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1996, TOM 27, BbIIL5

YOK 517.957

INTEGRABLE SYSTEMS

A.N.Leznov
Institute for High Energy Physics, 142284 Protvino, Moscow Region, Russia

On the base of algebraic construction, new discrete symmetry of integrable system is
introduced and its applications are studied. Its universality is demonstrated by examples of
explicit sciutions of many known integrable evolution equations and hierarchies in (1+1)
and (2 + 1) dimensions.

Tpennoxed amreGpavyecKuil MOAXod K MOCTPOEHHMIO COJIMTOHHBIX PELUEHHH MHTErpu-
PYEMBIX HE/HHEHHBIX CHCTEM, OCHOBaHHbIH Ha MCC/IEHOBAHHH anre6p ux cummerpud. Ero
YHUBEPCATHHOCTD IPOAEMOHCTPHPOBAHA HA TIPUMEPAX SBHBIX PELICHHH MHOTHX W3BECTHBIX
MHTETrpUpPYEMBIX ypaBHEHUH U UX uepapxuii B (1+ 1) u (2 + 1) u3MepeHusx.

1. GENERAL REMARKS [1-7]

In this paper we will consider the dynamical systems which have solution
of soliton kind. The origin of the concept of the solitons is connected with the
physical problems, in particular, with the study of the waves on the water in the
canals. These waves correspond to the processes of propagating a perturbation
peak (soliton wave) which brings finite energy. This peak is stable with respect
to the outer influences. The soliton wave differs from the usual periodical waves
which have many peaks.

From mathematical point of view all these systems are united by the pro-
perties of their algebra of inner symmetry. These algebras are infinite dimen-
sional but have the finite dimensional representations with the «spectral para-
meter», i.e., they are realized by finite dimensional matrices which entries are
rational functions of the parameter A, taking values in complex plane. This case
sufficiently differs from the finite-dimensional algebras of inner symmetry of
exactly integrable systems.

Now we have generalized the partial problems of the soliton solution
behaviour into the following mathematical scheme. We formulate the problem.
It is necessary to find an element g, which takes values in some group and
depends on the parameter A. This element is also a function of independent
variables & and satisfies the relation
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gggq:u. (1.1)

The elements u, taking values in corresponding algebra, are postulated to be
rational functions of the spectral parameter. In the general case the parameters
which determine the position of the poles are the functions of the independent
variables &.

The Maurer—Cartan identities subject to (1.1) are reduced to the system

aui %
’a‘E; - a{;i = [u’., uj]. (1.2)

From this identity we can take out the equalities of residues in all the poles
of any order. After that we have the system of equations under consideration,
i.e., there arises a polycomponent equation which is equivalent to investigated
dynamical system. One can say that system (1.2) with respect to spectral
parameter is a generating expression (Laurent series) for the equations of the
dynamical system.

Originally for the solution of the systems of type (1.2) the wide known
inverse scattering method was elaborated. By means of this method many equa-
tions of importance for physical applications (such as the Korteveg-de Vries,
sin-Gordon, nonlinear Schrédinger and so on) were integrated. This method is
described in detail in many known monographs,

In further works the solution of the systems (1.2) was connected with the
matrix’ Riemann problem (the so-called Zacharov—Shabat dressing method).
This method provides a possibility of finding the solutions of integrable system,
when the solution of the Riemann problem is known from the independent
consideration.

In this paper we shall use a purely algebraic construction for finding the
system of equations possessing soliton-type solutions together with their expli-
cit form, by passing the stage of investigating and exploring their internal sym-
metry algebra. The problem of necessity for such approach and the existence of
systems having soliton solutions that do not fall within the scope of our
construction will not be considered here. In any case all the systems that are
integrable by the inverse scattering method fall within the construction which
follows below. In all cases it yields explicit formulae for soliton type solutions
even when traditional methods grow so cumbersome that it becomes impossible
from the purely technical standpoint to produce the result.

The initial (input) elements of the construction are specially coded data of
the structure of internal symmetry algebra of the system which are used to
express, by several algebraically operations, soliton-type solutions together with
the system of equations they satisfy. Here, the solution of sin-Gordon, Kor-
teveg—de Vries, nonlinear Schrodinger and other wave and evolution equations



INTEGRABLE SYSTEMS 1163

is described by common formulae distinguished only by the parameters related
to the internal symmetry algebra.

2. INFINITE-DIMENSIONAL
RATIONAL FUNCTIONS ALGEBRA [8,9]

In this section we will describe the construction of a special type of infinite-
dimensional algebras, which is an essential point in the following approach to
the consideration of the dynamical systems in question. We will call these as the
algebras of the rational functions, because up to now any terminology on this
subject is absent.

In order to explain the construction of these algebras we will examine
simple algebraic identities for the decomposition over the simple fractions,
which are well known:

m f‘ (a, b,m, n) . " g (a, b, m, n)

1 l__y by 4

A-a" A-b" [T -a 2

O = b)/

The explicit form of the functions fl.,gj may be determined by many inde-

pendent methods and it may be found in any book on this subject.
Consider some Lie algebra with its generators L;. Let the finite ambiguity

of the arbitrary parameters a = (a,, a,,...a,) be denoted by one symbol; and the

i

generators of some infinite-dimensional algebra L:.“k are determined by relations
L* = -aL,.

The new generators are labeled with an integer index k and continuous-com-
plex number a; A — the complex parameter. In the case of the negative k we

introduce additional generators L‘: = ?»SL’.. The most significant fact is that the

variety of these generators is a closed infinite-dimensional Lie algebra.
Indeed, we calculate the commutator

ak rbly _ -k —I
Lt L= -a* - b) L,

m

By virtue of the previous identity we represent the right-hand side of the last
equality in the form of linear combination of the generators constructed
above. Continuing the last equality, we have
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£ fa b ! ga bk D)
k

> +2

P ¢ L ¢ S

2 CL,,

m

or saving the first and the last terms of the written equality we obtain
k 1
,kl X ,
[, Lj’."’] =y . [ D (iha, bk, DL+ g (a, bk D) i J .
m k=1 I'=1

It may be considered as the commutation relations of abstract infinite-dimen-
sional algebra. We note that in the last sum there is only the finite number of
the generators. It may be connected with the filtration properties of the const-
ructed algebras. We will call them as the algebras of the rational functions.

The algebras of the inner symmetry of the integrable systems have a direct
connection to the subject of this section.

3. THE STATEMENT OF THE PROBLEM
AND ITS NONLINEAR SYMMETRIES

Here, the problem, which transistory was stayed in section 1, will be formu-
lated more carefully and its symmetry properties will be described. With the
help of these symmetries it will be possible to construct the whole hierarchy of
solutions of the problem, if some solution of it is known.

The formulation of the problem is the following: It is needed to find such
element g, taking values in some group, which depends on complex parameter
A and arguments &: (§,...£ ), in such a way that constructed from g elements

u= —g——gé g_1 from corresponding algebra are rational functions in complex A
plane.

The known under this consideration are the positions of the poles and their
multiplicity for each of the elements u;. In what follows we shall call the tota-

lity of these data a spectral structure of the element u;. The unknown are the
residues in all poles of the elements u;, as the functions of § or, and this is the

same, matrix elements of g as the functions of A and .

The problem possesses the remarkable symmetry properties, which we shall
describe now.

Let g, be some solution. For definiteness let 8o belong to the group

SL(k, c). This means that 8y is (k+ 1, k + 1) matrix with determinant equal to

1. Let us introduce the matrix of the polynomials P, which has the following
structure:
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11 pi2  p13  plk+l
n+1 n n n
21 T 22 23 2k +1
P, p2. PP P
3.1
'[;Ik+l,l },“k+1,2 .;;'k+l,k+l
. . p
where the P * B is the polynomial of degree n on A; and f"fl;ol‘, the poly-

nomial of degree n + 1 with the coefficient 1 at A" *1 The equal degrees of
the polynomials are chosen for simplicity and in future this limitation will be
taken away as some other restriction which takes place in the definition of the
polynomial matrix.

The coefficients of the entries of the polynomial matrix are defined from
requirement that in (k + 1) (n +1) different points of the A plane there is a linear

dependence between the (k + 1) column of the matrix PgO. That means
k+1
2 P00 gDy gep) =0,
s=1

o,B=12,..(k+ 1), i=12,.(k+ n+1), 3.2)

where cB(Ki) are totalities of arbitrary c-number parameters. These conditions
determine all the coefficient functions of the entries of the matrix P (3.2).
Indeed, let us take o = 1 in the last equality. We have

k+1 B
Y P"'B(%,,.) (g,™,) c(xi))ﬁ= 0, i=12..(k+ DHn+1. (3.3)

s=1

The last equality is the system of (n + 1)(k + 1) linear algebraic equations,
in which the (n + 1)(k + 1) coefficient functions of the polynomials of the first
line of the matrix P are unknowns. (Each polynomial has exactly (n + 1) co-
efficients, the number of polynomials is equal to (k + 1)).

From the definition of the matrix P it follows that its determinant is the
polynomial of the degree (n + 1)(k + 1) with the coefficient 1 at the highest
power of A. From (3.2) we conclude that determinant P vanishes exactly in the
(n + 1)(k + 1) points of the A plane. In these points, the columns of the matrix
Pg, (Det g, = 1) are linearly dependent. So we obtain:

(n+)k+1)

Det P = H (A - 7\.’) (3.4)
1
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From definition of the entries of the inverse matrix g"1 via the ratio of the
k-order minors to the determinant of matrix g, we have for entries of the
matrix u:

dg -1 _Det | (B = o]
U, o= = , (3.5)
a,p [ a € ]a,ﬁ Det ([ gl )
where by symbol || B — &|| we denote the matrix arising from the matrix g
when its B line changes over the derivatives with respect to & from its o line.
Let us illustrate these formulae by the examples of the second order matrix.

g, & 2 & 8 81p |
Det( 1 812 ] Det | 21 £22 J Det | S11 812 ]
821 82 821 82 &1 Snp
=, U, =, U =—— = (3.6)
11 Det g 21 Det g 12 Det g

where g = BE_, To determine the analytical properties of entries of u, as func-
tions of the parameter A we use the general formulae to the case of g = PgO
For matrix g we have:

g =Pg, + Pgy= (P + Piga)) g,
For the entries of 4 we obtain:

Det || (P)ﬁ - (P + Puy),, ”
o= k+ D+ D
IT a-»
1
The coefficients of cBOLl.) in (3.2) are independent of & Thus the columns

3.7

of matrix (Pg,) are linearly dependent. By this reason the numerator in the
expression for matrix elements of u (the matrix u, has the rational dependence

on A) will contain the multiplier, which cancels with the denominator, and ana-
lytic properties of matrix u repeat the same of u,. The position and maximal

multiplicities of the poles are the same for matrices u and Uy
Some separate treatment is needed to understand the behaviour u in the

limit A — oo. Let us at first consider this situation on the example of the second
order matrix. The numerator of the element u 1 is the determinant of the matrix;

1 1 12,0 12 1 12,0
P+1 Py 11+P, 21 Pn+l+P+112 +P Cuy,
21 2
-P" Pn+l



INTEGRABLE SYSTEMS 1167

As A — oo, the denominator of the matrix element u;, has the asymptotics-

A2+ 1 The maximal power on A in the numerator may be contained in the

product Pnlj_l Pn2-2+ | Ulol' This power is not more than 2(n + 1) + 5, where by

s we denote the maximal power of the matrix elements U at infinity.

Let us make some resume. It has been shown that if there is some solution
g, of the problem, then the element Pg,, which is constructed by the rules of

this section, is also the solution of the same problem. So we obtain the entire
hierarchy of the solutions (n is arbitrary). The problem possesses some non-
linear symmetry. This symmetry is usually regarded as the Backlund trans-
formation. The Backlund transformation plays the most important role in the
theory of integrable systems. It will become clear from the next sections how
these transformations are used for the construction of the exact solutions of the
integrable system.

4. THE SPECTRAL EQUATION [8,11]

In this section the connection between the matrix equation (1.1) and the
theory of the ordinary differential equations will be considered. Equation (1.1),
being written in the form

g = ug, 4.1)
is the equation for unknown g, taking values in some group, under the
assumption that element u, which takes values in corresponding algebra, is
known. This equation is the system of equations on the parameters of the
group element g (it is assumed that they are functions of an independent
argument and differentiation is carried out with respect to it), and in this
sense it is invariant with respect to the choice of any representation of an
algebra (or group). On the other hand, we can consider it in some fixed
representation when g and u are certain finite-dimensional matrices. We shall
use the Dirac notation for the basis vectors || o), {B|| (¢, B extend their values
from 1 to N, where N is the dimension of the representation). (4.1) makes it
possible to calculate the serial derivatives of the element g:

u, =1.

e 12 e, 2 .
g=gP=G+idrg=ug M=ue u 0

s+1 =us+usu1’
Writing the matrix elements for the first N derivatives by using the basis

vectors (1]| and || o), we have:

N
(Ul gl oy =Ctllull (U gll oy + X (L w ]l BY Bl gll 0. (4.2)
2
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Eliminating the N — 1 matrix elements (B|| g|| &) (B = 2,..(k + 1)) from the last
system of N equations, we derive an ordinary N-order differential equation for
the function y_ = (1| g|| o:

Det || Wi — Ul wl Dwg, (Ll ugll 20, (1] | B)...)l =0, (4.3)

where the index s labels the lines and takes values from 1 to N; the index B
labels the columns 2,...N, except of the first one. Thus all the elements in the
«first» line (1| g|| o) satisfy the same N-order differential equation (i.e., they
are its fundamental solutions), whose coefficients are expressed explicitly
through the entries of the matrix u and its derivatives up to the (N = 1)th
order. We shall call this equation a spectral equation. The matrix elements
(Bl &ll & may be found from a linear system of (N — 1) equations (4.2)
(1 <5< N), and in this manner the matrix g is explicitly expressed through
N fundamental solutions of the spectral equation, the matrix elements u and
their derivatives up to the (N — I)th order inclusively. The coefficient func-
tions of the spectral equation may be expressed through a set of its funda-
mental solutions by known relations. Let us rewrite the spectral equation in
the form:

N-=2
A L A D W G PR e ) (4.4)
k=0 -
We introduce the notation || W[J‘]. \y['szl ...... N Lyl || for the determinant of the
matrix whose first column consists of the derivatives of the 5 order of funda-

mental solutions of the spectral equation, the second column from the deriva-
tives of the s, order from fundamental solutions and so on. In this notation

we have:
V= ||y, w0y

1]

Vay == ||yt =1, M bt 1 L=y @.5)

Comparing these expressions with the coefficients of the spectral equation we
see, that to obtain them it is necessary to make the substitution wgsl -
= (1{| uJ| &) in the last formulae. This relation will become useful in const-

ructing the matrix elements via the known set of the fundamental solutions of
the spectral equation.
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5. CONSTRUCTION OF THE SOLUTIONS
IF THE ELEMENT g, BELONGS TO DIAGONAL
(COMMUTATIVE) SUBGROUP [8,10-13]

The general construction of the third section will be used now so as to get
the whole class of solutions of integrable systems for the algebra SL(k, c). Let
us pay attention to the case in which the background equation has a trivial
solution if one assumes that element g takes values in commutative (Cartan in
the semisimple case) subgroup

r
g=exp X, ht, [h,h]=0, (5.1)
s=1

where r is the dimension of the commutative subgroup. From the background
equation (in our case BE_, g Z h ) it follows that the functions T, must

be rational functions of the argument 7\,, whose analytical properties are deter-
mined by the spectral structure of the elements u. It means, that the residues
in the poles of T and the coefficient functions of its Laurent expansion near
the infinite point of the A plane, must the functions of the single argument
§;- So

t
1= 3,7 €N+ T0E),
i=1 ;
i.e., T is the sum of the rational functions of one argument, the number of
which coincides with the number of independent parameters & in the problem,
and some function 'rg which depends on all parameters except A. We will call
this function the null mode of t and the whole function T, — the source
function. Let us take this solution in the capacity 8 of the general construc-

tion of section 3, and use the quadratic (k+ 1, k + 1) matrix of the poly-
nomials P, in

Pnl.l;. . P 12 i‘,nl,k+ 1
1 k+1
21 22 2k+1

Pn Pn+l Pn
1 k+1

Pk+1,l Pk+l,2

;,k+1,k+l
n

(5.2)
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containing as before the notation P”(k) for arbitrary polynomial of the degree
n and 13’1(7») for the same polynomial with the coefficient 1 at the highest
power of A.

The difference as compared with the general scheme consists, at first, in
distinguishing the degrees of the polynomials of the columns. Second, all poly-
nomials of the first line have sign P. The last modification is necessary for
determination of the null modes of the functions T, as it will be later. It is

assumed, as before, that there is a linear dependence between the columns of

r k+1
the matrix g = Pg, =P exp 2 ht  in 2 (n, + 1) different points of the A
s=1 a=1
plane, iel
3 Pn“'Bs () cpA) exp (15 =T _ ) =0,
LoB=1 Pro%y
k+1
a=12..(k+1), i=1,2..3 @ +1), (5.3)
: a=1
where CB(}“:‘) is the totality of arbitrary c-number parameters, T=T.,,=0
k+1
The last equality is the system of 2 (n, + 1) linear algebraic equations,
o =1

where the coefficient functions of the polynomial matrix P and the null mode
components of the T functions are unknown. The number of equations equals
the number of the unknown variables. Indeed, let us take o = 1 in (5.3). The

number of the coefficient functions of the first column of the polynomial
) k+1

matrix P is equal to z n,+1 and the k null mode components of T func-
a=1
tions are unknown. So the whole number of the unknown variables equals

2 (n, + 1), i.e., exact number of equations. The same situation takes place

for the other columns and consequently the system of equations (5.3) expli-
citly determines all parameters of the polynomial matrix and the null mode
components of T functions.

Det P = Det (Pg) and from definition of the polynomial matrix P it follows

that its determinant is a polynomial of the degree 2 (n, + 1) with the co-
efficient 1 at the highest power of A. From (5.3) we know that Det P vanishes
in the 2 (ny, + 1) points of the complex plane. Thus we get:
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k+1 '

az—";(n“+ )

DetP= J] -2 (5.4)

i=1

The general formulae of section 3, for the entries of the matrix v remain true
after obvious substitution (uo)a) = 8(1‘ B(rB - ‘t:B _ l)

) Det || Pg - P +P (-1, Dl

o, H(}"_)"i)

From the last expression we get convinced, as in section 3, that all the pecu-
liarities of the matrix elements of the matrix u, including the infinite point,
are determined by the analytic properties of the source functions.

(5.5)

6. THE CASE OF THE ALGEBRA SL(2,C) [10,13-15]

The results of sections 3 and 5 will be specified here for the case of an
algebra SL(2, C), which has many physical applications. In that case, it is
possible to write all the expressions in the form convenient for practical cal-
culations.

Let the polynomial matrix P (5.2) be rewritten in the form;

"|+l n !
A-—a. A —b.
po| HG-a) Tl0-5)) ©.1)
i=1 j=1
Pnl Pnz+l

i’n are decomposed on the systems
2

of their roots (a,, bj). In our case T, =-1, = Z ‘cs(is, A+ T, =1. The co-

efficient functions of the polynomials and null mode t

The polynomials of the first row i’n 1
1

o are determined from

the linear system of the algebraic equations

exp 2T(A) exp 2‘:0Pn] L) +cer) Pnz(xs) =0,

s=1, 2,...(n1 +n, + 1),

exp 2t(A) exp 210Pnl(xx) +c(h) Pos (&) =0. 6.2)
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The number of unknown quantities in the first system of equations is equal
to (n, + 1) symmetrical combinations, composed of the roots a; (coefficient

functions of the polynomials P, . ). ny symmetrical combinations, composed of
1
the roots bj. (the coefficient functions of the polynomials P, ), and null mode
I

component in the form exp 2t7,. This exactly equals the number of equations.

The same situation takes place for the second system (6.2). As in (5.5) for
U, =u,, we obtain:

n+l
H(?\.—-a)HO\. b) n, [.) n
i=1 =1 .
hy = nl+n2+2] ?‘17\, b+’;l7u— t2t ). (63)
lo-x :
s=1

As it follows from the explicit expression for u > the analytical dependence

T: the positions of poles, their multiplicity, behaviour at infinity are the same as
for the u, as for 1. Rewriting (6.3) in an equivalent form we have

nl+n2+2
nz b n+l a H(}\'—A‘Y)
J ] _ s=1
—zx +y l— +2’c = u_. (64)

j=1 1' i=1
]'[ A -a) H (A -b)
i=1 j=1
The last equality is the definition of u_ and the examples of the next section

will show how it may be used. By decomposition of the right side of the last
equation over the simple fraction we obtain the expressions for the deri-
vatives

: m(b,) (a,)
b=—u/b) a=-ufa)x : (6.5)
/ an+l(b)P (b) ,,H(a)P (a)

In the equality the symbol "over the imliex of the polynomlal means this
polynomial without multiplier, which goes to zero at the present significance
n+n+2
I 2
of its argument, (A) = H A -2).
s=1
For u, we have the equivalent representations
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1 Pnl+ 1 + TPnl+ 1 Pn2 - TPnZ
Uy =1 (M) Det Z =
Pn] P112+ 1
a b,
i j \
-— + —_— —
P, . P zx—a, ’ A-b "
— 1 2 D ’ —
()\.) Det Pn . Pn2 +1 -
Pnl + 1 Pn2
a n(A)
~ - - z +1 = =,
Pnl + ]Pn2 A= (11 Pu] + Pu1
) ¢ P, (A =
P"I +1 Pn‘ + 1 n,
a
-y oottt
i
= Det P" . (6.6)
i
= 1

" + 1
In the last transformation we have used definitions of m(A) and u, . Then

n +1 Pn7 P Pn ’

-— ! ~ < - D e ————— A
n(A) = Det p P = P”l N anz 5 5 6.7)

n, n_ +1

or

) B, _A
- —1—8+2(k_bj) Z(l—ai)'

P
n]+l n,

Comparing the residues at the poles A = a; and A = bj in both sides of the last

equality, we obtain

n(b,) i?j. . n(a,) a,
j ﬁnl + l(bj)ﬁnz(b]) u+(bj) ’ i~ i)n] R l(a,') ;)nz(ai)_ u+(ai) .

Now we continue the interrupted calculation (6.7),



1174 LEZNOV AN.

a
i

. T n+1 .
zk—ai-'-r “ . a; u ) -ufa)
uy = Det . =1:+2 X
~ z a = u(a;) - a
0" - ai) u+(a,')
Let us finally calculate u (X) = Uy,
1 8
g (& & _ 811 812
u_=n"'A) Det| 21 "2 =gl g ) Det
81 &x 21 8»
&1 812
1 @_@]Jr@:gﬁ_iz_x&
8 g g 81y 8 811 8
-1 1 12 8u 12 812 811 811
=7 (A) 8,8, Det
! i1 32 8
& 812 8n
g g g
821 1 412 L2 w.(N)
&n 812811 g%zg“ gflglz ¥
= 8118y Det
21 !
&11 812811
81 &1 g 8y
o teu  — o u )
811 -of 81t &
= Det =
4
221 1
811
g £, 8 8 \?
-] 521 +2i—-21—u+(7») 21 _
&1 &1 8 &n
. 2
8 8 8
=22, 1 %2 ) 22
&n 4 811 &

(6.8)

6.9)

In the latter transformations we use several times equalities (6.4), (6.7), which

in the notations of the previous calculations have the form

@_@?@&_ﬁ:M

u+(7\.).
812 811 81812812 & 8112
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We may pass to expression (6.9) for u_ in more short way if to profit by the
spectral equation of section 4. The matrix elements 8 p 81, =V satisfy this

equation, and so we have

Substituting the expression for u, into this equation (6.8) we once more come

to previous formula (6.9). We limit ourselves by the first inference only with
.the aim of preserving the uniformity of the calculation scheme. Using (6.4)
and (6.8) we rewrite (6.9) in the form

ili 1 di 1 2
= [ )Y u (@) (@ - ) }+ [Z u (@) (@~ A) J +

a; ufa)-u)

2 [2 u(a;) (@, — M) ]{T > u (@) (a -2 J . (6.10)

Now we go to further transformations of the last expression. As we know, the
matrix element u_ has no singularities in the points A = a; . For this reason the

residues in these poles must vanish. This results in the system of equations of
the second order for functions a;,. We shall reduce these equations somewhat

later. Note that the first integrals of them are contained in formulae (6.5),
where the constants }‘i play the role of the constants of integration. The terms

without singularities in (6.10) give rise to the final expression for u_

&i i?(ai) - T(\)
u_=- 2 2 u+(ai) (ai _ )\‘) +
('11' &] 1 u+(ai) - u+(7\.) u+(al_) - u+(aj)
+ Z z u(a;) u+(aj) (a,- M) a,— X\ - a-a 6.11)

Formulae (6.4), (6.8) and (6.11) solve the problem which was imposed in the
beginning of this section. The entries of the matrix u for every rational T(A)
are expressed uniformly and give us the possibility of avoiding the hard ope-
ration of the division of the polynomial m(A) in general expressions of the
previous section. Each of the entries of u ,» Uy is expressed in the form of the

derivatives of some combinations of symmetrical functions, which_are com-
posed from g, i.e., the coefficient functions of the polynomial P - Al
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these coefficient functions are the solutions of a linear system of algebraic
equations (6.2). The form of the matrix u essentially depends on the form of
background function t(A) and in each concrete case they may be obtained
only in direct calculations with the help of the formulae of this section.

To conclude, we write down the second order equations for the functions
a'.,bj. These equations give a possibility of establishing numerous recurrence

relations among the symmetrical combinations, which are composed of the
«roots» a;, bj and their derivatives. These formulae will play an essential role in

the next section when we pass to the concrete examples of the integrable sys-
temns and their solutions. The equations for functions a;, bj are as follows:

a;q ula;)

= a. N
— 1
a, - a; u+(a,.)

d,+2a)a, +2 Y,
=k

L b b, i),
) bj—Zt(bj)bj+2v2 —L—b _b_=——1—u (b.)bj. (6.12)
j=k kTP T

In the last equations i:(ai)s T(A) and only after this A = a; and so on. The

systems of the ordinary differential equations (6.12) are of some special inte-
rest. They are exactly integrable and the result of their integration can be
found from the solution of the algebraic system of linear equations (6.2),
where g, (bj) are the roots of the polynomial with known coefficients. The

first integrals of the systems are known and are contained in formulae (6.5).
Their independent integration can be performed on the background of the
solutions of integrable systems. The example connected with sine-Gordon
equation will be considered in one of the next sections.

7. CONCRETE EXAMPLES [8,10,13-16]

Now we will examine the most familiar systems and equations related to
the algebra of rational functions of the second order matrices. The aim consists
in demonstration of the general formulae of the previous section and their
application to the concrete examples.

For simplicity, in the first examples we assume that our problem is in-
variant under transformation A — — A of the spectral parameter. This means that
the second solution of the spectral equation is obtained from the first one by the
same transformation, i.e.

(- A) = - 1(A), N, =N, =N, a=-b,.
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Having these equations in mind, we obtain from (6.7) and (6.11)

—13 2
Vo= A+ A%+ hsy +s) + 55,

2 2
vo=—| A+ A 5t S0 |8t sesy |-

The equations of the second order (6.12) in the case under consideration are

the following ..
. . aa,
a.+2a.a.+2z =0.
! i . a, —a.

k=i k i

Multiplying each equation by a;' and summarizing the result, after some cal-
culations we come to the recurrence relation for the functions S, For the case

n > 0 we have a1

St 285, 2SS, =0 (7.3)
k=0

@

From the same equations there follow the recurrence relations also for the
| +52,=0. The
recurrence relations allow one to express all the functions s, via function s_

case when n < - 1. And on the boundary we have 2s, +5_

1
and its derivatives up to the (n + 1)-order. For the matrix v we have

A3+ Xzs_l +Asy + 5, + 5o, 3+ 2s,,
2
A2+ a| =t + A+ A%+ As
- st 5 + 5y |+ S+ s, = AT+ AT+ Asp + 5, + 5o5-1)

We know that the Cartan-Maurer identity or the condition of compatibility is

satisfied. It gives us the equation for the function Q = 5yt

Q 3
Q,—[——""—Q—]=o, =z x=2). (7.4)
X
-This is modified Korteveg-de Vries equation. We know from our construc-
dln H a,
dz

the explicit form, it is necessary to solve the linear system of algebraic equa-
tions. In the case of the Korteveg—de Vries this system is as follows

tion that its solution is given by the expression Q = . To find it in

exp 2(A z + 7‘3 2 [l (@, = A) +c(r) I1 @ +2)=0.
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An explicit solution of this system leads to the solution of the modified
Korteveg—de Vries equation in the form of the derivative of the logarithm of
the ratio of two determinants of the n-th order. -

In all cases, when T is odd and has polynomial structure there arise the
equations for only one function. These are (modxf:ed) Korteveg—de Vries equa-
tions of the highest order.

The next example is connected with the simplest case of such equation. Let
T=Az + (vl3 + uXS) z. The matrix u remains the same as above. For the calcu-
lation of the matrix v we need some modifications. From (6.4) we conclude that

v, = AX + BA3 + O\, and the parameters A, B, C enter to the equality

I+Z 2.12]

which allows one to determine them. We get the entries of v in the form:

’

vk4+ul2+zaz_

J A\ + B+ N

v, = A + 2(1 + vsy) A+ 2v(s, + s(z)) + s ) A,
Vo = A + vs_]?»“ +(vs, + 1) R (V(s; +555_)) + 1s_)) A2+

+(V(s, + sg) +Usy) A+ W) + 555 )) + Vs, +sys) 55, + szs_l),

071 -172 0
2
4 1,3 2
—v_=Vs_ A +v S0t 5 AT+ V(s +sgs_) + s)) AT+
2 5 2
+| v S2+Sls—'+?+7 tH syt A+
2
+v(53+s25 PSS+ sS 1)+].1(9 +5,5_ l)’
We need the following recurrence relations:
. 2 . 2 .
s =t % _hh 2
0 2 ’ 1575 T T BTTY 051

Thus we conclude that all s, may be expressed via function @ =s_, and its

-1
derivatives. The condition of compatibility leads to equation

0,+0Q,.. —100%0 -40000 -10Q)*+300% =0, (1.5

which is the modified Korteveg—de Vries equation of the fifth order (in our
general formulae we put v=1, 1 =0).

When the 7 takes null values at the point A = 0, there is always the second
possibility of constructing the background element g, and, as a consequence,
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some other integrable system. It may be assumed that two fundamental solu-
tions of the spectral equation coincide when A = 0. This means that Vronskinian
of the spectral equation vanishes at this point and the background equation (6.4)

changes to:
AL
u,(A),
[Ho*-a)

from that we conclude u+(7») = 2. From the equalities (6.8) and (6.11) we find

a.
N1+ 5 |=
a; — A\

Uy = A, u ==, and so the matrix u has the form:

s 2
=[5 1)

where as above 8o = z dk. The system of the second order equations is the
k=1

same as in precéding case. All the recurrence relations remain unchanged and

we obtain the entries of v:

s

3 0 2
A+ s, - 3 207 + 25,
2 0,2 % 3 %
‘—(ls0+7»2+s0—-4] -—[}» +As, 2]
s
The Cartan—Maurer identity leads to the equation for the function U = IR

z

~ U+ U, +6UU_=0, ('=Z . (7.6)

This is the Korteveg-de Vries equation in its original form.
If T, is any odd polynomial on A, we will obtain the higher order Korteveg—
de Vries equations. It is not difficult to write down the explicit form for these

equations. We limit ourselves by the Korteveg—de Vries equation of the fifth
order.

Lett=(\z +A%)Z
The matrix u is the same as before. We obtain the entries of the matrix y
by the same technique as in modified case:

_ 734 + 2
u, = 207 + 2s07» 2(s2 + so),

_ a5 3 2 2
vo—k +s07\. +sl7» +(s2+s0)7»+s3+s0s1,
2 2

1

4 3 S0 ,2 5
—v~=SO7L +sl7\. + s2+—2—7u + (s34 5,5) A+ s4+s2s0+?+

NS
N———
N—
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The condition of the consistensy gives us the Korteveg—de Vries equation for
the function U = — 2s0:

~U+U__—10UU_ -20UU_+30U%U =0, [r:i). (1.7)
XXXXX xxx X xx x 4

As it follows from our construction, the connection between solutions of the
Korteveg—dc Vries equation and its modified version is given by the equality

U= Q + Q as a consequence of the recurrence relations for s, s (7 3) of

o
this section.

7.2. ©=Xz+A"1Z - sin-Gordon Equation. Calculations of the matrix u
do not change and we have as before:

Y= A+p A
( -p —()»-rp))

where p = s_,- The general equation (6.4) yields the expression for v_:
T -2
l—[ ()‘.2 2) +

It follows from the last equality that v, has a single pole at the point A =0,

I

v, (A).
X..

[r +1 Y 2

a;
with the residue equal to 2 exp2p, where cxpp=HiL. Thus v, =
i

=27 exp 2p. With the help of equations (6.4), (6,8) we find
Vo = At exp2p, v_=— A" sinh p. It must be noticed that in these calcula-
tions we use the relation I + 5, = exp (- p), which follows from equation for
u, if its both sides are divided by 2A before setting A = 0.

v =21 [ €XP 2p 2 exp 2p
( sinh 2p  —exp 2p ] '

The Cartan-Maurer identity yields now the sin-Gordon equation for the
function p:

7
—a—g: 2 sinh 2p. (1.8)

As in the case of the Korteveg—de Vries equation, the assumption that T is

an odd order polynomial on A™' results in the higher order sin-Gordon
equations. This is related to the fact that all moments of negative degree

Sy = 2 ai'"c'zi are connected with each other by the system of the recurrence

relations, which follow from the second order equations for the functions a;.
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73. t=Az + (p.}fl +2%Z. This example is connected with the equation,
which is in some sense «intermediate» between the sin-Gordon and Korteveg—
de Vries equations.

Matrix u is the same as in the previous examples. The element v . 18 given

by equation (6.4)

A A2+ a2+ =+
: Z 2 7»2 H(Xz—aiz) *

We conclude that the maximal degree of v_at infinity is 3, it has the pole at

the point A =0 and the residue in it equals p exp 2p. Using the technique of
the previous examples, we find other parameters without difficulties. Finally
we have:

v, = 2(7»3 +sh + 1 exp 2p7\._1),

izo ?»3+s A.2+s7\.+s + 508 +uc:xp2p7L1

. 2
s
v_=_[slx2+(—;—+s ]l+s +5g5_ +usmh2p?\.

It must be noticed that in this case any calculations are not necessary. It is
sufficient to take the linear combinations of matrices v of Korteveg—de Vries
and sin-Gordon equations. The Cartan—Maurer identity leads to the equation
for the function p,

s 2P0 _ a—E 6-8—R 9% T 4 8y sinh 2p = 0. (1.9)
0207 gt az* | oz
74. —t=7A +zA_; +f — Lund-Pohlmeyer-Regge System. This is the
first example of the general case, in which T has null mode. General equation
(6.4) for u, now has the form
ntn+ 2

n, b n+l . n (}"—x_‘-)

_2 +27Li +2f+ 20 |= vy = u, .

j=l i=1
H(x—a)H(x b)

i=1 ji=1

Comparing the highest powers of A, we conclude u,_=2. Equations (6.7),

(6.8) give uy = A +j‘, u =- Z izi =—5,- The equations of the second order

in the case under consideration



INTEGRABLE SYSTEMS 1183

a.a

. o ik
a+2a+fHa+2y T-a.“o

k=i i

give us the possibility of finding the recurrence relations for s, It will be

sufficient for our purpose to multiply each equation by ai_1 and sum the result.
On this way we obtain

. . 2 _
S+ 255+ 25 + s2,=0.

Equation (6.4)

"1+"2+2
n, b "1+1 a H (7\'——7Ls)
J i , -1]_ s=1
_Zx_ijr Y x_ai+2f+27\. =5 - v,
j=1 i=1

2
[MT-a) H(x—bj)

i=1 ji=1
determines v, = 2f’7\._1.
It follows directly from (6.7), (6.8) that

Vo =Sf+ (1 =f's_)) ALy = (2s_, —f'sE]) AL

1
2
Let us now perform gauge transformation (see section 4) with 8, = exp Hf.

The aim of such transformation is to take away the derivatives f from the
entries of Ugs V- After the introduction of new variables ¢

X =exp — 2f, y=s_, exp2f

the matrices u, v acquire a simple and suitable form

A 2x 1+ L;— -x
U=y 2 Y= -1
yryx ) 2., ,
[ 2 A y+ L (a2
2 2
The consistency condition leads to the integrable system
o%x ox &%y dy
Y 4x - 2(xy) %= 0, 9098~ 4y + 2(xy) 5z 0. (7.10)

If one executes the transformation, which is motivated by the form of the
matrix v:
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1+X;—=cosa, X' =—sin o exp 0,
i.e., passes from the pair of variables (x, y) — (o, 8) and after this to the pair
(o, B) in accordance with the formulae

~ B, cos o o B

27 l+cosa’ 27 | +cos o’

then in variables (o, B) the system under investigation takes the form

sin —
2 _ (szE+O('ZBz~
BBZBE—O’ BZE+ =0

2( cos% ]

This is the Lund-Pohlmeyer-Regge system in its canonical form. It is con-
nected with some geometrical construction.

o-+4sin o — :
< sin o

75.t=- (M + 127 + f) — Nonlinear Schrodinger Equation. The matrix
u is evidently the same as in the last case. From general equation (6.4) we
conclude (analysing its behaviour at infinity) that v, = 2\ + ¢. To find c, it is

suitable to take the ratio of the two polynomials in the expression of v, from

the definition of u, 1.e.,

’

e ]=
a;

b! a
i
{_Zx_bj+21_

b a . c
‘(‘2x-bj““zx—a,.”f*”‘ﬂ“ij'
Comparing the highest degree of A, we conclude that ¢ = — Zf. No difficulties
arise in calculations of the entries of Vo Vo and finally we have
. ) B
v, =2A-2f  y,=A +f+ 5, v_=—7\30+—2*+fs0.

Executing the gauge transformation, which removes derivatives f from the
matrix elements Vor Upy and introducing new variables

r=2exp - (2}, q=-s,exp (2f)

we bring the matrix u, v to the form:
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2_4qr r
iy B A ) 7\,r+2
"_(q —K]’ e q 2_gr

ot (e

The consistency condition gives us the integrable system

r’—%+(qr)r=0, q’——(zl—(qr)q=0. (7.11)

This is a nonlinear Schrodinger equation without derivatives. In the next sec-
tion we will need an explicit form of its solutions.

Following the rules by Kramer, we get from the linear system of algebraic
equations '

1 — 1
(exp 21, exp 2TA,..., exp 21:A.ni+ 1AL, %) )

(exp 21, exp 2TA,..., exp 217»"1; 1, A,..., 7&"2)

exp (- 2f) =

(exp 21,..., €Xp 2N 1, ex 2‘:7»"1+ 1; 1, A,..., 7\.n2)
E a, = P P .
! (exp 27, exp 2TA,..., exp 200" 1, AL, A2)

By induction, one can get from the last equality the expression for

SO - z ai ’ n—1 n+1

- 2(cxp 27, exp 2TA,..., exp 2TA ! ;L ALL, A2 )
(exp 21, exp 2TA,..., exp 21:%"1; 1, A,..., 7»"2)

5o exp — 2f.

By (a, b,..., ¢) in the previous expressions (as in section 4) we denote the
determinant of the n-th order (n is the number of elements 4, b,..., ¢), whose
s-th line consists of the elements (a, bs,..., ) The index s numerates the

points of A plane in which the columns of the polynomial matrix are linearly
dependent. At last, for the quantities of interest we obtain

—~ 1
-9 (exp 21, exp 27TA,..., exp 2'c7Ln‘+ 1; 1, A,..., A2 )

(exp 27, exp 21A,..., exp 2‘:7»”1; 1, A,..., 7»"2)

r

n+1

g=2 (exp 21, exp 2TA,..., €Xp 20" 1; LA..,A2 )
(exp 21, exp 21A,..., exp 21:?»"‘; 1, A,..., 7\.”2) .

g
76. 1= 2 k_ the Principal Chiral Field Problem in n-Dimen-
-6,

sions. The notations in the heading of this subsection should be understood as

follows: &, are the coordinates of the n-th order space; 9, totality of arbitrary

c-number parameters (Gk # Gs, if k = 5). In this case T — 0 when A — oo, and so



1186 LEZNOV A.N.

T has no null mode. The matrix of the polynomials in this case must be taken
in the form -
P P

_ "1+l ~n2+ 1
Pnl Qn2+l
Equation (6.4) can be written as
n+ n2+2
n+ 1 b n+ . H A~ A’v)
, a.
_ j i 2 - s=1

Zk—b*‘Z l—a.+7\,—9 nl+1 n, u,
j=1 J i=1 ! k

[Ta-a) [Ta-0)

i=1 j=1

[j"s of ] We conclude from the last equality that u_’i = .As A > oo,

k
agk ’ A - ek
one finds
. . 0
4=Ta-Thr2-3 Sa-To+2355)
The calculation of u’(;, u’i is carried out via the general scheme and results in
the expressions

d
]_SO &I(Zé,_zai)

k
u. = = s
052", r-8,

\ _a_[ekso‘le
W = 259 = 5 =a§k Ay
-TA0-8) A-8,

The last equality needs some explanation. In the case under investigation, the
system of second order equations for functions a; is as follows:

a; aa, Ak_
—et2X oA 4
4% %% 4

&i+2

Multiplying each equation of the system by (g, - 9,.) and summarizing the

result we have: . .
A A
Lok S 1 =g _
si—A sl—Gk[so-—A so]—so 230
k k
or
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2
0 (sl—ekso]st—Zso

x| A A

This is just the same equality, which was used in the transformation of the
expression for u_.

k k

We propose also another deduction, which permits one to obtain the expres-
sions for Uy, U_, U in some different form. From the direct definition of the

matrix u for the element Uy we have

5 Pnl+l A P"2+I
Det nl+l+)L_ek n2+l‘)‘_-9k
& Pnl Qn2+l
Uy = n|+n2+2 -
IT &-»)
s=1
D (}\'—ek)Pnl+l+Pnl+l ()"_ek)Pn2+l—Pn2+]
et P 0
_ 1 n n2+l
B X—Ok n+n+2

ITa-»
s=1

it

We know that in the last equality the numerator is divided by the denominator

b . - n+n+2
and so it is only necessary to find the coefficient at the A1 2~ in the

determinant of the numerator. It can be done easily. The result is
1+@P"M )
o ( n o+ ék
(Ve -
A 9k
The upper index at the symbol of the polynomial means the coefficient func-
tion at the corresponding degree of A. ;’n"‘+ | == Z a;, and so we return to
1

the expression which was obtained above. In the same manner:

~n ~n n
P2 - (P! +2 P

u =( "2+1)§k ( "1+1)§k uk _( )ék

* A-8, =T A-8
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If the first expression is the same as before, then in the second one the coef-

ficient P ! arises from the solution of linear system of the algebraic equations
1

for the second line of the polynomial matrix. This is the explicit result of
k_ F

Bﬁk
condition of the compatibility gives us the equation for the matrix-valued
function F:

summation in the previous expression for u . Finally, we have u and

O%F PF FF
©=%% & | % %

This is the system of equations of the principal chiral field problem in the
n-dimensional space playing an important role in the general theory of the
self-dual equations.

8. THE SOLUTION OF THE GENERAL EQUATION
IN THE SOLVABLE CASE
AND THE DISCRETE TRANSFORMATION [17,18]

Here we shall show that the equation for the element g has a regular exact
solution not only if, as it is proposed, element g belongs to the commutative
group, but also if it belongs to the solvable one (diagonal plus upper (lower)
triangular matrices).

We shall consider this situation on example of the case SL(2, R) group
(algebra): 3 )

S8 g g= exp xTa exp Hr
ox;
or
u = T H+ (ocgi - Zou:&i) X*,

where the element u' belongs to the solvable algebra and must have deficient
analytical properties as a function of the spectral parameter A in the complex
plane. The solution of this problem for 7 is the same as in the diagonal case:
1(A) — the rational function, the residues in each pole of which are the func-
tions of only one variable gl For o we obtain:

o = P(\) jaw }3 exp 2t(A),

where o(A) is an arbitrary functlon of one variable; and C is some circle in
the A plane, on which the integral has the meaning; P(A) is some polynomial.
Indeed:
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T }\. -1 ;\.'

W= o ~ 20 = P()) | avavy e exp 1),

As follows from the last expression u, has the same peculiarities in the finite
A plane as t(A). At infinity, if T(A) ~ A* and P(A) ~ A, then u_ ~ A’ =1 The
situation for the solvable groups of higher dimensions is the same and it is
not difficult to obtain a solution and explicit formulae in that case. Yet this

is not so important for our purposes.
Now we take the solution for the solvable case as the element g, in our

general construction of section 5. In this way we obtain the solutions, which
depend on arbitrary function, the definite choice of which gives us the pos-
sibility to find solutions with definite boundary conditions, solve the reduction
problem and so on.

Let us consider this question more carefully. We take the matrix of the
polynomials in the usual form:

P P

n n,+ 1
2

The condition of the linear dependence of the columns of the matrix g = Pg,

has the form (we write it only for the first line):

Pnl+lexpt+cexp-—‘t[i’nz+a;’nl+l]=0 |

or ‘
P (exp e ) + POY [ v O oxp 200 + P ‘= 0
n + 1 A=A p .

We see from the last equation that there is only one difference as compared
with the diagonal case (o = 0). That is the formal change in all formulae:

exp 2t (X)c—l(k) — exp 2T(A) =

= exp 2tM)c ') + PO [ v }‘{, exp 2t(V) = exp 2¢(Y).  (8.1)
To have the correct behaviour of u' at infinity one should demand
ny, >n, + 1. All formulae of the issues 6—7 remain correct under the sub-
stitution (8.1). We have the hierarchy solutions of the investigated system,
which depend on the arbitrary function o).

These solutions can be connected with the solutions of the diagonal case by
some limiting process. We explain this on the example of the nonlinear
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Schrédinger equation. From the results of the corresponding subsection we have
the explicit form of its solutions:

n -1

. _ (exp 27, exp 21A,..., exp 2t 1; LA..,A2 )
By, (exp 2T, exp 2TA,..., exp 2TA 1 1, A,..., A'2)

n +1

-1
q _ (exp 21, exp 27A,..., €xp 20 s LALLAZ )
np,n, (exp 27, exp 27A,..., exp 21:)."‘; 1, A,..., 7\."2) .

(8.2)

Let n have fixed values and n, —ee (more exactly n,=n + 1+ N, N> o).

First of all we prove the following equality

exp 21, exp 27A,..., exp 2 1, A, }\.”2) =WA, Ay Ay L),
1 2
nl
CX ) A @) WAL, A, (8.3)
ij.k

where W(?»I 7&”.‘. }\/m) is a Vandermond determinant and ®(A) is determined by

the expression: ntn,
@A) =exp 2eh) [T & -2)7"

k#i

Let n| = 1. Expanding the determinant with respect to the elements of the first
column, we obtain:
n+ 1
(exp 25 L, A, A =Y exp 2t(d) (- 1) WA A) =

s=1 1
n2+

= Wk, M. xn2+ D2, o),

s=1

where W’ is the Vandermond determinant, which is constructed from the n,

values of A; except A . Let n; = 2. Expanding the determinant with respect to
the minors of the two first columns, we have:
n+2
2
(exp 21, exp 2TA; 1, A,, A") = ¥ (- 1)t exp 2t(A) exp 2tA) (A, - A,),
s, k n2+ 2

” 2
W7 A = W, A, 7‘,.2+ ) 2, ) ©(\) O, = M)
s, k
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In the case of arbitrary n the expansion of the determinant over the minors’
of its n, first columns and some regrouping of the multipliers under the sym-

bol of the summation prove the validity of the proposition (Refs.[8,44]).

Now let us return to expressions (8.2), use equality (8) and take the limit
n, — . Then for the values

9,54, o0 T, =T,

n n, oo
we obtain
e e
+1 -1
q,= 29 , r= 2’9 , (8.4)
n n
where

©, = [ [ dh exp 2tA) .. exp 280 ) WA, Ay 1),

2

This is just the same result, as can be obtained if for 8, one picks out the

element of solvable group of the upper triangle matrix at the beginning of this
section. ’

Now we shall draw some consequences from the last expressions for the
solutions of the system of nonlinear Schrédinger equations, which after some
evidently performed transformation, will be written in the form:

r—r+2¢gr)r=0, ¢ —q-24gr)q=0.

From (8.4) we see, that o

n

1
rn+1_(-) =~q—'
n

n+t

Let us assume, that the system under investigation is invariant under the
o 1 . .
substitution R = E , @ =17 Then from the first equation we get Q = g(qr —

- (inq)). By direct check we get convinced that the second equation is also
satisfied. So we conclude that our system is invariant under transformation:

=2, 0= dar—(ing)
which we will call the Discrete transformation for this system.

In the next sections we shall see that the integrable systems under consi-
deration have their own Discrete transformation, solving which one can find the
wide class of solutions of the integrable system, including soliton of type one.

So the independent construction of the Discrete transformations opens the
new, more direct method for solving the integrable systems.
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9. DISCRETE TRANSFORMATION
FOR THE MAIN CHIRAL FIELD PROBLEM [19]

In this section by the example of the main chiral problem we propose the
direct method for the construction of the Discrete transformation using only the
form of equations of the integrable system.

As was mentioned in section 7, the system of the equations of the main
chiral field problem in n-dimensional space has the form:

Loy Y _[¥ o
®, ej)axiaxj_[axi'axj]’ e

where function ftakes values in the arbitrary semisimple algebra, GI. are nume-
rical parameters.

First of all we discribe in detail the calculations for the algebra A, which
allows us to, simplify calculations for the general case. Let f= X+f* +
+ Hfy + X °f_(here [X*, X1 = H, [H, X ¥] = + 2X ¥) be some solution of (9.1)
and F=X +F+ + HFO + X "F_ be a solution of (9.1) which is connected with f
via the Discrete transformation. The explicit form of this transformation will be

given below.

1 . L . -
Let F_= — . This suggestion is not accidental, but comes from the explicit
+

form of the soliton solutions to the main chiral field problem (section 7). From
(9.1) we have the equation for F_:
OF dF, OF_  OF, OF_

axox - *\%x ox x|
[ I i ) j i

(9" - ej)

_Substituting F_=— into the last equation and using the equation for fis
+

which follows from (9.1), we find the equation for F ‘= F0f+:
oF " 9, afO af+
ox, 103y T T Pige

The second mixed derivatives calculated from (9.2) are equal due to (9.1).
Thus for derivatives of F0 we have:

9.2)

oF of,
o _ 9 ]
ox =Uo—Fp*8) ox, Inf, ox;

i

9.3)
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Substituting (9.3) into null component of equation (9.1), we arrive at

o, _ Feza—fiz Fe?—fﬂz—a—{: 9.4
ox, =(fy- Fy+9) axi' f, o= Fo + i)axi“f+ o, 04

Finally, substituting (9.3) and (9.4) into the «positive» component of the sys-
tem (9.1) for F, we conclude that the corresponding equations are satisfied
identically. Let us rewrite relations (9.3) and (9.4) in the matrix form,

oF f -
ax, = [-X*(f, - F,+6,)f,]exp [Hlnf+]r5xLir -

=exp [- HInf ]exp [X * (fy— Fo +9) 1.1 9.5)
where r is an automorphism of the algebra A, with the properties rX o

=-XT, rHr'' == H. In what follows rfr’1 will be also denoted as f for
brevity. Define the element § with values in the SL(2, R) group,

S =exp [—X'*(f0 -F)flexpHInf,.

By direct calculation one gets convinced that

S—1§i=i[§l,x+}_ei5@-lx+. 9.6)
o S o x; £y
In terms of S equation (9) can be rewritten in the form ‘
OF g g-1,¢9 95 g1 C9.)
ox; ax,. i ox,

Equations (9.6) and (9.7), being equivalent of equations (9.3) and (9.4), rea-
lize the Discrete transformation for system (9.1) in the form which can be
generalized for the case of an arbitrary semisimple Lie algebra.

In the case of any semisimple Lie algebra for element f, which takes values
in it, and obeys the system (9.1), the following statement takes place:

There exists such an element S taking the values in the gauge group that

95 _1[2 2 1
s a—xi=f—_[5x£ x;]-eia—%zx;. ©.8)

i
Here XA'; is the element of the algebra co}responding to its maximal root
divided by its norm, i.e., Xr Xx"1=H, [H, Xi] =+2X i; f_ is the coefficient

function in the decomposition of f at the element corresponding to the minimal
root of the algebra. To prove the statement it is necessary to convince oneself
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that the Cartan—Maurer identity is satisfied. After substitution (9.8) into this
identity with the account of the definition of f and le+1 given above, we

obtain the following expression which should vanish:

a P o
i—ai——f:—ai X, +(8,-6)

+ o L+ o L+
axj ox; dx axj, X H ’XM]’[ ’XMH'

ox. ax M axj ax’.

This fact becomes obvious if one commutes twice equation (9.1) with the
element XA;. Now define the element F taking values in the algebra by the

following relations:

oF _ . Of - 3 ¢
ax,. =S ax,. ST +6, - 8 . 9.9)
To prove the' compatibility of (9.9), compare the second derivatives of F:
2 2
g-! Jd°F o°F S =

ox. dx. ox. ox,
i o

[¢-195 Of ] [¢-105 of O (c-105)_ 9 -1 95\ _
—|:S axj’ax,.] [S axi'axj]+eiaxj(s axj] [B.S i]_

+
!XM

1 (e—e)—f—az g I
f_ ox; ax [ax’. ’ ax‘.}

In the same way, with the use of (9.9) we come to the following equality:

F [dF OF F 1o o
O 5 ax, [ax aj} [(e‘e)axax [ax ax]

It means that (9.8), (9.9) realize the Discrete transformation for the main
chiral field problem in the case of an arbitrary semisimple Lie algebra.

As a direct consequence of (9.8), (9.9) one gets the Discrete transformation
for two dimensional main chiral problem with moving poles,

% ! [%fa%f] ©19

In this case relations (9.8), (9.9) realizing the Discrete transformation are
changed as follows:
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10 170 = d 1

sT o s==| =F, *}— ==X} ©.11)
o f_[aéf M F’a&f- M

and discrete transformation by itself takes the form:

9 o9 g 98 g

xr=s(ggs )T
-iF:S[@JJs4~E§§S*~ (9.12)
3 I3 9

10. THE LIST OF DISCRETE TRANSFORMATIONS
FOR INTEGRABLE SYSTEMS [20]

Now we present the discrete transformation and its integration (in some
manner) for the most known and applicable integrable systems. Here, discrete
transformation plays the role of some nonlinear mapping which transfers any
given solution into another one. However, we do not investigate the properties
of the transformation, its geometrical interpretation (if any), etc. At present, we
have not used the general method for construction of the transformation in
question. General properties of discrete transformation together with the system
of equations which determine it will be considered in one of the next sections.
To prove the validity of all formulae of this section, one can make a direct
check which uses only one operation — differentiation.

As a hint for obtaining discrete transformation it is possible to use a purely
algebraic method for the construction of the soliton type solutions, which is
given in previous sections (6—38).

The starting point of the construction below uses the following two facts.
The integrable systems under consideration admit the transformation s:

0=0=s0=r06".0) sV=1

Here 0 and @ are unknown functions (variables) satisfying the corresponding

5
PDEs, 6% = Al .
i x.S

1

There is an obvious solution of the nonlinear system in question which
depends on a set of arbitrary functions. The soliton type solutions, reductions
related with the discrete groups, solutions with definite boundary conditions are
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defined by a special choice of arbitrary functions mentioned above. Let us note
that 6, is a solution of a linear system of partial differential equations and it can

be presented as a parametric integral on the plane of the complex variable A.

In the case of integrable systems this circumstance is just the main reason
for applying the methods of the theory of functions of complex variables, the
technique of the Riemann problem, and, at last, the methods of the inverse
scattering problem. The results of this section reduce the inverse scattering
method to a simple technical rule.

" Here we give a list of integrable systems together with discrete transfor-

mations for them and corresponding solutions.

10.1. Hirota Equation

v+ oy — 6uw’) — BV’ — 2v2u) + ' +idv =0,

i+ o — 6uvi’) + B’ — 2u’v) + ' — idu=0;
29 ,_0
Tot’ Tox’
~ 1 ~ ’” _
v=sv=;, u=su=u(u - (In u”, vo-O, |
1'40 + o+ iBu + Yug — iduy = 0. (10.1)

In this and in the other cases the main role will be played by the principal
minors of the following matrix:
q)s ¢s + 1 ¢s +2

¢s+l ¢s+2 ¢s+3
¢s+2 ¢s+3 ¢x+4

The principal minors of these matrices will be denoted by the symbol Dr".

Here n is the rank of the matrix and r is the symbol of its element at the left
upper corner. In the case of Hirota equation the solution of the discrete trans-
formation acquires the form

Dn—l n+1
0 0
= =) (10.2)
D, .

The methods of the theory of functions of complex variables lead to the same
expression, with DO" given by the nonlocal integral

DO" = I dll...d)»"c(ll)...c(ln) an(?»l,..., 7&"), (10.3)
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where Wn(},) is the Vandermonde determinant and ¢(A) is the integral in the

representation for u.
10.2. Nonlinear Schridinger equations. /0.2.1. Nonlinear Schrodinger
equation

q+q”’ -—2rq2 =0, g¢q =% , r=r(rg~(nnr)"];

—r4r =27 =0, qy=0, i =17 (10.4)

The solution of the discrete transformation is the same as in the last sub-
section.
10.2.2. Modified Nonlinear Schrodinger Equation

a+d+20 g =0 =1, F=r[ep+(n5) ]

—r+r"=2rq) =0, q,=0, ry=ry. (10.5)
The solution of the discrete transformation is as follows
Dn -1 n+1
n 1 n+1_0
9,=(=1 o= (10.6)
" g " Dy

10.2.3. Nonlinear Schrodinger Equation with Derivative

. ,7 ’ ~ ~ l ’
g+q" =204y =0, G=r, r=q—(—);

r
—r+ 2% =0, =0, r=rf. ' (10.7)
The solution of the discrete transformation is as follows
n-1lpnn n-1lpnn
2n ’ -
n (Don)Z 2n (D ln)2
n—-lpnn n—1lpnn
Do DO Dl Dl
Dy 1= 2 =0 (10.8)

, r. = .
(DOn)Z 2n+ 1 (D0n+])2

10.2.4. Nonlinear Schrodinger Equation with Cubic Nonlinearity
G+q’ -2¢%(" +r*q) =0, —r+r"+2°(q - ¢°r) =0.
Discrete transformation in this case is a bit more complicated:
= +g?>, F=- (r+ qr2)’ +r + qr2)2.
As in the last cases 9,=0, - r.+ r6'= 0 and the solution of discrete transfor-

0
mation under this boundary conditions has the form:
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Dnl— 1 Dn0+l o o
4= r,=—g . D§=0. Dg=0.
Dn Dn

10.3. One-Dimensional Heisenberg Ferromagnet in Classical Region
(XXX-Model)

- I — 2 - 1-
=[5,8"l, S$=(S.S,5) SZ+5S, =1

S =S5 +2 L , S, =8 +2 ! .
’ + = Y+ s
+ p—
1+s0 l—s0
S +1==5 5 s%=0, $0%=1, s =28"
ot - —1+SO’ -5 0~ Py T o
Dn—an DnDn
sr=—t—2 shy1=2-2-%,
%) 3!
Dn—IDn+l Dn+an
SP-1=2—2—3—  s§P=-42 2 (10.9)
DM 03

10.4. XYZ-Model in Classical Region. The Landau-Lifshits Equation
S) =S x §” + 8 x (J8),
S=(5,5,8), (=1, J=diag(,J,J).
Under the stereographic projection
S, +iS, S, —iS,

U= R V=
1+S3 1+S3

and change — it — t it becomes a system of the following equations:

vy, @Y+ RG)

. 10
u+u T+w 20 R@w) =0,
ey oy WIERO) (1D R =0 (10.10)
1+u 2 v
4 _ J, -J
whereR(x)=0tx4+yx2+(x,%:40@3+27x=2R+a(; 1),0c= 24 1,

J,+J,

Y= —-J3. The system (10.10) is invariant under transformation

u—->Uv-oYV:
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1 1w rat-1) (10.11)
1+VU 1+u )? + R)

v=1,
v

which is the discrete transformation for this system. The reader can find the
corresponding solution in {40,41].
10.5. Lund-Pohlmeyer—Regge Model

Y -4y +20)y=0, F=(@ +xn°7,

’ 2,2
X = 4x—2xy) x=0, §=—(y’+xy2)'+£L+ny);

X, =0, y] =4y, (10.12)
n-1 Dn+1

_ n+1 1 _ n
=y =

" (10.13)
1 0
It is interesting to note that discrete transformation of L-P-R system coin-
cides with the nonlinear Schrodinger equation (10.2.4). And indeed these two
systems belong to the same hierarchy [42].
10.6. The Main Chiral Field Problem in a Space of n Dimensions (the

Case of Algebra A,). The main chiral field problem in n-dimensional space is
described by the following system of equations:
Loy O _[¥ ¥
®;-§ )E)x ax axi ’ axj ] ’ (10.14)

1

where the function f takes values in A, algebra, 6, are numerical parameters.

The last system is invariant under transformation [10]

1 oF, Bfo
F_=Z, ) =(f, - F, +e) Inf, -
oF, L, o, ,of
=(f, - F+e)a 2f(fo F0+ei)a_x’.—+a_xi' (10.15)

The last equations can be rewritten in the matrix form

S—F=exp[ X*(f, - F, +9)f]exp[H1nf]rl 1=
=exp [-HInf]exp X" (f, - Fy+8)f,], (10.16)

where r is an automorphism of the algebra A, with the properties
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9. G G- ) &l rHr ' = - H,
0
£2=0, fl=1, f0=00

where

2 2.0 0 0

9T 0, (0 -0) 2% [ QL ) )
ox. ox, i 7j7 ox. ox, ox. ox, Ox, ox,

[y | LI} U J J !

To solve the discrete transformation, let us consider the linear system of
equations:

!
0 ——-2—o-= . (10.18) -
i i

From the last equations it follows that each function of is a solution of the
equation for o’. We have an explicit expression for o':

5 s 9,(x)
T= Z Q)l.(xi), o = j dMA)" c(L) exp { z Y ] . (10.19)

In terms of the of the discrete transformation has the solution
n-1 . n+1
D, b, _ D,

n _ n_._ _Yv n
fO - Don ’ fO =1 Don' f+—

(10.20)
n
DO

The number of the indices of the last row in the determinant DO" is enlarged

by one. The application of the results of this subsection to the problem of
construction of multisoliton solutions of Sigma-chiral model can be found
in [43].

10.7. The Main Chiral Field Problem for an Arbitrary Semisimple Lie
Algebra. For a semisimple Lie algebra and for an element f being a solution of
(12), the following statement takes place [10]: There exists such an element S
taking values in a gauge group that

-195 _179f y+]_g 0 1,4
s 8xi_f_[8x’.’XM} 5 1 Xir (10.21)
Here XA’; is the element of the algebra corresponding to its maximal root
divided by its norm, i.e.,

X}, X 1=H, [H X% =+2x%

— f_ is the coefficient function in the decomposition of f of the element

corresponding to the minimal root of the algebra. In this terms the discrete
transformation reads as
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OF ¢Of ¢-1,4 98 g1
o =52 S *hg ST (10.22)

The system of equations in the case under consideration may be written in
the form of equality between the group g and algebra f valued functions as

g, g =61,
Discrete transformation for group valued functlon takes the form
G = Sg,

where the group element is determined by the above relations. The explicit
expression of the group element g after n-th application of discrete

transformation can be found in [7].
10.8. The System of Self-Dual Equations on Four-Dimensional Space (the
Case of Algebra A,). The self-dual equations for an element f with values in a

semisimple Lie algebra have the following form:

Of L T
3y 3 az‘[ 3 % ] (10.23)
The discrete transformation for this system is [44],[45]
1
F =+,
— f_
) d 0 d
3 Fo= -+ G- Fp 5 Info
0 p __9, ._ 0 _py 9 ‘
5:Fo= 5 -5 fot Uy—FQ 3 S

d d J
Fo==f Uy = F 5y Up=F+ 5 Uy~ 0)] £t

Flo

N

d d
a—F+=—f_{ (o= Fo) 3, o= Fo) - a— (fy - ] 1 f+. (10.24)

The substitution of (12.20) into the density of the topological charge yields
QF=gf+ O 0 Inf.

For the interaction of the discrete transformation we have the linear system of
equations

oo Lt g ol 3 ot dult!
8_ zaz T 0 Zay o9y (10.25)

In these terms the solution of the self-dual system is given by




1202 LEZNOV AN.

n-1 N7 n+1 10.2
n__DO n__D_O O_DO ( 6)
= R e
- Dy Dy Dy

10.9. The System of Self-Dual Equations for an Arbitrary Semisimple
Algebra. The following statement takes place [44,] [45]:
There exists such an element S taking the values in the gauge group, that

S-l@ﬁ___l[@[ X+] d (_I_JX+

dy flay M| aq|f |Ta
L3S _ [ gel. (1 \pr -
s az_f_[az’XM]-'-a}[f_JxM' (10.27)

Here X}J is the element of the algebra corresponding to its maximal root,
divided by its norm, i.e.,

| X}, X7 1=H [HX%=x2x%
— f_ is the coefficient function in the decomposition of f on the element

corresponding to the minimal root of the algebra. The discrete transformation
has the form

OF _oOf o-1,98 o1 OF _ 0f o-1_95 o
=555t EST 5 =558 %S (028

10.10. The Main Chiral Field Problem with the Moving Poles. Many
integrable systems arise from the equations (10.23) by imposing symmetry re-
quirements on their solutions. The cylindrically symmetric condition in four
dimensional space restricts the form of the function f,

| z2-2 T T .
=SB, §=—2—+[(T} | Bt
82
% &
This is the equation for the main chiral field with moving poles.

The result of integration of equation (10.9) is given by

€-8 f=[aa—§f, fgf]. (10.29)

S = S §) exp Xy <=
1
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-10 170 +] g0 1 o4 (10.30)
—=S==|=fX -c—=—=X,,,
& f_[aaf “] éaéf_ M
and the discrete transformation has the following form:
9 p_ o9 -1 _p 95 o
—a:F=S[—a:f s g g1 (10.31)
0§ hd e d

The relations (10.10), (10.31) describe the discrete transformation for the
main chiral field with moving poles [20].

10.11. The Self-Dual Equation under Condition of Cylindric Symmetry
in Three-Dimensional Space. The condition of cylindrical symmetry in three-
dimensional space leads to the following form of the solution:

f=%ﬂ§’g)’ gz;‘?*"(yﬂ'/z, E=-¢&"

_n O _1(df ¥\, [
(3 g)aéaE 2[85 B§J+[aiai]' (10.32)

The discrete transformation for equation (10.32) arising from (10.9),
(10.28) has the form [20] B
-1 d 1 d 1 -& d 1 +
s ‘~s=—[— ,x+]+ 1 &5-80 1)y

R A 1

o 3% 2 3"
0 J -1 E-E9S .1
—~F=§|—=f|§" - =8
o0& [aﬁfJ 2 ¥

The system (10.32) in the case of algebra A, arises in the integration prob-

lem of the general relativity with two commuting Killing vectors [13].
10.12. The Cylindric Symmetric Solution Invariant under Two Ortho-
gonal Four-Dimensional Axes

L OF ., OF_[oF OF 1033)
laxf zaxg [axl'axz] :
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The explicit form of the discrete transformation in the case of the algebra
Al is as follows [20]

1

F = —

- L
oF, olnf dlnf df,
oy, T TR T T T Ty
oF, dimf  dlnf O,
8—x2=1+(f0_F0) ox, 5 ox, 'é};’

oOF A(fy— Fy) a(fo—Fo)] A

o, [(fo Fo ax, tR o

oF

d(fy-Fp  o(fy—Fp o,
4 _ 0o 0 "0 | 2%+
ox, f_[ (fo—Fp &, 1o } f o, (10.34)
The linear system of equations has the form
o g, g0 _dalt!
o —oc+20zax_ F
1 2 2
Lo g Lt 3ot
2 ox, ox, ox, '
X, —X
AR (10.35)

The solution of the discrete transformation coincides with the self-dual case
(see (10.25) and (10.26)).

10.13. (2 + 1)-Matrix Davey-Stewartson System. The matrix Davey-
Stewartson equation is the system of two equations for two unknown s X s-
matrix functions u, v:

u +au + buyy - 2au I dy(vu)x —2b _[ dx(uv)yu =9,
v tav +by -2 J avvwy v - 26v | dxw), =0, (1036)

where a, b are arbitrary numerical parameters; x, y are the coordinates of two-
dimensional space. As s = 1, the order of multipliers is not essential, and (1.1)
is the usual Davey-Stewartson equation in its original form [15].

By direct but not very simple computations one finds that the system
(10.36) is invariant under the following change of unknown functions,
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,';:—1-, V- D vevu - ). (10.37)
v X y yx

The substitution (10.37) is the discrete transformation under which all equa-
tions of matrix Davey—Stewartson hierarchy are invariant [46]. In the case of
one-dimensional space this substitution was mentioned in [47].

The substitution (10.37) may be also rewritten in the form of infinite chain

—_— ‘I —
nx 'n nn-1 n+1"n’ n+l v
n

@) v, =t = [u —-'], (10.38)

where (vn_ U, I) means the result of the n-th application of (10.37) to
some given matrix functions (vo, “O)‘

1

Under the boundary condition v_; = vy =0 (the so-called matrix Toda

chain with fixed ends) the general solution of (10.38) takes the form [16]
N
Vo= 2 9,0 0,0,
t=0
where ¢r(x), $’(y) are arbitrary s X s matrix functions of the corresponding

arguments.
In scalar case s = 1 the general solution of the Toda chain with fixed ends
was found in [48] for all series of semisimple algebras except of E,, Eg. In [49]

this result was reproduced in terms of invariant root technique applicable to all

semisimple series.
;

11. THE THEORY OF INTEGRABLE SYSTEMS
FROM THE POINT OF VIEW OF REPRESENTATION THEORY
OF THE DISCRETE GROUP
OF INTEGRABLE MAPPINGS [50-53]

Here we want to consider the results of the previous section from some
more general point of view. We will start from the short historical discussion.
Our aim is to find place for including discrete transformation in usual, more
traditional ways of investigation of the theory of integrable systems.

Liouville has introduced the term «integrability» for dymanical systems. He
proved that if a dynamical system possesses a sufficiently large number of
integrals of motion in involution then such a system is integrable. But neither
general methods for the construction of a solution in explicit form nor any
mention of the symmetry of the system under consideration are contained
within Liouville’s criterion.
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In the case of Lie symmetries the theorem by E.Noether fills this gap. It
teaches us that the number of conservation laws coincides with the dimensions
of the Lie group and gives the possibility (in the case of Lagrange theory) of
obtaining explicit expressions for the integrals of motion.

Roughly speaking the modern theory of integrable systems up to now has
maintained the Liouville definition (the integrable system must contain an infi-
nite number of integrals of motion in involution) and many people have found
varfous consequences which follow from this fact.

The aim of this section is to show in a deductive way that the theory of
integrable systems may be understood as a theory of the linear representation of
the discrete group of integrable mappings. This does not mean that we can
propose at this moment a theory of this connection which would be complete
from mathematical point of view. We only demonstrate that all known results
of the theory of integrable systems do not contradict this hypothesis.

11.1. Discrete Transformation of Integrable Systems. Let us consider a
local invertible transformation described by the substitution

’ i =0, i, u”,..., i) = o), (11.1)

where u is an s-dimensional vector function and «’, u”,... are its derivatives
of the corresponding order with respect to «space» coordinates (the dimension
of the space may be arbitrary).

The property of invertibility means that equality (11.1) may be resolved and
«odd» function u may be locally expressed in terms of new functions # and their
derivatives. The connection (11.1) with integrable systems is illustrated by

- examples of the previous section.

The Frechet derivative ¢’(x) corresponding to the substitution (11.1) is the

s X s matrix operator defined as

O =¢,+0,D+0¢,D%+ ... (11.2)

where D™ is an operator of m-th differentiation with respect to corresponding
space coordinates u, «’, u”... d. More detailed information about this const-
ruction can be found in [47], [50].

Let us consider the equation which appeared first in another notation in
[51]

F (6(w) = ¢'(w) F, (), (11.3)
where F (u) is an unknown s-component vector function, each component of

which depends on u and its derivatives up to a maximal order n.
For each substitution the equation (11.3) possesses one obvious trivial solu-
tion F,(u) = u’. To prove this it is sufficient to differentiate the equation (11.1)

once with respect to one of its space coordinates.
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If the equation (11.2) possesses some other solution (for a given ¢(u)) ex-~
cept of trivial one, then we will call such a substitution an integrable sub-
stitution or mapping.

We specially emphasize that equation (11.3) contains two unknown func-
tions ¢(u) and F, (u), and it possesses nontrivial solution for the function F (u)

only for a narrow class of integrable substitutions.

Each nontrivial solution of (11.2) generates the equation (system) of evolu-
tion type

u,=F (u), (11.4)

which is obviously invariant under the substitution u — ¢(«). (In this con-
nection let us emphasize that the equation u, = ' is indeed invariant under an

arbitrary substitution).

Let us now compare the equation (11.3) with the definition of a linear
representation T(g) of some group (for definiteness one can keep in mind a Lie
group) .
D(gx) = T(g) O(x), (11.5)

where g is the group element, T(g) is the group operator for some repre-
sentation, ®(x) is the basis of the corresponding representation space.

The obvious correspondence occurs whenever the definition relationship
(11.5) is compared with equation (11.3):

Dx) = F (u), T(g) — ¢'(w).
t
Using this correspondence, let us interpret equation (11.3) on the group
theoretical level. We have some discrete group of transformations, the group
element of which is exactly the substitution ¥ — ¢(u); ¢’(w) (the Frechet deri-
vative) is a linear representation of the group element; and finally F (u) (the

equations of the hierarchy) is a basis in representation space. If this represen-
tation is irreducible (it is necessary to verify that by independent methods), then
all possible bases of this representation (solutions of equation (11.3) with dif-
ferent n) must be connected by some operator Wn’ o

F (u) = Wn’ wFw (11.6)

Certainly the same situation occurs in the theory of (1 + 1) integrable
systems. All equations of the same hierarchy are connected by the «raising»
operators constructed from the skew symmetrical (nonlocal) Hamiltonian

operators J, = — JnT

_ -1
W, =470 (11.7)

n,
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11.2. Equations for «Raising» and Hamiltonian Operators. Two equa-
tions will be important for further considerations:

O'(w) W) ') = Wow), ') Jw) 6w’ =J@ow),  (11.8)
where ¢'(u)T = q;f - D¢Z, +D 24)1,, — ..., and W(u), J(u) are unknown s X s

matrix operators, with entries in the form of polynomials of some finite order
in operator of differentiation D (of both positive and negative degrees).
From (11.8) and (11.3) it follows immediately that if F (u) is some solution

of the principal equation (11.3) then W”(u) F (u) (p is an arbitrary natural num-

ber) will be another solution of the same equation.

The solution of the second equation (11.8) under the additional restriction
of skew symmetry may be connected (interpreted) as a Poisson structure which
is invariant under the transformation of discrete symmetry. Skew symmetrical
operators J(u) are known as Hamiltonian ones. Two different solutions of the
second equatiop (11.8) (if it is possible to find them), say J](u) and Jz(u) in the

combination Jljz_l obey the first equation (11.8). The operator Jljz_l.l](u) is

again the solution of the second equation (11.8) and so on. This is the way in
which Hamiltonian operators usually arise in the theory of integrable systems.
It is necessary to find two different Poisson structures from some independent
assumptions. All other objects may be constructed by the above scheme.

In the problem of the construction of Hamiltonian operators for integrable
systems, the equations (11.8) were used first in [52].

