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The NambuÄJona-Lasinio (NJL) model with scale and axial UA(1) anomalies is introduced
at ˇnite temperature and density in the case of three Favors (u, d, s). It is then used to evaluate
condensates and thermodynamical functions (pressure, energy and entropy densities). We mainly
focus on analytical results.

‚¢µ¤¨É¸Ö ³µ¤¥²Ó � ³¡ÊÄˆµ´ -‹ §¨´¨o (�ˆ‹) ¸ ³ ¸ÏÉ ¡´µ° ¨  ±¸¨ ²Ó´µ° UA(1)  ´µ-
³ ²¨Ö³¨ ¶·¨ ±µ´¥Î´µ° É¥³¶¥· ÉÊ·¥ ¨ ¶²µÉ´µ¸É¨ ¢ ¸²ÊÎ ¥ É·¥Ì  ·µ³ Éµ¢ (u, d, s). ‡ É¥³ µ´ 
¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±µ´¤¥´¸ Éµ¢ ¨ É¥·³µ¤¨´ ³¨Î¥¸±¨Ì ËÊ´±Í¨° (¤ ¢²¥´¨Ö, ¶²µÉ´µ¸É¨
Ô´¥·£¨¨ ¨ Ô´É·µ¶¨¨). ‚ µ¸´µ¢´µ³ ¶·¥¤¸É ¢²¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ.

1. INTRODUCTION

Quantum chromodynamics, the fundamental theory of strong interaction, is
deˇned through the Lagrangian [1]

LQCD = q̄(iγµ∂µ −m)q − 1
4
(F aµν)

2 + gq̄γµAµq, (1)

where q is the quark ˇeld in Favor and color spaces (in the fundamental repre-
sentation) and g is the coupling constant. The quantity Aµ is a shortened notation
for the eight gluon ˇelds (Aµ = Aaµλ

a/2) in the adjoint representation. They
come into the YangÄMills Lagrangian in the combination

F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν , (2)

which gives rise to an interaction term between gluons (three- and four-gluon
couplings), due to the non-Abelian structure of the theory. (The totally antisym-
metrical coefˇcients fabc are the structure constants of SU(3).) This interaction,
with the fact that the coupling constant is high at low energy, prevents making
a perturbative analysis to describe hadronic matter. The understanding of this
physics requires putting QCD on a lattice or making use of effective model,
the latter being supposed to mimic the true theory in a given range of energyÄ
momentum. In the low energy regime, chiral symmetry is believed to play the



672 VAN DEN BOSSCHE B.

key role. In the following, we shall use a model which implement this symmetry:
the NambuÄJona-Lasinio or NJL model. This model was introduced some time
ago in the nucleon language [2,3]. With quark degrees of freedom, it has regain
new interest after the work of Volkov [4]. For three Favors in the scalar and
pseudoscalar sectors, it is described by the Lagrangian

LNJL = q̄(i∂/−m)q +GS

8∑
i=0

[(q̄
(λi)F
2

q)2 + (q̄iγ5
(λi)F
2

q)2]. (3)

Although having short-comings such as the lack of renormalizability and of con-
ˇnement, the model has the attra¸tive features of being relativistically invariant
and respecting some of the symmetries of QCD (among them chiral symmetry,
in the case of vanishing quark masses) while being mathematically tractable due
to the locality property of the 4-quark interaction.

The NJL model has already been extensively studied by several groups.
We can only mention a few, our purpose being here to describe the scaled
version of the model∗. A recent work has been done by Ripka∗∗ [6] in a book
which contains an in-depth analysis of regularization procedures and symmetry
conserving approximations; Klevansky [7] and Hatsuda and Kunihiro [8] give a
general introduction to NJL, both in the vacuum and at ˇnite temperature and
density; Alkofer, Reinhardt and Weigel [9] mainly applied the model to discuss
baryons as chiral solitons, as also done by Goeke and collaborators [10]; Bijnens
[11] discusses chiral perturbation theory within NJL; Alkofer, Ebert, Reinhardt
and Volkov [12, 13] hadronize the NJL model (both mesons and baryons); Vogl
and Weise [14] and Weise [15] review several of the above-mentioned topics:
bosonization and hadronization, ˇnite density and temperature effects. Finally,
a scaled NJL model in the same spirit as the one introduced here has been
investigated in [16Ä18].

In the following, we shall study a modiˇcation of the Lagrangian (3) which
takes into account the scale and axial anomalies of QCD. The motivation to
proceed in this way is the following: the NJL model is taken into account
because it is believed that its (global) symmetries, that it shares with QCD, are a
key concept to understand the underlying strong theory. Being based on argument
symmetry, it seems then natural to supply the model with other symmetry related
physics: the anomaly one. Anomalies are symmetries of the classical action which
are no more symmetries of the quantum world. Replacing the QCD Lagrangian
by the NJL one, we have thrown away the scale and (strong) axial anomalies.
Since the NJL model is intended to be used mainly at the mean ˇeld level, these

∗For more references (but still a nonexhaustive list), see [5].
∗∗This book is not restricted to the NJL model.
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anomalies are introduced by hand by adding effective terms. In this way, quantum
effects can be taken into account at the level of a tree effective theory.

Following [19], we give ˇrst a resume of the symmetries relevant to QCD
and NJL, for three Favors of quark u, d, s.

A. Symmetries. In the following, we take the convention to denote by m the
current quark mass matrix diag(mu,md,ms), and by q the vector representing
quarks in the Favor space q =diag(qu, qd, qs). The indicated transformations
leave the action invariant under certain circumstances that we specify.

• Global gauge symmetry: NJL is globally color invariant: color enters only
through the number Nc of each quark Favor.

• Scale symmetry: 


xµ → λ−1xµ,
Aaµ → λAaµ,

q → λ3/2q,

is exact, at the level of the classical action, in the limit of vanishing current quark
mass m = 0. However, this symmetry is broken by quantum effects.

• Vector U(1)V symmetry or Baryonic number conservation: q → exp(iα)q.
• Quark number conservation: qi → exp(iαi)qi (i = u, d, s): each Favor

has its own conserved number.
• Axial U(1)A symmetry: q → exp(iγ5α)q is exact, at the level of the

classical Lagrangian, in the limit of vanishing current quark mass m = 0. This
symmetry is broken by quantum effects, which explains why it is not seen in the
spectrum of physical states.

• Isospin symmetry:

q ≡
(
u
d

)
→ exp(iτaαa)q , a = 1, ..., 3.

Isospin symmetry is exact in the limit where light quark masses are equal mu =
md (τa are the Pauli matrices).

• Vector SU(3)V symmetry:

q ≡


 u

d
s


 → exp(i

λa
2
αaV )q , a = 1, ..., 8.

Isospin symmetry can be generalized to the three-Favor case and explains why
the hadrons are approximately ordered into multiplets.

• Axial SU(2)A and SU(3)A symmetries:

q ≡


 u

d
s


 → exp(iγ5

λa
2
αaA)q , a = 1, ..., 8 (SU(2)A : λa → τa).



674 VAN DEN BOSSCHE B.

This symmetry is exact as long as mu = md = ms = 0. It is however not seen in
the spectrum. Since axial transformations alter the parity that is associated with a
state, a manifestation of SU(2, 3)A in nature would require that each isospin (or
SU(3)V ) multiplet be accompanied by a mirror multiplet of opposite parity. In
the same way, since we do not observe opposite parity partners to all hadrons, the
U(1)A symmetry cannot be realized directly by QCD. While the axial SU(3)A
symmetry is realized in the Goldstone mode through the dynamical breaking of
chiral symmetry, U(1)A is never realized, being completely broken by quantum
effects (the anomaly).

• Chiral symmetry: vector and axial SU(3) symmetries can be combined to
realize transformations on the left and right parts of the quarks (qR

L
≡ 1∓ γ5

2 q):

SU(3)V ⊗ SU(3)A ↔ SU(3)L ⊗ SU(3)R,

where

SU(3)L ⇒ qL → exp(i
λa
2
αaL)qL, SU(3)R ⇒ qR → exp(i

λa
2
αaR)qR.

Under chiral symmetry, left-handed and right-handed quarks transform indepen-
dently. This symmetry is broken by the quark mass matrix m. Apart from this
explicit breaking, chiral symmetry is also spontaneously broken down to SU(3)V .

As mentioned above, a symmetry can be manifested in several ways.
• It may remain exact.
• It may be explicitly broken (this is the case of isospin symmetry in the

limit mu 
= md).
• It may be hidden. It is an invariance of the action but not of the ground

state: the symmetry is not seen in the spectrum of physical states. Two types of
mechanisms [19] are possible: the symmetry can be spontaneously broken (such
as the SU(2)L symmetry in electroweak interactions), or dynamically broken (due
to self interactions of the considered ˇelds) as for chiral SU(2, 3)L ⊗ SU(2, 3)R
symmetry in QCD. In the latter case, there exists a composite order parameter
which, in the case of dynamical chiral symmetry breaking, is often chosen as the
quark condensate, although other order parameters are possible.

In the following, we shall use the term ®spontaneous symmetry breaking¯ to
describe both cases of hidden symmetry, making the distinction when appropriate.

