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QED EFFECTS OF HIGHER ORDERS IN DIS
I. Akushevich∗

North Carolina Cent. Univ., Durham, NC 27707 and TJNAF, Newport News, VA 23606, USA

E. Kuraev, B. Shaikhatdenov

Joint Institute for Nuclear Research, Dubna

The present status of theoretical description of deep inelastic scattering of leptons on protons with
the account of radiative corrections (RC) in the leading and next-to-leading approximations is reviewed.
For the process ep → epγ along with RC coming from emission of virtual, soft and additional hard
photons, there has been considered a e+e−-pair production in the leading approximation. The
Compton tensor with a heavy photon in the case of longitudinally polarized electron is presented. A
cross section for a special experimental set-up with the tagging of additional hard photon is given to the
nonleading order. A similar consideration is carried out for a cross channel, namely, electronÄpositron
annihilation into hadrons with emission of a hard photon by initial leptons. Details of calculations are
given in Appendices.

„ ´ µ¡§µ· ¸µ¢·¥³¥´´µ£µ ¸µ¸ÉµÖ´¨Ö É¥µ·¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸µ¢ £²Ê¡µ±µ´¥Ê¶·Ê£µ£µ
· ¸¸¥Ö´¨Ö ²¥¶Éµ´µ¢ ´  ¶·µÉµ´ Ì ¸ ÊÎ¥Éµ³ · ¤¨ Í¨µ´´ÒÌ ¶µ¶· ¢µ± (��) ¢ ²¨¤¨·ÊÕÐ¥³ ¨ ¸²¥-
¤ÊÕÐ¥³ §  ²¨¤¨·ÊÕÐ¨³ ¶·¨¡²¨¦¥´¨ÖÌ. „²Ö ¶·µÍ¥¸¸  ep → epγ ´ ·Ö¤Ê ¸ �� µÉ ¨§²ÊÎ¥´¨Ö
¢¨·ÉÊ ²Ó´µ£µ, ³Ö£±µ£µ ¨ ¦¥¸É±µ£µ ¤µ¶µ²´¨É¥²Ó´µ£µ ËµÉµ´  ¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨ É ±¦¥ · ¸-
¸³µÉ·¥´µ µ¡· §µ¢ ´¨¥ ¤µ¶µ²´¨É¥²Ó´µ° e+e−-¶ ·Ò. �·¨¢¥¤¥´ ±µ³¶Éµ´µ¢¸±¨° É¥´§µ· ¸ ÉÖ¦¥²Ò³
ËµÉµ´µ³ ¤²Ö ¸²ÊÎ Ö ¶·µ¤µ²Ó´µ-¶µ²Ö·¨§µ¢ ´´µ£µ Ô²¥±É·µ´ . „²Ö ¶µ¸É ´µ¢±¨ µ¶ÒÉ  ¸ ¤¥É¥±É¨·µ¢ -
´¨¥³ ¤µ¶µ²´¨É¥²Ó´µ£µ ¦¥¸É±µ£µ ËµÉµ´  ¶·¥¤¸É ¢²¥´µ ¸¥Î¥´¨¥ ¸ ÊÎ¥Éµ³ ´¥²¨¤¨·ÊÕÐ¨Ì ¶µ¶· ¢µ±.
�´ ²µ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤ ´Ò ¤²Ö ±·µ¸¸-± ´ ²  Å e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò ¸ ¨§²ÊÎ¥´¨¥³
¦¥¸É±µ£µ ËµÉµ´  ´ Î ²Ó´Ò³¨ ²¥¶Éµ´ ³¨. ‚ ¶·¨²µ¦¥´¨ÖÌ ¶·¨¢µ¤ÖÉ¸Ö ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨°.

1. DEEP INELASTIC SCATTERING

Deep inelastic scattering (DIS) is one of the powerful tools in investigating
a nucleon nature. It has played a key role to form our modern understanding
of the substructure of hadrons. A number of experiments were performed at
CERN, DESY, SLAC and elsewhere since the discovery of the proton structure
in the late sixties. These experiments have provided very precise data in a
wide kinematical region [1]. Renewed interest to the DIS was revived after
measurement of the proton spin structure by EMC [2] (see also the review [3]).
Till now the inclusive, semiinclusive and exclusive processes with both polarized

∗On leave from the National Centre of Particle and High Energy Physics, 220040 Minsk, Belarus.
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and unpolarized particles are widely investigated in many laboratories around the
world.

Last years measurements of the observable quantities in DIS have the ten-
dency to decrease both statistical and systematical errors comparing with the
previous ones. Since radiative effects can give a substantial contribution to mea-
sured quantities the modern level of data analysis in experiments on DIS requires
careful consideration of the QED radiative effects which can give substantial
contribution to measured quantities. Usually a hard radiated photon cannot be
registered in a detector. As is well understood the corrections due to soft photons
and loop effects cannot be separated from observables in principle. Hence their
contribution has to be calculated theoretically and subtracted from observed data.
That's a reason why the calculation of radiative corrections is a very important
ˇeld of theoretical particle physics.

Depending on the four-momentum transfer squared, Q2, and the energy trans-
fer, ν, there are three basic channels for lepton scattering on nuclei: elastic, qua-
sielastic, and inelastic processes. In the case of elastic scattering (ν = Q2/2MA,
where MA is a nuclear mass) leptons are scattered on a nucleus leaving the latter
in its ground state. Quasielastic scattering (ν ∼ Q2/2M , where M is a nucleon
mass) corresponds roughly to direct collisions with the individual nucleons inside
the nuclei. Inelastic scattering starts to appear when the pion threshold is reached
(ν ≥ Q2/2M +mπ, where mπ is a pion mass). At the Born level both Q2 and ν
are ˇxed completely by measuring the scattering angle and the energy (momen-
tum) of scattered lepton. However at the level of radiative corrections, in the case
of presence of real radiated photons, ˇxation is removed and the four-momentum
of radiated photon has to be included in a kinematical variable calculation. Such
elastic, quasielastic and inelastic processes with radiation of a real photon are
known as radiative tails from the elastic (σel) and the quasielastic (σq) peaks and
from the continuous spectrum (σin) hereafter called shortly elastic, quasielastic
and inelastic radiative tail.

The total radiative correction at the lowest order is obtained as a sum of these
contributions together with loop corrections (σv) coming from effects of vacuum
polarization and exchange by an additional virtual photon,

σrad.corr = σin + σq + σel + σv. (1)

The lowest order radiative corrections in DIS on unpolarized proton target
were ˇrst calculated by Mo and Tsai [4]. In this paper the integration region
over the real photon phase space is divided into two parts by introducing an
inˇnitesimal parameter. For values less than this parameter the integrals can be
calculated analytically after some additional assumptions (arguments of structure
functions are independent of photon momentum, only the leading power of photon
energy is kept). The dependence on this unphysical inˇnitesimal parameter is a
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shortcoming of this approach. A covariant formalism was developed in [5] in
order to avoid the difˇculties mentioned. The formulae of the lowest order RC are
free of any approximation and rather compact, but are not visible as much as in the
ˇrst approach. One of the shortcomings is the nonpositively deˇned expressions
for inelastic radiative tail that make it unusable for Monte Carlo simulation of
radiative processes. The excellent review of the model independent lowest order
RC within this method can be found in [6]. Both approaches are widely used in
practice. There are papers in which they were compared numerically [7, 8] and
even analytically [9].

A complete set of the results for RC on unpolarized targets was obtained
in [10]. The method was developed for the case of polarized proton and nuclear
targets in [11,12]. QED correction to DIS cross section in the leading approxima-
tion was calculated in [13]. A lot of papers were devoted to electroweak radiative
effects. We draw ones attention to the papers [14Ä17] in which the correction
was calculated within a framework of electroweak theory basically for HERA
kinematics. All cited papers were devoted to inclusive DIS. RC in the processes
of semiinclusive and exclusive DIS electroproduction cannot be reduced to the
inclusive case due to additional tensorial structures entering hadronic tensor and
different phase space possible for hard radiated photon. Explicit results for these
processes are given in papers [18Ä21]. Also we note papers [22Ä24] for RC to
elastic and quasielastic ep scattering.

There is one more important task for theoreticians dealing with RC, namely
a creation of computer tool which provides the procedure of accounting for RC
to experimental data. One of the ˇrst codes applied in experiments on DIS at
CERN were FERRAD [25] and TERAD [10] which were constructed on the basis
of results of two discussed approaches, respectively. An exhaustive review of
different codes can be found in [26]. We note recently developed codes gathering
the best features and many years experience of data analysis. The Monte Carlo
generator HERACLES [27] and semianalytical code HECTOR [28] are used in
experiments at HERA. The code POLRAD 2.0 [29] and Monte Carlo generator
RADGEN [9] are currently used in polarization experiments at CERN, DESY,
SLAC and JLAB. For semiinclusive and exclusive cases the codes DIFFRAD [19]
and HAPRAD [21] are intensively exploited. We note also the paper [30] where
the approach to estimate a systematical error due to RC in polarized DIS is given.

Thus, we can conclude that the radiative correction of the lowest order is a
well deˇned quantity. The open points here are basically related with a model
dependent correction like a contribution of box diagrams or with generations to
multiparticle measurements.

The next important step both from theoretical and experimental points of view
is to take into account the second order radiative correction. So far, there are only
approximate results even for model independent RC. Quite often results obtained
by different authors are in disagreement and the quality of the approximations
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made is not analyzed. The main approach here is the leading log approximation
or put another way Å the method of structure functions [31,32]. Explicit results
for inclusive higher order radiative correction within this approach were obtained
in [13]. Correction to such a quite general quantity as the Compton tensor with
heavy photon was discussed in [33]. If not to count a simple exponentiation
formula, the higher order effects are not included in the procedure of RC ac-
counting to experimental data. It is in the contradiction with currently performed
experiments on Bhabha and eē annihilation where deeply analyzed second order
correction is embedded into the standard scheme of data analysis.

The present review is just devoted to the consideration of different aspects
of a theory of higher order effects in DIS. As such, it has something to do
with the description of various sources of quantum corrections to the process.
This way a very important second order contribution comes from elastic and
quasielastic radiative tail. The kinematics is not trivial here and requires a careful
consideration. These points and explicit results are discussed in Sec. 1.1. Very
interesting measurements that allow one to obtain results for kinematical regions
unreachable in normal DIS are experiments with photon tagging. RC come
from higher order effects and are discussed in Sec. 1.2. Polarization effects for
radiative processes can be considered in a quite general way by calculating the so-
called Compton tensor for a heavy fermion. These results generalizing the ones
obtained in [33] for unpolarized case are discussed in Sec. 1.3. And in Sec. 1.4,
the hadronic cross section in eē annihilation with tagged photon is given.

1.1. QED Correction to Radiative Tail from Elastic Peak in DIS. Numeri-
cal analysis of the elastic radiative tail shows that its contribution is very important
and can exceed the main measured process at the Born level. Therefore the next
step is to calculate QED correction to the elastic radiative tail with the maximal
possible accuracy. So far only the leading correction to elastic radiative tail due
to double bremsstrahlung, which is part of the total second order correction, was
treated numerically [16, 29] and the attempt to calculate the correction exactly
was done in [34].

The structure of the cross section of elastic radiative tail is the following

σERT ∼
∫

Q2
h min

dQ2
hK(Q2

h, Q2, W 2)F2(Q2
h), (1.1.1)

where Q2
h is a momentum square transferred to hadronic system, and Q2 and

W 2 are leptonic kinematical variables measured. The quantity K is a kinematical
factor known exactly and F is a nuclear form factor. Due to rapid fall of the
form factor squared as a function of Q2

h the main integration region is close to
the lower integration limit. In papers [16, 35] this fact was used to construct
an approximation, where Q2

h is considered as a small parameter of order of the
proton mass squared. In this paper we will also use this approximation to analyze
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the correction to elastic radiative tail. The application of Sudakov technique will
allow us to obtain compact explicit formulae for processes considered. The ˇrst
effect which has to be considered is the one-loop correction and the emission
of additional real photon. We will analyze both of them at leading and next-to-
leading levels. Another effect contributing to the cross section is a lepton pair
creation. We will calculate it in the leading log approximation.

Obtaining a second order correction to deep inelastic scattering is the main
motivation of this part. However our results can be used in other cases. For
instance, they can be considered as a radiative correction in measurements with
hard photon detected in coincidence with scattered lepton (see [36], for exam-
ple), that allows one to reach kinematical regions otherwise unreachable. That
is why we do not concretize our notation usually used in DIS but instead try
to keep it as general as possible. In the next section we introduce our notation
and obtain results for the cross section of single bremsstrahlung using Sudakov
technique. In Section 1.1.2. we give results for one-loop corrections. Double
bremsstrahlung and contributions due to pair production are considered in Sec-
tions 1.1.3. and 1.1.4. and ˇnal remarks are given in Section 1.1.5. Some
technical details are discussed in Appendices.

1.1.1. Single Bremsstrahlung. We study the process

e(p1) + p(p2) → e(p′1) + γ(k1) + p(p′2), s = 2p1p2,

Q2
h = −(p2 − p′2)

2, Q2 = 2p1p
′
1, k2

1 = 0, (1.1.2)

p2
1 = p

′2
1 = m2, p2

2 = p2′

2 = M2, q2 = −O2
h ,

in the kinematical region

s � Q2 > Q2
h ∼ M2, 2p2p

′
1 ∼ s. (1.1.3)

The expression for differential cross section in Born approximation looks (details
are given in Appendix A):

2ε′1
d3σγ

0

d3p′1
=

4α3

π2

∫
d2q

(q2 + Q2
min)2

1
1 − b

ΦγΦprot, (1.1.4)

with b = 2p2p
′
1/s the energy fraction of the scattered electron. We imply the

Sudakov parameterization of the 4-momenta in the problem (see Appendix A).
Note that due to the gauge invariance condition

qρJ (1)
ρ ≈ (αqp2 + q⊥)ρJ (1)

ρ = 0, (1.1.5)

the quantity Φγ is constructed out of (1/s)p2J
(1) which may be rearranged as

follows:
1
s
pµ
2J (1)

µ = − s

s1
|q|eµ

q J (1)
µ , eq =

q
|q| , (1.1.6)

s1 = sαq = (p′1 + k1)2 + q2 − m2.
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Thus Φγ vanishes for small q2. The explicit expression for Φprot is found to be

Φprot = 2(F 2
1 +

q2

M2
F 2

2 ). (1.1.7)

For Φγ we have (we refer for further details to Appendix A):

Φγ =
(1 − b)2b(1 + b2)q2

n1n
, (1.1.8)

with

n = (p′
1 − bq)2, n1 = (p′

1 − q)2. (1.1.9)

Another fact is that both Φγ/q2 and Φprot do not vanish in the limit of small
momentum transfer |q|, thus providing the logarithmic enhancement upon per-
forming the Q2

h ≈ q2 integration (WeizséackerÄWilliams approximation). Indeed,
the quantity Q2

min entering the cross section is a small quantity,

Q2
min = M2

(
Q2

(1 − b)s

)2

� M2. (1.1.10)

For completeness we put the phase volume of the scattered electron in terms of
Sudakov variables:

d3p′1
2ε′1

=
db

2b
d2p′

1, Q2 = 2p1p
′
1 =

p
′2
1

b
. (1.1.11)

Note that the requirement Q2 > Q2
h provides the absence of singularities while

doing an integration over d2q.

1.1.2. Virtual and Soft Photon Emission Contribution. The correction coming
from the emission of virtual and soft photons (in the cms reference frame) can
be drawn out of paper [33], in which the radiative corrections to the Compton
tensor were calculated

2ε′1
d3σB+V +S

d3p′1
= 2ε′1

d3σγ
0

d3p′1

[
1 +

α

2π
ρ̃ +

+
α

4π

1
1 + b2

(
τ11 + b(τ12 + τ̃12) + b2τ̃11

)]
, (1.1.12)
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with

ρ̃ = 2(L − 1)(2 ln∆ − ln b) + 3Lh − ln2 b −

− 9
2
− π2

3
+ 2Li2

(
cos2

θ

2

)
, (1.1.13)

L = ln
Q2

m2
, Lh = ln

Q2
h

m2
,

∆ =
∆E

E
, Li2(x) = −

x∫
0

ln(1 − y)
y

dy.

The Born cross section after substitution of Eq. (1.1.8) into Eq. (1.1.4) and neglect
of subleading terms becomes

2ε′1
d3σγ

0

d3p′1
=

4α3

π2

∫
d2qq2

(q2 + Q2
min)2

(1 − b)(1 + b2)
b(Q2)2

Φprot,

where ∆E, E are the upper bound on the undetectable soft photon energy, and
the energy of the initial electron, respectively; θ is the angle in the laboratory
reference frame between the initial and the scattered electron momenta. Somewhat
cumbersome functions τij are explicitly given in Appendix D. It should be noted
that they do not contain any large logarithms but include the quantity Q2

h which
is small in our approximation. If one keeps only nonzero terms in the expansion
over Q2

h, then

1
2

(
τ11 + b(τ12 + τ̃12) + b2τ̃11

)
=
[
3 log

Q2

Q2
h(1 − b)

− 1
]
×

×(1 + b2) + 4b log(1 − b) + [b2 + (1 − b)2] ×

×
[
log2 (1 − b)

b
+ π2

]
+ [1 + (1 − b)2] log2(1 − b) +

+(3 − 2b) log b. (1.1.14)

The logarithms log Q2
h cancel out exactly in the sum of (1.1.14) and ρ̃.

1.1.3. Two Hard Photons Emission Contribution. We will consider now the
process of two hard photons emission:

e(p1) + p(p2) → e(p′1) + γ(k1) + γ(k2) + p(p′2). (1.1.15)

The relevant contribution to the cross section looks

2ε′1
d3σ

d3p′1
=

α4

8π4

∫
d2q

(q2 + Q2
min)2

dx1d2k1

x1x2
ΦγγΦprot,

Q2
min = M2

(s1

s

)2

, s1 = (p′1 + k1 + k2)2 , (1.1.16)
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with the expression for Φprot given earlier. The explicit form of Φγγ can be
found in Appendix B. The integration over d2k1 may be performed using the
integrals given in Appendix C.

Concerning the region Q2
h � Q2, the result is found to be ∗

Φγγ = 16q2

{
Q2

s2
1

[
s2
1(1 + b2)
d1d2d′1d

′
2

+
d2
1 + d

′2
1

bs2
1d2d′2

+
d2
2 + d

′2
2

bs2
1d1d′1

]
−

− 2
Q4

(1 + P12)
[
m2

d2
1

x2
2(b

2 + (1 − x1)2)
b(1 − x1)3

+ (1.1.17)

+
m2

d
′2
1

x2
2b

2(1 + (1 − x2)2)
(1 − x2)3

]}
with the notations introduced

s1 =
k2

1

x1
+

k2
2

x2
+

p
′2
1

b
, di =

1
xi

(m2x2
i + k2

i ), (1.1.18)

d′i =
1

xib
[m2x2

i + (xip′
1 − bki)2],

where x1,2 are the energy fractions of hard photons, x1 + x2 + b = 1. Besides
we use the relations

k1 + k2 + p′
1 = 0 , 2qp′1 = s1b , s1 = 2qp1 = sαq.

An integration over d2k1 may be performed analytically and to a logarithmic
accuracy it boils down to∫

d2k1

π

[
1
d1

;
1
d2

;
1
d′1

;
1
d′2

]
= L
[
x1; x2;

x1

b
;
x2

b

]
. (1.1.19)

The resulting contribution (again to a logarithmic accuracy) takes the following
form ∫

d2k1Φγγ =
16πq2L

b(Q2)2
(1 + P12)x2

2 ×

×
[(

1 +
1

(1 − x1)2
+

b2

(1 − x2)2

)
(1 + b2) +

+
b2

(1 − x1)4
+

b4

(1 − x2)4

]
, (1.1.20)

∆ < xi < 1 − b − ∆.

∗Upon applying the crossing transformation to the amplitude of eē annihilation to γγγ presented
in paper [37].
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Carrying out the integration of Eq. (1.1.17) over k1 and x1 to a next-to-leading
accuracy we obtain for the contribution to the differential cross section coming
from emission of two hard photons

2ε′1
d3σγγ

d3p′1
=

2α4

π3

∫
d2q

(q2 + Q2
min)2

q2(TLL + TNLO)
b(Q2)2

Φprot, (1.1.21)

where the leading and next-to-leading contributions read

TLL = (L − 1)[4(1 − b)(1 + b2) ln
1 − b

∆
+

+ (1 − b)(1 − b2) ln b − 2
3
(1 − b)(7 − 2b + 7b2)],

TNLO = −1
2

b4 + 6b2 + 1
1 + b

log2 b −

− 1
3
(3 − b2)(3 − b) log b + (1.1.22)

+
8
3
(1 − b)(b2 + b + 1) log(1 − b) −

− (1 − b)
[
1
3
(15b2 − 2b + 15) +

+ 2
(

Li2(b) −
π2

6

)
b4 + 6b2 + 1

1 − b2

]
.

There are two possible experimental set-ups we concern with: the ˇrst one
in which a recoil proton is registered, and the second Å pure inclusive set-up Å
with only a ˇnal lepton observed. Deˇnitely, NLO contribution obtained can be
counted valid only for the former experimental set-up, while in the latter case one
can use the expression given above only to an LL accuracy.

The general answer for the cross section in Born approximation with the
lowest order correction to the leading approximation is a sum of the contribu-
tions coming from virtual and real soft photons emission given above as well as
from two hard photons emission and is free from dependence on the auxiliary
parameter ∆.

The graphs given below illustrate behavior featured by the complete QED RC
contribution to the cross section of DIS as well as the comparative contributions
of the LL, NLO terms and of the correction due to pair production.

1.1.4. Contribution of Lepton Pair Production. Consider now the hard pair
production process that takes place at the same order of perturbation theory as
the two hard photons emission. In the same way we may conclude that the soft
pair case as well as the case of double collinear kinematics does not contribute
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to the radiative tail. Therefore we may consider only semicollinear kinematics of
hard pair production of which there exist two different mechanisms [38]. One of
these is the two-photon mechanism of pair creation. An electron from that pair
having momentum p′1 is detected in experiment and the scattered electron moves
close to the initial electron direction. This kinematics permits us to apply the
WeizséackerÄWilliams approximation,

2ε′1
d3σ

(1)
pair

d3p′1
=

2α4

π3

∫
d2q

(q2 + Q2
min)2

q2L

b(Q2)2
Φprot ×

× dβ−
(1 − β−)4

((1 − β− − b)2 + b2)(1 + β2
−), (1.1.23)

s1 = Q2 1 − β−
β+

, b + β− + β+ = 1.

The second mechanism is characterized by the bremsstrahlung mechanism of
pair creation, with an electron from a pair to be detected. Leaving details to
Appendix E let us present here the result

2ε′1
d3σ

(2)
pair

d3p′1
=

2α4

π3

∫
d2q

(q2 + Q2
min)2

q2L

(Q2)2
Φprot ×

×
b(1 + β2

−)dβ−

(1 − β−)4
[(1 − b − β−)2 + b2], (1.1.24)

s1 = Q2 1 − β−
bβ−

.

The integration over β− can be performed analytically with additional as-
sumption that Q2

min has no β− dependence. The result for the sum of these
contributions is found to be

2ε′1
d3σpair

d3p′1
=

2α4

π3

∫
d2q

(q2 + Q2
min)2

q2L(1 + b2)
b(Q2)2

Φprot ×

×
(

1 − b + 2(1 + b) log b +
4
3b

(1 − b3)
)

. (1.1.25)

1.1.5. Discussion. In this part the correction to radiative tail from elastic peak
is studied in the kinematics when a ˇnal lepton is measured. Using Sudakov tech-
nique the contributions of loops (1.1.12), double photon bremsstrahlung (1.1.21)
and a pair production (1.1.23,1.1.24) are calculated.
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In this section we analyze obtained contributions numerically. Both the
relative contributions of the processes considered and the total correction to the
lowest order process are investigated within kinematical conditions of experiments
on electron DIS at TJNAF and DESY (both for HERA and for HERMES). It is
convenient to deˇne the following quantities:

δ =
σL + σN + σp

σ0
, δL,N,p =

σL,N,p

σ0
. (1.1.26)

Here σ0 stands for the cross section of radiative tail from elastic peak (1.1.4).
Other σ's constitute the next order results. The quantity σp is a direct sum of two
mechanisms of pair creations (1.1.23,1.1.24), whereas σL and σN are the leading
(including mass singularities terms log(Q2/m2)) and next-to-leading (independent
of leptonic mass) terms. They are obtained upon summing up expressions given
in Eqs. (1.1.12) and (1.1.21) after cancellation of infrared divergence.

The relative radiative correction to elastic radiative tail is important practically
everywhere. The modern level of data analysis and very high experimental
accuracies achieved in current experiments on DIS require that a generalization
of standard radiative correction procedure be made in order to include a second
order radiative correction. An extremely interesting region where the correction
considered is important is actually high y domain. Remind, that this one (up to
y ∼ 0.95) is under investigation at TJNAF.

The main contribution to a second-order radiative correction comes from the
effect of pair creation. Asymptotical behavior of σp for small b = 1 − y is 1/b2

whereas the other cross sections feature only 1/b behavior. That is in fact a
reason of the large correction in the region of high y. In the paper presented this
particular contribution is calculated in the leading approximation only, therefore a
study of the correction, induced by a pair production, at the next-to-leading level
is highly desirable.

The relative contribution of the next-to-leading correction σN is not small
with respect to the leading log contribution σL. In the region of large y the relative
contribution σN/σL does not exceed 5%, whereas for small y it can reach as much
as 20Ä30%. From the other hand the next-to-leading contribution completely ˇxes
all uncertainties of leading log approximation thus leaving unknown only terms
proportional to lepton mass squared and Q2

h, which is effectively small due to
behavior of form factors.

1.2. Tagged Photon with Next-to-Leading Accuracy. The radiative correct-
ions to deep inelastic electron proton scattering due to hard real photon emission
are very important in certain regions of the HERA kinematic domain. In fact,
the initial-state collinear radiation leads to a reduction of the projectile electron
energy and therefore to a shift of the effective Bjorken variables in the hard
scattering process as compared to those determined from the actual measurement
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of the scattered electron alone. Therefore, radiative events

e(p1) + p(P ) → e(p2) + γ(k) + X + (γ), (1.2.1)

are to be carefully taken into account [4, 6, 39].
On the other hand, measuring the energy of the photons emitted very close to

the incident electron beam direction [40Ä43] permits one to overlap the kinemati-
cal region of photoproduction (Q2 ≈ 0) and the DIS region with small transferred
momenta (about a few GeV2) within the high energy HERA experiments. Fur-
thermore, these radiative events may be used to independently determine the
proton structure functions F2 and F1 (and therefore FL) in a single run without
lowering the beam energies [36,41]. Preliminary results of an F2 analysis using
such radiative events were recently presented by the H1 collaboration [44].

Our aim is to calculate the radiative corrections to neutral current deep in-
elastic events with simultaneous (exclusive) detection of a hard photon emitted
very close to the direction of the incoming electron beam (θγ = p̂1k ≤ θ0 ≈
≈ 5 · 10−4 rad). In the case of the HERA collider, the experimental detection of
photons emitted in this very forward direction is actually possible due to the pres-
ence of photon detectors (PD) that are part of the luminosity monitoring system
of ZEUS and H1.

Let us brie�y review the kinematics for the process under consideration. As
the opening angle of the forward photon detector is very small, and since we
will only consider cross sections where the tagged photon is integrated over the
solid angle covered by this photon detector, we can parameterize these radiative
events using the standard Bjorken variables x and y, that are determined from the
measurement of the scattered electron,

x =
Q2

2P · (p1 − p2)
, y =

2P · (p1 − p2)
V

, Q2 = 2p1 · p2 = xyV, (1.2.2)

with V = 2P · p1, and the energy fraction z of the electron after initial state
radiation of a collinear photon,

z =
2P · (p1 − k)

V
=

ε − k0

ε
, (1.2.3)

where ε is the initial electron energy, and k0 is the energy seen in the forward
photon detector.

An alternative set of kinematic variables that is especially adapted to the case
of collinear radiation, is given by the shifted Bjorken variables [41],

Q̂2 = −(p1 − p2 − k)2, x̂ =
Q̂2

2P · (p1 − p2 − k)
, ŷ =

P · (p1 − p2 − k)
P · (p1 − k)

.

(1.2.4)
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The relations between the shifted and the standard Bjorken variables read [41]:

Q̂2 = zQ2, x̂ =
xyz

z + y − 1
, ŷ =

z + y − 1
z

. (1.2.5)

The cross section under consideration in the Born approximation, integrated
over the solid angle of the photon detector (0 ≤ θγ ≤ θ0, θ0 � 1), then takes the
following form:

z

y

d3σBorn

dx dy dz
=

1
ŷ

d3σBorn

dx̂ dŷ dz
=

α

2π
P (z, L0)Σ̃, (1.2.6)

where

Σ̃ = Σ(x̂, ŷ, Q̂2) =
2πα2(−Q̂2)

Q̂2x̂ŷ2
F2(x̂, Q̂2)

[
2(1 − ŷ) − 2x̂2ŷ2 M2

Q̂2
+

+
(

1 + 4x̂2 M2

Q̂2

)
ŷ2

1 + R

]
,

P (z, L0) =
1 + z2

1 − z
L0−

2z

1 − z
, R = R(x̂, Q̂2) =

(
1+4x̂2 M2

Q̂2

)
F2(x̂, Q̂2)

2x̂F1(x̂, Q̂2)
−1,

α(−Q̂2) =
α

1 − Π(−Q̂2)
, L0 = ln

(
ε2θ2

0

m2

)
, Q̂2 = 2zp1 · p2 = 2zε2Y (1 − c),

Y =
ε2

ε
= 1 − y + xy

Ep(1 + βp)
2ε

, c = cos (p̂1p2),

x̂ =
Q̂2

2P · (zp1 − p2)
=

zεY (1 − c)
zEp(1 + βp) − Y Ep(1 + βpc)

, βp =
√

1 − M2/E2
p ,

ŷ =
2P · (zp1 − p2)

zV
=

z(1 + βp) − Y (1 + βpc)
z(1 + βp)

. (1.2.7)

The quantities F2 and F1 are the proton structure functions, M and m are the
proton and electron masses, respectively. In the cross section (1.2.6) we take
into account terms proportional to M2/Q̂2, which may be important at low
Q2. Note that the neglect of Z-boson exchange and γÄZ interference is a good
approximation, because we are interested mostly in events with small momentum
transfer Q̂2.∗ The energies of the initial and ˇnal electron, of the tagged photon

∗The corresponding Born cross section including contributions from the Z can be found in
Ref.42.
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and of the initial proton (ε, ε2, k0, and Ep) are deˇned in the laboratory reference
frame (i.e., the rest frame of HERA detectors). The cross section (1.2.6) agrees
with [41, 42]. Also note that we explicitly included the correction from the
vacuum polarization operator Π(−Q̂2) in the virtual photon propagator. The aim
of our work is to calculate the higher order QED radiative corrections for this
process in the leading and next-to-leading logarithmic approximation.

Here we will restrict ourselves to the model independent QED radiative cor-
rections related to the lepton line, which form a complete, gauge invariant subset
for the neutral current scattering process. The remaining source of QED radia-
tive corrections at the same order, such as virtual corrections with double photon
exchange and bremsstrahlung off the partons are more involved and model depen-
dent, they will be considered elsewhere. Our approach to the calculation of the
QED corrections is based on the utilization of all essential Feynman diagrams that
describe the observed cross section in the framework of the used approximation.
The same approach was used recently for the calculation of the QED corrections
for the small angle Bhabha scattering cross section at LEP1 [45].

This part is organized as follows. Section 1.2.1 is devoted to the corrections
related with emission of virtual and soft real photons in the hard collinear photon
emission DIS process. In Sec. 1.2.2 we consider the radiative corrections due to
emission of two hard photons in the collinear kinematics (where we distinguish
between the cases when both photons are emitted close to the initial electron
direction and the case when one of the photons is emitted along the initial and the
other one along the scattered electron direction) and the semicollinear kinematics,
where the additional hard photon is emitted at a large angle. Section 1.2.3 collects
the results obtained and discusses two experimental cases: an exclusive set-up,
that assumes that a bare electron can be measured, and a calorimetric one. The
Appendices are devoted to details of the calculation.

1.2.1. Virtual and Soft Photon Emission Corrections. In order to calculate the
contributions from the virtual and soft photon emission corrections, we start from
the expression for the Compton scattering tensor with a heavy photon [33,46],

Kµν = (8πα)−1
∑
spins

M eγ∗→e′γ
µ (M eγ∗→e′γ

ν )∗, (1.2.8)

where Mµ is the matrix element of the process of Compton scattering

γ∗(−q) + e(p1) → γ(k) + e(p2), (1.2.9)
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and the index µ describes the polarization state of the virtual photon. This tensor
is conveniently decomposed as follows:

Kµν =
1
2
(Pµν + P ∗

νµ), (1.2.10)

Pµν = g̃µν(Bg +
α

2π
Tg) + p̃1µp̃1ν(B11 +

α

2π
T11) +

+ p̃2µp̃2ν(B22 +
α

2π
T22) +

α

2π
(p̃1µp̃2νT12 + p̃2µp̃1νT21),

g̃µν = gµν − qµqν

q2
, p̃1µ = p1µ − qµ

p1 · q
q2

,

p̃2µ = p2µ − qµ
p2 · q
q2

, p1 = q + p2 + k.

The expressions for the quantities Bij corresponding to the Born approximation
are ∗:

Bg =
1
st

[
(s + u)2 + (t + u)2

]
− 2m2q2

(
1
s2

+
1
t2

)
, B11 =

4q2

st
− 8m2

s2
,

B22 =
4q2

st
− 8m2

t2
, s = 2p2 · k, t = −2p1 · k, u = (p2 − p1)2,

q2 = s + t + u, p2
1 = p2

2 = m2, k2 = 0.

(1.2.11)

The one-loop QED corrections are contained in the quantities Tij , whose explicit
expressions are given in [33, 46]. Here we have to integrate them over the solid
angle of the emitted photon corresponding to the shape of the photon detector. We
need to keep only the terms singular in the limit θγ → 0, since after integration
the constant terms contribute only proportional to θ2

0 ∼ 10−6 and can be safely
neglected. Another simpliˇcation comes from the fact that we need only the
symmetric (and real) part of the tensor K . This way, by using typical integrals∫

dΩk

2π

1
t

= − L0

2ε2(1 − z)
,

∫
dΩk

2π

m2

t2
=

1
2ε2(1 − z)2

, (1.2.12)

and using the expressions given in Appendix F we obtain the following expression
for the Compton tensor integrated over the angular part of the photon phase space:∫

dΩk

2π
Kµν =

(
−Q2

l gµν + 4zp1µp1ν

) 1
2ε2(1−z)

[(
1 +

α

2π
ρ

)
P (z, L0)−

α

2π
T

]
,

∗We have already dropped those terms that vanish in the high-energy limit when one integrates
over any ˇnite region of photon phase space.
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ρ = 4 ln
λ

m
(LQ − 1) − L2

Q + 3LQ + 3 ln z +
π2

3
− 9

2
, (1.2.13)

T =
1 + z2

1 − z
(A ln z + B) − 4z

1 − z
LQ ln z − 2 − (1 − z)2

2(1 − z)
L0 + O(1),

A = −L2
0 + 2L0LQ − 2L0 ln(1 − z), B =

(
ln2 z − 2Li2(1 − z)

)
L0,

LQ = ln
Q2

m2
, Li2(x) = −

x∫
0

dy

y
ln(1 − y) .

The quantity λ, which enters into the expression for ρ, is a ˇctitious photon mass.
In the construction of the total expression for the tensor Kµν we replaced

qµ = qν = 0, p2µ,ν = zp1µ,ν , bearing in mind the gauge invariance of hadronic
tensor [47],

Hµν =
4π

M

(
W2(xh, Q2

h)P̃µP̃ν − M2W1(xh, Q2
h)g̃µν

)
, (1.2.14)

xh =
Q2

h

2P · qh
, P̃ν = Pν − qhν

P · qh

q2
h

.

Here we imply qh = q, Q2
h = −q2.

Consider now the process with emission of a soft photon in addition to the
emission of the hard one, which hits the PD. We imply the condition that the
energy of the soft photon should be less than some small quantity δε (in the
centre-of-mass system). In straightforward calculations, starting from Feynman
diagrams, some care is to be paid in the evaluation of integrals over the phase
volume of the soft photon, as some contributions are crucially dependent on
the correlation between our two small parameters ∆ = δε/ε and θ0. In our
particular case θ0 � ∆ � 1, the result coincides with the one obtained using the
approximation of classical currents for soft photons. The total effect for the sum
of contributions of virtual and soft photon emission consists in the replacement
of the quantity ρ by ρ̃ in Eq. (1.2.13) (see Eq. (45) in [33,46]):

ρ → ρ̃ = 2(LQ − 1) ln
∆2

Y
+ 3LQ + 3 ln z − ln2 Y − π2

3
− (1.2.15)

− 9
2

+ 2Li2

(
1 + c

2

)
.

The ˇnal expression for the virtual and soft photon emission corrected tagged
photon cross section has the form

z

y

d3σV S

dx dy dz
=
( α

2π

)2

[P (z, L0)ρ̃ − T ] Σ̃ . (1.2.16)
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1.2.2. Double Hard Bremsstrahlung. Consider now the emission of an extra
photon with the energy more than δε. For the calculation of the contributions
from real hard bremsstrahlung, which in our case correspond to double photon
emission with at least one photon seen in the forward detector, we specify three
speciˇc kinematical domains: i) both hard photons strike the forward photon
detector, i.e., both are emitted within a narrow cone around the electron beam
(θ ≤ θ0); ii) one hard photon is tagged by the PD, while the other is collinear

to the outgoing electron (θ2 = k̂2p2 ≤ θ′0); and ˇnally iii) the second photon is
emitted at large angles (i.e., outside the deˇned narrow cones) with respect to both
incoming and outgoing electron momenta. We denominate the third kinematical
domain as a semicollinear one. The contributions of the regions i) and ii) contain
leading terms (quadratic in the large logarithms L0, LQ), whereas region iii)
contains formally nonleading terms of order L0 ln(1/θ2

0), which, however, give a
contribution numerically larger than the leading ones since εθ0/m � 1/θ0.

The calculation beyond the leading logarithmic approximation may be per-
formed using the results of a paper of one of us [48]. The contribution from the
kinematical region i) (with both hard photons being tagged), has the form (see
Eq. (Π 6) from [48]):

z

y

d3σγγ
i

dx dy dz
=

α2

8π2
L0

[
L0

(
P

(2)
Θ (z) + 2

1 + z2

1 − z

(
ln z − 3

2
− 2 ln ∆

))
+

+ 6(1−z)+
(

4
1−z

−1−z

)
ln2 z − 4

(1 + z)2

1 − z
ln

1 − z

∆

]
Σ̃ + O(1). (1.2.17)

Here we use the notation P
(2)
Θ (z) for the Θ part of the second order term of

the expansion of the electron nonsinglet structure function,

D(z, L) = δ(1 − z) +
α

2π
P (1)(z)L +

1
2

( α

2π

)2
P (2)(z)L2 + . . . (1.2.18)

P (i)(z) = P
(i)
Θ (z)Θ(1 − z − ∆) + P

(i)
δ δ(1 − z), ∆ → 0 ,

P
(1)
Θ (z) =

1 + z2

1 − z
, P

(1)
δ =

3
2

+ 2 ln ∆,

P
(2)
Θ (z) = 2

[
1 + z2

1 − z

(
2 ln (1 − z) − ln z +

3
2

)
+

1
2
(1 + z) ln z − 1 + z

]
.

The parameter ∆ serves as the infrared regularization parameter.
The contribution of the kinematical region ii) to the observed cross section

depends on the event selection; in other words, on the method of measurement
of the scattered particles.
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In the case of exclusive event selection, when only the scattered electron is
detected, while the photon that is emitted almost collinearly (i.e., within a small
cone with opening angle 2θ′0 around the momentum of the outgoing electron)
goes unnoticed or is not taken into account in the determination of the kinematical
variables, we have (see Π8 from [48])

z

y

d3σγγ
ii

dx dy dz
=

α2

4π2
P (z, L0)

ymax
2∫

∆/Y

dy2

1 + y2

[
1 + (1 + y2)2

y2
(L̃ − 1) + y2

]
Σs,

Σs = Σ(xb, yb, Q
2
b), (1.2.19)

where

L̃ = ln
(

εθ′0
m

)2

+ 2 lnY, y2 =
x2

Y
, Y =

ε2

ε
, ymax

2 =
2z − Y (1 + c)

Y (1 + c)
,

xb =
xyz(1 + y2)

z − (1 − y)(1 + y2)
, yb =

z − (1 − y)(1 + y2)
z

, Q2
b = Q2z(1 + y2) .

(1.2.20)

More realistic (from the experimental point of view) is the calorimetric event
selection, when only the sum of the energies of the outgoing electron and photon
can be measured if the photon momentum lies inside the small cone with opening
angle 2θ

′

0 along the direction of the ˇnal electron. In this case we ˇnd

z

y

d3σγγ
ii,cal

dx dy dz
=

α2

4π2
P (z, L0)

∞∫
∆/Y

dy2

(1 + y2)3

[
1 + (1 + y2)2

y2
(L̃ − 1) + y2

]
Σ̃ =

=
α2

4π2
P (z, L0)

[
(L̃ − 1)

(
2 ln

Y

∆
− 3

2

)
+

1
2

]
Σ̃. (1.2.21)

In the last equation we used the relation

Σs =
1

(1 + y2)2
Σ̃, (1.2.22)

which is valid for the calorimetric set-up.
Consider at last the semicollinear region iii). The relevant contribution may

be calculated using the quasireal electron method [49]:

z

y

d3σγγ
iii

dx dy dz
=

α

2π
P (z, L0)

2α

π

∫
d3k2

ω2

α2(Q2
sc)

Q4
sc

Iγ , Iγ = Bρσ(zp1, p2, k1)
Hρσ

8π
.

(1.2.23)
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The quantity Bρσ(zp1, p2, k1) is obtained from equation (1.2.11), where it is
necessary to set m = 0. After some algebraic transformations we obtain

Iγ =
1
st

[
F2(xsc, Q

2
sc)

(
M2

Q2
sc

xscG − V
[
xsc(z2 + (1 − y)2)V +(1 − y)(zQ2−s)−

− z(zQ2 − t)
])

− GF1(xsc, Q
2
sc)

]
, G = z2Q4 − 2st + Q4

sc , (1.2.24)

xsc =
Q2

sc

V (z + y − 1) − 2P · k2
, s = 2p2 · k2, t = −2zp1 · k2,

Q2
sc = zQ2 − s − t.

The angular integration in Eq. (1.2.23) is to be performed over the whole phase
space, excepting the small cones along directions of motion of the initial and
scattered electrons that correspond to the kinematic regions i) or ii). The result
(for details see Appendix G) has the form:

z

y

d3σγγ
iii

dx dy dz
=
( α

2π

)2
P (z, L0)

[ xt
2∫

∆

dx2

x2

z2 + (z − x2)2

z(z − x2)
ln

2(1 − c)
θ2
0

Σt +

+

xs
2∫

∆

dx2

x2

1 + (1 + y2)2

1 + y2
ln

2(1 − c)
θ
′2
0

Σs + Z

]
, (1.2.25)

Σt = Σ(xt, yt, Q
2
t ),

The logarithmic dependences on the infrared regulator ∆ and on the angles θ0,
θ′0 are fully contained in the ˇrst two terms on the r.h.s., whereas the quantity
Z represents an integral over the whole photon phase space of a well-behaved
function, and it is free from collinear and infrared singularities. Its explicit
expression is given in Appendix G.

The upper limits of the x2 integration in (1.2.25) read

xt
2 = z − Y (1 + c)

2
, xs

2 =
2z − Y (1 + c)

1 + c
, (1.2.26)

and the arguments of Σt are

xt =
xy(z − x2)

z − x2 + y − 1
, yt =

z − x2 + y − 1
z − x2

, Qt = Q2(z − x2). (1.2.27)
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An explicit expression for xm, which is relevant for the calculation of Z, is given
in Appendix G.

The formulae given above (see Eqs. (1.2.7), (1.2.16), (1.2.17), (1.2.19) or
(1.2.21), and (1.2.25)) provide the complete answer for the leading and subleading
contributions up to the second order of perturbation theory. The total sum of
virtual, soft, and hard additional photons emission corrections to the radiative
DIS cross section does not depend on the auxiliary parameter ∆ = δε/ε, as it
should be.

1.2.3. Results for Different Experimental Set-Ups. The sum of the contribu-
tions of the leading and next-to-leading corrections at order α2, which are given
explicitly in the expressions (1.2.16), (1.2.17), (1.2.19) or (1.2.21), and (1.2.25),
may be written in the form

z

y

d3σ

dx dy dz
=
( α

2π

)2

(Σi + Σf ) . (1.2.28)

The ˇrst term Σi is independent of the experimental selection of the scattered
electron and has the form:

Σi =

{
1
2
L2

0P
(2)
Θ (z) + P (z, L0)

[
1 − 16z − z2

2(1 + z2)
+
(
3−2 lnY +

4z

1 + z2

)
ln z+

+ ln2 Y − 2Li2(z) + 2Li2

(
1 + c

2

)
− 2(1 + z)2

1 + z2
ln (1 − z) +

+
1 − z2

2(1 + z2)
ln2 z

]}
Σ̃ + P (z, L0) Σ̃ ln

2(1 − c)
θ2
0

[ u0∫
0

du

u
(1 + (1 − u)2)×

×
(

Σt

(1 − u)Σ̃
− 1

)
−

1∫
u0

du

u
(1 + (1 − u)2)

]
+ P (z, L0)Z, (1.2.29)

u =
x2

z
, u0 =

xt
2

z
,

where Z is given in Appendix G and the remaining notations are as above (see
(1.2.17), (1.2.24), and (1.2.26)).

The second term in (1.2.28), denoted Σf , however, does explicitly depend
on the event selection. It corresponds to the emission of a hard photon by the
scattered electron. In the exclusive set-up, when only the scattered bare electron
is measured, while the photon that is emitted close to the ˇnal electron's direction
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is ignored, this contribution reads

Σf = Σexcl
f = P (z, L0)

xs
2/Y∫
0

dy2

[(
1 + (1 + y2)2

y2
(LQ+ lnY −1) + y2

)
1

1+y2
×

×Θ
(

y2 −
∆
Y

)
+ (LQ + lnY − 1)δ(y2)

(
2 ln

∆
Y

+
3
2

)]
Σs. (1.2.30)

In this case the parameter θ′0, that separated the kinematic regions ii) and iii),
only plays the role of an auxiliary one; it has already cancelled in the above
expression for the cross section.

As we will see below, this situation is quite different for the experimentally
more realistic, calorimetric set-up, when the detector cannot distinguish between
events with a bare electron and events when the electron is accompanied by a hard
photon emitted within a small cone with opening angle 2θ

′

0 around the direction
of the scattered electron. For this case we obtain

Σf = Σcal
f = P (z, L0)

[
1
2
Σ̃ + ln

2(1 − c)
θ
′2
0

∞∫
0

dy2

y2

1 + (1 + y2)2

1 + y2
×

×
(

ΣsΘ(ymax
2 − y2) −

Σ̃
(1 + y2)2

)]
. (1.2.31)

For the calorimetric event selection the parameter θ
′

0 is a physical one and the
ˇnal result therefore does depend on it. However, the mass singularity that is
connected with the emission of the photon off the scattered electron is cancelled
in accordance with the KinoshitaÄLeeÄNauenberg theorem [50].

Note that the case of a coarse detector for the scattered electron, i.e., θ
′

0 ∼
∼ O(1), agrees at the level of leading logarithms with the result of paper [51],
that was obtained in the approximation of absence of emission along the scattered
electron. Our result disagrees with the result of Bardin et al. [42] on the radiative
corrections, as they neglected the interference of the emission of two photons;
see [51] for a detailed discussion.

We note in conclusion that the set of Feynman diagrams considered here is
gauge invariant and model independent but not complete. We have neglected the
contributions with two virtual photons exchanged between electron and the target
that appear at the same order of perturbation theory, as well as the interference
with the contributions when the second photon is emitted by the hadronic side.
However, the description of this part is deˇnitely model dependent. The details
and the numerical estimates may be found in [52].
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1.3. Compton Tensor with Heavy Photon in the Case of Longitudinally
Polarized Fermion. Here we shall restrict our consideration to the part of the

Fig. 1. The Born-level Feynman dia-
grams

Compton tensor, which contains the degree
of polarization of the initial electron [53].
Our aim is to calculate soft and virtual QED
radiative corrections to the tensor. The cor-
rections are important for modern precise
experiments in DIS. Possible applications
of our results will be considered in Con-
clusions.

Let us consider the process (see Fig. 1)

γ∗(q) + e(p1) −→ γ(k1) + e(p2), (1.3.1)

q2 < 0, k2
1 = 0, p2

1 = p2
2 = m2, p1 + q = p2 + k1,

where m is the electron mass.
The Compton tensor is deˇned as

Kρσ = (8πα)−2ΣM eγ∗→eγ
ρ (M eγ∗→eγ

σ )∗. (1.3.2)

Here the matrix element M describes the Compton scattering process (1.3.1),

Mρ = M0ρ + M1ρ = ū(p2)Oρµu(p1)eµ(k1),

Oρµ = O(0)
ρµ +

α

4π
O(1)

ρµ , O(0)
ρµ = γρ

p̂2 − q̂ + m

t
γµ + γµ

p̂1 + q̂ + m

s
γρ,

s = 2p2k1, t = −2p1k1. (1.3.3)

Quantities O
(0)
ρµ and O

(1)
ρµ take into account the lowest and the ˇrst orders of

perturbation theory, respectively. Here and in what follows, we use the following
notation for scalar products of 4-vectors:

â = γµaµ, ab = aµbµ = a0b0 − ab,

and the polarization vector of the real photon is eµ(k1).
1.3.1. Radiative Corrections. Calculating the ˇrst order correction, we as-

sume that all kinematical invariants of the process are large in comparison with
the electron mass square:

s ∼ −t ∼ −u ∼ −q2 � m2, u = −2p1p2, q2 = s + t + u. (1.3.4)

So, we will neglect the electron mass in all places, where it is possible. Note that
for the unpolarized case in [33] the mass was taken into account.
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The Compton tensor, deˇned in (1.3.2), is hermitian:

Kρσ = K∗
σρ. (1.3.5)

We shall separate the contributions, associated with the electron polarization:

Kρσ = K0
ρσ +

α

4π

(
K1

ρσ + K1∗
σρ

)
, (1.3.6)

K0
ρσ = Bρσ + ξP 0

ρσ , K1
ρσ = Tρσ + ξP 1

ρσ ,

where ξ is the degree of the initial electron polarization. Quantities Bρσ and Tρσ

correspond to the case of unpolarized electron,

Bρσ = Bg g̃ρσ + B11p̃1ρp̃1σ + B22p̃2ρp̃2σ, (1.3.7)

Bg =
1
st

[(s + u)2 + (t + u)2] − 2m2q2

(
1
s2

+
1
t2

)
,

B11 =
4q2

st
− 8m2

s2
, B22 =

4q2

st
− 8m2

t2
.

The new variables

g̃ρσ = gρσ − qρqσ

q2
, p̃1ρ = pρ

1,2 −
p1,2q

q2
qρ (1.3.8)

provide the explicit fulˇllment of gauge conditions: qρK
ρσ = 0, qσKρσ = 0.

Quantity Tρσ has a rather cumbersome form, it is given in [33].
For the case of the most general form of the electron polarization vector

u(p)ū(p) = (p̂1 + m)(1 − ξγ5â) (1.3.9)

one obtains (see also [11,12])

P 0
ρσ = 4m

{
(p1qρσ)

qa − 2p2a

st
+ (p2qρσ)

[
qa

t2
+

p2a

t

(
1
s
− 1

t

)]
+

+ (qaρσ)
[
q2

st
− 1

s
− 1

t
− m2

(
1
s2

+
1
t2

)]}
, (1.3.10)

where we used the notation

(abcd) ≡ iεαβγδa
αbβcγdδ. (1.3.11)

The above object obeys the Shouten identity:

(abcd)ef = (fbcd)ae + (afcd)be + (abfd)ce + (abcf)de. (1.3.12)
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In this part we shall consider only the case of longitudinally polarized
fermion:

u(p1)ū(p1) = p̂1(1 − ξγ5). (1.3.13)

This is the most interesting case for physical applications. In the Born approxi-
mation we obtain

Pρσ = ξ

[
P 0

ρσ +
α

4π
P 1

ρσ

]
, (1.3.14)

P 0
ρσ = P 0t

ρσ + P 0s
ρσ =

2
st

[
(u + t)(p1qρσ) + (u + s)(p2qρσ)

]
.

Here and below the upper indices t and s denote the contributions of Feynman
diagrams with real photon emission from the initial and ˇnal electron lines,
respectively. Using the explicit expressions for P 0t,s

ρσ , it is easy to check the
following relations:

qρP
0
ρσ = qσP 0

ρσ = 0, (P 0s,t
σρ )∗ = P 0s,t

ρσ , P 0s,t
ρσ qρ = 0, P 0s,t

ρσ qσ 	= 0, (1.3.15)

P 0t
ρσ =

1
st

[
4(p1p2qσ)(p1ρ + p2ρ) +

+ 2(t − s)(p1p2ρσ) + 2(s + u)(p2qρσ)
]
,

P 0s
ρσ =

1
st

[
−4(p1p2qσ)(p1ρ + p2ρ) +

+ 2(s − t)(p1p2ρσ) + 2(s + t)(p1qρσ)
]
.

(1.3.16)

Note now, that we may consider only a half of the full set of eight one-
loop Feynman diagrams. Namely, we take the t-type diagrams with real photon
emission from the initial electron line (Fig. 2). To get the ˇrst order correction,
we multiply the amplitudes of the one-loop graphs by the Born ones. The whole
contribution (including the impact of the rest four one-loop diagrams) can be
obtained, using the rearrangement (Ĥ) and hermitization (Ĥ) operators:

P 1
ρσ = (1 + Ĥ)(1 − P̂ )(P a,b + P 1c + P 1d)ρσ + P soft

ρσ , (1.3.17)

where the operators are deˇned as follows:

P̂F (ρ, σ, p1, p2, q, s, t) = F (ρ, σ, p2, p1,−q, t, s), Ĥaρσ = a∗
σρ . (1.3.18)
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Fig. 2. One-loop virtual Feynman diagrams with photon emission by the initial electron

Note, that P̂P 0s,t
ρσ = −P 0t,s

ρσ . The last term in Eq.(1.3.17) describes the contribu-
tion, coming from emission of an additional soft photon [33]:

P soft
ρσ = P 0

ρσδsoft, (1.3.19)

δsoft = − 4πα

16π3

∫
d3k

ω

(
p1

p1k
− p2

p2k

)2

=

=
α

π

[
(Lu − 1) ln

m2(∆ε)2

λ2ε1ε2
+

1
2
L2

u − 1
2

ln2 ε1

ε2
− π2

3
+ Li2

(
1 +

u

4ε1ε2

)]
,

Lu = ln
−u

m2
, Li2(z) = −

1∫
0

dx

x
ln (1 − zx).

Here ∆ε is the maximal energy of soft photon; quantities ε1,2 = p0
1,2 are the

energies of the initial and the ˇnal electrons in the laboratory reference frame (in
the rest reference frame of the target).

Considering the matrix elements of the Feynman graphs Fig. 2,a,b, we get

(Ma
σ + M b

σ)(−i(4απ)2)−1 =
α

2π
ū(p2)γσ

[
mN1

(
ê − k̂1

p1e

p1k1

)
+ N2k̂1ê

]
u(p1),

N1 =
1

2(t + m2)

[
1 − t

t + m2
Lt

]
, (1.3.20)

N2 =
1

2(t + m2)
− 2t2 + 3m2t + 2m4

2t(t + m2)2
Lt +

m2

t2

[
−Li2

(
1 +

t

m2

)
+

π2

6

]
.

One can see that only the structure in front of coefˇcient N2 survives in the limit
m → 0. Really, the trace of the product of Dirac matrices, associated with N1,
has an odd number of matrices and gives an extra power of the mass. We would
like to note that in the case of photon emission at small angles (which is not
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under consideration now) the situation with the limit m → 0 is more subtle and
requires a special investigation (see [54], for instance).

After a simple algebraic transformation we get

P a,b
ρσ = 2

2Lt − 1
st

[2(p1p2qσ)p2ρ + (u + s)((p2qρσ) − (p1p2ρσ))]. (1.3.21)

The remaining contributions (see Fig. 2,c,d) are

P 1c
ρσ =

1
t

∫
d4k

iπ2

1
a0a2aq

1
4
Tr {p̂2γλ(p̂2−k̂)γσ(p̂2−q̂−k̂)γλ(p̂2−q̂)γµp̂1γ5Õ

0
ρµ}

(1.3.22)

and

P 1d
ρσ =
∫

d4k

iπ2

1
a0a1a2aq

1
4
Tr {p̂2γλ(p̂2−k̂)γσ(p̂2−q̂−k̂)γµ(p̂1−k̂)γλp̂1γ5Õ

0
ρµ} ,

(1.3.23)

where

a0 = k2 − λ2, a1 = k2 − 2p1k,

a2 = k2 − 2p2k, aq = (p2 − q − k)2 − m2. (1.3.24)

The matrix Õ0
ρµ differs from O0

ρµ (see Eq. (1.3.3)) by the reversal order of
gamma matrices. Using the Table of integrals given in [53], one can perform the
integration over the loop momentum in the right-hand sides of the expressions
for P 1c, P 1d, and obtain the total expression for the Compton tensor. Its explicit
form is given below.

Now we concentrate on the terms, which contain infrared singularities. There
are three sources of them. The ˇrst one is the renormalization constant

Z1 = 1 − α

2π

(
1
2
LΛ + 2 ln

λ

m
+

9
4

)
, LΛ = ln

Λ2

m2
, (1.3.25)

which is required to remove the ultraviolet divergence of the vertex function,
appearing in P 1c. The next source is a part of the box contribution P 1d, which
comes from scalar loop integrals. Really, for the Feynman diagram Fig. 2,d the
infrared terms are associated with the integral

I =
∫

d4k

iπ2

1
a0a1a2aq

=

=
1
tu

[
2Lu ln

m

λ
− L2

q + 2LtLu − π2

6
− 2Li2(1 − q2

u
)
]
,

Lq = ln
−q2

m2
, Lt = ln

−t

m2
.

(1.3.26)
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The third source is the emission of additional soft photons, which was considered
above. The infrared singularities are cancelled out in the total sum.

Let us consider the contribution from one-loop corrections

P t
ρσ = (P a,b + P 1c + P 1d)ρσ. (1.3.27)

Extracting the leading logarithmic terms and infrared singularities, we can present
it as follows:

P t
ρσ = P 0t

ρσ

[
−L2

u − 4(Lu − 1) ln
m

λ
+ 3Lu

]
+ Rt

ρσ. (1.3.28)

After the hermitization and rearrangement operations, and adding the soft
photon contribution, we come to the result

Pρσ = P 0
ρσ

{
1 +

α

π

[
(Lu − 1) ln

(∆ε)2

ε1ε2
+

3
2
Lu − 1

2
ln2 ε2

ε1
−

− π2

3
+ Li2(cos2

θ

2
)
]}

+
α

4π
Rρσ. (1.3.29)

Quantities Rt
ρσ and Rρσ collect nonleading terms. They are free from infrared

singularities.
Tensor Rt

ρσ can be presented in the form

Rt
ρσ = A(2qσρ) + B(1qσρ) + C(12qσ)p1ρ + D(12qσ)p2ρ +

+ E(12qσ)qρ + F (12σρ). (1.3.30)

The coefˇcients A − F have a rather cumbersome form, we do not present them
here. Note only that they obey the condition

Cp1q + Dp2q + Eq2 − F = 0, (1.3.31)

because of gauge invariance in respect to index ρ.
The rearrangement operation gives

(1 − P̂ )Rt
ρσ = (A + B̃)(2qσρ) + (B + Ã)(1qσρ) + (C − D̃)(12qσ)p1ρ +

+ (D − C̃)(12qσ)p2ρ + (E + Ẽ)(12qσ)qρ + (F + F̃ )(12σρ) ≡
≡ A1(1qσρ) + A2(2qσρ) + B1(12qσ)p1ρ + B2(12qσ)p2ρ +
+ C1(12qσ)qρ + F1(12σρ). (1.3.32)

Tests of the gauge invariance is an important check of our calculations:

qρ(1− P̂ )Rρσ = B1(12qσ)p1q +B2(12qσ)p2q +C1(12qσ)q2 +F1(12σq) = 0,

qσ(1 − P̂ )Rρσ = F1(12qρ) = 0. (1.3.33)
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These conditions yield

F1 = 0, C1 = −B1
p1q

q2
− B2

p2q

q2
,

B1p1ρ + B2p2ρ + C1qρ = B1p̃1ρ + B2p̃2ρ , (1.3.34)

p̃1ρ = p1ρ − p1q

q2
qρ , p̃2ρ = p2ρ −

p2q

q2
qρ .

We checked these relations by straightforward calculations.
The last step is the hermitization, which gives

Rρσ = (1 + Ĥ)(1 − P̂ )Rt
ρσ =

= (A1 + A∗
1)(1qσρ) + (A2 + A∗

2)(2qσρ) +

+ (12qσ)[B1p̃1ρ + B2p̃2ρ] − (12qρ)[B∗
1 p̃1σ + B∗

2 p̃2σ], (1.3.35)

where

A1 =
2
st

[
2u(2s− u)

a
Lqu +

4us

a

(
u

a
Lqu − 1

)
+

ub

c
+

2u2 + us − s2

c
Lsq +

+
usb

c2
Lsq−2cζ(2)−2cLtu+(2s − c)Lqu−

uc

s
G+
(

ub

t
+ c

)
G̃+5c−2s

]
,

B1 =
2
st

[
8u

a

(
1 −
(

u

a
+ 1
)

Lqu

)
+

6t

b
Lqt +

2(u2 − 2s2 − su)
cu

Lsq +

+
2b

c

(
1 +

s

c
Lsq

)
+

2
s
(2c − s)Ltu +

(
−2 − 4c2

st
− 12b

t
− 4s2

ut

)
Lqu +

+
4b2

tu
Lsu +

(
−2 +

2uc

s2
− 2t

s

)
G +
(

2b

t
+

2b2

t2

)
G̃ + 6

]
,

G = (Lq − Lu)(Lq + Lu − 2Lt) −
π2

3
− 2Li2

(
1 − q2

u

)
+ 2Li2

(
1 − t

q2

)
,

A2 = (s ↔ t)A1, B2 = −(s ↔ t)B1, G̃ = (s ↔ t)G. (1.3.36)

Note, that the above expressions are free from kinematical singularities. Really,
in the limits a → 0, b → 0, and c → 0 the quantities are ˇnite. The symmetry
between A1, B1 and A2, B2 takes place due to the initial symmetry between p1

and p2 in the traces.
1.3.2. Conclusions. Thus we calculated the part of the leptonic tensor, pro-

portional to the degree of the initial longitudinal polarization. This tensor de-
scribes Compton scattering with one off-shell photon, which is related to a certain
target. The main results of the paper are presented by Eqs.(1.3.29),(1.3.35).
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The calculation allows one to obtain corrections, coming from one-loop ef-
fects, to quantities observable in different polarization experiments. Let us con-
sider for deˇniteness the task of calculation of α2 order radiative correction in
polarized deep inelastic scattering. The results for the lowest order QED correc-
tion for nucleon and nuclear targets can be found in Refs. 11, 12. Both the Born
cross section (σBorn) and the cross section at the level of radiative corrections
(σRC) can be split into unpolarized and polarized parts:

σBorn,RC = σunp
Born,RC + ξbξtσ

pol
Born,RC , (1.3.37)

where ξb and ξt are polarization degrees of the beam and target. The correction
to asymmetry (A = σpol/σunp)

∆A =
σpol

RCσunp
Born − σunp

RC σpol
Born

σunp
Born(σunp

Born + σunp
RC )

(1.3.38)

is usually not large because of mutual cancellation of large factorizing terms. It
is clear, that when a relatively small correction is obtained as a difference of two
large terms, the radiatively corrected cross section has to be calculated with the
most possible accuracy, and a special attention has to be paid to nonfactorizing
terms like (1.3.36). The kinematical regions with very high y (y ∼ 0.9) can
be reachable in the current polarization experiments in DIS [55, 56]. In this
region radiative corrections to the cross section are comparable with the Born
cross section. Basically, it comes from the contributions of radiative tails from
elastic and quasielastic peaks. This calculation ˇrstly allows one to obtain the
contribution of these tails with taking into account loop effects in the next-to-
leading approximation.

Strictly speaking, the total QED correction ∼ α2 to spin asymmetry
Eq.(1.3.38) includes also contributions of double bremsstrahlung, lepton pair pro-
duction and two-loop virtual corrections. The latter does not change kinematics
of the general process, it can be easily derived using the results of Ref. 57. The
leading contribution of two-loop corrections is factorized in front of the Born
cross section, and it is exactly cancelled in the numerator of (1.3.38). Contrary,
the radiative process has a different kinematics; and it is of particular interest in
experiments. So, the elastic and quasielastic radiative tails, which have relatively
large cross section, provide an important correction to polarized and unpolarized
DIS. The contributions of double bremsstrahlung and lepton pair production can
be calculated using analytical or Monte Carlo approach. We note that there are no
infrared divergences in the case of correction to elastic and quasielastic radiative
tails, so the integral over two photon phase space can be calculated straightfor-
wardly (using Monte Carlo methods, for example). The corresponding corrections
will be considered elsewhere.
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Now new methods of experimental data processing, when experimental in-
formation about spin observables is extracted directly from polarized parts of
cross sections (difference of observed cross sections with opposite spin conˇgu-
rations) [58], are actively developing. It makes new requirements for an accuracy
of radiative correction calculations. We note that there is no any cancellation of
leading contributions in this case, and factorizing terms in (1.3.28) give the basic
contribution.

From the other hand, our result can be used as a contribution to the ˇrst order
radiative correction to radiative polarized DIS, when radiated photon is tagged in
calorimeter. Radiative events cover a much wider region of kinematical variables,
so the detection of hard photons, for example, in deep inelastic scattering can
provide additional physical information [41, 59] about structure functions in the
region unreachable in current experiments. Note that radiative events are used
also for luminosity measurements in experiments at HERA.

There is one particular phenomenon. Note, that P
(1)
ρσ contains not only the

imaginary part, but also a certain real part, which comes from the imaginary parts

of A1 and B1. The multiplication of this real part of P
(1)
ρσ with the ordinary

symmetrical part of the hadronic tensor will give rise to a one-spin azimuthal
asymmetry for the ˇnal electron [60]. The asymmetry is proportional to the
degree of polarization of the initial electron. It is small (few percent) because of
the extra power of αQED and the absence of large logarithms.

Here we considered the typical kinematical case when the photon can be
resolved. The kinematical situation when photon is emitted close to initial or the
scattered electron directions was considered in paper [61].

1.4. Hadronic Cross Sections in Electron-Positron Annihilation with Tag-
ged Photon. Let us consider now the cross channel to DIS with hard photon
tagging process Å the initial state radiation of hard photon in the single virtual
photon high-energy e+e−-pair annihilation into hadrons [62].

1.4.1. Introduction. Experiments with tagged photons, radiated from the
initial state in electronÄproton and electronÄpositron collisions, can become par-
ticularly attractive. The reason is that these radiative processes will permit one
to extract information about the ˇnal states at continuously varying values of the
collision energy. To investigate deep inelastic scattering the authors of Ref. 41
suggested to use radiative events instead of running colliders at reduced beam
energies. The method takes advantage of a photon detector (PD) placed in the
very forward direction, as seen from the incoming electron beam. The effective
beam energy, for each radiative event, is determined by the energy of the hard
photon observed in PD. In fact, radiative events were already used to measure the
structure function F2 down to Q2 ≥ 1.5 GeV2 [36, 63]. The speciˇc theoretical
work concerns the evaluation of QED radiative corrections (see Secs. 1,2) to the
radiative Born cross section. With an accurate determination of the cross sections
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and of the possible sources of background we believe that the use of radiative
events may become particularly useful to carry investigations at various present
and future machines.

The important role of the initial state radiation in the process of electronÄ
positron annihilation was underlined in a series of papers by V.N. Baier and
V.A. Khoze [64], where the radiative process was studied in detail in the Born
approximation. In these papers the mechanism of returning to a resonant region
was discovered. This mechanism consists in the preferable emission of photons
from the initial particles, which provides a resonant kinematics of a subprocess.
A utilization of radiative events can become a common type of investigations at
various machines.

In this part we derive explicit formulae for the spectrum of tagged photons.
The calculations are performed having an accuracy of the per-mille order as
an aim. Formulae can be used at electronÄpositron colliders to investigate, for
instance, hadronic ˇnal states at intermediate energies. A measurement of the
total hadronic cross section at low energies is essential for high precision test of
the Standard Model particularly for a precise determination of the ˇne structure
constant αQED(MZ) and of the muon anomalous magnetic moment (g − 2)µ.
The largest contribution to the errors for these quantities comes from the large
indetermination still present on the measurement of the total hadronic cross section
in electronÄpositron annihilation at the centre-of-mass energies of a few GeV. We
will consider here the radiatively corrected cross section for the electronÄpositron
annihilation process

e−(p1) + e+(p2) −→ γ(k) + H(q), k = (1 − z)p1 , (1.4.1)

where H is a generic hadronic state. The hard photon hitting the photon detector
has a momentum k and an energy fraction 1−z with respect to the beam energy. In
the following we assume that the photon detector is placed along the electron beam
direction, and has an opening angle 2θ0 � 1, such that ε2θ2

0 � m2, with m the
electron mass, and ε the beam energy. To evaluate the process with an accuracy
of the per mille requires a careful investigation of the radiative corrections. This
part is organized as follows. In Section 1.4.2 we consider the cross section of
the process (1.4.1) in the Born approximation. We give formulae suitable to
study as differential distributions in hadronic channels, as well as the total (in
terms of quantity R) and inclusive (in terms of hadron fragmentation functions)
hadronic cross sections. In Sec. 1.4.3 we calculate separate contributions into
radiatively corrected cross section of process (1.4.1) within the nextÄtoÄleading
accuracy. In Sec. 1.4.3.1 the contribution due to virtual and soft photon emission
is investigated. In Sec. 1.4.3.2 the case, when additional hard photon hits a
photon detector is considered. In Sec. 1.4.3.3 the contribution due to hard photon
emission, which does not hit a photon detector, is derived. In Sec. 1.4.4 we sum
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up all the contributions and give the ˇnal result. In Conclusion we summarize
the results and give some numerical illustrations.

1.4.2. The Born Approximation. In order to obtain the Born approximation
for the cross section of the process (1.4.1), when the PD is placed in front of
electron (positron) beam, we can use the quasireal electron method [49]. It gives

dσ(k, p1, p2) = dWp1(k)σ0(p1 − k, p2), (1.4.2)

where dWp1(k) is the probability to radiate photon with energy fraction 1 − z
inside a narrow cone with the polar angle not exceeding θ0 � 1 around the
incoming electron, and dσ0 is the differential cross section for the radiationless
process of electronÄpositron annihilation into hadrons at the reduced electron
beam energy. The form of both, dWp1(k) and σ0(p1 − k, p2) is well known:

dWp1 (k) =
α

2π
P1(z, L0)dz , P1(z, L0) =

1 + z2

1 − z
L0 −

2z

1 − z
,

L0 = ln
ε2θ2

0

m2
. (1.4.3)

We need further the general form of the lowest order cross section σ0 for the
process e+(z1p2) + e−(zp1) → hadrons boosted along the beam axis (p1):

σ0(z, z1) =
8π2α2

q2|1 − Π(q2)|2
∫

T (q)dΓ(q), T (q) =
LρσHρσ

(q2)2
, (1.4.4)

Lρσ =
q2

2
g̃ρσ + 2z2p̃1ρp̃1σ, dΓ(q) = (2π)4δ(q −

∑
qj)
∏ d3qj

2εj(2π)3
,

q = zp1 + z1p2 , q2 = sz1z,

g̃ρσ = gρσ − qρqσ

q2
, p̃1ρ = p1ρ − p1q

q2
qρ , (1.4.5)

where q is the full 4-momentum of ˇnal hadrons, qj is 4-momentum of an
individual hadron, s = 2p1p2 = 4ε2 is the full centre-of-mass energy squared,
and Hρσ is the hadronic tensor. The vacuum polarization operator Π(q2) of
the virtual photon with momentum q is a known function [65] and will not be
speciˇed here.

The tensors Hρσ and Lρσ obey the current conservation conditions once
saturated with the 4-vector q. The differential cross section with respect to the
tagged photon energy fraction z can be obtained by performing the integration on
the hadrons phase space. It takes the form

dσ

dz
=

α

2π
P1(z, L0) σ0(z, 1). (1.4.6)



QED EFFECTS OF HIGHER ORDERS IN DIS 523

Each hadronic state is described by its own hadronic tensor. The cross section
in Eqs. (1.4.2) and (1.4.4) is suitable for different uses and, as mentioned above,
it can be used to check different theoretical predictions.

The sum of the contributions of all hadronic channels by means of the relation∑
h

∫
HρσdΓ = fh(q2)g̃ρσ , (1.4.7)

can be expressed in terms of the ratio of the total cross section for annihilation
into hadrons and muons R = σh/σµ. For the µ+µ− ˇnal state we get

fµ =
q2

6π
K(q2), K(q2) =

(
1 +

2m2
µ

q2

)√
1 −

4m2
µ

q2
,

and so,

fh(q2) =
q2R(q2)

6π
K(q2). (1.4.8)

Substituting this expression into the right-hand side of Eqs. (1.4.2) and (1.4.4)
results in the replacement σ0(z, z1) = R(q2)4πα2K(q2)/(3q2).

In experiments of semiinclusive type one ˇxes an hadron with 3-momentum
q1, energy ε1 and mass M in every event and sum over all the rest. In this case
instead of Eq. (1.4.7) we will have (similarly to the Deep Inelastic Scattering
(DIS) case [51,52,66]):∑

h′

∫
HρσdΓ = H(1)

ρσ

d3q1

2ε1(2π)3
,

H(1)
ρσ = F1(η, q2)g̃ρσ − 4

q2
F2(η, q2)q̃1ρq̃1ρ, η =

q2

2qq1
> 1 , (1.4.9)

where we have introduced two dimentionless functions F1(η, q2) and F2(η, q2)
in a way similar to the DIS case.

By introducing the dimentionless variable λ = 2qq1/(2zp1q1), we can write
the corresponding cross section for radiative events in e+e− annihilation in the
same form as in the case of deep inelastic scattering with a tagged photon [51,
52,66]:

dσ

dz
=

α2(q2)
2π

α

2π
P1(z, L0)Σ(η, λ, q2)

1
(q2)2

d3q1

ε1
,

Σ(η, λ, q2) = F1(η, q2) +
2F2(η, q2)

η2λ2

(
λ − 1 − M2

q2
η2λ2

)
. (1.4.10)
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1.4.3. Radiative Corrections. For the radiative corrections (RC) to the cross
section (1.4.6) we will restrict ourselves only to terms containing second and ˇrst
powers of large logarithms L, and omit terms which don't contain them, i.e., we
will keep leading and next-to-leading logarithmic contributions. We will consider
in Section 3.1 the contribution from one-loop virtual photon as well as from the
emission of soft real ones. In 3.2 we will discuss the double hard photon emission
process.

1.4.3.1. C o r r e c t i o n s D u e t o V i r t u a l a n d R e a l S o f t P h o t o n s.
The interference of Born and oneÄloop contributions to the amplitude of the
initial state radiation in annihilation of e+e− into hadrons can be obtained from
the analogous quantity of hard photon emission in electronÄproton scattering [51,
52, 66]. We do that by using the crossing transformation. For the contribution
coming from the emission of real soft photons a straightforward calculation gives:

dσS

dσ0
=

α

π

[
2(Ls − 1) ln

m∆ε

λε
+

1
2
L2

s −
π2

3

]
,

Ls = ln
s

m2
= L0 + Lθ, Lθ = ln

4
θ2

, (1.4.11)

where λ is the photon mass, ∆ε is the energy carried by the soft photon. The
sum of the two contributions is free from infrared singularities. It reads

dσV +S =
8π2α2

s|1 − Π(q2)|2
α

2π
[ρBρσ(q) + Aρσ(q)]

Hρσ(q)dΓ(q)
(q2)2

α

4π2

d3k

ω
,

(1.4.12)

where

ρ = 4(Ls − 1) ln ∆ + 3Lq −
π2

3
− 9

2
, Lq = Ls + ln z, ∆ =

∆ε

ε
� 1,

(1.4.13)

where k and ω are the 3-momentum and the energy of the hard photon respec-
tively. The tensors Aρσ and Bρσ have a rather involved form. The ˇrst can
be obtained from the corresponding expressions of Refs. 13, 33. The tensor Bρσ

coincides with the one of the Born approximation. In the kinematical region
where the hard photon is emitted close to the initial electron direction of motion
one has

Bρσ =
2
z

(
1 + z2

y1(1 − z)
− 2m2z

y2
1

)
Lρσ(q), Aρσ =

2
q2

AgLρσ(q), q = zp1 + p2,

(1.4.14)
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where tensor Lρσ is given in Eq. (1.4.4), y1 = 2kp1, and quantity Ag reads

Ag =
4zsm2

y2
1

Ls ln z +
s

y1

[
1 + z2

1 − z
(−2Ls ln z − ln2 z + 2Li2(1 − z)+

+2 ln
y1

m2
ln z) +

1 + 2z − z2

2(1 − z)

]
, Li2(x) = −

∫ 1

0

dt
ln (1 − tx)

t
. (1.4.15)

Further integration over the hard photon phase space can be performed within the
logarithmic accuracy by using the integrals∫

d3k

2πk0

[
1
y1

,
m2

y2
1

,
ln(y1/m2)

y1

]
=
[
1
2
L0,

1
2(1 − z)

,
1
4
L2

0 +
1
2
L0 ln (1 − z)

]
dz.

The ˇnal expression for the Born cross section corrected for the emission of soft
and virtual photons has the form

dσB+V +S

dz
= σ0(z, 1)

[
α

2π
P1(z, L0) +

(
α

2π

)2

(ρP1(z, L0) + N)
]
,

N = −1 + z2

1 − z

[
(L0 + ln z) ln z − π2

3
+ 2Li2(z)

]
L0 − 2P1(z, L0) ln

θ2
0

4
+

+
1 + 2z − z2

2(1 − z)
L0 +

4z

1 − z
L0 ln z. (1.4.16)

1.4.3.2. T w o H a r d P h o t o n s T a g g e d b y t h e D e t e c t o r. If an
additional hard photon emitted by the initial-state electron hits the PD, we can-
not use the quasireal electron method and have to calculate the corresponding
contribution starting from Feynman diagrams.

We can use double hard photon spectra as given in Ref. 67 for annihilation
diagrams only and write the cross section under consideration as follows

dσH
c1

dz
= σ0(z, 1)

(
α

2π

)2

L0

1−z−∆∫
∆

dx

ξ

[
γτ

2
L0 + (z2 + (1 − x)4)×

× ln
(1−x)2(1−z−x)

zx
+zx(1−z−x)−x2(1−x−z)2−2τ(1−x)

]
,

ξ = x(1 − x)2(1 − z − x), γ = 1 + (1 − x)2, τ = z2 + (1 − x)2. (1.4.17)
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Here the variable x under the integral sign is the energy fraction of one hard
photon. The quantity 1 − z − x is the energy fraction of the second hard photon
provided that their total energy fraction equals 1 − z. We write the index c1 in
the left-hand side of Eq. (1.4.3) to emphasize that this contribution arises from
the collinear kinematics, when the additional hard photon is emitted along the
initial electron with 4-momentum p1.

The integration in the right-hand side of Eq. (1.4.3) leads to the result

dσH
c1

dz
= σ0(z, 1)

(
α

2π

)2
L0

2

{[
P

(2)
Θ (z) + 2

1 + z2

1 − z

(
ln z − 3

2
− 2 ln∆

)]
L0 +

+ 6(1 − z) +
3 + z2

1 − z
ln2 z − 4(1 + z)2

1 − z
ln

1 − z

∆

}
, (1.4.18)

where the quantity P
(2)
Θ (z) represents the so-called Θ term of the second-order

electron structure function:

P
(2)
Θ (z) = 2

1 + z2

1 − z

(
ln

(1 − z)2

z
+

3
2

)
+ (1 + z) ln z − 2(1 − z). (1.4.19)

1.4.3.3. A d d i t i o n a l H a r d P h o t o n E m i t t e d O u t s i d e P D. If an
additional hard photon, emitted from the initial state, does not hit the PD situated
in the direction of motion of the initial electron we distinguish the case when it
is emitted in the direction close, within a small cone with angle θ′ � 1, to the
direction of the initial positron. In this case we obtain:

dσH
c2

dz
=

α

2π
P1(z, L0)

∫ 1−δ/z

∆

α

2π
P1(1 − x, L′)σ0(z, 1 − x)dx, (1.4.20)

where L′ = Ls + ln (θ′2/4), δ = M2/s, and M2 is the minimal hadron mass
squared. We suppose that z ∼ 1.

We have introduced the additional auxiliary parameter θ′ � 1 which, together
with θ0, separates collinear and semicollinear kinematics of the second hard
photon. Contrary to θ0, which is supposed to determine the PD acceptance, θ′

will disappear in the sum of the collinear and semicollinear contributions of the
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second photon. This last kinematical region gives

dσH
sc

dz
=
( α

2π

)2

P1(z, L0)
∫

d3k1

2πω3
1

16π2α2

(1 − c2)z2
T (c, z, x),

T (c, z, x) =
∫

Hρσ(q2)dΓ(q2)
s(q2

2)2|1 − Π(q2
2)|2

[
s

2
((z − x2)2 + z2(1 − x1)2)gρσ +

+ 2(z(1 − x1) − x2)(z2p1ρp1σ + p2ρp2σ)
]
,

x1 =
x

2
(1 − c), x2 =

x

2
(1 + c),

q2 = zp1 + p2 − k1, c = cos k̂1p1. (1.4.21)

The phase volume of the second photon is parametrized as:

∫
d3k1

2πω3
=

x̂∫
∆

dx

x

2π∫
0

dφ

2π

1−θ2
0/2∫

−1+θ′2/2

dc, x̂ =
2(z − δ)

1 + z + c(1 − z)
. (1.4.22)

Explicitly extracting the angular singularities we represent this expression as

dσH
sc

dz
=
(

α

2π

)2

P1(z, L0)

[
Σsc(z) + ln

4
θ2
0

z−δ∫
∆

dx

x

z2 + (z − x)2

z2
×

×σ0(z − x, 1) + ln
4

θ′2

1−δ/z∫
∆

dx

x
(1 + (1 − x)2)σ0(z, 1 − x)

]
, (1.4.23)

Σsc =
8π2α2

z2

1∫
−1

dc

x̂∫
∆

dx

x

[
T (c, z, x)− T (1, z, x)

1 − c
+

T (c, z, x) − T (−1, z, x)
1 + c

]
.

1.4.4.4. C o m p l e t e Q E D C o r r e c t i o n a n d L e a d i n g L o g a r i t h m i c
A p p r o x i m a t i o n. The ˇnal result in the order O(α) for radiative corrections



528 AKUSHEVICH I., KURAEV E., SHAIKHATDENOV B.

to radiative events can be written as follows:

dσ

dz
=

α

2π
P1(z, L0)σ0(z, 1)(1 + r) =

α

2π
P1(z, L0)σ0(z, 1) +

(
α

2π

)2

×

×
{

L0

(
1
2
L0P

(2)(z) + G

)
σ0(z, 1) + P1(z, L0)

[ 1−δ/z∫
0

C1(x)σ0(z, 1 − x)dx +

+Lθ

z−δ∫
0

C2(z, x)σ0(z − x, 1)dx + Σsc

]}
, (1.4.24)

where the last term is deˇned by Eq. (1.4.3) and

C1(x) = P1(1 − x, Ls)Θ(x − ∆) + (Ls − 1)(2 ln ∆ +
3
2
)δ(x),

C2(z, x) =
z2 + (z − x)2

z2x
Θ(x − ∆) + (2 ln ∆ +

3
2
− 2 ln z)δ(x),

G(z) =
1 + z2

1 − z
(3 ln z − 2Li2(z)) +

1
2
(1 + z) ln2 z −

− 2(1 + z)2

1 − z
ln (1 − z) +

1 − 16z − z2

2(1 − z)
+

4z ln z

1 − z
. (1.4.25)

In order to include the higher order leading corrections to the tagged photon
differential cross section and to show the agreement of our calculation with
the well-known DrellÄYan representation for the total hadronic cross section at
electronÄpositron annihilation [31]

σ(s) =

1∫
δ

dx1

1∫
δ/x1

dx2 D(x1, αeff)D(x2, αeff)σ(x1x2s), (1.4.26)

where the electron structure functions include both nonsinglet and singlet parts

D(x1, αeff) = DNS(x, αeff) + DS(x1, αeff), (1.4.27)

it is convenient to introduce the quantity

Σ = D(z, ᾱeff)

1∫
δ/z

dx1

1∫
δ/zx1

dx2 D(x1, α̃eff)D(x2, α̂eff)σ0(zx1, x2). (1.4.28)
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Note that the shifted cross section in Eq. (1.4.26) has just the same meaning as
in Eq. (1.4.4): σ(x1x2s) = σ0(x1, x2).

The structure functions [68,69] entering RHS of Eq. (1.4.27) are

DNS(x, αeff) = δ(1 − x) +
∞∑

n=1

1
n!

(
αeff

2π

)n

P⊗n
1 (x), (1.4.29)

DS(x, αeff) =
1
2!

(
αeff

2π

)2

R(x) +
1
3!

(
αeff

2π

)3[
2P1 ⊗ R(x) − 2

3
R(x)
]
,

(1.4.30)

where

P1(x) = lim
∆→0

{
1 + x2

1 − x
Θ(1 − ∆ − x) +

(
3
2

+ 2 ln∆
)

δ(1 − x)
}

,

R(x) = 2(1 + x) ln x +
1 − x

3x
(4 + 7x + 4x2),

P⊗n
1 = P1(x) ⊗ · · · ⊗ P1(x)︸ ︷︷ ︸

n

, P1(x) ⊗ P1(x) =

1∫
x

P1(t)P1

(
x

t

)
dt

t
,

and the effective electromagnetic couplings in the RHS of Eq. (1.4.28) are

ᾱeff = −3π ln

(
1 − α

3π
L0

)
,

α̃eff = −3π ln

(
1 − α

3π Ls

1 − α
3π L0

)
,

α̂eff = −3π ln
(

1 − α

3π
Ls

)
. (1.4.31)

At ˇxed values of z (z < 1) the quantity Σ deˇnes the leading logarithmic
contributions into differential cross section for the events with tagged particles.
That corresponds to only Θ terms in the expansion of the structure function
D(z, ᾱeff) before the integral sign in Eq. (1.4.28). If we consider photonic
corrections (as do in the previous sections), it is needed to restrict ourselves to
the nonsinglet part of the electron structure functions and with the ˇrst order
terms in the expansion of all effective couplings, namely:

ᾱeff → αL0, α̃eff → αLθ, α̂eff → αLs. (1.4.32)
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It is easy to see that in this case the leading contribution into differential cross
section (1.4.3) can be obtained as an expansion of the quantity Σ(z < 1) by the
powers of α, keeping the terms of the order α2 in the production of D functions.

If we want to include the contribution due to e+e−-pair (real and virtual)
production it is required [70] to use both nonsinglet and singlet structure functions
and effective couplings deˇned by Eq. (1.4.31). Note that the insertion into
consideration of higher order corrections rises additional questions about concrete
experimental conditions concerning registration of events with e+e− pairs.

The total hadronic cross section in e+e− annihilation can be obtained by
integration of quantity Σ over z

σ(s) =

1∫
δ

dz D(z, ᾱeff)

1∫
δ/z

dx1

1∫
δ/zx1

dx2 D(x1, α̃eff)D(x2, α̂eff)σ(zx1x2s).

(1.4.33)

We can integrate the expression in the right side of Eq. (1.4.33) over the variable
z provided the quantity zx1 = y is ˇxed

1∫
δ

dz D(z, ᾱeff)

1∫
δ/z

dx1 D(x1, α̃eff) =

1∫
δ

dz

1∫
y

dy D(z, ᾱeff)×

×D

(
y

z
, α̃eff

)
=

1∫
δ

dy D(y, ᾱeff + α̃eff), ᾱeff + α̃eff = α̂eff . (1.4.34)

Using this result and deˇnition of α̂eff we indicate the equivalence of the DrellÄ
Yan form of the total cross section as given by Eq. (1.4.26) and the representation
of the cross section by Eq. (1.4.33).

Let us show now that D functions in expression for the quantity Σ have
effective couplings as given by Eq. (1.4.31). By deˇnition the nonsinglet electron
structure function satisˇes the equation [71]

D(x, s, s0) = δ(1 − x) +
1
2π

s∫
s0

ds1

s1
α(s1)

1∫
x

dz

z
D(z)D

(
x

z
,
s1

s0

)
, (1.4.35)

where α(s1) is the electromagnetic running coupling

α(s1) = α

(
1 − α

3π
ln

s1

m2

)−1

,
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and s0(s) is the minimal (maximal) virtuality of the particle, which radiates
photons and e+e− pairs.

The structure function D(z, ᾱeff) describes the photon emission and pair pro-
duction inside narrow cone along the electron beam direction. In this kinematics
s0 = m2, s = ε2θ2

0 . The corresponding iterative solution of Eq. (1.4.35) has the
form (1.4.29) with αeff = ᾱeff . The structure function D(x1, α̃eff) describes the
events, when emitted (by the electron) particles escape this narrow cone. In this
case s0 = ε2θ2

0, s = 4ε2. The corresponding solution of Eq. (1.4.35) gives the
structure function with αeff = α̃eff . At last, the structure function D(x2, α̂eff)
is responsible for the radiation off the positron into the whole phase space. In
this case s0 = m2, s = 4ε2. Therefore we obtain D function with αeff = α̂eff .
The analogous consideration can be performed for the singlet part of structure
functions.

When writing the representation (1.4.33) for the total cross section we, in
fact, divide the phase space of the particles emitted by the electron on the regions
inside and outside the narrow cone along electron beam direction. Therefore we
can use this representation to investigate the events with tagged particles in both
these regions. As we saw before the differential cross section for events with
tagged particles inside the narrow cone is deˇned by the quantity Σ(z < 1). In
order to obtain the corresponding differential cross section for events with tagged
particles outside this narrow cone we have to change the places of ᾱeff and α̃eff in
expression for Σ(z, 1). This follows from the symmetry of representation (1.4.33)
relative such change.

1.4.4. Conclusion. In sum, the formulae (1.4.34),(1.4.28) are the main results
of this part.

Thus we calculated the cross section of e+e− annihilation with detection of a
hard photon at small angles with respect to the electron beam. The general struc-
ture of a measured cross section, from which one should extract the annihilation
cross section σ0, looks

σ = σ0

[
a1

α

π
L + b1

α

π
+ a2

(
α

π

)2

L2 + b2

(
α

π

)2

L + c2

(
α

π

)2]
+ O(α3),

(1.4.36)

where L denotes some large logarithm. We calculated the terms a1, b1, a2, b2 and
some contributions to c2. The generalized formula (1.4.28) allows one to involve
the leading terms of the order O(α3L3). In this way our formulae provide high
theoretical precision.

Similar formulae can be obtained for an experimental set-up by tagging a
deˇnite hadron. By using e+e− machines such as BEPS, DAΦNE [72], VEPP,
CLEO, SLACÄB/factory and others with luminosities of order 1033 cm2 · s−1,
one is in principle able to scan, by measuring the initial state radiation spectrum,
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the whole energy region of hadron production with an effective luminosity of the
order of 1031 cm2 · s−1. Let's hope that further study would be pursuing on these
issues from experimental as well as from theoretical point of view.

2. OUTLOOK

Results given in Sections 1.1 and 1.3 could be applied to elastic and quasi-
elastic scattering off nuclei. Among possible there are channels with nuclei got
excited or even broken apart.

At the moment a tagged photon set-up in DIS as well as annihilation channels
(Sections 1.2, 1.4) are of some perspective to high-energy physics in testing QED
(SM) predictions for effects induced by virtual corrections. The formulae given
here guarantee the theoretical error to fall down to 0.1%.

We did not touch the problem of evaluation of Z, W bosons contribution,
which was considered elsewhere, as well as that of double-photon exchange be-
tween a lepton and nucleon and a real photon emission by a nucleon (nuclei).
The latter has not been investigated in detail up to now. An almost thorough
numerical analysis of the RC to DIS was given in the papers cited in the intro-
duction. Nevertheless, the results presented in the review could be used to create
more advanced MC generators with accounting for RC at 0.1% level of accuracy.
To the moment this programme has been carried out only partially.

APPENDIX A. DETAILS OF MATRIX ELEMENT CALCULUS:
THE CASE OF SINGLE PHOTON BREMSSTRAHLUNG

Using the Sudakov decomposition of the 4-vectors in the problem

p′1 = α′
1p̃2 + bp̃1 + p′1⊥, k1 = α1p̃2 + x1p̃1 + k1⊥,

q = p2 − p′2 = αqp̃2 + βqp̃1 + q⊥,

p′2 = α′
2p̃2 + β′

2p̃1 + p′2⊥, v⊥p1 = v⊥p2 = 0,

p̃1 = p1 − p2
m2

s
, p̃2 = p2 − p1

M2

s
, (A.1)

we have excluded parameters α1, α
′
1, βq using the on-shell conditions

p
′2
2 − M2 = −sβq(1 − αq) − q2 − αqM

2 = 0,

p
′2
1 = sbα′

1 − p
′2
1 = 0, k2

1 = sx1α1 − k2
1 = 0, (A.2)
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besides

Φprot =
1
s2

Sp {(p̂′2 + M)Γρ(p̂2 + M)Γ̃σpρ
1p

σ
1},

Γρ = F1(q2)γρ +
σµρq

µ

2M
F2(q2). (A.3)

Here F1,2(q2) are the Dirac and Pauli form factors of a proton. For Φγ we have:

Φγ = − 1
s2

Sp {p̂′1Oµp̂1Õ
µ},

Oµ = p̂2
p̂1 − k̂1

−2p1k1
γµ + γµ

p̂′1 + k̂1

2p′1k1
p̂2, (A.4)

and then

q2 = −Q2
h = − 1

1 − αq
[q2 + M2α2

q ] ≈ −[q2 + Q2
min], (A.5)

with Q2
min given in the text. The matrix element

M =
1
q2

J (1)
σ ū(p′2)Γρu(p2)gρσ, (A.6)

using the Gribov representation for the metric tensor

gρσ = gρσ
⊥ +

(
2
s

)
(p̃ρ

2p̃
σ
1 + p̃σ

2 p̃ρ
1) ≈

(
2
s

)
p̃σ
2 p̃ρ

1, (A.7)

may be put in a form

M =
2s

q2

(
1
s
pσ
2J (1)

σ

)(
1
s
ū(p′2)Γρu(p2)p

ρ
1

)
. (A.8)

Note that each expressions in the parentheses on the r.h.s. of Eq. (A.8) do not
depend on s in the limit s → ∞. The expression for Φγ may be transformed
using the following reduced expression

Oµ = x1

[
sbγµ

(
1
n
− 1

n1

)
+

1
n1

bγµq̂p̂2 −
1
n

γµp̂2q̂

]
,

x1 = 1 − b. (A.9)

to take the form given in Eq. (1.1.8).
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APPENDIX B. DETAILS OF MATRIX ELEMENT CALCULUS:
THE CASE OF DOUBLE PHOTON BREMSSTRAHLUNG

Let's ˇrst demonstrate that the matrix element of the process

γ∗(q) + e(p1) → e(p′1) + γ(k1) + γ(k2) (B.1)

is explicitly proportional to q for small values of the latter, which is in fact the
requirement of gauge invariance with respect to the virtual photon. The matrix
element is described by six diagrams. With regard to the gauge invariance this
set can be separated out to the two subsets in each of which the gauge condition
is satisˇed independently. Introducing the photon-permutating operator P12 we
bring the matrix element to the form:

M = (1 + P12)Q , Q = M1 + M2 + M3 , (B.2)

where

M1 =
1

dd1
ū(p′1)p̂2(p̂1 − k̂1 − k̂2 + m) ×

× ê∗2(p̂1 − k̂1 + m)ê∗1u(p1) , (B.3)

M2 =
1

d1d′2
ū(p′1)ê

∗
2(p̂1 − k̂1 + q̂ + m)p̂2 ×

× (p̂1 − k̂1 + m)ê∗1u(p1) , (B.4)

M3 =
1

d′d′2
ū(p′1)ê

∗
2(p̂1 − k̂1 + q̂ + m) ×

× ê∗1(p̂1 + q̂ + m)p̂2u(p1) , (B.5)

and

d = d1 + d2 −
1

x1x2
(x1

�k2 − x2
�k1)2,

d′ = d′1 + d′2 +
1

x1x2
(x1

�k2 − x2
�k1)2.

The permutation operator P12 for the photons acts the following way

P12f(k1, e1; k2, e2) = f(k2, e2; k1, e1) , P2
12 = 1.

The quantity Q is gauge invariant regarding the virtual photon k since all
permutations of this photon have been taken into account. Therefore Q is pro-
portional to q⊥ in the limit of q⊥ → 0. Indeed, making use of the relations

Q = p2µQµ , qµQµ = (αq p̃2 + q⊥)µQµ = 0 , (B.6)
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we immediately obtain (neglecting the small contribution βqpµQµ ∼ 1/s)

Q = −q⊥µ

αq
Qµ . (B.7)

Then transform the quantities Mj to such a form that the noticed low q⊥
behavior is present in their sum Q explicitly. The reason is that in this case all
individual large (compared to q⊥) contributions are mutually cancelled. The ˇrst
step is to use the Dirac equations p̂1u(p1) = mu1, ū(p′1)p̂

′
1 = mū(p′1) and to

rearrange the amplitudes Mj of Eq. (B.3),

M1 = ū(p′1)

{
sβ′

1

d1
ê∗2(p̂1 − k̂1 + m)ê∗1 −

− 1
d1

p̂2q̂ê
∗
2(p̂1 − k̂1 + m)ê∗1

}
u(p1) ,

M2 = ū(p′1)

{
+

s(1 − x1)
d1d′2

ê∗2(p̂1 − k̂1 + m)ê∗1 −
1
d′2

ê∗2p̂2ê
∗
1 +

+
1

d1d′2
ê∗2q̂p̂2(p̂1 − k̂1 + m)ê∗1

}
u(p1) , (B.8)

M3 = ū(p′1)

{
s

d′d′2
ê∗2(p̂1 − k̂1 + m)ê∗1 +

s

d′d′2
ê∗2q̂ê

∗
1 +

+
1

d′d′2
ê∗2(p̂

′
1 + k̂2 + m)ê∗1q̂p̂2

}
u(p1) .

