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� ¸¸³ É·¨¢ ¥É¸Ö ¶μ¸É·μ¥´¨¥ ³¥Éμ¤  ¶μ¨¸±  ÉμÎ´ÒÌ ·¥Ï¥´¨° ¶¥·¢μ£μ Ê· ¢´¥´¨Ö
¨§ Í¥¶μÎ±¨ Ê· ¢´¥´¨° �. �.‚² ¸μ¢ , ±μÉμ·μ¥ Ëμ·³ ²Ó´μ ¸Ìμ¦¥ ¸ Ê· ¢´¥´¨¥³ ´¥¶·¥-
·Ò¢´μ¸É¨. ˆ¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ § ¶¨¸ ´μ μÉ´μ¸¨É¥²Ó´μ ¸± ²Ö·´μ° ËÊ´±Í¨¨ f ¨
¢¥±Éμ·´μ£μ ¶μ²Ö 〈v〉. ‚ § ¢¨¸¨³μ¸É¨ μÉ ¶μ¸É ´μ¢±¨ § ¤ Î¨ ËÊ´±Í¨Ö f ³μ¦¥É ¸μ-
μÉ¢¥É¸É¢μ¢ ÉÓ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°, § ·Ö¤ , ³ ¸¸Ò ¨²¨ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨
³ £´¥É¨± . ‚¥±Éμ·´μ¥ ¶μ²¥ 〈v〉 ³μ¦¥É ¸μμÉ¢¥É¸É¢μ¢ ÉÓ ¶μÉμ±Ê ¢¥·μÖÉ´μ¸É¥°, ¶μ²Õ
¸±μ·μ¸É¥° ¸¶²μÏ´μ° ¸·¥¤Ò ¨²¨ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö. ‘ ³ É¥³ É¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö μ¤´μ ¨ Éμ ¦¥ Ê· ¢´¥´¨¥ ¶·¨³¥´¨³μ ¶·¨ μ¶¨¸ ´¨¨ ¸É É¨¸É¨Î¥¸±¨Ì, ±¢ ´-
Éμ¢ÒÌ ¨ ±² ¸¸¨Î¥¸±¨Ì ¸¨¸É¥³. ’μÎ´μ¥ ·¥Ï¥´¨¥, ¶μ²ÊÎ¥´´μ¥ ¤²Ö μ¤´μ° Ë¨§¨Î¥¸±μ°
¸¨¸É¥³Ò, ³μ¦¥É ¡ÒÉÓ μÉμ¡· ¦¥´μ ´  ÉμÎ´μ¥ ·¥Ï¥´¨¥ ¤²Ö ¤·Ê£μ° ¸¨¸É¥³Ò.

� ²¨Î¨¥ ÉμÎ´ÒÌ ·¥Ï¥´¨° ³μ¤¥²Ó´ÒÌ ´¥²¨´¥°´ÒÌ ¸¨¸É¥³ ¨£· ¥É ¢ ¦´ÊÕ ·μ²Ó ¶·¨
¶·μ¥±É¨·μ¢ ´¨¨ ¸²μ¦´ÒÌ Ë¨§¨Î¥¸±¨Ì Ê¸É ´μ¢μ±, É ±¨Ì ± ± ¤¥É¥±Éμ· SPD ¶·μ¥±É 
NICA. „ ´´Ò¥ ·¥Ï¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ± ± É¥¸ÉÒ ¶·¨ ´ ¶¨¸ ´¨¨ ¶·μ£· ³³´μ£μ ±μ¤ ,
  É ±¦¥ ³μ£ÊÉ ¡ÒÉÓ ¨´± ¶¸Ê²¨·μ¢ ´Ò ¢ ±μ´¥Î´μ· §´μ¸É´Ò¥ ¸Ì¥³Ò ¶·¨ Î¨¸²¥´´μ³
·¥Ï¥´¨¨ ±· ¥¢ÒÌ § ¤ Î ¤²Ö ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.

Building a method for ˇnding exact solutions of the ˇrst equation from the Vlasov
chain of equations, which is formally similar to the continuity equation, is considered.
The studied equation is written relative to the scalar function f and the vector ˇeld 〈v〉.
Depending on the problem formulation, the function f may correspond to the density
of probabilities, charge, mass or the magnetic permeability. The vector ˇeld 〈v〉 may
correspond to the probability 	ow, the velocity ˇeld of a continuous medium, or the
magnetic ˇeld strength. From the mathematical viewpoint, the same equation is applicable
while describing statistical, quantum and classical systems. The exact solution obtained
for one physical system can be mapped to the exact solution for another system.
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The availability of exact solutions for model nonlinear systems plays an important
role in the design of complex physical facilities, for example, such as the NICA SPD
detector. Such solutions are used as tests when writing a program code and can also be
encapsulated in ˇnite difference schemes for the numerical solution of boundary value
problems for nonlinear differential equations.

PACS: 52.20.-j; 05.20.Dd; 45.50.-j; 52.35.Fp
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�·¥¤² £ ¥³Ò° μ¡§μ· ¸μ¤¥·¦¨É μ¶¨¸ ´¨¥ ´¥±μÉμ·ÒÌ ³¥Éμ¤μ¢ ¶μ¸É·μ¥´¨Ö
ÉμÎ´ÒÌ ·¥Ï¥´¨° ´¥²¨´¥°´ÒÌ § ¤ Î, ¢μ§´¨± ÕÐ¨Ì ¢ μ¡² ¸É¨ Ê¸±μ·¨É¥²Ó´μ°
Ë¨§¨±¨ ¶·¨ ³μ¤¥²¨·μ¢ ´¨¨ ¤¨´ ³¨±¨ ¸¨¸É¥³ ³´μ£¨Ì ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
Î ¸É¨Í. ‘ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ³μ¤¥²¨·μ¢ ´¨¥ ¤¨´ ³¨±¨ ¸¨¸É¥³
³´μ£¨Ì ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¸¢μ¤¨É¸Ö ± · §²¨Î´Ò³ É¨¶ ³ ´¥²¨´¥°´ÒÌ
´ Î ²Ó´μ-±· ¥¢ÒÌ ¶μ¸É ´μ¢μ± § ¤ Î ¢ ¸²μ¦´ÒÌ É·¥Ì³¥·´ÒÌ £¥μ³¥É·¨Î¥¸±¨Ì
μ¡² ¸ÉÖÌ, ±μÉμ·Ò¥, ± ± ¶· ¢¨²μ, ³μ£ÊÉ ¡ÒÉÓ ·¥Ï¥´Ò Éμ²Ó±μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢.

„²Ö ´¥²¨´¥°´ÒÌ ¸¨¸É¥³ ¢μ¶·μ¸Ò ¸Ìμ¤¨³μ¸É¨, Ê¸Éμ°Î¨¢μ¸É¨, ÉμÎ´μ¸É¨ ¶μ-
²ÊÎ ¥³ÒÌ Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° ¨¸¸²¥¤μ¢ ´Ò ´¥ É ± Ï¨·μ±μ, ± ± ¤²Ö ²¨´¥°-
´ÒÌ ¸¨¸É¥³. �μÔÉμ³Ê ¶·¨ ´ ¶¨¸ ´¨¨ ¸μ¡¸É¢¥´´μ£μ ¶·μ£· ³³´μ£μ ±μ¤  ¨²¨
¶·¨ ¶μ²ÊÎ¥´¨¨ Î¨¸²¥´´μ£μ ·¥§Ê²ÓÉ É  ¶μ ¨§¢¥¸É´μ³Ê ¸Éμ·μ´´¥³Ê ¶·μ£· ³³-
´μ³Ê ±μ³¶²¥±¸Ê ¢μ§´¨± ¥É ¢μ¶·μ¸ μ ±μ··¥±É´μ¸É¨ ·¥§Ê²ÓÉ É . ‚ É ±¨Ì ¸²ÊÎ ÖÌ
¢ ¦´ÊÕ ·μ²Ó ¨£· ¥É ´ ²¨Î¨¥ ¨§¢¥¸É´ÒÌ ÉμÎ´ÒÌ ·¥Ï¥´¨° ´¥²¨´¥°´ÒÌ § ¤ Î,
±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ± ± É¥¸ÉÒ Î¨¸²¥´´ÒÌ  ²£μ·¨É³μ¢,   É ±¦¥
¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶·¨ ¶μ¨¸±¥ μ¶É¨³ ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨
´¥²¨´¥°´μ° ¸¨¸É¥³Ò.

‚ £¨¤·μ¤¨´ ³¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ¢¥¤¥´¨¥ ¸¨¸É¥³Ò ³´μ£¨Ì Î ¸É¨Í
³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´μ ËÊ´±Í¨¥° ¶²μÉ´μ¸É¨ § ·Ö¤  ¨²¨ ³ ¸¸Ò, ±μÉμ· Ö Ê¤μ-
¢²¥É¢μ·Ö¥É ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ±¨´¥³ É¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³. ‚ ¤ ´´μ° · ¡μÉ¥
· ¸¸³ É·¨¢ ¥É¸Ö ±¨´¥³ É¨Î¥¸± Ö Í¥¶μÎ±  Ê· ¢´¥´¨° �.�. ‚² ¸μ¢ , § ¶¨¸ ´-
´ Ö ¤²Ö ËÊ´±Í¨° ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° f1(r, t), f2(r,v, t),
f3(r,v, v̇, t), . . . [1Ä3]. ‚Éμ·μ¥ Ê· ¢´¥´¨¥ ¨§ Í¥¶μÎ±¨ Ê· ¢´¥´¨° ‚² ¸μ¢  ¤²Ö
ËÊ´±Í¨¨ f2(r,v, t) ¶μ²ÊÎ¨²μ Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ¢ Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥,
Ë¨§¨±¥ ¶² §³Ò, § ¤ Î Ì É¥·³μÖ¤¥·´μ£μ ¸¨´É¥§ , Ë¨§¨±¥ É¢¥·¤μ£μ É¥² , ±·¨-
¸É ²² Ì [4Ä12]. ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³  ¶¶·μ±¸¨³ Í¨¨ ‚² ¸μ¢ ÄŒμÔ²Ö [13] ¤²Ö
¸·¥¤´¥£μ Ê¸±μ·¥´¨Ö 〈v̇〉 ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥
ŒμÔ²Ö ¤²Ö ËÊ´±Í¨¨ ‚¨£´¥·  [14, 15]. �¥·¢μ¥ Ê· ¢´¥´¨¥ ¨§ Í¥¶μÎ±¨ ‚² ¸μ¢ 
¤²Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f1(r, t) Ëμ·³ ²Ó´μ ¸Ìμ¦¥ ¸ Ê· ¢´¥´¨¥³
´¥¶·¥·Ò¢´μ¸É¨, μ¶¨¸Ò¢ ÕÐ¨³ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥Ð¥¸É¢  ¨²¨
§ ·Ö¤ . ’ ±μ° ¤Ê ²¨§³ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  ± ±
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¸ ¶μ§¨Í¨¨ ±² ¸¸¨Î¥¸±μ£μ (¤¥É¥·³¨´¨¸É¨Î¥¸±μ£μ), É ± ¨ ¸ ¶μ§¨Í¨¨ ¢¥·μÖÉ´μ¸É-
´μ£μ ¶μ¤Ìμ¤  ¶·¨ μ¶¨¸ ´¨¨ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢.

� ¡μÉ  ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê.
‚ · §¤. 1 ¶μ± §Ò¢ ¥É¸Ö ³ É¥³ É¨Î¥¸± Ö ¸¢Ö§Ó ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢ 

¸ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· , ¶μ§¢μ²ÖÕÐ Ö ¶μ ·¥Ï¥´¨Ö³ μ¤-
´μ£μ Ê· ¢´¥´¨Ö ¸É·μ¨ÉÓ ·¥Ï¥´¨Ö ¤·Ê£μ£μ. �·¨¢μ¤¨É¸Ö ¢Ò¢μ¤ Ê· ¢´¥´¨° ¤¢¨-
¦¥´¨Ö ¸¶²μÏ´μ° ¸·¥¤Ò, Ê· ¢´¥´¨° ¤²Ö Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥°, μ¶¨¸Ò¢ ¥É¸Ö
¢¢¥¤¥´¨¥ ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ² , ¶μ± §Ò¢ ¥É¸Ö ¸¢Ö§Ó ¸ μ¤´μ° ¨§ Ëμ·³Ê²¨·μ-
¢μ± ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ Å É¥μ·¨¥° ®¢μ²´Ò-¶¨²μÉ ¯ ¤¥ 
·μ°²ÖÄ
μ³  [16, 17].

‚ · §¤. 2 ³¥Éμ¤μ³ Ì · ±É¥·¨¸É¨± ¸É·μÖÉ¸Ö ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶¥·¢μ£μ Ê· ¢-
´¥´¨Ö ‚² ¸μ¢  ¢ ¢¨¤¥ Ê¤ ·´μ° ¢μ²´Ò. � ¸¸³ É·¨¢ ÕÉ¸Ö ¤¢  ¶μÉ¥´Í¨ ²  ¢§ ¨-
³μ¤¥°¸É¢¨Ö: Ô²¥±É·¨Î¥¸±¨° ¨ £· ¢¨É Í¨μ´´Ò°. ’μÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö Ô²¥±-
É·¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¶·¨ · ¸¸³μÉ·¥´¨¨ § ¤ Î¨
¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤  ¢ Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥ [18Ä21]. � ²¨Î¨¥ Ê¤ ·-
´μ° ¢μ²´Ò ¸μμÉ¢¥É¸É¢Ê¥É § ¤ Î¥ ±Ê²μ´μ¢¸±μ£μ ¢§·Ò¢  [22Ä27]. ‘¢Ö§Ó ¶¥·¢μ£μ
Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¸ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥·  (¸³. · §¤. 1) ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ
¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö ¤²Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¸ Ê¤ ·´μ° ¢μ²´μ° [28Ä30].

‚ · §¤. 3 ¤²Ö £ Ê¸¸μ¢μ° § ¢¨¸¨³μ¸É¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f1 μÉ ³μ¤Ê²Ö
¢¥±Éμ·´μ£μ ¶μ²Ö ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° |〈v〉(r)| · ¸¸³ É·¨¢ ¥É¸Ö ³¥Éμ¤ ¶μ¸É·μ-
¥´¨Ö ÉμÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (¸³. · §¤. 1). �¥·¢μ¥ Ê· ¢´¥´¨¥
‚² ¸μ¢  ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ´¥²¨´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
¤²Ö Ë §Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨. C ¨¸¶μ²Ó§μ¢ ´¨¥³ ´¥²¨´¥°´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö
‹¥¦ ´¤·  Ê· ¢´¥´¨¥ ¤²Ö Ë §Ò μÉμ¡· ¦ ¥É¸Ö ¢ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥, Î ¸É´Ò¥
·¥Ï¥´¨Ö ±μÉμ·μ£μ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¢ Ö¢´μ³ ¢¨¤¥. � ¸¸³μÉ·¥´Ò ¢μ¶·μ¸Ò
μ¤´μ§´ Î´μ¸É¨ μÉμ¡· ¦¥´¨Ö, ¶·¨¢¥¤¥´Ò ¶·¨³¥·Ò Î ¸É´ÒÌ ·¥Ï¥´¨°.

‚ · §¤. 4 · ¸¸³ É·¨¢ ¥É¸Ö É ± ´ §Ò¢ ¥³ Ö Ψ-³μ¤¥²Ó [31], μ¡² ¤ ÕÐ Ö
É·¥Ì³¥·´Ò³ ¢¨Ì·¥¢Ò³ ¶μ²¥³ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥°. Œ¥Éμ¤μ³ Ì · ±É¥·¨¸É¨±
¸É·μÖÉ¸Ö ·¥Ï¥´¨Ö Ψ-³μ¤¥²¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¨±·μ- ¨ ³ ±·μ¸¨¸É¥³ ³. „²Ö
³¨±·μ¸¨¸É¥³ ¶μ²ÊÎ¥´Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ÊÎ¥Éμ³ Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö. � ¸¸³μÉ·¥´   ´ ²μ£¨Ö ¸ ³μ´μ¶μ²¥³ „¨· ± . „²Ö ³ ±·μ¸¨¸É¥³
¶μ²ÊÎ¥´Ò ³μ¤¥²Ó´Ò¥ ·¥Ï¥´¨Ö, ¨³¥ÕÐ¨¥  ¸É·μË¨§¨Î¥¸±ÊÕ  ´ ²μ£¨Õ ¢ ¢¨¤¥
®Î¥·´ÒÌ ¨ ¡¥²ÒÌ ¤Ò·¯.

1. ‘‚�‰‘’‚� �…�‚�ƒ� “��‚�…�ˆŸ
ˆ‡ –…��—Šˆ “��‚�…�ˆ‰ ‚‹�‘�‚�

‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨§¢¥¸É¥´ ³¥Éμ¤ ¶¥·¥Ìμ¤  μÉ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
± Ê· ¢´¥´¨Õ ´¥¶·¥·Ò¢´μ¸É¨. ‚ ÔÉμ³ · §¤¥²¥ ¨¸Ìμ¤Ö ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢
¡Ê¤¥É · ¸¸³μÉ·¥´ μ¡· É´Ò° ¶¥·¥Ìμ¤ [32].

1.1. ” §  ± ± ¸± ²Ö·´Ò° ¶μÉ¥´Í¨ ² ¸±μ·μ¸É¨. �¥·¢μ¥ Ê· ¢´¥´¨¥ ¢ Í¥-
¶μÎ±¥ ‚² ¸μ¢  [1Ä3] § ¶¨¸ ´μ ¤²Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ-
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´μ¸É¨ f1(r, t) ¨ ¨³¥¥É ¢¨¤

∂f1(r, t)
∂t

+ divr [f1(r, t)〈v〉(r, t)] = 0, (1.1)

£¤¥

〈v〉(r, t) =

∫
(∞)

f2(r,v, t)v d3v

f1(r, t)
. (1.2)

‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (1.1) § ¶¨¸ ´μ ‚² ¸μ¢Ò³ ´¥ ¤²Ö ¸¨¸É¥³Ò Î ¸É¨Í,
  ¤²Ö μ¤´μ° Î ¸É¨ÍÒ, ¶μ¢¥¤¥´¨¥ ±μÉμ·μ° Ì · ±É¥·¨§Ê¥É¸Ö ËÊ´±Í¨¥° ¶²μÉ´μ-
¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ f1(r, t). ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Ê· ¢´¥´¨¥ (1.1)
³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´μ ± ± Ê· ¢´¥´¨¥ ¸μÌ· ´¥´¨Ö ³ ¸¸Ò ¨²¨ § ·Ö¤  ¢ £¨¤·μ-
¤¨´ ³¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨, § ¶¨¸ ´´μ¥ ´¥ ¤²Ö μ¤´μ° Î ¸É¨ÍÒ,   ¤²Ö ¸·¥¤Ò.

‚ ¤ ²Ó´¥°Ï¨Ì ¢Ò±² ¤± Ì ¤²Ö Ê¤μ¡¸É¢  ËÊ´±Í¨Õ f1(r, t) ¡Ê¤¥³ É ±¦¥
μ¡μ§´ Î ÉÓ f(r, t),   ¶²μÉ´μ¸ÉÓ Éμ±  f1(r, t)〈v〉(r, t) = J(r, t). ’ ± ± ± ËÊ´±-
Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ f(r, t) ¶μ μ¶·¥¤¥²¥´¨Õ Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ°,
¥¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ±¢ ¤· É ³μ¤Ê²Ö ´¥±μÉμ·μ° ±μ³¶²¥±¸´μ° ËÊ´±Í¨¨
Ψ(r, t), É. ¥.

f(r, t) = |Ψ(r, t)|2 =
∣∣Ψ̄(r, t)

∣∣2 = Ψ(r, t)Ψ̄(r, t) � 0. (1.3)

�μ¤¸É ¢¨³ ¶·¥¤¸É ¢²¥´¨¥ (1.3) ¢ Ê· ¢´¥´¨¥ (1.1) ¨ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥
μÉ´μ¸¨É¥²Ó´μ ËÊ´±Í¨¨ Ψ(r, t). ‡ ³¥É¨³, ÎÉμ Ψ(r, t) Å ±μ³¶²¥±¸´μ§´ Î-
´ Ö ËÊ´±Í¨Ö ¤¥°¸É¢¨É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ r ¨ t. �·¨ ¶μ¤¸É ´μ¢±¥ (1.3) ¢
Ê· ¢´¥´¨¥ (1.1) ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¡Ê¤¥É ¶·μ¢μ¤¨ÉÓ¸Ö ¶μ ¤¥°¸É¢¨É¥²Ó´Ò³
¶¥·¥³¥´´Ò³ r ¨ t.

�μ É¥μ·¥³¥ ƒ¥²Ó³£μ²ÓÍ  ¢¥±Éμ·´μ¥ ¶μ²¥ F(r) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ ¸Ê¶¥·¶μ-
§¨Í¨¨ ¶μ²¥° F1(r) ¨ F2(r), ±μÉμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ div F1(r) = 0
¨ rotF2(r) = 0. ’ ±¨³ μ¡· §μ³, ¤²Ö ¢¥±Éμ·´μ£μ ¶μ²Ö ¸·¥¤´¥° ¸±μ·μ¸É¨ (1.2)
¸¶· ¢¥¤²¨¢μ ¶·¥¤¸É ¢²¥´¨¥

〈v〉(r, t) = −α∇Φ(r, t) + γA(r, t), div A = 0, (1.4)

£¤¥ α, γ Å ´¥±μÉμ·Ò¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ; Φ(r, t) Å ¸± ²Ö·´Ò° ¶μ-
É¥´Í¨ ² ¸±μ·μ¸É¨ (1.2),   A(r, t) Å ¢¨Ì·¥¢ Ö ±μ³¶μ´¥´É  ¸±μ·μ¸É¨ (1.2).
�¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (1.4) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

〈v〉(r, t) = −α∇Φ(r, t) + γA(r, t) = i2α∇Φ + γA =

= iα∇(0 + iΦ) + γA = iα∇
(

ln
∣∣∣∣ΨΨ̄
∣∣∣∣+ iΦ

)
+ γA. (1.5)

’ ± ± ± ËÊ´±Í¨Ö Ψ(r, t) Ö¢²Ö¥É¸Ö ±μ³¶²¥±¸´μ°, Éμ ¤²Ö ´¥¥ ¸¶· ¢¥¤²¨¢  ¶μ-
± § É¥²Ó´ Ö Ëμ·³  ¶·¥¤¸É ¢²¥´¨Ö

Ψ(r, t) = |Ψ(r, t)| eiϕ(r,t), (1.6)
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£¤¥ ϕ(r, t) Å Ë § . ‘ ÊÎ¥Éμ³ ¶·¥¤¸É ¢²¥´¨Ö (1.6) ËÊ´±Í¨Ö Ψ/Ψ̄ ¶·¨³¥É ¢¨¤

Ψ(r, t)
Ψ̄(r, t)

= ei2ϕ(r,t) ⇒ arg
[
Ψ(r, t)
Ψ̄(r, t)

]
= 2ϕ(r, t) + 2πk

det= Φ(r, t). (1.7)

’ ±¨³ μ¡· §μ³, ¶μÉ¥´Í¨ ² ¸±μ·μ¸É¨ (1.2) ¢ ¢Ò· ¦¥´¨¨ (1.7) ¡Ò² μ¶·¥¤¥²¥´
± ±  ·£Ê³¥´É ±μ³¶²¥±¸´μ° ËÊ´±Í¨¨ Ψ/Ψ̄. “Î¨ÉÒ¢ Ö ¢¢¥¤¥´´μ¥ μ¡μ§´ Î¥-
´¨¥ (1.7), ¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (1.5) ¨ ¶μ²ÊÎ¨³

〈v〉(r, t) = iα∇
(

ln
∣∣∣∣ΨΨ̄
∣∣∣∣+ i arg

[
Ψ
Ψ̄

])
+ γA = iα∇ ln

[
Ψ
Ψ̄

]
+ γA =

= iα∇
[
ln (Ψ) − ln (Ψ̄)

]
+ γA = iα

[
∇Ψ
Ψ

− ∇Ψ̄
Ψ̄

]
+ γA. (1.8)

1.2. “· ¢´¥´¨¥ ˜·¥¤¨´£¥· . “Î¨ÉÒ¢ Ö (1.3) ¨ (1.8), ¶¥·¥¶¨Ï¥³ Ê· ¢´¥-
´¨¥ (1.1):

Ψ̄
∂Ψ
∂t

+ Ψ
∂Ψ̄
∂t

+ iαdivr

[
Ψ̄∇Ψ − Ψ∇Ψ̄ − i

γ

α
ΨΨ̄A

]
= 0. (1.9)

�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨Ö divr[Ψ̄∇Ψ − Ψ∇Ψ̄] ¨ divr[ΨΨ̄A], ¶μ²ÊÎ¨³

divr

[
Ψ̄∇Ψ − Ψ∇Ψ̄

]
= Ψ̄ΔΨ − ΨΔΨ̄,

(1.10)
divr

[
ΨΨ̄A

]
= Ψ̄(A,∇Ψ) + Ψ(A,∇Ψ̄).

‚ ¶μ¸²¥¤´¥³ ¢Ò· ¦¥´¨¨ (1.2) ÊÎÉ¥´μ (1.4). �μ¤¸É ¢¨³ (1.2) ¢ (1.9) ¨ ¶μ²ÊÎ¨³

Ψ̄
∂Ψ
∂t

+ Ψ
∂Ψ̄
∂t

+ iα(Ψ̄ΔΨ − ΨΔΨ̄) + Ψ̄(γA,∇Ψ) + Ψ(γA,∇Ψ̄) = 0. (1.11)

‘£·Ê¶¶¨·Ê¥³ Î²¥´Ò ¢ ¢Ò· ¦¥´¨¨ (1.11), ¶μ²ÊÎ¨³

Ψ̄
[
∂Ψ
∂t

+ iαΔΨ + γ (A,∇Ψ)
]

+ Ψ
[
∂Ψ̄
∂t

− iαΔΨ̄ + γ
(
A,∇Ψ̄

)]
= 0. (1.12)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ· 

p̂
det= − i

β
∇, ¯̂p =

i

β
∇, p̂2 = ¯̂p2 = − 1

β2
Δ, (1.13)

£¤¥ β ∈ R, β �= 0. ’μ£¤  ¢Ò· ¦¥´¨¥ (1.12) ¶·¨³¥É ¢¨¤

Ψ̄
[

1
β

∂

∂t
− iαβ

(
p̂2 − γ

αβ
(A, p̂)

)]
Ψ+

+ Ψ
[

1
β

∂

∂t
+ iαβ

(
¯̂p2 − γ

αβ

(
A, ¯̂p
))]

Ψ̄ = 0. (1.14)



1030 �…�…�Þ‹Šˆ� …. …. ˆ „�.

‚Ò· ¦¥´¨¥ (1.14) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¤·Ê£μ³ ¢¨¤¥, ¥¸²¨ ÊÎ¥¸ÉÓ, ÎÉμ

p̂2 − γ

αβ
(A, p̂) =

(
p̂ − γ

2αβ
A
)2

− γ2

4α2β2
|A|2 ,

(1.15)

¯̂p2 − γ

αβ
(A, ¯̂p) =

(
¯̂p − γ

2αβ
A
)2

− γ2

4α2β2
|A|2 .

‚Ò· ¦¥´¨¥ (1.14) ¸ ÊÎ¥Éμ³ (1.15) ¶·¨³¥É ¢¨¤

Ψ̄

[
1
β

∂

∂t
− iαβ

(
p̂ − γ

2αβ
A
)2
]

Ψ +

+ Ψ

[
1
β

∂

∂t
+ iαβ

(
¯̂p − γ

2αβ
A
)2
]

Ψ̄ = 0. (1.16)

’ ±¨³ μ¡· §μ³, ³μ¦´μ · ¡μÉ ÉÓ ± ± ¸ ¢Ò· ¦¥´¨¥³ (1.14), É ± ¨ ¸ ¢Ò· -
¦¥´¨¥³ (1.16). � ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ (1.14). ‚μ§³μ¦´Ò ¤¢  ¢ ·¨ ´É  ¥£μ
¶·¥μ¡· §μ¢ ´¨Ö. � ¸¸³μÉ·¨³ ± ¦¤Ò° ¨§ ´¨Ì ¶μ μÉ¤¥²Ó´μ¸É¨. ‚¢¥¤¥³ μ¡μ§´ -
Î¥´¨¥ ²¨´¥°´μ£μ μ¶¥· Éμ·  L ± ±

L =
1
β

∂

∂t
− iαβ

(
p̂2 − γ

αβ
(A, p̂)

)
,

(1.17)

L̄ =
1
β

∂

∂t
+ iαβ

(
¯̂p2 − γ

αβ

(
A, ¯̂p
))

,

Éμ£¤  ¢Ò· ¦¥´¨¥ (1.14) ¸ ÊÎ¥Éμ³ ¢¢¥¤¥´´μ£μ μ¡μ§´ Î¥´¨Ö (1.17) ¶·¨³¥É ¢¨¤

Ψ̄LΨ + ΨL̄Ψ̄ = 0, Λ + Λ̄ = 0, (1.18)

£¤¥ Λ = Ψ̄LΨ. ‚Ò· ¦¥´¨¥ (1.18) μ§´ Î ¥É, ÎÉμ Re Λ = 0. …¸²¨ ¤¥°¸É¢¨É¥²Ó-
´ Ö Î ¸ÉÓ · ¢´  ´Ê²Õ, §´ Î¨É, Λ Ö¢²Ö¥É¸Ö Î¨¸Éμ ³´¨³μ° ¢¥²¨Î¨´μ°, É. ¥.

Λ = iv, v ∈ R,

Ψ̄LΨ = iv, LΨ = i
v

Ψ̄
= i

v

Ψ̄
Ψ
Ψ

= i
v

|Ψ|2
Ψ = iμΨ, μ ∈ R, (1.19)

LΨ = iμΨ.

�É³¥É¨³, ÎÉμ μ¶¥· Éμ· L Ö¢²Ö¥É¸Ö  ´É¨Ô·³¨Éμ¢Ò³. „¥°¸É¢¨É¥²Ó´μ, · ¸-
¸³μÉ·¨³ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ´ ¤ ¶μ²¥³
±μ³¶²¥±¸´ÒÌ Î¨¸¥² ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö (1.18):

〈Ψ, LΨ〉 =
∫

ΨL̄Ψ̄ dω = −
∫

Ψ̄LΨ dω = −
∫

(LΨ)Ψ̄ dω = −〈LΨ, Ψ〉,
(1.20)

〈Ψ, LΨ〉 = 〈L̄Ψ, Ψ〉 ⇒ 〈L̄Ψ, Ψ〉 = −〈LΨ, Ψ〉.
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Š ± ¨§¢¥¸É´μ,  ´É¨Ô·³¨Éμ¢Ò° μ¶¥· Éμ· ¨³¥¥É Î¨¸Éμ ³´¨³Ò¥ ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥´¨Õ (1.19).

‚¥·´¥³¸Ö ± ¢Ò· ¦¥´¨Õ (1.14) ¨ · §¤¥²¨³ ¥£μ ´  ¢¥²¨Î¨´Ê i, ¶μ²ÊÎ¨³

Ψ̄
[
− i

β

∂

∂t
− αβ

(
p̂2 − γ

αβ
(A, p̂)

)]
Ψ−

− Ψ
[

i

β

∂

∂t
− αβ

(
¯̂p2 − γ

αβ

(
A, ¯̂p
))]

Ψ̄ = 0. (1.21)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥ ²¨´¥°´μ£μ μ¶¥· Éμ·  L ± ±

L = − i

β

∂

∂t
− αβ

(
p̂2 − γ

αβ
(A, p̂)

)
,

(1.22)

L̄ =
i

β

∂

∂t
− αβ

(
¯̂p2 − γ

αβ

(
A, ¯̂p
))

.

�·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ μ¡μ§´ Î¥´¨Ö (1.22) Ê· ¢´¥´¨¥ (1.21) ¶·¨³¥É ¢¨¤

Ψ̄LΨ − ΨL̄Ψ̄ = 0, M − M̄ = 0, (1.23)

£¤¥ M = Ψ̄LΨ. ‚Ò· ¦¥´¨¥ (1.23) μ§´ Î ¥É, ÎÉμ Im M = 0. …¸²¨ ³´¨³ Ö
Î ¸ÉÓ · ¢´  ´Ê²Õ, §´ Î¨É, M Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó´μ° ¢¥²¨Î¨´μ°, É. ¥.

M = u, u ∈ R,

Ψ̄LΨ = u, LΨ =
u

Ψ̄
=

u

Ψ̄
Ψ
Ψ

=
u

|Ψ|2
Ψ = −UΨ, U(r, t) ∈ R, (1.24)

LΨ = −UΨ.

�É³¥É¨³, ÎÉμ μ¶¥· Éμ· L Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢Ò³. „¥°¸É¢¨É¥²Ó´μ, · ¸¸³μ-
É·¨³ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ´ ¤ ¶μ²¥³ ±μ³-
¶²¥±¸´ÒÌ Î¨¸¥² ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö (1.23):

〈Ψ,LΨ〉 =
∫

ΨL̄Ψ̄ dω =
∫

Ψ̄LΨ dω =
∫

(LΨ)Ψ̄ dω = 〈LΨ, Ψ〉,
(1.25)

〈Ψ,LΨ〉 = 〈L̄Ψ, Ψ〉 ⇒ 〈L̄Ψ, Ψ〉 = 〈LΨ, Ψ〉.

ˆ§ ¸· ¢´¥´¨Ö μ¶·¥¤¥²¥´¨° μ¶¥· Éμ·μ¢ L ¨ L (1.17) ¨ (1.22) ¸²¥¤Ê¥É, ÎÉμ

LΨ = iLΨ. (1.26)

‘ ÊÎ¥Éμ³ ¢Ò· ¦¥´¨° (1.19) ¨ (1.24) Ê· ¢´¥´¨¥ (1.22) ¶·¨³¥É ¢¨¤

iμΨ = −iUΨ,
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μÉ¸Õ¤ 
μ = −U. (1.27)

‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨Ö (1.19) ¨ (1.24) ¸ ÊÎ¥Éμ³ (1.27) ¶·¨³ÊÉ ¢¨¤

LΨ + iUΨ =
1
β

∂Ψ
∂t

− iαβ

(
p̂2 − γ

αβ
(A, p̂)

)
Ψ + iUΨ = 0,

LΨ + UΨ = − i

β

∂

∂t
− αβ

(
p̂2 − γ

αβ
(A, p̂)

)
+ UΨ = 0,

¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê· ¢´¥´¨Õ

i

β

∂Ψ
∂t

= −αβ

(
p̂2 − γ

αβ
(A, p̂)

)
Ψ + UΨ. (1.28)

‘ ÊÎ¥Éμ³ (1.15) Ê· ¢´¥´¨¥ (1.28) ¨³¥¥É ¢¨¤

i

β

∂Ψ
∂t

= −αβ

(
p̂ − γ

2αβ
A
)2

+
1

2αβ

|γA|2

2
Ψ + UΨ (1.29)

¨²¨
i

β

∂Ψ
∂t

= −αβ

(
p̂ − γ

2αβ
A
)2

+ V Ψ,

£¤¥

V
det=

1
2αβ

|γA|2

2
+ U.

‚ ·¥§Ê²ÓÉ É¥ ¨§ ¢Ò· ¦¥´¨Ö (1.14) ¶μ²ÊÎ¨²μ¸Ó Ê· ¢´¥´¨¥ (1.29). �μ²ÊÎ¨³
Ê· ¢´¥´¨¥ ¤²Ö ¢Ò· ¦¥´¨Ö (1.16). �μ  ´ ²μ£¨¨ ¢¢μ¤¨³ μ¶¥· Éμ·Ò

L2 =
1
β

∂

∂t
− iαβ

(
p̂ − γ

2αβ
A
)2

, L̄2 =
1
β

∂

∂t
+ iαβ

(
¯̂p − γ

2αβ
A
)2

, (1.30)

Éμ£¤  ¢Ò· ¦¥´¨¥ (1.16) ¸ ÊÎ¥Éμ³ ¢¢¥¤¥´´μ£μ μ¡μ§´ Î¥´¨Ö (1.30) ¶·¨³¥É ¢¨¤

Ψ̄L2Ψ + ΨL̄2Ψ̄ = 0, Λ2 + Λ̄2 = 0, (1.31)

£¤¥ Λ2 = Ψ̄L2Ψ. ‚Ò· ¦¥´¨¥ (1.31) μ§´ Î ¥É, ÎÉμ Re Λ2 = 0. …¸²¨ ¤¥°-
¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ · ¢´  ´Ê²Õ, §´ Î¨É, Λ2 Ö¢²Ö¥É¸Ö Î¨¸Éμ ³´¨³μ° ¢¥²¨Î¨´μ°,
É. ¥.

Λ2 = iv2, v2 ∈ R,

Ψ̄L2Ψ = iv2, L2Ψ = i
v2

Ψ̄
= i

v2

Ψ̄
Ψ
Ψ

= i
v2

|Ψ|2
Ψ = iμ2Ψ, μ2 ∈ R, (1.32)

LΨ = iμΨ.
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�É³¥É¨³, ÎÉμ μ¶¥· Éμ· L2 Ö¢²Ö¥É¸Ö  ´É¨Ô·³¨Éμ¢Ò³. „¥°¸É¢¨É¥²Ó´μ, · ¸-
¸³μÉ·¨³ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ´ ¤ ¶μ²¥³
±μ³¶²¥±¸´ÒÌ Î¨¸¥² ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö (1.31):

〈Ψ, L2Ψ〉 =
∫

ΨL̄2Ψ̄ dω = −
∫

Ψ̄L2Ψ dω = −
∫

(L2Ψ)Ψ̄ dω = −〈L2Ψ, Ψ〉,
(1.33)

〈Ψ, L2Ψ〉 = 〈L̄2Ψ, Ψ〉 ⇒ 〈L̄2Ψ, Ψ〉 = −〈L2Ψ, Ψ〉.

Š ± ¨§¢¥¸É´μ,  ´É¨Ô·³¨Éμ¢Ò° μ¶¥· Éμ· ¨³¥¥É Î¨¸Éμ ³´¨³Ò¥ ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥´¨Õ (1.32).

‚¥·´¥³¸Ö ± ¢Ò· ¦¥´¨Õ (1.16) ¨ · §¤¥²¨³ ¥£μ ´  ¢¥²¨Î¨´Ê i, ¶μ²ÊÎ¨³

Ψ̄

[
− i

β

∂

∂t
− αβ

(
p̂ − γ

2αβ
A
)2
]

Ψ−

− Ψ

[
i

β

∂

∂t
− αβ

(
¯̂p − γ

2αβ
A
)2
]

Ψ̄ = 0. (1.34)

�¡μ§´ Î¨³ ²¨´¥°´Ò° μ¶¥· Éμ· L2 ± ±

L2 = − i

β

∂

∂t
− αβ

(
p̂ − γ

2αβ
A
)2

,

(1.35)

L̄2 =
i

β

∂

∂t
− αβ

(
¯̂p − γ

2αβ
A
)2

.

�·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ μ¡μ§´ Î¥´¨° (1.35) Ê· ¢´¥´¨¥ (1.34) ¶·¨³¥É ¢¨¤

Ψ̄L2Ψ − ΨL̄2Ψ̄ = 0, M2 − M̄2 = 0, (1.36)

£¤¥ M2 = Ψ̄L2Ψ. ‚Ò· ¦¥´¨¥ (1.36) μ§´ Î ¥É, ÎÉμ Im M2 = 0. …¸²¨ ³´¨³ Ö
Î ¸ÉÓ · ¢´  ´Ê²Õ, Éμ M2 Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó´μ° ¢¥²¨Î¨´μ°, É. ¥.

M2 = u2, u2 ∈ R,

Ψ̄L2Ψ = u2, L2Ψ =
u2

Ψ̄
=

u2

Ψ̄
Ψ
Ψ

=
u2

|Ψ|2
Ψ = −U2Ψ, U2(r, t) ∈ R, (1.37)

L2Ψ = −U2Ψ.

�É³¥É¨³, ÎÉμ μ¶¥· Éμ· L2 Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢Ò³. „¥°¸É¢¨É¥²Ó´μ, · ¸¸³μ-
É·¨³ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ´ ¤ ¶μ²¥³ ±μ³-
¶²¥±¸´ÒÌ Î¨¸¥² ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö (1.36):

〈Ψ,L2Ψ〉 =
∫

ΨL̄2Ψ̄ dω =
∫

Ψ̄L2Ψ dω =
∫

(L2Ψ)Ψ̄ dω = 〈L2Ψ, Ψ〉,
(1.38)

〈Ψ,L2Ψ〉 = 〈L̄2Ψ, Ψ〉 ⇒ 〈L̄2Ψ, Ψ〉 = 〈L2Ψ, Ψ〉.
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ˆ§ ¸· ¢´¥´¨Ö μ¶·¥¤¥²¥´¨° μ¶¥· Éμ·μ¢ L2 ¨ L2 (1.30) ¨ (1.35) ¸²¥¤Ê¥É,
ÎÉμ

L2Ψ = iL2Ψ. (1.39)

�·¨ ÊÎ¥É¥ ¢Ò· ¦¥´¨° (1.32) ¨ (1.37) Ê· ¢´¥´¨¥ (1.39) ¶·¨³¥É ¢¨¤

iμ2Ψ = −iU2Ψ,

μÉ±Ê¤ 
μ2 = −U2. (1.40)

‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨Ö (1.32) ¨ (1.37) ¸ ÊÎ¥Éμ³ (1.40) ¶·¨³ÊÉ ¢¨¤

L2Ψ + iU2Ψ =
1
β

∂Ψ
∂t

− iαβ

(
p̂ − γ

2αβ
A
)2

Ψ + iU2Ψ = 0,

L2Ψ + U2Ψ = − i

β

∂

∂t
− αβ

(
p̂ − γ

2αβ
A
)2

+ U2Ψ = 0

¨²¨
i

β

∂Ψ
∂t

= −αβ

(
p̂ − γ

2αβ
A
)2

Ψ + U2Ψ. (1.41)

‡ ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ (1.41) μÉ²¨Î ¥É¸Ö μÉ Ê· ¢´¥´¨Ö (1.29)
μÉ¸ÊÉ¸É¢¨¥³ Î²¥´  (1/(2αβ))(|γA|2/2)Ψ. �¥ μ£· ´¨Î¨¢ Ö μ¡Ð´μ¸É¨, ³μ¦´μ
¸Î¨É ÉÓ, ÎÉμ ¢ Ê· ¢´¥´¨¨ (1.41) ËÊ´±Í¨Ö U2 ³μ¦¥É ¸μ¤¥·¦ ÉÓ ¤ ´´μ¥ ¸² £ ¥-
³μ¥, É. ¥.

U2 = U +
1

2αβ

|γA|2

2
= V. (1.42)

‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (1.41) ¶¥·¥Ìμ¤¨É ¢ (1.29). …¸²¨ ¨§¢¥¸É´μ
〈v〉(r, t), Éμ ¨§ Ê· ¢´¥´¨Ö (1.1) ³μ¦´μ ´ °É¨ f(r, t),   É ±¦¥ ¶μÉ¥´Í¨ ² ¸±μ-
·μ¸É¨ Φ(r, t) ¨ A(r, t), ·¥Ï Ö Ê· ¢´¥´¨Ö

ΔΦ(r, t) = − 1
α

div 〈v〉(r, t) det= −g(r, t),
(1.43)

rotA(r, t) =
1
γ

rot 〈v〉(r, t) det= B(r, t),

±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¨§ (1.4). �μÉ¥´Í¨ ² ¸±μ·μ¸É¨ Φ(r, t) ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´Ò · ¢¥´ Ë §¥ ϕ(r, t) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (1.7). ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ËÊ´±Í¨Õ Ψ ¢ ¢¨¤¥

Ψ(r, t) =
√

f(r, t) eiϕ(r,t) = (−1)k
√

f(r, t) exp
(

i
Φ(r, t)

2

)
. (1.44)
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‡´ Ö Ψ, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¥° ËÊ´±Í¨Õ U ¶μ Ëμ·-
³Ê²¥ (1.24):

U(r, t) = − Ψ̄LΨ
f(r, t)

. (1.45)

�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ (1.45):

ΔΨ = eiϕ
{
Δ|Ψ| − |Ψ||∇ϕ|2 + i [2(∇ϕ,∇|Ψ|) + |Ψ|Δϕ]

}
,

Ψ̄LΨ = − i

β
|Ψ|∂|Ψ|

∂t
+

α

β
|Ψ|
{
Δ|Ψ| − |Ψ||∇ϕ|2 + i [2(∇ϕ,∇|Ψ|) + |Ψ|Δϕ]

}
+

+
1
β
|Ψ|2 ∂ϕ

∂t
− i

γ

β
|Ψ|(A,∇|Ψ|) +

γ

β
|Ψ|2(A,∇ϕ), (1.46)

U = − Ψ̄LΨ
|Ψ|2 = − 1

β

∂ϕ

∂t
− α

β

Δ|Ψ|
|Ψ| +

α

β
|∇ϕ|2 − γ

β
(A,∇ϕ)+

+ i
1
|Ψ|

[
1
β

∂|Ψ|
∂t

− α

β
2(∇ϕ,∇|Ψ|) − α

β
|Ψ|Δϕ

]
+ i

γ

β

(
A,

∇|Ψ|
|Ψ|

)
.

‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (1.24) ËÊ´±Í¨Ö U Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´μ°, ¸²¥¤μ¢ -
É¥²Ó´μ, ³´¨³ Ö Î ¸ÉÓ ¢Ò· ¦¥´¨Ö (1.46) ¤μ²¦´  μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó. �·μ¢¥·¨³
ÔÉμ Ê¸²μ¢¨¥. „¥°¸É¢¨É¥²Ó´μ, ÊÎ¨ÉÒ¢ Ö ¢Ò· ¦¥´¨Ö (1.3), (1.4), (1.7), ¶μ²ÊÎ ¥³

Im U =

=
1

|Ψ|2

[
1
β
|Ψ|∂|Ψ|

∂t
− α

β
2(∇ϕ, |Ψ|∇|Ψ|) − α

β
|Ψ|2Δϕ +

γ

β
|Ψ|(A,∇|Ψ|)

]
=

=
1
f

[
1
2β

∂f

∂t
− α

β
(∇ϕ,∇f) − α

β
fΔϕ +

γ

2β
(A,∇f)

]
=

=
1

2βf

[
∂f

∂t
+ (−2α∇ϕ + γA,∇f) + f(∇,−2α∇ϕ + γA)

]
=

=
1

2βf

[
∂f

∂t
+ (〈v〉,∇f) + f div 〈v〉

]
=

1
2βf

{
∂f

∂t
+ div [〈v〉f ]

}
= 0.

