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DIPOLE EXCITATIONS IN DEFORMED NUCLEI
V.G. Soloviev , A.V. Sushkov, N.Yu. Shirikova

Joint Institute for Nuclear Research, Dubna

A study of the magnetic and electric dipole excitations is carried out within the quasiparticleÄ
phonon nuclear model with the wave functions consisting of one- and two-phonon terms and in
random-phase approximation for the deformed nuclei 154Sm, 166,168Er, 172,174Yb, 178Hf, and
238U. It is shown that computed M1 strength below 4 MeV is much stronger fragmented than in
Gd and Dy isotopes. The calculated M1 and E1 strengths summed in the energy range 2Ä4 MeV
are in agreement with the relevant experimental data. It is found that the orbital motion, though
giving on the whole a modest contribution to the M1 strength, plays a signiˇcant role in shaping the
M1 spectra because of the destructive interference between orbital and spin amplitudes. Strong E1
transitions also occur in the same energy range. Their total strength in the energy range 3.6Ä7.6 MeV
is about 4 times larger than the M1 strength. Because of these highly intense E1 transitions, the total
dipole strength distribution computed as a sum of the M1 and E1 strengths is considerably different
from the spectra of the M1 transitions alone.

ˆ§ÊÎ¥´¨¥ ³ £´¨É´ÒÌ ¨ Ô²¥±É·¨Î¥¸±¨Ì ¤¨¶µ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¢Ò¶µ²´¥´µ ¢ · ³± Ì ±¢ §¨-
Î ¸É¨Î´µ-Ëµ´µ´´µ° ³µ¤¥²¨ ¸ ¢µ²´µ¢Ò³¨ ËÊ´±Í¨Ö³¨, ¸µ¤¥·¦ Ð¨³¨ µ¤´µ- ¨ ¤¢ÊÌËµ´µ´´Ò¥ Î²¥´Ò,
¨ ¢ ¶·¨¡²¨¦¥´¨¨ Ì µÉ¨Î¥¸±¨Ì Ë § ¤²Ö ¤¥Ëµ·³¨·µ¢ ´´ÒÌ Ö¤¥· 154Sm, 166,168Er, 172,174Yb,
178Hf ¨ 238U. �µ± § ´µ, ÎÉµ · ¸¸Î¨É ´´ Ö M1-¸¨²  ´¨¦¥ 4 ŒÔ‚ ¡µ²¥¥ · ¸Ë· £³¥´É¨·µ¢ ´ ,
Î¥³ ¤²Ö ¨§µÉµ¶µ¢ Gd ¨ Dy. 
 ¸¸Î¨É ´´Ò¥ M1- ¨ E1-¸¨²Ò, ¶·µ¸Ê³³¨·µ¢ ´´Ò¥ ¢ ¨´É¥·¢ ²¥
2Ä4 ŒÔ‚, ´ Ìµ¤ÖÉ¸Ö ¢ ¸µ£² ¸¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. �¡´ ·Ê¦¥´µ, ÎÉµ µ·¡¨É ²Ó´µ¥
¤¢¨¦¥´¨¥, ¤ ÕÐ¥¥ ¢ Í¥²µ³ ´¥¡µ²ÓÏµ° ¢±² ¤ ¢ · ¸¶·¥¤¥²¥´¨¥ M1-¸¨²Ò, ¨£· ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ
·µ²Ó ¢ Ëµ·³¥ M1-¸¶¥±É·  ¨§-§  ¤¥¸É·Ê±É¨¢´µ° ¨´É¥·Ë¥·¥´Í¨¨ µ·¡¨É ²Ó´µ° ¨ ¸¶¨´µ¢µ°  ³¶²¨-
ÉÊ¤. ‘¨²Ó´Ò¥ E1-¶¥·¥Ìµ¤Ò ¨³¥ÕÉ ³¥¸Éµ ¢ ÔÉµ° ¦¥ Ô´¥·£¥É¨Î¥¸±µ° µ¡² ¸É¨. �µ²´ Ö ¸¨²  ¨Ì ¢
¨´É¥·¢ ²¥ Ô´¥·£¨° 3,6Ä7,6 ŒÔ‚ ¶µÎÉ¨ ¢ 4 · §  ¡µ²ÓÏ¥, Î¥³ M1-¸¨² . ˆ§-§  ÔÉ¨Ì µÎ¥´Ó ¸¨²Ó´ÒÌ
E1-¶¥·¥Ìµ¤µ¢ ¶µ²´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¤¨¶µ²Ó´µ° ¸¨²Ò, · ¸¸Î¨É ´´µ¥ ± ± ¸Ê³³  M1- ¨ E1-¸¨²,
¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö µÉ ¸¶¥±É·  M1-¶¥·¥Ìµ¤µ¢.

1. INTRODUCTION

A long series of experiments devoted to the study of the low-lying M1
excitations in deformed nuclei, ˇrst discovered in (e, e′)-scattering experiments
[1] and known as scissors mode [2], has led not only to an almost complete
characterization of the mode but also to new interesting ˇndings [3, 4]. Nuclear
resonance nuorescent (NRF) experiments using polarized photons carried out for
a systematic study of the dipole spectra in a large number of deformed heavy
nuclei have established the existence of E1 levels mingled with M1 excitations
in the same energy range 2Ä4 MeV (see [4] and references therein).
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The low-lying M1 transitions have been intensively studied in a very large
variety of theoretical approaches (see Ref. [5] for a review and references). How-
ever, a comprehensive microscopic study of both M1 and E1 spectra in this
low-energy region has been carried out only within the quasiparticleÄphonon nu-
clear model (QPNM). This approach extends the RPA formalism by treating a
Hamiltonian of general separable form in a space spanned by one- and two-phonon
states [6,7]. The calculations performed in this context produced M1 strengths of
the right magnitude distributed over several peaks comparable in number to the
ones found experimentally [8Ä10]. Analogous calculations have produced in the
same energy region enhanced E1 transitions of comparable decay widths [9Ä11].
The enhancement of these E1 transitions has been found to be induced by the
octupoleÄoctupole interaction. Indeed, a close correlation between E1 and E3
transitions in this region has been found [12].

Proton scattering experiments, adopted originally to conˇrm the orbital nature
of the low-lying M1 excitations [13, 14], were subsequently extended to higher
energy [15]. These new measurements gave strong indications for the existence
of spin M1 spectra in deformed rare earth nuclei like 154Sm, 158Gd, and 168Er
[15,16] and in 238U [17]. The strength is distributed over the energy interval 6Ä
10 MeV and exhibits a double-humped structure. This peculiar shape is specially
evident in 154Sm, where two distinct wide peaks are visible at ∼ 6 MeV and
∼ 8 MeV, respectively. More recently, highly sensitive NRF experiments using
a EUROBALL cluster module have been carried out at E0 = 7 MeV to search
for spin magnetic dipole strength in 154Sm [18]. The dipole strength derived
from the (γ, γ′) experiment falls very rapidly to zero above 6 MeV. Such a
deep minimum, not present in the (p, p′) spectrum, may be explained with an
extreme fragmentation of the strength and (or) a destructive interference between
orbital and spin contributions. Another new feature of the (γ, γ′) spectrum is the
presence of non-negligible dipole strength, not seen in (p, p′), between 4Ä5 MeV.
The detection of this unexpected strength may be a signal for the occurrence of E1
transitions in this region. Such a possibility is suggested by the fact, pointed out
already, that E1 levels admixed with the orbital M1 excitations occur already in
the low-energy region 2Ä4 MeV. The calculation of the M1 strength distribution
in the energy range 4Ä12 MeV for the rare-earth nuclei 154Sm, 168Er, 178Hf and
for 238U [19] was carried out in random-phase approximation (RPA). The same
Hamiltonian, of general separable form, used in the QPNM with all parameters
ˇxed in previous calculations by a ˇt of some low-lying levels was adopted. The
calculation was therefore parameter free.

The aim of this review is to describe the results of calculation of the M1-
and E1-strength distribution in 154Sm, 166,168Er, 172,174Yb, 178Hf, and 238U
in the low-lying and intermediate energy regions. This paper is organized as
follows. In Sect. 2 we brieny describe the QPNM. A systematics of the results of
calculations within the QPNM and comparison with the relevant experimental data
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and discussion are presented in Sect. 3. Dipole strength disrtibution at 4Ä12 MeV
energy region is given in Sect. 4. Conclusions are drawn in the ˇnal Section 5.

2. QUASIPARTICLE-PHONON NUCLEAR MODEL

The initial QPNM Hamiltonian contains the average ˇeld of a neutron and a
proton system in the form of the axial-symmetric WoodsÄSaxon potential, mono-
pole pairing, isoscalar and isovector particleÄhole (ph), as well as particleÄparticle
(pp) multipole, spin-multipole and tensor interactions between quasiparticles. The
effective interactions between quasiparticles are expressed as a series of multipoles
and spin-multipoles. It is essential that the interaction between quasiparticles is
presented in a separable form. In this paper, we used only the multipole and
spinÄspin interactions.

We now transform the initial QPNM Hamiltonian. For this purpose we
perform a canonical Bogoliubov transformation

aqσ = uqαqσ + σvqα
+
q−σ (1)

in order to replace the particle operators aqσ and a+
qσ by the quasiparticle operators

αqσ and α+
qσ . We introduce the phonon operators of two types. If we take into

account only interactions of the electric type, the phonon creation operator has
the following standard form:

Q+
λµi1σ =

1
2

∑

qq′

{ψλµi1
qq′ A+(qq′;µσ) − φλµi1

qq′ A(qq′;µ−σ)}. (2)

If we take into account electric and magnetic interactions, we write the phonon
operator [6] in the form

Q+
λµi1σ =

1
2
√

2

∑

qq′

{ψλµi1
qq′ (1+iσ)A+(qq′;µσ)−φλµi1

qq′ (1−iσ)A(qq′;µ−σ)}. (3)

The coefˇcients of the electric part are real; and of the magnetic part, imaginary.
Here i1 = 1, 2, 3 . . . is the root number of the RPA secular equation; A+(qq′;µσ)
and A(qq′;µσ) are, respectively, pair of creation and annihilation quasiparticle
operators. The quantum numbers of the single-particle states are denoted by
qσ, where σ = ±1; q equals Kπ and asymptotic quantum numbers NnzΛ↑ at
K = Λ + 1/2 and NnzΛ↓ at K = Λ − 1/2. The RPA one-phonon state is
described by the wave function

Q+
λµiσΨ0, (4)

where Ψ0 is the ground state wave function of a doubly even nucleus which
is determined as a phonon vacuum. The normalization condition of the wave
function (4) has the form
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1 + δµ0

2

∑

qq′

[(ψλµi1
qq′ )2 − (φλµi1

qq′ )2] = 1. (5)

After some transformation, the QPNM Hamiltonian becomes

HQPNM =
∑

qσ

εqα
+
qσαqσ +Hv +Hvq, (6)

where the ˇrst two terms describe quasiparticles and phonons, and Hvq describes
the quasiparticleÄphonon interaction.

The one-phonon states form the basis of the QPNM. We, therefore, pay much
attention to the solution of the RPA equations. At the next stage, the interaction
of quasiparticles with phonons is taken into account. The wave function of the
excited state is represented as a series with respect to the number of phonon
operators. The approximation consists in the truncation of this series.