From these formulae it can be noted that the last terms in M1,M2,M3, up to
terms of the order of

m2

E2
, θ2 ,

m

E
θ ,

are proportional to q⊥,

ˆ̃p2q̂ = ˆ̃p2(αq
ˆ̃p2 + βq p̂ + q̂⊥) = ˆ̃p2q̂⊥ = −q̂ˆ̃p2 . (B.9)

Next, one can see that the sum of the ˇrst three terms in Eqs. (B.8) is also
proportional to q⊥ since (for more details see [73])

A ≡ b

d1
+

1 − x1

d1d′2
+

1
d′d′2

, A|q⊥→0 = 0 . (B.10)
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Finally we consider the sum of the second terms of the quantities M2,M3 given
in Eqs. (B.8). Using the relations ( [73], Eq.(21)) and

(p′1 + k1 + k2)2 = (p1 − k)2 = m2 − k2 − sαk ,

one immediately gets

−
ˆ̃p2

d′2
+

s(αq
ˆ̃p2 + q̂⊥)
d′d′2

=
sq̂⊥
d′d′2

+
ˆ̃p2q

2

d′d′2
. (B.11)

Therefore, from Eqs. (B.9), (B.10), (B.11) it is clearly seen that the property
illustrated by Eq. (B.7)

(M1 + M2 + M3) |q⊥→0 = 0

is evidently satisˇed and consequently the quantity Q =
∑3

j=1 Mj became a sum
of terms explicitly proportional to q⊥,

Q = ū(p′1)
{

As ê∗2(p̂1 − k̂1 + m)ê∗1 −

− 1
d1

ˆ̃p2q̂⊥ê∗2(p̂1 − k̂1 + m)ê∗1 −

− q2

d′d′2
ê∗2ê

∗
1
ˆ̃p2 +

s

d′d′2
ê∗2q̂⊥ê∗1 +

+
1

d1d′2
ê∗2q̂⊥ˆ̃p2(p̂1 − k̂1 + m)ê∗1 +

+
1

d′d′2
ê∗2(p̂

′
1 + k̂2 + m)ê∗1q̂⊥ˆ̃p2

}
u(p1) . (B.12)

Calculating the contribution of the trace Sp{p′1Qp1Q̃} we neglect masses
whose contribution to the quantity Φγγ may be restored using the general pre-
scription [37]. The corresponding correction has the form:

∆mΦγγ = (1 + P12)
{
−4m2

d
′2
1

x2
2y1(1 + y2

1)
(1 − x2)2

×

× q2

(q − y1p′
1)2(q − p′

1/b)2
−

− 4m2

d2
1

β2
2z1(1 + z2

1)q
2

(q − p′
1)2(p

′
1 − (1 − β2)q)2

}
, (B.13)

where

y1 =
1 − x2

b
, β2 =

x2

1 − x1
, z1 =

b

1 − x1
.
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APPENDIX C. EVALUATION OF 2-DIMENSIONAL INTEGRALS

The azimuthal integration may be performed making use of the following
equality:

J12...n =
1
2π

2π∫
0

dφ
∏

i

[ai + bi cos (φ − φi)]−1 =

=
n∑

k=1

1
rk

n∏
j �=k

bk

bkj + irk sin (φk − φj)
, (C.1)

with

ri =
√

a2
i − b2

i , |ai| > |bi|,

bij = biaj − bjai cos (φi − φj).

It is curious to note that the absence of the imaginary part provides an interesting
algebraic identity. For n = 2, n = 3 it looks

J12 =
1

d12
(
b1

r1
b12 +

b2

r2
b21), d12 = a2

12 − r2
1r

2
2 ,

a12 = a1a2 − b1b2 cos (φ1 − φ2),

J123 =
b2
1

r1

a12a13 − r2
1a23

d12d13
+

b2
2

r2

a21a23 − r2
2a13

d12d23
+

+
b2
3

r3

a31a32 − r2
3a12

d31d32
. (C.2)

This form is convenient for a subsequent integration over dk2
1.

APPENDIX D. NLO CONTRIBUTIONS FROM VIRTUAL
AND SOFT PHOTON EMISSION

To avoid the misprints we use here the notations of the paper [33]

s = d′1, t = −d1, u = −Q2,

s + t + u = q2, f̃(s, t) = f(t, s), a = s + t,

b = s + u, c = u + t. (D.1)



538 AKUSHEVICH I., KURAEV E., SHAIKHATDENOV B.

The quantities τij encountered in the text (see Eq. (1.1.12)) may be written as

τ11 = −G

(
1 +

u2

s2

)
− G̃

(
2 +

b2

t2

)
+ 2
[
b2

st
+

2u

a
+

+
2
a2

(u2 − bt)
]
lqu +

b2

tc2
(2c + t)lqs +

2u − s

s
lqt +

+
1
q2

[
4
a
(bt − u2) − 4u − 2q2 + t − b2

c

]
,

τ12 =
c

s2
(u − s)G +

1
t2

(uq2 − st)G̃ − 2
[
uq2

st
+

2u − s + t

a
+

+
2
a2

(u2 − cs)
]
lqu +

2c + t

c2

(
s − u

t
q2
)

lqs −

− c

bs
(2u − s)lqt +

1
q2

[
4
a
(u2 − cs) + 8u + 3t − s +

2
c
us

]
, (D.2)

and the additional notations look

lqu = ln
q2

u
, lqs = ln

−q2

s
, lqt = ln

q2

t
, lut = ln

u

t
,

G = lqu(lqt + lut) + 2Li2

(
1 − t

q2

)
−

−2Li2

(
1 − q2

u

)
− 2Li2(1). (D.3)

APPENDIX E. SEMICOLLINEAR KINEMATICS OF PAIR CREATION

The matrix element in the kinematics (1.1.2) may be put in a form (we extract
the coupling constant):

M (1) =
1
q2
1

JνIµgµν , Jν = ū(p−)γνu(p1), (E.1)

where the current I describes a pair production by the photon with momentum
q1 off a proton. Using the Sudakov form of the 4-vectors p− and q with basic
4-vectors p1 and p2,

p− = α−p̃2 + β−p̃1 + p−⊥, q = αq p̃2 + βqp̃1 + q⊥,

the representation of the metric tensor

gνµ = gνµ⊥ +
2
s
p2νp1µ
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and the gauge condition

Iq = I(βqp1 + q⊥) = 0, βq + β− = 1,

we obtain for the matrix element squared and summed over spin states of electron:∑
|M (1)|2 =

1
(q2

1)2

[
−2q2

1I
2 +

8
β2

q

(
p−I
)2
]
. (E.2)

To calculate the quantity I2, we again present it in the form

I = eq1I = eµ
q1

eν
q

2s|�q|
q2s1

p2ρYρū(p′1)Oµνv(p+),

s1 = (p2 + q1)2, Yρ = ū(p2)Γρu(p′2). (E.3)

The phase volume is transformed the way to take the following form

dΓ4 = (2π)−8 1
8sβ−β+b

d2qd2p−dβ−. (E.4)

Using ∑
|ū(p′1)Oµνv(p+)eµ

q1
eν

q |2 = 8
[

b

β+
+

β+

b

]
,

we obtain the result for the cross section given in the text.
For the kinematics of bremsstrahlung mechanism the matrix element has the

form

M (2) =
1
k2
1

IµJνgµν , k1 = p+ + p′1. (E.5)

Here it is convenient to use alternative basis vectors of Sudakov parameterization

p+ = α+q + b+p̃′1 + p+⊥, k1 = a1q + b1p̃
′
1 + k1⊥,

gµν = gµν⊥ +
2
s̃
qνp

′µ
1 , k2

1 =
p2

+ + m2b2
1

b1 − 1
> 0. (E.6)

Quite the same manipulations give∑
|M (2)|2 = 2k2

1I
2 − 8

b2
1

(
k1I
)2

.

Performing the integration over d2(p+)⊥ to a logarithmic accuracy and expressing
the parameter b1 in terms of the standard Sudakov decomposition with basic 4-
vectors p1, p2

b1 =
1 − β−

b
,

we immediately obtain the result given in the text.
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APPENDIX F

In this section we collect the results of the angular integration of the deˇnite
structures of the Compton tensor in [33,46]. Using integrals similarly to (1.2.12)
and retaining only terms that contain at least one large logarithm L0 or LQ, we
obtain

2ε2

Q2
l

∫
dΩk

2π
Tg = −ρ

[
1 + z2

(1 − z)2
(L0 − 1) + 1

]
+

1 + z2

(1 − z)2
[A ln z + B] −

− 4z

(1 − z)2
LQ ln z − 2 − (1 − z)2

2(1 − z)2
L0,

2ε2

∫
dΩk

2π
T11 =

4z

(1 − z)2
ρL0 −

2z(1 + (1 − z)2)
(1 − z)4

(A ln z + B) −

− A
z(3 − z)
(1 − z)3

+
2L0

(1 − z)3

(
z(8z − 3)

1 − z
ln z + 2z + z2

)
,

2ε2

∫
dΩk

2π
T22 = ρ

(
4z

(1 − z)2
L0 −

8
(1 − z)2

)
+

16
(1 − z)2

ln zLQ −

− 2z(1 + 2(1 − z)2)
(1 − z)4

(A ln z + B) − A
3z − 1

z(1 − z)3
+ (F.1)

+
2L0

z(1 − z)3

(
1 + 4z(z2 + z − 1)

1 − z
ln z + z3 − z2 + 4z − 1

)
,

2ε2

∫
dΩk

2π
T21 =

2z2

(1 − z)4
(A ln z + B) +

3z − 1
(1 − z)3

A +

+
2L0

(1 − z)3

(
−1 + 4z − 4z2 − 4z3

1 − z
ln z − 2z2 − 2z + 1

)
,

2ε2

∫
dΩk

2π
T12 =

2z(2 − z)
(1 − z)4

(A ln z + B) +
3 − z

(1 − z)3
A +

+
2L0

(1 − z)3

(
3 − 8z

1 − z
ln z − 1 − 2z

)
,

where ρ, A, and B are given by Eq. (1.2.13). It is remarkable to see that the
relation ∫

dΩk

2π

[
4zTg + Q2

l (T11 + z2T22 + zT12 + zT21)
]

= 0 (F.2)

is fulˇlled, leading to the factorization of the virtual corrections in Eq. (1.2.13).
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APPENDIX G

To perform the angular integration in (1.2.23) we ˇrst represent the integrand
in the form

ε2α2(Q2
sc)Iγ

Q4
sc

=
F (t1, t2)

t1t2
, (G.1)

where t1,2 = (1 − c1,2)/2, c1,2 = cos θ1,2, and θ1,2 are the angles between
nontagged photon momentum k2 and the momenta of the initial and the scattered
electrons. Note that F (t1, t2) behaves regularly for t1 → 0 or t2 → 0. This can
be easily seen by considering the limiting cases for the quantity Iγ .

For the case t → 0, which corresponds to the second photon being emitted
close to the direction of the incoming electron, one obtains from Eq. (1.2.24)

Iγ |t→0 =
Q2

x2t
(z2 + (z − x2)2)

[
xtF2(xt, Q

2
t )×

×
(

M2

Q2
t

− 1 − y

x2y2(z − x2)

)
− F1(xt, Q

2
t )

]
, (G.2)

while for the case s → 0, corresponding to the second photon being almost
collinear to the ˇnal electron,

Iγ |s→0 = −Q2z

y2s
(1 + (1 + y2)2)

[
xbF2(xb, Q

2
b)×

×
(

M2

Q2
b

− 1 − y

x2y2z(1 + y2)

)
− F1(xb, Q

2
b)

]
, (G.3)

see Eqs.(1.2.20) and (1.2.27) for the notation. The r.h.s. of Eq. (G.1) is easily
seen to be

ε2α2(Q2
sc)I

γ

Q4
sc

∣∣∣∣
t→0

=
1

t1t2

a

16πx2
2

z2 + (z − x2)2

z(z − x2)
Σ(xt, yt, Q

2
t ), (G.4)

ε2α2(Q2
sc)I

γ

Q4
sc

∣∣∣∣
s→0

=
1

t1t2

a

16πx2
2

1 + (1 + y2)2

1 + y2
Σ(xb, yb, Q

2
b), (G.5)

where a = (1 − cos θ)/2.
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For the phase space of the photon we use the following representation:∫
d3k2

ω2
= ε2

∫
x2 dx2 dΩ2 = 4ε2

∫
x2 dx2

∫
dt1 dt2√

D
Θ(D),

D = (t2 − y−)(y+ − t2), y± = t1(1 − 2a) + a ± 2
√

a(1 − a)t1(1 − t1).
(G.6)

The region of integration is determined by the conditions

σ1 < t1 < 1, σ2 < t2 < 1, D > 0, σ1 =
θ2
0

4
, σ2 =

θ
′2
0

4
. (G.7)

Using the substitution

t2 → t2(t1, u) =
(a − t1)2(1 + u2)

y+ + u2y−
, (G.8)

and the identity

1∫
σ1

dt1

1∫
σ2

dt2
F (t1, t2)
t1t2

√
D

Θ(D) =
π

a

[
F (a, 0) ln

a

σ2
+ F (0, a) ln

a

σ1

]
+

+ 2

∞∫
0

du

1 + u2
lim
η→0

[ 1∫
η

dt1
t1|t1 − a| (F (t1, t2) − F (a, 0)) +

+

a∫
η

dt1
t1a

(F (a, 0) − F (0, a))

]
, (G.9)

which is valid for σ1, σ2 � a, we obtain for Z from Eq. (1.2.25) the following
expression:

Z = −4(1 − c)
zQ2

∞∫
0

du

1 + u2
lim
η→0

[ 1∫
η

dt1
t1|t1 − a| ×

×
xm∫
0

dx2

x2
(Φ(t1, t2(t1, u)) − Φ(a, 0)) +

a∫
η

dt1
t1a

xm∫
0

dx2

x2
(Φ(a, 0) − Φ(0, a))

]
,

(G.10)
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where

Φ(t1, t2) =
α2(Q2

sc)stI
γ

Q4
sc

∣∣∣∣∣
c1=1−2t1, c2=1−2t2(t1,u), c=1−2a

. (G.11)

The upper limit of the x2-integration, xm, may be deduced from [42]. It has the
form

xm =
z(e + p) − ∆m − Y (e + z) − (p − z)Y c

z + e − Y + (p − z)c1 + Y c2
, e =

Ep

ε
,

p =
Pp

ε
, ∆m =

(M + mπ)2 − M2

2ε2
. (G.12)

This ˇnally leads to Eq. (1.2.25).
It is important to note that while calculating Z one encounters neither collinear

nor infrared singularities.
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The review is devoted to the description of the reparametrization-invariant dynamics of rela-
tivistic systems (special relativity, string, and general relativity) obtained by resolving constraints and
constructing equivalent unconstrained systems. The constraint-shell actions allow us to give clear
mathematical deˇnitions of measurable quantities in both classical and quantum theories of the type
of the geometric time interval, or the dynamic evolution parameter in the world space of dynamic
variables, the energy density and the holomorphic (particle-like) variables in general relativity.

�¡§µ· ¶µ¸¢ÖÐ¥´ ·¥¶ · ³¥É·¨§ Í¨µ´´µ-¨´¢ ·¨ ´É´µ³Ê µ¶¨¸ ´¨Õ ¤¨´ ³¨±¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì
¸¨¸É¥³ (·¥²ÖÉ¨¢¨¸É¸± Ö Î ¸É¨Í , ¸É·Ê´ , ¢¸¥²¥´´ Ö ¢ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨). ’ ±µ¥ µ¶¨-
¸ ´¨¥ ¤µ¸É¨£ ¥É¸Ö ¶¥·¥Ìµ¤µ³ ´  ¶µ¢¥·Ì´µ¸ÉÓ ¸¢Ö§¥° ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥.

‚ÒÎ¨¸²¥´¨¥ ËÊ´±Í¨¨ ¤¥°¸É¢¨Ö ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° (¶ÊÉ¥³ ¨Ì ·¥Ï¥´¨Ö) ¢¥¤¥É ± Ô±¢¨-
¢ ²¥´É´Ò³ ¸¨¸É¥³ ³ ¡¥§ ¸¢Ö§¥°, ¸µ¢³¥¸É¨³Ò³ ¸ ¶·µ¸É¥°Ï¨³¨ ¢ ·¨ Í¨µ´´Ò³¨ ¶·¨´Í¨¶ ³¨ ¨ ¸
Ë¨§¨Î¥¸±¨ Ö¸´Ò³¨, ³ É¥³ É¨Î¥¸±¨ ¸É·µ£¨³¨ µ¶·¥¤¥²¥´¨Ö³¨ ¨´¢ ·¨ ´É´ÒÌ ¨§³¥·Ö¥³ÒÌ ¢¥²¨Î¨´
± ± ¢ ±² ¸¸¨Î¥¸±µ°, É ± ¨ ¢ ±¢ ´Éµ¢µ° É¥µ·¨ÖÌ, ¢ Î ¸É´µ¸É¨, ¤¨´ ³¨Î¥¸±µ£µ Ô¢µ²ÕÍ¨µ´´µ£µ ¶ · -
³¥É·  ¢ ³¨·µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¶¥·¥³¥´´ÒÌ, ¶²µÉ´µ¸É¨ ¨§³¥·Ö¥³µ° Ô´¥·£¨¨ ¨ Î ¸É¨Í¥¶µ¤µ¡´ÒÌ
(£µ²µ³µ·Ë´ÒÌ) ¶¥·¥³¥´´ÒÌ ¢ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨.

1. INTRODUCTION

The modern physics grew from two different roots: the Newton mechanics
and the FaradayÄMaxwell electrodynamics. The ˇrst gave variational principles;
the second, relativistic and gauge symmetries (see Fig. 1). Relativistic particles,
strings, n branes, and general relativity are systems with constraints and are not
compatible with the simplest variational principles of the Newton mechanics.
One of the main difˇculties is the invariance of relativistic system with respect
to reparametrization of the coordinate time.

The problem of the self-consistent Hamiltonian description of relativistic
systems (particles, strings, n branes, general relativity) has a long history [1Ä7].
There are two opposite approaches to solution of this problem in the generalized
Hamiltonian formulation [1,8Ä12].
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Fig. 1. The tree of modern theoretical physics grew from two different roots (®particle¯
and ®ˇeld¯) which gave the VARIATIONAL method and SYMMETRY principles for
formulating modern physical theories as constrained systems. To obtain unambiguous
physical results, one should construct Equivalent Unconstrained Systems compatible with
the simplest variational method. It is just the problem discussed in the present paper

The ˇrst approach is the reduction of the extended phase space by ˇxing the
gauge that breaks reparametrization invariance from the very beginning [2,6]. The
defect of this approach is unclear correspondence between the reparametrization-
noninvariant mathematical quantities and the invariant physical observables of the
type of measurable time and energy; the quantum version of the ˇrst approach
looks as attractable mathematical games with unnormalizable wave functions that
are free from clear physical predictions.
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Fig. 2. An equivalent unconstrained system W ∗(p∗, q∗) can be obtained in the case when
the operations of varying and constraining commute with each other to obtain equations
(EQS.) of motion in terms of independent variables p∗, q∗. The next problem is to establish
the range of validity of the standard FaddeevÄPopov (FP) integral

The second approach is the reparametrization-invariant reduction of an action
by the explicit resolving of the ˇrst class constraints to get an equivalent uncon-
strained system (see Fig. 2), so that one of the variables of the extended phase
space (with a negative contribution to the energy constraint) converts into the
dynamic evolution parameter, and its conjugate momentum becomes the nonzero
Hamiltonian of evolution [3,4, 7, 13Ä16].

An example of the application of such an invariant reduction of the action
is the Dirac formulation of QED [17] directly in terms of the gauge-invariant
(dressed) ˇelds as the proof of the adequateness of the Coulomb gauge with the
invariant content of classical equations. As was shown by Faddeev [18], the
invariant reduction of the action is the way to obtain the unconstrained Feynman
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integral for the foundation of the intuitive FaddeevÄPopov functional integral in
the non-Abelian gauge theories [19Ä21] (see Fig. 2).

In reparametrization-invariant relativistic theories, the constraining of actions
does not kill super�uous variables. They are kept in the constrained action as the
evolution parameter and the corresponding Hamiltonian. This fact is the main
difference of reparametrization-invariant systems from the gauge-invariant ones
where the operation of constraining removes all longitudinal components from
the action. This difference explains why the gauge ˇxing is not compatible with
reparametrization invariance.

To emphasize the importance of the super�uous variables in relativistic sys-
tems, we introduce the notion of the sector of ®measurable quantities¯ including
in it (together with the sector of the Dirac observables) the super�uous variables
which cannot be removed by the gauge ˇxing, and which play important phys-
ical roles of the dynamic evolution parameter and the corresponding evolution
Hamiltonian.

In special relativity (SR), the sector of ®measurable quantities¯ coincides
with the world space. The causal structure of this world space (given in the form
of the light cones of future and past) determines the causal Green functions and
the arrow of the geometric time. The latter is deˇned as the reparametrization-
invariant geometric interval that is always greater than zero in accordance with
equations of motion.

The application of the invariant reduction of extended actions in cosmology
and general relativity [4, 7] allows one to formulate the dynamics of relativis-
tic systems directly in terms of the invariant geometric time with the nonzero
Hamiltonian of evolution, instead of the non-invariant coordinate time with the
generalized zero Hamiltonian of evolution in the gauge-ˇxing method. The for-
mulation in terms of the geometric time is based on the Levi-Civita canonical
transformation [22Ä24] that converts the energy constraint into a new momentum,
so that the new dynamic evolution parameter coincides with the geometric time,
as one of the consequences of new equations of motion.

In the present paper, we apply the method of the invariant Hamiltonian
reduction (with resolving the ˇrst class constraints and the Levi-Civita canonical
transformations) to express reparametrization-invariant dynamics of relativistic
systems in terms of the geometric time and to construct the causal Green functions
in the form of the path integrals in the world space of dynamic variables.

The content of the paper is the following. In Section 2, we consider the
extended version of classical mechanics. A relativistic particle is considered
in Section 3. Section 4 is devoted to the generalized Hamiltonian formulation
of a relativistic string and its invariant reduction. Section 5 is devoted to the
reparametrization-invariant Hamiltonian reduction of general relativity. In Section
6, we discuss the reparametrization-invariant dynamics of the Early Universe.
Section 7 is devoted to conformal relativity.
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2. INVARIANT HAMILTONIAN REDUCTION: MECHANICS

To illustrate the time-reparametrization-invariant Hamiltonian reduction [4]
and its difference from the gauge-ˇxing method, let us consider an extended form
of a classical-mechanical system

W =

τ2∫
τ1

dτ
(
pq̇ − Π0Q̇0 − λ[−Π0 + H(p, q)]

)
, (1)

that is invariant under reparametrizations of the coordinate evolution parameter τ
and ®lapse¯ function λ

τ → τ ′ = τ ′(τ), λ → λ′ = λ
dτ

dτ ′ . (2)

The problem of the classical description is to obtain the evolution of the physical
variables of the world space q, Q0 in terms of the geometric time T deˇned as

dT := λdτ, T =

τ∫
0

dτ ′λ(τ ′), (3)

that is also invariant under reparametrizations (2).
The second problem (connected with quantization) is to present the effective

action of the equivalent unconstrained theory directly in terms of T , the equations
of which reproduce this evolution. The solution of the second problem will be
called the invariant Hamiltonian reduction.

The resolving of the ˇrst problem for the considered system is trivial, as the
equations of motion of this system

q̇ = λ∂pH, ṗ = −λ∂qH, Q̇0 = λ, Π̇0 = 0 (4)

in terms of the geomeric time (3)

dq

dT
= ∂pH,

dp

dT
= −∂qH,

dQ0

dT
= 1,

dΠ0

dT
= 0 (5)

are completely equivalent to the equations of the conventional unconstrained
mechanics in the reduced phase space (p, q)

WM =

T (τ2)=T2∫
T (τ1)=T1

dT

(
p

dq

dT
− H(p, q)

)
. (6)



TIME-REPARAMETRIZATION-INVARIANT DYNAMICS 551

The problem is how to derive this system from the extended one (1) to apply
the symplest Hamiltonian quantization with a clear physical interpretation of the
invariant quantities.

The solution of the problem of the invariant Hamiltonian reduction con-
sidered in the present review is the explicit resolving of three equations of the
extended system (1):
i) for the variable λ (treated as constraint)

δW

δλ
= −Π0 + H(p, q) = 0, (7)

ii) for the momentum Π0 with a negative contribution to the constraint (7)

δW

δΠ0
= 0 ⇒ dQ0

dτ
= λ, (8)

iii) for its conjugate variable Q0

δW

δQ0
=

dΠ0

dτ
= 0. (9)

(We call these three equations (7)Ä(9) the geometric sector.)
The resolving of the constraint (7) expresses the ®ignorable¯ momentum Π0

through H(p, q) with a positive value Π0 = H(p, q) > 0. The second equation (8)
identiˇes the dynamic evolution parameter Q0 with the proper time (3) Q0 = T .
It is not the gauge but the invariant solution of the equation of motion (8). The
third equation (9) is the conservation law.

As a result of the invariant Hamiltonian reduction (i.e., a result of the substi-
tution of Π0 = H and Q0 = T into the initial action (1) ) this action is reduced
to the one of the conventional mechanics (6) in terms of the proper time T ,
where the role of the nonzero Hamiltonian of evolution in the proper time T is
played by the constraint-shell value of the ®ignorable¯ momentum Π0 = H(p, q).
In other words, this constraint-shell action W (constraint) = WM determines the
nonzero Hamiltonian H(p, q) in the proper time T , instead of the zero generalized
Hamiltonian in the coordinate time τ in (1) λ(−Π0 + H).

Thus, the equivalent unconstrained system was constructed without any ad-
ditional constraint of the type:

λ = 1, τ = T (10)

which confuse quantities of the measurable sector with noninvariant ones. This
confusion is contradictable. The ®gauge-ˇxing¯ identiˇcation of the coordinate
evolution parameter τ and the geometric time T = λτ in the form of the gauges
(10) contradicts the difference of their Hamiltonians λ(−Π0 + H) 	= H(p, q).
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The second difference of the ®gauge-ˇxing¯ from the invariant Hamiltonian
reduction is more essential, namely, the formulation of the theory in terms of
the invariant geometric time (3) is achieved by the explicit resolving of the con-
straint (7) and equation of motion (8), as a result of which ®ignorable¯ variables
Π0, Q0 are excluded from the phase space.

In the present paper, we apply the invariant Hamiltonian reduction to rela-
tivistic particle, string, and general relativity.

3. SPECIAL RELATIVITY

3.1. Statement of the Problem. To answer the question: Why is the
reparametrization-invariant reduction needed?, let us consider relativistic mechan-
ics in the Hamiltonian form

W [P, X |N |τ1, τ2] =

τ2∫
τ1

dτ [−PµẊµ − N

2m
(−P 2

µ + m2)], (11)

which is classically equivalent to the conventional square root form

W [X |τ1, τ2] = −m

τ2∫
τ1

dτ

√
ẊµẊµ. (12)

Both these actions are invariant with respect to reparametrizations of the coordi-
nate evolution parameter

τ → τ ′ = τ ′(τ), N ′dτ ′ = Ndτ (13)

given in the one-dimensional space with the invariant interval

dT := Ndτ, T =

τ∫
0

dτ̄N(τ̄ ). (14)

We called this invariant interval the geometric time [4] whereas the dynamic
variable X0 (with a negative contribution in the constraint) we called dynamic
evolution parameter.

In terms of the geometric time (14) the classical equations of the generalized
Hamiltonian system (11) take the form

dXµ

dT
=

Pµ

m
,

dPµ

dT
= 0, P 2

µ − m2 = 0. (15)
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The classical problem is to ˇnd the evolution of the world space variables with
respect to the geometric time T .

The quantum problem is to obtain the equivalent unconstrained theories di-
rectly in terms of the invariant times X0 or T with the invariant Hamiltonians of
evolution. The solution of the second problem is called the dynamic (for X0), or
geometric (for T ) reparametrization-invariant Hamiltonian reductions.

3.2. Dynamic Unconstrained System. The dynamic reduction of the ac-
tion (11) means the substitution of the explicit resolving of the energy constraint
(−P 2

µ + m2) = 0 with respect to the momentum P0 into this action

δW

δN
= 0 ⇒ P0 = ±

√
m2 + P 2

i . (16)

In accordance with two signs of the solution (16), after the substitution of (16)
into (11), we have two branches of the dynamic unconstrained system

W (constraint) = WD
± =

X0(τ2)=X0(2)∫
X0(τ1)=X0(1)

dX0

[
Pi

dXi

dX0
∓
√

m2 + P 2
i

]
. (17)

The role of the time of evolution, in this action, is played by the variable X0

that abandons the Dirac sector of ®observables¯ Pi, Xi, but not the sector of
®measurable¯ quantities. At the same time, its conjugate momentum P0 converts
into the corresponding Hamiltonian of evolution, values of which are energies of
a particle.

This invariant reduction of the action gives an ®equivalent¯ unconstrained
system together with deˇnition of the dynamic evolution parameter (X0) corre-
sponding to a nonzero Hamiltonian P0.

Thus, we need the reparametrization-invariant Hamiltonian reduction to de-
termine the dynamic evolution parameter and its invariant Hamiltonian for a
reparametrization-invariant system and to apply the symplest canonical quantiza-
tion to it.

In quantum relativistic theory, we get two Schréodinger equations

i
d

dX0
Ψ(±)(X |P ) = ±

√
m2 + P 2

i Ψ(±)(X |P ), (18)

with positive and negative values of P0 and normalized wave functions

Ψ±(X |P ) =
A±

P θ(±P0)
(2π)3/2

√
2P0

exp (−iPµXµ)
(
[A−

P , A+
P ′ ] = δ3(Pi − P ′

i )
)
.

(19)
The coefˇcient A+

P , in the secondary quantization, is treated as the operator of
creation of a particle with positive energy; and the coefˇcient A−

P , as the operator
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of annihilation of a particle also with positive energy. The physical states are
formed by action of these operators on the vacuum 〈0|, |0〉 in the form of out-
state (|P 〉 = A+

P |0〉) with positive frequencies and in-state (〈P | = 〈0|A−
P ) with

negative frequencies. This treatment means that positive frequencies propagate
forward (X02 > X01); and negative frequencies, backward (X01 > X02), so
that the negative values of energy are excluded from the spectrum to provide
the stability of the quantum system in QFT [25]. For this causal convention
the geometric time (14) is always positive in accordance with the equations of
motion (15)(

dT

dX0

)
±

= ± m√
P 2

i + m2
⇒ T (X02, X01) = ± m√

P 2
i + m2

(X02−X01) � 0.

(20)
In other words, instead of changing the sign of energy, we change that of the
dynamic evolution parameter, which leads to the arrow of the geometric time (20)
and to the causal Green function

Gc(X) = G+(X)θ(X0) + G−(X)θ(−X0) =

= i

∫
d4P

(2π)4
exp (−iPX)

1
P 2−m2−iε

, (21)

where G+(X) = G−(−X) is the ®commutative¯ Green function [25]

G+(X) =
∫

d4P

(2π)3
exp (−iPX)δ(P 2 − m2)θ(P0) = (22)

=
1
2π

∫
d3Pd3P ′〈0|Ψ−(X |P )Ψ+(0|P ′)|0〉.

3.3. Path Integral for the Causal Green Functions. The question appears:
How to construct the path integral without gauges?

To obtain the reparametrization-invariant form of the functional integral ad-
equate to the considered gaugeless reduction (17) and the causal Green func-
tion (21), we use the version of composition law for the commutative Green
function with the integration over the whole measurable sector X1µ

G+(X−X0) =
∫

G+(X−X1)Ḡ+(X1−X0)dX1

(
Ḡ+ =

G+

2πδ(0)

)
, (23)

where δ(0) =
∫

dN is the inˇnite volume of the group of reparametrizations of
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the coordinate τ . Using the composition law n times, we got the multiple integral

G+(X −X0) =
∫

G+(X −X1)
n∏

k=1

Ḡ+(Xk −Xk+1)dXk, ( Xn+1 = X0 ).

(24)
The continual limit of the multiple integral with the integral representation for δ
function

δ(P 2 − m2) =
1
2π

∫
dN exp [iN(P 2 − m2)]

can be deˇned as the path integral in the form of the average over the group of
reparametrizations

G+(X) =

X(τ2)=X∫
X(τ1)=0

dN(τ2)d4P (τ2)
(2π)3

∏
τ1�τ<τ2

{
dN̄(τ)

∏
µ

(
dPµ(τ)dXµ(τ)

2π

)}
×

× exp (iW [P, X |N |τ1, τ2]), (25)

where N̄ = N/2πδ(0), and W is the initial extended action (11).
3.4. Geometric Unconstrained System. The Hamiltonian of the uncon-

strained system in terms of the geometric time T can be obtained by the canonical
Levi-Civita-type transformation [12,22,23]

(Pµ, Xµ) ⇒ (Πµ, Qµ) (26)

to the variables (Πµ, Qµ) for which one of equations identiˇes Q0 with the
geometric time T . This transformation [22] converts the constraint into a new
momentum

Π0 =
1

2m
[P 2

0 − P 2
i ], Πi = Pi, Q0 = X0

m

P0
, Qi = Xi − X0

Pi

P0
(27)

and has the inverted form

P0 = ±
√

2mΠ0 + Π2
i , Pi = Πi, X0 = ±Q0

√
2mΠ0 + Π2

i

m
, Xi = Qi +Q0

Πi

m
.

(28)
After transformation (27) the action (11) takes the form

W =

τ2∫
τ1

dτ

[
−ΠµQ̇µ − N(−Π0 +

m

2
) − d

dτ
Slc

]
, Slc = (Q0Π0). (29)
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The invariant reduction is the resolving of the constraint Π0 = m/2 which
determines a new Hamiltonian of evolution with respect to the new dynamic
evolution parameter Q0, whereas the equation of motion for this momentum
Π0 identiˇes the dynamic evolution parameter Q0 with the geometric time T
(dQ0 = dT ). The substitution of these solutions into the action (29) leads to the
reduced action of a geometric unconstrained system

W (constraint) = WG =

T2∫
T1

dT

(
Πi

dQi

dT
− m

2
− d

dT
(Slc)
)

(Slc = Q0
m

2
),

(30)
where variables Πi, Qi are cyclic ones and have the meaning of initial conditions
in the comoving frame

δW

δΠi
=

dQi

dτ
= 0 ⇒ Qi = Q

(0)
i ,

δW

δQi
=

dΠi

dτ
= 0 ⇒ Πi = Π(0)

i . (31)

The substitution of all geometric solutions

Q0 = T, Π0 =
m

2
, Πi = Π(0)

i = Pi, Qi = Q
(0)
i (32)

into the inverted Levi-Civita transformation (28) leads to the conventional rela-
tivistic solution for the dynamical system

P0 = ±
√

m2 + P 2
i , Pi = Π(0)

i , X0(T ) = T
P0

m
, Xi(T ) = X

(0)
i + T

Pi

m
.

(33)
The Schréodinger equation for the wave function

d

idT
Ψlc(T, Qi|Πi) =

m

2
Ψlc(T, Qi|Πi), (34)

Ψlc(T, Qi|Πi) = exp
(
−iT

m

2

)
exp (iΠ(0)

i Qi)

contains only one eigenvalue m/2 degenerated with respect to the cyclic momen-
tum Πi. We see that there are differences between the dynamic and geometric
descriptions. The dynamic evolution parameter is given in the whole region
−∞ < X0 < +∞, whereas the geometric one is only positive 0 < T < +∞,
as it follows from the properties of the causal Green function (21) after the
Levi-Civita transformation (27)

Gc(Qµ) =

+∞∫
−∞

d4Πµ
exp (iQµΠµ)

2m(Π0 − m/2 − iε/2m)
=

δ3(Q)
2m

θ(T ), T = Q0.
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Two solutions of the constraint (a particle and antiparticle) in the dynamic system
correspond to a single solution in the geometric system.

Thus, the reparametrization-invariant content of the equations of motion of a
relativistic particle in terms of the geometric time is covered by two ®equivalent¯
unconstrained systems: the dynamic and geometric. In both the systems, the
invariant times are not the coordinate evolution parameter, but variables with the
negative contribution into the energy constraint. The Hamiltonian description
of a relativistic particle in terms of the geometric time can be achieved by the
Levi-Civita-type canonical transformation, so that the energy constraint converts
into a new momentum. Whereas, the dynamic unconstrained system suits for
the secondary quantization and the derivation of the causal Green function that
determine the arrow of the geometric time.

4. RELATIVISTIC STRING

4.1. The Generalized Hamiltonian Formulation. We begin with the action
for a relativistic string in the geometrical form [26Ä28]

W = −γ

2

∫
d2u

√
−ggαβ∂αxµ∂βxµ, uα = (u0, u1), (35)

where the variables xµ are string coordinates given in a space-time with a dimen-
sion D and the metric (xµxµ := x2

0 − x2
i ); gαβ is a second-rank metric tensor

given in the two-dimensional Riemannian space uα = (u0, u1).
To formulate the Hamiltonian approach, one needs to separate the two-

dimensional Riemannian space uα = (u0, u1) on the set of space-like lines
τ = constant in the form of the DiracÄArnovittÄDeserÄMisner parametrization
of the two-dimensional metric

gα,β = Ω2

(
λ2

1 − λ2
2 λ2

λ2 −1

)
,

√
−g = Ω2λ1 (36)

with the invariant interval [2]

ds2 = gαβduαduβ = Ω2[λ2
1dτ2 − (dσ + λ2dτ)2] , uα = (u0 = τ, u1 = σ),

(37)
where λ1 and λ2 are known in general relativity (GR) as the lapse function and
shift ®vector¯, respectively [29, 30]. The action (35) after the substitution (37)
does not depend on the conformal factor Ω and takes the form

W = −γ

2

τ2∫
τ1

dτ

σ2(τ)∫
σ1(τ)

dσ

[
(Dτx)2

λ1
− λ1x

′2
]

, (38)
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where
Dτxµ = ẋµ − λ2x

′
µ (ẋ = ∂τx, x′ = ∂σx) (39)

is the covariant derivative with respect to the two-dimensional metric (37). The
metric (37), the action (38), and the covariant derivative (39) are invariant under
the transformations

τ ⇒ τ̃ = f1(τ), σ ⇒ σ̃ = f2(τ, σ). (40)

A similar group of transformations in GR is well-known as the ®kinemetric¯
group of diffeomorphisms of the Hamiltonian description [31].

The variation of action (38) with respect to λ1 and λ2 leads to the equations

δW

δλ2
=

x′Dτx

λ1
= 0 ⇒ λ2 =

ẋx′

x′2 , (41)

δW

δλ1
=

(Dτx)2

λ2
1

+ x′2 = 0 ⇒ λ2
1 =

(ẋx′)2 − ẋ2x′2

(x′2)2
.

The solutions of these equations convert the action (38) into the standard NambuÄ
Gotto action of a relativistic string [28,32]

W = −γ

τ2∫
τ1

dτ

σ2(τ)∫
σ1(τ)

dσ
√

(ẋx′)2 − ẋ2x′2.

The generalized Hamiltonian form [8] is obtained by the Legendre transforma-
tion [10] of the action (38)

W=

τ2∫
τ1

dτ

σ2(τ)∫
σ1(τ)

dσ (−pµDτxµ+λ1φ1)=

τ2∫
τ1

dτ

σ2(τ)∫
σ1(τ)

dσ (−pµẋµ+λ1φ1+λ2φ2) ,

(42)
where

φ1 =
1
2γ

[p2
µ + (γx′

µ)2], φ2 = x′µpµ, (43)

and the generalized Hamiltonian

H = λ1φ1 + λ2φ2 (44)

is treated as the generator of evolution with respect to the coordinate time τ , and
λ1, λ2 play the role of variables with the zero momenta

Pλ1 = 0, Pλ2 = 0 (45)
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considered as the ˇrst class primary constraints [8, 10]. The equations for λ1, λ2

δW

δλ1
= φ1 = 0,

δW

δλ2
= φ2 = 0 (46)

are known as the ˇrst class secondary constraints [8, 10]. The Hamiltonian
equations of motion take the form

δW

δxµ
= ṗµ − ∂σ[γλ1x

′
µ + λ2pµ] = 0,

δW

δpµ
= pµ − γ

Dτxµ

λ1
= 0. (47)

The problem is to ˇnd solutions of the Hamiltonian equations of motion (47)
and constraints (46) which are invariant with respect to the kinemetric transfor-
mations (40).

There is the problem of the solution of the linearized ®gauge-ˇxing¯ equation
in terms of the evolution parameter τ (as the object reparametrizations in the initial
theory) being adequate to the initial kinemetric invariant and relativistic invariant
system. In particular, the constraints mix the global motion of the ®centre-
of-mass¯ coordinates with local excitations of a string ξµ, which contradicts
the relativistic invariance of internal degrees of freedom of a string. In this
context, it is worth to clear up a set of questions: Is it possible to introduce the
reparametrization-invariant evolution parameter for the string dynamics, instead of
the noninvariant coordinate time (τ) used as the evolution parameter in the gauge-
ˇxing method? Is it possible to construct the observable nonzero Hamiltonian of
evolution of the ®centre-of-mass¯ coordinates? What is relation of the ®centre-
of-mass¯ evolution to the unitary representations of the Poincare group?

4.2. The Separation of the ®Centre-of-Mass¯ Coordinates. To apply the
reparametrization-invariant Hamiltonian reduction discussed before to a relativis-
tic string, one should deˇne the proper (geometric) time in the form of the
reparametrization-invariant functional of the lapse function (of type (14)), and to
point out, among the variables, a dynamic evolution parameter, the equation of
which identiˇes it with the proper time of type (8). We identify this dynamic
evolution parameter with the time-like variable of the centre of mass of a string
deˇned as the total coordinate

Xµ(τ) =
1

l(τ)

σ2(τ)∫
σ1(τ)

dσxµ(τ, σ), l(τ) = σ2(τ) − σ1(τ). (48)

Therefore, the invariant reduction requires to separate the ®centre-of-mass¯ vari-
ables before variation of the action. We consider this separation on the level of
the action (38) which after the substitution

xµ(τ, σ) = Xµ(τ) + ξµ(τ, σ), x′
µ(τ, σ) = ξ′µ(τ, σ) (49)
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takes the form

W = −γ

2

τ2∫
τ1

dτ

Ẋ2l(τ)
N0(τ)

+ 2Ẋµ

σ2(τ)∫
σ1(τ)

dσ
Dτ ξµ

λ1
+

σ2(τ)∫
σ1(τ)

dσ

(
(Dτξ)2

λ1
− λ1ξ

′2
) ,

(50)
where the global lapse function N0(τ) is deˇned as the functional of λ1(τ, σ)

1
N0[λ1]

=
1

l(τ)

σ2(τ)∫
σ1(τ)

dσ
1

λ1(τ, σ)
. (51)

To exclude the super�uous coordinates and momenta, the local variables ξµ are
given (according to (48) and (49) ) in the class of functions (with the nonzero
Fourier harmonics) which satisfy the conditions

σ2(τ)∫
σ1(τ)

dσξµ = 0. (52)

A deˇnition of the conjugate momenta is consistent with (48) and the equation
for the momentum pµ (47) of the local momentum is given in the same class (52)

σ2(τ)∫
σ1(τ)

dσ
Dτξµ

λ1
= 0 . (53)

Then we get

Pµ =

σ2(τ)∫
σ1(τ)

dσpµ(τ, σ) =
δW

δẊµ
= −γ

Ẋµl

N0
, πµ =

δW

δξ̇µ
= γ

Dτξµ

λ1
. (54)

This separation conserves the group of diffeomorphisms of the Hamiltonian [4]
and leads to the BergmannÄDirac generalized action

W =

τ2∫
τ1

dτ


 σ2(τ)∫

σ1(τ)

dσ[−πµDτξµ − λ1H]

− PµẊµ + N0

P 2
µ

2γ̄

 (γ̄ = γl(τ)),

(55)
where H is the Hamiltonian of local excitations

H = − 1
2γ

[π2
µ + (γξ′µ)2] . (56)
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The variation of the action (55) with respect to λ1 results in the equation

δW

δλ1
= H−

(
1

lλ̄2
1

)
P 2

2γ̄
= 0, (57)

where

λ̄1(τ, σ) =
λ1(τ, σ)
N0(τ)

(58)

is the reparametrization-invariant component of the local lapse function. Here we
have used the variation of the functional N0[λ1] (51)

δN0[λ1]
δλ1

=
1

l(τ)λ̄2
1

.

In accordance with our separation of dynamic variables onto the global and local
sectors, the ˇrst class constraint (57) has two projections onto the global sector
(zero Fourier harmonic) and the local one. The global part of the constraint (57)
can be obtained by variation of the action (55) with respect to N0 (after the
substitution of (58) into (55))

δW

δN0
=

P 2

2γ̄
− H = 0, H =

σ2∫
σ1

dσλ̄1H, (59)

or, in another way, by the integration of (57) multiplied by λ1. Then, the local
part of the constraint (57) can be obtained by the substitution of (59) into (57)

λ̄1H− 1
lλ̄1

σ2∫
σ1

dσλ̄1H = 0. (60)

The integration of the local part over σ is equal to zero if we take into account
the normalization of the local lapse function

1
l(τ)

σ2(τ)∫
σ1(τ)

dσ
1
λ̄1

= 1. (61)

This follows from the deˇnition of the global lapse function (51). We see that the
local part (60) takes the form of an integral operator, orthogonal to the operator
of integration over σ.

Finally, we can represent the action (55) in the equivalent form

W =

τ2∫
τ1

dτ


 σ2(τ)∫

σ1(τ)

dσ[−πµDτξµ]

− PµẊµ − N0

(
−

P 2
µ

2γ̄
+ NH

) , (62)
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where the global lapse function N0 and the local one λ̄1 are treated as independent
variables, with taking the normalization (61) into account after the variation.

The invariant proper time T measured by the watch of an observer in the
®centre-of-mass¯ frame of a string is given by the expression (according to (40)
and (51))

√
γdT := N0dτ = dτ̄ , τ̄ =

τ∫
0

dτ ′

 1
l(τ ′)

σ2(τ)∫
σ1(τ)

dσ
1

λ1(τ ′, σ)


−1

. (63)

We include the constant
√

γ to provide the dimension of the time measured by
the watch of an observer.

Now we can see from (62) that the dynamics of the local degrees of freedom
π, ξ, in the class of functions of nonzero harmonics (52), is described by the
same kinemetric invariant and relativistic covariant equations (47) where x, p are
changed by ξ, π, with the set of the ˇrst class (primary and secondary) constraints

Pλ1 = 0, Pλ2 = 0, πµξ′µ = 0, λ̄1H− 1
lλ̄1

σ2∫
σ1

dσλ̄1H = 0. (64)

We see that the separation of the ®centre-of-mass¯ (CM) variables on the level
of the action removes the interference terms which mix the CM variables with
the local degrees of freedom; as a result, the new local constraints (64) do not
depend on the total momentum Pµ, in contrast to the standard ones (92). In other
words, there is the problem: when can one separate the CM coordinates of a
relativistic string Å before the variation of the action or after the variation of the
action? The relativistic invariance dictates the ˇrst one, because an observer in
the CM frame (which is the preferred frame for a string) cannot measure the total
momentum of the string.

The ˇrst class local constraints (64) can be supplemented by the second class
constraints

λ̄1−1 = 0, λ2 = 0, nµξµ = 0, nµπµ = 0 ( nµ = (1, 0, 0, 0) ) (65)

so that the equations of the local constraint-shell action

W (loc.constrs.) =

τ2∫
τ1

dτ


 σ2(τ)∫

σ1(τ)

dσπiξ̇i

− PµẊµ − N0

(
−

P 2
µ

2γ̄
+ H

) (66)

coincide with the complete set of equations and the same constraints (64), (65) of
the extended action, i.e., the operations of constraining and variation commute.
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The substitution of the global constraint (59) with λ̄1 = 1 into the action (66)
leads to the constraint-shell action

WD
± =

X0(τ2)∫
X0(τ1)

dX0


 σ2(X0)∫

σ1(X0)

dσπi
dξi

dX0

+ Pi
dXi

dX0
∓
√

P 2
i + 2γ̄H

 . (67)

This action describes the dynamics of a relativistic string with respect to the time
measured by an observer in the rest frame with the physical nonzero Hamiltonian
of evolution. However, in this system, equations become nonlinear. To overcome
this difˇculty, we pass to the ®centre-of-mass¯ frame.

4.3. Levi-Civita Geometrical Reduction. To express the dynamics of a
relativistic string in terms of the proper time (63) measured by an observer in the
comoving (i.e., ®centre-of-mass¯) frame, we use the Levi-CivitaÄtype canonical
transformations [22,24]

(Pµ, Xµ) ⇒ (Πµ, Qµ);

they convert the global part of the constraint (59) into a new momentum Π0

Π0 =
1
2γ̄

[P 2
0 −P 2

i ], Πi = Pi, Q0 = X0
γ̄

P0
, Qi = Xi−X0

Pi

P0
. (68)

The inverted form of these transformations is

P0 = ±
√

2γ̄Π0 + Π2
i , Pi = Πi, X0 = ±Q0

√
2γ̄Π0 + Π2

i

γ̄
, Xi = Qi +Q0

Πi

γ̄
.

(69)
As a result of transformations (68), the extended action (62) in terms of the
Levi-Civita geometrical variables takes the form (compare with (1))

W =

τ2∫
τ1

dτ


 σ2(τ)∫

σ1(τ)

dσ[−πµDτ ξµ]

− ΠµQ̇µ − N0(−Π0 + H) − d

dτ
(Q0Π0)

 .

(70)
The Hamiltonian reduction means to resolve constraint (59) with respect to the
momentum Π0

δW

δN0
= 0 ⇒ Π0 = H. (71)

The equation of motion for the momentum Π0

δW

δΠ0
= 0 ⇒ dQ0

dτ
= N0 (i.e., dQ0 = N0dτ) (72)
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identiˇes (according to our deˇnition (63)) the new variable Q0 with the proper
time τ̄ =

√
γT , whereas the equation for Q0

δW

δQ0
= 0 ⇒ dΠ0

dτ
= 0, i.e.,

dH

dT
= 0, (73)

in view of (71), gives us the conservation law.
Thus, resolving the global energy constraint Π0 = HR, we obtain, from (70),

the reduced action for a relativistic string in terms of the proper time Q0 = τ̄

WG =

T2∫
T1

dT

 σ2∫
σ1

dσ[−πµDτ̄ ξµ]

+ Πi
dQi

dT
− H − d

dT
(TH)

 , (74)

where in analogy with (58) we introduced the factorized ®shift-vector¯ λ2 =
N0λ̄2; in this case, the covariant derivative (39) takes the form

DT ξµ = ∂T ξµ − λ̄2ξ
′
µ =

Dτ ξµ

N0

√
γ. (75)

The reduced system (74) has trivial solutions for the global variables Πi, Qi

δWG

δΠi
= 0 ⇒ dQi

dT
= 0; Qi = const, (76)

δWG

δQi
= 0 ⇒ dΠi

dT
= 0, Πi = const

which have the meaning of initial data.
If the solutions of equations (71), (72), and (76) for the system (74)

Π0 = H :=
M2

2γ̄
, Πi = Pi, Q0 = T

√
γ, Qi = Xi(0), (77)

are substituted into the inverted Levi-Civita canonical transformations (69)

P0 = ±
√

M2 + P 2
i , X0(τ̄ ) = T

P0√
γl

, Xi(τ̄ ) = Qi + T
Pi√
γl

, (78)

the initial extended action (62) can be described in the rest frame of an observer
who measures the energy P0 and the time X0 and sees the rest frame evolution
of the ®centre-of-mass¯ coordinates

Xi(X0) = Qi + X0
Pi

P0
. (79)
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The Lorentz scheme of describing a relativistic system in terms of the time and
energy (X0, P0) in the phase space Pi, Xi, πµ, ξµ is equivalent to the above-
considered Levi-Civita scheme in terms of the proper time and the evolution
Hamiltonian (τ̄ , HR) in the phase space Πi, Qi, πµ, ξµ, where the variables Πi, Qi

are cyclic.
We identify the Levi-Civita scheme with the comoving frame with the energy

E0 = −dWG

dT
=

M2

2
√

γl
+

dSlc

dT
=

M2

√
γl

(Slc = T
M2

2
√

γl
). (80)

This energy includes the time-surface Slc term in the action (74). Then, the
inverted Levi-Civita canonical transformations (69) (obtained on the level of the
extended theory) play the role of the Lorentz transformation from the comoving
frame to the rest frame

T
M2

√
γl

− X
(0)
i P

(0)
i = ±X0|P0| − XiPi. (81)

4.4. Dynamics of the Local Variables. We restrict ourselves to an open
string with the boundary conditions

σ1(T ) = 0, σ2(T ) = π, l(T ) = π. (82)

In the gauge-ˇxing method, by using the kinemetric transformation, we can put

λ̄1 = 1, λ̄2 = 0. (83)

This requirement does not contradict the normalization of λ̄1 (61).
In view of (64), it means that the reduced Hamiltonian H (59) coincides with

its density (56)

φ̄1 = H− 1
π

π∫
0

dσH = 0, φ̄2 = πµξ′µ = 0. (84)

In this case, the reparametrization-invariant equations for the local variables ob-
tained by varying the action (74)

δWG
s

δξµ
= 0 ⇒ ∂T πµ−∂σ(λ̄2πµ) = γ∂σ(λ̄1ξ

′
µ),

δWG
s

δπµ
= 0 ⇒ γDT ξµ = λ̄1πµ

(85)
lead to the D'Alambert equations

∂2
T ξµ − ∂2

σξµ = 0. (86)
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The general solution of these equations of motion in the class of functions (52)
with the boundary conditions (82) is given by the Fourier series

ξµ(τ̄ , σ) =
1

2
√

πγ
[ψµ(z+) + ψµ(z−)], ψµ(z) = i

∑
n�=0

e−inz αnµ

n
, z± =

√
γT ± σ,

(87)

ξ′µ(τ̄ , σ) =
1

2
√

πγ
[ψ′

µ(z+)− ψ′
µ(z−)], πµ(τ̄ , σ) =

1
2

√
γ

π
[ψ′

µ(z+) + ψ′
µ(z−)].

The total coordinates Q
(0)
µ and momenta Pµ are determined by the reduced dy-

namics of the ®centre-of-mass¯ (76), (77), (78), and the string mass M obtained
from (59)

P 2
µ = M2 = 2πγH = 2πγ

π∫
0

dσH. (88)

The substitution of ξµ and πµ from (87) into (56) leads to the density

H = − 1
4π

[
ψ′2

µ (z+) + ψ′2
µ (z−)

]
,

and from (88) we obtain, for the mass, the expression

M2 = −2πγL̄0 = −γ

2

π∫
0

dσ
[
(ψ′

µ(z+))2 + (ψ′
µ(z−))2

]
. (89)

The second constraint (84) in terms of the vector ψ′
µ in (87) takes the form

ξ′µπµ =
1
4π

[
ψ′2

µ (z+) − ψ′2
µ (z−)

]
= 0 ⇒ ψ′2

µ (z+) = ψ′2
µ (z−) = const., (90)

and the ˇrst constraint (84) φ̄1 = 0 is satisˇed identically. After the substitution
of the constant value (90) into (89) we obtain that const. = −M2/πγ; thus,
ˇnally the reparamerization-invariant constraint takes the form

P 2
µ + πγψ′2

µ (z±) = 0 ( P 2
µ = M2 ). (91)

Unlike this constraint, the gauge-ˇxing reparametrization-noninvariant constraint
[27,28] (

Pµ +
√

πγψ′
µ

)2 = 0 (92)

contains the interference of the local and global degrees of freedom ψ′
µPµ. The

latter violates the relativistic invariance of the local excitations which form the
mass and spin of a string.
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Equation (91) means that ψ′
µ is the modulo-constant space-like vector. The

constraint (91) in terms of the Fourier components (87) takes the form

ψ′2
µ (z±) = 2

∞∑
n=−∞

L̄ne−inz± = −M2

πγ
, (93)

where L̄n are the contributions of the nonzero harmonics

L̄0 = −1
2

∑
k �=0

αkµαµ
−k, L̄n�=0 = −1

2

∑
k �=0,n

αkµαµ
n−k. (94)

From (93) we can see that the zero harmonic of this constraint determines the
mass of a string

M2 = −2πγL̄0 = −πγ
∑
k �=0

αkµα−kµ (95)

and coincides with the gauge-ˇxing value. However, the nonzero harmonics of
constraint (93)

L̄n�=0 = −1
2

∑
k �=0,n

αkµαn−kµ = 0, L̄−n = L̄∗
n (96)

(as we dicussed above) strongly differ from the nonzero harmonics of the gauge-
ˇxing constraints (92) The latter (in the contrast to (91)) contains the mixing of
the global motion of the centre of mass Pµ with the local excitations ψµ. It
is clear that this mixing of the global and local motions violates the Poincare
invariance of the local degrees of freedom.

The algebra of the local constraints (96) of the reparametrization-invariant
dynamics of a relativistic string is not closed, as it does not contain the zero
Fourier harmonic of the energy constraint (which has been resolved to express
the dynamic equations in terms of the proper time).

The ideology of the invariant reduction (with the explicit resolving of con-
straints to exclude the super�uous variables of the type of the time-like component
of the CM coordinates) can be extended onto the local constraints (84). These
constraints in the form (91) can be also used to exclude the time component
of the local excitations ξ0, π0 (with the negative contribution into energy) from
the phase space, to proceed the stability of the system and the positive norm of
quantum states

ξ′0 =
1

2
√

πγ
[ψ′

0(z+) − ψ′
0(z−)], π0 =

1
2

√
γ

π
[ψ′

0(z+) + ψ′
0(z−)], (97)

where

ψ′
0(z±) = ±

[
(ψ′

i(z±))2 − M2

πγ

]1/2

. (98)
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The constraining (97) means that only the spatial components ξi, πi are indepen-
dent variables.

The choice of gauge (65) leads to ξ0 = π0 = 0 and ˇxes a contribution of the
time-like component into the string mass. In this case, as was mentioned above,
the equations for the reduced action coincide with the set of equations and the
same constraints of the initial extended action. Finally, the explicit resolving of
the local constraints takes the form

(ψ′
i(z±))2 =

M2

πγ
. (99)

The reparametrization-invariant dynamics of a relativistic string in the form
of the ˇrst and second class constraints (64), (65) coincides with the Réohrlich
approach to the string theory [33]. This approach is based on two points: i) the
choice of the gauge condition

Pµξµ = 0, Pµπµ = 0 ⇒ Gn = Pµαµ
n = 0, n 	= 0

and ii) the use of that condition for eliminating the states with negative norm,
the physical state vectors being constructed in the ®centre-of-mass¯ (CM) frame
(in our scheme, the CM frame appears as a result of the geometric LeviÄCivita
reduction). This reference frame is the only preferred frame for quantizing such a
composite relativistic object as the string, as only in this frame one can quantize
the initial data. This is a strong version of the principle of correspondence
with classical theory: the classical initial data become the quantum numbers of
quantum theory. All previous attempts for quantization of the string fully ignored
this meaning of the CM frame.

4.5. Quantum Theory. The Réohrlich approach distinguishes two cases:
M2 = 0 and M2 	= 0.

The ˇrst case, in our scheme, the equality M2 = 0 together with the lo-
cal constraints (96) forms the Virasoro algebra. The reparametrization-invariant
version of the Virasoro algebra (with all its difˇculties, including the D = 26
problem and the negative norm states) appears only in the case of the massless
string −2πγL̄0 = M2 = 0.

The second case M2 	= 0 allows us to exclude the time Fourier compo-
nents αn0, and it is just these components that after quantization [αn,µ, α+

m,ν ] =
−nηµνδnm (n, m 	= 0) lead to the states with negative norm because of the
system being unstable. This means that the state vectors in the CM frame are
constructed only by the action on vacuum of the spatial components of the oper-
ators a+

ni = α−ni/
√

n, n > 0

|Φν〉CM =
∞∏

n=1

(a+
nx)νnx

√
νnx!

(a+
ny)νny√
νny!

(a+
nz)

νnz

√
νnz!

|0〉, (100)
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where the three-dimensional vectors νn = (νnx, νny, νnz) have only nonnegative
integers as components. These state vectors automatically satisfy the constraint

αn0|Φν〉CM = 0, n > 0. (101)

The physical states (100) are subjected to further constraints (96) with n � 0

L̄n|Φν〉CM = 0, n > 0, P 2 = M2
ν = πγ〈Φν

∑
m �=0

α−m,iαm,i|Φν〉, (102)

where L̄n can be represented in the normal ordering form

L̄n>0 =
∞∑

k=1

α+
k,iαn+k,i +

1
2

n−1∑
k>1

αk,iαn−k,i. (103)

Constraints Gn = αn0 = 0, n > 0 (101) and L̄m, m � 0 (102), taken together,
represent the ˇrst class constraints, in accordance with the Dirac classiˇcation [8]
as they form a closed algebra for (n, m > 0)

[Gn, Gm] = 0, [L̄n, L̄m] = (n − m)L̄n+m, [Gn, L̄m] = nGm+n. (104)

Therefore the conditions (101) eliminating the ghosts and the conditions (102)
deˇning the physical vector states are consistent. Note that the commutator
[L̄n, L̄m] does not contain a c-number since n � 0 and m � 0.

On the operator level, equations determining the resolution of the constraints
are fulˇlled in a weak sense, as only the ®annihilation¯ part of the constraints is
imposed on the state vectors.

4.6. The Causal Green Functions. Now we can construct the causal Green
function for a relativistic string as the analogy of the causal Green function for a
relativistic particle (23)Ä(25) discussed in Section 3.3.

The Veneziano-type causal Green function is the spectral series with the
Hermite polynomials 〈ξ|ν〉 over the physical state vectors |Φν〉 = |ν〉

Gc(X |ξ1, ξ2) = G+(X |ξ1, ξ2)θ(X0) + G−(X |ξ1, ξ2)θ(−X0) = (105)

= i

∫
d4P

(2π)4
exp (−iPX)

∑
ν

〈ξ1|ν〉〈ν|ξ2〉
P 2 − M2

ν − iε
.

The commutative Green function for a relativistic string G+(X |ξ1, ξ2) can be
represented in the form of the FaddeevÄPopov functional integral [19, 21] in the
local gauge (65)
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G+(X |ξ2, ξ1) =

=

X(τ2)=X∫
X(τ1)=0

dN0(τ2)d4P (τ2)
(2π)3

∏
τ1�τ<τ2

{
dN̄0(τ)

∏
µ

(
dPµ(τ)dXµ(τ)

2π

)}
, (106)

F+(ξ2, ξ1),

where we use the representation of the spectral series in the form of the functional
integral

F+(ξ2, ξ1) =
∑

ν

〈ξ2|ν〉 exp {iW [P, X, N0, Mν ]} 〈ν|ξ1〉 =

=

ξ2∫
ξ1

D(ξ, π)∆fp exp {iWfp} , (107)

W [P, X, N0, Mν ] is the action (11) with the mass Mν ,

Wfp =

τ(X0)∫
0

dτ

−
 π∫

0

dσπµξ̇µ

− PµẊµ − N0

(
− P 2

2πγ
+ H

) (108)

is the constraint-shell action (66), and

D(ξ, π) =
∏
τ,σ

∏
µ

dξµdπµ

2π
, (109)

∆fp =
∏
τ,σ

δ(φ1))δ(π0)δ(φ2))δ(ξ0)detB−1, det B = det {φ1, φ2, π0, ξ0} (110)

is the FP determinant given in the monograph [9].

5. HAMILTONIAN DYNAMICS OF GENERAL RELATIVITY

5.1. Action and Geometry. General relativity (GR) is given by the singular
EinsteinÄHilbert action with the matter ˇelds

W (g|µ) =
∫

d4x
√
−g

[
−µ2

6
R(g) + Lmatter

] (
µ2 = M2

Planck

3
8π

)
(111)

and by a measurable interval in the Riemannian geometry

(ds)2 = gαβdxαdxβ . (112)

They are invariant with respect to general coordinate transformations

xµ → x′
µ = x′

µ(x0, x1, x2, x3). (113)
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5.2. Variables and Hamiltonian. The generalized Hamiltonian approach to
GR was formulated by Dirac and Arnovit, Deser and Misner [2] as a theory of a
system with constraints in 3 + 1 foliated space-time

(ds)2 = gµνdxµdxν = N2dt2 − (3)gij d̆xid̆xj (d̆xi = dxi + N idt) (114)

with the lapse function N(t, �x), three shift vectors N i(t, �x), and six space com-
ponents (3)gij(t, �x) depending on the coordinate time t and the space coordinates
�x. The Dirac-ADM parametrization of metric (114) characterizes a family of
hypersurfaces t = const. with the unit normal vector να = (1/N,−Nk/N) to a
hypersurface and with the second (external) form

1
N

((3)ġij) − ∆iNj − ∆jNi (115)

that shows how this hypersurface is embedded into the four-dimensional space-
time.

Coordinate transformations conserving the family of hypersurfaces t = const

t → t̃ = t̃(t), xi → x̃i = x̃i(t, x1, x2, x3), (116)

Ñ = N
dt

dt̃
, Ñk = N i ∂x̃k

∂xi

dt

dt̃
− ∂x̃k

∂xi

∂xi

∂t̃
(117)

are called a kinemetric subgroup of the group of general coordinate transforma-
tions (113) [4, 5, 7, 31]. The group of kinemetric transformations is the group of
diffeomorphisms of the generalized Hamiltonian dynamics. It includes reparame-
trizations of the nonobservable time coordinate t̃(t)) (116) that play the principal
role in the procedure of the reparametrization-invariant reduction discussed in the
previous Sections. The main assertion of the invariant reduction is the following:
the dynamic evolution parameter is not the coordinate but the variable with a neg-
ative contribution to the energy constraint. (Recall that this reduction is based on
the explicit resolving of the global energy constraint with respect to the conjugate
momentum of the dynamic evolution parameter to convert this momentum into
the Hamiltonian of evolution of the reduced system.)

A negative contribution to the energy constraint is given by the space-metric-
determinant logarithm. Therefore, following papers [3, 4, 13,14,29,34] we intro-
duce an invariant evolution parameter ϕ0(t) as the zero Fourier harmonic com-
ponent of this logarithm (treated, in cosmology, as the cosmic scale factor). This
variable is distinguished in general relativity by the Lichnerowicz conformal-type
transformation of ˇeld variables f with the conformal weight (n) [35]

(n)f̄ = (n)f

(
ϕ0(t)

µ

)−n

, (118)
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where n = 2, 0, −3/2, −1 for the tensor, vector, spinor, and scalar ˇelds,
respectively, f̄ is the so-called conformal-invariant variable used in GR for the
analysis of initial data [29,35]. In particular, for metric we get

gµν(t, �x) =
(

ϕ0(t)
µ

)2

ḡµν(t, �x) ⇒ (ds)2 =
(

ϕ0(t)
µ

)2

[N̄2dt2 − (3)ḡij d̆xid̆xj ].

(119)
As the zero Fourier harmonic is extracted from the space metric determinant
logarithm, the space metric ḡij(t, �x) should be deˇned in a class of nonzero
harmonics ∫

d3x log ||ḡij(t, �x)|| = 0. (120)

The transformational properties of the curvature R(g) with respect to the trans-
formations (119) lead to the action (111) in the form [4]

W (g|µ) = W (ḡ|ϕ0) −
t2∫

t1

dt

∫
V0

d3xϕ0
d

dt

(
ϕ̇0

√
ḡ

N̄

)
. (121)

This form deˇnes the global lapse function N0 as the average of the lapse function
N̄ in the metric ḡ over the kinemetric invariant space volume

N0(t) =
V0∫

V0

d3x

√
ḡ(t,�x

N̄(t,�x)

, ḡ = det ((3)ḡ), V0 =
∫
V0

d3x, (122)

where V0 is a free parameter which in the perturbation theory has the meaning of
a ˇnite volume of the free coordinate space. The lapse function N̄(t, �x) can be
factorized into the global component N0(t) and the local one N (t, �x)

N̄(t, �x)ḡ−1/2 := N0(t)N (t, �x) := Nq, (123)

where N fulˇlls normalization condition:

I[N ] :=
1
V0

∫
d3x

N = 1 (124)

that is imposed after the procedure of variation of action, to reproduce equations
of motion of the initial theory. In the Dirac harmonical variables [1] chosen as

qik = ḡḡik, (125)

the metric (114) takes the form

(ds)2 =
ϕ0(t)2

µ2
q1/2
(

N2
q dt2 − qij d̆xid̆xj

)
(q = det (qij)). (126)
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The DiracÄBergmann version of action (121) in terms of the introduced above
variables reads [4, 5]

W =

t2∫
t1

dt

{
L +

1
2
∂t(P0ϕ0)

}
, (127)

L =

∫
V0

d3x

(∑
F

PF Ḟ − N iPi

)−P0ϕ̇0−N0

[
− P 2

0

4V0
+ I−1H(ϕ0)

]
, (128)

where ∑
F

PF Ḟ =
∑

f

pf ḟ − πij q̇
ij , (129)

H(ϕ0) =
∫

d3xNH(ϕ0) (130)

is the total Hamiltonian of the local degrees of freedom,

H(ϕ0) =
6
ϕ2

0

qijqkl[πikπjl − πijπkl] +
ϕ2

0q
1/2

6
(3)R(ḡ) + Hf , (131)

and
Pi = 2[∇k(qklπil) −∇i(qklπkl)] + Pif (132)

are the densities of energy and momentum and Hf ,Pf are contributions of the
matter ˇelds. In the following, we call the set of the ˇeld variables F (129) with
the dynamic evolution parameter ϕ0 the ˇeld world space. The local part of the
momentum of the space metric determinant

π(t, x) := qijπij (133)

is given in the class of functions with the nonzero Fourier harmonics, so that∫
d3xπ(t, x) = 0, (134)

(compare with equations (53), (54), in the previous Section).
The geometric foundation of introducting the global variable (119) in GR

was given in [34] as the assertion about the nonzero value of the second form
in the whole space. This assertion (which contradicts the Dirac gauge π = 0)
follows from the global energy constraint, as, in the lowest order of the Dirac
perturbation theory, positive contributions of particle-like excitations to the zero
Fourier harmonic of the energy constraint can be compensated only by the nonzero
value of the second form.
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The aim of this Section is to obtain the dynamic ®equivalent¯ unconstrained
system in the ˇeld world space (F, ϕ0) by explicit resolving the global energy
constraint and to ˇnd the geometric unconstrained system by the LeviÄCivita-type
canonical transformation considered for a particle and a string in the previous
Sections.

5.3. Local Constraints and Equations of Motion. Following Dirac [1] we
formulate generalized Hamiltonian dynamics for the considered system (127).
It means the inclusion of momenta for N and Ni and appropriate terms with
Lagrange multipliers

WD =

t2∫
t1

dt

{
LD +

1
2
∂t(P0ϕ0)

}
,

LD = L +
∫

d3x(PN Ṅ + PNiṄ i − λ0PN − λiPNi). (135)

We can deˇne extended Dirac Hamiltonian as

HD = N0

[
− P 2

0

4V0
+ I−1H(ϕ0)

]
+
∫

d3x(λ0PN + λiPNi). (136)

The equations obtained from variation of WD with respect to Lagrange multipliers
are called ˇrst class primary constraints

PN = 0, PNi = 0. (137)

The condition of conservation of these constraints in time leads to the ˇrst class
secondary constraints{

HD, PN
}

= H−
∫

d3xNH
V0N 2

= 0,
{
HD, PNi

}
= Pi = 0 (138)

(compare with equations (59) and (64) in Section 4). For completeness of the
system we have to include a set of secondary constraints. According Dirac we
choose them in the form

N (t, �x) = 1, N i(t, �x) = 0, (139)

π(t, �x) = 0, χj := ∂i(q−1/3qij) = 0. (140)

The equations of motion obtained for the considered system are

dF

dT
=

∂H(ϕ0)
∂PF

, − dPF

dT
=

∂H(ϕ0)
∂F

, (141)

where H(ϕ0) is given by the equation (130), and we introduced the invariant
geometric time T

N0dt := dT. (142)



TIME-REPARAMETRIZATION-INVARIANT DYNAMICS 575

5.4. Global Constraints and Equations of Motion. The physical meaning of
the geometric time T , the dynamic variable ϕ0 and its momentum is given by the
explicit resolving of the zero-Fourier harmonic of the energy constraint

δWE

δN0(t)
= − P 2

0

4V0
+ H(ϕ0) = 0. (143)

This constraint has two solutions for the global momentum P0:

(P0)± = ±2
√

V0H(ϕ0) ≡ H∗
±. (144)

The equation of motion for this global momentum P0 in gauge (139) takes the
form

δWE

δP0
= 0 ⇒

(
dϕ

dT

)
±

=
(P0)±
2V

= ±
√

ρ(ϕ0), ρ(ϕ0) =
∫

d3xH
V0

=
H(ϕ0)

V0
.

(145)
The integral form of the last equation is

T±(ϕ1, ϕ0) = ±
ϕ0∫

ϕ1

dϕρ−1/2(ϕ), (146)

where ϕ1 = ϕ0(t1) is the initial data. Equation obtained by varying the action
with respect to ϕ0 follows independently from the set of all other constraints and
equations of motion.

In quantum theory of GR (like in quantum theories of a particle and string
considered in Sections 3, 4), we get two Schréodinger equations

i
d

dϕ0
Ψ±(F |ϕ0, ϕ1) = H∗

±(ϕ0)Ψ±(F |ϕ0, ϕ1) (147)

with positive and negative eigenvalues of P0 and normalizable wave functions
with the spectral series over quantum numbers Q

Ψ+(F |ϕ0, ϕ1) =
∑
Q

A+
Q〈F |Q〈〉Q|ϕ0, ϕ1〉θ(ϕ0 − ϕ1), (148)

Ψ−(F |ϕ0, ϕ1) =
∑
Q

A−
Q〈F |Q〉∗〈Q|ϕ0, ϕ1〉∗θ(ϕ1 − ϕ0), (149)

where 〈F |Q〉 is the eigenfunction of the reduced energy (144)

H∗
±(ϕ0)〈F |Q〉 = ±E(Q, ϕ0)〈F |Q〉, (150)
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〈Q|ϕ0, ϕ1〉 = exp [−i

ϕ0∫
ϕ1

dϕE(Q, ϕ)], 〈Q|ϕ0, ϕ1〉∗ = exp [i

ϕ0∫
ϕ1

dϕE(Q, ϕ)].

(151)
The coefˇcient A+

Q, in ®secondary¯ quantization, can be treated as the operator of

creation of a universe with positive energy; and the coefˇcient A−
Q, as the operator

of annihilation of a universe also with positive energy. The ®secondary¯ quanti-
zation means [A−

Q, A+
Q′ ] = δQ,Q′ . The physical states of a quantum universe are

formed by the action of these operators on the vacuum 〈0|, |0〉 in the form of out-
state (|Q〉 = A+

Q|0〉) with positive ®frequencies¯ and in-state (〈Q| = 〈0|A−
Q) with

negative ®frequencies¯. This treatment means that positive frequencies propagate
forward (ϕ0 > ϕ1); and negative frequencies, backward (ϕ1 > ϕ0), so that the
negative values of energy are excluded from the spectrum to provide the stability
of the quantum system in quantum theory of GR (similar in QFT in Section 3).
In other words, instead of changing the sign of energy, we change that of the
dynamic evolution parameter, which leads to the causal Green function

Gc(F1, ϕ1|F2, ϕ2) = G+(F1, ϕ1|F2, ϕ2)θ(ϕ2 − ϕ1) +
+ G−(F1, ϕ1|F2, ϕ2)θ(ϕ1−ϕ2), (152)

where G+(F1, ϕ1|F2, ϕ2) = G−(F2, ϕ2|F1, ϕ1) is the ®commutative¯ Green
function

G+(F2, ϕ2|F1, ϕ1) = 〈0|Ψ−(F2|ϕ2, ϕ1)Ψ+(F1|ϕ1, ϕ1)|0〉. (153)

For this causal convention, the geometric time (146) is always positive in accor-
dance with the equations of motion (145)

(
dT

dϕ0

)
±

= ±√
ρ ⇒ T±(ϕ1, ϕ0) = ±

ϕ0∫
ϕ1

dϕρ−1/2(ϕ) � 0. (154)

Thus, the causal structure of the ˇeld world space immediatly leads to the arrow
of the geometric time (154) and the beginning of evolution of a universe with
respect to the geometric time T = 0.

As we have seen in Sections 3 and 4, the way to obtain conserved integrals
of motion in classical theory and quantum numbers Q in quantum theory is the
Levi-Civita-type canonical transformation of the ˇeld world space (F, ϕ0) to a
geometric set of variables (V, Q0) with the condition that the geometric evolution
parameter Q0 coincides with the geometric time dT = dQ0 (see Fig. 3).

Equations (145), (146) in the homogeneous approximation of GR are the
basis of observational cosmology where the geometric time is the conformal time
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Fig. 3. Reparametrization-invariant dynamics of General Relativity is covered by the Dy-
namic Unconstrained Systems (DUS) and the Geometric Unconstrained Systems (GUS)
connected by the Levi-Civita (LC) transformations of ˇelds of MATTER into the vacuum
ˇelds of initial data with respect to geometric TIME

connected with the world time Tf of the Friedmann cosmology by the relation

dTf =
ϕ0(T )

µ
dT, (155)

and the dependence of scale factor (dynamic evolution parameter ϕ0) on the
geometric time T is treated as the evolution of the universe. In particular,
equation (145) gives the relation between the present-day value of the dynamic
evolution parameter ϕ0(T0) and cosmological observations, i.e., the density of
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matter ρ and the Hubble parameter

He
hub =

µϕ′
0

ϕ2
0

=
µ
√

ρ

ϕ2
0

⇒ ϕ0(T0) =
(

µ
√

ρ

Hhub

)1/2

:= µΩ1/4
0 , (156)

where (0.6 < (Ω1/4
0 )exp < 1.2). The dynamic evolution parameter as the cosmic

scale factor and a value of its conjugate momentum (i.e., a value of the dynamic
Hamiltonian) as the density of matter (see equations (145), (146)) are objects of
measurement in observational astrophysics and cosmology and numerous discus-
sions about the Hubble parameter, dark matter, and hidden mass.

The general theory of reparametrization-invariant reduction described in the
previous Sections can be applied also to GR. In accordance with this theory,
the reparametrization-invariant dynamics of GR is covered by two unconsrained
systems (dynamic and geometric) connected by the Levi-Civita canonical transfor-
mation which solves the problems of the initial data, conserved quantum numbers,
and direct corrrespondence of standard classical cosmology with quantum gravity
on the level of the generating functional of the unitary and causal perturbation
theory [7,15].

5.5. Equivalent Unconstrained Systems. Assume that we can solve the con-
straint equations and pass to the reduced space of independent variables (F ∗, P ∗

F ).
The explicit solution of the local and global constraints has two analytic branches
with positive and negative values for scale factor momentum P0 (144). Therefore,
inserting solutions of all constraints into the action we get two branches of the
equivalent Dynamic Unconstrained System (DUS)

WDUS
± [F |ϕ0] =

ϕ2∫
ϕ1

dϕ0

{[∫
d3x
∑
F∗

P ∗
F

∂F ∗

∂ϕ0

]
− H∗

± +
1
2
∂ϕ0(ϕ0H

∗
±)

}
,

(157)
where ϕ0 plays the role of evolution parameter and H∗

± deˇned by equation
(144) plays the role of the evolution Hamiltonian, in the reduced phase space of
independent physical variables (F ∗, P ∗

F ) with equations of motion

dF ∗

dϕ0
=

∂H∗
±

∂P ∗
F

, − dP ∗
F

dϕ0
=

∂H∗
±

∂F ∗ . (158)

The evolution of the ˇeld world space variables (F ∗, ϕ0) with respect to the
geometric time T is not contained in DUS (157). This geometric time evolution is
described by supplementary equation (145) for nonphysical momentum P0 (144)
that follows from the initial extended system.

To get an equivalent unconstrained system in terms of the geometric time
(we call it the Geometric Unconstrained System (GUS)), we need the Levi-Civita
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canonical transformation (LC) [12,22,23] of the ˇeld world phase space

(F ∗, P ∗
F |ϕ0, P0) ⇒ (F ∗

G, P ∗
G|Q0, Π0) (159)

which converts the energy constraint (143) into the new momentum Π0 (see the
similar transformations for a relativistic particle and a string in Sections 3, 4).

In terms of geometrical variables the action takes the form

WG =

t2∫
t1

dt


∫ d3x

∑
F∗

G

P ∗
GḞ ∗

G

− Π0Q̇0 + N0Π0 +
d

dt
SLC

 , (160)

where S−LC is generating function of LC transformations. Then the energy
constraint and the supplementary equation for the new momentum take trivial
form

Π0 = 0 ;
δW

δΠ0
= 0 ⇒ dQ0

dt
= N0 ⇒ dQ0 = dT . (161)

Equations of motion are also trivial

dP ∗
G

dT
= 0,

dF ∗
G

dT
= 0, (162)

and their solutions are given by the initial data

P ∗
G = P ∗

G
0, F ∗

G = F ∗
G

0. (163)

Substituting solutions of (161) and (162) into the inverted Levi-Civita transfor-
mations

F ∗ = F ∗(Q0, Π0|F ∗
G, P ∗

G), ϕ0 = ϕ0(Q0, Π0|F ∗
G, P ∗

G) (164)

and similar for momenta, we get formal solutions of (158) and (146)

F ∗ = F ∗(T, 0|F ∗
G

0, P ∗
G

0), P ∗
F = P ∗

F (T, 0|F ∗
G

0, P ∗
G

0), ϕ0 = ϕ0(T, 0|F ∗
G

0, P ∗
G

0).
(165)

We see that evolution of the dynamic variables with respect to the geometric time
(i.e., the evolution of a universe) is absent in DUS. The evolution of the dynamic
variables with respect to the geometric time can be described in the form of the
LC (inverted) canonical transformation of GUS into DUS (164), (165) (see Fig. 4).

There is also the weak form of Levi-Civita-type transformations to GUS
(F ∗, P ∗

F ) ⇒ (F̃ , P̃ ) without action-angle variables and with a constraint

Π̃0 − H̃(Q̃0, F̃ , P̃ ) = 0. (166)
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Fig. 4. Reparametrization-invariant dynamics of ®Big Bang¯ of a quantum universe: the
Dynamic Unconstrained System (DUS) describes creation of a universe in the ˇeld world
space where we have only MATTER F |ϕ; the Geometric Unconstrained System (GUS)
describes initial cosmic data (i.e., the Bogoliubov squeezed VACUUM) with respect to the
geometric TIME measured by an observer; the inverse Levi-Civita canonical transformation
describes the cosmic (Hubble) evolution and creation of matter from the VACUUM.
The standard quantum ˇeld theory (QFT) in the form of the FaddeevÄPopov generating
functional for the unitary S matrix appears in the limits of tremendous mass, volume, and
geometric lifetime of a universe

We get the constraint-shell action

W̃GUS =
∫

dT


∫ d3x

∑
F̃

P̃
dF̃

dT

− H̃(T, F̃ , P̃ )

 , (167)

that allows us to choose the initial cosmological data with respect to the geometric
time.
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Recall that the considered reduction of the action reveals the difference of
reparametrization-invariant theory from the gauge-invariant theory: in gauge-
invariant theory the super�uous (longitudinal) variables are completely excluded
from the reduced system; whereas, in reparametrization-invariant theory the su-
per�uous (longitudinal) variables leave the sector of the Dirac observables (i.e.,
the phase space (F ∗, P ∗

F )) but not the sector of measurable quantities: super�u-
ous (longitudinal) variables become the dynamic evolution parameter and dynamic
Hamiltonian of the reduced theory.

5.6. Reparametrization-Invariant Path Integral. Following FaddeevÄPopov
procedure we can write down the path integral for local ˇelds of our theory using
constraints and gauge conditions (137)Ä(140):

Zlocal(F1, F2|P0, ϕ0, N0) =

F2∫
F1

D(F, Pf )∆s∆̄t exp
{
iW̄
}

, (168)

where

D(F, Pf ) =
∏
t,x

∏
i<k

dqikdπik

2π

∏
f

dfdpf

2π

 (169)

are functional differentials for the metric ˇelds (π, q) and the matter ˇelds (pf , f ),

∆s =
∏
t,x,i

δ(Pi))δ(χj)det {Pi, χ
j}, (170)

∆̄t =
∏
t,x

δ(H(µ))δ(π)det {H(ϕ0) − ρ, π}
(

ρ =
∫

d3xH(ϕ0)
V0

)
(171)

are the F-P determinants, and

W̄ =

t2∫
t1

dt


∫
V0

d3x

(∑
F

PF Ḟ

)
− P0ϕ̇0 − N0

[
− P 2

0

4V0
+ H(ϕ0)

]
+

1
2
∂t(P0ϕ0)


(172)

is extended action of considered theory.
By analogy with a particle and a string considered in Sections 3 and 4 we

deˇne a commutative Green function as an integral over global ˇelds (P0, ϕ0)
and the average over reparametrization group parameter N0

G+(F1, ϕ1|F2, ϕ2) =

ϕ2∫
ϕ1

∏
t

(
dϕ0dP0dÑ0

2π

)
Zlocal(F1, F2|P0, ϕ0, N0), (173)
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where

Ñ = N/2πδ(0), δ(0) =
∫

dN0. (174)

The causal Green function in the world ˇeld space (F, ϕ0) is deˇned as the sum

Gc(F1, ϕ1|F2, ϕ2) = G+(F1, ϕ1|F2, ϕ2)θ(ϕ1 − ϕ2) +
+ G+(F2, ϕ1|F2, ϕ1)θ(ϕ2 − ϕ1). (175)

This function will be considered as generating functional for the unitary S-matrix
elements [25]

S[1, 2] = 〈out (ϕ2)|Tϕ exp

−i

ϕ2∫
ϕ1

dϕ(H∗
I )

 |(ϕ1) in〉, (176)

where Tϕ is a symbol of ordering with respect to parameter ϕ0, and 〈out (ϕ2)|,
|(ϕ) in〉 are states of quantum univers in the lowest order of the Dirac perturbation
theory (N = 1; Nk = 0; qij = δij + hij), H∗

I is the interaction Hamiltonian

H∗
I = H∗ − H∗

0 , H∗ = 2
√

V0H(ϕ), H∗
0 = 2

√
V0H0(ϕ), (177)

H0 is a sum of the Hamiltonians of ®free¯ ˇelds (gravitons, photons, massive
vectors, and spinors) where all masses (including the Planck mass) are replaced
by the dynamic evolution parameter ϕ0 [7]. For example for gravitons the ®free¯
Hamiltonian takes the form:

H0(ϕ0) =
∫

d3x

(
6(π(h))2

ϕ2
0

+
ϕ2

0

24
(∂ih)2

)
(hii = 0; ∂jhji = 0). (178)

In order to reproduce FaddeevÄPopov integral for general relativity in inˇnite
space-time [19], one should ˇx the dynamic evolution parameter at its present-day
value ϕ0 = µ (156), remove all the zero-mode dynamics P0 = ϕ̇0 = 0, N0 = 1,
and neglect the surface Newton term in the Hamiltonian. We get

ZFP(F1, F2) = Zlocal(F1, F2|P0 = 0, ϕ0exp = µ, N0 = 1), (179)

or

ZFP(F1, F2) =

F2∫
F1

D(F, Pf )∆s∆t exp {iWfp} , (180)

where

Wfp =

+∞∫
−∞

dt

∫
d3x

(∑
F

PF Ḟ −Hfp(µ)

)
, Hfp(µ) = H(µ) − µ2

6
∂i∂jq

ij ,

(181)
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and
∆t =

∏
t,x

δ(H(µ))δ(π)det {H(µ), π}. (182)

The FP integral (180) is considered as the generating functional for unitary per-
turbation theory in terms of S-matrix elements

S[−∞|+ ∞] = 〈out|T exp

−i

+∞∫
−∞

dtHI(µ)

 |in〉. (183)

Strictly speaking, the approximation (179) is not a correct procedure, as it breaks
the reparametrization-invariance. The range of validity of FP integral (180) is
discussed in next sections.

6. REPARAMETRIZATION-INVARIANT DYNAMICS
OF EARLY UNIVERSE

6.1. Dynamic Unconstrained System. Possible states of a free quantum
universe in S matrix (176) (see Fig. 5) are determined by the lowest order of the
Dirac perturbation theory given by the well-known system of ®free¯ conformal
ˇelds (118), (178) in a ˇnite space-time volume [7,36]

WE
0 =

t2∫
t1

dt

([∫
d3x
∑
F

PF Ḟ

]
− P0ϕ̇0−

− N0

[
−P 2

0

4V
+ H0(ϕ0)

]
+

1
2
∂0(P0ϕ0)

)
, (184)

where H0 is a sum of the Hamiltonians of ®free¯ ˇelds (gravitons (178), photons,
massive vectors, and spinors) where all masses (including the Planck mass) are
replaced by the dynamic evolution parameter ϕ0 [7].

The classical equations for the action (184)

dF

dT
=

∂H0

∂PF
, − dPF

dT
=

∂H0

∂F
, P0 = ±2

√
V0H0 := H∗

0 (185)

contain two invariant times: the geometric T and the dynamic ϕ±
0 connected by

the geometro-dynamic (back-reaction) equation

dϕ±
0

dT
= ±
√

ρ0(ϕ±
0 ),

(
ρ0 =

H0

V0

)
. (186)
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Fig. 5. To obtain the unitary S matrix in terms of invariants, one can use two ways:
quantum cosmology (QC) and quantum gravity (QG). The ˇrst way (QC) is to formulate
the cosmological perturbation theory and resolve constraints; this way is suitable for
constructing ®in¯ and ®out¯ states as systems of ®free oscillators¯. The second way (QG)
is to resolve constraints and to formulate perturbation theory; this way is more suitable for
constructing the unitary S matrix elements between the states of the Quantum Universe.
Both the ways should be consistent

Solving the energy constraint we get the action for dynamic system

WE
0 (constraint)=WD

0 =

ϕ(t2)∫
ϕ(t1)

dϕ

([∫
d3x
∑
F

PF ∂ϕF

]
−H∗

0±+
1
2
∂ϕ(ϕH∗

0±)

)
,

(187)
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Fig. 6. The reduction means explicit resolving the energy constraint with respect to the
momentum of the cosmic scale factor which gives a negative contribution to the constraint.
As a result, we get an unconstrained version of ®free¯ theory, where the cosmic scale
factor ϕ0 represents the dynamic evolution parameter, and its momentum converts into
the reduced Hamiltonian (HR

O = 2
√

V0H0). However, the unconstrained dynamics is not
sufˇcient to determine the geometrical interval of the proper time. The latter coincides
with the Friedmann time for the absolute standard of measurement, in the FRW cosmology;
or with the conformal time for the relative standard, in the HoyleÄNarlikar cosmology
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that has two branches for a universe with a positive energy (P0 > 0), and a
universe with a negative energy (P0 < 0). We interpret the branch with negative
energy as an ®antiuniverse¯ which propagates backward (ϕ < 0) with positive
energy to provide the stability of a quantum system (see Fig. 6).

The content of matter in a universe is described by the number of particles
NF,k and their energy ωF (ϕ0, k) (which depends on the dynamic evolution para-
meter ϕ0 and quantum numbers k, momenta, spins, etc.). Detected particles are
deˇned as the ˇeld variables F = f

f(x) =
∑

k

Cf (ϕ0) exp (ikixi)

V
3/2
0

√
2ωf(ϕ0, k)

(
a+

f (−k) + a−
f (k)
)

(188)

which diagonalize the operator of the density of matter

ρ0 =
∑
f,k

ωf (ϕ0, k)
V0

N̂f,k,

N̂f (a) =
1
2
(a+

f a−
f + a−

f a+
f ) (189)

(see Fig. 7).
We restrict ourselves to gravitons (f = h) Ch(ϕ0) = ϕ0

√
12, ωh(ϕ0, k) =√

k2 and massive vector particles (f = v) Cv(ϕ0) = 1, ωv(ϕ0, k) =
√

k2 + y2ϕ2
0,

where y is the mass in terms of the Planck constant.
6.2. Geometric Unconstrained System. The equations of motion (185) in

terms of a+, a− [7] are not diagonal

i
d

dT
χ := iχ′

af
= −Ĥaf

χaf
, χaf

=
(

a+
f

af

)
, Ĥaf

=

∣∣∣∣∣∣
ωaf

, −i∆f

−i∆f , −ωaf

∣∣∣∣∣∣ ,
(190)

where nondiagonal terms ∆f=h,v are proportional to the Hubble parameter (156)

∆f=h =
ϕ′

0

ϕ0
, ∆f=v = − ω′

v

2ωv
, ϕ′

0 =
√

ρ0. (191)

The ®geometric system¯ (b+, b) is determined by the transformation to the
set of variables which diagonalize equations of motion (185) and determine a set
of integrals of motion of equations (185) (as conserved numbers {Q}).

To obtain integrals of motion and to choose initial conditions for a universe
evolution we use the Bogoliubov transformations [37] and deˇne ®quasi-particles¯

b+ = cosh (r) e−iθa+ − i sinh (r) eiθa, b = cosh (r) eiθa + i sinh (r) e−iθa+,
(192)
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Fig. 7. The equation for dynamic evolution of the measurable time contains the energy
density ρ which is treated as the measurable quantity in astrophysics and observational
cosmology as the object of numerous discussions about the dark matter and hidden mass.
Following the observational cosmology, we shall also treat this quantity ρ as the observable
energy density and deˇne ®particles¯ as ˇeld variables in the holomorphic representation,
which diagonalize this observable energy density

or

χb =
(

b+

b

)
= Ôχa,

which diagonalize the classical equations expressed in terms of particles (a+, a),
so that the number of quasiparticles is conserved

d(b+b)
dt

= 0, b = exp (−i

T∫
0

dT̄ ω̄b(T̄ ))b0 (193)
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Fig. 8. The Bogoliubov quasiparticles are deˇned as ˇeld variables which diagonalize
the equations of motion and mark states of the universe by integrals of motion (i.e.,
quantum numbers in the corresponding quantum theory with a vacuum state |0 >b). The
Bogoliubov transformation means the construction of a geometric unconstrained system
(GUS), for which a new internal evolution parameter coincides with the conformal time.
The Bogoliubov vacuum expectation value of the number of ®particles¯ measured in the
comoving frame, and the Hubble parameter (HHubble)

(see Fig. 8). Functions r and θ in (192), and the quasiparticle energy ω̄b in (193)
are determined by the equation of diagonalization

i
d

dT
χb = [−iÔ−1 d

dT
Ô − Ô−1ĤaÔ]χb ≡ −

 ω̄b, 0

0, −ω̄b

χb (194)

in the form obtained in [7]

ω̄fb = (ωf − θ′f ) cosh (2rf ) − (∆f cos 2θf) sinh (2rf ), (195)
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0 = (ωf − θ′f ) sinh (2rf ) − (∆f cos 2θf) cosh (2rf ), r′f = −∆f sin 2θf .

Equations (191)Ä(195) are closed by the deˇnition of ®observable particles¯ in
terms of quasiparticles

ρ(ϕ) =
H0

V
=

∑
f

ωf (ϕ){a+
f af}

V0
, {a+a} = {b+

0 b0} cosh 2r− i

2
(b+2−b2) sinh 2r

(196)
with

ω̄fb =
√

(ωf − θ′f )2 + (r′f )2 − ∆2
f , θ′f = −1

2

(
r′f
∆f

)′ [
1 −

(r′f )2

∆2
f

]−1/2

,

(197)

cosh (2rf ) =
ωf − θ′f

ω̄fb
.

The constrained system in terms of geometric variables is described by the action

W̃G=
∫

dt

∑
f

i

2
(
b∂tb

+−b+∂tb
)
f
−Π̃0Q̇0−N0

[
−Π̃0+

∑
f

ωf
b (Q0)Nf (b)

] ,

(198)
where the new dynamic evolution parameter Q0 coincides with geometric time T
on the equations of motion

δW̃E

δΠ̃0

= 0 ⇒ dQ0 = dT. (199)

Reduction of this system leads to the weak version of Geometric Unconstrained
System (167)

W̃GUS =
∫

dT

∑
f

i

2
(
b∂T b+ − b+∂T b

)
f
−
∑

f

ωf
b (T )Nf(b)

 . (200)

We choose the initial data appropriate for the dynamics described by GUS (200).
6.3. Quantization. The initial data b0, b

+
0 of quasiparticle variables (193)

form the set of quantum numbers in quantum theory.
Let us suppose that we manage to solve equations (193)Ä(197) with respect to

the geometric time T in terms of conserved numbers b+
0 , b0. This means that the

wave function of a quantum universe can be represented in the form of a series
over the conserved quantum numbers Q = nf,k = 〈Q|b+

f bf |Q〉 of the Bogoliubov
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states (compare with the similar series for a relativistic string in Section 4)

ΦQ(T ) =
∏
f,nf

exp

−i

T∫
0

dTnf ω̄b(T )

 (b+
f )nf√
nf !

|0〉b. (201)

In this geometric system, we have an arrow of the geometric time T for a universe

T+(ϕ2, ϕ1) =

ϕ2∫
ϕ1

dϕρ(ϕ)−1/2 > 0, ϕ2 > ϕ1, (202)

and for an antiuniverse

T−(ϕ2, ϕ1) = −
ϕ2∫

ϕ1

dϕρ(ϕ)−1/2 =

ϕ1∫
ϕ2

dϕρ(ϕ)−1/2 > 0, ϕ1 > ϕ2. (203)

The dynamic system (187) of particle variables a+, a is connected with the geo-
metric one by the Bogoliubov transformations. Using these transformations we
can ˇnd wave functions of a universe, for ϕ2 > ϕ1 and an antiuniverse, for
ϕ1 > ϕ2

ΨQ(T ) = A+
QΦQ(T+(ϕ2, ϕ1))θ(ϕ2 − ϕ1) + A−

QΦ∗
Q(T−(ϕ2, ϕ1))θ(ϕ1 − ϕ2),

(204)
where the ˇrst term and the second one are positive (P0 > 0) and negative
(P0 < 0) frequency parts of the solutions with the spectrum of quasiparticles ω̄b,
A+

Q is the operator of creation of a universe with a positive ®frequency¯ (which

propagates in the positive direction of the dynamic evolution parameter) and A−
Q

is the operator of annihilation of a universe (or creation of an antiuniverse) with a
negative ®frequency¯ (which propagates in the negative direction of the dynamic
evolution parameter).

We can see that the creation of a universe in the ˇeld world space and the
creation of dynamic particles by the geometric vacuum (b+|0〉 = 0) are two
different effects.

The second effect disappears if we neglect gravitons and massive ˇelds. In
this case, dρ/dϕ = 0, and one can represent a wave function of a universe in the
form of the spectral series over eigenvalues ρQ of the density ρ

Ψ(f |ϕ2, ϕ1) =
∑
Q

A+
Q√

2ρQ

exp

{
−i(ϕ2 − ϕ1)

∑ ω̄fnf√
ρQ

}
〈f |Q〉+ (205)

+
∑
Q

A−
Q√

2ρQ

exp
{

i(ϕ2 − ϕ1)
∑ ω̄fnf√

ρQ

}
〈f |Q〉∗,

where 〈f |Q〉 is a product of normalizable Hermite polynomials.
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6.4. Evolution of Quantum Universe. The equations of diagonalization (194)
for the Bogoliubov coefˇcients (192) and the quasiparticle energy ω̄b (195) play
the role of the equations of state of the ˇeld matter in a universe. We can show
that the choice of initial conditions for the ®Big Bang¯ in the form of the Bogoli-
ubov (squeezed) vacuum b|0〉b = 0 reproduces all stages of the evolution of the
FriedmannÄRobertsonÄWalker universe in their conformal versions: anisotropic,
in�ation, radiation, and dust (see Fig. 9).

The squeezed vacuum (i.e., the vacuum of quasiparticles) is the state of
®nothing¯. For small ϕ and a large Hubble parameter, at the beginning of a
universe, the state of vacuum of quasiparticles leads to the density of matter [7]

b〈0|ρ(a+, a)|0〉b = ρ0
1
2

(
ϕ2(0)
ϕ2(T )

+
ϕ2(T )
ϕ2(0)

)
, θ =

π

4
, (206)

where ϕ(0) is the initial value, and ρ0 is the density of the Casimir energy
of vacuum of ®quasiparticles¯. The ˇrst term corresponds to the conformal
version of the rigid state equation (in accordance with the classiˇcation of the
standard cosmology) which describes the Kasner anisotropic stage T±(ϕ) ∼ ±ϕ2

(considered on the quantum level by Misner [38]). The second term of the
squeezed vacuum density (206) (for an admissible positive branch) leads to the
stage with in�ation of the dynamic evolution parameter ϕ with respect to the
geometric time T

ϕ(T )(+) � ϕ(0) exp [T
√

2ρ0/ϕ(0)].

It is the stage of intensive creation of ®measurable particles¯. After the in�a-
tion, the Hubble parameter goes to zero, and gravitons convert into photon-like
oscillator excitations with the conserved number of particles.