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ËÊ´±Í¨¨ U ¶μ²ÊÎ ¥³ ¶·¥¤¸É ¢²¥´¨¥

U(r, t) = − 1
β

{
∂ϕ(r, t)

∂t
+ α

[
Δ
√

f(r, t)√
f (r, t)

− |∇ϕ (r, t)|2
]

+ γ (A,∇ϕ)

}
.

(1.47)
‚ ¶. 1.3 ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ Ê· ¢´¥´¨¥ (1.47) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ ƒ ³¨²Ó-

Éμ´ ÄŸ±μ¡¨ (1.68). ’ ±¨³ μ¡· §μ³, ¢Ò· ¦¥´¨Ö (1.43), (1.44) ¨ (1.47) μ¶·¥-
¤¥²ÖÕÉ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¨¸Ìμ¤´Ò³ Ê· ¢´¥´¨¥³ (1.1) ¨ ´μ¢Ò³ Ê· ¢´¥´¨-
¥³ (1.29). ‡´ Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö (1.29) ¨, ´ μ¡μ·μÉ, §´ Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.29), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1).
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� ¸¸³μÉ·¨³ Î ¸É´Ò¥ ¸²ÊÎ ¨ Ê· ¢´¥´¨° (1.29) ¨ (1.41). �¡μ§´ Î¨³

α = − �

2m
, β =

1
�

¨ γ = − e

m
. (1.48)

…¸²¨ ¢¥±Éμ·´μ¥ ¶μ²¥ 〈v〉 ¨³¥¥É Éμ²Ó±μ ¶μÉ¥´Í¨ ²Ó´ÊÕ Î ¸ÉÓ ¢ · §²μ¦¥-
´¨¨ (1.4), É. ¥. A = Θ, Éμ Ê· ¢´¥´¨¥ (1.29) ¶·¨´¨³ ¥É ¢¨¤

i�
∂Ψ
∂t

=
[

p̂2

2m
+ U

]
Ψ = ĤΨ.

�μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¸μ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· 
¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ. ‚ ¸²ÊÎ ¥ ´ ²¨Î¨Ö ¢¨Ì·¥¢μ° (¸μ²¥´μ¨¤ ²Ó´μ°) ±μ³-
¶μ´¥´ÉÒ ¸±μ·μ¸É¨ ¢ · §²μ¦¥´¨¨ (1.4) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ (1.29), (1.41):

i�
∂Ψ
∂t

=
[

1
2m

(p̂ − eA)2 + U

]
Ψ = ĤΨ,

±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  ¤²Ö ¸± ²Ö·´μ° Î ¸É¨ÍÒ ¸ ÊÎ¥-
Éμ³ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö (B = rotA).

1.3. “· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¸¶²μÏ´μ° ¸·¥¤Ò. �  μ¸´μ¢ ´¨¨ Ê· ¢´¥-
´¨Ö (1.1) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ± ± ¤²Ö ±¨´¥³ É¨Î¥¸±¨Ì ÉμÎ¥±
¸·¥¤Ò, É ± ¨ ¤²Ö Í¥´É·  ³ ¸¸ ¸·¥¤Ò, μ¶·¥¤¥²Ö¥³μ° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥-
´¨Ö f(r, t).

�μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö £· ¤¨¥´É  ËÊ´±Í¨¨ U(r, t). “Î¨ÉÒ¢ Ö ¢Ò· ¦¥-
´¨Ö (1.4) ¨ (1.7), ¤²Ö £· ¤¨¥´É  ¶μÉ¥´Í¨ ²  ∇ϕ(r, t) ³μ¦´μ § ¶¨¸ ÉÓ

∇ϕ(r, t) = − 1
2α

〈v〉(r, t) +
γ

2α
A(r, t),

∇ ∂

∂t
ϕ(r, t) = − 1

2α

∂

∂t
[〈v〉(r, t) − γA(r, t)] , (1.49)

|∇ϕ|2 =
1

4α2

[
|〈v〉|2 − 2γ(〈v〉,A) + γ2 |A|2

]
.

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶·¥¤¸É ¢²¥´¨Ö (1.49) £· ¤¨¥´É ËÊ´±Í¨¨ U (1.47) ¶·¨-
³¥É ¢¨¤

∇U = − 1
β

{
− 1

2α

∂

∂t
[〈v〉 − γA] + α∇

[
Δ
√

f√
f

− 1
4α2

|〈v〉|2
]

+

+
γ

2α
∇ (A, 〈v〉) − γ2

4α
∇|A|2 − γ

2α
∇ (A, 〈v〉 − γA)

}
=

= − 1
β

{
− 1

2α

∂

∂t
[〈v〉 − γA] + α∇

[
Δ
√

f√
f

− 1
4α2

|〈v〉|2
]

+
γ2

4α
∇|A|2

}
.

(1.50)
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“ÎÉ¥³ ¸¢μ°¸É¢μ (1.4) ¢¥±Éμ·´μ£μ ¶μ²Ö 〈v〉, É. ¥.

rot 〈v〉 = γ rotA. (1.51)

ˆ§ (1.51) ¸²¥¤Ê¥É, ÎÉμ

(〈v〉,∇) 〈v〉 =
1
2
∇|〈v〉|2 − γ [〈v〉, rotA] . (1.52)

�·¥μ¡· §Ê¥³ (1.50) ¸ ÊÎ¥Éμ³ (1.52), ¶μ²ÊÎ¨³

2αβ∇U =
[
∂〈v〉
∂t

+ (〈v〉,∇) 〈v〉
]

+ γ [〈v〉, rotA]−

−∇|γA|2

2
− γ

∂A
∂t

− 2α2∇
[
Δ
√

f√
f

]
. (1.53)

“ÎÉ¥³, ÎÉμ ¶μ²´Ò° ¤¨ËË¥·¥´Í¨ ² ¶μ ¢·¥³¥´¨ μÉ ¸±μ·μ¸É¨ 〈v〉(r, t) ¨³¥-
¥É ¢¨¤

d

dt
〈v〉(r, t) =

∂〈v〉
∂t

+ (〈v〉,∇)〈v〉. (1.54)

‘ ÊÎ¥Éμ³ (1.54) ¨ μ¡μ§´ Î¥´¨Ö (1.43) ¢Ò· ¦¥´¨¥ (1.53) ¶·¨´¨³ ¥É ¢¨¤

− 1
γ

d〈v〉
dt

= −2αβ

γ
∇
(

1
2αβ

|γA|2
2

+ U +
α

β

Δ
√

f√
f

)
− ∂A

∂t
+ [〈v〉, rotA] ,

(1.55)
d〈v〉
dt

= −γ (E + [〈v〉,B]) ,

£¤¥

E det= −∇χ − ∂A
∂t

,

(1.56)

χ
det=

2αβ

γ
(V + Q) , Q =

α

β

Δ
√

f√
f

;

§¤¥¸Ó ¢¥²¨Î¨´  Q ¸μμÉ¢¥É¸É¢Ê¥É ±¢ ´Éμ¢μ³Ê ¶μÉ¥´Í¨ ²Ê ¨§ É¥μ·¨¨ ®¢μ²´Ò-
¶¨²μÉ ¯ ¤¥ 
·μ°²ÖÄ
μ³  [16, 17]. �·¨ ÔÉμ³ ¢ ¸¨²Ê μ¶·¥¤¥²¥´¨° (1.56) ¨ (1.43)
¸¶· ¢¥¤²¨¢Ò Ê· ¢´¥´¨Ö

div B = 0, (1.57)

rotE = − ∂

∂t
rotA = −∂B

∂t
. (1.58)
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�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ χ, ÊÎ¨ÉÒ¢ Ö (1.47), ¶μ²ÊÎ¨³

γ

2α
χ =

1
2α

|γA|2

2
− ∂ϕ

∂t
+ α|∇ϕ|2 − γ(A,∇ϕ) =

=
1
2α

|γA|2
2

−
(

∂ϕ

∂t
+ (〈v〉,∇ϕ) + α|∇ϕ|2

)
, (1.59)

γ

2α
χ =

1
2α

|γA|2
2

−
(

dϕ

dt
+ α|∇ϕ|2

)
.

„²Ö ´ Ìμ¦¤¥´¨Ö ¶μ²Ö E ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ £· ¤¨¥´É χ. ‘ ÊÎ¥Éμ³
¸μμÉ´μÏ¥´¨Ö

∇ d

dt
ϕ =

d

dt
∇ϕ − α∇|∇ϕ|2 + ∇(γA,∇ϕ) − (γA,∇)∇ϕ (1.60)

¢Ò· ¦¥´¨¥ ¤²Ö ∇χ (1.59) ¶·¨´¨³ ¥É ¢¨¤

∇χ =
2α

γ

(
1
2α

∇|γA|2
2

− d

dt
∇ϕ −∇(γA,∇ϕ) + (γA,∇)∇ϕ

)
. (1.61)

’ ±¨³ μ¡· §μ³, ¶μ²¥ E ¶μ²´μ¸ÉÓÕ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¢¨Ì·¥¢ÊÕ ±μ³¶μ-
´¥´ÉÊ A ¨ ¶μÉ¥´Í¨ ²Ó´ÊÕ ∇ϕ ±μ³¶μ´¥´ÉÒ ¸±μ·μ¸É¨ ¶μÉμ±  〈v〉, É. ¥.

E = −∇χ − ∂A
∂t

=

=
2α

γ

(
− 1

2α
∇|γA|2

2
+

d

dt
∇ϕ + ∇(γA,∇ϕ) − (γA,∇)∇ϕ

)
− ∂A

∂t
. (1.62)

…¸²¨ ¢¢¥¸É¨ μ¡μ§´ Î¥´¨Ö

〈vp〉 = −2α∇ϕ, 〈vs〉 = γA, 〈v〉 = 〈vp〉 + 〈vs〉, (1.63)

Éo ¢Ò· ¦¥´¨¥ ¤²Ö ¶μ²Ö E ¶·¨³¥É ¢¨¤

−γE = ∇|〈vs〉|2

2
+

∂〈v〉
∂t

+ (〈vp〉,∇) 〈vp〉 + ∇ (〈vs〉, 〈vp〉) . (1.64)

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (1.52) ¤²Ö 〈vp〉, ¶μ²ÊÎ¨³

(〈vp〉,∇) 〈vp〉 =
1
2
∇|〈vp〉|2 . (1.65)

‘ ÊÎ¥Éμ³ (1.65) ¢Ò· ¦¥´¨¥ (1.64) ¶·¨´¨³ ¥É ¢¨¤

−γE =
∂〈v〉
∂t

+ ∇|〈v〉|2

2
(1.66)

(¶·¥¤¸É ¢²¥´¨¥ (1.66) ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ¥É ¸ ¶·¥¤¸É ¢²¥´¨¥³ ¨§ [7]).
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„²Ö ËÊ´±Í¨¨ χ ¶μ³¨³μ ¶·¥¤¸É ¢²¥´¨Ö (1.56) ¨²¨ (1.59) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
¶·¥¤¸É ¢²¥´¨¥ Î¥·¥§ ¸±μ·μ¸É¨ 〈vs〉 ¨ 〈vp〉. ‚μ¸¶μ²Ó§Ê¥³¸Ö (1.63), ¶μ²ÊÎ¨³

E = − 1
γ
∇
(
|〈v〉|2

2
− 2α

∂ϕ

∂t

)
− ∂A

∂t
. (1.67)

‘· ¢´¨¢ Ö (1.67) ¸ (1.56), ¶μ²ÊÎ ¥³, ÎÉμ

χ =
1
γ

(
|〈v〉|2

2
− 2α

∂ϕ

∂t

)
,

¨²¨, ÊÎ¨ÉÒ¢ Ö (1.48) ¨ (1.7),

−�

2
∂Φ
∂t

=
m |〈v〉|2

2
+ eχ. (1.68)

�μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ (1.68) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨, ¢
±μÉμ·μ³ Ë §  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ϕ ¸μμÉ¢¥É¸É¢Ê¥É ¤¥°¸É¢¨Õ S = �ϕ. …¸²¨
¶μ²¥ ¸±μ·μ¸É¥° ´¥ ¨³¥¥É ¢¨Ì·¥¢μ° ±μ³¶μ´¥´ÉÒ A, Éμ ¢ ¸¨²Ê (1.62)

∇χ = −2α

γ

d

dt
∇ϕ =

1
γ

d

dt
(−2α∇ϕ) =

1
γ

d〈v〉
dt

,
d〈v〉
dt

= γ∇χ,

ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É Ê· ¢´¥´¨Õ ¤²Ö ¡¥§¢¨Ì·¥¢μ£μ ¶μ²Ö 〈v〉.
1.4. ‘ ³μ¸μ£² ¸μ¢ ´´ Ö § ¤ Î .
�¶·¥¤¥²¥´¨¥. �Ê¸ÉÓ ËÊ´±Í¨Ö f(r, t) ¨ ¢¥±Éμ·-ËÊ´±Í¨Ö 〈v〉(r, t) Ê¤μ¢²¥-

É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ (1.1). 
Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉ¨ ËÊ´±Í¨¨ ¸¨²Ó´μ ¸μ£² ¸μ¢ ´-
´Ò³¨, ¥¸²¨ ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö

∂D
∂t

+ f〈v〉 = rotH, (1.69)

div D(r, t) = f(r, t),
(1.70)

D(r, t) = ε̄E(r, t), B(r, t) = rotA(r, t) = μ̄H(r, t),

£¤¥ ε̄ ¨ μ̄ Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ¡Ê¤¥³
´ §Ò¢ ÉÓ ÔÉ¨ ËÊ´±Í¨¨ ¸² ¡μ ¸μ£² ¸μ¢ ´´Ò³¨.

‡ ³¥É¨³, ÎÉμ ¶·¨ ¢§ÖÉ¨¨ ¤¨¢¥·£¥´Í¨¨ μÉ Ê· ¢´¥´¨Ö (1.69) ¨ ÊÎ¥É  (1.70)
μ´μ ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ (1.1). ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¤¨¢¥·£¥´Í¨Ö μÉ ¶μ²Ö D(r, t)
μÉ²¨Î´  μÉ f(r, t) ¨ ¨³¥¥É ¢¨¤

div D = ε̄div E = − ε̄

γ
Δ
(

1
2
|〈v〉|2 − 2α

∂ϕ

∂t

)
= −ε̄Δχ. (1.71)
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� ¸¸³μÉ·¨³ ¶·¨³¥·Ò ¸¨²Ó´μ ¨ ¸² ¡μ ¸μ£² ¸μ¢ ´´ÒÌ ËÊ´±Í¨° f(r, t) ¨
〈v〉(r, t).

�·¨³¥· 1 (¸² ¡μ ¸μ£² ¸μ¢ ´´Ò¥ ËÊ´±Í¨¨). �Ê¸ÉÓ ¢¥±Éμ·-ËÊ´±Í¨Ö
〈v〉(r, t) ¨³¥¥É ¢¨¤

〈v〉(r, t) = atex, (1.72)

£¤¥ a Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ . ˆ§ (1.72) ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨Õ f ± ± ·¥-
Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) ³μ¦´μ ´ °É¨ ³¥Éμ¤μ³ Ì · ±É¥·¨¸É¨±. „¥°¸É¢¨É¥²Ó´μ,
Ê· ¢´¥´¨¥ (1.1) ¸ ÊÎ¥Éμ³ (1.72) ¶·¨´¨³ ¥É ¢¨¤

ft + atfx = 0. (1.73)

‘²¥¤μ¢ É¥²Ó´μ,
dx

dt
= at, ξ(x, t) = x − x0 −

at2

2
. (1.74)

“· ¢´¥´¨Ö ξ(x, t) = const § ¤ ÕÉ Ì · ±É¥·¨¸É¨±¨, ¢¤μ²Ó ±μÉμ·ÒÌ f(x, t)
¡Ê¤¥É ¶μ¸ÉμÖ´´μ°. „¥°¸É¢¨É¥²Ó´μ,

f(x, t) = F (ξ(x, t)),

F ′ξt + atF ′ξx = F ′(ξt + atξx) = F ′(−at + at) = 0

¶·¨ ¶·μ¨§¢μ²Ó´μ° ¤μ¸É ÉμÎ´μ £² ¤±μ° ËÊ´±Í¨¨ F (ξ). „²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¢
± Î¥¸É¢¥ F (ξ) ¢μ§Ó³¥³

F (ξ) = e−ξ2
, f(x, t) = exp

[
−
(

x − x0 −
at2

2

)2
]

. (1.75)

”Ê´±Í¨¨ (1.72) ¨ (1.75) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ (1.1). ˆ§ (1.72) ¨ (1.4),
(1.7) ¸²¥¤Ê¥É, ÎÉμ

ϕ(x, t) = −atx

2α
+ const, A(x, t) = θ. (1.76)

�μ¤¸É ¢²ÖÖ (1.75) ¨ (1.76) ¢ (1.47), ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ U :

− βU(x, t) =
∂ϕ

∂t
+ α

Δ
√

f√
f

− α |∇ϕ(r, t)|2 =

= −ax

2α
− a2t2

4α
− α exp

(
ξ2

2

)
exp
(
−ξ2

2

)
(ξ2

x − ξ2ξ2
x + ξξxx), (1.77)

U(x, t) =
ax

2αβ
+

a2t2

4αβ
+

α

β
(1 − ξ(x, t)2).
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”Ê´±Í¨Ö Ψ(x, t) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (1.3), (1.6), (1.75), (1.76) ¨³¥¥É ¢¨¤

Ψ(x, t) = C0 exp
(
−ξ(x, t)2

2
− i

atx

2α

)
, (1.78)

£¤¥ C0 = const. �·¨ ÔÉμ³ ËÊ´±Í¨Ö (1.78) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (1.28),
±μÉμ·μ¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¨´¨³ ¥É ¢¨¤

i

β

∂Ψ
∂t

=
α

β
ΔΨ + UΨ. (1.79)

�μ± ¦¥³, ÎÉμ ËÊ´±Í¨¨ (1.72) ¨ (1.75) Ö¢²ÖÕÉ¸Ö ¸² ¡μ ¸μ£² ¸μ¢ ´´Ò³¨.
�·μ¢¥·¨³ Ê¸²μ¢¨¥ (1.70), ´ °¤Ö ¶·¥¤¢ ·¨É¥²Ó´μ E, ´ ¶·¨³¥·, ¶μ Ëμ·³Ê-
²¥ (1.66):

E = − 1
γ

(
∂〈v〉
∂t

+ ∇|〈v〉|2

2

)
= −a

γ
ex, (1.80)

¨²¨ Éμ ¦¥ ¸ ³μ¥ ¶μ Ëμ·³Ê²¥ (1.56):

E = −2αβ

γ
∇
(

U +
α

β

[
Δ
√

f√
f

])
= −2αβ

γ
∇
(

ax

2αβ
+

a2t2

4αβ

)
= −a

γ
ex.

(1.81)
‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ (1.80) ¨ (1.81) ¶μ²ÊÎ ¥É¸Ö μ¤¨´ ¨ ÉμÉ ¦¥ ·¥§Ê²ÓÉ É.

�·μ¢¥·¨³ Ê¸²μ¢¨¥ (1.70), ¶μ²ÊÎ¨³

div D(r, t) = ε̄ div E(r, t) = −ε̄
a

γ
div ex = 0 �= f(x, t).

’ ±¨³ μ¡· §μ³, Ê¸²μ¢¨¥ (1.70) ´¥ ¢Ò¶μ²´¥´μ. ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±-
Í¨¨ (1.72) ¨ (1.75) ¸² ¡μ ¸μ£² ¸μ¢ ´´Ò¥.

�·¨³¥· 2 (¸¨²Ó´μ ¸μ£² ¸μ¢ ´´Ò¥ ËÊ´±Í¨¨). � ¸¸³μÉ·¨³ ¶·¨³¥· Ô¢μ²Õ-
Í¨¨ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤  μ¤´μ·μ¤´μ § ·Ö¦¥´´μ£μ Ï ·  (¸³. · §¤. 2).
‚ ± Î¥¸É¢¥ ¢¥±Éμ·-ËÊ´±Í¨¨ 〈v〉(r, t) ¢μ§Ó³¥³

〈v〉(r, t) = b(t)r er, (1.82)

£¤¥ ËÊ´±Í¨Ö b(t) ¶μ¤²¥¦¨É μ¶·¥¤¥²¥´¨Õ. ˆ§ (1.82) ¸²¥¤Ê¥É, ÎÉμ

ϕ(r, t) = −b(t)
4α

r2 + const, A(r, t) = θ. (1.83)

‚ ± Î¥¸É¢¥ ËÊ´±Í¨¨ f ¢μ§Ó³¥³

f(r, t) = 3a(t), (1.84)
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£¤¥ ËÊ´±Í¨Ö a(t) ¶μ¤²¥¦¨É μ¶·¥¤¥²¥´¨Õ. �μ¤¸É ¢²ÖÖ ¶·¥¤¸É ¢²¥´¨Ö (1.82)
¨ (1.84) ¢ Ê· ¢´¥´¨¥ (1.1), ¶μ²ÊÎ¨³

ȧ + 3ab = 0. (1.85)

‘μ£² ¸´μ (1.85) ËÊ´±Í¨Ö a(t) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ , ´ ¶·¨³¥·, ¢ ¢¨¤¥

a(t) = C0 exp

⎛
⎝−3

t∫
t0

b dτ

⎞
⎠ . (1.86)

’ ±¨³ μ¡· §μ³, §´ Ö ËÊ´±Í¨Õ b(t), ³μ¦´μ ´ °É¨ ËÊ´±Í¨Õ a(t) ¨ ´ μ¡μ-
·μÉ. ‚ ± Î¥¸É¢¥ ¶μ²Ö D ¢μ§Ó³¥³

D(r, t) = a(t)r er. (1.87)

�μ¤¸É ¢²ÖÖ (1.87) ¢ Ê· ¢´¥´¨¥ (1.69), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ (1.85). �μ¤-
¸É ¢²ÖÖ (1.87) ¢ Ê¸²μ¢¨¥ (1.70) ¢ ¸¨²Ê (1.84), ¶μ²ÊÎ ¥³ ¢¥·´μ¥ Éμ¦¤¥¸É¢μ.
‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ (1.82) ¨ (1.84) Ö¢²ÖÕÉ¸Ö ¸¨²Ó´μ ¸μ£² ¸μ¢ ´´Ò³¨.
„²Ö μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨¨ a(t) ¢μ¸¶μ²Ó§Ê¥³¸Ö Ê· ¢´¥´¨¥³ (1.55), ¶μ²ÊÎ¨³

∂〈v〉
∂t

+ (〈v〉,∇) 〈v〉 = (ḃ + b2)r er = −γ

ε̄
D = −γ

ε̄
a(t)r er,

(1.88)
(ḃ + b2) = −γ

ε̄
a.

‚Ò· ¦ Ö b(t) ¨§ (1.85) ¨ ¶μ¤¸É ¢²ÖÖ ¢ (1.88), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ
a(t):

3aä − 4ȧ2 − 9
γ

ε̄
a3 = 0. (1.89)

�·μ¨§¢¥¤¥³ ¢ Ê· ¢´¥´¨¨ (1.89) § ³¥´Ê

f(r, t) = 3a(t) = f0

(
R0

R(t)

)3

=
Q

4π

1
R(t)3

, (1.90)

£¤¥ Q Å ¶μ²´Ò° § ·Ö¤ Ï ·  ´ Î ²Ó´μ£μ · ¤¨Ê¸  R0,   f0 = f(r, 0) =
3Q/(4πR3

0) Å ´ Î ²Ó´ Ö ¶²μÉ´μ¸ÉÓ § ·Ö¤  ¢ Ï ·¥. �·¨ § ³¥´¥ (1.90) Ê· ¢´¥-
´¨¥ (1.89) ¶¥·¥°¤¥É ¢ Ê· ¢´¥´¨¥ (¸³. · §¤. 2):

R̈ = γ̄
1

R2
, (1.91)

£¤¥ γ̄ = −γQ/(4πε̄). “· ¢´¥´¨¥ (1.91) ¨³¥¥É ·¥Ï¥´¨¥ ¢ ¢¨¤¥ (¸³. · §¤. 2)

t =
R

3/2
0√
2γ̄

⎛
⎝
√

R(t)
R0

(
R(t)
R0

− 1
)

+ arcch

√
R(t)
R0

⎞
⎠ (1.92)
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¨²¨

t =
R

3/2
0√
2γ̄

⎛
⎝
√√√√( f

f0

)1/3
((

f

f0

)1/3

− 1

)
+ arcch

(
f

f0

)1/6
⎞
⎠ .

‡ ³¥É¨³, ÎÉμ f ¢´ÊÉ·¨ Ï ·  Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´  ¨ § ¢¨¸¨É Éμ²Ó±μ μÉ
¢·¥³¥´¨ (¸·. ¸ (1.90)). ”Ê´±Í¨Ö Ψ(r, t) ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

Ψ(r, t) =
√

3a(t) exp
(
−i

b(t)
4α

r2

)
(1.93)

¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (1.79), ¢ ±μÉμ·μ³ U ¨³¥¥É ¢¨¤

U(r, t) = − 1
β

{
− r2

4α
ḃ + α

[
Δ
√

3a√
3a

− b2r2

4α2

]}
=

r2

4αβ
(ḃ + b2). (1.94)

1.5. “· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö Í¥´É·  ³ ¸¸. “¸·¥¤´¨³ ¶μ ¶·μ¸É· ´¸É¢¥´´μ°
±μμ·¤¨´ É¥ Ê· ¢´¥´¨¥ (1.54):∫

f(r, t)
d〈v〉
dt

(r, t) d3r =

= −γ

∫
f(r, t)E(r, t) d3r − γ

∫
f(r, t) [〈v〉(r, t),B(r, t)] d3r. (1.95)

“¶·μ¸É¨³ ²¥¢ÊÕ Î ¸ÉÓ Ê· ¢´¥´¨Ö (1.95). “Î¨ÉÒ¢ Ö Ê· ¢´¥´¨¥ (1.1), · ¸¶¨-
Ï¥³ ¶μ¤Ò´É¥£· ²Ó´ÊÕ ËÊ´±Í¨Õ, ¶μ²ÊÎ¨³

f(r, t)
d〈v〉
dt

(r, t) =
∂f〈v〉

∂t
+ 〈v〉div [f〈v〉] + f(〈v〉,∇〈v〉. (1.96)

‚ · ¡μÉ Ì [32, 33] ¶μ± § ´μ, ÎÉμ

d

dt
[N(t)〈〈v〉〉(t)] = N(t)〈〈〈v̇〉〉〉(t), (1.97)

£¤¥

N(t) =
∫

f(r, t) d3r =
∫

Ψ̄(r, t)Ψ(r, t) d3r,

〈v̇〉(r,v, t) =
1

f2(r,v, t)

∫
v̇f3(r,v, v̇, t) d3v̇,

〈〈v̇〉〉(r, t) =
1

f1(r, t)

∫
v̇f3(r,v, v̇, t) d3v d3v̇ =

=
1

f1(r, t)

∫
〈v̇〉(r,v, t)f2(r,v, t) d3v,
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〈〈〈v̇〉〉〉(t) =
1

N(t)

∫
v̇f3(r,v, v̇, t) d3r d3v d3v̇

¶·¨ Ê¸²μ¢¨¨, ÎÉμ ËÊ´±Í¨¨ f1(r, t), f2(r,v, t), f3(r,v, v̇, t) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨³ Ê· ¢´¥´¨Ö³ ¨§ Í¥¶μÎ±¨ ‚² ¸μ¢ . ‘ ÊÎ¥Éμ³ ¢Ò· ¦¥´¨° (1.96)Ä
(1.98) ∫

〈v〉divr [〈v〉f ] d3r = −
∫

f(〈v〉,∇)〈v〉 d3r, (1.98)

²¥¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (1.95) ¶·¨´¨³ ¥É ¢¨¤

∫
f(r, t)

d〈v〉
dt

(r, t) d3r =
∂

∂t

∫
f〈v〉 d3r +

∫
〈v〉div [f〈v〉] d3r +

+
∫

f(〈v〉,∇)〈v〉 d3r =
d

dt
[N(t)〈〈v〉〉(t)] −

∫
f(〈v〉,∇)〈v〉 d3r +

+
∫

f(〈v〉,∇)〈v〉 d3r = N(t)〈〈〈v̇〉〉〉(t). (1.99)

�·¥μ¡· §Ê¥³ ¶· ¢ÊÕ Î ¸ÉÓ Ê· ¢´¥´¨Ö (1.95), ¶μ²ÊÎ¨³∫
f(r, t)E(r, t) d3r +

∫
f(r, t) [〈v〉(r, t),B(r, t)] d3r =

= N(t) (〈E〉(t) + 〈[〈v〉,B]〉(t)) . (1.100)

’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨¥ (1.95) ¶·¨´¨³ ¥É ¢¨¤

〈〈〈v̇〉〉〉(t) = −γ(〈E〉(t) + 〈[〈v〉,B]〉(t)). (1.101)

‚Ò· ¦¥´¨¥ 〈E〉(t) ³μ¦´μ Ê¶·μ¸É¨ÉÓ. ‚ ¸¨²Ê (1.56) ¶μ²ÊÎ ¥³

∫
f(r, t)E(r, t) d3r =

∫
f

{
−∇ 1

γ

[
|γA|2

2
+ 2αβU

]
− ∂A

∂t

}
d3r−

− 2α2

γ

∫
f∇
(

Δ|Ψ|
|Ψ|

)
d3r. (1.102)

�μ± ¦¥³, ÎÉμ ¢Éμ·μ° ¨´É¥£· ² ¢ (1.102) · ¢¥´ ´Ê²Õ. �¥·¥¶¨Ï¥³ ¢Éμ·μ°
¨´É¥£· ² ¢ (1.102) ¢ ¢¨¤¥∫

f∇
[
Δ|Ψ|
|Ψ|

]
d3r = −2

∫
Δ|Ψ|∇|Ψ| d3r. (1.103)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö w
det= |Ψ|, Y det= −∇w, σ

det= divY = −Δw, Éμ£¤ ∫
Δ|Ψ|∇|Ψ| d3r =

∫
σY d3r =

∫
Y div Y d3r. (1.104)
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�μ± ¦¥³, ÎÉμ ¨´É¥£· ² (1.104) · ¢¥´ ´Ê²Õ. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸¨²Ê μ¶·¥¤¥-
²¥´¨Ö ¢¥±Éμ·  Y ¸²¥¤Ê¥É, ÎÉμ rotY = 0. ’μ£¤  ¤²Ö ¨´É¥£· ²  (1.104) ¤μ²¦´ 
¡ÒÉÓ ¸¶· ¢¥¤²¨¢  Ëμ·³Ê²  (1.98) ¶·¨ f ≡ 1. ‚ Ëμ·³Ê²¥ (1.98) ¢μ¸¶μ²Ó§Ê¥³¸Ö
¤μ¶μ²´¨É¥²Ó´μ ¢Ò· ¦¥´¨¥³ (1.52), ¶μ²ÊÎ¨³

(Y,∇)Y =
1
2
∇|Y|2 − [Y, rotY] =

1
2
∇|Y|2,

∫
Y div Y d3r = −1

2

∫
∇Y 2 d3r = −1

2
ex

∫
∂Y 2

∂x
dx

∫
dy

∫
dz − 1

2
ey×

×
∫

dx

∫
∂Y 2

∂y
dy

∫
dz − 1

2
ez

∫
dx

∫
dy

∫
∂Y 2

∂z
dz =

= −1
2

ex

∫
dy

∫
dz
[
Y 2
∣∣+∞
−∞

]
− 1

2
ey

∫
dx

∫
dz
[
Y 2
∣∣+∞
−∞

]
− 1

2
ez×

×
∫

dx

∫
dy
[
Y 2
∣∣+∞
−∞

]
= 0, (1.105)

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ. ‚ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥ (1.102) ¶·¨³¥É ¢¨¤

∫
f(r, t)E(r, t)d3r =

∫
f

{
−∇2αβ

γ

[
1

2αβ

|γA|2
2

+ U

]
− ∂A

∂t

}
d3r,

(1.106)

N(t)〈E〉(t) =
∫

f

{
−∇2αβ

γ
V − ∂A

∂t

}
d3r,

É. ¥. ±¢ ´Éμ¢μ¥ ¤ ¢²¥´¨¥ ∇Q ´¥ ¢´μ¸¨É ¢±² ¤ ´  ³ ±·μÊ·μ¢´¥. ‚ ¸²ÊÎ ¥ ¡¥§-
¢¨Ì·¥¢μ£μ ¶μ²Ö Ê· ¢´¥´¨¥ (1.101) ¨³¥¥É ¢¨¤

− 1
2αβ

〈〈〈v̇〉〉〉 (t) = −〈∇V 〉 (t). (1.107)

2. �…˜…�ˆŸ ‚ ‚ˆ„… “„����‰ ‚�‹�›

�μ¸É·μ¨³ ³¥Éμ¤μ³ Ì · ±É¥·¨¸É¨± ÉμÎ´Ò¥ ·¥Ï¥´¨Ö § ¤ Î¨ μ¡ Ô¢μ²ÕÍ¨¨
ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤  ¨²¨ ³ ¸¸Ò ¤²Ö μ¡² ¸É¥° ¢ Ëμ·³¥ Ï ·  ¨²¨ ¡¥¸-
±μ´¥Î´μ£μ Í¨²¨´¤· . � Î ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ § ·Ö¤  ¨²¨ ³ ¸¸Ò
¤²Ö μ¡² ¸É¨ ¢ ¢¨¤¥ Ï ·  ¨³¥¥É ¸Ë¥·¨Î¥¸±ÊÕ ¸¨³³¥É·¨Õ, É. ¥. ¶·¨¸ÊÉ¸É¢Ê¥É
§ ¢¨¸¨³μ¸ÉÓ Éμ²Ó±μ μÉ · ¤¨Ê¸  r. „²Ö μ¡² ¸É¨ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ Í¨²¨´¤· 
´ Î ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¨²¨ § ·Ö¤  ¨³¥¥É  §¨³ÊÉ ²Ó´ÊÕ ¨
¶·μ¤μ²Ó´ÊÕ ¸¨³³¥É·¨Õ, ¶μÔÉμ³Ê ¨³¥¥É¸Ö § ¢¨¸¨³μ¸ÉÓ Éμ²Ó±μ μÉ · ¤¨Ê¸  r.



1046 �…�…�Þ‹Šˆ� …. …. ˆ „�.

2.1. �²¥±É·¨Î¥¸±μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥. � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê, ¸μ¸ÉμÖÐÊÕ ¨§
Ô²¥±É·¨Î¥¸±¨Ì § ·Ö¤μ¢ q ¸ ³ ¸¸μ° m. �Ê¸ÉÓ ¨§¢¥¸É´  ´ Î ²Ó´ Ö ¶²μÉ´μ¸ÉÓ
· ¸¶·¥¤¥²¥´¨Ö § ·Ö¤  ρ0(r) É ±μ° ¸¨¸É¥³Ò. � Î ²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í ¢
¸¨¸É¥³¥ ¸Î¨É ¥É¸Ö · ¢´μ° ´Ê²Õ. 
Ê¤¥³ ·¥Ï ÉÓ § ¤ ÎÊ μ¡ Ô¢μ²ÕÍ¨¨ ËÊ´±Í¨¨
¶²μÉ´μ¸É¨ § ·Ö¤  ρs(r, t) ¨²¨ ρc(r, t) Ê± § ´´μ° ¸¨¸É¥³Ò. ˆ´¤¥±¸ ®s¯ ¸μμÉ¢¥É-
¸É¢Ê¥É ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ³Ê ¸²ÊÎ Õ,   ¨´¤¥±¸ ®c¯ Å Í¨²¨´¤·¨Î¥¸±¨-
¸¨³³¥É·¨Î´μ³Ê ¸²ÊÎ Õ.

‚ ¸¨²Ê ¸¨³³¥É·¨¨ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò ´  § ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ μ± -
§Ò¢ ¥É ¢²¨Ö´¨¥ Éμ²Ó±μ ¸¨²  ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö. �·¨ ·¥Ï¥´¨¨ § ¤ Î¨
¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ § ·Ö¦¥´´Ò¥ ¸Ë¥·¨Î¥¸±¨¥ ¸²μ¨ ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨
³¥¦¤Ê ¸μ¡μ° ´¥ ¶¥·¥¸¥± ÕÉ¸Ö. �μ É¥μ·¥³¥ ƒ Ê¸¸  ¤²Ö ²Õ¡μ£μ · ¤¨Ê¸  r
Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ ´  ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò · ¤¨Ê¸  r ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥

Ds(r, t) = er
1
r2

r∫
0

ρs(x, t)x2 dx, Dc(r, t) = er
1
r

r∫
0

ρc(x, t)xdx. (2.1)

‡ ¶¨Ï¥³ ¢Éμ·μ° § ±μ´ �ÓÕÉμ´  ¤²Ö § ·Ö¤ , ´ Ìμ¤ÖÐ¥£μ¸Ö ´  ¶μ¢¥·Ì´μ¸É¨
Ï ·  (Í¨²¨´¤· ) · ¤¨Ê¸  R:

R̈ =
q

mε0
Ds(R, t) =

q

mε0

1
R2

R∫
0

ρs(x, t)x2 dx,

(2.2)

R̈ =
q

mε0
Dc(R, t) =

q

mε0

1
R

R∫
0

ρc(x, t)xdx,

£¤¥ ε0 Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö. ’ ± ± ± ¸Ë¥·¨Î¥¸±¨¥ (Í¨²¨´¤·¨-
Î¥¸±¨¥) ¸²μ¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö, Éμ § ·Ö¤, ¸μ¤¥·¦ Ð¨°¸Ö ¢ Ï ·¥ (Í¨²¨´¤·¥)
· ¤¨Ê¸  R0 = R(t = 0), μ¸É ¥É¸Ö ´¥¨§³¥´´Ò³ ´  ¶·μÉÖ¦¥´¨¨ ¢¸¥£μ ¤¢¨¦¥´¨Ö.
‚¥²¨Î¨´  É ±μ£μ § ·Ö¤  ³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¶μ Ëμ·³Ê²¥

Qs(R0) = Qs(R(t)) = 4π

R0∫
0

ρs(x, 0)x2 dx = 4π

R(t)∫
0

ρs(x, t)x2 dx,

(2.3)

Qc(R0) = Qc(R(t)) = 2π

R0∫
0

ρc(x, 0)xdx = 2π

R(t)∫
0

ρc(x, t)xdx.

‘ ÊÎ¥Éμ³ (2.3) ¢Ò· ¦¥´¨Ö (2.2) ¶¥·¥¶¨ÏÊÉ¸Ö ¢ ¢¨¤¥

R̈ =
q

mε0

Qs(R0)
4πR2

, R̈ =
q

mε0

Qc(R0)
2πR

. (2.4)
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‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ § ¤ Î¨ ŠμÏ¨ ¤²Ö ËÊ´±Í¨¨ R(t):

⎧⎪⎪⎨
⎪⎪⎩

R̈ = γs
1

R2
, R̈ = γc

1
R

,

R|t=0 = R0, R|t=0 = R0,

Ṙ|t=0 = 0, Ṙ|t=0 = 0,

(2.5)

£¤¥ γs = q/(4πε0m)Qs(R0), γc = q/(2πε0m)Qc(R0) Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨-
Î¨´Ò.

�¥Ï¥´¨¥. � °¤¥³ ·¥Ï¥´¨¥ § ¤ Î (2.5). „²Ö ÔÉμ£μ Ê³´μ¦¨³ μ¡¥ Î ¸É¨
¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¨§ (2.5) ´  R′ ¨ ¶·μ¨´É¥£·¨·Ê¥³ ¶μ t, ¶μ²ÊÎ¨³

(Ṙ)2 = Cs
1 − γs

2
R

, (Ṙ)2 = 2γc ln R + Cc
1, (2.6)

£¤¥ C1 Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ . “Î¨ÉÒ¢ Ö ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ R′(0) = 0,
¶μ²ÊÎ¨³ Cs

1 = γs2/R0, Cc
1 = −2γc ln R0. ‚ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥ (2.6)

¶·¨³¥É ¢¨¤

1√
2γs

dR√
1

R0
− 1

R

= dt,
1√
2γc

dR√
ln

R

R0

= dt. (2.7)

ˆ´É¥£·¨·ÊÖ (2.7) ¨ ÊÎ¨ÉÒ¢ Ö ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ R(0) = R0, ¶μ²ÊÎ ¥³
¢Ò· ¦¥´¨Ö, § ¤ ÕÐ¨¥ ´¥Ö¢´μ § ¢¨¸¨³μ¸ÉÓ · ¤¨Ê¸  ¸Ë¥·¨Î¥¸±μ£μ (Í¨²¨´¤·¨-
Î¥¸±μ£μ) ¸²μÖ μÉ ¢·¥³¥´¨:

t =
R

3/2
0√

2γs(R0)

(√
R

R0

(
R

R0
− 1
)

+ arcch
√

R

R0

)
,

(2.8)

√
2γc

2R0
t =

√
ln (R/R0)∫

0

el2 dl.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢Ò· ¦¥´¨Ö (2.8) ³μ£ÊÉ ¡ÒÉÓ · ¸¸³μÉ·¥´Ò ± ± Ê· ¢´¥´¨Ö Ì -
· ±É¥·¨¸É¨±, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · §´Ò³ ´ Î ²Ó´Ò³ Ê¸²μ¢¨Ö³ R0, γ(R0). �·¨
ÔÉμ³ ¶μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ ¨³¥¥É ¸³Ò¸², ¥¸²¨ Ì · ±É¥·¨¸É¨±¨ ´¥ ¶¥·¥¸¥± -
ÕÉ¸Ö, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ´¥¶¥·¥¸¥± ÕÐ¨³¸Ö ¸Ë¥·¨Î¥¸±¨³ (Í¨²¨´¤·¨Î¥¸±¨³)
¸²μÖ³. Š ¦¤Ò° ¸Ë¥·¨Î¥¸±¨° (Í¨²¨´¤·¨Î¥¸±¨°) ¸²μ° Ì · ±É¥·¨§Ê¥É¸Ö ¸É ·-
Éμ¢Ò³ ¶μ²μ¦¥´¨¥³ R0, ±μ²¨Î¥¸É¢μ³ § ·Ö¤  Qs(R0), Qc(R0), ¸μ¤¥·¦ Ð¨³¸Ö
¢´ÊÉ·¨ ¸Ë¥·Ò (Í¨²¨´¤· ) · ¤¨Ê¸  R0, ¨ Ì · ±É¥·¨¸É¨±μ° (2.8), μ¶¨¸Ò¢ ÕÐ¥°
¥£μ ¤¢¨¦¥´¨¥ ¸μ ¢·¥³¥´¥³.
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‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö

Fs(x) =
√

x(x − 1) + arcch
√

x, Fc(x) =

√
ln (x)∫
0

el2 dl,

(2.9)

λs(R0) =

√
2γs(R0)

R
3/2
0

, λc(r) =

√
2γc(r)
2R

.

”Ê´±Í¨Õ, μ¡· É´ÊÕ ± F (x), μ¡μ§´ Î¨³ P (F ) = x, Éμ£¤  ¢Ò· ¦¥´¨Ö (2.8)
¸ ÊÎ¥Éμ³ μ¡μ§´ Î¥´¨° (2.9) ¶¥·¥¶¨ÏÊÉ¸Ö ¢ ¢¨¤¥

R(t) = R0P (λ(R0)t). (2.10)

„²Ö ´ Ìμ¦¤¥´¨Ö Ô¢μ²ÕÍ¨¨ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ μÍ¥´¨³ ¢¥²¨Î¨´Ê
ΔQ/ΔR. ΔQ Å ÔÉμ § ·Ö¤ ³¥¦¤Ê ¤¢Ê³Ö ¸Ë¥·¨Î¥¸±¨³¨ (Í¨²¨´¤·¨Î¥¸±¨³¨)
¸²μÖ³¨ ¸ · ¤¨Ê¸ ³¨ r ¨ r + Δr ¸μμÉ¢¥É¸É¢¥´´μ. ‘ É¥Î¥´¨¥³ ¢·¥³¥´¨ ¸²μ° ¸
´ Î ²Ó´Ò³ · ¤¨Ê¸μ³ r ¶¥·¥°¤¥É ¢ ¸²μ° ¸ · ¤¨Ê¸μ³ R1(t) = rP (λ(r)t),   ¸²μ°
¸ · ¤¨Ê¸μ³ r+Δr ¶¥·¥°¤¥É ¢ ¸²μ° ¸ · ¤¨Ê¸μ³ R2(t) = (r+Δr)P (λ(r+Δr)t)
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (2.10). ‚ ¸¨²Ê Éμ£μ, ÎÉμ ¸²μ¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö,
¢¥²¨Î¨´  ΔQ ¤μ²¦´  μ¸É ¢ ÉÓ¸Ö ¶μ¸ÉμÖ´´μ° ¸μ ¢·¥³¥´¥³, ¸²¥¤μ¢ É¥²Ó´μ,

ΔQs = 4π

r+Δr∫
r

x2ρ0(x) dx = 4π

R2(t)∫
R1(t)

x2ρs(x, t) dx = 4πρ0(r)r2Δr + O(Δr2),

(2.11)

ΔQc = 2π

r+Δr∫
r

xρ0(x) dx = 2π

R2(t)∫
R1(t)

xρc(x, t) dx = 2πρ0(r)rΔr + O(Δr2).

