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ˆ´¸É¨ÉÊÉ Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° � Í¨μ´ ²Ó´μ£μ ¨¸¸²¥¤μ¢ É¥²Ó¸±μ£μ Í¥´É· 
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„ ¥É¸Ö μ¡§μ· ¶·¨³¥´¥´¨Ö £ ³¨²ÓÉμ´μ¢  Ëμ·³ ²¨§³  ¢ ¡¨£· ¢¨É Í¨¨ ¨ ³ ¸¸¨¢´μ°
£· ¢¨É Í¨¨ ¸ ¶μÉ¥´Í¨ ²μ³ ¤¥ � ³ Äƒ ¡ ¤ ¤§¥Ä’μ²¨ (¤�ƒ’) ¤²Ö ¢Ò¢μ¤  Ëμ´μ¢ÒÌ ±μ¸-
³μ²μ£¨Î¥¸±¨Ì Ê· ¢´¥´¨°. �μ± § ´μ, ÎÉμ ±μ¸³μ²μ£¨Î¥¸±¨¥ ¸Í¥´ ·¨¨ ¢ ¡¨£· ¢¨É Í¨¨
μ± §Ò¢ ÕÉ¸Ö ¡²¨§±¨³¨ ± ¸É ´¤ ·É´μ° ³μ¤¥²¨ ΛCDM, μ¤´ ±μ μ¡´ ·Ê¦¨¢ ¥É¸Ö ¤¨´ -
³¨Î¥¸±¨° Ì · ±É¥· ±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´ . Šμ¸³μ²μ£¨Î¥¸±¨° Î²¥´ ¢μ§´¨± ¥É ´¥§ -
¢¨¸¨³μ μÉ ¢Ò¡μ·  ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  ¤�ƒ’,   ¥£μ ³ ¸ÏÉ ¡ μ¶·¥¤¥²Ö¥É¸Ö ³ ¸¸μ°
£· ¢¨Éμ´ . � ¸¸³μÉ·¥´Ò · §²¨Î´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö £· ¢¨É Í¨¨ ¸ ³ É¥·¨¥°.

This article is written as a review of the Hamiltonian formalism for the bigravity with
de RhamÄGabadadzeÄTolley (dRGT) potential, and also of applications of this formalism
to the derivation of the background cosmological equations. It is demonstrated that the
cosmological scenarios are close to the standard ΛCDM model, but they also uncover the
dynamical behaviour of the cosmological term. This term arises in bigravity regardless of
the choice of the dRGT potential parameters, and its scale is given by the graviton mass.
Various matter couplings are considered.

PACS: 04.20.Fy; 04.50.Kd; 98.80.Jk

‚‚…„…�ˆ…

�¤´μ° ¨§  ±ÉÊ ²Ó´ÒÌ ¶·μ¡²¥³ ¸μ¢·¥³¥´´μ° Ë¨§¨±¨ Ö¢²Ö¥É¸Ö ¶·μ¡²¥³ 
μ¡ÑÖ¸´¥´¨Ö É¥³´μ° Ô´¥·£¨¨. ‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¶μ¤Ìμ¤Ò ± ÔÉμ° § ¤ Î¥,
¨ μ¤¨´ ¨§ ´¨Ì Å ·¥¢¨§¨Ö ¸É ´¤ ·É´μ° É¥μ·¨¨ £· ¢¨É Í¨¨, É. ¥. μ¡Ð¥° É¥μ·¨¨
μÉ´μ¸¨É¥²Ó´μ¸É¨ (�’�). �Éμ ³μ¦¥É ¡ÒÉÓ ¸¤¥² ´μ ¶ÊÉ¥³ ¶·¨¤ ´¨Ö ³ ¸¸Ò £· -
¢¨Éμ´Ê. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μÖ¢²ÖÕÉ¸Ö ´μ¢Ò¥ ¶·¥¤¸± § ´¨Ö ¤²Ö Ë¨§¨±¨ ´  ¡μ²Ó-
Ï¨Ì · ¸¸ÉμÖ´¨ÖÌ. �¡ÒÎ´Ò³ ¶ÊÉ¥³ ¶μ¸É·μ¥´¨Ö ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ Ö¢²Ö-
¥É¸Ö ¢¢¥¤¥´¨¥ ´μ¢μ£μ É¥´§μ·´μ£μ ¶μ²Ö ¸μ ¸¢μ°¸É¢ ³¨, ¶μ¤μ¡´Ò³¨ ¸¢μ°¸É¢ ³
³¥É·¨Î¥¸±μ£μ É¥´§μ· . ‘ Ô¸É¥É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¥¸É¥¸É¢¥´´μ μ¦¨¤ ÉÓ,
ÎÉμ ´μ¢μ¥ ¶μ²¥ É ±¦¥ ¡Ê¤¥É ¤¨´ ³¨Î¥¸±¨³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³μ¤¥²Ó ´ §Ò¢ ¥É¸Ö
¡¨£· ¢¨É Í¨¥° ¨²¨ ¡¨³¥É·¨Î¥¸±μ° £· ¢¨É Í¨¥°. ‚ ²¨´¥°´μ³ μÉ´μ¸¨É¥²Ó´μ
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¶²μ¸±μ£μ Ëμ´  ¶·¨¡²¨¦¥´¨¨ ¡¨£· ¢¨É Í¨Ö μ¶¨¸Ò¢ ¥É μ¤´μ ¡¥§³ ¸¸μ¢μ¥ ¶μ²¥
¸¶¨´  2 ¨ μ¤´μ ³ ¸¸¨¢´μ¥ ¶μ²¥ ¸ É¥³ ¦¥ ¸¶¨´μ³.

Š²ÕÎ¥¢μ° ¶·μ¡²¥³μ° ¶·¨ ¶μ¸É·μ¥´¨¨ ¡¨£· ¢¨É Í¨¨ ¨²¨ ³ ¸¸¨¢´μ° £· -
¢¨É Í¨¨ Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨§¡¥¦ ÉÓ ¶μÖ¢²¥´¨Ö ¤ÊÌ  	Ê²Ó¢ · Ä„¥§¥-
·  [1]. �É  § ¤ Î  ¡Ò²  ·¥Ï¥´  ¤¥ � ³μ³, ƒ ¡ ¤ ¤§¥ ¨ ’μ²¨ [2, 3] (¤�ƒ’),
¶·¥¤²μ¦¨¢Ï¨³¨ ¸¶¥Í¨ ²Ó´Ò° ¢¨¤ ¶μÉ¥´Í¨ ² , ¢±²ÕÎ ÕÐ¨° ¢ ¸¥¡Ö ±¢ ¤· É-
´Ò° ±μ·¥´Ó ¨§ ³ É·¨ÍÒ. „μ± § É¥²Ó¸É¢μ Éμ£μ, ÎÉμ É ± Ö É¥μ·¨Ö ¸¢μ¡μ¤´ 
μÉ ¤ÊÌμ¢, ¶¥·¢μ´ Î ²Ó´μ ¶μÖ¢¨²μ¸Ó ¢ ³¥É·¨Î¥¸±μ³ £ ³¨²ÓÉμ´μ¢μ³ Ëμ·³ -
²¨§³¥ [4,5]. �¥¶μ¸·¥¤¸É¢¥´´Ò¥ · ¸Î¥ÉÒ ¤²Ö ¶μÉ¥´Í¨ ²  ¤�ƒ’ ¢ ³¥É·¨Î¥¸±μ³
Ëμ·³ ²¨§³¥ ¢¥¸Ó³  § É·Ê¤´¨É¥²Ó´Ò, μ¤´ ±μ μ´¨ ¸É ´μ¢ÖÉ¸Ö ³´μ£μ ¶·μÐ¥ ¢
É¥É· ¤´ÒÌ ¶¥·¥³¥´´ÒÌ. Š ¸Î ¸ÉÓÕ, ¶·¨ μ¡¸Ê¦¤¥´¨¨ Ëμ´μ¢μ° ±μ¸³μ²μ£¨¨
μ¡  ³¥É·¨Î¥¸±¨Ì É¥´§μ·  ¤¨ £μ´ ²Ó´Ò ¨ ¨³¥ÕÉ ±· °´¥ ¶·μ¸Éμ° ¢¨¤. ŒÒ ¶·¨-
Ìμ¤¨³ ± É ± ´ §Ò¢ ¥³μ³Ê ³¨´¨-¸Ê¶¥·¶·μ¸É· ´¸É¢¥´´μ³Ê Ëμ·³ ²¨§³Ê, ¨ §¤¥¸Ó
¨§¢²¥Î¥´¨¥ ±¢ ¤· É´μ£μ ±μ·´Ö ¨§ ³ É·¨ÍÒ ´¥ ¶·¥¤¸É ¢²Ö¥É ´¨± ±¨Ì § É·Ê¤-
´¥´¨° ¨ ³μ¦¥É ¡ÒÉÓ ¢Ò¶μ²´¥´μ Ö¢´Ò³ μ¡· §μ³.

�¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ ¤ÊÌ 	Ê²Ó¢ · Ä„¥§¥·  ¢ ¤¢ÊÌ ¸²ÊÎ ÖÌ ¶μÖ¢²Ö¥É¸Ö
¤ ¦¥ ¢ ³¨´¨-¸Ê¶¥·¶·μ¸É· ´¸É¢¥: ¢μ-¶¥·¢ÒÌ, ¶·¨ ¢Ò¡μ·¥ ¶μÉ¥´Í¨ ² , μÉ²¨Î-
´μ£μ μÉ ¤�ƒ’ (¸³. · §¤. 5), ¢μ-¢Éμ·ÒÌ, ¶·¨ ³¨´¨³ ²Ó´μ³ ¢§ ¨³μ¤¥°¸É¢¨¨ ³ -
É¥·¨¨ ¸· §Ê ¸ ¤¢Ê³Ö ³¥É·¨± ³¨ (¸³. ¶. 4.2).

� ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ μ¡§μ·μ³, ¶μ¸¢ÖÐ¥´´Ò³ £ ³¨²ÓÉμ´μ¢Ê
¶μ¤Ìμ¤Ê ± ±μ¸³μ²μ£¨¨ ¡¨£· ¢¨É Í¨¨. ‚ Éμ ¦¥ ¢·¥³Ö μ´  ³μ¦¥É ¸²Ê¦¨ÉÓ ¢¢¥-
¤¥´¨¥³ ¢ ¡μ²¥¥ μ¡Ð¥¥ ´ ¶· ¢²¥´¨¥ Å ¢ £ ³¨²ÓÉμ´μ¢μ μ¶¨¸ ´¨¥ É¥μ·¨° ¡¨-
£· ¢¨É Í¨¨ ¨ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’.

Š ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ¶μ É¥³¥ ±μ¸³μ²μ£¨¨ ¡¨£· ¢¨É Í¨¨ Ê¦¥ ´ ¶¨¸ ´μ
´¥³ ²μ · ¡μÉ. ŒÒ Í¨É¨·Ê¥³ Éμ²Ó±μ Î ¸ÉÓ ¨§ ´¨Ì ¨ ´¥ ¶·¥É¥´¤Ê¥³ ´  Éμ,
ÎÉμ¡Ò ¶·¥¤¸É ¢¨ÉÓ ¨Ì ¶μ²´Ò° ¸¶¨¸μ±. Š ± ¶· ¢¨²μ, ¢ ÔÉ¨Ì · ¡μÉ Ì ¢ ± Î¥¸É¢¥
 ¶¶ · É  ¶·¨³¥´ÖÕÉ¸Ö ² £· ´¦¥¢ Ëμ·³ ²¨§³ ¨ Éμ¦¤¥¸É¢  	¨ ´±¨. �É²¨Î¨-
É¥²Ó´ Ö μ¸μ¡¥´´μ¸ÉÓ ¤ ´´μ° ¸É ÉÓ¨ ¢ Éμ³, ÎÉμ μ´  ´ ¶¨¸ ´  ± ± ¢¢¥¤¥´¨¥ ¢
±μ¸³μ²μ£¨Õ ¡¨£· ¢¨É Í¨¨, μÌ¢ ÉÒ¢ ¥É · §´Ò¥ ¶μ¸É ´μ¢±¨ § ¤ Î¨ ¨ ¶·¨ ÔÉμ³
μ¡Ñ¥¤¨´Ö¥É ¨Ì ¸ ¥¤¨´μ° ÉμÎ±¨ §·¥´¨Ö £ ³¨²ÓÉμ´μ¢  ³¥Éμ¤ , ±μ¢ ·¨ ´É´μ¥
¶·¨³¥´¥´¨¥ ±μÉμ·μ£μ ± ¡¨³¥É·¨Î¥¸±μ° É¥μ·¨¨ ¢¶¥·¢Ò¥ · ¸¸³ É·¨¢ ²μ¸Ó ¢
· ¡μÉ¥ [6]. � ³ ± ¦¥É¸Ö Ê³¥¸É´Ò³ É ±¦¥ ¸μ¸² ÉÓ¸Ö ´  ¨§¢¥¸É´ÊÕ ±´¨£Ê ¶μ
£ ³¨²ÓÉμ´μ¢Ê ¶μ¤Ìμ¤Ê ± ±μ¸³μ²μ£¨¨ [7].

� §´μμ¡· §¨¥ ¶μ¸É ´μ¢μ± § ¤ Î¨ ¶μ·μ¦¤¥´μ ¢μ§³μ¦´μ¸ÉÓÕ ¢Ò¡¨· ÉÓ ¸¶μ-
¸μ¡Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ³ É¥·¨¨ ¸ ¤¢Ê³Ö ³¥É·¨Î¥¸±¨³¨ É¥´§μ· ³¨. ‚ ¸É ÉÓ¥ · ¸-
¸³μÉ·¥´Ò ³¨´¨³ ²Ó´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ¢¨¤μ¢ ³ É¥·¨¨ ¸ ¤¢Ê³Ö ³¥É·¨-
± ³¨, ³¨´¨³ ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ³ É¥·¨¨ Éμ²Ó±μ ¸ μ¤´μ° ¨§ ¤¢ÊÌ ³¥É·¨±,
¢§ ¨³μ¤¥°¸É¢¨¥ ³ É¥·¨¨ ¸ ¤¢Ê³Ö ³¥É·¨± ³¨ ¸· §Ê ¨ ¢§ ¨³μ¤¥°¸É¢¨¥ ÔËË¥±-
É¨¢´μ° ³¥É·¨±¨ ¸ ³ É¥·¨¥°. ’ ±¦¥ ³Ò ¶·μ¨²²Õ¸É·¨·Ê¥³ μ¡ÐÊÕ ¸Ì¥³Ê ¶·¨-
³¥·μ³ ¶μÉ¥´Í¨ ² , ´¥ μÉ´μ¸ÖÐ¥£μ¸Ö ± É¨¶Ê ¤�ƒ’. ˆ§ ¸μμ¡· ¦¥´¨° ¶·μ¸ÉμÉÒ
¨§²μ¦¥´¨Ö μ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ ¶²μ¸±μ£μ ¶·μ¸É· ´¸É¢  ¨ ´ ²¨Î¨¥³ Éμ²Ó±μ
μ¤´μ£μ ¶μ²Ö ³ É¥·¨¨.
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‚ ¸É ÉÓ¥ ´¥ · ¸¸³ É·¨¢ ¥É¸Ö ²μ± ²Ó´ Ö Ë¨§¨±  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¢μ-
¶·μ¸Ò Ê¸Éμ°Î¨¢μ¸É¨ Ëμ´μ¢ÒÌ ·¥Ï¥´¨°. �É  É¥³  μ¡¸Ê¦¤ ¥É¸Ö, ´ ¶·¨³¥·, ¢
¶Ê¡²¨± Í¨ÖÌ [8,9]. ‚ · ¡μÉ¥ [10] ÊÉ¢¥·¦¤ ¥É¸Ö, ÎÉμ ¶·μ¡²¥³  · ¸ÉÊÐ¨Ì ¢μ§-
³ÊÐ¥´¨° ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´  ¢Ò¡μ·μ³ μÎ¥´Ó ³ ²μ° ³ ¸¸Ò �² ´±  ¤²Ö ¢Éμ·μ°
³¥É·¨±¨ fμν .

‚ · §¤. 1 ¨ 2 ±· É±μ ¨§² £ ¥É¸Ö ¶μ¸É·μ¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¡¨£· ¢¨É Í¨¨
(¸´ Î ²  ¢ ³¥É·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, § É¥³ ¢ É¥É· ¤´ÒÌ). 	μ²¥¥ ¤¥É ²Ó´μ¥ ¨§-
²μ¦¥´¨¥ Î¨É É¥²Ó ³μ¦¥É ´ °É¨ ¢ ¶Ê¡²¨± Í¨ÖÌ [11Ä16]. ‘ ¨´Ò³¨ ¶μ¤Ìμ¤ ³¨
± £ ³¨²ÓÉμ´μ¢Ê Ëμ·³ ²¨§³Ê, ±μÉμ·Ò¥ §¤¥¸Ó ´¥ μ¡¸Ê¦¤ ÕÉ¸Ö, ³μ¦´μ ¶μ§´ -
±μ³¨ÉÓ¸Ö ¢ · ¡μÉ Ì [4, 5, 17, 18]. ƒ ³¨²ÓÉμ´¨ ´Ò ¢ ³¨´¨-¸Ê¶¥·¶·μ¸É· ´¸É¢¥
±μ´¸É·Ê¨·ÊÕÉ¸Ö ¢ · §¤. 3, § É¥³ · §¢¨ÉÒ° É ³ ¶μ¤Ìμ¤ ¶·¨³¥´Ö¥É¸Ö ¤²Ö ±μ´-
±·¥É´ÒÌ ¢Ò¢μ¤μ¢ ±μ¸³μ²μ£¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¢ · §¤. 4 ¨ 5. �·¨²μ¦¥´¨¥ 1
¸μ¤¥·¦¨É Ö¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¶μÉ¥´Í¨ ²  ¤�ƒ’ ¢ É¥É· ¤´ÒÌ ¶¥·¥³¥´´ÒÌ. ‚
¶·¨²μ¦¥´¨¨ 2 ¸¦ Éμ ¨§² £ ÕÉ¸Ö μÉ´μÏ¥´¨Ö É¥μ·¨¨ ¡¨£· ¢¨É Í¨¨ ¸ ¸μ¢·¥³¥´-
´Ò³¨ ´ ¡²Õ¤¥´¨Ö³¨. � §Ê³¥¥É¸Ö, ¢ ¸μ¢·¥³¥´´μ° ²¨É¥· ÉÊ·¥ · ¸¸³ É·¨¢ ¥É¸Ö
´¥¸· ¢´¨³μ ¡μ²¥¥ Ï¨·μ±¨° ±·Ê£ ³μ¤¥²¥° ±μ¸³μ²μ£¨¨, ¨  ¢Éμ· ´¨±μ¨³ μ¡· -
§μ³ ´¥ ¶ÒÉ ¥É¸Ö ¤μ± § ÉÓ, ÎÉμ ¶·¥¤¸É ¢²¥´´Ò¥ ´¨¦¥ Ö¢²ÖÕÉ¸Ö ´ ¨²ÊÎÏ¨³¨.

1. Œ…’�ˆ—…‘Šˆ… �…�…Œ…��›…

�²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  ¡¨£· ¢¨É Í¨¨ ¨³¥¥É ¢¨¤

L = Lg + Lf + LM − 2m2

κ
U(fμν , gμν),

£¤¥ ¨¸¶μ²Ó§μ¢ ´Ò ¤¢¥ ±μ¶¨¨ ² £· ´¦¨ ´  �’�

Lg =
1
κg

√
−ggμνR(g)

μν , Lf =
1
κf

√
−ffμνR(f)

μν .

‚ L É ±¦¥ ¢Ìμ¤ÖÉ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ³¥É·¨± ¨ ² £· ´¦¨ ´ ³ -
É¥·¨¨. „²Ö ¶·μ¸ÉμÉÒ ¢ ·μ²¨ ³ É¥·¨¨ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸± ²Ö·´μ¥ ¶μ²¥,
³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥¥ ¸ ´¥±μÉμ·μ° ³¥É·¨±μ° Gμν ,

Lφ =
√
−G

(
−1

2
Gμνφ,μφ,ν − U(φ)

)
. (1.1)

‚ ¤ ²Ó´¥°Ï¥³ ÔÉμ° ³¥É·¨±μ° ³μ¦¥É ¡ÒÉÓ gμν , ¨²¨ fμν , ¨²¨ ¨Ì ±μ³¡¨´ Í¨Ö,
´ §Ò¢ ¥³ Ö ÔËË¥±É¨¢´μ° ³¥É·¨±μ° (¸³. ¶. 4.3). �μ¸ÉμÖ´´ Ö κ ¶¥·¥¤ ¶μÉ¥´Í¨-
 ²μ³ ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ¸μ¢¶ ¤ ÕÐ¥° ¸μ ¸É ´¤ ·É´μ° ¶μ¸ÉμÖ´´μ° �ÓÕÉμ´ 
κg = 16πG, ´μ ¢ ´¥±μÉμ·ÒÌ ¸É ÉÓÖÌ μ´  ¢Ò¡¨· ¥É¸Ö ¨´ Î¥, ´ ¶·¨³¥·,

1
κ

=
1
κg

+
1
κf

, (1.2)
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¶μÔÉμ³Ê ³Ò ¸´ Î ²  ¶·¨³¥³ μ¡Ð¥¥ μ¡μ§´ Î¥´¨¥. �¡μ§´ Î¨³ ±μ³¶μ´¥´ÉÒ
3 + 1-· §²μ¦¥´¨Ö μ¡Ð¥° ³¥É·¨±¨ Gμν ¨ ¥¥ μ¡· É´μ° ¢ ±μμ·¤¨´ É´μ³ ¡ -
§¨¸¥ �„Œ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

||Gμν || =

(
−N 2 + ψmnNmNn ψjkN k

ψikN k ψij

)
, (1.3)

||Gμν || =

(
−N−2 N jN−2

N iN−2 ψij −N iN jN−2

)
, (1.4)

£¤¥ N Å ËÊ´±Í¨Ö ¸³¥Ð¥´¨Ö; N i Å ¢¥±Éμ· ¸¤¢¨£ ; ψij Å ¨´¤ÊÍ¨·μ¢ ´´ Ö
³¥É·¨±  ´  ¶·μ¸É· ´¸É¢¥´´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Ë¨±¸¨·μ¢ ´´μ£μ ¢·¥³¥´¨,
  ψij Å μ¡· É´ Ö ± ´¥° ³ É·¨Í . �μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ³¥É·¨±,
¶·¥¤²μ¦¥´´Ò° ¤¥ � ³μ³, ƒ ¡ ¤ ¤§¥ ¨ ’μ²¨ [2, 3], ¸É·μ¨É¸Ö ± ± ²¨´¥°´ Ö

±μ³¡¨´ Í¨Ö ¸¨³³¥É·¨Î´ÒÌ ¶μ²¨´μ³μ¢ ei ³ É·¨ÍÒ Xμ
ν =

(√
g−1f

)μ

ν

e0 = 1,

e1 = λ1 + λ2 + λ3 + λ4,

e2 = λ1λ2 + λ2λ3 + λ3λ4 + λ4λ1 + λ1λ3 + λ2λ4, (1.5)

e3 = λ1λ2λ3 + λ2λ3λ4 + λ1λ3λ4 + λ1λ2λ4,

e4 = λ1λ2λ3λ4,

£¤¥ λi Å ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ X. ’μ£¤ 

U =
√
−g

4∑
n=0

βnen(X) = β0

√
−g + . . . + β4

√
−f ≡ NŨ.