11.3. Conditions under Which the Evolution Equation May Be Rewritten
in Hamiltonian Form. Let us consider some scalar function H(u) locally de-
pendent on u and its derivatives and obeying the equality (equation)

‘ H(®(w)) — H(u) = Ker € 58; . (11.9)
In other words, the difference between the function after one application of
the discrete transformation and its original value is a divergence with respect
to space coordinates. Let us compare the variational derivatives H(u) before
and after the discrete transformation. We have

SHw) _ .1, . SH(d(u))
ou =0 "(u) So) (11.10)

The last equality is a direct corollary of (11.9) and the obvious fact that the
variational derivative of divergence vanishes identically.
Let J(u) be any solution of (11.8). Consequently we have

06 76 25 =410 10 670 TEOD - g Dy
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OH(u)
Su
tion (11.3) and corresponding evolution equation (11.4) takes a Hamiltonian

form. Compare with [5].

11.4. Conservation Laws. All known integrable substitutions in one-dimen-
sional space ((1 + 1) integrable systems) obey all conditions of the previous
section. This means that it is possible to find an infinite number of Hamiltonian
functions H («) and an infinite number of Hamiltonian operators J () in ex-

So we see that function F(u) = J(u) is just a solution of our main equa-

plicit form. And so in the (1 + 1) dimensional case all integrable systems of
evolutional type (11.4) may be written in Hamiltonian form. As a consequence,
it is possible to determine the Poisson brackets between two local functions by

the rule
{N(w), M(w)} = [ W) ;) SM) J (11.12)
: Su Su

and to prove with the use of some technical manipulations that all conserved
integrals are in involution
)
{H (), H (1)} = Ker € e (11.13)
This result is interpreted usually as fulfilling of the Liouville criterion of
integrability.

In the case of (1 + 2)-dimensional integrable systems it is impossible to
write down the systems investigated in Hamiltonian form (except for some tri-
vial cases). But whenever in the (1 + 2)-dimensional case the functions obeying
equation (11.9) can be found, they are in general nonlocal, the number of them
is infinite and they are invariant under time evolution in the sense:

H W), =Y, (H W),
s
where x_are independent space coordinates of the problem.

It is true that we can present infinite number of concrete examples of vali-
dity of the last propositions but also it is true that at this moment we have no
idea how to prove it on group-theoretical level in general case.

11.5. The General Hypothesis. As a conclusion of the previous conside-
ration we are able to formulate the following general hypothesis about the struc-
ture of a future theory of integrable systems:

The problem of integrable systems is equivalent to the theory of repre-
sentations of the discrete group of integrable mappings.

Indeed if from independent considerations it turns out to be possible to
obtain a solution of our main equation (11.3), then we automatically produce an
integrable equation of evolution type (11.4) and each space of irreducible rep-
resentation of (11.5) will give us the exact solution of it. We are well aware that
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the form of our main equation (11.3) is not very suitable for obtaining direct
conclusions from it. In this connection we can notice by analogy with the dis-
tance between the original definition of semisimple algebras (in the sense of
absence of nontrivial ideals) and the Cartan classification into A,B,C,D,E,F,G
and E, it may be of comparable magnitude to the problem of declassification of
the solutions of our main equation.

We hope that something of this kind will be achieved in the case of repre-
sentation theory of discrete groups of integrable mappings.

11.6. Conclusion. The main result of the present section is contained in the
new equation (11.3). Its solution will provide the answers to two most important
questions of the theory of integrable systems. The first question can be regarded
as the «quantization» of substitutions, i.e., substitutions the choice of which
would be integrable in the above sense among the infinite number of invertible
ones. Except for the obvious remark that this will depend essentially upon the
dimensions of the spaces involved, the author knows almost nothing about how
to solve this problem and concludes that it is not going to be resolved quickly.

The second, more tractable problem from our point of view is the question
of the solution of the main equation (11.3) for a given (ad hoc) integrable
substitution ¢(u) (in this connection see the next section). It is possible to sup-
pose that the solution to this problem is closely connected with the theory of
representations of the discrete group of integrable mappings. From known
examples of integrable systems it follows that the discrete group of integrable
mapping possesses a rich storage of different irreducible representations. A
definite class of exact solutions of corresponding integrable system may be
connected with each of these representations. In some sence the soliton-like
solutions (which will be discussed below) correspond to finite-dimensional rep-
resentations of such groups.

12. TWO-DIMENSIONAL INTEGRABLE MAPPINGS
AND EXPLICIT FORM OF EQUATIONS
OF (1 + 2)-DIMENSIONAL HIERARCHIES
OF INTEGRABLE SYSTEMS [54-57]

Here we shall complete the second part of the general programme of the
last section: we shall find the explicit form of solution of our main equation
(11.3) for an ad hoc given integrable mapping. The equations of (1 + 2) inte-
grable systems belonging to Darboux-Toda, Heisenberg and Lotka-Volterra
hierarchies which are invariant with respect to discrete transformations of cor-
responding integrable mappings will be presented in an explicit form.
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12.1. Two-Dimensional Integrable Mappings. Below we will discuss three
concrete examples of two-dimensional integrable mappings which can be consi-
dered by similar methods.

12.1.1. Darboux—Toda Substitutions. The explicit form of the direct and
inverse D-T integrable substitution is as follows,

« 1 —

u=;, v =v(uv — (In v)xy),

v=1 - 1 (12.1
v="1. u—u(vu—(nu)xy). 1)

s 5>
Let f and f be the results of the s-th application of direct and inverse

. . . . —(-m)
transformations to the function flu, v), with the following agreement f =

m->
= f,m20.
As a direct corollary of (12.1) one finds the Toda-like recurrence relation
for function T, = uv. It will be of importance for our further considerations.

“ -
(In TO)xy = - T0 + 2TO - TO. (12.2)
The corresponding to (12.1) Frechet derivative has the form

0 -1

2
, v
o) = vy v y (12.3)
v 2(uv)—L2l+7ny+—szx—va‘
v )
29 .9
thrCDy=8y'DX=8x'

The system (11.3) in the concrete case D-T of substitution may be rewrit-
ten as

F=-L1F
1 V2 T2
«— 7 VXV Vx XX
Fy=VF + 2(uv)——"i2 +—D +—=D ~D_ |F,. (12.4)
v v ¥y vy x 2

It is not difficult to verify by direct computations that Fy=(u,—v) is the

solution of the last equation and so substitution (12.1) is integrable in the sense
of [51].
After introduction of the new functions F| = uf|, F, =vf,, the system

(12.4) takes the form of a single equation for only one unknown function 5
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«— « - -
(uv) (f2 _fz) - (uv) (fz '—fz) == nyfz’ fl = _fz- (125)

The meaning of notations in the last equation is explained after formula
(12.1).
In further transformations of (12.5) we will use the fact that condition of

e
invariance of some function with respect to the discrete transformation F = F is
equivalent to the F =const. This is in some sense analogous to Liouville
theorem in the theory of analytic functions. Using this fact for function

T(f,= J. dy (?-— T')) we obtain the Toda chain-like equation:

— - '
~T,=T,Jdy(T-21+D, T,=uw. (12.6)

In terms of solution of (12.6) the evolution type equation (11.4) (invariant
with respect to D~T substitution (12.1)) takes the form:

: «— -
v=v[adyT-1, w=uldyT-7. (12.7)

12.1.2. Two-Dimensional Heisenberg Substitution. Under this term we will
mean the direct and inverse transformations of two functions (u, v) of the form:

« 1 1 1

- Xy
u=v , = + , O0=Iny,
l+uv 1+w O, 0,
v
veut, Lol L T (12.8)
l+w T+uv VYV,
vy, (»7)) u v, U
One can check that functions t| = L 7 == __)y S = 5 =
(1 + uv) v+v) (1 + uv)
_)
),y
=- :—% obey the Toda-like recurrence relations
v+
e =t [, (m=1,2), (12.9)

« -
where A =t -2t +1¢ .
m m m m
The explicit form of the Frechet derivative operator reads:
—2
0 -V

O'(u) = <—R1 2 ekl 2 ol
VK _ vu 2 ~1 -1y _ V.
[ R ] 1+{ R J +(R) 8(¢xDx+¢yDy vxnyy]

)
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v P
8=;—’fv1, R=1+uv, R=1+u. (12.10)
Xy

By a short calculation it is possible to show that equation (11.3) possesses
nontrivial solution F, =u, F,=-v and so the Heisenberg substitution by

definition is integrable.
Now we can rewrite equation (11.3) in' more transparent form. Let us
denote Fl = uB, 1"2 = vA. From the first equation (11.3) we obtain immediately

- . . . .
= — A . The second equation after some transformations may be rewritten in
the form of a single equation for function A:

[_EX__EJ(Z_A)___ZL_E(A_X)z
(1 + uv) (1 + uv)

12.11
y ; (12.11)

v
As we know, the main equation (11.3) always possesses the trivial solution
Fi=u, (uy); Fy=v, (vy) orA=¢, (¢y). Let us look for solution of (12.10) in

the form A = ¢xa. Instead of (12.10) we obtain the equation for o

¢ ¢
= -1 Xy
=(9,0) [ A+ A -A

(—
uy - uy 1— o ¢
xx —)-— 2 —a-=|2L]|, e6==2. 212
[(]+uv)2](a * (l+uv)2 (= [9 ]x ¢X ( )

i

Resolving (12.12) by the substitution

o
QES

e X
we arrive at the equation for determining T

« - -
Tx=Tojdy 6T -7 -6T-1), (12.13)
where
T = UyVe
0 1+ uv)2 ‘

12.1.3. Lotka-Volterra Substitution. In this case direct and inverse
transformations have the form

«— « “«
u=u+(0nv), v=v+(nu,
X y
- - -
u=u-—(In v)x, v=v—(In u)y. (12.14)
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As in the previous case, the functions t=uv, by = ; obey the Toda-like
recurrence relations (12.9).
The Frechet operator in this case has the form:
1 Dy
(u) = . 12.15
e D™ 1+D Dy .

By the same technique as in the previous subsections we obtain the single
equation for unknown function T and expressions for the equations of
hierarchy via this solution

Ty=vfdx (9T =) + (T =D, (12.16)

and finally 5
: ut=u(T—T), szDyT'

12.2. Solution of the Main Equation. In spite of essential differences in the
form of the Frechet operators in three above cases, the main equations of the
problems (12.6), (12.14) and (12.16) have the same structure and may be solved
by the similar methods. We shall demonstrate these methods on the more com-
plicated example of Heisenberg substitution and represent the results of calcu-
lations for other cases.

First of all let us note that equation (12.14) has the partial solution
T=T,

in what one can be convinced with the help of equality below, which is the
direct corollary of (12.8) and (12.9)

- 0, ) o, ¢
TO—T0=2¢x( I Jx+2¢"y 1 +¢x{—"y—J—¢xy—+—2.

1+ uv 6}:1+uv ¢x¢y

Let us now seek the solution of (12.14) as T = T, I dy o Instead of
(12.14) we obtain the equation for determining the function 0

J- « - —(_j - - J-d — 12.1
(o) +oy Jdylt -t +1,—t)]=1 Jdy (0, —0p) +1, y (0t — o). (12.17)

As it will be shown later, this equation will arise many times. Two possible
ways of its further evolution will be important. Let us use the following
ansatz

_)

e
o, =t0, +1, B
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After substitution of this expression into (12.17) and equating to zero coef-

ficients in front of the terms tl, t (this is some additional assumption), we

come to equations for unknown functions o, Bl:

(al)x+a1fdy[r =) = [ dy (@ - o),
2—
B, +B, [yt —t,+ 1, -1 = v (o, - o). (12.18)

Setting the second equation (12.18) by direct transformation and adding the
result to the first one we get

(o +|3) + (o +B)Idy[t t +?—t2]—

(_
It means that the system (12.18) has partial solution o, + Bl =0. We will use

it in what follows.
For this solution the system (12.18) is equivalent to single equation for
unknown function o

«2 « - 2 «1 - =
(@), + o Jdy (5, —t,+ 1, - 1) = [ ay [(F, o = 1,00) = (£, 00, ~ 1, )],

It has obvious solution o, = 1. As a corollary we obtain the second partial

1
solution of our main equation:

J- — - ]
T, =T, ) dy (t; - 1)
Further evolution of equation for o, is connected with representation of

unknown function in integral form o, — J dyo; (we keep the same symbol for

unknown function because it can’t lead to misunderstanding),
(@), + 0, Idy[t —H -t =

«2 - ~> -
=t Jay o —a)+1, [ dy (@ - ap. (12.19)
2 . .
Up to obvious replacement t — 1, it coincides with the equation (12.17)
for o,
We can repeat the same trick with this equation as with equation for o, and

after k steps will come to substitution
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and equation for 0L

J' —k+2 k+1 —
O Dt Jdl 1 - 1+, -] =

J~ ek + 2¢ —k+1 -
=ldylC 1 oy =no)-( 1 o —no))

with obvious solution o, = 1.

Collecting all results together we obtain partial solution of the main equa-
tion in the following formula

n
Tn=TOH(1—L’.exp[—(i+l)d’.—

i=1
n

- YAt o e (12.20)

k=i+1

where symbol exp d_means the shift of the agreement of s-repeated integral

+1

h— h+1—
(J dy t, ——)J dy t, ...)in (12.13) by 1 and symbol Lp means exchange

lamd

r— . . —
t, on the t, in the p-repeated integral I dy 4 —)J dytzr....

The expression (3.20) is directly applicable to Heisenberg and Lotka-Vol-
terra integrable hierarchies. In the case of D-T hierarchy it is necessary to put
all operators L, = 1 and keep in mind the equality t,=t,=T,

12.3. Examples. In this subsection we present the simplest integrable
systems for usual unknown functions u, v corresponding to the lowest solutions
T, of the main equation for D-T, Heisenberg and L-V substitutions.

12.3.1. Darboux~Toda Substitution
n=0
T0=uv, u=au_+bu, v=av +by .
t X y t x y

In examples below we shall choose a =1, b =0 keeping in mind that it is
always possible to add the term (with arbitrary numerical coefficient) in
which x is changed by y and vice versa.

n=1
T1=vu -Vvu,
X X

u=u - u'[dy(uv)x, =V, =V -V de(uv)x.
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This is the Davey—Stewartson equation in its original form.

n=2
T,=(w), - 3uxvx — 3uv _[ dy(uv)x,

u=u - 3ux I dy(uv)x - 3u I dy(uxv)x,
V=V~ 3vx I dy(uv)x -3y J- dy(vxu)x.

This is the Veselov-Novikov equation.

n=3

Ty=~-(T), — 2y, —vu )+ 2uv | dy(T,), + 4T, | dy(w),,
v=—v +av [y -2 () -2 [ dan) )+
+ 2] dyw — [ ) + [ v )~ ] v - 1] dyn) 1.

Equation for ¥ may be obtained from the equation for u under the change
U=>vv-out—o—t
12.3.2. Heisenberg Substitution

n=0 {
uv vu
v=-v +2v fdy —X— |, —u=—u_+2u Idy — |
xx x L4+uv ) t xx x 1+uv )
n=1
. ay[ =) wa [ fay[=2) T
V¥ Ve T Ve J B 1+ uv x+ Vx Y 1+ uv *
X

uy uy
+3va‘dy —LZ -3y de[—L s
A+w) | 7 T+uw )y

vu vu 2
~3u [ay| —2 | +3u| Jay| —=| | +
Ut by Yow J B lL+uw ), x Y 1+ uv

X

+ 3u Idy e - 3u J-dy[ﬂL]
* (1 + w)? . o L+ )
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12.3.3. Lotka-Volterra Substitution

n=0
In the case T, = v we obtain the trivial system with the help of (12.2)

n=1
In this case
— 2
S] = v“‘dx(tI - t2) = vy+ v +2vfdx(uy).
The corresponding integrable system has the form

=_ 2
u=—u, + 2(uv)y + 2uy de(uy), v, =0+ v, +2v _[ dx(uy))y.
In one-dimensional case D = Dy this system is a partial case of more general
integrable system described in [25].

n=2

In this case

-3 _ -1 2 -l n =l W2

52 =V + 3vvy Viy + 3vDX (uv)y + 3(vy +v7) D)r (uy) + 3\(D)r (uy)) .

The corresponding integrable system can be written as

u, = Dy(uyy - 3(vuy) +3viu - 3(uy - uy) DX'I(u)y) +
+D,BD. () D7), + (0 w))),

_ 3 -1 2 =1 -1 2
v, = Dy(v + 3vvy + Viy + 3va (uv)y + 3(vy + Vv )DX (uy) + 3v(D)r (uy)) ).

13. FORMALISM OF SCALAR L-A PAIR
APPLIED TO PERIODIC TODA LATTICES [11,12,35]

Now we consider concrete realizations of the general results of section 4
and apply them to the case of the system of equations of periodic Toda lattice
related to classical An~series. The case of algebra A, (the sin-Gordon equation)

has been considered in detail in the former paragraph.
We use the following formulation of the equations of the generalized Toda
lattice in two-dimensional space:

ain ~ azpa . .
(a) 3297 = 6XP (Kx);, (b) 39z = oXP 3, —t, W, exp- z & ¢

vV

8, = (kp),, (13.1)
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where in the case (a) the index i takes the values 1, 2,...(r + 1); (r + 1) is the
rank of the simple infinite-dimensional algebra of finite growth with the gene-
ralized Cartan matrix K. In the case (b) the number of values that index o
takes is less than in (a); k is the Cartan matrix (corresponding to K) of the
finite-dimensional semisimple algebra and 1, are the coefficients of the expan-

sion of the maximal root of algebra over the set of its simple roots. The

_ —
system (a) admits the transformation X, X+ (0(2) + O(2) N, where N is

the null vector of the generalized Cartan matrix: (I?N) = 0. Equation (b) is
equivalent to (a) after excluding the trivial solution of the homogeneous
Laplace equation with the help of conformal transformation. Equation (b) is
a direct consequence of the Lax representation

r
A =hp) + M X Xg +X,),
a=1
r

AZ = 7\,“]( 2 exp — SaX(; + exp (Mp) XA;),

a=1

[BZ—A,,E)Z—A;}zo, (13.2)
where Xmi and X; are the root vectors of the simple and maximal roots of the

algebra; (Mp) = Z 1,8, and A is the spectral parameter. For X; we take the

normalization:
[

X X =2 e Wolh,  Wk=(w)'.
The algebra, whose local part consists of the subspaces

g, =X AT, g =X)L Xy, g = ()

is an infinite-dimensional semisimple algebra of finite growth. The degree of
the parameter A distinguishes the identical elements of the finite-dimensional
algebra, relating them to the subspaces with whose grading index they are
compared. Thus they eliminate the degeneracy of the representations of algeb-
ras realized by finite-dimensional matrices. The Cartan elements of the finite-
dimensional algebra appear in the subspaces whose grading index is the pro-

duct of some integral number on the height of the maximal root m = 2 t,
increased by 1. The only one element that is not distinguished by degree of
A is the element H of the null subspace H = [XA;', X, = 2 tVWV_th. This

circumstance explains why the number of unknown functions in (b) is less
than in (a). Thus the operators of the L-A pair (13.2) should be treated as
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operator-valued functions of the finite-dimensional representation of an infi-
nite-dimensional algebra of the finite growth. The spectral parameter A plays
here the role of a grading parameter. The algebra of internal symmetry of the
equations of the generalized Toda lattice is infinite-dimensional and coincides
with solvable part of such infinite-dimensional semi-simple algebra.
Equations (13.2) mean a «gradientness» of the L-A pair operators:

.
8,8 =(hp) - X, X7+ A"+ Ix

o=1

r
gzg_l = z exp—3 X +A"T lexp(Mp) XA:; (13.3)

a=1

((13.3) differs from (13.2) by the gauge transformation g ——)exp%ln H,

which results in the change A — A — 1 at the generators of the simple roots;
g is an element of the complex hull of the group, spanned over the elements
of the semisimple algebra. Equation (13.3) may be considered as a system of
equations for the parameters of the element g. This system is naturally in-
variant under the choice of a concrete representation of the algebraic elements

X; in (13.3). Parametrize the element g by the Gauss decomposition g =
=Z exp(ht) Z*. Then (13.3) has as its consequence the essentially
nonlinear system of equations relating the parameters of the elements
Z*,Z7, t. It seems quite remarkable that the equations for the parameters T
split from the general system, remaining essentially nonlinear. However, they
split, in their turn, to a linear differential equation for the functions ¥, =
=exp Z T !, Which are equal to the matrix elements of the group element
g between the highest states of the representation (ll’ lz""’ l'). However, in

order to obtain the scalar L-A pair equations of the given representation, one
does not need to write the complete system of equations for the parameters of
element g and then single out the linear system for ‘I’l from it. It would be

enough to calculate the derivatives of the ¥, up to the order N, —1 using

(13.3), and then to express them in terms of linear combinations of the matrix
elements (at|| g|| I) as follows (see section 4):

¥= Bl D=l ) - 3 X T+ A x| 1)=

a=1

=(p) ¥, + 3 f, (o]l gl 1).
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Analogously, for an s-order derivative, we obtain
N

Y= Y o a gl 1)

oa=1

Inverting the latter equation we arrive at equality
Nl -1 NI -1

(allglly= X FE¥T= 3 B>l
0 0

The matrix elements (o || g|| /) may be calculated with the help of (13.3) in
two forms, i.e., they may be expressed as through the derivatives with respect
to the argument z or with respect to the argument z. As a result, one obtains
two forms of the matrix element{a || g|| ), which are equations N, — 1 of the

scalar L-A pair in the representation 1. Two missing equations appear if
someone excludes the N, matrix elements (o || g|| /) from N, + 1 linear rela-

tions connecting them with the derivatives ‘¥, up to the order N, with respect

to both arguments. These are two spectral equations of the representation 1. In
the general case, the structure of the spectral equations is as follows:

_ +1
G)NI(D) ¥, = A" eN, (DY,

where Gn(D) denotes the differential operator of the n-th order, whose co-

efficient functions are homogeneous (with respect to the differeptiation) poly-
nomials in Py (13.3). As N;=m+ 1, the right-hand side of the spectral equa-

tion does not contain the differentiation at all. Such a situation occurs only in
the case of the simplest representations (of the lowest dimensions) of algebras
A.» C,. (AB), . For the classical series B, and D, the degrees of the differential

operator in the right-hand side of the spectral equation are one and two,
respectively.

14. SOLUTION OF sin-GORDON EQUATION
IN THE FORM INVARIANT UNDER THE CHOICE
OF THE REPRESENTATION [10]

Now, on the example of the sin-Gordon equation we demonstrate the
method of constructing the solutions without using a concrete realization of the
algebra. This is the partial case of the general construction of the previous
section.
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The sin-Gordon equation results from the compati\bility of the linear system
(the Lax pair)

gg‘l =hp+MXT+XD), get=alxt exp 2p + X ~ exp — 2p)

with g being the element of the SL(2, C) group, X *, X 7, h-elements of its

algebra [X 7, tx 1=h[h X +_] =2X *. The internal symmetry algebra of the
sin-Gordon equatlon is connected with the graded algebra of finite growth

SL(2, C) x Z A that has the background elements X1 » h from which the

whole algebra is constructed. The commutation relations are

+ - +- +-
X5 X51=8, ghy  [hy Xy T =kyy X3
} (2 -2
wp=1,2 k—-[_z 2).

By direct check we confirm that the algebra Zl has a multidimensional repre-

sentation with the spectral parameter and generators:

+ _ + + _ - - _a-ly - - _a-ly + _ _
XF=MX", X =M7, X =AX", X, =AX", h=-h,=h

where X i, h are the elements of the algebra SL(2, R) introduced above. Here
the algebra as a whole consists of the sets of elements:

—___(}"—2.9— IX i, }h— 2Sh), RO (h)
+ — (A’ZS + 1X i’ XZSh), 5> 0,

i.e., the positive, negative and zero subalgebras of the initial algebra. Going
back to the L-A pair representation, we see that the element g may be con-
sidered as belonging not to the group SL(2, C) but to some degenerate repre-

sentation of the Zl group. The arbitrary element of the SL(2, C) group can be

represented as the Gauss decomposition g = exp X *o exp 1t exp X B. Con-
sequently, from the Lax representation, there appears a system of equations
connecting the functions o, B, T, which is obviously invariant under the
choice of a certain representation of the algebra SL(2, C). Thus we have

ggl =+ MX T +X ) =
= (6 — 20t — 0B exp — 20X * + (T + aff exp — 20)h + P exp — 21X
whereof o
Bexp-2t=%, a=PF, —E+ @ =2"-p+ @)

Similarly,
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B exp -2t = Alexp2p, o=—-Texp-2p, - T+ 21p + ®)? = A2
As a result of the last equalities we have a system of three equations
Fo-prEDY, (Fexpp) =7 -p (O Y,
¥ exp — 2p = A 2(F + pY), (14.1)

where ¥ = exp — T, o exp — T. Now we search for a solution of this system in
the form

n
¥ =exp Az + A71Z) H A - ap),
' k=1
where a, are some unknown functions, that are defined from the system of

equations, which arose after substitution ¥ into previous equations and com-
paring the terms at the same powers of A

a a
o . k . 2 .
ai+2aiai+22ak’_a.=0, —p+P’=2) 4. (14.2)
!

a
The last equality may be satisfied by the substitution exp —p = H k

(see

k
recurrent equalities, which follow from the system (7.3)). System (14.2) con-
tains n first integrals, which give expressions for the first derivatives a;:

2 n
P (a))
e m ok 2y = 2 _ 2 L=
ak‘H N p@=[l@-a) x=0
(ak - al) =1
l#k
The set of parameters x; independent of z, in fact, represents the first integrals
of system (14.2). Calculating Eik from the latter expression for ilk, we confirm

that (14.2) is valid. Further integration of the system is connected with the
following identity from the theory of the symmetric function of »n arguments.
Namely

" X
S = [ S
e'(x;)= Y =0,
i 1T - x;)
i#j
ifl<s<n-2and ©"~ 1(xj)= 1. In fact, being reduced to a common deno-
minator, @s(xj) represents a ratio of two homogeneous symmetric functions.

Here the denominator is the Vandermond determinant, which is antisymmetric
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under permutation of all its arguments. Hence, the numerator should be char-

acterized by the same property, which is possible only when s is not less than

n— 1. Due to this, we may fulfill the further integration with the result
—z+—“, H ‘—exp2(xz+y)

= p

k=1 ‘1 s k=1

y. La-x

ak+x

Thus, the last n relations mainly determine a general solution of system (14.2)
depending exactly on 2n parameters. By now only the first equation of the
system (14.1) has been integrated, and to obtain an explicit dependence of the
parameters x ,y on argument z, one needs to use the two remaining equa-

tions. As far as exp - p = H ak/H A, the function ¥ exp p has the form:

¥ expp=2AexpAz + A~ UH(F —ak)
k=1

i.e., with respect to the argument z, the function ¥ exp p has the same slruc-

ture as ¥ with respect to z with evident substitution a —a, I'A > 27" Due

to this, the second equation of (14.1) entails the system of equations with
respect to differentiation over the argument Z

=1y, ;)"(a;z) . - ’
" M- H S =0
I#k
or ( H y
. a’ = (- 1'a®"
¢ ¢ H( a-a) i
l#k

We have not used yet the third equation of system (14.1). After simple trans-
formations it can be written as

= exp 2pak . exp 2p(1 + z a)=1, p=exp2p Z a a,
which in their turn, after corresponding substitution, lead to

P(a)=(-1)a P(a )epopHa

This means that izk and a,: are defined by the same polynomial, whose roots

xl2 depend neither on z nor on Z, i.e.,
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~ H“l

X, =%, exp—-p= .
1= %
Hxl

It is easy to see that the system of equations is invariant under the sub-

stitution z =z, @, - azl, x, = x;‘. Then, from our previous results we find

" a —-x
5

k=1ak+xs

where parameters x,,y, are independent both of z and of z. From the last

- ~l= =
= exp 2(xs z+x z+ ys) = exp ZZS,

equality we obtain the linear algebraic system for homogeneous symmetric

functions s_= Z a.a. ...a, in the form
r i k
i#j#+...#k
. 2 . _ —
sinh 8, = X, cosh S, _ 1+ X, sinh LSy g T e = 0, s=1,2...n.

Solution of the latter system with respect to s, = H a, yields the well-known

n-soliton solution of sin-Gordon equation in the form of the ratio of two
determinants of n-th order.

15. GENERALIZED BARGMANN POTENTIALS [13]

In this section we establish a condition for the ordinary differential equation
of the (k + 1)-th order. ‘
k-1
il 3 pld = pf g (15.1)
i=0
under which it has a solution with the following analytic dependence on A:

¥ = exp kzn(ak—l).
k=1

The problem of this type, applied to quantum-mechanical one-dimensional
Schrodinger equation, was first considered by Bargmann. For this reason, the
coefficient functions of the last equation u; will be called generalized Barg-

mann potentials. To solve Bargmann problem, we need the expression for the
coefficient functions of an ordinary differential equation through the full set
of its linearly independent solutions. The following statement generalizing the
Wiett and Gauss theorems for the case of polynomials takes place. The
equation
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k-1
[k+1] [ _
¥ + Y u¥l=0
i=0
may be represented in the form:

volovdvh TV v covivi vy =,

where V, are the principal minors of the matrix of the Wronskian Vaﬁ=

= ‘Pga_ H (1 <o, B<k+1), and generate the full set of k + 1 linearly inde-

pendent solutions of the equation. This is the Frobenius theorem. The con-
dition that Wronskian is a constant V., = 1is solved as follows:
z

Y=o, Y =9 fdz]<p2,

z, z—l

4
Y =9 Id2,¢>2 fdz2<p3 f dz._ ¢, | (15.2)
k+1
where the functions @, obey the only condition H k+2-1_ =V

=1
1. The set of (k + 1) functions ‘¥, manifestly obeys the equation

@ 1 (093 (@7"¥)))..) =0.
All that remains is to express ¢, through ¥, . As a consequence of the defi-
nition of the matrix V and ¥ we find

s—1+1 _ _y-2 N -2
V= H s =V 0=V 0 =Y YT Y
I=1

The substitution of the expressions obtained for ¢ into the previous equation
completes the proof of the theorem.

The problem concerning the generalized Bargmann potentials is solved
according to the following theorem.

The solution of equation (15.1) has an analytic dependence on the para-

n
meter A of the form ¥ = exp Az H (a, — A), if the functions a_ are defined by
c=1

the condition of vanishing of the function

k+1
¥ = Zc(}.)expl zn(a —9») Xﬁ+l=7\.k+1

c=1
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}\'k+1

at n different points of the 7\.;‘)“

plane (1 < b < n). The generalized

Bargmann potentials u; are expressed through symmetric combinations const-

ructed from a_ and their derivatives via quantities B‘_', which are defined from

the expressions for derivative of the s-th order of the function ¥

n K}

[s] _ i ¢

¥ +23 A Y o Y
c=1 ‘

as follows: i-2
__nt ni
w=-B ,=-8, - sz+Il
Bj’=0, j<i+2. (15.3)

Equation (15.1) may be represented in the form

exp Sk(exp Sk _((exp 8‘(exp -p,¥)) )= AR+ exp p, ¥, (15.4)

where expp, = J‘ - H a; and Jho are the principal minors of the matrix
c=1

of the conserved integrals and 8 =-p__ | +2p —p_, pPe=Pes =0

n Aiak‘j

—_ j __cc

‘,i,j_ai,j+Bi+Z K+ 1 o k+1
c=194,. -\

(15.5)

under the null value of the parameter A.
After calculating the logarithmic derivative of ¥, we obtain

n
a
k+2 Py

c=1 ¢

Y= (p"l’.

For the s-th derivative we have by induction
‘P['S] - (Ps\{" (ps+ 1 _ ('ps + (Ps(Pl-
With the help of the last equalities we find the recurrence relations for Acs and
A
B’

Substituting the proposed form of ¥ into general equation (15.1) and
equating the quantities at different powers of A, we obtain the expressions for
the Bargmann potentials according to the conditions of the theorem.
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From the condition of vanishing of the residues in the poles at the points
A= a,. we obtain the nonlinear system of differential equations for the func-
tions a :

c k-1 k-1
Ak+1 _ 4 k+1 k+1 =
Af*t=alt =Y B | lAC =Af* -3 Bl Al=0. (156
i=1 i=1
Let us show that a, as defined by the conditions of the theorem, obey the

relations (15.6). For this purpose, consider the Wronskian constructed by the
functions ‘¥ . In the notations of the previous sections, we get

n
p= e e =TT @ -k,

s k-2 n k
1, x+z ..... M+ Y BIM+Y =l
c=1 c i=0 c=1¢
= H @* =2 wag, Ay A, ) det,J, (15.7)

c=1

where W is Vandermond determinant. The calculations in (15.7) were per-

formed by the standard procedure, i.e., subtracting the first column from the
k+1

remaining one and removing the factor H O“a—}”l)’ etc. It follows from
=1

(15.7) that, up to W Vi, isa polynomlal of the n-th order of the argu-

k+ 1’
ment Ak 1 that vanishes due to the linear dependence of ‘I’a, in accordance
with the conditions of the theorem, at n points XZJ' l, ie.,

n
_ k+1 k+1
Vk+1‘_Wk+1 HO‘b AT,
=1

Ve, =¥ F,., pHE- gl — o Calculating  the

latter determinant in the same way as (15.7), we verify that it has (15.4) as
its consequence. To prove (15.5), we make use of the fact that both the

Consequently,

Bargmann potentials u; and the equations (15.6) for Aci do not depend on the

parameter A. According to the Frobenius theorem, we have

n
o, =¥,A=0=[]a. oo, = lim (&, = 27| ¥, W) =

c=1
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= lim (&, - Ap L, mz flu [T@-%)@ -2r)=

c=1 C c=1

Al
=1 -\ (@, -
ll—r:}’cljll(a ) (@, 2)[1+z @@ _)"2)]

Continuing the reduction procedure, we find

H @7 = lim W, L e )—Hu Al

=] A=0 c=1
From here we see that all the statements of the theorem are fulfilled and the
other form of the Bargmann potentials may be found after performing diffe-
rentiation in equation (15.4).

16. SOLUTION OF PERIODIC TODA LATTICE
FOR A, -SERIES [11,12,35]

In this section a system of equations is constructed for a scalar L-A pair of
the first fundamental representation (k + 1-th dimension) of the algebra A

With the help of the results of the previous section, its «wave furiction» and the
solutions of the periodic Toda lattice are obtained.

The highest vector of the first fundamental representation || l)((l|| ) obeys
the conditions

+ - - —
The set of its basic vectors is as follows,

Wo. X700 XX X XX DD,

Ul k=

a,l’ 8(1,]'

aanxt o anxxy xS

We introduce the wave function {{|| g|| !) and, using (13.3) calculate its deri-
vatives, with respect to z
k

W=l gl D=l (hp+ X X+ A X gl 1y =
a=1

=¥ + (Ul X,"gll 1),
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or
exp p,(exp — p,'¥) = (Il X,"g|| 1).

Next,
(exp py(exp — p,'¥)) = (II| X,"¢l| 1) =

= (X[ Gpdgll 1)+ <l X, X'l 1)
has its consequence
exp p, — p(exp 8 (exp — p,'¥)) = (Il| X,"X,'g|| 1.
Continuing the reduction procedure up to the s-th step, we obtain
exp p,— P, _ (exp 8 _ (exp & _,...(exp &, (exp - PL¥))..))) =
XU D AR ariF )N (16.1)

Finally the (k + 1)-th step

AN XXX rmp + M Iy el 1) =

= - p (UL XX X gl 1) + AF+ 1y

leads to the spectral equation
(exp S,(exp 8, _,...(exp &, (exp — p,F¥))..)) = AR+ exp p, .
Quite similarly, by using the differentiation with respect to 7 we obtain
exp 8, (exp 8, 5...(exp Sy(exp — (p; + p) ¥))..) =
=2 EEDap Xt X Yl 1), (16.2)

Excluding the matrix elements of the element g from the (16.1) and (16.2),
we obtain

exp p, =P, _ (exp 8 _ (exp & _,....(exp 8, (exp - p,\¥))...)) =
=A*lexpd , (exp 8, ,...(exp 8,(exp — (p, + p) FY)...),
(exp Sk(exp Sk _ 1--(exp 8,(exp — PyE))..)) = AR+l exp p, ¥,
(exp 82(exp 83....(cxp Sk(exp =P, +p) YY)y =

=2 Dexp - 5. (16.3)
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The system of (k + 2) equations (16.3) is, in fact, a scalar L-A pair of the first
(vector) fundamental representation of the algebra Ak. System (16.3) is in-

variant under the substitution

29z, Yoexp-p¥, Ao A |, py2>-Pp Py p_ P, — P

(I<s<k+1,p,,,=0), ie., under the Weyl reflection of the first simple
root of the algebra A, .

We shall look for the wave function of the system in the «soliton» form
n
Y=exp(hz+ 2D [[ @ -naLt"
c=1

Excluding ¥™! from the Wronskian || P, ¥, ‘I’['k]H , using the equation con-
necting ‘P, ‘P, w4 and v (the equation with s =k in (16.3)), we arrive at
the equality

|, P, P =25 Lexp — (p, + pp || P, P, WU T b))

Continuing the procedure of the further exclusion of the derivatives with the
help of (16.3), we get the following chain of equations for the determinants

1%, %, B =25 exp — (p, + py) (| W, . WEE 1L 9] =
=26 Dexp - 2p, +p, ) ||, P, 9, 9, \P[{]’” o
=N+ Dexp—(sp,+p, ., ) I, R
=D o kx 1yp, | ¥R W,
AR+ D e+ D G ) : (16.4)

where ¥ = exp (— p,'¥). The chain of equations (16.4), completed with two

spectral equations, is completely equivalent to the system of equations of the
scalar L—A pair (16.3). It follows from the explicit form of the spectral equa-
tion with respect to the argument z that the first term in the equality chain
(16.4) does not depend on z; the last one does not depend on 7z, and, therefore,
each term of the chain is equal to some constant.

As for the equations of the scalar L-A pair in form (16.3), the following
theorem, which generalizes the results of the previous section in the natural
way, is valid.
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The solution of the system of equations for the scalar L-A pair (16.4) is the

n
wave function ¥ = exp (Az + A713) H (a, —A), where a(z, z) are defined by
) c=1
the condition of vanishing of the function

k+1 n
Y=Y ch)exp (xaz+x;‘)]'[(ac—xa)s
a:l C=1
k+1
k+1 k+1
= Y ¥, A=kt
a=]

at n different points l:+ Iof the Af+! plane (1 < b < n). The solutions of the

equations of the periodic Toda lattice are given by the relations

. ra VS noa \Sok-1
4 ¢ 0 [ 3 oo
expp‘€=H[i—J{c_l=H[l—] Jek-p
[&

c=1 c ~ =] c
where JVO are principal minors of the conserved integral matrix (see previous
section), when A =0 and sz—k—l are the principal minors of the matrix

J=0Ja"', A"'6) the infinite value of A (G is the constant (k + Dxk+1)
matrix with 1 on its antidiagonal and 0 on the other places).

As follows from the results of the previous section, the first spectral equa-
tion (with respect to the argument z) (16.3) is satisfied when the first expression
for exp p, from formulation of the theorem is used; the second spectral

eduation, which is obtained from the first one by the Weyl transformation, is
satisfied if the second expression for p is used. Thus, all that remains to do is
to prove the consistency of these identifications. For this purpose we calculate
the determinants in the equality chain. The first determinant was calculated in
the previous section with the result

n
1 k k+1 k+1
e, ) =, TT o -k,
: b=1
For the simplification of all the following formulae we propose

n
H X’C‘ *1 = 1. For the function ¥ = exp — p,'¥, we have
=1

¥ = H aZl exp (Az + 7\,_12) H (a,-A) =

c=1 c=1
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=" Mexp Az + XD ] @' -2 =

c=1

=AM A o aoalh).

A common term in (16.4), rewritten in the adopted notations, is calculated by
the general scheme and leads to the result

exp—p,, (- D AETD g gk s] gl g =

n
1 1 .
=Wk+1exP_pk+1—sH(lII;+ — A ) det J %,

b=1

where the first k + 1 — s rows of the matrix J ©* coincide with those of the
integral of the motion matrix J, with elements
n Al k ~J
- J
J;=8,;+Bl+3

c=1ak+1_7‘k+1

n Fk+l-i -k-1+j
~ . A a
~ k+1—j c c
Jj=8+ B v X T NEX
c=1 a. -

The quantities A, B are obtained from the corresponding quantities A, B by the
Weyl transformation. By virtue of the condition of the theorem, the deter-

minant || P, g, plk sl gl || becomes zero at n points of the A¥+!
plan. Thus the concerned determinant (which is a polinom of the n- -th power

of the A~ ) may differ from the Wandermond determinant only in some factor.
Finally, we have

n a’;+1—7uk+1

— ks
exp P,y =11 x"“—x"“de” . (16.5)

c=1 C

The last expression does not depend on A and it is convenient to calculate it
when A =0, A =00 In the first case, the matrix J transforms into upper
triangular matrix with unities on the principal diagonal; for this reason, from
the last equality we obtain

n
B k+1-5,0
exPpk+1—s_Hac J_s

c=1

In the second case, J transforms into the lower triangular matrix and so (16.5)
results in
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n

exp Ppyy -y = [ a7

c=1

Thus the theorem is proved and one more expression (16.5) is obtained for
the solution of the periodic Toda lattice equations of the series A

Let us now write some relations, that are useful for concrete calculations.
k+1

Introducing the function F = Z c(r,) exp (laz + l;l) and the notation s, for
a=1
the elementary symmetric functions constructed from a.,s = Z aa,...a,,
- c#b#...#2d
we rewrite the expression for the function ¥, which appeared in the formulation
of the theorem, in the form

B — . . _ (k+1) _qk+1 Jk+1) _4a—k-1
\P_Z(—,l’)%n_sF“], so=1, F =M*YF R =A k- 1p

The system of equations for determining s, is written out in the form
.n

2 (_ l)Csn - .\“Fb['c} = O! l<b< n,
c=0

where each of n functions F, satisfy the equations
k+1) _q2k+1 Jk+ 1) _a-k-1
F, =N F, F, =\, F,.

For the matrix J’.‘(; , we have a recurrence relation, that relates every row with

the previous ones and thus allows one to reconstruct the matrix as a whole,
using only the elements of its first row. To do this, we take into consideration

the fact, in accordance with the definition of J 0 (see (15.5) and the following
formulae), that the matrix elements JS? appear in the expansions of the func-

tions @' in the powers of A. That is

+ZB }J+2

c=1 4~

+ZB l’+z—+2 ?JZ

c=1 e j=1 c¢=1

S

=B +Z—+Z] A= <p0+21x?x".

c=1¢
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The recurrence relations connecting the functions ¢ make it possible to estab-
lish the dependence of interest,

(ps+1=(p.(v)+zlx?xi=('px+(px(pl =(P(‘)+(P(‘)(P(l)+
|

i— 1 oo
+(p021 )J+<pozj l’+21’2]010 EDNAYS
k=1 |
=1

: 0
”—(pOJ +<p0J +J +21 J,”_A
k=1

In the latter equation, the first two terms, being proportional to the elements
of the first and the s-th rows, do not contribute to the principle minors (one
can show that they may be omitted in the recurrence procedure as well).
Finally, we arrive at i1
0o _ 50 0,0
Joei=dq + 2000 i

k=1
As in the case of Toda lattice with fixed end-points, it is possible to construct
solutions for some other series from solutions of the periodic Toda chain for
the A, series. The system of equations of the periodic Toda lattice is invariant

under substitution - and consequently among its solutions are
Py Pr+ q y 4

-

those that p . The direct check shows that in the case k =2n + 1

o pk +1-a
the system of equations of the periodic Toda lattice series A, . 1. 8oes to the

system of equations of the periodic Toda lattice series Cn; in the case k = 2n,
" to series (AB)k.

17. THE GENERAL SOLUTION
OF THE PERIODIC TODA LATTICE {36,37]

Here we will consider the problem of constructing the general solution of
the systems under consideration; the soluton which possesses the sufficient set
of arbitrary functions for the solution of the Caushy or Goursat problems. We
use the methods of construction of the general solution of the Toda chain with
the fixed end-points. As is known, the algebra of the inner symmetry of Toda
lattice with fixed ends is finite and we thus have the finite number of terms in
the expression for exp (- p) in its solution; in the periodic case, the algebra of
the inner symmetry is infinite-dimensional and the number of terms in the
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corresponding expression if infinite. But it may be possible to prove that these

series converge absolutely due to the properties of the semisimple infinite-

dimensional algebras of the finite growth. '
From the beginning, for convenience we restrict ourselves by the case of

one-dimensional equations, which arise from the general system of Toda lattice:

aZP r
—2 = 2 K . exp pa,
0z 0z - o B B

% r
[04
P e"pﬁzl’(a, B *p

where K, B coincides with the generalized Cartan matrix of the semisimple

infinite-dimensional algebra of the restricted growth. Generalized Cartan mat-
rix for the graded algebras of the second rank brings the latter system of
equations to ther‘ form

o%x 82x2
=exp (2x; - 2x)), % - P (= 2x, + 2x))

0z dz
azx[ 82x2
— =exp (2x, — x,), 3= = exp (— 4x, + 2x,) (17.1)
0z dz 172 0z 07 ! 2

which, if variables X=Xy, 2x, - x, are introduced, yields the sin-Gordon

o*x 0%x
9z 9 - °XP (2x) —exp(=2x) and Dodd-Boullow-Jeber—Schabat Fo
=exp x — exp (— 2x), respectively in the first and in the second cases. Note

2
that these equations together with the Liouville equation aaz_gf = exp 2x are

2
exceptional among all the equations of the form az_axf = fix) due to the pre-

sence of the nontrivial group of internal symmetry.
We know that in the case of Toda chain with the fixed endpoints a solution
for the exp (- x,) is expressed up to mulptipliers dependent only on z and z,

through the powers of the repeated integrals of arbitrary functions. Let us as-
sume that such a structure is also valid for the solutions in the contragradient
case and rewrite system (17.1) in the form (further on we will use only the first
system):

ale _ : 82x2 _
Fyi .0, exp (2x, — 2x,), PR 9,9, exp (- 2x, + 2x,),
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where ¢, @, are arbitrary functions of the argument z; 61, 62 are the same of

the argument z. We have introduced arbitrary functions into (17.1) (it may be
done by substitution X, DX, +Ing +Ing ¢, and further conformal trans-

formatlon) which play the role of unhomogenemes After replacing
exp (— xj) - Xj the previous system becomes

7x,  Bx, ox,
Yorm w35 00 ()
Fx, ax, ox,

& 2 2 4
I i R

In the brackets in the latter equation there are given the r.h.s. for the second
system (17.1). In the finite case, Xj. are the polynomials in the repeated inte-

grals; the first term being equal to unity. Therefore, we assume that in the
«zeroth» approximation in @, X, =X, = 1. Then the equations may be solved

through «iterations», where the small quantities are the corresponding powers
of ¢, 6(1. The first order approximation gives

X =-[dzg, Jazg, =- 1) D

X =-Jdo,[dig,=- 2@

The results of the calculations up to the eight order are listed below. It is
worth noting that the proposed procedure for solving the systems with the
exponential interaction is also applicable in the case of finite semisimple
algebras. The only difference from the case of infinite graded algebras is the
finitcness of the series in powers of the repeated integrals.

yk_ Iy 1 2y 2 3y3 3y 3 45 4
X, Z( D XX =1-xX v 2x X2 - ax X2 - 2x X3+ ax X} +
=0 s=1

454 55 5% 5 555 6v 6 6% 6 676
+8X, X, — 8X'X — 8X, X, — 16X,Xy + 8X X + 16X,X,” + 16X, X, +
636 v 7 157 1357 v 7 77
+32X4X4 - 16Xl X] - 16X2X2 - 16X3X3 —32X4X4 —64X5X5 +
8y 8 8% 8 8y 8 85 8 8% 8 87 8
+ 32X 7X) + 32X X,y + 64X, Xy + 64X, X, + 64X XS + 128X X,

The upper indices of Xsk(ka) mark the number of approximation, while the

lower ones stand for the order number in it. Here are the values for Xsk,
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X'=), X?=(12), X’=(22), Xx;=(21),
X' =(1212)+ (1221), X' =(1221), X, =(12122) + (12212),
X, = (12121) + 2(12211),  X;' = (12211),
X" =(122121) + (121221), X = (121211) + 3(122111),
X2 = (121212) + (122121) + (21221) + 2122112),  X° = (122112),
. z 4 2 _ .
where (ij ... k) = J dz, 9, j dzz(pj I dz ¢, and in arose from in by the sub-
stitution @_— @, z = z. The X, is obtained from X, by replacing indices
1 — 2 in the expressions for Xj’ The number of terms in in will be called a
length of in - L(Xj"). Thus L(X ) = 1, L(X;)) = 3, LX) = 5, etc. Taking into
@)

account that (i, L...D)= s_' (where s is the number of the repeated integrals)

and the presence of an evident solution Xl = X2 =exp— (1)(T), when 0, =0,
we will find from its definition that

> e (LX) =k

A
whereof, it follows that for arbitrary functions 92 and 61’2 bounded on the
intervals (zo, z) and (ZO, 7), there is the estimation of the term of the k-th

approximation — i
M™

_ ky k
2 - CsXs Xs s k!

A

(Z - Zo)k (Z - Eo)k9

where M is the supremum of the functions @, , on the interval (z, Zp), M—
the same for the functions @, , on the corresponding interval z, 2z, The series,

which gives the solutions X, ,, converges absolutely. For this estimation it is

1,2
essential that all the terms of the k-th approximation, as well as all the terms
in Xj’ enter with the same sign. This is a direct consequence of the properties

of the contragraded algebras of the restricted growth. To obtain closed ex-
pressions for X, 5 which would allow one, in particular, to calculate any term

in series, it is necessary to have some information about the representation
theory of such algebras.

The set of simple roots of the graded algebras of finite growth XO:‘r and its

Cartan elements h  obeys the system of commutation relations
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[, X 1=%K x* (17.2)

of o’

[Xo» X51 =38 ghg,
where K is the generalized Cartan matrix. Classification theorems and explicit
form of the matrix K for the algebras under consideration are well known.
The Cartan matrix for the considered equations (a, b) has the form

ERI SR

In the whole analogue to the finite case, the graded semisimple algebras pos-
sess the set of the fundamental representations. Each of these representations
is determined by its highest vector o) with the properties

+oN = _
Xﬁ oy =0, hBoz) = 80[’ ch)

and all other basic vectors of representation, which is infinite-dimensional in
this case, are constructed by consequent applications of the generators of the
negative simple roots to the highest vector. The properties of the graded semi-
simple algebras allow one to construct the invariant bilinear form in the rep-
resentation space. To calculate the scalar products of basis vectors of the
representations with the highest vector it is sufficient to know only the back-
ground commutation relations (17.2).

Now we describe the way.of constructing the solutions for the case of
arbitrary semisimple graded algebras of the finite growth. First of all two equa-
tions of the S-matrix type should be solved

oM oM

__*

0z

= M, L*(2), a—‘z_‘ =M L(Z), i

where r r
L'=Y 0 @X), L =Y6(7)X,.
=1 o="1

The functions @_(z), ¢ (z) contained in the definition of Lagrangians L* are

the arbitrary functions of its arguments. The solutions of S-matrix equations
may be represented in the form of ordered integrals, but the number of terms
in this expansion will be infinite. In the above notations and definitions for
the X  for the arbitrary semisimple algebras of finite growth we have

X, = (ol MM || ). (17.3)

The results at the beginning of this section, obtained by the methods of the
perturbation theory, are in fact the special case of the general formulae (17.3).

Coming back to the beginning of this section, we have for the solution of
the sin-Gordon equation
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1 1
2 —2 -1
exp x = 0 §? X, X7,

where in expressions for X, 5 which follow from (17.3), one has to put P, =

= (p?l, ¢, = @1*1. For the solution of second equation (b) we correspondingly
get
T -2 R R )
P A= Q0 XX 0 =0 9, =0
It should be noticed that, at present, we have no proof of (17.1) except of the
series expansion in powers of the repeated integrals and direct check of the
validity of (17.3) in each order.

Thus, in the considered case the form of general solution of the periodic
Toda lattice is the same as for Toda chain with fixed end points. The main
difference is that in the case of finite-dimensional algebras the series (given by
the perturbation theory) are finite and in the case of the infinite-dimensional
algebras they are infinite. But the demand of restricted growth guarantees their
absolute convergence.

Now it is not known how to choose the «creating» functions ¢, ¢ for con-
structing the soliton solution of the previous section and what is the criterium

of the summation of the series corresponding to this situation. It is an inte-
resting unsolved problem.

18. THE SOLUTION OF THE MAIN CHIRAL PROBLEM
WITH MOVING POLES BY THE METHODS
OF RIEMANN PROBLEM ([38,39]

In this section, by the special choice of the coefficient function of the
homogeneous Riemann problem we show that its solution is connected with the
main chiral field problem with moving poles. This approach is by no means
unique; the method of the Backlund transformation leads to the same results.

The main chiral field problem with moving poles is described by the
equation

z O°F [ JF OF

(3 _+[a—,—_]=
ok oE G " oE

We illustrate the general scheme of its integration by the example of the

simplest case of the SL(2, C) algebra. Let the homogeneous Riemann problem

on some contour has its usual form QQ = Q , where Q_ are the boundary

values of two functions analytic out and within the contour respectively.
Element QO is chosen in the form
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a b [ —M — J
A—EY" ’
c ———E;‘ d
A-&
where a, b, ¢, d (ad — cd = 1) are arbitrary functions of argument A without

any peculiarities under analytic continuation within the contour; the points
A=, A =& A =0 dispose there. The condition in the neighbourhood of the

f
X

Let us rewrite the Riemann problem in the form more useful for our aim

infinity point of the A plane is Q_— 1 +

a bz _ A-E H _
[C d)ﬂ+—exp "(x-g]zg’ (18.1)
where ﬁ+ =exp—nln }"—:g g Q_ with new asymptotic condition (~2+ -1+ :

A
f+3€-89
+_—7\.—= 1 +x. The problem (18.1), being rewritten in the diffe-
rential form, reads
o o~ - _1 nH
A-8 @) @) =r-pal@y+al T a,

0D @) @Qr=0-Hal@ry-o o

Taking into account the Liouville theorem and the properties of the Riemann
problem we conclude that both the latter expressions are the polynomials in
the whole complex plane. The asymptotic condition added is that the degrees
of the polynomial are the zeroes. Calculating these polynomials in the
neighbourhood of the infinite point and at the point A = 0, which lies within
the contour, we have

g _ Fl _o_n £
Fy=-867'G, F,=-EG7'G, G=exp-}In g HOO)

With the help of the Maurer-Cartan identity, we conclude now that F obeys
the equation of the main chiral field with moving poles.

Let us find the solution of the Riemann problem in the form
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n e
+ s
ey
- n

Yy —

o _f
2y
"ok

+y —

, 1
1 -8 1 -8
Here e, f, 8, and hx are 4n parameters. They must be chosen so as the ele-
ment _ would be analytic at the point A=§, A = E Let us denote by ¢ (y)

the first s terms of its expansion in Taylor series near the point A=y, i.e.

0,00 = 90) + 22 g 44 B g0,

s!

For the matrix element (Q__)l , we have
" al)e, M BV (A-E)" g

€«),, =ad) + + =
b ;(k—é)" ; -8y

"aM-a__ Ee I BMA-E)"F - bMA-E)"* )g.
=a0»)+2a() a""&e“+2 3 (b( £) )"—‘@gu

1 A -8’ 1 -8
La _Be I BA)- & 9, - ,©s,

Lyt A=

Within the contour C, the singularities may have only the terms of the last
line of the previous equality. The absence of them in (L)), , is equivalent to

the zero values of the residues up to the n-th order in the mentioned expres-
sion. The same conditions on the matrix elements ), 2 (Q_)2 » (Q_)2 | lead

to the linear systems of the algebraic equations, which determine the un-
knowns es,gs,fs, hs. In what follows we shall write them in the form of the

n-ordered columns. We have
T He+T (¢ Hg=0 F(o)f+T(EA=T
T EE e+T(lg=-T (&L F+I(§)h=0
where I (¢) T (9)) are upper triangle matrices all elements of which paral-

lel to the main diagonal are the same and equal to ;lr(p(s)(\’;), %6(:)(5) ,

where s is the distance from the main diagonal. On the main diagonal there is
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the function @(E), @(E)) by itself, on the next place — its first derivative and
so on. The functions @), ¢(&) are connected with the matrix elements of the
homogeneous Riemann problem by expressions

0®=20.=8, FO=20.=5, I,©0)T(0)=T,00)

The s-th line of the lower triangle matrix = T"_(§, E) =T (§ - E) =T (x), con-

sist of terms of the binomial expansion (1 + x)* (I" (- x) = (l"_(x))")

i 0 o 0 (- 0C,’
x 1 0o ... 0O |
2

X 2x ] ....... 0 ................
re= .. . S o T7| 02}
v e 0 n=1n1

I 2.2 (=x" 'C
X" C, X C,o o ] , n

(=X

In accordance with the previous results, the solution of the main chiral field
problem with moving poles is determined by the asymptotics of the homo-
geneous Riemann problem and its explicit form is

F=gX_+ e|+(§-E)’—2‘ H+fX,.

The explicit expressions for e, = —h, g, f, as a solution of the linear system

of the algebraic equations () may be represented in the form of the sum of the
entries of n x n matrix, which we denote by the title corresponding to
e, g, h, fletters

- 1 : - -
G=(0_-9)", E==50_+0) @ -0)". F=-0(9_-0)'e,

where @_, @ are the lower and upper triangular matrices with equal entries,

represented on the equal distances from the main diagonal. They can be
written as
s 1

@_ ])l E.'.\'—l

1 ! s 00
m— és_,(& g 2 %’

s=1,2..¢ =@, ¢ =¢E).

(R ag tpi—

Now consider some more simple examples. Let n = 1. In this case, all
matrices G, E, F are one-dimensional and the solution of the main chiral field
problem takes the form
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F=—toyx _10t0, 6§ ,
-9 -~ 2¢-9 o-9 *
This is no more than (up to the gauge transformation) the *Hooft solution in
the spherical symmetric case.
Let n = 2. All matrices in the problem are two-dimensional. The matrices

¢, have the form .
- 0. = Q@ xQ 0 ={ G Qj
+ O 6 ) _ _ x(pl (p )

where > mean the differentiation with respect to the independent arguments
€ and &, respectively, as before x = (¢ — ). For the solution F we get

528+ X(@ + @) X, + (@ + 0) + 2@’ + ¢6)) H -

- (2003 + x@°¢ + ¢°9)) X1,

bi .
where D = § —xzﬁ(p' and 8= ¢ —¢. The expression for the «instanton»
charge density for the main chiral field problem with moving poles was es-
tablished in the first chapter. For arbitrary n, the solution of the present sec-

tion reads Det (¢p_ — ?,)
qooln__:_z'——=
E-8&y
5 =2 2 Det -
_ 1‘_2 a—(§;§)+l] a_]n e((P_— ;P+)
€-8° | % & RE L E-y

If the functions ¢ and ¢ are chosen in the «pole» form

Y cS — y CS
(p=2§+ia’ (P=Z— ia
] s L &+ ia_
where ¢, a; are the real parameters, then after substitution into the charge

density and integration over invariant measure we come to the whole charge
equal to N(N = n).
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«®H3HKA DJIEMEHTAPHBIX YACTHL H ATOMHOI' O A[IPA»
1996, TOM 27, BbII1.5

YAK 539.12.01

BABA-PACCEAHNE HA MAJIbIE YT J1bl

A.B.Ap6y3os, D.A.Kypaee
O6beanHEHHbIA UHCTUTYT SAEPHLIX UCCNeaoBaHuit, JybHa

JlaH 0630p COBPEMEHHOTO COCTOSHHS TEOPETHYECKOTO OIMCAaHMS ITpOollecca 3NIEKTPOH-
MO3UTPOHHOTO paccesHHS Ha Manble YITbl. B meransax wusnaraercd MoAxof, MO3BOMSAIOMIMIA
YMEHBILHUTh TEOPETHYECKYI0 HeonpeaeieHHocTh o ypoBHA 0,1%, coOTBETCTBYIOLIETO TOY-
HOCTH, TpeOyeMoi Mi NpEeUH3HOHHOro omnpeneneHus csetumoctd Ha LEP 1. Ykasannas
TOYHOCTb JXOCTUTaeTCi MYTEM TOYHOTO Yy4eTa PajHallHOHHBIX MONpaBOK B TIEPBOM TTOPSUIKE
TEOPHH BO3MYILIEHUH H JIorapuMHYECKHX BKJIAA0B BO BTOPOM Hopsake. Bxinanel B TpeTheM
NOpsAAKe YYTeHb! B NPHOMMXEHHH CTapLIuX jorapucmos. [IpuBoaiATCS pesynbTaThl YHCIIEH-
HBIX pacyeToB A/s ycioBuit akcriepumenta LEP I 1 naetcs UX cpaBHEHHE C pe3y/ibTaTaMu

APYrUX TPy,

The present status of the theoretical description of the low-angle electron-positron scat-
tering is reviewed. The approach, which allows one to decrease the theoretical uncertainty
to 0.1% needed for the preciée luminosity determination at LEP 1, is described in detail.
The precision is reached due to the explicit calculations of the radiative corrections in the
first order of perturbation theory and of the logarithmic contributions in the second order.
The contributions of the third order are accounted in the leading logarithmic approximation.
The results of numerical calculations for LEP I conditions are presented. They are
compared with the results of other groups.

1. BBEIEHHE

Ceuenue © moboro npouecca, HIYHIEro Ha 3MEKTPOH-NO3UTPOHHBIX KOJLIaii-
zepax, ompenesisieTcss KaK OTHOLIEHHE YHcia coObITHIl B ceKyHmIy N K CBETH-
moctd L: 6=N/L . CBeTUMOCTh — 5TO OOHA H3 OCHOBHBIX XapaKTepHCTHK
Kosiainepos. [lid ee onpedeneHus M3MepsSeTCs YUCI0 COObITHIl B cekyHuy N,

KaKoro-imu6o mpouecca, ce4eHHe KOTOPOro G; XOPOIUO U3BECTHO TEOPETHYECKH:
L =N,/0c,. TpeGoBanus, NO3BONAIOIME YMEHIIUTh CTATUCTHYECKYIO OLIKMOKY,

NpenbsBIsieMble K CEYEHHIO TaKOro STAIOHHOIO IpoLecca, CIeNylIlUe: OHO
JOJIXHO OBITH JOCTAaTOYHO OONBUIMM, U COOTBETCTBYIOIIHE COOBITHS JOJIXKHBI
OBITP JOCTATOYHO HANEXHO wuueHTHULHUpyeMbl. JIns yckoputenei cpegHux
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QHEPruii ¢ HEGONbIIMM YHUCIIOM 3IEKTPOHOB (NO3MUTPOHORB) B CryCTKax (< 10]3)

VISl 3TOH LIeTU HCTIONb3YETCs MPOLECC JBOHHOrO TOPMO3HOIO M3NYYEHHS B pas-
Hble CTOpOHbI. ONHAKO C YBESTMYEHMEM YMC/IA YACTHL B CIyCTKE 3TOT MPOLECC
CTaHOBHTCS HENPHUIOAHBIM H3-332 GOJbIIOH BEPOSTHOCTH UMHTALMHM €TO JBYMS
HECBA3AHHbIMH NIPOLECCAMM OAHOKPATHOIO TOPMO3HOIO H3/TyYEHHMS, NIPOU3OILE-
LUHMH 1pH CTOIKHOBEHHH CTYCTKOB. JIpyrHM NpoLEeCCcOM, HCHOMb3yeMbIM IS OTi-
peneneHus CBETHMOCTH Ha 3JIEKTPOH-NIO3UTPOHHBIX KOJUIaiAepax, aBiseTcs npo-

+ — .

uecc e'e -paccesinmns (npouecc 6aba-paccesnus). Ilpuuem B cnyuae Kosuaiige-
POB yMepeHHO BhICOKMX dHeprud (- n W-abpuk) ¢ cymmapHoii sheprueii
nyykos Vs = = 2e< 1 +3 TI'eB or6uparres cobuitus 6aba-paccesnus Ha Gosb-

wue yriel (BPBY). Hnorna ucnons3yiores Takxe npouecchl 06pa3oBanust MIOOH-
HOIi Napbl U AHHUTUAALHK B (HOTOHBL. B ciiyuae KosnaiiiepoB BLICOKHX SHEprui
tuna LEP I, LEP 1 (XKenesa) Gonee ynoGen npouecc 6aba-paccesnus Ha Maibie
(ne npepvimawmme 100 mpan) ymel (BPMY). JeilcTBuTensHO, ceyeline 3TOro
npouecca He yQbIBaeT ¢ POCTOM 3HEPIrHH MYYKOB € Grarofaps JOMHHUPYIOLLEMY
BKJlaly I-KaHa/lbHbIX JHarpamMM (Mbi Gysem paboTtarh B cHCTeMe LEHTpa HHEepUHH
HauatbHbIX yacTu (CLIHM)). Ceuenns kak ynpyroro, Tak U psaa Heynpyrux npo-
LeccoB, AaloliHe BK/ad B U3MEPSEMOE Ha SKCMePHMEHTE YHCI0 COBBITHIH, MOTYT
ObITh paccuuTaHbl B NPHHLHIE C 0G0 TOYHOCTBIO B PaMKax XOpoIuo 0GocHo-
BaHHOH B HACTOsillee BpPeMsl TEOPHUHM 3JieKTpocnaboro BiaWMoneicTsus. Bosee
TOTO, 332 UCKJIIOYEHHEM MallbiX apOHHbIX MONpPaBOK M Maibix 3(eKTOB HHTEp-
tepenumn amMnanTyn obMena GoToHoM U Z-6030HOM, pacueTbl MOTyT OBbITH BblI-
NOJIHEHBl B paMKax KBaHTOBOH anekrpoaMHamuku (KBM). Ins MoOuabHOro
ONpene/ieHus Ha 9KCNEPUMEHTE CBETUMOCTH CYHIECTBEHHO TO, YTO MpPH AOCTa-
TOYHO MATbIX yIJIaX pacCesHHs SJIEKTPOHA M FIO3UTPOHA NPH 9HEPIUHM, BIM3KOI
x‘\/s—=Mz, CKOpOCThb cyera yKcna cobvitit BPMY na LEP 1 Muoro Bbiwue, uyem

CKOPOCTb cyeTa Yucsa coObITHi oOpa3zoBanus Z-6030Ha.

BKCNepUMEHTaNbHAS TOYHOCTh H3MEPEHHS CBETHMOCTH HENPEPbIBHO MOBbI-
maercs. Ecniu 8 HavansHbii nepuon paborst LEP [ ona umena nopﬂhox 1%, To
B HacToswmeM coctamigeT yxe 0,07% (3HauMTenbHO NPEBBLICHB TOYHOCTD, 3A10-
XEHHYIO B MPOEKTE) H, BIOJHE BO3MOXHO, B GnuxailieM GynylmeM oHa J0iHaeT
no  0,05%. MoOXHO /M CHU3UTH HEONpEIETeHHOCTh meopemuueckozo
BoIYHUC/IEHUs ceuernss BPMY npouecca ¢ yuetom peanbHbiX 9KCIEpHMEHTaNbHBIX
YCTIOBHii 10 ypoBHS 9kcrnepuMenTansHoi? o-suauMomy, na. OcobeHHO MHOrO
BHUMaHHUs STOMY BOIPOCY yAenssloch B nocienHee BpeMs (cMm. {1] M ccbiku Ha
JIUTEPATYpy, TaM mnpuBeacHHbie). Cieayer OTMETHTb, YTO BbICOKAs TOYHOCTH
TEOPETHYECKOro pacyeTa ceueHus npolecca 6aba-paccesHus Heo6X0AUMa TakXe
M1 TIPCLM3HOHHBIX TECTOB CTaHAapTHOH Monenn (CM), Tak kak 3TOT mpouecc
3agaeT abCoNMOTHYIO HOPMHMPOBKY BceX mpoueccoB Ha LEP. Teoperuueckomy
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pacdery ceueHus npouecca BPMVY c yuseroM skcnepHMeHTanbHBIX YCIOBHHA H
rapaHTHPOBaHHOMH TOYHOCTHIO

Ao-theor
— < 0,1% ¢))

M MOCBSLIEH HacTOSIWHKH 0630p.

IMoaxonst k Tcopemqecxdmy onucanuo cedyeHuss BPMY MoxHo ycnosHo
pa3buTh Ha iBa HampasieHns. [lepBoe CB3aHO C TOYHBIM Y4ETOM PATHALIHOHHBIX
nonpaBok (PIT) B Hu3meM nopsiake teopun BosmywieHuit (TB) u ucnosnszo-
BaHHeM npHOIuxeHHbIX GopMyn A ydyera BKJIAHOB BeICIUMX mopsakoB TB.
INpuyeM B pacuerax Ce4eHHil HEYNPYruX NPOLECCOB OCHOBHYIO POJIb UIPalOT Me-
Toabl MonTe-Kapno 15 nonyueHus YHCIEHHBIX Pe3y/bTaTOB C YYETOM KOHKpPET-
HBIX 3KCIEPUMEHTAIbHBIX YCJIOBHH. DTOT NOAXOA IIHPOKO OCBEILEH B JIMTEpaTy-
pe. Hanbonee npomBUHYTHIMH B JaHHOM HArpaBICHHU ABJISIOTCS paGOThI TPYIIIIbI
C.Snaxa [2,3], ocHOBaHHbIe HAa NPUMEHEHUH NPOLENYPhl SKCIIOHEHLMALKWH TPH
yueTe IJIaBHBIX BKJIaOB BhICIIMX mopsakoB TB npumenurensHo k audde-
PEHLMANIBHBIM CeYeHHIM. IMEHHO Ha pe3ynpTarax 3Toil rpymmnbi OpUla OCHOBaHA
obpabotka manueix Ha LEP I B nepuon, Korma TO4YHOCTh 9KCIIEPUMEHTA HE Mpe-
soitania 0,25%, T.e. o 1991 r. B Hactosiliee BpeMs TOYHOCTh IKCIIEPUMEHTA
yBENMYWIACh MO KpaifHell Mepe B 4YeThlpe pa3a, U MO3ITOMY TpeOOBaHUS K TOY-
HOCTH TEOPETHYECKOro0 pacuera CTAaHOBATCS HacyluHbiMH. Ilpu 3TOM Hcnosns3o-
BaHWe npubamxkeHHbIX hopMyn THNa HopMysT SKCIOHEHLMALUH, KOTOPBIE TOJb-
KO B YaCTHOM ciyyae comiacylorcs ¢ Gosnee oOMIMM MOZXONOM CTPYKTYPHBIX
tyHK1Mii, He obecrieyHBaeT HYXHOH TOYHOCTH.

BTopeiM noaxomoM [4], omucaHMI0O KOTOPOrO B OCHOBHOM :H yAessercs
BHUMaHHE HHXe, SBIAETCH AHATMTHYECKOE BBIYHCIIEHHE HEBEAYLIMX BKJIALOB
BIJIOTH A0 BTOoporo nopsigka TB. IpeumyuiectsoM aToro nmogxona sBaseTcs BO3-
MOXHOCTbh TOYHOTO BBIYHCICHHS HEJIUIHPYIOINUX BKiIagoB. Hemocratkom — He-
06XOIMMOCTh HE3aBHCHMOTO pacierTa BKJIANOB HEYHPYrHX [POLECCOB IPH HU3Me-
HEHHMH TOCTAHOBKH OMBITA — YC/IOBHI JETEKTHPOBAaHUS KOHEYHbIX yacTuil. bes-
YCJIOBHBIM MPEUMYIUECTBOM IIEPBOrO MOAXOAA ABJSETCS HCIIONb30BaHHE METOAA
Monte-Kapno B mo6bIX 1OCTAaHOBKAX OMbITA, TOTAA KaK €0 HEJOCTATKOM SABJIS-
€TCs OTCYTCTBHE TOYHOrO Y4Ye€Ta HEeJHIHPYIOLIHX BKJIAgOB.

B pa6orax rpynn Hukposuuu [5] u Kaddo [6] ocywecrnsercs cuntes
TOYHBIX PE3YJIbTATOB, H3BECTHHIX B NEPBHIX nopsaakax TB ¢ TexHukoii cTpykTyp-
Heix ynkuuil. Hcnonedyerca wnTerpupopande no merogy Mownrte-Kapno co
B3BEIICHHBIMH COOBITHAMH TaK, YTOOBI KaK MOXHO TOYHEE Y4€CTb YCIOBHS OIlbi-
~ 1a. CrienManbHas TEXHHKA MPHUMEHSETCS VISl CIIAXUBAHUS MHKOBOCTEN I1OAbIH-
TErpaIbHOrO BbhIpaXeHHsA. IIpH STOM TakXe HeIMOMPYIOLIHE BKJIAAbl BBHICIUMX
MOPAAKOB TOJIBKO OLIEHHBAIOTCSI.

Ceyenue npouecca BPMY paccuursiBaercs B pamkax CM, npudeM OCHOB-
Hbl€ BKJIaJibl MOJTyYaAlOTCS U3 TEOPHH BO3MYLICHHWH KBAaHTOBOH 3/IEKTPOAHHAMHMKHU
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(K3]1), a cobcTBEHHO BKIampl, MNPOUCXOMALLME TPU YYETE THAXKEJBIX BEKTOPHBIX
Z- n W-6030HOB, OKa3blBa€TCH, JOCTATOUHO YYECTh TONBKO B GOPHOBCKOM
npubnuxenuu. Hapagy c mpoueccom ynpyroro paccesHus (C yyeTOM Hejle-

TEKTHPYEMBIX Ha OMbITe MA2KUX GOTOHOB U € ¢ -nap), HeOGXOANMO NPUHMMATH
BO BHHMAaHME TAKXE€ W pa3MyHble HEYNpyrie NMpoUEcChl: HW3IydeHHe JOMOJIHU-
TEJILHOrO XECTKOro (poToHa, ABYX XECTKHX (POTOHOB, 06pa3oBaHME XECTKHUX
BJIEKTPOH-TIO3UTPOHHBIX Nap u T.4. Judbepeninanstbie ceueHust ITUX npouec-
COB JOJIXHBI ObITE MTPOMHTErPUPOBaHbl NO (hAa30BOMY NPOCTPAHCTBY W3JIyYeHHbIX
IONOJIHUTE/IbHBIX YACTHL C OFPAaHUYEHUSAMH, COOTBETCTBYIOLIMMHU PEATBHBIM 3KC-
NEPUMEHTAIbHBIM YCJIOBHSAM.

Ilpouecc BPMY, kak ‘1 mo60ii npouecc npH BHICOKUX YHEPTHSIX C JETKHMH
3apsaXEHHBIMU (hbepMHOHaMH, UMEET OTHOCHTENIBLHO GONbILHe, NOPAIKA HECKOJIb-
KHX NPOLIEHTOB, padHauvoHHble nonpasku KOJ-npoucxoxuenus.

[Tonuepkuem, yto nockonsky npouenypa Buiuutanus KDIO-sddekros 1pu-
MEHSETCH K IKCMEePUMEHTANIBHBIM BEIHYNHAM, TO BCE HEONPEAENEHHOCTH BbIYHC-
Jenns KDl nenocpeacTBEHHO CTAaHOBSTCH MX CHCTEMATHUYECKMMH onbGKkamu. B
cilyyae HelaBHMX 3KcrnepuMmeHToB Ha LEP K3Jl-koMnoHeHTa cHCTEMaTHUECKHUX
9KCMEPHMEHTaAIbHBIX OWMOOK B OlpeneseHHH CBETUMOCTH Oblna Takas Xe, Kak
M annapaTypHas cucTemaruueckas oiiubka.

Ecnu KB]I neonpenesieHHOCTh TaK BaxHa, TO BO3HMKAET BOIPOC — OTKYyla
OHAa NPOHUCXOAMT U Kak ee yMeHbluHTh. Crnenys aBtropam pabothi [3], Mbl Bbi-
IOeAUM [Ba PaBHO BaxHbIX ee Hcroka. [lepBblii — mexHuueckaa mounocme
OWHOKH B uMCNIEHHbIX NpUbIHXEeHHsX, nporpaMMHble 3¢dekTsl CaydaiHbix
yuces. Bropoit — sgdexThl BhICIUMX NOPSAKOB, HOBOH (PU3KKH W T.I., HEJIMAHU-
pylolMe BKnaibl, 3T0 — uiuueckas mourocms. MNonnas KB[l-Heonpenenen-
HOCTb €CTh CyMMa (B KBaJpaTypax) TEXHHYECKOH U (PU3MUYECKOH TOYHOCTEIA.

s OLEHKH TEXHHYECKOH TOUHOCTH BBLIYMCACHHS TIPOBOIATCH Pa3HbIMH
cnocobamu, HanNpUMep, C HCMONIb30BaHHEM [IBYX pasHbIX nporpamMm Monte-Kap-
JI0, 3aT€M MPOM3BOAMTCA CPaBHEHHE M NPHKJIAAbIBAIOTCS YCHJIMS JUTS YMEHblLe-
Hus ownbku. I'pynna Snaxa nobusaercs 3gech TexHHyeckoi omwnbku 0,02%.

