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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

ˆ¸¸²¥¤Ê¥É¸Ö ¤¢Ê³¥·´μ¥ ¤¢¨¦¥´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ¶μÉ¥´Í¨ ²  V (r) =
−V0r

−β ¸ ¶ · ³¥É· ³¨ V0 > 0 ¨ β ∈ (0, 2). „ ´  ´ ²¨§  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö,
Ô±¢¨¢ ²¥´É´μ£μ ¶· ¢¨²Ê ±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó¤ . ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö Ô´¥·£¨°
¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° É ±μ° Î ¸É¨ÍÒ ¶μ²ÊÎ¥´μ ¶·μ¸Éμ¥ ¨ Ö¢´μ¥ ¶·¨¡²¨¦¥´¨¥.

We study the ˇnite two-dimensional movement of a quantum particle in the ˇeld of
the potential V (r) = −V0r

−β with the parameters V0 > 0 and β ∈ (0, 2). We analyze the
asymptotic equation which is equivalent to the BohrÄZommerfeld quantization rule. As a
result, we derive a simple and explicit approximation for the energies of weakly bound
states of this particle.

PACS: 03.65.-w; 03.65.Ge; 02.30.Mv

‚‚…„…�ˆ…

� Î´¥³ ¸ ¶·¥¤¶μ²μ¦¥´¨°. �·¥¤¶μ²μ¦¨³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É
³ ¸¸Ê m1 ¨, μ¡² ¤ Ö ¶μ²´μ° μÉ·¨Í É¥²Ó´μ° Ô´¥·£¨¥° E, ¤¢¨¦¥É¸Ö ¢ ¤¢Ê³¥·-
´μ° ¶²μ¸±μ¸É¨ P . �Ê¸ÉÓ ÉμÎ±  O ¶·¨´ ¤²¥¦¨É ÔÉμ° ¶²μ¸±μ¸É¨ ¨ Ö¢²Ö¥É¸Ö
¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  Î ¸É¨ÍÊ p1 ¶μ¸·¥¤¸É¢μ³ ¸É¥¶¥´´μ£μ
¶·¨ÉÖ£¨¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ² 

V (r) = −V0 r−β , V0 > 0, 0 < β < 2, (1)

£¤¥ r Å · ¸¸ÉμÖ´¨¥ μÉ ÉμÎ±¨ O ¤μ Î ¸É¨ÍÒ p1.
� Ï¨ £² ¢´Ò¥ Í¥²¨: ¢Ò¢¥¸É¨ ¶·μ¸Éμ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö Ô´¥·£¨° ¸² ¡μ¸¢Ö-

§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Î ¸É¨ÍÒ p1, ¤μ± § ÉÓ ¨ ¨¸¸²¥¤μ¢ ÉÓ ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö
	μ· Ä‡μ³³¥·Ë¥²Ó¤ .

∗E-mail: pupyshev@theor.jinr.ru
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1. ��„ˆ�‹œ�›… ‡�„�—ˆ �� ‘‚Ÿ‡���›… ‘�‘’�Ÿ�ˆŸ

‚ ¶²μ¸±μ¸É¨ P ¢¢¥¤¥³ ¸É ´¤ ·É´Ò³ μ¡· §μ³ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨-
´ É S2(r, ϕ) ¸ ´ Î ²Ó´μ° ÉμÎ±μ° O ¨ ¤¢Ê³Ö ±μμ·¤¨´ É ³¨: · ¸¸ÉμÖ´¨¥³ r � 0
¨  §¨³ÊÉ ²Ó´Ò³ Ê£²μ³ ϕ ∈ [0, 2π). �μ μ¶·¥¤¥²¥´¨Õ ¶μÉ¥´Í¨ ² (1) § ¢¨¸¨É
Éμ²Ó±μ μÉ · ¸¸ÉμÖ´¨Ö r. �μÔÉμ³Ê ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É ¤¢  ¸μÌ· ´ÖÕ-
Ð¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸²  [1]. ˆ³¨ Ö¢²ÖÕÉ¸Ö ¶μ²´ Ö Ô´¥·£¨Ö E ¨ ¸μ¡¸É¢¥´´μ¥
§´ Î¥´¨¥ m = 0,±1, . . . μ¶¥· Éμ·  ¶μ¢μ·μÉ  −ı∂ϕ ¢ ¶²μ¸±μ¸É¨ P .

