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A.A.‹µ£Ê´µ¢

ˆ´¸É¨ÉÊÉ Ë¨§¨±¨ ¢Ò¸µ±¨Ì Ô´¥·£¨°, �·µÉ¢¨´µ

‚ µ¡§µ·¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¶·¨´Í¨¶Ò ¶µ¸É·µ¥´¨Ö ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ (�’ƒ).
� ¸ÉµÖÐ¥¥ ¨§²µ¦¥´¨¥ µ¸´µ¢ �’ƒ µÉ· ¦ ¥É ¶·µ¨¸Ï¥¤Ï¥¥ §  ¶µ¸²¥¤´¨¥ ¤¥¸ÖÉÓ ²¥É ¤ ²Ó´¥°Ï¥¥
· §¢¨É¨¥ ÔÉµ° É¥µ·¨¨. ’ ±, ´ ¶·¨³¥·, ÊÎ¨ÉÒ¢ ¥É¸Ö ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¢¢¥¤¥´¨Ö ³ ¸¸Ò £· ¢¨Éµ´ 
¨ ÊÉµÎ´ÖÕÉ¸Ö Ëµ·³Ê²¨·µ¢±¨ µ¸´µ¢´ÒÌ ¶µ²µ¦¥´¨° É¥µ·¨¨, ¢±²ÕÎ Ö ¨ Ë¨²µ¸µË¸±ÊÕ ¸Éµ·µ´Ê
µ¡µ¸´µ¢ ´¨Ö ¢Ò¡µ·  ¤²Ö µ¶¨¸ ´¨Ö Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° µ¶·¥¤¥²¥´´µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ ± ± ¶·µ¤¨±Éµ¢ ´´µ£µ Ê´¨¢¥·¸ ²Ó´Ò³¨ ¸¢µ°¸É¢ ³¨ ¤¢¨¦¥´¨Ö ³ É¥·¨¨ ¨ ËÊ´¤ ³¥´É ²Ó-
´Ò³¨ § ±µ´ ³¨ ¸µÌ· ´¥´¨Ö.

�µ± § ´µ, ÎÉµ ¤ ´´ Ö É¥µ·¨Ö ¶·¨¢µ¤¨É ± ¥¤¨´¸É¢¥´´Ò³ µ¡· §µ³ µ¶·¥¤¥²¥´´Ò³ ² £· ´¦¥¢µ°
¶²µÉ´µ¸É¨ ¨ Ê· ¢´¥´¨Ö³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �¡¸Ê¦¤ ÕÉ¸Ö ´¥±µÉµ·Ò¥ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö
¤ ´´µ° É¥µ·¨¨.

Basic principles of the Relativistic Theory of Gravitation (RTG) are presented. The progress in
this ˇeld during last ten years is taken into account. Non zero mass of the graviton and the choice of
a certain space-time geometry to describe physics phenomena are motivated by universal properties
of the matter movement and fundamental conservation laws.

It is shown that this theory leads to uniquely deˇned Lagrangian density and equations of the
gravitational ˇeld. Some physical consequences of the theory are discussed.

‚‚…„…�ˆ…

�µ¸±µ²Ó±Ê ·¥²ÖÉ¨¢¨¸É¸± Ö É¥µ·¨Ö £· ¢¨É Í¨¨ (�’ƒ) ¸É·µ¨É¸Ö ´  µ¸´µ¢¥
¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ (‘’�), ³Ò µ¸É ´µ¢¨³¸Ö ´  ¶µ¸²¥¤´¥°
¡µ²¥¥ ¶µ¤·µ¡´µ, ¶·¨ ÔÉµ³ · ¸¸³µÉ·¨³ ± ± ¶µ¤Ìµ¤ �´·¨ �Ê ´± ·¥, É ± ¨ ¶µ¤-
Ìµ¤ �²Ó¡¥·É  �°´ÏÉ¥°´ . ’ ±µ°  ´ ²¨§ ¶µ§¢µ²¨É £²Ê¡¦¥ ¶µ´ÖÉÓ · §²¨Î¨¥
ÔÉ¨Ì ¶µ¤Ìµ¤µ¢ ¨ ¤ ¸É ¢µ§³µ¦´µ¸ÉÓ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¸ÊÉÓ É¥µ·¨¨ µÉ´µ¸¨É¥²Ó-
´µ¸É¨.

�.�Ê ´± ·¥,  ´ ²¨§¨·ÊÖ ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í , ¶µ± § ², ÎÉµ ÔÉ¨ ¶·¥-
µ¡· §µ¢ ´¨Ö ¢³¥¸É¥ ¸µ ¢¸¥³¨ ¶·µ¸É· ´¸É¢¥´´Ò³¨ ¢· Ð¥´¨Ö³¨ µ¡· §ÊÕÉ £·Ê¶-
¶Ê, ±µÉµ· Ö ´¥ ¨§³¥´Ö¥É Ê· ¢´¥´¨° Ô²¥±É·µ¤¨´ ³¨±¨. �¨Î ·¤ ”¥°´³ ´ µ¡
ÔÉµ³ ¶¨¸ ² É ±: ©ˆ³¥´´µ �Ê ´± ·¥ ¶·¥¤²µ¦¨² ¨¸¸²¥¤µ¢ ÉÓ, ÎÉµ ³µ¦´µ ¤¥-
² ÉÓ ¸ Ê· ¢´¥´¨Ö³¨, ´¥ ³¥´ÖÖ ¶·¨ ÔÉµ³ ¨Ì ¢¨¤ . ˆ³¥´´µ ¥³Ê ¶·¨´ ¤²¥-
¦¨É ¨¤¥Ö µ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´  ¸¢µ°¸É¢  ¸¨³³¥É·¨¨ Ë¨§¨Î¥¸±¨Ì § ±µ´µ¢ª.
�.�Ê ´± ·¥ ´¥ µ£· ´¨Î¨²¸Ö Éµ²Ó±µ Ô²¥±É·µ¤¨´ ³¨±µ°; µ´ µÉ±·Ò² Ê· ¢´¥´¨Ö
·¥²ÖÉ¨¢¨¸É¸±µ° ³¥Ì ´¨±¨ ¨ · ¸¶·µ¸É· ´¨² ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í  ´  ¢¸¥
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¸¨²Ò ¶·¨·µ¤Ò. �É±·ÒÉ¨¥ £·Ê¶¶Ò, ±µÉµ·ÊÕ �.�Ê ´± ·¥ ´ §¢ ² £·Ê¶¶µ° ‹µ-
·¥´Í , ¶µ§¢µ²¨²µ �.�Ê ´± ·¥ ¢¢¥¸É¨ Î¥ÉÒ·¥Ì³¥·´µ¥ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¸
¨´¢ ·¨ ´Éµ³, ´ §¢ ´´Ò³ ¢¶µ¸²¥¤¸É¢¨¨ ¨´É¥·¢ ²µ³

dσ2 = (dX0)2 − (dX1)2 − (dX2)2 − (dX3)2 . (α)

ˆ³¥´´µ µÉ¸Õ¤  ¸µ¢¥·Ï¥´´µ µÎ¥¢¨¤´µ, ÎÉµ ¢·¥³Ö ¨ ¶·µ¸É· ´¸É¢¥´´ Ö ¤²¨´ 
µÉ´µ¸¨É¥²Ó´Ò.

�µ§¤´¥¥ ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¢ ÔÉµ³ ¦¥ ´ ¶· ¢²¥´¨¨ ¸¤¥² ² ƒ¥·³ ´
Œ¨´±µ¢¸±¨°, ¢¢¥¤Ö ¶µ´ÖÉ¨Ö ¢·¥³¥´¨¶µ¤µ¡´ÒÌ ¨ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´ÒÌ
¨´É¥·¢ ²µ¢. ’µÎ´µ ¸²¥¤ÊÖ �.�Ê ´± ·¥ ¨ ƒ.Œ¨´±µ¢¸±µ³Ê, ¸ÊÉÓ É¥µ·¨¨ µÉ´µ¸¨-
É¥²Ó´µ¸É¨ ³µ¦´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ É ±: ¢¸¥ Ë¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö ¶·µÉ¥± ÕÉ ¢
¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨, £¥µ³¥É·¨Ö ±µÉµ·µ£µ ¶¸¥¢¤µ¥¢±²¨¤µ¢  ¨ µ¶·¥¤¥²Ö¥É¸Ö
¨´É¥·¢ ²µ³ (α). �·¨ ÔÉµ³ ¢ ¦´µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ £¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ µÉ· ¦ ¥É µ¡Ð¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¢µ°¸É¢  ³ É¥·¨¨, ±µÉµ·Ò¥ ¨ ¤¥-
² ÕÉ ¥¥ Ê´¨¢¥·¸ ²Ó´µ°. ‚ Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥ (¶·µ¸É· ´¸É¢µ Œ¨´-
±µ¢¸±µ£µ) ³µ¦´µ ¢§ÖÉÓ ¤µ¸É ÉµÎ´µ ¶·µ¨§¢µ²Ó´ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É

Xν = fν(xµ) ,

µ¸ÊÐ¥¸É¢²ÖÕÐÊÕ ¢§ ¨³´µ µ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ¸ Ö±µ¡¨ ´µ³, µÉ²¨Î´Ò³
µÉ ´Ê²Ö. � Ìµ¤Ö ¤¨ËË¥·¥´Í¨ ²Ò

dXν =
∂fν

∂xµ
dxµ

¨ ¶µ¤¸É ¢²ÖÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ (α), ´ °¤¥³

dσ2 = γµν(x)dx
µdxν , (β)

£¤¥

γµν(x) = εσ
∂fσ

∂xµ
· ∂f

σ

∂xν
, εσ = (1,−1,−1,−1) .

‘µ¢¥·Ï¥´´µ µÎ¥¢¨¤´µ, ÎÉµ ¶¥·¥Ìµ¤ ± ¶·µ¨§¢µ²Ó´µ° ±µµ·¤¨´ É´µ° ¸¨¸É¥³¥,
±µÉµ·Ò° ¡Ò² ¸µ¢¥·Ï¥´, ´¥ ¢Ò¢¥² ´ ¸ §  · ³±¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨.
�µ µÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¢ ‘’� ³µ¦´µ ¶µ²Ó§µ¢ ÉÓ¸Ö ¨ ´¥¨´¥·Í¨ ²Ó´Ò³¨
¸¨¸É¥³ ³¨ ±µµ·¤¨´ É. ‘¨²Ò ¨´¥·Í¨¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ ¶¥·¥Ìµ¤¥ ± Ê¸±µ-
·¥´´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¢Ò· ¦ ÕÉ¸Ö ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö ¶·µ¸É· ´-
¸É¢  Œ¨´±µ¢¸±µ£µ. �·¥¤¸É ¢²¥´¨¥ ‘’�, ¢µ¸Ìµ¤ÖÐ¥¥ ± · ¡µÉ ³ �.�Ê ´± ·¥
¨ ƒ.Œ¨´±µ¢¸±µ£µ, Ö¢¨²µ¸Ó ¡µ²¥¥ µ¡Ð¨³ ¨ µ± § ²µ¸Ó Î·¥§¢ÒÎ °´µ ´¥µ¡Ìµ¤¨-
³Ò³ ¤²Ö ¶µ¸É·µ¥´¨Ö �’ƒ, É ± ± ± µ´µ ¶µ§¢µ²¨²µ ¢¢¥¸É¨ ³¥É·¨Î¥¸±¨° É¥´§µ·
γµν(x) ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¢ ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É Ì ¨ É¥³ ¸ ³Ò³
¤ ²µ ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¸É¨ ±µ¢ ·¨ ´É´Ò³ µ¡· §µ³ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥, µÉ-
¤¥²¨¢ ¸¨²Ò ¨´¥·Í¨¨ µÉ £· ¢¨É Í¨¨. �.�°´ÏÉ¥°´ ± É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨
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Ï¥² ´  µ¸´µ¢¥  ´ ²¨§  µ¤´µ¢·¥³¥´´µ¸É¨ ¨ ¶µ´ÖÉ¨Ö ¸¨´Ì·µ´¨§ Í¨¨ Î ¸µ¢, ´ -
Ìµ¤ÖÐ¨Ì¸Ö ¢ · §´ÒÌ ÉµÎ± Ì ¶·µ¸É· ´¸É¢ , µ¶¨· Ö¸Ó ´  ¶·¨´Í¨¶ ¶µ¸ÉµÖ´¸É¢ 
¸±µ·µ¸É¨ ¸¢¥É . ©Š ¦¤Ò° ²ÊÎ ¸¢¥É  ¤¢¨¦¥É¸Ö ¢ ©¶µ±µÖÐ¥°¸Öª ¸¨¸É¥³¥ ±µ-
µ·¤¨´ É ¸ µ¶·¥¤¥²¥´´µ° ¸±µ·µ¸ÉÓÕ V , ´¥§ ¢¨¸¨³µ µÉ Éµ£µ, ¨¸¶Ê¸± ¥É¸Ö ²¨
ÔÉµÉ ²ÊÎ ¸¢¥É  ¶µ±µÖÐ¨³¸Ö ¨²¨ ¤¢¨¦ÊÐ¨³¸Ö É¥²µ³ª. �µ ¤ ´´µ¥ ¶µ²µ¦¥´¨¥
´¥²Ó§Ö · ¸¸³ É·¨¢ ÉÓ ± ± ¶·¨´Í¨¶, ¶µ¸±µ²Ó±Ê µ´µ ¶·¥¤¶µ² £ ¥É µ¶·¥¤¥²¥´-
´Ò° ¢Ò¡µ· ±µµ·¤¨´ É,   ¢¥¤Ó Ë¨§¨Î¥¸±¨° ¶·¨´Í¨¶ ´¥ ¤µ²¦¥´ § ¢¨¸¥ÉÓ µÉ
¸¶µ¸µ¡  ¢Ò¡µ·  ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò. �·¨ ¶µ¤Ìµ¤¥ �.�°´ÏÉ¥°´  ´¥¢µ§-
³µ¦´µ ¶·¨°É¨ ± ´¥¨´¥·Í¨ ²Ó´Ò³ ¸¨¸É¥³ ³ ±µµ·¤¨´ É, É ± ± ± ¢ ´¨Ì ´¥²Ó§Ö
¶µ²Ó§µ¢ ÉÓ¸Ö ¸¨´Ì·µ´¨§ Í¨¥° Î ¸µ¢, ¤  ¨ ¸±µ·µ¸ÉÓ ¸¢¥É  ´¥²Ó§Ö ¸Î¨É ÉÓ ¶µ-
¸ÉµÖ´´µ°.

‚ Ê¸±µ·¥´´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¸µ¡¸É¢¥´´µ¥ ¢·¥³Ö dτ ¸µ£² ¸´µ

dσ2 = dτ2 − sikdxidxk, dτ =
γ0αdx

α

√
γ00

, sik = −γik +
γ0iγ0k

γ00

´¥ Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¤¨ËË¥·¥´Í¨ ²µ³,   ¶µÔÉµ³Ê ¸¨´Ì·µ´¨§ Í¨Ö Î ¸µ¢, ´ -
Ìµ¤ÖÐ¨Ì¸Ö ¢ · §´ÒÌ ÉµÎ± Ì ¶·µ¸É· ´¸É¢ , § ¢¨¸¨É µÉ ¶ÊÉ¨ ¸¨´Ì·µ´¨§ Í¨¨.
�Éµ µ§´ Î ¥É, ÎÉµ É ±µ¥ ¶µ´ÖÉ¨¥ ¤²Ö Ê¸±µ·¥´´ÒÌ ¸¨¸É¥³ ±µµ·¤¨´ É ´¥¶·¨³¥-
´¨³µ. ‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ±µµ·¤¨´ ÉÒ ¢ ¢Ò· ¦¥´¨¨ (β) ¸ ³¨ ¶µ ¸¥¡¥ ´¥
¨³¥ÕÉ ³¥É·¨Î¥¸±µ£µ ¸³Ò¸² . ”¨§¨Î¥¸±¨ ¨§³¥·Ö¥³Ò¥ ¢¥²¨Î¨´Ò ´¥µ¡Ìµ¤¨³µ
¸É·µ¨ÉÓ ¸ ¶µ³µÐÓÕ ±µµ·¤¨´ É ¨ ³¥É·¨Î¥¸±¨Ì ±µÔËË¨Í¨¥´Éµ¢ γµν . �µ ¢¸¥
ÔÉµ ¢ ‘’� ¤µ²£µ¥ ¢·¥³Ö ´¥ ¡Ò²µ ¶µ´ÖÉµ, ¶µ¸±µ²Ó±Ê µ¡ÒÎ´µ ¸²¥¤µ¢ ²¨ ¶µ¤-
Ìµ¤Ê �.�°´ÏÉ¥°´ ,   ´¥ ¶µ¤Ìµ¤Ê �.�Ê ´± ·¥ ¨ ƒ.Œ¨´±µ¢¸±µ£µ. ’ ±¨³ µ¡· -
§µ³, ¨¸Ìµ¤´Ò¥ ¶µ²µ¦¥´¨Ö �.�°´ÏÉ¥°´  ¨³¥²¨ ¸Ê£Ê¡µ µ£· ´¨Î¥´´Ò° Î ¸É´Ò°
Ì · ±É¥·, ÌµÉÖ, ³µ¦¥É ¡ÒÉÓ, µ´¨ ¨ ¸µ§¤ ²¨ ¨²²Õ§¨Õ ¶·µ¸ÉµÉÒ. ˆ³¥´´µ
¶µÔÉµ³Ê �.�°´ÏÉ¥°´ ¤ ¦¥ ¢ 1913 £µ¤Ê ¶¨¸ ²: ©‚ µ¡ÒÎ´µ° É¥µ·¨¨ µÉ´µ¸¨-
É¥²Ó´µ¸É¨ ¤µ¶Ê¸± ÕÉ¸Ö Éµ²Ó±µ ²¨´¥°´Ò¥ µ·Éµ£µ´ ²Ó´Ò¥ ¶·¥µ¡· §µ¢ ´¨Öª.
ˆ²¨ ´¥³´µ£µ ¶µ§¤´¥¥ ¢ ÔÉµ³ ¦¥ £µ¤Ê µ´ ¶¨¸ ²: ©‚ ¶¥·¢µ´ Î ²Ó´µ° É¥µ·¨¨
µÉ´µ¸¨É¥²Ó´µ¸É¨ ´¥§ ¢¨¸¨³µ¸ÉÓ Ë¨§¨Î¥¸±¨Ì Ê· ¢´¥´¨° µÉ ¸¶¥Í¨ ²Ó´µ£µ ¢Ò-
¡µ·  ¸¨¸É¥³Ò µÉ¸Î¥É  µ¸´µ¢Ò¢ ¥É¸Ö ´  ¶µ¸ÉÊ²¨·µ¢ ´¨¨ ËÊ´¤ ³¥´É ²Ó´µ£µ
¨´¢ ·¨ ´É  ds2 =

∑
dx2

i ,   É¥¶¥·Ó ·¥ÎÓ ¨¤¥É µ Éµ³, ÎÉµ¡Ò ¶µ¸É·µ¨ÉÓ É¥µ-
·¨Õ (¨³¥¥É¸Ö ¢ ¢¨¤Ê µ¡Ð Ö É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨. Å A.‹.), ¢ ±µÉµ·µ° ·µ²Ó
ËÊ´¤ ³¥´É ²Ó´µ£µ ¨´¢ ·¨ ´É  ¨£· ¥É ²¨´¥°´Ò° Ô²¥³¥´É µ¡Ð¥£µ ¢¨¤ 

ds2 =
∑
i,k

gikdx
idxk”.

�´ ²µ£¨Î´µ¥ �.�°´ÏÉ¥°´ ¶¨¸ ² ¨ ¢ 1930 £µ¤Ê: ©‚ ¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ-
¸¨É¥²Ó´µ¸É¨ · §·¥Ï ÕÉ¸Ö Éµ²Ó±µ É ±¨¥ ¨§³¥´¥´¨Ö ±µµ·¤¨´ É (¶·¥µ¡· §µ-
¢ ´¨Ö), ÎÉµ ¨ ¢ ´µ¢ÒÌ ±µµ·¤¨´ É Ì ¢¥²¨Î¨´  ds2 (ËÊ´¤ ³¥´É ²Ó´Ò° ¨´¢ ·¨-
 ´É) ¨³¥¥É ¢¨¤ ¸Ê³³Ò ±¢ ¤· Éµ¢ ¤¨ËË¥·¥´Í¨ ²µ¢ ´µ¢ÒÌ ±µµ·¤¨´ É. ’ ±¨¥
¶·¥µ¡· §µ¢ ´¨Ö ´ §Ò¢ ÕÉ¸Ö ¶·¥µ¡· §µ¢ ´¨Ö³¨ ‹µ·¥´Í ª.
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�É¸Õ¤  ¢¨¤´µ, ÎÉµ ¶µ¤Ìµ¤ �.�°´ÏÉ¥°´  ´¥ ¶·¨¢¥² ¥£µ ± ¶·¥¤¸É ¢²¥´¨Õ
µ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. ˆ§ ¸· ¢´¥´¨Ö ¶µ¤Ìµ-
¤µ¢ �.�Ê ´± ·¥ ¨ �.�°´ÏÉ¥°´  ± ¶µ¸É·µ¥´¨Õ ‘’� ¸É ´µ¢¨É¸Ö µÎ¥¢¨¤´µ, ÎÉµ
¶µ¤Ìµ¤ �.�Ê ´± ·¥ ¡µ²¥¥ £²Ê¡µ±¨° ¨ µ¡Ð¨°, ¶µ¸±µ²Ó±Ê ¨³¥´´µ µ´ µ¶·¥¤¥-
²¨² ¶¸¥¢¤µ¥¢±²¨¤µ¢Ê ¸É·Ê±ÉÊ·Ê ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. �µ¤Ìµ¤ �.�°´ÏÉ¥°´ 
¸ÊÐ¥¸É¢¥´´µ ¸Ê¦ ² · ³±¨ ‘’�, ´µ É ± ± ± µ¡ÒÎ´µ ¢ ²¨É¥· ÉÊ·¥ ¨§²µ¦¥´¨¥
¥¥ ¸²¥¤µ¢ ²µ �.�°´ÏÉ¥°´Ê, Éµ ¢ É¥Î¥´¨¥ ¢¥¸Ó³  ¤µ²£µ£µ ¢·¥³¥´¨ ¸Î¨É ²µ¸Ó,
ÎÉµ ‘’� ¸¶· ¢¥¤²¨¢  Éµ²Ó±µ ¢ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì ±µµ·¤¨´ É. �·¨ ÔÉµ³
¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ · ¸¸³ É·¨¢ ²µ¸Ó ± ± ´¥±µÉµ· Ö ¶µ²¥§´ Ö £¥µ³¥-
É·¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ¨²¨ ± ± ³ É¥³ É¨Î¥¸± Ö Ëµ·³Ê²¨·µ¢±  µ¸´µ¢ ‘’�
¢ ¶µ¤Ìµ¤¥ �°´ÏÉ¥°´ . �¥·¥°¤¥³ É¥¶¥·Ó ± £· ¢¨É Í¨¨. �.�Ê ´± ·¥ ¢ 1905 £.
¶¨¸ ², ©ÎÉµ ¸¨²Ò ²Õ¡µ£µ ¶·µ¨¸Ìµ¦¤¥´¨Ö, ¨ ¢ Î ¸É´µ¸É¨ ¸¨²Ò ÉÖ£µÉ¥´¨Ö,
¢¥¤ÊÉ ¸¥¡Ö ¶·¨ ¶µ¸ÉÊ¶ É¥²Ó´µ³ ¤¢¨¦¥´¨¨ (¨²¨, ¥¸²¨ Ê£µ¤´µ, ¶·¨ ¶·¥µ¡· §µ-
¢ ´¨ÖÌ ‹µ·¥´Í ) ¸µ¢¥·Ï¥´´µ É ± ¦¥, ± ± Ô²¥±É·µ³ £´¨É´Ò¥ ¸¨²Òª. ˆ³¥´´µ
¶µ ÔÉµ³Ê ¶ÊÉ¨ ³Ò ¨ ¡Ê¤¥³ ¸²¥¤µ¢ ÉÓ.

�.�°´ÏÉ¥°´, µ¡· É¨¢ ¢´¨³ ´¨¥ ´  · ¢¥´¸É¢µ ¨´¥·É´µ° ¨ £· ¢¨É Í¨µ´-
´µ° ³ ¸¸, ¶·¨Ï¥² ± Ê¡¥¦¤¥´¨Õ, ÎÉµ ¸¨²Ò ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨ ·µ¤¸É¢¥´´Ò,
¶µ¸±µ²Ó±Ê ¨Ì ¤¥°¸É¢¨¥ ´¥ § ¢¨¸¨É µÉ ³ ¸¸Ò É¥² . ‚ 1913 £µ¤Ê µ´ ¶·¨Ï¥² ± ¢Ò-
¢µ¤Ê, ÎÉµ ¥¸²¨ ¢ ¢Ò· ¦¥´¨¨ (α) ©³Ò ¢¢¥¤¥³ ´µ¢Ò¥ ±µµ·¤¨´ ÉÒ x1, x2, x3, x4,
¶·¨ ¶µ³µÐ¨ ¶·µ¨§¢µ²Ó´µ° ¶µ¤¸É ´µ¢±¨, Éµ µÉ´µ¸¨É¥²Ó´µ ´µ¢µ° ±µµ·¤¨´ É-
´µ° ¸¨¸É¥³Ò ¤¢¨¦¥´¨¥ ÉµÎ±¨ ¡Ê¤¥É ¶·µ¨¸Ìµ¤¨ÉÓ ¸µ£² ¸´µ Ê· ¢´¥´¨Õ

δ{
∫
ds} = 0 ,

¶·¨Î¥³

ds2 =
∑
µ,ν

gµνdx
µdxν ”;

¨ ¤ ²¥¥ µ´ µÉ³¥Î ²: ©‚ ´µ¢µ° ±µµ·¤¨´ É´µ° ¸¨¸É¥³¥ ¤¢¨¦¥´¨¥ ³ É¥·¨ ²Ó´µ°
ÉµÎ±¨ µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´ ³¨ gµν , ±µÉµ·Ò¥ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶·¥¤Ò¤Ê-
Ð¨³¨ ¶ · £· Ë ³¨ ¸²¥¤Ê¥É ¶µ´¨³ ÉÓ ± ± ¸µ¸É ¢²ÖÕÐ¨¥ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö, ± ± Éµ²Ó±µ ³Ò § ÌµÉ¨³ · ¸¸³ É·¨¢ ÉÓ ÔÉÊ ´µ¢ÊÕ ¸¨¸É¥³Ê ª¶µ±µ-
ÖÐ¥°¸Öª. ’ ±µ¥ µÉµ¦¤¥¸É¢²¥´¨¥ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö, ¶µ²ÊÎ¥´´µ£µ ¨§ (α) ¸
¶µ³µÐÓÕ ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨°, ¸ £· ¢¨É Í¨µ´´Ò³ ¶µ²¥³ ´¥ ¨³¥¥É
´¨± ±¨Ì Ë¨§¨Î¥¸±¨Ì µ¸´µ¢ ´¨°, ¶µ¸±µ²Ó±Ê ¶·¥µ¡· §µ¢ ´¨Ö ±µµ·¤¨´ É ´¥ ¢Ò-
¢µ¤ÖÉ §  · ³±¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨. ‘ ´ Ï¥° ÉµÎ±¨ §·¥´¨Ö, ´¥¤µ¶Ê-
¸É¨³µ ¸Î¨É ÉÓ É ±µ¥ ³¥É·¨Î¥¸±µ¥ ¶µ²¥ £· ¢¨É Í¨µ´´Ò³ ¶µ²¥³, ¶µ¸±µ²Ó±Ê ÔÉµ
¶·µÉ¨¢µ·¥Î¨É ¸ ³µ° ¸ÊÐ´µ¸É¨ ¶µ´ÖÉ¨Ö ¶µ²Ö ± ± Ë¨§¨Î¥¸±µ° ·¥ ²Ó´µ¸É¨. �µ-
ÔÉµ³Ê ´¥²Ó§Ö ¸µ£² ¸¨ÉÓ¸Ö ¸µ ¸²¥¤ÊÕÐ¨³¨ · ¸¸Ê¦¤¥´¨Ö³¨ �.�°´ÏÉ¥°´ : ©�µ
µÉ´µÏ¥´¨Õ ± ¸¨¸É¥³¥ K ′ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ª¸ÊÐ¥¸É¢Ê¥Éª, ¢ Éµ³ ¦¥ ¸ -
³µ³ ¸³Ò¸²¥, ± ± ¨ ¢¸Ö± Ö ¤·Ê£ Ö Ë¨§¨Î¥¸± Ö ¢¥²¨Î¨´ , ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ
µ¶·¥¤¥²¥´  ¢ ´¥±µÉµ·µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¥ß ´¥ ¸Ê-
Ð¥¸É¢Ê¥É ¢ ¸¨¸É¥³¥ K . ‡¤¥¸Ó ´¥É ´¨Î¥£µ ¸É· ´´µ£µ, ¨ ÔÉµ ²¥£±µ ¤µ± § ÉÓ
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¸²¥¤ÊÕÐ¨³ ¶·¨³¥·µ³, § ¨³¸É¢µ¢ ´´Ò³ ¨§ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¨. �¨±Éµ ´¥
¸µ³´¥¢ ¥É¸Ö ¢ ª·¥ ²Ó´µ¸É¨ª ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨, É ± ± ± ¨´ Î¥ ¶·¨Ï²µ¸Ó
¡Ò µÉ·¨Í ÉÓ Ô´¥·£¨Õ ¢µµ¡Ð¥. �¤´ ±µ Ö¸´µ, ÎÉµ ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö É¥²
§ ¢¨¸¨É µÉ ¸µ¸ÉµÖ´¨Ö ¤¢¨¦¥´¨Ö ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò: ¶µ¤Ìµ¤ÖÐ¨³ ¢Ò¡µ-
·µ³ ¶µ¸²¥¤´¥° ³µ¦´µ, µÎ¥¢¨¤´µ, ¸¤¥² ÉÓ É ±, ÎÉµ ¢ ´¥±µÉµ·Ò° µ¶·¥¤¥²¥´´Ò°
³µ³¥´É ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¶µ¸ÉÊ¶ É¥²Ó´µ£µ ¤¢¨¦¥´¨Ö µ¤´µ£µ É¥²  ¶·¨-
³¥É ´ ¶¥·¥¤ § ¤ ´´µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ ¨²¨ ´Ê²¥¢µ¥ §´ Î¥´¨¥. ‚ ¸¶¥Í¨ ²Ó´µ³
¸²ÊÎ ¥, ¶·¨ µ¤¨´ ±µ¢µ ´ ¶· ¢²¥´´ÒÌ ¨ · ¢´ÒÌ ¶µ ¢¥²¨Î¨´¥ ¸±µ·µ¸ÉÖÌ ¢¸¥Ì
³ ¸¸, ³µ¦´µ ¶µ¤Ìµ¤ÖÐ¨³ ¢Ò¡µ·µ³ ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò ¸¤¥² ÉÓ µ¡ÐÊÕ
±¨´¥É¨Î¥¸±ÊÕ Ô´¥·£¨Õ · ¢´µ° ´Ê²Õ. �´ ²µ£¨Ö, ´  ³µ° ¢§£²Ö¤, ¶µ²´ Öª.

�.�°´ÏÉ¥°´, ± ± ³Ò ¢¨¤¨³, µÉ± § ²¸Ö µÉ ±µ´Í¥¶Í¨¨ ±² ¸¸¨Î¥¸±µ£µ ¶µ²Ö
É¨¶  ” · ¤¥Ö Å Œ ±¸¢¥²² , µ¡² ¤ ÕÐ¥£µ ¶²µÉ´µ¸ÉÓÕ Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ¢
¶·¨³¥´¥´¨¨ ± £· ¢¨É Í¨µ´´µ³Ê ¶µ²Õ. �ÉµÉ ¶ÊÉÓ ¨ ¶·¨¢¥² ¥£µ ± ¶µ¸É·µ¥´¨Õ
�’�, ± ´¥²µ± ²¨§Ê¥³µ¸É¨ £· ¢¨É Í¨µ´´µ° Ô´¥·£¨¨, ± ¢¢¥¤¥´¨Õ ¶¸¥¢¤µÉ¥´-
§µ·  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. …¸²¨ · ¸¸³ É·¨¢ ÉÓ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ± ±
Ë¨§¨Î¥¸±µ¥ ¶µ²¥, Éµ µ´µ, ± ± ¨ ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¶µ²Ö, Ì · ±É¥·¨§Ê¥É¸Ö É¥´§µ-
·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸  tµν . …¸²¨ ¢ ± ±µ°-²¨¡µ ¸¨¸É¥³¥ ±µµ·¤¨´ É, ´ ¶·¨³¥·
K ′, £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¸ÊÐ¥¸É¢Ê¥É, Éµ ÔÉµ µ§´ Î ¥É, ÎÉµ ´¥±µÉµ·Ò¥ ±µ³¶µ-
´¥´ÉÒ (¨²¨ ¢¸¥) É¥´§µ·  tµν µÉ²¨Î´Ò µÉ ´Ê²Ö. �ÊÉ¥³ ¶·¥µ¡· §µ¢ ´¨Ö ±µµ·-
¤¨´ É É¥´§µ· tµν ´¥²Ó§Ö µ¡· É¨ÉÓ ¢ ´Ê²Ó, É.¥. ¥¸²¨ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¸Ê-
Ð¥¸É¢Ê¥É, Éµ ÔÉµ Å Ë¨§¨Î¥¸± Ö ·¥ ²Ó´µ¸ÉÓ, ¨ ¥¥ ´¥²Ó§Ö Ê´¨ÎÉµ¦¨ÉÓ ¢Ò¡µ·µ³
¸¨¸É¥³Ò ±µµ·¤¨´ É. ‘· ¢´¨¢ ÉÓ É ±µ¥ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¸ ±¨´¥É¨Î¥¸±µ°
Ô´¥·£¨¥° ´¥¶· ¢µ³¥·´µ, ¶µ¸±µ²Ó±Ê ¶µ¸²¥¤´ÖÖ ´¥ Ì · ±É¥·¨§Ê¥É¸Ö ±µ¢ ·¨ ´É-
´µ° ¢¥²¨Î¨´µ°. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ É ±µ¥ ¸· ¢´¥´¨¥ ´¥¤µ¶Ê¸É¨³µ ¨ ¢ �’�,
¶µ¸±µ²Ó±Ê £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¢ ÔÉµ° É¥µ·¨¨ Ì · ±É¥·¨§Ê¥É¸Ö É¥´§µ·µ³ ±·¨-
¢¨§´Ò �¨³ ´ . …¸²¨ µ´ µÉ²¨Î¥´ µÉ ´Ê²Ö, Éµ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¸ÊÐ¥¸É¢Ê¥É,
¨ ¥£µ ´¥²Ó§Ö Ê´¨ÎÉµ¦¨ÉÓ ¢Ò¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É.

“¸±µ·¥´´Ò¥ ¸¨¸É¥³Ò ±µµ·¤¨´ É ¸Ò£· ²¨ ¢ É¢µ·Î¥¸É¢¥ �.�°´ÏÉ¥°´  ¢ ¦-
´ÊÕ Ô¢·¨¸É¨Î¥¸±ÊÕ ·µ²Ó, ÌµÉÖ µ´¨ ¨ ´¥ ¨³¥ÕÉ ´¨± ±µ£µ µÉ´µÏ¥´¨Ö ± ¸ÊÉ¨
�’�. �Éµ¦¤¥¸É¢¨¢ Ê¸±µ·¥´´Ò¥ ¸¨¸É¥³Ò ±µµ·¤¨´ É, ¢ ¸¨²Ê · ¢¥´¸É¢  ¨´¥·É-
´µ° ¨ £· ¢¨É Í¨µ´´µ° ³ ¸¸, ¸ £· ¢¨É Í¨µ´´Ò³ ¶µ²¥³, �.�°´ÏÉ¥°´ ¶·¨Ï¥²
± ³¥É·¨Î¥¸±µ³Ê É¥´§µ·Ê ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ± µ¸´µ¢´µ° Ì · ±É¥·¨¸É¨±¥
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �µ ³¥É·¨Î¥¸±¨° É¥´§µ· µÉ· ¦ ¥É ± ± ¸µ¡¸É¢¥´´Ò¥
¸¢µ°¸É¢  £¥µ³¥É·¨¨, É ± ¨ ¢Ò¡µ· ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò. �  ÔÉµ³ ¶ÊÉ¨ ¶µ-
Ö¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ µ¡ÑÖ¸´¨ÉÓ ¸¨²Ê £· ¢¨É Í¨¨ ±¨´¥³ É¨Î¥¸±¨, ¸¢¥¤Ö ¥¥ ±
¸¨²¥ ¨´¥·Í¨¨. �µ ¶·¨ ÔÉµ³ ¶·¨Ìµ¤¨É¸Ö µÉ± § ÉÓ¸Ö µÉ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö
± ± Ë¨§¨Î¥¸±µ£µ ¶µ²Ö. ©ƒ· ¢¨É Í¨µ´´Ò¥ ¶µ²Ö (± ± ¶¨¸ ² �.�°´ÏÉ¥°´ ¢
1918 £.) ³µ¦´µ § ¤ ¢ ÉÓ, ´¥ ¢¢µ¤Ö ´ ¶·Ö¦¥´¨° ¨ ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ª. �µ
ÔÉµ µÎ¥´Ó ¡µ²ÓÏ Ö ¶µÉ¥·Ö, ¨ ¸ ´¥° ´¥²Ó§Ö ¸µ£² ¸¨ÉÓ¸Ö. �¤´ ±µ, ± ± ³Ò
Ê¢¨¤¨³ ¤ ²¥¥, ¶·¨ ¶µ¸É·µ¥´¨¨ �’ƒ, ÔÉµ° ¶µÉ¥·¨ ³µ¦´µ ¨§¡¥¦ ÉÓ.