� Ï ¶² ´ ¶μ¸É·μ¥´¨Ö £ ³¨²ÓÉμ´μ¢  Ëμ·³ ²¨§³  ¸μ¸Éμ¨É ¢ ¸²¥¤ÊÕÐ¥³.
‘´ Î ²  § ¨³¸É¢Ê¥³ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¨ ¢Ò· ¦¥´¨Ö £ ³¨²ÓÉμ´¨ ´μ¢
¨§ ¤¢ÊÌ ±μ¶¨° �’�

Hg =
∫

d3x(N̄H̄ + N̄ iH̄i), (1.6)

Hf =
∫

d3x(NH + N iHi), (1.7)

£¤¥

H̄ = − 1
√

γ

(
1
κg

γR(γ) + κg

(
π2

2
− Trπ2

))
, (1.8)

H̄i = −2πj
i|j, (1.9)

H = − 1
√

η

(
1
κf

ηR(η) + κf

(
Π2

2
− TrΠ2

))
, (1.10)

Hi = −2Πj
i|j. (1.11)



240 ‘�‹�‚œ…‚ ‚. �.

Œ¥¦¤Ê ± ´μ´¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ ¨³¥ÕÉ ³¥¸Éμ ¸É ´¤ ·É´Ò¥ ¸±μ¡±¨
�Ê ¸¸μ´ 

{γij(x), πk�(y)} =
1
2

(
δk
i δ�

j + δ�
i δ

k
j

)
δ(x, y), (1.12)

{ηij(x), Πk�(y)} =
1
2

(
δk
i δ�

j + δ�
i δ

k
j

)
δ(x, y). (1.13)

�„Œ-· §²μ¦¥´¨Ö ¤¢ÊÌ ³¥É·¨± ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

||fμν || =

(
−N2 + ηmnNmNn ηjkNk

ηikNk ηij

)
, (1.14)

||fμν || =

(
−N−2 N jN−2

N iN−2 ηij − N iN jN−2

)
, (1.15)

||gμν || =

(
−N̄2 + γmnN̄mN̄n γjkNk

γikN̄k γij

)
, (1.16)

||gμν || =

(
−N̄−2 N̄ jN̄−2

N̄ iN̄−2 γij − N̄ iN̄ jN̄−2

)
. (1.17)

‡ É¥³ ³Ò ¶μ¸É·μ¨³ £ ³¨²ÓÉμ´¨ ´ ³ É¥·¨¨

HM =
∫

d3x(NHM + N iHMi).

‚ ¸²ÊÎ ¥, ±μ£¤  ·μ²Ó ³ É¥·¨¨ ¨£· ¥É ¸± ²Ö·´μ¥ ¶μ²¥, ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°-
¸É¢ÊÕÐ¥¥ ¸ μ¤´μ° ¨§ ³¥É·¨± Gμν , ¸μ£² ¸´μ Ê· ¢´¥´¨Ö³ (1.3), (1.4) ¶μ²ÊÎ ¥³

HM =
π2

φ

2
√

ψ
+

√
ψ

2
ψij∂iφ∂jφ +

√
ψU(φ).

�·¨ · ¡μÉ¥ ¸ ¤¢Ê³Ö ¨ ¡μ²¥¥ ³¥É·¨± ³¨ ¢³¥¸Éμ ±μμ·¤¨´ É´μ£μ ¡ §¨¸  Ê¤μ¡´μ
¶μ²Ó§μ¢ ÉÓ¸Ö £¥μ³¥É·¨Î¥¸±¨³ ¡ §¨¸μ³ [19Ä22], μ¡· §μ¢ ´´Ò³ ¥¤¨´¨Î´μ° ´μ·-
³ ²ÓÕ ± £¨¶¥·¶μ¢¥·Ì´μ¸É¨ ¸μ¸ÉμÖ´¨Ö nα ¨ É·¥³Ö ± ¸ É¥²Ó´Ò³¨ ± ÔÉμ° £¨¶¥·-
¶μ¢¥·Ì´μ¸É¨ ¢¥±Éμ· ³¨ eα

i . �Ê¸ÉÓ Xμ Å ¶·μ¨§¢μ²Ó´ Ö ¸¨¸É¥³  ±μμ·¤¨´ É
¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨,   (t, xi) Å ¸¨¸É¥³  ±μμ·¤¨´ É �„Œ, É. ¥. ËÊ´±Í¨¨
Xμ = Xμ(t) μ¡¥¸¶¥Î¨¢ ÕÉ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ § ¶μ²´¥´¨¥ ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò³¨ £¨¶¥·¶μ¢¥·Ì´μ¸ÉÖ³¨, Éμ£¤  ± ± xi Å
¢´ÊÉ·¥´´¨¥ ±μμ·¤¨´ ÉÒ ´  £¨¶¥·¶μ¢¥·Ì´μ¸É¨.

’μ£¤  eμ
i = ∂Xμ/∂xi ¥¸ÉÓ É·¨ ± ¸ É¥²Ó´ÒÌ ¢¥±Éμ· . � §Ê³¥¥É¸Ö, ¤²Ö ¶μ-

¸É·μ¥´¨Ö ¥¤¨´¨Î´μ° ´μ·³ ²¨ É·¥¡Ê¥É¸Ö ³¥É·¨±  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨; ¨¸-
¶μ²Ó§Ê¥³ ¤²Ö ÔÉμ£μ ³¥É·¨±Ê fμν , Éμ£¤ 

fμνnμnν = −1, fμνnμeν
i = 0.
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…¸²¨ ¶μ ÔÉμ³Ê ¡ §¨¸Ê · §²μ¦¨ÉÓ ¤·Ê£ÊÕ ³¥É·¨±Ê, ´ ¶·¨³¥·, gμν , ¶μ²ÊÎ¨³

||gμν || =

(
−u−2[nμnν ] uju−2[nμeν

j ]
uiu−2[eμ

i nν ] (γij − uiuju−2)[eμ
i eν

j ]

)
, (1.18)

||gμν || =

(
(−u2 + γmnumun)[nμnν ] −γjkuk[nμej

ν ]
−γikuk[ei

μnν ] γij [ei
μej

ν ]

)
, (1.19)

£¤¥ ¶μÖ¢²ÖÕÉ¸Ö ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ u, ui. �´¨ ¨£· ÕÉ ± ± ³¨´¨³Ê³ É·¨ ·μ²¨:
¢μ-¶¥·¢ÒÌ, μ´¨ ¶μÖ¢²ÖÕÉ¸Ö ¢ Ëμ·³Ê² Ì, ¸¢Ö§Ò¢ ÕÐ¨Ì ¤¢¥ ¶ ·Ò ËÊ´±Í¨°
¸³¥Ð¥´¨Ö ¨ ¸¤¢¨£ :

u =
N̄

N
, ui =

N̄ i − N i

N
, (1.20)

¢μ-¢Éμ·ÒÌ, μ´¨ ¶μ²ÊÎ ÕÉ¸Ö ¶·¨ ¶·μ¥±É¨·μ¢ ´¨¨ É¥´§μ·  gμν ´  ¡ §¨¸ (nα, ei
α),

¶μ¸É·μ¥´´Ò° ´  μ¸´μ¢¥ ³¥É·¨±¨ fμν :

u =
1√

−g⊥⊥
≡ 1√−gμνnμnν

, ui = − g⊥i

g⊥⊥ ≡ gμνnμei
ν

gαβnαnβ
, (1.21)

¢-É·¥ÉÓ¨Ì, μ´¨ Ö¢²ÖÕÉ¸Ö ±μÔËË¨Í¨¥´É ³¨ ¶¥·¥Ìμ¤  ³¥¦¤Ê ¤¢Ê³Ö ¡ §¨¸ ³¨
(n̄α, ēi

α) ¨ (nα, ei
α):

n̄μ = unμ, ēi
μ = ei

μ − uinμ, n̄μ =
1
u

nμ − ui

u
eμ

i , ēμ
i = eμ

i . (1.22)

�μ¸±μ²Ó±Ê ¡ §¨¸ ±μ¢¥±Éμ·μ¢ (nα, ei
α) ¨ ¡ §¨¸ ¢¥±Éμ·μ¢ (nα, eα

i ) ¶μ¸É·μ¥´Ò ¸
¶μ³μÐÓÕ ³¥É·¨±¨ fμν , ÔÉ  ³¥É·¨±  ¨³¥¥É Éμ²Ó±μ Ï¥¸ÉÓ ´¥§ ¢¨¸¨³ÒÌ ±μ³¶μ-
´¥´É ¶·¨ · §²μ¦¥´¨¨ ¶μ ´¨³:

||fμν || =

(
−[nμnν ] 0

0 ηij [eμ
i eν

j ]

)
, (1.23)

||fμν || =

(
−[nμnν ] 0

0 ηij [ei
μej

ν ]

)
. (1.24)

�Î¥¢¨¤´μ, ÎÉμ ¢¸¥ ±μ³¶μ´¥´ÉÒ ³ É·¨ÍÒ Yμ
ν = gμαfαν ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§

¶¥·¥³¥´´Ò¥ u, ui, γij ¨ ηij . �Éμ ¦¥ ÊÉ¢¥·¦¤¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¤²Ö ¨´¢ ·¨ ´Éμ¢
ÔÉμ° ³ É·¨ÍÒ, ´ ¶·¨³¥·, Tr (Yn). �μÔÉμ³Ê ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö X =

√
Y

É ±¦¥ § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥¢μ§³μ¦´μ
¶μ²ÊÎ¨ÉÓ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ²  ¤�ƒ’ ¢ ¢¨¤¥

U = NŨ(u, ui, ηij , γij).
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�μ ÔÉμ° ¶·¨Î¨´¥ ³Ò ´ Î¨´ ¥³ ¸ ËÊ´±Í¨¨ μ¡Ð¥£μ ¢¨¤  Ũ ¨ ¥¥ Ëμ·³ ²Ó´ÒÌ
¶·μ¨§¢μ¤´ÒÌ

V =
∂Ũ

∂u
, (1.25)

Vi =
∂Ũ

∂ui
, (1.26)

É ±¦¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ËÊ´±Í¨Õ

W = Ũ − u
∂Ũ

∂u
− ui ∂Ũ

∂ui
.

ƒ ³¨²ÓÉμ´¨ ´ É¥¶¥·Ó ¶·¨´¨³ ¥É ¢¨¤

H =
∫

d3x

[
N

(
H + uH̄ + uiH̄i + HM +

2m2

κ
Ũ

)
+ N i

(
Hi + H̄i + HMi

)]
.

’μ£¤  ¶·μ¨§¢μ¤´Ò¥ μÉ ¶μ²´μ£μ £ ³¨²ÓÉμ´¨ ´  ¶μ ´¥¤¨´ ³¨Î¥¸±¨³ ¶¥·¥³¥´-
´Ò³ N , N i, u, ui ¤ ÕÉ ´ ³ ¶¥·¢¨Î´Ò¥ Ê· ¢´¥´¨Ö

R =
∂H

∂N
≡ H + uH̄ + uiH̄i + HM +

2m2

κ
Ũ = 0, (1.27)

Ri =
∂H

∂N i
≡ Hi + H̄i + HMi = 0, (1.28)

S =
1
N

∂H

∂u
≡ H̄ +

∂HM

∂u
+

2m2

κ
V = 0, (1.29)

Si =
1
N

∂H

∂ui
≡ H̄i +

∂HM

∂ui
+

2m2

κ
Vi = 0. (1.30)

‡ É¥³ ¶¥·¥¶¨Ï¥³ £ ³¨²ÓÉμ´¨ ´ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

H =
∫

d3x[N
(
R′ + uS + uiSi

)
+ N iRi], (1.31)

£¤¥

R′ = H +
2m2

κ
W. (1.32)

„²Ö ¶μÉ¥´Í¨ ²  μ¡Ð¥£μ ¢¨¤  Ũ Ê· ¢´¥´¨Ö

S = 0, Si = 0 (1.33)

³μ£ÊÉ ¡ÒÉÓ · §·¥Ï¥´Ò μÉ´μ¸¨É¥²Ó´μ ¶¥·¥³¥´´ÒÌ u, ui, § É¥³ ÔÉ¨ ·¥Ï¥´¨Ö
´ ¤μ ¶μ¤¸É ¢¨ÉÓ ¢ ¢Ò· ¦¥´¨¥ R′, ÎÉμ¡Ò ¶·¥¢· É¨ÉÓ ¥£μ ¢ ¸¢Ö§Ó, É. ¥. ¢ ËÊ´±-
Í¨Õ Éμ²Ó±μ μÉ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ. �μ¸²¥ ÔÉμ£μ Ê· ¢´¥´¨Ö

R = 0, Ri = 0 (1.34)
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μ± §Ò¢ ÕÉ¸Ö ¸¢Ö§Ö³¨ ¶¥·¢μ£μ ·μ¤ , ¢μ§´¨± ÕÐ¨³¨ ¢¸²¥¤¸É¢¨¥ ¨´¢ ·¨ ´É´μ-
¸É¨ ¡¨£· ¢¨É Í¨¨ μÉ´μ¸¨É¥²Ó´μ ¤¨ËË¥μ³μ·Ë¨§³μ¢ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. � 
¶μ¢¥·Ì´μ¸É¨ ¸¢Ö§¥°, É. ¥. ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê· ¢´¥´¨° (1.33), ¨Ì ¸±μ¡±¨ �Ê ¸-
¸μ´  Ê¤μ¢²¥É¢μ·ÖÕÉ ¨§¢¥¸É´μ°  ²£¥¡·¥

{R(x),R(y)} ≈
(
ηik(x)Rk(x) + ηik(y)Rk(y)

)
δ,i(x, y), (1.35)

{Ri(x),Rk(y)} ≈ Ri(y)δ,k(x, y) + Rk(x)δ,i(x, y), (1.36)

{Ri(x),R(y)} ≈ R(x)δ,i(x, y), (1.37)

±μÉμ· Ö ¡Ò²  ¶μ²ÊÎ¥´  „¨· ±μ³ ¨ μ¡¸Ê¦¤ ² ¸Ó ¨³ ¢ ¸¢Ö§¨ ¸ ¶·¥¤²μ¦¥´¨¥³ μ
±¢ ´Éμ¢ ´¨¨ ¶μ²¥° ´  ¨¸±·¨¢²¥´´ÒÌ £¨¶¥·¶μ¢¥·Ì´μ¸ÉÖÌ [23]. „²Ö ¶μÉ¥´Í¨-
 ²  μ¡Ð¥£μ ¢¨¤  Ũ ³Ò §¤¥¸Ó ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö, ±μÉμ·Ò³ ¶μÉ¥´Í¨ ² ¤μ²¦¥´
Ê¤μ¢²¥É¢μ·ÖÉÓ, ÎÉμ¡Ò ¨³¥²  ³¥¸Éμ Ê¶μ³Ö´ÊÉ Ö ¢ÒÏ¥  ²£¥¡·  ¸±μ¡μ± �Ê ¸¸μ´ :

2ηik
∂Ũ

∂ηjk
+ 2γik

∂Ũ

∂γjk
− uj ∂Ũ

∂ui
− δj

i Ũ = 0, (1.38)

2ujγjk
∂Ũ

∂γik
− uiu

∂Ũ

∂u
+

(
ηik − u2γik − uiuk

) ∂Ũ

∂uk
= 0. (1.39)

„²Ö Éμ£μ ÎÉμ¡Ò Ê· ¢´¥´¨¥ S = 0 Ö¢²Ö²μ¸Ó Ê· ¢´¥´¨¥³ ¸¢Ö§¨, ¶μ§¢μ²ÖÕÐ¨³
¨¸±²ÕÎ¨ÉÓ ¤ÊÌμ¢ÊÕ ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò, ´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ ´  ¶μÉ¥´Í¨ ² ¥Ð¥
μ¤´μ Ê¸²μ¢¨¥. �É¨³ Ê¸²μ¢¨¥³ Ö¢²Ö¥É¸Ö É·¥¡μ¢ ´¨¥ ´¥¢μ§³μ¦´μ¸É¨ · §·¥Ï¨ÉÓ
Ê· ¢´¥´¨Ö (1.33) μÉ´μ¸¨É¥²Ó´μ ¢¸¶μ³μ£ É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ ua = (u, ui),
É. ¥. ÔÉ¨ Ê· ¢´¥´¨Ö ¤μ²¦´Ò ¡ÒÉÓ ËÊ´±Í¨μ´ ²Ó´μ § ¢¨¸¨³Ò:

D(S,Si)
D(u, ui)

= det
∣∣∣∣
∣∣∣∣ ∂2

∂ua∂ub

(
2m2

κ
Ũ + HM

)∣∣∣∣
∣∣∣∣ ≡

≡ Hess(4×4)

(
2m2

κ
Ũ + HM

)
= 0. (1.40)

„ ²¥¥ ´ ³ ´¥μ¡Ìμ¤¨³μ ¤μ± § ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢Éμ·¨Î´μ° ¸¢Ö§¨ Ω ¨ Ë ±É
´¥· ¢¥´¸É¢  ´Ê²Õ ¥¥ ¸±μ¡±¨ �Ê ¸¸μ´  ¸ ¶¥·¢¨Î´μ° ¸¢Ö§ÓÕ S. ‡¤¥¸Ó ¶μ²¥§´μ
¶·¨³¥´¨ÉÓ ³¥Éμ¤, ¶·¥¤²μ¦¥´´Ò° ‹¥§´μ¢Ò³ ¨ ” °¥·²¨ [24] ¤²Ö ¶μ¸É·μ¥´¨Ö
´¥Ö¢´ÒÌ ·¥Ï¥´¨° μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö Œμ´¦ Ä�³¶¥· . �ÉμÉ ¶·¨¥³ ¡Ò²
¢¶¥·¢Ò¥ ¨¸¶μ²Ó§μ¢ ´ ¢ É¥μ·¨¨ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ [13]. Šμ³¡¨´¨·ÊÖ Ê· ¢-
´¥´¨Ö (1.38), (1.39) ¸ É¥Ì´¨±μ° · ¡μÉÒ [24], ³μ¦´μ ¤μ± § ÉÓ, ÎÉμ

{S(x),S(y)} ≈ 0,

¨, ¸²¥¤μ¢ É¥²Ó´μ,

Ṡ = {S, H} ≈
∫

d3xN{S,R′} =
∫

d3xNΩ = 0 ↔ Ω = 0.
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�·¨³¥´ÖÖ Éμ¦¤¥¸É¢μ Ÿ±μ¡¨, ³μ¦´μ É ±¦¥ ¶μ± § ÉÓ, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥

{Ω,S} �= 0,

¨, É ±¨³ μ¡· §μ³, ÔÉ  ¶ ·  ¸¢Ö§¥° μ± §Ò¢ ¥É¸Ö ¢Éμ·μ£μ ·μ¤  ¢ É¥·³¨´μ²μ£¨¨
„¨· ± . ‚¸¶μ³μ£ É¥²Ó´ Ö ¶¥·¥³¥´´ Ö u Ë¨±¸¨·Ê¥É¸Ö Ê¸²μ¢¨¥³ ¸μÌ· ´¥´¨Ö
¢Éμ·¨Î´μ° ¸¢Ö§¨ ¶·¨ Ô¢μ²ÕÍ¨¨

{Ω, H} =
∫

d3xN ({Ω,R′} + u{Ω,S}) = 0.

