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� ÊÎ´μ-¨¸¸²¥¤μ¢ É¥²Ó¸±¨° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¶·μ¡²¥³

�¥²μ·Ê¸¸±μ£μ £μ¸Ê¤ ·¸É¢¥´´μ£μ Ê´¨¢¥·¸¨É¥É , Œ¨´¸±

�·¥¤¸É ¢²¥´ £¥´¥· Éμ· Œμ´É¥-Š ·²μ LePaProGen, ¶·¥¤´ §´ Î¥´´Ò° ¤²Ö ³μ¤¥²¨-
·μ¢ ´¨Ö ·μ¦¤¥´¨Ö ²¥¶Éμ´´ÒÌ ¶ · ´   ¤·μ´´ÒÌ ±μ²² °¤¥· Ì. ‚ ¶·μ£· ³³¥ ·¥ ²¨§μ-
¢ ´Ò Ô²¥±É·μ¸² ¡Ò¥ · ¤¨ Í¨μ´´Ò¥ ÔËË¥±ÉÒ ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢. ‚ £¥´¥· Éμ·¥ ¶·¨³¥-
´¥´ ´μ¢Ò°  ²£μ·¨É³ ¢Ò¡μ·  μ¶É¨³ ²Ó´μ° ¶ · ³¥É·¨§ Í¨¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ .

Monte Carlo event generator LePaProGen for lepton pair production at hadron col-
liders is presented. LePaProGen focuses on the description of higher-order electroweak
radiative corrections. The generator implements a new algorithm for the selection of the
optimal variables for phase space parameterization.

PACS: 13.85.-t; 12.15.Lk; 02.70.Uu

‚‚…„…�ˆ…

�·μÍ¥¸¸ ·μ¦¤¥´¨Ö ²¥¶Éμ´´ÒÌ ¶ · ¢  ¤·μ´´ÒÌ ¸Éμ²±´μ¢¥´¨ÖÌ Ö¢²Ö¥É¸Ö μ¤-
´¨³ ¨§ ´ ¨¡μ²¥¥ ¨§ÊÎ¥´´ÒÌ. ’μÎ´μ¸ÉÓ ¨§³¥·¥´¨Ö ÔÉ¨Ì ¶·μÍ¥¸¸μ¢ ¶·¥¤¥²Ó´μ
¢Ò¸μ± , ÎÉμ ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¨Ì ¤²Ö ¶·¥Í¨§¨μ´´μ£μ μ¶·¥¤¥²¥´¨Ö ¶ · -
³¥É·μ¢ ‘É ´¤ ·É´μ° ³μ¤¥²¨, ¶ ·Éμ´´ÒÌ ¶²μÉ´μ¸É¥° ¨ ¸¢¥É¨³μ¸É¨ Ê¸±μ·¨É¥²Ö.
‚ Éμ ¦¥ ¢·¥³Ö ·μ¦¤¥´¨¥ ²¥¶Éμ´´ÒÌ ¶ · Å ¢ ¦´¥°Ï¨° Ëμ´μ¢Ò° ¶·μÍ¥¸¸
¶·¨ ¶μ¨¸±¥ ®´μ¢μ°¯ Ë¨§¨±¨. �Éμ ¶·¥¤ÑÖ¢²Ö¥É ¸¥·Ó¥§´Ò¥ É·¥¡μ¢ ´¨Ö ± É¥μ-
·¥É¨Î¥¸±¨³ μ¶¨¸ ´¨Ö³ ¨ ¶·¥¤¸± § ´¨Ö³, ÎÉμ, ¢ ¸¢μÕ μÎ¥·¥¤Ó, μ¡μ¸´μ¢Ò¢ ¥É
´¥μ¡Ìμ¤¨³μ¸ÉÓ ¸μ§¤ ´¨Ö ¸¶¥Í¨ ²¨§¨·μ¢ ´´ÒÌ ¸·¥¤¸É¢ ¤²Ö É ±¨Ì ¶·μÍ¥¸¸μ¢.

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³  ´ ²¨É¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ¶μ²ÊÎ¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¶μ
¨´¢ ·¨ ´É´μ° ³ ¸¸¥ [1] ¨ ¡Ò¸É·μÉ¥ [2].

‡  ¶μ¸²¥¤´¨¥ ¤¥¸ÖÉ¨²¥É¨Ö ¸μ§¤ ´ ·Ö¤ Î¨¸²¥´´ÒÌ ¶·μ£· ³³, É ±¨Ì ± ±
READY [3], SANC [4], FEWZ [5], DYNNLO [6], ¶μ§¢μ²ÖÕÐ¨Ì ¶μ²ÊÎ¨ÉÓ
¶·¥¤¸± § ´¨Ö ¤²Ö · §²¨Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ¸ ÊÎ¥Éμ³ Ô²¥±É·μ¸² ¡ÒÌ (�‘)
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· ¤¨ Í¨μ´´ÒÌ ¶μ¶· ¢μ± ¶¥·¢μ£μ ¶μ·Ö¤±  ¨ Š•„-¶μ¶· ¢μ± ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ
¶μ·Ö¤±μ¢.

