‹ £· ´¦  (2.3) ¶µ¸²¥ Ë¨±¸ Í¨¨ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨° ¤²Ö R ±µµ·¤¨-
´ É ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸±µ·µ¸É¥° ¸µ¤¥·¦¨É N −R ¶·µ¨§¢µ²Ó´ÒÌ
ËÊ´±Í¨°.

� ¨¡µ²¥¥ ¸²µ¦´Ò³ ¤²Ö  ´ ²¨§  µ± §Ò¢ ¥É¸Ö É·¥É¨° ¢ ·¨ ´É (iii), ±µ£¤ ,
¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ¢¸¥ ¸µµÉ´µÏ¥´¨Ö (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ. ‚ ÔÉµ³
¸²ÊÎ ¥ N − R ËÊ´±Í¨µ´ ²Ó´µ ´¥§ ¢¨¸¨³ÒÌ ¸µµÉ´µÏ¥´¨° ¤ ÕÉ µ£· ´¨Î¥´¨Ö
´  ¢µ§³µ¦´Ò¥ §´ Î¥´¨Ö µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥° Å É ± ´ §Ò-
¢ ¥³Ò¥ ² £· ´¦¥¢Ò ¸¢Ö§¨∗. ‚µ§´¨±´µ¢¥´¨¥ ² £· ´¦¥¢ÒÌ ¸¢Ö§¥° ´¥³¥¤²¥´´µ
¸É ¢¨É ¢µ¶·µ¸ µ ¸ ³µ¸µ£² ¸µ¢ ´´µ¸É¨ ¢¸¥° ¸Ì¥³Ò, ¶µ¸±µ²Ó±Ê ¨¸Ìµ¤´ Ö ¢ ·¨ -
Í¨µ´´ Ö § ¤ Î  ¶µ¤· §Ê³¥¢ ²  ´¥§ ¢¨¸¨³µ¸ÉÓ ¢ ·¨ Í¨° ¢¸¥Ì ±µµ·¤¨´ É. „²Ö
¤ ²Ó´¥°Ï¥£µ  ´ ²¨§  ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ³µ¦´µ ¶µ²µ¦¨ÉÓ, ÎÉµ

rank ‖ ∂χa(q, q̇, t)
∂qi

,
∂χa(q, q̇, t)

∂q̇i
‖= r1 + r2, r1 + r2 ≤ N −R, (2.14)

rank ‖ ∂χa(q, q̇, t)
∂q̇i

‖= r2. (2.15)

’µ£¤  ¸µµÉ´µÏ¥´¨Ö (2.13) ³µ¦´µ § ³¥´¨ÉÓ Ô±¢¨¢ ²¥´É´Ò³¨ r1 + r2 ¸µµÉ´µ-
Ï¥´¨Ö³¨ ¢¨¤ 

χ1
a(q, t) = 0, a = 1, ..., r1, (2.16)

χ2
a(q, q̇, t) = 0, a = 1, ..., r2. (2.17)

‡  ËÊ´±Í¨Ö³¨ χ1
a ¨ χ2

a § ±·¥¶¨²µ¸Ó ¶µ É· ¤¨Í¨¨ ´ §¢ ´¨¥ ² £· ´¦¥¢ÒÌ ¸¢Ö-
§¥° É¨¶  A ¨ É¨¶  B ¸µµÉ¢¥É¸É¢¥´´µ (Sudarshan E.C.G., Mukunda N. [4]).
’ ±¨³ µ¡· §µ³, ¢ ¸¨´£Ê²Ö·´µ³ ¸²ÊÎ ¥ ¨¸Ìµ¤´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö (2.3) ·¥¤ÊÍ¨·µ¢ ² ¸Ó ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (2.10), (2.16) ¨ (2.17), ±µÉµ·ÊÕ
´ ¤µ ¨¸¸²¥¤µ¢ ÉÓ ´  ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ. Ÿ¸´µ, ÎÉµ ¶µ²ÊÎ¥´´ Ö ¸¨¸É¥³  ¡Ê-
¤¥É ´¥¶·µÉ¨¢µ·¥Î¨¢ , ¥¸²¨ ¸¢Ö§¨ χ1

a ¨ χ2
a ¸µÌ· ´ÖÕÉ¸Ö ¢µ ¢·¥³¥´¨, É.¥. ¥¸²¨

∗� Î¨´ Ö ¸ · ¡µÉ „¨· ± , ¢ ²¨É¥· ÉÊ·¥ µ¤´¨³ ¨ É¥³ ¦¥ É¥·³¨´µ³ ©¸¢Ö§Óª ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ
± ± ¸ ³Ê ËÊ´±Í¨Õ, É ± ¨ Ê¸²µ¢¨¥ ¥¥ µ¡· Ð¥´¨Ö ¢ ´Ê²Ó, ¸Î¨É Ö, ÎÉµ ÔÉµ ´¥ ¢Ò§µ¢¥É ´¥¤µ· §Ê³¥´¨Ö.



�…„“Š–ˆŸ ‚ ‘ˆ‘’…Œ�• ‘ ‹�Š�‹œ��‰ ‘ˆŒŒ…’�ˆ…‰ 171

¨Ì ¶µ²´ Ö ¶·µ¨§¢µ¤´ Ö ¶µ ¢·¥³¥´¨ ¡Ê¤¥É · ¢´  ´Ê²Õ. �´ ²¨§ Ê¸²µ¢¨° ´¥¶·µ-
É¨¢µ·¥Î¨¢µ¸É¨ ´ Î´¥³ ¸µ ¸¢Ö§¥° É¨¶  A:

dχ1
a(q, t)

dt
=
∂χ1

a(q, t)

∂qi
q̇i +

∂χ1
a(q, t)

∂t
= 0. (2.18)

…¸²¨ ÔÉ¨ · ¢¥´¸É¢  Éµ¦¤¥¸É¢¥´´µ ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨ ÊÎ¥É¥ ² £· ´¦¥¢ÒÌ
¸¢Ö§¥° A ¨ B, Éµ Éµ£¤ , ¢µµ¡Ð¥ £µ¢µ·Ö, ¨§ (2.18) ¢µ§´¨± ÕÉ ´µ¢Ò¥ ² £· ´¦¥¢Ò
¸¢Ö§¨ µ¡µ¨Ì É¨¶µ¢, ±µÉµ·Ò¥ ¢ ¶·¨´Í¨¶¥ ³µ£ÊÉ ¶µ´¨§¨ÉÓ · ´£ ³ É·¨ÍÒ ƒ¥¸¸ ,
ÎÉµ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶·¨¢¥¤¥É ± Ê³¥´ÓÏ¥´¨Õ Î¨¸²  Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ-
·Ö¤±  (2.10). �µ²ÊÎ¥´´ Ö É ±¨³ µ¡· §µ³ ¸¨¸É¥³  Ê· ¢´¥´¨°, ¸ ÊÎ¥Éµ³ ´µ¢ÒÌ
² £· ´¦¥¢ÒÌ ¸¢Ö§¥° É¨¶  A, § ´µ¢µ ¤µ²¦´  ¡ÒÉÓ ¶·µ¢¥·¥´  ´  ´¥¶·µÉ¨¢µ·¥-
Î¨¢µ¸ÉÓ ¨ É.¤. „²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢ÒÌ É¥µ·¨° ¶µ¸²¥ ±µ´¥Î´µ£µ Î¨¸²  Ï £µ¢
¶·µÍ¥¸¸ ¢µ§´¨±´µ¢¥´¨Ö ´µ¢ÒÌ ¸¢Ö§¥° É¨¶  A ¶·¥±· É¨É¸Ö, ¶·¨ ÔÉµ³ µ¡Ð¥¥
Î¨¸²µ ¸¢Ö§¥° ¡Ê¤¥É ³¥´ÓÏ¥ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò N . �µ¸²¥ ÔÉµ£µ ´¥µ¡-
Ìµ¤¨³µ ¶·µ¢¥¸É¨  ´ ²µ£¨Î´ÊÕ ¶·µÍ¥¤Ê·Ê ¤²Ö ¸¢Ö§¥° É¨¶  B, ÎÉµ ¶·¨¢µ¤¨É ±
Ê· ¢´¥´¨Ö³

dχ2
a(q, q̇, t)

dt
=
∂χ2

a(q, q̇, t)

∂q̇i
q̈i +

∂χ2
a(q, q̇, t)

∂qi
q̇i +

∂χ2
a(q, q̇, t)

∂t
= 0. (2.19)

…¸²¨ ¤ ´´Ò¥ · ¢¥´¸É¢  ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ ¶·¨ ÊÎ¥É¥ ¢¸¥Ì ¨³¥Õ-
Ð¨Ì¸Ö ´  ¤ ´´µ³ ÔÉ ¶¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨ ² £· ´¦¥¢ÒÌ ¸¢Ö§ÖÌ É¨¶  A ¨
B, Éµ ¨§ (2.19) ¸²¥¤ÊÕÉ ´µ¢Ò¥ ² £· ´¦¥¢Ò ¸¢Ö§¨ µ¡µ¨Ì É¨¶µ¢, ±µÉµ·Ò¥ ¢´µ¢Ó
³µ£ÊÉ ¶µ´¨§¨ÉÓ · ´£ ³ É·¨ÍÒ ƒ¥¸¸  ¨ É¥³ ¸ ³Ò³ Ê³¥´ÓÏ¨ÉÓ Î¨¸²µ ´¥§ ¢¨¸¨-
³ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ ¢·¥³¥´¨. „²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢ÒÌ É¥µ·¨°
¶µ¢Éµ·¥´¨¥ ¢ÒÏ¥µ¶¨¸ ´´µ° ¶·µÍ¥¤Ê·Ò ¢ ±µ´¥Î´µ³ ¨Éµ£¥ ¶·¨¢¥¤¥É ± ¶µ²´µ°
¸¨¸É¥³¥ ¸²¥¤ÊÕÐ¥£µ ¢¨¤ :

q̈α = Qα(q1, ..., qN , q̇1, ..., q̇N , q̈r′+1, ..., q̈N ), α = 1, ..., r,′ (2.20)

χ1
a′(q, t) = 0, a′ = 1, ..., r′1, (2.21)

χ2
a′′(q, q̇, t) = 0, a′′ = 1, . . . , r′′2 , (2.22)

¶·¨ ÔÉµ³ r1 + r2 < r′1 + r′′2 < N, r′ < R, r′1 + r′′2 + r′ < N ,   Ê¸²µ¢¨¥
¶µ²´µÉÒ ¸¨¸É¥³Ò ¸¢Ö§¥° µ§´ Î ¥É, ÎÉµ ¢ ¶·µÍ¥¸¸¥ Ô¢µ²ÕÍ¨¨ ´¥ ¢µ§´¨±´¥É
´µ¢ÒÌ ¸¢Ö§¥°, É.¥. · ¢¥´¸É¢ 

dχ1
a′(q, t)

dt
= 0, a′ = 1, . . . , r′1, (2.23)

dχ2
a′′(q, q̇, t)

dt
= 0, a′′ = 1, . . . , r′′2 (2.24)

¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ ¶·¨ ÊÎ¥É¥ ¢¸¥Ì Ê· ¢´¥´¨° (2.20)Å(2.22).
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�¥§Õ³¥. „²Ö ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨ µ±µ´Î É¥²Ó-
´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ (2.20)Å(2.22), ¸·¥¤¨
±µÉµ·ÒÌ Éµ²Ó±µ Î ¸ÉÓ Ê· ¢´¥´¨°, ¸µ¤¥·¦ Ð Ö ¢Éµ·Ò¥ ¶·µ¨§¢µ¤-
´Ò¥ ¶µ ¢·¥³¥´¨, Ö¢²ÖÕÉ¸Ö ¨¸É¨´´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö,  
µ¸É ¢Ï Ö¸Ö Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° µ£· ´¨Î¥´¨Ö ´  ´ Î ²Ó´Ò¥
Ê¸²µ¢¨Ö ¤²Ö ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°, ² £· ´¦¥¢Ò ¸¢Ö§¨.

�¡Ð Ö § ¤ Î  ¨¸¸²¥¤µ¢ ´¨Ö ¨´É¥£·¨·Ê¥³µ¸É¨ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨ Ê¸É ´µ¢²¥´¨Ö Ì · ±É¥·  µ¡Ð¨Ì ·¥Ï¥´¨° ¢ ¸³Ò¸²¥
µ¶·¥¤¥²¥´¨Ö ¸É¥¶¥´¨ ¨Ì ´¥µ¤´µ§´ Î´µ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸²µ¦´ÊÕ ¶·µ-
¡²¥³Ê. …¥  ´ ²¨§ É·¥¡Ê¥É ¶·¨¢²¥Î¥´¨Ö ³¥Éµ¤µ¢ ¸µ¢·¥³¥´´µ° £¥µ³¥É·¨Î¥-
¸±µ° É¥µ·¨¨ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [21], ¡ §¨·ÊÕÐ¥°¸Ö
´  ¨¤¥ÖÌ Ëµ·³ ²Ó´µ£µ · §²µ¦¥´¨Ö ·¥Ï¥´¨° ¢ ·Ö¤ ’¥°²µ·  ¨ ¶·µ¤µ²¦¥´¨Ö
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤µ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò. �¥ Ê£²Ê¡-
²ÖÖ¸Ó ¢ ¤ ´´ÊÕ ¶·µ¡²¥³Ê, µÉ³¥É¨³ ²¨ÏÓ ´¥±µÉµ·Ò¥ ¶·¨´Í¨¶¨ ²Ó´Ò¥ µ¸µ¡¥´-
´µ¸É¨ § ¤ Î¨ ŠµÏ¨ ¤²Ö ² £· ´¦¥¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ ¢Ò·µ¦¤¥´´ÒÌ
É¥µ·¨ÖÌ.

Å …¸²¨ ¶·µ¨§¢µ² ¢ µ¡Ð¥³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¸²¥¤ÊÕÐ¨Ì ¨§
´¥¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¨ ´µ¢, ¸¢µ¤¨É¸Ö ± ¸ÊÐ¥¸É¢µ¢ ´¨Õ 2N ¶·µ¨§-
¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ, §´ Î¥´¨Ö ±µÉµ·ÒÌ µ¤´µ§´ Î´µ µ¶·¥¤¥²ÖÕÉ¸Ö ´ -
Î ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°, Éµ ¤²Ö
¢Ò·µ¦¤¥´´µ£µ ¸²ÊÎ Ö ÔÉµ ´¥ É ±. ƒ· ´¨ÍÒ ¤²Ö ¸É¥¶¥´¨ ¨ Ì · ±É¥·  ¤ ´-
´µ£µ ¶·µ¨§¢µ²  ³µ¦´µ Ê¸É ´µ¢¨ÉÓ, · ¸¸³ É·¨¢ Ö ¤¢  ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ Ö:

Œ ±¸¨³ ²Ó´Ò° ¶·µ¨§¢µ² ¨³¥¥É ³¥¸Éµ, ±µ£¤  ¢¸¥ ² £· ´¦¥¢Ò ¸¢Ö§¨ ¢Ò-
¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ¤¢¨-
¦¥´¨Ö § ¢¨¸¨É µÉ N −R ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° ¢·¥³¥´¨ ¨ µÉ 2R ¶·µ-
¨§¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ.

Œ¨´¨³ ²Ó´Ò° ¶·µ¨§¢µ² µ¸ÊÐ¥¸É¢²Ö¥É¸Ö, ±µ£¤  ¢¸¥ ² £· ´¦¥¢Ò ¸¢Ö§¨
Ö¢²ÖÕÉ¸Ö ¸¢Ö§Ö³¨ É¨¶  A, Éµ£¤  µ¡Ð¥¥ ·¥Ï¥´¨¥ § ¢¨¸¨É µÉ 2(N − R)
¶·µ¨§¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ.

Å ‚ µÉ²¨Î¨¥ µÉ ´¥¢Ò·µ¦¤¥´´µ£µ ¸²ÊÎ Ö ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö µ¡µ¡Ð¥´-
´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥° ´¥ ³µ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò ¶·µ¨§¢µ²Ó´µ, µ´¨
¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ ² £· ´¦¥¢Ò³ ¸¢Ö§Ö³ (2.22), (2.22).

’µ¦¤¥¸É¢  �¥É¥· ¨ § ¤ Î  ŠµÏ¨. �É³¥Î¥´´µ¥ ¶·¨ ¶µ²ÊÎ¥´¨¨ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° (2.20)Å(2.22) Ê¸²µ¢¨¥ ¶µ²´µÉÒ ¸¢Ö§ ´µ ¸ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓÕ
¶µ¸É ´µ¢±¨ § ¤ Î¨ ŠµÏ¨, ±µ£¤  ² £· ´¦¥¢Ò ¸¢Ö§¨ (2.22),(2.22) · ¸¸³ É·¨¢ -
ÕÉ¸Ö ± ± ´¥±¨¥ Ê¸²µ¢¨Ö ´  ´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¤²Ö ¸¨¸É¥³Ò ¢Éµ·µ£µ ¶µ·Ö¤±  ¢
´µ·³ ²Ó´µ° Ëµ·³¥ (2.20). „²Ö ¨¸±²ÕÎ¨É¥²Ó´µ ¢ ¦´ÒÌ ¸¨´£Ê²Ö·´ÒÌ É¥µ·¨°,
¢Ò·µ¦¤¥´´µ¸ÉÓ ±µÉµ·ÒÌ ¸¢Ö§ ´  ¸ ¨´¢ ·¨ ´É´µ¸ÉÓÕ ¤¥°¸É¢¨Ö ¶µ µÉ´µÏ¥´¨Õ
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± ¶·¥µ¡· §µ¢ ´¨Ö³, ¸µ¤¥·¦ Ð¨³ ¢ ± Î¥¸É¢¥ £·Ê¶¶µ¢ÒÌ ¶ · ³¥É·µ¢ ¶·µ¨§-
¢µ²Ó´Ò¥ ËÊ´±Í¨¨ ¢·¥³¥´¨, ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¨²¨, ¨´ Î¥, ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ
§ ¤ Î¨ ŠµÏ¨ £ · ´É¨·Ê¥É¸Ö ¨§¢¥¸É´Ò³¨ Éµ¦¤¥¸É¢ ³¨ �¥É¥· [39,40], ±µÉµ·Ò¥
µ¡¥¸¶¥Î¨¢ ÕÉ ¢Ò¶µ²´¨³µ¸ÉÓ Ê¸²µ¢¨° ¸¢Ö§¥° ¢ ²Õ¡µ° ³µ³¥´É ¢·¥³¥´¨, ¥¸²¨
µ´¨ ¨³¥²¨ ³¥¸Éµ ¢ ´¥±¨° ³µ³¥´É ¢·¥³¥´¨ (‚.‚.�¥¸É¥·¥´±µ, �.Œ.—¥·¢Ö±µ¢
[4]). �µ³¨³µ ÔÉµ£µ, Éµ¦¤¥¸É¢  �¥É¥·, µ¶·¥¤¥²ÖÕÉ ¨ ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§-
¢µ² µ¡Ð¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¸¢Ö§ ´´Ò° ¸ · ´£µ³ £·Ê¶¶Ò ¸¨³³¥É-
·¨¨ ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö.

3. ƒ�Œˆ‹œ’���‚ ”��Œ�‹ˆ‡Œ

�´ ²µ£¨Ö ³¥¦¤Ê ³¥Ì ´¨Î¥¸±¨³¨ ¨ µ¶É¨Î¥¸±¨³¨ Ö¢²¥´¨Ö³¨, µÉ±·ÒÉ Ö ƒ -
³¨²ÓÉµ´µ³ ¨ ¨§²µ¦¥´´ Ö ¢ ¤µ±² ¤¥, ¶·¥¤¸É ¢²¥´´µ³ ¨³ ¢ 1824 £. ˆ·² ´¤¸±µ°
 ± ¤¥³¨¨ ´ Ê±, ¶µ²µ¦¨²  ´ Î ²µ ´µ¢Ò³ Ëµ·³Ê²¨·µ¢± ³ ¤¨´ ³¨Î¥¸±¨Ì ¶·¨´-
Í¨¶µ¢ ¤¢¨¦¥´¨Ö. Š ± ¶µ± § ²  ¨¸Éµ·¨Ö ´ Ê±¨, ¸¶Ê¸ÉÖ ¸Éµ²¥É¨¥ ¨³¥´´µ ÔÉ 
 ´ ²µ£¨Ö ¨ £ ³¨²ÓÉµ´µ¢  Ëµ·³  Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸Ò£· ²¨ ¨¸±²ÕÎ¨É¥²Ó´µ
¢ ¦´ÊÕ ·µ²Ó ¶·¨ ¸µ§¤ ´¨¨ ¨ ¸É ´µ¢²¥´¨¨ ±¢ ´Éµ¢µ° É¥µ·¨¨.

ƒ ³¨²ÓÉµ´µ¢  ³¥Ì ´¨± , ¡¥·ÊÐ Ö ´ Î ²µ ¢ ¨¸¸²¥¤µ¢ ´¨ÖÌ �Ê ¸¸µ´ , ƒ -
³¨²ÓÉµ´ , �¸É·µ£· ¤¸±µ£µ ¨ ‹¨Ê¢¨²²Ö, ¶¥·¢µ´ Î ²Ó´µ µ¶¨· ² ¸Ó ¨¸±²ÕÎ¨-
É¥²Ó´µ ´  ± ´µ´¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ ¸¨³¶²¥±É¨Î¥¸±µ° ¸É·Ê±ÉÊ·Ò ¢ ¥¢±²¨¤µ-
¢µ³ ¶·µ¸É· ´¸É¢¥∗. �µ²¥¥ µ¡Ð¥¥ · ¸¸³µÉ·¥´¨¥, µ¸´µ¢ ´´µ¥ ´  ¶Ê ¸¸µ´µ¢µ°
¸É·Ê±ÉÊ·¥, ¢¶¥·¢Ò¥ ¶µÖ¢²Ö¥É¸Ö ¢ ¸¢Ö§¨ ¸ É¥µ·¨¥° ËÊ´±Í¨µ´ ²Ó´ÒÌ £·Ê¶¶ ¨
É¥µ·¨¥° ¨´É¥£·¨·µ¢ ´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ Î ¸É´Ò³¨ ¶·µ¨§-
¢µ¤´Ò³¨ ¶¥·¢µ£µ ¶µ·Ö¤±  ¢ É·Ê¤ Ì ‹¨ [25]. �¤´ ±µ ¶µ¤Ìµ¤ ‹¨ ¡Ò² § ¡ÒÉ
± ± ³ É¥³ É¨± ³¨, É ± ¨ Ë¨§¨± ³¨,   ¢µ§·µ¦¤¥´¨Õ µ¡Ð¥£µ ¢§£²Ö¤  ´  ¶Ê ¸-
¸µ´µ¢¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³¥Ì ´¨±¨ ƒ ³¨²ÓÉµ´  ³Ò µ¡Ö§ ´Ò „¨· ±Ê ( [2], 1950 £.),
±µÉµ·Ò°, ¶µ-¢¨¤¨³µ³Ê, ¢¶¥·¢Ò¥ ¢¢¥² µ¡ÐÊÕ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³´µ-
£µµ¡· §¨Ö, µ¶·¥¤¥²¨¢ ¸±µ¡±Ê �Ê ¸¸µ´  Î¨¸Éµ  ±¸¨µ³ É¨Î¥¸±¨∗∗.

”µ·³  ƒ ³¨²ÓÉµ´  ´¥¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³. ‘¨¸É¥³Ê ² -
£· ´¦¥¢ÒÌ Ê· ¢´¥´¨¨° (2.8) ¨§ N ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ-
·Ö¤±  ¢ ´µ·³ ²Ó´µ° Ëµ·³¥ ³µ¦´µ § ³¥´¨ÉÓ (¡¥¸±µ´¥Î´Ò³ ³´µ¦¥¸É¢µ³ ¸¶µ¸µ-
¡µ¢) Ô±¢¨¢ ²¥´É´µ° ¥° ¸¨¸É¥³µ° ¶¥·¢µ£µ ¶µ·Ö¤± , É ±¦¥ ¢ ´µ·³ ²Ó´µ° Ëµ·³¥
¸ 2N ´¥¨§¢¥¸É´Ò³¨, ¥¸²¨ §  ´µ¢Ò¥ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ ¶·¨´ÖÉÓ, ´ ·Ö¤Ê ¸
qi(t), ¨ N ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ vi(t) = q̇i(t), ¨²¨ ¢µµ¡Ð¥ N ´¥§ ¢¨¸¨³ÒÌ

∗‡  ¨¸Éµ·¨Î¥¸±¨³¨ ¤¥É ²Ö³¨ ¸É ´µ¢²¥´¨Ö É¥µ·¨¨ ƒ ³¨²ÓÉµ´  ¢ ¶·µÏ²µ³ ¸Éµ²¥É¨¨ µÉ¸Ò² ¥³
± ±² ¸¸¨Î¥¸±µ³Ê ÊÎ¥¡´¨±Ê ….’.“¨ÉÉ¥±¥·  [37], ¸.294, ¨ ³µ´µ£· Ë¨¨ [10].