„·Ê£¨¥ ¢¸¶μ³μ£ É¥²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ ui ¤μ²¦´Ò μ¶·¥¤¥²ÖÉÓ¸Ö ¨§ Ê· ¢´¥´¨°
Si = 0. „²Ö ÔÉμ£μ ´¥μ¡Ìμ¤¨³μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥

det
∣∣∣∣
∣∣∣∣ ∂Si

∂uk

∣∣∣∣
∣∣∣∣ = det

∣∣∣∣
∣∣∣∣ ∂2

∂ui∂uk

(
2m2

κ
Ũ + HM

)∣∣∣∣
∣∣∣∣ ≡

≡ Hess(3×3)

(
2m2

κ
Ũ + HM

)
�= 0, (1.41)

¨, ¸²¥¤μ¢ É¥²Ó´μ, · ´£ ¡μ²ÓÏμ£μ 4 × 4 £¥¸¸¨ ´  (1.40) ¤μ²¦¥´ ¡ÒÉÓ · ¢¥´
É·¥³. ‚ ¨Éμ£¥ ¶·¨Ìμ¤¨³ ± £ ³¨²ÓÉμ´μ¢Ê Ëμ·³ ²¨§³Ê ¡¨£· ¢¨É Í¨¨ ¸ 12 ¶ -
· ³¨ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ (γij , π

ij), (ηij , Πij), Î¥ÉÒ·Ó³Ö ¸¢Ö§Ö³¨ ¶¥·-
¢μ£μ ·μ¤  R,Ri ¨ ¤¢Ê³Ö ¸¢Ö§Ö³¨ ¢Éμ·μ£μ ·μ¤  S, Ω. „²Ö É ±μ£μ ¶μÉ¥´Í¨ ² 
¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ³¥É·¨± ¨³¥¥É¸Ö 7 £· ¢¨É Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò,
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¤¢Ê³ ¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¶μ²Ö ¨ ¶ÖÉ¨ ¤²Ö ³ ¸¸¨¢´μ£μ.

‡¤¥¸Ó ¶·¨ ¨§²μ¦¥´¨¨ ³ É¥·¨ ²  ³Ò ¸²¥¤μ¢ ²¨ · ¡μÉ ³ [11, 12]. „²Ö
³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ ·¥§Ê²ÓÉ ÉÒ É ±¦¥ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ ¸É ÉÓ¥ [13].

2. ’…’��„�›… �…�…Œ…��›…

Œμ¦´μ É ±¦¥ · §¢¨ÉÓ £ ³¨²ÓÉμ´μ¢ ¶μ¤Ìμ¤ ± ¡¨£· ¢¨É Í¨¨, ¨¸¶μ²Ó§ÊÖ
É¥É· ¤´Ò¥ ¶¥·¥³¥´´Ò¥, ¸¢Ö§ ´´Ò¥ ¸ ³¥É·¨±μ° Ëμ·³Ê² ³¨

gμν = Eμ
AEν

BhAB, fμν = FA
μ FB

ν hAB, (2.1)

£¤¥ hAB Å ³¥É·¨±  Œ¨´±μ¢¸±μ£μ

hAB = diag (−1, 1, 1, 1),

(Eμ
A, EA

μ ), (FA
μ , Fμ

A) Å ¢§ ¨³´μ-μ¡· É´Ò¥ ³ É·¨ÍÒ É¥É· ¤. ‚μμ¡Ð¥ É¥É· ¤´Ò°
Ëμ·³ ²¨§³ ¡μ²¥¥ ¸²μ¦¥´, Î¥³ ³¥É·¨Î¥¸±¨°. ’ ± ± ± 10 ±μ³¶μ´¥´É ³¥É·¨Î¥-
¸±μ£μ É¥´§μ·  § ³¥´ÖÕÉ¸Ö ´  16 ±μ³¶μ´¥´É É¥É· ¤Ò, Ê¢¥²¨Î¨¢ ¥É¸Ö Î¨¸²μ
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Ê· ¢´¥´¨° ¸¢Ö§¨. �μÔÉμ³Ê  ²£¥¡·  ¸¢Ö§¥° Ê¸²μ¦´Ö¥É¸Ö. ‚ Éμ ¦¥ ¢·¥³Ö É¥É· ¤-
´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ Ö¢´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¶μÉ¥´Í¨ ²  ¤�ƒ’.
„¥°¸É¢¨É¥²Ó´μ, ³ É·¨Í 

Xμ
ν = EμAFνA (2.2)

μ± §Ò¢ ¥É¸Ö ±¢ ¤· É´Ò³ ±μ·´¥³ ¨§ ³ É·¨ÍÒ Yμ
ν = gμαfαν , ¥¸²¨ ¸¶· ¢¥¤²¨¢Ò

Ê¸²μ¢¨Ö ¸¨³³¥É·¨¨
Eμ

AFB
μ − EμBFμA = 0. (2.3)

’μ£¤  Ê¤μ¡´μ § ³¥´¨ÉÓ Ê· ¢´¥´¨Ö (1.5) Ô±¢¨¢ ²¥´É´Ò³¨ Ëμ·³Ê² ³¨ ¤²Ö ¸¨³-
³¥É·¨Î´ÒÌ ¶μ²¨´μ³μ¢

e0 = 1,

e1 = Tr X,

e2 =
1
2

(
(TrX)2 − TrX2

)
, (2.4)

e3 =
1
6

(
(TrX)3 − 3 TrXTr X2 + 2 TrX3

)
,

e4 =
1
24

(
(Tr X)4 − 6 (TrX)2 TrX2 + 3 (TrX2)2 + 8 TrXTrX3 − 6 TrX4

)
=

= det X =
det ||Fμa||
det ||Eμa||

≡
√
−f√−g

.

“¤μ¡´μ ´ Î ÉÓ ¸ É¥É· ¤Ò ¶·¨¢¨²¥£¨·μ¢ ´´μ£μ ¢¨¤ , ÎÉμ¡Ò ¶μÉμ³ É· ´¸Ëμ·-
³¨·μ¢ ÉÓ ¥¥ ± μ¡Ð¥³Ê ¢¨¤Ê. ‘´ Î ²  § °³¥³¸Ö ³¥É·¨±μ° gμν ¨ ¢μ§Ó³¥³ ¢
± Î¥¸É¢¥ É¥É· ¤Ò ¸²¥¤ÊÕÐÊÕ Î¥É¢¥·±Ê ¢¥±Éμ·μ¢: ¶¥·¢Ò° ¢¥±Éμ· Eα

0 ¡Ê¤¥É
¥¤¨´¨Î´μ° ´μ·³ ²ÓÕ ± £¨¶¥·¶μ¢¥·Ì´μ¸É¨ ¸μ¸ÉμÖ´¨Ö n̄α, ¶μ¸É·μ¥´´μ° ´  ¡ §¥
³¥É·¨±¨ gμν :

gμν n̄μeν
i = 0, gμν n̄μn̄ν = −1,

μ¸É ²Ó´Ò³¨ É·¥³Ö ¢¥±Éμ· ³¨ ¡Ê¤ÊÉ É·¨ ± ¸ É¥²Ó´ÒÌ ± £¨¶¥·¶μ¢¥·Ì´μ¸É¨ ¢¥±-
Éμ· , ¶μ·μ¦¤¥´´Ò¥ É·¨ ¤ ³¨ ¨´¤ÊÍ¨·μ¢ ´´μ° ³¥É·¨±¨ γij . „²Ö ÔÉ¨Ì É·¨ ¤ ea

i

¨³¥ÕÉ ³¥¸Éμ Ê· ¢´¥´¨Ö, ¶μ¤μ¡´Ò¥ Ê· ¢´¥´¨Ö³ (2.1):

γij = ea
i e

b
jδab, δab = diag (1, 1, 1), ei

aeib = δab, ei
aeja = δi

j .

’μ£¤  ± ¸ É¥²Ó´Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ ¢¥±Éμ·Ò ¨³¥ÕÉ ¢¨¤

Eα
a = ei

aēα
i , ēα

i = eα
i ≡ ∂Xα

∂xi
.

�¡· É´ Ö É¥É· ¤  ¡Ê¤¥É ¸²¥¤ÊÕÐ¥°:

E0
μ = −n̄μ, Ea

μ = ēi
μeia, ēi

μ ≡ gμνeν
j γji.
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„¥°¸É¢ÊÖ ¶μ¤μ¡´Ò³ μ¡· §μ³ ¤²Ö ³¥É·¨±¨ fμν , ³μ¦´μ É ±¦¥ ¶μ¸É·μ¨ÉÓ ¶·¨-
¢¨²¥£¨·μ¢ ´´ÊÕ É¥É· ¤Ê

F0
μ = −nμ, (2.5)

Fa
μ = ej

μfja, ej
μ = fμνeν

i ηij . (2.6)

’μ£¤  μ¡Ð Ö É¥É· ¤  FA
ν ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¢ ·¥§Ê²ÓÉ É¥ ¶·¥μ¡· §μ¢ ´¨Ö

¡Ê¸É 

ΛA
B =

(
ε pb

pa Pa
b

)
, ε =

√
1 + papa, Pa

b = δa
b +

1
ε + 1

papb, (2.7)

¶·¨¢¨²¥£¨·μ¢ ´´μ° FA
ν = ΛA

B(p)FB
ν . ‡¤¥¸Ó

pa = pa, hABΛA
CΛB

D = hCD.

�μ¸²¥ ÔÉμ£μ ³Ò ³μ¦¥³ ¶μ²ÊÎ¨ÉÓ ³ É·¨ÍÊ Xμ
ν , μ¶·¥¤¥²¥´´ÊÕ Ê· ¢´¥´¨¥³ (2.2).

�·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ:

Xμ
ν =

(
A[nμnν ] Bj [nμeνj ]
Ci[eμ

i nν ] Dij [eμ
i eνj]

)
, (2.8)

£¤¥

A = − ε

u
, (2.9)

Bj =
paf ja

u
, (2.10)

Ci =
uiε

u
− paeia, (2.11)

Dij = −uipaf ja

u
+ f jaPabeib. (2.12)

�μ¸²¥ ¶·Ö³μ£μ ¢ÒÎ¨¸²¥´¨Ö ¢¸¥Ì ¸¨³³¥É·¨Î´ÒÌ ¶μ²¨´μ³μ¢ (2.4) ¶μ²ÊÎ ¥³
Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¶μÉ¥´Í¨ ²  ¤�ƒ’, ±μÉμ·Ò° μ± §Ò¢ ¥É¸Ö ²¨´¥°´Ò³ ¶μ ¶¥·¥-
³¥´´Ò³ u, ui:

Ũ = uV + uiVi + W. (2.13)

”Ê´±Í¨¨ V , Vi ¨ W ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ 1. �´¨ § ¢¨¸ÖÉ μÉ ± ´μ´¨Î¥-
¸±¨Ì ¶¥·¥³¥´´ÒÌ eia, fia ¨ μÉ ¢¸¶μ³μ£ É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ pa. ‚ Î ¸É´μ¸É¨,
Vi μ± §Ò¢ ÕÉ¸Ö ²¨´¥°´Ò³¨ ¶μ pa:

Vi = −paCabfib. (2.14)

’ ± ± ± ¶μÉ¥´Í¨ ² ¸μ¢¸¥³ ´¥ ¸μ¤¥·¦¨É ¸±μ·μ¸É¥°, μ´ ´¥ ³¥´Ö¥É ¸¢μ¥£μ ¢¨¤ 
¶·¨ ¶¥·¥Ìμ¤¥ μÉ ² £· ´¦¥¢  ± £ ³¨²ÓÉμ´μ¢Ê Ëμ·³ ²¨§³Ê.
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‡ É¥³ ³Ò ¤μ²¦´Ò ´ °É¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ £ ³¨²ÓÉμ´μ¢Ê Ëμ·³Ê ¤²Ö Lg

¨ Lf . �Éμ ¤¥² ¥É¸Ö É ± ¦¥, ± ± ¨ ¢ �’� [25]. �μ¢Ò³¨ ± ´μ´¨Î¥¸±¨³¨
¶¥·¥³¥´´Ò³¨ ¡Ê¤ÊÉ É·¨ ¤Ò eia, fia ¨ ¸μ¶·Ö¦¥´´Ò¥ ¨³ ¨³¶Ê²Ó¸Ò πia, Πia;
³¥¦¤Ê ´¨³¨ ¨³¥ÕÉ ³¥¸Éμ ¸²¥¤ÊÕÐ¨¥ ¸±μ¡±¨ �Ê ¸¸μ´ :

{fia(x), Πjb(y)} = {eia(x), πjb(y)} = δb
aδj

i δ(x, y), (2.15)

{fia(x), ejb(y)} = {πia(x), Πjb(y)} = {fia(x), fjb(y)} = 0, (2.16)

{eia(x), ejb(y)} = {πia(x), πjb(y)} = {Πia(x), Πjb(y)} = 0. (2.17)

ˆ³¶Ê²Ó¸Ò ³¥É·¨Î¥¸±μ£μ Ëμ·³ ²¨§³  ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¨³¶Ê²Ó¸Ò É·¨ ¤ ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³:

Πij =
1
4

(
f iaΠja + f jaΠia

)
, (2.18)

πij =
1
4

(
eiaπja + ejaπia

)
. (2.19)

’μ£¤  ¸±μ¡±¨ �Ê ¸¸μ´  ³¥É·¨Î¥¸±¨Ì ¨³¶Ê²Ó¸μ¢ μ± §Ò¢ ÕÉ¸Ö ´¥´Ê²¥¢Ò³¨ ¢´¥
¶μ¢¥·Ì´μ¸É¨ ¸¢Ö§¥°

{Πij(x), Πk�(y)} =
1
4

(
ηikMj� + ηi�Mjk + ηjkMi� + ηj�Mik

)
, (2.20)

{πij(x), πk�(y)} =
1
4

(
γikM̄j� + γi�M̄jk + γjkM̄i� + γj�M̄ik

)
. (2.21)

‡¤¥¸Ó ¢μ§´¨± ÕÉ ´μ¢Ò¥ ¸¢Ö§¨, ¸¶¥Í¨Ë¨Î¥¸±¨¥ ¤²Ö É¥É· ¤´μ£μ ¶μ¤Ìμ¤ :

Mij =
1
4
Labf jaf ib ≡ 1

4
(
f iaΠj

a − f jaΠi
a

)
= 0, (2.22)

M̄ij =
1
4
L̄ab eja eib ≡ 1

4
(
eiaπj

a − ejaπi
a

)
= 0, (2.23)

¨²¨, ¢ ¤·Ê£μ° Ëμ·³¥,

Lab = fiaΠi
b − fibΠi

a = 0, (2.24)

L̄ab = eiaπi
b − eibπ

i
a = 0. (2.25)

Šμ³¡¨´¨·μ¢ ´´Ò° £ ³¨²ÓÉμ´¨ ´, · §Ê³¥¥É¸Ö, ¸μ¤¥·¦¨É ¨ ÔÉ¨ ¸¢Ö§¨:

Hg+f = Hg + Hf =
∫

d3x
(
N̄H̄ + N̄ iH̄i + λ̄abL̄ab

)
+

+
∫

d3x
(
NH + N iHi + λabLab

)
, (2.26)



248 ‘�‹�‚œ…‚ ‚. �.

´ ·Ö¤Ê ¸μ ¸¢Ö§Ö³¨ H̄, H̄i, H, Hi, ¨§¢¥¸É´Ò³¨ ¨§ ³¥É·¨Î¥¸±μ£μ £ ³¨²ÓÉμ´¨-
 ´  (1.8)Ä(1.11). ’ ± ± ± ¢ ¡¨£· ¢¨É Í¨¨ ¤¢¥ ³¥É·¨±¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ Î¥·¥§
¶μÉ¥´Í¨ ², Éμ²Ó±μ ¤¨ £μ´ ²Ó´Ò¥ ¢· Ð¥´¨Ö É·¨ ¤ eia, fia μ¸É ¢²ÖÕÉ £ ³¨²Ó-
Éμ´¨ ´ ¨´¢ ·¨ ´É´Ò³. �μÔÉμ³Ê ¸¨³³¥É·¨Î´Ò¥ ±μ³¡¨´ Í¨¨

L+
ab = L̄ab + Lab = 0 (2.27)

¸É ´μ¢ÖÉ¸Ö ¸¢Ö§Ö³¨ ¶¥·¢μ£μ ·μ¤ , Éμ£¤  ± ± ¸¢Ö§¨

L−
ab = L̄ab − Lab = 0 (2.28)

μ± §Ò¢ ÕÉ¸Ö ¢Éμ·μ£μ ·μ¤ .
� ±μ´¥Í, ³Ò ¤μ²¦´Ò ÊÎ¥¸ÉÓ Ê¸²μ¢¨Ö ¸¨³³¥É·¨¨ (2.3). ‚ £ ³¨²ÓÉμ´μ¢ÒÌ

¶¥·¥³¥´´ÒÌ μ´¨ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ga ≡ pa + upbf b
j ej

a − ujPabf b
j = 0, (2.29)

Gab ≡ ficPc[a ei
b] = 0. (2.30)

’¥¶¥·Ó £ ³¨²ÓÉμ´¨ ´ ¡¨£· ¢¨É Í¨¨ ¶·¨´¨³ ¥É ¢¨¤

H =
∫

d3xN

[
H + u

(
H̄ +

2m2

κ
V

)
+ ui

(
H̄i +

2m2

κ
Vi

)
+

2m2

κ
W

]
+

+
∫

d3x
[
N i(Hi + H̄i) + λ+

abL
+
ab + λ−

abL
−
ab + ΛaGa + ΛabGab

]
. (2.31)

‚ ¸²ÊÎ ¥, ±μ£¤  ¤¢  É¨¶  ³ É¥·¨¨, f-³ É¥·¨Ö ¨ g-³ É¥·¨Ö, ³¨´¨³ ²Ó´μ ¢§ -
¨³μ¤¥°¸É¢ÊÕÉ ± ¦¤ Ö ¸μ ¸¢μ¥° ³¥É·¨±μ° fμν ¨ gμν , ¨Ì ¢±² ¤Ò ³μ£ÊÉ ¡ÒÉÓ
¢±²ÕÎ¥´Ò ¢ ¸¢Ö§¨ H̄, H̄i, H, Hi. Š·μ³¥ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ £ ³¨²ÓÉμ-
´¨ ´ § ¢¨¸¨É μÉ ² £· ´¦¥¢ÒÌ ³´μ¦¨É¥²¥° λ+

ab, λ−
ab, Λa, Λab ¸ ÊÎ¥Éμ³ Ê· ¢´¥-

´¨° (2.27)Ä(2.30) ¨ μÉ ¤·Ê£¨Ì ¢¸¶μ³μ£ É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ. ‚ ·Ó¨·ÊÖ ¶μ u,
ui, N , N i, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö:

S = H̄ +
2m2

κ
V = 0, (2.32)

Si = H̄i +
2m2

κ
Vi = 0, (2.33)

R = R′ + uS + uiSi = 0, £¤¥ R′ = H +
2m2

κ
W, (2.34)

Ri = Hi + H̄i = 0. (2.35)

ŒÒ ´¥ ¢ ·Ó¨·Ê¥³ ¶μ ¶¥·¥³¥´´μ° pa, ±μÉμ· Ö ¢Ìμ¤¨É ¢ ¢Ò· ¦¥´¨¥ (2.31)
´¥²¨´¥°´Ò³ μ¡· §μ³. “· ¢´¥´¨Ö (2.29) ³μ¦´μ · §·¥Ï¨ÉÓ μÉ´μ¸¨É¥²Ó´μ ui:

ui = f ib
(pb

ε
+ upafa

j ejcP−1
cb

)
, (2.36)
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£¤¥

P−1
cb = δcb −

pcpb

ε(ε + 1)
. (2.37)

‚ Ê· ¢´¥´¨Ö (2.33) ¶¥·¥³¥´´ Ö pa ¢Ìμ¤¨É ²¨´¥°´μ, ¶μÔÉμ³Ê ¨Ì ²¥£±μ · §·¥-
Ï¨ÉÓ

pa =
2κ

m2
||Cab||−1f ibH̄i. (2.38)

“· ¢´¥´¨Ö (2.30) § ¢¨¸ÖÉ μÉ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ei
b, fic ¨ μÉ ¢¸¶μ³μ£ -

É¥²Ó´μ° ¶¥·¥³¥´´μ° pa. �μ¸²¥ ¨¸±²ÕÎ¥´¨Ö pa Gab ¸É ´μ¢ÖÉ¸Ö Ê· ¢´¥´¨Ö³¨
¸¢Ö§¨. �´¨ ¨³¥ÕÉ ´¥´Ê²¥¢Ò¥ ¸±μ¡±¨ �Ê ¸¸μ´  ¸ L−

ab ¨ ¢³¥¸É¥ ¸ ´¨³¨ μ¡· §ÊÕÉ
Ï¥¸ÉÓ ¸¢Ö§¥° ¢Éμ·μ£μ ·μ¤ .

‚ É¥É· ¤´μ³ £ ³¨²ÓÉμ´μ¢μ³ Ëμ·³ ²¨§³¥ ¨³¥¥É¸Ö 18 ¶ · ± ´μ´¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ (eia, πia), (fia, Πia), 7 ¸¢Ö§¥° ¶¥·¢μ£μ ·μ¤  R′, Ri, L+

ab ¨ 8 ¸¢Ö-
§¥° ¢Éμ·μ£μ ·μ¤  S, Ω, L−

ab, Gab. � §Ê³¥¥É¸Ö, ¶μ¤¸Î¥É ¤ ¥É 7 £· ¢¨É Í¨μ´´ÒÌ
¸É¥¶¥´¥° ¸¢μ¡μ¤Ò. ‚¸¶μ³μ£ É¥²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ pa μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢-
´¥´¨° Si = 0, ±μÉμ·Ò¥ ²¨´¥°´Ò μÉ´μ¸¨É¥²Ó´μ pa. �¥·¥³¥´´Ò¥ ui ´ Ìμ¤ÖÉ¸Ö
¨§ Ê· ¢´¥´¨° Ga = 0, ²¨´¥°´ÒÌ ¶μ ui. �μ¸²¥¤´ÖÖ ¢¸¶μ³μ£ É¥²Ó´ Ö ¶¥·¥³¥´-
´ Ö u ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´  ¨§ Ê· ¢´¥´¨Ö

Ω̇ = 0 =
∫

d3xN ({Ω,R′} + u{Ω,S}) , (2.39)

±μÉμ·μ¥ É ±¦¥ Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ¶μ u.
‚ ´ Ï¥³ ¨§²μ¦¥´¨¨ ³Ò ¸²¥¤μ¢ ²¨ ¸É ÉÓÖ³ [14, 15]. „·Ê£¨¥ É· ±Éμ¢±¨

³μ¦´μ ´ °É¨ ¢ · ¡μÉ Ì [16,26,27].