’¥¶¥·Ó ¸Ëμ·³Ê²¨·Ê¥³ ¨¸Ìμ¤´ÊÕ · ¤¨ ²Ó´ÊÕ § ¤ ÎÊ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸Éμ-
Ö´¨Ö Î ¸É¨ÍÒ p1 ¢ ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ²¥ (1). � ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö
ũm(r, E) ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |E, m〉 Î ¸É¨ÍÒ p1 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ E
¨ m Ê¤μ¢²¥É¢μ·Ö¥É μ¤´μ³¥·´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  [1]{

�
2

2m1

[
∂2

r − λ(λ + 1)
r2

]
+

V0

rβ
+ E

}
ũm(r, E) = 0, (2)

r > 0 , λ ≡ |m| − 1
2
,

Ê¸²μ¢¨Õ
ũm(r, E) = O(rλ+1), r → 0, (3)

¨ Ê¸²μ¢¨Õ

ũm(r, E) = O(exp (−ρ)), ρ = kr → ∞, k ≡
√
−2m1E/�2. (4)

’¥¶¥·Ó ¶¥·¥Ëμ·³Ê²¨·Ê¥³ ¨¸Ìμ¤´ÊÕ § ¤ ÎÊ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö (2)Ä
(4) ¢ ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¢¨¤¥.

„²Ö ÔÉμ£μ ¸´ Î ²  μ¶·¥¤¥²¨³ ¥¤¨´¨ÍÊ d ¨§³¥·¥´¨Ö · ¸¸ÉμÖ´¨Ö r, ¶μ²μ-
¦¨É¥²Ó´Ò° ¶ · ³¥É· ν, ¡¥§· §³¥·´Ò¥ ¢μ²´μ¢μ¥ Î¨¸²μ q ¨  ·£Ê³¥´ÉÒ y ¨ ρ.
�Ê¸ÉÓ

d ≡
(

�
2

2m1V0

)1/(2−β)

, ν ≡ 2 − β

β
,

q ≡ kd, y ≡ q2/β r

d
, ρ = q−νy.

(5)

’¥¶¥·Ó ¶·¥¤¸É ¢¨³ ¶μ²´ÊÕ Ô´¥·£¨Õ E Î¥·¥§ ¡¥§· §³¥·´μ¥ ¢μ²´μ¢μ¥
Î¨¸²μ q:

E = − 1
2m1

(
�q

d

)2

= −D q2, D ≡
(

�
2

2m1

)β/(β−2)

V
2/(2−β)
0 , (6)

¨ μ¶·¥¤¥²¨³ ËÊ´±Í¨Õ p̃2(y, s̃) ¨ ¥¥ ¢Éμ·μ°  ·£Ê³¥´É s̃ · ¢¥´¸É¢ ³¨

p̃2(y, s) ≡
(

1
y

)β

−
(

s̃

y

)2

− 1, s̃ = qν
√

λ(λ + 1). (7)



496 �“�›˜…‚ ‚.‚.

� ±μ´¥Í, ¨¸¶μ²Ó§ÊÖ ¶μ¤¸É ´μ¢±Ê

r = q−2/β y d, ũm(r, k) = um(y, q), (8)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (2) ± μ¶¥· Éμ·´μ³Ê Ê· ¢´¥´¨Õ

Â um(y, q) = 0, Â ≡
[

q2ν d2

dy2
+ p̃2(y, s̃)

]
, y > 0, (9)

  ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨° (3) ¨ (4) ¢Ò¢¥¤¥³ Ê¸²μ¢¨¥

um(y, q) = O
(
yλ+1

)
, q2/β y → 0, (10)