“¤¨¢¨É¥²Ó´µ, ´µ �.�°´ÏÉ¥°´ ¤ ¦¥ ¢ 1933 £µ¤Ê ¶¨¸ ²: ©‚ ¸¶¥Í¨ ²Ó´µ°
É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ Å ± ± ¶µ± § ² ƒ.Œ¨´±µ¢¸±¨° Å ÔÉ  ³¥É·¨±  ¡Ò² 
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±¢ §¨¥¢±²¨¤µ¢µ°, É.¥. ±¢ ¤· É ª¤²¨´Òª ds ²¨´¥°´µ£µ Ô²¥³¥´É  ¶·¥¤¸É -
¢²Ö² ¸µ¡µ° µ¶·¥¤¥²¥´´ÊÕ ±¢ ¤· É¨Î´ÊÕ ËÊ´±Í¨Õ ¤¨ËË¥·¥´Í¨ ²µ¢ ±µµ·¤¨-
´ É. …¸²¨ ¦¥ ¢¢µ¤ÖÉ¸Ö ¤·Ê£¨¥ ±µµ·¤¨´ ÉÒ ¸ ¶µ³µÐÓÕ ´¥²¨´¥°´µ£µ ¶·¥µ¡· -
§µ¢ ´¨Ö, Éµ ds2 µ¸É ¥É¸Ö µ¤´µ·µ¤´µ° ËÊ´±Í¨¥° ¤¨ËË¥·¥´Í¨ ²µ¢ ±µµ·¤¨´ É,
´µ ±µÔËË¨Í¨¥´ÉÒ ÔÉµ° ËÊ´±Í¨¨ (gµν) ¡Ê¤ÊÉ Ê¦¥ ´¥ ¶µ¸ÉµÖ´´Ò³¨,   ´¥±µ-
Éµ·Ò³¨ ËÊ´±Í¨Ö³¨ ±µµ·¤¨´ É. Œ É¥³ É¨Î¥¸±¨ ÔÉµ µ§´ Î ¥É, ÎÉµ Ë¨§¨Î¥-
¸±µ¥ (Î¥ÉÒ·¥Ì³¥·´µ¥) ¶·µ¸É· ´¸É¢µ µ¡² ¤ ¥É ·¨³ ´µ¢µ° ³¥É·¨±µ°ª. �Éµ,
±µ´¥Î´µ, ´¥¶· ¢¨²Ó´µ, ¨¡µ ¶·¥µ¡· §µ¢ ´¨Ö³¨ ±µµ·¤¨´ É ´¥¢µ§³µ¦´µ ¶·¥¢· -
É¨ÉÓ ¶¸¥¢¤µ¥¢±²¨¤µ¢Ê ³¥É·¨±Ê ¢ ·¨³ ´µ¢Ê. �µ £² ¢´µ¥ §¤¥¸Ó ´¥ ¢ ÔÉµ³,  
¢ Éµ³, ÎÉµ ¨³¥´´µ É ±¨³ ¶ÊÉ¥³, ¡² £µ¤ ·Ö £²Ê¡µ±µ° ¨´ÉÊ¨Í¨¨, �.�°´ÏÉ¥°´
¶·¨Ï¥² ± ´¥µ¡Ìµ¤¨³µ¸É¨ ¢¢¥¤¥´¨Ö ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢ , ¸¢Ö§ ¢ ¥£µ ¸ £· -
¢¨É Í¨¥°.

…¤¨´¸É¢µ ·¨³ ´µ¢µ° ³¥É·¨±¨ ¨ £· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö µ¸´µ¢´Ò³ ¶·¨´Í¨-
¶µ³ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨. ‚.�.”µ± µ¡ ÔÉµ³ ¶·¨´Í¨¶¥ ¶¨¸ ²: ©�´
¨ ¸µ¸É ¢²Ö¥É ¸ÊÐ´µ¸ÉÓ É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö �°´ÏÉ¥°´ ª. ‚¢¥¤¥´¨¥ ·¨³ ´µ¢ 
¶·µ¸É· ´¸É¢  ¶µ§¢µ²¨²µ ¨¸¶µ²Ó§µ¢ ÉÓ ¸± ²Ö·´ÊÕ ±·¨¢¨§´Ê R ± ± ² £· ´¦¥¢Ê
ËÊ´±Í¨Õ ¨ ¸ ¶µ³µÐÓÕ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥-
´¨Ö ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´ . ’ ± § ¢¥·Ï¨²µ¸Ó ¶µ¸É·µ¥´¨¥ µ¡Ð¥° É¥µ·¨¨
µÉ´µ¸¨É¥²Ó´µ¸É¨ �°´ÏÉ¥°´ . �·¨ ÔÉµ³, ± ± µ¸µ¡¥´´µ ¶µ¤Î¥·±¨¢ ² „¦.‘¨´£:
©‚ É¥µ·¨¨ �°´ÏÉ¥°´  ¢ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, µÉ²¨Î¥´ µÉ ´Ê²Ö É¥´§µ· �¨-
³ ´  ¨²¨ · ¢¥´ ´Ê²Õ, £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¶·¨¸ÊÉ¸É¢Ê¥É ¨²¨ µÉ¸ÊÉ¸É¢Ê¥É.
�Éµ ¸¢µ°¸É¢µ  ¡¸µ²ÕÉ´µ, µ´µ ´¨± ± ´¥ ¸¢Ö§ ´µ ¸ ³¨·µ¢µ° ²¨´¨¥° ± ±µ£µ-Éµ
´ ¡²Õ¤ É¥²Öª.

�¤´ ±µ ¢ �’� ¢µ§´¨±²¨ É·Ê¤´µ¸É¨ ¸ § ±µ´ ³¨ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö. „.ƒ¨²Ó¡¥·É ¶µ ÔÉµ³Ê ¶µ¢µ¤Ê ¶¨¸ ²:
©... Ö ÊÉ¢¥·¦¤ Õ, ÎÉµ ¤²Ö µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨, É.¥. ¢ ¸²ÊÎ ¥ µ¡-
Ð¥° ¨´¢ ·¨ ´É´µ¸É¨ £ ³¨²ÓÉµ´µ¢µ° ËÊ´±Í¨¨, Ê· ¢´¥´¨° Ô´¥·£¨¨, ±µÉµ·Ò¥
... ¸µµÉ¢¥É¸É¢ÊÕÉ Ê· ¢´¥´¨Ö³ Ô´¥·£¨¨ ¢ µ·Éµ£µ´ ²Ó´µ-¨´¢ ·¨ ´É´ÒÌ É¥µ-
·¨ÖÌ, ¢µµ¡Ð¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É, Ö ¤ ¦¥ ³µ£ ¡Ò µÉ³¥É¨ÉÓ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ
± ± Ì · ±É¥·´ÊÕ Î¥·ÉÊ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ª. ‚¸¥ ÔÉµ µ¡ÑÖ¸´Ö-
¥É¸Ö É¥³, ÎÉµ ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ µÉ¸ÊÉ¸É¢Ê¥É ¤¥¸ÖÉ¨¶ · ³¥É·¨Î¥¸± Ö
£·Ê¶¶  ¤¢¨¦¥´¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨,   ¶µÔÉµ³Ê ¢ ¶·¨´Í¨¶¥ ´¥²Ó§Ö ¢¢¥-
¸É¨ § ±µ´Ò ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö,
¶µ¤µ¡´Ò¥ É¥³, ± ±¨¥ ¨³¥ÕÉ ³¥¸Éµ ¢ ²Õ¡µ° ¤·Ê£µ° Ë¨§¨Î¥¸±µ° É¥µ·¨¨.

„·Ê£µ° µ¸µ¡¥´´µ¸ÉÓÕ �’�, ¶µ ¸· ¢´¥´¨Õ ¸ ¨§¢¥¸É´Ò³¨ É¥µ·¨Ö³¨, Ö¢²Ö-
¥É¸Ö ´ ²¨Î¨¥ ¢ ² £· ´¦¥¢µ° ËÊ´±Í¨¨ R ¢Éµ·ÒÌ ¶·µ¨§¢µ¤´ÒÌ. �±µ²µ ¶ÖÉ¨-
¤¥¸ÖÉ¨ ²¥É ´ § ¤ � É ´ �µ§¥´ ¶µ± § ², ÎÉµ ¥¸²¨ ´ ·Ö¤Ê ¸ ·¨³ ´µ¢µ° ³¥É·¨-
±µ° gµν ¢¢¥¸É¨ ³¥É·¨±Ê γµν ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ, Éµ ³µ¦´µ ¶µ¸É·µ¨ÉÓ
¸± ²Ö·´ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ±µÉµ· Ö ¡Ê¤¥É ¸µ-
¤¥·¦ ÉÓ ¶·µ¨§¢µ¤´Ò¥ ´¥ ¢ÒÏ¥ ¶¥·¢µ£µ ¶µ·Ö¤± . �´, ¢ Î ¸É´µ¸É¨, ¶µ¸É·µ¨²
É ±ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ , ±µÉµ· Ö ¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Ö³ ƒ¨²Ó¡¥·É  Å
�°´ÏÉ¥°´ . ’ ± ¢µ§´¨± ¤¢Ê³¥É·¨Î¥¸±¨° Ëµ·³ ²¨§³.
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�¤´ ±µ É ±µ° ¶µ¤Ìµ¤ ¸· §Ê Ê¸²µ¦´¨² ¶·µ¡²¥³Ê ¶µ¸É·µ¥´¨Ö É¥µ·¨¨ £· -
¢¨É Í¨¨, ¶µ¸±µ²Ó±Ê, ¨¸¶µ²Ó§ÊÖ É¥´§µ·Ò gµν ¨ γµν , ³µ¦´µ ´ ¶¨¸ ÉÓ ¡µ²ÓÏµ¥
Î¨¸²µ ¸± ²Ö·´ÒÌ ¶²µÉ´µ¸É¥°, ¨ ¸µ¢¥·Ï¥´´µ ´¥ Ö¸´µ, ± ±ÊÕ ¸± ²Ö·´ÊÕ ¶²µÉ-
´µ¸ÉÓ ´¥µ¡Ìµ¤¨³µ ¢Ò¡· ÉÓ ¢ ± Î¥¸É¢¥ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¤²Ö ¶µ¸É·µ¥´¨Ö
É¥µ·¨¨ £· ¢¨É Í¨¨. •µÉÖ ³ É¥³ É¨Î¥¸±¨°  ¶¶ · É �’� ¶µ§¢µ²Ö¥É ¢¢¥¸É¨ ¢³¥-
¸Éµ µ¡ÒÎ´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢-
¸±µ£µ, ´µ ¶µ¸±µ²Ó±Ê ³¥É·¨±  γµν ´¥ ¢Ìµ¤¨É ¢ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å �°´-
ÏÉ¥°´ , ¥¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ¢ �’� ²¨Ï¥´µ ± ±µ£µ-²¨¡µ Ë¨§¨Î¥¸±µ£µ ¸³Ò¸² ,
É ± ± ± ·¥Ï¥´¨Ö ¤²Ö ³¥É·¨±¨ gµν ´¥ § ¢¨¸ÖÉ µÉ ¢Ò¡µ·  γµν .

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ § ³¥´  µ¡ÒÎ´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ´  ±µ¢ ·¨ ´É´Ò¥
¶·µ¨§¢µ¤´Ò¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ µ¸É ¢²Ö¥É Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å
�°´ÏÉ¥°´  ´¥¨§³¥´´Ò³¨. �Éµ µ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉµ ¥¸²¨ ¢ É¥´§µ·¥ ±·¨¢¨§´Ò
�¨³ ´  § ³¥´¨ÉÓ µ¡ÒÎ´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ¢ ·¨ ´É´Ò³¨ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´-
±µ¢¸±µ£µ, Éµ µ´ ´¥ ¨§³¥´¨É¸Ö. ’ ± Ö § ³¥´  ¢ É¥´§µ·¥ �¨³ ´  ¥¸ÉÓ ´¥ ÎÉµ
¨´µ¥, ± ± Éµ¦¤¥¸É¢¥´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥. ˆ³¥´´µ ¶µÔÉµ³Ê ¢ · ³± Ì �’�
É ±ÊÕ ¸¢µ¡µ¤Ê § ¶¨¸¨ É¥´§µ·  �¨³ ´  ´¥²Ó§Ö ¨¸¶µ²Ó§µ¢ ÉÓ, ¶µ¸±µ²Ó±Ê ³¥-
É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ´¥ ¢Ìµ¤¨É ¢ Ê· ¢´¥´¨Ö ƒ¨²Ó-
¡¥·É  Å �°´ÏÉ¥°´ . �·¨ ¶µ¸É·µ¥´¨¨ �’ƒ ÔÉ  ¸¢µ¡µ¤  § ¶¨¸¨ É¥´§µ·  �¨³ ´ 
µ± §Ò¢ ¥É¸Ö Î·¥§¢ÒÎ °´µ ´¥µ¡Ìµ¤¨³µ°. �µ ¶·¨ ÔÉµ³ ³¥É·¨±  ¶·µ¸É· ´¸É¢ 
Œ¨´±µ¢¸±µ£µ ¢Ìµ¤¨É ¢ Ê· ¢´¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö,   ¸ ³µ ¶µ²¥ · ¸¸³ -
É·¨¢ ¥É¸Ö ± ± Ë¨§¨Î¥¸±µ¥ ¶µ²¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ.

‚ �’� ³Ò ¨³¥¥³ ¤¥²µ Éµ²Ó±µ ¸ ³¥É·¨±µ° ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ± ±
µ¸´µ¢´µ° Ì · ±É¥·¨¸É¨±µ° £· ¢¨É Í¨¨, ¢ ±µÉµ·µ° ´ Ìµ¤ÖÉ µÉ· ¦¥´¨¥ ± ±
¸µ¡¸É¢¥´´Ò¥ ¸¢µ°¸É¢  £¥µ³¥É·¨¨, É ± ¨ ¢Ò¡µ· ¸¨¸É¥³Ò ±µµ·¤¨´ É. �·¨ ¢Ò-
±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, É.¥. ±µ£¤  É¥´§µ· ±·¨¢¨§´Ò �¨-
³ ´  · ¢¥´ ´Ê²Õ, ³Ò ¶·¨Ìµ¤¨³ ± ¶·µ¸É· ´¸É¢Ê Œ¨´±µ¢¸±µ£µ. ˆ³¥´´µ ¨§-§ 
ÔÉµ£µ ¢ �’� ¢µ§´¨± ¥É ¶·µ¡²¥³  ¸ ¢Ò¶µ²´¨³µ¸ÉÓÕ ¶·¨´Í¨¶  ¸µµÉ¢¥É¸É¢¨Ö,
É ± ± ± ´¥²Ó§Ö µ¶·¥¤¥²¨ÉÓ, ¢ ± ±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ³Ò µ± § ²¨¸Ó ¶·¨
¢Ò±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.

�¥²ÖÉ¨¢¨¸É¸± Ö É¥µ·¨Ö £· ¢¨É Í¨¨ [1], ±µÉµ· Ö ¨§² £ ¥É¸Ö ¢ ¤ ´´µ° · -
¡µÉ¥ ¸ ´¥±µÉµ·Ò³¨ ¤µ¶µ²´¥´¨Ö³¨ ¨ ÊÉµÎ´¥´¨Ö³¨, ¸É·µ¨É¸Ö ± ± ¶µ²¥¢ Ö É¥-
µ·¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ · ³± Ì ¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨.
ˆ¸Ìµ¤´Ò³ ¶µ²µ¦¥´¨¥³ ¸²Ê¦¨É £¨¶µÉ¥§  µ Éµ³, ÎÉµ ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨¨
Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´ Ö Ì · ±É¥·¨¸É¨±  ³ É¥·¨¨ Å É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ .
ƒ· ¢¨É Í¨µ´´µ¥ ¶µ²¥ · ¸¸³ É·¨¢ ¥É¸Ö ± ± Ë¨§¨Î¥¸±µ¥ ¶µ²¥ ¸µ ¸¶¨´ ³¨ 2 ¨
0, ¨§-§  ¤¥°¸É¢¨Ö ±µÉµ·µ£µ ¨ ¢µ§´¨± ¥É ÔËË¥±É¨¢´µ¥ ·¨³ ´µ¢µ ¶·µ¸É· ´¸É¢µ.
�Éµ ¶µ§¢µ²Ö¥É ´ °É¨ ± ²¨¡·µ¢µÎ´ÊÕ £·Ê¶¶Ê ¨ µ¤´µ§´ Î´µ ¶µ¸É·µ¨ÉÓ ¶²µÉ-
´µ¸ÉÓ ² £· ´¦¨ ´  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‘¨¸É¥³  Ê· ¢´¥´¨° ¤ ´´µ° É¥µ·¨¨
Ëµ·³¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ £·Ê¶¶Ò ‹µ·¥´Í . ‚ · ¡µÉ¥ ¤ ¥É¸Ö ¤ ²Ó´¥°-
Ï¥¥ · §¢¨É¨¥ ¨¤¥° �.�Ê ´± ·¥, ƒ.Œ¨´±µ¢¸±µ£µ, �.�°´ÏÉ¥°´ , „.ƒ¨²Ó¡¥·É ,
�.�µ§¥´ , ‚.�.”µ±  ¢ µ¡² ¸É¨ É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¨ £· ¢¨É Í¨¨.
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�´·¨ �Ê ´± ·¥ ¥Ð¥ ¢ ´ Î ²¥ ¢¥±  ¢ ±´¨£¥ ©� Ê±  ¨ £¨¶µÉ¥§ ª ¶¨¸ ²,
ÎÉµ, ÌµÉÖ ©... µ¶ÒÉ ¨£· ¥É ´¥µ¡Ìµ¤¨³ÊÕ ·µ²Ó ¢ ¶·µ¨¸Ìµ¦¤¥´¨¨ £¥µ³¥É·¨¨,
´µ ¡Ò²µ ¡Ò µÏ¨¡±µ° § ±²ÕÎ¨ÉÓ, ÎÉµ £¥µ³¥É·¨Ö Å ÌµÉÖ ¡Ò µÉÎ ¸É¨ Å
Ö¢²Ö¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´µ° ´ Ê±µ°. …¸²¨ ¡Ò µ´  ¡Ò²  Ô±¸¶¥·¨³¥´É ²Ó´µ°
´ Ê±µ°, µ´  ¨³¥²  ¡Ò Éµ²Ó±µ ¢·¥³¥´´µ¥, ¶·¨¡²¨¦¥´´µ¥ Å ¨ ¢¥¸Ó³  £·Ê¡µ ¶·¨-
¡²¨¦¥´´µ¥ Å §´ Î¥´¨¥ª. ˆ ¤ ²¥¥: ª�·¥¤³¥É £¥µ³¥É·¨¨ ¸µ¸É ¢²Ö¥É ¨§ÊÎ¥´¨¥
²¨ÏÓ Î ¸É´µ° ©£·Ê¶¶Òª ¶¥·¥³¥Ð¥´¨°, ´µ µ¡Ð¥¥ ¶µ´ÖÉ¨¥ £·Ê¶¶Ò ¸ÊÐ¥¸É¢Ê¥É
· ´ÓÏ¥ ¢ ´ Ï¥³ Ê³¥, ¶µ ±· °´¥° ³¥·¥ ¢ ¢¨¤¥ ¢µ§³µ¦´µ¸É¨... �¶ÒÉ ´ -
¶· ¢²Ö¥É ´ ¸ ¶·¨ ÔÉµ³ ¢Ò¡µ·¥, ´µ ´¥ ¤¥² ¥É ¥£µ ¤²Ö ´ ¸ µ¡Ö§ É¥²Ó´Ò³;
µ´ ¶µ± §Ò¢ ¥É ´ ³ ´¥ Éµ, ± ± Ö £¥µ³¥É·¨Ö ´ ¨¡µ²¥¥ ¶· ¢¨²Ó´ ,   Éµ, ± ± Ö
´ ¨¡µ²¥¥ Ê¤µ¡´ ... �¶ÒÉÒ, ±µÉµ·Ò¥ ¶·¨¢¥²¨ ´ ¸ ± ¶·¨´ÖÉ¨Õ µ¸´µ¢´ÒÌ ¸µ£² -
Ï¥´¨° £¥µ³¥É·¨¨ ¢ ± Î¥¸É¢¥ ´ ¨¡µ²¥¥ Ê¤µ¡´ÒÌ, µÉ´µ¸ÖÉ¸Ö ± ¢¥Ð ³, ±µÉµ·Ò¥
´¥ ¨³¥ÕÉ ´¨Î¥£µ µ¡Ð¥£µ ¸ µ¡Ñ¥±É ³¨ ¨§ÊÎ¥´¨Ö £¥µ³¥É·¨¨, µ´¨ µÉ´µ¸ÖÉ¸Ö
± ¸¢µ°¸É¢ ³ É¢¥·¤ÒÌ É¥², ± ¶·Ö³µ²¨´¥°´µ³Ê · ¸¶·µ¸É· ´¥´¨Õ ¸¢¥É . �Éµ
Å µ¶ÒÉÒ ³¥Ì ´¨Î¥¸±¨¥ ¨ µ¶É¨Î¥¸±¨¥; ¨Ì µÉ´Õ¤Ó ´¥²Ó§Ö · ¸¸³ É·¨¢ ÉÓ ± ±
µ¶ÒÉÒ £¥µ³¥É·¨Î¥¸±¨¥ª. ˆ ¤ ²¥¥ �.�Ê ´± ·¥ ¶µ¤Î¥·±¨¢ ¥É: ©�·¨´Í¨¶Ò Å
ÔÉµ ¸µ£² Ï¥´¨Ö ¨ ¸±·ÒÉÒ¥ µ¶·¥¤¥²¥´¨Ö. ’¥³ ´¥ ³¥´¥¥ µ´¨ ¨§¢²¥Î¥´Ò ¨§
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ § ±µ´µ¢; ÔÉ¨ ¶µ¸²¥¤´¨¥ ¡Ò²¨, É ± ¸± § ÉÓ, ¢µ§¢¥¤¥´Ò ¢
· ´£ ¶·¨´Í¨¶µ¢, ±µÉµ·Ò³ ´ Ï Ê³ ¶·¨¶¨¸Ò¢ ¥É  ¡¸µ²ÕÉ´µ¥ §´ Î¥´¨¥ª.

�¥¸±µ²Ó±µ ¶µ§¤´¥¥ ¢ ±´¨£¥ ©�µ¸²¥¤´¨¥ ³Ò¸²¨ª ¢ £² ¢¥ II ©�·µ¸É· ´¸É¢µ
¨ ¢·¥³Öª �.�Ê ´± ·¥ ¶¨¸ ²: ©�·¨´Í¨¶ Ë¨§¨Î¥¸±µ° µÉ´µ¸¨É¥²Ó´µ¸É¨ ³µ¦¥É
¸²Ê¦¨ÉÓ ´ ³ ¤²Ö µ¶·¥¤¥²¥´¨Ö ¶·µ¸É· ´¸É¢ . �´ ¤ ¥É ´ ³, É ± ¸± § ÉÓ,
´µ¢Ò° ¨§³¥·¨É¥²Ó´Ò° ¨´¸É·Ê³¥´É. �¡ÑÖ¸´Õ¸Ó. Š ± ³µ¦¥É É¢¥·¤µ¥ É¥²µ
¸²Ê¦¨ÉÓ ´ ³ ¤²Ö ¨§³¥·¥´¨Ö ¨²¨, ¶· ¢¨²Ó´¥¥, ¤²Ö ¶µ¸É·µ¥´¨Ö ¶·µ¸É· ´¸É¢ ?
„¥²µ µ¡¸Éµ¨É §¤¥¸Ó ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ¶¥·¥´µ¸Ö É¢¥·¤µ¥ É¥²µ ¨§ µ¤´µ£µ
³¥¸É  ¢ ¤·Ê£µ¥, ³Ò § ³¥Î ¥³, É ±¨³ µ¡· §µ³, ÎÉµ ¥£µ ³µ¦´µ ¶·¨²µ¦¨ÉÓ
¸¶¥·¢  ± µ¤´µ° Ë¨£Ê·¥, ¶µÉµ³ ± ¤·Ê£µ°, ¨ ³Ò ¸µ£² Ï ¥³¸Ö ¸Î¨É ÉÓ ÔÉ¨ Ë¨-
£Ê·Ò · ¢´Ò³¨. ˆ§ ÔÉµ£µ ¸µ£² Ï¥´¨Ö ·µ¤¨² ¸Ó £¥µ³¥É·¨Ö. ƒ¥µ³¥É·¨Ö ¥¸ÉÓ ´¥
ÎÉµ ¨´µ¥, ± ± ÊÎ¥´¨¥ µ ¢§ ¨³´ÒÌ ¸µµÉ´µÏ¥´¨ÖÌ ÔÉ¨Ì ¶·¥µ¡· §µ¢ ´¨° ¨²¨, ¢Ò-
· ¦ Ö¸Ó ³ É¥³ É¨Î¥¸±¨³ Ö§Ò±µ³, ÊÎ¥´¨¥ µ ¸É·µ¥´¨¨ £·Ê¶¶Ò, µ¡· §µ¢ ´´µ°
ÔÉ¨³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨, É.¥. £·Ê¶¶Ò ¤¢¨¦¥´¨° É¢¥·¤ÒÌ É¥².

‚µ§Ó³¥³ É¥¶¥·Ó ¤·Ê£ÊÕ £·Ê¶¶Ê, £·Ê¶¶Ê ¶·¥µ¡· §µ¢ ´¨°, ´¥ ¨§³¥´ÖÕÐ¨Ì
´ Ï¨Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ŒÒ ¶µ²ÊÎ ¥³ ´µ¢Ò° ¸¶µ¸µ¡ µ¶·¥¤¥²¥´¨Ö
· ¢¥´¸É¢  ¤¢ÊÌ Ë¨£Ê·. ŒÒ Ê¦¥ ´¥ ¸± ¦¥³ ¡µ²¥¥: ¤¢¥ Ë¨£Ê·Ò · ¢´Ò, ±µ£¤ 
µ¤´µ ¨ Éµ ¦¥ É¢¥·¤µ¥ É¥²µ ³µ¦¥É ¡ÒÉÓ ¶·¨²µ¦¥´µ ¨ ± µ¤´µ°, ¨ ± ¤·Ê£µ°.
ŒÒ ¸± ¦¥³: ¤¢¥ Ë¨£Ê·Ò · ¢´Ò, ±µ£¤  µ¤´  ¨ É  ¦¥ ³¥Ì ´¨Î¥¸± Ö ¸¨¸É¥³ ,
Ê¤ ²¥´´ Ö µÉ ¸µ¸¥¤´¨Ì ¸¨¸É¥³ ´ ¸Éµ²Ó±µ, ÎÉµ ¥¥ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ±
¨§µ²¨·µ¢ ´´ÊÕ, ¡Ê¤ÊÎ¨ ¶µ³¥Ð¥´  ¸¶¥·¢  É ±¨³ µ¡· §µ³, ÎÉµ ¥¥ ³ É¥·¨ ²Ó-
´Ò¥ ÉµÎ±¨ ¢µ¸¶·µ¨§¢µ¤ÖÉ ¶¥·¢ÊÕ Ë¨£Ê·Ê,   § É¥³ É ±¨³ µ¡· §µ³, ÎÉµ µ´¨
¢µ¸¶·µ¨§¢µ¤ÖÉ ¤·Ê£ÊÕ Ë¨£Ê·Ê, ¢¥¤¥É ¸¥¡Ö ¢µ ¢Éµ·µ³ ¸²ÊÎ ¥ É ± ¦¥, ± ± ¨
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¢ ¶¥·¢µ³. �É²¨Î ÕÉ¸Ö ²¨ ¤·Ê£ µÉ ¤·Ê£  ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ µ¡  ÔÉ¨
¢§£²Ö¤ ? �¥É.

’¢¥·¤µ¥ É¥²µ Å ÔÉµ É ± Ö ¦¥ ³¥Ì ´¨Î¥¸± Ö ¸¨¸É¥³ , ± ± ¨ ¢¸Ö± Ö ¤·Ê-
£ Ö. ‚¸Ö · §´¨Í  ³¥¦¤Ê ´ Ï¨³¨ ¶·¥¦´¨³ ¨ ´µ¢Ò³ µ¶·¥¤¥²¥´¨Ö³¨ ¶·µ¸É· ´-
¸É¢  § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¶µ¸²¥¤´¥¥ Ï¨·¥, ¶µ§¢µ²ÖÖ § ³¥´¨ÉÓ É¢¥·¤µ¥
É¥²µ ²Õ¡µ° ¤·Ê£µ° ³¥Ì ´¨Î¥¸±µ° ¸¨¸É¥³µ°. �µ²¥¥ Éµ£µ, ´ Ï¥ ´µ¢µ¥ Ê¸²µ¢´µ¥
¸µ£² Ï¥´¨¥ µ¶·¥¤¥²Ö¥É ´¥ Éµ²Ó±µ ¶·µ¸É· ´¸É¢µ, ´µ ¨ ¢·¥³Ö. �´µ µ¡ÑÖ¸´Ö¥É
´ ³, ÎÉµ É ±µ¥ ¤¢  µ¤´µ¢·¥³¥´´ÒÌ ³µ³¥´É , ÎÉµ É ±µ¥ ¤¢  · ¢´ÒÌ ¶·µ³¥-
¦ÊÉ±  ¢·¥³¥´¨ ¨²¨ ¦¥ ÎÉµ É ±µ¥ ¶·µ³¥¦ÊÉµ± ¢·¥³¥´¨, ¢¤¢µ¥ ¡µ²ÓÏ¨° ¤·Ê-
£µ£µ ¶·µ³¥¦ÊÉ± ª. ˆ³¥´´µ É ±¨³ ¶ÊÉ¥³, µÉ±·Ò¢ £·Ê¶¶Ê ¶·¥µ¡· §µ¢ ´¨°, ´¥
¨§³¥´ÖÕÐ¨Ì Ê· ¢´¥´¨° Œ ±¸¢¥²²  Å ‹µ·¥´Í , �.�Ê ´± ·¥ ¢¢¥² ¶·¥¤¸É ¢²¥-
´¨¥ µ Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¥°.
�Éµ ¶·¥¤¸É ¢²¥´¨¥ µ £¥µ³¥É·¨¨ ¶µ§¤´¥¥ · §¢¨² ƒ.Œ¨´±µ¢¸±¨°.

…¸²¨ ¸²¥¤µ¢ ÉÓ ¢§£²Ö¤ ³ �.�Ê ´± ·¥, Éµ ¥¸É¥¸É¢¥´´µ ¶µ²µ¦¨ÉÓ ¢ µ¸´µ¢Ê
²Õ¡µ° Ë¨§¨Î¥¸±µ° É¥µ·¨¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢Ê £¥µ³¥É·¨Õ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨
± ± ¸ ³ÊÕ ¶·µ¸É¥°ÏÊÕ. Š ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, ÔÉµÉ ¢Ò¢µ¤ ¶· ¢¨²¥´, ´µ µ´
¡Ê¤¥É ´ ³¨ Ê¸¨²¥´ ¤µ¶µ²´¨É¥²Ó´Ò³¨  ·£Ê³¥´É ³¨.

‘¶Ê¸ÉÖ ³´µ£µ ²¥É, ¢ 1921 £µ¤Ê, ± µ¡¸Ê¦¤¥´¨Õ ¶·µ¡²¥³Ò µ ¸µµÉ´µÏ¥´¨¨
£¥µ³¥É·¨¨ ¨ Ë¨§¨±¨ µ¡· É¨²¸Ö ¨ �.�°´ÏÉ¥°´, ±µÉµ·Ò° ¢ ¸É ÉÓ¥ ©ƒ¥µ³¥É·¨Ö
¨ µ¶ÒÉª ¶¨¸ ²: ©Ÿ¸´µ, ÎÉµ ¨§ ¸¨¸É¥³Ò ¶µ´ÖÉ¨°  ±¸¨µ³ É¨Î¥¸±µ° £¥µ³¥É·¨¨
´¥²Ó§Ö ¶µ²ÊÎ¨ÉÓ ´¨± ±¨Ì ¸Ê¦¤¥´¨° µ É ±¨Ì ·¥ ²Ó´µ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¶·¥¤³¥-
É Ì, ±µÉµ·Ò¥ ³Ò ´ §Ò¢ ¥³ ¶· ±É¨Î¥¸±¨ É¢¥·¤Ò³¨ É¥² ³¨. —Éµ¡Ò É ±µ£µ
·µ¤  ¸Ê¦¤¥´¨Ö ¡Ò²¨ ¢µ§³µ¦´Ò, ³Ò ¤µ²¦´Ò ²¨Ï¨ÉÓ £¥µ³¥É·¨Õ ¥¥ Ëµ·³ ²Ó´µ-
²µ£¨Î¥¸±µ£µ Ì · ±É¥· , ¸µ¶µ¸É ¢¨¢ ¶Ê¸Éµ° ¸Ì¥³¥ ¶µ´ÖÉ¨°  ±¸¨µ³ É¨Î¥¸±µ°
£¥µ³¥É·¨¨ ·¥ ²Ó´Ò¥ µ¡Ñ¥±ÉÒ ´ Ï¥£µ µ¶ÒÉ . „²Ö ÔÉµ° Í¥²¨ ¤µ¸É ÉµÎ´µ
¶·¨¡ ¢¨ÉÓ Éµ²Ó±µ É ±µ¥ ÊÉ¢¥·¦¤¥´¨¥: É¢¥·¤Ò¥ É¥²  ¢¥¤ÊÉ ¸¥¡Ö ¢ ¸³Ò¸²¥
· §²¨Î´ÒÌ ¢µ§³µ¦´µ¸É¥° ¢§ ¨³´µ£µ · ¸¶µ²µ¦¥´¨Ö, ± ± É¥²  ¥¢±²¨¤µ¢µ° £¥µ-
³¥É·¨¨ É·¥Ì ¨§³¥·¥´¨°; É ±¨³ µ¡· §µ³, É¥µ·¥³Ò ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¸µ-
¤¥·¦ É ¢ ¸¥¡¥ ÊÉ¢¥·¦¤¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ¶µ¢¥¤¥´¨¥ ¶· ±É¨Î¥¸±¨ É¢¥·¤ÒÌ
É¥². „µ¶µ²´Ö¥³ Ö É ±¨³ ÊÉ¢¥·¦¤¥´¨¥³ £¥µ³¥É·¨Ö ¸É ´µ¢¨É¸Ö, µÎ¥¢¨¤´µ,
¥¸É¥¸É¢¥´´µ° ´ Ê±µ°; ³Ò ³µ¦¥³ · ¸¸³ É·¨¢ ÉÓ ¥¥ Ë ±É¨Î¥¸±¨ ± ± ¸ ³ÊÕ
¤·¥¢´ÕÕ ¢¥É¢Ó Ë¨§¨±¨. …¥ ÊÉ¢¥·¦¤¥´¨Ö ¶µ±µÖÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ ´ 
¢Ò¢µ¤ Ì ¨§ µ¶ÒÉ ,   ´¥ Éµ²Ó±µ ´  ²µ£¨Î¥¸±¨Ì § ±²ÕÎ¥´¨ÖÌ. �Ê¤¥³ ¢ ¤ ²Ó-
´¥°Ï¥³ ´ §Ò¢ ÉÓ ¤µ¶µ²´¥´´ÊÕ É ±¨³ µ¡· §µ³ £¥µ³¥É·¨Õ ©¶· ±É¨Î¥¸±µ°
£¥µ³¥É·¨¥°ª ¢ µÉ²¨Î¨¥ µÉ ©Î¨¸Éµ  ±¸¨µ³ É¨Î¥¸±µ° £¥µ³¥É·¨¨ª. ‚µ¶·µ¸ µ
Éµ³, Ö¢²Ö¥É¸Ö ²¨ ¶· ±É¨Î¥¸± Ö £¥µ³¥É·¨Ö ¥¢±²¨¤µ¢µ° ¨²¨ ´¥É, ¶·¨µ¡·¥-
É ¥É ¸µ¢¥·Ï¥´´µ Ö¸´Ò° ¸³Ò¸²; µÉ¢¥É ´  ´¥£µ ³µ¦¥É ¤ ÉÓ Éµ²Ó±µ µ¶ÒÉ.

‚¸Ö±¨¥ ¨§³¥·¥´¨Ö ¤²¨´Ò ¢ Ë¨§¨±¥ ÉµÎ´µ É ± ¦¥, ± ± ¨ £¥µ¤¥§¨Î¥¸±¨¥
¨²¨  ¸É·µ´µ³¨Î¥¸±¨¥ ¨§³¥·¥´¨Ö, ¢ ÔÉµ³ ¸³Ò¸²¥ ¸µ¸É ¢²ÖÕÉ ¶·¥¤³¥É ¶· ±-
É¨Î¥¸±µ° £¥µ³¥É·¨¨, ¥¸²¨ ¶·¨ ÔÉµ³ ¨¸Ìµ¤¨ÉÓ ¨§ Éµ£µ µ¶ÒÉ´µ£µ § ±µ´ ,
ÎÉµ ¸¢¥É · ¸¶·µ¸É· ´Ö¥É¸Ö ¶µ ¶·Ö³µ° ²¨´¨¨, ¨ ¨³¥´´µ ¶µ ¶·Ö³µ° ¢ ¸³Ò¸²¥
¶· ±É¨Î¥¸±µ° £¥µ³¥É·¨¨. ...…¸²¨ ¦¥ µÉ¢²¥ÎÓ¸Ö µÉ ¸¢Ö§¨ ³¥¦¤Ê É¥²µ³  ±¸¨µ-



14 ‹�ƒ“��‚ �.�.

³ É¨Î¥¸±µ° ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¨ ·¥ ²Ó´Ò³ ¶· ±É¨Î¥¸±¨ É¢¥·¤Ò³ É¥²µ³,
Éµ ³Ò ²¥£±µ ¶·¨Ìµ¤¨³ ± ÉµÎ±¥ §·¥´¨Ö, ±µÉµ·µ° ¶·¨¤¥·¦¨¢ ²¸Ö É ±µ° µ·¨-
£¨´ ²Ó´Ò° ¨ £²Ê¡µ±¨° ³Ò¸²¨É¥²Ó, ± ± �´·¨ �Ê ´± ·¥: ¥¢±²¨¤µ¢  £¥µ³¥É·¨Ö
µÉ²¨Î ¥É¸Ö µÉ ¢¸¥¢µ§³µ¦´ÒÌ ³Ò¸²¨³ÒÌ  ±¸¨µ³ É¨Î¥¸±¨Ì £¥µ³¥É·¨° ¸¢µ¥°
¶·µ¸ÉµÉµ°. � É ± ± ±  ±¸¨µ³ É¨Î¥¸± Ö £¥µ³¥É·¨Ö ¸ ³  ¶µ ¸¥¡¥ ´¨± ±¨Ì ¢Ò-
¸± §Ò¢ ´¨° µ ·¥ ²Ó´µ° ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ´¥ ¸µ¤¥·¦¨É ¨ ³µ¦¥É ÔÉµ ¸¤¥² ÉÓ
²¨ÏÓ ¸µ¢³¥¸É´µ ¸ Ë¨§¨Î¥¸±¨³¨ § ±µ´ ³¨, Éµ ¶·¥¤¸É ¢²Ö²µ¸Ó ¡Ò ¢µ§³µ¦´Ò³
¨ · §Ê³´Ò³ ¶·¨¤¥·¦¨¢ ÉÓ¸Ö ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨, ± ±¨³¨ ¡Ò ¸¢µ°¸É¢ ³¨
´¥ µ¡² ¤ ²  ¤¥°¸É¢¨É¥²Ó´µ¸ÉÓ. …¸²¨ ¦¥ ¡Ê¤¥É µ¡´ ·Ê¦¥´µ ¶·µÉ¨¢µ·¥Î¨¥
³¥¦¤Ê É¥µ·¨¥° ¨ µ¶ÒÉµ³, Éµ ²¥£Î¥ ¸µ£² ¸¨ÉÓ¸Ö ¸ ¨§³¥´¥´¨¥³ Ë¨§¨Î¥¸±¨Ì § -
±µ´µ¢, Î¥³ ¸ ¨§³¥´¥´¨¥³  ±¸¨µ³ É¨Î¥¸±µ° ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ª. ˆ ¤ ²¥¥:
©ŒÒ ÎÊ¢¸É¢Ê¥³ ¸¥¡Ö ¢Ò´Ê¦¤¥´´Ò³¨ ¶¥·¥°É¨ ± ¸²¥¤ÊÕÐ¥³Ê, ¡µ²¥¥ µ¡Ð¥³Ê
¶·¥¤¸É ¢²¥´¨Õ, Ì · ±É¥·´µ³Ê ¤²Ö ÉµÎ±¨ §·¥´¨Ö �Ê ´± ·¥. � ¶µ¢¥¤¥´¨¨ ·¥-
 ²Ó´ÒÌ ¢¥Ð¥° £¥µ³¥É·¨Ö (ƒ) ´¨Î¥£µ ´¥ £µ¢µ·¨É, ÔÉµ ¶µ¢¥¤¥´¨¥ µ¶¨¸Ò¢ ¥É
Éµ²Ó±µ £¥µ³¥É·¨Ö ¢³¥¸É¥ ¸ ¸µ¢µ±Ê¶´µ¸ÉÓÕ Ë¨§¨Î¥¸±¨Ì § ±µ´µ¢ (”). ‚Ò· -
¦ Ö¸Ó ¸¨³¢µ²¨Î¥¸±¨, ³Ò ³µ¦¥³ ¸± § ÉÓ, ÎÉµ Éµ²Ó±µ ¸Ê³³  (ƒ)+(”) Ö¢²Ö¥É¸Ö
¶·¥¤³¥Éµ³ ¶·µ¢¥·±¨ ´  µ¶ÒÉ¥. ’ ±¨³ µ¡· §µ³, ³µ¦´µ ¶·µ¨§¢µ²Ó´µ ¢Ò¡· ÉÓ
± ± (ƒ), É ± ¨ µÉ¤¥²Ó´Ò¥ Î ¸É¨ (”): ¢¸¥ ÔÉ¨ § ±µ´Ò ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ°
¸µ£² Ï¥´¨Ö. ‚µ ¨§¡¥¦ ´¨¥ ¶·µÉ¨¢µ·¥Î¨° ´¥µ¡Ìµ¤¨³µ µ¸É ¢Ï¨¥¸Ö Î ¸É¨ (”)
¢Ò¡· ÉÓ É ±, ÎÉµ¡Ò (ƒ) ¨ ¶µ²´ Ö (”) ¢³¥¸É¥ µ¶· ¢¤Ò¢ ²¨¸Ó ´  µ¶ÒÉ¥. �·¨
É ±µ³ ¢µ§§·¥´¨¨  ±¸¨µ³ É¨Î¥¸± Ö £¥µ³¥É·¨Ö, ¸ ÉµÎ±¨ §·¥´¨Ö É¥µ·¨¨ ¶µ-
§´ ´¨Ö, · ¢´µÍ¥´´  ¢µ§¢¥¤¥´´µ° ¢ · ´£ ¸µ£² Ï¥´¨Ö Î ¸É¨ § ±µ´µ¢ ¶·¨·µ¤Ò.
�µ ³µ¥³Ê ³´¥´¨Õ, É ±µ¥ ¢µ§§·¥´¨¥ �Ê ´± ·¥ ¸ ¶·¨´Í¨¶¨ ²Ó´µ° ÉµÎ±¨ §·¥´¨Ö
¸µ¢¥·Ï¥´´µ ¶· ¢¨²Ó´µª.

