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QED EFFECTS OF HIGHER ORDERS IN DIS
1. Akushevich*

North Carolina Cent. Univ., Durham, NC 27707 and TJNAF, Newport News, VA 23606, USA

E. Kuraev, B. Shaikhatdenov

Joint Institute for Nuclear Research, Dubna

The present status of theoretical description of deep inelastic scattering of leptons on protons with
the account of radiative corrections (RC) in the leading and next-to-leading approximations is reviewed.
For the process ep — epy along with RC coming from emission of virtual, soft and additional hard
photons, there has been considered a ete™-pair production in the leading approximation. The
Compton tensor with a heavy photon in the case of longitudinally polarized electron is presented. A
cross section for a special experimental set-up with the tagging of additional hard photon is given to the
nonleading order. A similar consideration is carried out for a cross channel, namely, electron—positron
annihilation into hadrons with emission of a hard photon by initial leptons. Details of calculations are
given in Appendices.

JI H 0630p COBPEMEHHOTO COCTOSIHHS TEOPETHYECKOTO OMUC HHS MPOLECCOB IITyOOKOHEYIPYroro
P CcesHUS JIENTOHOB H IPOTOH X C Y4eToM p A LHOHHBIX nonp Bok (PII) B nupupyromem u cie-
OyIoIeM 3 JIHIUPYIOINM NpuOamxkenwsix. g mporecc ep — epy H pagy ¢ PII or mamydenns
BHUPTY JIBHOTO, MSTKOTO M XECTKOTO JOHNOMHUTEILHOTO (POTOH B BedylleM NpUOIMXEHHU T KXe P C-
cMoTpeHo 06p 308 Hue jgomonHuTenbHoi et e~ -1 pol. TIpuBeneH KOMITOHOBCKHiT TEH30p C TSKETBIM
¢oToHOM 1714 CITYd S IPOIOJIBHO-TIONAPH30B HHOTO 3/1EKTPOH . JJIs HOCT HOBKH OIBIT C JETEKTUPOB -
HHeM JOIOTHUTEIBHOIO KeCTKOro (DOTOH HPENCT BICHO CeUeHHE C Y4eTOM HEITHIUPYIOIIUX MOIp BOK.
AH JIOTUYHbBIE PE3yNbT Th 1 Hbl 178 KPOCC-K H 1 — et e - HHUIWIAUMH B JPOHBI C M3TydeHHeM
JKECTKOro ()OTOH H Y JIbHBIMH JICNITOH MU. B NpuioXeHusX NpUBOLATCA JET JIU BbIYUCICHHUM.

1. DEEP INELASTIC SCATTERING

Deep inelastic scattering (DIS) is one of the powerful tools in investigating
a nucleon nature. It has played a key role to form our modern understanding
of the substructure of hadrons. A number of experiments were performed at
CERN, DESY, SLAC and elsewhere since the discovery of the proton structure
in the late sixties. These experiments have provided very precise data in a
wide kinematical region [1]. Renewed interest to the DIS was revived after
measurement of the proton spin structure by EMC [2] (see also the review [3]).
Till now the inclusive, semiinclusive and exclusive processes with both polarized

*On leave from the National Centre of Particle and High Energy Physics, 220040 Minsk, Belarus.
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and unpolarized particles are widely investigated in many laboratories around the
world.

Last years measurements of the observable quantities in DIS have the ten-
dency to decrease both statistical and systematical errors comparing with the
previous ones. Since radiative effects can give a substantial contribution to mea-
sured quantities the modern level of data analysis in experiments on DIS requires
careful consideration of the QED radiative effects which can give substantial
contribution to measured quantities. Usually a hard radiated photon cannot be
registered in a detector. As is well understood the corrections due to soft photons
and loop effects cannot be separated from observables in principle. Hence their
contribution has to be calculated theoretically and subtracted from observed data.
That’s a reason why the calculation of radiative corrections is a very important
field of theoretical particle physics.

Depending on the four-momentum transfer squared, %, and the energy trans-
fer, v, there are three basic channels for lepton scattering on nuclei: elastic, qua-
sielastic, and inelastic processes. In the case of elastic scattering (v = Q2 /2M 4,
where M 4 is a nuclear mass) leptons are scattered on a nucleus leaving the latter
in its ground state. Quasielastic scattering (v ~ Q?/2M, where M is a nucleon
mass) corresponds roughly to direct collisions with the individual nucleons inside
the nuclei. Inelastic scattering starts to appear when the pion threshold is reached
(v > Q2/2M—|—m7r, where m, is a pion mass). At the Born level both Q? and v
are fixed completely by measuring the scattering angle and the energy (momen-
tum) of scattered lepton. However at the level of radiative corrections, in the case
of presence of real radiated photons, fixation is removed and the four-momentum
of radiated photon has to be included in a kinematical variable calculation. Such
elastic, quasielastic and inelastic processes with radiation of a real photon are
known as radiative tails from the elastic (o¢1) and the quasielastic (o) peaks and
from the continuous spectrum (oj,) hereafter called shortly elastic, quasielastic
and inelastic radiative tail.

The total radiative correction at the lowest order is obtained as a sum of these
contributions together with loop corrections (o,) coming from effects of vacuum
polarization and exchange by an additional virtual photon,

O_rad.corr = Oin + Oq + Tel + 0y (1)

The lowest order radiative corrections in DIS on unpolarized proton target
were first calculated by Mo and Tsai [4]. In this paper the integration region
over the real photon phase space is divided into two parts by introducing an
infinitesimal parameter. For values less than this parameter the integrals can be
calculated analytically after some additional assumptions (arguments of structure
functions are independent of photon momentum, only the leading power of photon
energy is kept). The dependence on this unphysical infinitesimal parameter is a
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shortcoming of this approach. A covariant formalism was developed in [5] in
order to avoid the difficulties mentioned. The formulae of the lowest order RC are
free of any approximation and rather compact, but are not visible as much as in the
first approach. One of the shortcomings is the nonpositively defined expressions
for inelastic radiative tail that make it unusable for Monte Carlo simulation of
radiative processes. The excellent review of the model independent lowest order
RC within this method can be found in [6]. Both approaches are widely used in
practice. There are papers in which they were compared numerically [7,8] and
even analytically [9].

A complete set of the results for RC on unpolarized targets was obtained
in [10]. The method was developed for the case of polarized proton and nuclear
targets in [11,12]. QED correction to DIS cross section in the leading approxima-
tion was calculated in [13]. A lot of papers were devoted to electroweak radiative
effects. We draw ones attention to the papers [14—17] in which the correction
was calculated within a framework of electroweak theory basically for HERA
kinematics. All cited papers were devoted to inclusive DIS. RC in the processes
of semiinclusive and exclusive DIS electroproduction cannot be reduced to the
inclusive case due to additional tensorial structures entering hadronic tensor and
different phase space possible for hard radiated photon. Explicit results for these
processes are given in papers [18-21]. Also we note papers [22-24] for RC to
elastic and quasielastic ep scattering.

There is one more important task for theoreticians dealing with RC, namely
a creation of computer tool which provides the procedure of accounting for RC
to experimental data. One of the first codes applied in experiments on DIS at
CERN were FERRAD [25] and TERAD [10] which were constructed on the basis
of results of two discussed approaches, respectively. An exhaustive review of
different codes can be found in [26]. We note recently developed codes gathering
the best features and many years experience of data analysis. The Monte Carlo
generator HERACLES [27] and semianalytical code HECTOR [28] are used in
experiments at HERA. The code POLRAD 2.0 [29] and Monte Carlo generator
RADGEN [9] are currently used in polarization experiments at CERN, DESY,
SLAC and JLAB. For semiinclusive and exclusive cases the codes DIFFRAD [19]
and HAPRAD [21] are intensively exploited. We note also the paper [30] where
the approach to estimate a systematical error due to RC in polarized DIS is given.

Thus, we can conclude that the radiative correction of the lowest order is a
well defined quantity. The open points here are basically related with a model
dependent correction like a contribution of box diagrams or with generations to
multiparticle measurements.

The next important step both from theoretical and experimental points of view
is to take into account the second order radiative correction. So far, there are only
approximate results even for model independent RC. Quite often results obtained
by different authors are in disagreement and the quality of the approximations
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made is not analyzed. The main approach here is the leading log approximation
or put another way — the method of structure functions [31,32]. Explicit results
for inclusive higher order radiative correction within this approach were obtained
in [13]. Correction to such a quite general quantity as the Compton tensor with
heavy photon was discussed in [33]. If not to count a simple exponentiation
formula, the higher order effects are not included in the procedure of RC ac-
counting to experimental data. It is in the contradiction with currently performed
experiments on Bhabha and ee annihilation where deeply analyzed second order
correction is embedded into the standard scheme of data analysis.

The present review is just devoted to the consideration of different aspects
of a theory of higher order effects in DIS. As such, it has something to do
with the description of various sources of quantum corrections to the process.
This way a very important second order contribution comes from elastic and
quasielastic radiative tail. The kinematics is not trivial here and requires a careful
consideration. These points and explicit results are discussed in Sec. 1.1. Very
interesting measurements that allow one to obtain results for kinematical regions
unreachable in normal DIS are experiments with photon tagging. RC come
from higher order effects and are discussed in Sec. 1.2. Polarization effects for
radiative processes can be considered in a quite general way by calculating the so-
called Compton tensor for a heavy fermion. These results generalizing the ones
obtained in [33] for unpolarized case are discussed in Sec. 1.3. And in Sec. 1.4,
the hadronic cross section in ee annihilation with tagged photon is given.

1.1. QED Correction to Radiative Tail from Elastic Peak in DIS. Numeri-
cal analysis of the elastic radiative tail shows that its contribution is very important
and can exceed the main measured process at the Born level. Therefore the next
step is to calculate QED correction to the elastic radiative tail with the maximal
possible accuracy. So far only the leading correction to elastic radiative tail due
to double bremsstrahlung, which is part of the total second order correction, was
treated numerically [16,29] and the attempt to calculate the correction exactly
was done in [34].

The structure of the cross section of elastic radiative tail is the following

o~ / dQIK(Q3,Q* W F2(Q?), (1.1.1)

2
h min

where Q7 is a momentum square transferred to hadronic system, and Q2 and
W2 are leptonic kinematical variables measured. The quantity C is a kinematical
factor known exactly and F is a nuclear form factor. Due to rapid fall of the
form factor squared as a function of Q% the main integration region is close to
the lower integration limit. In papers [16,35] this fact was used to construct
an approximation, where Q% is considered as a small parameter of order of the
proton mass squared. In this paper we will also use this approximation to analyze
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the correction to elastic radiative tail. The application of Sudakov technique will
allow us to obtain compact explicit formulae for processes considered. The first
effect which has to be considered is the one-loop correction and the emission
of additional real photon. We will analyze both of them at leading and next-to-
leading levels. Another effect contributing to the cross section is a lepton pair
creation. We will calculate it in the leading log approximation.

Obtaining a second order correction to deep inelastic scattering is the main
motivation of this part. However our results can be used in other cases. For
instance, they can be considered as a radiative correction in measurements with
hard photon detected in coincidence with scattered lepton (see [36], for exam-
ple), that allows one to reach kinematical regions otherwise unreachable. That
is why we do not concretize our notation usually used in DIS but instead try
to keep it as general as possible. In the next section we introduce our notation
and obtain results for the cross section of single bremsstrahlung using Sudakov
technique. In Section 1.1.2. we give results for one-loop corrections. Double
bremsstrahlung and contributions due to pair production are considered in Sec-
tions 1.1.3. and 1.1.4. and final remarks are given in Section 1.1.5. Some
technical details are discussed in Appendices.

1.1.1. Single Bremsstrahlung. We study the process

e(p1) +p(p2) — e(ph) +7(k1) +p(p3), s =2pip2,
Qh =—(p2—1h)*  Q°=2ppy, k=0, (1.1.2)
pi=pl=m’ pi=p5 =M’ ¢ =-0;,
in the kinematical region
53> Q%> Q1 ~ M?, 2pop) ~ s. (1.1.3)
The expression for differential cross section in Born approximation looks (details
are given in Appendix A):
3 v 3 2
2/ j?,;z = 47% & f 531111)2 - L SO, (1.1.4)
with b = 2pop) /s the energy fraction of the scattered electron. We imply the

Sudakov parameterization of the 4-momenta in the problem (see Appendix A).
Note that due to the gauge invariance condition

" TSV = (agp2 + qu)" IV =0, (1.1.5)

the quantity ®7 is constructed out of (1/s)p2J!) which may be rearranged as

follows:
1 1 S 1
SIng(L ) S1 |q|6’;J;(L )’ €= Tql’ (1.1.6)

s1 = sag=(p) +ki)*+q*—m’
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Thus ®" vanishes for small q2. The explicit expression for ®P™* is found to be

o

(I)Drot —_ 2(F12 4 M2

F3). (1.1.7)

For &7 we have (we refer for further details to Appendix A):

N2 2y 2
o= 17D Tbl(i:b Ja” (1.1.8)

with
n=(p} —bq)®, n=(pj—q)’ (1.1.9)

Another fact is that both ®7/q? and ®P™" do not vanish in the limit of small
momentum transfer |q|, thus providing the logarithmic enhancement upon per-
forming the Q7 ~ q? integration (Weizsicker-Williams approximation). Indeed,
the quantity Q2. entering the cross section is a small quantity,

min

2 2 7622 2<<M2 (1.1.10)
min (1_b)8 * A

For completeness we put the phase volume of the scattered electron in terms of
Sudakov variables:

’

Q> =2pip, = BL. (1.1.11)

dgpll _ %dQ ’
b

= P
2e, 2b ’

Note that the requirement Q% > Q% provides the absence of singularities while
doing an integration over d°q.

1.1.2. Virtual and Soft Photon Emission Contribution. The correction coming
from the emission of virtual and soft photons (in the cms reference frame) can
be drawn out of paper [33], in which the radiative corrections to the Compton
tensor were calculated

d"opivys o] a
26/ G - 25’ _ 0 1 + Il +
' d’p} ' dp on’
a 1 R ..
t T\t R) b7 ) (LL12)
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with

p = 2(L—1)2InA —Inb)+3L;, —In?b—

9 x2 0
— I 4L 2Z 1.1.1
5 3 + 2Lis (cos 2) , ( 3)
2 2

L = In ;éggf, IZ}L =In ;;555

AE [n(1 —

The Born cross section after substitution of Eq. (1.1.8) into Eq. (1.1.4) and neglect
of subleading terms becomes

) ,1d3ag _ @/ d?qq® (1 -b)(1+b?)
cpy 7 ) (@ QL) Q)

where AFE, F are the upper bound on the undetectable soft photon energy, and
the energy of the initial electron, respectively; 6 is the angle in the laboratory
reference frame between the initial and the scattered electron momenta. Somewhat
cumbersome functions 7;; are explicitly given in Appendix D. It should be noted
that they do not contain any large logarithms but include the quantity @ which
is small in our approximation. If one keeps only nonzero terms in the expansion
over Q7, then

prot
PP,

1 ~ ~ 2
§<T11+b(712+712)+b2711> = {3108;% —1| x

x (14 b%) + 4blog(1 — b) + [b* + (1 — b)?] x
X [1og2 (1—;1’) + WQ} + 1+ (1 =0)?]log*(1 —b) +
+(3 — 2b) log b. (1.1.14)

The logarithms log Q% cancel out exactly in the sum of (1.1.14) and }.
1.1.3. Two Hard Photons Emission Contribution. We will consider now the
process of two hard photons emission:

e(p1) + p(p2) — e(ph) + y(ky) + v(k2) + p(ph). (1.1.15)
The relevant contribution to the cross section looks
d? 4 d? dz1d’k
25'13—0 = a_4/ > q2 5 T1¢ %1 DIV PProt
d°p} 8 (@ + Q%) w1x2
2
in = M? (8—1) . st =(p) k1 +ke)?, (1.1.16)
s



498 AKUSHEVICH 1., KURAEV E., SHAIKHATDENOV B.

with the expression for ®P™' given earlier. The explicit form of ®77 can be
found in Appendix B. The integration over d°k; may be performed using the
integrals given in Appendix C.

Concerning the region Q7 < Q?, the result is found to be *

2 [42(1 + p2 d2 d/z d2 d/z
Q7T = 16012 Q_Q [81( +/ /) 12+ 1/ 22+ 2/ -
57 d1d2d1d2 b81d2d2 b51d1d1
2 m? 23(b* + (1 — 1)?)
- = — 2 1.1.17
Q4( +,P12)|:d% b(l —331)3 + ( )
N m_2x§b2(1 + (1 — 29)?)
d/12 (1 — J)Q)?’
with the notations introduced
k2 k2 p2 1
sy =14 % Pr di = —(m*2? + k2, (1.1.18)

1 T b’ T;
&, = o lma? + (aip} — b)),
where x> are the energy fractions of hard photons, x1 4+ z2 + b = 1. Besides
we use the relations
ki +ko+p) =0, 2qp) =s1b, s1=2qp1 = sag.

An integration over d’k; may be performed analytically and to a logarithmic
accuracy it boils down to

ki [1 1 1 1 T1 o
— | === :L[ 1T —— | . 1.1.19
/ 7r Lzl dy’ d} d’J ) (1.1.19)
The resulting contribution (again to a logarithmic accuracy) takes the following
form

16wq%L
/kol‘bW — b(gg)Q (1+7712)a?§><
1 b2
1 1+ b2
g <+<1—x1>2+<1—x2>2>( T+
b2 b
* ot (1_362)4], (1.1.20)

A < z;<1—-b-—A.

*Upon applying the crossing transformation to the amplitude of eé annihilation to v+~ presented
in paper [37].
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Carrying out the integration of Eq. (1.1.17) over k; and x; to a next-to-leading
accuracy we obtain for the contribution to the differential cross section coming
from emission of two hard photons

o7 204 d? 2Ty + T
& :ig/ _¥a a T T IN0) gprer (121
&'y 7 ) (@ + Q) b(Q?)
where the leading and next-to-leading contributions read
g, 1—b
TLL = (L—l)[4(1—b)(1+b )ln A +
2
+ (1-b1—-0*)Inb— g(l —b)(7 — 2b+ 7b%)],
1ot +602+1_ 4
Tnro = =g log'b-
1
- g(3—b2)(3—b)logb+ (1.1.22)
8
+ §(1 —b)(b> +b+1)log(l —b) —

1
- (1-1b) [5(1%2 —2b+15) +
, 72\ b +6b% + 1
v 210 )

There are two possible experimental set-ups we concern with: the first one
in which a recoil proton is registered, and the second — pure inclusive set-up —
with only a final lepton observed. Definitely, NLO contribution obtained can be
counted valid only for the former experimental set-up, while in the latter case one
can use the expression given above only to an LL accuracy.

The general answer for the cross section in Born approximation with the
lowest order correction to the leading approximation is a sum of the contribu-
tions coming from virtual and real soft photons emission given above as well as
from two hard photons emission and is free from dependence on the auxiliary
parameter A.

The graphs given below illustrate behavior featured by the complete QED RC
contribution to the cross section of DIS as well as the comparative contributions
of the LL, NLO terms and of the correction due to pair production.

1.1.4. Contribution of Lepton Pair Production. Consider now the hard pair
production process that takes place at the same order of perturbation theory as
the two hard photons emission. In the same way we may conclude that the soft
pair case as well as the case of double collinear kinematics does not contribute
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to the radiative tail. Therefore we may consider only semicollinear kinematics of
hard pair production of which there exist two different mechanisms [38]. One of
these is the two-photon mechanism of pair creation. An electron from that pair
having momentum p} is detected in experiment and the scattered electron moves
close to the initial electron direction. This kinematics permits us to apply the
Weizsidcker—Williams approximation,

1
9! d?’o_r(m)ir _ 2;“4/ d’q L oror
& ) (@ + Q2)? b(Q)?
x sz((l — B = b2+ 01+ 6%), (1.1.23)
(1-p-)
1-04_
so= @l bip s -t

By

The second mechanism is characterized by the bremsstrahlung mechanism of
pair creation, with an electron from a pair to be detected. Leaving details to
Appendix E let us present here the result

3 (2) 4 2 2
26/1—d gpmr = 2&3/ - d q2 . q2L2 PProt o
&°p T (a® + Qnin)? (@2)
b(1 2)dg_
O R B Ea NREY
1—06_
o= @ bﬁ? :

The integration over _ can be performed analytically with additional as-
sumption that Q2. has no 3_ dependence. The result for the sum of these

contributions is found to be
por Popar 20 / Ta__ LU o,
d’p} ) (@4 Qh)? b(Q%)?
4 3
X 1—-b+2(140)logh+ g(l—b) . (1.1.25)

1.1.5. Discussion. In this part the correction to radiative tail from elastic peak
is studied in the kinematics when a final lepton is measured. Using Sudakov tech-
nique the contributions of loops (1.1.12), double photon bremsstrahlung (1.1.21)
and a pair production (1.1.23,1.1.24) are calculated.



QED EFFECTS OF HIGHER ORDERS IN DIS 501

In this section we analyze obtained contributions numerically. Both the
relative contributions of the processes considered and the total correction to the
lowest order process are investigated within kinematical conditions of experiments
on electron DIS at TINAF and DESY (both for HERA and for HERMES). It is
convenient to define the following quantities:

o +on+op OL,N,p
0= ————"—, OLNp=——
oo g0

(1.1.26)

Here o( stands for the cross section of radiative tail from elastic peak (1.1.4).
Other o’s constitute the next order results. The quantity o), is a direct sum of two
mechanisms of pair creations (1.1.23,1.1.24), whereas o, and oy are the leading
(including mass singularities terms log(Q?/m?)) and next-to-leading (independent
of leptonic mass) terms. They are obtained upon summing up expressions given
in Egs. (1.1.12) and (1.1.21) after cancellation of infrared divergence.

The relative radiative correction to elastic radiative tail is important practically
everywhere. The modern level of data analysis and very high experimental
accuracies achieved in current experiments on DIS require that a generalization
of standard radiative correction procedure be made in order to include a second
order radiative correction. An extremely interesting region where the correction
considered is important is actually high y domain. Remind, that this one (up to
y ~ 0.95) is under investigation at TINAF.

The main contribution to a second-order radiative correction comes from the
effect of pair creation. Asymptotical behavior of o, for small b =1 — y is 1/b?
whereas the other cross sections feature only 1/b behavior. That is in fact a
reason of the large correction in the region of high y. In the paper presented this
particular contribution is calculated in the leading approximation only, therefore a
study of the correction, induced by a pair production, at the next-to-leading level
is highly desirable.

The relative contribution of the next-to-leading correction oy is not small
with respect to the leading log contribution oz. In the region of large y the relative
contribution o /oy, does not exceed 5%, whereas for small y it can reach as much
as 20-30%. From the other hand the next-to-leading contribution completely fixes
all uncertainties of leading log approximation thus leaving unknown only terms
proportional to lepton mass squared and Q7, which is effectively small due to
behavior of form factors.

1.2. Tagged Photon with Next-to-Leading Accuracy. The radiative correct-
ions to deep inelastic electron proton scattering due to hard real photon emission
are very important in certain regions of the HERA kinematic domain. In fact,
the initial-state collinear radiation leads to a reduction of the projectile electron
energy and therefore to a shift of the effective Bjorken variables in the hard
scattering process as compared to those determined from the actual measurement
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of the scattered electron alone. Therefore, radiative events
e(p1) +p(P) — e(p2) + (k) + X + (v), (1.2.1)

are to be carefully taken into account [4,6,39].

On the other hand, measuring the energy of the photons emitted very close to
the incident electron beam direction [40—43] permits one to overlap the kinemati-
cal region of photoproduction (Q? 2 0) and the DIS region with small transferred
momenta (about a few GeV?) within the high energy HERA experiments. Fur-
thermore, these radiative events may be used to independently determine the
proton structure functions F» and F} (and therefore F7) in a single run without
lowering the beam energies [36,41]. Preliminary results of an F5 analysis using
such radiative events were recently presented by the H1 collaboration [44].

Our aim is to calculate the radiative corrections to neutral current deep in-
elastic events with simultaneous (exclusive) detection of a hard photon emitted
very close to the direction of the incoming electron beam (6, = 51?( < by =
~ 5-107* rad). In the case of the HERA collider, the experimental detection of
photons emitted in this very forward direction is actually possible due to the pres-
ence of photon detectors (PD) that are part of the luminosity monitoring system
of ZEUS and HI.

Let us briefly review the kinematics for the process under consideration. As
the opening angle of the forward photon detector is very small, and since we
will only consider cross sections where the tagged photon is integrated over the
solid angle covered by this photon detector, we can parameterize these radiative
events using the standard Bjorken variables = and y, that are determined from the
measurement of the scattered electron,

Q? 2P (p1 —p2)

2
r=—-——:, = s =2 . =X 5 1.2.2
P —pa) % Q p1-p2 =ayV, (1.2.2)

with V' = 2P - p;, and the energy fraction z of the electron after initial state
radiation of a collinear photon,
2P - (pr—k) e—K°

= = 1.2.3
z % . (1.2.3)

where ¢ is the initial electron energy, and k° is the energy seen in the forward
photon detector.

An alternative set of kinematic variables that is especially adapted to the case
of collinear radiation, is given by the shifted Bjorken variables [41],

. . )? P-(pr—p2—k)

2y p 2 G Q T mpe— k)

Q (p1 — p2 )5, @ 2P.(p1_pg—k)7 P'(pl_k)
(1.2.4)

y:
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The relations between the shifted and the standard Bjorken variables read [41]:

_1
o og=ity— (1.2.5)

A2 2 .
Q" =207, L — ~

The cross section under consideration in the Born approximation, integrated
over the solid angle of the photon detector (0 < 6., < 0y, 6y < 1), then takes the
following form:

z d3JBorn 1 d3UBorn « &
— == = —P(z,Ly)Z 1.2.6
ydrdyd: _ jdidjdz ol G Lo)®s (1.2.6)
where
- . 2ra?(—Q?) . M?
_y(5 5 A2y A A2 oy oa2a28
£-x69.0) = TS ne.oh a0 - -2t +
M2 ~2
+ (14 42%= v,
Q2)1+R
1+ 22 2 . M2\ Fy(&, Q2
P(ZaLO):iLO_—Za R:R(£7Q2): é+4£2A_)2(1‘7’C)A)_ )
1—2 1—=2 Q? ) 22F(2,Q2)

a(—Q?) = & ILy=h (%) Q% = 2z2py - py = 2282V (1 — ¢)
1—H(—Q2) y 0 m2 ) P1-Pp2 )

Epy(1+5p)

&
Y=2=1-y+ay )
€ 2e

¢ = cos (P1Py),

5 — Q* _ zeY (1 —c¢) B —
x*2P-(zp1—p2) © 2E,(1+6,) = YE,(1+ Bpe)’ 5p*m,

2P - (zp1 —p2)  2(1+8,) =Y (14 Byc)
1% N z(1+ Bp)

j= : (1.2.7)
The quantities F> and Fj are the proton structure functions, M and m are the
proton and electron masses, respectively. In the cross section (1.2.6) we take
into account terms proportional to M? /QQ, which may be important at low
Q?. Note that the neglect of Z-boson exchange and -Z interference is a good
approximation, because we are interested mostly in events with small momentum
transfer QQ.* The energies of the initial and final electron, of the tagged photon

*The corresponding Born cross section including contributions from the Z can be found in
Ref.42.
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and of the initial proton (e, €2, k%, and Ep) are defined in the laboratory reference
frame (i.e., the rest frame of HERA detectors). The cross section (1.2.6) agrees
with [41,42]. Also note that we explicitly included the correction from the
vacuum polarization operator H(—QQ) in the virtual photon propagator. The aim
of our work is to calculate the higher order QED radiative corrections for this
process in the leading and next-to-leading logarithmic approximation.

Here we will restrict ourselves to the model independent QED radiative cor-
rections related to the lepton line, which form a complete, gauge invariant subset
for the neutral current scattering process. The remaining source of QED radia-
tive corrections at the same order, such as virtual corrections with double photon
exchange and bremsstrahlung off the partons are more involved and model depen-
dent, they will be considered elsewhere. Our approach to the calculation of the
QED corrections is based on the utilization of all essential Feynman diagrams that
describe the observed cross section in the framework of the used approximation.
The same approach was used recently for the calculation of the QED corrections
for the small angle Bhabha scattering cross section at LEP1 [45].

This part is organized as follows. Section 1.2.1 is devoted to the corrections
related with emission of virtual and soft real photons in the hard collinear photon
emission DIS process. In Sec. 1.2.2 we consider the radiative corrections due to
emission of two hard photons in the collinear kinematics (where we distinguish
between the cases when both photons are emitted close to the initial electron
direction and the case when one of the photons is emitted along the initial and the
other one along the scattered electron direction) and the semicollinear kinematics,
where the additional hard photon is emitted at a large angle. Section 1.2.3 collects
the results obtained and discusses two experimental cases: an exclusive set-up,
that assumes that a bare electron can be measured, and a calorimetric one. The
Appendices are devoted to details of the calculation.

1.2.1. Virtual and Soft Photon Emission Corrections. In order to calculate the
contributions from the virtual and soft photon emission corrections, we start from
the expression for the Compton scattering tensor with a heavy photon [33,46],

Ky = (8ma) ™1 > M = (Mg =), (1.2.8)

spins

where M, is the matrix element of the process of Compton scattering

7 (=q) +e(p1) — (k) + e(p2), (1.2.9)
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and the index p describes the polarization state of the virtual photon. This tensor
is conveniently decomposed as follows:

1 *
K = 5P+ P5), (1.2.10)
_ a o a
P/u/ = g;u/(Bg + %Tg) +p1up1u(311 + %TH) +
o a a o
+  Poubov(Baz + —Ta2) + — (P1uPovTi2 + DoubiuT21),
21 21
G = G — 22 B = pi — gt
v T n O Chonl
- P2 - q
D2 = pzu—(J;L?, pL=q+p2+k.

The expressions for the quantities B;; corresponding to the Born approximation
are *:

1 9 9 99 ( 1 1 4¢>  8m?
BQ:E[(S—f—u) + (t +u)?] — 2m?q Zt3E) Bu=— -
46>  8m?
BQQZS_qt_t—Qa 5:2p2'k5 t:_2p1k7 u:(pQ_pl)Qa
P =s+t+u, p%:pgzmQ, k2 = 0.
(1.2.11)

The one-loop QED corrections are contained in the quantities T;;, whose explicit
expressions are given in [33,46]. Here we have to integrate them over the solid
angle of the emitted photon corresponding to the shape of the photon detector. We
need to keep only the terms singular in the limit 6, — 0, since after integration
the constant terms contribute only proportional to #2 ~ 1075 and can be safely
neglected. Another simplification comes from the fact that we need only the
symmetric (and real) part of the tensor K. This way, by using typical integrals

ko 1 Lo /ko m2 1
1__ Lo Shm_ 2 1.2.12
/ ot 2e2(1—z) o 2 a(ioap (1212

and using the expressions given in Appendix F we obtain the following expression
for the Compton tensor integrated over the angular part of the photon phase space:

dQy 9 1 o o
—K,, = (- »+4 v) =——— |1+ —p|P(z,Lo)—=—T9|,
/ o2 M ( s ) 2e2(1-2) [( * 27Tp> (=, Lo) 27 }

*We have already dropped those terms that vanish in the high-energy limit when one integrates
over any finite region of photon phase space.
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—41ni(L —1)— L3 +3L +31nz+7r—2—g (1.2.13)
p=Re QT 320 -
71 dns s By - 2 Lol 2-U=27, o)

T 1. QM T Toa—, ’
A=—L2+2LoLg —2LoIn(1—2), B= (ln2 z —2Lis(1 — 2)) Lo,

Q? dy
LQ:IHW, LIQ ? 1—
0

The quantity A\, which enters into the expression for p, is a fictitious photon mass.

In the construction of the total expression for the tensor K, we replaced
Gu = @ = 0, pay, = zZP1u,, bearing in mind the gauge invariance of hadronic
tensor [47],

47 S -
Hu = 57 (Wg(mh,, Q2)P,B, — MW, (an, Q,QL)QW) L (12.14)
Q% ~ P-q
= Pl/ = Pu —Gqhv—>5 -
Th 2P . ah ) dn q}QL

Here we imply g, = ¢, Q7 = —¢>.

Consider now the process with emission of a soft photon in addition to the
emission of the hard one, which hits the PD. We imply the condition that the
energy of the soft photon should be less than some small quantity de (in the
centre-of-mass system). In straightforward calculations, starting from Feynman
diagrams, some care is to be paid in the evaluation of integrals over the phase
volume of the soft photon, as some contributions are crucially dependent on
the correlation between our two small parameters A = de/e and 6y. In our
particular case 6y < A < 1, the result coincides with the one obtained using the
approximation of classical currents for soft photons. The total effect for the sum
of contributions of virtual and soft photon emission consists in the replacement
of the quantity p by p in Eq. (1.2.13) (see Eq. (45) in [33,46]):

A2 2
p—p = 2(LQ—1)ln7+3LQ+3lnz—ln2Y—?— (1.2.15)

9 . (1+c
— —+2L .
5 + 12( 9 )
The final expression for the virtual and soft photon emission corrected tagged
photon cross section has the form

z d3avs ( o

2 N
= P(z,Lo)p—T)% . 1.2.16
y dxdydz 277) [P(2, Lo)p ) ( )
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1.2.2. Double Hard Bremsstrahlung. Consider now the emission of an extra
photon with the energy more than de. For the calculation of the contributions
from real hard bremsstrahlung, which in our case correspond to double photon
emission with at least one photon seen in the forward detector, we specify three
specific kinematical domains: i) both hard photons strike the forward photon
detector, i.e., both are emitted within a narrow cone around the electron beam
(0 < 6y); ii) one hard photon is tagged by the PD, while the other is collinear

to the outgoing electron (fy = k/gp\g < 6}); and finally iii) the second photon is
emitted at large angles (i.e., outside the defined narrow cones) with respect to both
incoming and outgoing electron momenta. We denominate the third kinematical
domain as a semicollinear one. The contributions of the regions i) and ii) contain
leading terms (quadratic in the large logarithms Lo, L), whereas region iii)
contains formally nonleading terms of order Lo In(1/62), which, however, give a
contribution numerically larger than the leading ones since c6y/m < 1/6,.

The calculation beyond the leading logarithmic approximation may be per-
formed using the results of a paper of one of us [48]. The contribution from the
kinematical region i) (with both hard photons being tagged), has the form (see
Eq. (IT 6) from [48]):

z A0 a?
il S
ydxdydz  8m2

2) Ltz 3.
LO(P9 (z)—|—21 <1nz 5 ZIHA) +

2
U7 1215 on). 1217

1
1—znA

4
+ 6(1—2)—}—(;—1—2’) In?z—4

Here we use the notation Pg)(z) for the © part of the second order term of
the expansion of the electron nonsinglet structure function,

(1) 4 X p) L2V p@y 2
D(z L) 6(1—2) + 5= PO ()L + 3 (277) PO +... (1218
POz = PYO0-2-A)+PPs(1-2), A—-0,
Wy - 1+ w3
Py'(z) = T, s —2—|—21nA,
1422 3 1
Pé)?)(z) = 2 tz (21n(1—z)—lnz+§> +§(1—|—z)1nz—1—|—z .

The parameter A serves as the infrared regularization parameter.

The contribution of the kinematical region ii) to the observed cross section
depends on the event selection; in other words, on the method of measurement
of the scattered particles.
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In the case of exclusive event selection, when only the scattered electron is
detected, while the photon that is emitted almost collinearly (i.e., within a small
cone with opening angle 26) around the momentum of the outgoing electron)
goes unnoticed or is not taken into account in the determination of the kinematical
variables, we have (see II8 from [48])

max

z ol o’ } dy2 [1+(1+y2)? =
-t = =P L1 b
y dzdydz wh 0)/ 1+y2[ LT DT,
AVY
s = Xy, Q) (1.2.19)
where
T 596 2 X2 &2 max __ 22—Y(1 —I—C)
L = IH(E) t2nY, oy = V=7 = TYU+4o
zyz(1+ ya) -0 -9)+y) 2 5
Z = ) = y = z(1+ .
b 2~ (-1 +y2) Yo B Qp = Q°2(1+y2)
(1.2.20)

More realistic (from the experimental point of view) is the calorimetric event
selection, when only the sum of the energies of the outgoing electron and photon
can be measured if the photon momentum lies inside the small cone with opening
angle 29(/) along the direction of the final electron. In this case we find

a3 2 Tod 1 2 - S
z i1,cal « Y2 + (1 +y2)
-————— = —P(z,L L-1 3=
y dzrdydz 472 (2, Lo) / (14 y2)3 { Y2 ( )t
A)Y
a? ~ Y 3 1] &
= —P(z,L L-1)(2ln—— = - X 1.2.21
e R {( )< A 2>+2] (1.221)
In the last equation we used the relation
-1 5 (1.2.22)
()T -

which is valid for the calorimetric set-up.
Consider at last the semicollinear region iii). The relevant contribution may
be calculated using the quasireal electron method [49]:

z d3JZLZ a 2a d3]€2 042( 2 ) Hro
_ =5-F Lo)— — =1 I"=B,, ) ;k .
ydrdydz 27 (2, Lo) s / wy Q4 ’ oo (2p1, P2, k1) 87

(1.2.23)
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The quantity B, (2p1,p2, k1) is obtained from equation (1.2.11), where it is
necessary to set m = 0. After some algebraic transformations we obtain

2

Fo(xge, Q%) <M—2xSCG - V{xs,;(z? + (1 =y)HVH(1 —y)(2Q*—s)—

sc

Pl
st

2 (2Q? — t)}) — GF (s, Qﬁc)] L G=22Q —2st+ QL (1.224)

2
sc

V(iz+y—1)—2P ky’

2 =2Q% -5t

Tse = 5=2py-ky, t=—2zp;- ks,

The angular integration in Eq. (1.2.23) is to be performed over the whole phase
space, excepting the small cones along directions of motion of the initial and
scattered electrons that correspond to the kinematic regions i) or ii). The result
(for details see Appendix G) has the form:

t
To

z d*a)) a2 drg 22+ (2 —12)? . 2(1 —¢)
- = — ] P(z,L — 1 by
y dxdydz (27r) (2, Lo) /mg 2(z — x2) . 62 et
x5
14 (1 2 21—
L fdee 4 () 2 - Ve 17| (1.2.25)
T2 14y 0y
Zt - E(xhytaQ?)a

The logarithmic dependences on the infrared regulator A and on the angles 6y,
6} are fully contained in the first two terms on the r.h.s., whereas the quantity
Z represents an integral over the whole photon phase space of a well-behaved
function, and it is free from collinear and infrared singularities. Its explicit
expression is given in Appendix G.

The upper limits of the xo integration in (1.2.25) read

Y(1+¢) 22 —Y(1+c¢)
h=2——— s=2 T 7 1.2.26
Lg z ) ) Lo 1+c ) ( )
and the arguments of X, are
zy(z — x3) z—mpFy—1 2
Ty = ypy=—"—"--—  @Q=0Q(z—m2). (1.2.27)

z—x9+y—1" z— X
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An explicit expression for x,,, which is relevant for the calculation of Z, is given
in Appendix G.

The formulae given above (see Egs. (1.2.7), (1.2.16), (1.2.17), (1.2.19) or
(1.2.21), and (1.2.25)) provide the complete answer for the leading and subleading
contributions up to the second order of perturbation theory. The total sum of
virtual, soft, and hard additional photons emission corrections to the radiative
DIS cross section does not depend on the auxiliary parameter A = Je/e, as it
should be.

1.2.3. Results for Different Experimental Set-Ups. The sum of the contribu-
tions of the leading and next-to-leading corrections at order o, which are given
explicitly in the expressions (1.2.16), (1.2.17), (1.2.19) or (1.2.21), and (1.2.25),
may be written in the form

2 dic (a

2
ydrdydz E) (i +Xf) - (1.2.28)

The first term >; is independent of the experimental selection of the scattered
electron and has the form:

1 1— 16z — 22 4z
Y, = {-12p? Pz, Lo) | ————=— = olmY4+—"")1
{2 0Fe " (2) + P(z, Lo) 21+ 3=2Y =y ) nz

In(l—2)+

1 2(1 2
+ 1n2Y—2Li2(z)+2Li2< +C)— (1+2)

2 14+ 22

uo
1-22 ~ . 2(1—-¢) du 5
—1 X+ Pz, Lg) X In —— —(1 1-—
+ 2(1+22)nz} + P(z,Lp) X In 7 /u( +(1—u)*)x
0
by 1d
t u 2
w [ —=t— 1) = [+ -w?)| + Pz L) Z, 1.2.29
<(1_u)2 )/u< (1 —w?)| +P(L0) 2 (1229
uo
u = @, uO:x—g,
z z

where Z is given in Appendix G and the remaining notations are as above (see
(1.2.17), (1.2.24), and (1.2.26)).

The second term in (1.2.28), denoted Xy, however, does explicitly depend
on the event selection. It corresponds to the emission of a hard photon by the
scattered electron. In the exclusive set-up, when only the scattered bare electron
is measured, while the photon that is emitted close to the final electron’s direction
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is ignored, this contribution reads

z5/Y
Sp =5 '= P(z, L) / dys (T(L +InY-1)+y T — X
0
A A 3
x© (yg — ?) + (Lo +InY — 1)d(y2) (21n? + 5) Y. (1.2.30)

In this case the parameter 6y, that separated the kinematic regions ii) and iii),
only plays the role of an auxiliary one; it has already cancelled in the above
expression for the cross section.

As we will see below, this situation is quite different for the experimentally
more realistic, calorimetric set-up, when the detector cannot distinguish between
events with a bare electron and events when the electron is accompanied by a hard
photon emitted within a small cone with opening angle 29(/) around the direction
of the scattered electron. For this case we obtain

OOdy (1+y2)?
Y=y = Pz L e im /—
f f (Z 0) 2 2 1+y2
0
> (Z @( max_yQ) _ i) . (1231)
(1 +y2)?

For the calorimetric event selection the parameter 95 is a physical one and the
final result therefore does depend on it. However, the mass singularity that is
connected with the emission of the photon off the scattered electron is cancelled
in accordance with the Kinoshita—Lee—Nauenberg theorem [50].

Note that the case of a coarse detector for the scattered electron, i.e., 96 ~
~ O(1), agrees at the level of leading logarithms with the result of paper [51],
that was obtained in the approximation of absence of emission along the scattered
electron. Our result disagrees with the result of Bardin et al. [42] on the radiative
corrections, as they neglected the interference of the emission of two photons;
see [51] for a detailed discussion.

We note in conclusion that the set of Feynman diagrams considered here is
gauge invariant and model independent but not complete. We have neglected the
contributions with two virtual photons exchanged between electron and the target
that appear at the same order of perturbation theory, as well as the interference
with the contributions when the second photon is emitted by the hadronic side.
However, the description of this part is definitely model dependent. The details
and the numerical estimates may be found in [52].
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1.3. Compton Tensor with Heavy Photon in the Case of Longitudinally
Polarized Fermion. Here we shall restrict our consideration to the part of the
Compton tensor, which contains the degree
of polarization of the initial electron [53].
Our aim is to calculate soft and virtual QED
radiative corrections to the tensor. The cor-
rections are important for modern precise
v q experiments in DIS. Possible applications

of our results will be considered in Con-

Fig. 1. The Born-level Feynman dia- clusions.

e Y e p; k, 2

grams Let us consider the process (see Fig. 1)
7 (q) + e(p1) — (k1) + e(p2), (1.3.1)
q2<07 k%zoa p%:p%:mQa p1+q:p2+k17

where m is the electron mass.
The Compton tensor is defined as

Kpo = (8ma) XM 7€ (M 77)*, (13.2)
Here the matrix element M describes the Compton scattering process (1.3.1),

M, = Moy + My = u(p2)Opulpr)e” (1),

0 L Y Ha 0 P2—q+m Pr+d4d+m
Opu = O} + -0, O =9 =——— W+ =
4 t s
S = 2p2k1, t= —2p1k1. (133)

Quantities Og,l) and OS} take into account the lowest and the first orders of
perturbation theory, respectively. Here and in what follows, we use the following
notation for scalar products of 4-vectors:

a = yuat, ab = a,b" = a’b’ — ab,

and the polarization vector of the real photon is e (k).

1.3.1. Radiative Corrections. Calculating the first order correction, we as-
sume that all kinematical invariants of the process are large in comparison with
the electron mass square:

S~ —t~—un~—g>>m?, u = —2p1pa, P =s+t+u (134

So, we will neglect the electron mass in all places, where it is possible. Note that
for the unpolarized case in [33] the mass was taken into account.
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The Compton tensor, defined in (1.3.2), is hermitian:
Kys :K;p. (1.3.5)

We shall separate the contributions, associated with the electron polarization:

— 0 @ 1 1
K, = KPU+E<KPU+K0/)>’ (1.3.6)
K;?a = BPU+£P;())U7 K;a:Tpa"_gPplga

where £ is the degree of the initial electron polarization. Quantities B,, and T},
correspond to the case of unpolarized electron,

B,; = Bygps + B11p1pP1o + B22p2ppao, (1.3.7)
B, = Ll(s4u)?+t+u?]—2m2?(~ 41
g st 52 t2)’
4¢%>  8m? 4¢%>  8m?
By, - -~ _°om' g O SmT
t st 527 22 st t2

The new variables

- qpd ~ P1,29
Joo = Yoo — %7 Prp =05, — ?qp (1.3.8)

provide the explicit fulfillment of gauge conditions: q,K"7 = 0, ¢, K*? = 0.
Quantity T, has a rather cumbersome form, it is given in [33].
For the case of the most general form of the electron polarization vector

u(p)a(p) = (p1 + m)(1 — &ysa) (1.3.9)

one obtains (see also [11,12])

qa — 2paa ga poa (1 1
P’ = 4 e qa - paf 2
po m{(plqu) st + (pQng) |: 2 + n <S t>:| +
2
q 1 1 of 1 1
—_————— = — + = 1.3.10
+ (qapa)[st ST pm (82+t2 ; ( )
where we used the notation
(abed) = ie(ygvgaabﬁcvd‘s. (1.3.11)

The above object obeys the Shouten identity:

(abed)ef = (fbed)ae + (afed)be + (abfd)ce + (abef)de. (1.3.12)
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In this part we shall consider only the case of longitudinally polarized
fermion:

u(p1)u(p1) = p1(1 — &vs). (1.3.13)

This is the most interesting case for physical applications. In the Born approxi-
mation we obtain

o
Py = 5[P,§{,+EP,}U], (1.3.14)
2
Py = BB = 2| 0map) + (a-t 9)pap0)|.

Here and below the upper indices ¢ and s denote the contributions of Feynman
diagrams with real photon emission from the initial and final electron lines,
respectively. Using the explicit expressions for ngvs, it is easy to check the
following relations:

U Py = 1:Ppy =0, (Pop')" = P3', Pprta, =0, Pyllq, #0, (1.3.15)

T
P;?;' =5 4(p1p2qo)(p1p + p2p) +
+2a—$@mww+2@+mwmmﬂ,
1T (1.3.16)
Py = p —4(p1p2qo) (p1p + p2p) +

+2(s — t)(p1p2po) +2(s + t)(plqpa)} :

Note now, that we may consider only a half of the full set of eight one-
loop Feynman diagrams. Namely, we take the ¢-type diagrams with real photon
emission from the initial electron line (Fig. 2). To get the first order correction,
we multiply the amplitudes of the one-loop graphs by the Born ones. The whole
contribution (including the impact of the rest four one-loop diagrams) can be

obtained, using the rearrangement (H) and hermitization (H) operators:

Pl = (14 H)(1 - P)(P** 4 P' + P'?),, + Poft (1.3.17)

po po

where the operators are defined as follows:

PF(anaplaanQ757t) = F(p7 va2ap1a_(bt75)7 ﬁa/}a = a:—p- (1318)
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v ky f ky
€ ¢ p P, Pi k Py Py y2)
v* q
(a) (b) (o) (d)

Fig. 2. One-loop virtual Feynman diagrams with photon emission by the initial electron

Note, that PPt — — POs The Jast term in Eq.(1.3.17) describes the contribu-

po po
tion, coming from emission of an additional soft photon [33]:

Plic;ft P/?a gsoft (1.3.19)
6soft__47r_a/d3_k p_l_p_Q 2:
1673 ) w \pik pok
« mQ(Ae)Q €1 7T
=2 |(Ly —1)In =L —LQ——I P -+ Lig(1
7r (Lu = 1)In Ne1eg +2 g2 3 - 12( +45162) ,
/ d
L, :ln;27 L12 /_x 1—2:]))
m x
0

Here Ac is the maximal energy of soft photon; quantities €15 = p(l)’Q are the
energies of the initial and the final electrons in the laboratory reference frame (in
the rest reference frame of the target).

Considering the matrix elements of the Feynman graphs Fig. 2,a,b, we get

(M2 + MY)(~i(dam)?) ™ = =“a(p2)ys [le <6 2 > + N2/A€1@}“(P1),

o2 pik1
Ny= 1 L g (1.3.20)
T2t 4+ m?) t+m2 ] o
1 2% + 3m?t + 2m* m? t 2
Ny = - Li+—|—Liy (1+ — | + —|.
27 20t +m2) i+ m2E TR { 12< +m2> i 6}

One can see that only the structure in front of coefficient Ny survives in the limit
m — 0. Really, the trace of the product of Dirac matrices, associated with N7,
has an odd number of matrices and gives an extra power of the mass. We would
like to note that in the case of photon emission at small angles (which is not
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under consideration now) the situation with the limit m — 0 is more subtle and
requires a special investigation (see [54], for instance).
After a simple algebraic transformation we get

2L, — 1
Pyt =2 ;t [2(p1p2q0)p2, + (u+ 5)((p2gpo) — (p1p2po))].  (1.3.21)

The remaining contributions (see Fig.2,c,d) are

e Lopd% o1 1
Py=- 7 LA (P2 = k)70 (P2 — 4= k) 1A (B2 = @)1uD1v5 0 }

t ir2 a0y
(1.3.22)
and
P[4 L L (oo (o R(r— Ba5rn500 )
po = | T2 a0arazay 4 P2Yx (P2 Yo P2—¢ YulP1 P15V 5
(1.3.23)
where
ap = k?—)\2, a1 = k* — 2pik,
as = k?—2pok, ag = (p2 — q — k)? —m?. (1.3.24)

The matrix Ogu differs from Ogu (see Eq. (1.3.3)) by the reversal order of
gamma matrices. Using the Table of integrals given in [53], one can perform the
integration over the loop momentum in the right-hand sides of the expressions
for P¢, P and obtain the total expression for the Compton tensor. Its explicit
form is given below.

Now we concentrate on the terms, which contain infrared singularities. There
are three sources of them. The first one is the renormalization constant

1 A A2
Zi=1- 2 (il om 21 2) Liemd (1.3.25)
27\ 2 m 4 m?2

which is required to remove the ultraviolet divergence of the vertex function,
appearing in P¢. The next source is a part of the box contribution P'?, which
comes from scalar loop integrals. Really, for the Feynman diagram Fig.2.d the
infrared terms are associated with the integral

d*k 1

I= T =
14 apa1a2a4
1 m 9 7.(.2 ) qg
2
—q —t
Lq =1In 9 Lt =1In m
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The third source is the emission of additional soft photons, which was considered
above. The infrared singularities are cancelled out in the total sum.
Let us consider the contribution from one-loop corrections

P! = (P%b 4 pley pld) . (1.3.27)

po

Extracting the leading logarithmic terms and infrared singularities, we can present
it as follows:

Pl =P [—LZ —4(Ly — 1) ln% + SLU] + R),. (1.3.28)

po

After the hermitization and rearrangement operations, and adding the soft
photon contribution, we come to the result

a (Ae)? 3 1. 562
P,=P° {1+ =|(L,—1)ln— +>L,—=-1In? = —
P pa{ + 7T|:( )Il £1€2 * 2 2 n €1

2

T ) 0 Q@
-3+ Lis(cos? 5)} } + - Bpor (1329)

Quantities RZU and R, collect nonleading terms. They are free from infrared
singularities.

Tensor Rfm can be presented in the form

R, = A(2qop) + B(1qop) + C(12q0)p1, + D(12q0)ps, +
+ E(12q0)q, + F(120p). (1.3.30)

The coefficients A — F' have a rather cumbersome form, we do not present them
here. Note only that they obey the condition

Cp1q + Dpag + Eq® — F =0, (1.3.31)

because of gauge invariance in respect to index p.
The rearrangement operation gives
(1-P)R,, = (A+B)(2q0p)+ (B+A)(lgop) + (C — D)(1240)p1, +
+ (D - C)(12q0)p2, + (E + E)(12q0)q, + (F + F)(120p) =
Ai(1gop) + A2(2q0p) + B1(12q0)p1p + B2(12q0)p2, +
+ Ci(12g90)q, + Fi1(120p). (1.3.32)

Tests of the gauge invariance is an important check of our calculations:

¢"(1— P)R,y = B1(1290)p1q+ B2(12q0)p2q+ C1(1290)¢* + F1(1204) = 0,

¢°(1 = P)R,, = Fi(12gp) = 0. (1.3.33)
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These conditions yield

F=0 C=-BAl_pR2I
q 7

Bip1y + Bapa, + C1q, = B1p1p + Bapop , (1.3.34)

S P1q ~ Pp29g
P1p = P1p — ?q/)v DP2p = P2p — (]_qu .

We checked these relations by straightforward calculations.
The last step is the hermitization, which gives

Rp(r = (1 +I;[)( )Rf)a -
= (A + A7) (Lgop) + (A2 + A3)(2q0p) +
+  (12q0)[Bipry + Bapp] — (124p)[Bipro + Bipao), (13.35)

where
2 [2u(2s —u 4us (u ub  2u® + us —s?
Al = - |:¥Lqu + — (_Lqu - ) + — 71&9(1 +
st a c
usb uc ub ~
+ ?qu—2cC(2)—20Lm+(2s - C)Lqu—?G—l— - +c|G+5c—2s]|,
2 [8u u 6t 2(u? — 2s% — su)
B = Z|=(1-(-+1)L ol LY §
! st[a( (a+) qu>+b at cu st
4¢* 12 4s?
1 —(2¢ = s) Ly, —_2 - L.,
i ( T ) ¢ =)L ( st t ut ) au
4b? 2 2t 2b 2b2
+ L+ (242 Da 4 G+6),
tu 52 s 2
72 . q2 . t
G = (Ly—Lu)(Lg+ Ly —2L1) = 5 = 2Lia 1= = | + 2Ly 1—q—2 ,
Ay = (s t)A;, By=—(s—t)B;, G=(s<1)0G. (1.3.36)

Note, that the above expressions are free from kinematical singularities. Really,
in the limits ¢ — 0, b — 0, and ¢ — 0 the quantities are finite. The symmetry
between A;, By and A,, Bs takes place due to the initial symmetry between p;
and p- in the traces.

1.3.2. Conclusions. Thus we calculated the part of the leptonic tensor, pro-
portional to the degree of the initial longitudinal polarization. This tensor de-
scribes Compton scattering with one off-shell photon, which is related to a certain
target. The main results of the paper are presented by Eqgs.(1.3.29),(1.3.35).
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The calculation allows one to obtain corrections, coming from one-loop ef-
fects, to quantities observable in different polarization experiments. Let us con-
sider for definiteness the task of calculation of «? order radiative correction in
polarized deep inelastic scattering. The results for the lowest order QED correc-
tion for nucleon and nuclear targets can be found in Refs. 11, 12. Both the Born
cross section (oporn) and the cross section at the level of radiative corrections
(orc) can be split into unpolarized and polarized parts:

__ _unp pol
OBorn,RC = Oporn rC T+ $6&tTBom RC 5 (1.3.37)

where &, and &; are polarization degrees of the beam and target. The correction
to asymmetry (A = gP°!/g"nP)

pol _unp unp _pol
AA = 9RC%Born — 9RC 9Born 1.3.38
- unp unp unp ( . )
UBOFD(UBOTII + ORrC )

is usually not large because of mutual cancellation of large factorizing terms. It
is clear, that when a relatively small correction is obtained as a difference of two
large terms, the radiatively corrected cross section has to be calculated with the
most possible accuracy, and a special attention has to be paid to nonfactorizing
terms like (1.3.36). The kinematical regions with very high y (y ~ 0.9) can
be reachable in the current polarization experiments in DIS [55,56]. In this
region radiative corrections to the cross section are comparable with the Born
cross section. Basically, it comes from the contributions of radiative tails from
elastic and quasielastic peaks. This calculation firstly allows one to obtain the
contribution of these tails with taking into account loop effects in the next-to-
leading approximation.

Strictly speaking, the total QED correction ~ a2 to spin asymmetry
Eq.(1.3.38) includes also contributions of double bremsstrahlung, lepton pair pro-
duction and two-loop virtual corrections. The latter does not change kinematics
of the general process, it can be easily derived using the results of Ref.57. The
leading contribution of two-loop corrections is factorized in front of the Born
cross section, and it is exactly cancelled in the numerator of (1.3.38). Contrary,
the radiative process has a different kinematics; and it is of particular interest in
experiments. So, the elastic and quasielastic radiative tails, which have relatively
large cross section, provide an important correction to polarized and unpolarized
DIS. The contributions of double bremsstrahlung and lepton pair production can
be calculated using analytical or Monte Carlo approach. We note that there are no
infrared divergences in the case of correction to elastic and quasielastic radiative
tails, so the integral over two photon phase space can be calculated straightfor-
wardly (using Monte Carlo methods, for example). The corresponding corrections
will be considered elsewhere.
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Now new methods of experimental data processing, when experimental in-
formation about spin observables is extracted directly from polarized parts of
cross sections (difference of observed cross sections with opposite spin configu-
rations) [58], are actively developing. It makes new requirements for an accuracy
of radiative correction calculations. We note that there is no any cancellation of
leading contributions in this case, and factorizing terms in (1.3.28) give the basic
contribution.

From the other hand, our result can be used as a contribution to the first order
radiative correction to radiative polarized DIS, when radiated photon is tagged in
calorimeter. Radiative events cover a much wider region of kinematical variables,
so the detection of hard photons, for example, in deep inelastic scattering can
provide additional physical information [41,59] about structure functions in the
region unreachable in current experiments. Note that radiative events are used
also for luminosity measurements in experiments at HERA.

There is one particular phenomenon. Note, that P,E;) contains not only the
imaginary part, but also a certain real part, which comes from the imaginary parts
of A; and B;. The multiplication of this real part of Pp(;) with the ordinary
symmetrical part of the hadronic tensor will give rise to a one-spin azimuthal
asymmetry for the final electron [60]. The asymmetry is proportional to the
degree of polarization of the initial electron. It is small (few percent) because of
the extra power of aqgrp and the absence of large logarithms.

Here we considered the typical kinematical case when the photon can be
resolved. The kinematical situation when photon is emitted close to initial or the
scattered electron directions was considered in paper [61].

1.4. Hadronic Cross Sections in Electron-Positron Annihilation with Tag-
ged Photon. Let us consider now the cross channel to DIS with hard photon
tagging process — the initial state radiation of hard photon in the single virtual
photon high-energy ete~-pair annihilation into hadrons [62].

1.4.1. Introduction. Experiments with tagged photons, radiated from the
initial state in electron—proton and electron—positron collisions, can become par-
ticularly attractive. The reason is that these radiative processes will permit one
to extract information about the final states at continuously varying values of the
collision energy. To investigate deep inelastic scattering the authors of Ref.41
suggested to use radiative events instead of running colliders at reduced beam
energies. The method takes advantage of a photon detector (PD) placed in the
very forward direction, as seen from the incoming electron beam. The effective
beam energy, for each radiative event, is determined by the energy of the hard
photon observed in PD. In fact, radiative events were already used to measure the
structure function F» down to Q2 > 1.5 GeV? [36,63]. The specific theoretical
work concerns the evaluation of QED radiative corrections (see Secs. 1,2) to the
radiative Born cross section. With an accurate determination of the cross sections
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and of the possible sources of background we believe that the use of radiative
events may become particularly useful to carry investigations at various present
and future machines.

The important role of the initial state radiation in the process of electron—
positron annihilation was underlined in a series of papers by V.N. Baier and
V.A. Khoze [64], where the radiative process was studied in detail in the Born
approximation. In these papers the mechanism of returning to a resonant region
was discovered. This mechanism consists in the preferable emission of photons
from the initial particles, which provides a resonant kinematics of a subprocess.
A utilization of radiative events can become a common type of investigations at
various machines.

In this part we derive explicit formulae for the spectrum of tagged photons.
The calculations are performed having an accuracy of the per-mille order as
an aim. Formulae can be used at electron—positron colliders to investigate, for
instance, hadronic final states at intermediate energies. A measurement of the
total hadronic cross section at low energies is essential for high precision test of
the Standard Model particularly for a precise determination of the fine structure
constant aqrp(Mz) and of the muon anomalous magnetic moment (g — 2),,.
The largest contribution to the errors for these quantities comes from the large
indetermination still present on the measurement of the total hadronic cross section
in electron—positron annihilation at the centre-of-mass energies of a few GeV. We
will consider here the radiatively corrected cross section for the electron—positron
annihilation process

e (pm) + et(p2) — (k) + H(g), k=(1-2)p1, (1.4.1)

where H is a generic hadronic state. The hard photon hitting the photon detector
has a momentum k£ and an energy fraction 1—z with respect to the beam energy. In
the following we assume that the photon detector is placed along the electron beam
direction, and has an opening angle 26y < 1, such that 626% > m2, with m the
electron mass, and ¢ the beam energy. To evaluate the process with an accuracy
of the per mille requires a careful investigation of the radiative corrections. This
part is organized as follows. In Section 1.4.2 we consider the cross section of
the process (1.4.1) in the Born approximation. We give formulae suitable to
study as differential distributions in hadronic channels, as well as the total (in
terms of quantity R) and inclusive (in terms of hadron fragmentation functions)
hadronic cross sections. In Sec. 1.4.3 we calculate separate contributions into
radiatively corrected cross section of process (1.4.1) within the next-to—leading
accuracy. In Sec. 1.4.3.1 the contribution due to virtual and soft photon emission
is investigated. In Sec. 1.4.3.2 the case, when additional hard photon hits a
photon detector is considered. In Sec. 1.4.3.3 the contribution due to hard photon
emission, which does not hit a photon detector, is derived. In Sec. 1.4.4 we sum
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up all the contributions and give the final result. In Conclusion we summarize
the results and give some numerical illustrations.

1.4.2. The Born Approximation. In order to obtain the Born approximation
for the cross section of the process (1.4.1), when the PD is placed in front of
electron (positron) beam, we can use the quasireal electron method [49]. It gives

do—(kvplvp2) = del (k)O'o(pl - k7p2)7 (142)

where dW), (k) is the probability to radiate photon with energy fraction 1 — z
inside a narrow cone with the polar angle not exceeding 6y < 1 around the
incoming electron, and doy is the differential cross section for the radiationless
process of electron—positron annihilation into hadrons at the reduced electron
beam energy. The form of both, dW,, (k) and oo (p1 — k, p2) is well known:

1+ 22 2z
LO_ )
1—2z 1—=2

«
dWp, (k) = %P1(Z,Lo)d2, Pi(z,Lo) =

292
Loy=In—2, (1.4.3)
m
We need further the general form of the lowest order cross section og for the

process et (z1p2) + e~ (2p1) — hadrons boosted along the beam axis (p,):

ez = ot [T, T =t e
q2~ 2~ ~ 4 d3f1'
Lpo = “50p0 +22° P10, dU(q) = (27) ‘“‘“ZWHW’
q = zpi+2p2, ¢ =saz,
Goo = Gpo — % By = pip — %qp, (1.4.5)

where ¢ is the full 4-momentum of final hadrons, g; is 4-momentum of an
individual hadron, s = 2p;py = 4e? is the full centre-of-mass energy squared,
and H,, is the hadronic tensor. The vacuum polarization operator II(¢?) of
the virtual photon with momentum ¢ is a known function [65] and will not be
specified here.

The tensors H,, and L,, obey the current conservation conditions once
saturated with the 4-vector g. The differential cross section with respect to the
tagged photon energy fraction z can be obtained by performing the integration on
the hadrons phase space. It takes the form

do «
P %H(Z’Lo) o0(z,1). (1.4.6)
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Each hadronic state is described by its own hadronic tensor. The cross section
in Egs. (1.4.2) and (1.4.4) is suitable for different uses and, as mentioned above,
it can be used to check different theoretical predictions.

The sum of the contributions of all hadronic channels by means of the relation

> / Hpodl = f4(¢*)dpo » (1.4.7)
h

can be expressed in terms of the ratio of the total cross section for annihilation
into hadrons and muons R = ¢, /0,,. For the u"p~ final state we get

2 2m? 4m?
— q_ 2 2y — i _ w
fu=g K@), K@) (1+ Z ) -5
and so,
QR 2
fn(q®) = wK(qQ). (1.4.8)

61

Substituting this expression into the right-hand side of Eqgs. (1.4.2) and (1.4.4)
results in the replacement o (z, z1) = R(¢?)4ma®K (¢?)/(3¢?).

In experiments of semiinclusive type one fixes an hadron with 3-momentum
q,, energy 1 and mass M in every event and sum over all the rest. In this case
instead of Eq. (1.4.7) we will have (similarly to the Deep Inelastic Scattering
(DIS) case [51,52,66]):

d3
S [ Hiar = 5.
- 2e1(27)
2

4 q
(1) _ 2\~ = 2\~ ~ _
Hpo’ - Fl(nvq )gpo' q2F2(77aq )(Ilpq1pv n= 2(](]1 > ]-a (149)

where we have introduced two dimentionless functions F(n,¢?) and Fs(n, ¢?)
in a way similar to the DIS case.

By introducing the dimentionless variable A = 2qq1/(2zp1q1), we can write
the corresponding cross section for radiative events in e™e™ annihilation in the
same form as in the case of deep inelastic scattering with a tagged photon [51,
52,66]:

do a?(®) « o 1 d3q1

2o B 2Pz Lo)Sp A R —s — 2

dz o1 o1 1(27 0) (777 aQ)(qg)Q o )

2 2 2F2(77aq2) M? 242
LmAg) = Fl(naQ)‘f'W A=1=—n’X ). (1410)
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1.4.3. Radiative Corrections. For the radiative corrections (RC) to the cross
section (1.4.6) we will restrict ourselves only to terms containing second and first
powers of large logarithms L, and omit terms which don’t contain them, i.e., we
will keep leading and next-to-leading logarithmic contributions. We will consider
in Section 3.1 the contribution from one-loop virtual photon as well as from the
emission of soft real ones. In 3.2 we will discuss the double hard photon emission
process.

14.3.1. Corrections Due to Virtual and Real Soft Photons.
The interference of Born and one—loop contributions to the amplitude of the
initial state radiation in annihilation of e™e™ into hadrons can be obtained from
the analogous quantity of hard photon emission in electron—proton scattering [51,
52,66]. We do that by using the crossing transformation. For the contribution
coming from the emission of real soft photons a straightforward calculation gives:

doS « mAe 1 2

— = —|2(Ls—1)1 il

il S v L R N |
S 4

Ls=1In— = Lo+ Ly, Ly =1In 72 (1.4.11)
m

where A is the photon mass, Ae is the energy carried by the soft photon. The
sum of the two contributions is free from infrared singularities. It reads

8m2a? o H,s(q)dl(q) o d*k
V+s _ il P R
do - S|1 _ H(q2)|2 T [pBPO'(Q) + APC’(Q)] (qg)g 471'2 w ’

(1.4.12)

where

2 A
p:4(L5—1)1nA+3Lq—”——g, Ly=Ls+Inz, A:?E<<1,

3
(1.4.13)

where k and w are the 3-momentum and the energy of the hard photon respec-
tively. The tensors A,, and B,, have a rather involved form. The first can
be obtained from the corresponding expressions of Refs. 13,33. The tensor B,
coincides with the one of the Born approximation. In the kinematical region
where the hard photon is emitted close to the initial electron direction of motion
one has

2
>Lm(q}, Apo = ?Anga(q% q = zp1 + pe,

(1.4.14)

2 1+ 22 2m?z
Bpo = 1-2) 2
2z \yi( z) Y1



QED EFFECTS OF HIGHER ORDERS IN DIS 525

where tensor L, is given in Eq. (1.4.4), y; = 2kp;, and quantity A, reads

4zsm? 1+ 22
Ay =0 lenz+i[ oL,z —1In 2 + 2Lis(1 — 2)+
Y1 yill-2

Y1 1+2z— 22 ) /1 In(1—tz)
2ln =1 —_ L =— dt————=. (1.4.15
+2In -5 Inz) + 21 —2) |’ i>(2) | ; ( )

Further integration over the hard photon phase space can be performed within the
logarithmic accuracy by using the integrals

&k [1 m? In(y;/m?) 1 1
T o T | T _L07 a1 N
2rko (Y1 i ”n 2777 2(1—2)

The final expression for the Born cross section corrected for the emission of soft
and virtual photons has the form

1 1
, ZL% + §L0 In(1-— z)} dz.

doB+V+s a a\?
O =) Pl L)+ (5 ) (PG L)+ )|
1 2 2 92
N=— ltz [(LO +Inz)lnz— % + 2Li2(z)] Lo —2Pi(z,Lg)In ZO+
142z — 22 4z
— L ——Lolnz. 1.4.16
Ty ot s (1.4.16)

1.43.2. Two Hard Photons Tagged by the Detector. If an
additional hard photon emitted by the initial-state electron hits the PD, we can-
not use the quasireal electron method and have to calculate the corresponding
contribution starting from Feynman diagrams.

We can use double hard photon spectra as given in Ref. 67 for annihilation
diagrams only and write the cross section under consideration as follows

1—z—

H 2 A
E _Jo(z,l)<%> Lo / d?x{gLO'F(ZQ-i-(l—x)él)X
A

(1-2)?(1—2—x)

x In tzr(l—z—x)—2*(1—z—2)*—27(1—2)|,

E=z2(1-2)Q—-2z—-2), y=1+1—-2)? 7=224+1-2)°% (14.17)
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Here the variable = under the integral sign is the energy fraction of one hard
photon. The quantity 1 — z — x is the energy fraction of the second hard photon
provided that their total energy fraction equals 1 — z. We write the index cl in
the left-hand side of Eq. (1.4.3) to emphasize that this contribution arises from
the collinear kinematics, when the additional hard photon is emitted along the
initial electron with 4-momentum p;.

The integration in the right-hand side of Eq. (1.4.3) leads to the result

dofl aN’Lo [ | 14 22 3
5 = 00(2,1)<27T> 5 Py (z)+21_ Inz 5 2InA ) [Lo+
+ 6(1—z)+3+221n22—4(1+z)21n1_z (1.4.18)
1—=2 1—2 A [’ o

where the quantity Pg) (z) represents the so-called © term of the second-order
electron structure function:

21+22
1—2

PP (z) =

)2
(m(l zZ) +g)+(1+z)lnz—2(1—z). (1.4.19)

1.4.3.3. Additional Hard Photon Emitted Outside PD. If an
additional hard photon, emitted from the initial state, does not hit the PD situated
in the direction of motion of the initial electron we distinguish the case when it
is emitted in the direction close, within a small cone with angle ' < 1, to the
direction of the initial positron. In this case we obtain:

dol  « 1=9/= ¢
2~ 2Pz L L Pl —2,L)o0o(z,1 —a)d 1.4.20
T2 LRGL) [ ROl -adn (1420

where L' = Ly + In(0'?/%), 6 = M?/s, and M? is the minimal hadron mass
squared. We suppose that z ~ 1.

We have introduced the additional auxiliary parameter #’ < 1 which, together
with 6y, separates collinear and semicollinear kinematics of the second hard
photon. Contrary to 6y, which is supposed to determine the PD acceptance, 6’
will disappear in the sum of the collinear and semicollinear contributions of the
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second photon. This last kinematical region gives

doft a2 d*k;  16m%a?
B%c — (LN Pz Ly [ S8 D27 Y 1
dz (277) 1z 0)/ 21w3 (1 — ¢2)22 (e,2,2),
H o (g2)dI'(g2) {5 2 2 2
T(c,z,x) = / P —((z —x2)* + 2°(1 — 1)) gpo +
(€:2,2) s(¢3)?|1 — I1(g3)? =z =) (=1 g

+ 2(2(1 = z1) — 22)(2*p1pP1o +p2ppza)] :

T T
T = 5(1—0), x2:§(1+c),
qQ = zp1+p2— ki, c=cosk/151. (1.4.21)

The phase volume of the second photon is parametrized as:

5 & or 1-65/2
d°k d d 2(z—0
/ : :/—x/—d) / de, i-——2G"0 (14
27w x ) 2w 1+z+¢e(l—2)
A 0 —1462/2

Explicitly extracting the angular singularities we represent this expression as

z—0
dolf o\’ 4 dz 22 + (2 — 1)?
Dse — (L) pi(z, Lo) |2, I [ EETEZLS
’ (%) (- 0)[ wl) gy [LEEED
A
1-6/z
4 dz 9
Xao(z—x,l)—f—lnw ?(1+(1—x) Joo(z,1—2)], (1.4.23)
A
1 @
5. - 8w22a2/dc/d_a: [T(c,z,x)—T(l,z,a:) +T(c,z,1:)—T(—1,z,a:)].
z T 1-c 1+4+c¢
1 A

1444 Complete QED Correction and Leading Logarithmic
Approximation. The final result in the order O(«) for radiative corrections
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to radiative events can be written as follows:

do « « a)?

_ = — = — ]_ B

e 27Tpl(z,Lo)Uo(z,1)(1—1—7’) 27TP1(z,L0)00(z, )+ <27T> X
1-6/=

X {LO (%LOP@)(z) + G) oo(z,1) + Pi(z, Lo) l / Ci1(z)oo(z,1 — x)dx +
0

z—0

+Lg / Ca(z,2)o0(z — x,1)dz + X }, (1.4.24)
0
where the last term is defined by Eq. (1.4.3) and
3
Ci(x) = P(1—2,L)O(x—A)+(L;—1)(2InA 4+ 5)5(3:),
2 2
— 3
Cy(z,z) = %@@ —A)+ 2IA+ 5 —2In2)(a),
2
1
G(z) — 11+ =3Iz — 2Lig(2) + 5(1+ 2) I » -
-z
2(1+ 2)?2 1—-162—22 4zlnz
- — - . 1.4.25
1=, In(1-2)+ 0 —2) t1, ( )

In order to include the higher order leading corrections to the tagged photon
differential cross section and to show the agreement of our calculation with
the well-known Drell-Yan representation for the total hadronic cross section at
electron—positron annihilation [31]

1

1
o(s) = /dxl dzo D(21, cesr) D(x2, ot )o(21225), (1.4.26)
(S 6/1’1

where the electron structure functions include both nonsinglet and singlet parts
D(21, Qot) = DV (x, ctert) + D (1, ), (1.4.27)

it is convenient to introduce the quantity

1 1
E:D(z,deﬁ)/dxl / dzo D(z1, Qesr) D(22, Ger)oo (221, 2).  (1.4.28)
6/z 0/zx1
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Note that the shifted cross section in Eq. (1.4.26) has just the same meaning as
in Eq. (1.4.4): o(x1228) = 0o(x1,22).
The structure functions [68,69] entering RHS of Eq. (1.4.27) are

<O‘e“> PE"(2), (1.4.29)

=1
DN (2, 0e) = 0(1—2) + > "
n=1 "

2 3
D5 (2, ) = %(‘;—:) R(x) + % @:) [2131 © R(z) - %R(m)},

21

(1.4.30)
where
. 1+ 22 3
Pi(z) = ilgo{1_$@(1—A—x)+(§+21nA)5(1—x)},
1—
R(z) = 2(1+m)1nx+3—xx(4+7x+4x2),
1

®n x\ dt

Pl = P1($)®®P1(J)), P1($)®P1(J))= Pl(t)Pl ? ?,

n z

and the effective electromagnetic couplings in the RHS of Eq. (1.4.28) are

—37rIn <1 - iL()),
3m

_ 1—5L,

Qeff = —37ln 1_77‘—-[/0 5

boip = —37r1n<1—3L5>. (1.431)
3T

Qloft

ol

w

At fixed values of z (z < 1) the quantity 3 defines the leading logarithmic
contributions into differential cross section for the events with tagged particles.
That corresponds to only © terms in the expansion of the structure function
D(z,aer) before the integral sign in Eq. (1.4.28). If we consider photonic
corrections (as do in the previous sections), it is needed to restrict ourselves to
the nonsinglet part of the electron structure functions and with the first order
terms in the expansion of all effective couplings, namely:

Qoff — aLg, Qeg — aLg, g — als. (1.4.32)
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It is easy to see that in this case the leading contribution into differential cross
section (1.4.3) can be obtained as an expansion of the quantity ¥(z < 1) by the
powers of a, keeping the terms of the order a? in the production of D functions.

If we want to include the contribution due to ete™-pair (real and virtual)
production it is required [70] to use both nonsinglet and singlet structure functions
and effective couplings defined by Eq. (1.4.31). Note that the insertion into
consideration of higher order corrections rises additional questions about concrete
experimental conditions concerning registration of events with e*e™ pairs.

The total hadronic cross section in eTe™ annihilation can be obtained by
integration of quantity ¥ over z

1 1 1
o(s) = /dz D(z,Qer) | day / dxe D(x1, Qo) D (T2, ot ) (211125).
5 6/z 6/zx1
(1.4.33)

We can integrate the expression in the right side of Eq. (1.4.33) over the variable
z provided the quantity zx; = y is fixed

1 1 1 1
/dz D(z, Qesr) /dxl D(z1, Qer) = /dz/dy D(z, Qo) X
) 8/z 4 Y

XD<Q, aef‘f) = /dy D(ya Qeff + aeff); Qeff + aefT = OA‘efT~ (1434)
z

Using this result and definition of &.g we indicate the equivalence of the Drell—
Yan form of the total cross section as given by Eq. (1.4.26) and the representation
of the cross section by Eq. (1.4.33).

Let us show now that D functions in expression for the quantity ¥ have
effective couplings as given by Eq. (1.4.31). By definition the nonsinglet electron
structure function satisfies the equation [71]

S

1
B 1 dsy dz T S
D(z,s,s0) =6(1 —z) + 277/ . a(s1) . D(z)D(Z, 80)’ (1.4.35)
S0 xr

where a(s1) is the electromagnetic running coupling

—1
a(s1) —a(l - i111‘(5—12) ,

3T m
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and so(s) is the minimal (maximal) virtuality of the particle, which radiates
photons and eTe™ pairs.

