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The d-p model of oxide superconductors, which includes the 3d,2_, 2 orbitals of copper and
the o — 2p,/2p, orbitals of oxygen, is reformulated by using the orthogonalized Wannier orbitals
centred on the copper lattice sites. Only the nearest-neighbor Cu-O and O-O hopping terms are
included together with the on-site Coulomb terms for Cu and O. We diagonalize firstly the O-O
hopping term by introducing diagonalizing fermions a;s and b;, with two local energies e, and
ep which cosiderably differ from local oxygen ion energy €,. The diagonalization is made before
the Wannier orthogonalization of the orbitals is done. In our cell representation the Hamiltonian is
the sum of different contributions which contain three orthogonalized operators: d;s, iy, and b;s.
The main part of it is the local one. There are also the perturbative delocalizing contributions. The
detailed investigation of the eigenvalue problem of the local Hamiltonian has been done by using the
S-matrix method, elaborated by us. The energy spectrum of the local Hamiltonian depends on such
quantum numbers as the full number N of a, b and d particles of the state, their full spin S and its z
projection. All the renormalized states with N = 0, 1,2..., 6 have been analyzed. When N = 2 and
S = 0, there are six singlet states and the lowest from them is Zhang—Rice one. The diagonalizing
process lowers the energy of this state considerably. In the local approximation the chemical potential
dependence on the temperature and hole numbers has been also established.

I' MUITBTOHH H d-p-MOJIE/HM NEPEeNuC H B IPEACT BJICHHU OPTOrOH JIM30B HHBIX B Hbe-OPOMT Jeit
MeOH ¥ KHCopon . B 1 HHOi p 60Te, B OTIIMYME OT APYIUX, BHITONHEH TOYHBINH y4eT THOPUIM3 MU
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IBIPOK H HMOH X Kucinopof . C aToil Le/blo UCHONB3YITCA JBE 11 T'OH JIM30B HHblE (DepPMUOHHBIE SUe-
€UHbIe MOJIBI KUCTOPOIHBIX IBIPOK, H PNy C MONON MEIHBIX IBIPOK. DTU OH TOH JIU30B HHBIC MOMIBI
00JT [ 10T CYIIECTBEHHO p 3JIMYHBIMU JIOK JIBHBIMH DHEPIUSIMH, UTO 3 METHO CK 3bIB €TCSl H De3ylbT -
T X Teopu. OTMEUEH HEKOMMYTHPYEMOCTb OIep LU I TOH JIM3 LM KMCIIOPOAHOIO I' MUJIBTOHH H

U OPTOTOH JIM3 LMK OpPOHT Jieit B Hbe 1Mo y3m M MemHoOil peuieTku. SIueedH s OpOHUT Jib KUCTOPOTHBIX
IBIPOK, MPHH JUTeX X HoHHOMY KoMiutekcy CuQOy, OK 3bIB eTcsl B H IIeM MOIXOJe CYNepHo3HIuei
9TUX IBYX U TOH JIM30B HHBIX OpOUT Jiell. [lomydeHHBI I MUIBTOHU H HMEET BUJ CYMMBI CIT I' €MBIX,
YIeHbl KOTOPBIX HMEIOT P 3JIMYHOE YHCIIO HHAEKCOB Y37I0B pelleTKy Menu. H nbomsmmM ssigercs jo-
K JpHOE ¢l T eMoe. OnpejeneHsl BCe INT BHbIE COCTOSHMS KJI CTEPHOrO HPENCT BICHHS U JET JIbHO
IIPO H JIN3UPOB H CIIEKTP ®JIEMEHT PHBIX BO30YXIEHMIT JIOK JIbHOH Mojenu. B ok jpHOM npubmike-
HHH OIIpee/ieH XUMHYECKUii MOTEeHIM J1 CUCTEMBI H €r0 3 BUCUMOCTb OT YUCI IBIPOK U TEMIIEpP TYpBL.
ITox 3 HO, YTO Ipolecc NePeHOPMUPOBKU KHCIOPOIHBIX IBIPOK CYIECTBEHHO BIIMSET H HH3KO9HEpre-
TUYECKYIO Y CTb CIIEKTP CHCTEMBI M, B U CTHOCTH, H ®Hepruto cuHrier 2K Hr u P iic, npusons k
3H YUTEIPHOMY €e HNOHILKEHUIO.

INTRODUCTION

Since the discovery of high-T, superconductivity, there have been made
great efforts to obtain a simple theoretical model suitable to describe the main
peculiarities of this phenomenon. We start with a tight-binding model for the
Cu-O planes of high-temperature superconductors, which includes orbitals of
both Cu and O ions. Only the nearest-neighbor Cu-O and O-O hopping terms are
included together with the on-site Coulomb terms Uy and U, for holes on Cu and
O, respectively. In addition we take the Coulomb interaction Uy, into account.
With respect to orbitals we consider only 3d,2_,2 of Cu and o-2p,/2p, of O.
The vacuum state corresponds to the filled 3d and 2p shells (3d'°2p%). Therefore
there are 3 orbitals per unit cell.

This kind of model Hamiltonian for the motion of holes in the Cu-O planes
has been proposed, for example, in [1-3]. As mentioned above, the elementary
cell for the CuO2 plane includes only the orbitals d; ,2_,> and pf’y, where 1, 1

are the site indices of Cu and O, respectively, with 1 =i + S andl=i+ gﬂ;
7 and g being unit vectors in x and y direction, respectively. The p-d Hamiltonian
is then of the form

H = Hy+ H,+ Hy_p, ()

where

Ho= o Yot 4 U Y
i,0 i

H)y = ¢ Z N, + tpp Z sz,rgplZaSll’ +Up Z nﬂ"ﬁa 2
l,o (L), o l

Hq—p =tap Z (d;;gpl,o' + HC) Sit + Uap Z nfnf
(i0).0 (i)
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Here d;, (d;;) and p;, (p?;) are annihilation (creation) operators of d and p
holes of spin o at the lattice sites ¢ and [ with corresponding hole densities
nd = n;.iT + n;.il, nt = p} pie, nf = np +ny); €4 =€ — p and €, = &, — p are
the local energies of holes with respect to the chemical potential. The quantities
topSir = *tpp and tgqpSy = =+tg, are the nearest neighbor O-O and Cu-O
transfer terms with corresponding phase factors Sy and S;; which originate from
inversion symmetry of the orbitals. Our choice for these factors agrees with that
used in Refs.4,6-14. Other choices for the orbital signs will change the phase
factors but not the physical results [15-19].

With this choice in mind we rewrite the d-p hybridization term in Eq. (2) in
the form of an interaction between the d;, orbital and the oxygen cluster 3;, of
holes surrounding the central Cu ion at site 4,

2y > (A, Bi0 + B dic) 3)

1,0
where the cluster or cell annihilation operator is

1

Bi,o = ) (piz+%a?,a —P?Jrgg,g - P?—gfc,a +P§ng,a) : “)
This reflects the local Dy, symmetry of the CuOs plane with the corresponding
by transformation representation of the symmetry group. This orbital was first
introduced by Zhang and Rice [4] pointing out that essential physics is connected
with the formation of singlet and triplet states between the Cu and the cluster
orbitals. As discussed below, it will actually be more convenient to transform
the orbital (3;, with the help of Wannier functions being orthogonal on site
(when centred on neighboring sites ¢ and j) by using the canonical fermions of
Shastry [7].

On the basis of the singlet model Zhang and Rice have shown that the
corresponding one-band model accurately describes the low-energy physics of
the d-p model. Their method resembles the derivation of the ¢-.J model from the
one-band Hubbard Hamiltonian in the case of strong correlations [5]. The concept
of Zhang and Rice has been discussed in Refs. 6-14, further exploration of this
model in [15-32], and slightly different treatments can be found in [33-44].

The main stages of investigations based on the Zhang—Rice model (see papers
cited above) are the following ones. The first is to introduce cluster oxygen
orbitals centred on the Cu ions, which take into account the local symmetry of it.
The second stage is the Wannier orthogonalization of them and obtaining of the
Hamiltonian. At the last stage there is the projection of this Hamiltonian on the
low energy Hilbert subspace and the definition of the dynamical properties of the
system.
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Now we come back to the Hamiltonian and discuss its part HS which is
connected with the oxygen holes movement

HZ? = €p Zp;’rgpl,a + lpp Z plfgpl’,asl,l’- (5)
l,o (L"), o

The last term of this equation is the contribution of the O-O tunneling process.
By taking into account the phase factors S;;; we obtain

1
+ _ +
lpp Z Pz,apz’,asl,l’ =3 Z {piz—i-%ﬁi,a {_P?+a5+gy,o+
(LY, o l,o

T+ Y Y R~ Y
thiazs [ Pitego T Piazrago ~ Pimaz-2g0 T pi—%@,a}
+ T T T T
25,0 [_pi—i-%a?,a +Piss0 ~Pi25-ago +pi+%§—a§,a} } - (6)

Let us introduce now the Fourier representation of the oxygen operators p®
and pY by using the Brillouine zone of the copper ions:

1 )
—ik(R;£ 4%y
Piggo = Vi > e Ry
k

Here N is the number of copper ions; k;, k, are changing in the limits
71'

0 .
(—;, ;) In the k representation the oxygen cluster operator J; , has the form

Bl = = 0 R (i .00+ 2, 5,00) ®
k

k, . (k . .
where S;(k) = sin (Ta> and Sy (k) = sin (%) This equation suggests

the proper introduction of the two Shastry canonical fermion operators

7

S T Y
Peo = gy [0k + 5,090,

Qk,cf = ZSE(E)) [Sy(k)pﬁ,a + Sx(k)piig} )

©)
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where

[N

500 = /5200 + 5309 = 1= 5 (cos ) + cos )|

e(k) =sgn(S.9y) .