„²Ö ¢¥²¨Î¨´Ò ΔR ¸¶· ¢¥¤²¨¢μ ¸μμÉ´μÏ¥´¨¥

ΔR(t) = R2(t) − R1(t) = (r + Δr)P (λ(r + Δr)t) − rP (λs(r)t) =

= Δr
d

dx
(xP (λ(x)t))

∣∣∣∣
x=r

+ O (Δr2). (2.12)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (2.11) ¨ (2.12) ¢ ¸μμÉ´μÏ¥´¨¥ ΔQ/ΔR ¨ ÊÎ¨ÉÒ-
¢ Ö (2.3), ¶μ²ÊÎ¨³

lim
ΔR→0

ΔQs

ΔR
=

dQs

dR
=

4πρ0(r)r2

Ps(λs(r)t) + rP ′
s(λs(r)t)λ′

s(r)t
= 4πρs(R, t)R2(t),

(2.13)

lim
ΔR→0

ΔQc

ΔR
=

dQc

dR
=

2πρ0(r)r
Pc(λc(r)t) + rP ′

c(λc(r)t)λ′
c(r)t

= 2πρc(R, t)R(t)
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¨²¨

ρs(r, t) =
1

P 2
s (λs(r)t)

ρ0(r)
[Ps(λs(r)t) + rP ′

s(λs(r)t)λ′
s(r)t]

,

(2.14)

ρc(r, t) =
1

Pc (λc(r)t)
ρ0(r)

[Pc (λc(r)t) + rP ′
c(λc(r)t)λ′

c(r)t]
,

£¤¥ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (2.10) ¢¥²¨Î¨´  R(r, t) = rP (λ(r)t). � °¤¥³ ¶·μ¨§¢μ¤-
´Ò¥ P ′(F ) ¨ λ′(r):

P (F ) = x ⇒ P ′(F )F ′(x) = 1 ⇒ P ′(F ) =
1

F ′(x)
. (2.15)

“Î¨ÉÒ¢ Ö (2.9), ´ Ìμ¤¨³ F ′(x):

F ′
s(x) =

2x − 1
2
√

x(x − 1)
+

1
2
√

x − 1
√

x
=

x√
x (x − 1)

=
Ps√

Ps(Ps − 1)
,

(2.16)

F ′
c(x) = e(

√
ln x)2(

√
ln x)′ =

1
2
√

ln x
=

1
2
√

ln Pc

.

‚ ·¥§Ê²ÓÉ É¥ ¶·μ¨§¢μ¤´ Ö P ′(F ) ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

P ′
s(Fs) =

√
Ps(Fs) − 1

Ps(Fs)
, P ′

c(Fc) = 2
√

ln Pc(Fc). (2.17)

“Î¨ÉÒ¢ Ö ¢Ò· ¦¥´¨Ö (2.9) ¤²Ö λ(r), ´ Ìμ¤¨³ ¶·μ¨§¢μ¤´ÊÕ λ′(r):

λ′
s(r) =

γ′
s(r)√
2γs(r)

1
r3/2

− 3
2

√
2γs(r)
r5/2

, λ′
c(r) = −

√
2γc

2r2
+

γ′
c

2r
√

2γc
. (2.18)

’ ± ± ± ¶·μ¨§¢μ¤´ Ö γ′(r) ¨³¥¥É ¢¨¤

γ′
s(r) = α

r2

ε0
ρ0(r), γ′

c(r) = α
r

ε0
ρ0(r), (2.19)

£¤¥ α = q/m, Éμ ¤²Ö λ′(r) μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥

λ′
s(r) =

αr2ρ0(r)
ε0

√
2γs(r)

1
r3/2

− 3
2

√
2γs(r)
r5/2

=
1
r

[
αρ0(r)
ε0λs(r)

− 3
2
λs(r)

]
,

(2.20)

λ′
c(r) =

αrρ0(r)
ε0

√
2γc(r)

1
2r2

−
√

2γc(r)
2r

=
1
r

[
αρ0(r)

4ε0λc(r)
− λc(r)

]
.
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�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (2.17) ¨ (2.20) ¢ (2.14), ¶μ²ÊÎ¨³ μ±μ´Î É¥²Ó´ÊÕ
Ëμ·³Ê²Ê ¤²Ö ¶²μÉ´μ¸É¨ § ·Ö¤ :

ρs(r, t) =
1

P 2
s (λs(r)t)

ρ0(r)[
Ps(λs(r)t) + t

√
Ps(λs(r)t) − 1

Ps(λs(r)t)

[
αρ0(r)
ε0λs(r)

− 3
2
λs(r)

]] ,

(2.21)

ρc(R, t) =
1

Pc(λc(r)t)
ρ0(r)[

Pc(λc(r)t) + 2t
√

ln Pc(λc(r)t)
[

αρ0(r)
4ε0λc(r)

− λc(r)
]] ,

£¤¥ ρ(R, t) = ρ(rP (λ(r)t), t). ”μ·³Ê²  (2.21) § ¤ ¥É Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ-
´μ¸É¨ § ·Ö¤  ¸ ´ Î ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ρ0(r) ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¸Ë¥·¨Î¥-
¸±¨¥ (Í¨²¨´¤·¨Î¥¸±¨¥) ¸²μ¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö.

� °¤¥³ ¸±μ·μ¸ÉÓ · ¸¶·μ¸É· ´¥´¨Ö ¸Ë¥·¨Î¥¸±μ° (Í¨²¨´¤·¨Î¥¸±μ°) ¢μ²´Ò.
�·μ¤¨ËË¥·¥´Í¨·Ê¥³ ¢Ò· ¦¥´¨¥ (2.10) ¶μ ¢·¥³¥´¨:

d

dt
Rs(t) = Vs(t) = R0λs

√
Ps(λst) − 1

Ps(λst)
,

(2.22)
d

dt
Rc(t) = Vc(t) = R0λc2

√
ln Pc (λct).

�¶·¥¤¥²¨³ ³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´ÊÕ ¸±μ·μ¸ÉÓ · ¸¶·μ¸É· ´¥´¨Ö Ë·μ´É .
�¸μ¡Ò° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ´ Î ²Ó´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ § ·Ö¤ , ´¥
¶·¨¢μ¤ÖÐ¨¥ ± ¶¥·¥¸¥Î¥´¨Õ Ì · ±É¥·¨¸É¨±, ´ ¶·¨³¥·, μ¤´μ·μ¤´μ § ·Ö¦¥´´Ò°
Ï · (Í¨²¨´¤·). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ (2.22) ¡Ê¤¥É ¸¶· ¢¥¤-
²¨¢μ ¢¸Õ¤Ê. ”Ê´±Í¨Ö P (x) Ö¢²Ö¥É¸Ö ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ¥°. Œ¨´¨³ ²Ó-
´Ò³ §´ Î¥´¨¥³ ËÊ´±Í¨¨ P (x) Ö¢²Ö¥É¸Ö §´ Î¥´¨¥ 1 ¢ ÉμÎ±¥ 0, É. ¥. P (0) = 1.
�μÔÉμ³Ê · ¸¸³μÉ·¨³ ¶·¥¤¥² μÉ ¢Ò· ¦¥´¨Ö (2.22) ¶·¨ t → +∞:

V s
max = lim

t→+∞
Vs(t) = R0λs lim

t→+∞

√
Ps(λst) − 1

Ps(λst)
=

= R0λs lim
t→+∞

√
1 − 1

P (λst)
= R0λs, (2.23)

V c
max = lim

t→+∞
Vc(t) = 2R0λc lim

t→+∞

√
ln Pc(λct) = +∞.

�  ·¨¸. 1 ¨ 2 ¶μ± § ´Ò § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ μÉ ¢·¥³¥´¨ ¤²Ö · §²¨Î´ÒÌ
¸Ë¥·¨Î¥¸±¨Ì ¨ Í¨²¨´¤·¨Î¥¸±¨Ì ¸²μ¥¢ ¸μμÉ¢¥É¸É¢¥´´μ.

ˆ§ (2.23) ¸²¥¤Ê¥É ´¥μ£· ´¨Î¥´´μ¸ÉÓ ³ ±¸¨³ ²Ó´μ° ¸±μ·μ¸É¨ ¤²Ö Í¨²¨´-
¤·¨Î¥¸±μ° ¢μ²´Ò V c

max ¨ μ£· ´¨Î¥´´μ¸ÉÓ ³ ±¸¨³ ²Ó´μ° ¸±μ·μ¸É¨ · ¸¶·μ¸É· -
´¥´¨Ö Ë·μ´É  ¸Ë¥·¨Î¥¸±μ° ¢μ²´Ò V s

max.
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�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¥° ¸Ë¥·¨Î¥¸±¨Ì ¸²μ¥¢ μÉ ¢·¥³¥´¨ ¤²Ö μ¤´μ·μ¤´μ § ·Ö¦¥´-
´μ£μ Ï · 

�¨¸. 2. ‘±μ·μ¸É¨ Í¨²¨´¤·¨Î¥¸±¨Ì ¸²μ¥¢ ¤²Ö μ¤´μ·μ¤´μ § ·Ö¦¥´´μ£μ Í¨²¨´¤· 

’ ± Ö ¸ÊÐ¥¸É¢¥´´ Ö · §´¨Í  ³¥¦¤Ê Í¨²¨´¤·¨Î¥¸±μ° ¨ ¸Ë¥·¨Î¥¸±μ° μ¡² -
¸ÉÖ³¨ ¢Ò§¢ ´  É¥³, ÎÉμ ¸Ë¥·¨Î¥¸± Ö μ¡² ¸ÉÓ ¨³¥¥É ¸±μ·μ¸ÉÓ ¸¶ ¤  Ê¸±μ·¥´¨Ö
∼ 1/R2, ÎÉμ Ö¢²Ö²μ¸Ó ¤μ¸É ÉμÎ´Ò³ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ£· ´¨Î¥´´μ¸É¨ ¸±μ-
·μ¸É¨ · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´Ò. ‚ Í¨²¨´¤·¨Î¥¸±μ° μ¡² ¸É¨ Ê¸±μ·¥´¨¥ ¸¶ ¤ ¥É
¸ ³¥´ÓÏ¥° ¸±μ·μ¸ÉÓÕ ∼ 1/R, ÎÉμ Ö¢²Ö¥É¸Ö, ¶μ ¢¸¥° ¢¨¤¨³μ¸É¨, ´¥¤μ¸É ÉμÎ-
´Ò³ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ£· ´¨Î¥´´μ¸É¨ ¸±μ·μ¸É¨ · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´Ò ¢
¤¢Ê³¥·´μ³ ¸²ÊÎ ¥. �μ·Ö¤μ± ∼ 1/R2, ∼ 1/R, ¢ ¸¢μÕ μÎ¥·¥¤Ó, μ¶·¥¤¥²Ö¥É¸Ö
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· §³¥·´μ¸ÉÓÕ ¶·μ¸É· ´¸É¢ , ¢ ±μÉμ·μ³ ·¥Ï ¥É¸Ö § ¤ Î . „²Ö Í¨²¨´¤·¨Î¥¸±μ°
μ¡² ¸É¨ § ¤ Î  Ë ±É¨Î¥¸±¨ ·¥Ï ¥É¸Ö ¤²Ö ¤¢Ê³¥·´μ£μ ¶·μ¸É· ´¸É¢ . ‘ Ë¨§¨Î¥-
¸±μ° ÉμÎ±¨ §·¥´¨Ö ´¥μ£· ´¨Î¥´´μ¸ÉÓ ¸±μ·μ¸É¨ V c

max ¸¢Ö§ ´  ¸ μ£· ´¨Î¥´¨Ö³¨
±² ¸¸¨Î¥¸±μ£μ (´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ) ¶·¨¡²¨¦¥´¨Ö.

�¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (2.23) ¤²Ö ¸Ë¥·¨Î¥¸±μ£μ ¸²ÊÎ Ö ¢ ¢¨¤¥

Vs(t) = V s
max

√
Ps(λst) − 1

Ps(λst)
. (2.24)

‚Ò· §¨³ ¨§ (2.24) ËÊ´±Í¨Õ Ps Î¥·¥§ Vs ¨ V s
max, ¶μ²ÊÎ¨³

Ps(λst) =
1

1 − β2
, β =

Vs

V s
max

. (2.25)

�μ¤¸É ¢¨¢ ¢Ò· ¦¥´¨¥ (2.25) ¢ (2.10), ¶μ²ÊÎ¨³

Rs(t) =
R0

1 −
[
Vs(t)
V s

max

]2 . (2.26)

�É³¥É¨³, ÎÉμ ³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´ÊÕ ¸±μ·μ¸ÉÓ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¨¸Ìμ¤Ö
¨§ § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨. ‚ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ ¸¨¸É¥³  ´ Ìμ-
¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ ¶μ±μÖ, ¶μÔÉμ³Ê ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö
Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö § ·Ö¦¥´´μ° ¸¨¸É¥³Ò. ’ ± Ö ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ³μ-
¦¥É ¡ÒÉÓ ´ °¤¥´  ± ± · ¡μÉ  Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¶μ ¶¥·¥´μ¸Ê § ·Ö¤  q ¸
³¨´¨³ ²Ó´μ£μ · ¸¸ÉμÖ´¨Ö rmin ´  ¡¥¸±μ´¥Î´μ¸ÉÓ:

U = A =

+∞∫
rmin

F dr =

+∞∫
rmin

qQ

r2

1
4πε0

dr = − qQ

4πε0

1
r

∣∣∣∣
+∞

rmin

=
qQ

4πε0

1
rmin

, (2.27)

£¤¥ Q Å § ·Ö¤, ¸μ¤¥·¦ Ð¨°¸Ö ¢ ¸Ë¥·¥ · ¤¨Ê¸  R0. ‡¤¥¸Ó ¸¶¥Í¨ ²Ó´μ ¶·¥¤-
¶μ² £ ¥É¸Ö, ÎÉμ rmin �= R0 ¶μ ¶·¨Î¨´¥, ±μÉμ· Ö ¡Ê¤¥É μ¶¨¸ ´  ´¨¦¥. �·¨
t → +∞ ¢¸Ö ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¤μ²¦´  ¶¥·¥Ìμ¤¨ÉÓ ¢ ±¨´¥É¨Î¥¸±ÊÕ
T = (mq[V s

max]2)/2. �·¨· ¢´¨¢ Ö ±¨´¥É¨Î¥¸±ÊÕ ¨ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ,
¶μ²ÊÎ¨³ Ëμ·³Ê²Ê ¤²Ö ³ ±¸¨³ ²Ó´μ° ¸±μ·μ¸É¨ V s

max, ¢Ò· ¦¥´´ÊÕ Î¥·¥§ ´ -
Î ²Ó´μ¥ ³¨´¨³ ²Ó´μ¥ · ¸¸ÉμÖ´¨¥ rmin:

qQ

4πε0

1
rmin

=
mq[V s

max]
2

2
⇒ V s

max =

√
qQ

2πε0mqrmin
. (2.28)

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ³¨´¨³ ²Ó´μ ¢μ§³μ¦´μ³ · ¸¸ÉμÖ´¨¨ rmin. ‚ ±² ¸¸¨-
Î¥¸±μ° Ô²¥±É·μ¤¨´ ³¨±¥ ¥¸ÉÓ ¶μ´ÖÉ¨¥ ®±² ¸¸¨Î¥¸±μ£μ · ¤¨Ê¸  Ô²¥±É·μ´ ¯
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(Š��). Š ± ¨§¢¥¸É´μ, ÔÉ  ¢¥²¨Î¨´  ¨³¥¥É ¢¨¤

r0 =
e2

4πε0mec2
, (2.29)

£¤¥ c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥. ”μ·³Ê²  (2.29) ¶μ²ÊÎ ¥É¸Ö ¨§ ¶·¨· ¢´¨¢ -
´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Ô²¥±É·μ´  ± Ô´¥·£¨¨ ¶μ±μÖ
Ô²¥±É·μ´  mec

2.
…¸²¨ · §³¥· ¸Ë¥·Ò R0, ¢ ±μÉμ·μ° ¸μ¤¥·¦¨É¸Ö § ·Ö¤ Q, §´ Î¨É¥²Ó´μ ¶·¥-

¢ÒÏ ¥É Š��, É. ¥. R0  r0, Éμ ¢ Ëμ·³Ê²¥ (2.29) ³μ¦´μ ¢§ÖÉÓ rmin = R0.
� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  R0 = r0 ¨ Q = q = e, Éμ£¤  ²μ£¨Î´μ ¢ ± Î¥¸É¢¥ ³¨-
´¨³ ²Ó´μ£μ · ¸¸ÉμÖ´¨Ö rmin ¢§ÖÉÓ 2r0, É ± ± ± ³¨´¨³ ²Ó´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
Í¥´É· ³¨ ¤¢ÊÌ μ¤¨´ ±μ¢ÒÌ ¸Ë¥· Å ¤¢  ¨Ì · ¤¨Ê¸ . �μ¤¸É ¢²ÖÖ rmin = 2r0

¢ Ëμ·³Ê²Ê (2.29) ¤²Ö ³ ±¸¨³ ²Ó´μ° ¸±μ·μ¸É¨ V s
max, ¶μ²ÊÎ¨³

V s
max = c. (2.30)

…¸²¨ Ëμ·³ ²Ó´μ ¶μ¤¸É ¢¨ÉÓ (2.30) ¢ (2.26), Éμ ¶μ²ÊÎ¨³

Rs =
R0

1 − V 2
s /c2

. (2.31)

Šμ´¥Î´μ, ¢Ò· ¦¥´¨¥ (2.31) ¶μ²ÊÎ¥´μ ¢ ¶·¥¤¶μ²μ¦¥´¨ÖÌ ±² ¸¸¨±¨ ¡¥§
ÊÎ¥É  ·¥²ÖÉ¨¢¨§³ . ’¥³ ´¥ ³¥´¥¥ Ë ±É ¸ÊÐ¥¸É¢μ¢ ´¨Ö ³ ±¸¨³ ²Ó´μ° ¸±μ-
·μ¸É¨ · ¸¶·μ¸É· ´¥´¨Ö Ë·μ´É  ¢μ²´Ò Ö¢²Ö¥É¸Ö ±μ··¥±É´Ò³. ‘ Ë¨§¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö ± ·É¨´  ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ ´ Î ²Ó´Ò° ³μ³¥´É
¢·¥³¥´¨ ¶²μÉ´μ¸ÉÓ § ·Ö¤  ¢ Ï ·¥ Ö¢²Ö¥É¸Ö ³ ±¸¨³ ²Ó´μ°. …¸²¨ ¶²μÉ´μ¸ÉÓ § -
·Ö¤  ¢¥²¨± , §´ Î¨É, ¨ ¸μ§¤ ¢ ¥³μ¥ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ É ±¦¥ ¢¥²¨±μ. …¸²¨
Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ ¢¥²¨±μ, ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¸¨²  ŠÊ²μ´ , ¤¥°¸É¢ÊÕÐ Ö ´ 
§ ·Ö¤Ò, ³ ±¸¨³ ²Ó´ . ‘¨²  ´ ¶·Ö³ÊÕ ¸¢Ö§ ´  ¸ Ê¸±μ·¥´¨¥³ Î¥·¥§ ¢Éμ·μ° § -
±μ´ �ÓÕÉμ´ . �μÔÉμ³Ê ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ § ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ
¨³¥ÕÉ ³ ±¸¨³ ²Ó´μ¥ Ê¸±μ·¥´¨¥. “¸±μ·¥´¨¥ ¶·¨¢μ¤¨É ± ·μ¸ÉÊ ¸±μ·μ¸É¨. �μ
³¥·¥ · ¸Ï¨·¥´¨Ö Ï ·  ¶²μÉ´μ¸ÉÓ § ·Ö¤  ¢ ´¥³ ¶ ¤ ¥É, ¸²¥¤μ¢ É¥²Ó´μ, Ê³¥´Ó-
Ï ¥É¸Ö ¸¨²  ŠÊ²μ´  ¨ Ê¸±μ·¥´¨¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ. ‚ ·¥§Ê²ÓÉ É¥ ¸±μ·μ¸ÉÓ
¢ÒÌμ¤¨É ´  ¶μ¸ÉμÖ´´μ¥ §´ Î¥´¨¥ V s

max, É ± ± ± Ê¸±μ·¥´¨Ö Ê¦¥ ¶μÎÉ¨ ´¥É.
�·μ¨²²Õ¸É·¨·Ê¥³ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ-

£μ ´ Î ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ § ·Ö¤  ρ0(r).
2.1.1. �¤´μ·μ¤´μ¥ · ¸¶·¥¤¥²¥´¨¥ ´ Î ²Ó´μ° ¶²μÉ´μ¸É¨ § ·Ö¤ . �Ê¸ÉÓ

¶²μÉ´μ¸ÉÓ ρ0(r) = const. � °¤¥³ λs(r) ¶·¨ ρs(R, 0) = ρ0 = const (§¤¥¸Ó
ÊÎÉ¥´μ, ÎÉμ R|t=0 = rPs (λ(r)t)|t=0 = r), ¶μ²ÊÎ¨³

γs(r) =
Q(r)
4πε0

q

m
=

ρ0

ε0

q

m

r∫
0

x2 dx =
ρ0

ε0

αr3

3
, (2.32)
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λs(r) =

√
2γs(r)
r3/2

=
√

2
3

αρ0

ε0
. (2.33)

ˆ§ ¢Ò· ¦¥´¨Ö (2.33) ¢¨¤´μ, ÎÉμ λs(r) ´¥ § ¢¨¸¨É μÉ r, É. ¥. Ö¢²Ö¥É¸Ö
¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´μ°. �μ¤¸É ¢¨¢ (2.33) ¢ (2.21), ¶μ²ÊÎ¨³

ρs(r, t) =
ρ0

P 3
s

(√
2
3

αρ0

ε0
t

) . (2.34)

‚Ò· ¦¥´¨¥ (2.34) § ¤ ¥É Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ μ¤´μ·μ¤´μ § ·Ö-
¦¥´´μ£μ ¢ ´ Î ²Ó´Ò° ³μ³¥´É Ï · . Š ± ¢¨¤´μ ¨§ (2.34), ¶²μÉ´μ¸ÉÓ § ·Ö¤ 
¢´ÊÉ·¨ Ï ·  μ¸É ¥É¸Ö μ¤´μ·μ¤´μ° (¶μ¸ÉμÖ´´μ°), É. ¥. ´¥ § ¢¨¸¨É μÉ ±μμ·¤¨-
´ ÉÒ,   § ¢¨¸¨É Éμ²Ó±μ μÉ ¢·¥³¥´¨. �  ·¨¸. 3 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ËÊ´±Í¨¨
¶²μÉ´μ¸É¨ § ·Ö¤  (2.34).

ƒ· Ë¨±¨ Ì · ±É¥·¨¸É¨± (2.10) ¤²Ö ¸²ÊÎ Ö μ¤´μ·μ¤´μ § ·Ö¦¥´´μ£μ Ï · 
¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 4. • · ±É¥·¨¸É¨±¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É

�¨¸. 3. �¢μ²ÕÍ¨Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤  ¤²Ö ¸²ÊÎ Ö μ¤´μ·μ¤´μ § ·Ö¦¥´´μ£μ Ï · 

�¨¸. 4. • · ±É¥·¨¸É¨±¨ ¤²Ö ¸²ÊÎ Ö μ¤´μ·μ¤´μ § ·Ö¦¥´´μ£μ Ï · 
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¸¤¥² ´´μ³Ê ¶·¥¤¶μ²μ¦¥´¨Õ μ ´¥¶¥·¥¸¥Î¥´¨¨ ¸Ë¥·¨Î¥¸±¨Ì ¸²μ¥¢ § ·Ö¦¥´´μ£μ
Ï · .

“· ¢´¥´¨¥ Ì · ±É¥·¨¸É¨± (2.10) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¡¥§ ËÊ´±Í¨¨ P ¢ ¢¨¤¥

√
2
3

αρ0

ε0
t =

⎛
⎝
√√√√(ρ0

ρs

)1/3
((

ρ0

ρs

)1/3

− 1

)
+ arcch

(
ρ0

ρs

)1/6
⎞
⎠ =

= F

((
ρ0

ρs

)1/3
)

. (2.35)

‚Ò· ¦¥´¨¥ (2.35) ¤ ¥É ¢ Ö¢´μ³ ¢¨¤¥ § ¢¨¸¨³μ¸ÉÓ ³¥¦¤Ê ¢·¥³¥´¥³ ¨ ¶²μÉ-
´μ¸ÉÓÕ § ·Ö¤  Ï · .

2.1.2. ‹μ£´μ·³ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ´ Î ²Ó´μ° ¶²μÉ´μ¸É¨ § ·Ö¤ . � ¸-
¸³μÉ·¨³ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ § ·Ö¤  ¶μ § ±μ´Ê

ρ0(r) =
Qtot

2πr2
ρn(2r), ρn(r) =

1√
2πσr

exp

[
− (ln (r) − μ)2

2σ2

]
, (2.36)

£¤¥ μ, σ, Qtot Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. � °¤¥³ Qs(R0), ¤²Ö ÔÉμ£μ ¶·μ¨´É¥-
£·¨·Ê¥³ ¢Ò· ¦¥´¨¥ (2.26) ¶μ μ¡Ñ¥³Ê Ï ·  · ¤¨Ê¸  R0, ¶μ²ÊÎ¨³

Qs(R0) = 4π

R0∫
0

x2 Qtot

2πx2

1√
2πσ2x

exp

[
− (ln (2x) − μ)2

2σ2

]
dx =

=
Qtot

2

(
1 + erf

(
ln (2R0) − μ

σ
√

2

))
, (2.37)

£¤¥ erf (x) = 2/
√

π
x∫
0

e−l2 dl. ˆ¸¶μ²Ó§ÊÖ (2.37), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö λs(r):

λs(r) =

√
2γs(r)
r3/2

=

√
αQtot

4πε0r3

(
1 + erf

(
ln (2r) − μ

σ
√

2

))
. (2.38)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (2.38) ¨ (2.36) ¢ Ëμ·³Ê²Ê (2.31), ¶μ²ÊÎ¨³ μ±μ´-
Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥, μ¶¨¸Ò¢ ÕÐ¥¥ Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤ ,
¤²Ö ¸²ÊÎ Ö ´ Î ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ § ·Ö¤  ¢ ¢¨¤¥ ´μ·³ ²Ó´μ£μ
²μ£ ·¨Ë³¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö.

“· ¢´¥´¨¥ Ì · ±É¥·¨¸É¨± (2.10) ¶·¨³¥É ¢¨¤

t =
R

3/2
0√

αQtot

4πε0

(
1 + erf

(
ln (2R0) − μ

σ
√

2

))
(√

R

R0

(
R

R0
− 1
)

+ arcch
√

R

R0

)
.

(2.39)
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�¨¸. 5. • · ±É¥·¨¸É¨±¨ ¤²Ö ¸²ÊÎ Ö ´μ·³ ²Ó´μ£μ ²μ£ ·¨Ë³¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö

�¨¸. 6. �¢μ²ÕÍ¨Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤  ¤²Ö ¸²ÊÎ Ö ´μ·³ ²Ó´μ£μ ²μ£ ·¨Ë³¨Î¥-
¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö

�  ·¨¸. 5 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ Ì · ±É¥·¨¸É¨± (2.39). ˆ§ ¸· ¢´¥´¨Ö
·¨¸. 4 ¨ 5 ¢¨¤´μ ¶·¨´Í¨¶¨ ²Ó´μ¥ μÉ²¨Î¨¥ ¢ ¶μ¢¥¤¥´¨¨ Ì · ±É¥·¨¸É¨±,   ¨³¥´-
´μ, ´  ·¨¸. 5 Ì · ±É¥·¨¸É¨±¨ ¶¥·¥¸¥± ÕÉ¸Ö. �  ·¨¸. 6 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨
¶²μÉ´μ¸É¨ § ·Ö¤  ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. �¥·¥¸¥Î¥´¨¥ Ì · ±É¥·¨¸É¨±
¶·¨¢μ¤¨É ± ¡¥¸±μ´¥Î´μ³Ê Ê¢¥²¨Î¥´¨Õ ¶²μÉ´μ¸É¨ § ·Ö¤  ¨ ± ¢μ§³μ¦´μ³Ê ¶μ-
Ö¢²¥´¨Õ Ê¤ ·´μ° ¢μ²´Ò.

�μÔÉμ³Ê ·¥Ï¥´¨¥ (2.31), ¶μ²ÊÎ¥´´μ¥ ¢ ¶·¥¤¶μ²μ¦¥´¨¨ ´¥¶¥·¥¸¥Î¥´¨Ö
¸Ë¥·¨Î¥¸±¨Ì ¸²μ¥¢ (¨²¨ Ì · ±É¥·¨¸É¨± (2.10)), ¨³¥¥É ¸³Ò¸² ¤μ ³μ³¥´É  ¢μ§-
´¨±´μ¢¥´¨Ö ¶¥·¥¸¥Î¥´¨Ö Ì · ±É¥·¨¸É¨± (¸³. ·¨¸. 5). �É³¥É¨³, ÎÉμ ¶μÌμ¦¨¥
£· Ë¨±¨ (¸³. ·¨¸. 3Ä6) ¶μ²ÊÎ ÕÉ¸Ö ¨ ¤²Ö Í¨²¨´¤·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ · ¸-
¶·¥¤¥²¥´¨°.

2.2. ƒ· ¢¨É Í¨μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥. � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê, ¸μ¸ÉμÖÐÊÕ
¨§ Î ¸É¨Í ¸ ³ ¸¸μ° m. �Ê¸ÉÓ ¨§¢¥¸É´  ´ Î ²Ó´ Ö ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö
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³ ¸¸Ò ρ0(r) É ±μ° ¸¨¸É¥³Ò. � Î ²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í ¢ ¸¨¸É¥³¥ ¸Î¨É ¥É¸Ö
· ¢´μ° ´Ê²Õ. 
Ê¤¥³ ·¥Ï ÉÓ § ¤ ÎÊ μ¡ Ô¢μ²ÕÍ¨¨ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò
ρ(r, t) Ê± § ´´μ° ¸¨¸É¥³Ò. ‚ ¸¨²Ê ¸¨³³¥É·¨¨ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò ´ 
Î ¸É¨ÍÒ, μ¡² ¤ ÕÐ¨¥ ³ ¸¸μ°, μ± §Ò¢ ¥É ¢²¨Ö´¨¥ Éμ²Ó±μ £· ¢¨É Í¨μ´´ Ö ¸¨² 
¶·¨ÉÖ¦¥´¨Ö, ´ ¶· ¢²¥´´ Ö ¶μ · ¤¨Ê¸Ê. �·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ¡Ê¤¥³ ¶·¥¤¶μ² -
£ ÉÓ, ÎÉμ ³ ¸¸μ¢Ò¥ ¸Ë¥·¨Î¥¸±¨¥ (Í¨²¨´¤·¨Î¥¸±¨¥) ¸²μ¨ ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨
³¥¦¤Ê ¸μ¡μ° ´¥ ¶¥·¥¸¥± ÕÉ¸Ö. ‡ ¶¨Ï¥³  ´ ²μ£ É¥μ·¥³Ò ƒ Ê¸¸  ¤²Ö £· ¢¨-
É Í¨μ´´μ£μ ¶μ²Ö. ‚ ± Î¥¸É¢¥ ´ ¶·Ö¦¥´´μ¸É¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¡Ê¤¥É
¢Ò¸ÉÊ¶ ÉÓ Ê¸±μ·¥´¨¥ g:

div G = −ρ, G = υ0g, υ0 =
1

4πkg
, (2.40)

£¤¥ kg Å £· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö �ÓÕÉμ´ . ˆ´É¥£·¨·ÊÖ (2.40) ¶μ μ¡Ñ¥³Ê
V ¸ ¶μ¢¥·Ì´μ¸ÉÓÕ S ¨ ¶·¨³¥´ÖÖ É¥μ·¥³Ê �¸É·μ£· ¤¸±μ£μÄƒ Ê¸¸ , ¶μ²ÊÎ¨³
É¥μ·¥³Ê ƒ Ê¸¸  ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö:∫

S

G ds = −
∫
V

ρ dω = −M, (2.41)

£¤¥ M Å ³ ¸¸ , ¸μ¤¥·¦ Ð Ö¸Ö ¢ μ¡Ñ¥³¥ V , μ£· ´¨Î¥´´μ³ ¶μ¢¥·Ì´μ¸ÉÓÕ S.
‚ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ³ ¸¸Ò ρs(r, t)
¢¥±Éμ· G ¡Ê¤¥É ¶¥·¶¥´¤¨±Ê²Ö·´Ò³ ± ¸Ë¥·¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ S, μ£· ´¨Î¨-
¢ ÕÐ¥° ´¥±μÉμ·ÊÕ ³ ¸¸Ê M . ‚ ·¥§Ê²ÓÉ É¥ Ëμ·³Ê²  (2.41) ¶·¨³¥É ¢¨¤

Gs(r, t) =
1
r2

r∫
0

ρs(x, t)x2 dx, Gc(r, t) =
1
r

r∫
0

ρc(x, t)xdx. (2.42)

‡ ¶¨Ï¥³ ¢Éμ·μ° § ±μ´ �ÓÕÉμ´  ¤²Ö ³ ¸¸Ò m, ´ Ìμ¤ÖÐ¥°¸Ö ´  ¶μ¢¥·Ì-
´μ¸É¨ Ï ·  · ¤¨Ê¸  R:

Rtt = −Gs(r, t)
υ0

= − 1
υ0R2

R∫
0

ρs(x, t)x2 dx,

(2.43)

Rtt = −Gc(r, t)
υ0

= − 1
υ0R

R∫
0

ρc(x, t)xdx.

‡´ ± ®−¯ Ê± §Ò¢ ¥É ´  ¤¢¨¦¥´¨¥ ± ´ Î ²Ê ±μμ·¤¨´ É. ’ ± ± ± ¸Ë¥·¨Î¥¸±¨¥
(Í¨²¨´¤·¨Î¥¸±¨¥) ¸²μ¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö, Éμ ³ ¸¸ , ¸μ¤¥·¦ Ð Ö¸Ö ¢ Ï ·¥ (Í¨-
²¨´¤·¥) · ¤¨Ê¸  R0 = R(t = 0), μ¸É ¥É¸Ö ´¥¨§³¥´´μ° ´  ¶·μÉÖ¦¥´¨¨ ¢¸¥£μ
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¤¢¨¦¥´¨Ö. ‚¥²¨Î¨´  É ±μ° ³ ¸¸Ò ³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¶μ Ëμ·³Ê²¥

Ms(R0) = 4π

R0∫
0

ρs(x, 0)x2 dx = 4π

R(t)∫
0

ρs(x, t)x2 dx,

(2.44)

Mc(R0) = 2π

R0∫
0

ρc(x, 0)xdx = 2π

R(t)∫
0

ρc(x, t)xdx.

“Î¨ÉÒ¢ Ö (2.44), ¢Ò· ¦¥´¨Ö (2.43) ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

R̈ = −Ms(R0)
4πυ0

1
R2

, R̈ = −Mc(R0)
2πυ0

1
R

. (2.45)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ § ¤ Î¨ ŠμÏ¨ ¤²Ö ËÊ´±Í¨° R(t):⎧⎪⎪⎨
⎪⎪⎩

R̈ = −γs
1

R2
,

R|t=0 = R0,

Ṙ|t=0 = 0,

⎧⎪⎪⎨
⎪⎪⎩

R̈ = −γc
1
R

,

R|t=0 = R0,

Ṙ|t=0 = 0,

(2.46)

£¤¥ γs = Ms(R0)/(4πυ0), γc = Mc(R0)/(2πυ0) Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò.
�¥Ï¥´¨¥ § ¤ Î (2.46) ¨Ð¥É¸Ö  ´ ²μ£¨Î´μ, ± ± ¤²Ö ¸²ÊÎ Ö Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö.
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö Ì · ±É¥·¨¸É¨± ¢¨¤  (2.10), £¤¥ ËÊ´±Í¨¨ F
¨ λ ¨³¥ÕÉ ¢¨¤

Fs(x) =
√

x (1 − x) + arccos
√

x, Fc(x) =
√

π

2
erf

(√
ln

1
x

)
,

(2.47)

λs(R0) =

√
2γs (R0)

R
3/2
0

, λc(r) =

√
2γc(r)
2R

.

„²Ö ´ Ìμ¦¤¥´¨Ö Ô¢μ²ÕÍ¨¨ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¶μ  ´ ²μ£¨¨ ¸ Ô²¥±É·¨-
Î¥¸±¨³ ¶μ²¥³ μÍ¥´¨³ ¢¥²¨Î¨´Ê ΔM/ΔR. ΔM Å ÔÉμ ³ ¸¸  ³¥¦¤Ê ¤¢Ê³Ö
¸Ë¥·¨Î¥¸±¨³¨ (Í¨²¨´¤·¨Î¥¸±¨³¨) ¸²μÖ³¨ ¸ · ¤¨Ê¸ ³¨ r ¨ r + Δr ¸μμÉ¢¥É-
¸É¢¥´´μ. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

ρs(r, t) =
1

P 2
s (λs(r)t)

ρ0(r)[
Ps(λs(r)t) − t

√
d
1−Ps(λs(r)t)
Ps(λs(r)t)

[
ρ0(r)

υ0λs(r)
− 3

2
λs(r)

]] ,

(2.48)

ρc(r, t) =
1

Pc(λc(r)t)
ρ0(r)[

Pc(λc(r)t) − 2t

√
ln

1
Pc(λc(r)t)

[
ρ0(r)

4υ0λc(r)
− λc(r)

]] ,
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£¤¥ ρ(r, t) = ρ(rP (λ(r)t), t). ”μ·³Ê²  (2.48) § ¤ ¥É Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ-
´μ¸É¨ ³ ¸¸Ò ¸ ´ Î ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ρ0(r) ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¸Ë¥·¨Î¥-
¸±¨¥ (Í¨²¨´¤·¨Î¥¸±¨¥) ¸²μ¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö.

„²Ö ¸±μ·μ¸É¨ ¸¶· ¢¥¤²¨¢Ò  ´ ²μ£¨Î´Ò¥ (2.22) ¸μμÉ´μÏ¥´¨Ö

d

dt
Rs(t) = Vs(t) = −R0λs

√
1 − Ps (λst)

Ps (λst)
,

(2.49)

d

dt
Rc(t) = Vc(t) = −R0λc2

√
ln

1
Pc (λct)

.

� ¸¸³μÉ·¨³ Î ¸É´Ò¥ ¸²ÊÎ ¨ ´ Î ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° ¶²μÉ´μ¸É¨ ³ ¸¸Ò
ρ0(r), ¨ ¶μ²ÊÎ¨³ ¤²Ö ´¨Ì Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ρs(r, t).

2.2.1. �¤´μ·μ¤´μ¥ · ¸¶·¥¤¥²¥´¨¥ ´ Î ²Ó´μ° ¶²μÉ´μ¸É¨ ³ ¸¸Ò. �Ê¸ÉÓ
¶²μÉ´μ¸ÉÓ ρ0 = const. � °¤¥³ λs(r) ¶·¨ ρs(r, 0) = ρ0 = const (§¤¥¸Ó ÊÎÉ¥´μ,
ÎÉμ R|t=0 = rPs(λs(r)t)|t=0 = r), ¶μ²ÊÎ¨³

γs(r) =
M(r)
4πυ0

=
ρ0

υ0

r∫
0

x2 dx =
ρ0

υ0

r3

3
, λs(r) =

√
2γs(r)
3/2

=
√

2
3

ρ0

υ0
. (2.50)

ˆ§ ¢Ò· ¦¥´¨Ö (2.50) ¢¨¤´μ, ÎÉμ λs(r) ´¥ § ¢¨¸¨É μÉ r, É. ¥. Ö¢²Ö¥É¸Ö
¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´μ°. �μ¤¸É ¢¨¢ (2.50) ¢ (2.9), ¶μ²ÊÎ¨³

ρs(r, t) =
ρ0(r)

P 3
s

(√
2
3

ρ0

υ0
t

) . (2.51)

‚Ò· ¦¥´¨¥ (2.51) § ¤ ¥É Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò Ï ·  ¸ ´ -
Î ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ρ0 = const. Š ± ¢¨¤´μ ¨§ (2.51), ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò
¢´ÊÉ·¨ Ï ·  μ¸É ¥É¸Ö μ¤´μ·μ¤´μ° (¶μ¸ÉμÖ´´μ°), É. ¥. ´¥ § ¢¨¸¨É μÉ ±μμ·¤¨-
´ ÉÒ,   § ¢¨¸¨É Éμ²Ó±μ μÉ ¢·¥³¥´¨. �  ·¨¸. 7 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶²μÉ´μ¸É¨
³ ¸¸Ò (2.51).

ƒ· Ë¨±¨ Ì · ±É¥·¨¸É¨± ¤²Ö ¸²ÊÎ Ö μ¤´μ·μ¤´μ£μ Ï ·  ¶·¥¤¸É ¢²¥´Ò ´ 
·¨¸. 8. ‚¨¤´μ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ´¥±μÉμ·Ò° ³μ³¥´É ¢·¥³¥´¨ T0=π/2

√
3υ0/2ρ0,

±μ£¤  ¢¸¥ ¸²μ¨ ¸μ¡¥·ÊÉ¸Ö ¢ Í¥´É·¥ Ï · . „μ ³μ³¥´É  T0 ¸²μ¨ ³¥¦¤Ê ¸μ¡μ° ´¥
¶¥·¥¸¥± ÕÉ¸Ö ¨ ·¥Ï¥´¨¥ (2.12) ¨³¥¥É ¸³Ò¸².

“· ¢´¥´¨¥ Ì · ±É¥·¨¸É¨± ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¡¥§ ËÊ´±Í¨¨ P ¢ ¢¨¤¥√
2
3

ρ0

υ0
t =

⎛
⎝
√√√√(ρ0

ρs

)1/3
(

1 −
(

ρ0

ρs

)1/3
)

+ arccos
(

ρ0

ρs

)1/6
⎞
⎠ =

= F

((
ρ0

ρs

)1/3
)

. (2.52)
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�¨¸. 7. �¢μ²ÕÍ¨Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¤²Ö ¸²ÊÎ Ö μ¤´μ·μ¤´μ£μ Ï · 

�¨¸. 8. • · ±É¥·¨¸É¨±¨ ¤²Ö ¸²ÊÎ Ö μ¤´μ·μ¤´μ£μ Ï · 

‚Ò· ¦¥´¨¥ (2.52) ¤ ¥É ¢ Ö¢´μ³ ¢¨¤¥ § ¢¨¸¨³μ¸ÉÓ ³¥¦¤Ê ¢·¥³¥´¥³ ¨ ¶²μÉ-
´μ¸ÉÓÕ ³ ¸¸Ò Ï · .

2.2.2. ‹μ£´μ·³ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ´ Î ²Ó´μ° ¶²μÉ´μ¸É¨ ³ ¸¸Ò. � ¸-
¸³μÉ·¨³ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¢´ÊÉ·¨ Ï ·  ¶μ § ±μ´Ê

ρ0(r) =
Mtot

2πr2
ρn(2r), ρn(r) =

1√
2πσr

exp
[
− (ln (r) − μ)2

2σ2

]
, (2.53)

£¤¥ μ, σ, Mtot Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. � °¤¥³ Ms(R0), ¤²Ö ÔÉμ£μ ¶·μ¨´É¥-
£·¨·Ê¥³ ¢Ò· ¦¥´¨¥ (2.53) ¶μ μ¡Ñ¥³Ê Ï ·  · ¤¨Ê¸  R0, ¶μ²ÊÎ¨³

Ms(R0) = 4π

R0∫
0

x2 Mtot

2πx2

1√
2πσ2x

exp
[
− (ln (2x) − μ)2

2σ2

]
dx =

=
Mtot

2

(
1 + erf

(
ln (2R0) − μ

σ
√

2

))
, (2.54)
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£¤¥ erf (x) = 2/
√

π
x∫
0

e−l2 dl. ˆ¸¶μ²Ó§ÊÖ (2.54), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö λs(r):

λs(r) =

√
2γs(r)
r3/2

=

√
Mtot

4πυ0r3

(
1 + erf

(
ln (2r) − μ

σ
√

2

))
. (2.55)

�μ¤¸É ¢²ÖÖ (2.55) ¨ (2.53) ¢ Ëμ·³Ê²Ê (2.48), ¶μ²ÊÎ¨³ μ±μ´Î É¥²Ó´μ¥
¢Ò· ¦¥´¨¥, μ¶¨¸Ò¢ ÕÐ¥¥ Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò, ¤²Ö ¸²ÊÎ Ö
´ Î ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ¢ ¢¨¤¥ ´μ·³ ²Ó´μ£μ ²μ£ ·¨Ë³¨Î¥¸±μ£μ
· ¸¶·¥¤¥²¥´¨Ö. “· ¢´¥´¨¥ Ì · ±É¥·¨¸É¨± ¶·¨³¥É ¢¨¤

t =
R

3/2
0√

Mtot

4πυ0

(
1 + erf

(
ln (2R0) − μ

σ
√

2

))
(√

R

R0

(
1 − R

R0

)
+ arccos

√
R

R0

)
.

(2.56)

�¨¸. 9. • · ±É¥·¨¸É¨±¨ ¤²Ö ¸²ÊÎ Ö ´μ·³ ²Ó´μ£μ ²μ£ ·¨Ë³¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö

�¨¸. 10. �¢μ²ÕÍ¨Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¤²Ö ¸²ÊÎ Ö ´μ·³ ²Ó´μ£μ ²μ£ ·¨Ë³¨Î¥-
¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö
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�  ·¨¸. 9 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ Ì · ±É¥·¨¸É¨± (2.56). ˆ§ ¸· ¢´¥´¨Ö
·¨¸. 8 ¨ 9 ¢¨¤¥´ · §´Ò° Ì · ±É¥· ¶μ¢¥¤¥´¨Ö Ì · ±É¥·¨¸É¨±. �  ·¨¸. 9 Ì · ±-
É¥·¨¸É¨±¨ ¶¥·¥¸¥± ÕÉ¸Ö ´¥ ¢ Í¥´É·¥ Ï · ,   ´  ´¥±μÉμ·μ³ · ¤¨Ê¸¥.