The one-phonon states with Kπ = 0+ (denoted by (λµ)i = (20)i) are
calculated in the RPA with monopole and quadrupole pairing and monopole and
ph and pp isoscalar and isovector quadrupole interactions. The relevant RPA
equation is given in [6, 7]. The one-phonon states with Kπ = 1+ (denoted by
(21)i) are calculated with ph and pp isoscalar and isovector quadrupole and spinÄ
spin interactions. The RPA equations for the Kπ = 1+ one-phonon states are
given in [8, 20]. The one-phonon states with Kπ = 0− and 1− are calculated in
the RPA with the ph and pp isoscalar and isovector octupole and ph isovector
dipole interactions. The relevant RPA equations are given in [7, 11]. Other
phonons (λµ = 22, 32, 33, 43, 44, 54, 55, etc.) are calculated with the ph and pp
isoscalar and multipole isovector interactions.

To describe nonrotational states in the QPNM, we used a wave function
consisting of a sum of one- and two-phonon terms

Ψn(Kπ0
0 σ0) =

{∑

i0

Rn
i0Q

+
g0

+
∑

g1g2
σ1σ2

(1 + δg1g2)
1/2

2[1 + δµ00(1 − δµ10)]1/2

×δσ1µ1+σ2µ2,σ0µ0P
n
g1g2

Q+
g1σ1

Q+
g2σ2

}
Ψ0. (7)

Here g0 = λ0µ0i0, µ0 = K0, n = 1, 2, 3 . . . is the number of the Kπ
0 state.

3. DIPOLE STRENGTH DISTRIBUTION IN 0 Ä 4 MeV ENERGY REGION

3.1. Numerical Procedure. The calculations are made with the WoodsÄ
Saxon potential with quadrupole β2 and hexadecapole β4 and γ = 0 equilibrium
deformations. The single-particle spectrum is taken from the bottom of the
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potential well up to +5 or +15 MeV. The parameters of the WoodsÄSaxon
potential were ˇxed in 1968. M1- and E1-transition rates from the ground to
excited up to 4 MeV states were calculated with the wave functions (7).

The isoscalar constants κλµ
0 of ph interactions are ˇxed so as to reproduce

experimental energies of the ˇrst Kπ
n=1 nonrotational states. The calculations

were made with the isovector constant κλµ
1 = −1.5κλµ

0 for ph interactions and

the constant Gλµ = 0.8κλµ
0 for pp interactions. The monopole pairing constants

were ˇxed by pairing energies at G20 = 0.8κ20
0 . The radial dependence of the

multipole interactions has the form dV (r)/dr, where V (r) is the central part of
the WoodsÄSaxon potential. The phonon basis consists of ten (i0 = 1, 2, . . . , 10)
phonons of each multipolarity: λµ = 20, 22, 32, 33, 43, 44, 54, 55, and 65. We
used twenty phonons with λµ = 21, 30, 31. The energies of the two-quasiparticle
poles were calculated by taking into account the blocking effect and the GallagherÄ
Moszkowski correction [21]. After the construction of the phonon basis, no free
parameters were therefore left. The calculations of nonrotational states in evenÄ
even and odd-mass nuclei were performed with the same basis.

3.2. 1+ States. The one-phonon states with Kπ = 1+ are calculated in the
RPA with isoscalar κ21

0 and isovector κ21
1 ph and pp G21 quadrupoleÄquadrupole

and isoscalar κ011
0 and isovector κ011

1 spinÄspin interactions. In both RPA and
QPNM the M1 strengths were computed by using a bare orbital gyromagnetic
factor and an effective spin factor geff

s = 0.7gfree
s .

The spurious state is approximately excluded by choosing the constant κ21
0 >

(κ21
0 )cr. The ˇrst root of the RPA secular equation equals zero at (κ21

0 )cr. The
overlap between the one-phonon Q+

21i > and the spurious < j− states is given by

N i
sp =

1
< j−j+ >

< j−Q
+
21i >< Q21ij+ > . (8)

The sum
∑

i N
i
sp over the ˇrst four states in 164Dy is equal to 0.48 at κ21

0 =
= 0.010 fm2MeV−1 and to 0.008 at (κ21

0 )cr = 0.01435 fm2MeV−1. The sums∑
i N

i
sp over the ˇrst twenty states up to 4 MeV and over all levels up to 30 MeV

in 164Dy are equal to 0.023 and 0.048, respectively. The total overlap
∑

i N
i
sp

for all levels below 30 MeV in 168Er and 238U is
∑

i N
i
sp = 0.046 and 0.11,

respectively. For any state with Kπ = 1+ the N i
sp value is smaller than 0.005.

We state that it is not necessary to exclude the spurious state rigorously if a
nuclear many-body problem is solved approximately. We performed calculations
in the RPA to study the innuence of different spurious admixtures on the M1
transition rates in 166Er, 178Hf, and 238U. The results of calculations are given
in Table 1. The ˇrst root of the RPA secular equation in 238U equals zero
at (κ21

0 )cr = 0.0130 fm2MeV−1. The summed B(M1)↑ values of the ˇrst
twenty states equal 7.0 ± 0.1 µ2

N for κ21
0 = 0.0130, 0.0134, 0.0154, 0.0160, and

0.0170 fm2MeV−1. The increase in the summed overlap from 0.018 to 0.063 and
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in the largest overlap of the single 1+ state from 0.005 to 0.016 weakly affects
the M1 strength. The summed overlap

∑
i N

i
sp in 166Er and 178Hf decreases with

increasing constant κ21
0 and strongly increases at κ21

0 > 0.018 fm2MeV−1. An
approximate exclusion of the spurious state is reasonably good. The constant κ21

0

was ˇxed differently comparing with other constants κλµ
0 . We used the constant

κ21
0 a little larger than (κ21

0 )cr for better description of the ˇrst Kπ
n = 1+

1 state.
As is shown in Table 1, the summed B(M1)↑ values weakly depend on κ21

0 . The
constant (κ21

0 )cr equals 0.013Ä0.015 fm2MeV−1 in 156,158,160Gd, 160,162,164Dy,
166,168Er, 178Hf, 238U, and 240Pu. The present calculations are performed with
the constant κ21

0 equal to 0.015 fm2MeV−1.

Table 1. Summed overlaps with the spurious and scissors states and M1 and E2
strengths calculated for different constants κ21

0 in the energy range 2Ä4 MeV in 166Er
and 178Hf and in 1Ä3 MeV in 238U

Nucleus κ21
0

∑
i N i

sp

∑
i Sci ∑

i B(M1)i↑
∑

i B(E2)i↑
fm2MeV−1 µ2

N s.p.u.
166Er 0.0143 0.032 0.41 5.11 2.27

0.0154 0.017 0.42 5.13 1.91
0.0164 0.012 0.43 5.23 1.68

178Hf 0.0133 0.045 0.31 4.05 2.67
0.0152 0.013 0.32 3.94 1.98
0.0164 0.016 0.34 4.04 2.02

238U 0.0130 0.018 0.49 7.10 1.71
0.0154 0.028 0.52 7.02 1.43
0.0170 0.063 0.55 6.98 1.41

We used the constant Gλµ of pp interactions equal to 0.8κλµ
0 for all λµ

including λµ = 21. As is shown in [22] and in the present calculations, the
summed

∑
B(M1)↑ in the energy range 1Ä4 MeV increased by a factor of 1.2Ä

1.4 at G21 = κ21
0 compared with G21 = 0.8κ21

0 . This sum decreased by a factor
of 0.8Ä0.9 at G21 = 0 compared with G21 = 0.8κ21

0 . The summed
∑

B(M1)↑
weakly depends on κ21

1 . This sum does not practically change at κ21
1 = −κ21

0

compared with κ21
1 = −1.5κ21

0 , it increases by a factor of 1.5 at κ21
1 = 0. We

used κ21
1 = −1.5κ21

0 in the rare-earth and κ21
1 = −1.2κ21

0 in the actinide regions.
A critical analysis of the choice of the constant κ21

1 in [23] leads to values which
are reasonably close to our value. We correctly described giant isoscalar and
isovector quadrupole resonance with these constants.
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We used the isoscalar κ011
0 and isovector κ011

1 constants of the ph spinÄspin
interaction equal to -0.0024 and -0.024 fm2MeV−1. The M1 strength in the low
energy region depends weakly on κ011

1 and κ011
0 . The summed

∑
B(M1)↑ up to

3 MeV in 240Pu increases by a factor of 1.24 at κ011
1 = −0.0024 and decreases

by a factor of 1.24 at κ011
1 = −0.24 compared with κ011

1 = −0.024 fm2MeV−1.
The summed spin M1 strength in the range 1Ä15 MeV in 154Sm increases by
a factor of 1.25 at κ011

1 = −0.012 compared with κ011
1 = −0.048 fm2MeV−1.

The calculated spin M1 strength in 154Sm summed up to 12 MeV at κ011
1 =

= −0.024 fm2MeV−1, equal to 11.5 µ2
N , is close to the calculated value of

11.4 µ2
N in [24]. The calculated spin M1 strength in 154Sm summed in the

energy range 5Ä10 MeV at κ011
1 = −0.024 fm2MeV−1, equal to 9.5 µ2

N , does
not contradict the experimental M1 strength

∑
Bσ(M1) = 11 ± 2 µ2

N [15].
3.3. Kπ = 0− and 1− States. The origin of E1 strength in the low-

energy region in deformed nuclei has been investigated in [25]. It is known
that there are no one-phonon 1− states below the particle threshold in spherical
nuclei. Quadrupole deformation is responsible for the splitting of subshells of a
spherical basis into twice-degenerate single-particle states. Due to this splitting,
part of the E1 strength is shifted to low-lying states. An octupole isoscalar
interaction between quasiparticles leads to the formation of collective octupole
states. Due to the octupole interaction, the summed E1 strength for the transition
to Kπ = 0− and 1− states in the (0Ä4) MeV energy region increases by two
orders of magnitude. An isovector dipole ph interaction shifts the largest part of
E1 strength from the low-lying states to the region of the isovector GDR.

The one-phonon states with Kπ = 0− and 1− are calculated in the RPA with
ph and pp isoscalar and isovector octupole and ph isovector dipole interactions.
The isovector constant of the ph dipole interaction is κ1µ

1 = −1.5κ3µ
0 for the

rare-earth and κ1µ
1 = −1.2κ3µ

0 for the actinide nuclei. The GDR was correctly
described with these constants κ1µ

1 .
In the low-energy region, the isovector ph electric dipole interaction reduces

the E1 strength by more than an order of magnitude [11]. Such a reduction,
however, is not sufˇcient, since the calculated B(E1) values for the excitation
of the Kπ = 0− states remain 3Ä10 times the experimental ones. For a further
quenching needs an effective charge is to be used. Physically, this quantity should
account for the coupling of the low with the high energy conˇgurations excluded
from the model space. We used the following renormalized effective charge

e
(1)
eff = −e

2
(τz − N − Z

A
)(1 + χ), (9)

where the factor χ is a ˇtting parameter introduced to quench the too large
E1 transition probabilities at χ = 0. In many papers, for example in Ref. 26,
the value (1 + χ) = 0.3 was chosen. We computed the E1 reduced transition
probabilities in 168Er within the QPNM and ˇxed χ by an overall ˇt of the



DIPOLE EXCITATIONS IN DEFORMED NUCLEI 793

experimental summed strength in the energy range 1.7Ä4.0 MeV [27] obtaining
(1 + χ) =

√
0.2. This value was adopted to study within the QPNM the E1

strength distribution in doubly even deformed nuclei over an energy interval up
to 4 MeV [9Ä11]. The computed B(E1) values where quenched by a factor 5 in
qualitative agreement with the experimental data. In this low-energy region, the
total strength of the E1 transitions to the Kπ = 0− states in the Gd, Dy, Er and
Yb isotopes resulted to be 2Ä4 times larger than the strength of the transitions to
the Kπ = 1− states. An exception is represented by the 178Hf nucleus where the
E1 ∆K = 0 summed strength is partly suppressed.

