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• ·Ó±µ¢¸±¨° £µ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, • ·Ó±µ¢, “±· ¨´ 

� ÊÎ´µ-É¥Ì´¨Î¥¸±¨° Í¥´É· Ô²¥±É·µË¨§¨Î¥¸±µ° µ¡· ¡µÉ±¨ ��� “±· ¨´Ò, • ·Ó±µ¢

� ¸¸³µÉ·¥´µ ¸µ¢·¥³¥´´µ¥ ¸µ¸ÉµÖ´¨¥ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ Ö¤¥·´ÒÌ ¸Éµ²±´µ¢¥´¨°. �¡-
¸Ê¦¤ ÕÉ¸Ö µ¡Ð¨¥ ¶·¨´Í¨¶Ò ±¢ ´Éµ¢µ° ¤¨Ë· ±Í¨¨ ¨ ¶µ¢¥¤¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ¨
¶µ²Ö·¨§ Í¨µ´´ÒÌ Ì · ±É¥·¨¸É¨± Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨Í Ö¤· ³¨. ˆ¸¶µ²Ó§µ¢ ´µ · §²µ¦¥´¨¥
 ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ´  ¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ ¸µ¸É ¢²ÖÕÐ¨¥ ¤²Ö  ´ ²¨§  ¶·µÍ¥¸¸µ¢ · ¸¸¥Ö´¨Ö.
ˆ§ÊÎ¥´Ò · §²¨Î´Ò¥ ¶·µÍ¥¸¸Ò ¢§ ¨³µ¤¥°¸É¢¨Ö ÉÖ¦¥²ÒÌ ¨µ´µ¢ ¸ Ö¤· ³¨. �·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ
 ´ ²¨§  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

The current status of the diffraction theory of nuclear collisions is considered. The general
principles of quantum diffraction and the behavior of differential cross sections and polarization ob-
servables of elastic scattering of particles by nuclei are discussed. The decomposition of scattering
amplitudes into near-side and far-side components is used for the analysis of scattering processes. Dif-
ferent processes of heavy ion-nucleus interaction are studied. Results of the analysis of experimental
data are presented.

1. ‚‚…„…�ˆ…

Œ¨±·µµ¡Ñ¥±ÉÒ µ¡² ¤ ÕÉ ± ± ±µ·¶Ê¸±Ê²Ö·´Ò³¨, É ± ¨ ¢µ²´µ¢Ò³¨ ¸¢µ°-
¸É¢ ³¨. ‘ÊÐ¥¸É¢µ¢ ´¨¥ ¶µ¸²¥¤´¨Ì ¶·¨¢µ¤¨É ± ¢µ§´¨±´µ¢¥´¨Õ · §²¨Î´ÒÌ ¨´-
É¥·Ë¥·¥´Í¨µ´´ÒÌ ± ·É¨´, ´ ¡²Õ¤ ¥³ÒÌ ¶·¨ ¢§ ¨³µ¤¥°¸É¢¨¨ ³¨±·µÎ ¸É¨Í.
Š ´¨³ µÉ´µ¸ÖÉ¸Ö ¤¨Ë· ±Í¨µ´´µ¥ ¨ · ¤Ê¦´µ¥ · ¸¸¥Ö´¨Ö, ¶·µÖ¢²¥´¨Ö ±µÉµ·ÒÌ
Ì · ±É¥·´Ò ¶·¥¦¤¥ ¢¸¥£µ ¤²Ö Ö¤¥·´ÒÌ ¸Éµ²±´µ¢¥´¨°. �É¨ É¨¶Ò · ¸¸¥Ö´¨°
 ´ ²µ£¨Î´Ò Ìµ·µÏµ ¨§¢¥¸É´Ò³ µ¶É¨Î¥¸±¨³ Ö¢²¥´¨Ö³. �µÔÉµ³Ê ¨Ì ¸µ¢µ±Ê¶-
´µ¸ÉÓ µ¡ÒÎ´µ ´ §Ò¢ ÕÉ Ö¤¥·´µ° µ¶É¨±µ°.

Ÿ¢²¥´¨¥ ¤¨Ë· ±Í¨¨ ¸¢¥É  µÉ±·Ò² ”· ´Î¥¸±µ Œ ·¨  ƒ·¨³ ²Ó¤¨
(1618Å1663). �´µ ¡Ò²µ ¢¶¥·¢Ò¥ µ¶¨¸ ´µ ¢ É·Ê¤¥ ®Physico-mathesis de lu-
mine, coloribus et iride¯ (®”¨§¨±µ-³ É¥³ É¨Î¥¸±¨° É· ±É É µ ¸¢¥É¥, Í¢¥É Ì
¨ · ¤Ê£¥¯), ¢ÒÏ¥¤Ï¥³ ¢ 1665 £. ¶µ¸²¥ ¥£µ ¸³¥·É¨. ˆ³¥´´µ ƒ·¨³ ²Ó¤¨ ¢¢¥²
É¥·³¨´ ®¤¨Ë· ±Í¨Ö¯ (µÉ ² É¨´¸±µ£µ ®diffractus¯ Å · §²µ³ ´´Ò°), ¸µÌ· ´¨¢-
Ï¨°¸Ö ¢ Ë¨§¨±¥ ¤µ ¸¨Ì ¶µ· [1]. ‚ ¤ ²Ó´¥°Ï¥³ ¤¨Ë· ±Í¨Õ ¸¢¥É  ¨§ÊÎ ²¨
³´µ£¨¥ ¤·Ê£¨¥ ÊÎ¥´Ò¥, ÎÉµ ¶µ§¢µ²¨²µ ¢ÒÖ¸´¨ÉÓ ¶·¨·µ¤Ê · §²¨Î´ÒÌ ¤¨Ë· ±-
Í¨µ´´ÒÌ ± ·É¨´ ¢ µ¶É¨±¥ ¨ ¸µ§¤ ÉÓ ¨Ì É¥µ·¨Õ (¶µ¤·µ¡´¥¥ ¸³. [2, 3]). „¨-
Ë· ±Í¨µ´´Ò¥ Ö¢²¥´¨Ö ¢ µ¶É¨±¥ ´ ¡²Õ¤ ÕÉ¸Ö ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ±µ£¥·¥´É´Ò°
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¸¢¥Éµ¢µ° ¶µÉµ± · ¸¶·µ¸É· ´Ö¥É¸Ö ¢¡²¨§¨ ±· Ö ´¥¶·µ§· Î´µ£µ Ô±· ´ , ¶µ£²µ-
Ð ÕÐ¥£µ ¶ ¤ ÕÐ¨° ´  ´¥£µ ¸¢¥É. �É¨ Ö¢²¥´¨Ö, Ì · ±É¥·¨§ÊÕÐ¨¥¸Ö µÉ¸ÊÉ-
¸É¢¨¥³ ·¥§±µ° £· ´¨ÍÒ ³¥¦¤Ê µ¡² ¸ÉÖ³¨ ¸¢¥É  ¨ É¥´¨, ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ°
µÉ±²µ´¥´¨Ö µÉ £¥µ³¥É·¨Î¥¸±µ° µ¶É¨±¨ ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´Ò ¸ ¢µ²´µ¢µ°
¶·¨·µ¤µ° ¸¢¥É .

‚§ ¨³µ¤¥°¸É¢¨¥ ±¢ ´Éµ¢ÒÌ µ¡Ñ¥±Éµ¢ (³µ²¥±Ê²,  Éµ³µ¢,  Éµ³´ÒÌ Ö¤¥·,
Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í) ¢ µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨ÖÌ ³µ¦¥É ¶·¨¢µ¤¨ÉÓ ± ¶µÖ¢²¥-
´¨Õ ¤¨Ë· ±Í¨µ´´µ° ± ·É¨´Ò,  ´ ²µ£¨Î´µ° µ¶É¨Î¥¸±µ° ¤¨Ë· ±Í¨¨ ¸¢¥É . „¨-
Ë· ±Í¨Ö Ö¢²Ö¥É¸Ö µ¡Ð¥° ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ° ± ·É¨´µ° ¸Éµ²±´µ¢¥´¨° Î -
¸É¨Í ¢ µ¡² ¸É¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì Ô´¥·£¨°, ¥¸²¨ ÌµÉÖ ¡Ò µ¤´  ¨§ ´¨Ì ¨³¥¥É
±µ´¥Î´Ò¥ · §³¥·Ò ¨ ¸¨²Ó´µ ¶µ£²µÐ ¥É ´ ²¥É ÕÐ¨¥ Î ¸É¨ÍÒ. „¨Ë· ±Í¨Ö
¸µ¤¥·¦¨É¸Ö ¢µ ¢¸¥Ì ³µ¤¥²ÖÌ ¶·µÍ¥¸¸µ¢ · ¸¸¥Ö´¨Ö, ± ± ³ ±·µ¸±µ¶¨Î¥¸±¨Ì, ¢
±µÉµ·ÒÌ · ¸¸¥¨¢ É¥²Ó · ¸¸³ É·¨¢ ¥É¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ ¢ ± Î¥¸É¢¥ µ¤´µ-
·µ¤´µ° ¡¥¸¸É·Ê±ÉÊ·´µ° ¶µ£²µÐ ÕÐ¥° ³¨Ï¥´¨, É ± ¨ ³¨±·µ¸±µ¶¨Î¥¸±¨Ì, ¢
±µÉµ·ÒÌ ÊÎ¨ÉÒ¢ ¥É¸Ö · ¸¸¥Ö´¨¥ ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ µÉ¤¥²Ó´Ò³¨ ¸µ¸É ¢²ÖÕ-
Ð¨³¨ Î ¸ÉÖ³¨ · ¸¸¥¨¢ É¥²Ö.

�Éµ³´Ò¥ Ö¤·  ¢ µ¶·¥¤¥²¥´´µ°, ¤µ¢µ²Ó´µ Ï¨·µ±µ° µ¡² ¸É¨ Ô´¥·£¨° ¸¨²Ó´µ
¶µ£²µÐ ÕÉ ´ ²¥É ÕÐ¨¥ ´  ´¨Ì  ¤·µ´Ò, É.¥. ¢¥¤ÊÉ ¸¥¡Ö ¶µ µÉ´µÏ¥´¨Õ ± ´¨³
± ± ´¥¶·µ§· Î´Ò¥ ¶µ£²µÐ ÕÐ¨¥ Ô±· ´Ò. �µÔÉµ³Ê ¢ É ±¨Ì Ê¸²µ¢¨ÖÌ ¤²Ö ¨´-
É¥´¸¨¢´µ¸É¨ Ê¶·Ê£µ· ¸¸¥Ö´´ÒÌ  ¤·µ´µ¢ Ö¤· ³¨ ¡Ê¤¥É ´ ¡²Õ¤ ÉÓ¸Ö ¤¨Ë· ±Í¨-
µ´´ Ö ± ·É¨´ . …¸²¨ Ô´¥·£¨Ö ´ ²¥É ÕÐ¨Ì Î ¸É¨Í ¸É ´µ¢¨É¸Ö µÎ¥´Ó ¡µ²ÓÏµ°,
Éµ ¤²¨´  ¨Ì ¸¢µ¡µ¤´µ£µ ¶·µ¡¥£  ¢ Ö¤¥·´µ³ ¢¥Ð¥¸É¢¥ ³µ¦¥É µ± § ÉÓ¸Ö ¸· ¢´¨-
³µ° ¸ ²¨´¥°´Ò³ · §³¥·µ³ Ö¤· . �Éµ µ§´ Î ¥É, ÎÉµ Ö¤·µ Ê¦¥ ´¥ ¡Ê¤¥É ¸¨²Ó´µ
¶µ£²µÐ ÉÓ ¢¸¥ ¶µ¶ ¤ ÕÐ¨¥ ¢ ´¥£µ Î ¸É¨ÍÒ, É.¥. µ´µ ¸É ´¥É ¤²Ö ´¨Ì ¶µ²Ê-
¶·µ§· Î´Ò³. Š·µ³¥ Éµ£µ, £· ´¨Í  Ö¤·  ´¥ Ö¢²Ö¥É¸Ö ·¥§±µ°, É ± ± ± ¶²µÉ´µ¸ÉÓ
Ö¤¥·´µ° ³ É¥·¨¨ ¶µ¸É¥¶¥´´µ Ê³¥´ÓÏ ¥É¸Ö ¢ ¶µ¢¥·Ì´µ¸É´µ° µ¡² ¸É¨ Ö¤· . �µ-
²Ê¶·µ§· Î´µ¸ÉÓ ¨ · §³ÒÉ¨¥ £· ´¨ÍÒ Ö¤·  ³¥´ÖÕÉ µ¶·¥¤¥²¥´´Ò³ µ¡· §µ³ ¤¨-
Ë· ±Í¨µ´´ÊÕ ± ·É¨´Ê · ¸¸¥Ö´¨Ö, ±µÉµ·ÊÕ É ±¦¥ ¨§³¥´ÖÕÉ ¨ ¤·Ê£¨¥ ¸¢µ°¸É¢ 
¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í Å ¨Ì ±Ê²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥, ´ ²¨Î¨¥ ¸¶¨´µ¢,
´¥¸Ë¥·¨Î´µ¸ÉÓ Ö¤¥· ¨ É.¤.

‚ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö, ± ± ¨ ¢ µ¶É¨Î¥¸±µ° ³µ¤¥²¨,
³´µ£µÎ ¸É¨Î´ Ö § ¤ Î  ¸¢µ¤¨É¸Ö ± ¤¢ÊÌÎ ¸É¨Î´µ°. �¤´ ±µ µ¶¨¸ ´¨¥ ¶·µÍ¥¸¸ 
¢§ ¨³µ¤¥°¸É¢¨Ö ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ ¸ Ö¤·µ³ ¶·µ¨§¢µ¤¨É¸Ö ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸
¶µ³µÐÓÕ ¶ · ³¥É·¨§µ¢ ´´µ° µ¶·¥¤¥²¥´´Ò³ µ¡· §µ³ ¢ ¶·µ¸É· ´¸É¢¥ ³µ³¥´-
Éµ¢ ¨²¨ ¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·µ¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö,   ´¥ ´  µ¸´µ¢¥ ±µ³-
¶²¥±¸´µ£µ ¶µÉ¥´Í¨ ² . ’ ±µ° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É µ¶¨¸ ÉÓ ´¥ Éµ²Ó±µ Ê¶·Ê£µ¥
· ¸¸¥Ö´¨¥, ´µ ¨ ´¥Ê¶·Ê£µ¥ · ¸¸¥Ö´¨¥ ¸ ¢µ§¡Ê¦¤¥´¨¥³ ±µ²²¥±É¨¢´ÒÌ ¸µ¸ÉµÖ-
´¨° ¢ Ö¤· Ì,   É ±¦¥ · §²¨Î´Ò¥ Ö¤¥·´Ò¥ ·¥ ±Í¨¨.

Š·µ³¥ ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö, ¸ÊÐ¥¸É¢Ê¥É ¥Ð¥ µ¤¨´ É¨¶ Ö¤¥·´µ£µ
· ¸¸¥Ö´¨Ö, ¨³¥ÕÐ¨°  ´ ²µ£¨Õ ¢ µ¶É¨±¥. �Éµ · ¤Ê¦´µ¥ · ¸¸¥Ö´¨¥, ±µÉµ·µ¥
Ì · ±É¥·¨§Ê¥É¸Ö § ÉÊÌ ´¨¥³ µ¸Í¨²²ÖÍ¨° ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¨ ´ ²¨-
Î¨¥³ Ï¨·µ±µ£µ ³ ±¸¨³Ê³  (· ¤Ê¦´Ò° ³ ±¸¨³Ê³) ¢ µ¡² ¸É¨ ´¥ µÎ¥´Ó ³ ²ÒÌ
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Ê£²µ¢, §  ±µÉµ·Ò³ ¸¥Î¥´¨¥ ¡Ò¸É·µ Ê¡Ò¢ ¥É. Ÿ¤¥·´ Ö · ¤Ê£  ´ ¡²Õ¤ ¥É¸Ö ¢
µ¸´µ¢´µ³ ¶·¨ · ¸¸¥Ö´¨¨ ²¥£±¨Ì Ö¤¥· 3He, 4He, 6Li ¨ ´¥±µÉµ·ÒÌ ¤·Ê£¨Ì ¸
Ô´¥·£¨Ö³¨ E � 25Ä30 ŒÔ‚/´Ê±²µ´ ¸·¥¤´¨³¨ ¨ ÉÖ¦¥²Ò³¨ Ö¤· ³¨.

„¨Ë· ±Í¨µ´´ Ö É¥µ·¨Ö Ö¤¥·´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ§¢µ²Ö¥É É ±¦¥ µ¶¨-
¸ ÉÓ · §²¨Î´Ò¥ Ö¤¥·´Ò¥ ·¥ ±Í¨¨ (§ ·Ö¤µ¢µ-µ¡³¥´´Ò¥ ·¥ ±Í¨¨, · ¸Ð¥¶²¥´¨¥
¸²µ¦´ÒÌ Î ¸É¨Í, ·¥ ±Í¨¨ ¶¥·¥¤ Î¨ ´Ê±²µ´µ¢ ¨ ¤·.). ’ ±¨¥ ¶·µÍ¥¸¸Ò ´¥
¨³¥ÕÉ  ´ ²µ£¨¨ ¢ µ¶É¨±¥. �µÔÉµ³Ê Ö¤¥·´ Ö ¤¨Ë· ±Í¨Ö ´ ³´µ£µ · §´µµ¡· §-
´¥¥ ¨ ¡µ£ Î¥ µ¶É¨Î¥¸±µ° ¤¨Ë· ±Í¨¨. „¨Ë· ±Í¨µ´´ Ö É¥µ·¨Ö ¶µ§¢µ²Ö¥É ¶µ²Ê-
Î¨ÉÓ ¨§  ´ ²¨§  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¢ ¦´ÊÕ ¨´Ëµ·³ Í¨Õ µ Ö¤¥·´µ°
¸É·Ê±ÉÊ·¥ ¨ ³¥Ì ´¨§³ Ì · §´ÒÌ Ö¤¥·´ÒÌ ¶·µÍ¥¸¸µ¢. � §²¨Î´Ò¥ ¢µ¶·µ¸Ò ¤¨-
Ë· ±Í¨µ´´ÒÌ Ö¤¥·´ÒÌ ¶·µÍ¥¸¸µ¢ ¨ · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö ¨§²µ¦¥´Ò ¢ [4Ä11].

2. Š‚��’�‚›… ˆ�’…�”…�…�–ˆ���›… Š��’ˆ�›

�·¨´Í¨¶ ´¥µ¶·¥¤¥²¥´´µ¸É¨, Ö¢²ÖÕÐ¨°¸Ö µ¤´¨³ ¨§ ¢ ¦´¥°Ï¨Ì ÊÉ¢¥·¦¤¥-
´¨° ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨, ´ ±² ¤Ò¢ ¥É µ¶·¥¤¥²¥´´Ò¥ µ£· ´¨Î¥´¨Ö ´  ¨§³¥·¥-
´¨Ö ± ´µ´¨Î¥¸±¨ ¸µ¶·Ö¦¥´´ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´. ˆ³¥´´µ ¸ÊÐ¥¸É¢µ¢ ´¨¥
¶ · ´ ¡²Õ¤ ¥³ÒÌ ¢¥²¨Î¨´, µ¶¥· Éµ·Ò ±µÉµ·ÒÌ ´¥ ±µ³³ÊÉ¨·ÊÕÉ ³¥¦¤Ê ¸µ-
¡µ°, µ¶·¥¤¥²Ö¥É ¢µ§´¨±´µ¢¥´¨¥ · §²¨Î´ÒÌ ¨´É¥·Ë¥·¥´Í¨µ´´ÒÌ ± ·É¨´, ´ -
¡²Õ¤ ¥³ÒÌ ¶·¨ ¢§ ¨³µ¤¥°¸É¢¨¨ ±¢ ´Éµ¢ÒÌ µ¡Ñ¥±Éµ¢. ’ ±¨¥ Ö¢²¥´¨Ö ¸¢Ö§ ´Ò
¸ µ¶·¥¤¥²¥´´Ò³ É¨¶µ³ ¨§³¥·¥´¨° ±¢ ´Éµ¢ÒÌ ¢¥²¨Î¨´, ¶·¨¢¥¤¥´´Ò³ ´¨¦¥.

‹Õ¡µ¥ ¨§³¥·¥´¨¥ ±¢ ´Éµ¢µ° ´ ¡²Õ¤ ¥³µ° ¢¥²¨Î¨´Ò ³µ¦´µ · ¸¸³ É·¨-
¢ ÉÓ ± ± ¶·µÍ¥¸¸ ¢Ò¤¥²¥´¨Ö µ¤´µ£µ ¨²¨ ¡µ²ÓÏ¥£µ Î¨¸²  ¸µ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨° ai ¨§ ¸¶¥±É·  ¤ ´´µ° Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò A. �·¨ ¢Ò¤¥²¥´¨¨ ¶µ²µ¸Ò
±µ´¥Î´µ° Ï¨·¨´Ò C = ∆a ¨§ ´¥¶·¥·Ò¢´µ£µ ¢µ ¢¸¥° ¡¥¸±µ´¥Î´µ° µ¡² ¸É¨
¸¶¥±É·  ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° µ¶¥· Éµ·  A ´ ¡²Õ¤ ¥É¸Ö µ¶·¥¤¥²¥´´ Ö ¨´É¥·-
Ë¥·¥´Í¨µ´´ Ö ± ·É¨´  ¢ · ¸¶·¥¤¥²¥´¨¨ ¨´É¥´¸¨¢´µ¸É¨ ¢ ¸¶¥±É·¥ ¸µ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨° µ¶¥· Éµ·  B ¸µ¶·Ö¦¥´´µ° ´ ¡²Õ¤ ¥³µ° ¢¥²¨Î¨´Ò, ±µ³³ÊÉ Éµ·
±µÉµ·µ£µ ¸ µ¶¥· Éµ·µ³ A µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

[A, B] = i�. (2.1)

� ¨¡µ²¥¥ ¶·µ¸ÉÒ³ ¶·¨³¥·µ³ ¸µ¶·Ö¦¥´´ÒÌ ¢¥²¨Î¨´ Ö¢²ÖÕÉ¸Ö ±µµ·¤¨´ É 
x ¨ ¨³¶Ê²Ó¸ px, ±µ£¤  ¢Ò¤¥²¥´¨¥ µ¡² ¸É¨ ∆x µ¡Ê¸² ¢²¨¢ ¥É ¢µ§´¨±´µ¢¥´¨¥
¤¨Ë· ±Í¨µ´´µ° ± ·É¨´Ò Ï¨·¨´µ° ∆px � �/∆x ¤²Ö ¸µ¶·Ö¦¥´´µ° ¢¥²¨Î¨´Ò
¨³¶Ê²Ó¸ . Š¢ ´Éµ¢ Ö ¤¨Ë· ±Í¨Ö ´¥ µ£· ´¨Î¨¢ ¥É¸Ö ÔÉ¨³ ¶·µ¸É¥°Ï¨³ ¸²Ê-
Î ¥³. �´  ´ ¡²Õ¤ ¥É¸Ö ¤²Ö ²Õ¡µ° ¶ ·Ò ¢¥²¨Î¨´ A ¨ B, ±µ³³ÊÉ Éµ· ±µÉµ·ÒÌ
¨³¥¥É Ëµ·³Ê (2.1), ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¸¶· ¢¥¤²¨¢µ ¸µµÉ´µÏ¥´¨¥ ´¥µ¶·¥¤¥²¥´-
´µ¸É¥° ¤²Ö ¨Ì ¤¨¸¶¥·¸¨°

< (∆A)2 >< (∆B)2 > � 1
4

�
2. (2.2)
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‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ¤¨Ë· ±Í¨µ´´Ò¥ Ö¢²¥´¨Ö
´ ¡²Õ¤ ÕÉ¸Ö ¤²Ö ²Õ¡ÒÌ ¶ · ¸µ¶·Ö¦¥´´ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, ¥¸²¨ µ¡² ¸ÉÓ
C ¸µ¤¥·¦¨É ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ¥ Î¨¸²µ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ai. ‚ Î ¸É-
´µ¸É¨, ÔÉµ µÉ´µ¸¨É¸Ö ± µ¶¥· Éµ· ³, ¨³¥ÕÐ¨³ ¤¨¸±·¥É´Ò° ¸¶¥±É·, ±µÉµ·Ò°
³µ¦´µ ¸Î¨É ÉÓ ±¢ §¨´¥¶·¥·Ò¢´Ò³ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ  ³¶²¨ÉÊ¤Ò ¨ Ë §Ò ¢µ²-
´µ¢ÒÌ ËÊ´±Í¨° ¸¨²Ó´µ · §³ÒÉÒ ¶µ µ¡² ¸É¨ C. �Éµ ¸²ÊÎ ° ®¡µ²ÓÏ¨Ì ±¢ ´-
Éµ¢ÒÌ Î¨¸¥²¯, É.¥. µ´ ¸µµÉ¢¥É¸É¢Ê¥É ±¢ §¨±² ¸¸¨Î¥¸±µ³Ê ¶·¥¤¥²Ê. Š É ±¨³
µ¶¥· Éµ· ³ µÉ´µ¸ÖÉ¸Ö, ´ ¶·¨³¥·, Ê£µ² ¨ µ·¡¨É ²Ó´Ò° ³µ³¥´É. „²Ö ´¨Ì ±µ³-
³ÊÉ Í¨µ´´µ¥ ¸µµÉ´µÏ¥´¨¥ ¨³¥¥É Ëµ·³Ê

[ϕ, lz] = i�, (2.3)

  ¸µµÉ´µÏ¥´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¥°, · ¢´µ¥

< (∆ϕ)2 >< (∆lz)2 > � 1
4

�
2, (2.4)

´¥ ¸É·µ£µ ÉµÎ´µ, É ± ± ± ¸¶¥±É· µ¶¥· Éµ·  lz ¤¨¸±·¥É´Ò° ¨ µ£· ´¨Î¥´´Ò°.
�¤´ ±µ ¤²Ö ¡µ²ÓÏ¨Ì ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° li � � ¸¶¥±É· µ¶¥· Éµ·  lz ³µ¦´µ
· ¸¸³ É·¨¢ ÉÓ ± ± ±¢ §¨´¥¶·¥·Ò¢´Ò° (±¢ §¨±² ¸¸¨Î¥¸±¨° ¸²ÊÎ °), É.¥. µ¡ÒÎ-
´ Ö Ëµ·³  ¸µµÉ´µÏ¥´¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¥° Ö¢²Ö¥É¸Ö Ìµ·µÏ¨³ ¶·¨¡²¨¦¥-
´¨¥³. ’ ± Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¢ µ¡² ¸É¨ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±¨Ì Ô´¥·£¨° ¤²Ö
³´µ£¨Ì ¶·µÍ¥¸¸µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ Ö¤¥·´µ° Ë¨§¨±¥ ¨ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í, ±µ£¤  · ¸¸¥¨¢ É¥²Ó ¸¨²Ó´µ ¶µ£²µÐ ¥É ´ ²¥É ÕÐ¨¥ Î ¸É¨ÍÒ,   ¥£µ Ì -
· ±É¥·´Ò° ²¨´¥°´Ò° · §³¥· ¢¥²¨± ¶µ ¸· ¢´¥´¨Õ ¸ ¤²¨´µ° ¢µ²´Ò ´ ²¥É ÕÐ¥°
Î ¸É¨ÍÒ.

„·Ê£¨³ ¶·¨³¥·µ³ Ö¢²Ö¥É¸Ö ¨´É¥·Ë¥·¥´Í¨µ´´ Ö ± ·É¨´  ¤¨Ë· ±Í¨¨ ¢
¶·¥¤¸É ¢²¥´¨¨ ¶·¨Í¥²Ó´µ£µ ¶ · ³¥É· , É ±¦¥ · ¸¸³ É·¨¢ ¥³ Ö ¢ µ¡² ¸É¨ ¢Ò-
¸µ±¨Ì Ô´¥·£¨°. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸µ¶·Ö¦¥´´µ° ¶¥·¥³¥´´µ° ¤²Ö ¶·¨Í¥²Ó´µ£µ ¶ -
· ³¥É·  ¡Ê¤¥É ¶¥·¥¤ ´´Ò° ¨³¶Ê²Ó¸. � §´µ¢¨¤´µ¸ÉÓÕ ¶·¥¤¸É ¢²¥´¨Ö ¶·¨Í¥²Ó-
´µ£µ ¶ · ³¥É·  Ö¢²Ö¥É¸Ö ¶·¨¡²¨¦¥´¨¥ Ô°±µ´ ² , Ï¨·µ±µ ¨¸¶µ²Ó§Ê¥³µ¥ ¤²Ö
µ¶¨¸ ´¨Ö · §´ÒÌ ±¢ ´Éµ¢ÒÌ ¶·µÍ¥¸¸µ¢.

� ¸¸³µÉ·¨³ ¶µ¤·µ¡´¥¥ ¢µ§´¨±´µ¢¥´¨¥ · §²¨Î´ÒÌ ±¢ ´Éµ¢ÒÌ ¨´É¥·Ë¥·¥´-
Í¨µ´´ÒÌ ± ·É¨´, ¨¸¶µ²Ó§ÊÖ ¶µ¤Ìµ¤, · §¢¨ÉÒ° ¢ [12]. …¸²¨ ±¢ ´Éµ¢µ¥ ¨§³¥·¥-
´¨¥ µ¶·¥¤¥²Ö¥É¸Ö ¶·µ¥±Í¨µ´´Ò³ µ¶¥· Éµ·µ³

T =
∫
C

|a′ > da′ < a′|, (2.5)

Éµ ¨§³¥´¥´¨¥ ¢¥±Éµ·  ¸µ¸ÉµÖ´¨Ö |ψ > ¢ a-¶·¥¤¸É ¢²¥´¨¨ ¢ ·¥§Ê²ÓÉ É¥ ¨§³¥-
·¥´¨Ö T · ¢´µ

< a|ψ >C = < a|T |ψ > =
∫
C

da′ < a|a′ >< a′|ψ > . (2.6)
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�·µ¨§¢¥¤¥´´µ¥ ¨§³¥·¥´¨¥ T ¨§³¥´Ö¥É É ±¦¥ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ ¢
b-¶·¥¤¸É ¢²¥´¨¨:

< b|ψ >C = < b|T |ψ > =
∫
C

da′ < b|a′ >< a′|ψ > . (2.7)

ˆ´É¥·Ë¥·¥´Í¨µ´´ Ö ± ·É¨´  ¢ b-¶·µ¸É· ´¸É¢¥ µ¶·¥¤¥²Ö¥É¸Ö ¨´É¥´¸¨¢-
´µ¸ÉÓÕ

IC(b) = |< b|ψ >C |2 . (2.8)

‘µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö < b|a > · ¢´ 

< b|a >=
1√
2π�

exp
(
− iab

�

)
. (2.9)

‚Ò¤¥²ÖÖ ¢ ¢µ²´µ¢µ° ËÊ´±Í¨¨ < a|ψ >  ³¶²¨ÉÊ¤Ê η(a) ¨ Ë §Ê Ω(a)

< a|ψ >= η(a) exp
(

iΩ(a)
�

)
, (2.10)

¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ < b|ψ >C ¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥

< b|ψ >C =
1√
2π�

∫
C

da η(a) exp
{

i

�
[Ω(a) − ab]

}
. (2.11)

�µ  ´ ²µ£¨¨ ¸ µ¸´µ¢´Ò³ ¶·¥¤¶µ²µ¦¥´¨¥³ ±² ¸¸¨Î¥¸±µ° µ¶É¨Î¥¸±µ° É¥µ-
·¨¨ ¤¨Ë· ±Í¨¨ ¸²¥¤Ê¥É ¶µ² £ ÉÓ, ÎÉµ Ë §  Ω(a) ³¥¤²¥´´µ ³¥´Ö¥É¸Ö ¢ µ¡² ¸É¨
C = ∆a. �µÔÉµ³Ê Ë §Ê Ω(a) ³µ¦´µ · §²µ¦¨ÉÓ ¢ ·Ö¤ ¢ µ±·¥¸É´µ¸É¨ ´¥±µÉµ·µ°
ÉµÎ±¨ a0, ´ Ìµ¤ÖÐ¥°¸Ö ¢ µ¡² ¸É¨ C:

Ω(a) = Ω(a0)+ (a− a0)Ω′(a0)+
1
2
(a− a0)2Ω′′(a0)+

1
6
(a− a0)3Ω′′′(a0)+ . . . .

(2.12)
…¸²¨ ¢ · §²µ¦¥´¨¨ Ë §Ò (2.12) µ¸´µ¢´ÊÕ ·µ²Ó ¨£· ¥É ²¨´¥°´Ò° ¶µ a

Î²¥´, Éµ ¡Ê¤¥É ´ ¡²Õ¤ ÉÓ¸Ö ¤¨Ë· ±Í¨µ´´ Ö ± ·É¨´ ,  ´ ²µ£¨Î´ Ö ¤¨Ë· ±Í¨¨
”· Ê´£µË¥·  ¢ µ¶É¨±¥; ¥¸²¨ µ¸´µ¢´ÊÕ ·µ²Ó ¢ (2.12) ¨£· ¥É ±¢ ¤· É¨Î´Ò° ¶µ
a Î²¥´, Éµ ¨³¥¥É ³¥¸Éµ ¤¨Ë· ±Í¨µ´´ Ö ± ·É¨´ , Ö¢²ÖÕÐ Ö¸Ö  ´ ²µ£µ³ µ¶É¨-
Î¥¸±µ° ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö; ¥¸²¨ ¦¥ ±¢ ¤· É¨Î´Ò° ¶µ a Î²¥´ ¢ (2.12) µÎ¥´Ó
³ ² |Ω′′(a0)| � |Ω′(a0)|, |Ω′′(a0)| � |Ω′′′(a0)|,   ±Ê¡¨Î¥¸±¨° Î²¥´ Éµ£µ ¦¥
¶µ·Ö¤±  ¢¥²¨Î¨´Ò, ÎÉµ ¨ ²¨´¥°´Ò°, Éµ ¢µ§´¨± ¥É ± ·É¨´  · ¤Ê¦´µ£µ · ¸¸¥-
Ö´¨Ö, ¶·¥¤¸É ¢²ÖÕÐ Ö ¸µ¡µ° ¨´É¥·Ë¥·¥´Í¨µ´´ÊÕ ± ·É¨´Ê, ´¥ Ö¢²ÖÕÐÊÕ¸Ö
¤¨Ë· ±Í¨µ´´µ°.
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‚ ¸²ÊÎ ¥ ¤¨Ë· ±Í¨¨ ”· Ê´£µË¥·  ¢ (2.12) ´Ê¦´µ µ£· ´¨Î¨ÉÓ¸Ö Éµ²Ó±µ
²¨´¥°´Ò³ ¶µ a Î²¥´µ³. ’µ£¤  ¢Ò· ¦¥´¨¥ (2.11) ¶·¨´¨³ ¥É Ëµ·³Ê

< b|ψ >C =
1√
2π�

exp
{

i

�
[Ω(a0) − a0b0]

}∫
da ηC(a) exp

[
− i

�
(b − b0)a

]
,

(2.13)
£¤¥ b0 = Ω′(a0), ηC(a) Å  ³¶²¨ÉÊ¤  ¢µ²´µ¢µ° ËÊ´±Í¨¨ < a|ψ >C . ’ ±¨³
µ¡· §µ³, ¢µ²´µ¢ Ö ËÊ´±Í¨Ö < b|ψ >C ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢-
²Ö¥É ¸µ¡µ° ¸ ÉµÎ´µ¸ÉÓÕ ¤µ Ë §µ¢µ£µ ³´µ¦¨É¥²Ö ¶·¥µ¡· §µ¢ ´¨¥ ”Ê·Ó¥ µÉ
 ³¶²¨ÉÊ¤Ò ηC(a).