∗∗�É¤ ¢ Ö ¤ ´Ó µ£·µ³´µ³Ê ¢±² ¤Ê ‘µËÊ¸  ‹¨, ¢ ¢ ¦´µ³ ¶·¨³¥·¥ ¶Ê ¸¸µ´µ¢¸±µ° ¸É·Ê±ÉÊ·Ò,
¸¢Ö§ ´´µ° ¸  ²£¥¡· ³¨ ‹¨, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸±µ¡±Ê ´  ¶·µ¸É· ´¸É¢¥, ¤Ê ²Ó´µ³ ±  ²£¥¡·¥, ´ §¢ ²¨
¸±µ¡±µ° ‹¨ Å �Ê ¸¸µ´ .
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³¥¦¤Ê ¸µ¡µ° ËÊ´±Í¨° vi(t) = vi (q(t), q̇(t), t). „²Ö ¶µ²ÊÎ¥´¨Ö Ê· ¢´¥´¨° ¶¥·-
¢µ£µ ¶µ·Ö¤±  ƒ ³¨²ÓÉµ´ ¢µ¸¶µ²Ó§µ¢ ²¸Ö µ¤´¨³ § ³¥Î É¥²Ó´Ò³ ¢Ò¡µ·µ³ É ±¨Ì
ËÊ´±Í¨°. �É¨ ¤µ¶µ²´¨É¥²Ó´Ò¥ ± ±µµ·¤¨´ É ³ ¶¥·¥³¥´´Ò¥ Å µ¡µ¡Ð¥´´Ò¥
¨²¨ ± ´µ´¨Î¥¸±¨¥ ¨³¶Ê²Ó¸Ò Å ¸¢Ö§ ´Ò ¸µ ¸±µ·µ¸ÉÖ³¨ ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥-
¦ ´¤· , ¶·¨Î¥³ ¶µ·µ¦¤ ÕÐ¥° ËÊ´±Í¨¥° ¶·Ö³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö Ö¢²Ö²¸Ö ¸ ³
² £· ´¦¨ ´ ¸¨¸É¥³Ò L (q, q̇, t):

pi =
∂L(q, q̇, t)

∂q̇i
, i = 1, . . . , N, (3.1)

  ¶µ·µ¦¤ ÕÐ¥° ËÊ´±Í¨¥° µ¡· É´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö

q̇i =
∂H(q, p, t)

∂pi
, i = 1, . . . , N, (3.2)

ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´  ¨²¨ £ ³¨²ÓÉµ´¨ ´ H(p, q, t), ±µÉµ·Ò° ¸¢Ö§ ´ ¸ ² £· ´-
¦¨ ´µ³ Ëµ·³Ê²µ°

H(q, p, t) =

N∑
i=1

(piq̇i − L(q, q̇, t))
∣∣∣
q̇→q,p,t

, (3.3)

£¤¥ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¢¸¥ ¸±µ·µ¸É¨ ¢Ò· ¦¥´Ò Î¥·¥§ ¨³¶Ê²Ó¸Ò ´  µ¸´µ¢¥
¶·Ö³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö (3.1). �·¥µ¡· §µ¢ ´¨¥ ‹¥¦ ´¤·  ¶¥·¥¢µ¤¨É Ê· ¢´¥-
´¨Ö ¤¢¨¦¥´¨Ö �°²¥·  Å ‹ £· ´¦  (2.8) ¢ ± ´µ´¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉµ´ ∗

q̇i =
∂H(q, p)

∂pi
, (3.4)

ṗi = −∂H(q, p)

∂qi
. (3.5)

�·µ¸É· ´¸É¢µ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ p, q, ¸²¥¤ÊÖ „¦.‚.ƒ¨¡¡¸Ê, ¶·¨´ÖÉµ
´ §Ò¢ ÉÓ 2N -³¥·´Ò³ Ë §µ¢Ò³ ¶·µ¸É· ´¸É¢µ³ Γ. �µ¸²¥ ¢¢¥¤¥´¨Ö ¸±µ¡±¨
�Ê ¸¸µ´  ¤¢ÊÌ ËÊ´±Í¨° A(q, p, t) ¨ B(q, p, t), µ¶·¥¤¥²¥´´ÒÌ ´  Γ,

{A,B} =

N∑
i=1

(
∂A

∂qi

∂B

∂pi
− ∂A

∂pi

∂B

∂qi

)
(3.6)

Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (3.4) ¶·¨µ¡·¥É ÕÉ ¸¨³³¥É·¨Î´ÊÕ Ëµ·³Ê

q̇i = {qi, H} , ṗi = {pi, H} . (3.7)

∗”Ê´±Í¨¨ ‹ £· ´¦  L ¨ ƒ ³¨²ÓÉµ´  H, ¸²¥¤ÊÖ ±² ¸¸¨Î¥¸±µ° É¥·³¨´µ²µ£¨¨, ¨´µ£¤  ´ -
§Ò¢ ÕÉ Ì · ±É¥·¨¸É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨, É¥³ ¸ ³Ò³ ¶µ¤Î¥·±¨¢ Ö, ÎÉµ ¢ ´¨Ì ¸µ¤¥·¦¨É¸Ö ¢¸Ö
¨´Ëµ·³ Í¨Ö, Ì · ±É¥·¨§ÊÕÐ Ö ¸¨¸É¥³Ê.
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�±¢¨¢ ²¥´É´µ¸ÉÓ ¶µ²ÊÎ¥´´ÒÌ ± ´µ´¨Î¥¸±¨Ì Ê· ¢´¥´¨° Ê· ¢´¥´¨Ö³ �°²¥· 
Å ‹ £· ´¦  ³µ¦¥É ¡ÒÉÓ É ±¦¥ Ê¸É ´µ¢²¥´  ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢ ·¨ Í¨µ´´µ°
§ ¤ Î¨ ´  Ê¸²µ¢´Ò° Ô±¸É·¥³Ê³ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥

S[q, p] =

∫ t2

t1

dt [piq̇i −H(q, p, t)] (3.8)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

δq(t1) = δq(t2) = 0. (3.9)

�·¨ ÔÉµ³ ´¥¢Ò·µ¦¤¥´´µ¸ÉÓ ³ É·¨ÍÒ ƒ¥¸¸  det ‖Wij‖ 6= 0 Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨-
³Ò³ Ê¸²µ¢¨¥³ ¶µ¤µ¡´µ° Ô±¢¨¢ ²¥´É´µ¸É¨.

�¥§Õ³¥. Š² ¸¸¨Î¥¸± Ö É¥µ·¥³  µ¡ Ô±¢¨¢ ²¥´É´µ¸É¨ µ¶¨¸ ´¨Ö Ô¢µ-
²ÕÍ¨¨ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ, µ¶·¥¤¥-
²¥´´ÒÌ ´  Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, ¨ ¢ É¥·³¨´ Ì ±µ´Ë¨£Ê· Í¨µ´-
´µ£µ ¶·µ¸É· ´¸É¢  £² ¸¨É: ¥¸²¨ ËÊ´±Í¨¨ qi(t), q̇i(t) Ê¤µ¢²¥É¢µ·ÖÕÉ
Ê· ¢´¥´¨Ö³ �°²¥·  Å ‹ £· ´¦ , Éµ ËÊ´±Í¨¨ qi(t), pi(t), ¸¢Ö§ ´-
´Ò¥ ¸ ´¨³¨ ¶·Ö³Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥¦ ´¤· , ¸ ¶µ·µ¦¤ ÕÐ¥°
ËÊ´±Í¨¥° ‹ £· ´¦ , Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ ƒ ³¨²ÓÉµ´ , ¨ ´ -
µ¡µ·µÉ, ¢¸Ö±µ¥ ·¥Ï¥´¨¥ ± ´µ´¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¶¥·¥Ìµ¤¨É ¢ ·¥-
Ï¥´¨¥ ² £· ´¦¥¢ÒÌ Ê· ¢´¥´¨° ¸ ¶µ³µÐÓÕ µ¡· É´µ£µ ¶·¥µ¡· §µ-
¢ ´¨Ö ‹¥¦ ´¤· .

ƒ ³¨²ÓÉµ´µ¢  ¤¨´ ³¨±  ¢ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ Ì. �¥·¥°¤¥³ ± · ¸¸³µÉ·¥-
´¨Õ £ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¨ ¤²Ö ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨.
�Ê¸ÉÓ · ´£ ³ É·¨ÍÒ ƒ¥¸¸  ´¥ ³ ±¸¨³ ²¥´:

rank ‖Wij(q, q̇, t) ‖= R < N. (3.10)

’µ£¤ , ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ ± ´µ´¨Î¥¸±¨Ì ¨³¶Ê²Ó¸µ¢ (3.1), ¨§ N ± ´µ´¨Î¥-
¸±¨Ì ¨³¶Ê²Ó¸µ¢ pi Éµ²Ó±µ R Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ËÊ´±Í¨Ö³¨ ¸±µ·µ¸É¥°.
ˆ´Ò³¨ ¸²µ¢ ³¨, ¨³¥ÕÉ ³¥¸Éµ ¸µµÉ´µÏ¥´¨Ö ¢¨¤ 

ϕα(q, p) = 0, α = 1, . . . , N −R, (3.11)

¸¢Ö§Ò¢ ÕÐ¨¥ ± ´µ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , ±µÉµ·Ò¥ �¥·£-
³ ´ ´ §¢ ² ¶¥·¢¨Î´Ò³¨ ¸¢Ö§Ö³¨. �É³¥É¨³, ÎÉµ ¸·¥¤¨ N−R ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°
(3.11) ´¥É ËÊ´±Í¨µ´ ²Ó´µ § ¢¨¸¨³ÒÌ

rank
∥∥∥∂ϕα(q, p)

∂pi
,
∂ϕα(q, p)

∂qi

∥∥∥= N −R, (3.12)
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¨ ¨Ì ³µ¦´µ · §·¥Ï¨ÉÓ µÉ´µ¸¨É¥²Ó´µ N −R ¨³¶Ê²Ó¸µ¢∗

rank
∥∥∥∂ϕα(q, p)

∂pi

∥∥∥= N −R. (3.13)

’ ±¨³ µ¡· §µ³, ¢ µÉ²¨Î¨¥ µÉ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³, £¤¥ ¶·¥µ¡· §µ¢ ´¨¥ ‹¥-
¦ ´¤·  µ¶·¥¤¥²Ö¥É ¢§ ¨³´µ µ¤´µ§´ Î´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶·µ¸É· ´¸É¢µ³
¸µ¸ÉµÖ´¨° M ′ ¨ Ë §µ¢Ò³ ¶·µ¸É· ´¸É¢µ³ Γ, ¤²Ö ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¨³¥¥É
³¥¸Éµ ²¨ÏÓ ¶·µ¥Í¨·µ¢ ´¨¥.

�¥§Õ³¥. ‚ ¸²ÊÎ ¥ ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨ ¶·¥-
µ¡· §µ¢ ´¨¥ ‹¥¦ ´¤·  µÉµ¡· ¦ ¥É ¢¸¥ ¶·µ¸É· ´¸É¢µ ¸µ¸ÉµÖ´¨°
M ′ ´  É ± ´ §Ò¢ ¥³ÊÕ 2N − R-³¥·´ÊÕ ¶µ¢¥·Ì´µ¸ÉÓ ¶¥·¢¨Î´ÒÌ
¸¢Ö§¥° Γ1.

�ÉµÉ Ë ±É ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ ± ± ¶µ·µ¦¤ Õ-
Ð Ö ËÊ´±Í¨Ö µ¡· É´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤· ∗∗

Hc(qi, pa, q̇R+α) = piq̇i − L(q, q̇)
∣∣∣
q̇a=fa

i = 1, . . . , n, a = 1, . . . , R, α = 1, . . . , N −R. (3.14)

¤²Ö ¢Ò·µ¦¤¥´´µ° ¸¨¸É¥³Ò µ¶·¥¤¥²¥´ ´  ¶µ¢¥·Ì´µ¸É¨ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° Γ1 ⊂
Γ,   ´¥ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥. � ÔÉµ µ§´ Î ¥É, ÎÉµ É¥¶¥·Ó ¢³¥¸Éµ 2N
Ê· ¢´¥´¨° ´  Γ ¨³¥ÕÉ ³¥¸Éµ ²¨ÏÓ 2N −R £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö, µ¶·¥¤¥²¥´´ÒÌ ´  Γ1. —Éµ¡Ò ¨³¥ÉÓ ¶µ²´ÊÕ ¸¨¸É¥³Ê ¨§ 2N £ ³¨²ÓÉµ´µ¢ÒÌ
Ê· ¢´¥´¨°, „¨· ± ¸¤¥² ² ¶·¨´Í¨¶¨ ²Ó´µ ´µ¢Ò° Ï £ Å ¢¢¥² ¶µ´ÖÉ¨Ö ¸² ¡µ£µ
¨ ¸¨²Ó´µ£µ · ¢¥´¸É¢, ±µÉµ·Ò¥ Ê¸É ´ ¢²¨¢ ÕÉ µÉ´µÏ¥´¨¥ Ô±¢¨¢ ²¥´É´µ¸É¨ ´ 
³´µ¦¥¸É¢¥ ËÊ´±Í¨°, µ¶·¥¤¥²¥´´ÒÌ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸¨¸É¥³Ò.
�¥ Ê£²Ê¡²ÖÖ¸Ó ¢  ´ ²¨§ ÔÉ¨Ì ¶µ´ÖÉ¨°, ¡Ê¤¥³ ¸Î¨É ÉÓ ¤¢¥ ËÊ´±Í¨¨ f(q, p) ¨
g(q, p) · ¢´Ò³¨ ¢ ¸² ¡µ³ ¸³Ò¸²¥∗∗∗ f(q, p) ' g(q, p) e¸²¨ µ´¨ ¸µ¢¶ ¤ ÕÉ ¤·Ê£
¸ ¤·Ê£µ³ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ µÉ´µÏ¥´¨¥³ Ô±¢¨¢ -
²¥´É´µ¸É¨ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ ËÊ´±Í¨°
Hc(q, p), µ¶·¥¤¥²¥´´ÒÌ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, µÉ²¨Î ÕÐ¨Ì¸Ö ¤·Ê£ µÉ
¤·Ê£  ²¨´¥°´µ° ±µ³¡¨´ Í¨¥° ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°, ¨ Ô±¢¨¢ ²¥´É´ÒÌ Hc(qi, pa)

∗�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ µ§´ Î ¥É, ÎÉµ ¶¥·¢¨Î´Ò¥ ¸¢Ö§¨ ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ § ¢¨¸ÖÉ µÉ ¨³¶Ê²Ó¸-
´ÒÌ ¶¥·¥³¥´´ÒÌ, ¢ Éµ ¢·¥³Ö ± ± § ¢¨¸¨³µ¸ÉÓ µÉ ±µµ·¤¨´ É ³µ¦¥É ¨ µÉ¸ÊÉ¸É¢µ¢ ÉÓ.

∗∗‡ ³¥É¨³, ÎÉµ ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ ´¥ § ¢¨¸¨É µÉ ´¥· §·¥-
Ï¥´´ÒÌ ¸±µ·µ¸É¥° q̇R+α, ¢ ¸¨²Ê § ³¥Î É¥²Ó´µ£µ ¸¢µ°¸É¢  ¸ ³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤· ;
Hc(qi, pa, q̇R+α) = Hc(qi, pa).

∗∗∗‘²¥¤ÊÖ „¨· ±Ê, ¸² ¡µ¥ · ¢¥´¸É¢µ ¶·¨´ÖÉµ µ¡µ§´ Î ÉÓ ¸¨³¢µ²µ³ ” ' ”, µ¸É ¢¨¢ µ¡ÒÎ´Ò°
§´ ± ” = ” ¤²Ö ¸¨²Ó´ÒÌ · ¢¥´¸É¢.
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¢ Éµ³ ¸³Ò¸²¥, ÎÉµ

{qi, Hc(qi, pa)} ' {qi, Hc(q, p)}
{pi, Hc(qi, pa)} ' {pi, Hc(q, p)}.

—Éµ¡Ò µÌ¢ É¨ÉÓ ¢¥¸Ó ±² ¸¸ Ô±¢¨¢ ²¥´É´ÒÌ Hc(qi, pa) £ ³¨²ÓÉµ´¨ ´µ¢, „¨· ±
µ¶·¥¤¥²¨² ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´

HT = Hc(q, p) + uα(t)ϕα(q, p), α = 1, . . . , N −R, (3.15)

¢¢¥¤Ö N − R ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° uα(t) ¨ § Ë¨±¸¨·µ¢ ¢ µ¤´Ê ËÊ´±Í¨Õ
Hc(q, p), µ¶·¥¤¥²¥´´ÊÕ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ
Ê¸²µ¢¨Õ Hc(q, p) ' Hc(qi, pa). ˆ³¥´´µ ¸ ¶µ³µÐÓÕ ¶µ²´µ£µ £ ³¨²ÓÉµ´¨ ´ 
HT ¤²Ö ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨ ³µ¦´µ § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö ¢ Ëµ·³¥ ƒ ³¨²ÓÉµ´  Å „¨· ± 

q̇i ' {qi, HT (q, p)}, (3.16)

ṗi ' {pi, HT (q, p)}, i = 1, . . . , N, (3.17)

ϕα(q, p) ' 0, α = 1, . . . , N −R, (3.18)

±µÉµ· Ö Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥ Ê· ¢´¥´¨° �°²¥·  Å ‹ £· ´¦  (2.20)Å(2.22).
‡¤¥¸Ó Ô±¢¨¢ ²¥´É´µ¸ÉÓ, ± ± ¨ ¢ ´¥¢Ò·µ¦¤¥´´µ³ ¸²ÊÎ ¥, ¶µ´¨³ ¥É¸Ö ¢ Éµ³
¸³Ò¸²¥, ÎÉµ ¥¸²¨ ËÊ´±Í¨¨ qi(t), i = 1, . . . , N Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨°

�°²¥·  Å ‹ £· ´¦ , Éµ ËÊ´±Í¨¨ qi(t) ¨ pi(t) = ∂L(q(t),q̇i(t))
∂q̇i(t)

¡Ê¤ÊÉ ·¥Ï¥-
´¨Ö³¨ Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  (3.16)Å(3.18)) ¶·¨ ´¥±µÉµ·µ³ ¢Ò¡µ·¥ ËÊ´±Í¨°
uα(t), α = 1, . . . , N −R. ˆ ´ µ¡µ·µÉ, ¥¸²¨ ¶·¨ ´¥±µÉµ·µ³ ¢Ò¡µ·¥ ËÊ´±Í¨°
uα(t) ËÊ´±Í¨¨ qi(t), pi(t) Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  Å
„¨· ± , Éµ ËÊ´±Í¨¨ qi(t) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ �°²¥·  Å ‹ £· ´¦ . ‚
¸¨²Ê É ±µ° Ô±¢¨¢ ²¥´É´µ¸É¨  ´ ²¨§ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ ² £· ´¦¥¢ÒÌ Ê· ¢´¥-
´¨° ¤¢¨¦¥´¨Ö, µ¶¨¸ ´´Ò° ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶¥·¥´µ¸¨É¸Ö ¨ ´  ¸¨¸É¥³Ê
Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  Å „¨· ± . �µ¤µ¡´µ Éµ³Ê, ± ± ¶·¨  ´ ²¨§¥ ² £· ´-
¦¥¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ É¥µ·¨¨ ¶·µ¢¥·Ö² ¸Ó ¸µ£² ¸µ-
¢ ´´µ¸ÉÓÕ ¤¨´ ³¨±¨ ¸ ´ ²¨Î¨¥³ ² £· ´¦¥¢ÒÌ ¸¢Ö§¥° (2.13), ¢ ¤ ´´µ³ ¸²ÊÎ ¥
É·¥¡Ê¥É¸Ö ¶·µ¢¥·¨ÉÓ ¸É Í¨µ´ ·´µ¸ÉÓ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° (3.11) ¢µ ¢·¥³¥´¨

0 ≡ dϕα(q, p)

dt
:= {ϕα(q, p), HT (q, p)} =

= {ϕα(q, p), Hc(q, p)}+ uβ(t){ϕα(q, p), ϕβ(q, p)} ' 0. (3.19)

�·¨  ´ ²¨§¥ Ê· ¢´¥´¨° (3.16)-(3.18) ¨ (3.19) ¢µ§³µ¦´Ò ¸²¥¤ÊÕÐ¨¥ ¢ ·¨ ´ÉÒ:

(i) Ê· ¢´¥´¨Ö ´¥¸ ³µ¸µ£² ¸µ¢ ´´Ò (¶·µÉ¨¢µ·¥Î¨¢Ò);
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(ii) Ê· ¢´¥´¨Ö (3.19) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ;

(iii) Î ¸ÉÓ ¨§ N − R Ê· ¢´¥´¨° (3.19) ¶·¥¤¸É ¢²Ö¥É ¸¨¸É¥³Ê ËÊ´±Í¨µ´ ²Ó´µ
´¥§ ¢¨¸¨³ÒÌ Ê· ¢´¥´¨°, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ µ¶·¥¤¥²ÖÕÉ¸Ö ´¥±µÉµ·Ò¥
uα, α = 1, . . . , α0.

‚ ·¨ ´É (i) µ§´ Î ¥É µÉ¸ÊÉ¸É¢¨¥ ÉµÎ¥± Ô±¸É·¥³Ê³  Ê ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö,
±µ£¤  ´¨± ±¨³ ¢Ò¡µ·µ³ uα ´¥²Ó§Ö Ê¤µ¢²¥É¢µ·¨ÉÓ (3.19), ¨ É¥³ ¸ ³Ò³ ¨¸-
±²ÕÎ ¥É¸Ö ¨§ · ¸¸³µÉ·¥´¨Ö ± ± ¸²ÊÎ °, ´¥ ¶·¥¤¸É ¢²ÖÕÐ¨° Ë¨§¨Î¥¸±µ£µ ¨´-
É¥·¥¸ . ‘²ÊÎ ° (ii) ´¥ É·¥¡Ê¥É ±µ³³¥´É ·¨¥¢, É¥µ·¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢ . ‚ É·¥-
ÉÓ¥³ ¢ ·¨ ´É¥ ¶·¨´ÖÉµ ¢Ò¤¥²ÖÉÓ µ¸µ¡Ò° ¸²ÊÎ °, ±µ£¤  ¸¨¸É¥³  ¸¢Ö§¥° § ³±-
´ÊÉ  µÉ´µ¸¨É¥²Ó´µ µ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸±µ¡µ± �Ê ¸¸µ´ :

{ϕα(q, p), ϕβ(q, p)} = fαβγ(q, p)ϕγ(q, p), α, β, γ = 1, . . . , N −R. (3.20)

‚ ¸¢Ö§¨ ¸ ÔÉ¨³ § ³¥É¨³, ÎÉµ ´ ¡µ· ¸¢Ö§¥° ¨ ¸±µ¡±  �Ê ¸¸µ´  Ê¸É ´ ¢²¨¢ ÕÉ
µÉ´µÏ¥´¨¥ Ô±¢¨¢ ²¥´É´µ¸É¨ ¸·¥¤¨ ¤¨´ ³¨Î¥¸±¨Ì ¢¥²¨Î¨´. ˆ§-§  ¢ ¦´µ¸É¨
ÔÉµ£µ ¸¢µ°¸É¢  „¨· ± ¢¢¥² ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ É¥·³¨´µ²µ£¨Õ; ²Õ¡ÊÕ ËÊ´±Í¨Õ
A(q, p), ¸±µ¡±¨ �Ê ¸¸µ´  ±µÉµ·µ° ¸µ ¢¸¥³¨ ¸¢Ö§Ö³¨, ¨³¥ÕÐ¨³¨¸Ö ¢ É¥µ·¨¨,
¸² ¡µ · ¢´Ò ´Ê²Õ

{A(q, p), ϕα(q, p)} ' 0,

µ´ ´ §¢ ² ¤¨´ ³¨Î¥¸±µ° ¢¥²¨Î¨´µ° ¶¥·¢µ£µ ·µ¤ ,   ¢¸¥ ¢¥²¨Î¨´Ò, ´¥ µÉ´µ¸Ö-
Ð¨¥¸Ö ± ¶¥·¢µ³Ê ·µ¤Ê, Å ¢¥²¨Î¨´ ³¨ ¢Éµ·µ£µ ·µ¤ . ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉµ°
É¥·³¨´µ²µ£¨¥° ±² ¸¸¨Ë¨Í¨·ÊÕÉ¸Ö ¨ ¸ ³¨ ¸¢Ö§¨.