At the present-day stage, the Bogoliubov quasiparticles coincide with parti-
cles, so that the measurable density of energy of matter in a universe is a sum of
relativistic energies of all particles

ρ0(ϕ) =
E

V0
=
∑
nf

nf

V0

√
k2

fi + y2
fϕ2(T ), (207)

where yf is the mass of a particle in units of the Planck mass. The case of massless
particles (y = 0, ρ0(ϕ) = constant) corresponds to the conformal version of
radiation stage of the standard FRW-cosmology. And the massive particles at rest
(k = 0, ρ0(ϕ) = ρbaryonsϕ/µ) correspond to the conformal version of the dust
universe of the standard cosmology with the Hubble law

ϕ′ = ±√
ρ0 ⇒ ϕ±(T ) =

(
ρbaryons

4µ

)
T 2, q =

ϕ′′ϕ

ϕ′2 =
1
2
. (208)
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Fig. 9. These equations can be explicitly solved in two limits: at the beginning of the
universe, and at the present-day stage. At the beginning of the universe in the state of the
Bogoliubov vacuum, we get the density of measurable gravitons which corresponds to the
well-known anisotropic stage. The anisotropic stage is changed by the stage of in�ation-like
increase of the cosmic scale factor with respect to the geometric (i.e., conformal) time. At
the present-day stage, the Bogoliubov quasiparticles coincide with the measurable particles,
so that the measurable energy of matter in the universe is a sum of relativistic energies
of all particles in it. Neglecting masses, we get the conformal version of the radiation
stage. Neglecting momenta, we get the conformal version of the dust stage, where an
observer with the relative standard observes the Hubble law of the ®accelerating¯ universe.
According to the global equation for the cosmic scale factor ϕ0 discussed before, it can
be expressed in terms of astrophysical data of the observational cosmology, the density
of matter, and the Hubble parameter in agreement with the value of the Newton coupling
constant of gravity with Ωtheor = 1
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The dynamic evolution parameter is expressed through the geometric time of a
quantum asymptotic state of a universe |out〉 and conserved quantum numbers of
this state: energy Eout and density ρ0 = Eout/V0.

It is well known that Eout is a tremendous energy (1079 GeV) in comparison
with possible real and virtual deviations of the free Hamiltonian in the laboratory
processes:

H̄0 = Eout + δH0, 〈out|δH0|in〉 � Eout. (209)

We have seen that the dependence of the scale factor ϕ0 on the geometric time T
(or the ®relation¯ of two classical unconstrained systems: dynamic and geometric)
describes the ®Big Bang¯ and evolution of a universe.

Therefore, from the point of view of unconstrained system ®Big Bang¯ is the
effect of evolution of the geometric interval with respect to the dynamic evolution
parameter which goes beyond the scope of Hamiltonian description of a single
classical unconstrained system.

Reparametrization-invariant dynamics of GR is covered by Geometric and
Dynamic Unconstrained Systems connected by the Levi-Civita transformation of
the matter ˇelds into the vacuum ˇelds of initial data with respect to geometric
time (see Fig. 3).

6.5. QFT Limit of Quantum Gravity. The simplest way to determine the
QFT limit of Quantum Gravity and to ˇnd the region of validity of the FP integral
(180) is to use the quantum ˇeld version of the reparametrization-invariant integral
(173) in the form of S-matrix elements [25] (see (176), (177)). We consider the
inˇnite volume limit of the S-matrix element (177) in terms of the geometric time
T for the present-day stage T = T0, ϕ(T0) = µ, and T (ϕ1) = T0 −∆T, T (ϕ2) =
T0 + ∆T = Tout. One can express this matrix element in terms of the time
measured by an observer of an out-state with a tremendous number of particles
in a universe using equation (208) dϕ = dTout

√
ρout and approximation (209)

to neglect ®back-reaction¯. In the inˇnite volume limit, we get from (177)

dϕ0[H∗
I ] = 2dϕ0

(√
V0(H0 + HI) −

√
V0H0

)
= dTout[F̂ H̄I + O(1/Eout)],

(210)
where HI is the interaction Hamiltonian in GR, and

F̂ =
√

Eout

H0
=
√

Eout

Eout + δH0
(211)

is a multiplier which plays the role of a form factor for physical processes
observed in the ®laboratory¯ conditions when the cosmic energy Eout is much
greater than the deviation of the free energy

δH0 = H0 − Eout; (212)
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due to creation and annihilation of real and virtual particles in the laboratory
experiments.

The measurable time of the laboratory experiments T2 − T1 is much smaller
than the age of the universe T0, but it is much greater than the reverse ®laboratory¯
energy δ, so that the limit

T (ϕ2)∫
T (ϕ1)

dTout ⇒
+∞∫

−∞

dTout

is valid. If we neglect the form factor (211) that removes a set of ultraviolet
divergences, we get the matrix element (183) that corresponds to the standard FP
functional integral (180) and S-matrix element (183) with the geometric (confor-
mal) time T (instead of the coordinate time t) and with conformal-invariant ˇelds
t → Tout:

S[−∞| + ∞] = 〈out|T exp

−i

+∞∫
−∞

dToutF̂HI(µ)

 |in〉 (F̂ = 1). (213)

Thus, the standard FP integral and the unitary S matrix for conventional quantum
ˇeld theory (QFT) appears as the nonrelativistic approximation of tremendous
mass of a universe and its very large lifetime (see Fig. 4). Now, it is evident
that QFT are not valid for the description of the early universe given in the ˇnite
spatial volume and the ˇnite positive interval of geometrical time (0 � T � T0)
where T0 is the ®present-day value¯ for the early universe that only begins to
create matter.

On the other hand, we revealed that standard QFT (that appears as the limit
of quantum theory of the Einstein general relativity) speaks on the language of
the conformal ˇelds and coordinates. If we shall consider the standard QFT as
the limit case of quantum gravity, we should recognize that, in QFT, we measure
the conformal quantities, as QFT is expressed in terms of the conformal-invariant
Lichnerowicz variables and coordinates including the conformal time (Tout) as
the time of evolution of these variables.

The conformal invariance of the variables can testify to the conformal invari-
ance of the initial theory of gravity. What is this theory?

7. CONFORMAL RELATIVITY

7.1. Action and Geometry. There are observations [5,39,42] that the classical
equations of Einsten's GR (111) are dynamically equivalent to the conformal-
invariant theory described by the PenroseÄChernikovÄTagirov [43] action with a
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negative sign

W (g|Φ) =
∫

d4x[−
√
−g

Φ2

6
R(g) + Φ∂ν(

√
−ggµν∂νΦ) + Lc

matter] (214)

and with the additional ®dilaton¯ ˇeld Φ referred to as a conformal compensator
and with the corresponding Lagrangian of ˇelds of matter Lc

matter [42].
The conformal-invariant version of Einstein's dynamics (214) is not compat-

ible with the absolute standard of measurement of lengths and times given by the
Einstein interval in the Riemannian geometry (112) as the latter is not conformal-
invariant. As it was shown by Weyl in 1918 [44], a conformal-invariant theory
corresponds to the relative standard of measurement of a conformal-invariant ratio
of two intervals

(ds)w =
(ds1)
(ds2)

(215)

given in the geometry of similarity as a manifold of Riemannian geometries con-
nected by conformal transformations. The geometry of similarity is characterized
by a measure of change of the length of a vector in its parallel transport. In the
case (214), it is the gradient of the dilaton Φ [5, 39]. In the following, we call
the theory (214) with intervals (215) the conformal relativity (CR), to differ it
from the original Weyl [44] theory where the measure of change of the length of
a vector in its parallel transport is a vector ˇeld.

Thus, the choice between two dynamically equivalent theories Å general
relativity (GR) and conformal relativity Å (CR) (214) is the choice between
the Riemannian geometry (112) and Weyl's geometry of similarity (215). The
evident fact of the correspondence of the conformal-invariant theory (214) to the
geometry of similarity (215) is ignored in the current literature (see, for example,
paper [42]).

7.2. Variables and Hamiltonian. The dynamic equivalence of GR and CR
becomes evident in the generalized Hamiltonian approach to solution of the prob-
lems of dynamics and initial data, as in both the theories, these problems are
considered in terms of the Lichnerowicz conformal-invariant variables [29,35].

In terms of the Lichnerowicz conformal-invariant variables formed by the
determinant of the spatial metric |(3)gij | = g

f (n)
c = f (n)g−n/6 (216)

GR (111) locally coincides with CR. The conformal-invariant dilaton in CR ϕc

corresponds to the determinant of the space metric multiplied by the Planck
constant in GR: µ (g1/6µ = ϕc) [5] (see the Table).

In CR (214), we obtain the same Hamiltonian equations, the same reduction,
and the same Levi-Civita transformation with the only one difference: the con-
formal variables, coordinates, and geometric time T are considered not as a math-
ematical tool, but as measurable quantities in the conformal relativity (214) [5].



596 BARBASHOV B.M., PERVUSHIN V.N., PAWLOWSKI M.

Table. In terms of the Lichnerowicz conformal invariant variables (gc), the Einstein
general relativity (GR) (with the scale factor φg = µ ‖3 g ‖1/6) can be treated as the

scalar version of the Weyl conformal invariant theory (with the scalar conformal ˇeld
φc instead of the scale factor). In the Conformal Uniˇed Theory (CUT), the Weyl

scalar ˇeld forms both the Planck mass (in agreement with the present-day
astrophysical data) and masses of elementary particles (in agreement with the

principle of equivalence)

TWO VERSIONS

GR CUT

√−g
[
−µ2R

6
+ Lmat(g,Ψ)

] √−g
[
−Φ2R

6
+ Φ√

−g
∂(

√−g∂Φ) + LSM
c

]

(Lichnerowicz) Φ ∝ modulus of Higgs ˇeld in SM

Nc = N ‖(3) g ‖−1/6 Nc = N ‖(3) g ‖−1/6

gc
ij =(3) gij ‖(3) g ‖−1/3 gc

ij =(3) gij ‖(3) g ‖−1/3

Φg = µ ‖(3) g ‖−1/6 Φc = Φ ‖(3) g ‖−1/6

−Nc
φ2

g

6
Rc + φg∂(Nc∂φg) + NcLmat −Nc

φ2
c
6

Rc + φc∂(Nc∂φc) + NcLSM
c

ABSOLUTE STANDARDS RELATIVE STANDARDS

(ds)2 = gµνdxµdxν (ds)2 = gc
µνdxµdxν

DIFFERENCES

� mixing of internal evolution � separation of internal evolution
parameter and metric parameter from metric

� evolution of 3d-volume � evolution of particle masses
in FRW approximation

� singularity of 3d-volume � 3d-volume conformal singularity
moved to dynamics

7.3. Physical Consequences. In a space with the geometry of similarity,
an observer can measure only the conformal-invariant ratio of lengths of two
vectors (215). In particular, in the homogeneous approximation,

ϕc(t, x) = ϕ0(t)a(t, x), a(t, x) = 1

a Weyl observer measures the conformal time by his watch and obtains the
conformal version of the Friedmann cosmology, i.e., the HoyleÄNarlikar-type
cosmology [40] with the conformal Hubble parameter Hc

hub = ϕ′/ϕ.
The action of conformal relativity (214) does not contain any dimensional

parameter, except for a ˇnite time interval and ˇnite volume, as the universe has
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the beginning T = 0 and the end T = T0, i.e., the present-day stage, where the
value of the scalar ˇeld

ϕ(T = T0) =
√

ρbaryons

Hc
hub

= µ (217)

coincides with the coupling constant of the Newton interaction, in agreement
with equations of motion and astrophysical observational data (156) [5]. Equa-
tion (217) is not the gauge Φ(x) = µ [39,42] but the experimental ˇt [5, 7].

In the conformal cosmology, the Hubble law is explained by the evolution
of the masses of elementary particles [5], so that the photon on a star remembers
the ®size¯ of a star atom at the moment of emission, and this ®size¯ increases
during the time of traveling; as a result, we get the red shift of a star photon in
comparison with a photon emitted by a standard atom on the Earth at the moment
of observation. The conformal version at the dust stage (208) corresponds to the
®accelerating universe¯ with

qc =
ϕ′′ϕ

ϕ′2 =
1
2
, (218)

instead of qF = −1/2 for the Friedmann version (with the measurable time
dTF = (ϕ/µ)dT ).

7.4. Quantum Conformal Relativity: Cosmological Scenario. The universe
was created with a zero reduced energy from the state of ®nothing¯ in the world
space of the conformal-invariant variable Fc, ϕ0 at the moment of the geometric
time T = 0. The stability of quantum theory explains the arrow and beginning
of the geometric time.

The classical and quantum evolutions of the universe coincide and are de-
scribed by the Levi-Civita-type transformation (see Fig. 4) to the set of new
variables (Fc, ϕ0) ⇒ (V, Q0) where the new dynamic evolution parameter is
the geometric time T (dQ0 = dT ). This transformation is the Bogoliubov one
from ®particle-like¯ variables (which diagonalize the measurable Hamiltonian) to
®quasiparticle-like¯ variables (which diagonalize equations of motion). In par-
ticular, the Levi-Civita transformation deˇnes the state of ®nothing¯, i.e., initial
data, as the vacuum of the Bogoliubov ®quasipaticles¯, or squeezing vacuum.

The Levi-Civita evolution from ®nothing¯ has four stages: ®anisotropic¯,
the squeezing vacuum ®in�ation¯ of the dilaton with respect to the geometric
time, ®radiation¯, and ®dust¯ with accelerating evolution (218) (considered in
Section 6). In the ˇrst two stages, the intensive creation of the matter ˇelds
(including gravitons) takes place, as ®quasipaticles¯ differ from ®particles¯.

In the last two stages, ®quasipaticles¯ coincide with ®particles¯, and these
stages are the conformal version of the standard FRW cosmology.
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7.5. Conformal Uniˇed Theory. In the conformal theory (214), the Higgs
mechanism of the formation of particle masses becomes super�uous and, more-
over, it contradicts the equivalence principle, as, in the case of the standard Higgs
mechanism, the Planck mass and masses of particles are formed by different
scalar ˇelds (see Fig. 10).

To save the equivalence principle we identify the modulus of the Higgs ˇeld
with the Weyl dilaton [5,39]. As a result, the Conformal Uniˇed Theory (CUT)
is described by the action [5,39]

WCUT = −WPCT + W c
SM, (219)

where −WPCT(ϕ, g) is the PenroseÄChernikovÄTagirov action (214), and

W c
SM[ϕ, V, ψ, g] =

∫
d4x
(
LSM

(ϕ=0) +
√
−g[−ϕF + ϕ2B]

)
(220)

is the conformally invariant part of the SM action (i.e., the conventional SM
action without the ®free¯ part for the modulus of the Higgs SU(2) doublet ϕ and
without the Higgs mass term), B and F are the mass terms of the vector V and
fermion ψ ˇelds, respectively,

B = ViŶijVj ; F = ψ̄αX̂αβψβ , (221)

Ŷ , X̂ are the ordinary matrices of vector meson and fermion mass couplings in
the WS theory multiplied by a rescaling parameter [5, 39].

The dilaton ˇeld ϕ forms both the Planck mass (in agreement with the present-
day astrophysical data) and masses of elementary particles [5] (in agreement with
the principle of equivalence). In other words, instead of the Higgs effect, we
have the cosmic formation of all masses including the Planck one.

The effective Higgs potential could not be restored by the ColemanÄWeinberg
perturbation theory, as the vertices with scalar ˇeld interactions are eliminated
from perturbation theory by the Bogoliubov transformations. Instead of the ef-
fective Higgs potential, in the exact theory, these interactions form cosmological
evolution of the universe as the pure relativistic and quantum phenomenon which
reproduces the conformal version of the standard Friedmann model (developed
by Hoyle and Narlikar [40]).

The Weyl geometrization of the modulus of the Higgs ˇeld removes the Higgs
potential with its problems of tremendous vacuum energy, monopole creation, the
domain walls [41], and the violation of causality as the monotonous dependence
(ϕ(T )). The conformal scalar ˇeld plays the role of the dynamic time and
forms the Newton potential. As a consequence, the conformal version of the
Higgs ˇeld loses its particle-like excitations [39] like the time component of the
electromagnetic ˇeld. In CUT (219), we obtain the σ version of the Standard
Model [4, 5, 39] without Higgs particles and with the prescription (211) which
removes ultraviolet divergences from the SM sector.
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Fig. 10. In the Conformal Uniˇed Theory (CUT), the Higgs mechanism of the formation
of particle masses becomes super�uous, and, moreover, it contradicts the equivalence
principle, as, in the case of a naive uniˇcation of general relativity (GR) and the Standard
Model (SM), the Planck mass and masses of particles are of a different nature and are
formed by different ˇelds. The Weyl geometrization of the modulus of the Higgs ˇeld
removes the Higgs potential with its problems of tremendous vacuum energy, monopole
creation, and the domain walls

8. CONCLUSIONS

All relativistic systems (a particle, a string, a universe in general relativity)
considered in the present review are given in their world spaces of dynamic
variables by their singular actions (as integrals over the coordinate space) and by
the geometric interval.

The peculiarity of relativistic systems is the invariance of their actions
and the geometric intervals with respect to reparametrizations of the coordinate
space, i.e., the general coordinate transformations, in general relativity. These
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reparametrization-invariant relativistic theories are not compatible with the sym-
plest variational principles of the Hamiltonian dynamics.

The main mystery of relativistic systems (which we tried to reveal in the
review) is the following: the reparametrization symmetry means that the measur-
able geometric time is a time-like variable in the geometric world space (obtained
by the Levi-Civita transformation to the action-angle-type variables) rather than
the coordinate.

This mystery of the dynamic origin of the ®time¯ was reliably covered by
the gauge condition that the lapse-function is equal to unity.

This noninvariant gauge-ˇxing method of describing the Hamiltonian dynam-
ics of relativistic systems was a real obstacle for understanding this dynamics.
This noninvariant method confuses reparametrization-invariant (or measurable)
quantities and noninvariant (nonobservable) ones and hides the necessity of con-
straining by the Levi-Civita transformation that converts ambiguous and attractive
®mathematical games¯ with noninvariant quantities into a harmonious theory of
invariant dynamics in the world space which includes an unambigouos descrip-
tion of quantum gravity with its relation to the standard cosmology of a classical
universe.

To obtain the invariant dynamics, one should choose the dynamic evolution
parameter and the homogeneous component of the lapse-function (separating the
global motion of a relativistic system as a whole from the local one) to deˇne the
geometric time. This geometric time is converted into a new dynamic evolution
parameter by the Levi-Civita canonical transformation.

The constraining of the initial dynamic system (to get a Dynamic Uncon-
strained System) loses the geometric time but determines the causal structure of
a world space that follows from the stability of the quantum relativistic theory.
Whereas, the constraining of the geometric system (after the Levi-Civita trans-
formation in the strong version of the action-angle variables) loses any dynamics,
as a Geometric Unconstrained System is only initial data with respect to the
geometric time.

The evolution of the initial world space with respect to the geometric time
(i.e., the evolution of a particle, a string, a universe) is described by the inverse
Levi-Civita transformation.

The generating functionals for causal Green functions of the unitary pertur-
bation theory in the form of path integrals are constructed by averaging over a
space of the reparametrization group, instead of the gauge-ˇxing.

The operations of separation of the ®centre-of-mass¯ coordinates and vari-
ation of the action do not commute. As a result, the invariant local constraints
differ from the standard ones for a relativistic string. The invariant local con-
straints satisfy the Virasoro algebra only for the case of a string with a single value
of the mass in the spectrum (in classical theory, this value is equal to zero) that
corresponds to the light-like branch of the representation of the Poincare group.
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Fig. 11. Interactions of matter ˇelds with a scalar ˇeld, in CUT, lead to the cosmic evolution
of Quantum Universe with the set of predictions, including the HoyleÄNarlikar cosmology
with the squeezed vacuum in�ation, the accelerating evolution at the present-day dust
stage. In CUT, we got the σ version of the Standard Model without Higgs particles, and
with the ®back-reaction¯ form factor to be free from the ultra-violet divergences for the
precision calculations

In other words, for a string with a nontrivial spectrum of masses, the Virasoro
algebra (with all its difˇculties, including the D = 26 problem and the negative
norm states) is an artefact of the reparametrization-noninvariant description.

To separate the global motion of a universe in general relativity, we used the
wonderful effectivity of the Lichnerowicz conformal-invariant variables in solving
the problems of the initial data and in formulating quantum ˇeld theory in the
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Riemannian space. This effectivity was a signal of hidden conformal symmetry
of the initial Einstein theory of gravitation. Really, the dynamics of Einstein's
theory coincides with the dynamics of a conformal scalar ˇeld (dilaton) with the
PenroseÄChernikovÄTagirov action with negative sign. However, the conformal-
invariant theory is compatible with the Weyl geometry of similarity but not
with the Riemannian one. The geometry of similarity converts the conformal-
invariant Lichnerowicz variables from an effective mathematical tool to physical
observables, consistent with large time and spatial volume limits of the obtained
quantum gravity, where the standard Hamiltonian description of the evolution of
matter ˇelds with respect to the geometric time is possible.

The discovered conformal symmetry allows us to unify the conformal ver-
sion of the Einstein theory with the Standard Model of electroweak and strong
interactions on the basis of the equivalence principle that identiˇes the dilaton
with the modulus of the Higgs ˇeld [5].

This uniˇcation of general relativity and Standard Model leads to a set of
predictions, including the HoyleÄNarlikar cosmology with the ®accelerating¯ evo-
lution of the universe at the dust stage, the squeezed vacuum in�ation from
®nothing¯ at the beginning of the universe, and the negative result of the CERN
experiment on the search of the Higgs particle [39], as the Weyl scalar ˇeld (like
the determinant of the space metric in GR) has no particle-like excitations (see
Fig. 11).

We would like to emphasize that we obtained the uniˇcation of a universe and
an observer who appeared at the end of the evolution of the universe with respect
to the geometric time; he measures the rhythm of the evolution by the rhythm
of his heart and knows that any of his motions contributes to the global motion
of the universe that forms its geometric time. ®Any motion, if it makes sense,
possesses also a freedom, and its task is to realize a good moral life, the ˇnal aim
of which will be the meaning of an everlasting existence¯ (St. Maximus [45]).
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We present an inductive algebraic approach to the systematic construction and classiˇcation
of generalized CalabiÄYau (CY) manifolds in different numbers of complex dimensions, based on
Batyrev's formulation of CY manifolds as toric varieties in weighted complex projective spaces
associated with re�exive polyhedra. We show how the allowed weight vectors in lower dimensions
may be extended to higher dimensions, emphasizing the roles of projection and intersection in their
dual description, and the natural appearance of CartanÄLie algebra structures. The 50 allowed extended
four-dimensional vectors may be combined in pairs (triples) to form 22 (4) chains containing 90 (91)
K3 spaces, of which 94 are distinct, and one further K3 space is found using duality. In the case of
CY3 spaces, pairs (triples) of the 10270 allowed extended vectors yield 4242 (259) chains with K3
(elliptic) ˇbers containing 730 additional K3 polyhedra. A more complete study of CY3 spaces is
left for later work.

�  µ¸´µ¢¥ Ëµ·³Ê²¨·µ¢±¨ 	 ÉÒ·¥¢  ³´µ£µµ¡· §¨° Š ² ¡¨ÄŸµ (ŠŸ) ± ± Éµ·¨Î¥¸±¨Ì ³´µ-
¦¥¸É¢ ¢µ ¢§¢¥Ï¥´´ÒÌ ±µ³¶²¥±¸´ÒÌ ¶·µ¥±É¨¢´ÒÌ ¶·µ¸É· ´¸É¢ Ì,  ¸¸µÍ¨¨·µ¢ ´´ÒÌ ¸ ·¥Ë²¥±¸¨¢-
´Ò³¨ ¶µ²¨Ô¤· ³¨, ¶·¥¤²µ¦¥´ ¨´¤Ê±É¨¢´Ò°  ²£¥¡· ¨Î¥¸±¨° ¶µ¤Ìµ¤ ± ¸¨¸É¥³ É¨Î¥¸±µ³Ê ¶µ¸É·µ¥-
´¨Õ ¨ ±² ¸¸¨Ë¨± Í¨¨ µ¡µ¡Ð¥´´ÒÌ ³´µ£µµ¡· §¨° ŠŸ ¤²Ö · §²¨Î´ÒÌ ±µ³¶²¥±¸´ÒÌ · §³¥·´µ¸É¥°.
�µ± § ´µ, ± ± ¤µ¶Ê¸É¨³Ò¥ ¢¥¸µ¢Ò¥ ¢¥±Éµ·Ò ¢ ´¨§Ï¨Ì · §³¥·´µ¸ÉÖÌ ³µ£ÊÉ ¡ÒÉÓ · ¸Ï¨·¥´Ò ¤²Ö
¢Ò¸Ï¨Ì · §³¥·´µ¸É¥°. �·¨ ÔÉµ³ µÉ³¥Î¥´  ·µ²Ó ¶·µ¥±É¨·µ¢ ´¨Ö ¨ ¶¥·¥¸¥Î¥´¨Ö ¢ ¨Ì ¤Ê ²Ó´µ³
µ¶¨¸ ´¨¨ ¨ ¥¸É¥¸É¢¥´´µ¥ ¶µÖ¢²¥´¨¥  ²£¥¡· ¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· Š ·É ´ Ä‹¨. �ÖÉÓ¤¥¸ÖÉ ¤µ¶Ê¸É¨³ÒÌ
· ¸Ï¨·¥´´ÒÌ Î¥ÉÒ·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢ ³µ£ÊÉ ¡ÒÉÓ ¸±µ³¡¨´¨·µ¢ ´Ò ¢ ¶ ·Ò (É·µ°±¨), Ëµ·³¨·ÊÕ-
Ð¨¥ 22 (4) Í¥¶µÎ±¨, ¸µ¤¥·¦ Ð¨¥ 90 (91) K3-¶·µ¸É· ´¸É¢, ¨§ ±µÉµ·ÒÌ 94 Ö¢²ÖÕÉ¸Ö µ¸µ¡Ò³¨,
  µ¤´µ K3-¶·µ¸É· ´¸É¢µ ´ Ìµ¤¨É¸Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¤Ê ²Ó´µ¸É¨. ‚ ¸²ÊÎ ¥ ¶·µ¸É· ´¸É¢ CY3
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¶ ·Ò (É·µ°±¨) ¨§ 10270 ¤µ¶Ê¸É¨³ÒÌ · ¸Ï¨·¥´´ÒÌ ¢¥±Éµ·µ¢ ¤ ÕÉ 4242 (259) Í¥¶µÎ¥± ¸ K3
(Ô²²¨¶É¨Î¥¸±¨³¨)-· ¸¸²µ¥´¨Ö³¨, ¸µ¤¥·¦ Ð¨³¨ 730 ¤µ¶µ²´¨É¥²Ó´ÒÌ K3-¶µ²¨Ô¤·µ¢. 	µ²¥¥ ¶µ²-
´µ¥ ¨§ÊÎ¥´¨¥ CY3-¶·µ¸É· ´¸É¢ ¡Ê¤¥É ¶·¨¢¥¤¥´µ ¢ ¸²¥¤ÊÕÐ¥° · ¡µÉ¥.

1. INTRODUCTION

One of the outstanding issues in both string theory and phenomenology is
the choice of vacuum. Recent dramatic advances in the nonperturbative under-
standing of strings have demonstrated that all string theories, thought previously
to be distinct, are in fact related by various dualities, and can be regarded as
different phases of a single underlying theory, called variously M and/or F the-
ory [1]. This deeper nonperturbative understanding does not alter the fact that
many classical string vacua appear equally consistent at the perturbative level.
However, the new nonperturbative methods may provide us with new tools to un-
derstand transitions between these classical vacua, and perhaps eventually provide
a dynamical criterion for deciding which vacuum is preferred physically [2, 3].

Consistent string vacua are constrained by the principles of quantum me-
chanics applied to extended objects. At the classical level, these are expressed
in the conformal symmetry of the supersymmetric world-sheet ˇeld theory. Con-
sistent quantization of the string must confront a possible anomaly in conformal
symmetry, as manifested in a net nonzero central charge of the Virasoro algebra.
Early studies of the quantum mechanics of extended objects indicated that strings
could not survive in the familiar dimension D = 3 + 1 of our space-time. The
way initially used to cancel the conformal anomaly was to choose appropriately
the dimension of the ambient space-time, for example, D = 25 + 1 for bosonic
strings and D = 9 + 1 for the supersymmetric and heterotic strings.

This suggested that the surplus n = 6 real dimensions should be compactiˇed.
The simplest possibility is on a CalabiÄYau manifold [4], which is deˇned by the
following conditions:

• It has a complex structure, with N = 3 complex dimensions required
for the D = 9 + 1 → 3 + 1 case of most direct interest, though all the cases
N = 1, 2, 3, 4, ... have some interest.

• It is compact.
• It has a Kéahler structure.
• It has holonomy group SU(n) or Sp(n), e.g., SU(3) in the N = 3 case.
It has subsequently been realized that one could compactify on an orbifold [5],

rather than a manifold, and also that generalized heterotic strings could be formu-
lated directly in D = 3+1 dimensions, with extra world-sheet degrees of freedom
replacing the surplus space coordinates. More recently, the nonperturbative for-
mulation of the theory in eleven or twelve dimensions, as M or F theory, has
opened up new possibilities [6]. However, CalabiÄYau compactiˇcations con-
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tinue to play a key role in the search for realistic four-dimensional string models,
motivating us to revisit their classiˇcation.

One of the most important tools in the investigation of such complex mani-
folds is the feature that their singularities are connected with the structure of Lie
algebras. Kaluza was the ˇrst to attempt to understand this circumstance, and used
this idea to embark on the uniˇcation of all the gauge interactions known at that
time, namely electromagnetism and gravitation. These ideas were subsequently
extended to non-Abelian gauge theories, and string theory can be regarded as the
latest stage in the evolution of this programme.

The three-complex-dimensional CY manifolds can be situated in a sequence
of complex spaces of increasing dimensions: two-real- (one-complex-)dimensional
tori T2, the two-complex-dimensional K3 spaces, the three-complex-dimensional
CY3 themselves, four-complex-dimensional CY4, etc., whose topological struc-
ture and classiˇcation become progressively more complicated. Their topologies
may be described by the BettiÄHodge numbers which count the numbers of dis-
tinct one-, two-, three-dimensional, ... cycles (holes,...). The topological data of
the different CY manifolds determine their physical properties, such as the dif-
ferent numbers of generations Ng (which are related to the Euler characteristics
of CY3 spaces), etc. This emphasizes the desirability of approaching system-
atically the problem of their classiˇcation and the relations between, e.g., CY3

manifolds with different values of the Euler characteristic and hence the number
of generations Ng . Since some nonperturbative tools now exist for studying tran-
sitions between different CY manifolds, one could hope eventually to ˇnd some
dynamical criterion for determining Ng .

The topologies and classiˇcation of the lower-dimensional spaces in this se-
quence are better known: although our ultimate objective is deeper understanding
of CY3 spaces, in this paper we study as a warm-up problem the simpler case
of the two-complex-dimensional K3 hypersurfaces. These are of considerable
interest in their own right, since, for example, they may appear as ˇbrations
of higher-dimensional CYn spaces. It is well known that any two K3 spaces
are diffeomorphic to each other. This can be seen, for example, by using the
polyhedron techniques of Batyrev [7] discussed in Sections 2 and 3, to calculate
the BettiÄHodge invariants for all the K3 hypersurfaces corresponding to the k4

vectors we found. It is easy to check that Batyrev's results yield the same Euler
number 24 for all K3 manifolds [8].

The quasi-homogeneous polynomial equations (hereafter called CY equa-
tions) whose zeroes deˇne the CY spaces as hypersurfaces in complex projective
space are deˇned (2.6), (2.7), (2.8), (2.9) by projective vectors k, whose compo-
nents specify the exponents of the polynomials. The number of CY manifolds is
large but ˇnite, as follows from the property of re�exivity introduced in Section
2. The central problem in the understanding of classiˇcation of these manifolds
may be expressed as that of understanding the set of possible projective vectors
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k = (k1, . . . , kn+1), the corresponding Lie algebras and their representations.
More precisely, the classiˇcation of all CY manifolds contains the following
problems:
• To study the structure of the K3, CY3, ... projective vectors kn, in particular, to
ˇnd the links with the projective vectors of lower dimensions: D = n−1, n−2, ...
• To establish the web of connections between all the projective vectors kn of
the same dimension.
• To ˇnd an algebraic description of the geometrical structure for all projective
vectors, and calculate the corresponding BettiÄHodge invariants.
• To establish the connections between the projective vectors kn, the singular-
ities of the corresponding CY hypersurfaces, the gauge groups and their matter
representations, such as the number of generations, Ng .
• To study the duality symmetries and hypermodular transformations of the pro-
jective vectors kn.

In addition to the topological properties and gauge symmetries already men-
tioned, it is now well known that string vacua may be related by duality symme-
tries. This feature is familiar even from simple compactiˇcations on S1 spaces
of radius R, which revealed a symmetry: R → 1/R [9]. In the case of compact-
iˇcations on tori, there are known to be S, T , and U dualities that interrelate ˇve
string theories and play key roles in the formulations of M and F theories [10].
Compactiˇcations on different types of CY manifolds have also been used exten-
sively in verifying these string dualities [10]. For example, in proving the duality
between type-II A and type-II B string theories, essential use was made of the
very important observation that all CY manifolds have mirror partners [7,11Ä15].
Thus, duality in string theory found its origins in a duality of complex geometry.

Further information about string/M /F theory and its compactiˇcations on CY
manifolds can be obtained using the methods of toric geometry. The set of homo-
geneous polynomials of degree d in the complex projective space CPn deˇned by
the vector kn+1 with d = k1 + ...kn+1 deˇnes a convex re�exive polyhedron ∗,
whose intersection with the integer lattice corresponds to the polynomials of the
CY equation. Therefore, instead of studying the complex hypersurfaces directly,
one can study the geometry of polyhedrons. This method was ˇrst used to look
for the solutions of the algebraic equations of degree ˇve or more in terms of rad-
icals [16]. Thus, the problem of classifying CY hypersurfaces is also connected
with the problem of solving high-degree polynomial equations in terms of radi-
cals. The solutions of quintic- and higher-degree algebraic equations in terms of
radicals may be expressed using elliptic and hyperelliptic functions, respectively.
Speciˇcally, it is known that CY manifolds may be represented using double-
periodic elliptic or multi-periodic hyperelliptic functions [17]. These functions

∗The notion of a re�exive polyhedron is introduced and deˇned in Section 2.
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Fig. 1. The genealogical tree of re�exive projective vectors in different dimensions up to
d = 4

have therefore been used to describe the behaviour of strings, and they should
also be used to construct the ambient space-time in which strings move.

We embark here on a systematic classiˇcation of K3 manifolds, as a prelude
to a subsequent classiˇcation of CY3 manifolds, based on their construction in
the framework of toric geometry. Within this approach, CY manifolds and their
mirrors are toric varieties that can be associated with polyhedra in spaces of var-
ious dimensions. We propose here an inductive algebraic-geometric construction
of the projective vectors k that deˇne these polyhedra and the related K3 and CY
spaces. This method has the potential to become exhaustive up to any desired
complex dimensionality d = 1, 2, 3, 4, 5, 6, ... (see Figure 1), limited essentially
by the available computer power. As a ˇrst step in this programme, we present
in this article a construction of K3 spaces, which is complete for those described
by simple polynomial zeroes, and in principle for K3 spaces obtained as the
complete intersections of pairs or triples of such polynomial zero loci. In the
construction of projective vectors corresponding to hypersurfaces without an in-
tersection with one internal point, the duality between a complex manifold and its
mirror (which does contain an intersection) plays an important role. We discuss
here also aspects of the CY3 construction that are relevant for the classiˇcation
of K3 spaces. We also indicate already how one may generate CY3 manifolds
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with elliptic ˇbrations or K3 ˇbers. More aspects of our CY3 construction are
left for later work.

To get the �avour of our construction, which is based on the formalism
reviewed in Sections 2 and 3 [7] and is discussed in more detail in Sections 4 et
seq., consider ˇrst CP 1 space. Starting from the trivial unit ®vector¯ k1 ≡ (1),
we introduce two singly-extended basic vectors

kex′

1 = (0, 1), kex′′

1 = (1, 0), (1.1)

obtained by combining k1 with zero in the two possible ways. The basic vectors
(1.1) correspond to the sets of polynomials

xn · y =⇒ {µ1 } = (n, 1) : µ1 · kex′

1 = d = 1,

x · ym =⇒ {µ2 } = (1, m) : µ2 · kex′′

1 = d = 1, (1.2)

respectively. The only polynomial common to these two sequences is xy, which
may be considered as corresponding to the trivial ®vector¯ k1 = (1). Consider
now the composite vector k2 = (1, 1), which can be constructed out of the basic
vectors (1.1), and is easily seen to correspond to the following three monomials
of two complex arguments (x, y):

{ x2, x · y, y2 } =⇒ µ|i=1,2,3 = { (2, 0), (1, 1), (0, 2) } =⇒
µ

′ |i=1,2,3 ≡ µ|i=1,2,3 − 1 = { (1,−1), (0, 0), (−1, +1) }, (1.3)

where we have used the condition: µ ·k2 = µ1 ·1+µ2 ·1 = d = 2, corresponding
to µ ′ · k2 = 0, and we denote by d the dimensionality of the projective vectors.
It is convenient to parametrize (1.3) in terms of the new basis vector e = (−1, 1):

µ
′ |i=1,2,3 =⇒ (e)|i=1,2,3 = { (−1), (0), (+1) } × e. (1.4)

The three points (2, 0), (1, 1), (0, 2) (or −1, 0, +1) corresponding to the composite
vector k2 = (1, 1) may be considered as composing a degenerate linear polyhedron
with two integer vertices {(2, 0), (0, 2)} (±1) and one central interior point (1, 1)
(0). As we see in more detail later, this polyhedron is self-dual, or re�exive as
deˇned in Section 2.

To describe CY1 spaces in CP 2 projective space, via the analogous projective
vectors k3 = (1, 1, 1), (1, 1, 2), (1, 2, 3), that are associated with the corresponding
polynomial zero loci, one may introduce the two following types of extended
vectors: the doubly-extended basic vectors

kex
1 = (0, 0, 1), (0, 1, 0), (1, 0, 0) (1.5)
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obtained by adding zero to the two-dimensional basic vectors (1.1) in all possible
ways, and the three simple extensions of the composite vector k2 = (1, 1):

kex
2 = (0, 1, 1), (1, 0, 1), (1, 1, 0). (1.6)

Then, out of all the extended vectors (1.5) and (1.6) and the corresponding sets of
monomials, one should consider only those pairs (triples) whose common mono-
mials correspond to the composite vector k2 = (1, 1) (to the unit vector) which
produces the re�exive linear polyhedron with three integer points (a single point).
The condition of re�exivity restricted to the extended vector pairs (triples), ...
will also be very important for constructing the closed sets of higher-dimensional
projective vectors (again re�exive).

For example, consider one such `good' pair,

kex
2 = (0, 1, 1) ⇐⇒ kex

1 = (1, 0, 0), (1.7)

with the corresponding set of monomials,

{xm · y2} =⇒ µ = (m, 2, 0),
{xn · y · z} =⇒ µ = (n, 1, 1),
{xp · z2} =⇒ µ = (p, 0, 2),
µi · kex

2 = 2, (1.8)

and

{x · yk · zl} =⇒ µ = (1, k, l),
µ · kex

1 = 1. (1.9)

The common action of these two extended vectors, (0,1,1) and (1,0,0), gives as
results only the following three monomials:

{x · y2, x · y · z, x · z2} =⇒
µ|i=1,2,3 = {(1, 2, 0), (1, 1, 1), (1, 0, 2)} =⇒

µ|i=1,2,3 − 1 = {(0, 1,−1), (0, 0, 0), (0,−1, 1)} =⇒
e|i=1,2,3 = {(−1), (0), (1)} (1.10)

which correspond to the CP 1 case. Such pairs or triples may be termed ®re�ex-
ive¯ pairs or triples, because of the vertices e|i=1,2,3 above a generate (degenerate)
re�exive polyhedron.

Such pairs, triples and higher-order sets of projective vectors k1 may be used
to deˇne chains of integer-linear combinations, as explained in more detail in
Subsection 4.1:

m1k1 + m2k2 + . . . (1.11)
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We use the term eldest vector for the leading entry in any such chain, with
minimal values of m1, m2, . . . In the above case, there are just two distinct types
of ®re�exive¯ pairs: {(0, 0, 1), (1, 1, 0)} and {(0, 1, 1), (1, 0, 1)}, which give rise
to two such chains: {(1, 1, 1), (1, 1, 2)} and {(1, 1, 2), (1, 2, 3)}. There is only
one useful ®re�exive¯ triple: {(0, 0, 1), (0, 1, 0), (1, 0, 0)} deˇning a non-trivial
three-vector chain. Together, these chains can be used to construct all three
projective k2 vectors. The second possible ®re�exive¯ triple {(0, 1, 1), (1, 0, 1),
(1, 1, 0)} produces a chain that consists of only one projective k3 vector: (1, 1, 1).

In addition to the zero loci of single polynomials, CY spaces may be found
by higher-level contructions as the intersections of the zero loci of two or more
polynomial loci. The higher-level CY1 spaces found in this way are given in the
last Section of this paper.

In the case of the K3 hypersurfaces in CP 3 projective space, our construction
starts from the ˇve possible types of extended vectors, with all their possible
Galois groups of permutations. These types are the triply-extended basic vectors
with the cyclic C4 group of permutations,

kex
1 = (0, 0, 0, 1) : |C4| = 4, (1.12)

the doubly-extended composite vectors with the D3 dihedral group of permuta-
tions,

kex
2 = (0, 0, 1, 1) : |D3| = 6, (1.13)

and the following singly-extended composite vectors with the cyclic C4, alternat-
ing A4 and symmetric S4 groups of permutations, respectively:

kex
3 = (0, 1, 1, 1) : |C4| = 4, (1.14)

kex
3 = (0, 1, 1, 2) : |A4| = 12, (1.15)

kex
3 = (0, 1, 2, 3) : |S4| = 24. (1.16)

The A4 and S4 groups of permutations can be identiˇed with the tetrahedral T and
octahedral O rotation groups, respectively. Combining these 50 extended vectors
in pairs, we ˇnd 22 pairs whose common actions correspond to re�exive polyhedra
in the plane. These give rise to 22 chains (lattices parametrized by two positive
integers), which together yield 90 k4 vectors based on such extended structures,
that are discussed in more detail in Section 5. In addition, there exist just
four triples constructed from the 10 extended vectors (0, 0, 0, 1) + permutations
and (0, 0, 1, 1) + permutations whose common actions give a unique re�exive
polyhedron on the line: (−1), (0), (+1). The corresponding four triple chains
(lattices parametrized by three positive integers) yield 91 k4 vectors, as discussed
in Section 6. As also discussed there, it turns out that most of the k4 vectors
obtained from the triple combinations are already included among those found
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in the double chains, so that the combined number of distinct vectors is just 94.
The total number of vectors is, however, 95 (see Table 1), because there exists,
in addition to the above enumeration, a single vector k4 = (7, 8, 9, 12) which has
only a trivial intersection consisting just of the zero point. This can be found
within our approach using the nontrivial projection structure of its dual, which
is an example of the importance of duality in our classiˇcation, as discussed in
Section 7.

To ˇnd all CY manifolds, and thereby to close their algebra with respect
the duality between intersection and projection that is described in more detail in
Sections 3 and 4, one must consider how to classify the projective structures of
CY manifolds. Some of the 22 chains are dual with respect to the ®intersection-
projection¯ structure, but more analysis is required to close the CY algebra. As
discussed in Section 7, it is useful for this purpose to look for the so-called in-
variant directions. To ˇnd all such invariant directions in the case of K3 spaces,
one should consider all triples selected from the following ˇve extended vectors:
(0, 0, 0, 1), (0, 0, 1, 1), (0, 1, 1, 1), (0, 1, 1, 2), (0, 1, 2, 3), and their possible permu-
tations, whose intersections give the following ˇve types of invariant directions
deˇned by two monomials:

πα
1 = {(1, 1, 1, 1) → (0, 1, 1, 3)}, α = 1, 2,

πα
2 = {(1, 1, 1, 1) → (0, 0, 0, 3)}, α = 1, 2, 3, 4,

πα
3 = {(1, 1, 1, 1) → (0, 0, 1, 3)}, α = 1, 2, 3, 4,

πα
4 = {(1, 1, 1, 1) → (0, 0, 0, 4)}, α = 1, 2, 3, 4,

πα
5 = {(1, 1, 1, 1) → (0, 0, 1, 4)}, α = 1, (1.17)

and the following three types of invariant directions deˇned by three monomials:

πα
6 = {(0, 2, 1, 1) → (1, 1, 1, 1) → (2, 0, 1, 1)}, α = 1, 2,

πα
7 = {(0, 0, 1, 2) → (1, 1, 1, 1) → (2, 2, 1, 0)}, α = 1, 2, 3, 4,

πα
8 = {(0, 0, 0, 2) → (1, 1, 1, 1) → (2, 2, 2, 0)}, α = 1, 2, 3, 4, (1.18)

respectively. Each double intersection of a pair of extended vectors from one of
these triples gives the same ®good¯ planar polyhedron whose intersection with
the plane integer lattice Z2 has just one interior point.

By this method, one can classify the projective vectors by projections, ˇnding
78 projective vectors which can be characterized by their invariant directions.
Taking into account the projective vectors with intersection-projection duality
that have already been found by the double-intersection method, one can recover
all 95 K3 projective vectors, including the exceptional vector (7, 8, 9, 12) that
was not found previously among the double and triple chains.
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Table 1: The algebraic structure of the 95 projective vectors characterizing K3 spaces. The
numbers of points/vertices in the corresponding polyhedra (their duals) are denoted by N/V
(N∗/V ∗), and their Picard numbers are denoted by Pic (Pic∗). In each case, we also list the
double, triple chains and projective chains where the corresponding K3 vector may be found

ℵ k4 N N∗ V V ∗ Pic Pic∗ Double chains Triple chains Projective chains

1 (1, 1, 1, 1) 35 5 4 4 1 19 I, V II, X, XII I π3 , π4, π6
2 (1, 1, 1, 2) 34 6 6 5 2 18 I, IV, XI, XIV I, II π1, π3 , π5, π6 , π7
3 (1, 1, 1, 3) 39 6 4 4 1 19 I, V, XX I, III π8
4 (1, 1, 2, 2) 30 6 4 4 4 18 II, IV, X, I, II, IV π2, π6, π7

XXI, XXII
5 (1, 1, 2, 3) 31 8 7 6 4 16 IV, XI, XIII, XV I, II, π1, π3, π6, π7
6 (1, 1, 2, 4) 35 7 4 4 3 18 IV, V, V I, XV I I, II, III π8
7 (1, 1, 3, 4) 33 9 5 5 4 16 XI, XV II I, II π2, π6
8 (1, 1, 3, 5) 36 9 5 5 3 17 V, XV III I, III π8
9 (1, 1, 4, 6) 39 9 4 4 2 18 V, XIX I, III
10 (1, 2, 2, 3) 24 8 6 5 7 16 V II, V III, XI, I, II, IV π1, π3, π4, π7

XV, XXII
11 (1, 2, 2, 5) 28 8 4 4 6 18 V, IX, XV I I, III π8
12 (1, 2, 3, 3) 23 8 6 5 8 16 II, III, XIV, XV I, II π1 , π2, π7
13 (1, 2, 3, 4) 23 11 7 6 8 13 XII, XIII, II, IV π1 , π3, π7

XV, XXII
14 (1, 2, 3, 5) 24 13 8 7 8 12 XIII, XIV, XV II π1, π3, π5, π7
15 (1, 2, 3, 6) 27 9 4 4 7 16 V I, XV, XV I, XX II, III π8
16 (1, 2, 4, 5) 24 12 5 5 8 14 XV II, XXI, XXII II, IV π1, π2
17 (1, 2, 4, 7) 27 12 5 5 7 15 XV I, XV III III π8
18 (1, 2, 5, 7) 26 17 6 6 8 12 XV II II π1, π2
19 (1, 2, 5, 8) 28 14 5 5 7 14 XV I, XV III III π8
20 (1, 2, 6, 9) 30 12 4 4 6 16 XV I, XIX III
21 (1, 3, 4, 4) 21 9 4 4 10 16 II, V III I, II π2, π7
22 (1, 3, 4, 5) 20 15 7 7 10 10 XIII, XIV II π7
23 (1, 3, 4, 7) 22 17 6 6 10 10 XIII II π3, π7
24 (1, 3, 4, 8) 24 12 5 5 9 14 V I, IX II, III π8
25 (1, 3, 5, 6) 21 15 5 5 10 12 III, XV II II
26 (1, 3, 5, 9) 24 15 5 5 9 13 XV III, XX III π8
27 (1, 3, 7, 10) 24 24 4 4 10 10 XV II II π2
28 (1, 3, 7, 11) 25 20 5 5 9 11 XV III III π8
29 (1, 3, 8, 12) 27 15 4 4 8 14 XIX III
30 (1, 4, 5, 6) 19 17 6 6 11 9 V III, XIII II π7
31 (1, 4, 5, 10) 23 13 4 4 10 14 V I II, III π8
32 (1, 4, 6, 7) 19 20 6 6 11 9 XV II II
33 (1, 4, 6, 11) 22 20 6 6 10 10 IX, XV III III
34 (1, 4, 9, 14) 24 24 4 4 10 10 XV III III π8
35 (1, 4, 10, 15) 25 20 5 5 9 11 XIX III
36 (1, 5, 7, 8) 18 24 5 5 12 8 XV II II
37 (1, 5, 7, 13) 21 24 5 5 11 9 XV III III
38 (1, 5, 12, 18) 24 24 4 4 10 10 XIX III
39 (1, 6, 8, 9) 18 24 5 5 12 8 XV II II
40 (1, 6, 8, 15) 21 24 5 5 11 9 XV III III
41 (1, 6, 14, 21) 24 24 4 4 10 10 XIX III
42 (2, 2, 3, 5) 17 11 5 5 11 14 V III, XI I, II π4, π6, π7
43 (2, 2, 3, 7) 19 11 5 5 10 16 V, IX I, III π8
44 (2, 3, 3, 4) 15 9 4 4 12 16 III, V II, XXI I, IV π1, π2 , π3, π4 , π6
45 (2, 3, 4, 5) 13 16 7 7 13 9 XII, XIV, XXII II, IV π1, π3, π5, π7
46 (2, 3, 4, 7) 14 18 6 6 13 10 V III, XIV II π1, π3 , π4, π5 , π7
47 (2, 3, 4, 9) 16 14 5 5 12 13 IX, XV I, XX III π8
48 (2, 3, 5, 5) 14 11 6 5 14 14 II I, II π2, π7
49 (2, 3, 5, 7) 13 20 8 8 14 6 XIII II π3, π5, π7
50 (2, 3, 5, 8) 14 20 6 6 14 7 XIII II π3, π7
51 (2, 3, 5, 10) 16 14 5 5 13 12 V I II, III π8
52 (2, 3, 7, 9) 14 23 6 6 14 8 XV II II π2
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Table 1: (cont.)

ℵ k4 N N∗ V V ∗ Pic Pic∗ Double chains Triple chains Projective chains

53 (2, 3, 7, 12) 16 20 5 5 13 10 XV III III π8
54 (2, 3, 8, 11) 15 27 4 4 14 8 XV II II π2
55 (2, 3, 8, 13) 16 23 5 5 13 9 XV III III π8
56 (2, 3, 10, 15) 18 18 4 4 12 12 XIX III
57 (2, 4, 5, 9) 13 23 4 4 14 10 V III II π1, π4, π7
58 (2, 4, 5, 11) 14 19 5 5 13 11 IX, XV I III π8
59 (2, 5, 6, 7) 11 23 5 5 15 7 V III II π3, π4, π7
60 (2, 5, 6, 13) 13 23 5 5 14 9 IX III π8
61 (2, 5, 9, 11) 11 32 6 6 16 4 XV II II π2
62 (2, 5, 9, 16) 13 29 5 5 15 6 XV III III π8
63 (2, 5, 14, 21) 15 27 4 4 14 8 XIX III
64 (2, 6, 7, 15) 13 23 4 4 14 10 IX III π8
65 (3, 3, 4, 5) 12 12 5 5 14 14 III I π2, π3, π5, π6
66 (3, 4, 5, 6) 10 17 6 6 15 9 III, XII, XXI IV π1, π2, π3
67 (3, 4, 5, 7) 9 24 7 8 16 4 XIV II π3, π5, π7
68 (3, 4, 5, 8) 10 22 6 6 16 7 V III II π1, π3, π4, π7
69 (3, 4, 5, 12) 12 18 5 5 15 10 IX, XX III π8
70 (3, 4, 7, 10) 10 26 5 6 17 3 XIII II π3, π7
71 (3, 4, 7, 14) 12 18 5 5 16 10 V I II, III π8
72 (3, 4, 10, 13) 10 35 5 5 17 3 XV II II π2
73 (3, 4, 10, 17) 11 31 6 6 16 4 XV III III π8
74 (3, 4, 11, 18) 12 30 4 4 16 6 XV III III π8
75 (3, 4, 14, 21) 13 26 5 5 15 7 XIX III
76 (3, 5, 6, 7) 9 21 5 5 16 8 III π1, π2
77 (3, 5, 11, 14) 9 39 4 4 18 2 XV II II π2
78 (3, 5, 11, 19) 10 35 5 5 17 3 XV III III π8
79 (3, 5, 16, 24) 12 30 4 4 16 6 XIX III
80 (3, 6, 7, 8) 9 21 4 4 16 10 III π1, π2, π3, π4
81 (4, 5, 6, 9) 8 26 5 6 17 4 XIV II π3, π4, π5, π7
82 (4, 5, 6, 15) 10 20 5 5 16 9 XX III π8
83 (4, 5, 7, 9) 7 32 5 6 18 2 II π3, π7
84 (4, 5, 7, 16) 9 27 5 5 17 6 IX III π8
85 (4, 5, 13, 22) 9 39 4 4 18 2 XV III III π8
86 (4, 5, 18, 27) 10 35 5 5 17 3 XIX III
87 (4, 6, 7, 11) 7 35 4 4 18 3 V III II π4, π5, π7
88 (4, 6, 7, 17) 8 31 5 5 17 4 IX III π8
89 (5, 6, 7, 9) 6 30 5 6 18 2 III π2, π3, π5
90 (5, 6, 8, 11) 6 39 4 4 19 1 II π3, π7
91 (5, 6, 8, 19) 7 35 5 5 18 2 IX III π8
92 (5, 6, 22, 33) 9 39 4 4 18 2 XIX III
93 (5, 7, 8, 20) 8 28 4 4 18 6 III π8
94 (7, 8, 10, 25) 6 39 4 4 19 1 III π8
95 (7, 8, 9, 12) 5 35 4 4 19 1 π2, π3, π4, π5

Section 8 of this paper contains a systematic description how various gauge
groups emerge associated with singularities in our construction of K3 spaces [18].
These are interesting because of their possible role in studies of F theory. Since
this may be regarded as a decompactiˇcation of type-IIA string, understanding of
duality between the heterotic string and type-IIA string in D = 6 dimensions can
be used to help understand the duality between the heterotic string on T 2 and F
theory on an elliptically-ˇbered K3 hypersurface [19]. The gauge group is directly
deˇned by the ADE classiˇcation of the quotient singularities of hypersurfaces.
The Cartan matrix of the Lie group in this case coincides up to a sign with



616 ANSELMO F. ET AL.

the intersection matrix of the blown-down divisors. There are two different
mechanisms leading to enhanced gauge groups on the F -theory side and on the
heterotic side. On the F -theory side, the singularities of the CY hypersurface give
rise to the gauge groups, but on the heterotic side the singularities can give an
enhancement of the gauge group if ®small¯ instantons of the gauge bundle lie on
these singularities [20]. This question has been studied in terms of the numbers
of instantons placed on a singularity of type G, where G is a simply-laced group.
Studies of groups associated with singularities of K3 spaces are also interesting
because elliptic CYn (n = 3, 4) manifolds with K3 ˇbers can be considered to
study F -theory dual compactiˇcations of the E8 × E8 or SO(32) string theory.
To do this in toric geometry, it is possible to consider the K3 polyhedron ˇber as
a subpolyhedron of the CYn polyhedron, and the Dynkin diagrams of the gauge
groups of the type-IIA string (F -theory) compactiˇcations on the corresponding
threefold (fourfold) can then be seen precisely in the polyhedron of this K3
hypersurface. By extension, one could consider the case of an elliptic CY4 with
CY3 ˇber, where the last is a CY hypersurface with K3 ˇber. We give in
Section 8 several detailed examples of group structures associated with chains of
K3 spaces, which our algebraic approach equips us to study systematically.

Finally, Section 9 provides a brief discussion of CY3 manifolds and describes
how additional CY spaces can be constructed at higher levels as the intersections
of multiple polynomial loci. This discussion is illustrated by the examples of
higher-level CY1 and K3 spaces obtained via our construction of lower-level
K3 and CY3 spaces. We ˇnd, for example, 7 new polyhedra describing CY1

spaces given by ®level-one¯ intersections of pairs of polynomial loci, and three
new ®level-two¯ polyhedra given by triple intersections of polynomial loci. In
looking for higher-level K3 spaces, we start from 100 types of extended vectors
in ˇve dimensions, corresponding to 10270 distinct vectors when permutations are
taken into account. We ˇnd that these give rise to 4242 two-vector chains of CY3

spaces, 259 triple-vector chains and 6 quadruple-vector chains. Analyzing their
internal structures, we ˇnd 730 new K3 polyhedra at level one, of which 146 can
be obtained as intersections of polynomials corresponding to simple polyhedra
(points, line segments, triangles and tetrahedra). A complete characterization of
higher-level K3 spaces given by multiple intersections of polynomial loci lies
beyond our present computing scope, and we leave their further study to later
work.

2. CALABIÄYAU SPACES AS TORIC VARIETIES

We recall that an n-dimensional complex manifold is a 2 · n-dimensional
Riemannian space with a Hermitean metric

ds2 = gij̄ · dzi · dz̄ j̄ : gij = gīj̄ = 0, gij̄ = ḡj̄i (2.1)
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on its n complex coordinates zi. Such a complex manifold is Kéahler if the (1, 1)
differential two-form

Ω =
1
2
· i · gij̄ · dziΛdz̄ j̄, (2.2)

is closed, i.e., dΩ = 0. In the case of a Kéahler manifold, the metric (2.1) is
deˇned by a Kéahler potential:

gij̄ =
∂2K(zi, z̄ j̄)

∂zi∂z̄ j̄
. (2.3)

The Kéahler property yields the following constraints on components of the Cristof-
fel symbols:

Γi
j̄k = Γī

jk̄ = Γi
j̄k = 0,

Γī
j̄k̄ = Γ̄i

jk = gīs · ∂gk̄s

∂z̄ j̄
, (2.4)

yielding in turn the following form

Rīj = −
∂Γk̄

īk̄

∂zj
(2.5)

for the Ricci tensor.
Since the only compact submanifold of Cn is a point [21], in order to

ˇnd nontrivial compact submanifolds, one considers weighted complex projec-
tive spaces, CPn(k1, k2, ..., kn+1), which are characterized by (n + 1) quasi-
homogeneous coordinates z1, ..., zn+1, with the identiˇcation:

(z1, . . . , zn+1) ∼ (λk1 · z1, . . . , λkn+1 · zn+1). (2.6)

The loci of zeroes of quasi-homogeneous polynomial equations in such weighted
projective spaces yield compact submanifolds, as we explain in more detail in
the rest of Section 2, where we introduce and review several of the geometric
and algebraic techniques used in our subsequent classiˇcation. Other compact
submanifolds may be obtained as the complete intersections of such polynomial
zero constraints, as we discuss in more detail in Section 9.

2.1. The Topology of CalabiÄYau Manifolds in the Polyhedron Method.
A CY variety X in a weighted projective space CPn(k) = CPn(k1, ..., kn+1) is
given by the locus of zeroes of a transversal quasi-homogeneous polynomial ℘
of degree deg (℘) = d, with d =

∑n+1
j=1 kj [7, 13Ä15,21Ä29]:

X ≡ Xd(k) ≡ {[x1, ..., xn+1] ∈ CPn(k)|℘(x1, ..., xn+1) = 0}. (2.7)



618 ANSELMO F. ET AL.

The general polynomial of degree d is a linear combination

℘ =
∑
µ

cµxµ (2.8)

of monomials xµ = xµ1
1 xµ2

2 ...x
µr+1
r+1 with the condition:

µ · k = d. (2.9)

We recall that the existence of a mirror symmetry, according to which each
CalabiÄYau manifold should have a dual partner, was ˇrst observed pragmatically
in the literature [11Ä14,27]. Subsequently, Batyrev [7] found a very elegant way
of describing any CalabiÄYau hypersurface in terms of the corresponding Newton
polyhedron, associated with degree-d monomials in the CY equation, which is the
convex hull of all the vectors µ of degree d. The Batyrev description provides a
systematic approach to duality and mirror symmetry.

To each monomial associated with a vector µ of degree d, i.e., µ · k = d,
one can associate a vector µ

′ ≡ µ − e0 : e0 ≡ (1, 1, ..., 1), so that µ
′ · k = 0.

Using the new vector µ
′
, hereafter denoted without the prime (′), it is useful to

deˇne the lattice Λ:

Λ = {µ ∈ Zr+1 : µ · k = 0} (2.10)

with basis vectors ei, and the dual lattice Λ∗ with basis e∗j , where e∗j · ei = δij .
Consider the polyhedron �, deˇned to be the convex hull of {µ ∈ Λ : µi �
−1, ∀i}. Batyrev [7] showed that to describe a CalabiÄYau hypersurface∗, such
a polyhedron should satisfy the following conditions:

• The vertices of the polyhedron should correspond to the vectors µ with
integer components.

• There should be only one interior integer point, called the centre.
• The distance of any face of this polyhedron from the centre should be

equal to unity.
Such an integral polyhedron � is called re�exive, and the only interior point of
�(k1 + ... + kr+1 = d) may be taken as the origin (0, ..., 0). Batyrev [7] showed
that the mirror polyhedron

�∗ ≡ {ν ∈ Λ∗ : ν · µ � −1, ∀µ ∈ �} (2.11)

of any re�exive integer polyhedron is also re�exive, i.e., is also integral and
contains one interior point only. Thus Batyrev proved the existence of dual pairs
of hypersurfaces M and M ′ with dual Newton polyhedra, � and �∗.

∗I.e., with trivial canonical bundle and at worst Gorenstein canonical singularities only.
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Following Batyrev [7], to obtain all the topological invariants of the K3, CY 3,
etc., manifolds, one should study the re�exive regular polyhedra in three, four,
etc., dimensions. For this purpose, it is useful to recall the types of polyhedra and
their duality properties. In three dimensions, the DescartesÄEuler polyhedron for-
mula relates the numbers of vertices, N0, the number of edges, N1 and numbers
of faces, N2:

1 − N0 + N1 − N2 + 1 = 0. (2.12)

This formula yields:

1 − 4 + 6 − 4 + 1 = 0 ⇒ {3, 3} : Tetrahedron
1 − 8 + 12 − 6 + 1 = 0 ⇒ {3, 4} : Cube
1 − 6 + 12 − 8 + 1 = 0 ⇒ {4, 3} : Octahedron

1 − 20 + 30 − 12 + 1 = 0 ⇒ {5, 3} : Dodecahedron
1 − 12 + 30 − 20 + 1 = 0 ⇒ {3, 5} : Icosahedron (2.13)

in the particular cases of the ˇve Platonic solids, with the duality relations T↔T ,
C ↔ O, D ↔ I .

As we shall see later when we consider the K3 classiˇcation, it is interesting
to recall the link between the classiˇcation of the ˇve ADE simply-laced CartanÄ
Lie algebras and the ˇnite rotation groups in three dimensions, namely, the
cyclic and dihedral groups and the groups of the tetrahedron, octahedron (cube)
and icosahedron (dodecahedron): GM ≡ Cn, Dn, T, O, I , corresponding to the
An, Dn series and the exceptional groups E 6,7,8, respectively [30]. Any cyclic
group Cn of order n may be represented as the rotations in a plane around an
axis 0x through angles (2 · m · π)/n for m = 0, 1, 2, ..., n− 1. This symmetry is
realized by the group of symmetries of an oriented regular n-gon. The dihedral
group Dn consists of the transformations in Cn and in addition n rotations
through angles π around axes lying in planes orthogonal to 0x, crossing 0x and
making angles with one another that are multiples of (2 · π)/n. This group has
order 2 · n. In the case of three-dimensional space, there are three exceptional
examples T, O, I of ˇnite groups, related to the corresponding regular polyhedra.
The order of the corresponding GM is equal to the product of the number of the
vertexes of the regular polyhedra with the number of edges leaving the vertex:

|T | = |A4| = 12,

|O| = |S4| = 24,

|I| = |A5| = 60. (2.14)

The dual polyhedron, whose vertices are the midpoints of the faces of the corre-
sponding polyhedron, has the same group of symmetry, GM . The ˇnite groups
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of orthogonal transformations in three-dimensional space do not consist only of
rotations. It is remarkable to note that every ˇnite group of rotations of three-
space that preserves the sphere centred at the origin can be interpreted as a
fractional-linear transformation of the Riemann sphere of a complex variable.

Finally, we recall that all K3 hypersurfaces have the following common
values of the topological invariants: the Hodge number h1,1 is 20, the Betti
number b2 = 22, and we have

Pic = h1,1 − (l(∆) − 4 −
∑
θ∈∆

l′(θ)) � 20 (2.15)

for the Picard number, where l(∆) is the number of integer points in the polyhe-
dron and l′(θ) is the number of integer interior points on the facets.

In the case of the CY3 classiˇcation, a corresponding important role will be
played by the structure and the duality properties of the four regular polyhedra
known in four-dimensional Euclidean space [31]. The DescartesÄEuler formulae
for these cases become:

1 − 5 + 10 − 10 + 5 − 1 = 0 ⇒ {3, 3, 3} : Pentahedroid

1 − 16 + 32 − 24 + 8 − 1 = 0 ⇒ {3, 3, 4} : Hypercube

1 − 8 + 24 − 32 + 16 − 1 = 0 ⇒ {4, 3, 3} : 16-hedroid

1 − 24 + 96 − 96 + 24 − 1 = 0 ⇒ {3, 4, 3} : 24-hedroid

1 − 600 + 1200− 720 + 120 − 1 = 0 ⇒ {3, 3, 5} : 120-hedroid

1 − 120 + 720 − 1200 + 600 − 1 = 0 ⇒ {5, 3, 3} : 600-hedroid

(2.16)

with the duality relations P↔P , H↔16-hedroid, 24-hedroid↔24-hedroid,
120-hedroid↔600-hedroid.

We do not discuss these relations further in this paper, but do recall that each
mirror pair of CY spaces, MCY and M∗

CY has Hodge numbers that satisfying the
mirror symmetry relation [7,15]:

h1,1(M) = hd−1,1(M∗),
hd−1,1(M) = h1,1(M∗). (2.17)

This means that the Hodge diamond of M∗
CY is a mirror re�ection through a

diagonal axis of the Hodge diamond of MCY. The existence of mirror symmetry
is a consequence of the dual properties of CY manifolds. A pair of re�exive poly-
hedra (�,�∗) gives a pair of mirror CY manifolds and the following identities
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for the Hodge numbers for n � 4:

h1,1(�) = hd−1,1(�∗) =

= l(�∗) − (d + 2) −
∑

codimΘ∗=1

l
′
(Θ∗) +

+
∑

codimΘ∗=2

l′(Θ∗)l
′
Θ, (2.18)

h1,1(�∗) = hd−1,1(�) =

= l(�) − (d + 2) −
∑

codimΘ=1

l′(Θ) +

+
∑

codimΘ=2

l′(Θ)l′(Θ∗), (2.19)

hp,1 =
∑

codimΘ∗=p+1

l
′
(Θ) · l′(Θ∗), 1 < p < d − 1. (2.20)

Here, the quantities l(Θ) and l′(Θ) are the numbers of integer points on a face
Θ of � and in its interior, and similarly for Θ∗ and �∗. An l-dimensional face
Θ can be deˇned by its vertices (vi1 = ... = vik

), and the dual face deˇned by
Θ∗ = {m ∈ �∗ : (m, vi1) =, ..., = (m, vik

) = −1} is an (n − l − 1)-dimensional
face of �∗. Thus, we have a duality between the l-dimensional faces of �
and the (n − l − 1)-dimensional faces of �∗. The last terms in (2.18), (2.19)
correspond to the ®twisted¯ contributions, and the last term corresponds to d = 4.
In this case, if the manifold has SU(4) group holonomy, then h2,0 = h1,0 = 0,
and the remaining nontrivial Hodge number h2,2 is determined by:

h2,2 = 2[22 + 2h1,1 + h3,1 − h2,1]. (2.21)

Some further comments about CY3 spaces are made in Section 9.
2.2. The Web of CY Manifolds in the Holomorphic-Quotient Approach to

Toric Geometry. It is well known that weighted projective spaces are examples
of toric varieties [32]. The complex weighted projective space CPn can be
deˇned as

CPn ≡ Cn+1 − 0
C∗ , (2.22)

with the action C∗:

(x1, ..., xn+1) ⇒ (λk1 · x1, ...., λ
kn+1 · xn+1), λ ∈ C\0. (2.23)
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The generalization of the projective space CPn to a toric variety can be expressed
in the following form:

� ≡ Cn − ZΣ

(C∗)p
, (2.24)

where, instead of removing the origin, as in the case of a simple projective space,
here one removes a point set ZΣ, and one takes the quotient by a suitable set of
C∗ actions. Thus, to understand the structure of certain geometrical spaces in the
framework of toric geometry, one must specify the combinatorical properties of
the ZΣ and the actions C∗.

In the toric-geometry approach, algebraic varieties are described by a dual
pair of lattices M and N , each isomorphic to Zn, and a fan Σ∗ [32] deˇned
on NR, the real extension of the lattice N . In the toric-variety description,
the equivalence relations of projective vectors can be considered as diagrams in
the lattice N , in which some vectors vi satisfy linear relations (see later some
examples in P 2(1, 1, 1), P 2(1, 1, 2), P 2(1, 2, 3) projective spaces). The complex
dimension of the variety coincides with the dimension of the lattice N . To
determine the structure of a toric variety in higher dimensions d > 2, it is useful
to introduce the notion of a fan [32, 33]. A fan Σ∗ is deˇned as a collection of
r-dimensional (0 � r � d) convex polyhedral cones with apex in 0, with the
properties that with every cone it contains also a face, and that the intersection
of any two cones is a face of each one.

In the holomorphic-quotient approach of Batyrev [7] and Cox [29], a single
homogeneous coordinate is assigned to the system �Σ of varieties, in a way
similar to the usual construction of Pn. This holomorphic-quotient construction
gives immediately the usual description in terms of projective spaces, and turns
out to be more natural in the descriptions of the elliptic, K3 and other ˇbrations
of higher-dimensional CY spaces.

One can assign a coordinate zk : k = 1, ..., N to each one-dimensional cone
in Σ. The integer points of ∆∗ ∩ N deˇne these one-dimensional cones

(v1, ..., vN ) = Σ1
∗ (2.25)

of the fan Σ∗. The one-dimensional cones span the vector space NR and satisfy
(N − n) linear relations with nonnegative integer coefˇcients:∑

l

kl
jvl = 0, kl

j � 0. (2.26)

These linear relations can be used to determine equivalence relations on the space
CN\ZΣ∗ . A variety �Σ∗ is the space CN\ZΣ∗ modulo the action of a group
which is the product of a ˇnite Abelian group and the torus (C∗)(N−n):

(z1, ..., zN ) ∼ (λk1
j z1, ...., λ

kN
j zN), j = 1, ...,N − n. (2.27)
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The set ZΣ∗ is deˇned by the fan in the following way:

ZΣ∗ ≡
⋃
I

((z1, ..., zN )|zi = 0, ∀i ∈ I), (2.28)

where the union is taken over all index sets I = (i1, ..., ik) such that (vi1 , ..., vik
)

do not belong to the same maximal cone in Σ∗, or several zi can vanish simul-
taneously only if the corresponding one-dimensional cones vi are from the same
cone. It is clear from the above deˇnitions that toric varieties can have often
singularities, which will be very important for understanding the link between the
topological properties of CalabiÄYau hypersurfaces and CartanÄLie algebras: see
the more systematic discussion in Section 8. The method of blowing up (blowing
down) these singularities was developed in algebraic geometry: it consists of re-
placing the singular point or curve by a higher-dimensional (lower-dimensional)
variety. The structure of the fan Σ∗ determines what kind of singularities will
appear in CalabiÄYau hypersurfaces. For example, if the fan Σ∗ is simplicial,
one can get only orbifold singularities in the corresponding variety [33].

The elements of Σ∗
1 are in one-to-one correspondence with divisors

Dvi = �Σ∗
1i

, (2.29)

which are subvarieties given simply by zi = 0. This circumstance was used [34]
to give a simple graphic explanation of CartanÄLie algebra (CLA) diagrams,
whose Coxeter number could be identiˇed with the intersections of the divisors
Dvi .

Two divisors, Dvi and Dvj , can intersect only when the corresponding one-
dimensional cones vi and vj lie in a single higher-dimensional cone of the fan
Σ∗. The divisors Dvi form a free Abelian group Div (�Σ∗). In general, a divisor
D ∈ Div (�Σ∗) is a linear combination of some irreducible hypersurfaces with
integer coefˇcients:

qD =
∑

ai · Dvi . (2.30)

If ai � 0 for every i, one can say that D > 0. For a meromorphic function f
on a toric variety, one can deˇne a principal divisor

(f) ≡
∑

i

ordDi(f) · Di, (2.31)

where ordDi(f) is the order of the meromorphic function f at Di. One can further
deˇne the zero divisor (f)0 and the polar divisor (f)inf of the meromorphic
function f , such that

(f) = (f)0 − (f)inf . (2.32)
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Any two divisors D1, D2 are linearly equivalent: D1 ∼ D2, if their difference is
a principal divisor, D1 − D2 = (f) for some appropriate f . The quotient of all
divisors Div (�Σ∗) by the principal divisors forms the Picard group.

The points of ∆ ∩ M are in one-to-one correspondence with the monomials
in the homogeneous coordinates zi. A general polynomial is given by

℘ =
∑

m∈∆∩M

cm

N∏
l=1

z
〈vl,m〉+1
l . (2.33)

The equation ℘ = 0 is well deˇned and ℘ is holomorphic if the condition

〈vl, m〉 � −1 ∀ l (2.34)

is satisˇed. The cm parametrize a family M∆ of CY surfaces deˇned by the zero
locus of ℘.

2.3. Three Examples of CY1 Spaces. As discussed in Section 1, three
CY1 spaces may be obtained as simple loci of polynomial zeroes associated
with re�exive polyhedra. For a better understanding of the preceding formalism,
we consider as warm-up examples the three elliptic re�exive polyhedron pairs
∆i and ∆∗

i , which deˇne the CY1 surfaces P 2(1, 1, 1)[3], P 2(1, 1, 2)[4], and
P 2(1, 2, 3)[6]∗. The ˇrst polyhedron ∆I ≡ ∆(P 2(1, 1, 1)[3]) consists of the
following ten integer points:

z3 =⇒ µ
(I)
1 = (−1, 2),

xz2 =⇒ µ
(I)
2 = (−1, 1),

x2z =⇒ µ
(I)
3 = (−1, 0),

x3 =⇒ µ
(I)
4 = (−1,−1),

yz2 =⇒ µ
(I)
5 = (0, 1),

xyz =⇒ µ
(I)
6 = (0, 0),

x2y =⇒ µ
(I)
7 = (0,−1),

y2z =⇒ µ
(I)
8 = (1, 0),

xy2 =⇒ µ
(I)
9 = (1,−1),

y3 =⇒ µ
(I)
10 = (2,−1) (2.35)

∗Here and subsequently, we use the conventional notation for such surfaces in n-dimensional
projective space: P n(k1, k2, ...)[k1 + k2 + ...].
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Fig. 2. The dual pair of re�exive
plane polyhedra deˇned by the projec-
tive vector (1, 1, 1) with N(S) = 10
and N(S∗) = 4 integer points, re-
spectively. SL(2, Z) transformations
produce an inˇnite number of dual-
pair triangles, conserving the areas
S = 9/2 and S∗ = 3/2, respectively

and the mirror polyhedron ∆∗
I ≡

≡ ∆∗(P 2(1, 1, 1)[3]) consists of one interior
point and three one-dimensional cones:

v
(I)
1 = (0, 1),

v
(I)
2 = (1, 0),

v
(I)
3 = (−1,−1). (2.36)

We use as a basis the exponents of the fol-
lowing monomials:

y2z =⇒ e1 = (−1, 1, 0),
yz2 =⇒ e2 = (−1, 0, 1), (2.37)

where the determinant of this lattice coin-
cides with the dimension of the projective
vector k = (1, 1, 1) (see Figure 2):

det{e1, e2, e0} = dim(k) = 3, (2.38)

where e0 is the unit vector (1,1,1).
For this projective vector there exist 27

possibilities of choosing two monomials for
constructing the basis. Of course, all these bases are equivalent, i.e., they are
connected by the SL(2, Z) modular transformations:

Li,j =
(

a b
c d

)
,

where a, b, c, d ∈ Z and ad − bc = 1. For the mirror polyhedron obtained from
this vector, the basis should correspond to a lattice with determinant three times
greater than (2.38), namely nine, for example:

e1 = (−1, 2,−1),
e2 = (−1,−1, 2), (2.39)

with

det{e1, e2, e0} = dim(k) = 9, (2.40)

where e0 is again the unit vector (1,1,1).
To describe this toric curve, one should embed it in the toric variety

P 2 = (C3\0)/(C\0), (2.41)
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where the equivalence relation

(x1, x2, x3) ∼ (λx1, λx2, λx3) for λ ∈ C\0 (2.42)

is a consequence of the equation:

q1 · v(I)
1 + q2 · v(I)

2 + q3 · v(I)
3 = 0, (2.43)

where the qi = 1, i = 1, 2, 3 are the exponents of λ. The corresponding general
polynomial describing a CY surface is (setting zl ≡ xl):

℘I = x3
1 + x3

2 + x3
3 + x1x2x3 + x2

1x2 +

+ x2
1x3 + x2

2x1 + x2
2x3 + x2

3x1 + x2
3x2, (2.44)

and the Weierstrass equation can be written in the following form:

y2 · z = x3 + a · x · y3 + b · z3, (2.45)

Fig. 3. The dual pair of re�exive plane
polyhedra deˇned by the projective
vector (1, 1, 2) with N(S) = 9 and
N(S∗) = 5 integer points, respec-
tively. SL(2, Z) transformations pro-
duce an inˇnite number of dual-pair
triangles, conserving the areas S = 4
and S∗ = 2, respectively

where we have set x1 = x, x2 = y, x3 = z.
The second dual pair of triangle polyhe-

dra ∆II ≡ ∆(P 2(1, 1, 2)[4]) and its mirror
∆∗

II ≡ ∆∗(P 2(1, 1, 2)[4]) have nine points

y4 =⇒ µ
(II)
1 = (−1, 2),

xy3 =⇒ µ
(II)
2 = (−1, 1),

x2y2 =⇒ µ
(II)
3 = (−1, 0),

x3y =⇒ µ
(II)
4 = (−1,−1),

x4 =⇒ µ
(II)
5 = (−1,−2),

y2z =⇒ µ
(II)
6 = (0, 1),

xyz =⇒ µ
(II)
7 = (0, 0),

x2z =⇒ µ
(II)
8 = (0,−1),

z2 =⇒ µ
(II)
9 = (1, 0), (2.46)

and ˇve points, respectively (see Figure 3).
We use as a basis the exponents of the

following monomials:

z2 =⇒ e1 = (−1,−1, 1),
y2z =⇒ e2 = (−1, 1, 0), (2.47)
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where the determinant of this lattice coincides with the dimension of the projective
vector k = (1, 1, 2):

det {e1, e2, e0} = dim(k) = 4, (2.48)

where e0 is again the unit vector (1,1,1).

To get the mirror polyhedron with ˇve integer points, four on the edges and
one interior point, one should ˇnd a basis with lattice determinant twice (2.48),
namely eight, for example:

e1 = (−1,−1, 1),
e2 = (−2, 2, 0). (2.49)

The following four points deˇne four one-dimensional cones in Σ1(∆∗
II):

v
(3)
1 = (1, 0),

v
(3)
2 = (−1, 0),

v
(3)
3 = (−1,−1),

v
(3)
4 = (−1, 1). (2.50)

Using the linear relations between the four one-dimensional cones, the corre-
sponding (C∗)2 is seen to be given by (zl ≡ χl):

(χ1, χ2, χ3, χ4) =⇒ (λµ2χ1, λχ2, µχ3, µχ4), (2.51)

and the general polynomial has the following nine terms:

℘II = χ2
2χ

4
3 + χ2

2χ
3
3χ4 + χ2

2χ
2
3χ

2
4 + χ2

2χ3χ
3
4 + χ2

2χ
4
4 +

+ χ1χ2χ
2
3 + χ1χ2χ3χ4 + χ1χ2χ

2
4 + χ2

1 (2.52)

in this case.

The vectors k = (1, 1, 1) and k = (1, 1, 2) have three common monomials
and a related re�exive segment-polyhedron, corresponding to the projective vector
k2 = (1, 1) of CP 1. This circumstance can be used further in the construction
of the projective algebra in which these two vectors appear in the same chain.

The last CY1 example involves the plane of the projective vector k=(1, 2, 3),
whose polyhedron ∆III ≡ ∆(P 2(1, 2, 3)[6]) and its mirror partner ∆∗

III ≡
≡ ∆∗(P 2(1, 2, 3)[6]) both have seven self-dual points, and one can check the
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Fig. 4. The self-dual pair of re�exive
plane polyhedra deˇned by the pro-
jective vector (1,2,3) with N(S) =
= 7 and N(S∗) = 7 integer points.
SL(2, Z) transformations produce an
inˇnite number of the dual-pair trian-
gles, conserving the areas S = 3 and
S∗ = 3, respectively

existence of the following six one-dimen-
sional cones (see Figure 4):

z2 =⇒ v
(III)
1 = (1, 0),

x2y2 =⇒ v
(III)
2 = (−1, 0),

x3z =⇒ v
(III)
3 = (0, 1),

y3 =⇒ v
(III)
4 = (−1,−1),

x4y =⇒ v
(III)
5 = (−1, 1),

x6 =⇒ v
(III)
6 = (−1, 2). (2.53)

We use as a basis the exponents of the fol-
lowing monomials:

z2 =⇒ e1 = (−1,−1, 1),
x3z =⇒ e2 = (2,−1, 0), (2.54)

where the determinant of this lattice coincides
with the dimension of the projective vector
k = (1, 2, 3):

det{e1, e2, e0} = dim(k) = 6. (2.55)

As in the case of the two projective vectors
k = (1, 1, 1) and k = (1, 1, 2), the vectors

k = (1, 1, 2) and k = (1, 2, 3) also have three common monomials, corresponding
to the re�exive segment polyhedron described by the vector k2 = (1, 1) in CP 1

projective space. Hence these vectors will appear in the second chain of the plane
projective algebra.

Thus one can see that, with these three plane projective vectors, k = (1, 1, 1),
k = (1, 1, 2), k = (1, 2, 3), one ˇnds only triangle re�exive polyhedra intersecting
the integer planar lattice in 10+4∗, 9+5∗, 7+7∗ points. Of course, on the plane
one can ˇnd other re�exive polyhedra, whose intersection with the integer plane
lattice will give new CP 1 surfaces corresponding to different polygons with more
than three vertices, such as a re�exive pair of square and rhombus. These new
ˇgures can be obtained using the techniques of extended vectors.

In the following, we will go on to study re�exive polyhedron pairs in three-
dimensional space. The corresponding general polynomial can be expressed in
terms of six variables, and contains seven monomials:

℘III = z2
1z3 + z2

2z3z
2
4z2

5z
2
6 + z1z2z

2
3z2

5z
3
6 + z2

2z3
4z5 +

+ z2
2z2

3z4z
3
5z4

6 + z2
2z

3
3z4

5z
6
6 + z1z2z3z4z5z6. (2.56)
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The C∗4 action is determined by the following linear relations:

v
(III)
1 + v

(III)
2 = 0,

2v
(III)
1 + v

(III)
4 + v

(III)
5 = 0,

v
(III)
1 + v

(III)
3 + v

(III)
4 = 0,

3v
(III)
1 + 2v

(III)
4 + v

(III)
6 = 0 (2.57)

between the elements of Σ1(∆∗
III), and is given by

(z1, z2, z3, z4, z5, z6) −→ (λµ2νρ3z1, λz2, νz3, µνρ2z4, µz5, ρz6). (2.58)

One can introduce the following birational map between P 2(1, 2, 3)[6] and �Σ∗ :

z2
1z3 = y2

3 , (2.59)

z2
2z3

4z5 = y3
2 , (2.60)

z2
2z

3
3z4

5z
6
6 = y6

1 . (2.61)

Then, a dimensionally-reduced example of a CY manifold embedded in a toric
variety is described by the weight vector k = (1, 2, 3) and the zero locus of the
Weierstrass polynomial

℘III = y6
1 + y3

2 + y2
3 + y1y2y3 + y4

1y2 + y2
1y

2
2 + y3

1y3. (2.62)

The elliptic Weierstrass equation can be written in the weighted projective space
P 2(1, 2, 3)[6] as

y2 = x3 + a · x · z4 + b · z6 (2.63)

with the following equivalence relation

(x, y, z) ∼ (λ2x, λ3y, λz), λ ∈ C\0 (2.64)

in this case.
These examples illustrate how toric varieties can be deˇned by the quotient

of Ck\ZΣ, and not only by a group (C\0)k−n. One should divide Ck\ZΣ

also by a ˇnite Abelian group G(v1, ..., vk), which is determined by the relations
between the Dvi divisors. In this case, the toric varieties can often have orbifold
singularities, Ck\G. For example, the toric variety deˇned by (2.63) looks near
the points y = z = 0 and x = z = 0 locally like C2\Z2 (related to the SU(2)
algebra) and C2\Z3 (related to the SU(3) algebra), respectively, as seen in
Figure 5.
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Fig. 5. The toric variety P (1, 2, 3) with two orbifold singularities at the points y = z = 0
and x = z = 0 can be blown up by extra divisors D(vu) and D(vs), D(vt), respectively

3. GAUGE GROUP IDENTIFICATIONS FROM TORIC GEOMETRY

3.1. CalabiÄYau Spaces as Toric Fibrations. As discussed in Section 2,
any CalabiÄYau manifold can be considered as a hypersurface in a toric variety,
with a corresponding re�exive polyhedron ∆ with a positive-integer lattice Λ,
associated with a dual polyhedron ∆∗ in the dual lattice Λ∗. The toric variety is
determined by a fan Σ∗, consisting of the cones which are given by a triangulation
of ∆∗. A large subset of re�exive polyhedra and their corresponding CalabiÄYau
manifolds can be classiˇed in terms of their ˇbration structures. In this way, it is
possible, as we discuss later, to connect the structures of all the projective vectors
of the one dimensionality with the projective vectors of other dimensionalities,
and thereby construct a new algebra in the set of all ®re�exive¯ projective vectors
that gives the full set of CYd hypersurfaces in all dimensions: d = 1, 2, 3, ...

In order to embark on this programme, it is useful ˇrst to review two key op-
erations, intersection and projection, which can give possible ˇbration structures
for re�exive polyhedra [34]:

• There may exist a projection operation π : Λ → Λn−k, where Λn−k is an
(n − k)-dimensional sublattice, and π(∆) is also a re�exive polyhedron, and

• there may exist an intersection projection J through the origin of a re�exive
polyhedron, such that J(∆) is again an (n− l)-dimensional re�exive polyhedron,
and

• these operations may exhibit the following duality properties:

Π(∆) ⇔ J(∆∗)
J(∆) ⇔ Π(∆∗). (3.1)
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For a re�exive polyhedron ∆ with fan Σ over a triangulation of the facets of ∆∗,
the CY hypersurface in variety �Σ is given by the zero locus of the polynomial:

℘ =
∑

µ∈∆∩M

cµ ·
N∏

i=1

z
〈vi·µ〉+1
i . (3.2)

One can consider the variety �Σ as a ˇbration over the base �Σbase with generic
ˇber �Σfiber . This ˇbration structure can be written in terms of homogeneous
coordinates. The ˇber as an algebraic subvariety is determined by the polyhedron
∆∗

fiber ⊂ ∆∗
CY, whereas the base can be seen as a projection of the ˇbration along

the ˇber. The set of one-dimensional cones in Σbase (the primitive generator of
a cone is zero or ṽi) is the set of images of one-dimensional cones in ΣCY (with
primitive generator vj) that do not lie in Nfiber. The image Σbase of ΣCY under
Π : NCY → Nbase gives us the following relation:

Πvi = rj
i · ṽj , (3.3)

if Πvi is in the set of one-dimensional cones determined by ṽj rj
i ∈ N , otherwise

rj
i = 0.

Similarly, the base space is the weighted projective space with the torus
transformation:

(x̃1, ..., x̃Ñ ) ∼ (λk̃1
j · x̃1, ..., λ

k̃Ñ
j · x̃Ñ ), j = 1, ..., Ñ − ñ, (3.4)

where the k̃i
j are integers such that

∑
j k̃j

i ṽj = 0. The projection map from the
variety �Σ to the base can be written as

x̃i =
∏
j

x
ri

j

j , (3.5)

corresponding to the following redeˇnitions of the torus transformation for x̃i:

Π : x̃i → λkj
l ·r

i
j · x̃i,

∑
kj

l · r
i
j · ṽi = 0. (3.6)

In the toric description of K3 surfaces with elliptic ˇbers, denoted by ∆∗
fiber,

one can consider the following divisors: Dfiber, Dsection, Dva and Dvb
. The last

pair of divisors correspond to lattice points of ∆∗ that are ®above¯ or ®below¯
the ˇber, respectively. Let us consider the case when all divisors Dva (or Dvb

)
shrink to zero size. In this case, there appears a K3 hypersurface with two point
singularities, which belong to the ADE classiˇcation. The process of blowing up
these singularities gives the primordial K3 manifold, and its intersection structure
is given by the structure of the edges. The CartanÄLie algebra (CLA) diagrams
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of the gauge groups that appear when the exceptional ˇbers are blown down to
points are nothing but the edge diagrams of the upper and lower parts of ∆∗

without vertices, respectively. A simple well-known example with elliptic ˇber
and with base P 1 is given by the following Weierstrass equation for the ˇber:

y2 = x3 + f(z1, z2) · x · z4 + g(z1, z2) · z6, (3.7)

where the coefˇcients f(z1, z2), g(z1, z2) are functions on the base.
In the following parts of this Section, we discuss some examples of K3

spaces from our general classiˇcation, and explain the identiˇcation of their
corresponding gauge groups.

3.2. Examples of K3 Toric Fibrations with J = Π Weierstrass Structure.
As a ˇrst example, we consider the case of the elliptic K3 hypersurface with
elliptic ˇber P 2(1, 2, 3)[6] deˇned by the integer positive lattice with basis (we
explain this lattice basis later in terms of our algebraic description):e1

e2

e3

 =

−m n 0 0
−2 −2 1 0
−1 −1 −1 1

 ,

where we consider the following 12 pairs of integer numbers (m, n) which are
taken from the numbers: 1, 2, 3, 4, 5, 6,

{ (1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 3), (2, 5) (3, 4), (4, 5), (5, 6)}.

With this choice of the pairs, the basis above determines a self-dual set of 12
projective k4 vectors:

m = 1, n = 1 =⇒ k4 = (1, 1, 4, 6 )[12], ⇐⇒ (5, 6, 22, 33)
m = 1, n = 2 =⇒ k4 = (1, 2, 6, 9 )[18], ⇐⇒ (3, 5, 16, 24)
m = 1, n = 3 =⇒ k4 = (1, 3, 8, 12)[24], ⇐⇒ (2, 5, 14, 21)

m = 1, n = 4 =⇒ k4 = (1, 4, 10, 15)[30], ⇐⇒ DI
′

m = 1, n = 5 =⇒ k4 = (1, 5, 12, 16)[36], ⇐⇒ self-dual

m = 1, n = 6 =⇒ k4 = (1, 6, 14, 21)[42], ⇐⇒ self-dual

m = 2, n = 3 =⇒ k4 = (2, 3, 10, 15)[30], ⇐⇒ self-dual

m = 2, n = 5 =⇒ k4 = (2, 5, 14, 21)[42], ⇐⇒ (1, 3, 8, 12)

m = 3, n = 4 =⇒ k4 = (3, 4, 14, 21)[42], ⇐⇒ DI
′′

m = 3, n = 5 =⇒ k4 = (3, 5, 16, 24)[48], ⇐⇒ (1, 2, 6, 9)

m = 4, n = 5 =⇒ k4 = (4, 5, 18, 27)[54], ⇐⇒ DI
′′′

m = 5, n = 6 =⇒ k4 = (5, 6, 22, 33)[66], ⇐⇒ (1, 1, 4, 6). (3.8)
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Later this set will emerge as the intersection-projection symmetric XIX chain
(J = Π) of our algebraic classiˇcation. In this example, one can see that the
projective vectors corresponding to the tetrahedra produce a self-dual set. We
also show in (3.8) the duality relations between six other vectors and some of the
vectors from Table 1.

However, three of the projective vectors in (3.8), k4 = (1, 4, 10, 15)[30],
(3, 4, 14, 21)[42] and (4, 5, 18, 27)[54], correspond to polyhedra with ˇve vertices,
and their duals can be found among higher-level K3 spaces. They are found
by double intersections (DI) among the ˇve-dimensional extensions of the K3
vectors shown in Table 1:

k4 = (1, 4, 10, 15)[30] DI
′

⇐⇒ {kex
5 = (0, 1, 6, 8, 15)[30]}

⋂
⋂

{kex
5 = (6, 1, 0, 14, 21)[42]},

k4 = (3, 4, 14, 21)[42] DI
′′

⇐⇒ {kex
5 = (2, 1, 0, 6, 9)[18]}

⋂
⋂

{kex
5 = (0, 1, 2, 4, 7)[14]},

k4 = (4, 5, 18, 27)[54] DI
′′′

⇐⇒ {kex
5 = (1, 0, 1, 4, 6)[12]}

⋂
⋂

{kex
5 = (0, 1, 1, 3, 5)[10]} (3.9)

as discussed in more detail in Section 6.
The ascending Picard numbers for polyhedra in this chain include:

(∆(P 3(1, 6, 14, 21)[42]) : ℵ = 24(24∗), Pic = 10(10∗)
≈ (∆(P 3(1, 5, 12, 18)[36]) : ℵ = 24(24∗), Pic = 10(10∗)
⊂ (∆(P 3(1, 4, 10, 15)[30]) : ℵ = 25(20∗), Pic = 9(11∗)
⊂ (∆(P 3(1, 3, 8, 12)[24]) : ℵ = 27(15∗), Pic = 8(14∗)
⊂ (∆(P 3(1, 2, 6, 9)[18]) : ℵ = 30(12∗), Pic = 6(16∗)
⊂ (∆(P 3(1, 1, 4, 6)[12]) : ℵ = 39(9), Pic = 2(18∗) ⊂ ......... (3.10)

In the case of the mirror polyhedron chain, there is the inverse property:
∆∗(P 3(1, 6, 14, 21)[42]) corresponds to the maximal member of the set of mirror
polyhedra. These Picard numbers are listed in Table 1, together with those of the
other K3 spaces.

In the chain (3.8), the mirror polyhedra, ∆∗, have an intersection plane H∗
fiber

through the interior point which deˇnes an elliptic-ˇber triangle with seven integer
points, P 2(1, 2, 3)[6] (see Figures 6,7):

∆∗
fiber = ∆∗

⋂
H∗

fiber. (3.11)
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Fig. 6. The dual pair of re�exive planar polyhedra deˇned by the eldest projective
vector (1,1,4,6) with N(S) = 39 and the youngest projective vector (5,6,22,33) with
N(S∗)=9 integer points (marked by circles), respectively. SL(3, Z) transformations pro-
duce an inˇnite number of dual pairs of tetrahedra, conserving the volumes Vol (S) = 12,
Vol (S∗) = 6, respectively

By mirror symmetry in the polyhedron ∆, a projection operator π can be deˇned:
π : M → Mn−1, where Mn−1 is an (n−1)-dimensional sublattice, such that π(∆)
is a re�exive polyhedron in Mn−1. This re�exive polyhedron also consists of
seven points, so it is self-dual. Also, one can ˇnd a planar intersection H through
∆ and through the interior point, which also produces the re�exive polyhedron
with seven points, namely the ˇber P 2(1, 2, 3)[6] (see Figures 6,7):

∆fiber = ∆
⋂

Hfiber. (3.12)

The dual pair of tetrahedra ∆(P 3(1, 1, 4, 6)[12]) and ∆(P 3(5, 6, 22, 33)[66]) con-
sist of 39 and 9 points, respectively, as seen in Figure 6. They are the biggest and
smallest polyhedra in the chain (3.8), and all other tetrahedra in this chain can
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Fig. 7. The self-dual polyhedra in the chain XIX determined by projective vector (1,6,14,21)
with N(S1) = 24 and vector (2,3,10,15) with N(S2) = 18 integer points, respectively.
SL(3, Z) transformations produce an inˇnite number of dual pairs of tetrahedra, conserving
the volumes Vol (S1) = 7 and Vol (S2) = 5, respectively

be found in this Figure. This contains, in particular, the two self-dual polyhedra
∆(P 3(1, 6, 14, 21)[42]) and ∆(P 3(2, 3, 10, 15)[30]) consisting of 24 + 24∗ and
18 + 18∗ points, respectively, as seen in Figure 7:

(0, 0, 1), (0, 1,−1), (−1,−2,−1), (6,−2,−1),
(0, 0, 1), (0, 1,−1), (−2,−2,−1), (3,−2,−1). (3.13)

We now consider the intersection of the three-dimensional polyhedron
∆(P 3(1, 6, 14, 21)[42]) with the two-dimensional plane H through the interior
point. The intersection of this plane with the polyhedron, H

⋂
∆, forms a re�ex-

ive polyhedron ˇber P 2(1, 2, 3) with seven points. The equation of this plane in
canonical coordinates µ1, µ2, µ3 is: m1 = 0. The ˇber consists of the following
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polyhedron points:

v0 = (0, 0, 0),
v1 = (0,−1, 0),
v2 = (0, 0, 1),
v3 = (0, 1,−1),
v4 = (0, 0,−1),
v5 = (0,−1,−1),
v6 = (0,−2,−1). (3.14)

Here and subsequently, the components of the vector corresponding to the ˇber
are underlined.

With respect to this ˇber, the base is one-dimensional: P 1, and its fan
F2 consists of the divisors corresponding to the interior point and two divisors
corresponding to two rays, R1 = +e1 and R2 = −e1, with directions from
the point (0,−2,−1) to the point (6,−2,−1) and from the point (0,−2,−1) to
(−1,−2,−1), respectively. The points of π−1

B (Ri) (i.e., the points projected onto
Ri by πB) for the rays Ri, (i = 1 = +, i = 2 = −) are of the form (±..., b, c),
where (0, b, c) is the point of the ˇber.

The 16 points of π−1
B (R1) are listed in Table 2: they correspond to the

divisors Dvi , which produce the E8 algebra [34]. Also, from this Table one can
easily read the Coxeter numbers/weights. There is only one point in π−1

B (R2),
namely

ṽ1
1 = (−1,−2,−1) (3.15)

which therefore does not correspond to any nontrivial group.

Table 2. The points of π−1
B (R1)

Coxeter # v
(i)
6 v

(i)
5 v

(i)
1 v

(i)
4 v

(i)
0

1 (1,−2,−1) (1,−1,−1) (1,−1, 0) (1, 0,−1) (1, 0, 0)

2 (2,−2,−1) (2,−1,−1) (2,−1, 0) (2, 0,−1) −−−
3 (3,−2,−1) (3,−1,−1) (3,−1, 0) −−− −−−
4 (4,−2,−1) (4,−1,−1) −−− −−− −−−
5 (5,−2,−1) −−− −−− −−− −−−
6 (6,−2,−1) −−− −−− −−− −−−
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3.3. Example of Gauge-Group Identiˇcation. Consider again the toric
variety determined by the dual pair of polyhedra ∆(P 3(1, 1, 4, 6)[12]) and its
dual ∆∗ shown in Figure 6. The mirror polyhedron contains the intersection H∗

through the interior point, the elliptic ˇber P 2(1, 2, 3). For all integer points
of ∆∗ (apart from the interior point), one can deˇne in a convenient basis the
corresponding complex variables:

v1 = (0,−2,−3) → z1,

v2 = (0,−1,−2) → z2,

v3 = (0,−1,−1) → z3,

v4 = (0, 0,−1) → z4, (3.16)

v0 = (0, 0, 0),
v6 = (0, 1, 0) → z6,

v7 = (0, 0, 1) → z7,

and

v8 = (−1,−4,−6) → z8,

v9 = (1, 0, 0) → z9.
(3.17)

There are some linear relations between integer points inside the ˇber:

v1 + 2v6 + 3v7 = 0,

v2 + v6 + 2 · v7 = 0,

v3 + v6 + v7 = 0,

v4 + v6 + v7 = 0 (3.18)

and also the following relation between points in ∆∗:

v8 + v9 + 4v6 + 6v7 = 0. (3.19)

The polyhedron ∆(P 3(1, 1, 4, 6)) contains 39 points, which can be subdivided
as follows. There are seven points in the ˇber P 2(1, 2, 3), determined by the
intersection of the plane m1 + 2m2 + 3m3 = 0 and the positive integer lattice.
This plane separates the remaining 32 points in 16 ®left¯ and 16 ®right¯ points.