3. Œˆ�ˆ-‘“�…����‘’���‘’‚�

�¡· É¨³¸Ö ± ±μ¸³μ²μ£¨Î¥¸±μ° § ¤ Î¥, É. ¥. · ¸¸³μÉ·¨³ £ ³¨²ÓÉμ´μ¢Ê Ô¢μ-
²ÕÍ¨Õ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° ¢ É¥μ·¨¨ ¡¨£· ¢¨É Í¨¨. „²Ö
±· É±μ¸É¨ ¨ ¶·μ¸ÉμÉÒ ¨§²μ¦¥´¨Ö μ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ ¶²μ¸±μ£μ ¶·μ¸É· ´-
¸É¢ . ‚ μ¸´μ¢´μ³ ³Ò Ê¤¥²¨³ ¢´¨³ ´¨¥ É¥μ·¨¨ ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’ [2,3].

ƒ ³¨²ÓÉμ´¨ ´ ¡¨£· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö ¸Ê³³μ° ±¨´¥É¨Î¥¸±¨Ì ¨ ¶μÉ¥´Í¨-
 ²Ó´ÒÌ £· ¢¨É Í¨μ´´ÒÌ Î²¥´μ¢, μ¡· §μ¢ ´´ÒÌ ¤¢Ê³Ö ³¥É·¨± ³¨ gμν ¨ fμν ,
¶²Õ¸ μ¤¨´ ¨²¨ ¤¢  ¢±² ¤  ³ É¥·¨¨.

�·¨³¥³ ¤²Ö μ¡¥¨Ì ³¥É·¨±  ´§ Í ”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä“μ±¥· 

fμν = (−N2(t), ω2(t)δij),
√
−f = Nω3, (3.1)

gμν = (−N2(t)u2(t), ξ2(t)δij),
√
−g = Nuξ3, (3.2)

¨ ¢¢¥¤¥³ ´μ¢ÊÕ ¶¥·¥³¥´´ÊÕ r = ω/ξ.



250 ‘�‹�‚œ…‚ ‚. �.

3.1. ƒ· ¢¨É Í¨μ´´Ò¥ ¶μÉ¥´Í¨ ²Ó´Ò¥ Î²¥´Ò. „²Ö ¶·¨´ÖÉμ£μ ¢ÒÏ¥ ¢¨¤ 
³¥É·¨Î¥¸±¨Ì É¥´§μ·μ¢ (3.1), (3.2) ¶μ²ÊÎ ¥³

g−1f = gμαfαν = diag (u−2, r2δij). (3.3)

�·¥¤¶μ² £ ¥³, ÎÉμ

N > 0, u > 0, ξ > 0, ω > 0. (3.4)

�·¨ ¢ÒÎ¨¸²¥´¨¨ ³ É·¨Î´μ£μ ±¢ ¤· É´μ£μ ±μ·´Ö ¨§ ¶μ²μ¦¨É¥²Ó´μ° ¤¨ £μ´ ²Ó-
´μ° ³ É·¨ÍÒ (3.3) ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ μ¤¨´ (¶μ²μ¦¨É¥²Ó´Ò°) ±μ·¥´Ó
¨§ ± ¦¤μ£μ ¶μ²μ¦¨É¥²Ó´μ£μ ¢Ò· ¦¥´¨Ö∗

X =
√

g−1f = diag
(
+
√

u−2, +
√

r2δij

)
≡ diag (u−1, rδij), (3.5)

¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ μ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨¥³

det (X − λI) = 0. (3.6)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ
λ1 = u−1, λ2 = λ3 = λ4 = r, (3.7)

¨ ¶μ²ÊÎ ¥³ ¸¨³³¥É·¨Î´Ò¥ ¶μ²¨´μ³Ò

e0 = 1, (3.8)

e1 = λ1 + λ2 + λ3 + λ4 =
1
u

+ 3r, (3.9)

e2 = λ1λ2 + λ1λ3 + λ1λ4 + λ2λ3 + λ2λ4 + λ3λ4 =
3r

u
+ 3r2, (3.10)

e3 = λ1λ2λ3 + λ2λ3λ4 + λ1λ3λ4 + λ1λ2λ4 =
3r2

u
+ r3, (3.11)

e4 = λ1λ2λ3λ4 =
r3

u
. (3.12)

�μÉ¥´Í¨ ² ¤�ƒ’ Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ±μ³¡¨´ Í¨¥° ÔÉ¨Ì ¶μ²¨´μ³μ¢ ¨ μ± §Ò-
¢ ¥É¸Ö ²¨´¥°´μ° ËÊ´±Í¨¥° ¶¥·¥³¥´´μ° u:

U =
√
−g

4∑
i=0

βiei = Nuξ3
4∑

i=0

βiei = N(uV + W ), (3.13)

∗‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² ¸ÊÐ¥¸É¢¥´´μ ´¥ ¨§³¥´¨É¸Ö, ¥¸²¨ ³Ò ¨§³¥´¨³ §´ ±¨ ¤²Ö Î ¸É¨
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°.
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£¤¥

V = β0ξ
3 + 3β1ξ

2ω + 3β2ξω
2 + β3ω

3 ≡ ξ3B0(r), (3.14)

W = β1ξ
3 + 3β2ξ

2ω + 3β3ξω
2 + β4ω

3 ≡ ξ3B1(r), (3.15)

Bi(r) = βi + 3βi+1r + 3βi+2r
2 + βi+3r

3. (3.16)

3.2. ƒ· ¢¨É Í¨μ´´Ò¥ ±¨´¥É¨Î¥¸±¨¥ Î²¥´Ò. � Î¨´ Ö ¸ £· ¢¨É Í¨μ´´μ£μ
² £· ´¦¨ ´  ƒ¨²Ó¡¥·É Ä�°´ÏÉ¥°´  ¤²Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ³¥É·¨±¨
Gμν

LG =
1
κG

√
−GGμνRμν (3.17)

¨ ¨¸¶μ²Ó§ÊÖ ±μ¸³μ²μ£¨Î¥¸±¨°  ´§ Í

Gμν = (−N 2(t), a2(t)δij), (3.18)

¶μ²ÊÎ ¥³ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ²´μ° ¶·μ¨§¢μ¤´μ° ¶μ ¢·¥³¥´¨)

LG = TG = −6a3N
κG

(
ȧ

Na

)2

≡ −6a3N
κG

H2, (3.19)

£¤¥ H Å ¶μ¸ÉμÖ´´ Ö • ¡¡² .
�¶·¥¤¥²¨³ ¨³¶Ê²Ó¸, ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò° a:

πa =
∂LG

∂ȧ
= − 12a

NκG
ȧ = −12a2

κG
H, H = −κGπa

12a2
, {a, πa} = 1. (3.20)

“¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶¥·¥³¥´´ÊÕ H ¢³¥¸Éμ πa, Éμ£¤  ¨³¥¥³ ´¥± ´μ´¨Î¥¸±ÊÕ
¸±μ¡±Ê �Ê ¸¸μ´ :

{a, H} = − κG
12a2

. (3.21)

‚ ¡¨£· ¢¨É Í¨¨ ±¨´¥É¨Î¥¸± Ö Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  ¶·¨´¨³ ¥É ¢¨¤

Hkin = Tf + Tg = −6ω3N

κf
H2

f − 6ξ3Nu

κg
H2

g . (3.22)

�É  Î ¸ÉÓ ¶μ·μ¦¤ ¥É ±¨´¥³ É¨Î¥¸±¨¥ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö

ω̇ = {ω, Hkin} = NωHf , ξ̇ = {ξ, Hkin} = NuξHg, (3.23)

Ô±¢¨¢ ²¥´É´Ò¥ μ¶·¥¤¥²¥´¨Õ ¤¢ÊÌ ¶μ¸ÉμÖ´´ÒÌ • ¡¡²  Hf , Hg. ‹¥£±μ ¢Ò¢¥¸É¨
Ê· ¢´¥´¨¥ Ô¢μ²ÕÍ¨¨ ¤²Ö μÉ´μÏ¥´¨Ö ³ ¸ÏÉ ¡´ÒÌ Ë ±Éμ·μ¢ r:

ṙ = Nr(Hf − uHg). (3.24)
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3.3. ‚±² ¤Ò ³ É¥·¨¨. 3.3.1. ‘± ²Ö·´μ¥ ¶μ²¥. Š ± ¶·¨³¥· ³ É¥·¨¨ ¢μ§Ó³¥³
¸± ²Ö·´μ¥ ¶μ²¥, ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥¥ ¸ ³¥É·¨±μ°

Lφ =
√
−G

(
−1

2
Gμνφ,μφ,ν − U(φ)

)
, (3.25)

£¤¥ Gμν Å ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³¥É·¨± , ¢¨¤ ±μÉμ·μ° ¤ ´ Ê· ¢´¥´¨¥³ (3.18)
(´¨¦¥ ¡Ê¤ÊÉ · ¸¸³μÉ·¥´Ò · §´Ò¥ ¸²ÊÎ ¨), £¤¥ φ,μ = ∂φ/∂xμ. ‚ μ¤´μ·μ¤´μ°
±μ¸³μ²μ£¨¨ ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ φ = φ(t) ¨

Lφ = Tφ[φ̇] − Uφ, Hφ = Tφ[πφ] + Uφ. (3.26)

‘± ²Ö·´Ò¥ ¶μ²Ö ¶·¥¤¸É ¢²ÖÕÉ μ¸μ¡Ò° ¨´É¥·¥¸ ¶·¨ ¨§ÊÎ¥´¨¨ ¨´Ë²ÖÍ¨μ´´μ£μ
¸Í¥´ ·¨Ö ¢ ¡¨£· ¢¨É Í¨¨ [28, 29]. …¸²¨ ¢¢¥¤¥´´μ¥ ¶μ²¥ ³ É¥·¨¨ ¢§ ¨³μ¤¥°-
¸É¢Ê¥É Éμ²Ó±μ ¸ μ¤´μ° ³¥É·¨±μ° Gμν , Éμ ¨³¥¥É ³¥¸Éμ ¶·μ¸É Ö ¸¢Ö§Ó ³¥¦¤Ê
¸±μ·μ¸ÉÓÕ ¨ ¨³¶Ê²Ó¸μ³:

Tφ =
a3φ̇2

2N , πφ =
∂Tφ

∂φ̇
=

a3

N φ̇, φ̇ =
N
a3

πφ. (3.27)

�·¨ · ¸¸³μÉ·¥´¨¨ ³ É¥·¨¨ ± ± ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨ ¥¥ ¶²μÉ´μ¸ÉÓ ρ ¨ ¤ ¢²¥-
´¨¥ p μ¶·¥¤¥²ÖÕÉ¸Ö ¸μ£² ¸´μ Ëμ·³Ê² ³

ρ =
π2

φ

2a6
+ U(φ), p =

π2
φ

2a6
− U(φ). (3.28)

’μ£¤ 
Hφ = Na3ρ, Lφ = Na3p. (3.29)

‚ ¤ ²Ó´¥°Ï¥³ ³Ò É ±¦¥ · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¸± ²Ö·´μ¥ ¶μ²¥ μ¤´μ¢·¥-
³¥´´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ ³¥É·¨± ³¨ gμν ¨ fμν . ’μ£¤ 

Tφ =
ξ3φ̇2

2N̄
+

ω3φ̇2

2N
, πφ =

∂Tφ

∂φ̇
=

(
ξ3

u
+ ω3

)
φ̇

N
, φ̇ =

Nπφ

ξ3

u
+ ω3

, (3.30)

¨, ¸²¥¤μ¢ É¥²Ó´μ,

Tφ =
Nπ2

φ

2
(

ξ3

u
+ ω3

) , Uφ = N
(
uξ3 + ω3

)
U , (3.31)

Hφ = N(uξ3 + ω3)

⎛
⎜⎜⎝ π2

φ

2
(

ξ3

u
+ ω3

)
(uξ3 + ω3)

+ U(φ)

⎞
⎟⎟⎠ . (3.32)

‡¤¥¸Ó Hφ Ö¢²Ö¥É¸Ö ´¥²¨´¥°´μ° ËÊ´±Í¨¥° μÉ u.
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3.3.2. ˆ¤¥ ²Ó´ Ö ¦¨¤±μ¸ÉÓ. � §²¨Î¨Ö ¢ μ¶¨¸ ´¨¨ ³ É¥·¨¨ ± ± ¤¨´ ³¨-
Î¥¸±μ£μ ¶μ²Ö ¨ ± ± ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨ ¸É ´μ¢ÖÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò³¨ ¶·¨
· ¸¸³μÉ·¥´¨¨ ¢Éμ·μ° ¢¥É¢¨ ¤²Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ³ É¥·¨¨ ¸ ÔËË¥±É¨¢´μ°
³¥É·¨±μ°. �μÔÉμ³Ê ³Ò §¤¥¸Ó ´ ¶μ³´¨³ £ ³¨²ÓÉμ´μ¢Ê ¸É·Ê±ÉÊ·Ê £¨¤·μ¤¨-
´ ³¨±¨ ¤²Ö �’�. ‚ Ô°²¥·μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¶¥·¥Ìμ¤ μÉ ² £· ´¦¥¢  Ëμ·-
³ ²¨§³  ± £ ³¨²ÓÉμ´μ¢Ê É·¥¡Ê¥É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶¥·¥³¥´´ÒÌ Š²¥¡Ï , ¶μ-
ÔÉμ³Ê ´ Î´¥³ ´¥¶μ¸·¥¤¸É¢¥´´μ ¸ £ ³¨²ÓÉμ´μ¢  μ¶¨¸ ´¨Ö [30, 31]. �²μÉ´μ¸ÉÓ
£ ³¨²ÓÉμ´¨ ´  √

ψρ (3.33)

¢±²ÕÎ ¥É ¢ ¸¥¡Ö ¢±² ¤Ò Ô´¥·£¨¨ ¶μ±μÖ

√
ψσ = σ̂, (3.34)

¢´ÊÉ·¥´´¥° Ô´¥·£¨¨

σ̂ε(σ, η) (3.35)

¨ ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¦¨¤±μ¸É¨

ψijMiMj

θ̄
, (3.36)

£¤¥ ψij = Gμνeμ
i eν

j Å ¨´¤ÊÍ¨·μ¢ ´´ Ö ´  ¶·μ¸É· ´¸É¢¥´´μ° £¨¶¥·¶μ¢¥·Ì-
´μ¸É¨ ³¥É·¨± ; ψij Å μ¡· É´ Ö ± ´¥° ³ É·¨Í ; ρ Å μ¡Ñ¥³´ Ö ¶²μÉ´μ¸ÉÓ
Ô´¥·£¨¨ ¦¨¤±μ¸É¨; σ Å μ¡Ñ¥³´ Ö ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò; σ̂ Å ±μμ·¤¨´ É´ Ö
¶²μÉ´μ¸ÉÓ ³ ¸¸Ò; ε Å ³ ¸¸μ¢ Ö ¶²μÉ´μ¸ÉÓ ¢´ÊÉ·¥´´¥° Ô´¥·£¨¨; η Å μ¡Ñ-
¥³´ Ö ¶²μÉ´μ¸ÉÓ Ô´É·μ¶¨¨; Mi Å ¶²μÉ´μ¸ÉÓ ¨³¶Ê²Ó¸ . �¥·¥³¥´´Ò¥ Mi, σ̂,
η ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¸±μ¡±¨ �Ê ¸¸μ´  ¸ £· ¢¨É Í¨μ´´Ò³¨ ¶¥·¥³¥´´Ò³¨. �¥´Ê-
²¥¢Ò¥ ¸±μ¡±¨ �Ê ¸¸μ´  ³¥¦¤Ê ¢ÒÏ¥Ê± § ´´Ò³¨ ¶¥·¥³¥´´Ò³¨ ¨³¥ÕÉ ¸²¥¤Ê-
ÕÐ¨° ¢¨¤:

{Mi(x), Mj(y)} = Mi(y)δ,j(y, x) − Mj(x)δ,i(x, y), (3.37)

{σ̂(x), Mi(y)} = σ̂(y)δ,i(y, x), (3.38)

{η(x), Mi(y)} = −η,iδ(x, y). (3.39)

ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ ¸μ¶ÊÉ¸É¢ÊÕÐ¨¥ ¸¨¸É¥³Ò μÉ¸Î¥É , ¶μÔÉμ³Ê
¢¸Õ¤Ê ¶·¨´¨³ ¥³ Mi = 0. �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ Ê· ¢´¥´¨¥ (3.18), ¨³¥¥³
ψij = a2δij , ψij = a−2δij ,

√
ψ = a3,

σ̂ = a3σ, ρ = σ(1 + ε(σ, η)) ≡ σ̂

a3

(
1 + ε

(
σ̂

a3
, η

))
. (3.40)
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�¥§ ¢¨¸¨³μ μÉ ¢¨¤  £· ¢¨É Í¨μ´´μ£μ £ ³¨²ÓÉμ´¨ ´  ¤²Ö ¦¨¤±μ¸É¨ ¶μ²ÊÎ ¥³
£ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

˙̂σ = {σ̂, H} = 0 ↔ σ̇ = −3ȧ

a
σ, (3.41)

η̇ = {η, H} = 0, (3.42)

ρ̇ = {ρ, H} = σ̇

(
1 + ε + σ

∂ε

∂σ

)
≡ −3ȧ

a
(ρ + p), (3.43)

£¤¥ ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó É¥·³μ¤¨´ ³¨Î¥¸±¨³ ¸μμÉ´μÏ¥´¨¥³ p = σ2 ∂ε

∂σ
. � §Ê-

³¥¥É¸Ö, ¢Ò· ¦¥´¨¥ ¤²Ö ȧ ¡Ê¤¥É § ¢¨¸¥ÉÓ μÉ £· ¢¨É Í¨μ´´μ£μ £ ³¨²ÓÉμ´¨ ´ .
� ±μ´¥Í, ¶μ¸±μ²Ó±Ê ¶²μÉ´μ¸ÉÓ Ô´É·μ¶¨¨ η Ö¢²Ö¥É¸Ö ±μ´¸É ´Éμ°, ¡Ê¤¥³ ¸Î¨-
É ÉÓ, ÎÉμ ε = ε(σ) ¨ p = p(ρ).

3.4. ‘¢μ¤±  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ëμ·³Ê² �’�.

Lg =
1
κg

√
−g(gμνRμν − 2Λ) + LM (φA, gμν), κg = 16πG, (3.44)

Lφ =
√
−g

(
−1

2
gμνφ,μφ,ν − U(φ)

)
, (3.45)

Rμν − 1
2
gμν(R − 2Λ) =

κg

2
T μν , T μν =

2√−g

∂LM

∂gμν
. (3.46)

gμν = (−N̄2(t), ξ2(t)δij),
√
−g = N̄ξ3, φ = φ(t). (3.47)

Lg = N̄ξ3

⎛
⎝− 6

κg

(
ξ̇

N̄ξ

)2

− 2Λ

⎞
⎠ , Hg =

ξ̇

N̄ξ
, πξ = −12ξ2

κg
Hg. (3.48)

Lφ = N̄ξ3

⎛
⎝1

2

(
φ̇

N̄

)2

− U(φ)

⎞
⎠ , πφ =

ξ3

N̄
φ̇. (3.49)

ρ =
πφ

2

2ξ6
+ U(φ) =

1
2

(
φ̇

N̄

)2

− U(φ), p =
πφ

2

2ξ6
− U(φ). (3.50)

H = N̄ξ3

(
−

6H2
g

κg
+ ρ +

2Λ
κg

)
, {ξ, Hg} = − κg

12ξ2
. (3.51)

−
6H2

g

κg
+ ρ +

2Λ
κg

= 0 ↔
(

ξ̇

N̄ξ

)2

=
8πG

3
ρ +

Λ
3

. (3.52)
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ξ̇ = N̄ξHg, (3.53)

Ḣg = − N̄κg

4
(ρ + p) = −4πGN̄(ρ + p), (3.54)

ρ̇ = −3
ξ̇

ξ
(ρ + p). (3.55)

…¸²¨ ¨§¢¥¸É´Ò Λ ¨ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ³ É¥·¨¨ p = p(ρ), Éμ ´ Î ²Ó´Ò¥
Ê¸²μ¢¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶·μ¨§¢μ²Ó´μ § ¤ ´Ò ¤²Ö ρ ¨²¨ ¤²Ö Hg. ”Ê´±Í¨Ö N̄
Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ²Ó´μ° ¢ ¸μ£² ¸¨¨ ¸ ¶·μ¨§¢μ²μ³ ¢ ¢Ò¡μ·¥ ¶ · ³¥É·  ¢·¥³¥´¨.

4. ‚ˆ„› ‚‡�ˆŒ�„…‰‘’‚ˆŸ ‘ Œ�’…�ˆ…‰

4.1. f-³ É¥·¨Ö ¨ g-³ É¥·¨Ö. �¥·¢Ò¥ · ¡μÉÒ ¶μ ±μ¸³μ²μ£¨¨ ¡¨£· ¢¨É -
Í¨¨ [32Ä35] ¶μÖ¢¨²¨¸Ó ¸· §Ê ¢¸²¥¤ §  ¤μ± § É¥²Ó¸É¢μ³ • ¸ ´  ¨ �μ§¥´  [4],
ÎÉμ ¡¨£· ¢¨É Í¨Ö ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’ Ö¢²Ö¥É¸Ö ¸¢μ¡μ¤´μ° μÉ ¤ÊÌμ¢. „²Ö ¶·¨-
³¥´¥´¨Ö É¥μ·¨¨ ± ¶·μ¡²¥³¥ É¥³´μ° Ô´¥·£¨¨ ¤μ¸É ÉμÎ´μ ¢¢¥¸É¨ μ¤´Ê Éμ²Ó±μ
g-³ É¥·¨Õ, ´μ ¥¸²¨ μ¡¸Ê¦¤ ¥É¸Ö É ±¦¥ ¶·μ¡²¥³  É¥³´μ° ³ É¥·¨¨, Éμ ¨³¥¥É
¸³Ò¸² ¤μ¶Ê¸É¨ÉÓ ¨ ¸ÊÐ¥¸É¢μ¢ ´¨¥ f-³ É¥·¨¨ [36,37].

