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�μ¸¸¨°¸±¨° Ë¥¤¥· ²Ó´Ò° Ö¤¥·´Ò° Í¥´É· Å ‚¸¥·μ¸¸¨°¸±¨° ´ ÊÎ´μ-¨¸¸²¥¤μ¢ É¥²Ó¸±¨°
¨´¸É¨ÉÊÉ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨, ‘ ·μ¢, �μ¸¸¨Ö

�  ¶·¨³¥·¥ ¢´¥Ï´¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¶μ²ÊÎ¥´Ò ¸ ³μ¸μ¶·Ö¦¥´´Ò¥ Ê· ¢-
´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤±  ¸μ ¸¶¨´μ·´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨. “¸É ´μ¢²¥´  ¸¢Ö§Ó
ÔÉ¨Ì Ê· ¢´¥´¨° ¸ Ê· ¢´¥´¨Ö³¨ É¨¶  ˜·¥¤¨´£¥·  ¸ ÔËË¥±É¨¢´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¤²Ö
¢¥Ð¥¸É¢¥´´ÒÌ · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¨ ¸ Ê· ¢´¥´¨Ö³¨ „¨· ±  ¢ ¶·¥¤¸É -
¢²¥´¨¨ ”μ²¤¨Ä‚ ÊÉÌ °§¥´ . ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³ É·¨Í „¨· ±  ¢ ±¨· ²Ó´μ³ ¶·¥¤¸É -
¢²¥´¨¨ ¶μ²ÊÎ¥´Ò § ³±´ÊÉÒ¥ ±¨· ²Ó´μ-¸¨³³¥É·¨Î´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ²¥¢ÒÌ ¨ ¶· ¢ÒÌ
¸¶¨´μ·μ¢. „²Ö ¶·μ¨§¢μ²Ó´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¶μ²ÊÎ¥´μ § ³±´ÊÉμ¥ ±¨· ²Ó´μ-
¸¨³³¥É·¨Î´μ¥ Ê· ¢´¥´¨¥ ”μ²¤¨Ä‚ ÊÉÌ °§¥´ . ‚ · ¸¸³μÉ·¥´´ÒÌ Ê· ¢´¥´¨ÖÌ, ´¥§ ¢¨-
¸¨³μ μÉ ´ ²¨Î¨Ö ¨²¨ μÉ¸ÊÉ¸É¢¨Ö ³ ¸¸Ò Ê Ë¥·³¨μ´μ¢, μÉ¸ÊÉ¸É¢ÊÕÉ ¸² £ ¥³Ò¥, ¸³¥Ï¨-
¢ ÕÐ¨¥ ²¥¢Ò¥ ¨ ¶· ¢Ò¥ ¸¶¨´μ·Ò.

Self-adjoint second-order equations with spinor wave functions in external electro-
magnetic ˇeld were obtained for fermions. The relationship was found between these
equations and the Schréodinger-type equations with effective potentials for real radial wave
functions and with the Dirac equations in the FoldyÄWouthuysen representation. Closed
chiral symmetric equations were obtained for left and right spinors by using the Dirac
matrices in chiral representation. A closed chiral symmetric FoldyÄWouthuysen equation
was obtained for an arbitrary electromagnetic ˇeld. There are no summands, mixing left
and right spinors in these equations, irrespective of presence or absence of fermion mass.

PACS: 03.65.-Pm; 11.10.-z

‚‚…„…�ˆ…

„²Ö Ë¥·³¨μ´μ¢ ¸ ³ ¸¸μ° m ¨ § ·Ö¤μ³ e, ¤¢¨¦ÊÐ¨Ì¸Ö ¢μ ¢´¥Ï´¥³ Ô²¥±-
É·μ³ £´¨É´μ³ ¶μ²¥, Ê· ¢´¥´¨¥ „¨· ±  ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

(p0 − eA0(r, t))ψ(r, t) = (α(p − eA(r, t)) + βm)ψ(r, t).

