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�.ˆ. ‚μ²Î ´¸±¨° 1, 2, ∗, ‘. ‚. Œ¨Ì °²μ¢ 1, ∗∗

1 �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
2 � ÊÎ´μ-¨¸¸²¥¤μ¢ É¥²Ó¸±¨° ¨´¸É¨ÉÊÉ Ë¨§¨±¨ �¦´μ£μ Ë¥¤¥· ²Ó´μ£μ Ê´¨¢¥·¸¨É¥É ,

�μ¸Éμ¢-´ -„μ´Ê, �μ¸¸¨Ö

„¢ÊÌ¶¥É²¥¢μ° Ë¥°´³ ´μ¢¸±¨° ¨´É¥£· ² ¶·μ¶ £ Éμ·´μ£μ É¨¶  ¸ ¤¢Ê³Ö ¢´¥Ï´¨³¨
¸μ¸É ¢´Ò³¨ ¢¥·Ï¨´ ³¨ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ËÊ´±Í¨Ö ¤¢ÊÌ ¡Óß·±¥´μ¢¸±¨Ì ¶¥·¥³¥´´ÒÌ
x, y, ¶·μ¨§¢μ²Ó´ÒÌ ¨´¤¥±¸μ¢ ¶·μ¶ £ Éμ·μ¢ ni ¨ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ D.
ˆ´É¥£· ² ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¤¢μ°´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ·Ö¤Ò. „²Ö Ë¨§¨Î¥¸±¨ ¨´-
É¥·¥¸´ÒÌ ¸¨ÉÊ Í¨° ´ °¤¥´  Í¥¶μÎ±  ·¥¤Ê±Í¨° ÔÉ¨Ì ¤¢μ°´ÒÌ ·Ö¤μ¢ ± ¡μ²¥¥ ¶·μ¸ÉÒ³
ËÊ´±Í¨Ö³. ‚ÒÎ¨¸²¥´Ò ¨ ³¥²²¨´μ¢¸±¨¥ ³μ³¥´ÉÒ ÔÉμ£μ ¨´É¥£· ²  ¶μ x ¨ y.

We consider a two-loop propagator-type Feynman integral with two composite ex-
ternal vertices as a function of two Bjorken variables x, y and arbitrary indices ni of
propagators and space-time dimension D. The integral is evaluated in terms of a hyper-
geometric double series. We ˇnd a chain of reductions of this double series to simpler
functions in some physically interesting situations. The Mellin moments of the integral
are also considered.

PACS: 12.38.Bx
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�¥²μ± ²Ó´Ò¥ ¸μ¸É ¢´Ò¥ ¢¥·Ï¨´Ò ¨ ¨Ì ±μ··¥²ÖÉμ·Ò ¢μ§´¨± ÕÉ ¢ Š•„
¨ Š•„-¶μ¤μ¡´ÒÌ É¥μ·¨ÖÌ ± ± ¸²¥¤¸É¢¨¥ Ë ±Éμ·¨§ Í¨¨ ¦¥¸É±¨Ì ¨ ³Ö£±¨Ì
³ ¸ÏÉ ¡μ¢ ¢ ¦¥¸É±¨Ì  ¤·μ´´ÒÌ ¶·μÍ¥¸¸ Ì. ‚ Î ¸É´μ¸É¨, ¡¥§³ ¸¸μ¢ Ö ¤¢ÊÌ-
ÉμÎ¥Î´ Ö ËÊ´±Í¨Ö, μ¤´  ¨§ ¢´¥Ï´¨Ì ¢¥·Ï¨´ ±μÉμ·μ° ¸μ¸É ¢´ Ö, ¨£· ¥É ¢ ¦-
´ÊÕ ·μ²Ó ¢ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ ¶¥·¥Ìμ¤´μ£μ Ëμ·³Ë ±Éμ·  ¶¨μ´  Å
¸¢¥·É±  ÔÉμ° ®¤¢ÊÌÉμÎ±¨¯ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ±μÔËË¨Í¨¥´É´μ° ËÊ´±Í¨¥°
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ·¥§Ê²ÓÉ É Ë ±Éμ·¨§ Í¨¨ É·¥Ê£μ²Ó´μ° ¤¨ £· ³³Ò ¶·μÍ¥¸¸ 
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„¢ÊÌ¶¥É²¥¢ Ö ¤¨ £· ³³  ®± °É¯ ¸
¤¢Ê³Ö ¸μ¸É ¢´Ò³¨ ¢¥·Ï¨´ ³¨ ⊗.
ˆ´¤¥±¸Ò ni, i = 1, . . . , 5, ¨ · §-
³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ D
¶·μ¨§¢μ²Ó´Ò; αi Å ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ α-¶ · ³¥É·Ò; x ¨ y Å ¶¥-
·¥³¥´´Ò¥ 	Óß·±¥´ . ˜É·¨Ì ´  ²¨-
´¨¨, ¸μ¥¤¨´¥´´μ° ¸ ¸μ¸É ¢´μ° ¢¥·-
Ï¨´μ°, μ¡μ§´ Î ¥É δ-ËÊ´±Í¨Õ „¨-
· ±  ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥-
´¨¨ ¢ Ê· ¢´¥´¨¨ (1)

γ∗(q1)γ∗(q2) → π0(p), £¤¥ π0 Å ´¥°É· ²Ó-
´Ò° ¶¨μ´,   γ∗ Å ËμÉμ´Ò ¸ ¡μ²ÓÏ¨³¨ ¢¨·-
ÉÊ ²Ó´μ¸ÉÖ³¨ −q2

1 , −q2
2 � p2.