„²Ö  ´ ²¨§  ¤ ´´ÒÌ ¸μ§¤ ´Ò £¥´¥· Éμ·Ò Œμ´É¥-Š ·²μ HORACE [7],
WINHAC [8], POWHEG [9Ä11], MC@NLO [12], ³μ¤¥²¨·ÊÕÐ¨¥ ¸μ¡ÒÉ¨Ö ¶·μ-
Í¥¸¸  ·μ¦¤¥´¨Ö ²¥¶Éμ´´ÒÌ ¶ ·. ƒ¥´¥· Éμ·Ò POWHEG ¨ MC@NLO μ¡¥¸¶¥-
Î¨¢ ÕÉ ±μ··¥±É´ÊÕ ¸Ï¨¢±Ê ¸ £¥´¥· Éμ· ³¨ ¶ ·Éμ´´ÒÌ ²¨¢´¥°, ¨´μ£¤  Í¥´μ°
¶μÖ¢²¥´¨Ö ¸μ¡ÒÉ¨° ¸ μÉ·¨Í É¥²Ó´Ò³¨ ¢¥¸ ³¨.

ƒ¥´¥· Éμ· LePaProGen (LPPG) § ¤Ê³ ´ ± ± ¢ ·¨ ´É ¸¨´É¥§  μ¸´μ¢´ÒÌ
¤μ¸Éμ¨´¸É¢ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¶·μ£· ³³: ¢±²ÕÎ¥´¨¥ ¶¥É²¥¢ÒÌ ¶μ¶· ¢μ± ¶·μ¨§-
¢μ²Ó´μ£μ ¶μ·Ö¤± , ¶μ²μ¦¨É¥²Ó´Ò¥ ¢¥¸  ¸μ¡ÒÉ¨°, ±μ··¥±É´ Ö ¸Ï¨¢±  ¸ £¥-
´¥· Éμ· ³¨ ¶ ·Éμ´´ÒÌ ²¨¢´¥°, ¢Ò¸μ± Ö ÔËË¥±É¨¢´μ¸ÉÓ £¥´¥·¨·μ¢ ´¨Ö ¶·¨
´¥¡μ²ÓÏμ³ ¢·¥³¥´¨ ¨´¨Í¨ ²¨§ Í¨¨ ¨ ³¨´¨³ ²Ó´μ³ ¨¸¶μ²Ó§μ¢ ´¨¨ ¤¨¸±μ¢μ°
¶ ³ÖÉ¨. „²Ö ÔÉμ£μ ¢ ¶¥·¢ÊÕ μÎ¥·¥¤Ó ´¥μ¡Ìμ¤¨³ ÔËË¥±É¨¢´Ò°  ²£μ·¨É³ £¥´¥-
·¨·μ¢ ´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  ´  ¤·¥¢¥¸´μ³ Ê·μ¢´¥ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥
μÉ´μ¸¨É¥²Ó´μ ¡μ²ÓÏμ£μ Î¨¸²  ±μ´¥Î´ÒÌ Î ¸É¨Í (¡μ²¥¥ É·¥Ì). ‚ ¤ ´´μ° ¸É -
ÉÓ¥ ¶·¥¤¸É ¢²¥´Ò Î ¸É¨  ²£μ·¨É³ , μÉ¢¥Î ÕÐ¨¥ §  ¢Ò¡μ· ¶ · ³¥É·¨§ Í¨¨, ¨
¶·¨¢¥¤¥´Ò Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¡ §μ¢ÒÌ £¥´¥· Éμ·μ¢ ¤²Ö ¸²ÊÎ Ö ·¥£Ê²Ö·´μ£μ
³ É·¨Î´μ£μ Ô²¥³¥´É .

1. ‘’��’…ƒˆŸ

�ËË¥±É¨¢´μ¥ £¥´¥·¨·μ¢ ´¨¥ ¸μ¡ÒÉ¨°, · ¸¶·¥¤¥²¥´´ÒÌ ¸μ£² ¸´μ ³´μ£μ-
³¥·´μ° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ p(x) ¢ μ¡² ¸É¨ Ω, É·¥¡Ê¥É ¶·¨³¥´¥´¨Ö ³¥Éμ¤ 
¸ÊÐ¥¸É¢¥´´μ° ¢Ò¡μ·±¨. ‘ÊÉÓ ¥£μ ¢ Éμ³, ÎÉμ¡Ò ´ °É¨ ³ ¦μ·¨·ÊÕÐÊÕ ¶²μÉ-
´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ρ(x) > p(x) ¢ Ω, ¤μ¸É ÉμÎ´μ ¶·μ¸ÉÊÕ ¤²Ö £¥´¥·¨·μ¢ ´¨Ö.
…¸²¨ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ p(x)/ρ(x) μÉ¡·μ¸¨ÉÓ Î ¸ÉÓ ¸μ¡ÒÉ¨°, Éμ μ¸É ¢Ï¨¥¸Ö ¡Ê¤ÊÉ
· ¸¶·¥¤¥²¥´Ò ¸μ£² ¸´μ ¨¸Ìμ¤´μ° ¶²μÉ´μ¸É¨.