¨ Ê¸²μ¢¨¥
um(y, q) = O (exp (−ρ)) , ρ = q−νy → ∞. (11)

‘Ëμ·³Ê²¨·Ê¥³ ¢ ¦´μ¥ μ¶·¥¤¥²¥´¨¥ ¨ ¥£μ ¸²¥¤¸É¢¨¥. ‘μ¸ÉμÖ´¨¥ |E, m〉
Î ¸É¨ÍÒ p1 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ |E| � D ¨ m = 0,±1, . . . ´ §Ò¢ ¥É¸Ö
¸² ¡μ¸¢Ö§ ´´Ò³. ‚ ¸¨²Ê ¸μμÉ´μÏ¥´¨Ö E = −D q2 ¡¥§· §³¥·´μ¥ ¢μ²´μ¢μ¥
Î¨¸²μ q ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ³ ²μ: q � 1.

2. ��ˆ�‹ˆ†…��›… ��…�ƒˆˆ ‘‹���‘‚Ÿ‡���›• ‘�‘’�Ÿ�ˆ‰

Š ± ¨§¢¥¸É´μ ¨§ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [2], ¶·¨ ± ¦¤μ³
§´ Î¥´¨¨ ¶ · ³¥É·  λ = |m| − 1/2, m = 0,±1, . . ., § ¤ Î  (9)Ä(11) ¨³¥¥É
´¥É·¨¢¨ ²Ó´μ¥ ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ q = qn,
¶·¨Î¥³ É ±¨Ì, ÎÉμ qn+1 < qn, n = 0, . . ., ¨ qn → 0+, n → ∞. �μÔÉμ³Ê
¢μ²´μ¢μ¥ Î¨¸²μ qn ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ¡μ²ÓÏμ° ´μ³¥· n.

�μ²μ¦¨³ q → 0+. ‚ ÔÉμ³ ¶·¥¤¥²¥ § ¤ Î  (9)Ä(11) ¸μ¤¥·¦¨É ³ ²Ò° ¶ -
· ³¥É· qν ¨ Ö¢²Ö¥É¸Ö ¶·μ¡²¥³μ° ¢ÒÎ¨¸²¥´¨Ö ³ ²ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
qn μ¶¥· Éμ·  Â ¢ ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨° um(y, q), Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì £· ´¨Î-
´Ò³ Ê¸²μ¢¨Ö³ (10) ¨ (11). �¥Ï¨³ ÔÉÊ ¶·μ¡²¥³Ê ¨§¢¥¸É´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³
³¥Éμ¤μ³ [2].

‘´ Î ²  ¢ μ¶·¥¤¥²¥´¨¨ (7) ËÊ´±Í¨¨ p̃2 ¨ ¢ Ê· ¢´¥´¨¨ (9) ¢Ò¶μ²´¨³ É·¨
§ ³¥´Ò:

λ(λ + 1) →
(

λ +
1
2

)2

= m2, p̃2(y, s̃) → p2(y, s) =
(

1
y

)β

−
(

s

y

)2

− 1,

s̃ → s = qν |m|.

‡ É¥³ ¸¨³¢μ² ³¨ y1(s) ¨ y2(s) μ¡μ§´ Î¨³ ¶μ²μ¦¨É¥²Ó´Ò¥ ´Ê²¨ ËÊ´±Í¨¨
p(y, s) ¨ § ¶¨Ï¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ (n → ∞) Ê· ¢´¥´¨¥

1
qν

b(s) = π

(
n +

1
2

)
+ O

(
1
n

)
, s = qν |m|, n � 1, (12)
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¢ ±μÉμ·μ³ ¶μ μ¶·¥¤¥²¥´¨Õ

b(s) ≡
y2(s)∫

y1(s)

p(y, s) dy. (13)

ˆ¸±μ³Ò¥ ³ ²Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö qn μ¶¥· Éμ·  Â Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨
Ê· ¢´¥´¨Ö (12).