The structure function D(z, @) describes the photon emission and pair pro-
duction inside narrow cone along the electron beam direction. In this kinematics
sp = m?, s = £203. The corresponding iterative solution of Eq. (1.4.35) has the
form (1.4.29) with aeg = @eg. The structure function D(z1, degt) describes the
events, when emitted (by the electron) particles escape this narrow cone. In this
case s9 = €203, s = 4e2. The corresponding solution of Eq. (1.4.35) gives the
structure function with qeg = Qegr. At last, the structure function D(z2, Ges)
is responsible for the radiation off the positron into the whole phase space. In
this case so = m?, s = 4e2. Therefore we obtain D function with qeg = Q.
The analogous consideration can be performed for the singlet part of structure
functions.

When writing the representation (1.4.33) for the total cross section we, in
fact, divide the phase space of the particles emitted by the electron on the regions
inside and outside the narrow cone along electron beam direction. Therefore we
can use this representation to investigate the events with tagged particles in both
these regions. As we saw before the differential cross section for events with
tagged particles inside the narrow cone is defined by the quantity X(z < 1). In
order to obtain the corresponding differential cross section for events with tagged
particles outside this narrow cone we have to change the places of q.g and deg in
expression for X(z, 1). This follows from the symmetry of representation (1.4.33)
relative such change.

1.4.4. Conclusion. In sum, the formulae (1.4.34),(1.4.28) are the main results
of this part.

Thus we calculated the cross section of e™e™ annihilation with detection of a
hard photon at small angles with respect to the electron beam. The general struc-
ture of a measured cross section, from which one should extract the annihilation
cross section gg, looks

2 2 2
o = oy a1gL+b1g+a2<g) L2+b2<g> L+02<g> ] +(9(a3),
T T 0 T T
(1.4.36)

where L denotes some large logarithm. We calculated the terms a4, b1, as, be and
some contributions to c. The generalized formula (1.4.28) allows one to involve
the leading terms of the order O(a®L3). In this way our formulae provide high
theoretical precision.

Similar formulae can be obtained for an experimental set-up by tagging a
definite hadron. By using e™e™ machines such as BEPS, DA®NE [72], VEPP,
CLEO, SLAC-B/factory and others with luminosities of order 1033 cm? - 571,
one is in principle able to scan, by measuring the initial state radiation spectrum,
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the whole energy region of hadron production with an effective luminosity of the
order of 103" cm? - s~1. Let’s hope that further study would be pursuing on these
issues from experimental as well as from theoretical point of view.

2. OUTLOOK

Results given in Sections 1.1 and 1.3 could be applied to elastic and quasi-
elastic scattering off nuclei. Among possible there are channels with nuclei got
excited or even broken apart.

At the moment a tagged photon set-up in DIS as well as annihilation channels
(Sections 1.2, 1.4) are of some perspective to high-energy physics in testing QED
(SM) predictions for effects induced by virtual corrections. The formulae given
here guarantee the theoretical error to fall down to 0.1%.

We did not touch the problem of evaluation of Z, W bosons contribution,
which was considered elsewhere, as well as that of double-photon exchange be-
tween a lepton and nucleon and a real photon emission by a nucleon (nuclei).
The latter has not been investigated in detail up to now. An almost thorough
numerical analysis of the RC to DIS was given in the papers cited in the intro-
duction. Nevertheless, the results presented in the review could be used to create
more advanced MC generators with accounting for RC at 0.1% level of accuracy.
To the moment this programme has been carried out only partially.

APPENDIX A. DETAILS OF MATRIX ELEMENT CALCULUS:
THE CASE OF SINGLE PHOTON BREMSSTRAHLUNG

Using the Sudakov decomposition of the 4-vectors in the problem

pll = 04/1}52 + bp1 +plu_, k1 =a1p2 +z1p1 + k11,
q=p2 — Py = agp2 + Bqp1 + qL,
Py = AP + ByP1 + Py, vipr =vipy =0,
2 2
PL=p1—p2—— P2=P2=Pi—_ (A.D)

we have excluded parameters o, o), B, using the on-shell conditions

p22 - M= —50q(1 — ag) — q’ - aqMQ =0,
p2=sbal —p2=0, k¥=szi0q—k>=0, (A.2)
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besides
1 A ~ - o
et = Sp{(py + M)y (B2 + M)Topfp},
2 Tupq" 2
Lo = Fi¢)p + — () (A.3)

Here F} 2(g?) are the Dirac and Pauli form factors of a proton. For ® we have:

1 ~ A AV
7 = — 5 Sp {P1 0 O},

_p1—k Py +k
O,y = po——— ————D2, A4
p = D2 _2p1k1m+m 2P D2 (A4)
and then
¢ = -Qf = —y——la" + Maf] ~ ~[a’ + Q. (A.5)
q
with Q2 given in the text. The matrix element
1 (1) = (0! po
M = q_g‘]a u(pQ)FPu(pQ)g ; (A6)
using the Gribov representation for the metric tensor
po po 2 SP 50 =0 P 2 =0 =P
g7 =9, + 3 (P5P7 + P3ph) ~ 5 ) P21 (A7)
may be put in a form
2s (1 , 1
M= <;p2 Jé”) <;u(p’2)Fpu(pz)p’f> : (A)

Note that each expressions in the parentheses on the r.h.s. of Eq. (A.8) do not
depend on s in the limit s — oo. The expression for ®” may be transformed
using the following reduced expression

1 1 1 1
O, =z {sbw <5 - n—1> + n—lbvquz - Ewpzq}

z = 1—b (A.9)

to take the form given in Eq. (1.1.8).
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APPENDIX B. DETAILS OF MATRIX ELEMENT CALCULUS:
THE CASE OF DOUBLE PHOTON BREMSSTRAHLUNG

Let’s first demonstrate that the matrix element of the process

Y (q) + e(p1) — e(p)) + (k1) +v(k2) (B.1)

is explicitly proportional to q for small values of the latter, which is in fact the
requirement of gauge invariance with respect to the virtual photon. The matrix
element is described by six diagrams. With regard to the gauge invariance this
set can be separated out to the two subsets in each of which the gauge condition
is satisfied independently. Introducing the photon-permutating operator P12 we
bring the matrix element to the form:

M= (1+P12)Q, Q=M+ My+ Ms, (B.2)
where
1 ~ N
My = Eﬂ(pi)ﬁQ(ﬁl — k1 — ko +m) x
1
X e5(p1 — ky +m)éjulpr), (B.3)
1 .
My = ﬁﬂ(pi)éé(ﬁl — k1 + ¢+ m)pa x
1&2
X (p1— k1 +m)éu(pr), (B.4)
]‘ )\ A% [ A 7 ~
Mz = ——-u(py)és(pr — k1 + 4 +m) x
ad,
X €1(p1+ ¢ +m)pau(pr), (B.5)
and
d = d1+d2— (.131];2—1)2/;;1)2,
T1X2
d = d/l + d/Q + ($1E2 — J)ngl)Q.

T1x2
The permutation operator P;o for the photons acts the following way
Praf(ki,e1; ko, e2) = f(ka, ea;k1,e1), Py =1.

The quantity () is gauge invariant regarding the virtual photon k since all
permutations of this photon have been taken into account. Therefore @ is pro-
portional to ¢, in the limit of ¢, — 0. Indeed, making use of the relations

Q = pqu” , qHQH = (aqﬁQ + QL);J,QH =0, (B.6)
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we immediately obtain (neglecting the small contribution B,p, Q" ~ 1/s)

Q=-—Trgn, (B.7)

Qq

Then transform the quantities M; to such a form that the noticed low ¢
behavior is present in their sum () explicitly. The reason is that in this case all
individual large (compared to ¢, ) contributions are mutually cancelled. The first
step is to use the Dirac equations piu(p1) = muy, @(p})p; = ma(p}) and to
rearrange the amplitudes M of Eq. (B.3),

P N 7. ~%
My = ’E(Pll){dﬁllez(l?l — k1 +m)éy —
1 A AAm (A 7 P
- d_1p2q62 (Pp1 — k1 +m)é7 pu(pr),
s(1—21) .. - o 1 ... ..
My = u(p}) +(7,1)62(p1 — k1 +m)é] — —é3paé] +
d1d d
1 Ak AN (A 7, Aok
+ ﬁegqu(pl — ki + m)e1}u(p1) ; (B.8)
1to
— S w/a 7 A~k Sk aax
Mz = U(pi){d,—déez(pl — k1 +m)eT + d’—d’Qquel +

1 ... . ke nn
+ d'd" 62(])/1 + kQ + m)elqu}u(pl) .
2

From these formulae it can be noted that the last terms in My, M3, M3, up to
terms of the order of

2
m m
ﬁ ) 92 ) E 0 )
are proportional to ¢,
P2 = Pa(agPy + Beb + G1) = Pods = — Py - (B.9)

Next, one can see that the sum of the first three terms in Egs. (B.8) is also
proportional to ¢, since (for more details see [73])

b 1—1‘1 1
A= — —_—
o "o T

Aly, —0=0. (B.10)



536 AKUSHEVICH I., KURAEV E., SHAIKHATDENOV B.

Finally we consider the sum of the second terms of the quantities My, M3 given
in Egs. (B.8). Using the relations ([73], Eq.(21)) and

(ph + k1 + k2)? = (p1 — k)* =m? — k% — say,
one immediately gets

_1%_2 s(agPy + 4u1) _ 84 " P2’

df d'd, ddy, dd,’

Therefore, from Egs. (B.9), (B.10), (B.11) it is clearly seen that the property
illustrated by Eq. (B.7)

My +Mo+Ms3)|g,—-0=0

(B.11)

is evidently satisfied and consequently the quantity () = E?‘:l M became a sum
of terms explicitly proportional to ¢,

0 - u<p3>{As &3 (51 — by +m)e; —

1., . .
- d—1p2(JL6§(P1 — k1 +m)ey —
9 xS
Ak oAk X Ak A Ak
- d/d/2 G;CTPQ + d/d/2 €241€ +

1 koA A A 7 A
+ WGQQLPQ(PI — k1 +m)él +
2

1 Ak (A 7 koA X
+ Ta 2 (P + ko + m)equpg}u(m) . (B.12)
2
Calculating the contribution of the trace Sp{p’lQmQ} we neglect masses
whose contribution to the quantity 77 may be restored using the general pre-
scription [37]. The corresponding correction has the form:

Am? @3y1 (1 + 1)
d,12 (1 — 1'2)2

Am(I)'W = (1+P12){—

q2

(a—yip))2(a—pi/b)?

4m? B321(1 + 22)q? }
d? (q—p))?(p) — (1 —B2)q)? )’

(B.13)

where
1-— i) To b
Yy = Ta B2 = 21

1—],‘17 :1—1,‘1.
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APPENDIX C. EVALUATION OF 2-DIMENSIONAL INTEGRALS
The azimuthal integration may be performed making use of the following
equality:

2

Ji2..n do H[ai +bicos (¢ — )] =

= Z T H by + iry sin ¢k —¢;) €D

J#k
with
ri o= \fai=b7,  ai > |bil,
bij = bi(lj — bjai COS (¢z — d)j)

It is curious to note that the absence of the imaginary part provides an interesting
algebraic identity. For n = 2,n = 3 it looks

1 b b

Jia = 7 —( 1b12+—2b21) d12:a§2—7"%7'§a
12 T1 T2

a2 = ajas — b1b2 COS (d)l - ¢2)7

2 2 2 2
b1 a12a13 —riags | b3 aziazs — rya13

Jiozg =
1 dy2dy3 T2 di2da23

2 2
b3 asiage — r3ais

+
T3 ds1dso

(C.2)

This form is convenient for a subsequent integration over dk?.

APPENDIX D. NLO CONTRIBUTIONS FROM VIRTUAL
AND SOFT PHOTON EMISSION

To avoid the misprints we use here the notations of the paper [33]

s = dllv t= _dlv u = _QQa
s+i+u = ¢, [f(s,t)=[f(ts), a=s+t,
b = s+u, c=1u-+t. (D.1)
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The quantities 7;; encountered in the text (see Eq. (1.1.12)) may be written as

u? ~ b2 2 2u
1 = —G<1+8—2>—G<2+t—2>+2|:§+;+
2 b2 2u —
+ g(uz—bt)}lqu+@(2c+t)lqs+ Y Slqt+

1[4 b?
+ —2[—(bt—u2)—4u—2q2+t——],
Q| a c
ug? 2u-—s+t
— +

c 1, ~
= — — — — — 2| —
T12 = (u—s8)G+ e (ug” — st)G [ o + -

2 2c+1t U
1

c 4, 4 2
— E(2u—s)lqt—|—q—2[a( —cs)+8u+3t—s+zus}, (D.2)

and the additional notations look

2 2 2
4q —q q U
lqu n .’ qu n P th n P Lut n P
. t
G = lqu(lqt -+ lut) =+ 2L12 (1 — q—2> _
q2
—2Lis (1 - —> - 2Li2(1). (D.3)
u

APPENDIX E. SEMICOLLINEAR KINEMATICS OF PAIR CREATION

The matrix element in the kinematics (1.1.2) may be put in a form (we extract
the coupling constant):

1
M = q_QJVIug“’“, Ju = u(p-)yu(p1), (E.1)
1

where the current I describes a pair production by the photon with momentum
q1 off a proton. Using the Sudakov form of the 4-vectors p_ and ¢ with basic
4-vectors p; and ps,

P =a_Pa+P-p1+p_i, q=agPe+ BeP1+4quL,

the representation of the metric tensor

2
Gvp = Gopl + ;p2up1u
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and the gauge condition

Iq:I(ﬁqu"‘QJ.):Ov ﬂqﬁ—ﬂ,:l,

we obtain for the matrix element squared and summed over spin states of electron:

2
1 8
MM = —2¢°1? + — (p_I) . (E.2)
2 MO = e | il
To calculate the quantity I?, we again present it in the form

25|q]

I = eQ1I_e/;1 925, pQPY/)u(pl)Olwv(p-i-)a
sio= (2t+a)’, Y, =ap)lpu(p)). (E.3)
The phase volume is transformed the way to take the following form
1
dry = (27) 8 ———d?qd*p_da_. E4
4 = (2m) a0 1P B (E4)

Using

L l/ 6
S () Oyt ey P = 8 5+ 5 |
B+

we obtain the result for the cross section given in the text.
For the kinematics of bremsstrahlung mechanism the matrix element has the
form

1
M= k_%Il"Juguuv ki = py +py. (E.5)
Here it is convenient to use alternative basis vectors of Sudakov parameterization
P+ = apq+biph i1, ki =aig+biph + ks,
2 p + m?2b?
gy,y - g'u,yJ_ + Equ1H7 k% - erli_ll > O. (E.6)

Quite the same manipulations give

2
8

D M) = 2k71 — = <k11> .
1

Performing the integration over d? (p+) . to alogarithmic accuracy and expressing
the parameter by in terms of the standard Sudakov decomposition with basic 4-

vectors pi, p2

1-p6-
b )
we immediately obtain the result given in the text.

by =
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APPENDIX F

In this section we collect the results of the angular integration of the definite
structures of the Compton tensor in [33,46]. Using integrals similarly to (1.2.12)
and retaining only terms that contain at least one large logarithm Ly or Lg, we
obtain

%Q—E;/(;—S:CTEI = —p %(Lo—l)—i—l +%[Alnz+3]—
/d—Qan = ﬁpLo—W(Alnz—f—B)—

- AT T e )
2 [T = oGt o) e e

_ 22(1(—;2_(12)12)2)(A1nz+3)—A%—i— (F.1)
2¢2 /dz—?rkTgl = (12_21)4(A1nz+B)+%A+

i (12_L2«)3<_1+4Z1_—4z22_423lnz_222_22+1>’
Qa/dz—?r’“ﬂz = 2(1(2_7_))(,4111“3) (13__;)3A+

+ %(i_—_gjlnz—l—%),

where p, A, and B are given by Eq. (1.2.13). It is remarkable to see that the
relation

dQ
/ o k [4zT + Ql (T + = 2o + 2T1o + ZTQl)} =0 (F.2)

is fulfilled, leading to the factorization of the virtual corrections in Eq. (1.2.13).
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APPENDIX G

To perform the angular integration in (1.2.23) we first represent the integrand
in the form

52042( gc)I’Y _ F(f,l,f,g), (Gl)

éc t1to

where t12 = (1 —c1,2)/2, c12 = cos 012, and 6 5 are the angles between
nontagged photon momentum ko and the momenta of the initial and the scattered
electrons. Note that F'(¢1,t2) behaves regularly for t7 — 0 or ¢t — 0. This can
be easily seen by considering the limiting cases for the quantity I7.

For the case ¢t — 0, which corresponds to the second photon being emitted
close to the direction of the incoming electron, one obtains from Eq. (1.2.24)

2

Dl = %(22 + (2 — 22)?) | 20 P21, Q2) x

x <M2 - i) - Fl(xt,Q?)], (G.2)

Q_% x2y2(z - $2)

while for the case s — 0, corresponding to the second photon being almost
collinear to the final electron,

¥ _ Q% 2 2
IMsmo = ——— 1+ (1 +y2)7) | wpFa (s, Qp) X
Yas
M?2 1—y 9
x (Q—ﬁ - m) - F1($b7Qb)] ) (G.3)

see Eqgs.(1.2.20) and (1.2.27) for the notation. The r.h.s. of Eq. (G.1) is easily
seen to be

e?a?(Q3) 1
4
sc

e?a?(Q3) 1"
4
sc

1 a 22+ (z—x

tits 16723 2(z — x2)

2
) S(ze, yr, Q7), (G4

t—0

1 a 14+ (14y)?
tito 16723 1+ yo

(o, 5, Q1), (G.5)

s—0

where a = (1 — cos 0)/2.
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For the phase space of the photon we use the following representation:
Bk, / dt, dt,
—— =¢" [ x9dx2dQ :462/xdx/ (D),
1= 2 day 40 N

D= (ty —y )ys —ta), yx=t1(1—-2a)+a+2a(l —a)t;(1—1t).

(G.6)
The region of integration is determined by the conditions
03 0,2
o1 <t <1, o9<ty<l, D>Q0, UlzZO, 0’22%. (G.7)
Using the substitution
—t1)2(1 + u?
ty — to(t1,u) = (a—t) (2+“ ) (G.8)
Yt +uly-
and the identity
1 1 P
(t1,t2) 7r a a
dt/ : D ——[Fa,O In— + F(0,a)In —
Jan [anBew) = T Faojm E + FO.0)n "
o1
h d
tq
——— (F(t1,t2) — F(a,0
/1 o neoL/tlnl—a|( (t12) ~ F(a,0) +
0 n
dt
+ / - - F (O,G))]7 (G.9)
tla

n

which is valid for 01,02 < a, we obtain for Z from Eq. (1.2.25) the following
expression:

1

1 —e 7 du / dt,
7= _%
1+ u? ?7—>0 t1|t1 — a|
0 n
Imd a d x'md
) t x
< [ @t - @)+ [ 12 [ 20 - 50.0)|,
T2 tla To
0 n 0

(G.10)
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where

a2(Q3? )stI”
D(ty,t2) = % . (G.11)

se c1=1-2ty, 02:172152(151,’[1,), c=1—2a

The upper limit of the xo-integration, x,,, may be deduced from [42]. It has the
form

S zle+p)— A, —Y(e+z2)—(p—2)Yec e:&

" z+e—Y+(p—2)a1+Yer e’
P, M 2 M?

p = =2 Amz( + ma) : (G.12)
£ 2¢2

This finally leads to Eq. (1.2.25).

It is important to note that while calculating Z one encounters neither collinear
nor infrared singularities.

Acknowledgements. It’s a pleasure to thank A. Arbuzov, N. Merenkov and
H. Anlauf for fruitful collaboration. The work of I.LA. was supported by the
U.S. Department of Energy under contract DE-AC05-84ER40150. The work of
E.K. and B.S. was supported by RFBR grant No0.99-02-17730 and HLP grant
No0.2000-02.

REFERENCES

Sloan T., Voss R., Smadja G. — Phys. Rep., 1988, v.162, p.45.

Ashman J. for EMC Coll. — Nucl. Phys., 1989, v.B328, p.1.

Anselmino M., Efremov A., Leader E. — Phys. Rep., 1995, v.261, p.1.

Mo L., Tsai Y. — Rev. Mod. Phys., 1969, v.41, p.205.

Bardin D.Y., Shumeiko N.M. — Nucl. Phys., 1977, v.B127, p.242.

Akhundov A., Bardin D., Kalinovskaya L. et al. — Fortsch. Phys., 1996, v.44, p.373.
Kuzhir P.P., Shumeiko N.M. — Sov. J. Nucl. Phys., 1992, v.55, p.1086.

Badelek B., Bardin D., Kurek K. et al. — Z. Phys., 1995, v.C66, p.591.

AKkushevich 1., Bottcher H., Ryckbosch D. — In: Proc. of Hamburg Int. Conf. on Monte Carlo
Generators for HERA Physics, 1998/99, p.554-565; hep-ph/9906408.

10. Akhundov A.A., Bardin D.Y., Shumeiko N.M. — Sov. J. Nucl. Phys., 1977, v.26, p.660.
11. Kukhto T.V., Shumeiko N.M. — Nucl. Phys., 1983, v.B219, p.412.

12. Akushevich L.V., Shumeiko N.M. — J. Phys., 1994, v.G20, p.513.

13. Kuraev E.A., Merenkov N.P., Fadin V.S. — YaF, 1988, v.47, p.1593.

14. Bohm M., Spiesberger H. — Nucl. Phys., 1987, v.B294, p.1081.

15. Bardin D.Y., Burdik C., Khristova P.C. et al. — Z. Phys., 1989, v.C42, p.679.

R A G o o



544

AKUSHEVICH 1., KURAEV E., SHAIKHATDENOV B.

16.
. Akushevich L.V., Ilichev A.N., Shumeiko N.M. — J. Phys., 1998, v.G24, p.1995.
18.
19.
20.
21.
22.
23.
24.
25.

26.

27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

38.
39.

40.
41.
42.
43.
44.

45.

46.
47.

48.

Akushevich L.V,, Ilichev A.N., Shumeiko N.M. — Phys. Atom. Nucl., 1998, v.61, p.2154.

Soroko A.V., Shumeiko N.M. — Sov. J. Nucl. Phys., 1989, v.49, p.838.

AKkushevich I. — Eur. Phys. J., 1999, v.C8, p.457.

Akushevich 1., Kuzhir P. — Phys. Lett., 2000, v.B474, p.411.

Akushevich 1., Shumeiko N., Soroko A. — Eur. Phys. J., 1999, v.C10, p.681.

Maximon L.C., Parke W.C. — Phys. Rev., 2000, v.C61, p.045502.

Maximon L.C., Tjon J.A. — nucl-th/0002058.

Templon J.A., Vellidis C.E., Florizone R.E. et al. — Phys. Rev., 2000, v.C61, p.014607.

FERRAD 3.5. This code was firstly created by J.Dress for EMC and further developed by
M.Dueren.

Magnussen N. et al. — In: Proc. of Hamburg Workshop on Physics at HERA, Buchmiiller W.,
Ingelman G. (eds.), 1991, v.3.

Kwiatkowski A., Spiesberger H., Mohring H.J. — Comp. Phys. Commun., 1992, v.69, p.155.
Arbuzov A., Bardin D., Bluemlein J. et al. — Comp. Phys. Commun., 1996, v.94, p.128.
AKkushevich 1., Ilichev A., Shumeiko N. et al. — Comp. Phys. Commun., 1997, v.104, p.201.
AKkushevich 1., Nagaitsev A. — J. Phys., 1998, v.G24, p.2235.

Kuraev E.A., Fadin V.S. — Sov. J. Nucl. Phys., 1985, v.41, p.466.

Skrzypek M. — Acta Phys. Polonica, 1992, v.B23, p.135.

Kuraev E.A., Merenkov N.P., Fadin V.S. — YaF, 1987, v.45, p.782.

Akhundov A.A., Bardin D.Y., Shumeiko N.M. — Sov. J. Nucl. Phys., 1986, v.44, p.988.
AKkushevich L1.V., Kukhto T.V., Pacheco F. — J. Phys., 1992, v.G18, p.1737.

Favart L., Gruwe M., Marage P. et al. — Z. Phys., 1996, v.C72, p.425.

Berends F.A. et al. — Phys. Lett., 1981, v.B103, p.124;
Berends F.A. et al. — Nucl. Phys., 1982, v.B206, p.61.

Arbuzov A.B., Kuraev E.A., Merenkov N.P. et al. — Nucl. Phys., 1996, v.B474, p.271.

Spiesberger H. et al. — In: Proc. of Hamburg Workshop on Physics at HERA, Buchmiiller W.,
Ingelman G., (eds.), 1991, v.3.

Jadach S., Jezabek M., Placzek W. — Phys. Lett., 1990, v.B248, p.417.
Krasny M.W., Placzek W., Spiesberger H. — Z. Phys., 1992, v.C53, p.687.
Bardin D., Kalinovskaya L., Riemann T. — Z. Phys., 1997, v.C76, p.487.
Ahmed T. et al. — Z. Phys., 1995, v.C66, p.529.

Klein M. for H1 Coll. — In: Proc. of ICHEP’98 Conference, Vancouver, 1998, contributed
paper no. 535.

Arbuzov A.B. et al. — Nucl. Phys., 1997, v.B485, p.457;
Merenkov N.P. et al. — Acta Phys. Polonica, 1997, v.B28, p.491.

Kuraev E.A., Merenkov N.P., Fadin V.S. — Sov. J. Nucl. Phys., 1987, v.45, p.486.

Feynman R.P. — Photon-Hadron Interactions. W.A. Benjamin, Inc., Reading, Massachusetts,
1972.

Merenkov N.P. — Sov. J. Nucl. Phys., 1988, v.48, p.1073.



QED EFFECTS OF HIGHER ORDERS IN DIS 545

49.
50.

51.

52.
53.
54.
55.
56.
57.
58.

59.
60.
61.
62.
63.
64.
65.

66.
67.
68.
69.
70.
71.

72.
73.

Baier V.N,, Fadin V.S., Khoze V.A. — Nucl. Phys., 1973, v.B65, p.381.

Kinoshita T. — J. Math. Phys. (N.Y.), 1962, v.3, p.650;
Lee T.D., Nauenberg M. — Phys. Rev., 1964, v.133, p.1549.

Anlauf H., Arbuzov A.B., Kuraev E.A. et al. — JETP Lett., 1997, v.66, p.391; Erratum ibid.,
1998, v.67, p.305.

Anlauf H., Arbuzov A., Kuraev E. et al. — JHEP, 1998, v.9810, p.013.
Akushevich 1., Arbuzov A., Kuraev E. — Phys. Lett., 1998, v.B432, p.222.
Kleiss R. — Z. Phys., 1987, v.C33, p.433.

Adams D. et al. — Phys. Rev., 1997, v.D56, p.5330.

Ackerstaff K. et al. — Phys. Lett., 1997, v.B404, p.383.

Barbieri R., Mignaco J.A., Remiddi E. — IL Nuovo Cim., 1972, v.A11, p.824.

Gagunashvili N.D. — Nucl. Instr. and Meth., 1994, v.A343, p.606;
Gagunashvili N.D. et al. — JINR Preprint E1-96-483, Dubna, 1996.

Bluemlein J., Levman G., Spiesberger H. — J. Phys., 1993, v.G19, p.1695.
Arbuzov A.B., Kuraev E.A., Merenkov N.P. et al. — YaF, 1996, v.59, p.878.
Konchatnij M.I., Merenkov N.P. — Pisma v ZhETF, 1999, v.69, p.645.
Arbuzov A., Kuraev E., Merenkov N. et al. — JHEP, 1998, v.9812, p.009.
Aid S. et al. — Nucl. Phys., 1996, v.B470, p.3.

Baier V.N., Khoze V.A. — ZhETF, 1965, v.48, p.946; YaF, 1965, v.2, p.287.

Brown D.H., Worstell W.A. — Phys. Rev., 1996, v.D54, p.3237;

Eidelman S. et al. — Z. Phys., 1995, v.C67, p.585;

Jegerlehner F. — In: Proc. of Karlsrue Workshop on Hadron Production Cross Sections at
DA®NE, Hagel U.V. et al. (eds.), 1996, v.1, p.81.

Anlauf H., Arbuzov A., Kuraev E.A. et al. — Phys. Rev., 1999, v.D59, p.014003.
Arbuzov A.B. et al. — Nucl. Phys., 1997, v.B483, p.83.

Jadach S., Skrzypek M., Ward B.F.L. — Phys. Rev., 1993, v.D47, p.3733.
Nicrosini O., Trentadue L. — Phys. Lett., 1987, v.B196, p.551.

Catani S., Trentadue L. — JETP Lett., 1990, v.51, p.83.

Lipatov L.N. — YaF, 1974, v.20, p.181;
Altarelli G., Parisi G. — Nucl. Phys., 1977, v.B126, p.298.

Spagnolo S. — KLOE memo No.139, 1998.
Kuraev E.A., Schiller A., Serbo V.G. et al. — Nucl. Phys., 2000, v.B570, p.359.



«DPU3UKA DJIEMEHTAPHBIX YACTHL H ATOMHOIO AIPA»
2001, TOM 32, BhIII. 3

YAK 530.12; 531.18; 531.12; 531.51; 539.12.01

TIME-REPARAMETRIZATION-INVARIANT DYNAMICS

OF RELATIVISTIC SYSTEMS
B.M.Barbashov, V.N.Pervushin

Joint Institute for Nuclear Research, Dubna

M.Pawlowski

Soltan Institute for Nuclear Studies, Warsaw, Poland

The review is devoted to the description of the reparametrization-invariant dynamics of rela-
tivistic systems (special relativity, string, and general relativity) obtained by resolving constraints and
constructing equivalent unconstrained systems. The constraint-shell actions allow us to give clear
mathematical definitions of measurable quantities in both classical and quantum theories of the type
of the geometric time interval, or the dynamic evolution parameter in the world space of dynamic
variables, the energy density and the holomorphic (particle-like) variables in general relativity.

O0630p MOCBAILEH pell p METpU3 LIMOHHO-UHB PU HTHOMY OIUC HHIO JUH MHKH PEISTUBHCTCKHX
cucreM (PeISTUBUCTCK 5 4 CTHIL[ , CTPYH , BCENICHH S B OOl Teopur OTHocHTenbHOCTH). T Koe oru-
C HHE JIOCTUT €TCsl NEPEXOJOM H MOBEPXHOCTDb CBA3el B ¢ 30BOM IPOCTp HCTBE.

Beruucienue ¢yHKUMM JSHCTBHS H IIOBEPXHOCTH CBSi3ed (IIyTeM MX pEIleHUs) BeleT K 3KBHU-
B JICHTHBIM CHCTEM M 0e3 CBs3eil, COBMECTHMBIM C NPOCTEHINNMH B PH LMOHHBIMH IIPUHIMII MH H C
(usnuecky SICHBIMU, M TeM THYECKU CTPOTUMH OIPEIe/ICHHSMH UHB PH HTHBIX H3MEPSEMBbIX BEIUYHH
K K B KJI CCHYECKOH, T K ¥ B KB HTOBOH TEOPUSX, B U CTHOCTH, IMH MHYECKOTrO 3BOITIOLIMOHHOIO I P -
METp B MHPOBOM IIPOCTpP HCTBE IEPEMEHHBIX, INIOTHOCTU M3MEPSeMO SHEPIUH M Y CTHLENOTOOHbIX
(ro7ToMOp(hHEIX) MEpeMEeHHBIX B OOIIEel TEOPHH OTHOCHTEIBHOCTH.

1. INTRODUCTION

The modern physics grew from two different roots: the Newton mechanics
and the Faraday—Maxwell electrodynamics. The first gave variational principles;
the second, relativistic and gauge symmetries (see Fig. 1). Relativistic particles,
strings, n branes, and general relativity are systems with constraints and are not
compatible with the simplest variational principles of the Newton mechanics.
One of the main difficulties is the invariance of relativistic system with respect
to reparametrization of the coordinate time.

The problem of the self-consistent Hamiltonian description of relativistic
systems (particles, strings, n branes, general relativity) has a long history [1-7].
There are two opposite approaches to solution of this problem in the generalized
Hamiltonian formulation [1,8-12].
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BIG BANG

FADDEEV—
POPOV
INTEGRAL

RENORMA -
LIZABILITY

Equivalent
Unconstrained < STATEMENT OF PROBLEM |
System

|

VARIATION SYMMETRY

Newton
PARTICLE
=

Faraday
FIELD

Fig. 1. The tree of modern theoretical physics grew from two different roots («particle»
and «field») which gave the VARIATIONAL method and SYMMETRY principles for
formulating modern physical theories as constrained systems. To obtain unambiguous
physical results, one should construct Equivalent Unconstrained Systems compatible with
the simplest variational method. It is just the problem discussed in the present paper

The first approach is the reduction of the extended phase space by fixing the
gauge that breaks reparametrization invariance from the very beginning [2,6]. The
defect of this approach is unclear correspondence between the reparametrization-
noninvariant mathematical quantities and the invariant physical observables of the
type of measurable time and energy; the quantum version of the first approach
looks as attractable mathematical games with unnormalizable wave functions that
are free from clear physical predictions.
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Y-M
Faddeev TMP 1 (1969)

CONSTRAINED UNCONSTRAINED
SYSTEM SYSTEM

s1ng

==
= ;=

Zf _ J-dp*dq*eiW

ASUTLE

Zpp = Idpqu rpO (gauge)d (const)eiW

UNITARY PERTURBATION THEORY

Fig. 2. An equivalent unconstrained system W*(p*, ¢*) can be obtained in the case when
the operations of varying and constraining commute with each other to obtain equations
(EQS.) of motion in terms of independent variables p*, ¢*. The next problem is to establish
the range of validity of the standard Faddeev—Popov (FP) integral

The second approach is the reparametrization-invariant reduction of an action
by the explicit resolving of the first class constraints to get an equivalent uncon-
strained system (see Fig.2), so that one of the variables of the extended phase
space (with a negative contribution to the energy constraint) converts into the
dynamic evolution parameter, and its conjugate momentum becomes the nonzero
Hamiltonian of evolution [3,4,7,13-16].

An example of the application of such an invariant reduction of the action
is the Dirac formulation of QED [17] directly in terms of the gauge-invariant
(dressed) fields as the proof of the adequateness of the Coulomb gauge with the
invariant content of classical equations. As was shown by Faddeev [18], the
invariant reduction of the action is the way to obtain the unconstrained Feynman
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integral for the foundation of the intuitive Faddeev—Popov functional integral in
the non-Abelian gauge theories [19-21] (see Fig.2).

In reparametrization-invariant relativistic theories, the constraining of actions
does not kill superfluous variables. They are kept in the constrained action as the
evolution parameter and the corresponding Hamiltonian. This fact is the main
difference of reparametrization-invariant systems from the gauge-invariant ones
where the operation of constraining removes all longitudinal components from
the action. This difference explains why the gauge fixing is not compatible with
reparametrization invariance.

To emphasize the importance of the superfluous variables in relativistic sys-
tems, we introduce the notion of the sector of «measurable quantities» including
in it (together with the sector of the Dirac observables) the superfluous variables
which cannot be removed by the gauge fixing, and which play important phys-
ical roles of the dynamic evolution parameter and the corresponding evolution
Hamiltonian.

In special relativity (SR), the sector of «measurable quantities» coincides
with the world space. The causal structure of this world space (given in the form
of the light cones of future and past) determines the causal Green functions and
the arrow of the geometric time. The latter is defined as the reparametrization-
invariant geometric interval that is always greater than zero in accordance with
equations of motion.

The application of the invariant reduction of extended actions in cosmology
and general relativity [4,7] allows one to formulate the dynamics of relativis-
tic systems directly in terms of the invariant geometric time with the nonzero
Hamiltonian of evolution, instead of the non-invariant coordinate time with the
generalized zero Hamiltonian of evolution in the gauge-fixing method. The for-
mulation in terms of the geometric time is based on the Levi-Civita canonical
transformation [22-24] that converts the energy constraint into a new momentum,
so that the new dynamic evolution parameter coincides with the geometric time,
as one of the consequences of new equations of motion.

In the present paper, we apply the method of the invariant Hamiltonian
reduction (with resolving the first class constraints and the Levi-Civita canonical
transformations) to express reparametrization-invariant dynamics of relativistic
systems in terms of the geometric time and to construct the causal Green functions
in the form of the path integrals in the world space of dynamic variables.

The content of the paper is the following. In Section 2, we consider the
extended version of classical mechanics. A relativistic particle is considered
in Section 3. Section 4 is devoted to the generalized Hamiltonian formulation
of a relativistic string and its invariant reduction. Section 5 is devoted to the
reparametrization-invariant Hamiltonian reduction of general relativity. In Section
6, we discuss the reparametrization-invariant dynamics of the Early Universe.
Section 7 is devoted to conformal relativity.
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2. INVARIANT HAMILTONIAN REDUCTION: MECHANICS

To illustrate the time-reparametrization-invariant Hamiltonian reduction [4]
and its difference from the gauge-fixing method, let us consider an extended form
of a classical-mechanical system

W= [ dr (pi — 1100 = N-Tlo + H(p.a)]) ()

that is invariant under reparametrizations of the coordinate evolution parameter 7
and «lapse» function A

dr
=1 A N = —. 2
T—T T (7—)7 - dr' @)
The problem of the classical description is to obtain the evolution of the physical
variables of the world space q, Qg in terms of the geometric time T defined as

dT :=Xdr, T = /dT’)\(T'), 3)
0

that is also invariant under reparametrizations (2).

The second problem (connected with quantization) is to present the effective
action of the equivalent unconstrained theory directly in terms of 7, the equations
of which reproduce this evolution. The solution of the second problem will be
called the invariant Hamiltonian reduction.

The resolving of the first problem for the considered system is trivial, as the
equations of motion of this system

G=MNpH, p=-N,H, Qu=2>) Tlh=0 )
in terms of the geomeric time (3)

dq dp
d—Tff)‘pH, T = O0qH,

dQo dlly
ar — b ar 0 ©)

are completely equivalent to the equations of the conventional unconstrained
mechanics in the reduced phase space (p,q)

T(TQ):TQ

WM = / dr (p— — H(p, q)) : (6)
T(r1)=T1
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The problem is how to derive this system from the extended one (1) to apply
the symplest Hamiltonian quantization with a clear physical interpretation of the
invariant quantities.

The solution of the problem of the invariant Hamiltonian reduction con-
sidered in the present review is the explicit resolving of three equations of the
extended system (1):

i) for the variable X\ (treated as constraint)

ow

ii) for the momentum Il with a negative contribution to the constraint (7)

ow dQo
oy 0 7 g oM ®
iii) for its conjugate variable Q¢
oW dlly
Q0 dr ©

(We call these three equations (7)—(9) the geometric sector.)

The resolving of the constraint (7) expresses the «ignorable» momentum II
through H (p, ¢) with a positive value IIy = H(p, q) > 0. The second equation (8)
identifies the dynamic evolution parameter Qo with the proper time (3) Qo = 7.
It is not the gauge but the invariant solution of the equation of motion (8). The
third equation (9) is the conservation law.

As a result of the invariant Hamiltonian reduction (i.e., a result of the substi-
tution of IIy = H and Qo = T into the initial action (1) ) this action is reduced
to the one of the conventional mechanics (6) in terms of the proper time 7,
where the role of the nonzero Hamiltonian of evolution in the proper time 7" is
played by the constraint-shell value of the «ignorable» momentum Iy = H(p, q).
In other words, this constraint-shell action W (constraint) = W™ determines the
nonzero Hamiltonian H (p, ¢) in the proper time 7', instead of the zero generalized
Hamiltonian in the coordinate time 7 in (1) A(=IIy + H).

Thus, the equivalent unconstrained system was constructed without any ad-
ditional constraint of the type:

A =1, r=T (10)

which confuse quantities of the measurable sector with noninvariant ones. This
confusion is contradictable. The «gauge-fixing» identification of the coordinate
evolution parameter 7 and the geometric time 7' = A7 in the form of the gauges
(10) contradicts the difference of their Hamiltonians A(—IIo + H) # H(p, q).
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The second difference of the «gauge-fixing» from the invariant Hamiltonian
reduction is more essential, namely, the formulation of the theory in terms of
the invariant geometric time (3) is achieved by the explicit resolving of the con-
straint (7) and equation of motion (8), as a result of which «ignorable» variables
Iy, Qo are excluded from the phase space.

In the present paper, we apply the invariant Hamiltonian reduction to rela-
tivistic particle, string, and general relativity.

3. SPECIAL RELATIVITY

3.1. Statement of the Problem. To answer the question: Why is the
reparametrization-invariant reduction needed?, let us consider relativistic mechan-
ics in the Hamiltonian form

T2 ' N
WIP.X|N|r1,m] = /dT[—PMX” — 5, Chi M), (1)
m

T1

which is classically equivalent to the conventional square root form

WX |, 1) = —m/dT\/X“XH. (12)

T1

Both these actions are invariant with respect to reparametrizations of the coordi-
nate evolution parameter

T—7 =7(r), Ndr' =Ndr (13)

given in the one-dimensional space with the invariant interval

dT := Ndr, T= /d%N(%). (14)
0

We called this invariant interval the geometric time [4] whereas the dynamic
variable X (with a negative contribution in the constraint) we called dynamic
evolution parameter.
In terms of the geometric time (14) the classical equations of the generalized
Hamiltonian system (11) take the form
X, P, dpP,

=0, Pl-m’=0. (15)

ar m’ aTr
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The classical problem is to find the evolution of the world space variables with
respect to the geometric time 7.

The quantum problem is to obtain the equivalent unconstrained theories di-
rectly in terms of the invariant times X or 1" with the invariant Hamiltonians of
evolution. The solution of the second problem is called the dynamic (for Xj), or
geometric (for T') reparametrization-invariant Hamiltonian reductions.

3.2. Dynamic Unconstrained System. The dynamic reduction of the ac-
tion (11) means the substitution of the explicit resolving of the energy constraint
(=PZ +m?) = 0 with respect to the momentum F; into this action

11%%
_ _ 02 2
5N_0 = Py=x4/m?+ P~ (16)

In accordance with two signs of the solution (16), after the substitution of (16)
into (11), we have two branches of the dynamic unconstrained system

XQ(TQ):XD(Q)

dX;
W (constraint) = WL = / dXo [Piﬁ F/m?+ Pf} ) 17)
0

Xo(Tl):Xo(l)

The role of the time of evolution, in this action, is played by the variable X
that abandons the Dirac sector of «observables» P;, X;, but not the sector of
«measurable» quantities. At the same time, its conjugate momentum F, converts
into the corresponding Hamiltonian of evolution, values of which are energies of
a particle.

This invariant reduction of the action gives an «equivalent» unconstrained
system together with definition of the dynamic evolution parameter (Xg) corre-
sponding to a nonzero Hamiltonian F.

Thus, we need the reparametrization-invariant Hamiltonian reduction to de-
termine the dynamic evolution parameter and its invariant Hamiltonian for a
reparametrization-invariant system and to apply the symplest canonical quantiza-
tion to it.

In quantum relativistic theory, we get two Schrodinger equations

o d /
Zd—AXO\II(i)(XuD) =+ m2 + PE\I/(i)(XUD), (18)

with positive and negative values of P and normalized wave functions

ALO(+Py) . _ : /
U (X|P) = @;;TQ\/;TO exp (—iP, X" ([Ap, Af) = (P, — P))).
(19)

The coefficient AJIS, in the secondary quantization, is treated as the operator of
creation of a particle with positive energy; and the coefficient A, as the operator
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of annihilation of a particle also with positive energy. The physical states are
formed by action of these operators on the vacuum (0], |0) in the form of out-
state (|P) = A}|0)) with positive frequencies and in-state ((P| = (0|Ap) with
negative frequencies. This treatment means that positive frequencies propagate
forward (Xoy > Xop); and negative frequencies, backward (Xg; > Xps), SO
that the negative values of energy are excluded from the spectrum to provide
the stability of the quantum system in QFT [25]. For this causal convention
the geometric time (14) is always positive in accordance with the equations of
motion (15)

dTl m m
(dX())i \/m ( 02 01) ]:)iz-f—mQ( 02 01)

(20)
In other words, instead of changing the sign of energy, we change that of the
dynamic evolution parameter, which leads to the arrow of the geometric time (20)
and to the causal Green function

GYX) = GL(X)0(Xo) + G (X)0(—Xo) =

[ d'P : 1
Z/Wexp(—ZPX)m, (21)

where G4 (X) = G_(—X) is the «commutative» Green function [25]

Gi(X)= / ng]; exp (—iPX)§(P% — m*)0(Py) = (22)

_ % /d3Pd3P’<O|\I/,(X|P)\I/+(O|P’)|O>.

3.3. Path Integral for the Causal Green Functions. The question appears:
How to construct the path integral without gauges?

To obtain the reparametrization-invariant form of the functional integral ad-
equate to the considered gaugeless reduction (17) and the causal Green func-
tion (21), we use the version of composition law for the commutative Green
function with the integration over the whole measurable sector X,

Gy (X—Xo) = / G (X —X1) Gy (X1 = Xo)dX, (G+ _ %?0)) L (23)

where §(0) = [ dN is the infinite volume of the group of reparametrizations of
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the coordinate 7. Using the composition law n times, we got the multiple integral

Gy (X —Xo) = /G+(X —X1) [[ G+ (Xi — Xiy1)d X, ( Xni1 = Xo ).
k=1

(24)
The continual limit of the multiple integral with the integral representation for &
function

5P~ m?) = - / dN exp [iN (P? — m?)]

can be defined as the path integral in the form of the average over the group of
reparametrizations

X(1m2)=X .
G0 = [ HREIE ] {dN(T)H(—dP”(T;iX”(T)>}x
X (71)=0 T1IST<T2 1%

X exp (Z'W[PaX|N|7—1;7—2])a (25)

where N = N/2m5(0), and W is the initial extended action (11).

3.4. Geometric Unconstrained System. The Hamiltonian of the uncon-
strained system in terms of the geometric time 7" can be obtained by the canonical
Levi-Civita-type transformation [12,22,23]

(P, X)) = (1L, Q) (26)

to the variables (II,,@,) for which one of equations identifies )y with the
geometric time 7. This transformation [22] converts the constraint into a new
momentum

1

1T
" om

m P;
(5 =P, Wi=P, Q=Xop, Qi=Xi—Xoo (27)
P() PO

and has the inverted form

\/2mlly + 112 11,

Py = £4/2mIly + I2, P, = I, Xo = Qo Y0 0 X, — Qi+ Qo—.
m

m
(28)
After transformation (27) the action (11) takes the form

W= / dr [_HuQ“ — N(-IIp + %) - dislc . S =(Qollp). (29
T
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The invariant reduction is the resolving of the constraint IIy = m/2 which
determines a new Hamiltonian of evolution with respect to the new dynamic
evolution parameter )y, whereas the equation of motion for this momentum
Iy identifies the dynamic evolution parameter )y with the geometric time 7T
(dQo = dT). The substitution of these solutions into the action (29) leads to the
reduced action of a geometric unconstrained system

T>
W (constraint) = W& = /dT (1‘[-_‘ 0 _ 2

Ty

59) (st = Qo)

(30)
where variables II;, ); are cyclic ones and have the meaning of initial conditions
in the comoving frame

SW dQ;

oW _dm,
(5Hi a dr a

0Q; dr

The substitution of all geometric solutions

=0= Qi=0Q", —0=1,=1" @1

2om=u9=pr, Q=" (32)

Qo=T, Ilp = 5

into the inverted Levi-Civita transformation (28) leads to the conventional rela-
tivistic solution for the dynamical system

P P,
Po=+\m2+P2, P =1" X(T)=T=, Xi(T)=Xx2+1=

m m
(33)
The Schrodinger equation for the wave function
d m
— (T, Qi) = - U'(T, QiIT,), (34)

A .
\I/lC(T7 Q;|1;) = exp (_ZTE) exp (ZHEO)Qi)

contains only one eigenvalue m /2 degenerated with respect to the cyclic momen-
tum II;. We see that there are differences between the dynamic and geometric
descriptions. The dynamic evolution parameter is given in the whole region
—00 < Xg < +00, whereas the geometric one is only positive 0 < T < 400,
as it follows from the properties of the causal Green function (21) after the
Levi-Civita transformation (27)

+o0
G(Q,) = / d*TI

—0o0

exp (1Q"11,,) Q) B
"2m(Ily — m/2 —Mie/Qm) T 2m o(T), T = Qo.
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Two solutions of the constraint (a particle and antiparticle) in the dynamic system
correspond to a single solution in the geometric system.

Thus, the reparametrization-invariant content of the equations of motion of a
relativistic particle in terms of the geometric time is covered by two «equivalent»
unconstrained systems: the dynamic and geometric. In both the systems, the
invariant times are not the coordinate evolution parameter, but variables with the
negative contribution into the energy constraint. The Hamiltonian description
of a relativistic particle in terms of the geometric time can be achieved by the
Levi-Civita-type canonical transformation, so that the energy constraint converts
into a new momentum. Whereas, the dynamic unconstrained system suits for
the secondary quantization and the derivation of the causal Green function that
determine the arrow of the geometric time.

4. RELATIVISTIC STRING

4.1. The Generalized Hamiltonian Formulation. We begin with the action
for a relativistic string in the geometrical form [26-28]

W = _% /dQU\/ _ggo‘ﬁéax“(‘)gmm o = (uo, u1), 35)

where the variables x,, are string coordinates given in a space-time with a dimen-
sion D and the metric (z,2" := 2% — x2); gap is a second-rank metric tensor
given in the two-dimensional Riemannian space u, = (ug,u1).

To formulate the Hamiltonian approach, one needs to separate the two-
dimensional Riemannian space u, = (ug,u1) on the set of space-like lines
7 = constant in the form of the Dirac—Arnovitt—-Deser—Misner parametrization
of the two-dimensional metric

2 )2
Jop = QQ ( >\1>\ )\2 >\21 ) , — QQ)\l (36)
5 _ v
with the invariant interval [2]
ds? = gapdu®du® = Q*[N2dr? — (do 4 Xad7)?] ,  wa = (uo = 7,u1 = 0),
(37)

where A\; and Ay are known in general relativity (GR) as the lapse function and
shift «vector», respectively [29,30]. The action (35) after the substitution (37)
does not depend on the conformal factor 2 and takes the form

T2 o2(T)

7 (DTJ,‘)Q 1)
W——§/d7/da[T—)\1m}, (38)

T1 o1(7)
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where

Dyxy = &y — Xox, (& = 0,1, 2 = 0y1) (39)

is the covariant derivative with respect to the two-dimensional metric (37). The

metric (37), the action (38), and the covariant derivative (39) are invariant under
the transformations

7= 7= f1(7), o= 0= fo1,0). (40)

A similar group of transformations in GR is well-known as the «kinemetric»
group of diffeomorphisms of the Hamiltonian description [31].
The variation of action (38) with respect to A\; and Ao leads to the equations

oW  2'Drx i
(5_/\2 = Al =0 = )\2 = ﬁ, (41)
51 _ (DTJ,‘)Q (,1'3.13/)2 _ j,‘2.13,2

2 _ 2 _
SRy +27=0 = N = )2

The solutions of these equations convert the action (38) into the standard Nambu—
Gotto action of a relativistic string [28, 32]

= —’y/dT / do+/(zz')? — @2’

o1(7)

The generalized Hamiltonian form [8] is obtained by the Legendre transforma-
tion [10] of the action (38)

oa(T) oa(T)

W= /dT / do (—puD-x"+X1¢1) /dT / do (—pua*+A1d1+NA22) ,

T1 o1(1)

(42)
where 1
b1 = 5olp + ()7, ¢2 = apy, (43)
and the generalized Hamiltonian
H=XM¢1+ A2 (44)

is treated as the generator of evolution with respect to the coordinate time 7, and
A1, A2 play the role of variables with the zero momenta

Py, =0, Py, =0 (45)
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considered as the first class primary constraints [8,10]. The equations for A1, A2

sW W

- =0 =0, S

Y $2=0 (46)

are known as the first class secondary constraints [8, 10]. The Hamiltonian
equations of motion take the form

ow , B sW D.a,
51.—;4, = p[i - 8(7[7)\11/‘“’ + /\2]7;1,] - O7 5’7 = pu — 7)\—1

=0. 47

The problem is to find solutions of the Hamiltonian equations of motion (47)
and constraints (46) which are invariant with respect to the kinemetric transfor-
mations (40).

There is the problem of the solution of the linearized «gauge-fixing» equation
in terms of the evolution parameter 7 (as the object reparametrizations in the initial
theory) being adequate to the initial kinemetric invariant and relativistic invariant
system. In particular, the constraints mix the global motion of the «centre-
of-mass» coordinates with local excitations of a string ,, which contradicts
the relativistic invariance of internal degrees of freedom of a string. In this
context, it is worth to clear up a set of questions: Is it possible to introduce the
reparametrization-invariant evolution parameter for the string dynamics, instead of
the noninvariant coordinate time (7) used as the evolution parameter in the gauge-
fixing method? Is it possible to construct the observable nonzero Hamiltonian of
evolution of the «centre-of-mass» coordinates? What is relation of the «centre-
of-mass» evolution to the unitary representations of the Poincare group?

4.2. The Separation of the «Centre-of-Mass» Coordinates. To apply the
reparametrization-invariant Hamiltonian reduction discussed before to a relativis-
tic string, one should define the proper (geometric) time in the form of the
reparametrization-invariant functional of the lapse function (of type (14)), and to
point out, among the variables, a dynamic evolution parameter, the equation of
which identifies it with the proper time of type (8). We identify this dynamic
evolution parameter with the time-like variable of the centre of mass of a string
defined as the total coordinate

oa(T)
/ dox,(1,0), (1) = o2(1) — o1(7). (48)

o1(1)

Xu(r) = %

Therefore, the invariant reduction requires to separate the «centre-of-mass» vari-
ables before variation of the action. We consider this separation on the level of
the action (38) which after the substitution

zu(1, 0) = X, (1) + &u(7, 0), xL(T, o) = {L(T, o) (49)
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takes the form

o2

:——/d X2l +2X“ /d D¢t /)da (%—Mf'ﬁ )

o1(7)
(50)
where the global lapse function Ny(7) is defined as the functional of A (7, o)

oa(T)

= / do——. (51)

o1(7)

To exclude the superfluous coordinates and momenta, the local variables ¢, are
given (according to (48) and (49) ) in the class of functions (with the nonzero
Fourier harmonics) which satisfy the conditions

oa(T)
/ dot, =0, (52)
o1(7)

A definition of the conjugate momenta is consistent with (48) and the equation
for the momentum p,, (47) of the local momentum is given in the same class (52)

oa(T) Ep,
do—>-=0. 53
N (53)

o1(7)
Then we get
e SW X, SW  D.gh

P, = d =— ==L = —— =" 54
" / o) S S T TNy ™ T e T Y

o1(7)
This separation conserves the group of diffeomorphisms of the Hamiltonian [4]
and leads to the Bergmann—Dirac generalized action
oa(T) P2
W = /d’T / do[-m, D" — \MH] | — P, XH + No—“ (7 =~I(1)),
2y

o1(7)
(55)
where H is the Hamiltonian of local excitations

1
H= —g[wi +(v€)?] (56)
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The variation of the action (55) with respect to A; results in the equation

ow 1 2

e H- (=)= = 57

oy (ZA%) 0y = (57)
where M (r.0)
N 1 7,0

Al(T7 U) - N()(T) (58)

is the reparametrization-invariant component of the local lapse function. Here we
have used the variation of the functional Ny[A1] (51)
ONo[M] 1

SA1 (TN}

In accordance with our separation of dynamic variables onto the global and local
sectors, the first class constraint (57) has two projections onto the global sector
(zero Fourier harmonic) and the local one. The global part of the constraint (57)
can be obtained by variation of the action (55) with respect to Ny (after the
substitution of (58) into (55))

sW P2 T
S =___H= H= [ do\H
Ny 2% 0 /d M, (59)

o1

or, in another way, by the integration of (57) multiplied by A;. Then, the local
part of the constraint (57) can be obtained by the substitution of (59) into (57)

g2

- 1 -
MH— = /da)\lH =0. (60)
I\
The integration of the local part over o is equal to zero if we take into account
the normalization of the local lapse function

1 7 1
— do— =1. 61
U(7) / A1 oD
o1(7)
This follows from the definition of the global lapse function (51). We see that the
local part (60) takes the form of an integral operator, orthogonal to the operator
of integration over o.
Finally, we can represent the action (55) in the equivalent form

T2 o2(T)
. P2
W= / dr / do[-m,D.e] | — PX" — N, (—i +NH> . (62)
1 o1(7)
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where the global lapse function Ny and the local one \; are treated as independent
variables, with taking the normalization (61) into account after the variation.

The invariant proper time 7" measured by the watch of an observer in the
«centre-of-mass» frame of a string is given by the expression (according to (40)
and (51))

. a2 (7) -t

- o 1 / 1
VdT := Nodr =d7, T= /dT —Z(T’) dai)\l( o) . (63)
0

T,0
o1(7)

We include the constant /7 to provide the dimension of the time measured by
the watch of an observer.

Now we can see from (62) that the dynamics of the local degrees of freedom
m, &, in the class of functions of nonzero harmonics (52), is described by the
same kinemetric invariant and relativistic covariant equations (47) where x, p are
changed by &, 7, with the set of the first class (primary and secondary) constraints

_ 1 7
Py, =0, Py,,=0, m&*=0, MH- 5 /da)\lH =0. (64)
1

g1

We see that the separation of the «centre-of-mass» (CM) variables on the level
of the action removes the interference terms which mix the CM variables with
the local degrees of freedom; as a result, the new local constraints (64) do not
depend on the total momentum P, in contrast to the standard ones (92). In other
words, there is the problem: when can one separate the CM coordinates of a
relativistic string — before the variation of the action or after the variation of the
action? The relativistic invariance dictates the first one, because an observer in
the CM frame (which is the preferred frame for a string) cannot measure the total
momentum of the string.

The first class local constraints (64) can be supplemented by the second class
constraints

AM—1=0, X=0, n" =0 n'r,=0 (n,=(1,0,0,0)) (65)

so that the equations of the local constraint-shell action
7 . . P2
W (loc.constrs.) = /dT / dom;i& | — P,X" — N <—2—f + H) (66)
2l

coincide with the complete set of equations and the same constraints (64), (65) of
the extended action, i.e., the operations of constraining and variation commute.
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The substitution of the global constraint (59) with A1 = 1 into the action (66)
leads to the constraint-shell action

Xo(72) 02(Xo) i IX
D [ 7 2 _
= dX dom; P— P 2vH | . 67
wP— [ axol| [ domt | pgE R o
Xo(71) o1(Xo)

This action describes the dynamics of a relativistic string with respect to the time
measured by an observer in the rest frame with the physical nonzero Hamiltonian
of evolution. However, in this system, equations become nonlinear. To overcome
this difficulty, we pass to the «centre-of-mass» frame.

4.3. Levi-Civita Geometrical Reduction. To express the dynamics of a
relativistic string in terms of the proper time (63) measured by an observer in the
comoving (i.e., «centre-of-mass») frame, we use the Levi-Civita—type canonical
transformations [22,24]

(P/u Xu) = (Huv Qu)§

they convert the global part of the constraint (59) into a new momentum Il

1 gl
HOZﬁ[PoQ—PE], II; = B, QOZXOFO’ Qi=X,—Xo

P

By (68)

The inverted form of these transformations is

/2711y + 112 11,
Py =£4/291l + 117, P, =1L, oniQova—ha Xi:Qi+QO$~

(69)
As a result of transformations (68), the extended action (62) in terms of the
Levi-Civita geometrical variables takes the form (compare with (1))

T2 o2(7)
W = / dr / do|-m,D-&"] | = T,Q" — No(—Tly + H)
T1 o1(7)

d
— —(QolII
ar (Qollp)

(70)
The Hamiltonian reduction means to resolve constraint (59) with respect to the

momentum Iy

144
— = IIp = H. 1
5N0 0= 1l (71)

The equation of motion for the momentum I

W 42

m = = ar = NQ (1.e., dQO = NodT) (72)
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identifies (according to our definition (63)) the new variable @)y with the proper
time 7 = /4T, whereas the equation for Qg

ow dIly dH
—=0= —=0 ie., — =0 73
5@0 d’r ) 1 e ) ) ( )
in view of (71), gives us the conservation law.
Thus, resolving the global energy constraint [Ip = H R we obtain, from (70),
the reduced action for a relativistic string in terms of the proper time Q¢ = 7

T2 g2
dQ; d
G _ _ _en ) g -
W / dr / dol=m,Dz€"] | + 12 — H = —(TH)| ,  (74)
T 1

where in analogy with (58) we introduced the factorized «shift-vector» Ao =
NpAg; in this case, the covariant derivative (39) takes the form

_ D,
Dréy =016, — hafl, = T2t /. 75)

The reduced system (74) has trivial solutions for the global variables 1I;, Q;

SWE dQ;

S 0 = i 0; Q; = const, (76)
SWE I,
500~ 0= T 0, II; = const

which have the meaning of initial data.
If the solutions of equations (71), (72), and (76) for the system (74)

y=H:=—, I=F Qo=T~, Qi=X;0), (77

are substituted into the inverted Levi-Civita canonical transformations (69)

P, P
Py = /M2 + P2, XW)zTﬁ, X7 =Qi+T 25 . (78)

the initial extended action (62) can be described in the rest frame of an observer
who measures the energy Py and the time Xy and sees the rest frame evolution
of the «centre-of-mass» coordinates

P;

Xi(Xo) = Qi + Xo B (79)
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The Lorentz scheme of describing a relativistic system in terms of the time and

energy (Xo,FPp) in the phase space P;, X;,m,,&, is equivalent to the above-

considered Levi-Civita scheme in terms of the proper time and the evolution

Hamiltonian (7, H?) in the phase space I1;, Q;, Ty, &, where the variables II;, Q;
are cyclic.

We identify the Levi-Civita scheme with the comoving frame with the energy

G 2 lc 2 2

EO:_dW :M +dS :K (SZC:TM
dr 24l dT VAl 2,\/91

This energy includes the time-surface S'¢ term in the action (74). Then, the
inverted Levi-Civita canonical transformations (69) (obtained on the level of the
extended theory) play the role of the Lorentz transformation from the comoving
frame to the rest frame

). (80)

M2
Tﬁ —XOP" = £X0|Ry| — X, P, (81)
5

4.4. Dynamics of the Local Variables. We restrict ourselves to an open
string with the boundary conditions

o1(T) =0, o9(T) =, UT) =m. (82)

In the gauge-fixing method, by using the kinemetric transformation, we can put

A =1, A2 = 0. (83)

This requirement does not contradict the normalization of A1 (61).
In view of (64), it means that the reduced Hamiltonian H (59) coincides with
its density (56)

™

¢1=H— %/da?—l =0, b2 = m&" =0. (84)
0

In this case, the reparametrization-invariant equations for the local variables ob-
tained by varying the action (74)

W&

S

omH

SWE
5en

=0 = yDré, = My,
(85)

=0 = Ormu—0s(Aamy) = Y95(ME,),

lead to the D’ Alambert equations

076, — 036, = 0. (86)
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The general solution of these equations of motion in the class of functions (52)
with the boundary conditions (82) is given by the Fourier series

fu(%vg) = %[wu(ZJr) +wu(27)]7 TPM(Z) = Z'nz;é:oeinz%a 24 = ﬁT:l:O’,
(87)
() = W) e mulr0) = 3y L) + 4 )

The total coordinates Q,(?) and momenta P, are determined by the reduced dy-
namics of the «centre-of-mass» (76), (77), (78), and the string mass M obtained
from (59)

Pi = M? =2myH = 27r'y/daH. (88)
0
The substitution of &, and 7, from (87) into (56) leads to the density

1
Ho= = [0 () + 92 ()]

and from (88) we obtain, for the mass, the expression
M= 2mlo = -3 [do[W0R + @] 6
0

The second constraint (84) in terms of the vector 1/); in (87) takes the form

1
£ = . [wf(er) — wf(z,)} =0 = wf(er) = wf(z,) = const., (90)
and the first constraint (84) ¢; = 0 is satisfied identically. After the substitution
of the constant value (90) into (89) we obtain that const. = —M? /7y, thus,
finally the reparamerization-invariant constraint takes the form

P+ myp?(ze) =0  (P?=M"). 1)

Unlike this constraint, the gauge-fixing reparametrization-noninvariant constraint
[27,28] ,

(Bt vwy)? =0 ©2)

contains the interference of the local and global degrees of freedom w;P". The

latter violates the relativistic invariance of the local excitations which form the
mass and spin of a string.
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Equation (91) means that 1% is the modulo-constant space-like vector. The
constraint (91) in terms of the Fourier components (87) takes the form
oo
_ ) M?
12 _ —wmz4+ __ T
UP(ze) =2 Y Lye ™ = o (93)

n—=—oo

where L,, are the contributions of the nonzero harmonics

_ 1 , _ 1
Lo=—5 okuas, Lugo=—5 D aruol 4 (94)
E#£0 E#£0,n

From (93) we can see that the zero harmonic of this constraint determines the
mass of a string
M? = —27vLg = _W’Yzak’ua—k’u (95)
k0
and coincides with the gauge-fixing value. However, the nonzero harmonics of
constraint (93)

_ 1 _ =
Lnzo =3 k;jn hpQn—tpy =0, L_, =L} (96)

(as we dicussed above) strongly differ from the nonzero harmonics of the gauge-
fixing constraints (92) The latter (in the contrast to (91)) contains the mixing of
the global motion of the centre of mass P, with the local excitations ,,. It
is clear that this mixing of the global and local motions violates the Poincare
invariance of the local degrees of freedom.

The algebra of the local constraints (96) of the reparametrization-invariant
dynamics of a relativistic string is not closed, as it does not contain the zero
Fourier harmonic of the energy constraint (which has been resolved to express
the dynamic equations in terms of the proper time).

The ideology of the invariant reduction (with the explicit resolving of con-
straints to exclude the superfluous variables of the type of the time-like component
of the CM coordinates) can be extended onto the local constraints (84). These
constraints in the form (91) can be also used to exclude the time component
of the local excitations &y, mg (with the negative contribution into energy) from
the phase space, to proceed the stability of the system and the positive norm of
quantum states

€= %[wam — b)), mo= g\/gwm L ICRINNCE
where
M2

1/2
Yo(ze) =+ {(%(%:))2 - ﬂ—v} : (98)
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The constraining (97) means that only the spatial components &;, m; are indepen-
dent variables.

The choice of gauge (65) leads to £y = mp = 0 and fixes a contribution of the
time-like component into the string mass. In this case, as was mentioned above,
the equations for the reduced action coincide with the set of equations and the
same constraints of the initial extended action. Finally, the explicit resolving of
the local constraints takes the form

2
(Wi(24))” = % (99)

The reparametrization-invariant dynamics of a relativistic string in the form
of the first and second class constraints (64), (65) coincides with the Rohrlich
approach to the string theory [33]. This approach is based on two points: i) the
choice of the gauge condition

Pgt =0, Por* =0 = G, =PFP,ah, =0, n#0

and ii) the use of that condition for eliminating the states with negative norm,
the physical state vectors being constructed in the «centre-of-mass» (CM) frame
(in our scheme, the CM frame appears as a result of the geometric Levi—Civita
reduction). This reference frame is the only preferred frame for quantizing such a
composite relativistic object as the string, as only in this frame one can quantize
the initial data. This is a strong version of the principle of correspondence
with classical theory: the classical initial data become the quantum numbers of
quantum theory. All previous attempts for quantization of the string fully ignored
this meaning of the CM frame.

4.5. Quantum Theory. The Rohrlich approach distinguishes two cases:
M? =0 and M? # 0.

The first case, in our scheme, the equality M2 = 0 together with the lo-
cal constraints (96) forms the Virasoro algebra. The reparametrization-invariant
version of the Virasoro algebra (with all its difficulties, including the D = 26
problem and the negative norm states) appears only in the case of the massless
string —27yLo = M? = 0.

The second case M? # 0 allows us to exclude the time Fourier compo-
nents o, and it is just these components that after quantization [av, .., o, ] =
—n00nm (n,m # 0) lead to the states with negative norm because of the
system being unstable. This means that the state vectors in the CM frame are
constructed only by the action on vacuum of the spatial components of the oper-
ators a; = a_p;/y/n,n >0

|q’1/>CM — H (anx)unm (any) " (anz)unz |0>, (100)
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where the three-dimensional vectors v, = (Vng, Vny, Vnz) have only nonnegative
integers as components. These state vectors automatically satisfy the constraint

oo ®)em =0, 1> 0. (101)

The physical states (100) are subjected to further constraints (96) with n > 0

Lo|®,)cm =0, n>0, P>=M.=7my(®, Y o miami®,), (102)
m##0

where L,, can be represented in the normal ordering form

e8] n—1

_ 1

Ly>o = E O‘Zian+k’,i + 3 E A i O — ki (103)
k=1

k>1

Constraints G,, = oo = 0,m > 0 (101) and L,,,m > 0 (102), taken together,
represent the first class constraints, in accordance with the Dirac classification [8]
as they form a closed algebra for (n, m > 0)

[Gn; Gm] =0, [ETH I_/m] = (’I’L - m)l_/n—i-m; [Gn7 l_/m] = nGm+n- (104)

Therefore the conditions (101) eliminating the ghosts and the conditions (102)
defining the physical vector states are consistent. Note that the commutator
[Ly, Ly,) does not contain a c-number since n > 0 and m > 0.

On the operator level, equations determining the resolution of the constraints
are fulfilled in a weak sense, as only the «annihilation» part of the constraints is
imposed on the state vectors.

4.6. The Causal Green Functions. Now we can construct the causal Green
function for a relativistic string as the analogy of the causal Green function for a
relativistic particle (23)—(25) discussed in Section 3.3.

The Veneziano-type causal Green function is the spectral series with the
Hermite polynomials (£|v) over the physical state vectors |®,) = |v)

Ge(X[€1,8&2) = G4 (X[&1,82)0(Xo) + G- (X[&1,82)0(—Xo) = (105)

[P : ey
_Z/Wexp(—ZPX)Z:%'

The commutative Green function for a relativistic string G4 (X|&1,&2) can be
represented in the form of the Faddeev—Popov functional integral [19,21] in the
local gauge (65)
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G+(X|£2a£1) =
(271—)3 A 0 p 2T )
X(r)=0 S
F+(£27£1)7

where we use the representation of the spectral series in the form of the functional
integral

Fy(62,&) = > _(lv)exp {iW[P, X, No, M, ]} (v|&1) =
"6
— [ D&M exp (i7,). (107)
&1
WP, X, Ny, M,] is the action (11) with the mass M,,

7(Xo) ™

. . P2
Wip = / dr |— /dmruf" — P, X" — Ny (—2— + H> (108)

s

0 0 7

is the constraint-shell action (66), and
d§, dm

D = —e TR 109
em=1T111-5" (109)

T, 0 W

Agp =[] 6(61))8(m0)3($2))8(&0)det B™, det B = det {¢1, ¢2, 0, &} (110)

T,0

is the FP determinant given in the monograph [9].

5. HAMILTONIAN DYNAMICS OF GENERAL RELATIVITY

5.1. Action and Geometry. General relativity (GR) is given by the singular
Einstein—Hilbert action with the matter fields

2 3
W(Q'M) = /d4$\/ —g [_%R(Q) + ‘cmatter] ( MQ = Mlglanckg_,” ) (111)
and by a measurable interval in the Riemannian geometry
(ds)? = gapdz®da®. (112)
They are invariant with respect to general coordinate transformations

Ly _>x;$:$:$($0,$1,$2,$3). (113)
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5.2. Variables and Hamiltonian. The generalized Hamiltonian approach to
GR was formulated by Dirac and Arnovit, Deser and Misner [2] as a theory of a
system with constraints in 3 4 1 foliated space-time

(ds)? = g datde” = N%dt* — O g,da’da? (dz' = dz’ + N'dt) (114)

with the lapse function N (¢, ), three shift vectors N*(¢,¥), and six space com-
ponents (3) 9ij(t, Z) depending on the coordinate time ¢ and the space coordinates
Z. The Dirac-ADM parametrization of metric (114) characterizes a family of
hypersurfaces ¢ = const. with the unit normal vector v* = (1/N,—~N¥/N) to a
hypersurface and with the second (external) form

1 (a.
that shows how this hypersurface is embedded into the four-dimensional space-
time.

Coordinate transformations conserving the family of hypersurfaces ¢ = const

t—t=1%t), x — & =3t 21,20, 73), (116)
- dt - 0%k dt ik Ot

NonY g p0Tdl 0 o (117)
dt ox; dt ox; Ot

are called a kinemetric subgroup of the group of general coordinate transforma-
tions (113) [4,5,7,31]. The group of kinemetric transformations is the group of
diffeomorphisms of the generalized Hamiltonian dynamics. It includes reparame-
trizations of the nonobservable time coordinate £(¢)) (116) that play the principal
role in the procedure of the reparametrization-invariant reduction discussed in the
previous Sections. The main assertion of the invariant reduction is the following:
the dynamic evolution parameter is not the coordinate but the variable with a neg-
ative contribution to the energy constraint. (Recall that this reduction is based on
the explicit resolving of the global energy constraint with respect to the conjugate
momentum of the dynamic evolution parameter to convert this momentum into
the Hamiltonian of evolution of the reduced system.)

A negative contribution to the energy constraint is given by the space-metric-
determinant logarithm. Therefore, following papers [3,4, 13, 14,29,34] we intro-
duce an invariant evolution parameter ¢g(t) as the zero Fourier harmonic com-
ponent of this logarithm (treated, in cosmology, as the cosmic scale factor). This
variable is distinguished in general relativity by the Lichnerowicz conformal-type
transformation of field variables f with the conformal weight (n) [35]

M F— )y (900_(15)>n (118)
I
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where n = 2L 0, —3/2, —1 for the tensor, vector, spinor, and scalar fields,
respectively, f is the so-called conformal-invariant variable used in GR for the
analysis of initial data [29,35]. In particular, for metric we get

wo(t)\? 2 (20D v2g2 _ ®p i

gW(t,f):( ) Gu(t,T) = (ds)* = (_) [N2dt? — 3 g, da’da?).
2 H

(119)

As the zero Fourier harmonic is extracted from the space metric determinant

logarithm, the space metric §;;(¢,Z) should be defined in a class of nonzero
harmonics

[ g gt 2| =0 (120)
The transformational properties of the curvature R(g) with respect to the trans-
formations (119) lead to the action (111) in the form [4]
t2 d . —
Wigl) = Wialoo) — [[at [ @ (F2).
dt N
t1 Vo

This form defines the global lapse function Ny as the average of the lapse function
N in the metric g over the kinemetric invariant space volume

_ Vo _ 3)~ _ / 3
No(t) = p T g = det (*Vg), Vo= [ d°z, (122)
| &z N(4,3) Vo

where Vj is a free parameter which in the perturbation theory has the meaning of
a finite volume of the free coordinate space. The lapse function N (¢, Z) can be
factorized into the global component Ny(¢) and the local one N (¢, T)

N(t,@)g~ Y% .= No(t)N'(t, ) := N,, (123)
where N fulfills normalization condition:
1 A3z
I =— [ — =1 124

that is imposed after the procedure of variation of action, to reproduce equations
of motion of the initial theory. In the Dirac harmonical variables [1] chosen as

q" =gg", (125)

the metric (114) takes the form
(ds)* = 200 2 ( N2ap? gyt = det (g" 126
=z 1 q gijdx’dx (¢ =det(q7)). (126
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The Dirac—Bergmann version of action (121) in terms of the introduced above
variables reads [4,5]

to
W = /dt {L + %at(P()(po)} , (127)
ty

. . 2
L= /d% <Z PpF — N%) — Pypo— No [—P—O + 1—1H(¢0)} , (128)

4V
Vo F 0
where
> PeE =) psf —mid”, (129)
F f
fﬂwwzi/d%mﬁﬂww (130)
is the total Hamiltonian of the local degrees of freedom,
6 .. . 2 1/2
H(po) = —4" " [maxmje — migmu] + %(3)13(!?) + My, (131)
0
and
Pi = 2[Vi(¢" ) — Vi(d"'mm)] + Pis (132)

are the densities of energy and momentum and H¢, Py are contributions of the
matter fields. In the following, we call the set of the field variables F' (129) with
the dynamic evolution parameter g the field world space. The local part of the
momentum of the space metric determinant

m(t,z) == ¢ (133)

is given in the class of functions with the nonzero Fourier harmonics, so that

/ﬁ%ﬂu@:o, (134)

(compare with equations (53), (54), in the previous Section).

The geometric foundation of introducting the global variable (119) in GR
was given in [34] as the assertion about the nonzero value of the second form
in the whole space. This assertion (which contradicts the Dirac gauge m = 0)
follows from the global energy constraint, as, in the lowest order of the Dirac
perturbation theory, positive contributions of particle-like excitations to the zero
Fourier harmonic of the energy constraint can be compensated only by the nonzero
value of the second form.
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The aim of this Section is to obtain the dynamic «equivalent» unconstrained
system in the field world space (F,pg) by explicit resolving the global energy
constraint and to find the geometric unconstrained system by the Levi—Civita-type
canonical transformation considered for a particle and a string in the previous
Sections.

5.3. Local Constraints and Equations of Motion. Following Dirac [1] we
formulate generalized Hamiltonian dynamics for the considered system (127).
It means the inclusion of momenta for A and N; and appropriate terms with
Lagrange multipliers

to

WD = /dt {LD + %81‘(130()00)} 5

t1

LP =1L+ /d3x(PN/\'/+ PniN' — XOPy — XN'Py). (135)
We can define extended Dirac Hamiltonian as
p? ) .
HP =N, {—ﬁ + IlH(goo)] + /d3x(>\0PN + X Pyi). (136)
0

The equations obtained from variation of W% with respect to Lagrange multipliers
are called first class primary constraints

Py =0, Pyi = 0. (137)

The condition of conservation of these constraints in time leads to the first class
secondary constraints
=0, H" , Pyit =P; =0 138
‘/E)NQ { N } K3 ( )
(compare with equations (59) and (64) in Section 4). For completeness of the

system we have to include a set of secondary constraints. According Dirac we
choose them in the form

N(t, %) =1, N(t,#) =0, (139)

{HP Py} =H-

w(t, &) =0, X = 0i(q Y37y = 0. (140)
The equations of motion obtained for the considered system are

dF _ O0H(po) _ dPr _ OH(po) (141)
drT OPr ’ dr oF
where H(pg) is given by the equation (130), and we introduced the invariant
geometric time T’

Nodt := dT. (142)
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5.4. Global Constraints and Equations of Motion. The physical meaning of
the geometric time 7°, the dynamic variable ¢y and its momentum is given by the
explicit resolving of the zero-Fourier harmonic of the energy constraint

SWE P}

SN — gy * Hlgo) =0, (143)

This constraint has two solutions for the global momentum Py:

(Po)+ = +2+/VoH (¢o) = H. (144)

The equation of motion for this global momentum F, in gauge (139) takes the
form

(5WE —0 = (d_(p) _ (PO):I: - fd3l‘H _ H((po)
+

=+Vp(po), plpo) = :

0Py ar 2V Vo Vo
(145)
The integral form of the last equation is
¥o
Ti(p1,00) = + / dep™'2(e), (146)
$1

where 1 = ¢o(t1) is the initial data. Equation obtained by varying the action
with respect to ¢ follows independently from the set of all other constraints and
equations of motion.