“¸¶¥Ì É ±μ° ¸É· É¥£¨¨ ´ ¶·Ö³ÊÕ § ¢¨¸¨É μÉ Ï¨·μÉÒ ±² ¸¸  · ¸¶·¥¤¥-
²¥´¨° ρ(x), ¶·¨£μ¤´ÒÌ ¤²Ö ÔËË¥±É¨¢´μ° £¥´¥· Í¨¨. � ¨¡μ²¥¥ ¨§ÊÎ¥´´Ò³
Ö¢²Ö¥É¸Ö ¸²ÊÎ °, ±μ£¤  ±μ³¶μ´¥´ÉÒ xi ∈ x · ¸¶·¥¤¥²¥´Ò ´¥§ ¢¨¸¨³μ. ’μ-
£¤  ¶²μÉ´μ¸ÉÓ ¤²Ö ¢¸¥£μ ¸μ¡ÒÉ¨Ö ¡Ê¤¥É ¶·μ¨§¢¥¤¥´¨¥³ ¶²μÉ´μ¸É¥° μÉ¤¥²Ó´ÒÌ
±μ³¶μ´¥´É ρ(x) = ρ1(x1)ρ2(x2) · · · ρn(xn). ˆ³¥´´μ ¥£μ ·¥ ²¨§Ê¥É  ²£μ·¨É³
Vegas [13]. „·Ê£μ°  ²£μ·¨É³ VAMP [14] · ¸Ï¨·Ö¥É ±² ¸¸ ¶ÊÉ¥³ · ¸¸³μÉ·¥-
´¨Ö ²¨´¥°´ÒÌ ¸Ê¶¥·¶μ§¨Í¨° É ±¨Ì ¶²μÉ´μ¸É¥°, ´μ ¶ · ³¥É·¨§μ¢ ´´ÒÌ · §-
´Ò³ ´ ¡μ·μ³ ¶¥·¥³¥´´ÒÌ xi. ‚ ¥Ð¥ ¡μ²¥¥ Ï¨·μ±μ³ ±² ¸¸¥ ¨¸¶μ²Ó§Ê¥É¸Ö
 ¤ ¶É¨¢´Ò° £¥´¥· Éμ· FOAM [15], ¶μ²ÊÎ ÕÐ¨°¸Ö §  ¸Î¥É · §¡¨¥´¨Ö μ¡² -
¸É¨ Ω ´  ÖÎ¥°±¨, Ö¢²ÖÕÐ¨¥¸Ö ¶·Ö³Ò³ ¶·μ¨§¢¥¤¥´¨¥³ £¨¶¥·¶ · ²²¥²¥¶¨¶¥¤ 
¨ ¸¨³¶²¥±¸ . �É´μ¸¨É¥²Ó´Ò° Ê¸¶¥Ì ¢¸¥Ì ÔÉ¨Ì ¶μ¤Ìμ¤μ¢ μ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉμ
³ É·¨Î´Ò° Ô²¥³¥´É ¤·¥¢¥¸´μ° ¤¨ £· ³³Ò ”¥°´³ ´  ¢ ´ ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´-
´μ° ¸É¥¶¥´¨ μ¶·¥¤¥²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ ¶·μ¶ £ Éμ·μ¢. …¸²¨ ¢Ò¡· ÉÓ ¤²Ö
¶ · ³¥É·¨§ Í¨¨ ¶·μ¶ £ Éμ·´Ò¥ ¶¥·¥³¥´´Ò¥, Éμ Ë ±Éμ·¨§Ê¥³μ¸ÉÓ ¡Ê¤¥É ¢ ´¥-
±μÉμ·μ³ ¶·¨¡²¨¦¥´¨¨ ¢Ò¶μ²´ÖÉÓ¸Ö. �¤´ ±μ, ¢μ-¶¥·¢ÒÌ, É ±μ° ¢Ò¡μ· ¶¥·¥-
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³¥´´ÒÌ ´¥ ¢¸¥£¤  Ê¤ ¥É¸Ö ´ °É¨,   ¢μ-¢Éμ·ÒÌ, ¸ÊÐ¥¸É¢ÊÕÉ μ¸É ÉμÎ´Ò¥, ´¥-
¶·μ¶ £ Éμ·´Ò¥ Ë ±Éμ·Ò, ´ ·ÊÏ ÕÐ¨¥ Ë ±Éμ·¨§Ê¥³μ¸ÉÓ ¨ ÔÉ¨³ ¸´¨¦ ÕÐ¨¥
ÔËË¥±É¨¢´μ¸ÉÓ.

�É± § μÉ ¶μ¶ÒÉ±¨ ·¥¤ÊÍ¨·μ¢ ÉÓ · ¸¶·¥¤¥²¥´¨¥ ± ±μ³¡¨´ Í¨¨ Ë ±Éμ·¨§Ê-
¥³ÒÌ μ§´ Î ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ · ¡μÉÒ ¸ Ê¸²μ¢´Ò³¨ ¶²μÉ´μ¸ÉÖ³¨. ˆ³¥´´μ É -
±¨³ ¶ÊÉ¥³ ¶μÏ²¨ ¸μ§¤ É¥²¨ £¥´¥· Éμ·μ¢ MERADGEN [16] ¨ ELRADGEN [17].