ˆ§ Ê¸²µ¢¨° ¸É Í¨µ´ ·´µ¸É¨ (3.19) ¶µ¸²¥ ÊÎ¥É  ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ¢Ò¶ -
¤ ¥É § ¢¨¸¨³µ¸ÉÓ µÉ ¢¸¥Ì uα, ¨ (3.19) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¤µ¶µ²´¨É¥²Ó´µ¥
µ£· ´¨Î¥´¨¥ ´  µ¡µ¡Ð¥´´Ò¥ ±µµ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸Ò

χ(p, q) = 0, (3.21)

±µÉµ·Ò¥ „¨· ± ´ §¢ ² ¢Éµ·¨Î´Ò³¨, ¶µ¤Î¥·±¨¢ Ö É¥³ ¸ ³Ò³, ÎÉµ µ´¨ µ¡Ö§ ´Ò
¸¢µ¨³ ¶·µ¨¸Ìµ¦¤¥´¨¥³ ¤¨´ ³¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö,   ´¥ Éµ²Ó±µ
¶·¥µ¡· §µ¢ ´¨Ö³ ‹¥¦ ´¤· , ± ± ÔÉµ ¨³¥¥É ³¥¸Éµ ¤²Ö ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°. �Î¥-
¢¨¤´µ, ÎÉµ ¶·¨ ´ ²¨Î¨¨ ¢Éµ·¨Î´ÒÌ ¸¢Ö§¥°  ´ ²¨§ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ É¥µ·¨¨
¸²¥¤Ê¥É ¶·µ¤µ²¦¨ÉÓ É ±¨³ ¦¥ µ¡· §µ³, ± ± ¨ ¢ ¸²ÊÎ ¥ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°. �·¨
ÔÉµ³ ¨¸¸²¥¤µ¢ ´¨¥ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ § ± ´Î¨¢ ¥É¸Ö, ¥¸²¨ ´  µÎ¥·¥¤´µ³
ÔÉ ¶¥ ¶·µÍ¥¸¸ ¶µÖ¢²¥´¨Ö ´µ¢ÒÌ ¸¢Ö§¥° µ¡·Ò¢ ¥É¸Ö. „²Ö  ´ ²¨§  µ¡Ð¥£µ ¸²Ê-
Î Ö (iii), ±µ£¤  ´¥ ¢¸¥ ¸±µ¡±¨ �Ê ¸¸µ´  {ϕα(q, p), ϕβ(q, p)} · ¢´Ò ´Ê²Õ ¸ ÊÎ¥-
Éµ³ ¢¸¥Ì ¸¢Ö§¥° ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ÔÉ ¶µ¢, Ê¤µ¡´µ ¢¢¥¸É¨ ¥¤¨´µ¥ µ¡µ§´ Î¥´¨¥
¤²Ö ¢¸¥Ì ¸¢Ö§¥° ¢Éµ·µ£µ, É·¥ÉÓ¥£µ ¨ É.¤. ÔÉ ¶µ¢ Î¥·¥§ ϕj , j = N−R+1, . . . , J .
�µ¸±µ²Ó±Ê ¢ ÔÉµ³ ¸²ÊÎ ¥ Ê¸²µ¢¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ ´¥ ¤ ÕÉ ´µ¢ÒÌ ¸¢Ö§¥°,
Éµ ¨Ì ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¨¸É¥³Ê ´¥µ¤´µ·µ¤´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°
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µÉ´µ¸¨É¥²Ó´µ uα:

{ϕj(q, p), Hc(q, p)}+ uα(t){ϕj(q, p), ϕα(q, p)} ' 0, α = 1, . . . , N −R
(3.22)

¨ § Ë¨±¸¨·µ¢ ÉÓ ±µÔËË¨Í¨¥´ÉÒ u(t) ± ± ËÊ´±Í¨¨ µÉ (q, p) Å uα(t) :=
U(q, p). �·¨ ÔÉµ³, ¥¸²¨ rank‖{ϕi(q, p), ϕα(q, p)}‖ = A, Éµ µ¡Ð¥¥ ·¥Ï¥´¨¥
¤²Ö uα(t) ¸µ¤¥·¦¨É ¸² £ ¥³µ¥ ¢ ¢¨¤¥ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ A ¶·µ¨§¢µ²Ó´ÒÌ
ËÊ´±Í¨° va(t) ¸ ·¥Ï¥´¨Ö³¨ ¸µÉ¢¥É¸É¢ÊÕÐ¥° µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò Vaα:

uα(t){ϕi(q, p), ϕα(q, p)} ' 0, (3.23)

uα(t) = Uα(p, q) + va(t)Vaα, a = 1, . . . , A. (3.24)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ ¢Ò¤¥²ÖÕÉ¸Ö ¤¢¥ ¸É·Ê±ÉÊ·Ò ¶µ²´µ£µ £ ³¨²ÓÉµ´¨ ´ 

HT = H ′c(p, q) + va(t)φa(p, q), (3.25)

£¤¥

H ′c(p, q) := Hc(p, q) + Uα(p, q)ϕα(p, q),

φa(p, q) = Vaα(p, q)ϕα(p, q). (3.26)

�¥§Õ³¥. �¡µ¡Ð¥´´ Ö £ ³¨²ÓÉµ´µ¢  ¤¨´ ³¨±  ¢ É¥µ·¨¨ ¸ ¢Ò·µ¦-
¤¥´´Ò³ ² £· ´¦¨ ´µ³ µ¶·¥¤¥²Ö¥É¸Ö ¶µ²´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ ¸¨¸-
É¥³Ò HT , ±µÉµ·Ò° · ¢¥´ ¸Ê³³¥ ¤¢ÊÌ ¢¥²¨Î¨´ ¶¥·¢µ£µ ·µ¤  H ′ ¨
va(t)φa(p, q) c ¶·µ¨§¢µ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ ¢·¥³¥´¨ va(t), ¢ ±µ-
²¨Î¥¸É¢¥, · ¢´µ³ Î¨¸²Ê ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ . � ²¨Î¨¥
¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° ¢ Ê· ¢´¥´¨ÖÌ ƒ ³¨²ÓÉµ´  Å „¨· ±  µ§´ -
Î ¥É ´¥¢µ§³µ¦´µ¸ÉÓ µ¤´µ§´ Î´µ£µ µ¶·¥¤¥²¥´¨Ö ¤¨´ ³¨±¨ µ¡µ¡-
Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¨³¶Ê²Ó¸µ¢, ¶µ § ¤ ´´Ò³ ´ Î ²Ó´Ò³ ¤ ´´Ò³
Ê¤µ¢²¥É¢µ·ÖÕÐ¨³ ¶µ²´µ³Ê ´ ¡µ·Ê ¸¢Ö§¥° ¸¨¸É¥³Ò.

�É  ´¥µ¤´µ§´ Î´µ¸ÉÓ ´ Ìµ¤¨É¸Ö ¢ ¶µ²´µ³ ¸µ£² ¸¨¨ ¸ µ¶¨¸ ´¨¥³ Ô¢µ²ÕÍ¨¨
¢ ² £· ´¦¥¢µ³ ¶µ¤Ìµ¤¥ ¨ ¨³¥¥É µ¤´Ê ¨ ÉÊ ¦¥ ¶·¨Î¨´Ê Å ¨´¢ ·¨ ´É´µ¸ÉÓ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö µÉ´µ¸¨É¥²Ó´µ £·Ê¶¶Ò ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥-
µ¡· §µ¢ ´¨°, · ´£ ±µÉµ·µ° µ¶·¥¤¥²Ö¥É¸Ö Î¨¸²µ³ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ¶¥·¢µ£µ
·µ¤ . �¸É ¢²ÖÖ ¢ ¸Éµ·µ´¥ µ¡¸Ê¦¤¥´¨¥ ¨§¢¥¸É´µ° £¨¶µÉ¥§Ò „¨· ±  µ ¸É·Ê±ÉÊ·¥
¶·µ¨§¢µ¤ÖÐ¨Ì ËÊ´±Í¨° ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É-
·¨¨ ¨ µ ·µ²¨ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  (¸³. [4, 44, 45]), ¤ ²¥¥ ¸µ¸·¥¤µÉµÎ¨³¸Ö
´  µ¸´µ¢´µ° § ¤ Î¥, ¶·µ¨¸É¥± ÕÐ¥° ¨§ ÔÉµ° µ¸µ¡¥´´µ¸É¨ ¤¨´ ³¨±¨ ¢Ò·µ¦-
¤¥´´ÒÌ ¸¨¸É¥³ ¸ ²µ± ²Ó´Ò³¨ ¸¨³³¥É·¨Ö³¨. �¥ÎÓ ¨¤¥É µ § ¤ Î¥ ·¥¤Ê±Í¨¨, Éµ
¥¸ÉÓ µ¡ µ¶·¥¤¥²¥´¨¨ ´¥¢Ò·µ¦¤¥´´µ° £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò, ±µÉµ· Ö ¡Ò² 
¡Ò ©Ô±¢¨¢ ²¥´É´ ª ¨¸Ìµ¤´µ°. � ¸±·ÒÉ¨¥ ¸³Ò¸²  ¸²µ¢  ©Ô±¢¨¢ ²¥´É´µ¸ÉÓª ¨
¸µ¸É ¢²Ö¥É ¶·¥¤³¥É ¤ ²Ó´¥°Ï¥£µ ¨§²µ¦¥´¨Ö.
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�·¨ ¨§²µ¦¥´¨¨ ¢µ¶·µ¸µ¢ ·¥¤Ê±Í¨¨ ³Ò µ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³, ±µ£¤  ¢
É¥µ·¨¨ ¶·¨¸ÊÉ¸É¢ÊÕÉ ²¨ÏÓ ¸¢Ö§¨ ¶¥·¢µ£µ ·µ¤  ¨ ´ Î´¥³ ¸ µÉ¢¥É  ´  ¢µ¶·µ¸, ¢
± ±µ³ ¸³Ò¸²¥ ¨¸Ìµ¤´µ° ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° ³µ¦´µ
¸µ¶µ¸É ¢¨ÉÓ Ô±¢¨¢ ²¥´É´ÊÕ ¥° ´¥¢Ò·µ¦¤¥´´ÊÕ É¥µ·¨Õ.

�¶·¥¤¥²¥´¨¥ ·¥¤ÊÍ¨·µ¢ ´´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ . „²Ö ÊÉµÎ´¥´¨Ö
¢¸¥Ì ¶µ´ÖÉ¨° § Ë¨±¸¨·Ê¥³ ³¥Ì ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, µ¶·¥¤¥²¥´´ÊÕ ¢ 2n-³¥·´µ³
¥¢±²¨¤µ¢µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ Γ ¸ ± ´µ´¨Î¥¸±¨³¨ ±µµ·¤¨´ É ³¨ qi, ¸µ-
¶·Ö¦¥´´Ò³¨ ¸ ´¨³¨ ¨³¶Ê²Ó¸ ³¨ pi ¨ ´ ¤¥²¥´´Ò³ ± ´µ´¨Î¥¸±µ° ¸¨³¶²¥±-
É¨Î¥¸±µ° ¸É·Ê±ÉÊ·µ° {qi, pj} = δji . ‘µ£² ¸´µ µ¡µ¡Ð¥´´µ° £ ³¨²ÓÉµ´µ¢µ°
Ëµ·³Ê²¨·µ¢±¥ ¸¨¸É¥³ ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° ¤¨´ ³¨±  · §¢µ· Î¨¢ ¥É¸Ö ´ 
(2n−m) -³¥·´µ³ ¶µ¤³´µ£µµ¡· §¨¨ Γc Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , § ¤ ´´µ³ ¶µ-
¸·¥¤¸É¢µ³ ¶µ²´µ£µ ´ ¡µ·  m ËÊ´±Í¨µ´ ²Ó´µ ´¥§ ¢¨¸¨³ÒÌ ¸µµÉ´µÏ¥´¨°

ϕα(p, q) = 0 , (4.1)

±µÉµ·Ò¥ µ¡· §ÊÕÉ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê µÉ´µ¸¨É¥²Ó´µ µ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸±µ¡µ±
�Ê ¸¸µ´ 

{ϕα(p, q), ϕβ(p, q)} = fαβγ(p, q)ϕγ(p, q), (4.2)

É.¥. Ö¢²ÖÕÉ¸Ö ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ . �µ²´µÉ  ¶µ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ ¢Ò¶µ²´¥´¨Ö
¸µµÉ´µÏ¥´¨°

{ϕα(p, q), HC(p, q)} = gαγϕγ(p, q) , (4.3)

¸ ± ´µ´¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³ ¸¨¸É¥³Ò HC(p, q). �² £µ¤ ·Ö ¶·¨¸ÊÉ¸É¢¨Õ
¸¢Ö§¥° ¤¨´ ³¨±  ¸¨¸É¥³Ò µ¶¨¸Ò¢ ¥É¸Ö µ¡µ¡Ð¥´´µ° Ëµ·³µ° �Ê ´± ·¥ Å Š ·-
É ´ 

Θ =

n∑
i=1

pidqi −HE(p, q)dt (4.4)

¸ µ¡µ¡Ð¥´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ HE(p, q), ±µÉµ·Ò° µÉ²¨Î ¥É¸Ö µÉ ± ´µ´¨Î¥-
¸±µ£µ HC(p, q) ¤µ¡ ¢²¥´¨¥³ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ¢¸¥Ì ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 
¸ ´¥µ¶·¥¤¥²¥´´Ò³¨ ±µÔË¨Í¨¥´É ³¨ uα(t):

HE(p, q) = HC(p, q) + uα(t)ϕα(p, q) . (4.5)

ˆ§ Ê¸²µ¢¨Ö ¶µ²´µÉÒ (4.3) ¸ § ³¥´µ° HC ´  HE ¸²¥¤Ê¥É, ÎÉµ ¶·¨ ´ ²¨Î¨¨
Éµ²Ó±µ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  ËÊ´±Í¨¨ uα(t) ´¥ ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¢µ
¢´ÊÉ·¥´´¨Ì É¥·³¨´ Ì É¥µ·¨¨. �ÉµÉ Ë ±É ¥¸ÉÓ ¶·µÖ¢²¥´¨¥ ²µ± ²Ó´µ° ¸¨³-
³¥É·¨¨, ¶·¨¸ÊÐ¥° ¸¨¸É¥³¥, ¨ µ´  ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¤¨´ ³¨±  Î ¸É¨ ±µ-
µ·¤¨´ É µ± §Ò¢ ¥É¸Ö ´¥µ¶·¥¤¥²¥´´µ°. ‘ÊÐ¥¸É¢µ¢ ´¨¥ ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨°
uα(t) Ê± §Ò¢ ¥É ´  µÉ¸ÊÉ¸É¢¨¥ ¢§ ¨³´µ µ¤´µ§´ Î´µ£µ ¸µµÉ¢¥É¸É¢¨Ö ³¥¦¤Ê ¶·µ-
¸É· ´¸É¢µ³ Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò ¨ ¶µ¤¶·µ¸É· ´¸É¢µ³ Γc. ˆ´Ò³¨
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¸²µ¢ ³¨, ´  Γc ¥¸ÉÓ ÉµÎ±¨, ±µÉµ·Ò³ ¸µµÉ¢¥É¸É¢Ê¥É µ¤´µ ¨ Éµ ¦¥ Ë¨§¨Î¥¸±µ¥
¸µ¸ÉµÖ´¨¥, ¢ Éµ ¢·¥³Ö ± ± ± ¦¤µ³Ê Ë¨§¨Î¥¸±µ³Ê ¸µ¸ÉµÖ´¨Õ ¸µµÉ¢¥É¸É¢Ê¥É
²¨ÏÓ µ¤´  ÉµÎ±  ¶µ¤¶·µ¸É· ´¸É¢  Γc. �µ¤¶·µ¸É· ´¸É¢µ ¶µ²´µ£µ Ë §µ¢µ£µ
¶·µ¸É· ´¸É¢  Γ, ÉµÎ±¨ ±µÉµ·µ£µ ´ Ìµ¤ÖÉ¸Ö ¢µ ¢§ ¨³´µ µ¤´µ§´ Î´µ³ ¸µ-
µÉ¢¥É¸É¢¨¨ ¸ Ë¨§¨Î¥¸±¨³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¸¨¸É¥³Ò, ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ·¥-
¤ÊÍ¨·µ¢ ´´Ò³ Ë §µ¢Ò³ ¶·µ¸É· ´¸É¢µ³ ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¨ µ¡µ§´ Î ÉÓ
Î¥·¥§ Γ∗. Ÿ¸´µ, ÎÉµ Γ∗ ⊂ Γc, ¢ ¸¨²Ê Éµ£µ, ÎÉµ É· ¥±Éµ·¨Ö ¸¨¸É¥³Ò, ´ Î ¢-
Ï Ö¸Ö ¸ ÉµÎ±¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , ¶·¨´ ¤²¥¦ Ð¥° ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°
Γc, µ¸É ¥É¸Ö ´  ´¥° ¨ ¢µ ¢¸¥ ¶µ¸²¥¤ÊÕÐ¨¥ ³µ³¥´ÉÒ ¢·¥³¥´¨ ¢ ¸¨²Ê Ê¸²µ¢¨Ö
¸É Í¨µ´ ·´µ¸É¨ ¸¢Ö§¥°. „²Ö Éµ£µ ÎÉµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ É ±µ¥ ¶µ¤¶·µ-
¸É· ´¸É¢µ Γ∗ ¤¥°¸É¢¨É¥²Ó´µ ¸ÊÐ¥¸É¢Ê¥É ¨ ¥£µ · §³¥·´µ¸ÉÓ · ¢´  2n − 2m,
£¤¥ n Å Î¨¸²µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸¨¸É¥³Ò,   m Å ±µ²¨Î¥¸É¢µ ¢¸¥Ì ¸¢Ö§¥°
¶¥·¢µ£µ ·µ¤ , ¸²¥¤Ê¥É ÊÉµÎ´¨ÉÓ µ¶·¥¤¥²¥´¨¥ Ë¨§¨Î¥¸±µ£µ ¸µ¸ÉµÖ´¨Ö ±² ¸¸¨-
Î¥¸±µ° ¸¨¸É¥³Ò ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥°. �·¥¤¶µ²µ¦¨³, ÎÉµ ¶·µ¸É· ´¸É¢µ
Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò § ¤ ¥É¸Ö ¶µ¸·¥¤¸É¢µ³ ±µ´¥Î´µ£µ ´ ¡µ·  Ë¨-
§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ OA, ± ¦¤ Ö ¨§ ±µÉµ·ÒÌ ¢ É¥µ·¨¨ ¸µ ¸¢Ö§Ö³¨ ¶¥·¢µ£µ
·µ¤  µ¶·¥¤¥²¥´ , ¸µ£² ¸´µ „¨· ±Ê, ± ± ¤¨´ ³¨Î¥¸± Ö ¢¥²¨Î¨´ , Ê¤µ¢²¥É¢µ·Ö-
ÕÐ Ö ¸µµÉ´µÏ¥´¨Ö³∗:

{OA(p, q), ϕα(p, q)} = dAαγ(p, q)ϕγ(p, q) . (4.6)

’µ£¤  ·¥¤ÊÍ¨·µ¢ ´´µ¥ ¶·µ¸É· ´¸É¢µ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. � ¸-
¸³µÉ·¨³ (4.6) ± ± ¸¨¸É¥³Ê ¨§ m ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·-
¢µ£µ ¶µ·Ö¤±  ´  OA, Éµ£¤  ¡² £µ¤ ·Ö Ê¸²µ¢¨Ö³ ¨´É¥£·¨·Ê¥³µ¸É¨ (4.2) ± ¦¤ Ö
¨§ ËÊ´±Í¨° ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ¶µ²´µ¸ÉÓÕ ¨ µ¤´µ§´ Î´µ ¶µ ¥¥ ´ Î ²Ó´Ò³
§´ Î¥´¨Ö³ ´  2(n−m)-³¥·´µ³ ¶µ¤³´µ£µµ¡· §¨¨ ¶µ²´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´-
¸É¢  Γ [32]. ˆ³¥´´µ ÔÉµ ¶µ¤¶·µ¸É· ´¸É¢µ ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° µ¶·¥¤¥²Ö¥É
¨¸±µ³µ¥ ·¥¤ÊÍ¨·µ¢ ´´µ¥ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ Γ∗.

�¥§Õ³¥. ”¨§¨Î¥¸±µ¥ ¸µ¸ÉµÖ´¨¥ ¸¨¸É¥³Ò, µ¶¨¸Ò¢ ¥³µ° ¢Ò·µ¦¤¥´-
´µ° 2n-³¥·´µ° £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³µ° ¸ m ¸¢Ö§Ö³¨ ¶¥·¢µ£µ
·µ¤ , µ¶·¥¤¥²Ö¥É¸Ö ¶µ¸·¥¤¸É¢µ³ ´ ¡µ·  2(n − m) ¨´¢ ·¨ ´É´ÒÌ
¤¨· ±µ¢¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ (4.6), µ¶·¥¤¥²¥´´ÒÌ ´  ·¥¤ÊÍ¨·µ¢ ´-
´µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ Γ∗.

’ ±¨³ µ¡· §µ³, ¶·µÖ¸´Ö¥É¸Ö ¸³Ò¸² µ¶¥· Í¨¨ ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¸µ ¸¢Ö-
§Ö³¨ ¶¥·¢µ£µ ·µ¤  ± ± § ¤ Î¨ ¶µ¸É·µ¥´¨Ö ´¥¢Ò·µ¦¤¥´´µ° £ ³¨²ÓÉµ´µ¢µ°
¸¨¸É¥³Ò, Ô±¢¨¢ ²¥´É´µ° ¨¸Ìµ¤´µ°. ‘²µ¢µ ©Ô±¢¨¢ ²¥´É´µ¸ÉÓª §¤¥¸Ó µ§´ Î ¥É,

∗ˆ§ ¤ ´´µ£µ µ¶·¥¤¥²¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ Ô¢µ²ÕÍ¨Ö Ë¨§¨Î¥¸±µ° ¶¥·¥³¥´´µ°, ¸µ£² ¸´µ ¤¨´ -
³¨±¥, § ¤ ¢ ¥³µ° µ¡µ¡Ð¥´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³, ¡Ê¤¥É µ¤´µ§´ Î´µ°, ´¥ § ¢¨¸ÖÐ¥° µÉ ¶·µ¨§¢µ²Ó-
´ÒÌ ³´µ¦¨É¥²¥° ‹ £· ´¦ .
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ÎÉµ, ¢µ-¶¥·¢ÒÌ, ´¥¢Ò·µ¦¤¥´´ Ö ¸¨¸É¥³  ¤µ²¦´  ¨³¥ÉÓ 2(n −m)-³¥·´µ¥ Ë -
§µ¢µ¥ ¶·µ¸É· ´¸É¢µ, ¨§µ³µ·Ë´µ¥ ·¥¤ÊÍ¨·µ¢ ´´µ³Ê ¶·µ¸É· ´¸É¢Ê ¢Ò·µ¦¤¥´-
´µ° É¥µ·¨¨, ¢µ-¢Éµ·ÒÌ, ¥¥ £ ³¨²ÓÉµ´µ¢  ¤¨´ ³¨±  ¤µ²¦´  ¡ÒÉÓ ± ´µ´¨Î¥-
¸±¨ Ô±¢¨¢ ²¥´É´  ¤¨´ ³¨±¥ ¤¨· ±µ¢¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ ¢ ¢Ò·µ¦¤¥´´µ³ ¸²Ê-
Î ¥. „²Ö ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ·¥Ï ÕÐ¨³ Ö¢²Ö¥É¸Ö ´ Ìµ¦¤¥´¨¥ ´ ¡µ·  ¨§
2(n−m) ©Ë¨§¨Î¥¸±¨Ì ±µµ·¤¨´ Éª Q∗i , P

∗
i , § ¤ ÕÐ¨Ì ·¥¤ÊÍ¨·µ¢ ´´µ¥ Ë §µ-

¢µ¥ ¶·µ¸É· ´¸É¢µ ¨ ¢Ò¡µ· ¤µ¶µ²´¨É¥²Ó´ÒÌ m ¶ · ±µµ·¤¨´ É, µ¶·¥¤¥²ÖÕÐ¨Ì
± ²¨¡·µ¢µÎ´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò ¸¨¸É¥³Ò.