∗E-mail: neznamov@vniief.ru
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‚ ÔÉμ³ Ê· ¢´¥´¨¨ ¨ ´¨¦¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸¨¸É¥³  ¥¤¨´¨Í � = c = 1 ¨ ¸¨£´ ÉÊ· 
¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ

gαβ = diag [1,−1,−1,−1];

ψ(r, t) Å ¡¨¸¶¨´μ·´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ë¥·³¨μ´ ; A0(r, t),A(r, t) Å ¶μ-
É¥´Í¨ ²Ò Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö; αk, β Å Î¥ÉÒ·¥Ì³¥·´Ò¥ ³ É·¨ÍÒ „¨· ± ,

k = 1, 2, 3; p0 = i
∂

∂t
, p = −i∇.

„¨· ± ¶μ²ÊÎ¨² É ±¦¥ Ê· ¢´¥´¨¥ ¢Éμ·μ£μ ¶μ·Ö¤± [
(p0 − eA0)2 − (p − eA)2 − m2 + eΣH− ieαE

]
ψ = 0,

£¤¥ Σ =
(

σ 0
0 σ

)
; σk Å ¤¢Ê³¥·´Ò¥ ³ É·¨ÍÒ � Ê²¨; H = rotA, E =

−∂A
∂t

− ∇A0 Å ³ £´¨É´μ¥ ¨ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²Ö. �¨¦¥ ¡Ê¤¥³ · ¸¸³ É·¨-

¢ ÉÓ ¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö, ±μ£¤  p0ψ = Eψ, £¤¥ E Å Ô´¥·£¨Ö Ë¥·³¨μ´ 
(ψ(r, t) = e−iEtψ(r)).

1. ‘�Œ�‘���Ÿ†…���… “��‚�…�ˆ… ‚’���ƒ� ���Ÿ„Š�
‘� ‘�ˆ�����‰ ‚�‹��‚�‰ ”“�Š–ˆ…‰

�Ê¸ÉÓ ¡¨¸¶¨´μ·´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¨³¥¥É ¢¨¤

ψ(r, t) =
(

u(r)
v(r)

)
e−iEt.

’μ£¤ 

(E − eA0 − m)u = σ(p − eA) v,

(E − eA0 + m) v = σ(p − eA)u,

¨ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨Ö ²¨¡μ ¤²Ö ¸¶¨´μ·  u, ²¨¡μ ¤²Ö ¸¶¨´μ·  v.
„²Ö ¸¶¨´μ·  u(r) Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤[
(E − eA0)2 − (p− eA)2 − m2 + eσH−

− 1
E − eA0 + m

ieσEσ(p − eA)

]
u(r) = 0.

‚ ¸²ÊÎ ¥ ¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° Ô²¥±É·μ³ £´¨É´Ò¥ ¶μÉ¥´Í¨ ²Ò A0(r),
Ak(r) ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨.
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1.1. �Ê¸ÉÓ A0(r) = 0, Ak(r) �= 0. ’μ£¤  Ê· ¢´¥´¨¥ ¤²Ö ¸¶¨´μ·  u(r)
Ö¢²Ö¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³ ¨

Eu(r) =
(
±

√
m2 + (p − eA)2 + eσH

)
u(r).

1.2. „ ²¥¥ · ¸¸³μÉ·¨³ ¸²ÊÎ ° Ak(r) = 0, A0(r) �= 0. ‚ ÔÉμ³ ¸²ÊÎ ¥
¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ Ê· ¢´¥´¨¨ ¤²Ö ¸¶¨´μ·  u(r) Ö¢²Ö¥É¸Ö ´¥¸ ³μ¸μ¶·Ö-
¦¥´´Ò³ μ¶¥· Éμ·μ³. �·μ¢¥¤¥³ ´¥Ê´¨É ·´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¶μ¤μ¡¨Ö ÔÉμ£μ
Ê· ¢´¥´¨Ö ¨ ¸¶¨´μ·  u(r):

Φ(r) = gu(r),

£¤¥
g = (E − eA0 + m)−1/2.

‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨¥ ¤²Ö ¸¶¨´μ·  u(r) ¸¢μ¤¨É¸Ö ± ¢¨¤Ê

g

[
(E − eA0)2 − p2 − m2 − 1

(E − eA0 + m)
iσEσp

]
g−1Φ(r) = 0

¨ μ±μ´Î É¥²Ó´μ[
(E − eA0)2 − p2 − m2 − 3

4
1

(E − eA0 + m)2
E2+

+
1
2

1
E − eA0 + m

div E +
1

E − eA0 + m
σ(E × p)

]
Φ(r) = 0.