‡¤¥¸Ó ³Ò μ¶¨¸Ò¢ ¥³, ± ± ¢ÒÎ¨¸²ÖÉÓ
±μ··¥²ÖÉμ·Ò ¸ ¸μ¸É ¢´Ò³¨ ¢¥·Ï¨´ ³¨ ¢
¸²ÊÎ ¥ ®± °É¯-¤¨ £· ³³Ò (¸³. ·¨¸Ê´μ±),
¢ ¦´μ° ¤²Ö · ¸Î¥Éμ¢ ¢ ¶μ·Ö¤±¥ NLO,  
É ±¦¥ ´¥±μÉμ·ÒÌ ±² ¸¸μ¢ ¤¨ £· ³³ ¡μ-
²¥¥ ¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢. „²Ö ÔÉμ£μ ³Ò
· ¸¸³μÉ·¨³ ´ ¨¡μ²¥¥ μ¡ÐÊÕ · §³¥·´μ-
·¥£Ê²Ö·¨§μ¢ ´´ÊÕ ¤¨ £· ³³Ê É¨¶  ®± °É¯ ¸
¤¢Ê³Ö ¸μ¸É ¢´Ò³¨ ¢´¥Ï´¨³¨ ¢¥·Ï¨´ ³¨ ¨
¶·μ¶ £ Éμ· ³¨, ¢μ§¢¥¤¥´´Ò³¨ ¢ ¶·μ¨§¢μ²Ó-
´Ò¥ ¸É¥¶¥´¨. ŒÒ ¶μ± ¦¥³, ÎÉμ É ±μ° ±μ·-
·¥²ÖÉμ· ¨ ¥£μ ³¥²²¨´μ¢¸±¨¥ ³μ³¥´ÉÒ ³μ¦-
´μ ¢Ò· §¨ÉÓ ¢ ¢¨¤¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì
·Ö¤μ¢ Å ËÊ´±Í¨° Š ³¶¥ ¤¥ ”¥·Ó¥ (Š¤”) ¨
μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° ‹ Ê·¨Î¥²²Ò. Š·μ³¥
Éμ£μ, ³Ò ´ °¤¥³ Í¥¶μÎ±Ê ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ

¶·¨¢¥¤¥´¨° ÔÉ¨Ì ¢Ò· ¦¥´¨° ± ¡μ²¥¥ ¶·μ¸ÉÒ³ ËÊ´±Í¨Ö³ ¢ ¸²ÊÎ ÖÌ, ¢ ¦´ÒÌ
¤²Ö ¶· ±É¨Î¥¸±¨Ì · ¸Î¥Éμ¢. ƒ¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö μ¶·¥¤¥²ÖÕÉ
 ´ ²¨É¨Î¥¸±¨¥ ¸¢μ°¸É¢  ±μ··¥²ÖÉμ·μ¢ ¨ ¶μ§¢μ²ÖÕÉ ´ Ìμ¤¨ÉÓ ε-· §²μ¦¥´¨Ö
±μ··¥²ÖÉμ·μ¢ ¢ · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¨.

�¨¦¥ ³Ò ¶·¥¤¸É ¢²Ö¥³ Éμ²Ó±μ Ê§²μ¢Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ Í¥²ÓÕ μ£· ´¨Î¨ÉÓ
±² ¸¸ ËÊ´±Í¨°, ± ±μÉμ·Ò³ ¸¢μ¤¨É¸Ö ± °É-±μ··¥²ÖÉμ·. ‘ ¤μ± § É¥²Ó¸É¢ ³¨ ¨
É¥Ì´¨Î¥¸±¨³¨ ¤¥É ²Ö³¨ Î¨É É¥²Ó ³μ¦¥É ¶μ§´ ±μ³¨ÉÓ¸Ö ¢ · ¡μÉ¥ [1].

‚ · §¤. 1 ±· É±μ μ¶¨¸ ´μ ¤μ± § É¥²Ó¸É¢μ Éμ£μ, ÎÉμ ´ ¨¡μ²¥¥ μ¡Ð¨° ±μ··¥-
²ÖÉμ· ¤¢ÊÌ ¸μ¸É ¢´ÒÌ ¢¥·Ï¨´ ¢Ò· ¦ ¥É¸Ö ¢ ËÊ´±Í¨ÖÌ Š¤”. ‚ · §¤. 2 μ¡¸Ê¦¤ -
ÕÉ¸Ö ´¥±μÉμ·Ò¥ Î ¸É´Ò¥ ¸²ÊÎ ¨, ¢ ±μÉμ·ÒÌ ±μ··¥²ÖÉμ· ¶·¨¢μ¤¨É¸Ö ± ¡μ²¥¥
¶·μ¸ÉÒ³ ËÊ´±Í¨Ö³. ‚ · §¤. 3 ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢Ò· ¦¥´¨Ö ¤²Ö ³¥²²¨´μ¢¸±¨Ì
³μ³¥´Éμ¢ ±μ··¥²ÖÉμ· .