…¸²¨ ¸ÊÐ¥¸É¢Ê¥É ¤¢  ¢¨¤  ³ É¥·¨¨: f-³ É¥·¨Ö ¨ g-³ É¥·¨Ö, ¨ ± ¦¤ Ö ¨§
´¨Ì ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ fμν ¨ ¸ gμν ¸μμÉ¢¥É¸É¢¥´´μ, Éμ

H = Hpot + Hkin + Hmatter, (4.1)

£¤¥

Hpot =
2m2

κ
N(uV + W ), (4.2)

Hkin =
1
κf

N
(
−6ω3H2

f

)
+

1
κg

Nu
(
−6ξ3H2

g

)
, (4.3)

Hmatter = Nω3ρf + Nuξ3ρg. (4.4)

ƒ ³¨²ÓÉμ´¨ ´ ³μ¦¥É ¡ÒÉÓ É ±¦¥ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

H = NR ≡ NR′ + NuS, (4.5)

£¤¥ ¶¥·¢¨Î´Ò³¨ ¸¢Ö§Ö³¨ Ö¢²ÖÕÉ¸Ö R ≡ R′ + uS ¨ S, ¨²¨, ²ÊÎÏ¥, R′ ¨ S:

R′ = − 6
κf

ω3H2
f + ω3ρf +

2m2

κ
ξ3B1(r) = 0, (4.6)

S = − 6
κg

ξ3H2
g + ξ3ρg +

2m2

κ
ξ3B0(r) = 0. (4.7)
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„²Ö ¸± ²Ö·´ÒÌ ¶μ²¥° ¨³¥¥³

ρf =
Π2

Φ

2ω6
+ Uf (Φ), (4.8)

ρg =
π2

φ

2ξ6
+ Ug(φ). (4.9)

‘¢Ö§¨ (4.6), (4.7) ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ± ± ¶ ·  Ê· ¢´¥´¨° ”·¨¤³ ´ :

H2
f =

κf

6
ρf +

Λf

3
, Λf = m2 κf

κ

B1(r)
r3

, (4.10)

H2
g =

κg

6
ρg +

Λg

3
, Λg = m2 κg

κ
B0(r). (4.11)

ŒÒ ¢¨¤¨³, ÎÉμ ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ �’� (3.52) ±μ¸³μ²μ£¨Î¥¸±¨¥ Î²¥´Ò
¢ ¡¨£· ¢¨É Í¨¨ ¢μ§´¨± ÕÉ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³; μ´¨ Ö¢²ÖÕÉ¸Ö ´¥ ¶μ¸ÉμÖ´-
´Ò³¨,   ¤¨´ ³¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨. ƒ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¶μ²¥° ³ É¥·¨¨
¤ ÕÉ ´ ³ ¶ ·Ê § ±μ´μ¢ ¸μÌ· ´¥´¨Ö

ρ̇f + 3
ω̇

ω
(ρf + pf ) = 0, (4.12)

ρ̇g + 3
ξ̇

ξ
(ρg + pg) = 0. (4.13)

‚Éμ·¨Î´ Ö ¸¢Ö§Ó ¶μÖ¢²Ö¥É¸Ö ¤²Ö ¸μÌ· ´¥´¨Ö ¶¥·¢¨Î´μ° ¸¢Ö§¨ ¶·¨ Ô¢μ-
²ÕÍ¨¨

Ṡ = {S, H} = N{S,R′} ≡ NΩ = 0, (4.14)

£¤¥

Ω ≡ {S,R′} =
6m2

κ
(ωHf − ξHg)

(
β1ξ

2 + 2β2ξω + β3ω
2
)

= 0. (4.15)

’ ± ± ± ¢Éμ·¨Î´ Ö ¸¢Ö§Ó Ë ±Éμ·¨§μ¢ ´ 

Ω = Ω1Ω2, (4.16)

¥¥ ·¥Ï¥´¨Ö · ¸¶ ¤ ÕÉ¸Ö ´  ¤¢¥ ¢¥É¢¨:

Ω1 = 0 ↔ Hg = rHf (4.17)

¨
Ω2 = 0 ↔ β1 + 2β2r + β3r

2 = 0. (4.18)

�¨¦¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ μ¡  ¸²ÊÎ Ö.
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�¥·¥³¥´´ Ö u μ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸²¥¤ÊÕÐ¥£μ É·¥¡μ¢ ´¨Ö:

Ω̇ = {Ω, H} = N ({Ω,R′} + u{Ω,S}) = 0. (4.19)

‡¤¥¸Ó ¨³¥ÕÉ ³¥¸Éμ ¤¢  ¸²ÊÎ Ö:

u = −{Ω1,R′}
{Ω1,S}

¨²¨ u = −{Ω2,R′}
{Ω2,S}

. (4.20)

„²Ö ¤¢ÊÌ ¶ · ³¥É·μ¢ • ¡¡²  ¶μ²ÊÎ ¥³ ¤¢  ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨Ö ƒ ³¨²Ó-
Éμ´ 

Ḣf = {Hf , H} = {Hf , ω}∂H
∂ω

, (4.21)

Ḣg = {Hg, H} = {Hg, ξ}
∂H
∂ξ

, (4.22)

±μÉμ·Ò¥ ¶μÖ¢²ÖÕÉ¸Ö ¢ ¸²¥¤ÊÕÐ¥³ Ö¢´μ³ ¢¨¤¥ (¸ ÊÎ¥Éμ³ Ê· ¢´¥´¨° (4.6),
(4.7)):

Ḣf = −Nκf

4

[
ρf + pf + (1 − ur)

2m2

κ

D1(r)
r3

]
, (4.23)

Ḣg = −Nuκg

4

[
ρg + pg − (1 − ur)

2m2

κ

D1(r)
u

]
, (4.24)

£¤¥
Di(r) = βi + 2βi+1r + βi+2r

2. (4.25)

4.1.1. Œ ¸¸¨¢´ Ö £· ¢¨É Í¨Ö ´  Ëμ´¥ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ. …¸²¨
¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ fμν Å ´¥¤¨´ ³¨Î¥¸± Ö ³¥É·¨±  Œ¨´±μ¢¸±μ£μ

N = 1, ω = 1, r =
1
ξ
, (4.26)

¨, · §Ê³¥¥É¸Ö, ¨¸±²ÕÎ¨ÉÓ f-³ É¥·¨Õ

ρf = 0, pf = 0, (4.27)

Éμ ¶·¨¤¥³ ± É¥μ·¨¨ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨

H = uS +
2m2

κ
W, (4.28)

S = ξ3

[
− 6

κg
H2

g + ρg +
2m2

κ
B0

(
1
ξ

)]
= 0, (4.29)

Ω = −12m2

κ
ξHg

(
β1ξ

2 + 2β2ξ + β3

)
= 0. (4.30)

ˆ§ ¶μ¸²¥¤´¥£μ Ê· ¢´¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ ´¥¸É É¨Î¥¸±¨¥ μ¤´μ·μ¤´Ò¥ ¨ ¨§μÉ·μ¶-
´Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¶²μ¸±¨¥ ·¥Ï¥´¨Ö §¤¥¸Ó μÉ¸ÊÉ¸É¢ÊÕÉ. �ÉμÉ ·¥§Ê²ÓÉ É
¡Ò² ¶μ²ÊÎ¥´ ¢ · ¡μÉ Ì [38,39].
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4.1.2. �¥·¢ Ö ¢¥É¢Ó ¡¨£· ¢¨É Í¨¨. ˆ§ Ê· ¢´¥´¨Ö (4.17) ¸²¥¤Ê¥É ¸¢Ö§Ó
³¥¦¤Ê ¤¢Ê³Ö ¶μ¸ÉμÖ´´Ò³¨ • ¡¡² , ¨, ¶·¨´¨³ Ö ¢ · ¸Î¥É Ê· ¢´¥´¨Ö ”·¨¤-
³ ´  (4.10), (4.11), ³μ¦´μ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ ¤¢¥ ¶²μÉ´μ¸É¨
³ É¥·¨¨

Hf = r−1Hg, (4.31)

ρg = μr2ρf +
2m2

κ

[
μ

B1(r)
r

− B0(r)
]

, (4.32)

£¤¥
μ =

κf

κg
. (4.33)

�¥·¢μ¥ ¨§ Ê· ¢´¥´¨° (4.20) ¤ ¥É

u =
μr3(ρf + 3pf) +

2m2

κ

(
μ(B1 − 3rD2) + 3r2D1

)
r

[
r(ρg + 3pg) +

2m2

κ
(r(B0 − 3D0) + 3μD1)

] . (4.34)

“· ¢´¥´¨¥ (3.24) ¶·¨´¨³ ¥É ¢¨¤

ṙ = (1 − ru)NHg, (4.35)

¨ Ë¨±¸¨·μ¢ ´´ Ö ÉμÎ±  ¤²Ö r ¶μÖ¢²Ö¥É¸Ö ¶·¨

r =
1
u

. (4.36)

�´  ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¶μ·Í¨μ´ ²Ó´Ò³ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³ ³¥É·¨± ³
fμν = r2gμν .

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ¢Ò· ¦¥´¨Ö 1 − ur ¶μ²ÊÎ ¥É¸Ö Ëμ·³Ê² 

1 − ur =
(ρg + 3pg) − μr2(ρf + 3pf) +

4m2

κ

(
μB1

r
− B0

)

(ρg + 3pg) +
2m2

κ

(
B0 − 3D0 +

3μD1

r

) . (4.37)

—Éμ¡Ò ·¥Ï¨ÉÓ ¸¨¸É¥³Ê £ ³¨²ÓÉμ´μ¢ÒÌ Ê· ¢´¥´¨°, ³μ¦´μ ¢§ÖÉÓ ¢ ± Î¥¸É¢¥
´ Î ²Ó´ÒÌ ¤ ´´ÒÌ ρg(t0) ¨ Hg(t0). ’μ£¤  ¸¢Ö§Ó S

H2
g =

κg

6
ρg +

Λg

3
(4.38)

¶μ§¢μ²Ö¥É ´ °É¨ Λg(t0),   § É¥³ r(t0) = r0 ³μ¦¥É ¡ÒÉÓ ´ °¤¥´μ ± ± μ¤¨´ ¨§
±μ·´¥° ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

B0(r0) =
Λg(t0)

m2

κ

κg
. (4.39)
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’μ£¤  ¸¢Ö§Ó Ω1

Hf = r−1Hg (4.40)

¤ ¥É ´ ³ Hf . ‘¢Ö§Ó R′

H2
f =

κf

6
ρf +

Λf

3
, Λf = μm2 κg

κ

B1(r)
r3

(4.41)

¤ ¥É ρf . ‘ ÊÎ¥Éμ³ Ê· ¢´¥´¨Ö (4.37) ¨ Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö pg = pg(ρg),
pf = pf(ρf ) ³μ¦´μ ¶·μ¨´É¥£·¨·μ¢ ÉÓ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö

ṙ = (1 − ru)NHg,

ρ̇g = −3NuHg(ρg + pg),
ρ̇f = −3NHf(ρf + pf ),

Ḣg = −Nκg

4

[
u(ρg + pg) − (1 − ur)

2m2

κ
D1(r)

]
,

Ḣf = −Nκf

4

[
ρf + pf + (1 − ur)

2m2

κ

D1(r)
r3

]
,

£¤¥ N(t) ¥¸ÉÓ ¶·μ¨§¢μ²Ó´ Ö ³μ´μÉμ´´ Ö ËÊ´±Í¨Ö, μÉ¢¥Î ÕÐ Ö §  ¸¢μ¡μ¤Ê
·¥¶ · ³¥É·¨§ Í¨° ¢·¥³¥´¨.

Š·μ³¥ μ¡Ð¥£μ ¸²ÊÎ Ö, ±μ£¤  1 − ur ¤ ´μ Ê· ¢´¥´¨¥³ (4.37), ³μ¦´μ · ¸-
¸³μÉ·¥ÉÓ ¸²ÊÎ °, ±μ£¤  μ¡  É¨¶  ³ É¥·¨¨ ¨³¥ÕÉ μ¤´μ ¨ Éμ ¦¥ Ê· ¢´¥´¨¥
¸μ¸ÉμÖ´¨Ö

pg = wρg , pf = wρf , (4.42)

Éμ£¤  Ê· ¢´¥´¨¥ (4.37) Ê¶·μÐ ¥É¸Ö ¨ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

1 − ur =
3

(
1
2

+ w

) (
μ

B1

r
− B0

)

B0 − 3D0 +
3μD1

r
+

κ

2m2
(1 + 3w)ρg

. (4.43)

4.1.3. ‚Éμ· Ö ¢¥É¢Ó ¡¨£· ¢¨É Í¨¨. ‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ (4.18) §´ Î¥´¨¥
¶¥·¥³¥´´μ° r Ö¢²Ö¥É¸Ö ±μ´¸É ´Éμ°:

D1(r) ≡ β1 + 2β2r + β3r
2 = 0 ↔ r =

−β2 ±
√

β2
2 − β1β3

β3
. (4.44)

’μ£¤  ¨§ ±¨´¥³ É¨Î¥¸±μ£μ Ê¸²μ¢¨Ö (3.24) ¸²¥¤Ê¥É

u =
Hf

Hg
. (4.45)
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�μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö ¸¢Ö§ÓÕ, ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ Ê· ¢´¥-
´¨Õ (4.31), ¸²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨Ö ”·¨¤³ ´  (4.10), (4.11) ¨, ¸μμÉ¢¥É-
¸É¢¥´´μ, ¤¨´ ³¨±  ¤²Ö ³¥É·¨± gμν , fμν ´¥ § ¢¨¸ÖÉ ¤·Ê£ μÉ ¤·Ê£ . „¨´ ³¨± 
¤¢ÊÌ ³¥É·¨± Ö¢²Ö¥É¸Ö Éμ° ¦¥, ÎÉμ ¨ ¢ �’� ¸ ±μ¸³μ²μ£¨Î¥¸±¨³¨ ¶μ¸ÉμÖ´´Ò³¨

Λg = m2 κg

κ
B0(r), Λf = μm2 κg

κ

B1(r)
r3

. (4.46)

“· ¢´¥´¨Ö (4.23), (4.24) ¶·¨´¨³ ÕÉ ¢¨¤

Ḣf = −Nκf

4
(ρf + pf ) , (4.47)

Ḣg = −Nuκg

4
(ρg + pg) (4.48)

¨ ¸μ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨ �’� (3.54). …¸²¨ ³Ò, ´ ¶·¨³¥·, ¶μ³¥¸É¨³ ¸¥¡Ö
¢ g-³¨·, Éμ ¥¤¨´¸É¢¥´´Ò³  ·É¥Ë ±Éμ³ ¡¨£· ¢¨É Í¨¨ ¡Ê¤¥É Ë¨±¸¨·μ¢ ´´μ¥
§´ Î¥´¨¥ Λg.

�μ²´Ò° ´ ¡μ· Ê· ¢´¥´¨° ¸μ¸Éμ¨É ¨§  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°

r =
−β2 ±

√
β2

2 − β1β3

β3
, (4.49)

H2
g =

κg

6
ρg +

Λg

3
, (4.50)

H2
f =

κf

6
ρf +

Λf

3
, (4.51)

u =
Hf

Hg
(4.52)

¨ ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨°

Ḣg = −Nuκg

4
(ρg + pg) , (4.53)

Ḣf = −Nκf

4
(ρf + pf ) , (4.54)

ξ̇

ξ
=

ω̇

ω
= − ρ̇g

3(ρg + pg)
= − ρ̇f

3(ρf + pf)
= NHf . (4.55)

4.2. g-³ É¥·¨Ö ¡¥§ f-³ É¥·¨¨. „²Ö ¶μ²ÊÎ¥´¨Ö ´¥É·¨¢¨ ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢
¢ ±μ¸³μ²μ£¨¨ ¡¨£· ¢¨É Í¨¨, ´¥ ¢¸ÉÊ¶ Ö ¶·¨ ÔÉμ³ ¢ ¶·μÉ¨¢μ·¥Î¨¥ ¸ ¤ ´´Ò³¨
´ ¡²Õ¤¥´¨°, ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ °, ±μ£¤  f-³ É¥·¨Ö μÉ¸ÊÉ¸É¢Ê¥É, ÎÉμ
¡Ò²μ ¢¶¥·¢Ò¥ ¸¤¥² ´μ ¢ · ¡μÉ Ì [32Ä34]. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ ¤μ¶Ê¸-
± ¥É Ô¢μ²ÕÍ¨Õ, ´ Î¨´ ÕÐÊÕ¸Ö ¸μ ‚¸¥²¥´´μ°, ¢ ±μÉμ·μ° ¤μ³¨´¨·Ê¥É ³ É¥-
·¨Ö, ¨ · §¢¨¢ ÕÐÊÕ¸Ö ¢ ´ ¶· ¢²¥´¨¨ ¤¥¸¨ÉÉ¥·μ¢¸±μ° £¥μ³¥É·¨¨ ¢ ¶μ§¤´¨¥
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¢·¥³¥´ . �μ¸±μ²Ó±Ê ¢ É¥μ·¨¨ ¶·¨¸ÊÉ¸É¢Ê¥É ¤μ¸É ÉμÎ´μ ³´μ£μ ¶ · ³¥É·μ¢: βi,
i = 0, . . . , 4, ¨ κf , ¢μ§³μ¦´Ò¥ ¸Í¥´ ·¨¨ ¸ÊÐ¥¸É¢¥´´μ · §²¨Î ÕÉ¸Ö, ¢±²ÕÎ Ö ¢
¸¥¡Ö Í¨±²¨Î¥¸±ÊÕ ‚¸¥²¥´´ÊÕ ¡¥§ ±μ¸³μ²μ£¨Î¥¸±μ° ¸¨´£Ê²Ö·´μ¸É¨. „ ¦¥ ÉÐ -
É¥²Ó´Ò° ¸É É¨¸É¨Î¥¸±¨°  ´ ²¨§, ¶·¥¤¸É ¢²¥´´Ò°, ´ ¶·¨³¥·, ¢ ¸É ÉÓ¥ [35], ´¥
¶μ§¢μ²Ö¥É § Ë¨±¸¨·μ¢ ÉÓ §´ Î¥´¨Ö ¸¢μ¡μ¤´ÒÌ ¶ · ³¥É·μ¢.

�·¥¤¶μ²μ¦¨³, ÎÉμ ρf = 0 = pf . �ÉμÉ ¸²ÊÎ ° μ¡¸Ê¦¤ ²¸Ö ´ ¨¡μ²¥¥ Î ¸Éμ.
�μ¸±μ²Ó±Ê ¶μ²Ö ³ É¥·¨¨ ´¥ ¶μÖ¢²ÖÕÉ¸Ö ¢ Ê· ¢´¥´¨¨ (4.15) ¤²Ö ¢Éμ·¨Î´μ°
¸¢Ö§¨ Ω, ¨³¥ÕÉ ³¥¸Éμ É¥ ¦¥ ¤¢¥ ¢¥É¢¨ ·¥Ï¥´¨°, ÎÉμ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥:

Ω1 = ωHf − ξHg = 0, (4.56)

Ω2 = β1ξ
2 + 2β2ξω + β3ω

2 = 0. (4.57)

‚Éμ· Ö ¢¥É¢Ó ´¥ ¤ ¥É ´¨Î¥£μ ´μ¢μ£μ, ¶μÔÉμ³Ê · ¸¸³μÉ·¨³ Éμ²Ó±μ ¶¥·¢ÊÕ ¢¥É¢Ó.
�Ê¸ÉÓ ¤²Ö ¶·μ¸ÉμÉÒ κ = κg, Éμ£¤  ¸¢Ö§¨ ¨ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¶·¨´¨-
³ ÕÉ ¢¨¤

ρg =
2m2

κg

(
μ

B1(r)
r

− B0(r)
)

, (4.58)

H2
g = μ

m2

3
B1(r)

r
, (4.59)

Ḣg =
N

4
[
−uκg(ρg + pg) + 2m2 (1 − ur)D1(r)

]
, (4.60)

Ḣf = −N

2
μm2(1 − ur)

D1(r)
r3

, (4.61)

1 − ur =
(ρg + 3pg) +

4m2

κg

(
μB1

r
− B0

)

(ρg + 3pg) +
2m2

κg

(
B0 − 3D0 +

3μD1

r

) . (4.62)

‡¤¥¸Ó ³Ò ´¥ ³μ¦¥³ ¶·μ¨§¢μ²Ó´μ § ¤ ÉÓ ¨ ρg, ¨ Hg ± ± ´ Î ²Ó´Ò¥ ¤ ´´Ò¥. Œμ-
¦¥É ¡ÒÉÓ ¢Ò¡· ´  Éμ²Ó±μ μ¤´  ¨§ ÔÉ¨Ì ¢¥²¨Î¨´, ¶μ¸²¥ Î¥£μ É·¥¡Ê¥É¸Ö ·¥Ï¨ÉÓ
Ê· ¢´¥´¨¥ É·¥ÉÓ¥° ¨²¨ Î¥É¢¥·Éμ° ¸É¥¶¥´¨ μÉ´μ¸¨É¥²Ó´μ r. ‚¸¥ ¶¥·¥³¥´´Ò¥,
±·μ³¥ N , ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò ¢ ¢¨¤¥ ËÊ´±Í¨° μÉ r,   ¤¨´ ³¨±  r § ¤ ¥É¸Ö
¸²¥¤ÊÕÐ¨³ Ê· ¢´¥´¨¥³:

ṙ = (1 − ru)NHg, (4.63)

£¤¥ N(t) Å ¶·μ¨§¢μ²Ó´ Ö ³μ´μÉμ´´ Ö ËÊ´±Í¨Ö.
„²Ö Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö pg = wρg ¶μ²ÊÎ ¥³