�  ·¨¸. 10 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ
¢·¥³¥´¨. �¥·¥¸¥Î¥´¨¥ Ì · ±É¥·¨¸É¨± ¶·¨¢μ¤¨É ± ¡¥¸±μ´¥Î´μ³Ê Ê¢¥²¨Î¥´¨Õ
¶²μÉ´μ¸É¨ ³ ¸¸Ò ´  ´¥±μÉμ·μ³ ¸Ë¥·¨Î¥¸±μ³ ¸²μ¥. �μÔÉμ³Ê ·¥Ï¥´¨¥ (2.9),
¶μ²ÊÎ¥´´μ¥ ¢ ¶·¥¤¶μ²μ¦¥´¨¨ ´¥¶¥·¥¸¥Î¥´¨Ö ¸Ë¥·¨Î¥¸±¨Ì ¸²μ¥¢, ¨³¥¥É ¸³Ò¸²
¤μ ³μ³¥´É  ¢μ§´¨±´μ¢¥´¨Ö ¶¥·¥¸¥Î¥´¨Ö Ì · ±É¥·¨¸É¨± (¸³. ·¨¸. 9).

2.3. �¥Ï¥´¨¥ ¢ ¢¨¤¥ Ê¤ ·´μ° ¢μ²´Ò ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . ”Ê´±-
Í¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤ /³ ¸¸Ò (2.21), (2.48) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ËÊ´±Í¨¨
¸±μ·μ¸É¥° (2.22), (2.49), ¶μ²ÊÎ¥´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶μ¤· §¤¥²¥, ± ± ¡Ò²μ
¸± § ´μ · ´¥¥ [1], Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ¢ Í¥¶μÎ±¥ ‚² -
¸μ¢  (2.2). ”Ê´±Í¨¨ ¶²μÉ´μ¸É¨ ρ(r, t) § ·Ö¤ /³ ¸¸Ò ¶·¨μ¡·¥É ÕÉ ¸³Ò¸² ËÊ´±-
Í¨° ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° f(r, t). ”Ê´±Í¨¨ § ·Ö¤  Q(r, t)
¨ ³ ¸¸Ò M(r, t) ¶·¨μ¡·¥É ÕÉ ¸³Ò¸² ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥°
F (r, t). ‚ · ¸¸³μÉ·¥´´ÒÌ ¶·¨³¥· Ì ´¥μ¡Ìμ¤¨³μ ¶μ²μ¦¨ÉÓ ¢¥²¨Î¨´Ê ¶μ²´μ£μ
§ ·Ö¤ /³ ¸¸Ò Qtot/Mtot · ¢´μ° ¥¤¨´¨Í¥, ÎÉμ ¤²Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¸μμÉ¢¥É-
¸É¢Ê¥É Ê¸²μ¢¨Õ ´μ·³¨·μ¢±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ(r, t).

‘±μ·μ¸É¨ É¥Î¥´¨Ö § ·Ö¤ /³ ¸¸Ò ¶μ²ÊÎ ÕÉ É· ±Éμ¢±Ê ¸±μ·μ¸É¨ ¶μÉμ±  ¢¥-
·μÖÉ´μ¸É¥° 〈v〉(r, t) ¢ ¶¥·¢μ³ Ê· ¢´¥´¨¨ ‚² ¸μ¢ . ‘±μ·μ¸É¨ V (t) ¸μμÉ¢¥É-
¸É¢ÊÕÉ ±μ´Í¥´É·¨Î¥¸±¨³ ¸²μÖ³, É· ¥±Éμ·¨Ö ¤¢¨¦¥´¨Ö ±μÉμ·ÒÌ μ¶¨¸Ò¢ ¥É¸Ö
Ê· ¢´¥´¨Ö³¨ Ì · ±É¥·¨¸É¨± (2.10). ‡´ Ö V (t) ¨ Ê· ¢´¥´¨Ö Ì · ±É¥·¨¸É¨±
R(t), ³μ¦´μ ´ °É¨ ¶μ²¥ ¸±μ·μ¸É¥° 〈v〉(r, t). � ¶·¨³¥·, ¤²Ö ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¸ Ô²¥±É·¨Î¥¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ (2.10), (2.22)

r(R0, t) = R0P (λ(R0)t) ⇒ G(r, t) det= R0,

u(R0, t)
det= R0λs(R0)

√
Ps(λs(R0)t) − 1

Ps(λs(R0)t)
, (2.57)

〈v〉(r, t) = u(G(r, t), t) er.

’ ± ± ± ¢ · ¸¸³ É·¨¢ ¥³μ³ ¶·¨³¥·¥ ¶μÉμ± § ·Ö¤  Ö¢²Ö¥É¸Ö ¡¥§¢¨Ì·¥¢Ò³,
Éμ ¢ ¶·¥¤¸É ¢²¥´¨¨ (2.1) ¡Ê¤¥É μÉ¸ÊÉ¸É¢μ¢ ÉÓ ¢¨Ì·¥¢ Ö ±μ³¶μ´¥´É  ¸±μ·μ-
¸É¨ A. ‘²¥¤μ¢ É¥²Ó´μ, ¨§ (2.1), (2.5) ¤²Ö ¸±μ·μ¸É¨ 〈v〉(r, t) ¸¶· ¢¥¤²¨¢μ
¶·¥¤¸É ¢²¥´¨¥

〈v〉(r, t) = −α∇Φ(r, t) = −2α∇ϕ(r, t). (2.58)

“Î¨ÉÒ¢ Ö (2.57) ¨ ¨´É¥£·¨·ÊÖ (2.58) ¶μ · ¤¨Ê¸Ê, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ Ë §Ê
¢μ²´μ¢μ° ËÊ´±Í¨¨ ϕ(r, t), ±μÉμ· Ö Ö¢²Ö¥É¸Ö ¸± ²Ö·´Ò³ ¶μÉ¥´Í¨ ²μ³ ¸±μ-
·μ¸É¨ ¢¥·μÖÉ´μ¸É´μ£μ ¶μÉμ±  〈v〉(r, t). �  ·¨¸. 11 ¶μ± § ´μ ´ °¤¥´´μ¥ ¶μ
Ëμ·³Ê²¥ (2.57) · ¸¶·¥¤¥²¥´¨¥ ¸±μ·μ¸É¨ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° 〈v〉(r, t) ¢¤μ²Ó
· ¤¨Ê¸  ¢´ÊÉ·¨ Ï ·  ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. � Î ²Ó´μ¥ · ¸¶·¥¤¥²¥-
´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ f0(r) = ρ0(r) ¨ ¸μμÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ ¸ Ê¤ ·´μ°



’�—�� �…˜�…Œ›… Œ�„…‹ˆ „‹Ÿ �…�‚�ƒ� “��‚�…�ˆŸ ‚‹�‘�‚� 1063

�¨¸. 11. ‘±μ·μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥°

�¨¸. 12. ‘± ²Ö·´Ò° ¶μÉ¥´Í¨ ² ¸±μ·μ¸É¨ ¢¥·μÖÉ´μ¸É´μ£μ ¶μÉμ± 

¢μ²´μ° (2.36). ‚¨¤´μ, ÎÉμ c É¥Î¥´¨¥³ ¢·¥³¥´¨ Ë·μ´É ¸É ´μ¢¨É¸Ö ¢¥·É¨± ²Ó-
´Ò³, ÎÉμ Ö¢²Ö¥É¸Ö Ì · ±É¥·´Ò³ ¤²Ö Ê¤ ·´μ° ¢μ²´Ò.

�  ·¨¸. 12 ¶μ± § ´μ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ · ¸¶·¥¤¥²¥´¨¥ Ë §Ò ϕ(r, t) ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ ¨²¨ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ±μÔËË¨Í¨¥´É  ¸± ²Ö·´μ£μ ¶μÉ¥´Í¨ ² 
¸±μ·μ¸É¨ 〈v〉(r, t).

‡´ Ö Ë §Ê ϕ(r, t) ¨ ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f(r, t) = ρ(r, t),
³μ¦´μ ´ °É¨ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ(r, t) ± ± Ψ(r, t) =

√
f(r, t) eiϕ(r,t).

�  ·¨¸. 13 ¶μ± § ´ £· Ë¨± ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤μ ³μ³¥´É  ¢μ§´¨±´μ¢¥´¨Ö
Ê¤ ·´μ° ¢μ²´Ò. �É³¥É¨³, ÎÉμ ËÊ´±Í¨Ö Ψ(r, t) ´¥ Ö¢²Ö¥É¸Ö μ¤´μ²¨¸É´μ°.

�μ Ëμ·³Ê²¥ (2.4) ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¶μÉ¥´Í¨ ² U(r, t), ¢Ìμ¤ÖÐ¨° ¢ Ê· ¢-
´¥´¨¥ ˜·¥¤¨´£¥·  (2.3). �  ·¨¸. 14 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ U(r, t) ¢¤μ²Ó
· ¤¨Ê¸  ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨.

�  ·¨¸. 15, 16 ¶·¥¤¸É ¢²¥´Ò ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° F (r, t)
¤²Ö ¤¢ÊÌ ¸²ÊÎ ¥¢ ´ Î ²Ó´μ° ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° f0(r).
�¨¸. 15 ¸μμÉ¢¥É¸É¢Ê¥É ´ Î ²Ó´μ³Ê · ¸¶·¥¤¥²¥´¨Õ f0(r) = const ¡¥§ Ê¤ ·-
´μ° ¢μ²´Ò,   ·¨¸. 16 Å ´ Î ²Ó´μ³Ê · ¸¶·¥¤¥²¥´¨Õ (2.36) ¸ Ê¤ ·´μ° ¢μ²-
´μ°. �¨¸. 15, 16 ¨²²Õ¸É·¨·ÊÕÉ Ô¢μ²ÕÍ¨Õ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ-
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�¨¸. 13. �¢μ²ÕÍ¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨

�¨¸. 14. �¢μ²ÕÍ¨Ö ¶μÉ¥´Í¨ ² 

¸É¥° μÉ ¢·¥³¥´¨. �  μ¡μ¨Ì ·¨¸Ê´± Ì ¸¶²μÏ´Ò³¨ ²¨´¨Ö³¨ ¶μ± § ´Ò £· Ë¨±¨
Ì · ±É¥·¨¸É¨± (2.10), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²¨Î´Ò³ ±μ´Í¥´É·¨Î¥¸±¨³ ¸²μÖ³.

�É³¥É¨³, ÎÉμ ±·¨¢Ò¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ì · ±É¥·¨¸É¨± ³, ¶μ²´μ¸ÉÓÕ ¶·¨-
´ ¤²¥¦ É ¶μ¢¥·Ì´μ¸É¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° F (r, t). ’¥³ ¸ -
³Ò³ ¶μ¢¥·Ì´μ¸ÉÓ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° ¶μ²´μ¸ÉÓÕ ®¸μ¸Éμ¨É¯
¨§ É ±¨Ì ±·¨¢ÒÌ [12].

‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö Ê· ¢´¥´¨Ö Ì · ±É¥·¨¸É¨± Ö¢²ÖÕÉ¸Ö ±² ¸¸¨-
Î¥¸±¨³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ±μ´Í¥´É·¨Î¥¸±¨Ì ¸²μ¥¢. ‘ £¥μ³¥É·¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö ¨§ É ±¨Ì ±·¨¢ÒÌ μ¡· §μ¢ ´  ¶μ¢¥·Ì´μ¸ÉÓ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥-
´¨Ö ¢¥·μÖÉ´μ¸É¥°. �μ²ÊÎ ¥É¸Ö, ÎÉμ, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¶·¥¤¸É ¢²¥´μ ¤¥É¥·³¨-
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�¨¸. 15. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥°. ‘²ÊÎ ° ¡¥§ Ê¤ ·´μ° ¢μ²´Ò

�¨¸. 16. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥°. ‘²ÊÎ ° ¸ Ê¤ ·´μ° ¢μ²´μ°

´¨¸É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ Ô¢μ²ÕÍ¨¨ ¶²μÉ´μ¸É¨ § ·Ö¤ /³ ¸¸Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨¸¶μ²Ó§μ¢ ´μ ¢¥·μ-
ÖÉ´μ¸É´μ¥ μ¶¨¸ ´¨¥ Î¥·¥§ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥°. �¤´ ±μ ¨
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¢ Éμ³, ¨ ¢ ¤·Ê£μ³ ¸²ÊÎ ¥ ¸ ÉμÎ±¨ §·¥´¨Ö £¥μ³¥É·¨¨ ¨³¥¥É¸Ö μ¤´  ¨ Éa ¦¥
¶μ¢¥·Ì´μ¸ÉÓ, ±μÉμ·ÊÕ ³μ¦´μ É· ±Éμ¢ ÉÓ ²¨¡μ ± ± ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö
¢¥·μÖÉ´μ¸É¥°, ²¨¡μ ± ± ´ ¡μ· ±² ¸¸¨Î¥¸±¨Ì É· ¥±Éμ·¨° ¤¢¨¦¥´¨Ö (Ì · ±É¥-
·¨¸É¨±).

�É³¥É¨³, ÎÉμ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ F (r, t) (¨²¨ § ·Ö-
¤ /³ ¸¸Ò) Ê¤μ¢²¥É¢μ·Ö¥É ¸²¥¤ÊÕÐ¥° ´ Î ²Ó´μ-±· ¥¢μ° § ¤ Î¥:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂F (r, t)
∂t

+ v(r, t)
∂F (r, t)

∂r
= 0,

∂v(r, t)
∂t

+ v(r, t)
∂v(r, t)

∂r
= κ · S(r) · F (r, t),

v(r, t)|t=0 = 0,

F (r, t)|t=0 = F0(r),

(2.59)

£¤¥

S(r) =

⎧⎪⎨
⎪⎩

1
r2

, ¸Ë¥· ,

1
r
, ¡¥¸±μ´¥Î´Ò° Í¨²¨´¤·,

(2.60)

F (r, t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4π

r∫
0

x2f(x, t) dx, ¸Ë¥· ,

2π

r∫
0

xf(x, t) dx, ¡¥¸±μ´¥Î´Ò° Í¨²¨´¤·.

‚ § ¢¨¸¨³μ¸É¨ μÉ É¨¶  Ë¨§¨Î¥¸±μ° § ¤ Î¨ ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´  κ ¶·¨-
´¨³ ¥É §´ Î¥´¨Ö:

κ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

α2

ε0
, ¸²ÊÎ ° a (Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥),

− 1
υ0

= −4πkg, ¸²ÊÎ ° ¡ (£· ¢¨É Í¨μ´´μ¥ ¶μ²¥),

α2

ε0
− 1

υ0
=

1
ε0

(α2 − α2
0), α0 =

√
ε0

υ0
, ¸²ÊÎ ° ¢ (Ô²¥±É·¨Î¥¸±μ¥

¨ £· ¢¨É Í¨μ´´μ¥ ¶μ²Ö).

3. Œ…’�„ �…‹ˆ�…‰��ƒ� �’�	��†…�ˆŸ ‹…†��„��

‚ · §¤. 1 ³¥¦¤Ê ¶¥·¢Ò³ Ê· ¢´¥´¨¥³ ‚² ¸μ¢  ¨ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· 
¡Ò²  Ê¸É ´μ¢²¥´  ¸É·μ£ Ö ³ É¥³ É¨Î¥¸± Ö ¸¢Ö§Ó. ‚ ÔÉμ³ · §¤¥²¥ · ¸¸³ É·¨-
¢ ¥É¸Ö ´¥²¨´¥°´μ¥ μÉμ¡· ¦¥´¨¥ Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¢ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥,
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·¥Ï¥´¨Ö ±μÉμ·μ£μ ³μ¦´μ ´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥. ’ ±μ° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É ¶μ-
¸É·μ¨ÉÓ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

3.1. Œ¥Éμ¤ ¶μ¸É·μ¥´¨Ö ·¥Ï¥´¨Ö. Š ± ¶· ¢¨²μ, Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 
¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¶¨¸ ´¨Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ [34]. �¤´ ±μ ÉμÉ Ë ±É, ÎÉμ
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´μ ± Ê· ¢´¥´¨Õ ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö
ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ f(r, t), £μ¢μ·¨É μ ¢μ§³μ¦´μ¸É¨ ¨¸¶μ²Ó§μ¢ ÉÓ
¥£μ ¶·¨ μ¶¨¸ ´¨¨ ±² ¸¸¨Î¥¸±¨Ì ¸¨¸É¥³ ³¥Ì ´¨±¨ ¸¶²μÏ´ÒÌ ¸·¥¤ [31, 32, 35].

�·¨ · ¸¸³μÉ·¥´¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ μ¡ÒÎ´μ ¢Ò¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ Ö ¶μ-
¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¤¥°¸É¢¨° [36Ä39]:

Å § ¤ ¥É¸Ö ¶μÉ¥´Í¨ ² U(r, t), ¢Ìμ¤ÖÐ¨° ¢ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· ,  
É ±¦¥ ´ Î ²Ó´Ò¥ ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ(r, t);

Å ·¥Ï ¥É¸Ö Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¨ ´ Ìμ¤¨É¸Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö, ±μ-
Éμ· Ö ¤ ¥É ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f(r, t) = |Ψ(r, t)|2;

Å §´ Ö ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ = |Ψ| eiϕ, ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¢¥±Éμ·´μ¥ ¶μ²¥
¶²μÉ´μ¸É¨ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° J = f〈v〉 = (−i�/2m)(Ψ̄∇Ψ − Ψ∇Ψ̄);

Å μ¶·¥¤¥²Ö¥É¸Ö ±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² Q(r, t) = −�
2/2mΔ|Ψ|/|Ψ|, ¨¸-

¶μ²Ó§Ê¥³Ò° ¢ É¥μ·¨¨ ®¢μ²´Ò-¶¨²μÉ ¯ ¤¥ 
·μ°²ÖÄ
μ³  [16, 17];
Å ´ Ìμ¤¨É¸Ö ®±² ¸¸¨Î¥¸±¨°¯ ¶μÉ¥´Í¨ ² eχ = U + Q, ¢Ìμ¤ÖÐ¨° ¢ Ê· ¢-

´¥´¨¥ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ −�ϕt = (m |〈v〉|2/2) + eχ (¸³. · §¤. 1).
‚ ·¥§Ê²ÓÉ É¥ ³μ¦´μ ´ °É¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ®±² ¸¸¨Î¥¸±μ£μ  ´ -

²μ£ ¯ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò (¸³. · §¤. 1).
‚ · §¤. 1 · ¸¸³μÉ·¥´  μ¡· É´ Ö § ¤ Î , É. ¥. ¶μ¸É·μ¥´¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥-

´¨Ö ˜·¥¤¨´£¥·  ¨§ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨. ˆ§´ Î ²Ó´μ § ¤ ¥É¸Ö
¢¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥° ¸¶²μÏ´μ° ¸·¥¤Ò 〈v〉(r, t) ¨ ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨
¢¥·μÖÉ´μ¸É¥° f0(r) = f(r, t0) Éμ²Ó±μ ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ t0. �μ
¤ ´´μ° ¨´Ëμ·³ Í¨¨ ´ Ìμ¤ÖÉ¸Ö ¶μÉ¥´Í¨ ²Ò U ¨ Q, Ë §  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ϕ
¨ ¸ ³  ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ. ’¥³ ¸ ³Ò³ ¶μ²ÊÎ ¥É¸Ö ®±¢ ´Éμ¢Ò°  ´ ²μ£¯
±² ¸¸¨Î¥¸±μ° ¸¨¸É¥³Ò.

‚ ¤ ´´μ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶μÌμ¦ Ö μ¡· É´ Ö § ¤ Î , ´μ ¶·¨ ÔÉμ³
§ ¤ ´μ ´¥ ¢¥±Éμ·´μ¥ ¶μ²¥ 〈v〉,   § ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ-
¸É¨ f μÉ ³μ¤Ê²Ö ¶μ²Ö ¸±μ·μ¸É¥° |〈v〉|, É. ¥. f = f(|〈v〉|). ‘ ³μ ¦¥ ¶μ²¥
¸±μ·μ¸É¥° 〈v〉 ¸Î¨É ¥É¸Ö ´¥¨§¢¥¸É´Ò³. ‚¥±Éμ·´μ¥ ¶μ²¥ 〈v〉 ¶·¥¤¶μ² £ ¥É¸Ö
¸É Í¨μ´ ·´Ò³ ¨ ¤¢Ê³¥·´Ò³, É. ¥. 〈v〉 = 〈v〉(x, y).

� ¸¸³μÉ·¨³ ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¢¨¤ 

f(x, y) = C exp
(
−|〈v〉(x, y)|2

2σ2

)
det= f(|〈v〉(x, y)|),

(3.1)

S(x, y) = ln f(x, y) = ln f(|〈v〉|) det= S(|〈v〉|) = c − |〈v〉(x, y)|2
2σ2

,
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£¤¥ c, C, σ Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. 
Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ μÉ¸ÊÉ¸É¢¨¥ ¢¨Ì·¥-
¢μ£μ ¶μÉμ±  A ¢ ¶·¥¤¸É ¢²¥´¨¨ (1.4), É. ¥.

〈v〉(x, y) = −α∇Φ(x, y). (3.2)

‘ ÊÎ¥Éμ³ (3.1) ¨ (3.2) Ê· ¢´¥´¨¥ (1.1) ¶·¨³¥É ¢¨¤

div [f(|α∇Φ(x, y)|)∇Φ(x, y)] = 0,

[
|∇Φ| + |α|Φ2

xS′(|α∇Φ|)
]
Φxx + 2|α|ΦxΦyS′(|α∇Φ|)Φxy +

+
[
|∇Φ| + |α|Φ2

yS′(|α∇Φ|)
]
Φyy = 0;

ÊÎ¨ÉÒ¢ Ö, ÎÉμ S′(|α∇Φ|) = (−|α|/σ2)|∇Φ|, ¶μ²ÊÎ ¥³[
1 − α2

σ2
Φ2

x

]
Φxx − 2

α2

σ2
ΦxΦyΦxy +

[
1 − α2

σ2
Φ2

y

]
Φyy = 0. (3.3)

“· ¢´¥´¨¥ (3.3) Ö¢²Ö¥É¸Ö ´¥²¨´¥°´Ò³ Ê· ¢´¥´¨¥³ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ
μÉ´μ¸¨É¥²Ó´μ Ë §Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨ (1.7). ‚ ¸²ÊÎ ¥, ±μ£¤ 

|α|
σ

=
�

2

2mσ
� 1, (3.4)

Ê· ¢´¥´¨¥ (3.3) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ‹ ¶² ¸ 
ΔΦ = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ë §  ϕ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ Ö¢²Ö¥É¸Ö £ ·³μ´¨Î¥¸±μ°
ËÊ´±Í¨¥°.

…¸²¨ Ê¸²μ¢¨¥ (3.4) ´¥ ¢Ò¶μ²´¥´μ, Éμ ´¥μ¡Ìμ¤¨³μ ·¥Ï ÉÓ ´¥²¨´¥°´μ¥ Ê· ¢-
´¥´¨¥ (3.3). ‘ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  [40Ä42] Ê· ¢´¥´¨¥ (3.3)
³μ¦´μ μÉμ¡· §¨ÉÓ ¢ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥. �·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  μ¸´μ¢ ´μ
´  Éμ³, ÎÉμ ´¥±μÉμ· Ö ¶μ¢¥·Ì´μ¸ÉÓ Φ(x, y) § ¤ ¥É¸Ö ´¥ ± ± ³´μ¦¥¸É¢μ ÉμÎ¥±
(Φ, x, y),   ± ± ³´μ¦¥¸É¢μ ± ¸ É¥²Ó´ÒÌ ± ´¥° ¶²μ¸±μ¸É¥°. ’ ±μ¥ μÉμ¡· ¦¥´¨¥
μÉ²¨Î ¥É¸Ö μÉ ¶·μ¸Éμ£μ ¶·¥μ¡· §μ¢ ´¨Ö ±μμ·¤¨´ É É¥³, ÎÉμ μ´μ ¸É ¢¨É ¢ ¸μ-
μÉ¢¥É¸É¢¨¥ ´¥ ÉμÎ±¥ ÉμÎ±Ê,   Ô²¥³¥´ÉÊ ¶μ¢¥·Ì´μ¸É¨ (x, y, Φ, Φx, Φy) Ô²¥³¥´É
¶μ¢¥·Ì´μ¸É¨ (ξ, η, ω, ωξ, ωη):

ω(ξ, η) + Φ(x, y) = xξ + yη,

ξ = Φx, η = Φy, x = ωξ, y = ωη, (3.5)

Φxx = ρωηη, Φxy = −ρωξη, Φyy = ρωξξ,

£¤¥ ρ = ΦxxΦyy − Φ2
xy = 1/(ωξξωηη − ω2

ξη) Ö¢²Ö¥É¸Ö Ö±μ¡¨ ´μ³ ¶·¥μ¡· §μ-
¢ ´¨Ö ‹¥¦ ´¤· . ‘ £¥μ³¥É·¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ËÊ´±Í¨Ö ω ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° ´ ¡μ· ± ¸ É¥²Ó´ÒÌ ¶²μ¸±μ¸É¥° ± ¶μ¢¥·Ì´μ¸É¨ Ë §Ò ¢μ²´μ¢μ° ËÊ´±-
Í¨¨. ‡ ³¥É¨³, ÎÉμ ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö Ë §  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ³μ¦¥É
É· ±Éμ¢ ÉÓ¸Ö ± ± ¤¥°¸É¢¨¥.



’�—�� �…˜�…Œ›… Œ�„…‹ˆ „‹Ÿ �…�‚�ƒ� “��‚�…�ˆŸ ‚‹�‘�‚� 1069

�·¨³¥´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  (3.5) ± Ê· ¢´¥´¨Õ (3.3), ¶μ²ÊÎ¨³
²¨´¥°´μ¥ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ ËÊ´±Í¨¨ ω(

1 − α2

σ2
ξ2

)
ωηη + 2

α2

σ2
ξηωξη +

(
1 − α2

σ2
η2

)
ωξξ = 0. (3.6)

‚ Ê· ¢´¥´¨¨ (3.6) Ê¤μ¡´μ ¸¤¥² ÉÓ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

ξ̄ =
α

σ
ξ, η̄ =

α

σ
η, ω̄

(
ξ̄, η̄
)

= ω (ξ, η) ,

(3.7)

ωξξ =
α2

σ2
ω̄ξ̄ξ̄, ωξη =

α2

σ2
ω̄ξ̄η̄, ωηη =

α2

σ2
ω̄η̄η̄.

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ § ³¥´Ò (3.7) Ê· ¢´¥´¨¥ (3.6) ¶·¨³¥É ¢¨¤

(1 − ξ̄2)ω̄η̄η̄ + 2ξ̄η̄ω̄ξ̄η̄ + (1 − η̄2)ω̄ξ̄ξ̄ = 0. (3.8)

�¥·¥°¤¥³ ¢ Ê· ¢´¥´¨¨ (3.8) ¨§ ¤¥± ·Éμ¢μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É (ξ̄, η̄) ¢
¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (τ, θ):

ξ̄ = τ cos θ, η̄ = τ sin θ, ω̄(ξ̄, η̄) det= ω̃(τ, θ),

ω̄ξ̄ξ̄ = ω̃ττ cos2 θ + ω̃θθ
sin2 θ

τ2
− ω̃τθ

sin 2θ

τ
+ ω̃τ

sin2 θ

τ
+ ω̃θ

sin 2θ

τ2
,

(3.9)

ω̄ξ̄η̄ = ω̃ττ
sin 2θ

2
− ω̃θθ

sin 2θ

2τ2
+ ω̃τθ

cos 2θ

τ2
− ω̃τ

sin 2θ

2τ
− ω̃θ

cos 2θ

τ2
,

ω̄η̄η̄ = ω̃ττ sin2 θ + ω̃θθ
cos2 θ

τ2
+ ω̃τθ

sin 2θ

τ
+ ω̃τ

cos2 θ

τ
− ω̃θ

sin 2θ

τ2
.

�μ¤¸É ¢²ÖÖ (3.9) ¢ Ê· ¢´¥´¨¥ (3.8), ¶μ²ÊÎ¨³

ω̃ττ + a(τ)
[

1
τ

ω̃τ +
1
τ2

ω̃θθ

]
= 0, a(τ) det= 1 − τ2. (3.10)

� °¤¥³ Î ¸É´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (3.10) ³¥Éμ¤μ³ · §¤¥²¥´¨Ö ¶¥·¥³¥´-
´ÒÌ. �μ¤¸É ¢²ÖÖ ω̃ ∼ T (τ)Θ(θ) ¢ Ê· ¢´¥´¨¥ (3.10), ¶μ²ÊÎ¨³

T ′′ + a(τ)
[

1
τ

T ′ − λ2

τ2
T

]
= 0, (3.11)

Θ′′ + λ2Θ = 0, (3.12)

£¤¥ λ Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ . �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3.12) ¤²Ö ËÊ´±Í¨¨ Θ(θ)
¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ËÊ´±Í¨° sin λθ ¨ cos λθ. �¥Ï¥´¨¥ Ê· ¢´¥-
´¨Ö (3.11) ¤²Ö ËÊ´±Í¨¨ T (τ) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ¢
μ±·¥¸É´μ¸É¨ μ¸μ¡μ° ÉμÎ±¨ τ0 = 0.



1070 �…�…�Þ‹Šˆ� …. …. ˆ „�.

3.2. �·¥¤¸É ¢²¥´¨¥ ·¥Ï¥´¨Ö ¢ ¢¨¤¥ ·Ö¤ . 
Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ Ê· ¢-
´¥´¨Ö (3.11) ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ μ±·¥¸É´μ¸É¨ μ¸μ¡μ° ÉμÎ±¨ τ0 = 0:

T (τ) = τν
+∞∑
k=0

akτk. (3.13)

�μ¤¸É ¢²ÖÖ (3.13) ¢ Ê· ¢´¥´¨¥ (3.11) ¨ ¶·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨
μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ τ , ¶μ²ÊÎ¨³

T ′(τ) =
∑

k

ak(k + ν)τk+ν−1, T ′′(τ) =
∑

k

ak(k + ν)(k + ν − 1)τk+ν−2,

(3.14)∑
k

ak

[
(k + ν)2 − λ2

]
τk+ν−2 −

∑
k

ak

[
(k + ν) − λ2

]
τk+ν = 0.

�·¨· ¢´¨¢ ´¨¥ ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ τν−2 ¤ ¥É ¢Ò· ¦¥´¨¥ ¤²Ö ν:

ν = ±|λ|, (3.15)

¶·¨ Ê¸²μ¢¨¨, ÎÉμ a0 �= 0. �·¨ ¸É¥¶¥´¨ τν−1 ¶μ²ÊÎ¨³

a1

[
(1 + ν)2 − ν2

]
= 0 ⇒

{
a1 = 0,

ν = −1
2
.

(3.16)

‚ ¸²ÊÎ ¥ ν = −1/2 ¡Ê¤ÊÉ ¶μ²ÊÎ ÉÓ¸Ö ¸¨´£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö (3.11) ¢ ÉμÎ±¥
τ = 0, ¶μÔÉμ³Ê ¤ ²¥¥ · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  a1 = 0.

„²Ö ¶·μ¨§¢μ²Ó´μ£μ ±μÔËË¨Í¨¥´É  ak ¸ ¨´¤¥±¸μ³ k � 2 ¨§ ¢Ò· ¦¥-
´¨Ö (3.14) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥. �·μ¨§¢¥¤Ö § ³¥´Ê
¶¥·¥³¥´´μ° s = k − 2, ¶μ²ÊÎ¨³

+∞∑
s=0

as+2

[
(s + 2 + ν)2 − λ2

]
τs+ν −

+∞∑
k=0

ak

[
(k + ν) − λ2

]
τk+ν = 0,

(3.17)

ak+2 = ak
k + ν − ν2

(k + 2)(k + 2(ν + 1))
, k � 2.

’ ± ± ± ±μÔËË¨Í¨¥´É a1 = 0, Éμ ¨§ (3.17) ¸²¥¤Ê¥É, ÎÉμ ´¥Î¥É´Ò¥ ±μÔËË¨-
Í¨¥´ÉÒ · ¢´Ò ´Ê²Õ:

a1 = a3 = a5 = . . . = a2s+1 = 0, s = 0, 1, 2, . . . (3.18)

ˆ§ (3.18) ¸²¥¤Ê¥É, ÎÉμ ¢ ·Ö¤¥ (3.13) μ¸É ´ÊÉ¸Ö Éμ²Ó±μ Î¥É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ
a2s, s = 0, 1, 2, . . ., É ± ± ± a0 �= 0 (3.15). ‚ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥ (3.17) ¤²Ö
Î¥É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¶·¨³¥É ¢¨¤

a2s+2 = a2s
2s + ν − ν2

4(s + 1)(s + ν + 1)
, s = 0, 1, 2, . . . , (3.19)
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¨²¨ ¸ ¢¢¥¤¥´¨¥³ ´μ¢μ£μ μ¡μ§´ Î¥´¨Ö

b0 = const �= 0, bs+1 = bs
2s + ν − ν2

4(s + 1)(s + ν + 1)
, s = 0, 1, 2, . . . (3.20)

‚Ò· ¦¥´¨¥ (3.13) ¸ ÊÎ¥Éμ³ (3.20) ¶·¨³¥É ¢¨¤

T (τ) = τν
+∞∑
s=0

bsτ
2s = τν

+∞∑
s=0

bsτ
2s. (3.21)

�μ²ÊÎ¨³ ¨§ (3.20) ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö ±μÔËË¨Í¨¥´É  bs Î¥·¥§
±μÔËË¨Í¨¥´É b0:

b1 = b0
ν − ν2

4(1 + ν)
,

b2 = b1
2 + ν − ν2

2 · 4(2 + ν)
= b0

(ν − ν2)(2 + ν − ν2)
422(1 + ν)(2 + ν)

,

b3 = b2
4 + ν − ν2

4 · 3(3 + ν)
= b0

(ν − ν2)(2 + ν − ν2)(4 + ν − ν2)
43(1 + ν)(2 + ν)(3 + ν)2 · 3 , (3.22)

b4 = b3
6 + ν − ν2

4 · 4(4 + ν)
= b0

(ν − ν2)(2 + ν − ν2)(4 + ν − ν2)(6 + ν − ν2)
44(1 + ν)(2 + ν)(3 + ν)(4 + ν)2 · 3 · 4 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

bs =
b0ν

4s(ν)s+1s!

s−1∏
k=0

(2k + ν − ν2), s � 1,

bs =
b0

4ss!

s−1∏
k=0

2k + ν − ν2

ν + k + 1
, s � 1.

‚¥²¨Î¨´  b0 ¢ ¢Ò· ¦¥´¨¨ (3.22) ³μ¦¥É ¡ÒÉÓ ¢§ÖÉ  · ¢´μ° ¥¤¨´¨Í¥ ¨²¨ ¢Ò-
¡· ´ , ´ ¶·¨³¥·, ¨§ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨. ’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö
(3.11) ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ ·¥Ï¥´¨° É¨¶  (3.11) ¸ ν1,2 = ±|λ|:

T (1,2)(τ) = τν1,2b0 + τν1,2

+∞∑
s=1

b0

s!

(τ

2

)2s s−1∏
k=0

2k + ν1,2 − ν2
1,2

ν1,2 + k + 1
. (3.23)

� °¤¥³ · ¤¨Ê¸ ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (3.23) ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ ν. �μ ¶·¨-
§´ ±Ê ¤'�² ³¡¥·  ¨³¥¥³

q = lim
s→+∞

∣∣∣∣bs+1τ
2s+2

bsτ2s

∣∣∣∣ = τ2

2
lim

s→+∞

∣∣∣∣∣∣∣∣
2 +

ν − ν2

s

s

(
1 +

1
s

)(
1 +

ν + 1
s

)
∣∣∣∣∣∣∣∣
= 0 < 1.
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’ ±¨³ μ¡· §μ³, · ¤¨Ê¸ ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (3.23) ¨³¥¥É ¢¨¤

0 � τ < +∞. (3.24)

‡ ³¥Î ´¨¥ 3.1. ’μÎ´μ¥ ·¥Ï¥´¨¥ (3.23) Ê· ¢´¥´¨Ö (3.11) ¸¶· ¢¥¤²¨¢μ ¤²Ö
²Õ¡μ£μ λ = ±|ν1,2|. �¥Ï¥´¨¥ (3.23) ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ £¨¶¥·£¥μ³¥É·¨Î¥-
¸±ÊÕ ËÊ´±Í¨Õ

T (1,2)(τ) = τν1,2b0 + τν1,2

+∞∑
s=1

b0

s!

(τ

2

)2s s−1∏
k=0

2k + ν1,2 − ν2
1,2

ν1,2 + k + 1
=

= τν1,2b0

⎧⎪⎪⎨
⎪⎪⎩1 +

+∞∑
s=1

τ2s

s!
2s

22s

s−1∏
k=0

k +
ν1,2

2
−

ν2
1,2

2
ν1,2 + k + 1

⎫⎪⎪⎬
⎪⎪⎭ =

= τν1,2b0

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 +
+∞∑
s=1

1
s!

(
τ2

2

)s

(
ν1,2

2
−

ν2
1,2

2

)
s

(ν1,2 + 1)s

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

, (3.25)

T (1,2)(τ) = τν1,2b0 1F1

(
ν1,2

2
−

ν2
1,2

2
; ν1,2 + 1;

τ2

2

)
,

£¤¥

1F1(a, b, z) det=
+∞∑
k=0

(a)k

(b)k
zk,

(a)k
det=
{

1, k = 0,
a · (a + 1)(a + 2) . . . (a + k − 1), k > 0.

ƒ¨¶¥·£¥μ³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö 1F1 (± ± ¨ ·¥Ï¥´¨¥ (3.23)) ¶·¥¤¸É ¢²Ö¥É¸Ö
¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ . ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¸Ê³³¨·μ¢ ´¨¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 
¶·μ¨§¢μ¤¨É¸Ö Î¨¸²¥´´μ ¨ Ö¢²Ö¥É¸Ö ¸¶¥Í¨ ²Ó´μ° § ¤ Î¥° Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢.

„²Ö Í¥²ÒÌ §´ Î¥´¨° λ ·Ö¤ (3.23) (± ± ¨ 1F1) ¸μ¤¥·¦¨É ±μ´¥Î´μ¥ Î¨¸²μ
Î²¥´μ¢. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥ μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢
‹ £¥··  (¸³. ¶. 3.3).

3.3. — ¸É´Ò¥ ·¥Ï¥´¨Ö. � ¸¸³μÉ·¨³ Î ¸É´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (3.10).
”Ê´±Í¨Ö Θ(θ) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

Θ′′ + λ2Θ = 0. (3.26)

‚ ¢Ò·μ¦¤¥´´μ³ ¸²ÊÎ ¥ ¶·¨ λ = 0 ·¥Ï¥´¨Ö (3.26) ¨ (3.23) ¨³¥ÕÉ ¢¨¤

Θ(θ) = c1θ + c2, T (τ) = b0, (3.27)
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£¤¥ c1, c2 Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö ω̃(τ, θ) ¶·¨-
³¥É ¢¨¤

ω̃(τ, θ) = C1θ + C2. (3.28)

�·¨ λ �= 0 ·¥Ï¥´¨¥ (3.26) ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨

Θ(θ) =
{

sin λθ
cos λθ

}
, (3.29)

£¤¥ λ μ¶·¥¤¥²Ö¥É¸Ö ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨°. � ¸¸³μÉ·¨³ · §²¨Î´Ò¥ ¢¨¤Ò £· -
´¨Î´ÒÌ Ê¸²μ¢¨°.

3.3.1. �¥·¨μ¤¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö. �Ê¸ÉÓ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥

Θ (0) = Θ (2π) , (3.30)

Éμ£¤ 
λn = n, n ∈ N. (3.31)

� ¸¸³ É·¨¢ Ö μ£· ´¨Î¥´´Ò¥ ·¥Ï¥´¨Ö (ν1 = |λ|) ¨§ (3.30) ¨ (3.23), ¶μ²ÊÎ ¥³

Tn(τ) = b0τ
n + τn

+∞∑
s=1

b0

s!

(τ

2

)2s s−1∏
k=0

2k + n − n2

n + k + 1
,

(3.32)
ω̃n(τ, θ) = Tn(τ)(An sin nθ + Bn cos nθ).

�·¨ n = 1 ¢Ò· ¦¥´¨¥ (3.32) ¨³¥¥É ¢¨¤

T1(τ) = b0τ. (3.33)

‡ ³¥Î ´¨¥ 3.2. ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö ω̃1(τ, θ) ®¸μμÉ¢¥É¸É¢Ê¥É¯ Ê· ¢´¥-
´¨Õ ¶²μ¸±μ¸É¨

ω̃1(τ, θ) = Aτ sin θ + Bτ cos θ = Aη̄ + Bξ̄ =
α

σ
(Aη + Bξ), (3.34)

¤²Ö ±μÉμ·μ° ´¥¢μ§³μ¦´μ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤· , É ± ± ± Ö±μ¡¨ ´ ¶·¥μ¡· -
§μ¢ ´¨Ö (3.5) ´¥μ£· ´¨Î¥´.

�·¨ n = 2 ¢Ò· ¦¥´¨¥ (3.32) ¶·¨´¨³ ¥É ¢¨¤

T2(τ) = b0τ
2 + τ2

+∞∑
s=1

b0

s!

(τ

2

)2s s−1∏
k=0

2k − 2
k + 3

,

(3.35)

T2(τ) = b0τ
2 − b0

6
τ4 = b0τ

2

(
1 − τ2

6

)
.

”Ê´±Í¨Ö T2(τ) ¨³¥¥É ¤¢  ´Ê²Ö ¶·¨ τ = 0 ¨ τ =
√

6.
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�·¨ n = 3

T3(τ) = b0τ
3 + τ3

+∞∑
s=1

b0

s!

(τ

2

)2s s−1∏
k=0

2k − 6
k + 4

=

= b0τ
3 − τ3 3b0

2

(τ

2

)2

+ τ3 3b0

5

(τ

2

)4

− τ3 b0

15

(τ

2

)6

, (3.36)

T3(τ) = b0τ
3

(
1 − 3

8
τ2 +

3
80

τ4 − 1
960

τ6

)
.

�´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨¥ ·¥Ï¥´¨Ö Tn(τ).
‘ÊÐ¥¸É¢Ê¥É ¨ ¤·Ê£μ° ¸¶μ¸μ¡ ´ Ìμ¦¤¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (3.11) ¢

¸²ÊÎ ¥ (3.30). �¥Ï¥´¨Ö (3.23), (3.25) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ μ¡μ¡Ð¥´´Ò¥
¶μ²¨´μ³Ò ‹ £¥··  [43, 44]. 
Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3.11) ¢ ¢¨¤¥

T (τ) = τλG(t) = τλG

(
τ2

2

)
. (3.37)

�μ¤¸É ¢¨³ (3.37) ¢ (3.11), ¶μ²ÊÎ¨³

T ′(τ) = λτλ−1G(t) + G′(t)τλ+1 = λ
(√

2t
)λ−1

G(t) +
(√

2t
)λ+1

G′(t),

T ′′(τ) = λ(λ − 1)
(√

2t
)λ−2

G(t) + (2λ + 1)G′(t)
(√

2t
)λ

+ G′′(t)
(√

2t
)λ+2

,

T ′′ + a(τ)
[

1
τ

T ′ − λ2

τ2
T

]
= λ(λ − 1)

(√
2t
)λ−2

G + (2λ + 1)G′(√2t
)λ+

+ G′′(√2t
)λ+2 + (1 − 2t)

(
1√
2t

(
λ
(√

2t
)λ−1

G +
(√

2t
)λ+1

G′
)
− (3.38)

− λ2

2t

(√
2t
)λ

G

)
= 0,

tG′′ + (1 + λ − t)G′ +
λ(λ − 1)

2
G = 0.

�·¨ Ê¸²μ¢¨¨ (3.30) ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (3.38) ¡Ê¤ÊÉ μ¡μ¡Ð¥´´Ò¥ ¶μ²¨-
´μ³Ò ‹ £¥·· 

G(t) = L
(n)
(n(n−1))/2(t). (3.39)

‚ ·¥§Ê²ÓÉ É¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3.11) ¶·¨ Ê¸²μ¢¨¨ (3.30) ¶·¨³¥É ¢¨¤

Tn(τ) = τnL
(n)
(n(n−1))/2

(
τ2

2

)
. (3.40)
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�μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ (3.40) ¸μ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³ (3.23) ¶·¨ Ê¸²μ-
¢¨¨ (3.30). „¥°¸É¢¨É¥²Ó´μ,

n = 1: T1(τ) = τL
(1)
0

(
τ2

2

)
= τ,

n = 2: T2(τ) = τ2L
(2)
1

(
τ2

2

)
= 3τ2

(
1 − τ2

6

)
, (3.41)

n = 3: T3(τ) = τ3L
(3)
3

(
τ2

2

)
= 20τ3

(
1 − 3

8
τ2 +

3
80

τ4 − τ6

960

)
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

’ ± ± ± ·¥Ï¥´¨¥ Tn(τ) μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸ÉμÖ´´μ£μ ³´μ¦¨-

É¥²Ö, ´ ¶·¨³¥· cn = (1/b0)L
(n)
(n(n−1))/2(0), Éμ ¢Ò· ¦¥´¨Ö (3.41) ¸μμÉ¢¥É¸É¢ÊÕÉ

¶μ²ÊÎ¥´´Ò³ ¢Ò· ¦¥´¨Ö³ (3.33), (3.35), (3.36).
�  ·¨¸. 17 ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° n ¨ b0 = 1 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±-

Í¨° (3.40), ´μ·³¨·μ¢ ´´ÒÌ ´  ¢¥²¨Î¨´Ê cn.
’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥ ω̃n(τ, θ) ¨³¥¥É ¢¨¤

ω̃n(τ, θ) = τnL
(n)
(n(n−1))/2

(
τ2

2

)
(An sin nθ + Bn cos nθ). (3.42)

3.3.2. �¥¶¥·¨μ¤¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  λ
´¥ Ö¢²Ö¥É¸Ö Í¥²Ò³ Î¨¸²μ³. �Ê¸ÉÓ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥

λ
(±)
j =

1 ±
√

1 + 8j

2
, j = 0, 1, 2, . . . (3.43)

�¨¸. 17. ƒ· Ë¨±¨ ËÊ´±Í¨° Tn(τ )
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‚¥²¨Î¨´Ò λj Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ Ê· ¢´¥´¨Ö 2j − λ2
j + λj = 0. ‘²¥¤μ¢ É¥²Ó´μ,

¶·μ¨§¢¥¤¥´¨¥, ¸ÉμÖÐ¥¥ ¢ (3.23), ¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Õ

s−1∏
k=0

2k + λj − λ2
j

λj + k + 1
= 0 ¶·¨ s � j + 1. (3.44)

�·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö (3.43), (3.44) ±μ²¨Î¥¸É¢μ Î²¥´μ¢ ¢ ·Ö¤ Ì (3.23) ¡Ê-
¤¥É ±μ´¥Î´Ò³,   ¢¥²¨Î¨´  (λj(λj − 1))/2 Å Í¥²μ°. ’ ±¨³ μ¡· §μ³, Ê· ¢´¥-
´¨¥ (3.11) ¡Ê¤¥É ¨³¥ÉÓ ·¥Ï¥´¨Ö ¢ ¢¨¤¥ μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢ ‹ £¥·· , É. ¥.