The sign function (k) was introduced in paper [23]. By using the new
canonical fermion operators we obtain:

€T

pi, = ﬁ S0 P — €()S, Qo]

—1
Pho= S0 [SyPr,o + €(k)S2:Qk,0] -

(10)

On the basis of Eq. (9) we obtain, for the cluster operator [3; ,, the equation
1 )
Bio=—=) ¢ " S(K)Peo (an
ipS

As we can see from Eqs. (3) and (11), the copper orbital d;, interacts only
with one of two oxygen cluster orbitals, namely with Py ,. We shall introduce
now the orthogonalized on copper sites «canonical operators»

1 .
Pi,a = = Pk,a eiszi;
ey

1 (12)

—ikR;;

o — T r— o€ .

Q’L, \/N zk: Qk,
By using such equations, we have
. . ]- 71

Bio =D PioAi—3), MR) =5 S(k)e ™, (13)

J k

and, as the consequence, the d-p hybridization term of Hamiltonian (3) has the
form

2ap Y (Al PioA(i — j) + H.C.) = 2t4,\0) D (d}, Pro + Pdic) +
,J i
+ 2ty O (df Pio(i — ) + H.C) . (14)

i
i#]
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The quantity A(z,y) has been calculated in [16,22]. It decreases rather
quickly with the distance

A0,0) = 0.95, A(£a,0) = A0, £a) = —0.14, A(da,+a) = —0.02. (15)

Both the terms of kinetic energy (5) of oxygen holes in k representation have
the form

€pzp?:o'plv<7_6pz(pkgpka+pkapka)’ (16)
l,o

k,o
top Z pz—fapl’,aSlJ’ = 4tpp Z SaSy (pﬁ;pﬁ}a + pi:trpﬁ,a) . A7)
A,1),0 k.o

By using Eq. (10) we obtain the following result:

H;,(J) = €p Z (Pliapk,a + Q;ng,a) -

k,o

—4t,, 35,5, [zsxsy (Pljgpk,g - Q;[,Qk,g) +

k,o
+2(K) (52 = 82) (P, Queo + Qi Peo ) |- (18)

The final representation of (18) is

H)=¢ Z (Pf P+ QF,Q50) —
— 4ty Z {(PJ-J’FUP]'/J — Q;:O'Qj/ - Z 25232 —7,k R;,—R/ )+

1 —ik(R;—R
+ (P Qura + QLo Pyo) 5 D_1S5,] (87 = 57) e (™ Ra)}. (19)
k

To find the local contribution of this term it is necessary to put j = j'. We
observe that two quantities:

= 2255 S2e R, %szsywikf‘(sg - 52) (20)
k

manifest quite different behaviour for R = 0. The first quantity of them is
nonzero, but the second is just zero. We can see that the most important local
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contribution from (19) doesn’t contain the mixed Py , and Q. terms and there-
fore these two orbitals are not connected in between and have the independent
contributions for the oxygen holes movement. Because the hybridization contri-
bution (14) is also independent of () , orbitals, the authors of all cited above
papers devoted to the cluster representation of d-p model, drew the conclusion that
it is possible to exclude completely the Qx,, orbital from the next investigation.
In such a way the d-p model turned out to be equivalent to the two-cluster model
of di,, P; ., orbitals. Because the quantities (20) for R # 0 decrease quickly
with the distance, and the hybridization energy of the oxygen holes is not large,
the last term of (19) has been considered as nonimportant for the dynamics of
the oxygen holes. The same conclusion was made about the Coulomb interaction
terms of (1) relevant to oxygen holes and was interpreted as a real isolation of
the @; » cluster fermions in some independent subsystem, the presence of which
was neglected completely in the next analysis. So the cluster description of the
oxygen holes behavior in CuO3 plane results in the fact that three-band d; o, pf .,
ng model of the holes on two sublattices of copper and oxygen ions has been
reduced to two-band d; , and P;", model only on the copper sites lattice.

Our point of view on this problem is different. We consider that there are
several objections to previous approach. The first of them is connected with the
transition from the momentum representation (18) to orthogonalized Wannier rep-
resentation (19). Our approach to this problem is to do firstly the diagonalization
of oxygen operator Hg and only after that to use the orthogonalized representa-
tion. These two operations are not commutative and the results are quite different.
This diagonalization doesn’t depend, as we can see below, on the values of ¢,,
matrix elements and it is not a small effect, as was supposed in previous papers.
In such a way, we firstly make the canonical transformation of the Hg opera-
tor and only then introduce the orthogonalized Wannier orbitals. This approach
renormalizes the energy spectrum of the oxygen bands and significantly changes
the charge-transfer energy €, — ¢4 between oxygen and copper ions. As is well
known, in the case when €, — ¢q + 2Uq4, < Uy, the doped holes are settled on
the oxygen ions and fill in the lowest energy levels of their collective motion,
when their concentration is little. But if their concentration is high enough, the
knowledge (besides of the low part) also of all the energy spectrum is impor-
tant. This is our second reason to make this investigation. Our last reason is
connected with the existence of additional interaction between collective oxygen
modes, conditioned by the Coulomb repulsion of the holes situated on oxygen
ions and their interaction when they are situated on the nearest Cu and O ions.
Such additional interaction will be demonstrated below. It can be also proved
that the interaction of the holes with phonons gives the additional mechanism
of interaction between two oxygen collective modes and that the supposed, by
previous authors, separation of one of two collective oxygen modes is not real-
ized. These our considerations initiate this investigation. It takes into account
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more correctly the oxygen—oxygen hybridization, introduces the notion of the
diagonalizing oxygen fermions and proves the existence of interaction between
them. The Wannier orthogonalization is done after the diagonalization and the
contributions to the local cell Hamiltonian and its delocalizing perturbation are
established. This program is realized in Sec. 1.

The detailed investigation of the renormalized states and their energies is
done in Sec. 2, and in Sec. 3 we discuss the obtained results.

1. THE CELL REPRESENTATION OF THE HAMILTONIAN

We take into account the contribution of O-O tunneling to the oxygen Hamil-
tonian Hg

1Y = > {e (rioio +rinpl, ) -
k,o

Aty S Sy (PPl o + PLLPEG ) | 2D

and make the canonical transformation of it by introducing two new, diagonalizing
ak,- and by , oxygen holes, operators:

pﬁ,o’ = U’(k)ak,a + U(k)bk,tﬂ

(22)
P =~V (K)axs + u (k)bko-
The coefficients of this transformation are subjected to the next conditions:
u()* + o(k)]* =1, (u*(k)* = (v(k))*. (23)

The second condition (23) ensures the diagonalization of the second term of
operator (21). These coefficients are independent of the values of matrix elements
tpp, as we mentioned above. By using the oxygen diagonalizing operators ay,
and by, we obtain for (21) the next form:

H;:(;) = 2{61)(&;0@1(70 + b;:gbkﬁ) +
k,o

+ Aty So Sy (u(k)v(k) + w (K)v* (k) (0 ybro — af ,0x,0)} (24)

The conditions (23) determine the module of our coefficients: |u(k)| = |v(k)| =
1/ \/2, but not their phases. Our next restriction is (£, > 0):

uv + u v = sgn (S55y). (25)
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As a result of this last condition we have

Hy=3Y {ca(k)a;gak,(, + Gb(k)bltabk’g} ,
k,o
(26)
€ab(K) = €p F 4tpp|Sz(k)Sy (k)|

Thus the hybridization of the oxygen holes results in the appearance of two
subbands one of which, €,(k), is lower and the second, €;,(k), is above the local
oxygen energy €,. The conditions (23) and (25) for our coefficients admit some
else arbitraryness of their phases. This arbitraryness will be used by us to establish
the most convenient relation between canonical Py ,, (k. and diagonalizing
ak,s, bk, fermions. The relation between two groups of fermions is the following

Peo = ﬁ{—ak,g[&c(k)u(k) + 5, (K)v* (k)] +
+ bic,o [Sy (K)u” (k) — Sz (k)v(k)]},
@7
Quar = e e[S, 000u(k) — 5090 (1] +

+ bi,o[Sz (k)u™ (k) + Sy (k)v(k)]}.