„²Ö Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¤μ¶Ê¸± ¥É¸Ö · §-
¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì (r, θ, ϕ):

Φ(r, θ, ϕ) = F (r)χmϕ
κ (θ) eimϕϕ,

£¤¥ χ
mϕ
κ Å ¸Ë¥·¨Î¥¸±¨¥ ¸¶¨´μ·Ò; mϕ = −j,−j + 1, . . . , j Å  §¨³ÊÉ ²Ó´ Ö

±μ³¶μ´¥´É  Ê£²μ¢μ£μ ³μ³¥´É  j; κ Å ±¢ ´Éμ¢μ¥ Î¨¸²μ Ê· ¢´¥´¨Ö „¨· ± 

κ = ∓1,∓2 . . . =
{
−(l + 1), j = l + 1/2,
l, j = l − 1/2,

£¤¥ j, l Å ±¢ ´Éμ¢Ò¥ Î¨¸²  Ê£²μ¢μ£μ ¨ μ·¡¨É ²Ó´μ£μ ³μ³¥´Éμ¢ Ë¥·³¨μ´ .
‘ ÊÎ¥Éμ³ ¨§¢¥¸É´ÒÌ ¸μμÉ´μÏ¥´¨°

 ) p2 = p2
r + p2

θ,ϕ, £¤¥ p2
r = − 1

r2

∂

∂r

(
r2 ∂

∂r

)
,

p2
θ,ϕχmϕ

κ = − 1
r2

(
∂2

∂θ2
+

1
r2

ctg θ
∂

∂θ
+

1
r2 sin2 θ

∂2

∂ϕ2

)
χmϕ

κ =
κ(κ + 1)

r2
χmϕ

κ ;
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¡) eσ(E × p) = −e
dV

dr

1
r
σL, £¤¥ L = r × p Å μ¶¥· Éμ· μ·¡¨É ²Ó´μ£μ

³μ³¥´É ;
¢) −σLχ

mϕ
κ = (κ + 1)χmϕ

κ

¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ É¨¶  ˜·¥¤¨´£¥·  ¸ ÔËË¥±É¨¢´Ò³ ¶μÉ¥´Í¨ ²μ³ ¤²Ö · ¤¨-
 ²Ó´μ° ËÊ´±Í¨¨ F (r):

1
r2

d

dr

(
r2 d

dr

)
F (r) +

⎛
⎜⎜⎜⎝(E − V )2 − m2 − κ(κ + 1)

r2
− 3

4

(
dV

dr

)2

(E − V + m)2
−

−1
2

d2V

dr2

(E − V + m)
+

1
(E − V + m)

1
r

dV

dr
κ

⎞
⎟⎟⎠ F (r) = 0.

‡¤¥¸Ó V (r) = eA0(r).
�Éμ Ê· ¢´¥´¨¥ Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö  ´ ²¨§  ¤¢¨¦¥´¨Ö Ë¥·³¨μ´μ¢ ¢

±Ê²μ´μ¢¸±¨Ì ¶μ²ÖÌ · §´μ° ¨´É¥´¸¨¢´μ¸É¨.

2. ��…„‘’�‚‹…�ˆ… ”�‹„ˆÄ‚�“’•�‰‡…��
ˆ Šˆ��‹œ��Ÿ ‘ˆŒŒ…’�ˆŸ

„²Ö ¸²ÊÎ Ö Ak(r) �= 0, A0(r) = 0 Ê· ¢´¥´¨¥ ¤²Ö ¸¶¨´μ·  u(r) ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ £ ³¨²ÓÉμ´μ¢μ³ ¢¨¤¥

Eu(r) = Hu(r),

£¤¥ H = ±
√

m2 + (p − eA)2 + eσH.
�Éμ Ê· ¢´¥´¨¥ ²¥£±μ ¸μ¶μ¸É ¢²Ö¥É¸Ö ¸ Ê· ¢´¥´¨¥³ „¨· ±  ¢ ¶·¥¤¸É ¢²¥-

