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EXACTLY SOLVABLE MODEL SYSTEMS AND THE
HARTREEÄFOCKÄBOGOLUBOV APPROXIMATION
FOR MODEL SYSTEMS WITH FOUR-FERMION

INTERACTION
N.N.Bogolubov, Jr.

V.A.Steklov Mathematical Institute, Dept. of Statistical Mechanics, Moscow

An exactly solvable model system with pair interaction, which is of impor-
tance in superconductivity theory, is considered. The model reads as

H = H0 + Hint, H0 =
∑

(p,s)

(E(p)− µ)a†
psaps.

Hint = −
∑

(p,p′)

1
V

J(p, p′)at
−p,−1/2a

t
p′,1/2a−p′,−1/2,

where a†
p,±1/2, ap,±1/2 are the Fermi operators and V is the volume of the

system. The kernel J(p, p′) is assumed to be a real bounded function which
vanishes in effect outside a certain region of its arguments. The summation
in Hint is fulˇlled over the momenta p and p′ belonging to the energy layer
EF − ω < E(p) < EF + ω.

It is shown how one can construct an asymptotically exact solution for this
model using an approach based on the idea of the ®approximating Hamiltonians¯.
For a sufˇciently general conditions imposed on the model system in question,
such as the condition of separable interaction,

J(p, p′) = λ(p)λ(p′),

a theorem is proved which allows rigorous calculation of the free energy per unit
volume.

An approximate method, based on the same idea of the approximating Hamil-
tonian, is proposed that gives an opportunity to investigate dynamic properties of
various models with four-fermion interaction of general type:

H =
∑

(f,f ′)

Ω(f ′, f)a†
faf ′ +

1
2

∑

(f1,f2,f ′
2,f ′

1)

U(f1, f2, f
′
2, f

′
1)a

†
f1

a†
f2

af ′
2
af ′

1
+
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+
1
2

∑

(f,f ′)

j−(f ′, f, t)a†
fa†

f ′ +
1
2

∑

(f,f ′)

j+(f ′, f, t)afaf ′ ,

where U(f1, f2, f
′
2, f

′
1) are symmetric functions with respect to simultaneous per-

mutation of their arguments:

(1←→ 2) : {f1 ←→ f2; f ′
1 ←→ f ′

2

and Ω(f ′, f) = Ω0(f ′, f) + j(f ′, f, t). This model includes the above-mentioned
model as a particular case. The auxiliary source terms

1
2

∑

(f,f ′)

j−(f ′, f, t)a†
fa†

f ′ ,
1
2

∑

(f,f ′)

j+(f ′, f, t)afaf ′ ,
∑

(f,f ′)

j+(f ′, f, t)afaf ′

are chosen to ensure that the law of the total momentum conservation holds while
the law of the number of particles conservation is broken.

This method unites the standard approximating Hamiltonian approach to mod-
els with separable interaction with an approximation scheme based on the ideas
of self-consistency. The BCS model, which is of importance in the theory of su-
perconductivity, is analyzed so as to demonstrate the usefulness of the proposed
formalism.
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