�¥Ï¨³ ÔÉμ Ê· ¢´¥´¨¥ ¢ ¸²ÊÎ ¥ ³ ²ÒÌ §´ Î¥´¨° ¶¥·¥³¥´μ° s,   ¨³¥´´μ
É ±¨Ì, ÎÉμ s = qν |m| � 1. ‘´ Î ²  ¨§¢¥¸É´Ò³ ¸¶μ¸μ¡μ³ [3] ¸¢¥¤¥³ ¨´É¥£· ²
b(s) ¨ ¥£μ ¶·μ¨§¢μ¤´ÊÕ b′(s) ¢ ÉμÎ±¥ s = 0 ± É ¡²¨Î´Ò³ ¨´É¥£· ² ³. ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¤¢  Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö

b(s) =
1
2

B

(
2 − β

2β
,
1
2

)
, b′(s) = − π

2 − β
, s = 0,

£¤¥ ¸¨³¢μ²μ³ B μ¡μ§´ Î¥´  ¡¥É -ËÊ´±Í¨Ö. ‡ É¥³, ¨¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥-
´¨Ö, ¢ ¶· ¢μ° Î ¸É¨ ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö (12) § ³¥´¨³ ËÊ´±Í¨Õ b(s) ¥¥
·Ö¤μ³ Œ ±²μ·¥´ 

b(s) ≈ b(0) + s b′(0) =
1
2

B

(
2 − β

2β
,
1
2

)
+

π |m| qν

β − 2
, s = qν m � 1.

’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³  ²£¥¡· ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥. �¥Ï¨³ ¥£μ. � °¤¥´´Ò¥
±μ·´¨ qn ¶·¥¤¸É ¢¨³ ¶·¨¡²¨¦¥´´μ° Ëμ·³Ê²μ°

qn ≈
[

1
2π

B

(
2 − β

2β
,
1
2

)
1

n + 1/2 + |m|/(2 − β)

]1/ν

. (14)

‘μ£² ¸´μ ÔÉμ° Ëμ·³Ê²¥ ¨¸¶μ²Ó§μ¢ ´´μ¥ Ê¸²μ¢¨¥ s = qνm � 1 ¢Ò¶μ²´Ö¥É¸Ö
¤²Ö ±μ·´Ö q = qn, ¥¸²¨ m � n ¨ n � 1. ’¥¶¥·Ó, ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (6)
¨ (14), ´ °¤¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¢μ²´μ¢μ³Ê Î¨¸²Ê q = qn ¶·¨¡²¨¦¥´¨¥ Ô´¥·-
£¨¨ En ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |En, m〉:

En ≈ −D

[
1
2π

B

(
2 − β

2β
,
1
2

)
1

n + 1/2 + |m|/(2 − β)

]2/ν

. (15)

�Éμ ¶·¨¡²¨¦¥´¨¥ ¸¶· ¢¥¤²¨¢μ, ¥¸²¨ ¢Ò¶μ²´ÖÕÉ¸Ö É·¨ Ê¸²μ¢¨Ö: β ∈ (0, 2),
n � 1 ¨ |m| � n.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ±Ê²μ´μ¢¸±μ³ ¸²ÊÎ ¥ (β = 1) ¶· ¢ Ö Î ¸ÉÓ Ëμ·-
³Ê²Ò (15) ¶·¨ ²Õ¡ÒÌ Í¥²ÒÌ n = 0, 1, . . . ¨ m = 0,±1, . . . ¢μ¸¶·μ¨§¢μ¤¨É
ÉμÎ´Ò¥ §´ Î¥´¨Ö Ô´¥·£¨° ¢¸¥Ì ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1.
Š ± ¤ ¢´μ ¨§¢¥¸É´μ [1], ¢ ÔÉμ³ ¸²ÊÎ ¥