•µÉÖ �.�°´ÏÉ¥°´ ¢ ¶·¨´Í¨¶¥ ¨ ¸µ£² ¸¨²¸Ö ¸ �.�Ê ´± ·¥, É¥³ ´¥ ³¥´¥¥
¸¢µÕ ÉµÎ±Ê §·¥´¨Ö µ´ ¸Ëµ·³Ê²¨·µ¢ ² ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ©�¤´ ±µ, ¶µ ³µ-
¥³Ê Ê¡¥¦¤¥´¨Õ, ¶·¨ ¸µ¢·¥³¥´´µ³ ¸µ¸ÉµÖ´¨¨ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ ÔÉ¨³¨
¶µ´ÖÉ¨Ö³¨ (¨³¥ÕÉ¸Ö ¢ ¢¨¤Ê ¶µ´ÖÉ¨Ö: Î ¸Ò ¨ É¢¥·¤µ¥ É¥²µ. Å �.‹.) ¸²¥-
¤Ê¥É ¶µ²Ó§µ¢ ÉÓ¸Ö ± ± ´¥§ ¢¨¸¨³Ò³¨, ¶µ¸±µ²Ó±Ê ³Ò ¶µ±  ¥Ð¥ ¤ ²¥±¨ µÉ É -
±µ£µ ¶µ´¨³ ´¨Ö É¥µ·¥É¨Î¥¸±¨Ì µ¸´µ¢ ´¨°  Éµ³¨¸É¨±¨, ±µÉµ·µ¥ ¶µ§¢µ²¨²µ
¡Ò ¶µ¸É·µ¨ÉÓ É¥µ·¥É¨Î¥¸±¨ ¶µ´ÖÉ¨Ö É¢¥·¤ÒÌ É¥² ¨ Î ¸µ¢ ¨§ ¡µ²¥¥ Ô²¥-
³¥´É ·´ÒÌª; ¨ ¤ ²¥¥ �.�°´ÏÉ¥°´ ¶µ¤Î¥·±´Ê²: ©‚µ¶·µ¸ µ Éµ³, ¨³¥¥É ÔÉµÉ
±µ´É¨´ÊÊ³ ¥¢±²¨¤µ¢Ê, ·¨³ ´µ¢Ê ¨²¨ ± ±ÊÕ-²¨¡µ ¤·Ê£ÊÕ ¸É·Ê±ÉÊ·Ê, Ö¢²Ö¥É¸Ö
¢µ¶·µ¸µ³ Ë¨§¨Î¥¸±¨³, µÉ¢¥É ´  ±µÉµ·Ò° ¤µ²¦¥´ ¤ ÉÓ µ¶ÒÉ,   ´¥ ¢µ¶·µ¸µ³
¸µ£² Ï¥´¨Ö µ ¢Ò¡µ·¥ ´  µ¸´µ¢¥ ¶·µ¸Éµ° Í¥²¥¸µµ¡· §´µ¸É¨... .

’ ±µ³Ê ¶µ´¨³ ´¨Õ £¥µ³¥É·¨¨ Ö ¶·¨¤ Õ µ¸µ¡µ¥ §´ Î¥´¨¥, ¶µ¸±µ²Ó±Ê ¡¥§
´¥£µ Ö ´¥ ¸³µ£ ¡Ò Ê¸É ´µ¢¨ÉÓ É¥µ·¨Õ µÉ´µ¸¨É¥²Ó´µ¸É¨. ˆ³¥´´µ, ¡¥§ ´¥¥
¡Ò²µ ¡Ò ´¥¢µ§³µ¦´µ ¸²¥¤ÊÕÐ¥¥ ¸µµ¡· ¦¥´¨¥: ¢ ¸¨¸É¥³¥ µÉ¸Î¥É , ±µÉµ· Ö
¢· Ð ¥É¸Ö µÉ´µ¸¨É¥²Ó´µ ´¥±µÉµ·µ° ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò, § ±µ´Ò · ¸¶µ-
²µ¦¥´¨Ö É¢¥·¤ÒÌ É¥² ´¥ ¸µµÉ¢¥É¸É¢ÊÕÉ ¶· ¢¨² ³ ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨
¢¸²¥¤¸É¢¨¥ ²µ·¥´Í¥¢  ¸µ±· Ð¥´¨Ö; É ±¨³ µ¡· §µ³, ¤µ¶Ê¸± Ö · ¢´µ¶· ¢´µ¥
¸ÊÐ¥¸É¢µ¢ ´¨¥ ´¥¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³, ³Ò ¤µ²¦´Ò µÉ± § ÉÓ¸Ö µÉ ¥¢±²¨¤µ-
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¢µ° £¥µ³¥É·¨¨. �¥§ É ±µ° ¨´É¥·¶·¥É Í¨¨ ¡Ò² ¡Ò ´¥¢µ§³µ¦¥´ ¨ ·¥Ï¨É¥²Ó´Ò°
Ï £ ± µ¡Ð¥±µ¢ ·¨ ´É´Ò³ Ê· ¢´¥´¨Ö³ª. �.�°´ÏÉ¥°´ ¶·¨Ï¥², É ±¨³ µ¡· -
§µ³, ± ·¨³ ´µ¢µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ±µÉµ·ÊÕ µ´ ¨ ¶µ²µ¦¨²
¢ µ¸´µ¢Ê µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ (�’�). �¤´ ±µ ¢ ·¨³ ´µ¢µ³ ¶·µ-
¸É· ´¸É¢¥ µÉ¸ÊÉ¸É¢ÊÕÉ ¶µ´ÖÉ¨Ö µ¤´µ·µ¤´µ¸É¨ ¨ ¨§µÉ·µ¶´µ¸É¨ ¶·µ¸É· ´¸É¢ ,
  ¸²¥¤µ¢ É¥²Ó´µ, ¢ É¥µ·¨¨, ±µÉµ· Ö ¸É·µ¨É¸Ö ´  µ¸´µ¢¥ ·¨³ ´µ¢µ° £¥µ³¥É·¨¨,
µÉ¸ÊÉ¸É¢ÊÕÉ ¨ µ¡ÒÎ´Ò¥ § ±µ´Ò ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ-
²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö.

ˆ§ ¶·¥¤Ò¤ÊÐ¥£µ ³Ò ¢¨¤¨³, ÎÉµ, ¸²¥¤ÊÖ ³Ò¸²¨ �.�Ê ´± ·¥, ³µ¦´µ ¶·¨°É¨
± ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, Éµ£¤  ± ± �.�°´ÏÉ¥°´
¶µ§¤´¥¥, µ¸ÊÐ¥¸É¢²ÖÖ ¶µ¸É·µ¥´¨¥ �’�, ¶·¨Ï¥² ± ·¨³ ´µ¢µ° ¸É·Ê±ÉÊ·¥ ¶·µ-
¸É· ´¸É¢ -¢·¥³¥´¨, µ¸É ¢¨¢, É ±¨³ µ¡· §µ³, §  ¡µ·Éµ³ µ¡ÒÎ´Ò¥ § ±µ´Ò ¸µ-
Ì· ´¥´¨Ö. ‚ µ¸´µ¢Ê ¢Ò¡µ·  £¥µ³¥É·¨¨ �.�Ê ´± ·¥ ¨ �.�°´ÏÉ¥°´ ¡· ²¨
µ¶ÒÉ´Ò¥ Ë ±ÉÒ, ´µ ¸ Éµ° ¸ÊÐ¥¸É¢¥´´µ° · §´¨Í¥°, ÎÉµ �.�Ê ´± ·¥, ¶µ´¨³ Ö
¢ ¦´µ¸ÉÓ µ¶ÒÉ´ÒÌ Ë ±Éµ¢, ¢¸¥ ¦¥ ¤µ¶Ê¸± ² ¢µ§³µ¦´µ¸ÉÓ ¢Ò¡µ· , Éµ£¤  ± ±
�.�°´ÏÉ¥°´ ¸Î¨É ², ÎÉµ ¢µ¶·µ¸ µ £¥µ³¥É·¨¨ ¥¸ÉÓ ¢µ¶·µ¸ Ë¨§¨Î¥¸±¨°, ¨ ´ 
´¥£µ ¤µ²¦¥´ ¤ ÉÓ µÉ¢¥É µ¶ÒÉ. ‚ ¶·¨´Í¨¶¥ ÔÉµ ¶· ¢¨²Ó´µ. �µ ¶·¨ ÔÉµ³ ¸· §Ê
¢µ§´¨± ¥É ¢µ¶·µ¸: ± ±µ° µ¶ÒÉ? �¶ÒÉ´ÒÌ Ë ±Éµ¢ ³µ¦¥É ¡ÒÉÓ ¤µ¸É ÉµÎ´µ
³´µ£µ. ’ ±, ´ ¶·¨³¥·, ¨§ÊÎ Ö ¤¢¨¦¥´¨¥ ¸¢¥É  ¨ ¶·µ¡´ÒÌ É¥², ³µ¦´µ, ¢ ¶·¨´-
Í¨¶¥, µ¤´µ§´ Î´µ Ê¸É ´µ¢¨ÉÓ £¥µ³¥É·¨Õ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. �¥µ¡Ìµ¤¨³µ
²¨ ¥¥ ¨ ¶µ²µ¦¨ÉÓ ¢ µ¸´µ¢Ê Ë¨§¨Î¥¸±µ° É¥µ·¨¨? �  ¶¥·¢Ò° ¢§£²Ö¤, ´  ÔÉµÉ ¢µ-
¶·µ¸ ³µ¦´µ µÉ¢¥É¨ÉÓ ÊÉ¢¥·¤¨É¥²Ó´µ. ˆ, ± § ²µ¸Ó ¡Ò, ¢µ¶·µ¸ ¨¸Î¥·¶ ´. �¤´ ±µ
¸¨ÉÊ Í¨Ö £µ· §¤µ ¸²µ¦´¥¥. ‚¸¥ ¢¨¤Ò ³ É¥·¨¨ ¶µ¤Î¨´ÖÕÉ¸Ö § ±µ´ ³ ¸µÌ· ´¥-
´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö. ˆ³¥´´µ ÔÉ¨ § ±µ´Ò,
¢µ§´¨±Ï¨¥ ¶ÊÉ¥³ µ¡µ¡Ð¥´¨Ö ³´µ£µÎ¨¸²¥´´ÒÌ µ¶ÒÉ´ÒÌ ¤ ´´ÒÌ, Ì · ±É¥·¨-
§ÊÕÉ µ¡Ð¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¢¸¥Ì Ëµ·³ ³ É¥·¨¨, ¢¢µ¤Ö Ê´¨¢¥·¸ ²Ó´Ò¥
Ì · ±É¥·¨¸É¨±¨, ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ±µ²¨Î¥¸É¢¥´´µ µ¶¨¸ ÉÓ ¶·¥¢· Ð¥´¨¥ µ¤-
´¨Ì Ëµ·³ ³ É¥·¨¨ ¢ ¤·Ê£¨¥. ‚¥¤Ó ¢¸¥ ÔÉµ Éµ¦¥ µ¶ÒÉ´Ò¥ Ë ±ÉÒ, ¸É ¢Ï¨¥
ËÊ´¤ ³¥´É ²Ó´Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¶·¨´Í¨¶ ³¨. Š ± ¡ÒÉÓ ¸ ´¨³¨? ‘µÌ· ´¥´¨¥
ÔÉ¨Ì ¶·¨´Í¨¶µ¢ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É ¸É·Ê±ÉÊ·Ê £¥µ³¥É·¨¨, ±µÉµ· Ö, µ± -
§Ò¢ ¥É¸Ö, ¤µ²¦´  ¡ÒÉÓ Éµ²Ó±µ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ°. ˆ³¥´´µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¡Ê¤ÊÉ
¨³¥ÉÓ ³¥¸Éµ ¢ É¥µ·¨¨ ± ± § ±µ´ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ , É ± ¨ § ±µ´
¸µÌ· ´¥´¨Ö ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö ¤²Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö ¢³¥¸É¥ ¢§ÖÉÒÌ. �·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ µÉ· ¦ ¥É ¤¨´ ³¨Î¥¸±¨¥
¸¢µ°¸É¢ , µ¡Ð¨¥ ¤²Ö ¢¸¥Ì Ëµ·³ ³ É¥·¨¨, ¨ ¶µÔÉµ³Ê µ´µ Ê´¨¢¥·¸ ²Ó´µ. �µ
ÔÉµ µ§´ Î ¥É, ÎÉµ ¢¸¥ Éµ, ÎÉµ µÉ´µ¸ÖÉ µ¡ÒÎ´µ ± ±¨´¥³ É¨±¥ É¥µ·¨¨ µÉ´µ¸¨É¥²Ó-
´µ¸É¨, ´  ¸ ³µ³ ¤¥²¥ ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥ ± ± µÉ· ¦¥´¨¥ µ¡Ð¨Ì ¤¨´ ³¨Î¥¸±¨Ì
¸¢µ°¸É¢ ³ É¥·¨¨.

’ ±¨³ µ¡· §µ³, ´¥ ¢¸Ö±¨° µ¶ÒÉ ³µ¦¥É ¡ÒÉÓ ¢§ÖÉ ¢ ± Î¥¸É¢¥ ¨¸Ìµ¤´µ£µ Ë¨-
§¨Î¥¸±µ£µ ¶µ²µ¦¥´¨Ö ¶·¨ µ¶·¥¤¥²¥´¨¨ ¸É·Ê±ÉÊ·Ò ¶·µ¸É· ´¸É¢ . ’ ±, ¥¸²¨ ¡Ò
¸É·Ê±ÉÊ·Ê ¶·µ¸É· ´¸É¢  ¸É·µ¨²¨ ´  µ¶ÒÉ´ÒÌ Ë ±É Ì µ ¤¢¨¦¥´¨¨ ¶·µ¡´ÒÌ É¥²
¨ ¸¢¥É , Éµ ¶·¨Ï²¨ ¡Ò, ´ ¶·¨³¥·, ± ·¨³ ´µ¢Ê ¶·µ¸É· ´¸É¢Ê, ´µ ÔÉµ µ§´ Î ²µ
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¡Ò, ÎÉµ ³Ò ¶µÉ¥·Ö²¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶·¨´Í¨¶Ò É¥µ·¨¨ Å § ±µ´Ò ¸µÌ· -
´¥´¨Ö. ‚Ò¡µ· ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° ¸É·Ê±ÉÊ·Ò £¥µ³¥É·¨¨ ¸µÌ· ´Ö¥É µ¸´µ¢´Ò¥
Ë¨§¨Î¥¸±¨¥ ¶·¨´Í¨¶Ò É¥µ·¨¨ Å § ±µ´Ò ¸µÌ· ´¥´¨Ö, µ¤´ ±µ ¤²Ö µ¡ÑÖ¸´¥´¨Ö
¤¢¨¦¥´¨Ö ¶·µ¡´ÒÌ É¥² ¨ ¸¢¥É  ´¥µ¡Ìµ¤¨³µ ¡Ê¤¥É ¢¢¥¸É¨ ´µ¢Ò¥ Ë¨§¨Î¥¸±¨¥
¶µ²µ¦¥´¨Ö. �  ÔÉµ³ ³Ò ¶µ¤·µ¡´µ µ¸É ´µ¢¨³¸Ö ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥. …¸²¨
¸²¥¤µ¢ ÉÓ ³Ò¸²¨ �.�Ê ´± ·¥, Éµ ¢Ò¡µ· ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ³µ¦´µ
· ¸¸³ É·¨¢ ÉÓ ± ± ¸µ£² Ï¥´¨¥, ´µ µÉ´Õ¤Ó ´¥ ¶·µ¨§¢µ²Ó´µ¥, ¶µ¸±µ²Ó±Ê µ´µ
ÉµÎ´µ µÉ· ¦ ¥É Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ § ±µ´Ò, ¢µ§¢¥¤¥´´Ò¥ ¢ · ´£ ¶·¨´Í¨¶µ¢.

‚ µ¸´µ¢Ê · §¢¨¢ ¥³µ° ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ (�’ƒ) [1] ³Ò
¶µ²µ¦¨²¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢Ê £¥µ³¥É·¨Õ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ± ËÊ´¤ ³¥´-
É ²Ó´µ¥ ¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ ¤²Ö ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì ¶µ²¥°, ¢ Éµ³ Î¨-
¸²¥ ¨ ¤²Ö £· ¢¨É Í¨µ´´µ£µ. �Éµ ¶µ²µ¦¥´¨¥ ´¥µ¡Ìµ¤¨³µ ¨ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò
¨³¥²¨ ³¥¸Éµ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö Å § ±µ´Ò ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨
³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢³¥¸É¥ ¢§Ö-
ÉÒÌ. �·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ ´¥²Ó§Ö ¸Î¨É ÉÓ  ¶·¨µ·´µ ¸ÊÐ¥¸É¢ÊÕÐ¨³,
¶µ¸±µ²Ó±Ê µ´µ µÉ· ¦ ¥É ¸¢µ°¸É¢µ ³ É¥·¨¨, ¸²¥¤µ¢ É¥²Ó´µ, µ´µ ´¥µÉ¤¥²¨³µ µÉ
´¥¥. •µÉÖ Ëµ·³ ²Ó´µ, ¨³¥´´µ ¢ ¸¨²Ê ´¥§ ¢¨¸¨³µ¸É¨ ¸É·Ê±ÉÊ·Ò ¶·µ¸É· ´¸É¢ 
µÉ ¢¨¤  ³ É¥·¨¨, µ´µ ¨´µ£¤  · ¸¸³ É·¨¢ ¥É¸Ö  ¡¸É· ±É´µ ¢ µÉ·Ò¢¥ µÉ ³ É¥·¨¨.
‚ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ
¨´É¥·¢ ², Ì · ±É¥·¨§ÊÕÐ¨° ¸É·Ê±ÉÊ·Ê £¥µ³¥É·¨¨ ¨ Ö¢²ÖÕÐ¨°¸Ö ¨´¢ ·¨ ´Éµ³
¶µ ¶µ¸É·µ¥´¨Õ, ¨³¥¥É ¢¨¤

dσ2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 .

‡¤¥¸Ó dxν Å ¤¨ËË¥·¥´Í¨ ²Ò ±µµ·¤¨´ É.
•µÉÖ ´¥§ ¢¨¸¨³µ¸ÉÓ ¨´É¥·¢ ²  dσ, ± ± £¥µ³¥É·¨Î¥¸±µ° Ì · ±É¥·¨¸É¨±¨

¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, µÉ ¢Ò¡µ·  ¸¨¸É¥³Ò ±µµ·¤¨´ É § ¤ ´  ¶µ ¶µ¸É·µ¥´¨Õ,
É¥³ ´¥ ³¥´¥¥ ¤µ ¸¨Ì ¶µ· ¤ ¦¥ ¢ ¸µ¢·¥³¥´´ÒÌ ±Ê·¸ Ì ¶µ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥
(¸³., ´ ¶·¨³¥·, [2]) ³µ¦´µ Ê¢¨¤¥ÉÓ ©¤µ± § É¥²Ó¸É¢µª, ÎÉµ ¨´É¥·¢ ² µ¤¨´ ±µ¢
¢µ ¢¸¥Ì ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì ±µµ·¤¨´ É, ÌµÉÖ µ´ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ ¨
´¥ § ¢¨¸¨É µÉ ¢Ò¡µ·  ¸¨¸É¥³Ò ±µµ·¤¨´ É. „ ¦¥ É ±µ° ±·Ê¶´Ò° Ë¨§¨±, ± ±
‹.ˆ.Œ ´¤¥²ÓÏÉ ³, ¢ ±´¨£¥ [3] ¶¨¸ ²: ©Š ± ¨¤ÊÉ Ê¸±µ·¥´´µ ¤¢¨¦ÊÐ¨¥¸Ö Î ¸Ò
¨ ¶µÎ¥³Ê ¨Ì Ìµ¤ ³¥´Ö¥É¸Ö, ´  ÔÉµ ¸¶¥Í¨ ²Ó´ Ö É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨
µÉ¢¥É¨ÉÓ ´¥ ³µ¦¥É, ¨¡µ µ´  ¢µµ¡Ð¥ ´¥ § ´¨³ ¥É¸Ö ¢µ¶·µ¸µ³ µ¡ Ê¸±µ·¥´´µ
¤¢¨¦ÊÐ¨Ì¸Ö ¸¨¸É¥³ Ì µÉ¸Î¥É ª.

‚¸¥ ÔÉ¨ § ¡²Ê¦¤¥´¨Ö [4] ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ É¥³, ÎÉµ ¶·µ¸É· ´¸É¢µ Œ¨´-
±µ¢¸±µ£µ ³´µ£¨³¨ · ¸¸³ É·¨¢ ²µ¸Ó ´¥ ± ± µÉ±·ÒÉ¨¥ £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨,   ± ± Ö±µ¡Ò Ëµ·³ ²Ó´ Ö £¥µ³¥É·¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ‘’� ¢ ¶µ¤-
Ìµ¤¥ �.�°´ÏÉ¥°´ . �  ¶¥·¥¤´¨° ¶² ´ ¡Ò²¨ ¢Ò¤¢¨´ÊÉÒ É ±¨¥ µ£· ´¨Î¥´´Ò¥
¶µ´ÖÉ¨Ö, ± ± ¶µ¸ÉµÖ´¸É¢µ ¸±µ·µ¸É¨ ¸¢¥É , ¸¨´Ì·µ´¨§ Í¨Ö Î ¸µ¢, ´¥§ ¢¨¸¨-
³µ¸ÉÓ ¸±µ·µ¸É¨ ¸¢¥É  µÉ ¤¢¨¦¥´¨Ö ¨¸ÉµÎ´¨± . ‚¸¥ ÔÉµ ¸ÊÐ¥¸É¢¥´´µ ¸Ê§¨²µ
· ³±¨ ‘’� ¨ § ¤¥·¦ ²µ ¶µ´¨³ ´¨¥ ¥¥ ¸ÊÉ¨. � ¢¥¤Ó ¸ÊÉÓ ¥¥ ¨ ¸µ¸Éµ¨É Éµ²Ó±µ
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¢ Éµ³, ÎÉµ £¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ¢ ±µÉµ·µ° ¶·µÉ¥± ÕÉ ¢¸¥ Ë¨-
§¨Î¥¸±¨¥ ¶·µÍ¥¸¸Ò, ¥¸ÉÓ ¶¸¥¢¤µ¥¢±²¨¤µ¢  £¥µ³¥É·¨Ö.

‚ ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¨´É¥·¢ ² ¶·¨´¨³ ¥É Ëµ·³Ê

dσ2 = γµν(x)dx
µdxν ,

γµν(x) Å ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. ‡ ³¥É¨³, ÎÉµ ¢
´¥¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¢ ¶·¨´Í¨¶¥ ´¥²Ó§Ö £µ¢µ·¨ÉÓ µ ¸¨´Ì·µ´¨-
§ Í¨¨ Î ¸µ¢ ¨ ¶µ¸ÉµÖ´¸É¢¥ ¸±µ·µ¸É¨ ¸¢¥É  [5]. ‘¢µ¡µ¤´µ¥ ¤¢¨¦¥´¨¥ ¶·µ¡´µ£µ
É¥²  ¢ ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¶·µ¨¸Ìµ¤¨É ¶µ £¥µ¤¥§¨Î¥¸±µ° ²¨´¨¨
¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ:

DUν

dσ
=
dUν

dσ
+ γναβU

αUβ = 0 ,

£¤¥ Uν = dxν

dσ
, γναβ(x) Å ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö, µ¶·¥¤¥²Ö¥³Ò¥ ¢Ò· ¦¥´¨¥³

γναβ(x) =
1

2
γνσ(∂αγβσ + ∂βγασ − ∂σγαβ) .

‚ µ¸´µ¢Ê É¥µ·¨¨ £· ¢¨É Í¨¨ ³Ò ¶µ²µ¦¨²¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢Ê £¥µ³¥É·¨Õ,
´µ ÔÉµ µÉ´Õ¤Ó ´¥ µ§´ Î ¥É, ÎÉµ ¨ ÔËË¥±É¨¢´µ¥ ¶·µ¸É· ´¸É¢µ ¢ ¶·¨¸ÊÉ¸É¢¨¨
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö É ±¦¥ ¡Ê¤¥É ¶¸¥¢¤µ¥¢±²¨¤µ¢Ò³. �µ¤ ¤¥°¸É¢¨¥³ £· ¢¨-
É Í¨µ´´µ£µ ¶µ²Ö ÔËË¥±É¨¢´µ¥ ¶·µ¸É· ´¸É¢µ ¡Ê¤¥É Ê¦¥ ¤·Ê£¨³. �ÉµÉ ¢µ¶·µ¸
³Ò ¶µ¤·µ¡´µ · ¸¸³µÉ·¨³ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥. Œ¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´-
±µ¢¸±µ£µ ¶µ§¢µ²Ö¥É ¢¢¥¸É¨ ¶µ´ÖÉ¨Ö ÔÉ ²µ´´µ° ¤²¨´Ò ¨ ¶·µ³¥¦ÊÉ±  ¢·¥³¥´¨
¶·¨ µÉ¸ÊÉ¸É¢¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.

2. ’…�‡�� ��…�ƒˆˆ-ˆŒ�“‹œ‘� Œ�’…�ˆˆ
Š�Š ˆ‘’�—�ˆŠ ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ

�² £µ¤ ·Ö ´ ²¨Î¨Õ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ¤¥¸ÖÉ¨¶ · ³¥É·¨Î¥¸±µ°
£·Ê¶¶Ò ¤¢¨¦¥´¨Ö �Ê ´± ·¥, ¤²Ö ²Õ¡µ° § ³±´ÊÉµ° Ë¨§¨Î¥¸±µ° ¸¨¸É¥³Ò ¸ÊÐ¥-
¸É¢ÊÕÉ ¤¥¸ÖÉÓ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö, Éµ ¥¸ÉÓ ¨³¥ÕÉ ³¥¸Éµ § ±µ´Ò ¸µÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö. ‹Õ¡µ¥ Ë¨§¨Î¥¸±µ¥ ¶µ²¥
¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ Ì · ±É¥·¨§Ê¥É¸Ö ¶²µÉ´µ¸ÉÓÕ É¥´§µ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  tµν , Ö¢²ÖÕÐ¥°¸Ö µ¡Ð¥° Ê´¨¢¥·¸ ²Ó´µ° Ì · ±É¥·¨¸É¨±µ° ¤²Ö ¢¸¥Ì
Ëµ·³ ³ É¥·¨¨, ±µÉµ· Ö Ê¤µ¢²¥É¢µ·Ö¥É § ±µ´Ê ¸µÌ· ´¥´¨Ö, ± ± ²µ± ²Ó´µ³Ê,
É ± ¨ ¨´É¥£· ²Ó´µ³Ê. ‚ ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ²µ± ²Ó´Ò° § ±µ´
¸µÌ· ´¥´¨Ö § ¶¨¸Ò¢ ¥É¸Ö ¢ Ëµ·³¥

Dµt
µν = ∂µt

µν + γναβt
αβ = 0 .
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‡¤¥¸Ó tµν Å ¸Ê³³ ·´ Ö ¸µÌ· ´ÖÕÐ Ö¸Ö ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¢¸¥Ì ¶µ²¥° ³ É¥·¨¨; Dµ Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´-
±µ¢¸±µ£µ.

ŒÒ §¤¥¸Ó ¨ ¢ ¤ ²Ó´¥°Ï¥³ ¢¸¥£¤  ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²µ ¸ ¶²µÉ´µ¸ÉÖ³¨ ¸± -
²Ö·´ÒÌ ¨ É¥´§µ·´ÒÌ ¢¥²¨Î¨´, µ¶·¥¤¥²Ö¥³ÒÌ ¶µ ¶· ¢¨²Ê

φ̃ =
√
−γφ , φ̃µν =

√
−γφµν , γ = det(γµν) .

‚¢¥¤¥´¨¥ ¶²µÉ´µ¸É¥° µ¡Ê¸²µ¢²¥´µ É¥³, ÎÉµ ¢ ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É Ì ¨´-
¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· -
¦¥´¨¥³ √

−γd4x ,

  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥
√
−gd4x , g = det(gµν) .

�µÔÉµ³Ê ¶·¨´Í¨¶ ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ¢Ò· ¦ ¥É¸Ö Ëµ·³Ê²µ°

δS = δ

∫
Ld4x = 0 ,

£¤¥ L Å ¸± ²Ö·´ Ö ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ³ É¥·¨¨.
�·¨ ¶µ²ÊÎ¥´¨¨ Ê· ¢´¥´¨° �°²¥·  ¸ ¶µ³µÐÓÕ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£µ

¤¥°¸É¢¨Ö ³Ò ¡Ê¤¥³  ¢Éµ³ É¨Î¥¸±¨ ¨³¥ÉÓ ¤¥²µ ¸ ¢ ·¨ Í¨¥° ¨³¥´´µ ¶²µÉ´µ¸É¨
² £· ´¦¨ ´ . �²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  tµν , ¸µ£² ¸´µ „.ƒ¨²Ó¡¥·ÉÊ,
¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¸± ²Ö·´ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  L ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

tµν = −2
δL

δγµν
, (1)

£¤¥
δL

δγµν
=

∂L

∂γµν
− ∂σ

(
∂L

∂γµν,σ

)
, γµν,σ =

∂γµν

∂xσ
.

‚ ¸¨²Ê Ê´¨¢¥·¸ ²Ó´µ¸É¨ £· ¢¨É Í¨¨ ¥¸É¥¸É¢¥´´µ ¢Ò¤¢¨´ÊÉÓ £¨¶µÉ¥§Ê, ÎÉµ ¸µ-
Ì· ´ÖÕÐ Ö¸Ö ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¸¥Ì ¶µ²¥° ³ É¥·¨¨ tµν

Ö¢²Ö¥É¸Ö ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. „ ²¥¥ ³Ò ¢µ¸¶µ²Ó§Ê¥³¸Ö  ´ -
²µ£¨¥° ¸ Ô²¥±É·µ¤¨´ ³¨±µ°, ¢ ±µÉµ·µ° ¨¸ÉµÎ´¨±µ³ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö
Ö¢²Ö¥É¸Ö ¸µÌ· ´ÖÕÐ Ö¸Ö ¶²µÉ´µ¸ÉÓ § ·Ö¦¥´´µ£µ ¢¥±Éµ·´µ£µ Éµ±  jν ,   ¸ ³µ
¶µ²¥ ¨³¥¥É ¢¥±Éµ·´ÊÕ ¶·¨·µ¤Ê ¨ µ¶¨¸Ò¢ ¥É¸Ö ¶²µÉ´µ¸ÉÓÕ ¢¥±Éµ·´µ£µ ¶µÉ¥´-
Í¨ ²  Ãν :

Ãν = (φ̃, Ãi) .

“· ¢´¥´¨Ö Ô²¥±É·µ¤¨´ ³¨±¨ Œ ±¸¢¥²²  ¢ µÉ¸ÊÉ¸É¢¨¥ £· ¢¨É Í¨¨ ¢ ¶·µ¨§¢µ²Ó-
´ÒÌ ±µµ·¤¨´ É Ì ¨³¥ÕÉ ¢¨¤

γαβDαDβÃ
ν + µ2Ãν = 4πjν ,
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DνÃ
ν = 0 .

ŒÒ §¤¥¸Ó ¤²Ö µ¡Ð´µ¸É¨ ¢¢¥²¨ ³ ¸¸Ê ËµÉµ´  µ.
�µ¸±µ²Ó±Ê ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ³Ò µ¡ÑÖ¢¨²¨ ¸µÌ· ´ÖÕÐÊ-

Õ¸Ö ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  tµν , Éµ ¥¸É¥¸É¢¥´´µ ¸Î¨É ÉÓ £· -
¢¨É Í¨µ´´µ¥ ¶µ²¥ É¥´§µ·´Ò³ ¨ µ¶¨¸Ò¢ ÉÓ ¥£µ ¶²µÉ´µ¸ÉÓÕ ¸¨³³¥É·¨Î¥¸±µ£µ
É¥´§µ·  φ̃µν :

φ̃µν =
√
−γφµν ,

¨ ¢ ¶µ²´µ°  ´ ²µ£¨¨ ¸ Ô²¥±É·µ¤¨´ ³¨±µ° Œ ±¸¢¥²²  Ê· ¢´¥´¨Ö £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

γαβDαDβφ̃
µν +m2φ̃µν = λtµν , (2)

Dµφ̃
µν = 0 . (3)

‡¤¥¸Ó λ Å ´¥±µÉµ· Ö ¶µ¸ÉµÖ´´ Ö, ±µÉµ· Ö, ¨¸Ìµ¤Ö ¨§ ¶·¨´Í¨¶  ¸µµÉ¢¥É¸É¢¨Ö
¸ § ±µ´µ³ ÉÖ£µÉ¥´¨Ö �ÓÕÉµ´ , ¤µ²¦´  ¡ÒÉÓ · ¢´  16π. “· ¢´¥´¨¥ (3) ¨¸-
±²ÕÎ ¥É ¸¶¨´Ò 1 ¨ 0′, µ¸É ¢²ÖÖ ¶µ²Ö·¨§ Í¨µ´´Ò¥ ¸¢µ°¸É¢  ¶µ²Ö, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ Éµ²Ó±µ ¸¶¨´ ³ 2 ¨ 0.

�²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³ É¥·¨¨ tµν ¸µ¸Éµ¨É ¨§ ¶²µÉ´µ¸É¨
É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö tµνg ¨ ¶²µÉ´µ¸É¨ É¥´§µ· 
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  tµνM . �µ¤ ¢¥Ð¥¸É¢µ³ ³Ò ¨³¥¥³ ¢ ¢¨¤Ê ¢¸¥ ¶µ²Ö
³ É¥·¨¨, §  ¨¸±²ÕÎ¥´¨¥³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö,

tµν = tµνg + tµνM .

‚§ ¨³µ¤¥°¸É¢¨¥ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨ ¢¥Ð¥¸É¢  ÊÎ¨ÉÒ¢ ¥É¸Ö ¢ ¶²µÉ´µ¸É¨
É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  tµνM .

�.�°´ÏÉ¥°´ ¥Ð¥ ¢ 1913 £µ¤Ê ¢ · ¡µÉ¥ [6] ¶¨¸ ², ©...ÎÉµ É¥´§µ· £· ¢¨-
É Í¨µ´´µ£µ ¶µ²Ö ϑµν Ö¢²Ö¥É¸Ö ¨¸ÉµÎ´¨±µ³ ¶µ²Ö ´ · ¢´¥ ¸ É¥´§µ·µ³ ³ É¥-
·¨ ²Ó´ÒÌ ¸¨¸É¥³ Θµν . ˆ¸±²ÕÎ¨É¥²Ó´µ¥ ¶µ²µ¦¥´¨¥ Ô´¥·£¨¨ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö ¶µ ¸· ¢´¥´¨Õ ¸µ ¢¸¥³¨ ¤·Ê£¨³¨ ¢¨¤ ³¨ Ô´¥·£¨¨ ¶·¨¢¥²µ ¡Ò ± ´¥¤µ¶Ê¸É¨-
³Ò³ ¶µ¸²¥¤¸É¢¨Ö³ª. ˆ³¥´´µ ÔÉÊ ¨¤¥Õ �.�°´ÏÉ¥°´  ³Ò ¨ ¶µ²µ¦¨²¨ ¢ µ¸´µ¢Ê
¶µ¸É·µ¥´¨Ö ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ (�’ƒ). �·¨ ¶µ¸É·µ¥´¨¨ µ¡-
Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ (�’�) �.�°´ÏÉ¥°´Ê ´¥ Ê¤ ²µ¸Ó ¥¥ ·¥ ²¨§µ¢ ÉÓ,
¶µ¸±µ²Ó±Ê ¢³¥¸Éµ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ �’�
¢µ§´¨± ¶¸¥¢¤µÉ¥´§µ· £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‚¸¥ ÔÉµ ¶·µ¨§µÏ²µ ¨§-§  Éµ£µ,
ÎÉµ �.�°´ÏÉ¥°´ ´¥ · ¸¸³ É·¨¢ ² £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ± ± Ë¨§¨Î¥¸±µ¥ ¶µ²¥
(É¨¶  ” · ¤¥Ö Å Œ ±¸¢¥²² ) ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. ˆ³¥´´µ ¶µÔÉµ³Ê
¢ Ê· ¢´¥´¨ÖÌ �’� ´¥ ¸µ¤¥·¦¨É¸Ö ³¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. ˆ§
Ê· ¢´¥´¨° (2) ¸²¥¤Ê¥É, ÎÉµ µ´¨ ¡Ê¤ÊÉ ´¥²¨´¥°´Ò³¨ ¨ ¤²Ö ¸µ¡¸É¢¥´´µ £· -
¢¨É Í¨µ´´µ£µ ¶µ²Ö, ¶µ¸±µ²Ó±Ê ¶²µÉ´µ¸ÉÓ É¥´§µ·  tµνg Ö¢²Ö¥É¸Ö ¨¸ÉµÎ´¨±µ³
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£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. “· ¢´¥´¨Ö (2) ¨ (3), ±µÉµ·Ò¥ ³Ò Ëµ·³ ²Ó´µ ¶µ  ´ -
²µ£¨¨ ¸ Ô²¥±É·µ¤¨´ ³¨±µ° µ¡ÑÖ¢¨²¨ Ê· ¢´¥´¨Ö³¨ £· ¢¨É Í¨¨, ´ ³ ´¥µ¡Ìµ-
¤¨³µ ¶µ²ÊÎ¨ÉÓ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö, ¨¡µ Éµ²Ó±µ ¢ ÔÉµ³ ¸²ÊÎ ¥
³Ò ¡Ê¤¥³ ¨³¥ÉÓ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²µÉ´µ¸É¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨ ¶µ²¥° ¢¥Ð¥¸É¢ . �µ ¤²Ö ÔÉµ£µ ´¥µ¡Ìµ¤¨³µ ¶µ¸É·µ¨ÉÓ
¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �·¨ ÔÉµ³ Î·¥§-
¢ÒÎ °´µ ¢ ¦´µ ÔÉµ ¶µ¸É·µ¥´¨¥ µ¸ÊÐ¥¸É¢¨ÉÓ, ¨¸Ìµ¤Ö ¨§ µ¡Ð¨Ì ¶µ²µ¦¥´¨°.
’µ²Ó±µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ £µ¢µ·¨ÉÓ µ É¥µ·¨¨ £· ¢¨É Í¨¨. ˆ¸Ìµ¤´ÊÕ ¸± -
²Ö·´ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ³ É¥·¨¨ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

L = Lg(γµν , φ̃
µν) + LM (γµν , φ̃

µν , φA) ,

§¤¥¸Ó Lg Å ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö; LM Å ¶²µÉ´µ¸ÉÓ
² £· ´¦¨ ´  ¶µ²¥° ¢¥Ð¥¸É¢ ; φA Å ¶µ²Ö ¢¥Ð¥¸É¢ .

