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It is demonstrated that renormalizations in a softly broken SUSY gauge theory follow those of an
unbroken one with the modiˇcation of the coupling constants. This gives an explicit relation between
the soft and rigid coupling renormalizations. Substituting the modiˇed couplings into renormalization
constants, RG equations, solutions to these equations, approximate solutions, ˇxed points, etc., one
can get corresponding relations for the soft terms by a simple Taylor expansion over the Grassmannian
variables. Some new examples including the MSSM in high tan β regime and softly broken N=2
SUSY SeibergÄWitten model are given.

1. INTRODUCTION

In a recent paper [1], which is based on the previous publications [2, 3] we
have shown that renormalizations in a softly broken SUSY theory follow from
those of an unbroken SUSY theory in a simple way.

The main idea is that a softly broken supersymmetric gauge theory can be
considered as a rigid SUSY theory imbedded into external space-time independent
superˇeld, so that all couplings and masses become external superˇelds. The
crucial statement is that the singular part of effective action depends on external
superˇeld, but not on its derivatives, so that one can calculate it when the external
ˇeld is a constant, i.e., in a rigid theory. This approach to a softly broken
sypersymmetric theory allows us to use remarkable mathematical properties of
N = 1 SUSY theories such as nonrenormalization theorems, cancellation of
quadratic divergences, etc. The renormalization procedure in a softly broken
SUSY gauge theory can be performed in the following way:

One takes renormalization constants of a rigid theory, calculated in some
massless scheme, substitutes instead of the rigid couplings (gauge and Yukawa)
their modiˇed expressions, which depend on a Grassmannian variable, and expand
over this variable.

This gives renormalization constants for the soft terms. Differentiating them
with respect to a scale one can ˇnd corresponding renormalization group equa-
tions.
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In fact as it has been shown in [4] this procedure works at all stages. One
can make the above-mentioned substitution on the level of the renormalization
constants, RG equations, solutions to these equations, approximate solutions, ˇxed
points, ˇniteness conditions, etc. Expanding then over a Grassmannian variable
one obtains corresponding expressions for the soft terms. This way one can get
new solutions of the RG equations and explore their asymptotics, or approximate
solutions, or ˇnd their stability properties, starting from the known expressions
for a rigid theory.

Below we give some examples and in particular consider the MSSM within
high tanβ regime, where analytical solutions are known in iterative form and
obtain iterative solutions to the RG equations for the soft mass terms. Another
example is the N=2 SUSY model, where the exact (nonperturbative) SeibergÄ
Witten solution is known. Here one can extend the SÄW solution to the soft
terms.

2. SOFT SUSY BREAKING AND RENORMALIZATION

Consider an arbitrary N = 1 SUSY gauge theory with unbroken SUSY. The
Lagrangian of a rigid theory is given by

Lrigid =
∫

d2 θ
1
4g2

TrWαWα +
∫

d2 θ̄
1
4g2

TrW̄αW̄α

+
∫

d2θd2θ̄ Φ̄i(eV )jiΦj +
∫

d2θ W +
∫

d2θ̄ W̄ , (1)

where Wα is the ˇeld strength chiral superˇeld and the superpotential W has the
form

W =
1
6
λijkΦiΦjΦk +

1
2
M ijΦiΦj . (2)

To perform the SUSY breaking, which satisˇes the requirement of ®softness¯,
one can introduce a gaugino mass term as well as cubic and quadratic interactions
of scalar superpartners of the matter ˇelds [2]

−Lsoft-breaking =
[
M

2
λλ +

1
6
Aijkφiφjφk +

1
2
Bijφiφj + h.c.

]
+ (m2)ijφ

∗
i φ

j ,

(3)

where λ is the gaugino ˇeld and φi is the lower component of the chiral matter
superˇeld.

One can rewrite the Lagrangian (3) in terms of N=1 superˇelds introducing
the external spurion superˇelds [2] η = θ2 and η̄ = θ̄2, where θ and θ̄ are
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Grassmannian parameters, as [3]

Lsoft=
∫

d2θ
1
4g2

(1 − 2Mθ2)TrWαWα+
∫

d2θ̄
1
4g2

(1− 2M̄θ̄2)TrW̄αW̄α

+
∫

d2θd2θ̄ Φ̄i(δk
i − (m2)ki ηη̄)(e

V )jkΦj

+
∫

d2θ

[
1
6
(λijk −Aijkη)ΦiΦjΦk+

1
2
(M ij −Bijη)ΦiΦj

]
+h.c. (4)

Comparing Eqs. (1) and (4) one can see that Eq. (4) is equivalent to Eq. (1)
with modiˇcation of the rigid couplings g2, λijk , and M ij , so that they become
external superˇelds dependent on Grassmannian parameters θ2 and θ̄2. The scalar
mass term m2ηη̄ modiˇes ˇelds Φ and Φ̄, however, ˇnally it can be rewritten as
a modiˇcation of the Yukawa couplings (η = θ2, η̄ = θ̄2).