ˆ§¢¥¸É´Ò · §²¨Î´Ò¥ ¶µ¤Ìµ¤Ò ± ·¥Ï¥´¨Ö³ § ¤ Î¨ ·¥¤Ê±Í¨¨ ¢ ¸¨¸É¥³ Ì ¸µ
¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ . �¨¦¥ ±µ·µÉ±µ ¡Ê¤ÊÉ µ¶¨¸ ´Ò  ²ÓÉ¥·´ É¨¢´Ò¥ ³¥Éµ¤Ò
¶µ¸É·µ¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¨ ± ²¨¡·µ¢µÎ´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò: ¸É ´¤ ·É´Ò°
¶µ¤Ìµ¤ ¸ ¢¢¥¤¥´¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, ± ²¨¡·µ¢µ±,
¨ Î¨¸Éµ £¥µ³¥É·¨Î¥¸±¨° ³¥Éµ¤ £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö
± ±¨Ì-²¨¡µ ± ²¨¡·µ¢µ±. ‚ ¸¢Ö§¨ ¸ ¶µ¸²¥¤´¨³ ³¥Éµ¤µ³ µÉ³¥É¨³ Éµ²Ó±µ, ÎÉµ
¨¤¥Ö ¶·µ¢µ¤¨ÉÓ ·¥¤Ê±Í¨Õ ¨¸±²ÕÎ¨É¥²Ó´µ ¢µ ¢´ÊÉ·¥´´¨Ì É¥·³¨´ Ì É¥µ·¨¨
¸¢Ö§ ´  ¶·¥¦¤¥ ¢¸¥£µ ¸ ¦¥² ´¨¥³ ¶µ²´µ¸ÉÓÕ ¸µÌ· ´¨ÉÓ £²µ¡ ²Ó´Ò¥ ¸¢µ°¸É¢ 
¨¸Ìµ¤´µ° É¥µ·¨¨ ¸ ©²¨Ï´¨³¨ª ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò.

Œ¥Éµ¤ „¨· ±  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨. �¡Ð¨¥ ¶·¨´Í¨¶Ò ¢¢¥¤¥´¨Ö ± -
²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° ¢ £ ³¨²ÓÉµ´µ¢µ³ ¶µ¤Ìµ¤¥ ± ± ¤µ¶µ²´¨É¥²Ó´ÒÌ µ£· -
´¨Î¥´¨°, ´ ±² ¤Ò¢ ¥³ÒÌ ´  ± ´µ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥, ¡Ò²¨ ¶·¥¤²µ¦¥´Ò
„¨· ±µ³ ¢ ¸¢Ö§¨ ¸ ¶µ¸É·µ¥´¨¥³ ± ´µ´¨Î¥¸±µ£µ Ëµ·³ ²¨§³  É¥µ·¨¨ £· ¢¨É -
Í¨¨ [11]. ‘µ£² ¸´µ ¨¤¥¥ „¨· ±  ¤²Ö § ¤ ´¨Ö 2(n − m)-³¥·´µ£µ ·¥¤ÊÍ¨·µ-
¢ ´´µ£µ ¶·µ¸É· ´¸É¢  Γ∗ ± ± ¶µ¢¥·Ì´µ¸É¨ ¢ ¶µ²´µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ Γ
´ ·Ö¤Ê ¸ m Ê· ¢´¥´¨Ö³¨ ¸¢Ö§¥° ³µ¦´µ ¢¢¥¸É¨ ¢ É¥µ·¨Õ m ¤µ¶µ²´¨É¥²Ó´ÒÌ
µ£· ´¨Î¥´¨° ´  ±µµ·¤¨´ ÉÒ Å ± ²¨¡·µ¢±¨

χα(p, q) = 0. (4.7)

�·¨ ÔÉµ³ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤Ê-
ÕÐ¨³ É·¥¡µ¢ ´¨Ö³:

1) ¸ ¨Ì ¶µ³µÐÓÕ ´¥µ¶·¥¤¥²¥´´Ò¥ ³´µ¦¨É¥²¨ ‹ £· ´¦  ¤µ²¦´Ò Ë¨±¸¨·µ-
¢ ÉÓ¸Ö µ¤´µ§´ Î´µ ± ± ËÊ´±Í¨¨ µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¨³¶Ê²Ó¸µ¢;

2) ¸µ¢³¥¸É´µ ¸µ ¸¢Ö§Ö³¨ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö ¤µ²¦´Ò µ¶·¥¤¥²¨ÉÓ
2(n−m)-³¥·´µ¥ ¶·µ¸É· ´¸É¢µ Σ;

3) ¶µ¢¥·Ì´µ¸ÉÓ Σ ¤µ²¦´  ¡ÒÉÓ ©± ´µ´¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ ª ¶µ¢¥·Ì´µ¸É¨
Γ∗.

‡ ³¥É¨³ ¸· §Ê, ÎÉµ µ¸´µ¢´ Ö ¶·µ¡²¥³  ¸µ¸Éµ¨É ¢ ¸É·µ£µ° Ëµ·³Ê²¨·µ¢±¥ ¨
Ê¤µ¢²¥É¢µ·¥´¨¨ ¶µ¸²¥¤´¥£µ ¶Ê´±É  Ê¸²µ¢¨° ´  ± ²¨¡·µ¢±¨. ’·¥¡µ¢ ´¨Ö³ (1)
¨ (2) ³µ¦´µ Ê¤µ¢²¥É¢µ·¨ÉÓ, ¥¸²¨ ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥

det ‖{χα(p, q), ϕβ(p, q)}‖
∣∣∣
Σ
6= 0. (4.8)
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‚Ò¶µ²´¨³µ¸ÉÓ Ê¸²µ¢¨Ö (2) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ É¥µ·¥³Ò µ ´¥Ö¢´µ°
ËÊ´±Í¨¨. �µ± ¦¥³, ÎÉµ Ê¸²µ¢¨¥ (4.8) ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ´ °É¨ ´¥¨§¢¥¸É´Ò¥
³´µ¦¨É¥²¨ ‹ £· ´¦  uα(t) ¨§ Ê¸²µ¢¨Ö ¸É Í¨µ´ ·´µ¸É¨ ± ²¨¡·µ¢µ± (4.7) ¢µ
¢·¥³¥´¨

χ̇α = {χα, HC}+
∑
β

{χα, ϕβ}uβ = 0 (4.9)

¨ É¥³ ¸ ³Ò³ § Ë¨±¸¨·µ¢ ÉÓ ¤¨´ ³¨±Ê ¸¨¸É¥³Ò µ¤´µ§´ Î´Ò³ µ¡· §µ³. „¥°-
¸É¢¨É¥²Ó´µ, Ê· ¢´¥´¨Ö (4.9) µ¡· §ÊÕÉ ¸µ¢³¥¸É´ÊÕ ¸¨¸É¥³Ê ´¥µ¤´µ·µ¤´ÒÌ  ²-
£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° µÉ´µ¸¨É¥²Ó´µ ´¥¨§¢¥¸É´ÒÌ uβ(t), ¶·¨Î¥³ Ê¸²µ¢¨¥³
¸µ¢³¥¸É´µ¸É¨ ¸²Ê¦¨É ¨³¥´´µ ¸µµÉ´µÏ¥´¨¥ (4.8). �µ¸²¥ µ¶·¥¤¥²¥´¨Ö ³´µ¦¨-
É¥²¥° ‹ £· ´¦  ± ± ËÊ´±Í¨° µÉ ±µµ·¤¨´ É ¨ ¨³¶Ê²Ó¸µ¢, ¨³¥¥³ ¸²¥¤ÊÕÐÊÕ
± ·É¨´Ê: ¤¨´ ³¨±  ¸¨¸É¥³Ò § ¤ ¥É¸Ö ¢ ¢¨¤¥ 2n £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö

q̇i ' {qi, H∗E}, (4.10)

ṗi ' {pi, H∗E} (4.11)

¨ 2m Ê· ¢´¥´¨° ¸¢Ö§¥°

ϕα(q, p) ' 0, (4.12)

χα(q, p) ' 0, (4.13)

±µÉµ·Ò¥ ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö ´ 
´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¢ § ¤ Î¥ ŠµÏ¨ ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  Å „¨-
· ±  (4.10), (4.11). ‚ Ëµ·³Ê² Ì (4.10), (4.11) §´ ± “ '′′ µ§´ Î ¥É ¸² ¡µ¥
· ¢¥´¸É¢µ ¸ ÊÎ¥Éµ³ ¢¸¥Ì ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ±,   Î¥·¥§ H∗E µ¡µ§´ Î¥´ µ¡µ¡-
Ð¥´´Ò° £ ³¨²ÓÉµ´¨ ´ HE , ¢ ±µÉµ·µ³ ³´µ¦¨É¥²¨ ‹ £· ´¦  § Ë¨±¸¨·µ¢ ´Ò ¸
¶µ³µÐÓÕ Ê· ¢´¥´¨° (4.9). ’ ±¨³ µ¡· §µ³, Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉµ´  Å „¨· ± 
(4.10), (4.11) ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¸¨¸É¥³Ê ¸² ¡ÒÌ Ê· ¢´¥´¨°, É.¥. ¢ ´¨Ì ¸¢Ö§¨
¨ ± ²¨¡·µ¢±¨ ¸²¥¤Ê¥É ¶·¨´¨³ ÉÓ ¢µ ¢´¨³ ´¨¥ ²¨ÏÓ ¶µ¸²¥ ¢§ÖÉ¨Ö ¢¸¥Ì ¸±µ¡µ±
�Ê ¸¸µ´ . �¤´ ±µ µ± §Ò¢ ¥É¸Ö, ÎÉµ ¸ ¶µ³µÐÓÕ ³µ¤¨Ë¨± Í¨¨ ¸±µ¡±¨ �Ê ¸-
¸µ´ , ÉµÎ´¥¥ £µ¢µ·Ö, ¢ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¸±µ¡µ± �Ê ¸¸µ´  ´  É ± ´ §Ò¢ ¥³Ò¥
¸±µ¡±¨ „¨· ±  ³µ¦´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶·¨¸ÊÉ¸É¢¨Ö ¢ É¥µ·¨¨ ¸² ¡ÒÌ · ¢¥´¸É¢.
‘±µ¡±¨ „¨· ±  µ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ µ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸±µ¡µ± �Ê ¸¸µ´ 
¨ ¸¨¸É¥³Ò ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ , ¤µ¶µ²´¥´´µ° ± ²¨¡·µ¢± ³¨:

{F,G}D := {F,G} − {F, ξs}C−1
ss′ {ξs′ , G} , (4.14)

£¤¥ ξ µ¡µ§´ Î ¥É ´ ¡µ· ¢¸¥Ì ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ±,   C−1 Å ³ É·¨ÍÊ, µ¡· É´ÊÕ
± Cαβ := {ξα, ξβ} . ‡ ³¥Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É „¨· ±  ¸µ¸Éµ¨É ¢ ´ ¡²Õ¤¥´¨¨,
ÎÉµ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ³µ¦´µ § ¶¨¸ ÉÓ ¸ § ³¥´µ° ¸±µ¡µ± �Ê ¸¸µ´  ´  ´µ-
¢Ò¥ (4.14):

q̇i ' {qi, Hc}D, (4.15)

ṗi ' {pi, Hc}D, (4.16)
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¶·¨Î¥³ ¢¸¥ ¸¢Ö§¨ ³µ¦´µ ¶µ²µ¦¨ÉÓ · ¢´Ò³¨ ´Ê²Õ ¤µ ¢§ÖÉ¨Ö ¸±µ¡µ± „¨· ± .
�ÉµÉ Ë ±É µ¡Ö§ ´ ¸²¥¤ÊÕÐ¥³Ê ¶·¨³¥Î É¥²Ó´µ³Ê ¸¢µ°¸É¢Ê ¸±µ¡±¨ „¨· ± :

{F, ξs}D = 0, (4.17)

£¤¥ F (q, p) Å ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö. ’¥³ ¸ ³Ò³ ¢ É¥µ·¨¨ µ¸É ´ÊÉ¸Ö Éµ²Ó±µ
¸¨²Ó´Ò¥ · ¢¥´¸É¢ , ¨ § ¤ Î  ·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ·¥Ï¥´ , ¶· ¢¤ ,
¢ ´¥Ö¢´µ° Ëµ·³¥, ¶µ¸±µ²Ó±Ê ±µ²¨Î¥¸É¢µ £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
µ¸É ²µ¸Ó ¶·¥¦´¨³, ÌµÉÖ ´ ²¨Î¨¥ ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ± £µ¢µ·¨É µ¡ ¨Ì § ¢¨¸¨-
³µ¸É¨.

�¥§Õ³¥. Šµ··¥±É´µ¥ ¤µ¡ ¢²¥´¨¥ ± ²¨¡·µ¢µ± ± ´ ¡µ·Ê ¸¢Ö§¥° ¶¥·-
¢µ£µ ·µ¤  ¶µ§¢µ²Ö¥É ÊÎ¥¸ÉÓ Ë ±É § ¢¨¸¨³µ¸É¨ ¨¸Ìµ¤´ÒÌ ± ´µ´¨-
Î¥¸±¨Ì ±µµ·¤¨´ É § ³¥´µ° ¨¸Ìµ¤´µ° ± ´µ´¨Î¥¸±µ° ¸¨³¶²¥±É¨Î¥-
¸±µ° ¸É·Ê±ÉÊ·Ò ´  ´µ¢ÊÕ, µ¶·¥¤¥²Ö¥³ÊÕ ¸±µ¡± ³¨ „¨· ± , ¨ ÔË-
Ë¥±É¨¢´µ ·¥¤ÊÍ¨·µ¢ ÉÓ Î¨¸²µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò µÉ 2n ¤µ 2(n−m)

n∑
i=1

{qi, pi, }P.B. = n ,

n∑
i=1

{qi, pi, }D.B. = n−m .

�µ¢ Ö ¸¨³¶²¥±É¨Î¥¸± Ö ¸É·Ê±ÉÊ· , § ¢¨¸ÖÐ Ö µÉ ¢Ò¡µ·  ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ-
¢¨°, ¢ µ¡Ð¥³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¸²µ¦´µ°, ¨ ± ± ¸²¥¤¸É¢¨¥, ¶·¨¢µ¤¨É ± ¸¥·Ó¥§´Ò³
É·Ê¤´µ¸ÉÖ³ ¶·¨ ±¢ ´Éµ¢ ´¨¨. �¤´ ±µ ¸ÊÐ¥¸É¢Ê¥É ¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °, ±µ£¤ 
¸±µ¡±  „¨· ±  ¸µ¢¶ ¤ ¥É ¸ ± ´µ´¨Î¥¸±µ° ¸±µ¡±µ° �Ê ¸¸µ´  ¤²Ö ·¥£Ê²Ö·´µ°
¸¨¸É¥³Ò, µ¶·¥¤¥²¥´´µ° ´  Γ∗:

{F,G}D
∣∣∣
ϕ=0, χ=0

=
n−m∑
i=1

{
∂F

∂Q∗i

∂G

P ∗i
− ∂F

∂P ∗i

∂G

Q∗i

}
. (4.18)

ˆ§ ÔÉµ£µ ¶·¥¤¸É ¢²¥´¨Ö ¸±µ¡µ± „¨· ±  ¸²¥¤Ê¥É, ÎÉµ ¢ É¥·³¨´ Ì ¸µ¶·Ö¦¥´´ÒÌ
±µµ·¤¨´ É Q∗i , P

∗
i (i = 1, . . . , n − m) ·¥¤ÊÍ¨·µ¢ ´´µ¥ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ

¶ · ³¥É·¨§µ¢ ´µ É ±¨³ µ¡· §µ³, ÎÉµ ¸¢Ö§¨ Éµ¦¤¥¸É¢¥´´µ µ¡· Ð ÕÉ¸Ö ¢ ´µ²Ó,
¨ ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö F (p, q), § ¤ ´´ Ö ´  ·¥¤ÊÍ¨·µ¢ ´´µ³ Ë §µ¢µ³ ¶·µ-
¸É· ´¸É¢¥, ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

F (p, q)
∣∣∣
ϕ=0, χ=0

= F (P ∗, Q∗) .

’ ±¨³ µ¡· §µ³, ¥¸²¨ ¢ ³¥Éµ¤¥ „¨· ±  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ ¢Ò¶µ²´¥´ ¶Ê´±É
(3) É·¥¡µ¢ ´¨° ´  ± ²¨¡·µ¢±¨, É.¥. ¥¸²¨ ¶µ¢¥·Ì´µ¸ÉÓ Σ ± ´µ´¨Î¥¸±¨ Ô±¢¨¢ -
²¥´É´  ¶µ¢¥·Ì´µ¸É¨ Γ∗, ¨ ¢Ò¡µ· ± ²¨¡·µ¢µ± ¸¤¥² ´ ©Ê¤ Î´µª ¢ Éµ³ ¸³Ò¸²¥,
ÎÉµ ¨³¥¥É ³¥¸Éµ · ¢¥´¸É¢µ (4.18), Éµ § ¤ Î  µ¶·¥¤¥²¥´¨Ö ©¨¸É¨´´ÒÌ ¤¨´ ³¨-
Î¥¸±¨Ì ¸É¥¶¥´¥°ª ¸¢µ¡µ¤Ò É¥³ ¸ ³Ò³ ·¥Ï¥´  ¢ Ö¢´µ° Ëµ·³¥.
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Œ¥Éµ¤ ” ¤¤¥¥¢  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨. ˆ´µ° ³¥Éµ¤ ·¥¤Ê±Í¨¨ ¸ Ë¨±-
¸ Í¨¥° ± ²¨¡·µ¢±¨ ¡Ò² ¶·¥¤²µ¦¥´ ¢ Ìµ·µÏµ ¨§¢¥¸É´µ° · ¡µÉ¥ ‹.„.” ¤¤¥¥¢ 
[32], ¶µ¸¢ÖÐ¥´´µ° ±¢ ´Éµ¢ ´¨Õ ¸¨¸É¥³ ¸µ ¸¢Ö§Ö³¨ ¢ ³¥Éµ¤¥ ËÊ´±Í¨µ´ ²Ó-
´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. �¸´µ¢´ Ö ¨¤¥Ö ³¥Éµ¤  ” ¤¤¥¥¢ , ¢ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ
³¥Éµ¤Ê „¨· ± , ¸µ¸Éµ¨É ¢µ ¢¢¥¤¥´¨¨ Ö¢´µ° ¶ · ³¥É·¨§ Í¨¨ ·¥¤ÊÍ¨·µ¢ ´´µ£µ
Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ . Š ± ¨ ¢ ³¥Éµ¤¥ „¨· ± , ¢¢µ¤ÖÉ¸Ö ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ-
¢¨Ö χα(p, q) = 0 , ±µÉµ·Ò¥ ¶µ³¨³µ Ê¸²µ¢¨Ö (4.8) ¶µ¤Î¨´¥´Ò ¥Ð¥ ¤µ¶µ²´¨-
É¥²Ó´µ³Ê É·¥¡µ¢ ´¨Õ © ¡¥²¥¢µ¸É¨ª

{χα(p, q), χβ(p, q)} = 0 . (4.19)

�¡¥²¥¢ Ì · ±É¥· ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (4.19) ¶µ§¢µ²Ö¥É ¶¥·¥°É¨ ¸ ¶µ³µÐÓÕ
± ´µ´¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö

qi 7→ Qi = Qi (q, p)

pi 7→ Pi = Pi (q, p) (4.20)

± É ±¨³ ´µ¢Ò³ ¶¥·¥³¥´´Ò³ ±µµ·¤¨´ É ³, ÎÉµ ¨Ì ¶¥·¢Ò¥ m ¨³¶Ê²Ó¸µ¢ ¸µ¢¶ -
¤ ÕÉ ¸ ± ²¨¡·µ¢µÎ´Ò³¨ Ê¸²µ¢¨Ö³¨ χα:

Pα = χα (q, p) . (4.21)

“¸²µ¢¨¥ (4.8) ¶µ§¢µ²Ö¥É · §·¥Ï¨ÉÓ ¸¢Ö§¨ (4.1) µÉ´µ¸¨É¥²Ó´µ ±µµ·¤¨´ É Qα,
¢Ò· ¦ Ö ¨Ì ± ± ËÊ´±Í¨¨ µÉ (n−m) ¶ · ± ´µ´¨Î¥¸±¨ ¸µ¶·Ö¦¥´´ÒÌ ±µµ·¤¨´ É
¨ ¨³¶Ê²Ó¸µ¢ (Q∗i , P

∗
i ), ±µÉµ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¢´ÊÉ·¥´´¨¥ ±µµ·¤¨´ ÉÒ

2(n−m)-³¥·´µ° ¶µ¢¥·Ì´µ¸É¨ Σ, µ¶·¥¤¥²Ö¥³µ° ¸µµÉ´µÏ¥´¨Ö³¨

Pα = 0 ,

Qα = Qα (Q∗, P ∗) . (4.22)

�É¨³ ·¥¤Ê±Í¨Ö Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , ¢ ¸³Ò¸²¥ ¢Ò¤¥²¥´¨Ö 2(n−m) ´¥§ ¢¨-
¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ, ±µÉµ·Ò¥ Ô¢µ²ÕÍ¨µ´¨·ÊÕÉ ¸µ£² ¸´µ µ¡ÒÎ´Ò³ £ ³¨²ÓÉµ-
´µ¢Ò³ Ê· ¢´¥´¨Ö³ ¸ £ ³¨²ÓÉµ´¨ ´µ³

H∗(Q∗, P ∗) := HE(q, p)
∣∣
Q̄α=Q̄α(P∗,Q∗), P̄α=0

, (4.23)

§ ¢¥·Ï¥´ .

�¥§Õ³¥. �¥·¥³¥´´Ò¥ (Q∗i , P
∗
i ) ¢ ³¥Éµ¤¥ ” ¤¤¥¥¢  ¤¥°¸É¢¨É¥²Ó´µ

¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ´ ¡µ· Ë¨§¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ¥¸²¨
¢µ§³µ¦¥´ É ±µ° ¢Ò¡µ· ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°
χα, ÎÉµ ¶µ¢¥·Ì´µ¸ÉÓ Σ ± ´µ´¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´  ·¥¤ÊÍ¨·µ¢ ´-
´µ³Ê Ë §µ¢µ³Ê ¶·µ¸É· ´¸É¢Ê Γ∗ ¸¨¸É¥³Ò.
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’ ±¨³ µ¡· §µ³, ± ± ¨ ¢ ³¥Éµ¤¥ „¨· ± , ¢ ¤ ´´µ³ ¶µ¤Ìµ¤¥ ¢µ¶·µ¸ µ¡ µ¶·¥-
¤¥²¥´¨¨ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° É ±¦¥ É·¥¡Ê¥É ¸¢µ¥£µ ·¥Ï¥´¨Ö.

�¥¸± ²¨¡·µ¢µÎ´Ò° ³¥Éµ¤ £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨. ˆ´¢ ·¨ ´É´µ¸ÉÓ É¥µ-
·¨¨ µÉ´µ¸¨É¥²Ó´µ ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢Ò§¢ ´  ´ ²¨-
Î¨¥³ ¢ É¥µ·¨¨ ´¥Ë¨§¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ÎÉµ ¢ £ ³¨²ÓÉµ´µ¢µ³ ¶µ¤Ìµ¤¥
µÉ· ¦ ¥É¸Ö ¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ³´µ¦¨É¥²¥° ‹ £· ´¦ , ´¥ ¶µ¤¤ ÕÐ¨Ì¸Ö µ¶·¥¤¥-
²¥´¨Õ ¢µ ¢´ÊÉ·¥´´¨Ì É¥·³¨´ Ì É¥µ·¨¨. Œ¥Éµ¤ ·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´-
¸É¢  ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ± ²¨¡·µ¢µ± ¶µ§¢µ²Ö¥É Ê¸É· ´¨ÉÓ ÔÉµÉ ¶·µ¨§¢µ²,
§ Ë¨±¸¨·µ¢ ¢ ³´µ¦¨É¥²¨ ‹ £· ´¦  ± ± ËÊ´±Í¨¨ µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨
¨³¶Ê²Ó¸µ¢, §  ¸Î¥É ¢¢¥¤¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, µ¸É -
¢²ÖÖ µÉ±·ÒÉÒ³ ¢µ¶·µ¸ µ · §¤¥²¥´¨¨ ¨¸Ìµ¤´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ´  Ë¨§¨-
Î¥¸±¨¥ ¨ ´¥Ë¨§¨Î¥¸±¨¥. ‚ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ÔÉµ³Ê ³¥Éµ¤ ¡¥¸± ²¨¡·µ¢µÎ-
´µ° ·¥¤Ê±Í¨¨, ± ¨§²µ¦¥´¨Õ ±µÉµ·µ£µ ³Ò ¶¥·¥Ìµ¤¨³, µ¸´µ¢ ´ ´  ¨¤¥¥ Ö¢-
´µ£µ · §¤¥²¥´¨Ö ´ ¡µ·  µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ´ 
Ë¨§¨Î¥¸±¨¥ (± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò¥) ¨ ´¥Ë¨§¨Î¥¸±¨¥ (± ²¨¡·µ¢µÎ´µ-
´¥¨´¢ ·¨ ´É´Ò¥). ˆ§²µ¦¥´¨¥ ´ Î´¥³ ¸ · ¸¸³µÉ·¥´¨Ö É¥µ·¨° Î ¸É´µ£µ ¢¨¤ ,  
¨³¥´´µ ¸ É¥µ·¨°, £¤¥ ¥¸ÉÓ ²¨ÏÓ  ¡¥²¥¢Ò ¸¢Ö§¨.

