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1 �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

2 ˆ´¸É¨ÉÊÉ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ƒ ´´μ¢¥·¸±μ£μ Ê´¨¢¥·¸¨É¥É , ƒ ´´μ¢¥·, ƒ¥·³ ´¨Ö

�  μ¸´μ¢¥ ³¥Éμ¤  ¸Ê¶¥·¶μ²¥¢μ£μ ± ²¨¡·μ¢ ´¨Ö ¶μ¸É·μ¥´Ò ´μ¢Ò¥ N = 2 ¨ N = 4
¸Ê¶¥·¶μ²¥¢Ò¥ ¸¨¸É¥³Ò, μ¡μ¡Ð ÕÐ¨¥ ³μ¤¥²¨ Š ²μ¤¦¥·μ. ‚ N = 2 ¸²ÊÎ ¥ ÔÉ¨ ¸¨¸É¥³Ò
¢ ¡μ§μ´´μ³ ¶·¥¤¥²¥ ¸μ¤¥·¦ É · Í¨μ´ ²Ó´Ò¥ ³μ¤¥²¨ Š ²μ¤¦¥·μ ¨ £¨¶¥·¡μ²¨Î¥¸±¨¥
³μ¤¥²¨ Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤ ,   ¢ N = 4 ¸²ÊÎ ¥ Å ¨Ì U(2) ¸¶¨´μ¢Ò¥ · ¸Ï¨·¥´¨Ö.

Using the superˇeld gauging procedure, we construct new N = 2 and N = 4
superˇeld systems that generalize Calogero models. In the bosonic limit, these systems
yield rational Calogero models and hyperbolic CalogeroÄSutherland models in the N = 2
case, and their U(2) spin generalization in the N = 4 case.

PACS: 11.30.Pb; 12.60.Jv

‚‚…„…�ˆ…

Œμ¤¥²¨ Š ²μ¤¦¥·μ [1Ä3] Ö¢²ÖÕÉ¸Ö Ì·¥¸Éμ³ É¨°´Ò³¨ ¶·¨³¥· ³¨ ¨´É¥-
£·¨·Ê¥³ÒÌ ³´μ£μÎ ¸É¨Î´ÒÌ μ¤´μ³¥·´ÒÌ (d = 1) ¸¨¸É¥³. �·μ¸É¥°Ï Ö ¨§
´¨Ì Å É ± ´ §Ò¢ ¥³ Ö · Í¨μ´ ²Ó´ Ö ³μ¤¥²Ó Š ²μ¤¦¥·μ

SC =
1
2

∫
dt

⎡
⎣∑

a

ẋaẋa −
∑
a�=b

c2

4(xa − xb)2

⎤
⎦, a, b = 1, . . . , n, (1)

μ¶¨¸Ò¢ ÕÐ Ö ¢§ ¨³μ¤¥°¸É¢¨¥ n ¨¤¥´É¨Î´ÒÌ Î ¸É¨Í ¸ ¶μÉ¥´Í¨ ²μ³, μ¡· É-
´μ ¶·μ¶μ·Í¨μ´ ²Ó´Ò³ ±¢ ¤· ÉÊ · ¸¸ÉμÖ´¨Ö, ¨ ¨´¢ ·¨ ´É´ Ö μÉ´μ¸¨É¥²Ó´μ
¶·¥μ¡· §μ¢ ´¨° d = 1 ±μ´Ëμ·³´μ° £·Ê¶¶Ò SO(1, 2)

δt = α, δxa =
1
2

α̇xa, ∂3
t α = 0. (2)
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‘¨¸É¥³  Š ²μ¤¦¥·μÄŒμ§¥·  [1Ä3] ¶μ²ÊÎ ¥É¸Ö ¤μ¡ ¢²¥´¨¥³ ± (1) μ¸Í¨²²ÖÉμ·-
´μ£μ Î²¥´  ∼

∑
a�=b

(xa − xb)2. �·¥¤¸É ¢²ÖÕÐ¨¥ ¨´É¥·¥¸ ¢ ¶¥·¢ÊÕ μÎ¥·¥¤Ó

± ± ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò · Í¨μ´ ²Ó´Ò¥ ³μ¤¥²¨ Š ²μ¤¦¥·μ É ±¦¥ É¥¸´μ
¸¢Ö§ ´Ò ¸ ³μ¤¥²Ö³¨ Î¥·´ÒÌ ¤Ò· ¨ M-É¥μ·¨¥° [4,5].

�μ³¨³μ ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´ÒÌ ¸¨¸É¥³ ¨§¢¥¸É´Ò ¨ ¤·Ê£¨¥ ¨´É¥£·¨-
·Ê¥³Ò¥ ³´μ£μÎ ¸É¨Î´Ò¥ ³μ¤¥²¨ ± ²μ¤¦¥·μ¢¸±μ£μ É¨¶  [6], ´ ¶·¨³¥· £¨¶¥·-
¡μ²¨Î¥¸±¨¥ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤  [1Ä3,7]

SCS =
1
2

∫
dt

⎡
⎢⎣∑

a

q̇aq̇a −
∑
a�=b

c2

4 sinh2 qa − qb

2

⎤
⎥⎦, (3)

  É ±¦¥ ¨Ì É·¨£μ´μ³¥É·¨Î¥¸±¨¥  ´ ²μ£¨.

…¸É¥¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³ ¸¨¸É¥³ Š ²μ¤¦¥·μ ¨ Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤ 
Ö¢²ÖÕÉ¸Ö ¨Ì ¸Ê¶¥·¸¨³³¥É·¨Î´Ò¥ ¢ ·¨ ´ÉÒ. ‘Ê¶¥·· ¸Ï¨·¥´¨¥ ¸ N = 2 ¡Ò²μ
¶μ¸É·μ¥´μ ¢ [8], £¤¥ ± ¦¤ Ö ¡μ§μ´´ Ö ±μμ·¤¨´ É  xa ¤μ¶μ²´Ö² ¸Ó ¤¢Ê³Ö Ë¥·-
³¨μ´´Ò³¨ ¶μ²Ö³¨ ¤μ ³Ê²ÓÉ¨¶²¥Éa (1,2,1). ’ ±¨³ μ¡· §μ³, ³μ¤¥²Ó ¸μ¤¥·¦¨É
n Ë¨§¨Î¥¸±¨Ì ¡μ§μ´μ¢ ¨ 2n Ë¥·³¨μ´μ¢. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ N = 2, d = 1
¸Ê¶¥·¶μ²¥¢μ¥ ¤¥°¸É¢¨¥ ¢ ¶·¥¤¥²¥ ´Ê²¥¢ÒÌ Ë¥·³¨μ´μ¢ ¸¢μ¤¨É¸Ö ± ¤¥°¸É¢¨Õ
· Í¨μ´ ²Ó´μ° ³μ¤¥²¨ Š ²μ¤¦¥·μ. �´ ²μ£¨Î´Ò³ μ¡· §μ³ ³μ¦´μ ¶μ¸É·μ¨ÉÓ
N = 2 · ¸Ï¨·¥´¨¥ ³μ¤¥²¥° Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤  [9]. �μ¸É·μ¥´¨¥ ¸Ê¶¥·-
¸¨³³¥É·¨Î´ÒÌ · ¸Ï¨·¥´¨° ¸ ¡μ²¥¥ ¢Ò¸μ±¨³¨ N ¸É ²±¨¢ ¥É¸Ö ¸ μ¶·¥¤¥²¥´-
´Ò³¨ ¶·μ¡²¥³ ³¨. ’ ±, ¶·¨ μ¡μ¡Ð¥´¨¨ ´  ¸²ÊÎ ° N = 4 ³´μ¦¥¸É¢μ xa