HUctounuk du3nueckoii omnbxn — suiurcnerue 3¢ekTOB BLICIIHX MOPAL-
xoB TB u ouenka orbpacbiBaeMbix wieHoB. Hano oTMeTHTD, YTO HafeXHas OLEH-
Ka TEXHUYECKOH U (PU3NUECKOH TOYHOCTH HE MeHee TPYHOEeMKa, YeM CaMO MX
BbIUMCJICHHE.

ENMHCTBEHHBIM NyTeM JOCTHXEHHs (PHU3MYECKO TOYHOCTH B BBHIYHCIIEHHH
a(phexTOB BHICUINX NOPSNKOB ABNAETCS SABHOE ONpENETIEHHE CIIAraeMbiX, KOTO-
pIMH OOBIYHO npeHeOperaloT. UMeHHO 9TOT MyTh H HCMONb3YET MOAXOA, CO30aH-
Hblil B paboTax ¢ yuacTHeM aBTOpOB. YTO Xe KacaeTcs noaxoma rpynnsl Slnaxa,
TO OHU HAXOAAT BEPXHIOW FPaHULy AN Mansx Bknanos. Ha stom myru yacto
NPUXOAUTCS Pa3sBHBATh CBOM BHIYHCIIMTENIBHBIE METOIBI M CO3[aBaTh HOBBIE MPOT-
pammbl Monre-Kapno. Tem He MeHee B ux paGorax Gbiia 0CTaBjleHa K pelleHa



BABA-PACCEAAHHME HA MAJIBIE YTTIbl 1251

3a7aua yMeHblueHus HeonpegenenHocTedl 10 0,25%. D10 OblIO JAOCTUIHYTO CO-
yeTaHHeM MONYaHATUTHYECKUX BHIUMCIEHHIl M HOBbIX mporpamm MonTe-Kapiio,
B KOTOpPOM pe3yJbTaT MepBOro nmnopsaka TB  BOCHPOM3BOAMICH TOUYHO.
Briuncienne BTOPOro nopsiaka Obi1o akTHMYECKH CBEAEHO K YYETY BEAylIHX

\
cnaraemMblx BUAa (a/n)sz, rae L ects T.H. Gomwon norapucm, L=1In (tO/m:),

W 1, — KBapaT XapaKTepHOTO MNEpesaHloro HMIylbca (L =15 s ycuosiit

LEP), U oueHKe HEJWIMPYILUUX BKIAIOB BHIA (O(/ﬂ:)zL M BKJIAIA npouecca
o6paszosaius nap. Tak, As HEJMAMPYIOLMX BKIALOB OT Hiydelns HoTonos
neonpenenedtocts cocrasuna 0,2%, ot obpazosanns nap 0,1%. TlpuniuMas Bo
BHMMaHHE TaKXe HEONpeuesicHHOCTh, BHOCHMYIO HOJAPH3alHE BakyyMa alupo-
namu 0,08%, W TeXHHYECKYI0 HEONpeueeHHOCTh, ObUIO HONyHEHO 3HaueHue
NOAHO# TeopeTHyeckoi neonpenenentoctu 0,25%.

HeckosbKo cnos o npouegype akcnonenunauni Henn — ®payun — Cyypa
(UDC) [7], unTeHCHBIIO HCnoNb3yeMoi rpyinoi Suaaxa. Ona noupobno oncana
B pabore [3] (cM. ccbikyW B Hei). ABTOpaMK 110CTPOEHA HEKOTOPad CHHTETHYe-
ckas dopmyna (cMm. (2) B [3]) wis onmcanus uiydenns GoOTOHOB (BHPTYIbHbIX
u peanbhbix). Ona npencrabnser coboil HPOHNTEIPHPOBAHHOE 110 COCTOSHHSIM
KOleuHbix (PEPMHOHOB (C YUETOM 3KCHEPHMEHTAIbHBIX OI'paliHyeHHii) HpoH3Be-
nenue u3sectnoro muoxutesis HPC, onuchIBaOILEro HijlyueHie BHPTYUIbHbIX U
MATKUX (C 9Heprueii, He HpeBblWaoued HeKOTOporo 3navennd Q) Goronos, u
6ecKOHEYHOH CYMMbI 110 YHCIY HIyYeHibix peaiblibiX (HOTOHOB (C 2HEpIHeN,
Gosibiied €)) HeKOTOpPOil KOMOMHAUMM MHOKHTENEH CONPOBOXIAIOWEIO H3IYy-
yelHs C BECOBBIMH MHOXHTESMH, 11Pasuibto Bocnpoussonsuiumu PIT nepsoro
nopsiaka TB. C nomoutsio MeTonos Moute-Kapiio ara dhopmysia ucciiefoBanach
ABTOpPaMH Ha HE3aBHCHMOCTb OT BbIOOpa napamerpa €2, Ha COOTBETCTBHE OUHO-
NieT/IeBbIM pacueTaM M BbIUUCIIEHUSAM CedeHHH HEYNPYIHX HIPOLIECCOB, 1POBEIEl-
usix rpynnoii CALCUL [8], u BnocnenctsuM sBWjach OCHOBOH B pacuere
¢hu3nyeckux HeonpegenetHocreir KB]I.

Y Hac Her cOMHeHHil, YTO TaKOil NOAXOM 1IPaBU/ILHO OITUCHIBAET MOINPaBKH
NepBOro NOPSIKa H SBISETCA XOPOLIEH MOIEJIbIO i YYETa BbICIIMX MOPAAKOB
TB, no kpaiiteii Mepe B BenyuieM npubnuxennn. OnHako cienaem cleaynuime
3amMe4aHus. ABTOpB! He MPOBE/IH CPaBHEHHs C TOUHBIMM pe3yJibTaTaMu /IS KaHa-
JIOB IBOMHOrO TOPMO3HOIO M3/yYeHMs M POXIEHMS NMap Ha Maible YIJibl, NOjy-
yeHHbIMH B cepud pabot 70-x rogoB [9], rue, B 4aCTHOCTH, OTMEYAIOCh, YTO
npubIHXeHHEe MHOXHTENSIMH CONPOBOXAAKLLErO H3y4eHHs ABJISETCA NOBOJIbLHO
rpy6bIM 1Sl Criyuast H3lydeHHs KeCTKHX (POTOHOB, U NpHBedeHbl TOUHbIEe HOpMy-
abl. Bropoe 3ameuanue Kacaetcs npumereHus teopembl Kunoumter — JIn —
Hayen6epra. Ona rapaHTHpyeT COKpallleHWe JIMIHPYIOLNWX BKJIafnoB BUPTyalb-
upix PI1 v BK1aZOB, MPOMCXOAALUMX OT yyeTa XKecTKHX (hOTOHOB, PU MHTETPHU-
pPOBaHMM MO BCEMY CHEKTPY, TOTAA KaK Ha OMbITe Ha 3HEPTUH KOHEYHBIX YaCTHIL
HaKJI1aZpIBaETCst HEKOTOPOE OrpaHuyeHue. TpeTbe 3aMedyaHHe Kacaercd npolecca
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pOXaeHUs JeTKUX (hepMHOHHBIX T1ap, KOTOPbiH HE ONUCHIBAETCS MONOOGHBIMU
¢opmynamMu, ¥ B nydineM cly4ae OH ONHCHIBAICS aBTOpaMu B NPHOIHXEHHH
CTpyKTYpHbIX (pynkumit. Ham nonxon k ydyery ¢usuueckux neonpedenennocmeii,
AeTanbHO MPEACTABACHHBIH HUXE, CBONUTCS K MX SBHOMY BHIYUCIEHHI. [Ipuuem

2
MBI BBIYHCIIIEM HENMOMPYIOLIME BKJamsl nopsaxa (0 /m)°L Kak OT mpoLeccoB
u3jiydeHHs (OTOHOB, TaK U OT MpoLeccoB o0pa3oBaHus nap.
Cneunduika Manbix yrJoB NpegoCTaBIsSET HEKOTOpPblE MPEMMYLIECTBA MpPH

nposefeHuu pacyeroB. Tak, ciaraemsle nopsaka 62 =4t /s npu pacuere
BHICIIMX MopsiakoB TB, Kak Mpasuiio, MOryT GbTh ONYIUEHBI, XOTS MX y4YeT He-
obxonum B 60pHOBCKOM NpuOnMXeHun. B wacTHocTH, B Criyyae paccesHus Ha
Majible YLl MOSABJISETCS BO3MOXHOCTh NpeHeOpeub LiesbiM KJIACCOM MOTpPaBoK,
NPOUCXOASIUMX BCJIEACTBHE TAK Ha3biBAEMOMH «gepx-HU3»-unmeppepenyuu.

Mbi uMeeM B BHAY MPONOPLHOHATBHYIO 92((1/11:)'” (n=1,2) BennuuHy BKJIa-
Ia B NONPaBKY K CEYEHHUIO, NPOHCXONAILYIO 33 CYET MHTep(epEHLIMH aMILTUTYA,
OMHCHIBAIOIHMX H3TyYeHUE pealbHbIX (POTOHOB H Map BHOJIb HanpaBlIEHMi anek-
TPOHHOTO M MO3MTPOHHOTO HAYAIbHBIX MYYKOB. AHATOTHYHOE SBJIEHHE HMEeT
MECTO NPH yyeTe 0OMeHa HECKOIBKMMU (POTOHAMHU B {-KaHasIe B ClIydae YNpyroro
paccesHus, II€ HWMEET MECTO 0000ujeHHOe JIKOHANbHOe npedcmasaenue s
aMmnTynbl. ToyHas aMIIMTyda NMpouecca ¢ y4eToM MHOTO(OTOHHBIX OOMEHOB
OT/IMYAETCA OT aMIUIHTYAbl B GOPHOBCKOM MpHOAHXeHnH (Pa3oBbIM MHOXHTEIEM
exp {i ¢} u Hamuunem copmcakrtopos [10]:

AW = A (T @) O ( 1+0 ( u N

Huxe paccuMTanpl BKJIanbl B pafiHallMOHHYI0 MOMPaBKy nopsaxa (O /T) co
CTENEHHOMH TOYHOCTHIO (T.€. npeHeGperas uieHaMH NOpsaKa (9(m2 / |¢] ), a Tak-

Ke BKJIagel nopsgka (o/ 1t)2 B jorapuMuUyeckoM npubnuxenuu (T.e.
yAepXuBasi TOJNbKO CllaraeMble, copepxaiue Oonbiroi sorapugm L). Ipu stom
Mbl yOEIWINCh B CNIPABEIIMBOCTH NMAPTOHHOTO NpeACTaBieHus (PEACTABICHUS B
BUlle ceveHus npouecca tuna Jpeiuta — SIHa) mnsg ceyenus npouecca BPMY s
[JIABHOM JIOTaPUMHUYECKOM NpUONTMKEHHH (NPH yAepXaHUM TONBKO MOMPAaBOK
~ (oL /m)"). Kpome Toro, Henuaupyiowue BKIamsl nopsmka (o/m) u (o / 11:)2L
nojy4eHsl siBHO. X Bui He MoXeT GBITh YCTAHOBJICH C MOMOWIBIO POPManH3Ma
PEHOPMANH3ALMOHHOM TPYNIbI, ONpPeXeNsOEeH BUI CeYeHUs B IJIaBHOM JIOTa-
pucMHIeCKOM NPHOTHXEHHH.

[Tonpasku, npoucXofsipe 3a CHET MITYYCHHS BUPTYATIbHBIX M PeaibHbIX
JIEKTPOH-TMIO3UTPOHHBIX AP, TAKXKE JOJIXKHBI ObITh yuTeHBl ¢ TpeGyeMOil TOYHO-
CThI0. 3€Ch MbI CHOBa OOHAapyXHBaeM, UTO JIMAMPYIOLIME BKJIaabl ~(0cL/1c)2
COMIacyIOTCA C NAPTOHHBIM NPEJCTaBIEHUEM, a HEJHIAMPYIOIHE BKJIANbI JOJIXKHbI
NPUHUMATBCS BO BHHUMAaHWE MPH OLEHKE rapaHTUpyeMoil TouHocTH. Boobuie
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JMAKPYIOINME BKJIAbl B CEYEHHE MOTYT ObITh MONYYEHH! B paMKax NpUOINXeHHs
pEeHOpMaJIM3aHMOHHOMN rpyIbl MyTeM HWTepauuu ypaBHeHui Jinnarosa [11—14]
(cM. npunoxenue 7).

3HaHHe NEPEYHCIIEHHbIX BKJIAAOB HO3BOJAECT rapaHTHpOBaTh TOYHOCTb Bbl-
YHCNEHUA pagnalMOHHBIX NMOApaBoK K audepeHuHanbHOMY ceueHuio B 6op-
HOBCKOM npubiuXeHnu do:

dc=d00(1+8), 6=8 .+ +A8, A8<0,1%, (2)

lead nonlead

e 8, ., 0603HauaeT BKJAl MABHOTO NOTapuMHUECKOro npubanxenus, a

honlead — BK/1all C/IENYIOLIETO 3 JIMAUPYIOLINM JIOTapuMH4ECKOro npubiu-

xeHus (next-to-leading). INorpewsocts AS coluepXkHUT He NPUHHMaEMble HaMH
B pacyeT BKjalbl THNA

2 3 2,2
@y, (%) %er MR
T n R [¢]

MBI TakXe He y4MTbIBaeM BKJIallbl BBICLIMX MOPSAAKOB 3a cyeT obpasoBanus
nap TSXeJbiX YacTHU (ITHOHOB, MIOOHOB M T.1., CM. pa3i.8).

HanomHuM, yem Xe BaXHO TOYHOE M3MEPEHHE CBETHMOCTH M CEYEHHH s
NPEeLUn3HOHHON MpPOBEpKH cTanmapTHOW Mouesid. H3BecTHo, uTO H3MepeHue
HEBHAMMBIX KaHanos pacnana Z-6030Ha, napaMeTpH30BaHHOE Yepe3 YMCIO COp-
TOB HEHTPHUHO N, , HEMOCPEACTBEHHO 3aBUCHT OT NOIPEUIHOCTH M3MEpEHHUs CBe-

tumocTtH 8L /L . Tak Kak N,no,

(MZ) BecbMa cnabo 3aBucaT ot geranei CM,
t -
B 4aCTHOCTH, OT Macc XMITc-6030Ha W TON-KBapka, TO 3aMeTHoe OTMuKe N, OT

3 6bU10 6Bl CHIHAIOM HOG0I u3uku, we yknanwiBaoueiica 8 CM. Bennuuna
8L /L TaKkxe HENOCPENCTBEHHO BJIMAET HA TOYHOCTh M3MEPEHHH BNEKTPOH-
NO3HTPOHHOI# WUPHHBI Z-6030Ha #, CNEA0BATENbHO, HA TOYHOCTb W3MEPEHHUS YI-
n1a 3AeKTpocnaboro cMelMBaHHs.

B pa3n.2 Mbl o6cyxmaeM MOCTaHOBKY ONbITA C CHMMETPHYHO PacHOJIOXEH-
HbIMM KOJIbLIEBBIMH JETEKTOpaMyu Mainoit aneptypbl. Tam Mbl MPHBOAMM TaKXe
M3BECTHBIE Pe3yNbTaThl Wi cedeHus B GOpHOBCKOM NPHOMHXEHHH, BBIYHCIIEH-
Hbie B paMkax CM. B pasn.3 paccmarpusaetcst paiHallHOHHasi MOMpPaBKa 3a CYeT
H3JIyYECHHA OMHOIO PEabHOTO WiM BHpTyanbHoro torona. B pasn.4,5 Boiumc-

JIAIOTCS pafHallMOHHBIE TIONPaBKH B MOPSIAKE o 3a cuer U3yYyeHus OByx ¢orto-
HOB (p€anbHbIX HJIM BHPTYalbHBIX) M 332 CYET POXAEHHS BJIEKTPOH-NO3UTPOHHOM
napsbl (peajibHO# WIM BUPTYalbHOIl) COOTBETCTBEHHO. BKilan nuaupylowmx cna-

3
raembix Buaa (0L /)" npuBomuTcs B pasn.6. B pasn.7 paccMaTpuBaeTcs Tak Ha-
3bIBaEMasl KAOPUMEMPUHECKAA NOCMAHOSKA onsima. B pa3n.8 Mbl npoBogum
aHanu3 oTOpPachIBAEMBIX CNIATaEMBIX W TOYHOCTH BbIYMC/IEHMIA. B 3aKimouenue na-
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€TC YHC/IEHHbIH aHaJu3 pe3ylnbTaToB M HUX obcyxknenue. B npuioXeHHsSX Mbl
MPUBOAHM BHIBOA C NOMOIIBI0 TexHHKH Cynakosa CeYeHHs ONHOKPATHOIO TOp-
MO3HOTO M3/TyYEHUs; AeTald BBIYUCIEHUI BUPTYIBHBIX MONPABOK K OQHOKpAT-
HOMY TOPMO3HOMY H3MYYEHHIO; BBHIUHCIIEHHE BKJIafa INOJYKOJUIMHEAPHOH KHHe-
MaTMKd B JBOWHOM TOPMO3HOM H3/y4eHHH; COKpalleHHe A-3aBUCUMOCTH B
HENMAMPYIOIIMX BKJIaAax; NpeIcTaBlieHHE JMIUPYIOIIHX BKJIaNOB B TEPMUHAX
CTPYKTYPHBIX (hDYHKLMH; aHamM3 clydas HECHMMMETPHYHBIX AETEKTOPOB; HTe-
pauio ypaBHenuit JInnarosa.

2. TIOCTAHOBKA 3AJJAYH B CEYEHHE
B BOPHOBCKOM HNPHBINXKEHUU

M1 GyneM paccMarpuBarh peakiuio

€ PP+e(py) > e(g)+e (@) +ny)+(ee) 3)

B MHKJIIO3MBHOI NOCTAaHOBKe, T.e. Kak 6aba-coGbiTHe paccMaTpuBaeTcs OIHO-
BpEMEHHAs perucTpauus ABYMs APOTHBOMOJIOXHBIMU AETEKTOPaMH 3JIEKTPOHA
v no3urpona. PaccMaTpuBaercs Auana3oH dHEprHii, XapakTepHBId I YCTaHO-
Bok LEP I u LEP II: 2e=vVs =90+200 I'sB, ¢ — SHEPrusl HayajIbHOM
4aCTHLbl B CUCTeMe LeHTpa Macc. [Ipu o6o6uwieHHH pe3ynbTaToB Ha IOpyrue
AMana3oHel 3Hepruit OymeT HeoOXOOMM [OMOJHMUTESbHBIA aHAIM3 BKJaga
orGpacbiBaeMbIX HaMH ciiaraeMsix. Ha yriiel paccesHust HaKJIaIHBAIOTCS ClIEMy-
011HE 9KCIEPUMEHTATIbHBIE OrPaHUYEHHU !

NN N\
91<6_=p1q159<93, 9, < 6+=p2q2<64, 00l< 6,<0,1pan, (4

e p;, q; (P, 4,) — MMIYJIbChl HA4aIBHOIO H PAcCEHHOIO BNIEKTPOHa (ro-

3UTpoHa). B paccMmaTprHBaeMOM HaMH Cllydae CHMMETPHYHBIX KOJIBLEBBIX [e-
TEKTOPOB MBI HMEEM 91 =0, u 0, =0, Ilpn aHanuse HaGnomaeMbix coObITHI

HAKJTa[lblBAETCs JOMONIHUTENBHOE YC/TOBME HA SHEPTUHU JETEKTHPYEMBIX YacTHLL:
0
< _ip )
TR <X %277
X| M X, — NONH SHEPrUM KOHEYHBIX DMEKTPOHA U MO3UTPOHA, X — Mapamerp,
BbIOHpaeMblil IIpH aHAIN3E IKCIIEPHMEHTAIBHBIX aaHHbIX (0 < x_<1). INox skc-

NEPUMEHTANIBHO HaﬁHlOB,aeMblM CCYCHHEM GCXP Mbl [TOHUMAEM CEYEHHE Mpouec-

ca (3), NpOMHTErpUPOBAHHOE B 3a[aHHOM JHANa30He YIJIOB C Y4ETOM YCJIOBHS
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(5). Ha npaxkTuike BO3MOXHbBI TakXe W JpYyrie MOCTAHOBKH 9KCIEPHUMEHTA.
Hampumep, B Tak Ha3biBaeMOH KaJIOpMMETPUUYECKOH MOCTAaHOBKE, KoTopas Oy-
get o0cyxnarbcs B pa3n.7, Ipy OZHOBPEMEHHOM MONAfaHUU B Maiyl obnacTsk
HeTeKkTopa ABYX Wiu Oojee yacTui OHHM OymyT perMcTpuUpoBaThcs Kak OJHa
yacTHUA C SHEpruel, paBHON CymMMe 3Hepruil Bcex 4YacTul, oOpa3oBaBLIMX
knacmep. B cBOMX pacyeTax MBI CUMTAEM, UYTO JNETEKTOP Pa3UYaET 3apaXKeH-
Hble M HEHTpalbHBIE YaCTHILBI, B NPOTHBHOM Cllyyae HeOOXOIUMO y4MTHIBATh
BO3MOXHOCTh COOBITHEH, KOrga ofHy uik 06e 3apsKeHHble KOHEYHbIE YaCTHIbI
umuTupyoT ¢otoHsl. B moboM cnyuyae mpenaraeMas HaMM CXeMa BblYMCIIE-
Huit PI1 nonyckaer moauduKalui, COOTBETCTBYIOLIHE BECbMa IMPOKOMY Kjac-
Cy 3KCMEepUMEHTAIIBHBIX CHTYyaLMid.

B paccMmatpuBaeMOM guana3oHe MalblX YIJIOB PacCesHHs Mbl MOXEM pasfa-
rath BBIpAXEHHE /ISl CEYeHHs B psij MO CTeNeHsAM yrjia paccesuus. [nasHblii

Bkyiag B auddepeHumanibHoe ceyeHue do / de? MPOHCXOIUT 3a CYET JHArpaMMbl
¢ onHOOTOHHBIM OGMEHOM B t-KaHajle. DTOT BKJIa# HMEET CHHIY/ISPHOCTb o~
nipu 8 — 0. OueHNM BEJTMYUHY NONPABKH OTHOCUTEIBHOIO NOPsAKa 6% k ykasan-
HoMy BKJiany. Ecnu

do

P 0741 +¢,0%), (6)

TO MOC/IE WHTETPUPOBAHHUSA MO 6% 8 npegpenax (4) Mbl NONTYYHUM

=]
W

93
[ 22 a6>~ 67| 14c,02m— |.
o do S v

—_t

Tpu 8, =50 mpan u 6, =150 Mpan OTHOCHTENbHBIH BK/IaJl PaCCMATPUBAEMO#
nonpaBky Oyner umers Nopsuox 2,5 - 10”301. CienoBaTenpHO, CllaraeMble OT-

HOCHTEJIPHOTO MOpsAAKa 6% nomKHE yAepXKuBaThCS TOJNBKO NpH pabore B Gop-
HOBCKOM npubnukeHuH, rie ¢, He Man. B Gonee BRICOKMX MOpsKax TEOPUH

BO3MyILEHU KOIDHLHMEHT ¢, CONEPXHT Maiblil akTop O/ T, YTO HO3BONSAET

otGpachiBaTh Takue BKJaAbl. DTO O3HAYaeT, YTO B paccMaTpHMBacMOM AMANaso-
HE YIJIOB NPU 3aJaHHOi TOYHOCTH pajdalyOHHBIE TTONPABKU BO3HUKAKT TOMb-
KO 3a cyeT (peHHMAHOBCKHX OUarpamMM paccewBaresapHOro tumna. bonee Toro,
MBI JOJIXHBI paccMaTpusars npu pacuere PIT Tonbko BKJIafel auarpamm c 06-
MEHOM OIHHM (POTOHOM B f-KaHayle BCieacTBHe 0600LIeHHOTO 3HKOHAIBHOro
npeactasneHus [10].

[IpuHKUMas BO BHHUMaHHE TO, UTO MHHUMAaIbHOE 3HaUYE€HUE MOAYMS KBaapaTa

NepefaHHOr0 MMITYNbCa Itl =Q2=2€2(1 —cos ) nopsiaka 1 F3B2, Mbl Oynem
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npenebperars, He BbIXOAS 3a TpeOyeMyl0 TOYHOCTb, CIaraéMbIMH, NPOMOPLHO-
2
HIbHBIMU m” / Q2 (m —mwmacca sneKTpoHa), a TakXkKe aHATOTHYHBIMHM Cjarae-
2 2
MBIMH, BO3HHMKaOWMMHU npu pacuere PII, Tuna mu/Q .

Ceuenue 6aba-paccesnins B 60pHOBCKOM Npubixennn B pamkax CM xopo-
1o u3BectHo [15]: »

do® _o?

2
10 =g 4B+ —c)’B, + (1 +c)’B,), @)

rae
2
B=(2) T @@l B=le@-gdal?

B3=%’ I%%Hgﬁga)z(%g"“xj‘ 2'” +(8,-8,) [:§+XN2,

As N

= 2. , = 2’
s—MZ+1MZrZ t—MZ

GpM; 1 1 2
T—* (Sln29) ga=—'2‘, gv=—5(1—4sm Gw),

1
s=(+p) =4’ 1=-0°=(p,-q)’=-7s(1-0)

¢c=¢os 6, 9=p/l\q].

3neck 6 — yron BaiinGepra. B npenese mansix yrios, panaras (7), Mbl nony-
yaem '

do’ smo’( 8 9 4 <
640 ~ g2 2 Y407 * Oweak |-

rae € =\/s—/2 — Havya/ibHad HEeprus anekTpona (nosutpona) 8 CLIM. ITonpas-
Ka Sweak CBsi3aHa C BKJIQ[IOM AMarpaMM, YYMTHIBAOLIHX 06MeH Z-6030HOM, OHa

MOXeT ObITb 3amucaHa B BUIC

4
8, u = 28° E..——(g +g)Rex+ (g + g4+ 6g g)|x|2. (8)
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U3 BripaxeHus (8) MOXHO BMIETH, YTO COOTBETCTBYIOIUUH BKJIaJ c‘I" B KO-

appuuuenT c,, BeenenHblil B (6), naetcs Qopmyoit

2 2 4 4 2 2 2
W g2 (g, +8) M, (gv+ga+6gvga)ﬁllN1 9
S8, 4 T TV 32 rz = ®)
z z

CoriiacHO M3JI0XXEHHBIM Bbille COOOpaXeHHUsM, 5TO 03HAYaeT, YTO Ha GOPHOB-
CKOM ypoBHe BKjian Z-6030HHOro o6meHa He npesbiaeT 0,3%. Cnenosaresnib-
HO, IMarpaMMBbl C PagHallHOHHBIMH TONMpPaBKaMH, y4HTbIBalomue obmeH Z-60-
30HOM, MOryr ObiThb OTOpOIUEHBI, T.K. OHM HAIOT BKJIaj, HEe NPEBbIILAIOIHUNI
0,01%.

‘3. PAIUAIIHOHHBIE ITIONPABKH NOPAIKA O(a)
K BABA-PACCEAHHUIO

PaccMOTpuM CHavyana MOMPaBKM 3a CYET M3NYYEHHS OJHOTO BHPTYaIBHOTO
win msrkoro ¢otona. B ciyyae uncToil snekTpoaMHaMuku ogHonemiesbie PIT k
cedeHHIo mpouecca 6aba-paccesHus ObUTM pacCUHTaHBI MHOTrO JieT Hasan [16].
ITpuHuMas BO BHHMaHUe BKJIaN 3a CYET HITyYeHUS Mrkoro (hOTOHA C 3Hepruei,
MEeHbLIeH HEKOTOPOro MAIOro KOHEYHOro 3HaueHus A€, pacCMaTpHBAEMYI0 OJHO-
TMETJIEBYIO MONPaBKY MOXHO NPEACTABUTH B BUIE:

i

do'l) do®
ED _ ED
o E T B 4B, 10)

rae dogED — OGopHoBckoe ceyenue B cinyuae unctod KDJ (oHo paBHO do®?

npu g, =g,=0),

oo 4¢? 0 £
Svm+580ft=2;[2[1—ln[FJ+21n(ctg5J]an£+

sinzg
2 11, ( 4€?
+ ——ln(l—x)——+—ln(——%—] +
COS2§ "
2
o 1

4 .3
— ?(20 -3¢ -15¢)+
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+202¢* 334962 + 3¢ +21) lnz(sin%)—

—4(c4+02—20) ln2(cos—e— ]—

[\

—-4(c3+4cz+5c+6)ln2(tggj+

+%(nc3+33c2+21c+ l]l)ln[sing]+

+2(c> =3¢ +7c ~5) ln[cosg]+

+2(3 +32 +3¢+9) 8 - 2(> +30)(1 - ©) Bx].

Besinuuna 611 '(BX) onpenesnsercs 4epes BKJial B OMepaTop MONSPU3ALMH BaKyy-
Ma ¢orona II(r) (I(s)):
]+

Q%=-1=261-0c), §=8(0%—>-5.

In

~

=’Q
Ll B )
O |

2 2
) ln%,
m

3R

U2 | e
Sf—

n(r)_%[8,+

rae

Ms1 ynepxanu TONbKO BeAyllyld YacTh ABYXMETIEBOrO BKJIafa B MONApH3a-
LHOHHBIA oneparop. B CM 51 CONEPXHT BKJIaibl MIOOHOB, T-JlenToHoB, W-60-

30HOB H auponos:
_sH T W H
8,—81 +5: +8t +8,.

[lepsbie Tpu BKJIana MOTYT GbITh PAaCCYUTAHBI TEOPETHUYECKH:

1, 0% 5

SM=—In=-2

r T30 2790

my

2
e 1 Loy et 1, 8 A 4
8:“2vr(1 3”]1“\» 173% g %= Vi o
2
W__l_ 5 VW+1 l 2 11 4mW
8,—4vw(vw-—4)lnv _1—2vw+?, vy= N 1+—>
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Bxnag aJJpOHOB B NOJIApHU3aUHI0 BaKyymMa MOXET GbITh npeacrabBjied B BUUE
HHTErpajia OT 3KCNEPHUMEHTAJIbHO U3MEPEHHOI0 CEYEHHUs BIIEKTPOH-TTO3UTPOL-
HOH aQaHHHUTHJIILUUH B A POHBI:

2t o
L B i C Y
x+Q

B uucnenHelx pacuerax Mbt Hcnonb3yeM napamerpusauuio I'l(f), npeanoxen-
Hywo B pabore [17].
B npenene manbix yrmos paccesiids Mbl MoxeM npeucrasith (10) B BHue

dol), do),
— 2 = (1 - 1)1 + ),
2% g pmii3i2]s %, 4 %g?
6—2n[2(1 Ding+31L 2}+neAe+n9lnA,
3,2, 7
Bo=16! 415118 4(8 9
At 2 6’
A= e [=1In . ln4 (11)

Dt10 IpeACTaBICHHUE Na€T HAM BO3MOXHOCTb ABHO ITPOBEPUTH YTBEPXUCHHE

o ManoctH Bkiaga B PI1 cnaraembix OTHOCHTEIBHOTO NOpsiliKa 0% [puuumas BoO
BHMMaHHe TO, 4TO 6O0sbllMe MO BeIMUMIE CllaraeMble, NPONOpUHOHaIbHbIE In A,
COKpALIAOTCS B CyMMe NpH 100aBeHH BKJIALa 33 CYET WIIydeHHS KECTKOIo
doroHa, MOXHO yOeauTbCs B MaNOCTH BKilana B K0(pdHLMenT ¢, CleayIOLLero

M3 PacCMOTPEHHBbIX OfHOMETEBbIX Mnofnpaeok. Janee Mbl 6yneM cucTeMaTHyeckH
orOpaceiBate BkJanbl B PI1 aHHHrHAAUMOHHBIX AHarpamM, a Takxe AHarpamm c
0b6MeHOM HecKonbKHUMH oToHaMK B f-KaHane. Bropoe cnenyer u3 o606uieHHoro
3iKOHANIBLHOTO NpeCTaB/eHHs, KOTOpOe MPUMEHUMO B Clydae MajlbiX YIIOB pac-
cessuusd. B uacTHOCTH, B ciydae ynpyroro paccesHus Mbl umeem [10]:

, 2
A(s. ) =As, ) F2@)(1 -1y e"*"')[ 140 [ 9‘%— ]] , §>>0%>>m?, (12)

rae Ay(s, 1) — GOpHOBCKAs aMILIUTYAA, F (1) — nnpakosckuil opmdakTop

2 /72 .
anekTpoHa u @(f) =— o In (Q /L") npexncrasnser coboi H3BECTHYIO KYJIOHOS-
ckyl ¢a3sy, A 31ech W fajnee — BCIOMOTaTeNbHbli NapaMeTp, BBEIEHHBI Kak
Macca oToHa. DiKOHanbHOE NpeNCTaBleHHE HapynlaeTcs Ha TPEXHETIEBOM
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YPOBHE, OHAKO COOTBETCTBYIOLIMH BKJIal B CEYEHHE PacCMaTPHBAEMOTO HpoO-

5
Hecca JOCTaTOYHO -Man (~O) U MoxXeT ObiTh OTGpOLIEH; T.e. MBI MOXEM
cuuTaTh 0606LIEHHOE IHKOHANBHOE MpeCTaBIeHHE BEPHBIM B paMKax 3alaH-
HO# TOYHOCTH¥,

Beenem Tenepp Ge3pasMepHylo BenMuHHy X = (Q1 exp) / (41t(x2), rae

le = 5291, a Gy 0603HayaeT IKCnepMMEHTATLHO HabMI0OaeMoe CeueHHe:

2
_ 1 1 ~c 2 1 ~c
E_4na2 G)lj'd qQ, 92x
4+ - +, 1 — L
dole +e —e (q2,x2)+€ (g x)+X}
x b

2 1
q1 dx d°q,
rac xl » q"le 0603Ha‘laIOT JONMHU aﬂepnm H nonepequIe MO OTHOILEHHUIO K OCH

Ha4ya/lbHBIX MMYYKOB COCTAB/IAIOLIME MMITYJIbCOB KOHEUHBIX JIEKTPOHA (MHAEKC
1) v no3urpona (uugekc 2). BenuunnHa X, 3ajlaeT IKCMepUMeHTalbHOe o6pe-

3aHHe MO KBaApaTy WHBAPUAHTHOI MacChl perucTpUpyeMbIX yactul. O6o6uieH-
Hble pyHKUHU @‘; 5 3aJal0T npeensI HHTErPUPOBaHHUs Mo yriam (4):

lqt lqt lay | lq |
1 e) 1 0 =06 - 2 2

6i=0|0,-
1 3 1 4
x| € X, € Xy € Xy €

B cinyyae cumMmeTpuuHOH MO yrmam BblIETa MO3MTPOHA M BJIEKTPOHA MOCTa-
HOBKHM OMbITA MOXHO BBECTH MapameTp p:

[lpeacrasum T Kak CyMMy pacCMaTpHBaeMbIX BKJIALOB:

+ - + ~
L=Z +ZY+E 43¢ 42 y5ee (13)

*B HenasHeii paGote [18] aBTopst 06HApYXHIH HapylleHHEe 0GOGIEHHOrO SHKOHANBHOTO npej-
CTaBNCHHS Ha ABYXMCTIEBOM ypOBHE. Mbl He COMIACHBI C TAKUM YTBEPXICHHEM, TaK KaK MOJyYeHHbIil
B [18] pesynbTar ownGoyen B nudpakpacHom npegene.
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roe 20 o603HauaeT MonuHuHpoBaHHOe GOpHOBCKOE ceueHue, X! gaeT BKJian

u3NyyeHust ogHoro ¢oToHa (pealbHOro WIH BHPTYAIbHOrO), U Tak gaiee. Mpl
MoIuHUHPOBATH NEPBLIN WIEH psija TEOPHH BO3MYLIEHHH, SBHO BBels B HEro
y4eT MOJNISpU3aLMK BaKyyma BHPTyaJlbHOro poTOoHa B f-KaHane:

92
2 2
do §
£,=02 | S (=T e, 43, (14)
eZ
1

rie X, — MonpaBKa 3a CYeT AeKTPOoc/abbix B3aMMOACHCTBHIA:
w 2

2 9
a2 do-
z,=6 | o0 (15)
2

weak’

*]
1

H cJilaraeMoc 29 OTpaXxaeT y4yeT CJIeAYIIHX WIEHOB PA3JIOXKEHNUA 110 CTCIHCHAM

2
0° Tounoro BbIPDAXEHHA U1 CCUYCHHUA B 60pl|0BCK()M llpH()JIH)KCHHHZ

p
>:e=efj'—(1—n(—,zQ2))"2(—%+zefz%]. o 6)
I

Huxe Mbl PacCMOTpHUM OCTaJlblibl€ BKJ1abl B z.

PaCCMOTpHM TENEPb BKJIAA 3a CYET H3NYYEHHS OLHOIO XECTKOIo (1)01'0"3.
3anuiemM nu(bd)epenuua.nbhoe CceyeHHe npouecca OLHOKPATHOI0 TOPMO3HOro

unydeHus npu 6aba-paccesHun uepes 10/1M SHEPIUK X | , M NONIEPEYHbIE COCTAB-

N0 HE UMNYNBCOB KOHEUYHBIX YacTHU B Buae [9] (cMm. npunoxenue 1):

Yo see i 1
doy Y208 [ RGp ey gy) 81 -xy

= +
dod® qydvd’ @y 7 | (g )0 - T Y)Y

R(xy; a7, 4y ) &(1 —x)
(@ D21 - 1= q7 H)°

(1 +O©%), 17

rae

12 2 2
142 B0 -0 20201 — % 4 =)
I'—x dd, 1+ d12d22

R Q) a4y ) =

2 2
d=m"(1-0"+(q - q; )% dy=m’(1-x"+(q}~xq; > (18)
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Bbliie Mbl OnATh MCMONB30BaM MONPABKY 33 CYET MOJNSPHU3AUMH BaKyyMa B
npomnaraTope BUPTyanbHOro (GOTOHA B f-KaHale. BrINONHAS TpUBHANBHOE MHTE-
rpUpOBaHHE MO a3UMYTAIBHOMY Yrity B (17), MBI mOoNyyaeM BKian 3a CueT U3Jy-

H
YEHHUA OOHOIrO XECTKOro CbOTOHa X" B BUAE

1-A 2
o
zH = j dx = F(x, D, Dy; D, D), (19)
rae
D3 Ad
- - X - -
F=J-le _—(l_n(— 2Ql))2{7(al 1/2"-“121/2)—
D, D 2

1 2

4)602 -3/2 2a-3/2]
1+x2 2 '

a,=(z,—z,) +4z2cs2 a,=(z, - x27.2) +4x2z202 o= o2 (l—x)

i

Hpenenbl HHTETpHPOBAHHUA B ClIy4a€ CUMMETPHYHBIX AETEKTOPOB pPaBHBI
D = D,=1, D,=xp’, D,=p> (20)

[Tepenuiuem paccMaTpHBaemblil BKJIX B OKOHYATEIbHOM BHIE (JETATM NpHBE-
JEHbl B NPWIOXEHHH 1):

o t 'x2 p dz 2122
zf=2 T | Sa-ne0hx
x 1

x {[1+©(%p% - DL - 1) + k(x, )},

Y
k(x, 7) = (i "; [1+0(*p" - 2]+ L, +O@p* - 2L, +
+X

+0(z - *p?) Ly, @1
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rme L=In (lez/mz) u

L = x(Z—Q(E 2) (z = )% = 2)
! (x-2)xp*-2) 2" xz(x D p?=2)
L=ln _m&_ -
x-2)(F p*-2)

W3 Beipaxenus (21) BugHO, 4TO zH COHEPXMT BCIIOMOTaTeNnbHbIH napametp A.
DTOT MapameTp COKpallaeTcs, Kak 5TO U AONIXHO ObITh, B CyMMe sr=xH,4

+ZV+S, rae TV+S_ BKJIQJl MAIKHX M BUPTY&IbHBIX (DOTOHOB, 3TOT BKJIaj
nonyyaercs U3 (11). Ind cymMsl nmeem

2
P 1
$1=2 [ &£ | dx(1 = TI(- 2017 { L~ 1) P x
1 2 &
x[1+002p z)]+ k(x 2)- 8(l—x)} @23
rae
1+x2 . 1+x2
p(x)=( T=x ]+=A1:n0{ - Ol -x—-A)+

3 .
+(5+2lnA]8(l—x)} | | 24)

ABJIACTCA U3IBECTHBIM HECCHHIJIETHBIM AXPOM ypaBHeHHif‘l 9BOJIIOILIMH.

4. H3JIYYEHHE ABYX ®OTOHOB
B NPOLIECCE BABA-PACCESHHA

PaccMoTpuM nonpasku 3a cueT uinyuyeHus OTOHOB, KaK peanbHbiX, TaK U
BUpTYyaibHbiX. [IpoaHanu3npyeM cHayana BUPTyalbHbIe ABYXICTAEBbIE ONPaBKH

dcg,z‘), K auddepeHIHansHOMY CEYEHHI0 ynpyroro paccessHus. Mcnons3ys npen-

crapnenue (12) u nernesoe paxioxeHue aupakosckoro ¢opmdakTopa seKkTpo-
Ha

Fi=1+2F0 4 (—1;) FO, (25)
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Mbl NOJiydyaeM

2)
dc doo

dc = dc

[“] (- H(t))_2[6(F(l)) +4F(2)]. (26)

Onnonernesoit Bkinag B GopM(akTop XOPOILO H3BECTEH:

M _ A3, 1.2 1
F/7=(L- l)lnm+4L 4L 1+2§2,
_ 2 T
—gn = | (27)

AByxnernesoi Bkinam MoXeT ObiTh Haiilen B paGote [19]. Ham 6yner yno6ho
NPEUCTaBUTh €r0 B CJIELYIOLIEM BUJE:

Fl‘2’ =FW+FC*, (28)
e’ ' + -
rae cjaraeMoe Fl CBA3aHO C ll()JlSlpli3auHCi"l BaKyyma e e -ﬂapﬂMH:

- 1L3 I9L [265

ee 1
Fyoo= 216 6C2

FC =3 ]L+(’)(l), (29)

i 21 3, 3
wola_3 .3, 2 2
Fii=5l 16t [32 8%] ( 8§2+2C3)L+

+%(L-—1)21n +(L—1)[ L2+3L—1+2§2]ln—+0(1),

oo

§y=2, ™ = 1,2020569. (0)
1

BcenoMoratenbhblit napametp A (Macca ¢oTOHa), BXOOAWMIH B NpUBEAECHHbBIE
BBIDQXEHUS, COKPATHTCA B CYMME C BKJIaZlOM 3a CUET M3JIy4yeHHs MATKUX GOTO-
HOB:

d6® dol) dol? 4o
de ~ de T de TTdc -

(€3))
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Jll/l CPCHLIHAJIBPHOE CEYECHHUE dG(z) dc oTBeyaeT H3INYYEHHIO ABYX MSATKHUX
p Ss y y

toTOHOB, MpHUYEM SHEprusi, YHOCHMas KaXObiM M3 HHUX, He mnpesblaer A€
(A<< 1)

2 2
@ _ a -2 mA 1.2 1
doss—doo(n] (1 -TI() 8[(L—1)ln 2L —2§2] )

Bxnan xe u3nydyeHHs OXHOTO MArKOro (poToHa ¢ OJHOMETIIEBOH BUPTYanbHOM
NOnpaBKoOd paBeH

(2) _ -2 ) Lné 12 1
do do( )(1 1) 2 16F, [(L DInB2 4oL 22;2]. (33)

Bxnan paCCMOTpCHHOﬁ CYMMBI, 3a HUCKIIOUCHHEM cCllaracMblx, BXOAALIHUX B

+ -
Fle ¢, comepXuT cTeneHu 60bwIOro Jorapugma L He Bbiuie BTOpoii. OH uMeeT

BUL
2h 2
LENED WIS D (n) (I—H( le)) RYY,. (34
1

[TpencraBum uis ynobcTsa BeSTHUHHY RsYZ» v B BHIE CYMMBbI:

oW v

Rs v=rsavtrsivytTsivy
o —72( 712 9 :
Wy =rsyy =L [2ln A+3imA+S |+

( An? A= Tin A+3, 3 ¢, - 45],

3 2
rg+vy=4[(L—l)lnA+ZL-—1] . (35)

‘-
Bknan dopmdaxropa F* ¢ Gyner paccmorpen Huxe.

PaccMOTpUM Tereps MOMPaBKM K U3NYYEHHIO OJHOrO XecTKoro ¢ortoHa sa
CYET M3IY4EHHUs MATKOTO WIM BHPTyalnbHOro ¢orona. 30ech Mbl BbLIEIHM [JBa
cilydas: B MEPBOM M3/ydyeHHe 060HX (POTOHOB MPOUCXOOUT U3 OMHON M TOH Xe
thepMHOHHOIE NTUHUH, a BO BTOPOM — U3 pa3HbiX. BepxHue unaekch 0603Havaor
M3JTydEHHE U3 DJIEKTPOHHOH JIMHHY, & HUXHHE — W3 TO3UTPOHHOM:

do | =do"™*V 4 4o +do’! +dc§f+"). (36)

H,(S+V) H(S+ V) $+V)
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B cnydae usnyyenus pasHeiMH (hepMMOHAMM TOJTydaeM

H L w(S+V) o H[ O _ 3,
DS AR (n)[(L DinA+5L 1}, G7)

rae £ sapaercs BhipaxenueM (21). bonee cnoxHBI pesyasrar nojy4aercs
npu Beruncnenuu PII K u3nyyenuio xectkoro oroHa M3 Toii xe hepMUOHHOI
UK. B 3TOM cnywae ceueHmne MoxXeT GbITb NOJIY4EHO C MOMOLIBIO KOMIITO-
HOBCKOTO TeH30pa ¢ maxeavm pomononm [20], onuceiBalowero npouecc -

Y@ +e(p) - e(g)+1k) + (7). (38)
B npeaese MaibiX yriloB U3J1IY4€HHA XECTKOro CbOTOHa Mbl HMEEM
4
oded® qd® qp

ax(1 - x)(qy )

oS+ V) = (B (s, 1)+ 2B, (1 s )M+ T,

2
T= T1 1(sl, tl) + X Tl l(t], sl) +x(T12(sl, tl) + le(tl, sl)),

132 . :
n=2(L—ln 2 —l](ZlnA—lnx)+3L—ln2x-— (39)
M
rie A=Ag/e<< 1 (Ae — MaKcuManbhas 3HEPrus MArkoro ¢oroua);
By (s, 1) = (—4(q; )/ (s,1,) — 8m® /5 (40)

€CTb HYXHasA Ham GOPHOBCKaﬂ KOMIIOHEHTa KOMIITOHOBCKOI0O T€H30pa; HMHBa-
PHaHTBI ONPEAC/CHBI CIIEAYIOLHM 06pa30M:

2 2
5, =2q,k, t,==12pk, u =p,—q,), St tu =q". 41)

KoHneunslfi pe3ynsratr (CM. npusioXxeHue 2) UMeeT BUA

PP 1-A
S HE+V) _ 5 1(a)? I dz J‘ dx(1+x)
HS+V) = 2 n) 12 1—x
X

x{[ZlnA—lnx+%)x



BABA-PACCESIHUE HA MAIJIBIE YTJIbl 1267

X [(L = 1)(1+ ©O) + k(x, z)]+ In® x +
+(1+0)[-2+Inx-2InA}+

+(1—®){ Linx+2lnAlnx—InxIn(1 —x)-

x(l—x)+4xlnx]_ (l—.\')2 (42)

~In?x = Li (1 —x) =~
2 2(1 + 1) 21 +4%)

rae k(x, z) mano B (21), 9=®(x2 p2 - 2).

PaccMOTpHM Teriepb ABOMHOE TOPMO3II0E M3JIYHEHHE XECTKHX (POTOHOB B
npouecce Oaba-paccesiiiust Ha Maiple yriibl. OnsiTb Mbl BhIJE/ISEM JIBA CIIyuas:
Koraa aBa (GOTOHA M3NIYYAITCHS U3 pa3HblX (PEepMUONHBIX JHHKHA, W KOrLa OHM
u3siydatotcs onnuM U3 depmuonios. [nddepenunanbioe ceueriiie B 1IEPBOM Ciy-
yae MOXeT ObiTh MOJAYYEHO C NOMOLLBIO (PAKTOPH3ALUKMOHHOIO CBOHCTBA cevenis
B IIpEJCTaBel MU uMnakT-napamerpos. Ono upunumaer sig [9]:

do.;e_ - (c'+Y)(e_Y) (l d 2 _
2.1, 2 1 I l4(]—ﬂ((~(kl)2))2x
dxld d,dxzd q, n )
X R(x; a1 k) R(xy: a5, — k), (43)

rne R(x; ql, kl) nano B (18). Beluucnenne COOTBe'rC'rBymmerd BKJaja E: B

Y aHaTOrMYHO BbLIUMCIIEHUSM B C/Iyyae OJHOKPATHOTO TOPMO3HOFO M3JIyyeHUs
xectkoro ¢orona. [Nonyyaem cieayolHid pe3ynbTar:

’ -A 1-A
1 _ —
E;Sl:Z(;} {dzzz(l—n( 20, N I dx, f dxy X
1+x21+x
xl—x -I———CD(x],z) <I>(x2, 2), (44)

rae (cM. (22)):
®(x, 2) = (L - 1)[O - 1) O(p* — 2) + Oz — ) O(p*x® - 2)] +

+Ly[- O(F - 2) + Oz — ¥*p?)] +
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+| L, +( x; G(z—xz)e(xzpz—z)+
I+x

+[1,+ 922 o1y op2- g +
I+x

2
+(©(1 -9~ Oz~ p?) In | 252" =2
xp”-2)z-1)

[lpn paccMoTpeHHH ABOHHOrO TOPMO3HOTO M3AyueHMs B OLHY cTopony (13
OHOH W TOH Xe JIENTOHHOH JIMHUM) Mbi GyNeM TOJB30BAThCS METOMIOM, pas-
ButhiM H.I1.Mepenkosbim [21,22]. Mbt 6yaem pasnuuars KONUHEADHYIO U HOMLY-
KOAMUHEAPHYI0 KMHEMATHKH u3ny4deHus (poToHOB. B mepsBoM cryuae Bce uany-
YCHHbIC (DOTOHBI [IBHXYTCA BHYTPH Y3KOTO KOHYCA BOKPYF HANpamieHHsi 1BH-
KEHUS OIHOH M3 3apSXKEHHBIX YaCTHIL (HAYATBHOM MM KOHEuHOH). Vbl Mexay
uMnNysibcaMu (POTOHOB M OHUM H3 MMIY/IBCOB JIENTOHOB He TIPEBBILIAIOT HEKO-
TOPOTO BCMOMOraTe/bHOro napametpa 6,

0,<8, << 1. (43)

B nonykonnuneapnoii xunemarnueckoit obnactu hasosoro NpoCTpaHCTBa
TONBLKO OAMH M3 POXAEHHBIX (POTOHOB ABMXKETCA BHYTPH TaKOro KOHyca (C TeM
Xe yrnoM 6), a BTOpoil — BHe KOHYCOB (BCETO HMMEETCsl YeThpe KOHyca: 1Ba

BOKpYr HUMIY/JIbCOB HaYa/lIbHbIX YacTHUL U JBa BOKpYr HUMNYJIBCOB KOHEYHbIX
qacmu). Hpu NOJIHOCThIO HHKJIIO3UBHOM OIPEAEIIEHHH CEYeHUS paccesaHuda BBe-
A€HHOC pasfic/iCHHE HE UMEET cpmnqecxoro CMbICJIa, H B KOHCYHOM pe3ynbTare
napameTp 90 COKpauraercs. BO3MO)KHBL OAHAKO, TAKHE SKCIICPUMEHTAIbHbBIE yc-

nosus, Koraa 8, Gynet uMeTh HarsIHbI (PU3UYECKUI CMBICI. Hanpumep, B xa-
JIOpDUMETPUYECKOH MOCTAHOBKE OTBITA 8, MOXeT paccMaTpHBaTbCs Kak MMHMU-
MaIbHbIA yroji Mexiy (OTOHOM M 3apsKeHHOH uacTHueH, MpH KOTOPOM OHH
ACTEKTHPYIOTCS pasfesbHO (MPH MEHBIUMX YINaX JBE YaCTHLbl CO3NAIOT B Ka-
JIOpUMETpPE OIMH KJIaCTep, YTO MPHUBOAMT K X PETHCTPALMH KaK OJHOH aACTHIIbI
C CyMMapHoOii 3Heprueit).

[pu BeluMCIEHMSX MBI paccMaTpUBaNM I ONPELETEHHOCTH TOMBKO U3Iy-
YCHHE M3 SNIEKTPOHHOH JIMHMM — BKIAA W3yYEHHS MO3NTPOHA TOXIECTBEH.
Cymma BK1aoB 06enx KHHEMaTHK (HEKOTOPHIE NETANH BBIYHCIICHHUIA NpHBEAEHbI
B MPHIOXEHHH 3) UMeeT BUJL

p3
1 (o2 -2
1
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HH
X I dx J dx, L s,
x A x (I =x—x))(1 =x)
Ml a0’ - +B+CO((1-x)p*-2), (46)
rue
A=v3 é+In (pz"-z—Z)z +
2 i - x) -2
(1 \)(l )
2 4 |
'+(x t=x) ) .\.\', W“{J"Yw
Pz - 1)(p —’)(~—X)('—(l—\ ))(p Al =) = )
B=18 L A
20 0B - = (= )P =5 =2 = x( 1))
(1=x) x,
+(1 +(l —-x ) )InT| -,‘_\) 61;*
(
C=v3| L+2In

\(p(l—\) - )“
(l—.x‘l)?‘(p,x(l—.\, P (1~x)—*)

=201 =x)B-2x(1 = x) ¥, !
Y=1+0-x)% B=2+(l-x)?
Yy =xx, (1 —x—xl)—x?(l ~x—.xl)2—2(l -x)B,

8g=xx,(I—x~x)=x(l —x=x}) = 2x(1 - x)) Y.

MoxHo yGeautscs, uTo KOMEMHALUK

p
d
1

2

2
o dz 2,2 ¥ H S+V_ «H
[n] IZZ(I—H(—le)) ATIS LS LALS 47)

He 3aBUCAT OT A npH A — 0 (cM. npunoxenue 4).
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[Monnoe BbIpaxeHue s EZY, KOTOpO€ ONHChIBaeT BKjaabl B (2) 3a cuer
u3lyyeHus AByX (POTOHOB, KaK peaIbHBIX, TAK U BUPTYWIbHBIX, ONpeeseTcs
CyMMOH

2Y_ <Y H(V+5) H H HH _
z _Zs+v+22 +225+V+ZH+22 =

=2W+2]+¢W+¢YY, (48)

KOTOpaﬂ HE€ 3aBHCHUT OT BCNIOMOTratreJIbHOIro HapaMCTpa A
Bxuniansl B BenylieM Jioraput)MUUECKOM NIPHOIMXEHNH (CM. MPUIOXEHHE 5)
HUMCIOT BUIO
P2 1
o 2 2 -2 2 W2
(;] [ 12 az 720 -11- 0202 [ axx

i x
c

1
xl%P(z)(x)[G(x2p2—2)+ 1+ [ %P(r)P(f)@(zzp%z)}, (49)

X

1 2
POy = | %P(r)P(f):AlimOH(zlnAJr%] —4§2]8(1—x)+

1+x° 3
+2[ = [2ln (1—x)—lnx+2 ]+

+%(1+x)1nx—1+x]®(1—x—A)}, (50)

, 1 1
ZY=%[%] J L’z 741 -T(- 02 J. dx, I dx, P(x;) P(x)) X

Y
0 x x
c Ze
%

x[0(z— 1) O(p* - 2) + Oz ~ x}) O p? ~ 2)] X
X [0(z = 1) ©(p” - 2) + Oz - x3) B2 p* - 2)]. 1)

BungHo, yto Bemyliue BKJIanbl B 52 NPEACTABIIAIOTC Yepe3 sifpa ypaBHEHUH
SBOJIOUMH CTPYKTYPHBIX (byHKLHH.
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Oynkuuu ¢V y (pyY B (48) cobupanT HenumupyoLe BKJIaJIbl, KOTOpbIE He
MOTYT OBITh MOJIy4EHB METONOM CTPYKTYPHBIX hyHxumil [11—14]. Ux sBHbIi

BHIl MOXET OBITh YCTAHOBJIEH M3 CpaBHEHUS PE3y/IbTaTOB B TOrapupMUUECKOM U
BENYIUEM JIOTapH(MUIECKOM NMPUGTHKXEHUAX, NPHBEACHHBIX BbILLE.

S. POXIEHUE e'e -IIAP
B ITPOECCE BABA-PACCESIHUS

O6patumcs Teneps k monpaskam nopsigka (9(0(2), CBA3aHHBIM C POXIEHHEM

e+e_-nap B npouecce 6a6a-paccesiHust Ha Manble Yybl. Mbl JOJIKHbI Y4ECTh BKJIa-
/Il BUPTY&IbHBIX, MATKHX M XECTKMX peaibHbix map. Ilpuuem B clyqae pox-
ACHHS KECTKMX Nap HyXHO paccMaTpHBaTh Kak KOJUIMHEApHYI0, TaK M I10JTy-
KOJUIHHEapHylo KMHEMAaTHYeCKUe cuTyauuu. ByneM cuurars, uto B npouecce ¢
POXIEHHEM napei

e (PY+e'(p) = g + gy + e () +e*(p, )

PErucTpupyloTcsa 9JIEKTPOH H TMO3UTPOH C uMnyJjibcaMu ql H q2 COOTBETCTBEH-

HO. ToXnecTBEHHOCTS ABYX Map YacTHI B KOHEYHOM COCTOSIHHH NpPUHHUMAETCS
BO BHMMAHHE MyTEM pacCMOTPEHHs COOTBETCTBYIOLIMX AuarpaMm MDeilHMaHa.

O6nacTh KomIMHEeapHO#H KMHEMATHKH Mbi onpejenseM xak Ty obnacts ¢azo-
' BOTO MPOCTPAHCTBA KOHEUHBIX YacTHL, B KOTOPOik BJIEKTPOH M MO3UTPOH U3 He-
JOETEKTHPYEMOIH _Mapel IBHXYTCS BHYTPH Y3KOTO KOHyca BOKDYI'  HallpasJieHHs
HMITYIbCA ORHOH M3 3apAXEHHbIX HAYaNbHBIX WIH ACTEKTUPYEMBIX KOHEUHBIX
YaCTHLL:

N N N\
PLP_~P_P;~P,P;<8y<<1l, &8,/m>>1, P;=P;s Py 4,9,  (52)

Bknan konnuneapuoii kuxemaruku CORepXHUT uneHst nopsaka (oL / 1r)2 H
(o/ n)zL. B nonykonnuxeapHoii xuneMaTuyeckoii 006/1aCTH BBINONHAETCS TOJb-
KO OfHO u3 ycnoBuit (52) Ha yrmsr:
N\ 0 N\ 0. A\ 9 A\ .
P.P_<Y;, Pp,p;>0y; wm P_P;<9, p,p;>8
1201
AN\ AN\
P_p;>8, P, p; <8,

BKI]aJ.I HOJI)/KOJIHHHC&[)HOﬁ KHHEMAaTHKH COAEPXUT CrlaraeMsaie BUAa

2 0 2
(9] Lin-2, (—qj L
T 0 b9
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~ .
rue 9=p_ql — YroJi paccesHusi ajieKTpoHa. BeriomorartensHblii mapamerp 90

COKpAlllaeTcs B CyMM€ BKJIA[OB KOJUIHHEAPHOH M MOJYKOJUIMHEApPHOH KuHe-
MaTuk. Kak u Bbllle, Mbl CHCTEMATHUYECKH OMYCKAEM CJlaraeMble, KOTOphIE HE
coaepxar Gosbloii norapudgm L.

Mpi OrpalH4YHJINCh PACCMOTPEHHUEM Cllydast pOXIEHHs SNEKTPOH-TIO3UTPOH-

. - + - . s
Hoii napst. Dpektst 06pazosanus apyrux nap (W~ wtn” n ap.) no kpaiineii
Mepe na nopsgox (cMm. [91) Menbuie paccMaTpuBaeMbix, H HX MOXIIO OTOpachl-
BaTh, IPHIUMAS BO BUHManHE LPEACTARICHHBIE HHXE UHCIIEHHbIE PE3yIbTaThl.

IMpoueccy obGpasopatiis 11ap UPH CTONKHOBEHHSIX JICITOHOB BRICOKHX 3liep-
I'HH YIeNIsI0Ck MHOTO BHUManHs (cM. [9] 1 cebuiku, Tam npusenennnie). B uacr-
HOCTH, OBUIO YCTAHOBJIEHO, YTO HOMHOE CEYEHHE COUEPXHMT BKJIAdbl, HPOLOpP-
uHonalbibie KyOy 60/BIIOIO JlorapHdMa, HPOHCXOASUIME OT ABYX(POTOHIOIO
MexaiiiiMa o0pa3oBalHs Haphl ¢ MIOH MHBApHANTHOH Maccoii. [lpunuMas Bo
BHHMalHE TOT (GakT, YTO B ITOM Cliydae paccestibie SJIEKTPOH H HOMTPON
HBHXKYTCS 1104 DUEHb MUIEHBKHMI YISIAMIL (~71/€) 110 OTHOWENHI) K OCHM yu-
KOB, MOXHO yOEmHTbCH, YTO Takue COOBITHS HEe MOIYT GbITb 3apPerHCTPHpOBAHDI
na LEP 1.

YuuThiBag BCE BO3IMOXIIbIE MEXali3Mbl 00pazoBanys nap (CHUIETHHIT I
HECHHITIETHDBIH) ¢ yueToM ycinoBHil akcnepinmenrta Ha LEP 1) a rakxke roxiect-
BEHHOCTb YaCTHLL B KOHEYHOM COCTOHIINN, MOKHO HOCTPOHTH 36 jaHarpamm
deitnmana, ONHCHIBAIOWNX POXUENHE PeiblibX ¢ ¢ -1ap Ha JAPEBECHOM YPORBHE.
B ciyyae Gaba-paccesiiius 1a Manbie yivibl TOJBKO HacThb M3 3THX AHAIPAMM, a
HMENHO AHArpaMMbl PACCEHBATEILHOIO THIIA, JAIOT BKJIAM B HONPABKY K cCe-
ueHHo. KpoMe TOro, npsmbie BBIYHCICHHS 110KA3bIBAIOT COKpallelHe BKJIALOB
HHTEp(EPEHLMH aMIUTHTY/L, ONHCHIBAKIHX H3ly4eHHe 11apbl BAOJIb HALPABIIEH s
9JIEKTPOHHOIO IY4Ka, C aMIUTHTYAaMH, ONHCHIBAIOLIHMH H3yuYeHHe 1apbl BAOJb
MO3UTPOHHOTO NYYKa. DTOT (PAKT SBAKETCH NPOSABICHHEM YXE yIOMHHABLIErOCs
COKpAlIEHHs! BKAAJOB, IPOUCXOMALIHX OT «BEpPX-HH3»-HHTepepeHLIHH.

B cymme BKNamoB 3a cueT MiydyeHHs BMPTYalbHBIX Map (BCTaBKM HOMS-
PH3aLlMH BaKyyMa B NPONArarop BUPTYaibHOrO (POTOHA) M M3TydeHHS peabHbIX
MSITKHX Nap cOKpawaiotcs Ky6bl 60b1oro sorapudma, HO CONEPKHTCS BCIOMO-
rate/ibHblit napametp A=08¢/e (m,<< 8 <<€, me Oe sBnseTcs cymmapHoii

SHEprueil KOMIOHEHT MATKOHM mapsi). 3aBUCUMOCTB OT A Hcue3aeT B MOJHOI
cymme mocne noGaBieHus BKIaga XECTKMX pealbHbix nap. 1o cyMMHpoOBaHus
HEOGXOIMMO NPOMHTErPHPOBATH BKJIAL XECTKHX NMap MO A0NSM 3HEPTHH KOMIIO-
HEHT Naphl U MO JOMAM SHEPTHU PETHCTPHPYEMBIX 3JIEKTPOHA H MO3HTPOHA:

<1=-A,

£
A= e <x;+x,, xc<x=1—xl—x2
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€, £ q

x1=?’ x2=_’ x=—?

IAe € -— 3HEPIrHH NMO3UTPOHA U BJIEKTPOHA M3 OJMBLIEHCS Maphl.
+

5.1. KommHeapHsle KnHemaTHYecKme oGmacrd. Bcero HUMEETCs YeThipe
00J12CTH KOJUTHHEAPHOH KMHEMATHKH: 11apa MOXET JABMIATHCS BIOJIb UMITY/IbCOB
Ha4aJIbHOTO 3/IEKTPOHA (MTO3UTPOHA) HIIH BAO/Ib MUMITY/IbCA KOHEYHOTO perucTpu-
PYEMOro 31eKTpoHa (MO3UTPOHa). ISt OTpeeIeHHOCTH Mbl paccMaTpuBaeM ciy-
yaii ABHKCHUS napsl TOJIBKO BIOJIb HanpaBneHuﬁ HaYAJIBHOIO U KOHEYHOro
9NIeKTPOHA. YueT NBHXEHHMS BIOJb IIO3MTPOHHHIX HANpABIEHHil B cityqae
CHMMETPHIHBIX NETEKTOPOB 3aK/IIOYAETCS B YMHOXCHUM TOJIY4aeMOil BEJMYHHBI
Ha 1OBa.

B ciyuae uanydenuws napel BOONs HanpaBieHMs HAYANBHOIO 9/1EKTPOHA
YAOGHO pasfioXUTh HMITY/IbCh YACTHIL HA IPOLONbHBIE H TIOTIEPEYHBIE COCTARJIS-
ouue:

1 I L

Py=XPytPys P_=Xp +P0, g =ap +qp,
L1, 1

x=1—x1—x2, 9y=Pp P +P°+q; =0,

1
rae pi — NOHNEPEYHBIC M0 OTHOLIECHUIO K HalpaBJI€HHUI0 HA4YaJIbHOrO 3JIEKT-

POHHOro ny4yka ABYMEPHBIC KOMITOHEHTBI KOHEYHBIX yactul. Bregem 6e3pa3—
MCPHBIC BEJIHYHHBI, CBSI3aHHBIE C KHUHEMAaTHYECK UMHU HHBapHAaHTaMH:

€6, \2 pt 2 pi 2 €6, 2
L=l 0=, =, L=, 0<Zi< —”T >> 1,

m m m
?y+p_)° -1 2, 22 —
A= 5 = (xlxz) [(A=-x“+ xlxz(z1 +2,-2 7;2, cos )],
m
2pp_ 2pp,
1577 =x21[l+x§+x§z2], A,= 2+=x11[1+x%+x%z1],
m m
2 2
(Pl -p_) (p1 - ‘11)
C=—"—=——=2-A, D=——1—-1=4-4,-4A,
m m
TIe @ — asuMyTanbHBIH yron MeXIy IUTOCKOCTAMHU (plpi‘ ) u (p, p‘_L ).

Ynepxusaﬂ B IIPOCYMMUPOBAHHOM MO CIIHHOBBIM COCTOHUSIM MAaTPUYHOM B3Jie-
MEHTE TOJILKO Te CjiaraéMbie, KOTOpble HAIOT HEHYJICBbIE BKJIAAbl npu 60 -0,

Mbl OGHapyXHBaeM, 4TO BaxHbl TOABKO 8 U3 36 (eitHMaHOBCKHUX AMArpamm.
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- q1 q1
;4‘ o 2 5,4’5}; 2 f”ia_ P S%f#_‘

D2 q2 P2 q2 P2 q2 P2 q2
(1) (2) (3) (4)

Pi o qn D p-
P+ P+
P+ P I’+ qi
P2 42 P2
(6) (8)

Puc.1. Onarpammsbl definMana, pawolue 1orapuMUUEcKH YCHIIEHHbIE BKJla-
Abl, Korna napa OBHXETCA BAONb HANPaBleHHH KOHEYHOIO HAM HavyalbHOIO

AIEKTPOHA
[}

Onu npeactasneHbl Ha pHc.l, 3HAKM mepe] AMArpaMMaMH  YYMTBIBAIOT
cratucTuky @epmu—Jlnpaka npu nepecTaHoBKe TOXAECTBEHHbIX (DEPMHUOIIOB.

Pesynbrar mns paccMaTpHBaeMOi KOJIHHEApHON KMHEMAaTHKM uMeeT hak-
TOpH30BaHiyl0 HopMy, YTO CorlacyeTcs ¢ H3BECTHOI hakTopH3auHo1Ioi Teope-
Moii [26]:

2 27221
> Iml I,,,,",, > Imyl?27n

spins - spins m

Tie OAMH W3 COMHOXHTENIEH COOTBETCTBYET OOPHOBCKOMY MaTpH4HOMY 3Jie-
MeHTY (6e3 poxaeHus nap):

AR N At Tt Ty
0 2t2 ’
spin

- - 2 -
s—-2p1p2x, t=—0Q"x, =—5-1,

M BenMuHHA [, Ha3biBaeMas KOJUTMHEapHbIM (PakTOpPOM, COBMajgaeT ¢ Bhipa-
XEHHEM, TIONyYeHHbIM B paboTe [22]. B HallMX KHHEMAaTHYECKUX NEPEMEHHBIX
OHa 3alMCHIBAaCTCS B BULE

A(l - x,)+ Dx, \2 C(1 -x)-Dx, \?
1=(1—x2)“2[———-l)2€—x3] +(1—x)—2[——(%~ﬁJ +



BABA-PACCESIHHE HA MAJIBIE YTUbl 1275

1 [20-x)?-0-0" xpx-x, . ]
* 2 AD 1—x Ty T (=)
1 [a=x)P=20-x7 x-xzx, ]
T2xep -, —x T
L i
x (6 +x2) 2(1 - x,)
%2 2 43X 3x 2C 2A + 2
T -x)(-0ACT p2  ap2 T ep2 Tl
4Cc 4A [ -0d+x) gy
xAD? D*c? pc?| xl-x) X

[peoGpa3syem chazoBblii 0GbeM KOlieUIbIX HacTHIL K BHAY

dT'=

3 3
d'qd’q,
m°24°24)

xm* 2™ n4xrdx drd d

(2m) 5(4)(11 X+ Py =g, = q,) X

de
2 5y

M IIPOMHTErPHPYEM 110 llepeMEHHbIM POMHRLIEiics napbl (netaiu MoryT OwiTh
Haiinensl B npenpunre [23}]):

2n
ar
-0

)
0

Z()

i

L XX
dz, I dzzl_-—gw{u [L +2In 2]+
12

F4

(1 -x)(1-x) €6, 2
+D2|nT+D3 s LO:I“(—m—_]’
1— 2
Dl=2,rxlx2 I i I 2 -( 12)2 —-( x) +1+
(1-x" (1-x,) (1-x" (- )
(x+ )c2)2 3(x, —.x)2 X+ x%
A - —x) 219 -x) (A -x(1-xp)
1 1 22 + 22
—2xx - 2t 2P D,= 1-x(1-x,)"
(1-x° (1-x) (1 =x)(1 -x)
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2xx, X, 2 2xx,x, [ x
12[_ 8 . x)J+ 12[_1

D, =

P-x)?| a-x)? R | (1-x?
2(x1 —x2) 8 1 4 JC2 —xl
(=0 " (12 ey (-3) ]+6+4x{ (-x?

_ 12
x(1 -

X 4(xxy — x) 41 - X)) xx, 8xx X2
- +
>] 1-x? (-  d-»*

_ xx% 4 X, . 4(1”x)+2()«¢—x1)(1+x2) .
(1-x)* (1-x) 1-x,

Brinoninsis ananorvynbie NeHCTBHA B Cilyuae, KOLAa napa ABUXETCS B Hanpas-
JIEHHH DPACCESHHOTO 3JIEKTPOHA, MHTETPUPYd MOJYYAEMYI0 CyMMy MO JOJISM
SHEPrMH KOMIIOHEHT Napbl, U, HAKOHeW, J06aBNIsAs OCTaBLIMECS JBE KOJUTMHeap-
Hbie 001aCTH, KOLAA Mapa ABUXETCS BAOJb HAYAIBLHOTO HJIM KOHEYHOIO MO3MT-
pOHa, MbI MOJyyaeM

2

4, P )

o dx dz

dGcoll= 5 I ?L{Ro(x)[L+21nnz—J(l+®)+
1 1

+ 4R (x) In x +20f(x) + 2f, (x) } , (53)
60 2
n=g—, 0=0(p’-y)
min
21+ (1-%) )
Ro(x)—3 1—x+ . (4+Tx+4x)+2(1 +x) Inx,
__ 107 136 2, 4 20 2 _
f==-g-+=F x5t - -5 3 [-4x®-5c+1+
2 13 _
+x(1 ]ln(l X+ [Sx +5x—7———1_x]lnx
—I%xln2x+4(1+x)lnxln(l—x) 3@‘—"—) Liy(1 - x),
. Iy__He 127 4, 2 20
fix)= xRef(x]- 9 + 9 x+3x +3x 9(1—x)+
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4 Tma-n+i{sd-100-10+—>Jinx-
- X) 3

2 2
+3[ 4x 5x+1+x(1 T

2
—(1+x) I x+4(0 +x)InxIn(l -x)—&%uz(x -x),

X
. d 2Q
le(x)s—j—yiln(l—y), Q, =6, L=In—.
0

m

5.2. MMonykoutHHeapHble KHHEMaTH4YeCKHe obnactTu. Mui olsTh Orpanu-
YMBAEMCH C/Iy4aeM M3IyuYeHHs fapbl U3 3eKTpoHHOH JiHnnH. CylecTByloT TpH
paviMyHble MONYKO/UIMHEeapHbie KHHeMaTHyeckue o0nacTH, JaliHe BKJIal B
npenenax 3agaHHoi tounoctu. [lepsas obnactb Bkiouaer coObITHS C OYeHb Ma-
JIEHbKOH MHBApHAHTHOH MaccOi poAMBLUEHCS 11apbl:

4m2<<(p++p__)2<< |q7'|,

NpHYeEM 06e yacTHuUbl W3 ITOM napnsl He nonaualo’r‘ B paccMOTpeHHbIE BblllE

Y3KHE€ KOHYCbHI, 3a1aBa€MbI€ TEM XK€ YITIOM 60, BOKPYIr HMIIYJIbCOB Ha4aJibHOI'O

W KOHEYHOro a1eKTPoHOB. Mbi Gynem o6o3iavats aty obnacts p, || p_. Tous-
Ko auarpammbl (/) n (2) puc.l paior BKjag B 3TOM ciyyae, 4TO CBS3aHO C
MaJIOCTBIO 3HAMEHaTeNs BUPTYaibHOro OTOHA, POXUAIILErO fapy.

Bropas nonykonsnuneapHas obnactb BKJO4aeT cOObITHA, B KOTOPbIX Maia
MHBapHaHTHAas Macca CHCTEMbl W3 POMMBILEIOCS MO3IUTPOHA M PpacCessHHOIO

t
3J1eKTPOHa: 4m? << (p++ql)2 << qul, npH4YeM POAMBLUMICS NO3MTPOH e H0JI-
XeH Aonajarh B Y3KHH KOHYC BOKDYr MMIynbca HaA4yalbHOIO 3j1eKTpoHa. Mbl
o6Go3nayaeM 3ty obnactsb p+|| q, M OTMEYaeM, YTO TOJILKO JHArPaMMBI 3 u@
puc.l maioT B Hee BKaal.