In quantum theory of GR (like in quantum theories of a particle and string
considered in Sections 3, 4), we get two Schrédinger equations

. d .
Zd—%‘l’i(FVPo, ¢1) = Hi (p0) V= (Flpo, ¢1) (147)

with positive and negative eigenvalues of Py and normalizable wave functions
with the spectral series over quantum numbers )

U (Fleo, 1) = Y AL(FIQOQwo, ¢1)0(0 — 1), (148)
Q

U (Fleo, 1) = Y Ao (FIQ)"(Qlpo. 1) (1 — o), (149)
Q

where (F'|Q) is the eigenfunction of the reduced energy (144)

Hi(po)(F|Q) = £E(Q, ¢0)(F|Q), (150)
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(4 ¥o
(Qlwo, 1) = exp [—i/dsﬁE(Qw)L (Qlwo, p1)" = exp [i/dwE(Q,so)L
P11 $1

(151)
The coefficient AZS, in «secondary» quantization, can be treated as the operator of
creation of a universe with positive energy; and the coefficient AZ)» as the operator
of annihilation of a universe also with positive energy. The «secondary» quanti-
zation means [Aé, Aa] = 0g,q'- The physical states of a quantum universe are
formed by the action of these operators on the vacuum (0|, |0) in the form of out-
state (|Q) = A5|0>) with positive «frequencies» and in-state ({(Q| = (0[Ag) with
negative «frequencies». This treatment means that positive frequencies propagate
forward (p9 > ¢1); and negative frequencies, backward (1 > ¢g), so that the
negative values of energy are excluded from the spectrum to provide the stability
of the quantum system in quantum theory of GR (similar in QFT in Section 3).
In other words, instead of changing the sign of energy, we change that of the
dynamic evolution parameter, which leads to the causal Green function

Ge(F1,01F2,02) = G (F1,01|F2,02)0(02 — 1) +
+ G (F1,01]F2, 02)0(p1—p2), (152)

where G+(F1,301|F2,302) = G_(FQ,QO2|F1,<)01) is the «commutative» Green
function

G4 (Fz, 02| F1, 1) = (0]¥ ™ (Fa o2, 1)U (Fi|e1, 91)]0). (153)

For this causal convention, the geometric time (146) is always positive in accor-
dance with the equations of motion (145)

$o

dT
(55) =25 = Telongn == [da )20 asy
%0 +

$1

Thus, the causal structure of the field world space immediatly leads to the arrow
of the geometric time (154) and the beginning of evolution of a universe with
respect to the geometric time 7' = 0.

As we have seen in Sections 3 and 4, the way to obtain conserved integrals
of motion in classical theory and quantum numbers () in quantum theory is the
Levi-Civita-type canonical transformation of the field world space (F,pq) to a
geometric set of variables (V, Qo) with the condition that the geometric evolution
parameter (o coincides with the geometric time dT' = dQ (see Fig. 3).

Equations (145), (146) in the homogeneous approximation of GR are the
basis of observational cosmology where the geometric time is the conformal time
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General Relativity
GEOMETRY: DYNAMICS:
do) _ [H@) aF ) _
(d_TL_ % (dTJ H)F}

\ /

LC transformations

constraining
(F.9)=(".Q)

dQy
dT

constraining

Zr_; _ {HV(T),V} %= {WoH). F}

Fig. 3. Reparametrization-invariant dynamics of General Relativity is covered by the Dy-
namic Unconstrained Systems (DUS) and the Geometric Unconstrained Systems (GUS)
connected by the Levi-Civita (LC) transformations of fields of MATTER into the vacuum
fields of initial data with respect to geometric TIME

connected with the world time T of the Friedmann cosmology by the relation

dTy = dT, (155)

and the dependence of scale factor (dynamic evolution parameter () on the
geometric time 7' is treated as the evolution of the universe. In particular,
equation (145) gives the relation between the present-day value of the dynamic
evolution parameter ¢o(7p) and cosmological observations, i.e., the density of
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matter p and the Hubble parameter

/ 1/2
Hip = 220 = e @o(To) = <M) = uQ)/*, (156)

e e Hiub

where (0.6 < (Q(l)/ 4)exp < 1.2). The dynamic evolution parameter as the cosmic
scale factor and a value of its conjugate momentum (i.e., a value of the dynamic
Hamiltonian) as the density of matter (see equations (145), (146)) are objects of
measurement in observational astrophysics and cosmology and numerous discus-
sions about the Hubble parameter, dark matter, and hidden mass.

The general theory of reparametrization-invariant reduction described in the
previous Sections can be applied also to GR. In accordance with this theory,
the reparametrization-invariant dynamics of GR is covered by two unconsrained
systems (dynamic and geometric) connected by the Levi-Civita canonical transfor-
mation which solves the problems of the initial data, conserved quantum numbers,
and direct corrrespondence of standard classical cosmology with quantum gravity
on the level of the generating functional of the unitary and causal perturbation
theory [7, 15].

5.5. Equivalent Unconstrained Systems. Assume that we can solve the con-
straint equations and pass to the reduced space of independent variables (F™*, Py.).
The explicit solution of the local and global constraints has two analytic branches
with positive and negative values for scale factor momentum P, (144). Therefore,
inserting solutions of all constraints into the action we get two branches of the
equivalent Dynamic Unconstrained System (DUS)

P2
LoFt] L1 )
WPYS[Fpo] = /ds@o { l/dngPFﬁ—% —Hi+ Eatpo(SOOH:I:)} ;
F*
P1

(157)
where ¢ plays the role of evolution parameter and HY defined by equation
(144) plays the role of the evolution Hamiltonian, in the reduced phase space of
independent physical variables (F**, P}.) with equations of motion

dF*  OH; dP;  OH}
dgpo_é)PI’li’ dgﬁo_aF*.

(158)

The evolution of the field world space variables (F™*, pg) with respect to the
geometric time 7 is not contained in DUS (157). This geometric time evolution is
described by supplementary equation (145) for nonphysical momentum Py (144)
that follows from the initial extended system.

To get an equivalent unconstrained system in terms of the geometric time
(we call it the Geometric Unconstrained System (GUS)), we need the Levi-Civita



TIME-REPARAMETRIZATION-INVARIANT DYNAMICS 579

canonical transformation (LC) [12,22,23] of the field world phase space
(F*7P;‘|SOO7PO)i(Fé7Pé|QO7HO) (159)

which converts the energy constraint (143) into the new momentum Il (see the
similar transformations for a relativistic particle and a string in Sections 3, 4).
In terms of geometrical variables the action takes the form

to
. . d
WG:/dt /d?’xZPC*;Fé —H0Q0+N0H0+ESLC . (160)
t1 F(*}

where S~%C is generating function of LC transformations. Then the energy
constraint and the supplementary equation for the new momentum take trivial
form

W 42,

My=0: — = =
0 © BT dt

=Ny = dQy=dT.  (16])

Equations of motion are also trivial

AP, dFy,

= = 162
a7 =Y a -~ (162)

and their solutions are given by the initial data
Py =P:°, F = F5°. (163)

Substituting solutions of (161) and (162) into the inverted Levi-Civita transfor-
mations

F* = F*(Qo, ol F&:, PG), o = wo(Qo, ol F, P) (164)
and similar for momenta, we get formal solutions of (158) and (146)

Fr = F*(T70|F507P(*;0)a P;‘ = P;(T70|F50’P50), $o = 500(T70|F50aPC*¥O)'

(165)

We see that evolution of the dynamic variables with respect to the geometric time

(i.e., the evolution of a universe) is absent in DUS. The evolution of the dynamic

variables with respect to the geometric time can be described in the form of the

LC (inverted) canonical transformation of GUS into DUS (164), (165) (see Fig. 4).

There is also the weak form of Levi-Civita-type transformations to GUS
(F*,Py) = (F,P) without action-angle variables and with a constraint

My — H(Qo, F,P) = 0. (166)



580 BARBASHOV B.M., PERVUSHIN V.N., PAWLOWSKI M.

INITIAL COSMIC Cosmic evolution and CREATION OF
matter creating UNIVERSE

TIME
VACUUM

GUS=(V|T)

& ——

LABORATORY EXPERIMENT

Fig. 4. Reparametrization-invariant dynamics of «Big Bang» of a quantum universe: the
Dynamic Unconstrained System (DUS) describes creation of a universe in the field world
space where we have only MATTER F'|p; the Geometric Unconstrained System (GUS)
describes initial cosmic data (i.e., the Bogoliubov squeezed VACUUM) with respect to the
geometric TIME measured by an observer; the inverse Levi-Civita canonical transformation
describes the cosmic (Hubble) evolution and creation of matter from the VACUUM.
The standard quantum field theory (QFT) in the form of the Faddeev—Popov generating
functional for the unitary S matrix appears in the limits of tremendous mass, volume, and
geometric lifetime of a universe

We get the constraint-shell action
WEUS = /dT /d%ZPﬁ — H(T,F, P) (167)
ﬁ‘ dT ) ) )

that allows us to choose the initial cosmological data with respect to the geometric
time.
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Recall that the considered reduction of the action reveals the difference of
reparametrization-invariant theory from the gauge-invariant theory: in gauge-
invariant theory the superfluous (longitudinal) variables are completely excluded
from the reduced system; whereas, in reparametrization-invariant theory the su-
perfluous (longitudinal) variables leave the sector of the Dirac observables (i.e.,
the phase space (F*, P;)) but not the sector of measurable quantities: superflu-
ous (longitudinal) variables become the dynamic evolution parameter and dynamic
Hamiltonian of the reduced theory.

5.6. Reparametrization-Invariant Path Integral. Following Faddeev—Popov
procedure we can write down the path integral for local fields of our theory using
constraints and gauge conditions (137)—(140):

Zioeat (F1, 3| Py, 00, No) = / D(F, Py)AArexp [iW) ., (168)
I
where
dg™*dmik vy df dpy
D(F,Pf):H H = H = (169)
t,x \i<k f

are functional differentials for the metric fields (, ¢) and the matter fields (py, f),

A, =] P Ndet {Pi, X}, (170)

t,x,i

SCL‘
80 = [Totrs(maet ()~ prt (o= LEEED)

t,x

are the F-P determinants, and

W= /dt /d‘3 <Z PFF> Pyo — No {—% +H(<,00)] + %@(Posﬁo)

(172)
is extended action of considered theory.
By analogy with a particle and a string considered in Sections 3 and 4 we
define a commutative Green function as an integral over global fields (P, ¢o)
and the average over reparametrization group parameter Ny

P2 ~

dpod Pod N

G (Fr o1l Fa2) = / 11 <%> Zroeat(Fy, F|Po, 0, No), (173)
t

$1
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where
N =N/275(0),  6(0) = /dNO. (174)
The causal Green function in the world field space (F) ¢¢) is defined as the sum
Ge(F1,01]Fa, 02) = Go(F1,01|F2,02)0(01 — 2) +
+ G (F2, 01|F2, 01)0(02 — p1). (175)

This function will be considered as generating functional for the unitary S-matrix
elements [25]

P2
11,2 = fout (¢ Toexp § =i [ delH]) [ (o) in), 176)

®1

where T, is a symbol of ordering with respect to parameter oo, and (out (¢2)],
|() in) are states of quantum univers in the lowest order of the Dirac perturbation
theory (N =1; N¥ =0; ¢ = §;; + hy;), H} is the interaction Hamiltonian

H; =H"—-Hj, H"=2\/WH(p), Hjy = 2+/VoHp (), 177)

Hy is a sum of the Hamiltonians of «free» fields (gravitons, photons, massive
vectors, and spinors) where all masses (including the Planck mass) are replaced
by the dynamic evolution parameter g [7]. For example for gravitons the «free»
Hamiltonian takes the form:

6(mn))? 2
o) = [0 (DL L Bong) =0 op=0). am

In order to reproduce Faddeev—Popov integral for general relativity in infinite
space-time [19], one should fix the dynamic evolution parameter at its present-day
value pg = p (156), remove all the zero-mode dynamics Py = ¢g = 0, Ng = 1,
and neglect the surface Newton term in the Hamiltonian. We get

Z"P(Fy, Fy) = Ziocal(F1, F2| Py = 0, 000y, = 1, No=1),  (179)
or
Fs
ZYP (P, Fy) :/D(F, Pp)AsApexp {iWyy}, (180)
Py
where

—+oo
2
Wi = [ dt [ &z (Z PeF prw)) L M) = H(w) = 00,47,
e F

(181)
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and

A =[] 0(H(w))é(x)det {H(p), 7}. (182)

The FP integral (180) is considered as the generating functional for unitary per-
turbation theory in terms of S-matrix elements

+oo
S[—oo| + o0] = (out|T exp —i/dtHI(u) |in). (183)

—0o0

Strictly speaking, the approximation (179) is not a correct procedure, as it breaks
the reparametrization-invariance. The range of validity of FP integral (180) is
discussed in next sections.

6. REPARAMETRIZATION-INVARIANT DYNAMICS
OF EARLY UNIVERSE

6.1. Dynamic Unconstrained System. Possible states of a free quantum
universe in S matrix (176) (see Fig.5) are determined by the lowest order of the
Dirac perturbation theory given by the well-known system of «free» conformal
fields (118), (178) in a finite space-time volume [7,36]

ta

we — /dtQ/d%ZPFF P
t1 F
— N —P—OQ—i—H( )+18(P ) (184)
0 W ol¥o D) o\L0%0) | »

where Hj is a sum of the Hamiltonians of «free» fields (gravitons (178), photons,
massive vectors, and spinors) where all masses (including the Planck mass) are
replaced by the dynamic evolution parameter ¢q [7].

The classical equations for the action (184)

dFF  0Hy dPr  0Hy
alr _ _4r _ 00 Py = 4+2/VoHy := HY (1
aT ~ obp a7 9F 0 VoHy 0 (185)

contain two invariant times: the geometric 7" and the dynamic 903[ connected by
the geometro-dynamic (back-reaction) equation

doy _ . [ _ Ho
o - T po(¥o ), Po=y ) (186)
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Cosmological Resolving
Perturbative Exp. constraints
Resolving Cosmological
constraints Perturbative Exp.

: UNITARY
in| S MATRIX lout)

V[ INTERACTION ||

([ OSCILLATORS |

Fig. 5. To obtain the unitary S matrix in terms of invariants, one can use two ways:
quantum cosmology (QC) and quantum gravity (QG). The first way (QC) is to formulate
the cosmological perturbation theory and resolve constraints; this way is suitable for
constructing «in» and «out» states as systems of «free oscillators». The second way (QG)
is to resolve constraints and to formulate perturbation theory; this way is more suitable for
constructing the unitary S matrix elements between the states of the Quantum Universe.
Both the ways should be consistent

Solving the energy constraint we get the action for dynamic system

#(t2)
WE (constraint) =W = / dy ( [/ d3x Z Prpo,F
F

P(t1)

* 1 *
_H0i+§8<p(%0HOi)> ;

(187)
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Extended
Theory

/ T

/ Resolving constraints Evolution parameters relation
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3 Ny 47, SRy dt 2V
= (By)s =+2\VyHy = HR v
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We(Pr, flog) = ds; dsyy _9s1 | [QFT
0 dSO
¢ 3 R
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Freedman evolution goes from geometry

SwE d P H, Nodi=dT __d
0 _g= %P0 _fo _, [Ho _ po((po)—ot—>ﬂ=i Po(®o)

8Py Nydt 2V 4 dT

Choosing "plus" sign we get

Evolution of

GEOMETRY (DYNAMICS) the universe

Po
do
=Te0- | o

Fig. 6. The reduction means explicit resolving the energy constraint with respect to the
momentum of the cosmic scale factor which gives a negative contribution to the constraint.
As a result, we get an unconstrained version of «free» theory, where the cosmic scale
factor o represents the dynamic evolution parameter, and its momentum converts into
the reduced Hamiltonian (HE = 2v/VoHo). However, the unconstrained dynamics is not
sufficient to determine the geometrical interval of the proper time. The latter coincides
with the Friedmann time for the absolute standard of measurement, in the FRW cosmology;
or with the conformal time for the relative standard, in the Hoyle—Narlikar cosmology
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that has two branches for a universe with a positive energy (P, > 0), and a
universe with a negative energy (P < 0). We interpret the branch with negative
energy as an «antiuniverse» which propagates backward (¢ < 0) with positive
energy to provide the stability of a quantum system (see Fig. 6).

The content of matter in a universe is described by the number of particles
Np i, and their energy wg (o, k) (which depends on the dynamic evolution para-
meter o and quantum numbers k, momenta, spins, etc.). Detected particles are
defined as the field variables F' = f

) = Cy (o) exp (ik;z;) ot -
S0 = 3 s (4 (R 4o (8) (188)

which diagonalize the operator of the density of matter

Wf((p(),k) ;
po = Y TNk,
W
N 1 _ _
Nyi(a) = i(aj[af —l—afa}") (189)

(see Fig. 7).

We restrict ourselves to gravitons (f = h) Ch(wo) = ov12, wh(po, k) =
V/k2 and massive vector particles (f = v) Cy (o) = 1, wy(po, k) = k2 + y2p3,
where y is the mass in terms of the Planck constant.

6.2. Geometric Unconstrained System. The equations of motion (185) in
terms of a™,a~ [7] are not diagonal

, —iA
. d ., ~ at - Way) e
Zd_TX = 1WXay; = _Hanafa Xay = ( afv ) ) Haf = ' )
—iAy, —wa,
(190)
where nondiagonal terms Ay_y, ,, are proportional to the Hubble parameter (156)
©o Wy ’
Ap_p = — Apoy =— =./po. 191
f=h 2’ f=v Sy ©o £0 (191)

The «geometric system» (b*,b) is determined by the transformation to the
set of variables which diagonalize equations of motion (185) and determine a set
of integrals of motion of equations (185) (as conserved numbers {Q}).

To obtain integrals of motion and to choose initial conditions for a universe
evolution we use the Bogoliubov transformations [37] and define «quasi-particles»

b+ = cosh (r)e”®a™ —isinh (r)e®a, b= cosh(r)e?a +isinh(r)e ?a™,
(192)
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"The most important aspect of any phenomenon
from mathematical point of view is that of a
MEASURABLE QUANTITY. I shall therefore
consider electrical phenomena chiefly with a view
to their measurement, describing the methods of
measurement, and defining the STANDARDS on
which they depend."

Maxwell J.C. 1873. 4 Treatise on Electricity and Magnetism (Oxford)

MEASURABLE QUANTITIES and STANDARDS
in QUANTUM UNIVERSE

Proper factor

time

Density
__of matter

Fig. 7. The equation for dynamic evolution of the measurable time contains the energy
density p which is treated as the measurable quantity in astrophysics and observational
cosmology as the object of numerous discussions about the dark matter and hidden mass.
Following the observational cosmology, we shall also treat this quantity p as the observable
energy density and define «particles» as field variables in the holomorphic representation,
which diagonalize this observable energy density

bt .
Xb_< b >_0Xav

which diagonalize the classical equations expressed in terms of particles (a™,a),
so that the number of quasiparticles is conserved

or

d(b*b)
dt

T
=0, b= exp (—i/dwa(T))bo (193)
0
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BOGOLIUBOV EQUATION
(state equations)

Ldp _\Jp

¢dl ¢

do
@} = No ~ Hiubble [\/Ng —1cos20 + Ny —(Pd(p }
®p, — quasiparticle energy

0=y Ng ~1 ~Hipie {No —~c0s20 +yNj —1%}

No(r) = cosh(2r) = (0| N, 0), Higupble =

JN2 —1sin20 =20
2do

(013 0@ 10)

_ _9
p®) 7 !

Fig. 8. The Bogoliubov quasiparticles are defined as field variables which diagonalize
the equations of motion and mark states of the universe by integrals of motion (i.e.,
quantum numbers in the corresponding quantum theory with a vacuum state |0 >;). The
Bogoliubov transformation means the construction of a geometric unconstrained system
(GUS), for which a new internal evolution parameter coincides with the conformal time.
The Bogoliubov vacuum expectation value of the number of «particles» measured in the
comoving frame, and the Hubble parameter (Huubble)

(see Fig. 8). Functions r and 6 in (192), and the quasiparticle energy w; in (193)
are determined by the equation of diagonalization

d A d =« NP ‘Dba 0
zﬁsz[—zO ﬁO—O H,Olxp = — Xb (194)

in the form obtained in [7]

@pp = (wyp — 0%) cosh (2ry) — (Ay cos 207) sinh (2r), (195)
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0= (wy — 0%)sinh (2r7) — (Ay cos 26y) cosh (2ry), 'y = —Ajysin 26;.

Equations (191)—(195) are closed by the definition of «observable particles» in
terms of quasiparticles

I Swi(p){afar} p
p(p) = 70 =1 v , {ata} = {bfbo} cosh 2r — §(b+2—b2) sinh 27
(196)
with
!/ 7\2 1/2
1/ (ry)
S — 2 I f f
Wfb*\/(wf_e})Q'f'(r})Q_Afa 0p =—5 <A_f> 1 - A7 ;
(197)
wp—0'
cosh (2ry) = f, L,
Wb

The constrained system in terms of geometric variables is described by the action

o [ai Ef:% (b0~ 0ub) ; ~TToQo—No

~Io+ Z Wz{(QO)Nf(b)] )
f

(198)
where the new dynamic evolution parameter () coincides with geometric time 7'
on the equations of motion

SWE
5Tl

=0 = dQo=dT. (199)

Reduction of this system leads to the weak version of Geometric Unconstrained
System (167)

TWeus _ /dT Z% (borbt — b+8Tb)f - Zwl{(T)Nf(b) . (200)
! f

We choose the initial data appropriate for the dynamics described by GUS (200).

6.3. Quantization. The initial data bo,bar of quasiparticle variables (193)
form the set of quantum numbers in quantum theory.

Let us suppose that we manage to solve equations (193)—(197) with respect to
the geometric time 7" in terms of conserved numbers b, by. This means that the
wave function of a quantum universe can be represented in the form of a series
over the conserved quantum numbers Q) = ny; = <Q|b}'bf|Q> of the Bogoliubov
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states (compare with the similar series for a relativistic string in Section 4)
T

— H exp —Z'/dTnfu_)b(T)

fing 0

o))

nf!

10)s. (201)

In this geometric system, we have an arrow of the geometric time 7" for a universe

Y2
Ty (2, 1) = / dpp(p) V>0, 2>, (202)
®1
and for an antiuniverse
T_(p2,¢1) /dapp —1/2 = /d<pp -1z 5 0, w1 > 2. (203)

The dynamic system (187) of particle variables a™, a is connected with the geo-
metric one by the Bogoliubov transformations. Using these transformations we
can find wave functions of a universe, for ¢ > (¢ and an antiuniverse, for

P1 > P2

Uo(T) = AL®Q (T4 (w2, 1))0(p2 — 1) + AGPG (T (2, 01))0(p1 — 92),

(204)
where the first term and the second one are positive (Fy > 0) and negative
(Py < 0) frequency parts of the solutions with the spectrum of quasiparticles @,
AZS is the operator of creation of a universe with a positive «frequency» (which
propagates in the positive direction of the dynamic evolution parameter) and AZ)
is the operator of annihilation of a universe (or creation of an antiuniverse) with a
negative «frequency» (which propagates in the negative direction of the dynamic
evolution parameter).

We can see that the creation of a universe in the field world space and the
creation of dynamic particles by the geometric vacuum (b*|0) = 0) are two
different effects.

The second effect disappears if we neglect gravitons and massive fields. In
this case, dp/de = 0, and one can represent a wave function of a universe in the
form of the spectral series over eigenvalues pg of the density p

U(flpa.o1) =
)

wrny

Af ,
NI exp {—Z(wz D N } (fl@)+  (205)

+ZW6XP{ @2—801)2035_Jt}<f|@>

where (f|Q) is a product of normalizable Hermite polynomials.
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6.4. Evolution of Quantum Universe. The equations of diagonalization (194)
for the Bogoliubov coefficients (192) and the quasiparticle energy w; (195) play
the role of the equations of state of the field matter in a universe. We can show
that the choice of initial conditions for the «Big Bang» in the form of the Bogoli-
ubov (squeezed) vacuum b|0), = O reproduces all stages of the evolution of the
Friedmann—Robertson—Walker universe in their conformal versions: anisotropic,
inflation, radiation, and dust (see Fig.9).

The squeezed vacuum (i.e., the vacuum of quasiparticles) is the state of
«nothing». For small ¢ and a large Hubble parameter, at the beginning of a
universe, the state of vacuum of quasiparticles leads to the density of matter [7]

s o=} (S 2B). 0=

(206)

where (0) is the initial value, and po is the density of the Casimir energy
of vacuum of «quasiparticles». The first term corresponds to the conformal
version of the rigid state equation (in accordance with the classification of the
standard cosmology) which describes the Kasner anisotropic stage T (¢) ~ +¢?
(considered on the quantum level by Misner [38]). The second term of the
squeezed vacuum density (206) (for an admissible positive branch) leads to the
stage with inflation of the dynamic evolution parameter ¢ with respect to the
geometric time T’

o(T)(4) = ¢(0) exp [T/2p0/(0)].

It is the stage of intensive creation of «measurable particles». After the infla-
tion, the Hubble parameter goes to zero, and gravitons convert into photon-like
oscillator excitations with the conserved number of particles.

At the present-day stage, the Bogoliubov quasiparticles coincide with parti-
cles, so that the measurable density of energy of matter in a universe is a sum of
relativistic energies of all particles

E nj 2 2,42
po(‘F) ‘r() ‘ro kfl yf ( )) ( )

nyg

where ¥ ¢ is the mass of a particle in units of the Planck mass. The case of massless
particles (y = 0,po(¢) = constant) corresponds to the conformal version of
radiation stage of the standard FRW-cosmology. And the massive particles at rest
(k = 0,p0(¢) = pbaryonsp/ 1) correspond to the conformal version of the dust
universe of the standard cosmology with the Hubble law

1" 1
— - T — [ Poaryons | g2 _r¥Y_21 208
@ Vo p+(T) ( m S A St (208)
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TWO LIMITS
BEGINNING OF THE UNIVERSE PRESENT DAY STAGE

©g4r < Hyupble o > H
P(Po) = pPoNo (o) af Hubble

No(ooy= L[ 28Q 90D oo
- 2{93(T)  93(0) Vop(@) = D Ny\ky + 3,07 (T)

p(¢) = const p@)=0

ANISOTROPY INFLATION RADIATION DUST
(™) (-0

Bogoliubov Quasipart. = Particles ||| Bogoliubov Quasipart. = Particles

"NOTHING" do Jp
—_— H = —
o = 0 dT \/E Hubble 0
b[0), =0 P !
b o(Ip) = L = HQe/xzp
Hubble
0.1<Qpy, <2

Fig. 9. These equations can be explicitly solved in two limits: at the beginning of the
universe, and at the present-day stage. At the beginning of the universe in the state of the
Bogoliubov vacuum, we get the density of measurable gravitons which corresponds to the
well-known anisotropic stage. The anisotropic stage is changed by the stage of inflation-like
increase of the cosmic scale factor with respect to the geometric (i.e., conformal) time. At
the present-day stage, the Bogoliubov quasiparticles coincide with the measurable particles,
so that the measurable energy of matter in the universe is a sum of relativistic energies
of all particles in it. Neglecting masses, we get the conformal version of the radiation
stage. Neglecting momenta, we get the conformal version of the dust stage, where an
observer with the relative standard observes the Hubble law of the «accelerating» universe.
According to the global equation for the cosmic scale factor ¢o discussed before, it can
be expressed in terms of astrophysical data of the observational cosmology, the density
of matter, and the Hubble parameter in agreement with the value of the Newton coupling
constant of gravity with Q¢heor = 1
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The dynamic evolution parameter is expressed through the geometric time of a
quantum asymptotic state of a universe |out) and conserved quantum numbers of
this state: energy F,, and density po = Fout/Vo.

It is well known that F,,; is a tremendous energy (10°” GeV) in comparison
with possible real and virtual deviations of the free Hamiltonian in the laboratory
processes:

079

Ho = Fout + 0Hy, (out|5H0|in> < FEout. (209)

We have seen that the dependence of the scale factor ¢y on the geometric time 7'
(or the «relation» of two classical unconstrained systems: dynamic and geometric)
describes the «Big Bang» and evolution of a universe.

Therefore, from the point of view of unconstrained system «Big Bang» is the
effect of evolution of the geometric interval with respect to the dynamic evolution
parameter which goes beyond the scope of Hamiltonian description of a single
classical unconstrained system.

Reparametrization-invariant dynamics of GR is covered by Geometric and
Dynamic Unconstrained Systems connected by the Levi-Civita transformation of
the matter fields into the vacuum fields of initial data with respect to geometric
time (see Fig.3).

6.5. QFT Limit of Quantum Gravity. The simplest way to determine the
QFT limit of Quantum Gravity and to find the region of validity of the FP integral
(180) is to use the quantum field version of the reparametrization-invariant integral
(173) in the form of S-matrix elements [25] (see (176), (177)). We consider the
infinite volume limit of the S-matrix element (177) in terms of the geometric time
T for the present-day stage T' = Tp, ¢(Tp) = p, and T (1) = To — AT, T(p2) =
Ty + AT = Toyt. One can express this matrix element in terms of the time
measured by an observer of an out-state with a tremendous number of particles
in a universe using equation (208) dy = dTout+/Pout and approximation (209)
to neglect «back-reaction». In the infinite volume limit, we get from (177)

dipolHi] = 2dpo (v/Vo(Ho + Hr) = v/VoHo ) = dTow [P H; + O(1/ Eou),

(210)
where H7 is the interaction Hamiltonian in GR, and
A Eout \/ Eout

F = = 211

Ho ~ \ Bow + 61, @b

is a multiplier which plays the role of a form factor for physical processes
observed in the «laboratory» conditions when the cosmic energy FEou is much
greater than the deviation of the free energy

0Ho = Ho — Eout; (212)
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due to creation and annihilation of real and virtual particles in the laboratory
experiments.

The measurable time of the laboratory experiments 75 — 73 is much smaller
than the age of the universe Tp, but it is much greater than the reverse «laboratory»
energy 9, so that the limit

T(p2) +o0
/ dTout = / dTout
T(¢1) —oo

is valid. If we neglect the form factor (211) that removes a set of ultraviolet
divergences, we get the matrix element (183) that corresponds to the standard FP
functional integral (180) and S-matrix element (183) with the geometric (confor-
mal) time 7" (instead of the coordinate time ¢) and with conformal-invariant fields
t — Tout:

“+00
S[—o0| 4+ o0] = (out|T exp —i/dToutFHI(p) lin) (F=1). (213)

—0o0

Thus, the standard FP integral and the unitary S matrix for conventional quantum
field theory (QFT) appears as the nonrelativistic approximation of tremendous
mass of a universe and its very large lifetime (see Fig.4). Now, it is evident
that QFT are not valid for the description of the early universe given in the finite
spatial volume and the finite positive interval of geometrical time (0 < 7' < Tp)
where Ty is the «present-day value» for the early universe that only begins to
create matter.

On the other hand, we revealed that standard QFT (that appears as the limit
of quantum theory of the Einstein general relativity) speaks on the language of
the conformal fields and coordinates. If we shall consider the standard QFT as
the limit case of quantum gravity, we should recognize that, in QFT, we measure
the conformal quantities, as QFT is expressed in terms of the conformal-invariant
Lichnerowicz variables and coordinates including the conformal time (74,;) as
the time of evolution of these variables.

The conformal invariance of the variables can testify to the conformal invari-
ance of the initial theory of gravity. What is this theory?

7. CONFORMAL RELATIVITY

7.1. Action and Geometry. There are observations [5,39,42] that the classical
equations of Einsten’s GR (111) are dynamically equivalent to the conformal-
invariant theory described by the Penrose—Chernikov—Tagirov [43] action with a
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negative sign

@2
W(gl®) = [ dlal~y=57 Rlg) + 00(V=59" 08) + Ly (214

and with the additional «dilaton» field ® referred to as a conformal compensator
and with the corresponding Lagrangian of fields of matter £ ... [42].

The conformal-invariant version of Einstein’s dynamics (214) is not compat-
ible with the absolute standard of measurement of lengths and times given by the
Einstein interval in the Riemannian geometry (112) as the latter is not conformal-
invariant. As it was shown by Weyl in 1918 [44], a conformal-invariant theory
corresponds to the relative standard of measurement of a conformal-invariant ratio

of two intervals (ds)
S1

ds)y =
( S)U (dSQ)

given in the geometry of similarity as a manifold of Riemannian geometries con-
nected by conformal transformations. The geometry of similarity is characterized
by a measure of change of the length of a vector in its parallel transport. In the
case (214), it is the gradient of the dilaton ® [5,39]. In the following, we call
the theory (214) with intervals (215) the conformal relativity (CR), to differ it
from the original Weyl [44] theory where the measure of change of the length of
a vector in its parallel transport is a vector field.

Thus, the choice between two dynamically equivalent theories — general
relativity (GR) and conformal relativity — (CR) (214) is the choice between
the Riemannian geometry (112) and Weyl’s geometry of similarity (215). The
evident fact of the correspondence of the conformal-invariant theory (214) to the
geometry of similarity (215) is ignored in the current literature (see, for example,
paper [42]).

7.2. Variables and Hamiltonian. The dynamic equivalence of GR and CR
becomes evident in the generalized Hamiltonian approach to solution of the prob-
lems of dynamics and initial data, as in both the theories, these problems are
considered in terms of the Lichnerowicz conformal-invariant variables [29, 35].

In terms of the Lichnerowicz conformal-invariant variables formed by the
determinant of the spatial metric | g,;| = g

fc(n) = flng—n/6 (216)

GR (111) locally coincides with CR. The conformal-invariant dilaton in CR ¢,
corresponds to the determinant of the space metric multiplied by the Planck
constant in GR: p (g% = ¢.) [5] (see the Table).

In CR (214), we obtain the same Hamiltonian equations, the same reduction,
and the same Levi-Civita transformation with the only one difference: the con-
formal variables, coordinates, and geometric time 7" are considered not as a math-
ematical tool, but as measurable quantities in the conformal relativity (214) [5].

(215)
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Table. In terms of the Lichnerowicz conformal invariant variables (g.), the Einstein
general relativity (GR) (with the scale factor ¢, = 11 ||°> ¢ ||*/%) can be treated as the
scalar version of the Weyl conformal invariant theory (with the scalar conformal field
¢. instead of the scale factor). In the Conformal Unified Theory (CUT), the Weyl
scalar field forms both the Planck mass (in agreement with the present-day
astrophysical data) and masses of elementary particles (in agreement with the
principle of equivalence)

TWO VERSIONS
GR CUT
2
V=g [—% + Lumas(g, \If)] V=g |- q’zR + 2=0(V/=g0®) + LM
(Lichnerowicz) ® o modulus of Higgs field in SM
Ne=N|® g |~V Ne=N||® g~
95 = 9 |9 g |7 955 =9 gy 1) g |7?
Oy =pnl|® g0 = || g~/
2 2
~Ne%2Ro+ ¢g0(Nedpg) + NeLmar | —Nee Re + ¢eD(Nedpe) + NoLEV
ABSOLUTE STANDARDS RELATIVE STANDARDS
(ds)® = guvdatdz” (ds)® = g, dx*dz”
DIFFERENCES
¢ mixing of internal evolution ¢ separation of internal evolution
parameter and metric parameter from metric
¢ evolution of 3d-volume 4 evolution of particle masses
in FRW approximation
¢ singularity of 3d-volume ¢ 3d-volume conformal singularity
moved to dynamics

7.3. Physical Consequences. In a space with the geometry of similarity,
an observer can measure only the conformal-invariant ratio of lengths of two
vectors (215). In particular, in the homogeneous approximation,

pe(t, x) = po(t)alt, z), alt,z) =1

a Weyl observer measures the conformal time by his watch and obtains the
conformal version of the Friedmann cosmology, i.e., the Hoyle-Narlikar-type
cosmology [40] with the conformal Hubble parameter H;, . = ¢'/¢.

The action of conformal relativity (214) does not contain any dimensional
parameter, except for a finite time interval and finite volume, as the universe has
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the beginning 7' = 0 and the end T' = Ty, i.e., the present-day stage, where the
value of the scalar field

\/pbar ons
o(T =Tp) = Y2 = 217)

c
hub

coincides with the coupling constant of the Newton interaction, in agreement
with equations of motion and astrophysical observational data (156) [5]. Equa-
tion (217) is not the gauge ®(z) = 1 [39,42] but the experimental fit [5,7].

In the conformal cosmology, the Hubble law is explained by the evolution
of the masses of elementary particles [5], so that the photon on a star remembers
the «size» of a star atom at the moment of emission, and this «size» increases
during the time of traveling; as a result, we get the red shift of a star photon in
comparison with a photon emitted by a standard atom on the Earth at the moment
of observation. The conformal version at the dust stage (208) corresponds to the
«accelerating universe» with

SOHSD 1
="y =y (218)
instead of gr = —1/2 for the Friedmann version (with the measurable time

dTr = (p/p)dT).

7.4. Quantum Conformal Relativity: Cosmological Scenario. The universe
was created with a zero reduced energy from the state of «nothing» in the world
space of the conformal-invariant variable F¢, ¢ at the moment of the geometric
time 7" = 0. The stability of quantum theory explains the arrow and beginning
of the geometric time.

The classical and quantum evolutions of the universe coincide and are de-
scribed by the Levi-Civita-type transformation (see Fig.4) to the set of new
variables (F¢, o) = (V,Qo) where the new dynamic evolution parameter is
the geometric time 7T (dQo = dT'). This transformation is the Bogoliubov one
from «particle-like» variables (which diagonalize the measurable Hamiltonian) to
«quasiparticle-like» variables (which diagonalize equations of motion). In par-
ticular, the Levi-Civita transformation defines the state of «nothing», i.e., initial
data, as the vacuum of the Bogoliubov «quasipaticles», or squeezing vacuum.

The Levi-Civita evolution from «nothing» has four stages: «anisotropic»,
the squeezing vacuum «inflation» of the dilaton with respect to the geometric
time, «radiation», and «dust» with accelerating evolution (218) (considered in
Section 6). In the first two stages, the intensive creation of the matter fields
(including gravitons) takes place, as «quasipaticles» differ from «particles».

In the last two stages, «quasipaticles» coincide with «particles», and these
stages are the conformal version of the standard FRW cosmology.
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7.5. Conformal Unified Theory. In the conformal theory (214), the Higgs
mechanism of the formation of particle masses becomes superfluous and, more-
over, it contradicts the equivalence principle, as, in the case of the standard Higgs
mechanism, the Planck mass and masses of particles are formed by different
scalar fields (see Fig. 10).

To save the equivalence principle we identify the modulus of the Higgs field
with the Weyl dilaton [5,39]. As a result, the Conformal Unified Theory (CUT)
is described by the action [5,39]

Weur = —Wper + Wéin, (219)

where —Wpcr(p, g) is the Penrose—Chernikov-Tagirov action (214), and

mmmwwﬂ=/#x@ﬂﬂ+J%kwww@D (220)

is the conformally invariant part of the SM action (i.e., the conventional SM
action without the «free» part for the modulus of the Higgs SU(2) doublet ¢ and
without the Higgs mass term), B and F' are the mass terms of the vector V' and
fermion ¢ fields, respectively,

B=V,Yi;V;; F =vaXasts, (221)

Y, X are the ordinary matrices of vector meson and fermion mass couplings in
the WS theory multiplied by a rescaling parameter [5,39].

The dilaton field ¢ forms both the Planck mass (in agreement with the present-
day astrophysical data) and masses of elementary particles [5] (in agreement with
the principle of equivalence). In other words, instead of the Higgs effect, we
have the cosmic formation of all masses including the Planck one.

The effective Higgs potential could not be restored by the Coleman—Weinberg
perturbation theory, as the vertices with scalar field interactions are eliminated
from perturbation theory by the Bogoliubov transformations. Instead of the ef-
fective Higgs potential, in the exact theory, these interactions form cosmological
evolution of the universe as the pure relativistic and quantum phenomenon which
reproduces the conformal version of the standard Friedmann model (developed
by Hoyle and Narlikar [40]).

The Weyl geometrization of the modulus of the Higgs field removes the Higgs
potential with its problems of tremendous vacuum energy, monopole creation, the
domain walls [41], and the violation of causality as the monotonous dependence
(p(T)). The conformal scalar field plays the role of the dynamic time and
forms the Newton potential. As a consequence, the conformal version of the
Higgs field loses its particle-like excitations [39] like the time component of the
electromagnetic field. In CUT (219), we obtain the o version of the Standard
Model [4,5,39] without Higgs particles and with the prescription (211) which
removes ultraviolet divergences from the SM sector.
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Fig. 10. In the Conformal Unified Theory (CUT), the Higgs mechanism of the formation
of particle masses becomes superfluous, and, moreover, it contradicts the equivalence
principle, as, in the case of a naive unification of general relativity (GR) and the Standard
Model (SM), the Planck mass and masses of particles are of a different nature and are
formed by different fields. The Weyl geometrization of the modulus of the Higgs field
removes the Higgs potential with its problems of tremendous vacuum energy, monopole
creation, and the domain walls

8. CONCLUSIONS

All relativistic systems (a particle, a string, a universe in general relativity)
considered in the present review are given in their world spaces of dynamic
variables by their singular actions (as integrals over the coordinate space) and by
the geometric interval.

The peculiarity of relativistic systems is the invariance of their actions
and the geometric intervals with respect to reparametrizations of the coordinate
space, i.e., the general coordinate transformations, in general relativity. These
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reparametrization-invariant relativistic theories are not compatible with the sym-
plest variational principles of the Hamiltonian dynamics.

The main mystery of relativistic systems (which we tried to reveal in the
review) is the following: the reparametrization symmetry means that the measur-
able geometric time is a time-like variable in the geometric world space (obtained
by the Levi-Civita transformation to the action-angle-type variables) rather than
the coordinate.

This mystery of the dynamic origin of the «time» was reliably covered by
the gauge condition that the lapse-function is equal to unity.

This noninvariant gauge-fixing method of describing the Hamiltonian dynam-
ics of relativistic systems was a real obstacle for understanding this dynamics.
This noninvariant method confuses reparametrization-invariant (or measurable)
quantities and noninvariant (nonobservable) ones and hides the necessity of con-
straining by the Levi-Civita transformation that converts ambiguous and attractive
«mathematical games» with noninvariant quantities into a harmonious theory of
invariant dynamics in the world space which includes an unambigouos descrip-
tion of quantum gravity with its relation to the standard cosmology of a classical
universe.

To obtain the invariant dynamics, one should choose the dynamic evolution
parameter and the homogeneous component of the lapse-function (separating the
global motion of a relativistic system as a whole from the local one) to define the
geometric time. This geometric time is converted into a new dynamic evolution
parameter by the Levi-Civita canonical transformation.

The constraining of the initial dynamic system (to get a Dynamic Uncon-
strained System) loses the geometric time but determines the causal structure of
a world space that follows from the stability of the quantum relativistic theory.
Whereas, the constraining of the geometric system (after the Levi-Civita trans-
formation in the strong version of the action-angle variables) loses any dynamics,
as a Geometric Unconstrained System is only initial data with respect to the
geometric time.

The evolution of the initial world space with respect to the geometric time
(i.e., the evolution of a particle, a string, a universe) is described by the inverse
Levi-Civita transformation.

The generating functionals for causal Green functions of the unitary pertur-
bation theory in the form of path integrals are constructed by averaging over a
space of the reparametrization group, instead of the gauge-fixing.

The operations of separation of the «centre-of-mass» coordinates and vari-
ation of the action do not commute. As a result, the invariant local constraints
differ from the standard ones for a relativistic string. The invariant local con-
straints satisfy the Virasoro algebra only for the case of a string with a single value
of the mass in the spectrum (in classical theory, this value is equal to zero) that
corresponds to the light-like branch of the representation of the Poincare group.
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Fig. 11. Interactions of matter fields with a scalar field, in CUT, lead to the cosmic evolution
of Quantum Universe with the set of predictions, including the Hoyle—Narlikar cosmology
with the squeezed vacuum inflation, the accelerating evolution at the present-day dust
stage. In CUT, we got the o version of the Standard Model without Higgs particles, and
with the «back-reaction» form factor to be free from the ultra-violet divergences for the
precision calculations

In other words, for a string with a nontrivial spectrum of masses, the Virasoro
algebra (with all its difficulties, including the D = 26 problem and the negative
norm states) is an artefact of the reparametrization-noninvariant description.

To separate the global motion of a universe in general relativity, we used the
wonderful effectivity of the Lichnerowicz conformal-invariant variables in solving
the problems of the initial data and in formulating quantum field theory in the
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Riemannian space. This effectivity was a signal of hidden conformal symmetry
of the initial Einstein theory of gravitation. Really, the dynamics of Einstein’s
theory coincides with the dynamics of a conformal scalar field (dilaton) with the
Penrose—Chernikov-Tagirov action with negative sign. However, the conformal-
invariant theory is compatible with the Weyl geometry of similarity but not
with the Riemannian one. The geometry of similarity converts the conformal-
invariant Lichnerowicz variables from an effective mathematical tool to physical
observables, consistent with large time and spatial volume limits of the obtained
quantum gravity, where the standard Hamiltonian description of the evolution of
matter fields with respect to the geometric time is possible.

The discovered conformal symmetry allows us to unify the conformal ver-
sion of the Einstein theory with the Standard Model of electroweak and strong
interactions on the basis of the equivalence principle that identifies the dilaton
with the modulus of the Higgs field [5].

This unification of general relativity and Standard Model leads to a set of
predictions, including the Hoyle—Narlikar cosmology with the «accelerating» evo-
lution of the universe at the dust stage, the squeezed vacuum inflation from
«nothing» at the beginning of the universe, and the negative result of the CERN
experiment on the search of the Higgs particle [39], as the Weyl scalar field (like
the determinant of the space metric in GR) has no particle-like excitations (see
Fig. 11).

We would like to emphasize that we obtained the unification of a universe and
an observer who appeared at the end of the evolution of the universe with respect
to the geometric time; he measures the rhythm of the evolution by the rhythm
of his heart and knows that any of his motions contributes to the global motion
of the universe that forms its geometric time. «Any motion, if it makes sense,
possesses also a freedom, and its task is to realize a good moral life, the final aim
of which will be the meaning of an everlasting existence» (St. Maximus [45]).
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We present an inductive algebraic approach to the systematic construction and classification
of generalized Calabi—Yau (CY) manifolds in different numbers of complex dimensions, based on
Batyrev’s formulation of CY manifolds as toric varieties in weighted complex projective spaces
associated with reflexive polyhedra. We show how the allowed weight vectors in lower dimensions
may be extended to higher dimensions, emphasizing the roles of projection and intersection in their
dual description, and the natural appearance of Cartan—Lie algebra structures. The 50 allowed extended
four-dimensional vectors may be combined in pairs (triples) to form 22 (4) chains containing 90 (91)
K3 spaces, of which 94 are distinct, and one further K 3 space is found using duality. In the case of
CY3 spaces, pairs (triples) of the 10270 allowed extended vectors yield 4242 (259) chains with K3
(elliptic) fibers containing 730 additional K3 polyhedra. A more complete study of CY3 spaces is
left for later work.

H ocHoBe ¢opmynupoBku b TeipeB Muoroo6p 3uii K 1 6u—5o (KS) K K TOpH4ecKMX MHO-
JKECTB BO B3BEIICHHBIX KOMIUIEKCHBIX NPOSKTUBHBIX MPOCTP HCTB X, CCOLMUPOB HHBIX C pehIeKCHB-
HBIMH TIOJIUBP MM, IPENJIOXeH HHAYKTHBHBIA JIreOp MYECKHil MOAXO[ K CHCTEM THYECKOMY IIOCTpoe-
HHIO M KJ1 CCU(UK UM 0000LIEeHHBIX MHOTrooOp 3uid K5 s p 37IM4YHBIX KOMIUIEKCHBIX P 3MEPHOCTEN.
ITox 3 HO, K K JOMYCTUMbIE BECOBbIE BEKTOPHI B HU3LINX P 3MEPHOCTSIX MOTYT OBITh P CIIMPEHBI IS
BBICIIMX P 3MepHOCTeil. IIpu »TOM OTMEUeH pONb HNPOEKTHPOB HHUS U IepecedeHs B HX Iy JbHOM
OIIC HUH U €CTECTBEHHOE MosiBIeHne Jrebp nueckux cTpykryp K pr H —JIu. IlaThaecat qomycTuMBIX
P CIIMPEHHBIX YETBIPEXMEPHbBIX BEKTOPOB MOTYT ObITh CKOMOMHHPOB HbI B I1 PbI (TPOUKH), (hOPMUPYIO-
mue 22 (4) nenouku, comepx mmue 90 (91) K 3-mpocTp HCTB, M3 KOTOPHIX 94 SBIAIOTCS OCOOBIMY,

onHO K 3-mpocTp HCTBO H XOMHUTCS C HCHOJNBb30B HUEM Iy JIbHOCTU. B ciyd e mpoctp Hete CY3
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n pel (Tpoiiku) m3 10270 HOMyCTUMBIX P CIIMPEHHBIX BEKTOPOB 1 10T 4242 (259) nenouek ¢ K3
(IUTMITUYECKUMU )-P CCIOGHUSIMH, cofepX mumu 730 nononHutensHbix K 3-nonusapos. Bonee mon-
Hoe n3ydenne C'Y3-mpocTp HCTB OyneT NpUBENEHO B credyomei p Gore.

1. INTRODUCTION

One of the outstanding issues in both string theory and phenomenology is
the choice of vacuum. Recent dramatic advances in the nonperturbative under-
standing of strings have demonstrated that all string theories, thought previously
to be distinct, are in fact related by various dualities, and can be regarded as
different phases of a single underlying theory, called variously M and/or F' the-
ory [1]. This deeper nonperturbative understanding does not alter the fact that
many classical string vacua appear equally consistent at the perturbative level.
However, the new nonperturbative methods may provide us with new tools to un-
derstand transitions between these classical vacua, and perhaps eventually provide
a dynamical criterion for deciding which vacuum is preferred physically [2, 3].

Consistent string vacua are constrained by the principles of quantum me-
chanics applied to extended objects. At the classical level, these are expressed
in the conformal symmetry of the supersymmetric world-sheet field theory. Con-
sistent quantization of the string must confront a possible anomaly in conformal
symmetry, as manifested in a net nonzero central charge of the Virasoro algebra.
Early studies of the quantum mechanics of extended objects indicated that strings
could not survive in the familiar dimension D = 3 + 1 of our space-time. The
way initially used to cancel the conformal anomaly was to choose appropriately
the dimension of the ambient space-time, for example, D = 25+ 1 for bosonic
strings and D = 9 + 1 for the supersymmetric and heterotic strings.

This suggested that the surplus n = 6 real dimensions should be compactified.
The simplest possibility is on a Calabi—Yau manifold [4], which is defined by the
following conditions:

e It has a complex structure, with N = 3 complex dimensions required
for the D = 9+ 1 — 3 + 1 case of most direct interest, though all the cases
N =1,2,3,4, ... have some interest.

e [t is compact.

o It has a Kihler structure.

e It has holonomy group SU(n) or Sp(n), e.g., SU(3) in the N = 3 case.

It has subsequently been realized that one could compactify on an orbifold [5],
rather than a manifold, and also that generalized heterotic strings could be formu-
lated directly in D = 3+ 1 dimensions, with extra world-sheet degrees of freedom
replacing the surplus space coordinates. More recently, the nonperturbative for-
mulation of the theory in eleven or twelve dimensions, as M or F' theory, has
opened up new possibilities [6]. However, Calabi—Yau compactifications con-
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tinue to play a key role in the search for realistic four-dimensional string models,
motivating us to revisit their classification.

One of the most important tools in the investigation of such complex mani-
folds is the feature that their singularities are connected with the structure of Lie
algebras. Kaluza was the first to attempt to understand this circumstance, and used
this idea to embark on the unification of all the gauge interactions known at that
time, namely electromagnetism and gravitation. These ideas were subsequently
extended to non-Abelian gauge theories, and string theory can be regarded as the
latest stage in the evolution of this programme.

The three-complex-dimensional CY manifolds can be situated in a sequence
of complex spaces of increasing dimensions: two-real- (one-complex-)dimensional
tori 15, the two-complex-dimensional K3 spaces, the three-complex-dimensional
CY3 themselves, four-complex-dimensional C'Yy, etc., whose topological struc-
ture and classification become progressively more complicated. Their topologies
may be described by the Betti-Hodge numbers which count the numbers of dis-
tinct one-, two-, three-dimensional, ... cycles (holes,...). The topological data of
the different CY manifolds determine their physical properties, such as the dif-
ferent numbers of generations NN, (which are related to the Euler characteristics
of C'Y3 spaces), etc. This emphasizes the desirability of approaching system-
atically the problem of their classification and the relations between, e.g., C'Y3
manifolds with different values of the Euler characteristic and hence the number
of generations IV;. Since some nonperturbative tools now exist for studying tran-
sitions between different CY manifolds, one could hope eventually to find some
dynamical criterion for determining N.

The topologies and classification of the lower-dimensional spaces in this se-
quence are better known: although our ultimate objective is deeper understanding
of CY3 spaces, in this paper we study as a warm-up problem the simpler case
of the two-complex-dimensional K3 hypersurfaces. These are of considerable
interest in their own right, since, for example, they may appear as fibrations
of higher-dimensional CY,, spaces. It is well known that any two K3 spaces
are diffeomorphic to each other. This can be seen, for example, by using the
polyhedron techniques of Batyrev [7] discussed in Sections 2 and 3, to calculate
the Betti-Hodge invariants for all the K3 hypersurfaces corresponding to the k4
vectors we found. It is easy to check that Batyrev’s results yield the same Euler
number 24 for all K3 manifolds [8].

The quasi-homogeneous polynomial equations (hereafter called CY equa-
tions) whose zeroes define the CY spaces as hypersurfaces in complex projective
space are defined (2.6), (2.7), (2.8), (2.9) by projective vectors k, whose compo-
nents specify the exponents of the polynomials. The number of CY manifolds is
large but finite, as follows from the property of reflexivity introduced in Section
2. The central problem in the understanding of classification of these manifolds
may be expressed as that of understanding the set of possible projective vectors
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k = (k1,... ,knt1), the corresponding Lie algebras and their representations.
More precisely, the classification of all CY manifolds contains the following
problems:

e To study the structure of the K3, C'Y3, ... projective vectors k,, in particular, to
find the links with the projective vectors of lower dimensions: D =n—1,n—2, ...
e To establish the web of connections between all the projective vectors k,, of
the same dimension.

e To find an algebraic description of the geometrical structure for all projective
vectors, and calculate the corresponding Betti-Hodge invariants.

e To establish the connections between the projective vectors k,,, the singular-
ities of the corresponding CY hypersurfaces, the gauge groups and their matter
representations, such as the number of generations, N,.

e To study the duality symmetries and hypermodular transformations of the pro-
jective vectors k.

In addition to the topological properties and gauge symmetries already men-
tioned, it is now well known that string vacua may be related by duality symme-
tries. This feature is familiar even from simple compactifications on S; spaces
of radius R, which revealed a symmetry: R — 1/R [9]. In the case of compact-
ifications on tori, there are known to be S, 7T, and U dualities that interrelate five
string theories and play key roles in the formulations of M and F' theories [10].
Compactifications on different types of CY manifolds have also been used exten-
sively in verifying these string dualities [10]. For example, in proving the duality
between type-II A and type-II B string theories, essential use was made of the
very important observation that all CY manifolds have mirror partners [7,11-15].
Thus, duality in string theory found its origins in a duality of complex geometry.

Further information about string/M/F' theory and its compactifications on CY
manifolds can be obtained using the methods of toric geometry. The set of homo-
geneous polynomials of degree d in the complex projective space C'P" defined by
the vector k11 with d = k1 + ...k, 1 defines a convex reflexive polyhedron *,
whose intersection with the integer lattice corresponds to the polynomials of the
CY equation. Therefore, instead of studying the complex hypersurfaces directly,
one can study the geometry of polyhedrons. This method was first used to look
for the solutions of the algebraic equations of degree five or more in terms of rad-
icals [16]. Thus, the problem of classifying CY hypersurfaces is also connected
with the problem of solving high-degree polynomial equations in terms of radi-
cals. The solutions of quintic- and higher-degree algebraic equations in terms of
radicals may be expressed using elliptic and hyperelliptic functions, respectively.
Specifically, it is known that CY manifolds may be represented using double-
periodic elliptic or multi-periodic hyperelliptic functions [17]. These functions

*The notion of a reflexive polyhedron is introduced and defined in Section 2.



TOWARDS AN ALGEBRAIC CLASSIFICATION 609

The Genealogical Geometry Tree

Double chains Triple chains Four-chains Five-chains cy,

L
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95 vectors
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Fig. 1. The genealogical tree of reflexive projective vectors in different dimensions up to
d=14

have therefore been used to describe the behaviour of strings, and they should
also be used to construct the ambient space-time in which strings move.

We embark here on a systematic classification of K3 manifolds, as a prelude
to a subsequent classification of C'Y5 manifolds, based on their construction in
the framework of toric geometry. Within this approach, CY manifolds and their
mirrors are toric varieties that can be associated with polyhedra in spaces of var-
ious dimensions. We propose here an inductive algebraic-geometric construction
of the projective vectors k that define these polyhedra and the related K3 and CY
spaces. This method has the potential to become exhaustive up to any desired
complex dimensionality d = 1,2,3,4,5,6, ... (see Figure 1), limited essentially
by the available computer power. As a first step in this programme, we present
in this article a construction of K3 spaces, which is complete for those described
by simple polynomial zeroes, and in principle for K3 spaces obtained as the
complete intersections of pairs or triples of such polynomial zero loci. In the
construction of projective vectors corresponding to hypersurfaces without an in-
tersection with one internal point, the duality between a complex manifold and its
mirror (which does contain an intersection) plays an important role. We discuss
here also aspects of the C'Y3 construction that are relevant for the classification
of K3 spaces. We also indicate already how one may generate C'Y3 manifolds
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with elliptic fibrations or K3 fibers. More aspects of our C'Y3 construction are
left for later work.

To get the flavour of our construction, which is based on the formalism
reviewed in Sections 2 and 3 [7] and is discussed in more detail in Sections 4 et
seq., consider first C'P! space. Starting from the trivial unit «vector» k; = (1),
we introduce two singly-extended basic vectors

K = (0,1), k¥ = (1,0), 1.1)

obtained by combining k; with zero in the two possible ways. The basic vectors
(1.1) correspond to the sets of polynomials

"y = {m}p=m1): p ki =d=1,

2oy = {py} = (1,m): py kK =d=1, (1.2)

respectively. The only polynomial common to these two sequences is xy, which
may be considered as corresponding to the trivial «vector» k; = (1). Consider
now the composite vector ko = (1, 1), which can be constructed out of the basic
vectors (1.1), and is easily seen to correspond to the following three monomials
of two complex arguments (x,y):

{J)Q,x-y, y2} = “|i=17273 = {(250)7(151)7(()’2)} =
{(1a_1)a(070)a(_1a+1) }a (13)

plici2s = plici2s — 1

where we have used the condition: pt-ko = p1-14po -1 = d = 2, corresponding
to p ' - ko = 0, and we denote by d the dimensionality of the projective vectors.
It is convenient to parametrize (1.3) in terms of the new basis vector e = (—1, 1):

Nl|i=1,2,3 = (e)|iz1,2,3 = {(—1),(0),(+1) } xe. (1.4)

The three points (2,0), (1, 1), (0,2) (or —1, 0, +1) corresponding to the composite
vector ko = (1, 1) may be considered as composing a degenerate linear polyhedron
with two integer vertices {(2,0), (0,2)} (£1) and one central interior point (1,1)
(0). As we see in more detail later, this polyhedron is self-dual, or reflexive as
defined in Section 2.

To describe CY7 spaces in C P2 projective space, via the analogous projective
vectors kg = (1,1,1),(1,1,2), (1,2, 3), that are associated with the corresponding
polynomial zero loci, one may introduce the two following types of extended
vectors: the doubly-extended basic vectors

k{* =(0,0,1), (0,1,0), (1,0,0) (1.5)
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obtained by adding zero to the two-dimensional basic vectors (1.1) in all possible
ways, and the three simple extensions of the composite vector ko = (1,1):

k5" = (0,1,1), (1,0,1), (1,1,0). (1.6)

Then, out of all the extended vectors (1.5) and (1.6) and the corresponding sets of
monomials, one should consider only those pairs (triples) whose common mono-
mials correspond to the composite vector ko = (1,1) (to the unit vector) which
produces the reflexive linear polyhedron with three integer points (a single point).
The condition of reflexivity restricted to the extended vector pairs (triples), ...
will also be very important for constructing the closed sets of higher-dimensional
projective vectors (again reflexive).
For example, consider one such ‘good’ pair,

k§* = (0,1,1) < k{* = (1,0,0), 1.7)
with the corresponding set of monomials,

{2™ ¥’} = p=(m,2,0),
{z"y -z} = pu=(Mn,11),
{272’} = p=(p,0,2),
p k= 2, (1.8)

and
{x-yk-zl} = p=(1,k1),
pokeT = 1. (1.9)

The common action of these two extended vectors, (0,1,1) and (1,0,0), gives as
results only the following three monomials:

{z-y* 2y 22 -2°}) =
U|i=1,2,3 = {(1,2,0)7 (1,1,1)7 (1,0,2)} =
pli=123 -1 = {(0,1,-1), (0,0,0), (0,-1,1)} =
eliz123 = {(-1), (0), (1)} (1.10)

which correspond to the C P! case. Such pairs or triples may be termed «reflex-
ive» pairs or triples, because of the vertices e|;=1,2 3 above a generate (degenerate)
reflexive polyhedron.

Such pairs, triples and higher-order sets of projective vectors k; may be used
to define chains of integer-linear combinations, as explained in more detail in
Subsection 4.1:

m1k1+m2k2+... (111)
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We use the term eldest vector for the leading entry in any such chain, with
minimal values of m,mq, ... In the above case, there are just two distinct types
of «reflexive» pairs: {(0,0,1),(1,1,0)} and {(0,1,1),(1,0,1)}, which give rise
to two such chains: {(1,1,1),(1,1,2)} and {(1,1,2), (1,2,3)}. There is only
one useful «reflexive» triple: {(0,0,1),(0,1,0),(1,0,0)} defining a non-trivial
three-vector chain. Together, these chains can be used to construct all three
projective ko vectors. The second possible «reflexive» triple {(0,1,1),(1,0,1),
(1,1,0)} produces a chain that consists of only one projective ks vector: (1,1,1).

In addition to the zero loci of single polynomials, CY spaces may be found
by higher-level contructions as the intersections of the zero loci of two or more
polynomial loci. The higher-level C'Y; spaces found in this way are given in the
last Section of this paper.

In the case of the K 3 hypersurfaces in C'P? projective space, our construction
starts from the five possible types of extended vectors, with all their possible
Galois groups of permutations. These types are the triply-extended basic vectors
with the cyclic Cy group of permutations,

kS = (0,0,0,1): |Cy| =4, (1.12)

the doubly-extended composite vectors with the D3 dihedral group of permuta-
tions,

kS = (0,0,1,1): |Ds| =6, (1.13)

and the following singly-extended composite vectors with the cyclic Cy, alternat-
ing A4 and symmetric Sy groups of permutations, respectively:

kgz — (071’171): |C4| :47 (114)
k5" = (0,1,1,2): |A4| =12, (1.15)
k" = (0,1,2,3): |Sy| = 24. (1.16)

The A4 and Sy groups of permutations can be identified with the tetrahedral 7" and
octahedral O rotation groups, respectively. Combining these 50 extended vectors
in pairs, we find 22 pairs whose common actions correspond to reflexive polyhedra
in the plane. These give rise to 22 chains (lattices parametrized by two positive
integers), which together yield 90 k4 vectors based on such extended structures,
that are discussed in more detail in Section 5. In addition, there exist just
four triples constructed from the 10 extended vectors (0,0,0,1) + permutations
and (0,0,1,1) 4+ permutations whose common actions give a unique reflexive
polyhedron on the line: (—1),(0),(+1). The corresponding four triple chains
(lattices parametrized by three positive integers) yield 91 k4 vectors, as discussed
in Section 6. As also discussed there, it turns out that most of the k4 vectors
obtained from the triple combinations are already included among those found
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in the double chains, so that the combined number of distinct vectors is just 94.
The total number of vectors is, however, 95 (see Table 1), because there exists,
in addition to the above enumeration, a single vector ks = (7, 8,9, 12) which has
only a trivial intersection consisting just of the zero point. This can be found
within our approach using the nontrivial projection structure of its dual, which
is an example of the importance of duality in our classification, as discussed in
Section 7.

To find all CY manifolds, and thereby to close their algebra with respect
the duality between intersection and projection that is described in more detail in
Sections 3 and 4, one must consider how to classify the projective structures of
CY manifolds. Some of the 22 chains are dual with respect to the «intersection-
projection» structure, but more analysis is required to close the CY algebra. As
discussed in Section 7, it is useful for this purpose to look for the so-called in-
variant directions. To find all such invariant directions in the case of K3 spaces,
one should consider all triples selected from the following five extended vectors:
(0,0,0,1),(0,0,1,1),(0,1,1,1),(0,1,1,2),(0,1,2,3), and their possible permu-
tations, whose intersections give the following five types of invariant directions
defined by two monomials:

¢ = {(1,1,1,1) — (0,1,1,3)}, a = 1, 2,

w5 = {(1,1,1,1) — (0,0,0,3)}, a = 1, 2, 3, 4,

5 = {(1,1,1,1) — (0,0,1,3)}, a = 1,2, 3,4,

5y = {(1,1,1,1) — (0,0,0,4)}, a = 1,2, 3,4,

my = {(1,1,1,1) — (0,0,1,4)}, a = 1, (1.17)

and the following three types of invariant directions defined by three monomials:

75 = {(0,2,1,1) = (1,1,1,1) = (2,0,1,1)}, a=1,2,
7% = {(0,0,1,2) — (1,1,1,1) — (2,2,1,0)}, a=1,2,3, 4,
mg = {(0,0,0,2) = (1,1,1,1) = (2,2,2,0)}, a=1,2,3,4, (1.13)

respectively. Each double intersection of a pair of extended vectors from one of
these triples gives the same «good» planar polyhedron whose intersection with
the plane integer lattice Z5 has just one interior point.

By this method, one can classify the projective vectors by projections, finding
78 projective vectors which can be characterized by their invariant directions.
Taking into account the projective vectors with intersection-projection duality
that have already been found by the double-intersection method, one can recover
all 95 K3 projective vectors, including the exceptional vector (7,8,9,12) that
was not found previously among the double and triple chains.
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Table 1: The algebraic structure of the 95 projective vectors characterizing K3 spaces. The
numbers of points/vertices in the corresponding polyhedra (their duals) are denoted by N/V
(N*/V™), and their Picard numbers are denoted by Pic (Pic*). In each case, we also list the
double, triple chains and projective chains where the corresponding /'3 vector may be found

N k4 N |N*|V |V™|Pic|Pic* Double chains Triple chains| Projective chains

1] (1,1,1,1) |35] 5 (4] 4]1]19 I,VII, X, XII I s, T4, TG

2| (1,1,1,2) [34]| 6 |6| 5 |2|18| I,IV,XI,XIV I,IT | 71,73, 75, 76, 77

31 (1,1,1,3) [39] 6 |4] 4|1 19 IV, XX I,1IT s

4| (1,1,2,2) |30| 6 |4| 4 |4]18 II IV, X, I,I1,1V Ty, TG, T
XXI, XXII

50 (1,1,2,3) [31] 8 |7| 6 | 4|16 IV,XI,XIII,XV 1,11, T, Ty, TG, T

6| (1,1,2,4) [35]| 7 |4| 4|3 |18| IV,V,VI, XVI | I,II,IIT s

71 (1,1,3,4) [33] 9 |5|5 |4 16 XI,XVII 1,11 o, TG

8| (1,1,3,5) |36 9 |5| 5 (3|17 V,XVIII 1,111 s

9| (1,1,4,6) 39| 9 |4] 4 |2]18 V,XIX I,IIT

10| (1,2,2,3) |24| 8 |6| 5| 7|16 | VII,VIII, XI, I,II,IV | ., 73, 74, 7
XV, XXII

11] (1,2,2,5) (28] 8 |4] 4|6 18 V,IX,XVI I,IIT s

12| (1,2,3,3) |23 8 |6| 5 | 8|16 | IT, III, XIV, XV I,IT T, o, T

13| (1,2,3,4) |23|11|7]| 6|8 13 XII,XIII, 1,1V T, T3, T
XV, XXII

14| (1,2,3,5) 24|13 (8| 7|8 | 12| XIII,XIV,XV II T, Ty, TS, T

15| (1,2,3,6) |27| 9 |a| 4| 7|16 |VI, XV, XVI, XX | II,III s

16| (1,2,4,5) |24|12|5| 5 | 8 | 14 |XVII, XXI, XXII| II,IV 1, o

17| (1,2,4,7) |27|12]5]| 5| 7] 15 XVI,XVIII 17 s

18| (1,2,5,7) |26|17]6| 6 | 8| 12 XVII II 1, o

19| (1,2,5,8) |28|14|5| 5|7 14 XVI,XVIII II1 s

20| (1,2,6,9) |30|12|4| 4 |6 |16 XVI, XIX IIT

21| (1,3,4,4) |21]| 9 |4]| 4 |10] 16 II,VIII 1,11 Too, 77

22| (1,3,4,5) |20|15|7| 7 [10] 10 XIIT,XIV II o

23| (1,3,4,7) |22|17|6]| 6 10| 10 XIIT II Ty, T

24| (1,3,4,8) [24|12|5| 5|9 14 VI, IX I1,I11 s

25| (1,3,5,6) |21]15|5| 5 [10] 12 III, XVII IT

26| (1,3,5,9) |24]|15|5| 5 |9 |13 XVIII, XX 17 s

27((1,3,7,10) (24|24 |4 | 4 |10| 10 XVII 11 T2

28| (1,3,7,11) [25(20|5| 5 | 9 | 11 XVIII II7 T8

29| (1,3,8,12) (27|15 |4| 4 | 8 | 14 XIX III

30| (1,4,5,6) |19|17|6] 6 [11] 9 VIII, XIII IT s

31| (1,4,5,10) |23| 13 4| 4 |10] 14 VI 11,111 s

32| (1,4,6,7) [19/20|6| 6 |11| 9 XVII 11

33| (1,4,6,11) |22 20 |6 6 [10] 10 IX,XVIII IIT

34| (1,4,9,14) 24|24 [4| 4 |10] 10 XVIII III s

35((1,4,10,15)|25| 20 | 5| 5 | 9 | 11 XIX II1

36| (1,5,7,8) |18 24 |5]| 5 12| 8 XVII 11

37| (1,5,7,13) (21|24 |5| 5 |11 9 XVIII II7

38((1,5,12,18) (24| 24 |4 | 4 |10] 10 XIX IIT

39| (1,6,8,9) |18 24 |5]| 5 [12] 8 XVII IT

40| (1,6,8,15) [21| 24 |5| 5 [11| 9 XVIII IIT

41((1,6,14,21) (24|24 |4 | 4 |10| 10 XIX III

42] (2,2,3,5) |17 11 |5]| 5 [11] 14 VIIT, XTI 1,11 T4, 6, T

43| (2,2,3,7) |19/ 11|5]| 5 10| 16 V,IX I,1IT s

44| (2,3,3,4) 15| 9 4| 4 |12] 16 IIT,VII,XXI LIV |mwy, ma, w3, w4, 76

45| (2,3,4,5) (13|16 | 7| 7 (13| 9 | XII, XIV, XXII | II,IV 1, T3, TS, T

46| (2,3,4,7) 14|18 |6 6 [13]| 10 VIII,XIV II L, T3, T4, T, T

47| (2,3,4,9) 16|14 |5 5 [12] 13 IX,XVI, XX 17 s

48| (2,3,5,5) 14|11 |6| 5 |14] 14 II 11T o, Ty

49| (2,3,5,7) |13|20|8]| 8 14| 6 XIII IT s, 75, T

50| (2,3,5,8) |14]|20|6| 6 |14 7 XIIT 17 Ty, T

51| (2,3,5,10) |16] 14 |5 | 5 [13] 12 VI 11,111 s

52| (2,3,7,9) [14|23|6| 6 |14| 8 XVII 11 T2




TOWARDS AN ALGEBRAIC CLASSIFICATION 615

Table 1: (cont.)

R ky N |N*|V|V™|Pic|Pic Double chains Triple chains| Projective chains
53| (2,3,7,12) |16 20 | 5| 5 [13] 10 XVIIT IIr _—

54| (2,3,8,11) |15] 27 |4 | 4 |14] 8 XVII i1 i~

55| (2,3,8,13) |16 23 5| 5 [13] 9 XVIIT IIr s
56((2,3,10,15) (18 18 |4 | 4 |12 12 XIX 117

57| (2,4,5,9) |13|23 4| 4 |14] 10 VIIT T 1, T4, T
58] (2,4,5,11) |14] 19 | 5| 5 |13] 11 IX,XVI I1I s

59| (2,5,6,7) |11 23|55 [15] 7 VIIT 7 ™3, Ta, T
60| (2,5,6,13) |13 23 |5 5 [14] 9 X 11T s

61| (2,5,9,11) |11|32 |6 | 6 |16] 4 XVII T —

62| (2,5,9,16) [13[29|5| 5 |15| 6 XVIII 117 T8
63[(2,5,14,21)|15| 27 [4| 4 |14] 8 XIX I1I

64| (2,6,7,15) |13| 23 |4| 4 [14] 10 X IIT s

65| (3,3,4,5) |12|12 |5 5 |14] 14 III I o, w3, 5, TG
66| (3,4,5,6) |10|17|6| 6 |15| 9 11, XTI, XXI v 1, o, T3
67| (3,4,5.7) | 9|24|7| 8 |16] 4 X1V T s, s, T
68| (3,4,5,8) |10/ 22|66 16| 7 VIIT 1 ™1, 3, T4, 77
69| (3,4,5,12) [12| 18 [5| 5 15| 10 IX, XX IIT s

70| (3,4,7,10) |10| 26 |5| 6 | 17| 3 XTIT T P
71| (3,4,7,14) |12| 18 | 5| 5 |16] 10 VI IT, 11T 8
72|(3,4,10,13)|10| 35 |5| 5 [17| 3 XVII 11 )
73((3,4,10,17)|11| 31 |6 | 6 |16] 4 XVIIT IIT —
74((3,4,11,18) 12| 30| 4| 4 | 16| 6 XVIII I1I s
75)(3,4,14,21)|13| 26 5| 5 [15| 7 XIX 117

76| (3,5,6,7) |9 |21|5| 5 |16] 8 III -
770(3,5,11,14)| 9 [ 30 |4 | 4 |18] 2 XVII 1 .
78((3,5,11,19)|10(35 | 5| 5 |17] 3 XVIIT IIr —
791(3,5,16,24)|12| 30 (4| 4 [16| 6 XIX 111

80| (3,6,7.8) | 9|21]4| 4 |16] 10 III 1, o, s, A
81| (4,5.6,9) | 8|26|5|6 17| 4 X1V T 5, w4, T, T
82| (4,5,6,15) |10| 20 5| 5 [16] 9 XX IIr s

83| (4,5,7,9) | 7|32|5| 6 18] 2 I w3, 77
84| (4,5,7,16) |9 |27 |5| 5 [17] 6 X IIr s
85((4,5,13,22)[ 9 (394 | 4 |18]| 2 XVIII 117 T8
86((4,5,18,27)(10(35|5| 5 |17| 3 XIX 117

87| (4,6,7,11) | 7|35 |4 4 18] 3 VIII II w4, T, T
88| (4,6,7,17) | 8 |31 |5 5 [17| 4 X 11T s

89| (5,6,7,9) | 6|30|5|6 |18 2 III o, 3, s
90| (5,6,8,11) | 6 |39 | 4| 4 |19]| 1 T s, 7
91| (5,6,8,19) | 7|35 |5| 5 | 18] 2 X IIr 8
92|(5,6,22,33)| 9 | 39 |4 4 [18] 2 XIX IT1

93| (5,7,8,20) | 8 |28 |4 4 |18] 6 1T s
94((7,8,10,25)| 6 | 39 | 4| 4 |19] 1 III —

95| (7,8,9,12) | 5 |35 |4| 4 |19]| 1 T

Section 8 of this paper contains a systematic description how various gauge
groups emerge associated with singularities in our construction of K3 spaces [18].
These are interesting because of their possible role in studies of F’ theory. Since
this may be regarded as a decompactification of type-11 A string, understanding of
duality between the heterotic string and type-II A string in D = 6 dimensions can
be used to help understand the duality between the heterotic string on 72 and F
theory on an elliptically-fibered K 3 hypersurface [19]. The gauge group is directly
defined by the ADE classification of the quotient singularities of hypersurfaces.
The Cartan matrix of the Lie group in this case coincides up to a sign with
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the intersection matrix of the blown-down divisors. There are two different
mechanisms leading to enhanced gauge groups on the F'-theory side and on the
heterotic side. On the F-theory side, the singularities of the CY hypersurface give
rise to the gauge groups, but on the heterotic side the singularities can give an
enhancement of the gauge group if «small» instantons of the gauge bundle lie on
these singularities [20]. This question has been studied in terms of the numbers
of instantons placed on a singularity of type GG, where G is a simply-laced group.
Studies of groups associated with singularities of K3 spaces are also interesting
because elliptic CY,, (n = 3,4) manifolds with K3 fibers can be considered to
study F-theory dual compactifications of the Fg x Fg or SO(32) string theory.
To do this in toric geometry, it is possible to consider the K3 polyhedron fiber as
a subpolyhedron of the C'Y,, polyhedron, and the Dynkin diagrams of the gauge
groups of the type-I1A string (F'-theory) compactifications on the corresponding
threefold (fourfold) can then be seen precisely in the polyhedron of this K3
hypersurface. By extension, one could consider the case of an elliptic C'Y; with
CY3 fiber, where the last is a CY hypersurface with K3 fiber. We give in
Section 8 several detailed examples of group structures associated with chains of
K3 spaces, which our algebraic approach equips us to study systematically.