´¥μ¡Ìμ¤¨³μ · ¸Ï¨·¨ÉÓ ¤μ ³´μ¦¥¸É¢  ¸Ê¶¥·³Ê²ÓÉ¨¶²¥Éμ¢ (1,4,3) ¸ n ¡μ§μ´-
´Ò³¨ ¨ 4n Ë¥·³¨μ´´Ò³¨ ¶μ²Ö³¨ [10]. �¤´ ±μ ¶·¨ ¶μ¸É·μ¥´¨¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ ¸Ê¶¥·¶μ²¥¢μ£μ ¤¥°¸É¢¨Ö, ¶·¨¢μ¤ÖÐ¥£μ ± ¶μÉ¥´Í¨ ²Ê n-Î ¸É¨Î´μ°
¸¨¸É¥³Ò Š ²μ¤¦¥·μ ¢ ¡μ§μ´´μ³ ¸¥±Éμ·¥, ¢μ§´¨± ÕÉ ´¥¸±μ²Ó±μ ËÊ´±Í¨° μÉ
xa [11], ¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨Ö³¨ WDVV [12, 13], Ö¢´Ò¥ ·¥Ï¥´¨Ö ±μÉμ·ÒÌ
¨§¢¥¸É´Ò Éμ²Ó±μ ¤²Ö ´¥¸±μ²Ó±¨Ì ³ ²ÒÌ n.

‘ÊÐ¥¸É¢Ê¥É ¤·Ê£μ° É¨¶ ¸Ê¶¥·¸¨³³¥É·¨§ Í¨¨, ¢ ±μÉμ·μ³ ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒ¥
¶·μ¡²¥³Ò ´¥ ¢μ§´¨± ÕÉ, ÌμÉÖ ¶μ¸É·μ¥´´Ò¥ É ±¨³ ¸¶μ¸μ¡μ³ ³μ¤¥²¨ Ö¢²ÖÕÉ¸Ö
®´¥³¨´¨³ ²Ó´Ò³¨¯: μ´¨ ¸μ¤¥·¦ É Nn2 Ë¥·³¨μ´μ¢ ¤²Ö ± ¦¤μ£μ ´ ¡μ·  n
¡μ§μ´´ÒÌ ±μμ·¤¨´ É [14Ä16]. �É  ¸Ê¶¥·¸¨³³¥É·¨§ Í¨Ö μ¸´μ¢ ´  ´  ³¥Éμ¤¥
± ²¨¡·μ¢ ´¨Ö [17], · §· ¡μÉ ´´μ³ · ´¥¥ ¢ [3,18,19] ¢ ¶·¨³¥´¥´¨¨ ± ¡μ§μ´´Ò³
¸¨¸É¥³ ³ Š ²μ¤¦¥·μ. ’  ¨²¨ ¨´ Ö ³μ¤¥²Ó Š ²μ¤¦¥·μ ¢μ§´¨± ¥É ¢ ·¥§Ê²ÓÉ É¥
¨¸±²ÕÎ¥´¨Ö ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ¢ ³ É·¨Î´μ° ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ°
¸¨¸É¥³¥. ‚ ´ ¸ÉμÖÐ¥³ ¤μ±² ¤¥, μ¸´μ¢ ´´μ³ ´  ·¥§Ê²ÓÉ É Ì · ¡μÉ [14Ä16], ¶μ-
± § ´μ, ± ± ÔÉμÉ ¶μ¤Ìμ¤ ³μ¦´μ ¶·¨³¥´¨ÉÓ ± ´¥±μÉμ·Ò³ N = 2 ¨ N = 4
¸Ê¶¥·¶μ²¥¢Ò³ ³ É·¨Î´Ò³ ³μ¤¥²Ö³ ¤²Ö ¶μ²ÊÎ¥´¨Ö ´μ¢ÒÌ ¢¥·¸¨° ¸Ê¶¥·¸¨³³¥-
É·¨Î´ÒÌ ³μ¤¥²¥° Š ²μ¤¦¥·μ.



‘“�…�‘ˆŒŒ…’�ˆ—�›… Œ�„…‹ˆ Š�‹�„†…�� 623

1. Œ�„…‹ˆ Š�‹�„†…�� ˆ Š�‹�„†…��Ä‘�‡…�‹…�„�
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„²Ö ¨²²Õ¸É· Í¨¨ ¨¸¶μ²Ó§Ê¥³μ£μ ³¥Éμ¤  ³Ò ¢´ Î ²¥ ¶μ± ¦¥³, ± ± ³μ¦´μ
¢μ¸¶·μ¨§¢¥¸É¨ ¨§¢¥¸É´ÊÕ ³μ¤¥²Ó ±μ´Ëμ·³´μ° ³¥Ì ´¨±¨ [20],

S0 =
∫

dt L0, L0 =
1
2

(
ẋ2 − c2 x−2

)
, (4)

¨§ ¤·Ê£μ° d = 1 ¸¨¸É¥³Ò, μ¡² ¤ ÕÐ¥° ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¥° [15]. � ¸-
¸³μÉ·¨³ ³μ¤¥²Ó ±μ³¶²¥±¸´μ£μ ¶μ²Ö v(t) ¸ ² £· ´¦¨ ´μ³

Lv =
1
2

v̇ ˙̄v +
im

2
(v̇v̄ − v ˙̄v), (5)

¨´¢ ·¨ ´É´Ò³ μÉ´μ¸¨É¥²Ó´μ £²μ¡ ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨° v′ = e−iλ v, v̄′ =
eiλv̄. ’¥¶¥·Ó · ¸Ï¨·¨³ ² £· ´¦¨ ´ (5) É ±, ÎÉμ¡Ò μ´ μ¡² ¤ ² ± ²¨¡·μ¢μÎ´μ°
¸¨³³¥É·¨¥° ¸ ²μ± ²Ó´Ò³ ¶ · ³¥É·μ³: λ → λ(t). „²Ö ÔÉμ£μ ¢¢¥¤¥³ d = 1
± ²¨¡·μ¢μÎ´μ¥ ¶μ²¥ A(t), Ê¤²¨´ÖÕÐ¥¥ ¶·μ¨§¢μ¤´Ò¥, v̇ → ∇v = v̇ + iAv,
˙̄v → ∇v̄ = ˙̄v − iAv̄. �μ²ÊÎ¥´´ Ö ¸¨¸É¥³  ¸ ² £· ´¦¨ ´μ³

Lg
v =

1
2
∇v∇v̄ +

im

2
(∇vv̄ − v∇v̄) + cA (6)

¨´¢ ·¨ ´É´  ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ²´μ° ¶·μ¨§¢μ¤´μ° μÉ´μ¸¨É¥²Ó´μ ¢¢¥¤¥´´ÒÌ
¢ÒÏ¥ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¤μ¶μ²´¥´´ÒÌ ¶·¥μ¡· §μ¢ ´¨¥³ A′ =
A+ λ̇. �μ¸²¥¤´¨° Î²¥´ ¢ (6) ¸ ±μ´¸É ´Éμ° c, É ±¦¥ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É-
´Ò° ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ²´μ° ¶·μ¨§¢μ¤´μ°, Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ ¨§¢¥¸É´μ£μ Î²¥´ 
” °¥Äˆ²¨μ¶Ê²μ¸ .