� ¸¸³µÉ·¨³ ¤¨Ë· ±Í¨Õ ”· Ê´£µË¥·  µÉ µ¤´µ° ¤²¨´´µ° ¨ Ê§±µ° Ð¥²¨
Ï¨·¨´µ° 2δ, ¸¥·¥¤¨´  ±µÉµ·µ° µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´µ° a0. �·¨ ÔÉµ³  ³¶²¨-
ÉÊ¤  ηC(a) ¶·¥¤¶µ² £ ¥É¸Ö ¶µ¸ÉµÖ´´µ° ¢ µ¡² ¸É¨ Ð¥²¨ C = 2δ:

ηC(a) =
{

η0, − δ ≤ a ≤ δ,
0, a < −δ, a > δ.

(2.14)

�µ¤¸É ¢²ÖÖ (2.14) ¢ (2.13), ´ Ìµ¤¨³

< b|ψ >C =
2η0δ√
2π�

exp
{

i

�
[Ω(a0) − a0b0]

}
sinπξ

πξ
, (2.15)

£¤¥ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥ ξ = (b − b0)δ/π�.
„²Ö ¨´É¥´¸¨¢´µ¸É¨ IC(b) ¸ ¶µ³µÐÓÕ Ëµ·³Ê² (2.8), (2.15) ¶µ²ÊÎ ¥³

IC(b) = IC(b0)
(

sinπξ

πξ

)2

, IC(b0) =
2|η0|2δ2

π�
. (2.16)

’¥¶¥·Ó · ¸¸³µÉ·¨³ ¤¨Ë· ±Í¨Õ ”· Ê´£µË¥·  µÉ ±·Ê£²µ£µ µÉ¢¥·¸É¨Ö · -
¤¨Ê¸  R. �·¨ ÔÉµ³ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö (2.6) ¡Ê¤¥É ¤¢Ê³¥·´µ° < a1a2|ψ >C , ¨
¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ µ´  ¶µ¸ÉµÖ´´  ¢ µ¡² ¸É¨ µÉ¢¥·¸É¨Ö:

< a1a2|ψ >C =
{

η0 exp (iΩ0), ρ ≤ R,
0, ρ > R,

(2.17)

£¤¥ ρ =
√

a2
1 + a2

2.
�¡µ¡Ð Ö Ëµ·³Ê²Ê (2.11) ´  ¤¢Ê³¥·´Ò° ¸²ÊÎ ° ¨ ¨¸¶µ²Ó§ÊÖ (2.17), ¨³¥¥³

< b1b2|ψ >C =
1

2π�

∫ ∫
da1da2 < a1a2|ψ > exp

[
− i

�
(a1b1 + a2b2)

]
.

(2.18)
�µ¤Î¥·±´¥³, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ Ë §  ¢µ²´µ¢µ° ËÊ´±Í¨¨ < a1a2|ψ >C

¸Î¨É ¥É¸Ö ¶µ¸ÉµÖ´´µ° ¨ ´¥ · ¸±² ¤Ò¢ ¥É¸Ö ¢ ·Ö¤. �¥·¥Ìµ¤Ö ¢ (2.18) ± ¶µ-
²Ö·´Ò³ ±µµ·¤¨´ É ³ a1 = ρ cosϕ, a2 = ρ sin ϕ, b1 = b cosχ, b2 = b sinχ,
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´ Ìµ¤¨³

< b1b2|ψ >C =
η0 exp (iΩ0)

2π�

R∫
0

dρρ

2π∫
0

dϕ exp
[
− i

�
ρb cos (ϕ − χ)

]
=

=
R2η0 exp (iΩ0)

�

J1(Rb/�)
Rb/�

. (2.19)

�µ¤¸É ¢²ÖÖ (2.19) ¢ (2.8), ¶µ²ÊÎ ¥³ ¤²Ö ¨´É¥´¸¨¢´µ¸É¨ ± ·É¨´Ê �°·¨ ¤²Ö
¤¨Ë· ±Í¨¨ ”· Ê´£µË¥·  µÉ ±·Ê£²µ£µ µÉ¢¥·¸É¨Ö:

IC(b) = IC(0)
[
2J1(Rb/�)

Rb/�

]2

, IC(0) =
|η0|2R4

4�2
. (2.20)

�¥·¥°¤¥³ É¥¶¥·Ó ± ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö µÉ ±· Ö ¶µ²Ê¶²µ¸±µ¸É¨ a0 ≤ a <
< ∞. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¸´µ¢´µ° ¢±² ¤ ¢ ¨´É¥£· ² Ëµ·³Ê²Ò (2.11) ¤ ¥É µ±·¥¸É-
´µ¸ÉÓ ÉµÎ±¨ ¸É Í¨µ´ ·´µ° Ë §Ò as ∈ C, µ¶·¥¤¥²Ö¥³µ° ¨§ Ê¸²µ¢¨Ö Ω′(as) = b.
…¸²¨ ÉµÎ±  as ¸ÊÐ¥¸É¢Ê¥É, Éµ · §²µ¦¥´¨¥ Ë §Ò ¢¡²¨§¨ ÔÉµ° ÉµÎ±¨ ¸ ÉµÎ´µ-
¸ÉÓÕ ¤µ Î²¥´µ¢ ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ a (¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ Ω′′(as) �= 0) ¨³¥¥É
¢¨¤

Ω(a) = Ω(as) + (a − as)b +
1
2
(a − as)2Ω′′(as). (2.21)

�µ¤¸É ¢²ÖÖ (2.21) ¢ (2.11), ´ Ìµ¤¨³

< b|ψ >C =
η(as)√

2π�
exp

{
i

�
[Ω(as) − asb]

} a0∫
−∞

da exp
[
iΩ′′(as)

2�
(a − as)2

]
.

(2.22)
„¥² Ö ¢ (2.22) § ³¥´Ê ¶¥·¥³¥´´ÒÌ a = as − exp (iπ/4)

√
2�/Ω′′(as)t, ¨³¥¥³

< b|ψ >=
η(as)

2
√

Ω′′(as)
eiτerfc

[
e−

iπ
4

√
Ω′′(as)

2�
(as − a0)

]
, (2.23)

£¤¥ τ = (i/�)[Ω(as) − asb] + iπ/4, a ËÊ´±Í¨Ö erfc (z) · ¢´ 

erfc (z) =
2√
π

∞∫
z

dte−t2 . (2.24)

ˆ¸¶µ²Ó§ÊÖ · §²µ¦¥´¨¥ Ω′(as) ≈ Ω′(a0) + (as − a0)Ω′′(a0) ¨ ÊÎ¨ÉÒ¢ Ö
¸µµÉ´µÏ¥´¨Ö Ω′(as) = b, Ω′(a0) = b0, ¶µ²ÊÎ ¥³

as = a0 +
b − b0

Ω′′(a0)
. (2.25)
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‡ ³¥Î Ö, ÎÉµ Ω′′(as) ≈ Ω′′(a0), ´ Ìµ¤¨³

< b|ψ >C =
η(as) exp (iτ)
2
√

Ω′′(as)
erfc

(
e−

iπ
4 u
)

, (2.26)

£¤¥ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥ u = (b − b0)/
√

2�Ω′′(a0).
�µ¤¸É ¢²ÖÖ (2.26) ¢ (2.8), ¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´É¥´¸¨¢´µ¸É¨ ¢ ¸²Ê-

Î ¥ ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö µÉ ¶µ²Ê¶²µ¸±µ¸É¨:

IC(b) = IC(b0)
1
4

∣∣∣erfc
(
e−

iπ
4 u
)∣∣∣2 , IC(b0) =

|η(as)|2
Ω′′(as)

. (2.27)

ˆ´É¥´¸¨¢´µ¸ÉÓ IC(b) ³µ¦´µ É ±¦¥ ¢Ò· §¨ÉÓ Î¥·¥§ ¨´É¥£· ²Ò ”·¥´¥²Ö:

IC(b) =
1
2
IC(b0)

{[
1
2
− C(w)

]2

+
[
1
2
− S(w)

]2
}

, (2.28)

£¤¥ w =
√

2/πu,   ¨´É¥£· ²Ò ”·¥´¥²Ö µ¶·¥¤¥²ÖÕÉ¸Ö Ëµ·³Ê² ³¨

C(w) =

√
2
π

w∫
0

dt cos t2, S(w) =

√
2
π

w∫
0

dt sin t2. (2.29)

� ±µ´¥Í, · ¸¸³µÉ·¨³ ± ·É¨´Ê · ¤Ê£¨. …¸²¨ ¸ÊÐ¥¸É¢Ê¥É ÉµÎ±  · ¤Ê£¨
ar ∈ C, µ¶·¥¤¥²Ö¥³ Ö ¨§ Ê· ¢´¥´¨Ö Ω′′(ar) = 0, Éµ Ë §Ê ³µ¦´µ · §²µ¦¨ÉÓ ¢
·Ö¤ ¢¡²¨§¨ ÔÉµ° ÉµÎ±¨:

Ω(a) = Ω(ar) + (a − ar)br +
1
6
(a − ar)3Ω′′′(ar), (2.30)

£¤¥ br = Ω′(ar), ¨ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ²¨´¥°´Ò° ¨ ±Ê¡¨Î¥¸±¨° Î²¥´Ò · §²µ-
¦¥´¨Ö (2.30) ¸· ¢´¨³Ò ¶µ ¢¥²¨Î¨´¥. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥¥³

< b|ψ >C =
η(ar)√

2π�
exp

{
i

�
[Ω(ar) − arb]

}
×

×
+∞∫

−∞

da exp
{

i

�

[
(a − ar)(br − b) +

1
6
(a − ar)3Ω′′′(ar)

]}
. (2.31)

ˆ¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨¥ ËÊ´±Í¨¨ �°·¨

Ai(z) =
1
2π

+∞∫
−∞

dt exp
[
i

(
zt +

1
3
t3
)]

, (2.32)
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´ Ìµ¤¨³

< b|ψ >C =

√
2π

�

[
2�

Ω′′′(ar)

]1/3

η(ar) exp
{

i

�
[Ω(ar) − arb]

}
Ai(z), (2.33)

£¤¥ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥ z = (br − b)/[Ω′′′(ar)/2�]1/3 .
�µ¤¸É ¢²ÖÖ (2.33) ¢ (2.8), ¶µ²ÊÎ ¥³ ¶·¨¡²¨¦¥´¨¥ �°·¨ ¤²Ö ± ·É¨´Ò · -

¤Ê£¨

IC(b) = IC(br)[Ai(z)]2, IC(br) =
2π

�

[
2�

Ω′′′(ar)

]2/3

|η(ar)|2 . (2.34)

�É³¥É¨³, ÎÉµ ± ·É¨´  · ¤Ê£¨ Ö¢²Ö¥É¸Ö ¨´É¥·Ë¥·¥´Í¨µ´´µ°, ´µ ´¥ ¤¨-
Ë· ±Í¨µ´´µ° ± ·É¨´µ°, ¨³¥ÕÐ¥° µ¶É¨Î¥¸±ÊÕ  ´ ²µ£¨Õ Å ¶·µÌµ¦¤¥´¨¥ ¸¢¥-
É  Î¥·¥§ ¶·µ§· Î´ÊÕ ± ¶²Õ ¦¨¤±µ¸É¨ ¸ µ¤´µ±· É´Ò³ ¢´ÊÉ·¥´´¨³ µÉ· ¦¥-
´¨¥³.

‚ § ±²ÕÎ¥´¨¥ Ê± ¦¥³ ´  ¶·µ¸ÉÊÕ µ¡ÐÊÕ Ëµ·³Ê ±¢ ´Éµ¢µ£µ  ´ ²µ£  µ¶É¨-
Î¥¸±µ£µ ¶·¨´Í¨¶  � ¡¨´¥. „²Ö ²Õ¡µ£µ ¨§³¥·¥´¨Ö T ³µ¦´µ ¢¢¥¸É¨ ¤µ¶µ²´¨-
É¥²Ó´µ¥ ¨§³¥·¥´¨¥ T ′, ±µÉµ·µ¥ ¢Ò¤¥²Ö¥É É ±ÊÕ µ¡² ¸ÉÓ §´ Î¥´¨° ¸¶¥±É·  C′,
ÎÉµ µ¡² ¸ÉÓ C +C′ ¸µ¤¥·¦¨É ¢¥¸Ó ¸¶¥±É· ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° µ¶¥· Éµ·  A.
�Î¥¢¨¤´µ, ÎÉµ ¸¢Ö§Ó µ¶¥· Éµ·  T ′ ¸ µ¶¥· Éµ·µ³ T µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³
T ′ = 1 − T . ‘µµÉ¢¥É¸É¢¥´´µ ¨³¥¥É ³¥¸Éµ ¸µµÉ´µÏ¥´¨¥

< b|ψ >C + < b|ψ >C′ = < b|ψ > . (2.35)

� ¢¥´¸É¢µ (2.35) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ±¢ ´Éµ¢ÊÕ Ëµ·³Ê ¶·¨´Í¨¶  � ¡¨´¥,
±µÉµ· Ö Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶µ²´µÉÒ ´ ¡µ·  ¢¥±Éµ·µ¢ ¸µ¸ÉµÖ´¨° |a >:

T + T ′ =
∫
C

|a > da < a| +
∫
C′

|a > da < a| =
∫

C+C′

|a > da < a| = 1. (2.36)

3. Œ�„ˆ”ˆŠ�–ˆˆ Š‚��’�‚›•
ˆ�’…�”…�…�–ˆ���›• Š��’ˆ�

� ¸¸³µÉ·¥´´Ò¥ ¢ÒÏ¥ ¶·µ¸ÉÒ¥ ¶·¨³¥·Ò ¨´É¥·Ë¥·¥´Í¨µ´´ÒÌ ± ·É¨´ ¸µ-
µÉ¢¥É¸É¢µ¢ ²¨ ¤¨Ë· ±Í¨¨ ´  µ¡Ñ¥±É Ì ¸ ·¥§±¨³¨ £· ´¨Í ³¨ (Ð¥²Ó, µÉ¢¥·-
¸É¨¥, ¶µ²Ê¶²µ¸±µ¸ÉÓ ¢ µ¶É¨Î¥¸±µ°  ´ ²µ£¨¨) ¨ ± ·É¨´¥ · ¤Ê£¨ ¢ µÉ¸ÊÉ¸É¢¨¥
¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨, ¢ ±¢ ´Éµ¢ÒÌ ¶·µÍ¥¸¸ Ì, ¶·¥¤-
¸É ¢²ÖÕÐ¨Ì ¸µ¡µ° · ¸¸¥Ö´¨¥ ³¨±·µµ¡Ñ¥±Éµ¢, ¤¨Ë· ±Í¨µ´´Ò¥ µ¡² ¸É¨ ¨³¥ÕÉ
· §³ÒÉÒ¥ ¤¨ËËÊ§´Ò¥ £· ´¨ÍÒ,   ± ·É¨´  · ¤Ê£¨ ³µ¤¨Ë¨Í¨·Ê¥É¸Ö ¸¨²Ó´Ò³
¶µ£²µÐ¥´¨¥³. ’ ±¨³ µ¡· §µ³, ·¥ ²Ó´Ò¥ ±¢ ´Éµ¢Ò¥ ¨´É¥·Ë¥·¥´Í¨µ´´Ò¥ ± ·-
É¨´Ò µÉ²¨Î ÕÉ¸Ö µÉ ¨¤¥ ²¨§¨·µ¢ ´´ÒÌ ± ·É¨´ (2.16), (2.19), (2.27), (2.34).
�É¨ ³µ¤¨Ë¨± Í¨¨ ³µ¦´µ · ¸¸³µÉ·¥ÉÓ ¢ µ¡Ð¥³ ¢¨¤¥.
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� ¨¡µ²¥¥ ¶·µ¸Éµ · §³ÒÉ¨¥ £· ´¨ÍÒ ÊÎ¨ÉÒ¢ ¥É¸Ö ¢ ¸²ÊÎ ¥ Ë· Ê´£µË¥-
·µ¢¸±µ° ¤¨Ë· ±Í¨¨. �Ê¤¥³ ¶µ² £ ÉÓ, ÎÉµ  ³¶²¨ÉÊ¤  ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¤²Ö
¤¨Ë· ±Í¨¨ ´  µ¡Ñ¥±É¥ ¸ · §³ÒÉµ° £· ´¨Í¥° ηC̃(a) ¸¢Ö§ ´  ¸  ³¶²¨ÉÊ¤µ° ´ 
µ¡Ñ¥±É¥ ¸ ·¥§±µ° £· ´¨Í¥° ηC(a) ¸ ¶µ³µÐÓÕ ¸¢¥·É±¨

ηC̃(a) =

+∞∫
−∞

da′ηC(a′)Φd(a − a′) =

+∞∫
−∞

dαηC(a − α)Φd(α). (3.1)

� §³Ò¢ ÕÐ Ö ËÊ´±Í¨Ö Φd(α) Ì · ±É¥·¨§Ê¥É¸Ö Ï¨·¨´µ° d ¨ Ê¤µ¢²¥É¢µ-
·Ö¥É Ê¸²µ¢¨Ö³

+∞∫
−∞

dαΦd(α) = 1, lim
d→0

Φd(α) = δ(α). (3.2)

�µ¤¸É ¢²ÖÖ (3.1) ¢ (2.13), ¶µ²ÊÎ ¥³

< b|ψ >C̃ = < b|ψ >C F (ζd), (3.3)

£¤¥ ζ = (b − b0)/�,   Ë ±Éµ· F (zd) µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê²µ°

F (zd) =

+∞∫
−∞

dtΦd(t)eizt. (3.4)

ˆ´É¥´¸¨¢´µ¸ÉÓ IC̃(b) ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

IC̃(b) = IC(b)|F (ζd)|2, (3.5)

£¤¥ ¢¥²¨Î¨´  IC(b) µ¶·¥¤¥²Ö¥É¸Ö ¤¨Ë· ±Í¨¥° ´  µ¡Ñ¥±É¥ ¸ ·¥§±µ° £· ´¨Í¥°.
‚¥²¨Î¨´  |F |2 ¶² ¢´µ Ê¡Ò¢ ¥É ¸ ·µ¸Éµ³ b µÉ ³ ±¸¨³ ²Ó´µ° ¢¥²¨Î¨´Ò

|F (0)|2 = 1 ¶·¨ b = b0, µ¡Ê¸² ¢²¨¢ Ö § ÉÊÌ ´¨¥ Ë· Ê´£µË¥·µ¢¸±¨Ì µ¸Í¨²²Ö-
Í¨°, ±µÉµ·Ò¥ É¥³ ¸¨²Ó´¥¥, Î¥³ ¡µ²ÓÏ¥ Ï¨·¨´  d · §³Ò¢ ÕÐ¥° ËÊ´±Í¨¨. �ÉµÉ
ÔËË¥±É ¶µ¤ ¢²¥´¨Ö ¢Éµ·¨Î´ÒÌ ¤¨Ë· ±Í¨µ´´ÒÌ ³ ±¸¨³Ê³µ¢ ¥¸ÉÓ µ¡µ¡Ð¥´¨¥
µ¶É¨Î¥¸±µ£µ Ö¢²¥´¨Ö  ¶µ¤¨§ Í¨¨, § ±²ÕÎ ÕÐ¥£µ¸Ö ¢ ³µ¤¨Ë¨± Í¨¨ ËÊ´±Í¨¨
§· Î± . �¡ÒÎ´µ  ¶µ¤¨§ Í¨Ö ¢ µ¶É¨±¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö Ê²ÊÎÏ¥´¨Ö · §·¥Ï -
ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ µ¶É¨Î¥¸±µ° ¸¨¸É¥³Ò (´ ¶·¨³¥·, § ±·Ò¢ ´¨¥ Í¥´É· ²Ó´µ°
Î ¸É¨ ²¨´§Ò É¥²¥¸±µ¶ ).

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¢²¨Ö´¨¥ · §³ÒÉ¨Ö £· ´¨ÍÒ ´  Ë·¥´¥²¥¢¸±ÊÕ ¤¨Ë· ±-
Í¨µ´´ÊÕ ± ·É¨´Ê. �¶·¥¤¥²¨³ ¢¥²¨Î¨´Ê ηC(a) Ëµ·³Ê²µ°

ηC(a) =
{

1, a ≥ 0,
0, a < 0.

(3.6)

’µ£¤  ¤²Ö ηC̃(a) ´ Ìµ¤¨³
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ηC̃(a) =

+∞∫
−∞

da′ηC(a − a′)Φd(a′) =

a∫
−∞

da′Φd(a′). (3.7)

‘µ£² ¸´µ (3.6) ¨³¥¥³ dηC(a− a′)/da = δ(a− a′). �µÔÉµ³Ê ¶µ²ÊÎ ¥³ ¸µµÉ´µ-
Ï¥´¨Ö

Φd(a) =
dηC̃(a)

da
, F (zd) =

+∞∫
−∞

dt
dηC̃(t)

dt
eizt. (3.8)

�µ¤¸É ¢²ÖÖ (3.7) ¢ (2.11), ¨³¥¥³

< b|ψ >C̃ =
1√
2π�

+∞∫
−∞

daηC̃(a0 − a) exp
{

i

�
[Ω(a) − ab]

}
, (3.9)

£¤¥ ¢¥²¨Î¨´  a0 µ¶·¥¤¥²Ö¥É ¶µ²µ¦¥´¨¥ ±· Ö ¶µ²Ê¶²µ¸±µ¸É¨.
ˆ´É¥£· ² ¢ Ëµ·³Ê²¥ (3.9) ´¥²Ó§Ö µÍ¥´¨ÉÓ ³¥Éµ¤µ³ ¸É Í¨µ´ ·´µ° Ë §Ò,

É ± ± ± µ¸´µ¢´µ° ¢±² ¤ ¢ ´¥£µ ¤ ¥É µ±·¥¸É´µ¸ÉÓ ÉµÎ±¨ a0, £¤¥ ËÊ´±Í¨Ö
ηC̃(a0−a) ¡Ò¸É·µ ³¥´Ö¥É¸Ö. �µÔÉµ³Ê ¨¸¶µ²Ó§Ê¥³ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨´µ° ¶µ¤Ìµ¤.
”Ê´±Í¨Õ ηC̃(a) Ê¤µ¡´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ηC̃(a) =
i

2π

+∞∫
−∞

db′
exp(− iab′

�
)

b′ + i0
F

(
b′d

�

)
. (3.10)

�µ¤¸É ¢²ÖÖ F (zd) ¢ Ëµ·³¥ (3.8) ¢ Ëµ·³Ê²Ê (3.10), ³µ¦´µ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö
¢ ¥¥ ¸¶· ¢¥¤²¨¢µ¸É¨. �µ¤¸É ¢²ÖÖ § É¥³ (3.10) ¢ (2.11), ´ Ìµ¤¨³

< b|ψ >C̃ =
i

2π

+∞∫
−∞

db′
exp(− ia0b′

�
)

b′ + i0
F

(
b′d

�

)
< b − b′|ψ >, (3.11)

£¤¥ ËÊ´±Í¨Ö < b − b′|ψ > · ¢´ 

< b − b′|ψ >=
1√
2π�

+∞∫
−∞

da exp
{

i

�
[Ω(a) − a(b − b′)]

}
. (3.12)

ˆ´É¥£· ² ¢ (3.12) ³µ¦´µ µÍ¥´¨ÉÓ ³¥Éµ¤µ³ ¸É Í¨µ´ ·´µ° Ë §Ò:

< β|ψ >=
exp(iπ/4)√

Ω′′(aβ)
exp

{
i

�
[Ω(aβ) − aββ]

}
, (3.13)

£¤¥ ¢¥²¨Î¨´  aβ § ¢¨¸¨É µÉ β = b − b′.
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�µ¤¸É ¢²ÖÖ (3.13) ¢ (3.11) ¨ ¤¥² Ö § ³¥´Ê b′ = b − β, ¨³¥¥³

< b|ψ >C̃ =
i

2π
exp

(
iπ

4
− ia0b

�

) +∞∫
−∞

dβ√
Ω′′(aβ)

×

×F [(b − β)d/�]
b − β + i0

exp
{

i

�
[Ω(aβ) − (aβ − a0)β]

}
. (3.14)

�¸Í¨²²¨·ÊÕÐ Ö Î ¸ÉÓ ¶µ¤Ò´É¥£· ²Ó´µ£µ ¢Ò· ¦¥´¨Ö ¢ Ëµ·³Ê²¥ (3.14)
¨³¥¥É ÉµÎ±Ê ¸É Í¨µ´ ·´µ° Ë §Ò, µ¶·¥¤¥²Ö¥³ÊÕ ¨§ Ê· ¢´¥´¨Ö

daβ

dβ
[Ω′(aβ) − β] + a0 − aβ = 0. (3.15)

ˆ§ (3.15) ¶µ²ÊÎ ¥³ aβs = a0, βs = Ω′(a0) = b0. �µÔÉµ³Ê µ¸´µ¢´µ°
¢±² ¤ ¢ ¨´É¥£· ² Ëµ·³Ê²Ò (3.14) ¤ ÕÉ µ±·¥¸É´µ¸ÉÓ ÉµÎ±¨ ¸É Í¨µ´ ·´µ° Ë §Ò
βs = b0 ¨ µ±·¥¸É´µ¸ÉÓ ¶µ²Õ¸  βp = b. ‚ µ¡² ¸É¨ b > b0 µ¸´µ¢´µ° ¢±² ¤
¢ ¨´É¥£· ² ¤ ¥É ÉµÎ±  ¸É Í¨µ´ ·´µ° Ë §Ò. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³¥¤²¥´´µ ³¥´ÖÕ-
ÐÊÕ¸Ö ËÊ´±Í¨Õ F ³µ¦´µ ¢Ò´¥¸É¨ §  §´ ± ¨´É¥£· ²  ¢ ÉµÎ±¥ βs = b0, ¨ ³Ò
¶µ²ÊÎ ¥³

< b|ψ >C̃ = F (ζd) < b|ψ >C , (3.16)

< b|ψ >C =
1√
2π�

a0∫
−∞

da exp
{

i

�
[Ω(a) − ab]

}
≈ < b|ψ >

1
2

erfc
(
e−

iπ
4 u
)

,

(3.17)
£¤¥ ËÊ´±Í¨Ö < b|ψ > µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (3.13).

—Éµ¡Ò µÍ¥´¨ÉÓ ¨´É¥£· ² ¢ Ëµ·³Ê²¥ (3.14) ¢ µ¡² ¸É¨ b < b0, ¢µ¸¶µ²Ó§Ê¥³¸Ö
· ¢¥´¸É¢µ³

1
b − β + i0

= −2πiδ(b − β) +
1

b − β − i0
. (3.18)

‚ ÔÉµ³ ¸²ÊÎ ¥ ´ Ìµ¤¨³

< b|ψ >C̃ = < b|ψ > −F (ζd)[< b|ψ > − < b|ψ >C ]. (3.19)

�µÔÉµ³Ê µ±µ´Î É¥²Ó´µ ³µ¦´µ ´ ¶¨¸ ÉÓ

< b|ψ >C̃ =
{

< b|ψ > [1 − F (ζd)]+ < b|ψ >C F (ζd), b ≤ b0,
< b|ψ >C F (ζd), b ≥ b0.

(3.20)
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ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨¥ erfc (z) + erfc (−z) = 2 ¨ Ëµ·³Ê²Ê (3.13), ¨³¥¥³

IC̃(b) = IC̃(b0)




∣∣∣1 − 1
2 erfc

(
−e−

iπ
4 u
)

F (ζd)
∣∣∣2 , u ≤ 0,∣∣∣ 12 erfc

(
e−

iπ
4 u
)

F (ζd)
∣∣∣2 , u ≥ 0,

(3.21)

£¤¥ IC̃(b0) = 4/Ω′′(aβ).
�ÉµÉ ·¥§Ê²ÓÉ É µ¶¨¸Ò¢ ¥É § ÉÊÌ ´¨¥ µ¸Í¨²²ÖÍ¨° ¨ ¸¦ É¨¥ Ë·¥´¥²¥¢¸±µ°

± ·É¨´Ò, ¶µ²ÊÎ¥´´µ° · ´¥¥ ¤²Ö ¶µ²Ê¶²µ¸±µ¸É¨ ¸ ·¥§±µ° £· ´¨Í¥°.
� ±µ´¥Í, · ¸¸³µÉ·¨³ ± ·É¨´Ê · ¤Ê£¨, ³µ¤¨Ë¨Í¨·µ¢ ´´ÊÕ ¸¨²Ó´Ò³ ¶µ-

£²µÐ¥´¨¥³. �·¥¤¶µ² £ ¥³, ÎÉµ ¢¸¥ ¢µ²´Ò ¸ a ≤ a0 ¶µ£²µÐ ÕÉ¸Ö · ¸¸¥¨¢ É¥-
²¥³. ’µ£¤  ¢µ²´µ¢ Ö ËÊ´±Í¨Ö < b|ψ >C ¢Ò¡¨· ¥É¸Ö ¢ ¢¨¤¥ (2.11) ¸  ³¶²¨ÉÊ¤µ°
ηC(a − a0), µ¶·¥¤¥²Ö¥³µ° ¸µ£² ¸´µ (3.6):

< b|ψ >C̃ =
1√
2π�

∫
daηC(a − a0) exp

{
i

�
[Ω(a) − ab]

}
. (3.22)

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó · §²µ¦¥´¨¥³ Ë §Ò (2.30), ´ Ìµ¤¨³

< b|ψ >C̃ =
1√
2π�

exp
{

i

�
[Ω(ar) − arb]

}
×

×
∞∫

a0

da exp
{

i

�

[
(a − ar)(br − b) +

1
6
(a − ar)3Ω′′′(ar)

]}
. (3.23)

�±µ´Î É¥²Ó´µ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ËÊ´±Í¨Õ < b|ψ >C̃ ¢ Ëµ·³¥

< b|ψ >C̃ =

√
2π

�

[
2�

Ω′′′(ar)

]1/3

exp
{

i

�
[Ω(ar) − arb]

}
Ai(z, κ), (3.24)

£¤¥ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥ κ = [Ω′′′(ar)/2�]1/3(a0 − ar),   ´¥¶µ²´ Ö ËÊ´±Í¨Ö
�°·¨ µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

Ai(z, κ) =
1
2π

∞∫
κ

dt exp
[
i

(
zt +

1
3
t3
)]

. (3.25)

�µ¤¸É ¢²ÖÖ (3.25) ¢ (2.8), ´ Ìµ¤¨³

IC̃(b) = IC̃(br)[Ai(z, κ)]2, IC(br) =
2π

�

[
2�

Ω′′′(ar)

]2/3

. (3.26)

Š ·É¨´  · ¤Ê£¨ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö Ì · ±É¥·¨§Ê¥É¸Ö ¸²¥-
¤ÊÕÐ¨³¨ µ¸µ¡¥´´µ¸ÉÖ³¨. ‚ µ¡² ¸É¨ b < br Ê ¨´É¥´¸¨¢´µ¸É¨ ¥¸ÉÓ µ¸Í¨²²ÖÍ¨¨,
±µÉµ·Ò¥ ¡Ò¸É·µ § ÉÊÌ ÕÉ. �·¨ b > br Ô±¸¶µ´¥´Í¨ ²Ó´µ¥ Ê¡Ò¢ ´¨¥ ¨´É¥´¸¨¢-
´µ¸É¨ ¸É ´µ¢¨É¸Ö ¡µ²¥¥ ¡Ò¸É·Ò³ ¢¸²¥¤¸É¢¨¥ ¶µ£²µÐ¥´¨Ö.
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4. „ˆ”��Š–ˆ����… ��‘‘…Ÿ�ˆ… �…‰’����‚

� ¸¸³µÉ·¨³ É¥¶¥·Ó · §²¨Î´Ò¥ ¶·µÍ¥¸¸Ò Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö ´  µ¸´µ¢¥
· §¢¨Éµ£µ ¢ÒÏ¥ ¶µ¤Ìµ¤ . � Î´¥³ ¸ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢. …¸²¨ Ô´¥·£¨Ö ´¥°-
É·µ´µ¢ ¤µ¸É ÉµÎ´µ ¢¥²¨± , É ± ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥ λ̄ � R, Éµ Ö¤·  µ± -
§Ò¢ ÕÉ¸Ö ¸¨²Ó´µ ¶µ£²µÐ ÕÐ¨³¨ ¤²Ö ´¥°É·µ´µ¢. ‚ ÔÉµ³ ¸²ÊÎ ¥ ´ ¡²Õ¤ ¥³ Ö
± ·É¨´  · ¸¸¥Ö´¨Ö  ´ ²µ£¨Î´  ¤¨Ë· ±Í¨¨ ¸¢¥É  µÉ Î¥·´µ£µ Ï ·  ¨²¨ ¤¨¸±  ¢
µ¶É¨±¥, É.¥. ÔÉµ ¤¨Ë· ±Í¨µ´´ Ö ± ·É¨´  Ë· Ê´£µË¥·µ¢¸±µ£µ É¨¶  [13].