TpeTes nonykosnueapHas obnacts BKJIIOYAET COOBITHS, B KOTOPbIX 3/1EKT-
POH M3 POXIEHHO Napbl ABUXKETCS BHYTPH Y3KOTO KOHyca BOJIb MMIY/bCa Ha-
4anbHOTO 3MEKTPOHA, a MOIUTPOH — HeT. Ml oGo3HauaeM sty obnacts p_|| P,
3pmeck BaxHBI TONBKO Auarpammsel (7) u (&) puc.l.

HuddepeHunanbHoe ceyeHHe npouecca C POXICHHEM Mapbl 3amluILEM B
BHIE

of | m|? dx dxy dx

do = d?pid* pta® qid® qy 8(1 - x, —x, - x) X

8nts? q4 XXX

2
x89my+pl +ayray),  IMIP=-L, pyp, (54)
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rae xl(xz), xHu pi(pi‘ ) qll CYTb 10JIM SHEPTMH U MOMNEPEYHbIE COCTABNIAIOIHE

MMNy/bCOB POXAEHHOIO 3IEKTPOHA (IO3UTPOHA) H PACCESIHHOrO HJIEKTPOHA
COOTBETCTBEHHO, s=(pl+p2)2 U q2=—Q2=(p2—q2)2=— 292 KBajgpar
cymmapHoit sHepruv B CLIM n KBampar mepesaHHOTO MMnysbca. JIeNTOHHBI

TEH30p pr MMeEET pas/IM4HbIA BUA B TPEX NOJYKO/THHEAPHBIX 06acTsX.

-Paccmotpum o6bnacte p, || p_. B oToii 061acTH MBI MOXEM HMCIO/b30BaTh

JIENTOHHBIN TEH30p, NOJyYEHHBIH B paboTe [22]. YaepxuBas TONLKO CyIIECTBEH-
HblE C/laraeMble, Mbl 3alIHChIBAEM €ro B BHIE

P4 4P2 2 2P2
8 Lkp -(—lig)_[ (plpl)lp (qlql))»p-l-(plql))\p)] 4(P pP_ )lp( _(ql_)agj"
- (i) [ sy = 20,2, X1y = 20,0_ ), )y, ) -
(2) [P (qul))»p 2(P ql)(PIP )lp 2(p_ q1)(P1p+ )7\{)]
32(p\p,)PP_) 32(q,p, Xq,p_)
- 1)? 99~ 22 Pt
8(p,q,)
(T‘)(;_%R [P2(,9) - 20,2, YP_a)) - 2p,p_Xa,p, ), (55)

rae
P=p +p_, (aa)kp =aya,, (ab),=ayb +ab,,
g=p-9,-P, ()=@,-P*-m’, @)=, -¢*-m".

IMocne nekoropsix anrebpanueckux npeoGpa3oBaHuii BHIpaXeHHE 111 KBAapa-
Ta MaTPHYHOIO 3JIEMEHTa, BXofduiee B (54), MoXeT ObITs MPENCTABIEHO B BUAC

1 252 [ 4P%f
i Im|2=—;4—lg{—m%m—x1)2+(1—x2)21+

128
(1) (2) [(qlP)(P pl) x(PIP)(¢11P+ )]

e p=p_—x,p, / X, (q;‘)2 == q2. B 3T0#t 06nactd Mbl MOXEM MCMONIB30BATh

CJieayluHe COOTHOUIEHHUS:
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H=

P @=122gp,)
1

IMone3no npeacraBuTh Bce MHBApHAHTHI Yepe3 nepeMeHHbie Cymxakosa (10/u
SHEPrUH M MOMEPEYHbIE COCTABMASIOLNE HUMIYIIHCOB):

1
qf—;;«p Y+ mP(1 = 22, 2(qlp+)=—x;(xpi-x1 a2

1 2 2
i) =5 @)% 20, = 2 ppr. 2gp)= 3 @' xpy -x, @),
1 1

L1 1
p=xp_—-x,p, -
Bosnbuoii siorapucdm, KOTOpbI MbI CTPEMHMCS BBIENHTD, MOSBIAETCA NPH

1
HUHTErpHPOBAHUH MO P . Y1068 NPOBECTH 3TO UHTErPUPOBAHME, MBI UCIIOJIb3YEM
COOTHOUICHHE

1
8P +pt+aqy +q3)d*prd’pt= aoa? )zdzpl,
- X

KOTOpoe BepHO B obnactu P, || p_. Hnrerpupys, Mpl mosyyaem ciepylouuii

BKJaa B ceyenue 6aba-paccessHHsi Ha Maible YIJIBl 33 CYET paccMaTpHBAaEMOii
obnactu:

o day ) dgy )
Rllp." a (@) (@ +9y)
1(2 1 2 5 4xx1x2
x 52— | (1= x)* + (1 - x,)* -—2
M (q; +xqy) (1 - x)?

" DIe @ SABNAETCA YIIIOM MEXIY ABYMEPHbIMH BEKTOpaMH qu‘ " q‘2L .

Ha aroMm artane HCOGXO}IHMO HUCIIONIB30BaTh OrpaHHUUYCHUSA HaA BEJIHYHUHbBI q’i‘

1
M ¢, . DTH OrpaHHYeHHs BO3HHKAIOT, ECIIH MBI OTGPOCHM HacTs a30Boro oGve-

Ma, COOTBETCTBYIOLYI0O YXe€ PpacCMOTPEHHOMY Cilyvyaio KOIU]HHCapHOﬁ KHHE-
MaTHKH, T.€. Mbl JOJIXXHBI HCKJIIOYHUTD Y3KHE KOHYCBHl BOKPYI' HMITYJIbCOB Havdalb-
HOro H KOHEYHOrO 3JIEKTPOHOB.
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Puc.2. KunematHka coGuiTis ¢ 06pa3oBaHHeM I1aphl
B IUIOCKOCTH, NEPHEHAMKY/ISIPHOI OCH MyduKoB, M
nojlyko/uuHeapHo# obnactu p_ || p_

Kunemarnka coObiTus fipeacTarieHa Ha
PUC.2, OKPYXHOCTH pannyca 6 BOKpYr TOUex,

i TSl L/
pi/es ~qy/e
COOTBﬁTCTByK)Llll/lX HaﬂpaBﬂCHHﬂM MMﬂy.I]bCOB

HAYa/IbHOTO W KOHEYHOro JJICKTPOHOB, Orpa-
HUYHBAIOT 3anpeuleHibie KonauHeapHbie obnactu. Hckiloyenue stux obnacreii
NPUBOAUT K CIIEAYIOLIAM OIPAHHYECHUSIM:
L 1 L
+ | _Ll _ p+ ql
—1>8, Iri=|—-—
+ + 2

>0, (56)

rae 8+ " €2 —— QHEPrHH POXIEHHOI'O MO3UTPOHA U PACCEIHHOr0O 3JIEKTPOHA

H

1
COOTBETCTBEHHO. YTOOBI UCKJIIOUYUTD p+ » Mbl HCITOJIB3YEM 3aKOH COXpaHeHHs

NEpreHIHKYISPHBIX COCTABNAIOIWMNX MMITYbCOB, BEPHBIH B paccMaTpUBAaeMOil
obstacTH:

l—x |

1 1
q, +q; + p, =0.
ol 32 2
[Tonesno BeectH GespasMepHbie 1epeMeHHbie Z;,=(q7,) /(eemm), rae
O . — MHHUMAIbHBI YIOJ JETEKTHPOBAHMS paccesHHbIX 3JIEKTPOHA M

min
no3utpona. Ycinous (56) nepenuchiBaloTcs B BHE

2 2 2
N ="~ Nz -Vzy)
Nz,z, ’ Nz—l—\/z;l <n(1-x), 57)

I>cosp>—-1+

I>cosp>-1, WZ—\IZ:I >n(l - x), n=90/9

min ’

W (1 =0 - (Vg - x Vg, )

2x \/zlz2

I>cosp>-1+

s |\/z_1—x\fz:| <nx(1 - x), (58)

1>cos@>—1, |\fz7—x\/—z;| > nx(1 = x).

Yenosus (57) MCKIIOYAIOT M3TYYEHHE Naphi B y3KOM KOHYCe BOKDYT Halpas-
NEHMs HA4YaJbHOTO 3MIEKTPOHA, a ycnoBHs (58) — paccesiHHOro snekTpoHa. Ha
BCIIOMOTaTe/IbHBIH napaMeTp 6, Mbl HanaraeM ycioBue
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90 >> 2o 10"5,
€

—~2
a 9KCINECPUMECHTANNbHBIC OIPAaHUYCHHUA HMMCIOT MOPAXOK Gmin ~ 10 “. DTo no3so-

nsietT HaM cuMTaTh 1 << 1. [Ipouenypa uurerpuposanus auddepeHUHaATLHOTO
CeyeHus C HAIOXKEHHBIMU YCIOBHSIMH noiapobHo onucaHa B [23]. 3mecs Mbl
NPUBOAMM BKJIaJ B CEYEHHE PacCMATPUBAEMON KMHEMAaTH4ecKoi obnacTu npu
YCIIOBHHM, YTO HETEKTUPYIOTCS TONBKO T€ pacCesHHbIE 3JEKTPOHBI, N0 3HEP-
THH KOTOPBIX X NPEBBILIACT 33JaHHYIO BEHYHHY X

o Pfg I]A dxlrdx (1 =x)P+(1 - x,)°

(o] =——L -
plip o2 1 2 ] .2 (1 -x)?
4xx.x 2.2 2
~— 2 Ha+oymS+om Ty
(1-x) X(xp“—2)
202
—- _ £°0°.
(z- x)(P z)(z DIl ¢ =m0 (59)
@ - 04z - 1% m

rae OE@(xzpz—z), z=z,. BecnomorarensHslii napametp A, xonsuwii B (59),

33JaeT MHHHMAIBHYI0 BHEPTHI0O POXICHHOMH XecTKoil mapsl, 2m /€ <<A<<1.

OtMeruM, 4TO MBI 3aMeHMIH L Ha £, Tak KaK Mbl He pa3nuqacM HX Ha OIHO-

JorapuMHIECKOM yPOBHE. -
Paccmotpum Teneps obnacts p, Il q,. Kax yxe ormeyainocs, B aT0ii 06nacTH

JorapuMHUYECKH YCUIEHHBIH BKJIaA NAOT TOJNBKO guarpammbl (3) u (4) puc.l.
JlenTOHHBIA TEH30p VIS 3TOrO ciiyyas MOXeT ObiTh nojlydeH u3 (55) ¢ noMouibio
3aMeHbl p_ <> ¢;. KBagpar MaTrpuyHOro ®eMeHTa 3alMChIBAETCA B BUME

452 1

s 1 _ 2 a 9
plla " ‘1'12‘1%2(1’)(2){(1 X)) +(1-x) +

32 1 " )
+ q:12 q_21,2 (1')(2) [(p1p+ )(p_P) XZ(P_ P, )(PIP i ] ,
rae
P=q,-p,x/x, q7=(@+p,)%

@ =20, p_ N1 -x)/x5, (IN==2pp,)1-x,)/x,.
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Hurerpuposanue no (pf‘ )2 (pi‘ )2 MOXeT ObITh MPOBEIECHO AHATIOTHYHO TIPEMbI-

AylieMy ciayvaw, M BKjian B OMddepeHUHanbHOE CeYeHHe MOXET ObITh Npes-
CTaBJIEH B CJIEAYIOLEM BHIE:

o A9 e gy
TN T 12 o L L2
(@y)" (q7) (qy+xq;)

do X

pllq ™~
2

4xx|x2

2

1-x,)

Orpanunuenns Ha a3oBbiii 06bEM, OTpaxalolHe UCKIIIOYEHHE KOJLTHHEAp-

HOil 06/11aCTH ABMXEHHS POAMBLIEHCS Napsl BHYTPH Y3KOTO KOHYCa BOKpYF
MMITYJIbCA PACCESHHONO BJIEKTPOHA, NPHBOMIT K HEPABEHCTBY

x| (1= 0P + (1 —x)? -

60)
2
(1-x,)

(61)

Mbi uckimouaem pf u3 (61), ncnonb3ys 3aKOH COXpaHeHHs NONEpPeYHbIX CO-

CTaB/MIOLKUX HMIYJILCOB B (bopMe, CHIPaBEMIMBOI B JaHHOH KMHEMaTHYECKOi
obnacru: p‘_L+ q%+ q]L(l —xz)/x=0. B tepmunax GespazmepHbiX nepemenHbix

), 2, yra ¢ yciosue (61) nepenucbiBaeTcs 8 BUaE

T|2x2x§—(‘/z—l —x‘/z:)2

I1>cosp>—-1+ , l‘fz——x\/z_|<nxx,
253z, ' 2 7 (62)

1>cos ¢>-1, |\/z—l_—x\fz:|>nxx2.

Hurerpuposanne nuddepenunansioro cedenns (61) no obnactu (62)
NPHUBOAMT K CJIENYIOUIEMY PE3y/IbTaTY:

2 ,
4 P 1-A  1-x 1= 2P 4 (1 = x 12
o dz (I —-x)+( x)
— .[;5 I dx J dx -
1

pllg ™ n Q2 : 0 2 (1 _x2)2
4xx x 2 _
-2 L4 @ =2 | 63)
-zt n* 2p

PaccMoTpuM TpeThio nonyko/uMHeapHylo KHHeMaTHuecKylo obnacts p_|| Py

B KOTOPOH BaxHbl iuarpammsl (7) u (8) puc.l. JIenToHHBIi TeH30p MOXET GbITb
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NoJlyueH U3 BbhipaxeHus (55) 3ameHoit py < —p, . Ksagpar monyns matpuuioro

SHCMGHTa HMEET BUL

452

I 2 2
= — 1 _ l".'
p_llp, % (])(2,)[( )"+ -x)"+

32

C] (q )2 (])(2)[ |(p|ﬁ)(p117+)+x(p+ﬁ)((lll)l)lz],

rae
P=p_—xp 4F=p,-p_)
@)==2p,q)(1 =x),  (D==2(p,p, X1 - x,).

HurerpupoBanue no (pi“ )2 7 (p‘_L )2 NPHBOAHT K aHpdepenuHaibiiomy ce-

YEHHUHIO
=— x,
p_ll P, b (q2 )- (ql )2 2Tt
(1=-x%+(-x) dxxx
7 : 1.2 2 : il (64)
(q] +q2) (l_xz) (l _XZ) Q

Orpannuenne, COOTBETCTBYIOLIEE UCKIIIOUENHIO KOJUIMHEAPHO KMHEMaTHYe-
CKOH 00nacTi, B KOTOpOil poxienHas 1apa ABHXKETCS BHYTPH Y3KOIO Koiiyca
BOKPYI MMIIY/IbCA HAYaIbHOTO 3MEKTPOHA, UMEET BHI

Ip |

£

1, 4 1
>6, P tq;+q,=0

HIIH

22 2
2‘!2 Z s Zl - 22 <11x1,
12 (65)
I>cosp>-1, I\/z_l—‘/z—z—| >nNx

I>cosp>-1+

1

Hnurerpuposanne auddeperunansioro cevenus (64) no obmactu (65)
TNIPHUBOAHT K CIICAYIOLIEMY BKJIany:
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1-A 1-x 2 2
(1-x)%+(1-x,)
Spiip=_2F I & .[ dx J dx, 2 —-
plip nQ 2 x 0 (1-x)
4xx. x 2.2 2 2 2
~— 2 lemLronEL sy | PL=D (6
(1—x2) n xfxp - x%p

TMonueiit BKIIAA NONYKOJ/UIHHEApHbIX KHHEMaTHYeCKux obnactell onpenens-
erca cyMMO# Boipaxenuit (59), (63), u (66):

+0C

pllp~ 67

o =0 +0
s—coll  “plip_" "pllq,
5.3. Cymma BKIa/0OB BHPTYAIbHBIX H peanbHbIX map. s nomyueHus
OKOHYATEJILHOrO, BKJ1afa o0pa3oBanus nap HeoGxogumo mobGasuth K (67) BKIax
KOJUITHHEApHOH KuHeMaTHKH (53), a TakXe BKJIambl 3a CYET BHPTYAIbHBIX H
MSITKMX Map.

[IpuHuMas BO BHMMaHHE BERyLMME U CJEAYIOLIME 3a BELYIMMH CllaracMbie,
cknanpiBaeM Bkiaael (67) u (53), npy 2TOM 3aBHCHMOCTH OT MapameTpa 1| ucde-
3a€T, B pe3yabTaTe HOIydaeM

4 1

o2 —A
Cand = I % J' @] ORw + L10M +4,0 +
1 X

lo-

1-x

v f dxz[[Gln ("2"2‘2)2 (=2 -z)(z—l)x
2
0

7-x%p?

X

-(©@1n (xp* -2’ +1In (2 - %) @(x, x,) -

2 2

— (@1 (2%’ 2l i
xxp)+lnx2)(p(x,x) L=In 7 L =In 7 (68)

m m

rae
(p = (p(x’ x2) + (p('xza x)’

(1 —x)2+ (x+x2)2 4xx,(1 —X=Xx,)

(1-x,)° (1-x)*

(P(xz, x) =
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HHrerpupys no x, Tperbe cnaraeMoe B (UrypHeix ckoOkax Bbipaxenus (68),

Mbl NOJIy4a€M BKJIag B CEYCHHE 6a6a—paccemmﬂ Ha MaJibl€ YIJIbl 32 CUET H3JY-
YE€HHUS pEalIbHBIX XECTKUX Iap:

Gha:d'_';(;ilz :f 5—2 II dx{%Lz(]+G))R0(x)+[l[@Fl(x)+F2(x)]},
F0)=d®)+C, (), Fy)=dx+Cy ),
d(x) = l ( In (1 —x) - 20]
C](x)=—%é+%x——32-x2—%—%(l+x)ln(1—x)+

2
+_2_l+x[ (xp _Z) 8x2+3x—9—

-3 Li,(1 =x) |+
3 1-x (xp )2 2 :I

1 —-x

2 2.2 2
]ln X+ 26x°-6) In® x + B(x) In @p-2)° s
l - X p4

_12 13 4, 2 4 o
C,(0) = 9 + 9 x+3x +3x 3(l+)c)ln(l x)’:+

+ZH”C2 In
3 1-x

+%( 82 — 320 ~ 20+1—13—+8Jlnx+3(1+x)ln2x+

@=x)p* -2 -1)
(2p? - )z - x)?

+3Liy(1 -x)]+

@- xz)(p —9G=1) g

2pl-z

21+x
3 B—Ro(x)_3 l_x‘

+ B(x) In

(69)

Popmyna (69) onuceBAET H3NyyeHHE APl U3 EKTPOHHOH NuHuu. s ydera
U3TYYeHUS M3 MO3UTPOHHOH JIMHMM NPU CHUMMETPHYHOH NMOCTAHOBKE OINbITA
JOCTaTOYHO YABOMTh NMONYYEHHOE BbIPAXEHHE.

Inst BbIIesieHUst 3aBUCHMOCTH OT BCIIOMOTATeNbHOrO napamerpa A B Opard MBI
HCIIO/Ib3YEM CJIEAYIOIIHE COOTHOIUEHMUS:
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2

P 1-4 o 1-A 1
[ @& | axec?p?-2= | dz[ | ax-[ax®
1 x 1 X

¢

0=1- @(x2p2 -2), EC =max (x,, p_l).

Cnenosartensto,
p 1-4 p’ 1-5 !
dx xc dx =
Ja [ o= ] dz[ln < —~j 5, (70)
1 x 1 x
2 —
[ @ | avoltl=2 jd[ I (1 -%) -2 In? A~
1 x,
: £ ma
| ax "—1(:'—’26]. 1)

c
+ -
Bkyian B ceueHHE e e -paccesiHHS Ha Maible Yrilbl IPY BHICOKHX SHEPIUAX 3a
CYET U3NIydeHHs peasibHbIX MATKMX [13] (c sHeprueii, Menbieil Ag) u BUpTY-
anpHbIX (29) nap onpenenserca hopmynoii:

2
4 P
_A4o def,2(2 1
Gsoft+virt_nQ12 '1[ ZZ{L (3lnA+2]+

17,45, 20 4
+£[ 6+31 A- 9lnA 3§2)}.

. Hcnonesya pasencrtsa (70) u (71), HETPYAHO NPOBEPUTH, YTO BCHIOMOTATEIIb-

Hblii mapamMeTp A cokpaniaercs B CyMMe O pair 20ha ar F Osoft4 virt - 1SHEPD Mbl
MOXEM 3amucaTh MOJHBIA BKJIafx 06pa3oBaHHs Map B OKOHYATENbHOM BHJIE:
p’ 1
4
200 dz | ;2 2 dx
: L +-In(1- =
Opair = Q [ ! ln( "3 J- 1- x
1 x,
17 8
+£[ T3 G-y -+ S (d-x)+

1
+ [ &
xL‘

_(20 8
x@[—g-—gln(l—x))]+
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1
+ dx[L2(1+@)E(x)+£(@Cl(x)+c2(x))]},

2

R(x)—§ R (x) - 30-x"

(72)
DTo BEIpaXEHHE ABIFETCA MCXOAHOK (DOPMYITOil Ul YUCIEHHBIX PAacYETOB Ce-
yeHHus npouecca 6Gaba-paccesHHs Ha Maible YIVibl, COMPOBOXIAEMOr0 POX-

JACHHEM €+e_-l'lapbl. OTMCTI/IM, 4TO Be)lylllﬂﬁ BKJIaZ OIMUCHIBACTCS SJICKTpOHHOi;l

CTPYKTYpHOi (pyHKUME#H D:(x), KOTOpast 3a0aeT BEPOSATHOCTh HANTH NO3UTPOH

B 9JIEKTPOHE, HMMEIOLIEM BUPTYabHOCTH 02 IIpH YCJIOBHH, YTO 3JIEKTPOH
Tepset pomo sHepruu (1 —x) [24,27].

B rtabn.l npencraBneHO OTHOLIEHHE CEYEHHsS O pair (72) x Hop-

MaJTH3allHOHHOMY CEYCHHUIO GOI

o = 4ol
07 292

Tabmuua 1. OrHomenue S = Opair /Oy B NpOUEHTAaX KaK (YHKIMA X,
s NN- (p=1,74, 0., =1,61°) u WW-gerexropos (p = 2,10, Gmm—l,50°),
Vs =26 =M,=91,187 I'B

X 0,2 0,3 0,4 0,5 0,6 0,7 0,8

Synv» % | —0,018 | -0,022 | —0,026 | -0,029 | —0,033 | —0,038 | —0,046

Syw-% | —0,013 | -0,019 | -0,024 | -0,029 | —0,035 | ~0,042 | —0,052

"Tabnuoa 2. OTHOCHTENIBHBIH BKJIAX HEJIHIMPYIOIIHX CJIATaeMBIX
B obpasosanme map R nns NN- u WW-gerektopos (cm. Ta6n.l)

X 0,2 0,3 0,4 0,5 0,6 0,7 0,8

Ryy 0,036 -0,122 | -0,194 | -0,238 | —0,268 | —0,335 | -0,465

Ryw 0,179 -0,021 | -0,088 | -0,120 | -0,179 | - 0,271 | - 0,415
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B 1a61.2 Mbl MPUBOAMM COOTHOLUEHHE MEXIY HEBELyLIMMH jiorapudmuyec-
KMMHU BKJIaJlaMH, COAEPXKALIMMH TOJIBKO TIEPBYI0 CTerleHb Goboro gorapugma
L, v nONHBIM BbIpaXeHHEM C_ .

pair’
on-leading
R= anair
0-pair

6. BEIYIIIHUE O(c)-IIONPABKH
K TPOIIECCY BABA-PACCESHUSA

HY100bl BHIYHCIHTE BedylHe JiorapudMHyeckye BKIadbl, NpeNcTaBisieMble
3 3 .
uneHamu Buaa (0LL)”, MBI HCHONb3YeM HTEpaUMio BILIOTH 10 P~ ypasBHenuii
Jlunatosa [11,13,24] (cM. npunoxenue 7). Ing ynpolieHus aHaIMTHYECKUX Bbl-
paxxeHHi Mbl HCNONB30BATH PEUIMCTHUECKOE NMPEANONOXeHHE O MATIOCTH 1IOpora
perucTpauMy 3HEPrHH XECTKOro MoAnpoiecca, 4To Mo3BosiseT npenebperarsb
ujieHaMH BMIA
nf & 3 —4
x,(—ﬂ) ~107%, n=123.
“in
DTO 03HAYAET, YTO Mbl MOXEM OrPaHMYMTBCH TOJIBKO YYETOM H3JIyueHHs Ha-
YajbHbBIMH 3JIEKTPOHOM ¥ TO3HTPOHOM.

Bknan 3a cuer H3JTYYEHHS TPEX Q)OTOHOB,KQK pEaibHbIX, TAK H BHPTYQIbHbBIX,
B BE&JIHYHHY Z 3anuUCHIBAETCH B BUIE

2
p 1 1
1(a .\ _
Z3Y=Z[;£] I dz -z 2del IdeG(xle—xc)x

1 x x
c <

1 1
x { 5 31 =2) PO 0?0+ — PDx) Py 0,0, |,
1
rae P(x) u P(z)(x) onpenenexs hopmynamu (24) u (50),
2 2
%2 2 %2
0,0,=0|z-5 10|p" -z |,
) Xy

PO =81-x4+01-x-4)8,,
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_aelly 1 33,1 33]
At—48[3C3—2§2(lnA+4]+6(lnA+4j ,

1+479 1 3 3
— [32—2C2+41n(1-—x)—~81nx+

LI IR T S _
+5 (1 x)+12lnx Inxln (1 x)]+

+é(1+x)lnxln(l—-x) —(1-—x)1n(1—x)+—(5 3x) Inx—

1. 1 2 1 (1
~7g (1=0) =35 (1 +x) In*x+ o (1 +x) Liy(1 x)}. (73) -

PaccMOTpuM Temephb BKJIaJ B X 3a CYET Hpolecca ¢ 0Gpa3oBaHHeM e’ e -maphl
W OIHOBPEMEHHBIM H3NydeHHeM (oroHa. [IpuueM Kak mapa, Tak U (POTOH MOTYT
6BITh KaK pEalbHBIMH, TaK W BUPTYATbHBIMH. MBI YYUTHIBAEM CHHIJIETHBIA M
HECHHIJIETHBI MeXaHM3Mbl poxaeHus napsl (B pabore [24] paccMOTpeH TOJIBKO
CHHIJIETHBIN). PesynpraT uMeer Bux

p 1 1

Zee 'Y___(_ J I%deljdxze(xlxz—xc)x
1 x x,

<3[R0 +3 PP+ R ]300 - ) 00307 - )+

+ Lz P(x,) R(x,) ©,0, } (1+0&),
1

roe

R(™) =R(x) + % P(x), R'®)= ls;x" @G +Tx+4x%) +2(1+x) Inx,
RP(x)=R" (x)( +2In (1 - %) ]+(1+x)(—1n x+4Liy(1 - x) +

1 o 2 2(_3_ 2),2,0
+3( 9 3x+8x)lnx+3( . 8+ 8x+3x ]+3P (x).



1290 APBY30B A.B., KYPAEB 3.A.

7. KAJOPUMETPHYECKASA TIMOCTAHOBKA OIIBITA

B kanopuMeTpuyeckoil MoCTaHOBKE B3KCHEPUMEHTA COOBITHS, B KOTOPBIX
3EKTPOH (MO3UTPOH) OQHOBPEMEHHO C ONHUM UnM Gosiee POTOHAMMU NonanaeT B
Maylo 00nacTe AETEKTOpa, TaK YTO BUIEH EAMHBINA KJacmep, HEOTIUUYMMbI OT
COOBITHI, B KOTOPBIX B TY Xe 06nacTh AeTeKTOpa MOnagaeT oaMH 3j1eKTpoH (mo-
3UTPOH), €CNK BbIJEJICHHAs 9Heprus oavHakoBa. s onucaHus 3TOH CHTyaUuu
BBOJAT OMNpENENAEMblil MapaMeTpaMHu NETEKTOpa Maiibiii yroj J, Tak uYTO MpH
OTHOCHTEJIbHOM YITIE MEXAY 3leKTPOHOM H CONPOBOXAAWIMM ero (hOTOHOM,
MEHBLINM O, OHH PerucTPUPYIOTCS Kak OfHa 4acTula. OTMETHM, UYTO 3IECh MBI,
KaK W Bbillle, CYMTAEM, YTO MPH JETEKTHPOBAHHH PA3THYAIOT 3apsSKEHHbIE H He-
3apsxeHHbie yacTuubl. JInsa perektropos LEP | napamerp 8 umeer nopsmok

10-1073 pal, 4TO CpaBHUMO C YIVIOBbIM PaCTBOPOM JETEKTOPOB U MUHUMAJIbHbIM
yriioM paccesnust. Peanuctuuusl, Hanpumep, yciosus

[

6,=6

1 min

=24-107pan, 6__ =p@ =58 107 pax. (74)

INosTomy kpaesbie 3¢hhekTsl MOryT GbiTh 3HAYUTESbHBI, U (DOPMYJIbI IS BKJIa-
noB B L yCNOXHSIOTCS. B 3TOM ciyuae, ecTecTBEHHO, BBIFOAHO HCNOJIb30BaTh
meTof Monte-Kapno. TeM He MeHee AOCTaTOYHO TOYHbIE PE3y/NbTaThl MOIYT

ObiTh mosyuensl M ananuTHyeckd. Ilpexsge Bcero, B nopsukax (L()L/Tt)2 H

3
(Lo./m)” neo6xonuMo OTOGPOCHTH BKJIabl, OTBEYAIOLIHE M3JTyYEHHIO BIOJIb Pac-
CEesSHHBIX 1€KTPOHA M MO3UTPOHA, T.€. ylIepXaTb TOJNBKO cjlaraeMsle, comep-

xaume O(x*p? - 2) B (49), (72).

Yto KacaeTcs BKJ1axa MOTMPABOK MOPAAKA O/ T 3a CYET H3JIydeHHs OHOrO
xecTkoro oToHa (cM. (19)), To ero yro6HO NpeACTaBUTb B BULE

Y._EKY ¥
Tl=—(ET+I, (75)

rae ciaracMmoe Ziy, OMHCBIBalOLlee BKJIAA 33 CUET U3JIyYEHHS HAaYabHBIM BJIEKT-

POHOM HMeEeT NPEeXHUH BHA:

P 1 3 Bra
Yo dz _ 1. 3, + X
5, JZZ 20-D)In+3L-2+ [ dx T
1 x,
_ 2
x||L-1+1,+ 8" owp2 -+ 1,00~ || (76)

1+x
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Hns BTOPOro cjlara€Moro rnoJjiydaemM

2
o 2 | @_-0d, -4
- dz 1+x _ +
Zf -l[ 12{;‘;& 1_xln (xd_—z)(xd+—z) +
(P*-2z-1) (xd, - 2)(xd_—2)

(2= x)(p’x-2) (d, —2)(d_-2)

I

Tl -n) 2 ] 77
el

d, =

DTOT pe3yapTaT BHIBOAMTCS (QHAIOTHYHO [IPUBEUACHIOMY B pas3i.3) nyrem
MHTErPHPOBAHUS cliaraeMoro, nponopuronansioro 1 /Va, B (19), npuuem yjuo6-

2 2 2.2
HO pa3sOuTb MHTETPAI 110 NPAMOYIOAbIMKY | <z < p®, x” <z, <x"p” na cieny-

o1ue naTh obnacreii:
l)x2<zl <x22—n,
2).\‘2:—n<:| <.\'2:—T],,
3)xzz—nI <z’<.\'2:+nl,
4)xzz+nl<z]<xzz+n,
5))(zz+1']<zl <X2P2,
n=2x2(1—x)‘fz_e§.

1

3aBUCHMOCTb OT BCIIOMOTATEAbHOIO napaMmeTpa T]l B MOJIHOM CYMME BKJ1adOB

obnacteil Hcue3aer.

8. OIIEHKA OTBPACBIBAEMBIX CJIATAEMBIX
H TOYHOCTH BLIYUCIEHUMN

OOGcynnM Teneph BENHYHHbI C1araeMbiX, He IPUHMMABLINXCS B PacyeT BBHILY
TpebyeMok TouHOCTH (1). Pasgenum ux Ha ciiefylolue Ipynmsl:
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a) DnexTpocnabele BKIaAbl BHICIIMX MOPSIAKOB HE MPEBBILAIT BETMYUHbI
2

aQ
1
e =— <107 (78)
M
z
6) [pu BBIYKCIEHMN BKTaa TOPMO3HOTO U3Ny4eHHs B HU3LleM nopsake TB
Mbl pacCMOTpESTH TOMbKO JHArPAMMBbl DPacCeMBaTEbHOrO THMA M mHpeHeGperu
BKJIQaMM [UarpamM aHHUTMISLMOHHOIO THHA, MPH 9TOM HEYYTEHHBIMH OKa-

31MCh BKJIa[bl OT BUPTyalbHBIX U peasisHbix PII Bunma
o N
0r ~In* = <107 79)
n —t

OTMeTHM, YTO Haul Pe3ylbTaT Wi X' COBMAZAeT YUCIAEHHO C pe3yabTaTamy,
MOyYeH HBIMH Apyrumu rpynnamu [1], ucrnonp3oBaBIIMMH TOYHBIH MaTPUYHbIIL
anemenrT [25].

B) MbI npexebperiu B pacyeTe TOPMO3HOTO H3ydeHHs Takxke HMHTepde-
PEHLUUOHHBIMU BKJIalaMU PACCEMBATENbHBIX U AHHUTHIISILIMOHHBIX JIHATPAMM:

ef L<10™ (80)

alR

H COOTBCTCTBleL[[HMl/l cJlara€MbiIMH B ﬂBOﬁHOM TOPMO3HOM H3JTYYCHUH !
2( oL \? -4
6] y <107 (81)

r) Unrepdepenunonnsle BKIaap B 06pa3oBaHuy Map THMA «BEpPX-HU3» (Ha
9JIEKTPOHE U HA MO3MTPOHE), B TOM YHC/IE TAaKOBBIE OT y4eTa TOXAECTBEHHOCTH
thepMUOHOB:

2
0’ [% ] }<107, (82)

1) DAKOHATbHBIH B AMIUTHTY/bI, YIUTHIBAOIINIA MHOrO(OTOHHBIE 0GMEHBI
B KaHajle paccesHMUs1, HapyLlaeTcs claraeMbIMU BUAA

07 =< 107" (83)

aR

e) Obpasopanue map Tsxenbix (GepMUOHOB (W, T) (BUPTYaIbHBIX M peas-
HBIX), @ TakXe 0Opa3oBaHUE PEalbHBIX 1Iap NMOHOB BHOCHT BKJIa[, 10 KpanHei
Mepe Ha MOPsJOK MEHBIUWH BKJIaga nerkux (gpepMuonos [9].
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x) Bkunagsl Beicminx nopsakos TB B nupupyiomeMm npuOiInXeHUHn HWMEIOT
nopsaoK

n
(%J <10, n>a.

OObenuHsas 3TH OLEHKM KaK He3aBHCHUMbe, MOXHO YTBEpXIarh, 4TO
(huznyeckas HeonpeneneHHOCTb foJiydeHHbIX opMyn yunosiieTBopser Tpebo-
BaHuio (1):

60,
1 hys <1073

—_phys
(6

9. YUCJIIEHHBIE PE3YJbBTATbHI U HX OBCYXXIEHHE

Mbi npenctasunn cedenne Gaba-paccesitnst 1a Matbie yIvibl B JIBYX, 9KBHBA-
JIEHTHBIX C TOYKH 3peHHs 3ajaHHOM TOYHOCTH, BHIAX!

2

0= 4+ 2T+ 45 2z,
1
2 ‘- .-
o=4—n%—200(1 +8,+87+ 48 ¢ +8+8¢ Y,

rne

- _ -2
Too=Zolgoo=1-pP2+Z,+Z,,

S. = M 57_ _Z_:_I
0= "y , =3 e
00 00
Benuuuna 60puoscxoro CceyeHHus
2
oB _ 4o 5
Q2 0
1

s 6] = 26,125 mpan, 92=55,875 Mpaj, 3ajallidX Tak Ha3siBaeMblit NN-ge-
TEKTOp, MNpH \/s_=92,3 I'sB umeer BenuyuHy 0'B= 148,186 u6, a mia
9‘ =24 mpan, 92 =58 mpax (WW-gerekrop) — of= 175,588 u6. Pe3yapraTs

HaWMX BBIYMCIICHWI NpuBeneHbl B 1abn.3,4 u Ha puc.4.
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Tabanua 3. 3navenns §; nna NN-gerekropa

npu 6NN =26,125 mpan, 0N =55875 mpan, Vs =92,3 I'sB
NN-perexrop, p= 1,97
X, 0,1 0,2 0,3 04 0,5 0,6 0,7 0,8 0.9
d 4,13 4,13 | 4,13 4,13 4,13 4,13 4,13 4,13 4,13
& | -684|-717|-744 | -8,16 | —894 |-10,32|-12,67 - 16,73 | — 24,98
3y | 001 0,00 | ~001|-002|-005]|-0,08|-005] 0,13 0,87
8}( lead | 0+49 0,46 | 042 0,36 0,27 0,17 0,14 | 0,25 0,93
M eaa | 0,07 0,08 0,08 0,08 0,09 0,09 0,09 0,06 | —0,03
5}! ntead| 006 | 0,05 0,04 | 0,04 0,04 0,05 0,05 0,03 | -0,02
5¢e | —0,00|-0,02(-0,02|-0,03|-004]-005|-006|-0,07 | -0,09
S¢ey | 0,008 ." 0,006 | 0,005 | 0,004 | 0,004 | 0,003 | 0,003 | 0,003 | 0,006
& | -005|-004|-004]|-004|-003|~003]|-002|-001]|-0,01
%5, | —-2,11|-250|-282|-360|-4,51|-699 | -837 |-12,19|-19,19
Tabmua 4. 3nauenns §;, nis WW-nerekropa
npu 6%W =24 wmpan, 67" =58 mpan, Vs =923 B
WW-nerektop, p =2,42
x, 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0.8 0,9
8, 4,05 4,05 4,05 4,05 4,05 4,05 4,05 4,05 4,05
& | -587]|-622|-6,66|-724|-8,14 | -9,69 |-12,18|-16,35|— 24,65
&y | —001)-002)|-004|-006|-010]-0,12|-0,09] 0,09 0,84
8}’ lead | 045 0,41 0,36 0,29 0,18 0,10 | 0,07 0,20 0,89
M aa | 007 | 0,07 0,08 0,08 0,09 0,09 0,08 0,06 | -0,03
8; ntead| 005 004 | 0,04 | 0,04 0,05 0,05 0,05 0,03 | -0,05
5¢'e 0,00 | -0,01{-002|-003|-003|-004|-005|-007|-0,08
8¢'e’v |—0,012}-0,007 |- 0,004 |- 0,002 |~ 0,001 |- 0,001} 0,000 { 0,001 | 0,004
Y |-0,026|-0,024|-0,021 |-0,018|-0,013 [~ 0,007 | 0,000 | 0,009 | 0,015
5, | —-1,32|-172|-223|-289|-393|-556|-8,06|-11,97|-19,02
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F_i(x_c)

10 T T T T T T T T I T T T T T T T T T T T T

I F2 ]
L ___F.1 .

0

~-10 VO S |
0

Puc.3. 3HaueHMs  MHTErpaloB  siep  YpaBHEHUH  9BOJIIOLMHU
1

F;= J P O(x) dx xak pyHKUMH HMXHETO Hpefena

X
c

OG6cynuM HEKOTOpBIe 00LIMe YepThl paMallMOHHBIX TONPaBOK. 3HAK KaXI0-
IO M3 BKJIQZOB X, MOXKET MEHSTECS B 3aBMCHUMOCTH OT COOTHOLUCHMS BHPTYailb-

HbIX M peaibHbix BKJIanoB. CeueHne, OTBeyalollee BKIagaM AuarpaMm B 60pHOB-
CKOM THpHOIMXEeHNH, MOMOXKHTEIbHO, Torda Kak 3Hak PII 3aBucuT oT nopsixa
TB: mns BKIagoB HEUYETHBIX MOPSAKOB OH OTPUHATENEH, a AJIA BKJIaNOB YETHBIX
nopsakoB — mnoJsioxuresed. Korxa anepTypa CUeTYHKOB BEJIMKa, a 3HEPIETH-
YeCKUH TMOpOr PEerucTpaLluy Majl, MMeeT MECTO MOJIHOE COKpallCHHE BEAYLIMX
norapuMHUUYECKUX BKJIagoB B ciily TeopeMmbt Kunomutelr — JIu — HayenGepra.
C ymenbuienueM anepTypsl M yBeIMYEHHEM MapaMeTpa X, KOMIICHCAUuUs BUPTY-

aibHBIX U peansHbIX BKIIagoB B PII cranoBuTes HenonHoil. Kak ciencreue sToro,
MOXHO OTMeTHTH TO, uyT0o PIT s NN-cnyuast Gosnbliue no aGCcomoTHOM BelHYHHE,
yem PIT mis WW-cnyuas. U3 tabnun 3,4 BUOHO TakXe, YTO MPH YBEIHYEHUH
Mopora perucTpauuu X, MPOMCXOAMT MONABIEHHE BKJIANOB 33 CUET U3IydeHHs

peanbHbix yactnil ¥ PI1; oHH, CTAHOBACH OTPHULIATENBHBIMHU, pacTyT o aGcoioT-
HOM BEJIMYMHE.
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3 T T T T l T T T T ! T T T T T T T T i T T T T
A ]
3 o LL(so) B
o S I All-phot(so) |
£ 4 LL-phot .
2 [ x  All-phot ]
A1 : 1 + All-corr ]
Ol | ]
- ’-I— X .
2T ’ i P
% 0 ad l B
~ B X ]
£ [ o ]
g i # # ° + k R
z 1= # ]
L o ]
- # -
2 + -

Coa 1 i | L 1 1 L [ N It ! RS T ' l ! L1
0! 0,2 0,4 0,8 0,8 1

X_c

Puc.4. Bennuuna (ONLLBHA/ OBHLumi — 1) B npouenTtax  Kak
yHKLUMS X, IPH Y4CTC PA3IHUHBIX BKIAIOB. ONLLBHA — PC3Y/IbTaThl
H3/1aracMOTO OUXONA; Oy ) — PE3Y/IbTaTHI Ipynisl Snaxa

OTMETHM, YTO OTHOLUEHHE JIMAMPYIOLIMX H HEAHAHPYIOLUMX BKIANOB B X2V
HE BCErna sBAETCH BEAWUMHON MHOro Gosbite eannuust (10 Moaynio). Kak
BMUAHO u3 rpaduka puc.3, NPENCTABASAIOIWEr0 MoBefeHHe  (PYHKLMH
. 1
F,(x)= I P(z)(y) dy, onuchIBalolIeH XapaKTepHbIi BKJIal B BEAYILEM norapud-
X
MHYECKOM NPHOIMXeHUH, 3Ta QYHKUHS POXOAUT Yepe3 Honb npH x = 0,8. Do
NOKAa3bIBaeT, YTO B BEAYHIMX BK/IaaXx BO3MOXHBI CYLIECTBEHHBIE BHYTPEHHHE
KOMIEHCALMH, YTO, KOHEYHO, CHJILHO 3aBHCHT OT BhiOOpa napamerpa X, M Quana-

30Ha YIJIOB.

Ha puc.4 Mbl npuBoaMM cpaBHeHME HAalLMX pe3y/bTaTOB, MONYYEHHBIX C
nomowsio nporpammsl NLLBHA, ¢ pesynsraramu rpynnst Sigaxa, nonyyenHsimu
¢ nomouslo nporpammer BHLUMI no merony Monte-Kapno. Bui6paHbl 3Ha-
uehus napametpoB WW-gerektopa (cM. Tabm.4). B wmpokoii obnactu uiMme-
HeHusd mapamerpa x, HaGmofaeTcs cornacue pesynbTatoB Ha yposHe 0,1% npu

ydere u3nyyeHus oronos. IlpuyeM, kak BumHO M3 puc.4, B o6nactu x.~0,8
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CYLIECTBEH BKJIaJl HEMUIUPYIOIIUX cilaraeMbiX. YTo Xe KacaeTcs BKaana map (ko-
tophiil He yyutbiBaetcda 8 BHLUMI), To on e npesbimaer 0,1% Besne, kpome
obmacty x_ > 0,8, rie OH ROJIXEH YYHTHIBATHCH.

Astopst  Gnaromapust B.C.®aguny, JI.H.JIunarosy, H.II.Mepenkosy w
J1.TpeHTanys KaKk coaBTopaM paboT, Ha KOTOPBIX OCHOBaH 3TOT 0030p. ABTODHI
npusHarensusl 1. bapauny, @.Bepeuncy, b.Bapay, E.Jlesuny, B.IlseTepxkaky,
M.Cxpxunexy, Ox.®@winy u C.Amaxy, DUCKYCCMM C KOTOPBIMM HAa Da3HBIX
CTanusiX NMPOBEJEHHBIX MCCeNoBaHuil Obiu BechMa nonesHsl. D.A.Kypaes 6na-
ronaped ¢ouny MHTAC (rpant 93-1867) 3a yacTuuHyio nmomaepxky. A.B.Apby-
308 npu3Haresied 11IBenckoii Koponesckoi akageMuu Hayk 3a puHaHCOBYIO nox-
nepxky B Buge rpanta ICFPM.

NPUIOXKEHHE 1

KWUHEMATHKA CHCTEMbI BECKOHEYHOI'O HMIIYJIbLCA.
OJHOKPATHOE TOPMO3HOE H3JIYYEHHE

HIns npouecca
+ — + -
e'(p,) + € (p) - €*(g)) + e (q)) + ¥k)
y).IOGHO BBECTU MNapaMeTpU3alUIO Cynaxosa s 4-HMl'lyJII>COB KOHEYHbIX
YyacTuu:
;

~ " ~ ~ 1

q,=0p, +B P +ay, 4y = 0P, + B+,
k=op,+PBp, +ki,

=op, +Bp, + k7, (84)

rae ﬁl 2 ABJIAIOTCA 4-BCKTOpaMH, JieXaluMH No4YTH Ha CBETOBOM KOHYCE, qll H

k' — eskunosn IOBYMEpHBIE BEKTODHI, 3aganHbie 8 CLIH:

1 142 2 ,
s, M s
pl pl sp2’ pz_p2 SPI,
2 2 2 2 2 2 ~2_~2 m6
P=pi=g=g=n’, ¥=0 pl=pl=",
S

~~ o~ ~ 2
§=2p,p,=2p\p, =2p,py =2p,p, >>m".
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M&l paccMaTpHBaeM KMHEMAaTHYECKYIO CHTYaLMio, B KOTOPOii (hOTOH U3nyya-
eTCs MOA MalbiM YITIOM K HallpaBieHHI0 ABHXEHHUS HA4YalnbHOrO 3JIEKTpPOHA. Y-
JIOBUSI MAacCOBOH NMOBEPXHOCTH Wi 4-UMMYJIbCOB NPUBOAAT K TOXIECTBaM

(@)% + ni?
2 _ L1y2_ .2 ] S
g=soB —(q)=m" o= sB,
L2, 2
() +m
2_ 122 _Sht T
q2—50(2[32“(q2) =m, BZ_ sOt2 ’
12
K=sap-k')>=0, SOL=(kB) )
Coy=1, Bl ~loy |~ lal <1, B, ~B~1.

C noMolibl0 COOTHOWIEHHS d4ql =(s/2) do, dBl d? qll noJjiyyaeM npe-
craesieHHe ¢a3oBoro o6beMa B BHIE
3 3 3
d”qd q,d k

dg=—————8Y%p, +p,-q,-q,- 0=
2q(l)2q(2)2k0 1 2 1 2

1
=g, BB 81 -B-B)d Kk'd qyd” 4y 8Vay + gy + k).
1

3akoH COXpaAaHEHHA 3HEPruH-UMNYJbCa . 3aNUCHIBAETCA B BHIE
9tp =q,*k py=q,+q, q =-q,.

Tlpusenem chopmynsl s 3uamenarenedl npomaratopos (natee P, =x,
B=1-x):

~d
2 2 _ 1 2_ 2 _ d
(pl k) m-l"‘x’ (p1+Q) m_x(l_x),

F=-(;) d=m’(1-2*+(q - g2

d =m*(1-x" + @l -q; ) (85)
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MaTpuuHBIi 3JIEMEHT MPOLIECCA TPUHHUMAET BUJL

nv
M:Bquz) Y14y i(g,) Oulp)),

AN AA
py—k+m . . ptg+m
et+e

0"=v" Y
P, - k)2 -m* P, + q)2 —m?

[Tone3no ucnosb3oBaTh CJICAYIOLIEE pa3jioXKeHne TeH30pa guvl

BV vop THRY 5
pPipy +Pi Py 2pip qt)?
gv~glv+ 172 d 2:' ! 2[l+(’)[( ) )J
H u PPy s 2s

Hcnonb3ys (84) u (85), MoXHO 3anucarb
V= - A ’
p2 u(ql) OV u(l)l) = ”(CI|) vp “(PI) ep(k),

rie obobulennas BEpLUHHA \’p NpeAcTaBIA€TCs B BHUE

Y kb kY
_ _of o2 2
vp—sypx(] x)[d le p x(1 —x) ‘11 (1 =x).

IpeoGpasyeM cyMMy 110 CIIMHOBBIM COCTOSHHSM KBajpaTa MAaTPHYHOIO 3Jie-
MEHTa: '

- A 2 AAAA 2
z IV(qz)PIV(Pz)I =Trp2plp2p1 =257,

spin

>

A AN A A
R—4—s2Tr(p|+m)vu(p]+k—q+m)vu=

1
d*d?

= x[~ 2xm’(d - d))* + (g )21 +x) dd]

B urore nonyuyaem
42 qyd? @y dx(1-x)
20

dce+e- - e+(e- L/
w(ay )} dd))?

X [= 2xm’(d — d))* + (g3 )*(1 + x%) dd].
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Takum xe 06pasom MOXHO nomyunts AugpepeHLHaTbHOE CeYeHHe TIPoLec-
ca [BOHOIO TOPMO3HOTO M3/1y4YEHHs B Pa3HBIE CTOPOHBI:

dot e ey 0c(1+xl)(1+x2) .[ 4% ot @ )*(1-x)°
d*qrd’ qrdr dx, ©(1-x)1-x) ° @) 4,

2x, m*(1 - x)*d, ~ d,)?
2 2,2
1+ dld;

@YU -x)*  2v, m’(l-x)*d,~d,)’

X u—
] 2 3252
dyd, 1+ dZd;

rae xl, q‘lL H ,yz, q_21_ CYTb AOJIU SHEPrHU U NOMNEpeyHble IO OTHOUIEHUIO K
Ha4aJIbHOMY TIYYKY KOMIIOHEHTBl MMIIYJAbCOB - pPacCEesiIHHbBIX QJICKTPOHA H

1
MO3UTPOHA COOTBETCTBEHHO; ( — MOHEPEYHBIE COCTAaBIAIOLIME HMIYJbCa
BUPTyalbHOro (OTOHA,

dy=(1-x )’ +(q - %)% dy=(1-x)"m*+ (@ - q1 )2,
dy=(1-x’m*+ (g + q'xp)%,  dy=(1-x)'m* + (g} + ¢+ ).

PaccMOTpuM Teneph 9KCepUMEHTanbHble OrpaHdueHns (4) Ha obmactb
MHTETPUPOBAHHUS MO d? qll ,d? qé‘ . Onpenenum Ge3pasMepHbie epeMEHHbIE

(g’
ok

212

Hge yskue nonocku z, 2z, Uz, 2x2z2 B 06N1aCTH HHTErpUPOBAaHMS Ha IUIOC-
KOCTH (2, Z,) AAOT JiorapuMHIECKH ycuneHHbie BKIansl. CliefoBaTensHo, Be-
nywmii norapucMudecKuii BKaag B T Oyner Habuparbca TOrma, KOTga XOTS
Gbl omHa M3 yKasaHHBIX MOJoc OyeT nepecekaTh NPAMOYIONBHHK Jc2<zl

<p %2 1< z,< p 3ameruM, 4TO moJsioca 7~ x2z2, OTBEYalIWasd H3JIyYEeHHIO

ONHOIo XE€CTKOro q:)OTOHa BAOJIb HaTpaBlICHHUA ABUXCHHUS pacCEIHHOrO dJIEKT-
pOHa, ABAA€TCA JHArOHAIbIO STOI0 MNpsAMOYroJjibHHKa. [Tonoca xe Zl ~ ZZ’ OTBEC-

qaouias U3JIy4eHHUIO XECTKOro Q)OTOHa BAOJIb HAMpaBJICHUS ABUXEHHUS Ha4yaslb-
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HOTO 3JIEKTPOHA, NEpeceKaeT NPSIMOYrOJbHUK, €CiH x2p2>z2 nxp>1. D

H
ycJIOBUS U JaloT O-hyHKLUK B BeAylleM BKJiaje B X .
JlefcTBUTENBHO, WIS BKJIaZa OT UITYYEHHs HAyallbHOro 31eKkTpona (cM. (19))

TNOJTy4HM
pz 4 x2p2 J
2, 2,25(1 —x)
F=0(1-px) | —2 ey
1 =19 ',[ 2 ;[ (@ =522z, 7))
o p 2o dz. 2l - %)
2 7,2,(1 —x
r0p-1 | 2 | —2
o zg 2 (@) = X202~ 2)
207 z,-1 X
f dz, dz,(1-2)z, JP dz (1 -3z,
+O(xp -1 — —_—t ey ———————
(xp—1) l Zg 4 (z, - x2,))(z, - 2)) . (z, = x2,)(z, = 2,)
z,+1n ,+1
i dz, wo® 2dz,2, ]
+ - ’
z,-M (e =2)" +40°5,]' /2 14 5N (5= 2)° + 4022

rae Mbl BBEJIH BCOMOraTe/ibHblH napaMeTp 1: 62 << MN <L 1.
Mbi BHAHM, 4YTO C MNOMOUILID 3TOIO0 NpHEMaA OTBET MOXET 6%:11‘!: nojgyyen B
AHAIHTHYECKOM BHAE, MPHYEM 3aBUCHMOCTbL OT 1] HCYE3ACT B CyMME

+x

!
1]
———T,

@{e(xp—l)@(xzpz—z)(L— ; 2 ]+

~N

+0(2p?-2) L, +(O(1 - xp) +O(x p - l)@(z—xzpz))L3}.

AHaNOrH4Ho nojtydacM BKJiall 3a CHET H3NIYYEHHUS BAOJAb PaCCEIHHOIO 3JIEKTPO-
Ha:
2

P
dz 2x
F,= J _2{L’ 2+L1}’
1

Z

rae L=In (Q12z/m2), a BEJIMYMHbBI Ll’ L2 u L3 npusexeHs B (22).
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MNPUIOKEHHE 2

BHUPTYAJIBHBIE ITOIIPABKH
K H3NTYYEHHIO OJHOIrO ®OTOHA

MuddepenunansHoe ceuenne mpoiecca JIEKTPOH-NO3UTPOHHOIO paccesHus
NIPH BBICOKUX SHEPTHSAX, COMPOBOXAAEMOr0o UITYYEHHEM OHOTO XeCTKOro PoTo-
Ha, MOXeT ObITh 3aNMHCaHO B BHIE

\ 3 2 2
At +V) _ o'dxd"gq,d"q, R Re lim P2 Pag Koo
2m°x(1 - x)((q5 )’ wp)—=  @pp)

Tensop kpc, BXOIAILHMI B R, CBA3aH C MaTpUYHBIM 3JIEMEHTOM epM p npouec-
ca KOMNTOHOBCKOIO paccesaHus (8p — BEKTOp NOMNSAPU3aLUN maxenozo ¢oToHa)
creayiomuM o6pasom:

* ~ ~ ~ -~ -~ -~ ~ -~ ~
koo = > M My =805k, + D1 Piokin + 1p916K20 + D1p Prokar + Prpd 16k 12
spin -

&

o . _
kj=By+o-Ty, ij=12 k=B + -

T
y Ty 2@y g’

rae

9,95 - P 9,9
5 = ple "~ _ i ~ 217
8po = 8ps~ q2 > plp_plp— q2 9D Yp=91p~ q2 9

CyTh SIBHO KalMOpOBOYHO-MHBAPHAHTHbIE KOMOWHALIUM HMITYJIBCOB: kpcqp=
=kpoq6=0.

B pacCcMaTpHBaeMOM Ciiyd4a€ MabiX YIVIOB pacCesaHUd R NPEeACTaBI€EHO B
BHIC

o o
R= [ 14 o% ](B“(sl, )+ 2By (0, 5)) + = T,

T=T,,+xTy,+x(T,+T,),

rae M gaHo B (39).

Tounnie Boipaxenus wis T, npusesenst B pabore [20]. Ham xe ot
BEJIMYHHBI HYXHbI TOJIBKO B MPELENbHOM Cilyyae, KOraa §; << |t1 | u |t1 | << 5P

npH PUKCUPOBAHHBIX q2 Mu =-2pgq,.
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B cjiydya€ MalbiX §, Mbl UMEEM

1

Tx(1-x)

Jasee B 3TOM MPHIOXEHUH MBI ONTyCKaeM HUXHUH MHAEKC | Mpu MHBapHaHTax
§ U t, XapaKTepHU3YIOIKHX KOMIITOHOBCKHIT noanpouecc, cM. (41).

[m*(1 = %) + (gyx + q7 )],

[IpuHMMas BO BHHMaHHE TO, YTO MPH MaNbXx s GyneM HMeTh q2=—(q'2" )2,
t=—(1- x)(qé‘ )2 Hu=-— (q‘2L )2x, MBI [10J1ydaeM CJIEAYIOIIHe BbipaxXeHus wis T un

n:

9
T\S«M=2(L-—1+1nx)(21nA—1nx)+3L—-1n2x‘—§,

1.2

— 2 .
TS<<’I|_s(l—x) 4(1+x)[lnxln —L12(1~x)
2
EPFD BB L P
P

B cnyuyae manbix |t| HMeEeM

9
n|t|«s=2(L—-1—lnx)(21nA—lnx)+3L—1n2x—§,

;

142 i
2x (0 1 . '
Tl «es™ 10 = 5) 4(1+x)[1nxln ~5 In® x = Liy(1 - )
2.2
—1—2x+x2}+16mzx ! Inx
t q

HanpHeiiniee WHTErpUpOBaHHE TPUBHAIbHO. MBI MpuBeAeM NUILb Hanbonee
BaXHbie 9Tansl. Bkiax 4ieHOB, comepXauiux 1, MOXHO MpeAcTaBuTh B hopme,
aHanoruyHo opme GOPHOBCKOrO BKIIaja:

2

o’ 1-A
(a2 [ d
Eﬁ(s“’)ﬁ[;) jz—gL | dx {(1+@(p2x ~2) X
1

X
<

x[L[ZlnA—lnx+gJ+(2lnA-lnx)(lnx 2) - —ln x—lf]+
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+(2lnA Inx+> Jk(x 2) = 2In x (2In A — In x) O(p*x2 —z)}

Yr106b1 MOJIyYUTh BKJIa[ Cllara€MblIX, coacpxXauux T, HaJgO0 pacCMOTpPETh CHaA-
yaia CICAYILHE THITbI HHTErpaoB:
d2 ( ) d2
e L O s
IA\'[t } s[t }

2t dlat
"1‘.|,|=Q12_[ fz4 J‘ (h
' nqy ) T ws 2(e2)

O6o03Hayas 0’2(] - x)2 + (qjx - qll )Z/Ql2 KaK a+ b cos ¢ ¥ ucnone3ys HHTerpa-

JIbl
‘; 2n d | I
a9 =
'[2na+bcoscp \/az_bZ’ a>b>0,
2n 2 2
j gqgln(a+bcos(p)= 1 In 2(a” - b°)
2t a+beoso A2 2 LN p2op?]
nojtyyaem

pl dz x..
I=(-9x | 2 f dz,
ZZ 2

In (1 - x) ) = In [z, ~ 2,7*)* + 46%%(1 - x)? 5l

X

Vg, - 2, + 4241 - x2 z,

Tak xax Mpl paGotaeM c jorapuhMHYECKO TOYHOCTBIO, TO NPH HHTETPH-
POBaHHH MO Z, Mbl MOXEM DaccMarpuBaTh TONbKO 06nacTh 'zl -xzzzl <n,

o’ << N << 1. Mbl nonyyaem

=x(1-2) I [2L+ln
Z

=]

2
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Ocrasmuecs HHTErpajibl BBIYUCIAIOTCA aHAJIOTHYHO!

22
px dz p dz
2 1 1 . 2
IL=—(1-%) I _ZL[EL+1n1—x]’ i, =x(1-x) .[ 2 L,
1 5 , 1o

x 2 p2x2
i=—(1-x) j _2 x2 j & m = J &
t 2 ’ 2 t 2

1 % 1 % 1 %

TCHCPB Mbl MOXEM 3aNnHCaTh BKJIaJ 1T B OKOHYATEIIBHOM BUAE:

z’;’“*"’:é[ J IQZ—L j dx1+x2{( L+inT® x]lnx——

x

L+20-1 2xlnx
4a+55  1+4°

~Li,(1-x)+

22 1 1 1,2 .
-Ox"p —z)[[EL-f-lnl_x)lnx—Eln x—Liy)(1-x) -

_1+2x-x 2xlnx
40 +% 1+

Torna moHBIA BKJIAL HATy4eHHS] OXHOTO XeCTKOro (POTOHA U3 BJIEKTPOHHOM
JIMHUHK C YYETOM BUPTYIBHBIX OJHOMNETIEBBIX MONPABOK MU CONPOBOXAAIOLIETO
M3JTydeHUs: MATKOro (hoTOHA MOXHO 3aMHCaTh KaK CyMMY:

SHS+V) L gHE+V) 4 gHS+V)
n >

KOTOpas NpHUBeAeHa B BhIpaXeHHH (4).

MNPWIOKEHHE 3

BKJAJl ITOJYKOJUIMHEAPHOI KHHEMATHKH H3JIYYEHHUS
NIBYX ®OTOHOB H3 OIHON JENTOHHOH JHHHUU

ANbTepHATHBOM HCTIOIB30BAaHUIO MPUOINXEHUS KBa3HPEATbHBIX 3/IEKTPOHOB
[26] sBnsercs npsAMOil pacyeT BKJIAJOB Pa3IM4HBIX AUarpaMM. TakK Kak 30eCh Mbl
paboTaeM c yorapu(MHYEcKOi TOYHOCTBIO, TO MOXHO OrPaHHYHUTHCA PacCMOT-
peHHeM JIBYX MONyKOJUIMHeapHbiX obnacteii: 1) xorna ¢oToH ¢ 4-uMmynbcom k|
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W3JlydaeTcs MoA ymioM He GonbiiuM, ueM 6 << 1, K HanpamIeHHIO IBAXEHH:
HAayaIbHOTO MEKTPOHA; 2) KOrXa (OTOH C MMIYILCOM Kk, H3Ny4aercs BHYTPH

TAaKOro Xe€ KOHyca BOKDYr HalpaBleHHMs JBMXEHHs PaccesHHOro ajeKTpoHa. B
oboMX cilyyasx cuMraercs, YTO BTOPOil (pOTOH He momamaeT HM B OOHH U3 yKa-
3aHHBIX KOHYcOB. [lpuHHMMas BO BHHMaHHE TOXHECTBEHHOCTh (DOTOHOB C
NOMOMIBIO CcTaTUCTHUYecKoro daktopa 1/2!, monyyaem mudpepenuuanbHoe ce-
YeHUe B BHIE

2 1 1-2A 1-x-A
cHH——4 d? q2 d ql 170 dx, dx,
SC  2x dx XX %
"(qz x A 1%2*
dzkl
x8(1 —x, —x —x)jR (86)
roe
dPk [ [+ =x)A + (1 - x)7
x(1 =2 @p k2P k)2, k) |y o
1 1

A1+ (1 =) P + (1 -2
x,(1 = x,)°(2q,k,)2p k))(2q,ky)

+

kllq
B Cilydae H3INY4YE€HHUA KOJUIMHEAPHOIO CbOTOHa C HUMNYIbCOM kl BOOJIb
nhnynbca pl KHHEMAaTHYCCKHE HHBApHaAHTbI yll06H0 NPpEOCTaBHUTh B BUAC

0} 0}
1 1
k=7 (k1) +6%4),  2pk,= Py &)

2
g
1 1 1 1
k=1 G = (-x) g P k=-q-q,
a B cliyyae H3JIYYCHHS BHOJIb q1 — B BHIE

Q2 o}
2k,q, = [c2x1+(xkl—ql)], 2.k, —-'—(k )2,
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2
Ql n I-x
1.2 ol 2
quz:xzx(ql—xqz), ky

ok
2T h T4 T

roe Q12= 26?, 0’2=m2/Q|2, u BBeaeHe Ge3pa3MepHbie BEKTOPbI k;‘, qll "

1 1.2 L L
q, TaK, uTo (q;) =Zp MY = Q.
HurerpupoBatue no d2k|l NPOBOAUTCA C OAHONOrapH(MHYECKOH TOU-

HOCTbIO:
2.1 2,1
d k dk X
2 ! - 2 I =1
G In(zplkl) b 9 j“(qukl) kllg, -
1 i

Ha aToM 3tane Heo6X0aHMO paccMOTpeTh KHHEMATHYECKHE OTpaluyeHs Ha
nepeMeHHbIe HHTErpUPOBalus @ i z,. PacCMOTPUM yCIIOBHS 11a yroJl BbUIETa BTO-

poro ¢orona:

Iy q Kk
2158, |—=--=2|>8,
X2 X XZ

[lepsoe ycnosue ne nosponser GOTOHY 1ONagaTh B KOMIMHEAPHBI KOHYC
BOKpYI HanpasJjieHHs ABUXEHHS HAYaIBHOIO 3JIEKTPOHA, 2 BTOPOE — KOHEYHOTO.
B TepMuHax nepemeHHbIX z, M @ OHM NpeACTaB/iCHbl B BUe HAGOpa yCIOBHil:

22— (Vz, -z, )
e N A D1}

YI>coso>—-1+ s
0 ¢ 2:Jz]z2

i)1>cos9>-1, [Nz =z, | >4,
x2 2 X \[‘—‘2
——— A= (Vz, - Z,)
R .
i)l >cosp>-1+ . >
2Vz,zz'—l_x
x\z, x
| |
2 2

2% >27L\/g——‘—

W) 1>cos@>-1, |z -—>— x
(1-x) (1-x,)



1308 APBY30B A.B., KYPAEB 5.A.

rae 7»=x290/ 0,. Mbl cunraem, uto A << 1. [leiicTBuTensHO, WIS MapameTpa

90, onpeaensiomero obnacTb KOUIMHEAPHOW KHHEMATHKH, HMEEM 0,e>>m
WM 60 >> 107 ans sHeprui konnaiinepa LEP 1. C apyroit croponsi, umeem

9KCMEPUMEHTANIbHBIC OrPaHUYEHHS Ha napametp 6,: 6, > 1072. Dro nossonser

B paMKax 3aJaHHOH TOYHOCTH CYUTATh A << 1.

-AHaNOrMYHO MOXHO TONYYHTh OTPaHHYEHHsE HA 001acCTh HHTETPUPOBAHUS U
Ans ciiydast, Koraa (JOTOH C MMAYILCOM k| MONAfaeT B KOJUIMHEApHbii KOHYC
BOKPYI' HanpaB/leHNA ABUXKEHHS PACCETHHOTO 3JIEKTPOHA.

B obnacrsix if) M iv) MBI MOXEM NPOBECTH WHTETPHUPOBAHHE 110 A3HMYTahb-

HOMY yIiy:
2n d xeQl_4
— 9 =X
2m(2p k)24 k) (1-x))z, - xz,
kllp,
1 x(1-x)
X T2 2
Izz—zll | x z,—(1-x)) zll
2 -4
2n d =x2x3(1 _xz) 2 Qq .
21(2p k,)(2 k) P
kilg 7,-2,
1-x
2
N 1 1-x,
2 X |z1 x222 |

e —x
2(1—x2)2

B o6nactsx i) u iii) umeem

de
I= J dz = .
I 21(z, +z, + 2Vz,z,, cos @)
175 122
Ne -, <
2 (g, - “22)2 P
=EI arctgy — g o,
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rae
}‘2 _ (\IZ_ \/g)z
¢, =arccos | — 1 +—2\IT- .
B peaynb’ra'ré nony4aem
I=2ln2. |

‘Torma nonHoe BblpaXkeHHe BKJIAAa MOJYKOUIMHEAPHO KUHIEMATHYECKOH
06J1acTH 3anMChIBaETCA B BHAE

I-2A I-x—-A .
2 ] dxldxzﬁ(l—a—-xl—xz)x

[92)
a
il
|s2
~
r\.k Sy
&

2
A xxp(1 = x))

p2
dz

x(1+1-x) U+ -x)2) | 5 Lx
Z

1
Ze% 2.2 2 2
ln?[l +O(p°x°—2)+20(p (I-x)" -2+
0

X

(2=x")(p’x" - 2) L
Az =x(1 = x))P*x(1 = x,) - )

+ (9(p2x2 -2)In

@~ p2(1 =x) Dz~ (1 -x)%
2 2 +
@1 -x)? -2z - x(1 - x)))

+0(z- pX(1 -—x])z)[ln

P -x) -2~ (1-x))

@-p°x(1 —xl))(z—xz)
2 2 +
P A =x)" =Yz -1 —x))

% - )z —x(1 - x,)

+1n ]+ Oz -p*A) In

(- (1-x)H(P*(1 -x)* - 2) .
©x(1 - x) = Dz - x(1 —x)(1 - x,)°

+0(p™(1 —xl)z-z)[ln

@- (1 =x))p*1 -x)*-2)
(1 -x) -1 -x -5 |
1 1 1

+1In
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1 2
va [ et g, -0, 020+

X
c

+4[—21n (1-x)-2In(1-%)+ j dx (1+x) +

X
c

+ I dx(1+x)]+2 f dx [(1 0% —(1, =] In x +
1 | 2
+2 [ dekn ) T, (88)

c

rae 3c'c = max (xc , 1/p), a BenuuuHa k(x, z) 3agana B (21). CunrynspHsiid BKiag,

CBS3aHHBI C M3NydEHHEM ABYX XeCTKHUX (oToHOB, uMeeT BUA (cM. (46)):

(=), —1nA[fdx1+x (L)L, -1, p2A) L, -

[4

— (1, P - (1, px »L3]—de(3+x) de(3+x>

x . x i
[4 [+

~4lnA+4In (1-x)+4ln (1-%) -

1 2
- [ a1, % - 1, 92 (89)

X
c

Teneps HeTpynIHO yOemUThCS BO B3aMMHOM COKPAILEHHM THX BKJIAKOB:
VVW+VS+SS H(S+V) HH \ _
(= o+ (ZHEHD )+ (2 )y =o0. (90)

PaccMOTpUM COOTBETCTBYIOLLUE BKJIAjbl B ZYY:

527 oo
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1
2
H S+VY _ 1+x
(B2, L-lnA[ZIdrl_x k(x, 2) +
x.

+(1, p2)[16ln A+14-8In(l-x)—

1 1
—8In(1-%)+4 [ de(1+x0+4 [ dx(1+0]+

X X
¢ ¢

! 2
va [ a0 -, 0201, o1

1 -x
FH
(ZHL=lnA
2

[ loh=(p?® 14
-8 [ ax it PEN o [ dxkir, 9~

X
¢

~8(1, p{in A~ 1In (1 -x)=In(1-%)]-

1-x 1-x
X(_

l .
—4 [ ara+0101, p2)+(l,p212)]}.

[Ipeo6pa3ys nocneauee cnaraemoe B (ZZ L C MOMOLUBI0 TOXIECTBa

1 1
—4 [ ax (1 + 011, P +(1, p2xD)] = - 4 [ ax @ +x01, 03 -

X X
< c

1 1 :
—4 [ax@+0,p)+4 [ de( + 011 pB -1, p2), (92)

X X
c 5

OonATh MOXHO yGCJIHTbCSl B COKpall€HHH A-3aBUCHMOCTH:

(zﬁjgL+(z§+v+z§+vl+[>:g]ﬁ=o. 93)
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NPUIOXKEHHE 5

- IPEACTABJIEHUE BEAYIIIMX BKJIAJOB B XY
B TEPMHHAX SIJIEP YPABHEHHI 3DBOJIOIIHA

3necy Mbl MOKaXeM, YTO BeiyliHe JorapuMUUecKHe BKJIaAbl MOTYT ObITh
npencTaBneHsl B BUAE, NPEeCKa3biBaeMOM PEHOPMATU3alHOHHON rpynmoit. CyM-

MYy NIPHBEACHHBIX BBIIIE€ BKJIaXiOB B ZW, BBIJICJIUB BEAyIUHE CllaraeMble, MOXHO
3anucarph KakK

2

2 P L ’
2W=2[%] c2| d—{zdeS(l—x)(ln2A+—lnA+—9~J
1

)

27! 16

>
N

[ axlrx [21nA—1nx+ J(l+@(x2p —)+
X

-A

2
dx[21+x In 1=

X 1
=« A +2(1+x)lnx—1+x]><

1 1+x2 1 Ap-Vz
x[1+3@(x2p2—2)]+z;“dx[2 ( Z \/p'z_—;x\j;J+

;

1 P2 Ve _xplg. 2.2 |
+x=1-5 1+ 9+ \E]@(xp +z)}. (94)

MoxHo yOemuThCH, YTO 3aBUCMMOCTb OT A B NPHUBENEHHOM BbILIE BbIpA-
XeHnu cokpaiaercsa. [lokaxeMm fajiee, 4To 3TO BhIpaXeHHE MOXeT ObITh mpen-
CTaBJIEHO B BHHE

2

p
1 2 dz
w_=> @<
z 2(nj { 2

dx { % PO + (%% -]+
Z

At ey

+ j dt-P(t)P{ )@(r z)}, (95)

rae sapa ypaBHEHHH 3BOJMIOLMM (CM. npusioxeHue 7) P u p?® NIpUBENEHBI

Boimie (cM. (24), (50)). IIpeoGpasyem Bripaxenue (95) ¢ MOMOIIBIO MOACTA-
HOBKH
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01 2p?-z)= % (1+0(2p?—2) + % 0z - 2p?) - 0(z - 1 3p?)

H U3MEHUM NOpPAOOK HHTECIrpUPOBaAHHA B IIOCIICAHEM CllaraCMOM:

1 o0 z/p
j dt j dz= I dz f dt=
x o}t X x

o’ \z/p
= | @ee-p% | a
1 x

[lpoBons sneMeHTapHOE HHTErPUPOBAHME MO ! U UCTIOJIBL3Yd SIBHbIE BBIPAXEHUS
Ui aep, HETPYRHO yOeauTbcs B ToXpecTBeHHOCTH (95) u (94). AHanoruyvo

MOXHO Y6eanTbCst B CIpaBeIHBOCTH npeactasnenus (51) s E;Y.

NMPHIOXKEHHE 6
CIIYYAH HECUMMETPHYHBLIX JETEKTOPOB

Jins onpeneneHHocTH Mbl OyleM npearnonararb, YTO PacCesHHbIA NEKTPOH
nerekTHpyercs 6onee LWKPOKUM KOJbLIEBbIM CYETYHKOM C anepTypoii

0,<6 <86,
€
a NMO3UTPOH — Gonee y3KHUM:
0,<06 <86,
e
npu4yeM
1<py<Py<Py Pr34=034/0;
Takoe ynopsijoyeHHe XapakTepHO Jyis 9JKcnepumeHtos Ha LEP 1.

Boluucnenus, aHanoruyHeie TNPHBEACHHBIM B IIPHIIOXCHHH 1, naloT BKNaj Hiny-
YE€HHUs OJHOTO XECTKOro QJOTOHaZ

p
=+ Ty = 5(%] I sy J%
x, 1
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x (1 -TI(- 20 2(A+ B+ C+ D), (96)
2 2
A= [e(pz - xp3)(p2, P4) +

xpj - )z —xP)
— | +

|

+0(x P~ py) O(p, —x p)(x%p3, pD] In

&p3- -0

2

_ pl -2z -1}
+ (p%, pi)(xz, xng) [ L-1+ (]—)%— +1In 2

T+x

20xp} -z -)

|

C=[-((1, p3) - (Pp2, p3) Ox p, = 1) + (1, p2) O(1 ~x p,) +

23 - - 1)

(x P§ - (z—-x)

1 -x)?
B=(p§,p§)lL—l+(l+x% +In

(xp; - - x*pd)

+(2p2, pH O(1 = xp,) O(xp, - 1)] In
e v Py - Dz -xp))

P} - 2)(z - X*pD)

2

2
+(1,p§)(xzp§,x2p§)[l~—l+(::) +In

},

Ax p - 2)(z - x p2)

(xp; - - pd)

D=-[(1,p3) - (p2 pD)] In
2R - e -xp)

20}~ - p3)

P} -2z~ xpd)

2
+(p§,p§)[L-1+ :;x; +1In
X

].