1. „‚“•�…’‹…‚�‰ Š���…‹Ÿ’�� „‚“• ‘�‘’�‚�›• ‚…�˜ˆ�

� ¨¡μ²¥¥ μ¡Ð¨° ± °É-±μ··¥²ÖÉμ· ¨³¥¥É ¢¨¤

∫
dDk1 dDk2 δ (x − ñk1) δ (y − ñk2)[

− (k1 − p)2
]n1[− (k2 − p)2

]n2[−k2
1

]n3[−k2
2

]n4[− (k1 − k2)
2]n5

=

= −πD
(
−p2

)ω/2
G(n; x, y; D), (1)
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£¤¥ n = n1, n2, n3, n4, n5 Å ¨´¤¥±¸Ò ¤¨ £· ³³Ò,   ω = 2D − 2
∑

n Å ¥¥
¸É¥¶¥´Ó · ¸Ìμ¤¨³μ¸É¨. ‚ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨° ¨´¤¥±¸μ¢ n ¢ÒÏ¥¶·¨¢¥-
¤¥´´Ò° ¨´É¥£· ² μ¶¨¸Ò¢ ¥É ¢¸¥ μ¤´μ- ¨ ¤¢ÊÌ¶¥É²¥¢Ò¥ ¤¨ £· ³³Ò,   É ±¦¥
²Õ¡Ò¥ ³´μ£μ¶¥É²¥¢Ò¥ ¤¨ £· ³³Ò, ±μÉμ·Ò¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ ¤¢ÊÌ¶¥É²¥¢μ£μ
¸²ÊÎ Ö ¤¢ÊÌÉμÎ¥Î´Ò³¨ ¢¸É ¢± ³¨ ¢ ²¨´¨¨.

‚ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  μ¤¨´ ¨§ ¨´¤¥±¸μ¢ n · ¢¥´ ´Ê²Õ, ¢ÒÎ¨¸²¥´¨¥
¨´É¥£· ²  ¢ (1) ¸¢μ¤¨É¸Ö ± ¶·μ¸Éμ° μ¤´μ¶¥É²¥¢μ° § ¤ Î¥ (¸³. · §¤. 2 ¢ [1]). ‚
¸²ÊÎ ¥ ´¥´Ê²¥¢ÒÌ ¨´¤¥±¸μ¢ ¨´É¥£·¨·μ¢ ´¨¥ ³μ¦´μ ¶·μ¢¥¸É¨ ¢ ¤¢  ÔÉ ¶ . ‚μ-
¶¥·¢ÒÌ, § ³¥´¨³ ¶·μ¶ £ Éμ·Ò ¨Ì α-¶·¥¤¸É ¢²¥´¨Ö³¨,   δ-ËÊ´±Í¨¨ Å ¨Ì Ô±¸-
¶μ´¥´Í¨ ²Ó´Ò³¨ ËÊ·Ó¥-μ¡· § ³¨, ÎÉμ ¶μ§¢μ²Ö¥É ¢§ÖÉÓ ¨³¶Ê²Ó¸´Ò¥ ¨´É¥£· ²Ò
μ¡ÒÎ´Ò³ μ¡· §μ³. ‚ ·¥§Ê²ÓÉ É¥ ¨¸Ìμ¤´Ò¥ § ¢¨¸ÖÐ¨¥ μÉ ¨³¶Ê²Ó¸  δ-ËÊ´±Í¨¨
¢ (1) ¶¥·¥°¤ÊÉ ¢ ´μ¢Ò¥ δ-ËÊ´±Í¨¨, § ¢¨¸ÖÐ¨¥ É¥¶¥·Ó μÉ ¶¥·¥³¥´´ÒÌ 	Óß·±¥´ 
(x, y) ¨ ´¥±μÉμ·ÒÌ μ¤´μ·μ¤´ÒÌ ¶μ²¨´μ³μ¢ α-¶ · ³¥É·μ¢:

− πD

∞∫
0

5∏
r=1

[
dαr αnr−1

r

Γ(nr)

]
δ

(
x − A1

�

)
δ

(
y − A2

�

)
ep2A0/�

�D/2
=

= −πD(−p2)ω/2G(n; x, y; D), (2)

£¤¥

� = (α1 + α3 + α5) (α2 + α4 + α5) − α2
5, A0 = α3A1 + α4A2,

A1 = α1(α2 + α4 + α5) + α2α5, A2 = α2(α1 + α3 + α5) + α1α5.

(3)

‚μ-¢Éμ·ÒÌ, ¸²¥¤Ê¥É ¶·¨³¥´¨ÉÓ ¶·¥μ¡· §μ¢ ´¨¥ 	μ·¥²Ö ± μ¡¥¨³ ¸Éμ·μ´ ³
Ê· ¢´¥´¨Ö (2). �·¨¢¥¤¥³ μ¶·¥¤¥²¥´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö 	μ·¥²Ö ¨ ´¥μ¡Ìμ¤¨³Ò¥
´ ³ μ¡· §Ò:

B[f(t)](μ) = lim
t=nμ
n→∞

(−t)n

Γ(n)
dn

dtn
f(t), (4)

B[ e−at](μ) = δ(1 − μa), a > 0, B[t−a](μ) =
μ−a

Γ(a)
, a > 0. (5)