The Goldstone theorem is intimately related to the notion of hidden sym-
metry and states that if a theory has a continuous symmetry of the Lagrangian
which is not a symmetry of the vacuum, there must exist one or more massless
(Goldstone) bosons. Goldstone theorem and the dynamical breaking of chiral
symmetry explain the small pseudoscalar nonet mass (π0, π±,K0, K̄0, η, η

′), but
for the η′ which is too heavy.
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The breaking of chiral symmetry can be summarized by

SU(3)L ⊗ SU(3)R ⇒ SU(3)V .

• The symmetry may have an anomaly, as for the axial U(1)A and scale
symmetries of QCD. Even if the quark masses are vanishing, the divergence of
the corresponding current is nonvanishing. For the axial U(1) symmetry, we get
(F̃ is the dual of F , βQCD is the CallanÄSymanzik β-function of QCD and γm is
the mass anomalous dimension)

∂µ(q̄γµγ5
λ0

2
q) = 2iq̄γ5m

0λ
0

2
q +

√
3
2

g2

32π2
F aµν F̃

µν
a , (4)

while the scale anomaly leads to

∂µJ
µ = θµµ = (1 + γm)

NF∑
i=1

q̄imiqi +
βQCD
2g

F aµνF
µν
a . (5)

The strong axial anomaly (4) is believed to give its high mass to the η′ particle
compared to the other members of the pseudoscalar nonet.

B. Effective Action. The Lagrangian (3) is used at tree level. If we want this
order to implement the full quantum aspects of QCD, it is necessary to supplement
it with a term which, while still invariant under the true symmetries of QCD, has
to break the axial U(1)A and scale invariances. Axial U(1)A anomaly can be
related to the formation of instantons [20Ä22] and yields anomalous contributions
to the η and η′ masses. A 't Hooft determinant is often taken to mimic the
anomaly, althought other forms can be chosen (see [20, 21, 23Ä26]). We shall
use here the simplest approach, consisting in just adding a mass term a2ξη2

0 (see
Eq. (11)) for the pseudoscalar singlet η0 particle, with ξ the parameter modelizing
the anomaly.

Figure 1 shows the modiˇcation of the η and η′ mass when the ξ parameter
is varied. It is clear that, removing it, the η has the same mass as the pion, while
the η′ is similar, but with the strange quark instead of the up.

As for the axial anomaly, the effect of the trace anomaly has to be
added by hand.

Several steps are necessary in order to construct the modiˇed NJL model in
the perspective of the symmetries and anomalies as described above. In view of
the way of treating the axial anomaly (mass term for the η0), it is better to work
on the bosonized version of the model∗ which leads to the partition function

ZNJL =
∫

Dϕa exp (−Ieff) , (6)

∗Hadronization techniques are reviewed in [27, 28] and [12, 13].
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with∗ [29Ä31]

Ieff = −Tr ln(−i∂/+m0 −W/ + ϕaΓa) +
∫

d4x
a2

2
(ϕa)2, (7)

ϕa = (σa, πa), a = 0, ..., 8 (π0 ≡ η0, π8 ≡ η8), (8)

Γa = (λa, iγ5λ5), a = 0, ..., 8, (9)

TrO = tr
∫

d4x 〈x|O|x〉 ,

∫
d4x =

∫ β

0

dτ

∫
Ω

d3x, (10)

where tr is the trace w.r.t. internal d.o.f. (Dirac, color, Favor), β = 1/T is the
inverse temperature, Wν = (−idiag(µu, µd, µs), 0, 0, 0) and Ω is the volume of
the system.

Fig. 1. η, η′ mass variation as a function of the ξ axial anomaly parameter

As mentioned above, the axial anomaly is introduced through a mass term
for the η0 particle. The scale invariance and anomaly, on the other hand, can be
included in the effective action in a similar way, through the introduction of a
dilaton ˇeld χ of scale dimension 1 (see for example [32, 33]). For details and
more references, the reader is referred to [5,34]. Although it is questionable [35]
to use the dilaton ˇeld as an order parameter associated with gluon conˇnement,

∗The Euclidean space is used from now on.
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we shall adopt this point of view as in the works [36, 37]. Finally, the effective
action deˇning the scaled NJL model is

Ieff = −TrΛχ ln(−i∂/+m0 + ϕaΓa −W/ ) +
∫

d4x
a2

2
χ2ϕ2

a

+
∫

d4x

{
a2

2
ξχ2π2

0 +
1
2
(∂µχ)

2 +
b2

16

(
χ4 ln(

χ4

χ4
G

)− (χ4 − χ4
G)

) }
, (11)

which takes into account axial and scale anomalies, and where a cut-off Λ has
been included in the functional trace in order to take into account the lack of
renormalizability∗.

The main contribution to the partition function comes from the point which
minimizes the effective action. Mathematically, this corresponds to ˇnding the
saddle point approximation to the path integral while, physically, it corresponds
to a maximization of the pressure. In the present model, such an extremal-
ity condition leads to gap equations (or DysonÄSchwinger equations) for the
constituent quark masses similar to that of the usual NJL model, but for a
χ dependence:

a2χ2
s (Mu −mu) = 8NcMugMu,β,µu , (12)

a2χ2
s (Ms −ms) = 8NcMsgMs,β,µs , (13)

with

gMi,β,µi =
1
βΩ

∑
k

1
k∗2i +Mi

2 , i = u, s,

and k∗i = (k0 − iµi, -k), k0 = (2n + 1)πβ, the odd Matsubara frequencies being
related to the anti-commutating nature of the fermions.

Moreover, there is a new equation, corresponding to the extremality condi-
tion for the dilaton ˇeld (this latter equation also contains the constituent quark
masses):

∗The cut-off breaks scale invariance. Supplementing it with a dilaton ˇeld, as described in [38],
allows to restore it.
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exp

{
− a2

2χ2
0

[
M0
u

2
(
1− mu

M0
u

)2

+
M0
s

2

2

(
1− ms

M0
s

)2
]}

×

[
(Λχ0)

2 +M0
u

2
] 2NcΛ4

8π2

χ
b2/2
0

[
(Λχ0)

2 +M0
s

2
]NcΛ4

8π2

= exp

{
− a2

2χs2

[
M2
u

(
1− mu

Mu

)2

+
M2
s

2

(
1− ms

Ms

)2
]}

×

[
(Λχs)

2 +Mu
2
] 2NcΛ4

8π2

χsb
2/2

[
(Λχs)

2 +Ms
2
]NcΛ4

8π2
. (14)

In the 2-degenerate Favor case, we then have two coupled equations: one is the
gap Equation (12), while the other is (14) without the strange content. Since they
are nonlinear, we can expect different results compared to a pure NJL model.
And indeed, we have different results: according to the set of parameters, we can
have a second or ˇrst order phase transition (restoration of chiral symmetry) w.r.t.
the temperature, at zero density. The usual NJL model only allows a second order
phase transition. When a third quark with a different mass is added, such as the
strange quark, we have one more gap equation and the behaviour can be even
more complicated: noncoincident second order phase transition for both quarks,
or coincident ˇrst order, or noncoincident ˇrst order, or a ˇrst transition for one
species while the other feels a second order phase transition. It is clear that in
such a complicated situation, working with the gap equations, coming from a
derivative condition, can be a very hard task and it is useful to turn to a global
condition, looking directly at the great potential (or the pressure).

2. THERMODYNAMICS

In the previous section, we have described the scaled NJL model. This sec-
tion gathers results at ˇnite temperature. We shall focus on analytical results for
the thermodynamics. We shall then show our numerical results concerning the
condensates and the thermodynamics in Section 3. We shall take parameters not
necessarily in agreement with experiment but usefull to illustrate the meaning of
some proposition. From this point of view, the NJL model is a very interesting
toy model.

QCD has two phase transitions: a deconˇnement transition corresponding
to going from a hadronic gas to a quark-gluon plasma, and a transition leading
to a phase where the chiral symmetry is restored. Lattice calculations [39, 40]
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suggest that these two transitions coincide. In a purely gluonic theory, the (lattice)
transition is of ˇrst order (for Nc = 3). However, when quarks are introduced,
the order of the transition depends on the number of light Favors. With Nf = 3
massless Favors, QCD has a ˇrst order chiral transition, not connected to the
pure gluonic one. When the mass of the quarks is varied, the two ˇrst order
transitions are separated by a region in which there is a crossover. According to
the type of calculations Å Wilson fermions [41] or staggered (KogutÄSusskind)
fermions [42] Å QCD (mu ≈ md ≈ 10 MeV, ms ≈ 200 MeV) appears to be in
the ˇrst order region, or in the crossover region, respectively. It is then presently
unclear which case occurs and we have the freedom to play with the parameters
in such a way as to allow for both types of transitions∗.

The deconˇning transition is hard to study in existing models, although such
models have been designed, e.g., [48]. However, chiral symmetry breaking and
its restoration can be studied in effective models. Both deconˇnement and chiral
symmetry restoration transitions are seen to be coincident on the lattice. In
the following, we shall take the point of view that the study of the chiral phase
transition can shed light on the deconˇning transition. We shall also take the point
of view that gluon conˇnement is linked to the gluon condensate χs, although
this hypothesis is questionable [35,49].