�Ê¤¥³ ¨¸Ìµ¤¨ÉÓ ¨§ · §²µ¦¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶µ ¶µ²¨´µ³ ³ ‹¥-
¦ ´¤· 

f(θ) =
i

2k

∞∑
l=0

(2l + 1)(1 − Sl)Pl(cos θ), (4.1)

£¤¥ Sl Å ¤¨ £µ´ ²Ó´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É S-³ É·¨ÍÒ.
…¸²¨ ¢Ò¶µ²´¥´µ Ê¸²µ¢¨¥ λ̄ � R, Éµ ¢  ³¶²¨ÉÊ¤Ê (4.1) ¢´µ¸¨É ¢±² ¤ ¡µ²Ó-

Ïµ¥ Î¨¸²µ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´. �·¨ ÔÉµ³ ¢¸²¥¤¸É¢¨¥ ³ ²µ£µ · ¤¨Ê¸  ¤¥°¸É¢¨Ö
Ö¤¥·´ÒÌ ¸¨² ³µ¦´µ ¸Î¨É ÉÓ, ÎÉµ ´¥°É·µ´ ¶µ£²µÐ ¥É¸Ö Ö¤·µ³, ¥¸²¨ ¶·¨Í¥²Ó-
´Ò° ¶ · ³¥É· b ≈ lλ̄ ³¥´ÓÏ¥ · ¤¨Ê¸  Ö¤·  R, ¨ ¶·µ²¥É ¥É ³¨³µ ´¥£µ, ¥¸²¨
b > R. ˆ´Ò³¨ ¸²µ¢ ³¨, ±µÔËË¨Í¨¥´É ¶·µ´¨Í ¥³µ¸É¨ ζl = 1−|Sl|2 · ¢¥´ ¥¤¨-
´¨Í¥ ¤²Ö l ≤ kR = l0 (k = 1/λ̄ Å ¢µ²´µ¢µ° ¢¥±Éµ· ´¥°É·µ´ ) ¨ µ¡· Ð ¥É¸Ö
¢ ´Ê²Ó ¶·¨ l > l0. �µÔÉµ³Ê ¶µ²ÊÎ ¥³

Sl =
{

0 , l ≤ l0,
1 , l > l0.

(4.2)

�¥§±µ¥ · §¤¥²¥´¨¥ §´ Î¥´¨° ³µ³¥´Éµ¢, ¤²Ö ±µÉµ·ÒÌ ±µÔËË¨Í¨¥´É ¶·µ´¨-
Í ¥³µ¸É¨ · ¢¥´ ´Ê²Õ ¨ ¥¤¨´¨Í¥, ¨³¥¥É ¶·¨¡²¨¦¥´´Ò° Ì · ±É¥·. �Éµ µ¡¸Éµ-
ÖÉ¥²Ó¸É¢µ ¸¢Ö§ ´µ ¸ ´¥ÉµÎ´µ¸ÉÓÕ ±¢ §¨±² ¸¸¨Î¥¸±µ£µ · ¸¸³µÉ·¥´¨Ö, ±µÉµ·µ¥
¨¸¶µ²Ó§µ¢ ²µ¸Ó ¶·¨ µ¶·¥¤¥²¥´¨¨ Sl,   É ±¦¥ ¸ · §³ÒÉ¨¥³ Ö¤¥·´µ° ¶µ¢¥·Ì-
´µ¸É¨, µ¡Ê¸²µ¢²¥´´Ò³ ¡Ò¸É·Ò³ ¨ ¶² ¢´Ò³ Ê³¥´ÓÏ¥´¨¥³ ¶²µÉ´µ¸É¨ Ö¤¥·´µ°
³ É¥·¨¨ ¢ ¶µ¢¥·Ì´µ¸É´µ° µ¡² ¸É¨ Ö¤· . �µÔÉµ³Ê ¢¢¥¤¥´¨¥ £· ´¨Î´µ£µ µ·-
¡¨É ²Ó´µ£µ ³µ³¥´É  l0 = kR � 1, · §¤¥²ÖÕÐ¥£µ §´ Î¥´¨Ö ³µ³¥´Éµ¢ ¤²Ö
³ É·¨ÍÒ · ¸¸¥Ö´¨Ö (4.2), ¨³¥¥É ¸³Ò¸² ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¢¥²¨Î¨´Ò ¶µ·Ö¤±  ¥¤¨-
´¨ÍÒ. ’¥³ ´¥ ³¥´¥¥ ³µ¦´µ ¶µ²Ó§µ¢ ÉÓ¸Ö ¢¥²¨Î¨´µ° Sl ¢ Ëµ·³¥ (4.2) ¤²Ö
µ¶·¥¤¥²¥´¨Ö ± Î¥¸É¢¥´´µ£µ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò ¨ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ´¥°-
É·µ´µ¢ ¶·¨ kR � 1.

„²Ö ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤Ò (4.1), ¶·¥¤¸É ¢²ÖÕÐ¥° ¸µ¡µ° ¸Ê³³Ê ¡µ²ÓÏµ£µ
Î¨¸²  Î²¥´µ¢, ³µ¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö Ëµ·³Ê²µ° ¸Ê³³¨·µ¢ ´¨Ö �Ê ¸¸µ´ 

∞∑
l=0

Φ
(

l +
1
2

)
=

∞∑
m=−∞

(−1)m

∞∫
0

dL e2iπmLΦ(L), (4.3)
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£¤¥ L = l + 1/2. „²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ´ Ìµ¤¨³

f(θ) =
i

k

∞∑
m=−∞

(−1)m

∞∫
0

dLL e2iπmL [1 − S(L)] PL− 1
2
(cos θ). (4.4)

�Í¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ Î²¥´Ò ¸ m �= 0 ³ ²Ò ¶µ ¸· ¢´¥´¨Õ ¸ µ¸´µ¢´Ò³
Î²¥´µ³ m = 0, É ± ± ± µ´¨ ¸µ¤¥·¦ É ¡Ò¸É·µ µ¸Í¨²²¨·ÊÕÐ¨¥ ³´µ¦¨É¥²¨
exp(2iπmL),   µ¸´µ¢´µ° ¢±² ¤ ¢  ³¶²¨ÉÊ¤Ê ¤ ÕÉ ¤µ¢µ²Ó´µ ¡µ²ÓÏ¨¥ ¢¥²¨-
Î¨´Ò L. Š¢ §¨±² ¸¸¨Î¥¸±¨° ¸³Ò¸² ¢¥²¨Î¨´Ò m § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ µ´ 
¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° Î¨¸²µ µ¡µ·µÉµ¢ · ¸¸¥¨¢ ¥³µ° Î ¸É¨ÍÒ ¢µ±·Ê£ · ¸¸¥¨¢ Õ-
Ð¥£µ Í¥´É· . Ÿ¸´µ, ÎÉµ ¢ µ¡² ¸É¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì Ô´¥·£¨° Î²¥´Ò ¸ m �= 0
´¥ ¨£· ÕÉ ¸ÊÐ¥¸É¢¥´´µ° ·µ²¨ ¢ (4.4). Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ ¸Ê³³ ·´Ò° ¢±² ¤
¢  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö Î²¥´µ¢ ¸ m �= 0 ¶µ ¸· ¢´¥´¨Õ ¸ µ¸´µ¢´Ò³ Î²¥´µ³ ¸
m = 0 Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´µ° ¶µ·Ö¤±  1/L0, £¤¥ L0 = l0 + 1/2 ≈ kR � 1 [14,
15]. �µÔÉµ³Ê  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

f(θ) =
i

k

∞∫
0

dLL [1 − S(L)]PL− 1
2
(cos θ). (4.5)

„²Ö L � 1 ¶µ²¨´µ³Ò ‹¥¦ ´¤·  ³µ¦´µ § ³¥´¨ÉÓ ËÊ´±Í¨¥° �¥¸¸¥²Ö

PL− 1
2
(cos θ) ≈ J0(Lθ). (4.6)

�µ¤¸É ¢²ÖÖ (4.2), (4.6) ¢ (4.5) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉµ L0 = kR, ¶µ²ÊÎ ¥³

f(θ) =
i

k

kR∫
0

dLL J0(Lθ) = iR
J1(kRθ)

θ
. (4.7)

Š¢ ¤· É ³µ¤Ê²Ö  ³¶²¨ÉÊ¤Ò (4.7) µ¶·¥¤¥²Ö¥É ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥
· ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Ö¤· ³¨:

dσe

dΩ
= R2 J2

1 (kRθ)
θ2

. (4.8)

‚Ò· ¦¥´¨¥ ¤²Ö ¸¥Î¥´¨Ö (4.8) ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ±µÔËË¨Í¨¥´É  ¸µ¢¶ ¤ ¥É ¸ µÉ-
´µÏ¥´¨¥³ ¨´É¥´¸¨¢´µ¸É¥° · ¸¸¥Ö´´µ£µ Î¥·´Ò³ Ï ·µ³ ¨²¨ ¤¨¸±µ³ ¨ ¶ ¤ Õ-
Ð¥£µ ¸¢¥É  ¢ µ¶É¨±¥ ¨ µ¶¨¸Ò¢ ¥É ¤¨Ë· ±Í¨µ´´ÊÕ ± ·É¨´Ê Ë· Ê´£µË¥·µ¢¸±µ£µ
É¨¶ . ‚ É ±µ° ± ·É¨´¥ ¤µ³¨´¨·ÊÕÉ ³ ²Ò¥ Ê£²Ò · ¸¸¥Ö´¨Ö θ � λ̄/R. �  ÔÉÊ
µ¡² ¸ÉÓ Ê£²µ¢ · ¸¸¥Ö´¨Ö ¶·¨Ìµ¤¨É¸Ö µ±µ²µ 84 % ¨´É¥´¸¨¢´µ¸É¨ ´¥°É·µ´µ¢,
· ¸¸¥Ö´´ÒÌ ¸¨²Ó´µ ¶µ£²µÐ ÕÐ¨³¨ Ö¤· ³¨.
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ˆ¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ò ¤²Ö ¨´É¥£· ²Ó´ÒÌ ¸¥Î¥´¨° Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ¨
·¥ ±Í¨¨

σe =
π

k2

∞∑
l=0

(2l + 1) |1 − Sl|2 , (4.9)

σr =
π

k2

∞∑
l=0

(2l + 1)
(
1 − |Sl|2

)
, (4.10)

¤²Ö ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¢ Ëµ·³¥ (4.2), ´ Ìµ¤¨³ σe = σr = πR2, É.¥. ÔÉ¨
¸¥Î¥´¨Ö ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¸µ¢¶ ¤ ÕÉ ¸ ³ ±¸¨³ ²Ó´Ò³ ¸¥Î¥´¨¥³ Ï · 
c · ¤¨Ê¸µ³ R. ‘µµÉ¢¥É¸É¢¥´´µ ¶µ²´µ¥ ¸¥Î¥´¨¥ · ¢´µ σt = σe + σr = 2πR2.

‚ÒÏ¥ ¶·¥¤¶µ² £ ²µ¸Ó, ÎÉµ Ö¤·µ ¶µ£²µÐ ¥É ¢¸¥ ¶µ¶ ¤ ÕÐ¨¥ ¢ ´¥£µ ´¥°-
É·µ´Ò, É.¥. ¸Î¨É ²µ¸Ó, ÎÉµ ¤²¨´  ¶·µ¡¥£  ´¥°É·µ´  ¢ Ö¤¥·´µ³ ¢¥Ð¥¸É¢¥ ³ ² 
¶µ ¸· ¢´¥´¨Õ ¸ ²¨´¥°´Ò³ · §³¥·µ³ Ö¤· . ’ ±µ¥ ¶·¥¤¶µ²µ¦¥´¨¥ ¶· ¢¨²Ó´µ ¢
µ¡² ¸É¨ Ô´¥·£¨° ´¥°É·µ´µ¢ 10 < En < 100 ŒÔ‚, ´µ µ´µ ¸É ´µ¢¨É¸Ö ´¥¢¥·´Ò³
¶·¨ En > 100 ŒÔ‚, É ± ± ± ¶·¨ ÔÉµ³ ¢µ§´¨± ¥É § ³¥É´ Ö ¶·µ§· Î´µ¸ÉÓ Ö¤· 
¶µ µÉ´µÏ¥´¨Õ ± ¶µ¶ ¤ ÕÐ¨³ ¢ ´¥£µ ´¥°É·µ´ ³. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ Ö¤¥·-
´µ¥ ¢¥Ð¥¸É¢µ Ì · ±É¥·¨§Ê¥É¸Ö ±µ³¶²¥±¸´Ò³ ¶µ± § É¥²¥³ ¶·¥²µ³²¥´¨Ö. �Éµ
µ§´ Î ¥É, ÎÉµ ¤¥°¸É¢¨É¥²Ó´ Ö ¨ ³´¨³ Ö Î ¸É¨ Ë §Ò · ¸¸¥Ö´¨Ö µ¤¨´ ±µ¢Ò ¶µ
¶µ·Ö¤±Ê ¢¥²¨Î¨´Ò ¶·¨ l ≤ l0. � ¸¸¥Ö´¨¥ ´¥°É·µ´µ¢ ¶µ²Ê¶·µ§· Î´µ° ¸Ë¥·µ°
c · ¤¨Ê¸µ³ R ¨ ±µ³¶²¥±¸´Ò³ ¶µ± § É¥²¥³ ¶·¥²µ³²¥´¨Ö ¢¶¥·¢Ò¥ · ¸¸³ É·¨-
¢ ²µ¸Ó ¢ [16].

ˆ§ Ô±¸¶¥·¨³¥´Éµ¢ ¨§¢¥¸É´µ, ÎÉµ ¶²µÉ´µ¸ÉÓ Ö¤¥·´µ£µ ¢¥Ð¥¸É¢  ¢ ¶µ¢¥·Ì-
´µ¸É´µ° µ¡² ¸É¨ Ö¤·  ¸ Ï¨·¨´µ° d � R ¶² ¢´µ ³¥´Ö¥É¸Ö µÉ ¢¥²¨Î¨´Ò ρ0,
Ì · ±É¥·´µ° ¤²Ö ¢´ÊÉ·¥´´¥° µ¡² ¸É¨ Ö¤· , ¤µ ´Ê²Ö. �É¸Õ¤  Ö¸´µ, ÎÉµ ¢¥-
²¨Î¨´  Sl, Ì · ±É¥·¨§ÊÕÐ Ö ¶µ£²µÐ ÕÐ¨¥ ¸¢µ°¸É¢  Ö¤·  ¶µ µÉ´µÏ¥´¨Õ ±
´ ²¥É ÕÐ¨³  ¤·µ´ ³, É ±¦¥ ¤µ²¦´  ¶² ¢´µ ³¥´ÖÉÓ¸Ö ´  ¶µ¢¥·Ì´µ¸É¨ Ö¤·  µÉ
´Ê²Ö ¤µ ¥¤¨´¨ÍÒ. ’ ±µ¥ ¶µ¢¥¤¥´¨¥ Sl ¸ÊÐ¥¸É¢¥´´µ ³¥´Ö¥É ¤¨ËË¥·¥´Í¨ ²Ó´µ¥
¸¥Î¥´¨¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢.

‘µ£² ¸´µ (4.5), (4.6)  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Ö¤· ³¨ ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

f(θ) =
i

k

∞∫
0

dLL [1 − S(L)] J0(Lθ). (4.11)

�¥·¥°¤¥³ ¢ (4.11) µÉ ¶¥·¥³¥´´µ° L ± ¶·¨Í¥²Ó´µ³Ê ¶ · ³¥É·Ê b = L/k.
’µ£¤  ¶µ²ÊÎ ¥³

f(θ) = ik

∞∫
0

dbb [1 − S(b)] J0(kbθ). (4.12)
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ˆ¸¶µ²Ó§ÊÖ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ �¥¸¸¥²Ö

J0(qb) =
1
2π

2π∫
0

dϕ eiqb cos ϕ, (4.13)

£¤¥ ¶¥·¥¤ ´´Ò° ¨³¶Ê²Ó¸ · ¢¥´ q = k′ − k (q = 2k sin(θ/2) ≈ kθ), ¶µ²ÊÎ¨³
¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶·¨Í¥²Ó´µ£µ
¶ · ³¥É· :

f(q) =
ik

2π

∫
d2b [1 − S(b)] eiqb. (4.14)

„²Ö Ö¤¥· ¸ ·¥§±µ° £· ´¨Í¥° ¶µ£²µÐ¥´¨Ö ¸µ£² ¸´µ (4.2) ³ É·¨Í  · ¸¸¥Ö´¨Ö
· ¢´ 

S0(b) =
{

0 , b ≤ R,
1 , b > R.

(4.15)

� §³ÒÉ¨¥ Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ³µ¦´µ ÊÎ¥¸ÉÓ, ¢Ò¡¨· Ö S(b) ¢ Ëµ·³¥

S(b) =
∫

d2b′ S0(b′)Φd(b′ − b), (4.16)

£¤¥ · §³Ò¢ ÕÐ Ö ËÊ´±Í¨Ö Φd(b′ − b) ¤µ²¦´  ¶µ¤Î¨´ÖÉÓ¸Ö Ê¸²µ¢¨Ö³∫
d2b Φd(b) = 1, lim

d→0
Φd(b′ − b) = δ(b′ − b). (4.17)

Œµ¤¥²Ó ¸¢¥·É±¨ (4.16) ¤²Ö ÊÎ¥É  · §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ¶·¨ ¤¨-
Ë· ±Í¨µ´´µ³ · ¸¸¥Ö´¨¨ Î ¸É¨Í Ö¤· ³¨ ¡Ò²  ¢¶¥·¢Ò¥ ¶·¥¤²µ¦¥´  ¢ [17, 18]
¨ ¶µ²ÊÎ¨²  ¢ ²¨É¥· ÉÊ·¥ ´ §¢ ´¨¥ ®fuzzy black disk model¯ (¸³., ´ ¶·., [19,
20]). ˆ¸¶µ²Ó§ÊÖ (4.16), (4.17), ´ Ìµ¤¨³

1 − S(b) =
∫

d2b′ [1 − S0(b′)] Φd(b′ − b). (4.18)

�µ¤¸É ¢²ÖÖ (4.18) ¢ (4.14), ¶µ²ÊÎ ¥³

f(θ) = f0(θ)Fd(θ), (4.19)

£¤¥  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ´  Ö¤·¥ ¸ ·¥§±µ° £· ´¨Í¥° ¶µ£²µÐ¥´¨Ö f0(θ) µ¶·¥-
¤¥²Ö¥É¸Ö Ëµ·³Ê²µ° (4.7).

” ±Éµ· § ÉÊÌ ´¨Ö Fd(θ), ÊÎ¨ÉÒ¢ ÕÐ¨° ¢²¨Ö´¨¥ · §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ-
¢¥·Ì´µ¸É¨ ´   ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö, · ¢¥´

Fd(θ) =
∫

d2b Φd(b)eiqb. (4.20)
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‚Ò¡¨· Ö Φd(b) ¢ Ëµ·³¥

Φd(b) =
d

2(π2d2 + b2)3/2
, (4.21)

¨³¥¥³
Fd(θ) = e−πdkθ. (4.22)

“Î¥É · §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ¶·¨¢µ¤¨É ± Ô±¸¶µ´¥´Í¨ ²Ó´µ³Ê Ê¡Ò¢ -
´¨Õ µ£¨¡ ÕÐ¥° ³ ±¸¨³Ê³µ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö
´¥°É·µ´µ¢ Ö¤· ³¨, ¢ Éµ ¢·¥³Ö ± ± ¸¥Î¥´¨¥ ¤²Ö Ö¤·  ¸ ·¥§±µ° £· ´¨Í¥° ¶µ£²µ-
Ð¥´¨Ö (4.8) Ê¡Ò¢ ¥É ± ± θ−3. �±¸¶µ´¥´Í¨ ²Ó´µ¥ Ê¡Ò¢ ´¨¥ ¸¥Î¥´¨Ö ¸ ·µ¸Éµ³
Ê£²  · ¸¸¥Ö´¨Ö ¶µ¤É¢¥·¦¤ ¥É¸Ö ³´µ£µÎ¨¸²¥´´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´-
´Ò³¨. �É³¥É¨³, ÎÉµ ÊÎ¥É · §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ´¥ ³¥´Ö¥É  ³¶²¨ÉÊ¤Ê
· ¸¸¥Ö´¨Ö ´  ´Ê²¥¢µ° Ê£µ² ¨, ± ± ¸²¥¤¸É¢¨¥, ¶µ²´µ¥ ¸¥Î¥´¨¥ σt.

‚¥²¨Î¨´Ê S(b), ÊÎ¨ÉÒ¢ ÕÐÊÕ · §³ÒÉ¨¥ Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨, ³µ¦´µ
¢Ò¡¨· ÉÓ ¢ · §´ÒÌ Ëµ·³ Ì. ˜¨·µ±µ ¨¸¶µ²Ó§Ê¥É¸Ö ¸²¥¤ÊÕÐ Ö ¶ · ³¥É·¨-
§ Í¨Ö S(b):

S(b) = w(b), w(b) =
[
1 + exp

(
R − b

d

)]−1

. (4.23)

‚ ÔÉµ³ ¸²ÊÎ ¥ ¤²Ö Ë ±Éµ·  § ÉÊÌ ´¨Ö ¶µ²ÊÎ ¥É¸Ö ¶·¨¡²¨¦¥´´µ¥ ¢Ò· ¦¥-
´¨¥ [14, 15]

Fd(θ) =
πdkθ

sh πdkθ
. (4.24)

’ ± ± ± sh πdkθ ∼ exp (πdkθ) ¤²Ö πdkθ � 1, Éµ ¤²Ö ¶ · ³¥É·¨§ Í¨¨ ³ -
É·¨ÍÒ · ¸¸¥Ö´¨Ö (4.23) µ£¨¡ ÕÐ Ö ³ ±¸¨³Ê³µ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö
Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö É ±¦¥ Ê¡Ò¢ ¥É Ô±¸¶µ´¥´Í¨ ²Ó´µ ¸ ·µ¸Éµ³ θ .

ˆ´µ£¤  ¤²Ö S(b) ¨¸¶µ²Ó§Ê¥É¸Ö ¶ · ³¥É·¨§ Í¨Ö [21], ÊÎ¨ÉÒ¢ ÕÐ Ö ± ±
· §³ÒÉ¨¥ Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨, É ± ¨ ¶·¥²µ³²¥´¨¥ · ¸¸¥¨¢ ¥³ÒÌ ¢µ²´:

S(b) =
[
1 + exp

(
R − b

d
− iγ

)]−1

, (4.25)

£¤¥ ¶ · ³¥É· γ Ì · ±É¥·¨§Ê¥É ¶·¥²µ³²¥´¨¥ ´  Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ (γ > 0).
‚Ò· ¦¥´¨¥ (4.25) ³µ¦´µ Ëµ·³ ²Ó´µ ¶µ²ÊÎ¨ÉÓ ¨§ (4.23), § ³¥´¨¢ · ¤¨Ê¸

Ö¤·  R ±µ³¶²¥±¸´µ° ¢¥²¨Î¨´µ° R−iγd. ‘Î¨É Ö γ ³ ²µ° ¢¥²¨Î¨´µ°, γd � R,
³µ¦´µ · §²µ¦¨ÉÓ ¢Ò· ¦¥´¨¥ (4.24) ¢ ·Ö¤:

S(b) = w(b) + iγd
dw(b)

db
. (4.26)

�·¨¸ÊÉ¸É¢¨¥ ¶·µ¨§¢µ¤´µ° ¢ ³´¨³µ° Î ¸É¨ S(b) Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ Éµ£µ
Ë ±É , ÎÉµ ¶·¥²µ³²¥´¨¥ ¨£· ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¢ µ¸´µ¢´µ³ ´  ¶µ¢¥·Ì-
´µ¸É¨ Ö¤· .
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�¥¡µ²ÓÏÊÕ ¶·µ§· Î´µ¸ÉÓ Ö¤¥·´µ£µ ¢¥Ð¥¸É¢  ³µ¦´µ ÊÎ¥¸ÉÓ, ¢¢µ¤Ö ¢ ¶ · -
³¥É·¨§ Í¨Õ S(b) ³ ²Ò° ¶ · ³¥É· ε � 1 [14, 15]:

S(b) = w(b) + ε[1 − w(b)] + iγd
dw(b)

db
. (4.27)

ˆ¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ò (4.12), (4.27), ¤²Ö  ³¶²¨ÉÊ¤Ò ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Ö¤· ³¨ ¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨Ö

f(θ) = iR
πkdθ

shπkdθ

[
J1(kRθ)

θ
− iγkdJ0(kRθ)

]
, (4.28)

dσe(θ)
dΩ

= R2

(
πkdθ

sh πkdθ

)2 [
J2

1 (kRθ)
θ2

+ γ2k2d2J2
0 (kRθ)

]
. (4.29)

“Î¥É ¶µ¢¥·Ì´µ¸É´µ£µ ¶·¥²µ³²¥´¨Ö ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¸¥Î¥´¨¥ ¢ ³¨´¨³Ê-
³ Ì ´¥ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, É ± ± ± ËÊ´±Í¨¨ �¥¸¸¥²Ö J0(kRθ) ¨ J1(kRθ) ¸
¢µ§· ¸É ´¨¥³ Ê£²  θ µ¸Í¨²²¨·ÊÕÉ ¢ ¶·µÉ¨¢µË §¥.

�³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö (4.14) ³µ¦´µ É ±¦¥ § ¶¨¸ ÉÓ ¢ Ëµ·³¥

f(q) =
ik

2π

∫
d2b ω(b)eiqb, (4.30)

£¤¥ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥
ω(b) = 1 − S(b). (4.31)

�·µË¨²Ó´ Ö ËÊ´±Í¨Ö ω(b) ¨£· ¥É ¢ ¦´ÊÕ ·µ²Ó ¢ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ · ¸-
¸¥Ö´¨Ö. �´  µ¶·¥¤¥²Ö¥É ¸¢µ°¸É¢  Ö¤·  ± ± ¶µ£²µÐ ÕÐ¥° ¸·¥¤Ò ¶µ µÉ´µÏ¥-
´¨Õ ± · ¸¸¥¨¢ ¥³Ò³ ¢µ²´ ³. �·µË¨²Ó´ Ö ËÊ´±Í¨Ö ω(b)  ´ ²µ£¨Î´  ËÊ´±Í¨¨
§· Î±  ¢ µ¶É¨±¥,   ¢²¨Ö´¨¥ ¶µ²Ê¶·µ§· Î´µ¸É¨ ¨ · §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ¢¥·Ì´µ-
¸É¨ ´  ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ¶µ¤µ¡´µ  ¶µ¤¨§ Í¨¨
(¨§³¥´¥´¨Õ ËÊ´±Í¨¨ §· Î± ) ¢ µ¶É¨±¥ [3].

5. „ˆ”��Š–ˆŸ ‡��Ÿ†…��›• ‹“—…‰

�·¨ ¤¨Ë· ±Í¨µ´´µ³ · ¸¸¥Ö´¨¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í Ö¤· ³¨ ¢¥²¨Î¨´  Sl

¤ ¦¥ ¶·¨ ¡µ²ÓÏ¨Ì l µÉ²¨Î´  µÉ ¥¤¨´¨ÍÒ ¢¸²¥¤¸É¢¨¥ ±Ê²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°-
¸É¢¨Ö, ¸ÊÐ¥¸É¢ÊÕÐ¥£µ ¶·¨ ¸±µ²Ó Ê£µ¤´µ ¡µ²ÓÏ¨Ì ¢¥²¨Î¨´ Ì ¶·¨Í¥²Ó´ÒÌ ¶ -
· ³¥É·µ¢. ‚¶¥·¢Ò¥ ¤¨Ë· ±Í¨µ´´µ¥ · ¸¸¥Ö´¨¥ § ·Ö¦¥´´ÒÌ Î ¸É¨Í (¶·µÉµ´µ¢)
¶µ£²µÐ ÕÐ¨³¨ Ö¤· ³¨ · ¸¸³ É·¨¢ ²µ¸Ó ¢ [22],   ¢ [23] ÔÉ  É¥µ·¨Ö ¡Ò²  µ¡µ¡-
Ð¥´  ¤²Ö · ¸¸¥Ö´¨Ö ÉÖ¦¥²ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í. ’ ±µ° ¶µ¤Ìµ¤ ¢¶µ¸²¥¤¸É¢¨¨
¶µ²ÊÎ¨² ´ §¢ ´¨¥ ³µ¤¥²¨ �Ì¨¥§¥· Å�µ³¥· ´ÎÊ± Å�²Ô·  ¨ ¨¸¶µ²Ó§µ¢ ²¸Ö
¤²Ö  ´ ²¨§  · §²¨Î´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ Ê¶·Ê£µ³Ê · ¸¸¥Ö´¨Õ
¶·µÉµ´µ¢, ¤¥°É·µ´µ¢, Ö¤¥· 3He ¨ 4He Ö¤· ³¨ (¸³., ´ ¶·¨³¥·, [24Ä28]).
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‚ ±² ¸¸¨Î¥¸±µ³ µ¶¨¸ ´¨¨ ±Ê²µ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ÉµÎ¥Î´ÒÌ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í ¶·¨Í¥²Ó´Ò° ¶ · ³¥É· b ¸¢Ö§ ´ ¸ Ê£²µ³ · ¸¸¥Ö´¨Ö θ Ëµ·³Ê²µ°

b =
n

k
ctg

θ

2
, (5.1)

£¤¥ n = Z1Z2e
2/�v Å ±Ê²µ´µ¢¸±¨° ¶ · ³¥É·; k ¨ v Å ¢µ²´µ¢µ° ¢¥±Éµ·

¨ ¸±µ·µ¸ÉÓ · ¸¸¥¨¢ ¥³µ° Î ¸É¨ÍÒ ´  ¡¥¸±µ´¥Î´µ¸É¨; Z1 ¨ Z2 Å § ·Ö¤µ¢Ò¥
Î¨¸²  Î ¸É¨ÍÒ ¨ Ö¤· .

— ¸É¨Í  ¶·µ²¥É ¥É ´  ´ ¨³¥´ÓÏ¥³ · ¸¸ÉµÖ´¨¨ ρ µÉ · ¸¸¥¨¢ ÕÐ¥£µ
Í¥´É· , · ¢´µ³

ρ =
n

k

(
1 + cosec

θ

2

)
. (5.2)

…¸²¨ · ¸¸¥¨¢ É¥²Ó ¨³¥¥É Ëµ·³Ê ¸Ë¥·Ò c · ¤¨Ê¸µ³ R, Éµ ³Ò ³µ¦¥³ µ¶·¥¤¥²¨ÉÓ
±·¨É¨Î¥¸±¨° Ê£µ² θc, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ± ¸ É¥²Ó´µ° É· ¥±Éµ·¨¨. �ÉµÉ Ê£µ²
µ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸µµÉ´µÏ¥´¨Ö

R =
n

k

(
1 + cosec

θc

2

)
. (5.3)

Š·¨É¨Î¥¸±¨° Ê£µ² θc ¸µµÉ¢¥É¸É¢Ê¥É ±·¨É¨Î¥¸±µ° ¢¥²¨Î¨´¥ ¶·¨Í¥²Ó´µ£µ ¶ · -
³¥É· 

bc =
n

k
ctg

θc

2
. (5.4)

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¶µ² £ ÉÓ, ÎÉµ ¢¸¥ Î ¸É¨ÍÒ ¸ ρ ≤ R ¶µ£²µÐ ÕÉ¸Ö
Ö¤·µ³,   ¢¸¥ Î ¸É¨ÍÒ ¸ ρ > R ¶·µ²¥É ÕÉ ³¨³µ Ö¤· , · ¸¸¥¨¢ Ö¸Ó ¢ ¥£µ ±Ê²µ-
´µ¢¸±µ³ ¶µ²¥. ’ ± ± ± ¤²¨´  ¢µ²´Ò · ¸¸¥¨¢ ¥³µ° § ·Ö¦¥´´µ° Î ¸É¨ÍÒ ³ ² 
¶µ ¸· ¢´¥´¨Õ ¸ ²¨´¥°´Ò³ · §³¥·µ³ Ö¤· , Éµ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ±¢ §¨±² ¸-
¸¨Î¥¸±µ¥ ¶·¨¡²¨¦¥´¨¥. ƒ· ´¨Î´Ò° ³µ³¥´É l0, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ± ¸ É¥²Ó´µ°
É· ¥±Éµ·¨¨, ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸¢Ö§ ´ ¸ bc Ëµ·³Ê²µ°

l0(l0 + 1) ≈
(

l0 +
1
2

)2

= (kbc)
2
. (5.5)

ˆ§ (5.2) ´ Ìµ¤¨³

θc = 2arctg
n

l0 + 1
2

. (5.6)

‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³ Ëµ·³Ê²Ê, ¸¢Ö§Ò¢ ÕÐÊÕ £· ´¨Î´Ò° ³µ³¥´É l0 ¸ Ö¤¥·-
´Ò³ · ¤¨Ê¸µ³:

l0 +
1
2

= L0 = kR

√
1 − 2n

kR
. (5.7)

…¸²¨ n � kR, Éµ l0 + 1/2 ≈ kR, ± ± ¨ ¢ ¸²ÊÎ ¥ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢. ’ -
±¨³ µ¡· §µ³, ³µ¦´µ ¶µ² £ ÉÓ, ÎÉµ § ·Ö¦¥´´ Ö Î ¸É¨Í  ¸ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ°
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Ô´¥·£¨¥° (kR � 1) ¶µ£²µÐ ¥É¸Ö Ö¤·µ³, ¥¸²¨ l ≤ l0, É.¥. ¢ ÔÉµ³ ¸²ÊÎ ¥ Sl = 0.
…¸²¨ ¦¥ l > l0, Éµ § ·Ö¦¥´´ Ö Î ¸É¨Í  · ¸¸¥¨¢ ¥É¸Ö ¢ ±Ê²µ´µ¢¸±µ³ ¶µ²¥
Ö¤· . ˆ´Ò³¨ ¸²µ¢ ³¨, ¶·¨ l > l0 Ë §Ò · ¸¸¥Ö´¨Ö É ±¨¥ ¦¥, ± ± ¨ ¤²Ö Î¨¸Éµ
±Ê²µ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ±Ê²µ´µ¢¸± Ö Ë §  · ¸¸¥Ö´¨Ö ξl

µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

e2iξl =
Γ(1 + l + in)
Γ(1 + l − in)

. (5.8)

�µÔÉµ³Ê  ³¶²¨ÉÊ¤Ê ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö ´¥µ¡Ìµ¤¨³µ ¢ÒÎ¨¸²¨ÉÓ
¤²Ö Sl(n) ¢ Ëµ·³¥

Sl(n) =
{

0 , l ≤ l0,
exp (2iξl) , l > l0.