�Ê¸ÉÓ ¨³¥¥³ ¢Ò·µ¦¤¥´´ÊÕ É¥µ·¨Õ ¸ ¶µ²´Ò³ ´ ¡µ·µ³  ¡¥²¥¢ÒÌ ¸¢Ö§¥°
ϕα(q, p) = 0( α = 1, . . . ,m < n):

{ϕα(q, p), ϕβ(q, p)} = 0, α, β = 1, . . . ,m. (4.24)

‚ ÔÉµ³ ¸²ÊÎ ¥ Ö¢´ÊÕ ¶ · ³¥É·¨§ Í¨Õ ·¥¤ÊÍ¨·µ¢ ´´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´-
¸É¢  ³µ¦´µ § ¤ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‘µ£² ¸´µ Ìµ·µÏµ ¨§¢¥¸É´µ° É¥µ·¥³¥
(¸³., ´ ¶·¨³¥·, [37,50]), ¢¸¥£¤  ³µ¦´µ ¶µ¸É·µ¨ÉÓ ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ -
´¨¥ ± ´µ¢Ò³ ¶¥·¥³¥´´Ò³

qi 7→ Qi = Qi (q, p) ,

pi 7→ Pi = Pi (q, p) , (4.25)

É ±¨³, ÎÉµ m ´µ¢ÒÌ ¨³¶Ê²Ó¸µ¢ (P 1, . . . , Pm) ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨  ¡¥²¥¢Ò³
¸¢Ö§Ö³ ϕα:

Pα = ϕα(q, p) , (4.26)

¶·¨ ÔÉµ³ µ¸É ¢Ï¨¥¸Ö (n − m) ¶ · ´µ¢ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
(Q∗1, P

∗
1 . . . , Q

∗
n−m, P

∗
n−m) ¡Ê¤ÊÉ ¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ° ¨³¥´´µ ¡ §¨¸ ¤²Ö ± ²¨-

¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ O. —Éµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉµ³ ¢ÒÖ¸´¨³
¸É·Ê±ÉÊ·Ê ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ´¨ ´  ¢ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ. ‚ ¸¨²Ê Ê¸²µ¢¨Ö
¶µ²´µÉÒ ¸¨¸É¥³Ò ¸¢Ö§¥° ¨³¥¥³ ¸µµÉ´µÏ¥´¨¥

{ϕα(q, p), Hc(q, p)} = gαβ(q, p)ϕβ(q, p) (4.27)
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¸ ´¥±µÉµ·Ò³¨ Ë¨±¸¨·µ¢ ´´Ò³¨ ËÊ´±Í¨Ö³¨ gαβ . ˆ§ Ê· ¢´¥´¨Ö (4.27) ¢ ´µ¢ÒÌ
±µµ·¤¨´ É Ì P,Q

∂HC(P,Q)

∂Qα
= gαβ(P,Q)P β, (4.28)

HC(P,Q) = HC(p(P,Q), q(P,Q))

¸²¥¤Ê¥É, ÎÉµ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

HC(P,Q) = H0(Q∗, P ∗, P ) + Ψα(Q,P )Pα (4.29)

¸ ´¥±µ° ËÊ´±Í¨¥° H0(Q∗, P ∗, P ), ´¥ § ¢¨¸ÖÐ¥° µÉ ±µµ·¤¨´ ÉÒ Q:

{Pα, H0(P,Q)} = 0 (4.30)

¨ µ¶·¥¤¥²ÖÕÐ¥° ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÊÕ Î ¸ÉÓ ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ-
´¨ ´  ∗. —Éµ ± ¸ ¥É¸Ö ËÊ´±Í¨¨ Ψα(Q,P ), Éµ µ´  µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¸É·Ê±-
ÉÊ·´Ò¥ ËÊ´±Í¨¨ gαβ(P,Q) ¶µ¸·¥¤¸É¢µ³ Ê· ¢´¥´¨Ö

∂Ψγ(P,Q)

∂Qα
= gαγ(P,Q). (4.31)

�Éµ µ§´ Î ¥É, ÎÉµ ¢ É¥·³¨´ Ì ¨¸Ìµ¤´ÒÌ ¶¥·¥³¥´´ÒÌ p, q ± ´µ´¨Î¥¸±¨° £ -
³¨²ÓÉµ´¨ ´ ¨³¥¥É ¢¨¤

HC(p, q) = H0(q, p) + Ψα(p, q)ϕα(p, q), (4.32)

£¤¥ H0(p, q) ¥¸ÉÓ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö

{H0(p, q), ϕα(p, q)} = 0, (4.33)

  Ψα(p, q) ¸¢Ö§ ´  ¸ Ψα(Q,P ) ¸µµÉ´µÏ¥´¨¥³

Ψα(p, q) = Ψα(P (p, q), Q(p, q)). (4.34)

�·¨ ÔÉµ³ Ê· ¢´¥´¨Ö (4.31) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ± ´µ´¨Î¥¸±¨- ¨´¢ ·¨ ´É´µ°
Ëµ·³¥ ¶µ¸·¥¤¸É¢µ³ ¸±µ¡µ± �Ê ¸¸µ´ 

{ϕα(p, q),Ψγ(p, q)} = gαγ(p, q). (4.35)

∗‚ É¥µ·¨¨ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ §  ±µµ·¤¨´ É ³¨, µÉ ±µÉµ·ÒÌ £ ³¨²ÓÉµ´¨ ´ ´¥ § ¢¨¸¨É,
§ ±·¥¶¨²µ¸Ó ´ §¢ ´¨¥ Í¨±²¨Î¥¸±¨Ì ¨²¨ ¨£´µ·¨·Ê¥³ÒÌ. �É¨³ ¦¥ É¥·³¨´µ³ ¢ É¥µ·¨¨ ¢Ò·µ¦¤¥´-
´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ Î¨¸Éµ ± ²¨¡·µ¢µÎ´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ´¥¸³µÉ·Ö ´ 
¶·¨´Í¨¶¨ ²Ó´µ¥ µÉ²¨Î¨¥; ¤¨´ ³¨±  ©±² ¸¸¨Î¥¸±¨Ì Í¨±²¨Î¥¸±¨Ìª ±µµ·¤¨´ É µ¤´µ§´ Î´µ µ¶·¥-
¤¥²Ö¥É¸Ö, ¢ Éµ ¢·¥³Ö ± ± Ô¢µ²ÕÍ¨Ö Í¨±²¨Î¥¸±¨Ì ±µµ·¤¨´ É ¢ ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¸µ¤¥·¦¨É
ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§¢µ².
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�¤´ ±µ µÉ³¥É¨³ µ¸´µ¢´µ¥ ¶·¥¨³ÊÐ¥¸É¢µ  ¤ ¶É¨·µ¢ ´´ÒÌ ±µµ·¤¨´ É (P,Q).
‚ ÔÉ¨Ì ±µµ·¤¨´ É Ì ¨´¢ ·¨ ´É´ Ö Î ¸ÉÓ £ ³¨²ÓÉµ´¨ ´  µ¶·¥¤¥²Ö¥É¸Ö ¶·µ¸ÉÒ³
· §²µ¦¥´¨¥³

H0(P,Q) = HC(P,Q) − ∂HC

∂Pα
Pα, (4.36)

¢ Éµ ¢·¥³Ö ± ± ¢ ¨¸Ìµ¤´ÒÌ p ¨ q ¥¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ²¨ÏÓ ¶µ¸·¥¤¸É¢µ³
¢ ·¨ Í¨µ´´µ° ¶·µ¨§¢µ¤´µ°

H0(p, q) =

[
HC(p, q)− δHC

δϕα
ϕα

]
. (4.37)

‘ ÊÎ¥Éµ³ ¶·¥¤¸É ¢²¥´¨Ö (4.29) ¤²Ö ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ´¨ ´  µ¡µ¡Ð¥´´Ò¥
Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉµ´  Å „¨· ±  (¢ ± Î¥¸É¢¥ £¥´¥· Éµ·  ¶·¨³¥´¨³ ¶µ²´Ò°
£ ³¨²ÓÉµ´¨ ´)

q̇i = {qi, HT },
ṗi = {pi, HT } (4.38)

¢ ´µ¢ÒÌ ±µµ·¤¨´ É Ì (Q,P ) ¨³¥ÕÉ ¢¨¤

˙̄QA ' {Q̄A, H̄E} =

[
∂H̄0(Q∗, P ∗, P̄ )

∂P̄A
+ ψA(Q,P ) + uα(t)δαA

]∣∣∣∣∣
P̄A=0

,

(4.39)
˙̄PA ' 0, A = 1, . . . ,m, (4.40)

Q̇∗a ' {Q∗a, H̄E} =
∂H̄0(Q∗, P ∗, P̄ )

∂P ∗a

∣∣∣∣∣
P̄A=0

=
∂H̄∗(Q∗, P ∗)

∂P ∗a
, (4.41)

Ṗ ∗a ' {P ∗a , H̄E} = −∂H̄0(Q∗, P ∗, P̄ )

∂Q∗a

∣∣∣∣∣
P̄A=0

= −∂H̄
∗(Q∗, P ∗)

∂Q∗a
, (4.42)

P̄A ' 0, (4.43)

¸ Ë¨§¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³

H∗(P ∗, Q∗) ≡ HC(P,Q)
∣∣∣
PA=0

. (4.44)

�¥§Õ³¥. ‚ ¸¶¥Í¨ ²Ó´ÒÌ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì (Q,P ) ¨ (Q∗, P ∗)
± ´µ´¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

Q̇∗ = {Q∗, H∗} , Q̇ = u(t) ,

Ṗ ∗ = {P ∗, H∗} , Ṗ = 0 , (4.45)
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H∗ § ¢¨¸¨É Éµ²Ó±µ µÉ (n−m) ¶ · ´µ¢ÒÌ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÒÌ
± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ (Q∗, P ∗) , ¨ Ëµ·³  ± ´µ´¨Î¥¸±¨Ì Ê· ¢´¥-
´¨° (4.45) ¶µ± §Ò¢ ¥É Ö¢´ÊÕ Ë ±Éµ·¨§ Í¨Õ ¶¥·¥³¥´´ÒÌ

2n




q1

p1

...
qn
pn

 7→

2(n−m)

{(
Q∗

P ∗

)

2m

{(
Q

P

)
Ë¨§¨Î¥¸±¨¥
¶¥·¥³¥´´Ò¥

´¥Ë¨§¨Î¥¸±¨¥
¶¥·¥³¥´´Ò¥

(4.46)

�·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³ ¶·¨ ÔÉµ³ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶·µ¨§¢µ²Ó´Ò¥ ËÊ´±-
Í¨¨ u(t) ¶·¨¸ÊÉ¸É¢ÊÕÉ ²¨ÏÓ ¢ Éµ° Î ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ±µÉµ·Ò¥ ¸µ-
¤¥·¦ É ¸±µ·µ¸É¨ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É Qα,   Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö
±µµ·¤¨´ É (Q∗, P ∗) ¢Ò¤¥²¨²¨¸Ó ¢ ¢¨¤¥ µÉ¤¥²Ó´µ° § ³±´ÊÉµ° ¸¨¸É¥³Ò, ´¥ ¸µ-
¤¥·¦ Ð¥° ¶¥·¥³¥´´ÒÌ (Q̄, P̄ ). �µ¸±µ²Ó±Ê ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ ´¥É ´¨± ±µ£µ
¶·µ¨§¢µ² , Éµ ¨³¥´´µ µ´¨ ¨ Ö¢²ÖÕÉ¸Ö ¨¸É¨´´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö,  
±µµ·¤¨´ ÉÒ (Q∗, P ∗) Å ¨¸É¨´´Ò³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨, ¶µ¸±µ²Ó±Ê
Ê¤µ¢²¥É¢µ·ÖÕÉ É·¥¡µ¢ ´¨Ö³, ¶·¥¤ÑÖ¢²Ö¥³Ò³ ± Ë¨§¨Î¥¸±¨³ ¢¥²¨Î¨´ ³∗: µ´¨
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò ¨ ¨Ì Ô¢µ²ÕÍ¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¸¨¸É¥³µ° ¨§ 2(n−m)
£ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¡¥§ ± ±¨Ì ²¨¡µ µ£· ´¨Î¥´¨° ´  ´ Î ²Ó-
´Ò¥ ¤ ´´Ò¥. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° § ¶µ²´ÖÕÉ ¢¸¥ ³´µ£µµ¡· -
§¨¥ · §³¥·´µ¸É¨ 2(n−m), ÉµÎ±¨ ±µÉµ·µ£µ ´ Ìµ¤ÖÉ¸Ö ¢µ ¢§ ¨³´µ µ¤´µ§´ Î´µ³
¸µµÉ¢¥É¸É¢¨¨ ¸ ÉµÎ± ³¨ ¶·µ¸É· ´¸É¢  Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò. ’¥³
¸ ³Ò³ ¡¥§ ¢¢¥¤¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° ¢ É¥µ·¨¨, ¸µ-
¤¥·¦ Ð¥° ²¨ÏÓ  ¡¥²¥¢Ò ¸¢Ö§¨, ¢µ§³µ¦´µ µ¸ÊÐ¥¸É¢¨ÉÓ ¨¸±µ³ÊÕ ·¥¤Ê±Í¨Õ
²¨ÏÓ §  ¸Î¥É ¢Ò¡µ·  ¸¶¥Í¨ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ, ¶·¨Î¥³ ¶µ¸²¥¤´¨¥ ¸¢Ö§ ´Ò ¸
¨¸Ìµ¤´Ò³ ± ´µ´¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨¥³, £ · ´É¨·ÊÕÐ¨³ É·¥¡Ê¥³ÊÕ ´ ³¨
©Ô±¢¨¢ ²¥´É´µ¸ÉÓª ´¥¢Ò·µ¦¤¥´´µ° ·¥¤ÊÍ¨·µ¢ ´´µ° ¸¨¸É¥³Ò, ¶¥·¢µ´ Î ²Ó´µ
¸¨´£Ê²Ö·´µ°.

�·Ö³µ¥ µ¡µ¡Ð¥´¨¥ ÔÉµ£µ ³¥Éµ¤  ·¥¤Ê±Í¨¨ ´  ´¥ ¡¥²¥¢ ¸²ÊÎ ° ´¥¢µ§-
³µ¦´µ, ¶µ¸±µ²Ó±Ê ¨¤¥´É¨Ë¨± Í¨Ö ¨³¶Ê²Ó¸µ¢ ¸µ ¸¢Ö§Ö³¨ § ¶·¥Ð¥´  ¨³¥´´µ

∗‡ ³¥É¨³, ÎÉµ ¢Ò¡µ· ¸¶¥Í¨ ²Ó´ÒÌ  ¤ ¶É¨·µ¢ ´´ÒÌ ±µµ·¤¨´ É P ∗, Q∗ ¨ Q ´¥ ¥¤¨´¸É¢¥´-
´Ò°. � ¶·¨³¥·, ³µ¦´µ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ± Î¥¸É¢¥ É ±µ¢ÒÌ ± ´µ´¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ

P ′A = PA,

Q′A = QA + fA(Q∗),

P ′∗i = P ∗i + PA
∂fA(Q∗)

∂Q∗i
,

Q′∗i = Q∗i . (4.47)

�¤´ ±µ ¢ ²Õ¡µ³ ¸²ÊÎ ¥ ¶¥·¥Ìµ¤ µÉ µ¤´¨Ì ±µµ·¤¨´ É ± ¤·Ê£¨³ ¡Ê¤¥É Ö¢²ÖÉÓ¸Ö ± ´µ´¨Î¥¸±¨³
¶·¥µ¡· §µ¢ ´¨¥³ ¢ ¸¥±Éµ·¥ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ (Q∗, P ∗).
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¨Ì ´¥ ¡¥²¥¢µ¸ÉÓÕ. �¤´ ±µ ¸ÊÐ¥¸É¢Ê¥É ¢ ¦´µ¥ ´ ¡²Õ¤¥´¨¥, ¶µ§¢µ²ÖÕÐ¥¥ Ë ±-
É¨Î¥¸±¨ ¸¢¥¸É¨  ´ ²¨§ ¶·µÍ¥¸¸  ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¸¢Ö§Ö³¨
¶¥·¢µ£µ ·µ¤  ± · ¸¸³µÉ·¥´´µ³Ê ¸²ÊÎ Õ  ¡¥²¥¢ÒÌ ¸¢Ö§¥°. �·¨Î¨´  ±·µ¥É¸Ö ¢
Éµ³, ÎÉµ ¢ ¸¨¸É¥³ Ì ¸µ ¸¢Ö§Ö³¨ ¸ÊÏ¥¸É¢Ê¥É ¡µ²ÓÏ Ö ¸¢µ¡µ¤  ¢ µ¶¨¸ ´¨¨∗;
¶µ³¨³µ ¶·µ¨§¢µ²  ¢ ¢Ò¡µ·¥ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¸ÊÐ¥¸É¢Ê¥É ¤µ¶µ²-
´¨É¥²Ó´ Ö ¸¢µ¡µ¤ , ¸¢Ö§ ´´ Ö ¸ µ¶¨¸ ´¨¥³ ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° Γc. ‚ ¸¢Ö§¨ ¸
É ±µ° ´¥µ¤´µ§´ Î´µ¸ÉÓÕ µ¶¨¸ ´¨Ö ¢µ§´¨± ¥É ¢µ¶·µ¸ µ ¢µ§³µ¦´µ¸É¨ ¶·¥¤¸É ¢-
²¥´¨Ö ¤ ´´µ° ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° ¸ ¶µ³µÐÓÕ ¤·Ê£¨Ì ËÊ´±Í¨°, ´ Ìµ¤ÖÐ¨Ì¸Ö
¢ ¨´¢µ²ÕÍ¨¨. �É¢¥É ´  ÔÉµÉ ¢µ¶·µ¸ ¶µ²µ¦¨É¥²¥´∗∗.

�¥§Õ³¥. “É¢¥·¦¤¥´¨¥ µ¡  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¸µ¸Éµ¨É ¢ ¢µ§³µ¦´µ-
¸É¨ § ³¥´Ò ¸¢Ö§¨ ϕα Ô±¢¨¢ ²¥´É´Ò³ ´ ¡µ·µ³ ¸¢Ö§¥° Φα:

Φα = Dαβϕβ , det ‖D‖
∣∣∣
ϕ=0
6= 0 , (4.48)

±µÉµ·Ò¥ § ¤ ÕÉ ÉÊ ¦¥ ¶µ¢¥·Ì´µ¸ÉÓ Γc, ´µ Ëµ·³¨·ÊÕÉ  ¡¥²¥¢Ê
 ²£¥¡·Ê.

„µ± § É¥²Ó¸É¢µ ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö ±µ·µÉ±µ µ¡¸Ê¦¤ ¥É¸Ö ¢ ¶·¨²µ¦¥´¨¨ �.
‡¤¥¸Ó µÉ³¥É¨³ ²¨ÏÓ, ÎÉµ µ´µ µ¸´µ¢ ´µ ²¨¡µ ´  Ö¢´µ³ · §·¥Ï¥´¨¨ ¸¢Ö§¥°
(¸³. [4], Sundermeyer; ƒ¨É³ ´, ’ÕÉ¨´; Henneaux, Teitelboim), ²¨¡µ ¨¸¶µ²Ó-
§ÊÕÉ¸Ö Ê¸²µ¢¨Ö, Ë¨±¸¨·ÊÕÐ¨¥ ± ²¨¡·µ¢±Ê [43], ¨²¨ ¦¥ ¶·¨³¥´Ö¥É¸Ö ¶·Ö³µ°
³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ ± ± ·¥Ï¥´¨Ö µ¶·¥¤¥²¥´´µ° ¸¨¸É¥³Ò
²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ-
·Ö¤±  (¸³. [26,27] ¨ ¶·¨²µ¦¥´¨¥ �).

‘ ÊÎ¥Éµ³ ¶µ¸²¥¤´¥£µ Ë ±É  µ±µ´Î É¥²Ó´µ ¸Ëµ·³Ê²¨·Ê¥³ µ¡ÐÊÕ ¸Ì¥³Ê
¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨° ¸  ²£¥¡·µ° ¸¢Ö§¥° ¶¥·¢µ£µ
·µ¤  µ¡Ð¥£µ ¢¨¤ . �Ê¸ÉÓ ¨³¥¥³ ¢Ò·µ¦¤¥´´ÊÕ ¸¨¸É¥³Ê ¸ ± ´µ´¨Î¥¸±¨³ £ -
³¨²ÓÉµ´¨ ´µ³ Hc(q, p) ¨ ¶µ²´Ò³ ´¥¶·¨¢µ¤¨³Ò³ ´ ¡µ·µ³ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 
ϕA(q, p):

{ϕA(q, p), ϕB(q, p)} = fABC(q, p)ϕC(q, p). (4.49)

‘ ¶µ³µÐÓÕ ¶·µÍ¥¤Ê·Ò ²µ± ²Ó´µ°  ¡¥²¨§ Í¨¨ § ³¥´Ö¥³ ´¥ ¡¥²¥¢Ò ¸¢Ö§¨ Ô±¢¨-
¢ ²¥´É´Ò³ ´ ¡µ·µ³  ¡¥²¥¢ÒÌ ¸¢Ö§¥° ΦA(q, p) = DAB(q, p)ϕA(q, p) ¨ ¶¥·¥Ìµ-
¤¨³ ± ¸¶¥Í¨ ²Ó´Ò³  ¤ ¶É¨·µ¢ ´´Ò³ ¶¥·¥³¥´´Ò³

qi 7→ Qi = Qi (q, p) ,

pi 7→ Pi = Pi (q, p) , (4.50)

∗�µ²´ÊÕ £·Ê¶¶Ê ¶·¥µ¡· §µ¢ ´¨°, ¸µÌ· ´ÖÕÐ¨Ì ± ± ¢¨¤ £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö, É ± ¨ ¶µ¢¥·Ì´µ¸ÉÓ ¸¢Ö§¥°, �¥·£³ ´ ´ §¢ ² ©µ¡µ¡Ð¥´´µ° £·Ê¶¶µ° ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ -
´¨°ª [3].

∗∗�µ¸±µ²Ó±Ê ± ´µ´¨Î¥¸±¨¥ ¶·¥µ¡· §µ¢ ´¨Ö µ¸É ¢²ÖÕÉ ´¥¨§³¥´´Ò³ §´ Î¥´¨¥ ¸±µ¡µ± �Ê ¸-
¸µ´ , Éµ ¶·¥µ¡· §µ¢ ´¨¥  ¡¥²¨§ Í¨¨ ´¥ ³µ¦¥É ¡ÒÉÓ ± ´µ´¨Î¥¸±¨³, ´µ, ¡¥§Ê¸²µ¢´µ, ¤µ²¦´µ ¶·¨-
´ ¤²¥¦ ÉÓ ± ±² ¸¸Ê µ¡µ¡Ð¥´´ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°.
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É ±¨³, ÎÉµ m ´µ¢ÒÌ ¨³¶Ê²Ó¸µ¢ (P 1, . . . , Pm) ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨ ´µ¢Ò³  ¡¥-
²¥¢Ò³ ¸¢Ö§Ö³ ΦA:

PA = ΦA(q, p) . (4.51)

�¡µ¡Ð¥´´Ò° £ ³¨²ÓÉµ´¨ ´ ¢ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¨ ¢ É¥·³¨´ Ì  ¡¥²¨§µ¢ ´´ÒÌ
¸¢Ö§¥° ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

H̄E(Q,P ) = H̄0(Q∗, P ∗, P̄ ) + ψ̄B(Q,P )P̄B + uA(t)D̄−1
AB(Q,P )P̄B , (4.52)

ÎÉµ ¤¥³µ´¸É·¨·Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É QA ¨ ± ´µ´¨Î¥-
¸±¨Ì ¶¥·¥³¥´´ÒÌ (Q∗, P ∗), Ô¢µ²ÕÍ¨Ö ±µÉµ·ÒÌ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É¸Ö ¨§
£ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸ ·¥¤ÊÍ¨·µ¢ ´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³

H̄∗(Q∗, P ∗) = H̄0(Q∗, P ∗, P̄ )

∣∣∣∣∣
P̄=0

. (4.53)

�¥§Õ³¥. ‚ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ ¸ ´¥ ¡¥²¥¢Ò³¨ ¸¢Ö§Ö³¨ ¶¥·¢µ£µ
·µ¤ , ¨¸¶µ²Ó§ÊÖ ²¨ÏÓ µ¡µ¡Ð¥´´Ò¥ ± ´µ´¨Î¥¸±¨¥ ¶·¥µ¡· §µ¢ ´¨Ö,
³µ¦´µ ¶·µ¢¥¸É¨ ¶·µÍ¥¤Ê·Ê ·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ¡¥§
¶·¨¢²¥Î¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°.