We define finally the coefficients u(k) and v(k) from the condition that the
orbitals P , and ai , are like as much as possible

u(k) = 75 %0 (Sx(k)), (k) = — 5 (Sy (K))- (28)

This choice agrees with all the previous restrictions for them.
As a result, we can rewrite the equations (27) in the form

|Sz| + |Sy] 1Sy — [Se]
Po=ako——=——" +bko Sz Sy) —F—=——,
k, ak, \/§S(k) k, Sgn( y) \/iS(k) (29)
|Sy| — |S:] S| + |Sy]
o= —0ko—=—— +bko SpSy) —F———.
G Mo s e sgn (S5 V25(k)

According to these equations the canonical amplitudes (P, Q) are the superposi-
tions of diagonalizing amplitudes (a, b) with corresponding probabilities.
Now we shall introduce the Wannier amplitudes for diagonalizing fermions

(30)
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We can establish the linear relations between cluster Wannier amplitudes P ,
Qi,- and diagonalizing Wannier amplitudes a; ,, b;, with the coefficients of
proportionality which are less than one. Therefore all the local contributions to
the dynamical quantities expressed in terms of a; , amplitudes will be less than the
corresponding contributions expressed through F; , amplitudes. This difference
is essential and can be demonstrated already for the case of d-p hybridization. We
want to underline that these differences are not at all connected with the value of
the matrix element ¢,,. The cluster amplitude (3; , can be expressed in the form

o1 Z —z’kR,;|: |Sz| + |5y

ﬁ’LU - \/N ” € ak,a \/5 +

Syl — |9z .

| y|\/§| |:| :§ :[)\a(z_j)aj7a+

J

+ X (i = )byl = D AMi—j)Pjos B
J

+ bk,o sgn (SzSy)

where

)\a(R) _ lz e—ikR|SI| + |Sy| _

N - V2
1 dy,0 n 02,0
22 1 \2 1 y\2 |’
-G Q)
M(R) = %zk: e kR sgn(SxSy)L\/;S’”' - (32)
1 (1 — cos w%) % cos 71'% (1 — cos w%) o cos WE
w2 x[ryy2 1 ylrzn2 1 ’
-7 e
AMR) = %;S(k)e“‘f‘-

Here R = (z,y) is the distance between the copper ions, and therefore the
quantities 2:/a and y/a are the positive or negative integer numbers. Equation (32)
2v2
gives us the next values A\, (0) = i ~ 0.900, A\p(0) = 0. In papers [16, 19,20]
T

we can find the value A(0) = 0.958 which is analogous to our A, (0) and exceeds
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the last one, as it was expected. On the basis of equation (31), the d-p-hybri-
dization term of the Hamiltonian can be rewritten in the form

Hap = 2tapha(0) Y (dfaio + afydig) +

+2tap > (A [Na(i = )ajo + Mo(i — j)bjo] + H.C.) . (33)
,J
J#i

The first term of the right-hand part of equation (33) is the main local approxi-
mation of the Hamiltonian. The second term determines the holes delocalization
processes. This term is not concerned only with the nearest-neighbour sites as
it was in the initial Hamiltonian (1). This enlargement of the space is rather
artificial and is the result of the orthogonalization procedure. On the basis of
equations (32) (e1,e2 = £1) we have

Aa(x =c€1a,y =0) = Ay(x =0,y = e2a) = —A,(0,0)/6,

Aa(x =210,y = 0) = Ag(x = 0,y = 2e9a) = —A,(0,0)/30,
M(z=¢€1a,y=0) = M\(x =0,y = e2a) = \p(x = €10,y = €2a) =0,
Mo(z =10,y = 2e0a) = —=M\p(z = 2210,y = £1a) = (e2/€1) (0, 0)4\/5/(1577),
Xo(# = e1a,y = 3e2a)=(c2/1)Xa(0,0)16v/2/(315m) =Ny (z = 3e1a,y = £2a).

The function A,(z,y) differs from zero both on the central and on the nearest
neighbour (n.n.) ion sites and quickly diminishes on the next n.n. (n.n.n.) sites.
The function \y(x,y) is zero on central and n.n. sites but is different from zero
and small on the n.n.n. sites. Therefore there are two channels of delocalization
of the copper holes, just by their hybridization both with a; , and b; , oxygen
orbitals.

Now the Hamiltonian (26) of the free oxygen holes can be rewritten in the
cell representation

HY =Y (talj — §))a] 050 + (G — §")b] 1bjr o) (34)
53" 50
where
1 —i
tap(R) = N Z e Re, 1 (k) = ¢,0R 0 F 4t,,7(R),

=

1 (35)

4



THE CELL REPRESENTATION OF THE THREE-BAND 975

From this equation we obtain the following values

9\ 2
7(0) = (—) = 0.4045, €4 = € F 4tp7(0).

™

Equation (34) can be rewritten in the form

Hg:Z(ea jga]a—i—ebb bjo) —
70
— Aty Y (@fpay.0 = 0] by o)T(G = 5. (36)
J#3’ o
The properties of the function 7(x,y) of this equation are demonstrated here
7(0,0) 7(0,0)
3 7 9
The first term of the right-hand part of (36) is the main local contribution
of the oxygen holes to the Hamiltonian while the second one is its delocalizing
perturbation. To have the possibility of carrying out the cell representation of
other terms of the initial Hamiltonian (1), we firstly make such a representation
for the oxygen-holes operators

Plrajsso = 2 (@500 (Ri = Ry) + by oy " (Ri — Ry)]
j

7(£a,0) = 7(0,+a) = — T(*a,+a) =

(37
+
p?:l:a/Qi],a = Z [ajﬁlu’fy(Ri - RJ) + bjﬁub y(Ri - RJ)} )
J
where
@ 1 — ik dy,0
Nai (R):Nze kRu(k)e:F kag — ym -
k A
a 2
F cos i (1 — cos _y)
Z —ikR, ej”kw% _ a a
k V22 z + l (Q)
a 2 a
; 5 (38)
uffy(R) =—% Zeﬂ‘kRv*(k) oFikya/2 _ _ a;o .,
k ()
a 2
R, /2 F cos Ty (1 — cos 71'_{E)
:“b -N Z - “(k)e™ va/2 — a a

e (£43) ()
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To realize the next step of this program, we shall discuss firstly the Coulomb
repulsion of the oxygen holes. This Hamiltonian has the form

_ + + + +
H,f =Up Z [pITprlepxi +pyprprlpyi s (39)
i

where, for shortness, we use the notations p; = piya/23 Py = Pita/25> 7T and ¥
are unit vectors in the two main directions.

On the basis of equations (37) and (39) we have
Hy=UpY > Alafui (Ri—Ry) +b) 48" (Ri — Ry,)]
i J1,J2:33:4
X [ajyrpig(Ri = Ry ) +bjp 1 (Ri — Ry, )] X
"Ry = Ryy) + b " (Ri — Ry, )] x
x [aj, pg(Ri — Ry,) + bj4lﬂb (R Rj,)| +
(Ri —R;,)
a1 pg(Ri — Ryy) + b]2T:u'b (R; —R;,)] x
(Ri = Ry,) + b, uy” (Ri — Ry, )] +
+ [0, g (Ri = Ry, ) + by (Ri — Ry, )T} (40)

Now we have carried out the summing by index i of copper ion sites and after
some transformations obtained the rather complicated Coulomb contribution H¢,
which contains 16 terms. We shall take into account only those of them the
coefficients of which are not equal to zero in the local case

_ + +
Hy=U, Y A{af 5,10} a, %

J1,J2:93:Ja
x paaas (le - Rj27RJS R]u R - Rj4) +
+b31Tb32Tb33¢bJ4l\Ilbbbb (R - R, R, —Rj,, Ry, — R]4) +

+aaj,0b0 0, 9 (R, —Rj,, Ry, — R

Gzl V4 J2> J4vR Rj4)+

j4)+

R;,, - R
+ a;rlTbj2Tb;rg,laj4l\IIabba (le - R, Rj; —Rj,, R, — Rjz) +

bb
+ blebj2Tajslaj4l\I/ o (R Rjzv R RJ47

+ b;rﬁajﬂa;rg,lbﬂl\l/baab (le - R, Rj;, —Rj, Ry, — Rj2)}7 (41)
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where
1 .
vt (Ryy — Ry, Ryy — Ry, Ry, = Ryy) = 55 Y o R TRe)
k.k'.q
x e~ K (Rj; —Rj,)+ia(Rj, ~Ry, ) [{Q(k)u(k +q)u(k)u(k’ —q) +
+ v(k)d(k + q)u(K)(K —q)
1 ‘ (42)
\I/aabb (Rj - Rjzij - Rj4ij - Rj4) = ﬁ Z eilk(Rh ) X

k.k/,q
x e (R R a0, ~Rsn) [G1c)u(k + a)d (K u(K' — a) +
+ o(K)D(k + q)u(K )ik — q) .

The other coefficients of interest differ from the written ones by changing the
indices a and b and corresponding functions u(k) and v(k) between them. By
using (28) we obtain

1 % . g
&5 > uulk+ @ik )ulk - a) = 1.
k,k’.q
1 1 (43)
=5 O kulk + @ik )oK — q) = .
k.k’,q
Equations (42) and (43) give us the following values of the coefficients
1
Jeaaa (07 O, 0) — \I/bbbb (0, 07 0) S
’ L @4
Wbt (0,0,0) = Wb (0,0,0) = W (0,0,0) = ¥ (0,0,0) = L

As a result of these calculations we obtain the following local contribution from
the Coulomb repulsion of the oxygen holes

C a a b b
Hy = U,y nfinf + Uy Yy niinl +
7 7

+ Uy (n§ynfy +nfnf| — S§.87_ — S¢_S7.),  (45)
J
where the renormalized Coulomb constants of this Hamiltonian are U, = U, =
Up/6 and Uy, = U,/8. In equation (45) the following definitions were used
(c=a,b)

nj, = c;rgcja, Siy = c;}cjl, Si_ = c;rlch . (46)
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The last term of (45) can be rewritten in more simple form
Ua Y (a6, = afy65; ) (bg1a51 = bjrag), 7)
J

which can be interpreted as the interaction of the (a, b) singlet pairs.

