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‚ µ¡§µ·¥ ¤ ´µ ¸¨¸É¥³ É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¢ÒÎ¨¸²¨É¥²Ó´µ£µ ³¥Éµ¤  ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ´¥²¨-
´¥°´ÒÌ § ¤ Î, ¢µ§´¨± ÕÐ¨Ì ¢ ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²ÖÌ Ë¨§¨±¨. …¤¨´µ° µ¸´µ¢µ° ¤²Ö · §· ¡µÉ±¨
¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¸²Ê¦¨É µ¡µ¡Ð¥´¨¥ ´¥¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´ , ±µÉµ·µ¥ ¶·¥¤-
¸É ¢²Ö¥É ¸µ¡µ° ± Î¥¸É¢¥´´µ ´µ¢µ¥ · §¢¨É¨¥ ´ÓÕÉµ´µ¢¸±µ£µ Ô¢µ²ÕÍ¨µ´´µ£µ ¶·µÍ¥¸¸  ´  µ¸´µ¢¥
µ¡Ñ¥¤¨´¥´¨Ö ¨¤¥° ³¥Éµ¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ Ô¢µ²ÕÍ¨¨ ¶µ ¶ · ³¥É· ³. �·¥¤¸É ¢²¥´Ò ·¥§Ê²Ó-
É ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥° ¶µ²Ö·µ´ , ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±-
É·µ´ , ¡¨´Ê±²µ´  ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° Š•„ ¤²Ö ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´ÒÌ ¶µÉ¥´Í¨ ²µ¢.

The systematic description of a computational method for studying the nonlinear problems arisen
in mathematical models of physics is presented. A uniˇed basis for working out the computational
schemes is a generalization of the continuous analogue of Newton's method which represents a quali-
tatively new devolvement of the Newtonian evolution process basing on integration of the conceptions
of the methods in perturbation and evolution theory on parameters. Results of numerical research in
quantum ˇeld models of polaron, solvated electron, binucleon as well as QCD potential models for
the some wide-spread potentials are given.

1. ‚‚…„…�ˆ…

‘µ ¢·¥³¥´¨ ¶Ê¡²¨± Í¨¨ ¶¥·¢µ£µ µ¡§µ·  ¢ �—�Ÿ µ ¶·¨³¥´¥´¨¨ ´¥¶·¥·Ò¢-
´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´  (��Œ�) ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ´¥²¨´¥°´ÒÌ
Ê· ¢´¥´¨° ¢ ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²ÖÌ Ë¨§¨±¨ [1] ¶·µÏ²µ ¤¢ ¤Í ÉÓ ¶ÖÉÓ ²¥É.
‚ ¤ ²Ó´¥°Ï¥³, ´ ·Ö¤Ê ¸ É¥µ·¥É¨Î¥¸±¨³¨ µ¡µ¸´µ¢ ´¨Ö³¨, ¤²Ö ��Œ� ¡Ò²¨
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´ °¤¥´Ò ´µ¢Ò¥ ¶·¨²µ¦¥´¨Ö ¢ § ¤ Î Ì Ë¨§¨±¨ Ê¸±µ·¨É¥²¥° ¨ ¢ µ¡· É´µ° § -
¤ Î¥ É¥µ·¨¨ · ¸¸¥Ö´¨Ö [2]. Š·µ³¥ Éµ£µ, §  ÔÉµ ¢·¥³Ö Ê¸¨²¨Ö³¨ ¢ µ¸´µ¢´µ³
£·Ê¶¶Ò ¸µÉ·Ê¤´¨±µ¢ �ˆŸˆ ÔÉµÉ ³¥Éµ¤ ¶·¥¢· É¨²¸Ö ¢ ³µÐ´Ò° ¨´¸É·Ê³¥´É
¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¤²Ö ·¥Ï¥´¨Ö · §´µµ¡· §´ÒÌ
´¥²¨´¥°´ÒÌ § ¤ Î, ¢µ§´¨± ÕÐ¨Ì ¢ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥. ‘¥°Î ¸ ³µ¦´µ ¸
Ê¢¥·¥´´µ¸ÉÓÕ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ · §· ¡µÉ ´ ± Î¥¸É¢¥´´µ ´µ¢Ò°, ¶µ ¸· ¢´¥´¨Õ
¸ ��Œ�, ¶µ¤Ìµ¤ ± ¸µ§¤ ´¨Õ  ²£µ·¨É³µ¢ ¤²Ö Î¨¸²¥´´µ£µ  ´ ²¨§  ¸²µ¦´ÒÌ
³´µ£µ¶ · ³¥É·¨Î¥¸±¨Ì ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° Ë¨§¨±¨.

‘µ§¤ ´¨¥ ÔÉµ£µ ¶µ¤Ìµ¤  Ö¢¨²µ¸Ó, ¢µ ³´µ£µ³, ¶·µ¤Ê±Éµ³ µ¶ÒÉ  ·¥Ï¥´¨Ö
· §´µµ¡· §´ÒÌ ¶· ±É¨Î¥¸±¨Ì § ¤ Î. �µÔÉµ³Ê ¢ ¶·¥¤²µ¦¥´´µ³ ³¥Éµ¤¥, ´ -
·Ö¤Ê ¸ ¨¤¥Ö³¨ ��Œ�, ´ Ï²¨ µÉ· ¦¥´¨¥ ´ ¨¡µ²¥¥ ¶·¨¢²¥± É¥²Ó´Ò¥ ¸Éµ·µ´Ò
´¥±µÉµ·ÒÌ ¨§¢¥¸É´ÒÌ ³¥Éµ¤µ¢, Ï¨·µ±µ ¶·¨³¥´ÖÕÐ¨Ì¸Ö ¶·¨ ·¥Ï¥´¨¨ § ¤ Î
Ë¨§¨±¨. �Éµ ¸Ì¥³Ò É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [3], ³¥Éµ¤ ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · -
³¥É·Ê [4], ³¥Éµ¤ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ ¶ · ³¥É·Ê [5], ±µÉµ·Ò° ¢ § ¤ Î Ì
Ö¤¥·´µ° Ë¨§¨±¨ ¨§¢¥¸É¥´ ± ± ³¥Éµ¤ Ô¢µ²ÕÍ¨¨ ¶µ ±µ´¸É ´É¥ ¸¢Ö§¨ [6].

‚ · §· ¡µÉ ´´ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ Ì ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ·¥Ï¥´ 
§ ¤ Î  ¢Ò¡µ·  ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¨ Ê¶·µÐ¥´µ ·¥Ï¥´¨¥ ²¨´¥°´µ° § ¤ Î¨
µÉ´µ¸¨É¥²Ó´µ ¨É¥· Í¨µ´´ÒÌ ¶µ¶· ¢µ±. �µ²¥¥ Éµ£µ, ¢µ§³µ¦´µ ¶µ¸É·µ¥´¨¥ ¨É¥-
· Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¡¥§ µ¡· Ð¥´¨Ö ²¨´¥°´µ£µ µ¶¥· Éµ·  ¢ ÔÉµ° § ¤ Î¥. Š ±
·¥§Ê²ÓÉ É, · §¢¨ÉÒ¥ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¸Ì¥³Ò µ¡² ¤ ÕÉ ¸¢µ°¸É¢ ³¨ É ±¨Ì ¨§-
¢¥¸É´ÒÌ ³¥Éµ¤µ¢, ± ± ³¥Éµ¤ · ¸Ð¥¶²¥´¨Ö [7], ³´µ£µ¸¥ÉµÎ´Ò¥ ³¥Éµ¤Ò [8], ´¥-
±µÉµ·Ò¥ ³¥Éµ¤Ò ·¥£Ê²Ö·¨§ Í¨¨ [9]. �µÔÉµ³Ê · §· ¡µÉ ´´Ò° ¶µ¤Ìµ¤ µÉ¢¥Î ¥É
¸µ¢·¥³¥´´Ò³ É¥´¤¥´Í¨Ö³ · §¢¨É¨Ö ±µ³¶ÓÕÉ¥·´µ°  ·Ì¨É¥±ÉÊ·Ò ¨ É¥Ì´µ²µ£¨¨
¶·µ£· ³³¨·µ¢ ´¨Ö ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¶·µÍ¥¸¸µ¢ [10].

‚ ¸¶¥±É· ²Ó´ÒÌ § ¤ Î Ì ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ µ¡µ¡Ð¥´¨¥ ��Œ� ³µ¦¥É
¸²Ê¦¨ÉÓ ¥¤¨´µ° É¥µ·¥É¨Î¥¸±µ° µ¸´µ¢µ° µ¶¨¸ ´¨Ö ·Ö¤  ¨§¢¥¸É´ÒÌ ³¥Éµ¤µ¢,
É ±¨Ì, ± ± ³¥Éµ¤ µ¡· É´ÒÌ ¨É¥· Í¨°, ³¥Éµ¤ µ¡· É´ÒÌ ¨É¥· Í¨° ¸µ ¸¤¢¨£µ³ ¨
¸ ·Ô²¥¥¢¸±¨³ Î ¸É´Ò³ [11]. �¸µ¡¥´´µ¸É¨ ·¥ ²¨§ Í¨¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¢
ÔÉ¨Ì § ¤ Î Ì µÉ· ¦¥´Ò ¢ µ¡§µ· Ì [12,13].

� Ï¨ · ¡µÉÒ ¢ µ¡² ¸É¨ · §¢¨É¨Ö µ¡µ¡Ð¥´´µ£µ ��Œ� ¨´¨Í¨¨·µ¢ ²¨ ¨¸-
¸²¥¤µ¢ ´¨Ö ¶µ µ¶É¨³¨§ Í¨¨ ¸Ìµ¤¨³µ¸É¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³
[14, 15],   É ±¦¥ ¸Ì¥³ ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · ³¥É·Ê [16]. ‚ ¤ ´´µ³ µ¡§µ·¥
¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° É¥-
µ·¨¨ ¶µ²Ö·µ´  ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° Š•„, µÉ´µ¸ÖÐ¨Ì¸Ö ± · §²¨Î´Ò³
· §¤¥² ³ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨, ´µ ¢Ò¶µ²´¥´´ÒÌ ¸ ¶µ³µÐÓÕ ¢ÒÎ¨¸²¨É¥²Ó-
´ÒÌ ¸Ì¥³, µ¸´µ¢ ´´ÒÌ ´  µ¡µ¡Ð¥´´µ³ ��Œ�.

�¡§µ· ¸µ¸Éµ¨É ¨§ ¶ÖÉ¨ · §¤¥²µ¢. ‚ · §¤.2 ¤ ´  ¥¤¨´µµ¡· §´ Ö ³ É¥³ -
É¨Î¥¸± Ö ¶µ¸É ´µ¢±  § ¤ Î, ± ·¥Ï¥´¨Õ ±µÉµ·ÒÌ ¶·¨¢µ¤ÖÉ ¨¸¸²¥¤µ¢ ´¨Ö ·Ö¤ 
³µ¤¥²¥° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. �·£Ê³¥´É¨·Ê¥É¸Ö ¢Ò¡µ· ³¥Éµ¤  �ÓÕÉµ´  ¨
¥£µ µ¡µ¡Ð¥´¨Ö ¤²Ö ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨, µ¶¨¸ ´Ò ´ÓÕÉµ´µ¢¸±¨¥ ¨É¥· Í¨µ´-
´Ò¥ ¸Ì¥³Ò ¨ ¤ ´Ò µÍ¥´±¨ ¨Ì ÉµÎ´µ¸É¨. �·¨¢¥¤¥´Ò ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ´ 
µ¸´µ¢¥ ³µ¤¨Ë¨± Í¨¨ ��Œ�, ÔËË¥±É¨¢´Ò¥ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ´  ¸µ¢·¥³¥´-



212 �“‡›�ˆ� ˆ.‚., �Œˆ�•���‚ ˆ.‚., ‡…Œ‹Ÿ��Ÿ ….‚. ˆ „�.

´ÒÌ ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸¨¸É¥³ Ì. „ ´Ò ´ÓÕÉµ´µ¢¸±¨¥
¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ¤²Ö ·¥Ï¥´¨Ö ¨´É¥£· ²Ó´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨
´¥²¨´¥°´ÒÌ ¸¨´£Ê²Ö·´ÒÌ ±· ¥¢ÒÌ § ¤ Î ¸ ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ
 ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨°.

‚ · §¤.3 ¶·¥¤¸É ¢²¥´Ò µ¡§µ· · ¡µÉ ¨ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥ ¶·¨ ¨§ÊÎ¥-
´¨¨ ³µ¤¥²¥° ¶µ²Ö·µ´ , ¡¨´Ê±²µ´  ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨,  ¢Éµ²µ± ²¨§µ¢ ´-
´ÒÌ Ô²¥±É·µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¦¨¤±µ¸É¨.

‚ · §¤.4 · ¸¸³µÉ·¥´Ò ¶µ¸É ´µ¢±¨ ¨ ³¥Éµ¤Ò Î¨¸²¥´´µ£µ  ´ ²¨§  £· ´¨Î-
´ÒÌ ´¥²¨´¥°´ÒÌ § ¤ Î ¢ · ³± Ì Ê· ¢´¥´¨° ˜¢¨´£¥·  Å „ °¸µ´  ¨ �¥É¥
Å ‘µ²¶¨É¥·  ¤²Ö ·Ö¤  ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´ÒÌ ¶µÉ¥´Í¨ ²µ¢. �·µ¢¥¤¥´µ
¸· ¢´¥´¨¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¸ ¨§¢¥¸É´Ò³¨ É¥µ·¥É¨Î¥¸±¨³¨ ¨ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤·Ê£¨Ì  ¢Éµ·µ¢.

Šµ²²¥±É¨¢  ¢Éµ·µ¢ ´ ¸ÉµÖÐ¥£µ µ¡§µ·  ¸µ¸Éµ¨É ¨§ ¸¶¥Í¨ ²¨¸Éµ¢ ¢ µ¡² ¸É¨
Î¨¸²¥´´µ£µ  ´ ²¨§  ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° Ë¨§¨±¨ ¨ Ë¨§¨±µ¢-É¥µ·¥É¨±µ¢, Ö¢²Ö-
ÕÐ¨Ì¸Ö  ±É¨¢´Ò³¨ ¶µ²Ó§µ¢ É¥²Ö³¨ · §· ¡µÉ ´´µ£µ ³¥Éµ¤ . ŒÒ ´ ¤¥¥³¸Ö, ÎÉµ
¶·¥¤¸É ¢²¥´´Ò° ³ É¥·¨ ² ¤ ¸É ¢µ§³µ¦´µ¸ÉÓ § ¨´É¥·¥¸µ¢ ´´µ³Ê Î¨É É¥²Õ ¶µ-
§´ ±µ³¨ÉÓ¸Ö ¸ µ¸´µ¢´Ò³¨ ¨¤¥Ö³¨ µ¡µ¡Ð¥´´µ£µ ��Œ� ¨ ³¥Éµ¤¨±µ° Î¨¸²¥´-
´µ£µ  ´ ²¨§  ´¥±µÉµ·ÒÌ ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° Ë¨§¨±¨ ¨ · ¸Ï¨·¨ÉÓ µ¡² ¸ÉÓ
¥£µ ¶·¨³¥´¨³µ¸É¨.

2. Œ�„ˆ”ˆ–ˆ��‚���›… ˆ’…��–ˆ���›… ‘•…Œ›
�� �‘��‚… ����™…���ƒ� ��Œ�

�Ö¤ ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²¥° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¶·¨¢µ¤¨É ± ´µ¢Ò³
¶µ¸É ´µ¢± ³ £· ´¨Î´ÒÌ § ¤ Î ¤²Ö ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ, ¨´É¥£·µ-
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. �·¨£¨´ ²Ó´µ¸ÉÓ ¶µ¸É ´µ¢µ±
§ ±²ÕÎ ¥É¸Ö ¢ ±µ³¡¨´ Í¨¨ ´¥²¨´¥°´ÒÌ £· ´¨Î´ÒÌ ¨ ¸¶¥±É· ²Ó´ÒÌ § ¤ Î, ÎÉµ
¶·¨¢µ¤¨É ± ¸¨¸É¥³ ³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨°. �¡Ð¨³¨ ¸¢µ°¸É¢ ³¨ É ±¨Ì
¸¨¸É¥³ Ö¢²ÖÕÉ¸Ö ¨Ì ¸¨´£Ê²Ö·´µ¸ÉÓ ¨ ³´µ£µ¶ · ³¥É·¨Î´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ ¶ -
· ³¥É·µ¢ ³µ¤¥²¨ ¨ ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢. � ¸¸³ É·¨¢ ¥³Ò¥ § ¤ Î¨ ³µ¦´µ
¸¢¥¸É¨ ± ¥¤¨´µµ¡· §´µ° ¶µ¸É ´µ¢±¥ ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö

ϕ(~a,~λ, y) = 0, (1)

£¤¥ y Ä Ô²¥³¥´É ¨§ ´¥±µÉµ·µ° µ¡² ¸É¨ B-¶·µ¸É· ´¸É¢  Y , ~λ ∈ Rm,~a ∈ Rl
Ä ¢¥±Éµ·Ò ¨§ ¥¢±²¨¤µ¢ÒÌ ¶·µ¸É· ´¸É¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì · §³¥·´µ¸É¥°. �¥²¨-
´¥°´ Ö ËÊ´±Í¨Ö ϕ ¶·¨ § ¤ ´´µ³ ¢¥±Éµ·¥ ~a ¶¥·¥¢µ¤¨É Ô²¥³¥´ÉÒ z = {~λ, y}
¨§ µ¡² ¸É¨ ¶·µ¸É· ´¸É¢  Rm × Y ¢ ¶·µ¸É· ´¸É¢µ Rm × U , £¤¥ U Ö¢²Ö¥É¸Ö
B-¶·µ¸É· ´¸É¢µ³, ¶·¨Î¥³ U ⊇ Y . �·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¤²Ö ± ¦¤µ£µ § ¤ ´-
´µ£µ ¢¥±Éµ·  ~a Ê· ¢´¥´¨¥ (1) ¨³¥¥É ¸Î¥É´µ¥ ³´µ¦¥¸É¢µ ·¥Ï¥´¨° {y∗n}, n =
0, 1, 2, · · ·, ¶·¨Î¥³ ± ¦¤µ³Ê ·¥Ï¥´¨Õ y∗n ¸µµÉ¢¥É¸É¢Ê¥É ¢¥±Éµ· ¸µ¡¸É¢¥´´ÒÌ
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§´ Î¥´¨° ~λ∗n. �¥Ï¥´¨¥ z∗n = { ~λ∗n, y∗n} Ê· ¢´¥´¨Ö (1) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¢¥±-
Éµ·  ¶ · ³¥É·µ¢ ~a.

�É³¥É¨³ É ±¦¥ ¸²¥¤ÊÕÐ¨¥ µ¸µ¡¥´´µ¸É¨ · ¸¸³ É·¨¢ ¥³ÒÌ § ¤ Î.

1. Š ± ¶· ¢¨²µ, ¨³¥¥É¸Ö µ¶·¥¤¥²¥´´ Ö ¨´Ëµ·³ Í¨Ö µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨ ± -
Î¥¸É¢¥´´µ³ ¶µ¢¥¤¥´¨¨ ¨¸±µ³ÒÌ ·¥Ï¥´¨°. �É  ¨´Ëµ·³ Í¨Ö ³µ¦¥É ¡ÒÉÓ
¶µ²ÊÎ¥´  ¨§ Ë¨§¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¨§ÊÎ ¥³ÒÌ ¶·µÍ¥¸¸µ¢, · ¸¸³µÉ·¥´¨Ö
Ê¶·µÐ¥´´ÒÌ ³µ¤¥²¥°, µ¸µ¡¥´´µ ¢  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì µ¡² ¸ÉÖÌ ¨§³¥´¥-
´¨Ö ¶ · ³¥É·µ¢.

2. ‚ § ¤ Î Ì, ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¶·¨¡²¨¦¥´¨Ö ± ¡µ²¥¥ ¸²µ¦´Ò³ ³´µ£µ³¥·-
´Ò³,   É ±¦¥ ¶·¨ ¶¥·¥Ìµ¤¥ µÉ ¡¥¸±µ´¥Î´ÒÌ µ¡² ¸É¥° ¨§³¥´¥´¨Ö ´¥§ -
¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ± ±µ´¥Î´Ò³, ¢µ§´¨± ÕÉ ¶·µ¡²¥³Ò µÍ¥´±¨ ÉµÎ´µ-
¸É¨ ¶·¨³¥´Ö¥³ÒÌ  ¶¶·µ±¸¨³ Í¨°. ‚µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ¶µ¤µ¡´Ò¥ µÍ¥´±¨
³µ¦´µ ¶µ²ÊÎ¨ÉÓ ²¨ÏÓ Î¨¸²¥´´µ, ¶·µ¢µ¤Ö · ¸Î¥ÉÒ ¶·¨ ´¥±µÉµ·ÒÌ §´ -
Î¥´¨ÖÌ ¶ · ³¥É·µ¢  ¶¶·µ±¸¨³ Í¨¨.

’ ±¨³ µ¡· §µ³, ¢ ¶µ¸É ´µ¢±¥ (1) ¢¥±Éµ· ª¢´¥Ï´¨Ìª ¶ · ³¥É·µ¢ ~a · ¸Ï¨-
·Ö¥É¸Ö ¨ ¶µ³¨³µ ªË¨§¨Î¥¸±¨Ìª ¶ · ³¥É·µ¢ ³µ¤¥²¨ ¸µ¤¥·¦¨É É ±¦¥ ¶ · ³¥-
É·Ò  ¶¶·µ±¸¨³ Í¨¨ § ¤ Î¨, ¢ Éµ³ Î¨¸²¥ ¨ ¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò. —¨¸²¥´´µ¥
¨¸¸²¥¤µ¢ ´¨¥ ³µ¤¥²¨ µ¡ÒÎ´µ ¸¢µ¤¨É¸Ö ± ¶·µ¢¥¤¥´¨Õ ³ ¸¸µ¢ÒÌ · ¸Î¥Éµ¢ ¢
Ï¨·µ±µ° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ÔÉ¨Ì ¶ · ³¥É·µ¢, ¶µ§¢µ²ÖÕÐ¨Ì µ¤´µ¢·¥³¥´´µ
¨§ÊÎ ÉÓ ¨ ¸¢µ°¸É¢  · ¸¸³ É·¨¢ ¥³ÒÌ ³µ¤¥²¥°, Éµ ¥¸ÉÓ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨° ¢
§ ¢¨¸¨³µ¸É¨ µÉ ªË¨§¨Î¥¸±¨Ìª ¶ · ³¥É·µ¢, ¨ ÉµÎ´µ¸ÉÓ ¶µ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éµ¢
¢ § ¢¨¸¨³µ¸É¨ µÉ ¶ · ³¥É·µ¢  ¶¶·µ±¸¨³ Í¨¨ ¨¸Ìµ¤´ÒÌ § ¤ Î.

‚ ¤ ²Ó´¥°Ï¥³ É ³, £¤¥ ÔÉµ ´¥¸ÊÐ¥¸É¢¥´´µ, ³Ò ¡Ê¤¥³ µ¶Ê¸± ÉÓ § ¢¨¸¨-
³µ¸ÉÓ ËÊ´±Í¨¨ ϕ µÉ ¶ · ³¥É·µ¢ ~a ¨ ~λ.

2.1. �ÓÕÉµ´µ¢¸±¨¥ ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò. ‚ · ¡µÉ¥ [17], £¤¥ ¢¶¥·¢Ò¥
¡Ò² ¶·¥¤²µ¦¥´ ��Œ�, · ¸¸³ É·¨¢ ¥É¸Ö £·Ê¶¶  µ¤´µÏ £µ¢ÒÌ ¨É¥· Í¨µ´´ÒÌ
³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö ¢ B-¶·µ¸É· ´¸É¢¥

ϕ(z) = 0,

¢ ±µÉµ·ÒÌ ´  ± ¦¤µ³ Ï £¥ ¸ ´µ³¥·µ³ k ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¶µ¶· ¢± 
∆zk ± ¨§¢¥¸É´µ³Ê ¶·¨¡²¨¦¥´¨Õ zk ¨¸±µ³µ£µ ·¥Ï¥´¨Ö ¢ÒÎ¨¸²Ö¥É¸Ö ¶µ Ëµ·-
³Ê²¥

∆zk = ψ(zk),

zk+1 = zk + ∆zk, k = 0, 1, 2, · · ·
z0 Å § ¤ ´´Ò° Ô²¥³¥´É.

‘¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö ËÊ´±Í¨¨ ψ(z) µ¶·¥¤¥²Ö¥É¸Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ ¨¸¶µ²Ó§Ê¥-
³µ£µ ¨É¥· Í¨µ´´µ£µ ³¥Éµ¤ . ‚ Î ¸É´µ¸É¨, ¤²Ö ³¥Éµ¤  �ÓÕÉµ´ 

ψ(z) = −ϕ′(z)−1ϕ(z),
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£¤¥ ϕ′(z) Ä ²¨´¥°´Ò° µ¶¥· Éµ·, ¶·µ¨§¢µ¤´ Ö ”·¥Ï¥ ËÊ´±Í¨¨ ϕ(z). „²Ö
± ¦¤µ£µ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  Ê± § ´´µ£µ ¢¨¤  ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¥£µ ´¥-
¶·¥·Ò¢´Ò°  ´ ²µ£ ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ¢³¥¸Éµ ¤¨¸±·¥É´µ° ¶¥·¥³¥´´µ° k(k =
0, 1, 2, · · ·) ´¥¶·¥·Ò¢´µ£µ ¶ · ³¥É·  t(0 ≤ t <∞). �·¥¤¶µ² £ Ö ´¥¶·¥·Ò¢´ÊÕ
§ ¢¨¸¨³µ¸ÉÓ z = z(t) ¨ ¢¢µ¤Ö ¢³¥¸Éµ ¶·¨· Ð¥´¨Ö ∆zk ¶·µ¨§¢µ¤´ÊÕ d

dt
z(t) ,

³Ò ¶µ²ÊÎ ¥³ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥

d

dt
z(t) = ψ(z(t)), z(0) = z0. (2)

‚ ·¥§Ê²ÓÉ É¥ ´ Ìµ¦¤¥´¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶ÊÉ¥³ ·¥-
Ï¥´¨Ö § ¤ Î¨ ŠµÏ¨ (2) ´  ¶µ²Êµ¸¨ 0 ≤ t < ∞. ‚ Í¨É¨·Ê¥³µ° · ¡µÉ¥ [17]
¤µ± § ´ ·Ö¤ ÊÉ¢¥·¦¤¥´¨° µ ¸Ìµ¤¨³µ¸É¨ ´¥¶·¥·Ò¢´ÒÌ  ´ ²µ£µ¢ ¨É¥· Í¨µ´´ÒÌ
³¥Éµ¤µ¢ ¶·¨ t→∞ ± ¨§µ²¨·µ¢ ´´µ³Ê ·¥Ï¥´¨Õ z∗ Ê· ¢´¥´¨Ö (1).

„²Ö ��Œ� É ±µ¥ ¤µ± § É¥²Ó¸É¢µ µ¸´µ¢ ´µ ´  ¶·¥µ¡· §µ¢ ´¨¨ Ê· ¢´¥´¨Ö
(2) ± ¢¨¤Ê

d

dt
ϕ(z(t)) = −ϕ(z(t)), z(0) = z0, (3)

µÉ±Ê¤  ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¨´É¥£· ² 

ϕ(z(t)) = e−tϕ(z0).

�·¨ Ê¸²µ¢¨¨ £² ¤±µ¸É¨ ËÊ´±Í¨¨ ϕ(z) ¨ ¸ÊÐ¥¸É¢µ¢ ´¨Ö µ£· ´¨Î¥´´µ£µ
µ¶¥· Éµ·  ϕ′(z)−1 ¢ µ±·¥¸É´µ¸É¨ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö z0 ¤µ± § ´µ ¸ÊÐ¥-
¸É¢µ¢ ´¨¥ ¢ ÔÉµ° µ±·¥¸É´µ¸É¨ ±µ·´Ö z∗ Ê· ¢´¥´¨Ö (1) ¨ ¸Ìµ¤¨³µ¸ÉÓ É· ¥±Éµ-
·¨¨ z(t) ¶·¨ t→∞ ± ÔÉµ³Ê ±µ·´Õ.

„²Ö ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ ŠµÏ¨ (2) ¢ · ¡µÉ¥ [17] ¶·¥¤² £ ¥É¸Ö
¨¸¶µ²Ó§µ¢ ÉÓ ¶µ¤Ìµ¤ÖÐ¨¥ Î¨¸²¥´´Ò¥ ³¥Éµ¤Ò, µ¦¨¤ Ö ¨Ì Ê¸Éµ°Î¨¢µ¸É¨ ¶·¨
 ¸¨³¶ÉµÉ¨Î¥¸±µ° Ê¸Éµ°Î¨¢µ¸É¨ z = z(t).

‚ µ¡§µ·¥ [1] µ¶¨¸ ´ ¶·µ¸É¥°Ï¨° ³¥Éµ¤ ¶·¨¡²¨¦¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö
§ ¤ Î¨ (2) Ä ³¥Éµ¤ �°²¥·  ¤²Ö ��Œ�. �ÉµÉ ³¥Éµ¤ ´  ¤¨¸±·¥É´µ° ¸¥É±¥
{tk, k = 0, 1, 2, · · · ; tk+1 − tk = τk} ¶·¨¢µ¤¨É ± ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ²¨´¥°´ÒÌ
§ ¤ Î

ϕ′(zk)vk = −ϕ(zk), (4)

zk+1 = zk + τkvk, k = 0, 1, 2, · · · ,
£¤¥ z0 Ä § ¤ ´´Ò° Ô²¥³¥´É. �·¨ τk ≡ 1 ¶µ²ÊÎ ¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ³¥Éµ¤ 
�ÓÕÉµ´ .

‘Ìµ¤¨³µ¸ÉÓ ³¥Éµ¤  �°²¥·  ¤µ± § ´  [1] ´  ±µ´¥Î´µ³ µÉ·¥§±¥ 0 ≤ t ≤ T
¶·¨ τk → 0. �¤´ ±µ ¤²Ö ¶· ±É¨Î¥¸±µ° ·¥ ²¨§ Í¨¨ É· ±Éµ¢±  ¶ · ³¥É·  τk
± ± Ï £  ¨´É¥£·¨·µ¢ ´¨Ö ´¥ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ . „¥°¸É¢¨É¥²Ó´µ, ¤²Ö Éµ£µ,
ÎÉµ¡Ò z = z(T ) ³ ²µ µÉ²¨Î ²¸Ö µÉ ¨¸±µ³µ£µ ·¥Ï¥´¨Ö z∗, ´¥µ¡Ìµ¤¨³µ ¢Ò¡· ÉÓ
t = T ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³. ‚ Éµ ¦¥ ¢·¥³Ö ¤²Ö ¡µ²¥¥ ÉµÎ´µ£µ ¢ÒÎ¨¸²¥´¨Ö ³¥-
Éµ¤µ³ �°²¥·  §´ Î¥´¨Ö z = z(T ) ´¥µ¡Ìµ¤¨³µ § ¤ ¢ ÉÓ τk ¤µ¸É ÉµÎ´µ ³ ²Ò³¨.
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„ ´´Ò¥ É·¥¡µ¢ ´¨Ö Ö¢²ÖÕÉ¸Ö ¶·µÉ¨¢µ·¥Î¨¢Ò³¨, ¶µ¸±µ²Ó±Ê ´ ¸ ´¥ ¨´É¥·¥¸ÊÕÉ
¢¸¥ ¶·¨¡²¨¦¥´´Ò¥ §´ Î¥´¨Ö zk ≈ z(tk),   ²¨ÏÓ ´¥µ¡Ìµ¤¨³ Ô²¥³¥´É z(T ).