g̃2
i = g2

i (1 +Miη + M̄iη̄ + 2MiM̄iηη̄), (5)

λ̃ijk = λijk −Aijkη +
1
2
(
λnjk(m2)in + λink(m2)jn + λijn(m2)kn

)
ηη̄, (6)

˜̄λijk = λ̄ijk − Āijk η̄ +
1
2
(
λ̄njk(m2)ni + λ̄ink(m2)nj + λ̄ijn(m2)nk

)
ηη̄. (7)

These modiˇcations of the couplings and ˇelds are valid not only for the classical
Lagrangian but also for the quantum one.∗

In what follows we would like to simplify the notations and consider numer-
ical rather than tensorial couplings. When group structure and ˇeld content of
the model are ˇxed, one has a set of gauge {gi} and Yukawa {λk} couplings.
It is useful to consider the following rigid parameters αi ≡ g2

i /16π
2, Yk ≡

λkλ̄k/16π2, then Eqs.(5)Ä(7) look like

α̃i = αi(1 +Miη + M̄iη̄ + (MiM̄i +Σαi)ηη̄),
Ỹk = Yk(1 +Akη + Ākη̄ + (AkĀk +Σk)ηη̄), (8)

where to standardize the notations we have redeˇned parameter A: A → Aλ in a
usual way and have changed the sign of A to match it with the gauge soft terms.
Here Σk stands for a sum of m2 soft terms, one for each leg in the Yukawa
vertex, and

Σαi =MiM̄i + m̃2
ghi

, (9)

∗Throughout the paper we use a supergraph technique and assume the existence of some SUSY
invariant regularization.
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where m̃2
ghi

is the soft ghost mass, which is eliminated by solving the RG equation
and in one-loop m̃2

ghi
= 0.

One can make the expansion for any analytic solution in a rigid theory.
Below we consider two particular examples, namely the MSSM in high tanβ
regime and the SeibergÄWitten N=2 SUSY model.

3. EXAMPLES

The MSSM in High tanβ Regime

Consider the MSSM in high tanβ regime. One has three gauge and three
Yukawa couplings. The one-loop RG equations are [6]

α̇i = −biα
2
i , Ẏk = Yk(

∑
i

ckiαi −
∑

l

aklYl), (10)

where · ≡ d/dt, t = logM2
GUT /Q2 and

bi = {33/5, 1,−3}, atl = {6, 1, 0}, abl = {1, 6, 1}, aτl = {0, 3, 4},
cti = {13/15, 3, 16/3}, cbi = {7/15, 3, 16/3}, cτi = {9/5, 3, 0}.

The general solution to Eqs.(10) can be written as [7]

αi =
α0

i

1 + biα0
i t

, Yk =
Y 0

k uk

1 + akkY 0
k

∫ t

0
uk

, (11)

where the functions {uk} obey the integral system of equations

ut =
Et

(1 + 6Y 0
b

∫ t

0
ub)1/6

, uτ =
Eτ

(1 + 6Y 0
b

∫ t

0
ub)1/2

,

ub =
Eb

(1 + 6Y 0
t

∫ t

0 ut)1/6(1 + 4Y 0
τ

∫ t

0 uτ )1/4
, (12)

and the functions Ek are given by Ek =
∏3

i=1(1 + biα
0
i t)

cki/bi .
Let us stress that Eqs. (11) give the exact solution to Eqs. (10), while the uk's

in Eqs. (12), although solved formally in terms of the Ek's and Y 0
k 's as continued

integrated fractions, should in practice be solved iteratively.
To get the solutions for the soft terms it is enough to perform substitution

αi → α̃i and Yk → Ỹk from Eqs. (8) and expand over η and η̄. One has [8]:

mi =
m0

i

1 + biα0
i t

, Ak = −ek +
A0

k/Y
0
k + akk

∫
ukek

1/Y 0
k + akk

∫
uk

,

Σk = ξk +A2
k + 2ekAk − (A0

k)
2/Y 0

k − Σ0
k/Y

0
k + akk

∫
ukξk

1/Y 0
k + akk

∫
uk

, (13)
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where the new functions ek and ξk have been introduced which obey the iteration
equations. For illustration we present below the corresponding expressions for et

and ξt

et =
1
Et

dẼt

dη
+

A0
b

∫
ub −

∫
ubeb

1/Y 0
b + 6

∫
ub

,

(14)

ξt =
1
Et

d2Ẽt

dηdη̄
+ 2

1
Et

dẼt

dη

A0
b

∫
ub −

∫
ubeb

1/Y 0
b + 6

∫
ub

+ 7

(
A0

b

∫
ub −

∫
ubeb

)2(
1/Y 0

b + 6
∫
ub

)2 −

− (Σ
0
b + (A

0
b)