„²Ö ¶·µ¢¥¤¥´¨Ö É ±µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨ É·¥¡Ê¥É¸Ö §´ ´¨¥ Ö¢´µ£µ ¢¨¤  ± ± ³ -
É·¨ÍÒ  ¡¥²¨§ Í¨¨, É ± ¨ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨° (4.50), ÎÉµ, ¢ ¸¢µÕ
µÎ¥·¥¤Ó, ¸¢Ö§ ´µ ¸ ·¥Ï¥´¨¥³ ¶µ²´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± . ’¥³ ¸ ³Ò³ ¢ ÔÉµ³ ¶Ê´±É¥
¸Ì¥³  ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ³µ¦¥É ´ Éµ²±´ÊÉÓ¸Ö ´  É·Ê¤´µ¸É¨ É¥Ì´¨Î¥-
¸±µ£µ Ì · ±É¥· , Ê·µ¢¥´Ó ¸²µ¦´µ¸É¨ ±µÉµ·ÒÌ µ¶·¥¤¥²Ö¥É¸Ö ËÊ´±Í¨µ´ ²Ó´Ò³
¢¨¤µ³ ² £· ´¦¨ ´  ¸¨¸É¥³Ò. �¥¸³µÉ·Ö ´  ÔÉµ, ¸ ³ Ë ±É ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸Ì¥³Ò
¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¨³¥¥É ¶·¨´Í¨¶¨ ²Ó´µ¥ §´ Î¥´¨¥, ¶µ¸±µ²Ó±Ê ¤ ´-
´ Ö ¸Ì¥³  ·¥¤Ê±Í¨¨ µ¸´µ¢ ´  ´  ¤µ¶Ê¸É¨³µ³ ¸ ÉµÎ±¨ §·¥´¨Ö µ¡µ¡Ð¥´´µ° £ -
³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¨ ¶·¨³¥´¥´¨¨ µ¡µ¡Ð¥´´ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ -
´¨° ± ©¸¶¥Í¨ ²Ó´Ò³ª ±µµ·¤¨´ É ³, ÎÉµ Ö¢²Ö¥É¸Ö £ · ´É¨¥° ¥¥ ±µ··¥±É´µ¸É¨.
�Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ³µ¦¥É ¶µ¸²Ê¦¨ÉÓ µÉ¶· ¢´Ò³ ¶Ê´±Éµ³ ¤²Ö  ´ ²¨§  Ê¶µ-
³Ö´ÊÉÒÌ ¶·µ¡²¥³ µ¶·¥¤¥²¥´¨Ö ±² ¸¸  ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± ± ± ¢ ³¥Éµ¤¥
„¨· ± , É ± ¨ ¢ ³¥Éµ¤¥ ” ¤¤¥¥¢ .

�´ ²¨§ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ±. ‚ ´ ¸ÉµÖÐ¥³ ¶Ê´±É¥, ¸· ¢´¨¢ Ö ¤¢¥
¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨: ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ ¨ ¡¥¸± ²¨¡·µ¢µÎ´µ³,
¡Ê¤ÊÉ ¨§²µ¦¥´Ò ´¥±µÉµ·Ò¥ ¶·µ¸ÉÒ¥ Ê¸²µ¢¨Ö ´  ± ²¨¡·µ¢±¨, £ · ´É¨·ÊÕÐ¨¥
±µ··¥±É´µ¸ÉÓ ¸ ³µ£µ ³¥Éµ¤  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨∗.

∗�¡¸Ê¦¤¥´¨Õ ·Ö¤  ¢ ¦´ÒÌ ³µ³¥´Éµ¢ ¶·µÍ¥¤Ê·Ò Ë¨±¸ Í¨¨ ± ²¨¡·µ¢µ± ¢ ¢Ò·µ¦¤¥´´ÒÌ
É¥µ·¨ÖÌ ¶µ¸¢ÖÐ¥´ µ¡§µ· [46].
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�µ¸±µ²Ó±Ê ¢¸¥ Ëµ·³Ò ¶·¥¤¸É ¢²¥´¨Ö ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨° ¸ ´¥µ¡Ìµ¤¨-
³µ¸ÉÓÕ ¤µ²¦´Ò ¡ÒÉÓ ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£µ³ ¶µ¸·¥¤¸É¢µ³ µ¡µ¡Ð¥´´ÒÌ ± ´µ-
´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°, Éµ §  µ¶·¥¤¥²¥´¨¥ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± ³µ¦´µ
¶·¨´ÖÉÓ ¸²¥¤ÊÕÐ¥¥. Š ²¨¡·µ¢±  Ö¢²Ö¥É¸Ö ¤µ¶Ê¸É¨³µ°, ¥¸²¨ ¨ Éµ²Ó±µ ¥¸²¨
¸ÊÐ¥¸É¢Ê¥É ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ Ê· ¢´¥´¨Ö ƒ ³¨²Ó-
Éµ´  Å „¨· ±  (4.39) ¤²Ö ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Q∗, P ∗ c Ê· ¢´¥´¨Ö³¨
¤¢¨¦¥´¨Ö, ¶µ²ÊÎ¥´´Ò³¨ ¸ ¥¥ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨
(4.15).

‚ ©¸¶¥Í¨ ²Ó´ÒÌª ±µµ·¤¨´ É Ì ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö µ¡Ð¥£µ ¢¨¤  ¨³¥ÕÉ
¸²¥¤ÊÕÐ¨° ¢¨¤:

χ̄A(Q̄, P̄ , Q∗, P ∗) = 0. (4.54)

Š ± ÔÉµ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö, ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (4.54) ¶·¨´ ¤²¥¦ É
± ±² ¸¸Ê ¤µ¶Ê¸É¨³ÒÌ, ¥¸²¨ µ´¨ ´¥ ´ ±² ¤Ò¢ ÕÉ ´¨± ±¨Ì µ£· ´¨Î¥´¨° ´ 
¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ (Q∗, P ∗) ¨ ¶·¨¢µ¤ÖÉ ± Ë¨§¨Î¥¸±µ³Ê £ ³¨²ÓÉµ´¨ ´Ê
(4.53). ’·¥¡µ¢ ´¨¥ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ¤¥É¥·³¨´ ´É  ” ¤¤¥¥¢  Å �µ¶µ¢  (4.8)
¢ ±µµ·¤¨´ É Ì (Q,P )

det
∥∥{χ̄A(Q,P ), Φ̄B(Q,P )}

∥∥ = det
∥∥∥∂χ̄A(Q,P )

∂Q̄B

∥∥∥∣∣∣
Γ∗
6= 0 (4.55)

Ö¢²Ö¥É¸Ö Ê¸²µ¢¨¥³ · §·¥Ï¨³µ¸É¨ ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ± µÉ´µ¸¨É¥²Ó´µ ¶ · ± -
´µ´¨Î¥¸±¨ ¸µ¶·Ö¦¥´´ÒÌ ¶¥·¥³¥´´ÒÌ ¢ ¢¨¤¥

P̄A = 0,

Q̄A = fA(Q∗, P ∗). (4.56)

�µ± ¦¥³, ÎÉµ ¥¸²¨ ËÊ´±Í¨¨ fA(Q∗, P ∗) µ¶·¥¤¥²¥´Ò ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ §´ -
Î¥´¨° (Q∗, P ∗) ¨§ µ¡² ¸É¨ ¨Ì µ¶·¥¤¥²¥´¨Ö, Éµ ± ²¨¡·µ¢±¨

χ̄′ = Q̄A − fA(Q∗, P ∗) = 0 (4.57)

¶·¨´ ¤²¥¦ É ± ±² ¸¸Ê ¤µ¶Ê¸É¨³ÒÌ. „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¤µ± § ÉÓ, ÎÉµ ·¥¤Ê-
Í¨·µ¢ ´´Ò° £ ³¨²ÓÉµ´¨ ´, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ± ²¨¡·µ¢± ³ (4.57), ¸µ¢¶ ¤ ¥É
¸ Ë¨§¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³ (4.53). �¶·¥¤¥²ÖÖ ³´µ¦¨É¥²¨ ‹ £· ´¦  ¨§
Ê¸²µ¢¨° ¸É Í¨µ´ ·´µ¸É¨ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (4.57)

˙̄χA = {χ̄A, H̄E} = 0, (4.58)

¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö µ¡µ¡Ð¥´´µ£µ £ ³¨²ÓÉµ´¨ ´  H̄E :

H̄E = H̄0 +
[
−∂H̄0

∂P̄B
− ∂ψ̄C

∂P̄B
P̄C + {f̄B, H̄c}

]
P̄B . (4.59)
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�·¨³¥´ÖÖ ¤²Ö ËÊ´±Í¨¨ H̄0 Ëµ·³Ê²Ê ’¥°²µ·  ¸ µ¸É ÉµÎ´Ò³ Î²¥´µ³

H̄0(Q∗, P ∗, P̄ ) = H̄0(Q∗, P ∗, P̄ )

∣∣∣∣∣
P̄=0

+
(
P̄A

∂

∂P̄A

)
H̄0(Q∗, P ∗, P̄ )

∣∣∣∣∣
P̄=0

+

+
1

2

(
P̄A

∂

∂P̄A

)2
H̄0(Q∗, P ∗,ΘP̄ ), (4.60)

£¤¥ 0 ≤ ΘA ≤ 1, µ¡µ¡Ð¥´´Ò° £ ³¨²ÓÉµ´¨ ´ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

H̄E = H̄∗ + F̄B(Q∗, P ∗, P̄ )P̄B , (4.61)

£¤¥ H̄∗ ¸µ¢¶ ¤ ¥É ¸ ·¥¤ÊÍ¨·µ¢ ´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ (4.53) ¢ ¡¥¸± ²¨¡·µ¢µÎ-
´µ° ¸Ì¥³¥,  

F̄B(Q∗, P ∗, P̄ ) =
[1

2

(
P̄A

∂

∂P̄A

∂

∂P̄B

)
H̄0(Q∗, P ∗,ΘP̄ )− ∂ψ̄A

∂P̄B
P̄A + {f̄B, H̄c}

]
.

„ ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ± ²¨¡·µ¢±  ¤¥°¸É¢¨É¥²Ó´µ Ö¢²Ö¥É¸Ö
¤µ¶Ê¸É¨³µ°, É ± ± ± £ ³¨²ÓÉµ´µ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¶µ²ÊÎ¥´´Ò¥ ¸ ¶µ-
³µÐÓÕ H̄E , ¸µ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ¤²Ö Q∗, P ∗ ¢ ¡¥¸± ²¨¡·µ¢µÎ-
´µ° ¸Ì¥³¥ ·¥¤Ê±Í¨¨.

�¸µ¡µ¥ ³¥¸Éµ ¸·¥¤¨ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± § ´¨³ ÕÉ ± ²¨¡·µ¢µÎ´Ò¥
Ê¸²µ¢¨Ö, § ¢¨¸ÖÐ¨¥ ²¨ÏÓ µÉ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É

χ̄A(Q̄) = 0,

det
∥∥∥∂χ̄A(Q̄)

∂Q̄B

∥∥∥∣∣∣
Σ
6= 0, (4.62)

¨²¨ ¢ · §·¥Ï¥´´µ³ ¢¨¤¥

χ̄A = Q̄A − CA = 0, (4.63)

£¤¥ CA Å ¶·µ¨§¢µ²Ó´Ò¥ ±µ´¸É ´ÉÒ. ’ ±µ° É¨¶ ± ²¨¡·µ¢µ± (4.62), ±µÉµ-
·Ò¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ± ´µ´¨Î¥¸±¨³¨, ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ¥¸É¥¸É¢¥´´Ò³ ¸
ÉµÎ±¨ §·¥´¨Ö ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨. Œ´µ¦¨É¥²¨ ‹ £· ´¦ , µ¶·¥¤¥²Ö¥-
³Ò¥ ¨§ Ê¸²µ¢¨° ¸É Í¨µ´ ·´µ¸É¨ ± ´µ´¨Î¥¸±µ° ± ²¨¡·µ¢±¨

ūA = −∂H̄c

∂P̄A
− ψ̄A, (4.64)

¶·¨¢µ¤ÖÉ ± µ¡µ¡Ð¥´´µ³Ê £ ³¨²ÓÉµ´¨ ´Ê

H̄E = H̄c −
∂H̄c

∂P̄A
P̄A = H̄∗ − F̄ABP̄AP̄B, (4.65)
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¸µ¢¶ ¤ ÕÐ¥³Ê ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³, ¶µ²ÊÎ¥´´Ò³ ¸ ¶µ³µÐÓÕ ¡¥¸-
± ²¨¡·µ¢µÎ´µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨. ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉµ ¤ ´´µ¥ µ¶·¥¤¥²¥´¨¥ ± ´µ-
´¨Î¥¸±µ° ± ²¨¡·µ¢±¨ Ö¢²Ö¥É¸Ö ±µ´¸É·Ê±É¨¢´Ò³ ²¨ÏÓ ¢ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨-
´ É Ì (Q,P ), ¢µ§´¨± ¥É § ¤ Î  ¸Ëµ·³Ê²¨·µ¢ ÉÓ ´¥±µ¥ Ê¸²µ¢¨¥ ´  ± ´µ´¨Î¥-
¸±¨¥ ± ²¨¡·µ¢±¨, ¶µ§¢µ²ÖÕÐ¥¥ ¨´¢ ·¨ ´É´Ò³ µ¡· §µ³, ´¥§ ¢¨¸¨³µ µÉ ¢Ò¡µ· 
±µµ·¤¨´ É, ¶·µ¢¥·ÖÉÓ ± ´µ´¨Î´µ¸ÉÓ ± ²¨¡·µ¢±¨. �¨¦¥ ¡Ê¤¥É ¨§²µ¦¥´ ¶µ¤µ¡-
´Ò° ±·¨É¥·¨° ¶·¨´ ¤²¥¦´µ¸É¨ ± ±² ¸¸Ê ± ´µ´¨Î¥¸±¨Ì ± ²¨¡·µ¢µ±. „²Ö ¥£µ
¶µ²ÊÎ¥´¨Ö § ³¥É¨³, ÎÉµ, ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ ·¥¤ÊÍ¨·µ¢ ´´µ£µ £ ³¨²ÓÉµ-
´¨ ´  (4.53), É·¥¡µ¢ ´¨¥ ´¥§ ¢¨¸¨³µ¸É¨ ± ²¨¡·µ¢±¨ µÉ Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´-
´ÒÌ (Q∗, P ∗) ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´µ ¢ ¸²¥¤ÊÕÐ¥° ± ´µ´¨Î¥¸±¨ ¨´¢ ·¨ ´É´µ°
Ëµ·³¥∗:

{χβ(p, q), H∗(p, q)}
∣∣∣
Γ∗

= 0. (4.66)

‚ É ±µ° Ëµ·³¥ ÔÉµÉ ±·¨É¥·¨° É ±¦¥ ¤ ²¥± µÉ ¶· ±É¨Î¥¸±µ£µ ¨¸¶µ²Ó§µ¢ ´¨Ö,
µ¤´ ±µ, ¨¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨Ö ¸±µ¡µ± „¨· ± , ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¥£µ ¢ Ê¤µ¡-
´µ³ ¢¨¤¥. „¥°¸É¢¨É¥²Ó´µ, ¢ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É Ì (Q,P ) ¨³¥¥É ³¥¸Éµ
¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ´¨ ´ :

HC(P,Q) = H0(Q∗, P ∗, P ) + Ψα(Q,P )Pα =

= H
∗
(P ∗, Q∗) + Fα(Q,P )Pα. (4.67)

“Î¨ÉÒ¢ Ö, ÎÉµ ´¨ ¸ ³  ± ²¨¡·µ¢± , ´¨ ³ É·¨Í  ∆αβ = {χα, P β} ´¥ § ¢¨¸ÖÉ
µÉ Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¨³¥¥³ ¢Ò· ¦¥´¨Ö

{χα(Q), HC(P,Q)} = ∆αβ(Q)Fβ(P,Q) + {χα(Q), Fβ(P,Q)}P β , (4.68)

{∆αβ(Q), HC(P,Q)} = {∆αβ(Q)Fγ(P,Q)}P γ + {∆αβ(Q), P γ}Fγ(P,Q),

¨§ ±µÉµ·ÒÌ, ¨¸±²ÕÎ Ö ËÊ´±Í¨¨ Fγ(P,Q)∗∗, ¶µ²ÊÎ ¥³

{∆αβ(Q), HC(P,Q)}
∣∣∣
Γ∗

= {∆αβ(Q), P γ}∆
−1

γσ (Q){χσ(Q), HC(P,Q)}
∣∣∣
Γ∗
.

‘ ÊÎ¥Éµ³ µ¶·¥¤¥²¥´¨Ö ¸±µ¡µ± „¨· ±  ÔÉµ Ê¸²µ¢¨¥ ¶·¨´¨³ ¥É ¡µ²¥¥ ¶·¨¢²¥-
± É¥²Ó´ÊÕ Ëµ·³Ê

{∆αβ(Q), HC(P,Q)}D(P,χ)

∣∣∣
P=0, χ=0

= 0. (4.69)

∗�¥§Ê¸²µ¢´µ, ¢µ§³µ¦¥´ ¸²ÊÎ °, ±µ£¤  £ ³¨²ÓÉµ´¨ ´ ´¥ § ¢¨¸¨É µÉ ´¥±µ° Ë¨§¨Î¥¸±µ° ¶¥·¥-
³¥´´µ° Q∗. �Éµ ¨³¥¥É ³¥¸Éµ ¤²Ö Í¨±²¨Î¥¸±¨Ì ±µµ·¤¨´ É, ¸¢Ö§ ´´ÒÌ ¸ £²µ¡ ²Ó´µ° ¸¨³³¥É·¨¥°
¸¨¸É¥³Ò. ˆ ¶µ ÔÉµ° ¶·¨Î¨´¥ µ´ ´¥ Ö¢²Ö¥É¸Ö ©µ¶ ¸´Ò³ª ¤²Ö ¢Ò¢µ¤¨³µ£µ ±·¨É¥·¨Ö.

∗∗ŒÒ ¶·¥¤¶µ² £ ¥³, ÎÉµ {∆αβ(Q), Pγ} 6= 0. …¸²¨ ÔÉµ Ê¸²µ¢¨¥ ´¥ ¢Ò¶µ²´Ö¥É¸Ö, Éµ ± ²¨-
¡·µ¢±  ³µ¦¥É § ¢¨¸¥ÉÓ µÉ Ë¨§¨Î¥¸±¨Ì ±µµ·¤¨´ É

χα = Qα + fα(Q∗).

�¤´ ±µ, ± ± ¡Ò²µ µÉ³¥Î¥´µ ¶·¨  ´ ²¨§¥ ¢Ò¡µ·  ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É, ¸ ¶µ³µÐÓÕ ± ´µ´¨Î¥-
¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¢ Ë¨§¨Î¥¸±µ³ ¸¥±Éµ·¥ Ê¤ ¥É¸Ö ¨¸±²ÕÎ¨ÉÓ ÔÉÊ § ¢¨¸¨³µ¸ÉÓ.
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�¤´ ±µ ´¥¤µ¸É Éµ± ¤ ´´µ£µ ±·¨É¥·¨Ö ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ µ´ § ¶¨¸ ´ ¢ É¥·³¨-
´ Ì  ¡¥²¨§µ¢ ´´ÒÌ ¸¢Ö§¥° P . „²Ö Éµ£µ ÎÉµ¡Ò ¨³¥ÉÓ ±·¨É¥·¨° ± ´µ´¨Î´µ¸É¨
± ²¨¡·µ¢±¨ ¢ É¥·³¨´ Ì ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥°, ¢µ¸¶µ²Ó§Ê¥³¸Ö ¢ ¦´Ò³ ¸¢µ°¸É¢µ³
³ É·¨ÍÒ  ¡¥²¨§ Í¨¨

ϕα = DαβP β . (4.70)

�·¥¦¤¥ ¢¸¥£µ § ³¥É¨³, ÎÉµ ¸±µ¡±  „¨· ±  Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ ¶µ µÉ´µÏ¥-
´¨Õ ± µ¡µ¡Ð¥´´Ò³ ± ´µ´¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨Ö³ [3]:

{F (P,Q), G(P,Q)}D(P ,χ) = {F (p, q), G(p, q)}D(ϕ,χ),

¨ ¶µÔÉµ³Ê ¢³¥¸Éµ (4.69) ¨³¥¥³

Dαγ{∆γβ(p.q), HC(p, q)}D(ϕ,χ)+∆γβ(p.q){Dαγ , HC(p, q)}D(ϕ,χ)

∣∣∣
ϕ=0,χ=0

= 0.

(4.71)
’¥¶¥·Ó ¤²Ö ¶µ²ÊÎ¥´¨Ö ¨¸±µ³µ£µ ·¥§Ê²ÓÉ É  ´ ¤µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ ³ É·¨Í 
 ¡¥²¨§ Í¨¨ § ¢¨¸¨É ²¨ÏÓ µÉ P ¨ Q, ¨ ± ± ¸²¥¤¸É¢¨¥

{Dαγ , HC(p, q)}D(ϕ,χ)

∣∣∣
ϕ=0, χ=0

= 0. (4.72)

‚ ÔÉµ³ ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö, · ¸¸³ É·¨¢ Ö ¸É·Ê±ÉÊ·Ê £¥´¥· Éµ·  ± ²¨¡·µ¢µÎ´ÒÌ
¶·¥µ¡· §µ¢ ´¨°, ±µÉµ·Ò° ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ²¨¡µ ¢ ¢¨¤¥ ²¨´¥°´µ° ±µ³¡¨-
´ Í¨¨ ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  [4], „¨· ±, [44,45],

G = εα(q, p, t)ϕα(q, p),

²¨¡µ ¢ É¥·³¨´ Ì  ¡¥²¥¢ÒÌ ¸¢Ö§¥°

G = εα(Q,P, t)Pα. (4.73)

�·¨ ÔÉµ³ ¢ (4.73) ËÊ´±Í¨¨ Å ¶ · ³¥É·Ò ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
εA(Q̄) Å § ¢¨¸ÖÉ ²¨ÏÓ µÉ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É (Q,P ) ¢ ¸¨²Ê Ë ±-
Éµ·¨§µ¢ ´´µ° Ëµ·³Ò Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö. ‘µ£² ¸´µ (4.73) ¶·µ¨§¢µ²Ó´ Ö
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö I § ¢¨¸¨É ²¨ÏÓ µÉ Q∗ ¨ P ∗:

{I,G} = 0, (4.74)

¶µÔÉµ³Ê, ¨¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨Ö (4.74) ¸ £¥´¥· Éµ·µ³ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· -
§µ¢ ´¨° G, ¢ É¥·³¨´ Ì ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥° ¨ ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ (4.70)

G = ε̄α(Q,P , t)D−1
αβϕβ

¶µ²ÊÎ¨³ ¤²Ö I ≡ Q∗, P ∗

{Q∗i , G} = 0 =⇒
∂D−1

αβ

∂Q∗i
= 0,

{P ∗i , G} = 0 =⇒
∂D−1

αβ

∂P ∗i
= 0, (4.75)
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¸ ÊÎ¥Éµ³ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ³ É·¨ÍÒ D ¨ ËÊ´±Í¨µ´ ²Ó´µ° ´¥§ ¢¨¸¨³µ¸É¨ ¸¢Ö-
§¥°. �É¨³ § ¢¥·Ï ¥É¸Ö ¤µ± § É¥²Ó¸É¢µ ´¥§ ¢¨¸¨³µ¸É¨ ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ µÉ
¶¥·¥³¥´´ÒÌ P ∗ ¨ Q∗, ¨ É¥³ ¸ ³Ò³ ¨§ (4.71) ¶µ²ÊÎ ¥³ Ê¸²µ¢¨¥

{∆αβ(p, q), HC(p, q)}D
∣∣∣
ϕ=0, χ=0

= 0, (4.76)

£¤¥ Ê¦¥ ³ É·¨Í  ∆αβ = {χα, ϕβ} ¢ÒÎ¨¸²¥´  ¶µ¸·¥¤¸É¢µ³ ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥°
¨ ¶·¨ ¶·µ¨§¢µ²Ó´µ³ ¢Ò¡µ·¥ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É.