1 − ur =
(1 + w)

(
μB1

r
− B0

)
(

1
3

+ w

)
μB1

r
− (1 + w)B0 +

(
r +

μ

r

)
D1

, (4.64)
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Éμ£¤  ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

ṙ = N

(1 + w)
(

μB1

r
− B0

) √
μ

m2

3
B1(r)

r(
1
3

+ w

)
μB1

r
− (1 + w)B0 +

(
r +

μ

r

)
D1

, (4.65)

Ḣg = −N
μm2

6r2

(1 + w)
(

μB1

r
− B0

)
(B1 − 3rD2)(

1
3

+ w

)
μB1

r
− (1 + w)B0 +

( μ

r2
+ 1

)
rD1

. (4.66)

4.3. �¤´  ³ É¥·¨Ö ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ ¤¢Ê³Ö ³¥É·¨± ³¨.
� ¸¸³μÉ·¨³ ¸± ²Ö·´μ¥ ¶μ²¥, ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥¥ ¸ μ¡¥¨³¨ ³¥-
É·¨± ³¨ [40Ä43] fμν ¨ gμν :

Lφ =
√
−f

(
−1

2
fμνφ,μφ,ν − U(φ)

)
+
√
−g

(
−1

2
gμνφ,μφ,ν − U(φ)

)
. (4.67)

‚ μ¤´μ·μ¤´μ° ±μ¸³μ²μ£¨¨ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ φ = φ(t) ¨

Hmatter = Hφ = Nξ3ρ, ρ =
π2

φ

2ξ6

(
1
u

+ r3

) + (u + r3)U(φ). (4.68)

’μ£¤  £ ³¨²ÓÉμ´¨ ´ ¨³¥¥É ¢¨¤

H = Hpot + Hkin + Hmatter = NR, (4.69)

¨ Ê· ¢´¥´¨Ö ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°

R = ξ3

[
−6

(
r3H2

f

κf
+

uH2
g

κg

)
+ ρ(u) +

2m2

κ
(B1(r) + uB0(r))

]
= 0,

(4.70)

S ≡ ∂R
∂u

= ξ3

[
−

6H2
g

κg
+ ρ′(u) +

2m2

κ
B0(r)

]
= 0,

£¤¥

ρ′(u) =
∂ρ

∂u
, (4.71)

´μ É¥¶¥·Ó ¨ R ¨ S ´¥²¨´¥°´μ § ¢¨¸ÖÉ μÉ ¢¸¶μ³μ£ É¥²Ó´μ° ¶¥·¥³¥´´μ° u. ŒÒ
¤μ²¦´Ò ·¥Ï ÉÓ Ê· ¢´¥´¨¥ S = 0 μÉ´μ¸¨É¥²Ó´μ u ¨ § É¥³ ¶μ¤¸É ¢²ÖÉÓ ·¥§Ê²Ó-
É É ¢ Ê· ¢´¥´¨¥ ¤²Ö R. ’ ±¨³ μ¡· §μ³, ÔÉ  ³μ¤¥²Ó ¸μ¤¥·¦¨É Éμ²Ó±μ μ¤´Ê
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¸¢Ö§Ó (¶¥·¢μ£μ ·μ¤ ) R = 0, μÉ¢¥Î ÕÐÊÕ ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥-
¶ · ³¥É·¨§ Í¨° ¢·¥³¥´¨, ¶μÔÉμ³Ê ÔÉ  ³μ¤¥²Ó ´¥ ¸¢μ¡μ¤´  μÉ ¤ÊÌ  	Ê²Ó¢ · Ä
„¥§¥· , ± ± ¨ ³μ¤¥²Ó, ±μÉμ· Ö ¡Ê¤¥É · ¸¸³μÉ·¥´  ¢ · §¤. 5. ‡¤¥¸Ó ³μ¦´μ
¶·μ¨§¢μ²Ó´μ § ¤ ¢ ÉÓ ¡μ²ÓÏ¥ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ, Î¥³ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¶Ê´±É Ì,
´ ¶·¨³¥·, ³μ¦´μ § ¤ ÉÓ ρ, Hg ¨ Hf .

4.4. Œ É¥·¨Ö, ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ Ö ¸ ÔËË¥±É¨¢´μ° ³¥É·¨-
±μ°. �μ¢Ò° ¢ ·¨ ´É ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ³ É¥·¨¥° ¨ ¡¨£· ¢¨É Í¨¥° ¶μ-
Ö¢²Ö¥É¸Ö ¶·¨ ¢¢¥¤¥´¨¨ ÔËË¥±É¨¢´μ° ³¥É·¨±¨. …¸²¨ ´¥ μ£· ´¨Î¨¢ ÉÓ¸Ö ³¨´¨-
¸Ê¶¥·¶·μ¸É· ´¸É¢μ³, Éμ ¢§ ¨³μ¤¥°¸É¢¨¥ ¸ ÔËË¥±É¨¢´μ° ³¥É·¨±μ° ¢¥¤¥É ± ¢μ§-
¢· Ð¥´¨Õ ¤ÊÌ , ± ± ¡Ò²μ ¶μ± § ´μ ¢ · ¡μÉ Ì [15, 43Ä46]. ’¥³ ´¥ ³¥´¥¥
ÊÉ¢¥·¦¤ ¥É¸Ö [43,44], ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¨´É¥·¥¸´ Ö μ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö É ±μ£μ
¢§ ¨³μ¤¥°¸É¢¨Ö ´  ³ ¸ÏÉ ¡ Ì Ô´¥·£¨° ´¨¦¥ μ¡·¥§ ´¨Ö. ‚ · ¡μÉ¥ [47] ÊÉ¢¥·-
¦¤ ²μ¸Ó, ÎÉμ ³μ¦´μ ¨§¡ ¢¨ÉÓ¸Ö μÉ ¤ÊÌ  ¢ É¥É· ¤´μ³ Ëμ·³ ²¨§³¥, ±μÉμ·Ò° ´¥
Ô±¢¨¢ ²¥´É¥´ ³¥É·¨Î¥¸±μ³Ê. ‡ É¥³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥ ¡Ò²μ μ¸¶μ·¥´μ [48].

‚¶¥·¢Ò¥  ´ ²¨§ ±μ¸³μ²μ£¨¨ ¡¨£· ¢¨É Í¨¨ ´  μ¸´μ¢¥ ÔÉμ° ³μ¤¥²¨ ¡Ò²
¤ ´ ¢ ¸É ÉÓ¥ [49]. �ËË¥±É¨¢´ Ö ³¥É·¨±  ¸É·μ¨É¸Ö ¶μ Ëμ·³Ê²¥

Gμν = α2gμν + 2αβgμαXα
ν + β2fμν , (4.72)

£¤¥ α ¨ β Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ. �  Ö§Ò±¥ É¥É· ¤ É ±μ¥ ¶μ¸É·μ¥´¨¥
¢μ§´¨± ¥É ¨§ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¤¢ÊÌ É¥É· ¤

αEA
μ + βFA

μ . (4.73)

’ ± Ö ¢μ§³μ¦´μ¸ÉÓ ¤²Ö ¸¶¥Í¨ ²Ó´μ£μ ¸²ÊÎ Ö α = β ¢¶¥·¢Ò¥ ¡Ò²  Ê¶μ³Ö´ÊÉ 
¢ · ¡μÉ¥ [26]. ‚ ³¨´¨-¸Ê¶¥·¶·μ¸É· ´¸É¢¥ ±μ³¶μ´¥´ÉÒ ÔËË¥±É¨¢´μ° ³¥É·¨±¨
¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

G00 = −N 2, G0i = 0, Gij = a2δij ≡ ψij , (4.74)

£¤¥
N = N(αu + β), a = αξ + βω. (4.75)

ˆ³¥ÕÉ ³¥¸Éμ ¸²¥¤ÊÕÐ¨¥ ¸É ´¤ ·É´Ò¥ ¸μμÉ´μÏ¥´¨Ö:
√
−G = N

√
ψ,

√
ψ = a3, (4.76)

£¤¥
G = det (Gμν), ψ = det (ψij). (4.77)

�¥·¢¨Î´Ò¥ ¸¢Ö§¨ ¡Ê¤ÊÉ ¸²¥¤ÊÕÐ¨³¨:

S = −6ξ3

κg
Hg

2 + αĤ(m) +
2m2

κ
ξ3B0(r) = 0, (4.78)

R′ = −6ω3

κf
Hf

2 + βĤ(m) +
2m2

κ
ξ3B1(r) = 0, (4.79)
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£¤¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ (φ, πφ), μ¶¨¸Ò¢ ÕÐ¨¥ ¸± -
²Ö·´μ¥ ¶μ²¥, § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´´μ° ¶¥·¥³¥´´μ°, ¨, ¸²¥¤μ¢ É¥²Ó´μ,

Ĥ(m) =
π2

φ

2a3
+ a3U(φ). (4.80)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ³ É¥·¨¨

ρ =
Ĥ(m)

a3
≡

π2
φ

2a6
+ U(φ). (4.81)

ƒ ³¨²ÓÉμ´¨ ´ ¢ ³¨´¨-¸Ê¶¥·¶·μ¸É· ´¸É¢¥ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

H = N(R′ + uS), (4.82)

  ´¥´Ê²¥¢Ò¥ ¸±μ¡±¨ �Ê ¸¸μ´  ¡Ê¤ÊÉ ¸²¥¤ÊÕÐ¨³¨:

{ξ, Hg} = − κg

12ξ2
, {ω, Hf} = − κf

12ω2
, {φ, πφ} = 1. (4.83)

“¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ Ê· ¢´¥´¨Ö (4.78), (4.79) ¨´ Î¥:

S = ξ3

[
− 6

κg
Hg

2 + α(α + βr)3ρ +
2m2

κ
B0(r)

]
= 0, (4.84)

R′ = ω3

[
− 6

κf
Hf

2 +
β

r3
(α + βr)3ρ +

2m2

κ

B1(r)
r3

]
= 0. (4.85)

�μÉ·¥¡μ¢ ¢ ¸μÌ· ´¥´¨Ö · ¢¥´¸É¢  S = 0 ¢ Ìμ¤¥ Ô¢μ²ÕÍ¨¨, ¶μ²ÊÎ¨³ ¢Éμ·¨Î´ÊÕ
¸¢Ö§Ó

Ṡ = {S, H} = NΩ → Ω = 0, (4.86)

£¤¥ Ω ¨³¥¥É ¢¨¤

Ω = {S,R′} =
6m2

κ
(ωHf − ξHg)

(
β1ξ

2 + 2β2ξω + β3ω
2 − κ

2m2
αβa2p

)
,

(4.87)
¨ ¢¢¥¤¥³ μ¡μ§´ Î¥´¨¥ ¤²Ö ¤ ¢²¥´¨Ö

p =
π2

φ

2a6
− U(φ). (4.88)

�μ¸²¥ ¢ÒÎ¨¸²¥´¨Ö
{Ω,S} = Δ �= 0 (4.89)

Ê¡¥¦¤ ¥³¸Ö, ÎÉμ Ω ¨ S Ö¢²ÖÕÉ¸Ö ¸¢Ö§Ö³¨ ¢Éμ·μ£μ ·μ¤ . Œμ¦´μ ¢¢¥¸É¨ ¸±μ¡±¨
„¨· ± 

{F, G}D = {F, G} − {F, Ω}{S, G} − {F,S}{Ω, G}
Δ

(4.90)
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¨ · ¸¸³ É·¨¢ ÉÓ R′ ± ± ¸¢Ö§Ó ¶¥·¢μ£μ ·μ¤ . �¥¤ÊÍ¨·μ¢ ´´Ò° £ ³¨²ÓÉμ´¨ ´ ¨
Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö Éμ£¤  ¡Ê¤ÊÉ ¢Ò£²Ö¤¥ÉÓ É ±:

Hreduced = NR′, Ḟ = {F, Hreduced}D. (4.91)

�±¢¨¢ ²¥´É´Ò³ μ¡· §μ³ ³μ¦´μ ¢Ò¢¥¸É¨ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö, ¶μ²Ó§ÊÖ¸Ó
¸±μ¡± ³¨ �Ê ¸¸μ´ , ¥¸²¨ ¶μ¸²¥ ¨Ì ¢ÒÎ¨¸²¥´¨Ö ¶μ¤¸É ¢¨ÉÓ ¢³¥¸Éμ ¶¥·¥³¥´-
´μ° u ¢Ò· ¦¥´¨¥, ´ °¤¥´´μ¥ ¨§ Ê· ¢´¥´¨Ö

Ω̇ = {Ω, H} ≡ N ({Ω,R′} + u{Ω,S}) = 0, (4.92)

É. ¥.

u = − 1
Δ
{Ω,R′}. (4.93)

’ ± ± ± Ω Ë ±Éμ·¨§Ê¥É¸Ö (4.87) (¸· ¢´¨ÉÓ ¸ Ê· ¢´¥´¨¥³ (4.16))

Ω = Ω1Ω2, (4.94)

¨³¥ÕÉ ³¥¸Éμ ¤¢  · §´ÒÌ ·¥Ï¥´¨Ö:

Ω1 = ωHf − ξHg = 0 (4.95)

¨²¨
Ω2 = β1ξ

2 + 2β2ωξ + β3ω
2 − κ

2m2
αβa2p = 0. (4.96)

�¨¦¥ · ¸¸³μÉ·¨³ μ¡  ¸²ÊÎ Ö. �É³¥É¨³, ÎÉμ ¢μ ¢Éμ·μ³ ¸²ÊÎ ¥ · §´Ò¥ ·¥§Ê²Ó-
É ÉÒ ¶μ²ÊÎ ÕÉ¸Ö ¤²Ö ³ É¥·¨¨ ¢ ¢¨¤¥ ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨, £¤¥ {ρ, p} = 0, ¨
¤²Ö ³ É¥·¨¨ ¢ ¢¨¤¥ ¸± ²Ö·´μ£μ ¶μ²Ö, £¤¥ {ρ, p} �= 0.

ˆ³¥Ö ¢ ¸¢μ¥³ · ¸¶μ·Ö¦¥´¨¨ £ ³¨²ÓÉμ´¨ ´ (4.82) ¨ ¸±μ¡±¨ �Ê ¸¸μ-
´  (4.83), ³μ¦¥³ ¢Ò¢¥¸É¨ ±¨´¥³ É¨Î¥¸±¨¥ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö, ±μÉμ-
·Ò¥, · §Ê³¥¥É¸Ö, Ô±¢¨¢ ²¥´É´Ò μ¶·¥¤¥²¥´¨Ö³ ¶μ¸ÉμÖ´´ÒÌ • ¡¡²  (¸³. (3.23)
¤²Ö ¸· ¢´¥´¨Ö) ¨ ¨³¶Ê²Ó¸  ¸± ²Ö·´μ£μ ¶μ²Ö

ξ̇ = {ξ, Hg}N
(

∂R′

∂Hg
+ u

∂S
∂Hg

)
= NuξHg, (4.97)

ω̇ = {ω, Hf}N
(

∂R′

∂Hf
+ u

∂S
∂Hf

)
= NωHf , (4.98)

φ̇ = {φ, H} = N

(
∂R′

∂πφ
+ u

∂S
∂πφ

)
= N(αu + β)

πφ

a3
. (4.99)

Šμ³¡¨´¨·ÊÖ ±¨´¥³ É¨Î¥¸±¨¥ ¨ ¤¨´ ³¨Î¥¸±¨¥ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¸± -
²Ö·´μ£μ ¶μ²Ö (É. ¥. ³ É¥·¨¨)

φ̇ = N(αu + β)
πφ

a3
, π̇φ = −N(αu + β)a3U ′(φ),
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¶μ²ÊÎ ¥³ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨

πφπ̇φ

a3
+ a3φ̇U ′(φ) = 0,

±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¸É ´¤ ·É´μ° Ëμ·³¥

ρ̇ + 3
ȧ

a
(ρ + p) = 0. (4.100)

„¨´ ³¨Î¥¸±¨¥ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤²Ö £· ¢¨É Í¨μ´´ÒÌ ¶¥·¥³¥´´ÒÌ ¨³¥-
ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ḣf = −Nκf

4r3

[
β (α + βr)3

(
ρ + p

β + αu

β +
α

r

)
+ (4.101)

+
2m2

κ
(1 − ur) D1(r)

]
, (4.102)

Ḣg = −Nuκg

4

[
α (α + βr)3

(
ρ +

p

ur

β + αu

β +
α

r

)
− (4.103)

− 2m2

κ
(1 − ur)

D1(r)
u

]
(4.104)

(¸³. (4.23), (4.24) ¤²Ö ¸· ¢´¥´¨Ö). Š ± ¶· ¢¨²μ, Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ³ É¥·¨¨
¸Î¨É ¥É¸Ö ¨§¢¥¸É´Ò³.

4.4.1. �¥·¢ Ö ¢¥É¢Ó. ‡¤¥¸Ó ¡Ê¤¥É · ¸¸³μÉ·¥´μ ¸²¥¤ÊÕÐ¥¥ ·¥Ï¥´¨¥ Ê· ¢-
´¥´¨Ö ¸¢Ö§¨ Ω = 0:

Ω1 = ωHf − ξHg = 0 → Hf = r−1Hg.

’μ£¤  ¤²Ö ¶ · ³¥É·μ¢ • ¡¡²  ¶μ²ÊÎ ¥³

Hf =
ω̇

Nω
, Hg =

ξ̇

Nuξ
, H =

ȧ

N(αu + β)a
, (4.105)

¨ ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

Hg = rHf , Hf = H
(α

r
+ β

)
, Hg = H(α + βr). (4.106)

‘¢Ö§¨ (4.84), (4.85) Ô±¢¨¢ ²¥´É´Ò ¸²¥¤ÊÕÐ¨³ Ê· ¢´¥´¨Ö³, ¶μ¤μ¡´Ò³ Ê· ¢´¥-
´¨Õ ”·¨¤³ ´ :

H2
f =

κf

6r3

(
β (α + βr)3 ρ +

2m2

κ
B1(r)

)
, (4.107)

H2
g =

κg

6

(
α(α + βr)3ρ +

2m2

κ
B0(r)

)
, (4.108)
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±μÉμ·Ò¥ ¸μ¤¥·¦ É ³´μ¦¥¸É¢μ ¶ · ³¥É·μ¢ α, β, β0, . . . , β4 ¨ ´μ¢ÊÕ ¶¥·¥³¥´´ÊÕ
r(t). “¤μ¡´μ ¡Ê¤¥É ¶¥·¥¶¨¸ ÉÓ ÔÉ¨ Ê· ¢´¥´¨Ö ¢ ¢¨¤¥

H2
f =

κf

6
ρf +

Λf

3
, (4.109)

H2
g =

κg

6
ρg +

Λg

3
, (4.110)

£¤¥

ρf = β
(α

r
+ β

)3

ρ, (4.111)

ρg = α(α + βr)3ρ, (4.112)

Λf = m2 κf

κ

B1(r)
r3

, (4.113)

Λg = m2 κg

κ
B0(r). (4.114)

ˆ§ Ê· ¢´¥´¨Ö (4.93) ¶μ²ÊÎ ¥³

u =

B1

r
− 3D2 + 3μ−1rD1 +

κ

2m2
β(α + βr)3

(
ρr−1 + 3p

β − μ−1rα

α + βr

)

3D1 + μ−1r(B0 − 3D0) +
κ

2m2
α(α + βr)3

(
ρμ−1r − 3p

β − μ−1rα

α + βr

) ,

(4.115)
£¤¥

Di = βi + 2βi+1r + βi+2r
2, Bi = Di + rDi+1. (4.116)

‘ ÊÎ¥Éμ³ Ê· ¢´¥´¨° (4.106) § ¤ ÎÊ ³μ¦´μ ¶¥·¥Ëμ·³Ê²¨·μ¢ ÉÓ ¢ ¢¨¤¥ ¤¢ÊÌ
· §²¨Î´ÒÌ Ê· ¢´¥´¨° É¨¶  Ê· ¢´¥´¨Ö ”·¨¤³ ´  ¤²Ö ¶¥·¥³¥´´μ° H :

H2 =
κg

6
α(α + βr)ρ +

m2

3
κg

κ

B0

(α + βr)2
, (4.117)

H2 =
κf

6r
β (α + βr) ρ +

m2

3r

κf

κ

B1

(α + βr)2
. (4.118)

�ÉÊ ¸¨¸É¥³Ê ³μ¦´μ · §·¥Ï¨ÉÓ μÉ´μ¸¨É¥²Ó´μ ¶²μÉ´μ¸É¨ ³ É¥·¨¨

ρ = μ−1r
2m2

κ

μB1(r)
r

− B0(r)

(α + βr)3 (μ−1rα − β)
. (4.119)

�¡· É´μ, ¨¸±²ÕÎ Ö ρ, ¶μ²ÊÎ ¥³

H2 =
m2

3
αB1(r) − βB0(r)

(α + βr)2 (μ−1rα − β)
κg

κ
; (4.120)
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É ±¦¥ ³μ¦´μ ¢Ò· §¨ÉÓ ±μ¸³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ ¢ ¢¨¤¥ ËÊ´±Í¨¨ μÉ ¶¥-
·¥³¥´´μ° r:

Λ = m2 κg

κ

B0

(α + βr)2
. (4.121)

…¸²¨ § ¤ ´  ´¥´ ¡²Õ¤ ¥³ Ö ¶¥·¥³¥´´ Ö r, Éμ ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ρ, H ¨ Λ
¨§ Ê· ¢´¥´¨° (4.119)Ä(4.121). �¡· É´μ, ¥¸²¨ § ¤ ÉÓ ´ Î ²Ó´μ¥ §´ Î¥´¨¥ ¤²Ö
´ ¡²Õ¤ ¥³μ° ρ ¨²¨ ¤²Ö H , Éμ, ·¥Ï¨¢ Ê· ¢´¥´¨¥ É·¥ÉÓ¥° ¨²¨ Î¥É¢¥·Éμ° ¸É¥-
¶¥´¨, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ´¥¸±μ²Ó±μ ¢μ§³μ¦´ÒÌ §´ Î¥´¨° ¤²Ö r. „¨´ ³¨Î¥¸±μ¥
Ê· ¢´¥´¨¥ ¤²Ö r:

ṙ = ȧ(1 − ur)
α + βr

β + αu
, (4.122)

¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ Ô¢μ²ÕÍ¨Õ ÔÉμ° ¶¥·¥³¥´´μ° ¸μ ¢·¥³¥´¥³ ¨, É ±¨³ μ¡· -
§μ³, ¢ÒÎ¨¸²¨ÉÓ Ô¢μ²ÕÍ¨Õ (¢¶¥·¥¤ ¨²¨ ´ § ¤ ¶μ ¢·¥³¥´¨) ¤²Ö ¢¸¥Ì ¶¥·¥³¥´-
´ÒÌ. „²Ö ¢ ¦´μ£μ ³´μ¦¨É¥²Ö 1 − ur ¶μ²ÊÎ ¥³ Ëμ·³Ê²Ê

1 − ur =
α(α + βr)3(ρ + 3p)

(
1 − βμ

αr

)
+

4m2

κ

(
μB1

r
− B0

)

α(α + βr)3
(

ρ − 3p
β − μ−1rα

α + βr

)
+

2m2

κ

(
B0 − 3D0 +

3μD1

r

) .