The Hamiltonian (39) and its cell local representation (45) commutes with
the spin operator S of the oxygen holes and its square S? both in the ionic initial
and in the cell final representations. In the cell representation the operator S has
the form

8% =3 "(s+8) (48)
J
(c=a,b),

Sc—lSC S Sc—lSC S Sc—l g ¥ 49
jo = 555 T 850 Sy =5;(Sjy —Sj), 8. =5 (njy —njy). (49)
The renormalized Coulomb repulsions U, and U,y of the diagonalizing fermions
are essentially less than the initial repulsion of the holes on oxygen ions. The
decrease of the constant U, in our case is more considerable than the value

0.211U,, obtained in previous papers (see for example [22]).

In the next part of the paper we shall use the following standard set of the
theory parameters

- ¢
tap =1.3 €V, ef’t—“ —97, ® _5

dp tdp
(50)
U, U, U,
—d = 7’ _[) = 37 ﬂ — 1.
tap tap tap

o 3
Because in this set of parameters U, = tp, and Uy, = thp, both the effects of

0-O tunneling and Coulomb repulsion of the holes on the oxygen ions have to
be discussed together. The Hamiltonian (41), besides the local part (45), contains
also the intercell transitions of the Wannier fermions. These last terms have the
nonequal site indices and are several times less than local ones. In the next part
of the paper these nonlocal contributions will be omitted. We shall omit also the
nonlocal part of the kinetic energy of the oxygen holes (36).

Now we shall discuss the cell transformation of the Coulomb repulsion term
H (jp of our initial Hamiltonian (1). It has the form

H§, =Uap Y dfydio(p) yiPaor + 9Ly gD w0 +

i,0,0'

+ D) Pyt + D5 gD yor). (51
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Here, as in equation (39), we use our previous notations for p,. , and py ,. On the
basis of (37) and (51) we obtain the new equations which contain only Wannier
orbitals centred on the copper lattice sites of the form

Hay = Uap Z ana[‘baa Ri —Rj;Ri —Rj)a Ja’aﬂ o'+
i,5,3" 0,0’

+ ¢ (Ri —Rj;Ri —Rj) al bjior + 0" (Ri —Rj; Ry — Ry bl ajir +
+¢"(R; —R;; R — Rj)bT L bjror]. (52)

jo’

The coefficients of this equation are equal to

»*“(R; — R;;R; — R/ 2Zexp (ik(R; — R;) —ik'(R; — Rj/)) x
k. k’
X [2 cos Wa(k)u(k’) + 2 cos Mv(k)é(k’)} ,

1 _ :
¢®(R; —R;;R; — Rj/) = ] > exp (ik(R; — R;) — ik'(R; — R;)) x
k,k’

(ky — kly)a

X {2 cos Wﬂ(k)v(k') — 2cos v(k)ﬂ(k/)] ; (53)

1 _ .
(R —Rj;R;i —Rj/) = e > exp (ik(R; — R;) — ik'(R; — R;)) X
k,k’

(ks — KL)a « (ky — ky)a

X [2 cos v(k)v(k') + 2 cos u(k)ﬂ(k’)} :

¢"(Ri — R;iR; = Ry) = (6" (R; — Ry Ri — R;))".

In the local case, when i = j = j' among the four coefficients (53) only the first
is different from zero and has the value

™ = ¢ (0,0) = % ~ 0.811. (54)

Therefore in the local limit only Coulomb interaction between a;, localizing
fermions and dj; , holes is manifested:

ad_ adznl n;,

(55)
Uga = Ugpd™® :8Udp = an, a=a,d.
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The effective repulsion constant which was obtained in paper [22] is 0.918Uy, in
comparision with our value 0.812U4,. The coefficients of equation (53) are equal

to
yy 1
5x,05x/,O (__ + _>
aa 4

PR = [(y)Q_l} [<y’)2_ 1] ! (fﬂ’—’y'> ’

a

a 4 4

! / !
02,0 [1—005 <ﬂ)] cos <ﬂ)<g + y_>
@“b(RR'):_—l a a J\a a _(x—>y>

NCICEICE
(56)
e [ () () ().

Here x(2’) and y(y’) are the projections of the vectors R(R’) which are the
integer multiples of lattice constant a. In such a way, this Coulomb interaction
was not changed considerably, in comparison with its initial value, after the cell
transformation. The operator (52) can be presented as the sum of the main local
and its perturbation contributions

HS, = HSy+ HY, (57)

where H ép is obtained from (52) by omitting all the local terms.

Thus we have finished the transformation to the cell representation of all the
terms of Hamiltonian (1), which contain clusters of oxygen holes. We have se-
parated the local one-cell part from the intercell contributions. The first of them
H is the main contribution of the orthogonalized Wannier fermions and the
second H' is considered as a perturbation. In the final form our Hamiltonian is

H=H+H, H0=ZH?, (58)
[



THE CELL REPRESENTATION OF THE THREE-BAND 981

where the one-cell local contribution is the following
HO = ¢, Z ng + Udn‘%n(f + €, an + Uanin{ + € Z nf’, + Ubn?nlj +

+taa Y (dfas + afdy) + Usan®n® +

g

+ Uap (nfnf +nfnb — S¢.8° —528%). (59)

Here, for simlicity, we have omitted the index i of the copper site and supposed the
equalities Uy, = Uy, Ugp = 3/4U, and used the definitions €, , = €, F 4¢p,7(0).
The perturbative term has rather complicated form, because it contains a lot
of intercell contributions from di,, aij, and bj, orthogonalized fermions. We
consider that the most important perturbations are the following

H' =2tay Y [df, (Aa(Ri — Rj)ajo + Xp(Ri — R;)bjo) + H.C.] +
i#i
+Ugp > 06" (Ri — Ry, R; — Ry)al a0 +
igg @
+¢"(Ri — R;, Ri — Ry )a},, bjro + 6" (Ri — Ry, Ri — Ry )b, a0 +

job
+ 0" (Ri — Ry, Ry — Ry )bl b (60)
Here the sum index with prime means the absence of contributions with the equal-
ity i = j = 5 of copper site indices. In (60) we have omitted the contributions
proportional to t,, and U, in conformity with the previous explanation.

2. THE DIAGONALIZATION OF THE CELL HAMILTONIAN

As we can see from equation (59), in every cell centred on Cu site, there
are three kinds of strongly correlated fermions. Namely there are d; , holes on
the copper ions and two diagonalizing fermions a; , and b; , which describe the
movement of the oxygen holes in CuO; plane. Every one of these three kinds
of particles, if they are considered as independent, has four quantum states |0),
[ 1), 1 1), | T1), with the energies E§ = 0, EY = €4, ES = 2¢4 +Uqy oo = a, b, d.
Therefore the full number of the states for one cell is equal to 4% = 64. The
matrix of the local Hamiltonian (59) calculated on the basis of the cell functions
14 is a rather complicated one being of 64 x 64 rank. Really this matrix is quasi-
diagonal containing the submatrices with maximal rank equal to four. The index
A of the cell quantum functions contains the N,, Np, and Nz numbers of our
particles and also their spin quantum numbers. But the renormalized quantum
states |F) of this Hamiltonian don’t conserve the individual numbers of our
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Table 1. The distribution of states number N, by quantum numbers

N S S- N N S S- N N S S- N

0 0 0 1 3 172 | +172 8 4 0 0 6
1 172 | +172 3 -172 8 1 1 3
-172 3 3/2 | +3/2 1 0 3

2 0 0 6 +1/2 1 -1 3
-1 3 -172 1 5 12 | +1/2 3

0 3 -3/2 1 -1/2 3

1 3 6 0 0 1

fermions and therefore we use as the real quantum numbers the full numbers of
particles N = N, + N, + Ny (this number has not to be confused with N —
the number of copper ion sites, which was used in previous part of the paper),
the full spin S and its projection S,. Some additional inner quantum numbers
will be used also. The renormalized functions |E) are the linear superpositions
of the cell functions ¥4 and the coefficients of proportionality are determined by
the elements of the S matrix which realizes the transformation from the initial
cell representation to the final renormalized one.

The S-matrix method has been firstly elaborated by us [44-47] for discussing
the properties of atomic limit of the periodic Anderson model. Ny is the number
of the renormalized quantum states which depends of the main three quantum
numbers N, S, and S,. The full number of these states is 64. The distribution
of N, is demonstrated in Table 1.