En = − D

(n + 1/2 + |m|)2 , n = 0, 1, . . . , m = 0,±1, . . . (16)
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‚ÒÖ¢¨³ ¥Ð¥ μ¤´μ ¸²¥¤¸É¢¨¥ Ëμ·³Ê²Ò (15). „²Ö ÔÉμ£μ ¶·¥¤¶μ²μ¦¨³, ÎÉμ
¢ ¨¸Ìμ¤´μ° § ¤ Î¥ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö (2)Ä(4) ¶ · ³¥É· λ · ¢¥´ Í¥²μ³Ê
Î¨¸²Ê 	 = 0, 1, . . . ’μ£¤  |m| = 	 + 1/2,   § ¤ Î  (2)Ä(4) ¸É ´μ¢¨É¸Ö § ¤ Î¥°
¤²Ö · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |E, 	〉 Î ¸É¨ÍÒ p1,
¤¢¨¦ÊÐ¥°¸Ö ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¢ ¶μ²¥ Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ²  (1).
‘²¥¤μ¢ É¥²Ó´μ, ¶μ¸²¥ § ³¥´Ò |m| → 	 + 1/2 ¢ Ëμ·³Ê²¥ (15) ¶μ²ÊÎ ¥É¸Ö ¶·¨-
¡²¨¦¥´¨¥ Ô´¥·£¨¨ En É·¥Ì³¥·´μ£μ ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö (n � 1) ¸
±μ´¥Î´Ò³ (	 � n) Ê£²μ¢Ò³ ³μ³¥´Éμ³ 	. �·¥¤¸É ¢¨³ É ±μ¥ ¶·¨¡²¨¦¥´¨¥
Ëμ·³Ê²μ°

En ≈ −D

{
1
2π

B

(
2 − β

2β
,
1
2

)
1

n + 1/2 + (	 + 1/2)/(2 − β)

}2/ν

(17)

¨ μÉ³¥É¨³, ÎÉμ ÔÉ  ¦¥ Ëμ·³Ê²  · ´¥¥ ¶μ²ÊÎ¥´  ¢ · ¡μÉ¥ [4], ´μ ¤·Ê£¨³ ¸¶μ-
¸μ¡μ³.

3. ���‚ˆ‹� Š‚��’�‚��ˆŸ ����Ä‡�ŒŒ…�”…‹œ„�

‚¥·´¥³¸Ö ± ¨¸Ìμ¤´μ° § ¤ Î¥ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö (2)Ä(4) ¨ ¨¸¸²¥-
¤Ê¥³ ¥¥ ¨§¢¥¸É´Ò³ ¢ ±Ê·¸¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ [5] ±² ¸¸¨Î¥¸±¨³ ³¥Éμ¤μ³
‚¥´Í¥²ÖÄŠ· ³¥·¸ Ä	·¨²²ÕÔ´  (‚Š	). �£· ´¨Î¨³¸Ö ±·¨É¨Î¥¸±¨³ μ¡¸Ê¦¤¥-
´¨¥³ μ¸´μ¢´ÒÌ ÔÉ ¶μ¢ ·¥ ²¨§ Í¨¨ ÔÉμ£μ ³¥Éμ¤ .

‘´ Î ²  ¢ Ê· ¢´¥´¨¨ (2) ¢Ò¶μ²´¨³ § ³¥´Ê ‹ ´£¥· 

λ(λ + 1) → (λ + 1/2)2 = m2,

¸¨³¢μ² ³¨ r1 ¨ r2 μ¡μ§´ Î¨³ ¶·μ¸ÉÒ¥ ´Ê²¨ ËÊ´±Í¨¨ E − W (r), ¢ ±μÉμ·μ°
ÔËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ² W (r) μ¶·¥¤¥²¥´ Ëμ·³Ê²μ°

W (r) =
�

2

2m1

m2

r2
− V0

rβ
.

‡ É¥³ ¤¢  ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö ũ+
m(r, E) ¨ ũ−

m(r, E) ¨¸Ìμ¤-
´μ£μ · ¤¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¶·¥¤¸É ¢¨³ Ô±¸¶μ´¥´Í¨ ²Ó´Ò³¨
ËÊ´±Í¨Ö³¨

ũ±
m(r, E) = exp

[
± ı

�
S(r, E)

]
, S(r, E) =

∞∑
n=0

�
n Sn(r, E).

