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Currently, the theoretical substantiation of statistical physics of condensed
media with spontaneously broken symmetry is a quasi-average concept by
N.Bogoliubov [1]. Said concept extends Gibbs distribution to degenerate con-
densed media. Within liquid crystals, there occurs a spontaneous breaking of
rotational and in some cases of translational invariance within a configuration
space. Dynamic features of such media have been previously investigated mainly
by phenomenology methods [2,3].

There in report is introduced an order-parameter operator for liquid crys-
tals, which is expressed in terms of field operators. Thermodynamics and ideal
hydrodynamics for uniaxial nematic was built. There is reviewed a connection
between presently-proposed and phenomenological Hamiltonian approaches. A
quasi-average of physical value is defined by relation

(a(x)) = lim, ¢ limy 00 Spw, a(x), 1)
w, = exp(Qy — YoFa — I/F)

Here 4, = [ d324,(x) are operators of additive motion integrals (H =
[ dPzé(x) is Hamiltonian, Py = [ d3zfy(x) is a momentum operator, N =
J d*zn(x) is a particle number operator), (Y, =Y, Y, Y4) are thermodynamic
forces, (for simply we allow Y, = 0). Thermodynamic potential €2, should be
defined from the normalization condition of Spw, = 1. Operator F possesses the
symmetry of the investigated phase and eliminates the degeneration of equilibrium
state of statistical equilibrium. Let us define the liquid crystals order parameter
by formula:

A N N N N 2 N N
Quv = Vu¢+ (x) vvw(x) + VUW(X) Vuth(x) — §5uvvj¢+(><) VW(X)- (2)
The source F is a linear functional of the order parameter operator Quo:

Pe / B fin(x, ) Oun(x). (3)
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Here fir(x,t) are the c-number functions of coordinates and time respectively,
which characterize equilibrium state values Qix(x) = (Qix(x)). Structure of
functions f;x(x,t) is determined by the symmetry properties of the equilibrium
phases. Taking into account definition (2) and form of additive integrals of motion
one can obtain the following algebra:

R A[Naqu(x)] :Oi Z[plw@uv(Ax)] = _kauv(X)A’ (4)
Z[L'u qu(x)] = _eiuijv(X) - Ei'uiju(X) - 6iklxlcvlCQ'u,v(x)v

where L; orbital momentum. The quasi-average of order parameter Q;x(x, ) =
Spp Qik, (x), where p is an arbitrary statistical operator, possesses the properties:
Quo(X,0) = Quu(X, p), Quu(x,p) = 0, and, therefore, contains five independent
values. Let us parametrize said values by relation

Qun(x.5) = Q(x. 7) <zi(x, P, p) — %m) +

+Q'(x,p) (mi(X, p)me(x, p) — %5%’) : (5)

Here ,Q’ are modules of order parameter, 1,m are vectors of spatial
anisotropy and there are real and orthonormalized vectors (directors) 12 = m? =
1, Im = 0. In general case the order parameter (5) describes biaxial liquid
crystals. Individual cases with uniaxial liquid crystals are reproduced from this
factor by limit transition Q — 0, or Q" — 0.

Symmetry of equilibrium state of uniaxial nematics with respect to rotation
in real space has the form:

[’L@,pk] =0, [UA),Z,L[A/z] =0, (6)

where [; — vector of spatial anisotropy. Taking into account formulae (6) and
operator algebra (4) we come to the equations determining equilibrium structure
of order parameter:

ZSp[’lZ), lzi/z] = _li(fiuij'u (Xv Yv l) + 6iijqu(xv Yv 1)) = Oa
ZSp[QI), Pk] = _kaj1t(X7K 1) = 0)

whereby the solution hereof is formed as

1
QuU(X) Y) l) = QUU(Y) l) = Q(Y)(Zulv - g(sik)7 Q(Y) = Q(Yb) Y4)
It is not a problem to find, in similar way, that function f,, has the form f,, =

luly — %51“,. Such liquid crystal is described by statistical operator @ = w(Y,1),
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which depends on thermodynamic forces and director, whereby dependence of
averages from last argument is kept the same after limits V — oo, v — 0.

Let’s introduce into consideration densities and flux densities of additive
integral of motion. According to [4]

n(x) = =Viir(x), Gr(x) :i/d?’x’x'k / d\[E(x—(1=N)x), Aa(x+x") ]

0
(7)
is flux density operator of particle number,

. ﬁ'z(X) = —kaik(x),

tir(x) = —€(x)0ik + i [ d32’ '), fol dA\[E(x — (1 = N)x'), T (x + Ax') ] ()

is flux density operator of momentum,

£(x) = —Vide(x), Gr(x) :%/d3x' 'y /0 d\[E(x—(1=N)x), é(x+2x) ]
(9)

is flux density operator of energy. According to (5), relation

Qik’ (X7 pA) = ;l] (Xa ﬁ)ij (X7 pA)l[)(Xv pA) (lt (X7 pA)Zk (X7 pA) - %6’%) (10)

can be defined indirectly a unit anisotropy vector (director) in terms of order
parameter for uniaxial liquid crystal. Let’s introduce spatial anisotropy vector
operator in accordance with approach [5]

Sli(x, p) = Spdpli(x, p). (11)

We have to find explicit form of operator I (x, p) in terms of order parameter
operator Qir (x). This will allow us to obtain dynamical equations for set of
parameters of abridge description and to establish connection between proposed
microscopic approach and Hamilton approach. Varying of (10) and taking into

account indentity /;(x, p)l;(x, p), one can obtain

) = L 1, ) (12)