�¥§Õ³¥. ’·¥¡µ¢ ´¨¥ § ´Ê²¥´¨Ö ¸±µ¡±¨ „¨· ±  ³ É·¨ÍÒ ∆αβ =
{χα, ϕβ} ¸ ± ´µ´¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°
¨ ± ²¨¡·µ¢µ±

{∆αβ(p, q), HC(p, q)}D
∣∣∣
ϕ=0, χ=0

= 0 (4.77)

Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´Ò³ ±·¨É¥·¨¥³ ¶·¨´ ¤²¥¦´µ¸É¨ ± ²¨¡·µ¢±¨
χα ± ±² ¸¸Ê ± ´µ´¨Î¥¸±¨Ì.

5. ‡�Š‹�—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ

�·¨ ´ ¶¨¸ ´¨¨ ¤ ´´µ° ¸É ÉÓ¨ ³Ò ´¥ ¸É ¢¨²¨ Í¥²¨ µ¡¸Ê¤¨ÉÓ ¢¸¥  ¸¶¥±ÉÒ
¨²¨ ÌµÉÖ ¡Ò ¤ ÉÓ ¶µ²´ÊÕ ¡¨¡²¨µ£· Ë¨Õ, ± ¸ ÕÐÊÕ¸Ö ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨
¢ ¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ Ì. Š·Ê£ ¢µ¶·µ¸µ¢, ¸¢Ö§ ´´ÒÌ ¸ ¶·µ-
¡²¥³ É¨±µ° ´ ¸ÉµÖÐ¥£µ µ¡§µ· , ±· °´¥ µ¡Ï¨·¥´, µ´ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ± ±
¶·¨´Í¨¶¨ ²Ó´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ ¶·µ¡²¥³Ò, É ± ¨ ¸²µ¦´Ò¥ § ¤ Î¨ ·¥ ²¨§ -
Í¨¨ ¶·µÍ¥¤Ê·Ò £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ¢ É¥µ·¥É¨±µ-¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ, ¶·¥¤-
¸É ¢²ÖÕÐ¨Ì ´¥¶µ¸·¥¤¸É¢¥´´Ò° Ë¨§¨Î¥¸±¨° ¨´É¥·¥¸.

‘·¥¤¨ ¶µ¤µ¡´ÒÌ ¶·µ¡²¥³, ´¥ § É·µ´ÊÉÒÌ µ¡¸Ê¦¤¥´¨¥³, ¢Ò¤¥²¨³ ´¥¸±µ²Ó±µ
É¥³, ± ¨§²µ¦¥´¨Õ ±µÉµ·ÒÌ ³Ò ´ ³¥·¥´Ò µ¡· É¨ÉÓ¸Ö ¢ ¤ ²Ó´¥°Ï¨Ì ¶Ê¡²¨± -
Í¨ÖÌ:

Ä · §¢¨É¨¥ ³¥Éµ¤  £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ¤²Ö ¸¨¸É¥³, µ¡² ¤ ÕÐ¨Ì ·¥-
¶ · ³¥É·¨Î¥¸±µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ;

Ä µ¡µ¡Ð¥´¨¥ ³¥Éµ¤  £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ´  É¥µ·¥É¨±µ-¶µ²¥¢Ò¥ ³µ-
¤¥²¨;

Ä ¸· ¢´¥´¨¥ ¸ ±µ¢ ·¨ ´É´Ò³ ³¥Éµ¤µ³ � É ²¨´  Å ”· ¤±¨´  Å ‚¨²±µ-
¢¨¸±µ£µ µ¶¨¸ ´¨Ö ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¸ ¢¢¥¤¥´¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ
¤ÊÌµ¢ÒÌ ¶¥·¥³¥´´ÒÌ;

Ä ¨¸¸²¥¤µ¢ ´¨¥ ¢µ¶·µ¸µ¢ £²µ¡ ²Ó´ÒÌ ¸¢µ°¸É¢ ¶·µÍ¥¤Ê·Ò £ ³¨²ÓÉµ´µ¢µ°
·¥¤Ê±Í¨¨;
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�É³¥É¨³, ÎÉµ µ¶¥· Í¨Ö ·¥¤Ê±Í¨¨ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¢ ± ²¨¡·µ¢µÎ-
´ÒÌ É¥µ·¨ÖÌ ¶µ²Ö ¢ ¸¨²Ê ¡¥¸±µ´¥Î´µ£µ Î¨¸²  ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ´¥-
¸· ¢´¥´´µ ¸²µ¦´¥¥, Î¥³ ¢ ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ Ì, ¨ §¤¥¸Ó É·¥¡Ê¥É¸Ö ÉÐ É¥²Ó-
´ Ö · §· ¡µÉ±  ¶·¨´Í¨¶¨ ²Ó´ÒÌ ¢µ¶·µ¸µ¢. �´ , ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¶µ³¨³µ
µÎ¥¢¨¤´ÒÌ É¥Ì´¨Î¥¸±¨Ì É·Ê¤´µ¸É¥°, ¸¢Ö§ ´  ¸ ¶·µ¡²¥³µ° £²µ¡ ²Ó´µ£µ  ´ ²¨§ 
Ö¢²¥´¨Ö ·¥¤Ê±Í¨¨. �Î¥¢¨¤´µ, ÎÉµ ¡¥§ ¶¥·¢µ£µ ±µ··¥±É´µ£µ Ï £ , ¢ÒÖ¸´¥´¨Ö
²µ± ²Ó´ÒÌ ¸¢µ°¸É¢ É¥µ·¨¨, ¶µ²ÊÎ¥´¨¥ ± ±¨Ì-²¨¡µ ·¥§Ê²ÓÉ Éµ¢ £²µ¡ ²Ó´µ£µ
Ì · ±É¥·  ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³. •µÉÖ ¨ ·¥§Ê²ÓÉ ÉÒ, ¨§²µ¦¥´´Ò¥ ¢
µ¡§µ·¥, µ¸´µ¢ ´Ò ´  ²µ± ²Ó´µ³ · ¸¸³µÉ·¥´¨¨ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¢µ ¢¸¥Ì
· ¸¸³ É·¨¢ ¥³ÒÌ ³´µ£µµ¡· §¨ÖÌ ³Ò µ£· ´¨Î¨¢ ¥³ ¸¥¡Ö µ¡² ¸ÉÓÕ, ±µÉµ·ÊÕ
³µ¦´µ ¶µ±·ÒÉÓ µ¤´µ° ± ·Éµ°. �¤´ ±µ, µ¶¨· Ö¸Ó ´  É· ¤¨Í¨µ´´µ ¶·¨³¥´Ö¥-
³Ò° ¶·¨´Í¨¶, ¸Ëµ·³Ê²¨·µ¢ ´´Ò° Ÿ.‚.’ É ·¨´µ¢Ò³ [50] ± ± ¶·¨´Í¨¶ ©¶·¥-
§Ê³¶Í¨¨  ´ ²¨É¨Î´µ¸É¨ª: ª¸µµÉ´µÏ¥´¨Ö, Ê¸É ´µ¢²¥´´Ò¥ ²µ± ²Ó´µ, ¤ ÕÉ
·¥§Ê²ÓÉ É ¶· ¢¨²Ó´Ò° ¨ £²µ¡ ²Ó´µ ª, ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ¸¤¥² ÉÓ ¨ ´¥±¨¥ § -
±²ÕÎ¥´¨Ö µ ¸¢µ°¸É¢ Ì ¸¨¸É¥³Ò ¢ Í¥²µ³. �·¨ ÔÉµ³, ± ¦¤Ò° · § µ¡´ ·Ê¦¨¢ Ö,
ÎÉµ µ´ ´ ·ÊÏ ¥É¸Ö, ´ ¢¥·´µ¥, ¸²¥¤Ê¥É ¢¸¶µ³´¨ÉÓ ´ ± § ˆ.�ÓÕÉµ´ , § ¸¥±·¥-
Î¥´´Ò° ¢  ´ £· ³³¥: ©Data aequatione quotcunque 
uentes quantitae involvente

uxiones invenire et vice versaª.

�¢Éµ·Ò ¡² £µ¤ ·´Ò �.�.’ ¢Ì¥²¨¤§¥ §  ¸É¨³Ê²¨·ÊÕÐ¨° ¨´É¥·¥¸ ± ´ ¶¨-
¸ ´¨Õ µ¡§µ· . �¸µ¡ÊÕ ¡² £µ¤ ·´µ¸ÉÓ ¢Ò· ¦ ¥³ ‚.�.ƒ¥·¤ÉÊ, �.�.Š¢¨´¨-
Ì¨¤§¥, ‚.‚.Šµ·´Ö±Ê, „.Œ.Œ² ¤¥´µ¢Ê, ‚.�.�¥¸É¥·¥´±µ, ‚.�.� ¢²µ¢Ê, ‚.�.�Ê¡ -
±µ¢Ê, �.�.‘² ¢´µ¢Ê, �.’.”¨²¨¶¶µ¢Ê, µ¡¸Ê¦¤¥´¨Ö ¸ ±µÉµ·Ò³¨ ¸¶µ¸µ¡¸É¢µ¢ ²¨
¶·µÖ¸´¥´¨Õ ³´µ£¨Ì ¢µ¶·µ¸µ¢ ¨ Ê²ÊÎÏ¥´¨Õ ¨§²µ¦¥´¨Ö.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �µ¸¸¨°¸±µ£µ Ëµ´¤  ËÊ´¤ ³¥´É ²Ó´ÒÌ
¨¸¸²¥¤µ¢ ´¨°, £· ´Éµ¢ º96-01-01223, 98-01-00101.

6. ��ˆ‹�†…�ˆŸ

�. �²£µ·¨É³  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 

‘ÊÐ¥¸É¢¥´´Ò³ ¨´£·¥¤¨¥´Éµ³ ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ
¸¨¸É¥³ ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° Ö¢²Ö¥É¸Ö ¶·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¶¥·-
¢µ£µ ·µ¤ . ‚µ§³µ¦´µ¸ÉÓ ¶¥·¥Ìµ¤  ±  ¡¥²¥¢Ò³ ¸¢Ö§Ö³ ¸²¥¤Ê¥É ¨§ Ìµ·µÏµ ¨§-
¢¥¸É´µ£µ Ë ±É ∗, ÎÉµ ¥¸²¨ ¸¢Ö§¨ ¶¥·¢µ£µ ·µ¤  · §·¥Ï¨ÉÓ µÉ´µ¸¨É¥²Ó´µ ± ´µ-
´¨Î¥¸±¨Ì ¨³¶Ê²Ó¸µ¢, Éµ µ´¨ ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ  ¡¥²¥¢Ò. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ

∗‡ ³¥É¨³, ÎÉµ Ê¦¥ ‹¥¢¨-—¨¢¨É  ¢ § ¤ Î¥ µ ´ Ìµ¦¤¥´¨¨ Î ¸É´ÒÌ ¨´É¥£· ²µ¢ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° ¶µ²Ó§µ¢ ²¸Ö ¨³¥´´µ É ±µ° ¶·µÍ¥¤Ê·µ° ¤²Ö ¶µ²ÊÎ¥´¨Ö ¨´¢ ·¨ ´É´ÒÌ ¸µµÉ´µÏ¥´¨°
¢ ¨´¢µ²ÕÍ¨¨ [23].
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¶·¨ ÔÉµ³, ÎÉµ ÌµÉÖ ¨§ É¥µ·¥³Ò µ ´¥Ö¢´µ° ËÊ´±Í¨¨, ¶·¨³¥´¨³µ¸ÉÓ ±µÉµ·µ° ¢
¤ ´´µ³ ¸²ÊÎ ¥ £ · ´É¨·Ê¥É¸Ö Ê¸²µ¢¨¥³ (3.13), ¸²¥¤Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ¤µ¡´µ£µ
· §·¥Ï¥´¨Ö, µ¤´ ±µ µ¸É ¥É¸Ö µÉ±·ÒÉÒ³ ¢µ¶·µ¸ µ £²µ¡ ²Ó´µ° Ô±¢¨¢ ²¥´É´µ¸É¨
¨¸Ìµ¤´µ° ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° Éµ° ¶µ¢¥·Ì´µ¸É¨, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É¸Ö Ê¦¥  ¡¥-
²¥¢Ò³¨ ¸¢Ö§Ö³¨. �Î¥¢¨¤´µ, ÎÉµ ¥¸²¨  ¡¥²¨§µ¢ ´´Ò¥ ¸¢Ö§¨ Φα(p, q) ¸¢Ö§ ´Ò ¸
¨¸Ìµ¤´Ò³¨ ´¥ ¡¥²¥¢Ò³¨ ¸¢Ö§Ö³¨ ¸µµÉ´µÏ¥´¨¥³

Φα(p, q) = Dαγϕγ(p, q), (�.1)

Éµ Ê¸²µ¢¨¥ £²µ¡ ²Ó´µ° Ô±¢¨¢ ²¥´É´µ¸É¨ µ§´ Î ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ É ±µ° ´¥-

¢Ò·µ¦¤¥´´µ° ³ É·¨ÍÒ D(p, q) (¸ det ||Dαγ ||
∣∣∣
Γc
6= 0 ´  ¢¸¥° ¶µ¢¥·Ì´µ¸É¨

¸¢Ö§¥°), ±µÉµ· Ö Ö¢²Ö¥É¸Ö £²µ¡ ²Ó´Ò³ ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± :

{Dαγ ,Dβλ}ϕγ + {Dαλ, ϕγ}Dβγ + {ϕγ ,Dβλ}Dαγ + fγσλDαγDβσ = 0. (�.2)

�´ ²¨§ ¸ÊÐ¥¸É¢µ¢ ´¨Ö É ±µ£µ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ±· °´¥ ¸²µ¦´ÊÕ
¶·µ¡²¥³Ê. �¤´ ±µ µ± §Ò¢ ¥É¸Ö ¢µ§³µ¦´Ò³ ¸¢¥¸É¨ § ¤ ÎÊ ´ Ìµ¦¤¥´¨Ö ·¥Ï¥-
´¨° (�.2) ± § ¤ Î¥ µ¶·¥¤¥²¥´¨Ö Î ¸É´µ£µ ·¥Ï¥´¨Ö ¶µ²´µ° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢µ£µ ¶µ·Ö¤±  ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ∗. �µ-
²¥¥ ÉµÎ´µ ¢ ÔÉµ³ ¶·¨²µ¦¥´¨¨ ¡Ê¤¥É µ¶¨¸ ´  ·¥±Ê··¥´É´ Ö ¶·µÍ¥¤Ê·   ¡¥²¨-
§ Í¨¨ ¸¢Ö§¥°, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì  ²£¥¡·¥ µ¡Ð¥£µ ¢¨¤ 

{ϕα(p, q), ϕβ(p, q)} = fαβγ(p, q)ϕγ(p, q) , α = 1, 2, . . . ,m (�.3)

¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö Ô±¢¨¢ ²¥´É´µ¸É¨ „¨· ±  (�.1) ± ´µ¢Ò³  ¡¥²¥¢Ò³
¸¢Ö§Ö³ Φα(p, q) ¸ ³ É·¨Í¥°, ¨³¥ÕÐ¥° ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

D := D1(p, q) · · ·Dm(p, q)︸ ︷︷ ︸
m

, (�.4)

£¤¥ ± ¦¤ Ö ³ É·¨Í  Dk Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥³ k ³ É·¨Í · §³¥·´µ¸É¨ m×m:

Dk := Rak+k(p, g)

0∏
i=k−1

Sak+i(p, g), ak :=
k(k + 1)

2
, (�.5)

∗�µ¤µ¡´Ò° ¸¶µ¸µ¡ ¤µ± § É¥²Ó¸É¢  ¶·¨³¥´Ö²¸Ö ¢ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥  ²£¥¡·Ò

{ϕα, ϕβ} = Fαβ(ϕ1, . . . , ϕm), α, β = 1, . . . , m.

’ ±µ° ´ ¡µ· ¸¢Ö§¥° ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ËÊ´±Í¨µ´ ²Ó´µ° £·Ê¶¶µ°, ¸²¥¤ÊÖ É¥·³¨´µ²µ£¨¨ ‹¨ [41,42].



�…„“Š–ˆŸ ‚ ‘ˆ‘’…Œ�• ‘ ‹�Š�‹œ��‰ ‘ˆŒŒ…’�ˆ…‰ 199

k︷ ︸︸ ︷ m−k︷ ︸︸ ︷

Rak+k =



I 0

0 B
ak+k


,

(�.6)

k︷ ︸︸ ︷ m−k︷ ︸︸ ︷

Sak+i =



1 0 · · · 0 0 0 0 · · · 0 0
0 1 · · · 1 0 0 0 · · · 0 0
...

...
. . .

...
...

...
...

. . .
...

...
0 0 · · · 1 0 0 0 · · · 0 0
0 0 · · · 0 1 0 0 · · · 0 0

0 · · · Cak+i
k · · · 0 1 0 · · · 0 0

0 · · · Cak+i
k+1 · · · 0 0 1 · · · 0 0

...
...

...
...

...
...

...
. . .

...
...

0
... Cak+i

m−1 · · · 0 0 0 · · · 1 0
0 · · · Cak+i

m · · · 0 0 0 · · · 0 1



.

︸ ︷︷ ︸
k−i

(�.7)

‘¢Ö§¨, ¶µ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö k ³ É·¨Í ÔÉµ£µ É¨¶  ´  ¨¸Ìµ¤-
´Ò¥ ¸¢Ö§¨ Φ0

β Å ¸¢Ö§¨ (ak + k)-£µ ÔÉ ¶  ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨

Φak+k
α :=

(
Dk · Dk−1 · · · D1

)
αβ

Φ0
β , (�.8)

µ¡· §ÊÕÉ ´ ¡µ·, ¢ ±µÉµ·µ³ k ¸¢Ö§¥° ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¸±µ¡±¨ �Ê ¸¸µ´  ¸ ²Õ¡µ°
¸¢Ö§ÓÕ ¢ ¸¨²Ê Éµ£µ, ÎÉµ ËÊ´±Í¨¨ C ¨ B Ê¤µ¢²¥É¢µ·ÖÕÉ ¶µ²´µ° ¸¨¸É¥³¥ ²¨´¥°-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± :

{Φak+i−1
αk

, Cak+i
αk
} = 0, (�.9)

{Φak+i−1
k , Cak+i

αk
} = fak+i−1

kαkγk
Cak+i
γk

− fak+i−1
kαki+1 , (�.10)

{Φak+k−1
αk

, Bak+k
αkβk

} = 0, (�.11)
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{Φak+k−1
k , Bak+k

αkβk
} = −fak+k−1

kγkβk
Bak+k
αkγk

, (�.12)

£¤¥ αk = k + 1, . . . ,m , αk = 1, 2, . . . , k − 1, ¨ fak+i
αγβ Ö¢²ÖÕÉ¸Ö ¸É·Ê±ÉÊ·´Ò³¨

ËÊ´±Í¨Ö³¨  ²£¥¡·Ò ¸¢Ö§¥° (ak + i)-£µ ÔÉ ¶ .
„µ± § É¥²Ó¸É¢µ ¸¶· ¢¥¤²¨¢µ¸É¨ ¶·¥¤¸É ¢²¥´¨Ö (�.4) ¨ ¶µ²´µÉÒ ¸¨¸É¥³

¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ³ É·¨Í S R ¡Ò²µ ¶·µ¢¥¤¥´µ ¢ · ¡µÉ¥ [26]
³¥Éµ¤µ³ ¨´¤Ê±Í¨¨. ‘  ²£¥¡· ¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ¶·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨
Ö¢²Ö¥É¸Ö ¨É¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·µ° ¶µ¸É·µ¥´¨Ö ©Ô±¢¨¢ ²¥´É´ÒÌª  ²£¥¡· Aai ,
µ¡· §µ¢ ´´ÒÌ ¸¢Ö§Ö³¨ Φaiα :

A0 S1

→ A1 R2

→︸ ︷︷ ︸
D1

A2 S3

→ A3 S4

→ A4 R5

→︸ ︷︷ ︸
D2

A5 . . .
Sak→ Aak . . . R

ak+k

→︸ ︷︷ ︸
Dk

Aak+k . . . (�.13)

�·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨ ¸µ¸Éµ¨É ¨§ am ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ÔÉ ¶µ¢ Ëµ·³¨·µ¢ -
´¨Ö  ¡¥²¥¢µ°  ²£¥¡·Ò · §³¥·´µ¸É¨ m, Ô±¢¨¢ ²¥´É´µ° ¨¸Ìµ¤´µ° ´¥ ¡¥²¥¢µ°
 ²£¥¡·¥, É ± ÎÉµ ´  ak-µ³ ÔÉ ¶¥  ²£¥¡·  Aak µ¡² ¤ ¥É Í¥´É·µ³ ¨§ k Ô²¥-
³¥´Éµ¢ Zk[A] = (Φak1 ,Φak2 , . . .Φakk ). ˆ´Ò³¨ ¸²µ¢ ³¨, ³ É·¨Í  Dk ¶¥·¥¢µ¤¨É
 ²£¥¡·Ê Ak ¢  ²£¥¡·Ê Ak+1, ¸ Í¥´É·µ³ ¨§ k + 1-£µ Ô²¥³¥´É .

�. �¡¥²¥¢  ³µ¤¥²Ó •·¨¸É  Å ‹¨ Å �·µÌµ·µ¢ 

‡¤¥¸Ó ´  ¶·¨³¥·¥ ¶·µ¸É¥°Ï¥° ³¥Ì ´¨Î¥¸±µ° ¸¨¸É¥³Ò ¡Ê¤¥É ¨§²µ¦¥´ 
¶·µÍ¥¤Ê·  ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨, ¤ ´µ ¸· ¢´¥´¨¥ ¸µ ¸Ì¥³µ° Ë¨±¸ Í¨¨
± ²¨¡·µ¢±¨. �ÉµÉ ¶·¨³¥· ¶µ± §Ò¢ ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ± ²¨¡·µ¢µ±, ±µÉµ·Ò¥,
´¥¸³µÉ·Ö ´  Éµ, ÎÉµ Ê¸²µ¢¨¥ (4.8) ¢Ò¶µ²´Ö¥É¸Ö, ¢¸¥ ¦¥ ¶·¨¢µ¤ÖÉ ± ¨¸± ¦¥´¨Õ
¨¸É¨´´µ° ¤¨´ ³¨±¨ ·¥¤ÊÍ¨·µ¢ ´´µ° ¸¨¸É¥³Ò.

”µ·³Ê²¨·µ¢±  ³µ¤¥²¨ ¨ ¡¥¸± ²¨¡·µ¢µÎ´ Ö ·¥¤Ê±Í¨Ö. � ¸¸³µÉ·¨³ ÉµÎ´µ
·¥Ï ¥³ÊÕ ³¥Ì ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, § ¤ ´´ÊÕ ² £· ´¦¨ ´µ³ [47,48]:

L =
1

2

(
ẋ2

1 + ẋ2
2 + y2(x2

1 + x2
2)
)
− y(ẋ1x2 − x1ẋ2)− V (x2

1 + x2
2), (�.1)

£¤¥ x1, x2, y Å ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥. � ´£ ³ É·¨ÍÒ ƒ¥¸¸  · ¢¥´ ¤¢Ê³,
¶µÔÉµ³Ê ¨³¥¥É¸Ö µ¤´  ¶¥·¢¨Î´ Ö ¸¢Ö§Ó

py = 0, (�.2)

±µÉµ· Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö ± ´µ´¨Î¥¸±µ£µ ¨³¶Ê²Ó¸ 
py. �·¨³¥´ÖÖ ¸É ´¤ ·É´ÊÕ ¶·µÍ¥¤Ê·Ê ¶¥·¥Ìµ¤  ± £ ³¨²ÓÉµ´µ¢Ê Ëµ·³ ²¨§³Ê,
¶µ²ÊÎ¨³ ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´

HT =
1

2
(p2

1 + p2
2)− y(x1p2 − x2p1) + V (x2

1 + x2
2) + u(t)py (�.3)
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¨ ¢Éµ·¨Î´ÊÕ ¸¢Ö§Ó ¨§ Ê¸²µ¢¨Ö ¸É Í¨µ´ ·´µ¸É¨ ¶¥·¢¨Î´µ°

ϕ := x1p2 − x2p1 = 0. (�.4)

‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ ¢ É¥µ·¨¨ ´¥É ¤·Ê£¨Ì ¸¢Ö§¥°,   ¶¥·¢¨Î´Ò¥ ¨ ¢Éµ-
·¨Î´Ò¥ ¸¢Ö§¨ µ¡· §ÊÕÉ ¶µ²´ÊÕ ¸¨¸É¥³Ê ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 

{ϕ, py} = 0.