“· ¢´¥´¨Ö ¤²Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨ ¶µ²¥° ¢¥Ð¥¸É¢ , ¸µ£² ¸´µ ¶·¨´-
Í¨¶Ê ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö, ¨³¥ÕÉ ¢¨¤

δL

δφ̃µν
= 0 , (4)

δLM

δφA
= 0 . (5)

“· ¢´¥´¨Ö (4) µÉ²¨Î ÕÉ¸Ö µÉ Ê· ¢´¥´¨° (2) ¶·¥¦¤¥ ¢¸¥£µ É¥³, ÎÉµ ¢ ´¨Ì ¢ -
·¨ Í¨µ´´ Ö ¶·µ¨§¢µ¤´ Ö µÉ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¡¥·¥É¸Ö ¶µ ¶µ²Õ φ̃µν ,
Éµ£¤  ± ± ¢ Ê· ¢´¥´¨Ö (2), ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ (1), ¢Ìµ¤¨É ¢ ·¨ Í¨µ´´ Ö
¶·µ¨§¢µ¤´ Ö µÉ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¶µ ³¥É·¨±¥ γµν . „²Ö Éµ£µ ÎÉµ¡Ò ¶·¨
²Õ¡µ° Ëµ·³¥ ³ É¥·¨¨ Ê· ¢´¥´¨Ö (4) ¸¢µ¤¨²¨¸Ó ± Ê· ¢´¥´¨Ö³ (2), ´¥µ¡Ìµ¤¨³µ
¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ É¥´§µ·´ Ö ¶²µÉ´µ¸ÉÓ φ̃µν ¢¸¥£¤  ¢Ìµ¤¨É ¢ ¶²µÉ´µ¸ÉÓ ² -
£· ´¦¨ ´  ¸µ¢³¥¸É´µ ¸ É¥´§µ·´µ° ¶²µÉ´µ¸ÉÓÕ γ̃µν Î¥·¥§ ´¥±µÉµ·ÊÕ ¥¤¨´ÊÕ
¶²µÉ´µ¸ÉÓ g̃µν ¢ Ëµ·³¥

g̃µν = γ̃µν + φ̃µν , g̃µν =
√
−ggµν . (6)

‘ ÊÎ¥Éµ³ ÔÉµ£µ Ê¸²µ¢¨Ö ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  L ¶·¨´¨³ ¥É ¢¨¤

L = Lg(γµν , g̃
µν) + LM (γµν , g̃

µν , φA) .

‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ Ê¸²µ¢¨¥ (6) ¶µ§¢µ²Ö¥É ¢ ·¨ Í¨µ´´ÊÕ ¶·µ¨§¢µ¤´ÊÕ
¶µ φ̃µν § ³¥´¨ÉÓ ¢ ·¨ Í¨µ´´µ° ¶·µ¨§¢µ¤´µ° ¶µ g̃µν ,   ¢ ·¨ Í¨µ´´ÊÕ ¶·µ-
¨§¢µ¤´ÊÕ ¶µ γµν ¢Ò· §¨ÉÓ Î¥·¥§ ¢ ·¨ Í¨µ´´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¶µ g̃µν ¨ Î¥·¥§
¢ ·¨ Í¨µ´´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¶µ γµν , Ö¢´µ ¢Ìµ¤ÖÐÊÕ ¢ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ 
L. „¥°¸É¢¨É¥²Ó´µ,

δL

δφ̃µν
=

δL

δg̃µν
= 0 , (7)
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δL

δγµν
=

δ?L

δγµν
+

δL

δg̃αβ
· ∂g̃

αβ

∂γµν
. (8)

‚Ò¢µ¤ ¶µ¸²¥¤´¥° Ëµ·³Ê²Ò ¶µ¤·µ¡´µ ¨§²µ¦¥´ ¢ ¶·¨²µ¦¥´¨¨ (�.17). ‡¢¥§-
¤µÎ±µ° ¢ Ëµ·³Ê²¥ (8) µ¡µ§´ Î¥´  ¢ ·¨ Í¨µ´´ Ö ¶·µ¨§¢µ¤´ Ö µÉ ¶²µÉ´µ¸É¨
² £· ´¦¨ ´  ¶µ Ö¢´µ ¢Ìµ¤ÖÐ¥° ¢ L ³¥É·¨±¥ γµν . ‘µ£² ¸´µ (1), Ëµ·³Ê²Ê (8)
³µ¦´µ § ¶¨¸ ÉÓ ¢ Ëµ·³¥

tµν = −2
δL

δg̃αβ
· ∂g̃

αβ

∂γµν
− 2

δ?L

δγµν
.

“Î¨ÉÒ¢ Ö ¢ ¤ ´´µ³ ¢Ò· ¦¥´¨¨ Ê· ¢´¥´¨¥ (7), ¶µ²ÊÎ¨³

tµν = −2
δ?L

δγµν
. (9)

‘· ¢´¨¢ Ö Ê· ¢´¥´¨¥ (9) ¸ Ê· ¢´¥´¨¥³ (2), ¶µ²ÊÎ¨³ Ê¸²µ¢¨¥

−2
δ?L

δγµν
=

1

16π
[γαβDαDβφ̃

µν +m2φ̃µν ] , (10)

±µÉµ·µ¥ ¢ ¸²ÊÎ ¥ ¥£µ ¢Ò¶µ²´¥´¨Ö µ¡¥¸¶¥Î¨¢ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¥´¨Ö Ê· ¢-
´¥´¨° £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö (2) ¨ (3) ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´Ó-
Ï¥£µ ¤¥°¸É¢¨Ö. �µ¸±µ²Ó±Ê ¢ ¶· ¢ÊÕ Î ¸ÉÓ (10) ´¥ ¢Ìµ¤ÖÉ ¶µ²Ö ¢¥Ð¥¸É¢ , Éµ
ÔÉµ µ§´ Î ¥É, ÎÉµ ¢ ·¨ Í¨Ö ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  LM ¶µ Ö¢´µ ¢Ìµ-
¤ÖÐ¥° ³¥É·¨±¥ γµν ¤µ²¦´  ¡ÒÉÓ · ¢´  ´Ê²Õ. —Éµ¡Ò ´¥ ¢µ§´¨± ²µ ± ±¨Ì-²¨¡µ
¤µ¶µ²´¨É¥²Ó´ÒÌ µ£· ´¨Î¥´¨° ´  ¤¢¨¦¥´¨¥ ¢¥Ð¥¸É¢ , µ¶·¥¤¥²Ö¥³µ¥ Ê· ¢´¥´¨-
Ö³¨ (5), µÉ¸Õ¤  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É, ÎÉµ É¥´§µ· γµν ´¥ ¢Ìµ¤¨É Ö¢´µ ¢
¢Ò· ¦¥´¨¥ ¤²Ö ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  LM . “¸²µ¢¨¥ (10) Éµ£¤ 
¶·¨´¨³ ¥É ¢¨¤

−2
δ?Lg

δγµν
=

1

16π
[γαβDαDβφ̃

µν +m2φ̃µν ] . (11)

’ ±¨³ µ¡· §µ³, ¢¸¥ ¸¢µ¤¨É¸Ö ± Éµ³Ê, ÎÉµ¡Ò ´ °É¨ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ 
¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Lg, ±µÉµ· Ö Ê¤µ¢²¥É¢µ·Ö²  ¡Ò Ê¸²µ¢¨Õ (11).

‚ Éµ ¦¥ ¢·¥³Ö ¨§ ¶·¥¤Ò¤ÊÐ¨Ì · ¸¸Ê¦¤¥´¨° ³Ò ¶·¨Ìµ¤¨³ ± ¢ ¦´µ³Ê
¢Ò¢µ¤Ê, ÎÉµ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ³ É¥·¨¨ L ¨³¥¥É ¢¨¤

L = Lg(γµν , g̃
µν) + LM (g̃µν , φA) . (12)

’ ±¨³ µ¡· §µ³, ¨§ É·¥¡µ¢ ´¨Ö, ÎÉµ¡Ò ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
³ É¥·¨¨ Ö¢²Ö² ¸Ó ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ¥¸É¥¸É¢¥´´µ ¸²¥¤Ê¥É,
ÎÉµ ¤¢¨¦¥´¨¥ ¢¥Ð¥¸É¢  ¤µ²¦´µ ¶·µ¨¸Ìµ¤¨ÉÓ ¢ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³ ¶·µ-
¸É· ´¸É¢¥. ˆ³¥´´µ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¤ ¸É ´ ³ ¢µ§³µ¦´µ¸ÉÓ ¢ · §¤¥²¥ 3 ¸Ëµ·-
³Ê²¨·µ¢ ÉÓ ± ²¨¡·µ¢µÎ´ÊÕ £·Ê¶¶Ê,   § É¥³ ¶µ¸É·µ¨ÉÓ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ 
(55), Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ, ¸µ£² ¸´µ (�.20), Ê¸²µ¢¨Õ (11).
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‚µ§´¨± ¥É ¨´É¥·¥¸´ Ö ± ·É¨´ : ¤¢¨¦¥´¨¥ ¢¥Ð¥¸É¢  ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´-
±µ¢¸±µ£µ ¸ ³¥É·¨±µ° γµν ¶µ¤ ¤¥°¸É¢¨¥³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö φµν Éµ¦¤¥-
¸É¢¥´´µ ¤¢¨¦¥´¨Õ ¢¥Ð¥¸É¢  ¢ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸ ³¥-
É·¨±µ° gµν , µ¶·¥¤¥²Ö¥³µ° ¨§ ¢Ò· ¦¥´¨Ö (6). ’ ±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ £· ¢¨É -
Í¨µ´´µ£µ ¶µ²Ö ¸ ¢¥Ð¥¸É¢µ³ ³Ò ´ §¢ ²¨ ¶ · ¨ ´ Í ¨ ¶ µ ³ £ ¥ µ ³ ¥ É-
· ¨ §   Í ¨ ¨. �·¨´Í¨¶ £¥µ³¥É·¨§ Í¨¨ Ö¢¨²¸Ö ¸²¥¤¸É¢¨¥³ ¨¸Ìµ¤´µ£µ ¶·¥¤¶µ-
²µ¦¥´¨Ö µ Éµ³, ÎÉµ ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó-
´ Ö Ì · ±É¥·¨¸É¨±  ³ É¥·¨¨ Å ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ . ’ ± Ö
¸É·Ê±ÉÊ·  ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ Éµ³, ÎÉµ ·¥ ²¨-
§Ê¥É¸Ö Ê´¨± ²Ó´ Ö ¢µ§³µ¦´µ¸ÉÓ, ±µ£¤  £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¶µ¤±²ÕÎ ¥É¸Ö ¢
¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ´¥¶µ¸·¥¤¸É¢¥´´µ ± ¶²µÉ´µ¸É¨ É¥´§µ·  γ̃µν .
�ËË¥±É¨¢´µ¥ ·¨³ ´µ¢µ ¶·µ¸É· ´¸É¢µ ¨³¥¥É ¢ ¡Ê±¢ ²Ó´µ³ ¸³Ò¸²¥ ¸²µ¢  ¶µ²¥-
¢µ¥ ¶·µ¨¸Ìµ¦¤¥´¨¥, µ¡Ö§ ´´µ¥ ¶·¨¸ÊÉ¸É¢¨Õ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �µÖ¸´¨³
ÔÉµ ËÊ´¤ ³¥´É ²Ó´µ¥ ¸¢µ°¸É¢µ £· ¢¨É Í¨µ´´ÒÌ ¸¨² ´  ¶·¨³¥·¥ ¸· ¢´¥´¨Ö
¨Ì ¸ Ô²¥±É·µ³ £´¨É´Ò³¨ ¸¨² ³¨. Š ± ¨§¢¥¸É´µ, ¤¢¨¦¥´¨¥ § ·Ö¦¥´´µ° Î -
¸É¨ÍÒ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ¤²Ö ¸²ÊÎ Ö µ¤´µ·µ¤´µ£µ ³ £´¨É´µ£µ ¶µ²Ö,
¡² £µ¤ ·Ö ¸¨²¥ ‹µ·¥´Í , ¶·µ¨¸Ìµ¤¨É ¶µ µ±·Ê¦´µ¸É¨ ¢ ¶²µ¸±µ¸É¨, ¶¥·¶¥´¤¨-
±Ê²Ö·´µ° ± ´ ¶· ¢²¥´¨Õ ³ £´¨É´µ£µ ¶µ²Ö. �¤´ ±µ ÔÉµ ¤¢¨¦¥´¨¥ ¤ ²¥±µ ´¥
µ¤¨´ ±µ¢µ ¤ ¦¥ ¤²Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ¥¸²¨ µÉ´µÏ¥´¨¥ § ·Ö¤  ± ³ ¸¸¥ Ê ´¨Ì
· §²¨Î´µ. Š·µ³¥ Éµ£µ, ¸ÊÐ¥¸É¢ÊÕÉ ´¥°É· ²Ó´Ò¥ Î ¸É¨ÍÒ,   ¨Ì É· ¥±Éµ·¨¨ ¢
³ £´¨É´µ³ ¶µ²¥ ¢µµ¡Ð¥ ¶·Ö³µ²¨´¥°´Ò. �µÔÉµ³Ê, ¢ ¸¨²Ê ´¥Ê´¨¢¥·¸ ²Ó´µ¸É¨
Ô²¥±É·µ³ £´¨É´ÒÌ ¸¨², ¨Ì ¤¥°¸É¢¨¥ ´¥²Ó§Ö ¸¢¥¸É¨ ± £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨.

„·Ê£µ¥ ¤¥²µ £· ¢¨É Í¨Ö. �´  Ê´¨¢¥·¸ ²Ó´ , ¤¢¨¦¥´¨Ö ²Õ¡ÒÌ ¶·µ¡´ÒÌ É¥²
¶·µ¨¸Ìµ¤ÖÉ ¶µ É· ¥±Éµ·¨Ö³, µ¤¨´ ±µ¢Ò³ ¶·¨ Éµ¦¤¥¸É¢¥´´ÒÌ ´ Î ²Ó´ÒÌ Ê¸²µ-
¢¨ÖÌ. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢ ¸¨²Ê £¨¶µÉ¥§Ò µ ¶²µÉ´µ¸É¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
³ É¥·¨¨ ± ± ¨¸ÉµÎ´¨±¥ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ê¤ ¥É¸Ö µ¶¨¸ ÉÓ ÔÉ¨ É· ¥±Éµ·¨¨
£¥µ¤¥§¨Î¥¸±¨³¨ ²¨´¨Ö³¨ ¢ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨,
¢µ§´¨±Ï¥³ ¡² £µ¤ ·Ö ¶·¨¸ÊÉ¸É¢¨Õ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´-
±µ¢¸±µ£µ. ‚ É¥Ì µ¡² ¸ÉÖÌ ¶·µ¸É· ´¸É¢ , £¤¥ ¨³¥¥É¸Ö ¸±µ²Ó Ê£µ¤´µ ¸² ¡µ¥
£· ¢¨É Í¨µ´´µ¥ ¶µ²¥, ³Ò ¨³¥¥³ ³¥É·¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¶·µ¸É· ´¸É¢ , ¸ ¡µ²Ó-
Ïµ° ÉµÎ´µ¸ÉÓÕ ¶·¨¡²¨¦ ÕÐ¨¥¸Ö ± ´¥¶µ¸·¥¤¸É¢¥´´µ ´ ¡²Õ¤ ¥³Ò³ ¸¢µ°¸É¢ ³
¶¸¥¢¤µ¥¢±²¨¤µ¢  ¶·µ¸É· ´¸É¢ . Šµ£¤  ¦¥ £· ¢¨É Í¨µ´´Ò¥ ¶µ²Ö Ö¢²ÖÕÉ¸Ö ¸¨²Ó-
´Ò³¨, ³¥É·¨Î¥¸±¨¥ ¸¢µ°¸É¢  ÔËË¥±É¨¢´µ£µ ¶·µ¸É· ´¸É¢  ¸É ´µ¢ÖÉ¸Ö ·¨³ ´µ-
¢Ò³¨. �µ ¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¶¸¥¢¤µ¥¢±²¨¤µ¢  £¥µ³¥É·¨Ö ´¥ ¨¸Î¥§ ¥É ¡¥¸¸²¥¤´µ
Å µ´  ´ ¡²Õ¤ ¥³  ¨ ¶·µÖ¢²Ö¥É¸Ö ¢ Éµ³, ÎÉµ ¤¢¨¦¥´¨¥ É¥² ¢ ÔËË¥±É¨¢´µ³
·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ ´¥ Ö¢²Ö¥É¸Ö ¸¢µ¡µ¤´Ò³ ¶µ ¨´¥·Í¨¨,   ¶·µ¨¸Ìµ¤¨É
¸ Ê¸±µ·¥´¨¥³ ¶µ µÉ´µÏ¥´¨Õ ± ¶¸¥¢¤µ¥¢±²¨¤µ¢Ê ¶·µ¸É· ´¸É¢Ê ¢ £ ²¨²¥¥¢ÒÌ
±µµ·¤¨´ É Ì. ˆ³¥´´µ ¶µÔÉµ³Ê Ê¸±µ·¥´¨¥ ¢ �’ƒ, ¢ µÉ²¨Î¨¥ µÉ �’�, ¨³¥¥É
 ¡¸µ²ÕÉ´Ò° ¸³Ò¸². ‘²¥¤µ¢ É¥²Ó´µ, ª²¨ËÉ �°´ÏÉ¥°´ ª ´¥ ³µ¦¥É ¡ÒÉÓ ¨´¥·-
Í¨ ²Ó´µ° ¸¨¸É¥³µ° ±µµ·¤¨´ É. �Éµ ¶·µÖ¢¨É¸Ö ¢ Éµ³, ÎÉµ § ·Ö¤, ¶µ±µÖÐ¨°¸Ö
¢ ª²¨ËÉ¥ �°´ÏÉ¥°´ ª, ¡Ê¤¥É ¨§²ÊÎ ÉÓ Ô²¥±É·µ³ £´¨É´Ò¥ ¢µ²´Ò. �Éµ Ë¨-
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§¨Î¥¸±µ¥ Ö¢²¥´¨¥ É ±¦¥ ¤µ²¦´µ ¸¢¨¤¥É¥²Ó¸É¢µ¢ ÉÓ µ ´ ²¨Î¨¨ ¶·µ¸É· ´¸É¢ 
Œ¨´±µ¢¸±µ£µ.

‚ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ´¥ ¢Ìµ¤¨É ³¥É·¨Î¥¸±¨° É¥´§µ· γµν ¶·µ¸-
É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. �·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ ¡Ê¤¥É ¸± §Ò¢ ÉÓ¸Ö ´  ¤¢¨-
¦¥´¨¨ ¢¥Ð¥¸É¢  Éµ²Ó±µ Î¥·¥§ ³¥É·¨Î¥¸±¨° É¥´§µ· gµν ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢ ,
µ¶·¥¤¥²Ö¥³Ò°, ± ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, ¨§ Ê· ¢´¥´¨° £· ¢¨É Í¨¨, ¢ ±µÉµ·Ò¥ ¢Ìµ-
¤¨É ³¥É·¨Î¥¸±¨° É¥´§µ· γµν ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. �µ¸±µ²Ó±Ê ÔËË¥±-
É¨¢´ Ö ·¨³ ´µ¢  ³¥É·¨±  ¢µ§´¨± ¥É ´  µ¸´µ¢¥ Ë¨§¨Î¥¸±µ£µ ¶µ²Ö, ±µÉµ·µ¥ § -
¤ ¥É¸Ö ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ, Éµ Ê¦¥ µÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ÔËË¥±É¨¢´µ¥
·¨³ ´µ¢µ ¶·µ¸É· ´¸É¢µ ¨³¥¥É ¶·µ¸ÉÊÕ Éµ¶µ²µ£¨Õ ¨ § ¤ ¥É¸Ö ¢ µ¤´µ° ± ·É¥.
…¸²¨, ´ ¶·¨³¥·, ¢¥Ð¥¸É¢µ ¸µ¸·¥¤µÉµÎ¥´µ ¢ µ¡² ¸É¨ µ¸É·µ¢´µ£µ É¨¶ , Éµ ¢
£ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ φ̃µν ´¥
³µ¦¥É Ê¡Ò¢ ÉÓ ³¥¤²¥´´¥¥, Î¥³ 1/r, ´µ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ´ ±² ¤Ò¢ ¥É ¸¨²Ó-
´µ¥ µ£· ´¨Î¥´¨¥ ´   ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ³¥É·¨±¨ gµν ÔËË¥±É¨¢´µ°
·¨³ ´µ¢µ° £¥µ³¥É·¨¨:

gµν = ηµν + 0

(
1

r

)
, §¤¥¸Ó ηµν = (1,−1,−1,−1) . (13)

…¸²¨ ¦¥ ¨¸Ìµ¤¨ÉÓ ¶·µ¸Éµ ¨§ ·¨³ ´µ¢µ° ³¥É·¨±¨, ´¥ ¶·¥¤¶µ² £ Ö, ÎÉµ µ´ 
¢µ§´¨±²  ¨§-§  ¤¥°¸É¢¨Ö Ë¨§¨Î¥¸±µ£µ ¶µ²Ö, Éµ É ±¨¥ µ£· ´¨Î¥´¨Ö ´¥ ¢µ§´¨-
± ÕÉ, ¶µ¸±µ²Ó±Ê  ¸¨³¶ÉµÉ¨±  ³¥É·¨±¨ gµν § ¢¨¸¨É ¤ ¦¥ µÉ ¢Ò¡µ·  É·¥Ì³¥·-
´ÒÌ ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µµ·¤¨´ É. ’µ£¤  ± ± Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò µÉ ¢Ò¡µ· 
É·¥Ì³¥·´ÒÌ ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µµ·¤¨´ É ¢ ¶·¨´Í¨¶¥ ´¥ ³µ£ÊÉ § ¢¨¸¥ÉÓ. ‚
�’ƒ ´¥ ¢µ§´¨± ¥É ± ±¨Ì-²¨¡µ µ£· ´¨Î¥´¨° ´  ¢Ò¡µ· ¸¨¸É¥³Ò ±µµ·¤¨´ É. Šµ-
µ·¤¨´ É´ Ö ¸¨¸É¥³  ³µ¦¥É ¡ÒÉÓ ²Õ¡µ°, ²¨ÏÓ ¡Ò µ´  µ¸ÊÐ¥¸É¢²Ö²  ¢§ ¨³´µ-
µ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ¤²Ö ¢¸¥Ì ÉµÎ¥± ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É
¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¨ µ¡¥¸¶¥Î¨¢ ²  ¢Ò¶µ²´¥´¨¥ ´¥· ¢¥´¸É¢

γ00 > 0, dl2 = sikdx
i dxk > 0; i, k = 1, 2, 3,

£¤¥
sik = −γik +

γoiγok

γoo
,

´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö ¢¢¥¤¥´¨Ö ¶µ´ÖÉ¨° ¢·¥³¥´¨ ¨ ¶·µ¸É· ´¸É¢¥´´µ° ¤²¨´Ò. ‚
´ Ï¥° É¥µ·¨¨ £· ¢¨É Í¨¨ £¥µ³¥É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ·¨³ ´µ¢  ¶·µ¸É-
· ´¸É¢  ¢µ§´¨± ÕÉ ± ± ¶µ²¥¢Ò¥ ¢¥²¨Î¨´Ò ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ,   ¶µ-
ÔÉµ³Ê ¨Ì É· ´¸Ëµ·³ Í¨µ´´Ò¥ ¸¢µ°¸É¢  ¸É ´µ¢ÖÉ¸Ö É¥´§µ·´Ò³¨, ¤ ¦¥ ¥¸²¨ · -
´¥¥ µ´¨ É ±µ¢Ò³¨ ´¥ ¡Ò²¨. ’ ±, ´ ¶·¨³¥·, ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö, § ¤ ´´Ò¥
± ± ¶µ²¥¢Ò¥ ¢¥²¨Î¨´Ò ¢ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ,
Ê¦¥ Ö¢²ÖÕÉ¸Ö É¥´§µ· ³¨ É·¥ÉÓ¥£µ · ´£ . �´ ²µ£¨Î´µ µ¡ÒÎ´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢
¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ µÉ É¥´§µ·´ÒÌ ¢¥²¨Î¨´
É ±¦¥ Ö¢²ÖÕÉ¸Ö É¥´§µ· ³¨.
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Œµ¦¥É ¢µ§´¨±´ÊÉÓ ¢µ¶·µ¸: ¶µÎ¥³Ê ¡Ò ¨ ¢ �’� ´¥ ¢¢¥¸É¨ · §¤¥²¥´¨¥
³¥É·¨±¨ ¢ Ëµ·³¥ (6), ¢¢¥¤Ö ¶µ´ÖÉ¨¥ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ ¶·µ¸É· ´¸É¢¥
Œ¨´±µ¢¸±µ£µ? ‚ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  ¢Ìµ¤¨É Éµ²Ó±µ ¢¥²¨Î¨´ 
gµν ,   ¸²¥¤µ¢ É¥²Ó´µ, ´¥²Ó§Ö µ¤´µ§´ Î´µ ¸± § ÉÓ, ¸ ¶µ³µÐÓÕ ± ±µ° ³¥É·¨±¨
γµν ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ³Ò ¤µ²¦´Ò µ¶·¥¤¥²¨ÉÓ ¸µ£² ¸´µ (6) £· ¢¨É -
Í¨µ´´µ¥ ¶µ²¥. �µ É·Ê¤´µ¸ÉÓ ´¥ Éµ²Ó±µ ¢ ÔÉµ³,   ¨ ¢ Éµ³, ÎÉµ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨° ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  ¢ µ¡Ð¥³ ¸²ÊÎ ¥ § ¤ ÕÉ¸Ö ´¥ ¢ µ¤´µ° ± ·É¥,
  ¢  É² ¸¥ ± ·É. ’ ±¨¥ ·¥Ï¥´¨Ö ¤²Ö gµν µ¶¨¸Ò¢ ÕÉ ·¨³ ´µ¢µ ¶·µ¸É· ´¸É¢µ
¸µ ¸²µ¦´µ° Éµ¶µ²µ£¨¥°, Éµ£¤  ± ± ·¨³ ´µ¢Ò ¶·µ¸É· ´¸É¢ , ¶µ²ÊÎ ¥³Ò¥ ¸ ¶µ-
³µÐÓÕ ¶·¥¤¸É ¢²¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ,
§ ¤ ÕÉ¸Ö ¢ µ¤´µ° ± ·É¥ ¨ ¨³¥ÕÉ ¶·µ¸ÉÊÕ Éµ¶µ²µ£¨Õ. ˆ³¥´´µ ¶µ ÔÉ¨³ ¶·¨-
Î¨´ ³ ¶µ²¥¢Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ´¥ ¸µ¢³¥¸É¨³Ò ¸ �’�, ¶µ¸±µ²Ó±Ê µ´¨ ¢¥¸Ó³ 
¦¥¸É±¨¥. �µ ÔÉµ µ§´ Î ¥É, ÎÉµ ´¨± ±µ° ¶µ²¥¢µ° Ëµ·³Ê²¨·µ¢±¨ �’� ¢ ¶·µ-
¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ¢ ¶·¨´Í¨¶¥ ´¥ ³µ¦¥É ¡ÒÉÓ, ± ± ¡Ò ¨ ±µ³Ê ¡Ò ÔÉµ£µ ´¥
§ ÌµÉ¥²µ¸Ó. �¶¶ · É ·¨³ ´µ¢µ° £¥µ³¥É·¨¨ ¶·¥¤· ¸¶µ²µ¦¥´ ± ¢µ§³µ¦´µ¸É¨
¢¢¥¤¥´¨Ö ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ, Î¥³ ³Ò ¨
¢µ¸¶µ²Ó§µ¢ ²¨¸Ó ¶·¨ ¶µ¸É·µ¥´¨¨ �’ƒ. �µ ÎÉµ¡Ò ÔÉµ µ¸ÊÐ¥¸É¢¨ÉÓ, ¶µÉ·¥¡µ¢ -
²µ¸Ó ¢¢¥¸É¨ ³¥É·¨±Ê ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¢ £· ¢¨É Í¨µ´´Ò¥ Ê· ¢´¥´¨Ö
¨ É¥³ ¸ ³Ò³ Ê¤ ²µ¸Ó µ¸ÊÐ¥¸É¢¨ÉÓ ËÊ´±Í¨µ´ ²Ó´ÊÕ ¸¢Ö§Ó ³¥É·¨±¨ ·¨³ ´µ¢ 
¶·µ¸É· ´¸É¢  gµν ¸ ³¥É·¨±µ° ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ γµν . �µ ´  ÔÉµ³ ³Ò
¶µ¤·µ¡´µ µ¸É ´µ¢¨³¸Ö ¢ ¶µ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì.

3. Š�‹ˆ���‚�—��Ÿ ƒ�“��� ��…����‡�‚��ˆ‰

�µ¸±µ²Ó±Ê ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ¨³¥¥É ¢¨¤

LM (g̃µν , φA), (14)

Éµ ²¥£±µ ´ °É¨ ± ²¨¡·µ¢µÎ´ÊÕ £·Ê¶¶Ê ¶·¥µ¡· §µ¢ ´¨°, ¶·¨ ±µÉµ·ÒÌ ¶²µÉ-
´µ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ³¥´Ö¥É¸Ö Éµ²Ó±µ ´  ¤¨¢¥·£¥´Í¨Õ. „²Ö ÔÉµ° Í¥²¨
¢µ¸¶µ²Ó§Ê¥³¸Ö ¨´¢ ·¨ ´É´µ¸ÉÓÕ ¤¥°¸É¢¨Ö

SM =

∫
LM (g̃µν , φA) d4x (15)

¶·¨ ¶·µ¨§¢µ²Ó´µ³ ¡¥¸±µ´¥Î´µ ³ ²µ³ ¨§³¥´¥´¨¨ ±µµ·¤¨´ É

x′α = xα + ξα(x), (16)

£¤¥ ξα Å ¡¥¸±µ´¥Î´µ ³ ²Ò° Î¥ÉÒ·¥Ì¢¥±Éµ· ¸³¥Ð¥´¨Ö.
�·¨ ÔÉ¨Ì ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ ¶µ²¥¢Ò¥ ËÊ´±Í¨¨ g̃µν , φA ¨§-

³¥´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

g̃′µν(x′) = g̃µν(x) + δξg̃
µν(x) + ξα(x)Dαg̃

µν(x),

φ′A(x′) = φA(x) + δξφA(x) + ξα(x)DαφA(x), (17)
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£¤¥ ¢Ò· ¦¥´¨Ö

δξg̃
µν(x) = g̃µαDαξ

ν(x) + g̃ναDαξ
µ(x)−Dα(ξαg̃µν),

δξφA(x) = −ξα(x)DαφA(x) + FB;α
A;β φB(x)Dαξ

β(x) (18)

Ö¢²ÖÕÉ¸Ö ¢ ·¨ Í¨Ö³¨ ‹¨.
�¶¥· Éµ·Ò δξ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³  ²£¥¡·Ò ‹¨, É.¥. ±µ³³ÊÉ Í¨µ´´µ³Ê

¸µµÉ´µÏ¥´¨Õ
[δξ1 , δξ2 ](·) = δξ3 (·) (19)

¨ Éµ¦¤¥¸É¢Ê Ÿ±µ¡¨

[δξ1 , [δξ2 , δξ3 ]] + [δξ3 , [δξ1 , δξ2 ]] + [δξ2 , [δξ3 , δξ1 ]] = 0,

£¤¥
ξν3 = ξµ1Dµξ

ν
2 − ξ

µ
2Dµξ

ν
1 = ξµ1 ∂µξ

ν
2 − ξ

µ
2 ∂µξ

ν
1 . (20)

„²Ö Éµ£µ ÎÉµ¡Ò ¨³¥²µ ³¥¸Éµ (19), ´¥µ¡Ìµ¤¨³µ ¢Ò¶µ²´¥´¨¥ ¸²¥¤ÊÕÐ¨Ì Ê¸²µ-
¢¨°:

FB;µ
A; ν FC;α

B;β − F
B;α
A; β F

C;µ
B; ν = fµα; τ

νβ;σ FC;σ
A; τ , (21)

£¤¥ ¸É·Ê±ÉÊ·´Ò¥ ¶µ¸ÉµÖ´´Ò¥ f · ¢´Ò

fµα; τ
νβ;σ = δµβδ

α
σ δ

τ
ν − δαν δµσδτβ . (22)

‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ µ´¨ Ê¤µ¢²¥É¢µ·ÖÕÉ Éµ¦¤¥¸É¢Ê Ÿ±µ¡¨

fαν;σ
βµ; τ f

τρ;ω
σε; δ + fνρ;σµε; τ f

τα;ω
σβ; δ + fρα;σ

εβ; τ f τν;ω
σµ; δ = 0 (23)

¨ µ¡² ¤ ÕÉ ¸¢µ°¸É¢µ³  ´É¨¸¨³³¥É·¨¨

fαν; ρ
βµ;σ = −fνα; ρ

µβ;σ .

�·¨ ±µµ·¤¨´ É´µ³ ¶·¥µ¡· §µ¢ ´¨¨ (16) ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö · ¢´  ´Ê²Õ:

δcS =

∫
Ω′

L′M (x′) d4x′ −
∫
Ω

LM (x) d4x = 0. (24)

�¥·¢Ò° ¨´É¥£· ² ¢ (24) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥∫
Ω′

L′M (x′) d4x′ =

∫
Ω

J L′M (x′) d4x,

£¤¥

J = det

(
∂x′α

∂ xβ

)
.
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‚ ¶¥·¢µ³ ¶µ·Ö¤±¥ ¶µ ξα ¤¥É¥·³¨´ ´É J · ¢¥´

J = 1 + ∂αξ
α(x). (25)

“Î¨ÉÒ¢ Ö · §²µ¦¥´¨¥

L′M (x′) = L′M (x) + ξα(x)
∂LM

∂xα
,

  É ±¦¥ (25), ¢Ò· ¦¥´¨¥ ¤²Ö ¢ ·¨ Í¨¨ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ Ëµ·³¥

δcSM =

∫
Ω

[δLM (x) + ∂α(ξαLM (x))] d4x = 0.

‚ ¸¨²Ê ¶·µ¨§¢µ²Ó´µ¸É¨ µ¡Ñ¥³  ¨´É¥£·¨·µ¢ ´¨Ö Ω ¨³¥¥³ Éµ¦¤¥¸É¢µ

δ LM (x) = −∂α(ξα(x)LM (x)), (26)

£¤¥ ¢ ·¨ Í¨Ö ‹¨ δLM · ¢´ 

δLM (x) =
∂LM

∂g̃µν
δg̃µν +

∂LM

∂(∂αg̃µν)
δ(∂αg̃

µν) +

+
∂LM

∂φA
δφA +

∂LM

∂(∂αφA)
δ(∂αφA). (27)

�É¸Õ¤ , ¢ Î ¸É´µ¸É¨, ¸²¥¤Ê¥É, ÎÉµ ¥¸²¨ ¸± ²Ö·´ Ö ¶²µÉ´µ¸ÉÓ § ¢¨¸¨É Éµ²Ó±µ
µÉ g̃µν ¨ ¥¥ ¶·µ¨§¢µ¤´ÒÌ, Éµ ¶·¨ ¶·¥µ¡· §µ¢ ´¨¨ (18) µ´  É ±¦¥ ¨§³¥´¨É¸Ö
Éµ²Ó±µ ´  ¤¨¢¥·£¥´Í¨Õ

δL(g̃µν(x)) = −∂α(ξα(x)L(g̃µν(x))), (26a)

£¤¥ ¢ ·¨ Í¨Ö ‹¨ δL · ¢´ 

δL(g̃µν(x)) =
∂L

∂g̃µν
δg̃µν +

∂L

∂(∂αg̃µν)
δ(∂αg̃

µν) +
∂L

∂(∂α∂β g̃µν)
δ(∂α∂β g̃

µν).