ˆ§¡ ¢²ÖÖ¸Ó μÉ ¡μ·¥²¥¢¸±μ£μ ¶ · ³¥É·  ¶¥·¥μ¶·¥¤¥²¥´¨¥³ α-¶ · ³¥É·μ¢, ¶μ-
²ÊÎ¨³ ¢ ¨Éμ£¥

G(n; x, y; D) = Γ
(
−ω

2

) ∞∫
0

5∏
r=1

[
dαr αnr−1

r

Γ(nr)

]
×

× δ

(
x − A1

�

)
δ

(
y − A2

�

)
δ

(
1 − A0

�

)
1

�D/2
. (6)
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’·¨ δ-ËÊ´±Í¨¨ ´¥³¥¤²¥´´μ ¸´¨³ ÕÉ É·¨ ¨§ ¶ÖÉ¨ ¨´É¥£·¨·μ¢ ´¨° ¶μ α-
¶ · ³¥É· ³, ¶μ¸²¥ Î¥£μ G-ËÊ´±Í¨Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ μ¸É ¢Ï¨°¸Ö ¤¢μ°´μ°
¨´É¥£· ²:

G(n; x, y; D) =

=
Γ (−ω/2)
5∏

r=1
Γ(nr)

x̄D/2−n1−1ȳD/2−n2−1xD/2−n3−1yD/2−n4−1|x − y|−n5×

× [Θ(z̄)F (n1, n2, n3, n4, n5; z; D)+

+ Θ(−z̄)F (n3, n4, n1, n2, n5; 1/z; D)], (7)

£¤¥ z̄ = 1 − z, Θ(z) Å μ¡ÒÎ´ Ö θ-ËÊ´±Í¨Ö,  

F (n; z; D) = z̄D/2−1

1∫
0

da

a∫
0

db
an1−1ān2−1bn3−1b̄n4−1(a − b)n5−1

(ab̄ − ābz)D/2−1
, z =

yx̄

xȳ
.

(8)
‚ ¢Ò· ¦¥´¨¨ (7) ¢μ§´¨± ¥É ¸¢μ¥£μ ·μ¤  ®Ë ±Éμ·¨§ Í¨Ö¯ ¶μ ¶¥·¥³¥´´Ò³ 	Óß·-
±¥´ , ¶μ¸±μ²Ó±Ê ¢Ò· ¦¥´¨¥ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì ¢ (7) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°
μ¤´μ° ¶¥·¥³¥´´μ° z, μ¶·¥¤¥²Ö¥³μ° ± ± μÉ´μÏ¥´¨¥ ¤μ²¥° x ¨ y. 	Ê¤¥³ ´ §Ò-
¢ ÉÓ z ±μ´Ëμ·³´Ò³ μÉ´μÏ¥´¨¥³, § ¨³¸É¢ÊÖ ÔÉμ ´ §¢ ´¨¥ ¨§ · ¡μÉÒ [2] (¸³.
É ±¦¥ ¸¶¨¸μ± ²¨É¥· ÉÊ·Ò ¢ ´¥°).

„¢Ê±· É´Ò° ¨´É¥£· ² (8) μÉ´μ¸¨É¸Ö ± ¨´É¥£· ² ³ £¨¶¥·£¥μ³¥É·¨Î¥¸±μ£μ
É¨¶  [3,4] ¨ ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´ Î¥·¥§ ËÊ´±Í¨¨ Š¤”:

F (n; z; D) = Γ
[
n3, n2,4,5̃

λ, n3,4,5̃

]
f1:1;21:0;1

(
n5 : λ ; n3,4,5̃, n1,3,5̃

n3,5 : Å ; n1,2,3,4,5̃,5̃

∣∣∣∣ − z

z̄
, 1

)
, (9)

£¤¥ λ = D/2 − 1. ŒÊ²ÓÉ¨¨´¤¥±¸Ò §¤¥¸Ó μ¡μ§´ Î ÕÉ ¸Ê³³Ò ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

ni1,...iK ,j̃1,...j̃L
=

K∑
k=1

nik
+

L∑
k=1

(
njk

− D

2

)
, (10)

  Γ-ËÊ´±Í¨¨ ¸ ¤¢ÊÌÔÉ ¦´Ò³¨  ·£Ê³¥´É ³¨ §¤¥¸Ó ¨ ¤ ²¥¥ μ¶·¥¤¥²ÖÕÉ¸Ö ± ±

Γr

[
a1, . . . , ap

b1, . . . , bq

]
=

p∏
i=1

Γ(ai + r)

q∏
i=1

Γ(bi + r)
, Γ0

[
a
b

]
= Γ

[
a
b

]
. (11)



„‚“•�…’‹…‚�‰ Œ�‘’…�-ˆ�’…ƒ��‹ „ˆ�ƒ��ŒŒ› ’ˆ�� ®Š�‰’¯ 711

”Ê´±Í¨¨ Š¤” μ¶·¥¤¥²¥´Ò ± ± ¤¢μ°´μ° £¨¶¥·£¥μ³¥É·¨Î¥¸±¨° ·Ö¤

fp0:p1;p2
q0:q1;q2

(
a0 : a1; a2

b0 : b1; b2

∣∣∣∣ z1, z2

)
=

∑
r1,r2�0

Γr1+r2

[
a0

b0

]
Γr1

[
a1

b1

]
Γr2

[
a2

b2

]
zr1
1

r1!
zr2
2

r2!
,

(12)
ai = ai1, . . . , aipi , bi = bi1, . . . , biqi ,

¤²Ö ±μÉμ·μ£μ ´¥μ¡Ìμ¤¨³μ ¨¸± ÉÓ  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ §  ¶·¥¤¥² ³¨
μ¡² ¸É¨ ¥£μ  ¡¸μ²ÕÉ´μ° ¸Ìμ¤¨³μ¸É¨.