There is a constraint between the quark and gluon condensates, which shows
up into the form of three coupled equations for the three condensates, see
Eqs. (12)Ä(14). We can then get, according to the strength of this constraint,
a ˇrst order transition (discontinuous passage from one phase to the other, see
Fig. 2) or a second order transition (continuous transition from one phase to the
other, see Fig. 3). (The pictures are shown in Section 3.) The analytical results
given in this section have been discussed in [34,50]. As already stated we work
at the mean ˇeld level. The groups of Rostock [51,52], Heildelberg [53Ä55] and
Nikolov et al. [56] go beyond this approximation, studying the ˇrst 1/Nc cor-
rections and showing that they are not negligible at low temperature and density
(because pions are almost massless).

A. Pressure, Energy Density, Entropy Density, Bag Constant. In this
section we want to understand the equilibrium properties of a strongly interacting
matter, i.e., determine the relations associated to the thermodynamics of a hot and
dense system. The system is modelized by an effective action of the NJL type
(free massive constituent quarks) with a dilaton ˇeld included∗∗, Eq. (11). In a
grand-canonical system, the partition function is given by

∗Note that the distinction between pure gauge deconˇnement and light quark chiral phase
transition is of prime importance: the energy scales are different. Pure gauge transitions occur at
a temperature of about 260 MeV while, with two light Favors, the critical temperature is around
150 MeV [39, 40, 43Ä45], or even as low as 140 MeV according to [46, 47].

∗∗For the thermodynamics of a scaled linear sigma model, see [57] and references therein
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Z = exp(−βΩ), (15)

where Ω is the thermodynamical potential (or grand potential). We exclusively
consider a system in equilibrium: all the descriptions (micro-canonical, canonical,
grand-canonical) are equivalent. However the grand-canonical description is the
easiest. In the canonical formalism, the basic quantity is the Helmholtz free energy
and the independent variables are the temperature, the pressure and the densities
(one for each chemical potential). Since phase transitions occur at a constant
chemical potential, and not at a constant density, it has always to be checked if a
lower energy solution, obtained by separating the system into subsystems, exists
[58]. Working in the grand-canonical formalism, where the independent variables
are the temperature, the pressure and the chemical potentials, there is a direct
access to the solutions corresponding to the minimum of the thermodynamical
potential. Equation (15) leads to the identiˇcation

Ieff = βΩ. (16)

Since [58,59]

dΩ = −SdT − PdΩ− ρidµi (i = u, d, s), (17)

we get

P = −
(
∂Ω
∂Ω

)
T,µi

. (18)

This implies

P =
1
β

∂ ln(Z)
∂Ω

}
T,µi

. (19)

Physically, the pressure is not an absolute quantity. We have to consider it with
respect to a reference system which is chosen to be the (nonperturbative) vacuum,
of pressure P0. Deˇning P − P0 = P ′ and replacing P ′ by P , we then have

P =
1
β

∂ ln(Z/Z0)
∂Ω

}
T,µi

. (20)

Subtracting the vacuum, the lowest order of the action is

Iseff(ϕ
s
a, χs) ≡ Iseff(Mu,Ms, χs) =

Is(µ,β)(Mu,Ms, χs) + Is(0,∞)(Mu,Ms, χs)− Is(0,∞)(M
0
u,M

0
s , χ0). (21)
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The ˇrst term is the Fermi part, which does not need being regularized,

Is(µ,β) (Mu,Ms, χs) = −βΩ 2Nc

2π2β

∑
i=u,s

ai

∫ ∞

0

k2dk

×
{
ln

(
1 + exp [−β (Ei + µi)]

)
+ ln

(
1 + exp [−β (Ei − µi)]

)}
, (22)

where∗ Ei =
√
k2 +M2

i , and au = 2, as = 1, while the Dirac part (T = µ = 0)
has to be regularized and is given by

Is(0,∞)(Mu,Ms, χs)− Is(0,∞)(M
0
u,M

0
s , χ0) = −βΩ

{
2Nc
32π2

∑
i=u,s

ai

×
[
(Λχs)

4 ln
(Λχs)

2 +Mi
2

(Λχ0)
2 +M0

i
2 −Mi

4 ln
(Λχs)

2 +Mi
2

Mi
2

+M0
i

4
ln
(Λχ0)

2 +M0
i

2

M0
i

2

−
(1
2
(Λχs)4 −

1
2
(Λχ0)4

)
+

(
(MiΛχs)2 − (M0

i Λχ0)2
)]

+
[
(χ4
s − χ4

0)
( b2

16
+

a2

4χ2
0

(σs20 + σs28 )
)

−
∑
i=u,s

ai

(a2χ2
s

4
Mi

2(1 − mi
Mi
)2 − a2χ2

0

4
M0
i

2
(1− mi

M0
i

)2
)

− b2

16
χ4
s ln

(
χs
χ0

)4 ]}
. (23)

With the action (21), Eq. (20) gives

P = − 1
β

∂Iseff(Mu,Ms, χs)
∂Ω

, (24)

which leads to

P = − 1
βΩ

[
Is(µ,β)(Mu,Ms, χs)+

+ Is(0,∞)(Mu,Ms, χs)− Is(0,∞)(M
0
u,M

0
s , χ0)

]
. (25)

∗When no confusion is possible between the 4-momentum k and the 3-momentum �k, we use
the notation k for |�k|.
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The physical meaning of this equation is that the grand potential is an extensive
quantity:

Ω = −PΩ. (26)

Mathematically, the mean ˇeld approximation corresponds to ˇnding the mini-
mum of the action. Equation (26) shows the physics attached to this condition:
the system chooses the phase where the pressure is a maximum.

Quark densities can be evaluated from (17) and are given by

ρi = −
(
∂Ω
∂µi

)
T,Ω

= − 1
βΩ

(
∂Iseff
∂µi

)
= −Nc

π2

∫ ∞

0

k2 (ni+ − ni−) dk, (27)

where

ni± =
1

1 + exp [β (Ei ± µi)]
. (28)

If we work in the isospin limit (mu = md) for a symmetric matter (µu = µd), it
is clear that ρu = ρd.

The entropy density can also be evaluated from (17) and is given by

s ≡ S

Ω
= − 1

Ω

(
1− β

∂

∂β

)
Is(µ,β) (Mu,Ms, χs) . (29)

Only the Fermi part appears in this formula since this is the only one which
depends upon temperature. When T → 0 the entropy density s goes to zero, in
agreement with the third principle of thermodynamics.

Finally, the internal energy is given by [58,59]

E ≡ Ω+ TS + µiρi =
(
1 + β

∂

∂β
− µi

∂

∂µi

)
Ω =

=
(

∂

∂β
− 1

β
µi

∂

∂µi

)
Iseff(Mu,Ms, χs). (30)

This gives the energy density

ε ≡ E

Ω
=
1
Ω

(
∂

∂β
− 1

β
µi

∂

∂µi

)
Is(µ,β) (Mu,Ms, χs)

+
1
βΩ

[
Is(0,∞) (Mu,Ms, χs)− Is(0,∞)

(
M0
u,M

0
s , χ0

)]
. (31)

Like the pressure, the energy density is a relative quantity: (31) gives the density
energy of the system w.r.t. the vacuum energy.
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B. Bag Constant B. Following [47,60], we write

P = Pideal gas −B (β, µu, µs) , (32)

ε = εideal gas +B (β, µu, µs) , (33)

Ts = Pideal gas + εideal gas − µiρi, (34)

with

Pideal gas = −
Is(µ,β) (Mu,Ms, χs)

βΩ
=

=
Nc

3π2

∑
i=u,s

ai

∫ ∞

0

k4

Ei
(ni+ + ni−) dk, (35)

εideal gas =
1
Ω

(
∂

∂β
− 1

β
µi

∂

∂µi

)
Is(µ,β) (Mu,Ms, χs)

=
Nc
π2

∑
i=u,s

ai

∫ ∞

0

k2Ei (ni+ + ni−) dk, (36)

being quantities relative to a massive free quark system. The interaction measure,
which is an indication of nonperturbative effects, is

ε− 3P = 4B + Nc
π2

∑
i=u,s

aiM
2
i

∫ ∞

0

k2
i

Ei
(ni+ + ni−) dk. (37)

In Eqs. (32) and (33), we have deˇned a temperature and density dependent
(through Mu,Ms, χs) bag constant∗ B. It depends on the Dirac contribution (23)
to the pressure:

B (β, µu, µs) =
1
βΩ

{
Is(0,∞) (Mu,Ms, χs)− Is(0,∞)

(
M0
u,M

0
s , χ0

)}
. (38)

The deˇnition (38) is different from [30, 37, 54, 61] because two new effects are
implemented: i) we take into account the explicit breaking of chiral symmetry
(even if mu = 0, we have ms 
= 0: the strange quark contribution can be
nonnegligible); ii) as already stated, Eq. (38) takes into account the effects of the
gluons. Moreover, (38) conceptually differs from the deˇnition [54] where the
bag constant is zero in the chirally restored phase. Finally, it is different from the
bag constant B′ introduced in [29,31,38]. In these references, it is only obtained

∗In [47, 60], there is no glueball: the bag constant is purely chiral. Our bag constant is then a
generalization of these references.
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at zero temperature and density, through the deˇnition of B′, being identical to
the energy difference between the perturbative vacuum and the true vacuum∗.