(27a)
‚ ·¨ Í¨¨ ‹¨ (18) ¡Ò²¨ Ê¸É ´µ¢²¥´Ò ¢ ±µ´É¥±¸É¥ ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· -

§µ¢ ´¨° (16). �¤´ ±µ ³µ¦´µ ¢¸É ÉÓ ¨ ´  ¤·Ê£ÊÕ ÉµÎ±Ê §·¥´¨Ö, ¸µ£² ¸´µ
±µÉµ·µ° ¶·¥µ¡· §µ¢ ´¨Ö (18) ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ± ²¨¡·µ¢µÎ´Ò¥ ¶·¥-
µ¡· §µ¢ ´¨Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·µ¨§¢µ²Ó´Ò° ¡¥¸±µ´¥Î´µ ³ ²Ò° Î¥ÉÒ·¥Ì¢¥±Éµ·
ξα(x) ¡Ê¤¥É Ê¦¥ ± ²¨¡·µ¢µÎ´Ò³ ¢¥±Éµ·µ³,   ´¥ ¢¥±Éµ·µ³ ¸³¥Ð¥´¨Ö ±µµ·¤¨-
´ É. ‚ ¤ ²Ó´¥°Ï¥³, ÎÉµ¡Ò ¶µ¤Î¥·±´ÊÉÓ µÉ²¨Î¨¥ ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò µÉ
£·Ê¶¶Ò ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨°, ¤²Ö £·Ê¶¶µ¢µ£µ ¶ · ³¥É·  ³Ò ¡Ê¤¥³
¨¸¶µ²Ó§µ¢ ÉÓ µ¡µ§´ Î¥´¨¥ εα(x),   ¶·¥µ¡· §µ¢ ´¨¥ ¶µ²¥¢ÒÌ ËÊ´±Í¨°

g̃µν(x)→ g̃µν(x) + δg̃µν(x),
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φA(x)→ φA(x) + δφA(x) (28)

¸ ¶·¨· Ð¥´¨Ö³¨

δεg̃
µν(x) = g̃µαDαε

ν(x) + g̃ναDαε
µ(x)−Dα(εαg̃µν),

δεφA(x) = −εα(x)DαφA(x) + FB;α
A; β φB(x)Dα ε

β(x) (29)

¡Ê¤¥³ ´ §Ò¢ ÉÓ ± ²¨¡·µ¢µÎ´Ò³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨.
‚ ¶µ²´µ³ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ëµ·³Ê² ³¨ (19) ¨ (20) µ¶¥· Éµ·Ò Ê¤µ¢²¥É¢µ·ÖÕÉ

Éµ° ¦¥  ²£¥¡·¥ ‹¨, É.¥. ±µ³³ÊÉ Í¨µ´´µ³Ê ¸µµÉ´µÏ¥´¨Õ

[δε1 , δε2 ](·) = δε3(·) (30)

¨ Éµ¦¤¥¸É¢Ê Ÿ±µ¡¨

[δε1 , [δε2 , δε3 ]] + [δε3 , [δε1 , δε2 ]] + [δε2 , [δε3 , δε1 ]] = 0. (31)

‡¤¥¸Ó  ´ ²µ£¨Î´µ ¶·¥¤Ò¤ÊÐ¥³Ê ¨³¥¥³

εν3 = εµ1Dµε
ν
2 − ε

µ
2Dµε

ν
1 = εµ1∂µε

ν
2 − ε

µ
2∂µε

ν
1 .

Š ²¨¡·µ¢µÎ´ Ö £·Ê¶¶  ¢µ§´¨±²  ¨§ £¥µ³¥É·¨§µ¢ ´´µ° ¸É·Ê±ÉÊ·Ò ¸± ²Ö·-
´µ° ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  LM (g̃µν , φA), ±µÉµ· Ö ¢ ¸¨²Ê Éµ¦¤¥-
¸É¢  (26) ¨§³¥´Ö¥É¸Ö Éµ²Ó±µ ´  ¤¨¢¥·£¥´Í¨Õ ¶·¨ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· -
§µ¢ ´¨ÖÌ (29). ’ ±¨³ µ¡· §µ³, ¶·¨´Í¨¶ £¥µ³¥É·¨§ Í¨¨, ±µÉµ·Ò° µ¶·¥¤¥²¨²
Ê´¨¢¥·¸ ²Ó´Ò° Ì · ±É¥· ¢§ ¨³µ¤¥°¸É¢¨Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö,
¤ ² ´ ³ ¢µ§³µ¦´µ¸ÉÓ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ´¥±µ³³ÊÉ É¨¢´ÊÕ ¡¥¸±µ´¥Î´µ³¥·´ÊÕ
± ²¨¡·µ¢µÎ´ÊÕ £·Ê¶¶Ê (29).

‘ÊÐ¥¸É¢¥´´ Ö · §´¨Í  ³¥¦¤Ê ± ²¨¡·µ¢µÎ´Ò³¨ ¨ ±µµ·¤¨´ É´Ò³¨ ¶·¥-
µ¡· §µ¢ ´¨Ö³¨ ¶·µÖ¢¨É¸Ö ¢ ·¥Ï ÕÐ¥³ ³¥¸É¥ ¢ É¥µ·¨¨ ¶·¨ ¶µ¸É·µ¥´¨¨ ¸± -
²Ö·´µ° ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. � §´¨Í 
¢µ§´¨± ¥É ¨§-§  Éµ£µ, ÎÉµ ¶·¨ ± ²¨¡·µ¢µÎ´µ³ ¶·¥µ¡· §µ¢ ´¨¨ ³¥É·¨Î¥¸±¨°
É¥´§µ· γµν ´¥ ¨§³¥´Ö¥É¸Ö, ¸²¥¤µ¢ É¥²Ó´µ, ¢ ¸¨²Ê (6) ¨³¥¥³

δεg̃
µν(x) = δεφ̃

µν(x).

�  µ¸´µ¢ ´¨¨ (19) ¸²¥¤Ê¥É ¶·¥µ¡· §µ¢ ´¨¥ ¤²Ö ¶µ²Ö

δεφ̃
µν(x) = g̃µαDα ε

ν(x) + g̃ναDα ε
µ(x)−Dα(εα g̃µν),

´µ µ´µ ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö µÉ ¥£µ ¶·¥µ¡· §µ¢ ´¨Ö ¶·¨ ¸³¥Ð¥´¨¨ ±µµ·-
¤¨´ É:

δξ φ̃
µν(x) = φ̃µαDαξ

ν(x) + φ̃ναDαξ
µ(x) −Dα(ξα φ̃µν).

�·¨ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ (29) Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ¢¥Ð¥¸É¢ 
´¥ ¨§³¥´ÖÕÉ¸Ö, ¶µ¸±µ²Ó±Ê ¶·¨ ²Õ¡ÒÌ É ±¨Ì ¶·¥µ¡· §µ¢ ´¨ÖÌ ¶²µÉ´µ¸ÉÓ ² -
£· ´¦¨ ´  ¢¥Ð¥¸É¢  ¨§³¥´Ö¥É¸Ö Éµ²Ó±µ ´  ¤¨¢¥·£¥´Í¨Õ.
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4. �‹�’��‘’œ ‹�ƒ���†ˆ��� ˆ “��‚�…�ˆŸ „‚ˆ†…�ˆŸ
„‹Ÿ ‘��‘’‚…��� ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ

Š ± ¨§¢¥¸É´µ, ¨¸¶µ²Ó§ÊÖ Éµ²Ó±µ É¥´§µ· gµν , ´¥¢µ§³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸± -
²Ö·´ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö µÉ´µ¸¨-
É¥²Ó´µ ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢ ¢¨¤¥ ±¢ ¤· É¨Î´µ°
Ëµ·³Ò ¶·µ¨§¢µ¤´ÒÌ ´¥ ¢ÒÏ¥ ¶¥·¢µ£µ ¶µ·Ö¤± . �µÔÉµ³Ê ¢ É ±ÊÕ ¶²µÉ´µ¸ÉÓ
² £· ´¦¨ ´  ¡Ê¤¥É µ¡Ö§ É¥²Ó´µ ¢Ìµ¤¨ÉÓ ´ ·Ö¤Ê ¸ ³¥É·¨±µ° gµν É ±¦¥ ¨ ³¥-
É·¨±  γµν . �µ, É ± ± ± ¶·¨ ± ²¨¡·µ¢µÎ´µ³ ¶·¥µ¡· §µ¢ ´¨¨ (29) ³¥É·¨± 
γµν ´¥ ¨§³¥´Ö¥É¸Ö, ¸²¥¤µ¢ É¥²Ó´µ, ÎÉµ¡Ò ¶·¨ ÔÉµ³ ¶·¥µ¡· §µ¢ ´¨¨ ¶²µÉ´µ¸ÉÓ
² £· ´¦¨ ´  ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨§³¥´Ö² ¸Ó Éµ²Ó±µ ´  ¤¨¢¥·-
£¥´Í¨Õ, ¤µ²¦´Ò ¢µ§´¨±´ÊÉÓ ¸¨²Ó´Ò¥ µ£· ´¨Î¥´¨Ö ´  ¥¥ ¸É·Ê±ÉÊ·Ê. ˆ³¥´´µ
§¤¥¸Ó ¨ ¢µ§´¨± ¥É ¶·¨´Í¨¶¨ ²Ó´ Ö · §´¨Í  ³¥¦¤Ê ± ²¨¡·µ¢µÎ´Ò³ ¨ ±µµ·¤¨-
´ É´Ò³ ¶·¥µ¡· §µ¢ ´¨Ö³¨.

‚ Éµ ¢·¥³Ö ± ± ±µµ·¤¨´ É´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ´¥ ´ ±² ¤Ò¢ ÕÉ ¶µÎÉ¨
´¨± ±¨Ì µ£· ´¨Î¥´¨° ´  ¸É·Ê±ÉÊ·Ê ¸± ²Ö·´µ° ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¸µ¡-
¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ± ²¨¡·µ¢µÎ´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¶µ§¢µ²ÖÉ ´ ³
´ °É¨ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ . �·Ö³µ° µ¡Ð¨° ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ² £· ´¦¨ ´ 
¶·¨¢¥¤¥´ ¢ ³µ´µ£· Ë¨¨ [1].

‡¤¥¸Ó ³Ò ¨§¡¥·¥³ ¡µ²¥¥ ¶·µ¸Éµ° ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ² £· ´¦¨ ´ . � 
µ¸´µ¢ ´¨¨ (26 ) § ±²ÕÎ ¥³, ÎÉµ ¶·µ¸É¥°Ï¨¥ ¸± ²Ö·´Ò¥ ¶²µÉ´µ¸É¨

√−g ¨
R̃ =

√−gR, £¤¥ R Å ¸± ²Ö·´ Ö ±·¨¢¨§´  ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ-
¸É· ´¸É¢ , ¶·¨ ± ²¨¡·µ¢µÎ´µ³ ¶·¥µ¡· §µ¢ ´¨¨ (29) ¨§³¥´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
µ¡· §µ³: √

−g →
√
−g −Dν(ε

ν√−g), (32)

R̃→ R̃−Dν(ε
νR̃). (33)

‘± ²Ö·´ Ö ¶²µÉ´µ¸ÉÓ R̃ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö

Γλµν =
1

2
gλσ(∂µ gσν + ∂ν gσµ − ∂σ gµν) (34)

É ±¨³ µ¡· §µ³:

R̃ = −g̃µν(Γλµν Γσλσ − Γλµσ Γσνλ)− ∂ν(g̃µν Γσµσ − g̃µσ Γνµσ). (35)

�µ¸±µ²Ó±Ê ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö ´¥ Ö¢²ÖÕÉ¸Ö É¥´§µ·´Ò³¨ ¢¥²¨Î¨´ ³¨, ± -
¦¤µ¥ ¸² £ ¥³µ¥ ¢ (35) ´¥ Ö¢²Ö¥É¸Ö ¸± ²Ö·´µ° ¶²µÉ´µ¸ÉÓÕ. �¤´ ±µ, ¥¸²¨ ¢¢¥¸É¨
É¥´§µ·´Ò¥ ¢¥²¨Î¨´Ò

Gλµν =
1

2
gλσ(Dµgσν +Dνgσµ −Dσgµν), (36)

Éµ ¸± ²Ö·´ÊÕ ¶²µÉ´µ¸ÉÓ ³µ¦´µ Éµ¦¤¥¸É¢¥´´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

R̃ = −g̃µν(Gλµν Gσλσ −Gλµσ Gσνλ)−Dν(g̃
µν Gσµσ − g̃µσGνµσ). (37)
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‡ ³¥É¨³, ÎÉµ ¢ (37) ± ¦¤ Ö £·Ê¶¶  Î²¥´µ¢ ¢ µÉ¤¥²Ó´µ¸É¨ ¢¥¤¥É ¸¥¡Ö ¶·¨
¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ ± ± ¸± ²Ö·´ Ö ¶²µÉ´µ¸ÉÓ. ŒÒ
¢¨¤¨³, ÎÉµ  ¶¶ · É ·¨³ ´µ¢µ° £¥µ³¥É·¨¨ ¶·¥¤· ¸¶µ²µ¦¥´ ± ¢¢¥¤¥´¨Õ ¢³¥¸Éµ
µ¡ÒÎ´ÒÌ ¶·µ¨§¢µ¤´ÒÌ Å ±µ¢ ·¨ ´É´ÒÌ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ, µ¤´ ±µ
³¥É·¨Î¥¸±¨° É¥´§µ· γµν , ¸ ¶µ³µÐÓÕ ±µÉµ·µ£µ µ¶·¥¤¥²ÖÕÉ¸Ö ±µ¢ ·¨ ´É´Ò¥
¶·µ¨§¢µ¤´Ò¥, ¶·¨ ÔÉµ³ ´¨± ± ´¥ Ë¨±¸¨·Ê¥É¸Ö.

“Î¨ÉÒ¢ Ö (32) ¨ (33), ¢Ò· ¦¥´¨¥

λ1(R̃ +Dν Q
ν) + λ2

√
−g (38)

¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ ¨§³¥´Ö¥É¸Ö Éµ²Ó±µ ´  ¤¨-
¢¥·£¥´Í¨Õ. ‚Ò¡¨· Ö ¢¥±Éµ·´ÊÕ ¶²µÉ´µ¸ÉÓ · ¢´µ°

Qν = g̃µν Gσµσ − g̃µσGνµσ ,

³Ò ¨¸±²ÕÎ ¥³ ¨§ ¶·¥¤Ò¤ÊÐ¥£µ ¢Ò· ¦¥´¨Ö Î²¥´Ò ¸ ¶·µ¨§¢µ¤´Ò³¨ ¢ÒÏ¥ ¶¥·-
¢µ£µ ¶µ·Ö¤±  ¨ ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ :

−λ1g̃
µν(Gλµν G

σ
λσ −Gλµσ Gσνλ) + λ2

√
−g. (39)

’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ É·¥¡µ¢ ´¨¥, ÎÉµ¡Ò ¶²µÉ´µ¸ÉÓ ² £· ´¦¨-
 ´  ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¶·¨ ± ²¨¡·µ¢µÎ´µ³ ¶·¥µ¡· §µ¢ ´¨¨
(29) ¨§³¥´Ö² ¸Ó Éµ²Ó±µ ´  ¤¨¢¥·£¥´Í¨Õ, µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É ¸É·Ê±ÉÊ·Ê
¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  (39). �µ ¥¸²¨ µ£· ´¨Î¨ÉÓ¸Ö Éµ²Ó±µ ÔÉµ° ¶²µÉ´µ¸ÉÓÕ,
Éµ£¤  Ê· ¢´¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¡Ê¤ÊÉ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò³¨,
  ³¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ γµν ´¥ ¢µ°¤¥É ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨°,
µ¶·¥¤¥²Ö¥³ÒÌ ¶²µÉ´µ¸ÉÓÕ ² £· ´¦¨ ´  (39). �µ¸±µ²Ó±Ê ¢ É ±µ³ ¶µ¤Ìµ¤¥ ¨¸-
Î¥§ ¥É ³¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ, Éµ ¨ ¨¸±²ÕÎ ¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ
¶·¥¤¸É ¢²¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ± ± Ë¨§¨Î¥¸±µ£µ ¶µ²Ö É¨¶  ” · ¤¥Ö Å
Œ ±¸¢¥²²  ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ.

�·¨ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  (39) ¢¢¥¤¥´¨¥ ³¥É·¨±¨ γµν ¸ ¶µ³µÐÓÕ Ê· ¢-
´¥´¨° (3) ´¥ ¸¶ ¸ ¥É ¶µ²µ¦¥´¨¥, ¶µ¸±µ²Ó±Ê Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò Å ¨´É¥·¢ ²
¨ É¥´§µ· ±·¨¢¨§´Ò ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢ ,   É ±¦¥ É¥´§µ· tµνg £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö Å ¡Ê¤ÊÉ § ¢¨¸¥ÉÓ µÉ ¢Ò¡µ·  ± ²¨¡·µ¢±¨, ÎÉµ Ë¨§¨Î¥¸±¨ ´¥¤µ¶Ê-
¸É¨³µ. ’ ±, ´ ¶·¨³¥·,

δεRµν = −RµσDνε
σ −RνσDµε

σ − εσDσRµν ,

δεRµναβ = −RσναβDµε
σ −RµσαβDνε

σ−
−RµνσβDαε

σ −RµνασDβε
σ − εσDσRµναβ .

„²Ö Éµ£µ ÎÉµ¡Ò ¸µÌ· ´¨ÉÓ ¶·¥¤¸É ¢²¥´¨Ö µ ¶µ²¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ
¨ ¨¸±²ÕÎ¨ÉÓ É ±ÊÕ ´¥µ¤´µ§´ Î´µ¸ÉÓ, ´¥µ¡Ìµ¤¨³µ ¤µ¡ ¢¨ÉÓ ¢ ¶²µÉ´µ¸ÉÓ ² -
£· ´¦¨ ´  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Î²¥´, ´ ·ÊÏ ÕÐ¨° ± ²¨¡·µ¢µÎ´ÊÕ £·Ê¶¶Ê.
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�  ¶¥·¢Ò° ¢§£²Ö¤, ³µ¦¥É ¶µ± § ÉÓ¸Ö, ÎÉµ §¤¥¸Ó ¢µ§´¨± ¥É ¡µ²ÓÏµ° ¶·µ¨§¢µ²
¢ ¢Ò¡µ·¥ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, É ± ± ± ´ ·ÊÏ¨ÉÓ
£·Ê¶¶Ê ³µ¦´µ ¢¥¸Ó³  · §²¨Î´Ò³¨ ¸¶µ¸µ¡ ³¨. �¤´ ±µ µ± §Ò¢ ¥É¸Ö, ÎÉµ ÔÉµ ´¥
É ±, ¶µ¸±µ²Ó±Ê ´ Ï¥ Ë¨§¨Î¥¸±µ¥ É·¥¡µ¢ ´¨¥ ´  ¶µ²Ö·¨§ Í¨µ´´Ò¥ ¸¢µ°¸É¢ 
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ± ± ¶µ²Ö ¸µ ¸¶¨´ ³¨ 2 ¨ 0, ´ ±² ¤Ò¢ ¥³µ¥ Ê· ¢´¥´¨-
Ö³¨ (3), ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ Î²¥´, ´ ·ÊÏ ÕÐ¨° £·Ê¶¶Ê (29), ¤µ²¦¥´ ¡ÒÉÓ
¢Ò¡· ´ É ±¨³ µ¡· §µ³, ÎÉµ¡Ò Ê· ¢´¥´¨Ö (3) Ö¢²Ö²¨¸Ó ¸²¥¤¸É¢¨Ö³¨ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨ ¶µ²¥° ¢¥Ð¥¸É¢ , ¨¡µ Éµ²Ó±µ ¢ ÔÉµ³ ¸²ÊÎ ¥
Ê ´ ¸ ´¥ ¢µ§´¨± ¥É ¶¥·¥µ¶·¥¤¥²¥´´ Ö ¸¨¸É¥³  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.
„²Ö ÔÉµ° Í¥²¨ ¢ ¸± ²Ö·´ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö
¢¢¥¤¥³ Î²¥´ ¢¨¤ 

γµν g̃
µν , (40)

±µÉµ·Ò° ¶·¨ ´ ²¨Î¨¨ Ê¸²µ¢¨° (3) ¨ ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ (29) ¨§³¥´Ö¥É¸Ö
É ±¦¥ ´  ¤¨¢¥·£¥´Í¨Õ, ´µ Éµ²Ó±µ ´  ±² ¸¸¥ ¢¥±Éµ·µ¢, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ-
¢¨Õ

gµνDµDνε
σ(x) = 0. (41)

�µÎÉ¨  ´ ²µ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¢ Ô²¥±É·µ¤¨´ ³¨±¥ ¸ ³ ¸¸µ°
¶µ±µÖ ËµÉµ´ , µÉ²¨Î´µ° µÉ ´Ê²Ö. ‘ ÊÎ¥Éµ³ (38)Ä(40) µ¡Ð Ö ¸± ²Ö·´ Ö ¶²µÉ-
´µ¸ÉÓ ² £· ´¦¨ ´  ¨³¥¥É ¢¨¤

Lg = −λ1g̃
µν(Gλµν G

σ
λσ −Gλµσ Gσνλ) + λ2

√
−g + λ3 γµν g̃

µν + λ4

√
−γ. (42)

�µ¸²¥¤´¨° ¶µ¸ÉµÖ´´Ò° Î²¥´ ¢ (42) ³Ò ¢¢¥²¨, ÎÉµ¡Ò ¸ ¥£µ ¶µ³µÐÓÕ µ¡· -
É¨ÉÓ ¢ ´Ê²Ó ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¶·¨ µÉ¸ÊÉ¸É¢¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.
‘Ê¦¥´¨¥ ±² ¸¸  ± ²¨¡·µ¢µÎ´ÒÌ ¢¥±Éµ·µ¢ ¨§-§  ¢¢¥¤¥´¨Ö Î²¥´  (40)  ¢Éµ³ -
É¨Î¥¸±¨ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ Ê· ¢´¥´¨Ö (3) ¡Ê¤ÊÉ ¸²¥¤¸É¢¨Ö³¨ Ê· ¢´¥´¨°
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‚ ÔÉµ³ ³Ò ´¥¶µ¸·¥¤¸É¢¥´´µ Ê¡¥¤¨³¸Ö ´¨¦¥.

‘µ£² ¸´µ ¶·¨´Í¨¶Ê ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö Ê· ¢´¥´¨Ö ¤²Ö ¸µ¡¸É¢¥´´µ£µ
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨³¥ÕÉ ¢¨¤

δLg

δg̃µν
= λ1Rµν +

1

2
λ2 gµν + λ3 γµν = 0, (43)

§¤¥¸Ó
δLg

δg̃µν
=

∂Lg

∂g̃µν
− ∂σ

(
∂L

∂(∂σ g̃µν)

)
,

£¤¥ Rµν Å É¥´§µ· �¨ÎÎ¨ § ¶¨Ï¥³ ¢ Ëµ·³¥

Rµν = DλG
λ
µν −DµG

λ
νλ +Gσµν G

λ
σλ −GσµλGλνσ. (44)

�µ¸±µ²Ó±Ê ¢ ¸²ÊÎ ¥ µÉ¸ÊÉ¸É¢¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ê· ¢´¥´¨Ö (43) ¤µ²¦´Ò
Éµ¦¤¥¸É¢¥´´µ ¢Ò¶µ²´ÖÉÓ¸Ö, µÉ¸Õ¤  ¸²¥¤Ê¥É

λ2 = − 2λ3. (45)
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� °¤¥³ É¥¶¥·Ó ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢
¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ

tµνg = −2
δLg

δ γµν
= 2
√
−γ(γµαγνβ − 1

2
γµνγαβ)

δLg

δg̃αβ
+

+λ1 J
µν − 2λ3 g̃

µν − λ4 γ̃
µν , (46)

£¤¥
Jµν = DαDβ(γ

αµg̃βν + γαν g̃βµ − γαβ g̃µν − γµν g̃αβ) (47)

(¸³. ¶·¨²µ¦¥´¨¥ (�.19)). …¸²¨ ¢ ¢Ò· ¦¥´¨¨ (46) ÊÎ¥¸ÉÓ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢-
´¥´¨Ö (43), Éµ ³Ò ¶µ²ÊÎ¨³ Ê· ¢´¥´¨Ö ¤²Ö ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö
¢ Ëµ·³¥

λ1 J
µν − 2λ3g̃

µν − λ4 γ̃
µν = tµνg . (48)

„²Ö Éµ£µ ÎÉµ¡Ò ÔÉµ Ê· ¢´¥´¨¥ ¢ ¸²ÊÎ ¥ µÉ¸ÊÉ¸É¢¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö
Ê¤µ¢²¥É¢µ·Ö²µ¸Ó Éµ¦¤¥¸É¢¥´´µ, ´¥µ¡Ìµ¤¨³µ ¶µ²µ¦¨ÉÓ

λ4 = −2λ3. (49)

�µ¸±µ²Ó±Ê ¤²Ö ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢¸¥£¤  ¨³¥¥É ³¥¸Éµ · ¢¥´-
¸É¢µ

Dµ t
µν
g = 0, (50)

¨§ Ê· ¢´¥´¨Ö (48) ¸²¥¤Ê¥É
Dµ g̃

µν = 0. (51)

’ ±¨³ µ¡· §µ³, Ê· ¢´¥´¨Ö (3), µ¶·¥¤¥²ÖÕÐ¨¥ ¶µ²Ö·¨§ Í¨µ´´Ò¥ ¸µ¸ÉµÖ-
´¨Ö ¶µ²Ö, ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤ÊÕÉ ¨§ Ê· ¢´¥´¨° (48). ‘ ÊÎ¥Éµ³ Ê· ¢´¥´¨°
(51) ¶µ²¥¢Ò¥ Ê· ¢´¥´¨Ö (48) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

γαβ DαDβ φ̃
µν − λ4

λ1
φ̃µν = − 1

λ1
tµνg . (52)

‚ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ÔÉµ Ê· ¢´¥´¨¥ ¨³¥¥É ¶·µ¸Éµ° ¢¨¤

φ̃µν − λ4

λ1
φ̃µν = − 1

λ1
tµνg . (53)

—¨¸²µ¢µ³Ê Ë ±Éµ·Ê −λ4

λ1
= m2 ¥¸É¥¸É¢¥´´µ ¶·¨¤ ÉÓ ¸³Ò¸² ±¢ ¤· É  ³ ¸¸Ò

£· ¢¨Éµ´ ,   §´ Î¥´¨¥ −1/λ1, ¸µ£² ¸´µ ¶·¨´Í¨¶Ê ¸µµÉ¢¥É¸É¢¨Ö, ´¥µ¡Ìµ¤¨³µ
¢§ÖÉÓ · ¢´Ò³ 16π. ’ ±¨³ µ¡· §µ³, ¢¸¥ ´¥¨§¢¥¸É´Ò¥ ¶µ¸ÉµÖ´´Ò¥, ¢Ìµ¤ÖÐ¨¥ ¢
¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ , µ¶·¥¤¥²¥´Ò:

λ1 = − 1

16π
, λ2 = λ4 = −2λ3 =

m2

16 π
. (54)
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�µ¸É·µ¥´´ Ö ¸± ²Ö·´ Ö ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

Lg =
1

16 π
g̃µν(Gλµν G

σ
λσ −GλµσGσνλ)−

m2

16 π

(
1

2
γµν g̃

µν −
√
−g−

√
−γ
)
. (55)

‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¥° ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤²Ö ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ Ëµ·³¥

Jµν −m2 φ̃µν = −16π tµνg , (56)

¨²¨

Rµν − m2

2
(gµν − gµαgνβγαβ) = 0. (57)

�É¨ Ê· ¢´¥´¨Ö ¸ÊÐ¥¸É¢¥´´µ µ£· ´¨Î¨¢ ÕÉ ±² ¸¸ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ-
¢ ´¨°, µ¸É ¢²ÖÖ ²¨ÏÓ É·¨¢¨ ²Ó´Ò¥, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ Ê¸²µ¢¨Ö³ Š¨²²¨´£  ¢
¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. ’ ±¨¥ ¶·¥µ¡· §µ¢ ´¨Ö Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ²µ-
·¥´Í¥¢µ° ¨´¢ ·¨ ´É´µ¸É¨ ¨ ¨³¥ÕÉ ³¥¸Éµ ¢ ²Õ¡µ° É¥µ·¨¨.

�µ¸É·µ¥´´ Ö ¢ÒÏ¥ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Ö³ (57),
¨§ ±µÉµ·ÒÌ ¸²¥¤Ê¥É, ÎÉµ Ê· ¢´¥´¨Ö (51) Ö¢²ÖÕÉ¸Ö ¨Ì ¸²¥¤¸É¢¨Ö³¨,   ¶µÔÉµ³Ê
¢´¥ ¢¥Ð¥¸É¢  ³Ò ¡Ê¤¥³ ¨³¥ÉÓ ¤¥¸ÖÉÓ Ê· ¢´¥´¨° ¤²Ö ¤¥¸ÖÉ¨ ´¥¨§¢¥¸É´ÒÌ ¶µ²¥-
¢ÒÌ ËÊ´±Í¨°. ‘ ¶µ³µÐÓÕ Ê· ¢´¥´¨° (51) ´¥¨§¢¥¸É´Ò¥ ¶µ²¥¢Ò¥ ËÊ´±Í¨¨ φoα

²¥£±µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶µ²¥¢Ò¥ ËÊ´±Í¨¨ φik , £¤¥ §´ Î±¨ i ¨ k ¶·µ¡¥£ ÕÉ
§´ Î¥´¨Ö 1, 2, 3. ’ ±¨³ µ¡· §µ³, ¢ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  ¸µ¡¸É¢¥´´µ £· -
¢¨É Í¨µ´´µ£µ ¶µ²Ö ¸É·Ê±ÉÊ·  ³ ¸¸µ¢µ£µ Î²¥´ , ´ ·ÊÏ ÕÐ¥£µ ± ²¨¡·µ¢µÎ´ÊÕ
£·Ê¶¶Ê, µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É¸Ö ¶µ²Ö·¨§ Í¨µ´´Ò³¨ ¸¢µ°¸É¢ ³¨ £· ¢¨É Í¨-
µ´´µ£µ ¶µ²Ö.

5. “��‚�…�ˆŸ „‚ˆ†…�ˆŸ
„‹Ÿ ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ ˆ ‚…™…‘’‚�

�µ²´ Ö ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö · ¢´ 

L = Lg + LM (g̃µν , φA), (58)

£¤¥ Lg µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (55).
�  µ¸´µ¢ ´¨¨ (58) ¸ ¶µ³µÐÓÕ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ¶µ²ÊÎ¨³

¶µ²´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö:

δL

δg̃µν
= 0, (59)

δLM

δφA
= 0. (60)
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�µ¸±µ²Ó±Ê ¶·¨ ¶·µ¨§¢µ²Ó´µ³ ¡¥¸±µ´¥Î´µ ³ ²µ³ ¨§³¥´¥´¨¨ ±µµ·¤¨´ É ¢ ·¨-
 Í¨Ö ¤¥°¸É¢¨Ö δcSM · ¢´  ´Ê²Õ,

δcSM = δc

∫
LM (g̃µν , φA) d4x = 0,

µÉ¸Õ¤  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ Éµ¦¤¥¸É¢µ (¸³. ¶·¨²µ¦¥´¨¥ ‚, Ë-²  (16)) ¢ Ëµ·³¥

gµν∇λT λν = −Dν

(
δLM

δφA
FB; ν
A; µ φB(x)

)
− δLM

δφA
Dµ φA(x). (61)

‡¤¥¸Ó T λν = −2 δLM
δgλν

Å ¶²µÉ´µ¸ÉÓ É¥´§µ·  ¢¥Ð¥¸É¢  ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´-
¸É¢¥; ∇λ Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ¢ ÔÉµ³ ¶·µ¸É· ´¸É¢¥ ¸ ³¥É·¨±µ° gλν .
ˆ§ Éµ¦¤¥¸É¢  (61) ¸²¥¤Ê¥É, ÎÉµ ¥¸²¨ ¢Ò¶µ²´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥-
¸É¢  (60), Éµ ¨³¥¥É ³¥¸Éµ Ê· ¢´¥´¨¥

∇λ T λν = 0. (62)

‚ Éµ³ ¸²ÊÎ ¥, ¥¸²¨ Î¨¸²µ Ê· ¢´¥´¨° (60) ¤²Ö ¢¥Ð¥¸É¢  · ¢´µ Î¥ÉÒ·¥³,
¢³¥¸Éµ ´¨Ì ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ô±¢¨¢ ²¥´É´Ò¥ ¨³ Ê· ¢´¥´¨Ö (62). �µ¸±µ²Ó±Ê
¢ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²µ Éµ²Ó±µ ¸ É ±¨³¨ Ê· ¢´¥´¨Ö³¨ ¤²Ö ¢¥-
Ð¥¸É¢ , ¢¸¥£¤  ¡Ê¤¥³ ¶µ²Ó§µ¢ ÉÓ¸Ö Ê· ¢´¥´¨Ö³¨ ¤²Ö ¢¥Ð¥¸É¢  ¢ Ëµ·³¥ (62).
’ ±¨³ µ¡· §µ³, ¶µ²´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

δL

δg̃µν
= 0, (63)

∇λ T λν = 0. (64)

‚¥Ð¥¸É¢µ ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ¸Ö ¸±µ·µ¸ÉÓÕ ~v, ¶²µÉ´µ¸ÉÓÕ ¢¥Ð¥¸É¢  ρ ¨ ¤ ¢²¥-
´¨¥³ p. ƒ· ¢¨É Í¨µ´´µ¥ ¶µ²¥ µ¶·¥¤¥²Ö¥É¸Ö ¤¥¸ÖÉÓÕ ±µ³¶µ´¥´É ³¨ É¥´§µ· 
φµν .

ˆÉ ±, ³Ò ¨³¥¥³ 15 ´¥¨§¢¥¸É´ÒÌ. „²Ö ¨Ì µ¶·¥¤¥²¥´¨Ö ´¥µ¡Ìµ¤¨³µ ± 14
Ê· ¢´¥´¨Ö³ (63)Ä(64) ¤µ¡ ¢¨ÉÓ Ê· ¢´¥´¨¥ ¸µ¸ÉµÖ´¨Ö ¢¥Ð¥¸É¢ . …¸²¨ ¶·¨´ÖÉÓ
¢µ ¢´¨³ ´¨¥ ¸µµÉ´µÏ¥´¨Ö

δLg

δg̃µν
= − 1

16 π
Rµν +

m2

32 π
(gµν − γµν), (65)

δLM

δg̃µν
=

1

2
√−g

(
Tµν −

1

2
gµν T

)
, (66)

Éµ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (63) ¨ (64) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ Ëµ·³¥

(Rµν − 1

2
gµνR) +

m2

2
[gµν + (gµαgνβ − 1

2
gµνgαβ) γαβ ] =

8 π√−g T
µν , (67)
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∇λ T λν = 0. (68)

‚ ¸¨²Ê Éµ¦¤¥¸É¢  �ÓÖ´±¨

∇µ(Rµν −
1

2
gµν R) = 0

¨§ Ê· ¢´¥´¨° (67) ¨³¥¥³

m2√−g(gµαgνβ − 1

2
gµνgαβ)∇µ γαβ = 16 π∇µ T µν. (69)

“Î¨ÉÒ¢ Ö ¢Ò· ¦¥´¨¥

∇µ γαβ = −Gσµα γσβ −Gσµβ γσα, (70)

£¤¥ Gσµα µ¶·¥¤¥²¥´µ Ëµ·³Ê²µ° (36), ´ °¤¥³

(gµαgνβ − 1

2
gµνgαβ)∇µ γαβ = γµλg

µν(Dσ g
σλ +Gβαβ g

αλ), (71)

´µ É ± ± ± √
−g(Dσ g

σλ +Gβαβ g
αλ) = Dσ g̃

λσ, (72)

¢Ò· ¦¥´¨¥ (71) ¶·¨´¨³ ¥É ¢¨¤

√
−g(gµαgνβ − 1

2
gµνgαβ)∇µ γαβ = γµλ g

µν Dσ g̃
λσ. (73)

ˆ¸¶µ²Ó§ÊÖ (73), ¢Ò· ¦¥´¨¥ (69) ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ ¢ Ëµ·³¥

m2γµλ g
µνDσg̃

λσ = 16π∇µ T µν.

�Éµ ¢Ò· ¦¥´¨¥ ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

m2Dσg̃
λσ = 16 π γλν∇µ T µν . (74)

‘ ¶µ³µÐÓÕ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö Ê· ¢´¥´¨¥ (68) ³µ¦´µ § ³¥´¨ÉÓ Ê· ¢´¥´¨¥³

Dσg̃
νσ = 0. (75)

�µÔÉµ³Ê ¸¨¸É¥³  Ê· ¢´¥´¨° (67) ¨ (68) ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ £· ¢¨É Í¨µ´´ÒÌ
Ê· ¢´¥´¨° ¢ ¢¨¤¥

(Rµν − 1

2
gµνR) +

m2

2
[gµν + (gµαgνβ − 1

2
gµν gαβ)γαβ ] =

8 π√−g T
µν , (76)

Dµ g̃
µν = 0. (77)
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�É¨ Ê· ¢´¥´¨Ö Ëµ·³¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ¶·¥µ¡· §µ¢ ´¨° ‹µ·¥´Í , É.¥.
¢ ²Õ¡µ° ¨´¥·Í¨ ²Ó´µ° (£ ²¨²¥¥¢µ°) ¸¨¸É¥³¥ ±µµ·¤¨´ É Ö¢²¥´¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö
µ¤¨´ ±µ¢Ò³¨ Ê· ¢´¥´¨Ö³¨.

Šµ´±·¥É´ Ö ¨´¥·Í¨ ²Ó´ Ö £ ²¨²¥¥¢  ¸¨¸É¥³  ±µµ·¤¨´ É ¢Ò¤¥²Ö¥É¸Ö ¸ -
³µ° ¶µ¸É ´µ¢±µ° Ë¨§¨Î¥¸±µ° § ¤ Î¨ (´ Î ²Ó´Ò³¨ ¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨).
�¶¨¸ ´¨¥ ¤ ´´µ° ¶µ¸É ¢²¥´´µ° Ë¨§¨Î¥¸±µ° § ¤ Î¨ ¢ · §´ÒÌ ¨´¥·Í¨ ²Ó´ÒÌ
(£ ²¨²¥¥¢ÒÌ) ¸¨¸É¥³ Ì ±µµ·¤¨´ É, ±µ´¥Î´µ, · §²¨Î´µ, ´µ ÔÉµ ´¥ ¶·µÉ¨¢µ·¥Î¨É
¶·¨´Í¨¶Ê µÉ´µ¸¨É¥²Ó´µ¸É¨. …¸²¨ ¢¢¥¸É¨ É¥´§µ·

Nµν = Rµν − m2

2
[gµν − gµαgνβγαβ ], N = Nµνgµν ,

Éµ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (76) ¨ (77) ³µ¦´µ § ¶¨¸ ÉÓ ¢ Ëµ·³¥

Nµν − 1

2
gµνN =

8 π√−g T
µν, (76a)

Dµ g̃
µν = 0. (77a)

�´  ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  É ±¦¥ ¢ ¢¨¤¥

Nµν =
8 π√−g (T µν − 1

2
gµν T ), (78)

Dµg̃
µν = 0, (79)

¨²¨

Nµν =
8 π√−g (Tµν −

1

2
gµν T ), (78a)

Dµg̃
µν = 0. (79a)

�¥µ¡Ìµ¤¨³µ µ¸µ¡µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ± ± ¢ ¸¨¸É¥³Ê (78), É ± ¨ ¢ ¸¨¸É¥³Ê
Ê· ¢´¥´¨° (79) ¢Ìµ¤¨É ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ.

�·¥µ¡· §µ¢ ´¨Ö ±µµ·¤¨´ É, ±µÉµ·Ò¥ µ¸É ¢²ÖÕÉ ³¥É·¨±Ê ¶·µ¸É· ´¸É¢ 
Œ¨´±µ¢¸±µ£µ Ëµ·³¨´¢ ·¨ ´É´µ°, ¸¢Ö§Ò¢ ÕÉ Ë¨§¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´Ò¥ ¸¨-
¸É¥³Ò µÉ¸Î¥É . �·µ¸É¥°Ï¨³¨ ¨§ ´¨Ì ¡Ê¤ÊÉ ¨´¥·Í¨ ²Ó´Ò¥ ¸¨¸É¥³Ò. �µÔÉµ³Ê
¢µ§³µ¦´Ò¥ ± ²¨¡·µ¢µÎ´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ Ê¸²µ¢¨Ö³ Š¨²-
²¨´£ 

Dµεν +Dνεµ = 0,

´¥ ¢Ò¢µ¤ÖÉ ´ ¸ ¨§ ±² ¸¸  Ë¨§¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ÒÌ ¸¨¸É¥³ µÉ¸Î¥É .
…¸²¨ ³Ò¸²¥´´µ ¤µ¶Ê¸É¨ÉÓ ¢µ§³µ¦´µ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ ¨§³¥·¥´¨Ö

Ì · ±É¥·¨¸É¨± ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¨ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¸µ ¸±µ²Ó Ê£µ¤´µ
¡µ²ÓÏµ° ÉµÎ´µ¸ÉÓÕ, Éµ ´  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨° (78 ) ¨ (79 ) ³Ò ³µ¦¥³
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µ¶·¥¤¥²¨ÉÓ ³¥É·¨±Ê ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¨ ´ °É¨ £ ²¨²¥¥¢Ò (¨´¥·-
Í¨ ²Ó´Ò¥) ¸¨¸É¥³Ò ±µµ·¤¨´ É. ’ ±¨³ µ¡· §µ³, ¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ
Ö¢²Ö¥É¸Ö, ¢ ¶·¨´Í¨¶¥, ´ ¡²Õ¤ ¥³Ò³.