To have some notion about our S-matrix method we present here a brief
information about it. This method is based on the existence of a full system of
orthonormalized functions ®,,(Ey) which are determined from the matrix equation

R o [ Pu(EN)
(HO _ EAI) : -0, (61)
(I)n(E)\)

with the following conditions of orthonormalization
> @5 (Ex) P (EX) = dum,
A

(62)
Z Dy (EX)Pn(Ey) = 0y

H O is the matrix of Lhe Hamiltonian, calculated on the basis of the initial particle
functions 4, and [ is the unit matrix. The knowledge of the new functions
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®,,(E)) permits us to construct the S matrix

&1 (E1).. 01 (E,)
0 s (63)
O, (E1)... 00 (E,)

The relation between initial ¥,, and final renormalized |E)) functions is

U, =Y O,(E))|Ey), |E) =) Oh(ExN)T,. (64)
A n

Let us begin now the detailed analysis of eigenvalues and eigenfunctions
renormalization of the local Hamiltonian (59). It is obvious that the vacuum
state with N = 0 remains unrenormalized. The first nontrivial case is that with
N = 1. The full number of states is N5 = 6. The spin of these states is S = 1/2.
Three of them have the value S, equal to 1/2; and others to 1/2. The initial
nonrenormalized functions with S, = 1/2 are

Uy =df[0), Py=af|0), W¥3=0][0). (65)
It is easy to find the following equations
HOU | =0y + VU, HOUy =¢,Uy+ VU, HUg=¢Us. (66)

Here V = t,q. The corresponding submatrix of the second rank constructed in
the subspace of the functions ¥; and W, has the form

Ed—E %4
(55 Y2

Here and below the matrix H° — ET is used. From the condition that the
determinant of this matrix is zero, we obtain two renormalized energy values,
which belong to doublet states

1
ELQ(N—1,S—1/2)—EL2—§[ea+edq: (ea—ed)2—|—4v2]. (68)

On the basis of (67) we determine two orthonormalized functions ®;(F)) and
®y(E)) in the form

E)\ —eq

©1(Ey),
1/2 9

€a — €d

1
2)=—7 |1F
V2 (ea—ed)2+4V2
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By using these results, we obtain

|E1) = ®1(Ey) [\111 + El‘; Ed‘I’z} ;
(70)

E —
|E2) = ®1(E>) [\111 + 2V Ed\I’2:| .

Here and below, for shortness, we omit the values of quantum numbers and
consider the ® functions to be real. The third function U3 is the eigenfunction
of our Hamiltonian and consequently F5 = ¢, |E3) = U3, and ®3(FE5) = 1.
Other three functions Wy, U5, and Wg differ from the previous three only by the
direction of spin, and the renormalization of them is the same as for the first
group. We have E475 = ELQ, E@ = E3, (13475 = @172, and ‘I)ﬁ = (I>3. More
interesting case is that of two particles N = 2 with two possible values of full
spin S = 0 and S = 1. For S = 0 there are six initial singlet states 4. They
are enumerated below

1
Wi = =5 (dfaf —dfaf) o), V2 =afall0),
1
g _ +i+ _ gt
Wy = dfdflo), wi=— (18 - a1t o, (1
R L]
2

The action of Hamiltonian (59) on them results in
HOU = (e + €+ G) ¥y +V2VT, + V2V 3,

HOUy = (2¢4 4 Uy) Uy + V2V, o)
7
HOU3 = (2¢4+Ug) U3 + V2V, HOUy = (eq+ &) Uy + Vs,

HOUs = (e + €y +2Unp) U5 + VU, HWg = (2¢, + Up) V.

The first three functions form a trio of (a, d) singlets with the following submatrix

€at+ea+G—E V2V V2V
V2V 2, + U, — E 0 . (73)
\/§V 0 2¢a+Us— F

Here the quantity G means G = U,4. The renormalized energies of this trio of
states are determined from the equation of the third degree:

(2¢,4+ U, —E)(2¢4+ Uy —E) (e + €4+ G—E) —
—2V%(2e4 + Uy + 264+ Uy — 2E) = 0. (74)
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The state with the lowest energy, from this trio, is the Zhang—Rice singlet. To
obtain the approximate values of these eigenenergies E;, Fo, F5 we use the series

expansions by —. In this case we have
d

1
E172(2,0)’:26a—|—§ €d—€a+G+Ua:F\/(€d—€a+G—Ua)2_|_8V2><

2
2V , (75)
Uay/(ca — ca + G — Ua)? + 87?2

X |1+
212

E5(2,0) ~2e4+ Ug+ —.
Uq

In this equation the index 1(2) refers to the up(down) sign of the right-hand part
of it. The functions ®,,(E)) are equal to

By (Ey) = — V2V 0 (E)) By(Ey) = — V2V, (E))
2B = 2€(l—|—Uva—E‘,\7 WA= 2€d+Ud—E)\,

(76)

1/2

212 212
O (EN)=(14 5 + 5 ,
(2¢, + U, — E)) (2¢4+ Uy — E)

and as a result we obtain the following renormalized eigenfunctions (A = 1,2, 3)

O (F
) = 2
V2
o+ + o+
< ldtat — drat — Vajay 2Vdy d]
T T 2¢, + U, — B 2¢q + Uy — E)

0). (77)

The two functions ¥4 and U5 form a doublet of singlet states with corresponding

submatrix

€qgt+e—F 14
( 14 €q +€p +2Uqp — E) . (78)

Two values for renormalized energies of (d,b) and (a,b) singlets are

1
Ei5(2,0) =¢ + 3 {ea +eq+2Up T \/(ed — €, — 2Uab)2 + 4V2] . (79
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These values correspond to the energies of the (a, d) doublet (68) in the presence
of additional b fermion. This presence changes the value of energy €, to €,+2Ugp.
The functions ®,,(E)) with n = 4,5 are the following:

E\ —€q—c¢
P5(Ex) = “—N%(%%
(80)
1/2
1 a 2 ab —
CI)4(E4’5):§ 14 €q +2Uq — €q
\/(511 4+ 2Uq — Ed)2 +4V2
As a result we have
Ey5—€q—€
|E45) = Pa(Eys) [‘114 + 4’5#“\1/5 : (81)

The last singlet state W from this group is a doublon of b fermions. It remains
unrenormalized with the energy value Fg = 2¢;, + U, and unrenormalized eigen-
function |Es) = ¥4. Now we shall examine the triplet (N = 2, S = 1) subspace
of states. For each projection of spin S, = 1, 0, there are three degenerate states.
They are

_1 +at 4 gtg T _ L ot +dtvf
¥y = = (dtat +dfat) 0, = (afbf +dfvt) )
1
W= e (a0 Haf}) 0, o=t v =divto, @

\1112 = a?bﬂO), \1113 = djaf|0>, \1114 = djbf|0>, \1115 = afbf|0>
The action of the Hamiltonian (59) on them gives the results:

HO\I/7= (€a+€d+G) v HO\Ilg = (6d+€b) Ug + Vg,
HO\IIQ = (Ea =+ Eb) Uy + V\Ifg, HO\I/10 = (Ea + €4 + G) \:[110, (83)
HUyp = (ed+ ) U1y + VUio, HUpo = (e + ) Uiz + V5.

The equations for other three functions W3, W14, and W5 are similar to those for
W19, ¥11, and ¥4, correspondingly. The triplet states ¥, W1g, and W13 remain
unrenormalized with the energy value F; = FEig = E13 = €, + €9 + G. Their
eigenfunctions also remain unrenormalized (A = 7,10,13) : |Ey) = ¥x. Then,
we have a doublet of states Vg and Wg with a submatrix

€q+e,— F %4
( %4 ea—i—eb—E)' (34)



THE CELL REPRESENTATION OF THE THREE-BAND 987

From it we obtain two values of renormalized energies
1 2 9
E&g =€, + 5 €q + €4 F (Ea — Ed) +4V?|. (85)

These values correspond to those of the (a, d) doublet in the presence of b fermion.
The functions ®g and Pg are equal to

FEy —€4—¢€
Bo(Ey) :#% (Ey), A=38,09,

1/2 (86)
Dg(Bsg) = |1+ Ca — Cd :
(€a — ed)2 +4V?2

and, as a result, we obtain the renormalized eigenfunctions

Fe — eq —
|Eg) = ®5(FEsg) [\Ifs + %Wg] ,
(87)
Ey—eq—e€
|Eg) = ®s(Ey) [\I’s + — \:[19:| )

It is easy to see that for two other doublets (U1, ¥15) and (¥4, ¥15) composed of
our triplet states we shall obtain the same results. Thus we have Eg = F1; = Eyy
and E9 = E12 = E15.

Now we shall discuss the situation when the number of particles is three
(N = 3), and there are two spin values S = 1/2 and S = 3/2. First of all, it is
necessary to analyse the spin structure of our initial cell functions. In order to do
that, we shall examine the next three functions

X1 = d?afbﬂO), X2 = dfa?b?‘|0>, X3 = d?‘a?‘bf|0>, (88)

and will act on them with the operator S2, where S is the spin operator of three
particles

S=8"+8"+8
(8)* =3[(S1)* + (52" + (S)°] + 2 [S282 + 8287 + 8252+ (89)
+598% +598° +528¢ + 5184 + 50 84 + 8% 54,

where

S; = (n%—nj), Sfr:c;rcl, Si:cch, c=a,b,d.