‚Ò¡¨· Ö ± ²¨¡·μ¢±Ê v = v̄ ≡x(t) ¨ ¨¸±²ÕÎ Ö ¶μ²¥ A(t) ¸ ¶μ³μÐÓÕ
¥£μ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ² £· ´¦¨ ´ 
¢ ¤ ´´μ° ± ²¨¡·μ¢±¥:

Lgauge =
1
2

ẋ2 − 1
2

(
mx − cx−1

)2
, (7)

±μÉμ·Ò° ¶·¨ m = 0 ¸μ¢¶ ¤ ¥É ¸ ² £· ´¦¨ ´μ³ (4). �É³¥É¨³, ÎÉμ ¨¸Ìμ¤´μ¥
¤¥°¸É¢¨¥ ¸ ² £· ´¦¨ ´μ³ (5) ¶·¨ m = 0, ± ± ¨ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ Ö
³μ¤¥²Ó (6), ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ±μ´Ëμ·³´ÒÌ ¶·¥μ¡· §μ¢ ´¨° SO(1, 2)
(2), ¤μ¶μ²´¥´´ÒÌ ¶·¥μ¡· §μ¢ ´¨Ö³¨ δA(t) = −ḟ A(t). Š ± ·¥§Ê²ÓÉ É ¤¥°-
¸É¢¨¥ ¸ ² £· ´¦¨ ´μ³ (4) É ±¦¥ μ¡² ¤ ¥É ±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥°.

‚ ± ²¨¡·μ¢μÎ´μ³ ¶μ¤Ìμ¤¥ ¸¨¸É¥³  Š ²μ¤¦¥·μ μ¶¨¸Ò¢ ¥É¸Ö U(n)-¨´¢ -
·¨ ´É´μ° ³ É·¨Î´μ° ¸¨¸É¥³μ° [3, 18, 19], ¨¸¶μ²Ó§ÊÕÐ¥° n × n Ô·³¨Éμ¢μ ³ -
É·¨Î´μ¥ ¶μ²¥ Xb

a, a, b = 1, . . . , n, ±μ³¶²¥±¸´μ¥ U(n)-¸¶¨´μ·´μ¥ ¶μ²¥ Za(t),
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Z̄a = (Za)∗ ¨ n2 Ô·³¨Éμ¢ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° Ab
a. Š ²¨¡·μ¢μÎ´μ-

¨´¢ ·¨ ´É´μ¥ ¤¥°¸É¢¨¥ ¨³¥¥É ¢¨¤

SC =
1
2

∫
dt

[
tr (∇X∇X) + i (Z̄∇Z −∇Z̄Z) + 2c trA

]
, (8)

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¶·¥¤¥²¥´¨Ö ¤²Ö ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ:

∇X = Ẋ + i[A, X ], ∇Z = Ż + iAZ, ∇Z̄ = ˙̄Z − iZ̄A. (9)

„¥°¸É¢¨¥ (8) ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ²μ± ²Ó´ÒÌ U(n)-¶·¥μ¡· §μ¢ ´¨°, ¤¥°-
¸É¢ÊÕÐ¨Ì ´  ¸¶¨´μ·´Ò¥ ¨´¤¥±¸Ò a, b ¢¸¥Ì ¢Ìμ¤ÖÐ¨Ì ¢¥²¨Î¨´, ¸ ³ É·¨Î´Ò³
¶μ²¥³ Ab

a ¢ ± Î¥¸É¢¥ ± ²¨¡·μ¢μÎ´μ£μ. ˆ¸¶μ²Ó§ÊÖ n2 − n ²μ± ²Ó´ÒÌ ¶·¥μ¡· -
§μ¢ ´¨°, ³μ¦´μ § ±·¥¶¨ÉÓ ± ²¨¡·μ¢±Ê Xa

b = 0 ¸ a �= b. �¸É ÉμÎ´Ò¥ ± ²¨-
¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, £¥´¥·¨·Ê¥³Ò¥  ¡¥²¥¢μ° ¶μ¤£·Ê¶¶μ° [U(1)]n, ¤ -
²¥¥ Ë¨±¸¨·ÊÕÉ¸Ö Ê¸²μ¢¨Ö³¨ ¢¥Ð¥¸É¢¥´´μ¸É¨ Z̄a = Za ¤²Ö Za, ¶μ¤Î¨´¥´´Ò³
¸¢Ö§Ö³ ZaZa = c ¤²Ö ± ¦¤μ£μ a. ‚ ·¥§Ê²ÓÉ É¥ ¶μ¸²¥ ¨¸±²ÕÎ¥´¨Ö ¢¸¶μ³μ£ -
É¥²Ó´ÒÌ ¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ¤¥°¸É¢¨¥ (8) ¸¢μ¤¨É¸Ö ± ¤¥°¸É¢¨Õ (1) ³μ¤¥²¨
Š ²μ¤¦¥·μ. �μ¸±μ²Ó±Ê ¨¸Ìμ¤´μ¥ ¤¥°¸É¢¨¥ (8) μ¡² ¤ ¥É ±μ´Ëμ·³´μ° ¨´¢ ·¨-
 ´É´μ¸ÉÓÕ, ³μ¤¥²Ó (1) É ±¦¥ ±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´ .

Œμ¤¥²Ó Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤  ³μ¦´μ ¢μ¸¶·μ¨§¢¥¸É¨ ¶μ¸·¥¤¸É¢μ³  ´ -
²μ£¨Î´μ£μ ± ²¨¡·μ¢ ´¨Ö ¸¨¸É¥³Ò ¸ ´¥²¨´¥°´Ò³ ±¨´¥É¨Î¥¸±¨³ Î²¥´μ³ ¸¨£³ -
³μ¤¥²Ó´μ£μ É¨¶  ¤²Ö ³ É·¨Î´μ£μ ¶μ²Ö Xb

a:

SCS =
1
2

∫
dt

[
tr

(
X−1∇XX−1∇X

)
+ i (Z̄∇Z −∇Z̄Z) + 2c trA

]
. (10)

‘²¥¤ÊÖ Éμ° ¦¥ ¶·μÍ¥¤Ê·¥, ± ± ¨ ¢ · Í¨μ´ ²Ó´μ³ ¸²ÊÎ ¥, ¶·¨Ìμ¤¨³ ± ¤¥°¸É¢¨Õ

SCS =
1
2

∫
dt

⎡
⎣∑

a

ẋaẋa

(xa)2
−

∑
a�=b

xaxbc
2

(xa − xb)2

⎤
⎦, (11)

±μÉμ·μ¥ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ qa = lnxa ¸μ¢¶ ¤ ¥É ¸ (3). Š ± ¨ ¨¸Ìμ¤´μ¥
³ É·¨Î´μ¥ ¤¥°¸É¢¨¥, ¶μ²ÊÎ¥´´μ¥ ¤¥°¸É¢¨¥ ´¥ μ¡² ¤ ¥É ±μ´Ëμ·³´μ° ¨´¢ ·¨-
 ´É´μ¸ÉÓÕ.