‘ÊÐ¥¸É¢µ¢ ´¨¥ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ´ Ìµ¤¨É µÉ· ¦¥´¨¥ ¢ § ±µ´ Ì
¸µÌ· ´¥´¨Ö,   ¶µÔÉµ³Ê ¶·µ¢¥·±  ¨Ì ¢ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨ÖÌ Ö¢²Ö¥É¸Ö ¢ Éµ ¦¥
¢·¥³Ö ¶·µ¢¥·±µ° ¸É·Ê±ÉÊ·Ò ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨.

‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ± ± ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (76), É ± ¨ ¢ ¸¨-
¸É¥³Ê Ê· ¢´¥´¨° (77) ¢Ìµ¤¨É ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ.
Š ± ¨§¢¥¸É´µ, ¢ �’� ¶·¨¸ÊÉ¸É¢¨¥ ±µ¸³µ²µ£¨Î¥¸±µ£µ Î²¥´  ¢ Ê· ¢´¥´¨ÖÌ ´¥
Ö¢²Ö¥É¸Ö µ¡Ö§ É¥²Ó´Ò³, ¨ ÔÉµÉ ¢µ¶·µ¸ µ¡¸Ê¦¤ ¥É¸Ö ¤µ ¸¨Ì ¶µ·. ‚ �’ƒ ´ ²¨-
Î¨¥ ±µ¸³µ²µ£¨Î¥¸±µ£µ Î²¥´  ¢ Ê· ¢´¥´¨ÖÌ £· ¢¨É Í¨¨ µ¡Ö§ É¥²Ó´µ. �¤´ ±µ
±µ¸³µ²µ£¨Î¥¸±¨° Î²¥´ ¢µ§´¨± ¥É ¢ Ê· ¢´¥´¨ÖÌ (76) ¢ ±µ³¡¨´ Í¨¨ ¸ Î²¥-
´µ³, ¸¢Ö§ ´´Ò³ ¸ ³¥É·¨±µ° γµν ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ, ¶·¨Î¥³ ¸ Éµ°
¦¥ ¶µ¸ÉµÖ´´µ°, · ¢´µ° ¶µ²µ¢¨´¥ ±¢ ¤· É  ³ ¸¸Ò £· ¢¨Éµ´ . � ²¨Î¨¥ Î²¥´  ¢
Ê· ¢´¥´¨ÖÌ (76), ¸¢Ö§ ´´µ£µ ¸ ³¥É·¨±µ° γµν , ¸ÊÐ¥¸É¢¥´´µ ¨§³¥´Ö¥É Ì · ±É¥·
±µ²² ¶¸  ¨ · §¢¨É¨Ö ‚¸¥²¥´´µ°. ‘µ£² ¸´µ Ê· ¢´¥´¨Ö³ (76), ¶·¨ µÉ¸ÊÉ¸É¢¨¨
¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ³¥É·¨±  ¶·µ¸É· ´¸É¢  ¸É ´µ¢¨É¸Ö ³¥É·¨-
±µ° Œ¨´±µ¢¸±µ£µ, ¶·¨Î¥³ µ´  ÉµÎ´µ ¸µ¢¶ ¤ ¥É ¸ ¢Ò¡· ´´µ° · ´¥¥ ¶·¨ ¶µ-
¸É ´µ¢±¥ Ë¨§¨Î¥¸±µ° § ¤ Î¨. …¸²¨ ¡Ò ¢ Ê· ¢´¥´¨ÖÌ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö
³¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ µÉ¸ÊÉ¸É¢µ¢ ² , Éµ ¸µ¢¥·Ï¥´´µ ´¥ ¡Ò²µ
¡Ò Ö¸´µ, ¢ ± ±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ³Ò µ± § -
²¨¸Ó ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.

‚¢¥¤¥´¨¥ ³ ¸¸Ò £· ¢¨Éµ´  ¨³¥¥É ¶·¨´Í¨¶¨ ²Ó´µ¥ §´ Î¥´¨¥ ¤²Ö ¤ ´´µ°
É¥µ·¨¨, ¶µ¸±µ²Ó±Ê Éµ²Ó±µ ¸ ¥¥ ¢¢¥¤¥´¨¥³ Ê¤ ¥É¸Ö ¶µ¸É·µ¨ÉÓ É¥µ·¨Õ £· ¢¨É -
Í¨¨ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. Œ ¸¸  £· ¢¨Éµ´  ´ ·ÊÏ ¥É ± ²¨¡·µ¢µÎ´ÊÕ
£·Ê¶¶Ê ¨²¨, ¤·Ê£¨³¨ ¸²µ¢ ³¨, µ´  ¸´¨³ ¥É ¢Ò·µ¦¤¥´¨¥. �µÔÉµ³Ê ´¥²Ó§Ö ¨¸-
±²ÕÎ¨ÉÓ ¢µ§³µ¦´µ¸ÉÓ Ê¸É·¥³²¥´¨Ö ³ ¸¸Ò £· ¢¨Éµ´  ± ´Ê²Õ ¢ µ±µ´Î É¥²Ó´ÒÌ
·¥§Ê²ÓÉ É Ì ¶·¨ ¨§ÊÎ¥´¨¨ £· ¢¨É Í¨µ´´ÒÌ ÔËË¥±Éµ¢. �¤´ ±µ É¥µ·¨Ö ¸ ³ ¸-
¸µ° £· ¢¨Éµ´  ¨ É¥µ·¨Ö ¸ ´ ·ÊÏ¥´´µ° ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶µ° [7] (¸ ¶µ¸²¥-
¤ÊÕÐ¨³ Ê¸É·¥³²¥´¨¥³ ³ ¸¸Ò £· ¢¨Éµ´  ± ´Ê²Õ) Å ÔÉµ ¢ ¶·¨´Í¨¶¥ · §´Ò¥
É¥µ·¨¨. ’ ±, ´ ¶·¨³¥·, ¥¸²¨ ¢ ¶¥·¢µ° ¨³¥¥É ³¥¸Éµ µ¤´µ·µ¤´ Ö ¨ ¨§µÉ·µ¶´ Ö
‚¸¥²¥´´ Ö, Éµ ¢µ ¢Éµ·µ° É ±µ° ‚¸¥²¥´´µ° ´¥ ³µ¦¥É ¡ÒÉÓ.

�¸É ´µ¢¨³¸Ö É¥¶¥·Ó ´  ¶·¨´Í¨¶¥ ¸µµÉ¢¥É¸É¢¨Ö. ‹Õ¡ Ö Ë¨§¨Î¥¸± Ö É¥-
µ·¨Ö ¤µ²¦´  Ê¤µ¢²¥É¢µ·ÖÉÓ ¶·¨´Í¨¶Ê ¸µµÉ¢¥É¸É¢¨Ö. ƒ· ¢¨É Í¨µ´´Ò¥ ¢§ ¨-
³µ¤¥°¸É¢¨Ö ¨§³¥´ÖÕÉ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢ . ’·¥¡µ¢ ´¨¥ ¶·¨´Í¨¶ 
¸µµÉ¢¥É¸É¢¨Ö ¸¢µ¤¨É¸Ö ± Éµ³Ê, ÎÉµ¡Ò ÔÉ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶·¨ ¢Ò±²ÕÎ¥-
´¨¨ £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, É.¥. ¶·¨ µ¡· Ð¥´¨¨ ¢ ´Ê²Ó É¥´§µ·  ±·¨-
¢¨§´Ò �¨³ ´ , ¸É ´µ¢¨²¨¸Ó µ¡ÒÎ´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ‘’� ¢ ¢Ò¡· ´-
´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É.

�·¨ ¶µ¸É ´µ¢±¥ Ë¨§¨Î¥¸±µ° § ¤ Î¨ ¢ �’ƒ ³Ò ¢Ò¡¨· ¥³ ´¥±µÉµ·ÊÕ ¸¨-
¸É¥³Ê ±µµ·¤¨´ É ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ γµν(x).
‚ �’ƒ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¢ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥
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¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ gµν(x), µ¶·¥¤¥²Ö¥³Ò³ ¨§ Ê· ¢´¥´¨° £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö (76) ¨ (77), ¨³¥¥É ¢¨¤

∇µT µν(x) = 0. (σ)

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¢µ§Ó³¥³ ¶Ò²¥¢¨¤´ÊÕ ³ É¥·¨Õ ¸ É¥´§µ·µ³ Ô´¥·£¨¨-¨³-
¶Ê²Ó¸  T µν , · ¢´Ò³

T µν(x) = ρUµUν , Uν =
dxν

ds
,

ds Å ¨´É¥·¢ ² ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥.
�  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨° (σ), ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ ¤²Ö T µν , ´ °¤¥³ Ê· ¢-

´¥´¨¥ ¤²Ö £¥µ¤¥§¨Î¥¸±µ° ²¨´¨¨ ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥

dUν

ds
+ Γναβ(x)U

αUβ = 0.

�·¨ ¢Ò±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, É.¥. ¶·¨ µ¡· Ð¥´¨¨ É¥´-
§µ·  ±·¨¢¨§´Ò �¨³ ´  ¢ ´Ê²Ó, ¨§ Ê· ¢´¥´¨° £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö (76) ¨ (77)
¸²¥¤Ê¥É, ÎÉµ ·¨³ ´µ¢  ³¥É·¨±  gµν(x) ¶¥·¥Ìµ¤¨É ¢ · ´¥¥ ¢Ò¡· ´´ÊÕ ³¥É·¨±Ê
¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ γµν(x). �·¨ ÔÉµ³ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢ 
(σ) ¶·¨´¨³ ¥É ¢¨¤

Dµt
µν(x) = 0. (λ)

‡¤¥¸Ó É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  tµν(x) · ¢¥´

tµν(x) = ρuµuν , uν =
dxν

dσ
,

dσ Å ¨´É¥·¢ ² ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ.
�  µ¸´µ¢ ´¨¨ (λ), ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ ¤²Ö tµν , ´ °¤¥³ Ê· ¢´¥´¨Ö ¤²Ö

£¥µ¤¥§¨Î¥¸±µ° ²¨´¨¨ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ

duν

dσ
+ γναβu

αuβ = 0,

É.¥. ³Ò ¶·¨Ï²¨ ± µ¡ÒÎ´Ò³ Ê· ¢´¥´¨Ö³ ¤²Ö ¸¢µ¡µ¤´µ£µ ¤¢¨¦¥´¨Ö Î ¸É¨Í ¢
‘’� ¢ ¢Ò¡· ´´µ° · ´¥¥ ±µµ·¤¨´ Í¨¨ ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ γµν(x). ’ -
±¨³ µ¡· §µ³, Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥ ¢ ¢Ò-
¡· ´´µ° ±µµ·¤¨´ Í¨¨  ¢Éµ³ É¨Î¥¸±¨ ¶¥·¥Ìµ¤¨É ¶·¨ ¢Ò±²ÕÎ¥´¨¨ £· ¢¨É -
Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, É.¥. ¶·¨ µ¡· Ð¥´¨¨ É¥´§µ·  ±·¨¢¨§´Ò �¨³ ´  ¢
´Ê²Ó, ¢ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ¢ Éµ° ¦¥
±µµ·¤¨´ Í¨¨ ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ γµν(x), É.¥. ¶·¨´Í¨¶ ¸µµÉ¢¥É¸É¢¨Ö ¢Ò-
¶µ²´Ö¥É¸Ö. �Éµ ÊÉ¢¥·¦¤¥´¨¥ ¢ �’ƒ ¨³¥¥É µ¡Ð¨° Ì · ±É¥·, ¶µ¸±µ²Ó±Ê ¶·¨
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µ¡· Ð¥´¨¨ É¥´§µ·  �¨³ ´  ¢ ´Ê²Ó ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢  ¢ £· ¢¨-
É Í¨µ´´µ³ ¶µ²¥ LM (g̃µν ,ΦA) ¶¥·¥Ìµ¤¨É ¢ µ¡ÒÎ´ÊÕ ¶²µÉ´µ¸ÉÓ ² £· ´¦¨ ´ 
LM (γ̃µν ,ΦA) ‘’� ¢ ¢Ò¡· ´´µ° ±µµ·¤¨´ Í¨¨.

‚ �’� Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  É ±¦¥ ¨³¥¥É ¢¨¤ (σ). �µ ¶µ¸±µ²Ó±Ê
¢ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  ´¥ ¢Ìµ¤¨É ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É-
· ´¸É¢  Œ¨´±µ¢¸±µ£µ, Éµ ¶·¨ ¢Ò±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö,
É.¥. ¶·¨ µ¡· Ð¥´¨¨ É¥´§µ·  ±·¨¢¨§´Ò �¨³ ´  ¢ ´Ê²Ó, ´¥²Ó§Ö ¸± § ÉÓ, ¢ ± ±µ°
¸¨¸É¥³¥ ±µµ·¤¨´ É (¨´¥·Í¨ ²Ó´µ° ¨²¨ Ê¸±µ·¥´´µ°) ¶·µ¸É· ´¸É¢  Œ¨´±µ¢-
¸±µ£µ ³Ò ´ Ìµ¤¨³¸Ö,   ¶µÔÉµ³Ê ´¥¢µ§³µ¦´µ µ¶·¥¤¥²¨ÉÓ, ± ±µ¥ Ê· ¢´¥´¨¥
¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ³Ò ¶µ²ÊÎ¨³ ¶·¨ ¢Ò±²ÕÎ¥-
´¨¨ £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ˆ³¥´´µ ¶µÔÉµ³Ê ¢ �’� ¶·¨´Í¨¶ ¸µ-
µÉ¢¥É¸É¢¨Ö ´¥¢µ§³µ¦´µ ¸µ¡²Õ¸É¨, µ¸É ¢ Ö¸Ó ¢ · ³± Ì ÔÉµ° É¥µ·¨¨.

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¢ �’ƒ ¢µ§·µ¦¤ ÕÉ¸Ö ¢¸¥ É¥ ¶µ´ÖÉ¨Ö (¨´¥·Í¨-
 ²Ó´ Ö ¸¨¸É¥³  ±µµ·¤¨´ É, § ±µ´ ¨´¥·Í¨¨, Ê¸±µ·¥´¨¥ ¶µ µÉ´µÏ¥´¨Õ ± ¶·µ-
¸É· ´¸É¢Ê, § ±µ´Ò ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥-
´¨Ö), ±µÉµ·Ò¥ ¨³¥ÕÉ ³¥¸Éµ ¢ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¥ �ÓÕÉµ´  ¨ ¢ ¸¶¥Í¨ ²Ó-
´µ° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨, µÉ ±µÉµ·ÒÌ �.�°´ÏÉ¥°´Ê ¶·¨Ï²µ¸Ó µÉ± § ÉÓ¸Ö
¶·¨ ¶µ¸É·µ¥´¨¨ �’�. ‘¨²Ò ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨ ¤ ¦¥ ²µ± ²Ó´µ ´¥²Ó§Ö
µÉµ¦¤¥¸É¢²ÖÉÓ, ¶µ¸±µ²Ó±Ê µ´¨ ¸µ¢¥·Ï¥´´µ · §´µ° ¶·¨·µ¤Ò. …¸²¨ ¶¥·¢Ò¥
³µ¦´µ Ê¸É· ´¨ÉÓ ¢Ò¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É, Éµ ¸¨²Ò £· ¢¨É Í¨¨ ´¨± ±¨³
¢Ò¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É Ê¸É· ´¨ÉÓ ´¥²Ó§Ö.

6. �·¨´Í¨¶ ¶·¨Î¨´´µ¸É¨ ¢ �’ƒ

�’ƒ ¶µ¸É·µ¥´  ¢ · ³± Ì ‘’� ¶µ¤µ¡´µ É¥µ·¨Ö³ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶µ²¥°.
‘µ£² ¸´µ ‘’�, ²Õ¡µ¥ ¤¢¨¦¥´¨¥ ± ±µ£µ-²¨¡µ ÉµÎ¥Î´µ£µ ¶·µ¡´µ£µ É¥²  ¢¸¥-
£¤  ¶·µ¨¸Ìµ¤¨É ¢´ÊÉ·¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¶·¨Î¨´´µ¸É¨ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢-
¸±µ£µ. ‘²¥¤µ¢ É¥²Ó´µ, ´¥¨´¥·Í¨ ²Ó´Ò¥ ¸¨¸É¥³Ò µÉ¸Î¥É , ·¥ ²¨§Ê¥³Ò¥ ¶·µ¡-
´Ò³¨ É¥² ³¨, É ±¦¥ ¤µ²¦´Ò ´ Ìµ¤¨ÉÓ¸Ö ¢´ÊÉ·¨ ±µ´Ê¸  ¶·¨Î¨´´µ¸É¨ ¶¸¥¢¤µ-
¥¢±²¨¤µ¢  ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. �É¨³ ¸ ³Ò³ µ¶·¥¤¥²Ö¥É¸Ö ¢¥¸Ó ±² ¸¸ ¢µ§-
³µ¦´ÒÌ ´¥¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ µÉ¸Î¥É . ‹µ± ²Ó´µ¥ · ¢¥´¸É¢µ É·¥Ì³¥·´µ°
¸¨²Ò ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨ ¶·¨ ¤¥°¸É¢¨¨ ´  ³ É¥·¨ ²Ó´ÊÕ ÉµÎ±Ê ¡Ê¤¥É ¨³¥ÉÓ
³¥¸Éµ, ¥¸²¨ ¸¢¥Éµ¢µ° ±µ´Ê¸ ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ´¥ ¢ÒÌµ-
¤¨É §  ¶·¥¤¥²Ò ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¶·¨Î¨´´µ¸É¨ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ.
ˆ³¥´´µ Éµ²Ó±µ ¢ ÔÉµ³ ¸²ÊÎ ¥ É·¥Ì³¥·´ÊÕ ¸¨²Ê £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ¤¥°-
¸É¢ÊÕÐÊÕ ´  ¶·µ¡´µ¥ É¥²µ, ³µ¦´µ ²µ± ²Ó´µ ¸±µ³¶¥´¸¨·µ¢ ÉÓ, ¶¥·¥°¤Ö ¢
¤µ¶Ê¸É¨³ÊÕ ´¥¨´¥·Í¨ ²Ó´ÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É , ¸¢Ö§ ´´ÊÕ ¸ ÔÉ¨³ É¥²µ³.

…¸²¨ ¡Ò ¸¢¥Éµ¢µ° ±µ´Ê¸ ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¢ÒÌµ¤¨²
§  ¶·¥¤¥²Ò ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¶·¨Î¨´´µ¸É¨ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ, Éµ ÔÉµ
µ§´ Î ²µ ¡Ò, ÎÉµ ¤²Ö É ±µ£µ ©£· ¢¨É Í¨µ´´µ£µ ¶µ²Öª ´¥ ¸ÊÐ¥¸É¢Ê¥É ¤µ¶Ê-
¸É¨³µ° ´¥¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò µÉ¸Î¥É , ¢ ±µÉµ·µ° ÔÉµ ©¸¨²µ¢µ¥ ¶µ²¥ª ¶·¨
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¤¥°¸É¢¨¨ ´  ³ É¥·¨ ²Ó´ÊÕ ÉµÎ±Ê ³µ¦´µ ¡Ò²µ ¡Ò ¸±µ³¶¥´¸¨·µ¢ ÉÓ. ˆ´Ò³¨
¸²µ¢ ³¨, ²µ± ²Ó´ Ö ±µ³¶¥´¸ Í¨Ö 3-¸¨²Ò £· ¢¨É Í¨¨ ¸¨²µ° ¨´¥·Í¨¨ ¢µ§³µ¦´ 
²¨ÏÓ Éµ£¤ , ±µ£¤  £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ± ± Ë¨§¨Î¥¸±µ¥ ¶µ²¥, ¢µ§¤¥°¸É¢ÊÖ
´  Î ¸É¨ÍÒ, ´¥ ¢Ò¢µ¤¨É ¨Ì ³¨·µ¢Ò¥ ²¨´¨¨ §  ¶·¥¤¥²Ò ±µ´Ê¸  ¶·¨Î¨´´µ¸É¨
¶¸¥¢¤µ¥¢±²¨¤µ¢  ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. „ ´´µ¥ Ê¸²µ¢¨¥ ¸²¥¤Ê¥É · ¸¸³ É·¨-
¢ ÉÓ ± ± ¶·¨´Í¨¶ ¶·¨Î¨´´µ¸É¨, ¶µ§¢µ²ÖÕÐ¨° µÉ¡¨· ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (76)
¨ (77), ±µÉµ·Ò¥ ¨³¥ÕÉ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨ ¸µµÉ¢¥É¸É¢ÊÕÉ £· ¢¨É Í¨µ´´Ò³
¶µ²Ö³.

�·¨´Í¨¶ ¶·¨Î¨´´µ¸É¨ ´¥ ¢Ò¶µ²´Ö¥É¸Ö  ¢Éµ³ É¨Î¥¸±¨. �Éµ ¸¢Ö§ ´µ ¸ É¥³,
ÎÉµ £· ¢¨É Í¨µ´´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¢Ìµ¤¨É ¢ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ¢Éµ·ÒÌ ¶·µ-
¨§¢µ¤´ÒÌ ¢ Ê· ¢´¥´¨ÖÌ ¶µ²Ö, É.¥. ¨§³¥´Ö¥É ¨¸Ìµ¤´ÊÕ £¥µ³¥É·¨Õ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨. �É  µ¸µ¡¥´´µ¸ÉÓ ¶·¨¸ÊÐ  Éµ²Ó±µ £· ¢¨É Í¨µ´´µ³Ê ¶µ²Õ. ‚§ ¨³µ-
¤¥°¸É¢¨¥ ¢¸¥Ì ¤·Ê£¨Ì ¨§¢¥¸É´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶µ²¥° µ¡ÒÎ´µ ´¥ § É· £¨¢ ¥É
¢Éµ·ÒÌ ¶·µ¨§¢µ¤´ÒÌ Ê· ¢´¥´¨° ¶µ²Ö, ¨ ¶µÔÉµ³Ê ´¥ ¨§³¥´Ö¥É ¨¸Ìµ¤´ÊÕ ¶¸¥¢-
¤µ¥¢±²¨¤µ¢Ê £¥µ³¥É·¨Õ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨.

„ ¤¨³ É¥¶¥·Ó  ´ ²¨É¨Î¥¸±ÊÕ Ëµ·³Ê²¨·µ¢±Ê ¶·¨´Í¨¶  ¶·¨Î¨´´µ¸É¨ ¢
�’ƒ. �µ¸±µ²Ó±Ê ¢ �’ƒ ¤¢¨¦¥´¨¥ ¢¥Ð¥¸É¢  ¶µ¤ ¤¥°¸É¢¨¥³ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö ¢ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Ô±¢¨¢ ²¥´É´µ ¤¢¨¦¥´¨Õ ¢¥-
Ð¥¸É¢  ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨,
Éµ ¤²Ö ¶·¨Î¨´´µ-¸¢Ö§ ´´ÒÌ ¸µ¡ÒÉ¨° (³¨·µ¢ÒÌ ²¨´¨° Î ¸É¨Í ¨ ¸¢¥É ), ¸ µ¤-
´µ° ¸Éµ·µ´Ò, ³Ò ¤µ²¦´Ò ¨³¥ÉÓ Ê¸²µ¢¨¥

d s2 = gµν dx
µ dxν ≥ 0, (80)

  ¸ ¤·Ê£µ° Å ¤²Ö É ±¨Ì ¸µ¡ÒÉ¨° ¤µ²¦´µ µ¡Ö§ É¥²Ó´µ ¢Ò¶µ²´ÖÉÓ¸Ö ´¥· ¢¥´¸É¢µ

dσ2 = γµν dx
µ dxν ≥ 0. (81)

„²Ö ¢Ò¡· ´´µ° ¸¨¸É¥³Ò µÉ¸Î¥É , ·¥ ²¨§Ê¥³µ° Ë¨§¨Î¥¸±¨³¨ É¥² ³¨, ¨³¥¥É
³¥¸Éµ Ê¸²µ¢¨¥

γoo > 0. (82)

‚ ¢Ò· ¦¥´¨¨ (81) ³Ò ¢Ò¤¥²¨³ ¢·¥³¥´¨- ¨ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´Ò¥ Î ¸É¨

d σ2 =

(
√
γoo dt+

γo i dx
i

√
γoo

)2

− si k dxi dxk, (83)

§¤¥¸Ó ² É¨´¸±¨¥ ¨´¤¥±¸Ò i, k ¶·µ¡¥£ ÕÉ §´ Î¥´¨Ö 1, 2, 3;

si k = − γi k +
γo iγo k

γo o
, (84)

si k Ö¢²Ö¥É¸Ö ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ É·¥Ì³¥·´µ£µ ¶·µ¸É· ´¸É¢  ¢ Î¥ÉÒ·¥Ì-
³¥·´µ³ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨. Š¢ ¤· É ¶·µ¸É· ´¸É¢¥´´µ£µ
· ¸¸ÉµÖ´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

d l2 = si k dx
i dxk. (85)
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�·¥¤¸É ¢¨³ ¸±µ·µ¸ÉÓ vi = dxi

dt ¢ ¢¨¤¥ vi = vei, £¤¥ v Å ¢¥²¨Î¨´  ¸±µ·µ-
¸É¨, ei Å ¶·µ¨§¢µ²Ó´Ò° ¥¤¨´¨Î´Ò° ¢¥±Éµ· ¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥

si ke
i ek = 1. (86)

�·¨ µÉ¸ÊÉ¸É¢¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ¢Ò¡· ´´µ° ¸¨¸É¥³¥
±µµ·¤¨´ É ²¥£±µ µ¶·¥¤¥²Ö¥É¸Ö ¨§ ¢Ò· ¦¥´¨Ö (83), ¥¸²¨ ¶µ²µ¦¨ÉÓ ¥£µ · ¢´Ò³
´Ê²Õ: (

√
γoo dt+

γoi dx
i

√
γoo

)2

= si k dx
i dxk.

�É¸Õ¤  ´ Ìµ¤¨³

v =
√
γoo/

(
1− γoi e

i

√
γoo

)
. (87)

’ ±¨³ µ¡· §µ³, ¶·µ¨§¢µ²Ó´Ò° Î¥ÉÒ·¥Ì³¥·´Ò° ¨§µÉ·µ¶´Ò° ¢¥±Éµ· ¢ ¶·µ-
¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ uν · ¢¥´

uν = (1, v ei). (88)

„²Ö µ¤´µ¢·¥³¥´´µ£µ ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨° (80) ¨ (81) ´¥µ¡Ìµ¤¨³µ ¨ ¤µ-
¸É ÉµÎ´µ, ÎÉµ¡Ò ¤²Ö ²Õ¡µ£µ ¨§µÉ·µ¶´µ£µ ¢¥±Éµ· 

γµν u
µ uν = 0 (89)

¢Ò¶µ²´Ö²µ¸Ó Ê¸²µ¢¨¥ ¶·¨Î¨´´µ¸É¨

gµν u
µ uν ≤ 0, (90)

±µÉµ·µ¥ ¨ µ§´ Î ¥É, ÎÉµ ¸¢¥Éµ¢µ° ±µ´Ê¸ ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´-
¸É¢  ´¥ ¢ÒÌµ¤¨É §  ¶·¥¤¥²Ò ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¶·¨Î¨´´µ¸É¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢ 
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. “¸²µ¢¨Ö ¶·¨Î¨´´µ¸É¨ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥°
Ëµ·³¥:

gµν v
µ vν = 0, (89a)

γµνv
µ vν ≥ 0. (90a)

‚ �’� Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨³¥ÕÉ É ±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ƒ¨²Ó¡¥·É Ä
�°´ÏÉ¥°´ , ±µÉµ·Ò¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ¢ ± ¦¤µ° ÉµÎ±¥ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨
´¥· ¢¥´¸É¢Ê

g < 0,

  É ±¦¥ É·¥¡µ¢ ´¨Õ, ´ §Ò¢ ¥³µ³Ê Ê¸²µ¢¨¥³ Ô´¥·£µ¤µ³¨´ ´É´µ¸É¨, ±µÉµ·µ¥
Ëµ·³Ê²¨·Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. „²Ö ²Õ¡µ£µ ¢·¥³¥´¨¶µ¤µ¡´µ£µ ¢¥±Éµ· 
Kν ¤µ²¦´µ ¢Ò¶µ²´ÖÉÓ¸Ö ´¥· ¢¥´¸É¢µ

T µν KµKν ≥ 0,
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  ¢¥²¨Î¨´  T µνKν ¤²Ö ¤ ´´µ£µ ¢¥±Éµ·  Kν ¤µ²¦´  µ¡· §µ¢Ò¢ ÉÓ ´¥¶·µ¸É· ´-
¸É¢¥´´µ¶µ¤µ¡´Ò° ¢¥±Éµ·.

‚ ´ Ï¥° É¥µ·¨¨ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨³¥ÕÉ É ±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (78 )
¨ (79 ), ±µÉµ·Ò¥ ´ ·Ö¤Ê ¸ ÔÉ¨³¨ É·¥¡µ¢ ´¨Ö³¨ ¤µ²¦´Ò É ±¦¥ Ê¤µ¢²¥É¢µ·ÖÉÓ
Ê¸²µ¢¨Õ ¶·¨Î¨´´µ¸É¨ (89 ) ¨ (90 ). �µ¸²¥¤´¥¥ ´  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨Ö (78 )
³µ¦´µ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥° Ëµ·³¥:

Rµν K
µKν ≤ 8 π√−g (Tµν −

1

2
gµν T )KµKν +

m2

2
gµν K

µKν. (91)

…¸²¨ ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¢§ÖÉÓ ¢ Ëµ·³¥

Tµν =
√
−g[(ρ+ p)UµUν − pgµν ],

Éµ ´  µ¸´µ¢ ´¨¨ (78 ) ³µ¦´µ Ê¸É ´µ¢¨ÉÓ ³¥¦¤Ê ¨´É¥·¢ ² ³¨ ¶·µ¸É· ´¸É¢ 
Œ¨´±µ¢¸±µ£µ dσ ¨ ¨´É¥·¢ ²µ³ ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ds ¸²¥-
¤ÊÕÐÊÕ ¸¢Ö§Ó:

m2

2
dσ2 = ds2[4π(ρ+ 3p) +

m2

2
−RµνUµUν ],

£¤¥ Uµ =
dxµ

ds
.

‚ ¸¨²Ê ¶·¨´Í¨¶  ¶·¨Î¨´´µ¸É¨ ¨³¥¥É ³¥¸Éµ ´¥· ¢¥´¸É¢µ

RµνU
µUν < 4π(ρ+ 3p) +

m2

2
,

±µÉµ·µ¥ Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ ´¥· ¢¥´¸É¢  (91) ¨²¨

√
−gRµν vµvν ≤ 8 πTµνv

µvν . (91a)

�. �°´ÏÉ¥°´ ¢ 1918 £µ¤Ê ¤ ² ¶·¨´Í¨¶Ê Ô±¢¨¢ ²¥´É´µ¸É¨ ¸²¥¤ÊÕÐÊÕ Ëµ·-
³Ê²¨·µ¢±Ê: ©ˆ´¥·Í¨Ö ¨ ÉÖ¦¥¸ÉÓ Éµ¦¤¥¸É¢¥´´Ò; µÉ¸Õ¤  ¨ ¨§ ·¥§Ê²ÓÉ Éµ¢
¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ´¥¨§¡¥¦´µ ¸²¥¤Ê¥É, ÎÉµ ¸¨³³¥É·¨Î-
´Ò° �ËÊ´¤ ³¥´É ²Ó´Ò° É¥´§µ·� gµν µ¶·¥¤¥²Ö¥É ³¥É·¨Î¥¸±¨¥ ¸¢µ°¸É¢ 
¶·µ¸É· ´¸É¢ , ¤¢¨¦¥´¨Ö É¥² ¶µ ¨´¥·Í¨¨ ¢ ´¥³,   É ±¦¥ ¨ ¤¥°¸É¢¨¥ £· ¢¨É -
Í¨¨ª. �Éµ¦¤¥¸É¢²¥´¨¥ ¢ �’� £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³
gµν ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¶µ§¢µ²Ö¥É ¸ ¶µ³µÐÓÕ ¢Ò¡µ·  ¸¨¸É¥³Ò ±µµ·¤¨-
´ É ¸¤¥² ÉÓ · ¢´Ò³¨ ´Ê²Õ ¢¸¥ ±µ³¶µ´¥´ÉÒ ¸¨³¢µ²  Š·¨¸ÉµËË¥²Ö ¢µ ¢¸¥Ì
ÉµÎ± Ì ¶·µ¨§¢µ²Ó´µ° ²¨´¨¨. �µ ¶·¨ ÔÉµ³ ¨ ¢ �’� £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¢Ò-
¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É ´¥ ¨¸±²ÕÎ ¥É¸Ö, ¶µ¸±µ²Ó±Ê ¤¢¨¦¥´¨¥ ¤¢ÊÌ ¡²¨§±¨Ì
³ É¥·¨ ²Ó´ÒÌ ÉµÎ¥± ´¥ ¡Ê¤¥É ¸¢µ¡µ¤´Ò³ ¨§-§  ´ ²¨Î¨Ö É¥´§µ·  ±·¨¢¨§´Ò, ±µ-
Éµ·Ò° ¢ ¸¨²Ê É¥´§µ·´ÒÌ ¸¢µ°¸É¢ ´¨±µ£¤  ´¥²Ó§Ö µ¡· É¨ÉÓ ¢ ´Ê²Ó ¶ÊÉ¥³ ¢Ò¡µ· 
¸¨¸É¥³Ò ±µµ·¤¨´ É.
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‚ �’ƒ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨³ ¶µ²¥³ ¢ ¤ÊÌ¥ ” · -
¤¥Ö Å Œ ±¸¢¥²² , ¶µÔÉµ³Ê ¸¨²  £· ¢¨É Í¨¨ µ¶¨¸Ò¢ ¥É¸Ö Î¥ÉÒ·¥Ì¢¥±Éµ·µ³,
  ¸²¥¤µ¢ É¥²Ó´µ, ¶ÊÉ¥³ ¢Ò¡µ·  ¸¨¸É¥³Ò ±µµ·¤¨´ É, Éµ²Ó±µ ¶·¨ ¢Ò¶µ²´¥´¨¨
Ê¸²µ¢¨° (89) ¨ (90) ³µ¦´µ ¸¨² ³¨ ¨´¥·Í¨¨ Ê· ¢´µ¢¥¸¨ÉÓ É·¥Ì³¥·´ÊÕ Î ¸ÉÓ
¸¨²Ò £· ¢¨É Í¨¨. „¢¨¦¥´¨¥ ¦¥ ³ É¥·¨ ²Ó´µ° ÉµÎ±¨ ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥,
´¥§ ¢¨¸¨³µ µÉ ¸¨¸É¥³Ò ±µµ·¤¨´ É, ´¨±µ£¤  ´¥ ³µ¦¥É ¡ÒÉÓ ¸¢µ¡µ¤´Ò³. �µ-
¸²¥¤´¥¥ µ¸µ¡¥´´µ µÎ¥¢¨¤´µ, ¥¸²¨ Ê· ¢´¥´¨¥ £¥µ¤¥§¨Î¥¸±µ° § ¶¨¸ ÉÓ ¢ Ëµ·³¥
[8]:

DUν

dσ
= −GραβUαUβ(δνρ − UνUρ).

‡¤¥¸Ó

dσ2 = γµνdx
µdxν , Uν =

dxν

dσ
.

‘¢µ¡µ¤´µ¥ ¤¢¨¦¥´¨¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³

DUν

dσ
=
dUν

dσ
+ γνµλU

µUλ = 0,

£¤¥ γνµλ Å ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ.
ŒÒ ¢¨¤¨³, ÎÉµ ¤¢¨¦¥´¨¥ ¶µ £¥µ¤¥§¨Î¥¸±µ° ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¥¸ÉÓ

¤¢¨¦¥´¨¥ ¶·µ¡´µ£µ É¥²  ¶µ¤ ¤¥°¸É¢¨¥³ ¸¨²Ò

F ν = −GραβUαUβ(δνρ − UνUρ),

¶·¨Î¥³ ÔÉ  ¸¨²  ¥¸ÉÓ Î¥ÉÒ·¥Ì¢¥±Éµ·. …¸²¨ ¡Ò ¶·µ¡´µ¥ É¥²µ ¡Ò²µ § ·Ö¦¥´-
´Ò³, Éµ µ´µ ¨§²ÊÎ ²µ ¡Ò Ô²¥±É·µ³ £´¨É´Ò¥ ¢µ²´Ò, ¶µ¸±µ²Ó±Ê µ´µ ¤¢¨¦¥É¸Ö ¸
Ê¸±µ·¥´¨¥³. ‘¨ÉÊ Í¨Ö §¤¥¸Ó ÉµÎ´µ É ± Ö ¦¥, ± ± Ö ¨³¥¥É ³¥¸Éµ ¨ ¤²Ö ¤·Ê£¨Ì
¨§¢¥¸É´ÒÌ Ë¨§¨Î¥¸±¨Ì ¸¨².