2. LePaProGen

LPPG Å ÔÉμ £¥´¥· Éμ· Œμ´É¥-Š ·²μ ¤²Ö ¶·μÍ¥¸¸μ¢ „·¥²² ÄŸ´  ¸ ´¥°-
É· ²Ó´Ò³ ¨ § ·Ö¦¥´´Ò³ Éμ± ³¨ (£¥´¥· Éμ· ·μ¦¤¥´¨Ö ²¥¶Éμ´´ÒÌ ¶ ·). �´
¶·¥¤´ §´ Î¥´ ¤²Ö ¡Ò¸É·μ£μ ¨ ÉμÎ´μ£μ £¥´¥·¨·μ¢ ´¨Ö ¸μ¡ÒÉ¨° ¸ ¨¸¶μ²Ó§μ-
¢ ´¨¥³ ¤²Ö ÔÉμ£μ ´¥§ ¢¨¸¨³μ£μ  ²£μ·¨É³ . �  É¥±ÊÐ¥³ ÔÉ ¶¥ μ´ ·¥ ²¨§Ê¥É
μ¤´μ¶¥É²¥¢Ò¥ Ô²¥±É·μ¸² ¡Ò¥ · ¤¨ Í¨μ´´Ò¥ ¶μ¶· ¢±¨ ¸ ÉμÎ´Ò³ ÊÎ¥Éμ³ ¦¥¸É-
±μ£μ Éμ·³μ§´μ£μ ¨§²ÊÎ¥´¨Ö ¢ Š�„. �¤´ ±μ ¢μ§³μ¦´μ¸ÉÓ ¢±²ÕÎ¥´¨Ö ¶μ¶· ¢μ±
¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¢ Š�„ ¨ Š•„ É ±¦¥ § ²μ¦¥´  ¢ ¤¨§ °´¥ ¶·μ£· ³³Ò.
LPPG ´ ¶¨¸ ´ ´  Ö§Ò±¥ C++ ¨ ¨¸¶μ²Ó§Ê¥É ³μ¤Ê²Ó´ÊÕ  ·Ì¨É¥±ÉÊ·Ê. „²Ö ¶·¥-
μ¤μ²¥´¨Ö μ£· ´¨Î¥´¨° Ï ¡²μ´μ¢ C++ ³Ò ·¥ ²¨§μ¢ ²¨ ³μ¤Ê²¨ ´  Python, ¢Ò-
Î¨¸²ÖÕÐ¨¥ ¢¸¥ ±μ´¸É ´ÉÒ ¨ μ¡· ¡ ÉÒ¢ ÕÐ¨¥ ¢Ìμ¤´Ò¥ ´ ¸É·μ°±¨. ‚ ± Î¥¸É¢¥
¸²μÖ-¸±²¥°±¨ ³¥¦¤Ê Python ¨ C++ ¨¸¶μ²Ó§Ê¥É¸Ö ¡¨¡²¨μÉ¥±  Ï ¡²μ´μ¢ Mako,
±μÉμ· Ö μ¸ÊÐ¥¸É¢²Ö¥É £¥´¥·¨·μ¢ ´¨¥ μ¶É¨³¨§¨·μ¢ ´´μ£μ ±μ¤  ¤²Ö ¢Ò¡· ´´ÒÌ
¶μ²Ó§μ¢ É¥²¥³ ´ ¸É·μ¥±. LPPG ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ± ± ¶μ¤±²ÕÎ ¥³Ò°
³μ¤Ê²Ó ± £¥´¥· Éμ·Ê Pythia 8. �´ ¶μ¤¤¥·¦¨¢ ¥É ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ ¨´É¥·Ë¥°¸Ò
¤²Ö Ê¤μ¡´μ° · ¡μÉÒ: £¥´¥·¨·Ê¥É ¸μ¡ÒÉ¨Ö ¢ Ëμ·³ É¥ LHA, HepMC, ¨¸¶μ²Ó§Ê¥É
LHAPDF ¤²Ö ËÊ´±Í¨° ¶ ·Éμ´´ÒÌ ¶²μÉ´μ¸É¥°. ’ ±¦¥ μ´ ·¥ ²¨§Ê¥É ´¥¸±μ²Ó±μ
¸Ì¥³ ¶¥·¥´μ·³¨·μ¢μ±.

3. ƒ…�…�ˆ��‚��ˆ… ’�—…Š ‚ ”�‡�‚�Œ ���‘’���‘’‚…

�·¥¦¤¥ ¢¸¥£μ ³Ò ´ Î¨´ ¥³ ¸ £¥´¥·¨·μ¢ ´¨Ö ÉμÎ¥± ¢ Ë §μ¢μ³ ¶·μ¸É· ´-
¸É¢¥. ‚¸¥ ¶¥·¥³¥´´Ò¥ ³μ£ÊÉ ¡ÒÉÓ · §¤¥²¥´Ò ´  ¤¢¥ £·Ê¶¶Ò: ®¡Ò¸É·Ò¥¯ ¨
®³¥¤²¥´´Ò¥¯. �μ¸²¥¤´¨¥ ³μ¦´μ ¡μ²¥¥-³¥´¥¥ ÔËË¥±É¨¢´μ · §Ò£·Ò¢ ÉÓ · ¢´μ-
³¥·´μ, Éμ£¤  ± ± ¶¥·¢Ò¥ É·¥¡ÊÕÉ ¶·¨³¥´¥´¨Ö ³¥Éμ¤  ¸ÊÐ¥¸É¢¥´´μ° ¢Ò¡μ·±¨.
‚ ¤·¥¢¥¸´ÒÌ  ³¶²¨ÉÊ¤ Ì ¢¸¥ ®¡Ò¸É·Ò¥¯ ¶¥·¥³¥´´Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¶·μ¶ £ -
Éμ· ³¨. ‘²¥¤μ¢ É¥²Ó´μ, ´¥μ¡Ìμ¤¨³μ ¢Ò¡· ÉÓ ¨´¢ ·¨ ´É, ¢μ§´¨± ÕÐ¨° ¢ ¶·μ-
¶ £ Éμ·¥, ¢ ± Î¥¸É¢¥ ¶¥·¥³¥´´μ°, ¶ · ³¥É·¨§ÊÕÐ¥° Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ.