—Éµ¡Ò ´ °É¨ ¶·¥¤¸É ¢²¥´¨¥ ¶ · ³¥É·  τk , ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ É·¥¡µ¢ ´¨Ö³
³¨´¨³ ²Ó´µ¸É¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ § É· É ¶·¨ ¤µ¸É¨¦¥´¨¨ ¸ É·¥¡Ê¥³µ° ÉµÎ-
´µ¸ÉÓÕ ·¥Ï¥´¨Ö z∗, ¢¸¶µ³´¨³, ÎÉµ ³¥Éµ¤ �ÓÕÉµ´ , µ¡² ¤ Ö ±¢ ¤· É¨Î´µ°
¸Ìµ¤¨³µ¸ÉÓÕ ¢ ¡²¨§±µ° µ±·¥¸É´µ¸É¨ ·¥Ï¥´¨Ö, µ¡¥¸¶¥Î¨¢ ¥É ³¨´¨³ ²Ó´µ¸ÉÓ
´¥¢Ö§±¨ ¤²Ö ²¨´¥°´µ° Î ¸É¨ ϕ(z) [18].

�¡µ¡Ð Ö ÔÉµ ¸¢µ°¸É¢µ, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ τk ± ± ¨É¥· Í¨µ´´Ò° ¶ · -
³¥É· ¢ ¨É¥· Í¨ÖÌ (4), µ¶É¨³ ²Ó´Ò° ¢Ò¡µ· ±µÉµ·µ£µ ¤ ¥É ³¨´¨³Ê³ ËÊ´±Í¨¨
¶¥·¥Ìµ¤  ψk+1(τ) ¢ µÍ¥´±¥ [19]

‖ϕ(zk+1)‖ ≤ ψk+1(τk)‖ϕ(zk)‖.

…¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¢ µ±·¥¸É´µ¸É¨ ¨¸±µ³µ£µ ·¥Ï¥´¨Ö

‖ϕ′(z)−1‖ ≤ B, ‖ϕ′′(z)‖ ≤M, (5)

Éµ ËÊ´±Í¨Ö ¶¥·¥Ìµ¤  µ¶·¥¤¥²Ö¥É¸Ö ± ±

ψk+1(τ) = 1− τ +
τ2

2
MB2‖ϕ(zk)‖, 0 < τ ≤ 1.

‚ · ¡µÉ¥ [19] ¶µ± § ´µ, ÎÉµ  ²£µ·¨É³ µ¶·¥¤¥²¥´¨Ö ¨É¥· Í¨µ´´µ£µ ¶ · -
³¥É· 

τk = ‖ϕ′(zk)‖−1‖ϕ(zk−1)‖τk−1, 0 < τ0 ≤ τk ≤ 1 (6)

µ¡¥¸¶¥Î¨¢ ¥É ¶·¨ Ê¤ Î´µ³ ¢Ò¡µ·¥ τ0 ¢ÒÎ¨¸²¥´¨¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ {τk},
¡²¨§±µ° ± µ¶É¨³ ²Ó´µ°, ¨ ¢ ¸²ÊÎ ¥ ¸Ìµ¤¨³µ¸É¨ ¶¥·¥Ìµ¤ ¨É¥· Í¨° (4) ¢ ³¥Éµ¤
�ÓÕÉµ´ . ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ  ²£µ·¨É³ (6) ¢¶¥·¢Ò¥ ¡Ò² ¶·¥¤²µ¦¥´ ¢ · ¡µÉ¥
[20] ¨ Ê¸¶¥Ï´µ ¶·¨³¥´¥´ ± ·¥Ï¥´¨Õ ³´µ£¨Ì ´¥²¨´¥°´ÒÌ § ¤ Î [21].

‚ · ¡µÉ¥ [19] ¨¸¸²¥¤µ¢ ´  ²µ± ²Ó´ Ö ¸Ìµ¤¨³µ¸ÉÓ ¨É¥· Í¨° (4) ¸ ¨É¥· Í¨-
µ´´Ò³ ¶ · ³¥É·µ³ (6).

’¥µ·¥³  1 [19]. �Ê¸ÉÓ ¢ ¸Ë¥·¥

D̄1 = {‖ z − z0 ‖<
B

1− q1
‖ ϕ(z0) ‖}

¢Ò¶µ²´¥´Ò Ê¸²µ¢¨Ö (5) ¨

q0 =
τ0

2
MB2 ‖ ϕ(z0) ‖< 1.

�Ê¸ÉÓ ¸ÊÐ¥¸É¢Ê¥É Í¥²µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Î¨¸²µ K É ±µ¥, ÎÉµ

1) 1 > τk =
‖ ϕ(zk−1) ‖
‖ ϕ(zk) ‖ τk−1, k = 1, 2, ...,K − 1.
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2) τk+j = 1, j = 0, 1, ...
3) τ0 > qK1 , q1 = ψ1(τ0).
’µ£¤  Ê· ¢´¥´¨¥ (1) ¨³¥¥É ·¥Ï¥´¨¥ z∗ ∈ D̄1, ± ±µÉµ·µ³Ê ¸Ìµ¤ÖÉ¸Ö ¨É¥· Í¨¨
(4), ´ Î¨´ Ö ¸ z0. ‘±µ·µ¸ÉÓ ¸Ìµ¤¨³µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´¸É¢µ³

‖ z∗ − zk ‖< Bq2(k−K)−1+K
1 ‖ ϕ(z0) ‖, k > K.

‚ ÔÉµ° · ¡µÉ¥ É ±¦¥ ¶µ± § ´µ, ÎÉµ µ¡² ¸ÉÓ ¸Ìµ¤¨³µ¸É¨ ¨É¥· Í¨° ´  µ¸´µ¢¥
��Œ� ¶·¨ É ±µ³ ¢Ò¡µ·¥ τk Ï¨·¥, Î¥³ Ê ±² ¸¸¨Î¥¸±µ£µ ³¥Éµ¤  �ÓÕÉµ´ .

‚ ¸¨²Ê Éµ£µ, ÎÉµ ��Œ� µ¡¥¸¶¥Î¨¢ ¥É ¸Ìµ¤¨³µ¸ÉÓ ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö
(1) Éµ²Ó±µ ¢ µ±·¥¸É´µ¸É¨ ²µ± ²Ó´µ£µ ·¥Ï¥´¨Ö [1], ¢¥¸Ó³  ¢ ¦´µ° Ö¢²Ö¥É¸Ö
¶·µ¡²¥³  ¶µ¸É·µ¥´¨Ö ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°, ±µÉµ· Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥
 ²£µ·¨É³¨§Ê¥³  ¨ ·¥Ï ¥É¸Ö ¶µ-· §´µ³Ê ¢ § ¢¨¸¨³µ¸É¨ µÉ µ¸µ¡¥´´µ¸É¥° ±µ´-
±·¥É´µ° § ¤ Î¨.

‚ Î ¸É´µ¸É¨, ¶·¨ Î¨¸²¥´´µ³  ´ ²¨§¥ ¡µ²ÓÏ¨´¸É¢  ³µ¤¥²¥° É¥µ·¥É¨Î¥-
¸±µ° Ë¨§¨±¨ µ¡ÒÎ´µ ¨³¥¥É¸Ö  ¶·¨µ·´ Ö ¨´Ëµ·³ Í¨Ö µ Ì · ±É¥·¥ ·¥Ï¥´¨°,
±µÉµ· Ö ³µ¦¥É ÊÎ¨ÉÒ¢ ÉÓ¸Ö ¶·¨ ¢Ò¡µ·¥ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°.

‚ ¶·µ£· ³³´µ³ ±µ³¶²¥±¸¥ SLIPH4 [22], ·¥ ²¨§ÊÕÐ¥³ ·¥Ï¥´¨¥ § ¤ Î¨
˜ÉÊ·³  Å ‹¨Ê¢¨²²Ö, ¤²Ö ¶µ¸É·µ¥´¨Ö ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ÔËË¥±É¨¢´µ
¨¸¶µ²Ó§Ê¥É¸Ö ³¥Éµ¤, ¶·¥¤²µ¦¥´´Ò° ¢ · ¡µÉ¥ [23]. �´ µ¸´µ¢ ´ ´   ²£µ·¨É³¥
¢ÒÎ¨¸²¥´¨Ö ±µ·´¥° ¶µ²¨´µ³  ³¥Éµ¤µ³ �ÓÕÉµ´  ¸ Ê¤ ²¥´¨¥³ ¢ÒÎ¨¸²¥´´µ£µ
±µ·´Ö [24]. ‚ ÔÉµ° ¦¥ · ¡µÉ¥,   É ±¦¥ ¢ [25] ¤²Ö ¨¸±²ÕÎ¥´¨Ö ¸Ìµ¤¨³µ¸É¨ ±
Ê¦¥ ´ °¤¥´´µ³Ê ·¥Ï¥´¨Õ ´  ± ¦¤µ° ¨É¥· Í¨¨ ¶·µ¨§¢µ¤¨É¸Ö ¤µ¶µ²´¨É¥²Ó´ Ö
µ·Éµ£µ´ ²¨§ Í¨Ö ¢ÒÎ¨¸²Ö¥³µ£µ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö.

‚ · ¡µÉ¥ [26] ¢Ò¶µ²´¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ´¥±µÉµ·ÒÌ ¶ · ³¥É·¨-
Î¥¸±¨ § ¢¨¸¨³ÒÌ § ¤ Î ¢ · ³± Ì · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì ³µ¤¥²¥° ´  µ¸´µ¢¥
¸µÎ¥É ´¨Ö ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨° ¸ ³¥Éµ¤µ³ ¶·µ¤µ²¦¥´¨Ö [4]. ‚ÒÎ¨¸²¨-
É¥²Ó´Ò° ¶·µÍ¥¸¸ ¶·¨ ÔÉµ³ µ·£ ´¨§Ê¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ ¨§¢¥¸É´µ¥ ¤²Ö
´¥±µÉµ·µ£µ ´ ¡µ·  ¶ · ³¥É·µ¢ ·¥Ï¥´¨¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ ± Î¥¸É¢¥ ´ Î ²Ó´µ£µ
¶·¨¡²¨¦¥´¨Ö ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ¸ ´µ¢Ò³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·µ¢. �·¨
ÔÉµ³ ³ ²µ¥ ¨§³¥´¥´¨¥ ¶ · ³¥É·µ¢ ¨ ´¥¶·¥·Ò¢´ Ö § ¢¨¸¨³µ¸ÉÓ ·¥Ï¥´¨Ö § -
¤ Î¨ µÉ ´¨Ì £ · ´É¨·ÊÕÉ ¸Ìµ¤¨³µ¸ÉÓ ´ÓÕÉµ´µ¢¸±µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ É·Ê¤´µ¸É¨ ¶·¨ ¶· ±É¨Î¥¸±µ³ ¶·¨³¥´¥´¨¨ ��Œ�
³µ£ÊÉ ¡ÒÉÓ ¢Ò§¢ ´Ò ¡²¨§µ¸ÉÓÕ ± ´Ê²Õ ‖ϕ′(z)‖. �´¨ ¸¢Ö§ ´Ò ¸ É¥³, ÎÉµ
¸¨¸É¥³  (4) ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸É ´µ¢¨É¸Ö ´¥±µ··¥±É´µ°. �¥±µÉµ·Ò¥ ¢ ·¨ ´ÉÒ
·¥£Ê²Ö·¨§ Í¨¨ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  (4) · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ · ¡µÉ¥ [14].

‚ · ¡µÉ¥ [27] ¶·¥¤²µ¦¥´  ¨É¥· Í¨µ´´ Ö ¶·µÍ¥¤Ê· , µ¸´µ¢ ´´ Ö ´  ±µ³-
¡¨´ Í¨¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨° ¨ ³¥Éµ¤  Ê¸É ´µ¢²¥´¨Ö [28], ¶·¥¨³ÊÐ¥¸É¢µ
±µÉµ·µ° ¶¥·¥¤ ¸Ì¥³µ° (4) ¸µ¸Éµ¨É ¢ ¡µ²¥¥ Ï¨·µ±µ° ¶·¨³¥´¨³µ¸É¨ ¤²Ö ¸²Ê-
Î ¥¢, ¡²¨§±¨Ì ± ¢Ò·µ¦¤¥´´Ò³ (‖ ϕ′(z) ‖→ 0).

�Í¥´±¨ ÉµÎ´µ¸É¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³. �¸É ´µ¢¨³¸Ö ´  ¢µ-
¶·µ¸¥ ÉµÎ´µ¸É¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ´  µ¸´µ¢¥ ��Œ�. Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó,
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¶·¨ ¶· ±É¨Î¥¸±µ° ·¥ ²¨§ Í¨¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ Ê· ¢´¥´¨¥
(1) § ³¥´Ö¥É¸Ö  ¶¶·µ±¸¨³¨·ÊÕÐ¨³ ¥£µ Ê· ¢´¥´¨¥³ ¢ ¸¥ÉµÎ´µ³ ¶·µ¸É· ´¸É¢¥

ϕh(zh) = 0. (7)

�Ê¸ÉÓ z∗h Ä ÉµÎ´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (7). ’µ£¤  ¢ ¸¥ÉµÎ´µ° ´µ·³¥ ¸¶· -
¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö µÍ¥´± :

‖ z∗ − zkh ‖≤‖ z∗ − z∗h ‖ + ‖ z∗h − zkh ‖, (8)

£¤¥ zkh Ä ¶·¨¡²¨¦¥´¨¥ ± ·¥Ï¥´¨Õ, ¶µ²ÊÎ¥´´µ¥ ¶µ¸²¥ k-° ¨É¥· Í¨¨ ¶·¨ ¢Ò-
¶µ²´¥´¨¨ Ê¸²µ¢¨Ö

‖ϕh(zkh)‖ ≤ ε, (9)

£¤¥ 0 < ε� 1.
�µ¸±µ²Ó±Ê

‖ z∗ − z∗h ‖≤ O(hp) [29],

‖ z∗h − zkh ‖≤ B‖ϕh(zkh)‖ [17],

Éµ ¶·¨ B‖ϕh(zkh)‖ � O(hp), ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö ¶·¨ § ¤ ´¨¨ ¤µ¸É ÉµÎ´µ ³ ²µ£µ
ε ¢ ¸µµÉ´µÏ¥´¨¨ (9), ÉµÎ´µ¸ÉÓ ¶µ²ÊÎ¥´´µ£µ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö ¡²¨§± 
± É¥µ·¥É¨Î¥¸±µ° µÍ¥´±¥ ¢Ò¡· ´´µ£µ ³¥Éµ¤  · §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ Ê· ¢-
´¥´¨Ö (1):

‖ z∗ − zkh ‖∼ O(hp). (10)

…¥ ³µ¦´µ ¤¥É ²Ó´µ ¨¸¸²¥¤µ¢ ÉÓ ´  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ±.
�·¨ ÔÉµ³ ¢µ§³µ¦´µ ÊÉµÎ´¥´¨¥ · §´µ¸É´µ£µ ·¥Ï¥´¨Ö ¸ ¶µ³µÐÓÕ Ô±¸É· ¶µ²Ö-
Í¨¨ � ¤¥ ¨²¨ �¨Î ·¤¸µ´  (¸³., ´ ¶·¨³¥·, [8]).

‚ ¸²ÊÎ ¥, ¥¸²¨ ¨¸Ìµ¤´ Ö § ¤ Î  Ö¢²Ö¥É¸Ö ¸¨´£Ê²Ö·´µ°, ¢ µÍ¥´±Ê ÉµÎ´µ-
¸É¨ ¤µ¡ ¢²Ö¥É¸Ö ¸² £ ¥³µ¥, Ì · ±É¥·¨§ÊÕÐ¥¥ µÏ¨¡±Ê  ¶¶·µ±¸¨³ Í¨¨ ¸¨´£Ê-
²Ö·´µ° § ¤ Î¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ·¥£Ê²Ö·´µ° § ¤ Î¥° [30]. �Í¥´¨ÉÓ ÔÉÊ ¶µ-
£·¥Ï´µ¸ÉÓ ³µ¦´µ ¶ÊÉ¥³ ¶·µ¢¥¤¥´¨Ö ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ · ¸Î¥Éµ¢ ´  · ¸Ï¨·Ö-
ÕÐ¨Ì¸Ö ¨´É¥·¢ ² Ì. �·¨ ÔÉµ³ ¤µ¡¨¢ ÕÉ¸Ö É ±µ£µ ¸µµÉ´µÏ¥´¨Ö ¶ · ³¥É·µ¢
¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò, ÎÉµ¡Ò µ¸´µ¢´µ° ¢±² ¤ ¸µ¸É ¢²Ö²  ¶µ£·¥Ï´µ¸ÉÓ · §-
´µ¸É´µ£µ ·¥Ï¥´¨Ö, É.¥. ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó ¸µµÉ´µÏ¥´¨¥ (10).

�É³¥É¨³, ÎÉµ, ¸µ£² ¸´µ [31], ±² ¸¸¨Î¥¸±¨¥ ¸¶¥±É· ²Ó´Ò¥ § ¤ Î¨ ¤²Ö ²¨-
´¥°´ÒÌ µ¶¥· Éµ·µ¢ ³µ£ÊÉ É· ±Éµ¢ ÉÓ¸Ö ± ± ´¥²¨´¥°´Ò¥ ËÊ´±Í¨µ´ ²Ó´Ò¥ Ê· ¢-
´¥´¨Ö. „²Ö ÔÉµ£µ § ¤ Î  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢¨¤ 

Dy − λy = 0

¤µµ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ ¸µ¡¸É¢¥´´µ£µ Ô²¥³¥´É 

Γ(y) = 0,
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£¤¥ Γ Ä ´µ·³¨·µ¢µÎ´Ò° ËÊ´±Í¨µ´ ², ´ ¶·¨³¥·,

(y, y)− 1 = 0.

‚ É ±µ° ¶µ¸É ´µ¢±¥ § ¤ Î  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ°
´¥²¨´¥°´µ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ (1) µÉ´µ¸¨É¥²Ó´µ ´¥¨§¢¥¸É´µ£µ z =
{λ, y}. ’ ±¨³ µ¡· §µ³, ��Œ� ³µ¦¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¨ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î
´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö [21].

�¡µ¡Ð¥´¨¥ ��Œ�. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö · §· ¡µÉ ´Ò ¨ Ï¨·µ±µ ¨¸¶µ²Ó-
§ÊÕÉ¸Ö · §²¨Î´Ò¥ ³µ¤¨Ë¨± Í¨¨ ��Œ�, Ê¢¥²¨Î¨¢ ÕÐ¨¥ ¥£µ ÔËË¥±É¨¢´µ¸ÉÓ
¤²Ö ±µ´±·¥É´ÒÌ ±² ¸¸µ¢ § ¤ Î ¨ · ¸Ï¨·ÖÕÐ¨¥ µ¡² ¸ÉÓ ¥£µ ¶·¨³¥´¥´¨Ö.

�¤´µ° ¨§ É ±¨Ì ³µ¤¨Ë¨± Í¨°, ¨¸¶µ²Ó§Ê¥³µ° ¢ Í¥²µ³ ·Ö¤¥ · ¡µÉ, Ö¢²Ö¥É¸Ö
µ¡µ¡Ð¥´¨¥ ��Œ�, ¸µ£² ¸´µ ±µÉµ·µ³Ê ¶ · ³¥É·¨§ Í¨Ö Ê· ¢´¥´¨Ö (1) µÉ´µ¸¨-
É¥²Ó´µ ¤µ¶µ²´¨É¥²Ó´µ£µ ¶ · ³¥É·  t µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ Ö¢´µ° § ¢¨¸¨³µ¸ÉÓÕ ϕ
µÉ t. �·¨ ÔÉµ³ ´¥¶·¥·Ò¢´Ò° ¶ · ³¥É· t ¢¢µ¤¨É¸Ö ¢ Ê· ¢´¥´¨¥ (1) É ±, ÎÉµ¡Ò
¶·¨ t = 0 ¶µ²ÊÎ ²µ¸Ó ¶·µ¸Éµ¥ Ê· ¢´¥´¨¥

ϕ(0, z(0)) ≡ ϕ0(z0) = 0,

±µÉµ·µ¥ ³µ¦´µ ²¥£±µ ·¥Ï¨ÉÓ, ¨

lim
t→∞

ϕ(t, z(t)) = ϕ(z).

’ ±¨³ µ¡· §µ³, ¤²Ö ´¥²¨´¥°´µ£µ ËÊ´±Í¨µ´ ²Ó´µ£µ Ê· ¢´¥´¨Ö (1) ¸É·µ-
¨É¸Ö Ô¢µ²ÕÍ¨µ´´µ¥ Ê· ¢´¥´¨¥ ¶µ ´¥¶·¥·Ò¢´µ³Ê ¶ · ³¥É·Ê t, ¶µ¤µ¡´µ¥ Ê· ¢-
´¥´¨Õ (3):

d

dt
ϕ(t, z(t)) = −ϕ(t, z(t)), 0 ≤ t <∞ (11)

¸ ´ Î ²Ó´Ò³ Ê¸²µ¢¨¥³ z(0) = z0.
ˆ§ Ê· ¢´¥´¨Ö (11), µ¡µ§´ Î¨¢ A(t) = ϕ′z(t, z(t)), ¶µ²ÊÎ ¥³

dz

dt
= −A(t)−1[ϕ(t, z(t)) + ϕ

′

t(t, z(t))]. (12)

�µ¸±µ²Ó±Ê ¨´É¥£· ² Ê· ¢´¥´¨Ö (11) ¥¸ÉÓ ϕ(t, z(t)) = e−tϕ(0, z0), Éµ
||ϕ(t, z(t))|| → 0 ¶·¨ t → ∞, ¨ ¸²¥¤Ê¥É µ¦¨¤ ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨ Ê¸Éµ°Î¨-
¢µ° ¸Ìµ¤¨³µ¸É¨ z(t) ± ¨¸±µ³µ³Ê ·¥Ï¥´¨Õ z∗.

�·¨  ¶¶·µ±¸¨³ Í¨¨ ¶µ ¸Ì¥³¥ �°²¥·  Ê· ¢´¥´¨Ö (12) ¶·µ¨§¢µ¤¨É¸Ö ¤¨¸-
±·¥É¨§ Í¨Ö ´¥¶·¥·Ò¢´µ£µ ¶ · ³¥É·  t : (t0, t1, ...tk); t0 = 0, tk+1 − tk = τk ¨
¶µ²ÊÎ ¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¨É¥· Í¨°

zk+1 = zk + τkVk, (13)

£¤¥
Vk = −Bk[ϕ(tk, zk) + ϕ′t(tk, zk)], Bk = A(tk)−1. (14)
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‚ÒÎ¨¸²ÖÖ ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö tk ¨É¥· Í¨µ´´ÊÕ ¶µ¶· ¢±Ê Vk ¨ Ï £ τk,
¶µ²ÊÎ ¥³ ´µ¢µ¥ ¶·¨¡²¨¦¥´¨¥ zk+1 ± ·¥Ï¥´¨Õ z∗. ˆÉ¥· Í¨µ´´Ò° ¶·µÍ¥¸¸
(13), (14) ¤µ²¦¥´ ¶·µ¤µ²¦ ÉÓ¸Ö ¤µ ¢Ò¶µ²´¥´¨Ö ´¥· ¢¥´¸É¢ 

δk =‖ ϕ(tk, zk) ‖< ε. (15)

�¤¨´ ¨§ ¢ ·¨ ´Éµ¢ ¶ · ³¥É·¨§ Í¨¨ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö ��Œ� ³µ¦´µ
¢Ò¶µ²´¨ÉÓ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸± ²Ö·´µ° ËÊ´±Í¨¨ g(t) [32], É ± ´ §Ò¢ ¥³µ°
ËÊ´±Í¨¨ ¢±²ÕÎ¥´¨Ö ¢µ§³ÊÐ¥´¨Ö, É ±µ°, ÎÉµ g(0) = g(∞)− 1 = g′(∞) = 0, ¨
¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ ϕ(t, z(t)) ¢ ¢¨¤¥ ¸Ê³³Ò

ϕ(t, z(t)) = ϕ0(z(t)) + g(t)[ϕ(z(t)) − ϕ0(z(t))]. (16)

‘Î¨É ¥³, ÎÉµ ¤²Ö Ê· ¢´¥´¨Ö ϕ0(z) = 0 ²¥£±µ ´ °É¨ ·¥Ï¥´¨¥, ¨²¨ µ´µ
¨§¢¥¸É´µ,   µ¶¥· Éµ· ϕ′0(z) ²¥£±µ µ¡· É¨³. ’ ±µ° ¢ ·¨ ´É ³µ¦¥É · ¸¸³ É·¨-
¢ ÉÓ¸Ö ± ± ±µ³¡¨´ Í¨Ö ��Œ� ¨ ³¥Éµ¤  ¢ ·¨ Í¨¨ ¶ · ³¥É·  [5].

‚ · ¡µÉ¥ [33] ËÊ´±Í¨Ö g(t) ¢ÒÎ¨¸²Ö¥É¸Ö ¢ ¨É¥· Í¨µ´´µ³ ¶·µÍ¥¸¸¥ Î¥-
·¥§ ¨É¥· Í¨µ´´ÊÕ ¶µ¶· ¢±Ê, ¢ · ¡µÉ Ì [34Å39] ËÊ´±Í¨µ´ ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ
g(t) § ¤ ¥É¸Ö Ö¢´µ.

“¸²µ¢¨Ö ¸Ìµ¤¨³µ¸É¨ ´ÓÕÉµ´µ¢¸±µ£µ Ô¢µ²ÕÍ¨µ´´µ£µ ¶·µÍ¥¸¸  (11), (16)
¶·¨ g(t) = 1− exp(−t) · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ · ¡µÉ¥ [32].

’¥µ·¥³  2 [32]. �Ê¸ÉÓ ¢ ¸Ë¥·¥

D :‖ z − z0 ‖≤
B

1− q ‖ ϕ(z0) ‖, 0 < q < 1

ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ (1) ¶·¥¤¸É ¢²Ö¥É¸Ö ± ±

ϕ(z) = ϕ0(z) + ϕ1(z) = 0,

¶ · ³¥É·¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¨³¥¥É ¢¨¤

ϕ(t, z(t)) = ϕ0(z(t)) + g(t)ϕ1(z(t)),

¸ÊÐ¥¸É¢ÊÕÉ ¶·µ¨§¢µ¤´Ò¥ ”·¥Ï¥ ϕ′0(z), ϕ′1(z) ¨ ²¨´¥°´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ϕ′′0 (z),
ϕ′′1 (z), ¶·¨Î¥³ ²¨´¥°´Ò° µ¶¥· Éµ· ϕ′0(z) µ¡· É¨³Ò°, ¨ ¨³¥ÕÉ ³¥¸Éµ ´¥· -
¢¥´¸É¢ 

‖ ϕ′0(z)−1 ‖≤ B, ‖ ϕ′1(z)−1 ‖≤ C, q = 2BC < 1.

�Ê¸ÉÓ É ±¦¥ µ¶¥· Éµ·Ò ϕ′′0 ¨ ϕ′′1 µ£· ´¨Î¥´Ò ¢ µ±·¥¸É´µ¸É¨ ± ¦¤µ°
ÉµÎ±¨ ¨§ ¸Ë¥·Ò D. ’µ£¤  ¢Ò¶µ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥:
1) “· ¢´¥´¨¥ (11) ¨³¥¥É ·¥Ï¥´¨¥ z = z(t) ¤²Ö ¢¸¥Ì t ¨§ [0,∞), ¶·¨Î¥³ ¥£µ
§´ Î¥´¨Ö ²¥¦ É ¢ D.
2) ‘ÊÐ¥¸É¢Ê¥É ¶·¥¤¥² limt→∞ z(t) = z∗, ¸²Ê¦ Ð¨° ±µ·´¥³ Ê· ¢´¥´¨Ö (1).
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’¥µ·¥³  3 [32]. �Ê¸ÉÓ Ê· ¢´¥´¨¥ (1) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ z∗ ¢
´¥±µÉµ·µ° µÉ±·ÒÉµ° µ¡² ¸É¨ D ¶·µ¸É· ´¸É¢  X , ¨ ¢ ÔÉµ° µ¡² ¸É¨ ¢Ò-
¶µ²´¥´Ò ¢¸¥ Ê¸²µ¢¨Ö É¥µ·¥³Ò 2. ’µ£¤  ¸ÊÐ¥¸É¢Ê¥É ¸Ë¥·  S :‖ z − z0 ‖≤ ε,
¶·¨´ ¤²¥¦ Ð Ö µ¡² ¸É¨ D, É ± Ö, ÎÉµ ¤²Ö ²Õ¡µ£µ z0 ∈ S ¤¨ËË¥·¥´Í¨ ²Ó-
´µ¥ Ê· ¢´¥´¨¥ (11) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ z(t) ¤²Ö ¢¸¥Ì t ∈ [0,∞) ¨
limt→∞ z(t) = z∗.

�¤´µ ¨§ ¶·¥¨³ÊÐ¥¸É¢ É ±µ£µ ¶µ¤Ìµ¤  § ±²ÕÎ ¥É¸Ö ¢ ±µ´¸É·Ê±É¨¢´µ³ ·¥Ï¥´¨¨
¢µ¶·µ¸  µ ¢Ò¡µ·¥ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö, ¢ ± Î¥¸É¢¥ ±µÉµ·µ£µ ³µ¦¥É ¡ÒÉÓ
¨¸¶µ²Ó§µ¢ ´µ ¨§¢¥¸É´µ¥ ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö

ϕ0(z) = 0.