‚ ‘’� ³¥¦¤Ê ¸¨² ³¨ ¨´¥·Í¨¨ ¨ Ë¨§¨Î¥¸±¨³¨ ¸¨² ³¨ (Ô²¥±É·µ³ £´¨É-
´Ò³¨, Ö¤¥·´Ò³¨ ¨ É.¤.) ¨³¥¥É¸Ö ¶·¨´Í¨¶¨ ²Ó´ Ö · §´¨Í . ‘¨²Ò ¨´¥·Í¨¨ ¢¸¥-
£¤  ³µ£ÊÉ ¡ÒÉÓ µ¡· Ð¥´Ò ¢ ´Ê²Ó ¶·µ¸ÉÒ³ ¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É , Éµ£¤ 
± ± Ë¨§¨Î¥¸±¨¥ ¸¨²Ò ´¨± ±¨³ ¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É  ¢ ¶·¨´Í¨¶¥ ´¥²Ó§Ö
µ¡· É¨ÉÓ ¢ ´Ê²Ó, ¶µ¸±µ²Ó±Ê µ´¨ ¨³¥ÕÉ ¢¥±Éµ·´ÊÕ ¶·¨·µ¤Ê ¢ ¶·µ¸É· ´¸É¢¥
Œ¨´±µ¢¸±µ£µ. �µ¸±µ²Ó±Ê ¢ �’ƒ ¢¸¥ ¸¨²Ò, ¢ Éµ³ Î¨¸²¥ ¨ £· ¢¨É Í¨µ´´Ò¥,
¨³¥ÕÉ ¢¥±Éµ·´ÊÕ ¶·¨·µ¤Ê, Éµ ÔÉµ µ§´ Î ¥É, ÎÉµ µ´¨ ´¥ ³µ£ÊÉ ¡ÒÉÓ µ¡· Ð¥´Ò
¢ ´Ê²Ó ¢Ò¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É. ‚Ò¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É ³µ¦´µ
Éµ²Ó±µ ¸±µ³¶¥´¸¨·µ¢ ÉÓ É·¥Ì³¥·´ÊÕ ¸¨²Ê ²Õ¡µ° ¶·¨·µ¤Ò, ¢ Éµ³ Î¨¸²¥ ¨ £· -
¢¨É Í¨µ´´ÊÕ, ¸¨²µ° ¨´¥·Í¨¨. ‚ �’�, ± ± µÉ³¥Î ² „¦.‹.‘¨´£ [9], ©¶µ´ÖÉ¨¥
¸¨²Ò £· ¢¨É Í¨¨ µÉ¸ÊÉ¸É¢Ê¥É, É ± ± ± £· ¢¨É Í¨µ´´Ò¥ ¸¢µ°¸É¢  µ·£ ´¨-
Î¥¸±¨ ¢Ìµ¤ÖÉ ¢ ¸É·Ê±ÉÊ·Ê ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¨ ¶·µÖ¢²ÖÕÉ¸Ö ¢ ±·¨¢¨§´¥
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, É.¥. ¢ Éµ³, ÎÉµ É¥´§µ· �¨³ ´  Rijkm µÉ²¨Î¥´ µÉ
´Ê²Öª. ˆ³¥´´µ ¢ ÔÉµ° ¸¢Ö§¨ „¦.‹.‘¨´£ ¶¨¸ ²: ©‘µ£² ¸´µ §´ ³¥´¨Éµ° ²¥£¥´¤¥,
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�ÓÕÉµ´ ¡Ò² ¢¤µÌ´µ¢²¥´ ´  ¸µ§¤ ´¨¥ ¸¢µ¥° É¥µ·¨¨ £· ¢¨É Í¨¨, ´ ¡²Õ¤ Ö µ¤-
´ ¦¤Ò §  ¶ ¤¥´¨¥³ Ö¡²µ±  ¸ ¢¥É±¨ ¤¥·¥¢ , ¨ ¨§ÊÎ ÕÐ¨¥ ´ÓÕÉµ´µ¢Ê Ë¨§¨±Ê
¤ ¦¥ É¥¶¥·Ó ¸É ²¨ ¡Ò ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ Ê¸±µ·¥´¨¥ (980 ¸³/¸¥±2) ¶ ¤ ÕÐ¥£µ
Ö¡²µ±  µ¡Ê¸²µ¢²¥´µ £· ¢¨É Í¨µ´´Ò³ ¶µ²¥³. ‘µ£² ¸´µ É¥µ·¨¨ µÉ´µ¸¨É¥²Ó-
´µ¸É¨ (·¥ÎÓ ¨¤¥É µ¡ �’�. Å �.‹.), ÔÉ  ÉµÎ±  §·¥´¨Ö ¸µ¢¥·Ï¥´´µ µÏ¨¡µÎ´ .
ŒÒ ¶·¥¤¶·¨³¥³ ÉÐ É¥²Ó´µ¥ ¨§ÊÎ¥´¨¥ ÔÉµ° ¶·µ¡²¥³Ò ¨ Ê¡¥¤¨³¸Ö, ÎÉµ ¢ Ö¢²¥-
´¨¨ ¸¢µ¡µ¤´µ£µ ¶ ¤¥´¨Ö £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ (É.¥. É¥´§µ· �¨³ ´ ) ¨£· ¥É,
¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨, Î·¥§¢ÒÎ °´µ ³ ²ÊÕ ·µ²Ó,   Ê¸±µ·¥´¨¥ 980 ¸³/¸¥±2 µ¡Ê-
¸²µ¢²¥´µ Ë ±É¨Î¥¸±¨ ±·¨¢¨§´µ° ³¨·µ¢µ° ²¨´¨¨ ¢¥É±¨ ¤¥·¥¢ ª.

‘µ£² ¸´µ �’ƒ, £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨³ ¶µ²¥³,   ¶µ-
ÔÉµ³Ê, ¢ µÉ²¨Î¨¥ µÉ �’�, µ´  ¶µ²´µ¸ÉÓÕ ¸µÌ· ´Ö¥É ¶µ´ÖÉ¨¥ ¸¨²Ò £· ¢¨É Í¨¨.
�² £µ¤ ·Ö ¸¨²¥ £· ¢¨É Í¨¨ ¨ ¶·µ¨¸Ìµ¤¨É ¸¢µ¡µ¤´µ¥ ¶ ¤¥´¨¥ É¥² , É.¥. ¶·µ-
¨¸Ìµ¤¨É ¢¸¥ É ±, ± ± ÔÉµ ¨³¥¥É ³¥¸Éµ ¢ ´ÓÕÉµ´µ¢µ° Ë¨§¨±¥. �µ²¥¥ Éµ£µ, ¢¸¥
£· ¢¨É Í¨µ´´Ò¥ ÔËË¥±ÉÒ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥ (¸³¥Ð¥´¨¥ ¶¥·¨£¥²¨Ö Œ¥·±Ê-
·¨Ö, µÉ±²µ´¥´¨¥ ¸¢¥É  ‘µ²´Í¥³, ¢·¥³¥´´µ¥ § ¶ §¤Ò¢ ´¨¥ · ¤¨µ¸¨£´ ² , ¶·¥-
Í¥¸¸¨Ö £¨·µ¸±µ¶ ) ¢Ò§¢ ´Ò ¨³¥´´µ ¤¥°¸É¢¨¥³ ¸¨²Ò £· ¢¨É Í¨¨,   ´¥ É¥´§µ· 
±·¨¢¨§´Ò ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ±µÉµ·Ò° ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥ ¤µ¸É ÉµÎ´µ
³ ².

‚ ²µ± ²Ó´µ° Éµ¦¤¥¸É¢¥´´µ¸É¨ ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨ �°´ÏÉ¥°´ Ê¢¨¤¥²
£² ¢´ÊÕ ¶·¨Î¨´Ê · ¢¥´¸É¢  ¨´¥·É´µ° ¨ £· ¢¨É Í¨µ´´µ° ³ ¸¸. �¤´ ±µ, ¶µ
´ Ï¥³Ê ³´¥´¨Õ, ± ± ÔÉµ ¢¨¤´µ ¨§ Ê· ¢´¥´¨° (2), ¶·¨Î¨´  ÔÉµ£µ · ¢¥´¸É¢ 
§ ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö ¸µÌ· -
´ÖÕÐ Ö¸Ö ¸Ê³³ ·´ Ö ¶²µÉ´µ¸ÉÓ É¥´§µ·  ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.
ˆ³¥´´µ ¶µÔÉµ³Ê · ¢¥´¸É¢µ ¨´¥·É´µ° ¨ £· ¢¨É Í¨µ´´µ° ³ ¸¸ ´¥ É·¥¡Ê¥É ²µ-
± ²Ó´µ£µ µÉµ¦¤¥¸É¢²¥´¨Ö ¸¨² £· ¢¨É Í¨¨ ¨ ¨´¥·Í¨¨.

7. ��ˆ�–ˆ� Œ�•�

�ÓÕÉµ´ ¶·¨ Ëµ·³Ê²¨·µ¢±¥ § ±µ´µ¢ ³¥Ì ´¨±¨ ¢¢¥² ¶µ´ÖÉ¨¥  ¡¸µ²ÕÉ´µ£µ
¶·µ¸É· ´¸É¢ , ±µÉµ·µ¥ µ¸É ¥É¸Ö ¢¸¥£¤  µ¤¨´ ±µ¢Ò³ ¨ ´¥¶µ¤¢¨¦´Ò³. ˆ³¥´´µ
¶µ µÉ´µÏ¥´¨Õ ± ÔÉµ³Ê ¶·µ¸É· ´¸É¢Ê µ´ ¨ µ¶·¥¤¥²Ö² Ê¸±µ·¥´¨¥ É¥² . �Éµ Ê¸±µ-
·¥´¨¥ ¨³¥²µ  ¡¸µ²ÕÉ´Ò° Ì · ±É¥·. ‚¢¥¤¥´¨¥ É ±µ°  ¡¸É· ±Í¨¨, ± ±  ¡¸µ²ÕÉ-
´µ¥ ¶·µ¸É· ´¸É¢µ, µ± § ²µ¸Ó Î·¥§¢ÒÎ °´µ ¶²µ¤µÉ¢µ·´Ò³. �É¸Õ¤ , ¢ Î ¸É´µ-
¸É¨, ¢µ§´¨±²¨ ¶µ´ÖÉ¨Ö ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ µÉ¸Î¥É  ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥,
¶·¨´Í¨¶ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¤²Ö ³¥Ì ´¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢ ¨ ¸²µ¦¨²µ¸Ó ¶·¥¤¸É -
¢²¥´¨¥ µ Ë¨§¨Î¥¸±¨ ¢Ò¤¥²¥´´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ ¤¢¨¦¥´¨Ö. �°´ÏÉ¥°´ ¶µ ÔÉµ³Ê
¶µ¢µ¤Ê ¢ 1923 £. ¶¨¸ ² ¸²¥¤ÊÕÐ¥¥: ©‘¨¸É¥³Ò ±µµ·¤¨´ É, ´ Ìµ¤ÖÐ¨¥¸Ö ¢ É -
±¨Ì ¸µ¸ÉµÖ´¨ÖÌ ¤¢¨¦¥´¨Ö, µÉ²¨Î ÕÉ¸Ö É¥³, ÎÉµ ¸Ëµ·³Ê²¨·µ¢ ´´Ò¥ ¢ ÔÉ¨Ì
±µµ·¤¨´ É Ì § ±µ´Ò ¶·¨·µ¤Ò ¶·¨´¨³ ÕÉ ´ ¨¡µ²¥¥ ¶·µ¸Éµ° ¢¨¤ª. ˆ ¤ ²¥¥:
ª...¸µ£² ¸´µ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¥ ¸ÊÐ¥¸É¢Ê¥É µÉ´µ¸¨É¥²Ó´µ¸ÉÓ ¸±µ·µ¸É¨,
´µ ´¥ µÉ´µ¸¨É¥²Ó´µ¸ÉÓ Ê¸±µ·¥´¨Öª. ’ ± ÊÉ¢¥·¤¨²µ¸Ó ¢ É¥µ·¨¨ ¶·¥¤¸É ¢²¥´¨¥
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µ¡ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì µÉ¸Î¥É , ¢ ±µÉµ·ÒÌ ³ É¥·¨ ²Ó´Ò¥ ÉµÎ±¨, ´¥ ¶µ¤-
¢¥·£ ÕÐ¨¥¸Ö ¤¥°¸É¢¨Õ ¸¨², ´¥ ¨¸¶ÒÉÒ¢ ÕÉ Ê¸±µ·¥´¨Ö ¨ ´ Ìµ¤ÖÉ¸Ö ¢ ¸¢µ¥³
¸µ¸ÉµÖ´¨¨ ¶µ±µÖ ¨²¨ · ¢´µ³¥·´µ£µ ¨ ¶·Ö³µ²¨´¥°´µ£µ ¤¢¨¦¥´¨Ö. �¤´ ±µ
 ¡¸µ²ÕÉ´µ¥ ¶·µ¸É· ´¸É¢µ �ÓÕÉµ´  ¨²¨ ¨´¥·Í¨ ²Ó´Ò¥ ¸¨¸É¥³Ò µÉ¸Î¥É  ¢¢¥-
¤¥´Ò, Ë ±É¨Î¥¸±¨,  ¶·¨µ·´µ ¢ µÉ·Ò¢¥ µÉ Ì · ±É¥·  · ¸¶·¥¤¥²¥´¨Ö ³ É¥·¨¨
¢µ ‚¸¥²¥´´µ°.

Œ Ì ¶·µÖ¢¨² ¤µ¸É ÉµÎ´ÊÕ ¸³¥²µ¸ÉÓ, ¶µ¤¢¥·£´Ê¢ ¸¥·Ó¥§´µ° ±·¨É¨±¥ µ¸´µ¢-
´Ò¥ ¶µ²µ¦¥´¨Ö ³¥Ì ´¨±¨ �ÓÕÉµ´ . Š ± µ´ ¸ ³ ¶µ§¤´¥¥ ¶¨¸ ², ¥³Ê ¸ ¡µ²ÓÏ¨³
É·Ê¤µ³ Ê¤ ²µ¸Ó µ¶Ê¡²¨±µ¢ ÉÓ ¸¢µ¨ ¨¤¥¨. •µÉÖ Œ Ì ¨ ´¥ ¶µ¸É·µ¨² Ë¨§¨Î¥¸±ÊÕ
É¥µ·¨Õ, ¸¢µ¡µ¤´ÊÕ µÉ Ê± § ´´ÒÌ ¨³ ´¥¤µ¸É É±µ¢, µ´ µ± § ² µ£·µ³´µ¥ ¢²¨Ö-
´¨¥ ´  · §¢¨É¨¥ Ë¨§¨Î¥¸±µ° É¥µ·¨¨. �´ ¶·¨¢²¥± ¢´¨³ ´¨¥ ÊÎ¥´ÒÌ ±  ´ ²¨§Ê
µ¸´µ¢´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶µ´ÖÉ¨°.

�·¨¢¥¤¥³ ·Ö¤ ¢Ò¸± §Ò¢ ´¨° Œ Ì  [10], ±µÉµ·Ò¥ ¶µ²ÊÎ¨²¨ ¢ ²¨É¥· ÉÊ·¥
´ §¢ ´¨¥ ¶·¨´Í¨¶  Œ Ì : ©�¨±Éµ ´¥ ³µ¦¥É ´¨Î¥£µ ¸± § ÉÓ µ¡  ¡¸µ²ÕÉ´µ³
¶·µ¸É· ´¸É¢¥ ¨  ¡¸µ²ÕÉ´µ³ ¤¢¨¦¥´¨¨, ÔÉµ ´¥ÎÉµ ²¨ÏÓ ³Ò¸²¨³µ¥, ´  µ¶ÒÉ¥
´¥ µ¡´ ·Ê¦¨³µ¥ª. ˆ ¤ ²¥¥: ©‚³¥¸Éµ Éµ£µ, ÎÉµ¡Ò µÉ´µ¸¨ÉÓ ¤¢¨¦ÊÐ¥¥¸Ö
É¥²µ ± ¶·µ¸É· ´¸É¢Ê (± ± ±µ°Ä´¨¡Ê¤Ó ±µµ·¤¨´ É´µ° ¸¨¸É¥³¥), ¡Ê¤¥³ · ¸¸³ -
É·¨¢ ÉÓ ´¥¶µ¸·¥¤¸É¢¥´´µ ¥£µ µÉ´µÏ¥´¨¥ ± É ¥ ²   ³ ³¨· , ¶µ¸·¥¤¸É¢µ³
±µÉµ·ÒÌ Éµ²Ó±µ ¨ ³µ¦´µ µ ¶ · ¥ ¤ ¥ ² ¨ É Ó ¸¨¸É¥³Ê ±µµ·¤¨´ É. ...„ ¦¥
¢ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥, ±µ£¤  ³Ò ¡Ê¤Éµ ¡Ò · ¸¸³ É·¨¢ ¥³ ¢§ ¨³µ¤¥°¸É¢¨¥
Éµ²Ó±µ ¤ ¢ Ê Ì ³ ¸¸, ´ ¥ ¢ µ § ³ µ ¦ ´ µ µÉ¢²¥ÎÓ¸Ö µÉ µ¸É ²Ó´µ£µ ³¨· ... .
…¸²¨ É¥²µ ¢· Ð ¥É¸Ö µÉ´µ¸¨É¥²Ó´µ ´¥¡  ´¥¶µ¤¢¨¦´ÒÌ §¢¥§¤, Éµ ¢µ§´¨± ÕÉ
Í¥´É·µ¡¥¦´Ò¥ ¸¨²Ò,   ¥¸²¨ µ´µ ¢· Ð ¥É¸Ö µÉ´µ¸¨É¥²Ó´µ ¤ · Ê £ µ £ µ É¥² ,
  ´¥ µÉ´µ¸¨É¥²Ó´µ ´¥¡  ´¥¶µ¤¢¨¦´ÒÌ §¢¥§¤, Éµ Í¥´É·µ¡¥¦´ÒÌ ¸¨² ´¥É. Ÿ
´¨Î¥£µ ´¥ ¨³¥Õ ¶·µÉ¨¢, ÎÉµ¡Ò ¶¥·¢µ¥ ¢· Ð¥´¨¥ ´ §¢ ÉÓ   ¡ ¸ µ ² Õ É ´ Ò ³,
¥¸²¨ Éµ²Ó±µ ´¥ § ¡Ò¢ ÉÓ, ÎÉµ ÔÉµ ´¥ µ§´ Î ¥É ´¨Î¥£µ ¤·Ê£µ£µ, ±·µ³¥ ¢· -
Ð¥´¨Ö µ É ´ µ ¸ ¨ É ¥ ² Ó ´ µ ´¥¡  ´¥¶µ¤¢¨¦´ÒÌ §¢¥§¤ª.

�µÔÉµ³Ê Œ Ì ¶¨¸ ²: ©...´¥É ´¥µ¡Ìµ¤¨³µ¸É¨ ¸¢Ö§Ò¢ ÉÓ § ±µ´ ¨´¥·Í¨¨
¸ ± ±¨³-Éµ µ¸µ¡Ò³  ¡¸µ²ÕÉ´Ò³ ¶·µ¸É· ´¸É¢µ³. ‘ ³Ò° ¥¸É¥¸É¢¥´´Ò° ¶µ¤-
Ìµ¤ ´ ¸ÉµÖÐ¥£µ ¥¸É¥¸É¢µ¨¸¶ÒÉ É¥²Ö É ±µ¢: ¸´ Î ²  · ¸¸³ É·¨¢ ÉÓ § ±µ´
¨´¥·Í¨¨ ± ± ¤µ¸É ÉµÎ´µ ¶·¨¡²¨¦¥´´Ò°, ¸µµÉ´¥¸É¨ ¥£µ ¶·µ¸É· ´¸É¢¥´´µ
¸ ´¥¶µ¤¢¨¦´Ò³ §¢¥§¤´Ò³ ´¥¡µ³, ... ¨ § É¥³ ¸²¥¤Ê¥É µ¦¨¤ ÉÓ ¶µ¶· ¢µ± ¨²¨
· §¢¨É¨Ö ´ Ï¨Ì §´ ´¨° ´  µ¸´µ¢¥ ¤ ²Ó´¥°Ï¥£µ µ¶ÒÉ . �¥¤ ¢´µ ‹ ´£¥ µ¶Ê¡²¨-
±µ¢ ² ±·¨É¨Î¥¸±ÊÕ ¸É ÉÓÕ, ¢ ±µÉµ·µ° µ´ ¨§² £ ¥É, ± ± ³µ¦´µ ¡Ò²µ ¡Ò, ¸µ-
£² ¸´µ ¥£µ ¶·¨´Í¨¶ ³, ¢¢¥¸É¨ ´ µ ¢ Ê Õ ¸¨¸É¥³Ê ±µµ·¤¨´ É, ¥¸²¨ ¡Ò µ¡ÒÎ´µ¥
£·Ê¡µ¥ µÉ´¥¸¥´¨¥ ± ´¥¶µ¤¢¨¦´µ³Ê §¢¥§¤´µ³Ê ´¥¡Ê µ± § ²µ¸Ó ¡µ²ÓÏ¥ ´¥¶·¨-
£µ¤´Ò³ ¢¸²¥¤¸É¢¨¥ ¡µ²¥¥ ÉµÎ´ÒÌ  ¸É·µ´µ³¨Î¥¸±¨Ì ´ ¡²Õ¤¥´¨°. Œ¥¦¤Ê ³´µ°
¨ ‹ ´£¥ ´¥É · §²¨Î¨Ö ¢µ ³´¥´¨ÖÌ µÉ´µ¸¨É¥²Ó´µ É ¥ µ · ¥ É ¨ Î ¥ ¸ ± µ °
Ëµ·³ ²Ó´µ° Í¥´´µ¸É¨ § ±²ÕÎ¥´¨° ‹ ´£¥,   ¨³¥´´µ, ÎÉµ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö
´¥¶µ¤¢¨¦´µ¥ §¢¥§¤´µ¥ ´¥¡µ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´µ° ¶ ·   ± É ¨ Î ¥ ¸ ± ¨
¶·¨£µ¤´µ° ¸¨¸É¥³µ° µÉ¸Î¥É ,   É ±¦¥ µÉ´µ¸¨É¥²Ó´µ ³¥Éµ¤  µ¶·¥¤¥²¥´¨Ö
´µ¢µ° ¸¨¸É¥³Ò µÉ¸Î¥É  ¶µ¸·¥¤¸É¢µ³ ¶µ¸É¥¶¥´´ÒÌ ¶µ¶· ¢µ±ª. „ ²¥¥ Œ Ì
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¶·¨¢µ¤¨É ¢Ò¸± §Ò¢ ´¨Ö ‘.�¥°³ ´ : ©’ ± ± ± ¢¸¥ ¤¢¨¦¥´¨Ö ¤µ²¦´Ò ¡ÒÉÓ µÉ-
´¥¸¥´Ò ± ¸¨¸É¥³¥  ²ÓË  (¸¨¸É¥³¥ ¨´¥·Í¨¨), µ´ , µÎ¥¢¨¤´µ, ¶·¥¤¸É ¢²Ö¥É ´¥-
±ÊÕ ±µ¸¢¥´´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê ¢¸¥³¨ ¶·µÍ¥¸¸ ³¨, ¶·µ¨¸Ìµ¤ÖÐ¨³¨ ¢µ ‚¸¥²¥´´µ°,
¨, ¸²¥¤µ¢ É¥²Ó´µ, ¸µ¤¥·¦¨É ¢ ¸¥¡¥, ³µ¦´µ ¸± § ÉÓ, ¸Éµ²Ó ¦¥ § £ ¤µÎ´Ò°,
¸±µ²Ó ¨ ¸²µ¦´Ò° Ê´¨¢¥·¸ ²Ó´Ò° § ±µ´ª. Œ Ì ¶µ ÔÉµ³Ê ¶µ¢µ¤Ê § ³¥Î ¥É: ©Ÿ
¤Ê³ Õ, ÎÉµ ¸ ÔÉ¨³ ¸µ£² ¸¨É¸Ö ¢¸Ö±¨°ª.

ˆ§ ¢Ò¸± §Ò¢ ´¨° Œ Ì  µÎ¥¢¨¤´µ, ÎÉµ, ¶µ¸±µ²Ó±Ê ·¥ÎÓ ¨¤¥É µ § ±µ´¥
¨´¥·Í¨¨, ¸µ£² ¸´µ ±µÉµ·µ³Ê ¶µ �ÓÕÉµ´Ê ©...¢¸Ö±µ¥ µÉ¤¥²Ó´µ ¢§ÖÉµ¥ É¥²µ,
¶µ¸±µ²Ó±Ê µ´µ ¶·¥¤µ¸É ¢²¥´µ ¸ ³µ³Ê ¸¥¡¥, Ê¤¥·¦¨¢ ¥É ¸¢µ¥ ¸µ¸ÉµÖ´¨¥ ¶µ-
±µÖ ¨²¨ · ¢´µ³¥·´µ£µ ¶·Ö³µ²¨´¥°´µ£µ ¤¢¨¦¥´¨Ö...ª, Éµ, ¥¸É¥¸É¢¥´´µ, ¢¸É ¥É
¢µ¶·µ¸ µ¡ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì µÉ¸Î¥É  ¨ µ¡ ¨Ì ¸¢Ö§¨ ¸ · ¸¶·¥¤¥²¥´¨¥³
³ É¥·¨¨. Œ Ì ¨ ¥£µ ¸µ¢·¥³¥´´¨±¨ ¢¶µ²´¥ Ö¸´µ ¶µ´¨³ ²¨, ÎÉµ É ± Ö ¸¢Ö§Ó
¤µ²¦´  ¨³¥ÉÓ ³¥¸Éµ ¢ ¶·¨·µ¤¥. ˆ³¥´´µ É ±µ° ¸³Ò¸² ¤ ²¥¥ ¨ ¡Ê¤¥É ¢±² ¤Ò-
¢ ÉÓ¸Ö ¢ ¶µ´ÖÉ¨¥ ©¶·¨´Í¨¶ Œ Ì ª.

Œ Ì ¶¨¸ ²: ©•µÉÖ Ö ¨ ¤Ê³ Õ, ÎÉµ  ¸É·µ´µ³¨Î¥¸±¨¥ ´ ¡²Õ¤¥´¨Ö ¸¤¥-
² ÕÉ ´¥µ¡Ìµ¤¨³Ò³¨ ¸´ Î ²  ²¨ÏÓ µÎ¥´Ó ´¥§´ Î¨É¥²Ó´Ò¥ ¶µ¶· ¢±¨, Ö ¢¸¥ ¦¥
¤µ¶Ê¸± Õ, ÎÉµ § ±µ´ ¨´¥·Í¨¨ ¢ Éµ° ¶·µ¸Éµ° Ëµ·³¥, ±µÉµ·ÊÕ ¥³Ê ¶·¨¤ ²
�ÓÕÉµ´, ¨³¥¥É ¤²Ö ´ ¸, ²Õ¤¥°, ²¨ÏÓ µ£· ´¨Î¥´´µ¥ ¨ ¶·¥Ìµ¤ÖÐ¥¥ §´ Î¥´¨¥ª.
Š ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, ¢ ÔÉµ³ Œ Ì ´¥ µ± § ²¸Ö ¶· ¢. Œ Ì ´¥ ¤ ² ³ É¥³ -
É¨Î¥¸±µ£µ µËµ·³²¥´¨Ö ¸¢µ¥° ¨¤¥¨,   ¶µÔÉµ³Ê ¢¥¸Ó³  Î ¸Éµ · §´Ò¥  ¢Éµ·Ò
¢±² ¤Ò¢ ÕÉ ¢ ¶·¨´Í¨¶ Œ Ì  ¸¢µ° ¸³Ò¸². ŒÒ §¤¥¸Ó ¶ÒÉ ¥³¸Ö ¸µÌ· ´¨ÉÓ ÉµÉ
¸³Ò¸², ±µÉµ·Ò° ¢±² ¤Ò¢ ² ¢ ´¥£µ ¸ ³ Œ Ì.

�Ê ´± ·¥,   § É¥³ �°´ÏÉ¥°´ µ¡µ¡Ð¨²¨ ¶·¨´Í¨¶ µÉ´µ¸¨É¥²Ó´µ¸É¨ ´ 
¢¸¥ Ë¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö. ‚ Ëµ·³Ê²¨·µ¢±¥ �Ê ´± ·¥ [11] µ´ §¢ÊÎ¨É É ±:
©...¶·¨´Í¨¶ µÉ´µ¸¨É¥²Ó´µ¸É¨, ¸µ£² ¸´µ ±µÉµ·µ³Ê § ±µ´Ò Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨°
¤µ²¦´Ò ¡ÒÉÓ µ¤¨´ ±µ¢Ò³¨ ¤²Ö ´¥¶µ¤¢¨¦´µ£µ ´ ¡²Õ¤ É¥²Ö ¨ ¤²Ö ´ ¡²Õ¤ -
É¥²Ö, ¸µ¢¥·Ï ÕÐ¥£µ · ¢´µ³¥·´µ¥ ¶µ¸ÉÊ¶ É¥²Ó´µ¥ ¤¢¨¦¥´¨¥, É ± ÎÉµ ³Ò
´¥ ¨³¥¥³ ¨ ´¥ ³µ¦¥³ ¨³¥ÉÓ ´¨± ±µ£µ ¸¶µ¸µ¡  µ¶·¥¤¥²ÖÉÓ, ´ Ìµ¤¨³¸Ö ²¨
³Ò ¢ ¶µ¤µ¡´µ³ ¤¢¨¦¥´¨¨ ¨²¨ ´¥Éª. �·¨³¥´¥´¨¥ ÔÉµ£µ ¶·¨´Í¨¶  ± Ô²¥±É·µ-
³ £´¨É´Ò³ Ö¢²¥´¨Ö³ ¶·¨¢¥²µ �Ê ´± ·¥,   § É¥³ ¨ Œ¨´±µ¢¸±µ£µ ± µÉ±·ÒÉ¨Õ
¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¨ É¥³ ¸ ³Ò³ ¥Ð¥ ¢ ¡µ²Ó-
Ï¥° ¸É¥¶¥´¨ Ê±·¥¶¨²µ £¨¶µÉ¥§Ê µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ µÉ-
¸Î¥É  ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥. ’ ±¨¥ ¸¨¸É¥³Ò µÉ¸Î¥É  Ö¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨ ¢Ò-
¤¥²¥´´Ò³¨,   ¶µÔÉµ³Ê Ê¸±µ·¥´¨¥ µÉ´µ¸¨É¥²Ó´µ ´¨Ì ¨³¥¥É  ¡¸µ²ÕÉ´Ò° ¸³Ò¸².

‚ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ (�’�) µÉ¸ÊÉ¸É¢ÊÕÉ ¨´¥·Í¨ ²Ó´Ò¥ ¸¨-
¸É¥³Ò µÉ¸Î¥É  ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥. �°´ÏÉ¥°´ µ¡ ÔÉµ³ ¢ 1929 £. ¶¨¸ ²:
©ˆ¸Ìµ¤´Ò³ ¶Ê´±Éµ³ É¥µ·¨¨ ¸²Ê¦¨É ÊÉ¢¥·¦¤¥´¨¥, ÎÉµ ´¥ ¸ÊÐ¥¸É¢Ê¥É Ë¨-
§¨Î¥¸±¨ ¢Ò¤¥²¥´´µ£µ ¸µ¸ÉµÖ´¨Ö ¤¢¨¦¥´¨Ö, É.¥. ´¥ Éµ²Ó±µ ¸±µ·µ¸ÉÓ, ´µ ¨
Ê¸±µ·¥´¨¥ ´¥ ¨³¥¥É  ¡¸µ²ÕÉ´µ£µ ¸³Ò¸² ª.

�·¨´Í¨¶ Œ Ì  ¢ ¥£µ Ëµ·³Ê²¨·µ¢±¥ ¢ �’� µ± § ²¸Ö ´¥¢µ¸É·¥¡µ¢ ´´Ò³.
‘²¥¤Ê¥É, µ¤´ ±µ, µÉ³¥É¨ÉÓ, ÎÉµ ¶·¥¤¸É ¢²¥´¨Ö µ¡ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì µÉ-
¸Î¥É  ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥ ¨³¥ÕÉ ¤µ¸É ÉµÎ´µ ¢¥¸µ³ÊÕ Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ
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µ¸´µ¢Ê, ¶µ¸±µ²Ó±Ê, ´ ¶·¨³¥·, ¶¥·¥Ìµ¤Ö µÉ ¸¨¸É¥³Ò ±µµ·¤¨´ É, ¸¢Ö§ ´´µ°
¸ ‡¥³²¥°, ± ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¸¢Ö§ ´´µ° ¸ ‘µ²´Í¥³,   § É¥³ ± Œ¥É £ -
² ±É¨±¥, ³Ò ¢¸¥ ¸ ¡µ²ÓÏ¥° ÉµÎ´µ¸ÉÓÕ ¶·¨¡²¨¦ ¥³¸Ö ± ¨´¥·Í¨ ²Ó´µ° ¸¨-
¸É¥³¥ µÉ¸Î¥É . �µÔÉµ³Ê ´¥É ´¨± ±¨Ì ¸¥·Ó¥§´ÒÌ µ¸´µ¢ ´¨° ¤²Ö µÉ± §  µÉ É -
±µ£µ ¢ ¦´µ£µ ¶µ´ÖÉ¨Ö, ± ± ¨´¥·Í¨ ²Ó´ Ö ¸¨¸É¥³  µÉ¸Î¥É . ‘ ¤·Ê£µ° ¸Éµ·µ´Ò,
´ ²¨Î¨¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ § ±µ´µ¢ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É 
±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö É ±¦¥ ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ ¶·¨¢µ¤¨É ± ¸ÊÐ¥¸É¢µ¢ ´¨Õ
¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ µÉ¸Î¥É  ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥. �¸¥¢¤µ¥¢±²¨¤µ¢  £¥µ³¥-
É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ µÉ· ¦ ¥É µ¡Ð¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¢µ°¸É¢  ³ É¥·¨¨
¨ ¢ Éµ ¦¥ ¢·¥³Ö ¢¢µ¤¨É ¨´¥·Í¨ ²Ó´Ò¥ ¸¨¸É¥³Ò µÉ¸Î¥É . •µÉÖ ¶¸¥¢¤µ¥¢±²¨¤µ¢ 
£¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¢µ§´¨±²  ¶·¨ ¨§ÊÎ¥´¨¨ ³ É¥·¨¨,   ¶µÔÉµ³Ê
¨ ´¥µÉ¤¥²¨³  µÉ ´¥¥, É¥³ ´¥ ³¥´¥¥ ³µ¦´µ Ëµ·³ ²Ó´µ £µ¢µ·¨ÉÓ µ ¶·µ¸É· ´¸É¢¥
Œ¨´±µ¢¸±µ£µ ¢ µÉ¸ÊÉ¸É¢¨¥ ³ É¥·¨¨. �¤´ ±µ, É ± ¦¥, ± ± ¨ · ´¥¥ ¢ ³¥Ì ´¨±¥
�ÓÕÉµ´ , ¢ ¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ´¥É µÉ¢¥É  ´  ¢µ¶·µ¸, ± ±
¨´¥·Í¨ ²Ó´Ò¥ ¸¨¸É¥³Ò µÉ¸Î¥É  ¸¢Ö§ ´Ò ¸ · ¸¶·¥¤¥²¥´¨¥³ ³ É¥·¨¨ ¢µ ‚¸¥-
²¥´´µ°.

�É±·ÒÉ¨¥ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢  ¨ ¢·¥³¥´¨ ¶µ§¢µ-
²¨²µ ¸ ¥¤¨´µ° ÉµÎ±¨ §·¥´¨Ö · ¸¸³µÉ·¥ÉÓ ´¥ Éµ²Ó±µ ¨´¥·Í¨ ²Ó´Ò¥, ´µ ¨
Ê¸±µ·¥´´Ò¥ ¸¨¸É¥³Ò µÉ¸Î¥É . �µ²ÓÏ Ö · §´¨Í  ¶·µÖ¢¨² ¸Ó ³¥¦¤Ê ¸¨² ³¨
¨´¥·Í¨¨ ¨ ¸¨² ³¨, ¢Ò§¢ ´´Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¶µ²Ö³¨. �´  ¸µ¸Éµ¨É ¢ Éµ³,
ÎÉµ ¸¨²Ò ¨´¥·Í¨¨ ¢¸¥£¤  ³µ¦´µ ¸¤¥² ÉÓ · ¢´Ò³¨ ´Ê²Õ, ¶ÊÉ¥³ ¢Ò¡µ·  ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥° ¸¨¸É¥³Ò µÉ¸Î¥É , Éµ£¤  ± ± ¸¨²Ò, ¢Ò§¢ ´´Ò¥ Ë¨§¨Î¥¸±¨³¨
¶µ²Ö³¨, ¢ ¶·¨´Í¨¶¥ ´¥²Ó§Ö µ¡· É¨ÉÓ ¢ ´Ê²Ó ¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É , É ±
± ± µ´¨ ¨³¥ÕÉ ¢¥±Éµ·´ÊÕ ¶·¨·µ¤Ê ¢ Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨.
�µ¸±µ²Ó±Ê ¢ �’ƒ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨³ ¶µ²¥³ ¢ ¤ÊÌ¥
¶µ²Ö ” · ¤¥Ö Å Œ ±¸¢¥²² , ¸¨²Ò, ¢Ò§¢ ´´Ò¥ É ±¨³ ¶µ²¥³, ´¥ ³µ£ÊÉ ¡ÒÉÓ
µ¡· Ð¥´Ò ¢ ´Ê²Ó ¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É .

„·Ê£ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¢ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨. ƒ· ¢¨-
É Í¨µ´´Ò¥ ¸¨²Ò ¢ ´¥° ´¥ ¨³¥ÕÉ ¢¥±Éµ·´µ° ¶·¨·µ¤Ò ¢ Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ-
¸É· ´¸É¢¥ ¨ ¢·¥³¥´¨,   ¶µÔÉµ³Ê µ´¨ ³µ£ÊÉ ¡ÒÉÓ ²µ± ²Ó´µ µ¡· Ð¥´Ò ¢ ´Ê²Ó
¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É . �¸´µ¢´Ò¥ Ê· ¢´¥´¨Ö �’ƒ (76) ¨ (77) ¡² £µ¤ ·Ö
´ ²¨Î¨Õ ³ ¸¸Ò ¶µ±µÖ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¸µ¤¥·¦ É, ´ ·Ö¤Ê ¸ ·¨³ ´µ¢µ°
³¥É·¨±µ°, É ±¦¥ ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ, ´µ ÔÉµ µ§´ -
Î ¥É, ÎÉµ ¢ ¶·¨´Í¨¶¥ ³¥É·¨±Ê ÔÉµ£µ ¶·µ¸É· ´¸É¢  ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ £¥µ-
³¥É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢ ,   É ±¦¥
Î¥·¥§ ¢¥²¨Î¨´Ò, Ì · ±É¥·¨§ÊÕÐ¨¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥Ð¥¸É¢  ¢µ ‚¸¥²¥´´µ°.
�Éµ ²¥£±µ µ¸ÊÐ¥¸É¢¨ÉÓ, ¶¥·¥°¤Ö ¢ Ê· ¢´¥´¨ÖÌ (76) µÉ ±µ´É· ¢ ·¨ ´É´ÒÌ ¢¥-
²¨Î¨´ ± ±µ¢ ·¨ ´É´Ò³. ’ ±¨³ ¶ÊÉ¥³ ³Ò ¶µ²ÊÎ¨³

m2

2
γµν(x) =

8 π√−g (Tµν −
1

2
gµν T )−Rµν +

m2

2
gµν . (92)

�É¸Õ¤  ³Ò ¢¨¤¨³, ÎÉµ ¢ ¶· ¢µ° Î ¸É¨ Ê· ¢´¥´¨° ¸µ¤¥·¦ É¸Ö Éµ²Ó±µ £¥µ³¥-
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É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¨ ¢¥²¨Î¨´Ò,
µ¶·¥¤¥²ÖÕÐ¨¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥Ð¥¸É¢  ¢ ÔÉµ³ ¶·µ¸É· ´¸É¢¥.

�±¸¶¥·¨³¥´É ²Ó´µ ¨§ÊÎ Ö ¤¢¨¦¥´¨Ö Î ¸É¨Í, ¸¢¥É  ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´-
¸É¢¥, ¢ ¶·¨´Í¨¶¥ ³µ¦´µ ´ °É¨ ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  Œ¨´±µ¢-
¸±µ£µ,   ¸²¥¤µ¢ É¥²Ó´µ, ¨ ¶µ¸É·µ¨ÉÓ ¨´¥·Í¨ ²Ó´ÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É . ’ ±¨³
µ¡· §µ³, �’ƒ, ¶µ¸É·µ¥´´ Ö ¢ · ³± Ì ¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨,
¶µ§¢µ²Ö¥É ¤ ÉÓ ³ É¥³ É¨Î¥¸±ÊÕ Ëµ·³Ê²¨·µ¢±Ê ¶·¨´Í¨¶  Œ Ì . ŒÒ ¢¨¤¨³,
ÎÉµ ¸¶¥Í¨ ²Ó´Ò° ¶·¨´Í¨¶ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¨³¥¥É ¢¸¥µ¡Ð¥¥ §´ Î¥´¨¥ ´¥§ ¢¨-
¸¨³µ µÉ ¢¨¤  ³ É¥·¨¨.