(5.9)

‚¥²¨Î¨´Ê Sl(n) ³µ¦´µ É ±¦¥ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ Sl(n) = Sl exp (2iξl),
£¤¥ Sl Å ³ É·¨Í  · ¸¸¥Ö´¨Ö ¤²Ö ´¥°É· ²Ó´ÒÌ Î ¸É¨Í, ±µÉµ· Ö ¤²Ö Ö¤·  ¸
·¥§±µ° £· ´¨Í¥° ¶µ£²µÐ¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (4.2).

„²Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö (4.1) ¶·¨´¨³ ¥É ¢¨¤

f(θ) =
1

2ik

∞∑
l=0

(2l + 1)
(
e2iξlSl − 1

)
Pl(cos θ). (5.10)

�³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö (5.10) Ê¤µ¡´µ § ¶¨¸ ÉÓ ± ± ¸Ê³³Ê ¤¢ÊÌ ¸² £ ¥³ÒÌ:

f(θ) = fc(θ) + fn(θ). (5.11)

‡¤¥¸Ó fc(θ) Å  ³¶²¨ÉÊ¤  ±Ê²µ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´µ° Î ¸É¨ÍÒ Éµ-
Î¥Î´Ò³ § ·Ö¤µ³, · ¢´Ò³ § ·Ö¤Ê Ö¤· :

fc(θ) =
1

2ik

∞∑
l=0

(2l + 1)(e2iξl − 1)Pl(cos θ) =

= − n

2k sin2 θ
2

e2iξ0−2in ln sin θ
2 , (5.12)

£¤¥ ξ0 = (1/2i) lnΓ(1 + in)/Γ(1 − in) Å ±Ê²µ´µ¢¸± Ö Ë §  ¤²Ö ´Ê²¥¢µ£µ
³µ³¥´É  l = 0.

‚¥²¨Î¨´  fn(θ) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° Ö¤¥·´ÊÕ Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö,
¨¸± ¦¥´´ÊÕ ±Ê²µ´µ¢¸±¨³ ¢§ ¨³µ¤¥°¸É¢¨¥³:

fn(θ) =
1

2ik

∞∑
l=0

(2l + 1)e2iξl (Sl − 1)Pl(cos θ). (5.13)
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�¥·¥Ìµ¤Ö µÉ ¸Ê³³¨·µ¢ ´¨Ö ± ¨´É¥£·¨·µ¢ ´¨Õ, ¨¸¶µ²Ó§ÊÖ (4.6) ¨ § ³¥´ÖÖ ¢
¨´É¥£· ²¥ ¶¥·¥³¥´´ÊÕ L ¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·µ³ b = L/k, ¶µ²ÊÎ ¥³

fn(θ) = ik

R∫
0

dbb e2iξ(kb)J0(kbθ), (5.14)

£¤¥ ÊÎÉ¥´µ ¸µµÉ´µÏ¥´¨¥ L0/k = R ¤²Ö n � 1. ‚ ÔÉµ³ ¸²ÊÎ ¥  ³¶²¨ÉÊ¤Ê ¨
¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ Ê¶·Ê£µ£µ ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ
Î ¸É¨Í Ö¤· ³¨ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ [4]:

f(θ) = iR (kR)2in

[(
1 +

4n2

k2R2

)
1
θ
J1(kRθ) +

2in

kRθ2
J0(kRθ)

]
, n � kR,

(5.15)
dσe(θ)

dΩ
= R2

[(
1 +

8n2

k2R2

)
1
θ2

J2
1 (kRθ) +

4n2

k2R2θ4
J2

0 (kRθ)
]

, n � kR.

(5.16)
‚Ò· ¦¥´¨¥ (5.16) ¶µ± §Ò¢ ¥É, ÎÉµ ÊÎ¥É ±Ê²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨

n � kR ¶·¨¢µ¤¨É ± Î ¸É¨Î´µ³Ê § ¶µ²´¥´¨Õ ³¨´¨³Ê³µ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
¸¥Î¥´¨Ö, ´¥ ¨§³¥´ÖÖ ¶µ²µ¦¥´¨° Ô±¸É·¥³Ê³µ¢ ¶µ¸²¥¤´¥£µ.

�É³¥É¨³, ÎÉµ ¶·¨ · ¸¸¥Ö´¨¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í Ö¤· ³¨ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢¥
µ¡² ¸É¨, ±µÉµ·Ò¥ · §¤¥²Ö¥É Ê£µ² θc. ‚ µ¡² ¸É¨ θ < θc µ¸´µ¢´µ° ¢±² ¤ ¢
¸¥Î¥´¨¥ ¤ ¥É ±Ê²µ´µ¢¸±µ¥ · ¸¸¥Ö´¨¥,   ¢ µ¡² ¸É¨ θ > θc Å Ö¤¥·´µ¥ ¤¨Ë· ±-
Í¨µ´´µ¥ · ¸¸¥Ö´¨¥. �µÔÉµ³Ê µ¡² ¸ÉÓ Ê£²µ¢ θ < θc ´ §Ò¢ ¥É¸Ö ±Ê²µ´µ¢¸±µ°,
  µ¡² ¸ÉÓ θ > θc Å Ö¤¥·´µ°. ˆ§ Ëµ·³Ê²Ò (5.6) ¢¨¤´µ, ÎÉµ ¶·¨ ¸² ¡µ³ ±Ê-
²µ´µ¢¸±µ³ ¢§ ¨³µ¤¥°¸É¢¨¨, n � kR, ±·¨É¨Î¥¸±¨° Ê£µ² θc ≈ 2n/kR � 1,
É.¥. ¢ ÔÉµ³ ¸²ÊÎ ¥ ±Ê²µ´µ¢¸±µ¥ · ¸¸¥Ö´¨¥ ¨£· ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó Éµ²Ó±µ
¢ µ¡² ¸É¨ µÎ¥´Ó ³ ²ÒÌ Ê£²µ¢ · ¸¸¥Ö´¨Ö ¨ ¢ ³¨´¨³Ê³ Ì ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
¸¥Î¥´¨Ö. ”µ·³Ê²Ò (5.15), (5.16) ¸¶· ¢¥¤²¨¢Ò ¢ Ö¤¥·´µ° µ¡² ¸É¨ θ > θc.

�·¨ ¸· ¢´¥´¨¨ · ¸¸Î¨É ´´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·¥´´ÒÌ ¸¥Î¥´¨°
´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ · §³ÒÉ¨¥ Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨, ¶µ²Ê¶·µ§· Î´µ¸ÉÓ Ö¤¥·
¨ ¶µ¢¥·Ì´µ¸É´µ¥ ¶·¥²µ³²¥´¨¥ · ¸¸¥¨¢ ¥³ÒÌ ¢µ²´. �µÔÉµ³Ê  ³¶²¨ÉÊ¤Ê · ¸¸¥-
Ö´¨Ö ¤²Ö θ > θc Ê¤µ¡´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

fn(θ) = ik

∞∫
0

dbb e2iξ(kb) [1 − S(b)] J0(kbθ), (5.17)

£¤¥ S(b) µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (4.27).
“Î¥É ¶µ¢¥·Ì´µ¸É´µ£µ ¶·¥²µ³²¥´¨Ö ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ³´¨³µ° Î ¸É¨

³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¨ ¥¥ ¨´É¥·Ë¥·¥´Í¨¨ ¸ ±Ê²µ´µ¢¸±µ° Ë §µ°. ‚ Î ¸É´µ¸É¨,
ÔÉ  ¨´É¥·Ë¥·¥´Í¨Ö ¶·¨¢µ¤¨É ± · §²¨Î´µ³Ê ¶µ¢¥¤¥´¨Õ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
¸¥Î¥´¨° ¢ ³¨´¨³Ê³ Ì ¤²Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨Í ¸ ¶·µÉ¨¢µ¶µ²µ¦´Ò³¨
§´ ± ³¨ § ·Ö¤µ¢ ´  µ¤´¨Ì ¨ É¥Ì ¦¥ Ö¤· Ì (´ ¶·¨³¥·, π+ ¨ π−).
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�¨¸. 1. �É´µÏ¥´¨¥ σ(θ)
σR(θ)

¤²Ö
Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö α-Î ¸É¨Í ¸
Ô´¥·£¨¥° 104 ŒÔ‚ · §²¨Î´Ò³¨
Ö¤· ³¨. Š·¨¢Ò¥ · ¸¸Î¨É ´Ò ¢
[29], Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´-
´Ò¥ ¨§ · ¡µÉÒ [30]

�  ·¨¸. 1 ¶µ± § ´Ò µÉ´µÏ¥´¨Ö ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° σ(θ) Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö
α-Î ¸É¨Í ¸ Ô´¥·£¨¥° 104 ŒÔ‚ · §²¨Î´Ò³¨
Ö¤· ³¨ ± ·¥§¥·Ëµ·¤µ¢¸±¨³ ¸¥Î¥´¨Ö³ σR(θ). � 
ÔÉµ³ ·¨¸Ê´±¥ ¢¨¤´Ò  ´µ³ ²Ó´µ £²Ê¡µ±¨¥ ³¨-
´¨³Ê³Ò ¸¥Î¥´¨°, µ¡Ê¸²µ¢²¥´´Ò¥ ¨´É¥·Ë¥·¥´-
Í¨¥° Ö¤¥·´µ£µ ¨ ±Ê²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨°.
�  ·¨¸. 1 ¶µ± § ´µ, ÎÉµ ¤¨Ë· ±Í¨µ´´ Ö É¥µ-
·¨Ö µ¡ÑÖ¸´Ö¥É Ê¶·Ê£µ¥ · ¸¸¥Ö´¨¥ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í Ö¤· ³¨.

�É³¥É¨³, ÎÉµ ¢ ¸²ÊÎ ¥ ¸¨²Ó´µ£µ ±Ê²µ´µ¢-
¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, ±µÉµ·µ¥ ¨³¥¥É ³¥¸Éµ ¶·¨
· ¸¸¥Ö´¨¨ ÉÖ¦¥²ÒÌ ¨µ´µ¢ ¸·¥¤´¨³¨ ¨ ÉÖ¦¥-
²Ò³¨ Ö¤· ³¨ ¤²Ö n � 1, n ∼ l0 ´ ¡²Õ¤ ¥É¸Ö
¸¨²Ó´ Ö ¨´É¥·Ë¥·¥´Í¨Ö ³¥¦¤Ê Ö¤¥·´Ò³ ¨ ±Ê-
²µ´µ¢¸±¨³ ¢§ ¨³µ¤¥°¸É¢¨¥³. �ÉµÉ ¸²ÊÎ ° É·¥-
¡Ê¥É ¸¶¥Í¨ ²Ó´µ£µ · ¸¸³µÉ·¥´¨Ö, ±µÉµ·µ¥ ¶·¨-
¢¥¤¥´µ ¢ · §¤. 8.

6. ��‹Ÿ�ˆ‡�–ˆŸ �“Š‹���‚
��ˆ „ˆ”��Š–ˆ����Œ ��‘‘…Ÿ�ˆˆ

’ ± ± ± Ö¤¥·´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ § ¢¨-
¸¨É µÉ ¸¶¨´µ¢, Éµ ¶·¨ ¸Éµ²±´µ¢¥´¨¨  ¤·µ-
´µ¢, ¨³¥ÕÐ¨Ì µÉ²¨Î´Ò¥ µÉ ´Ê²Ö ¸¶¨´Ò, ³µ-
¦¥É ¢µ§´¨±´ÊÉÓ ¨Ì ¶µ²Ö·¨§ Í¨Ö. �·¨ · ¸¸¥-
Ö´¨¨ Î ¸É¨Í ¸µ ¸¶¨´µ³ 1/2 Ö¤· ³¨ ¸ ´Ê²¥-
¢Ò³¨ ¸¶¨´ ³¨ ¶µ²Ö·¨§ Í¨Ö µ¡Ê¸²µ¢²¥´  ¸¶¨´-
µ·¡¨É ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ [31]. „µ¡ ¢²ÖÖ
± ±µ³¶²¥±¸´µ³Ê µ¶É¨Î¥¸±µ³Ê ¶µÉ¥´Í¨ ²Ê ¸¶¨´-
µ·¡¨É ²Ó´Ò° Î²¥´, ³µ¦´µ ¨§ÊÎ ÉÓ ´  µ¸´µ¢¥
µ¶É¨Î¥¸±µ° ³µ¤¥²¨ ¶µ²Ö·¨§ Í¨µ´´Ò¥ Ì · ±É¥-
·¨¸É¨±¨ ´Ê±²µ´µ¢, Ê¶·Ê£µ · ¸¸¥Ö´´ÒÌ Ö¤· ³¨.
�¤´ ±µ É ±¨¥ · ¸Î¥ÉÒ ³µ¦´µ ¶·µ¢µ¤¨ÉÓ Éµ²Ó±µ
Î¨¸²¥´´µ, ÎÉµ § É·Ê¤´Ö¥É ± Î¥¸É¢¥´´µ¥ ¶µ´¨³ -
´¨¥ ³¥Ì ´¨§³  ¶µ²Ö·¨§ Í¨µ´´ÒÌ Ö¢²¥´¨°. �µ-
²Ö·¨§ Í¨Ö ´Ê±²µ´µ¢ ´  µ¸´µ¢¥ É¥µ·¨¨ ¢µ§³Ê-
Ð¥´¨° ¨§ÊÎ ² ¸Ó ¢ [32]. � §²¨Î´Ò¥  ¸¶¥±ÉÒ ¨¸-
¸²¥¤µ¢ ´¨Ö ¸¶¨´µ¢ÒÌ Ö¢²¥´¨° ¢ · ¸¸¥Ö´¨¨ ¶·µ-
Éµ´µ¢ Ö¤· ³¨ · ¸¸³µÉ·¥´Ò ¢ [33].



Š‚��’�‚�Ÿ ˆ�’…�”…�…�–ˆŸ ˆ Ÿ„…���Ÿ ��’ˆŠ� 481

‚ S-³ É·¨Î´µ³ ¶µ¤Ìµ¤¥ [34Ä42] ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¶·µ¸ÉÒ¥  ´ ²¨É¨Î¥¸±¨¥
¢Ò· ¦¥´¨Ö ¤²Ö ¶µ²Ö·¨§ Í¨µ´´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ ¨ ¶·µ ´ ²¨§¨·µ¢ ÉÓ ¨Ì ¶µ¢¥-
¤¥´¨¥ ± ± ËÊ´±Í¨° Ê£²  · ¸¸¥Ö´¨Ö. ‡ ¶¨Ï¥³  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö Î ¸É¨Í ¸µ
¸¶¨´µ³ 1/2 ¡¥¸¸¶¨´µ¢Ò³¨ Ö¤· ³¨ ¢ Ëµ·³¥

f̂ = g(θ) + h(θ) nσ, (6.1)

£¤¥ g(θ) Å Í¥´É· ²Ó´ Ö Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö, h(θ) Å ¥¥ ¸¶¨´-µ·¡¨-
É ²Ó´ Ö Î ¸ÉÓ, σ Å ¸µ¢µ±Ê¶´µ¸ÉÓ ³ É·¨Í � Ê²¨, n = [ki,kf ]/ |[ki,kf ]| Å
¥¤¨´¨Î´Ò° ¢¥±Éµ·, ¶¥·¶¥´¤¨±Ê²Ö·´Ò° ¶²µ¸±µ¸É¨ ·¥ ±Í¨¨, ki ¨ kf Å ¢µ²´µ-
¢Ò¥ ¢¥±Éµ·Ò · ¸¸¥¨¢ ¥³µ£µ ´Ê±²µ´  ¢µ ¢Ìµ¤´µ³ ¨ ¢ÒÌµ¤´µ³ ± ´ ² Ì.

�³¶²¨ÉÊ¤Ò g(θ) ¨ h(θ) Ê¤µ¡´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §²µ¦¥´¨° ¶µ ¶µ²¨-
´µ³ ³ ‹¥¦ ´¤· 

g(θ) =
1

2ik

∞∑
l=0

[
(l + 1)S+

l + lS−
l − (2l + 1)

]
Pl(cos θ), (6.2)

h(θ) = − 1
2k

d

dθ

∞∑
l=0

[
S+

l − S−
l

]
Pl(cos θ), (6.3)

£¤¥ S±
l Å Ô²¥³¥´ÉÒ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸µ¸ÉµÖ´¨Ö³ · ¸-

¸¥¨¢ ¥³µ£µ ´Ê±²µ´  ¸ ¶µ²´Ò³ ³µ³¥´Éµ³ j = l ± 1/2.
„¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ dσe/dΩ, ¶µ²Ö·¨§ Í¨Ö P (θ) ¨ ËÊ´±Í¨Ö ¶µ¢µ-

·µÉ  ¸¶¨´  Q(θ) ¤²Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ¶¥·¢µ´ Î ²Ó´µ ´¥ ¶µ²Ö·¨§µ¢ ´´µ£µ
¶ÊÎ±  ´Ê±²µ´µ¢ µ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

dσe

dΩ
= |g(θ)|2 + |h(θ)|2 , (6.4)

P (θ) =
2Re g(θ)h∗(θ)
|g(θ)|2 + |h(θ)|2

, P = nP, (6.5)

Q(θ) =
2Im g(θ)h∗(θ)
|g(θ)|2 + |h(θ)|2

. (6.6)

� ¡²Õ¤ ¥³Ò¥ dσe/dΩ, P (θ) ¨ Q(θ) µ¡· §ÊÕÉ ¶µ²´Ò° (´µ ´¥ ¥¤¨´¸É¢¥´´µ
¢µ§³µ¦´Ò°) ´ ¡µ· ¢¥²¨Î¨´, ¤ ÕÐ¨Ì ¶µ²´ÊÕ ¨´Ëµ·³ Í¨Õ µ¡ Ê¶·Ê£µ³ · ¸¸¥-
Ö´¨¨ ´Ê±²µ´µ¢ Ö¤· ³¨ ¸ ´Ê²¥¢Ò³ ¸¶¨´µ³. „¥°¸É¢¨É¥²Ó´µ, ¤²Ö µ¶·¥¤¥²¥´¨Ö
¤¢ÊÌ ±µ³¶²¥±¸´ÒÌ ËÊ´±Í¨° g(θ) ¨ h(θ) ´Ê¦´µ §´ ÉÓ Éµ²Ó±µ É·¨ ¤¥°¸É¢¨-
É¥²Ó´Ò¥ ËÊ´±Í¨¨ Ê£²  · ¸¸¥Ö´¨Ö, É ± ± ± µ¡Ð Ö Ë §   ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö
´¥´ ¡²Õ¤ ¥³  [43].

�¶·¥¤¥²¨³ É¥¶¥·Ó ¢¥²¨Î¨´Ò S±
l , ¸¢Ö§ ´´Ò¥ ¸ Ë § ³¨ · ¸¸¥Ö´¨Ö δ±l ¸µ-

µÉ´µÏ¥´¨¥³ S±
l = exp (2iδ±l ). ” §Ò · ¸¸¥Ö´¨Ö ¢ ¶·¨¡²¨¦¥´¨¨ Ô°±µ´ ² 
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¸¢Ö§ ´Ò ¸ µ¶É¨Î¥¸±¨³ ¶µÉ¥´Í¨ ²µ³ U(r), ¢±²ÕÎ ÕÐ¨³ ¸¶¨´-µ·¡¨É ²Ó´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥, Ëµ·³Ê²µ°

δ±(b) = − 1
�v

∞∫
−∞

dz U(r), r =
√

b2 + z2, (6.7)

£¤¥ b Å ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·.
�¶É¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¤²Ö · ¸¸¥Ö´¨Ö ´¥°É· ²Ó´ÒÌ Î ¸É¨Í Ö¤· ³¨ ¨³¥¥É

Ëµ·³Ê

U(r) = V (r) + iW (r) + µs
r2
s

r

dVs(r)
dr

lσ, (6.8)

£¤¥ ±µ´¸É ´É  µs Ì · ±É¥·¨§Ê¥É ¢¥²¨Î¨´Ê ¸¶¨´-µ·¡¨É ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö;
rs = RsA

−1/3, Rs Å · ¤¨Ê¸ ¸¶¨´-µ·¡¨É ²Ó´µ° Î ¸É¨ ¶µÉ¥´Í¨ ² ; ËÊ´±-
Í¨Ö Vs(r) µÉ²¨Î ¥É¸Ö µÉ ¤¥°¸É¢¨É¥²Ó´µ° Í¥´É· ²Ó´µ° Î ¸É¨ ¶µÉ¥´Í¨ ²  V (r)
Éµ²Ó±µ ¢¥²¨Î¨´µ° ¥¥ · ¤¨Ê¸ .

„¥°¸É¢¨É¥²Ó´ Ö ¨ ³´¨³ Ö Î ¸É¨ Ë §Ò · ¸¸¥Ö´¨Ö · ¢´Ò

Re δ±(b) = − 1
�v

∞∫
−∞

dz

[
V (r) + µs

r2
s

r

dVs(r)
dr

< lσ >

]
, (6.9)

Im δ±(b) = − 1
�v

∞∫
−∞

dz [W (r)] , (6.10)

£¤¥ ¸·¥¤´¥¥ §´ Î¥´¨¥ µ¶¥· Éµ·  lσ µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

< lσ > =
{

l, j = l + 1/2,
−(l + 1), j = l − 1/2.

(6.11)

�¡ÒÎ´µ ¸¶¨´-µ·¡¨É ²Ó´ÊÕ Î ¸ÉÓ µ¶É¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  ¢Ò¡¨· ÕÉ Î¨-
¸Éµ ¤¥°¸É¢¨É¥²Ó´µ°. �µÔÉµ³Ê Im δ+(b) = Im δ−(b). ’ ± ± ± ËÊ´±Í¨Ö V (r)
¡²¨§±  ± ¸ÉÊ¶¥´Ó±¥, Éµ ¢¸²¥¤¸É¢¨¥ ´ ²¨Î¨Ö ¢ ¶µÉ¥´Í¨ ²¥ ¸¶¨´-µ·¡¨É ²Ó´µ£µ
Î²¥´  ¤¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ ¶µÉ¥´Í¨ ²  (2.74) ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (6.11) ¡Ê¤¥É
¨³¥ÉÓ · §´Ò¥ ¢¥²¨Î¨´Ò · ¤¨Ê¸µ¢ ¨ £²Ê¡¨´ ¤²Ö ¶ · ²²¥²Ó´ÒÌ ¨  ´É¨¶ · ²²¥²Ó-
´ÒÌ ¢§ ¨³´ÒÌ µ·¨¥´É Í¨° ¢¥±Éµ·µ¢ l ¨ σ. ’ ±¨³¨ ¦¥ ¸¢µ°¸É¢ ³¨ µ¡² ¤ ÕÉ
¤¥°¸É¢¨É¥²Ó´Ò¥ Î ¸É¨ Ë § · ¸¸¥Ö´¨Ö Re δ±(b). “Î¨ÉÒ¢ Ö, ÎÉµ |Re δ±(b)| � 1,
¶·¥¤¸É ¢¨³ ¢¥²¨Î¨´Ò S±

l ¢ Ëµ·³¥

S±
l =

[
1 + 2iRe δ±l

]
exp

(
−2Im δ±l

)
, (6.12)

£¤¥ l ≈ kb, δ±l = δ±(b).
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Œ É·¨Í  · ¸¸¥Ö´¨Ö, µ¶¨¸Ò¢ ÕÐ Ö ¤¨Ë· ±Í¨µ´´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ Î -
¸É¨Í ¸ Ö¤· ³¨ ¨ ÊÎ¨ÉÒ¢ ÕÐ Ö ¶µ²Ê¶·µ§· Î´µ¸ÉÓ Ö¤¥·´µ° ³ É¥·¨¨ ¨ ¶µ¢¥·Ì-
´µ¸É´µ¥ ¶·¥²µ³²¥´¨¥, ¸µ£² ¸´µ (4.23), (4.27) ¨ (6.12) ¨³¥¥É ¢¨¤

S±
l = w(l) + ε [1 − w(l)] + iγ̃

dw±(l)
dl

, (6.13)

£¤¥ γ̃ = γkd.
”Ê´±Í¨¨ w±(l) ¢ (6.13) ¶µ¤µ¡´Ò ¢¥²¨Î¨´¥ w(l), µ¶·¥¤¥²¥´´µ° ¢ (4.23), ¨

µÉ²¨Î ÕÉ¸Ö Éµ²Ó±µ ¢¥²¨Î¨´ ³¨ £· ´¨Î´ÒÌ ³µ³¥´Éµ¢ l±0 = l0±ν, É.¥. · §³¥·Ò
µ¡² ¸É¥°, ¢ ±µÉµ·ÒÌ ¢¥²¨Î¨´Ò Re δ±(l) ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ÕÉ¸Ö µÉ ´Ê²Ö,
´¥³´µ£µ · §²¨Î ÕÉ¸Ö. ’ ± ± ± ν � l0, Éµ

w±(l) = w (l − l0 ∓ ν) = w (l − l0) ∓ ν
dw (l − l0)

dl
. (6.14)

�µÔÉµ³Ê ¶µ²ÊÎ ¥³

S+
l − S−

l = iγ̃
d

dl

[
w+(l) − w−(l)

]
= −iµ

d2w(l)
dl2

, (6.15)

£¤¥ ±µ´¸É ´É  µ = 2γ̃ν Ì · ±É¥·¨§Ê¥É ¢¥²¨Î¨´Ê ¸¶¨´-µ·¡¨É ²Ó´µ£µ ¢§ ¨³µ-
¤¥°¸É¢¨Ö. ’ ±¨³ µ¡· §µ³, ³ É·¨Í  · ¸¸¥Ö´¨Ö ¸ ÊÎ¥Éµ³ ¸¶¨´-µ·¡¨É ²Ó´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥¥É Ëµ·³Ê [36]:

S±
l = w(l) + ε [1 − w(l)] + iγ̃

dw(l)
dl

∓ iµ
d2w(l)

dl2
. (6.16)

„²Ö µ¶·¥¤¥²¥´¨Ö  ³¶²¨ÉÊ¤ g(θ) ¨ h(θ) ¶¥·¥°¤¥³ ¢ (6.2), (6.3) µÉ ¸Ê³³¨-
·µ¢ ´¨Ö ¶µ l ± ¨´É¥£·¨·µ¢ ´¨Õ ¶µ L = l + 1/2 ¸ ¶µ³µÐÓÕ Ëµ·³Ê²Ò (4.3).
�µ² £ Ö ¤²Ö Ê¶·µÐ¥´¨Ö ε = 0 ¨ ¨¸¶µ²Ó§ÊÖ (6.16), ¶µ²ÊÎ ¥³

g(θ) =
i

k

∞∫
0

dL L J0(Lθ)
[
1 − w(L) − iγ̃

dw(L)
dL

]
, (6.17)

h(θ) = − iµ

k

∞∫
0

dL L J1(Lθ)
d2w(L)

dL2
. (6.18)

�µ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ b = L/k ¨ ¨´É¥£·¨·µ¢ ´¨Ö ¢ (6.18) ¶µ Î ¸ÉÖ³
´ Ìµ¤¨³

g(θ) = ik

∞∫
0

db b J0(kbθ)
[
1 − w(b) − iγ̃

k

dw(b)
db

]
, (6.19)



484 �•ˆ…‡…� �.ˆ., �…�…†��‰ 	.�., �ˆ‹ˆ�…�Š� ‚.‚.

h(θ) = iµθ

∞∫
0

db b J0(kbθ)
dw(b)

db
. (6.20)

�µ¤¸É ¢²ÖÖ ¢ (6.19), (6.20) ËÊ´±Í¨Õ w(b) ¢ Ëµ·³¥ (4.23), ¨³¥¥³

g(θ) = iR
πkdθ

shπkdθ

[
J1(kRθ)

θ
− iγ̃J0(kRθ)

]
, (6.21)

h(θ) = iµRθ
πkdθ

shπkdθ
J0(kRθ). (6.22)

�µ¤¸É ¢²ÖÖ (6.21), (6.22) ¢ (6.4)Ä(6.6), ¶µ²ÊÎ ¥³

dσe

dΩ
= R2

(
πkdθ

shπkdθ

)2 [
J2

1 (kRθ)
θ2

+
(
γ̃2 + µ2θ2

)
J2

0 (kRθ)
]

, (6.23)

P (θ) =
2µJ0(kRθ)J1(kRθ)

J2
1 (kRθ)/θ2 + (γ̃2 + µ2θ2) J2

0 (kRθ)
, (6.24)

Q(θ) = − 2µγ̃θJ2
0 (kRθ)

J2
1 (kRθ)/θ2 + (γ̃2 + µ2θ2) J2

0 (kRθ)
. (6.25)

ˆ§ Ëµ·³Ê²Ò (6.24) ¢¨¤´µ, ÎÉµ ¶µ²Ö·¨§ Í¨Ö Î ¸É¨Í ¢ ¤¨Ë· ±Í¨µ´´µ³ Ö¤¥·-
´µ³ · ¸¸¥Ö´¨¨ Ö¢²Ö¥É¸Ö §´ ±µ¶¥·¥³¥´´µ° ËÊ´±Í¨¥° Ê£²  · ¸¸¥Ö´¨Ö θ, µ¸Í¨²-
²¨·ÊÕÐ¥° µÉ´µ¸¨É¥²Ó´µ ¸¢µ¥£µ ´Ê²¥¢µ£µ §´ Î¥´¨Ö. ‘µ£² ¸´µ (6.25) ËÊ´±Í¨Ö
¶µ¢µ·µÉ  ¸¶¨´  µ¸Í¨²²¨·Ê¥É, µ¸É ¢ Ö¸Ó §´ ±µ¶µ¸ÉµÖ´´µ°,   ¥¥ §´ ± µ¶·¥¤¥²Ö-
¥É¸Ö §´ ±µ³ ±µÔËË¨Í¨¥´É  µγ̃.

�·¨ · ¸¸¥Ö´¨¨ ´  ³ ²Ò¥ Ê£²Ò, kRθ � 1, Ê¤µ¡´µ ¢Ò¤¥²¨ÉÓ § ¢¨¸¨³µ¸ÉÓ
µÉ Ô´¥·£¨¨ ±µÔËË¨Í¨¥´É  µ: µ = κRk3/2, £¤¥ ±µ´¸É ´É  κ ´¥ § ¢¨¸¨É µÉ
Ô´¥·£¨¨. “Î¨ÉÒ¢ Ö, ÎÉµ γ̃ � kR, ¶µ²ÊÎ ¥³ ¤²Ö ¶µ²Ö·¨§ Í¨¨ Ëµ·³Ê²Ê ”¥·³¨
[31]:

P (θ) =
2κk2θ

1 + κ2k4θ2
. (6.26)

„²Ö ËÊ´±Í¨¨ ¶µ¢µ·µÉ  ¸¶¨´  ¢ µ¡² ¸É¨ ³ ²ÒÌ Ê£²µ¢ kRθ � 1 ¨³¥¥³

Q(θ) = − 4κγ̃k

R (1 + κ2k4θ2)
. (6.27)

…¸²¨ Ê£²Ò · ¸¸¥Ö´¨Ö ´¥ µÎ¥´Ó ³ ²Ò, kRθ � 1, Éµ ËÊ´±Í¨¨ �¥¸¸¥²Ö ¢
(6.23), (6.24) ³µ¦´µ § ³¥´¨ÉÓ ¨Ì  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ ¢Ò· ¦¥´¨Ö³¨. ‚ ÔÉµ³
¸²ÊÎ ¥ ´ Ìµ¤¨³ ¸¢Ö§Ó ³¥¦¤Ê ¶µ²Ö·¨§ Í¨¥° ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨¥³
¤²Ö Ê¶·Ê£µ£µ ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö [44]:

P (θ) = µθ2 d

dx
ln

dσe(x)
dΩ

, x = kRθ � 1. (6.28)
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‘µµÉ´µÏ¥´¨¥ (6.28) ¸¶· ¢¥¤²¨¢µ É ±¦¥ ¤²Ö ´¥Ê¶·Ê£µ£µ ¤¨Ë· ±Í¨µ´´µ£µ · ¸-
¸¥Ö´¨Ö ¸ ¢µ§¡Ê¦¤¥´¨¥³ ´¨§±µ²¥¦ Ð¨Ì ±µ²¥¡ É¥²Ó´ÒÌ ¸µ¸ÉµÖ´¨° Ö¤¥· [42].
ˆ§ (6.28) ¢¨¤´µ, ÎÉµ ´Ê²¨ ¶µ²Ö·¨§ Í¨¨ ¸µµÉ¢¥É¸É¢ÊÕÉ Ô±¸É·¥³Ê³ ³ ¤¨ËË¥-
·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö.