Cnaraemeie A, B, C u D 0TBe4aloT, COOTBETCTBEHHO, BKJIaAaM MITyuyeHHs Ha-
YIBHOTO 31EKTPOHA, KOHEYHOIO 3JIEKTPOHA, HAYANbHOTO M KOHEYHOIo MO-
3uTpona. OTMETHM, YTO NpH p,= lu P4 =P =P NPHUBENCHHBIH BbILIE PE3YIib-

TaT NepexomuT B dopmyny (21).
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ITpyHuMas BO BHUMaHHE MOMNPABKH, CBA3aHHBIE C U3TyYEHHEM BHUPTYAIBHbIX
v MATKHX (OTOHOB, MOMpPAaBKy B MepBoM nopsiaxe TB npencrasum B BuMe

2

Py
(= =3 [ Sa-neopy?{-2+
1

|
+  dx PIEE, P21, pD + (P, D) +

X
[

L 2
1
+ (1, pH((P pD) + (Pp2, oDl + | dx ki, z)NW—-1+_xx }

X
[4
NW
e BeJIMYMHA k(X, z) NMOMYYHTCS M3 BBIPaXEHHs B (PUTypHbIX cKoOkax B (96)
npu oTGpacklBaHUH ClaraeMaiX, NponopudoHaibHbix (L — 1).
Mbl npuBeseM Takxe BblpaXXeHUS I BKJIafoB BTOporo nopsaka TB B
JUOUPYIOLIEM JIOTapH(MHYECKOM NMpHONIUXEHUH:

2

W g T4 1 1
(ZJIV %(%] [ Zr20-ne052 [ ay [ dog Py ey x
2 2

’ x, xc/,x:l

X [(1, p3) + (3, 13pDIP3, P + (503, ),

2
1

P,
(] T o neapr fufteoos

X
[4

2 2.2 2.2 22

X [(p3, p2((1, p) + (6%, 23 + (1, p2)((PZ, p2) + (2p2, X2 +

1
+ J- %P(t) P [f ) [(Pg, PR, t2p§) +(1, pg)(pg, tzpi)] } ,
2

‘- 2 ¢ 1
(zeE)”W%[%] J L 20 -1 [ dr- R x
1 Z

P
(4

X [(P3 PP, p3) + (%, 2Zp3) + (1, PR, p) + (P2, PP,
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TIPUIOXKEHHE 7

UTEPUPOBAHUE YPABHEHHUH JIMIIATOBA

Ceuenne npouecca e+(p+)+e_(p_)—)y* — hadrons ¢ yuerom pauna-

HHOHHBIX NOMPABOK K Ha4YaJIbHOMY COCTOAHHIO KaK CeUeHHe Hpouecca ﬂpc.’l.’lil
— Sna 3anuceiBaeTcs B BHUE

] 1 :
e Ae , o
6% sy = I dx, I dx, O(-2 LIPS TR %) D ix)) DY (x,) X

ce > h

X0, (x25)(1 - ﬂ(xlxzs))_zl(,

Iie O, ecTb cevernue 6e3 yuera PII,

o s 5
() =5 [ -3 )

K — MHOXHTE/b, y‘lH'l'blBﬁl()llllll"l HEJAHAHPYIOILHE HOHPABKH!

K=1+2
T

L
3

1
2
Crpyktyphbie dynkuitn D (x) ONHCHIBAIOT BEPOATHOCTH HAlTH YacTHLY copTa

b ¢ nonei umnynbca x B yacTHue copra a. OHH YIOBIETBOPSIOT ypaBHEHHSM
Junarosa [11]: '

s |
e _ _ dr oft) dy ¢
Dix9)=8(1-9+ [ S0 {j S D00 P (y]

1
+I£1yXDZ(y,t)P;(-;]],

X

1
t ot dy .. ¢ z
0, 0) = I ZKE){J—YXDe(y,t)PE(i]+

N C—

gyXDY(y nP: [ﬁﬂ

“

D Z(x, s)=-

W

J‘ dt a(t)
, 2mt y

[OR S

D e X
Déw. 1) P][y ]+
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1
d z X
+] lDe@,t)PY(—)],
s y e € y
rae

-1 -
a(t)=a(1—%ln;t§] . PQ=Pi@=7+1-2,

1+z2
1-z

Pi()=Pl@)=P@)= lim { ol -z-A) +

A—>0

+8(1—z)(%+21nA]},

PX)=PJ)) =1 (1+(1 -2

&

e
Ynobho NnpeacTaBuTh De B BHOC CYMMBbI CHHIJICTHONO M HECHHIJIETHOIO

BKJIAJIOB:
e_
D,=Dys+Dyg.
Omun u3 Hux, D o, nonyckaer pasioxeHne B GyHKUHOHAIbHBIA PAL:

oo

' k
Dy B=di-9+ 3 (5] Pre. p=Ttr,
k=1 "

P*(x) =P(e) ® P(e) ® ... ® P(x),
k
1 1

P (8) ® P,(x) = 6[ dx, dx, 8(x - x,5,) Py(x)) Pyx,) = | L’yX P pz(ﬂ.

SIBHBIC BBIpAXEHUS IS AAEp P(z)(x) up® )(x) npuBeAeHb! Bbille B TEKCTE 0630-
pa. OTMeTHM BaxXHOE CBOHCTBO P(k)(x):
1
[ axP®y=0, k=12, ... ©7)
0

Ins ntepauuii yno6Ho, cnegys pabore [24], BBecTH HOBble HYHKLIUH

_Te 2 X4 _ne e
D¢=D%, D,=D°-D, D, ,=D°+D°.
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DTH PyHKUHM YIOBIETBOPAIOT CIAEAYIOIIEH CHCTEME YPAaBHEHHH:

d _Bov E Y
5 DI=-¢DI+a D, ®P]
B
D (B =8(1-0)+7 | dn{D+(o, n) ® P(x) +
0

n
+%exp(—%] £ dy-exp[%]D+(o,y)®R(x)},

R@)=P)(#)® PS(x)=

_1-x
3
Hns D(x, B) umeem

D= %R(xnp—[ 1 P(®) ® RO~ 5 R(x)]

B 3axnoyeHune oTMeTuM, 4To GyHKUMA f(Z), CBA3BIBAIONIAs CEYEHHs MpoLeC-
coB 06pa3oBaHus CUCTEMbl KOHEYHBIX YacTULl X ¢ HHBapHaHTHOM Maccoit W npu

CTOJIKHOBEHHSX € ¢ -Ny4KOB H (POTOHHBIX IYYKOB, SABJISETCS CBEPTKOM ABYX ALEP
DBOMIOLIMH:

L f2) 6™ X(zs),

e R
N |9~

X, (O )
o° (s)~[2nL)

4

=2

1
f)= j %(H(l —x)2)(1+(1—ﬂ2 J=(2+z)2ln%-2(1 -2 +2),

Z

f)=PX®)®PXd), L=In-
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DILEPTON AND PHOTON PRODUCTION
IN HIGH-ENERGY HEAVY-ION COLLISIONS

V.Emel’yanov* K. Haglin**
Physics Department, McGill University, 3600 University Street, Montreal P.Q. H3A 2T8, Canada

Electromagnetic signals provide useful means to track the space and time development
of the dynamics in ultra-relativistic heavy-ion collisions. By themselves, they cannot be
used to uniquely determine everything for these complicated systems, but they complement
strong-interaction signals and are therefore quite valuable. Likely scenarios for time and
distance scales relevant to these collisions, constituent identity and particle production are
reviewed. Formalism for calculating photon and lepton pair production is presented, with
an emphasis on recent developments.

DneKTPOMAarHUTHBIE CUTHAIBI MOTYT OBITh MOJIE3HBIMH U1 AETEKTHPOBAHHUSA NPOCTPAHCT-
BEHHO-BPEMEHHOIO Pa3BUTHI AMHAMHYECKUX MPOLIECCOB B YJAbTPAPEIITHBHCTCKHX CTOJKHO-
BEHHAX TAXENBIX HHOB. CaMu No cebe 3EKTPOMATHUTHbBIE CHIHAIBI HE MOTYT GBITh HCIIONb-
30BaHbl MUIS OOHO3HAYHOTO ONpEAeSeHUS AMHAMUKH, HO OHM CYIIECTBEHHO JIOMOJIHAIOT
CHUTHA/IBI CHIIBHBIX B3aumopedcTBuil. PaccMoTpeHbl Hanbosee BEpOSTHRIE CLEHApPHH MPOCT-
PaHCTBEHHO-BPEMEHHON 3BOJIOLMH H POXIEHHS YacTULL. PaccMOTpeHbI COBPEMEHHBIE METO-
Ibl PAacUETOB CHEKTPOB (POTOHOB M JIENTOHHEIX Map. :

1. INTRODUCTION

The development of Quantum Chromodynamics (QCD) over the last two
‘decades or so can be divided in two general stages. The first is the study of
«hard» processes. It is well known that the coupling constant of strong
interactions, o, decreases with increasing squared transferred 4-momentum

|Q2 | , owing to asymptotic freedom. For |Q2| >>A2QCD (AQCD ~200 MeV) the
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Institute, Kashirskoe Shosse 31, 115409, Moscow, Russia. Internet: vemel@hed.mephi.msk.su

**Present address: National Superconducting Cyclotron Laboratory, Michigan State University,
East Lansing, Michigan 48824-1321, USA. Internet: haglin@theo03.nscl.msu.edu
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coupling constant o <1, and calculations can be made within perturbative

QCD. Such calculations have been carried out intensively over the last twenty
years. The predictions of QCD were brilliantly confirmed, for example, by the
experimental observation of hadronic jets with large transverse momenta.

But in quantitative comparisons with experimental data, some clean predic-
tions of QCD perturbation theory are often lost in the maze of the phenomeno-
logy of soft processes. The point is that particles which are actually observed
are not QCD quarks and gluons but hadrons resulting from soft processes of
quark and gluon hadronization. By the early '80s, the QCD properties had been
realized quite well within perturbation theory. It was perfectly clear, however,
that perturbative QCD was far from exhausting the theory as a whole. Such
fundamental properties of strong interactions as colour charge confinement,
breaking of chiral invariance, and the hadron mass generation are due to
nonperturbative fluctuations in QCD. Among theoretical methods of nonper-
turbative QCD, the following three have been intensively pursued: lattice gauge
theory calculations, QCD sum rules, and quasi-classical (instanton) approaches.
Some results obtained using these methods are discussed below. We would only
like to mention here that the above schemes share the feature according to
which the natural QCD vacuum state is appreciably distinct from the
perturbative vacuum. How does the QCD vacuum change its state with in-

creasing OCS(QZ) and what are the consequences of this change? To be tackled,

these complicated problems have to be considerably simplified. One may
consider a macroscopic system of quarks, antiquarks and gluons which obey the
laws of thermodynamics. At high temperatures, T>>AQCD’ the characteristic

momentum transfer in the interaction appears to be fairly large, Q2~
~T? >>A2QCD, and - the running coupling constant becomes small, o~

~ l/ln(Qz/AzQCD)<<l. Owing to the asymptotic freedom of QCD, such a
system is thus a relativistic gas of rather weakly interacting quarks and gluons,
ahd these may propagate over distances greater than usual hadronic sizes. This
new state of matter is the so-called quark-gluon plasma (QCD) [1]. A similar

line of thought can be applied to states of relatively modest temperatures but
high densitites.

The concept of hot hadronic matter was developed in some pioneering
papers [2,3,4] where statistical and hydrodynamical methods were used to study
ensembles of strongly interacting particles. But these authors were mainly
concerned with hot and dense systems made up of hadrons'. Similar ideas are
applied now, but additional features typical of QCD are incorporated. It has

'In this work we shall apply the terminology «hadron» to strongly interacting particles occuring
in the non-perturbative sector of QCD.
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been qualitatively predicted that QCD has a phase transition [5,6] and this
prediction has later received support from early lattice gauge calculations [7].
The hadron-QGP transition temperature T _ appears to be of the order of 150—

200 MeV and the QGP density to be several (~ 5) times the equilibrium nuclear
matter density. But the situation of a possible phase transition is presently
unclear and we will discuss this problem in detail below. For the moment it
suffices to point out that the critical parameters, the order and even the exis-
tence of the QCD given phase transition are presently approach-dependent.

Since the expected temperatures T ~ T ~ AQCD belong to the QCD-infrared

region, the majority of models [1] of macroscopic QCD systems are pheno-
menological in character. We may thus hope that precise experimental data will
appreciably reduce the number of acceptable phenomenologies. Purely
phenomenological approaches are useful but clearly unsatisfactory as they lack
a truly fundamental basis. In this respect, the attempts to calculate the properties
of strong-interaction thermodynamics starting from the fundamental QCD
Lagrangian in lattice gauge theories are much more attractive, but these quickly
run into technical problems of considerable complexity. Finally, concepts in
finite-temperature and finite density QCD also carry cosmological and
astrophysical consequences. Conditions typical of phase transitions in strongly
interacting matter were probably realized immediately after the Big Bang and
may still exist deep inside neutron stars. These questions are unfortunately
beyond the scope of the present review, but interested readers may consult a
detailed study in Ref.[8].

The interest in the thermodynamic aspects of QCD has increased recently
because of the genuine experimental possibilities to study such extreme condi-
tions by selecting specific events in hadronic collisions, more specifically in
high energy heavy-ion collisions. It is quite amusing, that events as complicated
as nucleus-nucleus (AA) collisions can be described in some respects more
easily than nucleon-nucleon (NN) collisions, owing to the power and elegance
of statistical and thermodynamic approaches. Therefore, the subject of heavy-
ion collisions is intimately connected to the study of bulk matter properties for
systems consisting of strongly interacting particles (hadrons or partons). The
above line of reasoning in the investigation of nuclear matter under extreme
conditions does not imply, however, that a phase transition must necessarily
take place in high energy AA collisions. It is also not a priori clear whether or
not local thermodynamic equilibrium in strongly interacting matter is estab-
lished and thus whether or not it is possible to describe such a system within a
thermodynamic approach. The answer depends on the relation between the char-
acteristic time T, of establishing local thermodynamic equilibrium and charac-

teristic time T of heavy-ion reactions. The time needed to establish local

react.
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Table 1
Time Machine Beam CMS Energy
(GeV/nucleon)
1986—1993 BNL-AGS up to 28Si 5
CERN-SPS up to 32§ 20
19931998 AGS + booster all A 4 (Pb)
SPS + Pb injector all A 17 (Pb)
1998— RHIC all A 200 (Pb)
LHC all A 6300 (Pb)

thermodynamic equilibrium was originally estimated [9,10] to be T,~ 1 fm/c.

But these early estimates, in our opinion, can only be trusted to within an order
of magnitude. If T, ~ 10 fm/c, this means that local thermodynamic equilibrium

is extremely unlikely in such collisions. The theoretical question of establishing
local thermodynamic equilibrium in a system of interacting hadrons has no
single answer at the present time. This is however a crucial point for the under-
standing and the description of hadronic matter in collision. We believe that the
toels to tackle this problem experimentally now exist. Furthermore, we shall
describe some recent results that bring credibility to the notion of early
equilibration times.

Another important practical question is: what energy densities and nuclear
matter temperatures can be attained in existing and future heavy ion
accelerators? In Table 1 we summarize the present status and the future plans
for heavy ion experiments.

Up to very recently, the existing sources and existing accelerators had
collimated and accelerated rather light ion beams (up to 328 and 28Si). It is
expected that soon, both the BNL-AGS and the CERN-SPS (also RHIC and the
LHC in 1998) will have new injectors able to accommodate very heavy ions, all
the way up to uranium. The first Au-Au experimental run has in fact been taken
at the BNL-AGS accelerator. This global program will make it possible to
determine to what extent we can actually get into a regime of thermodynamic
behaviour. If in these experiments, one can obtain sufficiently high initial
temperatures and/or initial densities, a study of the properties of the quark-gluon
plasma should become possible. But if T,<T, orn;<n, one will likely obtain

only hadronic plasma. However, we hope to convince the reader that the study
of the properties of the latter is perhaps as interesting as that of the QCD
plasma! Below, we will try to estimate T, and n; at present and future

accelerators.
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If a quark-gluon or an hadronic plasma is formed in heavy-ions collisions,
what are its experimental signals? It is fair to say that at present there is no
single answer to this question. In the strong sector, the onset of thermalization
may be tested by studying strangeness away from the NN level, for kaons as
well as hyperons [11,12,13]. Here as elsewhere, the main difficulty in the iden-
tification of hot matter signals is that the background from «ordinary» hadronic
sources is typically not small. Possible signature candidates considered are: (1)
discontinuities in the momentum distribution of the secondaries, reflecting a
«hadron quark-gluon plasma» first-order phase transition [14]; (2) particle
ratios which are significantly different for a hadron gas than they would be for
a hadronizing quark-gluon plasma [11,13]; and (3) droples of strange matter,
baryonic states of very low charge to mass ratio [15]. But these strong probes
all have an obvious disadvantage: the soft process of hadronization may
substantially distort the information of hadronic system evolution. Furthermore,
they might just reflect the state of the system at freeze-out.

Leptons and photons have small cross sections strongly interacting matter,
and so their mean free paths are typically much larger than the transverse size
of the region of hot matter created in a nuclear collision. As a result, high
energy leptons and photons produced in the interior of the plasma will typically
pass through the surrounding matter without interacting, carrying information
directly from wherever they were formed formed to the detector. It is quite
natural that leptons and photons have been considered [16—24] as an outstan-
ding tool in the search for hot nuclear matter and the quark-gluon plasma. The
topic of our review is dilepton and photon production in high energy heavy-ion
collisions. We will not discuss the topic of dilepton and photon production at
low-to-moderate energies (E <10 GeV/nucleon corresponding o Bevalac and
GSI energies). For a review of the experimental data and the theoretical models
in this energy regime, the interested reader should consult Refs. [25—27]. We
will consider the following questions: What information about hot and dence
strongly interacting systems can be carried by the lepton and photon spectra?
What are the sources of lepton and photon production? In a partial answer, we
state that the problem of lepton and photon production is intimately connected
with the behaviour of quarks, gluons and mesons in hot and dence matter. For
example, there might be collective resonance effects which will influence the
dilepton and photon spectra. Qwing to scattering processes, the positions and
widths of ordinary propagating mesons are also potentially modified. We shall
insist on the fact that the study of electromagnetic radiation from heavy-ion
collisions at high energies offers unique insights in the many-body problem of
the strong interaction at finite temperatures and densities.

The paper is organized in the following way. Section 2 is devoted to
modern calculations of critical temperature and density of phase transition in
lattice gauge theories. We also discuss the order of phase transition, screening
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lengths and non-perturbative effects. In section 3 we describe space-time evolu-
tion of hadronic matter and estimate the initial energy density in relativistic
heavy-ion collisions. Section 4 is devoted to the calculations of dileptons and
photons spectra from QCD and hadronic gas. We discuss also the spectra
properties. In Section 5 we give a short conclusion.

2. PHASE TRANSITION IN LATTICE GAUGE THEORIES
AT FINITE TEMPERATURE

Successful calculation of physical quantities, including those in the strong
coupling regime of QCD have been carried out in the last decade within the
framework of lattice gauge theories (LGT) [28,29]. The advantages of this
method are obvious because the calculations are based on the QCD Lagrangian
itself and not on some of its phenomenological extensions. However, the
calculations are, performed by Monte Carlo methods wherin one is not always
successful in following the gauge field dynamics. In LGT, continuous space-
time is replaced by a lattice in Euclidean space with N, sites in each space

direction and NB sites in each time direction. The state of the lattice is charac-
terized by a fixed set of matrices «u» on the links, and quark states on sites. A
lattice is a statistical system.

In the simplest case of gluo-dynamics (quark-free QCD) the lattice partition
function has the form

Z(2 Ny Ny g2)=] TaU exp (=5 ((u}) , )

where z =ac/aﬁ and ag dg are distances between neighbouring lattice sites in

the space and time directions, IldU is the product of Haar measures corres-
ponding to functions that realize the gauge group representations, S ({u})) is
the action [28,29] which depends on the gauge field values and on the links
of squares (the so-called plaquettes) of the lattice in the space and time
directions. The expectation value of the physical quantity X is determined
using the partition function:

<X>=f HAUX ({u}) exp (= S({u})) / T1dU exp (=S ({u})) . (2

In LGT such expressions are numerically integrated by Monte Carlo methods.
Lattice calculations are also used to study QCD at finite temperatures. Here it
is necessary to restrict the «size» of the system to Nﬁaﬁ = =1/T in the

imaginary time direction. T is the system temperature.
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Let us now discuss the results of calculatins of the most interesting physical
quantities. Among the quantities which are studied in high temperature QCD are
the Polyakov loop, the chiral condensate < yy >, the energy and pressure, the
screening lengths of colour singlet sources, the potential between static test
quarks and the responce of the quark density to an infinitesimal chemical poten-
tial. Of these, the Polyakov loop and < yy > are the most studied. < yy > is the
order parameter for chiral symmetry breaking. It is nonzero under ordinary
conditions, and it vanishes when chiral symmetry is restored. Loosely speaking,
the Polyakov loop is ~ exp (—F /T), where F is the free energy of a static test
quark. In pure glue QCD, the Polyakov loop is zero at low temperatures,
indicating confinement of the test quark, and nonzero at high temperatures,
indicating deconfinement. One can observe the crossover to high-temperature
behaviour in lattice simulations. To vary the temperatures with a fixed number
of lattice sites in the time direction, one can vary the lattice spacing ag by

varying the coupling g. Then, decreasing g, or increasing 6/ g2, makes ag
smaller and the temperature, T = I/NBaB (g), higher. As the temperature is

increased, < Yy > drops and the value for the Polyakov loop increases. The
Polyakov loop and < Yy > undergo rapid changes around the same temperature,
indicating that deconfinement and chiral symmetry restoration are happening at
the same temperature. However, this does not really confirm or exclude the case
with Ty =T, We have so far considered a simplified QCD (with a quark-

chiral’
free gauge group). In the more realistic situation — the gauge group SU(3) and
quark degrees of freedom — LGT runs into a number of difficulties [29]. The
main difficulty is to correctly account for virtual quark-antiquark loops in
Monte Carlo methods. This is a topic of current research in LGT.

Figure 1 shows a crude phase diagram of QCD as a function of quark mass
and temperature. For infinite quark masses the quarks are never excited and we
have quenched, or pure glue, QCD. In this case, it is fairly well established
from lattice simulations that there is a first-order phase transition [30]. As the
quark mass is lowered from infinity, this transition disappears. Although there
is no phase transition, the crossover is still fairly sharp.

In Fig.2 [31] we show the inverse screening lengths for sources with the
quantum number of the pion and its parity-partner. At high temperatures the
two become very close, with the remaining difference being due to the explicit
symmetry breaking by the quark mass. This quantity shows that the high
temperature regime has the expected characteristics of the quark-gluon plasma.

With four flavours of quarks it seems that a first-order transition reappears
when the quarks are very light [32—41]. For two flavours of light quarks or
two light quarks and a strange quark, there is no evidence for a phase transition.
Several groups have studied this over the last few years and the consensus is
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Fig.1. Phase diagram of QCD as a function of quark mass and
temperature

that with the quark masses being used in these calculations, the crossover is
smooth. The Illinois and Columbia groups have studied two light flavours plus
one heavier flavour [37,38]. They did not find evidence for a phase transition.
It may be that with two light flavours the transition is second order for quark

* Table 2
Flavour T, (MeV) Reference
0 200—220 [41]
2 140—150 [32,42,43]
2+1 140 [39]
4 : 100—110 [44]




DILEPTON AND PHOTON PRODUCTION 1329

2 T T ¥ I T T T
<
-
ap - _
=
1
- {
a0 i ]
5 !
o o °
(D) 1 ° ° -
] .
~
Q
0 | o ]
Q
n [ ]
~
O L 4
5
=
bt

0 1 N 1 I 1 1 1

0 1 2
T/T

Fig.2. Inverse screening lengths for sources with the quantum
numbers of the pion and its opposite parity partner as a function
of temperature. Solid squares are the pion (O ™) screening mass
and open circles are sigma (O *) screening mass !

mass exactly zero with only a rapid crossover for finite quark mass, as sug-
gested by a renormalization group analysis [39]. To find the temperature of the
crossover in physical units, it is necessary to determine the lattice spacing by
computing some physical quantity, such as the rho or nucleon mass. The
estimates summarized in Table 2 are obtained when the rho mass is used to set
the scale. The pion mass is not a good choice in general, since it can be made
arbitrary small by making the quark mass small. If the nucleon mass is used, all
of these temperatures decrease by about 20 %. Notice that these estimates are
lower than those from most phenomenological models of the- hadronic and
plasma phases [1,45].

Figure 3 summarizes the dependence of the QCD phase transition on the
number of light quark flavours [38]. The line along the top of the figure
(m =e0) corresponds to the two-flavour case and has a second order critical
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Fig.3. Phase structure of QCD as a function of the u, d and strange quark
masses. The points denote regions where calculations have been done and
where the transition is seen (solid circles) and not seen (solid squares). The
dashed circle is the physical point (from Ref. [38])

point when m,_ ,=0. The physical situation with two light « and d quarks and a

considerably heavier s quark appears to lie on the borderline between first order
and crossover behaviour.

The question of the order of phase transition (or of the absence of phase
transition) is not only of theoretical but also of practical interest. Indeed, in the
case of first-order transition a system of hadrons, quarks and gluons can be in
a mixed phase at a temperature T.. Under a second-order transition, the «QGP-

hadron» transition occurs rapidly at a temperature T, This fact is quite impor-

tant in any experimental diagnostic of QGP production.
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The order of the phase transition is at present under intense investigation
by lattice studies. One finds a first-order deconfinement transition for Nf 0 and

a first-order transition corresponding to chiral symmetry restoration and decon-
finement for Nf_>_ 3 in the limit of massless quarks (see discussion in Ref. [46]).

For Nf=2 there is a second-order transition in the case of massless quarks

(Fig.3) and a strong crossover behaviour for non-zero quark masses. However,
for two light and one heavy quark the situation appears to lie between a first-
order phase transition and a crossover behaviour. All results at vanishing baryon
number density seem to agree on the fact that the transition point for
deconfinement and chiral symmetry restoration are consistent with each other.

In Fig.4 we show the behaviour of the QCD energy density and the pressure
for matter with two flavours of light quarks (4 and d) [34]. As one can see, at
a critical temperature T, the energy density undergoes a rapid transition from

low values, corresponding to a hadron gas, to much higher values (Stefan-Boltz-
mann limit €gg), corresponding to a quark-gluon plasma. The energy density of
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Fig.5. Energy density €& and «interaction strength»

(e-3P)/T* in SU(3) gauge theory as a function of
temperature

an ideal plasma with finite-size lattice corrections [47] is also shown in Fig.4.
At high temperatures (T / T_22) the calculations appear to approach this value.

As is well known, the energy density and pressure are related by

(e-3P)/ T4 =0 for an ideal plasma. We see that this condition is certainly not
fulfilled for T< 15T : below L5T_ the energy density approaches the Stefan-

Boltzmann limit and the pressure falls much below the ideal limit.

The energy density € and the «interaction strength» in SU(3) gauge theory
are plotted as a function of the temperature T, in Fig.5 [48]. This indicates that
the system will not become ideal until temperatures become quite high.

As in ordinary electron-positron plasma, a screening length can also be
defined in the QGP. In connection with this, we will mention the suppression
of the J/y in heavy-ion collisions. One can imagine that bound states (such as

cc or bb) will «melt» in dense matter when the screening radius becomes
significantly smaller than the binding radius. The temperature dependence of the
Debye screening radius r, (T) gives us some idea of when specific bound states
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i
will disappear. From Fig.6 {49] we see that above T =~ 1.2T , the tightly bound
cc state we known as J/y should become unbound.

Simulations of lattice QCD have shown that chiral symmetry is restored at
high temperatures, as indicated by the vanishing of the order parameter <yy>.
Additional evidence for the restoration of chiral symmetry can be obtained by
using hadronic correlation functions [50]. The exponential falloff of such
correlation functions at large spatial separations determines screening lenghts.
Unbroken symmetries are reflected in degeneracies of the screening lengths.
Another reason to study the hadronic correlations is to try to extract information
about possible hadronic real time modes in the high temperature phase. The

extracted screen masses { = (screening length)_l} can be compared with the
corresponding values for a gas of free quarks. Already at T=15T, the

screening masses associated with vector fields are close to their free values. For
temperatures higher than T = 1.5T , lattice results [51] suggest that gg and ggq

states propagate like weakly interacting quarks rather than as bound states.
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Summarizing, it seems that lattice data give reasonably strong evidence for
the existence of a phase transition (first, weak first or second order) in strongly
interacting matter at temperatures T ~ 140—200 MeV and energy densities

g, ~1-3 GeV/fm’>. Also, the properties of a quark-gluon plasma or an had-
ronic gas near T, are quite different from that of completely non-interacting

systems. A final word of warning: the lattices in current use are still reasonably
coarse. This aspect is however continuously being improved upon.

3. SPACE-TIME EVOLUTION
OF HEAVY-ION COLLISIONS

It is not at all clear that the considerations of the previous section are at all
relevant in the context of heavy-ion collisions. Apart from the equilibrium
requirements (which we discuss in more detail below), we have already
mentioned the difficulties that finite-temperature LGT has in making contact
with physical observables. Let us then turn to more phenomenological aspects
of the problem at hand, adopting however LGT as a formal backdrop to our
discussions.

Before proceeding to nucleus-nucleus collisions, we recall a simpler space-
time picture: one of hadron-hadron interactions. In the framework of the quark-
parton model of hadrons, the interaction of hadrons in the high energy region is
assumed to proceed as follows:

a) Before collision, relativistic hadrons are ensembles of partons (valence
quarks, sea quarks, antiquarks, and gluons) properly distributed with respect to
the hadron momentum fraction x, carried by them. The initial distribution
functions of partons can be derived from the experimental data on deep inelastic
eN, UN, VN, or VN interactions.

b) As a result of hadron-hadron interaction, some of the fast partons do not
participate in collective interaction and, under hadronization, subsequently form
leading secondary hadrons. Comparatively slow partons of colliding hadrons
interact with one another forming a quark-gluon system whose evolution results
in the formation of the soft part of the secondary hadron spectrum.

What do we expect, going from hadron-hadron to nucleus-nucleus
collisions?

First of all, nuclei are extended objects, and therefore their geometry plays
an important role in heavy-ion collisions. The time scale for such collisions is
much greater than in hadron-hadron interactions, and this can lead to interesting
phenomena. The space-time evolution of a central (impact parameter b =0)
Pb-Pb collision at very high energies (RHIC, LHC) is show schematically in Fig.7.
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Fig.7. Space-time evolution of Pb-Pb interactions

In the first moments of interaction, nucleon-nucleon collisions between the two
highly Lorentz-contracted nuclei (with thickness ~ 1 fm/c) redistribute a frac-
tion of the initial beam energy into other degrees of freedom. After a short time
(we will discuss this time below) partons materialize out of the highly excited
QCD field. This is the preequilibrium state of QCD matter. Under certain
conditions, multiple parton-parton collisions at this stage can lead to estab-
lishing a local thermodynamic equilibrium in quark-gluon systems at an initial
temperature T,. As discussed previously, if the local energy density is high

enough, QGP is formed. The QGP expands rapidly, mainly along the longitu-
dinal direction, lowers its temperature and reaches the critical transition
temperature T . If phase transition is first order, the matter spends some time in

the mixed phase, in which there coexist quarks, antiquarks, gluons and hadrons.
It rearranges the many degrees of freedom of the QCP into the small number
available in the hadronic phase with a large associated release of latent heat. In
its ultimate phase (hadron gas or hadron fluid), the still-interacting system keeps
expanding until «freeze-out», when interactions cease and the particles stream
freely away to be detected in the experiments.
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In this approach to the problem, two important questions immediately arise:

1. How should one describe the transition of a quark-gluon system from the
initial state (before hadron collisions) to the state of thermodynamic
equilibrium?

2. Is local thermodynamic equilibrium of the hadronic matter established in
reality? In other words, might the entire nucleus-nucleus process be described
on a microscopic level (in terms of the distribution function of partons) or does
there exist a time interval when a macroscopic (statistical) approach can be
applied to the quark-gluon system evolution? At first glance, a rather large
amount of mutual collisions of partons is required to attain thermodynamic
equilibrium. For example, according to Ref.[52], this number > 10. But the
number of mutual collisions of partons is not the only relevant factor for the
formation of local thermodynamic equilibrium. One should bear in mind that
QCD partons are carriers of colour degrees of freedom. Therefore, already at the
initial stage of interaction, parton distribution over x can be described by a
superposition of collective and «internal» (colour) states [53]. Thus, if at the
initial stage of hadron-hadron collisions, colour degrees of freedom are excited
and statistical averaging is carried out over these degrees of freedom, then the
conditions for the collective (hydrodynamic) behaviour of the parton system can
also be realized when the number of parton-parton collisions is small ~2—3
[53].

The time for establishing local thermodynamic equilibrium has been esti-
mated [9,10] to be T, ~ 1 fm/c. However, we believe it is fair to say that the

concept of a local thermodynamic equilibrium in the collision of large nuclei at
ultrarelativistic energies is still not firmly supported by theory nor experiment.
Among the attempts to theoretically describe the kinetic processes respon-
sible for an eventual relaxation to equilibrium state one should mention
' Refs.[54—56]. In these works the initial conditions in hadron-hadron collisions
are given by the structure functions of the colliding hadrons. During individual
hadron-hadron collisions, new partons are created in addition to those that
already existed in the incoming hadrons. The repeated collisions between par-
tons substantially affect their structure functions. This approach is essentially
kinetic and can describe experimental data on hadron-hadron interactions,
provided one has chosen suitable «initial» structure functions.
Other attempts to quantitatively describe the kinetic stage of hadron-hadron
(or nucleus-nucleus) collisions were made in Refs.[57,58]. In the CMS of two
colliding hadrons their interaction can be treated as a result of exchange with
one or more gluons, which leads to a nonzero effective colour charge of the
hadrons. In this process a chromoelectric tube occurs which is unstable under
quantum creation of quark-antiquark pairs and gluons. The produced qq pairs
and gluons interact among themselves and with the chromoelectric field, and if
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the characteristic times of strong interactions exceed the collision times of the
produced gq pairs and gluons, then the system of quarks, antiquarks and gluons
can be brought into a state of local thermodynamic equilibrium.

The important program to study partonic cascades, tracing the system all
the way from the structure functions to an equilibrated QGP, has recently been
undertaken [59,60,61]. The nuclear collision is described as a sequence of
multiple hard and soft parton-parton collisions and associated parton emission
and absorption processes. Important aspects for the space-time evolution of the
partonic system are the detailed balance between emission and absorption pro-
cesses, the treatment of the Landau-Pomeranchuk effect, and the effects of soft
gluon interference. In this approach, a cut-off is chosen to separate between
«soft» and «hard» QCD processes. The location of this cutoff is still an open
problem in this approach. The time during which most of the entropy is pro-
duced was found to be T~ 1/2 fm/c for RHIC conditions, momentum distri-
butions approach thermal ones and gluons clearly outnumber quarks. These
results have essentially supported the «hot-glue» scenario [62]. Using the lowest
order perturbative QCD, E.Shuryak argued that high energy heavy-ion colli-
sions proceed via two stages: equilibration of gluons takes time T, ™~ 172 fm/c,

while production and equilibration of quarks needs at least T~ 2 fm/c. The
initial temperature in the «hot-glue» scenario is T, ~ 400—500 MeV, a value

much greater than in the «standard» scenario of complete equilibration of QGP
at the time T 1 fm/c. In the latter case the estimated initial temperatures [63]

should be Tl.':_' 240 MeV for RHIC conditions and Ti ~ 290 MeV for LHC.

Consequences of the «hot-glue» scenario on dilepton emission will be discussed
in the upcoming chapters.

Other approaches of the non-equilibrium type are typified in the inde-
pendent string model (ISM) [64]. The ISM assumes the absence of final state
rescattering, i.e., particles produced in one string interact neither with particles
produced in a different string nor with nucleons of the colliding nuclei. These
models are theoretically consistent (unitary, analyticity, etc.), and have good
predictive power in terms of rapidity distributions, nuclear stopping power,
multiplicity and E,. distributions. However, it is easy to see that an energy

density of 1 GeV/fm® is equivalent to a string density of 2 strings/fmz, since
each string has a «plateau» of about 1.5 particles per unit rapidity including
neutrals, and each particle has a transverse energy of about 0.35 GeV. There-
fore, string-string interactions seem unavoidable. Some recent scenarios attempt
to incorporate this feature at the phenomenological level.

We shall mostly concentrate on approaches where thermodynamical equi-
librium is assumed in the strongly interacting systems. In most applications, this
can be done without any loss of generality. The state-of-the-art numerical
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simulations based on a relativistic kinetic theory of parton cascades mentioned
above also support this idea.

3.1. One-Dimensional Hydrodynamic Model of Evolution. Formed at
initial temperature T; and energy density €, QGP expands and cools. This

process is naturally described with the equations of motion for an ideal
relativistic liquid [65]. The hydrodynamic expression for conservation of energy
and momentum is ‘

oMT =0, 3)

where the stress tensor TMV for a perfect liquid is

T =(e+p)utu’ - pgh, (4)
g™V is the Minkowski metric, € and p are the energy density and pressure in
the co-moving frame, and Uy is the matter collective four-velocity. Equations

(3) and (4) imply aus“=0, where S¥ = out is the entropy current.

In order for these partial differential equations to be closed, one must
introduce an equation of state (EOS). The most widely used EOS for the quark-
gluon plasma comes from the bag model [66]. For a baryonless plasma the
energy density, entropy density and pressure are given by

n’ 4
E‘l:‘%d‘lT +B,
2
s =373
q 0 ¢
2

i

Pq—goqu B, 5)

where B is the usual bag constant and dq is the number of degrees of freedom

in the QGP. Usually the hadron phase is considered as a gas of noninteracting
massless pions for which the ideal equation of state (IEOS) is

2
T 4
en—30 dnT ,
411’,2 3
S2= 90 4 T
©

= 90% " (6)
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where d_ is the degeneracy factor for pions. However, the hadron phase is not

a massless pion gas but a system of different kinds of massive hadrons. In
Ref.[67], a more realistic equation of state (REOS) was introduced treating
hadronic matter as a system of several species of extended massive hadrons
[68]. The main difference in the hydrodynamic expansion for the IEOS and
REOS is in the space-time volumes of the mixed and hadron-gas phases. In
the case of IEOS, the system spends much of its time mixed phase and the
hadron gas is less important. Whereas, with the REOS the system spends
most of the time in the hadron phase and the mixed phase therefore plays a
lesser role. We will discuss later how these differences affect the electro-
magnetic signal.

Besides the equation of state, the determining role in the model predictions
that fixes a unique solution of the hydrodynamic equations is played by the
choice of initial (boundary) conditions. For example, Landau hydrodynamics
[69] begins with the premise that in the CMS, the Lorentz-contracted nuclei
approach each other, stick together and generate hot dense matter. Entropy
generation, which ultimately governs particle production, occurs through the
passage of a shock wave during the fusion. This is also the mechanism for
heating the matter [70]. While this model takes into account the leading particle
effect [71] and has other nice features, the energy density in the initial stage
appears quite large. Hadron-nucleus collisions show that nuclei may be trans-
parent to energetic hadrons and it has therefore been proposed [72] that nuclei
at high energies may pass through each other. The initial conditions prescribed
by Landau may not be so appropriate for ultra-relativistic heavy-ion collisions.

A simple yet powerful picture of hadronic matter evolution' is provided by
one-dimensional hydrodynamic expansion in scaling variables [73]

1=N1?-72, (7
x_2 [ﬁ-Z]i

Here ¢t and z are the time and spatial coordinates of one-dimensional expan-
sion in the CMS. In these variables, using the initial velocity distribution
determined by a rapidity plateau

const, |x| <Y,

Y, t=1,)= : ©)

0, |x|>Ym

the solution of the equations of one-dimensional hydrodynamic expansion is
especially simple (scaling solution) [9,74]. The temperature turns out to be
only a function of the proper time 1 of the hadron liquid element, i.e.,
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T(x, 1) = T(1) (10)

and not of the variable x. The rapidities of the elements are in turn deter-
mined only by the variable

Y. 0=x. 1)

Correspondingly, the velocities of matter elements are given by

V(Y £) == =tanh . (12)
A schematic picture of hadronic matter evolution in these variables is pre-
sented in Fig.8. In the region 0 <7<t hadronic matter is in the preequi-

librium phase, then for (1:’.<’c<‘tq) there exists an equilibrium QGP phase

followed by a mixed phase region, and finally a hadron liquid (gas). At
T=T, the system decays into observed secondary hadrons. It can be readily

seen that the scaling solution leads to scale-invariant spectra of secondary
particles distributed over rapidites in accordance with a Feynman plateau.
From Fig.8 one can imagine how difficult it is to detect QGP experimentally.
Indeed, the QGP lifetime is only T=1, which may be much smaller than the

time T (see below). The QGP formation signal will therefore be obscured by '

emission from preequilibrium, hadron and mixed phases.

Of course, this one-dimensional model of nuclear matter evolution must be
considered only as a «first approximation» to real nuclear matter evolution in
heavy-ion collisions. Certaintly, the evolution is not one-dimensional at the
latter stages of evolution. But cascade model simulations [60] show that during
the first 3 fm/c the system of partons expands exclusively in the longitudinal
direction, i.e., along the z axis. All volume elements expand approximately
linearly with time and more in straight lines from the collision point at z ~ 0
with flow velocities that increase from the slowest expansion in the center of
mass at z=0 up to the speed of light in the fragmentation region of the receding
beam fronts.

3.2. Initial Energy Density of Thermalized Hadronic Matter. Let there
occur a central collision of two identical nuclei with mass numbers A, which
move in the CMS with a Lorentz factor y (Y= E/m >> 1, where m is the nucleon
mass and E is the energy per nucleon). In the longitudinal direction, nuclei

experience Lorentz contractions down to sizes 2R Wak= 24'/3 /my (R, is the
radius of the nucleus with mass number A and m_ is the mass of the n-meson).

Let us evaluate the energy density at the moment of establishing thermodynamic
equilibrium for an hadronic cluster of thickness 2Ax between two boundaries —
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Fig.8. Space-time evolution of hadronic matter in onc-dimensional
hydrodynamic model

flat layers — moving at velocities v =% Ax/Ar. According to the scaling solu-
tion, the secondary hadrons corresponding to this layer will be bound within the
rapidity interval Ay =2 arctanh (Ax/Ar) >~ 2Ax/Ar. In the approximation of
noninteracting secondary hadrons, the energy in the layer will be

d(E)

E=A dy

Ay. (13)

To determine the initial energy density €, one must simply divide the energy
by the initial volume, ¢ =E/ V.. The cluster volume at the moment of
thermalization T, is conveniently written using the scaling variables, where an

element of 4-volume is
d*x=d*x dyudr. (14)
Integrating over X with limits £ Ay /2, we find

2
V.=nR: T Ay, (15)
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where n:Ri is the cross-section of the colliding nuclei, ﬂ:Ri=4.5 fm2 A2/3‘
Then the initial energy density is [9]

~ A dE) 1 (16)
iT45fm dy T,

If we approximate charge densities in central heavy-ion collisions by

ch ch
[dlzily ]:Aa[dzy J ’ an
‘A P

with (dN , /dy), being the charged-particle multi licity in pp collisions
ch P p

(present data from nuclear collisions suggest o> 1.1), then the initial energy
densities are

£,20.09A4%" 2/ 310y (18)

3
if we use T, 1 fm/c.

From this formula we obtain for central Pb-Pb collisions

€; (GeV/fm3)

SPS 25
RHIC 4.7
LHC 8.0

For an ideal QGP with three flavours of masselss quarks [75]

47572 )4
s—( 2 JST, (19)

which leads to an initial temperature T= (¢ /1953)!/* (with & in GeV/fm? and
‘T in GeV). For Pb + Pb collisions the values are

T; (GeV)
SPS 0.19
RHIC 0.22
LHC 0.25




DILEPTON AND PHOTON PRODUCTION 1343

The initial energy densities €; are higher than the nucleon energy density in

nuclei by about an order of magnitude. We stated in sections 1 and 2 that for
such energy densities (and temperatures) one should expect a transition of nuc-
lear matter into quark-gluon plasma. However, the initial temperatures are not
high enough for us to expect ideal QGP formation, at most we might hope for
nonideal QGP.

In estimating the quantities €; and T; we have used the ideal fluid approxi-

mation. Note that this approximation for quarks and gluons does not imply that
interaction in the system is small. It is important that the interaction be properly
taken into account by the equation of state p = p (€). Among the papers devoted
to this topic we should mention Refs.[76—78]. It is well known that the ideal
fluid approximation is applicable if the characteristic collision times and mean
free paths of quarks, antiquarks and gluons in the system satisfy the conditions

T<<t

A<<L’ (20)

where ¢ and L are the time and scale factors over which such macroscopical
hydrodynamic quantities as energy density and pressure change considerably.
To what degree is this picture valid for ultrarelativistic ion-ion reactions?
Since the characteristic mean free path of quarks A~ 1 fm and the system

1/3

dimension in the transverse direction RA ~A fm, the second condition in

Eq. (20) is more or less fulfilled. On the other hand, in realistic collisions
T t, and it is necessary to consider the viscosity of the strongly interacting
matter. This can be taken into account by adding to the right-Band side of the

equation of motion apT”V=0, a term that accounts for energy- dissipation

under hydrodynamic expansion [22]. The effect of viscosity, as one would

expect, is to decrease the initial energy density in heavy-ion collisions [22].
With the recent progress in the modelling of high energy nuclear collisions,

the simple estimates in this section can be put on a more quantitative footing.

4. LEPTON PAIRS AND PHOTON PRODUCTION
FROM QGP AND HADRONIC GAS

In the previous sections we presented theoretical considerations in favour
of thermalized strongly interacting matter formation in ultrarelativistic heavy-
ion collisions. In this section, we discuss dynamical processes in thermal matter
and the experimental manifestations of these processes. The problems of hot
nuclear matter diagnostics resemble in a sense those related to Big Bang
synthesis: the initial conditions should ideally be reconstructed from data of
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observational astronomy. Of particular importance is to find out which observed
collision characteristics carry information on hot matter formation. By «hot
matter», we mean either QGP or hadronic gas, depending on the relation be-
tween the initial temperature T, and phase transition temperature T.. (This line

of reasoning assumes a first order phase transition).

Among the experimental QGP signals reported in the literature, we will
single out the following:

a) Analyses of lepton, photon, J /v, ¢, p, N, and 1’ spectra can be used to
trace the properties of matter at its hottest stage.

b) Searches for primordial remnants in the observed hadronic features (dis-
continuities in the momentum distribution of the secondaries [14], partlc]e ratios
[11] and droplets of strange matter [15]).

The quark-gluon plasma is a macroscopic ensemble characterized by its
temperature, its pressure and chemical composition (the number of different
types of particles). It can exist in the process of nuclear collisions, however, in
a restricted temperature interval T,>T,_ . When, under hydrodynamic expansion,

the temperature falls below T_, QGP is transformed into hadronic gas. As T
drops below Tf, there occurs decay into free hadrons. One problem of QGP

diagnostics is that soft processes of hadronization may substantially distort
information on parton system evolution. Since the parton hadronization mecha-
nism is still largely unknown, the results of decoding observed inclusive hadron
spectra, as well as other hadron characteristics in search for QGP signals, are
model-dependent and cannot serve as a rigorous proof of QGP existence.

The advantage of leptons and photons from the viewpoint of hot strongly
interacting matter diagnostics is that they escape practically without secondary
interactions. So, one can consider dilepton and photon spectra as a probe of the
hottest stage of the reaction. There are many competing sources of dileptons and
photons both before and after the hot stage of the collision. Reconstruction
seems next to impossible. The best that one can do is to evaluate the contri-
bution from each source to ascertain whether or not it is dominant in some part
of phase space or if it has distinct properties that make separation feasible. We
will proceed along these lines by considering four regions in the invariant mass
M of the produced dileptons. For invariant mass M above the J/y peak, the
spectrum is dominated by Drell-Yan production. The spectrum around ~ 1 GeV
is dominated by p, ® and ¢ decays. Dileptons with invariant masses in the
region 1.5—3.0 GeV seem to be mostly derived from hadronic reactions with a
possible contribution from quark annihilation. Again, this analysis assumes a
thermalized initial state (except for Drell-Yan, of course). A nonequilibrium
picture may yield results that are different.
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The last region of invariant mass M <m, is a region of «soft» dilepton

production. There are many sources of dileptons with masses M <my n° and

‘-
n Dalitz decays, ©'%_ annihilation (for M® ¢ >2m_), pion scattering with virtual

bremsstrahlung, and if quark-gluon plasma is formed, there will be quark-
antiquark annihilation and quark-quark (antiquark, gluon) scattering with virtual
bremsstrahlung.

As for photons, one can expect the transverse momentum spectrum in the
region p, ~3—5 GeV to be dominated by hard QCD compton processes. For

p; ~3 GeV, 7° and 1 decays are important as well as bremsstrahlung from

binary collisions within the thermal medium. We will consider these mechanism
in this and the following sections.

We consider dilepton and photon emission first from an ideal QGP (without
interactions) followed by an ideal hadronic gas. In section 2 we stressed that in
heavy-ion collisions the real situation is complicated by interactions among the
QGP and hadronic plasma constituents. We will delay discussions of the effects
of such complications on dilepton and photon spectra until the next section.

4.1. Annihilation Reactions. Consider in greater detail dilepton production
by a thermalized medium. Such a medium can be either quarks, antiquarks and
gluons in a deconfined phase or it can be an hadronic gas. For the sake of
simplicity and to illustrate the theoretical approach, we shall assume that the
hadronic sector in the confined phase consists solely of pions. The validity of
this will be explored quantitatively later. In first order perturbation theory
dilepton production is described by the diagram of Fig.9, where wa» is a pion

or a quark. In quantum electrodynamics e*e” annihilation is similar to that
shown in Fig.9. The cross section for the process e'e” > uty is of the form

- ap ol 2m am2 /2
o(M) = 3M2{1+M2](1-M2J , @1

where o is the fine structure constant, m is the muon mass and M is the mass
of virtual photon y¥". In the case of quark and antiquark annihilation, one must
include a multiplicative colour factor NC=3 in Eq.(21). Another deviation
from Eq.(21) as applied to quarks is that it must reflect their fractional

electric charge eu=2/3, e,=—1/3. Then the [*I~ pair production cross

d
section by quark-antiquark annihilation is given by

o, (M) =F, o), (22)
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] + Fig.9. Dilepton production by quark-

a antiquark (or two-pion) annihilation
_ 2
- where Eq—4NC Zfef and the
Y summation is carried out over the
E’ l" quark flavours. In this expression

we have also averaged over the
spins of the quarks in the initial
state. Equations (21) and (22) re-
quire some modification if particles a and a are pions. Since pions are co-
lourless and spinless particles with unit electric charge, the factor of
averaging over spin and colour gives unity. It is necessary to multiply Eq.(22)

2
by a form .factor IFn (M)| [79]. The cross section for the process
7t = 1*17 is rather simply written

n
M2

4m? 172
] (23)

o (M) = |F m)|* G(M){ |-

To calculate the rate of dilepton production per unit time per unit volume
from thermalized matter, one averages the annihilation cross section

6 (aa — I717) over the momentum distribution functions of primary particles
and antiparticles

R@d—1*17)= [ d’p £Z g [ d’p 4E5P) otaa— "1 v (24)

@ny’ (2m)

where V,,, is the relative velocity of the primary particle and antiparticle,

V(EE - PP): - me

l)rel = . ’
EE

rel’

(25)

and E, P (E,P) are the energy and momentum of the particles (antiparticles).
Note here the following important point: the above formalism is in fact more
general than the current would tend to suggest. If the background matter is
out of equilibrium and the momentum distribution functions are known, they
can be used in Eq.(24). In what follows we will be concerned with the case
Tzm, then we may approximate the distributions by

fp) ~exp (-E/T). (26)
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In this case the integration of the expression Eq.(24) gives

dN O'a 4m

4 2 2 *= 5 1~ 2 eXP(—E /T) (27)
d xdM “rdpidy  (2m)" | M
for the number of lepton pairs with invariant mass M, emitted from the
element d *x of 4-volume of thermalized nuclear matter. In Eq.(27), Py is the
transverse momentum of the dilepton, y* and E * are the rapidity and energy

of the dilepton in the rest frame of element of nuclear matter, respectively.
But one knows that

E*;Mlcoshy*, " (28)
where
ML=VM2+p2L (29)

is the transverse mass of the dilepton.

Equation (27) solves the first part of the problem, i.e., quantifies a lepton
pair generation rate in the rest frame of the element of thermalized nuclear
matter. The second part is to sum this rate over the evolution of the nuclear
matter as it undergoes hydrodynamic expansion (Fig.8). Consider dilepton pro-
duction from QGP, which exists at 7,<71 <1y Under one-dimensional

hydrodynamic expansion, integration of eq.(27) over dix= nRAzdx‘c‘dt leads to

T +Y
o, 1tR -M cosh(y—%)
sz“;"dz p [ tan deexp[ - . (30)
'y p_L n T -Y

Here, y is the dilepton rapidity in the CMS of the AA collision and y =y + .
In setting the integration limits, the scaling conditions as well as the lifetimes
of the QGP phase are taken into account. For y << Y (y~0is the central

region), integration over ), gives

M, cosh M\ (21T )/ M,
fdxexp[————T——]:H(O[T]c:[ﬁl—] exp[——T—]. (31)
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According to the scaling solution (Eqs.7—12), there is a one-to-one mapping
between proper time and temperature 173 =‘ciTi3. Therefore, tdt=

=T 34T /T and we write [80,22,81]

i

T

o . 1/2 M

dMZZ;dz =(2‘1)57:R/f3ri6¢i2 | %(—i’;—T] exp[—-TJ'J. (32)
Py T T 1

Formulas for the contribution to dilepton production from the pion gas can
be obtained in a similar manner [22] by replacing T.-»T, T,—>T,, and

G, = Oy We concentrate on central collisions of equally massed nuclei.

The next problem is how to estimate dilepton production from the mixed
phase? One way to estimate this contribution is to consider the mixed phase as
a simple mix of QGP and hadronic gas at a temperature T . [22]. As long as the

volume fraction f of the quark-qluon phase is specified (as a function of time)
formulas for dilepton emission from QGP and hadronic gas can be used to
estimate the contribution from the mixed phase. The entropy density is

S(ST)=8,(T)f+S,(T)(1-f), where Sq=148aT3, S,=12aT* and a=

=n? /90. Similar expressions can be written for the energy density. In the
mixed phase the entropy density decreases, not by decreasing T but by con-
verting quark-gluon plasma to hadron matter at lower entropy density. The
fraction f(f) can be expressed as
h
[(7 -1 } 33)

where T=37/3 is the ratio of the number of degrees of freedom in the two
phases and ¢, is the time of mixed phase formation.

1
1

r—

fo=

Another simple approach to mixed and hadronic phases was developed in
Ref.[82]. The change in T throughout the entire hadron phase is not very large
(sz T ). Therefore, the contribution from the mixed and hadron phases may be

parametrized to be oexp (-E/T,). If QGP is formed, its presence should

manifest itself by a nonexponential torus [82—84]. For dilepton spectra, one
gets [82]

2
dN o R,+Rp \ c dNAB_’"rx

dM%dyd®, 121 wR2R} | 4a, dy

q



DILEPTON AND PHOTON PRODUCTION 1349

xjdx j 17 [————————MLCOS;@_X)}+
T

c

M cosh(y—x)’
+%exp{ — T ” (34)

¢

where ¢=3.6, aq=5.25 and A=125. Typically this idealized Maxwell

construction for two-phase equilibrium is invoked as a model of the hadro-
nization process in fluid dynamical approaches. However, it is by no means
clear that the QCD nucleation rate is large enough for this idealization to be
anywhere near reality. In Ref.[85] the nucleation rate is computed for a first
order phase transition using a set of rate equations to study the time evolution
of expanding quark-gluon plasma as it converts into hadronic matter. The
authors calculated the fraction of space occupied by hadronic matter as a
function of time and obtained a time delay when compared to the adiabatic
Maxwell idealization. The temperature had to drop about 20 % below T

before nucleation and bubble growth was strong enough to cause reheating.
The difference in dilepton yield between an idealized Maxwell construction
of phase coexistence and a dynamical phase transition with finite nucleation
and phase conversion rates has been investigated in Ref.[86]. It is difficult to
say a priori, whether the «supercooling» scenario would enhance or suppress
the dilepton yield because there are competing effects. On the one hand, there
is a tendency to suppress the yield because the temperature is below T during

the phase transition, and lower temperature immediately fmplies a lower
dilepton yield. On the other hand, there is an enhancement ‘in the yield
because the transition lasts about 30 fm/c with a Maxwell construction, while
the finite phase conversion ratés cause a delay of the completion of the tran-
sition by about 11 fm/c, implying a longer time period for dilepton pro-
duction. The combined effect gives an enhancement of dilepton yield by .a
factor 2 near the p-peak. It would seem very useful to perform an experiment
which would be able to measure the dilepton mass spectra at M ~ 600 MeV to
better than a factor 2. Within the context of present experiments, this is
probably not feasible.

We have discussed the «canonical» Bjorken model for strongly interacting
matter evolution. The hadrons do not interact after «freeze-out» in this model.
There is no rigorous way to uniquely define the temperature at freeze-out, Tf.
Since Tf is a phenomenological parameter, one should check the sensitivity of
dilepton yield to the numerical value chosen. The dilepton yield will increase as

the chosen value of the parameter Tf is lowered. But even after the passage to
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free-streaming has occured, hadron trajectories may occasionally overlap,

leading to hh reactions which produce additional lepton pairs [87,88]. If Tf is

lowered, the thermal contribution is increased, but the free-streaming contri-
bution is reduced. Such competition leaves the total dilepton mass spectrum

rather insensitive to the choice of freeze-out temperature T}

The formula for the quark-antiquark annihilation cross section was repre-
sented above in the Born approximation. The question of how QCD corrections
can change the tree level results was discussed in Refs.[89,90] and [91]. A rich
structure of the propagation modes inside the plasma were discovered [92],
which resulted in a huge enhancement in the dilepton production rate over the
Born annihilation term. However, these calculations were performed for the
lepton pairs at rest in the plasma rest frame, and did not allow for pheno-
menological analyses in arbitrary kinematical regions. The corrections are
essential for low massed pairs (M <T) and are negligible for large masses
M=21 GeV). The corrections to the dilepton emission rate from a QGP in

kinematical configurations M <Tand g1 S T were calculated in Ref.[93].

The ratio between the first and zeroth order QCD corrections
~(4n/ 30,) (T2 /M 2) In (ET/ mz) ( m, is the thermal mass quark) and reaches

~10>—10” for M~ 0.02 GeV, M| ~ 1 GeV, and T =300 MeV.

4.2. Bremsstrahlung. The fundamental principle that drives bremsstrahlung
is simply that when charged particles are accelerated there may be accompa-
nying emission of real or virtual quanta. Particles in collision clearly undergo
accelerations and are therefore prone to this phenomenon. In hadron-hadron or
nucleus-nucleus collisions there are several reaction possibilities depending
upon the available energy. At low energies proton-neutron bremsstrahlung
contributes the most. At intermediate energies pions are produced reasonably
frequently and they might collide with a nucleon or possibly another pion,
charged or uncharged. At much higher energies since the system is comprised
mainly of thermal or nearly thermal pions, pion-pion bremsstrahlung is the
dominant contributor. And if conditions allow QGP formation, the QCD
constituents scatter and are therefore also prone to the same physical
phenomenon.

In colliding nuclear systems where the densities rise to several times normal
nuclear matter density, radiation is complicated by the fact that binary collisions
are no longer free from multiple-collision interference effects. Specifically, if
the mean time between collisions becomes small enough to be comparable to
the time it takes radiation to properly materialize, then total radiation is no
longer just the sum of independent binary reactions but rather a complicated
coherent sum of many. Since high-mass dileptons originate from processes on
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very short time scales and low-mass pairs from those with longer times, it
stands to reason that the low-mass pairs will suffer from this effect to a larger
extent. The net result of such interference, referred to as the Landau-Pome-
ranchuk (LP) effect [94], is to suppress production of low-mass dileptons, at
least for some very dense system. First principles calculations valid in all
kinematical regions for the real or virtual photons including the LP effect are
computationally difficult, especially when they include most of what is known
about the strong interaction. A proper treatment requires complete knowledge of
the dynamics. Estimates of these phenomena have been done in some limiting
cases.

Low energy calculations using a one-boson-exchange (OBE) model for the
strong interaction were reported in Refs. [95] and [96]. Here the bremsstrahlung
cross sections were calculated gauge invariantly including both external and
internal radiation using the OBE model while fitting the coupling constants and
form factors to the proton-neutron elastic cross sections over a fairly wide
energy range. A less ambitious but much cheaper way to get the cross sections
is to use a soft-photon approximation [97,25,98]. Contributions having radiation
originating from the internal lines in the diagrams are neglected while radiation
from external lines is computed. The propagator leading to the external lines of
the diagrams develops a singularity as the energy of the photon approaches
zero, making these diagrams clearly dominant as compared with all others. Neg-

lecting the others is valid as long as gy T<1 in nonrelativistic, and g, T << 72 in
relativistic collisions, where 9y = |q_> | is the energy of the photon, T is the

duration of the strong-interaction collision and 7y is the usual Lorentz factor.
Precisely how good the approximation is for semi-hard or for lepton pairs with
finite invariant mass is not clear. Therefore, the soft-photon approximation has
been compared with results from a Born approximation calculation [99]. At
dilepton invariant mass ~100 MeV the soft-photon approximation was found to
be surprisingly good. The scope of this section of our review includes
bremsstrahlung estimations using the soft-photon methos with LP interference
discussed briefly.

Low’s theorem [100] in its true form established an equivalence in the
sructure of the g, — 0 bremsstrahlung matrix elements independent of whether

the radiating particles are hadrons or leptons, whether they carry spin or not and
independent of any differences that exist between their interactions. It is useful
since it means that in this limit no matter how complicated the diagrams or how
computationally difficult the interaction becomes, the matrix element separates
into its on-shell counterpart times a multiplicative factor describing the electro-
dynamics of the reaction. The radiated quanta might not satisfy the Einstein

condition q2 =0 but instead appear as a massive (virtual) photon. Extrapolation
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Fig.10. Virtual bremsstrahlung in the soft-photon approximation
includes radiation from external lines only. Shown here is a
completely general scattering process which might include
nucleons, pions or quarks and gluons

from real photon production to electron-positron pairs is done consistently by
inserting a four-momentum conserving delta function at the photon-dilepton
vertex. Any differences in the matrix element due to the finite mass of the
virtual photon are ignored. The diagrams for the elementary process a+b —

—c+d+1*+1" are shown in Fig.10 where the reaction partners might be
nucleons or nucleon resonances, mesons, or even quarks or antiquarks and
gluons. The discussion is completely general at this point. Then the differential
cross section is reduced to the quasi-elastic scattering cross section and at the

same time to the production of an e*e” pair through decay of a virtual photon
[97,25,98,101]
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dce e 2

ab — cd o 1 ab—)cd
—age=tga ] e 1y 225 7 g
33
4 4 dp+dp_‘
x8(q-(,+p_Nd 9 g (35)
=

where ¢ is the four-momentum transfer in the a+b — ¢ + d collision, M is the
invariant mass of the e'e™ pair, p , and p_ are the momenta of the positron and

electron respectively, and
2
le-712=Y &5 Jeg-J. (36)
)
The sum is taken over all photon polarizations, and the current J in the

reaction a+ b —>c+d is

i B B

=g, 00, 0y
apa'q pb'q

21

[4
+0 ,
°p,rq “4p;q

(37

where the Q, s are particle charges in units of the proton charge.

For very general scattering processes subject only to over charge conser-
vation the polarization summed (and angle-averaged) electrodynamic factor is
[101]

le- a2, = y = (-2 +02+02+0}-20,0, F@* . BH)+
0

+20,0 F@F, B +20,0, F@, B3)+20,0. F@E, B+

+20,0, F@}, B4)-20.0, F@*, B ), (38)

where the function

FE.5 (1-%-7
&= 2V(1— y—’)2 A=D1
| E=E=Na -2 P - -xDHa -y | |
-2V -1 ?2—(1—x)(1—y)
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1 s 39
R, +V1—x—’ Y - (1 =551 - &)
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the.CM velocities’inner products can be related to invariants through
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(41)

The kinematic function A(x,y,2)=x>-2(y+2)x+(y-2)° [102] and s>
Zmax{(ma+mb)2, (mc+md)2}. Equation (38) is very powerful since it is

valid for any masses. For instance, it can be applied to reactions such as

g+g—q+g+y oqg+g+it+il” or even g+g-—)q+5+y*-)q+§+

AN
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For equal-mass scattering as in pion-pion or quark-quark (or aentiquark)
m,=m,=m. =m,=m, and Eq. (38) reduces to

1
o0l |- @+ 07+ 07+ 0~

9%
-2 Vs +Vs —am?
-2 ) I
(©,0,+0.0,) [ —=n Js—_m]*

+2(0,0,+0,0)

s—2m*+1 In s+t +Vs+1—4am? +
\/s+t—4m2)(s+t) \/s+t—\ls+t—4m2

(42)

2 _ N 2_ —
+20,0.+0,0,) 2m° —1t ln[ 4m t+\/_7}},

it —am?) | Nam® -1 -N=7

where s 2 4m” and — (s —4m2) £1<0. This expression is still very useful since
it is valid for any momentum transfer and any energy. However, it is some-
what lengthy so a simpler yet approximate description would be convenient.
If charge is conserved along each of the lines (Qa=Qc and Q,= Qd) and if

the momentum transfer is relatively small (]t’ <4m2), then a good appro-
ximation for the equal-mass electrodynamic factor is [103]

i

il ay _3
[‘”ﬁ J[ (Quz +0,) -5 2,0, f5) ] (43)

where

s _(s-4m2)_r_nf[ 25 (Vs 3,
As—4m?) 2 s | Vs -am? (\/s—4m2J

_{_Vs—4m2 In Vs + Vs — 4m? (44)
Vs Vs Vs —am? | »
The interference function behaves as follows. In the limit Vs /m — 2,
fs)>-2/3 and as Vs /m — o, f{s) > 0. Egs. (43) and (44) are extremely
useful because the result is linear in 7. This approximation is quite good as
long as particles are at least as massive as pions. For processes involving
lighter particles, one must resort to Eq. (42). Finally note that if one of the
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incoming particles is electrically neutral as in uino, Eq. (43) reduces to the
much used expression [25]

2 1
le J|? ~ 32[ ] 5)

The common 1/ qg dependence in all of these electrodynamic factors allows

analytic integration over the virtual photon and lepton momenta when inserted
into' Eq. (35). The resulting mass spectrum is

+ -
ee A
doab —ecd _ (12 o(s) %

aM?  an? m?

: (\/s_—(ma+mb))+\/(\/s-—(ma+mb))2-M2
Xy 1n -

v | O = (m,+ m) ~N(ls = (m_+m,))? — M2

2NNs = (m +m ) -M?

, (46)
(s = (m +m,))
where
+
G(S) - t (qO € ab —>cd ) dt (
t

for which the momentum-transfer limits are t*= mlzl + mz -1/2s {(s+ mz -
- mi)(s + mz - mZ) :Fkl/ 2(s, mz, m,?;) Al 2(s, mz, mz )}. For reactions with two

and m, =m ,=m,, these limits reduce to t™ =

1 b d 2
=-Al 2(s, mZ , mﬁ )/s and t*=0. And finally, for equal-mass scattering the

distinct masses m,=m_=m

limits reduce further to t " =—(s - 4m2) and t T =0.

Evaluation of the e*e” production cross section proceeding along these lines
neglects the momentum of the virtual photon in the phase-space 8-function.
Strictly speaking, one should correct for this by 1ncludmg the multiplicative
factor

Ry(sy g my) M/ %y ml m) o

2(s,m[21 mh) 7».1/2

(48)
(s, m, m) 5

(with 5, =5+ M? - 25 q,) before integrating Eq. (35) [104].



DILEPTON AND PHOTON PRODUCTION 1357

Having the elementary bremsstrahlung cross sections which are exact in the
limit g, — 0, one can employ the independent particle approximation from

kinetic theory to write the number of reactions per unit time per unit volume,
i.e., the rate, as

e e
dNab J J'dpa'[dpl)e—ﬂ(b +E) %
dxam? C en’ ’ on?
nge_
ab 2
x-——-—dM2 Vel o(s - P, + 1)) (49)

where

\/(p“ Py - mjm2

a b
Vv =

rel E E ’
a~h

B is the inverse temperature and ¢ , =(2s + 1)(2s, + 1) N("N(_l’ is the spin and

colour degeneracy. Integrating over both particles’ momenta yields

dN e'e 2 M2T2 w2, m?) o’ ¢ ,
ab - (211 ub j 4 b K ](Z) ub ':2) cd @) (50)
d *xdM 16 am

where zmin=(ma+mb+M)/T, z=\[s_/T, and ICl is a modified Bessel
function. But keep in mind that s> max {(ma+mb)2, ("'c+"'d )2}. Note that

for pion-pion bremsstrahlung this reduces to the form used in Ref. [22].
Elastic scattering cross sections are all that is needed in order to calculate the
rate of electron-positron production through virtual bremsstrahlung from
pion-pion processes, quark-quark or quark-gluon processes, etc.

Observed distributions are obtained only after integration of the production
rates over likely scenarios for the history of the colliding nuclear system. Using
assumptions detailed in section 3 regarding evolution, the pure quark and had-
ronic phase contributions can be calculated {22] with

r
dN 6 2 dr qu
_——"‘37CR T T, (&2))
dy dM ;[ 77 d*xam’

¢
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and
T
dN 2.6 2 2 dr _dN™
—— =31k, T, , (52)
dy dM ! 77 dxam
f
while the mixed phase contribution from quark and pion processes are
q 2 6
Poixea "y (T -1 " a=1) (53)
dy dM 2 T, i d*xdM c
and
dN™ mR2 (T \6 T
mixed _ A | i 2 . dN _
-———~——dy M- 3 [Tc ] T r(r-1) Iy (T=T). (54)

]
Here r denotes the ratio of the number of degrees of freedom of the QGP
constituents to that of the hadron gas constituents (r ~ 12). Input to these
formulas are simply the elastic scattering cross sections.

4.2.1 Pions. Attention is restricted to charge-neutral and charge-anticharge
pion scattering since the cross sections and electrodynamics suppress the other
isospin channels. With the approximate electrodynamic factor, Eq. (35)
becomes

Ao’ 23
LS ""2 (s, mn,M){ + f(s)} (55)
dM 6n” M

where 6, ~G +0 _ +0 _ _,the momentum transfer weighted cross sec-
mn T nn

tion is o(s), and the function

Vs = 2m_ (s —2m )2 ~ M2
(s —2m Y’ - m?
o (-am

If do /dt is a symmetric function of ¢ and u, then

[(\/;—2mn)+\/(\/s———2mn)2—M2 ]
®(s, m_, M)=In -

(56)

5(s) =20, (s)[—2 1}. (57)
4mn
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The elastic pion-pion cross section can be parametrized in the following way:
a) For Vs £0.6 GeV the chiral model expression'is used [105,106],

5m?  Tm
21 1 n T
O'd(S)—*g;zléns 1- p +—‘S2} (58)
T

with the pion decay constant F_=0.098 GeV;

b) At the collision energy near the rho mass, 0.6 < Vs £1.5 GeV, the largest
contribution to the 7R-scattering amplitude is due to resonance formation.
Therefore,

4 2\2
P )

CHOE (59)

T A48T (s PV 4 P T2
(s mp) +mpl"p

where the coupling constant 8pmn = 6, m,= 0.775 GeV, and I"p =0.155 GeV;
c) For large collision energy Vs > 1.5 GeV, G, becomes energy independent
~ G,,~5 mb.

Equations (50) and (55) provide a good approximation for the rate of ete”

production from the sum of & *n0, ©n° and ©t processes.

From the point of view of principles, a more complete estimate for this
production rate would include an angular description for pion-pjon elastic scat-
tering instead of merely the integrated result. Then the exact electrodynamic
factor could be properly folded in each scattering process which clearly matches
the real situation more closely. The exact electrodynamic factor is given by
Eq. 42) with 0, Q,, Q.. Q,=0,tland m =my=m_. In a recent study of
pion-pion bremsstrahlung [101], a field theory calculation was done using o, p,
and f(1270) meson-exchange to model the strong interaction. The quantum
numbers for these exchanged particles are (=0, J=0), (=1, J=1), and
(I=0, J=2), respectively. An effective Lagrangian of

L. =g, ca a“‘*+g ol (nxa )+gff MR- "W (60)

was used. The authors illustrated the method by showing details of the cal-

culation of o(n'n” — n'n" ). The differential cross section is proportional to
the square of the matrix element describing the overlap of initial and final
two-hadron states. In this model, six terms comprise the matrix element: ¢t and
s channel o-, p- and f-exchange processes. Since mesons are composites,
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modification at short distances or high momentum transfers was included.
Momentum-transfer damping monopole form factors were inserted at the ver-
tices of r-channel diagrams. Their form was

2 2
m —m

h () =—5—F, (61)
« m(21—t

where m  was either the o, p, or the f mass depending upon which meson was
exchanged.

In this model finite resonance lifetimes were incorporated into the scalar,
vector, and tensor boson propagators. For instance, the f propagator used was

(11
\ "{E(Eg"vgaﬁ-g““gvﬂ—g“ﬁgm]}

ipllvaﬂ= 5 5 (62)
k —mf+1mfl"f
The matrix element was written
M=M + My + M+ M, + Mg+ M, (63)
where
- ga ek -1’ ~ g5(s ~ 2ml)’
! t—m("z,-&—imcl“0 ’ 2 s—m§+imol‘c
2,2 2
_ =g h (06 ~u) _ gyu~-1n)
3-—t—m2+im r’ M4_s—m2+im T
P e G

57 713 £

2,2

& he (1)
=L 1(1 (2m12t—t)2—(s—2m12t)2—(2m2—u)2]
t—mf+szFf

6 s—m2+im r,2\3

2
8
M =___L_.1_(l(s_2mi)2_(2m12t_t)2_(2m12t—u)2 ] (64)
f fr
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Fig.11. Elastic T *1t ~ cross section calculation as compared with
experiment

Notice that as written g_ and gy are not dimensionless but g yn  and gymy are.

In pion-pion scattering, the elastic differential cross section is

do | M|?

= . (65)
dt 16ms(s - 4m?)