�Éµ µ§´ Î ¥É, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É £·Ê¶¶  ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ-
¢ ´¨°, µÉ´µ¸¨É¥²Ó´µ ±µÉµ·µ° ² £· ´¦¨ ´ ¸¨¸É¥³Ò (±¢ §¨)¨´¢ ·¨ ´É¥´. �·µ-
¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¡¥¸±µ´¥Î´µ ³ ²ÒÌ ²µ± ²Ó´ÒÌ ± ²¨¡·µ-
¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸É·µ¨É¸Ö ¶µ ¸¢Ö§Ö³ ¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

G = −ε̇(t)py + ε(t)(x1p2 − x2p1). (�.5)

�·¥µ¡· §µ¢ ´¨Ö µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É, £¥´¥·¨·Ê¥³Ò¥ ¸ ¶µ³µÐÓÕ G:

x′1 = x1 + {x1, G} = x1 − ε(t)x2,

x′2 = x2 + {x2, G} = x2 + ε(t)x1,

y′ = y + {y,G} = y − ε̇(t) (�.6)

¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¢· Ð¥´¨Ö ´  Ê£µ² ε(t) ¢µ±·Ê£ µ¸¨, ¶¥·¶¥´¤¨±Ê²Ö·´µ° ±
¶²µ¸±µ¸É¨ (x1, x2).

�¸ÊÐ¥¸É¢¨³ É¥¶¥·Ó ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ± ¸¶¥Í¨ ²Ó´Ò³ ¶¥·¥-
³¥´´Ò³ (Y, PY ), (R,PR), (Θ, PΘ) É ±, ÎÉµ¡Ò ´µ¢Ò° ¨³¶Ê²Ó¸ PΘ ¡Ò² · ¢¥´
¢Éµ·¨Î´µ° ¸¢Ö§¨ ϕ:

Y = y, Py = pY , (�.7)

R =
√
x2

1 + x2
2, PR =

x1p1 + x2p2√
x2

1 + x2
2

, (�.8)

Θ = arctan

(
x2

x1

)
, PΘ = x1p2 − x2p1. (�.9)

�Éµ ¶·¥µ¡· §µ¢ ´¨¥ ± ´µ´¨Î¥¸±µ¥ ¨ ¨³¥¥É µ¡· É´µ¥

y = Y, pY = Py, (�.10)

x1 = R cos Θ, p1 = PR cos Θ −
PΘ

R
sin Θ , (�.11)

x2 = R sin Θ, p2 = PR sin Θ +
PΘ

R
cos Θ (�.12)
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¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ µ¤´µ° ÉµÎ±¨ R = 0, ¥¸²¨ ¶·¨³¥³, ÎÉµ 0 < Θ < 2π. ‚
É¥·³¨´ Ì ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´ ¨³¥¥É ¢¨¤

HT =
1

2
(P 2
R +

P
2

Θ

R2
)− Y PΘ + V (R2) + uY PY . (�.13)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ µ¡Ð¨³ ¶·¥¤¸É ¢²¥´¨¥³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

Ṙ = PR ,

ṖR = −∂V (R2)

∂R
,

˙PΘ = 0, Θ̇α = uΘ(t),

ṖY = 0, Ẏ = uY (t) (�.14)

¤¥³µ´¸É·¨·ÊÕÉ · ¸Ð¥¶²¥´¨¥ ±µµ·¤¨´ É Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ´  ¤¢¥ Î ¸É¨:
(R,PR), ¤¨´ ³¨±  ±µÉµ·ÒÌ ´¥ ¸µ¤¥·¦¨É ¶·µ¨§¢µ²  ¨ § ¤ ¥É¸Ö Ë¨§¨Î¥¸±¨³
£ ³¨²ÓÉµ´¨ ´µ³

HPh =
1

2
P 2
R + V (R2), (�.15)

¨ (Y,Θ) ¸ ¶µ²´µ¸ÉÓÕ ¶·µ¨§¢µ²Ó´µ° Ô¢µ²ÕÍ¨¥°. ’ ±¨³ µ¡· §µ³, ¶µ¸²¥ ÊÎ¥É 
¸¢Ö§¥° PY ¨ PΘ  ¢Éµ³ É¨Î¥¸±¨ ¶·µ¨¸Ìµ¤¨É ·¥¤Ê±Í¨Ö ± ¨¸É¨´´Ò³ ¤¨´ ³¨-
Î¥¸±¨³ ¶¥·¥³¥´´Ò³ (R,PR) ¡¥§ ¢¢¥¤¥´¨Ö ± ±¨Ì-²¨¡µ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨-
¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°. ‚ ¨Ì ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö ¸
¶µ³µÐÓÕ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ ¡¥¸±µ´¥Î´µ ³ ²ÒÌ ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ-
´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (�.5) ¢ ´µ¢ÒÌ ±µµ·¤¨´ É Ì

G = −ε̇(t)PY + ε(t)PΘ. (�.16)

Š ´µ´¨Î¥¸± Ö ± ²¨¡·µ¢± . �¡· É¨³¸Ö É¥¶¥·Ó ± ¸Ì¥³¥ ·¥¤Ê±Í¨¨ ¸ Ë¨±¸ -
Í¨¥° ± ²¨¡·µ¢±¨. ‚¸Ö± Ö ±µ··¥±É´ Ö ·¥¤Ê±Í¨Ö ¤µ²¦´  ¶·¨¢µ¤¨ÉÓ ± ´¥¢Ò·µ¦-
¤¥´´µ° É¥µ·¨¨, ±µÉµ· Ö ¤µ²¦´  ¡ÒÉÓ ± ´µ´¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´  É¥µ·¨¨, ¶µ-
²ÊÎ¥´´µ° ¡¥¸± ²¨¡·µ¢µÎ´Ò³ µ¡· §µ³. �µÔÉµ³Ê ¶·¥¦¤¥ ¢¸¥£µ Ê¤µ¸Éµ¢¥·¨³¸Ö
¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ± ´µ´¨Î¥¸±µ° ± ²¨¡·µ¢±¨ ¤²Ö ¤ ´´µ° ³µ¤¥²¨. ‹¥£±µ ¶·µ¢¥-
·¨ÉÓ, ÎÉµ ¢Ò¡µ· ± ²¨¡·µ¢µ±

χ1 =: y = 0,

χ2 =: arctan

(
x2

x1

)
= const, (�.17)

det ‖{χα, ϕβ}‖ = 1 (�.18)

¶µ§¢µ²Ö¥É § Ë¨±¸¨·µ¢ ÉÓ ³´µ¦¨É¥²¨ ‹ £· ´¦  u1, u2 ¢ µ¡µ¡Ð¥´´µ³ £ ³¨²Ó-
Éµ´¨ ´¥

HE =
1

2
(p2

1 + p2
2)− y(x1p2− x2p1) + V (x2

1 + x2
2) + u(t)1py + u2(x1p2− x2p1),
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u1 = 0,

u2 = y − x1p2 − x2p1√
x2

1 + x2
2

¨ ¶·¨¢µ¤¨É ± ·¥¤ÊÍ¨·µ¢ ´´µ° ¸¨¸É¥³¥, ±µÉµ· Ö Ô±¢¨¢ ²¥´É´  ¶µ²ÊÎ¥´´µ°
¢ÒÏ¥ (�.14).

�¥¤µ¶Ê¸É¨³ Ö ± ²¨¡·µ¢± . �·¨¢¥¤¥³ ¶·¨³¥· ± ²¨¡·µ¢±¨, ±µÉµ· Ö Ê¤µ¢-
²¥É¢µ·Ö¥É Ê¸²µ¢¨Õ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ³ É·¨ÍÒ ” ¤¤¥¥¢  Å �µ¶µ¢ , µ¤´ ±µ
´¥ Ö¢²Ö¥É¸Ö ¤µ¶Ê¸É¨³µ°. � ¸¸³µÉ·¨³ ËÊ´±Í¨¨

χ1 ≡ y = 0,

χ2 ≡
x2

1 − x2
2

x2
1 + x2

2

−
(

1

2
+

A√
x2

1 + x2
2

)
= 0, A > 0. (�.19)

‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¤ ´´ Ö ± ²¨¡·µ¢± , ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¸ ¥¥ ¶µ³µÐÓÕ
É ±¦¥ ³µ¦´µ § Ë¨±¸¨·µ¢ ÉÓ ³´µ¦¨É¥²¨ ‹ £· ´¦ , ´¥¤µ¶Ê¸É¨³ , ¶µ¸±µ²Ó±Ê
¥¥ ¸²¥¤¸É¢¨¥³ Ö¢²Ö¥É¸Ö µ£· ´¨Î¥´¨¥ ´  §´ Î¥´¨¥ Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò. „¥°-
¸É¢¨É¥²Ó´µ, ¢ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É Ì (�.7) ÔÉ  ± ²¨¡·µ¢±  ¨³¥¥É ¢¨¤

χ1 ≡ Y = 0,

χ2 ≡ cos 2Θ−
(

1

2
+
A

R

)
= 0. (�.20)

ˆ§ (�.20) ¸²¥¤Ê¥É, ÎÉµ 0 < 2Θ ≤ π
3 ,

5π
3 ≤ 2Θ < 2π, ¨ ¶µÔÉµ³Ê ´  Γ∗

¢Ò¶µ²´Ö¥É¸Ö ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ” ¤¤¥¥¢  Å �µ¶µ¢ 

det ‖{χα, ϕβ}‖ = −2 sin 2Θ
∣∣∣
Γ∗
6= 0, (�.21)

µ¤´ ±µ ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É µ£· ´¨Î¥´¨¥ ´  Ë¨§¨Î¥¸±ÊÕ ¶¥·¥³¥´´ÊÕ R:

R > 2A. (�.22)

‡ ³¥É¨³ ¥Ð¥, ÎÉµ ¶·¥¤²µ¦¥´´Ò° ±·¨É¥·¨° ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± (4.76)
§ ¡· ±µ¢Ò¢ ¥É ¤ ´´ÊÕ ± ²¨¡·µ¢±Ê (�.19).

�·¨¢¥¤¥³ ¥Ð¥ µ¤¨´ ¶·¨³¥· ± ²¨¡·µ¢±¨:

χ1 = y = 0,

χ2 = x2 −
√
x1(

2

3
x2

1 − x1 + 2) + a = 0, (�.23)

¤²Ö ±µÉµ·µ° ´  ¶µ¢¥·Ì´µ¸É¨ ± ²¨¡·µ¢µ± ¨ ¸¢Ö§¥° ¤¥É¥·³¨´ ´É ” ¤¤¥¥¢  Å
�µ¶µ¢  ´¨£¤¥ ´¥ µ¡· Ð ¥É¸Ö ¢ ´µ²Ó, ´µ ±µÉµ· Ö É ±¦¥ Ö¢²Ö¥É¸Ö ´¥¤µ¶Ê¸É¨³µ°.
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‚. SU(2) ¨´¢ ·¨ ´É´ Ö ³¥Ì ´¨±  Ÿ´£  Å Œ¨²²¸  ¢ 0 + 1-³¥·´µ³
¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¨ ¶µ¸É·µ¥´¨Ö ·¥¤ÊÍ¨-
·µ¢ ´´µ° ¸¨¸É¥³Ò · ¸¸³µÉ·¨³ ³µ¤¥²Ó [48,49], ¶·¥¤¸É ¢²ÖÕÐÊÕ ¸µ¡µ° SU(2)
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÊÕ É¥µ·¨Õ ¶µ²¥° Ÿ´£  Å Œ¨²²¸  ¢ (0 + 1)-³¥·´µ³
¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨.

‹ £· ´¦¨ ´ ³µ¤¥²¨ § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

L =
1

2
(Dtx)i(Dtx)i −

1

2
V (x2) , (‚.1)

£¤¥ xi ¨ yi Å ±µ³¶µ´¥´ÉÒ É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢ ¨ Dt Å ±µ¢ ·¨ ´É´ Ö ¶·µ-
¨§¢µ¤´ Ö

(Dtx)i := ẋi + gεijkyjxk . (‚.2)

‡ ¤ ´´ Ö É ±¨³ µ¡· §µ³ ¸¨¸É¥³  ¸µµÉ¢¥É¸É¢Ê¥É · §³¥·´µ° ·¥¤Ê±Í¨¨ ´¥ ¡¥²¥-
¢µ° SU(2)-É¥µ·¨¨ ¢ (0 + 1)-³¥·¨¨, ¶·¨Î¥³ ¶¥·¥³¥´´Ò¥ xi Ö¢²ÖÕÉ¸Ö ·¥²¨±Éµ³
¶µ²¥° ©³ É¥·¨¨ª. ‘ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤· 

piy =
∂L

∂ẏi
, (‚.3)

pi =
∂L

∂ẋi
= ẋi + gεijkyjxk (‚.4)

¶µ²ÊÎ ¥³ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´

HC =
1

2
pipi − εijkxjpkyi + V (x2) (‚.5)

¨ É·¨ ¶¥·¢¨Î´Ò¥ ¸¢Ö§¨ piy = 0 , ¶·¨¢µ¤ÖÐ¨¥ ±µ ¢Éµ·¨Î´Ò³ ¸¢Ö§Ö³

Φi = εijkxjpk = 0 , (‚.6)

µ¡· §ÊÕÐ¨³ SO(3)- ²£¥¡·Ê:

{Φi,Φj} = εijkΦj . (‚.7)

‡ ³¥É¨³, ÎÉµ ¢Éµ·¨Î´Ò¥ ¸¢Ö§¨ § ¢¨¸¨³Ò ¢ ¸³Ò¸²¥ „¨· ± : xiΦi = 0. �·¨¸ÉÊ-
¶ Ö ± ¶·µÍ¥¤Ê·¥  ¡¥²¨§ Í¨¨, ¢Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ ´¥§ ¢¨¸¨³ÒÌ ¸¢Ö§¥° ¸²¥¤Ê-
ÕÐ¨¥:

Φ
(0)
1 := x2p3 − x3p2 , Φ

(0)
2 := x3p1 − x1p3 . (‚.8)
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’¥¶¥·Ó ¢³¥¸Éµ  ²£¥¡·Ò (‚.7) ¨³¥¥³∗

{Φ(0)
1 ,Φ

(0)
2 } = −x1

x3
Φ

(0)
1 −

x2

x3
Φ

(0)
2 . (‚.9)

‘µ£² ¸´µ µ¡Ð¥° ¨É¥· Í¨µ´´µ° ¸Ì¥³¥ ¶µ¸É·µ¥´¨Ö ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ (¸³.
[26] ¨²¨ ¶·¨²µ¦¥´¨¥ A) ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¸²¥¤Ê¥É ¢Ò¶µ²´¨ÉÓ ¤¢  ÔÉ ¶  ¶·¥-

µ¡· §µ¢ ´¨° Ô±¢¨¢ ²¥´É´µ¸É¨ ¸¢Ö§¥°. ‘´ Î ²  ¨¸±²ÕÎ¨³ Φ
(0)
1 ¨§ ¶· ¢µ° Î ¸É¨

· ¢¥´¸É¢  (‚.9). �Éµ ¤µ¸É¨£ ¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥³

Φ
(1)
1 := Φ

(0)
1 ,

Φ
(1)
2 := Φ

(0)
2 + C Φ

(0)
1 (‚.10)

¸ ËÊ´±Í¨¥° C, ±µÉµ· Ö Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¸²¥¤ÊÕÐ¥£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
Ê· ¢´¥´¨Ö ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ:

{Φ(0)
1 , C} = −x2

x3
C +

x1

x3
. (‚.11)

ˆ¸¶µ²Ó§ÊÖ Î ¸É´µ¥ ·¥Ï¥´¨¥ ÔÉµ£µ Ê· ¢´¥´¨Ö

C(x) =
x1x2

x2
2 + x2

3

, (‚.12)

¤²Ö ´µ¢ÒÌ ¸¢Ö§¥° ¶µ²ÊÎ ¥³  ²£¥¡·Ê ¢¨¤ 

{Φ(1)
1 ,Φ

(1)
2 } = −x2

x3
Φ

(1)
2 . (‚.13)

�  ¢Éµ·µ³ Ï £¥ ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨ ¸¤¥² ¥³ ¶·¥µ¡· §µ¢ ´¨¥

Φ
(2)
1 := Φ

(1)
1 ,

Φ
(2)
2 := B Φ

(1)
2 (‚.14)

¸ ËÊ´±Í¨¥° B, Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê· ¢´¥´¨Õ

{Φ(2)
1 , B} =

x2

x3
B . (‚.15)

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó µ¤´¨³ ¨§ ·¥Ï¥´¨° ÔÉµ£µ Ê· ¢´¥´¨Ö B(x) = 1
x3
, ¶·¨Ìµ¤¨³

± ¨¸±µ³Ò³  ¡¥²¥¢Ò³ ¸¢Ö§Ö³

Φ
(2)
1 = x2p3 − x3p2 ,

Φ
(2)
2 =

1

x3

[
(x3p1 − x1p3) +

x1x2

x2
2 + x2

3

(x2p3 − x3p2)

]
. (‚.16)

∗‚ ¤ ²Ó´¥°Ï¥³ ¸¥±Éµ· ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ´¥ ¡Ê¤¥³ ¢Ò¶¨¸Ò¢ ÉÓ, ¶µ¸±µ²Ó±Ê µ´¨ Ê¦¥ ¶·¨´ ¤-
²¥¦ É Í¥´É·Ê  ²£¥¡·Ò,   ¶·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨ Ô²¥³¥´ÉÒ Í¥´É·  µ¸É ¢²Ö¥É ¡¥§ ¨§³¥´¥´¨Ö.
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’¥¶¥·Ó µ¶¨Ï¥³ ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ± ¸¶¥Í¨ ²Ó´Ò³ ¶¥·¥³¥´´Ò³,
É ±¨³, ÎÉµ ¤¢  ´µ¢ÒÌ ¨³¶Ê²Ó¸  ¸µ¢¶ ¤ ÕÉ ¸  ¡¥²¨§µ¢ ´´Ò³¨ ¸¢Ö§Ö³¨∗:

pθ :=
(x · p) x1 − x2 p1√

x2
2 + x3

2
, pφ := x2p3 − x3p2 . (‚.17)

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ÉµÎ¥Î´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ µÉ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É ±
¸Ë¥·¨Î¥¸±¨³

x1 = r cos θ, r =
√
x1

2 + x2
2 + x3

2,

x2 = r sinφ sin θ, θ = arccos
x1√

x1
2 + x2

2 + x3
2
,

x3 = r cosφ sin θ, φ = arctan

(
x2

x3

)
, (‚.18)

± ± · § Ö¢²Ö¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥³ É ±µ£µ É¨¶ . „¥°¸É¢¨É¥²Ó´µ, ¨¸¶µ²Ó§ÊÖ ¸µ-
µÉ¢¥É¸É¢ÊÕÐÊÕ ¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ

F [x; pr,pθ,pφ] =

= pr
√
x1

2 + x2
2 + x3

2 + pθ arccos
x1√

x1
2 + x2

2 + x3
2

+ pφ arctan

(
x2

x3

)
,

(‚.19)
¶µ²ÊÎ ¥³

p1 =
∂F

∂x1
= pr cos θ − pθ

sin θ

r
, (‚.20)

p2 =
∂F

∂x2
= pr sin θ sinφ+ pθ

sinφ cos θ

r
+ pφ

cosφ

r sin θ
, (‚.21)

p3 =
∂F

∂x3
= pr sin θ cosφ+ pθ

cosφ cos θ

r
− pφ

sinφ

r sin θ
, (‚.22)

¨ Ê¡¥¦¤ ¥³¸Ö, ÎÉµ ¢ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¤¢Ê³Ö ´¥§ ¢¨¸¨³Ò³¨ ¸¢Ö§Ö³¨ ¢ ¸ -
³µ³ ¤¥²¥ Ö¢²ÖÕÉ¸Ö pθ = 0 ¨ pφ = 0, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ · ¢¥´¸É¢µ³ (‚.17).
‘Éµ¨É § ³¥É¨ÉÓ, ÎÉµ, ¸É ·ÉÊÖ ¸ ´ ¡µ·  ¶·¨¢µ¤¨³ÒÌ ¸¢Ö§¥° (‚.6) ¨ ¢Ò¶µ²´¨¢
¶·¥µ¡· §µ¢ ´¨¥ (‚.18), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

Φ1 = −pφ , (‚.23)

Φ2 = −pθ cosφ+ pφ sinφ cot θ , (‚.24)

Φ3 = pθ sinφ+ pφ cosφ cot θ , (‚.25)

∗‡¤¥¸Ó ³Ò ¢¢µ¤¨³ ±µ³¶ ±É´Ò¥ µ¡µ§´ Î¥´¨Ö ¤²Ö É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢ x,p ¨ Ê³´µ¦ ¥³

¸¢Ö§¨ Φ
(2)
2 ´  Ë ±Éµ·

√
x2

2 + x3
2, ÎÉµ¡Ò ¸¢Ö§¨ ¨³¥²¨ µ¤¨´ ±µ¢ÊÕ · §³¥·´µ¸ÉÓ. �Éµ Ê³´µ¦¥´¨¥

¸µÌ· ´Ö¥É  ¡¥²¥¢ Ì · ±É¥· ¸¢Ö§¥°, ¶µ¸±µ²Ó±Ê {Φ(2)
1 ,
√
x2

2 + x3
2} = 0.
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±µÉµ·µ¥ ¶·¨¸¶µ¸µ¡²¥´µ ± ¶·µÍ¥¤Ê·¥  ¡¥²¨§ Í¨¨. Œ É·¨Í   ¡¥²¨§ Í¨¨ ¤²Ö
¶·¨¢µ¤¨³µ£µ ´ ¡µ·  ¸¢Ö§¥° ¨³¥¥É ¢¨¤

D :=
1

d

 −d2 sinφ− d3 cosφ , d1 sinφ , d1 cosφ
(d2 cosφ− d3 sinφ) cot θ, −d3 − d1 cosφ cot θ, d2 + d1 sinφ cot θ

cot θ , sinφ , cosφ


(‚.26)

¸ ¶·µ¨§¢µ²Ó´Ò³¨ d ¨ d := d1 cot θ + d2 sinφ + d3 cosφ. �ÉµÉ ¶·¨³¥· ¤¥³µ´-
¸É·¨·Ê¥É ¤¢¥ Ì · ±É¥·´Ò¥ Î¥·ÉÒ ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨:

i) ´¥É ´¥µ¡Ìµ¤¨³µ¸É¨ · ¡µÉ ÉÓ ¸ ´¥¶·¨¢µ¤¨³Ò³ ´ ¡µ·µ³ ¸¢Ö§¥°, É.±. ¶·µ-
Í¥¤Ê·   ¡¥²¨§ Í¨¨  ¢Éµ³ É¨Î¥¸±¨ ¶·¨¢µ¤¨É ± ´¥¶·¨¢µ¤¨³µ³Ê ´ ¡µ·Ê ¸¢Ö§¥°;

ii) ¢ µ¶·¥¤¥²¥´´ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É Ì § ¤ Î  ·¥Ï¥´¨Ö ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¥Ìµ¤¨É ¢  ²£¥¡· ¨Î¥¸±ÊÕ § ¤ ÎÊ. ‚ ´µ¢ÒÌ ± ´µ´¨Î¥-
¸±¨Ì ¶¥·¥³¥´´ÒÌ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ (‚.5) ¶·¨´¨³ ¥É ¢¨¤

HC =
1

2
p2
r +

1

2r2

(
p2
θ +

p2
φ

sin2 θ

)
− pφyφ − pθyθ + V (r) , (‚.27)

¸ Ë¨§¨Î¥¸±¨³ ¨³¶Ê²Ó¸µ³ pr = (x·p)√
x1

2+x2
2+x3

2
, ¨

yφ := y1 + y2 sinφ+ y3 cosφ cot θ ,

yθ := y2 cosφ− y3 sinφ .

‚ ·¥§Ê²ÓÉ É¥ ¢¸¥ ´¥Ë¨§¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ µÉ¤¥²¨²¨¸Ó µÉ Ë¨§¨Î¥¸±¨Ì
r ¨ pr, Ô¢µ²ÕÍ¨Ö ¢µ ¢·¥³¥´¨ ±µÉµ·ÒÌ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É¸Ö Ë¨§¨Î¥¸±¨³
£ ³¨²ÓÉµ´¨ ´µ³. �µ¸²¥¤´¨° ¶µ²ÊÎ ¥É¸Ö ¨§ ± ´µ´¨Î¥¸±µ£µ § ´Ê²¥´¨¥³ pφ ¨
pθ ¢ ¢Ò· ¦¥´¨¨ (‚.27):

Hphys =
1

2
p2
r + V (r) . (‚.28)
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