´¨¨ ”μ²¤¨Ä‚ ÊÉÌ °§¥´  (FW). ‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ Ëμ·³ ²Ó´μ ¡¨¸¶¨´μ·´ Ö
¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¨³¥¥É ¢¨¤

ψFW =
(

u(r)
0

)
e−iEt, E > 0,

ψFW =
(

0
v(r)

)
e−iEt, E < 0,

  £ ³¨²ÓÉμ´¨ ´ · ¢¥´

HFW = β
√

m2 + (p − eA)2 + eσH.
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‚ ¸²ÊÎ ¥ Ak(r) = 0, A0(r) �= 0 Ê· ¢´¥´¨¥ ¤²Ö ¸¶¨´μ·  u(r) ´¥¢μ§³μ¦´μ
§ ¶¨¸ ÉÓ ¢ § ³±´ÊÉμ³ £ ³¨²ÓÉμ´μ¢μ³ ¢¨¤¥[

(E − eA0)2 − p2 − m2 + eσH− 1
E − eA0 + m

ieσEσp
]

u(r) = 0.

�Éμ ³μ¦´μ ¸¤¥² ÉÓ ²¨ÏÓ ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. ‘´ Î ² 
¶μ¤¸É ¢²Ö¥³ ¢ §´ ³¥´ É¥²Ó ¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ÔÉμ£μ Ê· ¢´¥´¨Ö ¸ Ak(r) =
0 §´ Î¥´¨¥ E = E0. ‡ É¥³ ¶·μ¢μ¤¨³ ¶·¥μ¡· §μ¢ ´¨¥ ¸ g0, μ¡¥¸¶¥Î¨¢ ÕÐ¥¥
¸ ³μ¸μ¶·Ö¦¥´´μ¸ÉÓ Ê· ¢´¥´¨Ö. �μ²ÊÎ ¥³ §´ Î¥´¨¥ μ¶¥· Éμ·  H1 (E1Φ(r) =
H1Φ(r)). „ ²¥¥ ÔÉμÉ ¶·μÍ¥¸¸ ¶μ¢Éμ·Ö¥É¸Ö ¸μ §´ Î¥´¨¥³ E = H1 ¢ §´ ³¥´ É¥²¥
¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ¢ Ê· ¢´¥´¨¨ ¤²Ö ¸¶¨´μ·  u(r) ¤μ ´¥μ¡Ìμ¤¨³μ£μ ¤²Ö
· ¸¸³ É·¨¢ ¥³μ° Ë¨§¨Î¥¸±μ° § ¤ Î¨ Ê·μ¢´Ö ÉμÎ´μ¸É¨.

„²Ö ¶·¨³¥·  ¶Ê¸ÉÓ E0 = m. ’μ£¤ 

EΦ(r) = H1Φ(r) =

=

(
eA0 ±

√
m2 + p2 +

3
16m2

E2 − 1
4m

div E− 1
2m

σ(E× p)

)
Φ(r).

…¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ¢ · §²μ¦¥´¨¨ ¢Ò· ¦¥´¨Ö ¶μ¤ ±¢ ¤· É´Ò³ ±μ·´¥³ ÔÉμ£μ
Ê· ¢´¥´¨Ö ¶μ ¸É¥¶¥´Ö³ m ¸² £ ¥³Ò³¨ ∼ 1/m2, ¶μ²ÊÎ¨³ ¤²Ö §´ ±  ®+¯ ¶¥·¥¤
±μ·´¥³ ¢Ò· ¦¥´¨¥, ¸μ¢¶ ¤ ÕÐ¥¥ ¸ ¨§¢¥¸É´Ò³ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ · §²μ¦¥´¨¥³
”μ²¤¨Ä‚ ÊÉÌ °§¥´ .