2. N = 2 Œ�„…‹ˆ Š�‹�„†…�� ˆ Š�‹�„†…��Ä‘�‡…�‹…�„�

„²Ö ¶μ¸É·μ¥´¨Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´μ£μ μ¡μ¡Ð¥´¨Ö ³Ò ¶·¨¡¥£´¥³
± Éμ° ¦¥ ¸É· É¥£¨¨, ¨¸Ìμ¤Ö É¥¶¥·Ó ¨§ ³ É·¨Î´ÒÌ N = 2 ¸Ê¶¥·¶μ²¥° ¨ ¢Ò-
¶μ²´ÖÖ ¸Ê¶¥·¶μ²¥¢μ¥ ± ²¨¡·μ¢ ´¨¥. ˆ¸Ìμ¤´Ò³¨ Ö¢²ÖÕÉ¸Ö n × n ³ É·¨Î´μ¥
Ô·³¨Éμ¢μ ¸Ê¶¥·¶μ²¥ ¸ ±μ³¶μ´¥´É ³¨ Xa

b(t, θ, θ̄), a, b = 1, . . . , n, μ¶¨¸Ò¢ Õ-
Ð¨³¨ n2 ¸Ê¶¥·³Ê²ÓÉ¨¶²¥Éμ¢ (1,2,1), ¨ ±¨· ²Ó´μ¥ U(n)-¸¶¨´μ·´μ¥ ¸Ê¶¥·¶μ²¥
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Za(tL, θ), Z̄a(tR, θ̄), D̄Za = 0, DZ̄a = 0, tL,R = t ∓ iθθ̄. ‘¢μ¡μ¤´μ¥ ¤¥°¸É¢¨¥
¤²Ö ÔÉ¨Ì ³Ê²ÓÉ¨¶²¥Éμ¢,

SN=2 =
1
2

∫
dt dθ dθ̄

[
tr

(
D̄XDX

)
− Z̄Z

]
, (12)

μ¸É ¥É¸Ö ¨´¢ ·¨ ´É´Ò³ ¶·¨ £²μ¡ ²Ó´ÒÌ U(n)-¶·¥μ¡· §μ¢ ´¨ÖÌ Z ′ = eiλZ ,
Z̄ ′ = Z̄ e−iλ̄, X ′ = eiλ X e−iλ̄. Š ²¨¡·μ¢ ´¨¥ ÔÉ¨Ì ¨§μ³¥É·¨° ¸μ¸Éμ¨É ¢ ¶¥-
·¥Ìμ¤¥ ± ±¨· ²Ó´Ò³ ¨  ´É¨±¨· ²Ó´Ò³ ¸Ê¶¥·¶μ²¥¢Ò³ ¶ · ³¥É· ³ λ ¨ λ̄. „²Ö
μ¡¥¸¶¥Î¥´¨Ö ¨´¢ ·¨ ´É´μ¸É¨ ¢¢μ¤¨É¸Ö Ô·³¨Éμ¢μ ± ²¨¡·μ¢μÎ´μ¥ ¸Ê¶¥·¶μ²¥ V
¸ § ±μ´μ³ ¶·¥μ¡· §μ¢ ´¨Ö e2V ′

= eiλ̄ e2V e−iλ. Š ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ¥
¤¥°¸É¢¨¥ ¨³¥¥É ¢¨¤

SN=2
C =

1
2

∫
dt d2θ

[
tr

(
D̄X e2V DX e2V

)
− Z̄ e2VZ + 2c trV

]
, (13)

£¤¥ ±μ¢ ·¨ ´É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ μ¶·¥¤¥²¥´Ò ± ±

DX = DX + e−2V (D e2V )X , D̄X = D̄X − X e2V (D̄ e−2V ). (14)

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¨¸Ìμ¤´μ¥ ³ É·¨Î´μ¥ ¤¥°¸É¢¨¥ (12) ¨ ¥£μ ± ²¨¡·μ¢μÎ´μ-
¨´¢ ·¨ ´É´Ò°  ´ ²μ£ (13) μ¡² ¤ ÕÉ N = 2 ¸Ê¶¥·±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥°
SU(1, 1|1).

ˆ¸¶μ²Ó§ÊÖ ±μ³¶μ´¥´É´Ò¥ · §²μ¦¥´¨Ö X = X + . . ., Z = Z + . . ., ¢Ò¡¨· Ö
± ²¨¡·μ¢±Ê ‚¥¸¸ Ä‡Ê³¨´μ V = θθ̄A(t) ¨ ¨¸±²ÕÎ Ö ¢¸¶μ³μ£ É¥²Ó´Ò¥ ¶μ²Ö,
¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ±μ³¶μ´¥´É´μ¥ ¤¥°¸É¢¨¥:

SN=2
C =

1
2

∫
dt

[
tr∇X ∇X + i (Z̄∇Z −∇Z̄Z) + 2c trA + i tr (Ψ̄∇Ψ −∇Ψ̄Ψ)

]
.

(15)
‡¤¥¸Ó ∇Ψ = Ψ̇+i[A, Ψ], ∇Ψ̄ = ˙̄Ψ+i[A, Ψ̄],   ∇X , ∇Z μ¶·¥¤¥²¥´Ò ¢ (9). ‹¥£±μ
¶μ± § ÉÓ, ÎÉμ ¡μ§μ´´Ò° ¶·¥¤¥² ¤¥°¸É¢¨Ö (15) ¸μ¢¶ ¤ ¥É ¸ ¤¥°¸É¢¨¥³ · Í¨μ-
´ ²Ó´μ° ³μ¤¥²¨ Š ²μ¤¦¥·μ ¢ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ° Ëμ·³Ê²¨·μ¢±¥ (8).
’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ¨²¨ ´μ¢μ¥ N= 2 ¸Ê¶¥·¸¨³³¥É·¨Î´μ¥ · ¸Ï¨·¥´¨¥ n-
Î ¸É¨Î´μ° ³μ¤¥²¨ Š ²μ¤¦¥·μ ¸ n Ë¨§¨Î¥¸±¨³¨ ¡μ§μ´ ³¨ ¨ 2n2 Ë¥·³¨μ´ ³¨
Ψb

a, Ψ̄a
b , ¢ μÉ²¨Î¨¥ μÉ ¸É ´¤ ·É´μ° N= 2 ¸¨¸É¥³Ò Š ²μ¤¦¥·μ ¸ 2n Ë¥·³¨μ-

´ ³¨, ¶·¥¤²μ¦¥´´μ° ¢ [8].
�É³¥É¨³, ÎÉμ ¶μ¸²¥ ¤μ¶μ²´¨É¥²Ó´μ° Ë¨±¸ Í¨¨ ± ²¨¡·μ¢±¨ Za = Z̄a

¸¢Ö§¨ (Za)2 = c − Ra ¸μ¤¥·¦ É Ë¥·³¨μ´´Ò¥ Î²¥´Ò Ra ≡ {Ψ, Ψ̄}a
a,

(Ra)2n−1 ≡ 0. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´¥ Ö¸´μ, ± ± É· ±Éμ¢ ÉÓ ÔÉμ ®· §³´μ¦¥´¨¥¯
Ë¥·³¨μ´´ÒÌ ¶μ²¥°. ‚μ§³μ¦´μ, ÎÉμ ¤²Ö Ê³¥´ÓÏ¥´¨Ö ¨Ì Î¨¸²  ´¥μ¡Ìμ¤¨³μ
¢¢¥¸É¨ ´μ¢ÊÕ Ë¥·³¨μ´´ÊÕ ± ²¨¡·μ¢μÎ´ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ É¨¶  ¨§¢¥¸É´μ°
κ-¸¨³³¥É·¨¨.