� ¸¸³μÉ·¨³ ¶·μÍ¥¸¸ 2 → 2 + n. …£μ Ë §μ¢Ò° μ¡Ñ¥³ ¨³¥¥É · §³¥·´μ¸ÉÓ
3n + 2. � ¨¡μ²ÓÏ¥¥ Î¨¸²μ · §²¨Î´ÒÌ ¶·μ¶ £ Éμ·μ¢, ¶·¨¸ÊÉ¸É¢ÊÕÐ¨Ì μ¤´μ-
¢·¥³¥´´μ ¢ μ¤´μ° ¤·¥¢¥¸´μ° ¤¨ £· ³³¥, · ¢´μ n + 1. „²Ö n � 0 · §³¥·-
´μ¸ÉÓ Ë §μ¢μ£μ μ¡Ñ¥³  ¢¸¥£¤  ¡μ²ÓÏ¥ ÔÉμ£μ Î¨¸²  ¶·μ¶ £ Éμ·μ¢. ‘²¥¤μ¢ -
É¥²Ó´μ, ³μ¦´μ ¶ · ³¥É·¨§μ¢ ÉÓ Ë §μ¢Ò° μ¡Ñ¥³ ¶¥·¥³¥´´Ò³¨ ÔÉ¨Ì ¶·μ¶ £ -
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Éμ·μ¢. �Éμ° Í¥²¨ ¤μ¸É¨£ ÕÉ, ´ ¶·¨³¥·, μ¡Ð¥¨§¢¥¸É´Ò¥ ·¥±Ê··¥´É´Ò¥ ¸μμÉ-
´μÏ¥´¨Ö ¨§ · ¡μÉÒ [18].

…¸²¨ ±¢ ¤· É  ³¶²¨ÉÊ¤Ò Ìμ·μÏμ ¶·¨¡²¨¦ ¥É¸Ö ¸Ê³³μ° ±¢ ¤· Éμ¢ ¤¨ -
£· ³³, Éμ ÔÉμ£μ ¤μ¸É ÉμÎ´μ. �¤´ ±μ ¢ ± ²¨¡·μ¢μÎ´ÒÌ ³μ¤¥²ÖÌ ¨³¥ÕÉ ³¥¸Éμ
¸²μ¦´Ò¥ ¸μ±· Ð¥´¨Ö, ¤¥² ÕÐ¨¥ ´¥¢μ§³μ¦´Ò³ ¶·¥´¥¡·¥¦¥´¨¥ ¨´É¥·Ë¥·¥´-
Í¨Ö³¨ ³¥¦¤Ê ¤¨ £· ³³ ³¨.

ˆ´É¥·Ë¥·¥´Í¨Ö ¢μ§´¨± ¥É ¶·¨ ¶·μ¨§¢¥¤¥´¨¨ ¤¢ÊÌ ¤¨ £· ³³ ¨ ¸μ¤¥·¦¨É
´¥ ¡μ²¥¥ 2n + 2 ¶·μ¶ £ Éμ·μ¢. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ n � 1 ± ¦¤μ³Ê ¶·μ¶ £ -
Éμ·Ê ³μ¦´μ ¸μ¶μ¸É ¢¨ÉÓ ¶¥·¥³¥´´ÊÕ. �¸É ¢Ï¨¥¸Ö n ¶¥·¥³¥´´ÒÌ ¶·¨ ÔÉμ³
Ë¨£Ê·¨·ÊÕÉ Éμ²Ó±μ ¢ Î¨¸²¨É¥²¥. �ËË¥±É¨¢´μ ÔÉμ ³μ¦¥É ¡ÒÉÓ ¸¤¥² ´μ ¶ÊÉ¥³
§ ³¥´Ò ¢¸¥Ì ¶·μ¶ £ Éμ·μ¢ ´  δ-ËÊ´±Í¨¨∫

dRn

(
1

p2 − m2
. . .

)
=

∫
ds′

1
s′ − m2

[∫
dRnδ(p2 − s′) . . .