Š¨· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ”μ²¤¨Ä‚ ÊÉÌ °§¥´ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨¸¶μ²Ó§Ê-
ÕÉ¸Ö ³ É·¨ÍÒ αk, β ¢ ¶·¥¤¸É ¢²¥´¨¨ ‚¥°²Ö, Ï¨·μ±μ Ê¶μÉ·¥¡²Ö¥³μ³ ¢ ‘É ´-
¤ ·É´μ° ³μ¤¥²¨: β = γ0 = ρ1; αk = βγk = ρ3σ

k; γk = βαk = −iρ2σ
k;

γ5 = iγ0γ1γ2γ3 = ρ3; Σi = E4×4σ
i; E4×4 Å ¥¤¨´¨Î´ Ö ³ É·¨Í .

…¸²¨ ¡¨¸¶¨´μ· ψ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ψ(r, t) =
(

ψL(r)
ψR(r)

)
e−iEt,

Éμ ¢ Ê· ¢´¥´¨¨ „¨· ±  ¸² £ ¥³μ¥ βm ¸³¥Ï¨¢ ¥É ¸¶¨´μ·Ò ψL(r), ψR(r), ¨
Ê· ¢´¥´¨¥ „¨· ±  ¸ ´¥´Ê²¥¢μ° ³ ¸¸μ° Ë¥·³¨μ´  ´¥ μ¡² ¤ ¥É ±¨· ²Ó´μ° ¸¨³-
³¥É·¨¥°.

� μ¡μ·μÉ, ¢ Ê· ¢´¥´¨¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ´¥É ¸² £ ¥³ÒÌ, ¸³¥Ï¨¢ ÕÐ¨Ì
¸¶¨´μ·Ò ψL, ψR, ¨ ¥£μ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥[

(p0 − eA0)2 − (p− eA0)2 − m2 + σH− ieσE
]
ψL = 0,[

(p0 − eA0)2 − (p − eA0)2 − m2 + σH + ieσE
]
ψR = 0.

� ´¥¥  ´ ²μ£¨Î´Ò¥ Ê· ¢´¥´¨Ö · ¸¸³ É·¨¢ ²¨¸Ó ”¥°´³ ´μ³ ¨ ƒ¥²²-Œ ´´μ³.
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�·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¢ÒÏ¥Ê± § ´´ÒÌ Ê· ¢´¥´¨° ¢μ¸¶·μ¨§¢μ¤ÖÉ¸Ö ¢¸¥ ÔË-
Ë¥±ÉÒ ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨ ¶·¨ ¤μ¶μ²´¨É¥²Ó´μ³ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ
Ô²¥±É·μ´Ò ¨ ¶μ§¨É·μ´Ò ·μ¦¤ ÕÉ¸Ö ¨²¨ Ê´¨ÎÉμ¦ ÕÉ¸Ö ¶ · ³¨. �É¨ Ê· ¢´¥´¨Ö
Ö¢²ÖÕÉ¸Ö ±¨· ²Ó´μ-¸¨³³¥É·¨Î´Ò³¨. � ²¨Î¨¥ ¨²¨ μÉ¸ÊÉ¸É¢¨¥ ³ ¸¸Ò Ê Ë¥·³¨-
μ´  ´¥ ¢²¨Ö¥É ´  ±¨· ²Ó´ÊÕ ¸¨³³¥É·¨Õ Ê· ¢´¥´¨°. �·¨³¥Î É¥²Ó´μ, ÎÉμ ÔÉ¨
Ê· ¢´¥´¨Ö ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥ ¤²Ö £ ³¨²ÓÉμ´¨ ´  FW
¢ ±¨· ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨.

„¥°¸É¢¨É¥²Ó´μ, ¨§ ´¨Ì ¸²¥¤Ê¥É

p0ψFW(r, t) = HFWψFW(r, t),

£¤¥ ¤²Ö ¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨°

ψFW =
(

ψL

0

)
e−iEt, E > 0,

ψFW =
(

0
ψR

)
eiEt, E < 0,

HFW = eA0 + γ5

√
m2 + (p − eA)2 + eσH− ieαE.

„²Ö £ ³¨²ÓÉμ´¨ ´  ¢μ§³μ¦´μ É ±¦¥ ¤·Ê£μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°:

ψFW =
(

0
ψR

)
e−iEt, E > 0,

ψFW =
(

ψL

0

)
eiEt, E < 0.