„²Ö ¢Ò¢μ¤  N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´μ£μ μ¡μ¡Ð¥´¨Ö ³μ¤¥²¨ Š ²μ¤¦¥·μÄ
‘ §¥·²¥´¤  ´ ¤μ ¨¸Ìμ¤¨ÉÓ ¨§ ± ²¨¡·μ¢μÎ´μ° ¸Ê¶¥·¶μ²¥¢μ° ¸¨£³ -³μ¤¥²¨

SN=2
CS =

1
2

∫
dt d2θ

[
tr

(
X−1D̄X X−1DX

)
− Z̄ e2V Z + 2c trV

]
. (16)
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‚Ò¶μ²´ÖÖ É¥ ¦¥ Ï £¨, ÎÉμ ¨ ¢ · Í¨μ´ ²Ó´μ³ ¸²ÊÎ ¥, ¶·¨Ìμ¤¨³ ± ±μ³¶μ´¥´É-
´μ³Ê ¤¥°¸É¢¨Õ

SN=2
CS =

1
2

∫
dt

[
tr

(
X−1∇X X−1∇X

)
+ i

(
Z̄∇Z −∇Z̄Z

)
+ 2c trA+

+ i tr
(
X−1Ψ̄X−1∇Ψ − X−1∇Ψ̄X−1Ψ

)
−

− 1
2

tr
(
X−1Ψ̄X−1Ψ̄X−1ΨX−1Ψ

)]
. (17)

‚ ¡μ§μ´´μ³ ¶·¥¤¥²¥ μ´μ ¶¥·¥Ìμ¤¨É ¢ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ¥ ¤¥°¸É¢¨¥
³μ¤¥²¨ Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤  (10).

�²ÓÉ¥·´ É¨¢´ Ö ¸Ê¶¥·¶μ²¥¢ Ö Ëμ·³Ê²¨·μ¢±  · ¸¸³μÉ·¥´´ÒÌ N = 2
³μ¤¥²¥° ´¥¤ ¢´μ ¶·¥¤²μ¦¥´  ¢ [21].

3. Œ��ƒ�—�‘’ˆ—�›… N = 4 ‘“�…�‘ˆŒŒ…’�ˆ—�›… ‘ˆ‘’…Œ›

“´¨¢¥·¸ ²Ó´Ò³ ¶μ¤Ìμ¤μ³ ± ¸Ê¶¥·¶μ²¥¢Ò³ Ëμ·³Ê²¨·μ¢± ³ N = 4 ³¥Ì -
´¨±¨ Ö¢²Ö¥É¸Ö ³¥Éμ¤ N = 4, d = 1 £ ·³μ´¨Î¥¸±μ£μ ¸Ê¶¥·¶·μ¸É· ´¸É¢  [22],
¶·¥¤¸É ¢²ÖÕÐ¥£μ ¸μ¡μ° d = 1 ¢¥·¸¨Õ N = 2, d = 4 £ ·³μ´¨Î¥¸±μ£μ ¸Ê-
¶¥·¶·μ¸É· ´¸É¢  [23]. ‚ μÉ²¨Î¨¥ μÉ μ¡ÒÎ´μ£μ N = 4, d = 1 ¸Ê¶¥·¶·μ-
¸É· ´¸É¢  ¸ ±μμ·¤¨´ É ³¨ (t, θi, θ̄

k), N = 4, d = 1 £ ·³μ´¨Î¥¸±μ¥ ¸Ê¶¥·-
¶·μ¸É· ´¸É¢μ ¶ · ³¥É·¨§μ¢ ´μ ±μμ·¤¨´ É ³¨ (t, θ±, θ̄±, u±

i ), £¤¥ θ± = θiu±
i ,

θ̄± = θ̄iu±
i ¨ u±

i , u+iu−
i = 1 Å SU(2)-£ ·³μ´¨±¨, ¶ · ³¥É·¨§ÊÕÐ¨¥ 2-¸Ë¥·Ê

S2 ∼SU(2)R/U(1)R. ‚ ¦´μ¥ ¸¢μ°¸É¢μ £ ·³μ´¨Î¥¸±μ£μ ¸Ê¶¥·¶·μ¸É· ´¸É¢ 
¸μ¸Éμ¨É ¢ ´ ²¨Î¨¨ Ê ´¥£μ £ ·³μ´¨Î¥¸±μ£μ  ´ ²¨É¨Î¥¸±μ£μ ¶μ¤¶·μ¸É· ´¸É¢ ,
¢±²ÕÎ ÕÐ¥£μ ¶μ²μ¢¨´Ê ¨¸Ìμ¤´ÒÌ £· ¸¸³ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ, (ζ, u) =
(tA, θ+, θ̄+, u±

i ), tA = t + i(θ+θ̄− + θ−θ̄+). �Éμ  ´ ²¨É¨Î¥¸±μ¥ ¸Ê¶¥·¶·μ-
¸É· ´¸É¢μ § ³±´ÊÉμ μÉ´μ¸¨É¥²Ó´μ N = 4 ¸Ê¶¥·¸¨³³¥É·¨¨.

‚¸¥ N = 4, d = 1 ³Ê²ÓÉ¨¶²¥ÉÒ μ¶¨¸Ò¢ ÕÉ¸Ö £ ·³μ´¨Î¥¸±¨³¨ ¸Ê¶¥·¶μ-
²Ö³¨. ‚ Î ¸É´μ¸É¨, N = 4 ³Ê²ÓÉ¨¶²¥É (1,4,3) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³
£ ·³μ´¨Î¥¸±¨³ ¸Ê¶¥·¶μ²¥³ X (t, θ±, θ̄±, u), ¶μ¤Î¨´¥´´Ò³ μ¶·¥¤¥²¥´´μ° ¸¨-
¸É¥³¥ ¸¢Ö§¥° (¸³. ¤¥É ²¨ ¢ [22]), ¨²¨  ´ ²¨É¨Î¥¸±¨³ ¶·¥¶μÉ¥´Í¨ ²μ³ V(ζ, u),
§ ¤ ¢ ¥³Ò³ ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³

X (t, θi, θ̄
i) =

∫
duV(tA, θ+, θ̄+, u)

∣∣∣
θ±=θiu±

i , θ̄±=θ̄iu±
i

(18)

¨ μ¶·¥¤¥²¥´´Ò³ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° δV =
D++λ−− ¸ ²μ± ²Ó´Ò³  ´ ²¨É¨Î¥¸±¨³ ¶ · ³¥É·μ³ λ−−(ζ, u). ‚ ÔÉμ³ · §¤¥²¥
¡Ê¤¥É ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö É ±¦¥ N = 4 £¨¶¥·³Ê²ÓÉ¨¶²¥É, ±μÉμ·Ò° μ¶¨¸Ò¢ ¥É¸Ö
±μ³¶²¥±¸´Ò³¨  ´ ²¨É¨Î¥¸±¨³¨ ¸Ê¶¥·¶μ²Ö³¨ Z+, Z̄+, ¶μ¤Î¨´¥´´Ò³¨ ¸¢Ö§¨
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D++ Z+ = 0, £¤¥ D++ = u+i∂/∂u−i+2iθ+θ̄+∂tA Å ¸μÌ· ´ÖÕÐ Ö  ´ ²¨É¨Î-
´μ¸ÉÓ £ ·³μ´¨Î¥¸± Ö ¶·μ¨§¢μ¤´ Ö (¢  ´ ²¨É¨Î¥¸±μ³ ¡ §¨¸¥). Š ²¨¡·μ¢μÎ´Ò¥
¶μ²Ö ¸μ¤¥·¦ É¸Ö ¢  ´ ²¨É¨Î¥¸±μ³ ± ²¨¡·μ¢μÎ´μ³ ¶·¥¶μÉ¥´Í¨ ²¥ V ++, ´¥
¶μ¤Î¨´¥´´μ³ ± ±¨³-²¨¡μ ¸¢Ö§Ö³. �  ÔÉμ³ ¸Ê¶¥·¶μ²¥ μ¶·¥¤¥²¥´μ ± ²¨¡·μ¢μÎ-
´μ¥ ¶·¥μ¡· §μ¢ ´¨¥

V ++ ′ = eiλ V ++ e−iλ − i eiλ(D++e−iλ), (19)

£¤¥ λb
a(ζ, u±)∈u(n) Å Ô·³¨Éμ¢  ´ ²¨É¨Î¥¸±¨° ³ É·¨Î´Ò° ¶ · ³¥É·. ˆ¸¶μ²Ó-

§ÊÖ ± ²¨¡·μ¢μÎ´ÊÕ ¸¢μ¡μ¤Ê (19), ³μ¦´μ ¢Ò¡· ÉÓ ± ²¨¡·μ¢±Ê ‚¥¸¸ Ä‡Ê³¨´μ
V ++ = 2i θ+θ̄+A(tA).