3.4. Numerical Results. The Kπ = 1+ states below 2 MeV have been
observed in one-nucleon transfer reactions and in β decays in a number of evenÄ
even deformed nuclei. Most of the properties of the collective scissors mode have
been established in (e, e′) and (γ, γ′) experiments. Microscopic calculations of the
Kπ = 1+ states and B(M1)↑ values have been carried out so far in the RPA. We
calculated in the RPA and QPNM the energies and wave functions of theKπ = 1+

states and B(M1)↑ values in 156,158,160Gd, 160,162,164Dy, and 238U. These results
were published in [8,9,20]. Our results of the RPA calculations of theM1 strength
distribution do not practically differ compared to the calculations [24,28,29].

The results of calculations of the energies, wave functions and B(M1)↑ and
B(E1)↑ values in 166,168Er, 172,174Yb, 178Hf, and 238U are given in the form of
Tables or Figures. The experimental data as well as the results of our calcula-
tions are presented in Tables 2, 3, 4, 5, 6, 10. The calculated structure is given as a
contribution of the one-phonon (λµ)i and two-phonon {(λ1µ1)i1 , (λ2µ2)i2} com-
ponents to the normalization of the wave function (7). Then, we list the largest
two-quasineutron νν and two-quasiproton ππ components of the wave function
(4) of the one-phonon state (λµ)i. The B(Eλ)↑ ≡ B(Eλ; 0+0g.s.→IπKn) with
I = λ for λ ≥ 2 is given in the single-particle units

B(Eλ)↑s.p.u. =
2λ+ 1

4π
(

3
λ+ 3

)2(0.12A1/3)2λ e2(10 fm)2λ. (10)

3.5. Scissors Mode. The wave function of the scissors state has been deˇned
[30] as

Ψsc = (< j−j+ >< j−j+ >ν< j−j+ >π)−1/2[I+(ν) < j−j+ >π

−I+(π) < j−j+ >ν ]Ψ0 (11)

with the normalization condition

(Ψ∗
scΨsc) = 1.

Here

I±(τ) =
∑

i0

I21i0
± (τ)

1 ∓ i√
2

(Q+
21i0± −Q21i0∓),
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I21i0
± (τ) =

∑

q1>q2

τ
< q1|j±|q2 > u(−)

q1q2
ψ21i0

q1q2
.

The wave function Ψsc is orthogonal to the spurious state j+Ψ0. The overlap is
calculated in the RPA so as to enforce the following normalization condition

∑

i

|(Ψ∗
scQ

+
21iσ0

Ψ0)|2 = 1,

where the sum extends to all RPA states. The overlap of the wave function (7)
with the scissors state has the following form:

Scn =
1

< j−j+ >< j−j+ >ν< j−j+ >π

∑

i0i′0

Rn
i0R

n
i′0

×[< j−j+ >π I21i0
+ (ν)− < j−j+ >ν I21i0

+ (π)]

×[< j−j+ >π I
21i′0
+ (ν)− < j−j+ >ν I

21i′0
+ (π)]. (12)

According to our calculations, the scissors mode fragments over both the low-
and high-energy M1 excitations. The overlap of scissors with low-lying states up
to 4 MeV is about 50%. The other half goes to the high-energy states in the range
20Ä24 MeV. This is consistent with the schematic predictions of the existence of
two scissors modes, one at low and the other at high energies [31]. The scissors
state is strongly fragmented in the low-energy region. According to [32] and our
calculations, for any 1+

n state the Scn value is smaller than 0.2. The results on
the overlap with the scissors state are similar in RPA and QPNM.

The reduced probability for M1 transition from the ground state 0+
g.s. to the

1+
sc scissors state is

Bsc(M1; 0+
g.s.→1+

sc) = 2µ2
N |(Ψ∗

scΓ(M1)Ψ0)|2

= 2µ2
N |

∑

i

A(M1; 0+
g.s.→1+

i )|2, (13)

where Γ(M1) is the magnetic dipole operator, A(M1; 0+
g.s.→1+

i ) is the amplitude
for M1 transition to a relevant one-phonon component i of the wave function
(11). The sum over i extends to all RPA states. A contribution of the scissors
components of the one-phonon state i to the B(M1)i value equals 10−5Ä10−1.
The ratio ∑

i Bsc(M1↑)i∑
i B(M1↑)i

= 0.05

for the sum over all the RPA states below 4 MeV for each scissors component
Bsc(M1)i. According to calculation with Eq. (13), the ratio

Bsc(M1; 0+
g.s.→1+

sc)∑
i B(M1↑)i

= 0.3 − 0.4.
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It means that the scissors contribution to the total M1 strength in the energy
range 1Ä4 MeV is large due to the coherence effect.

The scissors mode is mostly responsible for enhanced total M1 strength in the
low-energy region. The contribution of the scissors state to the total M1 strength
in the energy range up to 30 MeV in 168Er equals 60%. The large contribution
to the total M1 strength in the energy range 2Ä30 MeV is due to the coherence
sum in Eq. (13). Nevertheless, its contribution to the wave functions of each 1+

states is small. The wave functions of Kπ = 1+ states are mostly determined by
other components which may be observed, for example, by one-nucleon-transfer
reactions.

3.6. Kπ = 1+ States and M1 Strength Distribution. The fragmentation
of the one-phonon Kπ = 1+ states in 156,158,160Gd and 160,162,164Dy has been
studied in the QPNM in [8,20]. In each of these nuclei there is a strong peak of
an order of 1Ä1.5 µ2

N . The fragmentation is appreciable only above 3 MeV.
In our investigation of the fragmentation of one-phonon states we paid special

attention to 168Er because the parities of the excited states have been determined
model independently by measuring the linear polarization of the scattered photons.
Experimental energies of the 1+ states and B(M1)↑ values [27] are compared
with the calculated ones in Table 2. The B(E2)↑ values characterize the col-
lectivity of each state. The structure of each Kπ = 1+ state is presented. The
1+ levels below 2.3 MeV in 168Er have not been observed experimentally. It is
impossible to compare one to one the experimental and computed levels. The
experimental and computed M1 strength distributions in 166Er are given in Fig. 1.
In general, the observed M1 strength in 168Er and 166Er is stronger fragmented
than in the Gd and Dy isotopes. The fragmentation of one-phonon states due to
the coupling with two-phonon conˇgurations is very important above 3 MeV in
both nuclei. The observed M1 strength in 166,168Er is stronger fragmented below
3 MeV than the calculated ones.

Table 2. Energies, M1 and E2 strengths and structure of the QPNM
Kπ = 1+ states in 168Er

Experiment [27] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
1 2.10 0.05 0.06 (21)1 82; (21)3 7

{(31)1,(32)1} 5
(21)1:
νν633↑-642↑ 80
νν624↑-633↑ 13
ππ514↑-523↑ 3
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Table 2. (cont.)

Experiment [27] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
2 2.29 0.04 0.02 (21)2 93

{(32)1,(33)3} 2
(21)2:
ππ411↑-411↓ 98

3 2.494 0.162± 0.018 2.33 1.05 0.32 (21)1 12; (21)2 3
(21)3 65; (21)5 5
{(31)1,(32)1} 6
{(33)2,(54)1} 5
(21)3:
νν624↑-633↑ 62
ππ514↑-523↑ 24
νν512↑-521↑ 7
νν633↑-642↑ 3

4 2.643 (0.063 ± 0.013) 2.60 0.02 2 · 10−5 (21)4 88
{(32)1,(33)1} 5
(21)4

νν521↑-521↓ 91
νν512↑-521↑ 6

5 2.676 0.171 ± 0.18 2.66 1.05 0.01 (21)3 9; (21)5 81
{(31)1,(32)1} 3
(21)5:
ππ514↑-523↑ 44
νν512↑-521↑ 39
νν521↑-521↓ 6

6 2.694 (0.025 ± 0.005) 2.77 0.02 1 · 10−3 (21)6 97
(21)6:
νν514↓-512↑ 98

7 2.728 (0.262 ± 0.029) 2.85 0.18 0.29 (21)7 81
{(22)1,(43)1} 6
(21)7:
νν514↓-523↓ 33
νν512↑-521↑ 33
ππ404↓-413↓ 10
ππ523↑-532↑ 7
ππ514↑-523↑ 5
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Table 2. (cont.)

Experiment [27] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
9 2.792 0.179± 0.019 3.05 0.24 0.01 (21)10 68

{(31)1,(32)1} 14
{(33)2,(54)1} 4

10 2.798 0.208± 0.021 3.11 0.12 0.08 (21)7 4; (21)9 65
(21)12 11
{(22)1,(43)1} 9

11 3.048 (0.105 ± 0.014) 3.16 0.58 1 · 10−3 (21)7 6; (21)9 33
(21)12 25; (21)13 6
{(22)1,(43)1} 14
{(32)1,(33)1} 5
{(33)2,(54)1} 5

12 3.357 (0.348 ± 0.041) 3.22 0.11 3 · 10−3 (21)10 11; (21)12 3
(21)13 4; (21)14 4
{(33)2,(54)1} 51
{(31)1,(32)1} 13
{(22)1,(43)1} 8

13 3.390 0.753± 0.086 3.29 0.22 0.03 (21)4 3; (21)5 3
(21)13 4; (21)14 7
{(32)1,(33)1} 69
{(33)2,(54)1} 3
{(22)1,(43)1} 3
{(21)1,(22)1} 2

14 3.409 (0.234 ± 0.029) 3.34 0.08 1 · 10−4 (21)12 10; (21)13 18
{(21)1,(22)1} 65
{(32)1,(33)1} 4

17 3.457 0.319± 0.039 3.41 0.02 0.02 {(33)1,(54)1} 92
18 3.591 (0.055 ± 0.010) 3.44 0.06 0.02 (21)3 8; (21)5 4

(21)10 7
{(31)1,(32)1} 49
{(33)2,(54)1} 15

19 3.657 (0.191 ± 0.026) 3.48 0.13 0.16 (21)12 3; (21)14 27
{(32)1,(33)2} 27
{(44)1,(43)1} 5
{(22)1,(33)1} 10
{(33)1,(54)1} 5
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Table 2. (cont.)

Experiment [27] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
26 3.776 (0.054 ± 0.010) 3.74 0.05 4 · 10−5 (21)12 9; (21)13 8

(21)14 4
{(22)1,(43)1} 31
{(33)3,(54)1} 22

42 3.806 0.204± 0.033 3.94 0.04 0.01 (21)15 7
{(30)1,(31)2} 81

The experimental and calculated M1 strength distribution in 172Yb is given
in Fig. 2. The experimental and calculated energies and B(M1)↑ values in 174Yb
are presented in Table 3. The ˇrst Kπ

n = 1+
1 state with energy 1.624 MeV

in 174Yb is, practically, pure two-quasineutron state. This state was observed
in the (d, p) reaction [34]. This two-quasineutron νν514↓−512↑ state was not
observed in 172Yb. The second Kπ

n = 1+
2 2.01 MeV state in 172Yb was observed

in the (d, t) reaction. Most levels with Kπ = 1+ in 172Yb and 174Yb were
observed in the (γ, γ′) experiments [33] with uncertain parity assignments. The
parity of the levels with energy 3.349 and 3.562 MeV in 174Yb are known from
the (e, e′) experiments [35]. According to our calculation, the two-quasiproton
state ππ404↓−413↓ is fragmented in the energy range 3.5Ä3.9 MeV in 174Yb.
Therefore, this conˇguration has not been observed in the (t, α) reaction [36].