Finally, Section 9 provides a brief discussion of C'Y3 manifolds and describes
how additional CY spaces can be constructed at higher levels as the intersections
of multiple polynomial loci. This discussion is illustrated by the examples of
higher-level C'Y; and K3 spaces obtained via our construction of lower-level
K3 and CY3 spaces. We find, for example, 7 new polyhedra describing C'Y;
spaces given by «level-one» intersections of pairs of polynomial loci, and three
new «level-two» polyhedra given by triple intersections of polynomial loci. In
looking for higher-level K3 spaces, we start from 100 types of extended vectors
in five dimensions, corresponding to 10270 distinct vectors when permutations are
taken into account. We find that these give rise to 4242 two-vector chains of C'Y3
spaces, 259 triple-vector chains and 6 quadruple-vector chains. Analyzing their
internal structures, we find 730 new K3 polyhedra at level one, of which 146 can
be obtained as intersections of polynomials corresponding to simple polyhedra
(points, line segments, triangles and tetrahedra). A complete characterization of
higher-level K3 spaces given by multiple intersections of polynomial loci lies
beyond our present computing scope, and we leave their further study to later
work.

2. CALABI-YAU SPACES AS TORIC VARIETIES

We recall that an n-dimensional complex manifold is a 2 - n-dimensional
Riemannian space with a Hermitean metric

ds® = g5-dz'-dz’ : gij=g;5=0, g =0y 2.1)
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on its n complex coordinates z;. Such a complex manifold is Kéhler if the (1,1)
differential two-form

]. . i _3
QO = §-z-gi3-dz AdZ, (2.2)

is closed, i.e., d©2 = 0. In the case of a Kihler manifold, the metric (2.1) is
defined by a Kéhler potential:

B 82K(zi,23)

o 25 23
Jij 0240zI 23)

The Kéhler property yields the following constraints on components of the Cristof-
fel symbols:

i, =T =T, =0,

ik
I, =T, =g"°- %, (2.4)
yielding in turn the following form
R;. = _ar% (2.5)
K 027

for the Ricci tensor.

Since the only compact submanifold of C™ is a point [21], in order to
find nontrivial compact submanifolds, one considers weighted complex projec-
tive spaces, CP"(ki, kg, ..., knt1), which are characterized by (n + 1) quasi-
homogeneous coordinates 21, ..., 2,41, With the identification:

(Z1, ey Zng1) ~ ()\kl TR L Zn41)- (2.6)

The loci of zeroes of quasi-homogeneous polynomial equations in such weighted
projective spaces yield compact submanifolds, as we explain in more detail in
the rest of Section 2, where we introduce and review several of the geometric
and algebraic techniques used in our subsequent classification. Other compact
submanifolds may be obtained as the complete intersections of such polynomial
zero constraints, as we discuss in more detail in Section 9.

2.1. The Topology of Calabi-Yau Manifolds in the Polyhedron Method.
A CY variety X in a weighted projective space CP"(k) = CP"(k1, ..., knt1) is
given by the locus of zeroes of a transversal quasi-homogeneous polynomial @
of degree deg (p) = d, with d = Y77 k; [7,13-15,21-29]:

X = Xq(k) = {[z1, ..., xny1] € CP"(k)|p(x1, ... Tnt1) = 0}. 2.7
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The general polynomial of degree d is a linear combination
p=> cpzt (2.8)
m

of monomials z#* = x4 24?...2!" " with the condition:

p-k =d 2.9)

We recall that the existence of a mirror symmetry, according to which each
Calabi—Yau manifold should have a dual partner, was first observed pragmatically
in the literature [11-14,27]. Subsequently, Batyrev [7] found a very elegant way
of describing any Calabi—Yau hypersurface in terms of the corresponding Newton
polyhedron, associated with degree-d monomials in the CY equation, which is the
convex hull of all the vectors p of degree d. The Batyrev description provides a
systematic approach to duality and mirror symmetry.

To each monomial associated with a vector p of degree d, i.e., u-k = d,
one can associate a vector ' = p — eg : €9 = (1,1,...,1), so that p -k =0.
Using the new vector p , hereafter denoted without the prime ('), it is useful to
define the lattice A:

A={pecZ n-k=0} (2.10)

with basis vectors e;, and the dual lattice A* with basis e;, where €7 - ¢; = ij.
Consider the polyhedron A, defined to be the convex hull of {u € A : p; >
—1,Vi}. Batyrev [7] showed that to describe a Calabi—Yau hypersurface®, such
a polyhedron should satisfy the following conditions:

e The vertices of the polyhedron should correspond to the vectors g with
integer components.

e There should be only one interior integer point, called the centre.

e The distance of any face of this polyhedron from the centre should be
equal to unity.
Such an integral polyhedron A is called reflexive, and the only interior point of
A(ky 4+ ...+ ky41 = d) may be taken as the origin (0, ...,0). Batyrev [7] showed
that the mirror polyhedron

AN ={rvelN v -p>-1Vue A} (2.11)

of any reflexive integer polyhedron is also reflexive, i.e., is also integral and
contains one interior point only. Thus Batyrev proved the existence of dual pairs
of hypersurfaces M and M’ with dual Newton polyhedra, A and A*.

*I.e., with trivial canonical bundle and at worst Gorenstein canonical singularities only.
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Following Batyrev [7], to obtain all the topological invariants of the K3, CY 3,
etc., manifolds, one should study the reflexive regular polyhedra in three, four,
etc., dimensions. For this purpose, it is useful to recall the types of polyhedra and
their duality properties. In three dimensions, the Descartes—Euler polyhedron for-
mula relates the numbers of vertices, Vg, the number of edges, /N7 and numbers
of faces, Ns:

1— No+ Ny — Ny, +1=0. (2.12)

This formula yields:
1-4+6-4+1=0
1-8412-6+1=0
1-6+12-8+41=0 {4,3} : Octahedron

1-204+30-12+1=0 {5,3} : Dodecahedron
1—-12+30—-20+1=0 = {3,5}: Icosahedron (2.13)

{3,3} : Tetrahedron

=
= {3,4} : Cube
=
=

in the particular cases of the five Platonic solids, with the duality relations 7T,
C—0,D 1

As we shall see later when we consider the K3 classification, it is interesting
to recall the link between the classification of the five ADE simply-laced Cartan—
Lie algebras and the finite rotation groups in three dimensions, namely, the
cyclic and dihedral groups and the groups of the tetrahedron, octahedron (cube)
and icosahedron (dodecahedron): G = C,, D,,T,O, I, corresponding to the
Ay, D, series and the exceptional groups E¢ 7 g, respectively [30]. Any cyclic
group C), of order n may be represented as the rotations in a plane around an
axis Oz through angles (2-m - 7)/n for m =0,1,2,...,n — 1. This symmetry is
realized by the group of symmetries of an oriented regular n-gon. The dihedral
group D,, consists of the transformations in C,, and in addition n rotations
through angles 7 around axes lying in planes orthogonal to Oz, crossing Ox and
making angles with one another that are multiples of (2 -x)/n. This group has
order 2 -n. In the case of three-dimensional space, there are three exceptional
examples T', O, I of finite groups, related to the corresponding regular polyhedra.
The order of the corresponding G is equal to the product of the number of the
vertexes of the regular polyhedra with the number of edges leaving the vertex:

IT| = |A4] = 12,
O] = [Sa] = 24,
11| = |As| = 60. (2.14)

The dual polyhedron, whose vertices are the midpoints of the faces of the corre-
sponding polyhedron, has the same group of symmetry, G,;. The finite groups
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of orthogonal transformations in three-dimensional space do not consist only of
rotations. It is remarkable to note that every finite group of rotations of three-
space that preserves the sphere centred at the origin can be interpreted as a
fractional-linear transformation of the Riemann sphere of a complex variable.

Finally, we recall that all K3 hypersurfaces have the following common
values of the topological invariants: the Hodge number h;; is 20, the Betti
number by, = 22, and we have

Pic=hyy—(U(A) —4- > I'(6) < 20 (2.15)
e

for the Picard number, where [(A) is the number of integer points in the polyhe-
dron and I’(0) is the number of integer interior points on the facets.

In the case of the CY3 classification, a corresponding important role will be
played by the structure and the duality properties of the four regular polyhedra
known in four-dimensional Euclidean space [31]. The Descartes—Euler formulae
for these cases become:

1-54+10-104+5-1=0
1-16+32-244+8—-1=0
1-8+24-32+16—-1=0
1-244+96-96+24—-1=0
1—-600+1200—-7204+120—-1=0
1—-1204 720 —-12004600—-1=0

{3, 3,3} : Pentahedroid
{3,3,4} : Hypercube
{4,3,3} : 16-hedroid
{3,4,3} : 24-hedroid
{3,3,5} : 120-hedroid
{5,3,3} : 600-hedroid

A

(2.16)

with the duality relations P« P, H<«16-hedroid, 24-hedroid«24-hedroid,
120-hedroid«600-hedroid.

We do not discuss these relations further in this paper, but do recall that each
mirror pair of CY spaces, Mcy and Mg+, has Hodge numbers that satisfying the
mirror symmetry relation [7,15]:

hi1(M) = hg_11(M"),
ha_11(M) = hyi(M*). 2.17)

This means that the Hodge diamond of Mg is a mirror reflection through a
diagonal axis of the Hodge diamond of Mcvy. The existence of mirror symmetry
is a consequence of the dual properties of CY manifolds. A pair of reflexive poly-
hedra (A, A*) gives a pair of mirror CY manifolds and the following identities
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for the Hodge numbers for n > 4:

hi1(A) = hg_11(A%) =
= (&) —@d+2)— > IO+
codim®*=1
+ M oorene, (2.18)
codim©®*=2
hii (&%) = he—11(D) =
= UA)—(d+2) - Y l(O)+
codim©®=1
+ ) re)re, (2.19)
codim©®=2
hpi= Y. 1(©):1(©), 1<p<d-1. (2.20)

codim®*=p+1

Here, the quantities [(©) and I’(©) are the numbers of integer points on a face
© of A and in its interior, and similarly for ©* and A*. An [-dimensional face
O can be defined by its vertices (v;, = ... = v;, ), and the dual face defined by
0* ={me A*: (m,v;,)=,....,= (m,v;, ) = —1} is an (n — — 1)-dimensional
face of A*. Thus, we have a duality between the [-dimensional faces of A
and the (n — [ — 1)-dimensional faces of A*. The last terms in (2.18), (2.19)
correspond to the «twisted» contributions, and the last term corresponds to d = 4.
In this case, if the manifold has SU(4) group holonomy, then hy o = hi9 = 0,
and the remaining nontrivial Hodge number hs 5 is determined by:

h272 = 2[22 + 2h171 + h371 — h271]. (221)

Some further comments about C'Y3 spaces are made in Section 9.

2.2. The Web of CY Manifolds in the Holomorphic-Quotient Approach to
Toric Geometry. It is well known that weighted projective spaces are examples
of toric varieties [32]. The complex weighted projective space C'P™ can be
defined as

_ -0

Pn
C o

(2.22)
with the action C*:

(1, 0oy Tnp1) = Wz, Nt ) N € O\ (2.23)
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The generalization of the projective space C'P™ to a toric variety can be expressed
in the following form:
c"r — Zs

U = W, (2.24)
where, instead of removing the origin, as in the case of a simple projective space,
here one removes a point set Zs;, and one takes the quotient by a suitable set of
C* actions. Thus, to understand the structure of certain geometrical spaces in the
framework of toric geometry, one must specify the combinatorical properties of
the Zys, and the actions C*.

In the toric-geometry approach, algebraic varieties are described by a dual
pair of lattices M and N, each isomorphic to Z™, and a fan ¥* [32] defined
on Ng, the real extension of the lattice N. In the toric-variety description,
the equivalence relations of projective vectors can be considered as diagrams in
the lattice IV, in which some vectors v; satisfy linear relations (see later some
examples in P%(1,1,1), P%(1,1,2), P%(1,2,3) projective spaces). The complex
dimension of the variety coincides with the dimension of the lattice N. To
determine the structure of a toric variety in higher dimensions d > 2, it is useful
to introduce the notion of a fan [32,33]. A fan X* is defined as a collection of
r-dimensional (0 < 7 < d) convex polyhedral cones with apex in 0, with the
properties that with every cone it contains also a face, and that the intersection
of any two cones is a face of each one.

In the holomorphic-quotient approach of Batyrev [7] and Cox [29], a single
homogeneous coordinate is assigned to the system Uy of varieties, in a way
similar to the usual construction of P". This holomorphic-quotient construction
gives immediately the usual description in terms of projective spaces, and turns
out to be more natural in the descriptions of the elliptic, K3 and other fibrations
of higher-dimensional CY spaces.

One can assign a coordinate 2z, : K = 1,..., N to each one-dimensional cone
in 3. The integer points of A* N [NV define these one-dimensional cones

(1}1,...,1}]\/‘) :El* (225)

of the fan >*. The one-dimensional cones span the vector space Np and satisfy
(N — n) linear relations with nonnegative integer coefficients:

> ku =0, K >0 (2.26)
1
These linear relations can be used to determine equivalence relations on the space

CN\Zs«. A variety Us- is the space C\Zs- modulo the action of a group
which is the product of a finite Abelian group and the torus (C*)(N="):

(21, ey 2n) ~ (WS 21,y AB 2, G =1,.., N —n. (2.27)
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The set Zy« is defined by the fan in the following way:

s = U((zl, e 2N)|z = 0,Vi € 1), (2.28)
I
where the union is taken over all index sets I = (i1, ..., %) such that (v, ..., v;,)

do not belong to the same maximal cone in X*, or several z; can vanish simul-
taneously only if the corresponding one-dimensional cones v; are from the same
cone. It is clear from the above definitions that toric varieties can have often
singularities, which will be very important for understanding the link between the
topological properties of Calabi—Yau hypersurfaces and Cartan—Lie algebras: see
the more systematic discussion in Section 8. The method of blowing up (blowing
down) these singularities was developed in algebraic geometry: it consists of re-
placing the singular point or curve by a higher-dimensional (lower-dimensional)
variety. The structure of the fan ¥* determines what kind of singularities will
appear in Calabi—Yau hypersurfaces. For example, if the fan X* is simplicial,
one can get only orbifold singularities in the corresponding variety [33].

The elements of ¥ are in one-to-one correspondence with divisors

D,, = Us;,, (2.29)

which are subvarieties given simply by z; = 0. This circumstance was used [34]
to give a simple graphic explanation of Cartan-Lie algebra (CLA) diagrams,
whose Coxeter number could be identified with the intersections of the divisors
D,,.

Two divisors, D, and D,,, can intersect only when the corresponding one-
dimensional cones v; and v; lie in a single higher-dimensional cone of the fan
>*. The divisors D,, form a free Abelian group Div (Ux~). In general, a divisor
D € Div (Ux-) is a linear combination of some irreducible hypersurfaces with
integer coefficients:

gD =) a;-D,,. (2.30)

If a; > 0 for every 4, one can say that D > (. For a meromorphic function f
on a toric variety, one can define a principal divisor

(f) = > ordp,(f) - Di, (2.31)

where ordp, (f) is the order of the meromorphic function f at D;. One can further
define the zero divisor (f)o and the polar divisor (f)in¢ of the meromorphic
function f, such that

(f) = (flo = (f)int- (2.32)
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Any two divisors D1, Do are linearly equivalent: Dy ~ Do, if their difference is
a principal divisor, D1 — Do = (f) for some appropriate f. The quotient of all
divisors Div (Ux+) by the principal divisors forms the Picard group.

The points of A N M are in one-to-one correspondence with the monomials
in the homogeneous coordinates z;. A general polynomial is given by

N

o= > cen][am (2.33)
l

meEANM =1

The equation p = 0 is well defined and g is holomorphic if the condition
(v,m) 2 =1 VI (2.34)

is satisfied. The c,, parametrize a family Ma of CY surfaces defined by the zero
locus of p.

2.3. Three Examples of C'Y; Spaces. As discussed in Section 1, three
CY7 spaces may be obtained as simple loci of polynomial zeroes associated
with reflexive polyhedra. For a better understanding of the preceding formalism,
we consider as warm-up examples the three elliptic reflexive polyhedron pairs
A; and A}, which define the CY; surfaces P?(1,1,1)[3], P?(1,1,2)[4], and
P?(1,2,3)[6]*. The first polyhedron A; = A(P?(1,1,1)[3]) consists of the
following ten integer points:

2 = o= (=1,2),

T2t = /JéI) = (-1,1),

2z = ,uéI) = (-1,0),

= i) = (-1,-1),

yt = ud = (0,1),

ryz = p§’ = (0,0),

oty = i = (0,-1),

e = ui) = (1,0),

o = ) = (1,-1),

v =y = (2,-1) (2.35)

*Here and subsequently, we use the conventional notation for such surfaces in n-dimensional
projective space: P™(k1, ko, ...)[k1 + k2 + ...].
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and the mirror polyhedron A} = Projective vector k= (1,1,1) [3]
= A*(P?(1,1,1)[3]) consists of one interior 5 5 A
point and three one-dimensional cones: : .
o’ = (0,1),
v = (1,0),
WP = (—1,-1) (2.36)
3 = , . .

We use as a basis the exponents of the fol-
lowing monomials:

(=1,1,0), CONGS)=10 N(S*) = 4

§=9/2 S§*=3/2
(_1’ 0, 1)’ (2.37) Dual pair of triangles S and S*

yQZ — e

y22 — €2

where the determinant of this lattice coin-
cides with the dimension of the projective
vector k = (1,1,1) (see Figure 2):

Fig. 2. The dual pair of reflexive
plane polyhedra defined by the projec-
tive vector (1,1,1) with N(S) = 10

o _ and N(S*) = 4 integer points, re-
det{es, ez, €0} = dim(k) =3, (2.38) spectivély.)SL(Q,Z) transformations
produce an infinite number of dual-
pair triangles, conserving the areas
S =9/2 and S* = 3/2, respectively

where eq is the unit vector (1,1,1).

For this projective vector there exist 27
possibilities of choosing two monomials for
constructing the basis. Of course, all these bases are equivalent, i.e., they are
connected by the SL(2, Z) modular transformations:

a b
Lij = (c d)’

where a,b,c,d € Z and ad — bc = 1. For the mirror polyhedron obtained from
this vector, the basis should correspond to a lattice with determinant three times
greater than (2.38), namely nine, for example:

e = (_1527_1)7
e; = (—1,-1,2), (2.39)

with
det{el, €q, eo} = dlm(k) = 9, (240)

where e is again the unit vector (1,1,1).
To describe this toric curve, one should embed it in the toric variety

P? = (C*\0)/(C\0), (2.41)
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where the equivalence relation
(z1,22,23) ~ (Az1, Az, Ax3) for A € C\0 (2.42)
is a consequence of the equation:

(1 (1

g gl g5 0l =0, (2.43)

where the ¢; = 1, i = 1,2, 3 are the exponents of A\. The corresponding general
polynomial describing a CY surface is (setting z; = x;):
o1 = x‘f -+ x% -+ x§ + x12223 + x%xg =+
+ J)%JT3 + x%xl + 1‘31‘3 + m%xl + x%mg, (2.44)
and the Weierstrass equation can be written in the following form:

vz =a4a-x-y> + b2 (2.45)

Projective vector k= (1, 1, 2) [4]

where we have set 1 = x,x0 = y, 23 = 2.
The second dual pair of triangle polyhe-

dra A;;r = A(P%(1,1,2)[4]) and its mirror

A%, = A*(P?(1,1,2)[4]) have nine points

y' = " = (-1,2),
wt = i = (-1,1),
x2y2 — M(H) (—-1,0),
Py = uf" = (-1,-1),
ot = i = (-1,-2),
: : : yQZ g M(H) = (0,1),
N )
Dual pair of triangles S and §* 222 = ud" = (0,-1),
2 = P = (1,0, (246)

Fig. 3. The dual pair of reflexive plane
polyhedra defined by the projective
vector (1,1,2) with N(S) = 9 and
N(S*) = 5 integer points, respec-
tively. SL(2, Z) transformations pro-

and five points, respectively (see Figure 3).
We use as a basis the exponents of the
following monomials:

duce an infinite number of dual-pair 9 _
triangles, conserving the areas S = 4 = er=(-1,-11),
and S™ = 2, respectively vz = ey = (-1,1,0), (2.47)
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where the determinant of this lattice coincides with the dimension of the projective
vector k = (1,1, 2):

det {el,eg,eo} = dlm(k) = 4, (248)

where e is again the unit vector (1,1,1).
To get the mirror polyhedron with five integer points, four on the edges and
one interior point, one should find a basis with lattice determinant twice (2.48),

namely eight, for example:

€ = (_17_171)a
ey = (—2,2,0). (2.49)

The following four points define four one-dimensional cones in X1 (A%;):

o’ = (1,0),

v = (=1,0),

v = (=1,-1),

o = (=1,1). (2.50)

Using the linear relations between the four one-dimensional cones, the corre-
sponding (C*)? is seen to be given by (z; = x;):

(X15 X25 X3, X4) = (A®X1, AX2,s X3, 1X4), (2.51)

and the general polynomial has the following nine terms:

OII = X5X3 T X3XaX4 T X3X3XG + XBNsXi + XXi +
+ 0 x1IX2XE F X1XeXaX4 + Xixexd + X3 (2.52)

in this case.

The vectors k = (1,1,1) and k = (1, 1,2) have three common monomials
and a related reflexive segment-polyhedron, corresponding to the projective vector
ko = (1,1) of CP'. This circumstance can be used further in the construction
of the projective algebra in which these two vectors appear in the same chain.

The last C'Y; example involves the plane of the projective vector k= (1,2, 3),
whose polyhedron Ar;; = A(P?%(1,2,3)[6]) and its mirror partner A%, =
= A*(P?(1,2,3)[6]) both have seven self-dual points, and one can check the
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Projective vector k= (1, 2, 3) [6] existence of the following six one-dimen-
sional cones (see Figure 4):

2 = 5”” = (1,0),
2yt = o = (-1,0),
1z = é =(0,1),
= o = (-1, ),
rty = é =(-1,1),
20 = " = (-1,2). (253)
N(S) =7 NS =17 We use as a basis the exponents of the fol-
§=3 §=3 lowing monomials:
Self-dual pair of triangles S and S*
22 = e =(-1,-1,1),
Fig. 4. The self-dual pair of reflexive 3 — es = (2,—1,0) (2.54)
plane polyhedra defined by the pro- o
jective vector (1,2,3) with N(S) = where the determinant of this lattice coincides

= 7 and N(S7) = 7 integer points. ith the dimension of the projective vector
SL(2, Z) transformations produce an . _ (1,2,3):
) ? M

infinite number of the dual-pair trian-
gles, conserving the areas S = 3 and det{e1,es,ep} = dim(k) =6. (2.55)
S* = 3, respectively
As in the case of the two projective vectors
k = (1,1,1) and k = (1,1,2), the vectors
k = (1,1,2) and k = (1, 2, 3) also have three common monomials, corresponding
to the reflexive segment polyhedron described by the vector ky = (1,1) in CP!
projective space. Hence these vectors will appear in the second chain of the plane
projective algebra.

Thus one can see that, with these three plane projective vectors, k = (1,1, 1),
k=(1,1,2), k = (1,2, 3), one finds only triangle reflexive polyhedra intersecting
the integer planar lattice in 10 +4*, 9+ 5%, 7+ 7* points. Of course, on the plane
one can find other reflexive polyhedra, whose intersection with the integer plane
lattice will give new C' P! surfaces corresponding to different polygons with more
than three vertices, such as a reflexive pair of square and rhombus. These new
figures can be obtained using the techniques of extended vectors.

In the following, we will go on to study reflexive polyhedron pairs in three-
dimensional space. The corresponding general polynomial can be expressed in
terms of six variables, and contains seven monomials:

2 2, .22 2 2,23 2.3
QIIr = 2123t 2523252525 + 2122252525 + 252,25 +

2,2, 3.4 ,2,3,4.6
+ 252324252 + 252525 2¢ + 212223242526 (2.56)
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The C** action is determined by the following linear relations:

vyzz) i vélm —0,

2v§111) I UZ(LIII) + véIII) =0,

U§IH) 4 UéHI) i UELHI) =0,

3U§IH) I 21}‘(1111) n Uénz) -0 (2.57)

between the elements of ¥1(Aj;;), and is given by
(21, 22, 23, 24, 25, 26) — (MPVP’ 21, A2g, vag, jwp’za, pzs, pzg).  (2.58)

One can introduce the following birational map between P?(1,2,3)[6] and Us-:

2223 = y3, (2.59)
z§z225 = yg’, (2.60)
z%zgzgzg =95 (2.61)

Then, a dimensionally-reduced example of a CY manifold embedded in a toric
variety is described by the weight vector & = (1,2, 3) and the zero locus of the
Weierstrass polynomial

o=y + Y5 + Y3 + yiyeys + yive + yivs + vivs. (2.62)

The elliptic Weierstrass equation can be written in the weighted projective space
P2(1,2,3)[6] as

V=3 +a-z-2* +0b-2° (2.63)
with the following equivalence relation
(z,y,2) ~ (Nx, X3y, \2), A e C\0 (2.64)

in this case.

These examples illustrate how toric varieties can be defined by the quotient
of C*\Zs, and not only by a group (C\0)*~™. One should divide C*\Zx
also by a finite Abelian group G(v1, ..., vk ), which is determined by the relations
between the D,,, divisors. In this case, the toric varieties can often have orbifold
singularities, C¥\G. For example, the toric variety defined by (2.63) looks near
the points y = z =0 and = = z = 0 locally like C?\Z, (related to the SU(2)
algebra) and C?\Z3 (related to the SU(3) algebra), respectively, as seen in
Figure 5.
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The fan for P(1, 2, 3) The fan for the blow-up of P(1, 2, 3)

o o ZJ), f o o o (e] o o U}f‘ o

[e] [e] [¢]

(o] o] o

[e] [¢] [¢]

e} e} (e}
v~ SU(2)

(v, 0,) = SUQ3)

Fig. 5. The toric variety P(1,2,3) with two orbifold singularities at the points y = z = 0
and z = z = 0 can be blown up by extra divisors D(v,) and D(vs), D(v:), respectively

3. GAUGE GROUP IDENTIFICATIONS FROM TORIC GEOMETRY

3.1. Calabi-Yau Spaces as Toric Fibrations. As discussed in Section 2,
any Calabi—Yau manifold can be considered as a hypersurface in a toric variety,
with a corresponding reflexive polyhedron A with a positive-integer lattice A,
associated with a dual polyhedron A* in the dual lattice A*. The toric variety is
determined by a fan ¥*, consisting of the cones which are given by a triangulation
of A*. A large subset of reflexive polyhedra and their corresponding Calabi—Yau
manifolds can be classified in terms of their fibration structures. In this way, it is
possible, as we discuss later, to connect the structures of all the projective vectors
of the one dimensionality with the projective vectors of other dimensionalities,
and thereby construct a new algebra in the set of all «reflexive» projective vectors
that gives the full set of C'Yy hypersurfaces in all dimensions: d = 1,2, 3, ...

In order to embark on this programme, it is useful first to review two key op-
erations, intersection and projection, which can give possible fibration structures
for reflexive polyhedra [34]:

e There may exist a projection operation 7 : A — A,,_, where A,,_j is an
(n — k)-dimensional sublattice, and 7(A) is also a reflexive polyhedron, and

e there may exist an intersection projection .J through the origin of a reflexive
polyhedron, such that J(A) is again an (n —[)-dimensional reflexive polyhedron,
and

e these operations may exhibit the following duality properties:

(A) & J(AY)
J(A) & II(AY). 3.1)
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For a reflexive polyhedron A with fan ¥ over a triangulation of the facets of A*,
the CY hypersurface in variety Oy, is given by the zero locus of the polynomial:

N
o= X T[T @2

wEANM i=1

One can consider the variety Uy, as a fibration over the base Uy, with generic
fiber Uxy,.,. This fibration structure can be written in terms of homogeneous
coordinates. The fiber as an algebraic subvariety is determined by the polyhedron
Afper C Ay, whereas the base can be seen as a projection of the fibration along
the fiber. The set of one-dimensional cones in Xi,,4e (the primitive generator of
a cone is zero or v;) is the set of images of one-dimensional cones in Xcvy (with
primitive generator v;) that do not lie in Ngper. The image Yy a5 of Xy under
II: Noy — Npase gives us the following relation:

Mv; = ) -9, (3.3)

if IIw; is in the set of one-dimensional cones determined by v, 7"{ € N, otherwise
=0
;=0.

Similarly, the base space is the weighted projective space with the torus
transformation:

Gty Bg) ~ NG Fy, AN Eg), j=1,.,N 7, (3.4)

where the I;;; are integers such that ) j lz;f v; = 0. The projection map from the
variety Uy, to the base can be written as

- Tl
# =]}, (3.5)
J
corresponding to the following redefinitions of the torus transformation for z;:

O:d — N7 a, Yk ol i =0 (3.6)
In the toric description of K3 surfaces with elliptic fibers, denoted by A*gper,
one can consider the following divisors: Dfper, Dsections Dv, and D,,. The last
pair of divisors correspond to lattice points of A* that are «above» or «below»
the fiber, respectively. Let us consider the case when all divisors D,,, (or D,,)
shrink to zero size. In this case, there appears a K3 hypersurface with two point
singularities, which belong to the ADE classification. The process of blowing up
these singularities gives the primordial & 3 manifold, and its intersection structure
is given by the structure of the edges. The Cartan—Lie algebra (CLA) diagrams
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of the gauge groups that appear when the exceptional fibers are blown down to
points are nothing but the edge diagrams of the upper and lower parts of A*
without vertices, respectively. A simple well-known example with elliptic fiber
and with base P! is given by the following Weierstrass equation for the fiber:

yP=a3 + f(z1,22) - x- 24+ g(z1, 22) - 28, (3.7)

where the coefficients f(z1, 22), g(21, 22) are functions on the base.

In the following parts of this Section, we discuss some examples of K3
spaces from our general classification, and explain the identification of their
corresponding gauge groups.

3.2. Examples of K3 Toric Fibrations with J = II Weierstrass Structure.
As a first example, we consider the case of the elliptic K3 hypersurface with
elliptic fiber P?(1,2,3)[6] defined by the integer positive lattice with basis (we
explain this lattice basis later in terms of our algebraic description):

e -m n 0 0
e2 = —2 —2 ]. O )
es3 -1 -1 -1 1

where we consider the following 12 pairs of integer numbers (m,n) which are
taken from the numbers: 1,2,3,4,5,6,

{(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,5) (3,4), (4,5), (5,6)}.

With this choice of the pairs, the basis above determines a self-dual set of 12
projective k4 vectors:

m=1,n=1 = ky=(1,1,4, 6)[12], < (5,6,22,33)
m=1,n=2 = ky=(1,2,6, 9)[18], < (3,5,16,24)
m=1,n=3 = ky=(1,3,8, 12)[24], <> (2,5,14,21)
m=1,n=4 = kg =(1,4,10,15)[30], < DI
m=1n=5 = ky=(1,5,12,16)[36], <= self-dual
m=1n=6 = ky=(1,6,14,21)[42], <= self-dual
m=2n=3 = ky=(2,3,10,15)[30], <= self-dual
m=2n=5 = ky=(2,5,14,21)[42], < (1,3,8,12)
m=3n=4 = ky=(3,4,14,21)[42], < DI’
m=3n=5 = ky=(3,5,16,24)[48], < (1,2,6,9)
m=4,n =5 = kg =(4,5,18,27)[54], « DI
m=5n=6 = ky=(506,2233)[66], = (1,1,4,6).  (3.8)
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Later this set will emerge as the intersection-projection symmetric X IX chain
(J = II) of our algebraic classification. In this example, one can see that the
projective vectors corresponding to the tetrahedra produce a self-dual set. We
also show in (3.8) the duality relations between six other vectors and some of the
vectors from Table 1.

However, three of the projective vectors in (3.8), ks = (1,4,10,15)[30],
(3,4,14,21)[42] and (4, 5,18, 27)[54], correspond to polyhedra with five vertices,
and their duals can be found among higher-level K3 spaces. They are found
by double intersections (DI) among the five-dimensional extensions of the K3
vectors shown in Table 1:

ks = (1,4,10,15)[30] F2i {k¢" = (0,1,6,8,15)[30]} [
[{kE™ = (6,1,0,14,21)[42]},
ks = (3,4,14,21)[42] B {k&" = (2,1,0,6,9)[18]} )
(k™ = (0,1,2,4,7)[14]},
ky = (4,5,18,27)[54] L {ke” = (1,0,1,4,6)[12]} )
(k" = (0,1,1,3,5)[10]} (3.9)

as discussed in more detail in Section 6.
The ascending Picard numbers for polyhedra in this chain include:

(A(P?(1,6,14,21)[42]) : ® = 24(24%), Pic = 10(10%)
~ (A(P3(1,5,12,18)[36]) : R = 24(24%), Pic = 10(10%)
C (A(P3(1,4,10,15)[30]) : X = 25(20%), Pic = 9(11%)
C (A(P3(1,3,8,12)[24]) : ® = 27(15%), Pic = 8(14%)
C (A(P3(1,2,6,9)[18]) : R = 30(12%), Pic = 6(16%)
C (A(P3(1,1,4,6)[12]) : R = 39(9), Pic = 2(18%) C ......... (3.10)

In the case of the mirror polyhedron chain, there is the inverse property:
A*(P3(1,6,14,21)[42]) corresponds to the maximal member of the set of mirror
polyhedra. These Picard numbers are listed in Table 1, together with those of the
other K3 spaces.

In the chain (3.8), the mirror polyhedra, A*, have an intersection plane Hj, .
through the interior point which defines an elliptic-fiber triangle with seven integer
points, P%(1,2,3)[6] (see Figures 6,7):

Afper = A" () Hiper- (3.11)
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The dual pair of projective vectors k= (1, 1,4, 6) [12] and k= (5, 6, 22, 33) [66]

u? e : ; :
m 3 7 invariant monomials

u?
¥*yu
Xyzu
23
x2y222
xtytz
x6y0

The dual pair of reflexive polyhedra S and S*: %g)*):jgg Zggl)::lzz

Fig. 6. The dual pair of reflexive planar polyhedra defined by the eldest projective
vector (1,1,4,6) with N(S) = 39 and the youngest projective vector (5,6,22,33) with
N(S*)=9 integer points (marked by circles), respectively. SL(3, Z) transformations pro-
duce an infinite number of dual pairs of tetrahedra, conserving the volumes Vol (S) = 12,
Vol (S*) = 6, respectively

By mirror symmetry in the polyhedron A, a projection operator 7 can be defined:
m: M — M,_1, where M,,_; is an (n—1)-dimensional sublattice, such that 7w(A)
is a reflexive polyhedron in M,,_;. This reflexive polyhedron also consists of
seven points, so it is self-dual. Also, one can find a planar intersection H through
A and through the interior point, which also produces the reflexive polyhedron
with seven points, namely the fiber P2(1,2, 3)[6] (see Figures 6,7):

Asier = A (1) Hiiver- (3.12)

The dual pair of tetrahedra A(P3(1,1,4,6)[12]) and A(P3(5, 6,22, 33)[66]) con-
sist of 39 and 9 points, respectively, as seen in Figure 6. They are the biggest and
smallest polyhedra in the chain (3.8), and all other tetrahedra in this chain can
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The self-dual projective vectors k= (1, 6, 14, 21) [42] and k= (2, 3, 10, 15) [30]

2

7 Weierstrass monomials

x*2 N(S1)=N(S1%) =24

The self-dual reflexive polyhedra S1 and S2: V(S1)=W(S1) =7
N(S2)=N(S2*)=18
V(82)=V(S2*)=5

Fig. 7. The self-dual polyhedra in the chain XIX determined by projective vector (1,6,14,21)
with N(S1) = 24 and vector (2,3,10,15) with N(S2) = 18 integer points, respectively.
SL(3, Z) transformations produce an infinite number of dual pairs of tetrahedra, conserving
the volumes Vol (S1) = 7 and Vol (52) = 5, respectively

be found in this Figure. This contains, in particular, the two self-dual polyhedra
A(P3(1,6,14,21)[42]) and A(P3(2,3,10,15)[30]) consisting of 24 + 24* and
18 + 18* points, respectively, as seen in Figure 7:

(anv 1)7 (07 ]-7 _1)7 (_17 _27 _1)7 (6a _2a _1)a
(0,0,1), (0,1,-1), (=2,-2,-1), (3,—-2,—1). (3.13)

We now consider the intersection of the three-dimensional polyhedron
A(P3(1,6,14,21)[42]) with the two-dimensional plane H through the interior
point. The intersection of this plane with the polyhedron, H () A, forms a reflex-
ive polyhedron fiber P?(1,2,3) with seven points. The equation of this plane in
canonical coordinates j1, 2, 3 is: mq = 0. The fiber consists of the following
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polyhedron points:

vg = (0,0,0),

v = (0,-1,0),

vy = (0, O_)

vz = (0,1, 1),

v = (0,0,-1),

vy = (0,—1 —1),

vs = (0,2, —1). (3.14)

Here and subsequently, the components of the vector corresponding to the fiber
are underlined.

With respect to this fiber, the base is one-dimensional: P!, and its fan
F5 consists of the divisors corresponding to the interior point and two divisors
corresponding to two rays, Ry = +e; and Ry, = —e;, with directions from
the point (0, —2,—1) to the point (6, —2, —1) and from the point (0, —2,—1) to
(—1,—2,—1), respectively. The points of 7' (R;) (i.e., the points projected onto
R; by 7p) for the rays R;, (i =1 = 4,7 =2 = —) are of the form (+...,b,¢),
where (0,b, ) is the point of the fiber.

The 16 points of 7T]§1(R1) are listed in Table 2: they correspond to the
divisors D,,,, which produce the Fg algebra [34]. Also, from this Table one can
easily read the Coxeter numbers/weights. There is only one point in ﬂgl(Rg),
namely

o = (-1,-2,-1) (3.15)

which therefore does not correspond to any nontrivial group.

Table 2. The points of 75" (R1)

Coxeter # véi) véi) vii) vfli) v(()i)
1 (1,-2,-1) | (1,=1,-1)| (1,=1,0) | (1,0,=1) | (1,0,0)
2 (2,-2,-1) | (2,-1,-1) | (2,-1,0) | (2,0, 1) | — — —
3 (3,—2,-1)|(3,-1,-1)|(3,-1,0)| ——— | ———
4 (4,-2,-1) | (4,-1,-1)| ——— | === | ===
5 (5,-2,-1)| ——-— -— - - | ===
6 6,-2,-1)| ——— -—— —-——— | ==
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3.3. Example of Gauge-Group Identification. Consider again the toric
variety determined by the dual pair of polyhedra A(P3(1,1,4,6)[12]) and its
dual A* shown in Figure 6. The mirror polyhedron contains the intersection H*
through the interior point, the elliptic fiber P?(1,2,3). For all integer points
of A* (apart from the interior point), one can define in a convenient basis the
corresponding complex variables:

vy = (0,-2,-3) — 21,

vy = (0,—1,-2) — 2o,

vy = (0,=1,—-1) — z3,

vy = (0,0,—1) — 24, (3.16)
vo = (0,0,0),

ve = (0,1,0) — 26,

vy = (0,0,1) — 27,

and

(3.17)
Vg = (LM) — 29
There are some linear relations between integer points inside the fiber:
v1 + 2vg + 3vr = 0,
vy + vg + 2-v7 = 0,
vz +vg + v7 = 0,
v +ve +v7 =0 (3.18)
and also the following relation between points in A*:
vg + vg + 4vg + 6vy = 0. (3.19)

The polyhedron A(P3(1,1,4,6)) contains 39 points, which can be subdivided
as follows. There are seven points in the fiber P?(1,2,3), determined by the
intersection of the plane mi1 + 2mo + 3ms = 0 and the positive integer lattice.
This plane separates the remaining 32 points in 16 «left» and 16 «right» points.

These «left» and «right» points define singularities of the E3, and Eg,, types,
respectively, which may be illustrated as follows. The plane
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H(A) = my + 2mg + 3mg contains the following seven points:

tr=(5,=1,—1) — (2529) - (21232373,

to = (3,0,=1) — (2529) - (21232374%0);

ts = (2,=1,0) — (2529) - (2{23232421),

ta=(1,1,-1) — (2323) - (21232320 25), (3.20)
ts = (0,0,0) — (z829) - (22523 27),

te = (1,2, —1) — (222323),

tr7 =(—-1,-1,1) — (232%)

The Weierstrass equation for the FEg, group based on the polyhedron
A(P3(1,1,4,6)) can be written in the form:

23422 (a8 2828 + o 28) +

2t - zg- (af 2825 + af =5 + ol 2z + afV25) +
2 ] ot o 0 oD )
=224 a1 2¢27 28 + 27 (aSP 222d + 0P 2528, (3.21)

The second Weierstrass equation for the Eg, group can be obtained from this
equation by interchanging the variables desrcibing the base: zg <> z9*. The
Weierstrass triangle equation can be presented in the following general form,
where we denote z; = z, 27 = ¥t

y2—|—a1'x'y+a3-y:x3+a2~x2+a4'x+a6, (3.22)

where the a; are polynomial functions on the base. The Weierstrass equation can
be written in more simplified form as:

V=23 +z-f+g, (3.23)

with discriminant
A = 4f3 4+ 274°. (3.24)

In the zero locus of the discriminant, some divisors D; define the degeneration
of the torus fiber.

In addition to the method [34] described above, there is a somewhat different
way to find the singularity type [35]. As we saw in the above example, the

*The coefficients a; correspond to the notations of [35].
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polynomials f and g can be homogeneous of orders 8 and 12, respectively,
with a fibration that is degenerate over 24 points of the base. For this form
of Weierstrass equation, there exists the ADE classification of degenerations of
elliptic fibers. In this approach, the type of degeneration of the fiber is determined
by the orders of vanishing of the functions f, g and . In the case of the general
Weierstrass equation, a general algorithm for the ADE classification of elliptic
singularities was considered by Tate [36]. For convenience, we repeat in Table 3
some results of Tate’s algorithm, from which one can recover the Fs x Eg type
of Lie-algebra singularity for the (1,1,4,6) polyhedron.

Table 3. Lie algebras obtained from Tate’s algorithm [36]: a;.x, = a;/c"

Type Group k(a1) | k(a2) | k(as) | k(as) | k(as) | Ek(A)
Io — 0 0 0 0 0 0
I — 0 0 1 1 1 1
I SU(2) 0 0 1 1 1 1
I3 Sp(2k) 0 0 k k 2k 2k
I3 SU(2k) 0 1 k k 2% 2%
Iieir | SUQE+1) | 0 1 ko k+1|26+1|2%+1
111 SU(2) 1 1 1 1 2 3
1V, SU(3) 1 1 1 2 3 4
e G 1 1 2 2 3 6
I SO(10) 1 1 2 3 5 7
s | SO(4k +1) 1 1 k E+1 2k 2k +3
I3;_3 | SO(4k +2) 1 1 k E+1|2k+1|2k+3
I372, | SO(4k + 3) 1 1 E+1|k+1|264+1|2k+4
Ip_5 | SO(4k +4) 1 1 E+1|k+1|26+1|2k+4
v ns Fy 1 2 2 3 4 8
v=e Es 1 2 2 3 5 8
IIr- Er 1 2 3 3 5 9
Ir- Es 1 2 3 4 5 10

4. THE COMPOSITE STRUCTURE OF PROJECTIVE VECTORS

We now embark in more detail on our construction of the projective vectors
k which determine CY hypersurfaces, as previewed briefly in the Introduction
and based on the polyhedron technique and the concept of duality [7] reviewed
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in Section 2. We develop this construction inductively, studying the structure of
these vectors initially in low dimensions and then proceeding to higher ones.

4.1. Initiation to the Dual Algebra of CY Projective Vectors. Our starting
point is the trivial zero-dimensional «vector»,

ky = (1), 4.1

which defines the trivial self-dual polyhedron comprising a single point, with the
simplest possible associated monomial:

z = =1= 4 =(0). (4.2)

The next step is to consider the only polyhedron on the line R' which is also
self-dual, and whose intersection with the integer lattice on the line contains three
integer points:

py = (=1), gy = (0), py = (+1). (4.3)
The projective vector corresponding to this linear polyhedron is
ko = (17 1); 4.4)

which can be constructed from the k; vector, by the following procedure.
We extend the vector k; to a two-dimensional vector in C'P;, by inserting a
zero component in all possible ways:

k™ = (0,1
' ©.1) (4.5)
ke = (1,0).

The following monomials correspond to these «extended» vectors:

= (v,1) = ¥
vy . (4.6)
po=(1L¢ = x-y
with the arbitrary integer numbers v, £. From all the possible k pairs:

(ke;c’ N kegc/)7 (ke:c” N kex”), (ke;c’ N ke:c”), 4.7)

we select only those whose intersections give a reflexive polyhedron. In this

. . . . . . ’
simple two-dimensional case, only a single pair is so selected, namely k{* and
1’
ke;c .
&

ke (k™ =1, (4.8)
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and the reflexive polyhedron comprises just a single point. The correspond-
ing monomial is x - y, whose degree is unity for both variables: deg, =1 and
deg, = 1. ,

We now introduce a second operation on these «extended» vectors k -,
which is «dual» to the intersection, namely the «sum» operation:

ki |k =k = (0,1) + (1,0) = (1,1). (4.9)
In this simple case, one has three quadratic monomials:

? = = (2,0) = pf = (-1);
zoy=p2 = (1,1) = ph = (0); (4.10)
y? = s = (0,2) = ph = (+1).

If a projective vector is multiplied by a positive integer number m € Z, it still
determines the same hypersurface. Therefore, we should also consider sums of
such vectors, characterized by two positive integer numbers, m, n:

m-k* 4+ n- ke (4.11)

It turns out that, in order to get a reflexive polyhedron with only one interior
point, the numbers m and n have to be lower than certain maximal values: Mmpax
and nyax, respectively. In our first trivial example, we find that

Mmax = 1, Nmax = 1. (4.12)

In general, the set of all pairs (m,n) with m < mmpax and n < nyax generate a
«chain» of possible reflexive polyhedra, which happens to be trivial in this simple
case.

Following the previous procedure, to construct all possible vectors on the
plane we should start from two vectors, k; and ks, «extended» to dimension
three in C'P, space:

’ /

ks = (0,0,1), k§*" = (0,1,0), k{* = (1,0,0),

" . o (4.13)

k2 = (05171)5 kgx = (17150)7 kgx = (15071)
The next step consists in finding all possible pairs of these three-dimensional
vectors whose intersection gives the only reflexive polyhedron of dimension two,
which corresponds to the polyhedron projective vector ko = (1,1). Only two
pairs (plus cyclic permutations) satisfy this constraint:

[kixl(oa 0, 1)] ﬂ [kgxﬁ(lv L O)] = [k2(1a 1)]J (4.14)
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and
(k5™ (0,1, 1)] () [k5™" (1,1,0)] = [ka(1,1)],. (4.15)
In these two cases, the corresponding monomials are:

(E2'Z:>/1,1:(2,0,1) = (_]‘)’
v oz =3 =(0,2,1) = (+1),

and
$2 : 22 = 1= (270a2) = (_]‘)’
voy-z= = (1,1,1) = (0), (4.17)
y2 = p3 = (072a0) = (+1)ﬂ

respectively. These lead to the two following chains:

I, k(1) = 1-K* + 1.k = (L,1,1); m=1,n=1,
k3(2) = 2-k% 4+ 1.k = (1,1,2: m=2,n=1,
Mmax = dim (K" ) =2, npax = dim (k§° ) = 1 (4.18)

and

II. ks(2) = 1-k +1-k%" = (1,1,2: m=1,n=1,
ks(3) = 2-k§ 4+ 1.k = (1,2,3); m=2,n=1,
Mmax = dim (K§") =2, nmax = dim (k§" ) = 2. (4.19)

Where the eldest vectors are given on the first lines of the two preceding equations,
and we note that the vector (1,1,2) is common to both chains.

It turns out that, also in higher dimensions, some k vectors are common to
more than one chain. Thus it is possible to make a transition from one chain to
another by passing through the common vectors. The algebra of projective vectors
with the two operations [ and | should be closed under duality symmetry:

J = 1, (4.20)

where the symbols J and II denote two dual conjugate operations: intersection
and projection, respectively. In this way, all vectors k4 can be found. This
structure underpins the idea of a web of transitions between all Calabi—Yau
manifolds.
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4.2. General Formulation of Calabi—Yau Algebra. In the spirit of the simple
constructions of the previous subsection, we can also construct the corresponding
closed k4 algebra in the case of K3 hypersurfaces. However, before giving the
results, we first briefly formulate a theorem underlying the construction of a k41
projective vector, determining an associated reflexive d + 1-dimensional polyhe-
dron and CY, hypersurface, starting from kg projective vectors, which determine
a d-dimensional reflexive polyhedron with one interior point and a corresponding
CY,_1 hypersurface. This theorem underlies our systematic inductive algebraic
construction of CY manifolds.

The theorem is based on two general points:

e First: from the vector k4, we construct the «extended» vectors kg‘jrl using
the rule:

—1 . X
(+) ko= (k1,eka) 2= K55 = ki, oy 07, o Kg). 4.21)

e Second: we consider only those pairs of all possible «extended» vectors,
k;ﬁ_(f) and kfﬁ(f ) with 0 < 4,7 < d, whose intersection gives the reflexive poly-
hedron of dimension d with only one interior point. We denote this operation
by:

() kS N KEY = kals. (4.22)

The statement of the theorem is:

e If by the rule (*) one can get, from the projective k; vector, a set of
«extended» vectors k;fr(l), 0 < i < d, and for any pair of such «extended» k;fr(f)-
vectors the conditions (**) are fulﬁlled, then the sum of these two «extended»
vectors will give an eldest projective vector k411, which determines a reflexive
polyhedron with only one interior point.

e Two finite positive integer numbers, Nyax, Mmax € £+, exist such that
any linear combination of two vectors kd H(n m), with integer coefficients
M < Mmax; N < Nmax produce a CY hypersurface. We call «chain» the set
of vectors generated by any such pair of «extended» vectors:

p-kily(nom) =m kG + kg,

) ; (4.23)
kd’-jH( 1) = kd’_j‘_l(eld).

o The intersection of the vector k7, (m,n) with the vector k{’ +1 is equal

z(j).
d+1 -

;7 (m, )] (K] = [k (m, )] (KG). (4.24)

to the intersection of this vector with the vector k%"



644 ANSELMO F. ET AL.

We can also formulate a converse theorem:

e If one can decompose a reflexive projective vector k41 as the sum of
two reflexive projective vectors k:1 41 and kg 4 1» then there exists the intersection
of the vector kg1 with either of these two vectors, which defines a projective
vector ky and a reflexive polyhedron with only one interior point.

The above theorem provides a description of all C'Yy 1 hypersurfaces with
d-dimensional fibers in terms of two positive-integer parameters. Similarly, one
can also consider the intersections of three (or more) «doubly-extended» vectors
k;ﬁ_(i), kfﬁ(i/), kfﬁ(i”) (by «doubly-extended» we mean that they may be obtained
by inserting two zero components in ky_; vectors). One should check that this
intersection gives a reflexive polyhedron in the d — 2 space:

KGNSS TS ) = kol (4.25)

In this way, one may obtain a 3,4, ..., < d positive-integer parameter description
of the (d + 1)-dimensional polyhedra with (d — 1), (d — 2), ...-dimensional fiber
sections:

pkapr=m -k 4o kTG 4 kGG (4.26)
Finally, one can obtain additional lists of k41 vectors by using three «extended»
vectors, kgxr, kéﬂ kffj (and similarly using four k", etc.), and a special algebra
of summing these vectors only if the following three conditions are fulfilled:

LG ] (&5 = (ka1

2.0k ] (k'] = [ka-1]7, (4.27)

1"

3.1k ] (ki ] = [kaal; -

In this way, one may obtain a complete description of the positive-integer lattice
which defines all reflexive k vectors.

5. TWO-VECTOR CHAINS OF K3 SPACES

We now embark on a parametrization of the k4 vectors defining K3 hyper-
surfaces with fiber sections. Our description of K3 hypersurfaces is based on
the above understanding of the composite and dual structure of the projective ky
vectors. As already mentioned, we find a link between this structure and the finite
subgroups of the group of rotations of three-space, namely the cyclic and dihedral



TOWARDS AN ALGEBRAIC CLASSIFICATION 645

groups and the symmetry groups of the Platonic solids — the tetrahedron, the
octahedron-cube and the icosahedron-dodecahedron:

e C,:n =123, .. — the cyclic group of finite rotations in the plane
around an axis «1» by the angles o = 27/n;
e D, :n=234,..— the dihedral group, comprising all these rotations

together with all the reflections of a second axis «n» lying in this plane, which is
orthogonal to the axis «1», and producing with respect to each other the angle «/2;

e T — the finite group of the transformations leaving invariant the regular
tetrahedron, with 12 parameters;

e O — the finite group of the transformations leaving invariant the regular
cube and octahedron, with 24 parameters;

e | — the finite group of the transformations leaving invariant the regular
icosahedron and dodecahedron, with 60 parameters.

We use the polyhedron technique introduced in the previous Section, taking
into account all its duality, intersection and projection properties to study the
projective-vector classification of K3 spaces.

5.1. Two-Dimensional Integer Chains of K3 Hypersurfaces. In the K3
case, as already foreshadowed in the Introduction, the classification can start from
a basis of five types of «extended» vectors. We recall that the structure of the
three «planar» projective vectors ks = (1,1,1),(1,1,2),(1,2,3) can easily be
understood on the basis of the doubly-extended vector k§** = (0,0,1) and the
singly-extended vector k§”" = (0,1, 1). The structure of the underlying composite
vector ko = (1,1) is also obvious. The full list of K3 projective vectors is
obtainable from the algebra of the following five extended vectors: the maximally-
extended vector of the form

k&' = (0,0,0,1) (5.1)
with its 4 cyclic permutations, the doubly-extended dihedral vector of the form
kSt = (0,0,1,1) (5.2)

with its 6 dihedral permutations, the singly-extended tetrahedral vector of the
form
kS = (0,1,1,1) (5.3)

with its 4 cyclic permutations, the extended octahedral vector of the form
k&' = (0,1,1,2) (5.4)
with its 12 permutations, and finally the extended icosahedral vector of the form
k$* = (0,1,2,3) (5.3)

with its 24 permutations, for a total of 50 extended vectors.
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Using the algebra of combining pairs of these 50 extended k' vectors, we
obtain 90 distinct k4 vectors in 22 double chains with a regular planar k-gon
intersection: k£ > 3 with only one interior point, as seen in Table 1. Combining
three extended k* vectors, we obtain four triple chains with self-dual line-segment
intersection-projections and one interior point, which contain 91 distinct vectors,
of which only four ky vectors are different from the 90 vectors found previously,
as also seen in Table 1. Of course, there are some vectors which have a regular
planar k-gon in their intersection and no line-segment intersection. Further, as we
see later in Section 7, there is just one vector, k4 = (7,8, 9, 12), which has only
a single point intersection, i.e., the intersection consists of the zero point alone,
and can be determined by the intersection-projection

J(A) = TI(AY),  TI(A) « J(AY) (5.6)

duality, where the polyhedra A and A* determine a dual pair of K 3 hypersurfaces.
We recall that the sum of the integer points in intersection, J(A), and in projec-
tion, II(A*), is equal to 14 =4+ 10,54+ 9,6+ 8,7+ 7,8+ 6,9+ 5,10 + 4 for
the plane intersection-projection and 6 = 3 + 3 for the line-segment intersection-
projection. This duality plays a very important role in our description. Eleven of
the 22 two-vector chains found previously satisfy directly the following condition:

J(A™) = TII(A") = A",
IMA™) = JA™)=A""1, (5.7)

which means that the number of integer points in the intersection of the polyhedron
(mirror polyhedron) forming the reflexive polyhedron of lower dimension is equal
to the number of projective lines crossing these integer points of the polyhedron
(mirror). The projections of these lines on a plane in the polyhedron and a plane
in its mirror polyhedron reproduce, of course, the reflexive polyhedra of lower
dimension. Only for self-dual polyhedra one can have

J(A") =TI(A") = II(A™") = J(A™) = A"~ = A", (5.8)

namely the most symmetrical form of these relations.

Following the recipe presented as our central Theorem in Section 4, we
present Table 4, which lists all the k4 projective vectors derived from pairs of
extended vectors of lower dimension, which fall into the 22 chains listed. In each
case, we list the maximum integers m,n in the chains, which are determined
by the dimensions of the extended k; vectors. This Table includes all the 90
projective k4 vectors found using our construction. All of these k4 vectors define
K 3 hypersurfaces which could be obtained using the Z" symmetry coset action®.

*They may also be used to construct higher-level C'Y7 spaces as the intersections of polynomial
loci, as discussed in Section 9.
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Table 4. The 22 chains of K3 obtained using pairs of k4 projective vectors. The number
of K3 spaces in each chain is denoted by NV

Chain k; Nk; A, Al | K(K3) =m -ki+n-k; [>m+> n| max(m,n) | N
1 (0001) N(1110)| (10,4) (n,n,n,m) 1-m+4+3-nm=1,n=3|3
IV |(0001) (M (1120) (9,5) (n,n,2n, m) 1-m+4-nm=1,n=4|4
XV |(0001) N(1230) (7,7) (n,2n,3n,m) 1-m+4+6-nm=1,n=6|6
X (0011) N(1100) (9,5) (n,n, m,m) 2-m+2-nm=2n=2|4
XI |(0011)N(1101) (9,5) (n,n,m,m+n) 2-m+3-nim=3,n=2|6
\%4 (0011) N(1102) (9,5) (n,n, m,m + 2n) 2-m+4-nm=4,n=2|6
XXITI |(0011) N(1210) (7,7) (n,2n,m + n,m) 2-m+4-nm=3,n=3|6
XVI |(0011) N (1203) (7,7) (n,2n,m, m + 3n) 2-m+6-nm=6,n=2{9
11 (0111) N(1011)| (10,4) (n,m,m+n,m+n) |3-m+3-nm=3,n=3|4
XIIT |(0111)(N(1012) (8,6) (n,m,m+n,m+2n) |3-m+4-nlm=4,n=3|9
IIT |(0111) (N (3012)| (4,10) Bn,m,m+n,m+2n) |3-m+6-nm=6,n=29
XVII [(0111) (N(1023) (7,7) (n,m,m+2n,m+3n) [3-m+6-nlm=6,n=3[12
VI |(0112)N(1012) (9,5) (n,m,n+m,2m+2n) |4-m+4-n{m ,n=4|6
VIIT |(0112)((1120) (5,9) (n,m+mn,m+2n,2m) (4-m+4-n =3,n= 9
VII |(0112) (N (2110) (9,5) 2n,m+n,m+mn,2m) |[4-m+4-n{m=3,n 3
XVIII|(0112)((1023) (7,7) (n,m,m+2n,2m+3n) |4-m+6-n|m=06,n=4|16
X1V |(0112)N(2130) (6,8) 2n,m+n,m+3n,2m) [4-m+6-n =5n= 8
IX [(0112)N(2103) (5,9) 2n,m+n,m,2m+3n) [4-m+6-n|m=6,n= 3|12
XIX |(0123) (N (1023) (7,7) (n,m,2m +2n,3m +3n)|6-m +6-n|m=6,n=06|12
XX |[(0123) (N (2103) (7,7) 2n,m+n,2m,3m+3n)|6-m+6-n|m=3,n=23|12
X XTI |(0123) N (3120) (7,7) Bn,m+n,2m+2n,3n) |6 - m+6-nlm=2n=2|14
XII |((0123) (N (3210) (5,9) Bn,m+2n,2m+n,3m)|6 - m+6-n\m=2,n=2| 4

For illustration, we give in Table 5 the eldest vectors in each chain, i.e.,
the first members of all 22 chains, which have m = 1,n = 1. As one can see,
some vectors are common to more than one chain. Using our understanding of
the origins of the intersections, and duality, we can classify these 22 chains in
five classes, as indicated by the groupings in Table 5, which correspond to the
intersections, as indicated.

It should be noted, however, that the above doubly-extended vector structure
does not exhaust the full list of possible K3 projective vectors. The projective

vectors

) (4,5,7.9),
) (5,6,8,11),
ka)os = (5,7,8,20),
) (
) (

7,8,10,25),
7,8,9,12)

©
gt
I

(5.9)
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Table 5. The eldest vectors k; in the 22 K3 chains which have m =n =1

Chain d k; k; (A, A%) | (A, Afyg)

I d=1-m+3:n (n,n,n,m) (1,1,1,1)| (35,5) (10,4)
II |[d=3-m+3-n| (nmm+nm+n) |[(1,1,2,2)| (30,6) (10,4)
IIT |d=3-m+6-n| (3n,m,m+n,m+2n) |(1,2,3,3)| (23,8) (4,10)

IV |d=1-m+4-n (n,n,2n,m) (1,1,1,2)| (34,6) | (9,5)
\% d=2-m+2-n (n,n,m,m) (1,1,1,1)| (35,5) (9,5)
VI |d=2-m+3-n (n,n,m,m+n) (1,1,1,2)| (34,6) (9,5)
VII |d=2-m+4-n (n,n, m, m + 2n) (1,1,1,3)| (39, 6) (9, 5)
VIII [d=4-m+4-n| (n,m,m+n,2m+2n) ((1,1,2,4)| (35,7) (9,5)
IX |d=4-m+4-n| 2n,m+n,m+n,2m) |(1,1,1,1)| (35,5) (9,5)
X d=4-m+4-n| (n,m+n,m+2n,2m) |(1,2,2,3)| (24,8) (5,9)
XI |d=4-m+6-n| (2n,m+n,m,2m+ 3n) [(1,2,2,5)| (28,8) (5,9)
XII |d=6-m+6-n|(3n,m+ 2n,2m+n,3m)|(1,1,1,1)| (35,5) (5,9)

XIII |d=3-m+4-
XIV |d=4-m+6-

3

(n,m,m+n,m+2n) |(1,1,2,3)| (31,8) (8,6)
2n,m+n,m+ 3n,2m) [(1,1,1,2)]| (34,6) (6,8)

3

XV |[d=1-m+6-n (n,2n, 3n,m) (1,1,2,3)| (31,8) (7,7)
XVI |[d=2-m+6-n (m,n, 2n, 3n + m) (1,1,2,4)| (35,7) (7,7)
XVII|d=3-m+6-n|(n,m,m+2n,,m+3n)|(1,1,3,4)] (33,9) (7,7)
XVIII|d=4-m+6-n| (n,m,m+2n,2m + 3n) |(1,1,3,5)| (36,9) (7,7)
XIX |d=6-m+6-n|(n,m,2m + 2n,3m + 3n)|(1,1,4,6)| (39,9) (7,7)
XX |d=6-m+6-n|(2n,m+n,2m,3m +3n)|(1,1,1,3)| (39,6) (7,7)
XXI |d=6-m+6-n|(3n,m+n,2m + 2n,3m)|(2,3,3,4)| (15,9) (7,7)

XXIT|d=2-m+4-n (n,2n,m + n,m) (1,1,2,2)| (30,6) (7,7)

have no planar reflexive polyhedron intersections, and therefore were not included
in this list. To obtain most of the additional k4 vectors (5.10), one must consider
chains constructed from three extended vectors of the type k°* = (0,0,1) and
ke* = (0, 1, 1), with all possible permutations, having in the intersection the line-
segment polyhedron consisting of three integer points. All these chains will be
J1 —1II; self-dual: J; =1I; = 3. It is easy to see that only four different such
triple chains can be built, as discussed in Section 6. These chains are much longer
than the previous two-vector chains, although their total number, 91, is also less
than the full number of all K3 vectors. The projective vectors

(ks)12 = (3,5,6,7),
(ks)13 = (3,6,7,8),
(ka)1a = (5,6,7,9), (5.10)
(K4)os = (7,8,9,12)
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are not involved in these chains. However, the union of the doubly-extended and
triply-extended vector chains gives a total of 94 k4 projective vectors. Only the
ky, = (7,8,9,12) vector has just a point-intersection structure, and is not found
by either the double- or triple-vector constructions, as discussed in more detail in
Section 7.

To preview how it arises, note that, by J — II duality, we know that to
k = (1,1,1,1), which has three intersection planes (1,1,1) with ten points, there
must correspond a k which has three different 7w projections with four points.
Since it should have a nontrivial projection structure, namely a four-point planar
polyhedron with one interior point in three independent directions, its external
points should satisfy the following condition:

1
Z{Ml + My + M3 + M4} = My = (1,1,1,1). (5.11)

In three-space, these points can only be taken as:

M, = (47 1a070)a M, = (0537 150)7

5.12
M3 = (0705470)) M4 = (0507053) ( )

One can easily check that this polyhedron has three projections: 7z, Tyy, Tag,
with four points giving the (1,1, 1) planar polyhedron. The four points M; (5.12)
give the exceptional vector k = (7,8,9,12). By projection, one can see that the
five integer points of this polyhedron produce the (1,1, 1) planar polyhedron with
four points.

5.2. Invariant Monomials and the J — II Structure of Calabi-Yau Equat-
ions. The experience provided by working with K 3 hypersurfaces can aid in the
classification of Calabi—Yau manifolds. Also for this more complicated case, one
should use the duality conditions: one must be prepared to study the intersection
structures of polyhedra and their mirrors and/or to study the projection structures
for polyhedra and mirror polyhedra.

This «intersection-projection» structure of the k4 vectors from doubly-, triply-
and quadruply-extended vectors allows us to introduce the concept of invariant
monomials in the CY equations. These invariant monomials are homogeneous
under the action of the extended vectors, i.e., if

2 =Nz 5 =1,2,3,..., (5.13)
then
2P = N gl = \di g (5.14)

where d; = dim (kj"”) and j =1,2,3,... is the number of extended kj* vectors.
The invariant monomials, g;, correspond to the reflexive polyhedra produced by
the invariant set W;,, which is the same for all the chains.
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These extended vectors can be formed from the following five familiar types
of projective vectors of lower dimensions:

k; = (0,0,1),
ky = (0,1,1), (5.15)
ks = (1,1,1), ks = (1,1,2), ks = (1,2,3).

A chain of k4 projective vectors can be generated from the linear sums of extended
vectors, for example, for j = 1,2 one can get:

ki(m,n) =m-k§* + n-k5*
(5.16)
if k5% (k5" = {pi : pi € Sinv }-

The invariant monomials are universal for all the k4 vectors in this chain.

To construct the k4 vectors determining K3 hypersurfaces, i.e., determin-
ing the corresponding polyhedra with the property of reflexivity, one has to
give a correct set of invariant monomials. We have constructed the 22 sets
of invariant monomials corresponding to the doubly-extended vector structures
among the k, projective vectors. In this case, these sets of the invariant mono-
mials give in the intersection reflexive polyhedra of lower dimensions. The
number of invariant monomials for this doubly-extended vector structure is
given by

31 = 1 +4x2+ 22, (5.17)

where the last number corresponds to the Betti number for K3 hypersurfaces:
be = 22. The structure of the k4 projective vectors obtained from the triply-
extended vectors, namely k¢* = (0,0,0,1) and k** = (0,0,1, 1), is given by the
following four types of invariant monomials:

Ty, :(2,0,1,1), (0,2,1,1), (1,1,1,1, Pzouytozou,xoyz-u,

2 2

U, (2,2,1,0), (0,0,1,2), (1,1,1,1, Yyt iz, zeut, Xy 2,

w2y

(5.18)

) ) )=
) ) )= a’

U, 0 (2,2,2,0), (0,0,0,2), (1,1,1,1,) = 2% -y - 22 v, 2y -2 u,
) ) )= a’

Uy, 0 (2,0,0,2), (0,2,2,0), (1,1,1,1,

The four chains corresponding to these sets of invariant monomials are (see
Tables 4,5,6, and 7):
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ky(¥p,)=M-(1,1,0,0)+ N -(0,0,1,0) +
+L-(0,0,0,1) = (M,M,N, L),
ky(Uyp,)=M-(1,0,0,1)+ N-(0,1,0,1) +
+L-(0,0,1,0) = (M,N,L,M + N),
ky(Prrr,) =M -(1,0,0,1)+ N -(0,1,0,1) +
+L-(0,0,1,1)=(M,N,L,M + N + L),
ky(Pry,) = M -(1,0,1,0) + N - (0,1,0,1) +
+L-(0,0,1,1)=(M,N,M +L,N + L). (5.19)
In these chains®, the sets of projective vectors are subject to the following addi-
tional projective restrictions:
ky(Uy,)-er =
ky(Vrr,)-err =
ky(Urrr,) - errr =
ki(Vrv,) ey =

er =(-1,1,0,0),

err =(-1,-1,0,1),

errr =(—1,-1,-1,1),

, ey =(1,-1,-1,1). (5.20)

o o oo

Corresponding to these chains, the following triple intersections

SOk (K =V, Yiry, Brrr,, Urvs,. (5.21)

have the above-mentioned invariant monomials.

The K3 algebra has the interesting consequence that all the {1 + 4 + 22}
invariant monomials that give «good» planar reflexive polyhedra in the 22 two-
vector chains also can be found by triple constructions. Therefore it is interesting
to list now the 22 types of invariant monomials whose origin is also connected
with the triple intersections of all types of projective vectors, the triply-extended
vectors k§* = (0,0,0,1), the doubly-extended vectors k§* = (0,0,1, 1), and the
singly-extended vectors, k§* = (0,1,1,1),(0,1,1,2),(0, 1,2, 3).

These monomials, zH, are invariant under action of the extended vectors

ke - 1 = dim (kS7),
kS - = dim (k57), (5.22)
K - g = dim (k¢7).

*There is in fact another «good» triple intersection of the extended vectors (1,1,0,0),
(0,0,1,1), (0,0,0,1), but the chain I; = (M, M, N, N + L) it produces has the same three invari-
ant monomials, (0,2,1,1)+(2,0,1,1)+(1,1,1, 1) as the I3 chain, which includes all its projective
vectors.
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The directions of the possible projections II are determined* by the degenerate
monomial (z-y-z-u) = p=(1,1,1,1) and by the exponents of the following
22 invariant monomials, p = (1, p2, (3, f4):
3,0,0,0), (3,1,0,0), (3,1,1,0),(3,2,0,0),
3,2,1,0), (3,3,0,0), (3,3,1,0),
4,0,0,0), (4,1,0,0),(4,1,1,0), (4,2,0,0),
4,2,1,0),(4,3,0,0), (4,3,1,0), (4,4,0,0), (4,4,1,0),
6,0,0,0), (6,1,0,0), (6,2,0,0), (6,3,0,0),
6,4,0,0), (6,6,0,0), (5.23)

~—~ o~ |~ |

where the underlines pick out those triple intersections where the intersections of
pairs of vectors also specify reflexive polyhedra, which will be important later.
The four other types of possible projections were already defined above.

The algebraic-geometry sense of (J,II)(A) « (II, J)(A*) duality for K3
hypersurfaces can be interpreted through the invariant monomials: the list of
the invariant monomials for the two-extended-vector classification and the list of
all of the three-extended-vector classification are the same, and the total number
of them is equal to 31 =144 x 24 22. The J(A, A*) — II(A*, A) duality
can be interpreted at a deeper level for J = II chains: the invariant monomials
are identical for corresponding CY equation and for its mirror equation. The
projection—projection structure gives additional information about the form of the
corresponding CY equation. For example, this structure determines the subset
of monomials corresponding to the invariant monomials. As a result, the homo-
geneous CY equation can be written in according in terms of the intersection—
projection structure of the projective k vectors:

J II

plz) = DA™ {3 ah, 2o =0, (5.24)

1 p

Here the z™0 are the invariant monomials which are defined by intersection
structure, the vector e'! is the direction of the projection, and the n, are integer
numbers.

6. THREE-VECTOR CHAINS OF K3 SPACES

As already mentioned, one can find additional chains of K3 projective vectors
k4 if one considers systems of three extended vectors of the type k{* = (0,0,0,1)

* Additional constraints on the invariant monomials are given in Section 7, reducing their number
t09=1+3+5.
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Table 6. The 18 K3 hypersurfaces in the three-vector chain I3: k = (M, M,N,L) =
=M-(1,1,0,0) + N -(0,0,1,0) + L - (0,0, 0, 1). Here and subsequently, the symbol
N in the first column denotes the location of the corresponding vector in Table 1. The
numbers in the last columns indicate their locations in the corresponding chains

R M|M|N|L|Md|@a) |1 |m|Iv|v|VvIiI|X|XI|III
Jay | - | - |- -1| - - w10 99 9 |9] 9| -
A | - | - | -]-] - - 44|55 |5 5 |5] 5| —
A | - - == - - — || = |- 9 |- -] -
Jay | = | = =|-| - - —la|l == 5 |- -1-

1 11|11 |4 ] B | 1] -] —-|-]1 1| - | —

2 11 1|26 | G,6% |2 -1 -] - |-]1 -

3 111|316 ]| ®B,6|3|-|-|1] - |~-]-1]-

4 1122|066 | —-]|1]2|-|—-12]-1]-

5 1123 M| 6L, | -|-|3|-|-1|-]2]-

6 11248 | @™ |- -|4a|2| - |-]-1]-

7 11349 ]| B39 | -|-|-|-|-1|-1]4]| -

8 11|35 |@mo| 36,9 | -| - -3 - |-|-1] -

9 1146 |[12| 39,9 | —-|-|-1|5]| - |-|-1] -

10 2 |2 |1 |3 | ® | @8)|—-|-|-1]-|2|-|3]-

11 2 |2 | 1|5 |@oj| 288) |- |- -1]4a| - | -| -1 -

42 2 |2 |3 |s ||l | - |- == - 1-|5 | -

43 2 |2 |3 |7 ||| - |- 16| — || -1 -

12 3|3 |1 |2|m@ | @8)|-|2|-]|-|-1-|-1-

44 3|3 |2|a|n2| @59 || - -1-| 3 || -1 -

65 3|3 |a|s|nps @) |- |- - |-| - 1

21 4 a1 3|2l e | -3 -1|-|-1-|-1-

48 5 |5 |23 |@s | @41 —|4a| - |- - 1-|-1-

and k§* = (0,0,1, 1), which have in their intersections only three integer points
or only three invariant monomials. As also already remarked, there are only four
different chains, corresponding to the four kinds of invariant monomial triples.
We have also commented that these new chains yield only four additional K3
vectors, whilst the remaining vector, ks = (7,8,9,12), can be constructed out of
four extended vectors, as discussed in the following Section. The relationship
between the two- and three-vector constructions, and their substantial overlap, is
the subject of this Section.

6.1. The Three-Vector Chain I3: k, = (M, M, N, L). In this chain, the
dimension (d = 2M + N + L) and the eldest vector is kejq = (1,1, 1, 1), whose
invariant monomials are (2,0, 1,1) + (0,2, 1, 1). The relations between this three-
vector chain and the previously-discussed two-vector chains can easily be found.
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We consider the first three vectors in Table 6, which also form the two-vector
chain I:

I : m:- (17 ]" 0) : (07 0’07 ]‘) = (m’m’m’n) -
M=N=m= [dim]{(0,0,0,l)} =1, (6.1)
L=n < [dim]{(1,1,1,0)} = 3.

Similarly, one can consider four vectors (2,2,1,1), (3,3,1,2), (4,4,1,3), and
(5,5,2,3), which form the two-vector chain II:

II: ,1,1,0) + n-(1,1,0,1) = (m+n,m+n,m,n) —
m \ [dlm]{(1717071)}:37
n < [dim]{(1,1,1,0)} = 3,

M=m+n < 6.

m - (1
N= 6.2
I (6.2)

The four vectors (1,1,2,1), (1,1,2,2), (1,1,2,3), and (1, 1,2,4) from the two-
vector chain IV have the following relations with this triple chain:

IvV: m-(1,1,2,0) + n-(0,0,0,1) = (m,m,2m,n) —
M =m < [dim]{(0,0,0,1)} =1,
N =2m =2,
L=n < [dim]{(1,1,2,0)} =

(6.3)

The six vectors (1,1,1,3), (1,1,2,4), (1,1,3,5), (1,1,4,6), (2,2,1,5), and
(2,2,3,7) in Table 6 correspond to the two-vector chain V:

V: m-(1,1,0,2) + n-(0,0,1,1) = (m,m,n,2m+n) —
M =m < [dim]{(0,0,1,1)} = 2,
N =n < [dim]{(1,1,0,2)} = 4,
L=2m+n <=38.

(6.4)

The next three vectors (1,1,1,1), (3,3,2,4), and (2,2, 1, 3) from the two-vector
chain V' II have the following connection to this triple chain:

VII: m-(1,1,2,0) + n-(1,1,0,2) = (m+n,m+n,2m,2n) —
M=m+n < 4,
N =2m < 4,
L=2n < 4.

(6.5)
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Two vectors (1,1,1,1) and (1,1,2,2) correspond to the two-vector chain X:
X: m-(1,1,0,0) + n-(0,0,1,1) = (m,m,n,n) —
M=m < 2,
(6.6)
N=n < 2,
L=n < 2.

Finally, the values of M, N, L of the five projective vectors (1, 1,1,2), (1,1,2,3),
(1,1,3,4), (2,2,1,3), and (2,2, 3,5) correspond to the fact that they are also from
the two-vector chain X I:
XI: m-(1,1,0,1) + n-(0,0,1,1) = (m,m,n,m+n) —
M=m < 2,
N =n < 3,
L=m+n < 5.

6.7)

6.2. The Three-Vector Chain I75: kg = (M, N,L, M + N). In this chain,
shown in Table 7, the dimension d = 2M + 2N + L, there is a symmetry:
M < N, the eldest vector keg = (1,1,1,2), and the invariant monomials are
(2,2,1,0)+(0,0,1,2). Comparing this chain with the previous two-vector chains,
one can see clearly the possible values of M, N, L for the projective vectors
(M,N,L,M + N). For example, if one compares the four vectors (1,1,2,2),
(1,2,3,3), (1,3,4,4), and (2,3,5,5) in this triple chain with their structure in
the two-vector chain /1, one finds the following relations:

Ir: m-(1,0,1,1) + n-(0,1,1,1) = (myn,m+n,m+n) —
M =m < [dim]{(0,1,1,1)} =3,
N =n < [dim]{(1,0,1,1)} =3,
L=m+n < 6.

(6.8)

Similarly, we find the following relations between the values of M, N, L in the
triple chain and the values of m,n for double chains:
w: m-(1,1,0,2) + n-(0,0,1,0) = (m,m,n,2m) —
M =N =m < [dim]{(0,0,1,0)} =1, (6.9)
L=n < [dim]{(1,1,0,2)} = 4.