These ®left¯ and ®right¯ points deˇne singularities of the E8L and E8R types,
respectively, which may be illustrated as follows. The plane
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H(∆) = m1 + 2m2 + 3m3 contains the following seven points:

t1 = (5,−1,−1) → (z6
8z6

9) · (z6
1z

4
2z3

3z
2
4),

t2 = (3, 0,−1) → (z4
8z4

9) · (z4
1z3

2z
3
3z2

4z6),

t3 = (2,−1, 0) → (z3
8z3

9) · (z3
1z2

2z
2
3z4z7),

t4 = (1, 1,−1) → (z2
8z2

9) · (z2
1z2

2z3z
2
4z2

6),

t5 = (0, 0, 0) → (z8z9) · (z6
1z4

2z
3
3z2

4),

t6 = (−1, 2,−1) → (z2z
2
4z3

6),

t7 = (−1,−1, 1) → (z3z
2
7).

(3.20)

The Weierstrass equation for the E8L group based on the polyhedron
∆(P 3(1, 1, 4, 6)) can be written in the form:

z3
6 + z2

6 · (a
(1)
2 z8z

3
9 + a

(2)
2 z4

9) +

+z4
1 · z6 · (a

(1)
4 z3

8z
5
9 + a

(2)
4 z2

8z6
9 + a

(3)
4 z8z

7
9 + a

(4)
4 z8

9) +

+z6
1 · (a

(1)
6 z5

8z7
9 + a

(2)
6 z4

8z
8
9 + a

(3)
6 z3

8z9
9 + a

(4)
6 z2

8z
(10)
9 + a

(5)
6 z8z

(11)
9 + a

(6)
6 z

(12)
9 )=

= z2
7 + a1 · z6z7 · z2

9 + z7 · (a
(1)
3 z2

8z
4
9 + a

(2)
3 z8z

(5)
9 ). (3.21)

The second Weierstrass equation for the E8R group can be obtained from this
equation by interchanging the variables desrcibing the base: z8 ↔ z9

∗. The
Weierstrass triangle equation can be presented in the following general form,
where we denote z6 = x, z7 = y:

y2 + a1 · x · y + a3 · y = x3 + a2 · x2 + a4 · x + a6, (3.22)

where the ai are polynomial functions on the base. The Weierstrass equation can
be written in more simpliˇed form as:

y2 = x3 + x · f + g, (3.23)

with discriminant

∆ = 4f3 + 27g2. (3.24)

In the zero locus of the discriminant, some divisors Di deˇne the degeneration
of the torus ˇber.

In addition to the method [34] described above, there is a somewhat different
way to ˇnd the singularity type [35]. As we saw in the above example, the

∗The coefˇcients ai correspond to the notations of [35].
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polynomials f and g can be homogeneous of orders 8 and 12, respectively,
with a ˇbration that is degenerate over 24 points of the base. For this form
of Weierstrass equation, there exists the ADE classiˇcation of degenerations of
elliptic ˇbers. In this approach, the type of degeneration of the ˇber is determined
by the orders of vanishing of the functions f , g and δ. In the case of the general
Weierstrass equation, a general algorithm for the ADE classiˇcation of elliptic
singularities was considered by Tate [36]. For convenience, we repeat in Table 3
some results of Tate's algorithm, from which one can recover the E8 × E8 type
of Lie-algebra singularity for the (1,1,4,6) polyhedron.

Table 3. Lie algebras obtained from Tate's algorithm [36]: aj;k = aj/σk

Type Group k(a1) k(a2) k(a3) k(a4) k(a6) k(∆)

I0 Å 0 0 0 0 0 0

I1 Å 0 0 1 1 1 1

I2 SU(2) 0 0 1 1 1 1

Ins
2k Sp(2k) 0 0 k k 2k 2k

Is
2k SU(2k) 0 1 k k 2k 2k

Is
2k+1 SU(2k + 1) 0 1 k k + 1 2k + 1 2k + 1

III SU(2) 1 1 1 1 2 3

IVs SU(3) 1 1 1 2 3 4

I∗ns
0 G2 1 1 2 2 3 6

I∗s
1 SO(10) 1 1 2 3 5 7

I∗ns
2k−3 SO(4k + 1) 1 1 k k + 1 2k 2k + 3

I∗s
2k−3 SO(4k + 2) 1 1 k k + 1 2k + 1 2k + 3

I∗ns
2k−2 SO(4k + 3) 1 1 k + 1 k + 1 2k + 1 2k + 4

I∗s
2k−2 SO(4k + 4) 1 1 k + 1 k + 1 2k + 1 2k + 4

IV ∗ns F4 1 2 2 3 4 8

IV ∗s E6 1 2 2 3 5 8

III∗ E7 1 2 3 3 5 9

II∗ E8 1 2 3 4 5 10

4. THE COMPOSITE STRUCTURE OF PROJECTIVE VECTORS

We now embark in more detail on our construction of the projective vectors
k which determine CY hypersurfaces, as previewed brie�y in the Introduction
and based on the polyhedron technique and the concept of duality [7] reviewed
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in Section 2. We develop this construction inductively, studying the structure of
these vectors initially in low dimensions and then proceeding to higher ones.

4.1. Initiation to the Dual Algebra of CY Projective Vectors. Our starting
point is the trivial zero-dimensional ®vector¯,

k1 = (1), (4.1)

which deˇnes the trivial self-dual polyhedron comprising a single point, with the
simplest possible associated monomial:

x ⇒ µ1 = 1 ⇒ µ′
1 = (0). (4.2)

The next step is to consider the only polyhedron on the line R1 which is also
self-dual, and whose intersection with the integer lattice on the line contains three
integer points:

µ′
1 = (−1), µ′

1 = (0), µ′
1 = (+1). (4.3)

The projective vector corresponding to this linear polyhedron is

k2 = (1, 1), (4.4)

which can be constructed from the k1 vector, by the following procedure.
We extend the vector k1 to a two-dimensional vector in CP1, by inserting a

zero component in all possible ways:

kex′

1 = (0, 1)

kex′′

1 = (1, 0).
(4.5)

The following monomials correspond to these ®extended¯ vectors:

µ
′

= (ν, 1) ⇒ xν · y
µ

′′
= (1, ξ) ⇒ x · yξ

(4.6)

with the arbitrary integer numbers ν, ξ. From all the possible k pairs:

(kex′ ⇔ kex′
), (kex′′ ⇔ kex′′

), (kex′ ⇔ kex′′
), (4.7)

we select only those whose intersections give a re�exive polyhedron. In this
simple two-dimensional case, only a single pair is so selected, namely kex′

1 and
kex′′

1 :

kex′

1

⋂
kex′′

1 = 1, (4.8)
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and the re�exive polyhedron comprises just a single point. The correspond-
ing monomial is x · y, whose degree is unity for both variables: degx = 1 and
degy = 1.

We now introduce a second operation on these ®extended¯ vectors k
′...,

which is ®dual¯ to the intersection, namely the ®sum¯ operation:

kex′

1

⋃
kex′′

1 = k2 = (0, 1) + (1, 0) = (1, 1). (4.9)

In this simple case, one has three quadratic monomials:

x2 ⇒ µ1 = (2, 0) ⇒ µ′
1 = (−1);

x · y ⇒ µ2 = (1, 1) ⇒ µ′
2 = (0);

y2 ⇒ µ3 = (0, 2) ⇒ µ′
3 = (+1).

(4.10)

If a projective vector is multiplied by a positive integer number m ∈ Z+, it still
determines the same hypersurface. Therefore, we should also consider sums of
such vectors, characterized by two positive integer numbers, m, n:

m · kex′

1 + n · kex′′

1 . (4.11)

It turns out that, in order to get a re�exive polyhedron with only one interior
point, the numbers m and n have to be lower than certain maximal values: mmax

and nmax, respectively. In our ˇrst trivial example, we ˇnd that

mmax = 1, nmax = 1. (4.12)

In general, the set of all pairs (m, n) with m � mmax and n � nmax generate a
®chain¯ of possible re�exive polyhedra, which happens to be trivial in this simple
case.

Following the previous procedure, to construct all possible vectors on the
plane we should start from two vectors, k1 and k2, ®extended¯ to dimension
three in CP2 space:

kex′

1 = (0, 0, 1), kex′′

1 = (0, 1, 0), kex′′′

1 = (1, 0, 0),

kex′

2 = (0, 1, 1), kex′′

2 = (1, 1, 0), kex′′′

2 = (1, 0, 1).
(4.13)

The next step consists in ˇnding all possible pairs of these three-dimensional
vectors whose intersection gives the only re�exive polyhedron of dimension two,
which corresponds to the polyhedron projective vector k2 = (1, 1). Only two
pairs (plus cyclic permutations) satisfy this constraint:

[kex′

1 (0, 0, 1)]
⋂

[kex′′

2 (1, 1, 0)] = [k2(1, 1)]J (4.14)
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and

[kex′

2 (0, 1, 1)]
⋂

[kex′′

2 (1, 1, 0)] = [k2(1, 1)]J . (4.15)

In these two cases, the corresponding monomials are:

x2 · z ⇒ µ1 = (2, 0, 1) ⇒ (−1),
x · y · z ⇒ µ2 = (1, 1, 1) ⇒ (0),

y2 · z ⇒ µ3 = (0, 2, 1) ⇒ (+1),

(4.16)

and

x2 · z2 ⇒ µ1 = (2, 0, 2) ⇒ (−1),
x · y · z ⇒ µ2 = (1, 1, 1) ⇒ (0),

y2 ⇒ µ3 = (0, 2, 0) ⇒ (+1),

(4.17)

respectively. These lead to the two following chains:

I. k3(1) = 1 · kex′

1 + 1 · kex′′

2 = (1, 1, 1); m = 1, n = 1,

k3(2) = 2 · kex′

1 + 1 · kex′′

2 = (1, 1, 2); m = 2, n = 1,

mmax = dim (kex′′

2 ) = 2, nmax = dim (kex′

1 ) = 1 (4.18)

and

II. k3(2) = 1 · kex′

2 + 1 · kex′′′

2 = (1, 1, 2); m = 1, n = 1,

k3(3) = 2 · kex′

2 + 1 · kex′′′

2 = (1, 2, 3); m = 2, n = 1,

mmax = dim (kex′′

2 ) = 2, nmax = dim (kex′

2 ) = 2. (4.19)

Where the eldest vectors are given on the ˇrst lines of the two preceding equations,
and we note that the vector (1, 1, 2) is common to both chains.

It turns out that, also in higher dimensions, some k vectors are common to
more than one chain. Thus it is possible to make a transition from one chain to
another by passing through the common vectors. The algebra of projective vectors
with the two operations

⋂
and
⋃

should be closed under duality symmetry:

J ⇐⇒ Π, (4.20)

where the symbols J and Π denote two dual conjugate operations: intersection
and projection, respectively. In this way, all vectors kd can be found. This
structure underpins the idea of a web of transitions between all CalabiÄYau
manifolds.
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4.2. General Formulation of CalabiÄYau Algebra. In the spirit of the simple
constructions of the previous subsection, we can also construct the corresponding
closed k4 algebra in the case of K3 hypersurfaces. However, before giving the
results, we ˇrst brie�y formulate a theorem underlying the construction of a kd+1

projective vector, determining an associated re�exive d + 1-dimensional polyhe-
dron and CYd hypersurface, starting from kd projective vectors, which determine
a d-dimensional re�exive polyhedron with one interior point and a corresponding
CYd−1 hypersurface. This theorem underlies our systematic inductive algebraic
construction of CY manifolds.

The theorem is based on two general points:
• First: from the vector kd, we construct the ®extended¯ vectors kex

d+1 using
the rule:

(∗) kd = (k1, ..., k2)
π−1

=⇒ kex(i)
d+1 = (k1, ..., 0i, ..., kd). (4.21)

• Second: we consider only those pairs of all possible ®extended¯ vectors,

kex(i)
d+1 and kex(j)

d+1 with 0 � i, j � d, whose intersection gives the re�exive poly-
hedron of dimension d with only one interior point. We denote this operation
by:

(∗∗) kex(i)
d+1

⋂
kex(j)

d+1 = [kd]J . (4.22)

The statement of the theorem is:
• If by the rule (*) one can get, from the projective kd vector, a set of

®extended¯ vectors kex(i)
d+1 , 0 � i � d, and for any pair of such ®extended¯ kex(i)

d+1 -
vectors the conditions (**) are fulˇlled, then the sum of these two ®extended¯
vectors will give an eldest projective vector kd+1, which determines a re�exive
polyhedron with only one interior point.

• Two ˇnite positive integer numbers, nmax, mmax ∈ Z+, exist such that
any linear combination of two vectors ki,j

d+1(n, m), with integer coefˇcients
m � mmax; n � nmax produce a CY hypersurface. We call ®chain¯ the set
of vectors generated by any such pair of ®extended¯ vectors:

p · ki,j
d+1(n, m) = m · kex(i)

d+1 + n · kex(j)
d+1 ,

ki,j
d+1(1, 1) = ki,j

d+1(eld).
(4.23)

• The intersection of the vector ki,j
d+1(m, n) with the vector kex(i)

d+1 is equal

to the intersection of this vector with the vector kex(j)
d+1 :

[ki,j
d+1(m, n)]

⋂
[kex(j)

d+1 ] = [ki,j
d+1(m, n)]

⋂
[kex(i)

d+1 ]. (4.24)
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We can also formulate a converse theorem:
• If one can decompose a re�exive projective vector kd+1 as the sum of

two re�exive projective vectors k
′

d+1 and k
′′

d+1, then there exists the intersection
of the vector kd+1 with either of these two vectors, which deˇnes a projective
vector kd and a re�exive polyhedron with only one interior point.

The above theorem provides a description of all CYd+1 hypersurfaces with
d-dimensional ˇbers in terms of two positive-integer parameters. Similarly, one
can also consider the intersections of three (or more) ®doubly-extended¯ vectors

kex(′)
d+1 , kex(′′)

d+1 , kex(′′′)
d+1 (by ®doubly-extended¯ we mean that they may be obtained

by inserting two zero components in kd−1 vectors). One should check that this
intersection gives a re�exive polyhedron in the d − 2 space:

[kex(2
′
)

d−1 ]
⋂

[kex(2
′′

)
d−1 ]

⋂
[kex(2

′′′
)

d−1 ] = [kd−1]J . (4.25)

In this way, one may obtain a 3, 4, ..., � d positive-integer parameter description
of the (d + 1)-dimensional polyhedra with (d − 1), (d − 2), ...-dimensional ˇber
sections:

p · kd+1 = m · kex(2
′
)

d−1 + n · kex(2
′′

)
d−1 + l · kex(2

′′′
)

d−1 . (4.26)

Finally, one can obtain additional lists of kd+1 vectors by using three ®extended¯
vectors, kexr

d , kexi

d kexj

d (and similarly using four kex
... , etc.), and a special algebra

of summing these vectors only if the following three conditions are fulˇlled:

1.[kexr

d ]
⋂

[kexi

d ] = [kd−1]
′

J ,

2.[kexi

d ]
⋂

[kexj

d ] = [kd−1]
′′

J ,

3.[kexj

d ]
⋂

[kexr

d ] = [kd−1]
′′′

J .

(4.27)

In this way, one may obtain a complete description of the positive-integer lattice
which deˇnes all re�exive k vectors.

5. TWO-VECTOR CHAINS OF K3 SPACES

We now embark on a parametrization of the k4 vectors deˇning K3 hyper-
surfaces with ˇber sections. Our description of K3 hypersurfaces is based on
the above understanding of the composite and dual structure of the projective k4

vectors. As already mentioned, we ˇnd a link between this structure and the ˇnite
subgroups of the group of rotations of three-space, namely the cyclic and dihedral
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groups and the symmetry groups of the Platonic solids Å the tetrahedron, the
octahedron-cube and the icosahedron-dodecahedron:

• Cn : n = 1, 2, 3, ... Å the cyclic group of ˇnite rotations in the plane
around an axis ®1¯ by the angles α = 2π/n;

• Dn : n = 2, 3, 4, ... Å the dihedral group, comprising all these rotations
together with all the re�ections of a second axis ®n¯ lying in this plane, which is
orthogonal to the axis ®l¯, and producing with respect to each other the angle α/2;

• T Å the ˇnite group of the transformations leaving invariant the regular
tetrahedron, with 12 parameters;

• O Å the ˇnite group of the transformations leaving invariant the regular
cube and octahedron, with 24 parameters;

• I Å the ˇnite group of the transformations leaving invariant the regular
icosahedron and dodecahedron, with 60 parameters.

We use the polyhedron technique introduced in the previous Section, taking
into account all its duality, intersection and projection properties to study the
projective-vector classiˇcation of K3 spaces.

5.1. Two-Dimensional Integer Chains of K3 Hypersurfaces. In the K3
case, as already foreshadowed in the Introduction, the classiˇcation can start from
a basis of ˇve types of ®extended¯ vectors. We recall that the structure of the
three ®planar¯ projective vectors k3 = (1, 1, 1), (1, 1, 2), (1, 2, 3) can easily be
understood on the basis of the doubly-extended vector kext

1 = (0, 0, 1) and the
singly-extended vector kext

2 = (0, 1, 1). The structure of the underlying composite
vector k2 = (1, 1) is also obvious. The full list of K3 projective vectors is
obtainable from the algebra of the following ˇve extended vectors: the maximally-
extended vector of the form

kext
C = (0, 0, 0, 1) (5.1)

with its 4 cyclic permutations, the doubly-extended dihedral vector of the form

kext
D = (0, 0, 1, 1) (5.2)

with its 6 dihedral permutations, the singly-extended tetrahedral vector of the
form

kext
T = (0, 1, 1, 1) (5.3)

with its 4 cyclic permutations, the extended octahedral vector of the form

kext
O = (0, 1, 1, 2) (5.4)

with its 12 permutations, and ˇnally the extended icosahedral vector of the form

kext
I = (0, 1, 2, 3) (5.5)

with its 24 permutations, for a total of 50 extended vectors.
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Using the algebra of combining pairs of these 50 extended ki vectors, we
obtain 90 distinct k4 vectors in 22 double chains with a regular planar k-gon
intersection: k > 3 with only one interior point, as seen in Table 1. Combining
three extended ki vectors, we obtain four triple chains with self-dual line-segment
intersection-projections and one interior point, which contain 91 distinct vectors,
of which only four k4 vectors are different from the 90 vectors found previously,
as also seen in Table 1. Of course, there are some vectors which have a regular
planar k-gon in their intersection and no line-segment intersection. Further, as we
see later in Section 7, there is just one vector, k4 = (7, 8, 9, 12), which has only
a single point intersection, i.e., the intersection consists of the zero point alone,
and can be determined by the intersection-projection

J(∆) ↔ Π(∆∗), Π(∆) ↔ J(∆∗) (5.6)

duality, where the polyhedra ∆ and ∆∗ determine a dual pair of K3 hypersurfaces.
We recall that the sum of the integer points in intersection, J(∆), and in projec-
tion, Π(∆∗), is equal to 14 = 4 + 10, 5 + 9, 6 + 8, 7 + 7, 8 + 6, 9 + 5, 10 + 4 for
the plane intersection-projection and 6 = 3 + 3 for the line-segment intersection-
projection. This duality plays a very important role in our description. Eleven of
the 22 two-vector chains found previously satisfy directly the following condition:

J(∆n) = Π(∆n) = ∆n−1,

Π(∆n∗) = J(∆n∗) = ∆n−1∗, (5.7)

which means that the number of integer points in the intersection of the polyhedron
(mirror polyhedron) forming the re�exive polyhedron of lower dimension is equal
to the number of projective lines crossing these integer points of the polyhedron
(mirror). The projections of these lines on a plane in the polyhedron and a plane
in its mirror polyhedron reproduce, of course, the re�exive polyhedra of lower
dimension. Only for self-dual polyhedra one can have

J(∆n) = Π(∆n) = Π(∆n∗) = J(∆n∗) = ∆n−1 = ∆n−1∗, (5.8)

namely the most symmetrical form of these relations.
Following the recipe presented as our central Theorem in Section 4, we

present Table 4, which lists all the k4 projective vectors derived from pairs of
extended vectors of lower dimension, which fall into the 22 chains listed. In each
case, we list the maximum integers m, n in the chains, which are determined
by the dimensions of the extended ki vectors. This Table includes all the 90
projective k4 vectors found using our construction. All of these k4 vectors deˇne
K3 hypersurfaces which could be obtained using the Zn symmetry coset action∗.

∗They may also be used to construct higher-level CY1 spaces as the intersections of polynomial
loci, as discussed in Section 9.
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Table 4. The 22 chains of K3 obtained using pairs of k4 projective vectors. The number
of K3 spaces in each chain is denoted by N

Chain ki

⋂
kj ∆Int, ∆

∗
Int k(K3) = m · ki + n · kj

∑
m +

∑
n max(m, n) N

I (0001)
⋂

(1110) (10, 4) (n, n, n, m) 1 · m + 3 · n m = 1, n = 3 3

IV (0001)
⋂

(1120) (9, 5) (n, n, 2n, m) 1 · m + 4 · n m = 1, n = 4 4

XV (0001)
⋂

(1230) (7, 7) (n, 2n, 3n, m) 1 · m + 6 · n m = 1, n = 6 6

X (0011)
⋂

(1100) (9, 5) (n, n, m, m) 2 · m + 2 · n m = 2, n = 2 4

XI (0011)
⋂

(1101) (9, 5) (n, n, m, m + n) 2 · m + 3 · n m = 3, n = 2 6

V (0011)
⋂

(1102) (9, 5) (n, n, m, m + 2n) 2 · m + 4 · n m = 4, n = 2 6

XXII (0011)
⋂

(1210) (7, 7) (n, 2n, m + n, m) 2 · m + 4 · n m = 3, n = 3 6

XV I (0011)
⋂

(1203) (7, 7) (n, 2n, m, m + 3n) 2 · m + 6 · n m = 6, n = 2 9

II (0111)
⋂

(1011) (10, 4) (n, m, m + n, m + n) 3 · m + 3 · n m = 3, n = 3 4

XIII (0111)
⋂

(1012) (8, 6) (n, m, m + n, m + 2n) 3 · m + 4 · n m = 4, n = 3 9

III (0111)
⋂

(3012) (4, 10) (3n, m, m + n, m + 2n) 3 · m + 6 · n m = 6, n = 2 9

XV II (0111)
⋂

(1023) (7, 7) (n, m, m + 2n, m + 3n) 3 · m + 6 · n m = 6, n = 3 12

V I (0112)
⋂

(1012) (9, 5) (n, m, n + m, 2m + 2n) 4 · m + 4 · n m = 4, n = 4 6

V III (0112)
⋂

(1120) (5, 9) (n, m + n, m + 2n, 2m) 4 · m + 4 · n m = 3, n = 4 9

V II (0112)
⋂

(2110) (9, 5) (2n, m + n, m + n, 2m) 4 · m + 4 · n m = 3, n = 1 3

XV III (0112)
⋂

(1023) (7, 7) (n, m, m + 2n, 2m + 3n) 4 · m + 6 · n m = 6, n = 4 16

XIV (0112)
⋂

(2130) (6, 8) (2n, m + n, m + 3n, 2m) 4 · m + 6 · n m = 5, n = 3 8

IX (0112)
⋂

(2103) (5, 9) (2n, m + n, m, 2m + 3n) 4 · m + 6 · n m = 6, n = 3 12

XIX (0123)
⋂

(1023) (7, 7) (n, m, 2m + 2n, 3m + 3n) 6 · m + 6 · n m = 6, n = 6 12

XX (0123)
⋂

(2103) (7, 7) (2n, m + n, 2m, 3m + 3n) 6 · m + 6 · n m = 3, n = 3 12

XXI (0123)
⋂

(3120) (7, 7) (3n, m + n, 2m + 2n, 3n) 6 · m + 6 · n m = 2, n = 2 4

XII (0123)
⋂

(3210) (5, 9) (3n, m + 2n, 2m + n, 3m) 6 · m + 6 · n m = 2, n = 2 4

For illustration, we give in Table 5 the eldest vectors in each chain, i.e.,
the ˇrst members of all 22 chains, which have m = 1, n = 1. As one can see,
some vectors are common to more than one chain. Using our understanding of
the origins of the intersections, and duality, we can classify these 22 chains in
ˇve classes, as indicated by the groupings in Table 5, which correspond to the
intersections, as indicated.

It should be noted, however, that the above doubly-extended vector structure
does not exhaust the full list of possible K3 projective vectors. The projective
vectors

(k4)91 = (4, 5, 7, 9),
(k4)92 = (5, 6, 8, 11),
(k4)93 = (5, 7, 8, 20), (5.9)

(k4)94 = (7, 8, 10, 25),
(k4)95 = (7, 8, 9, 12)



648 ANSELMO F. ET AL.

Table 5. The eldest vectors ki in the 22 K3 chains which have m = n = 1

Chain d ki ki (∆, ∆∗) (∆Int, ∆
∗
Int)

I d = 1 · m + 3 · n (n, n, n, m) (1, 1, 1, 1) (35, 5) (10, 4)

II d = 3 · m + 3 · n (n, m, m + n, m + n) (1, 1, 2, 2) (30, 6) (10, 4)

III d = 3 · m + 6 · n (3n, m, m + n, m + 2n) (1, 2, 3, 3) (23, 8) (4, 10)

IV d = 1 · m + 4 · n (n, n, 2n, m) (1, 1, 1, 2) (34, 6) (9, 5)

V d = 2 · m + 2 · n (n, n, m, m) (1, 1, 1, 1) (35, 5) (9, 5)

V I d = 2 · m + 3 · n (n, n, m, m + n) (1, 1, 1, 2) (34, 6) (9, 5)

V II d = 2 · m + 4 · n (n, n, m, m + 2n) (1, 1, 1, 3) (39, 6) (9, 5)

V III d = 4 · m + 4 · n (n, m, m + n, 2m + 2n) (1, 1, 2, 4) (35, 7) (9, 5)

IX d = 4 · m + 4 · n (2n, m + n, m + n, 2m) (1, 1, 1, 1) (35, 5) (9, 5)

X d = 4 · m + 4 · n (n, m + n, m + 2n, 2m) (1, 2, 2, 3) (24, 8) (5, 9)

XI d = 4 · m + 6 · n (2n, m + n, m, 2m + 3n) (1, 2, 2, 5) (28, 8) (5, 9)

XII d = 6 · m + 6 · n (3n, m + 2n, 2m + n, 3m) (1, 1, 1, 1) (35, 5) (5, 9)

XIII d = 3 · m + 4 · n (n, m, m + n, m + 2n) (1, 1, 2, 3) (31, 8) (8, 6)

XIV d = 4 · m + 6 · n (2n, m + n, m + 3n, 2m) (1, 1, 1, 2) (34, 6) (6, 8)

XV d = 1 · m + 6 · n (n, 2n, 3n, m) (1, 1, 2, 3) (31, 8) (7, 7)

XV I d = 2 · m + 6 · n (m, n, 2n, 3n + m) (1, 1, 2, 4) (35, 7) (7, 7)

XV II d = 3 · m + 6 · n (n, m, m + 2n, , m + 3n) (1, 1, 3, 4) (33, 9) (7, 7)

XV III d = 4 · m + 6 · n (n, m, m + 2n, 2m + 3n) (1, 1, 3, 5) (36, 9) (7, 7)

XIX d = 6 · m + 6 · n (n, m, 2m + 2n, 3m + 3n) (1, 1, 4, 6) (39, 9) (7, 7)

XX d = 6 · m + 6 · n (2n, m + n, 2m, 3m + 3n) (1, 1, 1, 3) (39, 6) (7, 7)

XXI d = 6 · m + 6 · n (3n, m + n, 2m + 2n, 3m) (2, 3, 3, 4) (15, 9) (7, 7)

XXII d = 2 · m + 4 · n (n, 2n, m + n, m) (1, 1, 2, 2) (30, 6) (7, 7)

have no planar re�exive polyhedron intersections, and therefore were not included
in this list. To obtain most of the additional k4 vectors (5.10), one must consider
chains constructed from three extended vectors of the type kex = (0, 0, 1) and
kex = (0, 1, 1), with all possible permutations, having in the intersection the line-
segment polyhedron consisting of three integer points. All these chains will be
J1 − Π1 self-dual: J1 = Π1 = 3. It is easy to see that only four different such
triple chains can be built, as discussed in Section 6. These chains are much longer
than the previous two-vector chains, although their total number, 91, is also less
than the full number of all K3 vectors. The projective vectors

(k4)12 = (3, 5, 6, 7),
(k4)13 = (3, 6, 7, 8),
(k4)14 = (5, 6, 7, 9), (5.10)

(k4)95 = (7, 8, 9, 12)
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are not involved in these chains. However, the union of the doubly-extended and
triply-extended vector chains gives a total of 94 k4 projective vectors. Only the
k4 = (7, 8, 9, 12) vector has just a point-intersection structure, and is not found
by either the double- or triple-vector constructions, as discussed in more detail in
Section 7.

To preview how it arises, note that, by J − Π duality, we know that to
k = (1, 1, 1, 1), which has three intersection planes (1,1,1) with ten points, there
must correspond a k which has three different π projections with four points.
Since it should have a nontrivial projection structure, namely a four-point planar
polyhedron with one interior point in three independent directions, its external
points should satisfy the following condition:

1
4
{M1 + M2 + M3 + M4 } = M0 = (1, 1, 1, 1). (5.11)

In three-space, these points can only be taken as:

M1 = (4, 1, 0, 0), M2 = (0, 3, 1, 0),
M3 = (0, 0, 4, 0), M4 = (0, 0, 0, 3).

(5.12)

One can easily check that this polyhedron has three projections: πx1 , πx2 , πx3 ,
with four points giving the (1, 1, 1) planar polyhedron. The four points Mi (5.12)
give the exceptional vector k = (7, 8, 9, 12). By projection, one can see that the
ˇve integer points of this polyhedron produce the (1, 1, 1) planar polyhedron with
four points.

5.2. Invariant Monomials and the J − Π Structure of CalabiÄYau Equat-
ions. The experience provided by working with K3 hypersurfaces can aid in the
classiˇcation of CalabiÄYau manifolds. Also for this more complicated case, one
should use the duality conditions: one must be prepared to study the intersection
structures of polyhedra and their mirrors and/or to study the projection structures
for polyhedra and mirror polyhedra.

This ®intersection-projection¯ structure of the k4 vectors from doubly-, triply-
and quadruply-extended vectors allows us to introduce the concept of invariant
monomials in the CY equations. These invariant monomials are homogeneous
under the action of the extended vectors, i.e., if

z′ = λkex
j · z, j = 1, 2, 3, ..., (5.13)

then

z′µ = λkex
j ·µ · zµ = λdj · zµ, (5.14)

where dj = dim (kex
j ) and j = 1, 2, 3, ... is the number of extended kex

j vectors.
The invariant monomials, ℘i, correspond to the re�exive polyhedra produced by
the invariant set Ψinv which is the same for all the chains.
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These extended vectors can be formed from the following ˇve familiar types
of projective vectors of lower dimensions:

k1 = (0, 0, 1),

k2 = (0, 1, 1),

k3 = (1, 1, 1), k3 = (1, 1, 2), k3 = (1, 2, 3).

(5.15)

A chain of k4 projective vectors can be generated from the linear sums of extended
vectors, for example, for j = 1, 2 one can get:

k4(m, n) = m · kex
1 + n · kex

2

if kex
1

⋂
kex

2 = {℘i : ℘i ∈ Σinv}.
(5.16)

The invariant monomials are universal for all the k4 vectors in this chain.
To construct the k4 vectors determining K3 hypersurfaces, i.e., determin-

ing the corresponding polyhedra with the property of re�exivity, one has to
give a correct set of invariant monomials. We have constructed the 22 sets
of invariant monomials corresponding to the doubly-extended vector structures
among the k4 projective vectors. In this case, these sets of the invariant mono-
mials give in the intersection re�exive polyhedra of lower dimensions. The
number of invariant monomials for this doubly-extended vector structure is
given by

31 = 1 + 4 × 2 + 22, (5.17)

where the last number corresponds to the Betti number for K3 hypersurfaces:
b2 = 22. The structure of the k4 projective vectors obtained from the triply-
extended vectors, namely kex = (0, 0, 0, 1) and kex = (0, 0, 1, 1), is given by the
following four types of invariant monomials:

ΨI3 : (2, 0, 1, 1), (0, 2, 1, 1), (1, 1, 1, 1, ) ⇒ x2 · z · u, y2 · z · u, x · y · z · u,

ΨII3 : (2, 2, 1, 0), (0, 0, 1, 2), (1, 1, 1, 1, ) ⇒ x2 · y2 · z, z · u2, x · y · z · u,

ΨIII3 : (2, 2, 2, 0), (0, 0, 0, 2), (1, 1, 1, 1, ) ⇒ x2 · y2 · z2, u2, x · y · z · u,

ΨIV3 : (2, 0, 0, 2), (0, 2, 2, 0), (1, 1, 1, 1, ) ⇒ x2 · u2, y2 · z2, x · y · z · u.
(5.18)

The four chains corresponding to these sets of invariant monomials are (see
Tables 4,5,6, and 7):
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k4(ΨI3) = M · (1, 1, 0, 0) + N · (0, 0, 1, 0) +
+L · (0, 0, 0, 1) = (M, M, N, L),

k4(ΨII3) = M · (1, 0, 0, 1) + N · (0, 1, 0, 1) +
+L · (0, 0, 1, 0) = (M, N, L, M + N),

k4(ΨIII3) = M · (1, 0, 0, 1) + N · (0, 1, 0, 1) +
+ L · (0, 0, 1, 1) = (M, N, L, M + N + L),

k4(ΨIV3) = M · (1, 0, 1, 0) + N · (0, 1, 0, 1) +
+ L · (0, 0, 1, 1) = (M, N, M + L, N + L). (5.19)

In these chains∗, the sets of projective vectors are subject to the following addi-
tional projective restrictions:

k4(ΨI3) · eI = 0, eI = (−1, 1, 0, 0),
k4(ΨII3) · eII = 0, eII = (−1,−1, 0, 1),

k4(ΨIII3) · eIII = 0, eIII = (−1,−1,−1, 1),
k4(ΨIV3) · eIV = 0, eIV = (1,−1,−1, 1). (5.20)

Corresponding to these chains, the following triple intersections

kex
M

⋂
kex

N

⋂
kex

L = ΨI3 , ΨII3 , ΨIII3 , ΨIV3 . (5.21)

have the above-mentioned invariant monomials.
The K3 algebra has the interesting consequence that all the {1 + 4 + 22}

invariant monomials that give ®good¯ planar re�exive polyhedra in the 22 two-
vector chains also can be found by triple constructions. Therefore it is interesting
to list now the 22 types of invariant monomials whose origin is also connected
with the triple intersections of all types of projective vectors, the triply-extended
vectors kex

1 = (0, 0, 0, 1), the doubly-extended vectors kex
2 = (0, 0, 1, 1), and the

singly-extended vectors, kex
3 = (0, 1, 1, 1), (0, 1, 1, 2), (0, 1, 2, 3).

These monomials, zµ, are invariant under action of the extended vectors

kex
i · µ = dim (kex

i ),

kex
j · µ = dim (kex

j ),

kex
l · µ = dim (kex

l ).

(5.22)

∗There is in fact another ®good¯ triple intersection of the extended vectors (1, 1, 0, 0),
(0, 0, 1, 1), (0, 0, 0, 1), but the chain I′3 = (M, M, N, N + L) it produces has the same three invari-
ant monomials, (0, 2, 1, 1)+(2, 0, 1, 1)+(1, 1, 1, 1) as the I3 chain, which includes all its projective
vectors.
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The directions of the possible projections Π are determined∗ by the degenerate
monomial (x · y · z · u) ⇒ µ = (1, 1, 1, 1) and by the exponents of the following
22 invariant monomials, µ = (µ1, µ2, µ3, µ4):

(3, 0, 0, 0), (3, 1, 0, 0), (3, 1, 1, 0), (3, 2, 0, 0),
(3, 2, 1, 0), (3, 3, 0, 0), (3, 3, 1, 0),
(4, 0, 0, 0), (4, 1, 0, 0), (4, 1, 1, 0), (4, 2, 0, 0),
(4, 2, 1, 0), (4, 3, 0, 0), (4, 3, 1, 0), (4, 4, 0, 0), (4, 4, 1, 0),
(6, 0, 0, 0), (6, 1, 0, 0), (6, 2, 0, 0), (6, 3, 0, 0),
(6, 4, 0, 0), (6, 6, 0, 0), (5.23)

where the underlines pick out those triple intersections where the intersections of
pairs of vectors also specify re�exive polyhedra, which will be important later.
The four other types of possible projections were already deˇned above.

The algebraic-geometry sense of (J, Π)(∆) ↔ (Π, J)(∆∗) duality for K3
hypersurfaces can be interpreted through the invariant monomials: the list of
the invariant monomials for the two-extended-vector classiˇcation and the list of
all of the three-extended-vector classiˇcation are the same, and the total number
of them is equal to 31 = 1 + 4 × 2 + 22. The J(∆, ∆∗) ↔ Π(∆∗, ∆) duality
can be interpreted at a deeper level for J = Π chains: the invariant monomials
are identical for corresponding CY equation and for its mirror equation. The
projectionÄprojection structure gives additional information about the form of the
corresponding CY equation. For example, this structure determines the subset
of monomials corresponding to the invariant monomials. As a result, the homo-
geneous CY equation can be written in according in terms of the intersectionÄ
projection structure of the projective k vectors:

℘(z) =
J∑
i

zmi
0{

Π∑
p

ap

mi
0
znp·eΠ} = 0. (5.24)

Here the zmi
0 are the invariant monomials which are deˇned by intersection

structure, the vector eΠ is the direction of the projection, and the np are integer
numbers.

6. THREE-VECTOR CHAINS OF K3 SPACES

As already mentioned, one can ˇnd additional chains of K3 projective vectors
k4 if one considers systems of three extended vectors of the type kex

1 = (0, 0, 0, 1)

∗Additional constraints on the invariant monomials are given in Section 7, reducing their number
to 9 = 1 + 3 + 5.
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Table 6. The 18 K3 hypersurfaces in the three-vector chain I3: k = (M, M, N, L) =
= M · (1, 1, 0, 0) + N · (0, 0, 1, 0) + L · (0, 0, 0, 1). Here and subsequently, the symbol
ℵ in the ˇrst column denotes the location of the corresponding vector in Table 1. The
numbers in the last columns indicate their locations in the corresponding chains

ℵ M M N L [d] (∆, ∆∗) I II IV V V II X XI III

J(∆) − − − − − − 10 10 9 9 9 9 9 −

π(∆∗) − − − − − − 4 4 5 5 5 5 5 −

π(∆) − − − − − − − 10 − − 9′ − − −

J(∆∗) − − − − − − − 4 − − 5′ − − −

1 1 1 1 1 [4] (35, 5∗) 1 − − − 1 1 − −
2 1 1 1 2 [5] (34, 6∗) 2 − 1 − − − 1 −
3 1 1 1 3 [6] (39, 6∗) 3 − − 1 − − − −
4 1 1 2 2 [6] (30, 6∗) − 1 2 − − 2 − −
5 1 1 2 3 [7] (31, 8∗) − − 3 − − − 2 −
6 1 1 2 4 [8] (35, 7∗) − − 4 2 − − − −
7 1 1 3 4 [9] (33, 9∗) − − − − − − 4 −
8 1 1 3 5 [10] (36, 9∗) − − − 3 − − − −
9 1 1 4 6 [12] (39, 9∗) − − − 5 − − − −
10 2 2 1 3 [8] (24, 8∗) − − − − 2 − 3 −
11 2 2 1 5 [10] (28, 8∗) − − − 4 − − − −
42 2 2 3 5 [12] (17, 11∗) − − − − − − 5 −
43 2 2 3 7 [14] (19, 11∗) − − − 6 − − − −
12 3 3 1 2 [9] (23, 8∗) − 2 − − − − − −
44 3 3 2 4 [12] (15, 9∗) − − − − 3 − − −
65 3 3 4 5 [15] (12, 12∗) − − − − − − − 1

21 4 4 1 3 [12] (21, 9∗) − 3 − − − − − −
48 5 5 2 3 [15] (14, 11∗) − 4 − − − − − −

and kex
2 = (0, 0, 1, 1), which have in their intersections only three integer points

or only three invariant monomials. As also already remarked, there are only four
different chains, corresponding to the four kinds of invariant monomial triples.
We have also commented that these new chains yield only four additional K3
vectors, whilst the remaining vector, k4 = (7, 8, 9, 12), can be constructed out of
four extended vectors, as discussed in the following Section. The relationship
between the two- and three-vector constructions, and their substantial overlap, is
the subject of this Section.

6.1. The Three-Vector Chain I3: k4 = (M, M, N, L). In this chain, the
dimension (d = 2M + N + L) and the eldest vector is keld = (1, 1, 1, 1), whose
invariant monomials are (2, 0, 1, 1) + (0, 2, 1, 1). The relations between this three-
vector chain and the previously-discussed two-vector chains can easily be found.
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We consider the ˇrst three vectors in Table 6, which also form the two-vector
chain I:

I : m · (1, 1, 1, 0) + n · (0, 0, 0, 1) = (m, m, m, n) →
M = N = m = [dim]{(0, 0, 0, 1)} = 1,

L = n � [dim]{(1, 1, 1, 0)} = 3.

(6.1)

Similarly, one can consider four vectors (2, 2, 1, 1), (3, 3, 1, 2), (4, 4, 1, 3), and
(5, 5, 2, 3), which form the two-vector chain II:

II : m · (1, 1, 1, 0) + n · (1, 1, 0, 1) = (m + n, m + n, m, n) →
N = m � [dim]{(1, 1, 0, 1)} = 3,

L = n � [dim]{(1, 1, 1, 0)} = 3,

M = m + n < 6.

(6.2)

The four vectors (1, 1, 2, 1), (1, 1, 2, 2), (1, 1, 2, 3), and (1, 1, 2, 4) from the two-
vector chain IV have the following relations with this triple chain:

IV : m · (1, 1, 2, 0) + n · (0, 0, 0, 1) = (m, m, 2m, n) →
M = m � [dim]{(0, 0, 0, 1)} = 1,

N = 2m = 2,

L = n � [dim]{(1, 1, 2, 0)} = 4.

(6.3)

The six vectors (1, 1, 1, 3), (1, 1, 2, 4), (1, 1, 3, 5), (1, 1, 4, 6), (2, 2, 1, 5), and
(2, 2, 3, 7) in Table 6 correspond to the two-vector chain V :

V : m · (1, 1, 0, 2) + n · (0, 0, 1, 1) = (m, m, n, 2m + n) →
M = m � [dim]{(0, 0, 1, 1)} = 2,

N = n � [dim]{(1, 1, 0, 2)} = 4,

L = 2m + n <= 8.

(6.4)

The next three vectors (1, 1, 1, 1), (3, 3, 2, 4), and (2, 2, 1, 3) from the two-vector
chain V II have the following connection to this triple chain:

V II : m · (1, 1, 2, 0) + n · (1, 1, 0, 2) = (m + n, m + n, 2m, 2n) →
M = m + n < 4,

N = 2m < 4,

L = 2n < 4.

(6.5)
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Two vectors (1, 1, 1, 1) and (1, 1, 2, 2) correspond to the two-vector chain X :

X : m · (1, 1, 0, 0) + n · (0, 0, 1, 1) = (m, m, n, n) →
M = m � 2,

N = n � 2,

L = n � 2.

(6.6)

Finally, the values of M, N, L of the ˇve projective vectors (1, 1, 1, 2), (1, 1, 2, 3),
(1, 1, 3, 4), (2, 2, 1, 3), and (2, 2, 3, 5) correspond to the fact that they are also from
the two-vector chain XI:

XI : m · (1, 1, 0, 1) + n · (0, 0, 1, 1) = (m, m, n, m + n) →
M = m � 2,

N = n � 3,

L = m + n � 5.

(6.7)

6.2. The Three-Vector Chain II3: k4 = (M, N, L, M + N). In this chain,
shown in Table 7, the dimension d = 2M + 2N + L, there is a symmetry:
M ↔ N , the eldest vector keld = (1, 1, 1, 2), and the invariant monomials are
(2, 2, 1, 0)+(0, 0, 1, 2). Comparing this chain with the previous two-vector chains,
one can see clearly the possible values of M, N, L for the projective vectors
(M, N, L, M + N). For example, if one compares the four vectors (1, 1, 2, 2),
(1, 2, 3, 3), (1, 3, 4, 4), and (2, 3, 5, 5) in this triple chain with their structure in
the two-vector chain II , one ˇnds the following relations:

II : m · (1, 0, 1, 1) + n · (0, 1, 1, 1) = (m, n, m + n, m + n) →
M = m � [dim]{(0, 1, 1, 1)} = 3,

N = n � [dim]{(1, 0, 1, 1)} = 3,

L = m + n < 6.

(6.8)

Similarly, we ˇnd the following relations between the values of M, N, L in the
triple chain and the values of m, n for double chains:

IV : m · (1, 1, 0, 2) + n · (0, 0, 1, 0) = (m, m, n, 2m) →
M = N = m � [dim]{(0, 0, 1, 0)} = 1,

L = n � [dim]{(1, 1, 0, 2)} = 4.

(6.9)

V I : m · (1, 0, 2, 1) + n · (0, 1, 2, 1) = (m, n, 2m + 2n, m + n) →
M = m � [dim]{(0, 1, 2, 1)} = 4,

N = n � [dim]{(1, 0, 2, 1)} = 4,

L = 2m + 2n < 8.

(6.10)
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V III : m · (1, 0, 2, 1) + n · (1, 1, 0, 2) = (m + n, n, 2m, m + 2n) →
M = m + n � 8,

N = n � [dim]{(1, 0, 2, 1)} = 4, (6.11)

L = 2m � 2[dim]{(1, 1, 0, 2)} = 8.

XI : m · (1, 0, 1, 1) + n · (0, 1, 0, 1) = (m, n, m, m + n) →
M = m � [dim]{(0, 1, 0, 1)} = 2,

N = n � [dim]{(1, 0, 1, 1)} = 3,

L = m.

(6.12)

XIII : m · (1, 0, 2, 1) + n · (0, 1, 1, 1) = (m, n, 2m + n, m + n) →
M = m � [dim]{(0, 1, 1, 1)} = 3,

N = n � [dim]{(1, 0, 2, 1)} = 4,

L = 2m + n.

(6.13)

XIV : m · (1, 0, 2, 1) + n · (1, 2, 0, 3) = (m + n, 2n, 2m, m + 3n) →
M = m + n,

N = 2n � 2[dim]{(1, 0, 2, 1)} = 8, (6.14)

L = 2m � 2[dim]{(1, 2, 0, 3)} = 12.

XV : m · (1, 2, 0, 3) + n · (0, 0, 1, 0) = (m, 2m, n, 3m) →
M = m � [dim]{(0, 0, 1, 0)} = 1,

N = 2m � 2[dim]{(0, 0, 1, 0)} = 2,

L = n � [dim]{(1, 2, 0, 3)} = 6.

(6.15)

XV II : m · (1, 2, 0, 3) + n · (0, 1, 1, 1) = (m, 2m + n, n, 3m + n) →
M = m � [dim]{(0, 1, 1, 1)} = 3,

N = 2m + n, (6.16)

L = n � [dim]{(1, 2, 0, 3)} = 6.

XXII : m · (1, 0, 2, 1) + n · (0, 1, 0, 1) = (m, n, 2m, m + n) →
M = m � [dim]{(0, 1, 0, 1)} = 2,

N = n � [dim]{(1, 0, 2, 1)} = 6,

L = 2m.

(6.17)
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Table 7. The 45 K3 hypersurfaces in the II3 chain: k = (M, N, L, Q = N + M) =
= M · (1, 0, 0, 1) + N · (0, 1, 0, 1) + L · (0, 0, 1, 0)

ℵ M N L Q [d] (∆,∆∗) II IV V I V III XI XIII XIV XV XV II XXII

− − − − − − J(∆) 10 9 9 5 9 8 6 7 7 7
− − − − − − π(∆∗) 4 5 5 9 5 6 8 7 7 7

− − − − − − π(∆) 10 − 9 5′ − − − − 7 −
− − − − − − J(∆∗) 4 − 5 9′ − − − − 7 −
2 1 1 1 2 [5] (34, 6∗) 1 1 1

4 1 1 2 2 [6] (30, 6∗) 1 2 1
5 1 1 3 2 [7] (31, 8∗) 3 2 1 1
6 1 1 4 2 [8] (35, 7∗) 4 1
10 1 2 2 3 [8] (24, 8∗) 1 3 2 2
12 1 2 3 3 [9] (23, 8∗) 2 2 3
13 1 2 4 3 [10] (23, 11∗) 2 4 3
14 1 2 5 3 [11] (24, 13∗) 3 3 5
15 1 2 6 3 [12] (27, 9∗) 2 6
7 1 3 1 4 [12] (33, 9∗) 4 1
21 1 3 4 4 [12] (21, 9∗) 3 3
24 1 3 8 4 [16] (24, 12∗) 3
16 1 4 2 5 [12] (24, 12∗) 2 4
22 1 4 3 5 [13] (20, 15∗) 4 5
31 1 4 10 5 [20] (23, 13∗) 4
25 1 5 3 6 [15] (21, 15∗) 3
30 1 5 4 6 [16] (19, 17∗) 4 5
32 1 6 4 7 [18] (19, 20∗) 4
36 1 7 5 8 [21] (18, 24∗) 5
39 1 8 6 9 [24] (18, 24∗) 6
42 2 3 2 5 [12] (17, 11∗) 2 5
45 2 3 4 5 [14] (13, 16∗) 4 5
48 2 3 5 5 [15] (14, 11∗) 4
51 2 3 10 5 [20] (16, 14∗) 5
18 2 5 1 7 [15] (26, 17∗) 7
49 2 5 3 7 [17] (13, 20∗) 7
59 2 5 6 7 [20] (11, 23∗) 7
52 2 7 3 9 [21] (14, 23∗) 9
61 2 9 5 11 [27] (11, 32∗) 13
23 3 4 1 7 [15] (22, 17∗) 6
46 3 4 2 7 [16] (14, 18∗) 5 6
67 3 4 5 7 [19] (9, 24∗) 7
71 3 4 14 7 [28] (12, 18∗) 6
50 3 5 2 8 [18] (14, 20∗) 8
68 3 5 4 8 [20] (10, 22∗) 8
27 3 7 1 10 [21] (24, 24∗) 8
70 3 7 4 10 [24] (10, 26∗) 9
54 3 8 2 11 [24] (15, 27∗) 10
72 3 10 4 13 [30] (10, 35∗) 11
77 3 11 5 14 [33] (9, 39∗) 12
57 4 5 2 9 [20] (13, 23∗) 6
81 4 5 6 9 [24] (8, 26∗) 8
83 4 5 7 9 [25] (7, 32∗)
87 4 7 6 11 [28] (7, 35∗) 9
90 5 6 8 11 [30] (6, 39∗)

6.3. The Three-Vector Chain III3: k4 = (M, N, L, M + N + L). In this
chain, shown in Table 8, the dimension d = 2M + 2N + 2L, there is M↔N↔L
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symmetry, the eldest vector keld = (1, 1, 1, 3), and the invariant monomials are
(2, 2, 2, 0) + (0, 2, 2, 2). We see in the Table the appearance of the following
two-vector chains

V : m · (1, 1, 0, 2) + n · (0, 0, 1, 1) = (m, m, n, 2m + n) →
M = N = m � [dim]{(0, 0, 1, 1)} = 2,

L = n � [dim]{(1, 1, 0, 2)} = 4.

(6.18)

V I : m · (1, 0, 1, 2) + n · (0, 1, 1, 2) = (m, n, m + n, 2m + 2n) →
M = m � [dim]{(0, 1, 1, 2)} = 4,

N = n � [dim]{(1, 0, 1, 2)} = 4,

L = m + n.

(6.19)

IX : m · (1, 0, 1, 2) + n · (0, 2, 1, 3) = (m, 2n, m + n, 2m + 3n) →
M = m � [dim]{(0, 2, 1, 3)} = 6,

N = 2n � 2[dim]{(1, 0, 1, 2)} = 8,

L = m + n.

(6.20)

XV I : m · (1, 0, 2, 3) + n · (0, 1, 0, 1) = (m, n, 2m, 3m + n) →
M = m � [dim]{(0, 1, 0, 1)} = 2,

N = n � [dim]{(1, 0, 2, 3)} = 6,

L = 2m.

(6.21)

XV III : m · (1, 0, 1, 2) + n · (0, 1, 2, 3) = (m, n, m + 2n, 2m + 3n) →
M = m � [dim]{(0, 1, 2, 3)} = 6,

N = n � [dim]{(1, 0, 1, 2)} = 4, (6.22)

L = m + 2n.

XIX : m · (1, 0, 2, 3) + n · (0, 1, 2, 3) = (m, n, 2m + 2n, 3m + 3n) →
M = m � [dim]{(0, 2, 1, 3)} = 6,

N = n � [dim]{(1, 0, 2, 3)} = 6, (6.23)

L = 2m + 2n.

XX : m · (2, 0, 1, 3) + n · (0, 2, 1, 3) = (2m, 2n, m + n, 3m + 3n) →
M = 2m � 2[dim]{(0, 2, 1, 3)} = 12,

N = 2n � 2[dim]{(2, 0, 1, 3)} = 12, (6.24)

L = m + n.



TOWARDS AN ALGEBRAIC CLASSIFICATION 659

Table 8. The 48 K3 hypersurfaces in the III3 chain: k = (M, N, L, Q = N+M+L) =
= M · (1, 0, 0, 1) + N · (0, 1, 0, 1) + L · (0, 0, 1, 1)

ℵ M N L Q [d] (∆, ∆∗) V V I IX XV I XV III XIX XX

− − − − − − J(∆) 9 9 5 7 7 7 7
− − − − − − π(∆∗) 5 5 9 7 7 7 7
− − − − − − π(∆) − 9 − − 7 7 7
− − − − − − J(∆∗) − 5 − − 7 7 7
3 1 1 1 3 [6] (39, 6∗) 1 1
6 1 1 2 4 [8] (35, 7∗) 2 1 1
8 1 1 3 5 [10] (36, 9∗) 3 1
9 1 1 4 6 [12] (39, 9∗) 4 1
11 1 2 2 5 [10] (28, 8∗) 5 1 2
15 1 2 3 6 [12] (27, 9∗) 2 3 2
17 1 2 4 7 [14] (27, 12∗) 4 2
19 1 2 5 8 [16] (28, 14∗) 5 3
20 1 2 6 9 [18] (30, 12∗) 6 2
24 1 3 4 8 [16] (24, 12∗) 3 3
26 1 3 5 9 [18] (24, 15∗) 4
28 1 3 7 11 [22] (25, 20∗) 8
29 1 3 8 12 [24] (27, 15∗) 3
31 1 4 5 10 [20] (23, 13∗) 4
33 1 4 6 11 [22] (22, 20∗) 5 5
34 1 4 9 14 [28] (24, 24∗) 9
35 1 4 10 15 [30] (25, 20∗) 4
37 1 5 7 13 [26] (21, 24∗) 6
38 1 5 12 18 [36] (14, 18∗) 5
40 1 6 8 15 [30] (21, 24∗) 7
41 1 6 14 21 [42] (24, 24∗) 6
43 2 2 3 7 [14] (19, 11∗) 6 2
47 2 3 4 9 [18] (16, 14∗) 4 7 3
51 2 3 5 10 [20] (16, 14∗) 5
53 2 3 7 12 [24] (16, 20∗) 11
55 2 3 8 13 [26] (16, 23∗) 10
56 2 3 10 15 [30] (18, 18∗) 7
58 2 4 5 11 [22] (14, 19∗) 6
60 2 5 6 13 [26] (13, 23∗) 7
62 2 5 9 16 [32] (13, 29∗) 14
63 2 5 14 21 [42] (15, 27∗) 9
64 2 6 7 15 [30] (13, 23∗) 9
69 3 4 5 12 [24] (12, 18∗) 8
71 3 4 7 14 [28] (12, 18∗) 6
73 3 4 10 17 [34] (11, 31∗) 13
74 3 4 11 18 [36] (12, 30∗) 12
75 3 4 14 21 [42] (13, 26∗) 8
78 3 5 11 19 [38] (10, 35∗) 15
79 3 5 16 24 [48] (12, 30∗) 10
82 4 5 6 15 [30] (10, 20∗) 4
84 4 5 7 16 [32] (9, 27∗) 10
85 4 5 13 22 [44] (9, 39∗) 16
86 4 5 18 27 [54] (10, 35∗) 11
88 4 6 7 17 [34] (8, 31∗) 11
91 5 6 8 19 [38] (7, 35∗) 12
92 5 6 22 33 [66] (9, 39∗) 12
93 5 7 8 20 [40] (8, 28∗)
94 7 8 10 25 [50] (6, 39∗)
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6.4. The Three-Vector Chain IV3: k4 = (M, N, M + L, N + L). In this
case (see Table 9), we have the dimension d = 2M + 2N + 2L, the eldest vector
keld = (1, 1, 1, 1), and the invariant monomials are (2, 0, 0, 2) + (0, 2, 2, 0). This
three-vector chain includes the following vectors form the two-vector construction:

V II : m · (2, 1, 1, 0) + n · (0, 1, 1, 2) = (2m, m + n, m + n, 2n) →
M = 2m � 4,

N = m + n � 4,

L = n − m � 0.

(6.25)

X : m · (1, 1, 0, 0) + n · (0, 0, 1, 1) = (m, m, n, n) →
M = m � 2,

N = m � 2,

L = n − m � 0.

(6.26)

XII : m · (3, 2, 1, 0) + n · (0, 1, 2, 3) = (3m, 2m + n, m + 2n, 3n) →
M = 3m,

N = 2m + n, (6.27)

L = 2n − 2m,

(m, n) = (1, 2), (2, 1) ; (1, 1), (1, 4), (4, 1), (2, 5), (5, 2).

XXI : m · (1, 2, 3, 0) + n · (1, 2, 0, 3) = (m + n, 2m + 2n, 3m, 3n) →
M = m,

N = 2m, (6.28)

L = m,

(m, n) = (1, 1), (1, 2), (2, 1); (1, 5), (5, 1), (4, 5), (5, 4).

XXII : m · (1, 0, 2, 1) + n · (0, 1, 0, 1) = (m, n, 2m, m + n) →
M = m � [dim]{(0, 1, 0, 1)} = 2,

N = n � [dim]{(1, 0, 2, 1)} = 4,

L = m.

(6.29)
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Table 9. The 8 K3 hypersurfaces in the IV3 chain: k = (M, N, M + L, N + L) =
= M · (1, 0, 1, 0) + N · (0, 1, 0, 1) + L · (0, 0, 1, 1)

ℵ M N M + L N + L [d] (∆,∆∗) V II X XII XXI XXII

− − − − − − J(∆) 7 9 5 7 7

− − − − − − π(∆∗) 7 5 9 7 7

− − − − − − π(∆) − − 5′ 7′ −
− − − − − − J(∆∗) − − 9′ 7′ −

1 1 1 1 1 [4] (35, 5∗) 1 1 1 − −
4 1 1 2 2 [6] (30, 6∗) − 2 − 1 1

10 1 2 2 3 [8] (24, 8∗) 2 − − − −
13 1 2 3 4 [10] (23, 11∗) − − 2 − 2

16 1 2 4 5 [12] (24, 12∗) − − − 2 3

44 2 3 3 4 [12] (15, 9∗) 3 − − 3 −
45 2 3 4 5 [14] (13, 16∗) − − 3 − 4

66 3 4 5 6 [18] (10, 17∗) − − 4 4 −

7. THE DUAL K3 ALGEBRA FROM FOUR-DIMENSIONAL
EXTENDED VECTORS

As discussed in the Introduction, the enumeration of K3 re�exive polyhedra
obtained at level zero from pairs of projective vectors (Section 5) and triples
(Section 6) is not quite complete. The one remaining example, corresponding to
k4 = (7, 8, 9, 12), can be found using the intersectionÄprojection and duality prop-
erties outlined in Section 3, as we now discuss. This method can be used to build
projective-vector chains using the rich projective structure of K3 vectors. For
example, one can construct a chain with, as youngest vector, k4 = (7, 8, 10, 25),
which is dual to the eldest vector k4 = (1, 1, 1, 3) contained in the triple chain
III3. Similarly, one can consider other cases, e.g., building a chain with youngest
vector k4 = (5, 6, 8, 11), contained in the triple chain II3.

7.1. The Dual π Projective-Vector Structure of K3 Hypersurfaces. We
obtained in Section 6, as an interesting application of the K3 algebra, all the
1 + (4 × 2) + 22 invariant monomials of the 22 double-intersection K3 chains
via the triple intersections of K3 extended vectors. These invariant monomials
correspond to particular directions relative to the re�exive polyhedra, which can
be used to ˇnd the projection structures of the vectors. In particular, they can be
used to ˇnd all the projective vectors which have no planar-intersection structure
at all. Because of duality, their polyhedra have sufˇcient invariant directions that
the projections on the corresponding perpendicular planes give re�exive planar
polyhedra. Examples include the youngest vectors which are dual to the eldest
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vectors as well as other relations in the corresponding chain, e.g., as we shall
see, the remaining K3 vector (7,8,9,12) is dual to (1,1,1,1), (7,8,10,25) is dual to
(1,1,1,3), etc.

To understand this more deeply, we consider triple chains built using a

special subalgebra of the four-dimensional extended vectors: kex(i)
3 = (0, 0, 0, 1),

(0, 0, 1, 1), (0, 1, 1, 1), (0, 1, 1, 2), and (0, 1, 2, 3), with all possible permutations.

We consider triples kex(i,j,l)
3 of these vectors with the property that each pair

(i, j), (j, l), (l, i) gives a re�exive planar polyhedron:

[kex(i)
3 ]

⋂
[kex(j)

3 ] = [k3]. (7.1)

We note that the triple intersections of these triples of extended vectors always
deˇne an invariant direction, π. In some cases, the triple intersection contains
just two monomial vectors, and π is simply deˇned by their difference:

[kex(i)
3 ]

⋂
[kex(j)

3 ]
⋂

[kex(r)
3 ] ⇒ πN = {µ − µ0}, (7.2)

where µ0 = (1, 1, 1, 1) is the basic monomial zµ0+1 = x · y · z · u. These cases
are listed in Table 10.

These pairs of invariant monomials correspond to directions πi=µi−µ0 in
the exponent/monomial hyperspace given by the following vectors µN ,

Table 10. Triples of k3
ex vectors giving invariant directions πN = µN − µ0 deˇned

by pairs of monomials. Also indicated are the sizes of the corresponding polyhedra ∆
and the two-vector chains to which they belong

π
(α)
N k

ex(i)
3 k

ex(j)
3 k

ex(p)
3 ∆Jij

∆Jjp
∆Jpi

inv. monom µN

π
(1)
1 (0, 0, 1, 1) (1, 2, 0, 1) (1, 2, 1, 0) 7XXII 9V I 7XXII x3 · z · u (3, 0, 1, 1)

π
(2)
1 (0, 0, 1, 1) (1, 2, 0, 3) (1, 2, 3, 0) 7XV I 7XXI 7XV I x3 · z · u (3, 0, 1, 1)

π
(1)
2 (0, 1, 1, 1) (1, 0, 1, 1) (1, 1, 0, 1) 10II 10II 10II u3 (0, 0, 0, 3)

π
(2)
2 (0, 1, 1, 1) (1, 0, 1, 1) (1, 3, 0, 2) 10II 4III 7XV II u3 (0, 0, 0, 3)

π
(3)
2 (0, 1, 1, 1) (1, 0, 3, 2) (1, 3, 0, 2) 7XV II 7XXI 7XV II u3 (0, 0, 0, 3)

π
(4)
2 (0, 1, 1, 1) (3, 0, 1, 2) (3, 1, 0, 2) 4III 7XIX 4III u3 (0, 0, 0, 3)

π
(1)
3 (1, 1, 1, 0) (0, 1, 2, 1) (2, 1, 0, 1) 8XIII 9V II 8XIII y3 · u (0, 3, 0, 1)

π
(2)
3 (1, 1, 1, 0) (0, 1, 2, 1) (2, 1, 0, 3) 8XIII 6XIV 4III y3 · u (0, 3, 0, 1)

π
(3)
3 (1, 1, 1, 0) (0, 1, 2, 3) (2, 1, 0, 3) 4III 7XX 4III y3 · u (0, 3, 0, 1)

π
(4)
3 (0, 1, 2, 1) (1, 2, 3, 0) (2, 1, 0, 3) 7XV III 5XII 6XIV y3 · u (0, 3, 0, 1)

π
(1)
4 (0, 1, 1, 2) (1, 0, 1, 2) (1, 2, 1, 0) 9V I 9V II 5V III y4 (0, 0, 4, 0)

π
(2)
4 (0, 1, 1, 2) (1, 2, 1, 0) (2, 0, 1, 1) 5V III 5V III 5V III y4 (0, 0, 4, 0)

π
(1)
5 (1, 0, 1, 2, ) (1, 2, 0, 3) (1, 2, 3, 0) 5IX 7XXI 6XIV x4 · y (4, 1, 0, 0)
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N = 1, 2, 3, 4, 5:

µ1 = (3, 0, 1, 1),
µ2 = (0, 0, 0, 3),
µ3 = (0, 3, 0, 1), (7.3)

µ4 = (0, 0, 4, 0),
µ5 = (4, 1, 0, 0),

as can be seen in Table 10.
In other cases, the triple intersections contain three points which form a

degenerate linear polyhedron, which also deˇnes a unique direction π determined
by three points, one of which (µ0) corresponds to the origin:

[kex(i)
3 ]

⋂
[kex(j)

3 ]
⋂

[kex(r)
3 ] ⇒ πN = {µ+ − µ0} = {µ0 − µ−}, (7.4)

as seen in Table 11.
It is easy to see that ˇve of the invariant monomials from Table 10 produce

a re�exive three-dimensional polyhedron. For example, from µ2, µ3, µ4, and µ5

one obtains the following exceptional vector whose associated polyhedron has no
intersection substructure:

µα · k4 = d = k1 + k2 + k3 + k4, α = 0, 2, 3, 4, 5,

k4 = (7, 8, 9, 12)[d = 36], (7.5)

Table 11. Triples of kex
3 vectors deˇning directions πN determined by three invariant

monomials

π
(α)
N k

ex(i)
3 k

ex(j)
3 k

ex(p)
3 ∆Jij

∆Jjp
∆Jpi

µ+ µ−

π
(1)
6 (0, 0, 1, 1) (1, 1, 0, 1) (1, 1, 1, 0) 9XI 10II 9XI (0, 2, 1, 1) (2, 0, 1, 1)

π
(2)
6 (0, 0, 1, 1) (1, 1, 0, 2) (1, 1, 2, 0) 9V 9V II 9V (0, 2, 1, 1) (2, 0, 1, 1)

π
(1)
7 (0, 1, 1, 1) (1, 0, 1, 1) (1, 1, 0, 2) 10II 8XIII 8XIII (0, 0, 1, 2) (2, 2, 1, 0)

π
(2)
7 (0, 1, 1, 1) (1, 0, 2, 1) (1, 1, 0, 2) 8XIII 5V III 8XIII (0, 0, 1, 2) (2, 2, 1, 0)

π
(3)
7 (0, 1, 1, 1) (1, 0, 2, 1) (1, 2, 0, 3) 8XIII 6XIV 7XV II (0, 0, 1, 2) (2, 2, 1, 0)

π
(4)
7 (0, 1, 2, 1) (1, 0, 2, 1) (1, 1, 0, 2) 9V I 5V III 5V III (0, 0, 1, 2) (2, 2, 1, 0)

π
(1)
8 (0, 1, 1, 2) (1, 0, 1, 2) (1, 1, 0, 2) 9V I 9V I 9V I (0, 0, 0, 2) (2, 2, 2, 0)

π
(2)
8 (0, 1, 1, 2) (1, 0, 1, 2) (1, 2, 0, 3) 9V I 5IX 7XV III (0, 0, 0, 2) (2, 2, 2, 0)

π
(3)
8 (0, 1, 1, 2) (1, 0, 2, 3) (1, 2, 0, 3) 7XV III 7XX 7XV III (0, 0, 0, 2) (2, 2, 2, 0)

π
(4)
8 (0, 1, 1, 2) (2, 0, 1, 3) (2, 1, 0, 3) 5IX 7XIX 5IX (0, 0, 0, 2) (2, 2, 2, 0)
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where we used the constraint

µ0 =
1
4
· (µ2 + µ3 + µ4 + µ5 ). (7.6)

Thus duality enables us to identify the missing 95th K3 vector, which was not
generated previously in our systematic study of the two- and three-vector chains.
We recall that they contain totals of 90 and 91 vectors, respectively, of which
only 94 were distinct.

Similarly, using these invariant monomials, one can ˇnd the rest of the
exceptional k4 vectors, (3, 5, 6, 7), (3, 6, 7, 8), (5, 6, 7, 9) which were not included
in the triple chains, together with (3, 4, 5, 6). They have intersection polyhedra
that are not linear. These other exceptional k4 vectors are deˇned as follows

µα · k4 = d, α = 0, 1, 2, 3, 3′,
k4 = (3, 5, 6, 7)[d = 21],

(7.7)

where again the following constraint has been used

µ0 =
1
4
· (µ1 + µ2 + µ3 + µ′

3 ) =

= (3, 1, 0, 1) + (0, 0, 0, 3) + (1, 0, 3, 0) + (0, 3, 1, 0),

and

µα · k4 = d, α = 0, 1, 2, 3, 4,

k4 = (3, 6, 7, 8)[d = 24],
(7.8)

with the constraint:

µ0 =
1
4
· (µ1 + µ2 + µ3 + µ4 ) =

= (3, 0, 1, 1) + (0, 0, 0, 3) + (1, 0, 3, 0) + (0, 4, 0, 0).

We also ˇnd

µα · k4 = d, α = 2, 3, 3′, 5,

k4 = (5, 6, 7, 9)[d = 27],
(7.9)

where the following constraint also has been used

µ0 =
1
4
· (µ2 + µ3 + µ′

3 + µ5 ) =

= (0, 0, 0, 3) + (0, 3, 0, 1) + (0, 1, 3, 0) + (4, 0, 1, 0),
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and

µα · k4 = d, α = 1, 2, 3, 3′,

k4 = (3, 4, 5, 6)[d = 18],
(7.10)

where the following constraint also has been used

µ0 =
1
4
· (µ1 + µ2 + µ3 + µ′

3 ) =

= (3, 1, 1, 0) + (0, 0, 0, 3) + (1, 0, 3, 0) + (0, 3, 0, 1).

7.2. Projective Chains of K3 Spaces Constructed from πN Vectors. Using
the invariant directions found in the previous Subsection, one can construct new
triple chains:

p · [k4]πN
= m · kex(i) + n · kex(j) + r · kex(l) (7.11)

each corresponding to a direction π determined by an intersection of invariant
monomial pairs. Each good projective vector in such a chain, determined by an
invariant direction, contains the monomial/projective direction in its polyhedron.
With respect to this direction, the polyhedron is projected onto a ®good¯ planar
re�exive polyhedron. If the projective vector appears in several different chains,
its polyhedron will have ®good¯ projections corresponding to each of these chains.
This property can be used to make a classiˇcation by their projections of the
projective vectors and their re�exive polyhedra. One ˇnds that 78 projective K3
vectors out of 95 have such projective property. Taking into account the rest of
the vectors which already were known from double-intersection J = Π-symmetric
chains, one can recover all 95 projective K3 vectors.

The distribution of the 3-dimensional set of positive-integer numbers m, n, r

depends on the dimension of the three extended vectors d(i) =
∑

α{k
ex(i)
3 }α,

i = 1, 2, 3, participating in the construction of the chain, can have some ®blank
spots¯, corresponding to ®false vectors¯ which do not correspond to any re�exive
polyhedron. The origin of this phenomenon is connected with the structure of
CalabiÄYau algebra, i.e., some of the projective vectors have different expansions
(double-, triple-,...) in terms of the extended vectors. So, for example, if a vector
is forbidden in two-vector expansions, it should also be forbidden in triple-, etc.,
expansions, which is what we call a false vector. The self-consistency of the
algebra entails the absences of some combinations of integer numbers m, n, r,
even though all of them are below their maximum values. We already have met
and discussed this phenomenon in the classiˇcation of triple-vector chains.



666 ANSELMO F. ET AL.

Table 12. Extended vectors k4 in the chain π(1)
2 with Π = 4 with: Q · k = (N+

+L, M +L, M +N, M +N +L) = M · (0, 1, 1, 1) +N · (1, 0, 1, 1)+ L · (1, 1, 0, 1) and
d = 3M + 3N + 3L, whose youngest vector is kyoung = (7, 8, 9, 12)

ℵ k4 [det] M N L (∆, ∆∗) Π − J∗ Chain

95 (7, 8, 9, 12) [36] 5 4 3 (5, 35) 4 − 10 −
89 (5, 6, 7, 9) [27] 4 3 2 (6, 30) 4 − 10 III

80 (3, 6, 7, 8) [24] 5 2 1 (9, 21) 4 − 10 III

76 (3, 5, 6, 7) [21] 4 2 1 (9, 21) 4 − 10 III

66 (3, 4, 5, 6) [18] 3 2 1 (10, 17) 4 − 10 III

65 (3, 3, 4, 5) [15] 2 2 1 (12, 12) 4 − 10 III

44 (2, 3, 3, 4) [24] 2 1 1 (7, 26) 4 − 10 III

As seen in Table 10, one can give examples of triple intersections giving just
one good vector which has three different projections with Π = 4:

[k4]π(2)
1

⋂
[k4]π(2)

2

⋂
[k4]π(4)

3
⇒ (3, 5, 6, 7)[21],

[k4]π(2)
1

⋂
[k4]π(2)

2

⋂
[k4]π(2)

4
⇒ (3, 6, 7, 8)[24],

[k4]π(2)
2

⋂
[k4]π(3)

3

⋂
[k4]π(1)

3
⇒ (5, 6, 7, 9)[27]. (7.12)

Moreover, the exceptional vector, which has four different projections with Π = 4,
is given by the intersection of four such chains, i.e.:

[k4]π(1)
2

⋂
[k4]π(2)

3

⋂
[k4]π(2)

4

⋂
[k4]π(1)

5
⇒ (7, 8, 9, 12)[36]. (7.13)

To understand this in more detail, we consider one chain with projection Π = 4,

which is determined by the invariant direction π
(1)
2 . The vectors of this chain are

represented as linear combinations with positive-integer coefˇcients, M, N, L, of
the following three projective vectors, taken from the third line in Table 10:

k4(π
(1)
2 ) = M · (0, 1, 1, 1) + N · (1, 0, 1, 1) + L · (1, 1, 0, 1) =

= (N + L, M + L, M + N, M + N + L ). (7.14)

The basis is constructed out of the exceptional invariant monomials determining
the π directions. Projecting on the perpendicular plane gives us planar re�exive
polyhedra, so the third basis vector

e3 = (−1,−1,−1, 2) ⇒ (0, 0, 0, 3). (7.15)

is common to all the chains discussed in this Subsection.
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Table 13. The K3 hypersurfaces in chain III with intersection J = 4: k(III) =
= (3n, m,m + n, m + 2n) = m · (0, 1, 1, 1) + n · (3, 0, 1, 2), d = 3m + 6n with level
l = m + n, mmax = 6, nmax = 2

ℵ ki[dim] ∆(J = 4) ∆∗(Π = 10) (Π, J∗)

12 (3, 1, 2, 3)[9] 23 = 4L + 4J + 15R 8∗ = 3∗
L + 4∗

J + 1∗
R (10, 4∗)

44 (3, 2, 3, 4)[12] 15 = 7L + 4J + 4R 9∗ = 4∗
L + 3∗

C + 2∗
R (9, 5∗); (7, 7∗)

25 (6, 1, 3, 5)[15] 21 = 16L + 4J + 1R 15∗ = 7∗
L + 7∗

J + 1∗
R (7, 7∗)

65 (3, 3, 4, 5)[15] 12 = 4L + 4J + 4R 12∗ = 1∗
L + 10∗

J + 1∗
R (4, 10)

66 (3, 4, 5, 6)[18] 10 = 2L + 4J + 4R 17∗ = 8∗
L + 3∗

C + 6∗
R (7, 7)

76 (3, 5, 6, 7)[21] 9 = 1L + 4J + 4R 21∗ = 11∗
L + 3∗

C + 7∗
R (4, 10)

80 (3, 6, 7, 8)[24] 9 = 1L + 4J + 4R 21∗ = 12∗
L + 3∗

C + 6∗
R (4, 10)

89 (6, 5, 7, 9)[27] 6 = 1L + 4J + 1R 30∗ = 17∗
L + 3∗

C + 10∗
R (4, 10)

Looking at the distribution of allowed integers, M, N, L, we see ®blank
spots¯ such as M = N = L = 1, corresponding to the ®false vector¯ (2, 2, 2, 3),
which is forbidden by the double-vector classiˇcation: it would require m = 2 in
the chain (2, 2, 2, 3) = m · (1, 1, 1, 0) + n · (0, 0, 0, 1), but actually mmax = 1 for
this chain. Also, all the polyhedra corresponding to these projective vectors have

the other invariant directions π
(2)
3 → (1, 0, 3, 0) with Π = 4 and should produce

the following triple-vector expansion chain:

k4(π
(2)
3 ) = M · (0, 1, 1, 1) + N · (1, 0, 1, 2) + L · (3, 2, 1, 0) =

= (N + 3L, M + 2 L, M + N + L, M + 2 N ).
(7.16)

Projecting on the perpendicular plane to the vector

e3 = (0,−1, 2,−1) ⇒ (1, 0, 3, 0) (7.17)

gives us planar re�exive polyhedron with 4 points. This chain is a little longer
and contains other projective vectors. Similarly, one can ˇnd using the other

projective directions, π
(α)
4 and π

(1)
5 , two new triple expansion chains. Together

these four invariant directions, π
(α)
i , i = 2, 3, 4, 5, with the constructions of the

corresponding triple projective chains contain 40 projective vectors (see Table 1).

One can compare the projection set, π
(1)
2 and Π = 4, with the double-vector-

intersection chain with J = 4. It is interesting to note that six vectors from the
projective chain shown in Table 12 also appear in the III-intersection chain with
J = 4 shown in Table 13. Conversely, the chain shown in this latter Table has
just two vectors: (3, 1, 2, 3), (1, 3, 5, 6) that are not contained in Table 12. The
intersection structure of the III chain shown in Table 13 is obtained from the
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following two vectors:

k4(III) = m · (0, 1, 1, 1) + n · (3, 0, 1, 2) =
= ( 3n, m, m + n, m + 2n ), (7.18)

1 � m � 6, 1 � n � 2.

The corresponding four invariant monomials are

µ1
0 = (0, 0, 0, 3) ⇒ u3,

µ2
0 = (1, 0, 3, 0) ⇒ x · z3,

µ3
0 = (2, 3, 0, 0) ⇒ x2 · y3, (7.19)

µ4
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

and the corresponding basis can be chosen in the form

e1 = (0,−m − n, m, 0),
e2 = (0,−1, 2,−1), (7.20)

e3 = (−1,−1,−1, 2).

The canonical expression for the determinant of this lattice is

det(e1, e2, e3, e0) = 3 · m + 6 · n = d, (7.21)

where e0 ≡ (1, 1, 1, 1).
7.3. Example of a J, Π = 10 Double-Intersection Chain. To see another

aspect of mirror symmetry and duality, consider the II chain with intersection
J(∆) = Π(∆) = 10 and J(∆∗) = Π(∆∗) = 4 shown in Table 14. The decom-
position of this chain is in terms of the following two vectors:

k4 = m · (0, 1, 1, 1) + n · (1, 0, 1, 1) =
= (n, m, m + n, m + n ), (7.22)

1 � m � 3, 1 � n � 3.

The basis of the lattice in which the polyhedral intersection with the set of
positive-integer points corresponds to Table 14 is the following:

e1 = (−m, n, 0, 0),
e2 = (−1,−1, 1, 0), (7.23)

e3 = (−1,−1, 0, 1),

and the corresponding determinant is

det(e1, e2, e3, e0) = 3 · m + 3 · n = d, (7.24)
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Table 14. The K3 hypersurfaces in chain II with intersection J = 10: k(II) =
= (n, m,m + n, m + n) = m · (0, 1, 1, 1)+ n · (1, 0, 1, 1) with d = 3m + 3n, q = 1,
mmax = 3, nmax = 3

ℵ ki[dim] ∆(J = 10) ∆∗(Π = 4) (Π, J∗)

4 (1, 1, 2, 2)[6] 30 = 10L + 10J + 10R 6∗ = 1∗
L + 4∗

J + 1∗
R (10, 4∗)

12 (1, 2, 3, 3)[9] 23 = 10L + 10J + 3R 8∗ = 3∗
L + 4∗

J + 1∗
R (10, 4∗)

21 (1, 3, 4, 4)[12] 21 = 10L + 10J + 1R 9∗ = 4∗
L + 4∗

J + 1∗
R (10, 4∗)

48 (2, 3, 5, 5)[15] 14 = 3L + 10J + 1R 11∗ = 4∗
L + 4∗

J + 3∗
R (10, 4∗)

where e0 = (1, 1, 1, 1) again. The ten corresponding invariant monomials are:

µ1
0 = (3, 3, 0, 0) ⇒ x3 · y3,

µ2
0 = (2, 2, 1, 0) ⇒ x2 · y2 · z,

µ3
0 = (1, 1, 2, 0) ⇒ x · y · z2,

µ4
0 = (0, 0, 3, 0) ⇒ z3,

µ5
0 = (2, 2, 0, 1) ⇒ x2 · y2 · u,

µ6
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

µ7
0 = (0, 0, 2, 1) ⇒ z2 · u,

µ8
0 = (1, 1, 0, 2) ⇒ x · y · u2,

µ9
0 = (0, 0, 1, 2) ⇒ z · u2,

µ10
0 = (0, 0, 0, 3) ⇒ u3.

(7.25)

For the vector k4 = (1, 1, 2, 2), one can consider the basis

e1 = (−3, 3, 0, 0),
e2 = (−1,−1, 1, 0),
e3 = (−1,−1, 0, 1)

(7.26)

with determinant 18, in which the dual pair of polyhedra:

1L + 10J + 1R = 12,

4∗L + 4∗J + 4∗R = 12∗
(7.27)

both contain 12 points and 12 mirror points, respectively.
7.4. Example of a Chain with Π = 5 and Eldest Vector k4 = (7, 8, 10, 25).

Now we present in Table 15 a projective chain with Π = 5, constructed from

the invariant direction π
(1)
8 with the invariant monomials (0, 0, 0, 2)+ (2, 2, 2, 0).
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The 14 projective vectors of this chain are represented as linear combinations
with positive-integer coefˇcients, M, N, L, Q, Q = 2, 1, of the following three
vectors:

Q · k4(π
(1)
8 ) = M · (0, 1, 1, 2) + N · (1, 0, 1, 2) + L · (1, 1, 0, 2) =

= (N + L, M + L, M + N, 2 · M + 2 · N + 2 · L ).
(7.28)

Projecting on the perpendicular plane gives us planar re�exive polyhedra, so the
third basis vector

e3 = (−1,−1,−1, 1) ⇒ (0, 0, 0, 2) (7.29)

is common to all the chain discussed in this Subsection.
There can be constructed additional three chains, π

(2,3,4)
8 , with the same

invariant direction, (0,0,0,2), (2,2,2,0), and the same youngest vector, but with
the different triple intersections and therefore with the different projective chains.

Together one can ˇnd inside all of four projective chains, π
(α)
8 , α = 1, 2, 3, 4, a

total of 33 projective vectors (see Table 1).

Table 15. The K3 hypersurfaces in the π(1)
8 chain with projection Π = 5 related

to the IX with J = 5: Q · k = (N + L, M + L, M + N, 2M + 2N + 2L) =
M ·(0, 1, 1, 2)+N ·(1, 0, 1, 2)+L·(1, 1, 0, 2) with d = 4M + 4N + 4L, keld = (1, 1, 1, 3)
kyoung = (7, 8, 10, 25), Q = 2 or 1

ℵ k4 [det] M N L Q (∆, ∆∗) Π − J∗ chain

94 (7, 8, 10, 25) [50] 11 9 5 2 (6, 39∗) 5 − 9 −
93 (8, 7, 5, 20) [40] 2 3 5 1 (8, 28∗) 5 − 9 −
91 (5, 6, 8, 19) [38] 9 7 3 2 (7, 35∗) 5 − 9 IX

88 (7, 6, 4, 17) [34] 9 5 3 2 (8, 31∗) 5 − 9 IX

84 (4, 5, 7, 16) [32] 4 3 1 1 (9, 27∗) 5 − 9 IX

82 (4, 5, 6, 15) [30] 7 5 3 2 (10, 20∗) 5 − 9 IX

69 (3, 4, 5, 12) [48] 3 2 1 1 (7, 35∗) 5 − 9 IX

64 (2, 6, 7, 15) [30] 6 3 1 2 (13, 23∗) 5 − 9 IX

60 (2, 5, 6, 13) [26] 9 3 1 2 (13, 23∗) 5 − 9 IX

58 (2, 4, 5, 11) [22] 7 3 1 2 (14, 19∗) 5 − 9 IX

47 (2, 3, 4, 9) [36] 5 3 1 2 (9, 27∗) 5 − 9 IX

43 (2, 2, 3, 7) [14] 3 3 1 2 (19, 11∗) 5 − 9 IX

11 (1, 2, 2, 5) [20] 3 1 1 2 (15, 15∗) 5 − 9 IX

3 (1, 1, 1, 3) [12] 1 1 1 2 (39, 6∗) 5 − 9 IX
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It is interesting to note that the chain π
(1)
8 has 11 k4 vectors with Π = 5 in

common with the IXJ chain where J = 5, whose structure is obtained from the
following two vectors:

k4(IX) = m · (0, 1, 1, 2) + n · (2, 1, 0, 3) =
= ( 2n, m + n, m, 2m + 3n ), (7.30)

1 � m � 6, 1 � n � 4.

The chain IX of k4 projective vectors with the structure 5J=
 ↔ 9Π=
 is
presented in Table 16. The lattice determinant and the basis are given by the
following expressions:

e1 = (0,−m, m + n, 0),
e2 = (−1, 2,−2, 0), (7.31)

e3 = (−1,−1,−1, 1),

and

det(e1, e2, e3, e0) = 4 · m + 6 · n = d, (7.32)

where e0 = (1, 1, 1, 1).
The possible values of m and n for this chain are also determined by the

dimensions of the extended vectors, d(kex(i)) = 6 and d(kex(j)) = 4, with the

Table 16. The K3 hypersurfaces in the chain IX: k=(2n, m+n, m, 2m+3n)=
= m · (0, 1, 1, 2) + n · (2, 1, 0, 3) with d = 4m + 6n, mmax = 6, nmax = 3 and
keld = (1, 2, 2, 5)[10]

N k[dim] ∆(J = 5) ∆∗(Π = 9) (∆J , ∆∗
Π)

11 (2, 2, 1, 5)[10] 28 = 7L + 5J + 16R 8∗ = 3∗
L + 4∗

C + 1∗
R (10′)

43 (2, 3, 2, 7)[14] 19 = 7L + 5J + 7R 11∗ = 1L + 9J + 1R (5Π, 9J )

24 (4, 3, 1, 8)[16] 24 = 3L + 5J + 16R 12∗ = 1L + 5J + 6R (5Π, 9J )

33 (6, 4, 1, 11)[22] 22 = 1L + 5J + 16R 20∗ = 1L + 5J + 14R (7Π ∈ 9Π)

47 (2, 4, 3, 9)[18] 16 = 7L + 5J + 4R 14∗ = 6L + 7J + 1R (7Π ∈ 9Π)

58 (2, 5, 4, 11)[22] 14 = 7L + 5J + 2R 19∗ = 9L + 9J + 11R (5Π, 9J )

60 (6, 5, 2, 13)[26] 13 = 1L + 5J + 7R 23∗ = 1L + 9J + 13R (5Π, 9J )

69 (4, 5, 3, 12)[24] 12 = 3L + 5J + 4R 18∗ = 6L + 7J + 5R (7Π ∈ 9Π)

64 (2, 7, 6, 15)[30] 13 = 7L + 5J + 1R 23∗ = 13L + 9J + 1R (5Π, 9J )

84 (4, 7, 5, 16)[32] 9 = 3L + 5J + 1R 27∗ = 13L + 9J + 5R (5Π, 9J )

88 (6, 7, 4, 17)[34] 8 = 1L + 5J + 2R 31∗ = 9L + 9J + 13R (5Π, 9J )

91 (6, 8, 5, 19)[38] 7 = 9L + 5J + 1R 35∗ = 16L + 7J + 12R (5Π, 9J )
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additional constraint nmax = 3 < dim (0, 1, 1, 2) (see Table 16):

p · k4(IX) = m · (0, 1, 1, 2) + n · (2, 0, 1, 3),
p = 1 → 1 � m � 6; , 1 � n � 3. (7.33)

The 5 invariant monomials for this chain are the following:

µ1
0 = (1, 4, 0, 0) ⇒ x · y4,

µ2
0 = (2, 2, 2, 0) ⇒ x2 · y2 · z2,

µ3
0 = (3, 0, 4, 0) ⇒ x3 · z4, (7.34)

µ4
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

µ5
0 = (0, 0, 0, 2) ⇒ u2.

7.5. Example of a J = Π = 9 Chain. To see another aspect of mir-
ror symmetry and duality, we now consider the chain V I with intersection
J(∆) = Π(∆) = 9 and J(∆∗) = Π(∆∗) = 5 shown in Table 15, which is con-
structed from the extended vectors ki = (0, 1, 1, 2) and kj = (1, 0, 1, 2). In this
case, duality gives very simple connections between the numbers of integer points
in the dual polyhedron pair, as seen in Table 17.

The canonical basis for chain V I is:

e1 = (−m, n, 0, 0),
e2 = (−1,−1, 1, 0), (7.35)

e3 = (−1,−1,−1, 1)

with the following restriction on the determinant

det(e1, e2, e3, e0) = 4 · m + 4 · n = d, (7.36)

where e0 = (1, 1, 1, 1).

Table 17. The K3 hypersurfaces in the chain V I: k(V I) = (n, m, m + n, 2m + 2n) =
= m · (0, 1, 1, 2) + n · (1, 0, 1, 2)

N k4 ∆(J = 9) ∆∗(Π = 5) ∆Π, ∆∗
J

6 (1, 1, 2, 4)[8] 35 = 13L + 9J,Π + 13R 7∗ = 1∗
L + 5∗

Π,J + 1∗
R (9Π,J , 5J,Π)

15 (2, 1, 3, 6)[12] 27 = 5L + 9J,Π + 13R 9∗ = 1∗
L + 5∗

Π,J + 4∗
R (9Π,J , 5J,Π)

24 (3, 1, 4, 8)[16] 24 = 2L + 9J,Π + 13R 12∗ = 1∗
L + 5∗

Π,J + 6R (9Π,J , 5J,Π)

31 (4, 1, 5, 10)[20] 23 = 1L + 9J,Π + 13R 13∗ = 1∗
L + 5∗

Π,J + 7R (9Π,J , 5J,Π)

24 (3, 2, 5, 10)[20] 16 = 2L + 9J,Π + 5R 14∗ = 3∗
L + 5∗

Π,J + 6∗
R (9Π,J , 5J,Π)

71 (3, 4, 7, 14)[28] 12 = 2L + 9J,Π + 1R 18∗ = 7∗
L + 5∗

Π,J + 6∗
R (9Π,J , 5J,Π)
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The possible values of m and n for this chain are determined by the dimen-
sions of the extended vectors, without any unexpected puzzles:

p · k4(V I) = m · (0, 1,1, 2) + n · (1, 0,1, 2),
p = 1 → 1 � m � 4; 1 � n � 4, (7.37)

and the following:

µ1
0 = (4, 4, 0, 0) ⇒ x4 · y4,

µ2
0 = (3, 3, 1, 0) ⇒ x3 · y3 · z,

µ3
0 = (2, 2, 2, 0) ⇒ x2 · y2 · z2,

µ4
0 = (1, 1, 3, 0) ⇒ x · y · z3,

µ5
0 = (0, 0, 4, 0) ⇒ z4, (7.38)

µ6
0 = (2, 2, 0, 1) ⇒ x2 · y2 · u,

µ7
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

µ8
0 = (0, 0, 2, 1) ⇒ z2 · u,

µ9
0 = (0, 0, 0, 2) ⇒ u2.

are the 9 invariant monomials Ψinv for this chain.
Analogously, one can consider the projective chain π

(α)
7 (Π = 5) with the

youngest vector (5,6,8,11), and compare it with the double-intersection chain
V III , constructed from the extended vectors k(V III) = m · (0, 1, 1, 2) + n ·
(1, 1, 2, 0); (d = 4m + 4n. mmax = 3, nmax = 4), keld = (1, 2, 3, 2)[8]. Among
the 95 K3 projective vectors, 26 have such an invariant-direction structure, and
therefore can be found in corresponding projective chains (see Table 1).

8. K3 HYPERSURFACES AND CARTANÄLIE ALGEBRA GRAPHS

We discuss in this Section more details of the emergence of CartanÄLie
algebra graphs in our construction of CY spaces.

8.1. CartanÄLie Algebra Graphs and the Classiˇcation of Chains of Pro-
jective Vectors. As we commented already in the Introduction and in Section 2,
the structure of the projective k4 vectors in 22 chains leads to interesting relations
with the ˇve classical regular dual polyhedron pairs in three-dimensional space:
the one-dimensional point, two-dimensional line segment and three-dimensional
tetrahedron, octahedron-cube and icosahedron-dodecahedron. There are also in-
teresting correspondences with the CartanÄLie algebra CLA graphs for the ˇve
types of groups in the ADE6,7,8 series: see Figure 8. The CLAJ,Π graphs, which
can be seen in the polyhedra of the corresponding k4 projective vectors, follow
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Fig. 8. Illustration of the CartanÄLie algebra diagram classiˇcation of the
22(= [13 + 1] + 8∗) chains of K3 polyhedra shown in Table 18. Here G denotes the
cyclic, dihedral, tetrahedron, octahedron-cube, and icosahedron-dodecahedron subgroups of
SU(2), L/R denote left/right integer points and CLAJ diagrams, Jn Å the type of inter-
section, and the k3 are all the possible planar vectors. We ˇnd rmaxL = 17 or rmaxR = 17
for the A1

r series, and rmaxL = 16 or rmaxR = 16 for the D1
r series. In the example shown

here, one can see the polyhedron with the projective vector: k4 = (1, 1, 3, 4)[9]

completely the structure of the ˇve possible extended vectors:

kext
C = (0, 0, 0, 1) ↔ Ar,

kext
D = (0, 0, 1, 1) ↔ Dr,

kext
T = (0, 1, 1, 1) ↔ E6, (8.1)

kext
O = (0, 1, 1, 2) ↔ E7,

kext
I = (0, 1, 2, 3) ↔ E8.

We give in Table 18 the ADE structures and the CDJ diagrams of all the eldest
K3 projective vectors from the 22 double chains. An illustration is given in
Figure 8, and the rest of this Section discusses the examples of chains XV to
XIX , illustrating the power of our systematic approach.

8.2. The K3 Chain XV with Graphs in the E
(1)
8 − A

(1)
r Series. Here we

give the list of k4 vectors which can be constructed from the Weierstrass vectors
k3 ≡ (1, 2, 3) and k1 = (1), shown as chain XV in Table 19. The number of k4

vectors in this chain is determined by the positive-integer numbers: m = 1, n � 6,
according to the dimensions of the corresponding component ki.
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Table 19. The K3 hypersurfaces in the chain XV : k = (m, 2 · m, 3 · m, n) = m ·
(1, 2, 3, 0) + n · (0, 0, 0, 1): d = 6m + n, mmax = 1, nmax = 6, keld = (1, 2, 3, 1)[7]

ℵ m,n k[d] ∆(J = 7) Group ∆∗(Π = 7)

5 1, 1 (1, 2, 3, 1)[7] 31 = 8L + 7J + 16R A
(1)
6 L 8∗ = 1∗

L + 6∗
C + 1∗

R

10 1, 2 (1, 2, 3, 2)[8] 24 = 10L + 7J + 7R A
(1)
7 L 8∗ = 3∗

L + 4∗
C + 1∗

R

12 1, 3 (1, 2, 3, 3)[9] 23 = 12L + 7J + 4R A
(1)
8 L 8∗ = 4∗

L + 3∗
C + 1∗

R

13 1, 4 (1, 2, 3, 4)[10] 23 = 14L + 7J + 2R A
(1)
9 L 11∗ = 3∗

L + 3∗
C + 1∗

R

14 1, 5 (1, 2, 3, 5)[11] 24 = 16L + 7J + 1R A
(1)
10 L 13∗ = 9∗

L + 3∗
C + 1∗

R

15 1, 6 (1, 2, 3, 6)[12] 27 = 19L + 7J + 1R A
(1)
11 L 9∗ = 5∗

L + 3∗
C + 1∗

R

The basis for this chain, see Figure 9, can be written in the the following
form:

e1 = (−n, 0, 0, m),
e2 = (−2, 1, 0, 0), (8.2)

e3 = (−3, 0, 1, 0).

The determinant of this canonical basis coincides, of course, with the dimensions
of the k4 vectors:

det (e1, e2, e3, e0) = 6 · m + 1 · n = d, (8.3)

where e0 = (1, 1, 1, 1). The decomposition of this chain is again determined by

the dimension of the extended vectors d(kex(i)) = k
ex(i)
1 + k

ex(i)
2 + k

ex(i)
3 + k

ex(i)
4 ,

as seen in Table 19:

k4(XV ) = m · (1, 2, 3, 0) + n · (0, 0, 0, 1),
m = 1, 1 � n � 6. (8.4)

Fig. 9. The A
(1)
6 L − E

(1)
8 R graph from the eldest (1, 2, 3, 1)[7] polyhedron in chain XV :

31 = 8L + 7J + 16R
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The seven invariant monomials corresponding to this chain are:

µ1
0 = (6, 0, 0, 1) ⇒ x6 · u,

µ2
0 = (4, 1, 0, 1) ⇒ x4 · y · u,

µ3
0 = (2, 2, 0, 1) ⇒ x2 · y2 · u,

µ4
0 = (0, 3, 0, 1) ⇒ y3 · u, (8.5)

µ5
0 = (3, 0, 1, 1) ⇒ x3 · z · u,

µ6
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

µ7
0 = (0, 0, 2, 1) ⇒ z2 · u.

Considering the dual pairs for these vectors, one can see that the singularities of

the eldest vector k4 = (1, 2, 3, 1) correspond to some graphs of the A
(1)
6 L − E

(1)
8 R

series, as seen in Figure 9. For instance, if one looks at the integer points in
the edges of the polyhedron on the left (right) side of the intersection by the

hyperplane ki = (0, 1, 2, 3), one sees graphs with A
(1)
6 L and E

(1)
8 R Lie algebras.

Going to the last minimal k = (1, 2, 3, 6) of this chain, we ˇnd that the right graph

degenerates and left points reproduce A
(1)
11 with the maximum possible rank in

this chain. Thus, the six k vectors in this chain produce the following graphs in

the A series: A
(1)
6 , A

(1)
7 , A

(1)
8 , A

(1)
9 , A

(1)
10 , A

(1)
11 .