‡ ³¥É¨³, ÎÉμ Ë §Ò S(r, E) ÔÉ¨Ì ËÊ´±Í¨° Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨ ¶μ Í¥²Ò³
¸É¥¶¥´Ö³ ±μ´¸É ´ÉÒ �² ´±  �. �É  ±μ´¸É ´É  ´¥ Ö¢²Ö¥É¸Ö ³ ²Ò³ ¶ · ³¥É·μ³.
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�μÔÉμ³Ê ¤²Ö μ¡¥¨Ì ËÊ´±Í¨° ũ±
m ´¥¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ö¢´ÊÕ μÍ¥´±Ê ÉμÎ´μ¸É¨

¸É ´¤ ·É´μ£μ ‚Š	-¶·¨¡²¨¦¥´¨Ö

ũ±
m(r, E) ≈ v±m(r, E) , v±m(r, E) ≡ exp

{
± ı

�
[ S0(r, E) + � S1(r, E) ]

}
.

�·μ¤μ²¦¨³ ·¥ ²¨§ Í¨Õ ³¥Éμ¤  ‚Š	 ¢ · ³± Ì ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö. „²Ö
ÔÉμ£μ § ³¥´¨³ ¨¸±μ³ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ũm ²¨´¥°´μ° ±μ³¡¨´ Í¨¥° ËÊ´±-
Í¨° v±m. ‡ É¥³ Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ ¨§ É ±¨Ì ±μ³¡¨´ Í¨° Éμ²Ó±μ μ¤´  Ê¤μ-
¢²¥É¢μ·Ö¥É £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ¨ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ¢ ÉμÎ± Ì r = r1 ¨
r = r2 Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢Ò¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ¶· ¢¨²μ ±¢ ´Éμ-
¢ ´¨Ö: Ô´¥·£¨Ö E ¡²¨§±  ± ±μ·´Õ En Ê· ¢´¥´¨Ö

1
�

r2∫
r1

√
2m1 [ E − W (r) ] dr = π

(
n +

1
2

)
, n � 1. (18)

‘¤¥² ¥³ ¤¢  § ³¥Î ´¨Ö. ‚ ±² ¸¸¨Î¥¸±μ³ ³¥Éμ¤¥ ‚Š	 ´¥É ³ ²μ£μ ¶ -
· ³¥É· , ¶μÔÉμ³Ê ÉμÎ´μ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö E ≈ En ¶μ ´μ³¥·Ê n Ê¸É ´μ¢¨ÉÓ
´¥²Ó§Ö. ‘Ëμ·³Ê²¨·μ¢ ´´μ¥ ¢ÒÏ¥ ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö ²μ£¨Î´μ ´ §¢ ÉÓ ¶· -
¢¨²μ³ ±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó¤  ¢ ¸²ÊÎ ¥ ¤¢Ê³¥·´μ£μ ¤¢¨¦¥´¨Ö ±¢ ´-
Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ²  (1).

’¥¶¥·Ó ¤μ± ¦¥³ ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó¤  (18) ¤·Ê£¨³
¸¶μ¸μ¡μ³, μ¸´μ¢ ´´Ò³ ´   ¸¨³¶ÉμÉ¨Î¥¸±μ³ Ê· ¢´¥´¨¨ (12), ¢ ±μÉμ·μ³ ¢ μÉ-
²¨Î¨¥ μÉ ±² ¸¸¨Î¥¸±μ£μ ³¥Éμ¤  ‚Š	 ¨³¥¥É¸Ö ³ ²Ò° ¶ · ³¥É· qν .