„·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤  ¸µ¸Éµ¨É ¢ ¶µ-
¸É·µ¥´¨¨ ³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³, £¤¥ ¢³¥¸Éµ µ¡· Ð¥´¨Ö µ¶¥-
· Éµ·  ϕ′(z) ´  ± ¦¤µ° ¨É¥· Í¨¨ ¶·µ¨¸Ìµ¤¨É µ¡· Ð¥´¨¥ ¶·µ¨§¢µ¤´µ° ¸¶¥-
Í¨ ²Ó´µ ¢Ò¡· ´´µ£µ µ¶¥· Éµ·  ϕ0, ¨³¥ÕÐ¥£µ ¶·µ¸ÉÊÕ ¸É·Ê±ÉÊ·Ê. ‚µ¶·µ¸Ò
¸Ìµ¤¨³µ¸É¨ É ±¨Ì ¸Ì¥³ É ±¦¥ µ¡¸Ê¦¤ ÕÉ¸Ö ¢ · ¡µÉ¥ [32].

‚ · ¡µÉ Ì [35Å39] ¶ · ³¥É·¨§ Í¨Ö Ê± § ´´µ£µ ¢¨¤  ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö
· §· ¡µÉ±¨ ÔËË¥±É¨¢´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨.

‚ · ¡µÉ Ì [34] ¶·¥¤¸É ¢²¥´Ò Î¨¸²¥´´Ò¥ ¸Ì¥³Ò ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö
��Œ� ¤²Ö ·¥Ï¥´¨Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¢ ±µÉµ·ÒÌ ¨´É¥-
£· ²Ó´ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¢µ§³ÊÐ¥´¨¥ ¨ ¢¢µ¤¨É¸Ö Î¥·¥§
ËÊ´±Í¨Õ ¢±²ÕÎ¥´¨Ö.

� ²¨Î¨¥ ¨´É¥£· ²Ó´µ£µ µ¶¥· Éµ·  ¢ § ¤ Î Ì É ±µ£µ ·µ¤  ¶·¨¢µ¤¨É ± ´¥µ¡-
Ìµ¤¨³µ¸É¨ µ¡· Ð¥´¨Ö  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì ¥£µ § ¶µ²´¥´´ÒÌ ³ É·¨Í ¢Ò¸µ±µ£µ
¶µ·Ö¤±  ´  ± ¦¤µ° ¨É¥· Í¨¨. � ¸¸³ É·¨¢ ¥³Ò° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¨§¡¥¦ ÉÓ
ÔÉµ° É·¥¡ÊÕÐ¥° §´ Î¨É¥²Ó´ÒÌ § É· É ±µ³¶ÓÕÉ¥·´ÒÌ ·¥¸Ê·¸µ¢ µ¶¥· Í¨¨ ¨
¸ÊÐ¥¸É¢¥´´µ Ê¶·µ¸É¨ÉÓ ·¥Ï¥´¨¥ § ¤ Î¨.

�É³¥É¨³, ÎÉµ, ± ± ¶µ± § ´µ ¢ · ¡µÉ¥ [32], ·¥ ²¨§ Í¨Ö ´ÓÕÉµ´µ¢¸±µ£µ Ô¢µ-
²ÕÍ¨µ´´µ£µ ¶·µÍ¥¸¸  (12)Å(14) ¶·¨¢µ¤¨É ± ¶·µÍ¥¸¸ ³ ·¥£Ê²Ö·¨§ Í¨¨ ´ÓÕ-
Éµ´µ¢¸±µ£µ É¨¶ , · ¸¸³µÉ·¥´´Ò³ ¢ · ¡µÉ Ì [9,40].

2.2. �ÓÕÉµ´µ¢¸± Ö ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¸ µ¤´µ¢·¥³¥´´Ò³ ¢ÒÎ¨¸²¥´¨¥³
µ¶¥· Éµ· , µ¡· É´µ£µ ± µ¶¥· Éµ·Ê ¶·µ¨§¢µ¤´µ° ´¥²¨´¥°´µ° ËÊ´±Í¨¨. � §-
¢¨É¨¥ ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸¨¸É¥³ ¤¥² ¥É  ±ÉÊ ²Ó´µ° ¶·µ-
¡²¥³Ê · §· ¡µÉ±¨ ¸¶¥Í¨ ²Ó´ÒÌ  ²£µ·¨É³µ¢ ¨ ¶·µ£· ³³ ¤²Ö ÔËË¥±É¨¢´µ£µ
¨¸¶µ²Ó§µ¢ ´¨Ö ¢µ§³µ¦´µ¸É¥° ÔÉ¨Ì ¸¨¸É¥³. ‚ ÔÉµ³ · §¤¥²¥ ¶·¥¤¸É ¢²¥´ ³µ¤¨-
Ë¨Í¨·µ¢ ´´Ò°  ²£µ·¨É³ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´´µ£µ ��Œ�, ÊÎ¨ÉÒ¢ ÕÐ¨° ÔÉ¨
¢µ§³µ¦´µ¸É¨. ‚ · ¡µÉ¥ [41] · §· ¡µÉ ´ ¨É¥· Í¨µ´´Ò° ¶·µÍ¥¸¸, ¢ ±µÉµ·µ³
µ¡· Ð¥´¨¥ µ¶¥· Éµ·  ¶·µ¨§¢µ¤´µ° ´¥²¨´¥°´µ° ËÊ´±Í¨¨ § ³¥´Ö¥É¸Ö ´  ± ¦-
¤µ° ¨É¥· Í¨¨ ´  ¤¢  Ê³´µ¦¥´¨Ö ²¨´¥°´ÒÌ µ¶¥· Éµ·µ¢.
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ˆ¤¥Ö É ±µ£µ ¶µ¤Ìµ¤  ¤²Ö ´ Ìµ¦¤¥´¨Ö µ¡· É´ÒÌ ³ É·¨Í ¢ ¶·¨³¥´¥´¨¨ ±
³¥Éµ¤Ê ¢ ·¨ Í¨¨ ¶ · ³¥É·  ¡Ò²  ¢Ò¸± § ´  ¢ · ¡µÉ Ì [42, 43]. �·¥¨³ÊÐ¥-
¸É¢µ³ ¥£µ Ö¢²Ö¥É¸Ö µÉ¸ÊÉ¸É¢¨¥ µ¶¥· Í¨¨ ¤¥²¥´¨Ö ´  ¶·µÉÖ¦¥´¨¨ ¢¸¥Ì ¢ÒÎ¨-
¸²¥´¨°. �É¨³ ¨¸±²ÕÎ ÕÉ¸Ö ¨ ¸²ÊÎ ¨ ¤¥²¥´¨Ö ´  ³ ²µ¥ Î¨¸²µ, ¢µ§³µ¦´Ò¥ ¶·¨
µ¡· Ð¥´¨¨ ¶²µÌµ µ¡Ê¸²µ¢²¥´´ÒÌ ³ É·¨Í. ’¥³ ¸ ³Ò³ ¶µ¢ÒÏ ÕÉ¸Ö Ê¸Éµ°Î¨-
¢µ¸ÉÓ ¨ ÉµÎ´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨°.

’¥¸Éµ¢Ò¥ · ¸Î¥ÉÒ, ¶·µ¢¥¤¥´´Ò¥ ¤²Ö ·Ö¤  § ¤ Î, ¶µ¤É¢¥·¤¨²¨ ÔËË¥±É¨¢-
´µ¸ÉÓ ¶·¥¤¸É ¢²¥´´µ£µ  ²£µ·¨É³  ¤²Ö ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ¸¨¸É¥³, ¨³¥Õ-
Ð¨Ì¸Ö ¢ �ˆŸˆ.

�¶¨¸ ´¨¥ ³µ¤¨Ë¨Í¨·µ¢ ´´µ£µ  ²£µ·¨É³ . �Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¢³¥¸Éµ
Ê· ¢´¥´¨Ö (1) ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê ËÊ´±Í¨µ´ ²Ó´µ-µ¶¥· Éµ·´ÒÌ Ê· ¢´¥´¨°:{

ϕ(z) = 0,
BA− I = 0,

(17)

£¤¥ A = ϕ
′

z , B = A−1, I Å ¥¤¨´¨Î´Ò° µ¶¥· Éµ·.
‚¢µ¤Ö ´¥¶·¥·Ò¢´Ò° ¶ · ³¥É· t (0 ≤ t < ∞) ¨ ¶¥·¥Ìµ¤Ö, ¸µ£² ¸´µ

µ¡µ¡Ð¥´´µ³Ê ��Œ�, ± ¸¨¸É¥³¥ Ô¢µ²ÕÍ¨µ´´ÒÌ Ê· ¢´¥´¨°, ¶µ²ÊÎ ¥³
d

dt
ϕ(t, z(t)) = −ϕ(t, z(t)),

d

dt
[B(t)A(t) − I] = I −B(t)A(t).

(18)

�µ¸²¥ ¶·µ¸ÉÒÌ ¶·¥µ¡· §µ¢ ´¨° µ±µ´Î É¥²Ó´µ ¨³¥¥³
d

dt
z(t) = −B(t)[ϕ(t, z(t)) + ϕ

′

t(t, z(t))],

d

dt
B(t) = [I − B(t)(A(t) +A

′
(t))]B(t).

(19)

�·µ¨§¢µ¤Ö ¤¨¸±·¥É¨§ Í¨Õ ´¥¶·¥·Ò¢´µ£µ ¶ · ³¥É· , ´  µ¸´µ¢¥ ¸Ì¥³Ò �°-
²¥·  ¶µ²ÊÎ ¥³ Ëµ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö zk+1 = z(tk+1) ¨ Bk+1 = B(tk+1),
¸Î¨É Ö ¨§¢¥¸É´Ò³¨ ´  ± ¦¤µ³ k-³ Ï £¥ zk ¨ Bk:{

zk+1 = zk + τkVk,
Bk+1 = Bk + τkWk,

(20)

£¤¥
Vk = −Bk[ϕ(tk, zk) + ϕ′t(tk, zk)], (21)

Wk = [I −Bk(Ak + (Ak)′t)]Bk. (22)

’ ±¨³ µ¡· §µ³, ¨³¥Ö ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ z0 ¨ B0, ³µ¦´µ ¶µ¸²¥¤µ-
¢ É¥²Ó´µ ´ °É¨ ¢¸¥ ¶·¨¡²¨¦¥´¨Ö zk ¨ Bk.

ˆÉ¥· Í¨µ´´Ò° ¶·µÍ¥¸¸ ¶·µ¤µ²¦ ¥É¸Ö ¤µ ¢Ò¶µ²´¥´¨Ö ´¥· ¢¥´¸É¢  (15).
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�¸µ¡¥´´µ¸ÉÓÕ ¢ÒÏ¥¨§²µ¦¥´´µ£µ  ²£µ·¨É³  Ö¢²Ö¥É¸Ö ¶ · ²²¥²Ó´µ¥ ¢Ò-
Î¨¸²¥´¨¥ µ¡· É´µ£µ µ¶¥· Éµ·  Bk ¢ ¨É¥· Í¨µ´´µ³ ¶·µÍ¥¸¸¥, ÎÉµ µÉ±·Ò-
¢ ¥É ¤µ¶µ²´¨É¥²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö · ¸¶ · ²²¥²¨¢ ´¨Ö ¢ÒÎ¨¸²¨É¥²Ó´µ£µ
¶·µÍ¥¸¸ .

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, µ¡· Ð¥´¨¥ ¶·µ¨§¢µ¤´µ° ´¥²¨´¥°´µ£µ ËÊ´±Í¨µ´ ²Ó-
´µ£µ µ¶¥· Éµ·  ¢ · ¸¸³ É·¨¢ ¥³µ° ³µ¤¨Ë¨± Í¨¨ § ³¥´Ö¥É¸Ö ¶¥·¥³´µ¦¥´¨Ö³¨
¢¸¶µ³µ£ É¥²Ó´ÒÌ µ¶¥· Éµ·µ¢, ÎÉµ ¶·¨¢µ¤¨É ¶·¨ ¶·µ£· ³³´µ° ·¥ ²¨§ Í¨¨ ±
¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ¶¥· Í¨Ö³ ¸  ¶¶·µ±¸¨³¨·ÊÕÐ¨³¨ ¨Ì ³ É·¨Í ³¨. ’ ± ± ± ¢
¸± ²Ö·´µ³ ¢ ·¨ ´É¥ ·¥ ²¨§ Í¨¨ µ¤´µ µ¡· Ð¥´¨¥ ³ É·¨ÍÒ ¶µ ¢·¥³¥´¨ ¡²¨§±µ
±µ ¢·¥³¥´¨ Ê³´µ¦¥´¨Ö ¤¢ÊÌ ³ É·¨Í [44], Éµ ¢·¥³Ö ¸Î¥É  ¶µ ³µ¤¨Ë¨Í¨·µ¢ ´-
´µ° ¸Ì¥³¥ ¤µ²¦´µ ¡ÒÉÓ ¶·¨¡²¨§¨É¥²Ó´µ ¢ ¤¢  · §  ¡µ²ÓÏ¥ ¶µ ¸· ¢´¥´¨Õ ¸
µ¡ÒÎ´µ° ¸Ì¥³µ°.

�¤´ ±µ ¸ ÉµÎ±¨ §·¥´¨Ö ¢¥±Éµ·¨§ Í¨¨ µ¶¥· Í¨° [45] Ê³´µ¦¥´¨¥ ³ É·¨Í
¶·¥¤¶µÎÉ¨É¥²Ó´¥¥ µ¡· Ð¥´¨Ö ³ É·¨ÍÒ, ¨ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò°  ²£µ·¨É³ ¤ ¥É
¢Ò¨£·ÒÏ ¶µ ¢·¥³¥´¨ ´  ¢¥±Éµ·´µ° ¢ÒÎ¨¸²¨É¥²Ó´µ° ¸¨¸É¥³¥. …¸É¥¸É¢¥´´µ,
ÎÉµ ÔÉµÉ ¢Ò¨£·ÒÏ ¡Ê¤¥É ¶µ²ÊÎ¥´ §  ¸Î¥É ¤µ¶µ²´¨É¥²Ó´ÒÌ § É· É ´  µ¡Ñ¥³
¶ ³ÖÉ¨, ´¥µ¡Ìµ¤¨³Ò° ¤²Ö Ì· ´¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ³ É·¨Í.

‚µ¶·µ¸Ò ¸Ìµ¤¨³µ¸É¨ ¶·¥¤¸É ¢²¥´´µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò µ¡¸Ê¦¤ ÕÉ¸Ö
¢ · ¡µÉ¥ [46].

ˆÉ¥· Í¨µ´´ Ö ¸Ì¥³  ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ²¨-
´¥°´µ£µ ¨´É¥£· ²Ó´µ£µ Ê· ¢´¥´¨Ö. � ¸¸³µÉ·¨³ ¢ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ¨É¥-
· Í¨µ´´ÊÕ ¸Ì¥³Ê ¤²Ö ·¥Ï¥´¨Ö ¸²¥¤ÊÕÐ¥£µ Ê· ¢´¥´¨Ö:

Φ(z) ≡
(
ϕ(z)
Γ(z)

)
= 0, (23)

£¤¥

Φ(z) ≡ y(x)(Q(x) − λ) + α

R∫
0

K(x, x′)y(x′)dx′ = 0, (24)

K(x, x′) ¨§¢¥¸É´µ, z = (y(x), λ), Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤

Γ(z) ≡
R∫

0

y2(x)dx −N = 0. (25)

‚¢¥¤¥³ ¶ · ³¥É· t(0 ≤ t < ∞) ¨ ËÊ´±Í¨Õ ª¢±²ÕÎ¥´¨Öª g(t) = 1 − e−t.
�·¥¤¸É ¢¨³ Φ(t, z) ¢ ¢¨¤¥

Φ(t, z) = Φ0(z) + g(t)(Φ(z)− Φ0(z)), (26)

£¤¥ Φ0(z) = 0 Ä ´¥±µÉµ·µ¥ ¶·µ¸Éµ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¸ ¨§¢¥¸É´Ò³
·¥Ï¥´¨¥³ z0, ¨¸¶µ²Ó§Ê¥³Ò³ ± ± ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥.
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“Î¨ÉÒ¢ Ö, ÎÉµ z(t) = (y(x, t), λ(t)), ¨ ¶¥·¥Ìµ¤Ö ± Ô¢µ²ÕÍ¨µ´´µ³Ê Ê· ¢´¥-
´¨Õ, ¶µ²ÊÎ¨³ ¤²Ö (26):

[(Φ0(z(t)))′y + g(t)[(Φ(z(t)))′y − (Φ0(z(t)))′y ]]y
′

t =

= −[Φ0(z(t)) + (g(t) + g
′

t(t))(Φ(z(t)) − Φ0(z(t)))]−

−[(Φ0(z(t)))′λ + g(t)((Φ(z(t)))′λ − (Φ0(z(t)))′λ)]λ
′

t(t). (27)

�·¨³¥´¨¢ ¶µ¤Ìµ¤, µ¶¨¸ ´´Ò° ¢ÒÏ¥, µ¡µ§´ Î¨¢ yk(x) = y(x, tk), gk = g(tk),
g′k = g′(tk), vk = y′t(x, tk), µk = λ′t(tk), Ak = Φ′y, Bk = A−1

k , ¤²Ö ± ¦¤µ£µ tk
¸ ÊÎ¥Éµ³ (21), (22) ¶µ²ÊÎ¨³

vk = −Bk[Gk + µkFk], (28)

Wk = [I −Bk(Ak +Ak
′

t)]Bk, (29)

£¤¥
Ak(vk(x)) = Φ0

′
y(zk)vk(x) + gk[(Q(x)− λk)vk(x)+

+α

R∫
0

K(x, x′)vk(x′)dx′ − Φ0
′
y(zk)vk(x)], (30)

Ak
′
t(vk(x)) = (Φ0

′
y(zk))′tvk(x)+g′k[(Q(x)−λk)vk(x)+α

R∫
0

K(x, x′)vk(x′)dx′−

−Φ0
′
y(zk)vk(x)]− gkvk(x)[µk + (Φ0

′
y(zk))′t], (31)

Gk = Φ0(zk) + (gk + g′k)[(Q(x) − λk)yk(x)+

+α

R∫
0

K(x, x′)yk(x′)dx′ − Φ0(zk)], (32)

Fk = Φ0
′
λ(zk)− gk(1 + Φ0

′
λ(zk)). (33)

ˆÉ¥· Í¨µ´´ Ö ¶µ¶· ¢±  vk ¢ÒÎ¨¸²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

vk = v
(1)
k + µkv

(2)
k , (34)

£¤¥
v

(1)
k = −BkGk, v

(2)
k = −BkFk. (35)
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”µ·³Ê²  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö µk ¢Ò¢µ¤¨É¸Ö ¨§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ (25) ¨ ¨³¥¥É
¢¨¤

µk =

N −
R∫
0

yk(x)(yk(x)− 2v
(1)
k (x))dx

R∫
0

2yk(x)v
(2)
k (x)dx

. (36)

�µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ¨É¥· Í¨µ´´ÒÌ ¶µ¶· ¢µ± µk, vk,Wk ³µ¦´µ ´ °É¨ ´µ¢µ¥
¶·¨¡²¨¦¥´¨¥ ¶µ ¸Ì¥³¥ �°²¥· :

yk+1 = yk + τkvk,

λk+1 = λk + τkµk, (37)

Bk+1 = Bk + τkWk.

—¨¸²¥´´ Ö  ¶¶·µ±¸¨³ Í¨Ö Ê· ¢´¥´¨Ö (24) ´  ¤¨¸±·¥É´µ° ¸¥É±¥ ¶µ x :
(0 = x0 < x1 < ... < xn = R) ¶·¨¢µ¤¨É ± ¸¨¸É¥³¥ n Ê· ¢´¥´¨°:

Φi = yi(Qi − λ) + α

n∑
j=1

Kijyjξj , (38)

£¤¥ yi = y(xi), Qi = Q(xi),Kij = K(xi, xj), ξj− ±µÔËË¨Í¨¥´ÉÒ ±¢ ¤· ÉÊ·-
´µ° Ëµ·³Ê²Ò Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. �·¨ ÔÉµ³ µ¶¥· Éµ·Ò A,A′t, F,G ¢
Ëµ·³Ê² Ì (28)Å(33)  ¶¶·µ±¸¨³¨·ÊÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ ³ É·¨Í ³¨ {aij}, {ãij}
¨ ¢¥±Éµ· ³¨ (Fi), (Gi). ‚ Î ¸É´µ¸É¨, §´ Î¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ aij ¨ ãij
´  k-³ Ï £¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

aij = a
(0)
ij + gk[(Qi − λk)δij + αKijξj − a(0)

ij ], (39)

ãij = ã
(0)
ij + g′k[(Qi − λk)δij + α[Kijξj − ã(0)

ij ]− gk[µk + ã
(0)
ij ], (40)

£¤¥ δij Ä ¸¨³¢µ² Š·µ´¥±¥· , a(0)
ij ¨ ã

(0)
ij Ä Ô²¥³¥´ÉÒ ³ É·¨Í,  ¶¶·µ±¸¨³¨·Ê-

ÕÐ¨Ì ´  ¤¨¸±·¥É´µ° ¸¥É±¥ ¶µ x µ¶¥· Éµ·Ò Φ′0y(zk) ¨ [Φ′0y(zk)]′t ¸µµÉ¢¥É-
¸É¢¥´´µ.

2.3. �ÓÕÉµ´µ¢¸± Ö ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¸ ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ-
¸ÉÓÕ µÉ  ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨°. Œµ¤¥²¨·µ¢ ´¨¥ ´¥²¨´¥°´ÒÌ ÔËË¥±Éµ¢ ¢ ¶µ-
²¥¢ÒÌ ³µ¤¥²ÖÌ ¶·¨¢µ¤¨É ± ¸¨´£Ê²Ö·´Ò³ ´¥²¨´¥°´Ò³ £· ´¨Î´Ò³ § ¤ Î ³, § -
¢¨¸ÖÐ¨³ µÉ ª¢´¥Ï´¨Ìª Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ³µ¤¥²¨. ‡ Î ¸ÉÊÕ ÊÎ¥É ¨Ì
¤µ¶µ²´¨É¥²Ó´ÒÌ ¸¢Ö§¥° ¶µ§¢µ²Ö¥É Ê³¥´ÓÏ¨ÉÓ ±µ²¨Î¥¸É¢µ ¶ · ³¥É·µ¢ § ¤ Î¨.
‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ÔÉµ³ ¢µ§´¨± ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö, ±µÉµ·Ò¥,
± ± ¶· ¢¨²µ, ¸¢Ö§Ò¢ ÕÉ ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¨¸±µ³ÒÌ ·¥Ï¥´¨° ¸ ¨Ì
 ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¶µ¢¥¤¥´¨¥³. �µ¸±µ²Ó±Ê ¶·¨ ÔÉµ³ £·Ê¶¶  § ¢¨¸¨³ÒÌ ¶ · ³¥-
É·µ¢ ³µ¦¥É ¡ÒÉÓ § ³¥´¥´   ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ¤²Ö ´¥±µÉµ·ÒÌ
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¨¸±µ³ÒÌ ·¥Ï¥´¨°, ³µ¦´µ £µ¢µ·¨ÉÓ µ ¶µ¸É ´µ¢±¥ µ·¨£¨´ ²Ó´µ° £· ´¨Î´µ°
§ ¤ Î¨, ¢ ±µÉµ·µ° Ê· ¢´¥´¨Ö § ¢¨¸ÖÉ ´¥ Éµ²Ó±µ µÉ ¨¸±µ³ÒÌ ·¥Ï¥´¨°, ´µ ¨
Ö¢´µ µÉ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¤²Ö ´¨Ì.

� §· ¡µÉ ´´ Ö ¢ [47] ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¤²Ö ·¥Ï¥´¨Ö ÔÉµ£µ ´µ¢µ£µ É¨¶ 
§ ¤ Î ¨¸¶µ²Ó§Ê¥É ±µ³¡¨´ Í¨Õ ��Œ� ¨ ³¥Éµ¤  ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · ³¥É·Ê [4].
�´  ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¨¸¸²¥¤µ¢ ÉÓ § ¢¨¸¨³µ¸ÉÓ ¶µ¢¥¤¥´¨Ö ·¥Ï¥´¨Ö µÉ ¶ · -
³¥É·µ¢ § ¤ Î¨, ¢±²ÕÎ Ö ª¢´¥Ï´¨¥ª ¶ · ³¥É·Ò Ë¨§¨Î¥¸±µ° ³µ¤¥²¨ ¨ ª¢´ÊÉ-
·¥´´¨¥ª ¶ · ³¥É·Ò ¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò.

� ¸¸³µÉ·¨³ ¸¨¸É¥³Ê N Ê· ¢´¥´¨°, § ¶¨¸ ´´ÊÕ ¢ ¢¥±Éµ·´µ° Ëµ·³¥

R(~y) ≡ ~y′′ + F(~y; ~y
′
;x;~c) = 0,

0 ≤ x <∞, (41)

£¤¥ ÏÉ·¨Ì µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ x, ~c Ä ¶ · ³¥É·Ò § ¤ Î¨ (M -
±µ³¶µ´¥´É´Ò° ¢¥±Éµ·), F Ä ´¥¶·¥·Ò¢´ Ö ¢¥±Éµ·-ËÊ´±Í¨Ö ¸¢µ¨Ì  ·£Ê³¥´Éµ¢
~y, ~y

′
,~c, ±·µ³¥ Éµ£µ, ± ± ËÊ´±Í¨Ö x ³µ¦¥É ¨³¥ÉÓ ¸¨´£Ê²Ö·´µ¸ÉÓ 1/xp, p ≤ 2,

¶·¨ x→ 0.
�Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (41) ( ¸ÊÐ¥¸É¢µ¢ ´¨¥ ±µÉµ·µ£µ ¶·¥¤¶µ² -

£ ¥É¸Ö), Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³

RL(~y) ≡ GL(~y(xL); ~y
′
(xL);xL;~c) = 0, xL → 0,

RR(~y) ≡ GR(~y(xR); ~y
′
(xR);xR;~c) = 0, xR →∞, (42)

  É ±¦¥ ¤µ¶µ²´¨É¥²Ó´µ³Ê ËÊ´±Í¨µ´ ²Ó´µ³Ê Ê¸²µ¢¨Õ

RA(~y) ≡ S(~y; ~y
′
;x,~c) = 0, (43)

£¤¥ GL ¨ GR− N -±µ³¶µ´¥´É´Ò¥ ¢¥±Éµ·-ËÊ´±Í¨¨, S− p-±µ³¶µ´¥´É´ Ö ¢¥±Éµ·-
ËÊ´±Í¨Ö, ¶·¨Î¥³ p ≤M. ‡ ³¥É¨³, ÎÉµ ¶·¨ p = M , · §·¥Ï Ö Ê· ¢´¥´¨¥ (43)
µÉ´µ¸¨É¥²Ó´µ ~c (¥¸²¨ ÔÉµ ¢µ§³µ¦´µ) ¨ ¶µ¤¸É ¢²ÖÖ ¢ (41), ³µ¦´µ ¶µ²´µ¸ÉÓÕ
¨¸±²ÕÎ¨ÉÓ ¶ · ³¥É·Ò § ¤ Î¨. …¸²¨ p < M, Éµ ¢¸¥£¤  µ¸É ÕÉ¸Ö ¸¢µ¡µ¤´Ò¥
¶ · ³¥É·Ò. „ ²¥¥, ´¥ ´ ·ÊÏ Ö µ¡Ð´µ¸É¨, ¶·¥¤¶µ²µ¦¨³, ÎÉµ p = M .