3.1. N = 4 ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö ³μ¤¥²Ó Š ²μ¤¦¥·μ. Œ É·¨Î´μ¥ ¸Ê¶¥·¶μ-
²¥¢μ¥ ¤¥°¸É¢¨¥

SN=4 = SN=4
X + SN=4

WZ + SN=4
FI (20)

μ¡² ¤ ¥É ´ ¨¡μ²¥¥ μ¡Ð¥° N = 4, d = 1 ¸Ê¶¥·±μ´Ëμ·³´μ° ¸¨³³¥É·¨¥°
D(2, 1; α) ¢ ¸²ÊÎ ¥, ±μ£¤  ¸² £ ¥³Ò¥ ¢ (20) ¨³¥ÕÉ ¢¨¤

SN=4
X =

1
4(1+α)

∫
μH

(
trX 2

)−1/2α
,

SN=4
WZ =

1
2

∫
μ

(−2)
A V0 Z̃a +Z+

a ,

SN=4
FI = − ic

2

∫
μ

(−2)
A trV ++,

(21)

£¤¥ μH ¨ μ
(−2)
A Å ³¥·Ò ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¶μ²´μ³ ¨  ´ ²¨É¨Î¥¸±μ³ £ ·³μ´¨-

Î¥¸±¨Ì ¸Ê¶¥·¶·μ¸É· ´¸É¢ Ì. ‚¸¥ ¶·¨¸ÊÉ¸É¢ÊÕÐ¨¥ ¢ (21) ¸Ê¶¥·¶μ²Ö μ¶·¥¤¥²Ö-
ÕÉ¸Ö ¸¢Ö§Ö³¨, ¢ ±μÉμ·ÒÌ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·μ¨§¢μ¤´Ò¥, ±μ¢ ·¨ ´É´Ò¥ μÉ´μ¸¨-
É¥²Ó´μ ²μ± ²Ó´ÒÌ U(n)-¶·¥μ¡· §μ¢ ´¨°,

X ′ = eiλX e−iλ, Z+′ = eiλZ+, Z̄+′ = Z̄+e−iλ, (22)

´ ¶·¨³¥· D++Z+ → D++Z+ = D++Z+ + iV ++Z+. Š·μ³¥ Éμ£μ, ¸Ê¶¥·-
¶μ²¥ V0 Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³  ´ ²¨É¨Î¥¸±¨³ ¶·¥¶μÉ¥´Í¨ ²μ³ ¤²Ö U(n)-
¸¨´£²¥É´μ£μ ¸Ê¶¥·¶μ²Ö X0 ≡ tr (X ) . �´¨ ¸¢Ö§ ´Ò ¨´É¥£· ²Ó´Ò³ ¶·¥μ¡· §μ¢ -
´¨¥³ (18).

� ¸¸³μÉ·¨³ ¢Ò¡μ· α = −1/2, ¶·¨ ±μÉμ·μ³ D(2, 1; α)∼ osp(4|2) . ‚ ± -
²¨¡·μ¢±¥ ‚¥¸¸ Ä‡Ê³¨´μ ¨ ¶μ¸²¥ ¨¸±²ÕÎ¥´¨Ö Î ¸É¨ ¢¸¶μ³μ£ É¥²Ó´ÒÌ ¶μ²¥°
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¤¥°¸É¢¨¥ (20) ¶·¨´¨³ ¥É ¢¨¤

SN=4
C =

1
2

∫
dt

[
tr

(
∇X∇X + 2c A

)
+

n

4
(Z̄(iZk))(Z̄iZk)+

+ i X0

(
Z̄k∇Zk −∇Z̄k Zk

)]
+

+
i

2
tr

∫
dt

(
Ψ̄k∇Ψk −∇Ψ̄kΨk

)
−

∫
dt

Ψ(i
0 Ψ̄k)

0 (Z̄iZk)
2X0

, (23)

£¤¥ X0 := tr (X), Ψi
0 := tr (Ψi), Ψ̄i

0 := tr (Ψ̄i). �μ¸²¥ Ë¨±¸ Í¨¨ ± ²¨¡·μ¢±¨
¤²Ö μ¸É ÉμÎ´μ° ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¨ ¨ ¨¸±²ÕÎ¥´¨Ö ¶μ²¥° Ab

a, a �= b,
  É ±¦¥ ¶μ¤Ìμ¤ÖÐ¥£μ ¶¥·¥μ¶·¥¤¥²¥´¨Ö ¶μ²¥° ¡μ§μ´´ÊÕ Î ¸ÉÓ ¤¥°¸É¢¨Ö ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ ¢¨¤¥

SN=4
C,b =

1
2

∫
dt

{∑
a

ẋaẋa + i
∑

a

(Z̄a
k Żk

a − ˙̄Za
kZk

a )−

−
∑
a�=b

tr(SaSb)
4(xa − xb)2

− n tr(ŜŜ)
2(X0)2

}
, (24)

£¤¥ (Sa)i
j := Z̄a

i Zj
a, (Ŝ)i

j :=
∑
a

[
(Sa)i

j − (1/2)δj
i (Sa)k

k
]

¨ ¶μ²Ö Zk
a ¶μ¤Î¨´Ö-

ÕÉ¸Ö ¸¢Ö§Ö³ Z̄a
i Zi

a= c (¤²Ö ± ¦¤μ£μ a). —²¥´ ‚¥¸¸ Ä‡Ê³¨´μ ¤²Ö Z-¶¥·¥³¥´´ÒÌ
¢ (24) ¶μ·μ¦¤ ¥É ¸±μ¡±¨ „¨· ±  [Z̄a

i , Zj
b ]

D
= iδa

b δj
i , ¨³¥ÕÐ¨¥ ¸²¥¤¸É¢¨¥³ ¸μ-

μÉ´μÏ¥´¨Ö [
(Sa)i

j , (Sb)k
l
]

D
= iδab

{
δl
i(Sa)k

j − δj
k(Sa)i

l
}
. (25)

ˆ´Ò³¨ ¸²μ¢ ³¨, ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö ¨´¤¥±¸  a ¢¥²¨Î¨´Ò Sa μ¡· §ÊÕÉ ¢§ -
¨³´μ ±μ³³ÊÉ¨·ÊÕÐ¨¥  ²£¥¡·Ò u(2),   (Ŝ)j

i Ö¢²Ö¥É¸Ö ¶μ²´Ò³ ¸μÌ· ´ÖÕÐ¨³¸Ö
´¥É¥·μ¢¸±¨³ SU(2)-§ ·Ö¤μ³ ¤ ´´μ° ¸¨¸É¥³Ò.