�¨¸. 2. „¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ dσe/dΩ ¨ ¶µ²Ö·¨§ Í¨Ö P (θ) ¤²Ö Ê¶·Ê£µ£µ · ¸¸¥Ö-
´¨Ö ¶·µÉµ´µ¢ ¸ Ô´¥·£¨¥° 185 ŒÔ‚ Ö¤· ³¨ 208Pb. � ¸Î¥É ¨§ [46], Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥ ¨§ [47]

�´ ²¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ± § ², ÎÉµ ¸ Ê¢¥²¨Î¥´¨¥³ Ô´¥·£¨¨
· ¸¸¥¨¢ ¥³ÒÌ Î ¸É¨Í ¶µ²Ö·¨§ Í¨Ö ¸³¥Ð ¥É¸Ö ¢ µ¡² ¸ÉÓ ¸¢µ¨Ì ¶µ²µ¦¨É¥²Ó´ÒÌ
§´ Î¥´¨°, µ¸É ¢ Ö¸Ó µ¸Í¨²²¨·ÊÕÐ¥° ËÊ´±Í¨¥° Ê£²  · ¸¸¥Ö´¨Ö. ‚ µ¡² ¸É¨
¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì Ô´¥·£¨° Ê ¶µ²Ö·¨§ Í¨¨ ³µ£ÊÉ ¤ ¦¥ ¸µ¢¸¥³ µÉ¸ÊÉ¸É¢µ¢ ÉÓ
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´Ê²¨. ‘³¥Ð¥´¨¥ ¶µ²Ö·¨§ Í¨¨ ¢ µ¡² ¸ÉÓ ¶µ²µ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° ¨³¥¥É ³¥¸Éµ
É ±¦¥ ¸ Ê¢¥²¨Î¥´¨¥³ ³ ¸¸µ¢µ£µ Î¨¸²  Ö¤· -³¨Ï¥´¨ ¶·¨ ¶µ¸ÉµÖ´´µ° Ô´¥·£¨¨.
’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¶µ²Ö·¨§ Í¨¨ ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ, ¥¸²¨ ¸¤¥² ÉÓ · ¤¨Ê¸ (£· -
´¨Î´Ò° Ê£²µ¢µ° ³µ³¥´É) ¤¥°¸É¢¨É¥²Ó´µ° Î ¸É¨ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¡
µ²ÓÏ¨³,
Î¥³ · ¤¨Ê¸ ¥¥ ³´¨³µ° Î ¸É¨, ±µÉµ· Ö ¢±²ÕÎ ¥É É ±¦¥ ¸¶¨´-µ·¡¨É ²Ó´µ¥ ¢§ ¨-
³µ¤¥°¸É¢¨¥ [42, 45].

‚ µ¡² ¸É¨ Ê£²µ¢ kRθ � 1 ËÊ´±Í¨Ö ¶µ¢µ·µÉ  ¸¶¨´  · ¢´ 

Q(θ) = −
2µγ̃θ3 cos2

(
kRθ − π

4

)
sin2

(
kRθ − π

4

)
+ (γ̃2 + µ2θ2) θ2 cos2

(
kRθ − π

4

) . (6.29)

�  ·¨¸. 2 ¶·¨¢¥¤¥´ ¶·¨³¥· · ¸¸Î¨É ´´ÒÌ ¶µ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ ¨
Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·¥´´ÒÌ ¢¥²¨Î¨´ dσe/dΩ ¨ P (θ) ¤²Ö · ¸¸¥Ö´¨Ö ¶·µÉµ-
´µ¢. ˆ§ ·¨¸. 2 ¢¨¤´µ, ÎÉµ ¶µ²Ö·¨§ Í¨Ö Ê¶·Ê£µ · ¸¸¥Ö´´ÒÌ ¶·µÉµ´µ¢ Ö¢²Ö¥É¸Ö
µ¸Í¨²²¨·ÊÕÐ¥° ËÊ´±Í¨¥° Ê£²  · ¸¸¥Ö´¨Ö.

7. ��‡‹�†…�ˆ… �Œ�‹ˆ’“„› ��‘‘…Ÿ�ˆŸ
�� �‹ˆ†��� ˆ „�‹œ��� ‘�‘’�‚‹Ÿ�™ˆ…

�³¶²¨ÉÊ¤Ò ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨Í ¶·µ-
³¥¦ÊÉµÎ´ÒÌ Ô´¥·£¨° Ö¤· ³¨ µ¡ÒÎ´µ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¸²µ¦´Ò¥ µ¸Í¨²²¨-
·ÊÕÐ¨¥ ËÊ´±Í¨¨ ¶¥·¥¤ ´´µ£µ ¨³¶Ê²Ó¸  (¨²¨ Ê£²  · ¸¸¥Ö´¨Ö). �µÔÉµ³Ê ¤²Ö
Ê¶·µÐ¥´¨Ö  ´ ²¨§  ¸¥Î¥´¨° Ê¤µ¡´µ ¶·¥¤¸É ¢¨ÉÓ  ³¶²¨ÉÊ¤Ò ¢ ¢¨¤¥ ¸Ê³³Ò
´¥¸±µ²Ó±¨Ì ¸µ¸É ¢²ÖÕÐ¨Ì (¸Ê¡ ³¶²¨ÉÊ¤), ± ¦¤ Ö ¨§ ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö ¶² ¢-
´µ° ËÊ´±Í¨¥° q (¨²¨ θ) ¨ ¨³¥¥É µ¶·¥¤¥²¥´´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸². �¡ÒÎ´µ
Ê¤µ¡´µ · §² £ ÉÓ  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ´  ¡²¨¦´ÕÕ (®near-side¯) ¨ ¤ ²Ó´ÕÕ
(®far-side¯) Î ¸É¨, ±µÉµ·Ò¥ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥ ¸µµÉ¢¥É¸É¢ÊÕÉ · ¸-
¸¥Ö´¨Õ µÉ ¡²¨¦´¥£µ ¨ ¤ ²Ó´¥£µ ±· ¥¢ · ¸¸¥¨¢ É¥²Ö (¸³., ´ ¶·¨³¥·, [48]).
–¥²¥¸µµ¡· §´µ¸ÉÓ É ±µ£µ · §²µ¦¥´¨Ö ¸¢Ö§ ´  ¸ É¥³, ÎÉµ · §²¨Î´Ò¥ ± ·É¨´Ò
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö ¢µ§´¨± ÕÉ ¡² £µ¤ ·Ö ¨´É¥·-
Ë¥·¥´Í¨¨ ÔÉ¨Ì ¸Ê¡ ³¶²¨ÉÊ¤ (¤¨Ë· ±Í¨Ö ”· Ê´£µË¥· ), Éµ£¤  ± ± ´¥±µÉµ·Ò¥
ÔËË¥±ÉÒ ¢ µ¸´µ¢´µ³ µ¶·¥¤¥²ÖÕÉ¸Ö Éµ²Ó±µ ¡²¨¦´¥°  ³¶²¨ÉÊ¤µ° (¤¨Ë· ±Í¨Ö
”·¥´¥²Ö, ±Ê²µ´µ¢¸± Ö · ¤Ê£ ) ¨²¨ ¦¥ Éµ²Ó±µ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤µ° (Ö¤¥·´ Ö
· ¤Ê£ ). �É³¥É¨³, ÎÉµ ¢ [49, 50] ¶·µ¢µ¤¨²µ¸Ó É ±¦¥ · §²µ¦¥´¨¥ ¶µ²Ö·¨§ Í¨-
µ´´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ P (θ) ¨ Q(θ) ´  ¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ ¸µ¸É ¢²ÖÕÐ¨¥ ´ 
µ¸´µ¢¥ µ¶É¨Î¥¸±µ° ³µ¤¥²¨.

� ¸¸³µÉ·¨³ · §²µ¦¥´¨¥  ³¶²¨ÉÊ¤Ò ´  ¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ Î ¸É¨ ¢
S-³ É·¨Î´µ³ ¶µ¤Ìµ¤¥. �Ê¤¥³ ¨¸Ìµ¤¨ÉÓ ¨§ ¢Ò· ¦¥´¨Ö (4.30) ¤²Ö  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Ö¤· ³¨. ‚Ò¡¥·¥³ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ¢ Ëµ·³¥ (4.23).
Œ É·¨Í  · ¸¸¥Ö´¨Ö (4.23) ¨ ¶·µË¨²Ó´ Ö ËÊ´±Í¨Ö, ¸¢Ö§ ´´ Ö ¸ ´¥° Ëµ·³Ê²µ°
(4.31), ¨³¥ÕÉ ¶·µ¸ÉÒ¥ ¶µ²Õ¸  (¶µ²Õ¸  �¥¤¦¥) ¢ ÉµÎ± Ì

bn = R + iπd(2n + 1), n = 0,±1,±2, .... (7.1)
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’ ± ± ± ³ É·¨Í  · ¸¸¥Ö´¨Ö (4.23) ´¥ § ¢¨¸¨É µÉ  §¨³ÊÉ ²Ó´µ£µ Ê£²  ¢¥±Éµ· 
b, Éµ ³µ¦´µ ¢Ò¶µ²´¨ÉÓ ¨´É¥£·¨·µ¢ ´¨¥ ¢ (4.30) ¶µ ÔÉµ³Ê Ê£²Ê. ˆ´É¥£·¨·ÊÖ
¶µ Î ¸ÉÖ³, ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö:

f(q) = − ik

q

∞∫
0

dbb ω′(b)J1(qb). (7.2)

‡ ³¥´¨³ ËÊ´±Í¨Õ �¥¸¸¥²Ö J1(qb) ¢ (7.2) ¥¥  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¢Ò· ¦¥-
´¨¥³ ¤²Ö ¡µ²ÓÏ¨Ì §´ Î¥´¨°  ·£Ê³¥´É 

J1(qb) =
√

2
πqb

Im eiqb−i π
4 , qb � 1. (7.3)

“Î¨ÉÒ¢ Ö, ÎÉµ ËÊ´±Í¨Ö ω′(b) Ô±¸¶µ´¥´Í¨ ²Ó´µ Ê¡Ò¢ ¥É ¶·¨ b < 0, · ¸-
¶·µ¸É· ´¨³ ¨´É¥£·¨·µ¢ ´¨¥ ´  ´¨¦´¥³ ¶·¥¤¥²¥ ¢ (7.2) ¤µ −∞. ’ ± ± ±
¶µ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö ¢ (7.2) ¨³¥¥É ·¥§±¨° ³ ±¸¨³Ê³ ¢ ÉµÎ±¥ b = R,
§ ³¥´Ö¥³ ³¥¤²¥´´µ ³¥´ÖÕÐÊÕ¸Ö ¢¥²¨Î¨´Ê b1/2 ´  R1/2 ¨ ¶µ²ÊÎ ¥³

f(q) =
ik

qd

√
2
πd

Im ei π
4 R1/2

∞∫
−∞

db
eiqb+ b−R

d(
1 + e

b−R
d

)2 . (7.4)

—Éµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¨´É¥£· ² ¢ ¶· ¢µ° Î ¸É¨ (7.4), ¢Ò¡¥·¥³ ±µ´ÉÊ· ¨´É¥£·¨-
·µ¢ ´¨Ö, ¸µ¸ÉµÖÐ¨° ¨§ ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¨ ¶µ²Êµ±·Ê¦´µ¸É¨ ¡¥¸±µ´¥Î´µ
¡µ²ÓÏµ£µ · ¤¨Ê¸  ¸ Í¥´É·µ³ ¢ ´ Î ²¥ ±µµ·¤¨´ É, ²¥¦ Ð¥° ¢ ¢¥·Ì´¥° ¶µ²Ê-
¶²µ¸±µ¸É¨. ˆ¸¶µ²Ó§ÊÖ É¥µ·¥³Ê µ ¢ÒÎ¥É Ì, ´ Ìµ¤¨³

f(q) =
ik

q

√
2R

πq

πqd

sh πqd
sin

(
qR − π

4

)
, qR � 1. (7.5)

“Î¨ÉÒ¢ Ö ¢ (7.4) Éµ²Ó±µ ¡²¨¦ °Ï¨° ± ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¶µ²Õ¸, ¨³¥¥³

fn=0(q) = ikd

√
8πR

q
e−πqd sin

(
qR − π

4

)
, qR � 1. (7.6)

Š¢ ¤· É ³µ¤Ê²Ö  ³¶²¨ÉÊ¤Ò (7.5) µ¶·¥¤¥²Ö¥É ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥
Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Ö¤· ³¨

σ(q) =
2k2R

πq3

(
πqd

sh πqd

)2

sin2
(
qR − π

4

)
, qR � 1. (7.7)

�³¶²¨ÉÊ¤  (7.5) ¨ ¸¥Î¥´¨¥ (7.7) ¸µ¤¥·¦ É Ë ±Éµ· § ÉÊÌ ´¨Ö (4.24), ±µÉµ·Ò°
µ¶·¥¤¥²Ö¥É¸Ö · ¸¸ÉµÖ´¨¥³ µÉ ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¤µ ¡²¨¦ °Ï¥£µ ¶µ²Õ¸  ³ -
É·¨ÍÒ · ¸¸¥Ö´¨Ö. �µ²µ¦¥´¨¥ ÔÉµ£µ ¶µ²Õ¸  ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨-
´ ³¨ R ¨ d. � ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ³ ±¸¨³Ê³ ³¨ ¸¥Î¥´¨Ö (7.7) · ¢´µ ∆q = π/R,
  µ£¨¡ ÕÐ Ö ³ ±¸¨³Ê³µ¢ µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´µ° d.
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‡ ³¥´¨³ ¸¨´Ê¸ ¢  ³¶²¨ÉÊ¤¥ (7.5) ¥£µ ¢Ò· ¦¥´¨¥³ Î¥·¥§ Ô±¸¶µ´¥´ÉÒ, É.¥.
¶¥·¥°¤¥³ µÉ ¸ÉµÖÎ¨Ì ¢µ²´ ± ¡¥£ÊÐ¨³. ’µ£¤   ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö Ö¢²Ö¥É¸Ö
¸Ê³³µ° ¤¢ÊÌ ¸µ¸É ¢²ÖÕÐ¨Ì

fN(q) = −k

q

√
R

2πq

πqd

sh πqd
ei π

4 −iqR, (7.8)

fF (q) =
k

q

√
R

2πq

πqd

sh πqd
e−i π

4 +iqR. (7.9)

�¨¸. 3. �²¨¦´ÖÖ (1) ¨ ¤ ²Ó´ÖÖ (2)
É· ¥±Éµ·¨¨ ¤²Ö · ¸¸¥Ö´¨Ö ´  Ê£µ² θ

�³¶²¨ÉÊ¤  fN (q) µ¶¨¸Ò¢ ¥É · ¸¸¥Ö-
´¨¥ ¡²¨¦´¨³ ±· ¥³ · ¸¸¥¨¢ É¥²Ö ¨ ´ -
§Ò¢ ¥É¸Ö ¡²¨¦´¥°  ³¶²¨ÉÊ¤µ°,    ³¶²¨-
ÉÊ¤  fF (q) µ¶¨¸Ò¢ ¥É · ¸¸¥Ö´¨¥ ¤ ²Ó´¨³
±· ¥³ · ¸¸¥¨¢ É¥²Ö ¨ ´ §Ò¢ ¥É¸Ö ¤ ²Ó´¥°
 ³¶²¨ÉÊ¤µ°. ’ ± Ö É¥·³¨´µ²µ£¨Ö ¶·µ¨¸-
Ìµ¤¨É ¨§ ±¢ §¨±² ¸¸¨Î¥¸±µ£µ ¶·¨¡²¨¦¥-
´¨Ö, ¢ ±µÉµ·µ³ µ´  ¸¢Ö§ ´  ¸ É· ¥±Éµ-
·¨Ö³¨, ¶·µÌµ¤ÖÐ¨³¨ ¢¡²¨§¨ ¡²¨¦´¥£µ
¨ ¤ ²Ó´¥£µ ±· ¥¢ · ¸¸¥¨¢ É¥²Ö (·¨¸.3).
”µ·³Ê²Ò (7.8), (7.9) ¶µ± §Ò¢ ÕÉ, ÎÉµ
 ³¶²¨ÉÊ¤Ò fN(q) ¨ fF (q) µ¶·¥¤¥²ÖÕÉ¸Ö
¢µ²´ ³¨, ¡¥£ÊÐ¨³¨ ¢¤µ²Ó ¶·µÉ¨¢µ¶µ²µ¦-

´ÒÌ ±· ¥¢ · ¸¸¥¨¢ É¥²Ö (Ö¤· ), ÎÉµ ¶·µÖ¢²Ö¥É¸Ö ¢ ¶·µÉ¨¢µ¶µ²µ¦´ÒÌ §´ ± Ì
Ë § ¢ Ô±¸¶µ´¥´É Ì [48]. �³¶²¨ÉÊ¤Ò (7.8), (7.9) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸µµÉ´µÏ¥´¨Õ

fF (q) = f∗
N(q), (7.10)

±µÉµ·µ¥ ¸¶· ¢¥¤²¨¢µ ¶·¨ ´ ²¨Î¨¨ ¶µ²´µ£µ ¶µ£²µÐ¥´¨Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¡²¨¦-
´ÖÖ σN (q) ¨ ¤ ²Ó´ÖÖ σF (q) ¸µ¸É ¢²ÖÕÐ¨¥ ¸¥Î¥´¨Ö, µ¶·¥¤¥²Ö¥³Ò¥ ±¢ ¤· É ³¨
³µ¤Ê²¥°  ³¶²¨ÉÊ¤ (7.8), (7.9), ¸µ¢¶ ¤ ÕÉ ¤·Ê£ ¸ ¤·Ê£µ³ ¨ Ö¢²ÖÕÉ¸Ö ¶² ¢´Ò³¨
ËÊ´±Í¨Ö³¨ ¶¥·¥¤ ´´µ£µ ¨³¶Ê²Ó¸  q. �µ²´ Ö  ³¶²¨ÉÊ¤  (7.5) · ¢´  ¸Ê³³¥
¡²¨¦´¥° fN (q) ¨ ¤ ²Ó´¥° fF (q)  ³¶²¨ÉÊ¤, Ë §Ò ±µÉµ·ÒÌ µÉ²¨Î ÕÉ¸Ö ´  ¢¥-
²¨Î¨´Ê 2qR ≈ 2kRθ. �Éµ ¸µµÉ¢¥É¸É¢Ê¥É Éµ³Ê Ë ±ÉÊ, ÎÉµ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³
¶·¥¤¥²¥ ¤²¨´  ¶ÊÉ¨ ¤ ²Ó´¥£µ ²ÊÎ  ¶·¥¢µ¸Ìµ¤¨É ¤²¨´Ê ¶ÊÉ¨ ¡²¨¦´¥£µ ²ÊÎ  ´ 
¢¥²¨Î¨´Ê 2Rθ. ‚ ·¥§Ê²ÓÉ É¥ ¨´É¥·Ë¥·¥´Í¨Ö  ³¶²¨ÉÊ¤ fN(q), fF (q) ¶·¨¢µ¤¨É
± ¢µ§´¨±´µ¢¥´¨Õ ¸ÉµÖÎ¥° ¢µ²´Ò ¨ ± ·¥£Ê²Ö·´Ò³ Ë· Ê´£µË¥·µ¢¸±¨³ µ¸Í¨²-
²ÖÍ¨Ö³ ¸¥Î¥´¨Ö (7.7).

‚ÒÖ¸´¨³ É¥¶¥·Ó ¢²¨Ö´¨¥ ·¥Ë· ±Í¨¨ ´  ¶µ¢¥¤¥´¨¥  ³¶²¨ÉÊ¤ ¨ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨°. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·µË¨²Ó´ Ö ËÊ´±Í¨Ö ω(b) ¨ ³ É·¨Í 
· ¸¸¥Ö´¨Ö S(b) Ö¢²ÖÕÉ¸Ö ±µ³¶²¥±¸´Ò³¨ ËÊ´±Í¨Ö³¨. “Î¥É ·¥Ë· ±Í¨¨ ´  £· -
´¨Í¥ Ö¤·  Ô±¢¨¢ ²¥´É¥´ § ³¥´¥ £· ´¨Î´µ£µ ³µ³¥´É  L0 ±µ³¶²¥±¸´µ° ¢¥²¨Î¨-
´µ° [21, 51]. ‚ ¶·¥¤¸É ¢²¥´¨¨ ¶·¨Í¥²Ó´µ£µ ¶ · ³¥É·  ÔÉµ µ§´ Î ¥É § ³¥´Ê
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· ¤¨Ê¸  R ¢ ³ É·¨Í¥ · ¸¸¥Ö´¨Ö (4.23) ¢¥²¨Î¨´µ° R − iγd, £¤¥ γ µ¶·¥¤¥²Ö¥É
¢¥²¨Î¨´Ê ¶·¥²µ³²¥´¨Ö ¢ ¢¥Ð¥¸É¢¥ · ¸¸¥¨¢ É¥²Ö. �Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸² ¡µ¥
¶·¥²µ³²¥´¨¥, γd � R. ’ ± ± ± § ¢¨¸¨³µ¸ÉÓ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö µÉ b ¨³¥¥É
¢¨¤ S(b) = S(b − R + iγd), Éµ ¤µ¡ ¢±  ± · ¤¨Ê¸Ê ¢¥²¨Î¨´Ò −iγd ¸¤¢¨£ ¥É
¶µ²Õ¸  ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¶·¨Í¥²Ó´µ£µ ¶ · ³¥É· :

bn = R − iγd + iπd(2n + 1), n = 0,±1,±2, .... (7.11)

�Ê¤¥³ ¶µ² £ ÉÓ γ < π, É ± ÎÉµ ¶µ²Õ¸  ´¥ ¶¥·¥Ìµ¤ÖÉ ¨§ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨
¢ ´¨¦´ÕÕ.

�³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¶ÊÉ¥³
§ ³¥´Ò · ¤¨Ê¸  R ¶µ¤ §´ ±µ³ ¸¨´Ê¸  ¢ (7.5) ¢¥²¨Î¨´µ° R − iγd:

f(q) =
k

q

√
R

2πq

πqd

sh πqd

(
eiqR−i π

4 +γqd − e−iqR+i π
4 −γqd

)
. (7.12)

ˆ§ (7.12) ´ Ìµ¤¨³ ¢Ò· ¦¥´¨Ö ¤²Ö ¡²¨¦´¥° ¨ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤:

fN (q) = −k

q

√
R

2πq

πqd

sh πqd
e−iqR+i π

4 −γqd, (7.13)

fF (q) =
k

q

√
R

2πq

πqd

sh πqd
eiqR−i π

4 +γqd. (7.14)

“Î¥É ·¥Ë· ±Í¨¨ ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ Ë ±Éµ·  exp(−γqd) ¢  ³¶²¨ÉÊ¤¥
fN (q) ¨ Ë ±Éµ·  exp(γqd) ¢  ³¶²¨ÉÊ¤¥ fF (q). ’¥¶¥·Ó ¸ ·µ¸Éµ³ q  ³¶²¨ÉÊ¤ 
fN (q) ¨ ¸¥Î¥´¨¥ σN (q) Ê¡Ò¢ ÕÉ ¡Ò¸É·¥¥, Î¥³ ¢¥²¨Î¨´Ò fF (q) ¨ σF (q), É.¥.
·¥Ë· ±Í¨Ö ³¥´Ö¥É ¶ · ³¥É·Ò Ê¡Ò¢ ´¨Ö ¸¥Î¥´¨° σN (q) ¨ σF (q), ÎÉµ ¢¨¤´µ
¨§ ·¨¸. 4, £¤¥ ¶·¨ q � 1/R £· Ë¨±¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ ¢¥²¨Î¨´ qσ(q)
¢ ¶µ²Ê²µ£ ·¨Ë³¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¶·Ö³Ò¥ ²¨´¨¨. � 
·¨¸. 4 ¶µ± § ´µ, ÎÉµ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¤ ²Ó´ÖÖ  ³¶²¨ÉÊ¤  fF (q) ¸
·µ¸Éµ³ q ¸É ´µ¢¨É¸Ö ¤µ³¨´¨·ÊÕÐ¥° ¨ µ¸Í¨²²ÖÍ¨¨ ¸Ê³³ ·´µ£µ ¸¥Î¥´¨Ö σ(q)
¤µ²¦´Ò ¶µ¸É¥¶¥´´µ § ÉÊÌ ÉÓ. „¥°¸É¢¨É¥²Ó´µ,  ³¶²¨ÉÊ¤  (7.12) ¶·¨¢µ¤¨É ±
¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ¸¥Î¥´¨Ö:

σ(q) =
2k2R

πq3

(
πqd

sh πqd

)2 [
sin2

(
qR − π

4

)
+ sh2γqd

]
. (7.15)

� ²¨Î¨¥ ·¥Ë· ±Í¨¨ ³¥´Ö¥É ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö: ¸² £ ¥³µ¥ sh2γqd ¢ ±¢ -
¤· É´ÒÌ ¸±µ¡± Ì ¢ (7.15), ±µÉµ·µ¥ ¶² ¢´µ ¢µ§· ¸É ¥É ¸ ·µ¸Éµ³ q, ¶·¨¢µ¤¨É
± § ¶µ²´¥´¨Õ ³¨´¨³Ê³µ¢ ¸¥Î¥´¨Ö ¨ ± ¶µ¸É¥¶¥´´µ³Ê § ÉÊÌ ´¨Õ ¥£µ µ¸Í¨²²Ö-
Í¨°. ‚ÒÎ¨¸²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ´  µ¸´µ¢¥ ³¥Éµ¤  ‚ É¸µ´ Å‡µ³³¥·-
Ë¥²Ó¤ , ÊÎ¨ÉÒ¢ ÕÐ¥£µ ¢±² ¤Ò ¶µ²Õ¸µ¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö, ¢¶¥·¢Ò¥ ¡Ò²µ
¢Ò¶µ²´¥´µ ¢ [21, 52].
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�¨¸. 4. Š Î¥¸É¢¥´´µ¥ ¶µ¢¥¤¥´¨¥ ¡²¨¦-
´¥° ¨ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¨Ì ¸¥Î¥´¨Ö
¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö

� ¸¸³µÉ·¨³ · ¸¸¥Ö´¨¥ § ·Ö¦¥´´µ°
Î ¸É¨ÍÒ Ö¤·µ³ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¸¨²Ó´µ£µ
¶µ£²µÐ¥´¨Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³ É·¨ÍÊ · ¸-
¸¥Ö´¨Ö ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¶·µ-
¨§¢¥¤¥´¨Ö Ö¤¥·´µ° Î ¸É¨ S(b), µ¶·¥-
¤¥²Ö¥³µ° (4.23), ¨ ±Ê²µ´µ¢¸±µ° Î ¸É¨
exp (2iξ(b)) (¤²Ö ¶·µ¸ÉµÉÒ ¸Î¨É ¥³ § ·Ö¤
Ö¤·  ÉµÎ¥Î´Ò³). ‚ µ¡² ¸É¨ Ö¤¥·´µ£µ · ¸-
¸¥Ö´¨Ö, θ > θc, ¶·¥¤¸É ¢²ÖÕÐ¥° µ¸´µ¢-
´µ° ¨´É¥·¥¸ ¶·¨ · ¸¸¥Ö´¨¨ ²¥£±¨Ì Ö¤¥·
Ö¤· ³¨, ¢ (5.11) ³µ¦´µ ¶·¥´¥¡·¥ÎÓ ±Ê-
²µ´µ¢¸±µ°  ³¶²¨ÉÊ¤µ° fc(q). ˆ¸¶µ²Ó§ÊÖ
¤²Ö fn(q) ¢Ò· ¦¥´¨¥ (5.17), ¢ ±µÉµ·µ³
µ¶Ê¸É¨³ ¥¤¨´¨ÍÊ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì,
¤ ÕÐÊÕ ¢±² ¤ Éµ²Ó±µ ¶·¨ q = 0, ¨³¥¥³

f(q) = −ik

∞∫
0

dbb exp (2iξ(b)) S(b)J0(qb), q �= 0. (7.16)

�·¨ · ¸¸¥Ö´¨¨ ´  ¡µ²ÓÏ¨¥ Ê£²Ò, qR � 1, § ³¥´¨³ ¢ (7.16) ËÊ´±Í¨Õ �¥¸¸¥²Ö
¥¥  ¸¨³¶ÉµÉ¨±µ° J0(x) = [exp (ix − iπ/4) + exp (−ix + iπ/4)] /

√
2πx, x � 1,

¨ ¶µ²ÊÎ¨³ ¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ  ³¶²¨ÉÊ¤Ò

fN (q) = − ik√
2πq

ei π
4

∞∫
0

dbb1/2 e2iξ(b)−iqb S(b), q �= 0, (7.17)

fF (q) = − ik√
2πq

e−i π
4

∞∫
0

dbb1/2 e2iξ(b)+iqb S(b), q �= 0. (7.18)

’ ± ± ± S(b) ≈ 0 ¶·¨ b < 0, Éµ ¢ Ëµ·³Ê² Ì (7.17), (7.18) ³µ¦´µ § ³¥´¨ÉÓ
´¨¦´¨¥ ¶·¥¤¥²Ò ¨´É¥£·¨·µ¢ ´¨Ö ´  −∞. „²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  ¢ (7.17)
¸²¥¤Ê¥É ¢Ò¡· ÉÓ ±µ´ÉÊ·, ¸µ¸ÉµÖÐ¨° ¨§ ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¨ ¶µ²Êµ±·Ê¦´µ¸É¨
¡¥¸±µ´¥Î´µ ¡µ²ÓÏµ£µ · ¤¨Ê¸  ¸ Í¥´É·µ³ ¢ ´ Î ²¥ ±µµ·¤¨´ É, ²¥¦ Ð¥° ¢
´¨¦´¥° ¶µ²Ê¶²µ¸±µ¸É¨,   ¢ (7.18) ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¶µ¤µ¡´Ò° ±µ´ÉÊ·,
²¥¦ Ð¨° ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨. �¸´µ¢´µ° ¢±² ¤ ¢ ÔÉ¨ ¨´É¥£· ²Ò ¤ ÕÉ
¡²¨¦ °Ï¨¥ ± ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¶µ²Õ¸Ò ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö: bN = R− iπd,
bF = R + iπd.

� §²µ¦¥´¨¥ Ë §Ò ξ(b) ¢ ·Ö¤ ¶µ ³ ²µ° ¢¥²¨Î¨´¥ iπd ¨³¥¥É ¢¨¤

2iξ(R ± iπd) = 2iξ(R) ∓ 2πd
d

dR
ξ(R) − i(πd)2

d2

dR2
ξ(R) + . . . . (7.19)
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’ ± ± ± £² ¢´Ò° ¢±² ¤ ¢  ³¶²¨ÉÊ¤Ò ¤ ¥É µ¡² ¸ÉÓ ¡µ²ÓÏ¨Ì ¶·¨Í¥²Ó´ÒÌ ¶ -
· ³¥É·µ¢ (b > R), Éµ ¶·¨ ¤µ¸É ÉµÎ´µ ¸¨²Ó´µ³ ±Ê²µ´µ¢¸±µ³ ¢§ ¨³µ¤¥°¸É¢¨¨,
n � 1, ³µ¦´µ ¶·¨¡²¨¦¥´´µ ¢ÒÎ¨¸²¨ÉÓ ±Ê²µ´µ¢¸±ÊÕ Ë §Ê ξ(b) ¸ ¶µ³µÐÓÕ
Ëµ·³Ê²Ò ‘É¨·²¨´£  ¤²Ö Γ-ËÊ´±Í¨¨

Γ(x) ≈
√

2π exp
[(

x − 1
2

)
ln x − x

]
, |x| � 1. (7.20)

‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³

ξ(b) = ξ0 − n ln
n√

k2b2 + n2
+ kb arctg

n

kb
− π

4
, kb � 1, n � 1, (7.21)

£¤¥ ξ0 Å ±Ê²µ´µ¢¸± Ö Ë §  ¤²Ö ´Ê²¥¢µ£µ ³µ³¥´É  l = 0. ‚ÒÎ¨¸²ÖÖ ¶·µ¨§¢µ¤-
´Ò¥ µÉ ±Ê²µ´µ¢¸±µ° Ë §Ò (7.21) ¨ ÊÎ¨ÉÒ¢ Ö Ê¸²µ¢¨¥ kR � 1, ¶µ²ÊÎ ¥³

2iξ(R ± iπd) = 2iξ(R) ∓ πkθcd +
in(πkd)2

k2R2 + n2
+ . . . . (7.22)

ˆÉ ±, ´ Ìµ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¡²¨¦´¥° ¨ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤:

fN(q) = −kd

√
2πR

q
exp (−iqR + i

π

4
+ 2iξ(R) + iχ − π (q − qc) d), (7.23)

fF (q) = kd

√
2πR

q
exp (iqR − i

π

4
+ 2iξ(R) + iχ − π (q + qc) d), (7.24)

£¤¥ ¢¢¥¤¥´Ò µ¡µ§´ Î¥´¨Ö χ = n(πkd)2/(k2R2 + n2), qc = kθc.

�¨¸. 5. Š Î¥¸É¢¥´´µ¥ ¶µ¢¥¤¥´¨¥ ¡²¨¦-
´¥° ¨ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¨Ì ¸¥Î¥´¨Ö
¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö § ·Ö¦¥´-
´ÒÌ Î ¸É¨Í

ˆ§ Ëµ·³Ê² (7.23), (7.24) ¢¨¤´µ, ÎÉµ
±Ê²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¶·¨¢µ¤¨É ±
· §²¨Î´Ò³ ¢¥²¨Î¨´ ³ ¸¥Î¥´¨° σN (q) ¨
σF (q), ´µ ´¥ ³¥´Ö¥É Ì · ±É¥· ¨Ì Ê¡Ò-
¢ ´¨Ö ¸ ·µ¸Éµ³ ¶¥·¥¤ ´´µ£µ ¨³¶Ê²Ó¸ 
q (·¨¸. 5). �·¨ ´ ²¨Î¨¨ ¸¨²Ó´µ£µ ±Ê-
²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ ¸¨²Ó´µ£µ
¶µ£²µÐ¥´¨Ö ¤µ³¨´¨·Ê¥É ¸µ¸É ¢²ÖÕÐ Ö
σN (q).