Within this model for the matrix element, do/dt has qualitatively the right
behaviour as compared with what is observed experimentally: for energies
just below the p resonance the angular distribution is forwardly peaked, for
§ near m, the distribution becomes forward-backward symmetric, and fi-

nally above the resonance it is backward dominated. The numerical values for
the coupling constants and widths were adjusted to g m_ = 1.85, m_ =

=0.525 GeV, I' ;1 =0.100 GeV, gp:6.15, mp=0.775 GeV, Fp=0.155 GeV,

gfmf=7.2, mf= 1.274 GeV and Ff=0.176 GeV. We show the results of the

integrated cross section in Fig.11. Superb agreement with experiment was

. . + +
obtained for the energies shown. Other ntw processes (Trno - n‘no) were cal-

culated analogously. With all three cross sections, one can compute the rate
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Fig.12. Dielectron mass spectrum from pion-pion bremsstrah-
lung using the full formalism (solid curve) as compared with
approximate formulas with and without the Landau-Pomeran-
chuk effect

of pair production using Eqgs. (46) and (47), which is exact within the soft

photon approximation. The net result of using the more exact formulas is a

suppression as compared with the approximate result by a mere factor ~2.
Dielectrons with masses < 100 MeV are produced in mn scattering at any

kinematically allowed Vs and are therefore dominated near the p-peak; whereas
higher masil—pairs (M =300 MeV) are effectively produced through nm scat-
tering with Vs > m. When M =300 MeV in Eqgs. (46) and (50) with Vs near the

kinematically determined minimum (just below the p-peak) the production rate
is strongly suppressed by the logarithm and radical. The soft photon approxi-
mation is less reliable for high masses but this suggests that it is imperative to
have a reasonably accurate calculation of the cross section for Vs > me. Such

calculations would be incomplete if they excluded the tensor f( 1270) meson.
An approach somewhat different from this one has been taken by Cleymans
et al. in Ref. [107], where within a soft-photon approximation the LP effect is
included in pion-pion bremsstrahlung estimates. The starting formulas are quite
different since multiple-collision interferences are included. We show in Fig.12
the LP-corrected (and LP-uncorrected) results and compare it with the
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Fig.13. The low-mass dielectron yields from pion-pion
bremsstrahlung (solid curves) and quark-antiquark annihilation
(dashed curves) in the Born approximation. The three scenarios
are (i) T;= 300, T, = 200, and Tf 140 MeV, and (i) T; = 250,

T.=150, and Tf 100 MeV and finally, (iif) correspond to
T;=200, T = 150, and T, = 140 MeV

calculation by Haglin et al. from Ref. [101]. Several points are worth men-
tioning here. Firstly, the low-mass dielectron production rate is suppressed by
the LP effect in a dense pion gas by nearly an order of magnitude. Secondly,
the two curves without LP effect represent two different approximations for
hadronic bremsstrahlung. The results from Cleymans et al. were calculated by
approximating production with charge-neutral pion scattering. In the brems-
strahlung cross section the electrodynamics were approximated by a simple ex-
pression that allowed use of simply the total elastic pion cross section — which
was parametrized. The results are quite close to the more detailed calculation
from Haglin et al., where other processes were included and the electrodyna-
mics were properly handled for each reaction. Also, phase space corrections in
the latter calculation introduce a slightly different mass dependence in the results.
While the LP effect is indeed important, one sees that its effect is at the level
of uncertainty in the approximated elementary bremsstrahlung cross sections.
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And it should therefore be considered equally important as the effects from
including all the pion-pion processes, calculated as accurately as possible.

As discussed above, integration over the mixed and cooling phases for the
pions gives the estimated total yield. We show it in Fig.13 for three different
collections of initial, critical and final temperatures. The results from quark-
antiquark annihilation discussed previously are also presented.

4.2.2. Quarks and Gluons. Quark scattering processes introduce additional
difficulties due to their fractional charge, their colour, and their possibility for
elastic scattering with their own force mediating bosons, the gluons. But the
formalism from Ref. [101] is capable of handling the general case. The
diagrams from Fig.10 are again the relevant ones to be evaluated. This time the
charged external lines are u or d quarks (or antiquarks) and neutral external
lines are gluons. The calculation reported in Ref. [101] included six distinct
quark-quark (or antiquark) and four quark-gluon (or antiquark) reactions. Those
with equal-charge scattering were neglected. Other processes like gg — gg and
its reverse procgss were shown to give a rather small contribution to the low-

mass e'e  production rate so they were also neglected. The approximate
expression for le-J |2 cannot be applied to current quarks since the range of
validity is too small (f < 4m‘21 = 1,0 % 107 GeVz); so one resorts to Eq. (42). By
setting the mass to m, and by setting Q0 and Q, to the appropriate quark electric

charges, one has the exact electrodynamic factor in these reactions. When
considering quark (or antiquark)-gluon processes, Eq.(38) must be used with
m,=m, and mb=0. ’

The strong interaction differential cross sections dcqq /dt and dcqg /dt are

well known in the perturbative vacuum at the one-gluon-exchange level to be
[108]

dc C . 2ol
ab - ab s ( 6 6)
dt 27
where
1 (g8 — q8)
C.,=i4 . (67)
@15 9a - 9q)

For hot hadronic matter this is clearly inadequate. Consider the dominant
r-channel gluon exchange amplitude for the diagram in Fig.14. Meb=
=0 I‘:D“VI“\?, where D" =g" /¢ is the gluon propagator and I’:\l,’ are

vertex functions for particles a, b. It is obvious that M”b is singular in the
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Fig.14. t-channel gluon-exchange

diagram q q

q(g) vb q(2)

zero momentum-transfer limit. But at finite temperatures static colour-electric
fields are shielded by quarks and gluons in the plasma, and colour-magnetic
fields are also shielded by non-perturbative effects [109]. Colour-electric

shielding modifies the p =v =0 components of D"¥ in such a way that

o,.(1)
ab an0rb o E T rarb
M~ o () T DTy = -t Ty, (68)

where the running coupling constant [109]

o n o)

5 (69)

2
E

! t—m

2
=
scattering amplitude can be written

. 2 . - .
and the colour-electric mass mp=6na 7. The medium-modified magnetic

o, ()
M paph (70)

ab apyijrb .
My =a T D I“j ~ O
where the effective magnetic coupling (xM(t)/t=(x‘_(t)/(t—m}2W) and the

2

colour-magnetic mass 111AI=ca3T2. Lattice gauge calculations [110] give

¢ ~ 20—30. In the small ¢ limit the vertex functions reduce to I“u“ ’:pﬁ, where
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pﬁ is the momentum of particle a. Averaging over colour and spin degrees of
freedom gives the differential cross section [109]

doab

8n )
dt =Ca 2t2[°‘5(t)1’81’8‘ M(t)ﬁ)a'.b_)b s an
s

where s = (pa + ph)z.

Unfortunately, do,, /dt depends on the quark-quark (gluon) orientation in
the scattering through 17: . i)z . For arbitrary orientation of vectors 17:, 171;) one
cannot obtain a closed expression for do“” / dt, but if vector p—a) is antiparallel
to Z)Z , o, / dt reduces to

a o n oZ(e)(2t — mk— m2)? o
dt P2 o) -mly?

Note that this expression is exact for massless quark (antiquark) scattering. '
For T ~200—300 MeV, o~ 0.2—0.3 my = 2.2T and my, = 1.5T. If one as-

sumes that the colour-electric mass is roughly equal to the colour-magnetic
mass, mp~m, , then the m, dependence can be restored in the differential

cross sections

e S (s ) (73)

dot_4 2m0)
a9 F— iy

(s = 2m2y2. (74)

Using these expressions there is no sizeable change in the dilepton production
rates or final spectra. So instead one can safely use Eq.(72). Note that in the
limit mg, m,, — 0 (free space), it reproduces Eq.(66) for the perturbative

vacuum.
Putting together Eqgs. (35), (42), (50) and (72), one has the rate of ete”

production from all the quark (antiquark)-gluon or quark (antiquark)-quark
processes. In Fig. 15 we show results of the sum of gq(qq) and gg(gg) scat-
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Fig.15. Dielectron production rate from quark and gluon
processes

tering with virtual bremsstrahlung at temberatures T=200 and 300 MeV. Three
quark curves are shown: current quarks with mass 5 MeV, «medium» quarks

with temperature-dependent mass [2ro (1) / 3]1/ 2T, where o (T)=6mn/[(33 -
—2Nf) In (aT/ Tc)] and a~8, and finally, «constituent> quarks with mass
300 MeV. Since the quark mass dependence in the production rate for small
masses is roughly In (1/ mq) due to Eq.(42) and the temperature dependence is
roughly TS, an upper limit on .the rate is one that uses m, =5 MeV at
T=300 MeV. Similarly, a lower limit on the rate is one that uses m, = 300 MeV

at the phase transition temperature. Based on the results of Fig.15 where a quark
and pion comparison is facilitated, one may conclude that at T=200 MeV the
(soft) virtual photon emissivities from competing medium quark versus pionic
processes in the mass region M < 2m_ differ by less than a factor of 4. In a

different energy regime Kapusta et al. [111] reached the same conclusion while
comparing real (energetic) photon emissivities of the QGP to that of hadronic
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Fig.16. Dielectron yields using 7,=300, 7,=200 and
T, =140 MeV

matter. This equal-luminous property appears also in the annihilation channels

gq — e'e” versus *'n” — p — e*e” but only after an (invariant mass) integrated

total emissivity. In particular, the emissivities dN ¢ e /d*x at T=200 MeV for
pions, medium quarks, and constituent quarks are approximately ~ 2.5, 1.2 and
~ 1.1(x 107° GeV4) , respectively. :

In Fig.16 yields are shown. Invariant mass spectra from virtual brems-
strahlung of quarks and pions using relevant temperatures T, = 300, 7, = 200 and
Tf= 140 MeV are shown. For this collection of temperatures the pion cooling
phase contribution is the larger contributor to its final spectrum, whereas the
mixed phase dominates the resulting quark driven spectrum. The yield from

g3 — Y — e*e” annihilation in the Born approximation [22,106]. Throughout
most of the range of dilepton invariant mass considered, the contribution from
pion scattering with virtual bremsstrahlung are two or three orders of magnitude
above the gg annihilation spectrum. An advantage of this soft-photon approach
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Fig.17. Dielectron yields using T;=250, T,=150 and

Tf= 100 MeV

i
is that one could easily evaluate the bremsstrahlung contribution at finite g | or
even impose some cuts in transverse momentum.
Another quite reasonable possibility for the relevant temperatures of the
colliding system is T, =250, T =150 and Tf= 100 MeV, corresponding to those

used in Ref. [106] in a recent study of low-mass dilepton production. In Fig.17
we show results at these temperatures. Finally, for comparison purposes we
show in Fig.18 still a different collection of temperatures having the lowest T -
which is compatible with lattice gauge theory data — T,=200, T =150, and
Tf= 140 MeV. As one can see from Figs. 17—18, the medium quark yield is

always lower than the yields from pion scattering with bremsstrahlung. This
being true, detection of quark degrees of freedom within this invariant mass
region will be difficult in future heavy-ion experiments.

4.3 Single Photon Production. The same formalism can be applied to the
calculation of single photon production from a QGP [82,84]. Direct photons
from a QGP can arise from three processes: Compton scattering (gg — Yg,
gg — q 7). annihilation processes (¢gq¢ — g7Y) and bremsstrahlung (with a quark
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Fig.18. Dielectron yields using 7,=200, T.=150 and
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fragmenting into the photon), see Fig.19. The elementary cross sections for
Compton and annihilation processes are [1,112,113]

16moor s
olgg = 8V =—g7 '"[4_,,.5] (5)
and
_ 4moor s '
o7 > 8= "[Zn—;] (76)

where s is the usual Mandelstam variable, m, is the quark mass and a_ is the

strong coupling constant. The production rate of single photons from a QGP
was given in Ref. [113] as

Y oL oL
-3%-:[ 36‘1;1( T ]+ ’1n[;nT—”T4. an
X d



DILEPTON AND PHOTON PRODUCTION 1371

Fig.19. Diagrams contributing to

photon production: (a) Comp- q(@) Y q ¥
ton, (b) annihilation, (c) brems-
strahlung
g q(Q q 4
(a) (b)
Y Y
q(9 q q q
+
4 1 4 q q

(c)

As is well known [114], quark mass singularities may be screened by finite-

temperature and finite-size effects. In this case ;

. |
d—"-:—s—ln[i}r“. (78)

The integration over the similarity flow can be carried out exactly as before.
The result for Compton plus annihilation diagrams is [82].

2 2
do__*% a2 T(35)| Bt Ry ¢ av|
dy dzpl pi rt RRy  4a, dy

2 L Py
xln[as][P[&S, 3 ]—P[&S, T ]} (79)
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where

a

1 -
PG5ia) PGS a)=tas | 1P a (80)
a.

For the bremsstrahlung contribution, the 3.5 must be changed to 1.5 and the
numerical factor in Eq. (79) is therefore, slightly different.

In Ref. [111], the thermal rate in the hadron phase has been computed to
the same order as it was computed in the quark-gluon phase. The dominant
reactions turned out to be the exact analogs of the QCD reactions, namely
annihilation nn — py and Compton mp — Ty processes. In Ref. [111] the
authors also estimated the contribution to the emission rate from the decay

processes p — Ty and ® — noy. Other decays one may think of are too slow
to contribute a significant amount to the thermal rate, although their contri-
butions to the total yield in a high energy nucleus-nucleus collision may be
non-negligible.

4.4. Proton Pair Production in Expanding Hot Hadronic Matter. The
production of photon pairs from hadronic matter is mainly due to the elemen-
tary processes

q+q -2y, (81)

in the QGP phase and

0

e 52y, o2y, (82)

in the hadronic gas phase. The number of photon pairs emitted from the

element of matter d *x with invariant mass M, coming from the process in
Eq. (81), is given by [115,116,117,118]

dN%Y
oo _ 1 2 4 201/2, 2.2 2 2
Tt~ o M~ 4m) M T (MP) G (T, M), (83)

with

G (T, M) = | due® + 1'%
mq/T

1+exp {-Wx+ P[Jc2 - (mq/T)z]l/z}

l 2’
M exp {-Wx — P[x* — (mq/T)Z]‘/Z} (84)
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where
W=—-— (85)

and
P=NW*-1. (86)

The quark-antiquark annihilation cross section Gq&—-»w(Mz) in lowest order

perturbation theory reads

4 2 2
e 4m 8m
o M) =2moPN (2S5 + 12 Y — 34— | 1+ —4 - —4 |x
9 c % M2 — 4m3 M M
1/2 SRY?)
M2 4m2 4m2 41712
xIn | — 1+1———2‘1 -1—1+——i‘l 1——2‘1 ,
2mq M M M

with N =3, spin § = 1/2 and quark electric chargés e, The production rate
of photon pairs in the hadron gas has a structure similar to that of Eq. (83).
The difference comes from the fact that the pions respect Bose instead of
Fermi statistics. Instead of G, (T, M2), one has

G (T M= | dxe-1)" x
m‘/T

1 —exp {-Wx - P(* - (mn/T)z)I/Z}
X In 2 2.1/2, |’ @7
1 —exp {-Wx + P(x” — (m_/T)") /2

where

2
W= —M-E , (88)
2m1t

and

P=\wZ_1. (89)
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To lowest order in pertutbation theory the cross section is [117]

) ) 1/2
2 4Ano 1+4mn 1"4"'1:
Optr — yy M) = 2 2 2 -
n s—4m1t M M
1/2
2 2
2m 2 4m
el D e D (L D e B
M Zmn M

There will also be an additional contributions from ° decay into two gammas
[117,118] :

ENE 7_,,,“07
exp (E/T) -

0
dN™ 2T WMo o
g, T (08 - f e /D1

where T'y | = azmi / 327t3fu, and the pion decay constant fn ~ 0.98 mio.

Using these formulas and integrating over the system evolution, one can
obtain the contributions from QGP and hadronic phases to the diphoton
invariant mass spectrum [118].

4.5. Properties of Dilepton Produced in QGP and Hadronic Gas. The
formulas derived heretofore make it possible to calculate dilepton and photon
spectra from a QGP and an hadronic gas. Now we consider several semi-quali-
tative characteristics of the behaviour of these spectra, which may serve as
thermalized nuclear matter diagnostics. We will discuss only the contributions
from QGP and an hadronic gas; the background contributions to dilepton
spectra will be discussed later.

Figures 20 and 21 show [22] the vérious contributions to the u+u- invariant

mass distribution dN / dydM 2 for two combinations of initial and critical tempe-
ratures, T; and T_.. Two-pion annihilation generally dominates quark-antiquark

annihilation in the mass region 0.4 < M < 2.0 GeV. This is due to the big peak
in the pion form factor and to the relatively long time spent in the pion phase
during evolution. The quark-phase contribution breaks through at approximately
M =~ 2 GeV due to the fact that quarks annihilate at a higher average tempe-
rature than pions.

Recently the thermal production spectra have been calculated for LHC
conditions [119]. The result is shown in Figs.22 and 23 for two different initial

temperatures corresponding to €; = 4.6 GeV / fm3, and approximately twice that
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Fig.20. The dilepton mass distribution at central rapidities for Au+ Au— ptuX
reactions with various combinations of initial and critical temperatures (1,=1 fm/c,

nR2 =127 fm?, and T;= 100 MeV)

i
density. As we can see, the region of mass M < 1.5—2.0 GeV is dominated by

emission from the hadronic gas. It is clear from Eqgs. (32) and (34) that thermal
“emission time and dilepton mass are correlated. Pairs with largest mass
M>M p) are produced at earliest times ( T < 1—0.1 fm/c), when the tempe-

rature assumes its maximum value.
The hadronic dilepton production rates and yields have a peak around
M= m, and go to zero at M =2m_. One can expect that the window 2m <

<M <2m_ is dominated by emission from the QGP. In the region of dilepton
mass 300 MeV <M SMP, the contribution from the QGP should show a

prominent rise so that the full dilepton spectrum is expected to have a two-
peaked structure [81.115]. Figure 24 shows the dilepton mass spectra for three
different values of initial temperature as well as the origin of the two-peaked
structure.
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Fig.21. The dilepton mass distribution at central rapidities for Au+ Au — =X
reactions with various combinations of initial and critical temperatures (1;,=1 fm/c,

AR} =127 fm?, and T;=100 MeV)

Equation (34) implies that the spectra of dileptons from QGP possesses an
M = [M2 + p_2L]1/ 2-scaling property, i.e., the spectra depend not separately on
the variables M and p, but on their combination M |- Omitting the mixed phase

contribution for simplicity, we can express Eq. (34) as

2
aN___ o[ e i) RerRy
dM*dyd®p, 120 | 4a, dy TR2RS e

where

+Y Ti
3dT M cosh(y — %)
oty 0= | [ 3 | HaEo0 -0
-Y r T

c
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Fig.22. Production rate for thermal dileptons as a function of the
dilepton mass M for LHC conditions for multiplicity
dN /dy = 1736. Solid line is the pion phase contribution and the
dotted line is the QGP contribution

So, the distribution of dilepton emission from QGP as a function of M for
fixed values of M and y must therefore be nearly constant. Indeed, Fig.25

(taken from Ref.[80]) shows that in the nonresonant region 1.2 GeV <
<M <27 GeV the dilepton production cross section at fixed M, is inde-

pendent of M. But for the same-variation on M, the absolute value of the

differential cross section changes by several orders of magnitude! Similarly,
the dilepton distribution over p, for fixed M, and y, must also be constant.

On the other hand, the spectrum at fixed M, from hadronic plasma is not
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Fig.23. Same as Fig.22 but using a multiplicity dN /dy = 3830

constant due to the pion form factor. This fact may help in identification of
dilepton production mechanisms in nuclear collisions. We shall discuss this
more carefully in the following sections.

Up to now we considered only n*n™ annihilation as a source of dileptons
from hadronic phase. But hadronic phase contains another particles, which take
part in dilepton production [120]. As it was shown in [121], the production rates
from reactions that involve axial-vector mesons dominate over contributions
from all other reactions, when the dilepton invariant mass is above 1.5 GeV.
Recently three-pion reactions in dilepton production from hadron gas have been
investigated [122]. As one can expect, the three-pion processes amplify the
and ¢ peaks in dilepton mass spectrum. The comparison of three-pion reactions

with 7" annihilation shows that it is insufficient to consider only %" annihi-
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Fig.25. Dilepton production cross-section as a function of mass for three
values of transverse mass. Dimuon spectrum is independent of mass if the
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lation when calculating dilepton production rate from a hadron gas in the
continuum region above the ¢ peak.

4.6. Correlations in Dilepton Spectra. In the derivation of Eqs.(27) and
(32), local thermodynamic equilibrium with an initial temperature T, was as-

sumed to be established in a system of quarks, antiquarks and gluons at a time
T, It should be stressed again that the fact of establishing any temperature in

QCD is far from being obvious by itself. Indeed, the possibility of finding an
associated temperature in the thermodynamical sense (or impossibility of intro-
ducing this characteristic) is not efficiently ascertained by QCD dynamics,
known well only in the weak coupling region. At this stage, we think it is
reasonable to try to solve the problem of thermalization experimentally. Since
dileptons and photons are effectively emitted at times close to T, (contrary to

hadrons), their spectra must be sensitive to the assumption of thermalization. In
equilibrium QGP, dilepton production is mainly specified by the Boltzmann

factor Q

exp (-E"/T) ~ exp [-M* + P2 + P/} /2 /1, (90)

which arises from the product of the distribution functions for quarks and
antiquarks.

In Eq.(90), P; =M, sinh Y" is the longitudinal momentum of a dilepton in
the plasma rest frame. The Boltzmann factor leads to the following correlation
in the spectrum of dileptons produced in equilibrium QGP: the lepton pair
distributions over P, (over M) become harder with increasing longitudinal
dilepton momentum P; observed in the CMS; i.e., the relative part of high

values of transverse momenta (masses) increases. Indeed, an analysis of Eq.(90)
readily shows that dilepton distributions over P | and M are distinct for distinct

P; values. In selection of events with high P; values in these distributions, the
fraction having high mass and P | values increases.

The observed longitudinal momentum of dileptons produced in the QGP
model is determined both by the local value of the momentum P; and by the

hydrodynamic QGP expansion P=M f sinh (Y * + x). For large transverse di-

lepton mass M, the characteristic «thermal» rapidity value ¥* will be much
lower than the values acquired under hydrodynamic expansion. The observed
longitudinal momentum P, will therefore not be related to P;, and thus the
«thermal» P, —P(M - P) correlations will be absent. For small M | the
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Fig.26. Ratio of dimuon mass spectra measured at different CMS
longitudinal momenta P,* .

situation is vice versa. In this case, selection of events with large P, effectively

selects dileptons with large P;, and indicated correlations occur. Such P, - P,

correlations are absent in the spectra of dileptons produced ip pure hadronic
processes [123]. An example of experimentally observed M — P, correlations

may be a difference in the mass distributions of «anomalous» dimuons
measured for different values of x = 2PI/\/§— [124, 125, 126]. This difference is

shown in Fig.26. The part of the events with large mass increases with
increasing longitudinal momentum P,. Such an effect in heavy-ion collisions

may be an indication of the existence of local thermodynamic equilibrium.
4.7. Ratio for Dilepton and Pion Spectra. Great progress has been made

in the removal of uncertainties in QGP-driven dilepton spectra normalization by

concrete bounds on thermalization times T, This process is contingent upon

entropy being conserved during the system evolution (section 3). The idea is to
construct a T, independent quantity from experimentally observed spectra [22,

127,128]. Integrating over dilepton transverse momenta, we find from Eq.(34)

the number of dileptons dN "/ dy produced per unit rapidity. The quantity
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Fig.27. Ratio of dimuon and pion spectra

dN" / dy is proportional to ‘t? and to the multiplicity of charged pions dN ™ /dy

which is in turn proportional to T,. Therefore the ratio (dNV "/ dy)/(dNT/ dy)2
does not depend on 7, This ratio is presented in Fig.27 [22].

The ratio turns out to be a monotonically increasing function of dN ™ /dy if
there exists only a pion phase in the thermalized state. If the initial energy
density exceeds the QGP critical value (sections 2 and 3), this ratio goes to a
plateau. The plateau height is proportional to the phase transition temperature
T.. The reason can be traced to the evolution of the nuclear matter. The system

lives at a higher average temperature as T, is increased, even though the du-

ration is the same. Of course, the precise height of the plateau is complicated
by effects not considered in the Bjorken model. For example, the transverse
expansion would reduce the height of the plateau. There is also some sensitivity
to the break-up temperature Tf, where pions lose mutual thermal contact.

But in any region of (pion) multiplicity, a measurement of the ratio

(dN "/ dy)/dN™/ dy)2 as a function of dN™/dy seems to be of great
importance from the viewpoint of a possible diagnostic of QGP formation in
heavy-ion collisions.

4.8. Uncertainties in QGP and Hadron Gas Signals. The uncertainties in
the values of 7; and the initial QGP volume lead to considerable uncertainty in
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Fig.28. The invariant mass spec- 10-1
trum of dilepton production
from quark-antiquark annihila-
tion during the plasma expansion 10-2
in Au+ Au collisions at 100 +
+100 GeV/nucleon, calculated

with Bjorken expansion model C\/I\ 10-3
in «hot-glue» (solid line) scena- |>
rio and «standard» (dashed line) )
scenarios &) LO-‘
N’
the estimation of the quark > 10'5
and hadronic phase contri- ;P
butions to the dilepton spec- 2 -
trum. Quite obviously, the - 10
quark phase constribution is ~
enhanced for 7, =0.1 fm/c, 'z m_-,
while the hadron phase con- o

tribution for T, > 10 fm/c.

As an illustration, we can 10
again return to Figs.20 and
21. From these figures it is
seen that the pion phase do-
minates over the quark 0 1 2 3 4 5
phase in the region M <

<2 GeV for 7,=1 fmic. M (deV)

The quark component beco-

mes noticeable for M 2 2 GeV, again because quarks and antiquarks annihilate
at higher temperatures than pions. If T, approaches 0.5 fm/c, then the quark

component starts dominating over the hadronic one in the dilepton spectra for
M < 2 GeV also. Thus, the exact form of dilepton spectrum cannot be predicted
a priori for real experiments. Everything is ultimately determined by the rela-
tionship between the lifetimes of the two phases.

In section 3 we mentioned a «hot-glue» scenario of nuclear evolution.
Remember, that in this scenario the gluons are thermalized at T, = 1/2 fm/c, but
quarks have T, 2 fm/c. Figure 28 shows the invariant mass dilepton spectra
- for «hot-glue» (t;=03 fm/c, Ti = 460 MeV) as the solid line and for «stand-

ard» scenarios (t; =1 fm/c, T; = 240 MeV) as the dashed line [129]. One can
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Fig.29. Transverse mass distributions without transverse
flow

conclude that in the window M ~ 2—3 GeV the «hot-glue» scenario leads to a
dilepton yield exceeding the «standard» scenario prediction.

So far we discussed only a one-dimensional picture for evolution of the
hadronic matter. But really the evolution is one-dimensional only in the QGP

phase and the hadron gas as long as T is near T.. At a temperatures T =~ Tf the

evolution is probably closer to 3-dimensional [130]. The effects of transverse
collective flow have been found to be important in the late stages of heavy-ion
collisions [84,131,132,133]. Let us consider the dependence of dilepton
production rates on the transverse mass of the pair M, and on the transverse

flow of the matter. In Fig.29 transverse mass distributions from a calculation
without transverse flow are shown [134] separately for the QGP (solid line) and
hadron gas contributions at M = 0.4, 0.8, 1.6 GeV. As one can see from Fig.29,
in the case of no transverse flow, the QGP contribution depends only on M | but

not separately on the pair mass M. The hadron contribution has a strong M-de-
pendence from the form factor. It is also clear that the slope of the hadron
contribution is much larger than the QGP contribution. Without transverse flow
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the steepness of the spect- 1075 p—r— — iy
rum directly - reflects the _ ) E T.= 200 MevV 1]
temperature of the emitting ‘?‘> 107 £ ‘\ Tic= 500 Mev 3
matter. In Fig.30, curves § 107 \ T,= 100 MeV 1
[134] for the same collec- = 3 ' ) 3
tion of parameters are o~ 10° f \ M=0.8 GeV 1
shown when transverse flow & . E \\‘/ ’ 3
is included. One concludes B 10 4 ' 3
that transverse flow does é 10710 | S, M=0.4 Gev 3
not lead to large quantita- < 3 E
tive changes in the QGP: § 107" A N 3
contribution to dilepton % 10712 ;, /'} \ \\ 1
spectra. However the effect > 3 . \\ \\ \ 3
of the transverse flow on ?ﬁ 1071 r M=215 Gev NN \\
the hadron contributions is © 10714 r \\ \\ AR k
profound in two ways. : 3 NN
Firstly, the low M -part of 10" S
0 1 2 3 4 3

the spectra is very strongly

reduced. Secondly, the ’ M, (GeV)

transverse flow enhances

the production of large

transverse mass pairs. Fig.30. Transverse flow included
Let us return now to

photon production. There .

may be a p, window span- .

ning the transverse region from 2 to 4 GeV where thermal photons from the

QGP might dominate since decay photons dominate at low p, and direct (hard

QGP) photons dominate at larger p, [135,136,137]. But this conclusion ignores

the transverse expansion of hadronic matter during its evolution. It is clear that
the transverse expansion of the plasma becomes important in the later stages of
the dynamics. The transverse flow effects on high energy photons emitted by
expanding QGP were carefully analysed in Ref.[138]. At SPS and RHIC
energies, the transverse flow of the hadronic matter is shown to completely
close the p,-window where photons from the quark matter dominate over those

from the hadronic matter. At LHC energies, photons having a p larger than

about 4 GeV are shown to have their origin predominantly in the QGP. The
location of the p, window is very sensitive to the value of the freeze-out

temperature Tf. This temperature can in principle be obtained by comparing the

dimensions of the system with the mean free path of hadronic matter consisting
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of @, p, @ and 1 mesoms. As in the case of dilepton production, we expect that
the sensitivity of the results on the freeze-out temperature can perhaps be elimi-
nated by adding a contribution from a gas of free-streaming hadrons [88].

Thus, the transverse expansion will generally not influence the production
rates calculated in the pure quark and in the mixed phase. The most important
changes would be expected when the system reaches the hadronic phase.

4.9. Quark-Gluon Plasma Versus Hadronic Gas: Single Photons. A self-
consistent, lowest-order calculation of the real photon emission rate at fixed
temperature 7, using Braaten and Pisarski resummation techniques [139,140],
has recently been carried out {111,141]. The result is

oo ‘
-‘i&_)= ;Tzexp(—m/ﬂ[log%+cJ,
L. 3w mg
where !
mp = %’—‘asrz, c=1.62.

Applying this to a nucleus-nucleus collision, one folds it at fixed temperature
with final state expansion.

1073 T T T T T
3 N 3
1074 r h 3
o 1075 J~_ vector decays + hh +hy 1
- E N 3
[ s ]
© 107 g 3
E , F ]
%]:g 10 E vector decays 3
w 1Q'5 3 ’
0
10—10 [ 1 1 i 1 I ]
0 0.5 1.0 1.5 2.0 2.5 3

E,Y(Gev)

Fig.31. Comparison among photon production from quark-gluon plas-
ma, from vector meson decay and from vector meson decay plus hadron
reactions (T =200 MeV)
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Fig.32. The yy mass distribution 107 ¢ T .
in the QGP (dashed and dotted 't
lines) and hadronic gas (full
line) at different Ti T, Tf

1076

T

1
GeV

A careful analysis of
photon emission from an
hadronic gas has been done
in Ref.[111]. The dominant .
contribution comes from '
the reactions Tn — py and 4 1. = 625 Ge/vv A
np — 7y, the decays @ — w08 L
— ntyand p — TRy are also , d
important. Photon produc- ‘ i
tion rates at T =200 MeV 1
are shown in Fig.31 [111]. 107° .
As one can see, the quark- 0 ! 2 3
gluon plasma and the had- Mn(GeV)
ronic gas produce photons
with energies from 1. to
3 GeV at roughly the same rate. As was stressed in Ref.[111], not only is the
shape of the production curve the same, but so is the overall magnitude. This
means the photon spectrum is a good «thermometer» in heavy-ion collisions,
but any temperature deduced from the thermally produced photons is nearly
independent of assumptions about the phase of the matter [142]. If the QGP-
hadron phase transition is first order, nuclear matter spends a long time at
T=T, and consequently, most thermally produced photon ‘will come from

)

dy~

1077 kb

(

dNyy  gNt
dydM

c

Llasaad

nuclear matter at T, This would allow us to determine TL,.

Based on the results of Ref.[111], it does not seem likely that photons with
energies of 1 to 3 GeV will allow for distinguishing quark from pion degrees
of freedom.

4.10. Photon Interferometry. The disadvantage of diphotons is that, as we
have already seen, the cross sections for these processes are much lower than

for single photon production. Indeed, the processes g + ¢ — Yy and TR -1y
are suppressed relative to the processes gg — gy, g — yg for single proton
production by a factor o = 1/137. But these are important channels to consider
in QGP diagnostics. Figures 32 and 33 show [118] the separate contributions to
the diphoton spectrum coming from pions and from quarl-antiquark annihilation
at different values T, T, Tf. In the low-invariant mass region M < 1.5 GeV the
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L 1
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sls

U\_, 107 ¢ E

>~ 3

Sls F ]

52 : -
O

1078 ¢ 3

i 3

107% : ‘
0 1 2 3
M (GeV)
bas

Fig.33. Same as Fig.32 but for different temperatures

hadron contribution dominates diphoton production completely, even for rather
large initial temperature T;~1 GeV. For relatively low T; the hadronic gas

dominance is shifted to a higher value of M. For T, =250 MeV (even for

M =4 GeV) the QGP contribution is only about factor of 2 larger than the
hadronic gas. When the initial temperature increases to 1 GeV (still at
M =4 GeV) the QGP contribution is already 3 orders of magnitude larger than
pion gas. :

The interesting possibility of probing the dynamics of quarks and gluons in
a high energy nucleus-nucleus collisions using diphoton data has been noted in
Ref.[86]. This method is based on two-photon intensity int_e_;ferom_e)try[143].
The correlation function between two photons with momenta k, and k, with the

same helicity is

= =
& Pk k)
Ck, k)=, 91
) P(c)P(ky) oD
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where

P(k) .[d4 aN(x, k) )
d%a3

dN(x,, k ) dN(x,, )
- = 4 4 2 "o
Pk, k)=1d xd"x {1 + cos (AkAx)] 92)
ol =fatndty a4k, dixdl

437 . y .
and dN(x, k_S/d xd"k is the rate per unit volume for producing a photon with

momentum k at the space-time point x. The thermal emission rate of photons
has been studied in Ref.[111]. It was found that the rates in the hadronic and
plasma phases are the same when compared at the same temperature T

dN 2 29E _E
Ed4xd3k—)_ K, 7" In [——ng + ljcxp ( T]’ (93)

where E is the photon energy, g is the QGP coupling constant, and K,is a

constant which is irrelevant to the correlation function. In Bjorken model of
evolution, with photon momenta k= kyy = k. and rapidities Y| =Y, the cor-

relation function is [86]

(94)

2J,(q,R) 1?
- = Iv1r
Ck, k)y=1+|—1,
ko k) [ P }

where qr= kT( cos y, —cos y,) and ¥, and Y, are the azimuthal angles of

the photons. It is clear, that this photon configuration allows us to infer the
radius R of the emitting system. Figures 34, 35 and 36 show [86] the cor-
relation functions from the plasma, mixed and hadronic phases separately.
The numbers next to the curves denote the individual photon transverse
momentum in GeV/c. The correlation functions oscillate with varying Ay
scale. But the Ay period is larger for the plasma by an order of magnitude
over that the mixed or hadronic phases. Physically this means that the time
scale in the plasma is much shorter than the time scale in the mixed or
hadronic phases. So, with this configuration for the photons, the correlation
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b

Fig.34. Correlation function at RHIC energy from the
QGP phase. The numbers 2, 3, 4 and 5 indicate the
transverse momentum of a single photon in GeV/c
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0.4 0.6 0.8
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1

Fig.35. Correlation function at RHIC energy from the
mixed phase and hadronic phase are added together
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Fig.36. Correlation function at LR B LA IR
LHC energy for hadronic phase

C(kl’kZ)

function C(k_;, I—c—z)) is probing the temporal scale of the emitting source. Of
course, the background from 7, and 1 decays might destroy the beautiful tool

of photon interferometry. It is also not clear whether the transverse expansion
of matter in the mixed and final (hadronic) phases was small enough so that
soft photons would not be boosted to high transverse momentum — different
models [144,145] give the different answers — but there is no doubt that the
method of intensity interferometry may give information about the space-time
dynamics of quark and gluons in heavy-ion collisions. K

4.11. Combinations of Dilepton, Photon, and Diphoton Spectra Dilepton,
photon and diphoton spectra depend on the (not so accurately known)
thermalization time T, and on the initial volume. One way to circumvent this

problem is to construct T, independent quantities from experimentally observed
spectra dN'! /dMPdyd%q |, dN"/dyd®p| and dN"'/dMdyd?p,.
In Fig.(37) [84], we show a plot of the ratio

.-
Ty ¥

R= déV —/ dN2 95)
dM“dyd“p,  dyd I

for various values of T, (in units of TC) as a function of transverse mass M,.

This ratio turns out to be independent of the mixed phase beyond
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i — mixed phase ]

10° & — = quark~-gluon plasma 3

10* | a: Ty=2Tg E

~ : T, =4T, —

I c: T, =8T, ]

R 103 3 e

Lo | _=Z= ]

1 ? . L e - - c E

100 [ L i N "l s 1 A ) ; ]

0 1 2 3 4 5
ML(GeV)

Fig.37. The ratio u*pu~ /7y as a function of the initial temperatures
(M, =g, for photons)

M_L ~ 2 GeV, saturating to a constant value for T’. > 8Tc. In Fig.38 [84,146]
we plot the ratio

ANEE AN
dM*dyd* / dM*dyd?
P, dyd“p,

(96)

as a function of mass for fixed dilepton and diphoton transverse momenta.
The ratio is rather insensitive to p » reflecting the fact that the production

processes for W™ and yy are similar [84]. The ratio is independent of M
beyond M ~ 10T (=2 GeV) and the dip corresponds to the sharp increase in

e'e” cross section due to p-peak.
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Fig.38. The ratio u*u~/vy as a function of mass for transversely
explanding QGP and hadronic gas

5. CONCLUSION

Dileptons and photons provide natural tools for observing high density
nuclear matter, which one can form in relativistic heavy-ion callisions. Once
produced, dileptons and photons hardly interact and collide infréquently, if at
all, with hadrons in a region of hot and dense matter. Therefore, photons and
lepton pairs are among the best carriers of information about the earliest stages
of the heavy-ion collision. As we discussed in this review, they can carry infor-
mation about the temperature of the primordial state. Such primordial states in
high energy heavy-ion collisions could be equilibrium or non-equilibrium
quark-gluon plasma, high density hadronic gas. That there are many competing
sources of photons and dileptons both before and after the hot stage of the
collision makes reconstruction of the hottest state very difficult. The best that
one can do is to evaluate the contribution from each to ascertain whether or not
it is dominant in some part of the phase space or if it has distinct properties
rendering separation feasible. We tried to follow to this prescription in this
paper. It is not clear that the first generation of CERN experiments has been
able to produce quark-gluon plasma. However from the observed pion multi-
plicity of the order of a few hundreds, it is clear that these collisions are able
to produce macroscopic drops of hot hadronic matter mainly made of pions in
the temperature range 100—200 MeV. As we discussed in this review,
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P, 0, J/y change its properties in hot nuclear matter. CERN experiments have
shown that indeed these mesons change its properties in heavy-ion collisions.
The modification of mesons properties were observed in its dilepton decay
channel. The future experiments at RHIC and LHC to measure the dilepton and
photon spectrum provide good and probably the only opportunity to verify
experimentally the predicted properties of mesons in dense nuclear matter and
clarify the nature of primordial state in heavy-ion collisions.
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«OH3HKA DJIEMEHTAPHBIX YHACTHL 1 ATOMHOI'O A[]PA»
1996, TOM 27, BbIIL.S

YAK 539.12.01

KATIMBEPOBOYHbLIE YCJIOBUA
N KANMMBPOBOYHbLIE MPEOBEPA30BAHUA

J1.B.Ilpoxopoe

Hay4yHO-UCCneao0BaTeNLCKUIA UHCTUTYT OU3UKN
CankT-{leTep6yprckoro rocyaapcTBeHHOro yuusepceuteta, Cankr-lletepbypr

B 0630pe 06CcyxnaoTcs NpUHUMIYATBHBIE BOIIPOCH YCTPAaHEHHs NPOM3Boia B Kanubpo-
BOYHBIX Teopusx. [TouepKHBaeTcs poNb paciuipeHHoi 1o Jupaky Kamn6poBOYHOMH rpyniisl
W BaXHOCTh TPeGOBaHUS JIHWIE cNaboit KanHOPOBOYHOH HHBAPHAHTHOCTH (PHUIUYECKUX BEIIH-
4yuH. B KBaHTOBBIX TEOPUSX OTMEYaeTCs NPUHLHUMHANBHOE pa3jiivyde MEXIy AMHaAMHJec-
KMMH M HeIMHAMHYECKUMH KanuGposkamu. InaBHRIM o006pa3zoM Ha npuMmepe 3/EKT-
posMHaMUKK HauGolee MOMYTIPHBIE KATHOPOBKM aHATHU3UPYIOTCA C TOUKH 3DEHHS POIIH,
OTBONMMO#T (PU3MYECKHM CTeTeHs M cBoGokl. BriscHeHa KmodeBas poiib Kanubposku Poka.
TToapo6GHO paccMOTPeHBI IPOCTEHIINE KBAHTOBO-MEXaHUYECKHE MOIEIH, WITIOCTPUPYIOLIHE
HEKOTOPble YTBePXKICHUSA, Kacalolpecs NoieBbIX cucTeM. OGCYXKAAIOTCH Pa3iM4YHbie THIIbI
KaTHOPOBOYHbIX NPeo0pa3oBaHuil ¥ UX (PU3MYECKHI CMBICT, TOAYEPKHYTA npuﬂuunnanbﬂaﬂ
pa3HMLa MeXAy JOKAIbHBIMU 1 MI06aibHBIMH Npeobpa3oBaHHAMHU.

The principal problems of gauge fixation in field theories and mechaﬁyical models are
discussed. It is stressed the importance of the Dirac extended gauge group .and; of the weak
gauge invariance of the physical quantities. The importance of distinguishing of dynamical
gauges from nondynamical ones is pointed out. Mainly in electrodynamics the role of the
physical degrees of freedom in some popular gauges is analysed. It is shown the key role
of the Fock gauge. The principal difference between local and global gauge transformations
and their physical sense is elucidated. Some mechanical models are investigated in detail.

1. BBEIEHHE

1.1. KanuOpoBouHas WHBAPHAHTHOCTh. Bce H3BECTHBIE B3aUMOOEICTBUA
nojieil — CWIBHOE, BJIEKTPOMAarHuTHOE, ciaboe, rpaBUTALIMOHHOE — OOJIAnalT
CBOIMCTBOM JIOKQIBHOH KaTWOpOBOYHOH HMHBapUAHTHOCTH. CJIeN0BaTENbHO,
OpHHLUUN KaTMOPOBOYHOH WHBApUAHTHOCTH €CTh (PyHAAMEHTAIbHBI TPUHLIMI
¢usuky. OH 3aKmoyaercs B YTBEpXKACHHH, 4TO (PyHHAMeHTallbHblE MO,
turypupyoniue B narpaHxuade, A0NycKaloT npeobpa3oBaHus C MPOM3BOJbHBIMH
GYHKUMSMH KOOPIMHAT U BPEMEHH X, He MEHSIOLMMH JarpaHxuan (geiictsue).
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B ciiyuae sneKTpOMarHWTHOrO MoJis, ONMCHIBAEMOrO BEKTOP-NOTEHLHATOM A“(x)

[1], 970 XOpOLIO U3BECTHBIE FpalHenTHbIe 11peobpasoBanug™®

ieA __0d
A, 2 A A Yoy, @p_&u) (1.1
rae A = A(x) — npoussonphas ckansipHas GyHkuus, Y = Y(x) — 3apaxeHnoe
nojie, ¢ — 3vNeKTpHUECKHi 3apaa. B ciyyae noneit Aura — Munnca [3—35],

OHUCBIBAEMBIX BEKTOPHBIMH NOTCHUHAIIAMH AN CO 3HaYCHUAMH U3 anre()pbl JIn

HEKOTOPOit 110ynpocToit rpyiiikl G, 910 npeobpa3osalis Buaa
-1 1 -1
Au—)UApU e UBHU . ¥ > Uy, (1.2)

e U= U(x) ectb anement neabeneBoil KaHOPOBOYHOK IPyllibl, Y — «lioje
Mmarepui». Tak npeobpa3syioTcs III00HIIbE HOAS W OIS KBAPKOE (G=SU(3)‘,,

4 s
cuwibHoe B3aumoneictane [6—8]), a Takxe Go3omiibie U hepMHOHIIBIE OIS B
HCXOQHOM JlarpanxHane = ajiekTpochabbix  B3auMoneiictesuit  [9,10] (G =
=SU(2)xU(1)). B teopun rpasuraunn [11,12] aro obuekosapuanrtibie npeo6-

pa3oBaniis KOOpaHHar .X‘ui

X =x(x) (1.3)
M cooTBeTCTBYWOWME Lpeobpasosanns Tenszopos TH

, ot

TH =AM TV (), AP =" (1.4)
v v oxY

CsoiicTBOM - KanHOPOBOYHOH MHBAPHAHTHOCTH B YKa3aHHOM BblILE CMbIC/HE

obnanaloT Takxe HEHCTBHE PENIATHBHCTCKOI yacTuus [13,14]:

el .
S=-—mj Vi~ dr, H=d/dr (1.5)
(T — «HHBapuaHTHOE BpeMsi», KainGposounoe npeobpasosanne: T— 1 =

=7(1), ¥'(t") = x(1)), neiicreue crpynnt Hamby — Toto [13—19] u cyneperpy-
Hbl {13—16]. K npumepy, aeiicrue Hamb6y — Toto [17—19]:

" u
s=-yIV@xf-xaﬂdum,x“=§%g o

o Y= const (1.6)

HHBAapHAHTHO OTHOCHTEABHO NpeobpazoBaHuii penapaMeTpH3aLHH

T f(10), 6-/,(1.0), (1.7)

*Tepmun npemnoxen Pokom, cM. [2, ¢.91].
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MOCKOJIBKY OHO NMPONOPLHOHATBHO IUIOMIAAH JBYMEPHOI MOBEPXHOCTH B MpO-
CTPAHCTBE-BPEMEHH, 3aMETAacMON CTPYHOI*.

Iis Bcex B3aUMONEHCTBHIL, KpOMe TIpaBMTalMOHHOIO, IHHAMUYECKMMH
NEPEMEHHBIMU SBJISIOTCA BEKTOP-TIOTEeHLHaNbl. OHH TPaKTYIOTCA KakK CBS3HOCTH
B DIaBHOM DPAacCIIOEHHOM INpocTpaHcTBe (6aza — npocTpancTBO MHHKOBCKOrO,
cioil — xanubposounas rpynna) [21,22] u npu xanuGpoBouHsiXx npeoGpaszosa-
HUAX npeo6pa3yloTcs HEOTHOPOTHO. B cnyuae rpaBuTalMy poib QUHAMHYECKUX
MEPEMEHHBIX UTPAOT KOMIIOHEHTHl METPHYECKOro TeH30pa guv(x). Ces13HOCTD B

TEOPUM TArOTEHUS COIIAcOBaHA ¢ MeTpHUKOH (cuMsonbl Kpucroddens Bbipaxa-
I0TCS yepe3 guv), B CHJIy 4€ro UMEHHO METPHYECKUil TeH30p MrpaeT MIaBHYIO

poss. OTMETHM MOMYTHO (HaM elle NPHAETCS BO3BPAILATECH K 9TOMY BOIPOCY),
4YTO CBA3HOCTH, BBUIY UX KanuOpoBOYHOH HEOIHO3HAUYHOCTH, HEPEOKO CUHTAIOT-
cd HedU3HUEeCKUMH OOBEKTaMH, B OTIMYME OT TEH30pOB, IPeoOpa3zylUIMXCcs
OIHOpOAHO. DTO, KOHEYHO, HexopasyMmenue. Jlo6as BenuuMHa, MEHSIOAsCsl PU
KamuOpOBOUHBIX MpeoOpa3oBaHUsIX (OMHOPOJHO WM HEOMHOPOAHO), CONEPXKHUT
nedusnyeckue KoMnoHeHTsl. [IpucyTcTBHE MOCRESHUX W ONpenesserT HeTpu-
BHAJILHOCTh 3aKOHA MpeoOpa3oBaHUA, T.c. HEMHBAPUAHTHOCTh CBA3HOCTH WIIH
TeHzopoB. HMeHHO nosToMy npobrieMa He(HM3NUECKUX CTeleHeld cBoGOab! Cyle-
CTBYET ¥ B TEOPHUH TATOTEHHS.

1.2. KannopoBouHsrie ycaoBus. Urax, B KATHOPOBOYHBIX TEOPHIX HMEIOTCS
Heduzndeckue creneHd cBoGOABl, obecrneYMBAKIME PEATHBHCTCKYI MHBA-
PUAHTHOCTD WK OOLLYI0 KOBApHAHTHOCTh YOpMaiU3Ma. 3aKOH HX U3MEHEHHUs CO
BpeMeHeM He (HKCHPYETCS YPaBHEHHSIMM [BIKEHMS, CHE[yIOIUUMH U3
BAPUALIMOHHONO NpPMHUMIA [aMHIBTOHA, T.e. pewieHus nocaemlux comepxar
(byHKUMOHATBHBIN TIPOM3B0J1. Ha mepsuiil B3mIsH, B KIacCHUECKOil tusike ume-
I0TCs, MO KpaitHell Mepe, TPH BO3MOXHOCTH PaclopsIuThCS KaTUGPOBOUHBIMU
nepeMeHHsIMH: 1) uKcHpoBatE uX; 2) nepedOpMYJIHpPOBATh TEOPHIO B
TEPMHMHAX JIMIIbP MHBADUAHTHBIX MEPEMEHHBIX; 3) M3rHATh M3 JarpaHXuaHa,
HanpHMep, IMOJIOKUB MX paBHBIMH Hynlo. OKa3plBaeTcs, YTO 3TH BO3MOXHOCTH
HEpaBHOLCHHB. TPeThs U3 HUX PagHKabHO MEHAET AMHAMHUKY (PU3HYECKHMX CTe-
neneil copbonsl (cM. pasn.3), a BTopas Jaxe B CPaBHUTEIBHO HPOCTHIX MOIENIX
MOXeT HeBooOpasHMO YyciaoxHuts BorauciaeHus [23]. Iostomy npaktduecku
UCTIONIB3YETCH JIMIOb TEepBast BO3MOXHOCTD. JlarpaHxuaH WM JeHCTBHE SIBHBIM
00pa3oM He comepXarT HUKAaKHX YKa3aHMH Ha MAPEANOYTHTENBHOCTh TOH WM
MHON 3aBUCHMOCTH He(H3MYCCKUX CTeneHeil CBOOOMBI OT BPEMEHH, I0ITOMY
crnoco6 ux (hHKCAUMU MOTHOCTHIO 3aBUCHT OT (PaHTa3uy aBTopa. SICHO, uTO 34€ech
HMeeTCd LWIMPOKHMM NpOCTOp A TBOpYecTBa. 3a Bpemd, [MpOHICAiliee nocie
CO3/aHMs IEKTPOAHHAMHKH U TEOPHH TATOTEHMs, OBUIO FIPEUTOXKEHO MHOXEET-

*BriepBaic IMHAMHKa OHOMEPHBIX OOBEKTOB M3ydanach B paborax [20].
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BO pPavIMUHBIX KaIWGPOBOYHBIX  YC/IOBUH (KanuOpOBOK),  YCTPaHSIOMX
npou3eon. Mx uMCIO BO3POCIO ¢ OTKPHITHEM KBAHTOBOH TEOPHMH, U OCOGEHHO B
cBA3M ¢ u3ydenueM noned Sfura — Munca [3—35]. IlepeunciuM HEKOTOpHIE,
Haubosee ynorpeGuresibHeie U3 HUX¥,

1. Kanubposka J1.Jlopenua [24]:

A =0. 1.8
9,4, (1.8)
Huorna ee HaspiBaioT Kanubpopkoii Jlannay.

2. KynoHoBcKast WM pagualHoHHas KaluOposka

divA=0. 1.9

Bniepsrie ona BcTpeuaercs y Makcsemna [1, 1.2, ¢.213], nostomy 6b110 OBl
yMECTHBIM UMeHOBaTh ce Kanubposkoii Makcsemia.
3. Kanubposka Beiina [25]:
K Ay=0. (1.10)

D10 ecTecTBeHHas KanuOpoOBKa, BHITEKAWOWlad H3 CTPYKTYpBl JlarpaHXuaHa
BNIEKTPOMArHUTHOTrO mnons (cM. pa3n.2). Ee Ha3biBalOT TaKXe raMHJIbTOHOBOIA
(neynauyHo). B aHrnos3bIuHOM suTepaType ynoTpebnsercs TepMHH temporal
gauge. Csszats Kanu6posky (1.10) ¢ umeHem Beiing nipemnoxun Ixaxus [26].
4. Kanubposka Apnosuta — ®ukiepa [27] unu akcHanbhas kanubposka

,=0. (1.11)
5. Ceerononobnas xanubposka (light-cone gauge)
= z_ = = oMY
nA=0, n=0 (nA_npAu—g npAv). (1.12)
Kanu6posku (1.10)—(1.12) Moxto 3anucath B BHIE

nA =0. (1.13)

Ilpn n? =n(2) -n?=1 Mb uMeeM Kanubposky Beiing, a mnpu nP=-1 —
Kanu6ponx5' ApHoeuta — ®ukiepa. AKCHaIbHBIMH HHOTIA Ha3biBalOT JoGbie
xanubposxu Buga (1.13). '
6. Kanubposku Poxka [28—30]:
quu(x)=0 (1.14)
uny
(x-xo)uAu(x) =0. (1.15)

*ABTOp He CTAaBMT LIENIM NEPEYUCITEHHd BCEX NOABUBLIMXCA B JIMTEPATYpe KatMGPOBOYHBIX yC-
JIOBHIl — 3TO TPAKTHYECKH HEBOMOXHO, Jia M HE HYXKHO — «ECTECTBEHHBIH 0T6Op» OTCES1 MaNoNo-
JIE3HHIE.
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D1y kanuOpoBKy MHOrma Ha3biBaloT Kanubposkoit Poxa — llsunrepa [31]
(LLIBuHrep ObIn MepBBIH, KTO OLEHHMI €€ HOCTOMHCTBA).

Kann6poBouHsie yciioBusi 00bIYHO JOOABASIOT K ypaBHEHHUSIM IBUXEHNS, T.¢.
3aKOH M3MEHEHHS He(U3HYeCKMX TNEepeMeHHBIX 3alalT HenocpeacTsenHo. Ho
€ro MOXHO (pUKCHPOBaTh M APYrUM CHOCOOOM, BUIOU3MEHUB MCXOMbIT siarpaH-
XMaH, a UMEHHO HOGAaBMB K HEMy uYiieH, HapyWaoWHil KalMGpOBOYNYI0 HIiBa-
PHAHTHOCTb ¥ NO3BOMNAIOLIMIA HanKcaTh ypaBHEHWs ABHXeHus wis Hedusuuec-
KHX TepeMeHHbIX. Yalle Bcero K jarpaHxuany poOaBisioT Clleqylole ciarae-
mbie L', duxcupyomue kanuOposky (pukcaropsl KaiuOpoBKH).

7. Kanubposka I'eitzenbepra — Maynu [32,33]:

1 2
L= o (auAu) S (1.16)

rae ot — npou3BonbHbId napamerp. Cayuait o = 1 otBeuaer kannbposke Peiin-
maHa, a cayyaidh o0=0 — kanubposke Jlopenna. Muorma xannbposku Buua
(1.16) HasmiBaloT KanuOposkamu kjacca depmu [34—37], xoTa B nepsbiX
paborax ®PepMu sBHbM 00pa3om He npHbaBisl K JarpaixHany GUKCHPYIOLLHE
YJIEHBI.
8. Kanubposka 1" Xodgra [38]:
£'=—§!&(BuAp—oun Im ¢)°, (1.17)

e ¢ — CKalspHoe KomiekcHoe none. JoGasounbtit yien £ ' Bpibupaercs u3
YCJIOBUS COKPALLEHHS CMELIAHHbIX YJIEHOB Auau(p B 3deK TUBHBIX JlarpaHXua-

Hax, onuceiBalomux denomen Xurrca [39,9,10] (cM. Takxe [40, c.443]). Dro
He eIMHCTBEHHas KanuBpoBka, npeyioxextas 1" Xodrom. Ilpu vccnenoBaHum
TEOpHH C NEepecTpOHKOH BaKyyMa MOXET OKa3aTbCs [TOJIE3HOH Cliedyloluas

[41]. Ecan ¢ — noste Xurrca u y = arg ¢, to TpeGyem: X + [TZBHAll =0, uu

L' =2ea*B? cos (x + [3‘2apAu) . (1.18)
3necs f — HeKOTOpas KOHCTAHTa, HMEKLUA! PA3MEPHOCTh MacChl, a=(¢v)0,

e — 3PJIEKTpHUYECKU# 3apan. B sToit kanubposke OUKTUBHBIE NOMA OTINEMNIA-
otca. pn B — o nonyvaercs yuurapHas kanubpoBka (Hedu3nUuecKHe O
HE pacnpoCTPaHAIOTCH). YIIOMAHEM ellle TaK Ha3biBaeMylo abeneBy KanHOpOBKY
[41,42]. Ee Ha3sBaHue CBA3aHO C BhiZeneHHeM B Heabenesoil rpynne abGenesoi

noarpynnsl. Hanpumep, ans rpynnst SU(2) ato U(1) ¢ cOOTBETCTBYIOMIMM pas-
a + 3 _ + 1 sy 2
OHeHHEM BEKTOPHOTO MOJs Wu - (Au’ Wu Y Wu = Au’ W u= (Wu F 1Wu)/\fZ—,
a=1,2,3. ®uxcarop kannbpoeku bepercsi B BHIE
1 + +* _ -
(DMW u)(DuW u) , Du = au - ngu. (1.19)

s__ 1 2
L7==55 0 B
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HNepseiii unen B (1.19) HapymaeT MHBApUaHTHOCT, OTHOCHTENbHO abeneBoii
nogrpynner; £ HapymaeT gaxe rnoGanbHyio SU(2)-cHMMETPHIO, BCIEACTBHE

. + .
4ero NepeHOPMUPOBOYHBIE MOCTOSIHHbIE MONEH Au n W}L B 3TOi KanuOposke
OKa3blBalOTCH pa3HbIMu [42].

9. Kanmubposka 1’ Xodra — Beavrmana [43]. Illupory BO3MOXHOCTEN,

KOTOpHIE OTKPBIBAET KaMMOPOBOUHBIA MPOM3BOI, AEMOHCTPHpYET KanuGpoBKa
1’ Xotpra — Bensrmana [43]:

1 1 2.2
L'==5 @A, ~5aeA) (1.20)
B 3JIEKTpOAMHaMHKe (Ol — napameTp). B aToii xanubposke umenTcs Bece

arpubyTsl HeabeneBoil TEOPHH: BCMOMOraTe/bHbIE aHTUKOMMYTHPYIOLILUE MOJIs
M HETPUBUANBHOE CaMOAEHCTBHE 3NEKTPOMAarHUTHOrO nons (3- u 4-poToHHbie
BepiiuHb). TeM He MeHee TeopHus 3KBHBAJIEHTHA CTaHJapTHOH — B [43] sTO
TNPOBEPEHO B HU3IUEM MOPSAKE TEOPUH BOIMYLIEHHIA.

10. TMnanaphas kanuGposka [44—46,31]:

£’=2 - nACInA, D=—8ﬁ, n#0. (1.21)
on

D10 oaHA H3 HECKONBKHX KamuOGpoBokK, mpemnoxeHHbix KymmepoM B paBote
[44]. Cpenn Hux, noMumo ussectHuix (1.8)—(1.13), umeercs Takas:

. 2
L’= S [(no)nAJ~. (1.22)

PaszsuTueM kanuOpOBOYHOro ycjaoBus, npuMenssiuerocs JinnatoseiM {45] npu
2
H3y4EHUH TpoueccoB My0OKoHeynpyroro paccesvus (n” —0 8 (1.21), cm.

pas3a.4), aBuiachk IianapHas KkanuGposka paGoTs [46] (n2 0, a— 18 (1.21)).

11. KanuGposka ctonosoro nons [47,48] (cM. Takxe mpesocxomnsiil 0630p
[49]):

. . 2
L =- o (auqu tgAuqu) . (1.23)

3pech Ap H ql1 — «hoHOBOE» (KNAaCCHYECKOE) U KBAHTOBOE (BCIOMOraTenasHoe)

nondg B pa36ueHuu KBAaHTYEMOI'O Nnojs
q —
Al=gq +A, (1.24)

Takoe pasbuenue Ucnob3yeTCs Npyu u3yueHHH 9PEKTUBHBIX NarpaHXHaHOB
[50—53]. CywecTso aena 3akiioyaetcs B MOCTYJIMPOBAaHMM OXHOPOIHOrO 3a-
KoHa npeobpaszosaHus g 4, M HEOAHOPOMHOTO Jis Ap, T.€. IpH Kaiubposoy-

HBIX Npeobpa3oBaHUAX MOJe a, npeobpa3yeTcs Kak TEH30p, a IHoje Au — KaK
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cBa3HOCTb. Pazbuenue (1.24) monyctumo, u6o cymMMma «TeH30p IUIIOC CBS3-
HOCTb» nNpeo0pa3yercs Kak CBA3HOCTb. JaHHBIA TpHeM 1103BOJISET Pa3BHUThH
KBaHTOBYIO TEOpHIO KannbpoBouHbix nosneit Ge3 notepu gBHO# KannbpoBouHOi
MHBApUAaHTHOCTH, B YacCTHOCTH, yIOOHYI0 cXxeMy BelYMCHenHii KanubpoBouno-
uHBapHaHTHBIX 3¢dekTUBHBIX narpanxuanoB [49]. On sdpdexTHsen Takxke B
Teopuu Tarorenus [54] n cyneprpasurauuu [S55].

B npuHULMNE MOXHO CTPOMTbH HOBbiE KAIMOPOBOUNBIE YCIIOBHS, KOMOUHIPYH
ussectHble. [lonmyuatoinecss Takum 06pa3oM KWTHOPOBKH OOLINHO 3aBHCIT OT
napameTpoB. OHH MOIYT OKa3arhcs MOJE3HbIMH B KOHKpPETHbIX 3anaqax. [puse-
IeM MPHUMEPHl TAKMX MapamMeTpPHUYECKHX WIH HITEPIIONHPYIOIHX KalOpOBOK.

12. Knacc «kanubpoBok noroka» [56]:

A, =ZIA], (1.25)

rae Z[A] ecTh HeKOTOpbI (pynKUHOHAT. ABTOPHI HA3BIBAKT 3TH KANHOPOBKH
«flow gauges», NOTOMY YTO ypaBHEHMe, YCTpansioUlee HPOU3BOI,

U+ig(AU - UZ[AY]) =0 (1.26)

(ono cnenyer M3 ycjaOBHH Ag =Z[AU], A:{E U"[All + (ig)"’D“]U), «onpeuenser

NOTOK, H3BECTHBIH W3 HenHHenoi AnHaMuku» [56]. Yactueim ciiyyaem (1.26)
cnyxut xanubposka
BA0=divA, 0 <P <oo. (1.27)

Opu B> 0 uan f — o 3T0 ycnoBMe npespaltaeTcs, COOTBETCTBEHHO, B K-
O6poeky Makceenna (1.9) unu B xanubposky Beitna (1.10). B knacce kanubpo-
BOK (1.25) conepxarca nenokanbhubie Kannbposku [56]:

i

ad = (-0 2divA, A= . s (128)

MNapamerp o Gespasmepen (B otnnure ot B B (1.27), umelolero pasMepHoOCTD
maccei). B kanubposke ¢ dmkcaropom

. a2
L=~ (BA,~3A) (1.29)

OTCYTCTBYIOT MH(pakpacHbie pacXoaHMocTH (Mo KpaiiHeit Mepe, B ofHONET/e-
BOM nipubnuxenuu [56]).

13. TlapameTpuueckas kanubOpoBka, 3agaBaeMas (QUKCHPYIOIHM 4IEHOM
[57,58]:

, 1 2
L'=——=dA(O-P)IA. 1.30
612 (089 (1.30)

Ipu B — e nonyuaercs xanubposka ®puma — Mennn [59], a npu p— 0 —
no CywecTBy, xanubposka Jlopenua.
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Knacc kanu6posok Pepmu (1. 16) Takxe monagacT B pa3psj MHTEPIIONIM-
PYIOLUMX, MIOCKO/BKY €T0 YaCTHBIMU CITYYasiMM SBIAIOTCH kamubposku PeiinMana
(o= 1), Jlopenua (o = 0) u Ppuga — Hennn (0. = 3). Herpyauo npumymars npo-
MEXYTOYHYI0 KanHOPOBKY ¥ JUlsl APYTMX YCIIOBMil, HanpuMep,

od, - 9A =0. (1.31)

TMpu o =1,0 ona mpespamaercs, COOTBETCTBEHHO, B Kanubposku Jlopenua u
PAIMALIMOHHYIO, 3 TIPH O, — oo NONY4YaeTCs HeOAHOpOAHas xanubposka Bekns

(1.10), Ay=fx), 3y f=0.

Kaﬂnﬁpoxzoqﬂme yenosus (1.8)—(1.23), (1.25), (1.27)—(1.31) nanucausl B
chopMe, ecTecTBeHHOH s ekTpoauHamuku. Mx o6obuienne Ha HealeneBbl

TEOpPHM CBOOUTCS X 3aMeHe Au—>A;11 (u (p—)(pa B (1.17)), tme a=1,..,N.

N=dimX (X. — anre6pa Jiu kanubposounoit rpynmsi). IToschenus TtpeGyer
nuib kanmubposka donosoro nois (1.23), B KOTOpoil HEOOXOAMMO TPOU3BECTH

ewie U 3aMeHBI g, — qﬁ, Ay~ if abcAuqu ¢ __ crpykrypusie mocTosHHble

rpynnel. CriegyeT yHOMsHYTh TaKXKE TaK Ha3blBAEMbIE KOHTYpHbIE KaTuOpOBKH,
nosisiolMecs npu paGote ¢ P-3KCTOHEHTaMH M (hOpManbHO OTHOCALIMECS K
pa3psiy HenokanbHeix [60].

14. «Tensopbie» KaIHOPOBOYHBIE YCNOBMA. B NpDHBEJEHHBIX TNpHMEpax
KaTM6POBOUHBII NPOH3BON YCTPaHSICA (UKCHPOBAHHEM CBA3HOCTH. B MpuHLK-
fle er0 MOXHO YCTpaHaTh, (UKCHpYs /0GYI0 HETPUBHATEHO NpeobpasyouLyiocs
BeJIHUMHY, HarpuMep, Ten3op. Tak, eciid cKanapHoe 1ojie @ npeoGpasyerca Kak
«H30BeKTOp» (KanubposoyHas rpynna SO(n)), To n — 1 HepU3MYECKUX NEPEMEH-
HBIX YCTPaHAIOTCA YCTIOBUSIMU

0,=0,=...=¢,=0. , (1.32)

JlaHHbI NpUMep WITIOCTPHPYET YTBEPXAEHUE, YTO TEH30PBI HE MOTYT CUMTATh-
cs Gonee Gu3MueCKUMH OOBEKTaMH, YEM CBS3HOCTH — T€ W JIpYrHe COIEepXar
KaK (u3Mueckue, TaK M HedU3UUECKHE KOMIOHEHTH. 3ech HeoOXoanmo
06paTHTh BHUMaHWE Ha Cliepyiolee 06CTOATENbCTBO. PasMEpHOCTb IPYIIIbI
SO(n) pasna D=n(n—1)/2, 1.e. uucno KanuOpoBOUHBIX NApamMeTpOB PaBHO
D, Torna Kak TEH30p NMEpBOTO paHra @ UMeeT JHUIIb 71 KOMIOOHEHT, U n < D s
n>2. Tapagokc pa3peilfaeTcs NPOCTO: CTallMOHApHAs MOAFpPYIIia BEKTOpa @
ects SO(n—1), T.e. D'=(n—1)(n—2)/2 reneparopos, rpynnsl SO(n) aHHYH-
pyor BekTop @. Octaercss D—D’'=n—1 napaMeTpos, KOTOpble ¥ (PHKCHPY-
jorcst. CrnepoBarensHo, sra KanuOposka GygeT nenonHoi — (n—1)(n—2)/2
KanuOPOBOYHBIX 1aPaMETPOB OCTAHYTCHA MPOU3BOJIBHHIMHU.
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15. B TeopuM TATOTEHHS UYHUCIO TMNPUMEHAEMBIX KanuOGpoBOK HE CTOMb
pesinko. HauGonee momynspua kanuGposka Jenonnepa — Jlanuoma — ®oka
[61—63]:

au(\/?E ¢ =0. (1.33)

OueBHAHO, 3TO YCIOBME SBISETCS aHAIOroM ycnopus Jlopenua (1.8). Ono
onpefenseT TaK Ha3biBaeMbie «rapMOHMYECKHE KOOPAMHATBI». Mocnennue
yHIOB/IETBOPAIOT ypaBHeHuio Hanambepa

ox’ =0, (1.34)
rie Ds—(—g)“/zau@gwav. Ho Ox¥ =—(—g)'1/28u (V=g g™), T.e. ycnosue

(1.34) obecneunBaeT rapMOHUYHOCTh KOOPAMHAT. OTMETHM, UYTO U B YCJIOBHH
Jlopenna (1.8) ocrawouuiics NpoW3BOJI OFPAHHYMBACTCS YPABHCHHEM Hanam-
6epa OA =0 (cm. (1.1)). Dro yxe He KanuGpOBOYHBII MPOU3BOJ, TOCKOJIBKY
OH TIONHOCTHIO YCTpaHfAeTCs 3ajaHHeM HaualbHbpIX ycnosuid. B PIT
(pensATMBACTCKas TEOPHS TIPaBHTALMM) YCIOBHAM (1.33) npunaerca cTaryc
ypasHeHHH nons [64].

16. Wsyuanuce W Apyrve KanuOpOBKH, HanpuMmep, KanuOpoBKa CBETOBOTO
Konyca [65,60], koTopas 3anyMCHBAETCs Tak:

nuguv, n2=0. (1.35)
Ananorom kanubposku Beiina (1.10) sBnseTcs ycnosue
g0=o. (1.36)

Jlupak ycraHoBus [67], 4TO OCTAIOLIMICH NPOU3BOI, CBA3aHHbBI C BHIOOPOM
KOOpDIAMHAT Ha THIeprnoBepxHocTu ¢ =0, ayyuie BCero yCTpaHATs, TpeOys

9,8"%=0, gh=gMdetgy'/? k=123~ (13D

B ramunbToHOBOM hopMaiu3me paBeHCTBO (1.37) nonuMaercs B cnabom cMbIC-
je, T.e. ero cleAyeT NPMHUMAaTh BO BHUMAHHE JHLIb MOCHE BBRIMHCICHHA CKO-
6ok Ilyaccona.

Ilpo6nema ycTpaHeHus KalMGPOBOYHOTO MPOM3BONIA B TEOPHUM CTpYH M
CynepcTpyH B NPHHLMIE HE OTIMYAeTCs OT TaKOBOH B TONEBBIX TEOPHAX.
Hanpumep, ais cTpyHbl ¢ aeiictBueM Hamby — T'oto (1.6) ecTecTBEHHON SABNA-
eTcs oproHopMmanbHas Kanubposka [13]:

Pex?=0, =0, (1.38)

o3HayapIas nepexoi K KOoHGOPMHbIM (OPTOHOPMATbHbIM) KOOpAMHATaM Ha
[IOBEPXHOCTH, 3aMeTaeMoil cTpyHO!. TIpUMEHAIOTCS M ApyrHe KanubpoBouHbie

ycnosusl, B 0OCOGEHHOCTH KanluOpoBKa CBETOBOrO KOHyca (nompoGHee cM. B
[13—16,31]).
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Ocobo cneayer ocTaHOBHTBCS Ha Tak HasbiBaeMoM «metoge BPCT» [68—
70]. B dopmanusm BBOAATCA BCOMOratesbHbie (PUKTHBHBIE) CKATSPHBIE aHTH-
KOMMyTHpYOLIHe Nos. Pukcupyommii KanuGposky yied L BMecTe ¢ narpaH-
XHAHOM (PUKTUBHBIX nosel L ” Oka3plBaercs MHBAPHAHTHBLIM OTHOCHTEIbHO
mI0GAIbHBIX CYNEPCHMMETPHYHbIX NpeoGpasosanuit (cM. pasa.2). B nanHOM noa-
xone Kanubposounsie (HeH3nueckue) cTeneHu cBOGOAB! €CTh YESTHBIE BEMEHTh]
rpaccmanoBod anreGphi. SBHOE HapyuieHHe JIOKaIbHON KaTuGpOBOUHON HHBa-
prantTHOCTH MMeeT hopManbHbIi XapakTep — poib He(U3MYECKHUX CTeneHeil
cBOGO/bI IIEPEAETCs BCIIOMOTaTENIbHbIM IPACCMAHOBBIM MOJISM, TIOITOMY TEOpHS
COXpaHsieT BCe CBOWCTBA, BBITEKAOLIME M3 KaTMOPOBOYHON HHBAPHAHTHOCTH
HCXORHOTO Jarpamxuana. Beiscusercd, 4To MMEHHO maHHbIi QOpMaIN3M Hau-
Gosee ynoben s BeiBosa ToxaecTs Yopia [71]. O606uienue MeTona na ciayvaii
Henunelnbix Kanubposok gano B [72].

O6unue xanubpoBOK MOPOXIUAET BOIPOCHI:

— Kaxosbl 0cobenHocTH TOH nMiau uHOM Kanubposku?

— Hmemfpﬂ JIH NPEANOUTHTEIbHbIE KAIHOpPOBKK?

— Brionine i npou3BosibHbE IPOK3BOJIbHBIE yHKUMK B opmynax (1.1 )—
(1.3)?

— Ects sin orpanmuenns na dukcupywoume xanubposky wiennt L7
Kakue?

— Kak nepenocuts Kiaccuueckue KainGpoBodHblE YCIOBHSA 1ia KBANTOBYIO
TEOpHI0?

Yrobbl  paszobpatbcs B MHOXecTBe KaIMOPOBOK, WX HYXHO KaK-TO
KnaccupHuMpoBaTh. OGBIMHO HCMOJIB3YIOTCS CAERAYIOLIME KPHTEPHH.

Penamusucmckas uneapuanmuocms. Kanubposku (1.8), (1.14)—(1.20),
(1.23), (1.30), (1.32), (1.33), (1.38) OTHOCATCS, DUEBHUIHO, K pa3psay nopeHu-
MHBAPHANTHBIX, TOTAA KaK B OCTAIbHBIX PEATHBUCTCKAsA HHBAPMAHTHOCTH Hapy-
maercs ABHbIM o6pasom. Kamubposka ®oka — Llsuurepa napymaer umpa-
PHEHTHOCTh OTHOCHUTEJIBHO CHBHIOB X —> X + 4.

Jluneirnocms. YCTpaHsiomue MPOU3BO/I YCIIOBUS MOTYT ObITh JIMHEHHBIMH
WIH HEIIMHEHHBIMH OTHOCHTENIBHO KanuOGpOBOYHBIX noneii (Au) U rnosiei Mare-

pun. Hanpumep, gynkunonan B npasoit wactu ypasuenus (1.25) mMoxer GbiTh
HEeJTMHEHHBIM.

Oonosnaunocms. KanubpoBouHoe ycnoBHe MOXET HMeTh HECKONLKO WIH
maxe 6eCKOHEUHO MHOro pewennit [73—76,23].

Hanuuue «dyxoeé» (nossienue B hopManizme thuxTuBHBIX ToOneit [77,78]).
HeobxomuMocTs npusiedeHns Heu3HuecKnX CKQISAPHBIX aHTHKOMMYTHPYIOILHX
tonieit BosHukaet ansg KanuGposox Tuna (1.8), (1.9), (1.16) s TEOpHUsX ¢ Heabene-
BOH KayMOpoBounoi rpynmnoi [77,78], a ana xanuGpoekn (1.20) — u B snek-
TPOAHHAMHKE.
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Jlokansnocms. JloKanbHble KaiuOpOBOYHbIE YCJIOBUA CBS3BIBAIOT MOJA U MX
NIpOU3BOAHBIE B OXHOH U TOH Xe Touke. [IpUMepOM HENOKaIBHON KaluOpPOBKU
ciyxur ycnosue (1.28).