‚ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö N = 2 ¶·¨ μ¶¨¸ ´¨¨ N = 4 ³¥Ì ´¨±¨ ´¥ ¢¸¥ ¨§
d = 1 ¶μ²¥° Zi

a μ± §Ò¢ ÕÉ¸Ö ¢¸¶μ³μ£ É¥²Ó´Ò³¨: ¶μ¸²¥ ±¢ ´Éμ¢ ´¨Ö μ´¨ ¸É -
´μ¢ÖÉ¸Ö U(2)-¸¶¨´μ¢Ò³¨ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò (É. ¥. £ ·³μ´¨± ³¨ ¢ ¶·μ¸É· ´-
¸É¢¥ μÉμ¡· ¦¥´¨Ö). Š·μ³¥ Éμ£μ, ¢¥²¨Î¨´  tr ŜŜ Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ ¤¢¨¦¥-
´¨Ö, £¥´¥·¨·ÊÕÐ¨³ ¢ ¸²ÊÎ ¥ N = 4 ±μ´Ëμ·³´Ò° ¶μÉ¥´Í¨ ² ¢ ¸¥±Éμ·¥ Í¥´-
É·  ³ ¸¸. ‘ ÉμÎ´μ¸ÉÓÕ ¤μ ÔÉμ£μ ¤μ¶μ²´¨É¥²Ó´μ£μ ±μ´Ëμ·³´μ£μ ¶μÉ¥´Í¨ ² 
¡μ§μ´´Ò° ¶·¥¤¥² ¶μ¸É·μ¥´´μ° N = 4 ¸¨¸É¥³Ò ¸μ¢¶ ¤ ¥É ¸ ¨´É¥£·¨·Ê¥³μ°
U(2)-¸¶¨´μ¢μ° ³μ¤¥²ÓÕ Š ²μ¤¦¥·μ [3].

‚μ§³μ¦´Ò ¤·Ê£¨¥ É¨¶Ò ¸Ê¶¥·¸¨³³¥É·¨§ Í¨¨ n-Î ¸É¨Î´μ° ³μ¤¥²¨ Š ²μ-
¤¦¥·μ ¸ su(n)- ¨²¨ so(n)-¸¶¨´μ¢Ò³¨ ¶¥·¥³¥´´Ò³¨ [24,25]. ‚ su(n)-³μ¤¥²¨
¸¶¨´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¨¸±²ÕÎ¥´Ò ¸ ¶μ³μÐÓÕ £ ³¨²ÓÉμ´μ¢μ° ·¥-
¤Ê±Í¨¨ ¸ ¸μÌ· ´¥´¨¥³ Nn2 Ë¥·³¨μ´μ¢ ¤²Ö ²Õ¡μ£μ Î¨¸²  ¸Ê¶¥·¸¨³³¥É·¨° N .
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3.2. N = 4 ³μ¤¥²¨ Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤ . �¸´μ¢´μ° μÉ²¨Î¨É¥²Ó´μ°
Î¥·Éμ° ÔÉμ° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö ¢Ò¡μ· ¢ (20) ´¥²¨´¥°´μ£μ ¸¨£³ -³μ¤¥²Ó´μ£μ
¤¥°¸É¢¨Ö ¤²Ö X ,

SX =
1
2

∫
μH tr (lnX ), (26)

¸ ¸μÌ· ´¥´¨¥³ ¢¨¤  μ¸É ²Ó´ÒÌ ¤¢ÊÌ Î²¥´μ¢ ¢ (20), (21). �μ²´ Ö ¸É·Ê±-
ÉÊ·  ±μ³¶μ´¥´É´μ£μ ¤¥°¸É¢¨Ö ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö É¥³¨ ¦¥ ³ ´¨¶Ê²ÖÍ¨Ö³¨, ± ±
¨ ¢ ¸²ÊÎ ¥ · Í¨μ´ ²Ó´μ£μ Š ²μ¤¦¥·μ. Šμ²¨Î¥¸É¢μ Ë¨§¨Î¥¸±¨Ì Ë¥·³¨μ´μ¢
¸´μ¢  · ¢´μ 4n2. „¥°¸É¢¨¥ (26) μ¡² ¤ ¥É Éμ²Ó±μ ®¶²μ¸±μ°¯ N = 4, d = 1
¸Ê¶¥·¸¨³³¥É·¨¥° ¨ SU(2) R-¸¨³³¥É·¨¥°.

‚¢¥¤¥´¨¥ ¶¥·¥³¥´´ÒÌ qa ¸ ¶μ³μÐÓÕ § ³¥´Ò xa = e qa ¶·¨¢μ¤¨É ¡μ§μ´´ÊÕ
Î ¸ÉÓ ¤¥°¸É¢¨Ö ± ¢¨¤Ê

SN=4
CS,b = S̃N=4

CS,b +
∫

dt
∑
a,b

(Sa)(ik) (Sb)(ik) tr (X2)
4(X0)2

, (27)

£¤¥ Tr
(
X2

)
=

∑
c

e2qc , X0 =
∑
c

eqc , ¢Ò¶μ²´ÖÕÉ¸Ö ¸¢Ö§¨ Z̄a
i Zi

a = c ¤²Ö ± -

¦¤μ£μ a ¨

S̃N=4
CS,b =

1
2

∫
dt

⎧⎪⎨
⎪⎩

∑
a

[
q̇aq̇a + i(Z̄a

k Żk
a − ˙̄Za

kZk
a )

]
−

∑
a�=b

(Sa)i
k(Sb)k

i

4 sinh2 qa − qb

2

⎫⎪⎬
⎪⎭ .

(28)
‘²¥¤μ¢ É¥²Ó´μ, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸²¥¤´¥£μ Î²¥´  ¤¥°¸É¢¨¥ (27) μ¶¨¸Ò¢ ¥É
£¨¶¥·¡μ²¨Î¥¸±ÊÕ U(2)-¸¶¨´μ¢ÊÕ ¸¨¸É¥³Ê Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤  [3].

‚Ò¡μ· ¤¥°¸É¢¨Ö SWZ ¢ (21) ¤²Ö N = 4 · Í¨μ´ ²Ó´μ° ³μ¤¥²¨ Š ²μ-
¤¦¥·μ ¢ μ¸´μ¢´μ³ μ¶·¥¤¥²Ö²¸Ö É·¥¡μ¢ ´¨¥³ ¸Ê¶¥·±μ´Ëμ·³´μ° ¨´¢ ·¨ ´É´μ-
¸É¨. ‚ £¨¶¥·¡μ²¨Î¥¸±μ³ ¸²ÊÎ ¥ É ± Ö ¸¨³³¥É·¨Ö μÉ¸ÊÉ¸É¢Ê¥É ¸ ¸ ³μ£μ ´ Î ² .
‚ Î ¸É´μ¸É¨, ¤¥°¸É¢¨¥ (26) ¤²Ö X Ê¦¥ ´¥ μ¡² ¤ ¥É É ±μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ ¨
´¥É ¶·¨Î¨´ ´ ¸É ¨¢ ÉÓ ´  ´¥° ¢ ¤·Ê£¨Ì Î ¸ÉÖÌ ¶μ²´μ£μ ¤¥°¸É¢¨Ö. �μÔÉμ³Ê
¥¸É¥¸É¢¥´´μ ¢ ¶μ²´μ³ ¤¥°¸É¢¨¨ (20) ¢Ò¡· ÉÓ ¤²Ö ³Ê²ÓÉ¨¶²¥Éμ¢ (4,4,0) ¢³¥-
¸Éμ (21) ¸ ³μ¥ ¶·μ¸Éμ¥ ¤¥°¸É¢¨¥