Tj(τ) = τλj L
(λj)
j

(
τ2

2

)
. (3.45)

�·¨ §´ Î¥´¨ÖÌ j = 0, 1, 3, 6, 10, . . . ¢¥²¨Î¨´Ò λj ¡Ê¤ÊÉ Í¥²Ò³¨ ¨ ·¥Ï¥-
´¨Ö (3.45) ¸μ¢¶ ¤ÊÉ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·¥Ï¥´¨Ö³¨ (3.40). �μ ¶·¨ §´ Î¥´¨ÖÌ
j = 2, 4, 5, 7, 8, 9, . . . ¢¥²¨Î¨´Ò λj ¡Ê¤ÊÉ ´¥Í¥²Ò³¨ ¨ ¶μ²ÊÎ É¸Ö ´μ¢Ò¥ ·¥Ï¥-
´¨Ö, ¢Ò· ¦¥´´Ò¥ Î¥·¥§ μ¡μ¡Ð¥´´Ò¥ ¶μ²¨´μ³Ò ‹ £¥··  (3.45).

�  ·¨¸. 18 ¶·¨¢¥¤¥´Ò ·¥Ï¥´¨Ö (3.45), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ λ
(+)
j , j = 2, 4, 5,

  ´  ·¨¸. 19 Å ·¥Ï¥´¨Ö (3.45), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ λ
(−)
j , j = 2, 4, 5.

…¸²¨ λ ´¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ (3.43), Éμ ±μ²¨Î¥¸É¢μ Î²¥´μ¢ ¢ ·Ö-
¤¥ (3.23) ¡Ê¤¥É ¡¥¸±μ´¥Î´Ò³. ‘μ£² ¸´μ (3.24) ·Ö¤ (3.23) ¡Ê¤¥É ¸Ìμ¤¨ÉÓ¸Ö  ¡-
¸μ²ÕÉ´μ ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥ ¨ · ¢´μ³¥·´μ ´  ²Õ¡μ³ § ³±´ÊÉμ³ ±·Ê£¥ ¨
¢Ò· ¦ ÉÓ¸Ö Î¥·¥§ £¨¶¥·£¥μ³¥É·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ (3.25). �  ·¨¸. 20, 21 ¶·¨¢¥-

�¨¸. 18. ƒ· Ë¨±¨ ËÊ´±Í¨° T
(+)
j (τ )
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�¨¸. 19. ƒ· Ë¨±¨ ËÊ´±Í¨° T
(−)
j (τ )

�¨¸. 20. ƒ· Ë¨±¨ ËÊ´±Í¨° Tλ(τ ) ¶·¨ λ = 1/2, 3/2, 5/2, 7/2

¤¥´Ò £· Ë¨±¨ ·¥Ï¥´¨° Tλ(τ) (3.23), (3.25) ¤²Ö ¸²ÊÎ ¥¢ λ = 1/2, 3/2, 5/2, 7/2
¨ λ = −1/2,−3/2,−5/2,−7/2 ¸μμÉ¢¥É¸É¢¥´´μ.

3.4. �¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤· . �μ²ÊÎ¥´´Ò¥ ¢ ¶¶. 3.2, 3.3 ·¥-
Ï¥´¨Ö ω(ξ, η) ´¥μ¡Ìμ¤¨³μ μÉμ¡· §¨ÉÓ μ¡· É´μ ¸μ£² ¸´μ ¶·¥μ¡· §μ¢ ´¨Õ ‹¥-
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�¨¸. 21. ƒ· Ë¨±¨ ËÊ´±Í¨° Tλ(τ ) ¶·¨ λ = −1/2,−3/2,−5/2,−7/2

¦ ´¤·  (3.5) ¨ ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö Φ(x, y), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ë §¥ ¢μ²´μ¢μ°
ËÊ´±Í¨¨ (1.6), (1.7). ‡´ Ö ËÊ´±Í¨Õ Φ(x, y), ¶μ Ëμ·³Ê²¥ (3.2) ³μ¦´μ μ¶·¥-
¤¥²¨ÉÓ ¶μ²¥ ¸±μ·μ¸É¥° 〈v〉(x, y). ˆ§ ¢Ò· ¦¥´¨Ö (3.1), §´ Ö 〈v〉(x, y), ³μ¦´μ
´ °É¨ ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f(x, y). �μ¤¸É ¢²ÖÖ ¶²μÉ´μ¸ÉÓ ¢¥·μ-
ÖÉ´μ¸É¥° f(x, y) ¢ ¢Ò· ¦¥´¨Ö (1.56) ¨ (1.47), ´ °¤¥³ ±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ²
Q(x, y) ¨ ¶μÉ¥´Í¨ ² U(x, y), ¢Ìμ¤ÖÐ¨° ¢ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1.29).

‚ ·¥§Ê²ÓÉ É¥ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ ¢¥²¨Î¨´Ò ¨§ ¶. 3.1 ¡Ê¤ÊÉ μ¶·¥¤¥²¥´Ò.

3.4.1. �·¥μ¡· §μ¢ ´¨¥ Ë §Ò ¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°. „²Ö μ¸ÊÐ¥-
¸É¢²¥´¨Ö μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  ¤²Ö Ë §Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨
´¥μ¡Ìμ¤¨³μ ´ °É¨ ¶·μ¨§¢μ¤´Ò¥ μÉ ·¥Ï¥´¨Ö ω. �¥ μ£· ´¨Î¨¢ Ö μ¡Ð´μ¸É¨,
· ¸¸³μÉ·¨³ ·¥Ï¥´¨Ö ω̃n(τ, θ) (3.40):

∇ω̃n(τ, θ) = Θn(θ)T ′
n(τ) eτ + Θ′

n(θ)
Tn(τ)

τ
eθ. (3.46)

‚ÒÎ¨¸²¨³ T ′
n(τ), ÊÎ¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨¥ ¤²Ö ¶·μ¨§¢μ¤´ÒÌ μÉ μ¡μ¡Ð¥´-

´ÒÌ ³´μ£μÎ²¥´μ¢ ‹ £¥··  [43, 44]:

dk

dtk
L(ϑ)

n (t) = (−1)kL
(ϑ+k)
n−k (t), k � n,

(3.47)

T ′
n(τ) = nτn−1L

(n)
(n(n−1))/2

(
τ2

2

)
− τn+1L

(n+1)
((n−2)(n+1))/2

(
τ2

2

)
.
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�μ¤¸É ¢²ÖÖ (3.47) ¢ (3.46), ¶μ²ÊÎ¨³

∇ω̃n(τ, θ) =
(

nτn−1L
(n)
(n(n−1))/2

(
τ2

2

)
− τn+1L

(n+1)
((n−2)(n+1))/2

(
τ2

2

))
×

× (An sin nθ + Bn cos nθ) eτ +
(

τnL
(n)
(n(n−1))/2

(
τ2

2

))
×

× (An cos nθ − Bn sin nθ) eθ. (3.48)

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¥μ¡· §μ¢ ´¨¥³ ‹¥¦ ´¤·  (3.5) ¨ ¢Ò· ¦¥´¨Ö³¨ (3.7),
(3.9) ËÊ´±Í¨Ö Φ ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

ξ =
σ

α
τ cos θ, η =

σ

α
τ sin θ,

τξ =
α

σ
cos θ, τη =

α

σ
sin θ, θξ = −α

σ

sin θ

τ
, θη =

α

σ

cos θ

τ
, (3.49)

σ

α
x =

σ

α
ωξ = ω̃τ cos θ − ω̃θ

sin θ

τ
,

σ

α
y =

σ

α
ωη = ω̃τ sin θ + ω̃θ

cos θ

τ
.

‚ ·¥§Ê²ÓÉ É¥

Φ(x, y) = −ω̃(τ, θ) + xξ + yη =

= ω̃ + τω̃τ cos 2θ − ω̃θ sin θ cos θ + τω̃τ sin2 θ + ω̃θ cos θ sin θ, (3.50)

Φ = −ω̃ + τω̃τ = −T (τ)Θ(θ) + τT ′(τ)Θ(θ) = Θ(θ)(τT ′(τ) − T (τ)).

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (3.29), (3.47) ¢ (3.50), ¶μ²ÊÎ¨³

τT ′
n(τ) − Tn(τ) = (n − 1) τnL

(n)
(n(n−1))/2

(
τ2

2

)
− τn+2L

(n+1)
((n−2)(n+1))/2

(
τ2

2

)
,

(3.51)

Φn = τn

[
(n − 1)L(n)

(n(n−1))/2

(
τ2

2

)
− τ2L

(n+1)
((n−2)(n+1))/2

(
τ2

2

)]
×

×(An sin nθ + Bn cos nθ).

‘μ£² ¸´μ ¶·¥μ¡· §μ¢ ´¨Õ ‹¥¦ ´¤·  ¨ ¢Ò· ¦¥´¨Ö³ (3.2) ¨ (3.1)

|〈v〉|2 = |α∇Φ|2 = α2
(
ξ2 + η2

)
= σ2τ2,

(3.52)

fn(x, y) = f(xn(τ, θ), yn(τ, θ)) = C e−τ2/2,
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£¤¥ ¸μ£² ¸´μ (3.49)

xn(τ, θ) =
α

σ

[
T ′

n(τ)Θn(θ) cos θ − Tn(τ)Θ′
n(θ)

sin θ

τ

]
,

(3.53)

yn(τ, θ) =
α

σ

[
T ′

n(τ)Θn(θ) sin θ + Tn(τ)Θ′
n(θ)

cos θ

τ

]
.

�μ¸É·μ¥´¨¥ £· Ë¨±  ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° fn(x, y) ¤²Ö Ë¨±¸¨·μ¢ ´-
´μ£μ n μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶μ ¸²¥¤ÊÕÐ¥³Ê  ²£μ·¨É³Ê:

� ¡¥·¥³ ÉμÎ±Ê (τ, θ) ¨ ´ Ìμ¤¨³ ¤²Ö ´¥¥ ¶μ Ëμ·³Ê² ³ (3.53) §´ Î¥´¨¥
±μμ·¤¨´ É (x, y) ¨ §´ Î¥´¨¥ ËÊ´±Í¨¨ f ¶μ Ëμ·³Ê²¥ (3.52);

� ¡¥·¥³ ¸²¥¤ÊÕÐÊÕ ÉμÎ±Ê (τ, θ).
�·¨ n = 1 ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  ´¥¢μ§³μ¦´μ (¸³. § ³¥Î ´¨¥), ¶μ-

ÔÉμ³Ê ´ Î´¥³ ¸μ ¸²ÊÎ Ö n = 2. ‚ ± Î¥¸É¢¥ μ¡² ¸É¨ μÉμ¡· ¦¥´¨Ö ¢μ§Ó³¥³ ±·Ê£
· ¤¨Ê¸  τ0 = 2 ¨ σ = 1, b0 = 1, An = 1, Bn = 0, É. ¥. Ω̃τ0,2π, £¤¥

Ω̃τ0,θ0 = {(τ, θ) : 0 < τ < τ0, 0 � θ < θ0} . (3.54)

�  ·¨¸. 22Ä24 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±Í¨¨ Φ2(x, y), |∇Φ2(x, y)| ¨ f2(x, y)
¸μμÉ¢¥É¸É¢¥´´μ.

‚¨¤´μ, ÎÉμ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ´¥μ¤´μ§´ Î´Ò³¨ ¶·¨ μÉμ¡· ¦¥´¨¨ μ¡² ¸É¨
Ω̃2,2π. …¸²¨ Ê³¥´ÓÏ¨ÉÓ · ¤¨Ê¸ ±·Ê£  ¤μ τ0 = 0,8, Éμ ¶μ²ÊÎ¨³ μ¤´μ§´ Î´Ò¥
ËÊ´±Í¨¨ (·¨¸. 25Ä27).

�¨¸. 22. ƒ· Ë¨±¨ ËÊ´±Í¨° Φ2(x, y) ¤²Ö
Ω̃2,2π

�¨¸. 23. ƒ· Ë¨±¨ ËÊ´±Í¨° |∇Φ2(x, y)| ¤²Ö
Ω̃2,2π
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�¨¸. 24. ƒ· Ë¨±¨ ËÊ´±Í¨° f2(x, y) ¤²Ö Ω̃2,2π

�¨¸. 25. ƒ· Ë¨±¨ ËÊ´±Í¨° Φ2(x, y) ¤²Ö
Ω̃0,8, 2π

�¨¸. 26. ƒ· Ë¨±¨ ËÊ´±Í¨° |∇Φ2(x, y)|
¤²Ö Ω̃0,8, 2π

‚ ¸²ÊÎ ¥ n = 3 μÉμ¡· ¦¥´¨¥ μ¡² ¸É¨ ±·Ê£  Ω̃τ0,2π É ±¦¥ ¤ ¥É ´¥μ¤´μ-
§´ Î´ÊÕ ËÊ´±Í¨Õ (·¨¸. 28, 29). „²Ö ¢Ò¤¥²¥´¨Ö μ¡² ¸É¨ μ¤´μ§´ Î´μ¸É¨ ´¥μ¡-
Ìμ¤¨³μ μÉμ¡· ¦ ÉÓ ´¥ μ¡² ¸ÉÓ ±·Ê£ ,   μ¡² ¸ÉÓ ¸¥±Éμ·  Ω̃τ0,π ¸ Ê£²μ³ θ0 = π
(·¨¸. 30, 31).
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�¨¸. 27. ƒ· Ë¨±¨ ËÊ´±Í¨° f2(x, y) ¤²Ö Ω̃0,8;2π

�¨¸. 28. ƒ· Ë¨±¨ ËÊ´±Í¨° Φ3(x, y) ¤²Ö
Ω̃2,2π

�¨¸. 29. ƒ· Ë¨±¨ ËÊ´±Í¨° f3(x, y) ¤²Ö
Ω̃2,2π

�  ·¨¸. 30 ¢¨¤´μ, ÎÉμ ËÊ´±Í¨Ö Φ3(x, y) ´¥ Ö¢²Ö¥É¸Ö £² ¤±μ° ¶·¨ θ = 0,
´μ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ¨ μ¤´μ§´ Î´μ°. �·¨ ¶μ¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨ÖÌ n � 4
ËÊ´±Í¨Ö Φn(x, y) ³μ¦¥É ¨³¥ÉÓ ¤¢  μ¸´μ¢´ÒÌ ¢¨¤ . �¥·¢Ò° ¢ ·¨ ´É, ±μ£¤ 
Φn(x, y) Ö¢²Ö¥É¸Ö μ¤´μ§´ Î´μ°, ´μ ¶·¨ ÔÉμ³ ¨³¥¥É · §·Ò¢ ¶·¨ θ = 0. ‚Éμ-
·μ° ¢ ·¨ ´É, ±μ£¤  Φn(x, y) Ö¢²Ö¥É¸Ö ´¥μ¤´μ§´ Î´μ°, ´μ ¶·¨ ÔÉμ³ Å ´¥¶·¥-



’�—�� �…˜�…Œ›… Œ�„…‹ˆ „‹Ÿ �…�‚�ƒ� “��‚�…�ˆŸ ‚‹�‘�‚� 1083

�¨¸. 30. ƒ· Ë¨±¨ ËÊ´±Í¨° Φ3(x, y) ¤²Ö
Ω̃0,8,π

�¨¸. 31. ƒ· Ë¨±¨ ËÊ´±Í¨° f3(x, y) ¤²Ö
Ω̃0,8,π

�¨¸. 32. ƒ· Ë¨±¨ ËÊ´±Í¨° Φ4(x, y)
¤²Ö Ω̃1,2π

�¨¸. 33. ƒ· Ë¨±¨ ËÊ´±Í¨° f4(x, y) ¤²Ö
Ω̃1,2π

·Ò¢´ . �  ·¨¸. 32, 33 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ Φ4(x, y) ¨ f4(x, y), ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ μ¡² ¸É¨ Ω̃1,2π,   ´  ·¨¸. 34 ¶·¨¢¥¤¥´ £· Ë¨± f4(x, y), ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
μ¡² ¸É¨ Ω̃2,2π.

3.4.2. �·¥μ¡· §μ¢ ´¨¥ ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ² . �μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö
μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ²  Q (1.56):

Q =
α

2β

(
ΔrS +

1
2
|∇rS|2

)
= − α

4β

(
Δrτ

2 − 1
4

∣∣∇rτ
2
∣∣2) . (3.55)
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�¨¸. 34. ƒ· Ë¨±¨ ËÊ´±Í¨° Φ4(x, y) ¤²Ö Ω̃2,2π

‚ÒÎ¨¸²¨³ ∇rτ
2:

σ2

α2
∇rτ

2 = 2(ξξx + ηηx) ex + 2(ξξy + ηηy) ey =

= 2(ξΦxx + ηΦyx) ex + 2(ξΦxy + ηΦyy) ey =
= 2ρ(ξωηη − ηωξη) ex + 2ρ(ηωξξ − ξωξη) ey,

(3.56)1
4ρ2

σ4

α4

∣∣∇rτ
2
∣∣2 = (ξωηη − ηωξη)2 + (ηωξξ − ξωξη)2 =

= ξ2ω2
ηη − 2ξηωηηωξη + η2ω2

ξη + η2ω2
ξξ − 2ξηωξξωξη + ξ2ω2

ξη =

= ξ2ω2
ηη + η2ω2

ξξ − 2ξηωξη (ωξξ + ωηη) + ω2
ξη

(
ξ2 + η2

)
,

1
4

∣∣∇rτ
2
∣∣2 =

α4

σ4
ρ2
[
ξ2ω2

ηη + η2ω2
ξξ − 2ξηωξη (ωξξ + ωηη) + ω2

ξη

(
ξ2 + η2

)]
.

‚ÒÎ¨¸²¨³ Δrτ
2:

σ2

α2
Δrτ

2 = [2ρ (ξωηη − ηωξη)]x + [2ρ (ηωξξ − ξωξη)]y . (3.57)

Š ¦¤μ¥ ¸² £ ¥³μ¥ ¢ ¢Ò· ¦¥´¨¨ (3.57) ´ °¤¥³ ¶μ μÉ¤¥²Ó´μ¸É¨. „²Ö ¶¥·-
¢μ£μ ¸² £ ¥³μ£μ ¶μ²ÊÎ¨³

[ρ (ξωηη − ηωξη)]x = ρx (ξωηη − ηωξη) + ρ (ξωηη − ηωξη)x, (3.58)
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ρx =

= − (ωξξξξx+ωξξηηx)ωηη + ωξξ (ωηηξξx+ωηηηηx) − 2ωξη (ωξηξξx+ωξηηηx)
(ωξξωηη − ω2

ξη)2
=

= −ρ3 [(ωξξξωηη − ωξξηωξη)ωηη + ωξξ (ωηηξωηη − ωηηηωξη) −
−2ωξη (ωξηξωηη − ωξηηωξη)] . (3.59)

(ξωηη − ηωξη)x = ξxωηη + ξ (ωηηξξx + ωηηηηx)−
− ηxωξη − η (ωξηξξx + ωξηηηx) =

= ρ
[
ω2

ηη + ω2
ξη + ξ (ωηηξωηη − ωηηηωηξ) − η (ωξηξωηη − ωξηηωηξ)

]
. (3.60)

�μ¤¸É ¢²ÖÖ (3.59) ¨ (3.60) ¢ (3.58), ¶μ²ÊÎ¨³

[ρ (ξωηη − ηωξη)]x =

= ρ2
[
ω2

ηη + ω2
ξη + ξ (ωηηξωηη − ωηηηωηξ) − η (ωξηξωηη − ωξηηωηξ)

]
−

− ρ3 [(ωξξξωηη − ωξξηωξη)ωηη + ωξξ (ωηηξωηη − ωηηηωξη)−
−2ωξη (ωξηξωηη − ωξηηωξη)] (ξωηη − ηωξη) . (3.61)

�´ ²μ£¨Î´μ ¤²Ö ¢Éμ·μ£μ ¸² £ ¥³μ£μ ¨§ (3.57) ¶μ²ÊÎ ¥³

[ρ (ηωξξ − ξωξη)]y = ρy (ηωξξ − ξωξη) + ρ (ηωξξ − ξωξη)y, (3.62)

ρy =

= − (ωξξξξy+ωξξηηy)ωηη+ωξξ (ωηηξξy+ωηηηηy) − 2ωξη (ωξηξξy+ωξηηηy)
(ωξξωηη − ω2

ξη)2
=

= −ρ3 [(ωξξηωξξ − ωξξξωξη)ωηη + ωξξ (ωηηηωξξ − ωηηξωξη)−
−2ωξη (ωξηηωξξ − ωξηξωξη)] , (3.63)

(ηωξξ − ξωξη)y = uyyωξξ + η(ωξξξuxy + ωξξηuyy)−
− uxyωξη − ξ(ωξηξuxy + ωξηηuyy) =

= ρ
[
ω2

ξξ + ω2
ξη + η(ωξξηωξξ − ωξξξωξη) − ξ(ωξηηωξξ − ωξηξωξη)

]
. (3.64)

�μ¤¸É ¢²ÖÖ (3.63) ¨ (3.64) ¢ (3.62), ¶μ²ÊÎ¨³

[ρ(ηωξξ − ξωξη)]y =

= ρ2
[
ω2

ξξ + ω2
ξη + η(ωξξηωξξ − ωξξξωξη) − ξ(ωξηηωξξ − ωξηξωξη)

]
−

− ρ3 [(ωξξηωξξ − ωξξξωξη)ωηη + ωξξ(ωηηηωξξ − ωηηξωξη)−
−2ωξη(ωξηηωξξ − ωξηξωξη)] (ηωξξ − ξωξη). (3.65)
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‚ ·¥§Ê²ÓÉ É¥ μ¡  ¸² £ ¥³ÒÌ ¤²Ö ¢Ò· ¦¥´¨Ö (3.57) ´ °¤¥´Ò. �μ¤¸É -
¢¨³ (3.61) ¨ (3.65) ¢ (3.57), ¶μ²ÊÎ¨³

σ2

2α2
Δrτ

2 = [ρ(ξωηη − ηωξη)]x + [ρ(ηωξξ − ξωξη)]y =

= ρ2
[
ω2

ηη + ω2
ξη + ξ(ωηηξωηη − ωηηηωηξ) − η(ωξηξωηη − ωξηηωηξ)

]
+

+ ρ2
[
ω2

ξξ + ω2
ξη + η(ωξξηωξξ − ωξξξωξη) − ξ(ωξηηωξξ − ωξηξωξη)

]
−

− ρ3 [(ωξξξωηη − ωξξηωξη)ωηη + ωξξ(ωηηξωηη − ωηηηωξη)−
−2ωξη(ωξηξωηη − ωξηηωξη)] (ξωηη − ηωξη) − ρ3(ηωξξ − ξωξη)×

× [(ωξξηωξξ − ωξξξωξη)ωηη + ωξξ(ωηηηωξξ − ωηηξωξη) −
−2ωξη(ωξηηωξξ − ωξηξωξη)] ,

¢ ·¥§Ê²ÓÉ É¥

σ2

2α2ρ2
Δrτ

2 =
(
ω2

ηη + 2ω2
ξη + ω2

ξξ

)
+

+ ξ [ωξηη (ωηη − ωξξ) + ωξη (ωξξη − ωηηη)] +

+ η [ωξξη (ωξξ − ωηη) + ωξη (ωξηη − ωξξξ)] +

+ ρξ (ωηηηωξξ + ωξξηωηη − 2ωξηωξηη)ωξηΔω +

+ ρη (ωξξξωηη + ωξηηωξξ − 2ωξetaωξξη)ωξηΔω−
− ρξ (ωξξξωηη + ωξηηωξξ − 2ωξηωξξη)

(
ω2

ηη + ω2
ξη

)
+

− ρη (ωηηηωξξ + ωξξηωηη − 2ωξηωξηη)
(
ω2

ξξ + ω2
ξη

)
. (3.66)

�μ¤¸É ¢²ÖÖ (3.66) ¨ (3.56) ¢ (3.55), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ±¢ ´Éμ¢μ£μ
¶μÉ¥´Í¨ ² 

− 2βσ2

α3ρ2
Q =

σ2

2α2ρ2
Δrτ

2 − 1
2

α2

σ2

σ4

4α4ρ2

∣∣∇rτ
2
∣∣2 = ω2

ηη + 2ω2
ξη + ω2

ξξ +

+ ξ [ωξηη (ωηη − ωξξ) + ωξη (ωξξη − ωηηη)] +

+ η [ωξξη (ωξξ − ωηη) + ωξη (ωξηη − ωξξξ)] +

+
[
ξ (ωηηηωξξ + ωξξηωηη − 2ωξηωξηη) +

α2

σ2ρ
ξη +

+ η (ωξξξωηη + ωξηηωξξ − 2ωξηωξξη)
]

ρωξηΔω −

− ρξ

(
ωξξξωηη + ωξηηωξξ − 2ωξηωξξη +

α2

2σ2ρ
ξ

)(
ω2

ηη + ω2
ξη

)
+

− ρη

(
ωηηηωξξ + ωξξηωηη − 2ωξηωξηη +

α2

2σ2ρ
η

)(
ω2

ξξ + ω2
ξη

)
. (3.67)
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‘² £ ¥³Ò¥, ¸ÉμÖÐ¨¥ ¢ (3.67), ¢Ò· ¦¥´Ò Î¥·¥§ ¶¥·¥³¥´´Ò¥ (ξ, η),   ·¥-
Ï¥´¨¥ ω̃(τ, θ) (3.32) Å Î¥·¥§ ¶¥·¥³¥´´Ò¥ (τ, θ). „²Ö ¶·μ¨§¢μ¤´ÒÌ ωξξ , ωξη

¨ ωηη · ´¥¥ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö (3.9) Î¥·¥§ ¶·μ¨§¢μ¤´Ò¥ μÉ ·¥Ï¥´¨Ö
ω̃ττ , ω̃θθ, ω̃τθ, ω̃τ ¨ ω̃θ. ‚ ¢Ò· ¦¥´¨¨ (3.67) ¶μ³¨³μ ¶·μ¨§¢μ¤´ÒÌ ¢Éμ·μ£μ
¶μ·Ö¤±  ¶·¨¸ÊÉ¸É¢ÊÕÉ ¶·μ¨§¢μ¤´Ò¥ É·¥ÉÓ¥£μ ¶μ·Ö¤±  ωξξξ, ωξηηωξξη, ωηηη ,
±μÉμ·Ò¥ É ±¦¥ ´¥μ¡Ìμ¤¨³μ ¢Ò· §¨ÉÓ Î¥·¥§ ¶·μ¨§¢μ¤´Ò¥ μÉ ·¥Ï¥´¨Ö ω̃(τ, θ).
�μ²ÊÎ¨³ ¢Ò· ¦¥´¨Ö ¤²Ö ¶·μ¨§¢μ¤´ÒÌ É·¥ÉÓ¥£μ ¶μ·Ö¤± :

σ3

α3
ωξξξ = ω̃τττ cos3 θ−ω̃θθθ

sin3 θ

τ3
−3ω̃ττθ

cos2 θ sin θ

τ
+3ω̃τθθ

cos θ sin2 θ

τ2
+

+ 3ω̃ττ
cos θ sin2 θ

τ
− 6ω̃θθ

sin2 θ cos θ

τ3
+ 3ω̃τθ

sin θ
(
3 cos2 θ − 1

)
τ2

−

− 3ω̃τ
sin2 θ cos θ

τ2
− 2ω̃θ

sin θ
(
4 cos2 θ − 1

)
τ3

, (3.68)

σ3

α3
ωηηη = ω̃τττ sin3 θ+ ω̃θθθ

cos3 θ

τ3
+3ω̃ττθ

sin2 θ cos θ

τ
+3ω̃τθθ

sin θ cos2 θ

τ2
+

+ 3ω̃ττ
sin θ cos2 θ

τ
− 6ω̃θθ

cos2 θ sin θ

τ3
− 3ω̃τθ

cos θ
(
3 sin2 θ − 1

)
τ2

−

− 3ω̃τ
cos2 θ sin θ

τ2
+ 2ω̃θ

cos θ
(
4 sin2 θ − 1

)
τ3

, (3.69)

σ3

α3
ωξξη = ω̃τττ sin θ cos2 θ + ω̃θθθ

sin2 θ cos θ

τ3
+ ω̃ττθ

cos θ
(
1 − 3 sin2 θ

)
τ

+

+ ω̃τθθ

sin θ
(
1 − 3 cos2 θ

)
τ2

+ ω̃ττ

sin θ
(
1 − 3 cos2 θ

)
τ

+2ω̃θθ

sin θ
(
3 cos2 θ − 1

)
τ3

+

+ ω̃τθ

cos θ
(
9 sin2 θ − 1

)
τ2

+ ω̃τ

sin θ
(
3 cos2 θ − 1

)
τ2

− 2ω̃θ

cos θ
(
4 sin2 θ − 1

)
τ3

,

(3.70)

σ3

α3
ωηηξ = ω̃τττ cos θ sin2 θ − ω̃θθθ

cos2 θ sin θ

τ3
− ω̃ττθ

sin θ
(
1 − 3 cos2 θ

)
τ

+

+ ω̃τθθ

cos θ
(
1−3 sin2 θ

)
τ2

+ ω̃ττ

cos θ
(
1−3 sin2 θ

)
τ

+ 2ω̃θθ

cos θ
(
3 sin2 θ − 1

)
τ3

−

− ω̃τθ

sin θ
(
9 cos2 θ − 1

)
τ2

+ ω̃τ

cos θ
(
3 sin2 θ − 1

)
τ2

+ 2ω̃θ

sin θ
(
4 cos2 θ − 1

)
τ3

.

(3.71)

�μ¤¸É ¢²ÖÖ (3.68)Ä(3.71), (3.32) ¢ (3.67), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ±¢ ´-
Éμ¢μ£μ ¶μÉ¥´Í¨ ²  Î¥·¥§ ¶¥·¥³¥´´Ò¥ (τ, θ). ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (3.67),
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(3.68)Ä(3.71), (3.32), ³μ¦´μ ¶μ¸É·μ¨ÉÓ £· Ë¨± ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ²  Q ¨
¶μÉ¥´Í¨ ²  U (1.47), (1.56), ¢Ìμ¤ÖÐ¥£μ ¢ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· . ‡´ Ö ¶μ-
É¥´Í¨ ²Ò Q ¨ U , ³μ¦´μ ¶μ¸É·μ¨ÉÓ £· Ë¨± ±² ¸¸¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ² 
eχ (1.56).

3.5. — ¸É´Ò¥ ¸²ÊÎ ¨ ¶μÉ¥´Í¨ ²μ¢. �μ¸É·μ¨³ £· Ë¨±¨ ¶μÉ¥´Í¨ ²μ¢ Q,
U , ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ T ¨ ¶μ²Ö ¸±μ·μ¸É¥° 〈v〉 ¶·¨ Ê¸²μ¢¨¨ (3.30). �·¨
¶μ¸É·μ¥´¨¨ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ  ²£μ·¨É³, μ¶¨¸ ´´Ò° ¢ ¶. 3.4.1, ¨ ¢Ò· ¦¥´¨Ö
¤²Ö ¶μÉ¥´Í¨ ²μ¢, ¶μ²ÊÎ¥´´Ò¥ ¢ ¶. 3.4.3. � ¸¸³μÉ·¨³ ¤¢  ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ Ö:
σ = |α| ¨ σ = 10|α|. „²Ö ± ¦¤μ£μ ¸²ÊÎ Ö · ¸¸³μÉ·¨³ ¤¢  §´ Î¥´¨Ö ¶ · ³¥É· :
n = 2 ¨ n = 3. � Î´¥³ ¸μ ¸²ÊÎ Ö σ = |α| ¨ n = 2.

�  ·¨¸. 35 ¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥ ¢¥±Éμ·´μ£μ ¶μ²Ö ¸±μ·μ¸É¥°
〈v〉2(x, y). ‚¨¤´μ Î¥ÉÒ·¥ ¶μÉμ± : ¤¢  ¢Ìμ¤ÖÐ¨Ì ¨ ¤¢  ¨¸Ìμ¤ÖÐ¨Ì. ‚ ·¥§Ê²ÓÉ -
É¥ ·¨¸. 35 ¤¥³μ´¸É·¨·Ê¥É · ¸¸¥Ö´¨¥ ¤¢ÊÌ ¢¸É·¥Î´ÒÌ ¶μÉμ±μ¢ ´  ±² ¸¸¨Î¥¸±μ³
¶μÉ¥´Í¨ ²¥ eχ = U + Q = W − T . ‚¥²¨Î¨´  W ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²´μ°
Ô´¥·£¨¨ ¨ Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´μ°. ‚¥²¨Î¨´  T ¸μμÉ¢¥É¸É¢Ê¥É ±¨´¥-
É¨Î¥¸±μ° Ô´¥·£¨¨ ¨ ¨§μ¡· ¦¥´  ´  ·¨¸. 36. ’ ±¨³ μ¡· §μ³, ±² ¸¸¨Î¥¸±¨°
¶μÉ¥´Í¨ ² ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ±μ´¸É ´ÉÒ W ¸μ¢¶ ¤ ¥É ¸ −T . ƒ· Ë¨± · ¸¶·¥¤¥-
²¥´¨Ö ¤²Ö ±² ¸¸¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  eχ, ± ± ¨ £· Ë¨± · ¸¶·¥¤¥²¥´¨Ö ±¨´¥É¨-
Î¥¸±μ° Ô´¥·£¨¨ T , ¡Ê¤¥É ¨³¥ÉÓ ®Ê£²μ¢ ÉÊÕ¯ Ëμ·³Ê (¶·Ö³μÊ£μ²Ó´μ¥ μ¸´μ¢ ´¨¥
¶¨· ³¨¤Ò, ¸³. ·¨¸. 36). ’ ± Ö Ëμ·³  ¶μÉ¥´Í¨ ²  ¶·¨¢μ¤¨É ± ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥³Ê ¶¥·¥· ¸¶·¥¤¥²¥´¨Õ ¢¥±Éμ·´μ£μ ¶μ²Ö ¸±μ·μ¸É¥° 〈v〉 ¶·¨ · ¸¸¥Ö´¨¨ ´ 
É ±μ³ ¶μÉ¥´Í¨ ²¥. �  ·¨¸. 35 ¢¨¤´  ¶·Ö³μÊ£μ²Ó´ Ö Ëμ·³  ²¨´¨° Ê·μ¢´¥° ³μ-
¤Ê²Ö ¸±μ·μ¸É¥°. ‚ Í¥´É· ²Ó´μ° μ¡² ¸É¨ ¨§-§  ¸Éμ²±´μ¢¥´¨Ö ¶μÉμ±μ¢ ¸±μ·μ¸ÉÓ
¡²¨§±  ± ´Ê²Õ (¸³. ·¨¸. 35, 36).

�¨¸. 35. ‚¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥°
〈v〉2(x, y) ¶·¨ σ = |α|

�¨¸. 36. Š¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö T2(x, y)
¶·¨ σ = |α|
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Š¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² Q ¨³¥¥É ³´μ¦¨É¥²Ó |α|/β = �
2/2m � 1 ¨ μ¡ÒÎ´μ

³ ²Ò° ¢±² ¤ ¢ ±² ¸¸¨Î¥¸±¨° ¶μÉ¥´Í¨ ² eχ. ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¢¥²¨-
Î¨´  σ = |α| = �/2m, ÎÉμ ¶·¨¢μ¤¨É ± ¡²¨§μ¸É¨ Ëμ·³ ¶μÉ¥´Í¨ ²μ¢ Q ¨ U
(·¨¸. 37, 38).

�  ·¨¸. 39Ä42 ¶μ± § ´ ¸²ÊÎ ° σ = 10|α| ¨ n = 2. �  ·¨¸. 41, 42 ¶·¨¢¥-
¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¤²Ö ¶μÉ¥´Í¨ ²μ¢ U ¨ Q ¸μμÉ¢¥É¸É¢¥´´μ. ‡  ¸Î¥É Ê¢¥²¨Î¥-
´¨Ö σ ¢±² ¤ ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ²  ¸É ² ´¥§´ Î¨É¥²Ó´Ò³. „¥°¸É¢¨É¥²Ó´μ, ¨§
¸· ¢´¥´¨Ö £· Ë¨±  ¶μÉ¥´Í¨ ²  U (¸³. ·¨¸. 41) ¨ £· Ë¨±  ±¨´¥É¨Î¥¸±μ° Ô´¥·-
£¨¨ T (¸³. ·¨¸. 40) ¢¨¤´μ, ÎÉμ μ´¨ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ±  μÎ¥´Ó ¡²¨§±¨. � §´¨ÍÊ

�¨¸. 37. �μÉ¥´Í¨ ² U2(x, y) ¶·¨ σ = |α| �¨¸. 38. �μÉ¥´Í¨ ² −Q2(x, y) ¶·¨
σ = |α|

�¨¸. 39. ‚¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥°
〈v〉2(x, y) ¶·¨ σ = 10|α|

�¨¸. 40. Š¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö T2(x, y)
¶·¨ σ = 10|α|
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�¨¸. 41. �μÉ¥´Í¨ ² U2(x, y) ¶·¨ σ =
10|α|

�¨¸. 42. �μÉ¥´Í¨ ² −Q2(x, y) ¶·¨ σ =
10|α|

³¥¦¤Ê ´¨³¨ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ±μ´¸É ´ÉÒ W ¸μ¸É ¢²Ö¥É ±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ²
Q (¸³. ·¨¸. 42).

�  ·¨¸. 39 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ¢¥±Éμ·´μ£μ ¶μ²Ö ¸±μ·μ¸É¥° ¤²Ö ¸²ÊÎ Ö
σ = 10|α| ¨ n = 2. Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, §¤¥¸Ó ¨³¥ÕÉ¸Ö ¤¢  ¢Ìμ¤ÖÐ¨Ì
¨ ¤¢  ¨¸Ìμ¤ÖÐ¨Ì ¶μÉμ± . ’ ±¦¥ §¤¥¸Ó ¶·μ¨¸Ìμ¤¨É ¶·μÍ¥¸¸ · ¸¸¥Ö´¨Ö ¤¢ÊÌ
¢¸É·¥Î´ÒÌ ¶μÉμ±μ¢ ´  ¶μÉ¥´Í¨ ²¥ eχ. �¤´ ±μ ¢ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¥£μ
¸²ÊÎ Ö Ëμ·³  ¶μÉ¥´Í¨ ²  ¸É ²  ¡μ²¥¥ ®μ±·Ê£²μ°¯ (μ¸´μ¢ ´¨¥ Å μ±·Ê¦´μ¸ÉÓ
±μ´Ê¸ ). ’ ± Ö Ëμ·³  ¶μÉ¥´Í¨ ²  ¶μ¢²¨Ö²  ´  ¶¥·¥· ¸¶·¥¤¥²¥´¨¥ ¢¥±Éμ·´μ£μ
¶μ²Ö ¸±μ·μ¸É¥° 〈v〉 (¸³. ·¨¸. 39). �·¨ ¸· ¢´¥´¨¨ ¢¥±Éμ·´μ£μ ¶μ²Ö ¨§ ¶·¥-
¤Ò¤ÊÐ¥£μ ¸²ÊÎ Ö (¸³. ·¨¸. 35) ¸ ¢¥±Éμ·´Ò³ ¶μ²¥³, ¨§μ¡· ¦¥´´Ò³ ´  ·¨¸. 39,
¢¨¤´μ, ÎÉμ ²¨´¨¨ Ê·μ¢´Ö ¸É ²¨ ¡²¨§±¨ ± μ±·Ê¦´μ¸ÉÖ³.

�¥·¥°¤¥³ ± · ¸¸³μÉ·¥´¨Õ ¸²ÊÎ Ö n = 3, ±μÉμ·Ò° ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î -
¥É¸Ö μÉ ¸²ÊÎ Ö n = 2. „ ´´μ¥ μÉ²¨Î¨¥ ¡Ò²μ § ³¥É´μ ¶·¨ ¶μ¸É·μ¥´¨¨ £· Ë¨±μ¢
Ë § ¢μ²´μ¢ÒÌ ËÊ´±Í¨° (¸³. ·¨¸. 25, 30). �  ·¨¸. 25 ¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥
Ë §Ò Φ2 ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶·¨ n = 2. ”Ê´±Í¨Ö Φ2 Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ
¤¨ËË¥·¥´Í¨·Ê¥³μ° ´  ¢¸¥° μÉμ¡· ¦ ¥³μ° μ¡² ¸É¨ (¸³. ·¨¸. 25).

�  ·¨¸. 30 ¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥ Ë §Ò Φ3 ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶·¨
n = 3. ‚ μÉ²¨Î¨¥ μÉ ËÊ´±Í¨¨ Φ2 ËÊ´±Í¨Ö Φ3 ´¥ Ö¢²Ö¥É¸Ö ¤¨ËË¥·¥´Í¨·Ê¥-
³μ° ´  ²ÊÎ¥ ¶·¨ θ = 0. ‚¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥° 〈v〉 ¸μ£² ¸´μ ¶·¥¤¸É ¢²¥-
´¨Õ (3.2) 〈v〉3 = −α∇Φ3 ¡Ê¤¥É ¨³¥ÉÓ · §·Ò¢ ´  ²ÊÎ¥ θ = 0. �  ·¨¸. 43, 47
¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¢¥±Éμ·´ÒÌ ¶μ²¥° 〈v〉3 ¶·¨ σ = |α| ¨ σ = 10|α| ¸μ-
μÉ¢¥É¸É¢¥´´μ. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¢¨¤¥´ · §·Ò¢ ¢ ´ ¶· ¢²¥´¨ÖÌ ¸±μ·μ¸É¥° ¸²¥¢ 
¨ ¸¶· ¢  μÉ ¢¥·É¨± ²Ó´μ° ²¨´¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Ê£²Ê θ = 0 (¸³. ·¨¸. 43, 47).
‚ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥ ¶·¨ n = 2 ¢ ¸¨²Ê ¤¨ËË¥·¥´Í¨·Ê¥³μ¸É¨ ËÊ´±Í¨¨ Φ2

É ±¨Ì · §·Ò¢μ¢ ¸±μ·μ¸É¥° ´¥ ´ ¡²Õ¤ ²μ¸Ó. �  ·¨¸. 43, 47 ¶·¨¸ÊÉ¸É¢ÊÕÉ É·¨
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�¨¸. 43. ‚¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥°
T3(x, y) ¶·¨ σ = |α|

�¨¸. 44. Š¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö T3(x, y)
¶·¨ σ = |α|

�¨¸. 45. �μÉ¥´Í¨ ² U3(x, y) ¶·¨ σ = |α| �¨¸. 46. �μÉ¥´Í¨ ² −Q3(x, y) ¶·¨
σ= |α|

¶μÉμ± . ‘ÊÐ¥¸É¢ÊÕÉ μ¤¨´ ¢Ìμ¤ÖÐ¨° ¶μÉμ± ¨ ¤¢  ¨¸Ìμ¤ÖÐ¨Ì. Œμ¦´μ ¸± § ÉÓ,
ÎÉμ ¢´ÊÉ·¨ μ¡² ¸É¨ ¢¤μ²Ó ²¨´¨¨ θ = 0 ¶·¨¸ÊÉ¸É¢Ê¥É ¢´ÊÉ·¥´´¨° ¨¸ÉμÎ´¨±
¶μÉμ± , ¢Ò§¢ ´´Ò° ´¥£² ¤±μ¸ÉÓÕ Ë §Ò Φ3.

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥ (σ = |α|), §¤¥¸Ó ´ ¡²Õ¤ ¥É¸Ö ®Ê£²μ¢ É Ö¯
Ëμ·³  · ¸¶·¥¤¥²¥´¨Ö ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ (É·¥Ê£μ²Ó´μ¥ μ¸´μ¢ ´¨¥ ¶¨· -
³¨¤Ò (·¨¸. 44)). Š¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² ¶·¨ σ = |α| ¨³¥¥É ¸ÊÐ¥¸É¢¥´´Ò°
¢±² ¤ (·¨¸. 46), ¶μÔÉμ³Ê £· Ë¨±¨ U ¨ Q ¡²¨§±¨ ¶μ Ëμ·³¥ (·¨¸. 45). ‚ ¸²ÊÎ ¥
σ = 10|α| ¢²¨Ö´¨¥ ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ²  ´¥§´ Î¨É¥²Ó´μ (·¨¸. 50) ¨ Ëμ·³ 
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�¨¸. 47. ‚¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥°
T3(x, y) ¶·¨ σ = 10|α|

�¨¸. 48. Š¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö T3(x, y)
¶·¨ σ = 10|α|

�¨¸. 49. �μÉ¥´Í¨ ² U3(x, y) ¶·¨ σ =
10|α|

�¨¸. 50. �μÉ¥´Í¨ ² −Q3(x, y) ¶·¨ σ =
10|α|

£· Ë¨±  ¶μÉ¥´Í¨ ²  U (·¨¸. 49) ¡²¨§±  ± Ëμ·³¥ £· Ë¨±  ±¨´¥É¨Î¥¸±μ° Ô´¥·-
£¨¨ T (·¨¸. 48). � ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ¢¥±Éμ·´μ£μ ¶μ²Ö ¨³¥¥É ®μ±·Ê£²ÊÕ¯
Ëμ·³Ê (·¨¸. 47), ÎÉμ ¸¢Ö§ ´μ ¸μ ¸² ¡Ò³ ¢²¨Ö´¨¥³ ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ² .