Pernopmupyemocms u ynumaprocms. KanuGpoBKH, B KOTOPBIX TEOpHs UMEET
SBHO MEPEHOPMHUPYEMBIil BUJ (IO «CYETY CTEHEHEei»), Ha3bIBAIOTCA R-Kanubpos-
kamu. IIpumepamu moryr cnyxurts kamubposku (1.16), (1.17). Kanubposku, B
KOTOPBIX S-MaTpulla MMEET SIBHO yHMTapHbIi BUN (HebU3HUYeCKHe IO He pac-
MpOCTpaHAIoTCs), HaspBaloTcs U-kamubpoekamu [42]. [IpuMepoM cyxuT Kaniu-
6poeka (1.17) mpu Ol — oo (mpomaratop BEKTOPHOrO MOJNsS B 3TOM cCiydyae He
yObIBAET NPH CTPEMIIEHHM UMITYILCA K GECKOHEUHOCTH).

Oonopoonocms. Ecnu, nanpumep, smecro (1.8) B3sTh

auA w= fx), (1.39)

rae f — HekoTopas ¢yHKuus (WiH mone), TO Takas KaanGpoBKa Ha3biBaeTcs
HEOIHOPOLHOM.

Pazmeprocmy. KannbpoBoyHsie ycI0BHs HHOLAA PAXIHYAIOT 1O MX pa3Mep-
Hoctn. Hanpumep, kanubposka Jlopenna (1.8) umeer pasMepHoCTh 2 ([auAu] =

=M?), a kanubposku (1.13) — pasmeprocTts 1 ([nA] = M).

~ Anzebpauueckue xanubposku [79] — B 3TOM ciiydae KOMIIOHEHTH Kallu-
6poBouHbIX mnosiel cpa3aHbl anrebpanveckumu yenosusmu. [Ipumepst: (1.10)—
(1.15), (1.32), (1.35), (1.36).

Henonnvte kanubposku. Ecnu xanubpoBovyHOE YCIHOBHE IONHOCTHIO YCTpa-
HseT MPOU3BOJI, TO KaauOpoBka HaspiBaeTcsa HOMHON (complete), B POTUBHOM
cllydyae — HeEmonHoi# (cM. pa3n.3,4). 3

Hunamuueckue u HeOuHamuueckue karubpoexu. Hx nosne3Ho pasinyaTh
I7IaBHBIM OGpa3oM B CBA3H € MEPEXOIOM K KBAHTOBOMY omucaHuo. Kanubposku,
3aJaBaeMble aareOpaHyecKMMH YCIOBHAMH WiH (B JarpamxeBoM (opManume)
muddepeHLnanbHHIMA yPaBHEHUSMH HE BbIIE MEPBOTO MOPAAKA MO BPEMEHH,
Ha30BeM HeauHamuyeckKuMH. Kannbposku, 3amaBaeMple BKIIOYEHHEM B JIArPaH-
XKHaH YIeHoB L ', KBaAPaTHYHBIX [0 CKOPOCTAM He(U3UYECKUX KOMIOHEHT, Ha-
30BEM JMHAMHYECKUMH. B Kiaccuueckoil TeOpHu Takoe [IeieHHEe HE HMEET OCo-
60ro cMmbICIa; HanmpUMep, opeHuesckas (1.8) (HeguHaMuyeckast) U (peitHMaHOB-
ckaa (1.16), =1 (mquuammuyeckad) KanuOpPOBKM BEAYT XK OOHUM H TEM Xe
ypaBHeHusM pasuxeHHs (pazmd4). B KBaHTOBOH TeopuH HeAMHAMHYECKHE
KaJIHOpPOBOYHEIE YCTIOBHS €CTh YCIOBUS Ha KAHOHHYECKUE MEPEMEHHBIE; HO Helb-
31 TpeGoBaTh, HAMPUMeEp, HCUE3HOBEHUS OJHOH M3 KAHOHUUYECKHX IEPEMEHHBIX
— 3TO BEHET K HapyIIEHHI0 KAHOHHYECKHX [ePEeCTaHOBOYHBIX COOTHOLICHHiA.
HuHamuyeckue KaTUOPOBKH MO3BOJIKIOT OGOMTH BTy npobiemy.

1.3. KanubpoBounsie mpeoGpa3zoBaHusa. MHOIO BONPOCOB MOPOXIAET U
CBs3aHHAd ¢ NpobseMoil KamHOPOBOYHBIX YC/IOBHIA, HO He WIEHTHYHas el npob-
neMa BoiGopa kanuGpoBounsix (yskuui. TpanuuuoHHo cuurtaercs, 4to ¢yHK-
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uus A(x) B (1.1) abconmotHo npoussonbHa. PasyMeercs, 3TO He TaKk — OHa He
MOXeT ObiTh BIOJIHE NPOH3BONbHOIN. KanubpoBounsie npeoGpa3oBanus He MOTYT
MEHSTh NPHPONY MOJIEH, NOITOMY OHa He MOXET ObITh HM KOMIUIEKCHOM (hyHK-
uMei — nosne Au BEIUECTBEHHO, HU 4-BEKTOPOM, HH 00pasyioileii rpaccMaHoBOM

anre6pbl ¥ T.J. DTO TONBKO CaMble OYEBHAHbIE OTPAHHYECHHS HA KJIACcC Ioryc-
TUMBIX npeobpasosannii, JIna ¢usnku cyuectseHnsl u Gollee TOHKME Xapak-
tepuctuku ¢ynkuuu A(x) B (1.1) u marpun U(x) B (1.2) (Gonee nogpoGHoe
ofcyxJieHre 3TOro Bompoca cM. B pasa.5). Pasnuuaior cremyiomme Kiacchl npe-
obpa3soBanuii: noKaabHbie, roGaIbHbIE, GONbLUINE, CUHTYISPHBIE, CYNIEPCHMMET-
pHUHBIE.

I'nobansvrbie npeobpasoBaiiys, B OTIIMUHE OT JIOKAIbHBIX, XapaKTepH3yIOTCs
TPYANOBLIMU NAPAMETPAMH, HE 3aBUCALIHMH OT KOOPAMHAT M BpeMeuu*. [Ing ux
OCYILECTBJICHHS IOCTATOYHO 3a/laTh IeHepaTopst M NapaMeTpbl KaTHOPOBOYHBIX
npeobpasosanuii. TNossnenne euie oxHOro NoHsTHs — «Gosbioe npeobpaso-
Banue» [26] ~— CB#3aHO ¢ Tononorued npoctpancrsa u noneid. Cornacuo (1.2)

nosne UauU"l\Q ~— YHCTO KalMOpPOBOYHOE, T.€. OTBEHAOLIHUH €My TEH30p Hanps-
XKEHHOCTH paBeH HYIIO: Fuv = 0. CnenoBarenbHo, ycTaHaBIuBas 3aKOH yObiBaHus

noneii npu IX| — oo, Mbl He BripaBe TPEGOBATH KX UCUE3HOBEHHS: Au — 0. MoxHo

norpeGoBath NHIIb va -0, T.e. Au - UauU'l. HesusHoe, Ha nepsbiit B3rs,

ocnabneHue aCUMNTOTHYECKOTO YCIOBHS WmeeT rnyGokue cneactsus. [lycte
Ux)=U_ — U,_ npu x| — . Ec/iv nanHblii npeaen He 3aBHCHT OT HanpasieHus

X, TO 9TO O03HAYAET, YTO Mbi (PAKTHYECKH MEPELUIH OT R« S3, T.6. KOM-
naktuuuHpoBann 3-MepHOE €BKAMAOBO NPOCTPAHCTEO, JOMONHHB €ro Gecko-
HeyHo Janeko# Toukoi. Ho Ux) € G, te. U(x) ocymecrsnser otoGpaxenune

$3 5 G. U3 rononoruu H3BECTHO, YTO MHOXECTBO TaKHX oToOpaxeHuii pa3busa-
€TCsl Ha TOMOMIOTHYECKH HEAKBUBAIEHTHBIE KIaCChl, XapaKTePH3yeMble TOTOJIONH-
4ecKMMH uucaamu [81]. dna G = SU(2) »to0 [26]:

n=—tfa%Tr(va,u-'vo, U Ve, U E®, (1.40)
i j k
24rn
rae £ijk — eOHHUYHBIH aHTHC"MMCTquHblﬁ TEH30p. Ions u3 Pa3HbBIX KNaccoB

HE MOTYT OBITh EpeBelieHbl APYT B APYyra npeoGpa3oBaHUsIMH C HENPEPbIBHBIMH
Kanu6pOBOYHBIMH napaMerpamu (cM. pasn.s).

*Ycrapesiye Ha3BaHHA WIS IMOGATEHBIX H JIOKATBHBIX NPe06pazoBaniii — KanMGPOBOYHbIE Npe-
o6pasoBanns 1-ro 1 2-ro poxa coorsetcTBeHHO [80].
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Boavwumu Ha3piBalOT Npeobpa3oBaHus, NepeBOAILHUE 0N U3 OQHOIO Kilac-
ca B-apyroii [26, ¢.667], T.e. npeobpazosanus U ¢ n# 0. Baxuo 1o, yto BCe

Tyl
«BaKyyMHBIE MOJSI» Au=UauU Pa3sHBIX KJIACCOB WMMEIOT HY/EBbiE TEH30DhI

FMV’ T.C. OTBEUAIOT HyﬂCBOﬂ KNacCU4ECKOM QHEPTUH. [Morenunanblias JHEpIris

KanuOpOBOYHOTO MO/t UMeeT, TAKHM 00pa3oM, CUETHOE MHOXECTBO MHIIHMYMOB,
pa3iesieHHBIX MOTeHUHATbHBIMU BapbepaMu.

Cuneynapubie KanubpoBounbie NpeoGpa3oBaHis BO3MMKAIOT B TEOPHH Mar-
HUTHOTO MOHOMNOJNS. Mononons Jlupaka npejcrasiseT coGoit MarUTHbI HOAK0C
€ BHIXOAfAILEH U3 Hero MarHuTHOM HUTbIo [82,83,40]. Hautas KOHCTPYKLHS siBIIsI -
sia 61 MoHOMONB, eciid Obl HUTH Obina nenabiogaemoil. B aToM Ciiyuae nepeme-
LlEHUE HUTH OTBedalo Obi onepauuu ¢ HeH3MYEeCKHM OOBEKTOM W, MOXHO
oxuaath, obecneuuanock Obl  kanubpopounbim npeoBpasosannem. Takoe
«KaubpoBo4Hoe» npeobpasoBaHHe AEHCTBUTEIILHO MOXIO UPHIAYMaTh, HO 01O
He OIHChIBaeTCS ofHO3HauHOH pyHkuneit A. Ecin KoHTyp obxoua BOKpyr lele-
peMeILEeHHO#l HUTH HE OXBAaThIBAET HUTb B KOHEYHOM IIOJOXEHHH, TO 3Hla4yenHe
dynkuun A nocie 06Xoma KOHTypa He COBHANAeT ¢ ee LepBOHAYAIbHbIM 3Ha-
yenneM. Hurth sBnserca nuiueil cuurynspioctd A, orcioaa iassaiue npeobpa-
sosanus [40,84). MepeMeiletive HUTH, ONHAKO, Hesb3s HIPH3HaTh HeH3HUECKOH
onepaumei, MOCKOAbKY caMa HUTH He MOXeT Obith He(hH3UUECKUM 00bEKTOM —
FIOTOK MarHUTHOTO TOJIs 4Yepe3 Hee OTIHUeH OT Hyas (CM. BCTYNHTENbHYIO
cratsio B {83]). Otkas or tpeboBaius HenpepbiBHOCTH A BelleT K npeobpasosa-
HUAM, MEHSIOIHM (PH3HKY.

Cynepcummempuunsie Kaaubpogounsie npeobpasosanur. Bckope nocne
oTkpbiTHs cynepcummMerpun [85—88] (cM. Takxke [89—92]) Ouina npewioxena
cyneprpasutauus [93—94] — kak pesysnbrar repexosa ot riobansHoit cyrnep-
CHMMETPHH K JIOKaIbHOM. B 3T0ii Teopun KaiubpoBOUlibie N1apamMeTpbi ecTh ie-
MEHTbI FPacCcMaHOBOM AIre6pbi — NapameTpbl FOBATbHBIX CYEPCHMMETPHHIIBIX
npeoGpa3oBaHuil cTaHOBATCA (DyHKUMAMU KoopanHaT. O hHU3NYECKOM CMbICIIE
JIOKAIBHOR CYNEPCUMMETPHM HM3BECTHO elle MeHbile, YeM O KaaubpoBOuHO
CHMMETPHH, XOTS MOXHO He COMHEBAThCst B €€ BaXKHOCTH Wi (PU3MKH.

H3 ppyrux npoGreM, CBA3aHHBIX C KaTHOPOBOYHON HMHBApHAHTHOCTBIO, Bbi-
nenuM cneaywolue. BecbMma Baxna npobiema dukcaropa kanubposku L. He-
TPYAHO NPHUBECTH NpuMepsbl, Koraa £ ' X0Ta W Hapyliaer KanuGpoBOYHYI0 HHBA-

PHAHTHOCTB, HE CHMUMAET BHIPOXIEHHS arpaHxuana (Hapumep, L ' = mzAfl/2),

WIH [axe BeleT K NpoTHBOpeuuBoil anHamuke [95] (L7 =x“A“, nogpobHee cM.

pasn.4).

Hanee HeoOxoouMoO ckasaTth O pdcuupennoi no Hupaky [96] epynne
kanubpogounsix npeobpasosanuii (cM. pasn.2). Jleno B TOM, YTO COBOKYNMHOCTD
He(u3UyeCKUX cTelieHell cBoOOAN He HAEHTHYHA COBOKYIMHOCTH KanHOpoBOUY-
HBIX 11apaMeTPOB HCXOAHOTO JIarpaHKyMaHa. AHaJIM3 OKa3bIBAaET, YTO KPOME nep-
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BUYHBIX CBA3€H (MX YHCIO PABHO YMCNy NAapaMeTpoB KaIHOPOBOYHOMN Tpymmbi)
MMETCA cille W BropuuHbie cBa3u [97,98]. OHH CBHAETENLCTBYIOT O HAMMYUH
AOMOJIHUTEILHOW COBOKYMHOCTH HE(PU3UYECKUX NepeMeHHBIX. OOBIMHO 3aKOH
M3MEHEHHS CO BPEMEHEM STHX IOCHEJHUX MOTHOCTBIO OINpENesseTCsl 3aKOHOM
M3MEHEHHS NEPBbIX, OTBEYAIWIMX IEPBHYHBLIM CBs3iM. Ho, B mpuuHmumne, stor
33KOH MOXHO 3aJaTh HE3aBUCHMO, T.C. pealbHBl NPOM3BON TEOPUH LIMpE.
Teopus, B KOTOPO# YHCIIO KATUOPOBOYHBIX (IPOM3BONBHBIX) NAPAMETPOB PABHO
YMCJTy BCEX CBS3CH NMEPBOIO pofa (M NMEPBUYHBIX, W BTOPHUYHBIX), Ha3bIBAETCA
Teobneﬁ C paclUpPEHHON KATHOPOBOYHOM IPYIHOI.

Hakoneu, caMo nonsTue KanuGpoBOYHOI HHBapHAHTHOCTH TpebyeT yrou-
HeHns. CraHJapTHBIA NlarpaHXuaH KaIMGPOBOYHON TeOpPHM He MeHAeTCs mpu
KanubpOBOYHBIX NMpeobpa3oBaHusX. B 3TOM ciiyyae roBOpST 0 CHIIbHOIM Kanubpo-
BOYHOH HHBapuaHTHOCTH. CyIECTBYIOT, OfHAKO, (PH3MYECKHE OGBEKTH, H3Me-
HEHHE KOTOPBIX MPOMOPUHOHATBHO CBA3SM, T.€. OHH HE MEHSIOTCS JIMIIb C yye-
TOM CBsi3€il (FOBOPST: «MHBAPUAHTHHI HA CBA3AX»). B 3TOM ciiydae umeer Mecto
crabaz Karubpasounas uneapuanmuocms. TIpUMepoM Takoro ofbeKTa CIyXUT
ramMunpsToHHaH (éM. pasa.2).

YKe M3 CKa3aHHOTO CTAHOBUTCS SCHO, YTO TEOPHS KATHOPOBOYHBIX MoOJeit
AOCTaTOYHO CIOXHA M Jajleka Of 3aBepiueHHocTH. IIpobremam BmiGopa u ToH-
KOCTSM NMPUMEHEHHS PA3MHYHBIX KaIMOPOBOK MOCBSIIEHA OrPOMHAs JIUTEPaTypa.
HMns usnoxenus ux B MOMHOM oGbeMe moTpebyercs kuura. B sanHoM o63ope
06CyXIa10TCsi NUIb HEKOTOPBIE PHHLMITHATLHBIE BOTIPOCH, CBS3aHHBIE C KATH-
OpOBOYHOM MHBAPHAHTHOCTHIO Teopuil. BHUMaHKe NpH 9TOM 06pawiaeTcss rias-
HbIM 0Gpa3oM Ha poJib, KOTOpas OTBOZMTCA (PM3HYECKMM M He(IM3HUECKUM CTe-
neHsaM CBOGOMbI NPH TOM WM WHOM BHIOOpE KaTHOPOBKH. 3eCh JIMIIb BCKOJIB3b
3aTparuBalOTCS BONPOCH (hMKCAUMM KanuOpOBKHM B IPaBHTaUMd M cTpyHax. He
ofcykaaoTcs M NpoGrieMbl BEIUHCIICHHUIT B TOM I HHO# KaTnGpoBKke — deitn-
MaHOBCKas1 KalMOPOBKA SBJIAETCS CTAHJAPTHOM, W COOTBETCTBYIOINAS TEXHHKA
M3JI0XEHa BO BCEX PYKOBOICTBAX MO KBAHTOBOH TEOPHHM IONs, 4 HEKOBAPUAHT-
Hble KanuOpOBKH MONPOGHO pPACCMOTPEHB B OOCTOATENBHOM o63ope [31] u
KHure [79].

B pasn.2 obcyxnaerca Bonpoc 0 (M3MYECKHX H HE(PU3MYECKUX CTENEHSX
cBoGOAbl — rnaBHBIM 06pa3oM B sieKTpomMHamuke. [TomuepKHyTa BaXHOCTH
BBEICHHOr0 JIMpakoM NOHATHS PacIUMPEHHON KalMGPOBOYHOM IPYyIIbI U MOHS-
TS caGoil KATHGPOBOYHOI HHBapHAHTHOCTH. B pasn.3 U3y4aloTcs NPOCTHIE MO-
AENTH C KOHEYHBIM YHCIIOM CTeneHel CBOGOMbI, WUICTPUPYIOLIME HEKOTOPHIE
THIH4YHbBIE NPoGieMbl KAMMOPOBOYHBIX TeopHii. B pasn.4 gaeTcst cpaBHUTENbHBII

QHAIH3 pa3nuyHbIX KanuOposok. [lokasaHa ocoGas ponp kanubposku Poka.
* Pasgen 5 nocssiten Bonpocam KaOpoBOYHBIX MpeobpasoBanumii. B pasn.6 kpar-
KO MOABOMATCS UTOrH OOCYX/eHHS. B MpUIOXeHHH NOMeLIeH MaTephan, Kacaw-
LIMHCA TEX WIM MHBIX aCMEKTOB KaIWGPOBOYHON MHBAPMAHTHOCTH M KalHGpo-
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BOYHBIX YCJIOBHii: MeTol (POHOBOTO HOMNs, POJib OCTaTOYHOH KalnbGpoBOUHOI
IpyMiibl, 3aMeYaHHS HCTOPHYECKOIO T1aHa M T.0.
Ob6o3nauenua. IlpuHsATa METPHKA guv(+ — ——); KOMINOHEHTbl KOOPAHHATHOIO

4-pexTopa x oGosnauaiorcs xM=(x,f). lox KoOpauMHaTamu, Kak TMPaBUIIO,
NOHHUMAaeM NMPOCTPAaHCTBEHHbIE KOOPAMHATH W BpeMsi. Ipeyeckne HHIEKCH Npo-
6eraior 3nauenns 0,1,2,3, natuxckue i, j, k, I,... — eciu He oroBopeHo 0cobo —
1,2,3, Torna Kak MHmeKcH a, b, ¢, d,... — 1,2,..., dim X, rme X — anre6pa Jiu
kanuGposounoil rpynnsl G. Ucnons3yercs cokpalieHHoe o6o3HaueHue is ofie-

patopa  putpdepeHUHpOBaHHS au=a/ax" u oneparopa Hanambepa

Y N S N -

D=—g auav (wm O= \[__au g8 " 9, e g=det g,y B Chyuae, ecmu
g

apgw # 0). Ilo noBTOPAIOIIUMCE HHAEKCAM OAMHAKOBOH BApUaHTHOCTH APEAno-

NnaraeTcs CyMMHpOBaHHE C HalleXauldM METPHYECKHM TEH3OpPOM, HanpuMep,

9%, =8 “un v=ax H = gx. KoMMyTaTop MaH aHTHKOMMYTATOp ONpeNessioTcs

3HAKOM MNpH KBapaTHbix ckobkax [A, B], =AB + BA. Ckobku Ilyaccona onpene-

JISIOTCH COMIacHO Yycnosui {g, p} =1. PaBencTsa, cnpaseiiusbie JIMIb [1pH
yuyere cBizent («paseHcTBa B ciaboM cMbiciie»), 0603Ha4aloTCs 3HaKOM =, B KoH-
THHYa/IbHbIX HHTErpanax MrHOpPHPYETCA MPUCYTCTBHE HOCTOSHHOFO MHOXHTES
8 Mepe. Ilpoussenenne yHKuMi MOXeT noapasyMeBaTh HHTEIPHPOBAHHE 110

KoopauHaram: JA = Idx.lu(x)Au(x), re dx=d*x.

2. KAJIMBPOBOYHBIE TEOPHH —
METOIbI JJATPAHXA U TAMWIbTOHA

THnHYHb KanHGPOBOYHO-MHBAPHAHTHBIH NlarpaHXHaH BRINIAAMT CIIENYIO-
M o6pasom:

1 = A .
£ =‘2Tff‘iv+§,\llf(10—mj)\vf+%Du(pf(Ducpf) +o @.1)

. -1 . ara 1 a
me F._=( D .,D], D =0 —igA, A = , D=y D uuer AY,
ne F, (g)[u ] uau igA, uAuk YDy H MaTpHUBI
obpasyomne Gasuc anre6ps: JIn B (yHAaMEHTATPHOM TNPEACTABIECHUHM, HOP-
MHpOBaHB Ha emunuuy Tr AP =%, a marpuust Jupaka Y, YEOBIETBOpSIOT
CTQHAAPTHOMY YC/IOBHIO [Yu’ Y] +=2guv. Hanee, ¥y — cnuHOpHOE ToNE, Y =
=\V*yo, (p — CKaTsIpHOEe KOMIUIEKCHOE MOoJie; OYEBHAHO, Ap B KOBapHaHTHOH
MPOM3BOAHOR OT @ ecTh Au=A;Ta, rme T“ — reHepaTopsl TpyNibl B Npel-

!
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CTaB/IeHHH, peanu3yeMom oTuM nosieM. Cymmuposanue B (2.1) Bexercs o cop-
TaM noned f («apoMaram»), ecii HX HECKONbKO; TOYKAMH 0GO3HAuYEHbI HHLIE
AOTYCTUMbIE KATHOPOBOUHO-HHBAPHAHTHBIE WIEHDI, HanpuMep, camoneicTaue
CKQNAPHOTO NOJIA M BKJIambl ApYrux nosed. Jlarpamxuan (2.1) uHBapuanten
OTHOCHTENbHO npeobGpasoBanuil (1.2). UTo6H BBHIACHHTP OCOGEHHOCTH OHMHA-
MHKH KanubpOBOUHBIX CHCTEM, PACCMOTPUM NPOCTEHINYI0 M HaHbOJIee H3yUeH-
HYIO TEOPHI0O — 3/IEKTPOAHHAMUKY (abeseBa Kanu6poBOuHas rpynma).

"2.1. CpoBoanasn snexTponunamMuKa. COOTBETCTBYIOUMII JIarpaHXHaH MOy-

yaercs u3 (2.1) nepexonom A% — 1 (eaunnuHas Marpuua):

B S R *
L= 4Fuv+\y(zD m)\|f+Du(p(Du(p) + ... (2.2)
3nech Fuv = auAv - avAu, Du = au
psxeHHoe rone. OCOGEHHOCTH IUHAMHKH CHCTEM ¢ KanMGPOBOYHOM Fpynmoi
onpeengTcs “X)Ke NepBLIM craraeMsiM B (2.2).

—ieAu; I IPOCTOTHI B3ATO JIMLIL OJHO 3a-

Harpaﬂxuaﬁ CBO6011HOI‘O ANCKTPOMArHUTHOIO IOJII MOXET ObITh 3aIKCaH B
BUJIC

1l 1 puov
Lo==7 Ffw =5 94,7 A, (2.3)
rae
T PHOV _ gPVgGH - gPO'ng. (2.4)
C noMouiplo TEH30pHOIO OllepaTopa
UV _ _ 1 pHOV
EW=_T apac (2.5)

nepenuiuem (2.3) ciepyiomuM obpasom:
- l uv l puov
L= ) AHK A+ ) ap(AuT d A (2.6)

[ocnexunit unen B (2.6) ecrp monHas AUBEPreHUMst U MOXET GBITH OMYLIEH.
Oco6eHHOCTH K/IaCCHYECKOr0 M KBAHTOBOTO ONMMCAHUS 9/1€KTPOMATHMTHOTO
noas BeiTeKaoT U3 Gopmyn (2.3)—(2.6). 3aBUCHMOCTH [,0 OT CKopocTteit

(OunnHel bl WieH) onpenenseTcs Mmatpuuei
’L

0
T - T0u0v= aA aA =g0u Ov_googuv‘ 2.7

TaiaY
Jr1a MaTpuua BhIpoxXaeHa, H6o, GyayuM AMaroHalbHOM, OHAa UMEET Ha JMAro-
namu nyns, TH =diag(0, 1, 1, 1). Jlarpanxuansl, oGnafgaloLiMe 3THM CBOHCT-
BOM, TaKXe Ha3blBAlOTCH 6uPOKOEHHbIMY (WU CHHIYASPHBIMH): L o HE ecTh

KBajgpaTHynasg (yHKLUS CKOPOCTH Ay, T.e. kospduumMenT npu Ag B (2.3)
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paseH Hymo. B gefictButensHocTH narpanxuanst (2.2), (2.3) BooOiue He 3aBU-

cat ot A,. BeipoxaeHHO# okasbiBaeTcsi n Matpuua K:

— -
va;_ 8y 0o- auav, O=-9 o (2.8)
MOCKOJIBKY PSJ =-— I:II_II(}Lv €CTh TIPOEKTOp (g = P(l) PS?, PS‘))PE)’) P&Sij,

i,j=0,1). HauGonee BaXHBIMH CIIEACTBHAMH 3THUX oGCTOﬂTeJmCTB ABIISAIOTCA:
a) B KJJacCHKe — IpofJieMa nepexofia K raMUJIbTOHOBY OITMCAHHUIO CHCTEMBI

(HepaspelwMMocTs ypasHenuii p, = oL/ 94’ otaocurensho ¢’ [96]);

6) B KBaHTOBOH TeopuHM — mpoGieMa Orpele/leHus Nponararopa, W6o B
HEBBIPOXKIAEHHON TEOPHHU IPONAraTop A ~K -1

2.2. Pacumpennas rpynna Ka,rmﬁpono-mmx npeoﬁpasonamm. Ob6uas
TEOpHsl JMHAMHYECKHX CHCTEM CO CB#3iMM noctpoeHa JdupakoM u BeprmaHHoM
[96—98], x0T ee OCHOBHBIE 37EMEHTH Wi C/Tydas SJEKTPOAUHAMHKH COlep-

Xamuchk yxe B craThax Ieiizenbepra u Ilaynu [32,33]. Cymectso nena nposichs-
€TCs TIPH Nepexofe K raMunbTOHOBY opmanusmy. U3 (2.3) umeem

ﬂu=£

BAu

T.C. AMNYJIbC, KAHOHHYCCKH COl'lpSI)KCHHblﬁ AO’ PaBE€H HYIIO!:

=FH0 2.9)

7% =0. (2.10)

Mo Tepmunonoruu Beprmanna — Jlupaka 5TO ecTh NMepBHYHAS £Ba3b (crnenys
TpaguLUM, cBA3IMH OydeM HasbiBath ¥ (PYHKUUHM KAHOHHYECKUX TIEPEMEHHDIX,
u ycnosus ux oOpawieHus B Hyab). Ecnu urHopuposars (2.10), To';CTaHnapT—
HbIM 00pa30oM HAXOAHMM «TaMUJIBTOHHAH»

1 . .
H0=Id3x[E(E2+H2)+8A0E+ROAO},

Ef=nt=F% = F2 (2.11)
CTpOI‘O POBOpﬂ, 9TO HE €CTh FaMHJILTOHI/laH, TaK KakK HO 3aBUCHUT OT CKOpOCTH

A, Ho, cunras Ao Npou3BOIbHOM (hyHKUMeEH BpeMeHu M yuutsiBasg (2.10),

¢ynxumonan (2.11) MOXHO HCIOJB30BATh IS MOJYYEHHS FaMUIbTOHOBBIX
ypasHeHuil mBuxenus [96]. IIposepka Ha commacosannocts (2.10) u (2.11)

(mposepka Toro, 4ro 70 =0) npuBOAMT K YCNOBHIO*

*OTHOCUTENILHO MOBEPXHOCTHBIX WICHOB, BO3HMKAIWMX NIPH HHTETPHPOBAHUH MO YaCTAM BO BTO-
pom craraeMoM (2.11), cM. [99].
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70 ={n’, H)} =3 E*=divE=0, (2.12)
roe {, } — dyukumonansHbie ckobku ITyaccona:
{4,(x.n, n(y, )} = 5‘3;{5(X -y (2.13)

Hrak, Mb NOAYYHJIH BTOPHUUYHYIO CBA3b, KOTOpasd, OYEBHIAHO, Haxo4UTCHd B

HHBOJIIOLMH C NepBUYHOM ({nO, JE} =0), 1. 7° u OE— cBsisu AepBOrc poja.
Hpyrux cesseit ner ({JE, H0}=0). CornacHo ananusy [upaka [96] moxno.

NEPeHTH K NOJTHOMY raMuibTOHMany H .

1
H0T=J-d3x[E(Ei+H2)+un0—vaE], 3E, =0, (2.14)

c npou3Bofi_bm>lMH ¢yHKuMsIMH BpeMenu u, v. FamunbTonuan (2.14) ceuperess-
creyeT: (i) B TEOPHH UMEIOTCA [BE CBSI3M NEPBOrO POAa, T.6. H3 YEThIPEX KOMMO-
HEHT Au TOJIbKO ABe pu3nueckue; (ii) rpynna npeoGpa3oBaHuii, He 3aTparusa-

0MKX (PH3HYECKOTO CEKTOPA, XapaKTepH3yeTCst [ABYyMs 3aBUCALIUMH OT KOOp-

AOUHAT H BpPEMCHH MnapaMeTpaMu u H V. Cas3u TCO

reHepaTopos 3THX npeobpazoBanuil. Onpesenum

u JE wurpaioT ponb

G =] d’ [un® - v3E]. 2.15)
Briuncnas ckobku [lyaccona Au H G, HaxoouM
8A0= {AO, G} =u.=.8uA0, ’
8A={A,G}=av58vA; 8vA0=8uA=0. ) 2.16)

CooxynHocTh Tnpeobpazosanuii, 3agasaembix (2.16), GyneM HaspiBaTh pac-
mMpeHHo# no Jupaky rpynmnoii kanubpoBounsix npeoGpasoBaHHii cBOGOAHON
asiekTpoauHaMukH. HMu ucuepnbiBaeTcs KanuGpoBOYHbBIE NMPOH3BON TEOPHH.
To, uto narpanxuan (2.3) HHBapHaHTEH JHIIb OTHOCUTENBHO NpeobpazoBanuii
(1.1) (onna npou3sonbHast (PyHKLHSA), 03HAYAET: YPABHEHHS ABHXEHUHA B CBO-
GomHOM BMIEKTPOAMHAMHKE TAKOBBI, YTO (PMKCaLMs ORHOI Hedu3MUeCKO cTe-
NeHH CBOOONBI HENHKOM (MM C TOYHOCTBIO A0 HadalbHBIX YCA0BHit) duUKCH-
pyet Bropyl. OgHonapaMerpudeckas rpynna npeobpasopanuii (1.1) nonyya-
erca u3 (2.15), (2.16) penykuueir u=v, v=A; Torna pasenctBa (2.16)
3aNMUIyTCSd B IPUBBIYHOM BHIE!

8AM= auA. (2.17)

Cka3zaHHOe MOXHO TMPOHINIIOCTPHPOBATh K HA JIArPAaHXEBCKHX YPABHCHHAX
ABUXCHUA
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aqu =0. (2.18)

Bripaxas Fuv qepe3 NOTeHUUANBl, UMEEM

aKFkO=B(A—aA0)=O, aqu=— [DA+B(AO—8A)]i=O. (2.19)

Pa36uB A Ha MONMEpeYHY M NPOSOJIBHYI0 KOMIIOHEHTHI
A=A +A;, A =0, A =AT'30A) (2.20)

(OCKOJIBKY BA” =dA), 3anumeM ypastenus (2.19) B Bume

Ay =39A ., OA =3QA, —aAy. (2:21)

Ilepsoe W3 9THX ypaBHEHHH €CTh JIarpaHXeBCKas CBA3b (COXEPXKHT JIHIUb mep-
Bhle MPOU3BOAHBIE MO BpeMmeHH, cp. (2.12)). Ero pemenue o6pawmaer B Hyib
npasyio uacTe Broporo. Otciofga 3akiiodaeM: 1) nonepeunsie (usuyeckue)
KOMIIOHEHTB A yHOBIETBOPSIOT ypaBHeHuio HanambGepa

DA =0; (2.22)

2) nponosnbHas KOMIIOHEHTA BbIPAXAETCs 4epe3
t
Ay =] dran, 2.23)

Hrak, 3a1aB A), Mbl TeM CaMBIM (pUKCHpYeM M BTOPYIO He(DH3MYECKYIO Nepe-

MEHHYIO AII . i

2.3. Cnabas xanuOpoBOYHAA MHBAPHAHTHOCTH. OGBIYHO, Kof’jxd,;rosopm 0
KaIMOPOBOYHOH MHBApUAHTHOCTH B SJIEKTPOAMHAMUKE, MONPA3yMEBAIOT HEW3-
MEHHOCTb KaKOH-mu60 PyHKUMH Wik (PYHKUHOHANIA OT KANMOPOBOUHBIX MONEH U
UX MPOU3BOJHBIX NPH IPagueHTHbIX Npeobpasosanuix (1.1). IIpumepom cnyxur
narpamxual (2.2). B ramunsroHoBoM thopManusMe DUHAMHUECKAs BeJIMYHHA
€CTb KalMOpOBOUHBIA HMHBapuant, ecnu ee ckoOku Ilyaccona ¢ reHepaTtopoM
(2.15) (npu u = v) paBubl Hymwo. [0BOpAT, 4TO AaHHAs BENMYHHA WHBAPHAHTHA B
CHIBHOM cMbicrie. Ou3liveckn 310 TpeGoBaHMe MPENCTABNAETCS 3aBHUUECHHBIM.
Du3M4eCKUil CEKTOP TEOPHH ONpPENeNeTC YUETOM BCEX CB3€i, M0ITOMY He0O-
XOOUMBIM YCJIOBUEM IPUHALIEXKHOCTH JHHAMHYECKOH BeSIMYUHBI (PU3HYECKOMY
CEeKTOpY sBJiSeTcs ee ciabas MHBAPUAHTHOCTb OTHOCHTENIBHO PpaCIIMPEHHOI
Ka/itOpOBOYHOH TIpyNNbl: JaHHas BeJMYHHA HOKHA OBTh B MHBOMIOLHM CO
BCEMH CBSI3AMH IIEPBOro pofa. DTo 03Hayaer, 4To ee cKobku Ilyaccona co cei-
39MH TIEPBOrO POXa JOMXKHBl obpawiarkcs B Hynb npH yuyere cesseit. OTkas or
aToro TpeboBanus (ero ycuieHde) BegeT K HEMpPUEMIIEMBIM MOCIEACTBUSM,
Hanpumep, ckobku Ilyaccona ramunsronuana (2.11) (8 HeM npousseaeHa 3aMe-
Ha Ay — u) ¢ TeHepaTopoM KanuGpoBouHbiX Npeobpasosanuii (2.15) pasHsl
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(Hy, G} =- [ d*x(x) 3E, 2.24)

T.e. raMunsToHHadH (2.11) HeuHBapuaHTEH [AaXe OTHOCHUTENBHO HCXOQHOM
rpynnsl (1.1) (korma B (2.15) u= v). Mexay TeM raMuibTOHHAH CHCTEMBI €CTb,
Gesycitosno, usuueckas BennuuHa. CkoOku Ilyaccona (2.24) paBHH HyAlo B
cnabom cMbicie, T.e. nipH ydere cBsisu 0E =0.

Tpe6osanue cnaboil KanMOPOBOYHOH HHBAPHAHTHOCTH coracyercs. ¢ Tpebo-
BaHMEM HHBAPMAHTHOCTH OTHOCHTENIBHO PacLiMPeHHOH KaTHOPOBOYHOMN rpymnibl
K C TOYKH 3peHus narpaHxesckoro ¢opManusma. JeiicTBUTENBHO, NarPaHXUAH
cBobogHoi Teopuu (2.3) HeHHBApMaHTEH B CWJIBHOM CMBICIE OTHOCHTENbHO
KauOpoBouHbiX npeobpa3oBanuii U3 pacwmpenHoii rpynns (2.16). Ilockoneky
npH 3TOM

8Fk0 = ak(u -v), 5F,.k =0, (2.25)

TO

‘ &L 0= FkOSFko =—(u—v) 0E +d[(u — V)E]. (2.26)

¥
Mocnenunit YneH 3uech HECyIeCTBEH (MONHas AMBEPreHUKA), 10O3TOMY BapHa-
uust pynkumnonana Jlarpatxa Ly = jd3x£ o MPH npeobpasosanusx (2.16) obpa-
maeTcs B HyJb JIMLIb MPH Y4yeTe NarpaHkeBckoil cBi3u (2.21): 6L0=0 npH
8E=6(A—8A0)=0 .

Tpe608amm, chyxmaBmuecn B IBYX MOCJICAHHX MYHKTax, jieXaT B OCHOBE
BCEX KATHOPOBOUHBIX TEOPHIA.

24. DnexkTpoAMHaAMHKa O B3auMojeiicTeueM. BxiloueHne B3aMMO-
IEHCTBUSA MEHSET JIMLIb BTOPHUHYIO CBS3b, [IPHYEM CBA3M NO-NPEXHEMY HAaXOIAT-
C B MHBOJHOLHH:

G, =n"=0, G,=9E-j,=0, {G,,G,}=0 .27
(\j0 — Hy/eBas KOMMNOHEHTAa TOKa jll =L / aAu), T.€. B TEOPHH NMO-NMPEXHEMY
ABe HeusMyeckue cTeneHu cBoGoab. ONHA U3 HHUX, KaK H paHblue, Aj, BTOpas
Xe — BE/IMYMHA, KAHOHHYECKH COMpPsiKeHHad G2 (2.27). Tax kak {A" . Gz} #
#0, A" MEHAeTCA NMpK KaTubpoBOYHBIX npeobpazoBaHusLX, MO3TOMY NPONOADb-

Hajdl KOMIIOHEHTA Noid A He ecTb QJHBH'-ICCKM creneHs cBoboxbl. DTo nposBs-
JETCA B TOM, YTO OHA HE MOXET PacnpoCTpaHAThCd HE3IABHCHMO OT 3apsijoB.
Ho npoaoneHas KOMIIOHCHTaA A" JIEIKO PErHCTPHPYETCA — CTATHYECKOC KY/NO0-

HOBCKO€ 10JIe, OKpyXalollee 3apsibl, U eCTh BO30YXAeHHOE NPOJOIbHOE NoJie
[100]; B »TOM CMBICIIE TI07IE A" nabmogaeMo. HoxpoCGHelii aHanu3 Bompoca

MOXHO Haiitu B [95]. CymecTBo nena B ToM, 4TO U A|I , H hasa 3apsAKEHHOro

1o7g ecTh JHHelHbe KoMGuHauuu (usHueckoil M HedH3UYECKOH creneHeit
cBobonni. M3 Hux M KOMOMHHpYeTcd KaiMGPOBOUYHBIH MHBAPMAHT, OINMCHIBA-
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oMl KyaoHosckoe noje. KamuGpoouneiM npeobpasoBaHHem: A" MOXHO

o6paTuTh B HYJIb, HO PH 3TOM 3apsiXEHHbIE MOJI CTAHOBATCA HENOKAIBHBIMH.
dusnyeckas uHopManus O KyJIOHOBCKOM I10/Ie NepeHecena B ¢a3y 3apsixKeH-
HBIX MOJICH.

Teneparop paclMpeHHOH KannOpoBOUHON IPYNNbl 3aNUIIETCH B BUAE

G=Jd 3 [un - wIE -], (2.28)

a ypasnenns (2.18), (2.21) u3MEHATCA OYEBUAHBIM OOpa3OM:

apFPV (2.29)

v,

AA0=8A —Jy DAL:E)O(GOA‘| —aAO) -J (2.30)
TlepBoe 13 HUX €CTb J1arPaHKEBCKaA CBA3b (COAEPKUT JIHILLL NIEPBbiE IPOH3BOA-
Hbie no BpemeHd Gose-noas). Ilomb3ysach pasGuenveM j=j, +,]” 6 =0,

J" =A" lE)(a,]) ¥ nepsbiM U3 ypasHennii (2.30), nepenucoiBaeM BTOpOE B BHIE

DA =-j, +A7'30 WA (2.31)

HTaK, PacnpoOCTPAHSIOTCS TOJIBKO [ofepeylibie  BO30YXUEHHs, HOCKOJbKY,
BBHY COXpaHEeHHUs TOKa auju =0, u3 (2.31) cneayer

DA_L= (2.32)

—J'L'

YT0 Xe KacaetTcs NpoAoJbHOro 1ojs A" , TO 13 3akona Naycca (2.27) Haxonum
; :

IS TIPOAOJBHOH KOMITOHEHTHl HANPSXEHHOCTH 3NEKTPHYECKOro mons:

E

f

HOBBIi TAMUIBTOHHAH

= aA'lj (E=E +E,, dE, =0,rotE, =0). lNogcrasnss 310 )éblpaxcune B
0 LT L f

HT=Jd3x[1(E2+H2)+Aj]+G (2.33)
2
M YYHTHIBasi paBEHCTBA

Aj=Aj +§, da7'98),  Ej =479 (2.34)

3aKJII04a€eM, YTO B panuauuoHHoi kanubposke (1.9) ramunsronuan (2.33) 3a-
MHILETCH B BHIE

HT=Id3x[ €2 +HY) - _]OA jO+JJ_AJ_]+G (2.35)

IpomonbHOe MOJie MCYE3N0, HO He GeccllenHo — BTOpoe craraemoe B (2.35)
€CTh BKJIal B FaMHJIPTOHHAaH KY/JIOHOBCKOFO nojsd (4Apo omneparopa A7 ectn
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A"l(x, y)=—(4n Ix—-yl)"l). Wsmendarcs u sapaxenssie mons. Tak xak A

I
=8(A_18A), U3 yCJIOBHA A“ +0dA =0 HaxoguMm A, obpamaniiee A|I B HYJIb,

T.e. OCYHIECTBISIOIICE MEPEeXof K KyIOHOBCKOH KanuGposke: A =-—A"'9A.
" Cornacuo (1.1) umeem
s o ieAT9A

v V. A =A'9A). (2.36)

Tone Y CTAHOBUTCH HEJIOKAIbHBIM, €ro CKOOKHM Hyacc0Ha ¢ KaHOHHYECCKUM

umnybcoM T° = E X omnuunst or Hyas. PakTop, CTOALMH Ieped ¥, OTBedaeT
KYJIOHOBCKOMY MO0, OKpyXamoiueMy 3apsix [100, §30; 95].

OGrbHO cyuraercs (M He Ge3 OcHOBaumil), uTo (bU3MYECKas BeNMYHMHA,
nepeMeHHas, ROJXHA ObiTh KanMOGPOBOYHBIM MHBAapPHAHTOM, a KaTHOPOBOYHO-
npeoGpasylowmascs BeTHYHHA HE MOXET HMETh OTHOMIEHHS K (DH3HKE, TIOCKOJIbKY
ee MOXHO, HanpuMep, o6paTuTh B Hy/b. PaccMOTpeHHBI Cllyyail KyJTOHOBCKOIO
TOJISi BHOCHT HEOGXOAMMbIE YTOUHEHHS. Hedusnueckumu nepemennbiMu (crene-
HAMH CBOGO/bI) ABNAIOTCS BEJIMYMHBI, KAHOHHYECKH COMPAXEHHBIE CBA3M Iep-
BOTO pozma. Benuuunpl, Mensommecs npu KaluOpOBOYHBIX NpeoOpa3oBaHHUsX,
MOTYT HeCTH usnueckyio undopmauuio. Torna kanuGpoBounoe npeoGpazosa-
HUE CBOAMTCH K Mepegaye COAEpXalleics 8 HUX HHOPMALUU APYTHM CTENCHIM
cBobonpl (mpumep: A” , CM. TakXe pa3n.4). U HaoBopor, KatuOpoBOUHO-UHBA-

puaHTHas BeJIMYMHA MOXET OKa3aThCsd Hedpusnueckoit (npumeps: oE mis cBo-
Gonubix noneit u G, =0E —j, — 11 B3aUMOREICTBYIOWHX).
2 0

2.5. HeaGenensr Teopun. [Ipu nepexone x Teopuu ¢ Heabesnesoit Kamubpo-
BOYHO#H Ipynnoi (narpasxuan (2.1)) obwas cTpyktypa qopManu3mMa He MeHs-
ercs. [Ipasaa, Teneps yxe Heb3s HauaTh MCCIESOBAaHHE CO CBOGOTHOTO JarpaH-

xuaHa, nonoxus B (2.1) g=0 — o xanubpoBouyHO-HeumHBapuaHTeH. Ho
Marpuua
’ v az[' 0 ouov
Th =——p=T "8 (2.37)
“ aAﬁaAV a

MO-TNIpEXHEMY BBIDOXJIECHA, T.€. BCE HpOﬁJ’lCMbI, NPpHUCYLHIHE BJICKTPOAHHAMHUKE,
30€Ch COXPAHAIOTCA. Kanonuuecku COHpﬂ)KeHHblﬁ Aﬁ HMITYJIIBC €CTh

oL 0
p_Y~ W a - a
T, = aAa = Fa , FI»W =Tr (X FHV)’ (2.38)
u
T.C. UMEIOTCHA NEPBHYHBIC CBA3H
Gla = Ttg =(. (2.39)

IlepBomy uney B (2.1) oTBeuaeT raMHABTOHHAH
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3.1 02, o2 bob |
H=|d x[E(Ea+Ha)—E“D” A0+Agng],
' F“Z—lﬁ" (F2 (2.40)
u =75 ) =5 Tr(Fy), :

rae
Dab - aaba _ gfabc AC, [}\'u’ Xb] - i‘/—i f ubcxc. (2.41)

OTMeTHM, YTO NOCAEAHUN YneH B ramunstoHuade (2.40) MOXHO 1IpeACTaBUTD

B BHIE DO“bAObng. BropuuHbie cBa3u

G ={m, H} =D"E"=0 (2.42)
HaxoasaTCsd B HHBOJMIOLIUHU

{GLx, 0, Gy, 0} =f PG, (x, 1) 8(x - y), (2.43)

T.e. MX ckobka IlyaccoHa NponOpUMOHANBHA CBA3AM M HMCYE3aET BMECTE C
Humu. Hetpyaro y6eautscs, uro {G,, H} =0, {G,, G,} =0, r.e. naiinens sce

CBA3H ¥ OHM HAXOAATCH B MHBOMIOLMH (cBsi3W nepsoro pona). [lonuelit ramusie-
TOHHAH M reHepaTop pacliupeHHoit rpynnsl KaTubpoBouHbIX npeobpa3osainii
nawoTces GopMynaMu

] ,
H,.= fa 3x[ 2 E2+H) + ‘G -G ] : (2.44)

G=[d%u'Gr -6, L)

rne u’(x),v*(x) — npoussonbHbe QYHKLUHH, TaK YTO 1104 A; MEHSI0TCS Creny-
omum obGpasom:
3Af=u’, BA“=D". (2.46)
Ecnu 8 (2.45) nonoxum ua=D”bvb, TO NPHIEM K CTAaHZAPTHBIM KaIUOPOBOY-
0 p p p

HbIM Mpeobpa3zoBaHUAM

a_ nab b
845 =D ™. ; (2.47)

Tak Xe, KaK H B Cllyyae 31eKTPOAHHAMMKH, yOexXaaeMcs, 4TO OTHOCHTENBHO
pacluMpeHHOH rpynnsl KanuOpoBOYHbIX NMpeobpa3oBaHuMil raMUIBTOHHAH U Jia-
TpaHXHaH WHBADHAHTHbI AMWb B CAaGOM CMbIC/E, @ MOJHBIH TaMUJIBTOHUAH
H cnaGOMHBAPUAHTEH W OTHOCHTENILHO CTAHAAPTHOM KaNHGPOBOUHOM IPYIIIIEL.

Ecnu B 9neKTPOAHMHAMUKE NPOCIHeOuTb 3a cyap0oi (u3Hyeckux H Hedu-
3HYECKHX CTeneHed cBobonbl He NPEACTARIANO TPYAA, TO B Teopusx ¢ Heabese-
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BOil KalMOpOBOYHOH cuMMeTpueil 3T0 He Tak. OueBWJHAs COBOKYMHOCTb
HE(PU3HYECKUX MepeMEHHBIX Ag (MX CKOPOCTH HE BXOIST B JIarpaHXHaH) He J0-

cTaBnsger oCoOBIX XJIOMOT. BhIEENHTh Xe JOpeHU-MHBApDHAHTHBIM 0GpPa3’oM BCe
Heu3HuYecKue nepeMeHHbie JocTaToyHo Henpocto [101]. OTtyactu 310 CBsI3aHO
¢ TeM oOLMM /1S BCceX KanmHOPOBOYHBIX TeOpHi 0GCTOATENBCTEOM, UTO HpeoGpa-
30BaHUS M3 IPYIIIBl CHMMETPHH MPOCTPAHCTBA-BPEMEHU MEPEMELIMBAIOT (DU3HU-
yeckue M Hepu3HYeCKHe CTeneHH CBOOO/E], T.€. B HOBOI CHCTEMe oTcYeTa (pusn-
4YeCKHEe KOMMOHEHTHL MOTYT cofepXaTh Hehusudyeckue. IMeHHO mosToMy B Teo-
pHMH BO3MyLieHHH npeoOpa3oBaHus BEKTOP-MOTEHLHANA Au noj RedcTBHEM

rpynmns! JIopeHLia SOSIXHBI COMPOBOXAATHCS KATMOPOBOYHBIMM NpeoOpa3oBaHus-
MH [102]. TnaBHbIM Xe 06pa3oM 3TO CBA3aHO C HEKOMMYTATHBHOCTBIO KaTHOpO-
BOYHOH rpynmsl. [ToNBITKY BRINENUTH (PU3HUECKUE MepeMeHHbte, nepedopMyiiu-
POBaB TEOPHIO B TEPMHHAX JTHIIG KATMOPOBOYHO-HHBAPUAHTHBIX BEJIMYMH, TAKXKE
HE Cy/IAT ycnexa — B MPOCTeHIIMX caydyasX pOpMaIU3M CHIBHO YCIOXHSAETCs
[101,23,103]. E}mHCTBeHHoﬁ pa3syMHON cTpaTerneil NpeAcTaBiseTcs Cleaylo- .
Was: MPUCOEAHHHTh CBA3H K YPAaBHEHMSAM JBUXKECHUS B K/IaCCHUECKOH TEOPHH W
noTpe6oBaTh MX MCYE3HOBEHHS Ha BEKTOpax u3 (yu3M4ecKoro ruisbeprosa npo-
CTPaHCTBAa — B KBAHTOBOH (CM. HUXe).

2.6. Kpanropanue. O6uias mpoLefypa KBaHTOBAHHSA AUHAMHYECKHUX CHCTEM
co cesa3aMH Gbina pazpaborana [Tupakom [96] (cMm. takxke [32-—37]). B ciyuae
CBs3eil MEPBOro poja OHAa CBOXMTCA K peHenTy: 1) Bce KaHOHMYECKHE MepeMeH-
Hbl€, BXONAIIME B raMHIbTOHHAH, MOAYHHAIOTCS KaHOHUYECKHM MepecTaHOBOY-
HbIM COOTHOLUEHUSM

[AR(x, ), m(3, D]_=i8,5;8(x - ),

[Wg(x, 0, wo(y, 0], = 838(x —y), (2.48)

rae GykBbl P, G BKIIOYAOT B celsf KaK CIMHODHBIE, TAaK W WHBIE HHAEKCHI;
2) BexTOphl M3 (pusnyeckoro runpbeproBa noanpocrpancrsa @ dukcupyorea
MCYE3HOBEHHEM Ha HUX BCEX CBs3eil mepBoro poga

G ®=0. | (2.49)

BTo enMHCTBEHHBIM HAJEXKHbIH peLeNT KBaHTOBaHHA. Bce octanbhbie penen-
THl — HAalpHMep, KBAHTOBAHWE B PaMKaX METONA KOHTHHYAJBHOTO MHTETPH-
poBaHHs — TpeOyIOT, CTPOrO roBOPs, JOKA3ATEbCTBA CBOEH SKBUBATEHTHOCTH
KaHOHHYECKOMY.

[loguepkHeM: npasuna, NpUMEHSEMbIE B KNACCHYECKOH TEOPHH, HE TIEPEHO-
CATCS aBTOMAaTHYECKH Ha KBAHTOBYIO Teopuio. Henb3s, Hanpumep, TpeGoBarh Bbi-
nonHeHus ycnosus (1.8) s omepartopoB — 3TO npHBesno Obl K HApYLICHHIO
NEPecTaHOBOYHBIX COOTHOWEHHH (2.48). CkazaHHOE OTHOCMTCS M KO BCEM JpY-



KAJIMBPOBOYHBLIE YCIIOBHA 1423

rMM KaJlHOpOBOUHBIM ycioBHsM jgaHHoro tuma. HauGornee ectecTBeHHbiH nyTh
30ech — HMCHONb30BAHHE JUHAMMYECKHMX KamuOpoBok. B aTtoM cnyyae Hedusu-
YecKHe KOMIIOHEHTHI MoJiel HalensTcs npocTteieii (a HHOIAA M CJIOXHOMH, CM.
(1.20)) nuHaMKUKOH, H GOPMAIBHO C HUMH MOXHO 06GpallaThcs TaK Xe, Kak ¥
tpuznueckumu. X orcyTrcTBre B (PU3HYECKOM CeKTope riibGeproBa IpoCTpaH-
cTBa 00ecrneynBaeTcs HCUe3HOBeHHEeM Ha (PU3HYECKUX .BEKTOpax KaHOHHYECKH
COMPSXEHHbIX UM MMIYIbCOB (CBsi3eil). PaBHbiM 06pa3oM B KBaHTOBOH TEOPHH M
CBS3M HEJIb3d MOHHUMATh B CHJIBHOM CMBICHIE, T.€. KaK ONepaTOpHblE pPaBeHCTBa
[961], 3TO TOXE BEJET K HAPYILIECHUIO NEPECTAHOBOUHBIX COOTHOLIEHUM (2.48).

2.7. Meroax KOHTHHYAJILHOT0 HHTErpHPOBaHMA. MeTON KOHTHHYaNbHOIO
HHTErpHpOBaHUs HUIPaeT BaXHYIO pOib B corspemeni—xoﬁ KBAaHTOBOH TEOpHM MOJA.
Ero nonyispHOCTs OObSCHAETCA HECKOIBKHMH TNPUYHHAMHU. Bo-mepBbix, 91O
Hau6osiee aieKBaTHBI 3aa4e MaTeMaTHUECKUi annapar; BO-BTOPBIX, €r0 NpHMe-
HeHHe CWIbHO YApPOILAET BHIKIauku (BoiBox mpaswi deitnMana, TOXIeCTB Yopaa
M T.I.); HAKOHel, OH MO3BOJISIET PAa3BUTh EAMHCTBEHHBIN PEryNsAPHBIA METON, He
ONMPAKILMIiCA HA MATOCTh MOCTONHHOHA B3aUMONEHCTBHSA, T.€. MO3BOMSIOLUMIA
BBIATH 3a paMKd TEOpHH BO3MYIUCHHHA (KBA3MKJIACCHUECKOE pasNoKeHHe).
IMpoussopsawuit pyHkuuonan mia QyHkuud I'puxa B 9TOM MOAXOAe 3agaercs
KOHTHHya/lbHbIM uHTerpasioM [40]:

7171="1 = [ 4 [Agy] 1O+ T0), 2.50)

3necs S — HekoTOpoe AeicTBUe (Wi KaTHOPOBOYHBIX TeOpHH ~— WHBApHAHT-
HOE JeiCTBHE, 3ajaBaeMoe, HanpuMmep, jnarpamxuanoM (2.1),7S= Idxﬁ

JanbHelileM OrpaHMYMMCH OJHMM copToM moneit), JO = jdx(JA+nw+Wn)

A: — Kannﬁponmmoe nosie, Y, Y — CIMHOPHBIE 3apsXEHHBIE MO, Ju x),

nN(x), N(x) — wraccuyeckue UCTOYHHKH (NOCIEIHHE HBa NPHHAAIEXAT rpac-
CMaHOBO# aireGpe); MO BCEM HEBBIMUCAHHBIM HHAEKCaM (BEKTODHBIM, CITHHOP-
HBIM, TPYIMOBHIM) IpednonaraeTcd cyMMuposaHue. B 3ToM HHTerpane moryr
HpUCYTCTBOBaTh W Jpyrde mond. Onpepensembii (2.50) npoH3BoOsLMi
tynxunonan W[J] ects npous3Bomsiuuil pyHKIMOHAT WIS CBA3HBIX (YHKLMi
I'puna*. IlpeoOpaszoBanuem JlexaHapa omnpefensercd eumie OOUH BaXHbIH
obbekT [50—53]:

T(0) = WLT] - 790, %= . @.51)

*HaCcKORBKO M3BECTHO aBTOPY, 3TO NMPOCTOE YTBEPXKACHHE HE MMEET MOKa APOCTOro J0Ka3aTesb-
CTBa.
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Hpeanonaraercs, 4ro B npaBoii yacTu nepeoro pasexcrsa (2.51) ctour peme-
Hue Broporo: J= J[¢]. Toraa, kak serko yGeautncs,

or

ool __ 4 (2.52)

8¢

I'[¢] ects npoussonsammii ynkunonan s 1-uenprsogumeix hyHxuuii Ipuna
(ynaneus! nonwocHeie auarpammel). OH 3amaeT Bce BepluMHbl 3¢peK THBHOrO a-
rpanxuana [53]: I‘=Scff. OcCHOBHOE CBOICTBO MOCAEOHEr0 — BOCIPOU3BEfe-

HUE TOUHOM S-MaTpUUbl yXe B HH3LIEM NOpsiAKe TEOPHHU BO3MYILIECHUH (TOYHas
aMIUINTYAa BEPOSTHOCTH /I060Oro npouecca XaeTcs CyMMOH IPEBECHBIX AMa-
rpamm [51,53]). B oneparopuom dopmanusme ¢ ecTh BakyyMHOe Cpeliee oOT
Q (r.e. OT A, ¥, ¥) B NIPUCYTCTBHH BHELIHWUX TOKOB.

Kak ynomuHanocek, ogHa 13 rmasHbiX npoGiieM, NOPOXIaeMbIX KaTHOPOBOY-
HOH MHBAapHAHTHOCTBLIO, CBH3aHA C UHTCITPUPOBAHHEM M0 YHCTO KaTHOPOBOYHBIM
CTerneHsIM Acsq_ﬁouu. Tlpn BbluMcIeHUH cBA3HbIX (yHKuMil [puna (1.e. Pynkuuo-
HaJIbHBIX TIPOM3BOAHBIX OT W MO TOKaM NpH HYNEBBLIX 3HAYCHHAX MOC/IEAHHX)
MHTErpUpoOBaHHe N0 KanHOGPOBOYHBIM TTapaMeTpaM BeeT K OeCKOHEYHOCTIM (CM.
nn.2.1, 2.5). TpamonuHeiinbiii cnoco6 yctpaneHus KaMGpOBOYHOIO NPOH3BONA
3aKJIIOYAETCS B MOACTAHOBKE N0 3HaK WHTerpana (2.50) npoussenenus S-yHk-
UM OT BCeX IPYNIIOBbIX NApaMeTpoB ®, T.e. (). OObIYHO Xe KATHOPOBOUHbII
NPOM3BON YCTPAHSIOT C HOMOLUbIO KanHOPOBOUHBIX YCAOBMH Ha BEKTOP-MOTEH-
uanst A suna F(A) =0 (pasa.l). Ins uHduHuTEIMMATILHBIX npeobpa3osannii
(2.47) nuwyr

d(w) = HF(A ®)D, (2.53)

roe Au‘" =,Ap +Du ®, a xoaddulueHT NpH §-pyHKUNUH ecTb GYHKUKOHAIbHBII

D=det| XA (2.54)

onpeacnuTens

oa’

9r10 u ecTh onpenenurens Pagneesa — [Nonosa [71,78]. Hanpumep, nns kanu-
6poeku Jlopenua (1.8) umeem

( _a_F }ab - a[au(Au + Duac(,o )] _ ab

S P =9,D.%. 2.55)

3ametuM, uto opmyna (2.53) cnpasennuBa 6e3 AanbHEHIUMX YTOYHEHHI
JMWb A8 Manbeix  BO3OYXmeHHi moneii Au M JUI1 ManbiX NapaMeTpoB .

Bo-nepBrix, 310 CBA3aHO C TeM, uTo ypaBHenue F(A ©) =0 Mmoxer uMeTh He-
. CKonbKo pemtennii [73] (B neficTBuTenbHOCTH — GeckoHeuHo MHoro [74,75]),
a BO-BTOPBIX — C T€M, YTO B Pa3OXKEHHH
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| 8(x—x)
8(fix)) = zn: [det af/axl ’

Iae X, — Hym (hyHKIHM f, CTOUT MOAYNDb oNpeHenuTelis, TOraa Kak B (2.53)

(2.56)

— onpegenurens (B (2.56) urypupyior MHoroMmephbie O-YHKIMH).
[IpakTHyecku MOCTYNAKT cleayiomum oOpa3oMm.
1) BribupaloT HEOTHOPOAHYI KANTUOPOBKY
anllAu -f=0, , (2.57)
e f — npou3BoibHas (PYHKUMS.

- 2) TNocne mogcTraHOBKH 5—q>yHKuun (2.53) mop 3HaK uHTerpana (2.50) unre-
TpupyloT no f ¢ rayccoBckHM BecoM P[f] = const exp (—if 2 /2a). Tlpu 3tom k
AeiictBuI0 pobaenderca wieH tuna (1.16) (duxcarop kanuOpoBKHU; nogpazyMea-
€TCsl, YTO BCE CHENAaHHbIE NPEANOIOXEHUA OCTAHYTCS BEPHBI NPH MoboM f).

3) Onpenenutens D 3aMeHS€TCSd MHTEPAIOM O CKATIPHBIM aHTHKOMMYTH-
pylowum nonsm ¢, ¢? [71,78]:
- —i | dxcF’
D=|df cle i as < (2.58)

T.€. K HCXOJHOMY JlarpaHXHaHy Ho0aBHTCS elle M JarpasXuaH (PUKTHBHBIX
noneit L”=cF’c, F'=0F/d® (cMm. (2.55)).

IMocne npouenypsl ¢ukcanuu xanuOpOBKH MPOM3BOIAINHI (PYHKLIMOHAN
(2.50) npuobperaer Bua

2T = dAPyE, eSS HSTHI0 L (g 50
Ifie WTPUXOBAHHbIE NOGABKH K JEHCTBHIO OTBEYalT narpanxuanam L' u L7,
Honusiii narpanxuad B (2.59) £ =L + L'+ L ” yxe HeMHBAPHAHTEH OTHO-

CHTENIPHO KaTHGPOBOYHBIX NPeoOpa3oBaHuil, HO OH HHBAPHAHTEH OTHOCHUTEIb-
HO MoOanbHBIX CyHepcHMMETPHYHBIX mpeobpaszoBanuii [68—70]. Hanpumep,
ans kanu6Gposku JlopeHua 3to npeoGpazoBadus

a ab b —q_ 1 a a 1 abc b ¢
SAu eDu ¢, &¢ OLSE)MAH, oc 3 egf Pt (2.60)
Ile € — He 3aBUCALIMI OT KOOPAMHAT aHTHKOMMYTUpPY®LIKii napamerp. Pop-
MaJIBHO BEKTOP-TIOTEHLHATH Npeo6pasylnTcs CTaHJapTHO:
84 = Du“bﬁ)b, &) =ec®(x), 2.61)

TONLKO Teneph KaIHOPOBOYHBIE MapaMeTPhl © €CTh YETHBIE BIEMEHThI IPac-
cMaHoBO# anreOpnl. 3aMeuaTensHO, 4TO 3TH npeobpaszoBanus, Oynyun ¢op-
ManbpHO m100aTbHBME, HE OCNabgioT OrpaHUYEeHUl, HAIaraeMbiX JIOKa/IbHOI
KaTMOPOBOYHOH MHBAPHAHTHOCTBIO (D ecTh QYHKLUHMH KOOPAKHAT).
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3. MEXAHHYECKHE MOJIEIN

3.1. CxaaspHas D3JeKTPOJHHAMHKA B mnpocrpaHcrse-spemenn (0+ 1),
Teopus nons cnoxHa cama mo cebe, NO3TOMY OCOOEHHOCTH TEOPHil C IOKANBHOM
Kanu6poBOYHOH CHMMeTpHeli JiyuLile Bcero u3yyars Ha Momensix. [Ipocreiimeii u3

HHX SBJISETC CKajlsApHas IEKTPOAMHAMHKa B mpocrtpaHcrBe-Bpemend (0 + 1)
[104,103]:

1. 2 (0 -1
L= (k- eTx? - V), T—(l 0), G.1)

rie KOMIOHEHTaMH BEKTOPa X SIBJIAIOTCS BELIECTBEHHAs H MHUMasi YacTH KOMII-
JIEKCHOrO nonas ¢ (TouyHee, @ = (xl + ixz)/2)), Y OTBEYAET HYJEBOW KOMIIOHEHTE

BEKTOP-MOTEHLHANA Au, V — noreHunansHas 2Heprus. Jlarpanxuan (3.1)

OTMHUCBHIBAET JBHXEHHE YACTHIbLI €AMHUYHOH Macch B IUIOCKOCTH (xl,xz), T.€C.
3

X, X, — KOOPAHHATH HaCTHLL. Kpome HHX uMeeTcs ellle OfiHAa AMHaMHYecKas

nepemeHHas — 310 y. Kanu6Gposouusie npeoGpazoBaHMs 3ajaloTcsi COOTHO-
LIEHUSIMH

Sx = weTx, dy=d=do(f)/d, (3.2)

B KOTOPBIX () €CThb NPOM3BOJbHAY HHOUHMTE3UMalbHas (YHKLUHA BPEMEHH.
Jlarpanxuan He 3aBUCHT OT CKOPOCTH Yy, MO3TOMY B TEOPHH MMEITCS CBA3H.
MepeuuHas ces3b ouesuaHa: T =0L/dy=0. Onpenenas umnynsc p =L /0x,
HaXo[MM raMHIbTOHHAH

2

H=h+eypTx + ym, h=%+ Vi), (3.3)

a u3 ycnosus = {%, H} =0 HaxonuM BTOPHUHYIO CBA3b
o=epTx=0. (3.4

~

CBsA34 HaXxORATCA B WHBOMIOLMM, OPYruX cBs3eit Het. Cea3b (3.4) ¢ TOUHOCTBIO
IO MHOXHTENIS €CTh TEHEPaTop BPAIUCHHH B IUIOCKOCTH (X, X,), MO3TOMY
eIHHCTBEHHOH (u3HYecKod nepeMeHHOH sBnsercd uupapuant r=Ixl. Hedn-
3HYECKMX TNEepeMEHHBIX. JBE: y M 9=arctgx2 / x, {8,0 /e} =1. HecMotpsa Ha
CBOI0 TPOCTOTY, 9Ta MOMEJNb NO3BOAAET MPOUNMIOCTPHPOBATE MHOTHE TMPHH-

UHIHAIbHBIE 0COOEHHOCTH KaJIHGPOBO‘-lelX TCOpHﬁ.

1. ®asosoe npocrpaxcreo. Pusnueckoe (pa3oBOE NPOCTPAHCTBO MOLENH
€CTb PasBEPTHIBACMBIH B MONYIUIOCKOCTh KOHYC [104], T.e. Hannune nedusuyec-
KOii cTenieHH cBOGOMBI petialoiM o0pa3oM BIUAET Ha Takylo yHIaMEHTATbHYIO
XapakTEPHCTHKY raMHJIbTOHOBOI CHCTEMBI, Kax (ha30BO€ MPOCTPAHCTBO.

2. Hcxnoyenne HeM3UYECKHX [EPEMEHHBIX B JlarpaHxkuane. IonoXus B
(3.1) y=0, nonydum coBceM IPYyryww MOLe/ib — HEKAIMOPOBOYHYIO TEOPHIO
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c aByMs (PU3MYECKHUMH CTEMeHAMH cBoGOnb. B Hell HeT HuKakoil MHpoOpMaLuy
O BTOPHYHBIX CBSA35X.
3. OctatoyHas AMCKpeTHas KanubposouHas rpynna. PUKcUpys Kannbposky
YCJIOBHEM
x,=0 (3.5)

(TeH3opHas Kanubpopka) OGHApyXHBAaeM, UTO OHA OKa3biBAETCs HEMNOJHOM:
MMeeTCs OCTaTOYHas AMCKPETHas KanubposouHas rpynna Z, {23,76], nerpu-

BHANIbHBII 3JIEMEHT KOTOPO# 3ajiaetcd npeobpa3oBaHUEM

X, Xy (3.6)

JlanHoe yTBepxieHHe serko ofobuiaercs Ha Momenn ¢ Jo6oH pexyKTHBHOM
kanubposounoit rpynnoi [23,76]. OcTaTouHO# rpynnoii B 910M cny4ae spjsi-
ercs rpynna Beitns [105,106] (rpynna CMMMETPHH KOPHEBOW AWArpamMsl, 10A-
rpynna Kanu6poBOYHOMR TPymiibl).

4. [Iunamuueckas Kanubposka L' =— )'12/20L. HoGasnenue K narpanxdany
(3.1) £’ He TonpKO 3ajaeT AMHAMHKY HEU3HYECKHX NEepeMeHHBIX, HO W, BO-
obuie roBops, MEHSET AMHAMMKY (u3Hueckux. [1eACTBUTENbIO, raMWIbTOHHAH
Terneps BHINIKAUT TaK:

) |
1 Py a '
H=> pf+;5 + V() =5 1+ eypy, 3.7

rae r 1 8 ecTh nonspHeie KoopauHathl (r =Ixl), p, pg — KaHOHHYECKH conps-
§
XKEHHbIE HMAYNBCHI, O = €Py. Ho 0 ecTb unknnyeckas nepemetas, T.e. py €CTb

[OCTOSIHHAS [BMXEHWs, 3alaBaemas HaualbHbIMK ycioBusmu. Hertpyano
y6enurscs, uTo NpH py # 0 MEHAIOTCA ypaBHEHUS ABHXKEHHS u3HYeCKHX nepe-

MEHHBbIX T, p (u3-3a BTOPOTO cjlaraeMoro B cCKoOKax paBeHCTBa (3.7)). Uraxk,

JI% TOTO, YTOOHB He(PM3IUUECKHIt CEKTODP HE BIIUSAJ Ha PU3HYECKUH, HAYATbHbIE
YCNOBHS VIS He(M3HUECKHX MNEPEMEHHBIX B JMHAMUUECKOH KanuOpoBke He
HOMKHBE IPOTHBOPEYHTH CB3aM (B JaHHOM ciyuae: 7(0) =pe(0) =0).

5. KanuGposka £ ' =— m2y2 /2. Ninoraa B xauectse hpuKcaropa KannGpoBKH

2 .
Gepyr L= — (nA)°/2c. X0Ts 1aHHBII WIEH ¥ HapyIIaeT KaTMGPOBOYHYIO HHBA-
PMAHTHOCTb, OH He CHUMaeT BbIPOXIEHHS — JlarpaHXHaH NO-TPeXHeMy OCTaeT-
cs BHpOXIeHHBIM. CyLIECTBO MPOMCXOMALIMX MPH 3TOM H3MEHEHMH AMHAMMKH

nyylle BCero BBISCHMTH Ha Momenu (3.1) ¢ noBamnenuem unesa L= — m2y2/2.
Cpa3sy Xe NOZYEPKHEM, YTO 3TO He AHHaMHyecKas KanbpoBka — CKOPOCTh y He
BXONMT M B HOBbIii JIarpaHXHaH, T.¢., KaK ¥ paHpine, T =9L /dy =0 (nepsuynas
cBsA3b). [aMHIBTOHUAH UMEET BHI
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H=h+%m2y2+ey.prx+un, S @38)

rae # -— Tpou3BonbHas (pyHKUus BpeMenu. U3 ycnosus &= {n, H} =0 Haxo-
I1MM BTOPHYHYIO CBS3b
— (m%y + epT x) = 0. (3.9)

CBS!3H T U 6 HEC HaxXoOdaTCs B UHBOJKUUU
(%, ) =— m?, (3.10)

T.€. 3TO €CTb CBA3K Broporo poaa. CornacHo dupaxy [96], B 9TOM ciiyuae HyX-
HO BUOM3MeHHTh CKOOKHM Tlyaccona — mepeiiti k ckobkam Qupaka. Ycnosue

= 2
CaMOCOINIaCOBAHHOCTH {T, G} =— m“u =0 Teneps eCTh YCAOBHE HA MHOXHKTENb
Jlarpauxa u(f). Uckmiouas u3 H nepeMeHHsie y, T, NOay4aeMm

2
. RIS
i H= 3 p,+ 2 + V(r°) - - Py (3.11)

T.€.,KaK u B ciaydae (3.7), Pg €CTb MOCTOSIHHAA ABHXeHUsA. Heynaunstii BrGOp
HayadbHBIX YCJIOBUM (pe;tO) MEHJET JMHaMUKy B (DH3HYECKOM  CeKTOpe.

EnuncrsenHoe cornacoBanHoe ¢ ycnosdeM (3.4) 3HaueHue Py pe(O) ={.

6. Ksantosanue. Mozens (3.1) mo3sonser npoue Bcero MPOHLTIOCTPUPO-
BaTb TE3WC: B TEOPHSAX CO CBA3IMH MEPBOTO POJa ONEPALNUH MCKIIOYeHUs Hedu-
3MYECKMX TMEPEeMEHHbIX W KBAHTOBAHHs, BOOOLIE IOBOPH, HENEPECTAHOBOYHEI
[107]. L[cucmmenbﬂo He(pmnqecxumu uMnynscaMu B (3.3) sBasiorcd T U Py

TMosntarast UX paBHBIMH HY/TIO, [TOJTy4aeM

, 1 2
B =op+ved. 312

raMl/lﬂbTOHl/laH H ormcmsae'r OOHOMEPHOC IBHXXEHHE ‘IaCTl/II.lb] B IIOJIC ITOTCH~

unaia V. PeuenT KBaHTOBaHUs 3[€Ch CTAHIAPTHLIN: 7, p,— r p [r p 1=1i T.e.
N 2
th=-—a +V. (3.13)

C }lpyI‘OI/l CTOPOHBI, KBAHTY MOIEb Z[O HCKJHO‘{CHPIﬂ HC(t)I/IBI/lquKPlX nepeMeH-
HBbIX, HMEEM!