A comparison of the observed M1 strength distribution in 178Hf [37] with
the result of the present calculations within the RPA and QPNM is demonstrated
in Fig. 3. The strong fragmentation of the M1 strength in the energy range
2.4Ä4.0 MeV is well described in the QPNM. According to the RPA calcula-
tion, there is a strong peak of 1.05 µ2

N at 3.64 MeV. This one-phonon state is
strongly fragmented in the energy range 3.2Ä4.0 MeV. The coupling between
one- and two-phonon states is responsible for strong fragmentation of the M1
strength in 178Hf.

The experimental [38, 39] and calculated energies and B(M1)↑ values in
238U are presented in Table 4. According to the calculation, the Kπ = 1+ levels
at 1.68 and 1.86 MeV have B(M1)↑ equal to 0.61 and 0.62 µ2

N , respectively. In
the case of positive parity of K = 1 levels at 1.782 and 1.846 MeV the B(M1)↑
strength is (0.43±0.05) and (0.41±0.06) µ2

N [39].
There are strong dipole Kπ = 0− and 1− excitations in 238U (see below).

To summarize, we have described the strong dipole excitations around 1.8 MeV
in 238U which have been found in [39].

Twenty-two levels in 238U have been observed in [40] with 18 MeV 4He ions.
Eight 2+ states between 0.966 and 1.782 MeV and three 3− states are populated
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Fig. 1. Experimental, QPNM and RPA M1 strength distribution in 166Er. Full and dashed
lines refer respectively to QPNM and RPA

by direct E2 and E3 transitions, respectively. This is an unusually large number
of 2+ states in this low excitation region. Three of the 2+ states with energies
1.530, 1.414, and 1.224 MeV have decay branches to the one-phonon states
with B(E2) values between 27 and 56 W.u. which are an order of magnitude
larger than the B(E2) values between one-phonon and ground states. These
B(E2) values are in disagreement with the calculation within the QPNM [41].
These decay branches are much larger than the corresponding B(E2) ratios in the
harmonic limit. The results obtained in [40] are in connict with any microscopic
description of nuclear vibrational states. It is challenge to the theory of atomic
nuclei. Therefore, it is tempting to reconsider the E2 assignment and explore the
possibility that the observed transitions have a different nature. To this purpose
we have computed the E2 and M1 strengths.
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Fig. 2. Experimental, QPNM and RPA M1 strength distribution in 172Yb. See Fig. 1 for
explanatory details

Table 3. Energies, M1 and E2 strengths and structure of the QPNM
Kπ = 1+ states in 174Yb

Experiment [33] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
1 1.624 1.60 1.3 · 10−3 3 · 10−4 (21)1 99

(21)1:
νν514↓-512↑ 99

2 2.037 0.15 ± 0.11 2.10 0.86 0.87 (21)2 99
2.068 0.20 ± 0.12 (21)2:

νν624↑-633↑ 72
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Table 3. (cont.)

Experiment [33] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
ππ514↑-523↑ 13

3 2.338 0.28 ± 0.10 2.65 0.92 0.02 (21)3 85; (21)5 1
2.500 0.35 ± 0.11 (21)6 2

{(22)1,(43)1} 2
{(31)2,(32)1} 3
{(32)1,(33)1} 1
{(54)1,(55)1} 2
(21)3:
ππ514↑-523↑ 45
νν633↑-642↑ 30
νν512↑-521↑ 15
νν514↓-523↓ 5

5 2.581 (0.21 ± 0.08) 2.69 0.11 0.06 (21)5 55; (21)6 18
(21)8 2
{(32)1,(33)1} 12
{(31)2,(32)1} 3
(21)5:
νν615↑-624↑ 38
νν633↑-642↑ 25
ππ514↑-523↑ 16
νν510↑+521↓ 9
νν512↑-521↑ 6

11 2.920 (0.44 ± 0.11) 3.06 0.25 0.03 (21)8 5; (21)9 8
(21)10 63; (21)11 6
{(21)1,(22)1} 1
{(21)1,(43)1} 2
{(31)1,(32)1} 9
(21)10:
νν512↑-512↓ 66
ππ411↑-411↓ 24
νν514↓-523↓ 5

14 3.122 (0.10 ± 0.06) 3.21 0.30 0.16 (21)11 28; (21)12 43
3.145 (0.13 ± 0.06) (21)13 3; (21)15 5

{(22)1,(43)1} 2
{(22)1,(43)2} 7
{(31)2,(32)1} 3
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Table 3. (cont.)

Experiment [33] Calculation in the QPNM
n En B(M1)↑ En B(M1)↑ B(E2)↑ Structure, %

MeV µ2
N MeV µ2

N s.p.u.
17 3.349 0.33 ± 0.14 3.35 0.56 0.18 (21)11 4; (21)12 22

(21)13 13; (21)15 14
{(22)1,(43)1} 30
{(32)1,(33)1} 3

23 3.562 0.41 ± 0.10 3.57 0.25 0.02 (21)12 4; (21)13 30
(21)15 13; (21)16 8
{(22)1,(43)2} 9
{(22)1,(43)3} 3
{(32)1,(33)1} 19
{(32)1,(33)2} 3

25 3.695 (0.33 ± 0.13) 3.65 0.11 0.03 (21)13 3; (21)15 5
{(21)2,(20)1} 66
{(22)1,(43)1} 11
{(43)1,(44)2} 4

31 3.75 0.22 0.007 (21)15 3; (21)16 3
{(54)1,(55)1} 82

33 3.84 0.13 0.11 (21)15 5; (21)16 11
(21)17 4
{(21)2,(22)1} 41
{(22)1,(43)2} 10

35 3.87 0.11 0.09 (21)15 5; (21)16 9
(21)17 3
{(21)2,(22)1} 37
{(22)1,(43)2} 17
{(22)1,(43)3} 14

The γ-ray transitions between 2+ states were treated in [40] as E2 transitions
and were rejected as M1 transitions. According to our calculation, there are
relatively strong M1 transitions between 2+ states. It is possible to expect that
the Coriolis coupling between the 2+ state at 1.530 MeV and the 2+ member of
a rotational band based on the Kπ = 1+ state at 1.782 MeV are responsible for
a large B(M1) value for the transition from the 2+ state at 1.530 MeV to the
2+01 state at 0.966 MeV.

The energies, B(E2)↑, B(E2; 2+→2′+) and B(M1; 2+→2′+) values ob-
served in [40] and calculated are presented in Fig. 4. We do not include in
Fig. 4 the 2+ state at 1.530 MeV. According to [40], the B(E2) value for the
decay branch into the one-phonon quadrupole state at 0.966 MeV is 56 W.u.
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Table 4. Energies, M1 and E2 strength and structure of theKπ=1+

states in 238U

Experiment [ref] Calculation in QPNM
n En B(M1)↑ En B(M1)↑a B(E2)↑b Structure, %

MeV µ2
N MeV µ2

N s.p.u.
1 1.18 0.032 0.02 (21)1 97

{(31)1, (32)1} 1
(21)1:
νν624↓−622↑ 99

2 1.782 0.43 ± 0.05 1.68 0.61 0.22 (21)2 76; (21)3 3
[39] {(31)1, (32)1} 12

(21)2:
νν734↑−743↑ 67
ππ642↑−651↑ 25
νν624↓−633↓ 3

3 1.846 0.41 ± 0.06 1.85 0.62 0.07 (21)2 4; (21)3 93
[39] (21)3:

ππ642↑−651↑ 69
νν734↑−743↑ 14
νν624↓−633↓ 7
νν743↑−752↑ 3

4 1.97 0.34 0.07 (21)2 13; (21)5 16
(21)8 15
{(31)1, (32)1} 48

5 2.07 0.04 0.03 (21)4 87; (21)5 2
{(22)1, (43)2} 2
(21)4:
νν624↓−633↓ 63
νν613↑−622↑ 30
ππ642↑−402↓ 3

6 2.14 0.01 6 · 10−3 (21)4 3; (21)5 46
(21)6 34; (21)7 4
{(31)1, (32)1} 4
(21)5:
νν743↑−752↑ 55
νν613↑−622↑ 28
νν624↓−633↓ 8

7 2.176 2.18 1.60 0.08 (21)5 24; (21)6 58
(21)8 9

(γ, γ′) : 0.93 ± 0.06 {(31)1, (32)1} 4
(e, e′) : 1.25 ± 0.30 (21)6:
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Table 4. (cont.)

Experiment [ref] Calculation in QPNM
n En B(M1)↑ En B(M1)↑a B(E2)↑b Structure, %

MeV µ2
N MeV µ2

N s.p.u.
[38] ππ642↑−402↓ 77

νν743↑−752↑ 18
νν613↑−622↑ 4

8 2.209 2.25 0.80 0.20 (21)5 4; (21)7 83
(γ, γ′) : 0.90 ± 0.06 {(31)1, (32)1} 3
(e, e′) : 0.88 ± 0.35 (21)7:

[38] ππ521↑−530↑ 34
νν743↑−752↑ 18
νν613↑−622↑ 15
νν622↑−631↑ 13
ππ642↑−402↓ 7

9 2.245 2.35 0.50 2 · 10−3 (21)6 3; (21)7 3
(21)9 40

(γ, γ′) : 0.48 ± 0.03 (21)10 19; (21)11 12
(e, e′) : 0.64 ± 0.28 {(30)2, (31)1} 4

[38] {(22)1, (43)1} 3
{(32)1, (33)1} 3
(21)9:
νν631↑−631↓ 98

10 2.295 2.40 0.19 0.02 (21)9 35; (21)10 40
(γ, γ′) : 0.19 ± 0.02 {(30)2, (31)1} 4
(e, e′) : 0.23 ± 0.18 {(32)1, (33)1} 5

[38] (21)10:
ππ523↓−521↑ 91
νν615↓−624↓ 4

11 2.41 0.003 0.09 (21)8 25; (21)9 19
(21)10 13
{(31)1, (32)1} 10
{(22)1, (43)1} 9
(21)8:
νν622↑−631↑ 65
ππ521↑−530↑ 31

12 2.410 2.48 0.19 6 · 10−3 (21)8 20; (21)10 9
(21)11 37

(γ, γ′) : 0.33 ± 0.03 {(31)1, (32)1} 9
(e, e′) : 0.48 ± 0.25 {(22)1, (43)2} 7

[38] (21)11:
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Table 4. (cont.)

Experiment [ref] Calculation in QPNM
n En B(M1)↑ En B(M1)↑a B(E2)↑b Structure, %

MeV µ2
N MeV µ2

N s.p.u.
νν615↓−624↓ 33
ππ521↑−530↑ 18
νν613↑−622↑ 10
νν620↑+631↓ 9
νν622↑−631↑ 7

13 2.55 0.04 0.02 (21)8 13; (21)12 5
(21)13 12
(21)19 12
{(22)1, (43)2} 19
{(22)2, (43)2} 15
{(54)1, (55)1} 8

14 2.468 2.60 0.38 0.05 (21)11 4; (21)12 62
(21)17 4

(γ, γ′) : 0.36 ± 0.03 {(31)2, (32)1} 6
(e, e′) : 0.54 ± 0.20 {(22)2, (43)3} 6

[38] (21)12:
νν615↓−624↓ 52
ππ633↑−642↑ 15
ππ523↓−532↓ 12
ππ521↑−530↑ 8

a The B(M1)↑ are equal to B(M1; 0+0g.s.→1+1n).
b The B(E2)↑ are equal to B(E2; 0+0g.s.→2+1n) and are given in the single-particle
units.