S̃N=4
WZ = −1

2

∫
μ

(−2)
A Z̄+aZ+

a . (29)

�μ¢μ¥ ¶μ²´μ¥ ¤¥°¸É¢¨¥ ¢ ¡μ§μ´´μ³ ¸¥±Éμ·¥ ¸μ¤¥·¦¨É ®Î¨¸ÉÊÕ¯ £¨¶¥·¡μ-
²¨Î¥¸±ÊÕ U(2)-¸¶¨´μ¢ÊÕ ¸¨¸É¥³Ê Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤  ¤²Ö ²Õ¡μ£μ n ¡¥§
± ±μ£μ-²¨¡μ ¤μ¶μ²´¨É¥²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. Šμμ·¤¨´ É  Í¥´É·  ³ ¸¸ ¶μ²-
´μ¸ÉÓÕ μÉ¤¥²Ö¥É¸Ö ¨ μ¶¨¸Ò¢ ¥É¸Ö ¸¢μ¡μ¤´Ò³ ¤¥°¸É¢¨¥³ ¢ ÔÉμ° ³μ¤¥²¨.

’ ±¦¥ ¸ÊÐ¥¸É¢Ê¥É N= 4 ¸Ê¶¥·¸¨³³¥É·¨Î´μ¥ · ¸Ï¨·¥´¨¥ ³μ¤¥²¥° Š -
²μ¤¦¥·μÄ‘ §¥·²¥´¤  ¸ 4n2 Ë¥·³¨μ´ ³¨, ´¥ ¸μ¤¥·¦ Ð¥¥ ¸¶¨´μ¢ÒÌ ¶¥·¥³¥´-
´ÒÌ [26].
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ŒÒ μ¶¨¸ ²¨ Ê´¨¢¥·¸ ²Ó´Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ · ¸-
Ï¨·¥´¨° ³μ¤¥²¥° ± ²μ¤¦¥·μ¢¸±μ£μ É¨¶  ´  μ¸´μ¢¥ ¶·μÍ¥¤Ê·Ò ¸Ê¶¥·¶μ²¥¢μ£μ
± ²¨¡·μ¢ ´¨Ö. �ÉμÉ ³¥Éμ¤ ¶·¨¢μ¤¨É ± ´¥¸É ´¤ ·É´μ° ¸Ê¶¥·¸¨³³¥É·¨§ Í¨¨
¸ Nn2 Ë¨§¨Î¥¸±¨³¨ Ë¥·³¨μ´´Ò³¨ ¶μ²Ö³¨. ‘ ¥£μ ¶μ³μÐÓÕ ¶μ¸É·μ¥´Ò ´μ-
¢Ò¥ N = 2 ¨ N = 4 ¸Ê¶¥·¶μ²¥¢Ò¥ ¸¨¸É¥³Ò, ¸μ¤¥·¦ Ð¨¥ ¢ ± Î¥¸É¢¥ ¡μ§μ´´μ£μ
¶·¥¤¥²  · Í¨μ´ ²Ó´Ò¥ ³μ¤¥²¨ Š ²μ¤¦¥·μ ¨ £¨¶¥·¡μ²¨Î¥¸±¨¥ ³μ¤¥²¨ Š ²μ-
¤¦¥·μÄ‘ §¥·²¥´¤  ¶·¨ N = 2 ¨ ¨Ì U(2)-¸¶¨´μ¢Ò¥  ´ ²μ£¨ ¶·¨ N = 4.

�¥·¥Î¨¸²¨³ ´¥±μÉμ·Ò¥ ¤ ²Ó´¥°Ï¨¥ § ¤ Î¨ ¢ · ³± Ì ¶·¥¤²μ¦¥´´μ£μ
¶μ¤Ìμ¤ :

• ¨¸¸²¥¤μ¢ ´¨¥ ±² ¸¸¨Î¥¸±μ° ¨ ±¢ ´Éμ¢μ° ¨´É¥£·¨·Ê¥³μ¸É¨ ´μ¢ÒÌ ¸Ê¶¥·-
¸¨³³¥É·¨Î´ÒÌ ³μ¤¥²¥° Š ²μ¤¦¥·μ;

• ¶·μ¢¥·±  ¢μ§³μ¦´μ¸É¥° μ¶¨¸ ´¨Ö ¸¶¨´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¢ · §²¨Î´ÒÌ
N = 4 ¸¨¸É¥³ Ì Š ²μ¤¦¥·μ ¤·Ê£¨³¨ N = 4, d = 1 ³Ê²ÓÉ¨¶²¥É ³¨, ´ ¶·¨³¥·,
³Ê²ÓÉ¨¶²¥É ³¨ (2,4,2) ¨²¨ (3,4,1);

• μ¡μ¡Ð¥´¨¥ ± ²¨¡·μ¢μÎ´μ£μ ¶μ¤Ìμ¤  ´  ¸²ÊÎ ° N = 4 ®¸² ¡μ°¯ ¸Ê¶¥·-
¸¨³³¥É·¨¨ SU(2|1) [27Ä29] ¨  ´ ²μ£¨Î´μ° ¤¥Ëμ·³¨·μ¢ ´´μ° ¢¥·¸¨¨ N = 8
¸Ê¶¥·¸¨³³¥É·¨¨ [30] ¸ ¤μ¶μ²´¨É¥²Ó´Ò³¨ Î²¥´ ³¨ μ¸Í¨²²ÖÉμ·´μ£μ É¨¶ ;

• ±¢ ´Éμ¢ ´¨¥ ¢¸¥Ì ÔÉ¨Ì ³μ¤¥²¥° ¶μ¤μ¡´μ Éμ³Ê, ± ± ÔÉμ ¡Ò²μ ´¥¤ ¢´μ
¸¤¥² ´μ ¢ [31] ¤²Ö ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥·  c SU(2|1)-¸Ê¶¥·¸¨³³¥É·¨¥°;

• ¢μ¸¶·μ¨§¢¥¤¥´¨¥ ³¥Éμ¤μ³ ¸Ê¶¥·¶μ²¥¢μ£μ ± ²¨¡·μ¢ ´¨Ö ³´μ£μÎ ¸É¨Î´ÒÌ
¸¨¸É¥³, ¶μ¸É·μ¥´´ÒÌ ¢ [24,25] ¢ £ ³¨²ÓÉμ´μ¢μ³ ¶μ¤Ìμ¤¥ ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì-
´μ¸É¨ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ N ;

• ¸Ê¶¥·¸¨³³¥É·¨§ Í¨Ö ¤·Ê£¨Ì ¨´É¥£·¨·Ê¥³ÒÌ ³´μ£μÎ ¸É¨Î´ÒÌ ³μ¤¥-
²¥° [6], ´ ¶·¨³¥· É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ³μ¤¥²¥° Š ²μ¤¦¥·μÄ‘ §¥·²¥´¤ , Ô²-
²¨¶É¨Î¥¸±¨Ì ³μ¤¥²¥° ¨ É. ¶.

�² £μ¤ ·´μ¸É¨. ….ˆ¢ ´μ¢ ¨ ‘.”¥¤μ·Ê± ¡² £μ¤ ·ÖÉ §  ¶μ¤¤¥·¦±Ê �μ¸¸¨°-
¸±¨° ´ ÊÎ´Ò° Ëμ´¤, £· ´É º16-12-10306.
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