‡�Š‹�—…�ˆ…

1. ‚ · ¡μÉ¥ ¤²Ö μ¶¨¸ ´¨Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö Ë¥·³¨μ-
´μ¢ ¶μ²ÊÎ¥´Ò ¸ ³μ¸μ¶·Ö¦¥´´Ò¥ Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤±  ¸μ ¸¶¨´μ·´Ò³¨
¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨. �μ± § ´  ¸¢Ö§Ó ÔÉ¨Ì Ê· ¢´¥´¨° ¸ Ê· ¢´¥´¨¥³ É¨¶ 
˜·¥¤¨´£¥·  ¸ ÔËË¥±É¨¢´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¨ ¸ Ê· ¢´¥´¨¥³ „¨· ±  ¢ ¶·¥¤-
¸É ¢²¥´¨¨ ”μ²¤¨Ä‚ ÊÉÌ °§¥´ .

2. �·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ Î¥ÉÒ·¥Ì³¥·´ÒÌ ³ É·¨Í γ0, γk, γ5 ¢ ¶·¥¤¸É ¢²¥-
´¨¨ „¨· ± Ä� Ê²¨ ¶μ± § ´  ¶·¨Î¨´  μÉ¸ÊÉ¸É¢¨Ö § ³±´ÊÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö
FW ¶·¨ ´¥´Ê²¥¢μ³ ¸± ²Ö·´μ³ ¶μÉ¥´Í¨ ²¥ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö A0(r, t).
� μ¡μ·μÉ, ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³ É·¨Í γ0, γk, γ5 ¢ ±¨· ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨
¸ÊÐ¥¸É¢Ê¥É § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥ ¤²Ö £ ³¨²ÓÉμ´¨ ´  FW ¢ ¸²ÊÎ ¥ μ¡Ð¥£μ ¢Ò-
· ¦¥´¨Ö ¤²Ö Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö A0(r, t), Ak(r, t). �·¨ ÔÉμ³ Ê· ¢´¥´¨Ö
¢Éμ·μ£μ ¶μ·Ö¤±  ¸μ ¸¶¨´μ·´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ μ¡² ¤ ÕÉ ±¨· ²Ó´μ°
¸¨³³¥É·¨¥° ´¥§ ¢¨¸¨³μ μÉ ´ ²¨Î¨Ö ¨²¨ μÉ¸ÊÉ¸É¢¨Ö ³ ¸¸Ò Ê Ë¥·³¨μ´μ¢.
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3. �·¨ ¶μ²ÊÎ¥´¨¨ ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¸ -
³μ¸μ¶·Ö¦¥´´ÒÌ Ê· ¢´¥´¨° É¨¶  ˜·¥¤¨´£¥·  ¸ ÔËË¥±É¨¢´Ò³¨ ¶μÉ¥´Í¨ ² ³¨
´¥μ¡Ìμ¤¨³μ ¶·μ¨§¢μ¤¨ÉÓ ´¥Ê´¨É ·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ¤μ¡¨Ö, ÎÉμ ³μ¦¥É
¶·¨¢μ¤¨ÉÓ ± ´μ¢Ò³ Ë¨§¨Î¥¸±¨³ ¸²¥¤¸É¢¨Ö³.

�É³¥É¨³ ¤¢  ¨§ ´¨Ì.

� �·¨  ´ ²¨§¥ Ê· ¢´¥´¨Ö É¨¶  ˜·¥¤¨´£¥·  ¸ ÔËË¥±É¨¢´Ò³ ±Ê²μ´μ¢¸±¨³
¶μÉ¥´Í¨ ²μ³ ¤μ¸É ÉμÎ´μ ¶·μ¸Éμ ¢Ò¤¥²¨ÉÓ É·¨ μ¡² ¸É¨ ¶·¨ ¨§³¥´¥´¨¨ Z ¢
¨¸Ìμ¤´μ³ ±Ê²μ´μ¢¸±μ³ ¶μ²¥ V (r) = −Ze2/r.