There is no a calculated state which corresponds to the experimental 1.53 MeV
state. The calculated B(M1) values are larger than the B(M1) values rejected
in [40]. According to the present calculation, the ˇrst Kπ

n = 1+
1 state has en-

ergy of 1.18 MeV and B(M1)↑=0.03 µ2
N . The ˇrst 1+ state is the lowest

state due to a very low energy of the two-quasiparticle pole. The calculated
B(M1; 2+11→2+0g.s.) = 15 · 10−3 µ2

N is 5.8 times as large as the rejected ex-
perimental value. The calculated B(M1) values between one-phonon components
of the wave functions of the initial and ˇnal states are 3Ä10 times as larger as
the B(M1) values rejected in analyses of the relevant experimental data in [40].
It is now impossible to specify the correspondence between the calculated and
experimental 2+ states unless experimental data on the K quantum numbers of
these 2+ states are obtained.
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Fig. 3. Experimental, QPNM and RPA M1 strength distribution in 178Hf. See Fig. 1 for
explanatory details

It is reasonable to note that there are experimental data on relatively large
B(M1) values for transitions between one-phonon terms of the wave functions
of the initial and ˇnal states. For example, in [42] the following M1 tran-
sition rates have been observed in 156Gd: B(M1; 2−21→2−11)=8 · 10−3 µ2

N ,
B(M1; 1+12 → 2+01)=4 ·10−2 µ2

N and B(M1; 1+12→0+02)=5 ·10−2 µ2
N . Ac-

cording to experimental data [43] in 168Er, B(M1; 3−31→4−41) is 3 · 10−2 µ2
N ,

B(M1; 3−33→3−31)=5.8 · 10−4 µ2
N and B(M1; 3−33→2−21) = 2.5 · 10−4 µ2

N .

It seems to us, it will be useful to reanalyze experimental data in [40] taking
into account the M1 transitions. It is important to have experimental data on the
K quantum number of the low-lying states in 238U for performing the Coriolis
coupling calculations. In this case, it will be possible to solve the disagreement
between experimental data obtained in [40] and the microscopic description of
vibrational states in doubly even deformed nuclei.
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Fig. 4. Energy level diagram of the 2+ states observed by Coulomb excitation of 238U and
the results of the present calculation. (B(E2)W = 1

4π
( 3
5
)2(0.12A1/3)4e2b2)

3.7. Kπ = 0− and 1− States and E1 Strength Distribution. The rich
experimental data on the E1 strength distribution in 168Er in the energy range
1.7Ä4.0 MeV were given in Ref. 27. We used these data for renormalization of
the E1 effective charge. The experimental energies and B(E1)↑ values and the
calculated energies, B(E1)↑ and B(E3)↑ values and structure of the Kπ = 0−

and 1− states in 168Er are given in Table 5. The experimental B(E1)↑ values
in brackets mean that there is somewhat uncertain assignments of parity or/and
K-quantum number. The calculated B(E3)↑ values for excitation of the IπKn =
= 3−11 and 3−01 states are in agreement with the relevant experimental data.
The observed E1 strength distribution of the E1, ∆K = 0 strength below 3.2
MeV is somewhat stronger fragmented than the calculated ones. In general,
strong fragmentation of the E1 strength in 168Er is reasonably good described in
the QPNM. As is shown in Fig. 5, the observed fragmentation of the one-phonon
states with Kπ = 0− in 174Yb is relatively weak. Nevertheless, the observed E1,
∆K = 0 strength in 174Yb is stronger fragmented than the calculated ones.
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Table 5. Energies, E1 and E3 strengths and structure of the QPNM
Kπ = 0− and 1− states in 168Er

Experiment [27] Calculation in the QPNM
Kπ

n En B(E1)↑ En B(E1)↑ B(E3)↑ Structure, %
MeV e2fm2 · 10−3 MeV e2fm2 · 10−3 s.p.u.

1−1 1.358 1.30 5.90 2.75 (31)1 95
{(22)1,(33)2} 3
(31)1:
νν633↑-512↑ 81
νν633↑-523↓ 2

0−1 1.786 22.38± 2.51 1.85 17.3 2.80 (30)1 99
(30)1:
νν512↑-642↑ 30
νν514↓-633↑ 4
ππ523↑-404↓ 3

1−2 1.937 0.79 ± 0.11 1.92 1.4 0.72 (31)2 96
(31)2:
νν633↑-523↓ 89
νν633↑-512↑ 6

0−2 2.137 (1.34 ± 0.25) 2.30 6.9 0.93 (30)2 99
(30)2:
νν514↓-633↑ 19
νν512↑-642↑ 16
ππ523↑-404↓ 9

1−3 2.342 (0.52 ± 0.11) 2.28 6.0 3.31 (31)3 94
(31)3:
νν651↑-521↓ 31
νν633↑-512↑ 10
νν633↑-523↓ 7
νν642↑-521↑ 5
ππ523↑-402↑ 4
ππ532↑-411↑ 4

0−3 2.417 1.61 ± 0.27 2.49 0.1 9 · 10−3 (30)3 99
(30)3:
ππ523↑-404↓ 32
νν514↓-633↑ 17

0− 2.510 0.55 ± 0.16
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Table 5. (cont.)

Experiment [27] Calculation in the QPNM
Kπ

n En B(E1)↑ En B(E1)↑ B(E3)↑ Structure, %
MeV e2fm2 · 10−3 MeV e2fm2 · 10−3 s.p.u.

1−4 2.55 4.3 1.79 (31)4 91
{(22)1,(33)1} 3
{(43)2,(54)1} 3
(31)4:
νν651↑-521↓ 66
νν642↑-521↑ 3
ππ532↑-411↑ 3

0−4 2.740 0.80 ± 0.14 2.72 7.0 0.85 (30)4 88
{(22)1,(32)1} 4
{(44)1,(54)1} 3
(30)4:
νν523↓-642↑ 28
νν514↓-633↑ 5
ππ523↑-404↓ 4

1−6 2.849 (1.10 ± 0.15) 2.90 0.1 0.014 (31)5 95
{(22)1,(33)3} 3
(31)5:
ππ523↑-413↓ 92
νν642↑-521↑ 4

0−5 2.946 2.06 ± 0.27 3.03 5.3 0.79 (30)5 86; (30)4 3
(30)6 3
{(22)1,(32)1} 7
(30)5:
νν523↓-642↑ 18
νν514↓-633↑ 10

1−7 2.975 (0.84 ± 0.15) 3.07 0.1 0.13 (31)6 37; (31)7 5
(31)8 4; (31)10 8
(31)12 6
{(20)3,(31)1} 27
{(22)1,(31)1} 5

1−8 3.095 (1.04 ± 0.14) 3.09 0.1 6 · 10−3 (31)6 34; (31)7 36
(31)8 7
{(22)1,(31)1} 14
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Table 5. (cont.)

Experiment [27] Calculation in the QPNM
Kπ

n En B(E1)↑ En B(E1)↑ B(E3)↑ Structure, %
MeV e2fm2 · 10−3 MeV e2fm2 · 10−3 s.p.u.

0−6 3.181 1.96 ± 0.28 3.19 12.2 1.86 (30)6 68; (30)5 8
(30)4 5
{(22)1,(32)1} 7
{(22)1,(32)2} 5
{(44)1,(54)1} 5

1−10 3.190 (1.16 ± 0.15) 3.15 0.4 0.08 (31)6 17; (31)7 29
(31)8 9; (31)12 10
{(20)3,(31)1} 23
{(22)1,(31)1} 5

0−8 3.441 (0.58 ± 0.15) 3.49 0.3 7 · 10−3 (30)6 6; (30)8 5
{(22)1,(32)1} 20
{(22)2,(32)1} 45
{(44)1,(54)1} 14
{(22)1,(32)2} 5
{(43)1,(33)2} 2

1−21 3.468 (1.81 ± 0.26) 3.48 0.2 0.03 (31)9 4; (31)15 3
{(20)1,(31)1} 76
{(43)1,(54)2} 6
{(43)2,(54)1} 3

0−9 3.480 3.64 ± 0.52 3.51 0.4 4 · 10−3 (30)6 6; (30)8 4
{(22)1,(32)1} 16
{(22)2,(32)1} 54
{(44)1,(54)1} 9

0−13 3.505 (0.53 ± 0.24) 3.67 0.1 4 · 10−6 (30)7 6
{(21)1,(31)1} 83

1−22 3.516 (1.31 ± 0.24) 3.49 0.3 0.08 (31)10 7; (31)11 3
(31)12 9; (31)15 4
{(43)1,(54)2} 22
{(20)3,(31)1} 20

0−14 3.703 1.57 ± 0.31) 3.71 1.5 0.12 (30)7 37
{(21)1,(31)1} 11
{(20)3,(30)1} 38
{(43)1,(33)3} 6

1−35 3.719 (1.27 ± 0.32) 3.76 1.0 0.11 (31)15 32
{(20)1,(31)3} 17
{(22)1,(31)3} 6
{(22)3,(31)1} 22
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A comparison between the observed fragmentation of the E1 strength with
∆K = 0 and the calculated within the QPNM fragmentation of the E1 strengths
with ∆K = 0 and 1 in 166Er, 172Yb and 178Hf are presented in Figs. 6, 7, and 8.
The observed fragmentations of the E1, ∆K = 0 strengths are stronger in 166Er
and 172Yb and weaker in 178Hf compared to the calculated ones.

Fig. 5. Experimental, QPNM and RPA E1, ∆K = 0 strength distribution in 174Yb. See
Fig. 1 for explanatory details

Recently, strong dipole excitations around 1.8 MeV in 238U have been found
in [39]. These dipole excitations are additional to the M1 strength distribution
in the energy range 2.0Ä2.5 MeV which have been obtained in [38] by using
NRF and inelastic electron scattering experiments. The results of the present
calculation of the Kπ = 0− and 1− states in 238U are given in Table 6 and Fig. 9.
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In the case of negative parity of the K = 0 level at 1.793 MeV the B(E1)↑
strength is (1.4 ± 0.5) · 10−3 e2fm2. As is shown in Table 6, this level can be
treated as the IπKn = 1−03 state at 1.85 MeV with B(E1)↑ = 1.4 · 10−3 e2fm2.

Fig. 6. Experimental B(E1; 0+0g.s.→1−0n) and QPNM B(E1; 0+0g.s.→1−Kn) values
in 166Er. Full and dashed lines refer respectively to K = 0 and K = 1

3.8. Discussion. There are quadrupole excitations with K = 0, 1 and 2 in
evenÄeven deformed nuclei. Energies of the ˇrst Kπ

n = 0+
1 and 2+

1 states are
lying below the relevant ˇrst poles and their wave functions are the superposition
of many two-quasiparticle components. Energies of the ˇrst Kπ

n = 1+
1 states are
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lying above the ˇrst poles and B(E2)↑ values for excitations of the IπKn = 2+11

states are very small. The wave functions of each ˇrst 1+
1 state are, practically,

two-quasiparticle ones. This difference is connected with approximate exclusion
of the spurious 1+ state by choosing the constant κ21

0 ≥ (κ21
0 )cr. The existing

experimental data on the ˇrst 1+ states in deformed nuclei support this method
of exclusion of the spurious 1+ rotational state.