2. “���™…�ˆ… ‚ —�‘’�›• ‘‹“—�Ÿ•

�·¥¤¸É ¢²¥´¨¥ ¢ Ê· ¢´¥´¨ÖÌ (7) ¨ (9) Î¥·¥§ ¤¢μ°´μ° £¨¶¥·£¥μ³¥É·¨Î¥-
¸±¨° ·Ö¤ ¸¢μ¤¨É¸Ö ± ¡μ²¥¥ ¶·μ¸ÉÒ³ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨³ ËÊ´±Í¨Ö³ μ¤´μ°
¶¥·¥³¥´´μ° ¢ ¸²ÊÎ ¥, ±μ£¤  ¨´¤¥±¸Ò ± ±¨Ì-Éμ ¤¢ÊÌ ¸³¥¦´ÒÌ ¢´¥Ï´¨Ì ²¨´¨°
¤¨ £· ³³Ò Å ´ ÉÊ· ²Ó´Ò¥ Î¨¸² :

F (n; z; D) =
∞∑

r=0

Γ(1 − n4 + r)
r!Γ(1 − n4)

F (n1, n2, n3 + r, 1, n5; z; D) (13)

¨

F (n1, n2, n3, 1, n5; z; D) = Γ
[
n5̃, 1 − n5̃, n1,3,5̃

n3,5̃ + 1, λ

]
×

×
[
z̄n5

3f2

(
n5, n2,5̃ + 1, n3,5̃ + 1
n5̃ + 2, n1,2,3,5̃,5̃ + 1

∣∣∣∣ z̄

)
− z̄λ

3f2

(
λ, n2, n3

−n5̃, n1,2,3,5̃

∣∣∣∣ z̄

)]
. (14)

”Ê´±Í¨Ö 3f2 Å μ¡μ¡Ð¥´´Ò° £¨¶¥·£¥μ³¥É·¨Î¥¸±¨° ·Ö¤ ¢ ¸²¥¤ÊÕÐ¥° ´μ·³¨-
·μ¢±¥:

pfq

(
a
b

∣∣∣∣ z
)

= Γ
[
a
b

]
pFq

(
a
b

∣∣∣∣ z

)
=

∑
r�0

Γr

[
a
b

]
zr

r!
. (15)

�Ö¤ (13) μ¡·Ò¢ ¥É¸Ö ¶·¨ n4 − 1, ¥¸²¨ n4 Å ´ ÉÊ· ²Ó´μ¥ Î¨¸²μ. �´ ²μ£¨Î-
´μ¥ Ê¶·μÐ¥´¨¥ ¢ ¸²ÊÎ ¥ ´ ÉÊ· ²Ó´μ£μ n1 Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¸¨³³¥É·¨¨
F (n4, n3, n2, n1, n5; z; D) = F (n; z; D).

„·Ê£μ¥ Ê¶·μÐ¥´¨¥ ¨³¥¥É ³¥¸Éμ, ¥¸²¨ ¨´¤¥±¸Ò ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¢´¥Ï-
´¨Ì ·¥¡¥· ¤¨ £· ³³Ò · ¢´Ò ¤·Ê£ ¤·Ê£Ê, n1 = n4 ¨ n2 = n3, Éμ£¤  ¨´É¥£· ²
®· ¸¶ ¤ ¥É¸Ö¯ ´  ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ËÊ´±Í¨° μÉ · §²¨Î´ÒÌ ±μ³¡¨´ Í¨° ¶¥-
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·¥³¥´´ÒÌ 	Óß·±¥´ , ±μ´Ëμ·³´μ£μ μÉ´μÏ¥´¨Ö z ¨ · §´μ¸É¨ x − y:

G(n1, n2, n2, n1, n5; x, y; D) =

=
Γ

(
n1,1̃,2,2̃,5

)
Γ2(n1)Γ2(n2)Γ(n5)

|x − y|−n5

(
z̄

x − y

)2+n1̃,2̃

z−n1̃−1×

× [Θ(z̄)F (n1, n2, n2, n1, n5; z; D)+

+ Θ(−z̄)F (n2, n1, n1, n2, n5; 1/z; D)]. (16)

‚ Î ¸É´μ¸É¨, ¥¸²¨ ¢¸¥ ¨´¤¥±¸Ò ¢´¥Ï´¨Ì ²¨´¨° · ¢´Ò 1, ¶μ²ÊÎ¨³

G(1, 1, 1, 1, n; x, y; D) =
Ŝf(n; z; D)
|x − y|−ω/2

, (17)

f(n; z; D) = Γ
[
2 + ṅ − λ, ṅ, 1 − ṅ

n, λ

]
zλ−1z̄2−λ×

×
[

3f2

(
1, 1, λ

1 − ṅ, ṅ + 2

∣∣∣∣ z̄
)
− z̄ṅ

2f1

(
n, ṅ + 1
2(ṅ + 1)