‡ ³¥Î ´¨¥ 3.3. ‚ ·¥§Ê²ÓÉ É¥ ¡Ò² · ¸¸³μÉ·¥´ ¶·¨³¥· ³¨±·μ- ¨ ³ ±·μ¸¨-
¸É¥³ ¢ · ³± Ì ¥¤¨´μ° ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨. Š ± ¶· ¢¨²μ, ¶·¨ ¶¥·¥Ìμ¤ Ì
³¥¦¤Ê ³¨±·μ- ¨ ³ ±·μ· ¸¸³μÉ·¥´¨¥³ ¤¥² ÕÉ¸Ö ´¥±¨¥ ¶·¥¤¶μ²μ¦¥´¨Ö, ¢Ò¡· -
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¸Ò¢ ´¨¥ ¢¥²¨Î¨´ ®¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨¯ ¨ É. ¤. ‚ ¤ ´´μ³ ¶μ¤Ìμ¤¥
É ±¨Ì ®Ê¶·μÐ¥´¨°¯ ´¥ ¶·μ¨§¢μ¤¨²μ¸Ó. �¥·¥Ìμ¤ ³¥¦¤Ê ³¨±·μ- ¨ ³ ±·μ¸¨¸É¥-
³μ° μ¸ÊÐ¥¸É¢²Ö²¸Ö ¶ÊÉ¥³ ´¥¶·¥·Ò¢´μ£μ ¨§³¥´¥´¨Ö ¶ · ³¥É·  σ, ¢Ìμ¤ÖÐ¥£μ
¢ ³μ¤¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ƒ Ê¸¸  (3.1). •μÉÖ · ¸¸³ É·¨¢ ²μ¸Ó · ¸¶·¥¤¥-
²¥´¨¥ (3.1), ¨§²μ¦¥´´Ò° ¶μ¤Ìμ¤ ¶·¨³¥´¨³ ¤²Ö ²Õ¡μ£μ · ¸¶·¥¤¥²¥´¨Ö É¨¶ 
f = f(|〈v〉|).

�¥¸³μÉ·Ö ´  £·μ³μ§¤±μ¸ÉÓ Ëμ·³Ê² ¶·¨ μ¡· É´μ³ ¶·¥μ¡· §μ¢ ´¨¨ ‹¥-
¦ ´¤· , ¶μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°, ¶μÉ¥´Í¨ ²μ¢,
Ë §, ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ¢¥±Éμ·´ÒÌ ¶μ²¥° ¸±μ·μ¸É¥° Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³¨.

4. Ψ-Œ�„…‹œ ŒˆŠ��- ˆ Œ�Š��‘ˆ‘’…Œ

�μ  ´ ²μ£¨¨ ¸ · §¤. 3 · ¸¸³μÉ·¨³ ¶μ¸É·μ¥´¨¥ ÉμÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥-
´¨Ö ˜·¥¤¨´£¥·  ¶μ ÉμÎ´Ò³ ·¥Ï¥´¨Ö³ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢ , ¨¸¶μ²Ó§ÊÖ
Ë¨±¸¨·μ¢ ´´μ¥ (¨§¢¥¸É´μ¥) ¶μ²¥ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° 〈v〉. ‚ ± Î¥¸É¢¥ ¶·¨-
³¥·  · ¸¸³μÉ·¨³ É·¥Ì³¥·´μ¥ ¢¨Ì·¥¢μ¥ ¶μ²¥ 〈v〉 [31], ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ë §¥
¢μ²´μ¢μ° ËÊ´±Í¨¨ ϕ(θ, φ) = nθ+kφ+c0, £¤¥ k, n, c0 Å ¶μ¸ÉμÖ´´Ò¥ §´ Î¥´¨Ö.

4.1. �μ¸É·μ¥´¨¥ ÉμÎ´μ£μ ·¥Ï¥´¨Ö. � ¸¸³μÉ·¨³ Î ¸É´Ò¥ ·¥Ï¥´¨Ö ¤²Ö
Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨ (4.1) ¨, ± ± ¸²¥¤¸É¢¨¥, ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· :

∂f

∂t
+ div [f〈v〉] = 0, (4.1)

dS

dt
= St + (〈v〉,∇S) = div 〈v〉 = Q, (4.2)

£¤¥ S
det= −ln f . ‘±μ·μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° 〈v〉 ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ · §¤. 1

¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥
〈v〉 = −α∇Φ + γA, (4.3)

£¤¥ A ¸μμÉ¢¥É¸É¢Ê¥É ¢¨Ì·¥¢μ° ±μ³¶μ´¥´É¥ ¶μ²Ö ¸±μ·μ¸É¥°.
‚ · ¡μÉ¥ [45] ¶μ± § ´μ, ÎÉμ ¢ ¸²ÊÎ ¥ ´¥£² ¤±μ£μ ¸± ²Ö·´μ£μ ¶μÉ¥´Í¨ ²  Φ

¶μ²¥ ∇Φ É ±¦¥ ³μ¦¥É ¡ÒÉÓ ¢¨Ì·¥¢Ò³, ´ ¶·¨³¥·:

Φ = 2ϕ = c1φ + c2,
(4.4)

∇Φ =
c1

ρ
eφ =

c1

r sin θ
eφ, rot [∇Φ] �= θ,

£¤¥ φ Å ¶μ²Ö·´Ò° Ê£μ²; ρ = r sin θ Å ¶μ²Ö·´Ò° · ¤¨Ê¸,   c1, c2 Å ¶μ¸Éμ-
Ö´´Ò¥ §´ Î¥´¨Ö. ‡ ³¥É¨³, ÎÉμ ¶μ²¥ rot [∇Φ] μÉ²¨Î´μ μÉ ´Ê²Ö Éμ²Ó±μ ´  μ¸¨
OZ [45].

� ¸¸³μÉ·¨³ · ¸Ï¨·¥´´Ò° ¢¨¤ ¶μÉ¥´Í¨ ²  (4.4) ¤²Ö 3-³¥·´μ£μ ¸²ÊÎ Ö:

ϕ (θ, φ) = nθ + kφ + c0, (4.5)
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£¤¥ k, n, c0 Å ¶μ¸ÉμÖ´´Ò¥ §´ Î¥´¨Ö. ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¶·¨ n = 0 ¢Ò· ¦¥-
´¨¥ (4.5) ¶¥·¥Ìμ¤¨É ¢ (4.4). ‘±μ·μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° (4.3) ¢ ¸Ë¥·¨Î¥-
¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¸ ÊÎ¥Éμ³ (4.5) ¶·¨´¨³ ¥É ¢¨¤

〈v〉 = −α∇Φ = −2α

(
k

r sin θ
eφ +

n

r
eθ

)
. (4.6)

‚ÒÎ¨¸²¨³ ¤¨¢¥·£¥´Í¨Õ ¶μ²Ö ¸±μ·μ¸É¥° Q (4.2), ¶μ²ÊÎ¨³

Q = −2αn

r2
ctg θ. (4.7)

‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¢¥²¨Î¨´  Q ¸μμÉ¢¥É¸É¢Ê¥É ¶²μÉ´μ¸É¨ ¨¸ÉμÎ-
´¨±μ¢ ¶μ²Ö 〈v〉,   É ± ± ± Q ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÉ²¨Î´  μÉ ´Ê²Ö (4.7), Éμ É ±¨¥
¨¸ÉμÎ´¨±¨ ¸ÊÐ¥¸É¢ÊÕÉ. ‚Ò· ¦¥´¨¥ (4.7) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ θ = π/2 ¨
¸É·¥³¨É¸Ö ± ´Ê²Õ ´  ¡¥¸±μ´¥Î´μ¸É¨ ¶·¨ r → ∞. ‡ ³¥É¨³, ÎÉμ ¶μ ¶μ²Ö·´μ³Ê

�¨¸. 51. � ¸¶·¥¤¥²¥´¨¥ Q

Ê£²Ê φ ¶²μÉ´μ¸ÉÓ (4.7) Ö¢²Ö¥É¸Ö ¸¨³³¥-
É·¨Î´μ°.

�  ·¨¸. 51 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥
¶²μÉ´μ¸É¨ ¨¸ÉμÎ´¨±μ¢ Q ¢ ¶²μ¸±μ¸É¨
XOZ, É. ¥. ¶·¨ φ = 0. ˆ§ ·¨¸Ê´±  ¢¨¤´μ,
ÎÉμ ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ Ê£μ² θ = π/2 ¨¸-
ÉμÎ´¨±¨ ¶μ²Ö ³¥´ÖÕÉ ¸¢μ° §´ ± ´  ¶·μÉ¨-
¢μ¶μ²μ¦´Ò°. ’ ±¨³ μ¡· §μ³, ¢¥±Éμ·´μ¥
¶μ²¥ 〈v〉 ¸μμÉ¢¥É¸É¢Ê¥É ¶μÉμ±Ê ¨§ μ¤´μ°
Î ¸É¨ ¶μ²Ê¶·μ¸É· ´¸É¢  Z < 0 ¢ ¤·Ê£ÊÕ
Î ¸ÉÓ ¶μ²Ê¶·μ¸É· ´¸É¢  Z > 0. � ¶· ¢-
²¥´¨¥ ¶μÉμ±  μ¶·¥¤¥²Ö¥É¸Ö §´ ±μ³ ±μ´-
¸É ´É ¢ ¢Ò· ¦¥´¨¨ (4.7).

�μ± ¦¥³, ÎÉμ ¶μ²¥ 〈v〉 Ö¢²Ö¥É¸Ö
¢¨Ì·¥¢Ò³. ‚ÒÎ¨¸²¨³ ·μÉμ· μÉ ¢Ò· ¦¥-
´¨Ö (4.6), ¶μ²ÊÎ¨³

rot 〈v〉 =
−2α

r sin θ

[
∂

∂θ

(
k

r

)
− ∂

∂φ

n

r

]
er +

+
2α

r

∂

∂r

(
k

sin θ

)
eθ −

2α

r

∂n

∂r
eφ = θ. (4.8)

ˆ§ (4.8) ¸²¥¤Ê¥É, ÎÉμ rot 〈v〉 = θ ¶μÎÉ¨ ¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ ³´μ¦¥¸É¢ 
ÉμÎ¥± ³¥·Ò ´Ê²Ó. �μ± ¦¥³, ÎÉμ ´  μ¸¨ OZ rot 〈v〉 μÉ²¨Î¥´ μÉ ´Ê²Ö, ¤²Ö ÔÉμ£μ
¢ÒÎ¨¸²¨³

∮
γ

〈v〉 dl Å Í¨·±Ê²ÖÍ¨Õ ¢¥±Éμ·  〈v〉 ¶μ § ³±´ÊÉμ³Ê ±μ´ÉÊ·Ê γ ¢ ¢¨¤¥
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μ±·Ê¦´μ¸É¨, ¶·¨´ ¤²¥¦ Ð¥° ¸Ë¥·¥ · ¤¨Ê¸  r (·¨¸. 52):

dl = eθr dθ + eφ r sin θ dφ,
(4.9)∮

γ

〈v〉dl = −2αk

φ0+2π∫
φ0

r sin θ

r sin θ
dφ − 2αn

⎛
⎝ π−θ0∫

θ0

r

r
dθ +

θ0∫
π−θ0

r

r
dθ

⎞
⎠ = −4παk,

ÎÉμ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° ‘Éμ±¸  ¤ ¥É∫
Σγ

rot 〈v〉 dσ = −4παk. (4.10)

�¨¸. 52. Šμ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö

�· ¢ Ö Î ¸ÉÓ ¢Ò· ¦¥´¨Ö (4.10)
´¥ ¸μ¤¥·¦¨É ¨´Ëμ·³ Í¨¨ μ ¢¥²¨Î¨´¥
¶²μÐ ¤¨ Σγ . ’ ±¨³ μ¡· §μ³, ±μ´-
ÉÊ· γ ³μ¦´μ ¸±μ²Ó Ê£μ¤´μ ¸ÉÖ£¨¢ ÉÓ
¢μ±·Ê£ μ¸¨ OZ, ¶·¨ ÔÉμ³ §´ Î¥´¨¥
¨´É¥£· ²  (4.10) ´¥ ¨§³¥´¨É¸Ö.

ˆ§ (4.9) ¢¨¤´μ, ÎÉμ ¨´É¥£· ² ¶μ
dφ μÉ²¨Î¥´ μÉ ´Ê²Ö,   ¨´É¥£· ² ¶μ
dθ ¤ ¥É ´Ê²Ó, ¶μÔÉμ³Ê ¢ÒÎ¨¸²¥´¨¥
rot 〈v〉  ´ ²μ£¨Î´μ ¶·μÍ¥¤Ê·¥, μ¶¨-
¸ ´´μ° ¢ · ¡μÉ¥ [45]. ‚ ·¥§Ê²ÓÉ É¥
¶μ²ÊÎ ¥³

rot 〈v〉 = γ rotA = γB =

= −4παkδ2(ρ, φ) ez ,

B = −2αk

γ

δ(ρ)
ρ

ez

¨²¨

B = −q
(Wb)
m δ(ρ)

2πρ
ez, (4.11)

£¤¥

δ2(ρ, φ) =
δ(ρ)
2πρ

,

∫
Σ

δ2(ρ, φ) dσ =

2π∫
0

dφ

R∫
0

δ(ρ)
2πρ

ρ dρ = 1, q(Wb)
m =

2π�k

qe
.

‚¥²¨Î¨´  q
(Wb)
m ¸μ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö ³ £´¨É´μ£μ § -

·Ö¤  ¨ Ê¤μ¢²¥É¢μ·Ö¥É ¶· ¢¨²Ê ±¢ ´Éμ¢ ´¨Ö [46].
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‡ ³¥Î ´¨¥ 4.1. �μ²ÊÎ¥´´ Ö ¸¨¸É¥³  (4.11) ´¥ Ö¢²Ö¥É¸Ö ³μ´μ¶μ²¥³ „¨-
· ± , ÌμÉÖ ¨ μ¡² ¤ ¥É ®§ ·Ö¤μ³¯, Î¨¸²¥´´μ · ¢´Ò³ ³ £´¨É´μ³Ê § ·Ö¤Ê

q
(Wb)
m . ‚μ-¶¥·¢ÒÌ, ¢ μÉ²¨Î¨¥ μÉ ³μ´μ¶μ²Ö „¨· ±  ®³ £´¨É´Ò°¯ § ·Ö¤ q

(Wb)
m

¢ (4.11) ¨³¥¥É Éμ²Ó±μ μ¤´Ê ¸¨²μ¢ÊÕ ²¨´¨Õ, ¸μ¢¶ ¤ ÕÐÊÕ ¸ μ¸ÓÕ OZ, ¨
div B = 0. ‚μ-¢Éμ·ÒÌ, ³ £´¨É´μ¥ ¶μ²¥ ³μ´μ¶μ²Ö „¨· ±  ∼ 1/r2,   ¢ ¢Ò-
· ¦¥´¨¨ (4.11) ³ £´¨É´μ¥ ¶μ²¥ ∼ 1/r, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ±² ¸¸¨Î¥¸±μ³Ê
¶μ¢¥¤¥´¨Õ ³ £´¨É´μ£μ ¶μ²Ö.

…¸²¨ ¨³¥¥É¸Ö ¸μ¢μ±Ê¶´μ¸ÉÓ N É ±¨Ì ®³ £´¨É´ÒÌ¯ § ·Ö¤μ¢ q
(Wb)
m , Í¥´É·Ò

±μÉμ·ÒÌ · ¸¶μ²μ¦¥´Ò, ´ ¶·¨³¥·, ¢ μ¤´μ° ¶²μ¸±μ¸É¨ ¸ ±μμ·¤¨´ É ³¨ ρi,
i = 1, . . . , N , Éμ ¸Ê³³ ·´μ¥ ³ £´¨É´μ¥ ¶μ²¥ B, ¸μ§¤ ¢ ¥³μ¥ É ±μ° ¸¨¸É¥³μ°,
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.11) Ëμ·³ ²Ó´μ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥

B(ρ) = −
N∑

i=1

q
(Wb)
m δ (|ρ − ρi|)

2π |ρ − ρi|
ez. (4.12)

’ ±¨³ μ¡· §μ³, ¶μ²¥ 〈v〉 ¨³¥¥É ¨¸ÉμÎ´¨±¨ Q ¨ B, ±μÉμ·Ò¥ ¢ μ¡Ð¥³
¸²ÊÎ ¥ μÉ²¨Î´Ò μÉ ´Ê²Ö. ˆ§ (4.7) ¸²¥¤Ê¥É, ÎÉμ ¨¸ÉμÎ´¨±¨ ´¥¢¨Ì·¥¢μ£μ ¶μ²Ö Q
¸ÊÐ¥¸É¢ÊÕÉ, ¥¸²¨ n �= 0,   ¨§ (4.11) ¸²¥¤Ê¥É, ÎÉμ ¨¸ÉμÎ´¨±¨ ¢¨Ì·¥¢μ£μ ¶μ²Ö
B ¸ÊÐ¥¸É¢ÊÕÉ, ±μ£¤  k �= 0. ‘²¥¤μ¢ É¥²Ó´μ, ¶¥·¢μ¥ ¸² £ ¥³μ¥ nθ ¢ (4.5)
μÉ¢¥Î ¥É §  ¡¥§¢¨Ì·¥¢ÊÕ ±μ³¶μ´¥´ÉÊ,   ¢Éμ·μ¥ ¸² £ ¥³μ¥ kφ Å §  ¢¨Ì·¥¢ÊÕ
±μ³¶μ´¥´ÉÊ ¢¥±Éμ·´μ£μ ¶μ²Ö ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° 〈v〉.

‚ ¸¨²Ê ¸± § ´´μ£μ ¤²Ö ¸±μ·μ¸É¨ 〈v〉 ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° ƒ¥²Ó³-
£μ²ÓÍ  ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥

〈v〉 = −α∇Φ + γA = −2α
n

r
eθ −

2αk

r sin θ
eφ,

£¤¥

Φ = 2ϕ, ϕ = nθ + c0, A = −2α

γ

k

r sin θ
eφ, (4.13)

c0 Å ´¥±μÉμ· Ö ËÊ´±Í¨Ö, ´¥ § ¢¨¸ÖÐ Ö μÉ ±μμ·¤¨´ ÉÒ. �·¨ ÔÉμ³ ¸μ£² ¸-
´μ (4.7) ¨ (4.11) ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö rot∇Φ = 0, div A = 0.

‚Ò· ¦¥´¨¥ ¤²Ö ¢¨Ì·¥¢μ£μ ¶μ²Ö A ¸μ£² ¸´μ (4.11) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ
¢ ¢¨¤¥

A = −q
(Wb)
m

2πρ
eφ,

∮
γρ

A dl = −q(Wb)
m .

‡ ³¥Î ´¨¥ 4.2. ‚ ± Î¥¸É¢¥ ËÊ´±Í¨¨ c0 ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ´¥±μÉμ· Ö
ËÊ´±Í¨Ö, § ¢¨¸ÖÐ Ö Éμ²Ó±μ μÉ ¢·¥³¥´¨, ´ ¶·¨³¥· c0(t) = −ωt, £¤¥ ω = E/�.
Š ± ¡Ê¤¥É ¢¨¤´μ ¤ ²¥¥, ¢¥²¨Î¨´  E ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²´μ° Ô´¥·£¨¨. ‚ ¸²Ê-
Î ¥ ´¥±μ´¸¥·¢ É¨¢´ÒÌ ¸¨¸É¥³ ¶μ²´ Ö Ô´¥·£¨Ö ³μ¦¥É § ¢¨¸¥ÉÓ μÉ ¢·¥³¥´¨,
¶μÔÉμ³Ê ²¨´¥°´ Ö § ¢¨¸¨³μ¸ÉÓ c0(t) = (−E/�)t Ö¢²Ö¥É¸Ö ²¨ÏÓ Î ¸É´Ò³
¶·¥¤¸É ¢²¥´¨¥³ ¤²Ö ËÊ´±Í¨¨ c0(t).
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� °¤¥³ ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f(r, t), ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¢¥±-
Éμ·´μ³Ê ¶μ²Õ (4.6). �μ¤¸É ¢²ÖÖ (4.6), (4.7) ¢ (4.2), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö
μ¶·¥¤¥²¥´¨Ö f(r, t):

∂S

∂t
− 2α

(
k

r2 sin2 θ

∂S

∂φ
+

n

r2

∂S

∂θ

)
= −2αn

r2
ctg θ,

(4.14)

− r2

2α

∂S

∂t
+

k

sin2 θ

∂S

∂φ
+ n

∂S

∂θ
= n ctg θ.

“· ¢´¥´¨¥ (4.14) Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ´¥μ¤´μ·μ¤´Ò³ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤-
´ÒÌ μÉ´μ¸¨É¥²Ó´μ ËÊ´±Í¨¨ S(r, φ, θ, t), ¶μÔÉμ³Ê ·¥Ï¥´¨¥ (4.14) ¡Ê¤¥³ ¨¸± ÉÓ
¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ μ¡Ð¥£μ μ¤´μ·μ¤´μ£μ Sμ.μ ¨ Î ¸É´μ£μ ´¥μ¤´μ·μ¤´μ£μ SÎ.´

Sμ.´ = Sμ.μ + SÎ.´. (4.15)

�¥Ï¥´¨¥ SÎ.´ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ SÎ.´ = SÎ.´(θ), Éμ£¤  Ê· ¢´¥´¨¥ (4.14)
¶·¨³¥É ¢¨¤

∂SÎ.´

∂θ
= ctg θ,

(4.16)

SÎ.´ =
∫

ctg θ dθ = ln | sin θ| + c, SÎ.´ = ln (c1 sin θ).

� °¤¥³ ·¥Ï¥´¨¥ Sμ.μ, ±μÉμ·μ¥ ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ μ¤´μ·μ¤´μ³Ê Ê· ¢-
´¥´¨Õ

− r2

2α

∂Sμ.μ

∂t
+ n

∂Sμ.μ

∂θ
+

k

sin2 θ

∂Sμ.μ

∂φ
= 0. (4.17)

“· ¢´¥´¨¥ (4.17) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ £¨¶¥·¡μ²¨Î¥¸±μ£μ É¨¶ , ¸²¥¤μ¢ -
É¥²Ó´μ, ¤μ¶Ê¸± ¥É ·¥Ï¥´¨¥ ¢ ¢¨¤¥ Ì · ±É¥·¨¸É¨±. ’ ± ± ± ¢ Ê· ¢´¥´¨¨ (4.17)
¶·¨¸ÊÉ¸É¢ÊÕÉ É·¨ ¶¥·¥³¥´´Ò¥ t, θ, φ, Éμ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ¨´É¥£· ²  ¤¢¨¦¥´¨Ö
ξ = c1 ¨ η = c2, ¢¤μ²Ó ±μÉμ·ÒÌ ¤μ²¦´μ ¡ÒÉÓ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥

Sμ.μ(ξ, η) = const. (4.18)

‚¢μ¤Ö ¶ · ³¥É·¨§ Í¨Õ θ = θ(τ), φ = φ(τ), t = t(τ) ¤²Ö ¶μ²´μ£μ ¤¨ËË¥-
·¥´Í¨ ²  μÉ Sμ.μ ¢¤μ²Ó Ì · ±É¥·¨¸É¨± (ξ, η), ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.18) ¶μ²ÊÎ ¥³

dSμ.μ

dτ
=

∂Sμ.μ

∂t

dt

dτ
+

∂Sμ.μ

∂θ

dθ

dτ
+

∂Sμ.μ

∂φ

dφ

dτ
= 0. (4.19)

‘· ¢´¨¢ Ö (4.19) ¨ (4.17), ¶μ²ÊÎ ¥³

dt

dτ
= − r2

2α
,

dθ

dτ
= n,

dφ

dτ
=

k

sin2 θ
, (4.20)
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ÎÉμ ¶·¨¢μ¤¨É ± Ì · ±É¥·¨¸É¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³

dθ

dφ
=

n

k
sin2 θ,

dθ

dt
= −2αn

r2
. (4.21)

�¥Ï¥´¨Ö Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨° (4.21) ¨³¥ÕÉ ¢¨¤

φ = −k

n
ctg θ + c1, θ = −2αn

r2
t + c2, (4.22)

£¤¥ c1, c2 Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. ‚Ò· ¦¥´¨Ö (4.22) § ¤ ÕÉ Ê· ¢´¥´¨Ö ¨´-
É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ¢¤μ²Ó ±μÉμ·ÒÌ Sμ.μ Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´μ° (4.18)

ξ(θ, φ) = φ +
k

n
ctg θ, η(r, θ, t) = θ +

2αn

r2
t. (4.23)

‡ ³¥É¨³, ÎÉμ ¢ Ê· ¢´¥´¨¨ (4.17) μÉ¸ÊÉ¸É¢ÊÕÉ ¶·μ¨§¢μ¤´Ò¥ ¶μ r, ÌμÉÖ ¸ ³μ
·¥Ï¥´¨¥ Sμ.μ ³μ¦¥É § ¢¨¸¥ÉÓ μÉ r. …¸²¨ Sμ.μ = Sμ.μ(r, φ, θ, t), Éμ ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö (4.17) ¢ ¸¨²Ê (4.23) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥

Sμ.μ(r, θ, φ, t) = G(r, ξ, η) = G

(
r, φ +

k

n
ctg θ, θ +

2αn

r2
t

)
, (4.24)

£¤¥ G(r, ξ, η) Å ´¥±μÉμ· Ö ¤¨ËË¥·¥´Í¨·Ê¥³ Ö ËÊ´±Í¨Ö, μ¶·¥¤¥²Ö¥³ Ö ¨§ ´ -
Î ²Ó´ÒÌ ¨²¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨°. …¸²¨ § ¤ ´μ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥

Sμ.μ(r, φ, θ, t)|t=0 = G0(r, φ, θ), (4.25)

Éμ ¨§ (4.25) ¸ ÊÎ¥Éμ³ (4.24) ¸²¥¤Ê¥É

G0 (r, φ, θ) = G

(
r, φ +

k

n
ctg θ, θ

)
= G(r, ξ̃, η̃), (4.26)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

ξ̃
det= φ +

k

n
ctg θ, η̃

det= θ,

μÉ¸Õ¤ 

θ = η̃, φ = ξ̃ − k

n
ctg η̃. (4.27)

�μ¤¸É ¢²ÖÖ (4.27) ¢ (4.26), ¶μ²ÊÎ¨³

G(r, ξ̃, η̃) = G0

(
r, ξ̃ − k

n
ctg η̃, η̃

)
. (4.28)
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’ ±¨³ μ¡· §μ³, ¨¸Ìμ¤Ö ¨§ (4.28) ¨ (4.23) ·¥Ï¥´¨¥ (4.24), Ê¤μ¢²¥É¢μ·ÖÕ-
Ð¥¥ ´ Î ²Ó´μ³Ê Ê¸²μ¢¨Õ (4.25), ¶·¨³¥É ¢¨¤

Sμ.μ(r, φ, θ, t) = G0

(
r, ξ − k

n
ctg η, η

)
=

= G0

(
r, φ +

k

n

(
ctg θ − ctg

(
θ +

2αn

r2
t

))
, θ +

2αn

r2
t

)
. (4.29)

‚ ¸¨²Ê (4.15), (4.16), (4.29) μ¡Ð¥¥ ·¥Ï¥´¨¥ ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥-
´¨Ö (4.14) ¨³¥¥É ¢¨¤

Sμ.´(r, φ, θ, t) =

= G0

(
r, φ +

k

n

(
ctg θ − ctg

(
θ +

2αn

r2
t

))
, θ +

2αn

r2
t

)
+ ln sin θ. (4.30)

�¥Ï¥´¨¥ (4.30) ¢ μÉ²¨Î¨¥ μÉ (4.29) ´¥ Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´Ò³ ¢¤μ²Ó Ì -
· ±É¥·¨¸É¨± (4.23), É ± ± ± (4.30) ¸μ¤¥·¦¨É ¸² £ ¥³μ¥ SÎ.´. ’ ±¨³ μ¡· §μ³,
´¥μ¤´μ·μ¤´μ¸ÉÓ Ê· ¢´¥´¨Ö (4.14) ¶·¨¢μ¤¨É ± ¨§³¥´¥´¨Õ Sμ.´ ¢¤μ²Ó Ì · ±É¥-
·¨¸É¨±¨. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ´¥μ¤´μ·μ¤´μ¸ÉÓ Ê· ¢´¥´¨Ö (4.14) ¢Ò§¢ ´  ´ ²¨-
Î¨¥³ ¨¸ÉμÎ´¨±μ¢ Q ¡¥§¢¨Ì·¥¢μ£μ ¶μ²Ö (4.2), (4.7). …¸²¨ Q = 0, ´ ¶·¨³¥· ¶·¨
n = 0, Éμ ¨¸Ìμ¤´ Ö § ¤ Î  ¡Ê¤¥É ¸¢¥¤¥´  ± § ¤ Î¥, · ¸¸³μÉ·¥´´μ° ¢ ¸É ÉÓ¥ [45].

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ f(r, φ, θ, t) ¶μ²ÊÎ ¥³

f(r, φ, θ, t) = e−Sμ.´(r,φ,θ,t) =

=
1

sin θ
exp
[
−G0

(
r, φ +

k

n

(
ctg θ − ctg

(
θ +

2αn

r2
t

))
, θ +

2αn

r2
t

)]

¨²¨

f(r, φ, θ, t) =

=
1

sin θ
F0

(
r, φ +

k

n

(
ctg θ − ctg

(
θ +

2αn

r2
t

))
, θ +

2αn

r2
t

)
, (4.31)

£¤¥ F0
det= e−G0 . �·¨ ÔÉμ³ ËÊ´±Í¨Ö f0 μ¶·¥¤¥²Ö¥É¸Ö ¨§ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°

f(r, φ, θ, t)|t=0 =
F0(r, φ, θ)

sin θ
= f0(r, φ, θ),

(4.32)
F0(r, φ, θ) = sin θf0(r, φ, θ),

£¤¥ f0(r, φ, θ) Å ¨§¢¥¸É´ Ö ËÊ´±Í¨Ö ´ Î ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ¢¥-
·μÖÉ´μ¸É¨.
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‡ ³¥Î ´¨¥ 4.3. �μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ (4.31) Ö¢²Ö¥É¸Ö ¶¥·¨μ¤¨Î¥¸±¨³ ¶μ
¢Éμ·μ³Ê  ·£Ê³¥´ÉÊ ´  ¸Ë¥·¥. „¥°¸É¢¨É¥²Ó´μ, ¢Éμ·μ°  ·£Ê³¥´É

φ +
k

n

[
ctg θ − ctg

(
θ +

2αn

r2
t

)]
= φ +

k

n
[ctg θ − ctg (θ + ωnt)]

¸μ¤¥·¦¨É ¸² £ ¥³μ¥ ωnt, £¤¥

ωn(r) det=
2αn

r2
= − �n

mr2
.

— ¸ÉμÉ  ωn Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ° ´  ¸Ë¥·¥, É. e. ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ · -
¤¨Ê¸¥. ’ ± ± ± ËÊ´±Í¨Ö ctg ¶¥·¨μ¤¨Î´ Ö ¸ ¶¥·¨μ¤μ³ T1 = π, ·¥Ï¥´¨¥ (4.31)
¡Ê¤¥É ¶¥·¨μ¤¨Î´μ ´  ¸Ë¥·¥ ¶μ ¢Éμ·μ³Ê  ·£Ê³¥´ÉÊ ¸ ¶¥·¨μ¤μ³ T1:

T1
det=

m

�n
T1r

2 =
m

�n
πr2 det=

m

�n

σ

4
,

£¤¥ σ = 4πr2 Å ¶²μÐ ¤Ó ¸Ë¥·Ò · ¤¨Ê¸  r.
…¸²¨ É·¥É¨°  ·£Ê³¥´É ·¥Ï¥´¨Ö (4.31) Ö¢²Ö¥É¸Ö  ·£Ê³¥´Éμ³ ´¥±μÉμ·μ°

¶¥·¨μ¤¨Î¥¸±μ° ËÊ´±Í¨¨ ¶¥·¨μ¤  T2, Éμ ·¥Ï¥´¨¥ (4.31) ¡Ê¤¥É ¨³¥ÉÓ ¢Éμ·μ°
¶¥·¨μ¤ T2 ´  ¸Ë¥·¥

T2
det=

m

�n
T2r

2.

�·¨ ´ ²¨Î¨¨ ¤¢ÊÌ ¶¥·¨μ¤μ¢ T1 ¨ T2 ·¥Ï¥´¨¥ (4.31) Ëμ·³ ²Ó´μ ³μ¦¥É
¡ÒÉÓ · ¸¸³μÉ·¥´μ ± ± Ô²²¨¶É¨Î¥¸± Ö ËÊ´±Í¨Ö ´  ¸Ë¥·¥.

�¥·¨μ¤ T1 § ¢¨¸¨É μÉ · ¤¨Ê¸  ¸Ë¥·Ò r ¨ Ê¢¥²¨Î¨¢ ¥É¸Ö ¸ Ê¢¥²¨Î¥´¨¥³
· ¤¨Ê¸ . � ¸¸³ É·¨¢ Ö ±μ´Í¥´É·¨Î¥¸±¨¥ ¸Ë¥·Ò, ¶μ²ÊÎ ¥³, ÎÉμ ¢ ´ Î ²¥ ±μ-
μ·¤¨´ É ¶·¨ r → 0 ¶¥·¨μ¤ T1 → 0,   Î ¸ÉμÉ  ωn → ∞, ´  ¡μ²ÓÏ¨Ì · ¤¨Ê¸ Ì
r → ∞ ¶¥·¨μ¤ T1 → ∞ ¨ Î ¸ÉμÉ  ωn → 0.

‡ ³¥É¨³, ÎÉμ ¶μÌμ¦ Ö  ´ ²μ£¨Ö ¢¸É·¥Î ¥É¸Ö ¶·¨ ¸· ¢´¥´¨¨ ³¨±·μ- ¨
³ ±·μ³¨· . ‚ ³¨±·μ³¨·¥ ( Éμ³) ¶¥·¨μ¤Ò μ¸Í¨²²ÖÉμ·μ¢ ³ ²Ò (∼ 10−8 c),   ¢
³ ±·μ³¨·¥ (‘μ²´¥Î´ Ö ¸¨¸É¥³ ) ¶¥·¨μ¤Ò ¢¥²¨±¨ (∼ 1 £μ¤).

�μ± ¦¥³, ÎÉμ ¢¥±Éμ·´μ¥ ¶μ²¥ 〈v〉 ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨ (4.6) ´ ¶· ¢²¥´μ
¶μ ± ¸ É¥²Ó´μ° ± Ì · ±É¥·¨¸É¨± ³ (4.22). �Ê¸ÉÓ u Å ± ¸ É¥²Ó´Ò° ¢¥±Éμ·
¢¤μ²Ó Ì · ±É¥·¨¸É¨±¨ (4.22), Éμ£¤  ±μ³¶μ´¥´ÉÒ u ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.20)
¨³¥ÕÉ ¢¨¤

x = sin θ cos φ, y = sin θ sin φ, z = cos θ,
(4.33)

u =

⎛
⎜⎝

x′
τ

y′
τ

z′τ

⎞
⎟⎠ =

1
sin θ

⎛
⎝n sin θ cos θ cosφ − k sin φ

n sin θ cos θ sinφ + k cosφ
−n sin2 θ

⎞
⎠ .
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‚¥±Éμ·´μ¥ ¶μ²¥ 〈v〉 (4.6) ¢ ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¶·¨³¥É ¢¨¤

er =

⎛
⎝sin θ cos φ

sin θ sin φ
cos θ

⎞
⎠ , eθ =

⎛
⎝cos θ cos φ

cos θ sin φ
− sin θ

⎞
⎠ , eφ =

⎛
⎝− sin φ

cos φ
0

⎞
⎠ , (4.34)

〈v〉 = − 2α

r sin θ
(keφ + n sin θ eθ) =

= − 2α

r sin θ

⎛
⎝n sin θ cos θ cos φ − k sin φ

n sin θ cos θ sin φ + k cos φ
−n sin2 θ

⎞
⎠ . (4.35)

‘· ¢´¨¢ Ö (4.1) ¨ (4.35), ¶μ²ÊÎ ¥³

〈v〉 = −2α

r
u, (4.36)

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.
�  ·¨¸. 53Ä55 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ Ì · ±É¥·¨¸É¨± (4.22) ¤²Ö · §²¨Î´ÒÌ

§´ Î¥´¨° n ¨ k. ’ ± ± ±  §¨³ÊÉ ²Ó´Ò° Ê£μ² φ μ¶·¥¤¥²¥´ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 2π,
¶μ¸ÉμÖ´´ÊÕ ¢¥²¨Î¨´Ê c1 ¢ ¢Ò· ¦¥´¨¨ (4.22) ¨³¥¥É ¸³Ò¸² ¡· ÉÓ ¢ ¤¨ ¶ §μ´¥
0 � c1 < 2π. �  ± ¦¤μ³ ·¨¸Ê´±¥ ¨§μ¡· ¦¥´Ò Ï¥¸ÉÓ Ì · ±É¥·¨¸É¨±, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì Ï¥¸É¨ · §²¨Î´Ò³ §´ Î¥´¨Ö³ ±μ´¸É ´ÉÒ ci

1, i = 0, . . . , 5 (4.22):

ci
1 =

2π

6
i. (4.37)

�¨¸. 53. ƒ· Ë¨±¨ Ì · ±É¥·¨¸É¨± ¶·¨ n = 1 ¨ k = 1



1102 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 54. ƒ· Ë¨±¨ Ì · ±É¥·¨¸É¨± ¶·¨ n = 1 ¨ k = 3

�¨¸. 55. ƒ· Ë¨±¨ Ì · ±É¥·¨¸É¨± ¶·¨ n = 3 ¨ k = 1

�  ¢¸¥Ì £· Ë¨± Ì ¢¨¤´μ, ÎÉμ Ì · ±É¥·¨¸É¨±¨ ®¸μ¥¤¨´ÖÕÉ¯ ¤¢  ¶·μÉ¨¢μ-
¶μ²μ¦´ÒÌ ¶μ²Õ¸  ¸Ë¥·Ò (θ = 0 ¨ θ = π).

‡ ³¥Î ´¨¥ 4.4. ‡ ³¥É¨³, ÎÉμ ¶μ¢¥¤¥´¨¥ Ì · ±É¥·¨¸É¨± (4.22) ¢ μ±·¥¸É-
´μ¸É¨ ¶μ²Õ¸μ¢ Ëμ·³ ²Ó´μ ¸Ìμ¦¥ ¸ ¸ÊÐ¥¸É¢μ¢ ´¨¥³ Ê¤ ·´ÒÌ ¢μ²´ ¸¦ É¨Ö ¨
· §·Ö¦¥´¨Ö. ’μ ¥¸ÉÓ ¶·¨ z > 0 Ê¤ ·´ Ö ¢μ²´  · §·Ö¦¥´¨Ö Q > 0,   ¶·¨ z < 0
Ê¤ ·´ Ö ¢μ²´  ¸¦ É¨Ö Q < 0. ˆ§ ¢Ò· ¦¥´¨Ö (4.22) ¸²¥¤Ê¥É, ÎÉμ Ì · ±É¥-
·¨¸É¨±¨ ´¥ ¤μ¸É¨£ ÕÉ ¶μ²Õ¸μ¢ ¸Ë¥·Ò (¸³. ·¨¸. 53Ä55), É. ¥. ´¥ ¸ÊÐ¥¸É¢Ê¥É
±μ´¥Î´μ£μ §´ Î¥´¨Ö  §¨³ÊÉ ²Ó´μ£μ Ê£²  φend, ¶·¨ ±μÉμ·μ³ θ = 0 ¨²¨ θ = π.

”Ê´±Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° (4.31) ¨³¥¥É μ¸μ¡¥´´μ¸ÉÓ ¢ ¶μ²Õ¸ Ì
¸Ë¥·Ò (θ = 0 ¨ θ = π) ¨ ³μ¦¥É ¸É·¥³¨ÉÓ¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨, ¶μÔÉμ³Ê ´ °¤¥³



’�—�� �…˜�…Œ›… Œ�„…‹ˆ „‹Ÿ �…�‚�ƒ� “��‚�…�ˆŸ ‚‹�‘�‚� 1103

¥¥ ´μ·³Ê (¶μ²´ÊÕ ¢¥·μÖÉ´μ¸ÉÓ):

∫
(∞)

f dω =

2π∫
0

dφ

π∫
0

sin θ dθ

+∞∫
0

r2f dr =

2π∫
0

dφ

π∫
0

dθ×

×
+∞∫
0

r2F0

(
r, φ +

k

n

(
ctg θ − ctg

(
θ +

2αn

r2
t

))
, θ +

2αn

r2
t

)
dr. (4.38)

’ ±¨³ μ¡· §μ³, ¢μ¶·μ¸ μ£· ´¨Î¥´´μ¸É¨ ´μ·³Ò ¤²Ö ËÊ´±Í¨¨ f ¸¢μ¤¨É¸Ö
± ¢μ¶·μ¸Ê μ¡ μ£· ´¨Î¥´´μ¸É¨ ¨´É¥£· ²  (4.38) μÉ ËÊ´±Í¨¨ F0, ¢Ìμ¤ÖÐ¥° ¢
£· ´¨Î´μ¥ Ê¸²μ¢¨¥ (4.32) ±· ¥¢μ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö (4.2).

‚Ò· ¦¥´¨¥ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ ¸μ£² ¸´μ ¢Ò· ¦¥´¨Ö³ (1.44), (4.13),
(4.31) ¨ § ³¥Î ´¨Õ 4.3 ¶·¨³¥É ¢¨¤

Ψ(r, t) =
1√

sin θ

√
F0

(
r, φ +

k

n
[ctg θ − ctg (θ + ωn(r)t)] , θ + ωn(r)t

)
×

× exp
[
i

(
nθ − E

�
t

)]
. (4.39)

� °¤¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶μÉ¥´Í¨ ² U ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ (4.39). ˆ§
¢Ò· ¦¥´¨° (1.47) ¨ (4.13) ¶μ²ÊÎ¨³

U(r, t) = − 1
β

{
∂ϕ(r, t)

∂t
+ α

[
Δ
√

f(r, t)√
f (r, t)

− |∇ϕ (r, t)|2
]

+ γ (A,∇ϕ)

}
,

U(r, t) = − 1
β

∂ϕ

∂t
+

α

β

[
|∇ϕ|2 − Δ|Ψ|

|Ψ|

]
¨²¨

U = − 1
β

∂ϕ

∂t
+

α

β
|∇ϕ|2 − Q, (4.40)

£¤¥ ¢Ò· ¦¥´¨¥

Q
det=

α

β

Δ|Ψ|
|Ψ| = − �

2

2m

Δ |Ψ|
|Ψ| (4.41)

¨§¢¥¸É´μ ± ± ±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² ¢ É¥μ·¨¨ ®¢μ²´Ò-¶¨²μÉ ¯ [41, 42]. Š¢ ´Éμ-
¢Ò° ¶μÉ¥´Í¨ ² ¸¢Ö§ ´ ¸ ±² ¸¸¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ eχ ¸μμÉ´μÏ¥´¨¥³ (1.56):

χ =
2αβ

γ

(
1

2αβ

|γA|2

2
+ U + Q

)
. (4.42)
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�μ¤¸É ¢²ÖÖ (4.13) ¨ (4.40) ¢ (4.42), ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨-
 ²  eχ:

eχ = −m

2
|γA|2 + U + Q = −m

2
|γA|2 − �

2

2m
|∇ϕ|2 + E =

= − (�k)2

2mρ
− (�kn)2

2mr2
+ E,

(4.43)

−eχ =
M2

φ

2mρ2
+

M2
θ

2mr2
− E =

P 2
φ

2m
+

P 2
θ

2m
− E =

P 2

2m
− E,

E =
P 2

2m
+ eχ = const,

£¤¥

Mθ
det= �n, Mφ

det= �k. (4.44)

‚¥²¨Î¨´Ê Mθ ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± Ê£²μ¢μ° ³μ³¥´É ¨³¶Ê²Ó¸ , ¸¢Ö§ ´´Ò°
¸ Ê£²μ³ θ, μÉ´μ¸¨É¥²Ó´μ ´ Î ²  ±μμ·¤¨´ É,   ¢¥²¨Î¨´Ê Mφ Å ± ± Ê£²μ¢μ°
³μ³¥´É ¨³¶Ê²Ó¸ , ¸¢Ö§ ´´Ò° ¸ Ê£²μ³ φ, μÉ´μ¸¨É¥²Ó´μ μ¸¨ OZ.

ˆ§ ¢Ò· ¦¥´¨Ö (4.44) ¸²¥¤Ê¥É, ÎÉμ ³μ³¥´ÉÒ ¨³¶Ê²Ó¸  Mθ ¨ Mφ ±¢ ´-
ÉÊÕÉ¸Ö.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  ¢¨-
¤  (1.29):

i

β

∂Ψ
∂t

= −αβ

(
p̂ − γ

2αβ
A
)2

Ψ +
1

2αβ

|γA|2

2
Ψ + UΨ.

“Î¨ÉÒ¢ Ö ¢Ò· ¦¥´¨¥ (4.43), ¶μ²ÊÎ¨³

i�
∂Ψ
∂t

=
1

2m
(p̂ − eA)2 Ψ + (eχ − Q)Ψ. (4.45)

�·¨ k = 0 ¸μ£² ¸´μ (4.13), (4.40) Ê· ¢´¥´¨¥ (4.45) ¶¥·¥Ìμ¤¨É ¢ ±² ¸¸¨Î¥-
¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¸± ²Ö·´μ° Î ¸É¨ÍÒ

i�
∂Ψ
∂t

=
p̂2

2m
Ψ + UΨ. (4.46)

Š² ¸¸¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¸μ£² ¸´μ (1.55) ¨³¥ÕÉ ¢¨¤

d〈v〉
dt

= −γ (E + [〈v〉,B]) , (4.47)

£¤¥

E det= −∇χ − ∂A
∂t

, B = rotA.
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�μ± ¦¥³, ÎÉμ (4.47) ¢Ò¶μ²´¥´μ ¤²Ö ¶μ²Ö ¸±μ·μ¸É¥° 〈v〉 (4.13) ¨ ¶μÉ¥´-
Í¨ ²  χ (4.43). ˆ¸¶μ²Ó§ÊÖ (4.31), ¢ÒÎ¨¸²¨³ d〈v〉/dt. ‚¥²¨Î¨´  t Ö¢²Ö¥É¸Ö
Ë¨§¨Î¥¸±¨³ ¢·¥³¥´¥³,   ¢¥²¨Î¨´  τ ¢ (4.20) ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö ¶ · ³¥É·¨§ -
Í¨¨ Ì · ±É¥·¨¸É¨±¨ (4.22), ¶μÔÉμ³Ê

d〈v〉
dt

=
d〈v〉
dτ

dτ

dt
. (4.48)

� °¤¥³ d〈v〉/dτ , ¶μ²ÊÎ¨³

d〈v〉
dτ

= −2α

r

d

dτ

⎛
⎜⎜⎜⎜⎝

n cos θ cosφ − k
sinφ

sin θ

n cos θ sin φ + k
cosφ

sin θ

−n sin θ

⎞
⎟⎟⎟⎟⎠ =

= −2α

r

⎛
⎜⎜⎜⎜⎝

−n2 sin θ cosφ − nk
cos θ sinφ

sin2 θ
− k

k cosφ − n sinφ cos θ sin θ

sin3 θ

−n2 sin θ sinφ + nk
cos θ cosφ

sin2 θ
+ k

−k sin φ − n cosφ cos θ sin θ

sin3 θ

−n2 cos θ

⎞
⎟⎟⎟⎟⎠ .