In the perturbative vacuum, the chiral symmetry is restored and the gluon
condensate vanishes. Then, according to [29],

B′ =
1
βΩ

{
Is(0,∞) (0, 0, 0)− Ic(0,∞)

(
M0
u,M

0
s , χ0

)}
=
1
16

m2
GLχ

2
0, (39)

with m2
GL = b2χ2

0. In SU(3), implementing ms = 0 in the deˇnition of the
perturbative vacuum makes no sense. However, we shall see that the value of

B′1/4 is not so far from that of B1/4 (38) (for T >>) so that the use of (39)
in [29, 31, 38] is veriˇed a posteriori. This remark also applies for the effect of
χs which does not go down to zero.

Note that in [61], the authors study both the chiral symmetry restoration and
the effects of the gluon condensate. They however deˇne two bag constants, one
associated to the restoration of scale symmetry, the other to the restoration of
chiral symmetry.

C. High Temperature Zero Density Limit (T > Tc). In a phase where
chiral symmetry is restored Å in this section, we mean the phase where the
constituent quark mass goes to the current quark mass (Mi = mi, i = u, s) even
if we are not in the chiral limit Å we have ms/T � 1: a high temperature
expansion in ms/T is possible [50, 62, 63]. Calculations are lengthy and left to
Appendix A. We work at zero density. Our results are a generalization of the
latter references where only a limited number of terms in the ms/T expansion
have been retained while we are able to give here the full expansion, involving
only elementary functions. Note that to describe the results in Section 3, the ˇrst
four terms will be enough (T > Tc, with Tc the critical temperature) so that we
only keep them in the following. For the pressure, we get

Pideal gas ≈ T 4

(
7
60

Ncπ
2 − Nc

12
m2
s

T 2
− Nc

8π2

m4
s

T 4
ln

ms
πT
+

+
Nc

16π2

(
3
2
− 2γ

)
m4
s

T 4
+ ...

)
, (40)

where γ is the Euler constant∗∗.

∗One can also take the equivalent deˇnition of considering it only through the glueball La-
grangian (decoupling between the glueball and the other ˇelds). We have B = 1

4
< θµµ >=

= b2

16
χ4 = 1

16
m2

GLχ2.
∗∗In [54], the massless free quark limit is unreachable, by construction: the d3k regularization

introduces a cut-off Λ for each Fermi or ideal gas quantity. These quantities, for example Pideal gas,
behave then at high temperature as Λ/T , decreasing to zero. This drawback is not present in this work,
where we have chosen a d4k regularization for the vacuum while the Fermi part is not regularized.
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Note that the case of ˇnite chemical potentials is much more complex and, to
our knowledge, has never been treated to all orders in the fermionic case. (In the
bosonic case, the constraint µi < Mi (not present in the fermionic case) allows a
high temperature expansion (mi/T and µi/T � 1) to all orders [64Ä66].)

Above Tc, the bag constant B is temperature independent and writes

B =
1
βΩ

{
Is(0,∞) (0,ms, χc)− Is(0,∞)

(
M0
u,M

0
s , χ0

)}
, (41)

where χc is the gluon condensate above Tc. Note that, for any set of parameters
(M0

u, χ0), we could not get χc = 0. In our model there is never a complete
gluon deconˇnement. This is related to the fact that gluons are only poorly
incorporated in our formalism (we have no explicit temperature dependence of
the gluon condensate since the modeling of the gluon anomaly is through a
temperature independent potential (see last term of Eq. (11)); we also do not have
the right number of gluonic d.o.f.).

The energy density is given by (31), so that

εideal gas =
1
Ω

∂Is(µ,β)

∂β
, (42)

i.e., using (16) and (26),

εideal gas = − ∂

∂β
(βPideal gas). (43)

With (40), the high temperature, zero density, expansion gives (Appendix A)

εideal gas ≈ T 4

(
7
20

Ncπ
2 − Nc

12
m2
s

T 2
+

+
Nc

8π2

m4
s

T 4
ln

ms
πT

+
Nc

16π2

(
2γ +

1
2

)
m4
s

T 4
+ ...

)
. (44)

Finally, (16) and (26) applied to (29) lead to

s =
(
1− β

∂

∂β

)
βPideal gas, (45)

or, equivalently, to

s = −β2 ∂

∂β
Pideal gas =

∂

∂T
Pideal gas. (46)

The high temperature, zero density, expansion of the entropy density is then
(Appendix A)

Ts ≈ T 4

(
7
15

Ncπ
2 − Nc

6
m2
s

T 2
+

Nc

8π2

m4
s

T 4
+ ...

)
. (47)

The results (40), (44) and (47) are used in Section 3.
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D. Low Temperature Zero Density Limit. To simplify the discussion, we
limit ourselves to the zero density case. IfM0

u is of the order of 400 MeV, the low
temperature expansion (see Appendix A) is valid up to T ≈ 100 MeV. Indeed,
masses and condensates are not varying within this range of temperatures, see
Section 3, and the expansion parameters βMu and βMs are then large enough Å
we have at worst βMu ≈ 4 Å to allow a stationary phase expansion of (35):

Pideal gas ≈
4Ncβ

−5/2

(2π)3/2
∑
i=u,s

aiM
3/2
i e−βMi + corrections, (48)

where au = 2, as = 1. To get the corrections∗, it is better to work with (35)
written in terms of K2, of which the asymptotic behavior is well known. The
method is explained in Appendix A which also contains the low temperature zero
density expansion of the energy and entropy densities.

The results relative to this section are given in Section 3B. They necessitate
the knowledge of the behavior of the condensates as a function of temperature,
given in Section 3A.

3. RESULTS

We show the variation as a function of temperature of the quark and gluon
condensates in Section 3A. We then discuss the results relative to the thermody-
namics in Section 3B.

A. Condensates. The quark and gluon condensates are given by

〈ūu〉 ≡ 1
βΩ

∂Iceff
∂mu

(Mu,Ms, χs) =

= −1
2
a2χ2

s (Mu −mu) = −4NcMugMu,β,µu, (49)

〈s̄s〉 ≡ 1
βΩ

∂Iceff
∂ms

(Mu,Ms, χs) =

= −1
2
a2χ2

s (Ms −ms) = −4NcMsgMs,β,µs , (50)

and by Eq. (14). The constituent quark massesMu andMs used in these equations
come from the gap equations (12), (13). When mu = 0, Mu = 0 is always a
solution of (12), so that it has to be checked if it corresponds to a greater pressure.

∗Corrections to (48) are negligible only if βMi � 40. However their number is limited for
βMi as low as 4. In Appendix A, we quantitatively discuss the importance of these corrections with
respect to the value of βMi.
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We deˇne a second order transition to be a transition for which the slope of the
pressure as a function of the external parameters T, µ is continuous (this includes
both true second order transitions and crossovers); otherwise it is said to be of the
ˇrst order. Different behaviors show up according to the chosen set of (model)
parameters and to the external (temperature and density) parameters: we can have
two ˇrst order transitions, coincident or not, or two second order transitions. We
can also have a second order transition for one species of quark while the other
experiences a ˇrst order transition.

Fig. 2. Up constituent quark mass transition (with mu �= 0)
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A discontinuous slope for the pressure means a discontinuous condensate:
there is a mass gap. This is illustrated in Fig. 2.

Since the pressure at point A is identical to the pressure at point D, the
transition takes place between these two points. Only the region from B to C is
unstable: there is metastability between A and B and between C and D.

Note that looking graphically at the pressure to ˇnd the transition point is
manageable only in the two degenerate Favor model at zero density or tempera-
ture. In that case, the strategy is the following. Given Mu, the corresponding χs
can be extracted from Eq. (14) with the strange quark contribution removed (two-
Favor case). We can then use this couple (Mu, χs) to extract the corresponding
temperature from the gap equation, Eq. (12). There is only one solution. (Should
we have ˇxed the temperature, we should have to solve two coupled equations
(12),(14) with the problem that, for a ˇrst order transition, several solutions are
possible.) We then get the ABCD curve of Fig. 2(a). To get the transition point
it is then enough to look at the pressure, Fig. 2(b).

Of course, as soon as more variables (µu, µs,Ms) are introduced, this strategy
is not anymore of interest. We have to solve the full set of coupled equations
(12)Ä(14) as a function of chemical potentials and temperature. Because of
possible ˇrst order transitions, several local extrema of the pressure show up so
that it is necessary to use a numerical algorithm searching for global extrema.
In our work [50], we used the simulated annealing algorithm that we adapted
from [67].

In order to save place, we restrict ourselves to two sets of parameters:

(i) M0
u = 300 MeV, χ0 = 80 MeV, (51)

(ii) M0
u = 600 MeV, χ0 = 125 MeV. (52)

Figure 3 is for the set (51) and corresponds to a second order phase transition w.r.t.
the temperature for vanishing chemical potentials. It is similar to results obtained
in the two-Favor case [29, 31]. The choice Mu = 350 MeV, χ0 = 450 MeV
would almost corresponds to a pure NJL model with a critical temperature of
Tc ≈ 193 MeV. The gluon condensate is almost Fat, so that the quark and
gluon condensates are almost uncoupled. In contrast, the choice (51) leads to
a greater coupling between condensates and the critical temperature is lowered
(Tc ≈ 150 MeV in the chiral limit∗, see Fig. 4). Such a low temperature is in
agreement with lattice results [40,45Ä47].