]
. (1)

ˆ´É¥£· ²Ò É ±μ£μ É¨¶  ¢μ§´¨± ÕÉ ¢ Ëμ·³ ²¨§³ Ì μ¡μ¡Ð¥´´μ° Ê´¨É ·´μ¸É¨
¨ ³μ£ÊÉ ¡ÒÉÓ ¨§μ¡· ¦¥´Ò ¸ ¶μ³μÐÓÕ Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³. ‚ ÔÉμ° ¤¨ -
£· ³³¥ ¢¸¥ ¶·μ³¥¦ÊÉμÎ´Ò¥ ¨ ±μ´¥Î´Ò¥ Î ¸É¨ÍÒ Ëμ·³ ²Ó´μ ´ Ìμ¤ÖÉ¸Ö ´ 
³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨.

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  ³Ò ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨´É¥£·¨·Ê¥³ (£· Ë¨Î¥-
¸±¨ Å ¸ÉÖ£¨¢ ¥³ ¢ ÉμÎ±Ê) μ¤´μ¶¥É²¥¢Ò¥ ¶μ¤¤¨ £· ³³Ò, ´ Î¨´ Ö ¸ Éμ°, ±μÉμ-
· Ö ¸μ¤¥·¦¨É ´ ¨³¥´ÓÏ¥¥ Î¨¸²μ ¶·μ¶ £ Éμ·μ¢. ‘Ì¥³ É¨Î¥¸± Ö Ëμ·³Ê²  (2)
¨§μ¡· ¦ ¥É ¢¸¥ ¤¨ £· ³³Ò, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö �‘-¶μ¶· ¢μ±
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¶¥·¢μ£μ ¶μ·Ö¤±  ¢³¥¸É¥ ¸ ¨Ì ¤¥±μ³¶μ§¨Í¨¥° ´  μ¤´μ¶¥É²¥¢Ò¥ ¶μ¤¤¨ £· ³³Ò.
Š ¦¤μ° ¶μ¤¤¨ £· ³³¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶μ¤¶·μ£· ³³ , ±μÉμ·ÊÕ ³Ò ´ §Ò¢ ¥³ ¡ -
§μ¢Ò³ £¥´¥· Éμ·μ³. �´ £¥´¥·¨·Ê¥É ¨³¶Ê²Ó¸ ¢´ÊÉ·¨ ¶¥É²¨.

’ ±¨³ ¶ÊÉ¥³ ³Ò μ¤´μ¢·¥³¥´´μ ¶μ²ÊÎ ¥³ ´¥μ¡Ìμ¤¨³Ò° Ö±μ¡¨ ´ ¶·¥μ¡· -
§μ¢ ´¨Ö. „ ´´Ò°  ²£μ·¨É³ Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥´¨¥³ ·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨°
¤²Ö Ë §μ¢μ£μ μ¡Ñ¥³  ¨§ [18].

4. ‘ˆ�ƒ“‹Ÿ���‘’ˆ

‘ÊÐ¥¸É¢Ê¥É μ¡Ð Ö ³ É¥³ É¨Î¥¸± Ö § ±μ´μ³¥·´μ¸ÉÓ, ÎÉμ ¸¨´£Ê²Ö·´μ¸ÉÓ
´¥±μÉμ·μ° ËÊ´±Í¨¨ Ê³¥´ÓÏ ¥É¸Ö ¶·¨ ¥¥ ¨´É¥£·¨·μ¢ ´¨¨. �Éμ ´ ¡²Õ¤¥´¨¥
¶μ§¢μ²Ö¥É, ¢ Î ¸É´μ¸É¨, ¶·¥´¥¡·¥£ ÉÓ ¶¥É²¥¢Ò³¨ ¶μ¶· ¢± ³¨ ¶·¨ ¸μ§¤ ´¨¨ £¥-
´¥· Éμ·μ¢ Œμ´É¥-Š ·²μ. �·¨ ¡μ²¥¥  ±±Ê· É´μ³  ´ ²¨§¥ ³μ¦´μ § ³¥É¨ÉÓ, ÎÉμ
¶¥É²¥¢Ò¥ ¨´É¥£· ²Ò ³μ£ÊÉ ¸μ¤¥·¦ ÉÓ ¸¨´£Ê²Ö·´μ¸É¨ É¨¶  1/

√
x ¨²¨ logk x,

±μÉμ·Ò¥, ÌμÉÖ ¨ Ö¢²ÖÕÉ¸Ö ¨´É¥£·¨·Ê¥³Ò³¨, ¸¶μ¸μ¡´Ò ÊÌÊ¤Ï¨ÉÓ ¤¨¸¶¥·¸¨Õ.
’ ±μ£μ ¦¥ É¨¶  ¸¨´£Ê²Ö·´μ¸É¨ ¢μ§´¨± ÕÉ ¢ Ö±μ¡¨ ´ Ì ¨ ¢ ¢Ò· ¦¥´¨ÖÌ ¤²Ö
Ê¸²μ¢´ÒÌ ¶²μÉ´μ¸É¥° ¢¥·μÖÉ´μ¸É¨. ƒ¥´¥· Éμ· LPPG ¸¨¸É¥³ É¨Î¥¸±¨ Ê¸É· -
´Ö¥É ÔÉ¨ ¸¨´£Ê²Ö·´μ¸É¨ ¸ ¶μ³μÐÓÕ § ³¥´ ¶¥·¥³¥´´μ°, ¢ ¦´¥°Ï¨¥ ¨§ ±μÉμ·ÒÌ
¶·¨¢μ¤ÖÉ¸Ö ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

5. ‡�Œ…�› �…�…Œ…���‰ ˆ ŸŠ��ˆ��›

I4

⎛
⎝s12

s1 [s3] s5

[s13] s15 [s35]
s2 [s4] s6

⎞
⎠ = =

1

2

√√√√√λ

⎛
⎝s12

s1 s3 s5

s13 s15 s35

s2 s4 s6

⎞
⎠

.