N~



988 MOSKALENKO V.A. ET AL.

As a result, we have

7 7
(S)*x1 = 7x1 +xatx3, (S)’x2=x1+ 7x2 + Xa,
4 4
(90)
9 7
(S)*x3=x1+x2+ FREE
These results suggest the necessity of introducing the new orthonormalized cell
functions which are the eigenfunctions of the operator (89). We shall form two
new linear superpositions ¥; and ¥, from initial three functions (88) and add to

them two other functions ¥3 and ¥4 which are listed below

1 1
WlZﬁ(Xl—Xz), %:76(M+X2_2X3)’
91)
Uy = a?afbﬂO), U, = d?djbﬁo)

These four functions are the components of one quartet with the spin S = 1/2
and its projection equal to 1/2. The third linear combination y; + X2 + X3 of the
functions (88) has the spin S = 3/2 and will be discussed below together with
other functions with such spin value. The quartet functions fulfill the following
system of equations

U, 3
HO\I/1 = <€a+€b+€d+G+ Tb> U, + \/T_Uab\llg—l—\/i‘/(\l/g—l-\lhl),

3U, 3
HOW, = (ea tepteat G+ b) Uy + gUab\Ifl,
(92)
HO\I}S = (2511 + Ua + €p + Uab) \:[13 + \/§V\I/1,
HOWy = (2¢4+ Ug + ) Uy + V2V,
with the submatrix of the form
€q + €p + €4+ \/§
—U, 2V 2V
+G+ U;b _E 2 ab \/_ \/_
V3 €q + €p + €4+
o Yab 3Uab 0 0
2 +G+—--F . (93)
2¢q + U, + e+
V2V 0 ¢ 0
+Uab - F
2eq + Ug+
V3V 0 0 ca

+e, — F
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The renormalized energy values are the solutions of the following equation of the
fourth order:

(ca+eat+CG—FE) (20+Ta—E) (2ea+Us— E') —

—2y2 (ea+ed+§+ UZ‘“’ —E’> (2€4+ Ug + 2¢4 + U, — 2E') —

— U2 (26a+Uos—E') (2e4+Ug— E') =0, (94)

where

E/:E—Eb, 6:G+Uab, Ua:Ua-i-Uab.
Four solutions of this equations E!, n = 1,2,3,4 must be subjected to the
condition:

4(ea+6b+ed)+2G+3Uab+Ua+Ud=ZE;.

For the large values of Coulomb repulsion U, one of the energy values is

2

2V
E~Uj+2eq+ €+ —, (95)
Uq

the other three solutions can be presented in the approximate form
E~E|+e+E, (96)

where the quantity E; is the solution of the following equation of the third order
(€a + €a +G - E6)2 (264 + U, — E}) —

— U —
—2V? (ea+€d+G+Tab—E6) — U2 (2 + U, — E)) =0. (97)

The energy correction E7, which is proportional to the small value U, Lis deter-
mined by the equation:

1 _ U _
E{:E{zxﬂ (ea—i—ed—i—G—i—Tab—E()) (2¢0 + Uq + 264 — 2E)) —

—(2eq — E}) (2¢0 + Uy — Ey) [(ea +ea+G— E6)2 - U(fb}} X

x {UZ +2V? — (co+ €a+ G — E}) (5ea+ca+ G+20, —3E)} . (98)
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To obtain the renormalized functions |E)), we shall use the following values of
the ®;, ®,, P35 and P, eigenfunctions of the matrix (93):

V3 Uup® (E
Oz (Bx) =~ b_l ( [;)b ;
(ea+€d+G+Ta—E3\>
V2Vd, (E V2V e, (E
@3(E)\):— _1( )\)/ ’ (1)4(E)\):_—1()\),7
(2¢a +Ua — EY) (2¢a +Ua — EY)
3 U? 99
(bl(E)\): 1+Z abU 2+ 99)
(ea+ed+6+7“b—E;>
—1/2
212 2V2

+ — 7 T N2
(2¢a+Ua — EY)”  (2ca+Ua— EY)

Consequently the four renormalized eigenfunctions |E)) have the form (A =
1,2,3,4)

3 Uy U
By — 0 (By) [0, — Y3 b2
2 i Uab /
€q+€4+G+ 5 - B
V2V U, V2V,

- — - . (100
(26 +Uo — E) (2ca+Us— EY) (100)

Let us now discuss the next four states ¥s, ..., Ug with S =1/2 and S, = 1/2:

Uy =bibidh Ue =biblal
5 =b7b7d{[0), Ve =bibjar|0), o1
Uy =afaldf|0), Ug=dfdfa]l|0).
We can form from them two doublet groups (¥5, ¥s) and (U7, Ug). For the first
doublet we have the equations

HWs = (2¢, + Uy + €4) U5 + Vs,
, (102)
H Vg = (265 + Uy + €, + Uab) Us 4+ VUs.
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In this subspace of functions, we have the following submatrix

2 +Up+€q— E Vv
ARG . (103)
14 2¢p +Up+ €+ Uy — F
By using this matrix, we obtain two branches of energy spectrum
E576 =26, + Up + Eg’ﬁ,
(104)

1
Eé,G = 3 [ea +eq+Uwp F \/(Ga — €4+ Uab)Q +4V2] .

These values correspond to ones of the doublet state with NV = 1 in the presence
of b-particles doublon. Here the repulsion U, between a and b fermions is taken
into account. The eigenfunctions of the submatrix (103) have the values:

€q — B
O6(Ey) = —%%(Eg, A=5,6,
105
" (105)
O5(Es,6) = L s @@t U
v2 \/ (éa — €a+ Uap)” +4V2

The knowledge of them permits us to obtain the corresponding renormalized
functions |E)), (A = 5,6):

(ea = E))

W | - 1
v 6 (106)

|Ex) = ®5(E)) [‘115 -

Let us now discuss the properties of the second doublet of states (U7, Ug). The
following system of equations exists for them:

HUy7 = (2¢, + Uy + €4+ 2G) U7 — Vg,

0 (107)
H Vg = (26(1 +Uqs+ €4 + QG) Vg — VWU,
with corresponding submatrix
2¢q +Us+ea+2G - F -V
‘ “ . a08)
-V 2¢q+Uyg+ €, +2G — FE
which permits us to obtain the two branches of the energy spectrum
Erg=€a+eq+2G + Epg,
(109)

Eé,sz |:€a+Ua+€d+Ud:F\/(6a+Ua—6d—Ud)2+4V2:|.

DN =
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The functions ®7 and ®g have the values:

€, +U, — F
Ds(Ey) = —%QM(EA),
(110)
1/2
1 €a+ Uy —€q—U
Q7 (Erg) = 7 1F 4
\/(ea + Uy —€q—Ug)? + 412
The renormalized eigenfunctions have the form
€, +U, — E!
|EBrg) = ®7(Erg) |07 + ( - s Ugl . (111)

Besides these eight states with the spin projection S, = 1/2 there are other eight
states Wg,...,U14 with opposite spin projection. These last functions are analogous
to eight functions of the first group and their renormalization is the same. Thus
we have eight double degenerate renormalized states. These 16 functions exhaust
the group of states with the spin equal to 1/2. Besides them there are four states
with the spin equal to 3/2 and spin projection values S, = +3/2,+1/2. Now
we shall take into account the linear combination x; + x2 + x3 which was not
used untill now. The four orthonormalized functions with this value of spin are
equal to

1
Uyr = dtatbt|0), Wis = — (y1 4+ xo + x3) =
17 TTT|> 18 \/ﬁbﬁ X2+ Xx3)
1
_ ot gttt 4 gt atht
-5 (dT atbt +dfalbt + dfal bl) 10), (112)
1
_ +otpt o gt ot pt 4 gt gt iyt _ gttt
= —= (afafof +dfafbf +dfafo?)[0), Wa =dfalb]0).

Wig 73

It is easy to see that all of them are the eigenfunctions of the local Hamiltonian
(59) with the energy value

Ey=c,+e+teqg+G, A=17,...,20. (113)

Let us now discuss the process of renormalization of the states with four particles
(N = 4) and two possible values of spin S = 0 and S = 1. The full number of
states is 15 and among them 6 are singlet and 9 are triplet states.



THE CELL REPRESENTATION OF THE THREE-BAND 993

Firstly we shall consider a group of three singlet states

+ .+ + 7+
1= T 16710),
U, = a?afb?bfm}, (114)

_ gtgtptpt
U3 =did[ b b[0).
The action of the local Hamiltonian on them gives the equations

HOU | = (eq + 26,4+ €4+ Up 4+ G+ Ugp) Uy + V2V, + V2V U3,
HOWy = (24 4 26, 4+ Uy + Up) Ug + V2V 0, (115)
HO\I/3 = (26d + 2¢, + Ug + Ub) Us + \/§V\I/1.