Fig. 7. Experimental B(E1; 0+0g.s.→1−0n) and QPNM B(E1; 0+0g.s.→1−Kn) values
in 172Yb. See Fig. 6 for explanatory details

The equilibrium quadrupole deformation is responsible for splitting of sub-
shells of the spherical basis to twice degenerated levels. Due to this splitting,
the low-energy collective magnetic dipole excitations exist in deformed nuclei.
Therefore, the correlation between B(M1)↑ and B(E2; 0+0g.s.→2+0g.s.) takes
place [45]. The energies and structure of the Kπ = 1+ states below 4 MeV are
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mostly determined by the isoscalar ph quadrupoleÄquadrupole interaction. An
admixture of the scissors state to each intrinsic one is very small. The two-
quasiparticle structure of the large one-phonon terms of the wave function (7)
can be observed in the one-nucleon-transfer reaction. As is shown in [46], the
large two-phonon component of the wave function (7) can be detected by fastM1
transition rates to the excited state differing by one-phonon with the Kπ = 1+.

Fig. 8. Experimental B(E1; 0+0g.s.→1−0n) and QPNM B(E1; 0+0g.s.→1−Kn) values
in 178Hf. See Fig. 6 for explanatory details

The experimental summed M1 strengths in the given energy range [47] and
the results of the present calculation in several evenÄeven deformed nuclei are
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given in Table 7. As is shown in Table 1, the summed in low-energy region M1
strengths weakly depend on the constant κ21

0 > (κ21
0 )cr. Therefore, we calculated

the summed M1 strengths in all nuclei in Table 7 with the same constants equal
to κ21

0 = 0.015 fm2MeV−1, and G21 = 0.8κ21
0 . There is a very good agreement

between the experimental and computed summed M1 strengths in all nuclei. The
summed M1 strength calculated with the same constants κ21

0 and G21 in 238U in
the energy range 2.1Ä2.5 MeV is equal to 3.3 µ2

N [9], which is in agreement with
the experimental values 3.19 µ2

N and 4.0 µ2
N observed respectively in the (γ, γ′)

and (e, e′) reactions [38].

Fig. 9. B(E1; 0+0g.s.→1−0n) and B(E1; 0+0g.s.→1−1n) values in 238U calculated
within the RPA (dashed vertical lines) and with QPNM (solid vertical lines)
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Table 6. Energies, E1 andE3 strengths and structure of theKπ=0−

and 1− states in 238U

Experiment [ref] Calculation in QPNM
B(E3)↑
s.p.u.

Kπ
n En B(E1)↑ En B(E3)↑a B(E1)↑b Structure, %

MeV e2fm210−3 MeV s.p.u. e2fm210−3

0−1 0.680 B(E3)↑=25 [44] 0.66 11.4 46 (30)1 99
B(E3)↑=24 [40] (30)1:

νν743↑−624↓ 22
B(E1)↑=44 [44] ππ521↑−651↑ 4
B(E1)↑=27 [40] νν752↑−622↑ 3

ππ523↓−642↑ 3
1−1 0.931 B(E3)↑=8.1 [44] 0.95 7.8 4.9 (31)1 99

B(E3)↑=7.8 [40] (31)1:
νν743↑−622↑ 71
νν734↑−624↓ 3
ππ521↑−642↑ 3

1−2 1.51 1.4 0.7 (31)2 95
(31)2:
ππ523↓−651↑ 67
νν734↑−624↓ 3

0−2 1.56 1.3 5.1 (30)2 99
(30)2:
νν743↑−624↓ 25
ππ523↓−642↑ 11
νν752↑−622↑ 5

1−3 1.58 1.4 0.9 (31)3 87; (31)4 4
(31)3:
ππ523↓−651↑ 31
νν734↑−624↓ 27
νν743↑−622↑ 12

0−3 (1.793) B(E1)↑=1.4 [39] 1.80 0.28 1.3 (30)3 99
(30)3:
ππ523↓−642↑ 32
νν752↑−622↑ 12

1−4 1.81 2.2 1.3 (31)3 8; (31)4 83
{(21)1, (32)1} 3
(31)4:
νν734↑−624↓ 49
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Table 6. (cont.)

Experiment [ref] Calculation in QPNM
B(E3)↑
s.p.u.

Kπ
n En B(E1)↑ En B(E3)↑a B(E1)↑b Structure, %

MeV e2fm210−3 MeV s.p.u. e2fm210−3

νν743↑−633↓ 38
ππ530↑−402↓ 4

1−5 1.97 1.1 0.6 (31)4 2; (31)5 94
(31)5:
νν743↑−633↓ 47
ππ530↑−402↓ 28
νν734↑−624↓ 8

0−4 2.04 0.37 2.0 (30)4 97
(30)4:
νν752↑−622↑ 23
ππ530↑−660↑ 20

1−6 2.14 0.44 0.6 (31)6 96
(30)6:
ππ530↑−402↓ 58
νν752↑−624↓ 9
ππ521↑−660↑ 6
ππ523↑−402↑ 6
ππ530↑−651↑ 6

0−5 2.19 0.13 0.6 (30)5 98
(30)5:
νν743↑−613↑ 25
ππ530↑−660↑ 17

1−7 2.20 2 · 10−3 0.02 (31)7 99
(31)7:
ππ530↑+660↑ 99

1−8 2.25 0.13 0.05 (31)8 89; (31)9 5
{(32)1, (43)2} 2
(31)8:
νν752↑−624↓ 73
ππ530↑−651↑ 23

1−9 2.30 0.03 0.03 (31)8 6; (31)9 60
(31)10 4
{(32)1, (21)1} 24
(31)9:
ππ530↑−651↑ 62
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Table 6. (cont.)

Experiment [ref] Calculation in QPNM
B(E3)↑
s.p.u.

Kπ
n En B(E1)↑ En B(E3)↑a B(E1)↑b Structure, %

MeV e2fm210−3 MeV s.p.u. e2fm210−3

ππ521↑−660↑ 15
νν752↑−624↓ 11

1−10 2.31 0.03 0.007 (31)9 22; (31)10 2
{(32)1, (21)1} 67

0−6 2.32 0.59 5.0 (30)6 93
{(31)1, (21)1} 3
(30)6:
νν743↑−613↑ 20
ππ521↑−651↑ 13
ππ530↑−660↑ 5

0−7 2.34 0.01 0.12 (30)6 3
{(31)1, (21)1} 96

1−11 2.35 0.04 0.03 (31)9 9; (31)10 75
{(31)1, (22)3} 6
(31)10:
ππ521↑−660↑ 55
ππ523↓−402↓ 42

1−12 2.49 4 · 10−3 0.02 (31)11 87
{(32)1, (43)1} 6
(31)11:
νν743↑−615↓ 99

1−13 2.52 0.47 0.48 (31)10 4; (31)12 44
(31)16 3
{(32)1, (43)1} 10
{(32)1, (43)2} 22
{(31)1, (22)3} 8
(31)12:
ππ521↑−642↑ 50
ππ523↓−402↓ 26
ππ521↑−660↑ 10

a The B(E3)↑ are equal to B(E3; 0+0g.s.→3−Kn) and are given in the single-particle
units.
b The B(E1)↑ are equal to B(E1; 0+0g.s.→1−Kn) and are given in e2fm2 · 10−3.
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The spin M1 strength dominates at energies above 6 MeV. The total M1
strength summed up to 30 MeV in 168Er is practically equal to the sum of the
orbital and spin M1 parts.

Table 7. Summed M1 strengths in even-even nuclei

Nucleus E
∑

B(M1)↑[µ2
N ]

∑
B(M1)↑[µ2

N ]
[MeV] Exp.[ [47]] calc. QPNM

156Gd 2.7Ä3.7 2.73 2.95
158Gd 2.7Ä3.7 3.39 3.41
160Gd 2.7Ä3.7 2.97 2.86
160Dy 2.7Ä3.7 2.42 2.46
162Dy 2.7Ä3.7 2.49 2.60
164Dy 2.7Ä3.7 3.18 2.92
166Er 2.4Ä3.7 2.67 2.51
168Er 2.4Ä3.7 2.82 2.87
172Yb 2.4Ä3.7 1.94 2.25
174Yb 2.4Ä3.7 2.70 2.84
178Hf 2.4Ä3.7 2.04 2.30

There are low-lying collective octupole states with Kπ = 0− and 1− in most
evenÄeven deformed nuclei. In contrast with strongly dipole exciting Iπ0n =
= 1−01 states in many nuclei no indication of these states was found in 178Hf [37].
According to calculation in [48] within the QPNM, the ˇrst Kπ

n = 0−1 state in
178Hf has energy around 2 MeV and B(E1; 0+0g.s.→1−01) = 0.8 · 10−3 e2fm2.
The calculated reduced E1 transitions to the ˇrst Kπ

n = 1−1 1.31 MeV and second
1−2 1.513 MeV states are 0.14 · 10−3 e2fm2 and 0.3 · 10−3 e2fm2, respectively.

The existence of strongly dipole excited Kπ = 0− states in the energy range
2Ä4 MeV is a common phenomenon in evenÄeven deformed nuclei. Only a few
E1 transitions from the ground state to the Kπ = 1− states were observed. There-
fore, we compare the experimental data with the computed ones for transitions to
the Kπ = 0− states. The experimental and computed summed E1 strengths in
the given energy range are given in Table 8. Agreement between experimental
and computed data is quite good. The large summed E1 strengths in 166,168Er
are due to very large B(E1) values for transitions to the ˇrst Kπ

n = 0−1 states.
Strong E1 transitions in 172Yb are shifted to higher excitations.

According to the experimental data [37], in 178Hf comparably strong excited
states are missing and summed E1 strength in the energy range 2Ä4 MeV is
decreased compared to deformed nuclei of the rare-earth region. We correctly
described this decreasing. The summed E1 strength decreases in 178Hf due to the
small E1-matrix elements between the single-particle states near the Fermi levels
in the neutron and proton systems.
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The one-phonon state with Kπ = 1+ at 1.8 MeV is fragmented to two levels
observed in 238U due to the quasiparticleÄphonon interactions. The strength of the
state at 2.18 MeV is B(M1)↑ = 1.60 µ2

N , which is larger than the relevant RPA
value due to coherent enhance of the contribution of the ˇfth, sixth and eighth
phonons. Such a coherence goes against the experimental situation. Strong
fragmentation of the one-phonon states takes place at the excitation energy above
2.3 MeV. The calculated spectra agree rather well with the experimental data.

Table 8. Summed E1 strengths in even-even deformed nuclei

Nucleus E
∑

n B(E1; 0+0g.s.→1−0n)
[MeV] [e2fm2 · 10−3]

exp. ref. calc. QPNM
156Gd 2.5Ä3.3 9.5 [49] 10.5
158Gd 2.8Ä3.9 11.2 [49] 10.1
160Gd 2.0Ä3.2 10.2 [50] 7.7
162Dy 2.5Ä3.0 9.0 [51] 10.0
164Dy 2.0Ä4.0 30.0 [52] 36.0
166Er 1.6Ä3.5 52.0 [27] 52.0
168Er 1.7Ä4.0 52.0 [27] 52.0
172Yb 2.0Ä3.7 49.1 [33] 34.0
174Yb 3.0Ä3.7 23.0 [33] 19.5
178Hf 2.0Ä4.0 12.7 [37] 12.0

We have also calculated nonrotational states with Kπ = 1+, 0− and 1− in
240Pu in addition to other states calculated in [41]. The overlap of the scissor
with the low-lying 1+ states, the dominance of the orbital part of B(M1)↑
values and the fragmentation of the Kπ = 1+ one-phonon states in 240Pu are
similar to 238U.