Vi: m-(1,0,2,1) + n-(0,1,2,1) = (m,n,2m+2n,m+n) —
M =m < [dim]{(0,1,2,1)} =4,
N =n < [dim]{(1,0,2,1)} =4,
L=2m+2n < 8.

(6.10)
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VIII:

X1

XIIT:

XIV .

XV

XVII:

XXII:

m-
M
N =
L=

m-(1,0,2,1) + n-(1,1,0,2) = (m+n,n,2m,m+ 2n) —
M=m+n <8,

N =n < [dim]{(1,0,2,1)} = 4, 6.11)
L =2m < 2[dim]{(1,1,0,2)} = 8.

m(lvoalvl) + n(Ov]-aOv]-) = (m7n7m7m+n) -
M=m < [din}{(0,1,0,1)} =2,

N =n < [dim]{(1,0,1,1)} = 3, (6.12)
L=m.
(1,0,2,1) + n-(0,1,1,1) = (m,n,2m+n,m+n) —
—m < [dim}{(0,1,1,1)} =3,
n < [dim]{(1,0,2,1)} =4, (6.13)
2m +n.

m-(1,0,2,1) + n-(1,2,0,3) = (m+n,2n,2m,m+ 3n) —

M =m+n,

N =2n < 2[dim]{(1,0,2,1)} =8, (6.14)
L =2m < 2[dim]{(1,2,0,3)} = 12.

m-(1,2,0,3) + n-(0,0,1,0) = (m,2m,n,3m) —
M =m < [dim]{(0,0,1,0)} =1,
N =2m < 2[dim]{(0,0,1,0)} = (©.15)
L =n < [dim]{(1,2,0,3)} = 6.
m-(1,2,0,3) + n-(0,1,1,1) = (m,2m+n,n,3m+n) —
M =m < [dim]{(0,1,1,1)} =
N =2m +n, (6.16)
L=n < [dim]{(1,2,0,3)} = 6.
m-(1,0,2,1) + n-(0,1,0,1) = (m,n,2m,m+n) —
M =m < [dim]{(0,1,0,1)} = 2,
n < [dim]{(1,0,2,1)} =6, ©17
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Table 7. The 45 K3 hypersurfaces in the /I3 chain: k = (M, N,L,Q = N + M) =
=M -(1,0,0,1) + N -(0,1,0,1) + L - (0,0, 1,0)
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6.3. The Three-Vector Chain [715: kg = (M,N,L,M + N + L). In this
chain, shown in Table 8, the dimension d = 2M + 2N + 2L, there is M« N+ L
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symmetry, the eldest vector kqq = (1,1, 1,3), and the invariant monomials are
(2,2,2,0)+ (0,2,2,2). We see in the Table the appearance of the following
two-vector chains

V: m-(1,1,0,2) + n-(0,0,1,1) = (m,m,n,2m+n) —
M =N =m < [dim]{(0,0,1,1)} = 2, (6.18)
L=n < [dim]{(1,1,0,2)} = 4.
Vi: m-(1,0,1,2) + n-(0,1,1,2) = (m,n,m+n,2m+ 2n) —
M=m < [dim]{(0,1,1,2)} = 4, 619)
N =n < [dim]{(1,0,1,2)} = 4, '
L=m+n.
IX: m-(1,0,1,2) + n-(0,2,1,3) = (m,2n,m+n,2m+ 3n) —
M=m < [di 0,2,1,3)} =6,
m < [diml{(0.2,1,3) 620
N =2n < 2[dim}{(1,0,1,2)} =8,
L=m-+n.
XVIi: m-(1,0,2,3) + n-(0,1,0,1) = (m,n,2m,3m+n) —
M =m < [dim]{(0,1,0,1)} =2, 621)
N =n < [dim]{(1,0,2,3)} =6, '
L =2m.
XVIII: m-(1,0,1,2) + n-(0,1,2,3) = (m,n,m+ 2n,2m + 3n) —
M =m < [dim]{(0,1,2,3)} = 6,
N =n < [dim]{(1,0,1,2)} = 4, (6.22)
L =m+2n.
XIX: m-(1,0,2,3) + n-(0,1,2,3) = (m,n,2m+ 2n,3m+ 3n) —
M =m < [dim]{(0,2,1,3)} =6,
N =n < [dim]{(1,0,2,3)} = 6, (6.23)
L=2m+ 2n.
XX: m-(201,3) +n-(0,2,1,3 (2m,2n,m +n,3m + 3n) —

) =
M =2m < 2[dim]|{(0,2,1,3)} =
N =2n < 2[dim]{(2,0,1,3)} =1
L=m+n.

12,
2, (6.24)
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Table 8. The 48 K 3 hypersurfaces in the 1115 chain: k = (M,N,L,Q = N+ M+L) =
=M-(1,0,0,1) + N -(0,1,0,1) + L - (0,0, 1,1)

R|M|N|L|Q|[d]| @A) |V |VI|IX|XVI|XVIIT|XIX | XX
== -1-1 - J(A) 91 9 | 5 7 7 7 7
— — | == = | =a%) |55 | 9 7 7 7 7
[ER R Ry R R ™) | =] 9 | — = 7 7 7
— -] =-]=-| = JaYy | - | 5 | — - 7 7 7
311 (1] 1 ]3] 16 396 |1 1
6 | 11|24 B |G, |21 1

8 | 1| 1] 3|5 | @0l (369% |3 1

9 | 1| 1] 4|62 (39,9 |4 1
1122|500 (288 |5 1 2

51|23 6]|[@2| (27,9 2 3 2
12| 4] 7| 14| (27129 4 2

191 |25 | 8] [16 | (28,14%) 5 3

20| 1| 2|6 | 9|18 ] (3012 6 2

24| 1| 3| 4| 8 |[16]] (24,12%) 3| 3

26| 1| 3| 5 | 9|18 ] (24,15%) 4

28 | 1| 3 | 7 | 11| [22] | (25,20%) 8

20| 1| 3| 8 |12 [24] | (27,15%) 3

31| 1| 4| 5 |10][20 | (23,13%) 4

33| 1| 4|6 |11][22 ] (22,20%) 5 5

34| 1| 4| 9 |14 [28] ]| (24,24%) 9

35| 1| 4 | 10|15 | [30] | (25,20%) 4

37| 1| 5| 7 |13][26] | (21,24%) 6

38| 1| 5 | 12|18 | [36] | (14,18%) 5

40| 1|6 | 8 |15 [30 | (21,24%) 7

a1 | 1 | 6 | 14 | 21 | [42] | (24,24%) 6

a3 | 2 | 2| 3| 7|14 ] (19,11%) | 6 2

ar | 2 | 3| 4 | 9| [18 | (16,14%) 4 7 3
51| 2| 3| 5 |10][20] | (16,14%) 5

53| 2 | 3| 7 |12 [24] | (16,20%) 11

55 | 2 | 3| 8 | 13| [26] | (16,23%) 10

56 | 2 | 3| 10|15 | [30] | (18,18%) 7

58 | 2 | 4 | 5 | 11| [22] | (14,19%) 6

60 | 2| 5| 6 |13][26] | (13,23%) 7

62| 2 | 5| 9 |16 (32| (13,29%) 14

63| 2 | 5 | 14 | 21 | [42] | (15,27%) 9

64| 2 | 6 | 7 |15 [30] | (13,23%) 9

69 | 3 | 4| 5 |12 [24] | (12,18%) 8

71| 3 | 4|7 |14][28 | (12,18%) 6

73| 3 | 4 | 10| 17| [34 | (11,31%) 13

74 | 3 | 4 | 11| 18] [36] | (12,30%) 12

75 | 3 | 4 | 14| 21 | [42] | (13,26%) 8

78 | 3 | 5 | 11| 19| (38 | (10,35%) 15

79| 3 | 5| 16| 24 | [48] | (12,30%) 10

82| 4 | 5| 6 |15 [30] | (10,20%) 4
84| 4 |5 | 7 |16] 32| (9,27%) 10

85 | 4 | 5 | 13|22 [44] | (9,39%) 16

86 | 4 | 5 | 18 | 27 | [54] | (10,35%) 11

88 | 4 | 6 | 7 |17 [34] | (8,31%) 11

91| 5 | 6 | 8 |19 [38] | (7,35%) 12

92 | 5 | 6 | 22|33 [66] | (9,39%) 12

93| 5 | 7| 8 |20][40] | (8,28%)

94 | 7 | 8 | 10|25 [50] | (6,39%)
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6.4. The Three-Vector Chain /V5: ky = (M, N, M + L, N + L). In this
case (see Table 9), we have the dimension d = 2M + 2N + 2L, the eldest vector
kea = (1,1,1,1), and the invariant monomials are (2,0, 0,2) + (0,2,2,0). This
three-vector chain includes the following vectors form the two-vector construction:

VII: m-(2,1,1,0) + n-(0,1,1,2) = (2m,m+n,m+n,2n) —

M =2m < 4,
(6.25)
N=m+n < 4,
L=n—-—-m2>0
X: m-(1,1,0,0) + n-(0,0,1,1) = (m,m,n,n) —
M=m < 2,
(6.26)
N=m < 2,

L=n—-m > 0.

XIT: m-(3,2,1,0) + n-(0,1,2,3) = (3m,2m+n,m+ 2n,3n) —

M = 3m,
N =2m+n, (6.27)
L =2n-—2m,

(m,n) =(1,2), (2,1); (1,1), (1,4), (4,1), (2,5), (5,2).

XXI: m-(1,2,3,0) + n-(1,2,0,3) = (m+n,2m+ 2n,3m,3n) —
M =m,
N = 2m, (6.28)
L=

(m,n) = (1,1),(1,2), (2,1); (1,5), (5,1), (4,5), (5,4).

XXII: m-(1,0,2,1) + n-(0,1,0,1) = (m,n,2m,m+n) —
M =m < [dim]{(0,1,0,1)} = 2,
N =n < [dim]{(1,0,2,1)} =4,

L=m.

(6.29)
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Table 9. The 8 K3 hypersurfaces in the IV3 chain: k = (M, N, M + L,N + L) =
=M-(1,0,1,0) + N - (0,1,0,1) + L - (0,0, 1,1)

R|M|N|M+L|N+L| [d | (AA% |VIT|X | XIT|XXI|XXIT

S (S - — | g 7 o]l 5 7 7
S (S - | x| 7 |5 o 7 7
- -1 - — - — m(A) — — 5 7 —
- = |- - - - J(A¥) - =19 7’ -
111 1 1 M| 655 | 1 | 1| 1 - -
4|11 2 2 6 | 30,60 | — | 2| - 1 1
101 ]2 2 3 8 | 4,8 | 2 | -| - - -
131 1 2 3 4 [10] | (23,11%) — — 2 — 2
16 | 1 2 4 5 [12] | (24,12%) — — — 2 3
44| 2 | 3 3 4 |no| @as9) | 3 |- - 3 -
45| 2 | 3 4 5 |4 ]@s69] — | —| 3 - 4
66| 3 | 4 5 6 |ng|aoiry| — | -] 4 4 -

7. THE DUAL K3 ALGEBRA FROM FOUR-DIMENSIONAL
EXTENDED VECTORS

As discussed in the Introduction, the enumeration of K3 reflexive polyhedra
obtained at level zero from pairs of projective vectors (Section 5) and triples
(Section 6) is not quite complete. The one remaining example, corresponding to
ks = (7,8,9,12), can be found using the intersection—projection and duality prop-
erties outlined in Section 3, as we now discuss. This method can be used to build
projective-vector chains using the rich projective structure of K3 vectors. For
example, one can construct a chain with, as youngest vector, ky = (7,8, 10, 25),
which is dual to the eldest vector ks = (1,1,1,3) contained in the triple chain
I115. Similarly, one can consider other cases, e.g., building a chain with youngest
vector ky = (5,6, 8,11), contained in the triple chain /3.

7.1. The Dual 7 Projective-Vector Structure of K3 Hypersurfaces. We
obtained in Section 6, as an interesting application of the K3 algebra, all the
1 + (4 x 2) + 22 invariant monomials of the 22 double-intersection K3 chains
via the triple intersections of K3 extended vectors. These invariant monomials
correspond to particular directions relative to the reflexive polyhedra, which can
be used to find the projection structures of the vectors. In particular, they can be
used to find all the projective vectors which have no planar-intersection structure
at all. Because of duality, their polyhedra have sufficient invariant directions that
the projections on the corresponding perpendicular planes give reflexive planar
polyhedra. Examples include the youngest vectors which are dual to the eldest
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vectors as well as other relations in the corresponding chain, e.g., as we shall
see, the remaining K3 vector (7,8,9,12) is dual to (1,1,1,1), (7,8,10,25) is dual to
(1,1,1,3), etc.

To understand this more deeply, we consider triple chains built using a

special subalgebra of the four-dimensional extended vectors: k;z(i) =(0,0,0,1),
(0,0,1,1), (0,1,1,1), (0,1,1,2), and (0, 1,2, 3), with all possible permutations.

We consider triples kgx(i’j D) of these vectors with the property that each pair

(i,7),(4,0), (1,%) gives a reflexive planar polyhedron:
[kgm(l)] m [kgi(J)] — [k3] (71)

We note that the triple intersections of these triples of extended vectors always
define an invariant direction, 7v. In some cases, the triple intersection contains
just two monomial vectors, and 7 is simply defined by their difference:

k5O kT K5™) = 7 = {1 — o), (7.2)

where py = (1,1,1,1) is the basic monomial zHot! = .y 2 - u. These cases
are listed in Table 10.

These pairs of invariant monomials correspond to directions 7;=p,— 4, in
the exponent/monomial hyperspace given by the following vectors gy,

Table 10. Triples of k3:°* vectors giving invariant directions wy = py — p, defined
by pairs of monomials. Also indicated are the sizes of the corresponding polyhedra A
and the two-vector chains to which they belong

w0 ker® K" RSP Ay [ Ay | Ay, iy monom |y

w1 0,0,1,1) [(1,2,0,1) | (1,2,1,0) | 7xxrr | 9vr |7xxrr| #*-z-u | (3,0,1,1)
w2 | 0,0,1,1) | (1,2,0,3) | (1,2,3,0) | 7xvr |7xxr| Txvr | «®-z-u | (3,0,1,1)

x| 0,1,1,1) [ (1,0,1,1)|(1,1,0,1)| 1077 | 1077 | 10ss ud (0,0,0,3)
2
w1 (0,1,1,1) |(1,0,1,1) | (1,3,0,2) | 1071 | 4711 |7Txvir u? (0,0,0,3)
2
w1 0,1,1,1) |(1,0,3,2) | (1,3,0,2) | Txvrr | Txxr | Txvir u® (0,0,0,3)
w1 0,1,1,1) [(3,0,1,2) | (3,1,0,2) | 4111 | Txrx | 4rr ud (0,0,0,3)
= (1,1,1,0) [(0,1,2,1) [ (2,1,0,1) | 8xsr7 | 9vrr | 8xrar | % -uw  |(0,3,0,1)
Tfém (1,1,1,0) {(0,1,2,1) [(2,1,0,3) | 8xrrr |6xrv | 4111 y2 (0,3,0,1)
=3 | (1,1,1,0) {(0,1,2,3) | (2,1,0,3) | 4111 | Txx | 45 v¥u | (0,3,0,1)
7";4> (0,1,2,1) {(1,2,3,0) [(2,1,0,3) | 7xvirr | 5x11 | 6x1Vv y2 (0,3,0,1)
=M (0,1,1,2) {(1,0,1,2){(1,2,1,0)| 9vi | 9vir | Bviir y? (0,0,4,0)
71'4(;2) (0,1,1,2) |(1,2,1,0) | (2,0,1,1) | 5vrrr |5vrrr| bdvirr y* (0,0,4,0)

= 1(1,0,1,2,)](1,2,0,3) | (1,2,3,0) | 5rx | 7xx1| 6x1v 2ty | (4,1,0,0)




TOWARDS AN ALGEBRAIC CLASSIFICATION 663

N =1,2,3,4,5:
p = (3,0,1,1),
py = (0,0,0,3),
ps = (0,3,0,1), (7.3)
ny = (070a470)a
s = (471a070)a

as can be seen in Table 10.

In other cases, the triple intersections contain three points which form a
degenerate linear polyhedron, which also defines a unique direction 7w determined
by three points, one of which () corresponds to the origin:

KT ORI G™) = v =y — po} = {po — ), (14)

as seen in Table 11.

It is easy to see that five of the invariant monomials from Table 10 produce
a reflexive three-dimensional polyhedron. For example, from o, p5, pt4, and ps
one obtains the following exceptional vector whose associated polyhedron has no
intersection substructure:

o -ka = d=ki + ko + ks + ks, =0,2,3,4,5,
ke = (7,8,9,12)[d = 36], (1.5)

Table 11. Triples of k5” vectors defining directions 7 determined by three invariant
monomials

T‘_E\L;) kgw(z) kgw(]) kgw(p) A‘,m Aij AJM By w_

w1 1(0,0,1,1) | (1,1,0,1) | (1,1,1,0) | 9x; 1077 | 9x7r [(0,2,1,1)](2,0,1,1)
w2 1(0,0,1,1) | (1,1,0,2) | (1,1,2,0) | 9y vrir 9v  (0,2,1,1)| (2,0,1,1)
w0 10,1,1,1) | (1,0,1,1) | (1,1,0,2) | 1077 |8xrrr | 8xrrr | (0,0,1,2) | (2,2,1,0)
= (0,1,1,1) | (1,0,2,1) | (1,1,0,2) | 8xrr1 | B5virr | 8xrr |(0,0,1,2) | (2,2,1,0)
w8 1(0,1,1,1) | (1,0,2,1) | (1,2,0,3) | 8x1rr | 6x1v | Txvrr | (0,0,1,2) | (2,2,1,0)
=M (0,1,2,1) | (1,0,2,1) | (1,1,0,2) | 9vr |5virr| Svrrr |(0,0,1,2) | (2,2,1,0)

=1 1(0,1,1,2) | (1,0,1,2) | (1,1,0,2) | 9vs 9y 9v; | (0,0,0,2) | (2,2,2,0)
w2 1(0,1,1,2) | (1,0,1,2) | (1,2,0,3) | 9vs 5:x | 7xvirr | (0,0,0,2) | (2,2,2,0)
7";;3) (0,1,1,2) | (1,0,2,3) | (1,2,0,3) | Txvrrr | Txx | 7xvrrr |(0,0,0,2) | (2,2,2,0)
M 10,1,1,2) [ (2,0,1,3) | (2,1,0,3) | 5:x | 7xix | 5rx |(0,0,0,2) | (2,2,2,0)
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where we used the constraint

1
uo=1-(u2+u3 + py + ps). (7.6)

Thus duality enables us to identify the missing 95th K3 vector, which was not
generated previously in our systematic study of the two- and three-vector chains.
We recall that they contain totals of 90 and 91 vectors, respectively, of which
only 94 were distinct.

Similarly, using these invariant monomials, one can find the rest of the
exceptional k4 vectors, (3,5,6,7), (3,6,7,8), (5,6,7,9) which were not included
in the triple chains, together with (3,4,5,6). They have intersection polyhedra
that are not linear. These other exceptional k, vectors are defined as follows

“a'k4:da a:071a273a3/7

ks = (3,5,6,7)[d = 21], (7.7)

where again the following constraint has been used

(g + pg +opy +opy) =
0,1) + (0,0,0,3) +(1,0,3,0) +(0,3,1,0),

1
N0—4
= (3,1,
and

“(y'k4:da a=0,1,2,3,4,

ks = (3,6,7,8)[d = 24], (7.8)

with the constraint:

(g py T+ ops o) =
1,1) + (0,0,0,3) + (1,0,3,0) + (0,4,0,0).

1
Ko = 4
= (3,0,
We also find

/‘l’a'k4:da a:2a373/a57

kq = (5,6,7,9)[d = 27, (7.9)

where the following constraint also has been used

(g 4 py + py +ops) =
0,3) + (0,3,0,1) +(0,1,3,0) + (4,0,1,0),

Mo =

1
4
= (0,0,
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and

B ki=d, a=1,2,33,

(7.10)
ks = (3,4,5,6)[d = 18],

where the following constraint also has been used

po =~ (g + po + p3 + p3) =

1
4
=(3,1,1,0) + (0,0,0,3) + (1,0,3,0) +(0,3,0,1).

7.2. Projective Chains of K3 Spaces Constructed from 7 Vectors. Using
the invariant directions found in the previous Subsection, one can construct new
triple chains:

p-[kalmy = m - kO 4 . k0 4 g ke (7.11)

each corresponding to a direction 7 determined by an intersection of invariant
monomial pairs. Each good projective vector in such a chain, determined by an
invariant direction, contains the monomial/projective direction in its polyhedron.
With respect to this direction, the polyhedron is projected onto a «good» planar
reflexive polyhedron. If the projective vector appears in several different chains,
its polyhedron will have «good» projections corresponding to each of these chains.
This property can be used to make a classification by their projections of the
projective vectors and their reflexive polyhedra. One finds that 78 projective K3
vectors out of 95 have such projective property. Taking into account the rest of
the vectors which already were known from double-intersection J = II-symmetric
chains, one can recover all 95 projective K3 vectors.

The distribution of the 3-dimensional set of positive-integer numbers m, n, r
depends on the dimension of the three extended vectors d(® = °_{k&""},,
i = 1,2,3, participating in the construction of the chain, can have some «blank
spots», corresponding to «false vectors» which do not correspond to any reflexive
polyhedron. The origin of this phenomenon is connected with the structure of
Calabi—Yau algebra, i.e., some of the projective vectors have different expansions
(double-, triple-,...) in terms of the extended vectors. So, for example, if a vector
is forbidden in two-vector expansions, it should also be forbidden in triple-, etc.,
expansions, which is what we call a false vector. The self-consistency of the
algebra entails the absences of some combinations of integer numbers m,n, 7,
even though all of them are below their maximum values. We already have met
and discussed this phenomenon in the classification of triple-vector chains.
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Table 12. Extended vectors k4 in the chain 7r(21) with II = 4 with: Q -k = (N+
+L, M+L,M+NM+N+L)=M-(0,1,1,1)+ N-(1,0,1,1)+ L-(1,1,0,1) and
d = 3M + 3N + 3L, whose youngest vector is Kyoung = (7, 8,9, 12)

X ks [det] | M | N | L|(A,A%) | TI— J* | Chain
95| (7,8,9,12) | [36] | 5 | 4 | 3| (5,35) |4—10]| -

89| (5,6,7,9) | [27] | 4 | 3|2 (6,30) | 4—10 | III
80| (3,6,7,8) | [24] | 5 | 2| 1] (9,21) | 4—10 | III
76| (3,5,6,7) | [21] | 4 | 2 | 1| (9,21) | 4—10 | IIT
66 | (3,4,5,6) | [18] | 3 | 2| 1] (10,17) | 4—10 | III
65| (3,3,4,5) | [15] | 2 | 2| 1] (12,12) | 4—10 | III
44| (2,3,3,4) | 24 | 2 | 1| 1] (7,26) | 4—10 | III

As seen in Table 10, one can give examples of triple intersections giving just
one good vector which has three different projections with II = 4:

il o (Y el o [V alpor = (3,5,6,7)[21],
k] e N (k4] e N kil = (3,6,7,8)[24],
k] e N ka0 N Kilpor = (5,6,7,9)[27). (7.12)

Moreover, the exceptional vector, which has four different projections with 1T = 4,
is given by the intersection of four such chains, i.e.:

k] e ﬂ[kﬂﬂ-g) m[kzx]ﬂpf) ﬂ[kz;]ﬂ-él) = (7,8,9,12)[36]. (7.13)

To understand this in more detail, we consider one chain with projection II = 4,

which is determined by the invariant direction 71'51). The vectors of this chain are

represented as linear combinations with positive-integer coefficients, M, N, L, of
the following three projective vectors, taken from the third line in Table 10:
k4(7ré1)) = M- (Oa 1,1, 1) +N- (17 0,1, 1) +L- (1a 1,0, 1) =
= (N+ L M+L M+ N,M+ N + L). (7.14)
The basis is constructed out of the exceptional invariant monomials determining

the 7r directions. Projecting on the perpendicular plane gives us planar reflexive
polyhedra, so the third basis vector

es=(—-1,-1,-1,2) = (0,0,0,3). (7.15)

is common to all the chains discussed in this Subsection.
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Table 13. The K3 hypersurfaces in chain /77 with intersection J = 4: k(II1I) =
= Bn,m,m+nm+2n) =m-(0,1,1,1) + n-(3,0,1,2), d = 3m + 6n with level
l=m+ My Mmax = 67nmax =2

N[ ki[dim] A(J = 4) A*(I1 = 10) (11, J*)

12| (3,1,2,3)[9] 23 = 4L +4; + 15r| 8" =3} +475 + 15 (10, 4%)
44((3,2,3,0)[12]| 15 =71 + 4y +4r | 9" =4 +35+2% [(9,57);(7,7)
25((6,1,3,5)[15]|21 = 16 + 47 4+ 1| 15* =7 + 75 + 1% (7,7%)
65((3,3,4,5)[15]| 12 =4, + 4y +4g | 12 =15 + 105 + 1% | (4,10)
66(3,4,5,6)[18]| 10 = 2, + 4y + 4 | 17" =8} + 35 + 6% (7,7)
76/(3,5,6,7)[21]| 9=1, +4, +4r | 21" =113 +35+ T | (4,10)
80((3,6,7,8)[24]| 9=1p 4+ 4y +4r |21 =12} +35+6% |  (4,10)
89((6,5,7,9)[27]| 6 =15 44y +1r |30" =17% + 35 + 10%|  (4,10)

Looking at the distribution of allowed integers, M, N, L, we see «blank
spots» such as M = N = L = 1, corresponding to the «false vector» (2,2,2,3),
which is forbidden by the double-vector classification: it would require m = 2 in
the chain (2,2,2,3) =m-(1,1,1,0) + n-(0,0,0, 1), but actually myax = 1 for
this chain. Also, all the polyhedra corresponding to these projective vectors have
the other invariant directions 71':(32) — (1,0,3,0) with IT = 4 and should produce
the following triple-vector expansion chain:

ky(wl) = M-(0,1,1,1)+ N-(1,0,1,2) + L - (3,2,1,0) =

(7.16)
=(N+3L,M+2L M+ N+ L, M+ 2N).
Projecting on the perpendicular plane to the vector
e; =(0,-1,2,-1) = (1,0,3,0) (7.17)

gives us planar reflexive polyhedron with 4 points. This chain is a little longer
and contains other projective vectors. Similarly, one can find using the other

projective directions, wfla) and ﬂ'él), two new triple expansion chains. Together

these four invariant directions, Wga), 1 = 2,3,4,5, with the constructions of the
corresponding triple projective chains contain 40 projective vectors (see Table 1).

One can compare the projection set, ﬂél) and IT = 4, with the double-vector-
intersection chain with J = 4. It is interesting to note that six vectors from the
projective chain shown in Table 12 also appear in the I1I-intersection chain with
J = 4 shown in Table 13. Conversely, the chain shown in this latter Table has
just two vectors: (3,1,2,3),(1,3,5,6) that are not contained in Table 12. The

intersection structure of the I/ chain shown in Table 13 is obtained from the
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following two vectors:

ke(IIT) = m-(0,1,1,1) +n-(3,0,1,2) =
= (3n,m, m + n, m + 2n), (7.18)
1<m<6, 1<n<2

The corresponding four invariant monomials are

uy = (0,0,0,3) = u?,

ud = (1,0,3,0) = z - 23,

s = (2,3,0,0) = 22 - 43, (7.19)
uy = (LL,L,1) =2 y-2-u,

and the corresponding basis can be chosen in the form

€ = (Oa —m—"n,m, 0)7
e; = (0,—-1,2,—1), (7.20)
e3 = (_17_17_172)'

The canonical expression for the determinant of this lattice is
det(e1,e2,e3,e0) =3-m + 6-n=d, (7.21)

where e = (1,1,1,1).

7.3. Example of a J,II = 10 Double-Intersection Chain. To see another
aspect of mirror symmetry and duality, consider the /I chain with intersection
J(A) =T1I(A) =10 and J(A*) =II(A*) =4 shown in Table 14. The decom-
position of this chain is in terms of the following two vectors:

kg =m-(0,1,1,1)+n-(1,0,1,1) =
=(n,m, m+n,m+n), (7.22)
1<m<3, 1<n<3

The basis of the lattice in which the polyhedral intersection with the set of
positive-integer points corresponds to Table 14 is the following:

e = (_m7na 07 0))
€y = (_L _]-a 170)a (723)
€3 = (_15_15071)5

and the corresponding determinant is

det(el,eg,eg,eo) =3-m+ 3-n=d, (7.24)
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Table 14. The K3 hypersurfaces in chain 7/ with intersection J = 10: k(II) =
= (n,mym+nm+n) =m-(0,1,1,1)+ n-(1,0,1,1) with d =3m +3n, ¢g=1,
Mmax = 37 Nmax = 3

X[ ki[dim] A(J = 10) A*(TT = 4) (I1, J*)
4| (1,1,2,2)[6] |30 =10 + 105 + 10r | 6* =1} +4% + 15 | (10,4%)
12| (1,2,3,3)[9] | 23=10L + 105 +3r | 8 =3} +4% + 1% | (10,4%)
(10,4)
(10,4%)

21| (1,3,4,4)[12] | 21 =101 + 10y + 1r | 9* =4} + 4% + 1%
48 | (2,3,5,5)[15] | 14=3L+ 10, +1p | 11* =4} + 4% + 3%

where eg = (1, 1,1, 1) again. The ten corresponding invariant monomials are:

IJ’O (3 370 O)
3= (2,2,1,0)= 2,
ps = (11,20)$xyz
IJ’O (0 073 O)
0 =1(2,2,0,1 -,
Mo = (2, )= (7.25)
ps = (1,1,1, 1):>a: Y- z-u,
/1’0 (0 072 1)
ps = (11,02):>xyu
uy =(0,0,1,2) = z - u?
1e° = (0,0,0,3) =
For the vector ky = (1, 1,2,2), one can consider the basis
= (-3,3,0,0),
e = (—1,-1,1,0), (7.26)
€3 = (_15 _1507 1)
with determinant 18, in which the dual pair of polyhedra:
1, + 10 + 15 =12,
L SR (7.27)

45 4 A% 4 Ay =12"

both contain 12 points and 12 mirror points, respectively.
7.4. Example of a Chain with IT = 5 and Eldest Vector k, = (7, 8,10, 25).
Now we present in Table 15 a projective chain with II = 5, constructed from

the invariant direction Wél) with the invariant monomials (0,0, 0,2) + (2,2, 2,0).
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The 14 projective vectors of this chain are represented as linear combinations
with positive-integer coefficients, M, N, L, Q, Q = 2,1, of the following three
vectors:

Q- ka(w")

M-(0,1,1,2)+ N -(1,0,1,2) + L-(1,1,0,2) =
=(N+L,M+L M+N,2-M+2-N+2-L).
(7.28)

Projecting on the perpendicular plane gives us planar reflexive polyhedra, so the
third basis vector

€3 = (_17_17_171) = (070a072) (7.29)

is common to all the chain discussed in this Subsection.

There can be constructed additional three chains, 77552’3’4), with the same
invariant direction, (0,0,0,2), (2,2,2,0), and the same youngest vector, but with
the different triple intersections and therefore with the different projective chains.
Together one can find inside all of four projective chains, wéa), a=1,2,3,4,a
total of 33 projective vectors (see Table 1).

Table 15. The K3 hypersurfaces in the ﬂél) chain with projection II = 5 related
tothe /X with J =5 Q-k=(N+L M+L, M+ N, 2M + 2N +2L) =
M-(0,1,1,2)+N-(1,0,1,2)+L-(1,1,0,2) with d = 4M + 4N + 4L, kea = (1,1, 1, 3)
Kyoung = (7,8,10,25), Q =2 or 1

N ky [det] | M | N | L | Q| (AA") | II—J* | chain
94 | (7,8,10,25) | [50] |11 |9 [ 5| 2] 6,30 | 5—9 | -
93 | (8,7,5,20) | [40] | 2 | 3|5 | 1] (828) | 5-9 | -
o1 | (56,819 | [38] | 9 | 7|3 | 2| (7.35") | 5-9 | IX
88 | (7,6,4,17) [34] 9 5 13| 2 (8,31%) 5-9 IX
84 | (4,57,16) | [32 | 4 | 3| 1| 1] (92r) | 5-9 | IX
82 | (4,5,6,15) [30] 7 5131 2| (10,207) 5-9 11X
69 | (3,4,512) | 48 | 3 | 2| 1] 1] (7,35 | 5-9 | IX
64 | (2,6,7,15) [30] 6 301 2| (13,239 5-9 IX
60 | (2,5,6,13) | [26] | 9 | 3 | 1| 2] (1323) | 5-9 | IX
58 (2,4,5,11) [22] 7 3 1| 2 | (14,19%) 5-9 IX
A7 | (23,49 | 36 | 5 | 3| 1|2 92) | 5-9 | IX
43 (2,2,3,7) [14] 3 3 1| 2 | (19,11%) 5-9 IX
1| (1,225 | 20 | 3 |1 |1]|2]| @515 5-9 | IX
3 L3 |n2 | 1| 1]1]2] 396 | 5-9 | IX
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It is interesting to note that the chain ﬂél) has 11 k4 vectors with II = 5 in
common with the 71X ; chain where J = 5, whose structure is obtained from the
following two vectors:

ks(IX) = m-(0,1,1,2)+n-(2,1,0,3) =
= (2n,m + n, m, 2m + 3n), (7.30)
1<m<6, 1<n<4
The chain IX of ks projective vectors with the structure 5;-A < 9=—a is

presented in Table 16. The lattice determinant and the basis are given by the
following expressions:

e; = (0,—m,m +n,0),
ey (—1,2,—2,0)7 (7.31)
€3 = (_17_17_171)a

and
det(el,eg,eg,eo) =4-m+ 6-n=d, (7.32)

where eg = (1,1,1,1).
The possible values of m and n for this chain are also determined by the
dimensions of the extended vectors, d(k®*(?)) = 6 and d(k°*()) = 4, with the

Table 16. The K3 hypersurfaces in the chain /X: k=(2n,m+n,m,2m+3n)=
= m-(0,1,1,2) + n - (2,1,0,3) with d=4m + 6n, Mmax = 6,Mmax = 3 and
Kea = (1,2,2,5)[10]

N k[dim] A(J =5) A*(II=9) (A, A%)
11 | (2,2,1,5)[10] | 28 =71 + 55 + 16& 8 =37, +4c + 1 (10"
43 | (2,3,2,7)[14] 199=TL,+5;+7r 11" =1, +95+ 1r (5m,9.)
24 (4,3,1,8)[16] 24 =35, + 55 + 16r 12* =17, +55 +6Rr (51‘[,9J)
33 | (6,4,1,11)[22] | 22=11 +554+16r | 20" =1L 4+ 55+ 14r | (7o € 9u)
47 | (2,4,3,9)[18] 16 =7 4+ 55 +4r 14 =6, + 75+ 1r (7o € 9n)

58 2,5,4,11)[22] | 14=T7 + 55+ 2R 19" =91 + 95+ 11r (5m,97)
60 | (6,5,2,13)[26] | 13=14+5;4+7r | 23" =1L +95+13r (5m1,9.)
69 4,5,3,12)[24] | 12=3rL 4+ 55 +4r 18" =6 + 75+ 5r (7o € 9n)

84 4,7,5,16)[32] 9=3rL+5;,+1r 27" =13, + 95 + 5r ( )
88 6,7,4,17 [34] 8=15+55+2r 31" =91, +9;5; +13r (51‘[,9J)
( )

( )

( )

( )

64 | (2,7,6,15)[30] | 13=7, +5,+1r | 23° =13, + 9, +1r | (5m.9s)
( )

( )

91 | (6,8,5,19)[38] | 7=9.+5,+1r | 35" =16, + 7, + 12z
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additional constraint n,.x = 3 < dim (0,1, 1,2) (see Table 16):

p-ks(IX) = m-(0,1,1,2) + n-(2,0,1,3),
p=1—->1<m<6,1<n<3 (7.33)

The 5 invariant monomials for this chain are the following:

= (1,4,0,0) = z -y,

”(2)_(2725270) = $2'y2'22,

us =(3,0,4,0) = 3. 24, (7.34)
“3:(17]-;171) = T Y- -z-u,

s =(0,0,0,2) = u?

7.5. Example of a J = II = 9 Chain. To see another aspect of mir-
ror symmetry and duality, we now consider the chain VI with intersection
J(A) =1I(A) =9 and J(A*) =II(A*) = 5 shown in Table 15, which is con-
structed from the extended vectors k! = (0,1,1,2) and k/ = (1,0, 1,2). In this
case, duality gives very simple connections between the numbers of integer points
in the dual polyhedron pair, as seen in Table 17.

The canonical basis for chain VI is:

e = (_m7na 07 0))
es = (—1,-1,1,0), (7.35)
€3 = (_1)_1)_1’1)

with the following restriction on the determinant
det(e1,e2,e3,e0) =4-m + 4-n=d, (7.36)
where eg = (1,1,1,1).

Table 17. The K3 hypersurfaces in the chain VI: k(VI) = (n,m,m+n,2m+2n) =
=m-(0,1,1,2) +n-(1,0,1,2)

N K4 A(J =9) A*(IT = 5) Am, A*;
6 | (1,1,2,4)[8] |35=130+9yn+13r | 7" =1} +55, + 1% | (9m,7,5.m)
15| (2,1,3,6)[12] | 27 =5,4+9,n+13r | 9" =17 +55., +4% | ( )
24| (3,1,4,8)[16] | 24 =21 + 91 +13r | 12° =1} + 501, +6r | (91,7,57,m)
31| (4,1,5,10)[20] | 23 =11 + 9y + 135 | 13* =15 + 5.5 + Tr | (91,5, 5,11
24 | (3,2,5,10)[20] | 16=2L +9,n+5r | 14* =3} +5f., +6% | ( )
71| (3,4,7,14)[28] | 12=2, +9sn+1r |18 =75 + 55, +6% | ( )

9,7, 5,11

11,7, 57,11

9,7, 5,11
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The possible values of m and n for this chain are determined by the dimen-
sions of the extended vectors, without any unexpected puzzles:

p-ky(VI) = m-(0,1,1,2) + n-(1,0,1,2),

p=1—=1<m<4 1<n</4, (7.37)
and the following:

po = (4,4,0,0) = z* o

“O*(S 37]-;0) = $3y327

”O - (25 27250) = xQ : y2 ' 2:27

uo=(1,1,3,0) = xz-y-2°

pd=(0,0,4,0) = z* (7.38)

us=1(2,2,0,1) = 22-9% u,

ph=(1,1,1,1) = =x-y-z-u,

us=1(0,0,2,1) = 2% u,

uy = (0,0,0,2) = u®

are the 9 invariant monomials W;,, for this chain.

Analogously, one can consider the projective chain n§“>(H = 5) with the
youngest vector (5,6,8,11), and compare it with the double-intersection chain
VIII, constructed from the extended vectors k(VIII) = m - (0,1,1,2) +n -
(1,1,2,0); (d = 4dm + 4n. mmax = 3, Nmax = 4), kaa = (1,2, 3,2)[8]. Among
the 95 K3 projective vectors, 26 have such an invariant-direction structure, and
therefore can be found in corresponding projective chains (see Table 1).

8. K3 HYPERSURFACES AND CARTAN-LIE ALGEBRA GRAPHS

We discuss in this Section more details of the emergence of Cartan-Lie
algebra graphs in our construction of CY spaces.

8.1. Cartan-Lie Algebra Graphs and the Classification of Chains of Pro-
jective Vectors. As we commented already in the Introduction and in Section 2,
the structure of the projective ky vectors in 22 chains leads to interesting relations
with the five classical regular dual polyhedron pairs in three-dimensional space:
the one-dimensional point, two-dimensional line segment and three-dimensional
tetrahedron, octahedron-cube and icosahedron-dodecahedron. There are also in-
teresting correspondences with the Cartan—Lie algebra CLA graphs for the five
types of groups in the ADEg 7 g series: see Figure 8. The CLA ;1 graphs, which
can be seen in the polyhedra of the corresponding k4 projective vectors, follow
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G ke Lm

J NS J

cyclic — (0, 0,0, 1) — 4!
dihedral — (0,0, 1, 1) > D!

kg G

{ {

. «(0,0,0, 1)« cyclic

. <« (0,0,1, 1) « dihedral
tetrahedral — (0, 1,1, 1) > Eé <« (0,1, 1, 1) « tetrahedral
octahedral — (0, 1, 1,2) —> E; <« (0,1, 1, 2) < octahedral

<« (0,1, 2,3) « icosahedral

icosahedral —» (0, 1,2, 3) —> Eé

Fig. 8. [Illustration of the Cartan-Lie algebra diagram classification of the
22(= [13 + 1] 4+ 8") chains of K3 polyhedra shown in Table 18. Here G denotes the
cyclic, dihedral, tetrahedron, octahedron-cube, and icosahedron-dodecahedron subgroups of
SU(2), L/R denote left/right integer points and CLA ; diagrams, J, — the type of inter-
section, and the k3 are all the possible planar vectors. We find rmaxy, = 17 of Tmaxg = 17
for the Ai series, and rmaxy, = 16 or rmaxr = 16 for the Di series. In the example shown
here, one can see the polyhedron with the projective vector: k4 = (1,1, 3,4)[9]

completely the structure of the five possible extended vectors:

k&'t =(0,0,0,1) « A,
k%" =(0,0,1,1) « D,
k&t =(0,1,1,1) « Eg, (8.1)
kgt =(0,1,1,2) « E,
k"t =(0,1,2,3) « E;s.

We give in Table 18 the ADE structures and the C' D ; diagrams of all the eldest
K3 projective vectors from the 22 double chains. An illustration is given in
Figure 8, and the rest of this Section discusses the examples of chains XV to
XTX, illustrating the power of our systematic approach.

8.2. The K3 Chain XV with Graphs in the Eél) — Agl) Series. Here we
give the list of ky vectors which can be constructed from the Weierstrass vectors
ks = (1,2,3) and k; = (1), shown as chain XV in Table 19. The number of k4
vectors in this chain is determined by the positive-integer numbers: m = 1,n < 6,
according to the dimensions of the corresponding component k.
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I+ VISt =6 | (SO (SO | PP YTOT Ly =c1 | (02 1) + (e T0) | eV Tie) | IXX
I+ VT +S1=6 | (qd o (d | FLEYVIISL 4 =17 | (€012 + (e T0) | [ole T ) | XX
I+ VIS = 6 | (ST o (ST | T+ VEISL 4 o1 =68 | ¥(eT0D) + (e T0) | [GUOTTT) | XIX
THVEITL A =16 | 37 o (ST | Fer+ VIEISIL 48291 =9¢ | (2 10°T) + (e 10) | [otl(ee T D) | [ITAX
NI+ VT %1 =6 | (S < (ST | P01+ VUL 4 et =¢8 | (110D + (e T0) | [Bl(reTT) | ITAX
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Table 19. The K3 hypersurfaces in the chain XV: k = (m,2-m,3-m,n) = m -
(1,2,3,0) +n-(0,0,0,1): d = 6m + ny, Mmax = 1, tmax = 6, keia = (1,2, 3,1)[7]

R |m,n k[d] A(J=T) Group A*II=T7)

501,11 (1,2,3,1)[7) |31=8.+7s+16r | ALY, | 8 =1} + 65 + 15
10] 121,232 [24=100+7,+7: | AV, | 8" =37 +45 +13
12 1,3 | (1,2,3,3)[9] |23 =120 + 75 +4r | AL, | 8 =4} + 35 + 1%
13| 1,4 |(1,2,3,4)[10] |23 = 141 + 75 +2r | ASY, [11° =35 + 35 + 13
14 1,5 | (1,2,3,5)[11] |24 = 161, + 75+ 1r | ALY, |13 =97 + 35 + 1%
15| 1,6 | (1,2,3,6)[12] |27 =19, + 75 + 1r | A, | 9 =57 +35 + 13

The basis for this chain, see Figure 9, can be written in the the following
form:
e; = (—n,0,0,m),
ex = (—2,1,0,0), (8.2)
e; = (—3,0,1,0).

The determinant of this canonical basis coincides, of course, with the dimensions
of the k4 vectors:

det (e1,e2,e3,e0) =6-m + 1-n =d, (8.3)

where ep = (1,1,1,1). The decomposition of this chain is again determined by
the dimension of the extended vectors d(k**()) = kfx(z) + k;x(z) + kgx(z) + kfc(z),
as seen in Table 19:
ky(XV)=m-(1,2,3,0) 4+ n-(0,0,0,1),
m =1, 1<n <6 (8.4)

L<— J, — R

Fig. 9. The Aél)L — Eél)R graph from the eldest (1,2, 3,1)[7] polyhedron in chain XV:
31=8L + 75+ 16Rr
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The seven invariant monomials corresponding to this chain are:

=(6,0,0,1) = a5-u,
uo_(4,1,0,1) = 2t y-u,
ue=(2,2,0,1) = z2-9% u,
ne=1(00,3,0,1) = ¢°-u, (8.5)
uof(SO,l,l) = 3.2,
=(1,1,1,1) = z-y-z-u,
uo—(O 0,2,1) = 2%-u.

Considering the dual pairs for these vectors, one can see that the singularities of

the eldest vector ky = (1,2, 3, 1) correspond to some graphs of the Aél)L — Eél)R
series, as seen in Figure 9. For instance, if one looks at the integer points in
the edges of the polyhedron on the left (right) side of the intersection by the
hyperplane k? = (0, 1,2, 3), one sees graphs with A(Gl)L and Eél)R Lie algebras.
Going to the last minimal k = (1,2, 3, 6) of this chain, we find that the right graph

degenerates and left points reproduce Agll) with the maximum possible rank in
this chain. Thus, the six k vectors in this chain produce the following graphs in
the A series: Aél), A(71), Aél), Aél),A%), Agll).

8.3. The K3 Chain XV with Graphs in the E{") — D, Series. The basis
for the chain shown in Table 20 is

€ = (—m,n,0,0),
es = (0,-2,1,0), (8.6)
e3 = (_17_17_171)5

with
det (e1,e2,e3,e0) =6-m + 2-n =d, (8.7)

where g = (1,1,1,1) again. The decomposition of this chain is completely
determined by the dimensions of the vectors shown in Table 20:

p-ky(XVI) = m-(0,1,2,3) + n-(1,0,0,1),
p=1" — 1<m<21<n<6,
p=2 — m=n =2 (8.8)
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Table 20. The K3 hypersurfaces in the chain XVI: k = (n,m,2m,3m + n) =
m(O, 1,2, 3)—|—n(1, 0,0, 1): (d =6m + 2”), Mmax = 2, Nmax = 6, Kea = (17 1,2, 4)[8]

N k[d] A(J=T) Group A*(II=T7) (II(A), J(A™))
6| (1,1,2,4)[8] |35 =16 + 75+ 12r| Dsr | 7" =1} + 56 + 1% (9,5%)
11](2,1,2,5)[10] | 28 = 71 + 7y + 145 | Dor | 8" =15 +45 +35 | (10,4%)
15 (3,1,2,6)[12] | 27 =45 4+ 75 + 16r | D1or| 9" =17 + 40 + 4% (9,5%)
17)(4,1,2,7)[14] [ 27 = 21 + 75 + 18r | Dur |12 = 15 + 45+ T | (7,77)
19] (5,1,2,8)[16] [ 28 = 1, + 7y + 14 | Diog| 14" =1} +45 + 9% | (7,77)
20| (6,1,2,9)[18] | 30 = 11, + 7y + 225 | Disr [12* = 1} + 45 + T | (7,77
47)(3,2,4,9)18] | 16 =4, + 7, +55 | — |14" =35 + 55+ 65| (7,7%)
58((5,2,4,11)[22]| 14 =11 + Ty +6r | — [19 =35 + 45 +12% (5,97

y’(l) = (2a670a0) = xQ : yGa

ﬂ37(2ﬂ471)0) = x2~y4'z,

ﬂg - (2a 272a0) = xQ : y2 : 227

uy=(2,0,3,0) = 2?23 (8.9)
u8=(1,3,0,1) = z-y-u,

ugz(l,l,l,l) = T-y-z-u,

uh=(0,0,0,2) = u’

The example of the Eél)L — Dgp graph associated with the eldest (1,1,2,4))[8]
polyhedron in Table 20 is shown in Figure 10.

L«— J, —> R

1

1
ES DX
3 1
0 o o o o o °
246 5432 1 2222 21

Fig. 10. The Eél)L — Dsr graph from the eldest (1,1,2,4)[8] polyhedron in the chain
XVI:33=161+ 75+ 10r
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8.4. The J = Il Symmetric Chain XV /] with Exceptional Graph Eg x Eg.
We show in Table 21 the projective vectors constructed from k§* = (0,1,1, 1) and
k5® = (1,0,2,3). In this case, the number of points in the maximal polyhedron
with m =n =1 can easily be calculated: 33 = (10)r, + (7)int + (16)g. The
«right» 15z + 1 points form the graph for the affine Eél) Lie algebra, as shown
in Figure 11:

6=14+1+14+1+1+1 = {(Po)1 + (Pu)2 + (Pu)s +
+  (Pry)a + (Poy)s + (Puy)s ),

3=3 = {(P, . .)s}h (8.10)
=

6=4+2 = {(Boorep)s t (Boya)t

’
7 8

The «left» points in this polyhedron, 9;, + 1, correspond to the Eél) affine series
with the Coxeter numbers:

3=1+1+1 = {(le)l + (sz)Q + (sz)S}v
3=2+1 = {(P, )2+ (P}, (8.11)
3=2+1 = {(P, )2+ (P}

Table 21. The K3 hypersurfaces in the chain XV II: k = (n,m,m + 2n,m + 3n) =
=m-(0,1,1,1) +n-(1,0,2,3): d = 3m + 6n, max(m,n) = (6,3)

X K[d] A A*
(1,1,3,4)[9] | 33=10L + Tyen + 16 | 9" =15 + Th_, + 1%

16 | (1,2,4,5)[12] | 24 =100 4+ Tymn+Tr | 12 =45 + Tho, + 15

25 | (1,3,5,6)[15] | 21 =101 + Ty +4r | 15" =75 +Th_y + 15
32 | (1,4,6,7)[18] | 19=10L +Tsu+2r | 20" =12} + Ty + 15
36 | (1,5,7,8)21] | 18 =101 + 7y—u+1r | 24" =167 + Ty + 1%
39 | (1,6,8,9)[24] | 18 =101 + 7y +1r | 24" =16} + Th_y + 15
18 | (2,1,5,7)[15] | 26 =3p +Tsen + 165 | 17" =1} + Th—s + 9%

27 | (3,1,7,10)21] | 24 =17 +Ty—ni+ 165 | 24" =1} + 75, + 165
52 | (2,3,7,9)21] | 4=3.+T/—n+4r | 23" =T; + Ty + 9%

54 | (3,2,8,11)[24] | 15=10+Tsu+7r | 27" =4 + i, + 165
61 | (2,5,9,11)27] | 11 =1, +7s-u+3r | 32° =95 + i, + 165
72 | (3,4,10,13)[30] | 10=17 +7s-uu+2r | 35" =12} + Th_, + 163,
77| (3,5,11,14)[33] | 9=1r+7su+1r | 39" = 16} + T, + 165
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For mmax = d(k(1,2,3)) = 6 and nmin = 1, the corresponding polyhedron con-
tains 18 points: 18 = (10) + (7)int + (1)g. Conversely, for muyi, = 1 and
Nmax = 3 = dim(k(1,1,1)), the self-dual vector k = (3,1,7,10) has 24 inte-
ger points: 24 = (1)1, + (7)int + (16)g. Finally, the polyhedron with m =5
and n =3 contains the minimal possible number of integer points, namely
9= (1)z + (7)int + (1)g. This minimal vector (3,5, 11,14)[33] is the dual con-
jugate of the vector k = (1,1,4,6)[12].
The canonical basis of the chain shown in Table 21 is:

e = (_m7 n, 07 0))
ey = (—2,—1,1,0), (8.12)
€3 = (_1a07_171)a

with
det (e1,e2,e3,60) =3-m + 6-n =d, (8.13)
where eg = (1,1,1,1). The possible values of m and n for this chain are

determined in the standard way from the dimensions of the extended vectors,
d(k®*()) = 6 and d(k°*()) = 3, as seen in Table 21:

p-ky(XVII) = m-(0,1,1,1) + n-(1,0,2,3),
p=1" — 1<m<6, 1<n<3,
p=2 — m=n=2,
p=3 — m=n=23. (8.14)

The seven invariant monomials corresponding to this chain are the following:

uh = (6,3,0,0,) = a5.93

pa=(4,2,1,0,) = az*-y? 2,

uo=(2,1,2,0,) = 2%-y-z,

uo = (0,0,3,0,) = 2% (8.15)
uo=(3,2,0,1,) = 2%-4%-u,

uS=01,1,1,1,) = z-y-z-u

uh=(0,1,0,2,) = y-u?

and the corresponding Eél)L — Eél)R graph associated with the eldest (1,1, 3,4)
[9] polyhedron in chain XV IT is shown in Table 22 and Figure 11.
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Table 22. The group singularities of the dual pairs of elliptic polyhedra in chain XV II

P?(k) H(A) H(A™) | GL(A) | Gr(A) | GL(AY) | Gr(AT)
(1,1,3,4) | m1+ma+ms =0 | mi =0 Es Es | SU) | su()
(1,2,4,5) | mi+ma2+m3=0|mi=0 Es F, G2 SU(1)
(1,3,5,6) | mi+m2+m3=0|mi=0 Es Go Fy SU(1)
(1,4,6,7) | mi+ma2+m3=0|mi=0 Es SU(2) E~ SU(1)
(1,5,7,8) | mi+ma+ms=0|mi=0| Es |SUQ1) | Es | SU(1)
(1,6,8,9) | mi+ma2+m3=0|mi=0 Es SU(1) Eg SU(1)

L+«— J, — R

Eg Eq

L 3

2

! !
o—o o oo o—0 0 o 0 o 0o o
12 32 1 1 2 3 4 56 4 2

Fig. 11. The Eél)L - Eél)R graph associated with the eldest (1, 1, 3,4)[9] polyhedron in
chain XVII: 33 =101 + 75 + 16r

8.5. The J = II Symmetric Chain X V' /1] with Exceptional Graph E7 x Ex.
This chain can be built from the vectors k§*" = (0,1, 1,2) and k§*" = (1,0,2,3),
with positive integers m < 6 and n < 4. The maximal (m = n = 1) polyhedron
in this chain is again completely determined by the dimensions 4 and 6 of the
projective vectors k$*" and k§*’, respectively:

36 = (13)L + (7)J:1‘[ + (16)3. (8.16)

The «right» 15z + 1 and «left» 127 + 17 points produce the graphs for the
affine Eél) and E§1) Lie algebras, respectively, as seen in Figure 12. The vector
k = (3,4,9,14)[28] is self-dual with Eél) graphs for the dual polyhedron pair.
The «minimal» vector k gives the following set of integer lattice points in the
polyhedron:

D+ (TNine + (R =9. (8.17)
The canonical basis for the chain shown in Table 23 is:
€ = (_ma n, Oa 0)7
ey = (—2,-1,1,0), (8.18)
€3 = (_17 _17 _17 1))
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Table 23. The K3 hypersurfaces in the chain XV III: k = (n,m,m+2n,2m+3n) =

=m- (071,1,2)+n~ (17072,3): d=4m+6n, Mmax :67nmax =4

N

k[d]

A

A*

8

(1,1,3,5)[10]

36 = 13L + 7j=n + 16Rr

9" =1} + Thoy + 1k

17
26
33
37
40
19
28
34
55
53
74
73
62
78
85

(1,2,4,7)[14]

(1,3,5,9)[18]
(1,4,6,11)[22]
(1,5,7,13)[26]
(1,6,8,15)[30]

(2,1,5,8)[16]
(3,1,7,11)[22]
(4,1,9,14)[28]
(3,2,8,13)[26]
(2,3,7,12)[24]
(4,3,11,18)[36]
(3,4,10,17)[34]
(2,5,9,16)[32]
(3,5,11,19)[38]
(4,5,13,22)[44]

NN NN

27T=13L+7;=n+7r
24 =13 4+ 7j=n1 + 4r
22 =13 4+ 7j=n1 + 2r
21 =13+ 7j=n+ 1r
21 =13 4+ 7j=nn + 1r
28 =5 + Tj=n + 16r
25 =214+ 75=n + 16r
24 =11 4+ 7y=n1 + 16R
16 =2, +75=n1+Tr
16 =5 + 7= +4r
12=1L +75=nn +4r
11 =2 4+ 75=n1 + 2r
13=5L+7;=n+1r
10=2L +7j=n +1r
9=1r+7j=n0 + 1r

12 =47 + Th—y + 1%
15% =75 4+ They + 15
20% = 125 + Ty + 1%
24* = 167 + Ty + 1%
24* = 165 + Ty + 1%
14* =17 + Th—y + 6%
20" =13 + Thoy + 125
24* =13 + T, + 163
23% =43 + Ty + 125
20" =7y 4+ Th—y + 6k
30 =75 + Ty +16%
31" =127 + Thoy + 125
29* = 167, + Tr—y + 6%
35" = 167 + Tr—y + 125
39* =167 + Tg—s + 16%

with

The possible values of m and n for this chain fill up the dimensions of the

det (e1,e2,e3,1)=4-m + 6-n = d.

extended vectors d(k°*()) = 6 and d(k°*()) = 4, as seen in Table 23:

p-ky(XVIII) =

p=1" —

p=2 — m=n=2,
p=3 — m=n=23,
p=4 — m=n=4.

m-(0,1,1,2) + n-(1,0,2,3),
1<m<6, 1<n<4,
(8.20)

(8.19)
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L<— J, — R

El El
i .
.—Q—Q—Q—QfHO—H—.—O—LO—O
1 23 43 21 1 23 45 6 4 2

Fig. 12. The E;UL - Eél)R graphs associated with the (1, 1, 3,5)[10] polyhedron in chain
XVIII: 36 =131 + 75 + 16r

Table 24. The group singularities of the dual pairs of elliptic polyhedra in chain XV II1

P?(k) H(A) H(A™) | GL(A) | Gr(A) | GL(AY) | Gr(AT)
(1,1,3,5) | mi+ma2+2m3 =0 | mj = Er Es SU(1) | SU(1)
(1,2,4,7) | m1+m2+2ms =0 | m] = Er Fy Go SU(1)
(1,3,5,9) | m1+ma+2msg=0|mi = Er G» Fy SU(1)

(1,4,6,11) | my +mo +2ms =0 | m} E. | su@ | B | suq)
(1,5,7,13) | mi+ma2+2m3 =0 | mi =0 Er SU(1) Eg SU(1)
(1,6,8,15) | m1 +ma +2ms =0 |mi=0| E; |SUQ)| Es | SU(1)

The seven invariant monomials corresponding to this chain are the following:

uh=(6,4,0,0,) = a4,

ui=(4,3,1,0,) = at-y3. 2

e =1(2,2,2,0,) = a%-y? 2%

up=(0,1,3,0,) = y-2° (8.21)
s =(3,2,0,1,) = Yo u

uS=(1,1,1,1,) = z-y-z-u,

pi=1(0,1,0,2,) = y-u’

The E;l) L= él) r graph associated with the eldest (1,1,3,5))[10] polyhedron

in chain XV III can be seen in Table 24 and Figure 12.

8.6. Chain X7X with (7;,7r;) Weierstrass Triangle Fibrations. We now
consider the chain X7X of ky projective vectors with Fg; and Fsgp graphs.
This chain starts from the m = n = 1 polyhedron, which is left-right symmet-
ric with respect to the intersection P?(1,2,3). This polyhedron P3(1,1,4,6)
contains 39 = 16y, 4 (7) = + 16 integer points: see Table 25 and Figure 13.
The minimal vector k = (5, 6,22, 33)[66] is the dual conjugate of the eldest vec-
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Table 25. The K3 hypersurfaces in the J =1I symmetric chain X7X with
k = (n,m,2m + 2n,3m + 3n) = m-(0,1,2,3) + n - (1,0,2,3): d = 6m + 6n,
Mmax — 67 Nmax = 6’ keld = (17 17 47 6) [12]

N ks AJ=T1=T1) Al =J=7)

9| (1,1,4,6)[12] |39=160 + Ty—n+ 165 | 9" =1} +Ti_s + 15
20| (1,2,6,9)[18] | 30 =161 + Ty—n +7r | 12 =4} + Th_y + 15
29| (1,3,8,12)[24] | 27 =161 + Ty—ni +4r | 15" =7} + They + 15
35| (1,4,10,15)[30] | 25 =161 + Ty—m +2r | 20" =12} + Tf—, + 1}
38| (1,5,12,18)[36] | 24 =161 + Ty—ni + 1r | 24" = 16} + Tf—,; + 1}
41 (1,6,14,21)[42] | 24 =161 + Ty—n +1r | 24" =16} + Tf—, + 1}
56 | (2,3,10,15)[30] | 18 = 7o +Ty—n+4r | 18 =7i + Ty +4r
75| (3,4,14,21)[42] | 13=4L +Ty—u+2r | 26" =12} +Th_; + TR
63| (2,5,14,21)[42] | 15 =T, +Ts—n+1r | 27" =16} + Th_, + 45
79| (3,5,16,24)[48] | 12 =4r 4+ Tj—n+1r | 30" = 16} + T, + Th
86 | (4,5,18,27)[54] | 10 =21 + Ty—m + 1r | 35" = 16} + T, + 125
92| (5,6,22,33)[66] | 9=1p+7/—n+1r |39" =16} + T, + 16}

tor k = (1,1,4,6)[12], the vector k = (1,6, 14,21)[42] is self-dual, and its dual
pair of K3 polyhedra yield the self-dual Eél) graph.
The basis of the chain shown in Table 25 is the following:

e; = (—m,n,0,0),
es = (—2,-2,1,0),w (8.22)
e; = (—1,-1,—-1,1),
with
det (e1,e2,e3,e0) =6-m + 6-n =d, (8.23)

where ep = (1,1,1,1). The possible values of m and n for this chain are com-
pletely determined by the dimensions of the vectors d(k°*(/)) = 6 and d(k**(")) =
= 6 (see Table 25):

p-ki(XIX) = m-(0,1,2,3) + n-(1,0,2,3),

p=1" — 1<m<6,1<n<E06,

p=2 — m=n=2,

p=3 — m=n=3, (8.24)
p=4 — m=n=4,

p=6 — m=n=06.
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Fig. 13. The E{", — E{" ,, graph obtained from the eldest (1, 1,4,6)[12] polyhedron in
chain XIX: 39 =167 + 75 + 16r

Table 26. The group singularities of the dual pairs of elliptic polyhedra in chain X7X

P?(k) H(A) H(A™) | GL(A) | Gr(A) | GL(AY) | Gr(AT)
(1,1,4,6) |m1+2m2+3m3=0|mi=0| FEs Es SU(1) | SU(1)
(1,2,6,9) |my+2ms+3ms =0|mi=0| Es Fy G, | sU()
(1,3,8,12) | m1+2mae +3ms =0|mj = Es G2 F, SU(1)

(1,4,10,15) | m1 + 2m2 + 3ms =0 |mi =0| Es | SU®@) | E: | suQ)
(1,5,12,18) | m1 + 2m2 +3mz =0 | mi = Esg SU(1) Esg SU(1)
(1,6,14,21) | m1 +2ma +3ms =0 |mf =0| Es | SUQ)| Es | SU(1)

The seven invariant monomials corresponding to this chain are the following:

ui = (6,6,0,00 = ab.95

ud = (4,4,1,0) = a2ty 2

u%:(2,2,2,0) = xQ-yQ-zz,

uo=(0,1,3,0) = y-2% (8.25)
no=(3,3,0,1) = z%.9° u,

ug:(l,l,l,l) = z-y-z-u,

uh=(0,0,0,2) = u’

Using these invariant monomials and basis, the CY equations for all the
k(I = m + n) projective vectors of this chain can be written in the following
form:

p=Il;r

. ,NprL-(—e1) PR —nyr-(—e1)
A + I; allxé A 1

(8.26)

where the basis vector e; = (m, —n,0,0). The Eél)L — él)R graph obtained
from the eldest (1,1,4,6)[12] polyhedron in chain X7X is shown in Table 26

and Figure 13.
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9. PERSPECTIVES ON THE FURTHER CLASSIFICATION OF CYj3
AND K3 SPACES

Although a fuller study of C'Y3 spaces lies outside the scope of this paper,
a preliminary study is of interest here, for the following reason. In addition to
the 95 K3 spaces (Table 1) related to the zeroes of single polynomials discussed
in previous Sections, others can be found by «higher-level» constructions as the
intersections of the loci of zeroes of quasi-homogeneous polynomials, which are
obtainable from C'Y3 spaces, as we now discuss.

When going on to consider the general construction of k5 projective vectors
in C'P* that describe C'Y3 hypersurfaces, we start from the 95 simple extensions of
these K3 vectors as well as 5 multiple extensions of lower-dimensional vectors,
together with all their possible permutations. In accordance with the previous
five forms of extended vectors, one finds the following sets and permutations:
quadruply-extended basic vectors with the cyclic C5 group of permutations:

kim = (0,0,0,0,1), |C5| = 5; (91)
triply-extended composite vectors with the dihedral D5 group of permutations
kgm = (0,0,0,1,1), |D5| = 10; (92)

the following doubly-extended composite vectors with the Df, AL, and A5 groups
of permutations

KS* = (0,0,1,1,1), |D4| = 10, (9.3)
kK" = (0,0,1,1,2), |A4%| = 30, (9.4)
K® = (0,0,1,2,3), |As| = 60, (9.5)

we recall that the alternating group of permutations Ay can be identified with
the icosahedral symmetry group I. All the other extended ks vectors can be
obtained similarly from 95 K3 vectors, utilising the symmetric group S5 or some
subgroups. The full set of extended k5 vectors is displayed in Table 27. As noted
in its caption, the total number of extended vectors is 10 270.

As an illustration how our method may be used to classify C'Ys manifolds,
we now describe briefly how to obtain the complete list of ks vectors with K3
intersections, which we find to be distributed in 4242 chains. To build the chains
for C'Y3 which have a double-vector structure, each of which is parametrized by a
pair of positive integers, one should find the «good» pairs of «extended» vectors
(i.e., those whose intersection gives a reflexive K3 hypersurface), which involves
checking all the 10 270 x 10 271/2 = 52 731 315 possible pairs of vectors from
Table 27. It was just such a search by computer that led to the 4242 double
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to construct C'Y3 spaces, listed together with the orders of their permutation groups.

Table 27. The 100 distinct types of five-dimensional «extended» projective vectors used
Including these permutations, the total number of extended vectors is 10 270
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chains mentioned above, together with their eldest vectors. For more complete
information about these chains, see [37].

These chains give many C'Y3 projective vectors, but not all. The complete list
also includes the «good» triples which have elliptic fibres. This requires looking
for good triples among the following five types of five-dimensional extended
vectors:

(0,0,0,0,1) =
(0,0,0,1,1) = 10
(0,0,1,1,1) = 10, (9.6)
(0,0,1,1,2) = 30,
(0,0,1,2,3) = 60,

R

where the number after the arrow on each line of (9.7) corresponds to the number
of permutations in each case. We have found 259 such good triples, together with
their eldest vectors, corresponding to 259 elliptic chains. The union of the K3
and elliptic projective vectors still does not yield the full dual set of ks projective
vectors. We must also construct another set of chains using quadruples from
among the following multiply-extended vectors:

1. (0,0,0,0,1) = 5,
2. (0,0,0,1,1) = 10. 9.7)

The number of C'Y3 chains found in this way is just six.

In addition to these 4242 double, 259 triple and 6 quadruple CY3 chains
(to be compared with the 22 double and 4 triple K3 chains found previously),
one must find all the vectors whose intersection contains only one central interior
point (to be compared with the exceptional K3 vector (7,8,9,12)). We have
found just two such examples in the case of C'Y3, namely (41, 48,51,52,64) and
(51,60, 64,65, 80), again using the intersection-projection duality technique. The
eldest vectors for all the C'Y3 projective vector chains we have found can be
obtained from [37].

In the cases of dimension higher than three, the concept of intersection—
projection duality is richer, and leads to one important and by now well-known
consequence [7,33], namely the isomorphism between different homology groups
for dual pairs of C'Yy manifolds M, M*, and specifically the following relation:

HP9(M) ~ HIPI(M™) (9.8)

for 0 < p,q < d. We leave a more complete discussion of duality of CYj
spaces to future work, limiting our discussion here of their ramifications for the
classification of K3.
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Our construction based on the 10270 extended vectors obtained from the
100(= 95 + 5) types of projective vectors in lower dimensions n = 1,2,3,4
shown in Table 27 yielded all the 4242 (259,...) eldest vectors representing
CYj3 spaces with K3 (elliptic, ...) fibers. However, this method of construction
simultaneously provides a new higher-level list of K3 spaces defined by planar
polyhedra. To explain this, let us first assign to all K3 spaces defined by n-
dimensional projective vectors level zero, and denote them by Ily. Then, level
one K3 spaces consist of all the «good» intersections* of two (n+ 1)-dimensional
extended vectors, denoted by II;. This yields a list of reflexive polyhedra that is
more complete than the previous list of polyhedra obtained from n-dimensional
projective vectors, i.e., Il C II;. Continuing, one may define the set of all
«good» intersections of level two, Il,, by considering the intersections of three
(n + 2)-dimensional extended vectors, and similarly for the higher levels 3,4, ...:

Il CII; C1IIz C ... C Iljast 9.9)

until this process gives us no new reflexive polyhedra. Since the number of
distinct reflexive polyhedra in any dimension is finite, e.g., the maximal number
of integer points for planar polyherdra is 10, for K3 polyhedra it is 39, etc.,
there exists a maximum last level, after which one cannot find any new types of
polyhedra.

Following this approach in the simple case of C'Y; spaces, we recall that we
found three planar polyhedra (triangles) at level zero, determined by the three
projective vectors (1,1,1), (1,1,2) and (1,2,3). At level one, constructing the
22 chains of K3 projective vectors via the 22 «good» intersections of the five
types of four-dimensional extended vectors, we now find 7 new planar polyhedra
in 9 of the 22 two-vector K3 chains, differing from the previous three trian-
gles by the numbers of vertices (V, V*) and/or by the numbers of integer points
(N, N*) and/or by the areas of these planar polyhedra, as shown in Table 28. To
look for further new polyhedra at level 2, one should consider the five following
types of vectors: (1),(1,1),(1,1,1),(1,1,2), and (1,2,3), extended to five di-
mensions. Taking into account all the 50 possible permutations, and looking for
the «good» triple intersections, we find among the 259 «good» planar reflexive
polyhedra mentioned above just three distinct new polyhedra, which are exhibited
in Table 29.

Extending this procedure, we found among the 4242 chains of CY3 spaces
with «good» intersections 730 new K3 polyhedra at level one, many with mul-
tiple realizations as in Tables 28 and 29. As an example how such new K3
spaces emerge, consider the following two-vector C'Y3 chain: m(0,1,1,4,6)+

*In the sense that they give n-dimensional reflexive polyhedra.
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Table 28. The 7 distinct new planar polyhedra, representing new CY: spaces, that
are found as double intersections involving 9 of the 22 two-vector K3 chains. Two
realizations each are given for 2 of the new polyhedra

N k() k() N,N* | V,V*
1| (0,0,1,1) | (1,1,0,0) | 9,5* | 4,4*

(0,0,1,1) | (1,1,0,1) | 9,5° | 4,4*
2 | (0,0,1,1) | (1,2,0,1) | 7,7* | 4,4
30 (0,1,1,1) | (1,0,1,2) | 8,6* | 4,4
41 (0,1,1,1) | (3,0,1,2) | 4,10 | 3,3"
51 (0,1,1,2) | (1,1,2,0) | 5,9° | 3,3

(0,1,1,2) | (2,0,1,3) | 5,9° | 3,3
6 | (0,1,1,2) | (2,1,3,0) | 6,8 | 4,4
71(0,1,2,3) | (3,2,1,0) | 59" | 4,4

Table 29. The 3 distinct new planar polyhedra, representing new C'Y; spaces, that are
obtainable as triple intersections of five-dimensional extended projective vectors, the
sum of which gives the eldest C'Y5 projective vector. Three realizations each are given
for 2 of the new polyhedra

N kéze)z kéQa: kéze)z N7 N* ‘/7 V*
1 (070707171) (071717070) (17071707 1) 87 6" 575*
2 (050307171) (0,1,1,0, 1) (170a13170) 77 ~ 575*
(070707171) (07171707 1) (171727070) 77 7 575*
(050317171) (1,1,0,0, 1) (071a03172) 77 7* 575*
3 (070707171) (171717070) (07172707 1) 67 8” 575*
(03 Oa 07 17 1) (05 17 27 Oa 1) (27 13 Oa 17 O) 67 8* 57 5*
(070717171) (071707172) (170727170) 67 8" 575*

+n(1,0,1,4,6). The maximum values of m and n are determined by the di-
mensions of these extended vectors, namely d = 12. This chain contains 46
different ks projective vectors. The four-dimensional pentahedroid correspond-
ing to the eldest vector in this chain is shown in Figure 14. As can be seen there,
in addition to its 5 vertices, the pentahedroid has 10 one-dimensional edges,
10 two-dimensional triangular faces, and 5 three-dimensional tetrahedral facets.
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Fig. 14. The 4-dimensional pentahedroid corresponding to the CY3 space specified by
the eldest vector ks = (1,1,2,8,12)[24] in the two-vector chain m(0,1,1,4,6)+
+n(1,0,1,4,6). The number of integer points in this pentahedroid is N(S) = 335,
and the volume S = 72. SL(4, Z) transformations produce an infinite number of polyhe-
droids, conserving the volume

This pentahedroid contains two realizations of the tetrahedron corresponding to
ks = (1,1,4,6), whose intersection contains an elliptic fibre corresponding to
k3 = (1a 27 3)

A snapshot of the complete m(0,1,1,4,6)+n(1,0,1,4,6) chain is shown in
Figure 15, where the number of points IV in each member of the chain is plotted
as a function of d = k1 + ko + k3 + k4 + ks for each of the allowed values
of m. We note a systematic tendency for NV to decrease as d increases. (The
structure of the chain is, of course, symmetric under the interchange: n < m).
The corresponding plot for the dual polyhedra is shown in Figure 16: here we
see that the number of points N* increases as d increases.

To get another impression of the rich new structures emerging at levels
one and above, we consider a «tetrahedron subalgebra» of our K3 algebra, i.e.,
we consider only those projective vectors corresponding to point- and segment-
polyhedra, triangles and tetrahedra. With this restriction, we start from only 32
K3 projective vectors, corresponding to four-vertex tetrahedra and five of our
previous extended vectors. In this way, the number of reflexive polyhedra at
level one is reduced to just 632, consisting of 460 tetrahedra and 172 reflexive
polyhedra with numbers of vertices between 5 and 10. In this list of 632 poly-
hedra, there are actually only 146 distinct new types of polyhedra, as shown in
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Fig. 15. The number of points N found in different members of the chain m(0,1, 1, 4,6)+
n(1,0,1,4,6), plotted as a function of d = k1 + k2 + ks + ka + ks for different values
of m

Table 30. More information about them can be obtained from [37]: we leave
their more detailed study to later work.

The method described here has a very simple geometrical interpretation.
According to the chain structure, each C'Y3 can have a complex internal structure,
and correspondingly its vector can be extended as a sum of two K3, three
elliptic, four two-component or five single-component extended vectors. Another
nice feature of this chain structure is that it gives us complete information about
the integer lattice which determines all the CY equations. Moreover, it also gives
us the possibility of summarizing the singularity structure of C'Y3 spaces. As we
discussed in Section 8, the K3 polyhedron structure gives us a systematic way
of classifying the corresponding Cartan—Lie algebra graphs. It will be interesting
to make a full corresponding analysis for C'Y3 hypersurfaces, taking duality into
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Fig. 16. The number of points N found in the polyhedra dual to the previous
m(0,1,1,4,6)+n(1,0,1,4,6) chain, plotted as a function of d = k1 + ka2 + ks + ka + ks
for different values of m

account. This method could also provide the full classification of Betti-Hodge
topological numbers for C'Y3 manifolds. Moreover, this algebraic method enables
us to «walk» between different dimensions, e.g., to classify C'Yy, ...5,... manifolds
(Figure 1). The greatest limitations may be our abilities to analyze this algebra
and/or the available computer resources.