Working in the three-Favor version of the model, these two pictures show
also the strange quark condensate, for which we can make two remarks:

• < s̄s > decreases slower than < ūu >, in agreement with [68]. This can
be traced back to the greater constituent strange quark mass compared to the up

∗The two-Favor case leads to a critical temperature of 140 MeV.
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Fig. 3. Quark and gluon condensates as a function of temperature for the parameters
M0

u = 300 MeV, χ0 = 80 MeV∗

quark which, in turn, is a consequence of a greater current strange quark mass
compared to the up one∗∗. Note however that our results show a faster decrease
of < s̄s > with temperature than in [69];

• Because of the coupling between the condensates, the gluon condensate at
the transition, χc, is smaller than in the two-Favor case. For the set (51), we
have χc(SU(2)) ≈ 0.8 while Fig. 3 shows χc(SU(3)) ≈ 0.6.

Figure 5 is the analogue of Fig. 3 for the set of parameters (52). This set
allows one to get a ˇrst order phase transition [29, 38]. The coupling between
quark and gluon condensates is so strong that all the condensates undergo the
transition together. At zero density, the above analysis shows that:

• We can reproduce both ˇrst and second order phase transitions. A ˇrst
order transition is typically an effect due to the gluon condensate which then does
not show up in pure NJL models;

• A low critical temperature, as low as 140 MeV, can be reproduced. This
is clearly related to the coupling between quark and gluon condensates. Pure

∗Pictures 3,5Ä8 are reprinted from
• Nuclear Physics A582, M.Jaminon, B. Van den Bossche, ®SU(3) Scaled Effective Lagrangians for
a Hot and Strange System¯, p.517Ä567, Copyright 1995.
• Nuclear Physics A582, M.Jaminon, B. Van den Bossche, ®Phase Transition and Thermodynamics
of a Hot and Dense System in a Scaled NJL Model¯, p,515Ä538, Copyright 1996
with permission from Elsevier Science.

∗∗Note that, in the two-Favor limit, where Ms, ms → ∞, we have < s̄s > / < s̄s >0= 1.
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Fig. 4. Quark and gluon condensates as a function of temperature for the parameters
M0

u = 300 MeV, χ0 = 80 MeV in the light quark chiral limit mu = md = 0 MeV

NJL models are then unable to reproduce such a low temperature: they cannot
go below Tc ≈ 190 MeV. In fact, it can be shown from the gap Equation (12)
that the critical temperature is given by (for a second order phase transition in
the two-Favor case)

Tc =

√
3
2
Λχc
π

(
1− 8π2a2

4NcΛ2

)1/2

. (53)

According to this equation, scaled models allow (for second order transitions) a
reduction of the critical temperature in the ratio χc/χ0 compared to a pure NJL
model;

• The coupling between quark and gluon condensates is mainly driven by the
value of the vacuum gluon condensate χ0. With large χ0, the coupling is weak
while the coupling becomes more and more important as we decrease χ0. The
quark or gluon condensate can then be considered as the order parameter for the
phase transition.

It should however not be forgotten that all the above analysis is performed
without vector mesons. Without them, our results show that high values of the
gluon condensate are needed to get a transition above the normal nuclear matter
density ρ0, see Fig. 5 of [31].

Although the scaled models are not able to reproduce a transition above the
normal nuclear density for a small value of the gluon condensate (which leads to
a low critical temperature), it does not mean that they are inefˇcient. Indeed, it
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is well known that vector mesons make the vacuum stiffer against the restoration
of chiral symmetry [71,72]. Including these mesons will then correct what seems
to be, at ˇrst sight, a drawback of the model.

Fig. 5. Quark and gluon condensates as a function of temperature for the parameters
M0

u = 600 MeV, χ0 = 125 MeV

B. Thermodynamics. In this section, we present results relative to the
pressure (equation of state), the energy density and the entropy density that we
have adapted from [34, 50]. Because we would like to emphasize some points
relative to ˇts, we ˇrst take the somehow unusual way to present these quantities
as a function of T 4 (pressure, energy density) or T 3 (entropy density). This
allows us to separate curves corresponding to different parameters. Once these
results will have been presented, we shall redraw some of our results in the usual
way (pressure or energy density or T times the entropy density, over T 4, as a
function of T ), allowing us to make a more direct comparison with the general
shape of these quantities as obtained in lattice calculations. Pressure, energy and
entropy densities are obtained from (25), (31), and (29), respectively. The general
behavior of these quantities can be understood (at vanishing density) from Eqs.
(32)Ä(34) with asymptotic behaviors given in Appendix A and summarized in
Sections 2C and 2D.

Pressure. The behavior of the pressure is shown in Fig. 6(a) for a vanishing
density. As the strange quark mass ms is different from zero, the behavior of the
pressure above Tc is not the usual T 4 law: in addition to the bag constant (41)
which is taken into account through the decomposition (32), the massive free gas
part has the temperature expansion (40).
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Fig. 6. Pressure as a function of T 4 for the set of parameters (51,52) for µu = µd = µs =
= 0 MeV (a); for µu = µd = µs = 250 MeV (b)

Figure 6(a) shows also the linear ˇt in T 4 which is valid in the phase where
the chiral symmetry is restored:

P ≈ 3.40 T 4 − 1.195 10−3 (54)
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for the set (51), and

P ≈ 3.40 T 4 − 2.097 10−3 (55)

for the set (52). Note that the coefˇcient of T 4 is not equal to the coefˇcient
7Ncπ2/60 (=3.454) of the term T 4 in the expansion (40). Because of the limited
range of temperatures investigated in Fig. 6, the corrective terms to the factor T 4

in the expansion (40) change the apparent slope, and the constant term in (54)
cannot be identiˇed with the bag constant B. When a ˇt is realized with all
the terms∗ of the expansion (40), plus a constant C to adjust, this one equals
C1/4 ≈ 179 MeV for the set (51) and C1/4 ≈ 207 MeV for the set (52).
These values are close to B1/4 ≈ 183 MeV (set (51)) and B1/4 ≈ 209 MeV
(set (52)) obtained from a direct calculation of the exact bag constant (41). This
shows the consistency of our numerical results and the fast convergence of the
expansion (40), even if the expanding parameter ms/T is not so small! Note
also that the numerical values of B1/4 extracted from the exact bag constant (41)

or extracted from the ˇts are not so far from B′1/4 given by the approximate
Equation (39). The latter is valid if we ignore the coupling between the quark and

gluon condensates, and gives B′1/4 = 161 MeV (set (51)) and B′1/4 = 201 MeV
(set (52)). This justiˇes a posteriori the introduction of the approximate bag
constant (39) in the references [29,30,38]∗∗.

This discussion shows that it could be quite dangerous to extract numerical
values from ˇts: one could be tempted to identify the bag constant from the
constant term in (54) and (55). The above analysis shows clearly that it would
be wrong.

Beyond the transition, the behavior of the pressure versus temperature de-
pends on the order of the transition. For the set (52), βMi (i = u, s) remains quite
large, so that the T behavior is described in a ˇrst approximation by (48). How-
ever, a careful analysis shows that this expansion is not well suited for βMs ≤ 20,
or even for βMs ≤ 40, and that the expansion (�35) should be used instead. The
exponential behavior e−βMs is however still correct. For the set (51), the phase
transition is of second order so that Mu is progressively decreasing. This implies
that the expansion (�35) cannot be used over the whole range T < Tc and, even
more, that it is too crude to describe this behavior. We have however found that
the expansion (�34), with the sum limited to n = 1 and n = 2, is well suited for
temperatures below 100 MeV.

∗By all the terms we mean the terms which are included in (40). Indeed the precision is
sufˇcient and we do not have to take into account more terms deˇned in (�32).

∗∗It should however be stressed that it is better to work with the exact expression since an error
in B1/4 is ampliˇed when going to B.
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Note that for an analysis based on the 1/Nc expansion [51,53Ä55,74], it has
been shown that the pions give the largest contribution to the thermodynamical
quantities at low temperature∗. In the chiral limit where the pions are massless,
their behavior is in T 4, which effectively shows they have a bigger contribution
than (48) based on the high constituent quark mass. This is an example where
the 1/Nc approach to the lowest order is not valid (see [6]).

The above analysis shows that an important ingredient is not included: indeed,
the T 4 obtained for Pideal gas does not contain the gluonic d.o.f., as indicated
previously. In the chiral limit, we should have

Pideal gas =
π2

90

{
2Ng +

7
8
NcNf4

}
T 4 ≈ 5.2 T 4, (56)

with Ng = 8 if Nc = 3.
Although the gluon condensate is in part due to these gluonic d.o.f., gluons do

not contribute to the thermodynamics. To take into account the thermodynamics
of a purely gluonic system, we should add to the Lagrangian (11) a temperature
dependent potential Vχ(T ). This has for example been noticed in [37, 77, 78].
The choice of this potential should be such that it leads to the behavior (56).

Figure 6(b) is the analogue of ˇgure 6(a) for the choice µu = µs = 250 MeV.
These values correspond to a strong coupling between the condensates < ūu >
and < s̄s > for the set (52), and to a weak coupling for the set (51). With a
chemical potential, there is no possible T 4 linear ˇt. This can be seen considering
the chiral limit (mu = md = ms = 0) of (32) with (35). This leads to

P =
7
60

Ncπ
2T 4 +

Nc
2
µ2T 2 +

Ncµ
4

4π2 −B. (57)

Because ms 
= 0, Eq.(57) has to be modiˇed. Figure 6(b) shows that the T 4 part
is not modiˇed compared to (57), while the T 2 part is slightly smaller. Once
again, this shows that one has to be very careful when making ˇts. The coefˇcient
of the T 4 term is not identical to the one of (54): the supplementary terms in
(40), and terms coming from the chemical potential, have a repercussion upon all
the terms of the ˇt.