‚ ·¥§Ê²ÓÉ É¥

d〈v〉
dτ

=
2α

r sin3 θ

⎛
⎜⎝

n2 sin4 θ cosφ + k2 cosφ

n2 sin4 θ sin φ + k2 sin φ

n2 cosφ sin3 θ

⎞
⎟⎠ . (4.49)

ˆ§ ¢Ò· ¦¥´¨Ö (4.20) ¸²¥¤Ê¥É, ÎÉμ

dτ

dt
= −2α

r2
=

�

mr2
. (4.50)

�μ¤¸É ¢²ÖÖ (4.49), (4.50) ¢ (4.48) ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö Ê¸±μ·¥´¨Ö
d〈v〉/dt:

d〈v〉
dt

= − �
2

m2r3 sin3 θ

⎛
⎝n2 sin4 θ cosφ + k2 cosφ

n2 sin4 θ sin φ + k2 sin φ
n2 cosφ sin3 θ

⎞
⎠ . (4.51)

‚ÒÎ¨¸²¨³ ¶· ¢ÊÕ Î ¸ÉÓ Ê· ¢´¥´¨Ö (4.47). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.43) ¶μ²Ê-
Î¨³

−e∇χ = − �
2

mr3

(
n2 +

k2

sin2 θ

)
er −

�
2k2

mr3

cos θ

sin3 θ
eθ.
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�¥·¥Ìμ¤Ö ¢ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É ¸μ£² ¸´μ (4.34), ¶μ²ÊÎ ¥³

−e∇χ = − �
2

mr3

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

(
n2 +

k2

sin2 θ

)
sin θ cosφ +

k2 cos2 θ cosφ

sin3 θ(
n2 +

k2

sin2 θ

)
sin θ sinφ +

k2 cos2 θ sinφ

sin3 θ(
n2 +

k2

sin2 θ

)
cos θ − k2 cos θ sin φ

sin3 θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

(4.52)

−e∇χ = − �
2

mr3 sin3 θ

⎛
⎜⎝

n2 sin4 θ cosφ + k2 cosφ

n2 sin4 θ sin φ + k2 sinφ

n2 cosφ sin3 θ

⎞
⎟⎠ .

‚ ¸¨²Ê (4.11) ¶μ²¥ B μÉ²¨Î´μ μÉ ´Ê²Ö Éμ²Ó±μ ´  μ¸¨ OZ, É. ¥. ´  ¶μ²Õ-
¸ Ì ¸Ë¥·Ò. ˆ§ § ³¥Î ´¨Ö 4.4 ¸²¥¤Ê¥É, ÎÉμ É· ¥±Éμ·¨Ö (Ì · ±É¥·¨¸É¨± ) ´¥
¤μ¸É¨£ ¥É ¶μ²Õ¸μ¢ ¸Ë¥·Ò, ¸²¥¤μ¢ É¥²Ó´μ,

[〈v〉,B] = θ. (4.53)

�μ¤¸É ¢²ÖÖ (4.51), (4.52) ¨ (4.53) ¢ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö (4.47), ¶μ²ÊÎ ¥³
¢¥·´μ¥ Éμ¦¤¥¸É¢μ, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

‡ ³¥Î ´¨¥ 4.5. ‚ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ¸¶²μÏ´ÒÌ ¸·¥¤, ¥¸²¨ § ¤ ÉÓ ¢¥±-
Éμ·´μ¥ ¶μ²¥ 〈v〉 ¸±μ·μ¸É¥° ¸·¥¤Ò (¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° ¢ ¸²ÊÎ ¥ ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨¥³ ¤¢¨¦¥´¨Ö (4.47), Éμ μ¶·¥¤¥²Ö¥É¸Ö
±² ¸¸¨Î¥¸±¨° ¶μÉ¥´Í¨ ² χ (4.42), (4.43). ’ ±¨³ μ¡· §μ³, · ¸¶·¥¤¥²¥´¨¥ ¶μ-
É¥´Í¨ ²  χ ¸¢Ö§ ´μ ¸ · ¸¶·¥¤¥²¥´¨¥³ ¶μ²Ö ¸±μ·μ¸É¥° 〈v〉. �·¨ ÔÉμ³ ¢
¸¶²μÏ´μ° ¸·¥¤¥ ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±μ´¥Î´μ¥ ³´μ¦¥¸É¢μ É· ¥±Éμ·¨° (Ì · ±É¥-
·¨¸É¨±), Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ ¤¢¨¦¥´¨Ö (4.47) ¸ · §²¨Î´Ò³¨ ´ Î ²Ó-
´Ò³¨ Ê¸²μ¢¨Ö³¨ (§ ¤ Î  ŠμÏ¨). ‚ÒÎ¨¸²ÖÖ ¶μ²´ÊÕ Ô´¥·£¨Õ ¤²Ö ´¥±μÉμ·μ°
É· ¥±Éμ·¨¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.43) ¨ Ê· ¢´¥´¨¥³ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ (1.68),
¶μ²ÊÎ ¥³

−∂Φ
∂t

=
2
�
W =

2
�

(m

2
|〈v〉|2 + eχ

)
= E. (4.54)

”Ê´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¢ (4.54) ¸μ-
£² ¸´μ (4.35) ¨ (4.43) ¨³¥ÕÉ μ¤¨´ ±μ¢Ò° § ±μ´ · ¸¶·¥¤¥²¥´¨Ö

m

2
|〈v〉|2 =

�
2

2mr2

(
n2 +

k2

sin2 θ

)
,

(4.55)

eχ = − �
2

2mr2

(
n2 +

k2

sin2 θ

)
+ E.
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‘μ£² ¸μ¢ ´´μ¸ÉÓ (4.55) ¶μ²Ö ¸±μ·μ¸É¥° 〈v〉 ¨ ¶μÉ¥´Í¨ ²  χ Ö¢²Ö¥É¸Ö Ì · ±-
É¥·´μ° ¤²Ö ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨ ¸¶²μÏ´ÒÌ ¸·¥¤. �¥§Ê²ÓÉ Éμ³ ¸μ£² ¸μ¢ ´-
´μ¸É¨ (4.55) Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ±μ´É¨´ÊÊ³  É· ¥±Éμ·¨° ¨ Ô´¥·£¨° E. ’ ±¨¥
· ¸¶·¥¤¥²¥´¨Ö ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸μ£² ¸μ¢ ´´Ò³¨ (¸³. · §¤. 1).

�·¨ ¶¥·¥Ìμ¤¥ ± ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¸μ£² ¸μ¢ ´´μ¸ÉÓ (4.55) ´ ·ÊÏ ¥É¸Ö.
‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´ ·ÊÏ¥´¨Ö ¸μ£² ¸μ¢ ´´μ¸É¨ (4.55) ¢ ¶. 4.4 · ¸¸³μÉ·¨³
¤¢¨¦¥´¨¥ ¢ ³μ¤¨Ë¨Í¨·μ¢ ´´μ³ ±Ê²μ´μ¢¸±μ³ ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ²¥.

4.2. ‘μ¡¸É¢¥´´Ò° ³ £´¨É´Ò° ³μ³¥´É. � °¤¥³ ¸μ¡¸É¢¥´´Ò° ³ £´¨É´Ò°
³μ³¥´É · ¸¸³μÉ·¥´´μ£μ Ï · . ‘μ¡¸É¢¥´´Ò° ³ £´¨É´Ò° ³μ³¥´É Ï ·  ¡Ê¤¥É
¸μ§¤ ¢ ÉÓ¸Ö ¶²μÉ´μ¸ÉÓÕ Ô²¥±É·¨Î¥¸±¨Ì Éμ±μ¢

J det= ef〈v〉, (4.56)

É¥±ÊÐ¨Ì ¢¤μ²Ó Ì · ±É¥·¨¸É¨± ¸μ ¸±μ·μ¸ÉÖ³¨ 〈v〉 (4.35), (4.36). Œ £´¨É´Ò°
³μ³¥´É μ¡² ¸É¨ Ω ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ ¶μ Ëμ·³Ê²¥

μs =
1
2

∫
Ω

[r,J] dω. (4.57)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ ¤²Ö ¸±μ·μ¸É¨ 〈v〉 (4.35) ¢ (4.56), ¶μ²ÊÎ¨³

J = ef〈v〉 = f
e�

m

(
n

r
eθ +

k

r sin θ
eφ

)
= 2μBf

(
n

r
eθ +

k

r sin θ
eφ

)
, (4.58)

£¤¥ μB
det= e�/2m Å ³ £´¥Éμ´ 
μ· . � ¸¸³μÉ·¨³ ¶·μ¸É¥°ÏÊÕ ³μ¤¥²Ó · ¸-

¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ f = f(r). ‡ ³¥É¨³, ÎÉμ S(r) = −ln f(r) Ö¢²Ö¥É¸Ö
·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (4.14) ¶·¨ n = 0.

‘ ¶¥·¥Ìμ¤μ³ ¢ ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¨ ¸ ÊÎ¥Éμ³ (4.58) ¢Ò· -
¦¥´¨¥ ¤²Ö ¸μ¡¸É¢¥´´μ£μ ³ £´¨É´μ£μ ³μ³¥´É  Ï ·  (4.57) ¶·¨³¥É ¢¨¤

μs =
1
2

2π∫
0

dφ

π∫
0

r2 sin θ dθ

+∞∫
0

2μBrf(r)
(

k

r sin θ
[er, eφ] +

n

r
[er, eθ]

)
dr =

= μB

2π∫
0

dφ

π∫
0

sin θ dθ

+∞∫
0

r2f(r)
(

k

sin θ
eθ + neφ

)
dr =

= μBk

2π∫
0

dφ

π∫
0

eθ dθ

+∞∫
0

r2f(r) dr + μBn

2π∫
0

dφ

π∫
0

eφ sin θ dθ×

×
+∞∫
0

r2f(r) dr = I1 + I2. (4.59)
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‚ÒÎ¨¸²¨³ ¨´É¥£· ²Ò I1 ¨ I2 ¶μ μÉ¤¥²Ó´μ¸É¨, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¤¥± ·Éμ-
¢Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ (4.34) ¸Ë¥·¨Î¥¸±¨Ì ¡ §¨¸´ÒÌ ¢¥±Éμ·μ¢ eθ ¨ eφ:

I1
det= μBk

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2π∫
0

cosφdφ

π∫
0

cos θ dθ

2π∫
0

sin φdφ

π∫
0

cos θ dθ

−
2π∫
0

dφ

π∫
0

sin θ dθ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+∞∫
0

r2f(r) dr =

= μBk

⎛
⎝ 0

0
4π

⎞
⎠ +∞∫

0

r2f(r) dr,

I1 = μBk4π

+∞∫
0

r2f(r) dr ez,

É ± ± ± ¢ ¸¨²Ê ´μ·³¨·μ¢±¨ ËÊ´±Í¨Ö f(r) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

4π
+∞∫
0

r2f(r) dr = 1, ¶μ²ÊÎ ¥³

I1 = μBkez. (4.60)

I2
det=

μBn

V

2π∫
0

dφ

π∫
0

eφ sin θ dθ

+∞∫
0

r2f(r) dr = μBn

2π∫
0

⎛
⎝− sinφ

cosφ
0

⎞
⎠×

× dφ

π∫
0

sin θ dθ

+∞∫
0

r2f(r) dr = μBn

⎛
⎝0

0
0

⎞
⎠ , I2 = θ. (4.61)

�μ¤¸É ¢²ÖÖ (4.60) ¨ (4.61) ¢ (4.59), ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¸μ¡¸É¢¥´´μ£μ
³ £´¨É´μ£μ ³μ³¥´É  Ï · 

μs = μBk ez. (4.62)

�·¨ k = ±1 (¸³. ·¨¸. 53Ä55) ¢Ò· ¦¥´¨¥ (4.62) ¸μ¢¶ ¤ ¥É ¸ ¸μ¡¸É¢¥´´Ò³
³ £´¨É´Ò³ ³μ³¥´Éμ³ Ô²¥±É·μ´  ¸μ ¸¶¨´μ³ s = ±1/2 ¨ g-Ë ±Éμ·μ³, g = 2:

μs = sμBg = ±μB. (4.62∗)

‘μ¡¸É¢¥´´Ò° ³ £´¨É´Ò° ³μ³¥´É (4.62) μs ¸¢Ö§ ´ ¸ ´ ²¨Î¨¥³ ³ £´¨É´μ£μ

¶μ²Ö (4.11), ±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É¸Ö ®³ £´¨É´Ò³ § ·Ö¤μ³¯ q
(Wb)
m :

B = −q
(Wb)
m δ(ρ)

2πρ
ez. (4.11∗)
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ƒμ¢μ·Ö μ ®³ £´¨É´μ³ § ·Ö¤¥¯, ¨³¥¥³ ¢ ¢¨¤Ê ´¥ ·¥ ²Ó´Ò° Ë¨§¨Î¥¸±¨° ³ £-
´¨É´Ò° § ·Ö¤ (¸³. § ³¥Î ´¨¥ 4.1),   Ê¤μ¡´μ¥ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö
μ¡μ§´ Î¥´¨¥, ±μÉμ·μ¥ ¶μ§¢μ²Ö¥É § ¶¨¸ ÉÓ ¢Ò· ¦¥´¨¥ (4.11∗) ¢ ±μ³¶ ±É´μ°
Ëμ·³¥. �¸μ¡¥´´μ¸ÉÓÕ ¶μ²Ö (4.11∗) Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ Éμ²Ó±μ μ¤´μ° ¸¨²μ¢μ°
²¨´¨¨.

Š¢ ´Éμ¢ ´¨¥ ®³ £´¨É´μ£μ § ·Ö¤ ¯ q
(Wb)
m qe = 2π�k Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´-

´Ò³, É ± ± ± ³ £´¨É´μ¥ ¶μ²¥, ¸μ§¤ ¢ ¥³μ¥ ¨³ (4.11∗), ¸¢Ö§ ´μ ¸ ¸μ¡¸É¢¥´´Ò³
³ £´¨É´Ò³ ³μ³¥´Éμ³ (4.62) μs, ±μÉμ·Ò° Éμ¦¥ ±¢ ´ÉÊ¥É¸Ö.

‚¥²¨Î¨´  ¸μ¡¸É¢¥´´μ£μ ³ £´¨É´μ£μ ³μ³¥´É  μs ´ °¤¥´  ¨§ ±² ¸¸¨Î¥-
¸±¨Ì ¶·¥¤¸É ¢²¥´¨° ³¥Ì ´¨±¨ ¸¶²μÏ´ÒÌ ¸·¥¤ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢¨Ì·¥¢μ£μ
¶μ²Ö 〈v〉 (4.6) ¨ ¨³¥¥É É· ±Éμ¢±Ê ¢· Ð É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö, É. ¥. ®¸¶¨´ ¯ (spin).

Š ± ¨§¢¥¸É´μ, ´  ´ Î ²Ó´ÒÌ ÔÉ ¶ Ì ¶μ¸É·μ¥´¨Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸Ê-
Ð¥¸É¢μ¢ ²μ ¶·¥¤¶μ²μ¦¥´¨¥, ÎÉμ ¸¶¨´ ¸¢Ö§ ´ ¸ ¸μ¡¸É¢¥´´Ò³ ¢· Ð¥´¨¥³ Ô²¥±-
É·μ´  ¢μ±·Ê£ ¸¢μ¥° μ¸¨. �¤´ ±μ ¶·¨ μÍ¥´±¥ ± ¸ É¥²Ó´μ° ¸±μ·μ¸É¨, ¸ ±μÉμ·μ°
¤μ²¦´  ¢· Ð ÉÓ¸Ö ®¶μ¢¥·Ì´μ¸ÉÓ Ô²¥±É·μ´ ¯, ¶μ²ÊÎ¨² ¸Ó ¢¥²¨Î¨´ , ¶·¥¢ÒÏ -
ÕÐ Ö ¸±μ·μ¸ÉÓ ¸¢¥É  [45Ä47].

‚ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ ¸±μ·μ¸ÉÓ 〈v〉 ¨³¥¥É ¶μ²Õ¸ ´  μ¸¨ OZ, ´μ ¢ ¸¨²Ê
§ ³¥Î ´¨Ö 4.3 ¨ n = 0 (¤²Ö f = f(r)) ÔÉμÉ ¶μ²Õ¸ Ì · ±É¥·¨¸É¨± ³¨ ´¥
¤μ¸É¨£ ¥É¸Ö.

�μ± ¦¥³, ÎÉμ ¶·μ¡²¥³  ¶·¥¢ÒÏ¥´¨Ö ¸±μ·μ¸ÉÓÕ ¢· Ð¥´¨Ö 〈v〉 ¸±μ·μ¸É¨
¸¢¥É  c ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´  ¤²Ö ¸±μ·μ¸É¨ (4.6) ¶ÊÉ¥³ ¢Ò¡μ·  ËÊ´±Í¨¨ ¶²μÉ-
´μ¸É¨ f .

’ ± ± ± ¢· Ð¥´¨¥ ¢μ±·Ê£ μ¸¨ OZ § ¤ ¥É ¢Ò¤¥²¥´´μ¥ ´ ¶· ¢²¥´¨¥ ¢ ¶·μ-
¸É· ´¸É¢¥, Éμ ¥¸É¥¸É¢¥´´Ò³ ¢¨¤¨É¸Ö · ¸¸³μÉ·¥´¨¥ ´¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î-
´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ f = f(r),   Í¨²¨´¤·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ
· ¸¶·¥¤¥²¥´¨Ö f = f(ρ, z) [48]. ”Ê´±Í¨Ö S(ρ, z) = −ln f(ρ, z) ¢ ¸¨²Ê (4.7)
Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (4.2) ¶·¨ n = 0.

�·μ¤¥²Ò¢ Ö ¢Ò±² ¤±¨,  ´ ²μ£¨Î´Ò¥ (4.59)Ä(4.62), ¶μ²ÊÎ¨³

μs =
1
2

+∞∫
−∞

dz

2π∫
0

ρdφ

+∞∫
0

2μBrf(ρ, z)
k

r sin θ
[er, eφ] dρ =

= μBk

+∞∫
−∞

dz

2π∫
0

ρ dφ

+∞∫
0

f(ρ, z)
sin θ

⎛
⎝cos θ cos φ

cos θ sin φ
− sin θ

⎞
⎠ dρ =

= −2πμBkez

+∞∫
−∞

dz

+∞∫
0

ρ
f(ρ, z)
sin θ

sin θ dρ =

= −2πμBkez

+∞∫
−∞

dz

+∞∫
0

ρf(ρ, z) dρ, μs = μBkez, (4.62∗∗)
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£¤¥ ¢ ¸¨²Ê ´μ·³¨·μ¢±¨ f = f(ρ, z) ÊÎÉ¥´μ

2π

+∞∫
−∞

dz

+∞∫
0

ρf(ρ, z) dρ = 1. (4.63)

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö Í¨²¨´¤·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö f =
f(ρ, z) ¶μ²ÊÎ¨²μ¸Ó ¢Ò· ¦¥´¨¥,  ´ ²μ£¨Î´μ¥ (4.62). ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ (4.62)
¨ (4.62∗∗) ¸μ¡¸É¢¥´´Ò° ³ £´¨É´Ò° ³μ³¥´É μs ¢ Ö¢´μ³ ¢¨¤¥ ´¥ § ¢¨¸¨É μÉ
¢¨¤  ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ f . ‡ ³¥É¨³, ÎÉμ ¢Ò· ¦¥´¨¥ (4.62∗∗) ¤²Ö ¸μ¡¸É¢¥´-
´μ£μ ³ £´¨É´μ£μ ³μ³¥´É  μs ¶μ²ÊÎ¥´μ  ´ ²¨É¨Î¥¸±¨ ¸É·μ£μ ´  μ¸´μ¢ ´¨¨
¶·¥¤¸É ¢²¥´¨Ö ¸±μ·μ¸É¨ 〈v〉 (4.6), ±μÉμ· Ö É ±¦¥ ¶·¨¢μ¤¨É ± ¶·¨´Í¨¶Ê ±¢ ´-
Éμ¢ ´¨Ö 
μ· Ä‡μ³³¥·Ë¥²Ó¤  ¶·¨ · ¸¸³μÉ·¥´¨¨ ³´μ£μ²¨¸É´μ° ·¨³ ´μ¢μ° ¶μ-
¢¥·Ì´μ¸É¨ [45]. �·¨ ÔÉμ³ ´¥ ¶·¨Ï²μ¸Ó ³μ¤¨Ë¨Í¨·μ¢ ÉÓ g-Ë ±Éμ·, ± ± ÔÉμ
¤¥² ¥É¸Ö ¢ Ê· ¢´¥´¨¨ „¨· ±  ¨ � Ê²¨.

—Éμ¡Ò ¸±μ·μ¸ÉÓ ¶μÉμ±  〈v〉 ´¥ ¶·¥¢ÒÏ ²  ¸±μ·μ¸É¨ ¸¢¥É  c, ´¥μ¡Ìμ¤¨³μ,
ÎÉμ¡Ò ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ f = f(ρ, z) ±μ³¶¥´¸¨·μ¢ ²  ¶μ²Õ¸ 〈v〉 ∼ 1/ρ.
‚ ± Î¥¸É¢¥ f = f(ρ, z), μ¡² ¤ ÕÐ¥° É ±¨³ ¸¢μ°¸É¢μ³, ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò,
´ ¶·¨³¥·, ËÊ´±Í¨¨

f1(ρ, z) = C1
1
ρ2

exp

[
− (ln (κρ) − μ)2

2σ2

]
exp
(
− z2

2γ2

)
,

(4.64)

f2(ρ, z) = C2ρ
α e−βρ exp

(
− z2

2γ2

)
,

£¤¥ α, β, γ, κ, μ, σ Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò,   C1, , C2 ¢Ò¡¨· ÕÉ¸Ö
¨§ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ (4.63):

1 = 2πC1

+∞∫
−∞

exp
(
− z2

2γ2

)
dz

+∞∫
0

exp

[
− (ln (κρ) − μ)2

2σ2

]
dρ

ρ
=

= 2π
√

2πγ
√

2πσC1 = 4π2γσC1,
(4.65)

1 = 2πC2

+∞∫
−∞

exp
(
− z2

2γ2

)
dz

+∞∫
0

ρα+1 e−βρ dρ = 2πC2
Γ(α + 2)

βα+2

√
2πγ,

C1 =
1

4π2γσ
, C2 =

βα+2

(2π)3/2γΓ(α + 2)
.
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�¨¸. 56. �·¨³¥· · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ f1 = f1(ρ, z)

�  ·¨¸. 56 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ f1(ρ, z) (4.64) ¢ ¤¢ÊÌ ¸¥-
Î¥´¨ÖÌ XOZ ¨ XOY . � ¸¶·¥¤¥²¥´¨¥ f1(ρ, z) (4.64) Ö¢²Ö¥É¸Ö  §¨³ÊÉ ²Ó´μ-
¸¨³³¥É·¨Î´Ò³ ¨ ¨³¥¥É Ëμ·³Ê Éμ·  (¸³. ·¨¸. 56). Š ± ¢¨¤´μ, ¶²μÉ´μ¸ÉÓ · ¸-
¶·¥¤¥²¥´¨Ö f1 ¸Ëμ±Ê¸¨·μ¢ ´  ¢´ÊÉ·¨ Éμ· ,   ´  μ¸¨ OZ ¶²μÉ´μ¸ÉÓ · ¢´ 
´Ê²Õ.

‘²¥¤μ¢ É¥²Ó´μ, ¢Ò¡¨· Ö ¢¥²¨Î¨´Ò κ, μ, σ, ³μ¦´μ ¤μ¡¨ÉÓ¸Ö μÉ¸ÊÉ¸É¢¨Ö
¸±μ·μ¸É¥° ¢ÒÏ¥ ¸±μ·μ¸É¨ ¸¢¥É ; ¶μ± ¦¥³ ÔÉμ. Œ¨´¨³ ²Ó´Ò° · ¤¨Ê¸ ρmin,
´ Î¨´ Ö ¸ ±μÉμ·μ£μ ρ > ρmin, ¸±μ·μ¸ÉÓ 〈v〉(ρ, φ) < c, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.13)
¨³¥¥É ¢¨¤

〈v〉 = γA =
�

mρmin
= c, ρmin =

�

mc
. (4.66)

—¨¸²¥´´μ¥ §´ Î¥´¨¥ ρmin ≈ 3,862 · 10−13m. ‡ ³¥É¨³, ÎÉμ ±μ³¶Éμ´μ¢¸± Ö
¤²¨´  ¢μ²´Ò Ô²¥±É·μ´  λe

C ¨³¥¥É §´ Î¥´¨¥

λe
C =

2π�

mc
= 2πρmin,

É. ¥. λe
C · ¢´  ¤²¨´¥ μ±·Ê¦´μ¸É¨ ¸ ³¨´¨³ ²Ó´Ò³ · ¤¨Ê¸μ³ ρmin. �  ·¨¸. 57

¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ (4.64) ¢ ³¥¤¨ ´´μ° ¶²μ¸±μ¸É¨ (z = 0)



1112 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 57. � ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ f1 = f1(ρ, 0) (1) ¨ f2 = f2(ρ, 0) (2) ¢¤μ²Ó · ¤¨Ê¸  ρ

¢¤μ²Ó · ¤¨Ê¸  ρ. �μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò α, β, γ, κ, μ, σ ´  ·¨¸. 57 ¨³¥ÕÉ
§´ Î¥´¨Ö α = 10, 1/β = 100 Ë³, γ = 100 Ë³, κ = π/λe

C , μ = 0, σ = 0,14.
‡´ Î¥´¨Ö ¢¥²¨Î¨´ α, β, γ, κ, μ, σ ³μ£ÊÉ ¡ÒÉÓ μÉ²¨Î´Ò³¨ μÉ ¢Ò¡· ´´ÒÌ. ‚ -
·¨ Í¨¨ §´ Î¥´¨° α, β ¶·¨¢μ¤ÖÉ ± ¨§³¥´¥´¨Õ ³ ±¸¨³ ²Ó´μ° ¶²μÉ´μ¸É¨ § ·Ö¤ 
ef ¨ ¥¥ ¸¤¢¨£Ê ¢¤μ²Ó · ¤¨Ê¸  (¤²Ö f2),   ¢ ·¨ Í¨Ö γ μ¶·¥¤¥²Ö¥É ¸·¥¤´¥±¢ ¤· -
É¨Î´ÊÕ Ï¨·¨´Ê · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ¶μ μ¸¨ OZ (¤²Ö f1) (¸³. ·¨¸. 56, 57).

‚ ·¨ Í¨Ö κ ¸¤¢¨£ ¥É ¶¨± · ¸¶·¥¤¥²¥´¨Ö f1. Š ± ¢¨¤´μ ´  ·¨¸. 57, ¢¸¥
¸±μ·μ¸É¨ Ö¢²ÖÕÉ¸Ö ³¥´ÓÏ¨³¨ ¸±μ·μ¸É¨ ¸¢¥É  〈v〉 < c, É ± ± ± ¶²μÉ´μ¸ÉÓ,
μÉ²¨Î´ Ö μÉ ´Ê²Ö, · ¸¶μ²μ¦¥´  ¤ ²ÓÏ¥ ³¨´¨³ ²Ó´μ£μ · ¤¨Ê¸  ρmin (4.66).

’ ±¨³ μ¡· §μ³, · ¸¸³μÉ·¥´´ Ö ®³μ¤¥²Ó Éμ· ¯ ¨³¥¥É Ô²¥±É·¨Î¥¸±¨° § -
·Ö¤, ³ ¸¸Ê ¨ ¸μ¡¸É¢¥´´Ò° ³ £´¨É´Ò° ³μ³¥´É Ô²¥±É·μ´ , É. ¥. Ê ´¥¥ ¸μ¢¶ -
¤ ÕÉ ¢¸¥ ±¢ ´Éμ¢Ò¥ Î¨¸²  ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ Ô²¥±É·μ´ , μ´  ´¥ ¶·μÉ¨-
¢μ·¥Î¨É É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨, ¸²¥¤μ¢ É¥²Ó´μ, ¥¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ
± ± ®³μ¤¥²Ó Ô²¥±É·μ´ ¯.

4.3. H1-ËÊ´±Í¨Ö 	μ²ÓÍ³ ´  ¤²Ö Ψ-³μ¤¥²¨. H1-ËÊ´±Í¨Ö 
μ²ÓÍ³ ´  ¸²Ê-
Î °´μ° ´¥¶·¥·Ò¢´μ° ¢¥²¨Î¨´Ò ¨³¥¥É ¢¨¤ [49]

H1(t)
det= −

∫
(∞)

f1(r, t) ln f1(r, t) d3r, (4.67)

¨²¨, ÊÎ¨ÉÒ¢ Ö μ¡μ§´ Î¥´¨¥ S1 = −ln f1 (4.2),

H1(t) =
∫

(∞)

f1(r, t)S1(r, t) d3r = N(t)〈S1〉(t), (4.68)
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£¤¥

N(t) =
∫

(∞)

f1(r, t) d3r.

…¸²¨ ¢Ò¶μ²´¥´  ´μ·³¨·μ¢±  ¤²Ö ¶μ²´μ° ¢¥·μÖÉ´μ¸É¨, Éo N(t) = 1 ¨
H1(t) = 〈S1〉(t). ”Ê´±Í¨Ö S1(r, t) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (4.2), ¶μÔÉμ³Ê
¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö 〈S1〉 ¢¨¤  (4.2). “³´μ¦¨³ Ê· ¢´¥´¨¥ (4.1) ´  (1+ln f1)
¨ ¶·μ¨´É¥£·¨·Ê¥³ ¶μ d3r:

(1 + ln f1)
∂f1

∂t
+ (1 + ln f1) divr [〈v〉f1] = 0,

(4.69)∫
(∞)

∂

∂t
(f1 ln f1) d3r +

∫
(∞)

(1 + ln f1) divr[〈v〉f1] d3r = 0.

�¥·¢Ò° ¨´É¥£· ² ¢ (4.69) ¨³¥¥É ¢¨¤∫
(∞)

(1 + ln f1)
∂f1

∂t
d3r =

∫
(∞)

∂

∂t
(f1 ln f1) d3r =

= − ∂

∂t

∫
(∞)

f1S1 d3r = − d

dt
[N(t)〈S1〉(t)]. (4.70)

‚Éμ·μ° ¨´É¥£· ² ¢ (67)∫
(∞)

(1 + ln f1) divr[〈v〉f1] d3r =
∫

(∞)

(〈v〉, (1 + ln f1)∇rf1) d3r +

+
∫

(∞)

(1+ln f1) f divr 〈v〉 d3r =
∫

(∞)

(〈v〉,∇r(f1 ln f1)) d3r+
∫

(∞)

f1 divr〈v〉 d3r +

+
∫

(∞)

f1ln f1 divr〈v〉 d3r = −
∫

(∞)

(〈v〉,∇r(f1S1)) d3r−
∫

(∞)

f1S1 divr 〈v〉 d3r +

+
∫

(∞)

f1 divr 〈v〉 d3r == −
∫

(∞)

divr [f1S1〈v〉] d3r +
∫

(∞)

f1 divr〈v〉 d3r =

=
∫

(∞)

f1Q d3r = N(t)〈Q1〉(t), (4.71)

£¤¥ ¶·¥¤¶μ² £ ¥É¸Ö ¢Ò¶μ²´¥´´Ò³ Ê¸²μ¢¨¥∫
(∞)

divr [f1S1〈v〉] d3r =
∫

Σr
∞

f1S1〈v〉 dσr = 0.
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�μ¤¸É ¢²ÖÖ (4.70) ¨ (4.71) ¢ (4.69), μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³

d

dt
[N(t)〈S1〉(t)] = N(t)〈Q1〉(t). (4.72)

…¸²¨ Î¨¸²μ Î ¸É¨Í Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´Ò³ ¨²¨ ¢Ò¶μ²´¥´  ´μ·³¨·μ¢±  ¤²Ö
¶μ²´μ° ¢¥·μÖÉ´μ¸É¨, Éμ N(t) = N0 = const (¨²¨ N(t) = N0 = 1) ¨ ¢Ò· ¦¥-
´¨¥ (4.72) ¶·¨´¨³ ¥É ¢¨¤

d〈S1〉
dt

= 〈Q1〉. (4.73)

�μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ (4.73) Ö¢²Ö¥É¸Ö Ê¸·¥¤´¥´´Ò³  ´ ²μ£μ³ ¨¸Ìμ¤´μ£μ
Ê· ¢´¥´¨Ö (4.2) ¤²Ö ËÊ´±Í¨¨ S. ‚ ¸¨²Ê (4.68) ËÊ´±Í¨Ö 〈S1〉 ¸¢Ö§ ´  ¸ H1-
Ô´É·μ¶¨¥°, ¶μÔÉμ³Ê ¤²Ö H1 ¸¶· ¢¥¤²¨¢μ Ê· ¢´¥´¨¥

d

dt
H1(t) =

d

dt
〈S1〉(t) = 〈Q1〉,

dH1

dt
= 〈Q1〉. (4.74)

“· ¢´¥´¨¥ (4.74) ¢Ò· ¦ ¥É ¨§³¥´¥´¨¥ H1-Ô´É·μ¶¨¨ ¸μ ¢·¥³¥´¥³. …¸²¨ ¢¥-
²¨Î¨´  〈Q1〉(t) Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ°, Éμ H1-Ô´É·μ¶¨Ö · ¸É¥É, ¥¸²¨ μÉ·¨Í -
É¥²Ó´μ°, Éμ H1-Ô´É·μ¶¨Ö Ê³¥´ÓÏ ¥É¸Ö,   ¥¸²¨ · ¢´  ´Ê²Õ, Éμ H1-Ô´É·μ¶¨Ö Å
¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ . “Î¨ÉÒ¢ Ö ¢Ò· ¦¥´¨Ö (4.7) ¨ (4.31), ¶μ²ÊÎ ¥³ ¶·¥¤¸É ¢-
²¥´¨¥ ¤²Ö 〈Q1〉(t)

〈Q1〉(t) =
�n

m

2π∫
0

dφ

π∫
0

r2 sin θ dθ

+∞∫
0

ctg θ

r2
f1(r, φ, θ, t) dr =

=
�n

m

2π∫
0

dφ

π∫
0

cos θ dθ

+∞∫
0

f1(r, φ, θ, t) dr =

=
�n

m

2π∫
0

dφ

π∫
0

ctg θ dθ

+∞∫
0

F0(r, φ, θ) dr, (4.75)

〈Q1〉(t) =
�n

m

2π∫
0

dφ

π∫
0

ctg θ dθ×

×
+∞∫
0

F0

(
r, φ +

k

n

(
ctg θ − ctg

(
θ +

2αn

r2
t

))
, θ +

2αn

r2
t

)
dr.

’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Ö S1(r, t) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (4.2),
  H1-Ô´É·μ¶¨Ö H1(t) = 〈S1〉(t) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Ö³ (4.73), (4.74). �μ-
¢¥¤¥´¨¥ H1-Ô´É·μ¶¨¨ ¸μ ¢·¥³¥´¥³ μ¶·¥¤¥²Ö¥É¸Ö ¶· ¢μ° Î ¸ÉÓÕ 〈Q1〉 Ê· ¢´¥-
´¨Ö (4.74) ¸μμÉ¢¥É¸É¢¥´´μ. ‡´ Î¥´¨¥ Q1 ¢ÒÎ¨¸²¥´μ (4.7),   ¥¥ · ¸¶·¥¤¥²¥´¨¥
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¶·¥¤¸É ¢²¥´μ ´  ·¨¸. 51. ‡´ Î¥´¨¥ 〈Q1〉 ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´μ ¶μ Ëμ·-
³Ê²¥ (4.75). ‚ ¶. 4.5 · ¸¸³μÉ·¥´ ¶·¨³¥· ¢ÒÎ¨¸²¥´¨Ö H1-Ô´É·μ¶¨¨ (4.75) ¤²Ö
³μ¤¥²¥° ®Î¥·´μ°¯ ¨ ®¡¥²μ°¯ ¤Ò·.

4.4. — ¸É´Ò¥ ·¥Ï¥´¨Ö. � ¸¸³μÉ·¨³ ¶·¨³¥·Ò ¶·¨³¥´¥´¨Ö ¶μ¸É·μ¥´´μ°
¢ ¶. 4.1 ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨ (®Ψ-³μ¤¥²¨¯) ¤²Ö ³¨±·μ- ¨ ³ ±·μ¸¨¸É¥³.

4.4.1. „¢¨¦¥´¨¥ ¢ ³μ¤¨Ë¨Í¨·μ¢ ´´μ³ ±Ê²μ´μ¢¸±μ³ ¶μÉ¥´Í¨ ²¥. � ¸¸³μ-
É·¨³ ¶·¨³¥· ´ ·ÊÏ¥´¨Ö Ê¸²μ¢¨Ö ¸μ£² ¸μ¢ ´´μ¸É¨ (4.55). ‚ ± Î¥¸É¢¥ ¶·¨³¥· 
· ¸¸³μÉ·¨³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (4.45)

i�
∂Ψ
∂t

=
1

2m
(p̂ − eA)2 Ψ + ŨΨ. (4.76)

‘μ£² ¸´μ (4.11), (4.13) ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ² A ¨ ³ £´¨É´μ¥ ¶μ²¥ B
¨³¥ÕÉ ¢¨¤

eA = −�

ρ
eφ, B = rotA = −q

(Wb)
m δ(ρ)

2πρ
ez, (4.77)

£¤¥ q
(Wb)
m qe = 2π�, ρ = r sin θ. ‚ ± Î¥¸É¢¥ ¶μÉ¥´Í¨ ²  Ũ ¢μ§Ó³¥³ ³μ¤¨Ë¨Í¨-

·μ¢ ´´Ò° ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² ¢¨¤  (·¨¸. 58)

Ũ(r, θ) = − Ze2

4πε0

1
r
− �

2κ

2m

1
r2 sin2 θ

, (4.78)

£¤¥ κ Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ .
�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4.76) ¸μ£² ¸´μ (4.13), (4.39) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

Ψ = |Ψ| eiϕ =
R(r)√
sin θ

exp
(

inθ − i
E

�
t

)
det= Ψ0(r, θ) exp

(
−i

E

�
t

)
. (4.79)

�¨¸. 58. � ¸¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  Ũ(r, θ) ¶·¨ Z = 1
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�μ¤¸É ¢²ÖÖ (4.78) ¨ (4.79) ¢ Ê· ¢´¥´¨¥ (4.76), ¶μ²ÊÎ ¥³

(p̂ − eA)2Ψ = p̂2Ψ − e(p̂,AΨ) − e(A, p̂Ψ) + e2|A|2Ψ =

= −�
2ΔΨ + i�eΨ(∇,A) + i�e(∇Ψ,A) + i�e(A,∇Ψ) + e2|A|2Ψ;

ÊÎ¨ÉÒ¢ Ö, ÎÉμ div A = 0 ¨ A⊥∇Ψ (¢ ¸¨²Ê (4.77), (4.79)), ¶μ²ÊÎ ¥³

(p̂ − eA)2Ψ = −�
2ΔΨ +

�
2k2

r2 sin2 θ
Ψ,

EΨ = − �
2

2m
ΔΨ +

�
2k2

2mr2 sin2 θ
Ψ − Ze2

4πε0

1
r
Ψ − �

2κ

2mr2 sin2 θ
Ψ,

¨²¨, ÊÎ¨ÉÒ¢ Ö (4.79),

ΔΨ0

Ψ0
= −2mE

�2
+

k2 − κ

r2 sin2 θ
− 2m

�2

Ze2

4πε0

1
r
. (4.80)

‚ÒÎ¨¸²¨³ ΔΨ0/Ψ0:

ΔΨ0 =
einθ

√
sin θ

ΔrR +
R

r2 sin θ

∂

∂θ
sin θ

∂

∂θ

einθ

√
sin θ

,

(4.81)
ΔΨ0

Ψ0
=

ΔrR

R
+

1
r2

(
1 + sin2 θ

4 sin2 θ
− n2

)
.

�μ¤¸É ¢²ÖÖ (4.81) ¢ (4.80), ¶μ²ÊÎ¨³

ΔrR

R
+

1
r2

(
1 + sin2 θ

4 sin2 θ
− n2

)
= −2mE

�2
+

k2 − κ

r2 sin2 θ
− 2m

�2

Ze2

4πε0

1
r
,

(4.82)

R′′ +
2
r
R′ +

(
2mE

�2
− 4(k2 − κ) − 1 − sin2 θ

4r2 sin2 θ
− n2

r2
+

2m

�2

Ze2

4πε0

1
r

)
R = 0.

‚Ò¡¥·¥³ ¶ · ³¥É· k É ±, ÎÉμ¡Ò 4(k2 − κ) − 1 = 0, É. ¥.

k2 = κ +
1
4
, (4.83)

Éμ£¤  Ê· ¢´¥´¨¥ (4.82) ¶·¨³¥É ¢¨¤

R′′ +
2
r
R′ +

⎛
⎜⎝2mE

�2
−

n2 − 1
4

r2
+

2m

�2

Ze2

4πε0

1
r

⎞
⎟⎠R = 0. (4.84)
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�·μ¨§¢μ¤Ö § ³¥´Ê ¶¥·¥³¥´´μ° s = λr, R(r) det= R0(s), £¤¥ λ = 2/�
√
−2m E,

Ê· ¢´¥´¨¥ (4.84) § ¶¨Ï¥³ ¢ ¢¨¤¥

R′′
0 +

2
s
R′

0 +
(
−1

4
+

ν

s
− l(l + 1)

s2

)
R0 = 0, (4.85)

£¤¥

ν
det=

2m

�2λ

Ze2

4πε0
=

1
�

√
m

−2E

Ze2

4πε0
, n2 − 1

4
det= l(l + 1)

¨²¨

Eν = − Z2e4m

32π2ε2
0�2ν2

, n = l +
1
2
. (4.86)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4.85) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ £¨¶¥·£¥μ³¥É·¨Î¥¸±ÊÕ ËÊ´±-
Í¨Õ F:

R0(s) = sl e−s/2 F(−ν + l + 1, 2l + 2, s), (4.87)

£¤¥ ¢ ¸¨²Ê Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ −ν + l + 1 Ö¢²Ö¥É¸Ö μÉ·¨Í É¥²Ó´μ° Í¥²μ°
¢¥²¨Î¨´μ° ¨²¨ · ¢´μ° ´Ê²Õ, É. ¥. ν � l + 1. �μ¤¸É ¢²ÖÖ (4.87) ¢ (4.79),
¶μ²ÊÎ¨³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4.76)

Ψlν(r, θ) = C0

exp
[
i

(
l +

1
2

)
θ

]
√

sin θ
(rλν )l×

× e−rλν/2 F (−ν + l + 1, 2l + 2, rλν) exp
(
−i

Eν

�
t

)
, (4.88)

£¤¥ λν = 2/�
√
−2mEν; C0 Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ , ¢Ò¡¨· ¥³ Ö ¨§ Ê¸²μ¢¨Ö

´μ·³¨·μ¢±¨.
‚ ·¥§Ê²ÓÉ É¥ ´ ·ÊÏ¥´¨Ö Ê¸²μ¢¨Ö (4.55) ¢ ¢¨¤¥ ¶μÉ¥´Í¨ ²  ∼ 1/r (4.78)

¢³¥¸Éμ ∼ 1/r2 ¤²Ö ¢¥±Éμ·´μ£μ ¶μ²Ö 〈v〉 (4.13) ¶·¨¢¥²μ ± ¸ÊÐ¥¸É¢μ¢ ´¨Õ
¤¨¸±·¥É´μ£μ ´ ¡μ·  É· ¥±Éμ·¨° ¨ Ô´¥·£¨° (4.83), (4.86), ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó
¤μ± § ÉÓ.