’ ±¨³ µ¡· §µ³, ·¥Ï Ö ±· ¥¢ÊÕ § ¤ ÎÊ (41), (42) ¸ ÊÎeÉµ³ ¤µ¶µ²´¨É¥²Ó-
´µ£µ Ê¸²µ¢¨Ö (43), ´Ê¦´µ ´ °É¨ ´¥¨§¢¥¸É´Ò¥ ¢¥²¨Î¨´Ò {~y(x), ~c}. �·¨ Î¨-
¸²¥´´µ³ ·¥Ï¥´¨¨ ¸¨´£Ê²Ö·´µ° £· ´¨Î´µ° § ¤ Î¨ (41)Ä(43) ´  ¶µ²Êµ¸¨ (0 ≤
x < ∞) ´¥µ¡Ìµ¤¨³µ µ¶·¥¤¥²¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ´  ±µ-
´¥Î´µ³ ¨´É¥·¢ ²¥ (0 ≤ x ≤ xR). �·¨ ÔÉµ³ ¢µ§´¨± ¥É ¤µ¶µ²´¨É¥²Ó´ Ö ¶·µ-
¡²¥³ , ¸¢Ö§ ´´ Ö ¸ ¶¥·¥´µ¸µ³  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ê¸²µ¢¨° ¤²Ö ¨¸±µ³ÒÌ ·¥Ï¥-
´¨° ¢ ±µ´¥Î´Ò¥ ÉµÎ±¨ (x = xL, x = xR) ¨ µÍ¥´±µ° ÉµÎ´µ¸É¨ É ±µ£µ ¶·¨-
¡²¨¦¥´¨Ö. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ É ±¨¥ µÍ¥´±¨ ³µ¦´µ ¢Ò¶µ²´¨ÉÓ Éµ²Ó±µ Î¨¸²¥´´µ,
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¨¸¶µ²Ó§ÊÖ · ¸Î¥ÉÒ ¤²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ §´ Î¥´¨° ¶ · ³¥É·µ¢ xL, xR.
�·¥¤¶µ²µ¦¨³, ÎÉµ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (42) ¤²Ö ±µ´¥Î´ÒÌ §´ Î¥´¨° xL = 0 ¨
xR <∞ ¤µ¸É ÉµÎ´µ ÉµÎ´µ ÊÎ¨ÉÒ¢ ÕÉ  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ µ¸µ¡¥´´µ¸É¨ ¨¸±µ³ÒÌ
·¥Ï¥´¨°. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (41)Ä(43) ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ (0 ≤ x ≤ xR)
¶·¨³¥´¨³ ´¥¶·¥·Ò¢´Ò°  ´ ²µ£ ³¥Éµ¤  �ÓÕÉµ´ . �ÓÕÉµ´µ¢¸±¨¥ ¨É¥· Í¨¨ ¤²Ö
ÔÉµ° § ¤ Î¨ § ±²ÕÎ ÕÉ¸Ö ¢ ·¥Ï¥´¨¨ ´  ± ¦¤µ³ Ï £¥ ¸ ´µ³¥·µ³ k ²¨´¥°´µ°
§ ¤ Î¨

~v
′′

k + F
′

~y
′~v
′

k + F
′

~y~vk = −R(~y)− ~µTk F
′

~c (44)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

G
′

L~y
′~v
′

k(0) + G
′

L~y~vk(0) = −RL(~y)− ~µTk G
′

L~c,

G
′

R~y
′~v
′

k(xR) + G
′

R~y~vk(xR) = −RR(~y)− ~µTk G
′

R~c (45)

¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê· ¢´¥´¨¥³

S
′

~y′~v
′

k + S
′

~y~vk = −RD(~y)− ~µTk S
′

~c (46)

µÉ´µ¸¨É¥²Ó´µ ¨É¥· Í¨µ´´µ° ¶µ¶· ¢±¨ ~vk = 4~yk, ~µk = 4~ck ± ¨§¢¥¸É´µ³Ê
¶·¨¡²¨¦¥´¨Õ {~y(x)k,~ck} ¨¸±µ³µ£µ ·¥Ï¥´¨Ö. �¥Ï¥´¨¥ ¸¨¸É¥³Ò (44) ¡Ê¤¥³
¨¸± ÉÓ ¢ ¢¨¤¥

~vk = ~v
(1)

k + ~µTk~v
(2)

k . (47)

�µ¤¸É ¢²ÖÖ (47) ¢ (44) ¨ (45), ¶µ²ÊÎ¨³

(~v
(1)

k )
′′

+ F
′

~y
′ (~v

(1)

k )
′
+ F

′

~y~v
(1)

k = −R(~y), (48)

G
′

L~y
′ (~v

(1)

k (0))
′
+ G

′

L~y~v
(1)

k (0) = −RL(~y),

G
′

R~y′ (~v
(1)

k (xR))
′
+ G

′

R~y~v
(1)

k (xR) = −RR(~y) (49)

¨
(~v

(2)

k )
′′

+ F
′

~y′ (~v
(2)
k )

′
+ F

′

~y~v
(2)
k = −F

′

~c, (50)

G
′

L~y
′ (~v

(2)

k (0))
′
+ G

′

L~y~v
(2)

k (0) = −G
′

L~c,

G
′

R~y
′ (~v

(2)

k (xR))
′
+ G

′

R~y~v
(2)

k (xR) = −G
′

R~c. (51)

„²Ö ´ Ìµ¦¤¥´¨Ö ËÊ´±Í¨° ~v(1)

k ¨ ~v(2)

k ·¥Ï ¥³ £· ´¨Î´Ò¥ § ¤ Î¨ (48)Å(49) ¨
(50)Å(51). ‡ É¥³, ¶µ¤¸É ¢²ÖÖ(47) ¢ (46), ¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö
´ Ìµ¦¤¥´¨Ö ~µk. ’ ±¨³ µ¡· §µ³, ´  ± ¦¤µ° ¨É¥· Í¨¨ ´ ¤µ ·¥Ï ÉÓ ±· ¥¢Ò¥
§ ¤ Î¨ (48)Å(49), (50)Å(51) ¨ ¸¨¸É¥³Ê  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (46) ¤²Ö
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µ¶·¥¤¥²¥´¨Ö ~µk. �¥·¥Ìµ¤ ± ¸²¥¤ÊÕÐ¥³Ê ¶·¨¡²¨¦¥´¨Õ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ
Ëµ·³Ê² ³

~yk+1 = ~yk + τk~vk ,

~ck+1 = ~ck + τk~µk , (52)

£¤¥ τk Å ¨É¥· Í¨µ´´Ò° ¶ · ³¥É·, ¢Ò¡µ· ±µÉµ·µ£µ ³µ¦¥É µ¡¥¸¶¥Î¨ÉÓ µ¶É¨-
³ ²Ó´Ò¥ Ê¸²µ¢¨Ö ¸Ìµ¤¨³µ¸É¨ ¨É¥· Í¨° [14]. ˆÉ¥· Í¨¨ ¶·¥±· Ð ÕÉ¸Ö ¶·¨
¢Ò¶µ²´¥´¨¨ Ê¸²µ¢¨Ö

δk < ε,

£¤¥ ´¥¢Ö§±  δk ³µ¦¥É µ¶·¥¤¥²ÖÉÓ¸Ö ± ±

δk = max
j

max
i

max
x∈[xL,xR]

| Ri(yik(x), cjk) |, i = 1, 2, · · · , N, j = 1, 2, · · · ,M,

ε > 0 Å § ¤ ´´µ¥ ³ ²µ¥ Î¨¸²µ.
� ¸¸³µÉ·¥´´Ò° ¶µ¤Ìµ¤ ± ¶µ¸É·µ¥´¨Õ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ ´¥¶µ¸·¥¤¸É¢¥´-

´µ ¶·¨³¥´Ö¥É¸Ö ± Ê· ¢´¥´¨Õ (1) ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ¢¥±Éµ·¥ ¶ · ³¥É·µ¢ ~a.
„²Ö ¨¸¸²¥¤µ¢ ´¨Ö § ¢¨¸¨³µ¸É¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) µÉ ¶ · ³¥É·µ¢ ~a Í¥²¥-
¸µµ¡· §´µ ¶µ¸É·µ¨ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸Ì¥³Ê ´  µ¸´µ¢¥ ³¥Éµ¤  ¶·µ¤µ²¦¥´¨Ö
[4]. �ÉµÉ ³¥Éµ¤ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ Ê¦¥ ¢ÒÎ¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ´¥±µ-
Éµ·µ³ §´ Î¥´¨¨ ~ak ± ± ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ¢ ¨É¥· Í¨ÖÌ ¤²Ö ´ Ìµ¦¤¥´¨Ö
·¥Ï¥´¨Ö ¶·¨ ´µ¢µ³ §´ Î¥´¨¨ ¢¥±Éµ·  ¶ · ³¥É·µ¢ ~ak+1 = ~ak+ ~∆ak. ˆ§¢¥¸É´µ
[4], ÎÉµ ±µ´¥Î´ÊÕ µ¡² ¸ÉÓ ¨§³¥´¥´¨Ö ¢¥±Éµ·  ¶ · ³¥É·µ¢ ~a ³µ¦´µ · §¡¨ÉÓ
Ê§² ³¨ {~ak} É ±, ÎÉµ ¡Ê¤¥É µ¡¥¸¶¥Î¥´  ¸Ìµ¤¨³µ¸ÉÓ ¤ ¦¥ ±² ¸¸¨Î¥¸±µ£µ ³¥-
Éµ¤  �ÓÕÉµ´  µÉ ¢Ò¡· ´´ÒÌ É ±¨³ µ¡· §µ³ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. �¡² ¸ÉÓ
¸Ìµ¤¨³µ¸É¨ µ¡¸Ê¦¤ ¥³ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ Ï¨·¥, Î¥³ ±² ¸¸¨Î¥¸±µ£µ ³¥-
Éµ¤ . �µÔÉµ³Ê Ê§²Ò {~ak} ³µ¦´µ § ¤ ¢ ÉÓ ¡µ²¥¥ ¶·µ¨§¢µ²Ó´µ. � Î¨´ ÉÓ ¢Ò-
Î¨¸²¥´¨Ö ¸²¥¤Ê¥É µÉ ·¥Ï¥´¨° ¢  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì µ¡² ¸ÉÖÌ ªË¨§¨Î¥¸±¨Ìª ¶ -
· ³¥É·µ¢. ’ ±¨³ µ¡· §µ³, ¶µ²ÊÎ ¥É¸Ö § ³±´ÊÉ Ö ¸Ì¥³  Î¨¸²¥´´µ£µ  ´ ²¨§ 
Ê· ¢´¥´¨Ö (1).

3. —ˆ‘‹…���… ˆ‘‘‹…„�‚��ˆ… �…Š�’��›• �…‹ˆ�…‰�›•
Š‚��’�‚�-��‹…‚›• ‘�Œ�‘�ƒ‹�‘�‚���›• Œ�„…‹…‰

�� �‘��‚… ����™…���ƒ� ��Œ�

Œµ¤¥²¨·µ¢ ´¨¥ ·Ö¤  Ë¨§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì
¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ¶·µ¢µ¤¨É¸Ö ¢ É¥·³¨´ Ì  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ¸ÉµÖ´¨°.
�µÔÉµ³Ê ¨Ì ¨§ÊÎ¥´¨¥ Ö¢²Ö¥É¸Ö ¢¥¸Ó³   ±ÉÊ ²Ó´µ° § ¤ Î¥°, ¨ ¢ É¥Î¥´¨¥ ·Ö¤  ²¥É
¡µ²ÓÏ¨¥ Ê¸¨²¨Ö ¶·¥¤¶·¨´¨³ ²¨¸Ó ¤²Ö µ¤´µÎ ¸É¨Î´µ£µ ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ
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µ¶¨¸ ´¨Ö ³´µ£µÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ (¸³., ´ ¶·¨³¥·, ¸¡µ·´¨± [48] ¨ ¸¸Ò²±¨
¢ ´¥³).

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ³µ¦´µ ¶·¨¢¥¸É¨ ±µ´Í¥¶Í¨Õ ¶µ²Ö·µ´  [49], Ö¢²ÖÕ-
Ð¥£µ¸Ö, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¶·µ¸É¥°Ï¥° ³µ¤¥²ÓÕ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö,   ¸
¤·Ê£µ° Å ¨³¥ÕÐ¥£µ ³´µ£µÎ¨¸²¥´´Ò¥ ¶·¨²µ¦¥´¨Ö ¢ Ë¨§¨±¥ ±µ´¤¥´¸¨·µ¢ ´-
´ÒÌ ¸¨¸É¥³. �É³¥É¨³, ÎÉµ ¶·µ¡²¥³  ¶µ²Ö·µ´  ± ± ´¥·¥²ÖÉ¨¢¨¸É¸±µ° Î ¸É¨ÍÒ,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éµ¢ ´´Ò³ ¶µ²¥³, ¡Ò²  ¶¥·¢µ´ Î ²Ó´µ ¸Ëµ·³Ê²¨-
·µ¢ ´  ± ± ¶·µ¡²¥³   ¢Éµ²µ± ²¨§µ¢ ´´µ£µ Ô²¥±É·µ´  ¢ ¨µ´´µ³ ±·¨¸É ²²¥.

‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨³¥¥É¸Ö ¡µ²ÓÏµ¥ Î¨¸²µ Ë¨§¨Î¥¸±¨Ì ¶·¨³¥·µ¢, ±µ£¤ 
Ô²¥±É·µ´ µ¡· §Ê¥É  ¢Éµ²µ± ²¨§µ¢ ´´µ¥ ¸µ¸ÉµÖ´¨¥. Š Î¨¸²Ê É ±¨Ì ¶·¨³¥·µ¢
µÉ´µ¸ÖÉ¸Ö ³ £´¨ÉµÊ¶µ·Ö¤µÎ¥´´Ò¥ ±·¨¸É ²²Ò, ¢ ±µÉµ·ÒÌ ¢µ§³µ¦´µ µ¡· §µ¢ -
´¨¥ ³ £´¨É´ÒÌ ¶µ²Ö·µ´µ¢, ¶µ²Ö·´Ò¥ ¦¨¤±µ¸É¨, ¢ ±µÉµ·ÒÌ  ¢Éµ²µ± ²¨§µ¢ ´-
´Ò¥ ¸µ¸ÉµÖ´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¸µ²Ó¢ É¨·µ¢ ´´Ò¥ Ô²¥±É·µ´Ò, ¨ ³´µ£¨¥
¤·Ê£¨¥ (¸³. ¸¸Ò²±¨ ¢ [48]). ‚ ¸²ÊÎ ¥ § ·Ö¦¥´´µ° ¶·µ¡´µ° Î ¸É¨ÍÒ, ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¥° ¸ Ô²¥±É·µ´´Ò³ £ §µ³, µ¤´µÎ ¸É¨Î´Ò° ¸¶¥±É· ¡Ò² ¨¸¸²¥¤µ¢ ´ ¢
¶·¨¡²¨¦¥´¨¨ Î ¸É¨ÍÒ, ¸¢Ö§ ´´µ° ¸ ¶² §¨µ´ ³¨ ¨ µ¡· §ÊÕÐ¥°  ¢Éµ²µ± ²¨§µ-
¢ ´´µ¥ ¸µ¸ÉµÖ´¨¥ [50].

‘ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ¢µ§´¨±´µ¢¥´¨¥  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ-
¸ÉµÖ´¨° ¸¢Ö§ ´µ ¸ ¶µÖ¢²¥´¨¥³ ¶·¨ ´¥±µÉµ·µ³ §´ Î¥´¨¨ ±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ¶·µ¡´µ° Î ¸É¨ÍÒ ¸ ±¢ ´Éµ¢Ò³ ¶µ²¥³ Î ¸É¨Í¥¶µ¤µ¡´ÒÌ ·¥Ï¥´¨° [51].

Œµ¤¥²¨·µ¢ ´¨¥ ´¥²¨´¥°´ÒÌ ÔËË¥±Éµ¢ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì ¨ ±¢ ´-
Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ ¶·¨¢µ¤¨É ± ´¥²¨´¥°´Ò³ § ¤ Î ³ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, § ¢¨¸ÖÐ¨Ì µÉ ª¢´¥Ï´¨Ìª Ë¨§¨Î¥¸±¨Ì
¶ · ³¥É·µ¢ ³µ¤¥²¨. ’ ±¨³ µ¡· §µ³, Í¥´É· ÉÖ¦¥¸É¨ ¶·µ¡²¥³Ò ¢ §´ Î¨É¥²Ó-
´µ° ¸É¥¶¥´¨ ¸¢Ö§ ´ ¸ ¨¸¸²¥¤µ¢ ´¨¥³ ·¥Ï¥´¨° Ê· ¢´¥´¨°, ¢µ§´¨± ÕÐ¨Ì ¶·¨
¸¨²Ó´µ³ ¢§ ¨³µ¤¥°¸É¢¨¨ Î ¸É¨ÍÒ ¸ ¶µ²¥³, ±µ£¤  ¸É ´µ¢¨É¸Ö ¢µ§³µ¦´Ò³ µ¡· -
§µ¢ ´¨¥  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ¸ÉµÖ´¨°.

‚ ´ ¸ÉµÖÐ¥³ · §¤¥²¥ ¶·¥¤¸É ¢²¥´Ò ¶µ¸É ´µ¢±¨ § ¤ Î ¢ · ³± Ì ´¥±µÉµ·ÒÌ
¸ ³µ¸µ£² ¸µ¢ ´´ÒÌ ³µ¤¥²¥°, Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ±µÉµ·ÒÌ ¶·µ¢µ¤¨²µ¸Ó ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³. �Éµ µ¡µ¡Ð¥´´µ¥ Ê· ¢´¥-
´¨¥ ¶µ²Ö·µ´  ¢ · ³± Ì ³µ¤¥²¨ ‹ ÉÉ¨´¦¥·  - ‹Ê [52], ¸ ³µ¸µ£² ¸µ¢ ´´ Ö ³µ-
¤¥²Ó ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±É·µ´  [53] ¨ ±¢ ´Éµ¢µ-¶µ²¥¢ Ö ³µ¤¥²Ó ¡¨´Ê±²µ´ 
¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨ [54].

3.1. “· ¢´¥´¨¥ ¶µ²Ö·µ´  ¢ · ³± Ì ³µ¤¥²¨ ‹ ÉÉ¨´¦¥·  Ä ‹Ê. �¡Ð Ö
¶µ¸É ´µ¢±  § ¤ Î¨. ‚ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨ · ¸Î¥É Ì · ±É¥·¨¸É¨± (Ê·µ¢´¥°
Ô´¥·£¨¨ ¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°) ¶µ²Ö·µ´  ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ´¥²¨´¥°´µ°
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö

∆rΨ(~r) + φ(~r)Ψ(~r) + EΨ(~r) = 0,

∆rφ(~r) + CΨ2(~r) = 0, (53)
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¢ ±µÉµ·µ° ´  ËÊ´±Í¨Õ Ψ(~r) ´ ²µ¦¥´µ Ê¸²µ¢¨¥
∫

Ψ2(~r)d~r = 1 (§¤¥¸Ó E Ä ¸µ¡-
¸É¢¥´´µ¥ §´ Î¥´¨¥, C Ä ¶ · ³¥É·). ‘¨¸É¥³  (53) ¡Ò²  ¶µ²ÊÎ¥´  ‘.ˆ.�¥± ·µ³
¨§ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ° É¥µ·¨¨ [55]. ‚ µ¸´µ¢µ¶µ² £ ÕÐ¥° · ¡µÉ¥ �.�.�µ£µ-
²Õ¡µ¢  [56] Ê· ¢´¥´¨Ö (53) ¡Ò²¨ ±µ´¸É·Ê±É¨¢´µ ¶µ²ÊÎ¥´Ò ¨§ ¶µ¸²¥¤µ¢ É¥²Ó-
´µ° ³¨±·µ¸±µ¶¨Î¥¸±µ° É¥µ·¨¨ ¤¢¨¦¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±µ° Î ¸É¨ÍÒ, ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éµ¢Ò³ ¶µ²¥³.

‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (53) ± ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨
¤µ¸É ÉµÎ´µ Ìµ·µÏµ ¨§ÊÎ¥´Ò. ‚¶¥·¢Ò¥ ¶·¨¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (53)
ÔÉµ£µ ¢¨¤  ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ [55] ¤²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¶ÊÉ¥³ ¶·¨³¥´¥´¨Ö
¶·Ö³µ£µ ¢ ·¨ Í¨µ´´µ£µ ³¥Éµ¤  ¸ ¢Ò¡µ·µ³ ¶·µ¡´ÒÌ ËÊ´±Í¨° ¢ ¢¨¤¥ ¶µ²¨-
´µ³µ¢ ¨ Ô±¸¶µ´¥´É. “ÉµÎ´¥´¨¥ ¢ ·¨ Í¨µ´´ÒÌ · ¸Î¥Éµ¢ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö
¶µ²Ö·µ´  ¢Ò¶µ²´¥´µ ¢ [57] ¸ ¶µ³µÐÓÕ Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö Ê· ¢´¥´¨°
(53). ‚ [58] ¤²Ö · ¸Î¥É  µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¡Ò² ¨¸¶µ²Ó§µ¢ ´ ��Œ�. ‚ [59]
¡Ò²¨ ¢¶¥·¢Ò¥ ¢ÒÎ¨¸²¥´Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (53), µÉ¢¥Î ÕÐ¨¥ Î¥ÉÒ·¥³ · §-
²¨Î´Ò³ ¢µ§¡Ê¦¤¥´´Ò³ ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ ¸µ¸ÉµÖ´¨Ö³ Î ¸É¨ÍÒ ¢ ±¢ ´Éµ¢µ³
¶µ²¥. �µ¸±µ²Ó±Ê Ë¨§¨±µ-Ì¨³¨Î¥¸±¨¥ ·¥ ±Í¨¨ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì
¨¤ÊÉ ¨³¥´´µ Î¥·¥§ ¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö, Éµ ±µ²¨Î¥¸É¢¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥
¨Ì Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ´¥¸µ³´¥´´µ  ±ÉÊ ²Ó´µ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢µ§·µ¸ ¨
¨´É¥·¥¸ ± ¶·µ¡²¥³¥ ·¥Ï¥´¨Ö § ¤ Î¨ µ ¶µ²Ö·µ´¥ ´¥ Éµ²Ó±µ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö, ´µ ¨ ¢µ ¢¸¥³ ¨´É¥·¢ ²¥ ¨§³¥´¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨ Î ¸É¨ÍÒ
¸ ¶µ²¥³. ”¨§¨Î¥¸± Ö ¸Éµ·µ´  ¶·µ¡²¥³Ò µÉ· ¦¥´  ¢ ³´µ£µÎ¨¸²¥´´ÒÌ ¸É ÉÓÖÌ
¨ µ¡§µ· Ì (¸³., ´ ¶·¨³¥·, µ¡§µ· —Ê¥¢  ¨ ‹ Ì´µ ¢ [48] ¨ ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ´¥³
¸¸Ò²±¨).

Š ± ¨§¢¥¸É´µ, ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´ ¨²ÊÎÏ¥°  ¶¶·µ±¸¨³ Í¨¥° ¤²Ö ¶µ-
²Ö·µ´  ¶·¨ ¶·µ³¥¦ÊÉµÎ´ÒÌ §´ Î¥´¨ÖÌ Ô²¥±É·µ´-Ëµ´µ´´µ° ¸¢Ö§¨ Ö¢²Ö¥É¸Ö
Ë¥°´³ ´µ¢¸±¨° ¶µ¤Ìµ¤ [60] ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¨´É¥£· ²µ¢ ¶µ É· ¥±Éµ·¨Ö³.
Š ¸µ¦ ²¥´¨Õ, ÔÉµÉ ¶µ¤Ìµ¤ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨³¥´¨³ ¤²Ö · ¸Î¥É  ²¨ÏÓ
µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¶µ²Ö·µ´ . �µ ¸ÊÐ¥¸É¢Ê, ÔÉµÉ ³¥Éµ¤  ´ ²µ£¨Î¥´ ¶·Ö-
³µ³Ê ¢ ·¨ Í¨µ´´µ³Ê ³¥Éµ¤Ê ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . ‡ ³¥É´Ò³ · §¢¨É¨¥³
¶µ¤Ìµ¤  ”¥°´³ ´  Ö¢¨² ¸Ó · ¡µÉ  ‹ ÉÉ¨´¦¥·  ¨ ‹Ê [52],   É ±¦¥ ¶µ¸²¥¤Ê-
ÕÐ¨¥ ¶Ê¡²¨± Í¨¨ [61]. �É¨ · ¡µÉÒ ¶µ§¢µ²ÖÕÉ ¶¥·¥Ëµ·³Ê²¨·µ¢ ÉÓ Ë¥°´³ -
´µ¢¸±¨° ¶µ¤Ìµ¤ ´  Ö§Ò±¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö
ÔÉµ ¥¤¨´¸É¢¥´´Ò° ¶µ¤Ìµ¤, ¶µ§¢µ²ÖÕÐ¨° ¸ ¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° µ¶¨¸ ÉÓ ¶¥·¥Ìµ¤ µÉ ¶·¥¤¥²  ¸² ¡µ° ¸¢Ö§¨ Î ¸É¨ÍÒ ¸ ¶µ²¥³ ± ¶·¥¤¥²Ê
¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. �·¨ ÔÉµ³ ¸ÊÐ¥¸É¢¥´´µ, ÎÉµ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö-
§¨ ¶µ²ÊÎ ¥³Ò¥ Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´Ò³¨, É.¥. ¶¥·¥Ìµ¤ÖÉ
¢ Ê· ¢´¥´¨Ö �µ£µ²Õ¡µ¢  Å ’Ö¡²¨±µ¢ , µÉ¢¥Î ÕÐ¨¥ ¶·¥¤¥²Ê ¸¨²Ó´µ° ¸¢Ö§¨.

’ ±¨³ µ¡· §µ³, ¶·µ¸É¥°Ï Ö ¸µ£² ¸µ¢ ´´ Ö ³µ¤¥²Ó ¶µ²Ö·µ´  ¶·¨ ¶·µ¨§-
¢µ²Ó´µ° ¸¢Ö§¨ ¶µ²ÊÎ ¥É¸Ö ¨§ µ¡Ð¥° § ¤ Î¨, ¸Ëµ·³Ê²¨·µ¢ ´´µ° ¢ [62]. ‘µ-
£² ¸´µ ÔÉµ° · ¡µÉ¥ Ê·µ¢´¨ Ô´¥·£¨¨ ¨ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¶µ²Ö·µ´  {εn, u(~r)} ¢
· ³± Ì ³µ¤¥²¨ ‹ ÉÉ¨´¦¥·  Å ‹Ê µ¶·¥¤¥²ÖÕÉ¸Ö § ¤ Î¥° ´  ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¢ É·¥Ì³¥·´µ³ ±µµ·¤¨´ É´µ³
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¶·µ¸É· ´¸É¢¥[
− 1

2µ
52 −α

√
2

µ

∫
d~r′
|u(~r′)|2
|~r − ~r′| (1 − e−C|~r−~r

′|)

]
u(~r) = εu(~r), (54)

¢ ±µÉµ·µ° 52 Ä É·¥Ì³¥·´Ò° µ¶¥· Éµ· ‹ ¶² ¸ , µ = m/(1 + m) Ä ¶·¨¢¥-
¤¥´´ Ö ³ ¸¸  Ô²¥±É·µ´ , α Ä ±µ´¸É ´É  ¸¢Ö§¨, C = µ

√
2/
√

1− µ. “¸²µ¢¨¥
´µ·³¨·µ¢±¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:∫

d~r|u(~r)|2 = 1.

‡ ¤ Î  (54) ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê²¨·µ¢ ´  ¢ ¡¥§· §³¥·´ÒÌ ¢¥²¨Î¨´ Ì ± ±
´¥²¨´¥°´ Ö § ¤ Î  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°:

∆ψ(~r)− λψ(~r) +A(V1(~r)− V2(~r))ψ(~r) = 0,

∆V1(~r)+ | ψ(~r) |2= 0, (55)

∆V2(~r)− C2V2(~r)+ | ψ(~r) |2= 0

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨
∞∫

0

| ψ(~r) |2 d~r = 1, (56)

£¤¥ ∆ Ä É·¥Ì³¥·´Ò° µ¶¥· Éµ· ‹ ¶² ¸ , A ¨ C Ä Ë¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò
§ ¤ Î¨, λ Ä ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ Ê·µ¢´¨ Ô´¥·£¨¨ ¸µ¸ÉµÖ´¨°
¶µ²Ö·µ´ .

‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò° ¸²ÊÎ °. �·¥¤¸É ¢²ÖÖ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î-
´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (54) ¢ ¢¨¤¥

u(~r) = x−1ψ(x), x = |~r|,

¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ·¥Ï¥´¨Ö ±µÉµ·µ° µ¶·¥-
¤¥²ÖÕÉ Ê·µ¢´¨ Ô´¥·£¨¨ ¨ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¶µ²Ö·µ´  ¢ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É-
·¨Î´µ³ ¸²ÊÎ ¥ [62]:

ψ′′(x) − λψ(x) +Aψ(x)V (x, ψ(x)) = 0, (57)

£¤¥

V (x, ψ(x)) =
1

x

∞∫
0

D(x, x′)
ψ2(x′)

x′
dx′,

£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¨³¥ÕÉ ¢¨¤

ψ(0) = ψ(∞) = 0,
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Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨
∞∫

0

ψ2(x)dx =
1

4π
, (58)

D(x, x′) =

{
x′ − 1

C
exp (−Cx) sinh (Cx′), x′ < x,

x− 1
C exp (−Cx′) sinh (Cx), x < x′,

A = 8
√

2πα, λ = 2µε, ε > 0 Ä Ê·µ¢´¨ Ô´¥·£¨¨. ‚ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ ¸¨²Ó´µ°
¸¢Ö§¨ ¶·¨ µ = 1, ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶µ¸É ´µ¢±¥ § ¤ Î¨ ¤²Ö ³µ¤¥²¨ �¥± ·  [55],
ËÊ´±Í¨Ö D(x, x′) ¶·¨´¨³ ¥É ¢¨¤

D(x, x′) =

{
x′, x′ < x,
x, x < x′.

‚ · ¡µÉ¥ [63] ¤²Ö ·¥Ï¥´¨Ö Ê± § ´´µ° § ¤ Î¨ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¸µ¸É ¢²¥´´ Ö
´  µ¸´µ¢¥ ³µ¤¨Ë¨± Í¨¨ ��Œ� [64] ¶·µ£· ³³ .

„·Ê£ Ö ¶µ¸É ´µ¢±  § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (57) ¨³¥¥É ¢¨¤ [65]:
ψ′′(x) − λψ(x) +Aψ(x)V2 − V1

x = 0,

V ′′1 +
ψ2

x = 0,

V ′′2 − CV2 +
ψ2

x = 0

(59)

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (58). ˆ¸±µ³Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (59) ¤µ²¦´Ò Ê¤µ¢-
²¥É¢µ·ÖÉÓ ¸²¥¤ÊÕÐ¨³  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³:

ψ(0) = ψ(∞) = 0, V1(0) = V ′1(∞) = 0, V2(0) = V2(∞) = 0.

�¥Ï¥´¨Ö § ¤ Î¨ (57) Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ § ¤ Î¨ (59) ¨ ´ µ¡µ·µÉ. ‚
· ¡µÉ¥ [65] ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (59) ¶·¨³¥´Ö²¸Ö ³µ¤¨Ë¨Í¨·µ-
¢ ´´Ò°  ²£µ·¨É³ ´  µ¸´µ¢¥ ��Œ�, µ¶¨¸ ´¨¥ ±µÉµ·µ£µ ¤ ¥É¸Ö ´¨¦¥ ¤²Ö ¡µ²¥¥
µ¡Ð¥£µ ¸Ë¥·¨Î¥¸±¨-´¥¸¨³³¥É·¨Î´µ£µ ¸²ÊÎ Ö.

�µ¸²¥ ·Ö¤  ¶·¥µ¡· §µ¢ ´¨° ¸¶¥±É· ²Ó´ Ö § ¤ Î  (57)Å(59) ³µ¦¥É ¡ÒÉÓ
¸¢¥¤¥´a [62] ± ¶ · ³¥É·¨Î¥¸±¨-§ ¢¨¸¨³µ° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸²¥-
¤ÊÕÐ¥£µ ¢¨¤ : 

φ′′ − φ+
1

x
φ(W1 −W2) = 0,

W ′′1 +
1

x
φ2 = 0,

W ′′2 − a2W2 +
1

x
φ2 = 0

(60)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

φ(0) = φ(∞) = 0, W1(0) = W ′1(∞) = 0, W2(0) = W2(∞) = 0,
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·¥Ï¥´¨Ö ±µÉµ·µ° z = {φ,W1,W2} ¢ÒÎ¨¸²ÖÕÉ¸Ö ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ¶ -
· ³¥É·  a. �¸µ¡¥´´µ¸ÉÓÕ É ±µ° ¶µ¸É ´µ¢±¨ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ Ê·µ¢´¨
Ô´¥·£¨¨ ¨ ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò § ¤ Î¨ ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ²¨ÏÓ
¶µ¸²¥ Éµ£µ, ± ± ´ °¤¥´µ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò ¤²Ö ´¥±µÉµ·µ£µ §´ Î¥´¨Ö ¶ · ³¥É· 
a. ‚ · ¡µÉ¥ [62] ¶·¥¤¸É ¢²¥´  ´ÓÕÉµ´µ¢¸± Ö ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¤²Ö Î¨¸²¥´-
´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö § ¤ Î¨ (60). ‚ ÔÉµ° · ¡µÉ¥ ¢¶¥·¢Ò¥ ´ °¤¥´Ò ¶¥·¢Ò¥ ¶ÖÉÓ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¸µ¸ÉµÖ´¨° ¶µ²Ö·µ´ . �É³¥É¨³, ÎÉµ ·¥§Ê²ÓÉ ÉÒ ·¥-
Ï¥´¨Ö § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢ ¶µ¸É ´µ¢± Ì (57) ¨ (59), ¶µ²ÊÎ¥´´Ò¥
¢ [63] ¨ [65] ¸µµÉ¢¥É¸É¢¥´´µ, ¸µ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ [62].