‚ ÔÉμ³ Ê· ¢´¥´¨¨ ¶¥·¥°¤¥³ ± · §³¥·´Ò³ ¶¥·¥³¥´´Ò³ r ¨ E. „²Ö
ÔÉμ£μ ¶μ²μ¦¨³ y = q2/β(r/d) ¨ q =

√
E/D ¨ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨Ö

r1 = q−2/β y1(s) d ¨ r2 = q−2/β y2(s) d. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö ¨¸-
±μ³μ° Ô´¥·£¨¨ E = En ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |En, m〉 c ¤ ´´Ò³¨ ±¢ ´Éμ¢Ò³¨
Î¨¸² ³¨ n � 1 ¨ m. �·¥¤¸É ¢¨³ ÔÉμ Ê· ¢´¥´¨¥ ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö

1
�

r2∫
r1

√
2m1 [E − W (r) ] dr = π

(
n +

1
2

)
+ O

(
1
n

)
, n � 1. (19)

�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (19) ¸μ¤¥·¦¨É Ö¢´ÊÕ μÍ¥´±Ê O(1/n) μ¸É ÉμÎ´μ£μ
¸² £ ¥³μ£μ. …¸²¨ ÔÉÊ μÍ¥´±Ê μÉ¡·μ¸¨ÉÓ, Éμ ¶μ²ÊÎ¨É¸Ö ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö
	μ· Ä‡μ³³¥·Ë¥²Ó¤  (18).

�·¥¤²μ¦¥´´Ò° ¢ÒÏ¥ ¢Ò¢μ¤ ¶· ¢¨²  ±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó-
¤  (18) ¨§  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (12) ¸ ³ ²Ò³ ¶ · ³¥É·μ³ qν Ö¢²Ö¥É¸Ö
 ²ÓÉ¥·´ É¨¢´Ò³ ¤μ± § É¥²Ó¸É¢Ê ÔÉμ£μ ¶· ¢¨²  ±² ¸¸¨Î¥¸±¨³ ³¥Éμ¤μ³ ‚Š	.
‚¸²¥¤¸É¢¨¥ · ¢¥´¸É¢  En = −Dq2

n ¨³¥¥É¸Ö ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É-
¸É¢¨¥ ³¥¦¤Ê ±μ·´Ö³¨ qn ¨ En Ê· ¢´¥´¨° (12) ¨ (18). ‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨
Ê· ¢´¥´¨Ö Ô±¢¨¢ ²¥´É´Ò ¤·Ê£ ¤·Ê£Ê ¸ ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O(1/n).
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‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ μ¡¥§· §³¥·¨¢ ÕÐ¥° ¶μ¤¸É ´μ¢±μ° r = q−2/β yd,
E = −Dq2 ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó¤  (18) ¸¢μ¤¨É¸Ö ±  ¸¨³-
¶ÉμÉ¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ (12) ¸ μÉ¡·μÏ¥´´Ò³ μ¸É ÉμÎ´Ò³ Î²¥´μ³ O(1/n).
�μÔÉμ³Ê ¶μ²ÊÎ¥´´μ¥ É ±¨³ ¸¶μ¸μ¡μ³ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö μ¡¥§· §³¥·¥´´Ò³
¶· ¢¨²μ³ ±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó¤  ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ Ê¡Ò¢ -
ÕÐ¥£μ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ²  (1).

‡�Š‹	—…�ˆ…

�¥·¥Î¨¸²¨³ £² ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°. ŒÒ ¢Ò¢¥²¨ Ö¢´μ¥
¶·¨¡²¨¦¥´¨¥ (15) Ô´¥·£¨° En, n � 1, ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° |En, m〉,
m � n, ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¸²ÊÎ ¥ ¥¥ ¤¢Ê³¥·´μ£μ ¤¢¨¦¥´¨Ö ¢ ¶μ²¥
Ê¡Ò¢ ÕÐ¥£μ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ²  (1). ‚ ÔÉμ³ ¸²ÊÎ ¥ ³Ò ¤μ± § ²¨ ¶· ¢¨²μ
±¢ ´Éμ¢ ´¨Ö 	μ· Ä‡μ³³¥·Ë¥²Ó¤  (18) ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨. ŒÒ ¶μ± § ²¨, ÎÉμ
ÔÉμ ¶· ¢¨²μ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (12).

‘�ˆ‘�Š ‹ˆ’…��’“�›
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