8.3. The K3 Chain XV I with Graphs in the E
(1)
8 − Dr Series. The basis

for the chain shown in Table 20 is

e1 = (−m, n, 0, 0),
e2 = (0,−2, 1, 0), (8.6)

e3 = (−1,−1,−1, 1),

with

det (e1, e2, e3, e0) = 6 · m + 2 · n = d, (8.7)

where e0 = (1, 1, 1, 1) again. The decomposition of this chain is completely
determined by the dimensions of the vectors shown in Table 20:

p · k4(XV I) = m · (0, 1,2, 3) + n · (1, 0,0, 1),
p = 1∗ → 1 � m � 2; 1 � n � 6,

p = 2 → m = n = 2. (8.8)
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Table 20. The K3 hypersurfaces in the chain XV I: k = (n, m, 2m, 3m + n) =
m·(0, 1, 2, 3)+n·(1, 0, 0, 1): (d = 6m + 2n), mmax = 2, nmax = 6, keld = (1, 1, 2, 4)[8]

ℵ k[d] ∆(J = 7) Group ∆∗(Π = 7) (Π(∆), J(∆∗))

6 (1, 1, 2, 4)[8] 35 = 16L + 7J + 12R D8R 7∗ = 1∗
L + 5∗

C + 1∗
R (9, 5∗)

11 (2, 1, 2, 5)[10] 28 = 7L + 7J + 14R D9R 8∗ = 1∗
L + 4∗

C + 3∗
R (10, 4∗)

15 (3, 1, 2, 6)[12] 27 = 4J + 7J + 16R D10R 9∗ = 1∗
L + 4∗

C + 4∗
R (9, 5∗)

17 (4, 1, 2, 7)[14] 27 = 2L + 7J + 18R D11R 12∗ = 1∗
L + 4∗

C + 7∗
R (7, 7∗)

19 (5, 1, 2, 8)[16] 28 = 1L + 7J + 14R D12R 14∗ = 1∗
L + 4∗

C + 9∗
R (7, 7∗)

20 (6, 1, 2, 9)[18] 30 = 1L + 7J + 22R D13R 12∗ = 1∗
L + 4∗

C + 7∗
R (7, 7∗)

47 (3, 2, 4, 9)[18] 16 = 4L + 7J + 5R Å 14∗ = 3∗
L + 5∗

C + 6∗
R (7, 7∗)

58 (5, 2, 4, 11)[22] 14 = 1L + 7J + 6R Å 19∗ = 3∗
L + 4∗

C + 12∗
R (5, 9∗)

The seven invariant monomials corresponding to this chain are the following:

µ1
0 = (2, 6, 0, 0) ⇒ x2 · y6,

µ2
0 = (2, 4, 1, 0) ⇒ x2 · y4 · z,

µ3
0 = (2, 2, 2, 0) ⇒ x2 · y2 · z2,

µ4
0 = (2, 0, 3, 0) ⇒ x2 · z3, (8.9)

µ5
0 = (1, 3, 0, 1) ⇒ x · y3 · u,

µ6
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

µ7
0 = (0, 0, 0, 2) ⇒ u2.

The example of the E
(1)
8 L − D8R graph associated with the eldest (1, 1, 2, 4))[8]

polyhedron in Table 20 is shown in Figure 10.

Fig. 10. The E
(1)
8 L − D8R graph from the eldest (1, 1, 2, 4)[8] polyhedron in the chain

XV I : 33 = 16L + 7J + 10R
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8.4. The J = Π Symmetric Chain XV II with Exceptional Graph E6×E8.
We show in Table 21 the projective vectors constructed from kex

3 = (0, 1, 1, 1) and
kex

3 = (1, 0, 2, 3). In this case, the number of points in the maximal polyhedron
with m = n = 1 can easily be calculated: 33 = (10)L + (7)int + (16)R. The

®right¯ 15R + 1R points form the graph for the afˇne E
(1)
8 Lie algebra, as shown

in Figure 11:

6 = 1 + 1 + 1 + 1 + 1 + 1 ⇒ {(Px0)1 + (Px1)2 + (Px2)3 +
+ (Px3)4 + (Px4)5 + (Px5)6},

3 = 3 ⇒ {(Px6,x
′
6,x

′′
6
)3}, (8.10)

6 = 4 + 2 ⇒ {(Px7,x
′
7,x

′′
7 ,x

′′′
7

)4 + (Px8,x
′
8
)2}.

The ®left¯ points in this polyhedron, 9L + 1L, correspond to the E
(1)
6 afˇne series

with the Coxeter numbers:

3 = 1 + 1 + 1 ⇒ {(Px1)1 + (Px2)2 + (Px3)3},
3 = 2 + 1 ⇒ {(Px4,x

′
4
)2 + (Px0)1}, (8.11)

3 = 2 + 1 ⇒ {(Px5,x
′
5
)2 + (Px6)1}.

Table 21. The K3 hypersurfaces in the chain XV II: k = (n, m,m + 2n, m + 3n) =
= m · (0, 1, 1, 1) + n · (1, 0, 2, 3): d = 3m + 6n, max(m, n) = (6, 3)

ℵ k[d] ∆ ∆∗

7 (1, 1, 3, 4)[9] 33 = 10L + 7J=Π + 16R 9∗ = 1∗
L + 7∗

Π=J + 1∗
R

16 (1, 2, 4, 5)[12] 24 = 10L + 7J=Π + 7R 12∗ = 4∗
L + 7∗

Π=J + 1∗
R

25 (1, 3, 5, 6)[15] 21 = 10L + 7J=Π + 4R 15∗ = 7∗
L + 7∗

Π=J + 1∗
R

32 (1, 4, 6, 7)[18] 19 = 10L + 7J=Π + 2R 20∗ = 12∗
L + 7∗

Π=J + 1∗
R

36 (1, 5, 7, 8)[21] 18 = 10L + 7J=Π + 1R 24∗ = 16∗
L + 7∗

Π=J + 1∗
R

39 (1, 6, 8, 9)[24] 18 = 10L + 7J=Π + 1R 24∗ = 16∗
L + 7∗

Π=J + 1∗
R

18 (2, 1, 5, 7)[15] 26 = 3L + 7J=Π + 16R 17∗ = 1∗
L + 7∗

Π=J + 9∗
R

27 (3, 1, 7, 10)[21] 24 = 1L + 7J=Π + 16R 24∗ = 1∗
L + 7∗

Π=J + 16∗
R

52 (2, 3, 7, 9)[21] 14 = 3L + 7J=Π + 4R 23∗ = 7∗
L + 7∗

Π=J + 9∗
R

54 (3, 2, 8, 11)[24] 15 = 1L + 7J=Π + 7R 27∗ = 4∗
L + 7∗

Π=J + 16∗
R

61 (2, 5, 9, 11)[27] 11 = 1L + 7J=Π + 3R 32∗ = 9∗
L + 7∗

Π=J + 16∗
R

72 (3, 4, 10, 13)[30] 10 = 1L + 7J=Π + 2R 35∗ = 12∗
L + 7∗

Π=J + 16∗
R

77 (3, 5, 11, 14)[33] 9 = 1L + 7J=Π + 1R 39∗ = 16∗
L + 7∗

Π=J + 16∗
R
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For mmax = d(k(1, 2, 3)) = 6 and nmin = 1, the corresponding polyhedron con-
tains 18 points: 18 = (10)L + (7)int + (1)R. Conversely, for mmin = 1 and
nmax = 3 = dim(k(1, 1, 1)), the self-dual vector k = (3, 1, 7, 10) has 24 inte-
ger points: 24 = (1)L + (7)int + (16)R. Finally, the polyhedron with m = 5
and n = 3 contains the minimal possible number of integer points, namely
9 = (1)L + (7)int + (1)R. This minimal vector (3, 5, 11, 14)[33] is the dual con-
jugate of the vector k = (1, 1, 4, 6)[12].

The canonical basis of the chain shown in Table 21 is:

e1 = (−m, n, 0, 0),
e2 = (−2,−1, 1, 0), (8.12)

e3 = (−1, 0,−1, 1),

with

det (e1, e2, e3, e0) = 3 · m + 6 · n = d, (8.13)

where e0 = (1, 1, 1, 1). The possible values of m and n for this chain are
determined in the standard way from the dimensions of the extended vectors,
d(kex(j)) = 6 and d(kex(i)) = 3, as seen in Table 21:

p · k4(XV II) = m · (0, 1,1, 1) + n · (1, 0,2, 3),
p = 1∗ → 1 � m � 6, 1 � n � 3,

p = 2 → m = n = 2,

p = 3 → m = n = 3. (8.14)

The seven invariant monomials corresponding to this chain are the following:

µ1
0 = (6, 3, 0, 0, ) ⇒ x6 · y3,

µ2
0 = (4, 2, 1, 0, ) ⇒ x4 · y2 · z,

µ3
0 = (2, 1, 2, 0, ) ⇒ x2 · y · z,

µ4
0 = (0, 0, 3, 0, ) ⇒ z3, (8.15)

µ5
0 = (3, 2, 0, 1, ) ⇒ x3 · y2 · u,

µ6
0 = (1, 1, 1, 1, ) ⇒ x · y · z · u,

µ7
0 = (0, 1, 0, 2, ) ⇒ y · u2

and the corresponding E
(1)
6 L −E

(1)
8 R graph associated with the eldest (1, 1, 3, 4)

[9] polyhedron in chain XV II is shown in Table 22 and Figure 11.
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Table 22. The group singularities of the dual pairs of elliptic polyhedra in chain XV II

P 3(k) H(∆) H(∆∗) GL(∆) GR(∆) GL(∆∗) GR(∆∗)

(1, 1, 3, 4) m1 + m2 + m3 = 0 m∗
1 = 0 E6 E8 SU(1) SU(1)

(1, 2, 4, 5) m1 + m2 + m3 = 0 m∗
1 = 0 E6 F4 G2 SU(1)

(1, 3, 5, 6) m1 + m2 + m3 = 0 m∗
1 = 0 E6 G2 F4 SU(1)

(1, 4, 6, 7) m1 + m2 + m3 = 0 m∗
1 = 0 E6 SU(2) E7 SU(1)

(1, 5, 7, 8) m1 + m2 + m3 = 0 m∗
1 = 0 E6 SU(1) E8 SU(1)

(1, 6, 8, 9) m1 + m2 + m3 = 0 m∗
1 = 0 E6 SU(1) E8 SU(1)

Fig. 11. The E
(1)
6 L − E

(1)
8 R graph associated with the eldest (1, 1, 3, 4)[9] polyhedron in

chain XVII: 33 = 10L + 7J + 16R

8.5. The J = Π Symmetric Chain XV III with Exceptional Graph E7×E8.
This chain can be built from the vectors kexi

4 = (0, 1, 1, 2) and kexj

4 = (1, 0, 2, 3),
with positive integers m � 6 and n � 4. The maximal (m = n = 1) polyhedron
in this chain is again completely determined by the dimensions 4 and 6 of the
projective vectors kexi

4 and kexj

4 , respectively:

36 = (13)L + (7)J=Π + (16)R. (8.16)

The ®right¯ 15R + 1R and ®left¯ 12L + 1L points produce the graphs for the

afˇne E
(1)
8 and E

(1)
7 Lie algebras, respectively, as seen in Figure 12. The vector

k = (3, 4, 9, 14)[28] is self-dual with E
(1)
8 graphs for the dual polyhedron pair.

The ®minimal¯ vector k gives the following set of integer lattice points in the
polyhedron:

(1)L + (7)int + (1)R = 9. (8.17)

The canonical basis for the chain shown in Table 23 is:

e1 = (−m, n, 0, 0),
e2 = (−2,−1, 1, 0), (8.18)

e3 = (−1,−1,−1, 1),
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Table 23. The K3 hypersurfaces in the chain XV III: k = (n, m, m+2n, 2m+3n) =
= m · (0, 1, 1, 2) + n · (1, 0, 2, 3): d = 4m + 6n, mmax = 6, nmax = 4

ℵ k[d] ∆ ∆∗

8 (1, 1, 3, 5)[10] 36 = 13L + 7J=Π + 16R 9∗ = 1∗
L + 7∗

Π=J + 1∗
R

17 (1, 2, 4, 7)[14] 27 = 13L + 7J=Π + 7R 12∗ = 4∗
L + 7∗

Π=J + 1∗
R

26 (1, 3, 5, 9)[18] 24 = 13L + 7J=Π + 4R 15∗ = 7∗
L + 7∗

Π=J + 1∗
R

33 (1, 4, 6, 11)[22] 22 = 13L + 7J=Π + 2R 20∗ = 12∗
L + 7∗

Π=J + 1∗
R

37 (1, 5, 7, 13)[26] 21 = 13L + 7J=Π + 1R 24∗ = 16∗
L + 7∗

Π=J + 1∗
R

40 (1, 6, 8, 15)[30] 21 = 13L + 7J=Π + 1R 24∗ = 16∗
L + 7∗

Π=J + 1∗
R

19 (2, 1, 5, 8)[16] 28 = 5L + 7J=Π + 16R 14∗ = 1∗
L + 7∗

Π=J + 6∗
R

28 (3, 1, 7, 11)[22] 25 = 2L + 7J=Π + 16R 20∗ = 1∗
L + 7∗

Π=J + 12∗
R

34 (4, 1, 9, 14)[28] 24 = 1L + 7J=Π + 16R 24∗ = 1∗
L + 7∗

Π=J + 16∗
R

55 (3, 2, 8, 13)[26] 16 = 2L + 7J=Π + 7R 23∗ = 4∗
L + 7∗

Π=J + 12∗
R

53 (2, 3, 7, 12)[24] 16 = 5L + 7J=Π + 4R 20∗ = 7∗
L + 7∗

Π=J + 6∗
R

74 (4, 3, 11, 18)[36] 12 = 1L + 7J=Π + 4R 30∗ = 7∗
L + 7∗

Π=J + 16∗
R

73 (3, 4, 10, 17)[34] 11 = 2L + 7J=Π + 2R 31∗ = 12∗
L + 7∗

Π=J + 12∗
R

62 (2, 5, 9, 16)[32] 13 = 5L + 7J=Π + 1R 29∗ = 16∗
L + 7∗

Π=J + 6∗
R

78 (3, 5, 11, 19)[38] 10 = 2L + 7J=Π + 1R 35∗ = 16∗
L + 7∗

Π=J + 12∗
R

85 (4, 5, 13, 22)[44] 9 = 1L + 7J=Π + 1R 39∗ = 16∗
L + 7∗

Π=J + 16∗
R

with

det (e1, e2, e3,1) = 4 · m + 6 · n = d. (8.19)

The possible values of m and n for this chain ˇll up the dimensions of the
extended vectors d(kex(j)) = 6 and d(kex(i)) = 4, as seen in Table 23:

p · k4(XV III) = m · (0, 1,1, 2) + n · (1, 0,2, 3),
p = 1∗ → 1 � m � 6, 1 � n � 4,

p = 2 → m = n = 2, (8.20)

p = 3 → m = n = 3,

p = 4 → m = n = 4.
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Fig. 12. The E
(1)
7 L −E

(1)
8 R graphs associated with the (1, 1, 3, 5)[10] polyhedron in chain

XV III : 36 = 13L + 7J + 16R

Table 24. The group singularities of the dual pairs of elliptic polyhedra in chain XV III

P 3(k) H(∆) H(∆∗) GL(∆) GR(∆) GL(∆∗) GR(∆∗)

(1, 1, 3, 5) m1 + m2 + 2m3 = 0 m∗
1 = 0 E7 E8 SU(1) SU(1)

(1, 2, 4, 7) m1 + m2 + 2m3 = 0 m∗
1 = 0 E7 F4 G2 SU(1)

(1, 3, 5, 9) m1 + m2 + 2m3 = 0 m∗
1 = 0 E7 G2 F4 SU(1)

(1, 4, 6, 11) m1 + m2 + 2m3 = 0 m∗
1 = 0 E7 SU(2) E7 SU(1)

(1, 5, 7, 13) m1 + m2 + 2m3 = 0 m∗
1 = 0 E7 SU(1) E8 SU(1)

(1, 6, 8, 15) m1 + m2 + 2m3 = 0 m∗
1 = 0 E7 SU(1) E8 SU(1)

The seven invariant monomials corresponding to this chain are the following:

µ1
0 = (6, 4, 0, 0, ) ⇒ x6 · y4,

µ2
0 = (4, 3, 1, 0, ) ⇒ x4 · y3 · z,

µ3
0 = (2, 2, 2, 0, ) ⇒ x2 · y2 · z2,

µ4
0 = (0, 1, 3, 0, ) ⇒ y · z3, (8.21)

µ5
0 = (3, 2, 0, 1, ) ⇒ x3 · y2 · u,

µ6
0 = (1, 1, 1, 1, ) ⇒ x · y · z · u,

µ7
0 = (0, 1, 0, 2, ) ⇒ y · u2.

The E
(1)
7 L − E

(1)
8 R graph associated with the eldest (1, 1, 3, 5))[10] polyhedron

in chain XV III can be seen in Table 24 and Figure 12.
8.6. Chain XIX with (7J , 7Π) Weierstrass Triangle Fibrations. We now

consider the chain XIX of k4 projective vectors with E8L and E8R graphs.
This chain starts from the m = n = 1 polyhedron, which is left-right symmet-
ric with respect to the intersection P 2(1, 2, 3). This polyhedron P 3(1, 1, 4, 6)
contains 39 = 16L + (7)J=Π + 16R integer points: see Table 25 and Figure 13.
The minimal vector k = (5, 6, 22, 33)[66] is the dual conjugate of the eldest vec-
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Table 25. The K3 hypersurfaces in the J = Π symmetric chain XIX with
k = (n, m, 2m + 2n, 3m + 3n) = m · (0, 1, 2, 3) + n · (1, 0, 2, 3): d = 6m + 6n,
mmax = 6, nmax = 6, keld = (1, 1, 4, 6)[12]

ℵ k4 ∆(J = Π = 7) ∆∗(Π = J = 7)

9 (1, 1, 4, 6)[12] 39 = 16L + 7J=Π + 16R 9∗ = 1∗
L + 7∗

Π=J + 1∗
R

20 (1, 2, 6, 9)[18] 30 = 16L + 7J=Π + 7R 12∗ = 4∗
L + 7∗

Π=J + 1∗
R

29 (1, 3, 8, 12)[24] 27 = 16L + 7J=Π + 4R 15∗ = 7∗
L + 7∗

Π=J + 1∗
R

35 (1, 4, 10, 15)[30] 25 = 16L + 7J=Π + 2R 20∗ = 12∗
L + 7∗

Π=J + 1∗
R

38 (1, 5, 12, 18)[36] 24 = 16L + 7J=Π + 1R 24∗ = 16∗
L + 7∗

Π=J + 1∗
R

41 (1, 6, 14, 21)[42] 24 = 16L + 7J=Π + 1R 24∗ = 16∗
L + 7∗

Π=J + 1∗
R

56 (2, 3, 10, 15)[30] 18 = 7L + 7J=Π + 4R 18∗ = 7∗
L + 7∗

Π=J + 4R

75 (3, 4, 14, 21)[42] 13 = 4L + 7J=Π + 2R 26∗ = 12∗
L + 7∗

Π=J + 7R

63 (2, 5, 14, 21)[42] 15 = 7L + 7J=Π + 1R 27∗ = 16∗
L + 7∗

Π=J + 4∗
R

79 (3, 5, 16, 24)[48] 12 = 4L + 7J=Π + 1R 30∗ = 16∗
L + 7∗

Π=J + 7∗
R

86 (4, 5, 18, 27)[54] 10 = 2L + 7J=Π + 1R 35∗ = 16∗
L + 7∗

Π=J + 12∗
R

92 (5, 6, 22, 33)[66] 9 = 1L + 7J=Π + 1R 39∗ = 16∗
L + 7∗

Π=J + 16∗
R

tor k = (1, 1, 4, 6)[12], the vector k = (1, 6, 14, 21)[42] is self-dual, and its dual

pair of K3 polyhedra yield the self-dual E
(1)
8 graph.

The basis of the chain shown in Table 25 is the following:

e1 = (−m, n, 0, 0),
e2 = (−2,−2, 1, 0), w (8.22)

e3 = (−1,−1,−1, 1),

with

det (e1, e2, e3, e0) = 6 · m + 6 · n = d, (8.23)

where e0 = (1, 1, 1, 1). The possible values of m and n for this chain are com-
pletely determined by the dimensions of the vectors d(kex(j)) = 6 and d(kex(i)) =
= 6 (see Table 25):

p · k4(XIX) = m · (0, 1, 2, 3) + n · (1, 0, 2, 3),
p = 1∗ → 1 � m � 6, 1 � n � 6,

p = 2 → m = n = 2,

p = 3 → m = n = 3, (8.24)

p = 4 → m = n = 4,

p = 6 → m = n = 6.
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Fig. 13. The E
(1)
8 L − E

(1)
8 R graph obtained from the eldest (1, 1, 4, 6)[12] polyhedron in

chain XIX: 39 = 16L + 7J + 16R

Table 26. The group singularities of the dual pairs of elliptic polyhedra in chain XIX

P 3(k) H(∆) H(∆∗) GL(∆) GR(∆) GL(∆∗) GR(∆∗)

(1, 1, 4, 6) m1 + 2m2 + 3m3 = 0 m∗
1 = 0 E8 E8 SU(1) SU(1)

(1, 2, 6, 9) m1 + 2m2 + 3m3 = 0 m∗
1 = 0 E8 F4 G2 SU(1)

(1, 3, 8, 12) m1 + 2m2 + 3m3 = 0 m∗
1 = 0 E8 G2 F4 SU(1)

(1, 4, 10, 15) m1 + 2m2 + 3m3 = 0 m∗
1 = 0 E8 SU(2) E7 SU(1)

(1, 5, 12, 18) m1 + 2m2 + 3m3 = 0 m∗
1 = 0 E8 SU(1) E8 SU(1)

(1, 6, 14, 21) m1 + 2m2 + 3m3 = 0 m∗
1 = 0 E8 SU(1) E8 SU(1)

The seven invariant monomials corresponding to this chain are the following:

µ1
0 = (6, 6, 0, 0) ⇒ x6 · y6,

µ2
0 = (4, 4, 1, 0) ⇒ x4 · y4 · z,

µ3
0 = (2, 2, 2, 0) ⇒ x2 · y2 · z2,

µ4
0 = (0, 1, 3, 0) ⇒ y · z3, (8.25)

µ5
0 = (3, 3, 0, 1) ⇒ x3 · y3 · u,

µ6
0 = (1, 1, 1, 1) ⇒ x · y · z · u,

µ7
0 = (0, 0, 0, 2) ⇒ u2.

Using these invariant monomials and basis, the CY equations for all the
k(l = m + n) projective vectors of this chain can be written in the following
form:

F (z)m,n =
j=7∑
j=1

zµ
j
0{

p=ΠjL∑
p=1

apL

µj
0
· znpL·(−e1) +

p=ΠjR∑
p=1

apR

µj
0
· z−npR·(−e1)},

(8.26)

where the basis vector e1 = (m,−n, 0, 0). The E
(1)
8 L − E

(1)
8 R graph obtained

from the eldest (1, 1, 4, 6)[12] polyhedron in chain XIX is shown in Table 26
and Figure 13.



686 ANSELMO F. ET AL.

9. PERSPECTIVES ON THE FURTHER CLASSIFICATION OF CY3

AND K3 SPACES

Although a fuller study of CY3 spaces lies outside the scope of this paper,
a preliminary study is of interest here, for the following reason. In addition to
the 95 K3 spaces (Table 1) related to the zeroes of single polynomials discussed
in previous Sections, others can be found by ®higher-level¯ constructions as the
intersections of the loci of zeroes of quasi-homogeneous polynomials, which are
obtainable from CY3 spaces, as we now discuss.

When going on to consider the general construction of k5 projective vectors
in CP 4 that describe CY3 hypersurfaces, we start from the 95 simple extensions of
these K3 vectors as well as 5 multiple extensions of lower-dimensional vectors,
together with all their possible permutations. In accordance with the previous
ˇve forms of extended vectors, one ˇnds the following sets and permutations:
quadruply-extended basic vectors with the cyclic C5 group of permutations:

kex
1 = (0, 0, 0, 0, 1), |C5| = 5, (9.1)

triply-extended composite vectors with the dihedral D5 group of permutations

kex
2 = (0, 0, 0, 1, 1), |D5| = 10, (9.2)

the following doubly-extended composite vectors with the D′
5, A

′
5, and A5 groups

of permutations

kex
3 = (0, 0, 1, 1, 1), |D′

5| = 10, (9.3)

kex
3 = (0, 0, 1, 1, 2), |A′

5| = 30, (9.4)

kex
3 = (0, 0, 1, 2, 3), |A5| = 60, (9.5)

we recall that the alternating group of permutations A5 can be identiˇed with
the icosahedral symmetry group I . All the other extended k5 vectors can be
obtained similarly from 95 K3 vectors, utilising the symmetric group S5 or some
subgroups. The full set of extended k5 vectors is displayed in Table 27. As noted
in its caption, the total number of extended vectors is 10 270.

As an illustration how our method may be used to classify CY3 manifolds,
we now describe brie�y how to obtain the complete list of k5 vectors with K3
intersections, which we ˇnd to be distributed in 4242 chains. To build the chains
for CY3 which have a double-vector structure, each of which is parametrized by a
pair of positive integers, one should ˇnd the ®good¯ pairs of ®extended¯ vectors
(i.e., those whose intersection gives a re�exive K3 hypersurface), which involves
checking all the 10 270 × 10 271/2 = 52 731 315 possible pairs of vectors from
Table 27. It was just such a search by computer that led to the 4242 double
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Table 27. The 100 distinct types of ˇve-dimensional ®extended¯ projective vectors used
to construct CY3 spaces, listed together with the orders of their permutation groups.
Including these permutations, the total number of extended vectors is 10 270

ℵ k
(i)
5ex G(perm) ℵ k5ex

(i) G(perm)

i (0, 0, 0, 0, 1) 5 46 (0, 2, 3, 4, 7) 120
ii (0, 0, 0, 1, 1) 10 47 (0, 2, 3, 4, 9) 120
iii (0, 0, 1, 1, 1) 10 48 (0, 2, 3, 5, 5) 60
iv (0, 0, 1, 1, 2) 30 49 (0, 2, 3, 5, 7) 120
v (0, 0, 1, 2, 3) 60 50 (0, 2, 3, 5, 8) 120
1 (0, 1, 1, 1, 1) 5 51 (0, 2, 3, 5, 10) 120
2 (0, 1, 1, 1, 2) 20 52 (0, 2, 3, 7, 9) 120
3 (0, 1, 1, 1, 3) 20 53 (0, 2, 3, 7, 12) 120
4 (0, 1, 1, 2, 2) 30 54 (0, 2, 3, 8, 11) 120
5 (0, 1, 1, 2, 3) 60 55 (0, 2, 3, 4, 7) 120
6 (0, 1, 1, 2, 4) 60 56 (0, 2, 3, 10, 15) 120
7 (0, 1, 1, 3, 4) 60 57 (0, 2, 4, 5, 9) 120
8 (0, 1, 1, 3, 5) 60 58 (0, 2, 4, 5, 11) 120
9 (0, 1, 1, 4, 6) 60 59 (0, 2, 5, 6, 7) 120
10 (0, 1, 2, 2, 3) 60 60 (0, 2, 5, 6, 13) 120
11 (0, 1, 2, 2, 5) 60 61 (0, 2, 5, 9, 11) 120
12 (0, 1, 2, 3, 3) 60 62 (0, 2, 5, 9, 16) 120
13 (0, 1, 2, 3, 4) 120 63 (0, 2, 5, 14, 21) 120
14 (0, 1, 2, 3, 5) 120 64 (0, 2, 6, 7, 15) 120
15 (0, 1, 2, 3, 6) 120 65 (0, 3, 3, 4, 5) 60
16 (0, 1, 2, 4, 5) 120 66 (0, 3, 4, 5, 6) 120
17 (0, 1, 2, 4, 7) 120 67 (0, 3, 4, 5, 7) 120
18 (0, 1, 2, 5, 7) 120 68 (0, 3, 4, 5, 8) 120
19 (0, 1, 2, 5, 8) 120 69 (0, 3, 4, 5, 12) 120
20 (0, 1, 2, 6, 9) 120 70 (0, 3, 4, 7, 10) 120
21 (0, 1, 3, 4, 4) 60 71 (0, 3, 4, 7, 14) 120
22 (0, 1, 3, 4, 5) 120 72 (0, 3, 4, 10, 13) 120
23 (0, 1, 3, 4, 7) 120 73 (0, 3, 4, 10, 17) 120
24 (0, 1, 3, 4, 8) 120 74 (0, 3, 4, 11, 18) 120
25 (0, 1, 3, 5, 6) 120 75 (0, 3, 4, 14, 21) 120
26 (0, 1, 3, 5, 9) 120 76 (0, 3, 5, 6, 7) 120
27 (0, 1, 3, 7, 10) 120 77 (0, 3, 5, 11, 14) 120
28 (0, 1, 3, 7, 11) 120 78 (0, 3, 5, 11, 19) 120
29 (0, 1, 3, 8, 12) 120 79 (0, 3, 5, 16, 24) 120
30 (0, 1, 4, 5, 6) 120 80 (0, 3, 6, 7, 8) 120
31 (0, 1, 4, 5, 10) 120 81 (0, 4, 5, 6, 9) 120
32 (0, 1, 4, 6, 7) 120 82 (0, 4, 5, 6, 15) 120
33 (0, 1, 4, 6, 11) 120 83 (0, 4, 5, 7, 9) 120
34 (0, 1, 4, 9, 14) 120 84 (0, 4, 5, 7, 16) 120
35 (0, 1, 4, 10, 15) 120 85 (0, 4, 5, 13, 22) 120
36 (0, 1, 5, 7, 8) 120 86 (0, 4, 5, 18, 27) 120
37 (0, 1, 5, 7, 13) 120 87 (0, 4, 6, 7, 11) 120
38 (0, 1, 5, 12, 18) 120 88 (0, 4, 6, 7, 17) 120
39 (0, 1, 6, 8, 9) 120 89 (0, 5, 6, 7, 9) 120
40 (0, 1, 6, 8, 15) 120 90 (0, 5, 6, 8, 11) 120
41 (0, 1, 6, 14, 21) 120 91 (0, 5, 6, 8, 19) 120
42 (0, 2, 2, 3, 5) 60 92 (0, 5, 6, 22, 33) 120
43 (0, 2, 2, 3, 7) 60 93 (0, 5, 7, 8, 20) 120
44 (0, 2, 3, 3, 4) 60 94 (0, 7, 8, 10, 25) 120
45 (0, 2, 3, 4, 5) 120 95 (0, 7, 8, 9, 12) 120
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chains mentioned above, together with their eldest vectors. For more complete
information about these chains, see [37].

These chains give many CY3 projective vectors, but not all. The complete list
also includes the ®good¯ triples which have elliptic ˇbres. This requires looking
for good triples among the following ˇve types of ˇve-dimensional extended
vectors:

1. (0, 0, 0, 0, 1) ⇒ 5,

2. (0, 0, 0, 1, 1) ⇒ 10,

3. (0, 0, 1, 1, 1) ⇒ 10, (9.6)

4. (0, 0, 1, 1, 2) ⇒ 30,

5. (0, 0, 1, 2, 3) ⇒ 60,

where the number after the arrow on each line of (9.7) corresponds to the number
of permutations in each case. We have found 259 such good triples, together with
their eldest vectors, corresponding to 259 elliptic chains. The union of the K3
and elliptic projective vectors still does not yield the full dual set of k5 projective
vectors. We must also construct another set of chains using quadruples from
among the following multiply-extended vectors:

1. (0, 0, 0, 0, 1) ⇒ 5,

2. (0, 0, 0, 1, 1) ⇒ 10. (9.7)

The number of CY3 chains found in this way is just six.
In addition to these 4242 double, 259 triple and 6 quadruple CY3 chains

(to be compared with the 22 double and 4 triple K3 chains found previously),
one must ˇnd all the vectors whose intersection contains only one central interior
point (to be compared with the exceptional K3 vector (7, 8, 9, 12)). We have
found just two such examples in the case of CY3, namely (41, 48, 51, 52, 64) and
(51, 60, 64, 65, 80), again using the intersection-projection duality technique. The
eldest vectors for all the CY3 projective vector chains we have found can be
obtained from [37].

In the cases of dimension higher than three, the concept of intersectionÄ
projection duality is richer, and leads to one important and by now well-known
consequence [7,33], namely the isomorphism between different homology groups
for dual pairs of CYd manifolds M, M∗, and speciˇcally the following relation:

Hp,q(M) ∼ Hd−p,q(M∗) (9.8)

for 0 � p, q � d. We leave a more complete discussion of duality of CY3

spaces to future work, limiting our discussion here of their ramiˇcations for the
classiˇcation of K3.
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Our construction based on the 10270 extended vectors obtained from the
100(= 95 + 5) types of projective vectors in lower dimensions n = 1, 2, 3, 4
shown in Table 27 yielded all the 4242 (259, ...) eldest vectors representing
CY3 spaces with K3 (elliptic, ...) ˇbers. However, this method of construction
simultaneously provides a new higher-level list of K3 spaces deˇned by planar
polyhedra. To explain this, let us ˇrst assign to all K3 spaces deˇned by n-
dimensional projective vectors level zero, and denote them by Π0. Then, level
one K3 spaces consist of all the ®good¯ intersections∗ of two (n+1)-dimensional
extended vectors, denoted by Π1. This yields a list of re�exive polyhedra that is
more complete than the previous list of polyhedra obtained from n-dimensional
projective vectors, i.e., Π0 ⊆ Π1. Continuing, one may deˇne the set of all
®good¯ intersections of level two, Π2, by considering the intersections of three
(n + 2)-dimensional extended vectors, and similarly for the higher levels 3, 4, ...:

Π0 ⊆ Π1 ⊆ Π2 ⊆ ... ⊆ Πlast (9.9)

until this process gives us no new re�exive polyhedra. Since the number of
distinct re�exive polyhedra in any dimension is ˇnite, e.g., the maximal number
of integer points for planar polyherdra is 10, for K3 polyhedra it is 39, etc.,
there exists a maximum last level, after which one cannot ˇnd any new types of
polyhedra.

Following this approach in the simple case of CY1 spaces, we recall that we
found three planar polyhedra (triangles) at level zero, determined by the three
projective vectors (1, 1, 1), (1, 1, 2) and (1, 2, 3). At level one, constructing the
22 chains of K3 projective vectors via the 22 ®good¯ intersections of the ˇve
types of four-dimensional extended vectors, we now ˇnd 7 new planar polyhedra
in 9 of the 22 two-vector K3 chains, differing from the previous three trian-
gles by the numbers of vertices (V, V ∗) and/or by the numbers of integer points
(N, N∗) and/or by the areas of these planar polyhedra, as shown in Table 28. To
look for further new polyhedra at level 2, one should consider the ˇve following
types of vectors: (1), (1, 1), (1, 1, 1), (1, 1, 2), and (1, 2, 3), extended to ˇve di-
mensions. Taking into account all the 50 possible permutations, and looking for
the ®good¯ triple intersections, we ˇnd among the 259 ®good¯ planar re�exive
polyhedra mentioned above just three distinct new polyhedra, which are exhibited
in Table 29.

Extending this procedure, we found among the 4242 chains of CY3 spaces
with ®good¯ intersections 730 new K3 polyhedra at level one, many with mul-
tiple realizations as in Tables 28 and 29. As an example how such new K3
spaces emerge, consider the following two-vector CY3 chain: m(0, 1, 1, 4, 6)+

∗In the sense that they give n-dimensional re�exive polyhedra.
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Table 28. The 7 distinct new planar polyhedra, representing new CY1 spaces, that
are found as double intersections involving 9 of the 22 two-vector K3 chains. Two
realizations each are given for 2 of the new polyhedra

ℵ k
(i)
4ex k

(i)
4ex N, N∗ V, V ∗

1 (0, 0, 1, 1) (1, 1, 0, 0) 9, 5∗ 4, 4∗

(0, 0, 1, 1) (1, 1, 0, 1) 9, 5∗ 4, 4∗

2 (0, 0, 1, 1) (1, 2, 0, 1) 7, 7∗ 4, 4∗

3 (0, 1, 1, 1) (1, 0, 1, 2) 8, 6∗ 4, 4∗

4 (0, 1, 1, 1) (3, 0, 1, 2) 4, 10∗ 3, 3∗

5 (0, 1, 1, 2) (1, 1, 2, 0) 5, 9∗ 3, 3∗

(0, 1, 1, 2) (2, 0, 1, 3) 5, 9∗ 3, 3∗

6 (0, 1, 1, 2) (2, 1, 3, 0) 6, 8∗ 4, 4∗

7 (0, 1, 2, 3) (3, 2, 1, 0) 5, 9∗ 4, 4∗

Table 29. The 3 distinct new planar polyhedra, representing new CY1 spaces, that are
obtainable as triple intersections of ˇve-dimensional extended projective vectors, the
sum of which gives the eldest CY3 projective vector. Three realizations each are given
for 2 of the new polyhedra

ℵ k
(i)
5ex k

(i)
5ex k

(i)
5ex N, N∗ V, V ∗

1 (0, 0, 0, 1, 1) (0, 1, 1, 0, 0) (1, 0, 1, 0, 1) 8, 6∗ 5, 5∗

2 (0, 0, 0, 1, 1) (0, 1, 1, 0, 1) (1, 0, 1, 1, 0) 7, 7∗ 5, 5∗

(0, 0, 0, 1, 1) (0, 1, 1, 0, 1) (1, 1, 2, 0, 0) 7, 7∗ 5, 5∗

(0, 0, 1, 1, 1) (1, 1, 0, 0, 1) (0, 1, 0, 1, 2) 7, 7∗ 5, 5∗

3 (0, 0, 0, 1, 1) (1, 1, 1, 0, 0) (0, 1, 2, 0, 1) 6, 8∗ 5, 5∗

(0, 0, 0, 1, 1) (0, 1, 2, 0, 1) (2, 1, 0, 1, 0) 6, 8∗ 5, 5∗

(0, 0, 1, 1, 1) (0, 1, 0, 1, 2) (1, 0, 2, 1, 0) 6, 8∗ 5, 5∗

+n(1, 0, 1, 4, 6). The maximum values of m and n are determined by the di-
mensions of these extended vectors, namely d = 12. This chain contains 46
different k5 projective vectors. The four-dimensional pentahedroid correspond-
ing to the eldest vector in this chain is shown in Figure 14. As can be seen there,
in addition to its 5 vertices, the pentahedroid has 10 one-dimensional edges,
10 two-dimensional triangular faces, and 5 three-dimensional tetrahedral facets.
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Fig. 14. The 4-dimensional pentahedroid corresponding to the CY3 space speciˇed by
the eldest vector k5 = (1, 1, 2, 8, 12)[24] in the two-vector chain m(0, 1, 1, 4, 6)+
+n(1, 0, 1, 4, 6). The number of integer points in this pentahedroid is N(S) = 335,
and the volume S = 72. SL(4, Z) transformations produce an inˇnite number of polyhe-
droids, conserving the volume

This pentahedroid contains two realizations of the tetrahedron corresponding to
k4 = (1, 1, 4, 6), whose intersection contains an elliptic ˇbre corresponding to
k3 = (1, 2, 3).

A snapshot of the complete m(0, 1, 1, 4, 6)+n(1, 0, 1, 4, 6) chain is shown in
Figure 15, where the number of points N in each member of the chain is plotted
as a function of d = k1 + k2 + k3 + k4 + k5 for each of the allowed values
of m. We note a systematic tendency for N to decrease as d increases. (The
structure of the chain is, of course, symmetric under the interchange: n ↔ m).
The corresponding plot for the dual polyhedra is shown in Figure 16: here we
see that the number of points N∗ increases as d increases.

To get another impression of the rich new structures emerging at levels
one and above, we consider a ®tetrahedron subalgebra¯ of our K3 algebra, i.e.,
we consider only those projective vectors corresponding to point- and segment-
polyhedra, triangles and tetrahedra. With this restriction, we start from only 32
K3 projective vectors, corresponding to four-vertex tetrahedra and ˇve of our
previous extended vectors. In this way, the number of re�exive polyhedra at
level one is reduced to just 632, consisting of 460 tetrahedra and 172 re�exive
polyhedra with numbers of vertices between 5 and 10. In this list of 632 poly-
hedra, there are actually only 146 distinct new types of polyhedra, as shown in
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Fig. 15. The number of points N found in different members of the chain m(0, 1, 1, 4, 6)+
n(1, 0, 1, 4, 6), plotted as a function of d = k1 + k2 + k3 + k4 + k5 for different values
of m

Table 30. More information about them can be obtained from [37]: we leave
their more detailed study to later work.

The method described here has a very simple geometrical interpretation.
According to the chain structure, each CY3 can have a complex internal structure,
and correspondingly its vector can be extended as a sum of two K3, three
elliptic, four two-component or ˇve single-component extended vectors. Another
nice feature of this chain structure is that it gives us complete information about
the integer lattice which determines all the CY equations. Moreover, it also gives
us the possibility of summarizing the singularity structure of CY3 spaces. As we
discussed in Section 8, the K3 polyhedron structure gives us a systematic way
of classifying the corresponding CartanÄLie algebra graphs. It will be interesting
to make a full corresponding analysis for CY3 hypersurfaces, taking duality into
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Fig. 16. The number of points N∗ found in the polyhedra dual to the previous
m(0, 1, 1, 4, 6)+n(1, 0, 1, 4, 6) chain, plotted as a function of d = k1 +k2 +k3 +k4 +k5

for different values of m

account. This method could also provide the full classiˇcation of BettiÄHodge
topological numbers for CY3 manifolds. Moreover, this algebraic method enables
us to ®walk¯ between different dimensions, e.g., to classify CY4, ...5,... manifolds
(Figure 1). The greatest limitations may be our abilities to analyze this algebra
and/or the available computer resources.

A fuller analysis of our structural classiˇcation of the k5 vectors for CY3

manifolds will be given in later work. An important aspect of this procedure is
that we can study the structures of the positive-integer lattices which correspond
to the k vectors, introducing the corresponding modular (for two-dimensional
sublattices) and hypermodular (for 3-, 4- or higher-dimensional lattices) transfor-
mations. These yield duality groups that are more general than the well-known
S, T and U dualities, including them as subgroups. Moreover, the study of the
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Table 30. The 146 distinct new polyhedra, representing new K3 spaces, that are ob-
tainable as double intersections of projective vectors in the ®tetrahedron subalgebra¯
containing only point- and segment-polyhedra, triangles and tetrahedra. Many of these
have several different realizations as double intersections: more details can be found
in [37]

ℵ N, N∗ V, V ∗ Pic, Pic∗ ℵ N, N∗ V, V ∗ Pic, Pic∗ ℵ N, N∗ V, V ∗ Pic, Pic∗

1 31, 6∗ 6, 5∗ 2, 18∗ 51 14, 19∗ 7, 6∗ 13, 8∗ 101 22, 20∗ 5, 5∗ 10, 11∗

2 28, 9∗ 7, 6∗ 4, 16∗ 52 26, 8∗ 6, 5∗ 4, 17∗ 102 20, 16∗ 5, 5∗ 10, 13∗

3 29, 7∗ 6, 5∗ 4, 17∗ 53 25, 14∗ 6, 6∗ 7, 13∗ 103 24, 18∗ 5, 5∗ 9, 12∗

4 22, 8∗ 6, 5∗ 7, 16∗ 54 15, 21∗ 5, 5∗ 12, 10∗ 104 15, 21∗ 4, 4∗ 14, 10∗

5 31, 9∗ 6, 5∗ 3, 17∗ 55 22, 16∗ 6, 6∗ 9, 11∗ 105 21, 15∗ 4, 4∗ 10, 14∗

6 21, 12∗ 7, 6∗ 8, 13∗ 56 12, 18∗ 6, 7∗ 13, 10∗ 106 10, 26∗ 5, 6∗ 15, 7∗

7 17, 20∗ 7, 7∗ 11, 9∗ 57 17, 13∗ 6, 6∗ 10, 13∗ 107 10, 32∗ 6, 6∗ 16, 4∗

8 22, 14∗ 6, 6∗ 8, 13∗ 58 24, 12∗ 5, 5∗ 7, 14∗ 108 19, 14∗ 5, 5∗ 11, 13∗

9 24, 12∗ 6, 5∗ 7, 14∗ 59 15, 15∗ 4, 4∗ 14, 12∗ 109 16, 26∗ 5, 5∗ 13, 8∗

10 20, 12∗ 6, 6∗ 10, 13∗ 60 20, 11∗ 7, 6∗ 9, 14∗ 110 12, 27∗ 5, 5∗ 15, 7∗

11 20, 20∗ 6, 6∗ 10, 10∗ 61 10, 20∗ 5, 6∗ 16, 9∗ 111 15, 15∗ 5, 5∗ 12, 13∗

12 13, 14∗ 6, 6∗ 13, 11∗ 62 11, 14∗ 6, 6∗ 14, 12∗ 112 10, 23∗ 6, 6∗ 15, 7∗

13 26, 8∗ 6, 5∗ 5, 17∗ 63 24, 18∗ 5, 5∗ 8, 12∗ 113 6, 34∗ 5, 6∗ 18, 2∗

14 26, 7∗ 6, 5∗ 5, 17∗ 64 16, 17∗ 6, 6∗ 11, 11∗ 114 25, 11∗ 5, 5∗ 8, 15∗

15 18, 8∗ 6, 5∗ 9, 16∗ 65 8, 26∗ 5, 6∗ 17, 5∗ 115 15, 15∗ 4, 4∗ 13, 13∗

16 24, 10∗ 6, 6∗ 6, 15∗ 66 14, 11∗ 7, 6∗ 12, 14∗ 116 14, 16∗ 5, 5∗ 12, 13∗

17 11, 11∗ 4, 4∗ 15, 15∗ 67 8, 26∗ 6, 7∗ 17, 3∗ 117 9, 27∗ 5, 5∗ 16, 6∗

18 21, 17∗ 7, 7∗ 9, 11∗ 68 21, 19∗ 6, 6∗ 10, 10∗ 118 10, 26∗ 6, 6∗ 16, 6∗

19 14, 15∗ 6, 6∗ 12, 11∗ 69 12, 12∗ 4, 4∗ 14, 14∗ 119 22, 14∗ 5, 5∗ 9, 14∗

20 23, 11∗ 5, 5∗ 7, 15∗ 70 10, 17∗ 5, 6∗ 15, 11∗ 120 7, 31∗ 5, 6∗ 17, 3∗

21 10, 20∗ 7, 7∗ 15, 7∗ 71 9, 15∗ 4, 4∗ 16, 12∗ 121 15, 15∗ 5, 5∗ 13, 12∗

22 7, 23∗ 5, 6∗ 17, 5∗ 72 8, 23∗ 5, 6∗ 16, 8∗ 122 15, 15∗ 4, 4∗ 12, 14∗

23 10, 14∗ 5, 6∗ 15, 12∗ 73 24, 12∗ 6, 6∗ 8, 14∗ 123 19, 11∗ 5, 5∗ 10, 14∗

24 12, 12∗ 6, 6∗ 13, 13∗ 74 19, 11∗ 4, 4∗ 11, 14∗ 124 12, 18∗ 6, 6∗ 14, 10∗

25 6, 30∗ 4, 4∗ 18, 4∗ 75 11, 19∗ 4, 4∗ 17, 10∗ 125 11, 17∗ 5, 5∗ 14, 11∗

26 25, 11∗ 6, 6∗ 6, 14∗ 76 19, 11∗ 4, 4∗ 10, 17∗ 126 20, 14∗ 6, 6∗ 7, 14∗

27 12, 12∗ 4, 4∗ 16, 14∗ 77 8, 24∗ 5, 6∗ 16, 7∗ 127 14, 16∗ 5, 5∗ 13, 12∗

28 21, 9∗ 4, 4∗ 9, 17∗ 78 31, 11∗ 5, 5∗ 5, 16∗ 128 19, 17∗ 5, 5∗ 11, 12∗

29 15, 15∗ 5, 6∗ 11, 12∗ 79 20, 22∗ 5, 5∗ 11, 10∗ 129 12, 24∗ 5, 5∗ 15, 8∗

30 12, 12∗ 4, 4∗ 14, 16∗ 80 26, 10∗ 6, 5∗ 3, 17∗ 130 12, 20∗ 6, 6∗ 13, 10∗

31 31, 8∗ 5, 5∗ 4, 17∗ 81 26, 10∗ 5, 5∗ 7, 16∗ 131 12, 24∗ 5, 5∗ 14, 9∗

32 17, 11∗ 6, 5∗ 9, 16∗ 82 19, 11∗ 4, 4∗ 10, 16∗ 132 7, 26∗ 5, 6∗ 17, 5∗

33 20, 10∗ 5, 5∗ 9, 16∗ 83 16, 14∗ 5, 5∗ 12, 14∗ 133 11, 28∗ 7, 7∗ 15, 5∗

34 18, 12∗ 5, 5∗ 11, 14∗ 84 14, 16∗ 6, 6∗ 12, 12∗ 134 9, 33∗ 5, 5∗ 16, 4∗

35 15, 12∗ 4, 4∗ 13, 13∗ 85 23, 13∗ 5, 5∗ 9, 14∗ 135 14, 28∗ 5, 5∗ 14, 7∗

36 9, 21∗ 4, 4∗ 17, 9∗ 86 23, 10∗ 5, 5∗ 8, 15∗ 136 10, 29∗ 6, 6∗ 15, 5∗

37 25, 17∗ 6, 6∗ 8, 12∗ 87 14, 16∗ 6, 5∗ 14, 11∗ 137 11, 25∗ 5, 5∗ 15, 8∗

38 15, 21∗ 5, 5∗ 13, 10∗ 88 12, 18∗ 6, 6∗ 15, 10∗ 138 17, 26∗ 6, 6∗ 12, 8∗

39 17, 10∗ 6, 5∗ 11, 15∗ 89 29, 13∗ 5, 5∗ 6, 15∗ 139 15, 18∗ 5, 5∗ 13, 11∗

40 10, 23∗ 6, 6∗ 16, 7∗ 90 17, 19∗ 5, 5∗ 12, 11∗ 140 11, 19∗ 5, 5∗ 16, 10∗

41 13, 28∗ 7, 7∗ 14, 6∗ 91 11, 19∗ 4, 4∗ 16, 10∗ 141 20, 25∗ 5, 5∗ 11, 9∗

42 24, 21∗ 5, 5∗ 9, 11∗ 92 14, 16∗ 6, 6∗ 13, 11∗ 142 10, 26∗ 5, 5∗ 16, 7∗

43 9, 24∗ 5, 5∗ 17, 7∗ 93 10, 24∗ 6, 6∗ 15, 6∗ 143 11, 25∗ 6, 6∗ 15, 7∗

44 12, 30∗ 6, 6∗ 15, 5∗ 94 8, 34∗ 5, 6∗ 17, 3∗ 144 9, 33∗ 5, 5∗ 17, 4∗

45 21, 9∗ 5, 5∗ 8, 16∗ 95 14, 16∗ 5, 5∗ 14, 12∗ 145 11, 13∗ 5, 5∗ 14, 13∗

46 16, 11∗ 6, 5∗ 11, 13∗ 96 16, 15∗ 7, 6∗ 12, 12∗ 146 9, 36∗ 5, 5∗ 17, 3∗

47 11, 16∗ 7, 7∗ 13, 9∗ 97 11, 31∗ 5, 5∗ 16, 5∗

48 26, 10∗ 6, 5∗ 6, 15∗ 98 9, 30∗ 6, 7∗ 16, 4∗

49 18, 12∗ 6, 5∗ 11, 13∗ 99 14, 10∗ 6, 5∗ 12, 15∗

50 12, 22∗ 6, 7∗ 14, 8∗ 100 9, 28∗ 6, 7∗ 16, 5∗
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geometric properties of the one-dimensional complex torus, two-dimensional K3
hypersurfaces and CalabiÄYau manifolds with dimensions d = 3, 4, ... gives in-
sight into the possible rank and dimensions of the Lie algebras which may be
important for the understanding of the nature of the symmetries used in high-
energy physics.
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�.‘.� · ´µ¢, �.ˆ.‹Ó¢µ¢, ‚.�.�¥É·Ê´Ó±¨´, ‹.�.˜É ·±µ¢

”¨§¨Î¥¸±¨° ¨´¸É¨ÉÊÉ ¨³. �.�.‹¥¡¥¤¥¢  ���, Œµ¸±¢ 

‚¶¥·¢Ò¥ ¢Ò¶µ²´¥´ ¸µ¢³¥¸É´Ò°  ´ ²¨§ ¢¸¥Ì (· ´´¨Ì ¨ ¶µ§¤´¨Ì) Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ
¶µ ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê ¸¥Î¥´¨Õ Ê¶·Ê£µ£µ γp-· ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ ËµÉµ´µ¢ ω < 150 ŒÔ‚
¸ Í¥²ÓÕ µ¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±µ° (αp) ¨ ³ £´¨É´µ° (βp) ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ . ”¨É¨-
·µ¢ ´¨¥ ¤ ´´ÒÌ É¥µ·¥É¨Î¥¸±¨³ ¸¥Î¥´¨¥³ ¸ ¤¢Ê³Ö ¸¢µ¡µ¤´Ò³¨ ¶ · ³¥É· ³¨ αp ¨ βp, ¶µ²ÊÎe´-
´Ò³ ´  µ¸´µ¢¥ s-± ´ ²Ó´ÒÌ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ¶·¨ ±µ´¥Î´µ° Ô´¥·£¨¨, ¤ ¥É ³¨·µ¢Ò¥
¸·¥¤´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ : αÔ±¸¶

p = 11,7 ± 0,8 ± 0,7 ¨

βÔ±¸¶
p = 2,3± 0,9± 0,7 (¢ ¥¤. 10−4 Ë³3), £¤¥ ¶¥·¢ Ö ¶µ£·¥Ï´µ¸ÉÓ (±µ³¡¨´¨·µ¢ ´´ Ö) ÊÎ¨ÉÒ¢ ¥É

¸É É¨¸É¨Î¥¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¥Î¥´¨°,   ¢Éµ· Ö Å É¥µ·¥-
É¨Î¥¸±¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¤¨¸¶¥·¸¨µ´´µ£µ ¸¥Î¥´¨Ö. �É³¥Î ¥É¸Ö, ÎÉµ ¡µ²¥¥ ¶µ²´Ò¥ ¨ ÉµÎ´Ò¥
¤ ´´Ò¥ ¶·¨ ω � 100 ŒÔ‚ ¶µ§¢µ²ÖÉ ¢ ¡Ê¤ÊÐ¥³ Ê³¥´ÓÏ¨ÉÓ É¥µ·¥É¨Î¥¸±¨¥ ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¶µ£·¥Ï´µ¸É¨ ¢ ¨§¢²¥± ¥³ÒÌ §´ Î¥´¨ÖÌ αp ¨ βp.

For the ˇrst time a global analysis of all (early and recent) experimental data on the differential
cross section of elastic γp scattering at photon energies ω < 150 MeV is fulˇlled in order to
determine the electric (αp) and (βp) polarizabilities of the proton. Fit of the data with the two free
parameters αp and βp embedded into a theoretical cross section obtained on the basis of ˇnite-energy
s-channel dispersion relations gives the world-average for the values of the proton electromagnetic
polarizabilities: αexp

p = 11.7 ± 0.8 ± 0.7 and βexp
p = 2.3 ± 0.9 ± 0.7 (in units of 10−4 fm3),

where the ˇrst error (combined) takes into account statistical and systematic errors of the experimental
cross section and the second error does theoretical uncertainties in the dispersion cross section. It
is emphasized that more complete and precise data at ω � 100 MeV will enable one to reduce
theoretical and experimental errors in the extracted values of αp and βp.

1. ‚‚…„…�ˆ…

‚ ¶µ¸²¥¤´¨¥ £µ¤Ò § ³¥É´µ ¢Ò·µ¸ ¨´É¥·¥¸ ± ¨§ÊÎ¥´¨Õ ¸¢µ°¸É¢  ¶µ²Ö·¨-
§Ê¥³µ¸É¨ ´Ê±²µ´µ¢ ¨ ¶¨µ´µ¢, Éµ ¥¸ÉÓ ´ ¢¥¤¥´¨Ö Ê ´¨Ì ¤¨¶µ²Ó´ÒÌ ³µ³¥´-
Éµ¢ ¢´¥Ï´¨³ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³, ¨ ¥£µ ¢²¨Ö´¨Ö ´  · §²¨Î´Ò¥ ¤¢ÊÌ-
ËµÉµ´´Ò¥ ¶·µÍ¥¸¸Ò ¸ ÊÎ ¸É¨¥³ ÔÉ¨Ì Î ¸É¨Í. ‚ ÔÉµ° ¸¢Ö§¨ ´  Ô²¥±É·µ´´ÒÌ
Ê¸±µ·¨É¥²ÖÌ BNL, MAMI, SAL ¨ ¤·Ê£¨Ì ¨¸¸²¥¤µ¢ É¥²Ó¸±¨Ì Í¥´É·µ¢ ¢Ò¶µ²-
´¥´Ò ´µ¢Ò¥ ¨§³¥·¥´¨Ö [1Ä8] ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö
ËµÉµ´  (“�”) ´  ¶·µÉµ´¥ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ¶ ¤ ÕÐ¥£µ ËµÉµ´  ¢ ².¸.
ω ≤ 150 ŒÔ‚ ¨ ¢ µ±·¥¸É´µ¸É¨ ∆33-·¥§µ´ ´¸ , ¨ ¶µ ¶µ²ÊÎ¥´´Ò³ ¤ ´´Ò³
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¶µ¢Éµ·´µ µ¶·¥¤¥²¥´Ò §´ Î¥´¨Ö Ô²¥±É·¨Î¥¸±µ° ¨ ³ £´¨É´µ° ¶µ²Ö·¨§Ê¥³µ¸É¥°
¶·µÉµ´  αp ¨ βp ¸ooÉ¢¥É¸É¢¥´´µ. ˆ§ ¤ ´´ÒÌ ¶µ ¤·Ê£¨³ ¶·µÍ¥¸¸ ³ ¨§¢²¥± -
²¨¸Ó É ±¦¥ ¶µ²Ö·¨§Ê¥³µ¸É¨ ´¥°É·µ´ , § ·Ö¦¥´´µ£µ ¨ ´¥°É· ²Ó´µ£µ ¶¨µ´µ¢∗.
� °¤¥´´Ò¥ · §´Ò³¨ £·Ê¶¶ ³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°
´¥°É·µ´  ¨ ¶¨µ´µ¢ ¶²µÌµ ¸µ£² ¸ÊÕÉ¸Ö ³¥¦¤Ê ¸µ¡µ°; §¤¥¸Ó ´¥µ¡Ìµ¤¨³Ò ± ±
¡µ²¥¥ ÉµÎ´Ò¥ ¨§³¥·¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¥Î¥´¨°, É ± ¨ · §¢¨É¨¥ ³¥Éµ¤µ¢
¨§¢²¥Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¨§ ¤ ´´ÒÌ. �µ²µ¦¥´¨¥ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
§´ Î¥´¨Ö³¨ ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ¢ Í¥²µ³ ²ÊÎÏ¥, ¨ ¥£µ  ´ ²¨§Ê ¶µ¸¢Ö-
Ð¥´  ´ ¸ÉµÖÐ Ö · ¡µÉ . ‚ µÉ²¨Î¨¥ µÉ [4,8] ³Ò µ¡¸Ê¦¤ ¥³ ± ± ¶µ§¤´¨¥, É ± ¨
· ´´¨¥ ¤ ´´Ò¥ ¶µ “�” ´  ¶·µÉµ´¥ ´¨¦¥ ¶µ·µ£  ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢, Î ¸ÉÓ
±µÉµ·ÒÌ ´¥ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¶·¥¦¤¥ ¤²Ö µ¶·¥¤¥²¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° αp ¨ βp.

‚¶¥·¢Ò¥ §´ Î¥´¨Ö αp ¨ βp ¡Ò²¨ Ô±¸¶¥·¨³¥´É ²Ó´µ µ¶·¥¤¥²¥´Ò ¢ ”¨-
§¨Î¥¸±µ³ ¨´¸É¨ÉÊÉ¥ ¨³. �.�.‹¥¡¥¤¥¢  (”ˆ��) [23, 24]. ‘ ¶ÊÎ±µ³ Éµ·³µ§-
´µ£µ ¨§²ÊÎ¥´¨Ö ¨§³¥·Ö²µ¸Ó ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ “�” ¶·µÉµ´µ³ ¶·¨
Ê£² Ì · ¸¸¥Ö´¨Ö ËµÉµ´  ¢ ².¸. θ ≥ 75◦ ¢ É·¥Ì Ô´¥·£¥É¨Î¥¸±¨Ì ¨´É¥·¢ ² Ì
¸ Ï¨·¨´µ° 20 ÷ 40 ŒÔ‚ ¨ co ¸·¥¤´¨³¨ Ô´¥·£¨Ö³¨ ¶ ¤ ÕÐ¥£µ ËµÉµ´  〈ω〉,
· ¢´Ò³¨ 55 [23], 83 ¨ 109 MÔ‚ [24]. �µ Î¨¸²Ê ÉµÎ¥± Ê£²µ¢µ£µ · ¸¶·¥-
¤¥²¥´¨Ö (5 ÉµÎ¥±) · ¡µÉ  [23] ¨ ¤µ ´ ¸ÉµÖÐ¥£µ ¢·¥³¥´¨ µ¸É ¥É¸Ö ´ ¨¡µ²¥¥
¶µ²´µ° ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. ‘¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²ÊÎ¥´´ÒÌ
§´ Î¥´¨ÖÌ ¸¥Î¥´¨Ö · ¢´Ò 6 % ¢ [23] ¨ 1−3, 7 % ¢ [24] (¶µ ¶µ¢µ¤Ê ¶µ¸²¥¤-
´¥° ¸³. · §¤. 2). ‘É É¨¸É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ ¡Ò²  4−6 %. �± § ²µ¸Ó, ÎÉµ
Ô±¸¶¥·¨³¥´É ²Ó´µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ Ê£²¥ θ
¨ · §´ÒÌ ω ²¥¦¨É ´¨¦¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö �µÊÔ²²  [25], ±µÉµ-
·µ¥ µ¶¨¸Ò¢ ¥É · ¸¸¥Ö´¨¥ ËµÉµ´  ´  ÉµÎ¥Î´µ³ ¶·µÉµ´¥ ¸  ´µ³ ²Ó´Ò³ ³ £-
´¨É´Ò³ ³µ³¥´Éµ³ ( .³.³.). ‚ [23, 24] ´ ¡²Õ¤ ¥³µ¥ µÉ±²µ´¥´¨¥ ¨´É¥·¶·¥-
É¨·µ¢ ²µ¸Ó ± ± ¸¶¥Í¨Ë¨Î¥¸±µ¥ ¶·µÖ¢²¥´¨¥ ¸É·Ê±ÉÊ·Ò ¶·µÉµ´  ¢ ¤¢ÊÌËµÉµ´-
´µ³ ¶·µÍ¥¸¸¥, Éµ ¥¸ÉÓ ± ± ¢²¨Ö´¨¥ ´  “�” ¸¢µ°¸É¢  ¶µ²Ö·¨§Ê¥³µ¸É¨ ¶·µ-
Éµ´  [26Ä28]. —Éµ¡Ò µ¶·¥¤¥²¨ÉÓ ¶µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´ , Ô±¸¶¥·¨³¥´É ²Ó-
´Ò¥ §´ Î¥´¨Ö ¸¥Î¥´¨° Ë¨É¨·µ¢ ²¨¸Ó ¡¥§³µ¤¥²Ó´Ò³ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³, Éµ
¥¸ÉÓ · §²µ¦¥´´Ò³ ¶µ ω ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ω2- ¨²¨ ω3-Î²¥´µ¢, ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò³ ¸¥Î¥´¨¥³, § ¢¨¸ÖÐ¨³ µÉ ´¥¨§¢¥¸É´ÒÌ ¶ · ³¥É·µ¢ αp ¨ βp [28, 29]. ‚
·¥§Ê²ÓÉ É¥ ¡Ò²¨ ¶µ²ÊÎ¥´Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö αp ¨ βp, ¢µ¸¶·µ¨§¢¥-
¤¥´´Ò¥ ¢ É ¡². 1.

∗ˆ¸Éµ·¨Ö ¶µ¶ÒÉµ± µ¶·¥¤¥²¨ÉÓ Ô²¥±É·¨Î¥¸±ÊÕ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ´¥°É·µ´  αn ¢ Ô±¸¶¥·¨³¥´-
É Ì ¶µ · ¸¸¥Ö´¨Õ ·¥ ±Éµ·´ÒÌ ´¥°É·µ´µ¢ ÉÖ¦¥²Ò³¨ Ö¤· ³¨ ´ ¸Î¨ÉÒ¢ ¥É Î¥ÉÒ·¥ ¤¥¸ÖÉ¨²¥É¨Ö [9].
�É¨³ ³¥Éµ¤µ³ ¡Ò²¨ ¶µ²ÊÎ¥´Ò §´ Î¥´¨Ö αÔ±¸¶

n = (12,0±1,5 (¸É É.)±2,0 (¸¨¸É.))·10−4 Ë³3 [10]
¨ αÔ±¸¶

n = (0±5) ·10−4 Ë³3 [11]. ‚¶·µÎ¥³, ¢Ò¶µ²´¥´´Ò° ¢ [12]  ´ ²¨§ ¶µ± § ², ÎÉµ ¸¨¸É¥³ É¨-
Î¥¸± Ö µÏ¨¡±  ¢ §´ Î¥´¨¨ αÔ±¸¶

n ¨§ [10], ¶µ-¢¨¤¨³µ³Ê, ¸¨²Ó´µ § ´¨¦¥´ . ‘ ¶·¨¡²¨§¨É¥²Ó´µ Éµ°
¦¥ ÉµÎ´µ¸ÉÓÕ ¶µ²Ö·¨§Ê¥³µ¸É¨ ´¥°É·µ´  ³µ¦´µ ¨§¢²¥± ÉÓ É ±¦¥ ¨§ ¤ ´´ÒÌ ¶µ ´¥Ê¶·Ê£µ³Ê [13,14]
¨ Ê¶·Ê£µ³Ê [15, 16] γd-· ¸¸¥Ö´¨Õ. �µ¸²¥ ¶¥·¢ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¢ 80-¥ £µ¤Ò [17, 18] ¶µ²Ö·¨§Ê¥-
³µ¸É¨ ¶¨µ´µ¢ ¨§¢²¥± ²¨¸Ó ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¨§ ¤ ´´ÒÌ µ ¶·µÍ¥¸¸ Ì γγ → π+π− ¨ γγ → π0π0

(¸³., ´ ¶·¨³¥·, [19Ä22]).
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’ ¡²¨Í  1. �µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  (¢ ¥¤. 10−4 Ë³3) ¶µ ¶Ê¡²¨± Í¨Ö³ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ · ¡µÉ

’¥µ·. ¶·¨¡².

‘¸Ò²±  αp βp αp + βp αp − βp ’¥µ·¨Ö αp + βp

Gol60 9±2 2∓2 Å Å LEX 11
[23]

Bar74 10,7±1,1 −0,7±1,6 10,0±2,3 Å LEX Å
[24]

Fed91 Å Å 12,2±3,5±1,5 9,1±4,0±2,0 LEX Å
[1] 11,9±3,9±1,7 8,0±4,4±2,2 DR Å

10,9±2,2±1,3 3,3∓2,2∓1,3 Å Å LEX 14,2

Fed95 Å Å 15,8±4,5±0,1 11,9±5,3±0,2 DR Å
[4]

Zie92 Å Å Å 7,03+2,49+2,14
−2,27−2,05 DR Å

[2] 10,6+1,25+1,07
−1,19−1,03 3,6−1,25−1,07

+1,19+1,03 Å Å DR 14,2

Hal93 9,8±0,4±1,1 4,4∓0,4∓1,1 Å 5,5±0,7±2,1 DR 14,2
[3]

Mac95 Å Å 15,0±2,9±1,1 10,8±1,1±1,4 DR Å
[4] 12,5±0,6±0,7 1,7∓0,6∓0,7 Å Å DR 14,2

Ton98 Å Å 13,23±0,86+0,20
−0,49 10,11±1,74+1,22

−0,86 DR Å
[8]

�·¨³¥Î ´¨¥. �µ¸²¥¤´¨¥ ¤¢¥ ±µ²µ´±¨ Ê± §Ò¢ ÕÉ É¨¶ ¶·¨³¥´Ö¥³µ° É¥µ·¨¨ Å ´¨§±µÔ´¥·£¥É¨Î¥-
¸±µ¥ · §²µ¦¥´¨¥ (LEX) ¨²¨ ¤¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö (DR),   É ±¦¥ ¨¸¶µ²Ó§µ¢ ²µ¸Ó ²¨ ¶·¨
Ë¨É¥ É¥µ·¥É¨Î¥¸±µ¥ §´ Î¥´¨¥ ¸Ê³³Ò αp + βp � 14, 2 (¨²¨ 11,0 ¢ · ´´¥° · ¡µÉ¥ [23]). ‘É·µ± 
Fed95 µ§´ Î ¥É ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ [1], ¨¸¶· ¢²¥´´Ò¥ ¥¥  ¢Éµ· ³¨ ¢ [4]. ‘É·µ±  Ton98 ¶·¥¤¸É -
¢²Ö¥É ·¥§Ê²ÓÉ É £²µ¡ ²Ó´µ£µ Ë¨É  · ¡µÉ [1Ä7, 24]. ‘³Ò¸² ¶·¨¢¥¤¥´´ÒÌ ¶µ£·¥Ï´µ¸É¥° · §²¨Î¥´
¢ · §´ÒÌ · ¡µÉ Ì. ‚ [23] Ê± § ´´ Ö ¶µ£·¥Ï´µ¸ÉÓ Å Éµ²Ó±µ ¸É É¨¸É¨Î¥¸± Ö,   ¢ [24] Å ¶µ²´ Ö.
‚ [1Ä3] · §¤¥²Ó´µ ¤ ´Ò ¸É É¨¸É¨Î¥¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨. ‚ [4,8] Ê± § ´Ò ¶µ²´Ò¥
Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶µ£·¥Ï´µ¸É¨ ¨ µÍ¥´±¨ ³µ¤¥²Ó´µ° § ¢¨¸¨³µ¸É¨

�É³¥É¨³, ÎÉµ ¢ ¨¸¶µ²Ó§µ¢ ´´µ³ ¢ [23] Ë¨É¨·ÊÕÐ¥³ ¸¥Î¥´¨¨ ¶ · ³¥É·
βp § ³¥´Ö²¸Ö ´  11 − αp (§¤¥¸Ó ¨ ¤ ²¥¥ ¤²Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·¨´ÖÉÒ ¥¤¨-
´¨ÍÒ 10−4 Ë³3) ¨ ¢ ·Ó¨·µ¢ ²¸Ö Éµ²Ó±µ ¶ · ³¥É· αp. ’ ±¨³ µ¡· §µ³, ¸Ê³³ 
¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·¨· ¢´¨¢ ² ¸Ó ± ¨§¢¥¸É´µ³Ê ¢ Éµ ¢·¥³Ö É¥µ·¥É¨Î¥¸±µ³Ê
§´ Î¥´¨Õ (αp + βp)É¥µ· = 11 [27], Éµ£¤  ± ± ¥¥ ¸µ¢·¥³¥´´µ¥ §´ Î¥´¨¥ · ¢´µ
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(14,0 ± 0,5) [24, 30Ä32]∗. ‘¨¸É¥³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ 6 % ¢ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ ¸¥Î¥´¨ÖÌ ¶·¨ Ë¨É¨·µ¢ ´¨¨ ¤ ´´ÒÌ [23] ´¥ ¶·¨´¨³ ² ¸Ó ¢µ ¢´¨³ ´¨¥.
‚ [24] µ¡  ¶ · ³¥É·  αp ¨ βp µ¶·¥¤¥²Ö²¨¸Ó ´¥§ ¢¨¸¨³µ, É ± ± ± ¸É É¨¸É¨Î¥-
¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¨§³¥·¥´´ÒÌ ¸¥Î¥´¨ÖÌ µÉ´µ¸¨É¥²Ó´µ
³ ²Ò. �É³¥É¨³, ÎÉµ ¨§ ¸· ¢´¥´¨Ö ¡¥§³µ¤¥²Ó´µ£µ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¸¥Î¥-
´¨Ö “�” ´  ¶·µÉµ´¥ (µ¡µ§´ Î ¥³µ£µ ¤ ²¥¥ LEX) ¸ ¶·¥¤¸± § ´¨Ö³¨ ¤¨¸¶¥·¸¨-
µ´´µ° É¥µ·¨¨ [36Ä38], ±µÉµ· Ö Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ ¸µ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¤ ´´Ò³¨ ´¨¦¥ ∆33-·¥§µ´ ´¸ , ¸²¥¤Ê¥É, ÎÉµ µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨
LEX ²¥¦¨É ¶·¨ ω � 80 ŒÔ‚ (§ ¢¨¸¨É µÉ Ê£²  θ), ¢ Éµ ¢·¥³Ö ± ± ¨§³¥·¥´¨Ö
¢ [24] ¡Ò²¨ ¢Ò¶µ²´¥´Ò ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° ËµÉµ´  80 ÷ 110 ŒÔ‚. ‚ · ³-
± Ì µ¶·¥¤¥²¥´´ÒÌ ³µ¤¥²Ó´ÒÌ ¶·¥¤¶µ²µ¦¥´¨° ¤¨¸¶¥·¸¨µ´´ Ö É¥µ·¨Ö Ê± § ² 
É ±¦¥ ´  ¢µ§³µ¦´µ¸ÉÓ µ¶·¥¤¥²¨ÉÓ §´ Î¥´¨Ö ¸Ê³³Ò (αp + βp)Ô±¸¶ ¨ · §´µ¸É¨
(αp − βp)Ô±¸¶ ¨§ ¤ ´´ÒÌ ¶·¨ ω ≤ 150 ŒÔ‚, £¤¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢ ¶·¥¤¸± -
§ ´¨ÖÌ ³¨´¨³ ²Ó´Ò, ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö · §²µ¦¥´¨Ö Ë¨É¨·ÊÕÐ¥£µ ¤¨ËË¥·¥´-
Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö “�” ´  ¶·µÉµ´¥ ¶µ ω [36, 37, 39, 40] (¸³. É ±¦¥ ¶. 3.2).
�ÉµÉ ¶ÊÉÓ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ ´ ¸ÉµÖÐ¥° · ¡µÉ¥.

�µ¸²¥ · ¡µÉ [23, 24] ¤²¨É¥²Ó´µ¥ ¢·¥³Ö ¨§³¥·¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µ-
Éµ´  ´¥ ¶·µ¢µ¤¨²¨¸Ó. � ¡µÉÒ [1Ä4] ¡Ò²¨ ¸É¨³Ê²¨·µ¢ ´Ò, ¸ µ¤´µ° ¸Éµ·µ´Ò,
¶·µ£·¥¸¸µ³ ¢ É¥Ì´¨±¥ Ô±¸¶¥·¨³¥´É  (¸³. · §¤. 2), ¸ ¤·Ê£µ° Å · ¸Î¥É ³¨ ¶µ-
²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ¢ · §²¨Î´ÒÌ É¥µ·¥É¨Î¥¸±¨Ì ¶µ¤Ìµ¤ Ì (¸³., ´ ¶·¨-
³¥·, [31,41Ä44]). ‚ Î ¸É´µ¸É¨, ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ·-
±µ¢µ° ³µ¤¥²¨ (�ŠŒ), ´¥ ÊÎ¨ÉÒ¢ ÕÐ¥° ³¥§µ´´µ¥ µ¡² ±µ, ´¥ Ê¤ ¥É¸Ö µ¤´µ-
¢·¥³¥´´µ ¢µ¸¶·µ¨§¢¥¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö-
·¨§Ê¥³µ¸É¨ ¶·µÉµ´ , ±¢ ¤· É  ¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ¨ Ô´¥·£¨¨ ´¨§±µ²¥¦ -
Ð¨Ì ¢µ§¡Ê¦¤¥´¨° [31, 41, 42]. � ¸Ìµ¦¤¥´¨Ö ¢ÒÎ¨¸²¥´´ÒÌ §´ Î¥´¨° α�ŠŒ

p ¨
〈r2〉�ŠŒ

p ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¸µ¸É ¢²ÖÕÉ ´¥ ∼ 20 %, ± ± Î ¸Éµ ¶·¨´ÖÉµ
¸Î¨É ÉÓ (¸³., ´ ¶·¨³¥·, £². 1 ¨ 5 ¢ ±´¨£¥ [45]),   µ±µ²µ 3 · §. ‚¸¥ ÔÉµ ¶·¨¢¥²µ
± µ¸µ§´ ´¨Õ ¢µ§³µ¦´µ¸É¨ ¨ ¢ ¦´µ¸É¨ ¡µ²¥¥ ÉµÎ´µ£µ ¨§³¥·¥´¨Ö ¶µ²Ö·¨§Ê¥-
³µ¸É¥° ¶·µÉµ´ . �¶·¥¤¥²¥´¨¥ §´ Î¥´¨° αÔ±¸¶

p ¨ βÔ±¸¶
p ¸ ÉµÎ´µ¸ÉÓÕ 5−10 % ¨

20−30 % ¸µµÉ¢¥É¸É¢¥´´µ Ö¢²Ö¥É¸Ö ¶·µ¢¥·±µ° ¶·¥¤¸± § ´¨° · §´ÒÌ ¤¨¸¶¥·¸¨-

∗‚¶¥·¢Ò¥ §´ Î¥´¨¥ (αp + βp)É¥µ· = 14,1 ± 0,3 ¶µ²ÊÎ¥´µ ¢ [24] ¨§ ¤¨¸¶¥·¸¨µ´´µ£µ ¶· -
¢¨²  ¸Ê³³ [27, 33] (¸³. Ëµ·³Ê²Ê (11)) ¸ ¶·¨¢²¥Î¥´¨¥³ ¤ ´´ÒÌ ¶µ ¶µ²´µ³Ê ¸¥Î¥´¨Õ  ¤·µ´´µ£µ
ËµÉµ¶µ£²µÐ¥´¨Ö ´  ¶·µÉµ´¥. � ´¥¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¤¨¸¶¥·¸¨µ´´Ò° ¨´É¥£· ² ¢ÒÎ¨¸²Ö²¸Ö ¢
· ¡µÉ¥ [30],  ¢Éµ·Ò ±µÉµ·µ° ´¥ Ê¶µ³¨´ ÕÉ µ ¥£µ ¸¢Ö§¨ ¸ ¸Ê³³µ° αp + βp. �·¨¢¥¤¥´´µ¥
¢ [30] §´ Î¥´¨¥ ¨´É¥£· ²  ¤ ¥É (αp + βp)É¥µ· = 14,2 ± 0,3. �µ²ÊÎ¥´´µ¥ ´¥¤ ¢´µ §´ Î¥´¨¥
(αp + βp)É¥µ· = 13,69 ± 0,14 [32] ÊÎ¨ÉÒ¢ ¥É Éµ²Ó±µ ¸É É¨¸É¨Î¥¸±ÊÕ ¶µ£·¥Ï´µ¸ÉÓ ¨¸¶µ²Ó§µ-
¢ ´´ÒÌ ¸¥Î¥´¨°. �µ²´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ §´ Î¥´¨¨ (αp + βp)É¥µ· ¢ µ¸´µ¢´µ³ µ¶·¥¤¥²Ö¥É¸Ö
¸¨¸É¥³ É¨Î¥¸±µ° ¶µ£·¥Ï´µ¸ÉÓÕ, ±µÉµ· Ö ¸µ¸É ¢²Ö¥É ∼ 2−3 % ¨²¨ ±(0,3−0,4). �  Í¥´É· ²Ó´µ¥
§´ Î¥´¨¥ ·¥§Ê²ÓÉ É  [32] ¶µ¢²¨Ö²µ ¨¸¶µ²Ó§µ¢ ´¨¥ ¸¥Î¥´¨°, ´ °¤¥´´ÒÌ ¸ ¶µ³µÐÓÕ ³Ê²ÓÉ¨¶µ²Ó-
´µ£µ  ´ ²¨§  ËµÉµ·µ¦¤¥´¨Ö [34], § ´¨¦ ÕÐ¥£µ ¸¥Î¥´¨¥ ËµÉµ¶µ£²µÐ¥´¨Ö ¢ µ±µ²µ¶µ·µ£µ¢µ° µ¡² -
¸É¨. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¤·Ê£µ£µ  ´ ²¨§  [35] Í¥´É· ²Ó´µ¥ §´ Î¥´¨¥ (αp + βp)É¥µ· ¶µ¤´¨³ ¥É¸Ö
¤µ 14,0.
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µ´´ÒÌ ¶· ¢¨² ¸Ê³³ (�‘) [31], ¢ Î ¸É´µ¸É¨, Ï¨·µ±µ ¨¸¶µ²Ó§Ê¥³µ£µ �‘ ¤²Ö
αp + βp [27,33], ¨ · §´ÒÌ ³µ¤¥²¥° ¸É·Ê±ÉÊ·Ò  ¤·µ´µ¢ [41Ä44,46,47]. �µ ´¥-
¸³µÉ·Ö ´  §´ Î¨É¥²Ó´Ò¥ Ê¸¨²¨Ö ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨° ¸¥Î¥´¨Ö “�” ´  ¶·µÉµ´¥
¢ · ¡µÉ Ì [1Ä4] µ± § ² ¸Ó ¢¸¥-É ±¨ ´¥¤µ¸É ÉµÎ´µ ¢Ò¸µ±µ° (¸³. · §¤. 2), É ± ÎÉµ
¶µ£·¥Ï´µ¸É¨ ¶µ²ÊÎ¥´´ÒÌ ¢ ´¨Ì §´ Î¥´¨° αÔ±¸¶

p , (αp − βp)Ô±¸¶ ¨ (αp + βp)Ô±¸¶

²¥¦ É ¢ ¶·¥¤¥² Ì 10 − 50 %,   §´ Î¥´¨° βÔ±¸¶
p Å 50 − 100 % (¸³. É ¡². 1)∗.

’ ± Ö ¸¨ÉÊ Í¨Ö ¶·¥¤¶µ² £ ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¶·¨¢²¥Î¥´¨Ö ¨²¨ ¶µ²ÊÎ¥´¨Ö ¤µ-
¶µ²´¨É¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¸ Í¥²ÓÕ Ê³¥´ÓÏ¥´¨Ö ¶µ²´ÒÌ (±µ³¡¨´¨·µ¢ ´´ÒÌ)
¨ É¥µ·¥É¨Î¥¸±¨Ì (³µ¤¥²Ó´ÒÌ) ¶µ£·¥Ï´µ¸É¥° ¢ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨ÖÌ
¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ¨Ì µ¶·¥¤¥²¥´¨¥ ¶·µ¢µ¤¨É¸Ö ¶µ ¢¸¥³Ê ³ ¸¸¨¢Ê ³¨-
·µ¢ÒÌ ¤ ´´ÒÌ ¶µ ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê ¸¥Î¥´¨Õ “�” ´  ¶·µÉµ´¥ ¶·¨ Ô´¥·-
£¨ÖÌ ω < 150 ŒÔ‚. �ÉµÉ ³ ¸¸¨¢ ¸µ¸Éµ¨É ¨§ 94 Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ÉµÎ¥±,
  ¨³¥´´µ: 48 ¶µ§¤´¨Ì ¨§ [1Ä4] ¨ 46 · ´´¨Ì ¨§ [23, 24, 48Ä52]. ‘É É¨¸É¨-
Î¥¸±¨°  ´ ²¨§ ¶µ± §Ò¢ ¥É ¸µ¢³¥¸É¨³µ¸ÉÓ ¤·Ê£ ¸ ¤·Ê£µ³ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¤ ´´ÒÌ, ¶µ²ÊÎ¥´´ÒÌ · §´Ò³¨ £·Ê¶¶ ³¨, ¨ ¢µ§³µ¦´µ¸ÉÓ ¨Ì µ¡Ñ¥¤¨´¥´¨Ö ¢ µ¤-
´µ³ Ë¨É¥. ‚´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¨ É¥µ·¥É¨Î¥¸±¨³ µÏ¨¡± ³ ¢ §´ Î¥´¨ÖÌ αÔ±¸¶

p ¨
βÔ±¸¶

p , ¢µ§´¨± ÕÐ¨³ ¨§-§  · §²¨Î´ÒÌ ³µ¤¥²Ó´ÒÌ ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢ Ë¨É¨·Ê-
ÕÐ¥³ ¤¨¸¶¥·¸¨µ´´µ³ ¸¥Î¥´¨¨, ³¥´ÓÏ¨³ ¶·¨ ´¨§±¨Ì ¨ ¡µ²ÓÏ¨³ ¶·¨ ¸·¥¤´¨Ì
Ô´¥·£¨ÖÌ ËµÉµ´  ω.

„ ²¥¥ ¢ · §¤. 2 ¶·¨¢µ¤¨É¸Ö ±· É±¨° µ¡§µ· · ´´¨Ì ¨ ¶µ§¤´¨Ì ´¨§±µÔ´¥·-
£¥É¨Î¥¸±¨Ì ¤ ´´ÒÌ ¶µ “�” ´  ¶·µÉµ´¥, ¨¸¶µ²Ó§Ê¥³ÒÌ ¢ ´ Ï¥³  ´ ²¨§¥. ‚
· §¤. 3 µ¡¸Ê¦¤ ÕÉ¸Ö É¥µ·¥É¨Î¥¸±¨¥ ¸¥Î¥´¨Ö, ¨¸¶µ²Ó§Ê¥³Ò¥ ¶·¨ Ë¨É¨·µ¢ ´¨¨
¤ ´´ÒÌ. ‚ · §¤. 4 µ¶¨¸ ´  ³¥Éµ¤¨±  Ë¨É¨·µ¢ ´¨Ö ¤ ´´ÒÌ ¸ ÊÎ¥Éµ³ ¨Ì ¸É -
É¨¸É¨Î¥¸±¨Ì ¨ ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥°. ‚ · §¤. 5 ¶·¨¢µ¤ÖÉ¸Ö ·¥§Ê²Ó-
É ÉÒ Ë¨É¨·µ¢ ´¨Ö ¤ ´´ÒÌ µÉ¤¥²Ó´ÒÌ £·Ê¶¶ ¨ £²µ¡ ²Ó´µ£µ Ë¨É¨·µ¢ ´¨Ö ¢¸¥£µ
³ ¸¸¨¢  ¸¥Î¥´¨°. � §¤¥² 6 ¸µ¤¥·¦¨É ¢Ò¢µ¤Ò ¨ ·¥±µ³¥´¤ Í¨¨ ¤²Ö ¡Ê¤ÊÐ¨Ì
Ô±¸¶¥·¨³¥´Éµ¢ ¶µ µ¶·¥¤¥²¥´¨Õ ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ .

2. �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ… �Š‘�…�ˆŒ…�’�‹œ�›… „���›…

‚¸¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ “�” ´  ¶·µÉµ´¥ ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨°
ω = 30 ÷ 150 ŒÔ‚, £¤¥ ¢±² ¤ ω2-Î²¥´µ¢, § ¢¨¸ÖÐ¨Ì µÉ αp ¨ βp, ¢ ´¨§±µÔ´¥·-
£¥É¨Î¥¸±µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ·¥ ²Ó´µ ´ ¡²Õ¤ ¥³, ³µ¦´µ Ê¸²µ¢´µ
· §¡¨ÉÓ ´  ¤¢¥ £·Ê¶¶Ò. ‚ µ¤´Ê ¢Ìµ¤ÖÉ ¤ ´´Ò¥ [23, 24, 48Ä52], ¶µ²ÊÎ¥´´Ò¥ ¢
50Ä70-Ì £µ¤ Ì (¸³. µ¡§µ· [53]), ¢ ¤·Ê£ÊÕ Å ¤ ´´Ò¥ ¶µ¸²¥¤´¨Ì ²¥É [1Ä4].

∗�µÉ·¥¡´µ¸ÉÓ ¢ ¡µ²¥¥ ÉµÎ´µ³ ¨§³¥·¥´¨¨ ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ¢µ§´¨± ¥É ¨ ¢ ¸¢Ö§¨ ¸
¨§³¥·¥´¨Ö³¨ ¶µ²Ö·¨§Ê¥³µ¸É¥° ´¥°É·µ´  ¢ µ¶ÒÉ Ì ¶µ Ê¶·Ê£µ³Ê γd-· ¸¸¥Ö´¨Õ, ¢ ±µÉµ·ÒÌ µ¶·¥-
¤¥²Ö¥É¸Ö ¸Ê³³  ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ¨ ´¥°É·µ´  (¸³., ´ ¶·¨³¥·, [16]).
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� ´´¨¥ · ¡µÉÒ ¡Ò²¨ ¢Ò¶µ²´¥´Ò ¸ ¶ÊÎ± ³¨ Éµ·³µ§´µ£µ ¨§²ÊÎ¥´¨Ö, ¶µ²Ê-
Î¥´´Ò³¨ ´  Í¨±²¨Î¥¸±¨Ì Ô²¥±É·µ´´ÒÌ Ê¸±µ·¨É¥²ÖÌ ¶¥·¢µ£µ ¶µ±µ²¥´¨Ö. ‚
´¨Ì ¶·µÍ¥¸¸ “�” ´  ¶·µÉµ´¥ ´ ¡²Õ¤ ²¸Ö, ± ± ¶· ¢¨²µ, ¶µ · ¸¸¥Ö´´µ³Ê Ëµ-
Éµ´Ê, ±µÉµ·Ò° ·¥£¨¸É·¨·µ¢ ²¸Ö É¥²¥¸±µ¶µ³ ¸Í¨´É¨²²ÖÍ¨µ´´ÒÌ ¸Î¥ÉÎ¨±µ¢ ¸
µÎ¥´Ó ¶²µÌ¨³ Ô´¥·£¥É¨Î¥¸±¨³ · §·¥Ï¥´¨¥³. ’ ±µ° ³¥Éµ¤ ´ ¡²Õ¤¥´¨Ö ´¥ ¶µ-
§¢µ²Ö² ´ ¤¥¦´µ ¢Ò¤¥²ÖÉÓ “�” ´  ¶·µÉµ´¥ ´  Ëµ´¥ ¤·Ê£¨Ì Ô²¥±É·µ³ £´¨É´ÒÌ
¶·µÍ¥¸¸µ¢, ´ ¶·¨³¥· γp → e+e−γ′p, ¶·¨ Ê£² Ì · ¸¸¥Ö´¨Ö ËµÉµ´  θ � 60◦

¨ Ô´¥·£¨¨ ω � 80 ŒÔ‚. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ÉµÎ±¨, µÉ´µ¸ÖÐ¨¥¸Ö ± ÔÉµ°
±¨´¥³ É¨Î¥¸±µ° µ¡² ¸É¨, ´¥ ¨¸¶µ²Ó§µ¢ ²¨¸Ó  ¢Éµ· ³¨ µ·¨£¨´ ²Ó´ÒÌ · ¡µÉ
¢ ¶µ¸²¥¤ÊÕÐ¥³  ´ ²¨§¥. �´¨ ´¥ ¢±²ÕÎ¥´Ò ¨ ¢ ³ ¸¸¨¢ ¤ ´´ÒÌ, ±µÉµ·Ò¥ ³Ò
¤ ²¥¥ Ë¨É¨·Ê¥³.

�µ§¤´¨¥ · ¡µÉÒ [1Ä4] ¢Ò¶µ²´¥´Ò ´  Ô²¥±É·µ´´ÒÌ Ê¸±µ·¨É¥²ÖÌ ¸²¥¤ÊÕ-
Ð¥£µ ¶µ±µ²¥´¨Ö, µ¡² ¤ ÕÐ¨Ì £µ· §¤µ ²ÊÎÏ¨³ ±µÔËË¨Í¨¥´Éµ³ § ¶µ²´¥´¨Ö
¶ÊÎ±  (®duty factor¯): ³¨±·µÉ·µ´ ˆ²²¨´µ°¸±µ£µ Ê´¨¢¥·¸¨É¥É  MUSL-2 (¸¥°-
Î ¸ · §µ¡· ´), Ô²¥±É·µ´´Ò° Ê¸±µ·¨É¥²Ó ¸ · ¸ÉÖ¦¨É¥²¥³ ¢ ‘ ¸± Î¥¢ ´¥ (SAL),
³¨±·µÉ·µ´ ¢ Œ °´Í¥ MAMI-A (¸¥°Î ¸ · ¡µÉ ¥É ± ± ¶¥·¢ Ö ¸ÉÊ¶¥´Ó ³¨±·µ-
É·µ´  MAMI-B). � ¨¡µ²¥¥ ¢ ¦´µ° µ¸µ¡¥´´µ¸ÉÓÕ · ¡µÉ [1Ä4] ¡Ò²  ·¥£¨¸É· -
Í¨Ö · ¸¸¥Ö´´ÒÌ ËµÉµ´µ¢ ¸¶¥±É·µ³¥É· ³¨ ¶µ²´µ£µ ¶µ£²µÐ¥´¨Ö ¸ ¡µ²ÓÏ¨³¨
±·¨¸É ²² ³¨ NaI(Tl), ±µÉµ·Ò¥ ¶µ§¢µ²Ö²¨ ¨§³¥·ÖÉÓ Ô´¥·£¨Õ ±µ´¥Î´µ£µ ËµÉµ´ 
ω′ ¸ ÉµÎ´µ¸ÉÓÕ ´¥¸±µ²Ó±µ ¶·µÍ¥´Éµ¢.

2.1. � ¡µÉÒ 50Å70-Ì £µ¤µ¢. ‚ · ¡µÉ Ì [48Ä52], £¤¥ ¨§³¥·Ö²µ¸Ó ¤¨ËË¥-
·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ “�” ´  ¶·µÉµ´¥, ¶µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  αp ¨ βp ´¥
µ¶·¥¤¥²Ö²¨¸Ó.

‚ ”ˆ��e [48] ¨§³¥·¥´¨Ö ¡Ò²¨ ¢Ò¶µ²´¥´Ò ¶·¨ ω ≈ 100 ŒÔ‚ ¤²Ö É·¥Ì
§´ Î¥´¨° Ê£²  θ. ‘É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²ÊÎ¥´´ÒÌ §´ Î¥´¨ÖÌ ¸¥-
Î¥´¨Ö · ¢´ÖÕÉ¸Ö ¢ ¸·¥¤´¥³ 20 %. ‘¨¸É¥³ É¨Î¥¸±ÊÕ ¶µ£·¥Ï´µ¸ÉÓ  ¢Éµ·Ò ´¥
¶·¨¢µ¤ÖÉ. �µÔÉµ³Ê Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ÉµÎ±¨ [48] ´¥ ¶·¨£µ¤´Ò ¤²Ö Ë¨É¨·µ-
¢ ´¨Ö ¢ · ³± Ì ¶·¨´ÖÉµ° ´ ³¨ ¶·µÍ¥¤Ê·Ò, ÊÎ¨ÉÒ¢ ÕÐ¥° § ¢¨¸¨³µ¸ÉÓ χ2 µÉ
¸¨¸É¥³ É¨Î¥¸±µ° ¶µ£·¥Ï´µ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¥Î¥´¨° (¸³. · §¤. 4). �´¨
´¥ ¢±²ÕÎ¥´Ò ´ ³¨ ¢ ³ ¸¸¨¢ Ë¨É¨·Ê¥³ÒÌ ¤ ´´ÒÌ.

ˆ§ É·¥Ì · ¡µÉ [49], ¢Ò¶µ²´¥´´ÒÌ ¢ —¨± £¸±µ³ Ê´¨¢¥·¸¨É¥É¥, ¢ ¶µ¸²¥¤´¥°
¶µ²ÊÎ¥´Ò ´ ¨¡µ²¥¥ ÉµÎ´Ò¥ ¤ ´´Ò¥. �´  ¢±²ÕÎ ¥É É ±¦¥ · ´´¨¥ ·¥§Ê²ÓÉ ÉÒ,
¢ ±µÉµ·Ò¥  ¢Éµ·Ò ¢´¥¸²¨ §´ Î¨É¥²Ó´Ò¥ ¶µ¶· ¢±¨ ´  ³´µ£µ±· É´Ò¥ Ëµ´µ¢Ò¥
¶·µÍ¥¸¸Ò ¢ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¸¥Î¥´¨Ö ¤²Ö ³ ²ÒÌ Ê£²µ¢ θ. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸µ
¸± § ´´Ò³ ¢ ´ Î ²¥ ÔÉµ£µ · §¤¥²  Éµ²Ó±µ ¤ ´´Ò¥ ¶·¨ Ê£²¥ θ > 60◦ ¢±²ÕÎ¥´Ò
¢ É ¡². 2. ‘É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²ÊÎ¥´´ÒÌ ¸¥Î¥´¨ÖÌ · ¢´Ò ∼ 5 %,
¸¨¸É¥³ É¨Î¥¸± Ö Å 8 %.

‚ [50] Ô´¥·£¥É¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¸¥Î¥´¨Ö ¤²Ö Ê£²µ¢ θ = 50◦ ¨ 90◦ ¶µ-
± § ´  ¢ ¢¨¤¥ ¸¶²µÏ´ÒÌ ¶µ²µ¸, Ï¨·¨´  ±µÉµ·ÒÌ µ¶·¥¤¥²Ö¥É ¸É É¨¸É¨Î¥¸±ÊÕ
ÉµÎ´µ¸ÉÓ ¤ ´´ÒÌ (≈ 15 %). —¨¸²µ Ô´¥·£¥É¨Î¥¸±¨Ì ¨´É¥·¢ ²µ¢ ¸µµÉ¢¥É¸É¢Ê¥É
Î¨¸²Ê ¨§²µ³µ¢ ¢ ¶·¥¤¸É ¢²¥´´ÒÌ É ±¨³ µ¡· §µ³ ¸¥Î¥´¨ÖÌ. ‚ · ¡µÉ¥ µÉ³¥-
Î¥´µ, ÎÉµ ¤ ´´Ò¥ ¶·¨ θ = 50◦ ¨ ω ≤ 80 ŒÔ‚ ¸¨²Ó´µ ¨¸± ¦¥´Ò Ëµ´µ³. �µ-
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ÔÉµ³Ê ¢ ¤ ²Ó´¥°Ï¥³ ³Ò ¨¸¶µ²Ó§Ê¥³ ¸¥Î¥´¨Ö ¶·¨ θ = 50◦ Éµ²Ó±µ ¤²Ö Ô´¥·£¨°
ω > 80 ŒÔ‚. ‘¨¸É¥³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ ¸¥Î¥´¨° ¨§ [50] · ¢´  ∼ 10 %.