The total E2 strength for the excitation of the IπK = 2+1 states in 238U
below 2.5 MeV is about two times as small as ones for the excitation of the
IπK = 2+0 states and is about an order of magnitude smaller than the total E2
strength for the excitation of the IπK = 2+2 states. According to the present
calculation, the fragmentation of the one-phonon states in 238U and 240Pu with
energies below 2.3 MeV is as weak as in the rare-earth nuclei. The calculated
summed E1 strength for the levels with Kπ = 0− is about three times as large
as for the levels with Kπ = 1− at energies below 2.5 MeV.

According to the QPNM calculations [12], there is a strong correlation be-
tween the largest B(E1)↑ and B(E3)↑ values with excitations of the IπK = 1−0,
1−1, 3−0, and 3−1 states. The calculated correlation coefˇcient r between the
B(E1)↑ and B(E3)↑ values equals 0.987 in 160Gd, 160,162,164Dy [12] and 0.998
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in 238U and 240Pu [9] for the Kπ = 0− states and 0.910 in 160Gd, 160,162,164Dy,
and 0.995 in 238U and 240Pu for the Kπ = 1− states. According to our calcula-
tion [10], the coefˇcient r equals 0.96 in 166Er for the Kπ = 0− and 1− states
and 0.75 for the Kπ = 0− states and 0.87 for the Kπ = 1− in 172Yb, 174Yb,
and 178Hf. It means that the correlation between B(E1)↑ and B(E3)↑ values is
a general property in evenÄeven deformed nuclei.

Let us consider the intensities of the M1 and E1 transitions to excited states
between 2 MeV and 4 MeV in evenÄeven deformed nuclei. According to the
experimental data [27], the M1 and E1 reduced widths in 168Er summed in the
energy range 2Ä4 MeV are the following:

∑

n

Γred
0 (M1; 0+0g.s.→1+1n) = 11.6 meV/MeV3

,

∑

n

Γred
0 (E1; 0+0g.s.→1−0n) = 10.1 meV/MeV3

.

The M1 and E1 reduced widths are quite similar. In the experiments on 168Er
only three weaker E1 transitions with a tentative K = 1 assignment have been
detected.

Table 9. Calculated in the QPNM M1 and E1 reduced widths,
summed in the energy range 2Ä4 MeV

Nucleus
∑

n Γred(M1;
∑

n Γred(E1;
∑

n Γred(E1;
0+0g.s.→1+1n) 0+0g.s.→1−0n) 0+0g.s.→1−1n)
meV/MeV3 meV/MeV3 meV/MeV3

160Gd 17.5 6.0 4.0
160Dy 14.4 12.1 4.1
162Dy 18.4 14.8 4.2
164Dy 19.2 12.6 3.1
166Er 12.8 13.3 3.6
168Er 15.9 12.9 5.0
172Yb 14.6 12.9 5.7
174Yb 16.5 10.1 4.1
178Hf 13.7 4.2 3.1

For comparison of the intensities of the M1 and E1 transitions in evenÄeven
deformed nuclei, we computed the M1 and E1 reduced widths. The results
of the calculations within the QPNM of the M1 and E1 with ∆K = 0 and
∆K = 1 widths summed in energy range 2Ä4 MeV are presented in Table 9.
The computed summed M1 and E1 reduced widths are close to one another.
It means that the intensity of the E1 and M1 transitions is quite similar in the
energy range 2Ä4 MeV.
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Table 10. Calculated decay rates from the levels to the one-phonon
and ground states in 238U

Initial state Final state
B(E1) Decay

E1 e2fm2 · 10−3 rate
IπKn En Structure, % or IπKn En or (sec)

M1 B(M1)
(MeV) (MeV) µ2

N

3−01 0.71 (30)1 99 E1 2+0g.s. 0.045 20 1 · 1013

3−11 1.01 (31)1 99 E1 2+0g.s. 0.045 1.4 2 · 1012

2+11 1.21 (21)1 97 M1 2+0g.s. 0.045 15 · 10−3 4 · 1011

M1 2+21 1.060 3 · 10−3 2 · 108

M1 2+01 0.97 14 · 10−2 4 · 1010

2+22 1.35 (22)2 96 M1 2+21 1.06 0.10 8 · 1010

1+14 1.97 (21)2 14 E1 2−21 1.13 7 6 · 1012

(21)5 16
(21)6 2
(21)8 15
{(30)1, (32)1} 48

M1 0+0g.s. 0.00 0.12 1 · 1013

0+08 2.07 (20)6 34 E1 1−11 0.93 15 3 · 1013

(20)8 18
{(31)1, (31)1} 36

1−128 2.85 (31)16 33 E1 2+21 1.06 0.9 8 · 1012

(31)17 4
{(31)1, (22)1} 7
{(31)2, (22)1} 19
{(31)3, (22)1} 12

E1 0+
g.s. 0.00 0.01 3 · 1011

1−025 3.06 (30)10 6 M1 1−11 0.93 0.04 7 · 1012

(30)12 10
{(21)3, (31)1} 21
{(20)2, (30)1} 34
{(22)1, (32)1} 22

E1 0+
g.s. 0.00 0.23 1 · 1013

1+150 3.08 (21)19 28 M1 2+21 1.06 0.2 3 · 1013

{(21)2, (22)1} 15
{(22)1, (43)2} 6
{(22)1, (43)3} 3
{(22)2, (43)3} 4
{(43)2, (44)2} 29

M1 0+
g.s. 0.00 0.03 2 · 1013
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According to experimental data, the B(E1; 0+0g.s.→1−0n) values are larger
than the B(E1; 0+0g.s.→1−1n) values in several even-even deformed nuclei. The
summed E1 reduced widths with ∆K = 0 and ∆K = 1 are given in Table 9. As
is shown in Table 9, the summed reduced widths for E1 transitions to the levels
with Kπ = 0− are about three times as large as to the levels with Kπ = 1−. It
is in agreement with the conclusion made in Ref. 12. A situation is changing in
178Hf where the E1, ∆K = 0 summed reduced width strongly decreases.

The calculation within the QPNM has shown [46] that there are fast E1 and
M1 transitions between large components of the wave functions of the initial and
ˇnal states differing by the octupole (Kπ = 0− or 1−) or quadrupole (Kπ = 1+)
phonon in several well-deformed doubly even nuclei in the rare-earth region.
Fast γ-ray transitions between excited states can be treated as evidence of order
in deformed nuclei at excitation energy less than 8 MeV.

Several typical cases of the E1 and M1 decay rates per second into excited
and ground states in 238U are presented in Table 10. As is shown in Table 10,
there are fast E1 andM1 transitions between excited states if the wave function of
the initial state has a relatively large two-phonon term consisting of the octupole
phonon with Kπ = 0− or 1− or has a quadrupole phonon with Kπ = 1+ and
another phonon that is the same as the phonon of the wave function of the
ˇnal state. The large two-phonon component of the wave function of an excited
state can be observed experimentally through the fast E1 and M1 transitions.
Nevertheless, the intensity of the K-allowed γ-ray transitions from the levels
below 2.5 MeV to the ground states are larger than to excited states.

The fast E1 and M1 transitions between excited states are speciˇc of de-
formed nuclei. This is a very important property of deformed nuclei. It is difˇcult
to expect such fast E1 and M1 transitions in spherical nuclei.

4. DIPOLE STRENGTH DISTRIBUTION AT 4Ä12 MeV ENERGY REGION

4.1. Calculation Details. Now we will discuss dipole strength distribution in
the intermediate energy range 4Ä12 MeV for the rare-earth nuclei 154Sm, 168Er,
178Hf, and for 238U.

The parameters of the WoodsÄSaxon potential, including the deformation
parameters β2 and β4, were the same as in Sect. 3. The single-particle spectrum
was taken from the bottom of the potential well up to +15 MeV.

The Kπ = 1+ states were calculated in RPA using isoscalar and isovector
ph and pp quadrupoleÄquadrupole interactions as well as isoscalar and isovector
ph spinÄspin potentials. In 168Er, 178Hf, and 238U we chose the value κ21

0 =
= 0.015 fm2MeV−1 as in Sect. 3. In 154Sm, instead, we used κ21

0 =
= 0.016 fm2MeV−1 since the critical value was (κ21

0 )cr = 0.0158 fm2MeV−1.
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The Kπ = 0− and 1− states were computed, also in RPA, using ph and pp
isoscalar and isovector octupoleÄoctupole interactions as well as a ph isovector
dipoleÄdipole potential. We used the same ph dipole and octupole constants κ1K

1 ,
κ3K

0 , κ3K
1 as in Sect. 3.

4.2.M1 Strength Distribution. The M1 strengths were computed using bare
orbital gyromagnetic factors and an effective spin factor geff

s = 0.7gfree
s . As shown

elsewhere [8, 10], the M1 transitions in the low-energy range
(2Ä4 MeV) are mainly of orbital nature. The spin motion is nonetheless im-
portant, since its small contribution adds coherently to the dominant orbital part.
The contribution of the scissors components of each one-phonon state to each
transition is small [10]. Because of coherent effects, however, the scissors con-
tribution to the total M1 strength is considerably large.

Orbital, spin and total M1 strength distributions in the energy range
4Ä12 MeV were computed for 154Sm, 168Er, 178Hf, and 238U. The contribution
of the scissors part to the M1 strength was also estimated. The most meaningful
results are illustrated in Figs. 10Ä16.

We ˇrst analyzed the role of the orbital motion and of the scissors correlation
in the energy region 4Ä12 MeV. For illustrative purposes it is enough to show the
results only for 154Sm (Fig. 10). The M1 strength due to the orbital motion has
its maximum around 4.8 MeV and then decreases with the energy. By contrary,
the contribution of the scissors part to the orbital M1 strength is very small all
over the energy interval. Indeed, the computed scissors M1 strength, summed in
bins of 0.2, 0.5 and 1.0 MeV, is practically the same and is equal to 0.2Ä0.3 µ2

N .
It means that the scissors amplitudes are not coherent.

Orbital, spin and total M1 strength distributions in 154Sm, summed in bins
of 0.2 MeV, instead of 1.0 MeV as in [10], are shown in Fig. 11. On the whole,
the orbital contribution is considerably smaller than the spin part (Table 11).
Nonetheless, the orbital motion plays a noticeable role in shaping the strength
distribution. Indeed, because of the destructive interference with the spin motion
all over the energy interval (Fig. 11), the total M1 strength distribution exhibits
some deep minima.

Quite noticeable is the two-peak structure. The two peaks, however, are
shifted upward by about 1 MeV with respect to the experimental bumps (Fig. 12)
[16]. Also evident is the minimum in between. This would be consistent with
the new (γ, γ′) results, Fig. 13 [18]. However, like the peaks, also the computed
minimum is shifted upward with respect to the experimental one. For the rest, we
may observe some small strength distributed up to 6.5 MeV and then another deep
minimum. Above ∼ 9 MeV the strength is quite small. Only around 12 MeV a
small bump may be noticed.