Energy. The behavior of the energy density versus temperature, as given
by (33) and (36), is represented in Fig. 7. At high temperature and for vanishing
density, the whole expansion (�37) can be restricted to the ˇrst four terms (44),
which perfectly describe the curves above the chiral transition. For the sets (51)
and (52), we get the linear T 4 ˇts

ε ≈ 10.271 T 4 + 0.877 10−3 (58)

∗This is in agreement with the results [75] based on chiral perturbation theory [76].



THERMODYNAMICS OF A CHIRAL EFFECTIVE MODEL 695

Fig. 7. Energy density as a function of T 4 for the set of parameters (51,52) for µu = µd =
= µs = 0 MeV (a); for µu = µd = µs = 250 MeV (b)

and

ε ≈ 10.269 T 4 + 1.620 10−3, (59)

respectively.
It is useful to stress once more the difˇculties one encounters to extract

meaningful information form ˇts such as (58) and (59), since the constant terms
in (58) and (59) are not the opposite of (54) and (55), while the exact Eqs. (32)
and (33) show clearly that they should. In fact, all the terms from the expansion
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(44) contribute to the determination of the coefˇcients of the ˇts in the restricted
range of temperatures investigated.

The expansion (44) is perfectly adequate since a ˇt from its different terms
plus a constant C to be adjusted gives C1/4 ≈ 182 MeV for the set (51) and
C1/4 ≈ 208 MeV for the set (52), in excellent agreement with the results obtained
from the behavior of the pressure. Figure 7 shows that the order of the transition
and the nature of the coupling (strong or weak) between the quark condensates
are very well visualized with the help of the energy density curves: there is a
jump at Tc if the transition is of ˇrst order, while there is a change of slope quite
visible if it is a true∗ second order transition.

This is the case for the set (51), see Fig. 4: the transition is of second order
for the up quarks while the strange quarks feel a ˇrst order transition. There
is then a change of the slope of ε(T ) at Tuc and an energy jump at Tsc, see
Fig. 7(a).

The behavior below the transition can be understood from Eq. (�39), with
the same restrictions as in the case of the pressure, for the corresponding set of
parameters.

Figure 7(b) is the analogue of Figure 7(a) for µu = µs = 250 MeV. Chemical
potentials introduce a T 2 dependence in the simpler case of chiral limit. We have,
with µ ≡ µu = µs,

ε =
7
20

Ncπ
2T 4 +

3
2
Ncµ

2T 2 +
3
4
Nc

µ4

π2
+B. (60)

This equation comes from (36) or, more directly, from (31) together with (16)
and (26). Figure 7(b) shows also that having ms different from zero does not
affect too much the second term of (60), and introduces a constant supplementary
term. All the remarks concerning the ˇts are also valid here.

Entropy. For a massless free quark gas, the entropy density behaves like
T 3. Since the strange current quark mass does not vanish, the high temperature
expansion has correcting terms. Equations (34), (40) and (44) give the ˇrst three
terms of Ts (temperature times the entropy density) in powers of T 2, leading to
Eq. (47). The complete expansion is given by (�43).

Figure 8(a) shows that Eq. (47) can be approached by a linear expression in
T 3 in the given range of temperatures:

s ≈ 13.839 T 3 − 0.912 10−2, (61)

and

s ≈ 13.868 T 3 − 0.136 10−1, (62)

for the set of parameters (51) and (52), respectively.

∗We mean a transition which is not a crossover, i.e., we are in the chiral limit.



THERMODYNAMICS OF A CHIRAL EFFECTIVE MODEL 697

Fig. 8. Entropy density as a function of T 3 for a set of parameters (51,52) for µu = µd =
= µs = 0 MeV (a); for µu = µd = µs = 250 MeV (b)

Although the numerical results seem to ˇt exactly the relation (29), the T 3

coefˇcients of (61) and (62) do not correspond to the combination of Eqs. (54),
(55), (58), (59). This remark conˇrms once more what we claimed in the pressure
and energy density case: it is dangerous to extract information from ˇts if we
do not take care of possible corrections. In our case, ˇts in T 4 (for pressure
and energy) and in T 3 (for entropy) do not help to get the bag constant or the
number of excited d.o.f. The more complete forms (40), (44), and (47) have to
be considered.
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The behavior of the entropy below the chiral transition can be understood
using (�45) with the same warning as in the pressure case, for the corresponding
set of parameters.

Figure 8(b) shows the entropy behavior for nonvanishing chemical potentials.
Using Eqs. (34), (57), and (60), and the density (27) in the limit where all masses
are vanishing

ρ ≡
∑
i

ρi =
Ncµ

3

π2
+NcµT

2, (63)

we get

Ts =
7
15
Ncπ

2T 4 +Ncµ
2T 2, (64)

which has to be modiˇed in order to take into account the ˇnite value of ms. It
is worth noticing that ms only slightly affects the T 2 term of (64).

As a conclusion to these results, we can mention that, above the chiral
transition, all the d.o.f. of the model are excited. However the vanishing mass
limit of QCD is not reached for two reasons [70]:

• The gluon d.o.f. are not included at high temperature. A temperature and
density dependent potential Vχ(T, µ) should be taken into account;

• The strange quark mass is not negligible. We need going to very high
temperatures in order that the lowest term in T 4 subsists in the expansion ms/T .

We should also notice that the 1/Nc corrections in references [51, 53Ä55,
74] show that the low temperature thermodynamics is driven by pion motion,
pions being much lighter than the constituent quark mass. Since the quark loop
contribution takes into account thermal excitations of quarks with mass M �
300 MeV (whose probability is reduced by the Boltzmann factors exp(−βM)),
the low temperature thermal excitations are completely dominated by the almost
massless pions. To obtain the effects of pions in our results, we should integrate
over the meson ˇelds in the path integral formalism, which is however beyond
the scope of this paper.

Even with the above-mentioned limitations, the scaled NJL models have
important new features: some gluonic effects are included through the gluon
condensate χ which couples the up and strange quark condensates. Thanks to
this coupling, our model allows simultaneous transitions for the up and strange
sectors (strong coupling), even though they tend to remain uncoupled for high
chemical potentials. The coupling then allows ˇrst order transitions as a function
of temperature while, within a pure NJL, they are always of the second order∗

(e.g. [8, 79]).

∗The pure NJL model does, however, allow ˇrst order transitions w.r.t. density, e.g. [7].
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C. Comparison with Lattice QCD. To make a comparison with lattice
QCD∗, it can be advantageous to normalize P , ε, Ts and the interaction measure
(ε − 3P ) to T 4. The interaction measure gives the nonperturbative contribution
to the thermodynamics: it vanishes in the StefanÄBoltzmann limit. It is also
interesting to plot 3P and ε in the same picture to see how sharp is the increase
of the corresponding thermodynamical function. The origin of the coefˇcient
3 in front of P compared to ε comes from the coincidence of their respective
asymptotic T 4 behavior (see the comparison between Eq. (40) and Eq. (44)). In
the same spirit, one can normalize the entropy density by a factor 3/4 (see
Eq. (47)). In this way, 3P , ε and 3sT/4 have the same asymptotic value
7Ncπ2/20, which is a direct consequence of the number of d.o.f. which enters
the model. Note that the quantities we examine are relative to the quarks. In our
simpliˇed model, the glueball only enters through the bag constant.

Fig. 9. Pressure, energy density, entropy density and interaction measure for a set of
parameters (51,52) M0

u = 300 MeV (a); for χ0 = 80 MeV

In Fig. 9 we show both the pressure and the energy and entropy densities of
the A-scaling NJL model versus T/Tc (Tc = 150 MeV) for the set of parameters
(51) (M0

u = 300 MeV, χ0 = 80 MeV), with mu = 0. Here, we have taken the
critical temperature corresponding to the chiral symmetry restoration connected
to the up quarks.

∗Because lattice QCD has only turned recently towards ˇnite density, see e.g. [80], we restrict
ourselves to µu = µs = 0.
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Several interesting points have to be mentioned. One expects from lattice
studies, e.g., [39,40,45], that the thermodynamical quantities are almost vanishing
below Tc, then increasing. This increase is very sharp for ε and Ts, while the
pressure approaches the StefanÄBoltzmann limit very slowly. Lattice calculations
show also that ε/T 4 has a peak∗ just above Tc, then approaching its asymptotic
value from above. Finally, they also show that ε−3P 
= 0 above Tc. Our results,
summarized in Fig. 9, show that the model is in qualitative agreement with lattice
results. The quantitative difference can be understood in the following way:
lattice calculations show a rapid variation of the entropy density in a narrow
region of T (≈ 10 MeV), which is traced back to the liberation of quarks and
gluons. It seems then quite trivial to relate this fast increase to the conˇnement-
deconˇnement properties, which are not included in our model. This is clearly
seen in the entropy density calculated with our model where the entropy is already
increasing (although not as fast as near Tc) for T as low as 0.2Tc. Once this
entropy curve is understood, the general behavior of P and ε can also be deduced,
see, e.g., [81]. It is explicitly shown in that reference that, starting with a sharp
entropy density, the energy density has a peak, and that the pressure increase
above Tc is low. In fact, would the entropy be approximated by a step, we
should have the exact result

P (T )
PSB(T )

∼ 1−
(
Tc
T

)4

, (65)

which gives P/PSB = 50% (90%) for T/Tc = 1.2 (1.8), independently of the
details of the model. Since we are far from a step for the entropy, P/T 4 has
an even weaker T dependence. This is shown in the general model for the
entropy [81] and is conˇrmed by our particular model. On the same ground, it
can also be shown that the interaction measure (ε − 3P )/T 4, given in Eq. (37),
has a peak above Tc.