The submatrix of the third rank in this subspace of states has the form

€q + 2€p + €4+
2 2
+Ub+G+Uab_E \/_V \/_V
2¢, + 26 + Uy +
V2V U, E 0 . (116)
2¢q + 2€p + Ug+
V2V 0 U, E

The energy spectrum of this trio of singlets is determined from the equation of
the third degree formulated for the energy E} which differs from the enegy E
by the energy of b doublon Ef = E) — (2¢, + Up):

(€at+€a+Uw+G—FE)(24+U, — E)(2eq+Uqg— E') —
—2V? (264 + 264+ Uy + Uy —2E') = 0. (117)

This equation is analogous to that for two-particle singlets with the difference that
here the repulsion between a and b fermions is additionally taken into account.
The investigation of this equation can be done in the same way as in the case of
two particles (N = 2). The submatrix (116) determines three functions ®,,(E))
with n = 1,2, 3:

V2V, (E) V2V P, (E)
2B =t - PP T T
118)
—1/2 (
212 212
®(F) = |1+

+
(2¢a + Uy — E'?  (2¢q+Ug— E)?
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By using these results, we obtain the following renormalized functions

|Ex) = ®1(EN) | P — %% - %% (119)
There are three else singlet four-particle states of the form:
U, = d?dja?‘aﬂO),
Uy = (d?bj—\;ﬁdjb?)a;aﬂoy (120)
U = Md?dﬂo).

V2

The function W is the eigenfunction of the local Hamiltonian with the eigenvalue
Ey =264 +Uqg+2¢, + U, + 4G, (121)

and as the consequence &4, = 1 and |E4) = ¥4. The functions U5 and ¥g form
one doublet of states with the following system of equations

HOUs = (26, 4+ Uy + €4+ €, + 2G + Uap) U5 — Vg,

(122)
HWg = (2¢4+ Uy + €q + € + 2G + 2Usp) U — V5.
These equations determine the submatrix
2¢q + Uy + €q + €+ v
+2G+Uab -F (123)
v 2¢q+Ug+ €, + e+

+2G +2Uy, — B

By using it we obtain the following two branches of the renormalized energy
spectrum
Es = €q +ep + g+ 2G + 2Uq + B g,

/

1
Elo=—=lea+Us+e€i+Ui+UawpTF (124)

V2
:F\/(Ea + Ua — €d — Ud - Uab)2 + 4V2]7




THE CELL REPRESENTATION OF THE THREE-BAND 995

and also the values of two functions ®5 and ®g
(ea + U, — Egﬁ)

Q6 (Es6) = v P5(Es.6)
(125)
1 e —U, —
O5(E56) = ﬁ 1T € +Uys —€q— Uy U:b
\/(€a+Ua_€d—Ud_Uab) 4 4V2
The renormalized quantum states |E)) with A = 5,6 have the form
€ + Uy — EL

|Es ) = ®5(Es ) (\1/5 + %56%) : (126)

Now we shall investigate the properties of nine states with the full spin S = 1
and with three values of its projection .S,. Three functions W, g, and ¥y with
S, =1 are

U7 =dfbfafall0), Ws=albldfdf|0), Wo=d ajbIb[l0). (127)
The action of the local Hamiltonian on them gives the system of equations

HU7 = (264 + Uy + €5 + €4+ 2G + Uyp) Uy — Vg,

(128)
HOWg = (2¢4+ Uy + € + € + 2G) Ug — V7,
and the corresponding submatrix has the form
2¢q + Uy + €p + €4+ v
+2G+ Uy — F (129)
v 2¢q +Ug + €4 + €+
+2G - F

Two branches of renormalized energy spectrum for this doublet of states are:

Erg=¢€a+e+€ea+2G+ Erg,

1
Ers =3 {ea +Us+Uwp+€a+UaT (130)

:F\/(6a+Ua_€d_Ud+Uab)2+4V2 .

The functions 7 and g have the values

€a+ U, +Uy — E'
<I>8(E):( = b )<I>7(E),
(131)
1/2
1 €o+ Uy —€q—Uyg+ U,
Or(Erg)=—= |1F d d 2

2 \/(ea+Ua—ed—Ud+Uab)2+4V2
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By using these results we obtain the renormalized eigenfunctions |E7 g)

(€a+Ua+ Uap — Bt g)

|E78) = ®7(Frs) %

Y7 +

Ug (132)

The function Wy is the eigenfunction of the local Hamiltonian with the energy
eigenvalue

Ey =2, +Up+€q+ €3+ G+ Ugs. (133)

Now we shall discuss three triplet states with projection .S, = O:

(afaf +dfaf)

- +p+
Uy = NG bTb110),
(d+b+ +d+b+)
S \B )
Uy = TGT a, 10), (134)
. _@ﬂjmﬁﬂﬁﬁo
12 = S did |0).

The state Wy is the eigenfunction of the cell Hamiltonian with the value of
energy F19 = Ey. We have also |E10) = ¥19. The functions ¥y and ¥q5 form
a doublet with the system of equations

HO\IIH = (2Ea + U, +€q+ €+ 2G + Uab) Uy — V\Illg,

(135)
HOWyo = (2e4+ Ug+ €0+ €+ 2G) W19 — V.

This system coincides with the corresponding system for the doublet of functions
(U7, ¥g) and we can use the previous results:

Ei112 = E75; P11 =®7, P1z = P,
(136)
€a +Ua 4+ Uab — By 19

%

At last, there are three states with spin projection S, = —1:

Ui =dblajal10), Wiy =albldfd[[0), Wi5=dalb7b[|0). (137)

AP

|Ev112) = ®11(Er1,12) | P11 +

The functions W13 and W4 repeat the properties of the functions ¥, and Wg; and
the function U5, that of Uy. On the basis of previous results, we have

Ei314 = Erg, FEi5=1FEy, ®1314=®rs, Pi5=1,
(138)

6a"'(]a'f'(]ab_Eil
By, |Evs) = Uys.

|Ev3.14) = ®13(E11,12) | P13 + v
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Let us now discuss the properties of the local Hamiltonian states with N = 5,
S =1/2,and S, = £1/2. The full number of states is six and one half of them
have spin up and others spin down. There are only three energy levels two-fold
times degenerate. Three states with spin up are:

R P _ prptatatat
Uy =aialbib dl|0), Yo =0b]d d a]|0),

(139)

Uy = a?‘ajd?djbﬂO),

and they undergo the following equations of motion

HWy = (2¢4 4+ Uy + 265 + Up + €4+ 2G + 2U4p) U1 — Vs,
HOWy = (26, + Uy + 264 + Uy + €4 + 2G 4 Upgp) ¥y — VI, (140)
HOWy = (2¢0 + Uy + 2€a + Ua + € + 4G + Uap) U3,

Two first states (139) form a doublet and the corresponding submatrix has a form

2¢q + Uy + 265 + Up + €4+
+2G +2U4 — F

-V

-V

2¢p +Up +2€4 +Ug + €4+
+2G+Uab -FE

(141)

Two renormalized values of energy are
Ei2 =26+ Up+eq+€q+2G+ Un + E ,,

1
Ei,z =3 |:€a+Ua+5d+Ud+Uab:F (142)

:F\/( 6a+Ua—€d—Ud+Uab)2+4V2 .

The eigenfunctions of this matrix have the values

1

Dy (Er12) = v (€a +Uq + Uqp — Eiz) O (E12),

(143)
1/2

€ +Us—€q—Ug+ Uy

1
(I)I(EI,Q) =— (17
V21 lea+ Ua— o= Ua+ Un) + 412

The renormalized eigenfunctions | E; 2) have the form

€ +Us +Upp — ELQ
%4

|Ev2) = ®1(E4 2) [‘111 + Tol . (144)
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The function U3 is the eigenfunction of the local Hamiltonian with the self-energy
Es=¢€+2¢,+Uy+2¢4+Us+4G + Uyp. (145)
The other three states

Wy = atatbibrato), s = bibtaidtat|o),
(146)
Ug = a?ajd?djbjm),

have the spin down and their properties repeat those with spin up. Thus we have:

Ei5=FE13, FE¢=FE;, ®4=01,5 & =1,
(147)

|Eg) = Ug.

€a+ U, +Uqp — B
|Eys) = ®4(Eag) [Us + —— % - s |
Finally, there is one unrenormalized state with six particles and spin equal to
zero. It is the state composed of a, b, and d doublons

U= a{ajb{bjd{dﬁm (148)
with the energy

E=2¢e,+U,+2¢ +Up+2eq +Uyg+4G + 2Up. (149)

3. DISCUSSION

The cell representation for the copper oxide Hamiltonian has been established
in this paper. The new element of our investigation is the conception of diago-
nalizing ak , and by , fermions for which the relations with canonical fermions
Py » and Qx , have been formulated. This conception has permitted us to precise
the value of charge transfer energy and to take into account correctly both the
kinetic energy and the Coulomb interaction of the oxygen holes. On such a basis
we have proved the new form of the local part of the cell Hamiltonian with three
kinds of Wannier fermions and have selected the main delocalizing processes.
The detailed analysis of the renormalization of the energy spectrum and of the
wave functions of the elementary excitations has been done. These results can be
demonstrated by using the standard system of parameters (50).

For example, in the case when N = 1 the lowest energy level F; (68)
contains the energy gain

E) =€, — 1088, =€4 —1.414 eV. (150)
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The second energy level of this doublet has considerably higher energy:

Ey =€ +2978tq, = €4 +3.871 eV. (151)
These values can be compared with the energy of one b fermion

Es =€eq+3.510tq, = €4+ 4.563 eV. (152)

This energy is higher than doublet energies. The energy of one a fermion
€q = €4 + 1.890tq, = €4 + 2.457 eV is considerably lower than that for b
diagonalizing fermion.