(3)

‚μ¸¶μ²Ó§Ê¥³¸Ö μ¶·¥¤¥²¨É¥²¥³ ŠÔ²¨, ¢¢¥¤¥´´Ò³ ¢ [19],   É ±¦¥ μ¡μ§´ Î¥-
´¨Ö³¨ ¤²Ö ³¨´μ·μ¢ ¨§ ÔÉμ° · ¡μÉÒ:

λ

⎛
⎝s12

s1 s3 s5

s13 s15 s35

s2 s4 s6

⎞
⎠ = −16Δ4(p3, p4, p13, p35) =

=

∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1 1 1
1 0 s13 s4 s35 s3

1 s13 0 s2 s15 s1

1 s4 s2 0 s6 s12

1 s35 s15 s6 0 s5

1 s3 s1 s12 s5 0

∣∣∣∣∣∣∣∣∣∣∣∣
=

〈 〉
. (4)

‘É·μ±¨ ¨ ¸Éμ²¡ÍÒ ¢ μ¶·¥¤¥²¨É¥²¥ ŠÔ²¨ ´Ê³¥·Ê¥³ ¸ ´Ê²Ö.
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‚³¥¸Éμ ¢¨·ÉÊ ²Ó´μ¸É¨ ¢´ÊÉ·¥´´¥° Î ¸É¨ÍÒ s13 Ê¤μ¡´¥¥ ¶μ²Ó§μ¢ ÉÓ¸Ö μÉ-
±²μ´¥´¨¥³ μÉ ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨ ¤²Ö ¶·μ¶ £ Éμ·  x13 = s13 − M2

13.
�μ¸É·μ¥´¨¥ Í¥¶μÎ±¨ Ê¸²μ¢´ÒÌ · ¸¶·¥¤¥²¥´¨° ´ Î¨´ ¥³ ¸ ²Õ¡μ£μ ¨§ ¶·μ-

¶ £ Éμ·μ¢, ´ ¶·¨³¥·, ¸ 13.

I4

⎛
⎝s12

s1 [s3] s5

[M2
13] s15 [s35]

s2 [s4] s6

⎞
⎠ =

x+
13∫

x−
13

⎛
⎝s12

s1 [s3] s5

[x13 + M2
13] s15 [s35]

s2 [s4] s6

⎞
⎠ dx13

x13
=

=
1

2
√〈

1 2
1 2

〉
+∞∫

−∞

dχ13

χ2
13 −

〈〉
〈
1 2
1 2

〉 =
π

2
√
−

〈〉 =
π

i

⎛
⎝s12

s1 [s3] s5

[M2
13] s15 [s35]

s2 [s4] s6

⎞
⎠ , (5)

x13 =

〈
1
2

〉 [〈
1 2
1 2

〉
χ2

13 −
〈〉]

〈
1
2

〉2
+

[〈
1 2
1 2

〉
χ13 −

√〈
1
1

〉〈
2
2

〉]2 .

‚ ÔÉ¨Ì Ëμ·³Ê² Ì ¢¸¥ ³¨´μ·Ò ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶·¨ x13 = 0. ‚¨¤´μ, ÎÉμ ¢¸¶μ³μ£ -
É¥²Ó´ Ö ¶¥·¥³¥´´ Ö χ13 ¶μ¤Î¨´Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨Õ ŠμÏ¨, É ± ± ±
−

〈〉
/
〈
1 2
1 2

〉
> 0.

…¸²¨ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê M13 → ∞, É. ¥. ®§ ³μ·μ§¨ÉÓ¯ ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
¶·μ¶ £ Éμ·, Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ É·¥ÌÉμÎ¥Î´Ò° Ö±μ¡¨ ´:

⎛
⎝s12

[s3]
[s4]

s5

s35

s6

⎞
⎠ = =

=
πθ

[〈
2
2

〉
� 0

]
2
√〈

1 2
1 2

〉 ==

πθ

⎡
⎣λ

⎛
⎝s12

s3

s4

s5

s35

s6

⎞
⎠ � 0

⎤
⎦

2

√
λ

(
s12

s5

s6

) . (6)
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‘ ¤·Ê£¨³¨ ¶·μ¶ £ Éμ· ³¨ ³μ¦´μ ¶μ¢Éμ·¨ÉÓ ÉÊ ¦¥ ¶·μÍ¥¤Ê·Ê. � ¶·¨³¥·,
¤²Ö ²¨´¨¨ 35:

I4

⎛
⎝s12

s1 [s3] s5

M2
13 s15 M2

35

s2 [s4] s6

⎞
⎠ =

x+
35∫

x−
35

I4

⎛
⎝s12

s1 [s3] s5

M2
13 s15 x35 + M2

35

s2 [s4] s6

⎞
⎠ dx35

x35
=

=
π√〈
1 4
1 4

〉
χ+

35∫
χ−

35

dχ35

χ2
35 −

−
〈〉

〈
1 4
1 4

〉 =
π Arth

√
−

〈
2 4
2 4

〉〈〉
〈
2
4

〉
√
−

〈〉 , (7)

x35 =
1
2

χ2
35

〈
1 4
1 4

〉
+

〈〉
χ35

〈
1 4
1 4

〉
−

〈
1
4

〉 , χ±
35 = x±

35 +

√
−

〈〉
〈
1 4
1 4

〉
∣∣∣∣∣
x35=x±

35

,

(8)

x±
35 =

〈
1 2
2 4

〉
±

√〈
1 2
1 2

〉〈
2 4
2 4

〉
−

〈
1 2 4
1 2 4

〉 .