∣∣∣∣ z̄

)]
Θ(z̄), (18)

£¤¥ ω = 2(D − 4 − n), ṅ = n − λ ¨ ŜT (x, y) = T (x, y) + T (x̄, ȳ), É. ¥.
Ŝf(z) = f(z)+f(1/z). ‘²ÊÎ ° (17) ¢ ¦¥´ ¤²Ö · ¸Î¥É  ¤¢ÊÌ¶¥É²¥¢ÒÌ ¨ (Î ¸É¨)
É·¥Ì¶¥É²¥¢ÒÌ · ¤¨ Í¨μ´´ÒÌ Š•„-¶μ¶· ¢μ± ¢ ¤¢ÊÌÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ·.

�·¨ n = 1 Ê· ¢´¥´¨Ö (17) ¨ (18) ¤ ÕÉ ¶·μ¸Éμ° ¤¢ÊÌ¶¥É²¥¢μ° ¨´É¥£· ²

G(1, 1, 1, 1, 1; x, y; D) =
Ŝf(1; z; D)
|x − y|5−D

, (19)

f(1; z; D) = Γ(3 − 2λ)Γ(λ − 1)Γ(1 − λ)×

× Θ(z̄)[Iz̄(2 − λ, λ − 1) − Iz̄(3 − 2λ, λ − 1)], (20)

£¤¥ Iz̄(a, b) Å ´¥¶μ²´ Ö ‚-ËÊ´±Í¨Ö, ´μ·³¨·μ¢ ´´ Ö ´  ¶μ²´ÊÕ:

Iz(a, b) =
Bz(a, b)
B1(a, b)

. (21)
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3. Œ…‹‹ˆ��‚‘Šˆ… Œ�Œ…�’› Š���…‹Ÿ’���

	Ê¤¥³ μ¡μ§´ Î ÉÓ ³¥²²¨´μ¢¸±¨¥ ³μ³¥´ÉÒ, ¶μ¤Î¥·±¨¢ Ö  ·£Ê³¥´ÉÒ ËÊ´±-
Í¨°, ± ±, ´ ¶·¨³¥·, ¢ ¸²¥¤ÊÕÐ¨Ì · ¢¥´¸É¢ Ì:

G(n; x, b; D) =

1∫
0

dy ybG(n; x, y; D),

G(n; a, b; D) =

1∫
0

dxxaG(n; x, b; D).

(22)

‚ ÔÉμ³ · §¤¥²¥ ³Ò ²¨ÏÓ μ£· ´¨Î¨¢ ¥³ ±² ¸¸ ËÊ´±Í¨°, Î¥·¥§ ±μÉμ·Ò¥ ¢Ò-
· ¦ ÕÉ¸Ö ³¥²²¨´μ¢¸±¨¥ ³μ³¥´ÉÒ ±μ··¥²ÖÉμ·μ¢; Ö¢´Ò° ¦¥ ¢¨¤ ³ ¸¸¨¢μ¢ ¶ -
· ³¥É·μ¢ Γ-ËÊ´±Í¨° ¨ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ·Ö¤μ¢ ¶·¨¢¥¤¥´ ¢ [1] (μÉ³¥É¨³
Éμ²Ó±μ, ÎÉμ ¶ · ³¥É·Ò Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ n, a, b ¨ D):

G(n; x, b; D) = xb−n3,4̃,5̃−1x̄−n1,2̃,5̃−1Γ[P1] f
0:3;3;2
2:1;0;0 (Q1|1, 1, x)+

+ x−n2,3̃,5̃−1x̄b−n1,4̃,5̃−1Γ[P2] f
0:3;3;2
2:1;0;0 (Q2|1, 1, x̄) (23)

¨

G(n; a, b; D) = Γ[P ′
1] f

0:3;3;3
2:1;0;1 (Q′

1|1, 1, 1) + Γ[P ′
2] f

0:3;3;3
2:1;0;1 (Q′

2|1, 1, 1). (24)

‡¤¥¸Ó fp0:p1,p2,p3
q0:q1,q2,q3

(Q|z1, z2, z3) Å ÔÉμ μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ‹ Ê·¨Î¥²²Ò, μ¶·¥-
¤¥²¥´´ Ö ± ±

fp0:p1,p2,p3
q0:q1,q2,q3

(
a0 : a1; a2; a3

b0 : b1; b2; b3

∣∣∣∣ z1, z2, z3

)
=

=
∑

r1,r2,r3�0

Γ
[
a0 + ρα
b0 + ρβ

] 3∏
i=1

Γri

[
ai

bi

]
zri

i

ri!
, (25)

[ρ] = [r1, r2, r3], [α] =

⎡
⎣α1

1, . . . , α1
p0

α2
1, . . . , α2

p0

α3
1, . . . , α3

p0

⎤
⎦ , [β] =

⎡
⎣β1

1 , . . . , β1
q0

β2
1 , . . . , β2

q0

β3
1 , . . . , β3

q0

⎤
⎦, (26)