We have seen that the general behavior can be understood from the analysis
of [81] which, together with the lack of conˇnement of our model, explains the
quantitative disagreement between lattice gauge calculations and scaled NJL ones.
However, our ˇgure shows nice features not discussed extensively in the literature.
If we concentrate on the energy density, it is clear that the peak has its slope
broken in two places. These broken slope points coincide with the temperature
where the chiral symmetry is restored. Since the current up quark mass is zero,
the transition corresponding to the up quarks has no tail (see Fig. 4), leading to
the ˇrst slope discontinuity while, because the transition of the strange quarks is
of ˇrst order, there is in fact a jump in the energy density. Since this jump is
small, it looks like a discontinuous slope. To get a nice peak, one then has to

∗This is not the case for a pure gauge theory.
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consider only crossovers (second order transition with nonvanishing current quark
masses). Note also that a gap in energy only transforms into a change of slope
for the pressure, while a change of slope in the energy plot is almost invisible
in the pressure. It is evident that the energy density is the adequate quantity to
be investigated in order to have insights on the order of the transition, and for
extracting the critical temperature∗.

Figure 10 illustrates that the broken peak of Figure 9 is due to the combined
effect of a second order phase transition for the up quarks (in the chiral limit
mu = 0) and a weak ˇrst order transition for the strange quarks. We have taken
the set of parameters (M0

u = M0
s = 400 MeV, χ0 = 350 MeV). In that case,

there is only one critical temperature, and the transition is of second order, with
the critical temperature given precisely by Eq. (53).

Fig. 10. Pressure, energy density, entropy density and interaction measure for a set of
parameters (51,52) M0

u = M0
s = 400 MeV (a); for χ0 = 350 MeV

All we have said for the energy density remains valid for the interaction
measure (two peaks in Fig. 9 which, with mu 
= 0 and a second order transition
for the strange quarks, would lead to a single peak). This gives, in the limit
of three degenerate Favors, the interaction measure of Fig. 10. Note that, in the
chiral limit, the interaction measure just gives 4B/T 4 (for T ≥ Tc), B being the
bag constant, see Eq. (37).

∗This information can of course be obtained from the reconstruction of the quark condensates.
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4. CONCLUSIONS

In this contribution, we have introduced a modiˇed version of the NambuÄ
Jona-Lasinio model which takes into account the axial and scale anomalies of
QCD. The model is not renormalizable, nor has it the conˇnement property.
However, it has the dynamical breaking of chiral symmetry included and we have
worked with the hypothesis that its restoration at high temperature and density is
equivalent to studying the conˇnement-deconˇnement phase transition.

We have mainly focused on analytical results for thermodynamical functions
and have shown that working with different Favors introduce typical behavior for
these functions.
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Appendix A
HIGH AND LOW TEMPERATURE EXPANSION OF

THERMODYNAMICAL FUNCTIONS

1. Pressure. For a vanishing chemical potential, Eq. (35) reads

Pideal gas = 2
Nc

3π2

{
2

∫ ∞

0

k4

Eu

1
1 + eβEu

dk +
∫ ∞

0

k4

Es

1
1 + eβEs

dk

}
. (�1)

Only one of these terms has to be analyzed. We deˇne

Pideal gas(s) =
2Nc
3π2 M

4
s lim
ε→0

∫ ∞

1

(
y2 − 1

)3/2

1 + eεeMsβy
dy, (�2)
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where the inˇnitesimal quantity ε will allow one to regularize the summation that
will be encountered in the following. Expanding, we get

Pideal gas(s) =
2N c

3π2 M
4
s lim
ε→0

∞∑
n=1

(−1)n+1e−nε
∫ ∞

1

(
y2 − 1

)3/2
e−nMsβydy,

(�3)

which can be expressed in terms of the modiˇed Bessel function of order two [82]

Pideal gas(s) =
2Nc

π2
M4
s lim
ε→0

∞∑
n=1

(−1)n+1
e−nε

K2 (nMsβ)
n2M2

s β
2

. (�4)

This series has also been investigated in [29]. Because of the fast decrease due
to the 1/n2 factor and because of the asymptotic behavior of K2, it can be
numerically more advantageous to use (�4) than (�3).

a. High Temperature Zero Density Expansion. The converging factor ε
in (�3) and (�4) is necessary to obtain nondiverging quantities in the high
temperature expansion. In such an expansion, only the ˇrst two terms are ˇnite.
Following [82],

K2 (z) = 2z−2

(
1− z2

4

)
+
1
8
z2

∞∑
k=0

ψ (k + 1) + ψ (k + 3)
k! (2 + k)!

(
z2

4

)k
− ln z

2
I2 (z) ,

(�5)

where ψ is the Digamma function (deˇned as d ln Γ(z)/dz with Γ(z) the Euler
Gamma function) [82],

ψ(n+ 1) = −γ +
n∑
k=1

1
k
, with ψ(1) = −γ, (�6)

and where I2(z) is the other modiˇed Bessel function of order two [82]

I2 (z) =
z2

4

∞∑
k=0

1
k! (k + 2)!

(
z2

4

)k
. (�7)

In (�6), γ is the Euler constant.
The logarithm ln(z) in K2(z) implies a singularity at the origin. There is no

Taylor expansion around it. This problem, and the way to circumvent it through
the converging factor, has been established in [62] for a fermionic gas (only the
ˇrst few terms of the expansion are given) and in [64Ä66] for a bosonic case
where a full expansion, valid also at nonzero density, has been given.
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Combining (�5) and (�7), we obtain

(
2
z2

) (
1− z2

4

)
+

(
z2

4

) ∞∑
k=0

1
k!(k + 2)!

(
z2

4

)k
×

×
[
1
2
(ψ(k + 1) + ψ(k + 3))− ln

(z
2

)]
. (�8)

This leads to

Pideal gas(s) =
2Nc
π2

M4
s lim
ε→0

{ ∞∑
n=1

(−1)n+1 1
(nMsβ)2

(
2

(nMsβ)2
− 1
2

)
+

+
1
4

∞∑
n=1

∞∑
k=0

(−1)n+1e−nε
1

k!(k + 2)!

(
(nMsβ)2

4

)k
×

×
[
1
2
(ψ(k + 1) + ψ(k + 3))− ln

(
(nMsβ)
2

)]}
. (�9)

The ˇrst two terms are easy to determine and coincide with the two nondiverging
terms from the Taylor expansion around Ms = 0. They give

2Nc
π2

M4
s

{
2

M4
s β

4

∞∑
n=1

(−1)n+1 1
n4

− 1
2M4

s β
2

∞∑
n=1

(−1)n+1 1
n2

}
. (�10)

They are tabulated in [82] and can be expressed through the use of the Riemann
zeta function∗

ζ(z) =
1

1− 21−z
∞∑
n=1

(−1)n+1

nz
, Re(z) > 0 (�11)

ζ(−2m) = 0, m=1,2,..., (�12)

ζ(2m) =
22m−1π2m|B2m|

(2m!)
, with m=1,2,... and B the Bernoulli numbers,

(�13)

∗For Re(z) ≤ 0 which we shall need in the following, a converging factor e−nε is needed.
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which leads to

7
180

Ncπ
2T 4 − Nc

12
M2
s T

2. (�14)

The contribution of the term k = 0 is rewritten in the form

2Nc
4π2

M4
s

{
lim
ε→0

1
2

[ ∞∑
n=1

(−1)n+1e−nε
(1
2
(ψ(1) + ψ(3))− ln(Msβ

2
)
)
−

−
∞∑
n=1

(−1)n+1e−nε lnn
]}

. (�15)

Using

lim
ε→0

∞∑
n=1

(−1)n+1e−nεnz = (1− 21+z)ζ(−z), (�16)

we have

d

dz

∞∑
n=1

(−1)n+1e−nεnz =
∞∑
n=1

(−1)n+1e−nεnz lnn ≡ d

dz

(
(1− 21+z)ζ(−z)

)
,

(�17)

which leads to

∞∑
n=1

(−1)n+1e−nεnz lnn = −(ln 2)21+zζ(−z)− (1− 21+z)ζ′(−z), (�18)

where ζ′(−z) ≡ d
dz ζ(z)

}
−z.