’ ¡²¨Í  2. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ “�” ´  ¶·µÉµ´¥ ¢ µ¡² ¸É¨ Ô´¥·£¨°
ËµÉµ´µ¢ ¤µ 150 ŒÔ‚. “± § ´Ò Î¨¸²µ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ÉµÎ¥± n, ¸¨¸É¥³ É¨Î¥¸± Ö
¶µ£·¥Ï´µ¸ÉÓ δ,   É ±¦¥ Ô´¥·£¨¨, Ê£²Ò ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö ¢ ² ¡. ¸¨¸É¥³¥

‘¸Ò²±  n δ, % ω, ŒÔ‚ θ, £· ¤ dσ/dΩ, ´¡/¸·

Gov56 [48] ∗ 3 Ä 97 45 14, 0 ± 1, 7
90 13, 5 ± 1, 3
135 22, 5 ± 4, 5

Oxl58 [49] 4 8 60 70 10, 6 ± 0, 8
90 10, 8 ± 0, 4
120 11, 8 ± 0, 5
150 14, 7 ± 0, 6

Hym59 [50] 12 10 88 50 13, 9 ± 4, 0
99 50 13, 2 ± 3, 8
109 50 12, 3 ± 3, 8
120 50 12, 8 ± 8, 3
60 90 10, 9 ± 1, 8
70 90 10, 9 ± 1, 9
78 90 10, 9 ± 1, 8
87 90 10, 8 ± 1, 5
95 90 10, 6 ± 1, 4
106 90 10, 5 ± 1, 3
118 90 9, 8 ± 2, 0
128 90 9, 4 ± 4, 0

Gol60 [23] 5 6 55 75 11, 2 ± 0, 8
90 11, 0 ± 0, 5
120 13, 4 ± 0, 8
135 15, 6 ± 0, 8
150 19, 3 ± 0, 7

Ber61 [51] ∗∗ 2 10 120 134,5 14, 9 ± 2, 0
139 133,9 18, 9 ± 1, 9

Fri67 [52] 16 7 80 50 11, 8 ± 2, 4
95 50 9, 4 ± 2, 4
105 50 9, 4 ± 2, 4
115 50 8, 2 ± 2, 4
125 50 4, 7 ± 6, 0
55 90 10, 6 ± 1, 4
75 90 10, 6 ± 1, 4
95 90 10, 6 ± 1, 4
115 90 9, 9 ± 1, 9
125 90 9, 7 ± 2, 8
135 90 4, 7 ± 7, 0
65 135 15, 3 ± 4, 7
75 135 16, 5 ± 4, 7
95 135 18, 9 ± 4, 7
115 135 14, 2 ± 4, 7
125 135 18, 9 ± 9, 4

Bar74a [24] 3 1 80,9 90 11, 5 ± 0, 6
85,4 90 10, 9 ± 0, 4
109,9 90 10, 3 ± 0, 6

Bar74b [24] 4 3,7 81,9 150 14, 4 ± 1, 2
(¸³. É¥±¸É) 86,3 150 13, 7 ± 1, 0

106,7 150 16, 0 ± 0, 8
111,1 150 14, 4 ± 0, 6
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(¶·µ¤µ²¦¥´¨¥ É ¡²¨ÍÒ 2)

‘¸Ò²±  n δ, % ω, ŒÔ‚ θ, £· ¤ dσ/dΩ, ´¡/¸·

Fed91 [1] 16 3 33,5 60 15, 0 ± 1, 6
(¸³. É¥±¸É) 37,5 60 16, 1 ± 1, 4

44,2 60 11, 0 ± 1, 5

48,2 60 12, 0 ± 1, 4
55,0 60 13, 5 ± 1, 3
59,0 60 11, 7 ± 1, 2
65,8 60 12, 7 ± 1, 2
70,0 60 12, 2 ± 1, 0
33,5 135 14, 6 ± 1, 8
37,5 135 15, 0 ± 1, 5
44,2 135 20, 5 ± 1, 8
48,2 135 14, 8 ± 1, 6
55,0 135 14, 9 ± 1, 5
59,0 135 15, 7 ± 1, 4
65,8 135 15, 3 ± 1, 5
70,0 135 13, 5 ± 1, 3

Zie92 [2] ∗∗ 2 4,3 98 180 18, 4 ± 3, 4
132 180 21, 8 ± 1, 2

Hal93 [3] ∗∗ 12 4 135 45,6 8, 4 ± 1, 9
140 45,4 8, 1 ± 1, 5
146 45,2 7, 8 ± 1, 4
138 60,4 8, 3 ± 4, 5
144 60,1 4, 7 ± 3, 4
149 59,9 9, 2 ± 3, 2
132 82,9 12, 4 ± 1, 2
139 82,6 13, 0 ± 1, 1
145 82,3 11, 5 ± 0, 9
130 136,4 18, 3 ± 1, 4
138 136,1 20, 9 ± 1, 3
146 135,9 19, 7 ± 1, 3

Mac95 [4] 8 3,5 73,2 90 10, 4 ± 1, 7
(tagged) 81,8 90 9, 0 ± 1, 6

89,8 90 10, 7 ± 1, 5
96,8 90 8, 6 ± 1, 4
73,2 135 14, 3 ± 1, 8
81,8 135 16, 1 ± 1, 8
89,8 135 16, 7 ± 1, 7
96,8 135 16, 0 ± 1, 6

Mac95 [4] 10 2,9 105 90 9, 5 ± 1, 4
(untagged)∗∗∗ 115 90 12, 1 ± 1, 6

125 90 11, 2 ± 1, 0
135 90 11, 4 ± 1, 6
145 90 13, 1 ± 2, 4
105 135 14, 6 ± 2, 5
115 135 15, 9 ± 2, 0
125 135 14, 9 ± 1, 8
135 135 18, 8 ± 1, 4
145 135 18, 4 ± 2, 0

∗„ ´´Ò¥ ÔÉµ° · ¡µÉÒ ´¥ ¢±²ÕÎ¥´Ò ¢ Ë¨É ¨§-§  µÉ¸ÊÉ¸É¢¨Ö ¨´Ëµ·³ Í¨¨ µ ¸¨¸É¥³ É¨Î¥¸±µ°
¶µ£·¥Ï´µ¸É¨.
∗∗	µ²ÓÏ¨´¸É¢µ ¤ ´´ÒÌ ¨§ · ¡µÉ [3,51] µÉ´µ¸ÖÉ¸Ö ± Ô´¥·£¨Ö³ ¢ÒÏ¥ 150 ŒÔ‚ ¨ §¤¥¸Ó µ¶ÊÐ¥´Ò.
‘¥Î¥´¨Ö, ¶·¨¢¥¤¥´´Ò¥ ¢ [2, 3, 51] ¢ ¸.Í.³., ¤ ´Ò ¢ É ¡²¨Í¥ ¢ ² ¡. ¸¨¸É¥³¥.
∗∗∗“± § ´´Ò¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¸¥Î¥´¨ÖÌ ¶·¨ ± ¦¤µ³ Ê£²¥ · ¸¸¥Ö´¨Ö ¸¨²Ó´µ ±µ··¥²¨·µ¢ ´Ò,
ÎÉµ ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ¶·¨ ¶µ¸É·µ¥´¨¨ ËÊ´±Í¨¨ χ2 (¸³. [4] ¨ · §¤¥² 4).
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‚ · ¡µÉ¥ [51], ¢Ò¶µ²´¥´´µ° ´  ¡¥É É·µ´¥ ˆ²²¨´µ°¸±µ£µ Ê´¨¢¥·¸¨É¥É ,
“�” ´  ¶·µÉµ´¥ ´ ¡²Õ¤ ²µ¸Ó ¶µ µ¤´µ¢·¥³¥´´µ° ·¥£¨¸É· Í¨¨ ¶·µÉµ´  µÉ-
¤ Î¨ ¨ · ¸¸¥Ö´´µ£µ ËµÉµ´ . ’µ²Ó±µ ¤¢  ¨§ ¶µ²ÊÎ¥´´ÒÌ §´ Î¥´¨° Ô±¸¶¥·¨³¥´-
É ²Ó´µ£µ ¸¥Î¥´¨Ö µÉ´µ¸ÖÉ¸Ö ± µ¡² ¸É¨ ω < 150 ŒÔ‚. ˆÌ ¸É É¨¸É¨Î¥¸±¨¥ ¨
¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ µ¤¨´ ±µ¢Ò ¨ · ¢´Ò 10 %.

‚ MIT [52] µ¶·¥¤¥²Ö² ¸Ó Ô´¥·£¥É¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¸¥Î¥´¨Ö ¤²Ö É·¥Ì
Ê£²µ¢ θ. �µ²ÊÎ¥´µ 19 Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ÉµÎ¥± ¸µ ¸É É¨¸É¨Î¥¸±¨³¨ ¶µ-
£·¥Ï´µ¸ÉÖ³¨ ≈ 25% ¨ ¸¨¸É¥³ É¨Î¥¸±µ° ¶µ£·¥Ï´µ¸ÉÓÕ 7 %. �±µ´Î É¥²Ó´Ò¥
§´ Î¥´¨Ö ¸¥Î¥´¨° µ¡ÑÖ¢²¥´Ò Î¥·¥§ 10 ²¥É ¶µ¸²¥ ¶¥·¢ÒÌ ¶Ê¡²¨± Í¨°.

� · ¡µÉ Ì [23, 24], £¤¥ ¢¶¥·¢Ò¥ ¤µ¸É ÉµÎ´µ ´ ¤¥¦´µ µ¶·¥¤¥²¥´  Ô²¥±-
É·¨Î¥¸± Ö ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ¶·µÉµ´  ¨ ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ αÔ±¸¶

p > βÔ±¸¶
p ,

³Ò Ê¦¥ £µ¢µ·¨²¨ ¢ · §¤. 1. ‡¤¥¸Ó µ£· ´¨Î¨³¸Ö µ¤´¨³ ¢ ¦´Ò³ § ³¥Î ´¨¥³,
± ¸ ÕÐ¨³¸Ö ÉµÎ´µ¸É¨ · ¡µÉÒ [24]. �¡¸µ²ÕÉ´ Ö ´µ·³¨·µ¢±  ¸¥Î¥´¨Ö · ¸-
¸¥Ö´¨Ö ËµÉµ´µ¢ ´  ¶·µÉµ´ Ì ¢ [24] ¢Ò¶µ²´Ö² ¸Ó ¶µ ³µ´¨Éµ·´µ³Ê ¶·µÍ¥¸-
¸Ê Å · ¸¸¥Ö´¨Õ ËµÉµ´µ¢ ´   Éµ³´ÒÌ Ô²¥±É·µ´ Ì. �·¨ ¢ÒÎ¨¸²¥´¨¨ ¸¥Î¥´¨Ö
· ¸¸¥Ö´¨Ö ËµÉµ´  ´  Ô²¥±É·µ´¥ ÊÎ¨ÉÒ¢ ²¨¸Ó · ¤¨ Í¨µ´´Ò¥ ¶µ¶· ¢±¨. “£µ²
· ¸¸¥Ö´¨Ö ËµÉµ´µ¢ θe ¢ ³µ´¨Éµ·´µ³ ¶·µÍ¥¸¸¥ ¢Ò¡¨· ²¸Ö É ±, ÎÉµ¡Ò · ¸¸¥Ö´-
´Ò¥ ËµÉµ´Ò ´  ¶·µÉµ´ Ì ¨ Ô²¥±É·µ´ Ì ¨³¥²¨ µ¤¨´ ±µ¢ÊÕ Ô´¥·£¨Õ ω′; ÔÉµÉ
Ê£µ² µ¶·¥¤¥²Ö¥É¸Ö µÉ´µÏ¥´¨¥³ ³ ¸¸ Ô²¥±É·µ´  ¨ ¶·µÉµ´  ¨ Ê£²µ³ · ¸¸¥Ö´¨Ö
¢ µ¸´µ¢´µ³ ¶·µÍ¥¸¸¥: sin (θe/2) = sin (θ/2)

√
me/M . ’µ£¤  ¶·¨ µ¶·¥¤¥²¥-

´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ µÉ´µÏ¥´¨Ö ¸¥Î¥´¨° µ¸´µ¢´µ£µ ¨ ³µ´¨Éµ·´µ£µ ¶·µ-
Í¥¸¸µ¢ ¸¨¸É¥³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ, ¸¢Ö§ ´´ Ö ¸ ´¥¤µ¸É ÉµÎ´Ò³ §´ ´¨¥³
³´µ£¨Ì Ë ±Éµ·µ¢, ¢±²ÕÎ Ö Ô´¥·£¥É¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ ÔËË¥±É¨¢´µ¸É¨ ·¥-
£¨¸É· Í¨¨ ËµÉµ´  γ-É¥²¥¸±µ¶µ³, ¸µ±· Ð ¥É¸Ö. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ´Ê¦´Ò°
Ê£µ² · ¸¸¥Ö´¨Ö ¢ ³µ´¨Éµ·´µ³ ¸¥ ´¸¥ ¡Ò² ¢Ò¤¥·¦ ´ Éµ²Ó±µ ¤²Ö θ = 90◦.
�µ É¥Ì´¨Î¥¸±¨³ ¶·¨Î¨´ ³ ¨§³¥´¨ÉÓ £¥µ³¥É·¨Õ ³µ´¨Éµ·´µ£µ ¸¥ ´¸  ¤²Ö ¶µ²-
´µ£µ ¸µ¢¶ ¤¥´¨Ö Ô´¥·£¥É¨Î¥¸±¨Ì ¨´É¥·¢ ²µ¢ (Ê¢¥²¨Î¨ÉÓ θe) ¶·¨ ¶¥·¥Ìµ¤¥ ±
θ = 150◦ ¡Ò²µ ´¥²Ó§Ö, ¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ γ-É¥²¥¸±µ¶ ·¥£¨¸É·¨·µ¢ ² ËµÉµ´Ò
¸ Ô´¥·£¨¥° ´  ∼ 8 ŒÔ‚ ¡µ²ÓÏ¥, Î¥³ ¢ µ¸´µ¢´µ³ ¶·µÍ¥¸¸¥. �µ¶· ¢±  ´ 
¨§³¥´¥´¨¥ ÔËË¥±É¨¢´µ¸É¨ ·¥£¨¸É· Í¨¨ γ-É¥²¥¸±µ¶  ¸ ·µ¸Éµ³ Ô´¥·£¨° ËµÉµ-
´µ¢ ¢ [24] ¢¢µ¤¨² ¸Ó. �¤´ ±µ  ´ ²¨§, ¶·µ¢¥¤¥´´Ò° ¢ · ³± Ì ¤ ´´µ° · ¡µÉÒ,
¶µ± § ², ÎÉµ ¸¢Ö§ ´´ Ö ¸ ÔÉ¨³ ³ ±¸¨³ ²Ó´ Ö ¶µ£·¥Ï´µ¸ÉÓ ³µ¦¥É ¶·¨¢¥¸É¨
± Ê¢¥²¨Î¥´¨Õ ¸¨¸É¥³ É¨Î¥¸±µ° ¶µ£·¥Ï´µ¸É¨ ¶µ²ÊÎ ¥³ÒÌ ¸¥Î¥´¨° “�” ¤µ
3, 7%.

�µÔÉµ³Ê ¢ · ³± Ì ¶·¨´ÖÉµ° ´ ³¨ ¶·µÍ¥¤Ê·Ò Ë¨É¨·µ¢ ´¨Ö ¨ ¶µ¸É·µ¥´¨Ö
ËÊ´±Í¨¨ χ2 (¸³. Ëµ·³Ê²Ê (16) ¢ · §¤. 4) ³Ò · ¸¸³ É·¨¢ ¥³ ¤ ´´Ò¥ · ¡µÉÒ [24]
¶·¨ Ê£² Ì 90◦ ¨ 150◦ ± ± ¤¢  ´¥§ ¢¨¸¨³ÒÌ ´ ¡µ·  ¤ ´´ÒÌ ¸ ¸¨¸É¥³ É¨Î¥¸±µ°
¶µ£·¥Ï´µ¸ÉÓÕ 1 ¨ 3, 7 % ¸µµÉ¢¥É¸É¢¥´´µ.

2.2. � ¡µÉÒ 90-Ì £µ¤µ¢. ‚ · ¡µÉ¥ [1] ¡Ò²¨ ¢Ò¶µ²´¥´Ò ¶¥·¢Ò¥ ¨§³¥·¥´¨Ö
¸¥Î¥´¨° “�” ´  ¶·µÉµ´¥ ¸ ³¥Î¥´Ò³¨ ËµÉµ´ ³¨. �  ³¨±·µÉ·µ´¥ MUSL-2
¸¥Î¥´¨Ö ¨§³¥·¥´Ò ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° ω µÉ 33 ¤µ 70 ŒÔ‚ ¶·¨ θ = 60◦ ¨
135◦. ‘É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¶µ²ÊÎ¥´´ÒÌ ¢ ÔÉµ° · ¡µÉ¥ ¸¥Î¥´¨° · ¢´Ò
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8−13 %, ¸¨¸É¥³ É¨Î¥¸± Ö Å 3 % ‚ ¤ ²Ó´¥°Ï¥³  ¢Éµ·Ò [1] µ¡´ ·Ê¦¨²¨ ´¥-
ÉµÎ´µ¸ÉÓ ± ²¨¡·µ¢±¨ γ-¤¥É¥±Éµ·µ¢, ¸¢Ö§ ´´ÊÕ ¸ ÊÎ¥Éµ³ ³¥·É¢µ£µ ¢·¥³¥´¨, ¨
¸±µ··¥±É¨·µ¢ ²¨ (Ê³¥´ÓÏ¨²¨) ¶¥·¢µ´ Î ²Ó´Ò¥ ¸¥Î¥´¨Ö ´  3−4 % (¸³., ´ -
¶·¨³¥·, ·¨¸. 9 ¢ [4]). ‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ³Ò ¨¸¶µ²Ó§Ê¥³ ÔÉ¨ ¨¸¶· ¢²¥´´Ò¥
§´ Î¥´¨Ö ¸¥Î¥´¨° [54].

‚ · ¡µÉ¥ [2], ¢Ò¶µ²´¥´´µ° ´  ³¨±·µÉ·µ´¥ MAMI-A ¸ ³¥Î¥´Ò³¨ ËµÉµ-
´ ³¨, ¶·µ¨§¢¥¤¥´µ Ê´¨± ²Ó´µ¥ ¨§³¥·¥´¨¥ ¸¥Î¥´¨Ö “�” ¶·¨ θ = 180◦. � ¡²Õ-
¤¥´¨¥ ¶·µÍ¥¸¸  ¶·µ¢µ¤¨²µ¸Ó ¶µ ·¥£¨¸É· Í¨¨ ¶·µÉµ´  µÉ¤ Î¨, ¢Ò²¥É ÕÐ¥£µ
¶µ¤ Ê£²µ³ 0◦, c ¶µ³µÐÓÕ ³ £´¨É´µ£µ ¸¶¥±É·µ³¥É· . ˆ§³¥·¥´¨Ö ¸¤¥² ´Ò ¤²Ö
Ô´¥·£¨° ω = 98 ¨ 132 ŒÔ‚ ¸ ¸É É¨¸É¨Î¥¸±¨³¨ ¶µ£·¥Ï´µ¸ÉÖ³¨ 18, 5 ¨ 5, 5 %
¸µµÉ¢¥É¸É¢¥´´µ. ‘¨¸É¥³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ ¢ ¶µ²ÊÎ¥´´ÒÌ ¸¥Î¥´¨ÖÌ · ¢´ 
4, 3%.

‚ · ¡µÉ¥ [3], ¢Ò¶µ²´¥´´µ° ´  Ê¸±µ·¨É¥²¥ SAL ¸ Éµ·³µ§´Ò³ ¶ÊÎ±µ³ Ëµ-
Éµ´µ¢, ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ “�” ¨§³¥·Ö²µ¸Ó ± ± ¢ÒÏ¥, É ± ¨ ´¨¦¥
¶µ·µ£  ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢ ´  Ê¸É ´µ¢±¥, ·¥£¨¸É·¨·ÊÕÐ¥° Éµ²Ó±µ · ¸-
¸¥Ö´´Ò° ËµÉµ´. �Éµ ¸É ²µ ¢µ§³µ¦´Ò³ ¡² £µ¤ ·Ö ¨¸¶µ²Ó§µ¢ ´¨Õ ¡µ²ÓÏµ£µ
NaI(Tl)-¸¶¥±É·µ³¥É·  ËµÉµ´µ¢ ¸ Ô´¥·£¥É¨Î¥¸±¨³ · §·¥Ï¥´¨¥³ 1, 5 %. ‘É -
É¨¸É¨Î¥¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²ÊÎ¥´´ÒÌ ¸¥Î¥´¨ÖÌ · ¢´Ò
10−20 ¨ 4 % ¸µµÉ¢¥É¸É¢¥´´µ. ‚ ´ Ï¨Ì Í¥²ÖÌ ³Ò ¨¸¶µ²Ó§Ê¥³ Éµ²Ó±µ ³ ²ÊÕ
Î ¸ÉÓ ÔÉ¨Ì ¤ ´´ÒÌ, µÉ´µ¸ÖÐÊÕ¸Ö ± ¤µ¶µ·µ£µ¢Ò³ Ô´¥·£¨Ö³ ω ≤ 150 ŒÔ‚.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶µ²ÊÎ¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö ¶·¥¤¸É -
¢²¥´Ò ¢ [3] ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨: ± ± ËÊ´±Í¨¨ Ô´¥·£¨¨ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ Ê£² Ì
¨ ± ± Ê£²µ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ Ô´¥·£¨ÖÌ (149 ŒÔ‚ ¢ ´ -
Ï¥³ ¸²ÊÎ ¥). ŒÒ ¶·µ¢µ¤¨²¨ µ¶·¥¤¥²¥´¨¥ ¶µ²Ö·¨§Ê¥³µ¸É¥°, ¨¸¶µ²Ó§ÊÖ µ¡ 
¢ ·¨ ´É  ¶·¥¤¸É ¢²¥´¨Ö ¸¥Î¥´¨°, ¨ ´ Ï²¨, ÎÉµ ¨Ì ·¥§Ê²ÓÉ ÉÒ ´¥³´µ£µ µÉ²¨-
Î ÕÉ¸Ö. ‚ ¶¥·¢µ³ §´ Î¥´¨¥ αÔ±¸¶

p ´  ∼ 1, 3 ·10−4 Ë³3 ¡µ²ÓÏ¥,   §´ Î¥´¨¥ βÔ±¸¶
p

´  ∼ 0, 6 ·10−4 Ë³3 ³¥´ÓÏ¥, Î¥³ ¢µ ¢Éµ·µ³, ÎÉµ, ¢¶·µÎ¥³, ´ Ìµ¤¨É¸Ö ¢ ¶·¥¤¥-
² Ì ¸É É¨¸É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥°. ‚ · ¡µÉ¥ [3] ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§³¥·Ö²¨¸Ó
Ô´¥·£¥É¨Î¥¸±¨¥ · ¸¶·¥¤¥²¥´¨Ö ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ ¶µ²µ¦¥´¨ÖÌ γ-¤¥É¥±Éµ· ,
  Ê£²µ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ω ¢Ò¢µ¤¨²¨¸Ó ¨§ ´¨Ì ´  µ¸´µ¢¥
¤ ²Ó´¥°Ï¨Ì ¶·¥¤¶µ²µ¦¥´¨° µ Ëµ·³¥ Ô´¥·£¥É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ ¤¨ËË¥·¥´-
Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö, ±µÉµ·µ¥ ¨³¥¥É ¨§²µ³ (± ¸¶) ¢¡²¨§¨ ¶¨µ´´µ£µ ¶µ·µ£ . ‚
´ Ï¥° · ¡µÉ¥ ³Ò ¶·¥¤¶µÎ²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¶¥·¢¨Î´Ò¥ Ô´¥·£¥É¨Î¥¸±¨¥,   ´¥
¢Éµ·¨Î´Ò¥ Ê£²µ¢Ò¥ § ¢¨¸¨³µ¸É¨ Å ¢¸¥£µ 12 ÉµÎ¥±.

‚ · ¡µÉ¥ [4], ¸¤¥² ´´µ° É ±¦¥ ´  Ê¸±µ·¨É¥²¥ SAL, ¨§³¥·¥´¨Ö ¢Ò¶µ²´Ö-
²¨¸Ó ¸ ¡µ²ÓÏ¨³¨ NaI(Tl)-¤¥É¥±Éµ· ³¨ ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° ω = 73÷148 ŒÔ‚
¶·¨ Ê£² Ì θ = 90◦ ¨ 135◦. ‘¨¸É¥³  ³¥Î¥´¨Ö ¶µ§¢µ²Ö²  µÉ¤¥²Ó´µ ³¥É¨ÉÓ Ëµ-
Éµ´Ò ¸ Ô´¥·£¨Ö³¨ ω ≤ 100 ŒÔ‚. ‚ ´¥³¥Î¥´ÒÌ ¸µ¡ÒÉ¨ÖÌ ¸¶¥±É· ±µ´¥Î´ÒÌ
ËµÉµ´µ¢ ¶·¨ Ô´¥·£¨ÖÌ ω′ ≤ 80 ŒÔ‚ ¡Ò² § £·Ö§´¥´ ËµÉµ´ ³¨, ´¥ ¸¢Ö§ ´´Ò³¨
¸ “�” ´  ¶·µÉµ´¥. ˆÌ ¨¸ÉµÎ´¨±µ³ ¸²Ê¦¨É, ´ ¶·¨³¥·, ·¥ ±Í¨Ö γp → e+e−γ′p,
  É ±¦¥ · ¸¶ ¤ π0-³¥§µ´µ¢, ·µ¦¤ ¥³ÒÌ ËµÉµ´ ³¨ Éµ·³µ§´µ£µ ¸¶¥±É· , ³ ±-
¸¨³ ²Ó´ Ö Ô´¥·£¨Ö ±µÉµ·µ£µ (148 ŒÔ‚) ´¥³´µ£µ ¶·¥¢ÒÏ ²  ¶µ·µ£ ËµÉµ·µ-
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¦¤¥´¨Ö π0-³¥§µ´µ¢ (144,7 ŒÔ‚). �µÔÉµ³Ê ¸¥Î¥´¨Ö ¶·¨ ω < 100 ŒÔ‚ µ¶·¥-
¤¥²Ö²¨¸Ó Éµ²Ó±µ ¶µ ¸µ¡ÒÉ¨Ö³ ¸ ³¥Î¥´Ò³¨ ËµÉµ´ ³¨,   ¶·¨ ω > 100 ŒÔ‚ Å
¶µ ´¥³¥Î¥´Ò³ ¸µ¡ÒÉ¨Ö³. ‘É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ §´ Î¥´¨ÖÌ ¸¥Î¥´¨°
¶·¨ ω < 100 ŒÔ‚ ¨ ω > 100 ŒÔ‚ · ¢´Ò 10−17 ¨ ∼ 13 % ¸µµÉ¢¥É¸É¢¥´´µ.
‘¨¸É¥³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ ¨§³¥·¥´¨° ¸ ³¥Î¥´Ò³¨ ËµÉµ´ ³¨ ¢ ¸·¥¤´¥³
· ¢´  3, 5 %,   ¸ Éµ·³µ§´Ò³¨ ËµÉµ´ ³¨ Å 2, 9 %.

�É³¥É¨³, ÎÉµ Ô´¥·£¨Ö Ô²¥±É·µ´´µ£µ ¶ÊÎ± , ¨¸¶µ²Ó§µ¢ ´´µ£µ ¢ · ¡µÉ¥ [4],
¡Ò²  Ë¨±¸¨·µ¢ ´´µ°, É ± ÎÉµ Ô´¥·£¥É¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¸¥Î¥´¨Ö “�” ¸
Éµ·³µ§´Ò³¨ ËµÉµ´ ³¨ ¶µ²ÊÎ ² ¸Ó ¢ ·¥§Ê²ÓÉ É¥  ´ ²¨§  ¸¶¥±É·  ·¥£¨¸É·¨·Ê-
¥³ÒÌ ËµÉµ´µ¢. ˆ§-§  ±µ´¥Î´µ£µ Ô´¥·£¥É¨Î¥¸±µ£µ · §·¥Ï¥´¨Ö ¤¥É¥±Éµ·  ¶µ²Ê-
Î ¥³Ò¥ ¸¥Î¥´¨Ö ¢ ¢Ò¡· ´´ÒÌ ¶ÖÉ¨ ¨´É¥·¢ ² Ì Ô´¥·£¨° µÉ 100 ¤µ 150 ŒÔ‚
¨³¥ÕÉ ¸¨²Ó´µ ±µ··¥²¨·µ¢ ´´Ò¥ ¸É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨, ÎÉµ ¸²¥¤Ê¥É
ÊÎ¨ÉÒ¢ ÉÓ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ³¥Éµ¤  χ2. ‚ É ¡². 2 ¶·¨¢¥¤¥´Ò ¸¥Î¥´¨Ö Éµ²Ó±µ
¸ ¤¨ £µ´ ²Ó´Ò³¨ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ ¶µ£·¥Ï´µ¸É¥° [4]. ˆ¸¶µ²Ó§µ¢ ÉÓ ¡Ê-
±¢ ²Ó´µ Ê± § ´´Ò¥ ¶µ£·¥Ï´µ¸É¨ ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö ·¥§Ê²ÓÉ Éµ¢ Ô±¸¶¥·¨³¥´É 
[4] ´¥²Ó§Ö. �· ¢¨²Ó´ Ö ¶·µÍ¥¤Ê·  µ¡¸Ê¦¤ ¥É¸Ö ¢ [4] (¸³. É ±¦¥ · §¤. 4).

‚ [8] ¸Ê³³  ¨ · §´µ¸ÉÓ ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  αp ¨ βp ¨§¢²¥± ²¨¸Ó
¨§ ¤ ´´ÒÌ [1Ä4, 24] ¶·¨ ω ≤ 150 ŒÔ‚ ¨ ¶µ²ÊÎ¥´´ÒÌ ¸µ¢¸¥³ ´¥¤ ¢´µ ´ 
Ê¸±µ·¨É¥²ÖÌ BNL ¨ MAMI ¤ ´´ÒÌ [5Ä7], µÉ´µ¸ÖÐ¨Ì¸Ö ± µ±·¥¸É´µ¸É¨ ∆33-
·¥§µ´ ´¸ . ”¨É¨·µ¢ ´¨¥ ¢¸¥Ì ÔÉ¨Ì ¤ ´´ÒÌ, ¢Ò¶µ²´¥´´µ¥ ¢ [8], ¶µ± § ²µ, ÎÉµ
¶µ²ÊÎ ¥³µ¥ §´ Î¥´¨¥ · §´µ¸É¨ (αp − βp)Ô±¸¶ ¢¥¸Ó³  ÎÊ¢¸É¢¨É¥²Ó´µ ± ¤¥É ²Ö³
É¥µ·¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö “�” ¢ÒÏ¥ ¶µ·µ£  ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢ (¸³. · §¤. 3
¨ 5). �µÔÉµ³Ê ¤ ²¥¥ ³Ò ´¥ ¨¸¶µ²Ó§Ê¥³ ¤ ´´Ò¥ ¶µ “�” ¶·¨ ω > 150 ŒÔ‚,

‚¸¥ ¤ ´´Ò¥ ¶µ ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê ¸¥Î¥´¨Õ γp-· ¸¸¥Ö´¨Ö ¶·¨
ω ≤ 150 ŒÔ‚ ¸µ¡· ´Ò ¢ É ¡². 2, £¤¥ ¤²Ö ± ¦¤µ° · ¡µÉÒ ¶·¨¢µ¤¨É¸Ö Î¨-
¸²µ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ÉµÎ¥± (n), ¸¨¸É¥³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ (δ) ¨ ¸ ³¨
¸¥Î¥´¨Ö ¶·¨ Ô´¥·£¨¨ ω ¤²Ö Ê£²  θ ¸µ ¸É É¨¸É¨Î¥¸±¨³¨ ¶µ£·¥Ï´µ¸ÉÖ³¨. ˆ§
É ¡². 2 ¢¨¤´µ, ÎÉµ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¨§³¥·¥´¨° ¸¥Î¥´¨Ö “�” ´ 
¶·µÉµ´¥ ¢ · ¡µÉ Ì ¶µ¸²¥¤´¨Ì ²¥É ¶·¨¡²¨§¨É¥²Ó´µ ¢ ¤¢  · §  ³¥´ÓÏ¥, Î¥³
¢ · ´´¨Ì · ¡µÉ Ì, §  ¨¸±²ÕÎ¥´¨¥³ [24]. �¤´ ±µ ¸É É¨¸É¨Î¥¸± Ö ÉµÎ´µ¸ÉÓ
¨§³¥·¥´¨° ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¸¥Î¥´¨Ö, ¤µ¸É¨£´ÊÉ Ö ¢ · ´´¨Ì · ¡µÉ Ì, ´¥
Éµ²Ó±µ ´¥ Ê¸ÉÊ¶ ¥É ÉµÎ´µ¸É¨ ¨§³¥·¥´¨° ¶µ¸²¥¤´¨Ì ²¥É, ´µ ¢ ·Ö¤¥ · ¡µÉ ¥¥ ¶·¥-
¢µ¸Ìµ¤¨É. �µ Î¨¸²Ê ¶µ²ÊÎ¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ÉµÎ¥± · ´´¨¥ ¨ ¶µ§¤´¨¥
· ¡µÉÒ ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ. �¥¸µ³´¥´´Ò³ ¤µ¸Éµ¨´¸É¢µ³ · ¡µÉ 90-Ì £µ¤µ¢
Ö¢²ÖÕÉ¸Ö ¨§³¥·¥´¨Ö Ô´¥·£¥É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ ¸¥Î¥´¨Ö “�”. Š ´¥¤µ¸É É-
± ³ ÔÉ¨Ì · ¡µÉ µÉ´µ¸¨É¸Ö ¡¥¤´ Ö ¨´Ëµ·³ Í¨Ö ¶µ Ê£²µ¢µ³Ê · ¸¶·¥¤¥²¥´¨Õ,
 ¸¨³³¥É·¨Ö ±µÉµ·µ£µ µÉ´µ¸¨É¥²Ó´µ Ê£²  θ = 90◦ ÎÊ¢¸É¢¨É¥²Ó´  ± ¢¥²¨Î¨´¥
³ £´¨É´µ° ¶µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  ¨ ³µ¤¥²Ó´Ò³ ¶µ¶· ¢± ³ ¢ É¥µ·¥É¨Î¥¸±µ³
¸¥Î¥´¨¨. �µÔÉµ³Ê ¶·¨ µ¶·¥¤¥²¥´¨¨ ³¨·µ¢ÒÌ ¸·¥¤´¨Ì §´ Î¥´¨° ¶µ²Ö·¨§Ê¥³µ-
¸É¥° ¶·µÉµ´  αÔ±¸¶

p ¨ βÔ±¸¶
p ¢¸¥ ¥Ð¥ ¦¥² É¥²Ó´µ Ë¨É¨·µ¢ ÉÓ ¢¸Õ ¸µ¢µ±Ê¶´µ¸ÉÓ

´¥ µÎ¥´Ó ³´µ£µÎ¨¸²¥´´ÒÌ ¨ ´¥ µÎ¥´Ó ÉµÎ´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ
“�” ´  ¶·µÉµ´¥.
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‚ ÔÉµ³ · §¤¥²¥ µ¡¸Ê¦¤ ÕÉ¸Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ¨ ¤¨¸¶¥·¸¨µ´´µ¥ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö “�” ´  ¶·µÉµ´¥, ±µÉµ·Ò¥ µ¡ÒÎ´µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶·¨
Ë¨É¨·µ¢ ´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¨ µ¶·¥¤¥²¥´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
§´ Î¥´¨° ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  αÔ±¸¶

p ¨ βÔ±¸¶
p . ‘¶¥Í¨ ²Ó´µ µ¡· Ð ¥É¸Ö

¢´¨³ ´¨¥ ´  µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨ ¨ ÉµÎ´µ¸ÉÓ É¥µ·¥É¨Î¥¸±¨Ì ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ ¸¥Î¥´¨°.

3.1. �¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ¶·¨¡²¨¦¥´¨¥. � §²µ¦¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó-
´µ£µ ¸¥Î¥´¨Ö “�” ´  ¶·µÉµ´¥ ¶µ ¸É¥¶¥´Ö³ Ô´¥·£¨¨ ¶ ¤ ÕÐ¥£µ ËµÉµ´  ¢
².¸. ω ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì É¥µ·¥³ ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö-
´¨Ö Tfi (f = γ′p′ ¨ i = γp, ±µ´¥Î´µ¥ ¨ ´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨Ö), ¢Ò¢¥¤¥´-
´ÒÌ ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¶µ ±µ´¸É ´É¥ ¸¨²Ó´µ° ¸¢Ö§¨ ¨§
µ¡Ð¨Ì ¶·¨´Í¨¶µ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö: ·¥²ÖÉ¨¢¨¸É¸± Ö, ± ²¨¡·µ¢µÎ´ Ö,
P -, T -¨´¢ ·¨ ´É´µ¸É¨, ¶µ²´µÉ  ¸¨¸É¥³Ò ¸µ¸ÉµÖ´¨° ¨ É.¤. ’ ±, ¶µ É¥µ·¥³¥
’¨··¨´£  [55], ¸¶· ¢¥¤²¨¢µ° É ±¦¥ ¢µ ¢¸¥Ì ¶µ·Ö¤± Ì ¶µ ±µ´¸É ´É¥ Éµ´±µ°
¸É·Ê±ÉÊ·Ò e2 = 1/137 (� = c = 1),  ³¶²¨ÉÊ¤  “�” ´  ²Õ¡µ° § ·Ö¦¥´´µ°
Î ¸É¨Í¥ (¨µ´, Ö¤·µ,  ¤·µ´) ¢ ¶·¥¤¥²¥ ´Ê²¥¢µ° Ô´¥·£¨¨ ω ¸µ¢¶ ¤ ¥É ¸ ±² ¸¸¨-
Î¥¸±µ° Éµ³¸µ´µ¢¸±µ°  ³¶²¨ÉÊ¤µ° T T

fi = −(e2/M)e · e ′, £¤¥ e ¨ M Å § ·Ö¤
¨ ³ ¸¸  Î ¸É¨ÍÒ,   e ¨ e ′ Å ¢¥±Éµ·Ò ¶µ²Ö·¨§ Í¨¨ ´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ
ËµÉµ´µ¢.

’¥µ·¥³  ƒ¥²²-Œ ´´ Äƒµ²Ó¤¡¥·£¥· Ä‹µÊ [56,57] ÊÉ¢¥·¦¤ ¥É, ÎÉµ ¶µ¸ÉµÖ´-
´Ò¥ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ²¨´¥°´ÒÌ ¶µ ω ¸¶¨´-É¥´§µ·´ÒÌ ¸É·Ê±ÉÊ· Ì · §²µ¦¥-
´¨Ö  ³¶²¨ÉÊ¤Ò “�” ´  ¶·µÉµ´¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ § ·Ö¤ e, ³ ¸¸Ê M ¨  .³.³.
λ. �¤´ ±µ ¢¸¥ ω-Î²¥´Ò ¢  ³¶²¨ÉÊ¤¥ § ¢¨¸ÖÉ µÉ ¸¶¨´  ¶·µÉµ´  ¨ ´¥ ¢´µ¸ÖÉ
²¨´¥°´Ò° ¶µ ω ¢±² ¤ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¤²Ö ´¥¶µ²Ö·¨§µ¢ ´´ÒÌ
¶·µÉµ´µ¢.

�¡µ¡Ð¥´¨¥ ÔÉ¨Ì ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì É¥µ·¥³ ´  ω2-Î²¥´Ò  ³¶²¨ÉÊ¤Ò
“�” ¡Ò²µ ¶µ²ÊÎ¥´µ ¢ · ¡µÉ Ì [26,28,58Ä61], £¤¥ ¤µ± § ´µ, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨¥ ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ e, M , λ ¨ ¤¢¥ ¸É·Ê±ÉÊ·´Ò¥
±µ´¸É ´ÉÒ αp ¨ βp, ¶µ²ÊÎ¨¢Ï¨¥ ´ §¢ ´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ .

‚ · ³± Ì Éµ£µ ¦¥ ±¢ ´Éµ¢µ-¶µ²¥¢µ£µ ¶µ¤Ìµ¤  ¢Ò¢¥¤¥´Ò ´µ¢Ò¥ Ëµ·³Ê²Ò
¨ ¤²Ö ¸ ³¨Ì ¶µ²Ö·¨§Ê¥³µ¸É¥°, ±µÉµ·Ò¥ ±·µ³¥ ¨§¢¥¸É´ÒÌ ¨§ ´¥·¥²ÖÉ¨¢¨¸É¸±µ°
É¥µ·¨¨ ¸Ê³³ ¶µ ¢µ§¡Ê¦¤¥´´Ò³ ¸µ¸ÉµÖ´¨Ö³ ¶·µÉµ´  ¨³¥ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò¥
·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶µ¶· ¢±¨, ¢Ò· ¦ ÕÐ¨¥¸Ö Î¥·¥§ e, M , λ ¨ § ·Ö¤µ¢Ò° · ¤¨Ê¸
¶·µÉµ´  [28, 58, 60Ä62]. ‘Ìµ¦¥¸ÉÓ ¶µ²ÊÎ¥´´ÒÌ Ëµ·³Ê² ¸ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³¨
¶µ¸²Ê¦¨²  µ¸´µ¢ ´¨¥³ ¤²Ö ¶·¨´ÖÉµ£µ ´ §¢ ´¨Ö ±µ´¸É ´É αp ¨ βp. �¡µ¡Ð¥´-
´ Ö ´¨§±µÔ´¥·£¥É¨Î¥¸± Ö É¥µ·¥³  µÉ±·Ò²  ¢µ§³µ¦´µ¸ÉÓ ¢Ò¢¥¸É¨ ¤¨ËË¥·¥´-
Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ “�” ´  ¶·µÉµ´¥ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ω2-Î²¥´µ¢ ¨ É¥³ ¸ ³Ò³
¶µ¸É ¢¨²  § ¤ ÎÊ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ µ¶·¥¤¥²¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° αp ¨ βp

´  ·¥ ²Ó´ÊÕ µ¸´µ¢Ê. ’ ±µ¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥,
¢Ò¢¥¤¥´´µ¥ ¢¶¥·¢Ò¥ ¢ [28a], ¶·¨ Ö¢´µ³ ÊÎ¥É¥ ±·µ¸¸¨´£-¸¨³³¥É·¨¨  ³¶²¨ÉÊ¤Ò
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Tfi ¶·¨´¨³ ¥É ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ ¢¨¤

dσ

dΩ
=

1
2

( e2

M

)2(ω′

ω

)2
{

1 + cos2 θ +
ωω′

M2

[
1 + 2λ +

9
2
λ2 + 3λ3 +

3
4
λ4−

−(2 + 4λ + 5λ2 + 2λ3) cos θ + (1 + 2λ +
1
2
λ2 − λ3 − 1

4
λ4) cos2 θ

]
−

−2Mωω′

e2
[αp(1 + cos2 θ) + 2βp cos θ] + O(ω2ω′2)

}
, (1)

£¤¥ ω′ = ω/[1+(ω/M)(1−cosθ)] Å Ô´¥·£¨Ö ±µ´¥Î´µ£µ ËµÉµ´  ¢ ².¸. �µ¸²¥¤-
´¨° Î²¥´ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì ¢ Ëµ·³Ê²¥ (1) ¶µ²ÊÎ ¥É¸Ö ¨§-§  ¨´É¥·Ë¥·¥´-
Í¨¨ Éµ³¸µ´µ¢¸±µ£µ ¢±² ¤  ¢  ³¶²¨ÉÊ¤¥ ¸ É¥³¨ ω2-¢±² ¤ ³¨, ±µÉµ·Ò¥ § ¢¨¸ÖÉ
µÉ ¶µ²Ö·¨§Ê¥³µ¸É¥° αp ¨ βp. …¸²¨ ¥£µ µÉ¡·µ¸¨ÉÓ, Éµ (1) ¶¥·¥Ìµ¤¨É ¢ ¸¥Î¥´¨¥
�µÊÔ²²  dσ�/dΩ. …Ð¥ · § ¶µ¤Î¥·±´¥³, ÎÉµ ¶·¨ ¢Ò¢µ¤¥ Ëµ·³Ê²Ò (1) ´¨± -
±¨Ì ¶·¥¤¶µ²µ¦¥´¨° µ ¸É·Ê±ÉÊ·¥ ¶·µÉµ´  ¨ ³¥Ì ´¨§³ Ì ¥£µ ¢§ ¨³µ¤¥°¸É¢¨Ö
¸ ËµÉµ´µ³ ´¥ ¤¥² ²µ¸Ó∗. �µÔÉµ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ (1) ´ §Ò¢ ÕÉ
¡¥§³µ¤¥²Ó´Ò³, ¨ µ´µ ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± µ¶¥· Í¨µ´ ²Ó´µ¥ µ¶·¥¤¥²¥-
´¨¥ ¶µ²Ö·¨§Ê¥³µ¸É¥° αp ¨ βp Î¥·¥§ “�” ´  ¶·µÉµ´¥. …¸²¨ ¢ (1) ¨¸±²ÕÎ¨ÉÓ
Ë ±Éµ· Ë §µ¢µ£µ µ¡Ñ¥³  (ω′/ω)2, Éµ ¢¨¤´µ, ÎÉµ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ · §²µ¦¥-
´¨¥ ¨¤¥É ¶µ ¥¤¨´¸É¢¥´´µ³Ê ±·µ¸¸¨´£-¸¨³³¥É·¨Î´µ³Ê ¶ · ³¥É·Ê ωω′. ’ ±¨³
µ¡· §µ³, Ëµ·³Ê²  (1) Ë ±É¨Î¥¸±¨ ¸¶· ¢¥¤²¨¢  ¤µ ω3-Î²¥´µ¢ ¢±²ÕÎ¨É¥²Ó´µ
(¸³. [29]). „²Ö ±· É±µ¸É¨ ³Ò µ¡µ§´ Î ¥³ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ · §²µ¦¥´¨¥
¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö (1) ± ± LEX.

ˆ¸¶µ²Ó§µ¢ ´¨¥ LEX ¤²Ö Ë¨É¨·µ¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¨ µ¶·¥-
¤¥²¥´¨Ö §´ Î¥´¨° ¶µ²Ö·¨§Ê¥³µ¸É¥° αÔ±¸¶

p ¨ βÔ±¸¶
p µ¶· ¢¤ ´´µ, ¥¸²¨ ®·¥¤ÊÍ¨·µ-

¢ ´´µ¥ Ô±¸¶¥·¨³¥´É ²Ó´µ¥ ¸¥Î¥´¨¥¯

dσ̃Ô±¸¶

dΩ
=
( ω

ω′

)2 dσÔ±¸¶

dΩ
(2)

¶·¨ Ë¨±¸¨·µ¢ ´´µ³ Ê£²¥ · ¸¸¥´¨Ö θ ²¨´¥°´µ § ¢¨¸¨É µÉ ωω′. Š ± ¨³¥-
ÕÐ¨¥¸Ö ¤ ´´Ò¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ÔÉµ³Ê É·¥¡µ¢ ´¨Õ, ¶µ± § ´µ ´  ·¨¸. 1, £¤¥
¤ ´Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¸¥Î¥´¨Ö ¶·¨ θ = 90◦ ¨ 135◦. ’ ³ ¦¥ ¶µ± § ´ 
É¥µ·¥É¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ µÉ ωω′ ¤·Ê£¨Ì ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¸¥Î¥´¨°,  
É ±¦¥ ¤¨¸¶¥·¸¨µ´´µ£µ ¸¥Î¥´¨Ö. ‚¨¤´µ, ÎÉµ µÉ¡· ¸Ò¢ ¥³Ò¥ ¢ LEX Î²¥´Ò

∗‚ [26,28,29,60,61] ´¨§±µÔ´¥·£¥É¨Î¥¸±¨¥ É¥µ·¥³Ò ¢Ò¢¥¤¥´Ò ¢ ´¨§Ï¥³ ¶µ e2 ¶·¨¡²¨¦¥´¨¨.
� ¤¨ Í¨µ´´Ò¥ ¶µ¶· ¢±¨ ± Ëµ·³Ê²¥ (1) ¢ÒÎ¨¸²Ö²¨¸Ó ¢ [63,64]. �·¨ ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ Ô´¥·£¨ÖÌ
ω ¨ Ê£² Ì θ ÔÉ¨ ¶µ¶· ¢±¨ ¸¢µ¤ÖÉ¸Ö ± ¸¤¢¨£Ê ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ´  ¶·¥´¥¡·¥¦¨³µ ³ ²ÊÕ
¢¥²¨Î¨´Ê ¶µ·Ö¤±  e4/M3 = 0, 005 · 10−4 Ë³3.
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�¨¸. 1. ‡ ¢¨¸¨³µ¸ÉÓ ·¥¤ÊÍ¨·µ¢ ´´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö γp-· ¸¸¥Ö´¨Ö (2) µÉ
ωω′ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ Ê£²¥ θ = 90◦ (a) ¨²¨ 135◦ (¡). ’µÎ¥Î´Ò¥ ±·¨¢Ò¥ Å ¸¥Î¥´¨¥
�µÊÔ²²  (¢¥·Ì´ÖÖ ±·¨¢ Ö) ¨ Š²¥°´ Ä�¨Ï¨´ÒÄ’ ³³  (´¨¦´ÖÖ ±·¨¢ Ö); µ´¨ µÉ²¨Î -
ÕÉ¸Ö ÊÎ¥Éµ³ ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ´¥ÊÎ¥Éµ³  ´µ³ ²Ó´µ£µ ³ £´¨É´µ£µ ³µ³¥´É  ¶·µÉµ´ .
�Ê´±É¨·´ Ö ±·¨¢ Ö Å ¸¥Î¥´¨¥ LEX (1) ¶·¨ αp = 12, 1 ¨ βp = 2, 1. ˜É·¨Ì¶Ê´±É¨·-
´ Ö ±·¨¢ Ö (ELEX) ¢±²ÕÎ ¥É ¶µ¶· ¢±¨ ∆1 ¨ ∆2 (¸³. É¥±¸É). ‘¶²µÏ´ Ö ±·¨¢ Ö Å
¶·¥¤¸± § ´¨Ö ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨°. „ ´´Ò¥ ¨§ · ¡µÉ [23, 24, 49, 51] (Î¥·´Ò¥
±·Ê¦±¨) ¨ [1, 4] (¸¢¥É²Ò¥ ±·Ê¦±¨)

O(ω2ω′2) ¶·¨ ω ≥ 80 ŒÔ‚ ´¥ ³ ²Ò. —Éµ¡Ò ¨³¥ÉÓ ¢µ§³µ¦´µ¸ÉÓ Ë¨É¨·µ-
¢ ÉÓ ¢¸¥ ¤ ´´Ò¥ ¶·¨ ω < 150 ŒÔ‚ ¶·µ¸ÉÒ³  ²£¥¡· ¨Î¥¸±¨³ ¢Ò· ¦¥´¨¥³,
¤µ¡ ¢¨³ ± Ëµ·³Ê²¥ (1) ω2ω′2-¶µ¶· ¢±Ê, µÉ¢¥É¸É¢¥´´ÊÕ §  ´¥²¨´¥°´Ò° ·µ¸É
®·¥¤ÊÍ¨·µ¢ ´´µ£µ ¸¥Î¥´¨Ö¯. �¡Ð Ö ¸É·Ê±ÉÊ·  É ±µ° ¶µ¶· ¢±¨ ¨³¥¥É ¢¨¤

∆1 =
(

ω′

ω

)2

ω2ω′2A(θ), (3)

£¤¥ A(θ) Å ¶µ²¨´µ³ É·¥ÉÓ¥° ¸É¥¶¥´¨ µÉ cos θ [65], §´ Î¥´¨¥ ±µÉµ·µ£µ ¶·¨
Ë¨±¸¨·µ¢ ´´µ³ θ ¡Ê¤¥³ ¸Î¨É ÉÓ ´µ¢Ò³ ¸¢µ¡µ¤´Ò³ ¶ · ³¥É·µ³∗. „·Ê£ Ö ¶µ-

∗�·¨ µ¤´µ¢·¥³¥´´µ³ Ë¨É¨·µ¢ ´¨¨ ¤ ´´ÒÌ, µÉ´µ¸ÖÐ¨Ì¸Ö ± · §´Ò³ Ê£² ³ θ, ´Ê¦´µ ¢ ·Ó¨-
·µ¢ ÉÓ ´ ·Ö¤Ê ¸ αp ¨ βp ¥Ð¥ Î¥ÉÒ·¥ ±µÔËË¨Í¨¥´É  ¶µ²¨´µ³  A(θ), ÎÉµ ¶·¨¢µ¤¨É ± § ³¥É´µ³Ê
Ê¢¥²¨Î¥´¨Õ µÏ¨¡µ± ¢ ¨§¢²¥± ¥³ÒÌ §´ Î¥´¨ÖÌ αÔ±¸¶

p ¨ βÔ±¸¶
p . ‚¸¥ ¨²¨ Î ¸ÉÓ ¨§ ÔÉ¨Ì ±µÔË-

Ë¨Í¨¥´Éµ¢ ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¢ · ³± Ì ¤¨¸¶¥·¸¨µ´´µ£µ ¶µ¤Ìµ¤  (¸³. ¶. 3.2), ´µ ÔÉµ ¢´µ¸¨É ¢
´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ¸¥Î¥´¨¥ ³µ¤¥²Ó´ÊÕ § ¢¨¸¨³µ¸ÉÓ. ’ ±µ¢  ¶² É  §  · ¸Ï¨·¥´¨¥ µ¡² ¸É¨ ¶·¨-
³¥´¨³µ¸É¨ Ëµ·³Ê²Ò (1).
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¶· ¢±  ± Ëµ·³Ê²¥ (1), ¢²¨ÖÕÐ Ö ´  ·¥§Ê²ÓÉ ÉÒ Ë¨É¨·µ¢ ´¨Ö, ¢µ§´¨± ¥É µÉ
¨´É¥·Ë¥·¥´Í¨¨ ω-Î²¥´µ¢ ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ°  ³¶²¨ÉÊ¤¥ ¸ ±Ê¡¨Î´µ° ¶µ
ω  ³¶²¨ÉÊ¤µ° ‹µÊ [51, 56], ÊÎ¨ÉÒ¢ ÕÐ¥° ¢±² ¤ ¡²¨¦ °Ï¥£µ ± Ë¨§¨Î¥¸±µ°
µ¡² ¸É¨ §´ Î¥´¨° ±¨´¥³ É¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¶µ²Õ¸  ¢ t-± ´ ²¥ µÉ µ¡³¥´ 
´¥°É· ²Ó´Ò³ ¶¨µ´µ³. �´  ¨³¥¥É ¢¨¤∗

∆2 =
(

ω′

ω

)2
e2

M

ω2ω′2

M2

gπNNFπγγ

8π(m2
π − t)

[1 + 3λ + λ2 − (1 + λ) cos θ](1 − cos θ)2.

(4)

‚ (4) t = −2ωω′(1 − cos θ) Å ±¢ ¤· É ¶¥·¥¤ ¢ ¥³µ£µ ¶·µÉµ´Ê 4-¨³¶Ê²Ó¸ ,
mπ Å ³ ¸¸  ´¥°É· ²Ó´µ£µ ¶¨µ´ ,   ¶·µ¨§¢¥¤¥´¨¥ ±µ´¸É ´É πNN -¢§ ¨³µ¤¥°-
¸É¢¨Ö ¨ · ¸¶ ¤  π0 → γγ µÉ·¨Í É¥²Ó´µ (¢ ¸µµÉ¢¥É¸É¢¨¨ ¸µ ¸É·Ê±ÉÊ·µ°  ´µ-
³ ²¨¨ ¢  ²£¥¡·¥ Éµ±µ¢ ¨ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´ Ì; ¸³., ´ ¶·¨-
³¥·, [67]) ¨ ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

gπNNFπγγ = −16π

√
g2

πNN

4π

Γπ0→γγ

m3
π

= −(0, 331± 0, 012) ƒÔ‚−1. (5)

‚ (5) ¶µ¤¸É ¢²¥´Ò ¸²¥¤ÊÕÐ¨¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö ±µ´¸É ´É: g2
πNN/4π =

(13,75 ± 0,55) [68], Γπ0→γγ = (7,74 ± 0,55) Ô‚ [69]. ‚Ò¤¥²¥´¨¥ ¨´É¥·Ë¥·¥´-
Í¨µ´´µ£µ ¢±² ¤  (4) ¢ µÉ¤¥²Ó´µ¥ ¸² £ ¥³µ¥ µ¡ÑÖ¸´Ö¥É¸Ö ¥£µ ·¥§±µ° ¶µ²Õ¸´µ°
§ ¢¨¸¨³µ¸ÉÓÕ µÉ t. �·¥´¥¡·¥ÎÓ ÔÉµ° t-§ ¢¨¸¨³µ¸ÉÓÕ ´¥²Ó§Ö. „¥°¸É¢¨É¥²Ó´µ,
¶·¨ ω ≥ 70 ŒÔ‚ ¨ θ ≥ 90◦ §´ Î¥´¨Ö |t| ≥ m2

π ¨ · §²µ¦¥´¨¥ ∆2 ¢ ¸É¥¶¥´´µ°
·Ö¤ ¶µ t/m2

π ´¥¢µ§³µ¦´µ. ‘²¥¤µ¢ É¥²Ó´µ, ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ (1) ¸ ¶µ-
¶· ¢± ³¨ (3) ¨ (4), ±µÉµ·µ¥ ¡Ê¤¥³ µ¡µ§´ Î ÉÓ ± ± ELEX, ´¥ Ö¢²Ö¥É¸Ö ¶µ¸²¥¤µ-
¢ É¥²Ó´Ò³ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³, ¨ ¥£µ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ
± ± µ¤´µ ¨§ ¶·µ¸ÉÒÌ  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì ¢Ò· ¦¥´¨°. �¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨
ELEX, ± ± ¢¨¤´µ ¨§ ·¨¸. 1, ¶·µ¸É¨· ¥É¸Ö ¤µ Ô´¥·£¨° ω ≈ 130−140 ŒÔ‚.
ELEX Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨ Ë¨É¨·µ¢ ´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¥Î¥´¨°,
¨§³¥·¥´´ÒÌ ¶·¨ µ¤´µ³ Ê£²¥ θ ¨ · §´ÒÌ Ô´¥·£¨ÖÌ ω. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥-
ÕÉ¸Ö ¤¢  ´¥¨§¢¥¸É´ÒÌ ¶ · ³¥É· : αp(1+cos2 θ)+2βp cos θ ¨ A(θ). ‚Ò¶µ²´¨¢
¶·µÍ¥¤Ê·Ê Ë¨É¨·µ¢ ´¨Ö ¤²Ö ¤¢ÊÌ Ê£²µ¢, ´ ¶·¨³¥· θ1 = 90◦ ¨ θ2 = 135◦,
¶µ²ÊÎ ¥³ ¤¢  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨Ö ¶¥·¢µ£µ ¶ · ³¥É·  ¨, ·¥Ï Ö ¸¨-
¸É¥³Ê ¨§ ¤¢ÊÌ Ê· ¢´¥´¨°, ´ Ìµ¤¨³ ¸ ³¨ ¶µ²Ö·¨§Ê¥³µ¸É¨ αÔ±¸¶

p ¨ βÔ±¸¶
p . „ ²¥¥

³Ò ¨¸¶µ²Ó§Ê¥³ ELEX Éµ²Ó±µ ¤²Ö ´¥§ ¢¨¸¨³µ° ¶·µ¢¥·±¨ Ë¨Éµ¢ ¸ ¤¨¸¶¥·¸¨-
µ´´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨¥³ ¨§-§  ´¥¢µ§³µ¦´µ¸É¨ ¶·¨³¥´¨ÉÓ É ±µ°
®³µ¤¥²Ó´µ-´¥§ ¢¨¸¨³Ò°¯  ´ ²¨§ ±µ ¢¸¥³ ¤ ´´Ò³ ¢ É ¡². 2 ¨§-§  ¨Ì ¸±Ê¤µ¸É¨,

∗‚¶¥·¢Ò¥ ¢²¨Ö´¨¥ ¶µ¶· ¢µ± ∆1 ¨ ∆2 ´  §´ Î¥´¨Ö αÔ±¸¶
p ¨ βÔ±¸¶

p , ¨§¢²¥± ¥³Ò¥ ¨§ Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, µ¡¸Ê¦¤ ²µ¸Ó ¢ [65, 66]. �¤´ ±µ ¨§-§  ´¥¶· ¢¨²Ó´µ£µ µ¶·¥¤¥²¥´¨Ö §´ ± 
¶µ¶· ¢±¨ ∆2 ´ °¤¥´´Ò¥ É ³ §´ Î¥´¨Ö (αp − βp)Ô±¸¶ § ³¥É´µ µÉ²¨Î ÕÉ¸Ö µÉ ¸µ¢·¥³¥´´ÒÌ.
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´¥¤µ¸É ÉµÎ´µ° ÉµÎ´µ¸É¨ ¨ ¡µ²ÓÏ¨Ì ¶µ£·¥Ï´µ¸É¥° ¢ ¶µ²ÊÎ ¥³ÒÌ §´ Î¥´¨ÖÌ
αÔ±¸¶

p ¨ βÔ±¸¶
p .

3.2. „¨¸¶¥·¸¨µ´´Ò° ¶µ¤Ìµ¤. ’¥¶¥·Ó ±· É±µ µ¡¸Ê¤¨³ ¤¨¸¶¥·¸¨µ´´Ò° · ¸-
Î¥É ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö “�” ´  ¶·µÉµ´¥, ±µÉµ·µ¥ ¢ · §¤. 5 ¨¸¶µ²Ó-
§Ê¥É¸Ö ¤²Ö Ë¨É¨·µ¢ ´¨Ö ¤ ´´ÒÌ ¨§ É ¡². 2 ¨ µ¶·¥¤¥²¥´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
§´ Î¥´¨° ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ . ‚ µÉ²¨Î¨¥ µÉ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¸¥-
Î¥´¨° LEX ¨ ELEX µ¡² ¸ÉÓ ¶· ±É¨Î¥¸±µ° ¶·¨³¥´¨³µ¸É¨ ¤¨¸¶¥·¸¨µ´´µ£µ
¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö §´ Î¨É¥²Ó´µ Ï¨·¥. ’ ±, ¢ [38] ¢ · ³± Ì ¤¨¸¶¥·-
¸¨µ´´µ£µ ¶µ¤Ìµ¤  ¶µ²ÊÎ¥´µ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ µ¶¨¸ ´¨¥ ¢¸¥Ì ¤ ´´ÒÌ ¶µ
“�” ´  ¶·µÉµ´¥ ¶·¨ Ô´¥·£¨¨ ω � 1, 0 ƒÔ‚, ¢±²ÕÎ Ö ¶µ²Ö·¨§ Í¨µ´´Ò¥ Ì · ±-
É¥·¨¸É¨±¨. „ ²Ó´¥°Ï¥¥ ¨§²µ¦¥´¨¥ ¸²¥¤Ê¥É · ¡µÉ ³ [31,36,38], ± ±µÉµ·Ò³ ³Ò
µÉ¸Ò² ¥³ §  µÉ¸ÊÉ¸É¢ÊÕÐ¨³¨ ´¨¦¥ ¤¥É ²Ö³¨.

ˆ§ [70, 71] ¨§¢¥¸É´µ, ÎÉµ µ¡Ð Ö  ³¶²¨ÉÊ¤  “�” ´  ¶·µÉµ´¥ Tfi ¤²Ö ´ -
Î ²Ó´ÒÌ ¨ ±µ´¥Î´ÒÌ Î ¸É¨Í ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¶µ²Ö·¨§ Í¨Ö³¨ ¢Ò· ¦ ¥É¸Ö
Î¥·¥§ Ï¥¸ÉÓ ¸± ²Ö·´ÒÌ  ³¶²¨ÉÊ¤, § ¢¨¸ÖÐ¨Ì µÉ ¤¢ÊÌ ±¨´¥³ É¨Î¥¸±¨Ì ¶¥-
·¥³¥´´ÒÌ, ´ ¶·¨³¥·, µÉ Ô´¥·£¨¨ ¨ Ê£²  · ¸¸¥Ö´¨Ö ËµÉµ´ . ‚ ·¥²ÖÉ¨¢¨¸É-
¸±µ³ · ¸Î¥É¥ Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¸¢µ¡µ¤´Ò¥ µÉ ±¨´¥³ É¨Î¥¸±¨Ì µ¸µ¡¥´-
´µ¸É¥° ¨ ¸¢Ö§¥°  ³¶²¨ÉÊ¤Ò Ak=1...6(ν, t) [72] µÉ ¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ
ν = (s − u)/4M = ω + t/4M ¨ t, £¤¥ s, u, t Å ³ ´¤¥²Ó¸É ³µ¢¸±¨¥ ¶¥·¥³¥´-
´Ò¥. �µ µ¶·¥¤¥²¥´¨Õ Î¥É´Ò¥ ¶µ ν  ³¶²¨ÉÊ¤Ò Ak(ν, t) ¶·¨ Ë¨±¸¨·µ¢ ´´µ³
¨ ¶µ ±· °´¥° ³¥·¥ ³ ²µ³ |t| ≤ 12m2

π Ö¢²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨
¢µ ¢¸¥° ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ν (¸³. [73,74]), ¨¸±²ÕÎ Ö ¶µ²Õ¸Ò ¨ · §·¥§Ò
´  ¢¥Ð¥¸É¢¥´´µ° µ¸¨, ¨ Ê¤µ¢²¥É¢µ·ÖÕÉ ¤¨¸¶¥·¸¨µ´´µ³Ê ¸µµÉ´µÏ¥´¨Õ ¶·¨
±µ´¥Î´µ° Ô´¥·£¨¨ [31,36,72]:

Re Ak(ν, t) =
ak(t)

ν2 − t2

16M2

+
2
π

P

ν³ ±c(t)∫
ν¶µ·(t)

ν′ Im Ak(ν′, t)
ν′2 − ν2

dν′ +

+
1
π

Re
∫ π

0

ν′2Ak(ν′, t)
ν′2 − ν2

dϕ
∣∣∣
ν′=ν³ ±c(t) exp (iϕ)

. (6)

�¥·¢Ò° Î²¥´ ¢ ¶· ¢µ° Î ¸É¨ (6) Å µ¤´µ´Ê±²µ´´Ò° ¶µ²Õ¸´Ò° ¢±² ¤ A¶µ²
k (ν, t),

¢ Î¨¸²¨É¥²¥ ±µÉµ·µ£µ ¸Éµ¨É ²¨´¥°´ Ö ËÊ´±Í¨Ö t ¸ ¨§¢¥¸É´Ò³¨ ±µÔËË¨Í¨¥´-
É ³¨, § ¢¨¸ÖÐ¨³¨ µÉ § ·Ö¤  e, ³ ¸¸Ò M ¨  .³.³. λ ¶·µÉµ´ . ‚§ÖÉÒ° µÉ-
¤¥²Ó´µ ¢±² ¤ A¶µ²

k (ν, t) ¶·¨¢µ¤¨É ± ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê ¸¥Î¥´¨Õ �µÊÔ²² 
[25]. ‚Éµ·µ° Î²¥´, ¨´É¥£· ²Ó´Ò° ¢±² ¤ A¨´É

k (ν, t), ÊÎ¨ÉÒ¢ ¥É ´¨§Ï¨¥  ¤·µ´-
´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö ¶·µÉµ´  ¢ ¶·µ³¥¦ÊÉµÎ´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ “�” ´  ¶·µÉµ´¥.
�¨¦´¨° ¶·¥¤¥² ¨´É¥£·¨·µ¢ ´¨Ö ν¶µ·(t) · ¢¥´ ¶µ·µ£Ê ËµÉµ·µ¦¤¥´¨Ö µ¤¨´µÎ-
´ÒÌ ¶¨µ´µ¢ ´  ¶·µÉµ´¥ ¶µ ¶¥·¥³¥´´µ° ν ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ t: ν¶µ·(t) =
mπ + m2

π/2M + t/4M . ‚Ò¡µ· ¢¥·Ì´¥£µ ¶·¥¤¥²  ν³ ±c(t) = ω³ ±c + t/4M
µ¶·¥¤¥²Ö¥É¸Ö ·¥ ²Ó´µ° ¢µ§³µ¦´µ¸ÉÓÕ ¢ÒÎ¨¸²¨ÉÓ ³´¨³ÊÕ Î ¸ÉÓ Ak(ν, t) ¢ ¨´-
É¥·¢ ²¥ µÉ ν¶µ·(t) ¤µ ν³ ±c(t), ¨¸¶µ²Ó§ÊÖ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¤²Ö  ³¶²¨ÉÊ¤Ò
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Tfi ¢ e2-¶·¨¡²¨¦¥´¨¨:

2 Im Tfi =
∑

n

(2π)4δ(Pn − Pi)T ∗
nfTni (7)

¨ ·¥§Ê²ÓÉ ÉÒ ³Ê²ÓÉ¨¶µ²Ó´ÒÌ  ´ ²¨§µ¢ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ ËµÉµ-
·µ¦¤¥´¨Õ ¶¨µ´µ¢ ´  ¶·µÉµ´¥. ‚ (7) ¸Ê³³¨·µ¢ ´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¶µ ¢¸¥³ · §-
·¥Ï¥´´Ò³ § ±µ´ ³¨ ¸µÌ· ´¥´¨Ö ¸µ¸ÉµÖ´¨Ö³  ¤·µ´µ¢ |n〉 = |πN〉, |ππN〉, . . .
¸ ¶µ²´Ò³ 4-¨³¶Ê²Ó¸µ³ Pn. ” ±É¨Î¥¸±¨ ¢ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ¨¸¶µ²Ó§ÊÕÉ¸Ö
Ëµ·³Ê²Ò, Ö¢²ÖÕÐ¨¥¸Ö ¸²¥¤¸É¢¨¥³ (7) ¨ ¸¢Ö§Ò¢ ÕÐ¨¥ ³´¨³Ò¥ Î ¸É¨  ³¶²¨-
ÉÊ¤ Ak(ν, t) ¸ ±¢ ¤· É¨Î´Ò³¨ Ëµ·³ ³¨ µÉ ³Ê²ÓÉ¨¶µ²Ó´ÒÌ  ³¶²¨ÉÊ¤ ¶¨µ´´µ£µ
ËµÉµ·µ¦¤¥´¨Ö. …¸²¨ ω³ ±c ¶µ²µ¦¨ÉÓ · ¢´Ò³ 1,5 ƒÔ‚, Éµ ¢ · ¸Î¥É Ì ¨´É¥-
£· ²Ó´µ£µ ¢±² ¤  A¨´É

k (ν, t) ³µ¦´µ µ£· ´¨Î¨ÉÓ¸Ö πN - ¨ ππN -¢±² ¤ ³¨ (¸³.
´¨¦¥).

’·¥É¨° Î²¥´ ¢ (6), É ± ´ §Ò¢ ¥³Ò°  ¸¨³¶ÉµÉ¨Î¥¸±¨° ¢±² ¤ A ¸
k (ν, t), ÊÎ¨-

ÉÒ¢ ¥É ¸¢Ö§Ó ®¢Ò¸µ±µÔ´¥·£¥É¨Î¥¸±µ£µ¯ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò Ak(ν, t) ¸ ´¨§-
±µÔ´¥·£¥É¨Î¥¸±¨³. �·¥¤¶µ² £ Ö ¶·¨³¥´¨³µ¸ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¸É¥¶¥´´µ£µ
· §²µ¦¥´¨Ö ¶µ ν  ³¶²¨ÉÊ¤Ò Ak(ν, t), ¶·¥¤¸± §Ò¢ ¥³µ£µ ¶µ²Õ¸´µ° ³µ¤¥²ÓÕ
�¥¤¦¥, ´  ¶µ²Êµ±·Ê¦´µ¸É¨ ¸ · ¤¨Ê¸µ³ ν³ ±c(t), ¶µ ±µÉµ·µ° ¶·µ¢µ¤¨É¸Ö ¨´É¥-
£·¨·µ¢ ´¨¥, ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¢±² ¤ ∗:

A ¸
k (ν, t) ≈

∑
R

bR
k (t)(2Mα′

Rν³ ±c(t))αR(t)−nk

αR(t) − nk
×

×
[
1 +

αR(t) − nk

αR(t) − nk − 2

(
ν

ν³ ±c(t)

)2

+ . . .

]
. (8)

‚ (8) αR(t) = αR(0) + α′
Rt Å É· ¥±Éµ·¨¨ ¶µ²Õ¸µ¢ �¥¤¦¥ R = P (¶µ³¥·µ´),

f2, a2, π, σ, . . . , µ¡³¥´ ±µÉµ·Ò³¨ ¢ t-± ´ ²¥ “�” ´  ¶·µÉµ´¥ ¶·¨¢µ¤¨É ±
¸² £ ¥³Ò³ ¸ · §´µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ ν ¢  ¸¨³¶ÉµÉ¨± Ì  ³¶²¨ÉÊ¤ Ak(ν, t). ˆ´-
É¥·¸¥¶ÉÒ αR(0) ¨ ´ ±²µ´Ò α′

R É· ¥±Éµ·¨° αR(t) ¨§¢¥¸É´Ò ¨§ Ô±¸¶¥·¨³¥´É :
αP (0) ≈ 1, 1, αf2,a2(0) ≈ 0,5, απ(0) ≈ 0, ασ(0) ≈ −0, 5; α′

P ≈ 0,2 ƒÔ‚−2,
α′

f2,a2,π,σ ≈ 0,9 ƒÔ‚−2. –¥²Ò¥ Î¨¸²  n1,2 = 0, n3,5,6 = 2, n4 = 3 µ¶·¥¤¥-
²ÖÕÉ ¸¨£´ ÉÊ·Ê (Î¥É´µ¸ÉÓ ¸¶¨´µ¢) ¶µ²Õ¸µ¢ �¥¤¦¥ τR = (−1)nk , ¢´µ¸ÖÐ¨Ì
¢±² ¤ ¢  ¸¨³¶ÉµÉ¨±Ê  ³¶²¨ÉÊ¤Ò Ak(ν, t); bR

k (t) Å ¢¥Ð¥¸É¢¥´´Ò¥ ËÊ´±Í¨¨ t,
¶·µ¶µ·Í¨µ´ ²Ó´Ò¥ ¢ÒÎ¥É ³ ¢ ¶µ²Õ¸ Ì R. Œ ¸ÏÉ ¡ ¨ t-§ ¢¨¸¨³µ¸ÉÓ ËÊ´±-
Í¨° bR

k (t), ± ± ¶· ¢¨²µ, ³µ¦´µ µ¶·¥¤¥²¨ÉÓ Éµ²Ó±µ £·Ê¡µ, ¶·¨¢²¥± Ö Ô±¸¶¥-
·¨³¥´É ²Ó´ÊÕ ¨´Ëµ·³ Í¨Õ µ ¶·µÍ¥¸¸ Ì ¢§ ¨³µ¤¥°¸É¢¨Ö ËµÉµ´  ¸ ¶·µÉµ´µ³

∗�·¨ ¢Ò¢µ¤¥ (8) ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö É¥µ·¥É¨Î¥¸±¨ ¢µ§³µ¦´Ò° ¢±² ¤ Ë¨±¸¨·µ¢ ´´µ£µ ¶µ²Õ¸ 
¨²¨ ±·µ´¥±¥·µ¢¸±µ£µ Î²¥´  [75] ¢  ¸¨³¶ÉµÉ¨±Ê  ³¶²¨ÉÊ¤Ò Ak(ν, t), É ± ± ± Ê¡¥¤¨É¥²Ó´µ£µ Ô±¸-
¶¥·¨³¥´É ²Ó´µ£µ ¸¢¨¤¥É¥²Ó¸É¢  ¥£µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ´¥É [30, 76].
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¶·¨ Ô´¥·£¨¨ ω ≥ 1,5 ƒÔ‚ ¨ ¤µ¶µ²´¨É¥²Ó´Ò¥ ³µ¤¥²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. ‘
ÊÎ¥Éµ³ P, C-¸¨³³¥É·¨¨ ¨ ¸¨£´ ÉÊ·Ò τR £² ¢´Ò¥ ¢±² ¤Ò ¢ A ¸

k (ν, t) ¢´µ¸ÖÉ
É· ¥±Éµ·¨¨ αR(t) ¸ ¨´É¥·¸¥¶Éµ³ αR(0) > −1: P , f2(1270), a2(1320), σ
(¨²¨ f0(400−1200)) ¶·¨ k = 1, 3, 5, 6; P , f2(1270), a2(1320), π ¶·¨ k = 2;
a1(1260), f1(1285) ¶·¨ k = 4. ’ ±¨³ µ¡· §µ³, ¨§ (8) ¸²¥¤Ê¥É, ÎÉµ  ¸¨³¶Éµ-
É¨Î¥¸±¨¥ ¢±² ¤Ò A ¸

k (ν, t) § ¢¨¸ÖÉ µÉ ´¥¸±µ²Ó±¨Ì ´¥´ ¤¥¦´µ µ¶·¥¤¥²Ö¥³ÒÌ
ËÊ´±Í¨° bR

k (t), ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ÊÉµÎ´¥´Ò ´  µ¸´µ¢¥ ¡Ê¤ÊÐ¨Ì ¡µ²¥¥ ¶µ²-
´ÒÌ ¨ ¡µ²¥¥ ÉµÎ´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ “�” ´  ¶·µÉµ´¥ ¶·¨
· §´ÒÌ ν ¨ t, ¢ Î ¸É´µ¸É¨, ¶µ  ¸¨³³¥É·¨¨ · ¸¸¥Ö´¨Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´-
´ÒÌ ËµÉµ´µ¢ ´  ¶·µÉµ´ Ì ¶·¨ ω ≥ 1,5 ƒÔ‚. �É³¥É¨³, ÎÉµ  ¸¨³¶ÉµÉ¨Î¥¸±¨¥
¢±² ¤Ò (8) ¨§-§  ¶·¨¸ÊÉ¸É¢¨Ö ¢ §´ ³¥´ É¥²¥ ¢Ò· ¦¥´¨Ö αR(t) − nk ¨³¥ÕÉ
¶µ²Õ¸Ò, Ì · ±É¥·´Ò¥ ¤²Ö µ¡³¥´  Î ¸É¨Í ³¨ ¢ t-± ´ ²¥, ¢ Î ¸É´µ¸É¨, π- ¨
σ-³¥§µ´ ³¨.

‚ ¤µ¶µ·µ£µ¢µ° µ¡² ¸É¨, £¤¥ ν ≤ mπ+m2
π/2M , |t| ≤ 3,5m2

π ¨ ν2/ν2
³ ±c(t) �

1, § ¤ Î  µ¶·¥¤¥²¥´¨Ö ¢±² ¤µ¢ A ¸
k (ν, t) ´¥¸±µ²Ó±µ Ê¶·µÐ ¥É¸Ö, É ± ± ± µ´¨,

¢µ-¶¥·¢ÒÌ, ¶¥·¥¸É ÕÉ ¶· ±É¨Î¥¸±¨ § ¢¨¸¥ÉÓ µÉ ν, Éµ ¥¸ÉÓ A ¸
k (ν, t) ≈ A ¸

k (0, t).
‚µ-¢Éµ·ÒÌ, ¶·¨ µÉ´µ¸¨É¥²Ó´µ ³ ²ÒÌ t ¢³¥¸Éµ (8) ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ µ¤´µ-
¨²¨ ¤¢ÊÌ¶µ²Õ¸´ÊÕ  ¶¶·µ±¸¨³ Í¨Õ

A ¸
k (ν, t) ≈ ak

M2
k

M2
k − t

, k = 1, 3, 4, 5, 6 (9)

¨

A ¸
2 (ν, t) ≈ a2

M2
2

M2
2 − t

+
gπNNFπγγ

t − m2
π

Λ2
π − m2

π

Λ2
π − t

, (10)

£¤¥ ak Å ´¥ µ¶·¥¤¥²¥´´Ò¥ ¶µ±  ±µ´¸É ´ÉÒ,   Mk Å ³ ¸¸Ò ÔËË¥±É¨¢´ÒÌ
¶·µ³¥¦ÊÉµÎ´ÒÌ Î ¸É¨Í ¢ t-± ´ ²¥. ŒÒ Ö¢´µ ¢Ò¤¥²¨²¨ ¢ A ¸

2 (ν, t) ¡Ò¸É·µ³¥-
´ÖÕÐ¨°¸Ö ¸ ¨§³¥´¥´¨¥³ t ¢±² ¤ µÉ π0-µ¡³¥´ , ¢ ±µÉµ·µ³ ¢ µÉ²¨Î¨¥ µÉ (4)
ÊÎÉ¥´ ±µ³¡¨´¨·µ¢ ´´Ò° Ëµ·³Ë ±Éµ· πNN - ¨ π0γγ-¢¥·Ï¨´ ¸ Λπ = 0,7 ƒÔ‚.
„·Ê£¨¥ ¢±² ¤Ò ¢ (9) ¨ (10) ´¥ É ± ·¥§±µ § ¢¨¸ÖÉ µÉ t, É ± ± ± ³ ¸¸Ò ÔËË¥±-
É¨¢´ÒÌ Î ¸É¨Í Mk ²¥¦ É ¢ ¶·¥¤¥² Ì µÉ 0,5 ¤µ 1,0 ƒÔ‚. ‘µ£² ¸´µ (8)  ¸¨³¶Éµ-
É¨Î¥¸±¨¥ ¢±² ¤Ò A ¸

1,2(ν, t) ¶·µ¶µ·Í¨µ´ ²Ó´Ò ν³ ±c(t),   A ¸
3,4,5,6(ν, t) Ê¡Ò¢ ÕÉ

± ± 1/ν³ ±c(t) ¨²¨ ¡Ò¸É·¥¥. …¸²¨ ν³ ±c(t) ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ¥, ³µ¦´µ µ¦¨-
¤ ÉÓ, ÎÉµ ¢±² ¤Ò A ¸

3,4,5,6(ν, t) ³ ²Ò ¶µ ¸· ¢´¥´¨Õ ¸ ¨´É¥£· ²Ó´Ò³¨ ¢±² ¤ ³¨
A¨´É

3,4,5,6(ν, t). „²Ö ¢¥²¨Î¨´ A ¸
3+6(0, 0) = A ¸

3 (0, 0) + A ¸
6 (0, 0) ¨ A¨´É

3+6(0, 0) =
A¨´É

3 (0, 0) + A¨´É
6 (0, 0) ÔÉµ ¶·Ö³µ ¸²¥¤Ê¥É ¨§ ¤¨¸¶¥·¸¨µ´´µ£o �‘ ¤²Ö αp + βp,
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§ ¶¨¸ ´´µ£µ ¢ ¢¨¤¥ [72]∗:

αp + βp = − 1
2π

(
A¨´É

3+6(0, 0) + A ¸
3+6(0, 0)

)
=

=
1

2π2

(∫ ν³ ±c(0)

ν¶µ·(0)

σ¶µ²(ν)
ν2

dν +
∫ ∞

ν³ ±c(0)

σ¶µ²(ν)
ν2

dν

)
. (11)

‚ (11) ¶µ¤ §´ ± ³¨ ¨´É¥£· ²µ¢ ¸Éµ¨É Ê³´µ¦¥´´µ¥ ´  1/ν2 ¶µ²´µ¥ ¸¥Î¥´¨¥
 ¤·µ´´µ£µ ËµÉµ¶µ£²µÐ¥´¨Ö ´  ¶·µÉµ´¥. ‚ ¨´É¥·¢ ²¥ Ô´¥·£¨° ν µÉ 1,3 ¤µ
20 ƒÔ‚ µ´µ Ìµ·µÏµ ¢µ¸¶·µ¨§¢µ¤¨É¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸±µ° Ëµ·³Ê²µ° σ¶µ²(ν) =
Ap +Bf2+a2/

√
ν, £¤¥ Ap ≈ 100 ³±¡ ¨ Bf2+a2 ≈ 57 ³±¡·ƒÔ‚1/2, ÊÎ¨ÉÒ¢ ÕÐ¥°

µ¡³¥´Ò P -, f2- ¨ a2-É· ¥±Éµ·¨Ö³¨ �¥¤¦¥ [79]. ‚ ¸Ê³³¥ ¶µ²Ö·¨§Ê¥³µ¸É¥°

(αp + βp)É¥µ· = 14, 0 ± 0, 5, (12)

¢ÒÎ¨¸²¥´´µ° ¸ ¶µ³µÐÓÕ (11), ¶·¨ ν³ ±c(0) = 1,5 ƒÔ‚ ¢±² ¤ ¢Éµ·µ£µ ¨´É¥-
£· ² , ±µÉµ·Ò° ¶µ²ÊÎ¥´ ¶ÊÉ¥³ ¶·¥µ¡· §µ¢ ´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¨´É¥£· ² 
¶µ ¶µ²Êµ±·Ê¦´µ¸É¨ ¢ (6), ¸µ¸É ¢²Ö¥É ¢¸¥£µ 6%. „ ²¥¥ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ
´¥· ¢¥´¸É¢µ |A¨´É

3+6(ν, t)| � |A ¸
3+6(ν, t)| ¢Ò¶µ²´Ö¥É¸Ö ´¥ Éµ²Ó±µ ¶·¨ ´Ê²¥¢ÒÌ,

´µ, ¶µ ±· °´¥° ³¥·¥, ¨ ³ ²ÒÌ ν ¨ t. �¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¢±² ¤Ò A ¸
3,4,5(ν, t)

¨³¥ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò° Ë ±Éµ· ³ ²µ¸É¨ ¶µ ¸· ¢´¥´¨Õ ¸ ¢±² ¤µ³ A ¸
6 (ν, t).

�´ µ¡Ê¸²µ¢²¥´ É¥³, ÎÉµ  ³¶²¨ÉÊ¤Ò A3,4,5(ν, t) ¶·¨ ¡µ²ÓÏ¨Ì ν µ¶¨¸Ò¢ ÕÉ
“�” ´  ¶·µÉµ´¥ ¸ ¶¥·¥¢µ·µÉµ³ ¸¶¨´µ¢ Î ¸É¨Í, ±µÉµ·µ¥, ± ± ¨§¢¥¸É´µ ¨§
Ô±¸¶¥·¨³¥´É , ¶µ¤ ¢²¥´µ ¢ ´¥¸±µ²Ó±µ · § ¶µ ¸· ¢´¥´¨Õ ¸ · ¸¸¥Ö´¨¥³ ¡¥§
¶¥·¥¢µ·µÉ  ¸¶¨´µ¢ [80, 81]. ‘²¥¤µ¢ É¥²Ó´µ, ¢±² ¤Ò A ¸

3,4,5(ν, t) ¥Ð¥ ³¥´ÓÏ¥,
Î¥³ A ¸

3+6(ν, t), ¨ ±µÔËË¨Í¨¥´ÉÒ a3,4,5 ¢ (9) ¡Ê¤¥³ ¸Î¨É ÉÓ · ¢´Ò³¨ ´Ê²Õ.
‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¥¸É¥¸É¢¥´´Ò³¨ ¶ · ³¥É· ³¨  ³¶²¨ÉÊ¤ Ak(ν, t) ¨ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö Ö¢²ÖÕÉ¸Ö µ¸É ÕÐ¨¥¸Ö ±µÔËË¨Í¨¥´ÉÒ a1,2,6 ¨ ³ ¸¸Ò
M1,2,6. ŠµÔËË¨Í¨¥´ÉÒ a1,2,6 ¢ (9) ¨ (10) ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ αp − βp,
αp + βp ¨ γπ, £¤¥ ¶µ¸²¥¤´ÖÖ ¢¥²¨Î¨´  ¥¸ÉÓ ¸¶¨´µ¢ Ö ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ´ -
§ ¤ (¸³., ´ ¶·¨³¥·, [82]). „²Ö ÔÉµ£µ ´Ê¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¶¥·¢Ò³ · ¢¥´-
¸É¢µ³ ¢ (11) ¨ ¸µµÉ´µÏ¥´¨Ö³¨ 2π(αp − βp) = −(A¨´É

1 (0, 0) + A ¸
1 (0, 0)) ¨

∗�‘ (11) ¢¸¥ ¥Ð¥ ´¥ ¨³¥¥É Ê¸ÉµÖ¢Ï¥£µ¸Ö ´ §¢ ´¨Ö. � ¶·¨³¥·, ¢ [38] µ´µ ´ §Ò¢ ¥É¸Ö �‘
	 ²¤¨´ Ä‹ ¶¨¤Ê¸ ,   ¢ [32] Å �‘ 	 ²¤¨´ . �É³¥É¨³, ÎÉµ �‘ (11), ¸É·µ£µ £µ¢µ·Ö, ¸¶· ¢¥¤²¨¢µ
¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¢¥Ð¥¸É¢¥´´µ°  ¤¤¨É¨¢´µ° ±µ´¸É ´ÉÒ C, ±µÉµ· Ö ¶µÖ¢²Ö¥É¸Ö ¨§-§  ¶·¨´Í¨¶¨-
 ²Ó´µ° ¢µ§³µ¦´µ¸É¨ ¤µ¡ ¢¨ÉÓ ±  ´ ²¨É¨Î¥¸±µ° ËÊ´±Í¨¨ A3(ν, t) + A6(ν, t) ¶µ¸ÉµÖ´´µ¥ ¸² £ -
¥³µ¥ (¢±² ¤ Ë¨±¸¨·µ¢ ´´µ£µ ¶µ²Õ¸  J = 2), ´¥ ¨§³¥´ÖÖ ¥¥ µ¸µ¡¥´´µ¸É¥° [77]. Šµ´¸É ´ÉÊ C
³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö µ¶·¥¤¥²¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ. ‚ Î ¸É´µ¸É¨, ¶µÔÉµ³Ê ¢ · §¤. 5 ³Ò ¢ ·Ó¨·Ê¥³
αp ¨ βp ± ± ´¥§ ¢¨¸¨³Ò¥ ¶ · ³¥É·Ò. ”¨±¸¨·µ¢ ´´Ò° ¶µ²Õ¸ J = 2 ³¥´Ö¥É  ¸¨³¶ÉµÉ¨Î¥¸±µ¥
¶µ¢¥¤¥´¨¥  ³¶²¨ÉÊ¤Ò “�” ¢¶¥·¥¤ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¢²¨Ö¥É ´  Ô´¥·£¥É¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö dσ/dt ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ. ˆ¸¶µ²Ó§ÊÖ ¤ ´´Ò¥ FNAL ¶µ dσ/dt ¶·¨
ω = 50÷130 ƒÔ‚ [78], ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤µ¸É ÉµÎ´µ ¸¨²Ó´µ¥ µ£· ´¨Î¥´¨¥ |C| � 0, 02·10−4 Ë³3.
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2πMγπ = −(A¨´É
2+5(0, 0) + A ¸

2+5(0, 0)). ‚ ·¥§Ê²ÓÉ É¥ ¢³¥¸Éµ É·¥Ì ¤¨¸¶¥·¸¨µ´-
´ÒÌ ¸µµÉ´µÏ¥´¨° (6) ¤²Ö  ³¶²¨ÉÊ¤ A1,2,6(ν, t) ¶µ²ÊÎ ¥³

Re A1(ν, t) = A¶µ²
1 (ν, t) + A¨´É

1 (ν, t) −
[
A¨´É

1 (0, 0) + 2π(αp − βp)
]

M2
1

M2
1 − t

, (13)

ReA2+5(ν, t) = A¶µ²
2+5(ν, t) + A¨´É

2+5(ν, t) −

−
[
A¨´É

2+5(0, 0) + 2πMγπ − gπNNFπγγ

m2
π

]
M2

2

M2
2 − t

+
gπNNFπ0γγ

t − m2
π

Λ2
π − m2

π

Λ2
π − t

, (14)

Re A3+6(ν, t)=A¶µ²
3+6(ν, t)+A¨´É

3+6(ν, t)−
[
A¨´É

3+6(0, 0)+2π(αp+βp)
]

M2
6

M2
6 − t

. (15)

„²Ö ¢¥²¨Î¨´ αp−βp ¨ γπ, ± ± ¨ ¤²Ö αp +βp, ¨§ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨°
(6) ³µ¦´µ ¢Ò¢¥¸É¨ ¶· ¢¨²  ¸Ê³³ ¶·¨ ±µ´¥Î´µ° Ô´¥·£¨¨. ‚ [31, 72, 83] É ±¨¥
¶· ¢¨²  ¸Ê³³ ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¤²Ö ¡µ²¥¥ ¨²¨ ³¥´¥¥ ÉµÎ´ÒÌ · ¸Î¥Éµ¢ §´ Î¥-
´¨° αp − βp ¨ γπ. �¤´ ±µ ¶·¨ Ë¨É¨·µ¢ ´¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì Ô±¸¶¥·¨-
³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¤¨¸¶¥·¸¨µ´´Ò³ ¸¥Î¥´¨¥³ ´¥±µÉµ·Ò¥ ¨§ ¥£µ ¶ · ³¥É·µ¢
¢ ·Ó¨·ÊÕÉ: αp − βp ¢ [2], αp − βp ¨ αp + βp ¢ [1, 4], αp − βp, αp + βp ¨
γπ ¢ [8]. �·¨ µ¤´µ³ ¨ Éµ³ ¦¥ ³ ¸¸¨¢¥ Ë¨É¨·Ê¥³ÒÌ ÉµÎ¥± ¸ ·µ¸Éµ³ Î¨¸² 
¢ ·Ó¨·Ê¥³ÒÌ ¶ · ³¥É·µ¢ ÉµÎ´µ¸ÉÓ ¶µ²ÊÎ ¥³ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨°
ÔÉ¨Ì ¶ · ³¥É·µ¢, ±µ´¥Î´µ, Ê³¥´ÓÏ ¥É¸Ö. „ ²¥¥ ³Ò µ¡¸Ê¤¨³ µ¸´µ¢´Ò¥ ¨¸ÉµÎ-
´¨±¨ ´¥µ¶·¥¤¥²¥´´µ¸É¥°, ¢µ§´¨± ÕÐ¨¥ ¶·¨ · ¸Î¥É¥ ¤¨¸¶¥·¸¨µ´´µ£µ ¸¥Î¥´¨Ö,
¢ Î ¸É´µ¸É¨, ¨§-§  · §¡·µ¸  ¨¸¶µ²Ó§Ê¥³ÒÌ §´ Î¥´¨° ¶ · ³¥É·µ¢, ±µÉµ·Ò¥ ´¥
¢ ·Ó¨·ÊÕÉ¸Ö.

3.3. ˆ¸ÉµÎ´¨±¨ É¥µ·¥É¨Î¥¸±¨Ì ´¥µ¶·¥¤¥²¥´´µ¸É¥°. —¨¸²¥´´Ò° · ¸Î¥É
¨´É¥£· ²Ó´ÒÌ ¢±² ¤µ¢ A¨´É

k (ν, t) ¢´µ¸¨É ¸· ¢´¨É¥²Ó´µ ³ ²Ò¥ ´¥µ¶·¥¤¥²¥´´µ-
¸É¨ ¢ ¤¨¸¶¥·¸¨µ´´µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¢ §´ -
Î¥´¨Ö ¶ · ³¥É·µ¢, µ¶·¥¤¥²Ö¥³ÒÌ ¶·¨ Ë¨É¨·µ¢ ´¨¨ ¤ ´´ÒÌ ¢ ¤µ¶µ·µ£µ¢µ°
µ¡² ¸É¨. �¸´µ¢´µ° ¢±² ¤ ¢ A¨´É

k (ν, t) ¢´µ¸¨É ¨´É¥£·¨·µ¢ ´¨¥ ¶µ µ¡² ¸É¨ ν′ ≤
0,5 ƒÔ‚. ˆ¸¶µ²Ó§ÊÖ ¤¢  ´ ¡µ·  ¤µ¢µ²Ó´µ ÉµÎ´ÒÌ ¶·¨ ν′ ≤ 0,5 ƒÔ‚ ®Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ¯ ³Ê²ÓÉ¨¶µ²Ó´ÒÌ  ³¶²¨ÉÊ¤ ËµÉµ·µ¦¤¥´¨Ö µ¤¨´µÎ´ÒÌ ¶¨µ´µ¢
´  ¶·µÉµ´¥, ± ± µ¸´µ¢´µ° Å SAID ¨§ [34] ¨ ± ±  ²ÓÉ¥·´ É¨¢´Ò° Å HDD
¨§ [35], ³µ¦´µ µÍ¥´¨ÉÓ ¶µ£·¥Ï´µ¸ÉÓ, ¢µ§´¨± ÕÐÊÕ ¶·¨ µ¶·¥¤¥²¥´¨¨ §´ -
Î¥´¨° αÔ±¸¶

p ¨ βÔ±¸¶
p . —¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¢¸¥Ì É¥µ·¥É¨Î¥¸±¨Ì (³µ¤¥²Ó´ÒÌ)

¶µ£·¥Ï´µ¸É¥° ¶·¨¢µ¤ÖÉ¸Ö ¢ · §¤. 5. ƒ² ¢´µ¥ · §²¨Î¨¥ ³¥¦¤Ê ´ ¡µ· ³¨ [34]
¨ [35] § ±²ÕÎ ¥É¸Ö ¢ ¶µ·µ£µ¢µ³ ¶µ¢¥¤¥´¨¨ s-¢µ²´µ¢µ°  ³¶²¨ÉÊ¤Ò E0+. ŒÒ
¨§³¥´Ö¥³ É ±¦¥ ·¥§µ´ ´¸´ÊÕ  ³¶²¨ÉÊ¤Ê M1+ ´  ±2 % É ±, ± ± ÔÉµ µ¶¨¸ ´µ
¢ [84]. “Î¥É ¶ ·´µ£µ ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢, ±µÉµ·µ¥ ´ Î¨´ ¥É ¢´µ¸¨ÉÓ § -
³¥É´Ò° ¢±² ¤ ¢ ¶µ²´µ¥ ¸¥Î¥´¨¥ σ¶µ²´(γp →  ¤·µ´Ò), ¶·¨ ω � 0,4 ƒÔ‚ ³ ²µ
¨§³¥´Ö¥É ¤µ³¨´¨·ÊÕÐ¨¥ ¨´É¥£· ²Ó´Ò¥ ¢±² ¤Ò A¨´É

1 (ν, t) ¨ A¨´É
3+6(ν, t). ‚ ¤¨¸-

¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨ÖÌ (13)Ä(15) ¸¨²Ó´µ¥ ¶µ¤ ¢²¥´¨¥ ¨´É¥£· ²Ó´ÒÌ ¢±² -
¤µ¢ µÉ ¡µ²ÓÏ¨Ì ν′ ¶·µ¨¸Ìµ¤¨É ¨§-§  ¢ÒÎ¨É ´¨°, ´ ¶·¨³¥·, ¨§-§  ¶·¨¸ÊÉ¸É¢¨Ö
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Î²¥´  A¨´É
3+6(ν, t) − A¨´É

3+6(0, 0)M2
6 /(M2

6 − t) ¢ (15). �Éµ ²¥£±µ ¶·µ¢¥·¨ÉÓ ¶·¨
t = 0 ¨ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¢ÒÎ¨É ´¨¥ ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¤µ¶µ²´¨É¥²Ó´µ£µ
µ¡·¥§ ÕÐ¥£µ Ë ±Éµ·  ν2/ν′2 ¶µ¤ §´ ±µ³ ¨´É¥£· ² . „²Ö ¶µ²ÊÎ¥´¨Ö ¢¥·Ì´¥°
µÍ¥´±¨ ¶µ£·¥Ï´µ¸É¨, ¸¢Ö§ ´´µ° ¸ ÊÎ¥Éµ³ ¶ ·´µ£µ ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢, ³Ò
· ¸¸³ É·¨¢ ¥³ ¢ · §¤. 5 ¸²ÊÎ °, ±µ£¤  µ´µ ¢µµ¡Ð¥ µ¶Ê¸± ¥É¸Ö.

Š ± ¶µ± §Ò¢ ÕÉ · ¸Î¥ÉÒ, µ¸´µ¢´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢µ§´¨± ¥É ¶·¨ ÊÎ¥É¥
 ¸¨³¶ÉµÉ¨Î¥¸±¨Ì ¢±² ¤µ¢ ¢ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨ÖÌ (13)Ä(15). �·¨
· §´ÒÌ k ·µ²Ó A ¸

k (ν, t), ± ± ³Ò Ê¦¥ µÉ³¥É¨²¨ · ´¥¥, ´¥ µ¤¨´ ±µ¢ . ‚±² ¤
A ¸

1 (ν, t) ¶µÎÉ¨ Í¥²¨±µ³ µ¶·¥¤¥²Ö¥É Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ · §´µ¸É¨
¶µ²Ö·¨§Ê¥³µ¸É¥° αÔ±¸¶

p − βÔ±¸¶
p ≈ 10, ¨ µÉ §´ Î¥´¨Ö ³ ¸¸Ò M1 § ³¥É´µ § ¢¨-

¸ÖÉ ·¥§Ê²ÓÉ ÉÒ Ë¨É¨·µ¢ ´¨Ö. ‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¢Ò¡· ´µ M1 = 0,5 ƒÔ‚,
ÌµÉÖ ¢ [38] ¤²Ö Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ£µ µ¶¨¸ ´¨Ö ¤ ´´ÒÌ ¢ÒÏ¥ ∆33-·¥§µ´ ´¸ 
¶·¨Ìµ¤¨²µ¸Ó ¡· ÉÓ M1 = 0, 6 ƒÔ‚, ±µÉµ·µ¥ É ³ ´ §Ò¢ ²µ¸Ó ®³ ¸¸µ° σ-
³¥§µ´ ¯. ‚  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ¢±² ¤¥ A ¸

2+5(ν, t) (14) ¶¥·¢Ò° Î²¥´ µÉ´µ¸¨-
É¥²Ó´µ ³ ² ¨ ³´µ¦¨É¥²Ó M2

2 /(M2
2 − t) ´¥ É ± ¸ÊÐ¥¸É¢¥´. ‚±² ¤ ¸ ³µ£µ

π0-µ¡³¥´  § ³¥É¥´, ¨ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢ §´ Î¥´¨ÖÌ Λπ ¨ (5) ¸²¥¤Ê¥É ÊÎ¨-
ÉÒ¢ ÉÓ. �¤´ ±µ ¶·¨ ³ ²ÒÌ t ¨§³¥´¥´¨¥ Λπ ´¥ ¨³¥¥É ¸ ³µ¸ÉµÖÉ¥²Ó´µ£µ
§´ Î¥´¨Ö ¨ ¸¢µ¤¨É¸Ö ± ¸¤¢¨£Ê ±µÔËË¨Í¨¥´É  a2+5 ¨, ¸µµÉ¢¥É¸É¢¥´´µ, γπ.
‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡¥·¥³ Λπ = 0,7 ƒÔ‚,   ¸¶¨´µ¢ÊÕ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ¡¥§
¢±² ¤  π0-µ¡³¥´  ³¥´Ö¥³ ¢ ¶·¥¤¥² Ì ÉµÎ´µ¸É¨ É¥µ·¥É¨Î¥¸±µ£µ · ¸Î¥É  [85]:

γ
(non−π0)
π = γπ − gπNNFπγγ/2πMm2

π = (5,5 ± 1,8) · 10−4 Ë³4. ’ ± ± ±
¢±² ¤ A ¸

3+6(ν, t) ¸ ³ ¶µ ¸¥¡¥ ³ ², Éµ ·¥§Ê²ÓÉ ÉÒ Ë¨É¨·µ¢ ´¨Ö ¶· ±É¨Î¥¸±¨ ´¥
§ ¢¨¸ÖÉ µÉ §´ Î¥´¨Ö M6.