(4.123)
“· ¢´¥´¨¥ (4.123) ³μ¦´μ Ê¶·μ¸É¨ÉÓ, ÊÎ¨ÉÒ¢ Ö Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ³ É¥·¨¨
p = wρ:

1−ur =
3(1 + w)

(
μB1

r
− B0

)

B0 − 3D0 +
3μD1

r
+

(
μB1

r
− B0

) ⎛
⎜⎝ 1

1 − μβ

αr

+
3w

1 +
β

α
r

⎞
⎟⎠

. (4.124)

”Ê´±Í¨Ö r(t) ³μ¦¥É ´¥ ¡ÒÉÓ ³μ´μÉμ´´μ° ¨ ³¥´ÖÉÓ ¸¢μ¥ ¶μ¢¥¤¥´¨¥ ¶·¨ r =
1/u.

4.4.2. ‚Éμ· Ö ¢¥É¢Ó. ‚Éμ· Ö ¢¥É¢Ó Ω2 = 0 ¤ ¥É ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥:

β1ξ
2 + 2β2ξω + β3ω

2 − κ

2m2
αβa2p = 0,

¨²¨, Ô±¢¨¢ ²¥´É´μ,

p =
2m2

κ

D1(r)
αβ(α + βr)2

.

�Éμ Ê· ¢´¥´¨¥ ¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ ¤ ¢²¥´¨¥ ³ É¥·¨¨ p ¢ ¢¨¤¥ ËÊ´±Í¨¨ μÉ ¶¥-
·¥³¥´´μ° r. …¸²¨ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ ¶²μÉ´μ¸ÉÓ Ô´¥·-
£¨¨ ³ É¥·¨¨ ρ Î¥·¥§ ¤ ¢²¥´¨¥, Éμ ¨§ Ê· ¢´¥´¨° ¸¢Ö§¨ (4.85), (4.84) ³μ¦´μ
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μ¶·¥¤¥²¨ÉÓ Hg ¨ Hf . �¢μ²ÕÍ¨Ö ÔÉ¨Ì ¢¥²¨Î¨´ μ¶·¥¤¥²Ö¥É¸Ö £ ³¨²ÓÉμ´μ¢Ò³¨
Ê· ¢´¥´¨Ö³¨

Ḣg = −Nuκg

4
α(α + βr)3(ρ + p), (4.125)

Ḣf = −Nκf

4r3
β(α + βr)3(ρ + p). (4.126)

Šμ³¡¨´¨·ÊÖ Ê· ¢´¥´¨Ö (4.125), (4.126), ¶μ²ÊÎ¨³ ¸μμÉ´μÏ¥´¨¥

Ḣg

Ḣf

= μ−1 α

β
ur3. (4.127)

‚ ² £· ´¦¥¢μ³ Ëμ·³ ²¨§³¥ ¶μ¤·μ¡´Ò°  ´ ²¨§ ·¥Ï¥´¨° ¤²Ö ¢Éμ·μ° ¢¥É¢¨ ¡Ò²
¶·μ¢¥¤¥´ ¢ · ¡μÉ¥ [50]. �É³¥É¨³, ÎÉμ ¤²Ö ¢Éμ·μ° ¢¥É¢¨ ·¥Ï¥´¨° Ê· ¢´¥´¨°
¸¢Ö§¨ ´¥ Éμ²Ó±μ ¡¨£· ¢¨É Í¨Ö, ´μ ¨ ³ ¸¸¨¢´ Ö É¥μ·¨Ö £· ¢¨É Í¨¨ ¶μ§¢μ²Ö¥É
¶μ²ÊÎ¨ÉÓ ¤¨´ ³¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  ¶·¨ ¶²μ¸±μ° Ëμ-
´μ¢μ° ³¥É·¨±¥, ¶· ¢¤ , ´¥ Ê¤ ¥É¸Ö ¸¤¥² ÉÓ ÔÉÊ Ô¢μ²ÕÍ¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
´ ¡²Õ¤¥´¨Ö³ [51].

4.4.3. Œ ¸¸¨¢´ Ö £· ¢¨É Í¨Ö. �Ê¸ÉÓ ³¥É·¨±  fμν Ë¨±¸¨·μ¢ ´  ¨ ¢Ò¡· ´ 
¢ ¢¨¤¥ (−1, 1, 1, 1). ’μ£¤  N = 1, ω = 1, κ = κg ¨ R′ ¡μ²ÓÏ¥ ´¥ Ö¢²Ö¥É¸Ö
¸¢Ö§ÓÕ

R′ = β(αξ + β)3ρ +
2m2

κ
(β1ξ

3 + 3β2ξ
2 + 3β3ξ + β4). (4.128)

ƒ ³¨²ÓÉμ´¨ ´
H = R′ + uS (4.129)

Ê¦¥ ´¥ μ¡Ö§ É¥²Ó´μ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ´μ, · §Ê³¥¥É¸Ö, μ¸É ¥É¸Ö ¨´É¥£· ²μ³
¤¢¨¦¥´¨Ö.

‚ ³μ¤¥²¨ ¨³¥¥É¸Ö ¶ ·  ¸¢Ö§¥° ¢Éμ·μ£μ ·μ¤ : S = 0 ¨ Ω = 0, ¶·¨Î¥³

S = −6ξ3Hg
2

κ
+ α(αξ + β)3ρ +

2m2

κ
(β0ξ

3 + 3β1ξ
2 + 3β2ξ + β3), (4.130)

Ω = −3ξHg

(
2m2

κ
(β1ξ

2 + 2β2ξ + β3) − αβ(αξ + β)2p
)

. (4.131)

� ¸ ´¥ ¨´É¥·¥¸ÊÕÉ ¸É É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, ¶μÔÉμ³Ê μ¡μ§´ Î¨³ ¸ÊÐ¥¸É¢¥´´Ò°
³´μ¦¨É¥²Ó ¢ Ë ±Éμ·¨§ÊÕÐ¥°¸Ö ¸¢Ö§¨ Ω Î¥·¥§ Ω2 = Ω/(−3ξHg) ¨ ¡Ê¤¥³
· ¸¸³ É·¨¢ ÉÓ ¢ ± Î¥¸É¢¥ ¸¢Ö§¥° S ¨ Ω2. ˆÌ ¸±μ¡±  �Ê ¸¸μ´ 

{Ω2,S} =
∂Ω2

∂ξ

∂S
∂Hg

{ξ, Hg} +
∂Ω2

∂p

∂S
∂ρ

{p, ρ} (4.132)
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μÉ²¨Î´  μÉ ´Ê²Ö, ¶·¨Î¥³ ¢Éμ·μ¥ ¸² £ ¥³μ¥ · ¢´μ ´Ê²Õ ¢ ¸²ÊÎ ¥ ¨¤¥ ²Ó´μ°
¦¨¤±μ¸É¨, ´μ ´¥ ¤²Ö ¸± ²Ö·´μ£μ ¶μ²Ö:

{p, ρ} ≡
{

πφ
2

2(αξ + β)6
− U(φ),

πφ
2

2(αξ + β)6
+ U(φ)

}
= − 2πφU ′(φ)

(αξ + β)6
. (4.133)

‹ £· ´¦¥¢ ³´μ¦¨É¥²Ó u ¤μ²¦¥´ ¡ÒÉÓ μ¶·¥¤¥²¥´ ¨§ Ê¸²μ¢¨Ö ¸μ£² ¸μ¢ ´´μ¸É¨
¸¢Ö§¨ Ω2 ¸ £ ³¨²ÓÉμ´μ¢μ° Ô¢μ²ÕÍ¨¥°

Ω̇2 = {Ω2,R′} + u{Ω2,S} = 0, (4.134)

É. ¥.
u = −{Ω2,R′}

{Ω2,S}
. (4.135)

‚ ¸²ÊÎ ¥ ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨ ¶μ²ÊÎ ¥³ u = 0, ¨ ³¥É·¨±  gμν μ± §Ò¢ ¥É¸Ö
¢Ò·μ¦¤¥´´μ°. � ¤²Ö ¸± ²Ö·´μ£μ ¶μ²Ö ¶μ²ÊÎ ¥³

u = −β

α
×

×

⎛
⎜⎜⎝1 + ξHg

[
4m2

κα2β
(αξ + β)(β1ξ + β2)+(αξ + β)2

(
πφ

2

(αξ + β)6
+ U(φ)

)]
2πφU ′(φ)

⎞
⎟⎟⎠

−1

.

(4.136)

�μ¸±μ²Ó±Ê ´ ¡²Õ¤ ¥³μ¥ ¤¢¨¦¥´¨¥ ³ É¥·¨¨ ¸¢Ö§ ´μ ¸ ÔËË¥±É¨¢´μ° ³¥É·¨±μ°,
´¥μ¡Ìμ¤¨³μ ´ °É¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¥° ¶μ¸ÉμÖ´´ÊÕ • ¡¡² 

H =
ȧ

Na
≡ αξ̇

(αu + β)(αξ + β)
=

ξHg(
1 +

β

αu

)
(αξ + β)

. (4.137)

�μ¸²¥ ÊÎ¥É  Ê· ¢´¥´¨Ö (4.136) ¤²Ö H ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥

H = − 2πφU ′(φ)
4m2

κα2β
(αξ + β)2(β1ξ + β2) + (αξ + β)3

(
πφ

2

(αξ + β)6
+ U(φ)

) .

(4.138)
…¸²¨ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö Ê· ¢´¥´¨¥³ Ω2 = 0, Éμ ³μ¦´μ § ¶¨¸ ÉÓ ÔÉμÉ ·¥§Ê²ÓÉ É
¨´ Î¥:

H =

= − 2πφU ′(φ)

3(αξ+β)3U(φ)+
4m2(αξ+β)

καβ

[(
ξ+

β

α

)
(β1ξ+β2) + β1ξ2+2β2ξ + β3

] .

(4.139)
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ˆ³¥¥É¸Ö ¨¸±²ÕÎ¨É¥²Ó´Ò° ¢Ò¡μ· ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ² 

β2 = β1
β

α
, β3 = β1

(
β

α

)2

, (4.140)

¶·¨ ±μÉμ·μ³ § ¢¨¸¨³μ¸ÉÓ H μÉ φ ¨ a = αξ + β ¸¨²Ó´μ Ê¶·μÐ ¥É¸Ö:

H = −πφU ′(φ)
a3

2

3U(φ) +
8m2

κ

β1

α3β

, (4.141)

¨ ¸ ÊÎ¥Éμ³ ±¨´¥³ É¨Î¥¸±μ£μ £ ³¨²ÓÉμ´μ¢  Ê· ¢´¥´¨Ö ¤²Ö ¸± ²Ö·´μ£μ ¶μ²Ö
(4.99) ³μ¦´μ § ¶¨¸ ÉÓ

ȧ

a
= − 2U̇

3U +
8m2

κ

β1

α3β

. (4.142)

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ¸²¥¤´¥£μ Ê· ¢´¥´¨Ö ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¢Ò· §¨ÉÓ ³ ¸ÏÉ ¡-
´Ò° Ë ±Éμ· ÔËË¥±É¨¢´μ° ³¥É·¨±¨ ± ± ËÊ´±Í¨Õ ¸± ²Ö·´μ£μ ¶μ²Ö

a(φ) = a(φ0)

⎛
⎜⎜⎝

U(φ0) +
8m2

3κ

β1

α3β

U(φ) +
8m2

3κ

β1

α3β

⎞
⎟⎟⎠

2/3

. (4.143)

5. ‘‹“—�‰ �’‹ˆ—��ƒ� �’ ¤�ƒ’ ��’…�–ˆ�‹�

5.1. �¨£· ¢¨É Í¨Ö ¸ ¶μÉ¥´Í¨ ²μ³ �’ƒ. �Ê¸ÉÓ ¶μÉ¥´Í¨ ² ¡¨£· ¢¨É Í¨¨
μÉ²¨Î ¥É¸Ö μÉ ¶μÉ¥´Í¨ ²  ¤�ƒ’. � ¸¸³μÉ·¨³, ´ ¶·¨³¥·, ¶μÉ¥´Í¨ ² ·¥²ÖÉ¨-
¢¨¸É¸±μ° É¥μ·¨¨ £· ¢¨É Í¨¨ (�’ƒ) [52,53]:

U =
1
2

[√
−g

(
1
2
gμνfμν − 1

)
−

√
−f

]
. (5.1)

’μ£¤  ¢ μ¡μ§´ Î¥´¨ÖÌ 3 + 1 ³¨´¨-¸Ê¶¥·¶·μ¸É· ´¸É¢  ¨³¥¥³

√
−g = Nuξ3,

√
−f = Nω3, gμνfμν =

1
u2

+ 3r2, (5.2)

U =
1
2
N

(
ξ3

2u
+

3
2
uξω2 − uξ3 − ω3

)
≡ NŨ (5.3)
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¨ ¶μ²ÊÎ ¥³

V =
∂Ũ

∂u
=

1
2

(
− ξ3

2u2
− ξ3 +

3
2
ξω2

)
, (5.4)

W = Ũ − u
∂Ũ

∂u
=

1
2

(
ξ3

u
− ω3

)
. (5.5)

‘²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨Ö,  ´ ²μ£¨Î´Ò¥ ¸¢Ö§Ö³, ¡Ê¤ÊÉ ¸²¥¤ÊÕÐ¨³¨:

R′ = H +
2m2

κ
W = ω3

[
−

6H2
f

κf
+ ρf +

m2

κ

(
1

ur3
− 1

)]
= 0, (5.6)

S = H̄ +
2m2

κ
V = ξ3

[
−

6H2
g

κg
+ ρg +

m2

κ

(
− 1

2u2
− 1 +

3
2
r2

)]
= 0, (5.7)

´μ ¶·¨ ÔÉμ³ ¢ μ¡  Ê· ¢´¥´¨Ö (5.6), (5.7) ¢Ìμ¤¨É ¢¸¶μ³μ£ É¥²Ó´ Ö ¶¥·¥³¥´´ Ö u.
’μ£¤  ´¥μ¡Ìμ¤¨³μ ´ °É¨ u ¨§ μ¤´μ£μ Ê· ¢´¥´¨Ö ¨ ¶μ¤¸É ¢¨ÉÓ ¢ ¤·Ê£μ¥. ’ ±¨³
μ¡· §μ³, ¢ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ Ê ´ ¸ ¨³¥¥É¸Ö Éμ²Ó±μ μ¤´  ¸¢Ö§Ó. �Éμ ¸¢Ö§Ó ¶¥·-
¢μ£μ ·μ¤ , ¶μÖ¢²ÖÕÐ Ö¸Ö ¢¸²¥¤¸É¢¨¥ ¨´¢ ·¨ ´É´μ¸É¨ ¡¨-�’ƒ μÉ´μ¸¨É¥²Ó´μ
¶¥·¥¶ · ³¥É·¨§ Í¨¨ ¢·¥³¥´¨. �μ ÔÉμ° ¶·¨Î¨´¥ ¶¥·¥³¥´´ Ö N μ¸É ¥É¸Ö ¶·μ-
¨§¢μ²Ó´μ°. ‚ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ ³μ¦´μ ¢Ò¡· ÉÓ, ´ ¶·¨³¥·, ρg, ρf ,
Hg ¨ Hf . �Î¥¢¨¤´μ, ÎÉμ ¢ ÔÉμ° É¥μ·¨¨ ´  μ¤´Ê £· ¢¨É Í¨μ´´ÊÕ ¸É¥¶¥´Ó
¸¢μ¡μ¤Ò ¡μ²ÓÏ¥, Î¥³ ¢ É¥μ·¨ÖÌ ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’. ‚ ·¥§Ê²ÓÉ É¥ É¥μ·¨Ö
¡¨-�’ƒ ´¥ ¶μ¤Ìμ¤¨É ¤²Ö μ¶¨¸ ´¨Ö ´ ¡²Õ¤ ¥³μ° ±μ¸³μ²μ£¨¨ ¨ ´¨±μ£¤  ´¥
μ¡¸Ê¦¤ ² ¸Ó ¢ ²¨É¥· ÉÊ·¥. ŒÒ Ê¢¨¤¨³ ´¨¦¥, ÎÉμ ¶·¨ ¶¥·¥Ìμ¤¥ ± ³ ¸¸¨¢´μ°
£· ¢¨É Í¨¨ �’ƒ Î¨¸²μ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò μ± ¦¥É¸Ö  ¤¥±¢ É´Ò³ ±μ¸³μ²μ£¨Î¥-
¸±μ° § ¤ Î¥.

„¨´ ³¨Î¥¸±¨¥ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¢ μ¡¸Ê¦¤ ¥³μ³ ¶·¨³¥·¥ ¨³¥ÕÉ
¢¨¤

Ḣf = −Nκf

4

[
ρf + pf +

m2

κ

1 − (ur)2

ur3

]
, (5.8)

Ḣg = −Nuκg

4

[
ρg + pg − m2

κ

1 − (ur)2

u2

]
. (5.9)

5.2. Œ ¸¸¨¢´ Ö £· ¢¨É Í¨Ö ¸ ¶μÉ¥´Í¨ ²μ³ �’ƒ. …¸²¨ ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ
μ¤´Ê ¨§ ³¥É·¨±, ´ ¶·¨³¥· fμν , Ëμ´μ¢μ° ³¥É·¨±μ° Œ¨´±μ¢¸±μ£μ, Éμ ¡Ê¤¥³
¨³¥ÉÓ ¸μμÉ´μÏ¥´¨Ö ω ≡ 1, Hf = 0, ρf = 0, ¨ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (5.6)
¡Ê¤¥É

u =
1
r3

≡ ξ3

ω3
= ξ3. (5.10)

�μ¤¸É ¢¨¢ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ S, ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ”·¨¤³ ´  ¢ �’ƒ:

H2
g =

κgρg

6
− m2

12ξ6

κg

κ
(1 + 2ξ6 − 3ξ4). (5.11)
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�·¨´¨³ Ö κ = κg = 16πG, ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Ê· ¢´¥´¨¥ (5.11) ¢ ¢¨¤¥

H2
g =

8πG

3
ρg +

Λ
3

, (5.12)

£¤¥

Λ(ξ) = −m2

2

(
1

2ξ6
+ 1 − 3

2ξ2

)
. (5.13)

‡  ´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ³μ¦´μ ¢Ò¡· ÉÓ ρg ¨ Hg . ’μ£¤  Λ(ξ) μ¶·¥¤¥²Ö¥É¸Ö ¨§
Ê· ¢´¥´¨Ö (5.12), ¨ ¶¥·¥³¥´´ÊÕ ξ ³μ¦´μ ´ °É¨, ·¥Ï Ö ¡¨±Ê¡¨Î¥¸±μ¥ Ê· ¢´¥-
´¨¥ (5.13). ‚ μÉ²¨Î¨¥ μÉ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’ μ¡¸Ê-
¦¤ ¥³ Ö É¥μ·¨Ö ¤μ¶Ê¸± ¥É μ¤´μ·μ¤´Ò¥ ¨§μÉ·μ¶´Ò¥ ±μ¸³μ²μ£¨Î¥¸±¨¥ ·¥Ï¥´¨Ö
Ë·¨¤³ ´μ¢¸±μ£μ É¨¶ . �Éμ ¶·μ¨¸Ìμ¤¨É ¡² £μ¤ ·Ö Éμ³Ê, ÎÉμ £· ¢¨É Í¨μ´´μ¥
¶μ²¥ ¨³¥¥É §¤¥¸Ó ´  μ¤´Ê ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò ¡μ²ÓÏ¥. ‚ Éμ ¦¥ ¢·¥³Ö ÔÉ  ¸É¥¶¥´Ó
¸¢μ¡μ¤Ò ¢¥¤¥É ¸¥¡Ö ± ± ¤ÊÌ. ‚ �’ƒ ÔËË¥±É¨¢´ Ö ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö
μ± §Ò¢ ¥É¸Ö μÉ·¨Í É¥²Ó´μ°, ¨ ¶μÔÉμ³Ê ²Õ¡μ¥ · ¸Ï¨·¥´¨¥ ¤μ²¦´μ ¢ ¡Ê¤ÊÐ¥³
¸³¥´¨ÉÓ¸Ö ¸¦ É¨¥³. ‚¸¥²¥´´ Ö ¢¥¤¥É ¸¥¡Ö ¢ ÔÉμ° ³μ¤¥²¨ Í¨±²¨Î¥¸±¨ ¨ ´¥
¤μ¸É¨£ ¥É ¸¨´£Ê²Ö·´μ¸É¨. Šμ´¥Î´μ, ¤²Ö μ¡ÑÖ¸´¥´¨Ö ´ ¡²Õ¤ ¥³μ£μ Ê¸±μ·¥´-
´μ£μ · ¸Ï¨·¥´¨Ö ´¥μ¡Ìμ¤¨³μ ¶·¨¢²¥± ÉÓ ³ É¥·¨Õ, ±μÉμ· Ö ´  ¶·μÉÖ¦¥´¨¨
±μ´¥Î´μ£μ ¶·μ³¥¦ÊÉ±  ¢·¥³¥´¨ ¢¥¤¥É ¸¥¡Ö ¶μ¤μ¡´μ ±¢¨´ÉÔ¸¸¥´Í¨¨.