£¤¥ αk
i ¨ βk

i Å Í¥²μÎ¨¸²¥´´Ò¥ ¶ · ³¥É·Ò,    ²£¥¡· ¨Î¥¸±¨¥ μ¶¥· Í¨¨ ´ ¤
³ ¸¸¨¢ ³¨ ¶ · ³¥É·μ¢ ¢Ò¶μ²´ÖÕÉ¸Ö É ± ¦¥, ± ± ´ ¤ ³ É·¨Í ³¨. Œ ¸¸¨¢Ò
¶ · ³¥É·μ¢ Pi ¨ Qi, i = 1, 2, ¢Ò¶¨¸ ´Ò ¢ ¶·¨²μ¦¥´¨¨ C ¸É ÉÓ¨ [1].
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„²Ö ´ ÉÊ· ²Ó´ÒÌ ³μ³¥´Éμ¢ ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¢Ò· ¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ
¸¢¥¤¥´Ò ± ´¥±μÉμ·μ° ¸Ê³³¥ ËÊ´±Í¨° Š¤”. ‚ Î ¸É´μ¸É¨, ¤²Ö (0, y)- ¨ (0, b)-
³μ³¥´Éμ¢ ³Ò ³μ¦¥³ ¢Ò¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö:

G(n; 0, y; D) = Γ [Ξ0]

{
6∑

k=1

(−)kyαk−1ȳβk−1Γ [Ξk] f2:2;11:2;1 (Φk | ȳ, y )+

+
8∑

k=7

(−)kyαk−1ȳβk−1Γ [Ξk] f1:2;32:0;1

(
Φk

∣∣∣∣ y,−y

ȳ

)
−

−
10∑

k=9

(−)kyαk−1ȳβk−1Γ [Ξk] 3f2 (Φk | y )

}
, (27)

G(n; 0, b; D) = Γ [Ξ′
0]

{
8∑

k=1

(−)kΓ [Ξ′
k] f2:3;22:2;1 (Φ′

k| 1, 1 )−

−
10∑

k=9

(−)kΓ [Ξ′
k] 4f3 (Φ′

k| 1 )

}
. (28)

‚¸¥ ³ ¸¸¨¢Ò ¶ · ³¥É·μ¢ Ξi, Φi ¨ É. ¤. ¢Ò¶¨¸ ´Ò ¢ ¶·¨²μ¦¥´¨¨ C ¸É ÉÓ¨ [1].
‚ ¢ ¦´μ³ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  ¨´¤¥±¸Ò ¢¸¥Ì ¢´¥Ï´¨Ì ·¥¡¥· ¤¨ £· ³³Ò

· ¢´Ò 1, Ê· ¢´¥´¨Ö (23) ¨ (24) ¢¸¥£¤  ¸¢μ¤ÖÉ¸Ö ± ±μ³¡¨´ Í¨¨ ËÊ´±Í¨° Š¤”:

G(1, 1, 1, 1, n; x, b; D) =
2∑

i=1

{
xsi−1x̄ti−1Γ[Pi] f

1:1;3
1:0;2 (Qi|x, 1 )+

+ xvi−1x̄wi−1Γ[Ri] f
1:1;3
1:0;2 (Si| x̄, 1 )

}
, (29)

G(1, 1, 1, 1, n; a, b; D) =
4∑

i=1

Γ[P ′
i ] f

1:2;3
1:1;2 (Q′

i| 1, 1 ) . (30)

Ÿ¢´Ò° ¢¨¤ ³ ¸¸¨¢μ¢ ¶ · ³¥É·μ¢ Pi, Qi ¨ É. ¤. ¶·¨¢¥¤¥´ ¢ Ê· ¢´¥´¨ÖÌ (4.7) ¨
(4.8) · ¡μÉÒ [1]. �¥±μÉμ·Ò¥ ¨§ ËÊ´±Í¨° Š¤” ¢ Ê· ¢´¥´¨ÖÌ (29) ¨ (30) ³μ£ÊÉ
¡ÒÉÓ ¢Ò· ¦¥´Ò Î¥·¥§ ¡μ²¥¥ ¶·μ¸ÉÒ¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ μ¤´μ°
¶¥·¥³¥´´μ° ¤²Ö ²Õ¡ÒÌ a ¨ b, ¨ ¢¸¥ μ´¨ ¸¢μ¤ÖÉ¸Ö ± 4f3 ¶·¨ ´ ÉÊ· ²Ó´μ³ b.
� ¶·¨³¥·,

G(1, 1, 1, 1, n; x, 0; D) = −Γ
[
−ṅ, 1 + ṅ − λ

n

]
(xx̄)λ−1×

×
{

Γ
[
n, ṅ, ṅ, 1 − ṅ, 1 − ṅ

λ, 2ṅ, 1 − 2ṅ

]
+ Ŝ

[
x−ṅ

3f2

(
1, λ, −ṅ

1 − ṅ, λ − ṅ

∣∣∣∣ x

)]}
, (31)
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G(1, 1, 1, 1, n; a, 0; D) = −Γ (−ṅ) Γ (1 + ṅ − λ)×

×
{

Γ
[

ṅ, ṅ, a + λ
1 + 2ṅ, −2ṅ, a + 2λ

]
+ Γ

[
λ
n

]
4f3

(
1, λ, −ṅ, a + λ − ṅ

1 − ṅ, λ − ṅ, a + 2λ − ṅ

∣∣∣∣ 1
)