‘Ë¥·¨Î¥¸±¨-´¥¸¨³³¥É·¨Î´Ò° ¸²ÊÎ °. …¸²¨ ¶·¥¤¸É ¢¨ÉÓ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
(55) ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¶µ ¸Ë¥·¨Î¥¸±¨³ ËÊ´±Í¨Ö³ Ylm(θ, φ) :

ψ(~r) =

∞∑
l=0

l∑
m=−l

ψlm(r)

r
Ylm(θ, φ),

Vi(~r) =

∞∑
l=0

l∑
m=−l

Vilm(r)

r
Ylm(θ, φ),

i = 1, 2 (61)

¨ ¶µ¤¸É ¢¨ÉÓ ÔÉµ · §²µ¦¥´¨¥ ¢ ¸¨¸É¥³Ê (55), Ê³´µ¦ Ö ¸²¥¢  ´  Y (θ, φ)∗ ¨
¨´É¥£·¨·ÊÖ ¶µ dΩ = sin θdθdφ, Éµ ¶µ²ÊÎ¨É¸Ö ¸²¥¤ÊÕÐ Ö ¸¨¸É¥³  Ê· ¢´¥´¨°
¤²Ö ±µÔËË¨Í¨¥´Éµ¢ · §²µ¦¥´¨Ö ψlm(r) ¨ Vilm(r):

ψ′′lm(r) − λψlm(r) − l(l+ 1)

r2
ψlm(r) +

A

r

∞∑
l1=0

l1∑
m1=−l1

Qlml1m1(r)ψl1m1(r) = 0,

V ′′1lm(r) − l(l + 1)

r2
V1lm(r) + Slm(r) = 0, (62)

V ′′2lm(r)− l(l + 1)

r2
V2lm(r)−C2V2lm(r)+Slm(r) = 0, l = 0, 1, 2, ...,m = −l, ..., l

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨

∞∑
l=0

l∑
m=−l

∞∫
0

ψ2
lm(r)dr = 1, (63)

£¤¥

Qlml1m1 =

∞∑
l2=0

l2∑
m2=−l2

Wlml1m1l2m2(V1l2m2(r) − V2l2m2(r)),

Slm =
1

r

∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

W̄lml1m1l2m2ψl1m1(r)ψl2m2(r), (64)
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Wlml1m1l2m2 =

∫
dΩY ∗lmYl1m1Yl2m2 , W̄lml1m1l2m2 =

∫
dΩY ∗lmYl1m1Y

∗
l2m2

.

ˆ¸±µ³Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (62) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³  ¸¨³¶ÉµÉ¨Î¥-
¸±¨³ Ê¸²µ¢¨Ö³:

ψlm(r)r→0 → A1lmr
l+1, ψlm(r)r→∞ → A2lme−

√
λr,

V1lm(r)r→0 → B1lmr
l+1, V1lm(r)r→∞ → B2lmr

−l, (65)

V2lm(r)r→0 → C1lmr
l+1, V2lm(r)r→∞ → C2lmr

−Cr,

£¤¥ A1lm, A2lm, B1lm, B2lm, C1lm, C2lm Ä ±µ´¸É ´ÉÒ.
—¨¸²¥´´µ¥ ·¥Ï¥´¨¥ § ¤ Î¨ (62)Ä(64) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (65) ¶·µ-

¨§¢µ¤¨É¸Ö ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ 0 ≤ r ≤ Rm, Rm >> 1 ¸ µ£· ´¨Î¥´¨¥³ ±µ-
²¨Î¥¸É¢  Î²¥´µ¢ ¢ · §²µ¦¥´¨ÖÌ (61) Î¨¸²µ³ Lm ¤²Ö ψ(~r) ¨ Î¨¸²µ³ Lv = 2Lm
¤²Ö Vi(r), i = 1, 2.

Š ± Ê¦¥ Ê¶µ³¨´ ²µ¸Ó, ´ ¨¡µ²¥¥ ¨§ÊÎ¥´´Ò³ Ö¢²Ö¥É¸Ö ¸²ÊÎ ° ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨° ψ(r, θ, φ)→ ψ(r), ¸µµÉ¢¥É¸É¢ÊÕÐ¨° §´ Î¥´¨Õ Lm =
0, ±µ£¤  § ¤ Î  (62)Ä(65) ³µ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ± ¶·¥¤¸É ¢²¥´´Ò³ ¢ ¶·¥¤Ò¤ÊÐ¥³
¶Ê´±É¥ ¶µ¸É ´µ¢± ³.

�¸É ´µ¢¨³¸Ö ´  ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥: ψ(r, θ, φ)→ ψ(r, θ). ’µ£¤  ¢ · §²µ-
¦¥´¨¨ (61) ËÊ´±Í¨Õ Ylm(θ, φ) ´ ¤µ § ³¥´¨ÉÓ ´ 

Yl0 =

√
2l+ 1

4π
Pl(cos θ),

£¤¥ Pl Ä ¶µ²¨´µ³ ‹¥¦ ´¤·  ¨ l = 0, 1, ..., Lm.
‚¢µ¤Ö ¡µ²¥¥ Ê¤µ¡´Ò¥ µ¡µ§´ Î¥´¨Ö ψl0 = ψl, V1l0 = V1l, V2l0 = V2l, Sl0 =

Sl, Ql0l10 = Qll1 ,Wl0l10l20 = Wll1l2 , ¸ ÊÎ¥Éµ³ ¢ÒÏ¥¨§²µ¦¥´´ÒÌ µ£· ´¨Î¥´¨°
¸¨¸É¥³Ê (62)Ä(65) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

ψ′′l (r)−λψl(r)−
l(l + 1)

r2
ψl(r)+

A

r

Lm∑
l1=0

Qll1(r)ψl1 (r) = 0, l = 0, 1, ..., Lm, (66)

V ′′1l(r) −
l(l+ 1)

r2
V1l(r) + Sl(r) = 0, (67)

V ′′2l(r) −
l(l+ 1)

r2
V2l(r) − C2V2l(r) + Sl(r) = 0, (68)

£¤¥ l = 0, 1, ..., Lv,   Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤

Lm∑
l=0

Rm∫
0

ψ2
l (r)dr = 1. (69)
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‡¤¥¸Ó

Qll1(r) =

Lv∑
l2=0

Wll1l2(V1l2 (r) − V2l2(r)), (70)

Sl(r) =

Lm∑
l1=0

Lm∑
l2=0

Wll1l2ψl1(r)ψl2 (r), (71)

Wll1l2(r) = 2π

√
2l + 1

4π

√
2l1 + 1

4π

√
2l2 + 1

4π

+1∫
−1

Pl(x)Pl1 (x)Pl2(x)dx. (72)

“Î¨ÉÒ¢ Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¸¢µ°¸É¢  ·¥Ï¥´¨° (65), ´ ¶¨Ï¥³ ±· ¥¢Ò¥
Ê¸²µ¢¨Ö ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ 0 ≤ r ≤ Rm :

ψ1A(0)ψ′l(0)− ψ′1A(0)ψl(0) = 0, (73)

ψ2A(Rm)ψ′l(Rm)− ψ′2A(Rm)ψl(Rm) = 0, (74)

Vi1A(0)V ′il(0)− V ′i1A(0)Vil(0) = 0, (75)

Vi2A(Rm)V ′il(Rm)− V ′i2A(Rm)Vil(Rm) = 0, (76)

£¤¥
ψ1A = A1lr

l+1, ψ2A = A2le
−
√
λr, V11A = B1lr

l+1,

V12A = B2lr
−l, V21A = C1lr

l+1, V22A = C2le
−Cr,

Ail, Bil, Cil Ä ±µ´¸É ´ÉÒ, i = 1, 2.
�· ±É¨Î¥¸± Ö ·¥ ²¨§ Í¨Ö ��Œ� ¶·¨³¥´¨É¥²Ó´µ ± · ¸¸³ É·¨¢ ¥³µ° § -

¤ Î¥ ¶·¨¢µ¤¨É ± ´¥µ¡Ìµ¤¨³µ¸É¨ ·¥Ï ÉÓ ´  ± ¦¤µ° ¨É¥· Í¨¨ ¤µ¸É ÉµÎ´µ ¸²µ¦-
´Ò¥ ¸¨¸É¥³Ò ¨§ (Lm+2Lv+3) ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚
· ¡µÉ¥ [67] ¤²Ö ·¥Ï¥´¨Ö ÔÉµ° ¸¨¸É¥³Ò ¶·¥¤² £ ¥É¸Ö ¤·Ê£µ° ¶µ¤Ìµ¤. �µ  ´ ²µ-
£¨¨ ¸ ³¥Éµ¤µ³ · ¸Ð¥¶²¥´¨Ö [68] ¢³¥¸Éµ ¸¨¸É¥³Ò (Lm + 2Lv + 3) ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ ·¥Ï ÉÓ ¡µ²¥¥ ¶·µ¸ÉÒ¥
§ ¤ Î¨ Å § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ¨§ (Lm+1) ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (66) ¨ 2(Lv + 1) ±· ¥¢ÒÌ § ¤ Î ¤²Ö ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (67),(68).

ˆÉ¥· Í¨µ´´ Ö ¶·µÍ¥¤Ê·  ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (66)Å(76) ¸µ£² ¸´µ [67]
¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¤¥°¸É¢¨°.

‡ ¤ ¢Ï¨¸Ó ´¥±µÉµ·Ò³ ´ ¡µ·µ³ {λ(0), ψ
(0)
l (r), l = 0, 1, .., Lm} (´ Î ²Ó´µ¥

¶·¨¡²¨¦¥´¨¥), ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (71), ¢ÒÎ¨¸²Ö¥³ ±µÔËË¨Í¨¥´ÉÒ Sl(r)
¤²Ö (67), (68). �¥Ï Ö (67), (68) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (75), (76), ´ Ìµ-

¤¨³ V
(0)

1l (r) ¨ V
(0)
2l (r). ‡ É¥³, ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (70)Å(72), ¢ÒÎ¨¸²Ö¥³
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ÔËË¥±É¨¢´Ò¥ ¶µÉ¥´Í¨ ²Ò Q
(0)
ll1

(r). „ ²¥¥, ·¥Ï Ö § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò (66) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (73)Å(74), Ê¸²µ¢¨¥³ ´µ·-

³¨·µ¢±¨ (69) ¨ ´ °¤¥´´Ò³ ¶µÉ¥´Í¨ ²µ³ Q
(0)
ll1

(r), ¶µ²ÊÎ ¥³ ´µ¢Ò¥ ËÊ´±Í¨¨

{λ(1), ψ
(1)
l (r), l = 0, 1, ...Lm}, ±µÉµ·Ò¥, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö ¢Ò-

Î¨¸²¥´¨Ö ·¥Ï¥´¨° V
(1)

1l (r), V
(1)

2l (r) ¨ ¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² 

Q
(1)
ll1

(r) ¤²Ö ¸²¥¤ÊÕÐ¥° ¨É¥· Í¨¨.
�ÉµÉ ¶·µÍ¥¸¸ ¶·µ¤µ²¦ ¥É¸Ö ¤µ É¥Ì ¶µ·, ¶µ±  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¢µ²-

´µ¢Ò¥ ËÊ´±Í¨¨ {λ(k), ψ
(k)
l (r), l = 0, 1, ...Lm},   É ±¦¥ ËÊ´±Í¨¨ V

(k)
il (r), i =

1, 2, l = 0, 1, ..., Lv, ¶µ²ÊÎ ¥³Ò¥ ¶µ¸²¥ ¤¢ÊÌ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¨É¥· Í¨°, ´¥
¡Ê¤ÊÉ ¸µ¢¶ ¤ ÉÓ ¤·Ê£ ¸ ¤·Ê£µ³ ¸ § ¤ ´´µ° ÉµÎ´µ¸ÉÓÕ ε, É.¥. ¶µ±  ´¥ ¢Ò¶µ²-
´¨É¸Ö Ê¸²µ¢¨¥

δ ≤ ε,

£¤¥

δ = max {| λ(k+1) − λ(k) |, max
rj∈[0,Rm]

{ max
l∈[0,...,Lv],i=1,2

| V (k+1)
il (rj)− V (k)

il (rj) |,

max
l∈[0,...,Lm]

| ψ(k+1)
l (rj)− ψ(k)

l (rj) |}}.

A´ ²µ£¨Î´Ò°  ²£µ·¨É³ ¨¸¶µ²Ó§µ¢ ²¸Ö É ±¦¥ ¢ · ¡µÉ¥ [65] ¤²Ö µ¶·¥¤¥²¥-
´¨Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨°.

�É³¥É¨³, ÎÉµ µ¶¨¸ ´´ Ö ¨É¥· Í¨µ´´ Ö ¶·µÍ¥¤Ê·  ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö
± ± ¢ ·¨ ´É ¸µÎ¥É ´¨Ö ³¥Éµ¤  Ê¸É ´µ¢²¥´¨Ö ¸ ´ÓÕÉµ´µ¢¸±¨³¨ ¨É¥· Í¨Ö³¨,
É¥µ·¥É¨Î¥¸±µ¥ µ¡µ¸´µ¢ ´¨¥ ¸Ìµ¤¨³µ¸É¨ ±µÉµ·µ£µ ¤ ´µ ¢ · ¡µÉ¥ [27].

�·¥¤¸É ¢²¥´´Ò°  ²£µ·¨É³ Ê¸¶¥Ï´µ ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·¨ ·¥Ï¥´¨¨ ·Ö¤  ¤·Ê-
£¨Ì ´¥²¨´¥°´ÒÌ § ¤ Î.

�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ  ´ ²¨§  · ¸¸³ É·¨¢ ¥³µ° § ¤ Î¨ ¸µ£² ¸ÊÕÉ¸Ö ¸
É¥µ·¥É¨Î¥¸±¨³¨ ·¥§Ê²ÓÉ É ³¨ · ¡µÉÒ [69]. �µ²¥¥ µ¡Ð¨° ¸²ÊÎ ° m 6= 0 ¨¸-
¸²¥¤µ¢ ´ ¢ · ¡µÉ¥ [70]. ‚ ÔÉµ° · ¡µÉ¥ ¶·¥¤¸É ¢²¥´  ²£µ·¨É³ ´  µ¸´µ¢¥ ��Œ�
¨ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨.

3.2. A¢Éµ²µ± ²¨§µ¢ ´´Ò¥ Ô²¥±É·µ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¢ ¦¨¤±µ¸É¨. „²Ö µ¶¨-
¸ ´¨Ö  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ Ô²¥±É·µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¦¨¤±µ¸É¨, É ± ´ §Ò¢ ¥-
³µ£µ ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±É·µ´ , ¢ · ¡µÉ¥ [71] ¨¸¶µ²Ó§Ê¥É¸Ö ¸¨¸É¥³  É·¥Ì
´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°:

ξ
′′
(x) − ξ(x) + ξ(x)

η1(x)− η2(x)

x
= 0

η
′′

1 (x) +
1

x
ξ2(x) = 0

η
′′

2 (x) − α2

d
x sinh (

dη2(x)

x
) +

b

x
ξ2(x) = 0

(77)
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¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

ξ(0) = ξ(∞) = η1(0) = η
′

1(∞) = η2(0) = η2(∞) = 0, (78)

£¤¥ α, b, d− ¶ · ³¥É·Ò Ë¨§¨Î¥¸±µ° ³µ¤¥²¨.

�É  ¦¥ ¸¨¸É¥³  ¸ ²¨´¥ ·¨§µ¢ ´´Ò³ [sinh
dη2(x)

x
∼ dη2(x)

x
] ¶µ¸²¥¤-

´¨³ Ê· ¢´¥´¨¥³ ¨ ¸ É¥³¨ ¦¥ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (78) cµ¢¶ ¤ ¥É ¸ ¸¨¸É¥³µ°
(60) ¨ ·¥Ï ² ¸Ó ¢ [59].

„²Ö ´¥±µÉµ·ÒÌ Ë¨§¨Î¥¸±¨Ì ³µ¤¥²¥° ¶·¥¤¶µ² £ ÕÉ¸Ö ¤µ¶µ²´¨É¥²Ó´Ò¥ ¸¢Ö-
§¨ ³¥¦¤Ê ÔÉ¨³¨ ¶ · ³¥É· ³¨. „²Ö ±· ¥¢µ° § ¤ Î¨ (77)Ä(78) ¢Ò¶µ²´ÖÕÉ¸Ö
Ê¸²µ¢¨Ö

m =
dT 2

1

5,2629 · 102
,

n = m
dα2

b · 6,2125 · 102
, (79)

  ¤²Ö § ¤ Î¨ (60),(78) Å Ê¸²µ¢¨¥

b

(
T 2

1

α

)2

= 0,84713
m2

n
, (80)

£¤¥

T1 =

∫ ∞
0

ξ2(x)dx = η1(∞), (81)

A1 = dT 2
1 , A2 = dα2,

mÅ ÔËË¥±É¨¢´ Ö ³ ¸¸  Ô²¥±É·µ´ , nÅ ±µ´Í¥´É· Í¨Ö ¨µ´µ¢. �É¨ ¶ · ³¥É·Ò
m ¨ n Ê¤µ¡´Ò É¥³, ÎÉµ µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

’ ±¨³ µ¡· §µ³, ¸ ÊÎeÉµ³ Ê¸²µ¢¨° (79) ¨ (80) ¨¸Ìµ¤´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, § -
¢¨¸ÖÐ¨¥ µÉ É·¥Ì ´¥§ ¢¨¸¨³ÒÌ ¶ · ³¥É·µ¢, ³µ¦´µ ¸¢¥¸É¨ ± ±· ¥¢Ò³ § ¤ Î ³
¸ µ¤´¨³ ¶ · ³¥É·µ³ ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ (81), ¸¢Ö§Ò¢ ÕÐ¨³ ¨´É¥-
£· ²Ó´µ¥ Ê¸²µ¢¨¥ ´  µ¤´Ê ¨¸±µ³ÊÕ ËÊ´±Í¨Õ ¸  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¶µ¢¥¤¥´¨¥³
¤·Ê£µ° ËÊ´±Í¨¨.

�µ¤µ¡´Ò° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¸Ëµ·³Ê²¨·µ¢ ÉÓ ±· ¥¢ÊÕ § ¤ ÎÊ ¸ ¤µ¶µ²´¨-
É¥²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨, µ¶¨¸ ´´ÊÕ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.

‚ ¸²ÊÎ ¥ § ¤ Î¨ µ ¸µ²Ó¢ É¨·µ¢ ´´µ³ Ô²¥±É·µ´¥ ³Ò ¨³¥¥³ ¢ µ¡µ§´ Î¥´¨ÖÌ
ξ = y1, η1 = y2 ¨ η2 = y3 ¸¨¸É¥³Ê (77) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

GL1 ≡ y1(0) = 0

GL2 ≡ y2(0) = 0
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GL3 ≡ y3(0) = 0

GR1 ≡ y
′

1(xR) + y1(xR) = 0

GR2 ≡ y
′

2(xR)− C = 0

GR3 ≡ y
′

3(xR) +

√
A2

A1
Cy3(xR) = 0, (82)

 ¶¶·µ±¸¨³¨·ÊÕÐ¨³¨  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ Ê¸²µ¢¨Ö (78), ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ-
¢¨¥³

Q1 ≡
∫ xR

0

y2
1(x)dx − C = 0, (83)

±µÉµ· Ö ¶·¨¢µ¤¨É¸Ö ¢ ¶·µÍ¥¸¸¥ ¨É¥· Í¨° ± ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

v
′′

1k − v1k +
y2k − y3k

x
v1k +

v2k − v3k

x
y1k = −R1

v
′′

2k +
2

x
y1kv1k = −R2

v
′′

3k −
A2

A1
C2 cosh (

A1y3k

C2x
)v3k +

2b

x
y1kv1k =

−R3 + µ(
A2

A2
1

4C3x sinh (
A1y3k

C2x
)− A2

A1
2Cy3 cosh (

A1y3k

C2x
))

(84)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

v1k (0) = −GL1

v2k (0) = −GL2

v3k (0) = −GL3

v
′

1k (xR) + v1k (xR) = −GR1

v2k (xR)− µ = −GR2

v
′

3k (xR) +

√
A2

A1
Cv3k (xR) = −GR3 − µ

√
A2

A1
y3k (xR)

(85)

¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê· ¢´¥´¨¥³

2

∫ xR

0

y1k (x)v1k (x)dx − µk = −Q1. (86)

‚ · ¡µÉ¥ [47] ¤ ¥É¸Ö ¶µ¤·µ¡´µ¥ µ¶¨¸ ´¨¥  ²£µ·¨É³  ·¥Ï¥´¨Ö ¶·¥¤¸É ¢-
²¥´´µ° § ¤ Î¨ ¨ ¤¥³µ´¸É·¨·ÊÕÉ¸Ö ¶µ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

3.3. Š¢ ´Éµ¢µ-¶µ²¥¢ Ö ³µ¤¥²Ó ¡¨´Ê±²µ´  ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨. �·µ-
¡²¥³¥ µ¶¨¸ ´¨Ö ¡¨´Ê±²µ´  (¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ´¥°É·µ´  ¨ ¶·µÉµ´ ) ¶µ-
¸¢ÖÐ¥´µ ¡µ²ÓÏµ¥ Î¨¸²µ · ¡µÉ, ¸¸Ò²±¨ ´  ±µÉµ·Ò¥ ¸µ¤¥·¦ É¸Ö ¢ ±´¨£ Ì ¨ µ¡-
§µ· Ì, ¶µ¸¢ÖÐ¥´´ÒÌ ¤ ´´µ° É¥³ É¨±¥ [72,73]. �¤´ ±µ ¤µ ¸¨Ì ¶µ· ÔÉ  § ¤ Î 
µ¸É ¥É¸Ö  ±ÉÊ ²Ó´µ°, ¶µ¸±µ²Ó±Ê ¨³¥´´µ ¥¥ ·¥Ï¥´¨¥ ¤ ¥É ´¥¶µ¸·¥¤¸É¢¥´´Ò¥
¸¢¥¤¥´¨Ö µ Ö¤¥·´ÒÌ ¸¨² Ì.
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‚ · ¡µÉ Ì [74] · ¸¸Î¨É ´Ò µ¸´µ¢´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¡¨´Ê±²µ´  ¢ · ³-
± Ì ¶·¥¤²µ¦¥´´µ° ¢ [54] ±¢ ´Éµ¢µ-¶µ²¥¢µ° ³µ¤¥²¨. ‘µ£² ¸´µ · ¸¸³ É·¨¢ ¥-
³µ³Ê ¶µ¤Ìµ¤Ê µ¶¨¸ ´¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ´Ê±²µ´µ¢ ¸ ³¥§µ´´Ò³ ¶µ²¥³ ¢ ¶·¥¤¥²¥
¸¨²Ó´µ° ¸¢Ö§¨ ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ [54] ËÊ´±Í¨µ´ ² ¶µ²´µ° Ô´¥·£¨¨ ¢ ±¢ ´Éµ¢µ-¶µ²¥¢µ°
³µ¤¥²¨ ¡¨´Ê±²µ´  ¤²Ö ¸²ÊÎ Ö ÉµÎ¥Î´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ´Ê±²µ´µ¢ ¸µ ¸± ²Ö·-
´Ò³ ¨ ¶¸¥¢¤µ¸± ²Ö·´Ò³ ³¥§µ´´Ò³¨ ¶µ²Ö³¨ ¨³¥¥É ¢¨¤:

F =
h̄2

m

∫
|∇ψ|2dV − g2

π

∫
e−kC |r−r

′|/2

|r − r′| |ψ(r)|2|ψ(r′)|2dV dV ′−

−f̃2

∫
(σ∇r)(σ∇r′)

e−kΠC |r−r′|/2

|r − r′| |ψ(r)|2|ψ(r′)|2dV dV ′, (87)

£¤¥ kC Ä ³ ¸¸  ¸± ²Ö·´µ£µ ³¥§µ´ , kΠC Ä ³ ¸¸  ¶¸¥¢¤µ¸± ²Ö·´µ£µ ³¥§µ´ ,
m Ä ³ ¸¸  ´Ê±²µ´ , g, f̃ Ä ±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸µ ¸± ²Ö·´Ò³ ¨ ¶¸¥¢¤µ-
¸± ²Ö·´Ò³ ³¥§µ´´Ò³¨ ¶µ²Ö³¨, σ Ä ¸¶¨´µ¢Ò° µ¶¥· Éµ· (¥¤¨´¨Î´Ò° ¢¥±Éµ·,
´ ¶· ¢²¥´´Ò° ¶µ µ¸¨ z), h̄ Ä ¶µ¸ÉµÖ´´ Ö �² ´± .

ˆ§ Ê¸²µ¢¨Ö ³¨´¨³Ê³  ËÊ´±Í¨µ´ ²  (87) ´  ±² ¸¸¥ ËÊ´±Í¨° ψ(~r), Ê¤µ¢²¥É-
¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Õ ´µ·³¨·µ¢±¨∫

d~r|ψ(~r)|2 = 1, (88)

³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

h̄2

m
∆ψ − εψ +

2g2

π
V1ψ + 2f̃2[(σ∇r)V2]ψ = 0,

∆V1 − (
kC

2
)2V1 = −4π|ψ|2,

∆V2 − (
kΠC

2
)2V2 = −4π(σ∇r)|ψ|2.

(89)

„ ²¥¥, µ¡µ§´ Î Ö
V3 = (σ∇r)V2

¨ ¶µ² £ Ö h̄2 = 1, ¶¥·¥¶¨Ï¥³ ¸¨¸É¥³Ê (89) ¢ ¢¨¤¥:
1

m
∆ψ − εψ +

2g2

π
V1ψ + 2f̃2V3ψ = 0,

∆V1 − (
kC

2
)2V1 = −4π|ψ|2,

∆V3 − (
kΠC

2
)2V3 = −4π(σ∇r)2|ψ|2.

(90)
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�¥Ï Ö ¸¨¸É¥³Ê (90) ´  ±² ¸¸¥ ËÊ´±Í¨° ψ(~r), µ£· ´¨Î¥´´ÒÌ ¶·¨ 0 < ~r < ∞,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Õ ´µ·³¨·µ¢±¨ (88) ¨  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³{

lim
r→0

ψ(~r) = const, lim
r→0

V1(~r) = const, lim
r→0

V3(~r) = const,

lim
r→∞

ψ(~r) = const, lim
r→∞

V1(~r) = const, lim
r→∞

V3(~r) = const,
(91)

³µ¦´µ µ¶·¥¤¥²¨ÉÓ Ê·µ¢´¨ Ô´¥·£¨¨ ε ¨ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ψ ¡¨´Ê±²µ´ . (‡¤¥¸Ó
r =

√
x2 + y2 + z2). ’µ£¤  · ¤¨Ê¸ ¡¨´Ê±²µ´  R ¨ ¥£µ ±¢ ¤·Ê¶µ²Ó´Ò° ³µ³¥´É

Q ¢ÒÎ¨¸²ÖÕÉ¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ Ëµ·³Ê² ³

R =

∫
d~rr|ψ|2, Q =

∫
d~r(3z2 − r2)|ψ|2. (92)

‚Ò¶µ²´¨¢ ¶·¥µ¡· §µ¢ ´¨Ö ¢¨¤ 

~r = r0~̄r, ψ = γϕ, (93)

¸¨¸É¥³Ê (90) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¡¥§· §³¥·´ÒÌ ¢¥²¨Î¨´ Ì (Î¥·ÉÊ ´ ¤ ¢¥±Éµ-
·µ³ ~̄r ¢ ¤ ²Ó´¥°Ï¥³ µ¶Ê¸± ¥³ )∆ϕ− λϕ+ (V1 +BV3)ϕ = 0,

∆V1 − k2
1V1 = −|ϕ|2,

∆V3 − k2
2V3 = −(σ∇r)2|ϕ|2,

(94)

£¤¥

λ = εmr2
0 , k

2
1 = (

kC

2
)2r2

0 , k
2
2 = (

kΠC

2
)2r2

0 , B =
f̃2

g2

π

r2
0

, 8g2mr4
0γ

2 = 1. (95)

‘ ÊÎ¥Éµ³ § ³¥´Ò ¶¥·¥³¥´´ÒÌ (93) ¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨Ö (88),(92) ¨ (87)
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

N̂ =

∫
d~r|ϕ|2 =

1

r3
0γ

2
, R = r4

0γ
2R̂, R̂ =

∫
d~rr|ϕ|2, (96)

Q = r5
0γ

2Q̂, Q̂ =

∫
d~r(3z2 − r2)|ϕ|2, F = (ε/λ)[(T̂ −W13/2)/N̂ ], (97)

£¤¥

T = r0γ
2T̂ , T̂ =

∫
d~r|∇ϕ|2, W13 =

∫
d~r(V1 +BV3)|ϕ|2. (98)

“± § ´´Ò¥ ¢¥²¨Î¨´Ò ¸¢Ö§ ´Ò ¸²¥¤ÊÕÐ¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨

R = r0(R̂/N̂), Q = r2
0(Q̂/N̂). (99)

‡¤¥¸Ó ¢Ò· ¦¥´¨Ö ¢ ¸±µ¡± Ì Ö¢²ÖÕÉ¸Ö ¡¥§· §³¥·´Ò³¨.
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‘¨¸É¥³  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¡¨´Ê±²µ´  (94) ¶·¥¤¸É ¢²Ö¥É
¸µ¡µ° ´¥²¨´¥°´ÊÕ É·¥Ì¶ · ³¥É·¨Î¥¸±ÊÕ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö.
—¨¸²¥´´µ¥ ¨´É¥£·¨·µ¢ ´¨¥ (94) ¢ ¶·¥¤¥²¥ kΠC → ∞ ¡Ò²µ µ¸ÊÐ¥¸É¢²¥´µ
¢ [54]. —¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ § ¤ Î¨ (94) ¤²Ö ±µ´¥Î´ÒÌ kΠC ¢Ò¶µ²´¥´µ
¢ [74].

�·¨¢¥¤¥³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¢ ·¨ ´É ¶µ¸É ´µ¢±¨ ±· ¥¢µ° § ¤ Î¨ ¤²Ö ¸¨-
¸É¥³Ò (94) ¢ Î ¸É´µ³ ¸²ÊÎ ¥, ±µ£¤  ·¥Ï¥´¨Ö ¸¨³³¥É·¨Î´Ò µÉ´µ¸¨É¥²Ó´µ µ¸¨,
É.¥. Φ(ρ, z, φ) → Φ(ρ, z) (Í¨²¨´¤·¨Î¥¸± Ö ¸¨¸É¥³  ±µµ·¤¨´ É). Š·µ³¥ Éµ£µ,
³Ò ¶¥·¥Ìµ¤¨³ µÉ ¶µ²Ê¡¥¸±µ´¥Î´µ£µ ¨´É¥·¢ ²  ¨´É¥£·¨·µ¢ ´¨Ö ± ±µ´¥Î´µ°
µ¡² ¸É¨ (−zM ≤ z ≤ zM , 0 ≤ ρ ≤ ρM ). �·¨ ÔÉµ³ µ¶¨¸ ´¨¥ ¡¨´Ê±²µ´  ¸¢µ-
¤¨É¸Ö ± ·¥Ï¥´¨Õ ¤¢Ê³¥·´µ° ¸¶¥±É· ²Ó´µ° § ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.