4. ”ˆ’ˆ��‚��ˆ… ‘ “—…’�Œ ‘ˆ‘’…Œ�’ˆ—…‘Šˆ•
��ƒ�…˜��‘’…‰

�·¨ µ¶·¥¤¥²¥´¨¨ Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ (¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ ) ¨§
´¥¸±µ²Ó±¨Ì (NÔ±¸¶) ´¥§ ¢¨¸¨³ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ¨§³¥·¥´¨Õ ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ ¸¥Î¥´¨° γp-· ¸¸¥Ö´¨Ö ¢µ§´¨± ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¸µ¢³¥¸É´µ£µ ÊÎ¥É 
± ± ¸É É¨¸É¨Î¥¸±¨Ì, É ± ¨ ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥°. „²Ö ± ¦¤µ£µ µÉ-
¤¥²Ó´µ ¢§ÖÉµ£µ Ô±¸¶¥·¨³¥´É  j = 1, . . .NÔ±¸¶, · ¸¸³ É·¨¢ ¥³µ£µ ¢ ¤ ´´µ³
 ´ ²¨§¥, µÉ´µ¸¨É¥²Ó´Ò¥ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¨§³¥·Ö¥³ÒÌ ¸¥Î¥´¨°
σÔ±¸¶

ij ≡ σÔ±¸¶, j(ωij , θij), i = 1, . . . nj ¸² ¡µ § ¢¨¸ÖÉ µÉ Ô´¥·£¨° ¨²¨ Ê£²µ¢ · ¸¸¥-
Ö´¨Ö ËµÉµ´µ¢ ¨ ¢ µ¸´µ¢´µ³ ¸¢µ¤ÖÉ¸Ö ± ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢ µ¡Ð¥° ´µ·³¨·µ¢±¥
kj ÔÉ¨Ì ¸¥Î¥´¨°. ŠµÔËË¨Í¨¥´ÉÒ kj ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ´¥¨§¢¥¸É´Ò¥ ¶ -
· ³¥É·Ò µ¡µ¡Ð¥´´µ£µ É¥µ·¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´Éµ¢, ¶·¨ ±µÉµ·µ³
É¥µ·¥É¨Î¥¸±¨¥ ¸¥Î¥´¨Ö σ

É¥µ·
ij ≡ σ(ωij , θij ; αp, βp), § ¢¨¸ÖÐ¨¥ µÉ ¶µ²Ö·¨§Ê¥³µ-

¸É¥° ¶·µÉµ´ , ¤µ²¦´Ò ¸µ£² ¸µ¢Ò¢ ÉÓ¸Ö ¸ ¶¥·¥³ ¸ÏÉ ¡¨·µ¢ ´´Ò³¨ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¸¥Î¥´¨Ö³¨ kjσ

Ô±¸¶
ij . ’µÉ Ë ±É, ÎÉµ ¢¥²¨Î¨´Ò kj · ¢´Ò ¥¤¨´¨Í¥

¢ ¶·¥¤¥² Ì ´¥µ¶·¥¤¥²¥´´µ¸É¥° δj  ¡¸µ²ÕÉ¨§ Í¨¨ ¸¥Î¥´¨° µÉ¤¥²Ó´ÒÌ Ô±¸¶¥-
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·¨³¥´Éµ¢, ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ´¥§ ¢¨¸¨³µ¥ ®¨§³¥·¥´¨¥¯ ÔÉ¨Ì ¢¥²¨Î¨´.
‘µµÉ¢¥É¸É¢¥´´µ ËÊ´±Í¨Ö χ2 § ¶¨¸Ò¢ ¥É¸Ö ± ± [86]

χ2(k; αp, βp) =
NÔ±¸¶∑
j=1

{ nj∑
i=1

(kjσ
Ô±¸¶
ij − σÉ¥µ·

ij

kj∆σÔ±¸¶
ij

)2

+
(kj − 1

kjδj

)2
}

, (16)

£¤¥ ∆σÔ±¸¶
ij Å ¸É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨. ’ ± ± ± ¢Ò· ¦¥´¨¥ (16) Å ±¢ -

¤· É¨Î´ Ö ËÊ´±Í¨Ö µÉ 1/kj , ¥£µ ³¨´¨³¨§ Í¨Ö ¶µ ¢¥²¨Î¨´ ³ kj ²¥£±µ ¤¥² ¥É¸Ö
¢  ´ ²¨É¨Î¥¸±µ³ ¢¨¤¥. �¥§Ê²ÓÉ É ¨³¥¥É ¢¨¤

χ2(αp, βp) = min
k

χ2(k; αp, βp) =
NÔ±¸¶∑
j=1

{
Xee

j −
(Xte

j )2δ2
j

1 + Xtt
j δ2

j

}
, (17)

£¤¥

Xee
j =

nj∑
i=1

(
σÔ±¸¶

ij − σÉ¥µ·
ij

∆σÔ±¸¶
ij

)2

,

Xte
j =

nj∑
i=1

σÔ±¸¶
ij − σÉ¥µ·

ij

∆σÔ±¸¶
ij

σÉ¥µ·
ij

∆σÔ±¸¶
ij

, Xtt
j =

nj∑
i=1

(
σÉ¥µ·

ij

∆σÔ±¸¶
ij

)2

. (18)

‚ Ê· ¢´¥´¨¨ (17) Î²¥´ Xee
j ÊÎ¨ÉÒ¢ ¥É ¸É É¨¸É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ j-£µ Ô±¸-

¶¥·¨³¥´É . �´ Ö¢²Ö¥É¸Ö µ¡ÒÎ´Ò³ ¤²Ö ³¥Éµ¤¨±¨ Ë¨É¨·µ¢ ´¨Ö ¶µ ±·¨É¥·¨Õ χ2.
‚Éµ·µ° (µÉ·¨Í É¥²Ó´Ò°) Î²¥´ ¢µ§´¨± ¥É ¡² £µ¤ ·Ö µ¶É¨³¨§ Í¨¨ χ2 ¶µ ´µ·-
³¨·µ¢µÎ´Ò³ ¶ · ³¥É· ³ kj ¨ µ¶¨¸Ò¢ ¥É ¢²¨Ö´¨¥ ¸¨¸É¥³ É¨Î¥¸±µ° ¶µ£·¥Ï´µ-
¸É¨ j-£µ Ô±¸¶¥·¨³¥´É . Œ¨´¨³Ê³ (17) ¤µ¸É¨£ ¥É¸Ö ¶·¨ ¶¥·¥³ ¸ÏÉ ¡¨·µ¢ ´¨¨
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¥Î¥´¨° Ë ±Éµ· ³¨

kj =

(
1 +

Xte
j δ2

j

1 + Xtt
j δ2

j

)−1

(19)

(§ ¢¨¸ÖÐ¨³¨ µÉ ¶µ²Ö·¨§Ê¥³µ¸É¥°). ‚µ§´¨± ÕÐ Ö ËÊ´±Í¨Ö (17) § ¢¨¸¨É Éµ²Ó±µ
µÉ ¤¢ÊÌ ¶ · ³¥É·µ¢, ÎÉµ ¤¥² ¥É ¥¥ µ¸µ¡¥´´µ Ê¤µ¡´µ° ¤²Ö Ë¨É¨·µ¢ ´¨Ö ¢ ¸²ÊÎ ¥
¡µ²ÓÏµ£µ ±µ²¨Î¥¸É¢  Ô±¸¶¥·¨³¥´Éµ¢.

ˆ¸¶µ²Ó§µ¢ ´¨¥ χ2 ¢¨¤  (17) (¨²¨ (16)) ¢¥¤¥É ± ¤¢Ê³ ¢ ¦´Ò³ ¶µ¸²¥¤¸É¢¨Ö³.
‚µ-¶¥·¢ÒÌ, ¶µ²Ö·¨§Ê¥³µ¸É¨ αp ¨ βp Ë ±É¨Î¥¸±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¨¸¶· ¢²¥´-
´ÒÌ §´ Î¥´¨° Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¥Î¥´¨° kjσ

Ô±¸¶
ij , ÎÉµ ¶·¨¢µ¤¨É ± ¸³¥Ð¥´¨Õ

(µ¡ÒÎ´µ ¢ ¶·¥¤¥² Ì ¶µ²´ÒÌ ¶µ£·¥Ï´µ¸É¥°) §´ Î¥´¨° ¶µ²Ö·¨§Ê¥³µ¸É¥°, µ¶·¥-
¤¥²Ö¥³ÒÌ ¨§ ¨¸Ìµ¤´ÒÌ (´¥¨¸¶· ¢²¥´´ÒÌ) ¸¥Î¥´¨° σÔ±¸¶

ij . ‚µ-¢Éµ·ÒÌ, µÏ¨¡±¨
¢ ¶µ²Ö·¨§Ê¥³µ¸ÉÖÌ µ± §Ò¢ ÕÉ¸Ö ¡µ²ÓÏ¥, Î¥³ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Éµ²Ó±µ ¶¥·-
¢µ£µ Î²¥´  ¢ (17), É ± ± ± É¥¶¥·Ó µ´¨ ¢±²ÕÎ ÕÉ ± ± ¸É É¨¸É¨Î¥¸±¨¥, É ± ¨
¸¨¸É¥³ É¨Î¥¸±¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¥Î¥´¨°.
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�É³¥É¨³, ÎÉµ ¤ ´´Ò¥ · ¡µÉÒ [4] ¸ ´¥³¥Î¥´Ò³¨ ËµÉµ´ ³¨ ¢Ìµ¤ÖÉ ¢ χ2

¸ ÊÎ¥Éµ³ ±µ··¥²ÖÍ¨° ¸É É¨¸É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥° ¸¥Î¥´¨° σÔ±¸¶
i , µÉ´µ¸Ö-

Ð¨Ì¸Ö ± · §´Ò³ Ô´¥·£¨Ö³ ωi. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ [4] ¢³¥¸Éµ ¸ ³¨Ì ¸¥Î¥´¨° σi

(¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ, ¨ É¥µ·¥É¨Î¥¸±¨Ì) ³Ò ¢±²ÕÎ ¥³ ¢ (17) ¨Ì ²¨´¥°´Ò¥
±µ³¡¨´ Í¨¨ σ′

i =
∑

i′ Vii′σi′ , ¨³¥ÕÐ¨¥ ´¥±µ··¥²¨·µ¢ ´´Ò¥ ¶µ£·¥Ï´µ¸É¨.
�±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö ¢¥²¨Î¨´ σ′

i ¨ ¨Ì ¶µ£·¥Ï´µ¸É¥° ∆σ′
i,   É ±¦¥

³ É·¨Í  Vii′ , ¤¨ £µ´ ²¨§¨·ÊÐ Ö ³ É·¨ÍÊ ¶µ£·¥Ï´µ¸É¥° ¸¥Î¥´¨° σÔ±¸¶
i , ¶·¨¢¥-

¤¥´Ò ¢ [4].
‚ ¤ ²Ó´¥°Ï¥³ Ë¨É¨·µ¢ ´¨¥ ¤ ´´ÒÌ ¸ ¶µ³µÐÓÕ ËÊ´±Í¨¨ (17) ¶·µ¢µ¤¨-

²µ¸Ó ¢ ´¥¸±µ²Ó±¨Ì ¢ ·¨ ´É Ì ¢Ò¡µ·  É¥µ·¥É¨Î¥¸±µ° ³µ¤¥²¨ ¤²Ö ¸¥Î¥´¨° σÉ¥µ·
ij

¨ µÉ¡µ·  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ´¨§±µÔ´¥·£¥É¨Î¥-
¸±µ£µ ¶·¨¡²¨¦¥´¨Ö, µ¶¨¸ ´´µ£µ ¢ · §¤. 3, É¥µ·¥É¨Î¥¸±¨¥ ¸¥Î¥´¨Ö Ö¢²ÖÕÉ¸Ö
Ô²¥³¥´É ·´µ° ËÊ´±Í¨¥° Ô´¥·£¨¨ ω, Ê£²  θ ¨ ¶µ²Ö·¨§Ê¥³µ¸É¥° αp, βp. �·¨
¨¸¶µ²Ó§µ¢ ´¨¨ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨ ¸¥Î¥´¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö ¸²µ¦´Ò³ Î¨-
¸²¥´´Ò³  ²£µ·¨É³µ³, É ± ÎÉµ ¤²Ö Í¥²¥° Ë¨É¨·µ¢ ´¨Ö ¨¸¶µ²Ó§µ¢ ² ¸Ó ¶·¥¤-
¢ ·¨É¥²Ó´ Ö É ¡Ê²ÖÍ¨Ö ¨ ¶µ¸²¥¤ÊÕÐ Ö ¨´É¥·¶µ²ÖÍ¨Ö É¥µ·¥É¨Î¥¸±¨Ì ¸¥Î¥´¨°
¶µ Î¥ÉÒ·¥³ ¶¥·¥³¥´´Ò³.

‘µ¢³¥¸É¨³µ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¸ É¥µ·¨¥° ¶·µ¢¥·Ö² ¸Ó ¶µ ¢¥-
²¨Î¨´¥ µ¶É¨³ ²Ó´µ£µ §´ Î¥´¨Ö χ2 ¨ ¢¥·µÖÉ´µ¸É¨ P ¨³¥ÉÓ É ±µ¥ ¨²¨ ¡µ²ÓÏ¥¥
χ2 ¶·¨ Î¨¸²¥ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò Nf = n − 2, £¤¥ n Å Î¨¸²µ Ô±¸¶¥·¨³¥´É ²Ó-
´ÒÌ ÉµÎ¥± ¸ ¸¥Î¥´¨Ö³¨ · ¸¸¥Ö´¨Ö. ‚¥·µÖÉ´µ¸ÉÓ P ´¥ ¤µ²¦´  ¡ÒÉÓ ¸²¨Ï±µ³
³ ² . �¡ÒÎ´µ ¸Î¨É ¥É¸Ö ¤µ¶Ê¸É¨³Ò³, ¥¸²¨ P > 10 %, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¢¥-
·µÖÉ´µ¸É¨ ¢ ¶·¥¤¥² Ì 1,64 ¸É ´¤ ·É´ÒÌ µÉ±²µ´¥´¨°; ´¥·¥¤±µ ¨¸¶µ²Ó§ÊÕÉ¸Ö
¨ ¡µ²¥¥ ³Ö£±¨¥ ±·¨É¥·¨¨: P > 5 % (1,96 ¸É ´¤ ·É´ÒÌ µÉ±²µ´¥´¨°) ¨ ¤ ¦¥
P > 1 % (2,58 ¸É ´¤ ·É´ÒÌ µÉ±²µ´¥´¨°).

— ¸ÉÓ Ë¨Éµ¢ ¢ · §¤. 5 ¢Ò¶µ²´¥´  ¶·¨ ´ ²µ¦¥´´µ° ¸¢Ö§¨ αp + βp = 14,0±
0,5 ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ �‘ (11). ŒÒ · ¸¸³ É·¨¢ ¥³ ÔÉÊ ¸¢Ö§Ó ± ± ¤µ¶µ²´¨É¥²Ó-
´µ¥ ®¨§³¥·¥´¨¥¯ ¨ ¢±²ÕÎ ¥³ ¥£µ ¢ Ê· ¢´¥´¨¥ (17):

χ2(αp, βp) → χ2(αp, βp) +
(

αp + βp − 14, 0
0,5

)2

. (20)

‡¤¥¸Ó Î¨¸²µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò · ¢´µ Nf = n − 1. ’ ±µ° Ë¨É ¶·¨Ìµ¤¨É¸Ö
¤¥² ÉÓ, ´ ¶·¨³¥·, ¢ É¥Ì ¸²ÊÎ ÖÌ, ±µ£¤  ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥-
Î¥´¨Ö γp-· ¸¸¥Ö´¨Ö ¶·¨ ¥¤¨´¸É¢¥´´µ³ Ê£²¥ θ.

5. ���…„…‹…�ˆ… ��‹Ÿ�ˆ‡“…Œ�‘’…‰ ���’���

ŒÒ µ¶·¥¤¥²Ö²¨ ¶µ²Ö·¨§Ê¥³µ¸É¨ ¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¤¥² Ö:
1) · §¤¥²Ó´Ò¥ Ë¨ÉÒ µÉ¤¥²Ó´µ ¢§ÖÉÒÌ Ô±¸¶¥·¨³¥´Éµ¢, 2) · §¤¥²Ó´Ò¥ Ë¨ÉÒ ¶µ
£·Ê¶¶ ³ · ´´¨Ì ¨ ¶µ§¤´¨Ì Ô±¸¶¥·¨³¥´Éµ¢ ¨ 3) µ¡Ñ¥¤¨´¥´´Ò° (£²µ¡ ²Ó´Ò°)
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Ë¨É ¶µ ¢¸¥³ Ô±¸¶¥·¨³¥´É ³. ‚µ ¢¸¥Ì ¸²ÊÎ ÖÌ, ±·µ³¥ o¶¨¸ ´´ÒÌ ´¨¦¥ ¢ ¶. 5.4,
Ë¨É¨·ÊÕÐ¥¥ ¸¥Î¥´¨¥ ´ Ìµ¤¨²µ¸Ó ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨, µ¶¨¸ ´-
´µ° ¢ ¶. 3.2.

‘ µ¤´µ° ¸Éµ·µ´Ò, É ± Ö ¶·µÍ¥¤Ê·  ¶µ§¢µ²Ö¥É ¸Ê¤¨ÉÓ µ Éµ³, ± ±¨¥ Ô±¸¶¥-
·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ´ ¨¡µ²¥¥ ¨´Ëµ·³ É¨¢´Ò ¸ ÉµÎ±¨ §·¥´¨Ö µ¶·¥¤¥²¥´¨Ö
¶µ²Ö·¨§Ê¥³µ¸É¥° ¨ ¶· ¢µ³¥·´µ ²¨ µÉ¡· ¸Ò¢ ÉÓ ¸É ·Ò¥ ¤ ´´Ò¥ ¢ ´Ò´¥Ï´¥°
Ô±¸¶¥·¨³¥´É ²Ó´µ° ¸¨ÉÊ Í¨¨. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ÔÉ  ¶·µÍ¥¤Ê·  ¶µ§¢µ²Ö¥É
¸± § ÉÓ, ¸µ¢³¥¸É¨³Ò ²¨ · §²¨Î´Ò¥ £·Ê¶¶Ò ¤ ´´ÒÌ ¤·Ê£ ¸ ¤·Ê£µ³ ¨ ³µ¦´µ
²¨ µ¡Ñ¥¤¨´ÖÉÓ ¨Ì ¢ µ¤¨´ £²µ¡ ²Ó´Ò° Ë¨É. �¨¦¥ ¶·¨¢µ¤ÖÉ¸Ö ¶µ²ÊÎ¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ.

5.1. �µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´ , µ¶·¥¤¥²¥´´Ò¥ ¶µ µÉ¤¥²Ó´Ò³ Ô±¸¶¥·¨³¥´-
É ³. �µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  αp ¨ βp, µ¶·¥¤¥²¥´´Ò¥ ¤²Ö ± ¦¤µ£µ ¨§ Ô±¸¶¥-
·¨³¥´Éµ¢ [1Ä4, 23, 24, 49Ä52], ¶·¨¢¥¤¥´Ò ¢ É ¡². 3. ’ ± ± ± ¢ · ¡µÉ Ì [2, 51]
¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¨§³¥·Ö²µ¸Ó ¶·¨ ¥¤¨´¸É¢¥´´µ³ Ê£²¥, µ¡  ¶ · ³¥É· 
αp ¨ βp ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¨§ ´¨Ì ²¨ÏÓ ¶·¨ ¶·¨¢²¥Î¥´¨¨ ¶· ¢¨²  ¸Ê³³ (11).

„¢ÊÌ¶ · ³¥É·¨Î¥¸±¨¥ Ë¨ÉÒ ¸ ´¥§ ¢¨¸¨³Ò³¨ ¶µ²Ö·¨§Ê¥³µ¸ÉÖ³¨ ¶·µÉµ´ 
Ìµ·µÏµ µ¶¨¸Ò¢ ÕÉ ± ¦¤Ò° ¨§ Ô±¸¶¥·¨³¥´Éµ¢, · ¸¸³ É·¨¢ ¥³Ò° ¢ µÉ¤¥²Ó´µ-
¸É¨, µ Î¥³ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É ¤µ¸É ÉµÎ´µ ¢Ò¸µ±¨° Ê·µ¢¥´Ó ¤µ¸Éµ¢¥·´µ¸É¨ P .
	µ²¥¥ Éµ£µ, ¢ ¶·¥¤¥² Ì 1Ä2 ¶µ²ÊÎ ¥³ÒÌ ¶µ£·¥Ï´µ¸É¥° ¡µ²ÓÏ¨´¸É¢µ ·¥§Ê²Ó-
É Éµ¢, ¤ ´´ÒÌ ¢ · §²¨Î´ÒÌ ¸É·µ± Ì É ¡²¨ÍÒ, ¸µ£² ¸ÊÕÉ¸Ö ¤·Ê£ ¸ ¤·Ê£µ³ ¨
¸µ ¸·¥¤´¥¢§¢¥Ï¥´´Ò³¨ ¶µ ¢¥·Ì´¥° Î ¸É¨ É ¡²¨ÍÒ ¢¥²¨Î¨´ ³¨ αp � 11, 3,
βp � 1, 8, µ¶·¥¤¥²Ö¥³Ò³¨ ¡¥§ ¶·¨¢²¥Î¥´¨Ö �‘ (11). �¥¸±µ²Ó±µ ¢Ò¶ ¤ ÕÉ
²¨ÏÓ §´ Î¥´¨Ö ³ £´¨É´µ° ¶µ²Ö·¨§Ê¥³µ¸É¨, ¶µ²ÊÎ ¥³Ò¥ ¶·¨ Ë¨É¨·µ¢ ´¨¨ ¸¥-
Î¥´¨° ¨§ · ¡µÉ [24,49] (¸µµÉ¢¥É¸É¢¥´´µ ´  2,3 ¨ 2,6 ¸É ´¤ ·É´ÒÌ µÉ±²µ´¥´¨Ö).

…¸²¨ ´¥ µ¡· Ð ÉÓ ¢´¨³ ´¨Ö ´  ¶µ£·¥Ï´µ¸É¨, Éµ ³µ¦´µ § ³¥É¨ÉÓ, ÎÉµ
¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö É·¥Ì · ¡µÉ [24,49,50] ¶·¨¢µ¤ÖÉ ± µÉ·¨Í É¥²Ó´Ò³
§´ Î¥´¨Ö³ ³ £´¨É´µ° ¶µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´ . „µ ¸¨Ì ¶µ· ¶µ ®· ´´¨³ Ô±¸¶¥-
·¨³¥´É ³¯ [49, 50] ¶µ²Ö·¨§Ê¥³µ¸É¨ ¢µµ¡Ð¥ ´¥ µ¶·¥¤¥²Ö²¨¸Ó (¢µ ¢¸Ö±µ³ ¸²Ê-
Î ¥, ´¥ ¶Ê¡²¨±µ¢ ²¨¸Ó), ¨ ¡Ò²µ ¶·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ Éµ²Ó±µ µ¤´  · ¡µÉ  [24]
Ê± §Ò¢ ¥É ´  µÉ·¨Í É¥²Ó´µ¥ §´ Î¥´¨¥ βp. �¤´ ±µ ¶·¨ ÊÎ¥É¥ ¶µ£·¥Ï´µ¸É¥°
¢¸¥ βp ¸µ¢³¥¸É¨³Ò ¸ ´Ê²¥¢Ò³ §´ Î¥´¨¥³.

„·Ê£¨³ ²Õ¡µ¶ÒÉ´Ò³ µ¡¸ÉµÖÉ¥²Ó¸É¢µ³ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ §´ Î¥´¨Ö ¶µ²Ö-
·¨§Ê¥³µ¸É¥°, ¢Ò¢µ¤¨³Ò¥ ¨§ ¶µ¸²¥¤´¥£µ Ô±¸¶¥·¨³¥´É  [4], ¶·¥¤µ¶·¥¤¥²ÖÕÉ¸Ö
´ ¡µ·µ³ ÉµÎ¥±, ¶µ²ÊÎ¥´´ÒÌ ¸ ´¥³¥Î¥´Ò³¨ ËµÉµ´ ³¨. �µ¤³´µ¦¥¸É¢µ ÉµÎ¥±,
¶µ²ÊÎ¥´´ÒÌ ¸ ³¥Î¥´Ò³¨ ËµÉµ´ ³¨, µ¡² ¤ ¥É ´¨§±µ° ÉµÎ´µ¸ÉÓÕ ¨, ¥¸²¨ µ¶ÖÉÓ
§ ¡ÒÉÓ µ ¶µ£·¥Ï´µ¸ÉÖÌ, ¤ ¥É ·¥±µ·¤´µ ¡µ²ÓÏµ¥ ¶µ²µ¦¨É¥²Ó´µ¥ §´ Î¥´¨¥ ¤²Ö
βp ¨ ¤²Ö ¸Ê³³Ò αp +βp Å ¸³. ¶µ¸²¥¤´ÕÕ ¸É·µ±Ê É ¡². 3. ’ ±¨³ µ¡· §µ³, ¨§-
³¥·¥´¨Ö ¸ ³¥Î¥´Ò³¨ ËµÉµ´ ³¨, ±µÉµ·Ò¥ µ¡² ¤ ÕÉ ·Ö¤µ³ ´¥µ¸¶µ·¨³ÒÌ ³¥Éµ-
¤¨Î¥¸±¨Ì ¶·¥¨³ÊÐ¥¸É¢, ¶µ±  ´¥ ³µ£ÊÉ ¸· ¢´¨ÉÓ¸Ö ¶µ ¤µ¸É¨£´ÊÉÒ³ ·¥§Ê²ÓÉ É ³
¤²Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¸ ¨§³¥·¥´¨Ö³¨ ´  µ¡ÒÎ´µ³ Éµ·³µ§´µ³ ¶ÊÎ±¥.

„²Ö · ¡µÉ 90-Ì £µ¤µ¢ ¨³¥¥É¸Ö ¡²¨§±µ¥ ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ·¥§Ê²ÓÉ É ³¨,
¶·¨¢¥¤¥´´Ò³¨ ¢ É ¡². 3, ¨ µ·¨£¨´ ²Ó´Ò³¨ ·¥§Ê²ÓÉ É ³¨ ¸ ³¨Ì  ¢Éµ·µ¢ (É ±¦¥
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’ ¡²¨Í  3. �µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  ¢ ¥¤¨´¨Í Ì 10−4 Ë³3, ´ °¤¥´´Ò¥ ¶µ ¤ ´´Ò³
µÉ¤¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨

�±¸¶¥·¨³¥´É (¸¸Ò²± ) n αp βp αp + βp χ2/Nf P , %

Oxl58 [49] 4 17, 0±8, 1 −6, 7±3, 7 10, 2±9, 2 4,2/2 12
Hym59 [50] 12 13, 9±5, 6 −4, 7±7, 2 9, 2±6, 1 0,6/10 100
Gol60 [23] 5 10, 1±7, 8 9, 0±5, 0 19, 1±10, 2 2,3/3 52
Fri67 [52] 16 14, 2±4, 0 5, 6±4, 2 19, 8±4, 3 2,4/14 100
Bar74 [24] 7 11, 4±1, 4 −4, 7±2, 5 6, 7±3, 3 8,0/5 15

Fed91 [1] 16 13, 7±3, 7 2, 1±3, 1 15, 9±4, 4 17,3/14 24
Hal93 [3] 12 9, 1±1, 7 3, 7±1, 5 12, 7±2, 0 5,9/10 82
Mac95 [4] 18 12, 2±1, 7 3, 3±1, 8 15, 5±3, 1 7,4/16 97

Ber61 [51] 2 11, 4±2, 9 2, 6±2, 9 Å 0,7/1 41
Zie92 [2] 2 10, 0±1, 4 4, 0±1, 4 Å 0,1/1 73

Mac95 (tagged) 8 18, 3±5, 7 13, 2±7, 2 31, 5±12, 3 2,2/6 90

�·¨³¥Î ´¨¥. n Å Î¨¸²µ ÉµÎ¥± ¢ · ¡µÉ¥ ¢ µ¡² ¸É¨ Ô´¥·£¨° ¤µ 150 ŒÔ‚. �µ£·¥Ï´µ¸É¨ ¢±²ÕÎ ÕÉ
¸É É¨¸É¨Î¥¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨. P Ä Ê·µ¢¥´Ó ¤µ¸Éµ¢¥·´µ¸É¨ ¶·¨ ´ °¤¥´-
´µ³ χ2. ‘Ê³³  αp +βp ´¥ Ë¨±¸¨·µ¢ ´  ¢ ¶¥·¢µ° Î ¸É¨ É ¡²¨ÍÒ. ‚ ¸²¥¤ÊÕÐ¥° Î ¸É¨ É ¡²¨ÍÒ
Ë¨É ¸¥Î¥´¨° ¨§ · ¡µÉ [2,51], ¨§³¥·¥´´ÒÌ ¶·¨ ¥¤¨´¸É¢¥´´µ³ Ê£²¥, ¤¥² ²¸Ö ¶·¨ ¤µ¶µ²´¨É¥²Ó´µ³
Ê¸²µ¢¨¨ (12). �µ¸²¥¤´ÖÖ ¸É·µ±  ¶·¥¤¸É ¢²Ö¥É ·¥§Ê²ÓÉ ÉÒ Ë¨É  ¶µ¤³´µ¦¥¸É¢  Ô±¸¶¥·¨³¥´É  [4]
¸ ³¥Î¥´Ò³¨ ËµÉµ´ ³¨.

´ °¤¥´´Ò³¨ ¤²Ö ¸²ÊÎ Ö ´¥Ë¨±¸¨·µ¢ ´´µ° ¸Ê³³Ò αp + βp), ±µÉµ·Ò¥ É ±¦¥
¨¸¶µ²Ó§µ¢ ²¨ ¤¨¸¶¥·¸¨µ´´ÊÕ É¥µ·¨Õ (¢ ¥¥ ¡µ²¥¥ · ´´¥° Ëµ·³¥ [36]) ¤²Ö
µ¶·¥¤¥²¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°. ˆ¸±²ÕÎ¥´¨¥³ Ö¢²Ö¥É¸Ö Éµ²Ó±µ · ¡µÉ  [1] Ä
¨§-§  Éµ£µ, ÎÉµ ¶¥·¢µ´ Î ²Ó´µ ¨§³¥·¥´´Ò¥ É ³ ¸¥Î¥´¨Ö ¡Ò²¨ ¶µ§¦¥ ¸±µ··¥±-
É¨·µ¢ ´Ò (¸³. · §¤. 2); ´ Ï ·¥§Ê²ÓÉ É µÎ¥´Ó ¡²¨§µ± ± ·¥§Ê²ÓÉ ÉÊ µ¡· ¡µÉ±¨
¨¸¶· ¢²¥´´ÒÌ ¤ ´´ÒÌ [1], ¶·¨¢¥¤¥´´µ³Ê ¢ [4]. � ¸Ìµ¦¤¥´¨¥ ¸ µ·¨£¨´ ²Ó-
´Ò³¨ ·¥§Ê²ÓÉ É ³¨ [3] £² ¢´Ò³ µ¡· §µ³ ¸¢Ö§ ´µ ¸ É¥³, ÎÉµ ³Ò ¨¸¶µ²Ó§Ê¥³
Éµ²Ó±µ ³ ²ÊÕ Î ¸ÉÓ ¨Ì ¤ ´´ÒÌ, µÉ´µ¸ÖÐÊÕ¸Ö ± ¤µ¶µ·µ£µ¢Ò³ Ô´¥·£¨Ö³ ´¨¦¥
150 ŒÔ‚, Éµ£¤  ± ± ¢ [3] ¢ Ë¨É ¢±²ÕÎ ²¨¸Ó ¤ ´´Ò¥ ¶·¨ Ô´¥·£¨ÖÌ ¢¶²µÉÓ ¤µ
293 ŒÔ‚, £¤¥ ³µ¤¥²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ ¸É ´µ¢¨É¸Ö ¶·¥¤³¥Éµ³ µ¸µ¡ÒÌ § ¡µÉ.

Š ± Ê¦¥ ¶µ¤Î¥·±¨¢ ²µ¸Ó ¢ · §¤. 2, ¶µ£·¥Ï´µ¸É¨ ¸¥Î¥´¨° ¶·¨ ω > 100 ŒÔ‚
¨§ · ¡µÉÒ [4] µ¡² ¤ ÕÉ ¸¨²Ó´µ° ±µ··¥²ÖÍ¨¥°, ±µÉµ· Ö µ§´ Î ¥É ´ ²¨Î¨¥ ¤µ-
¶µ²´¨É¥²Ó´ÒÌ ¸¢Ö§¥° ³¥¦¤Ê ¸¥Î¥´¨Ö³¨ ¨ É¥³ ¸ ³Ò³ ¨Ì ¡µ²¥¥ ¢Ò¸µ±ÊÕ ÉµÎ-
´µ¸ÉÓ ¶µ ¸· ¢´¥´¨Õ ¸ Éµ°, ±µÉµ· Ö ´ ¨¢´µ ¸²¥¤Ê¥É ¨§ É ¡². 2. �·Ö³µ²¨´¥°´µ¥
¨¸¶µ²Ó§µ¢ ´¨¥ ¢ (17) ¢³¥¸Éµ ¶· ¢¨²Ó´ÒÌ ²¨´¥°´ÒÌ ±µ³¡¨´ Í¨° ¸¥Î¥´¨° σ′

i,
Ê¶µ³Ö´ÊÉÒÌ ¢ · §¤. 4, ¸ ³¨Ì ¢¥²¨Î¨´ ¨§ É ¡². 2 ¶·¨¢¥²µ ¡Ò ± Ê¢¥²¨Î¥´¨Õ αp

´  +2,   βp ´  +3, ¶µ¤´Ö²µ ¡Ò ¸Ê³³Ê αp + βp ¤µ 21 ¨ Ê¢¥²¨Î¨²µ ¡Ò ¢¸¥
¶µ£·¥Ï´µ¸É¨ ¶·¨³¥·´µ ¢¤¢µ¥. ’ ±¨³ µ¡· §µ³, ÊÎ¥É ±µ··¥²ÖÍ¨° ¶·¥¤¸É ¢²Ö¥É
¢ ¦´Ò° Ô²¥³¥´É ¶·¨ ¨´É¥·¶·¥É Í¨¨ ¸¥Î¥´¨°, ¶µ²ÊÎ¥´´ÒÌ ¢ [4]. ‘²¥¤Ê¥É § -
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³¥É¨ÉÓ, ÎÉµ ´¨ ¢ µ¤´µ° ¤·Ê£µ° ¨§ · ¸¸³ É·¨¢ ¥³ÒÌ §¤¥¸Ó Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
· ¡µÉ ÊÎ¥É ±µ··¥²ÖÍ¨° ¸¥Î¥´¨° ´¥ ¶·µ¨§¢µ¤¨²¸Ö. Œµ¦´µ ¤Ê³ ÉÓ, ÎÉµ ¸¨²Ó´Ò¥
±µ··¥²ÖÍ¨¨ ¢ [4] Ö¢¨²¨¸Ó ·¥§Ê²ÓÉ Éµ³ · §¡¨¥´¨Ö Ô´¥·£¥É¨Î¥¸±µ£µ ¨´É¥·¢ ² 
´  ¸²¨Ï±µ³ ³ ²¥´Ó±¨¥ ÊÎ ¸É±¨, ±µÉµ·Ò¥ ¡Ò²¨ ³¥´ÓÏ¥ ·¥ ²Ó´µ£µ Ô´¥·£¥É¨Î¥-
¸±µ£µ · §·¥Ï¥´¨Ö Ê¸É ´µ¢±¨. �µ¸²¥¤´¥¥ ´¥ Ê± § ´µ Ö¢´µ ¢ ¶Ê¡²¨± Í¨¨ [4].

“Î¨ÉÒ¢ Ö · §¡·µ¸ ¨ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²Ö·¨§Ê¥³µ¸ÉÖÌ, ¶·¨¢¥¤¥´´ÒÌ ¢
É ¡². 3, ³Ò ¶·¨Ìµ¤¨³ ± ¢Ò¢µ¤Ê µ ¤µ¶Ê¸É¨³µ¸É¨ µ¡Ñ¥¤¨´¥´¨Ö ¤ ´´ÒÌ ¤²Ö £²µ-
¡ ²Ó´ÒÌ Ë¨Éµ¢ · ´´¨Ì, ¶µ§¤´¨Ì ¨²¨ ¢¸¥Ì · ¡µÉ.

5.2. �µ²Ö·¨§Ê¥³µ¸É¨, ¶µ²ÊÎ¥´´Ò¥ ¶µ ¢¸¥³ · ´´¨³ ¨ ¢¸¥³ ¶µ§¤´¨³ Ô±¸-
¶¥·¨³¥´É ³. �µ ¶·¨³¥´Ö¥³µ° Ô±¸¶¥·¨³¥´É ²Ó´µ° ³¥Éµ¤¨±¥ · ¡µÉÒ [1Ä4,23,
24,49Ä52] Î¥É±µ · ¸¶ ¤ ÕÉ¸Ö ´  · ´´¨¥ (50Ä70-¥ £µ¤Ò) ¨ ¶µ§¤´¨¥ (90-¥ £µ¤Ò).
‚ ¶Ê¡²¨± Í¨ÖÌ ¶µ¸²¥¤´¨Ì ²¥É ·¥§Ê²ÓÉ ÉÒ · ´´¨Ì Ô±¸¶¥·¨³¥´Éµ¢ ´¥·¥¤±µ
¨£´µ·¨·ÊÕÉ¸Ö ¸µ ¸¸Ò²±µ° ´  ¨Ì Ö±µ¡Ò ´¨§±ÊÕ ¸¨¸É¥³ É¨Î¥¸±ÊÕ ÉµÎ´µ¸ÉÓ.
—Éµ¡Ò ±µ²¨Î¥¸É¢¥´´µ ¶·µ¢¥·¨ÉÓ · §Ê³´µ¸ÉÓ É ±µ£µ ¶·¥´¥¡·¥¦¥´¨Ö, ³Ò ¶·µ-
¢¥²¨ · §¤¥²Ó´Ò¥ Ë¨ÉÒ · ´´¨Ì [23,24,49Ä52] ¨ ¶µ§¤´¨Ì [1Ä4] Ô±¸¶¥·¨³¥´Éµ¢.
�¥§Ê²ÓÉ ÉÒ ¸¢¥¤¥´Ò ¢ É ¡². 4. ˆ§ ´¨Ì ³µ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ · ´´¨¥ ¨ ¶µ§¤´¨¥
· ¡µÉÒ ¤ ÕÉ ¶·¨¡²¨§¨É¥²Ó´µ µ¤¨´ ±µ¢Ò¥ ¶µ²´Ò¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²Ö·¨§Ê¥-
³µ¸ÉÖÌ, µ¸µ¡¥´´µ ¤²Ö αp. �¥³´µ£µ ²ÊÎÏ Ö ÉµÎ´µ¸ÉÓ ¶µ§¤´¨Ì · ¡µÉ ¤µ¸É¨£ -
¥É¸Ö ¢ µ¸´µ¢´µ³ §  ¸Î¥É ¶·¨¸ÊÉ¸É¢¨Ö ¡µ²ÓÏ¥£µ Î¨¸²  ÉµÎ¥± ¢ µ¡² ¸É¨ Ô´¥·£¨°
¢ÒÏ¥ 100 ŒÔ‚, £¤¥ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ± ¶µ²Ö·¨§Ê¥³µ¸ÉÖ³ ¢ÒÏ¥ (´µ ¢ÒÏ¥ ¨
³µ¤¥²Ó´Ò¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨). ‘²¥¤µ¢ É¥²Ó´µ, ´¥É ¤µ¸É ÉµÎ´ÒÌ µ¸´µ¢ ´¨°
¨£´µ·¨·µ¢ ÉÓ · ´´¨¥ · ¡µÉÒ. �¡¥ £·Ê¶¶Ò (· ´´¨Ì ¨ ¶µ§¤´¨Ì) Ô±¸¶¥·¨³¥´Éµ¢
¤¥³µ´¸É·¨·ÊÕÉ Ìµ·µÏ¥¥ ¸µ£² ¸¨¥ ¸ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±¨³ É¥µ·¥É¨Î¥¸±¨³ ¸¥-
Î¥´¨¥³ ¨ ¶µ± §Ò¢ ÕÉ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ ¸µ£² ¸¨¥ ³¥¦¤Ê ¨´¤¨¢¨¤Ê ²Ó´Ò³¨
· ¡µÉ ³¨ ¢ ± ¦¤µ° ¨§ £·Ê¶¶. � ´´¨¥ ¨ ¶µ§¤´¨¥ Ô±¸¶¥·¨³¥´ÉÒ ¢ Í¥²µ³ ¶·¨-
¢µ¤ÖÉ ± ¸µ£² ¸ÊÕÐ¨³¸Ö ·¥§Ê²ÓÉ É ³ ¤²Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ , ¨ ¨Ì µ¡Ñ-
¥¤¨´¥´¨¥ ¢ £²µ¡ ²Ó´µ³ Ë¨É¥ ´¥ Éµ²Ó±µ ¤µ¶Ê¸É¨³µ, ´µ ¨ Í¥²¥¸µµ¡· §´µ ¤²Ö
Ê³¥´ÓÏ¥´¨Ö ¶µ²´µ° µÏ¨¡±¨.

5.3. �µ²Ö·¨§Ê¥³µ¸É¨, ¶µ²ÊÎ¥´´Ò¥ ¶·¨ µ¡Ñ¥¤¨´¥´¨¨ ¢¸¥Ì Ô±¸¶¥·¨³¥´-
Éµ¢. �¥§Ê²ÓÉ ÉÒ £²µ¡ ²Ó´ÒÌ Ë¨Éµ¢ ¢¸¥Ì ¨³¥ÕÐ¨Ì¸Ö ¤ ´´ÒÌ ¶·¨ Ô´¥·£¨ÖÌ
ËµÉµ´  ¤µ 150 ŒÔ‚ ± ± ¸µ ¸¢µ¡µ¤´Ò³ §´ Î¥´¨¥³ αp +βp (Ë¨É ( )), É ± ¨ ¶·¨
µ£· ´¨Î¥´¨¨ (12) (Ë¨É (¡)) ¶·¨¢¥¤¥´Ò ¢ É ¡². 4. ‚ Ë¨É¥ ( ) ´ °¤¥´´ Ö ¸Ê³³ 
¶µ²Ö·¨§Ê¥³µ¸É¥° Ê¤¨¢¨É¥²Ó´µ Ìµ·µÏµ ¸µ£² ¸Ê¥É¸Ö ¸ ¶·¥¤¸± § ´¨¥³ �C (11).
‘²¥¤¸É¢¨¥³ É ±µ£µ ¸µ£² ¸¨Ö Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶µ²Ö·¨§Ê¥³µ¸É¨, ´ °¤¥´´Ò¥ ¢
Ë¨É¥ (¡), ¶µÎÉ¨ ´¥ µÉ²¨Î ÕÉ¸Ö µÉ ¶µ²Ö·¨§Ê¥³µ¸É¥°, ´ °¤¥´´ÒÌ ¢ Ë¨É¥ ( ).

‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ¤µ¸É¨£´ÊÉµ³ Ê·µ¢´¥ ÉµÎ´µ¸É¨ ¨§³¥·¥´¨° ¶µ-
£·¥Ï´µ¸É¨ ¢ ¶µ²Ö·¨§Ê¥³µ¸ÉÖÌ, ¶µ²ÊÎ¥´´ÒÌ ¢ Ë¨É¥ (¡), ¢ §´ Î¨É¥²Ó´µ° ¸É¥-
¶¥´¨ µ¶·¥¤¥²Ö¥É¸Ö ´¥ ¶µ£·¥Ï´µ¸ÉÖ³¨ ¢ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ ¸¥Î¥´¨ÖÌ “�” ´  ¶·µÉµ´¥,   ¶µ£·¥Ï´µ¸ÉÓÕ ¢ É¥µ·¥É¨Î¥¸±µ³ §´ Î¥´¨¨
(12). �µÔÉµ³Ê ³µ¦¥É ¶µ± § ÉÓ¸Ö, ÎÉµ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ (Ë¨É ( )) ´¥ Ê²ÊÎÏ ÕÉ
§´ Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°, ´ °¤¥´´Ò¥ ¢ ®£²µ¡ ²Ó´µ³¯ Ë¨É¥ É·¥Ì · ¡µÉ 90-Ì
£µ¤µ¢ [4] ¨ ¢µÏ¥¤Ï¨e ¢ ±µ³¶¨²ÖÍ¨Õ ®Particle Data Group¯ [69] (¸³. É ¡². 4).
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‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ®£²µ¡ ²Ó´Ò°¯ Ë¨É ¢ [4] ¡Ò² ¸¤¥² ´ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
É¥µ·¥É¨Î¥¸±µ£µ µ£· ´¨Î¥´¨Ö (αp + βp)É¥µ· = 14,2 ± 0,5, ¨ ¶µ£·¥Ï´µ¸É¨ ¢
¶µ²ÊÎ¥´´ÒÌ ¸·¥¤´¨Ì §´ Î¥´¨ÖÌ αÔ±¸¶

p ¨ βÔ±¸¶
p µ¶·¥¤¥²ÖÕÉ¸Ö ¢ µ¸´µ¢´µ³ ¶µ-

£·¥Ï´µ¸ÉÓÕ ±0,5,   ÔÉµ ³µ¦¥É ¸µ§¤ ÉÓ § ¢ÒÏ¥´´µ¥ ¢¶¥Î É²¥´¨¥ µ¡ Ê·µ¢´¥
¶µ£·¥Ï´µ¸É¥° ¢ ¸ ³¨Ì Ô±¸¶¥·¨³¥´É Ì. �µ²Ó · ´´¨Ì ¤ ´´ÒÌ Ö¸´µ ¢¨¤´  ¨§ ´ -
Ï¥£µ £²µ¡ ²Ó´µ£µ Ë¨É  (¡), ¶µ£·¥Ï´µ¸É¨ ¢ ±µÉµ·µ³ ³¥´ÓÏ¥ É¥Ì, ÎÉµ ¶µ²ÊÎ¥´Ò
¢ [4] (¸³. É ±¦¥ ·¨¸. 1).

’ ¡²¨Í  4. �µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  ¢ ¥¤¨´¨Í Ì 10−4 Ë³3, ´ °¤¥´´Ò¥ ¶µ · ´´¨³
(50Ä70-¥ ££.), ´µ¢Ò³ (90-¥ ££.) ¨ ¢¸¥³ Ô±¸¶¥·¨³¥´É ³ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¤¨¸¶¥·¸¨µ´-
´µ° É¥µ·¨¨

�±¸¶¥·¨³¥´É n αp βp αp + βp αp − βp χ2/Nf

( ) αp + βp ´¥ Ë¨±¸¨·µ¢ ´µ

50Ä70-¥ ££. 46 12,8 ± 1,1 −0,3 ± 1,6 12,5 ± 2,2 13,0 ± 1,7 33,1/44
90-¥ ££. 48 10,8 ± 1,0 3,2 ± 1,0 14,0 ± 1,6 7,7 ± 1,2 33,7/46

‚¸¥ Ô±¸¶¥·.∗) 94 11,7 ± 0,8 2,3 ± 0,9 14,0 ± 1,3 9,5 ± 1,0 73,1/92

(¡) (αp + βp)É¥µ· = 14,0 ± 0,5

50Ä70-¥ ££. 46 13,3 ± 0,8 0,6 ± 0,9 Ä 12,7 ± 1,6 33,6/45
90-¥ ££. 48 10,8 ± 0,7 3,2 ± 0,7 Ä 7,7 ± 1,2 33,7/47

‚¸¥ Ô±¸¶¥·. 94 11,7 ± 0,5 2,3 ± 0,6 Ä 9,5 ± 1,0 73,1/93

(¢) (αp + βp)É¥µ· = 14,2 ± 0,5

PDG98 36 12,1 ± 0,8 2,1 ± 0,8 Ä 10,0 ± 1,5

∗�É¨ §´ Î¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ·¥±µ³¥´¤µ¢ ´Ò ¤²Ö ¨¸¶µ²Ó§µ¢ ´¨Ö PDG. “± § ´´Ò¥ ¶µ£·¥Ï´µ-
¸É¨ ¢±²ÕÎ ÕÉ ¸É É¨¸É¨Î¥¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨. n Å Î¨¸²µ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ ÉµÎ¥±. �É¤¥²Ó´µ ¶µ± § ´ Ë¨É (¡) ¸ Ë¨±¸¨·µ¢ ´´µ° ¸Ê³³µ° αp + βp, Ê·-¥ (11),  
É ±¦¥ Ë¨É (¢) Å ®£²µ¡ ²Ó´µ¥ ¸·¥¤´¥¥¯ ¶µ · ¡µÉ ³ [1, 2, 4], ¶µ²ÊÎ¥´´µ¥ ¢ [4] ¶·¨ Ê¸²µ¢¨¨

αp + βp = 14,2 ± 0,5 ¨ ¢±²ÕÎ¥´´µ¥ ¢ ¶µ¸²¥¤´¥¥ ¨§¤ ´¨¥ ®Particle Data Group¯ [69].

“¤µ¢²¥É¢µ·¨É¥²Ó´ Ö ¢¥²¨Î¨´  χ2/Nf ¸¢¨¤¥É¥²Ó¸É¢Ê¥É ¢ Í¥²µ³ µ ¸µ¢³¥¸É-
´µ¸É¨ ³ ¸¸¨¢  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¸ É¥µ·¥É¨Î¥¸±¨³ ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò³ ¸¥Î¥´¨¥³. �¤´ ±µ ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ¨ ¨´¤¨¢¨¤Ê ²Ó´Ò¥ ¢±² ¤Ò χ2

j

¢ ¸Ê³³ ·´ÊÕ ¢¥²¨Î¨´Ê χ2 µÉ ¸¥Î¥´¨° ¨§ µÉ¤¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢, ±µÉµ-
·Ò¥ ¶µ§¢µ²ÖÕÉ ±µ²¨Î¥¸É¢¥´´µ ¸Ê¤¨ÉÓ µ ¸µ¢³¥¸É´µ¸É¨ ·¥§Ê²ÓÉ Éµ¢ · §´ÒÌ Ô±¸-
¶¥·¨³¥´Éµ¢ ¤·Ê£ ¸ ¤·Ê£µ³. Š ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ´ ¨¡µ²ÓÏ¨° ¢±² ¤ ¢
χ2/Nf ¤ ÕÉ ¸¥Î¥´¨Ö ¨§ · ¡µÉ [24, 49] (¢ [24] Å Ë ±É¨Î¥¸±¨ Éµ²Ó±µ ÉµÎ±¨
¶·¨ θ = 150◦), ±µÉµ·Ò¥ ¶·¨ ´¥§ ¢¨¸¨³ÒÌ Ë¨É Ì ¶·¨¢µ¤ÖÉ ± µÉ·¨Í É¥²Ó´Ò³
βp. ‚¥·µÖÉ´µ¸É¨ Î¨¸Éµ ¸É É¨¸É¨Î¥¸±µ£µ ¶·µ¨¸Ìµ¦¤¥´¨Ö ´ ¡²Õ¤ ¥³ÒÌ χ2

j ¸µ-
¸É ¢²ÖÕÉ ¤²Ö [49] ¨ [24] (θ = 150◦), ¸µµÉ¢¥É¸É¢¥´´µ, 4 ¨ 1 %, ÎÉµ ³µ¦¥É ¸Î¨-
É ÉÓ¸Ö ¤µ¶Ê¸É¨³Ò³ ¶·¨ ³Ö£±µ³ ±·¨É¥·¨¨ ¡· ±µ¢±¨. ‚±² ¤Ò µ¸É ²Ó´ÒÌ · ¡µÉ ¢
χ2/Nf § ³¥É´µ ³¥´ÓÏ¥, ¨  ´ ²µ£¨Î´Ò¥ ¢¥·µÖÉ´µ¸É¨ ¸µ¸É ¢²ÖÕÉ 33 % ¨ ¡µ²¥¥.
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�µ·³¨·µ¢µÎ´Ò¥ ³´µ¦¨É¥²¨ kj (Ê· ¢´¥´¨¥ (19)), ±µ··¥±É¨·ÊÕÐ¨¥ Ô±¸¶¥-
·¨³¥´É ²Ó´Ò¥ ¸¥Î¥´¨Ö, ¤²Ö ¡µ²ÓÏ¨´¸É¢  · ¡µÉ ¡²¨§±¨ ± ¥¤¨´¨Í¥ ¨ ´ Ìµ¤ÖÉ¸Ö
¢ ¶·¥¤¥² Ì ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¨¸É¥³ É¨Î¥¸±¨Ì ´¥µ¶·¥¤¥²¥´´µ¸É¥°. � ¨¡µ²Ó-
Ï Ö ±µ··¥±Í¨Ö ¸¥Î¥´¨° ¶·µ¨¸Ìµ¤¨É ¤²Ö · ¡µÉ [49] ¨ [24] (θ = 150◦), ¤²Ö
±µÉµ·ÒÌ kj = 1, 08 ¨ 1,10 ¸µµÉ¢¥É¸É¢¥´´µ. ˆ³¥´´µ É ± Ö ¡µ²ÓÏ Ö ±µ··¥±Í¨Ö
µÉ¢¥Î ¥É Ê± § ´´µ³Ê ¢ÒÏ¥ Ê·µ¢´Õ ¸µ£² ¸¨Ö ÔÉ¨Ì Ô±¸¶¥·¨³¥´Éµ¢ ¸ £²µ¡ ²Ó´Ò³
Ë¨Éµ³ ´  Ê·µ¢´¥ 4 ¨ 1 %.

’ ¡²¨Í  5. Œµ¤¥²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ ¶·¨ ¨§¢²¥Î¥´¨¨ ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ¸ ¶µ-
³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨

ˆ§³¥´¥´¨¥ δαp δβp δ(αp + βp) δ(αp − βp)

SAID → HDT −0,44 −0,08 −0,51 −0,36
(−0,19) (+0,03) (−0,16) (−0,22)

M1+ → +2% +0,18 −0,11 +0,06 +0,29
(+0,07) (−0,04) (+0,03) (+0,11)

�É¸ÊÉ¸É¢¨¥ +0,00 −0,09 −0,09 +0,09
¤¢µ°´µ£µ ËµÉµ·µ¦¤¥´¨Ö (+0,00) (−0,02) (−0,02) (+0,02)

M1 = 500 ŒÔ‚ → 700 ŒÔ‚ −0,35 +0,53 +0,19 −0,88
(−0,20) (+0,24) (+0,04) (−0,44)

|gπNN Fπγγ | → +4% −0,14 +0,10 −0,04 −0,24
(−0,09) (+0,07) (−0,02) (−0,16)

γ
(non−π0)
π = 5,5 → 7,3 +0,40 −0,45 −0,05 +0,84

(+0,18) (−0,15) (+0,03) (+0,32)

OÍ¥´¨¢ ¥³ Ö ³µ¤¥²Ó´ Ö 0,72 0,72 0,56 1,33
´¥µ¶·¥¤¥²¥´´µ¸ÉÓ (0,34) (0,29) (0,17) (0,62)

�·¨³¥Î ´¨¥. �µ± § ´Ò ¨§³¥´¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° (¢ ¥¤. 10−4 Ë³3) ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ · §-
´ÒÌ  ³¶²¨ÉÊ¤ ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢ ¢¡²¨§¨ ¶µ·µ£  (SAID ¨ HDT), ¶·¨ Ê¢¥²¨Î¥´¨¨ ·¥§µ-
´ ´¸´µ°  ³¶²¨ÉÊ¤Ò ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢ M1+, ¶·¨ ´¥ÊÎ¥É¥ ¤¢µ°´µ£µ ËµÉµ·µ¦¤¥´¨Ö ¢ ¤¨¸-

¶¥·¸¨µ´´ÒÌ ¨´É¥£· ² Ì, ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·µ¢ M1, gπNNFπγγ ¨ γ
(non−π0)
π (¸³. ¶. 3.2).

�·¨¢¥¤¥´´ Ö ¢ ±µ´Í¥ É ¡²¨ÍÒ ¶µ²´ Ö ³µ¤¥²Ó´ Ö ´¥¶·¥¤¥²¥´´µ¸ÉÓ ¶µ²ÊÎ¥´  ±¢ ¤· É¨Î´Ò³ ¸²µ-
¦¥´¨¥³ Ê± § ´´ÒÌ ¢ÒÏ¥ ¨§³¥´¥´¨°. �É¤¥²Ó´µ ¤ ´Ò ´¥¶·¥¤¥²¥´´µ¸É¨ ¶·¨ Ë¨É¨·µ¢ ´¨¨ ¢¸¥Ì
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ÉµÎ¥± ¨ (¢ ¸±µ¡± Ì) Ä ¶·¨ Ë¨É¨·µ¢ ´¨¨ Éµ²Ó±µ ÉµÎ¥± ´¨¦¥ 100 ŒÔ‚.

5.4. Œµ¤¥²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ ¨ ³µ¤¥²Ó´µ-´¥§ ¢¨¸¨³Ò¥ µ¶·¥¤¥²¥´¨Ö.
‚ ¦´µ° Ì · ±É¥·¨¸É¨±µ° ¨§¢²¥± ¥³ÒÌ §´ Î¥´¨° αÔ±¸¶

p ¨ βÔ±¸¶
p Ö¢²ÖÕÉ¸Ö É¥-

µ·¥É¨Î¥¸±¨¥ (³µ¤¥²Ó´Ò¥) ´¥µ¶·¥¤¥²¥´´µ¸É¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ · ¸Î¥É¥ ¤¨¸-
¶¥·¸¨µ´´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö. ‚ É ¡². 5 ¶·¨¢¥¤¥´Ò ¨§³¥´¥´¨Ö
¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·¨ ¢ ·Ó¨·µ¢ ´¨¨ ±µ³¶µ´¥´É ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨, µ¡-
¸Ê¦¤ ¢Ï¨Ì¸Ö ¢ ¶. 3.2. ˆÌ ±¢ ¤· É¨Î´µ¥ ¸²µ¦¥´¨¥ ¤ ¥É µÍ¥´±Ê ³µ¤¥²Ó´µ°
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´¥µ¶·¥¤¥²¥´´µ¸É¨. � ¨¡µ²ÓÏ¨° ¢±² ¤ ¢ ´¥¥ ¤ ÕÉ Ë ±Éµ·Ò, ¸¢Ö§ ´´Ò¥ ¸ t-
§ ¢¨¸¨³µ¸ÉÓÕ  ³¶²¨ÉÊ¤Ò A1 (®³ ¸¸ ¯ σ-³¥§µ´  M1), ¸ Ëµ´µ³  ³¶²¨ÉÊ¤Ò ‹µÊ

(¶ · ³¥É· a2 ¨²¨ γ
(non−π0)
π ),   É ±¦¥ ¸  ³¶²¨ÉÊ¤ ³¨ ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢ ¢

µ¡² ¸É¨ Ô´¥·£¨° ´¨¦¥ ∆-·¥§µ´ ´¸ .
�·¨ Ë¨É¨·µ¢ ´¨¨ ¢¸¥Ì ¤ ´´ÒÌ ¤µ 150 ŒÔ‚ µ¡Ð Ö ³µ¤¥²Ó´ Ö ´¥µ¶·¥¤¥-

²¥´´µ¸ÉÓ ¢ αp ¨ βp ¸µ¸É ¢²Ö¥É ±0,7 ¨ µ± §Ò¢ ¥É¸Ö ²¨ÏÓ ´¥³´µ£¨³ ³¥´ÓÏ¥,
Î¥³ Î¨¸Éµ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶µ£·¥Ï´µ¸É¨, ¢Ò§¢ ´´Ò¥ ¶µ£·¥Ï´µ¸ÉÖ³¨ ¨§³¥-
·¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö “�”. Œµ¤¥²Ó´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¸´¨-
¦ ¥É¸Ö ¡µ²¥¥ Î¥³ ¢ ¤¢  · §  ¢ ¸²ÊÎ ¥, ±µ£¤  Ë¨É¨·µ¢ ´¨¥ µ£· ´¨Î¨¢ ¥É¸Ö µ¡² -
¸ÉÓÕ Ô´¥·£¨° 100 ŒÔ‚. �¤´ ±µ ¶·¨ É ±¨Ì Ô´¥·£¨ÖÌ ¶ ¤ ¥É ¨ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ
¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ± ¶µ²Ö·¨§Ê¥³µ¸ÉÖ³, É ± ÎÉµ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¸É É¨¸É¨Î¥¸±¨¥ ¨ ¸¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ¢ ¶µ²Ö·¨§Ê¥³µ¸ÉÖÌ Ê¢¥²¨Î¨-
¢ ÕÉ¸Ö ¶µÎÉ¨ ¢¤¢µ¥ (¸³. É ¡². 6).

’ ¡²¨Í  6. Œµ¤¥²Ó´µ-´¥§ ¢¨¸¨³Ò¥ Ë¨ÉÒ ¶µ²Ö·¨§Ê¥³µ¸É¥° (¢ ¥¤. 10−4 Ë³3) ¸ ¨¸-
¶µ²Ó§µ¢ ´¨¥³ LEX ¨ ELEX ¸ ´¥µ¶·¥¤¥²¥´´µ° ËÊ´±Í¨¥° A(θ)). ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥
Ë¨É¨·ÊÕÉ¸Ö ¤ ´´Ò¥ ¶·¨ µ¤´µ³ Ê£²¥ ¨ Ë¨±¸¨·µ¢ ´´µ° ¸Ê³³¥ ¶µ²Ö·¨§Ê¥³µ¸É¥°. „²Ö
¸· ¢´¥´¨Ö ¶µ± § ´Ò ·¥§Ê²ÓÉ ÉÒ Ë¨É  É¥Ì ¦¥ ÉµÎ¥± ¸ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¥° (¡¥§
ÊÎ¥É  ³µ¤¥²Ó´ÒÌ ´¥µ¶·¥¤¥²¥´´µ¸É¥°)

’¨¶ Ë¨É  n αp βp αp + βp αp − βp

ω < 100 ŒÔ‚
LEX 53 11,8 ± 1,1 1,1 ± 1,4 12,8 ± 2,0 10,7 ± 1,6
DR 11,9 ± 1,3 1,0 ± 1,6 12,9 ± 2,2 10,9 ± 1,9

ω < 150 ŒÔ‚ (αp + βp) = 14,0 ± 0,5

ELEX(θ = 90◦) 28 11,3 ± 2,2 2,7 ± 2,2 Å 8,5 ± 4,4

DR(θ = 90◦) 11,7 ± 1,0 2,3 ± 1,1 Å 9,4 ± 2,0

ELEX(θ = 135◦) 28 12,0 ± 1,8 2,0 ± 1,8 Å 10,0 ± 3,5
DR(θ = 135◦) 11,1 ± 0,7 2,9 ± 0,7 Å 8,2 ± 1,3

ELEX(θ = 150◦) 6 14,4 ± 2,7 −0,4 ± 2,7 Å 14,7 ± 5,4
DR(θ = 150◦) 14,6 ± 1,1 −0,6 ± 1,1 Å 15,2 ± 2,1

�¥§ ¢¨¸¨³Ò° ±µ´É·µ²Ó Ë¨Éµ¢, ¨¸¶µ²Ó§ÊÕÐ¨Ì ¤¨¸¶¥·¸¨µ´´ÊÕ É¥µ·¨Õ,
³µ¦¥É ¡ÒÉÓ ¸¤¥² ´ ¸ ¶µ³µÐÓÕ ³µ¤¥²Ó´µ-´¥§ ¢¨¸¨³ÒÌ · §²µ¦¥´¨° LEX ¨
ELEX, µ¶¨¸ ´´ÒÌ ¢ ¶. 3.1. � §²µ¦¥´¨¥ LEX ´¥¶·¨³¥´¨³µ ¶·¨ Ô´¥·£¨ÖÌ,
¶·¨¡²¨¦ ÕÐ¨Ì¸Ö ± ¶¨µ´´µ³Ê ¶µ·µ£Ê, ¶µÔÉµ³Ê ¢ Ë¨É¥ ¸ ¶µ³µÐÓÕ LEX ³Ò
µ£· ´¨Î¨¢ ¥³¸Ö ÉµÎ± ³¨ ¸ ω < 100 ŒÔ‚. �·¨ É ±¨Ì Ô´¥·£¨ÖÌ Ë¨É ¸ LEX ¨
Ë¨É ¸ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¥° (DR) ¤ ¥É ¶µÎÉ¨ ¨¤¥´É¨Î´Ò° ·¥§Ê²ÓÉ É (É ¡². 6).
…¸²¨ ¡Ò ³Ò ¢±²ÕÎ¨²¨ ¢ Ë¨É LEX ¢¸¥ ÉµÎ±¨ ¤µ Ô´¥·£¨¨ 150 ŒÔ‚, ·¥§Ê²ÓÉ ÉÒ
¶µ²ÊÎ¨²¨¸Ó ¡Ò µÉ²¨Î´Ò³¨ µÉ Ë¨É  DR. ‚ Î ¸É´µ¸É¨, Ô²¥±É·¨Î¥¸± Ö ¶µ²Ö·¨-
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§Ê¥³µ¸ÉÓ ¶µ²ÊÎ¨² ¸Ó ¡Ò · ¢´µ° 9,4±0,5 ¢³¥¸Éµ §´ Î¥´¨Ö 11,7±0,8, ¶µ²ÊÎ ¥-
³µ£µ ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨. ’ ±µ¥ µÉ²¨Î¨¥ ¨²²Õ¸É·¨·Ê¥É ¸É¥¶¥´Ó
¢ ¦´µ¸É¨ ÊÎ¥É  ¢Ò¸Ï¨Ì ¶µ¶· ¢µ± ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ · §²µ¦¥´¨¨ (1)∗.

‚ Ë¨É¥ ¸ ¶µ³µÐÓÕ ELEX, ¢ ±µÉµ·µ³ £² ¢´Ò¥ ¶µ¶· ¢±¨ ¸²¥¤ÊÕÐ¥£µ ¶µ-
·Ö¤±  ¶µ Ô´¥·£¨¨ ¢±²ÕÎ¥´Ò ¢ Î²¥´Ò ∆1 ¨ ∆2, ·¥§Ê²ÓÉ ÉÒ Ë¨É¨·µ¢ ´¨Ö ÉµÎ¥±
¢¶²µÉÓ ¤µ Ô´¥·£¨¨ 150 ŒÔ‚ ¶µ²ÊÎ ÕÉ¸Ö ¤µ¢µ²Ó´µ ¡²¨§±¨³¨ ± §´ Î¥´¨Ö³, ´ °-
¤¥´´Ò³ ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨. �¤´ ±µ ´ ²¨Î¨¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ
Ë¨É¨·Ê¥³ÒÌ ¶ · ³¥É·µ¢ (´¥¨§¢¥¸É´µ° ËÊ´±Í¨¨ A(θ)) ¶·¨¢µ¤¨É ± ¸´¨¦¥´¨Õ
ÉµÎ´µ¸É¨ µ¶·¥¤¥²¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°. �¡¥ ÔÉ¨ Î¥·ÉÒ ¨²²Õ¸É·¨·ÊÕÉ ·¥§Ê²Ó-
É ÉÒ, ¶µ³¥Ð¥´´Ò¥ ¢ É ¡². 6, £¤¥ ¶µ± § ´Ò §´ Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°, ´ °¤¥´-
´Ò¥ ¨§ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±¨Ì Ë¨Éµ¢ ¢¥²¨Î¨´ αp ¨ A(θ) ¶·¨ Ë¨±¸¨·µ¢ ´´µ³
Ê£²¥ θ ¨ ¶·¨ ´ ²µ¦¥´´µ³ µ£· ´¨Î¥´¨¨ ´  ¸Ê³³Ê ¶µ²Ö·¨§Ê¥³µ¸É¥° (12). “£²Ò
90◦, 135◦ ¨ 150◦ ¢Ò¡· ´Ò ¶µÉµ³Ê, ÎÉµ ¶·¨ ÔÉ¨Ì Ê£² Ì ¨³¥ÕÉ¸Ö ¤ ´´Ò¥ ± ± ¶·¨
µÎ¥´Ó ´¨§±¨Ì Ô´¥·£¨ÖÌ, É ± ¨ ¶·¨ Ô´¥·£¨ÖÌ ¢ÒÏ¥ 100 ŒÔ‚, ÎÉµ ´¥µ¡Ìµ¤¨³µ
¤²Ö  ´ ²¨§  Ô´¥·£¥É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö.

‘·¥¤´¥¥ ¶µ ·¥§Ê²ÓÉ É ³ ¶·¨ É·¥Ì Ê£² Ì ¤ ¥É §´ Î¥´¨¥ αp = 12,3 ± 1,2
(ELEX), ±µÉµ·µ¥ ³µ¦´µ ¸· ¢´¨ÉÓ ¸ ¢¥²¨Î¨´µ° 12,0 ± 0,6 (DR), ¶µ²ÊÎ¥´´µ°
Ë¨É¨·µ¢ ´¨¥³ É¥Ì ¦¥ 62 ÉµÎ¥± ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´µ° É¥µ·¨¨ ¨ Éµ£µ ¦¥
µ£· ´¨Î¥´¨Ö (12). …¸É¥¸É¢¥´´µ, ÎÉµ ¶µ£·¥Ï´µ¸É¨ ¢ µ¤´µ¶ · ³¥É·¨Î¥¸±µ³
Ë¨É¥ (DR) ³¥´ÓÏ¥, Î¥³ ¢ Ë¨É¥ ELEX ¸ 4 ¶ · ³¥É· ³¨ (αp, A(90◦), A(135◦)
¨ A(150◦)). �¤´ ±µ ¸µ£² ¸¨¥ ¶µ²ÊÎ ¥³ÒÌ ¸·¥¤´¨Ì §´ Î¥´¨° ¶µ¤É¢¥·¦¤ ¥É
¶µ²ÊÎ¥´´ÊÕ ¢ÒÏ¥ µÍ¥´±Ê, ÎÉµ É¥µ·¥É¨Î¥¸±¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢ ¶µ²Ö·¨§Ê¥-
³µ¸ÉÖÌ, ´ °¤¥´´ÒÌ ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨, ´¥ ¶·¥¢ÒÏ ÕÉ ±0,7.

6. ‡�Š‹	—…�ˆ…

�·µ¢¥¤¥´´Ò°  ´ ²¨§ ¢¸¥Ì ¨³¥ÕÐ¨Ì¸Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ
¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê ¸¥Î¥´¨Õ “�” ¶·¨ Ô´¥·£¨ÖÌ ¤µ 150 ŒÔ‚ ¶·¨¢¥² ± ´ ¨-
¡µ²¥¥ ¶µ²´µ³Ê ¨ ÉµÎ´µ³Ê ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó µ¶·¥¤¥²¥´¨Õ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ §´ Î¥´¨° Ô²¥±É·¨Î¥¸±µ° ¨ ³ £´¨É´µ° ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´ . � §-
¤¥²Ó´Ò°  ´ ²¨§ · ´´¨Ì ¨ ¶µ§¤´¨Ì Ô±¸¶¥·¨³¥´Éµ¢, ¸¤¥² ´´Ò° ¸ ÊÎ¥Éµ³ ¨¸-
¶· ¢²¥´¨°, ¢´¥¸¥´´ÒÌ ¸ ³¨³¨  ¢Éµ· ³¨ µ·¨£¨´ ²Ó´ÒÌ · ¡µÉ, ¶µ± § ², ÎÉµ
¨Ì ·¥§Ê²ÓÉ ÉÒ ¸µ¢³¥¸É´Ò ± ± ¶µ ¸¥Î¥´¨Ö³, É ± ¨ ¶µ ¶µ²ÊÎ ¥³Ò³ ¶µ²Ö·¨-
§Ê¥³µ¸ÉÖ³. � ´´¨¥ ¨ ¶µ§¤´¨¥ · ¡µÉÒ ¤ ÕÉ ¶·¨³¥·´µ µ¤¨´ ±µ¢Ò¥ ±µ´¥Î´Ò¥
¶µ£·¥Ï´µ¸É¨ ¤²Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°, ¨ ¨Ì µ¡Ñ¥¤¨´¥´¨¥ ¶·¨¢µ¤¨É ± § ³¥É´µ³Ê
¸´¨¦¥´¨Õ ·¥§Ê²ÓÉ¨·ÊÕÐ¨Ì ¶µ£·¥Ï´µ¸É¥°. � ¨¡µ²¥¥ ¤µ¸Éµ¢¥·´Ò¥ §´ Î¥´¨Ö

∗�¥±µÉµ·µ¥ Ê¢¥²¨Î¥´¨¥ ¶µ£·¥Ï´µ¸É¥° ¢ Ë¨É¥ É¨¶  DR ¶·µ¨¸Ìµ¤¨É ¨§-§  Éµ£µ, ÎÉµ ¢ · ³± Ì
¤¨¸¶¥·¸¨µ´´µ° É¥µ·¨¨ § ¢¨¸¨³µ¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö µÉ ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  ´µ-
¸¨É ´¥ ²¨´¥°´Ò°,   ±¢ ¤· É¨Î´Ò° Ì · ±É¥·, ÎÉµ Ê³¥´ÓÏ ¥É ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
¸¥Î¥´¨Ö ± ¶µ²Ö·¨§Ê¥³µ¸ÉÖ³ ¶·µÉµ´ .
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¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  · ¢´Ò

αÔ±¸¶
p = 11,7 ± 0,8 (¸É É.+¸¨¸É.) ± 0,7 (É¥µ·.), (21)

βÔ±¸¶
p = 2,3 ± 0,9 (¸É É.+¸¨¸É.) ± 0,7 (É¥µ·.). (22)

‚ µÉ²¨Î¨¥ µÉ ®£²µ¡ ²Ó´ÒÌ¯ §´ Î¥´¨° ¶µ²Ö·¨§Ê¥³µ¸É¥° ¨§ [4], ¢µÏ¥¤Ï¨Ì ¢
±µ³¶¨²ÖÍ¨Õ PDG [69], Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö (21) µ¶·¥¤¥²¥´Ò ¡¥§
¨¸¶µ²Ó§µ¢ ´¨Ö É¥µ·¥É¨Î¥¸±µ° ¢¥²¨Î¨´Ò (αp + βp)É¥µ·, ¶·¥¤¸± §Ò¢ ¥³µ° �‘
(11). ‘²¥¤ÊÕÐ Ö ¨§ (21) ¨ (22) ¸Ê³³  ¶µ²Ö·¨§Ê¥³µ¸É¥°

αÔ±¸¶
p + βÔ±¸¶

p = 14,0 ± 1,3 (¸É É.+¸¨¸É.) ± 0,6 (É¥µ·.) (23)

Ìµ·µÏµ ¸µ£² ¸Ê¥É¸Ö ¸ É¥µ·¥É¨Î¥¸±¨³ §´ Î¥´¨¥³ (12) ¨ Ê± §Ò¢ ¥É ¢ ¶·¥¤¥² Ì
¶µ£·¥Ï´µ¸É¥° ´  ´Ê²¥¢ÊÕ  ¤¤¨É¨¢´ÊÕ ±µ´¸É ´ÉÊ ¢ ¶· ¢¨²¥ ¸Ê³³ (¸³. ¸´µ¸±Ê
´  ¸.231). �¤´ ±µ µÉ³¥É¨³, ÎÉµ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨ É¥µ·¥É¨Î¥¸±¨¥ ¶µ£·¥Ï-
´µ¸É¨ ¢ (21), (22) ¨ (23) ¢¸¥ ¥Ð¥ ´¥ ³ ²Ò. �Éµ ¶·¥¦¤¥ ¢¸¥£µ µÉ´µ¸¨É¸Ö ±
§´ Î¥´¨Ö³ βÔ±¸¶

p ¨ αÔ±¸¶
p + βÔ±¸¶

p .
�² ´¨·µ¢ ´¨¥ ´µ¢ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨° “�” ´  ¶·µÉµ´¥

¢ ¤µ¶µ·µ£µ¢µ° µ¡² ¸É¨ ¤µ²¦´µ ¨¸Ìµ¤¨ÉÓ ¨§ Ê¦¥ ¤µ¸É¨£´ÊÉµ£µ Ê·µ¢´Ö ÉµÎ´µ¸É¨
¨§³¥·¥´¨°. —Éµ¡Ò ¸ÊÐ¥¸É¢¥´´µ Ê³¥´ÓÏ¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶µ£·¥Ï´µ¸É¨
¢ §´ Î¥´¨ÖÌ αÔ±¸¶

p ¨ βÔ±¸¶
p , ´¥µ¡Ìµ¤¨³µ ¶µ¢Ò¸¨ÉÓ ¸É É¨¸É¨Î¥¸±ÊÕ ¨ ¸¨¸É¥³ É¨-

Î¥¸±ÊÕ ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¤µ 1Ä2 %. “³¥´ÓÏ¥-
´¨¥ É¥µ·¥É¨Î¥¸±µ° (³µ¤¥²Ó´µ°) ¶µ£·¥Ï´µ¸É¨ ¢ §´ Î¥´¨ÖÌ αÔ±¸¶

p ¨ βÔ±¸¶
p ³µ¦¥É

¡ÒÉÓ ¤µ¸É¨£´ÊÉµ, ¥¸²¨ É ±¨¥ ¨§³¥·¥´¨Ö ¶·µ¢µ¤¨ÉÓ ¢ ¨´É¥·¢ ²¥ ω � 100 ŒÔ‚,
£¤¥ ¢ ± Î¥¸É¢¥ Ë¨É¨·ÊÕÐ¥£µ ¸¥Î¥´¨Ö ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ LEX ¨²¨ ELEX. „²Ö
¸´¨¦¥´¨Ö ¶µ£·¥Ï´µ¸É¨ ¢ §´ Î¥´¨¨ βÔ±¸¶

p ¢ ¦´µ ¶·µ¢¥¸É¨ ÉµÎ´Ò¥ ¨§³¥·¥´¨Ö
Ê£²µ¢µ° § ¢¨¸¨³µ¸É¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¶·¨ · §´ÒÌ Ô´¥·£¨ÖÌ. �·µ-
¥±ÉÒ É ±¨Ì ¨§³¥·¥´¨° ¸ÊÐ¥¸É¢ÊÕÉ [87, 88]. ˆ§³¥·¥´¨Ö  ¸¨³³¥É·¨¨ ¸¥Î¥´¨Ö
· ¸¸¥Ö´¨Ö ¸ ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´Ò³¨ ËµÉµ´ ³¨ É ±¦¥ ¡Ò²¨ ¡Ò ¶µ²¥§´Ò,
´µ, ¶µ-¢¨¤¨³µ³Ê, µ´¨ ¶µ±  ¶µÎÉ¨ ´¥ ·¥ ²Ó´Ò.

ˆ´É¥·¥¸´µ ¸· ¢´¨ÉÓ ¶µ²Ö·¨§Ê¥³µ¸É¨ ¶·µÉµ´  (21) ¸ ¶·¥¤¸± § ´¨Ö³¨ ´¥-
±µÉµ·ÒÌ É¥µ·¥É¨Î¥¸±¨Ì ³µ¤¥²¥° (¸³. É ¡². 7). ‡´ Î¥´¨¥ Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö-
·¨§Ê¥³µ¸É¨ α�ŠŒ

p = 3,1, ¶µ²ÊÎ ¥³µ¥ ¢ · ³± Ì ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ·±µ¢µ°
³µ¤¥²¨ [31,42], ¡µ²¥¥ Î¥³ ¢ É·¨ · §  µÉ²¨Î ¥É¸Ö µÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ Ô±¸¶¥-
·¨³¥´É ²Ó´µ£µ ·¥§Ê²ÓÉ É . ‚¥²¨Î¨´  α�ŠŒ

p ¸² ¡µ § ¢¨¸¨É µÉ Ëµ·³Ò ¶µÉ¥´Í¨-
 ²  qq-¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨ Ê¸²µ¢¨¨, ÎÉµ ¥£µ ¶ · ³¥É·Ò ¶µ¤µ¡· ´Ò É ±, ÎÉµ¡Ò
Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ ¢µ¸¶·µ¨§¢µ¤¨ÉÓ ¸¶¥±É· ´¨§Ï¨Ì ¢µ§¡Ê¦¤¥´¨° ¶·µÉµ´ . “± -
§ ´´µ¥ · ¸Ìµ¦¤¥´¨¥ ¢Ò§¢ ´µ ¸ÊÐ¥¸É¢¥´´Ò³¨ ´¥¤µ¸É É± ³¨ �ŠŒ, ¢ Î ¸É´µ-
¸É¨, ¨£´µ·¨·µ¢ ´¨¥³ ³¥§µ´´µ£µ µ¡² ±  ´  ¶¥·¨Ë¥·¨¨ ´Ê±²µ´ . “¦¥ ¤ ¢´µ
¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢±² ¤ ¶¨µ´´µ£µ µ¡² ±  ¢ αp ¸µ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê ∼ 10−20
[41, 89, 90], £¤¥ Î¨¸²¥´´µ¥ §´ Î¥´¨¥ § ¢¨¸¨É µÉ ¶ · ³¥É·  µ¡·¥§ ´¨Ö ´  ³ -
²ÒÌ · ¸¸ÉµÖ´¨ÖÌ. ‡ ·Ö¤µ¢Ò° · ¤¨Ê¸ ¶·µÉµ´  ¢ �ŠŒ (〈r2

E〉�ŠŒ
p = 0, 29 Ë³2)

É ±¦¥ ¶µ²ÊÎ ¥É¸Ö ³ ²¥´Ó±¨³ ¶µ ¸· ¢´¥´¨Õ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ §´ Î¥´¨¥³
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〈r2
E〉Ô±¸¶

p = 0,78± 0,03 Ë³2 [91], ÎÉµ É ±¦¥ ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ ´¥ÊÎ¥Éµ³ ³¥§µ´-
´µ£µ µ¡² ± .

’ ¡²¨Í  7. ’¥µ·¥É¨Î¥¸±¨¥ §´ Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  (¢ ¥¤. 10−4 Ë³3),
¢ÒÎ¨¸²¥´´Ò¥ ¢ · ³± Ì ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ·±µ¢µ° ³µ¤¥²¨ (�ŠŒ), ±¨· ²Ó´µ°
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (Š’‚) ¨ ¤¨¸¶¥·¸¨µ´´ÒÌ ¶· ¢¨² ¸Ê³³ (�‘)

’¥µ·¨Ö, ¸¸Ò²±  αp βp αp + βp αp − βp

�ŠŒ [31, 42] 3,1

Š’‚ [92] 10,5±2,0 3,5±3,6 14,0±4,1 7,0±4,1
[47] 20,8 14,7 35,2 6,1

�‘ [31, 72] 9,0±2,6 5,2∓2,6 14,2±0,5 3,8±4,7
[93] 3,2±2,6

‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¤²Ö ÊÎ¥É  ³¥§µ´´µ° ¶¥·¨Ë¥·¨¨  ¤·µ´µ¢ Î ¸Éµ ¶·¨-
³¥´Ö¥É¸Ö ±¨· ²Ó´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° (Š’‚) [47, 92]. ‚ µ¤´µ³ ¨§ ¢ -
·¨ ´Éµ¢ É ±µ° É¥µ·¨¨ ¸ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³ ¤µ¡ ¢²¥´¨¥³ ∆-·¥§µ´ ´¸´µ£µ
¢±² ¤  ¡Ò²¨ ¶µ²ÊÎ¥´Ò §´ Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  αŠ’‚

p � 10,5 ¨
βŠ’‚

p � 3,5 [92] (¸³. ¢ É ¡². 7), ±µÉµ·Ò¥, ´  ¶¥·¢Ò° ¢§£²Ö¤, Ìµ·µÏµ ¸µ£² ¸Ê-
ÕÉ¸Ö ¸ Ô±¸¶¥·¨³¥´Éµ³. �¤´ ±µ · ¡µÉ  [92] ¶·¥¤¸± §Ò¢ ¥É ¸²¨Ï±µ³ ¡µ²Ó-
Ïµ¥ µÉ²¨Î¨¥ ¸Ê³³Ò ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µÉµ´  µÉ ¸Ê³³Ò ¶µ²Ö·¨§Ê¥³µ¸É¥°
´¥°É·µ´ ,   ¨³¥´´µ ¢¥²¨Î¨´a ∆S = (αp + βp) − (αn + βn) ¶µ²ÊÎ ¥É¸Ö ¢
[92] · ¢´µ° ∆S = 14,0 − 21,2 = −7,2, Éµ£¤  ± ± ¸É·µ£µ¥ �‘ (11) ¤ ¥É
∆S = 14,0 − 15,2 = −1,2 ± 0,3 (¸³. ¢ [16, 31]). “± § ´´µ¥ · ¸Ìµ¦¤¥´¨¥
³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´µ ¸ ´¥¶µ¸²¥¤µ¢ É¥²Ó´Ò³ ÊÎ¥Éµ³ ·¥§µ´ ´¸´ÒÌ ¨ ´¥±µÉµ·ÒÌ
¤·Ê£¨Ì ¢±² ¤µ¢ ¢ Š’‚. ‚ · ¡µÉ¥ [47], £¤¥ ¸¤¥² ´  ¶µ¶ÒÉ±  ¡µ²¥¥ ¶µ¸²¥¤µ-
¢ É¥²Ó´µ ÊÎ¥¸ÉÓ ∆-¨§µ¡ ·Ê, ¶µ²ÊÎ¥´´Ò¥ ¶·¥¤¸± § ´¨Ö ¤²Ö ¶µ²Ö·¨§Ê¥³µ¸É¥°
µ± § ²¨¸Ó ¤ ²¥±¨ µÉ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨° (¸³. É ¡². 7).

„µ ¸¨Ì ¶µ· ´ ¨¡µ²¥¥ ´ ¤¥¦´Ò³ ³¥Éµ¤µ³ · ¸Î¥É  ¶µ²Ö·¨§Ê¥³µ¸É¥° ¶·µ-
Éµ´  µ¸É ÕÉ¸Ö ¤¨¸¶¥·¸¨µ´´Ò¥ �‘. �¤´¨³ ¨§ É ±¨Ì �‘ Ö¢²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥
(11), µ¶·¥¤¥²ÖÕÐ¥¥ ¢¥²¨Î¨´Ê αp + βp. 	µ²¥¥ ¸²µ¦´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¸ÊÐ¥-
¸É¢ÊÕÉ ¨ ¤²Ö · §´µ¸É¨ ¶µ²Ö·¨§Ê¥³µ¸É¥° αp − βp (¸³. µ¡§µ· [31]). �·¨ ¢ÒÎ¨-
¸²¥´¨¨ · §´µ¸É¨ ¶·¨Ìµ¤¨É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ ³Ê²ÓÉ¨¶µ²Ó´ÒÌ  ´ ²¨-
§µ¢ ËµÉµ·µ¦¤¥´¨Ö ¶¨µ´µ¢ ´  ¶·µÉµ´¥ ¨ µ¶¨· ÉÓ¸Ö ´  ¶²µÌµ ¨§¢¥¸É´Ò¥ ¶µ± 
¢¥²¨Î¨´Ò, Ì · ±É¥·¨§ÊÕÐ¨¥ t-± ´ ²Ó´Ò¥ µ¡³¥´Ò ¢ “�”. �µÔÉµ³Ê ´¥µ¶·¥¤¥-
²¥´´µ¸É¨ ¢ ¶µ²ÊÎ ¥³ÒÌ ¶·¥¤¸± § ´¨ÖÌ ¶µ±  ´¥ ³ ²Ò (¸³. É ¡². 7). ‘¨ÉÊ Í¨Ö
³µ¦¥É ¨§³¥´¨ÉÓ¸Ö ¢ ¡²¨¦ °Ï¥³ ¡Ê¤ÊÐ¥³ ¢ ¸¢Ö§¨ ¸ ¶·µ£·¥¸¸µ³ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨° “�” ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ.

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¡¥§ ÊÎ¥É  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨° ¶µ-
²Ö·¨§Ê¥³µ¸É¥° ´Ê±²µ´µ¢ (´ ·Ö¤Ê ¸ ¤·Ê£¨³¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³¨ Ì · ±É¥·¨-
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¸É¨± ³¨) ´¥²Ó§Ö ¸Ëµ·³Ê²¨·µ¢ ÉÓ  ¤¥±¢ É´µ¥ ³µ¤¥²Ó´µ¥ µ¶¨¸ ´¨¥ ¨Ì ¸É·Ê±-
ÉÊ·Ò ´  ¸·¥¤´¨Ì ¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ.

� ¸ÉµÖÐ Ö · ¡µÉ  ¶µ¤¤¥·¦ ´  £· ´É ³¨ ˆ�’�‘ Å �””ˆ 97-576 ¨
�””ˆ 96-02-17590. �¤¨´ ¨§  ¢Éµ·µ¢ (�.‹.) ¡² £µ¤ ·¨É A.M.Nathan §  ¶·¥¤µ-
¸É ¢²¥´´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨ ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥´¨Ö · ¸¸³µÉ·¥´-
´µ° ¶·µ¡²¥³Ò.
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��ˆ‘Šˆ Œ�ƒ�ˆ’��ƒ� Œ�Œ…�’� �…‰’�ˆ��
�.‚.„¥·¡¨´

�¥É¥·¡Ê·£¸±¨° ¨´¸É¨ÉÊÉ Ö¤¥·´µ° Ë¨§¨±¨ ���, ƒ ÉÎ¨´ , �µ¸¸¨Ö

�¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ¨§³¥·¥´¨Õ ¸¥Î¥´¨Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ
´  Ô²¥±É·µ´¥  ´ ²¨§¨·ÊÕÉ¸Ö ¸ Í¥²ÓÕ ¶µ¨¸±  ¢±² ¤  ¢ ¸¥Î¥´¨¥ µÉ ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ.
‘· ¢´¨¢ ÕÉ¸Ö ¢µ§³µ¦´µ¸É¨ ¶µ¨¸±  ³ £´¨É´µ£µ ³µ³¥´É  ´  Ê¸±µ·¨É¥²ÖÌ ¨ ·¥ ±Éµ·¥. � °¤¥´
¢¥·Ì´¨° ¶·¥¤¥² ´  ¢µ§³µ¦´Ò° ³ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ µν ≤ 1,5 · 10−10 µB (90 % Ê. ¤.).
�¡¸Ê¦¤ ÕÉ¸Ö ¢µ§³µ¦´µ¸É¨ Ê¢¥²¨Î¥´¨Ö ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ·¥ ±Éµ·´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¤µ Ê·µ¢´Ö
10−11 µB .

The results of measurements reactor neutrino-electron elastic scattering cross-section are process-
ed to search for additional part connected with magnetic moment of the neutrino. The possibilities
of the accelerator and reactor experiments in search for magnetic moment are compared. It is shown
that the upper limit on the neutrino magnetic moment is µν ≤ 1.5 · 10−10 µB (90 % c.l.). The
possibilities to increase the sensitivity of reactor's experiments up to 10−11 µB are discussed.

1. ‚‚…„…�ˆ…

Œ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ (µν ) ¢ cÉ ´¤ ·É´µ° É¥µ·¨¨ ¶·µ¶µ·Í¨µ´ -
²¥´ ³ ¸¸¥ ´¥°É·¨´µ (mν ), §  ¸Î¥É ±µÉµ·µ° ¶·µ¨¸Ìµ¤¨É ¨§³¥´¥´¨¥ ¸¶¨· ²Ó-
´µ¸É¨ ´¥°É·¨´µ, ´¥µ¡Ìµ¤¨³µ¥ ¤²Ö µ¶¥· Éµ·  ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ
(·¨¸. 1,  ). ‚¥²¨Î¨´  µν · ¢´a [1]:

µν = (3meGF /4π
√

2)mνµB ≈ 3,2 · 10−19 (mν/1 Ô‚) µB,

£¤¥ me Å ³ ¸¸  Ô²¥±É·µ´ , GF Å ±µ´¸É ´É  ”¥·³¨.
‘µ¢·¥³¥´´µ¥ µ£· ´¨Î¥´¨¥ ´  ³ ¸¸Ê Ô²¥±É·µ´´µ£µ  ´É¨´¥°É·¨´µ ¸µ¸É -

¢²Ö¥É 2,5 Ô‚ [2]. ‡´ Î¨É, µ¦¨¤ ¥³ Ö ¢¥²¨Î¨´  ¤²Ö ³ £´¨É´µ£µ ³µ³¥´É  ´¥°-
É·¨´µ Å ´¥ ¡µ²¥¥ Î¥³ ∼ 10−18 µB , £¤¥ µB = e/2me Å Ô²¥±É·µ´´Ò° ³ £´¥-
Éµ´ 	µ· , e Å § ·Ö¤ Ô²¥±É·µ´ . ’ ±µ¥ §´ Î¥´¨¥ ´  ¢µ¸¥³Ó ¶µ·Ö¤±µ¢ ³¥´ÓÏ¥
ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ¸µ¢·¥³¥´´ÒÌ ² ¡µ· Éµ·´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢. � ¨¡µ²¥¥ ÎÊ¢-
¸É¢¨É¥²Ó´Ò³ ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ µ± §Ò¢ ¥É¸Ö ¶·µÍ¥¸¸ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö
´¥°É·¨´µ ´  Ô²¥±É·µ´¥. ˆ§³¥·¥´´Ò¥ §´ Î¥´¨Ö ¸¥Î¥´¨Ö ÔÉµ£µ ¶·µÍ¥¸¸  ¶µ-
§¢µ²ÖÕÉ ¢¢¥¸É¨ µ£· ´¨Î¥´¨Ö ´  ¢µ§³µ¦´Ò° ³ £´¨É´Ò° ³µ³¥´É Ô²¥±É·µ´´ÒÌ
 ´É¨´¥°É·¨´µ µν ≤ (1,5÷4,0)·10−10 µB [3], ¤²Ö Ô²¥±É·µ´´ÒÌ ´¥°É·¨´µ µν ≤
10,8 · 10−10 µB [4] ¨ ¤²Ö ³Õµ´´ÒÌ ´¥°É·¨´µ µν ≤ (7,4−9,5) · 10−10 µB [5].
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�¨¸. 1. a) „¨ £· ³³Ò, ¶µ± §Ò¢ ÕÐ¨¥ ¢µ§-
´¨±´µ¢¥´¨¥ ³ £´¨É´µ£µ ³µ³¥´É  Ê ´¥°-
É·¨´µ. ¡) � ¸¸¥Ö´¨¥ ´¥°É·¨´µ ´  Ô²¥±-
É·µ´¥ §  ¸Î¥É ¸² ¡µ£µ ¨ Ô²¥±É·µ³ £´¨É-
´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö

�¸É·µË¨§¨Î¥¸±¨¥ µ£· ´¨Î¥´¨Ö,
¨¸¶µ²Ó§ÊÕÐ¨¥ ¢ µ¸´µ¢´µ³ ÉµÉ Ë ±É,
ÎÉµ · ¸¸¥Ö´¨¥ ´¥°É·¨´µ ¸ ¡µ²ÓÏ¨³
³ £´¨É´Ò³ ³µ³¥´Éµ³ ´  § ·Ö¦¥´-
´ÒÌ Î ¸É¨Í Ì ¶·¨¢µ¤¨É ± ÔËË¥±É¨¢-
´µ³Ê µ¡· §µ¢ ´¨Õ ¶· ¢ÒÌ ´¥°É·¨´µ,
´¥ ÊÎ ¸É¢ÊÕÐ¨Ì ¢ ¸² ¡µ³ ¢§ ¨³µ-
¤¥°¸É¢¨¨ ¨, É ±¨³ µ¡· §µ³, ³¥´ÖÕ-
Ð¨Ì ¤¨´ ³¨±Ê §¢¥§¤, ´ Ìµ¤ÖÉ¸Ö ¢ · °-
µ´¥ 10−10−10−11 µB [6]. � ¡²Õ¤¥-
´¨¥ ´¥°É·¨´µ µÉ ¢§·Ò¢  ¸¢¥·Ì´µ¢µ°
SN1987A ¶µ§¢µ²¨²µ ¶µ²ÊÎ¨ÉÓ ¡µ²¥¥
¸¨²Ó´Ò¥ ¶·¥¤¥²Ò ∼ 10−12−10−14 µB

[7]. �¤´ ±µ ¶·¥¤²µ¦¥´´Ò¥ ¸Í¥´ -
·¨¨ ·¥§µ´ ´¸´ÒÌ ¶¥·¥Ìµ¤µ¢ νl → νr,
  É ±¦¥ ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö
´¥¤¨ £µ´ ²Ó´ÒÌ ³ £´¨É´ÒÌ ³µ³¥´Éµ¢ [8] ¶µ§¢µ²ÖÕÉ ¸µ£² ¸µ¢ ÉÓ ¤ ¦¥ §´ Î¥-
´¨¥ µν ≈ 10−11 µB ¸ ¤ ´´Ò³¨ ¶µ ¸¢¥·Ì´µ¢µ° SN1987A.

‚ É¥µ·¥É¨Î¥¸±¨Ì ³µ¤¥²ÖÌ ¸ ¶· ¢Ò³¨ ¡µ§µ´ ³¨ ¨²¨ · ¸Ï¨·¥´´Ò³ ¸¥±Éµ-
·µ³ ¸± ²Ö·´ÒÌ Î ¸É¨Í ³ £´¨É´Ò° ³µ³¥´É ³µ¦¥É ¡ÒÉÓ ¶·µ¶µ·Í¨µ´ ²¥´ ³ ¸¸¥
¶·µ³¥¦ÊÉµÎ´µ£µ ²¥¶Éµ´  ¨, ± ± ¶µ± § ´µ ¢ · ¡µÉ Ì [9], ¤µ¸É¨£ ÉÓ §´ Î¥´¨°
∼ 10−11µB . ‘²µ¦´µ¸ÉÓ ÔÉ¨Ì ³µ¤¥²¥°, ¸¢Ö§ ´´ Ö ¸ ¢µ§´¨±´µ¢¥´¨¥³ ¡µ²ÓÏµ°
³ ¸¸Ò Ê ´¥°É·¨´µ, ¢µ§³µ¦´µ, ¶·¥µ¤µ²¥¢ ¥É¸Ö ¢ ³µ¤¥²ÖÌ ¸ SU(2)ν-¸¨³³¥É·¨¥°
³¥¦¤Ê νl ¨ νr [10] ¨²¨ SU(2)H-¸¨³³¥É·¨¥° ³¥¦¤Ê Ô²¥±É·µ´´Ò³ ¨ ³Õµ´´Ò³
¸¥³¥°¸É¢ ³¨ [11].

2. �…„�‘’�’�Š ‘�‹�…—�›• �…‰’�ˆ�� ˆ Œ�ƒ�ˆ’�›‰
Œ�Œ…�’ �…‰’�ˆ��

ˆ´É¥·¥¸ ± µ£·µ³´µ³Ê (¤²Ö ¸É ´¤ ·É´µ° É¥µ·¨¨) ³ £´¨É´µ³Ê ³µ³¥´ÉÊ ´¥°-
É·¨´µ (∼ 10−11µB) ¸¢Ö§Ò¢ ¥É¸Ö ¸ ¶·µ¡²¥³µ° ´¥¤µ¸É É±  ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ.
‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨³¥ÕÉ¸Ö ¤ ´´Ò¥ ¶µ ·¥£¨¸É· Í¨¨ ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ ¤²Ö
¶ÖÉ¨ ¤¥É¥±Éµ·µ¢. �Éµ ClÄAr- ¨ ¤¢  GaÄGe-· ¤¨µÌ¨³¨Î¥¸±¨Ì ¤¥É¥±Éµ· , ·¥£¨-
¸É·¨·ÊÕÐ¨Ì ´¥°É·¨´µ ¶µ ·¥ ±Í¨¨ µ¡· É´µ£µ K-§ Ì¢ É ,   É ±¦¥ ¤¢  ¤¥É¥±-
Éµ· , ·¥£¨¸É·¨·ÊÕÐ¨Ì · ¸¸¥Ö´¨e ´¥°É·¨´µ ´  Ô²¥±É·µ´¥ ¶µ Î¥·¥´±µ¢¸±µ³Ê
¨§²ÊÎ¥´¨Õ Ô²¥±É·µ´µ¢ µÉ¤ Î¨. ‚ É ¡². 1 ¶·¨¢¥¤¥´Ò µÉ´µÏ¥´¨Ö Ô±¸¶¥·¨³¥´-
É ²Ó´µ ¨§³¥·¥´´µ° ¸±µ·µ¸É¨ ¸Î¥É  ´¥°É·¨´µ ± É¥µ·¥É¨Î¥¸±¨ µ¦¨¤ ¥³µ° ¢
¸É ´¤ ·É´µ° ¸µ²´¥Î´µ° ³µ¤¥²¨ [12]. �¥·¢ Ö ¶µ£·¥Ï´µ¸ÉÓ Å Ô±¸¶¥·¨³¥´-
É ²Ó´ Ö, ¢Éµ· Ö ¸¢Ö§ ´  ¸ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ É¥µ·¥É¨Î¥¸±¨Ì · ¸Î¥Éµ¢.