A fuller analysis of our structural classification of the ks vectors for C'Y3
manifolds will be given in later work. An important aspect of this procedure is
that we can study the structures of the positive-integer lattices which correspond
to the k vectors, introducing the corresponding modular (for two-dimensional
sublattices) and hypermodular (for 3-, 4- or higher-dimensional lattices) transfor-
mations. These yield duality groups that are more general than the well-known
S, T and U dualities, including them as subgroups. Moreover, the study of the



694 ANSELMO F. ET AL.

Table 30. The 146 distinct new polyhedra, representing new K3 spaces, that are ob-
tainable as double intersections of projective vectors in the «tetrahedron subalgebra»
containing only point- and segment-polyhedra, triangles and tetrahedra. Many of these
have several different realizations as double intersections: more details can be found
in [37]

R| N, N* |V, V*|Pic, Pic* | ® | N, N* |V, V*|Pic, Pic* | ® | N, N* |V, V*|Pic, Pic*
1| 31,6% | 6,5 | 2,18 | 51 |14,19%| 7,6* | 13,8 |101|22,20*| 5,5 | 10,11*
2| 28,9% | 7,6%| 4,16% | 52 | 26,8* | 6,5% | 4,17% [102|20,16* | 5,5* | 10,13*
3120,7%|6,5% | 4,17* | 53 [25,14* | 6,6 | 7,13* |103|24,18" | 5,5 | 9,12*
4|22,8%|6,5%| 7,16 | 54 [15,21%| 5,5% | 12,10 |104|15,21* | 4,4* | 14, 10*
5(31,9% | 6,5 | 3,17 | 55 |22,16*| 6,6* | 9,11* |105|21,15% | 4,4* | 10, 14*
6 |21,12%| 7,6% | 8,13* | 56 [12,18" | 6,7 | 13,10* |106|10,26* | 5,6* | 15, 7"
7 17,20% | 7,7* | 11,9* | 57 |17,13*| 6,6* | 10,13* |107|10,32* | 6,6 | 16,4*
8 |22,14% | 6,6* | 8,13* | 58 |24,12*| 5,5 | 7,14* |108]19,14* | 5,5* | 11,13*
9 |24,12%| 6,5% | 7,14* | 59 |15,15% | 4,4* | 14,12* |109|16,26* | 5,5 | 13, 8"
10[20,12*| 6,6* | 10,13* | 60 |20,11%| 7,6* | 9,14* |110|12,27*| 5,5 | 15, 7"
11(20,20* | 6,6* | 10,10* | 61 [10,20% | 5,6* | 16,9* |111|15,15% | 5,5* | 12,13*
12(13,14% | 6,6 | 13,11* | 62 |11,14*| 6,6* | 14,12* |112]|10,23* | 6,6* | 15,7*
13] 26,8* | 6,5% | 5,17* | 63 |24,18| 5,5 | 8,12* |113| 6,34 | 5,6 | 18,2*
14| 26,7* | 6,5% | 5,17* | 64 |16,17*| 6,6* | 11,11* |114|25,11*| 5,5% | 8, 15"
15| 18,8* | 6,5% | 9,16* | 65 | 8,26* | 5,6* | 17,5 |115|15,15% | 4,4* | 13,13*
16(24,10% | 6,6 | 6,15% | 66 [14,11% | 7,6* | 12,14 [116|14,16* | 5,5* | 12,13*
17(11,11% | 4,4 | 15,15% | 67 | 8,26* | 6,7 | 17,3* |117| 9,27* | 5,5* | 16,6*
18]21,17* | 7,7* | 9,11* | 68 |21,19*| 6,6* | 10,10* |118|10,26* | 6,6 | 16, 6"
19(14,15% | 6,6* | 12,11% | 69 |12,12* | 4,4* | 14,14* |119|22,14* | 5,5 | 9, 14*
20(23,11%| 5,5% | 7,15 | 70 |10,17*| 5,6* | 15,11* |120| 7,31* | 5,6% | 17, 3"
21(10,20% | 7,7 | 15,7* | 71| 9,15 | 4,4* | 16,12* |121|15,15* | 5,57 | 13, 12"
22| 7,23% | 5,6* | 17,5 | 72| 8,23 | 5,6% | 16,8* |122]15,15% | 4,4 | 12, 14"
23|10,14% | 5,6 | 15,12* | 73 |24,12* | 6,6 | 8,14* |123|19,11%| 5,5* | 10, 14*
24|12,12%| 6,6 | 13,13* | 74 |19, 11* | 4,4 | 11, 14* |124|12,18%| 6,6* | 14, 10*
25| 6,30% | 4,4% | 18,4 | 75 |11,19*| 4,4* | 17,10* |125|11,17* | 5,5% | 14,11*
26(25,11%| 6,6* | 6,14 | 76 |19,11*| 4,4* | 10,17* | 12620, 14* | 6,6* | 7, 14"
27(12,12%| 4,4* | 16,14 | 77| 8,24* | 5,6* | 16,7* |127|14,16* | 5,57 | 13, 12"
28| 21,9% | 4,4* | 9,17* | 78 |31,11*| 5,5% | 5,16% |128|19,17*| 5,5* | 11,12*
29|15,15%| 5,6 | 11,12* | 79 |20,22*| 5,5% | 11,10* [129|12,24* | 5,5* | 15, 8*
30(12,12%| 4,4* | 14,16* | 80 |26,10*| 6,5% | 3,17* |130|12,20* | 6,6" | 13, 10"
31| 31,8% | 5,5% | 4,17* | 81 |26,10*| 5,5% | 7,16* |131|12,24* | 5,5% | 14, 9"
32|17,11*| 6,5* | 9,16 | 82 [19,11*| 4,4* | 10,16* |132| 7,26* | 5,6* | 17,5*
33|20,10%| 5,5% | 9,16 | 83 |16,14*| 5,5 | 12,14* [133|11,28* | 7,7* | 15,5*
34|18,12%| 5,5 | 11,14* | 84 |14,16* | 6,6 | 12,12* [134] 9,33* | 5,5* | 16,4*
35(15,12% | 4,4* | 13,13 | 85 |23,13*| 5,5% | 9,14* |135|14,28% | 5,5% | 14,7~
36| 9,21% | 4,4* | 17,9 | 86 [23,10*| 5,5* | 8,15* [136|10,29* | 6,6* | 15,5*
37|25,17%| 6,6 | 8,12 | 87 |14,16*| 6,5 | 14,11* [137|11,25% | 5,5% | 15, 8"
38|15, 21%| 5,5 | 13,10* | 88 [12,18*| 6,6 | 15,10* |138|17,26* | 6,6* | 12,8*
39|17,10%| 6,5 | 11,15* | 89 |29,13*| 5,5% | 6,15% |139|15,18*| 5,5* | 13,11*
40(10,23%| 6,6* | 16,7* | 90 |17,19*| 5,5% | 12,11* |140|11,19* | 5,5 | 16, 10"
41(13,28%| 7,7 | 14,6* | 91 |11,19*| 4,4* | 16,10* |141|20,25* | 5,5% | 11,9*
42|24,21%| 5,5% | 9,11* | 92 |14,16*| 6,6 | 13,11* |142|10,26* | 5,5* | 16, 7*
43| 9,24 | 5,5% | 17,7* | 93 |10,24* | 6,6 | 15,6 |143|11,25% | 6,6* | 15, 7"
44(12,30%| 6,6* | 15,5 | 94| 8,34* | 5,6* | 17,3* |144]| 9,33 | 5,5% | 17,4*
45| 21,9 | 5,5% | 8,16* | 95 |14,16* | 5,5% | 14,12* |145|11,13* | 5,5 | 14, 13"
46(16,11%| 6,5% | 11,13 | 96 |16,15*| 7,6* | 12,12* |146] 9, 36* | 5,5% | 17, 3*
47|11,16%| 7,7* | 13,9* | 97 |11,31*| 5,5* | 16,5"

48|26,10%| 6,5* | 6,15* | 98 | 9,30* | 6,7* | 16,4*

49(18,12%| 6,5% | 11,13 | 99 |14,10*| 6,5 | 12, 15"

50|12, 22%| 6,7* | 14,8 |100] 9,28* | 6,7* | 16,5*
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geometric properties of the one-dimensional complex torus, two-dimensional K3
hypersurfaces and Calabi—Yau manifolds with dimensions d = 3,4, ... gives in-
sight into the possible rank and dimensions of the Lie algebras which may be
important for the understanding of the nature of the symmetries used in high-
energy physics.
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«DPU3UKA DJIEMEHTAPHBIX YACTHL H ATOMHOIO AIPA»
2001, TOM 32, BhIII. 3

YAK 539.12

9KCMNEPUMEHTAJIbHbIV CTATYC
SNEKTPUYECKON N1 MATHUTHON

MNONAPU3YEMOCTEW NMPOTOHA
I.C.b p Hos, A.H.JIveos, B.A.Ilempynokun, JI.H.ILIm pxoe

dusunuecknin HCTUTYT nm. M.H.Jlebepes PAH, Mocks

BriepBble BBIIOIHEH COBMECTHBI H JIM3 BCeX (P HHHX U MO3NHHX) SKCIICPHMEHT JIBHBIX I HHBIX
no audgdepeHy TbHOMY CEUEHHIO YIPYTOro yp-p CCesHus NpH aHeprusx ¢oToHoB w < 150 MaB
C Le/bI0 OMpeeIeHns dIeKTPHIECKOH (o) U M THUTHOU (Bp) momspusyeMocteil mporon . Duru-
POB HHE N HHBIX TEOPETHYECKHM CCYCHHEM C JBYMsl CBOOONHBIMU II P METP MU ap U (p, HOIyYeH-
HBIM H OCHOBE S-K H JIBHBIX HAMCIIEPCHOHHBIX COOTHOLUCHHH IPH KOHEYHOH 9HEPruH, I €T MHPOBbIE
CpelHIe DKCTIEPUMEHT JTbHblE 3H YeHWs ToyispusyeMocteil mpotoH : o " = 11,7 £ 0,8 £ 0,7 u
B =2,3+£0,940,7 (8 en. 10~* ¢m3), tiie neps 4 norpemHoCTh (KOMGUHUPOB HH 51) YYUTBIB €T
CT THCTHYECKHE M CHCTEM THYECKHE MOTPELIHOCTH OKCIICPUMEHT JIbHBIX CeYeHHMil, BTOp s — Teope-
THYECKHE HEONPENEICHHOCTH NHUCIEPCHOHHOTO cedeHns. OTMed ercs, 4to Goiiee MOJHBIE M TOYHBIC
1 HHble 1ph w < 100 MaB no3Bossit B GyaylieM YMEHBLIUTh TEOPETHYECKHE M BKCHEPUMEHT JIbHbIC
TIOTPEIIHOCTH B M3BJICK eMBIX 3H YCHHSIX oy U Op.

For the first time a global analysis of all (early and recent) experimental data on the differential
cross section of elastic yp scattering at photon energies w < 150 MeV is fulfilled in order to
determine the electric (o) and (8p) polarizabilities of the proton. Fit of the data with the two free
parameters «p and 3, embedded into a theoretical cross section obtained on the basis of finite-energy
s-channel dispersion relations gives the world-average for the values of the proton electromagnetic
polarizabilities: ap™® = 11.7 £ 0.8 £ 0.7 and Bp"F = 2.3 4 0.9 & 0.7 (in units of 10~% fm?3),
where the first error (combined) takes into account statistical and systematic errors of the experimental
cross section and the second error does theoretical uncertainties in the dispersion cross section. It
is emphasized that more complete and precise data at w < 100 MeV will enable one to reduce
theoretical and experimental errors in the extracted values of ap and (p.

1. BBEJEHHE

B nocnenHue rogpl 3 METHO BBIPOC MHTEpEC K M3YyYEHHIO CBOICTB IOJISAPH-
3yeMOCTH HYKJIOHOB W IHOHOB, TO €CTh H BEIECHHUS Y HHUX JAUIIOJIBHBIX MOMEH-
TOB BHEIIHUM 3JI€KTPOM THUTHBIM IIOJIEM, M €ro BIMSHUS H P 31IMYHBIE ABYX-
(poTOHHBIE MpPOIIECCH C Y4 CTHEM 3THUX 4 CTHL. B 3TOIl CBI3M H 3JIEKTPOHHBIX
yckopurensax BNL, MAMI, SAL u apyrux uccieqoB TeNbCKHX LEHTPOB BBIIOJ-
HEeHbI HOBble m3Mepenus [1-8] aucdepeH TbHOrO ceYeHus YIpyroro p CCessHus
tpoton (YP®) H mpoTOHE MpH HU3KUX DHEPrHAX I A fomero ()OTOH B JI.C.
w < 150 M3B u B okpecTtHOCTH A33-pe30H HC , M IO MOJYYSHHBIM JI HHBIM
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[IOBTOPHO OIIPEJEJIEHb] 3H YEHUS DJIEKTPUUECKOH U M THUTHOH I0OJIIpU3yeMOCTEN
HIPOTOH «p U (3, COOTBETCTBEHHO. M3 1 HHBIX IO APYrMM IPOLECC M U3BIEK -
JIUCh T KX€ MOJISPU3YeMOCTH HEHTPOH , 3 PSKEHHOTO M HEWTP JIBHOTO NMHOHOB™.
H iinenHsle p 3HBIMH IPYII MU ®KCHEPHMEHT JIbHBIE 3H UEHHMS MOIIPH3yeMOCTeH
HEUTPOH U IHOHOB IUIOXO COIJI CYIOTCS MeXny co0oif; 31ech HEOOXOAUMBI K K
Gosiee TOUHbIE M3MEPEHHUSI COOTBETCTBYIONIMX CEYEHHH, T K U P 3BUTHE METOJOB
U3BJIEYEHUs NongpusyeMocteil U3 A HHbIX. IlonoxeHue ¢ dKCIEPUMEHT JIbHBIMU
3H YEHHUSIMH MOJIIPU3yeMOCTeH MPOTOH B LIEJIOM JIyyllle, ¥ €ro H JIN3y MOCBS-
mieH H crosml s p 60T . B ormuuue ot [4,8] MbI 00CyXn eM K K MO3IHHE, T K U
p HHue 1 HHble 10 YP® H npoToHe HuXKe Nopor (OTOPOXAEHHUI TMOHOB, U CTh
KOTOPBIX HE HCIOMB30B J1 Chb NpeX[e IS ONpeleNeHus MoNsapu3yeMocTeil ayp, u Fp.

Briepsbie 3H 4eHHs oy, U 3, OBUIM 3KCIEPHMEHT JIbHO ompeneneHsl B Pu-
snueckoM mHcTHTyTe UM. [1.H.Jle6enes (PUAH) [23,24]. C myuykoMm TOpMO3-
HOTO W3ITydeHHs] M3Mepsuioch aucddepeHun jJpHoe cedeHne YP® nporoHoMm mpu
yoI X p ccedHus otoH B j.c. 6 > 75° B Tpex dHEPreTMYECKHUX HHTEPB J X
¢ mmpuHoi 20 + 40 MsB © co cpenHMMH 3HEprusMH I 1 fomero GoroH (w),
p BubiMH 55 [23], 83 u 109 MaB [24]. Tlo uyMcay TOYeK YIJIOBOTO p CIipe-
nenerns (5 toyek) p 60T [23] M IO H CTOSIIErO BpeMeHHW OCT eTcd H ubosee
MOJIHOW NpU HU3KUX 9Heprudx. CHCTeM THYeCKHe MOTPELIHOCTH B ITOMyYeHHBIX
3H veHusx cevyeHust p BHeI 6 % B [23] m 1-3,7% B [24] (M0 moBomy mocien-
Heil cM. p 310.2). Cr tuctudyeck st morpemHocth 6but 4—6 %. Ok 3 j10Ch, 4TO
9KCHEPUMEHT JIbHOE AuepeHIr JIbHOe cedyeHHe Npu (PUKCUPOB HHOM yriie 6
U p 3HBIX w JEXUT HUxXe aucgepeHtu npHoro cedenus Ioysmn [25], xoto-
poe OIKCHIB €T p ccesHHe (POTOH H TOYEYHOM IPOTOHE C HOM JIbHBIM M I-
HUTHBIM MOMeHTOM ( .M.M.). B [23,24] u OGnrom emoe OTKIIOHEHHE HHTEpIIpe-
TUPOB JIOCh K K Clelu(uyecKoe MpOosgBIeHHe CTPYKTYphl IPOTOH B ABYX(POTOH-
HOM IIpollecce, TO €CTh K K BiMdHUE H YP® CBOWCTB HOJSPU3YEMOCTH IPO-
ToH [26-28]. YUT0OBI ONpene/uTh MOJIIPU3YEMOCTH NPOTOH , DKCIIEPUMEHT Jib-
HbIE 3H YEHUs CeueHUil (PUTHPOB JHCh OE3MONEIBbHBIM HU3KOPHEPTETHUECKHM, TO
€CTh P 3/10KEHHBIM M0 W C TOYHOCTBIO JI0 w- WK w3-uneHoB, muddepeHty b-
HBIM CEYCHHEM, 3 BUCAIIMM OT HEM3BECTHBIX II p MeTpoB oy, U 3, [28,29]. B
pe3ysbpT Te ObUIN MOTyYeHBl 9KCIIEPUMEHT JIbHBIE 3H Y€HHs Oy, U (3, BOCIIPOU3BE-
neHHsle B T O 1.

*HcTopus MOIBITOK OIPENETHTh SIEKTPUYECKYIO MOJSPU3YeMOCTh HEUTPOH (v, B 9KCIIEPUMEH-
T X [0 P CCESHHIO pe KTOPHBIX HEHTPOHOB TSIKENBIMH SAP MU H CUHTHIB €T YeThlpe aecsThierus [9].
DTuM MeTogoM GbUTH nomydensl 31 yenus o2 = (12,04 1,5 (et 1.)+2,0 (cucr.))- 1074 ¢m3 [10]
n oX = (0+5)- 10~ ¢wm3 [11]. BripodeM, BEIMOMHEH BN B [12] H U3 MOK 3 JI, UTO CHCTEM TH-
4eck s ommOK B 3H 4yeHuu o2f" u3 [10], mo-BumuMoMy, CiibHO 3 HikeH . C mpHOIHM3HTENIBHO TON
K€ TOYHOCTBIO MOJIIPU3YEMOCTH HEUTPOH MOXHO U3BIIEK Th T KXK€ M3 JI HHBIX 10 Heynpyromy [13,14]
u ynpyromy [15,16] ~d-p ccesnuto. Ilocne nepsbix skcnepumentoB B 80-e rousl [17, 18] nonspusye-
MOCTH TIMOHOB M3BJIEK JIUCh B MOCHE/IHEe BPEMs U3 1 HHBIX O mpolece X vy — wtm~ u vy — 7070

(cM., H mpumep, [19-22]).
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T 6mun 1. Ionapusyemoctn npoton (B ex. 10~ ¢m®) mo my6amk nusam skcnepuven-
T JBHBIX P 0OOT

Teop. nmputi.
Cepuik ap Bp ap + Bp ap — Bp Teopust| ap + Bp
Gol60 942 2F2 — — LEX 11
[23]
Bar74 | 10,7411 —0,7+1,6 10,042,3 — LEX -
[24]
Fed91 — - 12,243541,5 | 9,144,042,0 | LEX -
[1] 11,943,941,7 8,0+4,4+2,2 DR —
10,942,2+1,3 | 3,3F2,2F1,3 — — LEX 14,2
Fed95 — — 15,8+4,540,1 | 11,945,3£0,2 DR —
[4]
. +2,4942,14
Zie92 +1—25+1 o 1:5 or — 7,0372!2772’05 DR —
(21 (10,6111 7 05(3:641719+1 03 — — DR 14,2
Hal93 | 9,840,44+1,1 | 4,4F0,4F1,1 — 5,540,742,1 | DR 14,2
[3]
Mac95 — - 15,042,941,1 | 10,841,1+1,4 | DR -
[4] |12,5+£0,6+0,7 | 1,750,6F0,7 — — DR 14,2
+0,20 +1,22
Ton98 — — 13,230,867 030 10,111,747 22| DR —
[8]

IIpumeu nue. IlocrnenHue e KOJOHKHM YK 3bIB IOT THIl IIPUMEHSEMOIl TEOPHM — HHU3KOSHEpreTHie-
ckoe p 3noxenue (LEX) wnu pucniepcuonssie cooTHomeHus (DR), T KxXe HCIIONB30B JIOCh JIU 1IpU
¢ute TeopeTHuecKoe 3H YEHHE CyMMBI ap + [Bp o~ 14,2 (wm 11,0 B p nueil p 6ore [23]). Crpok
Fed95 031 4 er pe3yasT T p 6othI [1], ucrp Biennsie ee Brop Mu B [4]. Ctpok Ton98 mpenct -
BISIET PE3yIbT T [00 JbHOrO put p 60T [1-7,24]. CMBICT MPHBEACHHBIX MOTPEIIHOCTEH P 3MHICH
B p 3HBIX p 60T X. B [23] yK 3 HH S MOrpeNIHOCTb — TOJBKO CT THCTHUYECK 5, B [24] — momH 4.
B [1-3] p 31enbHO 1 HbI CT THCTHYECKHME U CUCTEM THYECKHe MorpemHoctu. B [4,8] yK 3 Hbl HoHbIE
9KCIIEPUMEHT JIbHbIE MOTPEIIHOCTH U OLIEHKH MOJIENBHOI 3 BUCUMOCTHU

OTMeTuM, 4TO B HCIOJBb30B HHOM B [23] cutupyolieM CeuyeHuu I p MeTp
Bp 3 Mensnca H 11 — v, (3mech U 1 Nee WIS NOMSIPU3YeMOCTeH MPHUHATH €IH-
Hunel 10~ ¢om>) u B peUpOB Jicst TONBKO 1 p MeTp cvp. T KuM 06p 30M, Cymm
MO PU3yeMOCTe MPUpP BHUB J1 Cb K W3BECTHOMY B TO BpEMs TEOPETHYECKOMY
3H yeHno (o + 3,)™P = 11 [27], Tora X K ee COBPEMEHHOE 3H YeHHe P BHO
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(14,0 £ 0,5) [24,30-32]*. CucreM THYECK o MOTPEIHOCTh 6 % B ®KCIEPUMEH-
T JIbHBIX CEUEHUIX NIPU (PUTUPOB HUU I HHBIX [23] HE IPUHUM J1 Cb BO BHUM HHE.
B [24] o6 1 p MeTp «, U (3, ONpERENUTNCh He3 BUCHMO, T K K K CT THCTHYeE-
CKHE W CHUCTeM THYECKHE IOTPEIIHOCTH B M3MEPEHHBIX CEUYEHMSIX OTHOCHTEIHHO
M Jsibl. OTMETHM, 4TO U3 Cp BHEHHsI O€3MOIENBbHOI0 HU3KO®HEPreTUYECKOro ceve-
Husg YP® v nporoHe (06031 u emoro ja yiee LEX) ¢ npenck 3 HUSIMU JUCIIEPCH-
oHHO# Teopuu [36-38], KOTOp 5 YIOBJIETBOPUTEIBHO COIVI CYETCsl C DKCIIEPUMEH-
T JIbHBIMH [ HHBIMH HUXe A33-pe30H HC , CllefyeT, YTo O0J CTh NPUMEHUMOCTH
LEX nexut npu w < 80 MaB (3 Bucur ot yon  6), B TO BpeMst K K H3MEpPEHHS
B [24] ObuIM BBIIIOJIHEHBI B UHTEPB Jie aHepruil poron 80 <+ 110 MaB. B p M-
K X OIpENETEeHHBIX MOJENbHBIX MPEANOIOXEHUI TUCIIEPCUOHH I TeOpus yK 3 JI
T KXE H BO3MOXHOCTb ONPENEIUTh 3H YeHHs CyMMbl (a;, + (3,)°" u p 3HOCTH
(ap — Bp)*" u3 1 HHBIX 1pH w < 150 MaB, r1e HeonpeaeaeHHOCTH B HPEJCK -
3 HMSX MHUHUM JIbHBI, G€3 MCHONB30B HUS P 370XeHMs huTthpymomero auddepen-
oy JpHOTO ceveHns YP® u mportone mo w [36,37,39,40] (cMm. T xxke 1. 3.2).
DTOT MyTh UCIOJIB3YETCS B H cTosiieil p 6ote.

IMocne p 6ot [23,24] nmurenbHOe BpeMsi U3MEPEHUs MOJISIPU3YyeMOCTel TPo-
TOH He NMpoBogwIHCh. P 60TbI [1-4] ObUIM CTUMYJIMPOB HbI, C OJHOH CTOPOHBI,
MIPOTPECCOM B TEXHHKE 3KCIIEPUMEHT (CM. p 31.2), C OPYroil — p CYeT MH I0-
JSIPU3YEMOCTEll MPOTOH B P 3JIMYHBIX TEOPETHUECKHX IMOAXON X (CM., H IpHU-
Mmep, [31,41-44]). B u ctHOCTH, OBUIO NIOK 3 HO, YTO B HEPEJISTHBUCTCKOU KB p-
koot Mozenu (HKM), He y4uThIB oleldl Me30HHOe O0J1 KO, He Y1 eTCS OJHO-
BPEMEHHO BOCIPOM3BECTH 3KCIEPHMEHT JIbHBIE 3H Y€HHd 3JIeKTPUYECKON Iod-
PHU3yeMOCTH TIPOTOH , KB P T €ro 3 PSIOBOrO P JUYC U BHEPIUM HU3KOJIEK -

mmx Bo30yxnenuil [31,41,42]. P cXoxmeHWs BBIYMCICHHBIX 3H YSHUI KM

P
<7"2>SKM C 9KCIIEPUMEHT JIbHbIMH CcOCT BsiioT He ~ 20 %, K K 9 CTO MpPHUHSITO
cuuT Tb (CM., H mpuMep, T1. 1 u 5 B kamre [45]), okomo 3 p 3. Bee aTo mpuseno
K OCO3H HHMIO BO3MOXHOCTH M B XXKHOCTH 0oJiee TOYHOTO H3MEPEHHMs MOJIsIpu3ye-
Mocteii npoton . Onpenenienue 31 yenuit o> " u B! ¢ Tounocteio 5—10% u
20—30 % cOOTBETCTBEHHO SIBJISIETCS IPOBEPKOM MPEICK 3 HUIA P 3HBIX JUCIIEPCHU-

*Buepssle 31 yenne (ap + Bp)T°P = 14,1 £ 0,3 nonydero B [24] U3 QUCIEPCHOHHOIO TP -
Bl cymm [27,33] (cm. cpopmyny (11)) ¢ npuBiedeHreM [ HHBIX IO HOJTHOMY CEYEHHIO JIPOHHOTO
¢oronornomenuss H MpoToHe. P Hee COOTBETCTBYIOLIMII AMCIEPCUOHHBI MHTErp J BBIYUCISUICS B
p 6ore [30], BTOpPHI KOTOpOil HE YHNOMHUH IOT O €ro CBA3M C CyMMOH oy + [p. IlpuBenenHoe
B [30] 38 wenne mHTerp 1 1 et (ap + Bp)™°P = 14,2 £+ 0,3. TlomydeHHOe HeX BHO 3H YeHHE
(ap + Bp)™°P = 13,69 £ 0,14 [32] y4uTsB €T TONBKO CT THCTHYECKYIO IOTPEIIHOCTH UCIIONB30-
B HHBIX cedeHHMil. IIONH 5 HeOIpEeIeHHOCTs B 3H UeHHH (o + Bp)"™°P B ocHOBHOM ompenernsiercs
CHCTEM THYECKOii MOrPEIHOCTBI0, KOTOp s cocT Bister ~ 2 —3 % i +(0,3—0,4). H wentp spHOE
3H 4YeHHe pe3ynpT T [32] MOBIMAIO MCHONB30B HUE CEYEHMH, H MICHHBIX C TOMOIIBI0 MYIBTHIIONb-
HOro H nu3 coropoxienus [34], 3 HUX owlero cedeHue (OTONOIIOLIEHUS! B OKOJIONOPOroBoi 00 -
cru. Ilpy ucnonb30B HUM Apyroro H jm3  [35] weHTp JbHOE 3H YeHue (ap + Op) P mogamM ercs
1o 14,0.
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onnbix mp B cymMm (IIC) [31], B u cTHOCTH, WIMPOKO HUcnoibdyemoro I1C ms
ap + By [27,33], u p 3HEIX Mogenell cTpyKTypsl OpoHOB [41-44,46,47]. Ho He-
CMOTpS H 3H YHTeNIbHbIE YCUIINS TOYHOCTD M3MepeHuil cedyenus YP® H mnpoTone
Bp 60T x [1-4] 0K 3 11 cb Bce-T KM HEOOCT TOYHO BBICOKOH (CM. p 3H.2), T K UTO
TOTPEIHOCTH MOMYYEHHBIX B HUX 3H ueHuil o, (a, — 3,)”" u (o + ()"
nex T B mpesen x 10 — 50 %, 31 wenmit G — 50 — 100% (em. T 611 1)*.
T K 4 cuTy LU Opedrosn r eT HeoOXOOUMOCTD MPUBIICUSHUS] WIN TTOJYYEeHHUs JI0-
MOJIHUTENBHBIX 9KCIEPUMEHT JIbHBIX 1 HHBIX.

B H crosmieil p 60Te C 1eMbI0 YMEHbIIEHHs MOJHBIX (KOMOHMHUPOB HHBIX)
U TeOpeTHYeCcKUX (MOIEIbHBIX) MOrPEIIHOCTEH B ®KCIEPUMEHT JIbHBIX 3H YEHMIX
MOJIIPU3YyeMOCTel MIPOTOH WX OINpeAeIeHHe MPOBOAUTCS 10 BCEMY M CCHBY MH-
POBBIX I HHBIX 1O aucpdepeHnn JbHOMY cedeHnio YP®D H mnpoToHe mpu sHep-
rusax w < 150 MaB. DTOT M cCUB cOCTOUT M3 94 DKCIEPUMEHT JIbHBIX TOYEK,

umeHHo: 48 mno3nHux u3 [1-4] u 46 p HHux u3 [23,24,48-52]. Ct tucru-
YeCKMil H JIM3 HOK 3BIB €T COBMECTHMOCTb APYI C APYTOM BDKCIEPUMEHT JIBHBIX
I HHBIX, TIOJ[yY€HHBIX P 3HBIMU IPYII MH, U BO3MOXHOCTh UX OOBEUHEHHUS B Ofi-
HOM (pute. BHUM HHe yuenseTcs U TeOPeTUYECKMM OIMOK M B 3H YeHHUsIX o))"
Bp", BO3HUK IOUIMM U3-3 P 3JIMYHBIX MOJIENbHBIX HEOTIPENETIEHHOCTEN B (PUTHPY-
IOLLEM JIUCIIEPCHOHHOM CEYEHUH, MEHBIIHMM MPU HU3KUX U OOJIBLIMM IPH CPEIHUX
DHEPrusx GOToH w.

JI nee B p 3.2 NpUBOOWUTCS Kp TKHH 0030p p HHMX M NMO3IHUX HU3KODHEP-
IeTUYECKUX J HHbIX 110 YP® H 1poTOHE, UCIOIb3YeMBIX B H LIeM H juse. B
p 34.3 o0cyXI I0TCSl TeOpeTHUECKHe CeYeHUs, UCTIOb3yeMble IPH (PUTHPOB HUM
I HHBIX. B p 31.4 onuc H MeTomuk (PUTUPOB HUS [ HHBIX C Y4ETOM MX CT -
THUCTHYECKHX M CHCTEM THUYECKHX HOrpermHocTeid. B p 31.5 mpusomstcs pesyns-
T Tl PUTHPOB HUS [ HHBIX OTJAEIIBHBIX TPYNI U 100 JIBHOTO (PUTHUPOB HHUS BCETO
M ccuB ceuyeHHMid. P 3men 6 comepXHT BbIBOIABI M PEKOMEHI LUM Ul Oymylux
9KCIIEPUMEHTOB IO OIPEAETICHUI0 MOIIPU3yeMOCTel MPOTOH .

2. HUBKOOHEPITETHYECKHE 3KCIIEPUMEHTAJIBHBIE JTAHHBIE

Bce akcniepuMeHT s1bHBIE I HHBIE 0 YP® H mpoToHe B UHTEPB Jie dHEPTHii
w = 30 = 150 MoB, rze BKJI I w?-4IeHOB, 3 BHUCSIIUX OT op U 3y, B HI3KOBHEP-
retTuyeckoe aupepeHin JIbHOE CeueHHe pe JIbHO H OJII0[ €M, MOXHO YCJIIOBHO
p 30uTh H naBe rpynmbl. B omHy BXomsaT 1 HHble [23,24,48-52], nonyyeHHble B
50-70-x rox x (cM. 0630p [53]), B Ipyryr0 — 1 HHbIe mociaeqHux jert [1-4].

*IloTpeGHOCTH B GONlee TOYHOM H3MEPEHHH MOJIIPU3YEeMOCTEH MPOTOH BO3HHK €T U B CBS3H C
M3MEPeHISIMI TIOJISIPH3YeMOCTel HEUTPOH B OIBIT X IO YNPYroMy yd-p CCESHHIO, B KOTOPBIX OIpe-
JedeTcs CyMM  IIOJISIpM3YyeMOCTEH MPOTOH U HEUTPOH (cM., H mpumep, [16]).
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P nuue p 6OTHI ObUIM BBINOIHEHBI C IIy4K MH TOPMO3HOTO U3IIy4EHHMsl, MOJY-
YEeHHBIMH H LUKIMYECKHX BJIEKTPOHHBIX YCKOPUTEIAX IIEepBOro MmokosieHus. B
HUX npounecc YP® H nporoHe H Omof jics, K K NP BHIIO, IO P CCeTHHOMY (ho-
TOHY, KOTOPbI PErHCTPHPOB JICS TENECKONOM CLUUHTIULILIMOHHBIX CYETUYUKOB C
OYEHb IUIOXMM DHEpPreTUYecKuM p 3petenueM. T Koil Merox H OJtoeHUs He I0-
3BOJISUT H JIEXHO BBUIENATh YPD H mNpoTOHE H (pOHE APYrux 3AeKTPOM THUTHBIX
IPOLECCOB, H IpuMep yp — e e ~'p, npu yo1 x p ccesHus goron 0 < 60°
u sHeprud w < 80 MbsB. DKCrepuMeHT JibHbIE TOYKH, OTHOCSIIHECS K DTON
KHHEM THYeCKOH 0Ol CTH, He HCIIOb30B JINCh BTOP MU OPHIUH JIBHBIX P 0OOT
B nociefyomeM H ju3e. OHU He BKJIIOUEHBI U B M CCUB JI HHBIX, KOTOpPBIE MBI
Il Jiee putupyem.

[o3naue p 60Tl [1-4] BBIIONHEHBI H BIEKTPOHHBIX YCKOPUTESIX CIEIyI0-
IIEro MOKOJIeHHs, OOJ [ I0IUX Top 340 JYYIIUM KO3((HINEHTOM 3 IMOJHEHMS
mydk («duty factor»): mukporpon Wimunoiickoro yaueepcuter MUSL-2 (ceii-
9 ¢ p 300p H), 2JIEKTPOHHBIN ycKOpuUTenb ¢ p crsekureneM B C ck 4yeB He (SAL),
MuKporpon B M itne MAMI-A (ceiiu ¢ p 60T er K K NepB s CTylleHb MHKPO-
tpon MAMI-B). H ubonee B xHoii ocobenHocTbio p 60T [1-4] 61 peructp -
LM P CCESHHBIX (DOTOHOB CHEKTPOMETP MM IIOJHOTO IMOIVIOIIEHUS! ¢ OObIINMHU
kpuct ju1 Mu Nal(Tl), KoTopble 1O3BOJISIIA U3MEPSTh BHEPIHI0 KOHEYHOTO (DOTOH
w’ € TOYHOCTBIO HECKOIIBKO IIPOLICHTOB.

2.1. P 6otb1 50—70-x romoB. B p 6ot x [48-52], rue muzmepsuioch audde-
peHLu JbHOe cedeHne YP® H TMpoToHe, MONSPU3yeMOCTH MPOTOH oy, U (3, HE
OIIPEIEIISIIUCE.

B ®HAHe [48] u3mepenns Obutn BBIMOMHEHB! NpH w ~ 100 MaB s Tpex
3H yeHuid yrn  f. CT THCTHYECKHe MOrPEIIHOCTH B IOJYYSHHbIX 3H YSHHUSIX ce-
uenuss p BHsiorcs B cpenteM 20 %. CucreM THYECKYIO IOIPEIIHOCTh BTOPbI HE
npuBogdatr. [losToMy sKCHEpUMEHT JibHbIe TOYKH [48] He mpurogHsl 1 GUTHPO-
B HMA B P MK X HPHUHATOH H MM MPOLEIYPHI, YYUTHIB IOIIEil 3 BUCUMOCTh X2 OT
CHCTEM THYECKOW MOTPEIIHOCTH 3KCIEPUMEHT JIbHBIX ceueHuil (cM. p 34.4). OHu
HE BKJIIOYEHBl H MU B M CCHB (DUTHPYEMBIX JI HHBIX.

W3 tpex p 60T [49], BeimonHeHHBIX B UMK I'CKOM YHMBEPCHUTETE, B IOCIIEAHEN
nosy4eHbl H ubonee TouHble 1 HHble. OH BKJIIOY €T T KXe P HHUE Pe3ylbT Thl,
B KOTOpBIE BTOPBI BHECIIU 3H YUTEJIbHBIE IMONP BKU H MHOTOKD THbIE (pOHOBBIE
NPOLIECCHI B 9KCIIEPUMEHT JIbHBIE CEYeHHs VI M JIBIX YIVIOB §. B coorBercTBuM CO
CK 3 HHBIM B H Y JIe 3TOTO p 3/Ie/l TOJNBKO A HHblEe Ipu yrie 6 > 60° BKIIOUeHbI
BT 0O1.2. CT THCTUYECKHE IIOTPEIIHOCTH B IOYYCHHBIX CEYEHHUIX P BHBI ~ 5 %,
cucreM tHueck 1 — 8 %.

B [50] sHepreruyeck s 3 BUCHUMOCTh ceueHus st yioB 6 = 50° u 90° mo-
K 3 H B BUJE CIUIOIIHBIX I10JIOC, IIUPUH KOTOPBIX OMpefesseT CT TUCTUYECKYI0
TOYHOCTh 1 HHBIX (=~ 15%). Yucno sHepreTHYecKUX UHTEPB JIOB COOTBETCTBYET
YHCITy M3I0MOB B IIPEACT BICHHBIX T KMM 0Op 30M cedeHHsix. B p 6ore orme-
4yeHo, yTo J HHble npu 6 = 50° u w < 80 M»B cuinbHO uck keHsl poHoM. ITo-
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9TOMY B JI JIbHEHIIIEM MBI UCIOJIb3YyeM cedeHus npu € = 50° TONbKO s dHEprui
w > 80 MaB. Cucrem Tuyeck s morpemHocts cedenuit u3 [50] p sa ~ 10 %.

T 6mun 2. DKcnepuMeHT JibHbIE 1 HHble 10 YP® H 1npoToHe B 00J1 CTH 3Heprui
totonoB 10 150 M»3B. YK 3 HbI YHCJIO KCTIEPHMEHT JIbHBIX TOYEK 7, CHCTEM THUYeCK
MOTPENIHOCTh §, T KiKe YHePrHH, YIiibl H Ju¢depeHnH JbHbIe cedeHns B JI §. cucTeMe

Ccehblik n 5, % w, MaB 0, p 1 do /dS2, n6/cp
Gov56 [48] * 3 - 97 45 14,0+ 1,7
90 13,5+ 1,3
135 22,5+4,5
Ox158 [49] 4 8 60 70 10,6 £ 0,8
90 10,84+ 0,4
120 11,8+ 0,5
150 14,7+0,6
Hym59 [50] 12 10 88 50 13,94+4,0
99 50 13,2+ 3,8
109 50 12,3+3,8
120 50 12,8+ 8,3
60 90 10,9+ 1,8
70 90 10,9+ 1,9
78 90 10,9+ 1,8
87 90 10,8 £ 1,5
95 90 10,6 £1,4
106 90 10,5+ 1,3
118 90 9,8+ 2,0
128 90 9,4+4,0
Gol60 [23] 5 6 55 75 11,24+0,8
90 11,0 £ 0,5
120 13,4+0,8
135 15,6 +£0,8
150 19,34 0,7
Ber61 [51] ** 2 10 120 134,5 14,94+ 2,0
139 133,9 18,9+ 1,9
Fri67 [52] 16 7 80 50 11,8+ 2,4
95 50 9,44+2,4
105 50 9,4+2,4
115 50 8,2+24
125 50 4,7+6,0
55 90 10,6 £1,4
75 90 10,6+ 1,4
95 90 10,6+ 1,4
115 90 9,0+1,9
125 90 9,7+2,8
135 90 4,7+£7,0
65 135 15,34+4,7
75 135 16,5+4,7
95 135 18,9 +4,7
115 135 14,2 +4,7
125 135 18,94+9,4
Bar74a [24] 3 1 80,9 90 11,54 0,6
85,4 90 10,9 +0,4
109,9 90 10,3+0,6
Bar74b [24] 4 3,7 81,9 150 14,4 4+1,2
(CM. TEeKCT) 86,3 150 13,7+ 1,0
106,7 150 16,04 0,8
111,1 150 14,4+ 0,6
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(npojoyKeHue T OMuLb! 2)

Ccehblik n 5, % w, MsB 0, rp 1 do /dS2, n6/cp
Fed91 [1] 16 3 33,5 60 15,0+ 1,6
(CM. TEKCT) 37,5 60 16,1+ 1,4
442 60 11,0 £ 1,5
482 60 12,04+ 1,4
55,0 60 13,5+ 1,3
59,0 60 11,741,2
65,8 60 12,74+£1,2
70,0 60 12,2 41,0
33,5 135 14,6+ 1,8
37,5 135 15,0+ 1,5
442 135 20,5+ 1,8
482 135 14,8+ 1,6
55,0 135 14,9+ 1,5
59,0 135 15,74+1,4
65,8 135 15,3+ 1,5
70,0 135 13,5+ 1,3
Zie92 [2] ** 2 43 98 180 18,4+ 3,4
132 180 21,8 +£1,2
Hal93 [3] ** 12 4 135 45,6 8,4+1,9
140 45,4 8,1+1,5
146 452 7,8+1,4
138 60,4 8,3+4,5
144 60,1 4,7+3,4
149 59,9 9,2+3,2
132 82,9 12,4+1,2
139 82,6 13,0+£1,1
145 82,3 11,5+0,9
130 136,4 18,3+1,4
138 136,1 20,9+1,3
146 135,9 19,7+ 1,3
Mac95 [4] 8 3,5 73,2 90 10,4 +1,7
(tagged) 81,8 90 9,0+1,6
89,8 90 10,7+ 1,5
96,8 90 8,6+1,4
732 135 14,34+ 1,8
81,8 135 16,1+1,8
89,8 135 16,7+£1,7
96,8 135 16,0+ 1,6
Mac95 [4] 10 2,9 105 90 9,5+1,4
(untagged)™ ™™ 115 90 12,1+ 1,6
125 90 11,2+ 1,0
135 90 11,4+ 1,6
145 90 13,14+2,4
105 135 14,6 + 2,5
115 135 15,9+ 2,0
125 135 14,9+ 1,8
135 135 18,8+ 1,4
145 135 18,4+ 2,0

*]1 HHBIe ®TOH p GOTHI He BKITIOYEHBI B (DUT M3-3 OTCYTCTBHS MH(OPM LU O CHCTEM THYECKOU
MIOTPEIIHOCTH.

** BONBIIMHCTBO JI HHBIX U3 p 60T [3,51] oTHOCATCS K ®Hepruam Boime 150 MoB u 31ech omnmymmeHsl.
Ceuyenust, npuBeneHnbie B [2,3,51] B c.i.M., o Hbl B T Gimie B 71 6. cucTeMe.

***YK 3 HHBIe TOIPEIIHOCTH B CEYECHMSIX NPH K XIOM yINIe P CCeSHHS CHIIBHO KOPPEIHpPOB HEI,
4TO HEOOXOMMMO YYHTHIB Th NPH TOCTpoeHHH (yHKIMH X2 (cM. [4] u p 3men 4).
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B p 6ote [51], BeimonHenHoi H Oer TpoHe MIUTMHOWCKOIO YHUBEPCHUTET ,
YP® H mnporone H O0A JIOCH MO OJHOBPEMEHHOH PErucTp LMW HNPOTOH OT-
I 91 U p ccedHHOro (otoH . ToNpKO OB 13 MOITYyYEHHBIX 3H YEHHH 9KCHEpPHMEH-
T JIBHOTO CEeYeHusl OTHOCATCI K 001 ¢t w < 150 M3B. Hx cr TucTHyeckue u
CHCTEM THYECKHE MOTPELIHOCTH OIUH KOBbI M P BHbI 10 %.

B MIT [52] ompenendn cb DHEpreTHYECK S 3 BUCHMOCTh CEUEHHS JUId Tpex
yrioB 6. IlomydeHo 19 »KCHEPUMEHT JIBHBIX TOYEK CO CT THCTHYECKUMHU I10-
[PELIHOCTIME ~ 25% M CHCTeM THYeCKOW morpemHocTbio 7 %. OKOHY TelbHbIe
3H 4YeHus cedeHuil oObsBieHsl yepe3 10 jer mocne nepsbix MyOauK LUH.

O p 6ot x [23,24], rne BIepBble JOCT TOYHO H JIEXKHO OINpEIeeH 3JeK-
TPUYECK $1 TOJISIPU3YEMOCTb MPOTOH U OBUIO YCT HOBIEHO, 4TO ' > (XM,
MBI yXe TOBOPWIH B p 34.1. 31ech orp HUYMMCA OJHUM B KHBIM 3 M€Y HHUEM,
K C IOIIMMCS TOYHOCTH P OOTHI [24]. AOCONIOTH I HOPMHPOBK CEUCHHS P C-
cesans (pOTOHOB H TIPOTOH X B [24] BBHINOMHSI Ch IO MOHUTOPHOMY IpoOIiec-
cy — p ccesHHo ()OTOHOB H  TOMHBIX 3J€KTPOH X. IIpu BBIYMCIIEHMH CedYeHHs
p ccedHusd (POTOH H 3JIEKTPOHE YYUTHIB JIMCh P OU LIMOHHBIE IONpP BKHU. YTOI
p ccesdHus (POTOHOB . B MOHUTOPHOM IpOLIECCe BHIOUP JICA T K, YTOOBI P CCEsIH-
Hble (POTOHBI H MHPOTOH X W IEKTPOH X MMEJIH OIUH KOBYIO SHEPIUI0 w’; TOT
YToJI ONpenesieTcs OTHOIIEHHEM M CC 3JIEKTPOH M IPOTOH MU YIJIOM P CCESHUS
B OCHOBHOM mporecce: sin (0./2) = sin (6/2)y/m./M. Torn mnpu ompexnene-
HUM 3KCHEPUMEHT JIbHOTO OTHOILIEHMS C€YEHHI OCHOBHOIO M MOHUTOPHOIO IIPO-
LIECCOB CHUCTEM THYECK g IOTrPEeLIHOCTb, CBS3 HH S C HEJOCT TOYHBIM 3H HHEM
MHOTUX (p KTOpOB, BKIIIOY $I ®HEPreTHUECKYI 3 BUCHMOCTH 3(p(heKTUBHOCTHU pe-
TUCTp U (POTOH Y-TEJIECKOIIOM, COKp IIl eTCs. B mefcTBUTEIbHOCTH HYXKHBIN
yroja p ccesdHHs B MOHHTOPHOM ce Hce ObUT BBIIEPX H TOmbko It 6 = 90°.
ITo TexHUYECKUM NMPUYUH M U3MEHUTh T€OMETPHI0 MOHUTOPHOIO C€ HC JUId MOJI-
HOTO COBII JICHHSl DHEPreTUYECKUX HMHTEPB JIOB (YBEIMYHTH 0.) NpH Iepexone K
6 = 150° ObUIO HeNb3sd, U B DTOM CIIy4 € Y-TeJIECKOIl PErMCTPHUPOB JI (hOTOHBI
c sHeprueil H ~ 8 Mb»B Oonbine, yeM B OCHOBHOM mporecce. Ilonp BK H
n3MeHeHne 3((PEeKTUBHOCTH PETHCTP LM Y-TEJIECKOI C POCTOM 3Hepruil ¢oro-
HOB B [24] BBOmW cb. OOH KO H JIM3, MPOBEACHHBIH B P MK X I HHOU p OOTHI,
MOK 3 JI, 4YTO CBA3 HH 4 C ®TUM M KCHUM JIbH $ IOIPEIIHOCTh MOXET IPUBECTH
K YBEJIMUYEHUIO CUCTEM THUYECKOM IIOIPEIIHOCTH IIOJYyY eMbIX cedeHuid YPD no
3, 7%.

ITosToMy B p MK X IPUHATONH H MU NMPOLERYpbl (PUTHPOB HUS U MOCTPOSHHS
dynkumn x2 (cm. opmyiy (16) Bp 30.4) MBI p CCM TPHB €M 1 HHbIe p 6OTHI [24]
npu yoit X 90° u 150° K K JB He3 BUCHMBIX H OOp [ HHBIX C CUCTEM THYECKOM
norperHocTbio 1 1 3,7 % COOTBETCTBEHHO.

2.2. P 60tb1 90-x romoB. B p Gore [1] ObUTH BBIIIOIHEHBI NIEPBbIE U3MEPEHHUS
ceuennii YP® H mportoHe ¢ MeueHbIMH (poToH Mu. H wmmkporpone MUSL-2
CeUYeHHs] M3MEepeHbl B MHTEepB Jie dHepruid w ot 33 mo 70 M»B npu 6 = 60° u
135°. Ct THCTHYECKHE IOrPEeIIHOCTH TIOJIyYeHHBIX B 9TOi p 00Te ceYeHHil p BHbI
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8—13%, cucrem tuueck s — 3% B 1 sibHeiiemM BTOpbl [1] 0OH pyxwin He-
TOYHOCTb K JIMOPOBKH 7y-IETEKTOPOB, CBI3 HHYIO C YYETOM MEPTBOTO BPEMEHH, U
CKOPPEKTHPOB Jii (YMEHBIIMIN) IIEPBOH Y JibHbIe cedenmst H 3—4 % (cMm., H -
npumMep, puc. 9 B [4]). B H croduieil p 60Te MBI UCIIOIB3yeM 3TH HCIP BIIEHHbIE
3H 4eHus cedyeHuil [54].

B p 6ore [2], BbimonHeHHO# H MukporpoHe MAMI-A ¢ meueHbiME (hOTO-
H MH, IPOU3BEICHO YHUK JIbHOE u3Mepenue cedyenus YP® mpu 6 = 180°. H Guio-
JEHUE TPOLECC IPOBOAWIOCH 10 PErUCTp LKW IPOTOH OTH YM, BBUIET IOLIErO
noxt yriioM 0°, ¢ MOMOIIBI0O M THUTHOTO cHEeKTpomeTp . M3mepenus cienm Hbl uis
sHepruii w = 98 u 132 MsB ¢ ¢r THcTHYECKMMHU morpernHoctaMu 18,5 u 5,5 %
COOTBETCTBEHHO. CHCTEM THYECK $ MOTPEIIHOCTh B IOJy4eHHBIX CEYEHUSIX P BH
4,3%.

B p 6ore [3], BeimonHeHHON H yckopurene SAL ¢ TopMO3HBIM IydkoM ¢o-
TOHOB, IH(pdepeny npHOe cedeHne YP®D n3mepsaioch K K BhIIIE, T K U HIKE
nopor OTOPOXIEHHS IHOHOB H YCT HOBKE, PETHCTPUPYIOILEH TONBKO P C-
CesHHbIA (POTOH. DTO CT JIO BO3MOXHBIM OJ1 TOA ps UCIIOJIb30B HHIO OOJIBLIOTO
Nal(T1)-cniekrpoMerp OTOHOB ¢ sHepreTuueckum p 3pemenuem 1,5%. Cr -
TUCTUYECKHE M CHCTEM THYECKUE MOrPEIIHOCTH B MOJIYYEHHBIX CEYEHHAX P BHEI
10—20 u 4% coorBercTBeHHO. B H IIMX LEJISIX MBI HCIONB3YyeM TOJBKO M JIYIO
Y CTh 9THX [ HHBIX, OTHOCALIYIOCS K HOIOPOrOBBIM aHEprusM w < 150 MaB.

Crnenyer OTMETUTbh, YTO MOJIyYeHHbIe AU(QEepeHIH JIbHbIEe CEeYeHUS MPEeAcT -
BJIeHBI B [3] 1BYMs crioco6 MU: K K (DyHKIIMH DHEPIUM ITpU (PUKCUPOB HHBIX YIIT X
U K K YIJIOBBIE P CIIpefeieHus npu (hUKCUPOB HHBIX 3Heprudx (149 MsB B H -
meM ciayd e). Mpl IpOBOAMIIM ONpenelieHue MOJSIPU3yeMOCTel, NCTomb3ys 00
B DU HT NPEACT BIEHUS CEYEHUH, M H IUIM, YTO MX PE3yNbT Thl HEMHOIO OTJIH-
4 forcs. B nepsom 3u uenme of" H ~ 1,3-107* m® Gombuie, 3H yenue "
H ~0,6-10"% ¢m> MeHbIIE, YeM BO BTOPOM, UTO, BIPOYEM, H XOIUTCS B TIpejIe-
J X CT TUCTHUYECKUX morpeuiHocreid. B p 6ote [3] HenmocpencTBeHHO M3MeEpSUTUCh
SHEpreTH4ecKne p crpeneneHus Ipu (PUKCUPOB HHBIX HOJIOXEHHUSIX Y-IETEKTOp ,

YITIOBBIE P CHpENeNIeHNs NIPU (PUKCUPOB HHOM W BBIBOJWJIMCH U3 HUX H OCHOBE
I JIbHEUINUX MPEIIONIOXEHUH 0 (popMe BHEPreTHIECKOl 3 BUCUMOCTU tuddepen-
LM JILHOTO CEYeHMs, KOTOpOe MMeeT M3JIoM (K CI) BOJIM3M NMHUOHHOro rnopor . B
H meid p 60Te Mbl NPENIIOWIN HCHONB30B Th IIEPBUYHbIE DHEPreTHYECKUe, He
BTOPHYHBIE YIJIOBBIE 3 BUCUMOCTH — BCEro 12 Touex.

B p 6ote [4], cmen HHOU T KXe H yckopurene SAL, W3MepeHHs BbITOTHS-
sck ¢ 6onpummu Nal(Tl)-getekTop Mu B HHTEpB Jie Hepruil w = 73 <148 M»B
npu yr1 x 6 = 90° u 135°. CucreM MeveHHs MO3BOJISI  OTHEJIbHO METUTh (o-
TOHBI ¢ sHeprusiMu w < 100 MsB. B HeMeueHbIX COOBITHSIX CIIEKTP KOHEUHBIX
¢oroHos npu dHeprusix w’ < 80 MaB Obl1 3 rpsizHeH (POTOH MU, HE CBSI3 HHBIMU
¢ YP® u nporoHe. Ux HCTOUHUKOM CITYXHT, H TIPUMED, pe Kius vp — e e v'p,

T KXe p cnl 1 70-Me30HOB, POXI eMbIX (DOTOH MH TOPMO3HOIO CHEKTp , M K-
CUM JIbH ¢ 2Heprus Koroporo (148 M»B) HeMHOro mpeBbIll J1 HOpor GOTOpO-
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xnenus m'-me30H0B (144,7 MaB). Tloatomy ceuenus npu w < 100 MaB omnpe-

JENAIACH TOJBKO MO COOBITHAM ¢ MeYeHbIMH (PoToH MM, npu w > 100 M3B —
Mo HeMeuyeHbIM cOOBITHAM. CT THCTHUYECKHE MOTPEIIHOCTH B 3H YEHHUSX CEYEeHHH
npr w < 100 MeB u w > 100 MsB p Bubt 10—17 u ~ 13 % coorBeTcTBEHHO.
CucrteM THYECK $ MOTPEIIHOCTh M3MEPEeHUIl ¢ MeyeHbIMH (DOTOH MU B CpeJHEM
p BH 3,5%, ¢ ropmosubiMu oroH Mu — 2,9 %.

OTMeTHM, YTO BHEprusl IEKTPOHHOIO Iy4YK , UCIOJIB30B HHOTO B p 6oTe [4],
ObT (PUKCHPOB HHOH, T K YTO DHEPreTHYecK s 3 BUCHMOCTh ceyeHus YPD c
TOPMO3HBIMU (DOTOH MM HOJYY JI Cb B PE3yNIbT T€ H JIU3 CIEKTP pPerucTpupy-
eMbIX (pOTOHOB. M3-3 KOHEYHOro HEPreTHYECcKOro p 3pellieHus AeTeKTop IOomy-
Y eMble CeueHMs! B BBIOp HHBIX IIATH UHTEpB J X dHepruid or 100 no 150 MaB
HUMEIOT CWJIBHO KOPPEIUPOB HHBIE CT THCTHUYECKHE IOTPEIIHOCTH, YTO CIeayeT
YUUTBIB Th IPH MCIIOJIb30B HUM MeTOH X>2. B T 61.2 NpuBeneHbl ceYeHus TOMBKO
C ¥ TOH JIbHBIMH 3JIEMEHT MH M TPHIBI morpemHocTeil [4]. Hcmomb3oB Th Oy-
KB JIPHO YK 3 HHBIE ITOTPELIHOCTH ISl IPEACT BICHUS PE3YJbT TOB DKCHEPUMEHT
[4] venp3s. Ilp BuiibH s mpouexyp obcyxn ercd B [4] (cM. T xxke p 30.4).

B [8] cyMmM u p 3HOCTb MOMSIPU3YEMOCTEH MPOTOH ¢y, U (3, M3BIEK JIUCH
u3 1 HHBIX [1-4,24] npu w < 150 M»B u mnonyyeHHBIX COBCEM Hel BHO H
yekopurensix BNL u MAMI i HHbIX [5-7], OTHOCSIIMXCS K OKpecTHOCTH Agz-
pe3oH HC . PUTHPOB HME BCeX BTHX I HHBIX, BBINOJIHEHHOE B [§8], MOK 3 JIO, YTO
IOJIy4 eMoe 3H YeHue p 3HOCTU (&, — (p)° " BeCbM YyBCTBHTEIBHO K €T JISIM
TeopeTnueckoro onuc Hus YP® Boliie nopor GOTOPOXIEHUS MUOHOB (CM. p 31. 3
u 5). [Moatomy 1 jiee Mbl He UCIIOJB3yeM A HHbIe 110 YP® mpu w > 150 MaB,

Bce g1 HHple 10 auddepeHIM TPHOMY CEYEHHI0 <Yp-p CCeIHHUS IpH
w < 150 Mb»B cobp Hbel B T 6.2, 1€ mId K XI0H p OOTHl NPUBOOMTCA YH-
CJIO 9KCIIEPUMEHT JIbHBIX TOYEK (70), CHCTEM THUYECK s HOTPEIHOCTh (§) u ¢ MU
CEUYEeHUs NPU DHEPIUM w Wi yri1 6 CO CT TUCTUYECKUMH MorpemHoctsMu. M3
T O11.2 BHIHO, YTO CUCTEM THYECKHUE IOIPELIHOCTH W3MepeHuil ceueHus YPD u
MPOTOHE B P OOT X IMOCHEIHMX JIeT NMPUOIM3UTENbHO B B P 3 MEHBINE, YeM
B p HHUX p 60T X, 3 wucKimodeHneM [24]. OmH KO CT THCTHYECK S TOYHOCTh
M3MEPEeHNH HU3KOPHEPreTHYeCKOro CeYeHusl, JOCTUTHYT 5 B p HHUX p OOT X, He
TOJIKO HE YCTYIl €T TOYHOCTH W3MEPEHHI IIOCIIeAHUX JIeT, HO B psie p 00T ee npe-
BocxoauT. 1o ynciny mony4eHHbIX 3KCHEpUMEHT JIbHBIX TOYEeK P HHUE M NO3IHUE
p GOTBI IIp KTHYECKH COBI J 0T. HecoMHEeHHBIM focTOMHCTBOM p 60T 90-X ronos
SBJIAIOTCS. U3MEPEHHs] DHEpreTHdecKoi 3 BucuMmoctu cedenus YP®. K Hemocr T-
K M 9THX p 60T oTHOcuTcs OenH s MH(OPM LU IO YIJIOBOMY P CIIPEAEIEHHIO,

CHUMMETpHsI KOTOPOTO OTHOCHTENBHO yrT 6§ = 90° 4yyBCTBUTENbH K BEJIMYMHE
M THUTHOH MOJISPU3YeMOCTH IPOTOH U MOJEIBHBIM IONP BK M B TEOPETHYECKOM
ceueHnd. [ToaToMy npH onpeneneHuy MUPOBBIX CPEAHUX 3H YEHMI MONIIpU3yeMo-
cTefi mpoton  ap" u X" Bce ele Kell TeNbHO (PUTHPOB Th BCIO COBOKYIHOCTD
HEe OYeHb MHOTOYMCIICHHBIX U HE OY€Hb TOUHBIX BKCIIEPUMEHT JIbHBIX J HHBIX MO
YP® H 1nporone.
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3. ®DUTUPYIOIIUE TUODEPEHIIUAJIBHBIE CEYEHUA

B atom p 3pene o6cyxn 10TCS HU3KODHEPreTHYeCcKoe U JUCIIePCHOHHOE aud-
thepentm nbHbIe ceuenns YP® H 1npoToHe, KOTOpble 0OBIYHO MCHOJIB3YIOTCS IIPU
(puTHPOB HUM BKCIEPUMEHT JIBHBIX A HHBIX U ONpPEAe/ICHUH 3KCIEPHUMEHT JIbHBIX
3H YEHMH nonmgpusyemoctedl mporon o u BX". Cneuu ypHO 00p 11 €eTcs
BHUM HHE H O0J CTh IPUMEHMMOCTU U TOYHOCTb TEOPETUUECKUX HupepeHIn-

JIbHBIX CE€YEeHUH.

3.1. Hu3kosHepreTnyeckoe mpuoamKeHue. P 3noxenue juddepeHun ib-
Horo ceyeHns YP® H mnpoToHE MO CTENeHSM BHEpru I A fomero (oToH B
J.C. w €CTh CJIEACTBHE HU3KODPHEPIEeTHUECKHX TEOPeM JUIl MIUIUTYIObl p cced-
mut Ty (f = +'p’ m ¢ = ~yp, KOHEUHOE U H Y JIBHOE COCTOSHHS), BBIBEICH-
HbIX O€3 MCIOJIb30B HUSI TEOPUU BO3MYILEHUI 0 KOHCT HTE CHJIbHOW CBS3U U3
OOIIUX IPUHIMIIOB KB HTOBOW TEOPHHU IIOJIS: PENSTUBUCTCK s, K JIMOPOBOYH ¢,
P-, T-uHB pu HTHOCTH, TOJIHOT CHCTE€Mbl COCTOSHUU U T.JO. T K, Mo TeopeMme
Tuppunr [55], ciop BeIMBOM T KXe BO BCEX MOPAAK X IO KOHCT HT€ TOHKOH
cTpykTyphl €2 = 1/137 (h = ¢ = 1), mmnuryn YP® n mio6oii 3 pskeHHOi
4 cruue (MOH, 9Apo, JPOH) B Npefesie HyIeBOi ®HEpruu w COBI A €T C KJI CCH-

4eCKO# TOMCOHOBCKO# MumiTynoit T, = —(e*/M)e - e’, tie e u M — 3 psn
MM CC 4 CTMIBI, € M e’ — BeKTOpbI IONAPH3 LUK H 4 JILHOTO U KOHEYHOro
tpoToHOB.

Teopem TI'emn-M wH —Tonpabeprep —Jloy [56,57] yTBepXa €T, YTO MOCTOSH-
Hble KO3()(HLIHEHTHI NPH JIMHEHHBIX MO w CHUH-TEH30PHBIX CTPYKTYP X P 3710XKe-
HUg MIUIUTYIsl YPD H 1poTOHe BBIp X IOTCS 4epe3 3 psag e, M ccy M u .M.M.
A. OmH KO BCE w-WIEHbl B MIUIUTYAE 3 BUCSAT OT COMH HPOTOH U HE BHOCST
JIMHEHHBIN MO w BKJI 1 B JudepeHnn JbHOe CeYeHUe T HENOJSPH30B HHBIX
MIPOTOHOB.

06061eH’e 9THX HU3KOPHEPIETHYECKHX TEOPEM H  w2-wleHbl MILTUTYIIbI
YP® 6bu10 mosTy4eHo B p 60t x [26,28,58-61], rae 10K 3 HO, YTO COOTBETCTBYIO-
mye Koa(ppULMEHTHI p 37I0KEHHS BBIP XK I0TCS yepe3 e, M, \ U iBe CTPYKTypHbIE
KOHCT HTHI (v, U (3, IONYYMBIINE H 3B HUS MOJNSPH3YEMOCTEil MPOTOH .

B p MK X TOro xe KB HTOBO-IIOJIEBOTO TOJXOJ BBIBEJAECHBI HOBBbIE (POPMYIIBI
U U4 ¢ MHX HOJISIPU3yeMOCTell, KOTOpble KPOMEe W3BECTHBIX U3 HEPEISITUBUCTCKOMN
TEOPUH CYMM MO BO30YXIEHHBIM COCTOSIHUSIM NPOTOH HMEIOT AONOJHUTEIbHbBIC
PETSTUBUCTCKHE TIONIP BKHM, BBIP X Iomuecs uepe3 e, M, A U 3 pImoBBIi p AuycC
npoToH [28,58,60-62]. CxoxecTh MOMYYEHHBIX (DOPMYJ C HEpENITHBUCTCKUMU
MOCIYXMJI OCHOB HHMEM JUISl IPUHATOTO H 3B HUS KOHCT HT oy, U (3. O60611eH-
H § HU3KO®HEPIeTH4yecK g TeOpeM OTKpPbUT BO3MOXHOCTH BbIBECTU OuepeH-
1M JbHOe ceveHre YP® H NpPOTOHE ¢ TOYHOCTBIO IO w2-4IeHOB H TEM C MbIM
HOCT BHII 3 I 4y 3KCIEPHUMEHT JIbHOTO OIpeielleHNs MOIIpUu3yeMocTelt oy, U 3y
H pe JIbHYI0 OocHOBY. T Koe HH3KO®Heprermyeckoe qudhepeHiy IbHOe cedeHue,
BBIBEJICHHOE BIIEPBbIE B [28a], MpH SIBHOM y4eTe KPOCCUHT-CUMMETPUH MILTUTY/IbI



BKCIMEPUMEHTAJIBHBIA CTATYC BJIEKTPUYECKOU U MATHUTHOM 711

T'; IpUHUM €T B J1 6Op TOPHOI cucTeme BHJ

do  1/7e2\2/w'\2 ww' 9 3
N AN 1 2 WWili 19 J2 3, 9y4
= 2(M) (w) 008 0+ T2 |14 20+ SA% 4 3M% + 2

1 - 1
—(24+4X+ 527 +2)\%) cos O + (1 +2)\ + §>\2 -3 - 1x*)cos%) -

2Mww’

—lop(1 + cos® ) + 203, cos 0] + O(w?w'™) }, (1)

€

rie w' = w/[14 (w/M)(1—cosf)] — sHeprus KoneyHoro ¢oron BiL.c. [Tocnea-
HUI 4IeH B KB JIp THBIX CKOOK X B ¢popmyse (1) monyu ercs u3-3 HHTepdepeH-
MM TOMCOHOBCKOTO BKJI I B MIUIUTY/IE C TeMH w>-BKJ JI MH, KOTOPBIE 3 BUCAT
OT ToJIIpu3yeMocTeit oy, u [3p. Eciu ero ot6pocurs, To (1) mepexomuT B ceueHme
Hoysn  do'/dS). Ewme p 3 nogyepkHeM, uto npH BbiBoge (opmyibl (1) HUK -
KHMX TPEIIIOJIOKEeHUH O CTPYKType IPOTOH U MEX HU3M X €ro B3 UMOJEHCTBHS
¢ ¢otoHoM He nen jock*. Ilostomy mudpepenim apHOoe ceueHue (1) H 3bIB 10T
6€3MOJIeJIbHBIM, 1 OHO MOXKET P CCM TPHUB ThCSl K K OIEp LMOH JIbHOE Olpefesie-
Hue monsgpusyemMocteil o, u 3, depes YP® u mporone. Ecimm B (1) nckmounTs
¢ kTop ¢ 30B0ro 06BeM (w’/w)?, TO BUIAHO, YTO HU3KOBHEPIETUYECKOE P 3MOXKe-
HUE HJET [0 eIUHCTBEHHOMY KPOCCHHI-CHMMETPHYHOMY I p MeTpy ww'. T Kum
06p 30M, opmyn (1) ¢ KTHYECKM CIIp BEIIHB 0 w>-UIe€HOB BKJIIOUMTEIBHO
(eMm. [29]). Hnsa kp TKOCTH MbI 0003H 4 €M HU3KOZHEPreTHYecKoe p 3JI0XKEeHHe
nmudgpepeni apHOTO cevenns (1) k x LEX.

Hcnonp3zos Hue LEX mig puTHpOB HUS 9KCIEPUMEHT JIBHBIX I HHBIX U OTIpe-
JleNleHus 3H YeHUi nongpusyemocteid ap " u 3" onp B HHO, e/ «peyupo-
B HHOE dKCIIEPUMEHT JIbHOE CEYEeHHUE»

DKCIT
o _ ( w )2 do @)
dsg) w’ dsg)
npu (PUKCHPOB HHOM yrjie p ccenust 6 jmHeiHO 3 Bucur or ww'. K K ume-
IOIMECs] I HHblE YIOBJIETBOPSIIOT 3TOMY TpeOOB HMIO, NOK 3 HO H puc. 1, rae
I Hbl 9KCHEpUMEHT JibHble ceuenus npu § = 90° m 135°. T M Xe MoK 3 H

TEOPETHYECK I 3 BUCUMOCTh OT ww’' JPYrMX HH3KOSHEPreTUYECKHX CEYEHHId,
T KXe JUCHePCHOHHOro cedeHus. BujHo, uTo oTOp chiB emble B LEX usieHs

d S OKCIT

*B [26,28,29,60,61] HI3KO9HEpreTHIECKHE TEOPEMbl BHIBEACHBI B HU3IIEM IO e? NPUOIIKEHUH.
P nu umonssle nomnp Bku K opmyne (1) Bbraucisiiuch B [63,64]. IIpy MHTEpeCyOLMX H ¢ SHEPrusix
w M Yo X 6 3TH HONp BKU CBOAATCSA K CHBHTY IOJIIPH3YeMOCTeH MPOTOH H MHpeHeOpeXHMo M JIyIo
Besumny mopsik e /M3 = 0,005 - 1074 w3,
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®, MaB ®, MaB

50 70 90 110 130 150 50 70 90 110 130 150
35 T T T T T 45 T T T T T T
a 7]

30 - 40 F -

(0/0")2do/dQy, ub/cp

1 1 1 10 1 1 1
0 0,5 1 1,5 2 0 0,5 1 1,5 2

o', (100 MaB)? o', (100 MaB)?

Puc. 1. 3 BucumocTs pexynnpoB HHOro IudepeHIH JTbHOTO CeueHus yp-p ccestHus (2) ot
ww' npu pukcupos HHOM yrie 6 = 90° (a) umu 135° (6). Toyeunble KpUBbIE — CeYeHHe
IMoyann (BepxHsist kpus 4) u Kneitn —Humnnpl-T MM (HMXHSS KpUB $1); OHH OTJIMY -
I0TCS y4€TOM U, COOTBETCTBEHHO, HEYYETOM HOM JIBHOTO M THHTHOTO MOMEHT IIPOTOH .
IMynktupH g kpuB 9 — ceuenne LEX (1) npu o, = 12,1 u 8, = 2, 1. IIrpuxnynkrup-
H s xpuB 51 (ELEX) Bximiou er momp Bk A u Ag (cm. Tekcr). CIUlomH st KpUB 1 —
HpeicK 3 Hus JUCHEePCHOHHBIX CcOoOoTHomeHuil. [l HHble u3 p 6ot [23,24,49,51] (4epHble
KpyXKH) U [1,4] (cBeTible KpyXKKH)

O(w?w' 2) npu w > 80 MeB He M nbl. YTOOBI MMETh BO3MOXKHOCTH (DHUTHPO-
B Th Bce I HHble Ipu w < 150 M»B mpocTeiM nre6p MYeCKHM BBIP XKEHHEM,
106 BuM K opmyre (1) w?w'’ 2—Honp BKY, OTBETCTBEHHYIO 3 HEJIWHEHHBI poCT
«pemyLHMpOB HHOIo ceyeHus». OOl S CTPYKTYp T KOU HONp BKU UMEET BHJ

/ 2
A, = (“’_) w2w'A(0), 3)
w

rne A(f) — monuHOM TpeThell creneHu oT cosf [65], 3H YeHHe KOTOpOro mpu
(pukcupoB HHOM 6§ GyneM CUMT Th HOBBIM CBOOOIHBIM I1 p MeTpom™. JIpyr s mo-

*IIpn OXHOBPEMEHHOM (PHTHPOB HHM [ HHBIX, OTHOCSIUMXCS K P 3HBIM yIJT M €, HyKHO B DbH-
POB Tb H PSLy C ¢y U [p ellie deTbipe Kodpuiment momuuoM A(6), 4TO MPUBOMUT K 3 METHOMY
YBETTUYEHHI0 OMMGOK B W3BJEK eMBIX 3H YeHmax ap " u Gp°°". Bce wim 4 cTh W3 9THX K0d(h-
(DMLUMEHTOB MOXHO BBIYUCIUTH B P MK X JHUCIEPCHOHHOrO MOAXOX (cM. I 3.2), HO 9TO BHOCHT B
HI3KOPHEPreTHYECKOE CeYeHNHE MOJECIBHYI0 3 BUCHMOCTh. T KOB IUI T 3 P CLIMpeHHe o0l CTH IpH-
MeHUMOCTH hopmyisl (1).
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np BK K ¢opmyne (1), BIudIOIl 1 H pe3ylbT Thl (PUTHPOB HUA, BO3HHUK €T OT
MHTEP(EPEeHINN wW-WICHOB B HU3KO®HEPreTHYECKOH MIUIMTYyAe ¢ KyOM4HOW Mo
w wmmmrygon Jloy [51,56], yuuTsIB formeid BKJI O OMUX HIIero K (pu3N4ecKoit
o0l CTH 3H YeHMI KMHEM THYECKHMX MEepeMEeHHBIX IMOMoC B {-K H Jie OT 0OMeH
HEUTp JIbHBIM THOHOM. OH UMeeT BUI*

N2 2, .2 2
w e® wwW'” grNNFryy ) ,
’ (w) BT Bm(mZ LT 3N — (14 N cos (1 - cos)
“)

B @) t=—2ww'(l —cosf) — KB p T Hepex B €MOro MPOTOHY 4-UMIIYJIbC ,
My — M CC HEWTp JIPHOTO IIHOH , Tpou3BeieHne KoHCT HT 7wV N-B3 MMozeii-
CTBMA M p cll A 7 — 7y OTPHIL TeJbHO (B COOTBETCTBUU CO CTPYKTYPOHl HO-
M JIUM B Jrebpe TOKOB U 9(pheKTUBHBIX KHP JIbHBIX JI TP HXH H X; CM., H IIpH-
Mep, [67]) u I ercs BBIp XEHHEM

2
Iann Lrooay

P = —(0,331+£0,012) ToB~'.  (5)

gWNNFﬂ"y'y = —167

B (5) MoncT BIEHBI CrEAYIOIME YMCIEHHBIE 3H YeHMs KOHCT HT: g2\ /47 =
(13,75 £0,55) [68], T'zo_y = (7,74 = 0,55) 3B [69]. Brinenenue untepcepen-
LIMOHHOTO BKJ A (4) B OTHENBHOE CI1 T €éMOe OOBSICHAETCS €0 Pe3KOoi MOITIOCHON
3 BUCHMOCTHIO OT t. IIpeHeOpeub BTOM ¢-3 BUCHMMOCTBIO HeJib3d. JlelCcTBUTENBHO,
pu w > 70 MaB u 6 > 90° 31 yenus |t| > m2 u p 310kenue Ay B cTeneHHOI
psan no t/m?2 neposmoxHo. Clieios TesibHO, ucdepenim JpHoe cevenue (1) ¢ mo-
mp BK MH (3) u (4), Kotopoe 6ymeM 0003H 4 Th K K ELEX, He gBngercs mocieno-
B TEJIbHBIM HU3KO®HEPreTHYeCKUM NPUOINXKEHHEM, U ero CIefyeT p CCM TPUB Tb
K K OJIHO M3 IPOCTBIX MNIIPOKCUMHUPYIOLIMX BbIp XeHHWil. O61 CTh MPUMEHUMOCTH
ELEX, x x BugHO u3 puc. 1, mpoctup ercd o sHepruil w ~ 130—140 M»sB.
ELEX yno6HO HMCIHONB30B Th NPU (PUTUPOB HUU DKCIEPUMEHT JIbHBIX CEUYEHHId,
U3MEPEHHBIX NPU OXHOM yIie 6 M p 3HBIX ®HEPrUiX w. B aTOM ciyd e mme-
IOTCA 1B HEM3BECTHBIX I p MeTp : (1 +cos? 0) + 283, cosf u A(6). Bomonnus
npouexypy ¢hUTHPOB HHS Ul OBYX YIIOB, H mpumep 61 = 90° u 6y = 135°,
MOJyY €M JB 3KCHEPUMEHT JIBHBIX 3H YEHHS I[EPBOro I p METp M, peul s CH-
CTeMy M3 ABYX YP BHEHHI, H XOIMM C MM mossipusyemMoctu ap u G, JI nee
Mbl ucnosiabzyeM ELEX ToMpKO U1 HE3 BUCUMOH NpPOBEPKH (PUTOB C AUCIEPCH-
OHHBIM TH(epeHn JIbHBIM CEeUYeHHEeM H3-3 HEBO3MOXHOCTH NPHMEHUTh T KOH
«MOJIEJIbHO-HE3 BHCHUMBI» H JIN3 KO BCEM J HHBIM B T O11.2 U3-3 HX CKYyHOCTH,

*Brepsble BaugHue monp BoK A1 U Ao H 3H YeHHs a?}“” u ﬁ;‘“”, U3BJIEK eMble U3 3KCIle-

PUMEHT JIBHBIX 1 HHBIX, 00CyX] JIoch B [65,66]. OmH KO M3-3 HeENp BHJIBHOTO ONpeNesieHHs 3H K
nonp BKH Ao H fiieHHble T M 3H 4eHns (ap — Bp)° ! 3 MeTHO OTINY FOTCS OT COBPEMEHHBIX.
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HEJIOCT TOYHOH TOYHOCTH M OOJIBIIUX IOTPEIIHOCTEH B IOJYdY €MbIX 3H UYEHHSIX
a:;)KCll u ﬁ;}KCll.

3.2. IncniepcuoHHbIi oaxo. Tenepb Kp TKO 00CYINUM JUCIIEPCHOHHBIN P C-
yeT auddepeHn IbpHOro ceyeHnd YP®D H mpoToHe, KOTOpoe B P 3A.5 HUCHOJb-
3yercsi Juist PUTHUPOB HUS A HHBIX M3 T OJ1.2 W ONpejesieHns] 9KCIIEPUMEHT JIbHBIX
3H YEHWH MoIpu3yeMocTeil MpOTOH . B oTimume OT HU3KO®HEPreTHYEeCKHX ce-
yeanit LEX u ELEX 001 cThb mp KTHYECKOH MPUMEHHMOCTH IUCIIEPCHOHHOTO
nucdepeHi JpbHOro ceuenus 3H uutenbHo mmpe. T K, B [38] B p MK X mucmep-
CHOHHOTO IOAXOJ MOJy4eHO YHOBJIETBOPUTEIBHOE OIMC HUE BCeX JI HHBIX IO
YP® H tnpotone npu sHepruk w < 1,0 I'9B, BKIHOY s MOJISIPHU3 IHOHHBIE X P K-
TepucTuKu. [I npHeimee m3noxenne ciexyetr p 6ot M [31,36,38], K KOTOPBIM MBI
OTCBUI €M 3 OTCYTCTBYIOIIUMH HIKE JIET JISIMH.