‘Ëµ·³Ê²¨·Ê¥³ ¶µ¸É ´µ¢±Ê § ¤ Î¨ É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¸¢¥¸É¨ ¥¥ ± µ¤-
´µ³¥·´µ° ¸¨¸É¥³¥ Ê· ¢´¥´¨°.

�¥Ï¥´¨¥ ¸¨¸É¥³Ò (94) ¢ Í¨²¨´¤·¨Î¥¸±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¡Ê¤¥³ ¨¸± ÉÓ
¢ ¢¨¤¥ 

ϕ(ρ, z) =

∞∑
n=1

yn(z)Φn(ρ),

V1(ρ, z) =

∞∑
n=1

V1n(z)Φ1n(ρ),

V3(ρ, z) =

∞∑
n=1

V3n(z)Φ3n(ρ),

(100)

£¤¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ËÊ´±Í¨¨ {µn,Φn} µ¶·¥¤¥²ÖÕÉ¸Ö ± ± ·¥Ï¥´¨Ö
¸²¥¤ÊÕÐ¥° ¸¶¥±É· ²Ó´µ° § ¤ Î¨:

Φ′′n +
1

ρ
Φ′n + µnΦn = 0, 0 ≤ ρ ≤ ρM ,

Φ′n(0) = 0, Φ′n(ρM )−AρMΦn(ρM ) = 0,∫
dρρΦ2

n = 1.

(101)

AρM µ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸µµÉ´µÏ¥´¨°

AρM =

d

dρ
[ΦA(ρ)]

ΦA(ρ)

∣∣∣∣∣∣∣∣
ρ=ρM

, ΦA(ρ) =

zM∫
−zM

dzy0(z)ϕA(z, ρ).

�·¨ ´ Ìµ¦¤¥´¨¨ ´ ¡µ·µ¢ {µ1n,Φ1n} ¨ {µ3n,Φ3n} ËÊ´±Í¨Ö ϕA § ³¥´Ö-
¥É¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ, ´  V1A ¨ V3A,   ËÊ´±Í¨Ö y0(z) Å ¸µµÉ¢¥É¸É¢¥´´µ, ´ 
V10 ¨ V30, £¤¥ y0(z), V10, V30 Å ´¥±µÉµ·Ò¥ ´ Î ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö. ‚ Î ¸É-
´µ³ ¸²ÊÎ ¥ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ Éµ²Ó±µ µ¤¨´ ´ ¡µ· ËÊ´±Í¨° {Φn}.
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�µ¤¸É ¢²ÖÖ · §²µ¦¥´¨¥ (100) ¢ ¸¨¸É¥³Ê (94), ¶µ²ÊÎ ¥³
y′′n − (λ+ µn)yn +

∞∑
m=1

Wnmyn = 0, n = 1, 2, ...

V ′′1j − (k2
1 + µ1j)V1j = −J1j, j = 1, 2, ...

V ′′3j − (k2
2 + µ3j)V3j = −J3j,

(102)

£¤¥

Wnm =
∞∑
j=1

[Q1njmV1j +BQ3njmV3j ], (103)

J1j =

∞∑
n,m=1

Q1njmynym, J3j =

∞∑
n,m=1

Q3njm
d2

dz2
(ynym), (104)

Qinjm =

ρM∫
0

dρρΦn(ρ)Φij(ρ)Φim(ρ), i = 1, 3. (105)

”Ê´±Í¨¨ yn, V1j , V3j Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³:
y′n(zM )−A(zM )yn(zM ) = 0, y′n(−zM )−A(−zM )yn(−zM ) = 0,
V ′1j(zM )−A1(zM )V1j(zM ) = 0, V ′1j(−zM )−A1(−zM )V1j(−zM ) = 0,
V ′3j(zM )−A3(zM )V3j(zM ) = 0, V ′3j(−zM )−A3(−zM )V3j(−zM ) = 0,

(106)
£¤¥

A(zM ) =

d

dz
[yA(z)]

yA(z)

∣∣∣∣∣∣∣
z=zM

, yA(z) =

∫ ρM

0

dρρΦ0(ρ)ϕA(z, ρ),

A1(zM ) =

d

dz
[V1A(z)]

V1A(z)

∣∣∣∣∣∣∣
z=zM

, V1A(z) =

∫ ρM

0

dρρΦ10(ρ)V1A(z, ρ),

A3(zM ) =

d

dz
[V3A(z)]

V3A(z)

∣∣∣∣∣∣∣
z=zM

, V3A(z) =

∫ ρM

0

dρρΦ30(ρ)V3A(z, ρ).

�´ ²µ£¨Î´µ µ¶·¥¤¥²ÖÕÉ¸Ö ±µÔËË¨Í¨¥´ÉÒ A(−zM ), A1(−zM ) ¨ A3(−zM ).
“¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¤²Ö ¸¨¸É¥³Ò (102) ¶·¨´¨³ ¥É ¢¨¤

∑
n

zM∫
−zM

dzy2
n(z) =

1

2πr3
0γ

2
= N̂c.
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‘ ÊÎ¥Éµ³ · §²µ¦¥´¨Ö (100) Ëµ·³Ê²Ò (96) ¨ (97) ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥µ¡Ìµ-
¤¨³ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

R̂ = 2π

+zM∫
−zM

dz

ρM∫
0

dρρ
√

(z2 + ρ2)ϕ2(z, ρ), (107)

Q̂ = 2π

+zM∫
−zM

dz

ρM∫
0

dρρ(2z2 − ρ2)ϕ2(z, ρ), (108)

F = (ε/λ)[T̂c − Ŵc/2]/(2πNc), (109)

£¤¥

T̂c = 2π

+zM∫
−zM

dz

ρM∫
0

dρρ[|∂ϕ
∂ρ

2

|+ |∂ϕ
∂z

2

|],

Ŵc = 2π
∑
jnm

+zM∫
−zM

dz[V1j(z) +BV3j(z)]yn(z)ym(z).

�É³¥É¨³, ÎÉµ, ¨¸¶µ²Ó§ÊÖ ¸¨³³¥É·¨Õ § ¤ Î¨, ¸¨¸É¥³Ê (102) ³µ¦´µ ·¥Ï ÉÓ
´  ¨´É¥·¢ ²¥ 0 ≤ z ≤ zM . �·¨ ÔÉµ³ ´Ê¦´µ ¸µµÉ¢¥É¸É¢¥´´µ ¨§³¥´¨ÉÓ £· ´¨Î-
´Ò¥ Ê¸²µ¢¨Ö ¨ Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨.

�¨¸. 1. ‚µ²´µ¢ Ö ËÊ´±Í¨Ö ϕ(ρ, z) ¡¨´Ê±²µ´ 

„²Ö Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ -
´¨Ö ¶·¥¤¸É ¢²¥´´µ° § ¤ Î¨ ¢
· ¡µÉ¥ [74] ¨¸¶µ²Ó§µ¢ ²¸Ö ³µ-
¤¨Ë¨Í¨·µ¢ ´´Ò°  ²£µ·¨É³ ´ 
µ¸´µ¢¥ ��Œ�,  ´ ²µ£¨Î´Ò°
µ¶¨¸ ´´µ³Ê ¢ ¶. 3.1 (¸Ë¥·¨Î¥¸±¨-
´¥¸¨³³¥É·¨Î´Ò° ¸²ÊÎ °). ‚ ± -
Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ´  ·¨¸.1
¶·¥¤¸É ¢²¥´  ¢µ²´µ¢ Ö ËÊ´±Í¨Ö
¡¨´Ê±²µ´  ϕ(ρ, z). � ¸Î¥ÉÒ ¶µ-
± § ²¨, ÎÉµ Î¨¸²¥´´Ò¥ ·¥Ï¥-
´¨Ö ¸¨¸É¥³Ò ¤²Ö ¤¢ÊÌ ´Ê±²µ-
´µ¢ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ£µ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ¢ ¸± ²Ö·´µ³ ¨ ¶¸¥¢¤µ-
¸± ²Ö·´µ³ ¶µ²¥ ¶µ§¢µ²ÖÕÉ ¶µ²Ê-
Î¨ÉÓ ¸µ£² ¸µ¢ ´´Ò¥ ¸ Ô±¸¶¥·¨-
³¥´Éµ³ §´ Î¥´¨Ö Ô´¥·£¨¨ ¸¢Ö§¨,
ÔËË¥±É¨¢´µ£µ · ¤¨Ê¸  ¨ ±¢ ¤·Ê-
¶µ²Ó´µ£µ ³µ³¥´É  ¤¥°É·µ´ .
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‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¸¨¸É¥³  ¢¨¤  (53) ¢µ§´¨± ¥É ¢ ¸ ³ÒÌ · §-
²¨Î´ÒÌ ¸²ÊÎ ÖÌ ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨ÍÒ ¸ ¶µ²¥³. �Éµ, ´ ¶·¨³¥·,  ¢Éµ²µ-
± ²¨§µ¢ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö Ô²¥±É·µ´µ¢ ¢ Ô²¥±É·µ²¨É Ì [71, 75] ¨ Ô²¥±É·µ´´Ò¥
¸µ¸ÉµÖ´¨Ö ¢ ¡¨µ³ ±·µ³µ²¥±Ê² Ì [76, 77], ¢ Î ¸É´µ¸É¨, ¶¥·¥´µ¸ Ô²¥±É·µ´µ¢ ¢
¡¨µ¸¨¸É¥³ Ì ´  ¡µ²ÓÏ¨¥ · ¸¸ÉµÖ´¨Ö. Š ´¥²¨´¥°´Ò³ ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ ¸¨¸-
É¥³ ³ ¶·¨¢µ¤ÖÉ É ±¦¥ ´¥±µÉµ·Ò¥ ³µ¤¥²¨ Ö¤¥·´µ° Ë¨§¨±¨ (• ·É·¨ Å ”µ± 
¨ • ·É·¨ Å ”µ±  Å ‘²¥É¥·  [78]).

�¡Ð¨³ ¢µ ¢¸¥Ì Ê± § ´´ÒÌ ¨ ³´µ£¨Ì ¤·Ê£¨Ì § ¤ Î Ì Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥
´¥²¨´¥°´µ° ¸ ³µ¸µ£² ¸µ¢ ´´µ° ¸¶¥±É· ²Ó´µ° § ¤ Î¨. �µÔÉµ³Ê · §¢¨É¨¥ ³¥-
Éµ¤µ¢ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¶·¨µ¡·¥É ¥É
¢¥¸Ó³  ¢ ¦´µ¥ §´ Î¥´¨¥.

� §· ¡µÉ ´´Ò¥ ¤²Ö ¶·¥¤¸É ¢²¥´´ÒÌ ¢ÒÏ¥ § ¤ Î  ²£µ·¨É³Ò ¨ ¶·µ£· ³³Ò
´  µ¸´µ¢¥ ��Œ� ¨³¥ÕÉ Ï¨·µ±ÊÕ µ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö ¨ ³µ£ÊÉ ¨¸¶µ²Ó§µ-
¢ ÉÓ¸Ö ¤²Ö ·¥Ï¥´¨Ö Ï¨·µ±µ£µ ±·Ê£  ´¥²¨´¥°´ÒÌ ¸ ³µ¸µ£² ¸µ¢ ´´ÒÌ § ¤ Î.

4. —ˆ‘‹…���… ˆ‘‘‹…„�‚��ˆ…
�…Š�’��›• ��’…�–ˆ�‹œ�›• Œ�„…‹…‰ Š‚��Š��ˆŸ

�� �‘��‚… ����™…�ˆŸ ��Œ�

”¨§¨Î¥¸±¨¥ ¶·µ£· ³³Ò Ô±¸¶¥·¨³¥´Éµ¢ ´  ª³¥§µ´´ÒÌ Ë ¡·¨± Ìª ¸É ¢ÖÉ
¶¥·¥¤ É¥µ·¨¥° Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í § ¤ ÎÊ ¶µ¸É·µ¥´¨Ö ³µ¤¥²¨ ¤²Ö ¥¤¨´µ-
µ¡· §´µ£µ µ¶¨¸ ´¨Ö ¸¶¥±É·  ¨ Ëµ·³Ë ±Éµ·µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö ²¥£±¨Ì ¨ ÉÖ¦¥-
²ÒÌ ³¥§µ´µ¢. ‚ ·Ö¤¥ · ¡µÉ [79Å84] ¤²Ö ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ¡Ò²µ ¨¸¶µ²Ó§µ-
¢ ´µ ±¢ ´Éµ¢µ-¶µ²¥¢µ¥ µ¡µ¡Ð¥´¨¥ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²¨
µ¤´µ£²Õµ´´µ£µ µ¡³¥´ . ƒ² ¢´µ° µ¸µ¡¥´´µ¸ÉÓÕ É ±µ£µ ¶µ¤Ìµ¤  Ö¢²Ö¥É¸Ö µ¶¨-
¸ ´¨¥ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö
˜¢¨´£¥·  Å „ °¸µ´ . �·¨ ÔÉµ³ µ¶¨¸ ´¨¥ ¸¶¥±É·  ³¥§µ´µ¢ ¸¢µ¤¨É¸Ö ± ·¥-
Ï¥´¨Õ ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨° ˜¢¨´£¥·  Å „ °¸µ´  (˜„) ¨ �¥É¥ Å
‘µ²¶¨É¥·  (�‘) ¢ É·¥Ì³¥·´µ° Ëµ·³¥. “· ¢´¥´¨¥ ˜„ µ¶¨¸Ò¢ ¥É ±¢ ·±¨ ª¢´Ê-
É·¨ª ³¥§µ´  ¨ ¶µ§¢µ²Ö¥É ¸ ¶µ³µÐÓÕ µ¤´µ£µ ¨ Éµ£µ ¦¥ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ
¶µÉ¥´Í¨ ² , ¨¸¶µ²Ó§Ê¥³µ£µ ¢ ¸¶¥±É·µ¸±µ¶¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢, ¢ÒÎ¨¸²¨ÉÓ
ª¤¨´ ³¨Î¥¸±ÊÕª ³ ¸¸Ê ±¢ ·± , ±µÉµ· Ö Ö¢²Ö¥É¸Ö ³¥·µ° ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥-
´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¢ µ¡² ¸É¨ ²¥£±¨Ì ±¢ ·±µ¢. �¥Ï¥´¨Ö Ê· ¢´¥´¨Ö �‘
(¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨) ¸µ¶µ¸É ¢²ÖÕÉ¸Ö ³ ¸¸ ³ ¨
¢µ²´µ¢Ò³ ËÊ´±Í¨Ö³ ¸¢µ¡µ¤´ÒÌ ³¥§µ´µ¢. �ÊÉ¥³ ¸· ¢´¥´¨Ö ¶µ²ÊÎ¥´´ÒÌ ·¥-
Ï¥´¨° ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö ³ ¸¸ ¨ ±µ´¸É ´É · ¸¶ ¤µ¢ ¨¸¸²¥-
¤Ê¥É¸Ö ¢µ¶·µ¸ ¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  Š•„, ´¥ § ¢¨¸ÖÐ¥£µ µÉ
 ·µ³ É  ±¢ ·±µ¢. ‚ ¶·¥¤¥²¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ Ê· ¢´¥´¨Ö ³µ¤¥²¨ ¶¥·¥Ìµ¤ÖÉ ¢
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· .

‚ · ¡µÉ Ì [80Å84] ±¢ ·±µ¢ Ö ¶µÉ¥´Í¨ ²Ó´ Ö ³µ¤¥²Ó ¸ · §²¨Î´Ò³¨ Ë¥´µ-
³¥´µ²µ£¨Î¥¸±¨³¨ ¶µÉ¥´Í¨ ² ³¨ (É¨¶  £ ·³µ´¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ· , ²¨´¥°´µ
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· ¸ÉÊÐ¥£µ ¶µÉ¥´Í¨ ²  ¢ ±µ³¡¨´ Í¨¨ ¸ ±Ê²µ´µ¢¸±¨³ ¨ ¶µÉ¥´Í¨ ²  �¨Î ·¤-
¸µ´ ) ¡Ò²  ¶·¨³¥´¥´  ¤²Ö µ¶¨¸ ´¨Ö Ï¨·µ±µ£µ ¸¶¥±É·  ³ ¸¸ ³¥§µ´µ¢, ¢µ²´µ-
¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì ±µ´¸É ´É ²¥¶Éµ´´µ£µ · ¸¶ ¤  (Fπ ¨ É.¶.). ƒ² ¢´Ò³ ·¥§Ê²Ó-
É Éµ³  ¢Éµ·Ò Ê± § ´´ÒÌ · ¡µÉ ¸Î¨É ÕÉ µ¶¨¸ ´¨¥ ´  ± Î¥¸É¢¥´´µ³ Ê·µ¢´¥
¸¶¥±É·µ¢ ³ ¸¸ ¢¸¥Ì ³¥§µ´µ¢, ¶·¥¤¸É ¢²Ö¥³ÒÌ ¢ ¢¨¤¥ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°
±¢ ·±  ¨  ´É¨±¢ ·± . ‚ Î ¸É´µ¸É¨, ¢ [85] ¡µ²ÓÏ Ö · §´µ¸ÉÓ ³ ¸¸ ρ- ¨ π-
³¥§µ´µ¢ ¶µ²ÊÎ¥´  ¢ ¶·¨¡²¨¦¥´¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¶µÉ¥´Í¨ ²  ± ± ¸²¥¤¸É¢¨¥
¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¡¥§ ÊÎ¥É  ¸¶¨´-¸¶¨´µ¢µ£µ ¢§ -
¨³µ¤¥°¸É¢¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± , ±µÉµ·µ¥ µ¡ÒÎ´µ ¤µ¡ ¢²ÖÕÉ ¢ ¶µÉ¥´Í¨ ²
¢§ ¨³µ¤¥°¸É¢¨Ö. ‚³¥¸É¥ ¸ É¥³ ¢ Ê¶µ³Ö´ÊÉÒÌ ¢ÒÏ¥ · ¡µÉ Ì ¤²Ö ±µ´¸É ´É ²¥¶-
Éµ´´ÒÌ · ¸¶ ¤µ¢ ³¥§µ´µ¢ (´ ¶·¨³¥·, Fπ) ¶µ²ÊÎ¥´Ò §´ Î¥´¨Ö, §´ Î¨É¥²Ó´µ
³¥´ÓÏ¨¥, Î¥³ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥.

�¤´  ¨§ É·Ê¤´µ¸É¥° Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶µÉ¥´Í¨-
 ²Ó´ÒÌ ³µ¤¥²¥° (¸³., ´ ¶·¨³¥·, [85]) ¸¢Ö§ ´  ¸ É¥³, ÎÉµ ¢ ± Î¥¸É¢¥ ÔËË¥±-
É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¢ ´¨Ì, ± ± ¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¸²ÊÎ ¥ [86], µ¡ÒÎ´µ
¨¸¶µ²Ó§Ê¥É¸Ö ±µ³¡¨´ Í¨Ö ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²µ¢, ÎÉµ ¶·¨-
¢µ¤¨É ± · ¸Ìµ¤¨³µ¸ÉÖ³ ¢ Ö¤· Ì ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚ ²¨É¥· ÉÊ·¥ ¤²Ö
·¥Ï¥´¨Ö ÔÉµ° ¶·µ¡²¥³Ò Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ³¥Éµ¤ É ± ´ §Ò¢ ¥³µ° ª¶¥·¥´µ·-
³¨·µ¢±¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ±¢ ·±  ¢´ÊÉ·¨ ³¥§µ´ ª. �µ ¸ÊÉ¨, Ê¸É· ´¥´¨¥
¸¨´£Ê²Ö·´µ¸É¥° ¶·¨ ÔÉµ³ ¶·µ¨¸Ìµ¤¨É §  ¸Î¥É ¤µ¶µ²´¨É¥²Ó´µ ¢¢¥¤¥´´ÒÌ ¢ £ -
³¨²ÓÉµ´¨ ´ ±µ´É·Î²¥´µ¢. �É³¥É¨³, ÎÉµ ¤µ ¸¨Ì ¶µ· ´¥É ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ
¸¶µ¸µ¡  ·¥£Ê²Ö·¨§ Í¨¨ ¸¨´£Ê²Ö·´µ¸É¥°, ±µ£¤  ±¢ ·± ´ Ìµ¤¨É¸Ö ¢´¥ ³ ¸¸µ¢µ°
¶µ¢¥·Ì´µ¸É¨ ¨ Ö¢²Ö¥É¸Ö ¸µ¸É ¢²ÖÕÐ¥°  ¤·µ´ .

„·Ê£µ° ¶ÊÉÓ ¶·¥µ¤µ²¥´¨Ö ¶·µ¡²¥³Ò ¸¨´£Ê²Ö·´µ¸É¥° ¶·¥¤¶µ² £ ¥É ³µ¤¨-
Ë¨± Í¨Õ ¨¸Ìµ¤´µ£µ ¶µÉ¥´Í¨ ²  ´  Ê·µ¢´¥ ±µµ·¤¨´ É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¶Ê-
É¥³ ¥£µ  ¶¶·µ±¸¨³ Í¨¨ ´¥±µÉµ·Ò³¨ ËÊ´±Í¨Ö³¨ ¸ ªÌµ·µÏ¨³¨ª ¸¢µ°¸É¢ ³¨. ‚
Î ¸É´µ¸É¨, ¢ · ¡µÉ¥ [87] · ¸¸³ É·¨¢ ¥É¸Ö ·Ö¤ ËÊ´±Í¨°,  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì
±Ê²µ´µ¢¸±¨° ¨ ²¨´¥°´Ò° ¶µÉ¥´Í¨ ²Ò. �  ¶·¨³¥·¥ ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥·  ¶·µ¢¥¤¥´µ ¨¸¸²¥¤µ¢ ´¨¥ ¸¢µ°¸É¢ ÔÉ¨Ì  ¶¶·µ±¸¨³ Í¨° ¨
¶·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ¸ · ¸Î¥É ³¨ [88], £¤¥ ¶·µ¡²¥³  · ¸Ìµ¤¨³µ¸É¨ ·¥Ï ¥É¸Ö
¤·Ê£¨³ ¸¶µ¸µ¡µ³.

‘ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö § ¤ Î  ˜„ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¨¸É¥³Ê
¤¢ÊÌ ´¥²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥. …¥ ·¥Ï¥´¨Ö³¨ Ö¢²ÖÕÉ¸Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¨ ËÊ´±Í¨Ö Ô´¥·£¨¨
±¢ ·± , ±µÉµ·Ò¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ Ê· ¢´¥´¨¨ �‘. �µ¸É ´µ¢±  § ¤ Î¨ ¤µ¶µ²´Ö-
¥É¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ Ê¸²µ¢¨Ö³¨, ¨§ Ë¨§¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨° ´ ±² ¤Ò¢ ¥-
³Ò³¨ ´  ¤¨´ ³¨Î¥¸±ÊÕ ³ ¸¸Ê ¨ Ô´¥·£¨Õ ±¢ ·± .

‘¨¸É¥³  Ê· ¢´¥´¨° �‘ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ° ³µ¤¥²¨ ¶·¥¤¸É ¢²Ö¥É
¸µ¡µ° § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ¸É· ´¸É¢¥. ‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨
¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸¨¸É¥³Ò �‘ ¨³¥ÕÉ Ë¨§¨Î¥¸±¨° ¸³Ò¸² Ê·µ¢´¥° Ô´¥·£¨¨
¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ³¥§µ´ .
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’ ±¨³ µ¡· §µ³, É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö Ì · ±É¥·¨¸É¨± ±¢ ·±µ¢ ¢
· ³± Ì Ê± § ´´µ° ³µ¤¥²¨ ¶·¨¢µ¤ÖÉ ± Î¨¸²¥´´µ³Ê ·¥Ï¥´¨Õ ¸¨´£Ê²Ö·´ÒÌ £· -
´¨Î´ÒÌ § ¤ Î ¤²Ö ¸¨¸É¥³ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ, ¨´É¥£·µ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. �É¨ § ¤ Î¨ Ì · ±É¥·¨§ÊÕÉ¸Ö ¸Î¥É´Ò³
³´µ¦¥¸É¢µ³ ·¥Ï¥´¨°, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ³µ¦´µ µ¶¨¸ ÉÓ ¸¶¥±É·Ò ±¢ ·±µ¢,
±µÉµ·Ò¥, ¢ ¸¢µÕ µÎ¥·¥¤Ó, § ¢¨¸ÖÉ µÉ Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ³µ¤¥²¨: ³ ¸¸Ò ¨
§ ·Ö¤  ±¢ ·± , Ì · ±É¥·¨¸É¨± ³µ¤¥²Ó´µ£µ ¶µÉ¥´Í¨ ² .

ˆ¸¸²¥¤µ¢ ´¨¥ ¶µ¸É ¢²¥´´ÒÌ § ¤ Î ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸²µ¦´ÊÕ ¢ÒÎ¨¸²¨-
É¥²Ó´ÊÕ ¶·µ¡²¥³Ê. �É³¥É¨³, ÎÉµ ¢ µ¡Ð¥³ ¢¨¤¥ ± ¦¤ Ö ¨§ ´¨Ì ³µ¦¥É · ¸¸³ É-
·¨¢ ÉÓ¸Ö ± ± ´¥²¨´¥°´µ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¢ B-¶·µ¸É· ´¸É¢¥ [89].
…¤¨´Ò° ¶µ¤Ìµ¤ ± Î¨¸²¥´´µ³Ê  ´ ²¨§Ê Ê± § ´´ÒÌ § ¤ Î, µ¸´µ¢ ´´Ò° ´  µ¡µ¡-
Ð¥´´µ³ ´¥¶·¥·Ò¢´µ³  ´ ²µ£¥ ³¥Éµ¤  �ÓÕÉµ´ , ¶µ§¢µ²Ö¥É ¸µ§¤ ¢ ÉÓ ÔËË¥±-
É¨¢´Ò¥ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¸Ì¥³Ò, ³ ±¸¨³ ²Ó´µ ÊÎ¨ÉÒ¢ Ö ¸¶¥Í¨Ë¨±Ê ¨¸¸²¥¤Ê¥-
³ÒÌ § ¤ Î. � §· ¡µÉ ´´Ò¥  ²£µ·¨É³Ò ¨ ¶·µ£· ³³Ò ¶µ§¢µ²¨²¨ Ê¸¶¥Ï´µ ·¥-
Ï¨ÉÓ § ¤ ÎÊ ¢ÒÎ¨¸²¥´¨Ö ¸¶¥±É·µ¢ ³ ¸¸ ¨ ±µ´¸É ´É ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¤²Ö
·Ö¤  ÔËË¥±É¨¢´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö.

’ ±, ¢ [90] ¶·µ¢¥¤¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘
¸ µ¸Í¨²²ÖÉµ·´Ò³ ¶µÉ¥´Í¨ ²µ³ ¨ ¶µ²ÊÎ¥´Ò ·¥Ï¥´¨Ö ¤²Ö ¸¶¥±É·  ³¥§µ´µ¢
(π, π′,K,K ′). ‚ [91] ¤²Ö ÔÉµ£µ ¦¥ ¶µÉ¥´Í¨ ²  ¢ÒÎ¨¸²¥´Ò ¸¶¥±É·Ò ¶¸¥¢¤µ-
¸± ²Ö·´ÒÌ, ¸± ²Ö·´ÒÌ, ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ³¥§µ´µ¢. ‚ [92]
´ °¤¥´Ò Î¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ˜„ ¨ �‘ ¤²Ö ¶µÉ¥´Í¨ ² , ¸µ¤¥·¦ -
Ð¥£µ µ¸Í¨²²ÖÉµ·´Ò° ¨ ±Ê²µ´µ¢¸±¨° Î²¥´Ò. ‚ [93] ¢ ¶·¨¡²¨¦¥´¨¨ ¶µÉ¥´Í¨-
 ²  ƒ Ê¸¸  ¢¶¥·¢Ò¥ Ê¤ ²µ¸Ó µ¶¨¸ ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ
²¥¶Éµ´´µ£µ · ¸¶ ¤  ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¶¨µ´ . ‚ [98Ä100] Î¨¸²¥´´Ò°  ´ ²¨§
³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ Ê· ¢´¥´¨° ˜„ ¨ �‘ ´  µ¸´µ¢¥ ��Œ� ¡Ò² ¶·µ¢¥¤¥´ ¤²Ö
¶µÉ¥´Í¨ ²µ¢ �± ¢Ò, ±µ³¡¨´ Í¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¨ £ Ê¸¸µ¢¸±µ£µ,   É ±¦¥
²¨´¥°´µ£µ ¨ ±Ê²µ´µ¢¸±µ£µ Î²¥´µ¢.

�É³¥É¨³, ÎÉµ Ö¢´Ò° ¢¨¤ Ê± § ´´ÒÌ Ê· ¢´¥´¨° § ¢¨¸¨É µÉ ¢Ò¡· ´´µ£µ ÔË-
Ë¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² . �¨¦¥ ¶·¥¤¸É ¢²¥´  µ¡Ð Ö ¶µ¸É ´µ¢±  § ¤ Î ˜„ ¨
�‘ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤ , ¶·¨¢µ¤ÖÉ¸Ö ¢¨¤Ò ¶µÉ¥´Í¨ ²µ¢, ¶µ¶Ê-
²Ö·´ÒÌ ¢ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢,   É ±¦¥ µ¡¸Ê¦¤ ÕÉ¸Ö ³¥Éµ¤Ò Î¨¸²¥´´µ£µ
¨¸¸²¥¤µ¢ ´¨Ö ¶µ¸É ¢²¥´´ÒÌ § ¤ Î ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö ��Œ�.

4.1. “· ¢´¥´¨¥ ˜¢¨´£¥·  Å „ °¸µ´ . ‘¨¸É¥³  Ê· ¢´¥´¨° ˜„ ¤²Ö § -
¤ ´´µ£µ ¶µÉ¥´Í¨ ²  V (|~p− ~q|) ¸µ£² ¸´µ [84] ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

E(p) cos (2v(p)) = m0 +
1

2

∫
d~qV (|~p− ~q|) cos (2v(q))/(2π)3

E(p) sin (2v(p)) = p+
1

2

∫
d~qV (|~p− ~q|)ξ sin (2v(q))/(2π)3,

(110)

£¤¥ ¨´É¥£·¨·µ¢ ´¨¥ ¢¥¤¥É¸Ö ¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥ ±µµ·¤¨´ É ¢¥±Éµ·  ~q,
ξ = (~p/p, ~q/q) Ä ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¥¤¨´¨Î´ÒÌ É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢,
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m0 Ä § ¤ ´´ Ö ±µ´¸É ´É  (Éµ±µ¢ Ö ³ ¸¸  ±¢ ·± ), E(p) ¨ v(p) Ä ¸µµÉ¢¥É-
¸É¢¥´´µ, Ô´¥·£¨Ö ¨ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ±¢ ·± , ±µÉµ·Ò¥ ´ ¤µ ´ °É¨.

�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Ê£² ³ Ω~q ¸¨¸É¥³  (110) ¶·¨´¨³ ¥É ¢¨¤{
E(p) cos (2v(p)) = m0 + I1(p)
E(p) sin (2v(p)) = p+ I2(p),

(111)

£¤¥

I1(p) =

∞∫
0

dqV1(p, q) cos (2v(q)), I2(p) =

∞∫
0

dqV2(p, q) sin (2v(q)), (112)

V1(p, q) =
1

2

1

(2π)3
q2

∫
dΩV (|~p− ~q|), V2(p, q) =

1

2

1

(2π)3
q2

∫
dΩξV (|~p− ~q|).

(113)
�¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (111)Å(113) § ¢¨¸ÖÉ ± ± µÉ ¢¨¤  ¶µÉ¥´Í¨ ² ,

É ± ¨ µÉ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¶µ¢¥¤¥´¨Ö ËÊ´±Í¨° V1(p, q) ¨ V2(p, q) ¶·¨
p→ 0, q = const ( ¨²¨ q → 0, p = const),
p→∞, q = const ( ¨²¨ q →∞, p = const),
|p− q| → 0.

Š·µ³¥ Éµ£µ, ¨§ Ë¨§¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨° ËÊ´±Í¨¨ I1(p) ¨ I2(p) ¤µ²¦´Ò Ê¤µ¢-
²¥É¢µ·ÖÉÓ µ¶·¥¤¥²¥´´Ò³  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³ ¶·¨ p→ 0 ¨ p→∞ :

lim
p→∞

I1 = 0, lim
p→∞

I2 = 0, lim
p→0

I1 = const <∞, lim
p→0

I2 = const <∞. (114)

�Éµ ´ ±² ¤Ò¢ ¥É µ£· ´¨Î¥´¨Ö ´  ±² ¸¸ ¤µ¶Ê¸É¨³ÒÌ ¶µÉ¥´Í¨ ²µ¢.
�·¨ ÔÉµ³, ± ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ¤²Ö ´¥±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²µ¢, ¨¸¶µ²Ó§Ê¥-

³ÒÌ ¢ ¸¶¥±É·µ¸±µ¶¨¨  ¤·µ´µ¢, ¨´É¥£· ²Ò I1(p) ¨ I2(p) ¢  ¸¨³¶ÉµÉ¨±¥ ³ -
²ÒÌ ¨ ¡µ²ÓÏ¨Ì ¨³¶Ê²Ó¸µ¢ ¨³¥ÕÉ · ¸Ìµ¤¨³µ¸É¨. „²Ö ¨Ì Ê¸É· ´¥´¨Ö ¢ · ³± Ì
³´µ¦¥¸É¢  ¢Ò¡· ´´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ·Ö¤  ¢Éµ·µ¢ ¶·¥¤² £ ¥É § ³¥´¨ÉÓ ¸¨¸É¥³Ê
(111) ¸¨¸É¥³µ° É ± ´ §Ò¢ ¥³ÒÌ ¶¥·¥´µ·³¨·µ¢ ´´ÒÌ Ê· ¢´¥´¨° (µ¡ÒÎ´µ É -
±µ° ¶·¨¥³ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°):{

E(p) cos (2v(p)) = m0(1− Zm) + I1(p)
E(p) sin (2v(p)) = p(1− Z) + I2(p),

£¤¥
Zm = const <∞, Z = const <∞.

�µ¤¡¨· Ö Zm ¨ Z, ¤²Ö ´¥±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²µ¢ ³µ¦´µ ¤µ¸É¨ÎÓ ¢Ò¶µ²´¥´¨Ö
É·¥¡µ¢ ´¨° (114), ´ ±² ¤Ò¢ ¥³ÒÌ ´  ¸¨¸É¥³Ê (111). �¥±µÉµ·Ò¥  ¢Éµ·Ò ¶·¥¤-
² £ ÕÉ ¶µ¸ÉµÖ´´Ò¥ Zm, Z § ³¥´¨ÉÓ ËÊ´±Í¨Ö³¨ Zm(p), Z(p) ¨ ¶µ¤¡¨· ÉÓ
¨Ì ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³. �É¨ ¢µ¶·µ¸Ò µ¡¸Ê¦¤ ÕÉ¸Ö, ¢ Î ¸É´µ¸É¨, ¢ · ¡µ-
É Ì [81Ä83].



����™…��›‰ �…��…�›‚�›‰ ���‹�ƒ Œ…’�„� �œ�’��� 247

�µ²¥¥ µ¡Ð¨° ¶µ¤Ìµ¤ ± ³µ¤¨Ë¨± Í¨¨ ¸¨¸É¥³Ò (111) ¸µ¸Éµ¨É ¢ ¸²¥¤ÊÕ-
Ð¥³. ‘µÌ· ´ÖÖ ¢¨¤ ¸¨¸É¥³Ò ˜„, ¢¢¥¤¥³ ¢ ¢Ò· ¦¥´¨¥ (112) ´¥±µÉµ·Ò¥ ´µ¢Ò¥
ËÊ´±Í¨¨ f1(p, q) ¨ f2(p, q):

I1(p) =

∞∫
0

dqV1(p, q) cos (2v(q))f1(p, q),

I2(p) =

∞∫
0

dqV2(p, q) sin (2v(q))f2(p, q).

(115)

‚Ò¡¨· Ö · §²¨Î´Ò³ µ¡· §µ³ ËÊ´±Í¨¨ f1 ¨ f2, ³Ò ¶µ²ÊÎ ¥³ · §²¨Î´Ò¥ ³µ-
¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨Ö ˜„. ’ ±, ´ ¶·¨³¥·, ¶µ² £ Ö

f1 =
cos (2v(p))−m0/

√
p2 + m2

0

cos (2v(p))
, f2 =

sin (2v(p))− 1

sin (2v(p))
,

¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ˜„, · ¸¸³µÉ·¥´´ÊÕ ¢ · ¡µÉ¥ [82]. �·¨ f1 ≡ 1
¨ f2 ≡ 0 ³Ò ¨³¥¥³ µ¤¨´ ¨§ ¢ ·¨ ´Éµ¢ ³µ¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨Ö ˜„, · ¸-
¸³µÉ·¥´´Ò° ¢ · ¡µÉ¥ [93], ¨ É.¤. ‚ ± Î¥¸É¢¥ ¢ ·¨ ´Éµ¢ ¢Ò¡µ·  ËÊ´±Í¨°
f1 ¨ f2 ³µ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö, ´ ¶·¨³¥·,  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö ˜·¥¤¨´£¥·  ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¶µÉ¥´Í¨ ²µ³,   É ±¦¥ ËÊ´±Í¨¨ ¢¨¤ 
pa exp (−bp) ¨²¨ cpa/(pa + 1)b ¨ É.¶., £¤¥ a ≥ 0, b ≥ 1, c > 0. �É³¥É¨³,
ÎÉµ ¶µ¸±µ²Ó±Ê ·¥Ï¥´¨Ö E(p) ¨ v(p) ¸¨¸É¥³Ò (111),(113),(115) µ¶¨¸Ò¢ ÕÉ
´¥ ¸¢µ¡µ¤´Ò¥ ±¢ ·±¨,   ±¢ ·±¨, ´ Ìµ¤ÖÐ¨¥¸Ö ¢ ¸¢Ö§ ´´µ³ ¸µ¸ÉµÖ´¨¨ (ª¢´Ê-
É·¨ ³¥§µ´ ª), Éµ ¢Ò¡µ· ËÊ´±Í¨° f1 ¨ f2 ³µ¦´µ ¸¢Ö§ ÉÓ ´¥ Éµ²Ó±µ ¸ ·¥Ï¥-
´¨Ö³¨ ¸¨¸É¥³Ò ˜„, ´µ ¨ ¸ ·¥Ï¥´¨Ö³¨ U1(p) ¨ U2(p) Ê· ¢´¥´¨Ö �‘, É.¥.
f1 = f1(p, U1(p)), f2 = f2(p, U2(p)). “· ¢´¥´¨Ö ˜„ ¨ �‘ ¢ ÔÉµ³ ¸²ÊÎ ¥ ´ ¤µ
·¥Ï ÉÓ ± ± ¥¤¨´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°. ‡¤¥¸Ó ³Ò ´¥ § ´¨³ ¥³¸Ö Ë¨§¨Î¥¸±¨³
µ¡µ¸´µ¢ ´¨¥³ § ³¥´Ò ¸¨¸É¥³Ò (111)Å(113) ´  ¸¨¸É¥³Ê (111),(113),(115) ¨
±µ´±·¥É´µ£µ ¢Ò¡µ·  ËÊ´±Í¨° f1 ¨ f2. Š·¨É¥·¨¥³ ¢¨¤  ÔÉ¨Ì ËÊ´±Í¨° ¢
¤ ´´µ³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¶· ¢¨²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨°, µÉ-
¸ÊÉ¸É¢¨¥ · ¸Ìµ¤¨³µ¸É¥° ¢ ¨´É¥£· ² Ì I1 ¨ I2,   É ±¦¥ ± Î¥¸É¢¥´´µ¥ ¨ ±µ²¨Î¥-
¸É¢¥´´µ¥ µ¶¨¸ ´¨¥ Ì · ±É¥·¨¸É¨± ³¥§µ´µ¢ ± ± ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ±¢ ·± 
¨  ´É¨±¢ ·± .

’ ±¨³ µ¡· §µ³, ¸¨¸É¥³  Ê· ¢´¥´¨° ˜„ ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ±· ¥¢µ°
§ ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° (111),(113),(115) ¸ £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨

lim
p→0

v(p) = 0, lim
p→∞

v(p) = π/4, lim
p→0

E(p) = const, lim
p→∞

E(p) = p.

4.2. “· ¢´¥´¨¥ �¥É¥ Å ‘µ²¶¨É¥· . � ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ �‘ ¤²Ö ¶¸¥¢-
¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢, ¸µ¸ÉµÖÐ¨Ì ¨§ ±¢ ·±µ¢ ¸ · §´Ò³¨ ³ ¸¸ ³¨ [84]:

ML(2
1)

(~p) = Et(p)L(1
2)

(~p)− (116)
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−
∫

d~q

(2π)3
V (|~p− ~q|)[C(−+)

p C
(−+)
q + ξS

(−+)
p S

(−+)
q ]L(1

2)
(~q),

£¤¥

C
(+
−)
p = cos (v1(p)± v2(p)), S

(+
−)
p = sin (v1(p)± v2(p)),

v1, v2 ¨ E1, E2 Ä ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜„ ¤²Ö ±¢ ·±  ¨  ´É¨±¢ ·±  ¸ Éµ±µ¢Ò³¨
³ ¸¸ ³¨ m01 ¨ m02 ¸µµÉ¢¥É¸É¢¥´´µ, Et(p) = E1(p) + E2(p) Ä ¶µ²´ Ö Ô´¥·-
£¨Ö ³¥§µ´ , M Ä ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ (³ ¸¸  ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö), L(1

2)
Ä

¢µ²´µ¢Ò¥ ËÊ´±Í¨¨. “¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤:

4NC
M

∫
d~q

(2π)3
L1(~q)L2(~q) = 1, (117)

£¤¥ NC = 3 Ä ±¢ ´Éµ¢µ¥ Î¨¸²µ. ˆ¸¶µ²Ó§ÊÖ ¶µ²ÊÎ¥´´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (116),
³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ±µ´¸É ´ÉÒ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢:

Fπ =
4NC
M

∫
d~q

(2π)3
L2(~q) cos (v1(q) + v2(q)). (118)

�Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (116) ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¶µ ¸Ë¥·¨Î¥¸±¨³
ËÊ´±Í¨Ö³ Ylm(θ, φ)

L(2
1)

(~p) =
1

p

∑
l,m

U(2
1)lm

(p)Ylm(θ, φ). (119)

‚ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ³ ¸²ÊÎ ¥ (l,m = 0), µ¡µ§´ Î¨¢ ¤²Ö ±· É±µ¸É¨
U(2

1)00 = U(2
1)

, ¶µ²ÊÎ ¥³

MU(2
1)

(p) = Et(p)U(1
2)

(p)−

−2

∞∫
0

dq[C
(−+)
p C

(−+)
q V̂1(p, q) + S

(−+)
p S

(−+)
q V̂2(p, q)]U(1

2)
(q), (120)

4NC
M

1

(2π)3

∞∫
0

dqU1(q)U2(q) = 1, (121)

£¤¥ V̂1(p, q) = p
qV1(p, q), V̂2(p, q) = p

qV2(p, q), V1(p, q) ¨ V2(p, q) µ¶·¥¤¥²ÖÕÉ¸Ö
Ëµ·³Ê²µ° (113).

”µ·³Ê²  ¤²Ö ±µ´¸É ´ÉÒ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¶·¨´¨³ ¥É ¢¨¤:

Fπ =
4NC
M

1

(2π)3

√
4π

∞∫
0

dqqU2(q) cos (v1(q) + v2(q)). (122)
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�¥Ï¥´¨Ö ¸¨¸É¥³Ò (120) ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ-
¢¨Ö³

lim
p→0

U(1
2)

(p) = 0, lim
p→∞

U(1
2)

(p) = 0. (123)

’ ±¨³ µ¡· §µ³, ³Ò ¶µ²ÊÎ¨²¨ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨-
¸É¥³Ò (120) ¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (121) ¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (123).
…Ð¥ · § µÉ³¥É¨³, ÎÉµ ¢ Ëµ·³Ê²Ò, µ¶·¥¤¥²ÖÕÐ¨¥ § ¤ ÎÊ �‘, ¢Ìµ¤ÖÉ ·¥Ï¥´¨Ö
(v1, E1) ¨ (v2, E2) ¸¨¸É¥³Ò ˜„ ¤²Ö ¤¢ÊÌ ³ ¸¸ ±¢ ·±µ¢ m01 ¨ m02.

4.3. �µÉ¥´Í¨ ²Ò ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚ ÔÉµ³ · §¤¥²¥ ¶·¥¤¸É ¢²¥´Ò ´ ¨-
¡µ²¥¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³Ò¥ ÔËË¥±É¨¢´Ò¥ ¶µÉ¥´Í¨ ²Ò ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ µ¡¸Ê-
¦¤ ÕÉ¸Ö ³¥Éµ¤Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î ˜„ ¨ �‘ ¸ ÔÉ¨³¨ ¶µÉ¥´Í¨ ² ³¨.

�µÉ¥´Í¨ ²Ò ƒ Ê¸¸  ¨ �± ¢Ò. �µÉ¥´Í¨ ² ƒ Ê¸¸  µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö
¤²Ö Ê¶·µÐ¥´¨Ö ³µ¤¥²¨ (´ ¶·¨³¥·, [93, 94]). Šµµ·¤¨´ É´µ¥ ¶·¥¤¸É ¢²¥´¨¥
ÔÉµ£µ ¶µÉ¥´Í¨ ²  ¸²¥¤ÊÕÐ¥¥

VG = vg exp (−µ2r2) + C, (124)

£¤¥ C Ä ±µ´¸É ´É , vg > 0 ¨ µ > 0 Ä ¶ · ³¥É·Ò. �·¨¢¥¤¥³ ¨³¶Ê²Ó¸´µ¥
¶·¥¤¸É ¢²¥´¨¥ ¶µÉ¥´Í¨ ²  (124)

V (|~p− ~q|) =
vg

(
√
π)3

R3 exp (−R2|~p− ~q|2) +C(2π)3δ(|~p− ~q|), R = µ/2. (125)

�µÉ¥´Í¨ ², ¶·¥¤¸É ¢²ÖÕÐ¨° ¸µ¡µ° · §´µ¸ÉÓ ¤¢ÊÌ ¶µÉ¥´Í¨ ²µ¢ �± ¢Ò, ¨³¥¥É
±µµ·¤¨´ É´ÊÕ ¨ ¨³¶Ê²Ó¸´ÊÕ Ëµ·³Ê ¸µµÉ¢¥É¸É¢¥´´µ:

V =
α

r
{exp (−µ1r) − β exp (−µ2r)}+ C, (126)

V (~p−~q) = 4πα

{
1

µ2
1 + |~p− ~q|2 −

β

µ2
2 + |~p− ~q|2

}
+C(2π)3δ(|~p−~q|), (127)

£¤¥ α, µ1, µ2, C Ä ¶ · ³¥É·Ò ¶µÉ¥´Í¨ ² . �·¨ β=0 µ¸É ¥É¸Ö Éµ²Ó±µ µ¤¨´ ¶µ-
É¥´Í¨ ² �± ¢Ò. �Î¥¢¨¤´µ, ÎÉµ ¶·¨ β = 0, µ1r << 1 ¶µÉ¥´Í¨ ² ¸É ´µ¢¨É¸Ö
¶µÌµ¦¨³ ´  ±Ê²µ´µ¢¸±¨°. ‘²ÊÎ ° · §´µ¸É¨ ¤¢ÊÌ ¶µÉ¥´Í¨ ²µ¢ �± ¢Ò (β = 1)
¶·¨ µ1 << µ2 ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¶µ¸µ¡ ·¥£Ê²Ö·¨§ Í¨¨ ±Ê²µ´µ¢¸±µ£µ
¶µÉ¥´Í¨ ²  ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨ (|~p− ~q|2 >> µ2

2).
„²Ö ·¥Ï¥´¨Ö ¶¥·¥´µ·³¨·µ¢ ´´µ° ¸¨¸É¥³Ò (111),(113),(115) ¸ ¶µÉ¥´Í¨ -

²µ³ (124),(125) ¶·¨ f1 ≡ 1, f2 ≡ 0 ¢ · ¡µÉ¥ [95] ¶·¨³¥´Ö²¸Ö ³µ¤¨Ë¨Í¨-
·µ¢ ´´Ò° ´ÓÕÉµ´µ¢¸±¨°  ²£µ·¨É³ [96]. �·¨ ÔÉµ³ ¶µ¸É ´µ¢±  § ¤ Î¨ ¶ÊÉ¥³
¶·µ¸ÉÒÌ ¶·¥µ¡· §µ¢ ´¨° Ëµ·³Ê²¨·µ¢ ² ¸Ó ¢ ¢¨¤¥ ´¥²¨´¥°´µ£µ ¨´É¥£· ²Ó´µ£µ
Ê· ¢´¥´¨Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ³ ¸¸µ¢µ° ËÊ´±Í¨¨ ±¢ ·± 

m(p) = m0 +

∞∫
0

dqV (q, p)m(q)/
√
m2(q) + q2, (128)
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£¤¥

V (p, q) = αg
p

q
[exp (−βg(p2 + q2)) sinh (2βgpq)], (129)

αg ¨ βg Ä ¶ · ³¥É·Ò.
‚ · ¡µÉ Ì [93, 98] ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ˜„ ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·¥¤¸É ¢²¥´-

´Ò° ¢ [93] ¨É¥· Í¨µ´´Ò° ¶·µÍ¥¸¸. �É³¥É¨³, ÎÉµ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ,
¶µ²ÊÎ¥´´Ò¥ ¶·¨ ·¥Ï¥´¨¨ ¸¨¸É¥³Ò ˜„ Ê± § ´´Ò³ ³¥Éµ¤µ³, ¸µ£² ¸ÊÕÉ¸Ö ¸
·¥§Ê²ÓÉ É ³¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (128)Å(129), ¶µ²ÊÎ¥´´Ò³¨ ´  µ¸´µ¢¥ ³µ¤¨-
Ë¨Í¨·µ¢ ´´µ° ´ÓÕÉµ´µ¢¸±µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò, µ¶¨¸ ´´µ° ¢ [96].

C¨¸É¥³  �‘ (120) ¤²Ö ¶µÉ¥´Í¨ ²µ¢ (124)Å(125) ¨ (126)Å(127) ¶·¥¤¸É -
¢²Ö¥É ¸µ¡µ° § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¤¢ÊÌ ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° ¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (121). …¥ Î¨¸²¥´´µ¥ ·¥Ï¥´¨¥ µ¸ÊÐ¥¸É¢²Ö-
²µ¸Ó ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶·µ£· ³³´µ£µ ±µ³¶²¥±¸  SYSINT
(SYSINTM) [97], ¶·¥¤´ §´ Î¥´´µ£µ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³µ-
¤¨Ë¨Í¨·µ¢ ´´ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´´µ£µ ��Œ�. �·¨
¢ÒÎ¨¸²¥´¨¨ ¨´É¥£· ²µ¢ ¨¸¶µ²Ó§µ¢ ² ¸Ó ±¢ ¤· ÉÊ·´ Ö Ëµ·³Ê²  ‘¨³¶¸µ´ , µ¡¥¸-
¶¥Î¨¢ ÕÐ Ö ¶µ·Ö¤µ±  ¶¶·µ±¸¨³ Í¨¨ O(h4), ÎÉµ ¶µ¤É¢¥·¦¤ ¥É¸Ö Î¨¸²¥´´Ò³¨
Ô±¸¶¥·¨³¥´É ³¨ ´  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ± ¸ Ï £µ³  ·£Ê-
³¥´É  h, h/2, h/4 (¸³. É ¡².1).

’ ¡²¨Í . 1. m01 = m02 = 0, 01

h M (¶µÉ¥´Í¨ ² ƒ Ê¸¸ ) M (¶µÉ¥´Í¨ ² �± ¢Ò)
β = 3 µ1 = 0, 001, µ2 = 5, α = 1, 8

0,100 0,192851 0,461893
0,050 0,202286 0,463275
0,025 0,201669 0,463363

σM =
Mh−Mh/2

Mh/2−Mh/4
15,17 15,71

�¸Í¨²²ÖÉµ·´Ò° ¨ £ Ê¸¸µ¢¸±¨° ¶µÉ¥´Í¨ ²Ò. �¸Í¨²²ÖÉµ·´Ò° ¶µÉ¥´Í¨ ²,
±µµ·¤¨´ É´µ¥ ¨ ¨³¶Ê²Ó¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ±µÉµ·µ£µ, ¸µµÉ¢¥É¸É¢¥´´µ, ¨³¥¥É
¢¨¤

VO(r) = −vor2, VO(|~p− ~q|) = −(2π)3v0∆~pδ(|~p− ~q|), (130)

Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ± ± ¶·¨¡²¨¦¥´¨¥ ²¨´¥°´µ£µ ¤²Ö Ê¶·µÐ¥´¨Ö ³µ¤¥²¨ [81,
90Ä92,99]. �·¨ ÔÉµ³, ± ± ¶µ± § ´µ ¢ · ¡µÉ Ì [90,91], Ê· ¢´¥´¨¥ ˜„ Ê¤ ¥É¸Ö
¸¢¥¸É¨ ± ´¥²¨´¥°´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê Ê· ¢´¥´¨Õ ¢¨¤ 

ψ′′(p) + 2ψ′(p)/p− 2p sin ψ(p) + sin 2ψ(p)/p2 + 2m0 − 2 cos ψ(p) = 0 (131)
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¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

ψ(0) = π/2, ψ(∞) = m0/

√
p2 +m2

0.

‚ Ê± § ´´ÒÌ · ¡µÉ Ì Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨Ö (131) ¶·µ¢µ¤¨²µ¸Ó ¸
¶µ³µÐÓÕ ´ÓÕÉµ´µ¢¸±µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò. ‚ · ¡µÉ¥ [99] · ¸¸³ É·¨¢ ² ¸Ó
´¥±µÉµ· Ö ³µ¤¨Ë¨± Í¨Ö § ¤ Î¨ (131), ¶µ§¢µ²ÖÕÐ Ö ¡µ²¥¥ ÉµÎ´µ µ¶¨¸ ÉÓ ´¥-
±µÉµ·Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨. …¥ ·¥Ï¥´¨¥ É ±¦¥ µ¸ÊÐ¥¸É¢²Ö-
²µ¸Ó ´  µ¸´µ¢¥ ��Œ�.

� ¸¸³µÉ·¨³ ¡µ²¥¥ µ¡Ð¨° ¸²ÊÎ °,   ¨³¥´´µ, ±µ³¡¨´ Í¨Õ µ¸Í¨²²ÖÉµ·´µ£µ
¨ £ Ê¸¸µ¢¸±µ£µ ¶µÉ¥´Í¨ ²µ¢:

V = VG + VO, VG = vg exp (−µ2r2) + C, VO = −vor2. (132)

ˆ³¶Ê²Ó¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µÉ¥´Í¨ ²  (132) ¨³¥¥É ¢¨¤

V (|~p− ~q|) =
vg

(
√
π)3

R3 exp (−R2|~p− ~q|2) + C(2π)3δ(|~p− ~q|)−

−vo(2π)3∆~pδ(|~p− ~q|), R = 1/(2µ). (133)

�·¨ ÔÉµ³ ¢Ò· ¦¥´¨Ö (112) ¶·¨´¨³ ÕÉ ¢¨¤
Ĩ1 = [(sin (φ(p̃)))′′ +

2

p
(sin (φ(p̃)))′] + J̃1,

Ĩ2 = [(cos (φ(p̃)))′′ +
2

p
(cos (φ(p̃)))′ − 2

p2
cos (φ(p̃))] + J̃2,

£¤¥

J1 = α̂

∞∫
0

dqV1(p, q) cos (2v(q)), J2 = α̂

∞∫
0

dqV2(p, q) sin (2v(q)), (134)

V1 = R
q

p
[exp (−R2(p2 + q2)) sinh (2R2pq)], (135)

V2 =
1

2

1

Rp2
{exp (−R2(p2 + q2))[2R2pq cosh (2R2pq)− sinh (2R2pq)]}. (136)

—¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¸¨¸É¥³Ò (115),(134)Å(136) ¶·µ¢µ¤¨²µ¸Ó ¢ · ¡µÉ¥
[100]. “· ¢´¥´¨¥ ˜„ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸¢µ¤¨É¸Ö ± ´¥²¨´¥°´µ° £· ´¨Î´µ° § ¤ Î¥
¤²Ö µ¤´µ£µ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ Ê· ¢´¥´¨Ö (¶·¨ Vg = 0, f1 ≡ f2 ≡
1 ³Ò ¶µ²ÊÎ ¥³ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ (131)). —¨¸²¥´´µ¥ ·¥Ï¥´¨¥
É ±µ° § ¤ Î¨ µ¸ÊÐ¥¸É¢²Ö²µ¸Ó ¸ ¶µ³µÐÓÕ ³µ¤¨Ë¨Í¨·µ¢ ´´µ£µ ´ÓÕÉµ´µ¢¸±µ£µ
 ²£µ·¨É³ , · ¸¸³µÉ·¥´´µ£µ ¢ · ¡µÉ Ì [64].
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�µ¸É ´µ¢±  § ¤ Î¨ (120) ¤²Ö ¶µÉ¥´Í¨ ²  (132) ¨³¥¥É ¢¨¤ § ¤ Î¨ ´  ¸µ¡-
¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ¤¢ÊÌ ²¨´¥°´ÒÌ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°

MU(2
1)

(p) + U ′′(1
2)

(p) +W(1
2)

(p)U(1
2)

(p) =

= −2

∞∫
0

dq[C
(−+)
p C

(−+)
q V̂1(p, q) + S

(−+)
p S

(−+)
q V̂2(p, q)]U(1

2)
(q), (137)

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (121), £¤¥

W1 = −{Et +
1

4
(φ′1 + φ′2)2 +

2

p2
cos2(

φ1 + φ2

2
)}, (138)

W2 = −{Et +
1

4
(φ′1 − φ′2)2 +

2

p2
sin2(

φ1 − φ2

2
)}, (139)

φi = −2vi + π/2, i = 1, 2.

�¥Ï¥´¨¥ § ¤ Î¨ (137)Å(138) µ¸ÊÐ¥¸É¢²Ö²µ¸Ó ¢ [100] ¸ ¶µ³µÐÓÕ Éµ° ¦¥ ³µ-
¤¨Ë¨± Í¨¨ ��Œ�, ¶·¥¤²µ¦¥´´µ° ¢ [64]. „²Ö ¸²ÊÎ Ö Vg = 0, ±µ£¤  Ê· ¢´¥´¨Ö
¸¨¸É¥³Ò ¸É ´µ¢ÖÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨, ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·µ£· ³³´Ò° ±µ³-
¶²¥±¸ SLIPS2 [25].

Šµ³¡¨´ Í¨Ö ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²µ¢. Šµµ·¤¨´ É´µ¥ ¶·¥¤-
¸É ¢²¥´¨¥ ±µ³¡¨´ Í¨¨ ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²µ¢ ¨³¥¥É ¢¨¤

V (r) = −αc
1

r
+ σr, (140)

£¤¥ αc ¨ σ Å ¶ · ³¥É·Ò. ‚ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥³

V (|~p− ~q|) = −αc
4π

|~p− ~q|2 − σ
8π

|~p− ~q|4 . (141)

ˆ¸¶µ²Ó§ÊÖ Éµ¦¤¥¸É¢µ
1

|~p− ~q|4 =
1

6
4p

1

|~p− ~q|2 , (142)

¸¨¸É¥³Ê (115) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:{
E(p) cos (2v(p)) = m0 + I1K + I1L,
E(p) sin (2v(p)) = p+ I2K + I2L,

£¤¥
ᾱ = −αc

2π
, σ̄ = −σ

π
,

I1C =
ᾱÎ1C

p
, I2C =

ᾱÎ2C

p
, I1L =

σ̄Î ′′1C
2p

, I2L =
σ̄

2p
[Î ′′2C −

2Î2C
p2

],
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Î1C(p) =

∞∫
0

dqq ln |p+ q

p− q | cos (2v(q))f1(p, q),

Î2C(p) =

∞∫
0

dqq[−1 +
p2 + q2

2pq
ln |p+ q

p− q |] sin (2v(q))f2(p, q).

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö É ±µ° ¸¨¸É¥³Ò ¢ · ¡µÉ¥ [101] ¨¸¶µ²Ó§µ¢ ²¸Ö  ²£µ-
·¨É³, µ¶¨¸ ´´Ò° ¢ [93].

‚ · ¡µÉ¥ [101] ¶µ± § ´µ É ±¦¥, ÎÉµ Ê· ¢´¥´¨¥ �‘ ¤²Ö ¶µÉ¥´Í¨ ²  (140)Å
(141) Ê¤ ¥É¸Ö ¸¢¥¸É¨ ± ¸¨¸É¥³¥ ¢¨¤ {
V13(p)U ′′1 (p) + V12(p)U ′1(p) + V11(p)U1(p)−MU2(p)− 2J12(U1, U2, p) = 0
V23(p)U ′′2 (p) + V22(p)U ′1(p) + V21(p)U2 −MU1(p)− 2J22(U1, U2, p) = 0,

(143)
£¤¥ ËÊ´±Í¨¨ J12 ¨ J22 ´¥²¨´¥°´µ § ¢¨¸ÖÉ µÉ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° U1, U2.