‡�Š‹	—…�ˆ…

�¥Ï¥´¨¥ § ¤ Î ±μ¸³μ²μ£¨¨ ¢ · ³± Ì É¥μ·¨¨ ¡¨£· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö μÉ-
±·ÒÉμ° ¶·μ¡²¥³μ° ¨ ´ Ìμ¤¨É¸Ö ¢ ¸É ¤¨¨  ±É¨¢´μ£μ ¨§ÊÎ¥´¨Ö [8Ä10,28,29,54Ä
58]. ‚ ¤ ´´μ° · ¡μÉ¥ ³Ò ¸É·¥³¨²¨¸Ó ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ ±· ¸μÉÊ ¨ ³μÐÓ
£ ³¨²ÓÉμ´μ¢  ¶μ¤Ìμ¤  ¢ ÔÉμ° μ¡² ¸É¨ ¨¸¸²¥¤μ¢ ´¨°. „μ¡ ¢¨³ É ±¦¥, ÎÉμ ± -
´μ´¨Î¥¸±¨° Ëμ·³ ²¨§³ μÉ±·Ò¢ ¥É ¶·Ö³ÊÕ ¤μ·μ£Ê ±¢ ´Éμ¢μ° ±μ¸³μ²μ£¨¨ ¢
¡¨£· ¢¨É Í¨¨.

�¢Éμ· ¡² £μ¤ ·¥´ ‚.�.�¥É·μ¢Ê, 
.”.�¨·μ£μ¢Ê ¨ 
. Œ. ‡¨´μ¢Ó¥¢Ê §  ¨Ì
¨´É¥·¥¸ ± ¤ ´´μ° · ¡μÉ¥.

�·¨²μ¦¥´¨¥ 1

���‡��—…�ˆŸ

�·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¸²¥¤μ¢ ³ É·¨ÍÒ X ¨ ¥¥ ¸É¥¶¥´¥° ´  μ¸´μ¢¥ Ê· ¢´¥-
´¨Ö (2.12) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò:

Tr X = −A + D, (�.1)

Tr X2 = A2 − 2(BC) + TrD2, (�.2)

Tr X3 = −A3 + 3A(BC) − (BDC) − Tr D3. (�.3)
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�μ¸²¥ ÔÉμ£μ ´¥É·Ê¤´μ ¢Ò· §¨ÉÓ ËÊ´±Í¨Õ Ũ ¨ ¥¥ ¶·μ¨§¢μ¤´Ò¥

V = β0e + β1e

(
x +

y

ε + 1

)
+ β2e

[
x2 − Trx2 + 2

xy − (px2p)
ε + 1

]
+

+ β3e

[
x3 − 3xTrx2 + 2 Trx3 +

6(px3p) − 6x(px2p) − 3y Trx2

ε + 1

]
,

Vi = −fiaCabpb,

W = β4f + β1eε + 2β2eε

(
x − y

ε(ε + 1)

)
+

+ β3e

[
x3 − 3xTrx2 + 2 Trx3 +

6(px3p) − 6x(px2p) − 3z Trx2

ε + 1

]
,

£¤¥

Cab = e
[
δab(β1 + 2β2x − 3β3 Tr x2) − 2xba(β2 + 3β3x) + 6β3xbcxca

]
. (�.4)

‚ÒÏ¥ ¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

xab = fia ei
b, (�.5)

x = xaa, (�.6)

Trx2 = xabxba, (�.7)

Trx3 = xabxbcxca, (�.8)

yab = papcxcb, (�.9)

y ≡ (pxp) = paxabpb = yaa, (�.10)

(px2p) = paxabxbcpc, (�.11)

(px3p) = paxabxbcxcdpd, (�.12)

(ufp) = uifiapa, (�.13)

(ufxTp) = uifiaxbapb, (�.14)

(uf(x2)Tp) = uifiaxbaxcbpc, (�.15)

z = x +
y

ε + 1
. (�.16)

�·¨²μ¦¥´¨¥ 2
� ”…��Œ…��‹�ƒˆˆ �ˆƒ��‚ˆ’�–ˆˆ

‚μ¶·μ¸ μ ¸μ£² ¸¨¨ É¥μ·¨¨ ¸ Ô±¸¶¥·¨³¥´Éμ³ ¤²Ö £· ¢¨É Í¨¨ ¸Éμ¨É μ¸μ¡μ,
¶μ¸±μ²Ó±Ê ¨´¸É·Ê³¥´ÉÒ ¨¸¸²¥¤μ¢ ´¨Ö §¤¥¸Ó ¶·¨´Í¨¶¨ ²Ó´μ μÉ²¨Î´Ò μÉ ¨´-
¸É·Ê³¥´Éμ¢ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°. �Éμ° É¥³¥ ¶μ¸¢Ö-
Ð¥´Ò ¨ ³μ´μ£· Ë¨Ö [59], ¨ μ¡§μ·Ò [60Ä62], ¨ ´μ¢Ò¥ ¶Ê¡²¨± Í¨¨ ¨¸¸²¥-
¤μ¢ É¥²Ó¸±¨Ì ±μ²² ¡μ· Í¨° [63, 64]. ‚Ò§μ¢ ¤²Ö É¥μ·¥É¨±μ¢, ± ± Ê¦¥ ¡Ò²μ
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μÉ³¥Î¥´μ ¢μ ¢¢¥¤¥´¨¨, Å ÔÉμ ¶·μ¡²¥³Ò É¥³´μ° Ô´¥·£¨¨ ¨ É¥³´μ° ³ É¥·¨¨.
�¸´μ¢´Ò³¨ ´ ¶· ¢²¥´¨Ö³¨ ¨¸¸²¥¤μ¢ ´¨° Ö¢²ÖÕÉ¸Ö §¤¥¸Ó ± ± ¨§μ¡·¥É¥´¨¥ ´μ-
¢ÒÌ ¶μ²¥° ³ É¥·¨¨ (¨, ¸μμÉ¢¥É¸É¢¥´´μ, ´μ¢ÒÌ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í), É ± ¨
¨§³¥´¥´¨¥ § ±μ´μ¢ £· ¢¨É Í¨¨. Š¢ ²¨Ë¨Í¨·μ¢ ´´Ò° μ¡§μ· ¢¸¥£μ μ¡Ñ¥³  · -
¡μÉ Ö¢´μ ¶·¥¢μ¸Ìμ¤¨É ¢μ§³μ¦´μ¸É¨  ¢Éμ· .

�¡¸Ê¦¤ ¥³ Ö §¤¥¸Ó É¥μ·¨Ö ¡¨£· ¢¨É Í¨¨, · §Ê³¥¥É¸Ö, Ö¢²Ö¥É¸Ö ´¥ ¥¤¨´-
¸É¢¥´´μ° ¦¨§´¥¸¶μ¸μ¡´μ° ³μ¤¨Ë¨± Í¨¥° �’�. ˆ³¥ÕÉ¸Ö ³μ´μ£· Ë¨Ö [65]
¨ ¡μ²ÓÏ¨¥ μ¡§μ·Ò [66Ä70], ¢ ±μÉμ·ÒÌ ¶·¥¤¸É ¢²¥´Ò · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ
μ¡μ¡Ð¥´¨Ö �’�. ‡¤¥¸Ó ¨ ¨¸¶μ²Ó§μ¢ ´¨¥ ¢Ò¸Ï¨Ì · §³¥·´μ¸É¥°, ¨ ¢¢¥¤¥´¨¥
´μ¢ÒÌ ¸± ²Ö·´ÒÌ ¶μ²¥°, ¨ ¢¢¥¤¥´¨¥ ¢ ² £· ´¦¨ ´ · §²¨Î´ÒÌ ¨´¢ ·¨ ´Éμ¢
±·¨¢¨§´Ò, ¨ ´¥²μ± ²Ó´Ò¥ É¥μ·¨¨, ³μÉ¨¢¨·μ¢ ´´Ò¥ É¥μ·¨¥° ¸É·Ê´, ¨ É¥μ·¨¨
¸ ´ ·ÊÏ¥´¨¥³ ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨ ¨ ¤·. ’ ±, ´  14-³ ‘¥³¨´ ·¥ Œ ·-
¸¥²Ö ƒ·μ¸¸³ ´ , ¸μ¡· ¢Ï¥³ 1054 ÊÎ ¸É´¨± , ¸ ³μ° ¶¥·¥£·Ê¦¥´´μ° ¸¥±Í¨¥°
¡Ò²  ¨³¥´´μ ¸¥±Í¨Ö ®� ¸Ï¨·¥´´Ò¥ É¥μ·¨¨ £· ¢¨É Í¨¨¯ ¸ ¥¥ 109 ¤μ±² -
¤ ³¨. …Ð¥ ¤μ ¨§μ¡·¥É¥´¨Ö ¶μÉ¥´Í¨ ²  ¤�ƒ’, ¶μ§¢μ²¨¢Ï¥£μ ¨§¡ ¢¨ÉÓ¸Ö μÉ
¤ÊÌμ¢, μ¡¸Ê¦¤ ²¨¸Ó É¥μ·¨¨ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ [53, 71Ä74]. Œ´μ£¨¥ ¸Î¨-
É ÕÉ ¡¨£· ¢¨É Í¨Õ ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’ ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´μ° É¥μ·¨¥°,
Î¥³ ¢ÒÏ¥¶¥·¥Î¨¸²¥´´Ò¥ (¸³., ´ ¶·¨³¥·, [57]). ‡¤¥¸Ó ¨¸¶μ²Ó§Ê¥É¸Ö Ê´¨± ²Ó-
´ Ö ¢μ§³μ¦´μ¸ÉÓ ¶μ¸É·μ¨ÉÓ ¢§ ¨³μ¤¥°¸É¢¨¥ ¡¥§³ ¸¸μ¢μ£μ ¨ ³ ¸¸¨¢´μ£μ ¶μ²¥°
¸¶¨´  2. Š·μ³¥ ¢¢¥¤¥´¨Ö ´¥¸±μ²Ó±¨Ì ±μ´¸É ´É, ¢ μ¸É ²Ó´μ³ É¥μ·¨Ö Ö¢²Ö¥É¸Ö
¥¤¨´¸É¢¥´´μ μ¶·¥¤¥²¥´´μ°. ‚ μÉ²¨Î¨¥ μÉ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° ³ ¸¸ 
£· ¢¨Éμ´  ´¥ ¶¥·¥´μ·³¨·Ê¥É¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ μÉ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²Ö ±
±¢ ´Éμ¢μ°.

‘ÊÐ¥¸É¢ÊÕÉ ¶μ¤·μ¡´Ò¥ ¨ ±¢ ²¨Ë¨Í¨·μ¢ ´´Ò¥ μ¡§μ·Ò ± ± ³ ¸¸¨¢´μ°
£· ¢¨É Í¨¨, É ± ¨ ¡¨£· ¢¨É Í¨¨ ¸ ¶μÉ¥´Í¨ ²μ³ ¤�ƒ’, ´ ¶·¨³¥· [75Ä77].
…¸ÉÓ ¤¨¸¸¥·É Í¨¨, ¸¶¥Í¨ ²Ó´μ ¶μ¸¢ÖÐ¥´´Ò¥ μ¶¨¸ ´¨Õ ±μ¸³μ²μ£¨¨ ´ 
μ¸´μ¢¥ ÔÉ¨Ì É¥μ·¨°, ´ ¶·¨³¥· [78]. ”¥´μ³¥´μ²μ£¨Ö ¡¨£· ¢¨É Í¨¨ ¢ Í¥-
²μ³ ´¥ ¶·μÉ¨¢μ·¥Î¨É ¸μ¢·¥³¥´´Ò³ ´ ¡²Õ¤ É¥²Ó´Ò³ ¤ ´´Ò³. ‚ Éμ ¦¥ ¢·¥³Ö
¶·¥¤¸± § ´¨Ö · §´ÒÌ ¢ ·¨ ´Éμ¢ É¥μ·¨¨ ³μ£ÊÉ ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ÉÓ¸Ö ¢ § -
¢¨¸¨³μ¸É¨ μÉ Éμ£μ, ± ±¨³ μ¡· §μ³ ¶μ¸É·μ¥´μ ¢§ ¨³μ¤¥°¸É¢¨¥ £· ¢¨É Í¨μ´-
´ÒÌ ¶μ²¥° ¸ ¶μ²Ö³¨ ³ É¥·¨¨,   É ±¦¥ ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢Ò¡μ·  ±μ´¸É ´É
¢ ² £· ´¦¨ ´¥.

�μ´ÖÉ¨¥ ³ ¸¸Ò £· ¢¨Éμ´  É·¥¡Ê¥É · ¸¸³μÉ·¥´¨Ö ²¨´¥°´μ£μ ¶·¨¡²¨¦¥-
´¨Ö Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ´  ¢Ò¡· ´´μ³ Ëμ´¥, ¶·¨Î¥³ Ëμ´μ¢ Ö
³¥É·¨±  ¤μ²¦´  ¨³¥ÉÓ ³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´ÊÕ £·Ê¶¶Ê ¤¢¨¦¥´¨°, É. ¥. § ¤ -
¢ ÉÓ ¶·μ¸É· ´¸É¢μ ¶μ¸ÉμÖ´´μ° (¶μ²μ¦¨É¥²Ó´μ°, μÉ·¨Í É¥²Ó´μ° ¨²¨ ´Ê²¥¢μ°)
±·¨¢¨§´Ò.

‚ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ ¤¨´ ³¨Î¥¸±¨³ Ö¢²Ö¥É¸Ö μ¤´μ É¥´§μ·´μ¥ ¶μ²¥,
±μÉμ·μ¥ ´  ¸ ³ÒÌ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ¢ ´ÓÕÉμ´μ¢¸±μ³ ¶·¥¤¥²¥ ¤ ¥É £· -
¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ² ¢ ¢¨¤¥ ¶μÉ¥´Í¨ ²  
± ¢Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ³ ¸¸¥
£· ¢¨Éμ´  m. �Í¥´±¨ ³ ¸¸Ò £· ¢¨Éμ´  ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ · §´ÒÌ ¸μ-
μ¡· ¦¥´¨° (¸³., ´ ¶·¨³¥·, [80Ä82]). ‘¢μ¤±  · §²¨Î´ÒÌ μÍ¥´μ± ¤ ´  ¢ μ¡-
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§μ·¥ [77]. �μ¸±μ²Ó±Ê m μ¡ÒÎ´μ ¸Î¨É ¥É¸Ö ´ ³´μ£μ ³¥´ÓÏ¨³, Î¥³ ³ ¸¸ 
²Õ¡μ° ¨§ ¨§¢¥¸É´ÒÌ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í, Õ± ¢¸±μ¥ ¶μ¢¥¤¥´¨¥ ¸É ´μ¢¨É¸Ö
§ ³¥É´Ò³ Éμ²Ó±μ ´  μÎ¥´Ó ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì. �  ±μ¸³μ²μ£¨Î¥¸±¨ ³ ²ÒÌ
· ¸¸ÉμÖ´¨ÖÌ, ´ ¶·¨³¥·, ¢´ÊÉ·¨ ‘μ²´¥Î´μ° ¸¨¸É¥³Ò, ¢ ²μ·¥´Í-¨´¢ ·¨ ´É-
´ÒÌ É¥μ·¨ÖÌ ³ ¸¸¨¢´μ° £· ¢¨É Í¨¨ ¨³¥¥É ³¥¸Éμ É ± ´ §Ò¢ ¥³ Ö Ô±· ´¨-
·μ¢±  ‚ °´ÏÉ¥°´  [79], ¡² £μ¤ ·Ö ±μÉμ·μ° μÉ±²μ´¥´¨Ö μÉ �’� ´ÓÕÉμ-
´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¨¸ÉμÎ´¨±  ³ ¸¸Ò M ´ ¡²Õ¤ ÕÉ¸Ö ²¨ÏÓ ¤²Ö r > rV , £¤¥

rV = 1/m 5

√
M

MPl

m

MPl
Å É ± ´ §Ò¢ ¥³Ò° · ¤¨Ê¸ ‚ °´ÏÉ¥°´  ¤²Ö ¨¸ÉμÎ´¨± 

³ ¸¸Ò M .
‚ ¡¨£· ¢¨É Í¨¨ ¤¥²μ μ¡¸Éμ¨É ¨´ Î¥, ¨ ¶μÉ¥´Í¨ ² ¸μ¤¥·¦¨É ¸Ê¶¥·¶μ§¨Í¨Õ

´ÓÕÉμ´μ¢¸±μ£μ ¨ Õ± ¢¸±μ£μ. ”¥´μ³¥´μ²μ£¨Ö ¡¨£· ¢¨É Í¨¨ ¤μ¶Ê¸± ¥É ¡μ²ÓÏ¥
· §²¨Î´ÒÌ ¢ ·¨ ´Éμ¢, ¶μ¸±μ²Ó±Ê ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ · §²¨Î´Ò¥ ¢§ ¨³μ¤¥°-
¸É¢¨Ö ³ É¥·¨¨ ¸ É¥´§μ·´Ò³¨ ¶μ²Ö³¨, ²¨ÏÓ Î ¸É¨Î´μ μ¶¨¸ ´´Ò¥ ¢ ´ ¸ÉμÖÐ¥°
· ¡μÉ¥. ‡¤¥¸Ó ¤μ¶Ê¸É¨³Ò ¨ ¸· ¢´¨É¥²Ó´μ ¡μ²ÓÏ¨¥ §´ Î¥´¨Ö ³ ¸¸Ò £· ¢¨Éμ´ 
(¸³., ´ ¶·¨³¥·, [83,84]).

ŒÒ ´¥ · ¸¸³ É·¨¢ ²¨ ¢ÒÏ¥ ¸¶μ¸μ¡Ò μ¶¨¸ ´¨Ö É¥³´μ° ³ É¥·¨¨ ¢ · ³± Ì
¡¨£· ¢¨É Í¨¨. “¶μ³Ö´¥³ ²¨ÏÓ ´¥±μÉμ·Ò¥ ¨§ ´¨Ì.

� ¶·¨³¥·, ¡Ò²μ ¶·¥¤²μ¦¥´¨¥ ¸Î¨É ÉÓ, ÎÉμ É¥³´ Ö ³ É¥·¨Ö ¶μ·μ¦¤ -
¥É¸Ö f-³ É¥·¨¥°, ±μÉμ· Ö ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ ³¥É·¨±μ° fμν , ¢ Éμ
¢·¥³Ö ± ± μ¡ÒÎ´ Ö ³ É¥·¨Ö (g-³ É¥·¨Ö) ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ ³¥É·¨-
±μ° gμν . ‚ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ ´  Ëμ´¥ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ ¨²¨
¶·μ¸É· ´¸É¢  ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò ¤¢¥ · §²¨Î´Ò¥ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ fμν

¨ gμν ¶·¥¤¸É ¢²ÖÕÉ ¡¥§³ ¸¸μ¢μ¥ ¨ ³ ¸¸¨¢´μ¥ ¶μ²Ö ¸¶¨´  2 [36,37].
�¡¸Ê¦¤ ² ¸Ó É ±¦¥ ¢μ§³μ¦´μ¸ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¤¢ÊÌ ¢¨¤μ¢ É¥³´μ° ³ É¥-

·¨¨, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¸ ¤¢Ê³Ö ³¥É·¨± ³¨ ¡¨£· ¢¨É Í¨¨,   ³¥¦¤Ê ¸μ¡μ° Å
¶μ¸·¥¤¸É¢μ³ ¢¥±Éμ·´μ£μ ¶μ²Ö (¤¨¶μ²Ö·´ Ö É¥³´ Ö ³ É¥·¨Ö) [85Ä87].

’·¥É¨° ¢ ·¨ ´É ¶·¥¤¶μ² £ ¥É ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¶μ²¥° ‘É ´¤ ·É´μ° ³μ¤¥²¨
± ± μ¡ÒÎ´μ° ³ É¥·¨¨,   ·μ²Ó É¥³´μ° ³ É¥·¨¨ ¨£· ¥É ³ ¸¸¨¢´μ¥ ¶μ²¥ ¸¶¨-
´  2 [83, 84], ¶·¨Î¥³ £· ¢¨Éμ´ ³μ¦¥É ¨³¥ÉÓ ¡μ²ÓÏÊÕ ³ ¸¸Ê (¸³., ´ ¶·¨-
³¥·, [83]) ¶μ·Ö¤±  0,01 ƒÔ‚.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö É¥μ·¨Ö ¡¨£· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö μ¤´μ° ¨§  ±É¨¢´μ · §-
· ¡ ÉÒ¢ ¥³ÒÌ ³μ¤¨Ë¨± Í¨° �’�, ¨´É¥·¥¸´μ° ± ± ¸ Î¨¸Éμ É¥μ·¥É¨Î¥¸±μ°,
É ± ¨ ¸ Ë¥´μ³¥´μ²μ£¨Î¥¸±μ° ÉμÎ¥± §·¥´¨Ö. �·¨ ÔÉμ³ ¶μ±  ´¥²Ó§Ö μ¡Ñ¥±É¨¢´μ
μÉ¤ ÉÓ ¶·¥¤¶μÎÉ¥´¨¥ ± ±μ³Ê-Éμ ¨§ ¢ ·¨ ´Éμ¢ ÔÉμ° É¥μ·¨¨.
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