M3 [70,71] useecTHO, yto 00w 4 Mmutyn YP® v nporone T'y; ang H -
9 JIBHBIX U KOHEYHBIX Y CTHUL[ C IPOU3BOJBHBIMU MOJSPU3 IIMAMH BBIP X €TCS
yepe3 LIECTb CK JIIPHBIX MIUTUTYA, 3 BUCALIMX OT IBYX KUHEM THYECKHX Ie-
PEMEHHbIX, H NpHUMep, OT BHEPrud M YI1 p ccedHud (OToH . B pensTuBuct-
CKOM p cueTe yIoOHO HCIIONIb30B Th CBOOOIHBIE OT KHHEM THYECKHX OCOOEH-
HocTed u cBsseit Mmmmutyasl Ap—1. 6(v,t) [72] OT MHB pH HTHBIX EPEMEHHBIX
v=(s—u)/AM =w +t/4M u t, tne s, u, t — M HEEIBCT MOBCKHE [EPEMECH-
Heie. [lo ompeneneHuio YeTHsle 10 v MIUATYIbl Ak (v, t) npu HUKCHPOB HHOM
v 1o Kp iineil Mepe M siom [t| < 12m?2 gBAAIOTCH H JIMUTHYECKUMH (DYHKIMSAMU
BO BCEll KOMIUIEKCHOW IUIOCKOCTH v (cM. [73,74]), UCKIIIOY 4 IMOJIIOCH U P 3Pe3bl
H BEIIECTBEHHOW OCH, M YHOBJIETBOPSIOT JUCIEPCHOHHOMY COOTHOIIEHHUIO INPU
KOHeuHoi sHeprun [31,36,72]:

Um KC(
"Im A t
ReAk(V,t) () + P / vV 1m k(VQ )dl/ +
—V
v 16M2 viop (1)
1 VALt
+;Re/ Wk_(f)d - ©)
0 V'=UM Kc xXp (2

TlepBblii wieH B 11p BOil 4 cTH (6) — OJHOHYKJIOHHBII HOMOCHBI BKI 1 A7 (v, 1),
B YHCIIUTEJIe KOTOPOrO CTOMUT JIMHEHH § (pyHKIMS ¢ C U3BECTHBIMHU KO3(hpUIILEeH-
T MH, 3 BUCSIIMMH OT 3 psii e, M ccel M W .MM. A 1poToH . B3arsii or-
11071
mensHO BKI 1 A} (v,t) npusomur K nudibepeHIH JibHOMY cedeHHIo IToysiu
[25]. Bropoii wieH, unTerp JbHeLA BKI A A} (v, ), yIUTBIB €T HU3LINE JPOH-
Hble BO30YXIEHHSI NPOTOH B IPOMEXYTOUYHBIX COCTOSHUAX YP® H mnporone.
HiuXHuii TIpejierl MHTETPUPOB HUS Vyop(t) P BeH HOpOry (YOTOPOXKICHHS OXMHOY-
HBIX [IHOHOB H HPOTOHE IO NEPEeMEHHON  NpU (PUKCUPOB HHOM i Upop(t) =
My + m2/2M + t/4AM. BpiGOp BepxHero npeien Uy xe(t) = wy e + t/4M
OIIpefiesIAeTCs Pe JIbHOU BO3MOXHOCTBIO BBIYMCIIMTD MHUMYIO 4 CTb Ay (v, 1) B uH-
TEPB JIe OT Vyop(t) MO Vy kc(t), UCTIONB3YS YCIIOBUE YHMT PHOCTHU JUI  MILUTHTY/IbI
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Ty; B €*-npUGINXEHUN:

2Tm Ty; = Z(zw)%(zﬂn — P) T} T (7

n

U Pe3ylibT Thl MYJbTHUIIOJBHBIX H JIM30B 9KCIIEPUMEHT JIbHBIX I HHBIX 1O (POTO-
POXICHHUIO MMOHOB H MpoTOHE. B (7) CyMMHUPOB HHE BBIIMOJHICTCS 110 BCEM P 3-
PELIEHHbIM 3 KOH MH COXP HEHHs COCTOSIHHSIM JApOHOB |n) = |7 N), |77 N),. ..
C TOJIHBIM 4-UMITyJIbCcOM P,,. @ KTHYECKH B YUCIEHHBIX P CYET X HCIOJb3YIOTCS
thopmysibl, gBisiionEecs ciaeacTBueM (7) U CBS3bIB OIIME MHUMbIE U CTH MILIH-
tyn A (v,t) ¢ KB Ap THYHBIME (DOPM MH OT MYJIBTHIIOIBHBIX MIDUIUTYA HHOHHOTO
doropoxnenusa. Eciu wy ¢ MOMOXUTh p BHBIM 1,5 3B, To B p cuer x uHTe-
Ip JBHOTO BKJ [ Ag*”(y, t) MOXHO orp HuuuThcst TN- U wwN-BKJI 1 MH (CM.
HUXeE).

Tpetuii unen B (6), T K H 3bIB eMblii cHUMNTOTHYECKHMi BKI 1 A,°(v,t), yan-
THIB €T CBSI3b «BBICOKO®HEPIETUYECKOIO» MOBeAeHuss MIuutyasl Ay (v, t) ¢ Hu3-
KodHepreTruyeckuM. [Ipearon r s NPUMEHUMOCTh CHMIITOTHYECKOTO CTEIeHHOIO
p 3710XeHus o v MIUTYabl Ay (v, ), IPEICK 3bIB MO0 MOTIOCHON MOJIEIbIO
Pejike, H HOJYOKPYKHOCTH C P JHUYCOM Ly y(t), 110 KOTOPOU IPOBOIUTCS MHTE-
IPUPOB HHE, MOJY4Y €M CIIe[yIollee BbIp XEeHUe JUIi CUMITOTUYECKOro BKJI Ja *:

b (1) (2M o xe(1)) R (D

Af(v,t) ~ X
e ) ER: ag(t) —nk
x[l—i— a(E) — ( ! )2+ } @)
ar(t) —nk — 2 \ iy xe(t) T
B (8) ar(t) = ar(0) + a/zt — Tp exropunu nomocos Pexxe R = P (omepoH),
f2, az, m, o, ..., OOMEH KOTOPBIMH B {-K H ¢ YP® H MPOTOHE MPUBOOUT K

CJI T €MBIM C P 3HOW 3 BUCUMOCTBIO OT I/ B CUMITOTHK X Mmuutyx Ag(v,t). Un-
tepcentsl ap(0) U H KIOHBI @ Tp eKTOpHil ag(t) H3BECTHBI U3 OKCIHEPUMEHT :
ap(0) & 1,1, afy.e,(0) & 0,5, ax(0) ~ 0, as(0) ~ —0,5; a’p ~ 0,2 TsB~2,
o,y 0y mo = 0,9 ToB™2. Hensie wncn ny 9 = 0, ngs6 = 2, na = 3 onpese-
JII0T CHTH Typy (Y4ETHOCTh CIMHOB) moiocoB Pemke 7p = (—1)™*, BHOCSUIHX
BKJI I B CHUMITOTHKY MumuTyanl Ay (v, t); bi(t) — Bemectsenubie dyHkumn t,
[POIOPLKOH JIbHBIE BBIYET M B momoc X K. M cuwir 6 U t-3 BUCUMOCTh (DYHK-
wnit b2 (%), K K 1p BUIIO, MOXKHO ONPEAENUTH TOIBKO Ipy0o, IPUBIEK 5 9KCIIe-
PUMEHT JIbHYI0 MH(OPM LIHI0 O MPOLECC X B3 UMOAEHUCTBHSI (POTOH C HPOTOHOM

*Ilpu BbIBOAE (8) HE YYUTHIB €TCSI TEOPETHYECKH BO3MOXHBIA BKJ 1 (PUKCHPOB HHOTO MOJIOC
WIH KPOHEKepOBCKOro wieH [75] B cumnroruky MImmTyasl Ag(v,t), T K K K yOSAUTEIBHOTO 9KC-
MEPUMEHT JIBHOTO CBHIETENILCTB €ro cymectsoB Hus Het [30,76].
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npu sHepruu w > 1,5 I'sB u pomonHuTensHsle MonenbHble MpeacT BieHus. C
yaerom P, C-cumMmeTpunm M CHTH Typhl Tr I BHbIe BKI 1Bl B A,S(v,t) BHOCAT
Tp extopun ap(t) ¢ uarepcentoM apr(0) > —1: P, f3(1270), a2(1320), o
(wm fo(400—1200)) npu k = 1,3,5,6; P, f2(1270), a2(1320), = npu k = 2;
a1(1260), f1(1285) mpu k = 4. T kum 06p 30M, U3 (8) clieayeTr, YTO CHUMIITO-
tnyeckue BKI bl A,°(v,t) 3 BUCAT OT HECKONBKMX HEH JIEXHO OIpENe/IeMbIX
dyskumii b (t), KoTopble MOTYT GbITH yTOUHEHBI H OCHOBe Gyyuux 6osee Moj-
HBIX U Oosiee TOYHBIX BKCIEPHMEHT JIbHBIX I HHBIX 1o YP® H mpoToHe npu
P 3HBIX V U 1, B 4 CTHOCTH, [0 CHMMETPUH D CCESHMS JIMHEHHO IMOJISIPH30B H-
HBIX (POTOHOB H MPOTOH X IpU w > 1,5 I'sB. OTMETHM, 4TO CHUMNTOTHYECKUE
BKJI Jibl (8) M3-3 MPHCYTCTBUS B 3H MEH Telle BBIP XeHHs ap(t) — ny HMET
MOMIOCHI, X P KTepHbIe Ui OOMEH 4 CTUI MM B {-K H Jie, B 4 CTHOCTH, T- U
0-ME30H MH.

B sonoporogoii 0611 ctu, e v < my+m?2 /2M, [t| < 3,5m2 uv? /12  (t) <
1,3 o4 onpenenenus BKI 10B A,S(v,t) HECKOIBKO YIPOLI €TC, T K K K OHH,
BO-IIEPBBIX, [IEPECT 10T NP KTUYECKU 3 BHCETh OT v, T0 ecTb A,°(v,t) = A,5(0,1).
Bo-BTOpBIX, IpU OTHOCUTENLHO M JIBIX t BMECTO (8) MOXHO HCIOJIb30B Th OJHO-

WIH IBYXIIOJIOCHYIO IIITPOKCHUM LU0

M
Afint) = ap———, k=1,3,4,5,6 9
k ( ) le? 1 9)
u

M2 - F A2 _ 2
Af ()~ ag 2 LN Za T T (10)

M2 —t ' t-m2 A2t
Ile aj — He ONpefesieHHble MOK KOHCT HThl, M) — M cchl a(hheKTUBHBIX

[POMEXYTOYHBIX 4 CTHL B t-K H Jjie. Mbl siBHO Bbiienuwin B Ay (v, t) GbicTpome-
HAIOLIMIACA ¢ M3MEHeHHeM t BKJI 1 OT 7’-00MeH , B KOTOPOM B OTJIMYMe OT (4)
yuTeH KOMOMHUPOB HHbIi hopmd kTop TN N- 1 70yy-Bepumn ¢ A, = 0,7 ['sB.
Hpyrue Bk mpl B (9) u (10) He T X pe3Ko 3 BUCAT OT ¢, T K K K M cChl ahpek-
TUBHBIX 4 cTull M} nex T B npenen x ot 0,5 o 1,0 [9B. Corn cHo (8) cumrito-
THYecKHe BKI Jbl A%y (v, ) NPOMOPIHMOH JIbHBI Uy xe(t), A’y 5 6(v,1) yObIB 10T
K K 1/1y () wim ObicTpee. Ecinu vy ¢ () H0CT TOYHO GOJIBIIOE, MOXHO OXH-
JU Th, UTO BKJ Jbl Az’ 5 5(V,) M JIbl IO CP BHEHMIO C MHTETD JIbHBIMH BKJI JI MU

54,5.6(v1). D emrann Ag’4(0,0) = Ag°(0,0) + Ag(0,0) u Az¥6(0,0) =
A%(0,0) + Ag™(0,0) aro mpsaMo creayer u3 aucnepcuonnoro IIC anst a, + 5y,
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3 mUC HHOro B Buje [72]*:

1 HUHT
ap + ﬁp = _% ( 3+6(0a O) + ASC-',-G(Ov 0)) =

1 e xe(0) non o non
:—2(/ LQ(”)dw/ Lﬁ”)du). (11)
2m vnop (0) v v ke (0) v

B (11) mom 3H K MU MHTerp JIOB CTOMT yMHOXeHHoe H 1/v% monnoe ceuenue

APOHHOTO (POTONOINIONIEHNS H TpoToHe. B mHTeps sie sHepruit v ot 1,3 1o
20 I'sB 0HO XOPOLIO BOCIIPOU3BOAUTCS (PEHOMEHOIOTHYECKO# (POPMYIIOi Opon (V) =
Ap+ Bf,ta,//Vs Tie Ay 2 100 MK6 11 By, 14, ~ 57 MK6-[9B'/2, yunteis 1omeii
obMmeHbl P-, fa- 1 as-Tp extopusmu Pemxke [79]. B cymme mossipusyeMocTei

(ap + Bp)®P =14,0£ 0,5, (12)

BBIMUCIIEHHOH ¢ momouisio (11), mpu vy «(0) = 1,5 T®B BKI 1 BTOpOro uHTe-
Ip J1 , KOTOpPbIH IOJIyd4eH IyTeM IpeoOp 30B HHs COOTBETCTBYIOIIEIO MHTETp JI
1o MojyoKpyxkHOCcTH B (6), coct Biser Bcero 6%. ]I Ilee MPEAron r eTcs, 4To
nep BeHcTBo A5V (v,1)| > |As (v, t)| BHIONHAETCA HE TONBKO MPH HYIEBBIX,
HO, 1O Kp iHeil Mepe, U M JIbIX ¥ W t. AcuMnroTuyeckue BKI bl Az, 5(v,t)
MMEIOT JOTMOIHUTENBHBI () KTOP M JIOCTH 110 Cp BHEHHIO ¢ BKJI goM Ag (v,1).
On o0ycioBieH TeM, 4TO MILUTHTYAbl Ag 4 5(v,t) mpu GONBLINX U OMMCHIB IOT
YP® H 1npoTOHE C NEPEBOPOTOM CIMHOB 4 CTUL, KOTOPOE, K K U3BECTHO U3
9KCIIEPUMEHT , I10J BIIEHO B HECKOJBKO P 3 [0 Cp BHEHHIO C P ccesiHueM Oe3
nepesopor cnuHOB [80,81]. CinenoB TenbHO, BKJ JIbl A3f4!5(1/, t) eule MeHsle,
ueM Ag ¢(v,t), n Koabpurmentsr az 45 B (9) OyleM cUuT Th P BHBIMH HYJTIO.
B 91OM npHOIMXEHHH eCTECTBEHHBIME I P MeTp M Miuutys Ay (v, t) u aud-
thepeHIM JILHOTO ceueHus ABJIAIOTCA OCT IOMMECs KOa(h(ULMEHTE 41,26 U M CChI
M 26. Koadduuments a1 26 B (9) u (10) MOXHO BHIP 3UTh 4epe3 oy, — Bp,
ap + Bp U Y, THe TOCIeNHAS BEIUYMH €CTh CIHHOB s IOJISIPH3YeMOCTh H -
3 1 (cM., H npumep, [82]). [ngd 2TOro HyXHO BOCIIOJIb30B ThCd IEPBBIM P BEH-
crBoM B (11) u coornowenusimu 2m(ap, — Bp) = —(A4"'(0,0) + A,°(0,0)) u

*TIC (11) Bce emwe He mMeeT ycrosiBierocss H 38 Hus. H mpumep, B [38] oo H 3bB etca IIC
b ngun —JI munyc , B [32] — IIC B nuun . OrMerum, yto TIC (11), cTtporo roopd, Crp BELTUBO
C TOYHOCTBIO O BEIECTBEHHOH JUIUTHBHOH KOHCT HTBI C, KOTOp S MOSBISETCS W3-3 IPHHIHUIN-
JIHOH BO3MOXHOCTH 1006 BUTh K H JuTH4eckoil (ynkunn As(v,t) + Ag(v,t) mocrosHHoe ci T -
eMoe (BKJI 1 (PUKCHpOB HHOro momoc J = 2), He m3Mensas ee ocobennocreir [77]. Koncr nry C
MOXHO TONBIT ThCS OINpPEIEIUTh BKCIEPUMEHT JIbHO. B 4 CTHOCTH, 1O3TOMY B p 31.5 MBI B pbHpyeM
ap 1 Pp K K He3 BUCHMBIE 1T p MeTpel. (PHUKCHpOB HHEI TMomoc J = 2 MeHSeT CHMITOTHYECKoe
NoBejieHue  MIUTUTYAbl YP® Briepen U, ciieloB TeIbHO, BIUSET H ®HEPreTHYECKYI0 3 BUCUMOCTb JuU(-
tepeHm nbHOTO cevennst do/dt npu BeIcOKHX sHeprusx. Mcnombsyst n Husle FNAL no do/dt npu
w = 50130 I'eB [78], MOXHO HOIYYUTh JOCT TOYHO CHJIBHOE OIP HUYEHHE |C\ 5 0, 02-10~4 (bM?’.
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2 My = —(A875(0,0) + Ay, 5(0,0)). B pesynpr Te BMECTO Tpex AMCHEPCHOH-
HBIX COOTHOLUEHMH (6) it MIuTYR A 26(v,t) mOMyd em

M?
—1 ., 13
Mf—t’( )

Re A1 (v,t) = AT (v, t) + AT (v, t) — {A?HT(O, 0) + 2m(ap — ﬂp)}
Re Aai5(v,t) = A5 (v, 1) + A3Ys (v, t) —
gﬂ'NNFﬂ"Y’Y:| ]\422 gTrNNFﬂU'y'y Agr

2
—m2
2 2 _ — 2 2
m2 Ms —t t—m2 A2 -t
2
6

— | A575(0,0) + 27 My, — , (14)

Re Ag(v, 1)=A3T6 (v, 1)+ ?fe(%t)—[ §T6(0a0)+277(ap+61)):| -(15)

Mg —t

JIna BenmuuuH o — By U Yr, K K U T4 vy + B, U3 AUCTIEPCHOHHBIX COOTHOIICHUN
(6) MOXHO BBIBECTH Ip BHJI CYMM IIpH KOHe4HOH sHepruu. B [31,72,83] T kue
Ip BWJI CYMM HCIOJB30B JIUCh I Oosiee WM MeHee TOYHBIX p CYETOB 3H ye-
HUIl o, — Bp ¥ Yx. OOH Ko mpu PUTUPOB HUM HU3KOPHEPIEeTHYECKUX DKCIEpH-
MEHT JIbHBIX ]I HHBIX JUCIIEPCUOHHBIM CE€YEHHEM HEKOTOpBIE U3 €ro I p METpOB
B pBUPYIOT: «p — Bp B [2], ap — Bp ¥ ap + Bp B [L,4], o — Bp, ap + Bp 1
Y= B [8]. Ilpu ogHOM M TOM Xe M CCUBE (PUTHUPYEMBIX TOUEK C POCTOM YHCI
B PBHUPYEMBIX II P METPOB TOYHOCTH ITOJYd €MBIX ®KCHEPHMEHT JIbHBIX 3H YEHHH
9THX I P METPOB, KOHEYHO, YMeHbII ercsl. [| jiee Mbl 0OCYIUM OCHOBHBIE UCTOY-
HUKHU HEOIPEAeIeHHOCTeH, BO3HUK IOLIME MPH P CYeTe JUCIEPCHOHHOIO CeYeHMs,
B 4 CTHOCTH, U3-3 P 30pOC HCIOJIb3yeMbIX 3H YEHHUH I p METPOB, KOTOpPbIE HE
B PBHUPYIOTCSI.

3.3. HcToyHNKYN TeopeTHYeCKUX HeompeneleHHOcTeld. UncieHHbIl p cuer
MHTErp JIbHBIX BKII JI0B A}™ (1, t) BHOCHT Cp BHUTEIBHO M JIbIe HEOIPEIe/IeHHO-
CTH B JMCIIEPCHOHHOE AU(pepeHI JTbHOE CeYeHHE U, COOTBETCTBEHHO, B 3H -
YeHUs I P METPOB, ONpefeseMblXx NpU (UTHPOB HUU [ HHBIX B JOINOPOrOBOI
00 cru. OcHOBHOU BKI 1 B A" (v, t) BHOCUT UHTEIPHPOB HHeE 10 061 ctu v/ <
0,5 I®B. Hcmome3ys 18 H 6op m0BOJBbHO TouHBIX Tipu v/ < 0,5 BB «ekcre-
PUIMEHT JIbHBIX» MYJIBTHIIOIBHBIX MIUIUTYH (POTOPOXIEHUS OJUHOYHBIX MHOHOB
H TMpoToHe, K K ocHOBHOM — SAID u3 [34] u x x JbsTepH TuBHbIi — HDD
u3 [35], MOXHO OLIEHHTh HOTIPEIIHOCTh, BO3HUK IOIIYI0 NPH OIpPEAENeHUH 3H -
ueHui o u 5;“”. UYucneHHble 3H YEHHS BCEX TEOPETHUYECKUX (MOJENTbHBIX)
MOTPEITHOCTeH TPUBOAITCA B p 34.5. [71 BHOe p 3mmume Mexay H Oop mu [34]
1 [35] 3 K09 eTcd B MOPOTOBOM TOBEICHUU S-BOJHOBOH MIUTUTYHBI Foi. Mol
U3MEHsEM T KXe pe3oH HeHylo Mwmtyny Mi. H +2% T K, K K 9T0 OIUC HO
B [84]. Ydyer m pHOro (OTOpPOXKAEHUS MHUOHOB, KOTOPOE H YMH €T BHOCHUTDH 3 -
METHBII BKJI I B MOJHOE CEYEHHE Opomy(yp — HPOHbI), pu w 2, 0,4 TeB M 10
M3MeHseT JOMUHMPYIOIMe MHTerp JibHble BK mbl AT (v, t) u A3V (v,t). B muc-
nepcuoHHbIX cooTHOoWweEHUX (13)—(15) cuibHOE o BjEHHE UHTETP JIbHBIX BKJI -
JI0B OT GOJIBIIKMX ¥’ POUCXOMHUT U3-3 BBIYMT HHUiA, H IPUMEDP, M3-3 [PHCYTCTBUS
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wnen A4 (v, ) — A5H(0,0) Mg /(M§ — t) B (15). D10 JIErKo NPOBEPUTH IIPH
t = 0 u yOeguThcsl, YTO BBIYMT HUE MPUBOOUT K MOSBJICHUIO JOMOIHUTEIBHOTO
o6pe3 tomero ¢ krop v2/v'2 mox 31 KoM unterp a1 . I nmosyyeHus BepxHeii
OLIEHKH MOTPEIIHOCTH, CBS3 HHOHM C y4e€TOM I PHOTO (POTOPOXJIEHHUS MHOHOB, MBI
P CCM TpUB €M B P 31.5 CIyd i, KOIZ OHO BOOOILE OIYyCK eTC.

K K HOK 3bIB I0T P CUETHI, OCHOBH $ HEOIIPENEIEHHOCTh BO3HUK €T IIPU y4eTe
CUMITOTHUYECKUX BKJI JIOB B OUCHEPCUOHHBIX cooTHomeHusx (13)—(15). Tlpu
p 3HBIX k pomb A,°(v,t), K K MBI yXe OTMETHIH p Hee, He OMH KOB . BKI 1
Af(v,1) MOYTH LETMKOM OIpeHesseT 9KCIIEPHMEHT JIbHOE 3H YeHHE P 3HOCTH
nossipuzyemMoctedt " — 3" & 10, u or 30 4eHust M ccbl M7 3 METHO 3 BH-
CAT pe3yabT Thl (pUTUPOB HUs. B H crosimedr p 6ote BoiOp HO M7 = 0,5 3B,
xoTs1 B [38] mnst ynoBJIETBOPHTEIBHOTO OIKC HHUS [ HHBIX BbIlle A33-pe30H HC
npuxomuiock 6p 6 M; = 0,6 I'sB, xoTopoe T M H 3bIB JIOCb «M CCOH O-
Me3oH ». B cummrormyeckom BKI me Ay 5(v,t) (14) mepsblii uneH oTHOCH-
TeJbHO M N1 U MHOXuTenb M3 /(M3 — t) He T K cymectBeH. BKa 1 ¢ moro
79-06MeH 3 MeTeH, M HeoNpeleNeHHOCTH B 3H 4eHuax A, u (5) ciemyer yuu-
ThIB Th. OJH KO NpH M JbIX ¢ W3MeHeHHe A, He HUMeeT C MOCTOSTEbHOrOo
3H YEHUS] U CBOOWUTCH K CABUIY KOB((HULMEHT da245 U, COOTBETCTBEHHO, Yr.
B 1 mpHeitiem Mbl Gepem A, = 0,7 [®B,  cnuMHOBYI0 NOJApU3YyeMOCTh 06e3
BKI 1 70-00MeH MeHseM B Mpejel X TOYHOCTH TeOpeTHYeckoro p cuer [85]:
Ao NN Fn/2rMm2 = (55 +1,8) 107 ¢mt. Tk x x
BKI 1 Ag’ (v, t) ¢ M 10 cebe M JI, TO pe3ylbT Thl (UTHUPOB HHS NP KTHYECKH HE
3 BHCAT OT 3H ueHus M.

4. DPUTUPOBAHUE C YYETOM CUCTEMATHYECKUX
IOIr'PEIIIHOCTEN

[Ipu omnpenesnenun U3MYECKUX I P METPOB (IOJIIPU3yEMOCTEN IIPOTOH ) U3
HECKONBKHX (Nyxen) HE3 BHCHMBIX 9KCIIEPHMEHTOB IO U3MepeHuto audpdepeHiu-
JIBHBIX CEYEHHH Yp-p CCesHUS BO3HHK €T HEOOXOAMMOCTb COBMECTHOTO YYeT
K K CT THCTHYECKUX, T K M CUCTEM TMYECKHX INorpemHocreii. s K Xnoro or-
JIETIBHO B34TOro 3KcHepuMeHT j = 1,...Nyy, P CCM TPUB €MOTrO B JI HHOM
H JIN3€, OTHOCHUTEJIbHBIE CHCTEM THYECKHE IOTPEIIHOCTH H3MEpSeMbIX CeueHHi
ot = oM (w;,0;5), i =1,...nj c1 603 BUCAT OT SHEPIHIl WM YIIIOB P CCe-
sTHUS (POTOHOB U B OCHOBHOM CBOZATCS K HEOIPEEIEHHOCTH B 001Ieil HOPMUPOBKE
k; aTx ceuenuil. KoachduimenTs! k£; MOXHO p ¢CM TPHB Th K K HEM3BECTHBIE IT -
P MeTpsl 0000IIEHHOIO TEOPETUYECKOr0 ONUC HUS 3KCHEPUMEHTOB, IIPU KOTOPOM
TeopeTHuecKue ceuenns o;; 0 = 0(wij, ij; ap, Bp), 3 BUCAIIME OT MOJAPH3YEMO-
CTel MPOTOH , JIOJDKHBI COINl COBBIB ThCS C TIEPEM CIIT OMpPOB HHBIMH 3KCIEpH-
MEHT JIbHBIMH CeUeHHsIMH kjoy;". Tor ¢ KT, 4TO BeMYMHBI kj P BHBI SAUHULIE
B TpelieNl X HeomnpeseseHHOCTel §; OCOMIOTU3 MM CEYEeHMil OTHENbHBIX dKCIe-
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PUMEHTOB, MOXHO P CCM TPUB Tb K K He3 BUCHUMOE «M3MEPEHHE» 3TUX BEJIHMYHUH.
CootsercTBeHHO (hyHKIHS Y2 3 MUCHIB eTcsl K K [86]

Noken i e ?lgcu_ TCOp o ko —1\2
PSRN SR b ol il S CEL S
j=1 =1 J

e Aaf?c“ — CT TUCTHYecKHe norpemHoctd. T K K K Bolp Xenue (16) — kB -

ap Tu4H o yHKIMA oT 1/k;, ero MUHUMU3 LM 1O BEJIMYMH M Kj JIETKO el eTcs
B H JIUTHYECKOM BHje. Pe3ynpT T mmeer Bupj

Noxen te\2 52
2( 5 ) _ : Q(k 5 ) — Xee _ (X] ) 5] (17)
X (ap, Bp) = min x“(k; ap, Bp) = ; — s
k . 14+ X6
j=1 3%
rje
j SKCI __ O.TE_OP 2
Xge _ § 3 vJ
J BKCI ’
pt Aoij
; 2
j oken _ - TCOp Teop g Teop
X@__E:Uw Tij % Xﬁ__}: Tij (18)
Jj DKCIT aKC Jj = DKCI :
P Aaij Aaij P Aaij

B yp Brenuu (17) wien X7° yquTbIB €T CT THCTHYECKHE IIOTPEIIHOCTH j-IO 9KC-
niepuMeHT . OH SIBJISIETCS OOBIYHBIM T METOMKH (PUTHPOB HUS 1O KPUTEPHUIO X 2.
Bropoii (OTpHIl TeNbHbIil) YleH BO3HMK eT 61 TOi P ONTHUMH3 LHH X2 MO HOP-
MHUPOBOYHBIM I1 P METP M k; U ONUCHIB €T BIUSIHHE CHCTEM THYECKOM MOrperHo-
CTH j-TO 9KcliepuMeHT . MuHumyM (17) mocTUr eTcs Ipu nepeM CIUT OMpOB HHUU
®KCIEPUMEHT JIbHBIX CeUYeHHH (¢ KTOp MHU

-1

Xteg?

ko= (140 29 75
=\t Tr X

(19)

(3 BUCAIIMMHU OT nongpusyeMocteil). Bo3Huk rom s ¢yHkuud (17) 3 BUCHUT TOJIBKO
OT JIByX Il P METPOB, 4TO JieNI €T ee 0COOEHHO yIOOHOM JUTs (PUTUPOB HUS B CITyd €
OOJBIIIOr0 KOJIMYECTB BDKCIEPUMEHTOB.

Hcrons3os Hue X2 sun (17) (wmu (16)) Bemet K JBYM B KHbIM [IOCJIEACTBHSM.
Bo-nepBbIX, MONAPH3YEMOCTH v, U (3, ) KTHYECKH ONpPENENIIOTCS U3 HCTIP BIICH-
HBIX 3H YEHHU 3KCIIEPUMEHT JIbHBIX CEUeHHH k; af?c", YTO IPUBOAUT K CMEUIEHUIO
(0OBIYHO B Mpenern X HOJIHBIX IMOTPEeIIHOCTEl) 3H YEHHUH MOJIIpU3yeMOCTeid, orpe-
JAeJISIeMBIX U3 MCXOMHBIX (HEUCIIp BIICHHBIX) ceueHuit 0;;"". Bo-BTOpbIX, ommlKu
B TOJIIPU3YEMOCTSIX OK 3BIB IOTCS OOJbIIE, YeM IMPH UCIOIB30B HUHM TOJBKO Mep-
Boro wieH B (17), T K K K Telnepb OHM BKJIIOY 10T K K CT TUCTUYECKHE, T K U

CUCTEM THUYECKHE HCONPEACIICHHOCTU DKCIICPUMEHT JIbHBIX CEYECHMIA.
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OTMeTUM, YTO J HHble p 6oThl [4] ¢ HemMeueHbIMH (DOTOH MH BXOIAT B X2
C Y4ETOM KOppeNauMil CT TUCTMYECKMX IOIPELIHOCTEH ceueHuil oo ", oTHOCH-
LIMXCS K P 3HBIM ®HEPIUsM w;. B coOTBETCTBUU C [4] BMECTO ¢ MUX CEUYEHHUU 0;
(M KCHEpUMEHT JIbHBIX, U TEOPETUYECKMX) Mbl BKIIOY eM B (17) ux JiuHeiiHble
KOoMOUH wuu o, = y ., Vii0y, NMelolHe HeKOPPEIUpOB HHbIE IIOrPELIHOCTH.
DKCIIEPUMEHT JIbHBIC 3H YCHHs BEIHYHH 0] M UX MOTpeuHocTed Ao), T Kxe
M Tpunl Vi, M TOH JIM3UPYILI S M TPUIly IOTPEIIHoCTel ceueHuil o ", npuse-
JIleHsl B [4].

B 1 mpHeilimeM ¢UTHPOB HUE I HHBIX C MoMolnbio yHknuu (17) mpoBomu-
JIOCh B HECKOJIBKMX B PH HT X BBIOOP TEOPETHYECKOM MOJENH Ul CeYeHUH a;?p
U 0TOOp ®KCIIEPUMEHT JIbHBIX ]I HHbIX. [IpM HCIIONIb30B HUM HU3KODHEpreThye-
CKOro NpHOJIMXEHHUS, OMUC HHOTO B P 31.3, TEOPETHYECKHE CEYEHHs SIBIISIOTCS
9NIEMEHT PHOI (pyHKuMell 3Hepruu w, yra 6 u nonspusyemocteil oy, [,. Ilpn
WCTIOJIb30B HUM JMCIIEPCUOHHOM TEOPHUHM CEYEHHs OIPEHEsISIOTCS CIOXHBIM YH-
CIICHHBIM JITOPUTMOM, T K 4TO IS Leseld (PpUTHPOB HUS HCIOJIB30B JI Chb IpEn-
B PHUTENBH $1 T OyNISIMS M MOCIEOyIOIN s HHTEPHOMALHS TEOPETHIECKUX CeYeHHH
[0 YETBIPEM NEPEMEHHBIM.

COBMECTHMOCTh dKCIIEPUMEHT JIBHBIX JI HHBIX C TEOpHEH NMPOoBepss Cb IO Be-
JIMYMHE ONTHUM JIBHOTO 3H YeHHs X2 M BepOSTHOCTH P UMeTh T Koe Wi Gosbliee
X? npu uncne creneHeil cBoGoasl Ny = n — 2, rae n — 4uciIo 9KCIEPUMEHT JIb-
HBIX TOUEK C CEYEHMSIMU P ccesHus. BeposTtHocTs P He NOKH OBITh CIUIIKOM
M 71 . OGBIYHO CYHUT eTcs JOmyCTUMBIM, ecin P > 10 %, 410 coOTBETCTBYET Be-
poarHocTH B mpenen X 1,64 ¢T HAE PTHBIX OTKJIOHEHUH; HEpeOKO MCIOJIb3YITCA
u Gosee markue kpurepuu: P > 5% (1,96 cr HI PTHBIX OTKIIOHEHHMit) U JI XK€
P > 1% (2,58 ¢T HO PTHBIX OTKJIOHEHHUI).

Y crb ¢UTOB B p 3.5 BBIIONHEH IIPU H JOXEHHOM CB3M oy + 3, = 14,0 £
0,5 B coorerctBuu ¢ IIC (11). Mbl p ccM TpUB €M 3Ty CBSI3b K K JOIIOJIHUTEIb-
HOE «U3MEpPEHHUE» U BKJIIOU €M ero B yp BHeHue (17):

ap + 3y — 14,0\
e ) =\ ag )+ (IR e
)
3neck yncio creneHeir cBobonpl p BHO Ny = n — 1. T xoil dur npuxoaurcs
Je7 Th, H NPHUMEP, B T€X CIy4 9X, KOTI HCIOJb3YIOTC AU depeHIH JbHbIE ce-
YeHHs yp-P CCESHMS IIPU SAUHCTBEHHOM yriie 6.

5. ONPEJEJEHHUE MOJAPU3YEMOCTEM IMPOTOHA
Mpbl onpenesnsii MOMSIPU3YeMOCTH U3 BKCIEPUMEHT JIbHBIX JI HHBIX, OeN S

1) p 3menbpHBIC (PUTHI OTOETBHO B3ITHIX DKCIIEPHMEHTOB, 2) P 3HebHbIE (PUTHI 11O
IPyNII M P HHUX M TO3IHUX DKCIIEPUMEHTOB U 3) 0ObeAMHEHHbIN (17100 JIbHBII)
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¢hut o Bcem akcrnepuMeHT M. Bo Bcex ciyd 49X, KpoMe ONHMC HHBIX HUXeE B 1. 5.4,
(putupyomee ceyeHre H XOIWIOCh C TIOMOIIBIO TUCTIEPCUOHHONW TEOPUH, OIUC H-
HOi1 B 1. 3.2.

C omHOI1 CTOPOHBI, T K ¢ MPOLEAyp IO3BOJIIET CYIUTh O TOM, K KHe dKCIIe-
PUMEHT JIbHBIE JI HHbIE H HOOjee MH(OPM THBHBI C TOYKH 3PEHUS OINpPeesICHUs
MOJISIPU3YeMOCTEH U TP BOMEPHO JIi OTOpP ChIB Th CT pbie J HHbIC B HBIHEIIHEH
9KCIIEPUMEHT JIbHOH cuTy Luu. C Apyroil CTOpPOHBI, 3T HPOLERYpP IO3BOJISET
CK 3 Th, COBMECTHMBI JIH P 3JIMYHBIC TPYIIIBI A HHBIX APYr C APYIOM U MOXKHO
U OOBEIUHATh WX B OAWH 100 JIbHBINA ¢(ur. Huke mpuBoOmdATCSA MOMydIeHHbBIE
Pe3yJbT THI.

5.1. llonsipu3yemMoCTH MPOTOH , OIIPeieJieHHbIE M0 OTAeIbHbIM PKCIIEPUMEH-
T M. [TonapusyeMocT# IPOTOH oy, U (3, ONpENeNeHHbIE UId K XKIOT0 U3 9KCIIe-
pumeHTOB [1-4,23,24,49-52], npusenenst B T 01.3. T X X K B p 60T x [2,51]
nucepeHIy JIbHOe ceueHue U3MEPSIIOCh IIPH €AMHCTBEHHOM yIjie, 00 I p MeTp
ap U (3, MOXHO ONPENeUTh M3 HUX JIUIIb TIPU HPUBIeUeHNH Ip Bul cymM (11).

JByxn p MeTpuueckue (PUTHI ¢ HE3 BHUCUMBIMH IOJIIPU3YEMOCTSIMHU IPOTOH
XOpOIILIO OINHUCHIB 0T K KB U3 DKCIEPUMEHTOB, P CCM TPHUB €Mblil B OTIEJIbHO-
CTH, O YeM CBHAETEJIbCTBYET AOCT TOYHO BBICOKHI YpPOBEHb AOCTOBepHOCTH P.
Bonee Toro, B mpenmen X 1-2 moiyd eMbIX MOTPEIIHOCTEH OOJBIIMHCTBO PE3yib-
T TOB, I HHBIX B p 3MHYHBIX CTPOK X T OJHIBI, COIM CYIOTCS APYT C OPYrOM U
CO CpeqHeB3BEIIeHHBIMU MO0 BEpXHEiH Y CTH T OJIMIBI BEIUMYUH MU o, ~ 11,3,
By =~ 1,8, onpenensempivu 6e3 npusnederus IIC (11). Heckonbko BT 1 10T
JIMIIb 3H YEeHUS M THUTHOM MOJISIPU3YEMOCTH, TIOJyd eMble IpU (PUTUPOB HUU Ce-
yeHUi U3 p 60T [24,49] (coorBeTcTBeHHO H 2,3 M 2,6 CT HI PTHBIX OTKJIOHEHUS).

Ecmu He oOp I Th BHHM HHS H TIOTPEIIHOCTH, TO MOXHO 3 METHTh, YTO
aucdepeHy JbHbIe cedyeHust Tpex p 60T [24,49,50] npuBOAST K OTPUILL TEITbHBIM
3H YEHHSIM M THUTHOH MOJISIPU3YEeMOCTH MPOTOH . JI0 CHX MOp MO «p HHUM dKCIIe-
puMeHT M» [49,50] nonspuszyemMocT BooOIIE HE ONpPEnessuIuCh (BO BCIKOM CITy-
Y e, He IMyOJIMKOB JIFCh), M OBUTO IMPUHATO CYUT Th, YTO TONBKO OOH p OoT [24]
YK 3bIB €T H OTpHIl TelbHOE 3H 4YeHHe (3,. OmH KO NpU ydeTe MOTpEelIHOCTel
Bce (3, COBMECTHMBI C HYJIEBBIM 3H YCHHEM.

Ipyrum JTI00O0IBITHBIM OOCTOSITEILCTBOM SIBIIIETCS. TO, YTO 3H YEHHs IOJISI-
pu3yeMocTeil, BEIBOAMMBIE U3 IMOCIEAHEro 3KCIepuMeHT [4], npegonpenensoTcs
H OOpOM TOYeK, MOJyIeHHBIX ¢ HeMedeHbIMU (hOTOH MH. [IOIMHOXECTBO TOYEK,
MOJTYYSHHBIX C MEYEHBIMHU (POTOH MM, OO A €T HU3KOM TOYHOCTHIO W, €CIIA OMNATh
3 OBITh O MOTPEIIHOCTAX, I €T PeKOPAHO OONBIIOE MOMOXUTETPHOE 3H YeHHE I
Bp 1 IS CYMMBI &ty + 3, — CM. TIOCNIenHIo CTpoKy T 611.3. T kum o6p 30M, U3-
MepeHHsl ¢ MeYeHbIMH (DOTOH MH, KOTOpbIE O0J JI IOT PSIOM HEOCHOPHMBIX METO-
JUYECKHUX MPEUMYIIECTB, TOK HE MOTYT Cp BHUTHCA 10 JOCTUTHYTHIM PE3YJIbT T M
IUTSL TIONSIPU3YEMOCTEH C U3MEPEHHIMHI H OOBIYHOM TOPMO3HOM ITyYKe.

s p 6ot 90-x romoB umeercs OIU3KOE COOTBETCTBHE MEXIY Pe3yabT T MH,
MPUBEICHHBIMU B T OJ1. 3, M OPUTHH JIBHBIMH PE3YJIbT T MU C MUX BTOPOB (T KXe
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T 6mun 3. Monsapusyemoctd npoton B enuHun X 10~* ¢m>®, H iileHHbIe 110 1 HHBIM
OT/ENBHBIX YKCIIEPHMEHTOB C IIOMOIIBIO THCIIEPCHOHHOI TEOPHH

OKenepuMeHT (CCBUIK ) | m ap Bp ap+Bp | X2/Ny P, %
OxI58 [49] 4 | 17,0£8,1 | —6,7£3,7 | 10,249,2 | 422 12
Hym59 [50] 12| 13,9£5,6 | —4,7£7,2 | 9,246,1 | 0,6/10 100
Gol60 [23] 5 110,1£7,8 | 9,0£5,0 | 19,1£10,2 | 2,3/3 52
Fri67 [52] 16 | 14,2+4,0 | 5,6%4,2 19,8+4,3 | 24/14 100
Bar74 [24] 7 | 11,4%£1,4 | —4,7£2,5| 6,7+£3,3 8,0/5 15
Fed91 [1] 16 | 13,7£3,7 | 2,1£3,1 | 15,9+4,4 | 17,3/14 24

Hal93 [3] 12| 9,1%1,7 | 3,7£1,5 | 12,7£2,0 | 5,9/10 82
Mac95 [4] 18 112,2+1,7 | 3,3%+1,8 | 15,543,1 | 7,4/16 97
Ber61 [51] 2 | 11,442,9 | 2,642,9 — 0,711 41
Zie92 [2] 2 |10,0+£1,4 | 4,0+1,4 — 0,1/1 73
Mac95 (tagged) 8 | 18,3%5,7 | 13,2£7,2 | 31,5+12,3 | 2,2/6 90

Ipumeu Hue. n — 4ucro Touek B p 6ote B 061 crr aHepruii 1o 150 MeB. IMorpemHocTy BKIIOY 10T
CT THCTHYECKME M CHCTEM THYECKHE HeoIlpeleJeHHOCTH. P — ypoBeHb HOCTOBEPHOCTU NPU H iIeH-
HoM X2, CymM oy + Bp He puKCHpOB H B 1IepBoil U cT T Guipl. B crenyromieii 4 cti T GmmbI
cut cevennii u3 p 60t [2,51], H3MEPEHHBIX MPH €IUHCTBEHHOM YIVIE, A€ JICS TP TOMOTHUTETHHOM
ycnosun (12). Tlocnenuss cTpoK TIPeACT BIISET Pe3ylbT Thl (DUT IOAMHOXECTB OKCIIEPUMEHT [4]
C MeYeHbIMH (POTOH MHU.

H IIeHHBIMU A7sl Clyd s He(DUKCHPOB HHOW CYyMMBI <t + [3,), KOTOpBIE T KXe
HCTIONIb30B JIH TUCIIEPCUOHHYI0 Teopwio (B ee Oomee p HHell ¢opme [36]) mid
ompeneneHns Moysipu3yeMocTeil. MckimoueHneM sBisercd Tompko p 6ot [1] —
n3-3 TOIO, YTO MEPBOH Y JIBHO M3MEPEHHBIE T M CEYeHHs ObUIN MO3Xe CKOppeK-
THUPOB HbI (CM. P 30.2); H LI Pe3ylbT T OYEHb OJIM30K K Pe3yjabT Ty oOp OGOTKH
uchp BIEHHbIX 1 HHBIX [1], mpuBepeHHoMy B [4]. P cxoxkieHue ¢ OpuUruH Jib-
HBIMH pe3ysbT T MU [3] I1 BHBIM OOp 30M CBS3 HO C TeM, YTO MbI HCIIOJIb3yeM
TOJIBKO M JIyI0 U CThb UX JI HHBIX, OTHOCSILIYIOCA K JONOPOTOBBIM SHEPIUSAM HUXKE
150 M»eB, torn K kx B [3] B (pUT BKIIOW JIMCh [ HHBIC MPU DHEPTUSX BIUIOTH HO
293 M>»B, e MOIesibH S 3 BUCUMOCTb CT HOBUTCS IPEIMETOM OCOOBIX 3 OOT.

K K yxe noguepkus j0ch B p 3.2, IOTPEUIHOCTU cedeHuil mpu w > 100 MaB
u3 p 60Thl [4] 00N 1 1OT CHIBHON KOppedLuen, KOTop 5 O3H 4 €T H JINUHUe JI0-
TIOJTHUTENIBHBIX CBS3€H MEXIy CEUeHHSIMU M TeM C MbIM HX Oojee BBICOKYIO TOY-
HOCTD 110 Cp BHEHHMIO C TOW, KOTOp s H MBHO cienyeT u3 T 0i1.2. [psmomnuneiiHoe
HCIO/B30B HUe B (17) BMECTO NP BUWIBHBIX JIMHEHHbIX KOMOMH LMl cedeHuil o),
YIOMSHYTHIX B P 34.4, C MUX BEIUYMH U3 T ONI.2 mpuBeno Obl K YBEIUUEHHUIO Oy
H +2, [, H +3, moguano 6l cymMmmy «p + 3, 10 21 u yBemuummno Gbl Bce
MOTPEIIHOCTH MPUMEPHO BaBoe. T KuM 00p 30M, yueT KOppemnsLuid MpeacT BIseT
B XHBII JIEMEHT NpH UHTEpHpeT MU CeYeHUi, nonydeHHsix B [4]. Cnenyer 3 -
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METUTb, YTO HU B OJHOM APYrod U3 P CCM TPHUB €MBIX 31€Ch DKCIEPUMEHT JIBHBIX
p GOT yder Koppelsiyii ce4eHHi He PON3BOAMICI. MOXHO IyM Tb, YTO CHJIbHBIC
Koppesnsinuu B [4] SBUIKMCH Pe3yapT TOM p 30MEHMS] SHEPreTHYeCKOro MHTEPB JI
H CJMIIKOM M JIEHbKHME Y4 CTKH, KOTOpbIe ObUIN MEHBIIE pe JbHOIO DHEepreThuye-
CKOro p 3peieHust ycr HoBku. [locrenHee He yK 3 HO SIBHO B IyOJaMK nuu [4].

YuureiB S p 30poc M TOTPEIIHOCTU B HONSPU3YEMOCTSX, MPUBEACHHBIX B
T O1.3, MBI IPUXOAMM K BBIBOIY O JONMYCTUMOCTH OOBSAMHEHHS JI HHBIX U1 IJIO-
6 JBpHBIX (PUTOB p HHUX, ITO3AHUX WM Bcex p OOT.

5.2. IlonsapusyeMocTH, NMOJTy4eHHbIE TI0 BCeM P HHUM M BCeM IO3HUM PKC-
nepuMeHT M. [To npuMeHseMoii ®KCIIEpUMEHT JIbHON Metoauke p 60t1hl [1-4,23,
24,49-52] yetko p cn 1 1orca H p HHHUE (50-70-e roasl) u nozauue (90-e rojsi).
B nyOimuk nusix IOCHEIHMX JIET Pe3ylbT Thl P HHMX 9KCIIEPUMEHTOB HEPEIKO
WUTHOPUPYIOTCA CO CCBUTIKOM H HX SIKOOBI HM3KYK CHUCTEM THYECKYH TOYHOCTb.
Yro6B! KOJTMYECTBEHHO MPOBEPUTH P 3yMHOCTb T KOTO IPEHEOPEXEHUs, MbI Ipo-
BEIIU P 31eJbHbIe UTH p HHUX [23,24,49-52] u no3gHux [1-4] sxcrepuMeHTOB.
Pe3ynbr ThI cBenteHbl B T 611.4. M3 HUX MOXHO 3 KJIIOYUTb, YTO P HHHUE U O3IHHE
p GOTHI 1 10T NPUOIU3UTENBHO OIMH KOBbIE MOJIHBIE ITOTPEIIHOCTH B MOJISpH3Ye-
MOCTSIX, OCOOEHHO 11 v, HeMHOro Jiyuil 4 TOUHOCTb HO3OHUX P OOT HOCTUT -
€TCsl B OCHOBHOM 3 CYET MPHUCYTCTBUS OOJBIIETO YUCT TOYEK B 00J1 CTH SHEPIHid
Beilie 100 M>3B, e 4yBCTBUTEIBHOCTh K IMOJIIPU3YEMOCTSIM BbIllIEe (HO BBILIE U
MojieNibHble HeorpeneneHHocTH). CliefioB TelbHO, HET AOCT TOYHBIX OCHOB HUI
UTHOPUPOB Tb p HHHE p 60Tbl. O6e rpynIbl (p HHUX W MO3IHUX) KCIIEPUMEHTOB
JIEMOHCTPUPYIOT XOpOolllee COIT CHe C IBYXI P METPUYECKHM TEOPeTHYECKUM Ce-
YEeHHEM M IIOK 3bIB 0T YIOBJIETBOPHTENIBHOE COIVI CHE MEXIy WHIAWBHAY JIbHBIMU
p 60T MH B K XIOH U3 Ipynmn. P HHHE U MO31HHE KCHEPHMEHTHI B LIEJIOM IHpH-
BOJISIT K COIVI CYIOIIMMCSI PE3YJIbT T M I HOJISPU3yeMOCTel MPOTOH , U MX 00b-
eIMHEeHHe B IVI00 JIbHOM (PUTE HE TOJBKO AOIYCTUMO, HO M LIENIecO00p 3HO JUis
YMEHbLIEHUs MOJHOW OIIUOKH.

5.3. IonasapusyeMocTH, MOJTy4eHHbIe NPH 00beMHEHUH BCeX 3KCIepUMeH-
TOB. Pe3ynpT ThI m100 JpHBIX (DUTOB BCEX HMMEIOIIMXCS I HHBIX MPU DHEPTHAX
thoror 1o 150 MaB K K co cBOGOIHBIM 3H 4eHHEM &, + (3, (Ut ( )), T K u mpu
orp Huuenuu (12) (pur (6)) npusenens! B T 6;1.4. B dure ( ) H #igeHH 1 cymMMm
MOJIIPU3YEMOCTEN YAMBUTENBHO XOPOIIO corl cyercs ¢ npenack 3 Huem IIC (11).
CrencTBUEM T KOTO COINl CHS SIBISETCS TO, YTO IMOJISAPH3YEeMOCTH, H HICHHBIE B
¢pute (6), TOUTH HE OTIIMY FOTCSA OT MOJISIPU3YEeMOCTel, H HIOeHHbIX B ¢ute ( ).

CTOUT OTMETUTh, YTO HPH JOCTUTHYTOM YPOBHE TOYHOCTH W3MEPEHHH I0-
IPELIHOCTH B IMOJISIPU3YEMOCTSX, MOIy4eHHBIX B ¢ute (6), B 3H UUTEIBHOH CTe-
MIEHU OIpefessieTcs He MOTPeIIHOCTIMU B KCIEPUMEHT JIbHBIX AU EepeHIy b-
HBIX ceueHHdX YP®D H mpoTOHEe, MOIPelIHOCThI0 B TEOPETHYECKOM 3H YEHUU
(12). TToaTOMY MOXET MOK 3 ThCS, YTO H LUM pe3yiabT Thl (PUT ( )) HE ynyyll 0T
3H YeHHd IMOJIIPU3yeMOCTel, H HIeHHbIe B «II00 JIbBHOM» ¢uTe Tpex p 60T 90-x
ronos [4] u Bomenmue B Kommwisiiuio «Particle Data Group» [69] (cMm. T 0i1. 4).
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B zeiictButenbHOCTH «INI06 JIbHBIN» (OUT B [4] ObUT CliesT H MPU UCIIOb30B HUU
TeopeTHyeckoro orp Hudenus (o, + ()P = 14,2 + 0,5, u norpemHocTH B
TIOJTYYEHHBIX CPENHUX 3H YeHMAX o m ()" onpenensiorcs B OCHOBHOM IO-
rpemHOCThI0 +£0,5,  9TO MOXET CO37 Th 3 BBIIICHHOE BIeY TIeHHE 00 ypOBHE
MOTPEIIHOCTEN B C MHX 9KCIIepUMEHT X. PoJjib p HHHX ]I HHBIX SICHO BUIH H3 H -
miero ro6 JIkHOro Ut (6), MOrPEIIHOCTH B KOTOPOM MEHBIIIE TeX, YTO IMOITydeHbI
B [4] (cM. T kxke puc. 1).

T 6mun 4. Ionapusyemocti npotoH B exquHun X 10~% ¢m>, B iinennsie mo p HEMM
(50-70-€ rr.), HOBBIM (90-€ IT.) U BCeM HKCIEPUMEHT M C MCHOJIb30B HHEM JAMCIEPCHOH-
HOH Teopuu

DKCHEPUMEHT n ap | Bp | ap + Bp | ap — Bp | XQ/Nf
() ap + Bp He dukcupoB HO
50-70-er. | 46 | 12,8+1,1 | —03+1,6 | 12,54+2,2 | 13,04+ 1,7 33,1/44
90-e rr. 48 | 10,8 +£1,0 3,24+1,0 140+1,6 | 7,7+£1,2 33,7/46
Bee akcnep.*) | 94 | 11,7408 | 2,3+£0,9 | 140+1,3 | 95+1,0 73,1/92
6) (ap + Bp)™P = 14,0 £ 0,5
50-70-e rr. 46 | 13,3+£0,8 0,6 0,9 - 12,7+ 1,6 33,6/45
90-e rr. 48 | 10,8 £0,7 3,240,7 - 7,7+1,2 33,7/47
Bce akcnep. 94 | 11,7+£0,5 2,3+0,6 - 9,5+1,0 73,1/93
(6) (ap + Bp)™P =14,24+0,5
PDG93 36 | 12,1 £0,8 2,1+0,8 - 10,0+ 1,5

*DTH 3H YEHUS] MOTyT OBbITh PEKOMEHJIOB Hbl 11 MUCNoib30B HUS PDG. YK 3 HHble HOrpeiHo-
CTH BKJIIOY IOT CT TUCTHYECKHE M CHCTEM THYECKHE HEOINPENeSIeHHOCTH. 1 — YHCJIO 9KCIepHMEeH-
T JIBbHBIX TOYeK. OTaenbHO MoK 3 H ¢uT (6) ¢ UKCUPOB HHOH CyMMOW oy + (Bp, yp-e (11),
T KXe ¢ur (¢) — «mi06 npHOE cpegHee» mo p 6ot M [1,2,4], momydenHoe B [4] mpu ycimoBuu

ap + Bp = 14,2 £ 0,5 u BxmoyeHHoe B nocnennee usn Hue «Particle Data Group» [69].

YioBeTBopuTesbH o BemuuH X2 /N # CBHJIETENILCTBYET B 1IEIOM O COBMECT-
HOCTH M CCHB 3KCHEPHUMEHT JIbHBIX 1 HHBIX C TEOPETHYECKUM Au(epeHIn JTb-
HbIM cedyeHueM. OIH KO MHTEpec MPeNCT BJSIOT U WHOMBHUAY JIbHBIE BKJI Ibl X?
B CyMM pHYI0O BENMYHHY Y’ OT CEUEHMil M3 OTHENbHBIX DKCIIEPUMEHTOB, KOTO-
PphI€ NO3BOJISIIOT KOMMYECTBEHHO CYIUTh O COBMECTHOCTU PE3YJbT TOB P 3HBIX DKC-
MEepUMEHTOB ApYr ¢ ApyroM. K K W clemoB JIO OXHA Th, H MOONBIIMNA BKI I B
X2 /Ny 1 o1 cevenus u3 p 6ot [24,49] (B [24] — ¢ KTHUECKH TONBKO TOYKU
npu @ = 150°), KOTOpble IPU He3 BUCUMBIX (PUT X MPUBOILIT K OTPHUL] TEJIbHBIM
Bp. BEpoATHOCTH YMCTO CT TUCTHYECKOTO NPOUCXOXIEHUS H OO eMbIX X? co-
cr BisioT g [49] u [24] (0 = 150°), coorBeTcTBeHHO, 4 1 1 %, 9YTO MOXET CUH-
T ThCS JOMYCTUMBIM IPU MSITKOM KpUTepuH Op KOBKH. BKJ1 IbI OCT JIBHBIX p OOT B
X%/Nf 3 METHO MeHblUE, U H JIOTUYHbIE BEPOSTHOCTH COCT BIIOT 33 % u Gotee.
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Hopmuposounbie MHOXUTeNH k; (yp BHeHHe (19)), KoppeKTHpyolye 3KcIe-
PUIMEHT JIbHBIE CEUeHHMs, JUISl OONBIIMHCTB P OOT OJM3KHU K €IMHUIE M H XOOATCS
B Ipefes X COOTBETCTBYIOIIMX CHCTEM THYECKHX HeompenesneHHocTeid. H nbosms-
II 51 KOppeKuusl cedeHuil mpoucxomut st p 6ot [49] u [24] (0 = 150°), s
Kotopeix k; = 1,08 u 1,10 cootBeTcTBeHHO. MIMEHHO T K 1 GONBILI 5 KOPPEKLHS
OTBEY €T YK 3 HHOMY BBIIIE YPOBHIO COIJI CHSI OTUX DKCHEPUMEHTOB C V100 JIbHBIM
¢purom H yposHe 4 u 1 %.

T 6muy 5. MopmenbH 13 BUCHMOCTDb IPH M3BJIEYEHNH MOJISPU3yeMOCTell MPOTOH € TO-
MOIIBIO JUCTIEPCHOHHOMH TeOpHH

HsMmeHeHne dayp 60 S(ap + Bp) S(ap — Bp)
SAID — HDT —0,44 —0,08 —0,51 —0,36
(=0,19) | (+0,03) (=0,16) (—0,22)
Mit — +2% +0,18 -0,11 +0,06 40,29
(+0,07) | (—0,04) (+0,03) (+0,11)
OrcyrcrBue +0,00 —0,09 —0,09 +0,09
JIBOMHOTO (hOTOPOKIAECHUS (4+0,00) | (—0,02) (—0,02) (4+0,02)
M7 = 500 MaB — 700 MeB | —0,35 | +0,53 +0,19 —0,88
(=0,20) | (+0,24) (+0,04) (—0,44)
|Gn NN oy | — +4% —0,14 | +0,10 —0,04 —0,24
(=0,09) | (+0,07) (=0,02) (=0,16)
0

(non=7") _ 55 .73 140,40 | —0,45 ~0,05 10,84
(+0,18) | (—0,15) (+0,03) (+0,32)

OLleHUB eM 51 MOJEJbH S 0,72 0,72 0,56 1,33
HEOIpeeIeHHOCTh (0,34) (0,29) (0,17) (0,62)

Ipumeu nue. [ToK 3 Hbl H3MeHeHHs! onapusyemocteii (B ex. 10~% ¢m3) npu ucrons3os Huu p 3-
HBIX MIUIHTYA poTopoxaenns nmonos BOmmsu mopor (SAID m HDT), npu yeenmdennn peso-
H HCHOM MIUIUTYIB! (DOTOPOXIACHUS MUOHOB M7y, NIPH HeydeTe ABOHHOro (hOTOPOXKIEHUs B JHC-
(non—=?)
NIEPCHOHHBIX MHTETDP J1 X, NPH M3MEHEHHU 11 p MeTpoB M1, gr NN Fry~y B Yr (cM. . 3.2).
IpuBeieHH 5 B KOHLE T ONUIBI HOJTH St MOZE/BH 5 HENPEJEICHHOCTD MOMy4eH KB AP THYHBIM CJIO-
KEHMEM YK 3 HHBIX Bblllle M3MeHeHHil. OTHEeNbHO [ Hbl HENpEeNeSIeHHOCTH NpPU (DUTUPOB HUM BCEX

9KCIIEPUMEHT JIbHBIX TOYEK U (B CKOOK X) — IpH (PUTHPOB HUH TOMBKO Touyek Huxe 100 MaB.

5.4. MoaeabH g 3 BUCHMOCTh M MOJe/IbHO-He3 BHCHMbIE ONpeneeHusd.
B XHOH X P KTEPUCTHKOH M3BJIEK €MbIX 3H ueHuil o' u 3" apnsiorcs Te-
opeTuyeckue (MOJAEIbHbIE) HEOIPEAEIeHHOCTH, BO3HHUK IOIUE MpPU P CUeTe IHC-
nepcuoHHOro auddgepeHy JIpHOro ceyeHus. B T 671.5 mpuBeneHsl M3MEHEHHs
MOJIIPU3yeMOCTeld MPU B PbHPOB HUM KOMIIOHEHT MCIEPCHOHHOM TEOpHH, 00-

cyxa Bmuxcd B m.3.2. HX KB Ap THYHOE CJIOXEHHE 1 €T OLIEHKY MOJIETbHOI
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HeorpeaeneHHocTy. H ubosnpinuii BKJI 1 B Hee J 10T ¢ KTOPHI, CBI3 HHbIE C t-
3 BUCHMOCTBIO MIUTHTYIBI A1 («M cc » o-Me30H M), ¢ hoHoMm Mmrututyasl JIoy
(m p mMeTp az unn 'yT(rnon_WU)), T KX€ C MIUTUTYI MH (DOTOPOXAEHHS THOHOB B
00I1 cTh ®Hepruil Huxe A-pe3oH HC .

ITpu ¢utupos HuM Bcex 1 HHbIX 70 150 MaB o061 s MonesbH s Heomnpene-
JIEHHOCTb B Oy, U (3, cocT BiseT +0,7 U OK 3bIB €TCS JIMIIb HEMHOTHM MEHBIIE,
YeM YHCTO DKCIIEPUMEHT JIbHBIE IIOTPEITHOCTH, BBI3B HHBIE ITOTPEITHOCTSIMU H3Me-
pernii mucpepenm npHOTO cedyeHns YP®. MonenbH S HeoNpeaeneHHOCTh CHH-
X ercs Oojlee ueM BJIB P 3 B CIIy4d €, Kora (PUTUPOB HHE OIp HUYMB €Tcs o0 -
ctbio aHepruit 100 MaB. OnH KO NpU T KMX ®HEPIUsaX I A €T U 4yBCTBUTEJIBHOCTD
mucepeH JIBHOTO CeueHHd K MOJISIPU3YeMOCTIM, T K YTO DKCIIEPUMEHT JIbHbIE
CT THCTHYECKHE M CHCTEM THUYECKHE IOTPEIIHOCTH B MOISIPU3YyEeMOCTSIX YBEITHYH-
B I0TCS mouTH BBoe (cM. T 611. 6).

T 6aun 6. Moae/ibHo-He3 BHCHMBIE (HUTHI MonApu3yeMocteii (B ex. 10~* ¢m>) ¢ me-
noss308 HueM LEX n ELEX ¢ HeonpenerenHoit gynkuueii A(6)). B mociexnem ciayu e
¢urnpyrorca 1 HHbIe IPH OXHOM yrile M (PUKCHPOB HHOW cymMMe moisapusyemocTeid. s
CP BHEHMA MOK 3 HbI Pe3yJbT Thl GUT TeX Ke TOYEK ¢ AMCIEPCHOHHOI Teopueii (0e3
y4JeT MOJENbHBIX HeolpeneIeHHOCTel)

Tun ¢ur n ap Bp ap + Bp ap — Bp
w < 100 Ma=B
LEX 53 | 11,8411 | 1,1+14 | 12,8420 | 10,7+1,6
DR 11,94+41,3 | 1,0+£1,6 | 12,9422 | 10,9+ 1,9
w < 150 MaB (ap + Bp) =14,0+0,5
ELEX(0 =90°) [ 28 | 11,3F22 | 2.7 £2.2 — S5+44
DR(6 = 90°) 11,74+1,0 | 23+1,1 — 9,4 +2,0
ELEX(0 = 135°) | 28 | 12,04+1,8 | 2,0+1,8 — 10,0 + 3,5
DR(6 = 135°) 11,1+0,7 | 2,9+0,7 — 8,2+1,3
ELEX(6 = 150°) 6 144+27 | —0,4+2,7 — 14,7+ 54
DR( = 150°) 14,6+1,1 | —0,6+1,1 — 1524 2,1

He3 BucuMeIii KOHTPOJb (PUTOB, MCHOJIB3YIOIINX AUCIIEPCHOHHYIO TEOPHIO,
MOXeT ObITh CHeN H C IOMOIIBI0 MOJEJIbHO-He3 BHCUMBIX p 3noxeHuit LEX u
ELEX, onuc HHbIX B 1I.3.1. P 3moxenne LEX HenmpumMeHuUMO NpH 3HEprusx,
NpUOINXK IOUMXCS K MHOHHOMY IOpOTry, NO3TOMY B (hute ¢ nomoiusio LEX bl
orp HUYMB eMcd ToukK MM ¢ w < 100 MaB. Ilpu 1T kux snepruax ¢ut ¢ LEX u
¢ur ¢ mucniepcuonnoit Teopueit (DR) 1 eT mouTH uneHTUYHBIN pe3ynsT T (T OI1. 6).
Ecmu 651 Mb1 BKiTIouna B ¢put LEX Bce Touxku mo sHeprun 150 MaB, pe3ynbT ThI
MOJYyYWIIUCh Obl OTNIMYHBIME OT (puT DR. B 4 cTHOCTH, 21€eKTpHYecK $ MoJspH-
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3yeMOCTb MOJydu1 cb Obl p BHOI 9,4 + 0,5 BMecTo 30 yenus 11,74+ 0,8, nonyy e-
MOTO C TIOMOLIBIO AUCTIEPCHOHHON TeopuH. T Koe OTVINYNe WUTIOCTPUPYET CTEIeHb
B JKHOCTH y4eT BbICIIMX IONP BOK B HU3KO®HEPreTHYECKOM p 3imoxeHun (1)*.
B ¢ure ¢ nomommpio ELEX, B KOTOpOoM IT BHBIE MOMpP BKH CJIEAYIOIIETO I10-
PSOK TI0 ®HEPrUH BKIIIOYEHBI B WieHbl Aj U Ag, pe3ylbT Thl (PUTUPOB HHSI TOUYEK
BILIOTH 210 ®Hepruu 150 M»B noiyy 10Tcs I0BOJbHO OJM3KUMU K 3H YEHUSM, H ii-
JICHHBIM C IOMOILBIO JUCTIEPCUOHHON Teopuu. OIH KO H JIMYUE JOMOIHUTENbHBIX
(utHpyeMbIX I p MeTpOB (Hem3BecTHOM (yHKImH A(f)) NPUBOAUT K CHHXEHUIO
TOYHOCTH OIpesnesieHus! nossipuzyemocteil. O0e 3T 4epThl WILTIOCTPUPYIOT Pe3yiib-
T Tbl, IOMEIIEHHbIE B T OJ1. 6, IJie IOK 3 Hbl 3H YEHHUS HOJISIPU3YyeMOCTel, H iieH-
HBIC U3 JBYXIl P METPHYECKUX (PUTOB BeauuuH oy, U A(f) mpu ukcupoB HHOM
yrie 6 W 1pu H JIOXEHHOM OTp HUYEHHMU H CcymMmy noinsipuzyemocteit (12). Yobl
90°, 135° u 150° BEIOp HBI TOTOMY, UTO IIPH 3TUX YIJI X UMEIOTCS [ HHbIE K K IIPU
OUYeHb HU3KHX DHEPIWiX, T K W npu sHeprusx Beime 100 MaB, uro Heobxoxumo
ISl H JIM3 9HEPreTHYecKOd 3 BHCUMOCTH IU((epeHLN JTbHOTO CEYECHUs.
Cpennee 110 pe3ylbT T M IIPU TpeX YII X J €T 3H Y4eHue oy, = 12,3 £ 1,2
(ELEX), kotopoe MOXHO cp BHUTH ¢ BeauunHod 12,0 4+ 0,6 (DR), nomyyeHHoi
tutupoB HueM Tex ke 62 TOYeK C MOMOLIBI0 JUCIEPCHOHON TEOPUH M TOTO Xe
orp Huuenusd (12). EcTecTBeHHO, YTO NOTPEUIHOCTH B OIHOI P METPUYECKOM
¢ure (DR) menbure, yem B ¢ure ELEX ¢ 4 1 p merp mu (o, A(90°), A(135°)
u A(150°)). OmH KO COINI cHe MOJydY eMbIX CPeIHHX 3H YeHHI IOATBEPXKI eT
MOJIyYeHHYIO BBIIIE OLIEHKY, YTO TEOPETUYECKHe HEeONpeaeIeHHOCTH B MOJIIpHU3ye-
MOCTSIX, H WJIEHHBIX C MTOMOIIBIO TUCIIEPCUOHHON TeOpHH, He MmpeBbi 0T +0,7.

6. SAKTIOYEHUE

IIpoBeneHHBIl H M3 BCEX HMEIOIIMXCA 3KCIEPUMEHT JIbHBIX [ HHBIX IO
muddpeper TpHOMY cedeHnio YP® mpu sHeprusix no 150 MsB mpusen x H u-
Oollee TMOJHOMY M TOYHOMY H CETOAHSINHUI [€Hb OIPENESICHUI0 DKCIIEPUMEH-
T JIbHBIX 3H YEHHUU JIEKTPUUECKON U M THUTHOM MOJISpU3yeMocTeil mpoToH . P 3-
JETBHBIA H JIM3 P HHUX M TNO3JHUX 3KCHEPUMEHTOB, CAEN HHBI C y4eTOM HC-
NP BJICHWI, BHECEHHBIX C MUMH BTOpP MH OPUIHH JIbHBIX p OOT, MOK 3 JI, 4TO
UX PE3yNbT Thl COBMECTHBI K K IO CEYEHUSAM, T K U IO IIOJIy4Y €MbIM IOJSpPH-
3yeMocTsM. P HHUE W mo3aHue p OOTHI I 10T IPHUMEPHO OJMH KOBbIE KOHEUHbIE
MOTPEIIHOCTH IS MOJISIPU3YyeMOCTe, 1 UX OObEAMHEHHE MPUBOIUT K 3 METHOMY
CHMXXEHMIO pPe3yJbTUpYIoLIMX morpeuiHocreid. H ubosee nocToBepHble 3H 4eHHs

*Hexkortopoe yBennyeHne norpemHocteil B ¢oure Tun DR mponcxomuT m3-3 TOro, 4To B p MK X
JINCTIEPCHOHHOM TEOPHH 3 BUCUMOCTh AudepeHIm JTbHOro cedeHus OT MOMIPH3yeMOCTel NPOTOH HO-
CHT He JIMHEHHBIH, KB Jp THUYHBIA X P KTep, 4TO yMEHBII €T YyBCTBUTENBHOCTh ANhepeHH JTHHOTO
ceveHus K IOJIIPH3YeMOCTSM IIPOTOH .
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HOJIIPU3YEMOCTEN IIPOTOH P BHBL

o = 11,74 0,8 (cr T.4cuer.) £ 0,7 (teop.), @2
G = 2.34+0,9 (cr T.+cucr.) £ 0,7 (teop.). (22)

B otnmume ot «rmob JIBHBIX» 3H YEHHWH MOJspu3yeMocteil w3 [4], Bomeommx B
kommwisanuio PDG [69], skcnepuMmeHT JibHble 3H deHus (21) onpeneneHsl 6e3
HCIIO/IB30B HUSI TEOPETUUYECKOIl BenuduHsl (o, + [5,)"°P, mpenck 3s1B emoit IIC
(11). Cnenyrour g u3 (21) u (22) cymM nonsgpuzyemocrei

a;“c“ + B;“C“ = 14,0+ 1,3 (ct 1.4cucrt.) + 0,6 (teop.) (23)

XOpOIILIO COIJT CYeTcs C TeOpeTUYeCKuM 3H uyeHueM (12) U yK 3bIB €T B mpejien X
MOTPELIHOCTEN H HYJIEBYIO JUIMTUBHYIO KOHCT HTY B IIp BHWJIE CYyMM (CM. CHOCKY
H c.231). OgH KO OTMETUM, UYTO 3KCIIEPUMEHT JIbHbIE U TEOPETUYECKHE IOrpeLll-
Hoctd B (21), (22) u (23) Bce ewe He M Jbl. DTO MpEXIE BCEr0 OTHOCUTCA K
3H YeHuaM [ u it 4 BoEe

Iln HUpPOB HUE HOBBIX DKCIIEPUMEHT JIBHBIX UccaenoB HUuih YP® H 1npoTtoHe
B IOITIOPOTOBOU OOJI CTH JIOJIKHO MCXOAUTH U3 yXe JOCTUTHYTOTO YPOBHS TOYHOCTH
n3MepeHnid. YToOBI CYIIECTBEHHO YMEHBIIUTD DKCIIEPHMEHT JIbHBIE MMOTPEIIHOCTH
B 3H YEHHUIX a?j‘c“ u 5;““, HEOOXOIMMO TTOBBICUTh CT TUCTHYECKYIO U CHCTEM THU-
YeCcKyl0 TOYHOCTh U3MepeHuil audgepeHiu JIbHOro ceuenus 1o 1-2 %. YmMeHblie-
HHUE TEOPETUYECKOH (MOJIENBHOM) MOIPEUIHOCTH B 3H YEHHX o, " u B " Moxer
OBITh JOCTHTHYTO, €CJIM T KHe W3MEpeHHs MPOBOAUTH B UHTEPB Je w < 100 MaB,
[1€ B K 4YecTBe (PUTUPYIOLIEro ce4eHus1 MOXHO ucnoib3oB Tb LEX wnu ELEX. g
CHIXEHMs TIOTPEIIHOCTH B 3H 4eHuu (3" B XHO NMPOBECTH TOYHBIE U3MEPEHUS
YIJIOBOM 3 BUCUMOCTH TU(EPEHIIN JIbHOTO CEUeHUs IPU P 3HBIX dHeprusx. [Ipo-
eKThl T KMX H3MepeHuil cymecTByoT [87,88]. HM3mepeHuss cUMMETpHM CEYEHUS
P CcesHHUs C JIMHEHHO IMOJIIPU30B HHBIMH (POTOH MU T KXe ObUTH Obl IOJIE3HBI,
HO, [10-BUAMMOMY, OHU NOK IIOYTH HE PE€ JIbHBI.

HHTepecHo cp BHUTH NOJISPU3YEMOCTH NPOTOH (21) ¢ mpenck 3 HUSAMHU He-
KOTOPBIX TEOPETHYECKUX Mogeneit (cM. T 0. 7). 3H YeHHe dIeKTPUYECKOi Mos-
pusyemoctu aEKM = 3,1, noimy4y eMoe B p MK X HEPEJATUBUCTCKOM KB PKOBOU
mognenu [31,42], Gosiee 4eM B TpU p 3 OTJIMY €TCSI OT COOTBETCTBYIOIIIEIO DKCIIe-
PUMEHT JIBHOTO pe3yjbT T . Benuuun agKM ¢t 60 3 BHUCHT OT (POPMBI TIOTEHITH-

7 gQ-B3 UMOIEUCTBHUS IPH YCIOBHUH, YTO €0 I P METPHI MOZOOP HBI T K, YTOOBI
YHOBJIETBOPUTEIHHO BOCIIPOM3BOAUTD CIIEKTP HU3IIUX BO30YXIEHHUI MPOTOH . YK -
3 HHO€ P CXOXJIEHHE BbI3B HO cyllecTBeHHbIMU HenocT TK Mu HKM, B 4 cTHO-
CTH, WTHOPUPOB HHUEM ME30HHOrO 00N K H mnepudepud HYKJIOH . YXe ]I BHO
OBbUIO [IOK 3 HO, 4TO BKJI J IMOHHOIO 001 K B o, COCT BiIdeT Bemuyuny ~ 10—20
[41,89,90], roe umcneHHOe 3H YeHWE 3 BHUCHUT OT I p MeTp o00pe3 HHI H M -
JIBIX P CCTOSHHSAX. 3 psfgoBblid p aumyc nporon B HKM ((r%)EKM = 0,29 pm?)
T KX IMOJIyd eTcsd M JIEHbKMM [0 CP BHEHHUIO C DKCHEPUMEHT JIbHBIM 3H YeHHEM
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(rg)oem = 0,78 40,03 dm? [91], 9TO T KKe MOKHO OGBACHHTH HEYYETOM ME30H-
HOro obn K .