A 1 . .
thz_i[ af 29 +—289] —teyae—luay. (3.14)

. ) A A
@usnueckuii cektop 3agaerca yciouamu Td =6P =0, T.e. ay(b = aeq> =0, u

Ha BEKTOpaXx M3 (U3MYECKOro TuIs6epTOBa NMPOCTPAHCTBA TAMHJIBTOHMAH
(3.14) umeer BUn
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H =—1(32+1a J+v (3.15)
ph 2{ r pr : :
Tamunbronnansl (3.13) u (3.15) ne uaentnunsl. C 3TUM 0OCTOSTENLCTBOM Clie-
AyeT CYMTAThCS NPU TIOACTAHOBKE B KOHTHHYaNbHbiH WHTerpay 6-QyHKuUMiH OT
HCKJTIOYAEMBIX NEPEMEHHHBIX (CM. pa3in.4).

7. Ilporusopeunsas kanubposka L =yt [lanusiii Gukcatop xoTs u napy-
aeT KanubpoBOYHYI0 HHBAPHAHTHOCTS, HO BEJET K NPOTHBOPEYUBOH AMHAMHKE.
Umeem: ==0L/dy =0, _

H=h+eypT x+un —yt. (3.16)

YcnoBue camocormacoBanHocTd Tt = (%, H} =X =0 paer
L=—epTXx+t. (3.17)

Tak kak BpeMs sBHBIM 06pa3oM BXOLHT B I, YC/IOBHE coriacoBaHnocTH (3.17)
¢ IMHAMHKOMW, 3aj1aBaeMOit TaMHAbTOHHAHOM (3.16), Tenepp nonxHo GopMysu-
poBaThCs Tak:

%=%§+{Z,H}=O. (3.18)
Ho {Z, H} =0, 1.e. (3.18) croanTca k abcypanomy tpeSosanmio 1 =0.

8. Heonno3uaunbie (Henonusie) kxanubposku. Monens (3.1) nossonser npo-
SCHWUTb TaK HalbiBaeMylo «rpobinemy konmii» [73]. Tlpu nepenecenuu ycnosuii
(1.8), (1.9) Ha Heabenesbl TEOPUH BBIACHWIOCH, YTO OHH HE NOJHOCTHIO ycTpa-
Hs110T Kanubposounsiii npousson [73—75]). OnHo BpeMms 3ToMy 06CTOSTENLCTBY
NpUAABAIOCh NPHHUKNHATLHOE 3HayeHue. B aeiicrBurensHocTH npobGiema He
OTHOCHTCH K pa3psny (H3HYECKMX — CBOMM NPOMCXOXICHHEM OHa 00si3aHa He
0COGEHHOCTAM IHHAMHKH (PU3MYECKOTO ceKTOpa noneit Sura —:Mumsca, a Bbi-
6opy kanubpoBkH, T.e. 06CTOATENBCTBY CYry6o HedusnyeckoMy. O6 3ToM, Bipo-
yeM, TOBOPHT yXe TOT (PaKT, YTO CyUecTBYWT «Be3gyxoBbie» KanuGpoBKH,
Hanpumep, xanubposku Bewns (1.10), doka (1.14), akcuanshsie u 1.0, Mpobne-
My KONHH MOXHO CO3[aTh AaXe B d71eKTpoAHHaMuKe. [lns BbisiCHEHHS CyIECTBa
Bonpoca obpatumcs k puc.l u3 pabotsl [23]. KanuGposounsie opOUTH Ha HEM
(MHOXeCTBa TOYEK, CBA3AHHBIX KaTHOPOBOUHBIM Npeobpa3oBaHHEM) — OKPYX-
HocTH. Kanubposounoe ycnosue fix, x,) =0, f — nexoropas dyskumus, sagaer

NHMHUIO B IUIOCKOCTH. Tak Kak TOYKH, Jiexaiuue Ha ogHON OpGuTe, (PU3MUEcKH
Hepasu4MMBbl, 4715 ONHCAHUA 3BOSIOUHH (PU3MYECKHX CcTeneHel cBOOOIbI HOCTa-
TOYHO B3Tb MO OJHOM TOYKe Kaxmoil opburbl. B 3TOM M 3aKkimouaercs ponb
Ka1MOPOBOYHOTO YCTIOBHS. MOXeT CIyYHTbCS, ONHAKO, YTO NPH HEYIAYHOM Bbi-
Gope f 3anaBaemasi KaTMGPOBOUHBIM YCIIOBHEM KpHBast GyeT nepecekars OpGHTHI
aBa y 6onee pa3. Hanpumep, npsmas f= x, =0 nepecexaer Bce OPOMTHI ABAXIBL.

D10 HenosnHasg KaIMOPOBKAa — OCTAaeTCs MPOM3BOJ, 3alABACMBIN JUCKPETHOH
KanuGpoBOYHOM rpynnoii Z, ¢ snemenTtamu (1, P), Px; =—x,. Kpusas 2 nepece-
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-—00<u_2<u_1<uo<u1<UQ<‘u3<u4<00

Puc.1

KaeT HeKoTopble OpOUTH YeThIpe pasa, a kpusad I Boobuie He nepecexaeT OpoUT
B OKPECTHOCTH Hy/Id. DTO HeNoCTarouHas (HenonHad) KanuOpoBka — MpPOM3BOJ

NepeMEeHHbIX X,, X, IpU Na2+x2 <r, ne ycrpansierca (nogpoGHee cM. [23]).
P 1> %2 TP 174 <Ty P p

Takum 06pa3oM, HakiaieiBas KaIMGPOBOYHOE YC/IOBHE, HeoOXoguMo
yOemUThCsA, YTO OHO HENPOTHBOPEYUBO H HE MeEHSeT NMHaMHKH (PH3M4ECKHX
NepeMeHHbIX.

3.2. Moaens ¢ KaiuGpoBouHOMH rpynnoi TpaHcasuui. [ToyuurenbHa 4 Mo-
JeNb, 3aJaBaeMasi JIarpaHXHaHOM

L= % (X - eyT X)2 + % [(x3 - y)2 + (-x4 - y)Z] - V(xzv x3 - x4)’ (3' 19)

re x = (x,, x,). Ero rpynna WHBapMaHTHOCTH 3a1aeTCH HHQUHUTEIUMATBHBIMHU

npeoGpa3oBaHUAMH

x=welx, dy=0, dx,=0x,=0, ©—0. (3.20)
OTtnHunuTeanHas 4yepTa MOACIH: A ﬂCpCMCHHOﬁ 2y+ = x3 + x4 Ka.TIH6p0BOquIC
ﬂp606pa30BaHHﬂ CBOIATCS K TPaHCIEALIMAM, TOrJa Kak 2y_ =X3 —-x4 €CTh KaJIU-

6poBouHblii uHBapuanT. [lepBruHas cBsisb: T = 0L /dy = 0; raMuIbTOHHMAH:
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2
1 . -
H=E- 12 @3+ P+ VO, xy = x) + 3+ py + epTX) +5m, (321)

T.C. BTOpI/l‘lHaﬂ CBA3b €CThH
o= (m, H} =— (p, +p, +epTx)=0. (3.22)

Mogesb no3BOMET MPOSCHHTD BOMPOC O TOM, K KAKHMM (PU3HYECKHUM IOCTIENCT-
BUSIM MOXET NPUBECTH UCKJIIOYEHUE TOH WM HHON cTeneHyu cBoboarl. B Moge-
nu (3.1) nepeMeHHbIE x| H X, NEPEBOAATCH APYT B Jpyra KanuOpOBOUHBIM Tpe-

ofpa3zoBaHueM, MOSTOMY 0e3paziUyHO, KaKyl0 M3 3THUX NEPEMEHHBIX HUCKIIIO-
yath. B nanxoli Mogenu yciosue (3.22) CBA3BIBAET TPH HMIY/IbCa (p3, p,H

Pg)- Bo3HHKAIOT BONPOCEL: KaKoil U3 HEX HCKJII0YaTh, 9KBUBAEHTHHI JH (H3u-

4ecKM) albTepHATHBHBIC BapHaHTH?
. HeTpyaHo HOCTPOMTb MHBApPHAHTHBIE NEPEMEHHBIE. DTO

- y+eT %, 4eT
Ixl, z, =e X, Z3,=¢ X,
X, —X A X, :
_3 "4 _ -1 )
y_= 5 Y34=%34~ € arctg o (3.23)

1

Ilepemenusbie Z; 4, AHAIOTHYHBI HEJIOKATHHOMY IIOJTIO Y’ (2.36). DkcrnodeH-

T4 B HEM OTKCHIBAET KYJIOHOBCKOE IOJie 3apsKeHHOH YacTHIbl, T.€. KBAHT TOrO
noJis COOTBETCTBYET 3apsKEHHOHW YacTHLE BMECTe C OKDPyXalolUUM €ro
S7EKTPOCTATHYECKHUM TOJieM. HBapHaHTHOCTH TepeMEHHBIX (3. 23) OueBHOHA —
OHa BBITEKAET U3 3aKOHOE Apeobpa3oBaHHs

X =eThy, Xy =%, A, (324

rae A ecTs NpOM3BOJIbHAs (PYHKUHMS BpeMeHH. PYKOBOACTBYSCh aHANOruen ¢
S/IEKTPOAMHAMHKOM, 3aKJII04aeM, YTO C BEKTOPOM X MOFYT acCOLIMMPOBATHCS
TPH NepeMeHHbe: X, x, unu y,. Coorsercreyiouue HabOpBl HHBAPHAHTHBIX

NepeEMEHHBIX TAKOBBI:
{ypypixth {y,2), {32} {y.z) (3.25)

[epeunciiennbie BOBMOXKHOCTH anpHOpH paBHonpasHbl. Hano nosarars, 4to B
PEATbHOM MMpE 3a CHET TeX WM WHHIX MPHYHH PEANH30BBIBAACh Obl JHIIb
onHa u3 Hux. M3 (3.23) BuaHO, uTO «GuU3HYECKHE YACTHUBI», OMHUCHIBAEMbIE

NEPEMEHHBIMA Z, , ., 00/IajaloT «COMYTCTBYIOMIMMHU TONIAMI» exp (— x4 4€7),

exp (- y,eT), npudeM BCe OHH pasHbIC. MoyuutensHO BBINMMCATh HCKAIOUAEMbIE

MNEPEMEHHBIC U COOTBETCTBYIOIUKE IaMMWJIbTOHHAHDBI!
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2
1| 2, 1P3*P)" 5, 2

6 2| Prty 22 +p3+p, [+ V0, x—x,)
1

X3 4 2 [P+ 5+ epel’1+ VO, Fy, ) (3.26)

22

| B+ 2,200 1 vl 2

x3+x4 2 P +2(P3—P4) + 2 + (X, y_).

[lepexoa K KBaHTOBOMY OMCAHWIO He NpeAcTaBiseT Tpyna. Bekrtopwi u3
dusnueckoro rmnpbeproBa NOANPOCTPAHCTBA BbIAENSIOTCA YCIIOBUSMH HCYE3HO-
BeHHs1 Ha HUX cBa3eil. Oneparopsl Namunerona monyvalwres U3 (3.26) nepexo-

AOM K KaHOHHYECKMM OneparopaM (3a HCKJIIoYeHHeM MepBOro — B HeM K p‘:’
neobxonumo poGasuts oneparop (i/ r)f)r), a (husuyeckre BOJNIHOBbIE (PyHKUUM
GylyT 3aBHCETb OT COOTBETCTBYIOLIMX Hab0pOB (PU3HUECKUX NEPEMERHBIX: T, Yy,
Va3 23440 Y34 Takum 06pasoM, B AaHHOH MOJENH BCE BOIMOXHOCTH paBHO-

npasHbl. B peasibHOM MHpe Bonpoc pelaetcs pU3HKOI fesa. B kauectse npume-
Pa MOXHO B34Th (POTOHBI B CBEPXIIPOBOAHHMKE BBILIE H HUXE KPUTHUECKOH TOUKH
[40], korna unu npoponbHas KOMIOHEHTa A“ acCOLMUPYETCH C 3apsKeHHbIM

noseM, opmupys KynoHosckuit akrop (cM. (2.36)), unu asa 3apsKeHHOro
T0J1si BMECTE C KOMMOHEHTOH A|| 06pa3yloT MacCHBHOE NPOAOILHOE BEKTOPHOE
nose.

3ameuanue. OueBnaHo, Moaenb nerko obobwaercs Ha 100yl NOAYNPOCTYIO
rpyrmy G. PaccMOTpuUM jarpaHxuaH

= % Tr (x—yx)? + % @G-y X VT @ -, (B2

ak : i>k

rae Trx? = in, Try2 = Zyz, Tr zz = z (z:)z, a=12,..,dimG, 1ee. x,y,z —

anemeHThl anre6psl JIu rpynnsl G B (hyHXaMEHTAIbHOM MPEACTABIEHHH, k —
HarypanbHble 4Hcna, 0 < k <co. OH MHBapHAHTEH OTHOCHTENIBHO MH(HUHHTE3H-
MaJIbHBIX npeobpa3oBaHuii:

dx=wx, O&z=0 OSy=0, ©-0. (3.28)

Mogens (3.19) ¢ e =0 paccmarpusanacs Byphesniem [108,109].

Ilpobrema nenopmupyemocmu @usuneckux cocmoanuii. OnHoit u3 npobnem
KBaHTOBOH anekTpoguHaMuky (KDI) 6sina npobnema HeHOpMUpyeMocTH (u3u-
4YeCKUX cocTosiiuid. XoTs noruyecky 6esynpeunyio ¢opmyauposky ochos KBDJI
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MOXHO HAalTH yXe B OCHOBONoOMiaraiomux crarbsix Ieitsenbepra u [laynu [32,33]
(cM. Takxke [34-—37]), umenHo 3Ta npobnema GblIa NPUYMHOI MOSBACHU pabor
Tyntet u Brneiinepa [110—112], nonyctuBmnx B (M3HYECKHil ceKTOp Hedu3u-
YeCKHE COCTOSHUS (BEKTOpBI C HYJEBOW HOpMO#). JaHHas monenb NO3BOJISET
pasobparscs B 3TOM BOMpoce. PaccMOTpHM ee 4acTHBIi cyuaii:

1- 1.
L=3 X2 - V(x) + 2 - )2, (3.29)

BapbupyeMbIMH NEepEeMEHHBIMH SIBJISIOTCH X = (xl, x2), y U z. Illepemennas y —

netpusMueckas, Tak Kak L He 3aBucuT OT ckopoctH ¥, T =9dL /3y =0. Tamuis-
TOHMaH Takos (p, =0L/dz=z~y):

PN :
H=h+ 2 p;+yp,; (3.30)

M3 YCJIOBHSI CAMOCOIJIACOBAHHOCTH HAaXOAuM T = {T, H} =-p, =0, T.e. Z TaKxe

ABNAETCA HEDH3NYECKON NepeMeHHoil. B KBaHTOBOH TeopuM BCe NEpEMEHHBIE,
Bxogsume B yiarpanxual (3.29), craHoBatca oneparopamu. Cornacuo (2.49)
CBSI3M HEPBOro pofa JOMXHBI Hcue3aTh Ha ¢u3ndeckux Bekropax P:

so=—i 9P, (3.31)

z dz

T.€. BCe (PU3MYECKME BOJIHOBBIE (DYHKUMH HE 3aBHCAT OT ¥ U z. Mexjy TeM npu
HOPDMUPOBAHMH (PH3HYECKHX COCTOSAHHI HEOOXOXUMO MHTErPUPOBATH IO BCEM
NepeMeHHbIM X, y, 7, U TaK KaK Kaxjas M3 ABYX MOCHEIHMX poderaer BCio
BELIECTBEHHYIO OCh, (PU3NYECKHE BOTHOBbiE (DYHKLHMH OKA3bIBAIOTCH HEHOPMHU-
PYEMBIMH:

A . dD
nd=— dy =0,

[ dxdydz |0 |2 = . (3.32)

ScHO, yYTO 9Ta HEHOPMHPYEMOCTb HE MMEET HHKAKOrO OTHOINEHMS K (DH3H-
YECKUM MpPOLECcCcaM B INIOCKOCTH (X, x,), IOBTOMY HET cMbIciia TpeGoBath Hop-

MmupyemocTd @ B MOANPOCTPAHCTBE Y, Z. B NaHHOM Ciy4ae 3amaya pelnaercs
IIPOCTO — 3TH NMEPEMEHHBIE HYXHO WTHOPHPOBATH: OT HUX HE 3aBHCAT BOJIHO-
Bble (PyHKUMH, MOTOMY M HE HyXHO MO HHM HHTErpUPOBAaTh B HOPMHUPOBOY-
HBIX ycrnoBusX. [Tociie BBIACHEHMS TAMHIBTOHOBOH CTPYKTYPH TEOPHHM O HMX
MOXHO 3a6prTh. [ToguepkHeM, OOHAKO, YTO TaK MPOCTO AENO OOCTOMT JIULID B
paccMarpuBaemoil Mogenu. B moneBsix KanuOpOBOUYHBIX TEOPUIX UMEET MECTO
TOPEHEBCKas WHBAPHAHTHOCTh, (pU3MYecKHEe U HE(U3UYECKHE KOMIIOHEHThI
BEKTOP-NIOTEHIIHATOB NEPEMEILUBAIOTCS, YTO U BHIHYXAaeT Npuberarb K yXull-
PEHUSIM.

Husapuanmuse no gopme karubposku. B mogenu (3.19) paccmoTpum Kasu-
6poBku (cM. (3.24), 8 = eA):
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x2’=x2 cos 0 —x, sin9=0 (3.33)
u
x4=x4+A=0. (3.34)
Inst nepeMeHHbBIX X/, X, HMEEM PaBEHCTBA
X/ =X cos(-)+x2 sin 6, x3=x3+A. (3.35)

lMoacrasnss B YiepBOE M3 HUX pPelIEeHUE ypaBHEHHS (3.33) 6= arctgxz/xl, a BO

Bropoe — petienne (3.34) A =- x,, 1aXOAnM

X, X, )
'_ ~, —_ 1 —_— — p—
x/=x, cos arctg X +x, sin arctg X = Vxl +x; = ixl, (3.36)

/= — =
‘ Xy =Xy =Xy 2y . (3.37)
Ho nepementbie |X| W y_ecTb Kanub6poBoYHble HHBAPHAHTBI. C aHATOTHYHbIM

(haKTOM Mbl yXKe CTaNKHBAIMCh B JIEKTPOAMHAMHKE: MEpEMEHHAN v’ (2.36)
Obuia NoNyyeHa MepexonoM K Ky/10HOBCKO# Kanubposke (cM. [23]).

4. KAJJUBPOBOUHBIE YCIIOBH:A

4.1. Henxnnamuueckue Kambposku. Karubposxku Beins (A, = 0), Makceean-
aa (0A =0) u Jlopenya (apAp=0). [poananu3npyeM poiib, KOTOpasi OTBOAMTCH

(PU3HYECKMM CTENEeHsM CBOGOIB! NPH TOM HIIH HHOM suibope kanubposku. bynyr
paccMOTpeHbl He BCe KannGpoBkW. HexoTopbie M3 HUX PEAKO MCMONB3YIOTCH, B
OTHOLLEHHH APYrMX OTCYTCTBYET MOjHas ACHOCTb. C TOUKH 3peHus ¢u3nueckoro
COAepXKaHU TEOpHH ecTecTBeHHOl sBnstetcs  kanuGposka Beiins (1.10).
CkopocTb A He BXOIMT B JlarpaHXHaH (2.2), noaTOMY niepeMenHas A 3aBeoMO

Heduamueckas. D10 BEPHO W I HeaGeneBbiX TEOPHH — JlarpaHxKHaH slura —
Mmusuica Takxke HE 3aBUCHT OT Ag . Tonneiit ramwisTonnan (2.14) (unm (2.33) ¢
yuetom (2.28)) maer Aj=u(x), rae u — TNpOU3BONLHAA Gyukuus, T.€. Ay €CTh

TPOH3BONIbHAA (DYHKLUS H €e MOXHO MOJNIOXHTb PAaBHOH HYIIO. Hanee, B ceobon-
Hoii Teopuu JE = 0, cnenosarenbHo, A“ — Ttakxe HedH3nyeckas repeMeHHas 1

ee TOXE MOXHO TIONIOXHTb paBHoii Hymo: div A =0, T.e. mone A nonepeyHo. B
cBOGOAHON TEOPHH aHAIM3 HA ITOM M 3aKanHuuBaics Gbi, ecru Obl JIOPEHLIEBCKOE
npeo6pa3oBatie He HepeMelnBano GU3NIECKue 1 He(u3uuecKHe KOMIIOHEHTHI.
Ho 3mech MNpHXOAMT Ha IoMOmb TpeGoBaHHe cnaboit  xanuOGpoBOUHOM
MHBAPMAHTHOCTH (PM3MYECKOTO CEKTOPa OTHOCHTENBHO paciuMpeHHOR Tpynbi
KanGpoBOUHBIX NpeoGpasosanmii (2.16): HamieXalMK BoIGOp yHKLMH 4 H V
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no3BosisieT OGpaTuTh B HYNIb A, 1 A” B oGOl cucTeMe oTcuera. DTUM J0CTHrA-

eTCsl PENATUBMCTCKAd MHBADHAHTHOCTb M JIOKWILHOCTb TEOPUM (CM. Takxe
[102,113]). UMeHHO ¢ 3TO# LeAblo ¥ aonyckanuch B hopMainim neusnueckue
creneHu cBoboapl.

CuTyalus HECKONBKO MEHseTCs MpPH BKIIoueHun B3aumonehicrsisi. Teneps
BTOpHUHAs CB3b ecTb O =dE —j0=0. DTO yCROBHE YrBepXKuaeT, 4To GeccMbic-

JIEHHO PacCMaTpHUBaTh OTAENIBHO BJICKTPHUYECKHH 3apsil H [1POAOJIBIHOE JIEKTPH-
yecKoe 1ojle — JOCTaTOYHO OrPaHUuMTHLC YeM-To optuM. OBsIuNo BLIOHpaOT
3aps (3apsxenHoe none). Moxer nokasarecsi, 4TO 3uech, Hapsauy ¢ Ay =0,

nenb3s TpeboBarh A” =0 (r.e. divA=0), H0CKOABKY B 3TOM CJIyHa€ HMEECM
Jo= JE = (A - aAO) =0 [114]. B geiicTBuTensHOCTH ananoruuiias npobiema cy-
LECTBYET U B CBOGOAHOMN TEOPUH: €CIIM U M v IPOH3BOIBILL, TO, BOOOLIE FOBODS,

80E = A(u — v) # 0, T.e. napywmaercs Bropuutas cssizb. OGcyxlenue aTHX BOHPO-
COB CM. HHUXe.

Cosepuium Teneps kanubposoutioe 1peofpazosanye Au - A'u (1.1), norpe-

Gosas dA’ =0, 1.e. dA + AA = 0; oTcioga HAXOHHM
A=-A""9A. - (4.1)

Scho, uto Teileph A COUEPXKHMT HHMOPMALHI) O HPOUOJIBHOM. IEKTPO-
MarHuTHOM [oNe A“. Ho A'j=A,+ A, T.e. 912 undopmauus nepeHocuTCes b

HYJIEBYI0O KOMIIOHEHTY A'u. Monaras Aj=0 u obo3navas A’O=¢, uMeeM:

¢=—A‘18A=—A_IBE. dakTHuecku Ml liepeuui oT KannGposku Being k
panuaunonHoil kanubposke. Yuuthisas 3akon [aycca, IOJIydaeM IPHBLIYNOE
BbIpaXeHHe AN KYJTOHOBCKOro foTeHUHaNa:

0=-4"Y, 4.2)

3apsXeHHOe Mojie Y TaKxe MeHsercs — OHO npuobperaer dakTop

| .
exp (— ieA” dA), oTBeyawlKit KyJoHOBCKoMY nomo. [pusejgennas Bbikianka
OEMOHCTPHPYET, KakuM obpa3oM Hedu3Mueckasd nepeMeHHas (A'0=¢) MOXET

conepxaTh (DU3HYECKYI0 HH(OpMaLUHIo: KalnOpoBOUHbIM Npeobpa3oBaHHeEM
oHa nepefaeTcs HedHu3HuecKoil komrnoHeHTe. CxasaHHOE MOSACHAET, NOYEMy
A, OGBIYHO aCCOUMMPYETCs C KYJTOHOBCKMM MOTEHLHAIOM.

Jlopenuesa KanuOpoBKa, Kak MPaBUsI0, HCTIONB3YETC B KJaCCUYECKOH dI1eK-
TpoauHaMHuKe. Ee IOCTOMHCTBA — DENATHBUCTCKAS MHBAPMAHTHOCTb M MONHOTA
(ocraloiumiics POM3BOJ CBOAMTCA K NPOH3BONY HAUYIbHBIX YCIOBHH, cM. n.7.1).
Cornacho (2.2), (2.6), (2.8) ypaBHEeHHS ABUXEHUS

DAH+8 0A)=—]j

LOAy " 4.3)
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CBOASATCS B 9TOH Kanubposke K ypasHeHusM JI.Jlopenna [24]:

oA =, “4)

Hedusuueckas crenens cBoOGOIB HCKIIIOYAETCS U3 TEOPMH PETSITHBHCTCKH-
MHBapUaHTHHIM o6pasoM. CoBepiias pasGuenue

_Atr 1 Alr - ‘
Au = Au + Au’ auAp 0, 4.5)

1 I —1 -l :
umeeM: 0 A =d A’ Ouesugno, A, =—T" 9 (3.A ), T.e. A" ecTs umcro rpa-
Wi = %y AHo, 4, oA, n p
AMEHTHOE MOJIe ¥ €ro MOXHO YCTPAaHHTh KalHOPOBOUYHBIM MPeoGpazoBaHUEM.
W3 (4.4) cnepyer, 4yTo OHO He B3aMMONENCTBYET C 3apIXKEHHBIMU MOISIMH:
ElAfl:O, MOCKOJIbKY Buju=0. CrnejoBaTeNbHO, OHO He M3Ny4aeTcs M He Mo-

riouaercs. Ilponaratop neKTpOMarHUTHOTO MOJISE B 3TOM KamuGpoBKe

- : 9.9
A =g Y (4.6)
[13Y q2+i0 [1AY q2

3

MUMEET MOMNOJIHUTENBHBIH MNONIOC, KOTOPHId, OMHAKO, HE HOCTaBIfET XJIOMOT
Al t

BBHIy COXpaHEHHUst TOKa. B cTaTHYecKoM ciydae (A0'=0) nose Aor YAOBJIETBO-

pseT- ypaeHenuwo [lyaccona, pemenue Kotoporo (4.2) ecTh KyJIOHOBCKHMIl
NOTeHIHAT. ‘
[lepexox Kk JopeHLEBCKOH KanHOPOBKe COMPOBOXAAETCS H3MeHeHHeM (aspl

: ' = — = = ! ! =
3apsKEHHOTO  HOJIS: Z)uAu-—auAu OA=0, 1e. A=0O BHAH, Yoy

=exp (ieD_lauAu) V. Hrtax, KannOpoBOYHbIM YCIOBHEM M3 AUHAMHMKH MCKITIOYA-
ercst none auAu, NpuCyTCTByloltee B yarpatxuane (2.2). OHO accoumupyercs ¢

3apAXEHHBIM [ONEM W, T.€. Teleph e€ro JUHAMUKA OMpeHeNaeTcs AUHAMUKOIM
v ’. TIpu nepexone K CTaTH4ECKUM HOMSAM (Au =0) 3KCIOHEeHTa B Y " npeBpala-

eTCsl B KYJIOHOBCKYIO 9KCIOHEHTY (2.36).

Teneps MBI rOTOBBI K TOMY, uTOOHI NOAPOGHEE 06CYAUTH BOMpoC 06 OHHO-
BPEMEHHOM YCTPAaHEHUH Moleil Ay 1 AIl ¢ moMomelo npeobpa3oBaHuil U3 pac-

WHpeHHo# KanuGpoBouHoii rpynme.. OH TeCHO CBSI3aH C APYIMM BOTPOCOM:
BIIOJTHE JIU MPOHM3BOBHBI KaMHOPOBOUHBIE NapaMmeTpsl ¥ ¥ v? DTOT nocequuii
SKBHBAIEHTEH BOMPOCY O JOMYCTUMOCTH HapylIeHHs CBsi3ell MepBoro poma (4o
nepexoaa B (GPM3HYECKHil CEKTOP), B YACTHOCTH, NPeOOPA3OBAHUAMH U3 PACILIH-
peHHON KaMGPOBOUHOI rpynisl, HockobKy S(OE =Jjo) = A(u—v) # 0. B narpan-

KHaH BXOOSAT BCE€ KOMIIOHEHTHI AP-’ CpH3H‘lCCKHC H He(bmuqecxne, U BCC OHH,

Kak Mbl BHIeNM B pa3l.3, cymectseHHbl A ¢usuku. H3ssectno, uto Teopus
nonyckaer hOpMYIMPOBKY B TEDMHUHAX JIHIIb (PU3HUECKHX BETHUUH, HHBAPHAHT-
HBIX OTHOCHTEJIbHO NMpeobpa3soBaHuil U3 PacIIMPEHHO! KaTMGPOBOUHO rpynmbI,
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vWMeHHO BennunH Y’ (2.36) u A : 8 =8 A, =0. CooTsercTByiolHii
L u,vw uy L

raMWIbTOHHAH CK&IAPHOMW 3/IEKTPOAMHAMUKH TakoB [95]:

3 1 2 2 . .-l 1 2 1 "2
th=jd x{E[EJ_+H g+ 5 TR+ 2 [@+eA, D @) } 4.7)
¢ KOMITIOHEHTHI nByMepHOI‘O BeKTOpa q) €CTh BeUleCTBCHHAd U MHUMaAd 4acTH
CKaJIIPHOTO KOMIJIEKCHOTO 10Jis 9=(9, +i(p2)/\/2_, I1 — kaHoHMYecKHii

WMIYJbC CKajJsipHOTO nosid, Matpuua T Boiiicana B (3.1), a wrpuxosannoe
none @ ormnuyaercs or O KyJOHOBCKOH 3KCHIOHEHTOI:

3
yn _ d’y 0A()
(D(x)—exp[ e in T—ﬁ/_Tx—y T)(D(x). 4.8)

Takum o6pa3zoM, B PU3HUECKOM CEKTOpe, T.e. C YUEeTOM BCeX CBH3eil 11eproro
poaa, Teopus (HOpPMyNHpyeTCs B TEPMHHAX JIMILb NOMEPEUIbiX HOJIei:

A=A, =0. (4.9)

0 I
Ee otnnuntensnas yepra — HeJOKalbHOCTH BCeX ¢husHueckux noseid (P’
naercs (4.9), ¥’ — (2.36), AL =—A_|rotH). B ramunbronnane (4.7) yxe yure-

Hbl CBSI3M, MO3TOMY, HECMOTps Ha ycnosus (4.9), Helb3s rOBOPHTH O Hapy-
weHnH 3akona [aycca, T.e. 0 nporuBopeuun tpebosauuii (4.9) caazsam. Tox-
4EepKHEM, BIPOUYEM, 4TO moJie A“ Hcuesaer JIMIIL B JaHHOM nipejacrasieduun. C

TOYKH 3PEHUS UCXOMHBIX (JIOKATbHBIX) nepeMeHHbIX D, Au OHO HE HCYENI0 —

NPOKOJBHOE MOJE NEPELUTo B 3KCNOoHEHTY (4.8). D10 03HavaeT; ans TOro, 4To-
2 i
6 npocneauts 3a cyasboit A” , HEOOXONHMO PEUIHTL YpaBHEHHS IBHXEHHS

<5

s nons @',

HUrak, Hedu3nyeckuMHU cTeneHsMH cBOOOJbI ABIAIOTCS BEJIMYMHBI, KAHOHHK-
4YeCKH COTIPSXEHHBIE BCEM CBA3iM nepBoro poaa (ux ckobku [lyaccona co scemu
OCT@/IbHBIMH  KAQHOHHWYECKHMH TNEPEMEHHBIMH NOJIXHBL PaBHATBCA  HYJIO).
C nomompio kanubposouteix npeobpazoBaHHil MOXHO (PUKCUPOBaTh HedU3M-
YecKHe NEPEMEHHbIE: HIH MONOXHTh HX PaBHBIMH HYJIO, WK MEPEHECTH B HUX
nhdopMalnio, cogepxaiyiocs B usudeckux crenensx csoGopsr. IMonb3ysce
TeM, 4TO (PH3NYECKHI CEKTOp HE 3aBHCHT OT HePU3MYECKUX MEpEMEHHBIX, HOC-
NeAHHE MOXHO MPOH3BOJIBHO MEHSiTh. B 4aCTHOCTH, MOXHO MEHSTh reHepaTopsl
KaM6poBOYHBIX npeobpazoBaHuii (CBA3M), YTO M HPOMCXOOMUT, HAIPUMEp, B
kannbposke DeiinMaHa: n0=apAp #0. 3necs BaXHO Juwb, 4ToObl B (hU3HYeEC-

KoM cextope T, =0. Hcronbsya B nonHom o6beMe kanubposounyw ceobony, T.e.

NMepPeXois K pacHIMpeHHoH rpynne npeobpa3oBanuii, Mbl ONEPUPYEM B IIPOCTPaH-
CTBe, BKIIIOYAIOINEM KaK (ulMueckHe, Tak W Hepusnueckue nepemeHnbie. Tlo-
3TOMY Ha JaHHOM 3Tale HEe/b3s TOBOPUTH O HapYyLIEHHH KaKWX-IUO0 yCiaoBuil
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(ypaBHeHHii JBUXKEHUS, CBA3€H) — BaXHO JIHLb, 4TOOBI 8TH ONepallH He 3aTpa-
rMBanu (M3MIECKOTO CEKTOPA, MEPEXOl B KOTOPbI BO3MOXEH B 000N MOMEHT
M OCYLIECTBIISIETCS Y4ETOM CBSI3CH.

PesromMupyeM: [0 nepexona B (PU3MUECKHil CEKTOP MOXHO NOJIb30BaTHCA
npeobpa3oBaHUsIMH M3 PACLIIMPEHHOH KanuOPOBOYHOH TPYIIIbI C MPOU3BOJIbHbL-
MU TIapaMeTpaMH U U V.

Akcuanvhas kaubposka A, = 0. AXcuanbHbie KaIMOPOBKM BbI3BATH 0COOBIH

MHTEpEC B CBA3M C TEM, YTO NPH HX WCHIONB30BAHHM OTHAIAET HEOOXONMMOCTH
npuGerath K (UKTHBHBIM MOsM: Marpuua B (2.54) He 3aBMCHT OT. rojiei,
BCIE[CTBHE UEro HE BO3HUKAET M npobiemsl komuid. Pukcanuel Tperbeit KoMIo-
HEHTH A

i)

A'3=A3+83A=0 (4.10)

cofepxauiasics B Heit MH(OpMaLyuA NEPEHOCHTCS B Apyrde KOMIIOHEHTRI, MO-
CKOJIBKY

A=f A, @.11)

X
3

O6pamanT Ha cebs BHUMaHMe ciemyioune obcrostenscra. Hapyuraercs
SBHBIM 00pa30M He TOJIBKO PENATHBHCTCKAd MHBAPHAHTHOCTH, HO M M30TpOIN-
HOCTB 3-MepHOro npoctpanctsa. Jlanee, naxe npu yOpipaiomux Ha GecKoHed-
HOCTH MOJsAX Au(A3 ~1/x,, Ixsl = o) dynxkuns A ne ybpaer: A ~lInixl,

lx;l — eo. OueBHaHO, NpUMeHeHHe 9TOM KanuOPOBKH KOPPEKTHO JIMILL B 3a/1a-

yax ¢ GHICTPO yOBIBAIMMHU MOTeHLUHManaMi. Hakoneu, napaMmerpsl OCTaTou-
HOit Kanubposoumoii rpynnsr A’, d;A" =0 3aBuCAT OT BpeMeHH. Crnenosatens-

HO, KaMOPOBOYHbIH IPOU3BOJ YCTPAHEH HE MOJHOCTBIO — OCTATHCD Heduzu-
yeckue CTefleHM CcBOOOMABI, KOTOpPBHIE MOLYT TIPOM3BOJIBHO MEHITBCH CO
spemereM. Ilpasna, A'=A’(x1,x2, 1) 3aBMCMT JIMIUb OT JBYX KOOpAMHAT, T.C.

MHOXECTBO HehH3NYECKUX [EPEMEHHBIX [BYXMapaMeTpUYeckoe, U C TOUKH
3pEeHUs UCXOMHOrO (TPEXMEPHOIO) MHOXECTBA MMEET Mepy Hymb. B pamkax
paciuvpeHHoii KanuGpoBouHoii rpynmnsl npeobpasosanue (4.10) renepupyercs
BTOPHYHOI CBA3BIO, T.6. A=V,
[ponaraTop 27€KTPOMATHUTHOIO MO B aKCHANTbHOH Kanmubposke [31]
—i qn,tng, 4.4
A = l g v pv+pvn2
v o2, .
Wogt o M E (qn)”

(4.12)

uMmeet noiioc npu gn =0, T.€. MOJIsl, pacnpoCTPaHSIIIMEC B MJIOCKOCTH, HOP-
MaIbHOH K 1, NOJHOCTBIO KOPPEIUPOBAHBI.

[puyuHHas PyHKUUS MOXET BBIIIALETh JOBOJIBHO CIOXHO MPH HCAONB30-
BaHUM BHIYYPHBIX KanHOposok. CyliecTByeT NpOCTOl KpUTEpHH, KOTOPOMY HON-
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XeH YIOBJIETBOPATH MPOMAraTtop 3MEKTPOMAarHUTHOrO Nojs (OH €CTECTBEH IS
IMHAMHYECKMX KANTUOPOBOK, HO NPHIOACH M JUTd HEAMHAMHYECKHX, 32 HCKIIIO-
YeHHeM BeHJIeBCKOH): oOMeH (DOTOHOM CTATHYECKUMH HCTOUYHHKAaMH JIOJKEH
BOCIPOU3BOANTE KYJIOHOBCKHIA MOTEHHHaT. PacCMOTPHUM 3JIEKTPOAHHAMUKY CO
CTAaTHYECKUMH HCTOYHHMKAMH Ju [115]:

jdx[4Fuv+AJ ] 4.13)
[MoxctraHoBKa 3TOTO fAciicTBus B (2. 50) naet
- C

WU =2 9,800, (4.14)

rae Afw — nponaratop (oToHa. anmqeﬂue TOKOB MEHSieT HEPTHI0 «BaKyy-

Ma» (Tenepb 3TO OCHOBHOE COCTOJAHHE B NIPUCYTCTBHU TOKOB) B ciyyae Cta-
THYCCKHX HCTOYHHKOB NMEEM

AE  T=— WL, (4.15)

AEVac ~—— CHOBMI HEPruu Bakyyma, T — BpeMeHHOi uHTepsan, T =1, ~1 — oo.

ITockonbky Ju(x)—éjo(x), JO=O U B UMIYJIBCHOM IPOCTPAHCTBE ‘70(‘1)=

= 21t6(q0).70(q), HAXOUM
= f T (@A DT (- )=

280) [ d3q e o |
=—2i—Jl on)’ Jo( @Ay (@)= s P (4.16)

T.€., BBUAY 3aMenbl 21t8(0) — T,

EE 5 &—f—JOm)AgO(q)JO(— ) 4.17)
C mpyroil cTopoHbl, 1epexoj K raMuibTOHHaHy B u3nueckoM cekrope (2.35)

[aeT

AE, =—1JA J——J———q— (q)éjo(—q). (4.18)

vac 2

Cpasnusas (4.17) u (4.18), monyuaeM MCKOMBIA KpUTepHi

1
— A (] == (4.19)

001 g =07 2
HauHbli npuMep elle pa3 XEMOHCTPUPYET crieUUPHUKY HePU3UUeCKHX CTerne-

He#t cpoboasi. Kasanock Obl, BriGupas B ciyyae J =0 xanuGposky Ay =0, Ml



1440 TIPOXOPOB JLB.

usbasisgeMca ot B3aumoneicteus B (4.13). Ho B s1arpatHxuaHe Hesib3s 1ojiarath
PaBHBIMH HYJIIO TIEpeMEHHble, Naxe Heduinueckne. Ponbs A, 3akimoyaercss B

reHepaltud BTOPHYHOH CBsA3M (3akoHa Taycca), cBuAETENLCTBYWOLIEH O 1oO-
ABJIEHUH B OKPECTHOCTH MOKOAILEFOCS 3apsfia CTaTHYECKOrO 3JAeKTPHUECKOro
(1.e. npoponskoro) nond. IlpogonbHble Mossi He MOIYT pPacIpOCTPAHATHCH B
OTpbIBE OT 3apsSA0B — MPH XKeEJIAHUH MOXHO roBoputh 06 ux nneuenuu. Brpo-
4eM, MOXHO TaK pacropsauTbCs TNMPOU3BOIOM (Hanpumep, BbIOpaTh Kanu-
6poeky deiinMana, cM. HUXE), 4TO Aym A“ YAOBJIETBOPSIOT yPaBHEHHSIM ABH-~

xenusa Jl.Jlopenua (4.4), a coBokynHblii addekt oOMeHa KBaHTaMH BDTUX
nonei Jaet KyJOHOBCKHI NOTEHLUAN.

Kanubposka Poka. K kanubposke (1.15) ok npuwien, usydyas apuxeHue
3apsKEHHOH PESITUBMCTCKONW YACTHLBI BO BHEIUHEM 3/EKTPOMArHMTHOM MOJIE.
HeiicTBne

S=—%”i2+l+;%Auic“}dt, ﬁ%, (4.20)

&

rae T — mmapuamnbm napameTp, BEOET K TEM X€ CaMbiM YpaBHEHUAM HBH-
XKE€HUdA, YTO U CTAHAAPTHOE C JslarpaHXnWaHoM :

L =‘—mVl—-v2—-AuJu, . 4.21)

0 dr’

ecnu 2= 1, T.e. ecu T — «coBCTBEHHOE BpeMs». BiaauMopeiicTBue kiaccuuec-
KOil 4aCTHLBI C TOKOM Ju=edxp/dt B (4.21) ecTb pe3ynbTar nepexoja K Mac-

CHBHBIM TOJISIM B narpanxuane (2.2): m — oo, Yyty — dx ¥ /diS(x - x(1)).

- TlpuMeHeHue 3TOI MM K PENATHBUCTCKOMY 3JIEKTPOHY MO3BONIMAO HAHTH
pewienne ypasHeHus Jupaka npH Haluyuu BHewHero nons [28,29]. Cosepuias
Kkanubposounoe npeobpazosanne ¢ pyHKuMeH

X

[
= n (4.22)
A= [aa |
X

o6HApyXHBAEeM, YTO HOBbie ANOTeHUMANb A’ =A + JA YIOBIETBODSIOT ypaBHe-
HHUIO

(x = xH4" (D =0, 4.23)
ecnu B (4.22) UHTErpUPYETCS MO MPAMOil, COSAMHSAIOIEH TOYKH X U x, Ora

KanuOpoBKa ynoOHa B clydae MacCHUBHBIX 4acTHMLl WIH 4acTHL BBICOKHX 3HeEp-
IHif, KOIZa H3JIy4eHHe He CJHIIKOM XECTKHX (POTOHOB Mano MEHSET HX
UMITYJILC, T.€. KOIZa NPUMEHHUMO «HH(pakpacHoe npubnuxenue». HUMeHHO
MIO3TOMY OHa TMPHMEHSETCA NMPH U3YYEHHU XECTKMX MPOLECCOB, B YACTHOCTH,
HpU HM3YYEHMH MpoleccoB ryGokoHeynpyroro paccesnus [60,116]. Orcioaa
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Xe ee CBiI3b C KOHTYpHbiMM Kanubposkamu [60). Kanubposka ®oka 3ameua-
TeJbHA TeM, YTO NO3BOMAET BBIPA3HTh MOTEHLIHAIB Yepe3 HANPIKEHHOCTH

1
AW=x, | SF (52) ds. (4.24)
0

IMogpo6Hoe nokasarenscTBO 3TOro MoxXHO Haiith B [30]. @opmyna (4.24)
ClipaBe/IMBa U B HeabeseBrIX Teopusix. OTMETHM IOMYTHO, YTO Kaiu6poBou-
Hajg MHBAPHAHTHOCTb MOTEHUHaTOB B (4.24) wutio30pHa — K Au MOXHO J06a-

BUTH auA, COXpaHHB va’ HO HapylIMB KanuOpOBKY; mo cymectsy (4.24) —

YaCTHBI ciyyall (MMeHyeMblit KanuOpoBkoil Poka), KOraa HeWHBapPHAHTHBIHA
O6BEKT NPUHMMAET MHBAPUAHTHBbIA BUX. OTHOCUTENBHO CBA3M TPENCTABICHHS
(4.24) c BHewnumu auddepeHunansapiMu GopMamMu cM. Tpunoxenue 7.3.

Ceazv kanubposku Poka ¢ Opysumu kanubposekamu. Kanubposka Pdoka
ABJISETCS KaK Obl IIEHTPOM, OOBSAMHSIOIINM MHOTHE (PU3MYECKU BAXHBIE KATH-
GpOBKH.

Kanubposxa Maxceenna. B [117,99] 6puto noxaszaHo, YTO SKCHOHEHIIHAIb-
Hbiit pakTop B (2.36), OMMCHIBAIOWMIL KYJIOHOBCKOE MOJIE, TPEACTaRIsAeTCS Oec-
KOHEUHBIM MPOM3BEICHUEM JIMHEHHBIX SKCIHOHEHT:

N x
a4l
I exp(-ie | A G Ay e AN e (4.25)
ij — o0

Hngekcsl I, j HyMepyIOT IUIOIIANKK Ha OKPYXaloLlei 3apsy eAMHU4HOM cdepe,
Yepe3 KOTOphbie MPOXONAT MCXOASIUNE U3 3apsina MpsMble (KOHTYPH MHTErpH-
poBanus (4.25)). SIcHo, YyTO B Cilyyae CTaTHYECKOrO HCTOYHHKA KanubposKa
®oka (1.14) skeuanenTHa Kanubposke Makcsenna (1.9), accouuupyomeii
HPOAOJIBHOE MONeE A“ ¢ noneM martepud. HesaBucHMO OT mpeacTaBieHHs

(4.25) 2TO MOXHO YBHIETh HEMOCPEACTBEHHO M3 hopmynsl (4.8). Hurerpupys
B [10Ka3aTe/le 9KCTIOHEHTHI 110 4acTIM, 3a[UChIBAEM €€ B BHAE

3
exp ejd—a("u)Lg‘T . (4.26)
4n|x—y|

OueBupHo, KaK M B Clydae pagHalMOHHON KaluOpOBKH, B 3agaue C
dukcuposannbiM ucTouHHKOM TpeGoBanue (1.15) accouumpyer npomonbHoe
none A“ C 3apsIoM.

Jlpyzue xarubposku. Kamubposka Poka TeCHO CBi3aHa C KanMOpPOBKaMH,
MCTIONB3YIOLUMH JINHEHHBIE DKCHIOHEHTHI. OHa JIOMIe3Ha B 3a1a4ax, e BCTpeya-
I0TCS JIMHEHHbIE MHTETPaibl OT BEKTOP-TIOTEHLMANOB, T.€. MHTEerpansl 1-chopu.
XapakTepHbiii npumep gaeT dusuka uHgppakpacHoro unydenus. Undpaxpac-
Hble (DOTOHBI [EHEPUPYIOTCA KiaccudyeckuM ToKoM [118;119], u mwis ux yuera
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JOCTaTOYHO paccMOTpeTh 3amauy ¢ fgeicTeueM (4.13). JIBUXeHHE TOYEYHOrO 3a-
psfa CBS3aHO C TOKOM

ep dx dx
- _P _u K
J %) 3 a(x E,,IJ’ p=—tm=—tE, 4.27)

TAE p,, — MMAY/ILC YacTHUH, Ep — €& 9Heprud, p2 =m?. TunuuHbIi dakrop,

OMMCHIBAIOLINI NoNe M3TydeHHbIX (OTOHOB B KanubGposke PeiinMaHa, faercs
3KCMOHEHTAaMHU

. 3 Ay _ . A My . A u
exp(i[dt[d xA%J ) = exp (ie | diAn ) n ) = exp (teIAu(x)dx ). (4.28)
0 0 "

3nech n;l:p“/Ep:dx”/dt; HHTErpHpOBaHMe B nocieaneM uieHe (4.28) se-
ReTcs MO NpIMOH, 3alaBaeMOil BEKTOPOM "y 3Hauok A npH Au 03Hayaer, 4To

YYHTHIBAKOTCS 'HEperucTpupyemMbie JOTOHBI B HHTEpBaNe 9HEPrHit A =E — €, rae
E — pa3pewalomas cnocoGHOCTh annapatypbi (perHcTpupyioTcs nuib ¢Goro-

HBbl C OHEpIrHeH a)q > E); g’ XapakTepu3yeT MHHUMaIbHBIH pa3Mep 06nacTH, B
KOTOpPOH HaXOAMTCS HM3/yyaioliasd 4acTHUA W TMOJIHBIA 3apsll KOTOpPOH paseH

Hyno (GOTOHB C ATHHOH BOJHbI Xq >& ! He uiny4yawrcs). DkcnoHeHTo (4.28)

ONHUCHIBAIOT Nojie HHPpakpacHbIX (POTOHOB paccesHHOH YaCTHLbI; MEpexoa K
NOJII0 HAIETAIMWIEH YaCTHLB JOCTUraeTCs H3IMEHEHHEM 3HaKa [10Ka3aTes 3KC-
NOHEHTHI. DTH POpMYIIbl CIPAaBEIHBE M B TOM CJiydae, KOraa 3HEPrHH H3Jjy-
4yeHHBIX (POTOHOB He Mabl. U1 UX MPUMEHUMOCTH HEOOXOMMMO NH1Lb, YTOOBI
H3JIyyeHHE KBAHTOB MPeHeOpeXHMO MaJlo BIMAIO HAa MMIYILC 3apsXEHHOH
4acTULLL, T.e. npH Ipl = oo. OTCI0Na CTAHOBHTCH ACHOM OPHYHHA, NO KOTOPOH
kanubposka Moka oKka3siBaeTCs CBI3aHHOH C KanuOGpoBKamH, ynotpebnse-

MI:IMH npH ONMHCAaHUHM XECTKHX mpoueccos. Tak Kak nf,—m /E2 TO n;—)O

npu Ep—)oo W Mbl NPHXOAMM K KanubpoBKe cBeTOBOTO KOHyca. E# Gamnika

Kanubposka Jiunarosa [45] (cMm. uuxe (4.39)). MMnynscol ¢oToHa g M npoTo-
Ha p, YYaCTBYIOIHX B rpouecce MybOKOHEYnpyroro pacCesHus, npeacrasis-

10TCA B BUAE q=¢q  + p’q2 /s, p=p + q'm2 /s, e q'2 = p'2 =0, s"=2p’q’; npo-
M3BONBHBIN MMOyneC k mpencramnsercs cymmoi k=o0g'+Pp’ +k, gk =

=p'k | =0. Iponaratop BEXTOPHOH HaCTHLLbI (T1I00Ha) C UMIYABCOM Kk B 3TOM

nopxone , ,
: c _ = l q kV + k q
A = gy - —”—“—E,k (4.29)
K+io\7H q

HIEHTHYEH NMPONAraTopy B KanuGposke ceeToBOro Kouyca ((4.12) npn n =0);
POJib BEKTOPA N UrpacT KOMIOHEHTa ¢’ HaneTawmero GoToHa (q’2 =0). B pan-
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HO# KanuGpOBKe BKJaj AMarpaMM C TOPMO3HBIMM KBaHTaMH NpeHeOpexuM B
[MaBHOM JlorapuMUYecKoM npubnuxeHuu. B Heabenesbix TeOpHsX GOpMYbl
(4.28) coXpaHSIOT CMBICI, €CIH CYHTATh, YTO NOJS MPUHHUMAIOT 3HAUCHHS M3
anreGpsl JIu xanuOpPOBOYHOI TPYNMBl, H BBECTH YIOPANOYEHHE OMNEpPaTopos
BIOJIb MYTH WHTETPUPOBAHUS.

HUrak, kanubposka Poka cea3aHa Cc HeNOH TPynnoil (PU3HYECKH BaxHbIX
KanubpoBoK, UMeloWKX pasHblil Gusndeckuit cmpica. CyTe 1106010 KannGpoBoy-
HOTO YCJIOBHMS 3aKJTIOYaeTcs B YKasaHWM nons (creneny csobonsl), He coaepxa-
IErocs WM MCKJII0YAeMOINO M3 ypaBHeHHMil mBuxkenus. B cnyuae xanuGposkn
MakcBesia 3TO NpOAOJIbHOE HONE A”. OHO acCOUMHPYETCS € 3apAXEeHHbIM

MojleM MaTepHH M HE MOXeT M3nydyarthes (KynoHoBcKas akcnomenta (2.36)),
NO3TOMY K3yyaeTcss AMHAMMKA JHIUD 3apSXKEHHBIX MONEH U NONEpeuHsIX nonei
A,, KOTOpbie PpacnpoCTPaHAKTCA csoboaio. DTH NocheHHe YROBIETBOPSIOT

ycnosuio 0A 1 =0; no cywecrsy, coepleHO xanubpoBouHoe npeobpazosanue
A-oA'= A.L' Ces3b ¢ Kanubposkod Poka (1.14) BbiscHAETCS U3 BO3MOXHOCTH

npeacTaBieHus KyaoHOBCKOro ¢akrtopa B (2.36) GeckotieuHblM NPOU3BEACHHEM
JSMHEHHbIX 3kcnoHeHT (4.25), (4.26).

KanuGposky, Hcnonb3yemsie B (DM3HKE YACTHL BBICOKHX IHEPIUH, Takxke
CBA3aHbl C JIMHEHHBIMM MHTErpanamy OT BekTop-noreHuHanos. [lpu Ipl — oo
NPUMEHNMO KBa3WKJIACCHYECKOe NPHONHXEHHE, KOraa TPaeKTOpHHU YacThL arn-
NPOKCHUMHPYIOTCS TPSMbIMH, ¥ TOJE HEPETUCTPUPYEMBIX («MATKHX») KBaHTOB,
CONpOBOXAalollee YacTUlly, Aaercs sKcronentamu (4.28). Otcioga nossieHue
kaubposkn Poka — «HHOpPaKpacHble NOJA», CONYTCTBYIOUIHE HaCTHLE,
MCKJIOYAIOTCS M3 AMHAMHKH, T.e. (haKTHUECKH COBepiuaercs' KainGpoBouHoe
npeobpa3oBaHue Au—)A'u’ (x——xo)uA’“=0. Teneps A8 TOro, 4Tobbl npocie-

AuTh 33 HX cynpGoil, NOCTATOYHO RPOCAEOUTh 3a Minyyawouied yacTuuei. Ilpu
Ipl = oo BekTOp n,~ X=X, CTaHOBUTCH cseronogobHbIM 1 kanubpoeka Poka

npespaulaercd B KATHOPOBKY CBETOBOIO KOHYCa.

Xorsa ycnosus (1.14), (1.15) nexar B ocHose u kanu6poBkn Maxcsenna, u
CBETOBOIO KOHYCa, (PU3HYECKH OHU COBEPLUCHHO padiuyHbl. Kak MBI BHIICHWIIH,
HeJMHAMHYECKHE KATHOPOBOUHbIE YCIOBHS BBIUIENSIOT FIONs, acCOLUMHPYEMBIE C

3apaaaMu U He Gurypupyoliye SBHbM 00pa3oM B ypaBHEHHsSX ABHXeHUs. B cay-
yae paIMalHOHHOH KanuOPOBKM — 3TO KYJOHOBCKOE MOJIE, ONHCHIBaEMoOe A” .

OHo cBf3aHO C 3apsagaMH M MOXET pacrnpOoCTPaHAThCH JiMLIb BMECTE C HUMH,
TOrAa KakK nond A.L ~- JHHAMHYECKHE, T.€. MOTYT MOMOLIATHC, HUINYUATHCS U

PacnpOCTPaHATECA HE3aBUCHMO OT 3apsifio. B ciyuae Xe akCHalbHHX Kanubpo-
BOK, CBSI3aHHBIX C BBeJleHHeM chakTopoB (4.28), none npA A __ none HEpErucTpH-

pyeMoro Hijlyu€HH#d, T.C. 3TO CKPbLITHIC, MAaCCHBHLIC CTCNCHU CBOGO}IH. AKTHBHO
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NposABAAIOT cebs OCTAINHECH KOMIIOHEHTHI AP-’ KOTOpbIE MOTYT HabnwoaaThed.

PasymeeTcsi, npuMeHeHne Oosiee COBEPLIEHHOH anmapaTypsl MO3BOJMMT Halmio-
[aTh U 9TH, B JAHHBIX OOCTOATENHLCTBAX MCKIIIOUAEMbie M3 THHAMHUKH mojia. Cka-
3aHHOE O3HAYyaeT, YTO pa3feleHHe HoJeil Ha MacCHBHBIC U aKTHBHHIC YCJIOBHO.
HakoHell, enie OIHO OTJIMYME KATHOPOBOK, HCMOJIB3YEMBIX TIPH U3YUEHHH peaib-
HBIX MPONECCOB, CBA3aHO C TeM, YTO B KaJWOpoBKe ceeToBoro Kouyca (1.12)
HCKJIIOYAIOTCS BCE MO, TOTIa Kak coriacHo (4.28) B XeCTKHX mpoLeccax cie-
JYET MCKJIIOYATh JIMILbL KBAHTH C BHEprueil U3 HHTepBana A.

OTMeTUM B 3aKJTI0YEHHUE, YTO JIMHEHHbIE 3KCTIOHEHTHI UMEIOT yOOKHiH reo-
METPUYECKHd CMBICII: C TOYKH 3PEHHUS] PaCCIOEHHBIX IMPOCTPAHCTB NOJs Au ecTh

CBSI3HOCTH, @ JIHHeHHble SKCIIOHEHTBl — OIEPaToOPBl IIAPALIENBHOIO MepeHoca
[22,121]. YuursiBas, uto Kanubposka Poka eCTECTBEHHO HHTEPNPETHPYETCH U
Ha s3biKe BHEWHUX Au(depeHuHanbHbiX dopM (cM. npunoxenue 7.3), crano-
BUTCS SICHBIM, YTO €€ I[OSIBJICHHE — 3TO Pe3yNsTaT MyOboKoro. IpOHHKHOBEHHS B
CYILIECTBO KaIMOPOBOYHBIX TEOPHIA.

¢ . .
4.2, JTuaamuueckme KaaubpoBku. Kanubposka @Deinmana L=
=— (auAu)2 /2. Tlpexpe Bcero noKaxeM, YTO KJIACCHYECKHE YPaBHEHHS HBHXeE-

Hud B xanubpokax Jlopenia u PeiinmMana cosnafaioT. JeiicTBUTENBHO, U3 Npel-
craneHus (2.6), (2.8) cnemyeT, 4TO 3a BHIYETOM YETHIPEXMEPHOUN AMBEPreHLHH
narpaHxuaH cBOGOAHOTO BJIEKTPOMATHUTHOIO 105t L ) 3alHCHIBAeTCH B BUC

1, 1 2 )
Lo=-5A0A4,+5 @A) (4.30)

Pukcaumns kammbposku no [eiizendepry — Ilaynn — ®eiinmany [32,33] 3a-
kmouaercst B foGasnenuu k L ) wiena L '=—(8uAu)2/2, f03TOMYy B 0060HX

kanubpoBKax Bropoe cnaraeMoe B jarpawxuade (4.30) ucuesaer, H MBI NpH-
xonuM K (4.4). Pasnuua Mexay HUMH B TOM, 4TO B KanubOposke JlopeHnua nose
BHAM=O’ a B xanmubposke PeiiiMaHa OHO, coracHo (4.4), ymOBneTBOpAeT

ypasHeHuo TanamGepa O auAu =0.

Kanu6poska @eiinMana no cyuiecTBy ssnsercd cranpaprtHoit. Tomy mo
KpaitHeil Mepe JiBe MpHUUHBL: 1) ee SBHA pEMATHUBUCTCKAsd WHBaPHAHTHOCTD;
2) BO3MOXHOCTb NpociaeanTs cyapby ¢usndeckux creneueit ceoboast. JdeiicTau-
TenbHO, nponaratop oToHa B 910l KaTMGPOBKE MPONOPLUOHATEH MeTpHyec-
KOMY TEH30py

c - l
= 4.31)
v 2. Sy “.
Wi
T.€. 3apSKCHHbIE YAaCTHLbI OOMEHHBAIOTCS HE TOJIBKO MONEPEUHBIMU KBAHTAMH
A_L, HO ¥ KBaHTaMH Monen AO, A“ . Cosokynusiit 3¢heKT MOCASIHUX HONKEH
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CBOOHMTBHCS K KYJOHOBCKOMY B3aumopneiicTBuio. KaxuMm xe obpa3om 3aech cocy-
wecTByloT (usuueckue u Hedusuueckue creneHH ceoGompt? OTBET Ha 3TOT
sonpoc pan ®eiiuMan [122—124]. B umnysscHoM npeacTtasieHun adekt ot
oOMeHa KBaHTaMU Au TiponopurMoHaleH M:

iM == (4.32)
q-+1i0
YyuTbiBasd COXpaHEHHE TOKa q, ju = qoio - qjII =0, nouscraBjiseM B CYMMY

juju =jg-jﬁ —ji BHIpAXEHHE JUIS NPOAOIbHON KOMAOHEHTHI:

iy =S a0y (433)
q
[Tony4aem 5 . L.
q Jol I
s Y T e e PGS
g~ +i0 q q q +i0

[peacrasienue (4.34) umeer scHbiil Pusnueckuil cMeici: obMeH KBaHTaMH
- . . 2
nonei AO W AlI DaeT KYJOHOBCKOE B3auMOAeEHCTBHE —joz/q , Torfaa kak ag-

thexT o6MeHa nonepeusbiMU (KaNHOPOBOYHO-HHBAPHAHTHBIMK) KOMIIOHEHTaMH
A onpenenseTcs MariMTHBIMH XapakTepPUCTHKAMK YacTuu. 3Has nponaratop

B Kanubposke PeiiHMana, NErKo MONYYHTh NPONAraTopbl B JIOPEHUEBCKOH M
akcHanbHOM kanubposkax. McxonHoii asasiercs dopmyna

r i
A n= Au + a“A. . (4.35)
MMepexonst, Hanpumep, K Kanubposke Jlopenua auA’u =0, umeeM A=

Bovy
ca (4.31), nonyqaem (4.6). B cnyuae akcuanbHbix KanubpoBok umeeM nA’ =0,

T.e. A=—(nd) 'nA u A’u =Ap - au(na)_]nA. CHoBa 1ioJib3ysch (4.31), nonyyaem

=o' 94 ,Te. A =A +0% 24 W, YYHTHIBAsd, Y4TO Mpornaratop A jgaer-
Wip p= y p P Ay

nponaratop (4.12) B akcuanbHbIX KanubGposkax: Beiins (n2 = 1), CBETOBOTO KO-
Hyca (n2=0) H ApHosuta — QuKIepa (n2=—-1). Hakonen, mis nepexoga k
pagMauHoHHO#N KanuGposke (1.9) Heo6xoaumo B3TH A =-A"19A. C nomousio
_ Tuv _ T_ vp
marpuust T (2.7) n oneparopos 0.=T auav_ A, au = guvT d o
= =_ Th —_ ’
aaT_azT_ a, auAu— JA 3amuchiBaeM Au B kanubpoeke Makcsenna B
WHBapHaHTHOl dopMe: A'H=Au+a“|j;1 a‘fAv. Hckomplii nponararop oToHa

HMEET BHUI
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T, T
M__—i g — v * quqv quqv (4.36)
Hv q2 +i0] W q% qT

B cuny coxpaHeHHs TOKa Npou3BoxHas B (4.35) He MeHseT aMIUIUTYIbl Be-
POSATHOCTH HpoLiecca, T.€. BO BCeX 3THX Kanubpopkax OyoyT MMETh MECTO pas-
Ouenue (4.34) u xpurepuii (4.19). L5 nonHoi ACHOCTH NPHBEAEM BCE Xe JETaIH
BBIYMCIIEHMI )15 KaKOH-uuOyabs oguoil kanubposku. Hanpumep, B xanmubposke

Beiins A(‘;‘(/) =0 (cM. (4.12)), cnenoBatensHo,

iMW=2—1— 2+(#"=)L. (4.37)
qg +i0 qo

Ho j2=jﬁ "'.ji’ (qj)2=q2jﬁ, u, yuuThiBas (4.33), npuxogmMm K IpejcTas-

nexuio (4.34) s MY CoOTBeTCTBYIOILNE BHIKJIANAKH M1 APYTHX KaniuOpoBoK
OTIIMYAKTCS JIHIIh HEMPHHIMIHATBHEIME JETATSIMHU.

Hpyzue xanubposku. OOCYyIMM BKpariie HEKOTOpble ApyrHe KaiHOpOBKH,
cBsizaHHbie ¢ OOABICHHEM B JIaTpaHXHaH KATHOPOBOYHO-HEUHBAPHAHTHBIX 4Jle-
nos. loGarnenue £’ (1.21) (mranapHas xanubpoeka) mensier marpuuy K (2.8)
B JlarpaHxuaHe (2.6):

) av nn,
K, -k, =-0 gw+—”—D -+ (4.38)
: on
ITponaraTop BEKTOPHOH YaCTULBI MMEET BUJ,
iy gn,+naq, 4.4
AP = ———] g BBV BT (o | (4.39)
W +io| W qn (gn)

[Ipu a0 — 1 nonyuaercs nnanapHas xatdOposka pa6Gotsl [46] (n2¢0), a npu

nt -0 npuxogum K xanuGposke Jlumatosa [45], T1nA =0. Tocneguss oTHO-

cuTcs K KanmuGpoBKe cBeTOBOro KoHyca nA = 0 Tak xe, Kak kanubposka DeiiH-
mana ([1dA =0) x kanuGposke Jlopenua (dA =0). HassanueM «miaHapHas
KanuGpoBka» [46] TepMHH 0043aH IUIOCKOCTH, B KOTOpPOH JIEXHT BEKTOp

n=o0q + Bp’, n2#0 (cM. (4.29)). Takum o6Gpa3zoM, TEpMHH, CBI3bIBAEMBIH C
tpukcatopom (1.21), oxBaThiBaeT pazHsle KaTUOPOBKHU.

Kannﬁpom(a (1. 22) WA n = 0,1 — punamudeckas (£ ' KBagpaTHyeH Mo CKO-
pocTaM AO) a npu n?=-1 tukcarop £ ' MeHSeT QUHAMUKY KOMIIOHEHTHI nA.

®oHosas kanubposka (1.23) BaxHa He TONBKO IS NOJNYYSHHS pe3y/IbTaToB
obutero xapakrepa, HO H Ul KOHKPETHBIX BoiudcieHuil [49]. B aroM nogxome
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noMumo Bbi6opa £ * BaxHOI HaxoaxoH ABisgercd uues pasOMeHNs CBA3HOCTH Ha
TEH30p U cBsi3HOCTH (ycimoBue (1.24)).
HHorna B xauecTse (pukcatopos npemiaraot 6pats {44]:

. 2
L'=~5-(3A) (4.40)
173) 1] 2
- % (nA)*. (4.41)

Mpexae Bcero OTMETHM, YTO O®TH KaTHOPOBKM He OTHOCATCA K Klaccy
IUHAMHYECKHX —— B HMX HE BXOIUT CKOPOCTH A()' Hanee, pobOasienne x L

(4.40) sKBMBaEHTHO pagMalMOHHOMK Kannbposke nump npu o — 0, a xobas-

nenue (4.41) [31] cBomuTcd K HageNeHHIO Maccoil Mo nA U npH n? <0 mens-
eT OHHaMKKy ¢u3udyeckoro cekropa. IlceBmoakcuanbHas KanuOposka (4.41)
CBOAMTCH K aKCHAIBHOU IIPH 3 — oo,

4.3. KsauroBaume. [lpuHumnuansHad pojib JUHAMHYECKHX XaiHOpOBOK
nposiBiAercs Nnpu KBaHTOBaHuM. HemuHamuuyeckue KanuOpOBOUYHBIE YCHOBHS,
HanpuMep, A0=0, HE MOFYT TPaKTOBaThCs KakK OINEepaTropHble paBeHcTBa. Kak

OMNEPATOPHBIC PABCHCTBA HE MOFYT TPAKTOBATbCA M CBA3HU. CKAXEM, PAaBEHCTBO

=0 HPOTHBOPEYMT IEPECTAHOBOYHBIM cOOTHOLIEHUSIM (2.48). Casisu cneayer
MOHUMATh B CIa0OM CMBICHIE, T.€. KaK YCJIOBHS Ha (DU3MYECKUE BEKTOPHI COCTO-
auuit (2.49). Ho torma kannGporouHoe ycnosue Beiing Henb3s NOHMMAaTh Kaxe
B cnaGoM cMbiciie (Kak YCIHOBHe Ha BOJHOBYIO (DyHKHMIO), HOO 3TO NPOTHBO-
peunno Obt cooTHOWEHMIO HeonpenenenHocrell. [ToaTomy ¢ TOYKH 3pEHHS KaHo-
HUYECKOH KBAHTOBOH TeOpPHM €NMHCTBEHHBIHl HOMYCTHMBIH cnoco6 YCTpaHEHHs
NPOU3BOJIA — UCMOJIB30BAHKHE AMHAMHYECKHX KanubpoBok. Tak u mocTynaior B
KD. Hossie kanubpoBKH Hauald MOSBIATECS NpH M3yueHUH HeabeneBhix
TEOpUH, a TaKXe B CBA3M C HCMOJIB30BAHMEM aNNapaTa KOHTHHYAIbHBIX HHTE-
rpaioB. B unterpan (2.50) noncrasngior S(Ao), a B COOTBETCTBYIOILIMH raMHJIbTO-

HOB KOHTHHYIbHBIH HHTErpA — 8(A0)8(n0) [71]. O6a 3ti cnocoba ycTpaHeHus

NpoU3BOJIa NPOTHBOpEYAT IOCTy/IaTaM KBaHTOBOH Mexanuku. Ho gaxe B Kiac-
CHKe, KaK Mbl BUIEIH B pa3l.3, ycTpaHeHHe NEepeMeHHOH y (T.e. Aj) M3 Ja-

rpamxuana (y — 0) BegeT K nmorepe BTOPUYHOH CBS3H. YIansaTh HepU3HUYECKHE
NEPEMEHHBIE C MOMOLIBI0 O-(DYHKLMI MOXHO JIMIIb MOCTIE BBISIBICHHUS BCEX CBA-
seif. Kax nokasano B n.3.2, nocie Toro, Kak Bce HedH3MYECKHE MepeMeHHbIe
YCTAHOBJIEHbE, HX, B NPUHLIKIE, MOXHO CYMTATh PaBHbBIMU HYJIO, TOYHEe, UTHO-
pUpOBaTh HUX CyllecTBOBaHUe. JIpyrUMH CIOBaMHM, CYHTaTh, 4YTO BOJIHOBbBIE
(yHKLIIMM OT HHX HE 3aBHCAT, MOCKOJIBKY OHH HE BIIUSIIOT Ha (hpusMuecKuil cek-
Top. Ho Tax npocto geno o6cTouT nuius B caydae, Korma HedusHuecKue mepe-
MEHHbBIE HE CBA3aHbI C KPUBOJMHENHHBIMH KOODAMHATaMH. B NpoTHBHOM criyuae
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npaBu/ia KAHOHWYECKOro KBaHTOBaHHs HenpumeHuMnl [100]. Koppexrtnas npo-
Lefypa KBaHTOBAHMS MpejnofiaraeT nepexos K AeKapToBbiM Koopaunatam [100]
WK crienManbHui Habop NpaBWIT NMPH KBAaHTOBAaHMH B PaMKaX METOHAa KOHTHHY-
anpHOrO MHTerpuposanus [107]. Mexny TeM cBSI3b HEPHIMIECKHX MEPEMEHHBIX
B KUTHOPOBOYHBIX TEOPUSIX C KPUBOJIMHENHBIMU KOOPIHHATAMH SIBISIETCA CKOpEe
npaBuiIoM, ueM uckioverneM. Kak Mel Bumenn Ha mofens (3.1), naxe B ayieKTpo-
IuHaMuKe Hedu3uyeckas mepeMeHHas O ecTs yron B HOASPHBIX KOOpOMHATAX.
HMeHHO No TO# NpUYMHE ONepallii KBAaHTOBAHHUS M YCTPaHeHHs HeU3nUECKuX
nepemenHpix Heniepecranosounst [107, c¢.1137]. Heobxoaumo cobnionenue
NpaBUJl KBAHTOBAHHA CHUCTEM CO CBA3AMH, chopmynupopaHHbix lupakom [96]. B
cnydae mozenn (3.1) yuer ykasaHHbiX OOCTOATENBCTB NPHBOAMT K TOSBIEHUIO
JOTONHUTENbHOrO wieHa (-1 /2r)ar B (usnyeckoM ramuiabronuane (3.15).

AHaJlu3 JaHHOTO BONpoca B Teopuu noseit lura — Munnca caenan B [125,126].
IMokazaHo, 4TO yYeT KPHBOAHHEHHOCTH KOOPAHHAT M B 3TOM Ciyyae BeleT K

moaucukauny usznueckoro onepatopa FamMuibTOHa.
&

5. KAJIHBPOBOYHLBIE INIPEOBPA3OBAHHNA

5.1. JloxanbHsie B rro6anbHbie KanuOpoBouHbie nMpeoGpasoBaHua. XoTs
OTHOCHTEJIbHO NPUHUMIHAIBHOTO Pa3iuyMs JIOKaNbHLIX H IoGanbHbIX KanHbpo-
BOUHBIX Npeobpa3zoBanuii yxe nucanoce [63,127], sTOT BaxXHBI BONPOC A0 CHX
Op He Haulesl OTPaXeHMs Ha cTpaHKuax yyeOHHKOB 1 MoHorpaduii (B [63] peus
uner auub 06 OTO, a B [127] o obcyxnaercs B o6wem niaHe). Mexay Tem u
cerofHs IPHXOAHTCA CTAIKHBATLCH C OTCYTCTBHEM ACHOIO NOHUMaHMS (DU3MKH,
CTOsIILIEH 32 CBOMCTBAMH HHBAPHAHTHOCTH OTHOCHTE/IBHO YNOMSHYTHIX npeobpa-
3oBanuil. OBcynuM BKkparLe 3Ty npobneMy.

1. I'nobansHas xarubposounas uneapuanmuocms (GOPMaIbHO CBOAMTCA K
HHBApMAHTHOCTH JEHCTBHS (TUTOTHOCTH JarpaHXHaHa) OTHOCHUTENIbHO npeobpa-
30BaHHI NOJICH ¥ KOOPAUHAT C MOCTOSHHBIMHM NapaMeTpaMH ® (aum =0). Cnencr-

BHEM TAKOil WHBAPUAHTHOCTU SBIAIOTCH 3aKOHBI COXpaHeHMs (mepBas Teopema
Herep [128]). YTBepxieHHe CTAaHOBMTCA TPHBHAIbHBIM, ecnH oOpaTuTbca K
ORHOMepHOMY ABHXeHuio. Jlarpanxuan L, BooOlue roBops, 3aBUCHT OT KOOp-
IMHATHL M CKOPOCTH, OAHAKO TpeGoBaHHe HHBAPHAHTHOCTH OTHOCHTENBHO CABHIa
X ~>x+a, a=const, uCKoyaer 3aBUcMMocTh L oT x: dL/dx=0. Dusnyecku
3TO O3HAYaEeT, YTO BCE TOYKH OCH PABHOMpAaBHbI, T.€. COCTOSHHE M (PHU3HUECKUE
YCIIOBHS, B KOTOPbIX YacTHLIA HaXOAMTCH, CKaXeM, B OKPECTHOCTH Hadala KO-
OpIOMHAT, HEOTVIMYHUMBI OT COCTOSHHUS M YC/IOBUH B OKPECTHOCTH TOYKH x =a. Ho
€CIM Ha YacTHLy HHYTO HE BO3JEHCTBYET, TO ee UMIyabCc coxpaHderca. Pop-
MaJIBHO 3TO CNIEAyeT M3 ypaBHeHHMs OBUXeHHus: p = oL /0dx, nosromy dp/dt=0.
Hpyrumu cnosamu, p 