ζ(0) is obtained from

−
∞∑
n=1

(−1)n+1e−nε = − e−nε

1 + e−nε
= −1

2
when ε → 0, (�19)

while ζ′(0) is given in [82]

ζ′(0) = −1
2
ln 2π. (�20)

With (�19) and (�20), (�15) gives

2Nc
4π2

M4
s

1
2

{
1
2
· 1
2

(
ψ(1) + ψ(3)− 2 ln(Msβ

2
)
)
− 1
2
ln

(
2
π

) }
. (�21)
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We still need the k > 0 terms of the expansion. With (�16) and (�18), they
are

2Nc
4π2

M4
s lim
ε→0

{ ∞∑
k=1

(Msβ)2k

k!(k + 2)!4k

[
1
2

(
ψ(k + 1) + ψ(k + 3)− 2 ln

(
Msβ

2

))
×

×(1− 21+2k)ζ(−2k) + (ln 2)21+2kζ(−2k) + (1− 21+2k)ζ′(−2k)
]}

. (�22)

Equation (�6) implies

ψ(1) = −γ, (�23)

ψ(3) = −γ + 3
2
,

so that (�12), (�14), (�21), (�22) lead to

Pideal gas(s) =
7
180

Ncπ
2T 4 − Nc

12
M2
s T

2+

+
Nc
16π2

M4
s

(
−2γ + 3

2

)
− Nc
8π2

M4
s ln

(
Msβ

π

)
+

+
Nc
2π2

M4
s

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
(1− 21+2k)ζ′(−2k). (�24)

It is clear that the converging factor has regularized the summation∗ of the
expansion. Note from (�24) that the separation into a logarithmic term and a
constant one is arbitrary: one can always write ln(aMsβ) = ln(Msβ) + ln a (a
being a dimensionless constant) and put ln a into the constant term. This has
some importance for the interpretation of the high temperature results.

To write (�24) into a form involving only elementary functions, we still need
to know ζ′(−2k)(k ≥ 1), i.e.,

− 1
(1− 21+2k)

∞∑
n=1

(−1)n+1e−nεn2k lnn, (�25)

because of (�18) and (�12). Using [82]

21−zΓ(z)ζ(z) cos
(πz
2

)
= πzζ(1− z) (�26)

∗Summations of this kind are called Euler sums [83].
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and

Γ(z)Γ(1− z) =
π

sin(πz)
, (�27)

we have

21−z
π

sin(πz)
ζ(z) cos

(πz
2

)
= πzΓ(1− z)ζ(1− z), (�28)

so that

lim
z→−2k

π

sin(πz)
ζ(z) = (−1)k2−2k−1π−2kΓ(1 + 2k)ζ(1 + 2k). (�29)

With

lim
z→−2k

π

sin(πz)
ζ(z) =

0
0
=

πζ′(−2k)
π cos(−2πk) = ζ′(−2k), (�30)

we ˇnally obtain

ζ′(−2k) = 1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k). (�31)

Equation (�24) is then rewritten into the form

Pideal gas(s) =
7
180

Ncπ
2T 4 − Nc

12
M2
s T

2+

+
Nc
16π2

M4
s

(
−2γ + 3

2

)
− Nc
8π2

M4
s ln

(
Msβ

π

)
+

+
Nc
2π2

M4
s

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
(1− 21+2k)

1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k),

(�32)

which only necessitates the evaluation of known functions.
b. Low Temperature Zero Density Expansion. We can search for a low

temperature expansion, β → ∞, starting from (�1) or (�4). The last one is
better suited because of the well known asymptotic expansion of K2 [84]

Ki(z) ≈
√

π

2z
e−z

{
1 +

4i2 − 1
8z

+
(4i2 − 1)(4i2 − 9)

2!(8z)2
+

+
(4i2 − 1)(4i2 − 9)(4i2 − 25)

3!(8z)3
+ ...

}
. (�33)
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Combining (�4) and (�33), we have

Pideal gas(s) ≈
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1

n2M2
s β

2

√
π

2nMsβ
e−nMsβ

×
{
1 +

15
8nMsβ

+
15 · 7

2!(8nMsβ)2
+
15 · 7 · (−9)
3!(8nMsβ)3

+ ...

}
. (�34)

When β is large, we are in the chirally broken phase where the quark masses
are the constituent masses. Since the expanding parameter is βMi, i = u, s, the
approximation (�34) becomes better as βMi is increased. In Section 3, it is
shown that the mass variation is low for T � 100 MeV. For a constituent quark
mass of about 400 MeV (at T = 0) βMi is, at least, 4. The expansion (�34)
is then perfectly justiˇed. In that case, the ˇrst term n = 1 is enough and the
pressure is

Pideal gas(s) ≈
4Ncβ−5/2

(2π)3/2
M3/2
s e−Msβ

×
{
1 +

15
8Msβ

+
15 · 7

2!(8Msβ)2
+
15 · 7 · (−9)
3!(8Msβ)3

+ ...

}
. (�35)

We have checked that for the set of parameters (M0
u = 300, χ0 = 80) MeV (see

Section 3) this expansion is not well suited. In that case, the second term n = 2
in (�34), as well as the three corrections to ®1¯ for both n = 1 and n = 2, are
necessary to reproduce results valid up to 100 MeV.

c. Finite Density, Zero Temperature. For ˇnite density at vanishing temper-
ature, Eq. (35) can be exactly integrated. We have ni+ = 0, ni− = θ(µi − Ei)

and µi =
√
k2
Fi
+M2

i , where kFi is the Fermi momentum of the ith Favor, so

that

Pideal gas(s) =
Nc
3π2

∫ kFs

0

dk
k4

Es
,=

=
Nc
3π2

{
k3
Fs
µs − 3

[kFs

4
µ3
s −

M2
s

8
kFsµs −

M4
s

8
ln

(
kFs + µs

Ms

) ]}
. (�36)

2. Energy Density. a. High Temperature Zero Density Expansion. The com-
bining of Eqs. (43), (�32) immediately gives

εideal gas(s) =
7
60

Ncπ
2T 4 − Nc

12
M2
s T

2+

+
Nc
16π2

M4
s

(
2γ +

1
2

)
+

Nc
8π2

M4
s ln

(
Msβ

π

)
−
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− Nc
2π2

M4
s

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
(2k + 1)(1− 21+2k)×

×1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k). (�37)

b. Low Temperature Zero Density Expansion. Equation (43) is not well-
suited because it would imply taking the derivative of a truncated series (see
Eq. (�34)). It is better to search for the expansion of the exact solution in terms
of the modiˇed Bessel function obtained in [50]

εideal gas(s) = 3Pideal gas(s) +
2Nc
π2

M4
s

∞∑
n=1

(−1)n+1K1(nMsβ)
nMsβ

. (�38)

Its low temperature asymptotic expansion is obtained from Eq. (�34) for the ˇrst
term and from Eq. (�33) with i = 1 [84] for the second one. We then have

εideal gas(s) ≈ 3
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1

n2M2
s β

2

√
π

2nMsβ
e−nMsβ

×
{
1 +

15
8nMsβ

+
15 · 7

2!(8nMsβ)2
+
15 · 7 · (−9)
3!(8nMsβ)3

+ ...

}

+
2Nc
π2

M4
s

∞∑
n=1

(−1)n+1 1
nMsβ

√
π

2nMsβ
e−nMsβ

×
{
1 +

3
8nMsβ

+
3 · (−5)

2!(8nMsβ)2
+
3 · (−5) · (−21)
3!(8nMsβ)3

+ ...

}
. (�39)

Once again we can limit ourselves to n = 1 or n = 1, 2, depending upon the
chosen set of parameters (M0

u, χ0). However the ˇrst two or three corrections to
®1¯ are necessary.

c. Finite Density, Zero Temperature. As for the pressure, Eq. (36) can be
exactly integrated. It is however more judicious to use the vanishing nature of
the entropy at T = 0 in order to get (Eq. (34)),

εideal gas = −Pideal gas + µiρi, (�40)

where ρi is given by Eq. (27), i.e.,

lim
T→0

ρi =
Nc
3π2

k3
Fi
. (�41)

Using (�36), (�40) and (�41), we obtain

εideal gas(s) =
Nc
π2

[kFs

4
µ3
s −

M2
s

8
kFsµs −

M4
s

8
ln

(
kFs + µs

Ms

) ]
. (�42)
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3. Entropy Density. a. High Temperature Zero Density Expansion. The use
of Eqs. (46), (�32) gives

s(s) =
7
45

Ncπ
2T 3 − Nc

6
M2
s T +

Nc
8π2

M4
sβ−

− Nc
2π2

M4
s β

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
2k(1− 21+2k)×

×1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k). (�43)

b. Low Temperature Zero Density Expansion. We can obtain this expansion
starting from Eq. (34) with µi = 0:

s(s) = β(Pideal gas(s) + εideal gas(s)), (�44)

so that, using Eqs. (�34), (�39), we have

s(s) ≈ 4β 2Nc

π2
M4
s

∞∑
n=1

(−1)n+1

n2M2
s β

2

√
π

2nMsβ
e−nMsβ ×

×
{
1 +

15
8nMsβ

+
15 · 7

2!(8nMsβ)2
+
15 · 7 · (−9)
3!(8nMsβ)3

+ ...

}
+

+
2Nc
π2

M4
sβ

∞∑
n=1

(−1)n+1 1
nMsβ

√
π

2nMsβ
e−nMsβ ×

×
{
1 +

3
8nMsβ

+
3 · (−5)

2!(8nMsβ)2
+
3 · (−5) · (−21)
3!(8nMsβ)3

+ ...

}
. (�45)

Once again we can limit ourselves to n = 1 or n = 1, 2, depending upon the
chosen set of parameters (M0

u, χ0). However the ˇrst two or three corrections to
®1¯ are necessary.

c. Finite Density, Zero Temperature. It is clear that

s(s) = 0, (�46)

in agreement with the third principle of thermodynamics.
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