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (143) ¢ [101] ¡Ò²  · §· ¡µÉ ´  ³µ¤¨-
Ë¨Í¨·µ¢ ´´ Ö ´ÓÕÉµ´µ¢¸± Ö ¸Ì¥³ ,  ´ ²µ£¨Î´ Ö ¶·¥¤²µ¦¥´´µ³Ê ¢ [67]  ²£µ-
·¨É³Ê, ¸µÎ¥É ÕÐ Ö ��Œ� ¸ ³¥Éµ¤µ³ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. ‚ÒÎ¨-
¸²¨É¥²Ó´ Ö ¸Ì¥³  ·¥ ²¨§µ¢ ´  ´  · ¢´µ³¥·´µ° ¸¥É±¥ ¶µ  ·£Ê³¥´ÉÊ p ¸ Ï £µ³
h ¨ ¨³¥¥É ¢Éµ·µ° ¶µ·Ö¤µ± ¸Ìµ¤¨³µ¸É¨, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É¸Ö · ¸Î¥É ³¨ ´  ¶µ-
¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¢¤¢µ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ±, ¶·¥¤¸É ¢²¥´´Ò³¨ ¢ É ¡². 2.

’ ¡²¨Í . 2. ˆ´É¥·¢ ² [0,6], m0 = 0, 1, ᾱ = 0, 1, σ̄ = 0, 1

h M U1(0, 6) U2(0, 6)

0,100 1,7691 7,8183 6,6219
0,050 1,7744 7,7721 6,6048
0,025 1,7757 7,7607 6,6005

Mh−Mh/2

Mh/2−Mh/4
= 4, 16

U1,h−U1,h/2

U1,h/2−U1,h/4
= 4, 05

U2,h−U2,h/2

U2,h/2−U2,h/4
= 3, 94

�´ ²¨§ Î¨¸²¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢. ‚ · ¡µÉ Ì [93, 98, 100, 101] ¡Ò²µ ¶·µ-
¢¥¤¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘ ¸ · §²¨Î´Ò³¨ ¢¨¤ ³¨
ÔËË¥±É¨¢´ÒÌ ¶µÉ¥´Í¨ ²µ¢. �¥Ï¥´¨Ö ¶µ²ÊÎ¥´Ò ¤²Ö ¶¨µ´  ± ± ¸¢Ö§ ´´µ£µ ¸µ-
¸ÉµÖ´¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± , ¨³¥ÕÐ¨Ì ´¥´Ê²¥¢Ò¥ Éµ±µ¢Ò¥ ³ ¸¸Ò.

�µ¸±µ²Ó±Ê, ± ± Ê¦¥ Ê¶µ³¨´ ²µ¸Ó ¢ÒÏ¥, ¢ ·Ö¤¥ · ¡µÉ ¤·Ê£¨Ì  ¢Éµ·µ¢
· ¸Î¥É´Ò¥ §´ Î¥´¨Ö ±µ´¸É ´É ²¥¶Éµ´´µ£µ · ¸¶ ¤  ´¥ ¸µµÉ¢¥É¸É¢µ¢ ²¨ ¨³¥-
ÕÐ¨³¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³, Í¥²ÓÕ ¶·µ¢¥¤¥´´ÒÌ · ¸Î¥Éµ¢ ¡Ò²  ¶µ-
¶ÒÉ±  µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ£µ §´ Î¥´¨Ö ±µ´¸É ´ÉÒ ²¥¶Éµ´´µ£µ · ¸¶ ¤ 
Fπ ¤²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¶¨µ´ .
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�µÔÉµ³Ê ¢ ± Î¥¸É¢¥ ±·¨É¥·¨Ö ¢Ò¡µ·  ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ³µ¤¥²¨ ¨¸-
¶µ²Ó§µ¢ ²µ¸Ó Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ µÉ´µÏ¥´¨Ö ³ ¸¸Ò ¨ ±µ´¸É ´ÉÒ
²¥¶Éµ´´µ£µ · ¸¶ ¤  ¶¨µ´  Mπ/Fπ ∼ 1, 04. „²Ö ± ¦¤µ£µ ¨§ Ê¶µ³Ö´ÊÉÒÌ ¢ÒÏ¥
¶µÉ¥´Í¨ ²µ¢ ¡Ò²¨ ´ °¤¥´Ò ¶ · ³¥É·Ò ¨ ¸Ì¥³  ³µ¤¨Ë¨± Í¨¨ ¸¨¸É¥³Ò ˜„,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ Ê± § ´´µ³Ê Ô±¸¶¥·¨³¥´É ²Ó´µ³Ê §´ Î¥´¨Õ.

‚ Î ¸É´µ¸É¨, ¢ · ¡µÉ¥ [93] ¢¶¥·¢Ò¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¸Ì¥³ 
¶¥·¥´µ·³¨·µ¢±¨ ·¥Ï¥´¨° § ¤ Î¨ ˜„, ¶µ§¢µ²ÖÕÐ Ö µ¶¨¸ ÉÓ §´ Î¥´¨¥ Fπ ¢
· ¸¸³ É·¨¢ ¥³µ³ ±² ¸¸¥ ³µ¤¥²¥°.

„²Ö Ë¨±¸¨·µ¢ ´´ÒÌ ¨§ Ê¸²µ¢¨Ö ¢Ò¶µ²´¥´¨Ö ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ¶ · -
³¥É·µ¢ ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò É ±¦¥ · ¤¨ ²Ó´µ ¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¶¨µ´ .
�¤´ ±µ ¶·¨ Ê± § ´´µ³ ¸¶µ¸µ¡¥ ¢Ò¡µ·  ¶ · ³¥É·µ¢ ³µ¤¥²¨ Ê·µ¢´¨ Ô´¥·£¨¨
· ¤¨ ²Ó´µ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° µ± § ²¨¸Ó ´¨¦¥ ¨³¥ÕÐ¨Ì¸Ö Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ µÍ¥´µ±, ¶·¨¢¥¤¥´´ÒÌ ¢ [102]. ˆ¸±²ÕÎ¥´¨¥ ¸µ¸É ¢¨² µ¸Í¨²²ÖÉµ·´Ò°
¶µÉ¥´Í¨ ² [84], ¤²Ö ±µÉµ·µ£µ Ô´¥·£¨¨ · ¤¨ ²Ó´µ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨°
¸ÊÐ¥¸É¢¥´´µ ¶·¥¢ÒÏ ÕÉ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥.

4.4. �¡µ¡Ð¥´¨¥ Š•„-¨´¸¶¨·¨·µ¢ ´´µ° ³µ¤¥²¨ ´  ¸²ÊÎ ° ±µ´¥Î´ÒÌ
É¥³¶¥· ÉÊ·. �¡µ¡Ð¥´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘ ´  ¸²ÊÎ ° ±µ´¥Î´µ° É¥³¶¥· -
ÉÊ·Ò ¨ ¡ ·¨µ´´µ° ¶²µÉ´µ¸É¨, ¶·¥¤²µ¦¥´´µ¥ ¢ · ¡µÉ Ì [94, 103], ¨´É¥·¥¸´µ
¸ ÉµÎ±¨ §·¥´¨Ö ·¥Ï¥´¨Ö  ±ÉÊ ²Ó´µ° ¶·µ¡²¥³Ò µ¶¨¸ ´¨Ö £µ·ÖÎ¥° ¨ ¶²µÉ-
´µ°  ¤·µ´´µ° ³ É¥·¨¨ (±¢ ·±-£²Õµ´´µ° ¶² §³Ò) [104]. �µ¸±µ²Ó±Ê ¤µ ¸¨Ì
¶µ· [105,106] Ê± § ´´ Ö ¶·µ¡²¥³  · ¸¸³ É·¨¢ ² ¸Ó ¢ µ¸´µ¢´µ³ ¢ · ³± Ì ³µ-
¤¥²¨ � ³¡Ê Å ˆµ´ -‹ §¨´¨µ [107], Ô±¢¨¢ ²¥´É´µ° ¸¥¶ · ¡¥²Ó´µ³Ê ¶·¨¡²¨-
¦¥´¨Õ [108] · ¸¸³ É·¨¢ ¥³ÒÌ Ê· ¢´¥´¨°, ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ Î¨¸²¥´´µ£µ
·¥Ï¥´¨Ö ¶µ²´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ˜„ ¨ �‘ ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨
¢ ¸¥¶ · ¡¥²Ó´µ³ ¶·¨¡²¨¦¥´¨¨, ¶µ²¥§´µ ¤²Ö  ´ ²¨§  ¶·¨³¥´¨³µ¸É¨ É¥µ·¥É¨-
Î¥¸±µ° ³µ¤¥²¨.

’ ±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¡Ò²µ ¶·µ¢¥¤¥´µ ¢ [109]. ’ ± ¦¥, ± ± ¨ ¢ [93,94], ¤²Ö
Ê¶·µÐ¥´¨Ö ³µ¤¥²¨ ¨¸¶µ²Ó§µ¢ ²¸Ö ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¢ ¢¨¤¥ £ Ê¸¸¨ ´ .

‘ ÉµÎ±¨ §·¥´¨Ö ¶µ¸É ´µ¢±¨ § ¤ Î¨ ¢±²ÕÎ¥´¨¥ É¥³¶¥· ÉÊ·´µ° § ¢¨¸¨³µ¸É¨
¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¤µ¶µ²´¨É¥²Ó´µ£µ Ê· ¢´¥´¨Ö ¤²Ö Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨-
 ² . ‚ ·¥§Ê²ÓÉ É¥, ± ± ¶µ± § ´µ ¢ [110], § ¤ Î  ˜„ ¶·¨´¨³ ¥É ¢¨¤ ¸¨¸É¥³Ò
É·¥Ì ´¥²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥


E(p) cos (2v(p)) = m0 +

1

2

∫
d~qV (|~p− ~q|)[1− f(q)− f̄(q)] cos (2v(q))/(2π)3,

E(p) sin (2v(p)) = p+
1

2

∫
d~qV (|~p− ~q|)ξ[1− f(q)− f̄(q)] sin (2v(q))/(2π)3,

(144)

µ(p) = µ0 +
1

2

∫
d~qV (|~p− ~q|)[f(q)− f̄(q)]/(2π)3, (145)
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£¤¥

f(p) =
1

1 + exp [βT (E(p)− µ(p))]
, f̄(p) =

1

1 + exp [βT (E(p) + µ(p))]
. (146)

Š ± ¨ ¢ ¶.4.1, ¨´É¥£·¨·µ¢ ´¨¥ ¢¥¤¥É¸Ö ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥, ξ = (~p/p, ~q/q) Ä ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¥¤¨´¨Î´ÒÌ É·¥Ì³¥·´ÒÌ
¢¥±Éµ·µ¢, βT = 1/T, T Ä É¥³¶¥· ÉÊ· , E(p), v(p), µ(p) Ä ¸µµÉ¢¥É¸É¢¥´´µ,
Ô´¥·£¨Ö ±¢ ·± , ¥£µ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¨ Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ², ±µÉµ·Ò¥
´ ¤µ ´ °É¨. ’µ±µ¢ Ö ³ ¸¸  ±¢ ·±  m0 ¨ ´ Î ²Ó´Ò° Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² µ0

· ¸¸³ É·¨¢ ÕÉ¸Ö ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ± ± § ¤ ´´Ò¥ ¶ · ³¥É·Ò ³µ¤¥²¨.
�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Ê£² ³ Ω~q, ¶¥·¥Ìµ¤  ± ¡¥§· §³¥·´Ò³ ¢¥²¨Î¨´ ³

¨ ´¥±µÉµ·ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê

ctg (2v(p)) =
m0 + I1(p)

p+ I2(p)
,

E(p) = 1
2C[1− f(p)− f̄(p)] + [m0 + I1(p)] cos (2v(p))+

+[p+ I2(p)] sin (2v(p)),

µ(p) = µ0(p) + 1
2C[f(p)− f̄(p)] +

∞∫
0

dqV1(p, q)[f(q)− f̄(q)],

(147)

£¤¥

I1 =

∞∫
0

dqV1(p, q)[1− f(q)− f̄(q)] cos (2v(q))f1(p, q),

I2 =

∞∫
0

dqV2(p, q)[1− f(q)− f̄(q)] sin (2v(q))f2(p, q),


V1 = R

q

p
exp (−R2(p2 + q2)) sinh (2R2pq),

V2 =
1

2

1

Rp2
exp (−R2(p2 + q2))[2R2pq cosh (2R2pq)− sinh (2R2pq)].

(148)
�¥·¥°¤¥³ É¥¶¥·Ó ± · ¸¸³µÉ·¥´¨Õ § ¤ Î¨ �‘. Š ± ¶µ± § ´µ ¢ [110], ¢

¸²ÊÎ ¥ ´¥· ¢´ÒÌ Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢ ¤²Ö ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢ Ê· ¢-
´¥´¨¥ �‘ ¨³¥¥É ¢¨¤ § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò Î¥ÉÒ·¥Ì
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°

(E(NA)(p)−M)L
(NA)
(2
1)

(~p) =

= α
(NA)
(+
−)

∫
d~q

(2π)3
V (|~p− ~q|)[c(

−
+)
p c

(−+)
q + ξc

(−+)
p c

(−+)
q ]L

(NA)
(1
2)

(~q), (149)
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£¤¥

c
(+
−)
p = cos (v1(p)± v2(p)), s

(+
−)
p = sin (v1(p)± v2(p)),

α
(NA)
(+
−)

= (a
(NA)
+ ± a(NA)

− )/2, E(NA) = E1 ± E2,

aN+ = 1− f1 − f̄2, aN− = 1− f̄1 − f2, aA+ = f2 − f1, aA− = f̄2 − f̄1

fi =
1

1 + exp[βT (Ei − µi)]
, f̄i =

1

1 + exp[βT (Ei + µi)]
, i = 1, 2,

v1, v2, E1, E2 ¨ µ1, µ2 Ä ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜„ ¨ Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¤²Ö
±¢ ·±  ¨  ´É¨±¢ ·±  c § ¤ ´´Ò³¨ Éµ±µ¢Ò³¨ ³ ¸¸ ³¨ m01 ¨ m02, M Ä ¸µ¡-

¸É¢¥´´µ¥ §´ Î¥´¨¥ (³ ¸¸  ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö), L
(NA)
(1
2)

Ä ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨.

“¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤

NC

M

∫
d~q

(2π)3
(
(LN1 (~q) + LN2 (~q))2

aN+
− (LN1 (~q)− LN2 (~q))2

aN−
−

− (LA1 (~q) + LA2 (~q))2

aA+
+

(LA1 (~q)− LA2 (~q))2

aA−
) = 1. (150)

Šµ´¸É ´ÉÒ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¸µ£² ¸´µ [110] ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ ¶µ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° ¶µ Ëµ·³Ê²¥

Fπ =
4NC
M

∫
d~q

(2π)3
(LN2 (~q) cos (v1(q) + v2(q)) − LA2 (~q) sin (v1(q) + v2(q))).

(151)
„²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¸²ÊÎ Ö, ¶¥·¥Ìµ¤Ö ± ±µ´¥Î´µ³Ê ¨´É¥·¢ ²Ê

¨´É¥£·¨·µ¢ ´¨Ö [0, pM ], ³Ò ¶µ²ÊÎ ¥³ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö
¸¨¸É¥³Ò Î¥ÉÒ·¥Ì ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°.

„²Ö ¸²ÊÎ Ö · ¢´ÒÌ Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢ m01 = m02 ¸¨¸É¥³  �‘ ´¥-
¸±µ²Ó±µ Ê¶·µÐ ¥É¸Ö ¨ ¸¢µ¤¨É¸Ö ± § ¤ Î¥ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò
¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°.

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê± § ´´ÒÌ Ê· ¢´¥´¨° ¶·¨³¥´Ö²¨¸Ó µ¶¨¸ ´´Ò¥
¢ [93]  ²£µ·¨É³Ò ¨ ¶·µ£· ³³Ò, ¸ÊÐ¥¸É¢¥´´µ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ ¸ ÊÎ¥Éµ³ ¸¶¥-
Í¨Ë¨±¨ ¤ ´´µ° § ¤ Î¨. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ˜„ ¨¸¶µ²Ó§µ¢ ²¸Ö ³¥Éµ¤ ¶·µ¸ÉÒÌ
¨É¥· Í¨°. „²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò �‘ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¶·µ£· ³³ 
SYSINT(SYSINTM) [97]. �µ¸±µ²Ó±Ê ¢¢¥¤¥´¨¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·µ¢
Ä É¥³¶¥· ÉÊ·Ò ¨ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  Ä ¤¥² ¥É § ¤ ÎÊ ¡µ²¥¥ £·µ³µ§¤±µ°,
¤²Ö ¥¥ Ê¸¶¥Ï´µ£µ ·¥Ï¥´¨Ö ¶·¨³¥´Ö²¸Ö ³¥Éµ¤ ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · ³¥É·Ê [4],
¶µ§¢µ²ÖÕÐ¨° ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ± Î¥¸É¢¥ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö ·¥Ï¥´¨Ö, Ê¦¥
¶µ²ÊÎ¥´´Ò¥ ¤²Ö ¤·Ê£¨Ì ¶ · ³¥É·µ¢ § ¤ Î¨.
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�¨¸. 2. ‡ ¢¨¸¨³µ¸ÉÓ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜„ µÉ É¥³¶¥· ÉÊ·Ò T ¨ ¨³¶Ê²Ó¸ 
P (v(T, p) = fi/p/t, E(T, p) = e/p/t, µ(T, p) = amu/p/t ¨ m(T, p) =
E(T, p) cos (2v(T, p)) = dm/p/t) ¤²Ö Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·±  m0 = 0, 1 ¨ ´ Î ²Ó´µ£µ
Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  µ0 = 0, 9 ¶·¨ I2 = 0

‚ É ¡². 3 ¶·¥¤¸É ¢²¥´Ò ´¥±µÉµ·Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ´  ¶µ¸²¥¤µ¢ É¥²Ó-
´µ¸É¨ ¢¤¢µ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ±, ±µÉµ·Ò¥ ¶µ¤É¢¥·¦¤ ÕÉ, ÎÉµ ¢ÒÎ¨¸²¨É¥²Ó´ Ö
¸Ì¥³  ¨³¥¥É ¶µ·Ö¤µ± ¸Ìµ¤¨³µ¸É¨ O(h4), ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶µ·Ö¤±Ê Î¨¸²¥´´µ°
 ¶¶·µ±¸¨³ Í¨¨ § ¤ Î¨.

�¥Ï¥´¨Ö § ¤ Î ˜„ ¨ �‘ ¤²Ö ´¥±µÉµ·ÒÌ §´ Î¥´¨° ¶ · ³¥É·µ¢ ¶·¨¢¥¤¥´Ò
´  ·¨¸.2Ä4. �Ê¦´µ § ³¥É¨ÉÓ, ÎÉµ ± Î¥¸É¢¥´´µ¥ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨° · ¸¸³ -
É·¨¢ ¥³ÒÌ § ¤ Î ¢ ³µ¤¨Ë¨Í¨·µ¢ ´´µ³ ¢ ·¨ ´É¥ (¶·¨ I2 ≡ 0)  ´ ²µ£¨Î´µ
·¥§Ê²ÓÉ É ³, ¶µ²ÊÎ¥´´Ò³ ¢ [110] ¤²Ö ³µ¤¥²¨ � ³¡Ê Å ˆµ´ -‹ §¨´¨µ.

�É³¥É¨³, ÎÉµ · §· ¡µÉ ´´µ¥ ¶·µ£· ³³´µ¥ µ¡¥¸¶¥Î¥´¨¥ ¶µ§¢µ²Ö¥É ¶µ²Ê-
Î ÉÓ ·¥Ï¥´¨Ö ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ¶ · ³¥É·µ¢ § ¤ Î¨ (³ ¸¸Ò ±¢ ·±µ¢,
É¥³¶¥· ÉÊ·Ò ¨ ´ Î ²Ó´µ£µ §´ Î¥´¨Ö ªÌ¨³¶µÉ¥´Í¨ ² ª). �µÔÉµ³Ê ´¥µ¡Ìµ¤¨³Ò
¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ·¥Ï¥´¨°, ¨´É¥·¥¸´ÒÌ ¤²Ö Ë¨§¨Î¥-
¸±¨Ì ¨¸¸²¥¤µ¢ ´¨°.
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�¨¸. 3. ‡ ¢¨¸¨³µ¸ÉÓ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜„ µÉ É¥³¶¥· ÉÊ·Ò T ¨ ¨³¶Ê²Ó¸ 
P (v(T, p) = fi/p/t, E(T, p) = e/p/t, µ(T, p) = amu/p/t ¨ m(T, p) =
E(T, p) cos (2v(T, p)) = dm/p/t) ¤²Ö Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·±  m0 = 0, 1 ¨ ´ Î ²Ó´µ£µ
Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  µ0 = 0, 9 ¤²Ö ´¥³µ¤¨Ë¨Í¨·µ¢ ´´µ° ¸¨¸É¥³Ò (I2 6= 0)

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ É ±¦¥, ÎÉµ · §· ¡µÉ ´´Ò° ¶µ¤Ìµ¤ ± ·¥Ï¥´¨Õ · ¸¸³ É-
·¨¢ ¥³ÒÌ § ¤ Î ¨ ¸µ§¤ ´´µ¥ ¶·µ£· ³³´µ¥ µ¡¥¸¶¥Î¥´¨¥ ¶µ§¢µ²ÖÕÉ ¶·µ¢µ¤¨ÉÓ
Î¨¸²¥´´Ò°  ´ ²¨§ É¥µ·¥É¨Î¥¸±¨Ì ³µ¤¥²¥° ¨ ¤²Ö ¶µÉ¥´Í¨ ²µ¢ ¤·Ê£µ£µ ¢¨¤ 
(´ ¶·¨³¥·, ¢ ¢¨¤¥ ËÊ´±Í¨¨ �± ¢Ò).

—¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘ ¸ · §²¨Î´Ò³¨ ¢¨¤ ³¨ ¶µ-
É¥´Í¨ ²µ¢ ¶µ± §Ò¢ ¥É, ÎÉµ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤  ¢µ§³µ¦´µ ±µ-
²¨Î¥¸É¢¥´´µ¥ µ¶¨¸ ´¨¥ ´¥±µÉµ·ÒÌ ¨§ ¨³¥ÕÐ¨Ì¸Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´-
´ÒÌ. ’ ±, ¸ ¶·¨³¥´¥´¨¥³ ±µ³¡¨´ Í¨¨ ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ -
²µ¢ ¶µ²ÊÎ¥´µ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ µ¶¨¸ ´¨¥ ¸¶¥±É·µ¢ ³ ¸¸ ¨ ±µ´¸É ´É ²¥¶Éµ´-
´ÒÌ · ¸¶ ¤µ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢. ‚ ¶·¨¡²¨¦¥´¨¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¶µÉ¥´-
Í¨ ²  Ê¤ ¥É¸Ö µ¶¨¸ ÉÓ ¸¶¥±É·Ò ³ ¸¸ ± ± ÉÖ¦¥²ÒÌ, É ± ¨ ²¥£±¨Ì ±¢ ·±µ´¨¥¢.
‚ · ¡µÉ¥ [93] ´  ¶·¨³¥·¥ ¶µÉ¥´Í¨ ²  ƒ Ê¸¸  ¢¶¥·¢Ò¥ ¡Ò²  ¶µ± § ´  ¢µ§-
³µ¦´µ¸ÉÓ ¶· ¢¨²Ó´µ£µ µ¶¨¸ ´¨Ö ±µ´¸É ´ÉÒ · ¸¶ ¤  ¤²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö
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�¨¸. 4. ‚µ²´µ¢Ò¥ ËÊ´±Í¨¨ Ê· ¢´¥´¨° �‘ ¢ § ¢¨¸¨³µ¸É¨ µÉ É¥³¶¥· ÉÊ·Ò T =
0, 1(0, 1)1; ¤²Ö Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢ m01 = 0, 8, m02 = 0, 4 ¨ µ0 = 1; ¤²Ö I2 = 0 Å
¸¶²µÏ´Ò¥ ¨ ¤²Ö I2 6= 0 Å ¶Ê´±É¨·´Ò¥ ±·¨¢Ò¥
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’ ¡²¨Í . 3. m01 = m02 = 0, 1, T = 0, 1, µ0 = 1

h M U1(1, 96) U2(1, 96)

0,07 0,5150346 0,6175460E-02 0,5610517E-02
0,035 0,5150543 0,6176788E-02 0,5611749E-02
0,0175 0,5150554 0,6176862E-02 0,5611821E-02

Mh−Mh/2

Mh/2−Mh/4
= 17, 9

U1,h−U1,h/2

U1,h/2−U1,h/4
= 17, 9

U2,h−U2,h/2

U2,h/2−U2,h/4
= 17, 1

¶¨µ´ . �´ ²µ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ²ÊÎ¥´Ò ¤²Ö ¶µÉ¥´Í¨ ²  �± ¢Ò ¨ ±µ³¡¨-
´ Í¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¶µÉ¥´Í¨ ²  ¸ £ Ê¸¸µ¢¸±¨³.

�·µ¢¥¤¥´´Ò¥ Î¨¸²¥´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°,
¢±²ÕÎ ÕÐ¥° ¸¨´£Ê²Ö·´ÊÕ £· ´¨Î´ÊÕ ¨ ¸¶¥±É· ²Ó´ÊÕ § ¤ Î¨, ¶µ± § ²¨ ÔË-
Ë¥±É¨¢´µ¸ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³, ¶µ¸É·µ¥´´ÒÌ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö ´¥-
¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´ . ˆÌ Ï¨·µ±¨¥ ¢µ§³µ¦´µ¸É¨ ¶·µ¤¥³µ´-
¸É·¨·µ¢ ´Ò ± ± ¤²Ö § ¤ Î ˜„ ¨ �‘ ¡¥§ ÊÎ¥É  É¥³¶¥· ÉÊ·´µ£µ Ë ±Éµ· , É ± ¨
¤²Ö µ¡µ¡Ð¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ´  ¸²ÊÎ ° ´¥´Ê²¥¢µ° É¥³¶¥· ÉÊ·Ò ¨ ¡ ·¨µ´-
´µ° ¶²µÉ´µ¸É¨.

�´ ²¨§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ³µ¦¥É ¸²Ê¦¨ÉÓ µ¸´µ¢µ° ¤²Ö ¤ ²Ó´¥°Ï¥£µ
· §¢¨É¨Ö ¨¸¶µ²Ó§Ê¥³ÒÌ É¥µ·¥É¨Î¥¸±¨Ì ¶µ¤Ìµ¤µ¢ ¨ ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´µ° ¶·µ-
¢¥·±¨.

5. ‡�Š‹�—…�ˆ…

‚ ¶·¥¤² £ ¥³µ³ µ¡§µ·¥ ¤ ´µ ¸¨¸É¥³ É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¢ÒÎ¨¸²¨É¥²Ó-
´µ£µ  ¶¶ · É  ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö § ¤ Î, ¢µ§´¨± ÕÐ¨Ì ¢ ´¥±µÉµ·ÒÌ ±¢ ´Éµ¢µ-
¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²ÖÌ Š•„. …¤¨´µ° µ¸´µ¢µ° ¤²Ö · §· -
¡µÉ±¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¸²Ê¦¨É µ¡µ¡Ð¥´¨¥ ´¥¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤ 
�ÓÕÉµ´ , ±µÉµ·µ¥ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ± Î¥¸É¢¥´´µ ´µ¢µ¥ · §¢¨É¨¥ ��Œ� ´ 
µ¸´µ¢¥ µ¡Ñ¥¤¨´¥´¨Ö ¨¤¥° ³¥Éµ¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ Ô¢µ²ÕÍ¨¨ ¶µ ¶ -
· ³¥É· ³. �µ± § ´µ, ÎÉµ ¸ ¶µ³µÐÓÕ ¨§² £ ¥³µ£µ ¶µ¤Ìµ¤  ³µ¦´µ ¶µ¸É·µ¨ÉÓ
ÔËË¥±É¨¢´Ò¥ ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ¸ µ¶É¨³ ²Ó´Ò³ Ï £µ³, ¤ ÕÐ¨¥ ¢µ§³µ¦-
´µ¸ÉÓ µ¡· Ð ÉÓ ´  ± ¦¤µ³ ¨É¥· Í¨µ´´µ³ Ï £¥ ·¥£Ê²Ö·´ÊÕ Î ¸ÉÓ ²¨´¥°´µ£µ
µ¶¥· Éµ·  ¶·µ¨§¢µ¤´µ° ¨²¨ ¨§¡¥¦ ÉÓ µ¡· Ð¥´¨Ö ÔÉµ£µ µ¶¥· Éµ· . „ ´µ µ¡µ-
¸´µ¢ ´¨¥ ¸Ìµ¤¨³µ¸É¨ · §· ¡µÉ ´´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¨ ¶µ± § ´  ¨Ì
¸¢Ö§Ó ¸ ·Ö¤µ³ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥Éµ¤µ¢.

‚ µ¡§µ·¥ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ³µ¤¥²¥° É¥µ-
·¨¨ ¶µ²Ö·µ´ , ¡¨¶µ²Ö·µ´ , ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±É·µ´  ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ
³µ¤¥²¥° Š•„ ¸ · §²¨Î´Ò³¨ É¨¶ ³¨ ¶µÉ¥´Í¨ ²µ¢.
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Š ± ·¥§Ê²ÓÉ É, ¶·µ¤¥³µ´¸É·¨·µ¢ ´ ÔËË¥±É¨¢´Ò° Î¨¸²¥´´Ò° ³¥Éµ¤ ¨¸-
¸²¥¤µ¢ ´¨Ö Ï¨·µ±µ£µ ±² ¸¸  ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨.

��Œ�, · §¢¨¢ ¥³Ò° ¢ �ˆŸˆ ´  ¶·µÉÖ¦¥´¨¨ ¡µ²¥¥ É·¨¤Í É¨ ²¥É, ¨ ¸¥-
£µ¤´Ö ¶µ¤É¢¥·¦¤ ¥É ¸¢µÕ ¦¨§´¥¸¶µ¸µ¡´µ¸ÉÓ. �·¨Î¨´µ° ÔÉµ£µ Ö¢²Ö¥É¸Ö ¥£µ
É¥¸´ Ö ¸¢Ö§Ó ¸ ¶· ±É¨Î¥¸±¨³¨ § ¤ Î ³¨ ³ É¥³ É¨Î¥¸±µ£µ ³µ¤¥²¨·µ¢ ´¨Ö Ë¨-
§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢, µÉ±Ê¤  ´¥¶·¥·Ò¢´µ ¶µ¸ÉÊ¶ ÕÉ ± ± ´µ¢Ò¥ É·¥¡µ¢ ´¨Ö ±
³¥Éµ¤Ê, É ± ¨ ´µ¢Ò¥ ¨¤¥¨, ¸É¨³Ê²¨·ÊÕÐ¨¥ ¥£µ · §¢¨É¨¥.

�¢Éµ·Ò ¡² £µ¤ ·´Ò ¶·µË¥¸¸µ·Ê ….�.†¨¤±µ¢Ê §  ¢´¨³ ´¨¥ ± · ¡µÉ¥ ¨
Í¥´´Ò¥ § ³¥Î ´¨Ö.
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