The M1 strength concentrated in the peak around 7.1 MeV is due to the con-
tributions of the νν514↑−514↓ (1h11/2−1h9/2) and ππ404↑−404↓ (1g9/2−1g7/2)
conˇgurations.
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Fig. 10. Orbital (dashed line) and scissors (full line) M1 strength distributions in 154Sm
calculated in RPA

Also the ππ532↑−532↓ and 541↑−530↑ (1h11/2 − 1h9/2) conˇgurations con-
tribute. The other peak in the energy range 8.6Ä8.8 MeV is promoted by the
νν505↑−505↓ (1h11/2 − 1h9/2) and, partly, by ππ651↑−420↑ (2d5/2 − 2dg3/2)
conˇgurations. Clearly, according to our results, the two peaks cannot be con-
sidered as separate excitations of protons and neutrons. Each peak in fact gets
contributions from two-quasiproton as well as two-quasineutron conˇgurations.
On the other hand, the two peaks cannot be ascribed to separate isoscalar and
isovector excitations either. Indeed, the spectrum resulted to be rather insensitive
to variation of the isovector coupling constant. More speciˇcally, when equal
isoscalar and isovector coupling constants were employed, the total magnitude
of the M1 strength remained practically unchanged and its distribution was little
affected, since the variation induced on each bin was always less than 10%.

As we move to 168Er (Fig. 14) and 178Hf (Fig. 15), the fragmentation of the
M1 strength gets more pronounced. In 168Er we still observe two prominent
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Fig. 11. RPA M1 strength distributions, summed in bins of 0.2 MeV, are shown for 154Sm
in the 4Ä12 MeV energy range. The spin Bσ(M1) (upper part), orbital Bl(M1) (middle
part) and total Btotal(M1) (lower part) contributions are plotted

peaks, but the strength is distributed at least in four regions. In 178Hf only a
dominant peak survives. As in 154Sm, also in these nuclei orbital and spin motions
interfere destructively. Some peculiarities may also be noticed. While 168Er
exhibits a rather broad bump above 10 MeV, the 178Hf nucleus gets practically
no strength above ∼ 9 MeV. In 238U (Fig. 16) most of the strength is concentrated
between ∼ 5.5 and ∼ 10 MeV and is compatible with a two-bump structure. Also
in this nucleus the effect of the destructive interference between the orbital and
spin amplitudes is quite noticeable.

The orbital
∑

Bl(M1)↑, spin
∑

Bσ(M1)↑ and total
∑

Btotal(M1)↑ M1
strengths, summed over the energy range 4Ä12 MeV for 154Sm, 168Er, and 178Hf
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Fig. 12. The experimental M1 strength distribution obtained by (p,p′) scattering experi-
ments

Fig. 13. The experimental M1 strength distribution obtained in (p,p′) scattering and (γ, γ′)
experiments

and over 3Ä11 MeV for 238U, are given in Table 11. The downward shift of
the lower limit in 238U was dictated by the fact that the low-energy strength is
concentrated in the energy range 1.5Ä3.0 MeV [9]. The spin part of the M1
strength is dominating. The orbital part of the M1 strength in the energy range
4Ä12 MeV is small. Nevertheless, we have seen that the destructive interference
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Fig. 14. The same as in Fig. 11 but for 168Er

of the orbital and spin M1 components affects considerably the M1 strength
distribution specially in the energy range 6Ä9 MeV. This destructive interference
is clearly demonstrated in Table 11 for all computed nuclei.

Table 11. Summed orbital, spin and total M1 strengths in 154Sm,
168Er, 178Hf, and 238U

Nucleus E
∑

Bl(M1)↑
∑

Bσ(M1)↑
∑

Btotal(M1)↑
[MeV] [µ2

N ] [µ2
N ] [µ2

N ]
154Sm 4Ä12 3.3 11.9 10.8
168Er 4Ä12 3.7 12.6 11.8
178Hf 4Ä12 3.8 12.3 11.7
238U 3Ä11 3.7 14.4 13.4

4.3. E1 Strength Distribution. The calculation of the E1 strength in the
region 3Ä7 MeV poses the delicate problem of the choice of the effective charge.
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Fig. 15. The same as in Fig. 11 but for 178Hf

The GDR, which covers the region above 7 MeV, is well reproduced by just
using a bare charge.

It is not obvious which effective charge should be used for the E1 transitions
in the intermediate region under investigation. We decided to use the same
effective charge adopted for the low-energy region by choosing the factor (1 +
χ)2 = 0.2 to calculate the B(E1; 0+0g.s.→1−0n) and B(E1; 0+0g.s.→1−1n)
values for the energy range 3.6Ä7.6 MeV (2.6Ä6.6 MeV for 238U). This is the best
choice for our purposes. One of our aims is to explore if E1 transitions occur
in the intermediate region under investigation. By using a severely quenched
effective charge, we may have at most underestimated the E1 strength in the
region under exam.

The ∆K = 0 and ∆K = 1 E1 strength distributions in 168Er are plotted
in Fig. 17. The strength is almost entirely concentrated in the upper part of the
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Fig. 16. The same as in Fig. 11 but for 238U

spectrum, above ∼ 6 MeV with a peak around ∼ 7 MeV for both ∆K = 0 and
∆K = 1 transitions. An analogous spectrum was produced for 238U (Fig. 18),
where, however, some non-negligible strength occurs also in the low-energy re-
gion. The properties of the E1 spectra in this region are different from those of
the low-lying levels. While, in fact, in the 2Ä4 MeV the ∆K = 0 strengths are
more than twice the ∆K = 1 transition probabilities, in the region considered
here, instead, the ∆K = 0 and ∆K = 1 strengths have similar distribution and
comparable magnitude. The ∆K = 1 E1 strength increases with the excita-
tion energy more rapidly than the ∆K = 0 one. According to our calculation,
the running sums of the ∆K = 0 and ∆K = 1 E1 strengths become equal at
5.5 MeV in 154Sm, at 4.5 MeV in 178Hf and at 7 MeV in 168Er and 238U. This
is an indication of the increasing role of the GDR with increasing energy. This
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Fig. 17. ∆K = 0 (upper part) and ∆K = 1 (lower part) RPA E1 strength distributions,
summed in bins of 0.2 MeV, are given for 168Er in the 3.6Ä7.6 MeV energy range

point emerged more clearly when the E1 strength in 238U was computed in the
region 3.6Ä7.6 MeV. We got

∑
i B(E1)↑ = 245 · 10−3 e2fm2 for the ∆K = 0

transitions and
∑

i B(E1)↑ = 905 · 10−3 e2fm2 for the ∆K = 1 transitions. The
comparison with the values obtained for the range 2.6Ä6.6 and shown in Ta-
ble 12 indicates that above 6.6 MeV the onset of the giant dipole resonance takes
place in 238U.

4.4. Dipole Strength Distribution. Whenever the parity of the I = 1 states
is unknown it is useful to give the dipole strength distribution as a sum of the
M1 and E1 strengths. In order to make this sum consistently, we accounted for
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Fig. 18. RPA ∆K = 0 (upper part) and ∆K = 1 (lower part) E1 strength distributions
are given for 238U in the 2.6Ä6.6 MeV energy range

the fact that 1 µ2
N ≈ 11 · 10−3 e2fm2 and expressed the B(M1) values in

terms of 10−3 e2fm2 instead of µ2
N . In this way the B(E1) and B(M1) values

are both given in the units e2fm2. The ∆K = 0 and ∆K = 1 E1 strengths
together with the M1 transition probabilities, both summed over the energy range
3.6Ä7.6 MeV for 154Sm, 168Er, and 178Hf (2.6Ä6.6 MeV for 238U) are given in
Table 12. The total dipole sum is also given. One may notice that the total
E1 strength is 3Ä4 times the summed M1 strength. This is in contrast to the
low-energy region where E1 and M1 integrated strengths were comparable [10].
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Table 12. ∆K = 0 and ∆K = 1 E1 strengths, M1 strengths and
total E1 plus M1 strengths, summed over the 3.6Ä7.6 MeV range
for 154Sm, 168Er, 178Hf and over 2.6Ä6.6 MeV for 238U

∑
B(E1)↑

∑
B(E1)↑

∑
B(M1)↑

∑
Btotal(E1)↑

Nucleus ∆K = 0 ∆K = 1 +
∑

Btotal(M1)↑
[10−3e2fm2] [10−3e2fm2] [10−3e2fm2] [10−3e2fm2]

154Sm 66 151 63 280
168Er 107 142 58 307
178Hf 121 150 79 350
238U 137 171 66 374

The B(M1)↑ and B(E1)↑ values as well as their sum B(M1)↑ + B(E1)↑,
all in terms of e2fm2, are shown in Fig. 19 for 154Sm and 168Er. In both nuclei,
the shape of the total dipole spectra differs considerably from the E1 or M1
dipole spectra. We still notice however that the position of the main peak is
unchanged. The differences are even more marked in 178Hf and 238U is given in
Fig. 20.

5. CONCLUSIONS

In conclusion, we can state the following:
1) The Kπ = 1+ states below 2 MeV in evenÄeven nuclei are practically

two-quasiparticle ones. Relevant experimental data are very scarce. For better
understanding of a general situation with magnetic dipole excitations experimental
measurement of the M1 and E2 transition rates for excitation of the Kπ = 1+

states below 2 MeV is needed.
2) The 1+ states are orbital in the low-energy region. Fragmentation of

the one-phonon strength affects the M1 strength distribution. An onset of frag-
mentation of the 1+ states in actinides takes place at low excitation energies in
comparison with ones in the rare-earth region. The quasiparticleÄphonon inter-
action does not alter the global properties of the summed strength and its orbital
nature. Fragmentation of the one-phonon states with Kπ = 0− and 1− strongly
affects the E1 strength distribution at energies above 2.3 MeV. Generally, the
calculated summed B(E1)↑ strength for levels with Kπ = 0− is three times
as large as for the levels with Kπ = 1− at energies below 2.5 MeV. Strong
correlation takes place between E1 and E3 transition strengths.

3) The reduced transition widths Γred
0 (M1) and Γred

0 (E1) summed in the
energy range 2Ä4 MeV are practically equal. Therefore, it is necessary to measure
the parity of the K = 1 states.



834 SOLOVIEV V.G., SUSHKOV A.V., SHIRIKOVA N.Yu.

4) Fast E1 and M1 transitions are expected between large components of
the wave functions differing by the octupole with K = 0 or K = 1 and quadru-
pole with K = 1 phonon. It will be interesting to measure these fast γ-ray
transition rates.

Fig. 19. The dipole distributions, B(E1) + B(M1), summed in bins of 0.2 MeV, are
given for 154Sm (upper part) and 168Er (lower part) in the 3.6Ä7.6 MeV energy range

5) Most of the M1 transitions in the energy range 2Ä4 MeV are of the orbital
nature. The total M1 strength is larger than the sum of the orbital and spin parts.
It means that the coherent coupling of the orbital and spin parts takes place in
the energy range 2Ä4 MeV. The spin M1 strength dominates at energies above
6 MeV. It is found that the orbital motion, though giving on the whole a modest
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contribution to theM1 strength, plays a signiˇcant role in shaping the M1 spectra
because of the destructive interference between orbital and spin amplitudes.

6) Strong E1 transitions also occur in the same energy range. Their total
strength in the energy range 3.6Ä7.6 MeV is about 4 times larger than the M1
strength. Because of these highly intense E1 transitions, the total dipole strength
distribution computed as a sum of the M1 and E1 strengths is considerably
different from the spectra of the M1 transitions alone.

Fig. 20. The B(E1) + B(M1) distributions, summed in bins of 0.2 MeV, are given for
178Hf (upper part) in the 3.6Ä7.6 MeV energy range and for 238U (lower part) in the
2.6Ä6.6 MeV region
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