T Gaun 7. Teoperudeckue 3H YeHHMs monspusyeMocteii mporon (8 ex. 107 ¢m®),
BBIYMCJIEHHBIE B P MK X HepeJaTHBHCTCKOH KB pkoBoil moxemn (HKM), kup napHo#
Teopuu Bo3myuieHuii (KTB) u nucnepcuonnsix np Bui cymm (IIC)

Teopust, cChUTK ap Bp ap+Bp | ap—0Bp
HKM [31,42] 3,1
KTB [92] 10,542,0 | 3,543,6 | 14,044,1 | 7,044,1
[47] 20,8 14,7 35,2 6,1
TC [31,72] 9,042,6 | 5272,6 | 14,240,5 | 3,844,7
[93] 3,242.6

B H crogmiee BpeMs 119 ydyeT ME30HHOH nepucepuut JIpOHOB Y CTO INpH-
MeHdeTcd KUp JbH g Teopust Bo3Mywienuii (KTB) [47,92]. B omHom u3 B -
p¥ HTOB T KOU Teopuu C (PEeHOMEHOJIOrHYecKuM 100 BiaeHHeM A-pe30H HCHOIO
BKJI I OBUTH MOJy4YeHBI 3H YEHHS MOIIPU3YeMOCTeH MpOTOH agTB ~ 10,5 u
ﬂgTB =~ 3,5 [92] (cM. B T 671.7), KOTOpBIE, H TEPBBIN B3IV, XOPOIIO COINT CY-
forcst ¢ akcnepuMerToM. OmgH kKo p 60T [92] mpenck 3bIB €T CIMIIKOM 00Ib-
1I0€ OTJIMYME CYMMBI IONISIPU3YEMOCTEeH HPOTOH OT CyMMBI MOJSpPU3yeMOCTei
ueiitpon ,  umenno BemuuuHa AS = (o, + 0,) — (o + Bn) mOy4 ercs B
[92] p BHOIT AS = 14,0 — 21,2 = —7,2, torn Kk kK crporoe IIC (11) x er
AS = 14,0 - 152 = —-1,2 £ 0,3 (cm. B [16,31]). YK 3 HHOEe p CXOXJeHUE
MOXET OBITh CBS3 HO C HEMOCIIENOB TENbHBIM YUYETOM PEe30H HCHBIX U HEKOTOPBIX
npyrux Bk mgoB B KTB. B p 6ore [47], tme cmen H mombITK OoJiee mociemo-
B TeJIbHO y4ecTb A-u300 py, MOJydeHHbIe NPEICK 3 HUs I MOJISIpH3yeMOCTel
OK 3 JIUCh JI JIEKH OT DKCICPUMEHT JIbHBIX 3H YeHHil (cM. T 611.7).

o cux mop H ubonee H JAEXKHBIM METOOOM P CUET MOJSIPU3yeMOCTed Ipo-
ToH ocT 1oTcd gucnepcuonHsie TIC. Ongnum u3 T xux IC gBnsercd cooTHOLIEHHE
(11), ompenendiolee BeIUUMHY & + (3. Bonee crmoxHele cooTHOLIEHUS Cylle-
CTBYIOT U JUIS P 3HOCTH Tojsipusyemocteit oy, — B3, (cM. 0630p [31]). Ipu Bbrun-
CIIEHUM P 3HOCTH IMPUXOIUTCS UCIONIB30B Th PE3YJbT Thl MYJIbTHUIIONBHBIX H JIH-
30B (DOTOPOXAEHHUS [MMOHOB H IPOTOHE U ONUP ThCH H IUIOXO U3BECTHBIE IOK
BENTMYMHBI, X p KTepm3yollue t-K H JIbHble 00MeHbl B YP®. [TosToMy Heompene-
JICHHOCTU B TIOJIyd €MbIX MpPEACK 3 HUSX MOK He M Jibl (cM. T 6. 7). Cuty 1us
MOXET M3MEHUThCS B OMIK iiieM OydaylieM B CBSI3M C NPOrPECCOM DKCIIEPUMEH-
T JIbHBIX MCCIIeJOB HUI YP® npu BBICOKMX DHEPIUSIX.

B 3 ximioyeHune oTMETHM, YTO Oe3 y4eT OSKCIIEPHMEHT JIbHBIX 3H YeHUH II0-
JIIPU3yEeMOCTe! HyKJIOHOB (H Py C APYTMMU HU3KO®HEPreTMYECKUMHU X P KTepu-
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CTUK MH) HeJb3sl CPOPMYIUPOB Th [EKB THOE MOJEJbHOE ONHC HUE UX CTPYK-
TYpbl H CPEIHUX U OOJBIIUX P CCTOSHHSX.

H crosmt s p 6or momiepx H 1p HT Mu UHTAC — POOU 97-576 u

PODU 96-02-17590. Omun u3 BropoB (AJL.) 61 rox pur A.M.Nathan 3 npeo-
CT BIIEHHBIE DKCIIEPUMEHT JIbHbIC JI HHbIE W I0JIe3HbIE 00CYXJIEHUS! P CCMOTpPEH-
HOU TpoOIIeMBbI.
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YK 539.173

MOUCKN MATHUTHOITO MOMEHTA HEUTPUHO
A.B.llepbun

MeTepbyprcknii MHCTUTYT aaepHoin duaunkn PAH, I TumH , Poccus

Pe3ynbT THI 9KCIIEPUMEHTOB 10 U3MEPEHHIO CEUeHHs! YIIPYTOro P CCesHHS pe KTOPHBIX HEHTPHHO
H BJIEeKTPOHE H JIM3UPYIOTCS C LENBIO MOMCK BKJI JI B CEYEHHE OT M THUTHOTO MOMEHT HEHTPHHO.
Cp BHUB I0TCS BO3MOXHOCTH IIOMCK M THHTHOTO MOMEHT H YCKOpUTelIdX U pe Krope. H iimen
BepXHMII Ipefiel H BO3MOXHBIA M THUTHBI MOMeHT HeitpuHO f, < 1,5- 10710 up (90% y.n.).
OG6cyX I0TCSI BO3MOXKHOCTH YBEJTHYCHHS] YYBCTBUTEIBHOCTH pe KTOPHBIX ®KCIEPHMEHTOB IO YPOBHS
10~11 4.

The results of measurements reactor neutrino-electron elastic scattering cross-section are process-
ed to search for additional part connected with magnetic moment of the neutrino. The possibilities
of the accelerator and reactor experiments in search for magnetic moment are compared. It is shown
that the upper limit on the neutrino magnetic moment is g, < 1.5-10710 45 (90% cl.). The
possibilities to increase the sensitivity of reactor’s experiments up to 10~ '1 ;5 are discussed.

1. BBEJEHHUE

M rHUTHBII MOMEHT HEWTPHHO ((i,) B CT HA PTHOU TEOPUH IMPOIIOPIHOH -
JIeH M cce HeUTpuHo (m,), 3 CYET KOTOpPOU MPOUCXOOUT HU3MEHEHHE CIHp JIb-
HOCTH HEHTPHHO, HEOOXOOMMOE Ul Olep TOP M THUTHOIO MOMEHT HEHUTPHHO
(puc. 1, ). Benumuun u, p BHa [1]:

= (3meGp/AnV2)my,up ~ 3,2-107° (m,, /1 9B) up,

rae me — M cc  a1nekTpoH , G — KoHcT HT DepMu.

CoBpEMEHHOE OIp HHYEHHE H M CCY ®IeKTPOHHOIO HTHHEHTPUHO COCT -
et 2,5 5B [2]. 3H 4MT, OXUA €M S BEIUYMH 11 M THUTHOTO MOMEHT HEM-
TpuHO — He Gonee yem ~ 108 up, e up = e/2m, — 1eKTPOHHBI M THe-
Ton Bop , e — 3 pan anexTpoH . T Koe 3H ueHHe H BOCEMb IIOPSIKOB MEHbIIE
YyBCTBUTENBHOCTH COBPEMEHHBIX JI OOp TOPHBIX 9KcHepuMeHToB. H nbonee uys-
CTBUTE/IbHBIM K M THUTHOMY MOMEHTY OK 3bIB €TCsl IIPOLECC YIPYIOrO P CCEesSHHS
HEHTPUHO H BeKTpoHe. M3MepeHHble 3H YeHMs CeyeHUs 3TOro MpoLecc I1o-
3BOJISIIOT BBECTH OTP HMYEHHA H BO3MOXHBIA M THUTHBIH MOMEHT 3JIEKTPOHHBIX

HTuHeTpuno 1, < (1,5+4,0)-10710 pp [3], wist 31eKTPOHHBIX HEHTPUHO 11, <
10,8 - 10719 yup [4] u a1g MooHHBIX HeiiTpuHo 11, < (7,4—9,5) - 10710 pp [5].



TTOUCKH MATHUTHOI'O MOMEHTA HEHUTPUHO 735

AcTtpouznueckiue orp HUYEHUd, y "
HCIIOJIb3YIOIME B OCHOBHOM TOT ¢ KT, w W W
YTO P CCesHHE HEHTPUHO ¢ GOJBLIUM ept
M THHTHBIM MOMEHTOM H 3 DSKEH- v, ept v, v, ‘ v,
¥

HBIX Y CTHI X HPHUBOAUT K 3peKTHB-
HOMY OOp 30B HHMIO IIp BBIX HEHUTPHHO,
HE Y4 CTBYIOLIMX B CJI OOM B3 UMO-
JOEeHCTBUM M, T KUM OOp 30M, MEHSI0-
LIMX JUH MUKY 3B€3]I, H XONATCI B P U-
one 10710—10"! yp [6]. H 6moze-
HUE HEUTPUHO OT B3pBIB CBEPXHOBOU
SN1987A mo3sonuno nomyuutsb 6onee Puc. 1. @) i rp MMBI, [TOK 3bIB IONIHE BO3-
cubHble mipefensl ~ 107121071 5 HukHOBeHMe M THUTHOTO MOMeHT vy Heii-
[71. Omm Xo mpemIoXeHHbIE CHEH - TPUHO. 6) P ccesnue HEATpUHO H  dJieK-
PHMH PE30H HCHBIX TIEPEXONOB ) — Uy, TPOHE 3 CueT c1 GOro M BIEKTPOM IHMT-
T KXe BO3MOXHOCTh CyLIECTBOB HMs HOTO B3 MMOJEHCTBUS

HeJd TOH JIbHBIX M THUTHBIX MOMEHTOB [8] MO3BOJISIOT COINT COB Th J XK€ 3H 4e-
Hue 41, ~ 107 pp ¢ 1 HHBIME 110 cBepxHOBOM SN1987A.

B Teopernvecknx MoAeISX C Mp BHIMH O030H MH WIH P CIIHPEHHBIM CEKTO-
POM CK JISIPHBIX U CTHI[ M THUTHBI MOMEHT MOXET OBITh ITPOIOPIIMOH JIEH M CCe
MIPOMEXKYTOYHOI'O JIEITOH U, K K MOK 3 HO B p 60T X [9], nocTur T 3H 4YeHUI
~ 10~ yp. CrnoxHOCTb TUX MOJeNeil, CBA3 HH 1 C BO3HMKHOBEHHEM GOJIBIION
M CCBI y HSUTPUHO, BO3MOXKHO, [IpeogoieB ercs B Moxersix ¢ SU(2), -cummerpueit
Mexny v, U vy [10] miu SU(2) y-cummerpueit MexXiay SJIeKTPOHHBIM U MIOOHHBIM
cemetictB mu [11].

2. HETOCTATOK COJHEYHBIX HEUTPHHO U MATHUTHBII
MOMEHT HEUTPHUHO

Hurepec k orpoMHOMy (14 CT HI PTHOH TEOPUH) M THUTHOMY MOMEHTY HEll-
TpuHO (~ 10~ 15) CBA3BIB eTcs ¢ NPO6IEMOii HEIOCT TK COJHEYHbIX HEHTPHHO.
B H crodiiee BpeMsl UMEIOTCS I HHBIE 110 PETHCTP LM COJIHEYHBIX HEWTPUHO JUIS
ity 1etekTopoB. D10 Cl-Ar- u 18 Ga—Ge-p THOXUMHYECKUX NETEKTOp , peru-
CTPHUPYIOIIMX HEHTPUHO MO pe Kuuu oOp THOoro K-3 XB T, T KXe JB JieTeK-
TOp , PETHCTPUPYIOLIUX P CCEJIHHE HEUTPHUHO H 3JIEKTPOHE IO YEPEHKOBCKOMY
M3ITy4eHUIO 3IeKTPOHOB OTH 4. B T 61.1 mpuBeneHs! OTHOLIEHHS 3KCIIEPUMEH-
T JIBHO M3MEPEHHON CKOPOCTH CYET HEHUTPUHO K TEOPETHYECKH OXHI €MOH B
CT HA PTHOW conHeyHoi Mopenu [12]. TlepB 4 morpemHocTs — 3KCNEPUMEH-
T JIBH 4, BTOP 5 CBI3 H C HEONpPEIeSICHHOCThI0O TEOPETUUYECKHUX P CUETOB.

OnHO U3 BO3MOXHBIX OOBSCHEHHH Ne(DUINT COTHEYHBIX HEUTPHHO COCTOUT B
TOM, YTO HEHTPUHO UMEET JIOCT TOYHO OOJIBIIOW M THUTHBIA MOMEHT, B3 UMOJICH-



736 JEPBHH A.B.

T 6muy 1. Pe3ynsT ThbI M3MepeHHi NMOTOK COJIHEYHBIX HEHTPHHO B CP BHEHHH C TeO-
peTH4YeCKHMH NMpeACK 3 HHAMH

DKCIEepUMEHT DKCIIepUMEHT/TeopHus
Cl-Ar, Homestake [13] 0,28 +£ 0,02 £ 0,04
Ga-Ge, SAGE [14] 0,53 £ 0,10 £+ 0,03
Ga—Ge, GALLEX [15] 0,51 £ 0,05 £ 0,03
Kamiokande [16] 0,42 4+ 0,06 £ 0,07
Superkamiokande [17] 0,37 £ 0,02 + 0,07

15 - | . _ 0
- + ,,f'vv,v/ Vo . [/J g " 40
1,0 + ,/v\','\'l[' \ *\ ] '\'/ 80
L 1 g
v * | ‘j Il {/l ‘ | 120
0557& I J :\'* 'I*4H 160
L
0,0 & ! L L) ! ! 200
1970 1975 1980 1985 1990

Puc. 2. Pesynst 1B Cl-Ar-akcnepumenT [13]. Touk MM MOK 3 HO CpegHEe YHCIO TOMOB
3T Ar, 06p 3ylommXcs B eTeKTOpe B CYTKH (JIeB s WK J1 ). HenpepbiBH s KPUB 5 MOK 3bI-
B eT cpeaHeMecduHoe yucio nared H CosHue (Ip B 8 WK J1 )

CTBHE KOTOPOTO C M THUTHBIM TosieM COJHIl TPHUBOAMT K IIEPEBOPOTY CITUP JIBHO-
CTHU HEHTPUHO, TIp Bble HEUTPHHO HE Y4 CTBYIOT B p€ KIIMHU 3 PSKEHHBIX TOKOB.
DT ujesd Noay4w1 CHIbHYIO HOMIEPXKY IOCIIe TOro, K K B psje p 6ot [18], npu-
MepHO yepe3 10 set mociae H 4 1 p 60Tbl Cl-Ar-ieTeKTop , MOSBWINCH YK 3 HUS
H BO3MOXHOCTbH CYILIECTBOB HH HTHKOPPEISIIMU MEXIY TIOTOKOM HEMTPUHO, pe-
ructpupyeMbiM B Cl-Ar-skcriepiMeHTe, ¥ YUCIIOM CONHEeYHbIX maTeH. ConHeuHble
IEITH  €CTh Pe3yNbT T NepecedeHus MmoBepXxHocTH COMHII M THUTHBIMH CHJIOBBIMU
JIMHUSAMH, U YUCJIO COJIHEYHBIX MATEH OTP X €T H NPSKEHHOCTb M THUTHBIX IO-
sieit BOm3u nosepxHoctu Conuil . H  puc.2 mok 3 H MOJHBIA 22-TeTHUN UK
COJTHEYHOH KTHUBHOCTH B CP BHEHMHU C Pe3yJbT T MH, HonydeHHbIMH H Cl-Ar-
pgerexrope [19]. HenpepslBH g KpUB {1 HOK 3bIB €T CPEIHEMECIYHOE YHUCIIO COJI-
HEYHBIX IISITEH, TOYK MM IPEACT BIEHO CpelHee YHUCIIO 0Op 3YIOLIMXCS B CYTKH
tomoB 37 Ar [20].
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B 1986 r. B p 60T X [21] OBUIO BBICK 3 HO MPEIIOJIOXEHHEe, YTO eClU JI H-
H 9 KOppessuus JeHCTBUTENbHO CYLIECTBYeT, OH MOIN Obl OBITH 0OYyCIIOBIEH
B3 MMOJICHCTBUEM M THUTHOTO MOMEHT HEWTPHHO C M THHUTHBIM IIOJIEM BHYTPHU
KOHBEeKTHBHOM 30HbI CoiHIl . KOHBEKTHBH 4 30H 3 HUM €T OiiK HIIylo K I10-
BEPXHOCTH 00JI CTh, IPUMEPHO OIHY ueTBepTh p jauyc . Korn ConHue KTHBHO,
B KOHBEKTMBHOI 30HE BO3HHUK €T TOPOMJ JIbHOE€ M T'HUTHOE I10JIe C H IPSKEHHO-
cteio H =1+ 10 kI'c. Ilepecex S M THUTHOE MOJe, H MP BIEHHOE MEPIEeHANKY-
JISIPHO JIBMKEHUIO, CIIMH HEHTPUHO HPEeleccCHpyeT, U JieBble HEUTPHHO NEepexonsT
B 1p Bble. YHMCII0 JIeBbIX HEUTPUHO, BbUIET fomuXx n3 CONHIl , MOXeT ObITh Olle-
HeHo 1o npocToii opmyne: H o< cos? (u, HL), rae L — ry6uH KOHBEKTHBHOIA
30mbI (L ~ 2-10'0 cM). T xum 06p 30M, BTOpH [21] MOK 3 1M, YTO 3H YeHHE
M THUTHOTO MOMEHT , HEOOXOAMMOE JUISi TOro, YTOOBI OXHI €Mble OAUHH JII -
TUIeTHUE (U Hoiayrogossle [21]) B pu MM NOTOK COJIHEYHBIX HEUTPUHO MOIIU
H OJIIOL ThCS H YINOMSHYTBIX JETEKTOP X COJIHEYHBIX HEWTPUHO, JOXKHO OBITH B
11 3one 10710 = 10712y 5.

B p 6ote [22] yTBepXKa eTCs, YTO HTUKOPPENSALHUI MOTOK HEUTPHUHO OK 3bI-
B ercs Oosiee 3H YMMOM C BEJIMYMHON M THUTHOTO MOTOK y noBepxHocTu ConHI ,
YeM C YHMCJIOM CONTHEYHbIX IISITEH M, YTO MHTEPECHO, OH OK 3bIB eTcs Oonee 3H -
YHUMO#i IS M THUTHOIO NOTOK BOJIM3M weHTp Buaumoro auck Conuy . B akc-
nepumeHTe [I3BUC pEruCTPUPYIOTCS, B OCHOBHOM, HEHTPHHO, BO3HMK IOLIHE B
Bt-p cn ne ®B u npu K-3 xB Te B "Be. Pe Kuum o6p 30B HHS 9THX HEHTPHHO
unyt B ¢ MoM neHrpe ComHIl , B 0071 CTH, p 3Mep KOTOPOH MPUMEPHO B ISTh P 3
MeHblIle 0011 cTu pp-pe Kuuid. ClenoB TeapHO, HEHTPUHO, BO3HUK HOIIHE MPH P C-
n ae B u Be, npuxopsmue H 3emimio, nepecek 10T moBepxHocTh ConHIL  BOIM3U
LEHTP BHUIUMOIO JUCK .

H3-3 Oonpioil HeompeneneHHOCTH B morpemHOCTsX Cl-Ar-skcnepuMeHT
KOJIMYECTBEHH $ OLEHK KO3((UIHNEHT KOPPENIsIMN MpPEecT BISET CIOXHOCTH.
Cr H pTHBIA KO®(UIMEHT KOpPeNslMH, BbIYUCIsBINMiicS B p 60T x [18], co-
OTBETCTBOB JI YPOBHIO 3H 4MMOCTU ~ 1%. B Bblmeynomsuyroii p 6ote [22] BbI-
YHCIISUICS P HIOBBIA Koa(pduuueHT Koppensauun (Koagdpunuent Croupm H [23]),
W ypOBEHb 3H YUMOCTH VISl ONPENENICHHOrO YCPEIHEHUS A HHBIX II0 CepHsIM JI0-
ctur 1 36 yenns 1077, T Koil BBICOKHil ypOBEHb JOCTOBEPHOCTH, CKOpEe BCETo,
CB43 H C KOHKPETHbIM BHIOOPOM METOJa YCPEIHEHHUS J HHBIX, HOCKOJbKY KO0dh-
¢punment CriupM H 4YyBCTBUTEJIEH K METOAY YCPEIHEHHUS.

B npyrux perexkropax conHeuHblx HeidtpuHo (SAGE, GALLEX wu
(Super)Kamiokande) He H Oion 10TCSI CKOJIBKO-HUOY/Ib 3H YMMbIE KOPpENSLUU
MEXIy pericTpUpyeMbIM IIOTOKOM HEHTPHUHO U M THUTHOW KTHBHOCTBhIO COJHII .
H puc.3 nok 3 Hel pe3yast Thl Kol 6op muun GALLEX [15]. M kcumym con-
HEYHOUW KTUBHOCTU ObUT B 1991-1992 rr., MuanmMym — B 1994-1995 rr., HO HET
CKOJIbKO-HHOY/Ib 3 METHBIX M3MEHEHHMH B CKOPOCTH CueT 3 3TH nepuonpl. T K 4
Ke CUTy LiMd ¢ pe3ynpT T MU akcrnepuMeHT Kamiokande (puc. 4).



738 JEPBHH A.B.

3,0 -

25 L GA[LLEX I GALLEXII GALLEX III
~
oy
% 2,0 - 6 40
5 15 20 39 53
3 1,5 - 1 10 35
I\E 25 30 45 50 Kom6.
s 1,0 - pe3ynbTar
: ¢
(9]
: ® ®
g 05 5
o
]
4
© 00 - i S 4 ~~~~~~ 4 ————————

-0,5

~1.0 I I I | I I I [ I I | I I I | I I I [

1991 1992 1993 1994 1995
T'on

Puc. 3. Pesynpr THI ®kcnepumenT H Ga—Ge-merekrope xomn 6op mmu GALLEX [15].
M KCHMyM COJTHEYHOH KTHUBHOCTH H Omion jics B 1991-1992 rr., Mmunumym — B 1994—
1995 rr.
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Puc. 4. a) Pe3yabr b1 dKcniepument Kamiokande [16]. OrHoleHue 4yucia 3 perucrpu-
POB HHBIX COOBITHI (V,€)-p CCESHHST K OXMI €MOMY B CT HI PTHOM CONHEYHOH MOMENH.
6) KonuuecTBO CONTHEUHBIX ISITEH

Ecnu 1 HH 9 Koppemnsuus JeHCTBUTENBHO CYIIECTBYET, MPUYMH P CXOXIe-
HHMS MOXET COCTOSTh B TOM, YTO BCE JETEKTOPbl PErHCTPUPYIOT HEUTPHHO OT
p 3nu4YHBIX 4 cTeil aHepretudeckoro cnekTp Comnnu . [Topor Cl-merextop p -
BeH 814 k»B, Ga—Ge-nerektop — 233 kaB, nopor peructp muu Kamiokande
6,5-7 MaB. Ilpu ydere pe3oH HCHBIX OCIWULINNA HEHTPUHO B BelecTBe [24]
BEPOSTHOCTh IIEPEXOJ JIEBOrO HEWTPUHO B Ip Boe OyleT 3 BHCETb OT SHEPIHH
HEUTPUHO, U Cp BHEHHE PEe3YJIbT TOB C P 3HBIX AETEKTOPOB ycloxHsercs [25].
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3. PACCESHUE HEUTPUHO HA DJIEKTPOHE

M THUTHBIII MOMEHT HEUTPUHO MMEET ]I BHIOI HCTOPHIO, BOCXOAALUYIO K [H-
note3e I1 ynu v nepBbIM BBIYMCIEHHMSM CEUYEHHUS! P CCESHUS HEUTPUHO H BJieK-
TpoHe [26]. onroe BpeMs OTPHIl TeJbHbBIE Pe3y/IbT ThI KCIIEPUMEHTOB IO TIOUCKY
B3 UMOJCHCTBHS HEUTPUHO C BJIEKTPOHOM, YYBCTBHUTEILHOCTh KOTOPBIX ObLT I -
nek oT 30 yenus 10~% cm2, uHTEpNpeTMPOB MHMCh K K BEpXHee Orp HUYEHHE
H BO3MOXHBI M THUTHBIA MOMEHT HeuTpuHo [27]. B3 umopelicTBue HEUTPUHO,
o0 1 I0IIero HEeHyJeBHIM M THHTHBIM MOMEHTOM, C 3JI€KTPOM THUTHBIM IIOJIEM
F°P omuchB eTcs 1 Ip HXH HOM

L=1. (i) 0 0sv P, (1)
2me
[I€ [ty — M THUTHbIII MOMEHT HEUTPUHO B €IUHMIL] X BJEKTPOHHOIO M THETOH
Bop , 0o — M Tpuy II ynu. T koe HeliTpuHO OyneT B3 UMOAEHCTBOB Thb C JIIO-
00iif 3 psSXEHHOU U CTHUIICH, B TOM YHUCJIE U C BIIEKTPOHOM.

B cT HO pTHOM TEOpUM p CCEIHHE HEUTPUHO, UMEIOIEr0 M HUTHBIII MOMEHT,
orpezesnsieTcsi K K €1 ObIM B3 UMOJIEHCTBHEM, T K M OJHO(OTOHHBIM OOMEHOM,
IIPUYeM CIHP JIBHOCTb H Y JIBHOIO M KOHEYHOTO COCTOSHUII HEHTPHUHO B IEPBOM
CIlyd € OWH KOB , BO BTOPOM p 37Mu4H . [IoaToMy MIUTUTYOBI CJT 6OTO U M T-
HUTHOTO p CCeSHHUS He UHTep(epUupyloT, U MOJHOE CeYeHHe €CTh MPOCTO CYMM
CEUYEeHMI; IIPU DTOM BKJI [ OT M 'HUTHOTO MOMEHT , OXHI €MOro B CT HJI PTHOH
TeopuH, npeHedpexumo M J (puc. 1, 6).

HucdepeHin pHOE cedeHHe ¢ O0ro p CCesHUsl 3JIEKTPOHHOIO HTHHEH-
TPUHO H BJIEKTPOHE B CT HJI PTHOH Teopuu umeer BUL [28]:

do 2GZm. [ , 9 E. 2 meFe
¥ p. gr + i . 9igr 252 ) (2)
e Me — M CC OJEKTPOH , ¢ U ¢; 3 BUCAT UMb OT yr1 B #HGepr (g, =

sin? Oy, g=1/2+ sin? Ow), E, u B, — DHEPrus H JIET IOIIEro HEUTPUHO U
SHEPrus JIeKTPOH OTI YU.
CeyeHue p ccesiHHsI HEUTPUHO, CBSA3 HHOE C M THUTHBIM MOMEHTOM, MPOIOp-

LIMOH JIBHO /1,2/ [26]:
do 9 of 1 1
- - 3

dg, ok <Ee Eu) ’ 3)

e 7o = 2,818 - 10713 cM — K1 ccuyecKuii p auyc ®7€KTPOH , ji, — M THHT-
HBIi MOMEHT HEHTPUHO B BJIEKTPOHHBIX M THETOH X Bop . 3 BHCHMOCTB cedeHuid
M THUTHOIO M CJ1 60ro p ccesiHusl OT ®HEepruu F, CYLIECTBEHHO P 3JIMYHbBI; [pU
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E. < E, ux OTHOLIEHHE NPOHOPLUHOH JIbHO 1/F,, T.e. IOHUXEHHE MOPOr peru-
CTP LIMM 3JIEKTPOHOB YJIYYIll €T YyBCTBUTEIBHOCTh ®KCIIEPUMEHT K M THHUTHOMY
MOMEHTY, eciii (POH IIPH BTOM BO3p CT eT ci Gee, yem 1/E, In E..

Hurerpupys o sHepruu »IeKTPOH , H XOAWM, YTO IIOJTHOE CEYeHue p cces-
HUSl, CBS3 HHOIO C M THUTHBIM MOMEHTOM, P BHO

Ee max T
o(E,>T)=mriu? <ln < eT( ) +5 - 1> : 4)

e max

B at0it opmysne T' — HOpOr perucTp MU IEKTPOHOB OTH UM, Fe pmax =
E,(2E,/(2E, +m.)) ecTb M KCHM JIbHO BO3MOXH S HEPIHs 3JIeKTPOH OTJ YH,
KOTOp s OY€Hb OIM3K K DHEPrUM HEUTpUHO, ecinu F, > me.

Hnrerp npHOE ceuenue (v, e)-p ccesHHd B CT HJI PTHOW TeOpUH, K K Ce-
ayeT u3 (2), mpomopuuoH JbHO F,. DTO 03H 4 €T, YTO I TOro, YTOOBI yBe-
JINYUTh OTHOILIEHHe CUrH Ji/poH (eciu POH CBSI3 H TOJIBKO CO CJI ObIM p ccesi-
HUEM), HeOOXOIMMO HCIIOJIb30B Th HEHTPHUHHBIE HCTOYHMKH C M JIOW 3HEpruei
HeifrpuHo. H npumep, ceuenue (v, e)-p ccedHHs, U3MEPEHHOE KO 6op Imeit
CHARM [29] v yckopurene SPS (CERN), coct Buno ~ 25000 B emuHHI X
1074 cm? (1 6m1.2). B TO X)e BpeMs OXHJI €MO€ CEYEHHUE JJII M THUTHOIO MO-
MEHT , p BHOIO 10_10u B, COCT BJISIET TOIBKO 4 B TeX XK€ eQUHHI] X. DTO O3H -
4 €T, YTO HEOOXOIUMO U3MEPUTh CeueHue (v, e)-p CCesHUs C TOYHOCTHIO JIyYllle,
yem 4/25000 (T.e. ~ 10~%), 4TO6BI IOUYBCTBOB Th BKJ [ OT M THHUTHOTO MOMEHT ,
p Broro 10~ *%up. JT xe skcrepument B Jloc-An moce [4], rie cpenss sHeprus
HEUTPUHO, OOp 3YIOIIMXCS B PE3YJabT T€ P CH A OCT HOBHUBIIUXCS T-ME30OHOB U
MIOOHOB, cocT BigeT 33 MosB, ycryn er noyTd H OB NOPSAK IO YyBCTBUTEIb-
HOCTH K BKJI JIy B CEYEHHE OT M THUTHOTO MOMEHT pe KTOPHOMY 3KCIEPHUMEHTY.

T 6.]'1]([].[ 2. Cp BHCHHE YYBCTBUTCJIbHOCTH K M THUTHOMY MOMCHTY HeﬁTpHHO AJIA 9KC-
NEPUMEHTOB C P 3TUYHBIMH HCTOYHUK MU HeﬁTpHHO

Hcrounmk Cpennss Iopor Oweak B €L | 0, Ben 1074 cm?
HEHUTPUHO sueprus | peructp wam | 107%° cm? o =10",p
(Ev) (T)
SPS (CERN) 25 I'sB 2 I'=B 25000 4,0
LAMPF (Jloc-An moc) | 30 MaB 15 MaB 100 0,5
Pe xrtop 2 MsB 0,5 MsB 2 1,0

I'm BH g mpoOneM ®KCIIEPUMEHTOB H pe KTOpe COCTOUT B TOM, YTO (DOH,
CBS13 HHBIU C €CTECTBEHHOU WM UCKYCCTBEHHOU P JAMO KTUBHOCTBIO, B HECKOJIBKO
(WHOTH [OecATKH) p 3 MpeBbII eT (oH oT ci1 6oro p cceduud. OTMETHM, 4TO B
3TOM CJIyd € HMCIOJIb30B HHE HEHUTPHHO ¢ OONblueil sHeprueil yBelIU4nuB €T COOT-
HoteHue 3¢hdexT/PoH.
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4. PE3YVJIBTATHI DKCIIEPUMEHTOB 110 U3BMEPEHUIO CEYEHUSA
PACCESIHUSI PEAKTOPHBIX HEUTPHHO HA DJIEKTPOHE U
OIPAHUYEHUE HA MATHUTHBIIA MOMEHT HEATPUHO

K H crosiiemy BpeMeHU OIYOJIMKOB HbI PE3yJIbT ThI 110 U3MEPEHHIO CEUSHMUS
P ccesdHUs pe KTOPHBIX HEUTPUHO H 3JIEKTPOHE, IOJydeHHbIE H TpeX P 3JIHYHBIX
JETEKTOp X.

IlepBele MOIOXUTENBHBIE PE3YNIbT Thl M3MEPEHUS CEYEHUS P CCeSHUd Hell-
TPUHO H 3JIeKTPOHE OBbUTH MpeacT BieHbl B 1976 r., poBHO 4epe3 20 et mocie
IpsIMOTo OOH PYKEHHS! HEHTPHHO B pe KIMU 00p THOro [B-p cn I . derekTop Obu1
co3n H B yHuBepcurere K nucgopaun [30], 1 u3MepeHus: NpOBOIWINCh H pe K-
Tope «Savana River». LleHTp JIbHBII A€TEKTOp — IUT CTHYECKUI CLUHTWILIATOP,
HETIOCPEICTBEHHO PErucTpupyolmi (v, e)-p ccesdHue, umen M ccy 15,9 kr u Obut
okpyxeH Nal-nerekropom ¢ M ccoil 300 Kr, 1 CCUBHOM 3 LUMTOW W3 CBUHL U
KunkuM cuuHTALsTopoM (2000 i1). Bonbioit Nal-gerekTop Mcnonb3oB Jjicd st
noyt BjieHus GoH OT pe Kuuu obp THoro (3-p ¢ 4 H nporoHe (vp — mel),
MOCKOJIbKY LIEHTP JIbHBII JAETEKTOP COAEPXK JI BOAOPOA. DTOT (OH KOPpEeIupyeT ¢
p 60TOii pe KTOp , U CKOPOCTh CYET OT 3TOM pe KuuH B 30 p 3 MPEBBIII J CKO-
pocTh c4eT OT (V,e)-p CCedHUS B AU II 30HE PETHCTP UM DJIEKTPOHOB OTHA YU
1,5+ 4,5 MeB.

Bropoil jierekTop — 9TO KPEeMHMEBbI MYJIbTHUIETEKTOP C OOLIeld M ccoil
75 xr, co3n HHbl B [lerepOyprckoM HMHCTHUTYTE syiepHOM (pusuku. Hzmepenus
ceueHud (v, e)-p ccesHHs NPOBOAWINCH H pe KTope PoBeHCKOH TOMHOH CT H-
mun [31,32]. Hderektop mpeacT BT coboii cOopky u3 600 OTHAETbHBIX HeTeK-
topoB au MeTpoM 30 U mmHON 125 MM. DHepreTudeckoe p 3pelleHHe OTHeb-
HOIO AETEKTOp , U3MepeHHoe 1o JuHuM 122 xeB ot 57Co, coct BisLTO ~ 5 K9B,
U3-3 JONOJHUTENPHON €MKOCTH, CBA3 HHOW C BBIBOJIOM CHUTH JI , YBEJIUYUB JIOCh
10 ~ 15 xaB. MynbTuaeTeKTop BMecTe C MEepPBbIM CJI0EM I1 CCUBHOW 3 ILUUTHI C
M ccoil 300 Kr H XommiIcd BHYTPH B KyyMHOH K MeEpBI Ul IOJ BIEHUS KTHB-
HOCTH p JOH . Il ccuBH 4 3 IIUT JUIA NOA BIIEHHA BHEIIHEW 7y- U HEUTPOHHOI

KTHBHOCTH COCTOSJI U3 CJIOA PTYTH, MU U Ip UT .

Tperuii perekrop O6bU1 co3x H B Kypd TOBCKOM HHCTHTYTE, U DKCIIEPUMEHT
npoBoawics H pe Ktope B Kp cHospcke [33,34]. Herektop ¢ M ccoit 103 kr
NpeiCT BT cobo0il cOOpKY M3 7 MASHTUYHBIX CUMHTWUISLUMOHHBIX JETEKTOPOB
H ocHoBe rekc ¢ropbenzon (CgFg), mpocM TpuB eMmbIx ¢ 000MX KOHIIOB (POTO-
yMHOXHTeNIMH. [lopor peructp Ly a1eKTpoHOB OTH 4u ObLT p BeH 3,15 MaB u
00YCJIOBJIEH BLICOKMM YpOBHEM (DOH €CTECTBEHHOW M UCKYCCTBEHHOW P MO KTHUB-
HocTH. CyIecTBeHHOe MPEUMYLIECTBO 3TOr0 IETEKTOP COCTOHUT B €T0 MOA3EMHOM
p cnonoxenuu (= 700 M B.2.), 4TO MO3BOJIIET CHU3UTh MOTOK MIOOHOB H TpHU
HOPSOK TI0 Cp BHEHUIO C ITOBEPXHOCTBIO 3EMIIH.

Cn0XHOCTb 3KCHEPUMEHTOB 110 U3YYEHHIO P CCEAHUS p€ KTOPHBIX HEUTPUHO
H 9leKTPOHE COCTOUT B TOM, 4TO cedyeHue pe Kuuu M Jo (~ 1074 cm?), equn-
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do/dE, c*/M>B (E > Ey), em”
1074 E 1074 £

—44 -45 &=
10 : 10 : 5 ;

r 1 [
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Puc. 5. Oxun emblii CIEKTp 2/I€KTPOHOB OTA 4M (AuepeHiiyl IbHOE CEYeHUE ), BOHHUK I0-
LIMX IIPY P CCEIHUM pe KTOPHBIX HEUTPUHO: /| — CT HA PTH 5 TeOpHs (sin2 0w = 0,23);
2 — p ccedHMe 3 CyeT M THHTHOTO MoMmeHT (p, = 107 %up)

Puic. 6. Murerp nbHOE cedenue ms nHTep 1 E =9 MaB: 1 — cn 6oe (sin? 6y = 0,23)
u 2 — M rauTHOE p ccesnue (p, = 107 %up)

CTBEHHOW PEruCTpUpPYEMON 4 CTUIEH SBJSETCS DJIeKTPOH OTI 4, (POH JeTeK-
TOp , CBA3 HHBINA C UCKYCCTBEHHOM WJIM €CTECTBEHHOM p AMO KTHUBHOCTBIO, BO3p -
CT €T IIpU yMeHbIleHuH sHepruu. [TosTomy npuemnemoe oTHomeHue ahcexT/hoH
YA €Tcsl MOJYYUTh JIMLIb JUIS LIMPOKOIO U, K K Ip BWIO, OQHOIO AU I1 30H ®HEp-
TUil ®IeKTpOH OTA Y. YTOOBI Cp BHUTH TEOPETHUUECKHUE MPEACK 3 HHUS C Pe3yib-
T T MH ®KCHEpUMEHT H T KUM OOp 30M H HTH BO3MOXHBIA BKJI 1 B DKCIIEPH-
MEHT JIBHO U3MEPEHHOE CEYEHUE OT BO3MOXKHOIO M THUTHOI'O MOMEHT HEUTPUHO,
HeobxonuMo cedeHus (2) u (3) ycpemHHTb K K IO CHEKTPY HEHTPHHO, T K U MO
uHTepB 1y sHepruil (Fq, E3), B KOTOPOM MPOUCXOOHUT PETHCTpP WS BIIEKTPOH
OTJ Yu:

E1 oo
J(El,Eg):/ / %N(E,,)dEl,dEe. )
Ex; E

min

YroObl BHIYUCINTH [ HHOE BBIP KEHHE HYXHO 3H Thb CHEKTP HTHHEHTPHHO
OT pe KTOp . DTO OTAENbH S NpoOJieM pe KTOPHBIX DKCIIEPUMEHTOB, BBIXOIMIL 5
3 P MKH JI HHOrO 0030p . CHeKkTp HEUTPHHO C dHeprueil B uHTeps Jjie 2 < 6 MaB
U3BECTEH C XOpowiel TOYHOCTHIO (~ 4 %) [35], mockonbky 2 MaB — 310 1opor
pe Kuuu o0p THOro B-p ci o H tnporoHe. [Ipu sHeprusix Hike 2 MaB criekTpbl
BBIUUCIIIMCH B p 60T X [36], W BeMMYMH TMOTPEIIHOCTH B JI HHOM HHTEPB Je
cocT BisieT 5 + 15 %.
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OXup eMble CHEKTpPhI JIEKTPOHOB OTA YU WM JuhepeHLu JIbHbIE CeUYeHU
P ccesiHus, yCpeqHEHHbIE 110 CIEKTPY pe KTOPHBIX HEHTPHHO, MMOK 3 HBI H PHC. 5.
BugHo, uto oHM cp BHUB 10TCd IIpu sHepruu 320 k3B i1 M THUTHOI'O MOMEHT ,
p BHoro 10~ %up, u sin? fw = 0,23. HuTerp JbHble CEYeHHs UId MHTEPB 1T
or E 1o 9 M»B mnpusefeHsl H pHc.6, U OHM OK 3bIB I0TCA P BHBIMM JIHILIb IPU
DHEPrUM JIEKTPOHOB OTH uH, p BHOU 70 K3B.

K H crosgmemy BpeMeHH HUMEIOTCA 3KCIEPUMEHT JIbHBIE 1 HHBIE MO H3Mepe-
HUIO CEYEeHHs P CCEeIHUS HEUTPUHO H BIIEKTPOHE IUI IIECTH P 3JIMYHBIX MHTEp-
B JIOB ®JIEKTPOHOB OTh M (E; — E3), NMOIydeHHbIE H TpeX BBILICYHOMSHYTBIX
JIETEKTOp X. DTH pe3y/bT Thl MOXHO IPEACT BUTh B €IUHHUI] X CEYeHHs cll 60ro
P cCesHus, BBIYMCIEHHOTO I YCT HOBJIEHHOIO CIIEKTP HelTpuHo (T 6. 3).

T GJIPI]_I 3. :BKCl'IepPIMeHT JIbHBIC PE3YJIbT Thl U3BMEPCHHUSA CCUCHUA P CCEAHUA P€ KTOpP-
HBIX HeflTpPlHO H DJJIEKTPOHE U Orp HUYEHUA H M THUTHBIA MOMEHT

Hnreps n Otnowenne | Orp Huuenue H 4, | Ccpuik
E1 — E2, MaB | Gexp/0weak Ben 10719 up
1,0-3,0 1,36 £ 0,39 <18 [30]
3,0-4,5 2,07 £ 0,54 <34 [30]
1,0-4,0 1,15 £ 1,71 <24 [31]
3,15-5.2 1,21 £ 0,57 <24 [33]
0,6-2,0 1,23 £ 0,60 <l4 [32]
3,15-5,2 0,92 + 0,49 <19 [34]

XOTd B npeses X OJHOM NOTPelIHOCTH IISITh U3 LIECTH Pe3yJibT TOB COII CY-
I0TCS CO CT HJI PTHOW TEOpHel, ISTh U3 HUX OTKJIOHSIOTCSI B CTOPOHY OOJBIINX Ce-
4yeHui. Ecim 1711 ycT HOBIEHMS BEPXHEro Mpefiell H BO3MOXHBIA M THUTHBINH MO-
MEHT B35Th BETHYHHY (Texp — Oweak ) +A0exp (WIH AGexp, €CIHU Texp < Tyweak)s TO
noydumM 30 venus ot 1,4 1o 3,4 B enunun x 10719, Tpennon r 4, 4o yBenu-
YeHHe U3MEPEHHBIX CEeUeHMIl CBI3 HO C M THUTHBIM MOMEHTOM, U BBIYMCIAS BEIH-
yuHy Y2 WIS p 3TMYHBIX 3H YeHHil 11, odyd eM, uTo ¢ 40 %-HOii BEpOSATHOCTBIO
BO3MOXHO 3H uenue g, = 0 (pyHkuus np sronmomobus P(x? > Xizo) = 0,4).
C seposttHocTBio 90 % 11, < 1,9 - 107 %5 (P(X* > Xi—19) = 0,1). Munn-
M JIbHOE XK€ 3H 4eHue Y2 = 0,7 COOTBETCTBYET M THMTHOMY MOMEHTY, P BHOMY
1,15- 10_10,uB. T xum 00p 30M, THIIOTE€3 O TOM, YTO M THUTHBIH MOMEHT P BEH
HYJII0, HE MOXET ObITh OTBEPTHYT H OCHOBE X 2-KPHTEpHs.

JInd nomydyeHus mpenen H [, €CTECTBEHHO HCIIOJIB30B Th METOI M KCH-
M JIBHOTO TIp Bpomomodus. s »Toro ciemyer H WTH (DyHKOUIO NP BAOMOROOHS
P(u), T.e. BBIYUCIHUTH BEPOSITHOCTD MONYYCHHS [ HHBIX DKCIICPUMEHT JIBHBIX pe-
3ylbT TOB T4 P 3JUYHBIX 3H YEHHH M THUTHOTO MOMEHT , B IIPEAIOJIO0XKEHUH, YTO
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BCE Pe3yJIbT Thl MMEIOT HOPM JIbHOE p crpeneiienue. UHTErpupys 3Ty (PyHKIHUIO
OT HYyJS JIO 3H YeHHs [, II KOTOPOro IMOJydeHH s 1ol 1k coct Biser 90 %
(J P(u)dp = 0,9), nomya em, uto i, < 1,5-1071% yup maa 90 %-Horo yposHs
JIOCTOBEPHOCTH.

NMerorrecss 9KCIEPUMEHT JIbHBIE PE3YyJIbT Thl NPUBEIEHBI T KX€ H PpuC. 7,
MOK 3bIB IOIIEM 3 BUCUMOCTh OTHOILIECHHUS IOJIHOIO CEYEHHs] M THHUTHOIO p cces-

10 HUS K cJ1 OOMy ceueHuIo ot aHepruu. Mcnonb3ys
[OTPELIHOCTH HEHTPUHHBIX CIEKTPOB, MOXHO
BBIYMCIIUTD (3 /I BUIMCH ONpeaeIeHHbIM sin? Ow)
CBSI3 HHYIO C HUMHU HOTPEIIHOCTh B MOJHOM Ce-
YEeHHUU, KOTOP 1 U OyIeT ONpe/eNsiTh BO3MOKHOE
[pejie/IbHOe Orp HUYeHHEe H M THUTHBIA MO-
MEHT, /I X€ €CJId DKCIEPUMEHT JIbH $ MOrpeli-
HOCTb OYJI€T MEHbIIIE, YeM MOTPELIHOCTD, CBSI3 H-
H s C HEOIPEIeJIEHHOCThIO CIIEKTP . DTO BEPHO
J0 TeX MOp, MOK He yiI CTCS C XOpOIIEH TOY-
HOCTBIO M3MEPHUTh CIEKTP DJIEKTPOHOB OTI UM,
4TOOBI MOXHO OBUIO HCIOJNB30B Th P 3IMYHYIO

0,1

O (E> Eg)lo(E> E)

0,01

1E-3

Dueprus, MaB

Puc. 7. OTHOIlIEHHE IIOJHBIX Ce-

YeHHid M THHTHOTO M ci 6oro
P CcesHUI B UHTEPB Ji€ DHEPIUil
E-+9 M»B a4 p 3IMYHBIX 3H Ye-
HUIl M THUTHOIO MOMEHT (B efl.
107'%up). Kpup g I mok 3bIB er
HEOIIpeJeJIEHHOCTb, CBA3 HHYIO C

DHEPreTHYECKyl0 3 BHCUMOCTH i ¢l 6oro u
M THUTHOTO p ccesHusd. g TOro HeoOxomu-
MO, 4TOObI OTHOILIEHUE BBIYUCICHHBIX CEYECHHIA,
H MpuMep, VI OByX WHTEPB JIOB, HE 3 BHCEJIO
oT cnekrp HeirpuHo. [ToHATHO, YTO IIMPHH
9TUX HMHTEPB JIOB JOJLKH OBITh CYIIECTBEHHO

HETOYHBIM 3H HUEM CIIEKTp Hell-
TpuHo. IlpuBeneHsl T Kxe dKcIe-
PHUMEHT JIbHBIE PE3Y/bT Thl (C IIO-
IPELIHOCTSIMHU) B IIPEAIIOIOXKEHHH,
YTO OTKJIOHEHHE Ooxp OT Oweak
CB43 HO C M THUTHBIM MOMEHTOM
HENUTPUHO

MEHbIIIe, YeM CpPEeiHSS IUUPUH HEUTPUHHOIO
cnextp (~ 2MbsB), p crmon r ThCSI OHU JOTX-
HBI K K MOXHO O1Xe K HyaeBoi sHeprun. 1ok
9TO HE PELIEHH { 9KCIIEPUMEHT JIbH 4 3 I 4 .
3 BHCHUMOCTb IOTPEIIHOCTH, CBA3 HHOH C
HEOIIPEe/Ie/IEHHOCTbI0 HEHTPUHHOIO CHEKTp , B
MIOJTHOM CEYEHHH Il ¢ 60ro B3 MMOAEHCTBHS
OT HEpruu 1noxk 3 H H puc.”7 (kpus 5 /). HeonpeneneHHOCTh, CBA3 HH $ C He-
TOYHBIM 3H HHeM sin® fyy, CyLIECTBEHHO HUXe. BHIHO, 4TO VIS HIKHEro mopor
0,1+ 1,0 MsB HeonpeneneHHOCTh B HEUTPUHHOM CHEKTpe OyIeT orp HUYMB Th
BO3MOXHBIN MPEENl H M THUTHBIA MOMeHT BenuuuHoii (3—5) - 10~ .

5. HEPCIIEKTHUBBI
K KOBbI MepCHeKTHBbI JIOCTMIHYTh TouHocTH 1045 B pe KTOpHBIX 3KC-

IEPUMCHT x? EauHCTBEHH 9 BO3MOXHOCTh CBSI3 H C YMEHbIICHUEM IIOpPOI' pe-
TACTPp LUK DJICKTPOHOB OTA YH. T K, COIll CHO pI/IC.7, JJId TOrO, YTOOBI JOCTHUTI-
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HYTh T KOW YyBCTBHTENIHOCTH, IpH Iopore peructp uuu 1 MaB Heobxomumo
u3Meputh cin 6oe cedenne c¢ touHocthio 0,3 %, mpu 100 kaB — 0,9 % u npu
20 xeB — 1,8 %. Ilopor B 20 k3B BHosHe pe JieH ISl MOJXYIPOBOJAHUKOBBIX
JIETeKTOPOB, UMEIIINX p 3pemieHne ~ 2 k3B. OCHOBH g mpoOnieM , KOHEUYHO,
CBSI3 H C OHOM.

H puc. 8 mok 3 Hbl pe3ynbT Thl YETHIPEX DKCIIEPUMEHTOB, B KOTOPBIX JOCTHUI-
HYTBl PEKOpJIHbIe YPOBHH (DOH B HU3KO®HEpreruueckou obn ctu. B aTHx akcne-
PUMEHT X IPOU3BOAUIICA IOMCK Y CTUL — K HIOUI TOB H «TEMHYI0 M TEPHIO».
Ecnu »Ti TsKenble 4 cTHLBI ¢ M ccoii 6oree 1 ['eB nmelicTBUTENBHO CyIECTBYIOT,
OHM MOTYT P CCEMB ThCI H SAP X, U OXHI €M 4 DHEeprus OTA YU K K P 3 Je-
XKHUT B KWJIODJIEKTPOHBOJIBTHOM 00JI CTH oHepruid. [IpuBeneHHble CIEKTpbl ObLIM
u3Mepennl aByMsi HPGe-nerextop mu [37,38], omnum Si(Li)-nerexktopom [39] u
Nal-gerextopom [40]. Herextop B skcriepuMmente [eifnenbepr—MOoCcKB  OBLUT H3-
TOTOBJIEH W3 TepM HUS, 000T IIEeHHOro A0 86 % W30TOIOM 76Ge [37]. @ou sTOrO
nerektop p Ben 0,1 xaB~1.kr~! B cyrkm, 4TO MOYTH H TIOPAAOK HuXe (hOH
JIeTeKTop U3 npupoaHoro repMm Hus [38]. DoH KpEeMHHMEBOTO JAETEKTOP P BEH
10 kaB~1.kr~! B cyrkn.

CoBepIIEHCTBOB HUE I CCUBHOM M KTHUBHOH 3 ILUT IPUBEIO K TOMY, YTO B
H cTodluee BpeMsi (pOH HETEKTOPOB CBiI3 H He Tojbko ¢ ecrectBeHHO (U, Th,
40K) WIM UCKYCCTBEHHOM (137Cs, 60Co,...) P OMO KTUBHOCTBIO, HO U C KTHU-
B LIMEH JETEKTOPOB H MOBEPXHOCTH 3eMJIM WIH P JMO KTUBHOCTHIO COOCTBEH-
HBIX M30TONOB. T K, T repM HUEBOTO JETeKTOp KTB s u3oTon CGe Gbl-
CTPBIMU HEUTPOH MU IO pe KUuIM (n, 3n) u (n, @2n) NPUBOIUT K CKOPOCTU CUET
5-10 p cu o/(kr-cyr). UnrepecHo otmeruts, yro misi Ge-gerekrop (0coOEHHO
1 060r 1IEHHOTo M30TOnoM '0Ge) He T K JI BHO OTKPBITHIA JABYXHEHTPUHHBIIA
2(3-p cn 1 MOXeT ObITh MCTOYHHUKOM (POH IIPH MOUCKE M THUTHOIO MOMEHT
HEUTPUHO.

[TpoGrieMbl KPEMHHEBOIO JETEKTOP MOTYT OBITh CBSI3 HbI C P JMO KTHBHBIM
usoronoM 32Si, KoTopslii 06p 3yercs B T™octepe u3 *°Ar u 3 Tem BbIN 1 eT
H IOBEPXHOCTb 3€MIIU, IO9TOMY YPOBEHb (DOH , CBA3 HHBIH C [ HHbIM U30TOIIOM,
3 BHCHT OT TOTO, C K KOH IITyOUHBI OBUT B3T KPEMHUI [Tl H3TOTOBJICHUS AE€TEKTO-
pos. Konuentp s 32Si n nosepxnoctu 3emtu coct Bisger ~ 10718 tom/ Tom,
YTO COOTBETCTBYET KTuUBHOCTH 250 orcuer/(kr-cytku). Uzoron 32Si (T /2 =
170 net) UCHBITHIB €T AB IOCIEIOB TEJIbHBIX (-p CI A , KOTOpbIE P KTHYECKH
HE CONPOBOXJ I0TCA Y-KB HT MU, YTO HE IO3BOJIIET MOJ BUTH 3TOT (QOH 3 CYET
CEKLIMOHUPOB HUS JETEKTOp .

Hcxons u3 0oOcyX BLIErocs Bblle, MOXHO BBIYHUCIUTH OXHI €Mble YPOBHU
tpon mna Ge- u Si-ETEKTOPOB I P 3MUYHBIX MHTEPB JIOB 3HEPrHil M Cp B-
HUTh DTU 3H YEHHSI C OXMJ eMbIM 3(P¢eKTOM OT c1 O0ro M M THUTHOIO P C-
ceqHHsa. Pe3ynpT Thl M3MEpeHMH B TEYEHHE ONHOIO MecAl I OETEKTOp C
M ccoil 75 kr B Heifrpunnom notoke 2 - 1013 cm~l.c™! mok 3 Hel B T 6i1.4.
JIna Ge-neTeKTop HCIONIb30B JICd ypOBeHb (POH , JOCTUTHYTHI B ®KCIIEpUMEHTE
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Otcuet/k3B -k (B cyTKH)

1,2
r i I'eiinens6epr—Mocksa
0g - { HPGe (86% "°Ge)
ST H 3500 M B.5.
04 {}
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Puc. 8. ®oHoBbIE CIICKTPBI B HI/I3K03H€pFBTH‘IECKOﬁ 001 CTHU, USMEPEHHBIE TEPM HUEBBIMU
U KPEMHHUEBBIM ITOJIYIIPOBOJAHUKOBBLIMU AETEKTOP MU U CUAUHTUWIIALHUOHHBIM JIETEKTOPOM

Oneprus, k9B

Ieiinenpbepr—Mocks . @oH Si-IeTeKTOp BBHIUUCIAICS B MPEIIIOIONXE

appext//PoH s POH , CBSI3 HHOIO €O C1 OBIM P CCESTHUEM.

HUH, YTO
OH CBSI3 H JMIIb ¢ p cnl g Mu 52Si ¢ unTencuBHOCThI0 100 Kr~! - cyr~!. BriGop
IUTMHBI HEPTeTHYECKUX MHTEPB JIOB ONPENeNsics M KCHM JIbHBIM COOTHOLIEHHUEM
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T Gaun 4. QXU eMoe YHCI0 OTCYETOB B IeTeKTope, cogepx mem 2,25 - 10%° anexrpo-
HOB (= 75 KT), B IOTOKE 2 - 10" em™t-¢7! 3 30 gHeit H3MepeHni

Ei—E3 xoB | p, =10"" pp | sin? 0w =023 | Ge Si
2-8 354 69,5 2700 | 14900
8-30 35,0 247 4950 | 55500

30-120 34,5 811 20300 | 158000

120-500 25,6 2000 21400 | 125000
500-2000 9,3 2090 21100 | 180000
2000-8000 0,62 355

T omun 5. Ilpexes o0H pyXKeHHMS M THHTHOTO MOMEHT HEWTPHMHO (B eIWHUI X
10" u5) ANs P ITMYHBIX HCTOUYHMKOB oOH

F1 — Es, x3B | Cn 6oe p cceqnne | Ge | Si
2-8 0,41 1,3 | 2,1
8-30 0,56 1,6 | 2,8

30-120 0,76 2,3 | 3,7

120-500 1,1 2,7 | 4,1
500-2000 1,9 451773
2000-8000 4,6

Hcnonp3ys 0Xu eMble YpOBHH (POH , MOXKHO BBIYMCIIUTh YYBCTBHTEIBHOCTb
(ipeziest OOH pyXeHMS) K M THUTHOMY MOMEHTY HEHTPHUHO IUISl TUIIMYHON KaMm -
HUM WU3MEPEHHMHl H pe KTOpe: OJUH Mecsl JO OCT HOBKH pe KTOp , OIMH MeECsIl
BO BpeMsl OCT HOBKH M emle Mecsl, Korg pe Krop p 6ot er. I[lomydenHole pe-
3yMbT ThHI IPUBEAEHBI B T O. 5.

YMeHbllIeHne MOpOr  PEerucTp LUH 3JIEKTPOHOB YBEJIMYMB €T 4YyBCTBUTEIb-
HOCTh K M THUTHOMY MOMEHTY JUI BCEX P CCMOTpPEHHbIX UCTOYHHMKOB ¢oH . H -
npuMep, eciid (YOH CBI3 H TOJIBKO €O clI ObIM p ccedHHeM HEWTPHHO, Ipenen o6-
H pyXeHHs I JeTeKTOp ¢ nmoporoM 2 MaB juiub B TpH p 3 MEHbIIE, YeM COBpe-
MEHHBIH Tpeiel H M THUTHBIH MOMEHT HeWTpuHO. C Ipyroil CTOpOHBI, Mepexon
B KHJIO3JIEKTPOHBOJIBTHYIO 00J1 CTh ®HEPIHHU MO3BOJIUT UMETh YyBCTBHTEIIBHOCTD K
M THMTHOMY MOMEHTY pe KTOPHBIX HelTpuHO nyumie, yem 10~ i3, ecu pon Gy-
JIeT CBSI3 H JIMIIb CO cl1 ObIM p ccesdHueM. [ aToro HeoOX0AUMO B pe KTOPHOM
9KCIIEPUMEHTE, NP KTUYECKH H IOBEPXHOCTH 3eMJIM (UCKJIIOYEHHE COCT BIISET
pe kxtop B Kp cHosipcke [34]), mony4nTs ypoBeHs (DOH H TMOPSAAOK MEHbIIE, YeM
JOCTUTHYTBIH B TOA3EMHBIX 3KCIEPUMEHT X. I MOJHATHS UYyBCTBUTEIBHOCTH
MOXHO yBEJIMYUB Th M CCYy JI€TEKTOpP M BpeMs M3MEPEHHii, HO MOCKOJIbKY cede-
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nue (3) NpONOPLUMOH NHHO /12, UyBCTBUTEIBHOCTh K M THUTHOMY MOMEHTY GyjeT
BO3p CT Th JINIIb K K KOPEHb YETBEPTON CTETIEHH M3 3THUX BEJIMYMH.

HecMoTpst H yK 3 HHbBIE CIIOXHOCTH, CYIIECTBYET LIEJbIA ps MPOEKTOB IO
U3MEPEHMIO CEYEHHUS! P CCEeSdHUS pe KTOPHBIX HEMTPUHO MM HEHTPUHO OT MCKYC-
CTBEHHBIX UCTOYHHMKOB, H BJIEKTPOHE U SAP X, C LEJIbIO TIOBBILIEHHUS TyBCTBUTEIIb-
HOCTH K M THUTHOMY MOMEHTY.

Komn 60op s MUNU [41] roroBur akcrnepuMeHT H pe Krope byxe c
TPC-x mepoii o6bemom 1 M3 ¢ CF, nipu 1 Biiennu 10 5 6 p. OcHOBH 5 Hpo6rem
CBI3 H C BBICOKHM IIOPOIOM PETUCTp LUU 3IIEeKTPOHOB (~ 0,0 MeB). Hcnoms-
30B Th XWIKOKCEHOHOBBIH MM XHIKO PrOHOBBIH JETEKTOP B ®KCIIEPUMEHT X C
pe KTOPHBIMH HEUTPHHO HpemI T JIoch B p 60T X [42,43].

B UTD® (MockB ) Bemyrcs p OOTBI H I YCT HOBKOi, B KOTOpPOWl cOOpPK
repM HHMEBBIX JETEKTOPOB M CCOH 2 KI' H XOIWUTCS BHYTPH KTHBHOH 3 IIUTHI U3
kpuct JutoB Nal [44].

YroO6bI CHATH IPOOIIEMy HEHTPUHHOIO CIIEKTP M MOJYyYUTh BO3MOXHOCTB ITPO-
BEJEHHs DKCIIEPUMEHTOB B MOJ3EMHBIX JI OOp TOpPUSX, B psijie p OOT mpewt T ercs
UCIIOJIB30B Th UCKYCCTBEHHbIE MCTOYHMKH HEHTpHHO. CO31 Thb T KHE HCTOYHHKHU
B.Ilontexkopso mpemt T 1 eme B 1960 r. [45]. Venemnoe npumenenue °'Cr B
sKcnepuMeHT X ¢ Ga—Ge-IeTeKTOp MH COJTHEYHBIX HEWTPHUHO CTUMYIHPOB JIO HO-
BBIE MIPEUTOKEHUS I IIOUCK M THUTHOTO MOMEHT HEHTPHHO C MCIOJIb30B HUEM
HUCTOYHUKOB HEUTPUHO — 147pm [46], 2°Sr [47] u 3H [48].

B OUAU mng peructp UM 3J€KTPOHOB OTH YW INPEI I €TCS UCIOJIb30B Th
HHU3KOTEMIEp TYPHbBIH MOIYNPOBOAHUKOBBIA JETEKTOP C OJHOBPEMEHHOH peru-
CTp LMell HOHU3 LMK M TEIUIOBBIAENEHUS BMECTe C HCTOYHHUKOM HEHTPHHO OT
K-3 xB T B °°Fe [49]. B p 60te [50] KpuoreHHble K JOPUMETPUYECKHE JIETEK-
TOPBI IPEUT I' eTCd UCIONb30B Th IS PETHCTP LUK P CCEIHHS HEHTPUHO K K H
BNIEKTPOHE, T K U H AP X.

B PHII «Kypu TOBCKMii HHCTUTYT» NPEJIOKEHO UCIIONIb30B Th 3-p CII JIYUKH
908r-99Y cosmectHo ¢ jgerektopoM BOREXINO 1 0HOBPEMEHHOTO MpeLU3H-
OHHOT'O U3MepeHus1 pe Kimi o6p THOro [B-p ci o u (v, e)-p ccesHus [S1].

6. SAKJIIOYEHHUE

M THHUTHBI MOMEHT HEWTPHUHO B CT HI PTHOU TEOPHH M JI M HE MOXET OBITh
00H pyXeH H COBpEMEHHBIX dKCIEPUMEHT JIbHBIX YCT HOBK X. Ecim meduuut
COJIHEUHBIX HEUTPUHO CBA3 H C B3 MMOJEUCTBUEM M THUTHOI'O MOMEHT HEUTPHHO
C M THUTHBIM IIOJIEM KOHBEKTHUBHOH 30HBI COJIHI[ , TO JOJIKHBI H OJIIOA ThCA
11-neTHue B pU LUK PETUCTPUPYEMOrO MOTOK HEUTPUHO, €CU MPU ITOM 3H -
YeHue [, He MeHee 10*11;“3. DT BemmynH OJIM3K K YyBCTBUTEIBHOCTH CO-
BpPEMEHHBIX J1 00p TOPHBIX ®KCIEpHMEHTOB. T Kue B pU WU He H OJIom 0TCSA B
Ga—Ge-pnerektop x U Kamiokande.
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H wubonee yyBCTBUTENBHBIM K M THUTHOMY MOMEHTY OK 3bIB €TCSl IpoLecc
YIPYroro p CcesHusd HEUTPUHO H BJIeKTpoHeE. JI HHbIE 10 pe KTOPHBIM 3KCIIe-
PUMEHT M IO3BOJIAIOT IOJYYUTh OTp HUYEHHE H M THHUTHBII MOMEHT HEHUTPHUHO
py < 1,5-107%5 (90% y.n.). ]I nbHeiililee yBeqnMueHHe YyBCTBUTEIbHOCTH,
B IIEpPBYIO O4Yepejlb, MOXKET ObITh CBS3 HO C p OOTOW B KWJIO3JIEKTPOHBOJIBTHOM
00J1 CTH DHEPruil dJIEKTPOHOB OTI YH.

P 6or BbimonHeH mnpu nomuepxkke Poccuiickoro ¢onHm (yHI MEHT JIbHBIX
uccnenoB HuA (mpoekt 97-02-16848).
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PE®EPATHI CTATEN, IOMEIIEHHBIX B BBIITYCKE

VYIK 539.12.01
K3-3¢¢pexrnr Boicux nopsaakoB B FHP. Axywesuy U., Kypaes ., Lllatixamoerog b.
Du3uKa MEMEHTAPHBIX YaCTHUIl U aTOMHOTO sapa, 2001, Tom 32, Bem. 3, c. 491.

B 0030pe paccmoTpeHbl 3)(GEKThI BHICUIMX MONPABOK K CEYCHUIO NIYOOKOHEYPYTroro
paccestHus Uil yIPYroro U HeyIpyroro 1o npotoHy kaHanos. JJuddepeniuanbabie ceue-
HHS BBIYHCICHBI C yICpKaHWEM JHAMPYROIHX ~(O L/T), (0 L/TT)’ ¥ HeIuaupylomux

~(0 /1), (a/m)*L BxianoB (31ech L ecTh Tak HasbiBaeMblil Gonbuioli torapudm). Taxxe

HPUBOMTCA SBHOE BBIPAXKEHUE /Ui KOMITOHOBCKOTO TEH30pa € TSKEJIBIM ()OTOHOM, YUHUThI-
BAIOLIETO U3JIy4eHHE PeallbHbIX U BUPTYAILHBIX (JOTOHOB 3JIEKTPOHOM B CIIy4ae MPOJ0Jib-
HOHM MOJSIpU3alMM MOCIEAHero. JleTaabHO MpencTaBiIeH ciydyail TOPMO3HOIO U3Iy4YeHUs
JUIs YIPYTOTO paccestHusi Ha mpoToHe. Kpome Toro, qaeTcst aHaiau3 MOCTaHOBKH AKCIEPH-
MEHTa C AETEKTHPOBAHUEM TOJILKO KECTKOTro (POTOHA KaK Julsl mpolecca IyOOKOHEYIPyroro
paccestHusI, TaK U JUIi TOPMO3HOTO M3TY4eHHs MPH aHHUTHIISAIMU EKTPOH-TIO3UTPOHHON
mapsl B aPOHBI.
Wan. 2. bubauorp.: 73.

YK 530.12; 531.18; 531.12; 531.51; 539.12.01

PenapameTpu3annoHHO-HHBAPUAHTHAS JHHAMHUKA PEJIATHBHCTCKUX cUcTeM. Bapoba-
wos B.M., Ilepeywun B.H., Ilasnoecku M. dusnka >1eMEHTApHBIX YaCTHUIl U aTOMHOIO
sipa, 2001, tom 32, BeimL. 3, ¢. 546.

O030p MOCBAIEH perapamMeTpH3alHOHHO-HHBAPUAHTHOMY OMUCAHUIO JHHAMHUKH pe-
JISITUBUCTCKUAX CHCTEM (PEISTHBHCTCKAs YaCTHIIA, CTPYHA, BCEJIICHHAs B O0IICH TeOpuu OT-
HOCHTEJIBHOCTH). Takoe onrcanue J0CTUTaeTCs IIEPEX0I0M Ha ITIOBEPXHOCTH CBS3eH B (ha3o-
BOM IIPOCTPAHCTBE.

Brruncnenne GpyHKIUM OecTBUS Ha MOBEPXHOCTH CBA3EH (IyTeM UX PEIICHHS) BEIET
K 9KBHBAJICHTHBIM CHCTEMaM 0e3 CBs3€i, COBMECTUMBIM C MPOCTEHIINME BapHALMOHHBIMU
MPUHIUIIAMYA U ¢ (PU3HYECKU SICHBIMH U MaTeMaTHYE€CKH CTPOTHMHU ONPEACICHUIMHI HHBA-
PHAHTHBIX U3MEPSIEMBIX BEJTHYMH KaK B KIIACCHYECKOW, TAK U B KBAHTOBOM TEOPHAX, B HACT-
HOCTH, AMHAMHYECKOTO 3BOJIIOLMOHHOTO MapaMeTpa B MHPOBOM MPOCTPAHCTBE MEPEMEH-
HBIX, IJIOTHOCTH M3MEPSIEMOI SHEPTHH U YaCTULETIONO0HBIX (TOIOMOP(HBIX) NEPEMEHHBIX
B 00111€eli TEOPUH OTHOCUTEIBHOCTH.

T'eomeTpuueckuii UHTEpBa BPEMEHH, U3MEPsIEMblil YacaMu HaOIroaaTess, Ha MmoBepX-
HOCTH CBS[Sei;l CTAHOBUTCS CJIOKHBIM d)yHKL[HOHaJ'[OM OT AMHAMUYCCKUX NEPEMECHHBIX. 1_[0—
3TOMY OIIMCAHUE DBOJIIOLUU IMEPEMEHHBIX MUPOBOI'O MMPOCTPAaHCTBA OTHOCUTECIIBHO I'€OME-
TPUYECKOrO MHTEpBaJa BPEMEHH (M3MEpseMOro 4acaMH COIYTCTBYIOLIEr0 HaOIOAaTeIs)
MOYET OBITh CIEJIAHO C MOMOUIBIO CIELHAIBLHOI0 KAaHOHUYECKOro rnpeolOpa3oBaHus (BBe-
nenHoro Briepssie Jleu-UnBuToii B Teopun nuddepeHnnanbHbX ypaBHEHUH).

IIpeo6pazoBanue JleBu-UYuBuTa npeBpamaeT SHEPreTHIECKYIO CBSI3b B KAHOHHYECKHUN
HMMITYJIEC HOBOM IEPEMEHHOM, COBIAIAIOIIEH HA YPABHCHHSX TBHKCHHSI C TEOMETPHYUCCKUAM
BPEMCHEM; OCTAlIbHBIC MEPEMEHHBIC MHPOBOTO MPOCTPAHCTBA MMEIOT CMBIC] HadalbHBIX
JTAaHHBIX.

Hccnenys penapaMeTpu3alliOHHO-MHBAPHAHTHYIO IHHAMHUKY CHCTEM CO CBS3SMH
Ha IOBEPXHOCTHU UX CBSI3€H, MBI TIOy4aeM HOBOE IPEICTABICHUE IS Kay3albHbBIX (DyHKIUN
['puHa B BUJIe KOHTHHYaJIBHOTO MHTETPalia B MUPOBOM MPOCTPAHCTBE ISl BCEX PacCMaTpH-
BaeMbIX PEISITUBUCTCKUX CUCTEM, H HAXOIUM HOBBIC PELICHUS TaKUX MPOOIeM, Kak pasMep-
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HOCTh MPOCTPAHCTBA-BPEMEHH B KBAaHTOBOH TEOPHM PEISTUBUCTCKOM CTPYHBI, HAYaIbHBIE
KOCMOJIOTHUECKHE JaHHbIE, HAPaBICHUE CTPEIbl BpeMEHH, onucanne bomeimoro B3psiBa
B TaMUJIBTOHOBCKOH (pOPMYIHPOBKE OOIIEi TEOPHH OTHOCHUTEIBHOCTH B €€ KJIACCHYECKON
1 KBAHTOBOM BEPCUSX.

Tab6n. 1. Wn. 11. bubauorp.: 45.

YK 514.763.4

K anredpamveckoii kinaccupuxkanuun mHoroodpasuii Kanadu—So. Usyuenme mpo-
crpanetB K 3. Aucenvmo @., Onnuc [oc., Hanonynoc /1.B., Bonkog I” dusnka sneMeHTap-
HBIX YaCTHUIl ¥ aTOMHOTO s1ipa, 2001, Tom 32, BeIm. 3, c. 605.

Ha ocHoBe ¢opmynupoBku BarsipeBa muoroo6pasuii Kanabu—5o (KS) xak topuue-
CKHMX MHOXECTB BO B3BCUICHHBIX KOMIIJICKCHBIX ITPOCKTHUBHBIX IMTPOCTPAHCTBAX, aCCOLIUUPO-
BaHHBIX C PE(UICKCHBHBIMH IOJMAPAMH, MpeJlaraeTcsi WHAYKTHBHBIN anredpandeckuil
MOXO/T K CHCTEMaTHUYECKOMY ITOCTPOCHHIO U KilacCH(UKAIUK 0000IIEHHBIX MHOT000Opa3uit
K4 nns pasnnyHbIX KOMIUIEKCHBIX pa3MepHocTed. [loka3aHo, kak JOMycTUMBbIE BECOBBIC
BEKTOPBI B HU3IINX Pa3MEPHOCTSX MOTYT OBITh PacHIMPEHBI JUIS BBICIIUX Pa3MEpHOCTEH.
an/I OTOM OTME€YECHBI POJIb IMPOCKTUPOBAHUA U MNEPECCUYCHHUSA B HUX JyaJlbHOM OIMCAaHWUU
U €CTeCTBEHHOE NosBJIeHUE anredpandeckux crpykryp Kaprana—Jlu. Ilarenecar nomnycru-
MBIX PaCIIMPEHHBIX YETHIPEXMEPHBIX BEKTOPOB MOTYT ObITH CKOMOWHHMPOBAHBI B I1apbl
(Tpotiku), popmupyronue 22 (4) uenouku, conepxamue 90 (91) K3-npocTpaHcTB, U3 KOTO-
pBiX 94 sBnsitoTCsS 0COOBIMHU, @ 0JHO K3-IIPOCTPAHCTBO HAXOIUTCS C UCIOJIB30BAHUEM JIy-
anbHOCTH. B cinywyae KS3-npoctpanct napsl (Tpoiiku) u3 10270 1omyCTUMBIX paclIUpeH-
HBIX BEKTOPOB aat0T 4242 (259) nenovek ¢ K3 (3/UIMIITHYSCKUMU )-PaCCIOCHUIMHU, COACP-
sarumu 730 pononHuTeNbHbIX K 3-nionudapoB. bonee nonnoe usyuyenune KSA3-npocrpancTs
Oy/IeT IPOBEICHO B MOCIIEAYIOIICH padboTe.

Ta6mn. 30. Un. 16. bubnuorp.: 37.

VJIK 539.12

JKCNEePUMEHTAIbHBII CTATYC 31eKTPUYECKOH U MATHUTHO MOJISIpU3yeMOCTel PoTo-
Ha. bapanos 11.C., JIveos A.U., Ilempynvkun B.A., [lImapkoe JI.H. ®uzuka 21eMeHTapHBIX
4acTHIl U aToMHOrO siapa, 2001, Tom 32, BoIm. 3, c. 699.

B 0630pe 06cyxaaroTcst paHHUE U HO3/IHUE YKCIIEPUMEHTAIbHEIC JaHHbIE 110 AU -
(hepeHINaIbHOMY CEUEHHIO Y p-paccesHus IIPU YHEePTUsIX Majgaronero GpoTona B radopa-
TopHOI cucteme W<150 MsB, nony4yeHHble B pa3HbIX YCKOPUTENbHBIX LIEHTPAX, U COOT-
BETCTBYIONINE 0€3MOIeIbHBIC H MOEIbHBIE TEOPETHUSCKHE CEUCHHUSI, KOTOPBIE HCIIONb-
3yI0TCSl NpH (QUTHPOBAHUH JAHHBIX WM OINPEJEICHHN SKCIIEPUMEHTATbHBIX 3HAUYECHUI
3IIEKTPUYECKOH (O ,) U MarnuTHOH ([3,) monspusyemocteil nporona. Briepsble BIONIHEH
aHaJIU3 BCEX UMEIOIIMUXCS JaHHBIX Ha COBMECTUMOCTD U OIPEeICHBl MUPOBBIE CPEA-
HUE 3HAUEHUSA NOJIApU3yeMocTeil npotona: o " =117 £0,8 (nonu.oxen.) +0,7 (Teop.) u

B, " =23 209 (momu.okei.) 0,7 (teop.) (8 ex. 107 dm *). OBeyknarores TaKke norper-

HOCTH, IPUBHOCHMbIE B 3HaueHus O " u 3" pasHbIMU HEONPEENEHHOCTMH B UCIIOb-
30BaHHOM MOJICJILHOM JICHEPCHOHHOM CEYCHHH, U YKa3bIBACTCSl HHTEPBAJ SHEPTHid (), I71e
TaKHe MOIPELUIHOCTH MUHUMAJIbHBL.

Tab6n. 7. Un. 1. bubamorp.: 93.
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VK 539.173
I[lonckn MArHUTHOrO MOMEHTA HelTpuHO. /lepbun A.B. OPusuka >MEeMEHTAPHBIX Ya-
CTHII U aTOMHOTO s1pa, 2001, Tom 32, BeIm. 3, . 734.

PesynbraThl SKCMEPUMEHTOB MO M3MEPEHUIO CEYEHUs YMPYIOro PacCEsHHs PEaKTop-
HBIX HEHTPHHO HA NMEKTPOHE AHANN3UPYIOTCS C IENbIO MONCKA BKJIAAa B CEUEHHE OT Mar-
HUTHOTO MOMEHTa HeHTprnHO. CpaBHUBAIOTCS BO3MOXKHOCTH TOMCKAa MAarHUTHOTO MOMEHTA
Ha yCKOpUTENsIX U peaktope. Halinen BepxHuii mpenea Ha BO3MOKHBIM MarHUTHBII MOMEHT
neiitpuro [, < 1L,5007" W, (90 % y.n.). OGCyKIaioTest BOSMOKHOCTH YBEIMUCHHS TyB-

CTBUTEJILHOCTH PEaKTOPHBIX SKCIIEPHMEHTOB 710 yposHa 107" 11, .
Tab6mn. 5. Un. 8. bubamorp.: 51.
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