‚ µ¡Ð¥³ ¸²ÊÎ ¥ ´ ·Ö¤Ê ¸ ¶µ£²µÐ¥-
´¨¥³ ¨ ±Ê²µ´µ¢¸±¨³ ¢§ ¨³µ¤¥°¸É¢¨¥³
´¥µ¡Ìµ¤¨³µ É ±¦¥ ÊÎ¨ÉÒ¢ ÉÓ ¶·¥²µ³²¥-
´¨¥ · ¸¸¥¨¢ ¥³ÒÌ ¢µ²´, µ¡Ê¸²µ¢²¥´´µ¥
Ö¤¥·´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³. …¸²¨ Ö¤¥·´ Ö
·¥Ë· ±Í¨Ö ´¥¢¥²¨± , Éµ ³µ¦´µ ¨¸¶µ²Ó-
§µ¢ ÉÓ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ¢ Ëµ·³¥ (4.25)
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¨ µ£· ´¨Î¨ÉÓ¸Ö ÊÎ¥Éµ³ ¢±² ¤µ¢ ¢ ¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ  ³¶²¨ÉÊ¤Ò µÉ ¡²¨¦ °-
Ï¨Ì ± ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¶µ²Õ¸µ¢ ¢ ÉµÎ± Ì bN = R− iγNd, bF = R + iγF d,
£¤¥ γN = π + γ, γF = π − γ. ‚¥²¨Î¨´Ò R, d ¨ γ § ¢¨¸ÖÉ µÉ Ô´¥·£¨¨ ¨
³ ¸¸µ¢ÒÌ Î¨¸¥² ¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³

fN (q) ∼ 1
√

q
exp (−iqR − γN (q − qc) d), (7.25)

fF (q) ∼ 1
√

q
exp (iqR − γF (q + qc) d). (7.26)

’ ±¨³ µ¡· §µ³, ÊÎ¥É Ö¤¥·´µ° ·¥Ë· ±Í¨¨ ¶·¨¢µ¤¨É ± ¡µ²¥¥ ¡Ò¸É·µ³Ê
Ê¡Ò¢ ´¨Õ ¡²¨¦´¥°  ³¶²¨ÉÊ¤Ò ¸ ·µ¸Éµ³ q ¶µ ¸· ¢´¥´¨Õ ¸ ¤ ²Ó´¥°  ³¶²¨ÉÊ-
¤µ°. ‘µµÉ´µÏ¥´¨¥ γN > γF Ö¢²Ö¥É¸Ö µ¡Ð¨³ ¸¢µ°¸É¢µ³ Ö¤¥·´µ° ·¥Ë· ±Í¨¨
(¸³. [48]), ´¥ § ¢¨¸ÖÐ¨³ µÉ ±µ´±·¥É´µ° ¶ · ³¥É·¨§ Í¨¨ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö.
‘¥Î¥´¨Ö σN (q) ¨ σF (q) ³µ£ÊÉ ¶¥·¥¸¥± ÉÓ¸Ö ¢ ´¥±µÉµ·µ° ÉµÎ±¥ qcr (θcr), µ¶·¥-
¤¥²Ö¥³µ° Ëµ·³Ê²µ°

qcr =
γN + γF

γN − γF
qc, θcr =

γN + γF

γN − γF
θc. (7.27)

�¨¸. 6. ”· Ê´£µË¥·µ¢¸±µ¥ ¶¥·¥¸¥Î¥-
´¨¥

’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨° ´ §Ò¢ ¥É¸Ö
Ë· Ê´£µË¥·µ¢¸±¨³ ¶¥·¥¸¥Î¥´¨¥³ (·¨¸.6).
�´µ µ¡Ê¸²µ¢²¥´µ µ¶·¥¤¥²¥´´Ò³ ¸µÎ¥É -
´¨¥³ ¢¥²¨Î¨´ ¶µ£²µÐ¥´¨Ö, Ö¤¥·´µ° ·¥-
Ë· ±Í¨¨ ¨ ±Ê²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö
¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í. ”· Ê´£µË¥-
·µ¢¸±µ¥ ¶¥·¥¸¥Î¥´¨¥ ´ ¡²Õ¤ ¥É¸Ö ¶·¨
θcr < π. ‚¡²¨§¨ Ê£²  θcr ¨³¥ÕÉ ³¥¸Éµ
¢Ò· ¦¥´´Ò¥ Ë· Ê´£µË¥·µ¢¸±¨¥ µ¸Í¨²²Ö-
Í¨¨ ¸¥Î¥´¨Ö, ¢Ò§¢ ´´Ò¥ ¨´É¥·Ë¥·¥´Í¨¥°
¡²¨¦´¥° ¨ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤ ¨ § ÉÊÌ Õ-
Ð¨¥ ¶·¨ Ê¤ ²¥´¨¨ µÉ Ê£²  ¶¥·¥¸¥Î¥´¨Ö.
‚ µ¡² ¸É¨ ³ ²ÒÌ Ê£²µ¢ · ¸¸¥Ö´¨Ö ¤µ³¨-
´¨·Ê¥É ¡²¨¦´ÖÖ  ³¶²¨ÉÊ¤ ,   ¶·¨ ¡µ²Ó-
Ï¨Ì Ê£² Ì · ¸¸¥Ö´¨Ö Å ¤ ²Ó´ÖÖ. ‚¤ ²¨

µÉ θcr ¸¥Î¥´¨¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ö¢²Ö¥É¸Ö ¶² ¢´µ° ËÊ´±Í¨¥° Ê£²  · ¸¸¥Ö´¨Ö
θ, É ± ± ± ¨´É¥·Ë¥·¥´Í¨Ö ³¥¦¤Ê fN(q) ¨ fF (q) µÉ¸ÊÉ¸É¢Ê¥É, ¶·¨Î¥³ ¸±µ·µ¸ÉÓ
Ê¡Ò¢ ´¨Ö ¸¥Î¥´¨Ö ¤µ ¨ ¶µ¸²¥ θcr · §²¨Î´  (·¨¸. 7).

� §²¨Î ÕÉ ³¥¤²¥´´µ¥ Ë· Ê´£µË¥·µ¢¸±µ¥ ¶¥·¥¸¥Î¥´¨¥ (γN ¨ γF · §²¨Î -
ÕÉ¸Ö ´¥ ¸¨²Ó´µ) ¨ ¡Ò¸É·µ¥ ¶¥·¥¸¥Î¥´¨¥ (γN ¨ γF ¸¨²Ó´µ · §²¨Î ÕÉ¸Ö). ‚
¸²ÊÎ ¥ ³¥¤²¥´´µ£µ ¶¥·¥¸¥Î¥´¨Ö ´ ¡²Õ¤ ¥É¸Ö ³´µ£µ (¤¥¸ÖÉÓ ¨ ¡µ²¥¥) ³¥¤²¥´´µ
§ ÉÊÌ ÕÐ¨Ì Ë· Ê´£µË¥·µ¢¸±¨Ì µ¸Í¨²²ÖÍ¨°,   ¶·¨ ¡Ò¸É·µ³ ¶¥·¥¸¥Î¥´¨¨ ¨³¥-
¥É¸Ö ²¨ÏÓ É·¨-Î¥ÉÒ·¥ ¡Ò¸É·µ § ÉÊÌ ÕÐ¨Ì µ¸Í¨²²ÖÍ¨¨. ’ ±¨¥ ± ·É¨´Ò Ê£²µ-
¢ÒÌ · ¸¶·¥¤¥²¥´¨° µ¡ÒÎ´µ ´ ¡²Õ¤ ÕÉ¸Ö ¢ · ¸¸¥Ö´¨¨ ÉÖ¦¥²ÒÌ ¨µ´µ¢.
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�¨¸. 7. �É´µÏ¥´¨e ¸¥Î¥´¨° σ(θ)/σR(θ) ¢
¸²ÊÎ ¥ Ë· Ê´£µË¥·µ¢¸±µ£µ ¶¥·¥¸¥Î¥´¨Ö:
¶Ê´±É¨·´ Ö ²¨´¨Ö Å ¡²¨¦´ÖÖ ¸µ¸É ¢²Ö-
ÕÐ Ö, ÏÉ·¨Ìµ¢ Ö Å ¤ ²Ó´ÖÖ ¸µ¸É ¢²Ö-
ÕÐ Ö, ¸¶²µÏ´ Ö Å ¸Ê³³ ·´µ¥ ¸¥Î¥´¨¥
Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö

„µ ¸¨Ì ¶µ· ¶·¨ · ¸¸³µÉ·¥´¨¨
· §²µ¦¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ´ 
¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ ¸µ¸É ¢²ÖÕÐ¨¥
¨¸¶µ²Ó§µ¢ ²¨¸Ó ¶·¨¡²¨¦¥´¨Ö, Ì · ±-
É¥·´Ò¥ ¤²Ö ±¢ §¨±² ¸¸¨Î¥¸±µ£µ ¶µ¤-
Ìµ¤ : ¶¥·¥Ìµ¤ µÉ ¸Ê³³¨·µ¢ ´¨Ö ¶µ
¶ ·Í¨ ²Ó´Ò³ ¢µ²´ ³ ± ¨´É¥£·¨·µ-
¢ ´¨Õ, § ³¥´  ¶µ²¨´µ³µ¢ ‹¥¦ ´-
¤·  ¨Ì  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ ¢Ò· ¦¥´¨-
Ö³¨, ¶·¨¡²¨¦¥´´µ¥ ¢ÒÎ¨¸²¥´¨¥ ¨´-
É¥£· ²µ¢ ¢ ¢Ò· ¦¥´¨ÖÌ ¤²Ö  ³¶²¨-
ÉÊ¤Ò · ¸¸¥Ö´¨Ö. �¤´ ±µ ¦¥² É¥²Ó´µ
É ±¦¥ ¶·µ¢¥¸É¨  ´ ²µ£¨Î´µ¥ · §²µ¦¥-
´¨¥ ÉµÎ´µ°  ³¶²¨ÉÊ¤Ò Ö¤¥·´µ£µ · ¸-
¸¥Ö´¨Ö, ¶µ²ÊÎ¥´´µ° ¨§  ´ ²¨§  Ô±¸-
¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ´  ¡²¨¦-
´ÕÕ ¨ ¤ ²Ó´ÕÕ ¸µ¸É ¢²ÖÕÐ¨¥. ’ -
±¨¥ ±µ³¶µ´¥´ÉÒ  ³¶²¨ÉÊ¤Ò ¤µ²¦´Ò
¢ ¸Ê³³¥ ¤ ¢ ÉÓ ÉµÎ´ÊÕ ¶µ²´ÊÕ  ³-
¶²¨ÉÊ¤Ê, Î¥³Ê ´¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ¶·¨-
¡²¨¦¥´´Ò¥ ±¢ §¨±² ¸¸¨Î¥¸±¨¥ ¢Ò· -
¦¥´¨Ö,   É ±¦¥ µ´¨ ¤µ²¦´Ò ¶¥·¥Ìµ-
¤¨ÉÓ ¢ ±¢ §¨±² ¸¸¨Î¥¸±¨¥ ¡²¨¦´ÕÕ ¨ ¤ ²Ó´ÕÕ  ³¶²¨ÉÊ¤Ò, ±µ£¤  Ê¸²µ¢¨Ö
· ¸¸¥Ö´¨Ö ¶·¨¡²¨¦ ÕÉ¸Ö ± ±¢ §¨±² ¸¸¨Î¥¸±µ³Ê ¶·¥¤¥²Ê. „²Ö ÔÉµ£µ ¢ · §-
²µ¦¥´¨¨ ¶µ ¶ ·Í¨ ²Ó´Ò³ ¢µ²´ ³ ´Ê¦´µ · §¤¥²¨ÉÓ ¶µ²¨´µ³Ò ‹¥¦ ´¤·  ´ 
Î ¸É¨, ¸µ¤¥·¦ Ð¨¥ ¢  ¸¨³¶ÉµÉ¨±¥ ¶·¨ L → ∞ ¡¥£ÊÐ¨¥ ¢µ²´Ò exp (±iLθ)
(¶²Õ¸ ¸µµÉ¢¥É¸É¢Ê¥É ¤ ²Ó´¥°  ³¶²¨ÉÊ¤¥,   ³¨´Ê¸ Å ¡²¨¦´¥°). �¡ÒÎ´µ ¶µ-
¤µ¡´µ¥ · §²µ¦¥´¨¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ ¶·µÍ¥¤Ê·Ò, ¶·¥¤²µ¦¥´´µ°
”Ê²²¥·µ³ [53], ¢ ±µÉµ·µ° ¢ ± Î¥¸É¢¥ ¡¥£ÊÐ¨Ì ¢µ²´ ¨¸¶µ²Ó§ÊÕÉ¸Ö ËÊ´±Í¨¨
‹¥¦ ´¤·  ¢Éµ·µ£µ ·µ¤ :

Q
(±)
l (cos θ) = ∓Ql(cos θ ∓ iν), ν → 0; Ql(z) =

1
2

1∫
−1

dt

z − t
Pl(t). (7.28)

’ ±¨³ µ¡· §µ³, ¡²¨¦´ÖÖ ¨ ¤ ²Ó´ÖÖ  ³¶²¨ÉÊ¤Ò ¸µ£² ¸´µ [53] · ¢´Ò

fF,N (θ) = f (±)
c (θ) ∓ 1

2πk

∞∑
l=0

(2l + 1)[S(L) − e2iξl ]Q(±)
l (cos θ). (7.29)

‡¤¥¸Ó ξl Å ±Ê²µ´µ¢¸± Ö Ë §  · ¸¸¥Ö´¨Ö (5.8), f (±)(θ) Å ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
¤ ´´µ° ¶·µÍ¥¤Ê·¥ ¤ ²Ó´ÖÖ ¨ ¡²¨¦´ÖÖ ¸µ¸É ¢²ÖÕÐ¨¥  ³¶²¨ÉÊ¤Ò ±Ê²µ´µ¢¸±µ£µ
· ¸¸¥Ö´¨Ö.
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�É³¥É¨³, ÎÉµ ¢Ò¡µ· ËÊ´±Í¨°, ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¡¥£ÊÐ¨¥ ¢µ²´Ò, ¢ ¢¨¤¥
(7.28) ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´µ ¢µ§³µ¦´Ò³. �µ²¥¥ Éµ£µ, ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ-
¢ ´Ò ²Õ¡Ò¥ · §Ê³´Ò¥ ËÊ´±Í¨¨, ¨³¥ÕÐ¨¥ ¶· ¢¨²Ó´ÊÕ  ¸¨³¶ÉµÉ¨±Ê. ’ ±,
´ ¶·¨³¥·, ¢ [54] ¡Ò²  ¶·¥¤²µ¦¥´  ¤·Ê£ Ö ¶·µÍ¥¤Ê·  · §²µ¦¥´¨Ö ¸ ¡¥£Ê-
Ð¨³¨ ¢µ²´ ³¨ ¢ Ëµ·³¥, ¶µ¤¸± § ´´µ° ¸µµ¡· ¦¥´¨Ö³¨ ¶¥·¥Ìµ¤  µÉ ±¢ ´Éµ¢µ-
³¥Ì ´¨Î¥¸±µ£µ · ¸¸³µÉ·¥´¨Ö ± ±² ¸¸¨Î¥¸±¨³ É· ¥±Éµ·¨Ö³. �·¥¨³ÊÐ¥¸É¢ 
ËÊ´±Í¨° (7.28) ¢ ¨Ì ³ É¥³ É¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ì. �´¨ Ê¤µ¢²¥É¢µ·ÖÕÉ É¥³ ¦¥
·¥±Êp·¥´É´Ò³ ¸µµÉ´µÏ¥´¨Ö³, ÎÉµ ¨ ¶µ²¨´µ³Ò ‹¥¦ ´¤· , µ¡² ¤ ÕÉ Ê¤µ¡´Ò³¨
 ´ ²¨É¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨  ·£Ê³¥´É  ¨ ¶µ§¢µ²ÖÕÉ
¶µ²ÊÎ¨ÉÓ ¤µ¸É ÉµÎ´µ ¶·µ¸ÉÒ¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¡²¨¦´¥° ¨ ¤ ²Ó´¥° Î ¸É¥° ±Ê-
²µ´µ¢¸±µ°  ³¶²¨ÉÊ¤Ò [53]:

f (±)
c (θ) = ∓ i

2π

1∫
−1

dt

cos θ − t ∓ iν
fc(arccos t) =

1
2
fc(θ)×

×


1 ∓ 1 + e−2πn

1 − e−2πn
∓ i

π


ln cos2

θ

2
+

∞∫
− ln sin2 θ

2

dt
e−t

[
1 − e−int

]
1 − e−t




 . (7.30)

8. „ˆ”��Š–ˆŸ ”�…�…‹Ÿ ‚ ��‘‘…Ÿ�ˆˆ ’Ÿ†…‹›• ˆ���‚
Ÿ„��Œˆ

�·¨ Ö¤¥·´µ³ · ¸¸¥Ö´¨¨,  ´ ²µ£¨Î´µ³ ¤¨Ë· ±Í¨¨ ”· Ê´£µË¥·  ¢ µ¶É¨±¥,
· ¸¸ÉµÖ´¨Ö µÉ · ¸¸¥¨¢ É¥²Ö ¤µ ¨¸ÉµÎ´¨±  Î ¸É¨Í ¨ ¤µ ÉµÎ±¨ ´ ¡²Õ¤¥´¨Ö µÎ¥´Ó
¢¥²¨±¨ (¡¥¸±µ´¥Î´Ò) ¶µ ¸· ¢´¥´¨Õ ¸ · §³¥· ³¨ Ö¤¥·. �¤´ ±µ ´ ·Ö¤Ê ¸ ¤¨-
Ë· ±Í¨¥° ”· Ê´£µË¥·  ¢ µ¶É¨±¥ ¸ÊÐ¥¸É¢Ê¥É É ±¦¥ ¤¨Ë· ±Í¨Ö ”·¥´¥²Ö. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¨¸ÉµÎ´¨± ¸¢¥É  ¨ ÉµÎ±  ´ ¡²Õ¤¥´¨Ö · ¸¶µ²µ¦¥´Ò ´  ±µ´¥Î´µ³
· ¸¸ÉµÖ´¨¨ µÉ Ô±· ´  ¨²¨ µ¤´µ ¨§ ÔÉ¨Ì · ¸¸ÉµÖ´¨° ±µ´¥Î´µ. „¨Ë· ±Í¨Ö ”·¥-
´¥²Ö ¢µ§´¨± ¥É ¢¸²¥¤¸É¢¨¥ ¨´É¥·Ë¥·¥´Í¨¨ ³¥¦¤Ê ¶·Ö³Ò³ ²ÊÎµ³ ¨ ²ÊÎµ³,
· ¸¸¥Ö´´Ò³ ¢¡²¨§¨ ±· Ö Ô±· ´ . �  ·¨¸. 8 ¶µ± § ´Ò É·¨ ¸¨ÉÊ Í¨¨, ¢ ±µÉµ·ÒÌ
´ ¡²Õ¤ ¥É¸Ö µ¶É¨Î¥¸± Ö Ë·¥´¥²¥¢¸± Ö ¤¨Ë· ±Í¨Ö, ¢ § ¢¨¸¨³µ¸É¨ µÉ · ¸¶µ-
²µ¦¥´¨Ö ¨¸ÉµÎ´¨±  ¸¢¥É  ¨ ÉµÎ±¨ ´ ¡²Õ¤¥´¨Ö.

• · ±É¥· ¢µ§´¨± ÕÐ¥° ¤¨Ë· ±Í¨µ´´µ° ± ·É¨´Ò µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´µ°
¶ · ³¥É·  p = ka2 [(1/Df) + (1/Dp)], £¤¥ a Å ²¨´¥°´Ò° · §³¥· Ô±· ´ , Df ¨
Dp Å · ¸¸ÉµÖ´¨Ö µÉ ±· Ö Ô±· ´  ¤µ ¨¸ÉµÎ´¨±  ¸¢¥É  ¨ ¤µ ÉµÎ±¨ ´ ¡²Õ¤¥´¨Ö.
…¸²¨ p � 1, Éµ ´ ¡²Õ¤ ¥³ Ö ± ·É¨´  ¸µµÉ¢¥É¸É¢Ê¥É ¤¨Ë· ±Í¨¨ ”· Ê´£µË¥· ;
¥¸²¨ p � 1, Éµ ¢µ§´¨± ¥É ¤¨Ë· ±Í¨µ´´ Ö ± ·É¨´  Ë·¥´¥²¥¢¸±µ£µ É¨¶  [2]. ‚
¸²ÊÎ ¥ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö ± ¦¥É¸Ö, ÎÉµ ¸¨ÉÊ Í¨Ö, ¶·¨¢µ¤ÖÐ Ö ± ¤¨Ë· ±Í¨¨
”·¥´¥²Ö, ´¥µ¸ÊÐ¥¸É¢¨³ , É ± ± ± ´¥²Ó§Ö · ¸¶µ²µ¦¨ÉÓ ¨¸ÉµÎ´¨± Î ¸É¨Í ¨²¨
¤¥É¥±Éµ· ´  · ¸¸ÉµÖ´¨ÖÌ µÉ · ¸¸¥¨¢ ÕÐ¥£µ Ö¤· , ¸· ¢´¨³ÒÌ ¸ ¥£µ ²¨´¥°´Ò³¨
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· §³¥· ³¨. ’ ±µ¥ · ¸¸Ê¦¤¥´¨¥ ¸¶· ¢¥¤²¨¢µ ¤²Ö · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ¨ ¤·Ê-
£¨Ì ´¥°É· ²Ó´ÒÌ Î ¸É¨Í. �¤´ ±µ ¸¨ÉÊ Í¨Ö ¸ÊÐ¥¸É¢¥´´µ ³¥´Ö¥É¸Ö ¢ ¸²ÊÎ ¥
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í.

�¨¸. 8. ƒ¥µ³¥É·¨Ö ¤¨Ë· ±Í¨¨ ”·¥-
´¥²Ö:  ) · ¸¸ÉµÖ´¨¥ µÉ · ¸¸¥¨¢ É¥²Ö
¤µ ¨¸ÉµÎ´¨±  S ±µ´¥Î´µ,   ¤µ ¤¥-
É¥±Éµ·  Å ¡¥¸±µ´¥Î´µ; ¡) · ¸¸ÉµÖ-
´¨¥ µÉ · ¸¸¥¨¢ É¥²Ö ¤µ ¨¸ÉµÎ´¨±  S
¡¥¸±µ´¥Î´µ,   ¤µ ¤¥É¥±Éµ·  D Å ±µ-
´¥Î´µ; ¢) µ¡  · ¸¸ÉµÖ´¨Ö ±µ´¥Î´Ò

�² £µ¤ ·Ö ±Ê²µ´µ¢¸±µ³Ê ¢§ ¨³µ¤¥°-
¸É¢¨Õ § ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ · ¸¸¥¨¢ ÕÉ¸Ö
Ö¤·µ³ É ±, ¸²µ¢´µ µ´¨ ¢Ò²¥É ÕÉ ¨§ ¢¨·ÉÊ-
 ²Ó´µ£µ ¨¸ÉµÎ´¨± , · ¸¶µ²µ¦¥´´µ£µ ´  ±µ-
´¥Î´µ³ · ¸¸ÉµÖ´¨¨ µÉ Ö¤·  (·¨¸. 9). ŠÊ²µ-
´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¤µ²¦´µ ¡ÒÉÓ ¤µ-
¸É ÉµÎ´µ ¸¨²Ó´Ò³, ÎÉµ¡Ò µ´µ ¶·¨¢µ¤¨²µ ±
¸ÊÐ¥¸É¢¥´´µ° ±·¨¢¨§´¥ ¢µ²´µ¢µ£µ Ë·µ´É 
¢¡²¨§¨ Ö¤· . …¸²¨ Ö¤·µ ¸¨²Ó´µ ¶µ£²µÐ ¥É
´ ²¥É ÕÐ¨¥ Î ¸É¨ÍÒ ¨ λ̄ � R, Éµ ± ·É¨´ 
· ¸¸¥Ö´¨Ö  ´ ²µ£¨Î´  ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö
µÉ ´¥¶·µ§· Î´µ£µ Ô±· ´  ¢ µ¶É¨±¥. �·¨
Ê£² Ì · ¸¸¥Ö´¨Ö, ¡²¨§±¨Ì ± θc, ± ·É¨´ 
· ¸¸¥Ö´¨Ö ¶µ¤µ¡´  ¤¨Ë· ±Í¨¨ ¢µ²´, ¨¸-
¶ÊÐ¥´´ÒÌ ÉµÎ¥Î´Ò³ ¨¸ÉµÎ´¨±µ³ F , µÉ
±· Ö ¶µ²Ê¶²µ¸±µ¸É¨, ± ¸ É¥²Ó´µ° ± ±·Ê£-
²µ³Ê µÉ¢¥·¸É¨Õ · ¤¨Ê¸  bc [55Ä57]. � ¸-
¸ÉµÖ´¨¥ D µÉ ¢¨·ÉÊ ²Ó´µ£µ ¨¸ÉµÎ´¨±  F
¤µ · ¸¸¥¨¢ ÕÐ¥£µ Í¥´É·  · ¢´µ (·¨¸. 9):

D =
bc

sin θc
. (8.1)

�µ¤¸É ¢²ÖÖ (5.4) ¢ (8.1), ¶µ²ÊÎ ¥³

D =
n

2k sin2
(

1
2θc

) . (8.2)

“¸²µ¢¨Ö ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö ¢Ò¶µ²-
´ÖÕÉ¸Ö, ¥¸²¨ n � 1, n ∼ kR. ‘¨²Ó-
´µ¥ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ ¢¡²¨§¨ ¶µ¢¥·Ì´µ-
¸É¨ Ö¤·  ¤¥°¸É¢Ê¥É ´  ¶ ¤ ÕÐ¨¥ ¢µ²´Ò ± ±
· ¸¸¥¨¢ ÕÐ Ö ²¨´§ , ¥¸²¨ § ·Ö¤Ò ´ ²¥É Õ-
Ð¥° Î ¸É¨ÍÒ ¨ Ö¤· -³¨Ï¥´¨ ¨³¥ÕÉ µ¤¨´ -
±µ¢Ò° §´ ±, ¨²¨ ± ± ¸µ¡¨· ÕÐ Ö ²¨´§ , ¥¸²¨ §´ ±¨ § ·Ö¤µ¢ ¶·µÉ¨¢µ¶µ²µ¦´Ò.
”µ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ É ±µ° ²¨´§Ò · ¢´µ

f̃ = D cos θc =
n

2k

[
ctg2

(
θc

2

)
− 1

]
. (8.3)

� ¸¸³µÉ·¨³ · ¸¸¥Ö´¨¥ ´  Ö¤·¥ ¸ ·¥§±µ° £· ´¨Í¥° ´  Ê£²Ò, ¡²¨§±¨¥ ± θc.
’µ£¤  ¶·¨ n � 1 ¤²Ö ¶µ²¨´µ³µ¢ ‹¥¦ ´¤·  ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ  ¸¨³¶ÉµÉ¨±Ê,
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¸¶· ¢¥¤²¨¢ÊÕ ¶·¨ L � 1 ¢ µ¡² ¸É¨ Ê£²µ¢ · ¸¸¥Ö´¨Ö 1/L < θ < π − 1/L:

PL− 1
2
(cos θ) ≈ 1√

2πL sin θ

[
ei(Lθ−π

4 ) + e−i(Lθ−π
4 )
]
. (8.4)

‚ ·¥§Ê²ÓÉ É¥, ¨¸¶µ²Ó§ÊÖ (5.13), ¶µ²ÊÎ ¥³

fn(θ) =
i

k
√

2π sin θ

L0∫
0

dL
√

L
[
eiΦ+(θ,L) + e−iΦ−(θ,L)

]
, (8.5)

Φ±(θ, L) =
π

4
− Lθ ± 2ξ(L). (8.6)

�¨¸. 9. ƒ¥µ³¥É·¨Ö Ë·¥´¥²¥¢¸±µ£µ
¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í

‚ (8.5) ¸² £ ¥³µ¥, ¸µ¤¥·¦ Ð¥¥ Φ+(θ,L),
¤ ¥É ¡²¨¦´ÕÕ  ³¶²¨ÉÊ¤Ê,   ¸µ¤¥·¦ Ð¥¥
Φ−(θ, L) Å ¤ ²Ó´ÕÕ. ’ ± ± ± n � 1,  
µ¸´µ¢´µ° ¢±² ¤ ¢ ¨´É¥£· ² ¤ ÕÉ ¡µ²ÓÏ¨¥
L, Éµ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ±Ê²µ´µ¢¸±µ°
Ë §Ò ¶·¨¡²¨¦¥´´µ¥ ¢Ò· ¦¥´¨¥ (7.21), § -
³¥´¨¢ kb ´  L. „²Ö ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤Ò
¨¸¶µ²Ó§Ê¥³ ³¥Éµ¤ ¸É Í¨µ´ ·´µ° Ë §Ò. �·¨
ÔÉµ³ ¸É Í¨µ´ ·´Ò¥ ÉµÎ±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¨§
Ê· ¢´¥´¨Ö

∂Φ±(θ, L)
∂L

= −θ ± d

dL
[2ξ(L)] = 0. (8.7)

’ ± ± ± ¤²Ö L � 1 ¶·µ¨§¢µ¤´ Ö µÉ ±Ê²µ´µ¢¸±µ° Ë §Ò · ¢´  d [2ξ(L)] /dL =
= 2 arctg(n/L), ´ Ìµ¤¨³ ¸É Í¨µ´ ·´Ò¥ ÉµÎ±¨ λ±

0 = ±n ctg θ/2 = ±λ0.
‘É Í¨µ´ ·´ Ö ÉµÎ±  λ−

0 = −λ0 ²¥¦¨É ¢´¥ ¨´É¥·¢ ²  ¨´É¥£·¨·µ¢ ´¨Ö, ¨ ¢ (8.5)
³µ¦´µ ¶·¥´¥¡·¥ÎÓ ¸² £ ¥³Ò³ ¸ Φ−(θ, L). ‚µ ¢Éµ·µ³ ¸² £ ¥³µ³ · §²µ¦¨³
ËÊ´±Í¨Õ Φ+(θ, L) ¢ ·Ö¤ ¢ µ±·¥¸É´µ¸É¨ ¸É Í¨µ´ ·´µ° ÉµÎ±¨ λ0 ¸ ÉµÎ´µ¸ÉÓÕ
¤µ Î²¥´µ¢ ¢Éµ·µ£µ ¶µ·Ö¤± :

Φ+(θ, L) =
π

4
− λ0θ + 2ξ (λ0) + (L − λ0)

2
ξ′′ (λ0) . (8.8)

‡ ³¥´ÖÖ ³¥¤²¥´´µ ³¥´ÖÕÐÊÕ¸Ö ¢¥²¨Î¨´Ê
√

L ´ 
√

λ0, ¨³¥¥³

fn(θ) =
i

k

√
λ0

2π sin θ
exp

(
i
[π

4
λ0θ + 2ξ (λ0)

])L0∫
0

dL exp
(
i (L − λ0)

2
ξ′′ (λ0)

)
.

(8.9)
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„¥² Ö § ³¥´Ê ¶¥·¥³¥´´ÒÌ x = (L − λ0)
√
−ξ′′ (λ0) ¨ · ¸¶·µ¸É· ´ÖÖ ¨´É¥£·¨-

·µ¢ ´¨¥ ´  ´¨¦´¥³ ¶·¥¤¥²¥ ¤µ −∞, ¶µ²ÊÎ ¥³

L0∫
0

dL exp (i (L − λ0)
2 ξ′′ (λ0)) =

√
πe−i π

4√
−ξ′′ (λ0)

[
1 − 1

2
erfc

(
ei π

4 u
)]

, (8.10)

£¤¥ ¢¢¥¤¥´Ò µ¡µ§´ Î¥´¨Ö:

u =
√

2L0

sin θc
sin

1
2

(θ − θc) , erfc(x) =
2√
π

∞∫
x

dt e−t2 . (8.11)

‡ ³¥Î Ö, ÎÉµ 2ξ(λ0) = 2ξ0 − 2n ln sin θ/2 + nθ ctg θ/2 − π/2, ´ Ìµ¤¨³

fn(θ) =
n

2k sin2 θ
2

exp
(

2i

(
ξ0 − n ln sin

θ

2

))[
1 − 1

2
erfc

(
ei π

4 u
)]

. (8.12)

“Î¨ÉÒ¢ Ö (5.11) ¨ (5.12), ¨³¥¥³

fe(θ) =
1
2
fc(θ)erfc

(
ei π

4 u
)

=

=
1
2
fc(θ) {1 − [C(w) + S(w)] − i [C(w) − S(w)]} , (8.13)

£¤¥ ¢¢¥¤¥´Ò µ¡µ§´ Î¥´¨Ö

C(w) =
√

2/π

w∫
0

dt cos t2, S(w) =
√

2/π

w∫
0

dt sin t2, (8.14)

w =
√

L0

π sin θc
2 sin

1
2

(θ − θc) . (8.15)

�É´µÏ¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ± ·¥§¥·Ëµ·-
¤µ¢¸±µ³Ê ¸¥Î¥´¨Õ σR(θ) = |fc(θ)|2 µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê²µ° [55]:

σe(θ)
σR(θ)

=
1
4

∣∣erfc
(
ei π

4 u
)∣∣2 =

1
2

{[
1
2
− C(w)

]2

+
[
1
2
− S(w)

]2
}

. (8.16)

‚Ò· ¦¥´¨¥ (8.16) µ¶¨¸Ò¢ ¥É ± ·É¨´Ê · ¸¸¥Ö´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¤¨-
Ë· ±Í¨¨ ”·¥´¥²Ö ¢ µ¶É¨±¥. �É´µÏ¥´¨¥ ¸¥Î¥´¨° σe(θ)/σR(θ) ¸µ¢¶ ¤ ¥É ¸
µÉ´µÏ¥´¨¥³ ¨´É¥´¸¨¢´µ¸É¥° · ¸¸¥Ö´´µ£µ µÉ ±· Ö ¶µ²Ê¶²µ¸±µ¸É¨ ¨ ¶ ¤ Õ-
Ð¥£µ ¸¢¥É  ¢ ¸²ÊÎ ¥, ±µ£¤  ¨¸ÉµÎ´¨± · ¸¶µ²µ¦¥´ ´  ±µ´¥Î´µ³ · ¸¸ÉµÖ´¨¨ µÉ
Ô±· ´ ,   ÉµÎ±  ´ ¡²Õ¤¥´¨Ö ¡¥¸±µ´¥Î´µ Ê¤ ²¥´ . „¨Ë· ±Í¨Ö ”·¥´¥²Ö ¢ Ö¤¥·-
´µ³ · ¸¸¥Ö´¨¨ ¢µ§´¨± ¥É ¢¸²¥¤¸É¢¨¥ ¨´É¥·Ë¥·¥´Í¨¨ ±Ê²µ´µ¢¸±µ°  ³¶²¨ÉÊ¤Ò
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¨ Ö¤¥·´µ° Î ¸É¨  ³¶²¨ÉÊ¤Ò, ±µÉµ·Ò¥ ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¶·¨´ ¤²¥¦ É ± ¡²¨¦´¥°
 ³¶²¨ÉÊ¤¥. ‡ ³¥É¨³, ÎÉµ ¢Ò· ¦¥´¨¥ (8.16) Ö¢²Ö¥É¸Ö ¤µ¢µ²Ó´µ £·Ê¡Ò³ ¨ µ¶¨-
¸Ò¢ ¥É Éµ²Ó±µ ± Î¥¸É¢¥´´Ò° Ì · ±É¥· ¶µ¢¥¤¥´¨Ö ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö. „²Ö ±µ-
²¨Î¥¸É¢¥´´µ£µ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·¥´´ÒÌ ¸¥Î¥´¨° ´¥µ¡Ìµ¤¨³µ
ÊÎ¥¸ÉÓ · §³ÒÉ¨¥ Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨, ¶µ²Ê¶·µ§· Î´µ¸ÉÓ Ö¤·  ¨ Ö¤¥·´ÊÕ ·¥-
Ë· ±Í¨Õ [55Ä57]. �µ¶· ¢±¨ ± Ëµ·³Ê²¥ (8.15) ¨¸¸²¥¤µ¢ ²¨¸Ó ¢ [58].