For the case N = 2 three singlet states composed of a and d fermions have
the energies determined by equation (74). In our system of parameters (50),
equation (74) and his three solutions have the form

E, =2¢eq+ eptap,
(7—¢e)(4.280 — €)(2.701 — e) — 6.48(11.280 — 2¢) = 0,
e1 =0.174, ey =5.294, e3=8.513,
Ey =2eq+0.174t 4, = 24 + 0.226 €V,
Eoy = 2€4 + 5.294¢4, = 2¢4 + 6.882 €V,
Es = 2¢4 + 8.513tqp, = 264 + 11.067 V.

(153)

The lowest of them is Zhang—Rice singlet.
Besides these singlets, there are also two other singlets (79) of (d,b) and
(a,b) kind and one additional (b,b) singlet with the energy

Ee = 2¢4 + 2(6b — Ed) + Uy
The numerical values of them are:

FEy=2¢q+ 2.598tdp = 2¢q + 3.377 €V,
Es = 2¢eq + 7.062t g, = 2¢q + 9.181 €V, (154)
Eo = 2eq + 7.520ta, = 264 + 9.776 eV.

The triplet energy levels are three-fold degenerate. Their numerical values are
the following:

E7 = 2¢4 + 2.701tdp = 2¢4 + 3.511 €V,
Eg = 2¢eq + 2.422t g, = 2¢q + 3.149 €V, (155)
Ey = 2¢eq +6.488tqp = 2¢4 + 8.434 eV.

These triplets are composed of (a,d), (d,b) and (a,b) fermions correspondingly.
Thus among 15 states with two particles, one, just Zhang—Rice singlet, has the
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lowest energy Fq. Three levels F,, FE7, and Fs have the moderate values, and
the group of levels Es, Es, E5, Eg, Eg has high values.

Among 20 states with N = 3 we shall distinguish a quartet of states with
S =1/2 and S, = 1/2, the energy spectrum of which is determined firstly by
the equation (94). For our system of parameters this equation and his solutions
are (tgp = 1.3 eV)

E, =3¢eq+ (€ — €q) + entap,

(7 — €)(4.655 — €)(3.076 — €)* — 6.48(3.263 — ¢) x
% (11.655 — 2¢) — 0.141(4.655 — ¢)(7 — ¢) = 0,
e1 = 0.365, ey =3.279, e3=5.563, ey = 8.600,
Ey = 3¢q + (e — €4) + 0.365t4p, = 3€q + 3.875% 4y,
Ey = 3€q + (€ — €4) + 3.279%4p, = 3€q + 6.789% 4y,
E3 = 3eq + (€4 — €q) + 5563ty = 3eq + 9.073tap,
Ey = 3eq+ (€ — €q) + 8.600t g, = 3¢4 + 12.110¢ gy

(156)

Besides them, there are two energies Ej5 ¢ (104) which belong to the (a,d)
doublet in the presence of the b doublon:

Ese=3eq+[2(ep —€q) + Up] +

1
+ 5 |:5a + Uab — €4 + \/(511 + Uab - Ed)2 + 4V2:| ) (157)

Es = 3eq + 6.526tdp, Fg¢ = 3¢eq + 10.779tdp.

In the case when this doublet exists in the presence of the doublons a or d the
energy levels are determined by the equation (109):

Ers=3cq+ (€q —€q) +2G +

1
+§|:5a+Ua_€d+Ud:F\/(€a+Ua_€d_Ud)2+4v2:|a (158)
E7 = 3¢eq + 5.282tdp, FEg = 3¢eq + 11.131tdp.

All the energy values, listed above, are independent of the spin projection value,
therefore the energy levels for other 8 states with opposite spin direction are the
same. When the spin value is S = 3/2, one four-fold degenerate energy level
exists with the value:

Ei7 = 3eq+ (€4 — €q) + (ep — Gd) + G = 3eq + 6.211t4),. (159)

Our analysis of the properties of three-particle renormalized cell states reveals the
peculiarities connected with the presence of the b fermion, its influence on the
spin structure of the states and its interaction with other two particles.
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For completeness, we shall enumerate here the numerical values of renor-
malized energy levels of the states with N = 4,5,6. The energy values, as we
have demonstrated above for the case N = 1,2, 3, can be presented in the general
form E(N,S,n) = Neqg + F,,(N,S). We shall enumerate below only these F,
values, omitting also, for simplicity, the main quantum numbers.

For example, for V = 4 and S = 0, six singlet states exist. The first three
values have been obtained from equation (117). In our system of parameters (50)
this equation and its solutions have the form

E, =4eq+2(ep — €q) + Uy + entap,
(7—e)(4.280 — €)(3.076 — e) — 12.96(5.640 — e) = 0,
e = 0415, ey—=5334, es=8.607,

Fy =7.935ta,, Fo=12854tq,, F3=16.127tg4,.

(160)

There are three else singlet solutions
Fy =14.524tq,, Fs =9.580tqy, Fs = 15.729g,.

The first of them is obtained from equation (121); and the last two, from (124).
There are also three triplet levels (see equations (130) and (133)) with energy
values:

Fr =9.125tq,, Fg=14.683tq,, Fy= 10.596t4,. (161)
In the case N =5 and S = 1/2, there are three energy levels
Fy =13.510tqp, Fo =19.068tq,, F3 = 18.409%4y,. (162)
Finally, for NV = 6, we have:
F = 22.794tq),. (163)

The comparison between the renormalized energy spectrum in the presence and
the absence of diagonalizing fermions can help us to understand the necessity of
their using. We shall make this comparison for the simplest states with N = 1 and
N = 2. In the absence of the diagonalizing fermions instead of two local energies
€q and €, we must use the initial local oxygen ion value €, = €4+ 2.700¢4;,. Such
parameters, of our theory, as V' = 1.800t4,, G = 0.811t4,, and U, = 0.500t4,
have to be changed. Their new values will be V= 1.916¢ 4p, G = 0.918t4;, and
U, = 0.633t4p. Now we shall introduce in our previous equations (150)—(152)
the new values of the parameters and obtain the following results (N = 1)

By = €4 —0.994t 4, = € — 1.292 eV,
Ey=¢q+ 3.694tqp = €q +4.802 €V, (164)
Eg = €q + 2.700tdp = €q + 3.510 V.
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Thus, in the absence of diagonalizing process, the lowest level of doublet E; is
found to be situated higher at 0.122 eV than the value E; (150), obtained by
us in the presence of the diagonalizing fermions. Now we shall discuss the case
N =2 and S = 0. The energy levels of singlet states (153) have been obtained
in the presence of diagonalizing fermions. Now, if we use the unrenormalized
parameters €,, V', G, and U, we obtain the new equation for three values of singlet
energy, instead of (153):

(7—¢€)(3.618 — €)(6.033 — &) — 7.342(13.033 — 2¢) = 0. (165)
This last equation gives us the following results E, =2¢e4+ Entdp:

E1 = 2¢4+ 0.957t g, = 2€4 + 1.244 eV,
By = 2¢4+ 6.4T1t 4, = 2¢4 + 8.412 €V, (166)
E5 = 2eq + 9.223t4, = 2¢4 + 11.990 eV.

The comparison of these results with the values (153) demonstrates that the
diagonalizing process lowers the energy levels of all three singlet states. The
energy level of the singlet Zhang—Rice is lower in our case by 1.018 eV.

The numerical analysis of the energy spectrum of the cell Hamiltonian, given
above, permits us to consider that, for every value of the particle number N,
only one lowest energy level exists and that the distance AFE between it and
all other higher levels is not less than 1.5 eV. Because the temperature 7' of
interest is about 7. — the critical temperature of oxides superconductors — we
can consider that the quantity BAFE is higher than 100, where 3 = (kgT)~!.
Therefore we can take into account only the lowest level (for every V) in our
thermodynamical investigation. On the basis of such arguments, we obtain the
following approximate equation for mean number of holes n;, with both directions
of the spin, attributed to one copper site:

np =2 {efﬁ(EdJrFl) + e B(2eat+rz) + 3¢~ BBeatFs) +
) e B(4eatFu) 45 e B(BeatFs) +3 e_ﬁ(6€d+F6):| %

% [1 + 9 o BleatFr) + e~ B(2eatF?) + 9 ¢~ P(Beatrs) + 6—5(4€d+F4)-|—
+ 2o BGeatFs) 4 e—ﬁ(ﬁed+Fe)Tl. (167)

Here the contribution F)y corresponds to the lowest energy value, with fixed N.
For example, F} is the second contribution of the right-hand part of (150), F5
can be found in the fourth line of (153); F3, in (156) and so on. The chemical
potential p is contained only in the energy €; = €4— u. The quantity €4 is positive
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and has a large value when the number of holes is very small. But this quantity
becomes negative when the hole number increases. The number of holes can
change from zero to six. The corresponding changing of x will be from minus
to plus infinity. We propose a simple equation, which describes the dependence
of the chemical potential, or €4, on the number of holes 0 < nj; < 1:

€d:_F1+y7 By:lnm, y<< |F1|7
_ 2 2Am+Y) mpy (168)
v m 2t m)p '

Nh

As we can see from this equation, the number ny, is equal to 2/3 when m is equal
to one and is more(less) than 2/3 when m is less(more) than one.

In this investigation we didn’t take into account the delocalization processes,
which can change radically the physics of this problem. This question needs a
special investigation.
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