2)
∫
ub − 2A0

b

∫
ubeb +

∫
ubξb

1/Y 0
b + 6

∫
ub

,

where the variations of Ẽk should be taken at η = η̄ = 0 and are given by

1
Ek

dẼk

dη

∣∣∣∣∣
η,η̄=0

= t
3∑

i=1

ckiαim
0
i , (15)

1
Ek

d2Ẽk

dηdη̄

∣∣∣∣∣
η,η̄=0

= t2

(
3∑

i=1

ckiαim
0
i

)2

+

+2t
3∑

i=1

ckiαi(m0
i )

2 − t2
3∑

i=1

ckibiα
2
i (m

0
i )

2. (16)

When solving Eqs. (12) and (15) in the nth iteration one has to substitute in the
r.h.s. the (n− 1)-th iterative solution for all the corresponding functions.

The same procedure works for the approximate solutions [9]. Once one gets
an approximate solution for the Yukawa couplings, one immediately has those
for the soft terms as well [9].

N=2 SUSY

Consider now the N = 2 supersymmetric gauge theory. The Lagrangian
written in terms of N = 2 superˇelds is [10]:

L = 1
4π

ImTr

∫
d2θ1d

2θ2
1
2
τΨ2, (17)
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where N = 2 chiral superˇeld Ψ(y, θ1, θ2) is deˇned by constraints D̄α̇Ψ = 0
and ¯̃Dα̇Ψ = 0 and

τ = i
4π
g2
+

θ

2π

topological

. (18)

The expansion of Ψ in terms of θ2 can be written as

Ψ(y, θ1, θ2) = Ψ(1)(y, θ1) +
√
2θα

2Ψ
(2)
α (y, θ1) + θα

2 θ2αΨ(3)(y, θ1),

where yµ = xµ+iθ1σ
µθ̄1+iθ2σ

µθ̄2 and Ψ(k)(y, θ1) are N = 1 chiral superˇelds.
The soft breaking of N = 2 SUSY down to N = 0 can be achieved by

shifting the imaginary part of τ :

Imτ → Imτ̃ = Imτ(1 +M1θ
2
1 +M2θ

2
2 +M3θ

2
1θ

2
2). (19)

This leads to

∆L =
[
−M1

4
λλ− M2

4
ψψ − (

M1M2

4
− M3

4
)φφ + h.c.

]
− (

M2
1

4
+

M2
2

4
)φ̄φ,

where the ˇelds λ are the gauginos, ψ and φ are the spinor and scalar matter
ˇelds, respectively.

Now one can use the power of duality in N = 2 SUSY theory and take the
SeibergÄWitten solution [11]

τ =
daD

du
/
da

du
, (20)

where

aD(u) =
i

2
(u− 1)F (1/2, 1/2, 2;

1− u

2
),

a(u) =
√
2(1 + u)F (−1/2, 1/2, 1; 2

1 + u
).

In perturbative domain when u ∼ Q2/Λ2 → ∞, a =
√
2u, aD =

i
πa(2 ln a+ 1) one reproduces the well-known one-loop result

4π
g2

=
1
π
[ln

Q2

Λ2
+ 3]. (21)

Assuming that renormalizations in N = 2 SUSY theory follow the properties
of those in N = 0 one can try to apply the same expansion procedure for a
nonperturbative solution. Substituting Eq. (19) into (20) with

u → ũ = u(1 +M0
1 θ

2
1 +M0

2 θ
2
2 +M0

3 θ
2
1θ

2
2)
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and expanding over θ2
1 and θ2

2 , one gets an analog of S-W solution for the mass
terms:

M1 = M0
1

Im

[
u

(
a′′

D

a′
D

− a′′

a′

)
τ

]

Im τ
, M2 = M0

2

Im

[
u

(
a′′

D

a′
D

− a′′

a′

)
τ

]

Im τ
,

M3 =

Im

[
M

0
3u

(
a′′

D

a′
D

−
a′′

a′

)
τ+M

0
1 M

0
2u

2

(
a′′′

D

a′
D

−
a′′′

a′ +

(
a′′

D

a′
D

−
a′′

a′

)2

+

(
a′′

D

a′
D

)2

−
(

a′′

a′

)2
)

τ

]

Im τ
.

In perturbative regime one has

M1 =
M0

1

lnQ2/Λ2 + 3
, M2 =

M0
2

lnQ2/Λ2 + 3
, M3 =

M0
3 −M0

1M
0
2

lnQ2/Λ2 + 3
.

4. CONCLUSION

We conclude that the Grassmannian expansion in softly broken SUSY theories
happens to be a very efˇcient and powerful method which can be applied in
various cases where the renormalization procedure is concerned. It demonstrates
once more that softly broken SUSY theories are contained in rigid ones and
inherit their renormalization properties.
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