�¨¸. 10. Š ·É¨´  ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö ¤²Ö µÉ´µÏ¥´¨Ö ¸¥Î¥´¨° σ(θ)/σR(θ) ¶·¨ Ê¶·Ê-
£µ³ · ¸¸¥Ö´¨¨ Ö¤¥· 16O ¸ Ô´¥·£¨¥° 170,1 ŒÔ‚ Ö¤· ³¨ 208Pb. ˜É·¨Ìµ¢ Ö ²¨´¨Ö Å
· ¸Î¥É ¶µ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ ¤²Ö Ö¤¥· ¸ ·¥§±µ° £· ´¨Í¥°, ¸¶²µÏ´ Ö ²¨´¨Ö Å
· ¸Î¥É ¸ ÊÎ¥Éµ³ · §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ¨ ¶µ²Ê¶·µ§· Î´µ¸É¨ Ö¤¥· [57]. �±¸-
¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨§ · ¡µÉÒ [59]

�  ·¨¸. 10 ¶µ± § ´µ, ÎÉµ ³µ¤¥²Ó Ö¤·  ¸ ·¥§±µ° £· ´¨Í¥° µ¶¨¸Ò¢ ¥É ± -
Î¥¸É¢¥´´µ¥ ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ö¤¥· 16O ¸ Ô´¥·£¨¥°
170,1 ŒÔ‚ Ö¤· ³¨ 208Pb, Éµ£¤  ± ± ¡µ²¥¥  ±±Ê· É´Ò¥ · ¸Î¥ÉÒ ¸µ£² ¸ÊÕÉ¸Ö
¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

„¨Ë· ±Í¨Ö ¢ Ö¤¥·´µ³ · ¸¸¥Ö´¨¨ ´ ¡²Õ¤ eÉ¸Ö ¶·¨ L0 � 1, ¶·¨Î¥³ É¨¶
¤¨Ë· ±Í¨µ´´µ° ± ·É¨´Ò µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ Ê¸²µ¢¨Ö³¨:

L0 sin θc � 1 Å ¤¨Ë· ±Í¨Ö ”· Ê´£µË¥· ,
L0 sin θc � 1 Å ¤¨Ë· ±Í¨Ö ”·¥´¥²Ö.

(8.17)

� §²¨Î´Ò¥ ¶·µÍ¥¸¸Ò · ¸¸¥Ö´¨Ö ¸ µ¤¨´ ±µ¢Ò³¨ §´ Î¥´¨Ö³¨ L0 ¨ p =
= L0 sin θc ¶·¨¢µ¤ÖÉ ± µ¤¨´ ±µ¢Ò³ ¤¨Ë· ±Í¨µ´´Ò³ ± ·É¨´ ³, É.¥. ¨Ì ¤¨ËË¥-
·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö ¸µ¢¶ ¤ ÕÉ. ’ ±µ¥ Ö¢²¥´¨¥ ´ §Ò¢ ¥É¸Ö § ±µ´µ³ ¶µ¤µ¡¨Ö
¨²¨ ¸±¥°²¨´£µ³ ¤²Ö Ö¤¥·´µ° ¤¨Ë· ±Í¨¨ [56, 57].

�  ·¨¸. 11 ¶·¥¤¸É ¢²¥´ ¸²ÊÎ ° ¸±¥°²¨´£  ¢ Ê¶·Ê£µ³ · ¸¸¥Ö´¨¨ · §²¨Î-
´ÒÌ Ö¤¥· [57]. �ÉµÉ ¶·¨³¥· ¤¥³µ´¸É·¨·Ê¥É ¸µ¢¶ ¤¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
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�¨¸. 11. ‘±¥°²¨´£ ¸¥Î¥´¨° Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö. ’·¥Ê£µ²Ó´¨±¨ Å ¤¨ËË¥·¥´Í¨ ²Ó-
´µ¥ ¸¥Î¥´¨¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö α-Î ¸É¨Í ¸ Ô´¥·£¨¥° 104 ŒÔ‚ Ö¤· ³¨ 90Zr [30]
(L0 = 32, 6, p = 4, 89), ±·Ê¦±¨ Å Éµ ¦¥ ¤²Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ö¤¥· 16O ¸
Ô´¥·£¨¥° 168 ŒÔ‚ Ö¤· ³¨ 12C [60] (L0 = 31, 3, p = 4, 64). Š·¨¢Ò¥ ¶·µ¢¥¤¥´Ò Î¥·¥§
Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ÉµÎ±¨

¸¥Î¥´¨° ¤¢ÊÌ Ö¤¥·´ÒÌ ¶·µÍ¥¸¸µ¢, ¤²Ö ±µÉµ·ÒÌ ¸ÊÐ¥¸É¢¥´´µ · §²¨Î ÕÉ¸Ö ± ±
¸É ²±¨¢ ÕÐ¨¥¸Ö Ö¤· , É ± ¨ ¢¥²¨Î¨´Ò ¨Ì Ô´¥·£¨°. �¥¡µ²ÓÏµ° ¸¤¢¨£ ¸¥Î¥´¨°
¤·Ê£ µÉ´µ¸¨É¥²Ó´µ ¤·Ê£  µ¡Ê¸²µ¢²¥´ ´¥±µÉµ·Ò³ · §²¨Î¨¥³ ¢ §´ Î¥´¨ÖÌ L0 ¨
p,   ¨Ì · ¸Ìµ¦¤¥´¨Ö ¢ µ¡² ¸É¨ ¡µ²ÓÏ¨Ì Ê£²µ¢ ¢Ò§¢ ´µ ¢±² ¤µ³ ´¥¤¨Ë· ±-
Í¨µ´´ÒÌ ¶·µÍ¥¸¸µ¢.

9. ��„“†��… ��‘‘…Ÿ�ˆ… ‚ Ÿ„…��›• ‘’�‹Š��‚…�ˆŸ•

‚ Ö¤¥·´µ³ · ¸¸¥Ö´¨¨ ´ ·Ö¤Ê ¸ ¤¨Ë· ±Í¨µ´´Ò³¨ Ö¢²¥´¨Ö³¨ ¸ÊÐ¥¸É¢Ê¥É
¤·Ê£µ° ¢ ¦´Ò° ¨´É¥·Ë¥·¥´Í¨µ´´Ò° ÔËË¥±É, ¨³¥ÕÐ¨°  ´ ²µ£¨Õ ¢ µ¶É¨±¥ Å
· ¤Ê¦´µ¥ · ¸¸¥Ö´¨¥. �  ¢µ§³µ¦´µ¸ÉÓ · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö ¢  Éµ³´ÒÌ ¨ Ö¤¥·-
´ÒÌ ¸Éµ²±´µ¢¥´¨ÖÌ ¢¶¥·¢Ò¥ Ê± § ²¨ ”µ·¤ ¨ “¨²¥· ¢ 1959 £. [61].

‚ µ¶É¨±¥ · ¤Ê¦´µ¥ · ¸¸¥Ö´¨¥ ¸¢Ö§ ´µ ¸ ¶·¥²µ³²¥´¨¥³ ¨ ¢´ÊÉ·¥´´¨³ µÉ-
· ¦¥´¨¥³ ²ÊÎ¥° ¸¢¥É  ¢ ± ¶²¥ ¢µ¤Ò, · §³¥·Ò ±µÉµ·µ° ¢¥²¨±¨ ¶µ ¸· ¢´¥´¨Õ ¸
¤²¨´µ° ¢µ²´Ò ¸¢¥É . Ÿ¢²¥´¨¥ · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö ¸ÊÐ¥¸É¢Ê¥É É ±¦¥ ¢ ±² ¸-
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¸¨Î¥¸±µ° ³¥Ì ´¨±¥ (¸³., ´ ¶·., [62]). ‡¤¥¸Ó  ´ ²µ£¨Ö ¸ µ¶É¨Î¥¸±µ° · ¤Ê£µ°
¸µ¸Éµ¨É ¢ ´ ²¨Î¨¨ ¶·¥¤¥²Ó´µ£µ Ê£²  · ¸¸¥Ö´¨Ö Î ¸É¨Í, ¢¡²¨§¨ ±µÉµ·µ£µ ¸£Ê-
Ð ÕÉ¸Ö ±² ¸¸¨Î¥¸±¨¥ É· ¥±Éµ·¨¨.

Ÿ¢²¥´¨¥ · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö ¸ÊÐ¥¸É¢Ê¥É É ±¦¥ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥
[61]. � ¸¸³µÉ·¨³ · ¸¸¥Ö´¨¥ ¡Ò¸É·ÒÌ Î ¸É¨Í, kR � 1, ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³
¶·¨¡²¨¦¥´¨¨ (¸³. [63, 64]). �Ê¤¥³ ¨¸Ìµ¤¨ÉÓ ¨§  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö (4.4).
’ ± ± ± µ¸´µ¢´ÊÕ ·µ²Ó ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¨£· ÕÉ ¶ ·Í¨ ²Ó´Ò¥ ¢µ²´Ò ¸ ¡µ²Ó-
Ï¨³¨ ³µ³¥´É ³¨ l, ³µ¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¢Ò· ¦¥´¨¥³
(8.4) ¤²Ö ¶µ²¨´µ³µ¢ ‹¥¦ ´¤· . Š·µ³¥ Éµ£µ, µ¶Ê¸É¨³ ¥¤¨´¨ÍÊ ¢ ±¢ ¤· É´ÒÌ
¸±µ¡± Ì ¢ (4.4), ±µÉµ· Ö ¤ ¥É ¢±² ¤ Éµ²Ó±µ ¶·¨ ´Ê²¥¢µ³ Ê£²¥ · ¸¸¥Ö´¨Ö. �³-
¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ¶·¨´¨³ ¥É ¢¨¤:

f(θ) =
1

ik
√

2π sin θ

∞∑
m=−∞

(−1)m

∞∫
0

dL
√

L
[
eiΦ(+)

m (θ,L) + e−iΦ(−)
m (θ,L)

]
,

(9.1)
£¤¥ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥ Φ(±)

m (θ, L) = π/4 − Lθ ± [2δ(L) + 2πmL].
” §  · ¸¸¥Ö´¨Ö δ(L) ¸¢Ö§ ´  ¸ ³ É·¨Í¥° · ¸¸¥Ö´¨Ö S(L) Ëµ·³Ê²µ°

S(L) = exp[2iδ(L)]. Š¢ §¨±² ¸¸¨Î¥¸±¨¥ É· ¥±Éµ·¨¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¸É Í¨µ-
´ ·´Ò³¨ ÉµÎ± ³¨, ±µÉµ·Ò¥ ´ Ìµ¤ÖÉ¸Ö ¨§ Ê· ¢´¥´¨° 2δ′(L) = ±θ− 2πm. �É¨
Ê· ¢´¥´¨Ö ¸µ¢¶ ¤ ÕÉ ¸ ±² ¸¸¨Î¥¸±µ° Ëµ·³Ê²µ° [62], ¥¸²¨ µ¶·¥¤¥²¨ÉÓ ±¢ ´-
Éµ¢ÊÕ ËÊ´±Í¨Õ µÉ±²µ´¥´¨Ö · ¢¥´¸É¢µ³

Θ(L) =
d

dL
2δ(L). (9.2)

„²Ö Î ¸É¨Í ¡µ²ÓÏ¨Ì Ô´¥·£¨° ¢¥·µÖÉ´µ¸ÉÓ ¸µ¢¥·Ï¥´¨Ö µ¡µ·µÉµ¢ ¢µ±·Ê£
· ¸¸¥¨¢ É¥²Ö ³ ² , ¨ ³µ¦´µ µ¸É ¢¨ÉÓ ¢ (9.1) Éµ²Ó±µ Î²¥´Ò ¸ m = 0:

f(θ) =
1

ik
√

2π sin θ

∞∫
0

dL
√

L
[
eiΦ+(θ,L) + e−iΦ−(θ,L)

]
, (9.3)

Φ±(θ, L) =
π

4
− Lθ ± 2δ(L). (9.4)

‚ (9.3) ¸² £ ¥³µ¥ ¸ Φ+(θ, L) ¤ ¥É ¡²¨¦´ÕÕ  ³¶²¨ÉÊ¤Ê,   ¸² £ ¥³µ¥ ¸
Φ−(θ, L) Å ¤ ²Ó´ÕÕ  ³¶²¨ÉÊ¤Ê ¸µ£² ¸´µ ¨Ì ±¢ §¨±² ¸¸¨Î¥¸±µ³Ê ¸³Ò¸²Ê.

…¸²¨ ³¥¦¤Ê Î ¸É¨Í¥° ¨ · ¸¸¥¨¢ É¥²¥³ ¸ÊÐ¥¸É¢Ê¥É ¸¨²Ó´µ¥ ¶·¨ÉÖ¦¥´¨¥
´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ ¨ µÉÉ ²±¨¢ ´¨¥ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ, Éµ ËÊ´±Í¨Ö
µÉ±²µ´¥´¨Ö Θ(L) ¨³¥¥É ¢¨¤, ¶µ± § ´´Ò° ´  ·¨¸. 12. ‡¤¥¸Ó ¨³¥ÕÉ¸Ö ¤¢¥ ¸É -
Í¨µ´ ·´Ò¥ ÉµÎ±¨ L1 ¨ L2 ËÊ´±Í¨¨ Φ+(θ, L) ¶·¨ θ < θr, ¤ ÕÐ¨¥ ¢±² ¤ ¢
¡²¨¦´ÕÕ  ³¶²¨ÉÊ¤Ê. ŒÒ ´¥ · ¸¸³ É·¨¢ ¥³ ¶µ¢¥¤¥´¨¥ Θ(L) ¶·¨ ³ ²ÒÌ L,
£¤¥ É ±¦¥ ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ÉµÎ±  · ¤Ê£¨.
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� ¸¸³µÉ·¨³ · ¸¸¥Ö´¨¥ ¢¡²¨§¨ Ê£²  · ¤Ê£¨ θr. �·¨ θ = θr µ¡¥ ¸É Í¨µ-
´ ·´Ò¥ ÉµÎ±¨ ¸²¨¢ ÕÉ¸Ö, L1 = L2 = Lr, É ± ÎÉµ ¢µ§´¨± ¥É ¸É Í¨µ´ ·´ Ö
ÉµÎ±  ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤± . � §²µ¦¨³ ËÊ´±Í¨Õ Φ+(θ, L) ¢ ¸É¥¶¥´´µ° ·Ö¤
¢¡²¨§¨ ÉµÎ±¨ · ¤Ê£¨. ’ ± ± ± Θ (Lr) = θr, Θ′ (Lr) = 0, Éµ ¶µ²ÊÎ ¥³

Φ+(θ, L) =
π

4
−Lrθ+(L − Lr) (θr − θ)+

1
6

(L − Lr)
3 Θ′′ (Lr)+2δ (Lr) . (9.5)

’µ£¤   ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö · ¢´ 

f(θ) =
i

k

√
Lr

2π sin θ
exp

(
i
[
2δ (Lr) − Lrθ − π

4

])
×

×
∞∫
0

dL exp
(

i

[
(θr − θ) (L − Lr) +

1
6
Θ′′ (Lr) (L − Lr)

3

])
. (9.6)

‚  ³¶²¨ÉÊ¤¥ (9.6) µ¶ÊÐ¥´ ¢±² ¤ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¥°, ´¥ ¸µ¤¥·¦ Ð¥°
¸É Í¨µ´ ·´ÒÌ ÉµÎ¥±. ’ ±¨³ µ¡· §µ³, · ¸¸³ É·¨¢ ¥³µ¥ · ¤Ê¦´µ¥ · ¸¸¥Ö´¨¥,
± ± ¨ ± ·É¨´  ¤¨Ë· ±Í¨¨ ”·¥´¥²Ö, µ¶·¥¤¥²Ö¥É¸Ö ¡²¨¦´¥° ¸µ¸É ¢²ÖÕÐ¥°  ³-
¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö (±Ê²µ´µ¢¸± Ö · ¤Ê£ ).

’ ± ± ± µ¸´µ¢´µ° ¢±² ¤ ¢ ¨´É¥£· ² ¢ (9.6) ¤ ¥É µ±·¥¸É´µ¸ÉÓ ÉµÎ±¨ Lr, Éµ
³µ¦´µ § ³¥´¨ÉÓ ´¨¦´¨° ¶·¥¤¥² ¨´É¥£·¨·µ¢ ´¨Ö ´  −∞, ÎÉµ ¤ ¥É

f(θ) =
1
k

√
2πLr

sin θ

[
2

Θ′′ (Lr)

] 1
3

ei[2δ(Lr)−Lrθ−π
4 ]Ai


 θr − θ[

1
2Θ′′ (Lr)

] 1
3


 , (9.7)

£¤¥ Ai(z) Å ËÊ´±Í¨Ö �°·¨:

Ai(z) =
1
π

∞∫
0

dt cos
(

zt +
1
3
t3
)

. (9.8)

”µ·³Ê²  (9.7) ´ §Ò¢ ¥É¸Ö ¶·¨¡²¨¦¥´¨¥³ �°·¨ ¤²Ö · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö.
‡ ³¥É¨³, ÎÉµ ¸¥Î¥´¨¥, µ¶·¥¤¥²Ö¥³µ¥ ±¢ ¤· Éµ³ ³µ¤Ê²Ö  ³¶²¨ÉÊ¤Ò (9.7), ±µ-
´¥Î´µ ¶·¨ θ = θr ¢ µÉ²¨Î¨¥ µÉ ±² ¸¸¨Î¥¸±µ£µ ¸¥Î¥´¨Ö [62].

…¸²¨ ¶·¨¸ÊÉ¸É¢Ê¥É ¶µ£²µÐ¥´¨¥ ´ ²¥É ÕÐ¨Ì Î ¸É¨Í, Éµ ³µ¦´µ ¢§ÖÉÓ ³ -
É·¨ÍÊ · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥ S(L) = η(L)e2iδ(L), £¤¥ ËÊ´±Í¨Ö η(L) ³¥´Ö¥É¸Ö ¢
¨´É¥·¢ ²¥ 0 ≤ η(L) ≤ 1. ‚ ³µ¤¥²¨ ¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö ¸ ·¥§±µ° £· ´¨Í¥°
¨³¥¥³ η(L) = 0 ¤²Ö L ≤ L0 ¨ η(L) = 1 ¶·¨ L > L0. �·¥¤¶µ² £ Ö, ÎÉµ
±¢ ´Éµ¢ Ö ËÊ´±Í¨Ö µÉ±²µ´¥´¨Ö ¨³¥¥É ¢¨¤, ¶µ± § ´´Ò° ´  ·¨¸. 12, ¨¸¶µ²Ó§Ê¥³
¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¡²¨¦´¥°  ³¶²¨ÉÊ¤Ò · §²µ¦¥´¨¥ (9.5) ¤²Ö · ¸¸¥Ö´¨Ö ¢¡²¨§¨
Ê£²  · ¤Ê£¨. �·¥´¥¡·¥£ Ö ¢±² ¤µ³ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤Ò, ¶µ²ÊÎ ¥³

f(θ) =
1
k

√
Lr

2π sin θ
exp

(
i
[
2δ (Lr) − Lrθ − π

4

])
×
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×
∞∫

L0

dL exp
(

i

[
(θr − θ) (L − Lr) +

1
6
Θ′′ (Lr) (L − Lr)

3

])
. (9.9)

‚¢¥¤¥³ ´¥¶µ²´ÊÕ ËÊ´±Í¨Õ �°·¨

Ai(u, v) =
1
2π

∞∫
v

dt ei(ut+ 1
3 u3). (9.10)

’µ£¤   ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ¶·¨´¨³ ¥É ¢¨¤

f(θ) =
1
k

√
2πLr

sin θ

[
2

Θ′′ (Lr)

] 1
3

exp
(
i
[
2δ (Lr) − Lrθ − π

4

])
Ai (u, v) ,

(9.11)

u =
θr − θ[

1
2Θ′′ (Lr)

] 1
3
, v =

[
1
2
Θ′′ (Lr)

] 1
3

(L0 − Lr) . (9.12)

‚ ÔÉµ³ ¸²ÊÎ ¥ ´  µ¸¢¥Ð¥´´µ° ¸Éµ·µ´¥ · ¤Ê£¨, θ < θr, ´ ¡²Õ¤ ÕÉ¸Ö µ¸Í¨²-
²ÖÍ¨¨ ¸¥Î¥´¨Ö, ¡Ò¸É·µ § ÉÊÌ ÕÐ¨¥ ¶·¨ Ê¤ ²¥´¨¨ µÉ Ê£²  · ¤Ê£¨. �  É¥³´µ°

�¨¸. 12. ”Ê´±Í¨Ö µÉ±²µ´¥´¨Ö ¢ ¸²ÊÎ ¥
±Ê²µ´µ¢¸±µ° · ¤Ê£¨

¸Éµ·µ´¥, θ > θr, ¸¥Î¥´¨¥ ¡Ò¸É·µ ¨
¶² ¢´µ Ê¡Ò¢ ¥É, ¶·¨Î¥³ ´ ²¨Î¨¥ ¶µ-
£²µÐ¥´¨Ö Ê¢¥²¨Î¨¢ ¥É ¸±µ·µ¸ÉÓ Ê¡Ò¢ -
´¨Ö [64]. � ¸¸³µÉ·¥´´Ò° ¸²ÊÎ ° ±Ê-
²µ´µ¢¸±µ° · ¤Ê£¨ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¸¨²Ó-
´µ£µ ¶µ£²µÐ¥´¨Ö ¢ ¦¥´ ¤²Ö · ¸¸¥Ö-
´¨Ö ÉÖ¦¥²ÒÌ ¨µ´µ¢ ¸¨²Ó´µ ¶µ£²µÐ -
ÕÐ¨³¨ Ö¤· ³¨. ‡ ³¥É¨³, ÎÉµ ± ·É¨´ 
±Ê²µ´µ¢¸±µ° · ¤Ê£¨ ¶µ¤µ¡´  ± ·É¨´¥
¤¨Ë· ±Í¨¨ ”·¥´¥²Ö. �É¨ ¤¢  É¥·-
³¨´ , µ¶¨¸Ò¢ ÕÐ¨¥ · ¸¸¥Ö´¨¥ ÉÖ¦¥-
²ÒÌ ¨µ´µ¢, ¸µµÉ¢¥É¸É¢ÊÕÉ ¤¢Ê³ · §²¨Î-
´Ò³ É¥µ·¥É¨Î¥¸±¨³ ¶µ¤Ìµ¤ ³ [7]. ‚
±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶µ¤Ìµ¤¥ ±Ê²µ´µ¢-

¸± Ö · ¤Ê£  µ¡Ê¸²µ¢²¥´  ·¥Ë· ±Í¨¥° · ¸¸¥¨¢ ¥³ÒÌ ¢µ²´ ¢ ¸²ÊÎ ¥, ±µ£¤  ¸¨²Ò
Ö¤¥·´µ£µ ¶·¨ÉÖ¦¥´¨Ö µ¶·¥¤¥²¥´´Ò³ µ¡· §µ³ ¸¡ ² ´¸¨·µ¢ ´Ò ±Ê²µ´µ¢¸±¨³
µÉÉ ²±¨¢ ´¨¥³. �·¨ ÔÉµ³ ¤¥É ²¨ ¸¥Î¥´¨Ö ±Ê²µ´µ¢¸±µ£µ · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö
³µ¤¨Ë¨Í¨·µ¢ ´Ò ´ ²¨Î¨¥³ ¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö. ‚ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨
Ë·¥´¥²¥¢¸± Ö ± ·É¨´  µ¡Ê¸²µ¢²¥´  ´ ²¨Î¨¥³ ¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö ¨ ¤µ¸É -
ÉµÎ´µ ¸¨²Ó´µ£µ ±Ê²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í.

„²Ö Ö¤¥·´ÒÌ ¸Éµ²±´µ¢¥´¨° ¶·¨ ¶·µ³¥¦ÊÉµÎ´ÒÌ Ô´¥·£¨ÖÌ ¢ ¦´ÊÕ ·µ²Ó
¨£· ¥É É ±¦¥ ¤·Ê£µ° ¸²ÊÎ ° · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö, ´ §Ò¢ ¥³Ò° Ö¤¥·´µ° · -
¤Ê£µ°, ¶·¨¸ÊÉ¸É¢ÊÕÐ¥° ¢ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤¥. �ÉµÉ ÔËË¥±É ´ ¡²Õ¤ ¥É¸Ö ¢
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µ¸´µ¢´µ³ ¶·¨ Ê¶·Ê£µ³ · ¸¸¥Ö´¨¨ ²¥£±¨Ì Ö¤¥· (D, 3He, 4He, 6Li ¨ ¤·.) ´ 
¸·¥¤´¨Ì ¨ ÉÖ¦¥²ÒÌ Ö¤· Ì ¶·¨ Ô´¥·£¨ÖÌ E � 25−30 ŒÔ‚/´Ê±²µ´. ‚ ÔÉµ³ ¸²Ê-
Î ¥ ±Ê²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ µÉ´µ¸¨É¥²Ó´µ ´¥¢¥²¨±µ, Ö¤¥·´ Ö ·¥Ë· ±Í¨Ö
µ± §Ò¢ ¥É¸Ö ¤µ¢µ²Ó´µ ¸¨²Ó´µ°,   Ê³¥·¥´´ Ö ¢¥²¨Î¨´  ¶µ£²µÐ¥´¨Ö ¶·¨¢µ¤¨É
± ´¥¡µ²ÓÏµ° ¶·µ§· Î´µ¸É¨ Ö¤¥·.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ (8.17) · ¸¸³ É·¨¢ ¥³µ¥ · ¸¸¥Ö´¨¥ ²¥£±¨Ì Ö¤¥· ¤µ²¦´µ
¶·µ¨¸Ìµ¤¨ÉÓ ¢ Ë· Ê´£µË¥·µ¢¸±µ³ ·¥¦¨³¥. �¤´ ±µ Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ-
¤ ¥³Ò¥ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ö¤¥· 3He [65Ä67] ¨ 4He [30,68Ä70] ¶·¨
E � 25− 30 ŒÔ‚/´Ê±²µ´ µ¡´ ·Ê¦¨¢ ÕÉ ¸ÊÐ¥¸É¢¥´´Ò¥ µÉ±²µ´¥´¨Ö µÉ Ë· Ê´-
£µË¥·µ¢¸±µ£µ ¶µ¢¥¤¥´¨Ö ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì Ê£² Ì · ¸¸¥Ö´¨Ö. ‚ µ¡² -
¸É¨ ³ ²ÒÌ Ê£²µ¢ ¨³¥¥É¸Ö ´¥¸±µ²Ó±µ Ë· Ê´£µË¥·µ¢¸±¨Ì µ¸Í¨²²ÖÍ¨°,   § É¥³
¸ ·µ¸Éµ³ Ê£²  ´ ¡²Õ¤ ¥É¸Ö ¶µ¸É¥¶¥´´µ¥ § ¶µ²´¥´¨¥ ³¨´¨³Ê³µ¢, ¨ ¢ ¸¥Î¥´¨¨
Ëµ·³¨·Ê¥É¸Ö ¤µ¢µ²Ó´µ Ï¨·µ±¨° ³ ±¸¨³Ê³, ´  ±µÉµ·Ò° ´ ±² ¤Ò¢ ÕÉ¸Ö ¡Ò-
¸É·µ § ÉÊÌ ÕÐ¨¥ Ë· Ê´£µË¥·µ¢¸±¨¥ µ¸Í¨²²ÖÍ¨¨. � Î¨´ Ö ¸ ´¥±µÉµ·µ£µ Ê£² ,
¨³¥¥É ³¥¸Éµ ¡Ò¸É·µ¥ (Ô±¸¶µ´¥´Í¨ ²Ó´µ¥) ¨ ¶² ¢´µ¥ Ê¡Ò¢ ´¨¥ ¸¥Î¥´¨Ö. �µ§¤-
´¥¥ ¶µ¤µ¡´µ¥ ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨° ¡Ò²µ µ¡´ ·Ê¦¥´µ ¶·¨ Ê¶·Ê£µ³ · ¸¸¥Ö´¨¨
Ö¤¥· D, Li, Be, C ¨ ´¥±µÉµ·ÒÌ ¤·Ê£¨Ì. Š ·É¨´Ò · ¸¸¥Ö´¨Ö É ±µ£µ É¨¶  ¡Ò²¨
¢¶¥·¢Ò¥ ¨´É¥·¶·¥É¨·µ¢ ´Ò ± ± ¶·µÖ¢²¥´¨¥ Ö¤¥·´µ° · ¤Ê£¨ ¢ ¶·¨¸ÊÉ¸É¢¨¨
¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö ¢ [69Ä71].