In accordance with (10),(12) we obtain the following expression:

iSpp[7:(x), 1a (%, 5) ] = =L, $)07 (¢, 5) V' uB(x—x') = 6(x =X )Vl (x. ).
(13)

At the investigation of condensed matter with spontaneously broken symmetry
within microscopic approach, an important role is paid of local transformations
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with the generator of broken symmetry. For liquid crystals it’s necessary to
consider local spatial deformations, defined by the following unitary operator

Uy = exp(—i)/d%: fi(x) 7 (%), (14)

where f;(x) is some arbitrary function of spatial coordinates, that determines a
unitary transformation of deformations Uy. The field operators are transformed
thereby as

1/2 oa' |12

W), UFETEIU = |5 e, (1)

- ox'
Ufd(x)Uy = e

where z/; = x; —u;(x),

%—fc/| = det %””7;? = det b;; = J(x) , where u,(x) — vector
of displacement, being a transformation parameter functional f;(x) and point
i (x) = wi(fi(x')x) , whereby u;(0,x) = 0. At transformations arbitrary
deformations (15) p; =U prUer director /;(x, p) changes as follows:

Li(x, Uf pUys) = Li(X' (fi(x)x), p).

In case of infinitesimal transformations 6p; = i [ d®2/6 f;(x')[#;(x, p |, taking
into account (13), (15), one can obtain:

81i(x) = 0f;(x)V;li(x) 4 1;(x) 555 (A(x)) V0 f (x). (16)

Let’s consider local-equilibrium states of liquid crystals. Statistical operator
for such states according to (1), (6) has the form:

W, (Y, 1) = exp{Q, (V,1) — /d%ya(x)éa(x) — V/d:’)xlilkU}"Qik(x)Uf}.
(17)
Here thermodynamic forces Y, (x) and director Ix(x") = L;by;(x")/|L5bpa(X)],
(I;- const) are arbitrary functions of the coordinates. Varying the thermodynamic
potential

Q=QY),1lx)) = /d3xw(x,Y(x/),l(x/)) (18)

(18) with respect to the thermodynamics forces and to director, we obtain the
form of the second law of thermodynamics for the local equilibrium state:

ow Ow ow
(5(.&) = 8—Y;($Ya —+ (8_Z,L — Vkm) (Sl“ (19)

where w is a density of thermodynamic potential. Now, let us find the expression
for flux densities of additive integral of motion in local-equilibrium state. We
find flux density of energy from relations [6]:

Y, (Yi¢, +Yol,,) =0, (20)
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which is adequate also in the given case. According to (7)—(9), (15), (16) flux
densities of additive integral of motion have the form

0 wYi Oow ow ow 0 Y;
= — Tk L+ 2, 9 4
ok = oy vy T aves V0 T At T Yigeg, | ava v

Let us establish connection between given microscopic approach and Hamil-
ton approach. For this reason we define Poisson bracket by equality

{a(x),b(x') } = —iSp pl a(x, p)b(x', ) .

Here in the right-hand side of this relation a(x,p)b(x’,p) are a variation of
physical values operators. Since these are explicit form of additive integrals of
motion and order parameter in terms of field operators, we obtain Poisson brackets

{n(x),n(x')} =0, {m(x),n(x)} =nx)Vii(x-x),
{mi(x), (%) } = —m(x)Vid(x — X') + mp (x) V6 (x — x'),
{mi(x), IN(x') } = d(x = X)Vila(x) + Li(x) 3y, (1) V8 (x — x)+
e WD L85, ()1 (X ) Vi [V (8(x — X' )V, h(x)) + V., (6(x = X' )V, h(x)))],
{n(x),\(x') } = 2m,(x)e" VIV ,6(x — X)L, (x')dx, (1X) + L (x')d3;, (1X')],
{n(x), W(x) } = 4m;(x)e" VIV ;6 (x — x'),
{mi(x), W(x')} = 20;(x)1;(x)V;0(x — X') + V36 (x — X' )+
ViW (x)8(x — x') + e VIV, V,[0(x — x')V;n(x)],

where W (x) = InQ(x). It is obvious from represented formulas, that for har-
monization of Poisson brackets algebra it’s necessary to supplement the total set
of hydrodynamic parameters by an additional value W (x), being physically the
smectic variable parameter. When W >> 1, Poisson brackets can be simplified,
eventually becoming [2,3].

{n(x), W(x)} = 0, {n(x), 1(x) } = 0, { (), W(x) } = V;W (x)3(x — x'),
{0, 10(x) } = Vila (3)8(x — X') + 1 (x)54, (IX) V7 5(x — x).
(22)

Hypothesis of abridged description in latter case for nematic liquid crystals is
expressed like

(21)

ﬁ(t) ? ﬁ(((x,t),l(x,t)), (23)

where 7 is relaxation time, and smectic properties are not considered here. Equa-
tions of motion for parameters of abridge description using equations (11), (13),
(22), (23) have the form

$a(x) = =ViSpA(¢, 1) Car (%), li(x) = Spp(¢, D[ H, Ii(x) ]. (24)
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In the leading approximation with respect to the gradients of thermodynamic
forces and to director, we obtain hydrodynamic equation of nematics

(a(%) = —Vilar(x), i(x) = —(Vi(x)/Yo(x))Vili(x)— (25)
Lk (x)0;7, (1) V5 (Vi (%) / Yo (%))

Following from equations (25) and definition of entropy density 0 = —w + Y, (,,
there appears an adiabaticity of motion of considering condensed matter ¢ =
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