�¤´µ ¨§ ¢µ§³µ¦´ÒÌ µ¡ÑÖ¸´¥´¨° ¤¥Ë¨Í¨É  ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ ¸µ¸Éµ¨É ¢
Éµ³, ÎÉµ ´¥°É·¨´µ ¨³¥¥É ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ° ³ £´¨É´Ò° ³µ³¥´É, ¢§ ¨³µ¤¥°-
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’ ¡²¨Í  1. �¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¶µÉµ±  ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ ¢ ¸· ¢´¥´¨¨ ¸ É¥µ-
·¥É¨Î¥¸±¨³¨ ¶·¥¤¸± § ´¨Ö³¨

�±¸¶¥·¨³¥´É �±¸¶¥·¨³¥´É/É¥µ·¨Ö

ClÄAr, Homestake [13] 0,28 ± 0,02 ± 0,04
GaÄGe, SAGE [14] 0,53 ± 0,10 ± 0,03

GaÄGe, GALLEX [15] 0,51 ± 0,05 ± 0,03
Kamiokande [16] 0,42 ± 0,06 ± 0,07

Superkamiokande [17] 0,37 ± 0,02 ± 0,07

�¨¸. 2. �¥§Ê²ÓÉ ÉÒ ClÄAr-Ô±¸¶¥·¨³¥´É  [13]. ’µÎ± ³¨ ¶µ± § ´µ ¸·¥¤´¥¥ Î¨¸²µ  Éµ³µ¢
37Ar, µ¡· §ÊÕÐ¨Ì¸Ö ¢ ¤¥É¥±Éµ·¥ ¢ ¸ÊÉ±¨ (²¥¢ Ö Ï± ² ). �¥¶·¥·Ò¢´ Ö ±·¨¢ Ö ¶µ± §Ò-
¢ ¥É ¸·¥¤´¥³¥¸ÖÎ´µ¥ Î¨¸²µ ¶ÖÉ¥´ ´  ‘µ²´Í¥ (¶· ¢ Ö Ï± ² )

¸É¢¨¥ ±µÉµ·µ£µ ¸ ³ £´¨É´Ò³ ¶µ²¥³ ‘µ²´Í  ¶·¨¢µ¤¨É ± ¶¥·¥¢µ·µÉÊ ¸¶¨· ²Ó´µ-
¸É¨ ´¥°É·¨´µ,   ¶· ¢Ò¥ ´¥°É·¨´µ ´¥ ÊÎ ¸É¢ÊÕÉ ¢ ·¥ ±Í¨¨ § ·Ö¦¥´´ÒÌ Éµ±µ¢.
�É  ¨¤¥Ö ¶µ²ÊÎ¨²  ¸¨²Ó´ÊÕ ¶µ¤¤¥·¦±Ê ¶µ¸²¥ Éµ£µ, ± ± ¢ ·Ö¤¥ · ¡µÉ [18], ¶·¨-
³¥·´µ Î¥·¥§ 10 ²¥É ¶µ¸²¥ ´ Î ²  · ¡µÉÒ ClÄAr-¤¥É¥±Éµ· , ¶µÖ¢¨²¨¸Ó Ê± § ´¨Ö
´  ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö  ´É¨±µ··¥²ÖÍ¨¨ ³¥¦¤Ê ¶µÉµ±µ³ ´¥°É·¨´µ, ·¥-
£¨¸É·¨·Ê¥³Ò³ ¢ ClÄAr-Ô±¸¶¥·¨³¥´É¥, ¨ Î¨¸²µ³ ¸µ²´¥Î´ÒÌ ¶ÖÉ¥´. ‘µ²´¥Î´Ò¥
¶ÖÉ´  ¥¸ÉÓ ·¥§Ê²ÓÉ É ¶¥·¥¸¥Î¥´¨Ö ¶µ¢¥·Ì´µ¸É¨ ‘µ²´Í  ³ £´¨É´Ò³¨ ¸¨²µ¢Ò³¨
²¨´¨Ö³¨, ¨ Î¨¸²µ ¸µ²´¥Î´ÒÌ ¶ÖÉ¥´ µÉ· ¦ ¥É ´ ¶·Ö¦¥´´µ¸ÉÓ ³ £´¨É´ÒÌ ¶µ-
²¥° ¢¡²¨§¨ ¶µ¢¥·Ì´µ¸É¨ ‘µ²´Í . �  ·¨¸. 2 ¶µ± § ´ ¶µ²´Ò° 22-²¥É´¨° Í¨±²
¸µ²´¥Î´µ°  ±É¨¢´µ¸É¨ ¢ ¸· ¢´¥´¨¨ ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨ ´  ClÄAr-
¤¥É¥±Éµ·¥ [19]. �¥¶·¥·Ò¢´ Ö ±·¨¢ Ö ¶µ± §Ò¢ ¥É ¸·¥¤´¥³¥¸ÖÎ´µ¥ Î¨¸²µ ¸µ²-
´¥Î´ÒÌ ¶ÖÉ¥´,   ÉµÎ± ³¨ ¶·¥¤¸É ¢²¥´µ ¸·¥¤´¥¥ Î¨¸²µ µ¡· §ÊÕÐ¨Ì¸Ö ¢ ¸ÊÉ±¨
 Éµ³µ¢ 37Ar [20].
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‚ 1986 £. ¢ · ¡µÉ Ì [21] ¡Ò²µ ¢Ò¸± § ´µ ¶·¥¤¶µ²µ¦¥´¨¥, ÎÉµ ¥¸²¨ ¤ ´-
´ Ö ±µ··¥²ÖÍ¨Ö ¤¥°¸É¢¨É¥²Ó´µ ¸ÊÐ¥¸É¢Ê¥É, µ´  ³µ£²  ¡Ò ¡ÒÉÓ µ¡Ê¸²µ¢²¥´ 
¢§ ¨³µ¤¥°¸É¢¨¥³ ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ ¸ ³ £´¨É´Ò³ ¶µ²¥³ ¢´ÊÉ·¨
±µ´¢¥±É¨¢´µ° §µ´Ò ‘µ²´Í . Šµ´¢¥±É¨¢´ Ö §µ´  § ´¨³ ¥É ¡²¨¦ °ÏÊÕ ± ¶µ-
¢¥·Ì´µ¸É¨ µ¡² ¸ÉÓ, ¶·¨³¥·´µ µ¤´Ê Î¥É¢¥·ÉÓ · ¤¨Ê¸ . Šµ£¤  ‘µ²´Í¥  ±É¨¢´µ,
¢ ±µ´¢¥±É¨¢´µ° §µ´¥ ¢µ§´¨± ¥É Éµ·µ¨¤ ²Ó´µ¥ ³ £´¨É´µ¥ ¶µ²¥ ¸ ´ ¶·Ö¦¥´´µ-
¸ÉÓÕ H = 1 ÷ 10 ±ƒ¸. �¥·¥¸¥± Ö ³ £´¨É´µ¥ ¶µ²¥, ´ ¶· ¢²¥´´µ¥ ¶¥·¶¥´¤¨±Ê-
²Ö·´µ ¤¢¨¦¥´¨Õ, ¸¶¨´ ´¥°É·¨´µ ¶·¥Í¥¸¸¨·Ê¥É, ¨ ²¥¢Ò¥ ´¥°É·¨´µ ¶¥·¥Ìµ¤ÖÉ
¢ ¶· ¢Ò¥. —¨¸²µ ²¥¢ÒÌ ´¥°É·¨´µ, ¢Ò²¥É ÕÐ¨Ì ¨§ ‘µ²´Í , ³µ¦¥É ¡ÒÉÓ µÍ¥-
´¥´µ ¶µ ¶·µ¸Éµ° Ëµ·³Ê²¥: H ∝ cos2 (µνHL), £¤¥ L Å £²Ê¡¨´  ±µ´¢¥±É¨¢´µ°
§µ´Ò (L ≈ 2 · 1010 ¸³). ’ ±¨³ µ¡· §µ³,  ¢Éµ·Ò [21] ¶µ± § ²¨, ÎÉµ §´ Î¥´¨¥
³ £´¨É´µ£µ ³µ³¥´É , ´¥µ¡Ìµ¤¨³µ¥ ¤²Ö Éµ£µ, ÎÉµ¡Ò µ¦¨¤ ¥³Ò¥ µ¤¨´´ ¤Í -
É¨²¥É´¨¥ (¨ ¶µ²Ê£µ¤µ¢Ò¥ [21]) ¢ ·¨ Í¨¨ ¶µÉµ±  ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ ³µ£²¨
´ ¡²Õ¤ ÉÓ¸Ö ´  Ê¶µ³Ö´ÊÉÒÌ ¤¥É¥±Éµ· Ì ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ, ¤µ¦´µ ¡ÒÉÓ ¢
¤¨ ¶ §µ´¥ 10−10 ÷ 10−12µB .

‚ · ¡µÉ¥ [22] ÊÉ¢¥·¦¤ ¥É¸Ö, ÎÉµ  ´É¨±µ··¥²ÖÍ¨Ö ¶µÉµ±  ´¥°É·¨´µ µ± §Ò-
¢ ¥É¸Ö ¡µ²¥¥ §´ Î¨³µ° ¸ ¢¥²¨Î¨´µ° ³ £´¨É´µ£µ ¶µÉµ±  Ê ¶µ¢¥·Ì´µ¸É¨ ‘µ²´Í ,
Î¥³ ¸ Î¨¸²µ³ ¸µ²´¥Î´ÒÌ ¶ÖÉ¥´ ¨, ÎÉµ ¨´É¥·¥¸´µ, µ´  µ± §Ò¢ ¥É¸Ö ¡µ²¥¥ §´ -
Î¨³µ° ¤²Ö ³ £´¨É´µ£µ ¶µÉµ±  ¢¡²¨§¨ Í¥´É·  ¢¨¤¨³µ£µ ¤¨¸±  ‘µ²´Í . ‚ Ô±¸-
¶¥·¨³¥´É¥ „Ô¢¨¸  ·¥£¨¸É·¨·ÊÕÉ¸Ö, ¢ µ¸´µ¢´µ³, ´¥°É·¨´µ, ¢µ§´¨± ÕÐ¨¥ ¢
β+-· ¸¶ ¤¥ 8‚ ¨ ¶·¨ K-§ Ì¢ É¥ ¢ 7‚¥. �¥ ±Í¨¨ µ¡· §µ¢ ´¨Ö ÔÉ¨Ì ´¥°É·¨´µ
¨¤ÊÉ ¢ ¸ ³µ³ Í¥´É·¥ ‘µ²´Í , ¢ µ¡² ¸É¨, · §³¥· ±µÉµ·µ° ¶·¨³¥·´µ ¢ ¶ÖÉÓ · §
³¥´ÓÏ¥ µ¡² ¸É¨ pp-·¥ ±Í¨°. ‘²¥¤µ¢ É¥²Ó´µ, ´¥°É·¨´µ, ¢µ§´¨± ÕÐ¨¥ ¶·¨ · ¸-
¶ ¤¥ ‚ ¨ ‚¥, ¶·¨Ìµ¤ÖÐ¨¥ ´  ‡¥³²Õ, ¶¥·¥¸¥± ÕÉ ¶µ¢¥·Ì´µ¸ÉÓ ‘µ²´Í  ¢¡²¨§¨
Í¥´É·  ¢¨¤¨³µ£µ ¤¨¸± .

ˆ§-§  ¡µ²ÓÏµ° ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¢ ¶µ£·¥Ï´µ¸ÉÖÌ ClÄAr-Ô±¸¶¥·¨³¥´É 
±µ²¨Î¥¸É¢¥´´ Ö µÍ¥´±  ±µÔËË¨Í¨¥´É  ±µ··¥²ÖÍ¨¨ ¶·¥¤¸É ¢²Ö¥É ¸²µ¦´µ¸É¨.
‘É ´¤ ·É´Ò° ±µÔËË¨Í¨¥´É ±µ··¥²ÖÍ¨¨, ¢ÒÎ¨¸²Ö¢Ï¨°¸Ö ¢ · ¡µÉ Ì [18], ¸µ-
µÉ¢¥É¸É¢µ¢ ² Ê·µ¢´Õ §´ Î¨³µ¸É¨ ∼ 1 %. ‚ ¢ÒÏ¥Ê¶µ³Ö´ÊÉµ° · ¡µÉ¥ [22] ¢Ò-
Î¨¸²Ö²¸Ö · ´£µ¢Ò° ±µÔËË¨Í¨¥´É ±µ··¥²ÖÍ¨¨ (±µÔËË¨Í¨¥´É ‘¶¨·³ ´  [23]),
¨ Ê·µ¢¥´Ó §´ Î¨³µ¸É¨ ¤²Ö µ¶·¥¤¥²¥´´µ£µ Ê¸·¥¤´¥´¨Ö ¤ ´´ÒÌ ¶µ ¸¥·¨Ö³ ¤µ-
¸É¨£ ² §´ Î¥´¨Ö 10−7. ’ ±µ° ¢Ò¸µ±¨° Ê·µ¢¥´Ó ¤µ¸Éµ¢¥·´µ¸É¨, ¸±µ·¥¥ ¢¸¥£µ,
¸¢Ö§ ´ ¸ ±µ´±·¥É´Ò³ ¢Ò¡µ·µ³ ³¥Éµ¤a Ê¸·¥¤´¥´¨Ö ¤ ´´ÒÌ, ¶µ¸±µ²Ó±Ê ±µÔË-
Ë¨Í¨¥´É ‘¶¨·³ ´  ÎÊ¢¸É¢¨É¥²¥´ ± ³¥Éµ¤Ê Ê¸·¥¤´¥´¨Ö.

B ¤·Ê£¨x ¤¥É¥±Éµ·ax ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ (SAGE, GALLEX ¨
(Super)Kamiokande) ´¥ ´ ¡²Õ¤ ÕÉ¸Ö ¸±µ²Ó±µ-´¨¡Ê¤Ó §´ Î¨³Ò¥ ±µ··¥²ÖÍ¨¨
³¥¦¤Ê ·¥£¨¸É·¨·Ê¥³Ò³ ¶µÉµ±µ³ ´¥°É·¨´µ ¨ ³ £´¨É´µ°  ±É¨¢´µ¸ÉÓÕ ‘µ²´Í .
�  ·¨¸. 3 ¶µ± § ´Ò ·¥§Ê²ÓÉ ÉÒ ±µ²² ¡µ· Í¨¨ GALLEX [15]. Œ ±¸¨³Ê³ ¸µ²-
´¥Î´µ°  ±É¨¢´µ¸É¨ ¡Ò² ¢ 1991Ä1992 ££., ³¨´¨³Ê³ Å ¢ 1994Ä1995 ££., ´µ ´¥É
¸±µ²Ó±µ-´¨¡Ê¤Ó § ³¥É´ÒÌ ¨§³¥´¥´¨° ¢ ¸±µ·µ¸É¨ ¸Î¥É  §  ÔÉ¨ ¶¥·¨µ¤Ò. ’ ± Ö
¦¥ ¸¨ÉÊ Í¨Ö ¸ ·¥§Ê²ÓÉ É ³¨ Ô±¸¶¥·¨³¥´É  Kamiokande (·¨¸. 4).
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�¨¸. 3. �¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´É  ´  GaÄGe-¤¥É¥±Éµ·¥ ±µ²² ¡µ· Í¨¨ GALLEX [15].
Œ ±¸¨³Ê³ ¸µ²´¥Î´µ°  ±É¨¢´µ¸É¨ ´ ¡²Õ¤ ²¸Ö ¢ 1991Ä1992 ££., ³¨´¨³Ê³ Å ¢ 1994Ä
1995 ££.

�¨¸. 4. a) �¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´É  Kamiokande [16]. OÉ´µÏ¥´¨¥ Î¨¸²  § ·¥£¨¸É·¨-
·µ¢ ´´ÒÌ ¸µ¡ÒÉ¨° (ν, e)-· ¸¸¥Ö´¨Ö ± µ¦¨¤ ¥³µ³Ê ¢ ¸É ´¤ ·É´µ° ¸µ²´¥Î´µ° ³µ¤¥²¨.
¡) Šµ²¨Î¥¸É¢µ ¸µ²´¥Î´ÒÌ ¶ÖÉ¥´

…¸²¨ ¤ ´´ Ö ±µ··¥²ÖÍ¨Ö ¤¥°¸É¢¨É¥²Ó´µ ¸ÊÐ¥¸É¢Ê¥É, ¶·¨Î¨´  · ¸Ìµ¦¤¥-
´¨Ö ³µ¦¥É ¸µ¸ÉµÖÉÓ ¢ Éµ³, ÎÉµ ¢¸¥ ¤¥É¥±Éµ·Ò ·¥£¨¸É·¨·ÊÕÉ ´¥°É·¨´µ µÉ
· §²¨Î´ÒÌ Î ¸É¥° Ô´¥·£¥É¨Î¥¸±µ£µ ¸¶¥±É·  ‘µ²´Í . �µ·µ£ Cl-¤¥É¥±Éµ·  · -
¢¥´ 814 ±Ô‚, GaÄGe-¤¥É¥±Éµ·  Å 233 ±Ô‚, ¶µ·µ£ ·¥£¨¸É· Í¨¨ Kamiokande
6,5Ä7 ŒÔ‚. �·¨ ÊÎ¥É¥ ·¥§µ´ ´¸´ÒÌ µ¸Í¨²²ÖÍ¨° ´¥°É·¨´µ ¢ ¢¥Ð¥¸É¢¥ [24]
¢¥·µÖÉ´µ¸ÉÓ ¶¥·¥Ìµ¤  ²¥¢µ£µ ´¥°É·¨´µ ¢ ¶· ¢µ¥ ¡Ê¤¥É § ¢¨¸¥ÉÓ µÉ Ô´¥·£¨¨
´¥°É·¨´µ, ¨ ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ ¸ · §´ÒÌ ¤¥É¥±Éµ·µ¢ Ê¸²µ¦´Ö¥É¸Ö [25].
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3. ��‘‘…Ÿ�ˆ… �…‰’�ˆ�� �� �‹…Š’���…

Œ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ ¨³¥¥É ¤ ¢´ÕÕ ¨¸Éµ·¨Õ, ¢µ¸Ìµ¤ÖÐÊÕ ± £¨-
¶µÉ¥§¥ � Ê²¨ ¨ ¶¥·¢Ò³ ¢ÒÎ¨¸²¥´¨Ö³ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ´¥°É·¨´µ ´  Ô²¥±-
É·µ´¥ [26]. „µ²£µ¥ ¢·¥³Ö µÉ·¨Í É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ¶µ¨¸±Ê
¢§ ¨³µ¤¥°¸É¢¨Ö ´¥°É·¨´µ ¸ Ô²¥±É·µ´µ³, ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ±µÉµ·ÒÌ ¡Ò²  ¤ -
²¥±  µÉ §´ Î¥´¨Ö 10−44 ¸³2, ¨´É¥·¶·¥É¨·µ¢ ²¨¸Ó ± ± ¢¥·Ì´¥¥ µ£· ´¨Î¥´¨¥
´  ¢µ§³µ¦´Ò° ³ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ [27]. ‚§ ¨³µ¤¥°¸É¢¨¥ ´¥°É·¨´µ,
µ¡² ¤ ÕÐ¥£µ ´¥´Ê²¥¢Ò³ ³ £´¨É´Ò³ ³µ³¥´Éµ³, ¸ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³
Fαβ µ¶¨¸Ò¢ ¥É¸Ö ² £· ´¦¨ ´µ³

L =
1
2
µν

(
e

2me

)
ν̄σαβνFαβ , (1)

£¤¥ µν Å ³ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ ¢ ¥¤¨´¨Í Ì Ô²¥±É·µ´´µ£µ ³ £´¥Éµ´ 
	µ· , σαβ Å ³ É·¨Í  � Ê²¨. ’ ±µ¥ ´¥°É·¨´µ ¡Ê¤¥É ¢§ ¨³µ¤¥°¸É¢µ¢ ÉÓ ¸ ²Õ-
¡µ° § ·Ö¦¥´´µ° Î ¸É¨Í¥°, ¢ Éµ³ Î¨¸²¥ ¨ ¸ Ô²¥±É·µ´µ³.

‚ ¸É ´¤ ·É´µ° É¥µ·¨¨ · ¸¸¥Ö´¨¥ ´¥°É·¨´µ, ¨³¥ÕÐ¥£µ ³ £´¨É´Ò° ³µ³¥´É,
µ¶·¥¤¥²Ö¥É¸Ö ± ± ¸² ¡Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³, É ± ¨ µ¤´µËµÉµ´´Ò³ µ¡³¥´µ³,
¶·¨Î¥³ ¸¶¨· ²Ó´µ¸ÉÓ ´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨° ´¥°É·¨´µ ¢ ¶¥·¢µ³
¸²ÊÎ ¥ µ¤¨´ ±µ¢ ,   ¢µ ¢Éµ·µ³ · §²¨Î´ . �µÔÉµ³Ê  ³¶²¨ÉÊ¤Ò ¸² ¡µ£µ ¨ ³ £-
´¨É´µ£µ · ¸¸¥Ö´¨Ö ´¥ ¨´É¥·Ë¥·¨·ÊÕÉ, ¨ ¶µ²´µ¥ ¸¥Î¥´¨¥ ¥¸ÉÓ ¶·µ¸Éµ ¸Ê³³ 
¸¥Î¥´¨°; ¶·¨ ÔÉµ³ ¢±² ¤ µÉ ³ £´¨É´µ£µ ³µ³¥´É , µ¦¨¤ ¥³µ£µ ¢ ¸É ´¤ ·É´µ°
É¥µ·¨¨, ¶·¥´¥¡·¥¦¨³µ ³ ² (·¨¸. 1, ¡).

„¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¸² ¡µ£µ · ¸¸¥Ö´¨Ö Ô²¥±É·µ´´µ£µ  ´É¨´¥°-
É·¨´µ ´  Ô²¥±É·µ´¥ ¢ ¸É ´¤ ·É´µ° É¥µ·¨¨ ¨³¥¥É ¢¨¤ [28]:

dσ

dE
=

2G2
F me

π

(
g2

r + g2
l

(
1 − Ee

Eν

)2

− glgr
meEe

2E2
ν

)
, (2)

£¤¥ me Å ³ ¸¸  Ô²¥±É·µ´ , gr ¨ gl § ¢¨¸ÖÉ ²¨ÏÓ µÉ Ê£²  ‚ °´¡¥·£  (gr =
sin2 θW , gl = 1/2 + sin2 θW ), Eν ¨ Ee Å Ô´¥·£¨Ö ´ ²¥É ÕÐ¥£µ ´¥°É·¨´µ ¨
Ô´¥·£¨Ö Ô²¥±É·µ´  µÉ¤ Î¨.

‘¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ´¥°É·¨´µ, ¸¢Ö§ ´´µ¥ ¸ ³ £´¨É´Ò³ ³µ³¥´Éµ³, ¶·µ¶µ·-
Í¨µ´ ²Ó´µ µ2

ν [26]:

dσ

dEe
= πr2

0µ
2
ν

(
1

Ee
− 1

Eν

)
, (3)

£¤¥ r0 = 2,818 · 10−13 ¸³ Å ±² ¸¸¨Î¥¸±¨° · ¤¨Ê¸ Ô²¥±É·µ´ , µν Å ³ £´¨É-
´Ò° ³µ³¥´É ´¥°É·¨´µ ¢ Ô²¥±É·µ´´ÒÌ ³ £´¥Éµ´ Ì 	µ· . ‡ ¢¨¸¨³µ¸ÉÓ ¸¥Î¥´¨°
³ £´¨É´µ£µ ¨ ¸² ¡µ£µ · ¸¸¥Ö´¨Ö µÉ Ô´¥·£¨¨ Ee ¸ÊÐ¥¸É¢¥´´µ · §²¨Î´Ò; ¶·¨
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Ee � Eν ¨Ì µÉ´µÏ¥´¨¥ ¶·µ¶µ·Í¨µ´ ²Ó´µ 1/Ee, É.¥. ¶µ´¨¦¥´¨¥ ¶µ·µ£  ·¥£¨-
¸É· Í¨¨ Ô²¥±É·µ´µ¢ Ê²ÊÎÏ ¥É ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ Ô±¸¶¥·¨³¥´É  ± ³ £´¨É´µ³Ê
³µ³¥´ÉÊ, ¥¸²¨ Ëµ´ ¶·¨ ÔÉµ³ ¢µ§· ¸É ¥É ¸² ¡¥¥, Î¥³ 1/Ee ln Ee.

ˆ´É¥£·¨·ÊÖ ¶µ Ô´¥·£¨¨ Ô²¥±É·µ´ , ´ Ìµ¤¨³, ÎÉµ ¶µ²´µ¥ ¸¥Î¥´¨¥ · ¸¸¥Ö-
´¨Ö, ¸¢Ö§ ´´µ£µ ¸ ³ £´¨É´Ò³ ³µ³¥´Éµ³, · ¢´µ

σ(Ee � T ) = πr2
0µ

2
ν

(
ln
(

Ee max

T

)
+

T

Ee max
− 1
)

. (4)

‚ ÔÉµ° Ëµ·³Ê²¥ T Å ¶µ·µ£ ·¥£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ µÉ¤ Î¨,   Ee max =
Eν(2Eν/(2Eν +me)) ¥¸ÉÓ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ Ö Ô´¥·£¨Ö Ô²¥±É·µ´  µÉ¤ Î¨,
±µÉµ· Ö µÎ¥´Ó ¡²¨§±  ± Ô´¥·£¨¨ ´¥°É·¨´µ, ¥¸²¨ Eν � me.

ˆ´É¥£· ²Ó´µ¥ ¸¥Î¥´¨¥ (ν, e)-· ¸¸¥Ö´¨Ö ¢ ¸É ´¤ ·É´µ° É¥µ·¨¨, ± ± ¸²¥-
¤Ê¥É ¨§ (2), ¶·µ¶µ·Í¨µ´ ²Ó´µ Eν . �Éµ µ§´ Î ¥É, ÎÉµ ¤²Ö Éµ£µ, ÎÉµ¡Ò Ê¢¥-
²¨Î¨ÉÓ µÉ´µÏ¥´¨¥ ¸¨£´ ²/Ëµ´ (¥¸²¨ Ëµ´ ¸¢Ö§ ´ Éµ²Ó±µ ¸µ ¸² ¡Ò³ · ¸¸¥Ö-
´¨¥³), ´¥µ¡Ìµ¤¨³µ ¨¸¶µ²Ó§µ¢ ÉÓ ´¥°É·¨´´Ò¥ ¨¸ÉµÎ´¨±¨ ¸ ³ ²µ° Ô´¥·£¨¥°
´¥°É·¨´µ. � ¶·¨³¥·, ¸¥Î¥´¨¥ (νµ, e)-· ¸¸¥Ö´¨Ö, ¨§³¥·¥´´µ¥ ±µ²² ¡µ· Í¨¥°
CHARM [29] ´  Ê¸±µ·¨É¥²¥ SPS (CERN), ¸µ¸É ¢¨²µ ∼ 25000 ¢ ¥¤¨´¨Í Ì
10−45 ¸³2 (É ¡². 2). ‚ Éµ ¦¥ ¢·¥³Ö µ¦¨¤ ¥³µ¥ ¸¥Î¥´¨¥ ¤²Ö ³ £´¨É´µ£µ ³µ-
³¥´É , · ¢´µ£µ 10−10µB , ¸µ¸É ¢²Ö¥É Éµ²Ó±µ 4 ¢ É¥Ì ¦¥ ¥¤¨´¨Í Ì. �Éµ µ§´ -
Î ¥É, ÎÉµ ´¥µ¡Ìµ¤¨³µ ¨§³¥·¨ÉÓ ¸¥Î¥´¨¥ (νµ, e)-· ¸¸¥Ö´¨Ö ¸ ÉµÎ´µ¸ÉÓÕ ²ÊÎÏ¥,
Î¥³ 4/25000 (É.¥. ∼ 10−4), ÎÉµ¡Ò ¶µÎÊ¢¸É¢µ¢ ÉÓ ¢±² ¤ µÉ ³ £´¨É´µ£µ ³µ³¥´É ,
· ¢´µ£µ 10−10µB . „ ¦¥ Ô±¸¶¥·¨³¥´É ¢ ‹µ¸-�² ³µ¸¥ [4], £¤¥ ¸·¥¤´ÖÖ Ô´¥·£¨Ö
´¥°É·¨´µ, µ¡· §ÊÕÐ¨Ì¸Ö ¢ ·¥§Ê²ÓÉ É¥ · ¸¶ ¤  µ¸É ´µ¢¨¢Ï¨Ì¸Ö π-³¥§µ´µ¢ ¨
³Õµ´µ¢, ¸µ¸É ¢²Ö¥É 33 ŒÔ‚, Ê¸ÉÊ¶ ¥É ¶µÎÉ¨ ´  ¤¢  ¶µ·Ö¤±  ¶µ ÎÊ¢¸É¢¨É¥²Ó-
´µ¸É¨ ± ¢±² ¤Ê ¢ ¸¥Î¥´¨¥ µÉ ³ £´¨É´µ£µ ³µ³¥´É  ·¥ ±Éµ·´µ³Ê Ô±¸¶¥·¨³¥´ÉÊ.

’ ¡²¨Í  2. ‘· ¢´¥´¨¥ ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ ´¥°É·¨´µ ¤²Ö Ô±¸-
¶¥·¨³¥´Éµ¢ ¸ · §²¨Î´Ò³¨ ¨¸ÉµÎ´¨± ³¨ ´¥°É·¨´µ

ˆ¸ÉµÎ´¨± ‘·¥¤´ÖÖ �µ·µ£ σweak ¢ ¥¤. σµ ¢ ¥¤. 10−45 ¸³2

´¥°É·¨´µ Ô´¥·£¨Ö ·¥£¨¸É· Í¨¨ 10−45 ¸³2 µν = 10−10µB

〈Eν〉 〈T 〉
SPS (CERN) 25 ƒÔ‚ 2 ƒÔ‚ 25 000 4,0

LAMPF (‹µ¸-�² ³µ¸) 30 MÔ‚ 15 MÔ‚ 100 0,5
�¥ ±Éµ· 2 MÔ‚ 0,5 MÔ‚ 2 1,0

ƒ² ¢´ Ö ¶·µ¡²¥³  Ô±¸¶¥·¨³¥´Éµ¢ ´  ·¥ ±Éµ·¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ Ëµ´,
¸¢Ö§ ´´Ò° ¸ ¥¸É¥¸É¢¥´´µ° ¨²¨ ¨¸±Ê¸¸É¢¥´´µ° · ¤¨µ ±É¨¢´µ¸ÉÓÕ, ¢ ´¥¸±µ²Ó±µ
(¨´µ£¤  ¤¥¸ÖÉ±¨) · § ¶·¥¢ÒÏ ¥É Ëµ´ µÉ ¸² ¡µ£µ · ¸¸¥Ö´¨Ö. �É³¥É¨³, ÎÉµ ¢
ÔÉµ³ ¸²ÊÎ ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ´¥°É·¨´µ ¸ ¡µ²ÓÏ¥° Ô´¥·£¨¥° Ê¢¥²¨Î¨¢ ¥É ¸µµÉ-
´µÏ¥´¨¥ ÔËË¥±É/Ëµ´.
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Š ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ µ¶Ê¡²¨±µ¢ ´Ò ·¥§Ê²ÓÉ ÉÒ ¶µ ¨§³¥·¥´¨Õ ¸¥Î¥´¨Ö
· ¸¸¥Ö´¨Ö ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ ´  Ô²¥±É·µ´¥, ¶µ²ÊÎ¥´´Ò¥ ´  É·¥Ì · §²¨Î´ÒÌ
¤¥É¥±Éµ· Ì.

�¥·¢Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨Ö ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ´¥°-
É·¨´µ ´  Ô²¥±É·µ´¥ ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ¢ 1976 £., ·µ¢´µ Î¥·¥§ 20 ²¥É ¶µ¸²¥
¶·Ö³µ£µ µ¡´ ·Ê¦¥´¨Ö ´¥°É·¨´µ ¢ ·¥ ±Í¨¨ µ¡· É´µ£µ β-· ¸¶ ¤ . „¥É¥±Éµ· ¡Ò²
¸µ§¤ ´ ¢ Ê´¨¢¥·¸¨É¥É¥ Š ²¨Ëµ·´¨¨ [30], ¨ ¨§³¥·¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ´  ·¥ ±-
Éµ·¥ ®Savana River¯. –¥´É· ²Ó´Ò° ¤¥É¥±Éµ· Å ¶² ¸É¨Î¥¸±¨° ¸Í¨´É¨²²ÖÉµ·,
´¥¶µ¸·¥¤¸É¢¥´´µ ·¥£¨¸É·¨·ÊÕÐ¨° (ν, e)-· ¸¸¥Ö´¨¥, ¨³¥² ³ ¸¸Ê 15,9 ±£ ¨ ¡Ò²
µ±·Ê¦¥´ NaI-¤¥É¥±Éµ·µ³ ¸ ³ ¸¸µ° 300 ±£, ¶ ¸¸¨¢´µ° § Ð¨Éµ° ¨§ ¸¢¨´Í  ¨
¦¨¤±¨³ ¸Í¨´É¨²²ÖÉµ·µ³ (2000 ²). 	µ²ÓÏµ° NaI-¤¥É¥±Éµ· ¨¸¶µ²Ó§µ¢ ²¸Ö ¤²Ö
¶µ¤ ¢²¥´¨Ö Ëµ´  µÉ ·¥ ±Í¨¨ µ¡· É´µ£µ β-· ¸¶ ¤  ´  ¶·µÉµ´¥ (νp → ne+),
¶µ¸±µ²Ó±Ê Í¥´É· ²Ó´Ò° ¤¥É¥±Éµ· ¸µ¤¥·¦ ² ¢µ¤µ·µ¤. �ÉµÉ Ëµ´ ±µ··¥²¨·Ê¥É ¸
· ¡µÉµ° ·¥ ±Éµ· , ¨ ¸±µ·µ¸ÉÓ ¸Î¥É  µÉ ÔÉµ° ·¥ ±Í¨¨ ¢ 30 · § ¶·¥¢ÒÏ ²  ¸±µ-
·µ¸ÉÓ ¸Î¥É  µÉ (ν, e)-· ¸¸¥Ö´¨Ö ¢ ¤¨ ¶ §µ´¥ ·¥£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ µÉ¤ Î¨
1,5 ÷ 4,5 ŒÔ‚.

‚Éµ·µ° ¤¥É¥±Éµ· Å ÔÉµ ±·¥³´¨¥¢Ò° ³Ê²ÓÉ¨¤¥É¥±Éµ· c µ¡Ð¥° ³ ¸¸µ°
75 ±£, ¸µ§¤ ´´Ò° ¢ �¥É¥·¡Ê·£¸±µ³ ¨´¸É¨ÉÊÉ¥ Ö¤¥·´µ° Ë¨§¨±¨. ˆ§³¥·¥´¨Ö
¸¥Î¥´¨Ö (ν, e)-· ¸¸¥Ö´¨Ö ¶·µ¢µ¤¨²¨¸Ó ´  ·¥ ±Éµ·¥ �µ¢¥´¸±µ°  Éµ³´µ° ¸É ´-
Í¨¨ [31, 32]. „¥É¥±Éµ· ¶·¥¤¸É ¢²Ö² ¸µ¡µ° ¸¡µ·±Ê ¨§ 600 µÉ¤¥²Ó´ÒÌ ¤¥É¥±-
Éµ·µ¢ ¤¨ ³¥É·µ³ 30 ¨ ¤²¨´µ° 125 ³³. �´¥·£¥É¨Î¥¸±µ¥ · §·¥Ï¥´¨¥ µÉ¤¥²Ó-
´µ£µ ¤¥É¥±Éµ· , ¨§³¥·¥´´µ¥ ¶µ ²¨´¨¨ 122 ±Ô‚ µÉ 57‘µ, ¸µ¸É ¢²Ö²µ ∼ 5 ±Ô‚,
¨§-§  ¤µ¶µ²´¨É¥²Ó´µ° ¥³±µ¸É¨, ¸¢Ö§ ´´µ° ¸ ¢Ò¢µ¤µ³ ¸¨£´ ² , Ê¢¥²¨Î¨¢ ²µ¸Ó
¤µ ∼ 15 ±Ô‚. ŒÊ²ÓÉ¨¤¥É¥±Éµ· ¢³¥¸É¥ ¸ ¶¥·¢Ò³ ¸²µ¥³ ¶ ¸¸¨¢´µ° § Ð¨ÉÒ c
³ ¸¸µ° 300 ±£ ´ Ìµ¤¨²¸Ö ¢´ÊÉ·¨ ¢ ±ÊÊ³´µ° ± ³¥·Ò ¤²Ö ¶µ¤ ¢²¥´¨Ö  ±É¨¢-
´µ¸É¨ · ¤µ´ . � ¸¸¨¢´ Ö § Ð¨É  ¤²Ö ¶µ¤ ¢²¥´¨Ö ¢´¥Ï´¥° γ- ¨ ´¥°É·µ´´µ°
 ±É¨¢´µ¸É¨ ¸µ¸ÉµÖ²  ¨§ ¸²µÖ ·ÉÊÉ¨, ³¥¤¨ ¨ £· Ë¨É .

’·¥É¨° ¤¥É¥±Éµ· ¡Ò² ¸µ§¤ ´ ¢ ŠÊ·Î Éµ¢¸±µ³ ¨´¸É¨ÉÊÉ¥, ¨ Ô±¸¶¥·¨³¥´É
¶·µ¢µ¤¨²¸Ö ´  ·¥ ±Éµ·¥ ¢ Š· ¸´µÖ·¸±¥ [33, 34]. „¥É¥±Éµ· c ³ ¸¸µ° 103 ±£
¶·¥¤¸É ¢²Ö² ¸µ¡µ° ¸¡µ·±Ê ¨§ 7 ¨¤¥´É¨Î´ÒÌ ¸Í¨´É¨²²ÖÍ¨µ´´ÒÌ ¤¥É¥±Éµ·µ¢
´  µ¸´µ¢¥ £¥±¸ ËÉµ·¡¥´§µ²  (C6F6), ¶·µ¸³ É·¨¢ ¥³ÒÌ ¸ µ¡µ¨Ì ±µ´Íµ¢ ËµÉµ-
Ê³´µ¦¨É¥²Ö³¨. �µ·µ£ ·¥£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ µÉ¤ Î¨ ¡Ò² · ¢¥´ 3,15 ŒÔ‚ ¨
µ¡Ê¸²µ¢²¥´ ¢Ò¸µ±¨³ Ê·µ¢´¥³ Ëµ´  ¥¸É¥¸É¢¥´´µ° ¨ ¨¸±Ê¸¸É¢¥´´µ° · ¤¨µ ±É¨¢-
´µ¸É¨. ‘ÊÐ¥¸É¢¥´´µ¥ ¶·¥¨³ÊÐ¥¸É¢µ ÔÉµ£µ ¤¥É¥±Éµ·  ¸µ¸Éµ¨É ¢ ¥£µ ¶µ¤§¥³´µ³
· ¸¶µ²µ¦¥´¨¨ (≈ 700 ³ ¢.Ô.), ÎÉµ ¶µ§¢µ²Ö¥É ¸´¨§¨ÉÓ ¶µÉµ± ³Õµ´µ¢ ´  É·¨
¶µ·Ö¤±  ¶µ ¸· ¢´¥´¨Õ ¸ ¶µ¢¥·Ì´µ¸ÉÓÕ ‡¥³²¨.

‘²µ¦´µ¸ÉÓ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ¨§ÊÎ¥´¨Õ · ¸¸¥Ö´¨Ö ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ
´  Ô²¥±É·µ´¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¸¥Î¥´¨¥ ·¥ ±Í¨¨ ³ ²µ (∼ 10−44 ¸³2), ¥¤¨´-
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�¨¸. 5. �¦¨¤ ¥³Ò° ¸¶¥±É· Ô²¥±É·µ´µ¢ µÉ¤ Î¨ (¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥), ¢µ§´¨± Õ-
Ð¨Ì ¶·¨ · ¸¸¥Ö´¨¨ ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ: 1 Å ¸É ´¤ ·É´ Ö É¥µ·¨Ö (sin2 θW = 0,23);
2 Å · ¸¸¥Ö´¨¥ §  ¸Î¥É ³ £´¨É´µ£µ ³µ³¥´É  (µν = 10−10µB)

�¨¸. 6. ˆ´É¥£· ²Ó´µ¥ ¸¥Î¥´¨¥ ¤²Ö ¨´É¥·¢ ²  E÷9 ŒÔ‚: 1 Å ¸² ¡µe (sin2 θW = 0,23)
¨ 2 Å ³ £´¨É´µe · ¸¸¥Ö´¨e (µν = 10−10µB)

¸É¢¥´´µ° ·¥£¨¸É·¨·Ê¥³µ° Î ¸É¨Í¥° Ö¢²Ö¥É¸Ö Ô²¥±É·µ´ µÉ¤ Î¨,   Ëµ´ ¤¥É¥±-
Éµ· , ¸¢Ö§ ´´Ò° ¸ ¨¸±Ê¸¸É¢¥´´µ° ¨²¨ ¥¸É¥¸É¢¥´´µ° · ¤¨µ ±É¨¢´µ¸ÉÓÕ, ¢µ§· -
¸É ¥É ¶·¨ Ê³¥´ÓÏ¥´¨¨ Ô´¥·£¨¨. �µÔÉµ³Ê ¶·¨¥³²¥³µ¥ µÉ´µÏ¥´¨¥ ÔËË¥±É/Ëµ´
Ê¤ ¥É¸Ö ¶µ²ÊÎ¨ÉÓ ²¨ÏÓ ¤²Ö Ï¨·µ±µ£µ ¨, ± ± ¶· ¢¨²µ, µ¤´µ£µ ¤¨ ¶ §µ´  Ô´¥·-
£¨° Ô²¥±É·µ´  µÉ¤ Î¨. —Éµ¡Ò ¸· ¢´¨ÉÓ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸± § ´¨Ö ¸ ·¥§Ê²Ó-
É É ³¨ Ô±¸¶¥·¨³¥´É  ¨ É ±¨³ µ¡· §µ³ ´ °É¨ ¢µ§³µ¦´Ò° ¢±² ¤ ¢ Ô±¸¶¥·¨-
³¥´É ²Ó´µ ¨§³¥·¥´´µ¥ ¸¥Î¥´¨¥ µÉ ¢µ§³µ¦´µ£µ ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ,
´¥µ¡Ìµ¤¨³µ ¸¥Î¥´¨Ö (2) ¨ (3) Ê¸·¥¤´¨ÉÓ ± ± ¶µ ¸¶¥±É·Ê ´¥°É·¨´µ, É ± ¨ ¶µ
¨´É¥·¢ ²Ê Ô´¥·£¨° (E1, E2), ¢ ±µÉµ·µ³ ¶·µ¨¸Ìµ¤¨É ·¥£¨¸É· Í¨Ö Ô²¥±É·µ´ 
µÉ¤ Î¨:

σ(E1, E2) =

E1∫
E2

∞∫
Emin

dσ

dE
N(Eν)dEνdEe. (5)

—Éµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¤ ´´µ¥ ¢Ò· ¦¥´¨¥ ´Ê¦´µ §´ ÉÓ ¸¶¥±É·  ´É¨´¥°É·¨´µ
µÉ ·¥ ±Éµ· . �Éµ µÉ¤¥²Ó´ Ö ¶·µ¡²¥³  ·¥ ±Éµ·´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢, ¢ÒÌµ¤ÖÐ Ö
§  · ³±¨ ¤ ´´µ£µ µ¡§µ· . ‘¶¥±É· ´¥°É·¨´µ ¸ Ô´¥·£¨¥° ¢ ¨´É¥·¢ ²¥ 2÷ 6 ŒÔ‚
¨§¢¥¸É¥´ ¸ Ìµ·µÏ¥° ÉµÎ´µ¸ÉÓÕ (∼ 4 %) [35], ¶µ¸±µ²Ó±Ê 2 ŒÔ‚ Å ÔÉµ ¶µ·µ£
·¥ ±Í¨¨ µ¡· É´µ£µ β-· ¸¶ ¤  ´  ¶·µÉµ´¥. �·¨ Ô´¥·£¨ÖÌ ´¨¦¥ 2 ŒÔ‚ ¸¶¥±É·Ò
¢ÒÎ¨¸²Ö²¨¸Ó ¢ · ¡µÉ Ì [36], ¨ ¢¥²¨Î¨´  ¶µ£·¥Ï´µ¸É¨ ¢ ¤ ´´µ³ ¨´É¥·¢ ²¥
¸µ¸É ¢²Ö¥É 5 ÷ 15 %.
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�¦¨¤ ¥³Ò¥ ¸¶¥±É·Ò Ô²¥±É·µ´µ¢ µÉ¤ Î¨ ¨²¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö
· ¸¸¥Ö´¨Ö, Ê¸·¥¤´¥´´Ò¥ ¶µ ¸¶¥±É·Ê ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ, ¶µ± § ´Ò ´  ·¨¸. 5.
‚¨¤´µ, ÎÉµ µ´¨ ¸· ¢´¨¢ ÕÉ¸Ö ¶·¨ Ô´¥·£¨¨ 320 ±Ô‚ ¤²Ö ³ £´¨É´µ£µ ³µ³¥´É ,
· ¢´µ£µ 10−10µB , ¨ sin2 θW = 0,23. ˆ´É¥£· ²Ó´Ò¥ ¸¥Î¥´¨Ö ¤²Ö ¨´É¥·¢ ² 
µÉ E ¤µ 9 ŒÔ‚ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 6, ¨ µ´¨ µ± §Ò¢ ÕÉ¸Ö · ¢´Ò³¨ ²¨ÏÓ ¶·¨
Ô´¥·£¨¨ Ô²¥±É·µ´µ¢ µÉ¤ Î¨, · ¢´µ° 70 ±Ô‚.

Š ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ ¨³¥ÕÉ¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ ¨§³¥·¥-
´¨Õ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ´¥°É·¨´µ ´  Ô²¥±É·µ´¥ ¤²Ö Ï¥¸É¨ · §²¨Î´ÒÌ ¨´É¥·-
¢ ²µ¢ Ô²¥±É·µ´µ¢ µÉ¤ Î¨ (E1 − E2), ¶µ²ÊÎ¥´´Ò¥ ´  É·¥Ì ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ
¤¥É¥±Éµ· Ì. �É¨ ·¥§Ê²ÓÉ ÉÒ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¥¤¨´¨Í Ì ¸¥Î¥´¨Ö ¸² ¡µ£µ
· ¸¸¥Ö´¨Ö, ¢ÒÎ¨¸²¥´´µ£µ ¤²Ö Ê¸É ´µ¢²¥´´µ£µ ¸¶¥±É·  ´¥°É·¨´µ (É ¡². 3).

’ ¡²¨Í  3. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨Ö ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ·¥ ±Éµ·-
´ÒÌ ´¥°É·¨´µ ´  Ô²¥±É·µ´¥ ¨ µ£· ´¨Î¥´¨Ö ´  ³ £´¨É´Ò° ³µ³¥´É

ˆ´É¥·¢ ² �É´µÏ¥´¨¥ �£· ´¨Î¥´¨¥ ´  µν ‘¸Ò²± 

E1 − E2, ŒÔ‚ σexp/σweak ¢ ¥¤. 10−10 µB

1,0Ä3,0 1,36 ± 0,39 ≤ 1,8 [30]
3,0Ä4,5 2,07 ± 0,54 ≤ 3,4 [30]
1,0Ä4,0 1,15 ± 1,71 ≤ 2,4 [31]
3,15Ä5,2 1,21 ± 0,57 ≤ 2,4 [33]
0,6Ä2,0 1,23 ± 0,60 ≤ 1,4 [32]
3,15Ä5,2 0,92 ± 0,49 ≤ 1,9 [34]

•µÉÖ ¢ ¶·¥¤¥² Ì µ¤´µ° ¶µ£·¥Ï´µ¸É¨ ¶ÖÉÓ ¨§ Ï¥¸É¨ ·¥§Ê²ÓÉ Éµ¢ ¸µ£² ¸Ê-
ÕÉ¸Ö ¸µ ¸É ´¤ ·É´µ° É¥µ·¨¥°, ¶ÖÉÓ ¨§ ´¨Ì µÉ±²µ´ÖÕÉ¸Ö ¢ ¸Éµ·µ´Ê ¡µ²ÓÏ¨Ì ¸¥-
Î¥´¨°. …¸²¨ ¤²Ö Ê¸É ´µ¢²¥´¨Ö ¢¥·Ì´¥£µ ¶·¥¤¥²  ´  ¢µ§³µ¦´Ò° ³ £´¨É´Ò° ³µ-
³¥´É ¢§ÖÉÓ ¢¥²¨Î¨´Ê (σexp−σweak)+∆σexp (¨²¨ ∆σexp, ¥¸²¨ σexp ≤ σweak), Éµ
¶µ²ÊÎ¨³ §´ Î¥´¨Ö µÉ 1,4 ¤µ 3,4 ¢ ¥¤¨´¨Í Ì 10−10µB . �·¥¤¶µ² £ Ö, ÎÉµ Ê¢¥²¨-
Î¥´¨¥ ¨§³¥·¥´´ÒÌ ¸¥Î¥´¨° ¸¢Ö§ ´µ ¸ ³ £´¨É´Ò³ ³µ³¥´Éµ³, ¨ ¢ÒÎ¨¸²ÖÖ ¢¥²¨-
Î¨´Ê χ2 ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° µν , ¶µ²ÊÎ ¥³, ÎÉµ ¸ 40 %-´µ° ¢¥·µÖÉ´µ¸ÉÓÕ
¢µ§³µ¦´µ §´ Î¥´¨¥ µν = 0 (ËÊ´±Í¨Ö ¶· ¢¤µ¶µ¤µ¡¨Ö P (χ2 > χ2

µ=0) = 0,4).
‘ ¢¥·µÖÉ´µ¸ÉÓÕ 90 % µν ≤ 1,9 · 10−10µB (P (χ2 > χ2

µ=1,9) = 0,1). Œ¨´¨-
³ ²Ó´µ¥ ¦¥ §´ Î¥´¨¥ χ2

d = 0,7 ¸µµÉ¢¥É¸É¢Ê¥É ³ £´¨É´µ³Ê ³µ³¥´ÉÊ, · ¢´µ³Ê
1,15 · 10−10µB . ’ ±¨³ µ¡· §µ³, £¨¶µÉ¥§  µ Éµ³, ÎÉµ ³ £´¨É´Ò° ³µ³¥´É · ¢¥´
´Ê²Õ, ´¥ ³µ¦¥É ¡ÒÉÓ µÉ¢¥·£´ÊÉ  ´  µ¸´µ¢¥ χ2-±·¨É¥·¨Ö.

„²Ö ¶µ²ÊÎ¥´¨Ö ¶·¥¤¥²  ´  µν ¥¸É¥¸É¢¥´´µ ¨¸¶µ²Ó§µ¢ ÉÓ ³¥Éµ¤ ³ ±¸¨-
³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö. „²Ö ÔÉµ£µ ¸²¥¤Ê¥É ´ °É¨ ËÊ´±Í¨Õ ¶· ¢¤µ¶µ¤µ¡¨Ö
P (µ), É.¥. ¢ÒÎ¨¸²¨ÉÓ ¢¥·µÖÉ´µ¸ÉÓ ¶µ²ÊÎ¥´¨Ö ¤ ´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥-
§Ê²ÓÉ Éµ¢ ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ³ £´¨É´µ£µ ³µ³¥´É , ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ
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¢¸¥ ·¥§Ê²ÓÉ ÉÒ ¨³¥ÕÉ ´µ·³ ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥. ˆ´É¥£·¨·ÊÖ ÔÉÊ ËÊ´±Í¨Õ
µÉ ´Ê²Ö ¤µ §´ Î¥´¨Ö µν , ¤²Ö ±µÉµ·µ£µ ¶µ²ÊÎ¥´´ Ö ¶²µÐ ¤Ó ¸µ¸É ¢²Ö¥É 90 %
(
∫

P (µ)dµ = 0,9), ¶µ²ÊÎ ¥³, ÎÉµ µν ≤ 1,5 · 10−10 µB ¤²Ö 90 %-´µ£µ Ê·µ¢´Ö
¤µ¸Éµ¢¥·´µ¸É¨.

ˆ³¥ÕÐ¨¥¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò É ±¦¥ ´  ·¨¸. 7,
¶µ± §Ò¢ ÕÐ¥³ § ¢¨¸¨³µ¸ÉÓ µÉ´µÏ¥´¨Ö ¶µ²´µ£µ ¸¥Î¥´¨Ö ³ £´¨É´µ£µ · ¸¸¥Ö-

�¨¸. 7. �É´µÏ¥´¨¥ ¶µ²´ÒÌ ¸¥-
Î¥´¨° ³ £´¨É´µ£µ ¨ ¸² ¡µ£µ
· ¸¸¥Ö´¨° ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨°
E÷9 ŒÔ‚ ¤²Ö · §²¨Î´ÒÌ §´ Î¥-
´¨° ³ £´¨É´µ£µ ³µ³¥´É  (¢ ¥¤.
10−10µB). Š·¨¢ Ö 1 ¶µ± §Ò¢ ¥É
´¥µ¶·¥¤¥²¥´´µ¸ÉÓ, ¸¢Ö§ ´´ÊÕ ¸
´¥ÉµÎ´Ò³ §´ ´¨¥³ ¸¶¥±É·  ´¥°-
É·¨´µ. �·¨¢¥¤¥´Ò É ±¦¥ Ô±¸¶¥-
·¨³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ (¸ ¶µ-
£·¥Ï´µ¸ÉÖ³¨) ¢ ¶·¥¤¶µ²µ¦¥´¨¨,
ÎÉµ µÉ±²µ´¥´¨¥ σexp µÉ σweak

¸¢Ö§ ´µ ¸ ³ £´¨É´Ò³ ³µ³¥´Éµ³
´¥°É·¨´µ

´¨Ö ± ¸² ¡µ³Ê ¸¥Î¥´¨Õ µÉ Ô´¥·£¨¨. ˆ¸¶µ²Ó§ÊÖ
¶µ£·¥Ï´µ¸É¨ ´¥°É·¨´´ÒÌ ¸¶¥±É·µ¢, ³µ¦´µ
¢ÒÎ¨¸²¨ÉÓ (§ ¤ ¢Ï¨¸Ó µ¶·¥¤¥²¥´´Ò³ sin2 θW )
¸¢Ö§ ´´ÊÕ ¸ ´¨³¨ ¶µ£·¥Ï´µ¸ÉÓ ¢ ¶µ²´µ³ ¸¥-
Î¥´¨¨, ±µÉµ· Ö ¨ ¡Ê¤¥É µ¶·¥¤¥²ÖÉÓ ¢µ§³µ¦´µ¥
¶·¥¤¥²Ó´µ¥ µ£· ´¨Î¥´¨¥ ´  ³ £´¨É´Ò° ³µ-
³¥´É, ¤ ¦¥ ¥¸²¨ Ô±¸¶¥·¨³¥´É ²Ó´ Ö ¶µ£·¥Ï-
´µ¸ÉÓ ¡Ê¤¥É ³¥´ÓÏ¥, Î¥³ ¶µ£·¥Ï´µ¸ÉÓ, ¸¢Ö§ ´-
´ Ö ¸ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ ¸¶¥±É· . �Éµ ¢¥·´µ
¤µ É¥Ì ¶µ·, ¶µ±  ´¥ Ê¤ ¸É¸Ö ¸ Ìµ·µÏ¥° ÉµÎ-
´µ¸ÉÓÕ ¨§³¥·¨ÉÓ ¸¶¥±É· Ô²¥±É·µ´µ¢ µÉ¤ Î¨,
ÎÉµ¡Ò ³µ¦´µ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ÉÓ · §²¨Î´ÊÕ
Ô´¥·£¥É¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ ¤²Ö ¸² ¡µ£µ ¨
³ £´¨É´µ£µ · ¸¸¥Ö´¨Ö. „²Ö ÔÉµ£µ ´¥µ¡Ìµ¤¨-
³µ, ÎÉµ¡Ò µÉ´µÏ¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¸¥Î¥´¨°,
´ ¶·¨³¥·, ¤²Ö ¤¢ÊÌ ¨´É¥·¢ ²µ¢, ´¥ § ¢¨¸¥²µ
µÉ ¸¶¥±É·  ´¥°É·¨´µ. �µ´ÖÉ´µ, ÎÉµ Ï¨·¨´ 
ÔÉ¨Ì ¨´É¥·¢ ²µ¢ ¤µ²¦´  ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´µ
³¥´ÓÏ¥, Î¥³ ¸·¥¤´ÖÖ Ï¨·¨´  ´¥°É·¨´´µ£µ
¸¶¥±É·  (∼ 2 ŒÔ‚),   · ¸¶µ² £ ÉÓ¸Ö µ´¨ ¤µ²¦-
´Ò ± ± ³µ¦´µ ¡²¨¦¥ ± ´Ê²¥¢µ° Ô´¥·£¨¨. �µ± 
ÔÉµ ´¥ ·¥Ï¥´´ Ö Ô±¸¶¥·¨³¥´É ²Ó´ Ö § ¤ Î .

‡ ¢¨¸¨³µ¸ÉÓ ¶µ£·¥Ï´µ¸É¨, ¸¢Ö§ ´´µ° ¸
´¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ ´¥°É·¨´´µ£µ ¸¶¥±É· , ¢
¶µ²´µ³ ¸¥Î¥´¨¨ ¤²Ö ¸² ¡µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö

µÉ Ô´¥·£¨¨ ¶µ± § ´  ´  ·¨¸. 7 (±·¨¢ Ö 1). �¥µ¶·¥¤¥²¥´´µ¸ÉÓ, ¸¢Ö§ ´´ Ö ¸ ´¥-
ÉµÎ´Ò³ §´ ´¨¥³ sin2 θW , ¸ÊÐ¥¸É¢¥´´µ ´¨¦¥. B¨¤´µ, ÎÉµ ¤²Ö ´¨¦´¥£µ ¶µ·µ£ 
0, 1 ÷ 1, 0 ŒÔ‚ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ ´¥°É·¨´´µ³ ¸¶¥±É·¥ ¡Ê¤¥É µ£· ´¨Î¨¢ ÉÓ
¢µ§³µ¦´Ò° ¶·¥¤¥² ´  ³ £´¨É´Ò° ³µ³¥´É ¢¥²¨Î¨´µ° (3−5) · 10−11µB .

5. �…�‘�…Š’ˆ‚›

Š ±µ¢Ò ¶¥·¸¶¥±É¨¢Ò ¤µ¸É¨£´ÊÉÓ ÉµÎ´µ¸É¨ 10−11µB ¢ ·¥ ±Éµ·´ÒÌ Ô±¸-
¶¥·¨³¥´É Ì? …¤¨´¸É¢¥´´ Ö ¢µ§³µ¦´µ¸ÉÓ ¸¢Ö§ ´  ¸ Ê³¥´ÓÏ¥´¨¥³ ¶µ·µ£  ·¥-
£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ µÉ¤ Î¨. ’ ±, ¸µ£² ¸´µ ·¨¸. 7, ¤²Ö Éµ£µ, ÎÉµ¡Ò ¤µ¸É¨£-
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´ÊÉÓ É ±µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨, ¶·¨ ¶µ·µ£¥ ·¥£¨¸É· Í¨¨ 1 ŒÔ‚ ´¥µ¡Ìµ¤¨³µ
¨§³¥·¨ÉÓ ¸² ¡µ¥ ¸¥Î¥´¨¥ ¸ ÉµÎ´µ¸ÉÓÕ 0,3 %, ¶·¨ 100 ±Ô‚ Å 0,9 % ¨ ¶·¨
20 ±Ô‚ Å 1,8 %. �µ·µ£ ¢ 20 ±Ô‚ ¢¶µ²´¥ ·¥ ²¥´ ¤²Ö ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ
¤¥É¥±Éµ·µ¢, ¨³¥ÕÐ¨Ì · §·¥Ï¥´¨¥ ∼ 2 ±Ô‚. �¸´µ¢´ Ö ¶·µ¡²¥³ , ±µ´¥Î´µ,
¸¢Ö§ ´  ¸ Ëµ´µ³.

�  ·¨¸. 8 ¶µ± § ´Ò ·¥§Ê²ÓÉ ÉÒ Î¥ÉÒ·¥Ì Ô±¸¶¥·¨³¥´Éµ¢, ¢ ±µÉµ·ÒÌ ¤µ¸É¨£-
´ÊÉÒ ·¥±µ·¤´Ò¥ Ê·µ¢´¨ Ëµ´  ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° µ¡² ¸É¨. ‚ ÔÉ¨Ì Ô±¸¶¥-
·¨³¥´É Ì ¶·µ¨§¢µ¤¨²¸Ö ¶µ¨¸± Î ¸É¨Í Å ± ´¤¨¤ Éµ¢ ´  ®É¥³´ÊÕ ³ É¥·¨Õ¯.
…¸²¨ ÔÉ¨ ÉÖ¦¥²Ò¥ Î ¸É¨ÍÒ ¸ ³ ¸¸µ° ¡µ²¥¥ 1 ƒÔ‚ ¤¥°¸É¢¨É¥²Ó´µ ¸ÊÐ¥¸É¢ÊÕÉ,
µ´¨ ³µ£ÊÉ · ¸¸¥¨¢ ÉÓ¸Ö ´  Ö¤· Ì, ¨ µ¦¨¤ ¥³ Ö Ô´¥·£¨Ö µÉ¤ Î¨ ± ± · § ²¥-
¦¨É ¢ ±¨²µÔ²¥±É·µ´¢µ²ÓÉ´µ° µ¡² ¸É¨ Ô´¥·£¨°. �·¨¢¥¤¥´´Ò¥ ¸¶¥±É·Ò ¡Ò²¨
¨§³¥·¥´Ò ¤¢Ê³Ö ��Ge-¤¥É¥±Éµ· ³¨ [37,38], µ¤´¨³ Si(Li)-¤¥É¥±Éµ·µ³ [39] ¨
NaI-¤¥É¥±Éµ·µ³ [40]. „¥É¥±Éµ· ¢ Ô±¸¶¥·¨³¥´É¥ ƒe°¤¥²Ó¡¥·£ÅŒµ¸±¢  ¡Ò² ¨§-
£µÉµ¢²¥´ ¨§ £¥·³ ´¨Ö, µ¡µ£ Ð¥´´µ£µ ¤µ 86 % ¨§µÉµ¶µ³ 76Ge [37]. ”µ´ ÔÉµ£µ
¤¥É¥±Éµ·  · ¢¥´ 0,1 ±Ô‚−1·±£−1 ¢ ¸ÊÉ±¨, ÎÉµ ¶µÎÉ¨ ´  ¶µ·Ö¤µ± ´¨¦¥ Ëµ´ 
¤¥É¥±Éµ·  ¨§ ¶·¨·µ¤´µ£µ £¥·³ ´¨Ö [38]. ”µ´ ±·¥³´¨¥¢µ£µ ¤¥É¥±Éµ·  · ¢¥´
10 ±Ô‚−1·±£−1 ¢ ¸ÊÉ±¨.

‘µ¢¥·Ï¥´¸É¢µ¢ ´¨¥ ¶ ¸¸¨¢´µ° ¨  ±É¨¢´µ° § Ð¨É ¶·¨¢¥²µ ± Éµ³Ê, ÎÉµ ¢
´ ¸ÉµÖÐ¥¥ ¢·¥³Ö Ëµ´ ¤¥É¥±Éµ·µ¢ ¸¢Ö§ ´ ´¥ Éµ²Ó±µ ¸ ¥¸É¥¸É¢¥´´µ° (U, Th,
40K) ¨²¨ ¨¸±Ê¸¸É¢¥´´µ° (137Cs, 60Co,...) · ¤¨µ ±É¨¢´µ¸ÉÓÕ, ´µ ¨ ¸  ±É¨-
¢ Í¨¥° ¤¥É¥±Éµ·µ¢ ´  ¶µ¢¥·Ì´µ¸É¨ ‡¥³²¨ ¨²¨ · ¤¨µ ±É¨¢´µ¸ÉÓÕ ¸µ¡¸É¢¥´-
´ÒÌ ¨§µÉµ¶µ¢. ’ ±, ¤²Ö £¥·³ ´¨¥¢µ£µ ¤¥É¥±Éµ·   ±É¨¢ Í¨Ö ¨§µÉµ¶  70Ge ¡Ò-
¸É·Ò³¨ ´¥°É·µ´ ³¨ ¶µ ·¥ ±Í¨Ö³ (n, 3n) ¨ (n, α2n) ¶·¨¢µ¤¨É ± ¸±µ·µ¸É¨ ¸Î¥É 
5Ä10 · ¸¶ ¤/(±£·¸ÊÉ). ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ ¤²Ö Ge-¤¥É¥±Éµ·  (µ¸µ¡¥´´µ
¤²Ö µ¡µ£ Ð¥´´µ£µ ¨§µÉµ¶µ³ 76Ge) ´¥ É ± ¤ ¢´µ µÉ±·ÒÉÒ° ¤¢ÊÌ´¥°É·¨´´Ò°
2β-· ¸¶ ¤ ³µ¦¥É ¡ÒÉÓ ¨¸ÉµÎ´¨±µ³ Ëµ´  ¶·¨ ¶µ¨¸±¥ ³ £´¨É´µ£µ ³µ³¥´É 
´¥°É·¨´µ.

�·µ¡²¥³Ò ±·¥³´¨¥¢µ£µ ¤¥É¥±Éµ·  ³µ£ÊÉ ¡ÒÉÓ ¸¢Ö§ ´Ò ¸ · ¤¨µ ±É¨¢´Ò³
¨§µÉµ¶µ³ 32Si, ±µÉµ·Ò° µ¡· §Ê¥É¸Ö ¢  É³µ¸Ë¥·¥ ¨§ 40Ar ¨ § É¥³ ¢Ò¶ ¤ ¥É
´  ¶µ¢¥·Ì´µ¸ÉÓ ‡¥³²¨, ¶µÔÉµ³Ê Ê·µ¢¥´Ó Ëµ´ , ¸¢Ö§ ´´Ò° ¸ ¤ ´´Ò³ ¨§µÉµ¶µ³,
§ ¢¨¸¨É µÉ Éµ£µ, ¸ ± ±µ° £²Ê¡¨´Ò ¡Ò² ¢§ÖÉ ±·¥³´¨° ¤²Ö ¨§£µÉµ¢²¥´¨Ö ¤¥É¥±Éµ-
·µ¢. Šµ´Í¥´É· Í¨Ö 32Si ´  ¶µ¢¥·Ì´µ¸É¨ ‡¥³²¨ ¸µ¸É ¢²Ö¥É ∼ 10−18  Éµ³/ Éµ³,
ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É  ±É¨¢´µ¸É¨ 250 µÉ¸Î¥É/(±£·¸ÊÉ±¨). ˆ§µÉµ¶ 32Si (T1/2 =
170 ²¥É) ¨¸¶ÒÉÒ¢ ¥É ¤¢  ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ β-· ¸¶ ¤ , ±µÉµ·Ò¥ ¶· ±É¨Î¥¸±¨
´¥ ¸µ¶·µ¢µ¦¤ ÕÉ¸Ö γ-±¢ ´É ³¨, ÎÉµ ´¥ ¶µ§¢µ²Ö¥É ¶µ¤ ¢¨ÉÓ ÔÉµÉ Ëµ´ §  ¸Î¥É
¸¥±Í¨µ´¨·µ¢ ´¨Ö ¤¥É¥±Éµ· .

ˆ¸Ìµ¤Ö ¨§ µ¡¸Ê¦¤ ¢Ï¥£µ¸Ö ¢ÒÏ¥, ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ µ¦¨¤ ¥³Ò¥ Ê·µ¢´¨
Ëµ´  ¤²Ö Ge- ¨ Si-¤¥É¥±Éµ·µ¢ ¤²Ö · §²¨Î´ÒÌ ¨´É¥·¢ ²µ¢ Ô´¥·£¨° ¨ ¸· ¢-
´¨ÉÓ ÔÉ¨ §´ Î¥´¨Ö ¸ µ¦¨¤ ¥³Ò³ ÔËË¥±Éµ³ µÉ ¸² ¡µ£µ ¨ ³ £´¨É´µ£µ · ¸-
¸¥Ö´¨Ö. �¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¢ É¥Î¥´¨¥ µ¤´µ£µ ³¥¸ÖÍ  ¤²Ö ¤¥É¥±Éµ·  ¸
³ ¸¸µ° 75 ±£ ¢ ´¥°É·¨´´µ³ ¶µÉµ±¥ 2 · 1013 ¸³−1·¸−1 ¶µ± § ´Ò ¢ É ¡². 4.
„²Ö Ge-¤¥É¥±Éµ·  ¨¸¶µ²Ó§µ¢ ²¸Ö Ê·µ¢¥´Ó Ëµ´ , ¤µ¸É¨£´ÊÉÒ° ¢ Ô±¸¶¥·¨³¥´É¥
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�¨¸. 8. ”µ´µ¢Ò¥ ¸¶¥±É·Ò ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° µ¡² ¸É¨, ¨§³¥·¥´´Ò¥ £¥·³ ´¨¥¢Ò³¨
¨ ±·¥³´¨¥¢Ò³ ¶µ²Ê¶·µ¢µ¤´¨±µ¢Ò³¨ ¤¥É¥±Éµ· ³¨ ¨ ¸Í¨´É¨²²ÖÍ¨µ´´Ò³ ¤¥É¥±Éµ·µ³

ƒ¥°¤e²Ó¡¥·£ÅŒµ¸±¢ . ”µ´ Si-¤¥É¥±Éµ·  ¢ÒÎ¨¸²Ö²¸Ö ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ
µ´ ¸¢Ö§ ´ ²¨ÏÓ ¸ · ¸¶ ¤ ³¨ 32Si ¸ ¨´É¥´¸¨¢´µ¸ÉÓÕ 100 ±£−1 · ¸ÊÉ−1. ‚Ò¡µ·
¤²¨´Ò Ô´¥·£¥É¨Î¥¸±¨Ì ¨´É¥·¢ ²µ¢ µ¶·¥¤¥²Ö²¸Ö ³ ±¸¨³ ²Ó´Ò³ ¸µµÉ´µÏ¥´¨¥³
ÔËË¥±É/

√
Ëµ´ ¤²Ö Ëµ´ , ¸¢Ö§ ´´µ£µ ¸µ ¸² ¡Ò³ · ¸¸¥Ö´¨¥³.
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’ ¡²¨Í  4. �¦¨¤ ¥³µ¥ Î¨¸²µ µÉ¸Î¥Éµ¢ ¢ ¤¥É¥±Éµ·¥, ¸µ¤¥·¦ Ð¥³ 2,25 · 1028 Ô²¥±É·µ-
´µ¢ (≈ 75 ±£), ¢ ¶µÉµ±¥ 2 · 1013 ¸³−1·¸−1 §  30 ¤´¥° ¨§³¥·¥´¨°

E1 − E2, ±Ô‚ µν = 10−11 µB sin2 θW = 0,23 Ge Si

2Ä8 35,4 69,5 2700 14900
8Ä30 35,0 247 4950 55500

30Ä120 34,5 811 20300 158000
120Ä500 25,6 2000 21400 125000
500Ä2000 9,3 2090 21100 180000
2000Ä8000 0,62 355

’ ¡²¨Í  5. �·¥¤¥² µ¡´ ·Ê¦¥´¨Ö ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ (¢ ¥¤¨´¨Í Ì
10−11µB) ¤²Ö · §²¨Î´ÒÌ ¨¸ÉµÎ´¨±µ¢ Ëµ´ 

E1 − E2, ±Ô‚ ‘² ¡µ¥ · ¸¸¥Ö´¨¥ Ge Si

2Ä8 0,41 1,3 2,1
8Ä30 0,56 1,6 2,8

30Ä120 0,76 2,3 3,7
120Ä500 1,1 2,7 4,1
500Ä2000 1,9 4,5 7,3
2000Ä8000 4,6

ˆ¸¶µ²Ó§ÊÖ µ¦¨¤ ¥³Ò¥ Ê·µ¢´¨ Ëµ´ , ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ
(¶·¥¤¥² µ¡´ ·Ê¦¥´¨Ö) ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ ´¥°É·¨´µ ¤²Ö É¨¶¨Î´µ° ±a³¶ -
´¨¨ ¨§³¥·¥´¨° ´  ·¥ ±Éµ·¥: µ¤¨´ ³¥¸ÖÍ ¤µ µ¸É ´µ¢±¨ ·¥ ±Éµ· , µ¤¨´ ³¥¸ÖÍ
¢µ ¢·¥³Ö µ¸É ´µ¢±¨ ¨ ¥Ð¥ ³¥¸ÖÍ, ±µ£¤  ·¥ ±Éµ· · ¡µÉ ¥É. �µ²ÊÎ¥´´Ò¥ ·¥-
§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ¢ É ¡². 5.

“³¥´ÓÏ¥´¨¥ ¶µ·µ£  ·¥£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ Ê¢¥²¨Î¨¢ ¥É ÎÊ¢¸É¢¨É¥²Ó-
´µ¸ÉÓ ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ ¤²Ö ¢¸¥Ì · ¸¸³µÉ·¥´´ÒÌ ¨¸ÉµÎ´¨±µ¢ Ëµ´ . � -
¶·¨³¥·, ¥¸²¨ Ëµ´ ¸¢Ö§ ´ Éµ²Ó±µ ¸µ ¸² ¡Ò³ · ¸¸¥Ö´¨¥³ ´¥°É·¨´µ, ¶·¥¤¥² µ¡-
´ ·Ê¦¥´¨Ö ¤²Ö ¤¥É¥±Éµ·  ¸ ¶µ·µ£µ³ 2 ŒÔ‚ ²¨ÏÓ ¢ É·¨ · §  ³¥´ÓÏ¥, Î¥³ ¸µ¢·¥-
³¥´´Ò° ¶·¥¤¥² ´  ³ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶¥·¥Ìµ¤
¢ ±¨²µÔ²¥±É·µ´¢µ²ÓÉ´ÊÕ µ¡² ¸ÉÓ Ô´¥·£¨¨ ¶µ§¢µ²¨É ¨³¥ÉÓ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ±
³ £´¨É´µ³Ê ³µ³¥´ÉÊ ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ ²ÊÎÏ¥, Î¥³ 10−11µB , ¥¸²¨ Ëµ´ ¡Ê-
¤¥É ¸¢Ö§ ´ ²¨ÏÓ ¸µ ¸² ¡Ò³ · ¸¸¥Ö´¨¥³. „²Ö ÔÉµ£µ ´¥µ¡Ìµ¤¨³µ ¢ ·¥ ±Éµ·´µ³
Ô±¸¶¥·¨³¥´É¥, ¶· ±É¨Î¥¸±¨ ´  ¶µ¢¥·Ì´µ¸É¨ ‡¥³²¨ (¨¸±²ÕÎ¥´¨¥ ¸µ¸É ¢²Ö¥É
·¥ ±Éµ· ¢ Š· ¸´µÖ·¸±¥ [34]), ¶µ²ÊÎ¨ÉÓ Ê·µ¢¥´Ó Ëµ´  ´  ¶µ·Ö¤µ± ³¥´ÓÏ¥, Î¥³
¤µ¸É¨£´ÊÉÒ° ¢ ¶µ¤§¥³´ÒÌ Ô±¸¶¥·¨³¥´É Ì. „²Ö ¶µ¤´ÖÉ¨Ö ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨
³µ¦´µ Ê¢¥²¨Î¨¢ ÉÓ ³ ¸¸Ê ¤¥É¥±Éµ·  ¨ ¢·¥³Ö ¨§³¥·¥´¨°, ´µ ¶µ¸±µ²Ó±Ê ¸¥Î¥-
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´¨¥ (3) ¶·µ¶µ·Í¨µ´ ²Ó´µ µ2
ν , ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ ¡Ê¤¥É

¢µ§· ¸É ÉÓ ²¨ÏÓ ± ± ±µ·¥´Ó Î¥É¢¥·Éµ° ¸É¥¶¥´¨ ¨§ ÔÉ¨Ì ¢¥²¨Î¨´.
�¥¸³µÉ·Ö ´  Ê± § ´´Ò¥ ¸²µ¦´µ¸É¨, ¸ÊÐ¥¸É¢Ê¥É Í¥²Ò° ·Ö¤ ¶·µ¥±Éµ¢ ¶µ

¨§³¥·¥´¨Õ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ·¥ ±Éµ·´ÒÌ ´¥°É·¨´µ ¨²¨ ´¥°É·¨´µ µÉ ¨¸±Ê¸-
¸É¢¥´´ÒÌ ¨¸ÉµÎ´¨±µ¢, ´  Ô²¥±É·µ´¥ ¨ Ö¤· Ì, ¸ Í¥²ÓÕ ¶µ¢ÒÏ¥´¨Ö ÎÊ¢¸É¢¨É¥²Ó-
´µ¸É¨ ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ.

Šµ²² ¡µ· Í¨Ö MUNU [41] £µÉµ¢¨É Ô±¸¶¥·¨³¥´É ´  ·¥ ±Éµ·¥ 	Ê¦¥ ¸
TPC-± ³¥·µ° µ¡Ñ¥³µ³ 1 ³3 ¸ CF4 ¶·¨ ¤ ¢²¥´¨¨ ¤µ 5 ¡ ·. �¸´µ¢´ Ö ¶·µ¡²¥³ 
¸¢Ö§ ´  ¸ ¢Ò¸µ±¨³ ¶µ·µ£µ³ ·¥£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ (∼ 0,5 ŒÔ‚). ˆ¸¶µ²Ó-
§µ¢ ÉÓ ¦¨¤±µ±¸¥´µ´µ¢Ò° ¨²¨ ¦¨¤±µ ·£µ´µ¢Ò° ¤¥É¥±Éµ· ¢ Ô±¸¶¥·¨³¥´É Ì ¸
·¥ ±Éµ·´Ò³¨ ´¥°É·¨´µ ¶·¥¤² £ ²µ¸Ó ¢ · ¡µÉ Ì [42,43].

‚ ˆ’�” (Œµ¸±¢ ) ¢¥¤ÊÉ¸Ö · ¡µÉÒ ´ ¤ Ê¸É ´µ¢±µ°, ¢ ±µÉµ·µ° ¸¡µ·± 
£¥·³ ´¨¥¢ÒÌ ¤¥É¥±Éµ·µ¢ ³ ¸¸µ° 2 ±£ ´ Ìµ¤¨É¸Ö ¢´ÊÉ·¨  ±É¨¢´µ° § Ð¨ÉÒ ¨§
±·¨¸É ²²µ¢ NaI [44].

—Éµ¡Ò ¸´ÖÉÓ ¶·µ¡²¥³Ê ´¥°É·¨´´µ£µ ¸¶¥±É·  ¨ ¶µ²ÊÎ¨ÉÓ ¢µ§³µ¦´µ¸ÉÓ ¶·µ-
¢¥¤¥´¨Ö Ô±¸¶¥·¨³¥´Éµ¢ ¢ ¶µ¤§¥³´ÒÌ ² ¡µ· Éµ·¨ÖÌ, ¢ ·Ö¤¥ · ¡µÉ ¶·¥¤² £ ¥É¸Ö
¨¸¶µ²Ó§µ¢ ÉÓ ¨¸±Ê¸¸É¢¥´´Ò¥ ¨¸ÉµÎ´¨±¨ ´¥°É·¨´µ. ‘µ§¤ ÉÓ É ±¨¥ ¨¸ÉµÎ´¨±¨
	.�µ´É¥±µ·¢µ ¶·¥¤² £ ² ¥Ð¥ ¢ 1960 £. [45]. “¸¶¥Ï´µ¥ ¶·¨³¥´¥´¨¥ 51Cr ¢
Ô±¸¶¥·¨³¥´É Ì ¸ GaÄGe-¤¥É¥±Éµ· ³¨ ¸µ²´¥Î´ÒÌ ´¥°É·¨´µ ¸É¨³Ê²¨·µ¢ ²µ ´µ-
¢Ò¥ ¶·¥¤²µ¦¥´¨Ö ¤²Ö ¶µ¨¸±  ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³
¨¸ÉµÎ´¨±µ¢ ´¥°É·¨´µ Å 147Pm [46], 90Sr [47] ¨ 3H [48].

‚ �ˆŸˆ ¤²Ö ·¥£¨¸É· Í¨¨ Ô²¥±É·µ´µ¢ µÉ¤ Î¨ ¶·¥¤² £ ¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ
´¨§±µÉ¥³¶¥· ÉÊ·´Ò° ¶µ²Ê¶·µ¢µ¤´¨±µ¢Ò° ¤¥É¥±Éµ· ¸ µ¤´µ¢·¥³¥´´µ° ·¥£¨-
¸É· Í¨¥° ¨µ´¨§ Í¨¨ ¨ É¥¶²µ¢Ò¤¥²¥´¨Ö ¢³¥¸É¥ ¸ ¨¸ÉµÎ´¨±µ³ ´¥°É·¨´µ µÉ
K-§ Ì¢ É  ¢ 55Fe [49]. ‚ · ¡µÉ¥ [50] ±·¨µ£¥´´Ò¥ ± ²µ·¨³¥É·¨Î¥¸±¨¥ ¤¥É¥±-
Éµ·Ò ¶·¥¤² £ ¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ·¥£¨¸É· Í¨¨ · ¸¸¥Ö´¨Ö ´¥°É·¨´µ ± ± ´ 
Ô²¥±É·µ´¥, É ± ¨ ´  Ö¤· Ì.

‚ ��– ®ŠÊ·Î Éµ¢¸±¨° ¨´¸É¨ÉÊÉ¯ ¶·¥¤²µ¦¥´µ ¨¸¶µ²Ó§µ¢ ÉÓ β-· ¸¶ ¤Î¨±¨
90SrÄ90Y ¸µ¢³¥¸É´µ ¸ ¤¥É¥±Éµ·µ³ BOREXINO ¤²Ö µ¤´µ¢·¥³¥´´µ£µ ¶·¥Í¨§¨-
µ´´µ£µ ¨§³¥·¥´¨Ö ·¥ ±Í¨° µ¡· É´µ£µ β-· ¸¶ ¤  ¨ (ν, e)-· ¸¸¥Ö´¨Ö [51].

6. ‡�Š‹	—…�ˆ…

Œ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ ¢ ¸É ´¤ ·É´µ° É¥µ·¨¨ ³ ² ¨ ´¥ ³µ¦¥É ¡ÒÉÓ
µ¡´ ·Ê¦¥´ ´  ¸µ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ê¸É ´µ¢± Ì. …¸²¨ ¤¥Ë¨Í¨É
¸µ²´¥Î´ÒÌ ´¥°É·¨´µ ¸¢Ö§ ´ ¸ ¢§ ¨³µ¤¥°¸É¢¨¥³ ³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·¨´µ
¸ ³ £´¨É´Ò³ ¶µ²¥³ ±µ´¢¥±É¨¢´µ° §µ´Ò ‘µ²´Í , Éµ ¤µ²¦´Ò ´ ¡²Õ¤ ÉÓ¸Ö
11-²¥É´¨¥ ¢ ·¨ Í¨¨ ·¥£¨¸É·¨·Ê¥³µ£µ ¶µÉµ±  ´¥°É·¨´µ, ¥¸²¨ ¶·¨ ÔÉµ³ §´ -
Î¥´¨¥ µν ´¥ ³¥´¥¥ 10−11µB . �É  ¢¥²¨Î¨´  ¡²¨§±  ± ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ¸µ-
¢·¥³¥´´ÒÌ ² ¡µ· Éµ·´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢. ’ ±¨¥ ¢ ·¨ Í¨¨ ´¥ ´ ¡²Õ¤ ÕÉ¸Ö ¢
GaÄGe-¤¥É¥±Éµ· Ì ¨ Šamiokande.
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� ¨¡µ²¥¥ ÎÊ¢¸É¢¨É¥²Ó´Ò³ ± ³ £´¨É´µ³Ê ³µ³¥´ÉÊ µ± §Ò¢ ¥É¸Ö ¶·µÍ¥¸¸
Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ´¥°É·¨´µ ´  Ô²¥±É·µ´¥. „ ´´Ò¥ ¶µ ·¥ ±Éµ·´Ò³ Ô±¸¶¥-
·¨³¥´É ³ ¶µ§¢µ²ÖÕÉ ¶µ²ÊÎ¨ÉÓ µ£· ´¨Î¥´¨¥ ´  ³ £´¨É´Ò° ³µ³¥´É ´¥°É·¨´µ
µν ≤ 1,5 · 10−10µB (90 % Ê. ¤.). „ ²Ó´¥°Ï¥¥ Ê¢¥²¨Î¥´¨¥ ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨,
¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´µ ¸ · ¡µÉµ° ¢ ±¨²µÔ²¥±É·µ´¢µ²ÓÉ´µ°
µ¡² ¸É¨ Ô´¥·£¨° Ô²¥±É·µ´µ¢ µÉ¤ Î¨.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �µ¸¸¨°¸±µ£µ Ëµ´¤  ËÊ´¤ ³¥´É ²Ó´ÒÌ
¨¸¸²¥¤µ¢ ´¨° (¶·µ¥±É 97-02-16848).
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ÓÄÊ 539.12.01

ÊÝÄ-ýôôåêòû âûñøèõ ïîðÿäêîâ â ÃÍÐ. Àêóøåâè÷ È., Êóðàåâ Ý., Øàéõàòäåíîâ Á.

Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2001, òîì 32, âûï. 3, ñ. 491.

Â îáçîðå ðàññìîòðåíû ýôôåêòû âûñøèõ ïîïðàâîê ê ñå÷åíèþ ãëóáîêîíåóïðóãîãî

ðàññåÿíèÿ äëÿ óïðóãîãî è íåóïðóãîãî ïî ïðîòîíó êàíàëîâ. Äèôôåðåíöèàëüíûå ñå÷å-

íèÿ âû÷èñëåíû ñ óäåðæàíèåì ëèäèðóþùèõ ~( / )α πL , ( / )α πL 2 è íåëèäèðóþùèõ

~( / )α π , ( / )α π 2 L âêëàäîâ (çäåñü L åñòü òàê íàçûâàåìûé áîëüøîé ëîãàðèôì). Òàêæå

ïðèâîäèòñÿ ÿâíîå âûðàæåíèå äëÿ êîìïòîíîâñêîãî òåíçîðà ñ òÿæåëûì ôîòîíîì, ó÷èòû-

âàþùåãî èçëó÷åíèå ðåàëüíûõ è âèðòóàëüíûõ ôîòîíîâ ýëåêòðîíîì â ñëó÷àå ïðîäîëü-

íîé ïîëÿðèçàöèè ïîñëåäíåãî. Äåòàëüíî ïðåäñòàâëåí ñëó÷àé òîðìîçíîãî èçëó÷åíèÿ

äëÿ óïðóãîãî ðàññåÿíèÿ íà ïðîòîíå. Êðîìå òîãî, äàåòñÿ àíàëèç ïîñòàíîâêè ýêñïåðè-

ìåíòà ñ äåòåêòèðîâàíèåì òîëüêî æåñòêîãî ôîòîíà êàê äëÿ ïðîöåññà ãëóáîêîíåóïðóãîãî

ðàññåÿíèÿ, òàê è äëÿ òîðìîçíîãî èçëó÷åíèÿ ïðè àííèãèëÿöèè ýëåêòðîí-ïîçèòðîííîé

ïàðû â àäðîíû.

Èë. 2. Áèáëèîãð.: 73.

ÓÄÊ 530.12; 531.18; 531.12; 531.51; 539.12.01

Ðåïàðàìåòðèçàöèîííî-èíâàðèàíòíàÿ äèíàìèêà ðåëÿòèâèñòñêèõ ñèñòåì. Áàðáà-

øîâ Á.Ì., Ïåðâóøèí Â.Í., Ïàâëîâñêè Ì. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî

ÿäðà, 2001, òîì 32, âûï. 3, ñ. 546.

Îáçîð ïîñâÿùåí ðåïàðàìåòðèçàöèîííî-èíâàðèàíòíîìó îïèñàíèþ äèíàìèêè ðå-

ëÿòèâèñòñêèõ ñèñòåì (ðåëÿòèâèñòñêàÿ ÷àñòèöà, ñòðóíà, âñåëåííàÿ â îáùåé òåîðèè îò-

íîñèòåëüíîñòè). Òàêîå îïèñàíèå äîñòèãàåòñÿ ïåðåõîäîì íà ïîâåðõíîñòü ñâÿçåé â ôàçî-

âîì ïðîñòðàíñòâå.

Âû÷èñëåíèå ôóíêöèè äåéñòâèÿ íà ïîâåðõíîñòè ñâÿçåé (ïóòåì èõ ðåøåíèÿ) âåäåò

ê ýêâèâàëåíòíûì ñèñòåìàì áåç ñâÿçåé, ñîâìåñòèìûì ñ ïðîñòåéøèìè âàðèàöèîííûìè

ïðèíöèïàìè è ñ ôèçè÷åñêè ÿñíûìè è ìàòåìàòè÷åñêè ñòðîãèìè îïðåäåëåíèÿìè èíâà-

ðèàíòíûõ èçìåðÿåìûõ âåëè÷èí êàê â êëàññè÷åñêîé, òàê è â êâàíòîâîé òåîðèÿõ, â ÷àñò-

íîñòè, äèíàìè÷åñêîãî ýâîëþöèîííîãî ïàðàìåòðà â ìèðîâîì ïðîñòðàíñòâå ïåðåìåí-

íûõ, ïëîòíîñòè èçìåðÿåìîé ýíåðãèè è ÷àñòèöåïîäîáíûõ (ãîëîìîðôíûõ) ïåðåìåííûõ

â îáùåé òåîðèè îòíîñèòåëüíîñòè.

Ãåîìåòðè÷åñêèé èíòåðâàë âðåìåíè, èçìåðÿåìûé ÷àñàìè íàáëþäàòåëÿ, íà ïîâåðõ-

íîñòè ñâÿçåé ñòàíîâèòñÿ ñëîæíûì ôóíêöèîíàëîì îò äèíàìè÷åñêèõ ïåðåìåííûõ. Ïî-

ýòîìó îïèñàíèå ýâîëþöèè ïåðåìåííûõ ìèðîâîãî ïðîñòðàíñòâà îòíîñèòåëüíî ãåîìå-

òðè÷åñêîãî èíòåðâàëà âðåìåíè (èçìåðÿåìîãî ÷àñàìè ñîïóòñòâóþùåãî íàáëþäàòåëÿ)

ìîæåò áûòü ñäåëàíî ñ ïîìîùüþ ñïåöèàëüíîãî êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ (ââå-

äåííîãî âïåðâûå Ëåâè-×èâèòîé â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé).

Ïðåîáðàçîâàíèå Ëåâè-×èâèòà ïðåâðàùàåò ýíåðãåòè÷åñêóþ ñâÿçü â êàíîíè÷åñêèé

èìïóëüñ íîâîé ïåðåìåííîé, ñîâïàäàþùåé íà óðàâíåíèÿõ äâèæåíèÿ ñ ãåîìåòðè÷åñêèì

âðåìåíåì; îñòàëüíûå ïåðåìåííûå ìèðîâîãî ïðîñòðàíñòâà èìåþò ñìûñë íà÷àëüíûõ

äàííûõ.

Èññëåäóÿ ðåïàðàìåòðèçàöèîííî-èíâàðèàíòíóþ äèíàìèêó ñèñòåì ñî ñâÿçÿìè

íà ïîâåðõíîñòè èõ ñâÿçåé, ìû ïîëó÷àåì íîâîå ïðåäñòàâëåíèå äëÿ êàóçàëüíûõ ôóíêöèé

Ãðèíà â âèäå êîíòèíóàëüíîãî èíòåãðàëà â ìèðîâîì ïðîñòðàíñòâå äëÿ âñåõ ðàññìàòðè-

âàåìûõ ðåëÿòèâèñòñêèõ ñèñòåì, è íàõîäèì íîâûå ðåøåíèÿ òàêèõ ïðîáëåì, êàê ðàçìåð-

ÐÅÔÅÐÀÒÛ ÑÒÀÒÅÉ, ÏÎÌÅÙÅÍÍÛÕ Â ÂÛÏÓÑÊÅ



íîñòü ïðîñòðàíñòâà-âðåìåíè â êâàíòîâîé òåîðèè ðåëÿòèâèñòñêîé ñòðóíû, íà÷àëüíûå

êîñìîëîãè÷åñêèå äàííûå, íàïðàâëåíèå ñòðåëû âðåìåíè, îïèñàíèå Áîëüøîãî Âçðûâà

â ãàìèëüòîíîâñêîé ôîðìóëèðîâêå îáùåé òåîðèè îòíîñèòåëüíîñòè â åå êëàññè÷åñêîé

è êâàíòîâîé âåðñèÿõ.

Òàáë. 1. Èë. 11. Áèáëèîãð.: 45.

ÓÄÊ 514.763.4

Ê àëãåáðàè÷åñêîé êëàññèôèêàöèè ìíîãîîáðàçèé Êàëàáè–ßî. Èçó÷åíèå ïðî-
ñòðàíñòâ K 3. Àíñåëüìî Ô., Ýëëèñ Äæ., Íàíîïóëîñ Ä.Â., Âîëêîâ Ã. Ôèçèêà ýëåìåíòàð-

íûõ ÷àñòèö è àòîìíîãî ÿäðà, 2001, òîì 32, âûï. 3, ñ. 605.

Íà îñíîâå ôîðìóëèðîâêè Áàòûðåâà ìíîãîîáðàçèé Êàëàáè–ßî (Êß) êàê òîðè÷å-

ñêèõ ìíîæåñòâ âî âçâåøåííûõ êîìïëåêñíûõ ïðîåêòèâíûõ ïðîñòðàíñòâàõ, àññîöèèðî-

âàííûõ ñ ðåôëåêñèâíûìè ïîëèýäðàìè, ïðåäëàãàåòñÿ èíäóêòèâíûé àëãåáðàè÷åñêèé

ïîäõîä ê ñèñòåìàòè÷åñêîìó ïîñòðîåíèþ è êëàññèôèêàöèè îáîáùåííûõ ìíîãîîáðàçèé

Êß äëÿ ðàçëè÷íûõ êîìïëåêñíûõ ðàçìåðíîñòåé. Ïîêàçàíî, êàê äîïóñòèìûå âåñîâûå

âåêòîðû â íèçøèõ ðàçìåðíîñòÿõ ìîãóò áûòü ðàñøèðåíû äëÿ âûñøèõ ðàçìåðíîñòåé.

Ïðè ýòîì îòìå÷åíû ðîëü ïðîåêòèðîâàíèÿ è ïåðåñå÷åíèÿ â èõ äóàëüíîì îïèñàíèè

è åñòåñòâåííîå ïîÿâëåíèå àëãåáðàè÷åñêèõ ñòðóêòóð Êàðòàíà–Ëè. Ïÿòüäåñÿò äîïóñòè-

ìûõ ðàñøèðåííûõ ÷åòûðåõìåðíûõ âåêòîðîâ ìîãóò áûòü ñêîìáèíèðîâàíû â ïàðû

(òðîéêè), ôîðìèðóþùèå 22 (4) öåïî÷êè, ñîäåðæàùèå 90 (91) K3-ïðîñòðàíñòâ, èç êîòî-

ðûõ 94 ÿâëÿþòñÿ îñîáûìè, à îäíî K3-ïðîñòðàíñòâî íàõîäèòñÿ ñ èñïîëüçîâàíèåì äó-

àëüíîñòè. Â ñëó÷àå Êß3-ïðîñòðàíñòâ ïàðû (òðîéêè) èç 10270 äîïóñòèìûõ ðàñøèðåí-

íûõ âåêòîðîâ äàþò 4242 (259) öåïî÷åê ñ K3 (ýëëèïòè÷åñêèìè)-ðàññëîåíèÿìè, ñîäåð-

æàùèìè 730 äîïîëíèòåëüíûõ K3-ïîëèýäðîâ. Áîëåå ïîëíîå èçó÷åíèå Êß3-ïðîñòðàíñòâ

áóäåò ïðîâåäåíî â ïîñëåäóþùåé ðàáîòå.

Òàáë. 30. Èë. 16. Áèáëèîãð.: 37.

ÓÄÊ 539.12

Ýêñïåðèìåíòàëüíûé ñòàòóñ ýëåêòðè÷åñêîé è ìàãíèòíîé ïîëÿðèçóåìîñòåé ïðîòî-
íà. Áàðàíîâ Ï.Ñ., Ëüâîâ À.È., Ïåòðóíüêèí Â.À., Øòàðêîâ Ë.Í. Ôèçèêà ýëåìåíòàðíûõ

÷àñòèö è àòîìíîãî ÿäðà, 2001, òîì 32, âûï. 3, ñ. 699.

Â îáçîðå îáñóæäàþòñÿ ðàííèå è ïîçäíèå ýêñïåðèìåíòàëüíûå äàííûå ïî äèô-

ôåðåíöèàëüíîìó ñå÷åíèþ γ p-ðàññåÿíèÿ ïðè ýíåðãèÿõ ïàäàþùåãî ôîòîíà â ëàáîðà-

òîðíîé ñèñòåìå ω<150 ÌýÂ, ïîëó÷åííûå â ðàçíûõ óñêîðèòåëüíûõ öåíòðàõ, è ñîîò-

âåòñòâóþùèå áåçìîäåëüíûå è ìîäåëüíûå òåîðåòè÷åñêèå ñå÷åíèÿ, êîòîðûå èñïîëü-

çóþòñÿ ïðè ôèòèðîâàíèè äàííûõ è îïðåäåëåíèè ýêñïåðèìåíòàëüíûõ çíà÷åíèé

ýëåêòðè÷åñêîé ( )α p è ìàãíèòíîé ( )βp ïîëÿðèçóåìîñòåé ïðîòîíà. Âïåðâûå âûïîëíåí

àíàëèç âñåõ èìåþùèõñÿ äàííûõ íà ñîâìåñòèìîñòü è îïðåäåëåíû ìèðîâûå ñðåä-

íèå çíà÷åíèÿ ïîëÿðèçóåìîñòåé ïðîòîíà: α p

ýêñï ïîëí.ýêñï.= ±117 08, , ( ) ± 0 7, ( )òåîð. è

βp

ýêñï ïîëí.ýêñï.= ±2 3 0 9, , ( ) ± 0 7, ( )òåîð. (â åä. 10 4 3− ôì ). Îáñóæäàþòñÿ òàêæå ïîãðåø-

íîñòè, ïðèâíîñèìûå â çíà÷åíèÿ α p

ýêñï è βp

ýêñï ðàçíûìè íåîïðåäåëåííîñòÿìè â èñïîëü-

çîâàííîì ìîäåëüíîì äèñïåðñèîííîì ñå÷åíèè, è óêàçûâàåòñÿ èíòåðâàë ýíåðãèé ω, ãäå

òàêèå ïîãðåøíîñòè ìèíèìàëüíû.

Òàáë. 7. Èë. 1. Áèáëèîãð.: 93.

ÐÅÔÅÐÀÒÛ 753



ÓÄÊ 539.173

Ïîèñêè ìàãíèòíîãî ìîìåíòà íåéòðèíî. Äåðáèí À.Â. Ôèçèêà ýëåìåíòàðíûõ ÷à-

ñòèö è àòîìíîãî ÿäðà, 2001, òîì 32, âûï. 3, ñ. 734.

Ðåçóëüòàòû ýêñïåðèìåíòîâ ïî èçìåðåíèþ ñå÷åíèÿ óïðóãîãî ðàññåÿíèÿ ðåàêòîð-

íûõ íåéòðèíî íà ýëåêòðîíå àíàëèçèðóþòñÿ ñ öåëüþ ïîèñêà âêëàäà â ñå÷åíèå îò ìàã-

íèòíîãî ìîìåíòà íåéòðèíî. Ñðàâíèâàþòñÿ âîçìîæíîñòè ïîèñêà ìàãíèòíîãî ìîìåíòà

íà óñêîðèòåëÿõ è ðåàêòîðå. Íàéäåí âåðõíèé ïðåäåë íà âîçìîæíûé ìàãíèòíûé ìîìåíò

íåéòðèíî µ µν ≤ ⋅ −15 10 10,
B

(90 % ó.ä.). Îáñóæäàþòñÿ âîçìîæíîñòè óâåëè÷åíèÿ ÷óâ-

ñòâèòåëüíîñòè ðåàêòîðíûõ ýêñïåðèìåíòîâ äî óðîâíÿ 10 11− µ
B

.

Òàáë. 5. Èë. 8. Áèáëèîãð.: 51.
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