• · ±É¥·´ Ö Ëµ·³  ËÊ´±Í¨¨ µÉ±²µ´¥´¨Ö Θ(L) ¤²Ö · ¸¸¥Ö´¨Ö ²¥£±¨Ì Ö¤¥·
¢ · ¸¸³ É·¨¢ ¥³µ° µ¡² ¸É¨ Ô´¥·£¨° ¶µ± § ´  ´  ·¨¸. 13. �·¨ ¡µ²ÓÏ¨Ì L

�¨¸. 13. ”Ê´±Í¨Ö µÉ±²µ´¥´¨Ö, ¸µ¤¥·¦ -
Ð Ö ÉµÎ±¨ Ö¤¥·´µ° (Lr) ¨ ±Ê²µ´µ¢¸±µ°
(Lc) · ¤Ê£¨. L0 Å £· ´¨Î´Ò° ³µ³¥´É
µ¡² ¸É¨ ¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö

µ´  ¶·¨´¨³ ¥É ´¥¡µ²ÓÏ¨¥ ¶µ²µ¦¨-
É¥²Ó´Ò¥ §´ Î¥´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
±¢ §¨±² ¸¸¨Î¥¸±¨³ É· ¥±Éµ·¨Ö³, ²¥-
¦ Ð¨³ ¶µ²´µ¸ÉÓÕ ¢ µ¡² ¸É¨ ±Ê²µ-
´µ¢¸±µ£µ µÉÉ ²±¨¢ ´¨Ö. �·¨ ³¥´Ó-
Ï¨Ì §´ Î¥´¨ÖÌ L É· ¥±Éµ·¨¨ ¶·µÌµ-
¤ÖÉ Î¥·¥§ µ¡² ¸ÉÓ ¸¨²Ó´µ£µ Ö¤¥·´µ£µ
¶·¨ÉÖ¦¥´¨Ö, ¨ ËÊ´±Í¨Ö Θ(L) ·¥§±µ
ÊÌµ¤¨É ¢ µ¡² ¸ÉÓ ¸¢µ¨Ì µÉ·¨Í É¥²Ó-
´ÒÌ §´ Î¥´¨°. �·¨ ¤µ¸É ÉµÎ´µ ¡µ²Ó-
Ï¨Ì Ê£² Ì · ¸¸¥Ö´¨Ö ¸¥Î¥´¨¥ µ¶·¥¤¥-
²Ö¥É¸Ö ¢ µ¸´µ¢´µ³ µÉ·¨Í É¥²Ó´µ° ¢¥-
É¢ÓÕ Θ(L). �·¨ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±¨Ì
Ô´¥·£¨ÖÌ ËÊ´±Í¨Ö µÉ±²µ´¥´¨Ö ¨³¥¥É
¤¢  Ô±¸É·¥³Ê³ : ´¥¡µ²ÓÏµ° ¶µ²µ¦¨-
É¥²Ó´Ò° ³ ±¸¨³Ê³ ¶·¨ L = Lc > L0

(±Ê²µ´µ¢¸± Ö · ¤Ê£ ) ¨ £²Ê¡µ±¨° µÉ·¨Í É¥²Ó´Ò° ³¨´¨³Ê³ ¶·¨ L = Lr < L0,
±µÉµ·Ò° ¸µµÉ¢¥É¸É¢Ê¥É ¶·µÌµ¦¤¥´¨Õ Î ¸É¨Í Î¥·¥§ ¢´ÊÉ·¥´´ÕÕ µ¡² ¸ÉÓ Ö¤· 
(Ö¤¥·´ Ö · ¤Ê£ ). ‚ ¸²ÊÎ ¥ · ¸¸¥Ö´¨Ö ²¥£±¨Ì ¨µ´µ¢ ±Ê²µ´µ¢¸± Ö · ¤Ê£  ¶µÎÉ¨
´¥ ¸± §Ò¢ ¥É¸Ö ´  Ëµ·³¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö, Éµ£¤  ± ± Ö¤¥·´ Ö · -
¤Ê£  ¸ÊÐ¥¸É¢¥´´µ ¥£µ ¨§³¥´Ö¥É µ¶¨¸ ´´Ò³ ¢ÒÏ¥ µ¡· §µ³.
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� ¸¸³µÉ·¨³ ± Î¥¸É¢¥´´µ ÔËË¥±É Ö¤¥·´µ° · ¤Ê£¨. „²Ö ÔÉµ£µ ¶·¥¤¸É ¢¨³
 ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥

f(θ) =
1

ik
√

2π sin θ

∞∫
0

dL
√

L η (L)
[
eiΦ+(θ,L) + e−iΦ−(θ,L)

]
, (9.13)

£¤¥ ËÊ´±Í¨¨ Φ±(θ, L) µ¶·¥¤¥²ÖÕÉ¸Ö Ëµ·³Ê²µ° (9.4). �Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ
Éµ²Ó±µ µÉ·¨Í É¥²Ó´ÊÕ ¢¥É¢Ó ËÊ´±Í¨¨ µÉ±²µ´¥´¨Ö. �·¨ Ê£² Ì θ < θr =
= |Θ (Lr)| Ê· ¢´¥´¨¥ Θ(L) = − θ ¤²Ö ¸É Í¨µ´ ·´ÒÌ ÉµÎ¥± ËÊ´±Í¨¨ Φ−(θ, L)
¨³¥¥É ¤¢  ¤¥°¸É¢¨É¥²Ó´ÒÌ ·¥Ï¥´¨Ö: Ls1 < Lr ¨ Ls2 > Lr. …¸²¨ ¸É Í¨µ´ ·-
´Ò¥ ÉµÎ±¨ ²¥¦ É ¢´¥ ¶µ¢¥·Ì´µ¸É´µ° µ¡² ¸É¨, Éµ ËÊ´±Í¨Ö η(L) ³¥¤²¥´´µ ³¥-
´Ö¥É¸Ö ¢¡²¨§¨ ÔÉ¨Ì ÉµÎ¥±. ’µ£¤  ³µ¦´µ ¢Ò´¥¸É¨ §  §´ ± ¨´É¥£· ²  ¥¥ §´ Î¥´¨Ö
¢ ¸É Í¨µ´ ·´ÒÌ ÉµÎ± Ì Ls1 ¨ Ls2. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¥°
¸¥Î¥´¨Ö ¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥

σF (θ) =
1

k2 sin θ

{
Ls1η

2 (Ls1)
|Θ′ (Ls1)|

+
Ls2η

2 (Ls2)
|Θ′ (Ls2)|

− 2

√
Ls1Ls2

|Θ′ (Ls1)Θ′ (Ls2)|
×

× η (Ls1) η (Ls2) sin [2 (δ (Ls1) − δ (Ls2)) + (Ls1 − Ls2) θ]} . (9.14)

�¥·¢Ò¥ ¤¢  ¸² £ ¥³ÒÌ ¢ (9.14), §  ¨¸±²ÕÎ¥´¨¥³ Ë ±Éµ·µ¢ η2, ¶·¥¤¸É ¢²ÖÕÉ
±² ¸¸¨Î¥¸±¨¥ ¢±² ¤Ò ¢ ¸¥Î¥´¨¥ µÉ É· ¥±Éµ·¨°, µÉ¢¥Î ÕÐ¨Ì §´ Î¥´¨Ö³ Ls1

¨ Ls2. ’·¥É¨° Î²¥´ ¢ (9.14) µ¶¨¸Ò¢ ¥É ¨´É¥·Ë¥·¥´Í¨Õ ÔÉ¨Ì ¤¢ÊÌ ¢±² ¤µ¢,
±µÉµ· Ö µÉ¸ÊÉ¸É¢Ê¥É ¢ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¥. �µÔÉµ³Ê ±¢ §¨±² ¸¸¨Î¥¸±µ¥
¸¥Î¥´¨¥ µ¸Í¨²²¨·Ê¥É ´  µ¸¢¥Ð¥´´µ° ¸Éµ·µ´¥ · ¤Ê£¨ θ < θr. �ÊÎ´µ¸É¨ ÔÉ¨Ì
µ¸Í¨²²ÖÍ¨°  ´ ²µ£¨Î´Ò µ¸´µ¢´µ° ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ ¤Ê£ ³ · ¤Ê£¨ ¢ µ¶É¨±¥.
�  É¥³´µ° ¸Éµ·µ´¥ · ¤Ê£¨, θ > θr, ¤¥°¸É¢¨É¥²Ó´Ò¥ ¸É Í¨µ´ ·´Ò¥ ÉµÎ±¨ µÉ-
¸ÊÉ¸É¢ÊÕÉ, ´µ ¨³¥ÕÉ¸Ö ¶ ·Ò ¢§ ¨³´µ ¸µ¶·Ö¦¥´´ÒÌ ±µ³¶²¥±¸´ÒÌ ·¥Ï¥´¨°
Ls = LsR ± iLsI . ’µ¶µ£· Ë¨Ö ËÊ´±Í¨¨ Φ−(θ, L) ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨
L É ±µ¢ , ÎÉµ ¶ÊÉÓ ´ ¨¡Ò¸É·¥°Ï¥£µ ¸¶Ê¸±  ¤µ²¦¥´ ¶·µ²¥£ ÉÓ Î¥·¥§ ÉµÎ±Ê ¶¥-
·¥¢ ²  ¸ Im Ls >0, ¡²¨¦ °ÏÊÕ ± ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨. ’µ£¤  ¤²Ö ¤ ²Ó´¥°
¸µ¸É ¢²ÖÕÐ¥° ¸¥Î¥´¨Ö ¢ µ¡² ¸É¨ θ > θr ´ Ìµ¤¨³

σF (θ) =
1

k2 sin θ

∣∣∣∣Lsη
2 (Ls)

Θ′ (Ls)

∣∣∣∣ e−2LsIθ. (9.15)

�  É¥³´µ° ¸Éµ·µ´¥ Ö¤¥·´µ° · ¤Ê£¨ ±¢ §¨±² ¸¸¨Î¥¸±µ¥ ¸¥Î¥´¨¥ ¡Ò¸É·µ
Ê¡Ò¢ ¥É ¸ ·µ¸Éµ³ Ê£²  ¡² £µ¤ ·Ö ³´µ¦¨É¥²Õ exp (−2LsIθ). ‚´ÊÉ·¨ É¥´¥¢µ°
µ¡² ¸É¨ ¢¥²¨Î¨´  Ls ³¥¤²¥´´µ ³¥´Ö¥É¸Ö ¸ ·µ¸Éµ³ θ, É ± ÎÉµ ¸¥Î¥´¨¥ Ê¡Ò-
¢ ¥É ¶µÎÉ¨ ¶µ Ô±¸¶µ´¥´Í¨ ²Ó´µ³Ê § ±µ´Ê, ÎÉµ ¸¢Ö§ ´µ ¸ ³ ²µ¸ÉÓÕ ¢¥²¨Î¨´Ò
· §³ÒÉ¨Ö Ö¤¥·´µ° ¶µ¢¥·Ì´µ¸É¨ [48].

�·¨ θ = θr ¸¥Î¥´¨Ö (9.14), (9.15) ¸É ´µ¢ÖÉ¸Ö ¡¥¸±µ´¥Î´Ò³¨, É.¥. ¤ ´´µ¥
¶·¨¡²¨¦¥´¨¥ ¶¥·¥¸É ¥É ¡ÒÉÓ ¸¶· ¢¥¤²¨¢Ò³. ‡¤¥¸Ó Ê ËÊ´±Í¨¨ Φ−(θ, L) ¢µ§-
´¨± ¥É ¸É Í¨µ´ ·´ Ö ÉµÎ±  ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤± . ‚ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ
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¶·¨³¥´¨ÉÓ ¶·¨¡²¨¦¥´¨¥ �°·¨, ±µÉµ·µ¥ ¤ ¥É

σF (θ) =
2πLr

k2 sin θ

[
2

Θ′′ (Lr)

] 2
3

η2 (Lr)


Ai


 θ − θr[

1
2Θ′′ (Lr)

] 1
3






2

. (9.16)

”µ·³Ê²  (9.16) µ¶¨¸Ò¢ ¥É ¶µ¢¥¤¥´¨¥ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¥° ¸¥Î¥´¨Ö
¢¡²¨§¨ Ê£²  · ¤Ê£¨ θr. �´µ ±µ´¥Î´µ ¶·¨ ¢¸¥Ì Ê£² Ì ¨ ¨³¥¥É ³ ±¸¨³Ê³ ´¥¤ -
²¥±µ µÉ Ê£²  · ¤Ê£¨, Ô±¢¨¢ ²¥´É´Ò° ¸¨´£Ê²Ö·´µ¸É¨ ¢ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¥
¨  ´ ²µ£¨Î´Ò° µ¸´µ¢´µ° ¤Ê£¥ · ¤Ê£¨ ¢ µ¶É¨±¥. Œ´µ¦¨É¥²¨ η2 ¢ (9.14) ¸ÊÐ¥-
¸É¢¥´´µ ³¥´ÖÕÉ ± ·É¨´Ê · ¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö ¢ µ¸¢¥Ð¥´´µ° µ¡² ¸É¨ θ < θr.
‚±² ¤ ¢´ÊÉ·¥´´¥° É· ¥±Éµ·¨¨ Ls1 ¶µ¤ ¢²¥´ ¸¨²Ó´¥¥, Î¥³ ¢±² ¤ ¢´¥Ï´¥° É· -
¥±Éµ·¨¨ Ls2 (η (Ls1) < η (Ls2)). �·¨ ¤¢¨¦¥´¨¨ ¢ ¸Éµ·µ´Ê ³ ²ÒÌ Ê£²µ¢ · ¸-
¸¥Ö´¨Ö ÉµÎ±  Ls1 ¸³¥Ð ¥É¸Ö ¢ µ¡² ¸ÉÓ ³ ²ÒÌ L,   Ls2 Å ¢ µ¡² ¸ÉÓ ¡µ²ÓÏ¨Ì
L, £¤¥ ¶µ£²µÐ¥´¨¥ Ê³¥´ÓÏ ¥É¸Ö. �·¨ ¤µ¸É ÉµÎ´µ ³ ²ÒÌ θ ¶·¥µ¡² ¤ ¥É ¢±² ¤
ÉµÎ±¨ Ls2, ¨ ¨´É¥·Ë¥·¥´Í¨Ö ¤¢ÊÌ ¢±² ¤µ¢ ¸É ´µ¢¨É¸Ö ´¥¸ÊÐ¥¸É¢¥´´µ°. ’ ±¨³
µ¡· §µ³, ¶µ£²µÐ¥´¨¥ ¶·¨¢µ¤¨É ± § ÉÊÌ ´¨Õ · ¤Ê¦´ÒÌ µ¸Í¨²²ÖÍ¨° ¸ Ê³¥´Ó-
Ï¥´¨¥³ Ê£²  · ¸¸¥Ö´¨Ö.

…¸²¨ ¡Ò ËÊ´±Í¨Ö η(L) ³¥¤²¥´´µ ³¥´Ö² ¸Ó ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ L, Éµ
³µ¦´µ ¡Ò²µ ¡Ò ¶·¥´¥¡·¥ÎÓ ¡²¨¦´¥° ¸µ¸É ¢²ÖÕÐ¥°  ³¶²¨ÉÊ¤Ò,   ¶µ²ÊÎ¥´´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¥° µ¶¨¸Ò¢ ²¨ ¡Ò ± Î¥¸É¢¥´´µ¥ ¶µ¢¥¤¥´¨¥
¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ²¥£±¨Ì ¨µ´µ¢. �¤´ ±µ ¢¤µ¡ ¢µ± ± · ¸¸³µÉ·¥´´Ò³ ¢±² -
¤ ³ ¸É Í¨µ´ ·´ÒÌ ÉµÎ¥± ¡Ò¸É·µ¥ ¨§³¥´¥´¨¥ η(L) ¢ ¶µ¢¥·Ì´µ¸É´µ° µ¡² ¸É¨
¶µ·µ¦¤ ¥É ¢±² ¤Ò Ë· Ê´£µË¥·µ¢¸±µ£µ É¨¶  (7.25) ¨ (7.26) ¢ ¡²¨¦´ÕÕ ¨ ¤ ²Ó-
´ÕÕ  ³¶²¨ÉÊ¤Ò. ‚ ¤ ²Ó´¥°  ³¶²¨ÉÊ¤¥ ³µ¦´µ µÉ¤¥²¨ÉÓ ÔÉµÉ ¢±² ¤ µÉ ¢±² ¤µ¢
¸É Í¨µ´ ·´ÒÌ ÉµÎ¥± Ls1 ¨ Ls2, ¥¸²¨ ÔÉ¨ ÉµÎ±¨ ²¥¦ É ¢´¥ ¶µ¢¥·Ì´µ¸É´µ°
µ¡² ¸É¨. ”· Ê´£µË¥·µ¢¸±¨¥ Î²¥´Ò ¶·¥µ¡² ¤ ÕÉ ¶·¨ ³ ²ÒÌ Ê£² Ì · ¸¸¥Ö´¨Ö,
£¤¥ ¨Ì ¨´É¥·Ë¥·¥´Í¨Ö ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ Ë· Ê´£µË¥·µ¢¸±¨Ì µ¸Í¨²²ÖÍ¨°
¸¥Î¥´¨Ö. ‘µµÉ´µÏ¥´¨¥ Ë· Ê´£µË¥·µ¢¸±µ£µ ¢±² ¤  ¨  ³¶²¨ÉÊ¤Ò · ¤Ê¦´µ£µ
· ¸¸¥Ö´¨Ö µ¶·¥¤¥²Ö¥É¸Ö É¥³, ´ ¸±µ²Ó±µ ¶µ¸²¥¤´ÖÖ ¶µ¤ ¢²¥´  ´ ²¨Î¨¥³ ¶µ£²µ-
Ð¥´¨Ö. …¸²¨ ¶µ£²µÐ¥´¨¥ ¢¥²¨±µ, η (Ls) → 0, Éµ  ³¶²¨ÉÊ¤  ¨³¥¥É ¢ µ¸´µ¢-
´µ³ Ë· Ê´£µË¥·µ¢¸±¨° Ì · ±É¥·. �¤´ ±µ ¶·¨ ´ ²¨Î¨¨ § ³¥É´µ° ¶·µ§· Î-
´µ¸É¨ ¢ µ¡² ¸É¨ ³ ²ÒÌ L · ¤Ê¦´µ¥ · ¸¸¥Ö´¨¥ ¶·¥µ¡² ¤ ¥É ¢ µ¶·¥¤¥²¥´´µ°
µ¡² ¸É¨ Ê£²µ¢.

’ ± ± ± ¤²Ö Ö¤¥·´µ° · ¤Ê£¨ ¢ ¦´Ò É· ¥±Éµ·¨¨, ¶·µÌµ¤ÖÐ¨¥ Î¥·¥§ ¢´Ê-
É·¥´´ÕÕ µ¡² ¸ÉÓ Ö¤· ,  ´ ²¨§ É ±¨Ì ¸¥Î¥´¨° ¶µ§¢µ²Ö¥É §µ´¤¨·µ¢ ÉÓ ¸É·Ê±ÉÊ·Ê
ÔÉµ° µ¡² ¸É¨ ¨ ¶µ²ÊÎ ÉÓ Í¥´´ÊÕ ¨´Ëµ·³ Í¨Õ µ ¢§ ¨³µ¤¥°¸É¢¨¨ Ö¤¥·. ‚ Î ¸É-
´µ¸É¨, É ±µ°  ´ ²¨§ ¶µ²¥§¥´ ¢ µ¶É¨Î¥¸±µ° ³µ¤¥²¨, É ± ± ± µ´ Î ¸Éµ ¶µ§¢µ²Ö¥É
¨¸±²ÕÎ¨ÉÓ ¤¨¸±·¥É´ÊÕ ´¥µ¤´µ§´ Î´µ¸ÉÓ ¶µÉ¥´Í¨ ²  [69, 70].

�ËË¥±É Ö¤¥·´µ° · ¤Ê£¨ ³µ¦¥É ´ ¡²Õ¤ ÉÓ¸Ö Éµ²Ó±µ ¶·¨ θr < π. ’ ± ± ±
Ê£µ² · ¤Ê£¨ · ¸É¥É ¸ Ê³¥´ÓÏ¥´¨¥³ Ô´¥·£¨¨, Éµ ¸ÊÐ¥¸É¢Ê¥É ´¥±µÉµ· Ö ±·¨É¨-
Î¥¸± Ö Ô´¥·£¨Ö Ecr, ´¨¦¥ ±µÉµ·µ° Ö¤¥·´ Ö · ¤Ê£  ¨¸Î¥§ ¥É. �·¨ · ¸¸¥Ö´¨¨
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´  ¤¥°¸É¢¨É¥²Ó´µ³ ¶µÉ¥´Í¨ ²¥ U(r) §´ Î¥´¨¥ Ecr µÉ¢¥Î ¥É ¶µÖ¢²¥´¨Õ § ±·Ê-
Î¨¢ ´¨Ö ¨ · ¢´µ [70]: Ecr = [U(R) + U ′(R)r/2]max.

� ¸¸³µÉ·¥´´Ò¥ ¢ÒÏ¥ ¶·µ¸ÉÒ¥ Ëµ·³Ò S-³ É·¨ÍÒ ´¥ ¶µ§¢µ²ÖÕÉ µ¶¨¸ ÉÓ
Ö¤¥·´ÊÕ · ¤Ê£Ê. — ¸Éµ ¨¸¶µ²Ó§Ê¥³ Ö ¶ · ³¥É·¨§ Í¨Ö S-³ É·¨ÍÒ [25], ¸µ-
¤¥·¦ Ð Ö ÉµÎ±Ê Ö¤¥·´µ° · ¤Ê£¨, É ±¦¥ µ¡ÒÎ´µ ´¥ ³µ¦¥É µ¶¨¸ ÉÓ ¸¥Î¥´¨Ö ¸
¢Ò· ¦¥´´Ò³ · ¤Ê¦´Ò³ ¶µ¢¥¤¥´¨¥³. ‚ [72Ä74] ¶ · ³¥É·¨§ Í¨Ö [25] ¡Ò²  ³µ-
¤¨Ë¨Í¨·µ¢ ´  ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ³µ¤¥²Ó´µ ´¥§ ¢¨¸¨³ÒÌ ¶µ¶· ¢µ±, ¸µ¤¥·¦ Ð¨Ì
¡µ²ÓÏµ¥ Î¨¸²µ ¶µ¤£µ´µÎ´ÒÌ ¶ · ³¥É·µ¢. ‚ [75] · ¤Ê¦´Ò¥ ¸¥Î¥´¨Ö  ´ ²¨-
§¨·µ¢ ²¨¸Ó ´  µ¸´µ¢¥ ¤µ¢µ²Ó´µ ¸²µ¦´µ° ¶ · ³¥É·¨§ Í¨¨ S-³ É·¨ÍÒ, ¶µ¤-
¸± § ´´µ° · ¸Î¥É ³¨ ¶µ µ¶É¨Î¥¸±µ° ³µ¤¥²¨. ‚ [76Ä78] ¡Ò²  ¶·¥¤²µ¦¥´ 
S-³ É·¨Î´ Ö ³µ¤¥²Ó, ±µÉµ· Ö ¸µ¤¥·¦¨É ´¥¸±µ²Ó±µ ¶ · ³¥É·µ¢, ¨³¥ÕÐ¨Ì Ö¸-
´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸², ¨ ¶µ§¢µ²Ö¥É µ¶¨¸Ò¢ ÉÓ · §²¨Î´Ò¥ ·¥Ë· ±Í¨µ´´Ò¥
ÔËË¥±ÉÒ ¢ Ê¶·Ê£µ³ · ¸¸¥Ö´¨¨ Ö¤¥·, ¢±²ÕÎ Ö Ö¤¥·´ÊÕ · ¤Ê£Ê:

S(L) = η(L) exp {2i[δN(L) + ξc(L)]}, (9.17)

η(L) = exp [ln ε w(L, L1, ∆1)], 2δN (L) = δ0 w2(L, L2, ∆2), (9.18)

w(L, Li, ∆i) = sh (Li/∆i) / [ch(Li/∆i) + ch(L/∆i)] . (9.19)

” §  ξc(L) ±Ê²µ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ´  µ¤´µ·µ¤´µ § ·Ö¦¥´´µ° ¸Ë¥·¥ · ¤¨Ê¸ 
Rc µ¶·¥¤¥²Ö¥É¸Ö ±¢ §¨±² ¸¸¨Î¥¸±¨³ ¢Ò· ¦¥´¨¥³ [76Ä78]:

ξc(L) =




− 1
2

√
L2

c − L2 − 1
4p ln

[(
aR2

c−p+
√

L2
c−L2

)2

p2+L2

]
− n+

+n ln(kRc − n +
√

L2
c − L2) + L

[
1
2arctg

(
L2+apR2

c

L
√

L2
c−L2

)
+

+arctg

(
L

n
√

L2
c−L2−L2−nkRc

L2
√

L2
c−L2+nL2+n2kRc

)
+ π

4

]
, L < Lc,

n
2 ln(L2 + n2) + Larctg n

L − n , L ≥ Lc,
(9.20)

£¤¥ a =
√

nk/R3
c , Lc =

√
k2R2

c − 2nkRc, p = (3nk/Rc − k2)/(2a). � · ³¥É·
ε � 1 µ¶·¥¤¥²Ö¥É ¶·µ§· Î´µ¸ÉÓ Ö¤·  ¢ µ¡² ¸É¨ ³ ²ÒÌ ³µ³¥´Éµ¢, δ0 Ì · ±É¥-
·¨§Ê¥É Ö¤¥·´ÊÕ ·¥Ë· ±Í¨Õ. � · ³¥É·Ò L1, ∆1 ¨ L2, ∆2 µ¶·¥¤¥²ÖÕÉ · §³¥·Ò
¨ · §³ÒÉ¨Ö µ¡² ¸É¥° ¸¨²Ó´µ£µ ¶µ£²µÐ¥´¨Ö ¨ Ö¤¥·´µ° ·¥Ë· ±Í¨¨. �É³¥É¨³,
ÎÉµ ¢¶¥·¢Ò¥ ¸¨³³¥É·¨§µ¢ ´´ Ö · §³ÒÉ Ö ¸ÉÊ¶¥´Ó±  (9.19) ¡Ò²  ¶·¥¤²µ¦¥´ 
¤²Ö µ¶¨¸ ´¨Ö Ö¤¥·´µ° ¶²µÉ´µ¸É¨ ¢ [79, 80].

�  ·¨¸. 14 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ¸¥Î¥´¨° Ê¶·Ê£µ£µ · ¤Ê¦´µ£µ
· ¸¸¥Ö´¨Ö ´  µ¸´µ¢¥ ³µ¤¥²¨ (9.17)Ä(9.20). „²Ö · ¸¸¥Ö´¨Ö αÄ92Zr ¶·¨ Ô´¥·-
£¨¨ E = 120 ŒÔ‚ ³ ² Ö ¶·µ§· Î´µ¸ÉÓ (ε = 0, 011) µ± §Ò¢ ¥É¸Ö ¤µ¸É ÉµÎ´µ°
¤²Ö ¶·µÖ¢²¥´¨Ö ÔËË¥±É  Ö¤¥·´µ° · ¤Ê£¨ (Ê£µ² · ¤Ê£¨ θr = 72◦ ¶µ± § ´ ´ 
·¨¸. 14,a ¸É·¥²±µ°). �¸µ¡¥´´µ Ö¸´µ µ´ ¢¨¤¥´ ¢ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¥° ¸¥Î¥-
´¨Ö, £¤¥ ´ ¡²Õ¤ ÕÉ¸Ö ¤¢  ¢Ò· ¦¥´´ÒÌ · ¤Ê¦´ÒÌ ³ ±¸¨³Ê³  ¢ µ¡² ¸É¨ θ < θr.
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�¨¸. 14. �É´µÏ¥´¨e ¸¥Î¥´¨° σ(θ)/σR(θ) ¤²Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö: a) αÄ92Zr ¶·¨
Ô´¥·£¨¨ 120 ŒÔ‚ (· ¸Î¥É ¨§ [77], Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨§ [81]), ¡) 6Li Ä40Ca
¶·¨ 210 ŒÔ‚ (· ¸Î¥É ¨§ [77], Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨§ [82]) ¨ ¢) 9Be Ä16O ¶·¨
158 ŒÔ‚ (· ¸Î¥É ¨§ [78], Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨§ [83]). ‘¶²µÏ´Ò¥ ²¨´¨¨
¶µ± §Ò¢ ÕÉ ¶µ²´Ò¥ ¸¥Î¥´¨Ö,   ÏÉ·¨Ìµ¢Ò¥ ¨ ¶Ê´±É¨·´Ò¥ Å ¨Ì ¡²¨¦´¨¥ ¨ ¤ ²Ó´¨¥
¸µ¸É ¢²ÖÕÐ¨¥, · ¸¸Î¨É ´´Ò¥ ¶µ ¶·µÍ¥¤Ê·¥ ”Ê²²¥·  [53]
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“£²µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì Ê£² Ì · ¸¸¥Ö´¨Ö ¶µ²´µ¸ÉÓÕ
µ¶·¥¤¥²Ö¥É¸Ö ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¥°, ¡Ò¸É·µ ¨ ¶² ¢´µ Ê¡Ò¢ ÕÐ¥° ¢ µ¡² ¸É¨
É¥´¨ θ > θr. �²¨¦´ÖÖ ¸µ¸É ¢²ÖÕÐ Ö Ô±¸¶µ´¥´Í¨ ²Ó´µ Ê¡Ò¢ ¥É ± ±  ³¶²¨ÉÊ¤ 
Ë· Ê´£µË¥·µ¢¸±µ£µ É¨¶ . ‚ µ¡² ¸É¨ ³ ²ÒÌ Ê£²µ¢ ¨³¥¥É ³¥¸Éµ ¡Ò¸É·µ¥ ¶¥·¥-
¸¥Î¥´¨¥ ¡²¨¦´¥° ¨ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¨Ì ¨ ´ ¡²Õ¤ ÕÉ¸Ö Ë· Ê´£µË¥·µ¢¸±¨¥
µ¸Í¨²²ÖÍ¨¨ ¢ ¤µ¢µ²Ó´µ Ê§±µ³ ¤¨ ¶ §µ´¥ Ê£²µ¢.

�·¨ · ¸¸¥Ö´¨¨ 6Li Ä40Ca ¶·µ§· Î´µ¸ÉÓ ¥Ð¥ ³¥´ÓÏ¥ (ε = 0, 0066), ¨ Ö¤¥·-
´ Ö · ¤Ê£  ¢Ò· ¦¥´  ¸² ¡µ (®¶·¨§· ±¯ · ¤Ê£¨ [84]), ± ± ¶µ²±  ´  ¤ ²Ó´¥° ¸µ-
¸É ¢²ÖÕÐ¥° (θr = 40◦). �¸´µ¢´µ° Î¥·Éµ° ¤ ´´µ£µ ¸¥Î¥´¨Ö Ö¢²Ö¥É¸Ö ¡Ò¸É·µ¥
Ë· Ê´£µË¥·µ¢¸±µ¥ ¶¥·¥¸¥Î¥´¨¥ ¡²¨¦´¥° ¨ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¨Ì.

„²Ö ¡µ²¥¥ ÉÖ¦¥²ÒÌ ¨µ´µ¢ 9Be Ö¤¥·´ Ö · ¤Ê£  ´ ¡²Õ¤ ¥É¸Ö ´  ²¥£±¨Ì Ö¤· Ì
³¨Ï¥´¨, ´ ¶·¨³¥·, ´  16O. ‡´ Î¥´¨¥ ε = 0, 003 ¢¥¸Ó³  ³ ²µ, ´µ ¤ ²Ó´ÖÖ ¸µ-
¸É ¢²ÖÕÐ Ö ¨³¥¥É § ³¥É´ÊÕ · ¤Ê¦´ÊÕ ¶µ²±Ê (θr = 73◦) ¨ ¶µ²´µ¸ÉÓÕ µ¶·¥-
¤¥²Ö¥É ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö ¶·¨ θ > 35◦. ˆ§-§  ¡µ²ÓÏµ° · §´¨ÍÒ ¢ ¸±µ·µ¸É¨
Ê¡Ò¢ ´¨Ö ¡²¨¦´¥° ¨ ¤ ²Ó´¥° ¸µ¸É ¢²ÖÕÐ¨Ì Ë· Ê´£µË¥·µ¢¸±¨¥ µ¸Í¨²²ÖÍ¨¨
§ ÉÊÌ ÕÉ £µ· §¤µ · ´ÓÏ¥, Î¥³ Ëµ·³¨·Ê¥É¸Ö · ¤Ê¦´ Ö ¶µ²± .

� ¤Ê¦´µ¥ · ¸¸¥Ö´¨¥ É ±¦¥ ´ ¡²Õ¤ ¥É¸Ö ¢ · §²¨Î´ÒÌ ±¢ §¨Ê¶·Ê£¨Ì ¶·Ö-
³ÒÌ Ö¤¥·´ÒÌ ·¥ ±Í¨ÖÌ (¶µ¤·µ¡´¥¥ ¸³. [85Ä87]).

10. ‡�Š‹�—…�ˆ…

‚¸¥  ¸¶¥±ÉÒ ¸µ¢·¥³¥´´µ° ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ Ö¤¥·´ÒÌ ¸Éµ²±´µ¢¥´¨°
´¥¢µ§³µ¦´µ ¨§²µ¦¨ÉÓ ¢ µ¤´µ³ µ¡§µ·¥. �µÔÉµ³Ê ¶¥·¥Î¨¸²¨³ ±· É±µ ´¥±µÉµ-
·Ò¥ ¢ ¦´Ò¥ ¢µ¶·µ¸Ò ¤¨Ë· ±Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨Í ¸ Ö¤· ³¨ ¨ · -
¤Ê¦´µ£µ · ¸¸¥Ö´¨Ö, ¡ §¨·ÊÕÐ¨¥¸Ö ´  ¨§²µ¦¥´´ÒÌ ¢ÒÏ¥ ¨¤¥ÖÌ ¨ ¶·¨´Í¨¶ Ì,
±µÉµ·Ò¥ É ±¦¥ µÉ´µ¸ÖÉ¸Ö ± Ö¤¥·´µ° µ¶É¨±¥.

ˆ´É¥·¥¸´Ò³ ´ ¶· ¢²¥´¨¥³ ¢ ¤¨Ë· ±Í¨µ´´µ° É¥µ·¨¨ Ö¢²Ö¥É¸Ö ¨§ÊÎ¥´¨¥
¢§ ¨³µ¤¥°¸É¢¨Ö ¸²µ¦´ÒÌ Î ¸É¨Í ¸ Ö¤· ³¨. ‚¶¥·¢Ò¥ ¢²¨Ö´¨¥ ¢´ÊÉ·¥´´¥°
¸É·Ê±ÉÊ·Ò ¤¥°É·µ´µ¢ ´  ¸¥Î¥´¨Ö ¨Ì ¢§ ¨³µ¤¥°¸É¢¨Ö ¸  Éµ³´Ò³¨ Ö¤· ³¨ ¨§Ê-
Î ²µ¸Ó ¢ [88Ä90]. ‚ [91Ä93] ¡Ò²µ É¥µ·¥É¨Î¥¸±¨ ¶·¥¤¸± § ´µ ¤¨Ë· ±Í¨µ´´µ¥
· ¸Ð¥¶²¥´¨¥ ¤¥°É·µ´µ¢ ¢ ¶µ²¥ Ö¤· , ¢¶µ¸²¥¤¸É¢¨¨ ´ ¡²Õ¤ ¢Ï¥¥¸Ö Ô±¸¶¥·¨-
³¥´É ²Ó´µ. ‚ [94Ä97] ¨¸¸²¥¤µ¢ ² ¸Ó ¤¥°É·µ´´ Ö ·¥ ±Í¨Ö ¸·Ò¢ . ‚ ¤ ²Ó´¥°Ï¥³
¡Ò²  · §¢¨É  ¤¨Ë· ±Í¨µ´´ Ö É¥µ·¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö É·¥Ì´Ê±²µ´´ÒÌ Ö¤¥· ¸
ÉÖ¦¥²Ò³¨ Ö¤· ³¨ [98Ä100].

‚ ¦´ÊÕ ·µ²Ó ¢ · §¢¨É¨¨ É¥µ·¨¨ Ö¤¥·´ÒÌ ¸Éµ²±´µ¢¥´¨° ¸Ò£· ²  ³µ¤¥²Ó
³´µ£µ±· É´µ£µ ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö [101, 102], µ¡µ¡Ð¥´´ Ö ¢¶µ¸²¥¤-
¸É¢¨¨ ¤²Ö · ¸¸¥Ö´¨Ö ¸²µ¦´ÒÌ Î ¸É¨Í Ö¤· ³¨ ¢ [103Ä106]. ‚ ÔÉµ° ³µ¤¥²¨
 ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ´Ê±²µ´  ¨²¨ Ö¤·  Ö¤·µ³ ¸É·µ¨É¸Ö ¨§ ´Ê±²µ´-´Ê±²µ´´ÒÌ
 ³¶²¨ÉÊ¤ ¨ ¸É·Ê±ÉÊ·´ÒÌ Ë ±Éµ·µ¢ Ö¤¥·. �  µ¸´µ¢¥ ³µ¤¥²¨ [101, 102] ¢ [107Ä
109] ¡Ò²  · §¢¨É   ²ÓË -Î ¸É¨Î´ Ö ³µ¤¥²Ó ¸ ¤¨¸¶¥·¸¨¥° ¤²Ö Ö¤¥· 12C ¨ 16O,
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¢ ±µÉµ·µ°  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ Ö¤·µ³ ¸É·µ¨² ¸Ó ¨§  ³-
¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ÔÉµ° Î ¸É¨ÍÒ  ²ÓË -±² ¸É¥· ³¨.

� ·Ö¤Ê ¸ Ê¶·Ê£¨³ · ¸¸¥Ö´¨¥³ É¥µ·¨Ö µ¶¨¸Ò¢ ¥É É ±¦¥ · §²¨Î´Ò¥ ´¥Ê¶·Ê-
£¨¥ ¶·µÍ¥¸¸Ò ¨ ¶µ²Ö·¨§ Í¨µ´´Ò¥ Ö¢²¥´¨Ö, ´¥ ¨³¥ÕÐ¨¥  ´ ²µ£¨¨ ¢ µ¶É¨±¥
[46, 110Ä119]. ’ ±¨³ µ¡· §µ³, Ö¤¥·´ Ö µ¶É¨±  ¡µ£ Î¥ ¨ · §´µµ¡· §´¥¥ µ¡ÒÎ-
´µ° µ¶É¨±¨,   S-³ É·¨Î´Ò° ¶µ¤Ìµ¤, ²¥¦ Ð¨° ¢ ¥¥ µ¸´µ¢¥, ¶µ§¢µ²Ö¥É ¶·µ¢µ-
¤¨ÉÓ  ´ ²¨§ ³´µ£µÎ¨¸²¥´´ÒÌ Ö¤¥·´ÒÌ ¶·µÍ¥¸¸µ¢ ¨ ¢ÒÖ¸´ÖÉÓ ³¥Ì ´¨§³Ò ¨Ì
¶·µÉ¥± ´¨Ö.
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