‡ ³¥Î ´¨¥ 4.6. „²Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ∼ 1/r ³μ¦´μ ¢Ò¡· ÉÓ
¢¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥° 〈v〉, μÉ²¨Î´μ¥ μÉ (4.13), É ±, ÎÉμ¡Ò Ê¸²μ¢¨Ö
¸μ£² ¸μ¢ ´´μ¸É¨ (4.55) ´¥ ´ ·ÊÏ ²¨¸Ó. � ¶·¨³¥·, ¶μ²¥ ¸±μ·μ¸É¥° ³μ¦´μ
¢Ò¡· ÉÓ |〈v〉| ∼ 1/

√
r, Éμ£¤  ±¨´¥É¨Î¥¸± Ö ¨ ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨¨ ¡Ê¤ÊÉ

¨³¥ÉÓ μ¤¨´ ±μ¢Ò° ¶μ·Ö¤μ±. � ¶·¨³¥·, ¶μÉ¥´Í¨ ² £· ¢¨É Í¨μ´´μ£μ ¢§ ¨³μ-
¤¥°¸É¢¨Ö, ± ± ¨ ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ², ¨³¥¥É ¶μ·Ö¤μ± ∼ 1/r. �μ²¥ ¸±μ·μ-
¸É¥° ±·Ê£μ¢μ£μ ¢· Ð¥´¨Ö ´¥±μÉμ·μ£μ ÉμÎ¥Î´μ£μ É¥²  ¢μ±·Ê£ ‡¥³²¨ ¨³¥¥É
§ ¢¨¸¨³μ¸É¨ ¢¨¤  〈v〉 =

√
MG/reφ, £¤¥ M Å ³ ¸¸  ‡¥³²¨,   G Å £· ¢¨É -

Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö. ‚ ·¥§Ê²ÓÉ É¥ Ê¸²μ¢¨Ö ¸μ£² ¸μ¢ ´´μ¸É¨ ±¨´¥É¨Î¥¸±μ°
¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨° ¡Ê¤ÊÉ ¢Ò¶μ²´¥´Ò.
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4.4.2. „¢¨¦¥´¨¥ ¢ ¸μ£² ¸μ¢ ´´μ³ ¶μ²¥. � ¸¸³μÉ·¨³ ¸É Í¨μ´ ·´Ò° ¸²ÊÎ °
Ê· ¢´¥´¨Ö (4.14)

k

sin2 θ

∂S

∂φ
+ n

∂S

∂θ
= n ctg θ. (4.89)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4.89) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.20)Ä(4.22) ¨ (4.30) ¡Ê¤¥É
¨³¥ÉÓ ¢¨¤

Sμ.´(r, φ, θ) = G0

(
r, φ +

k

n
ctg θ

)
+ ln sin θ. (4.90)

�´ ²μ£¨Î´μ ¶·¥μ¡· §μ¢ ´¨Ö³ (4.31), (4.32) ¤²Ö ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μ-
ÖÉ´μ¸É¨ ¶μ²ÊÎ¨³

f(r, φ, θ) =
1

sin θ
F0

(
r, φ +

k

n
ctg θ

)
, (4.91)

£¤¥ ËÊ´±Í¨Ö F0 μ¶·¥¤¥²Ö¥É¸Ö ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ´ ¶·¨³¥·, ¶·¨ θ = π/2:

f(r, φ, θ)|θ=π/2 = F0

(
r, φ,

π

2

)
= f0(r, φ). (4.92)

”Ê´±Í¨Ö f0(r, φ) § ¤ ¥É · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ¢ ³¥¤¨-
 ´´μ° ¶²μ¸±μ¸É¨ XOY . ‘ ÊÎ¥Éμ³ (4.92) ·¥Ï¥´¨¥ (4.91) ¶·¨´¨³ ¥É ¢¨¤

f(r, φ, θ) =
1

sin θ
f0

(
r, φ +

k

n
ctg θ

)
. (4.93)

�Ê¸ÉÓ £· ´¨Î´ Ö ËÊ´±Í¨Ö f0 (r, φ) ¤μ¶Ê¸± ¥É Ë ±Éμ·¨§μ¢ ´´μ¥ ¶·¥¤¸É ¢²¥´¨¥
´  · ¤¨ ²Ó´ÊÕ ¨ Ê£²μ¢ÊÕ Î ¸É¨

f0(r, φ) = R2(r)Y 2(φ). (4.94)

‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ (4.93) ¶·¨³¥É ¢¨¤

f(r, θ, φ) =
1

sin θ
R2(r)Y 2

(
φ +

k

n
ctg θ

)
. (4.95)

„²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ ¢ ¸¨²Ê (4.39), (4.95) ¡Ê¤¥É ¸¶· ¢¥¤²¨¢μ ¶·¥¤-
¸É ¢²¥´¨¥

Ψ(r) =
R(r)√
sin θ

Y

(
φ +

k

n
ctg θ

)
einθ. (4.96)

� °¤¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶μÉ¥´Í¨ ² U (4.40) ¤²Ö ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ (4.96). ‚ÒÎ¨¸²¨³ Δ|Ψ|. „²Ö Ê¤μ¡¸É¢  ¢Ò±² ¤μ± μ¡μ§´ Î¨³

Λ(θ, φ) det=
1√

sin θ
Y

(
φ +

k

n
ctg θ

)
, (4.97)
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¶μ²ÊÎ¨³

Δ|Ψ|
|Ψ| =

Δ [R(r)Λ(θ, φ)]
R(r)Λ(θ, φ)

=
ΛΔrR +

R

r2
Δθ,φΛ

RΛ
=

ΔrR

R
+

1
r2

Δθ,φΛ
Λ

. (4.98)

�μ¤¸É ¢²ÖÖ (4.98) ¢ (4.40), ¶μ²ÊÎ ¥³

U(r) =
α

β

[
1
r2

(
n2 − Δθ,φΛ

Λ

)
− ΔrR

R

]
. (4.99)

‚Ò· ¦¥´¨¥ ¤²Ö ΔrR/R ¨³¥¥É ¢¨¤

ΔrR

R
=

R′′

R
+

2
r

R′

R
. (4.100)

�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ ¤²Ö Δθ,φΛ:

Δθ,φΛ =
1

sin θ

∂

∂θ
sin θ

∂

∂θ

Y√
sin θ

+
1

sin2 θ
√

sin θ

∂2Y

∂φ2
=

=
1√

sin θ

(
Y ′′

θθ + Y
1 + sin2 θ

4 sin2 θ
+

1
sin2 θ

Y ′′
φφ

)
.

‚ ·¥§Ê²ÓÉ É¥
Δθ,φΛ

Λ
=

Y ′′
θθ

Y
+

1
sin2 θ

Y ′′
φφ

Y
+

1 + sin2 θ

4 sin2 θ
. (4.101)

’ ± ± ± Y (ξ) Å ËÊ´±Í¨Ö μ¤´μ° ¶¥·¥³¥´´μ°, ´¥μ¡Ìμ¤¨³μ ¶·¥μ¡· §μ¢ ÉÓ
Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ Y ′′

φφ ¨ Y ′′
θθ ¢ ¢Ò· ¦¥´¨¨ (4.101). ‘ ÊÎ¥Éμ³ ¶·¥¤¸É ¢²¥-

´¨Ö (4.23) ¢Ò· ¦¥´¨¥ (4.101) ¶·¨³¥É ¢¨¤

Y ′′
φφ = Y , Y ′

θ = − k

n sin2 θ
Y ′, Y ′′

θθ =
k2

n2 sin4 θ
Y ′′ + 2

k ctg θ

n sin2 θ
Y ′,

(4.102)

Δθ,φΛ
Λ

=
(

1 +
k2

n2 sin2 θ

)
Y ′′

Y sin2 θ
+ 2

k ctg θ

n sin2 θ

Y ′

Y
+

1 + sin2 θ

4 sin2 θ
.

‚Ò· ¦¥´¨Ö (4.100), (4.102) ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨ ´ Ìμ¦¤¥´¨¨
¶μÉ¥´Í¨ ²  (4.99). � ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  £· ´¨Î´μ¥ Ê¸²μ¢¨¥ (4.94)
¢¨¤ 

f0(r, φ) = C2r2υ e−2κr sin4(lφ),
(4.103)

R(r) = Crυ e−κr, Y (φ) = sin2(lφ).
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�¥Ï¥´¨¥ (4.95) ¶·¨³¥É ¢¨¤

f(r, θ, φ) =
C2r2υ e−2κr

sin θ
sin4

[
l

(
φ +

k

n
ctg θ

)]
. (4.104)

„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¢μ§Ó³¥³ k = 1 ¨ n = 3. ‚¥·μÖÉ´μ¸ÉÓ ´ Ìμ¦¤¥-
´¨Ö ¢ μ¡Ñ¥³¥ ¶·μ¸É· ´¸É¢  dω = r2 sin θ dθ dφ dr ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ (r, θ, φ)
¡Ê¤¥É dP = f(r, θ, φ) dω. �  ·¨¸. 59Ä61 ¶μ± § ´μ Ê£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥-
·μÖÉ´μ¸É¨ dP ´  ¸Ë¥·¨Î¥¸±μ³ ¸²μ¥ Ë¨±¸¨·μ¢ ´´μ£μ · ¤¨Ê¸  ¶·¨ l = 1, 2, 3.
�μ¢¥·Ì´μ¸ÉÓ, ¨§μ¡· ¦¥´´ Ö ´  ·¨¸. 59Ä61, μ¶¨¸Ò¢ ¥É¸Ö · ¤¨Ê¸μ³-¢¥±Éμ·μ³

r =
{
x1, x2, x3

}
,

(4.105)
x1 = dP sin θ cos φ, x2 = dP sin θ sin φ, x3 = dP cos θ.

’ ± ± ± £· ´¨Î´μ¥ Ê¸²μ¢¨¥ (4.103) (¶·¨ θ = π/2) § ¤ ¥É ¶¥·¨μ¤¨Î¥¸±μ¥
Ê£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ dP ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ËÊ´±Í¨¥° sin4 (lφ),
³ ±¸¨³ ²Ó´ Ö ¢¥·μÖÉ´μ¸ÉÓ ¶μ²ÊÎ ¥É¸Ö ´  ®Ì·¥¡É Ì¯, ±μ²¨Î¥¸É¢μ ±μÉμ·ÒÌ
μ¶·¥¤¥²Ö¥É¸Ö Î¨¸²μ³ 2l. ‘¶¨· ²Ó´ Ö ¸É·Ê±ÉÊ·  Ì·¥¡Éμ¢ (¶·¨ 0 < θ < π/2)
¢Ò§¢ ´  ¸¶¨· ²Ó´μ° ¸É·Ê±ÉÊ·μ° Ì · ±É¥·¨¸É¨± (4.23) (¸³. ·¨¸. 55).

� °¤¥³ ¶μÉ¥´Í¨ ² U , ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¢μ²´μ¢μ° ËÊ´±Í¨¨ (4.95) ¶·¨
§ ¤ ´´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ (4.103). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨Ö³¨ (4.100)

�¨¸. 59. “£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¶·¨ l = 1
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�¨¸. 60. “£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¶·¨ l = 2

�¨¸. 61. “£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¶·¨ l = 3
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¨ (4.102) ¶μ²ÊÎ ¥³

ΔrR

R
= κ2 − 2κ(υ + 1)

r
+

υ(υ + 1)
r2

,

(4.106)
Δθ,φΛ

Λ
=
(

1 +
k2

n2 sin2 θ

)(
1

sin2 (mξ)
− 2
)

2m2

sin2 θ
+

+4m
k ctg θ

n sin2 θ
ctg (mξ) +

1 + sin2 θ

4 sin2 θ
.

�μ¤¸É ¢²ÖÖ (4.106) ¢ (4.99), ¶μ¸É·μ¨³ · ¸¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ² 
U(r, θ, φ) ´  £μ·¨§μ´É ²Ó´ÒÌ ¸²μÖÌ (¶ · ²²¥²Ó´ÒÌ ¶²μ¸±μ¸É¨ XOY ¶·¨ θ =
π/2, π/4) ¤²Ö ¸²ÊÎ ¥¢ l = 1, 2, 3. ˆ§ ¢Ò· ¦¥´¨Ö (4.106) ¸²¥¤Ê¥É, ÎÉμ §´ Î¥´¨¥
¶μÉ¥´Í¨ ²  U(r, θ, φ) ³μ¦¥É ¸É·¥³¨ÉÓ¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨, ¶·¨ sin2(mξ) → 0
É ±¨¥ μ¡² ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μÉ¥´Í¨ ²Ó´Ò³ Ö³ ³. ’ ± ± ± §´ Î¥´¨¥ ¶μÉ¥´-
Í¨ ²  ³μ¦¥É ³¥´ÖÉÓ §´ ±, ¶μ³¨³μ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ ¡Ê¤ÊÉ ¨ ¶μÉ¥´Í¨ ²Ó´Ò¥
¡ ·Ó¥·Ò.

‚ ¸¨²Ê ´ ²¨Î¨Ö ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ ¨ ¶μÉ¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·μ¢ ¤²Ö ´ -
£²Ö¤´μ¸É¨ ¨§μ¡· ¦¥´¨Ö §´ Î¥´¨Ö ¶μÉ¥´Í¨ ²μ¢ ¡Ê¤¥³ ®μ¡·¥§ ÉÓ¯ ³ ±¸¨³ ²Ó-
´Ò³ Umax ¨ ³¨´¨³ ²Ó´Ò³ Umin §´ Î¥´¨Ö³¨. �μÔÉμ³Ê §´ Î¥´¨Ö ¶μÉ¥´Í¨ ² 
U < Umin (¶μÉ¥´Í¨ ²Ó´ Ö Ö³ ) ¨ U > Umax (¶μÉ¥´Í¨ ²Ó´Ò° ¡ ·Ó¥·) ¨§μ-
¡· ¦ ÉÓ ´¥ ¡Ê¤¥³. �  ·¨¸Ê´±¥ μ¡² ¸ÉÖ³ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ ¨ ¡ ·Ó¥·μ¢ ¡Ê¤¥É
¸μμÉ¢¥É¸É¢μ¢ ÉÓ ¶Ê¸Éμ¥ ³¥¸Éμ.

�  ·¨¸. 62Ä64 ¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¶μÉ¥´Í¨ ²μ¢ U(r, φ), ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì l = 1, 2, 3. �  ± ¦¤μ³ ·¨¸Ê´±¥ ¶μ± § ´Ò ¤¢  · ¸¶·¥¤¥²¥´¨Ö U(r, φ),
±μÉμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ θ = π/2 (¸²¥¢ ) ¨ θ = π/4 (¸¶· ¢ ). �  ·¨¸. 62

�¨¸. 62. � ¸¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  U(r, φ) ¢ ¸²ÊÎ ¥ l = 1
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�¨¸. 63. � ¸¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  U(r, φ) ¢ ¸²ÊÎ ¥ l = 2

�¨¸. 64. � ¸¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  U(r, φ) ¢ ¸²ÊÎ ¥ l = 3

¢ Ö¢´μ³ ¢¨¤¥ Ê± § ´Ò μ¡² ¸É¨ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ ¨ ¡ ·Ó¥·μ¢, ¶μÔÉμ³Ê ´ 
·¨¸. 63, 64, ÎÉμ¡Ò ´¥ § £·μ³μ¦¤ ÉÓ ¨§μ¡· ¦¥´¨¥,  ´ ²μ£¨Î´Ò¥ μ¡μ§´ Î¥´¨Ö
μ¶ÊÐ¥´Ò. �  ·¨¸. 62Ä64 ¢¨¤´μ, ÎÉμ ¶μÉ¥´Í¨ ²Ó´Ò¥ Ö³Ò μÉ¤¥²¥´Ò ¤·Ê£ μÉ
¤·Ê£  ¶μÉ¥´Í¨ ²Ó´Ò³¨ ¡ ·Ó¥· ³¨.

ˆ§ ¸· ¢´¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¢¥·μÖÉ´μ¸É¥° dP (¸³. ·¨¸. 59Ä61) ¸ · ¸¶·¥-
¤¥²¥´¨Ö³¨ ¶μÉ¥´Í¨ ²μ¢ U(r, φ) (¸³. ·¨¸. 62Ä64), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¤´¨³ ¨
É¥³ ¦¥ §´ Î¥´¨Ö³ ¶ · ³¥É·  l, ¢¨¤´μ, ÎÉμ μ¡² ¸É¨ ³ ±¸¨³ ²Ó´μ° ¢¥·μÖÉ´μ-
¸É¨ (Ì·¥¡ÉÒ) ¸μ¢¶ ¤ ÕÉ ¸ μ¡² ¸ÉÖ³¨ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³.
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‚ ·¥§Ê²ÓÉ É¥ ³ ±¸¨³ ²Ó´ Ö ¢¥·μÖÉ´μ¸ÉÓ dP ¸Ëμ±Ê¸¨·μ¢ ´  ¢ ¸¶¨· ²Ó´ÒÌ
¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ Ì,   ¥¥ ¶μÉμ± 〈v〉 (4.6) ¢ ¸¨²Ê (4.36) ´ ¶· ¢²¥´ ¶μ ± ¸ -
É¥²Ó´Ò³ ± Ì · ±É¥·¨¸É¨± ³ (4.23) ¨ ¶¥·¥É¥± ¥É ¸ μ¤´μ£μ ¶μ²Õ¸  ¸Ë¥·Ò ´ 
¶·μÉ¨¢μ¶μ²μ¦´Ò° (¸³. ·¨¸. 53Ä55).

4.5. �¸É·μË¨§¨Î¥¸± Ö ³μ¤¥²Ó. ’ ± ± ± ¶μ²ÊÎ¥´´ Ö ¢ ¶. 4.1 ³ É¥³ É¨Î¥-
¸± Ö ³μ¤¥²Ó ¨³¥¥É μ¡Ð¨° ·¥§Ê²ÓÉ É ´¥ Éμ²Ó±μ ¤²Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ´μ ¨
¤²Ö £¨¤·μ¤¨´ ³¨±¨, ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f ³μ¦¥É É· ±Éμ¢ ÉÓ¸Ö
± ± ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ ¢¥Ð¥¸É¢  ¨²¨ § ·Ö¤ ,   ¸±μ·μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ-
¸É¥° 〈v〉 Å ± ± ¸±μ·μ¸ÉÓ É¥Î¥´¨Ö ¦¨¤±μ¸É¨, £ §  ¨²¨ § ·Ö¤ . …¸É¥¸É¢¥´´Ò³
¢¨¤¨É¸Ö ¶·¨³¥´¥´¨¥ ¶μ¸É·μ¥´´μ° ³μ¤¥²¨ ¢ μ¡² ¸É¨  ¸É·μË¨§¨±¨.

�É³¥É¨³, ÎÉμ ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ ÔÉμ³ ¶Ê´±É¥  ¸É·μË¨§¨Î¥¸±¨¥ É¥·³¨´Ò
®Î¥·´ Ö¯ ¨ ®¡¥² Ö¯ ¤Ò·Ò, ®£μ² Ö ¸¨´£Ê²Ö·´μ¸ÉÓ¯, ®±·μÉμ¢ Ö ´μ· ¯ Ö¢²ÖÕÉ¸Ö
´¥ ¡μ²¥¥ Î¥³ ´ £²Ö¤´μ°  ´ ²μ£¨¥°, ¨²²Õ¸É·¨·ÊÕÐ¥° ¸¢μ°¸É¢  ¶μ²ÊÎ ¥³ÒÌ
·¥Ï¥´¨°.

‘¶¨· ²Ó´ Ö ¸É·Ê±ÉÊ·  £ ² ±É¨±¨ ¨³¥¥É ·Ê± ¢ , ¸Ìμ¤ÖÐ¨¥¸Ö ± ¥¥ Í¥´É·Ê.
’¥μ·¥É¨Î¥¸±¨ Í¥´É·μ³ ¸¶¨· ²Ó´μ° £ ² ±É¨±¨ ( ´É¨£ ² ±É¨±¨) ³μ¦¥É ¡ÒÉÓ
Î¥·´ Ö (¡¥² Ö) ¤Ò· . 
¥²Ò¥ ¤Ò·Ò ´  ¤ ´´Ò° ³μ³¥´É ´¥ μ¡´ ·Ê¦¥´Ò. �¤´ ±μ
¶μ²´μ¥ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  ¸μ¤¥·¦¨É ± ± Î¥·´ÊÕ, É ± ¨ ¡¥²ÊÕ ¤Ò·Ê [47].

�·¥¤¸É ¢²¥´´Ò¥ ´  ·¨¸. 53Ä55, 65 £· Ë¨±¨ Ì · ±É¥·¨¸É¨±¨ (É· ¥±Éμ·¨°,
Ö¢²ÖÕÐ¨Ì¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö (4.47)) É ± ¦¥, ± ± ¨ ·Ê± ¢  ¸¶¨-
· ²Ó´ÒÌ £ ² ±É¨±, ¨³¥ÕÉ ¸¶¨· ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê. �·¨ ÔÉμ³ ¢¥±Éμ· ¸±μ·μ¸É¨
〈v〉 ´ ¶· ¢²¥´ ¶μ ± ¸ É¥²Ó´μ° ± ¸¶¨· ²Ó´Ò³ É· ¥±Éμ·¨Ö³ (4.36). ‘¶¨· ²Ó-
´Ò¥ É· ¥±Éμ·¨¨ ´ ¶· ¢²¥´Ò μÉ μ¤´μ£μ ¶μ²Õ¸  ¸Ë¥·Ò ± ¶·μÉ¨¢μ¶μ²μ¦´μ³Ê

�¨¸. 65. �¸É·μË¨§¨Î¥¸± Ö  ´ ²μ£¨Ö
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¶μ²Õ¸Ê ¨ ¶·¨ ÔÉμ³ ¸É·¥³ÖÉ¸Ö ± ¶μ²Õ¸ ³ ¡¥¸±μ´¥Î´μ ¤μ²£μ (¸³. § ³¥Î ´¨¥ 4.4,
·¨¸. 58).

�  ¶μ²Õ¸ Ì ¸Ë¥·Ò (θ = 0 ¨ θ = π) ¶²μÉ´μ¸ÉÓ f ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ-
¸É¨ (4.31), ÎÉμ ³μ¦¥É ¸μμÉ¢¥É¸É¢μ¢ ÉÓ ³ ¸¸¨¢´Ò³ ¤Ò· ³ (¸³. ·¨¸. 53Ä55, 65).
’ ±¨³ μ¡· §μ³, ¶μ²Õ¸, ¢ ±μÉμ·Ò° ¢Ìμ¤ÖÉ ¸¶¨· ²Ó´Ò¥ É· ¥±Éμ·¨¨, ³μ¦´μ
É· ±Éμ¢ ÉÓ ± ± ®Î¥·´ÊÕ ¤Ò·Ê¯,   ¶μ²Õ¸, ¨§ ±μÉμ·μ£μ ¢ÒÌμ¤ÖÉ ¸¶¨· ²Ó´Ò¥
É· ¥±Éμ·¨¨, ± ± ®¡¥²ÊÕ ¤Ò·Ê¯ (¸³. ·¨¸. 65).

�  μ¸¨, ¸μ¥¤¨´ÖÕÐ¥° ¶·μÉ¨¢μ¶μ²μ¦´Ò¥ ¶μ²Õ¸Ò (®Î¥·´ÊÕ¯ ¨ ®¡¥²ÊÕ¯
¤Ò·Ò) ¢¥±Éμ·´μ¥ ¶μ²¥ ¸±μ·μ¸É¥° 〈v〉 Ö¢²Ö¥É¸Ö ´¥μ¶·¥¤¥²¥´´Ò³, É ± ± ± ¢¥±-
Éμ· ¸ ¡¥¸±μ´¥Î´μ° ¸±μ·μ¸ÉÓÕ ±·ÊÉ¨É¸Ö ¢μ±·Ê£ μ¸¨ OZ ¨ ´¥ ¨³¥¥É ±μ´±·¥É-
´μ£μ ´ ¶· ¢²¥´¨Ö,   ³μ¤Ê²Ó ¸±μ·μ¸É¨ |〈v〉| ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨. ‚¤μ²Ó
μ¸¨ OZ ´ ¶· ¢²¥´ ¸μ¡¸É¢¥´´Ò° ³μ³¥´É μs ¸¨¸É¥³Ò. Š ± § ³¥É¨² 
.Š ·É¥·
(1968), ·¥Ï¥´¨¥ Š¥·· Ä�ÓÕ³¥´  μ¡² ¤ ¥É ¤¢μ°´Ò³ £¨·μ³ £´¨É´Ò³ μÉ´μÏ¥-
´¨¥³ g = 2, É ±¨³ ¦¥, ± ± Ê Ô²¥±É·μ´  ¸μ£² ¸´μ Ê· ¢´¥´¨Õ „¨· ±  [48Ä51].
‚ Ψ-³μ¤¥²¨ £¨·μ³ £´¨É´μ¥ μÉ´μÏ¥´¨¥ g É ±¦¥ · ¢´μ 2 (4.62).

�¨¸. 66. „¢Ê³¥·´μ¥ ¸¥Î¥´¨¥ ¶·μ¸Éμ°
®±·μÉμ¢μ° ´μ·Ò¯

�¸Ó, ¸μ¥¤¨´ÖÕÐÊÕ ¶·μÉ¨¢μ¶μ²μ¦-
´Ò¥ ¶μ²Õ¸Ò, ³μ¦´μ É· ±Éμ¢ ÉÓ ± ±
®±·μÉμ¢ÊÕ ´μ·Ê¯ (Î¥·¢μÉμÎ¨´Ê, worm-
hole). �  ·¨¸. 66 ¶·¨¢¥¤¥´  £¥μ³¥É-
·¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ®±·μÉμ¢μ° ´μ-
·Ò¯ ¸ ¶μ§¨Í¨¨ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨-
É¥²Ó´μ¸É¨ [52]. Š ± ¨§¢¥¸É´μ, ®±·μÉμ-
¢Ò¥ ´μ·Ò¯ ¤¥²ÖÉ¸Ö ´  ®¢´ÊÉ·¨³¨·μ¢Ò¥¯
(intra-universe) ¨ ®³¥¦³¨·μ¢Ò¥¯ (inter-
universe) ¢ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, ³μ¦´μ
²¨ ¸μ¥¤¨´¨ÉÓ ¥¥ ¢Ìμ¤Ò ±·¨¢μ°, ´¥ ¶¥·¥¸¥-
± ÕÐ¥° £μ·²μ¢¨´Ê (¸³. ·¨¸. 66). ˆ§ ¸· ¢-
´¥´¨Ö ·¨¸. 65 ¨ 66 ¢¨¤´μ, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ
¤¢  ¸¶μ¸μ¡  ¸μ¥¤¨´¨ÉÓ ¶μ²Õ¸Ò ¸Ë¥·Ò
(¤Ò·Ò): ¶μ μ¸¨ ¨ ¶μ ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò.

Š ± ¨§¢¥¸É´μ, ¢· Ð¥´¨¥ ®Î¥·´μ° ¤Ò·Ò¯ ¶·¨¢μ¤¨É ± Ê³¥´ÓÏ¥´¨Õ · ¤¨-
Ê¸  £μ·¨§μ´É  ¸μ¡ÒÉ¨° (·¥Ï¥´¨¥ Š¥·· ). ‚ Ψ-³μ¤¥²¨ ¸±μ·μ¸ÉÓ ¢· Ð¥´¨Ö ¢
¶μ²Õ¸ Ì (´  μ¸¨ OZ) ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨, ¶μÔÉμ³Ê · ¤¨Ê¸ £μ·¨§μ´É 
¸μ¡ÒÉ¨° ¸É·¥³¨É¸Ö ± ´Ê²Õ, É. ¥. ¶¥·¥Ìμ¤¨É ¢ μ¸Ó OZ (¸³. ·¨¸. 65, 71),   ¶²μÉ-
´μ¸ÉÓ ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨ (4.31). ‚ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨
É ±μ° ÔËË¥±É ¨§¢¥¸É¥´ ± ± ®£μ² Ö ¸¨´£Ê²Ö·´μ¸ÉÓ¯ (naked singularity) [53Ä57].

ˆ¸ÉμÎ´¨±μ³ ¶μ²Ö ¸±μ·μ¸É¥° 〈v〉 Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´  Q (4.7) (¸³. ·¨¸. 51),
±μÉμ· Ö ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨ ´  μ¸¨, ¸μ¥¤¨´ÖÕÐ¥° ®Î¥·´ÊÕ¯ ¨ ®¡¥-
²ÊÕ¯ ¤Ò·Ò (¶μ²Õ¸Ò ¸Ë¥·Ò). ‚¥·Ì´ÖÖ Î ¸ÉÓ Ï ·  ¨³¥¥É ¶μ²μ¦¨É¥²Ó´Ò¥ ¨¸-
ÉμÎ´¨±¨ (Q > 0),   ´¨¦´ÖÖ Å μÉ·¨Í É¥²Ó´Ò¥ (Q < 0). ’ ±¨³ μ¡· §μ³,
´¨¦´ÖÖ Î ¸ÉÓ Ï ·  ¸μμÉ¢¥É¸É¢Ê¥É ¸¶¨· ²Ó´μ° £ ² ±É¨±¥, ¢ÉÖ£¨¢ ÕÐ¥° ³ ¸¸Ê
(Q < 0),   ¢¥·Ì´ÖÖ Î ¸ÉÓ Å ® ´É¨£ ² ±É¨±¥¯, ¢Ò¡· ¸Ò¢ ÕÐ¥° ³ ¸¸Ê (Q > 0).
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� ¸¸³μÉ·¨³ ¶μ¢¥¤¥´¨¥ H1-Ô´É·μ¶¨¨ ¢ μ±·¥¸É´μ¸É¨ ¶μ²Õ¸μ¢ ¸Ë¥·Ò (®Î¥·-
´μ°¯ ¨ ®¡¥²μ°¯ ¤Ò·). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨Ö³¨ (4.2) ¨ (4.73) ¶μ¢¥¤¥´¨¥
H1-Ô´É·μ¶¨¨ μ¶·¥¤¥²Ö¥É¸Ö ¨¸ÉμÎ´¨± ³¨ 〈Q〉. ‚¥²¨Î¨´  Q ¨§¢¥¸É´  (4.7), ¶μ-
ÔÉμ³Ê ¢ÒÎ¨¸²¨³ 〈Q〉 (4.75). ’ ± ± ± 〈Q〉 § ¢¨¸¨É μÉ ´ Î ²Ó´μ° (¶·¨ t = 0)
¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö F0 (4.74), ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¢μ§Ó³¥³

F0(r, φ, θ) = R2(r) sin2 (lφ), l ∈ N. (4.107)

�μ¤¸É ¢²ÖÖ (4.107) ¢ (4.75), ¶μ²ÊÎ¨³

〈Q〉(t) =
�n

m

2π∫
0

dφ

π∫
0

ctg θ dθ

+∞∫
0

R2(r) sin2 l (φ + ω̄k,n) dr, (4.108)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

ω̄k,n(r, θ) det=
k

n
(ctg θ − ctg (θ + ωn(r)t)) . (4.109)

’ ± ± ± ω̄k,n(r, θ) ´¥ § ¢¨¸¨É μÉ φ, ¨´É¥£· ² (4.108) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

〈Q〉(t) =
�n

m

2π∫
0

sin2 l(φ + ω̄k,n) dφ

π∫
0

ctg θ dθ

+∞∫
0

R2(r) dr =

=
�n

2m

2π∫
0

(1 − cos [2l(φ + ω̄k,n)]) dφ

π∫
0

ctg θ dθ

+∞∫
0

R2(r) dr =

=
π�n

m

π∫
0

ctg θ dθ

+∞∫
0

R2(r) dr,

É. ¥.
〈Q〉(t) = 0. (4.110)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨¥³ (4.73) μÉ´μ¸¨É¥²Ó´ Ö H1-
Ô´É·μ¶¨Ö ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥ Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ°

H1 = const. (4.111)

�É³¥É¨³, ÎÉμ ¥¸²¨ Ê¸·¥¤´¥´¨¥ ¢ ¨´É¥£· ²¥ (4.75) ¶·μ¨§¢μ¤¨ÉÓ Éμ²Ó±μ ¶μ
¢¥·Ì´¥° ¶μ²Ê¸Ë¥·¥ (ε � θ � π/2)

〈Q〉+ det=
π�n

m

π/2∫
ε

ctg θ dθ

+∞∫
0

R2(r) dr, (4.112)
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£¤¥ ε Å ´¥±μÉμ· Ö ³ ² Ö ¢¥²¨Î¨´ , Éμ 〈Q〉+ > 0 ¨ H+
1 -Ô´É·μ¶¨Ö · ¸É¥É

(¸³. ·¨¸. 58). �·¨ ε → 0 ¢¥²¨Î¨´  〈Q〉+ → +∞, É ± ± ± §´ Î¥´¨¥ θ = 0
¸μμÉ¢¥É¸É¢Ê¥É μ¸¨ OZ, ¸μ¥¤¨´ÖÕÐ¥° ¶μ²Õ¸Ò (wormhole) ¸Ë¥·Ò (®Î¥·´ÊÕ¯ ¨
®¡¥²ÊÕ¯ ¤Ò·Ò). �¡² ¸ÉÓ Ê¢¥²¨Î¥´¨Ö H1-Ô´É·μ¶¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ¢´¥Ï´μ¸É¨
®¡¥²μ° ¤Ò·Ò¯ (¸³. ·¨¸. 58).

�·¨ Ê¸·¥¤´¥´¨¨ ¢ ¨´É¥£· ²¥ (4.75) ¶μ ´¨¦´¥° ¶μ²Ê¸Ë¥·¥ (π/2 � θ �
π − ε)

〈Q〉− det=
π�n

m

π−ε∫
π/2

ctg θ dθ

+∞∫
0

R2(r) dr (4.113)

¶μ²ÊÎ ¥É¸Ö §´ Î¥´¨¥ 〈Q〉− < 0 ¨ H−
1 -Ô´É·μ¶¨Ö Ê³¥´ÓÏ ¥É¸Ö (¸³. ·¨¸. 65).

�·¨ ε → 0 ¢¥²¨Î¨´  〈Q〉− → −∞, É ± ± ± §´ Î¥´¨¥ θ = π ¸μμÉ¢¥É-
¸É¢Ê¥É μ¸¨ OZ, ¸μ¥¤¨´ÖÕÐ¥° ¶μ²Õ¸Ò (wormhole) ¸Ë¥·Ò (®Î¥·´ÊÕ¯ ¨ ®¡¥²ÊÕ¯
¤Ò·Ò). �¡² ¸ÉÓ Ê³¥´ÓÏ¥´¨Ö H1-Ô´É·μ¶¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ¢´¥Ï´μ¸É¨ ®Î¥·´μ°
¤Ò·Ò¯ (¸³. ·¨¸. 65).

�μ²´μ¥ Ê¸·¥¤´¥´¨¥ ¶μ ¢¸¥³Ê ¶·μ¸É· ´¸É¢Ê ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.110) ¤ ¥É
〈Q〉 = 0 ¨ Ô´É·μ¶¨Ö H = const (4.111). ‚ ·¥§Ê²ÓÉ É¥ ¶·¨ ¸¨³³¥É·¨Î´μ³ ¶μ
θ ´ Î ²Ó´μ³ · ¸¶·¥¤¥²¥´¨¨ ¶²μÉ´μ¸É¨ (4.107) ¢±² ¤Ò μÉ ¢¥·Ì´¥° ¶μ²Ê¸Ë¥·Ò
〈Q〉+ (4.112) ¨ ´¨¦´¥° ¶μ²Ê¸Ë¥·Ò 〈Q〉− (4.113) ¢§ ¨³´μ ±μ³¶¥´¸¨·ÊÕÉ¸Ö ¨
¶μ²ÊÎ ¥É¸Ö 〈Q〉 = 0 (4.111).

�  ·¨¸. 67Ä70 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¤²Ö ´¥¸É Í¨μ´ ·´μ£μ
·¥Ï¥´¨Ö (4.31) ¢ ¸²ÊÎ ¥ ´ Î ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ (4.107). ‚ § ³¥-
Î ´¨¨ 3 ¡Ò²μ ¶μ± § ´μ, ÎÉμ ·¥Ï¥´¨¥ (4.31) Ö¢²Ö¥É¸Ö ¶¥·¨μ¤¨Î¥¸±¨³ ´  ± ¦-

�¨¸. 67. � ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ´  ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¢ ³μ³¥´É t = 0
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�¨¸. 68. � ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ´  ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¢ ³μ³¥´É t = T/4

�¨¸. 69. � ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ´  ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¢ ³μ³¥´É t = T/2

¤μ° ±μ´Í¥´É·¨Î¥¸±μ° ¸Ë¥·¥ · ¤¨Ê¸  r ¸ ¶¥·¨μ¤μ³ T ¨ Î ¸ÉμÉμ° ωn(r):

T =
m

�n
πr2 =

m

�n

σ

4
, ωn(r) =

�n

mr2
, (4.114)

£¤¥ σ = 4πr2 Å ¶²μÐ ¤Ó ¸Ë¥·Ò · ¤¨Ê¸  r. �  ·¨¸. 67Ä70 ¶μ± § ´Ò · ¸¶·¥¤¥-
²¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²¨Î´Ò³ ³μ³¥´É ³ ¢·¥³¥´¨ ¶¥·¨μ¤  T , É. ¥. t = 0,
T/4, T/2, 3T/4. ’ ± ± ± ¶·μÍ¥¸¸ ¶¥·¥· ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ Ö¢²Ö¥É¸Ö ¶¥-
·¨μ¤¨Î¥¸±¨³, · ¸¶·¥¤¥²¥´¨¥ ¢ ³μ³¥´É ¢·¥³¥´¨ t = 0 (¸³. ·¨¸. 67) ¸μ¢¶ ¤ ¥É
¸ ³μ³¥´Éμ³ ¢·¥³¥´¨ t = T .

�  ± ¦¤μ³ ·¨¸. 67Ä70 ¨§μ¡· ¦¥´Ò ¤¢  · ±Ê·¸  μ¤´μ£μ ¨ Éμ£μ ¦¥ · ¸-
¶·¥¤¥²¥´¨Ö, ´μ ¶·¨ ¢§£²Ö¤¥ ¸ ¤¢ÊÌ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¶μ²Õ¸μ¢ (®Î¥·´ÒÌ¯ ¨
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�¨¸. 70. � ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ´  ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¢ ³μ³¥´É t = (3/4)T

®¡¥²ÒÌ¯ ¤Ò·). ‹¥¢Ò° ·¨¸Ê´μ± ¸μμÉ¢¥É¸É¢Ê¥É ¢§£²Ö¤Ê ¸μ ¸Éμ·μ´Ò ¶μ²Ê¸Ë¥·Ò
¸ Q > 0 (®¡¥² Ö ¤Ò· ¯, ® ´É¨£ ² ±É¨± ¯), ¶· ¢Ò° ·¨¸Ê´μ± ¸μμÉ¢¥É¸É¢Ê¥É
¢§£²Ö¤Ê ¸μ ¸Éμ·μ´Ò ¶μ²Ê¸Ë¥·Ò ¸ Q < 0 (®Î¥·´ Ö ¤Ò· ¯, ®£ ² ±É¨± ¯).

ˆ§ ¸· ¢´¥´¨Ö ·¨¸. 67Ä70 ¢¨¤´μ, ÎÉμ · ¸¶·¥¤¥²¥´¨Ö ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥
Ö¢²ÖÕÉ¸Ö ¸¨³³¥É·¨Î´Ò³¨, §  ¨¸±²ÕÎ¥´¨¥³ ³μ³¥´Éμ¢ ¢·¥³¥´¨ t = 0, T/2, T ,
μ¤´ ±μ H1-Ô´É·μ¶¨Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (4.111) μ¸É ¥É¸Ö ¶μ¸ÉμÖ´´μ° ¢ É¥Î¥´¨¥
¢¸¥£μ ¶¥·¨μ¤ .

�  ·¨¸. 71 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ¢ ¸¥Î¥´¨¨
ROZ ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ t = T0, 5T0, 10T0, 20T0.

�¥¨§³¥´´Ò³¨ μ¸É ÕÉ¸Ö ·μ¸É ¨ Ê¡Ò¢ ´¨¥ H+
1 -Ô´É·μ¶¨¨ (4.112) ¨ H−

1 -Ô´-
É·μ¶¨¨ (4.113) ¢ μ±·¥¸É´μ¸ÉÖÌ ®¡¥²μ°¯ ¨ ®Î¥·´μ°¯ ¤Ò· ¸μμÉ¢¥É¸É¢¥´´μ.

‘¶¨· ²Ó´μ¥ § ±·ÊÎ¨¢ ´¨¥ · ¸¶·¥¤¥²¥´¨° ¶²μÉ´μ¸É¨ ´ Î¨´ ¥É¸Ö μ¤´μ¢·¥-
³¥´´μ ´  μ¡μ¨Ì ¶μ²Õ¸ Ì ¸Ë¥·Ò, ´μ ¸ · §´μ° ¸±μ·μ¸ÉÓÕ. �  ·¨¸. 67Ä70 ¢¨¤´μ,
ÎÉμ ¸¶¨· ²Ó´μ¥ § ±·ÊÎ¨¢ ´¨¥ · ¸¶·¥¤¥²¥´¨° ¶²μÉ´μ¸É¨ ¢´ Î ²¥ (¸³. ·¨¸. 68)
¨¤¥É ¡Ò¸É·¥¥ ´  ¶μ²Õ¸¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ®Î¥·´μ° ¤Ò·¥¯. �μ¸É¥¶¥´´μ μ¡· -
§μ¢ ´´Ò° ¢¨Ì·Ó ¤¢¨¦¥É¸Ö ± ¶·μÉ¨¢μ¶μ²μ¦´μ³Ê ¶μ²Õ¸Ê, ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê
®¡¥²μ° ¤Ò·¥¯ (¸³. ·¨¸. 69, 70). ‚ ³μ³¥´É t = T/2 ¸±μ·μ¸É¨ § ±·ÊÎ¨¢ ´¨Ö
¢ μ¡μ¨Ì ¶μ²Õ¸ Ì ¸É ´μ¢ÖÉ¸Ö μ¤¨´ ±μ¢Ò³¨ (¸³. ·¨¸. 69). �·¨ T/2 < t < T
¶·μÍ¥¸¸ § ±·ÊÎ¨¢ ´¨Ö ¢ μ¡² ¸É¨ ®Î¥·´μ° ¤Ò·Ò¯ § ³¥¤²Ö¥É¸Ö,   ¶·μÍ¥¸¸ § -
±·ÊÎ¨¢ ´¨Ö ¢ μ¡² ¸É¨ ®¡¥²μ° ¤Ò·Ò¯ Ê¸±μ·Ö¥É¸Ö.

“± § ´´ Ö ´¥· ¢´μ³¥·´μ¸ÉÓ ¢ ¸±μ·μ¸ÉÖÌ § ±·ÊÎ¨¢ ´¨Ö ¶μ²Õ¸μ¢ ¶·¨-
¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ¶¥·¥£¨¡μ¢ ¸¶¨· ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° ¶²μÉ´μ¸É¨
(¸³. ·¨¸. 68Ä70).



1130 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 71. � ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¢ ¸¥Î¥´¨¨ ROZ

�¥·¥· ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¶·μ¨¸Ìμ¤¨É ¶¥·¨μ¤¨Î´μ ´  ± ¦¤μ° ±μ´-
Í¥´É·¨Î¥¸±μ° ¸Ë¥·¥, ´μ ¸ · §²¨Î´Ò³¨ ¶¥·¨μ¤ ³¨ (4.114).

�É³¥É¨³, ÎÉμ μ¶¨¸ ´´Ò¥  ´ ²μ£¨¨ ¸μ ¸¶¨· ²Ó´Ò³¨ É· ¥±Éμ·¨Ö³¨, ¶μ²Õ-
¸ ³¨ ¸¶· ¢¥¤²¨¢Ò ¤²Ö ¢¸¥Ì ±μ´Í¥´É·¨Î¥¸±¨Ì ¸Ë¥· ¸ μ¡Ð¥° μ¸ÓÕ OZ (·¨¸. 72).
Œ¥É·¨±Ê Š¥·· Ä�ÓÕ³¥´  (Š¥·· , �¥°¸´¥· Ä�μ·¤¸É·¥³ ) ³μ¦´μ  ´ ²¨É¨Î¥-
¸±¨ ¶·μ¤μ²¦¨ÉÓ É ±¦¥ Î¥·¥§ £μ·¨§μ´É ¸μ¡ÒÉ¨° É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¸μ¥¤¨-
´¨ÉÓ ¢ ®Î¥·´μ° ¤Ò·¥¯ ¡¥¸±μ´¥Î´μ ³´μ£μ ®´¥§ ¢¨¸¨³ÒÌ¯ ¶·μ¸É· ´¸É¢. �Éμ
³μ£ÊÉ ¡ÒÉÓ ± ± ®¤·Ê£¨¥¯ ¢¸¥²¥´´Ò¥, É ± ¨ Ê¤ ²¥´´Ò¥ Î ¸É¨ ´ Ï¥° ‚¸¥²¥´-
´μ° [58].

Šμ´Í¥´É·¨Î¥¸±¨¥ ¸Ë¥·Ò · §´ÒÌ · ¤¨Ê¸μ¢ ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± · §²¨Î-
´Ò¥ ®¢²μ¦¥´´Ò¥ ¢¸¥²¥´´Ò¥¯, É. ¥. ®¢²μ¦¥´´Ò¥¯ ¤·Ê£ ¢ ¤·Ê£  ¨ ¸μ¥¤¨´¥´´Ò¥
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�¨¸. 72. Œμ¤¥²Ó ®¢²μ¦¥´´ÒÌ ¢¸¥²¥´´ÒÌ¯

μ¡Ð¥° μ¸ÓÕ OZ (®±·μÉμ¢μ° ´μ·μ°¯). �·¨ ÔÉμ³ ¢ ¸¨²Ê § ³¥Î ´¨Ö 4.3 Ì · ±-
É¥·´Ò¥ ¢·¥³¥´  (¶¥·¨μ¤Ò) Ê¢¥²¨Î¨¢ ÕÉ¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ´  ¸Ë¥·Ê ¡μ²ÓÏ¥£μ
· ¤¨Ê¸  ¨ Ê³¥´ÓÏ ÕÉ¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ´  ¸Ë¥·Ê ³¥´ÓÏ¥£μ · ¤¨Ê¸ . ’ ±μ°
¢·¥³¥´´μ° ³ ¸ÏÉ ¡ Ì · ±É¥·¥´ ¤²Ö ³¨±·μ- ¨ ³ ±·μ¸¨¸É¥³. � ¶·¨³¥·, ´ 
 Éμ³´μ³ Ê·μ¢´¥ ¶¥·¨μ¤ μ¡· Ð¥´¨Ö Ô²¥±É·μ´  ¢μ±·Ê£ Ö¤·  ∼ 10−8 c,   ¶¥·¨μ¤
μ¡· Ð¥´¨Ö ‡¥³²¨ ¢μ±·Ê£ ‘μ²´Í  Å 1 £μ¤.

ˆ¸¸²¥¤μ¢ ´¨¥ ¢Ò¶μ²´¥´μ ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ ¢ · ³± Ì
´ ÊÎ´μ£μ ¶·μ¥±É  º18-29-10014 ³± ¨ ”μ´¤  · §¢¨É¨Ö É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨
¨ ³ É¥³ É¨±¨ ®
�‡ˆ‘¯.
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