‚ ÔÉ¨Ì Ëμ·³Ê² Ì ¢¸¥ ³¨´μ·Ò ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶·¨ x13 = 0 ¨ x35 = 0. ‚¨¤´μ, ÎÉμ
¶¥·¥³¥´´ Ö χ35 ¶μ¤Î¨´Ö¥É¸Ö £¨¶¥·¡μ²¨Î¥¸±μ³Ê  ´ ²μ£Ê · ¸¶·¥¤¥²¥´¨Ö ŠμÏ¨.
�·¨ μÉ¸ÊÉ¸É¢¨¨ ¨´Ë· ±· ¸´ÒÌ ¸¨´£Ê²Ö·´μ¸É¥° μ´μ ²¥£±μ £¥´¥·¨·Ê¥É¸Ö.

� ¸¶·¥¤¥²¥´¨¥ ¨´¢ ·¨ ´É´μ° ³ ¸¸Ò ³Õμ´´μ° ¶ ·Ò ( ) ¨ · ¸¶·¥¤¥²¥´¨¥ ¶¸¥¢¤μ-

¡Ò¸É·μÉÒ μ¤´μ£μ ¨§ ³Õμ´μ¢ (¡). Š· ¸´ Ö ²¨´¨Ö (1) Å ¤·¥¢¥¸´μ¥ ¶·¨¡²¨¦¥´¨¥
(POWHEG); ¸¨´ÖÖ ²¨´¨Ö (2) Å �‘ ¶μ¶· ¢±¨ (POWHEG); §¥²¥´ Ö ²¨´¨Ö (3) Å �‘ ¶μ-

¶· ¢±¨ (LPPG). (�¨¸Ê´μ± Í¢¥É´μ° ¢ Ô²¥±É·μ´´μ° ¢¥·¸¨¨)
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„²Ö ¨²²Õ¸É· Í¨¨ · ¡μÉÒ ´ Ï¥£μ £¥´¥· Éμ·  ¶·¨¢μ¤¨³ · ¸¶·¥¤¥²¥´¨Ö
μ¸´μ¢´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ ¢¥²¨Î¨´, ¨§³¥·Ö¥³ÒÌ ¢ ¶·μÍ¥¸¸¥ „·¥²² ÄŸ´ , ¶μ²Ê-
Î¥´´Ò¥ ¸ ¥£μ ¶μ³μÐÓÕ (·¨¸Ê´μ±). ‚´¨§Ê ± ¦¤μ£μ £· Ë¨±  ¶·¨¢μ¤ÖÉ¸Ö ¶·¥¤-
¢ ·¨É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸· ¢´¥´¨Ö ¸ £¥´¥· Éμ·μ³ POWHEG.

‡�Š‹�—…�ˆ…

‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤¸É ¢²¥´ £¥´¥· Éμ· LPPG ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö ¶·μ-
Í¥¸¸  „·¥²² ÄŸ´  ¢ Ê¸²μ¢¨ÖÌ Ô±¸¶¥·¨³¥´Éμ¢ ´  LHC. ‚ ¥£μ μ¸´μ¢¥ ²¥¦¨É
´μ¢Ò°  ²£μ·¨É³ ¢Ò¡μ·  ¶¥·¥³¥´´ÒÌ ¤²Ö ¶ · ³¥É·¨§ Í¨¨ Ë §μ¢μ£μ ¶·μ¸É· ´-
¸É¢ , ¶μ§¢μ²ÖÕÐ¨° ¤μ¸É¨ÎÓ ¢Ò¸μ±μ° ÔËË¥±É¨¢´μ¸É¨ £¥´¥·¨·μ¢ ´¨Ö. LPPG
¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ÊÎ¥¸ÉÓ Ô²¥±É·μ¸² ¡Ò¥ ¶μ¶· ¢±¨ ¶¥·¢μ£μ ¶μ·Ö¤± . �·¥¤-
¢ ·¨É¥²Ó´Ò°  ´ ²¨§ ¶μ± §Ò¢ ¥É Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ ¶·μ-
£· ³³ ³¨.

�² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ �.�·¡Ê§μ¢Ê, ‚. ‡Ò±Ê-
´μ¢Ê ¨ �.ˆ²Ó¨Î¥¢Ê §  ¶μ³μÐÓ ¢ ¢μ¶·μ¸ Ì μ·£ ´¨§ Í¨¨ ÊÎ ¸É¨Ö ¢ ¸¥¸¸¨¨-
±μ´Ë¥·¥´Í¨¨ �”� ���.
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