„²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö 1S1/2 ¢ ¶¥·¢μ° μ¡² ¸É¨ 1 � Z <
Z · 137

√
3

2
≈

118,7 ¶·¨ r → 0 ¸ÊÐ¥¸É¢Ê¥É ¶μ²μ¦¨É¥²Ó´Ò° ¡ ·Ó¥· ∼ 1/r2 ¸ ¶μ¸²¥¤ÊÕ-

 ) �·¨ÉÖ£¨¢ ÕÐ¥¥ ±Ê²μ´μ¢¸±μ¥ ¶μ²¥ (V = −Zα/ρ); ¡, ¢) ÔËË¥±É¨¢´Ò¥ ¶μÉ¥´Í¨ ²Ò
Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤± : ¶·¨ Z < Zcr (¡); ¶·¨ Z > Zcr (¢)
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Ð¥° ¶μÉ¥´Í¨ ²Ó´μ° Ö³μ°. ‚μ ¢Éμ·μ° μ¡² ¸É¨ ¨§³¥´¥´¨Ö Z (119 � Z � 137)
μ¸É ¥É¸Ö ¶μÉ¥´Í¨ ²Ó´ Ö Ö³  ∼ K/r2, £¤¥ ±μÔËË¨Í¨¥´É K � 1/8, ÎÉμ ¤μ-
¶Ê¸± ¥É ¢μ§³μ¦´μ¸ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Ë¥·³¨μ´´ÒÌ ¸É Í¨μ´ ·´ÒÌ ¸¢Ö§ ´´ÒÌ
¸μ¸ÉμÖ´¨°. ‚ É·¥ÉÓ¥° μ¡² ¸É¨ ¸ Z > 137 ¸ÊÐ¥¸É¢Ê¥É ¶μÉ¥´Í¨ ²Ó´ Ö Ö³  ¸ ±μ-
ÔËË¨Í¨¥´Éμ³ K > 1/8, ÎÉμ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ·¥ ²¨§ Í¨¨ ·¥¦¨³  ®¶ ¤¥´¨Ö¯
Î ¸É¨ÍÒ ´  Í¥´É·.

� ‚¥Ð¥¸É¢¥´´Ò¥ · ¤¨ ²Ó´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ê· ¢´¥´¨Ö „¨· ±  ¢μ
¢´¥Ï´¨Ì £· ¢¨É Í¨μ´´ÒÌ ¶μ²ÖÌ ˜¢ ·ÍÏ¨²Ó¤ , � °¸¸´¥· Ä�μ·¤¸É·¥³ , Š¥·-
·  ¨ Š¥·· Ä�ÓÕ³¥´  Ö¢²ÖÕÉ¸Ö ±¢ ¤· É¨Î´μ-´¥¨´É¥£·¨·Ê¥³Ò³¨ ¢¡²¨§¨ £μ·¨-
§μ´Éμ¢ ¸μ¡ÒÉ¨°. �·¨ ¶¥·¥Ìμ¤¥ ± Ê· ¢´¥´¨Õ É¨¶  ˜·¥¤¨´£¥·  ¸ ÔËË¥±É¨¢-
´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ · ¤¨ ²Ó´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¸É ´μ¢ÖÉ¸Ö ±¢ ¤· É¨Î´μ-
¨´É¥£·¨·Ê¥³Ò³¨ ¢μ ¢¸¥Ì ¤μ¶Ê¸É¨³ÒÌ μ¡² ¸ÉÖÌ μ¶·¥¤¥²¥´¨Ö, ¶·¨Î¥³ ¢μ²´μ¢Ò¥
ËÊ´±Í¨¨ ´  £μ·¨§μ´É Ì ¸μ¡ÒÉ¨° · ¢´Ò ´Ê²Õ.

’ ±¨³ μ¡· §μ³, ¨¸¶μ²Ó§μ¢ ´¨¥ ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ-
·Ö¤±  ¸μ ¸¶¨´μ·´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ · ¸Ï¨·Ö¥É ¢μ§³μ¦´μ¸É¨ ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¨ ¤¢¨¦¥´¨Ö Ë¥·³¨μ´μ¢ ¢μ ¢´¥Ï´¨Ì Ô²¥±É·μ³ £´¨É´ÒÌ ¨ £· -
¢¨É Í¨μ´´ÒÌ ¶μ²ÖÌ.
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