+

+ Γ
[
a + λ

n

]
3f2

(
1, λ, −ṅ

1 − ṅ, a + 2λ − ṅ

∣∣∣∣ 1
)}

. (32)

�·¨ a = b = 0 ¶μ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ Ëμ·³¥,
¸¶· ¢¥¤²¨¢μ° ¤²Ö ¢¸¥Ì D ¨ n, ±μÉμ·ÊÕ ´¥¸²μ¦´μ ¸μ¶μ¸É ¢¨ÉÓ ¸ ·Ö¤μ³ ¨§
¨§¢¥¸É´ÒÌ ¢ ²¨É¥· ÉÊ·¥ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¤²Ö ÔÉμ£μ Î ¸É´μ£μ ¸²ÊÎ Ö:

G(1, 1, 1, 1, n; 0, 0; D) = −2Γ (−ṅ) Γ (1 − λ + ṅ) Γ (λ)×

×
{

Θ(2λ − n − 1)

(
1

Γ(n) 3f2

(
1, λ, −ṅ

1 − ṅ, 2λ − ṅ

∣∣∣∣ 1
)

+
π

Γ(2λ)
cot (πṅ)

)
+

+ Θ(1 − 2λ + n)

(
Γ

[
λ

2λ, 2λ − ṅ − 1

]
3f2

(
1, 2λ, 1 + ṅ
1 + n, 2 + ṅ

∣∣∣∣ 1
)

+

+
π

Γ(2λ)
cot [π(λ − ṅ)]

)}
. (33)

�μ¸±μ²Ó±Ê ·Ö¤ ¤²Ö 3f2(· · · |1) ¸Ìμ¤¨É¸Ö Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  · §´μ¸ÉÓ
¸Ê³³ ¢¸¥Ì ´¨¦´¨Ì ¨ ¢¸¥Ì ¢¥·Ì´¨Ì ¶ · ³¥É·μ¢ ¶μ²μ¦¨É¥²Ó´ , ¶¥·¢ Ö ¨§ 3f2

¢ Ê· ¢´¥´¨¨ ¢ÒÏ¥ ±μ´¥Î´  ¶·¨ n < D − 2,   ¶μ¸²¥¤´ÖÖ Å ¶·¨ n > D − 3.
�¡  ¶·¥¤¸É ¢²¥´¨Ö, ¸μ¶·μ¢μ¦¤ ÕÐ¨¥ ¸¢μ¨ ¸ÉÊ¶¥´Î ÉÒ¥ ËÊ´±Í¨¨, ¸ÊÐ¥¸É¢ÊÕÉ
¨ · ¢´Ò ¢ ¶μ²μ¸¥ D − 3 < n < D − 2. ‡  ¶·¥¤¥² ³¨ ÔÉμ° ¶μ²μ¸Ò μ´¨
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ¤·Ê£ ¤²Ö ¤·Ê£ . ” ±Éμ· ¶¥·¥¤
θ-ËÊ´±Í¨¥° μÉ 1 − 2λ + n ¢ ÉμÎ´μ¸É¨ ¸μ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ Éμ³ �.ŠμÉ¨±μ¢ 
¨§ [5],   ¢Éμ·ÊÕ ¶μ²μ¢¨´Ê Ê· ¢´¥´¨Ö (33) ´¥¸²μ¦´μ ¶·¨¢¥¸É¨ ± μ¤´μ³Ê ¨§
¶·¥¤¸É ¢²¥´¨°, ´ °¤¥´´ÒÌ „. 	·μ¤Ì ·¸Éμ³ ¸ ¸μ ¢Éμ· ³¨ [6].

‡�Š‹�—…�ˆ…

‚ÒÎ¨¸²¥´ ´ ¨¡μ²¥¥ μ¡Ð¨° ¤¢ÊÌ¶¥É²¥¢μ° ±μ··¥²ÖÉμ· ¤¢ÊÌ ¸μ¸É ¢´ÒÌ ¢¥·-
Ï¨´, ·¥§Ê²ÓÉ É ¢Ò· ¦¥´ Î¥·¥§ ËÊ´±Í¨¨ Š ³¶¥ ¤¥ ”¥·Ó¥. …£μ ³¥²²¨´μ¢¸±¨¥
³μ³¥´ÉÒ ¢Ò· ¦ ÕÉ¸Ö ¢ ¢¨¤¥ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° ‹ Ê·¨Î¥²²Ò. � °¤¥´  Í¥-
¶μÎ±  ·¥¤Ê±Í¨° ± ¡μ²¥¥ ¶·μ¸ÉÒ³ ËÊ´±Í¨Ö³ ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ, ¢ ¦´ÒÌ ¤²Ö
¶· ±É¨Î¥¸±¨Ì · ¸Î¥Éμ¢.
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�² £μ¤ ·´μ¸É¨. � ¡μÉ  ‘.Œ¨Ì °²μ¢  ¡Ò²  ¶μ¤¤¥·¦ ´  £· ´Éμ³
BelRFFRÄJINR F18D-002. � ¡μÉ  �. ‚μ²Î ´¸±μ£μ ¡Ò²  ¶μ¤¤¥·¦ ´  �μ¸¸¨°-
¸±¨³ ´ ÊÎ´Ò³ Ëμ´¤μ³, £· ´É º18-12-00213.
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