„²Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¥£µ É·¥¡µ¢ ´¨Ö ¢Ò· ¦ ÕÉ¸Ö ¢ Ê¸²µ¢¨¨ Ëµ·³¨´-
¢ ·¨ ´É´µ¸É¨ Ê· ¢´¥´¨° (76) ¨ (77) µÉ´µ¸¨É¥²Ó´µ £·Ê¶¶Ò ‹µ·¥´Í . ‹µ·¥´Í-
Ëµ·³¨´¢ ·¨ ´É´µ¸ÉÓ Ë¨§¨Î¥¸±¨Ì Ê· ¢´¥´¨° µ¸É ¥É¸Ö ¢ ¦´¥°Ï¨³ Ë¨§¨Î¥-
¸±¨³ ¶·¨´Í¨¶µ³ ¶·¨ ¶µ¸É·µ¥´¨¨ É¥µ·¨¨, ¶µ¸±µ²Ó±Ê ¨³¥´´µ ÔÉµÉ ¶·¨´Í¨¶
¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¸É¨ Ê´¨¢¥·¸ ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¤²Ö ¢¸¥Ì Ëµ·³ ³ É¥-
·¨¨.

�. �°´ÏÉ¥°´ ¢ · ¡µÉ¥ 1950 £. ¶¨¸ ²: ©...´¥ ¸²¥¤Ê¥É ²¨ ¢ ±µ´Í¥ ±µ´-
Íµ¢ ¶µ¶·µ¡µ¢ ÉÓ ¸µÌ· ´¨ÉÓ ¶µ´ÖÉ¨¥ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò, µ¸É ¢¨¢ ¢¸¥
¶µ¶ÒÉ±¨ µ¡ÑÖ¸´¨ÉÓ ËÊ´¤ ³¥´É ²Ó´ÊÕ Î¥·ÉÊ £· ¢¨É Í¨µ´´ÒÌ Ö¢²¥´¨°, ±µ-
Éµ· Ö ¶·µÖ¢²Ö¥É ¸¥¡Ö ¢ ¸¨¸É¥³¥ �ÓÕÉµ´  ± ± Ô±¢¨¢ ²¥´É´µ¸ÉÓ ¨´¥·É´µ°
¨ ÉÖ£µÉ¥ÕÐ¥° ³ ¸¸?ª ‚ �’ƒ ¸µÌ· ´¥´µ ¶µ´ÖÉ¨¥ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò ¨ ¢
Éµ ¦¥ ¢·¥³Ö ¶µ± § ´µ, ÎÉµ Ô±¢¨¢ ²¥´É´µ¸ÉÓ ¨´¥·É´µ° ¨ ÉÖ£µÉ¥ÕÐ¥° ³ ¸¸ ¥¸ÉÓ
¶·Ö³µ¥ ¸²¥¤¸É¢¨¥ £¨¶µÉ¥§Ò, ÎÉµ ¸µÌ· ´ÖÕÐ Ö¸Ö ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ³ É¥·¨¨ Ö¢²Ö¥É¸Ö ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ’ ±¨³ µ¡· -
§µ³, · ¢¥´¸É¢µ ¨´¥·É´µ° ¨ ÉÖ£µÉ¥ÕÐ¥° ³ ¸¸ ´¨ ¢ ±µ¥° ³¥·¥ ´¥ ¶·µÉ¨¢µ·¥Î¨É
¸ÊÐ¥¸É¢µ¢ ´¨Õ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É. �µ²¥¥ Éµ£µ, ÔÉ¨ ¶µ²µ¦¥´¨Ö
µ·£ ´¨Î¥¸±¨ ¤µ¶µ²´ÖÕÉ ¤·Ê£ ¤·Ê£  ¨ ²¥¦ É ¢ µ¸´µ¢¥ �’ƒ.

‚ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ´ Ï¥³Ê ¢Ò¢µ¤Ê �.�°´ÏÉ¥°´ ´  ¶µ¸É ¢²¥´´Ò° ¨³
¢µ¶·µ¸ µÉ¢¥É¨² ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ©’µÉ, ±Éµ ¢¥·¨É ¢ ¶µ¸É¨¦¨³µ¸ÉÓ ¶·¨-
·µ¤Ò, ¤µ²¦¥´ ¤ ÉÓ µÉ¢¥É Å ´¥Éª. � ²¨Î¨¥ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ ±µµ·¤¨´ É
¶µ§¢µ²Ö¥É Ê¸É· ´¨ÉÓ ¶ · ¤µ±¸ Œ Ì , ¨¡µ Éµ²Ó±µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ £µ¢µ-
·¨ÉÓ µ¡ Ê¸±µ·¥´¨¨ µÉ´µ¸¨É¥²Ó´µ ¶·µ¸É· ´¸É¢ . ‚.�.”µ± ¶µ ÔÉµ³Ê ¶µ¢µ¤Ê
¶¨¸ ²: ©—Éµ ± ¸ ¥É¸Ö ¶ · ¤µ±¸  Œ Ì , Éµ µ´ µ¸´µ¢ ´, ± ± ¨§¢¥¸É´µ, ´ 
· ¸¸³µÉ·¥´¨¨ ¢· Ð ÕÐ¥£µ¸Ö ¦¨¤±µ£µ É¥² , ¨³¥ÕÐ¥£µ Ëµ·³Ê Ô²²¨¶¸µ¨¤ , ¨
´¥¢· Ð ÕÐ¥£µ¸Ö, ¨³¥ÕÐ¥£µ Ëµ·³Ê Ï · . � · ¤µ±¸ ¢µ§´¨± ¥É §¤¥¸Ó Éµ²Ó±µ
¢ Éµ³ ¸²ÊÎ ¥, ¥¸²¨ ¸Î¨É ÉÓ ²¨Ï¥´´Ò³ ¸³Ò¸²  ¶µ´ÖÉ¨¥ ©¢· Ð¥´¨¥ ¶µ µÉ-
´µÏ¥´¨Õ ± ¶·µ¸É· ´¸É¢Êª; Éµ£¤  ¤¥°¸É¢¨É¥²Ó´µ µ¡  É¥²  (¢· Ð ÕÐ¥¥¸Ö
¨ ´¥¢· Ð ÕÐ¥¥¸Ö) ¶·¥¤¸É ¢²ÖÕÉ¸Ö · ¢´µ¶· ¢´Ò³¨, ¨ ¸É ´µ¢¨É¸Ö ´¥¶µ´ÖÉ-
´Ò³, ¶µÎ¥³Ê µ¤´µ ¨§ ´¨Ì Ï ·µ¢¨¤´µ,   ¤·Ê£µ¥ Å ´¥É. �µ ¶ · ¤µ±¸ ¨¸Î¥§ ¥É,
±µ²Ó ¸±µ·µ ³Ò ¶·¨§´ ¥³ § ±µ´´µ¸ÉÓ ¶µ´ÖÉ¨Ö ©Ê¸±µ·¥´¨Ö ¶µ µÉ´µÏ¥´¨Õ ±
¶·µ¸É· ´¸É¢Êª.

ˆ¤¥¨ Œ Ì  µ± § ²¨ £²Ê¡µ±µ¥ ¢²¨Ö´¨¥ ´  ¢§£²Ö¤Ò �°´ÏÉ¥°´  ´  £· ¢¨É -
Í¨Õ ¶·¨ ¶µ¸É·µ¥´¨¨ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨. ‚ µ¤´µ° ¨§ · ¡µÉ �°´-
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ÏÉ¥°´ ¶¨Ï¥É: ©�·¨´Í¨¶ Œ Ì : G-¶µ²¥ ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²¥´µ ³ ¸¸ ³¨ É¥²ª.
�µ µ± §Ò¢ ¥É¸Ö, ÎÉµ ¢ �’� ¨ ÔÉµ ¶µ²µ¦¥´¨¥ ´¥ ¢Ò¶µ²´Ö¥É¸Ö, ¶µ¸±µ²Ó±Ê ¨³¥-
ÕÉ¸Ö ·¥Ï¥´¨Ö ¨ ¢ µÉ¸ÊÉ¸É¢¨¥ ³ É¥·¨¨. �µ¶ÒÉ±  Ê¸É· ´¥´¨Ö ÔÉµ£µ µ¡¸ÉµÖÉ¥²Ó-
¸É¢  ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö λ-Î²¥´  ´¥ ¤ ²  ¦¥² ¥³µ£µ ·¥§Ê²ÓÉ É . �± § ²µ¸Ó, ÎÉµ ¨
Ê· ¢´¥´¨Ö ¸ λ-Î²¥´µ³ ¢ µÉ¸ÊÉ¸É¢¨¥ ³ É¥·¨¨ É ±¦¥ ¨³¥ÕÉ ·¥Ï¥´¨Ö, µÉ²¨Î´Ò¥
µÉ ´Ê²Ö. ŒÒ ¢¨¤¨³, ÎÉµ �°´ÏÉ¥°´ ¢²µ¦¨² ¢ ¶µ´ÖÉ¨¥ ©¶·¨´Í¨¶ Œ Ì ª ¸µ¢¸¥³
¤·Ê£µ° ¸³Ò¸². �µ ¨ ¢ É ±µ³ ¶µ´¨³ ´¨¨ ¶·¨´Í¨¶ Œ Ì  ´¥ ´ Ï¥² ¸¢µ¥£µ ³¥¸É 
¢ �’�.

ˆ³¥¥É ²¨ ³¥¸Éµ ¶·¨´Í¨¶ Œ Ì  ¢ Ëµ·³Ê²¨·µ¢±¥ �°´ÏÉ¥°´  ¢ �’ƒ? ‚ µÉ-
²¨Î¨¥ µÉ �’� ¢ ÔÉµ° É¥µ·¨¨ ¢ ¸¨²Ê ¶·¨´Í¨¶  ¶·¨Î¨´´µ¸É¨ ¨³¥ÕÉ¸Ö ¶·µ¸É· ´-
¸É¢¥´´µ¶µ¤µ¡´Ò¥ ¶µ¢¥·Ì´µ¸É¨ ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥ (£²µ¡ ²Ó´Ò¥ ¶µ¢¥·Ì´µ-
¸É¨ ŠµÏ¨). ˆ ¥¸²¨ ´  µ¤´µ° ¨§ É ±¨Ì ¶µ¢¥·Ì´µ¸É¥° ¢¥Ð¥¸É¢µ µÉ¸ÊÉ¸É¢Ê¥É,
Éµ ´  µ¸´µ¢ ´¨¨ É·¥¡µ¢ ´¨Ö Ô´¥·£µ¤µ³¨´ ´É´µ¸É¨, ´ ² £ ¥³µ£µ ´  É¥´§µ· ¢¥-
Ð¥¸É¢ , µ´µ ¡Ê¤¥É µÉ¸ÊÉ¸É¢µ¢ ÉÓ ¢¸¥£¤  [12]. �µ¸±µ²Ó±Ê ¢¥Ð¥¸É¢µ ¢ ¶·¨·µ¤¥
¸ÊÐ¥¸É¢Ê¥É, Éµ µÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¸¨¸É¥³  µ¤´µ·µ¤´ÒÌ ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥
£· ¢¨É Í¨µ´´ÒÌ Ê· ¢´¥´¨° ´¥ ¨³¥¥É ·¥Ï¥´¨°, ·¥ ²¨§Ê¥³ÒÌ ¢ ¶·¨·µ¤¥. ˆ´ Î¥
£µ¢µ·Ö, ¢¸¥ ·¥Ï¥´¨Ö ÔÉµ° ¸¨¸É¥³Ò ´¥ ¨³¥ÕÉ Ë¨§¨Î¥¸±µ£µ ¸³Ò¸²  ¶·¨ ¤ ´´µ³
· §¢¨É¨¨ ‚¸¥²¥´´µ°. ’ ±µ¥ µÉ¡· ¸Ò¢ ´¨¥ ·¥Ï¥´¨° ¸¨¸É¥³Ò µ¤´µ·µ¤´ÒÌ £· -
¢¨É Í¨µ´´ÒÌ Ê· ¢´¥´¨° ¸É ²µ ¢µ§³µ¦´Ò³ ´¥ Éµ²Ó±µ ¢ ¸¨²Ê Ê· ¢´¥´¨°, ´µ
¶·¥¦¤¥ ¢¸¥£µ ¡² £µ¤ ·Ö Ì · ±É¥·Ê ·¥ ²Ó´µ° ‚¸¥²¥´´µ°.

‚ ¶·¨´Í¨¶¥ Ê· ¢´¥´¨Ö É¥µ·¨¨ ´¥ µÉ¢¥·£ ÕÉ ¢¸¥²¥´´Ò¥, ¶µ¸É·µ¥´´Ò¥ ¨§
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ¡¥§ ¢¥Ð¥¸É¢ . �´¨ µÉ¢¥·£´ÊÉÒ ¸ ³¨³ · §¢¨É¨¥³ ³ -
É¥·¨¨. �µÎ¥³Ê ´ Ï  ‚¸¥²¥´´ Ö µ± § ² ¸Ó ¸ ¢¥Ð¥¸É¢µ³ Å É¥µ·¨Ö ¶µ±  ´¥
¤ ¥É µÉ¢¥É . ”¨§¨Î¥¸±¨° ¸³Ò¸² ¨³¥ÕÉ ·¥Ï¥´¨Ö Éµ²Ó±µ ¸¨¸É¥³Ò ´¥µ¤´µ·µ¤-
´ÒÌ £· ¢¨É Í¨µ´´ÒÌ Ê· ¢´¥´¨°, ±µ£¤  ¢ ± ±µ°-²¨¡µ Î ¸É¨ ¶·µ¸É· ´¸É¢  ¨²¨
¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥ ¨³¥¥É¸Ö ¢¥Ð¥¸É¢µ. �Éµ µ§´ Î ¥É, ÎÉµ £· ¢¨É Í¨µ´´µ¥
¶µ²¥ ¨ ÔËË¥±É¨¢´µ¥ ·¨³ ´µ¢µ ¶·µ¸É· ´¸É¢µ ¢ ·¥ ²Ó´µ° ‚¸¥²¥´´µ° ´¥ ³µ£²¨
¢µ§´¨±´ÊÉÓ ¡¥§ ¶µ·µ¦¤ ÕÐ¥£µ ¨Ì ¢¥Ð¥¸É¢ . ŒÒ ¢¨¤¨³, ÎÉµ ¨ ¢ Ëµ·³Ê²¨·µ¢±¥
�°´ÏÉ¥°´  ¶·¨´Í¨¶ Œ Ì  ·¥ ²¨§Ê¥É¸Ö ¢ ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨.

ˆ³¥¥É¸Ö, µ¤´ ±µ, ¸ÊÐ¥¸É¢¥´´µ¥ · §²¨Î¨¥ ¢ ¶µ´¨³ ´¨¨ G-¶µ²Ö ¢ ´ Ï¥°
É¥µ·¨¨ ¨ ¢ �’�. �µ¤ G-¶µ²¥³ �°´ÏÉ¥°´ ¶µ´¨³ ² ·¨³ ´µ¢Ê ³¥É·¨±Ê, Éµ£¤ 
± ± ¢ ´ Ï¥³ ¶·¥¤¸É ¢²¥´¨¨ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¥¸ÉÓ Ë¨§¨Î¥¸±µ¥ ¶µ²¥. ’ ±µ¥
¶µ²¥ ¢Ìµ¤¨É ¢ ·¨³ ´µ¢Ê ³¥É·¨±Ê ´ ·Ö¤Ê ¸ ¶²µ¸±µ° ³¥É·¨±µ°,   ¶µÔÉµ³Ê ¶·¨
µÉ¸ÊÉ¸É¢¨¨ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ³¥É·¨±  ´¥ ¨¸Î¥§ ¥É,   µ¸É ¥É¸Ö
³¥É·¨±µ° ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ.

‚ ²¨É¥· ÉÊ·¥ ¨³¥ÕÉ¸Ö ¨ ¤·Ê£¨¥ Ëµ·³Ê²¨·µ¢±¨ ¶·¨´Í¨¶  Œ Ì , µÉ²¨Î´Ò¥
¶µ ¸³Ò¸²Ê µÉ ¨¤¥° Œ Ì  ¨ �°´ÏÉ¥°´ , ´µ ¶µ¸±µ²Ó±Ê µ´¨, ¶µ ´ Ï¥³Ê ³´¥-
´¨Õ, ´¥ ¸Ëµ·³Ê²¨·µ¢ ´Ò ¤µ¸É ÉµÎ´µ µ¶·¥¤¥²¥´´µ, ³Ò ¨Ì ´¥ · ¸¸³ É·¨¢ ²¨.
’ ± ± ± £· ¢¨É Í¨µ´´Ò¥ ¸¨²Ò ¢ �’ƒ µ¡Ö§ ´Ò Ë¨§¨Î¥¸±µ³Ê ¶µ²Õ É¨¶  ” · -
¤¥Ö Å Œ ±¸¢¥²² , Éµ ´¨ µ ± ±µ° ¥¤¨´µ° ¸ÊÐ´µ¸É¨ ¸¨² ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨,
¢ ¶·¨´Í¨¶¥, ´¥ ³µ¦¥É ¡ÒÉÓ ¨ ·¥Î¨.

ˆ´µ£¤  ¸ÊÉÓ ¶·¨´Í¨¶  Œ Ì  ¢¨¤ÖÉ ¢ Éµ³, ÎÉµ, Ö±µ¡Ò, ¸µ£² ¸´µ ¥³Ê ¸¨²Ò
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¨´¥·Í¨¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¢§ ¨³µ¤¥°¸É¢¨¥³ ¸ ³ É¥·¨¥° ‚¸¥²¥´´µ°. ‘ ¶µ²¥¢µ°
ÉµÎ±¨ §·¥´¨Ö É ±µ° ¶·¨´Í¨¶ ´¥ ³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ ¢ ¶·¨·µ¤¥. „¥²µ §¤¥¸Ó
¢ Éµ³, ÎÉµ, ÌµÉÖ ¨´¥·Í¨ ²Ó´Ò¥ ¸¨¸É¥³Ò µÉ¸Î¥É , ± ± ³Ò ¢¨¤¥²¨ ¢ÒÏ¥, ¸¢Ö-
§ ´Ò ¸ · ¸¶·¥¤¥²¥´¨¥³ ³ É¥·¨¨ ¢µ ‚¸¥²¥´´µ°, ¸¨²Ò ¨´¥·Í¨¨ ´¥ Ö¢²ÖÕÉ¸Ö
·¥§Ê²ÓÉ Éµ³ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ³ É¥·¨¥° ‚¸¥²¥´´µ°, ¶µ¸±µ²Ó±Ê ¢¸Ö±µ¥ ¢µ§-
¤¥°¸É¢¨¥ ³ É¥·¨¨ ¢µ§³µ¦´µ Éµ²Ó±µ Î¥·¥§ Ë¨§¨Î¥¸±¨¥ ¶µ²Ö, ´µ ÔÉµ µ§´ Î ¥É,
ÎÉµ ¸¨²Ò, ¢Ò§¢ ´´Ò¥ ÔÉ¨³¨ ¶µ²Ö³¨, ¢ ¸¨²Ê ¨Ì ¢¥±Éµ·´µ° ¶·¨·µ¤Ò ´¥²Ó§Ö
µ¡· É¨ÉÓ ¢ ´Ê²Ó ¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É . ’ ±¨³ µ¡· §µ³, ¸¨²Ò ¨´¥·Í¨¨ ´¥-
¶µ¸·¥¤¸É¢¥´´µ µ¶·¥¤¥²ÖÕÉ¸Ö ´¥ Ë¨§¨Î¥¸±¨³¨ ¶µ²Ö³¨,   ¸É·µ£µ µ¶·¥¤¥²¥´´µ°
¸É·Ê±ÉÊ·µ° £¥µ³¥É·¨¨ ¨ ¢Ò¡µ·µ³ ¸¨¸É¥³Ò µÉ¸Î¥É .

�¸¥¢¤µ¥¢±²¨¤µ¢  £¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, µÉ· ¦ Ö ¤¨´ ³¨Î¥¸-
±¨¥ ¸¢µ°¸É¢ , µ¡Ð¨¥ ¤²Ö ¢¸¥Ì Ëµ·³ ³ É¥·¨¨, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¶µ¤É¢¥·¤¨² 
£¨¶µÉ¥§Ê µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ µÉ¸Î¥É ,   ¸ ¤·Ê£µ° Å ¶µ-
± § ² , ÎÉµ ¸¨²Ò ¨´¥·Í¨¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¢Ò¡µ·¥ ¸¨-
¸É¥³Ò µÉ¸Î¥É , ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö ¶·µ¸É· ´¸É¢  Œ¨´-
±µ¢¸±µ£µ. �µÔÉµ³Ê µ´¨ ´¥ § ¢¨¸ÖÉ µÉ ¶·¨·µ¤Ò É¥² . ‚¸¥ ÔÉµ ¸É ²µ Ö¸´µ,
±µ£¤  ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¸¶¥Í¨ ²Ó´ Ö É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨ ¶·¨³¥´¨³  ´¥
Éµ²Ó±µ ¢ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì µÉ¸Î¥É , ´µ ¨ ¢ ´¥¨´¥·Í¨ ²Ó´ÒÌ (Ê¸±µ·¥´-
´ÒÌ).

�Éµ ¶µ§¢µ²¨²µ ¢ · ¡µÉ¥ [5] ¤ ÉÓ ¶·¨´Í¨¶Ê µÉ´µ¸¨É¥²Ó´µ¸É¨ ¡µ²¥¥ µ¡ÐÊÕ
Ëµ·³Ê²¨·µ¢±Ê: ©Š ±ÊÕ ¡Ò Ë¨§¨Î¥¸±ÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É  ³Ò ´¨ ¨§¡· ²¨
(¨´¥·Í¨ ²Ó´ÊÕ ¨²¨ ´¥¨´¥·Í¨ ²Ó´ÊÕ), ¢¸¥£¤  ³µ¦´µ Ê± § ÉÓ ¡¥¸±µ´¥Î´ÊÕ ¸µ-
¢µ±Ê¶´µ¸ÉÓ ¤·Ê£¨Ì ¸¨¸É¥³ µÉ¸Î¥É , É ±¨Ì, ¢ ±µÉµ·ÒÌ ¢¸¥ Ë¨§¨Î¥¸±¨¥ Ö¢²¥-
´¨Ö ¶·µÉ¥± ÕÉ µ¤¨´ ±µ¢µ ¸ ¨¸Ìµ¤´µ° ¸¨¸É¥³µ° µÉ¸Î¥É , É ± ÎÉµ ³Ò ´¥
¨³¥¥³ ¨ ´¥ ³µ¦¥³ ¨³¥ÉÓ ´¨± ±¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¢µ§³µ¦´µ¸É¥° · §²¨-
Î¨ÉÓ, ¢ ± ±µ° ¨³¥´´µ ¸¨¸É¥³¥ µÉ¸Î¥É  ¨§ ÔÉµ° ¡¥¸±µ´¥Î´µ° ¸µ¢µ±Ê¶´µ¸É¨
³Ò ´ Ìµ¤¨³¸Öª. Œ É¥³ É¨Î¥¸±¨ ÔÉµ ¢Ò· ¦ ¥É¸Ö É ±: ¶Ê¸ÉÓ ¢ ´¥±µÉµ·µ° ¸¨-
¸É¥³¥ ±µµ·¤¨´ É ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¨´É¥·¢ ² · ¢¥´

dσ2 = γµν(x)dx
µdxν ,

Éµ£¤  ¸ÊÐ¥¸É¢Ê¥É ¤·Ê£ Ö ¸¨¸É¥³  ±µµ·¤¨´ É x′:

x′ν = fν(x),

¢ ±µÉµ·µ° ¨´É¥·¢ ² ¶·¨´¨³ ¥É Ëµ·³Ê

dσ2 = γµν(x
′)dx′µdx′ν ,

£¤¥ ³¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ γµν ¨³¥ÕÉ ÉµÉ ¦¥ ËÊ´±Í¨µ´ ²Ó´Ò° ¢¨¤, ÎÉµ
¨ ¢ ¨¸Ìµ¤´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É.

‚ ÔÉµ³ ¸²ÊÎ ¥ £µ¢µ·ÖÉ, ÎÉµ ³¥É·¨±  Ëµ·³¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ É -
±¨Ì ¶·¥µ¡· §µ¢ ´¨°,   ¢¸¥ Ë¨§¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö É ±¦¥ Ëµ·³¨´¢ ·¨ ´É´Ò,
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É.¥. ¨³¥ÕÉ µ¤¨´ ±µ¢Ò° ¢¨¤ ± ± ¢ ÏÉ·¨Ìµ¢ ´´µ°, É ± ¨ ¢ ´¥ÏÉ·¨Ìµ¢ ´´µ° ¸¨-
¸É¥³¥ ±µµ·¤¨´ É. �·¥µ¡· §µ¢ ´¨Ö ±µµ·¤¨´ É, µ¸É ¢²ÖÕÐ¨¥ ³¥É·¨±Ê Ëµ·³¨´-
¢ ·¨ ´É´µ°, µ¡· §ÊÕÉ £·Ê¶¶Ê. ‚ ¸²ÊÎ ¥ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É ¢ ¨´¥·Í¨ ²Ó´µ°
¸¨¸É¥³¥ ÔÉµ µ¡ÒÎ´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í .

‚ �’ƒ ³¥¦¤Ê ¸¨² ³¨ ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨ ¨³¥¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ¥ · §-
²¨Î¨¥ ¢ Éµ³, ÎÉµ ¶µ ³¥·¥ Ê¤ ²¥´¨Ö µÉ É¥² £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¸É ´µ¢¨É¸Ö
¤µ¸É ÉµÎ´µ ¸² ¡Ò³, Éµ£¤  ± ± ¸¨²Ò ¨´¥·Í¨¨ ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢Ò¡µ·  ¸¨-
¸É¥³Ò µÉ¸Î¥É  ³µ£ÊÉ ¡ÒÉÓ ¸±µ²Ó Ê£µ¤´µ ¡µ²ÓÏ¨³¨. ˆ Éµ²Ó±µ ¢ ¨´¥·Í¨ ²Ó´µ°
¸¨¸É¥³¥ µÉ¸Î¥É  µ´¨ · ¢´Ò ´Ê²Õ. �µÔÉµ³Ê ´¥¶· ¢¨²Ó´µ ¸Î¨É ÉÓ, ÎÉµ ¸¨²Ò
¨´¥·Í¨¨ ´¥²Ó§Ö µÉ¤¥²¨ÉÓ µÉ ¸¨² £· ¢¨É Í¨¨. ‚ ¶µ¢¸¥¤´¥¢´µ° ¦¨§´¨ ¨Ì · §-
²¨Î¨¥ ¶µÎÉ¨ µÎ¥¢¨¤´µ.

�µ¸É·µ¥´¨¥ �’ƒ ¶µ§¢µ²¨²µ Ê¸É ´µ¢¨ÉÓ ¸¢Ö§Ó ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò µÉ-
¸Î¥É  ¸ · ¸¶·¥¤¥²¥´¨¥³ ³ É¥·¨¨ ¢µ ‚¸¥²¥´´µ° ¨ É¥³ ¸ ³Ò³ £²Ê¡¦¥ ¶µ´ÖÉÓ
¶·¨·µ¤Ê ¸¨² ¨´¥·Í¨¨ ¨ ¨Ì · §²¨Î¨¥ ¸ ³ É¥·¨ ²Ó´Ò³¨ ¸¨² ³¨. ‚ ´ Ï¥° É¥-
µ·¨¨ ¸¨² ³ ¨´¥·Í¨¨ µÉ¢¥¤¥´  É ± Ö ¦¥ ·µ²Ó, ± ±ÊÕ µ´¨ ¨£· ÕÉ ¢ ²Õ¡ÒÌ
¤·Ê£¨Ì ¶µ²¥¢ÒÌ É¥µ·¨ÖÌ.

8. ��‘’�œ�’���‚‘Š�… ��ˆ�‹ˆ†…�ˆ…

„²Ö ¨§ÊÎ¥´¨Ö £· ¢¨É Í¨µ´´ÒÌ ÔËË¥±Éµ¢ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥ ¢¶µ²´¥
¤µ¸É ÉµÎ´µ ¶µ¸É´ÓÕÉµ´µ¢¸±µ£µ ¶·¨¡²¨¦¥´¨Ö. ‚ ¤ ´´µ³ · §¤¥²¥ ³Ò ¶µ¸É·µ¨³
ÔÉµ ¶·¨¡²¨¦¥´¨¥. � Ï¥ ¶µ¸É·µ¥´¨¥ ¢ É¥Ì´¨Î¥¸±µ³ ¶² ´¥ ¨¸¶µ²Ó§Ê¥É ³´µ£µ¥,
· ´¥¥ ¶µ²ÊÎ¥´´µ¥ ‚.�.”µ±µ³ [13].

�¸´µ¢´Ò¥ Ê· ¢´¥´¨Ö É¥µ·¨¨ § ¶¨Ï¥³ ¢ Ëµ·³¥ (¸³. �·¨²µ¦¥´¨¥ ‚)

γ̃αβDαDβΦ̃
ελ +m2√−γΦ̃ελ = −16πg(T ελM + τ ελg ) (93)

DλΦ̃
ελ = 0 . (94)

£¤¥ T ελM Å É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨ τ ελg Å É¥´§µ· Ô´¥·£¨¨-
¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.

‚Ò· ¦¥´¨¥ ¤²Ö É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ³µ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ ¢ ¢¨¤¥

− 16πτ ελg =
1

2
(g̃εαg̃λβ − 1

2
g̃ελg̃αβ)(g̃νσ g̃τµ −

1

2
g̃τσg̃νµ)DαΦ̃τσ ·DβΦ̃

µν +

+ g̃αβ g̃τσDαΦ̃ετ ·DβΦ̃
λσ − g̃εβ g̃τσDαΦ̃λσ ·DβΦ̃

ατ −
− g̃λαg̃τσDαΦ̃βσ ·DβΦ̃

ετ +

+
1

2
g̃ελg̃τσDαΦ̃σβ ·DβΦ̃

ατ +DαΦ̃εβ ·DβΦ̃
λα − Φ̃αβDαDβΦ̃

ελ

− m2(
√
−gg̃ελ −

√
−γΦ̃ελ + g̃εαg̃λβγαβ −

1

2
g̃ελg̃αβγαβ) . (95)
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�Éµ ¢Ò· ¦¥´¨¥ § ¶¨¸ ´µ ¢ ¶·µ¨§¢µ²Ó´µ° ±µµ·¤¨´ É´µ° ¸¨¸É¥³¥ ¢ ¶·µ¸É· ´-
¸É¢¥ Œ¨´±µ¢¸±µ£µ. ‚ ¤ ²Ó´¥°Ï¥³ ¢¸¥ ¢ÒÎ¨¸²¥´¨Ö ¡Ê¤ÊÉ ¶·µ¢µ¤¨ÉÓ¸Ö ¢ £ ²¨-
²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò.

γµν = (1,−1,−1,−1) . (96)

�·¨ ¶µ¸É·µ¥´¨¨ ·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢ ± Î¥¸É¢¥ ³ ²µ£µ ¶ · ³¥É·  ¥¸É¥-
¸É¢¥´´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¢¥²¨Î¨´Ê, · ¢´ÊÕ

v ∼ ε, U ∼ ε2, Π ∼ ε2, p ∼ ε2 . (97)

‡¤¥¸Ó U Å ´ÓÕÉµ´µ¢ ¶µÉ¥´Í¨ ² £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö;
Π Å Ê¤¥²Ó´ Ö ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö É¥² ;
p Å Ê¤¥²Ó´µ¥ ¤ ¢²¥´¨¥.

„²Ö ‘µ²´¥Î´µ° ¸¨¸É¥³Ò ¶ · ³¥É· ε2 ¨³¥¥É ¶µ·Ö¤µ±

ε2 ∼ 10−6 . (98)

�Ê¤¥³ ¨¸Ìµ¤¨ÉÓ ¨§ · §²µ¦¥´¨° ±µ³¶µ´¥´É ¶²µÉ´µ¸É¨ É¥´§µ· :

g̃00 = 1+
(2)

Φ̃00+
(4)

Φ̃00 + ... (99)

g̃0i =
(3)

Φ̃0i+
(5)

Φ̃0i + ... (100)

g̃ik = γ̃ik+
(2)

Φ̃ ik+
(4)

Φ̃ ik + ... (101)

‚ ± Î¥¸É¢¥ ³µ¤¥²¨ ¢¥Ð¥¸É¢  ¢µ§Ó³¥³ ¨¤¥ ²Ó´ÊÕ ¦¨¤±µ¸ÉÓ, É¥´§µ· Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ±µÉµ·µ° ¨³¥¥É ¢¨¤

T ελ = [p+ ρ(1 + Π)]uεuλ − pgελ, (102)

£¤¥ ρ Å ¨´¢ ·¨ ´É´ Ö ¶²µÉ´µ¸ÉÓ ¨¤¥ ²Ó´µ° ¦¨¤±µ¸É¨, p Å Ê¤¥²Ó´µ¥ ¨§µÉ·µ¶-
´µ¥ ¤ ¢²¥´¨¥, uλ Å Î¥ÉÒ·¥Ì¢¥±Éµ· ¸±µ·µ¸É¨.

� ¶¨Ï¥³ É¥¶¥·Ó · §²µ¦¥´¨¥ ¶µ ³ ²µ³Ê ¶ · ³¥É·Ê ε ¤²Ö É¥´§µ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢ :

T 00
M =

(0)

T
00+

(2)

T
00 + ... (103)

T 0i
M =

(1)

T
0i+

(3)

T
0i + ... (104)

T ikM =
(2)

T
ik+

(4)

T
ik + ... . (105)
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‚ ´ÓÕÉµ´µ¢µ³ ¶·¨¡²¨¦¥´¨¨, É.¥. ±µ£¤  ¶·¥´¥¡·¥£ ¥³ ¸¨² ³¨ £· ¢¨É Í¨¨, ¤²Ö
Î¥ÉÒ·¥Ì¢¥±Éµ·  ¸±µ·µ¸É¨ ¨³¥¥³

u0 = 1 + 0(ε2), ui = vi(1 + 0(ε2)) . (106)

ˆ¸¶µ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ (102), ´ °¤¥³

(0)

T
00 = ρ,

(1)

T
0i = ρvi,

(0)

T
ik = 0 . (107)

‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¨³¥¥³

∂0ρ+ ∂i(ρv
i) = 0 . (108)

�É¸Õ¤  ¢¨¤´µ, ÎÉµ ¢ ´ÓÕÉµ´µ¢µ³ ¶·¨¡²¨¦¥´¨¨ ¶µ²´ Ö ¨´¥·É´ Ö ³ ¸¸  É¥² 
Ö¢²Ö¥É¸Ö ¸µÌ· ´ÖÕÐ¥°¸Ö ¢¥²¨Î¨´µ°:

M =

∫
ρd3x . (109)

‚ ´ÓÕÉµ´µ¢µ³ ¶·¨¡²¨¦¥´¨¨ ´  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨° (93) ¨³¥¥³

∆
(2)

Φ̃00 = −16πρ , (110)

∆
(3)

Φ̃0i = −16πρvi , (111)

∆
(2)

Φ̃ ik = 0 . (112)

Œ ¸¸  £· ¢¨Éµ´ , ¢¢¨¤Ê ³ ²µ¸É¨, ¢ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¤²Ö ÔË-
Ë¥±Éµ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³Ò ´¥ ¨£· ¥É ·µ²¨,   ¶µÔÉµ³Ê ³Ò ¶·¨ ¶µ²ÊÎ¥´¨¨
Ê· ¢´¥´¨° (110)Å(112) ¥¥ ´¥ ÊÎ¨ÉÒ¢ ²¨. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢ µ¡Ð¥³ ¸²Ê-
Î ¥ ´¥¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò µÉ¸Î¥É  ¨²¨ ¤²Ö ¸¨²Ó´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥°
Î²¥´ ¸ ³ ¸¸µ° £· ¢¨Éµ´  m µ¶Ê¸± ÉÓ Ê¦¥ ´¥²Ó§Ö. ’ ±, ´ ¶·¨³¥·, ¤ ¦¥ ¤²Ö
¸É É¨Î¥¸±µ£µ É¥²  ¢ µ¡² ¸É¨, ¡²¨§±µ° ± ¸Ë¥·¥ ˜¢ ·ÍÏ¨²Ó¤ , ¢²¨Ö´¨¥ ³ ¸¸Ò
£· ¢¨Éµ´  ¢¥¸Ó³  ¢¥²¨±µ, ¶µÔÉµ³Ê ¶·¥´¥¡·¥£ ÉÓ ¥Õ Ê¦¥ ´¥¢µ§³µ¦´µ.

�¥Ï¥´¨¥ Ê· ¢´¥´¨° (110)Å(112) ¨³¥¥É ¢¨¤

(2)

Φ̃00 = 4U, U =

∫
ρ

|x− x′|d
3x′, (113)

(3)

Φ̃0i = −4V i, V i = −
∫

ρvi

|x− x′|d
3x′ , (114)



�…‹Ÿ’ˆ‚ˆ‘’‘Š�Ÿ ’…��ˆŸ ƒ��‚ˆ’�–ˆˆ ˆ ��ˆ�–ˆ� Œ�•� 53

(2)

Φ̃ ik = 0 . (115)

�  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨° (94) ¨³¥¥³

∂0

(2)

Φ̃00 + ∂i

(3)

Φ̃0i = 0 . (116)

�µ¤¸É ¢²ÖÖ ¢ ÔÉµ Ê· ¢´¥´¨¥ (113) ¨ (114), ´ °¤¥³

∂0U − ∂iV i = 0 . (117)

�É¸Õ¤  µÎ¥¢¨¤´µ, ÎÉµ ¶·¨ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¨ ¶µÉ¥´Í¨ ²  U ¶µ ¢·¥³¥´¨
¶µ·Ö¤µ± ³ ²µ¸É¨ ¶µ ε Ê¢¥²¨Î¨¢ ¥É¸Ö. �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¢ ¤ ²Ó´¥°Ï¥³ ´ ³¨
¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨-
µ´´µ£µ ¶µ²Ö τ ελg . ‡ ³¥É¨³, ÎÉµ Ê· ¢´¥´¨¥ (117) Éµ¦¤¥¸É¢¥´´µ ¢Ò¶µ²´Ö¥É¸Ö ¢
¸¨²Ê Ê· ¢´¥´¨° (108).

�  µ¸´µ¢ ´¨¨ (114) ¨ (115) ¸²¥¤Ê¥É, ÎÉµ ¨§ ¢¸¥Ì ±µ³¶µ´¥´É ¶²µÉ´µ¸É¨

É¥´§µ·  Φ̃ελ ¢µ ¢Éµ·µ³ ¶·¨¡²¨¦¥´¨¨ µ¸É ¥É¸Ö Éµ²Ó±µ µ¤´  ±µ³¶µ´¥´É 
(2)

Φ̃ 00,
µ¶·¥¤¥²Ö¥³ Ö ¢Ò· ¦¥´¨¥³ (113). ˆ³¥´´µ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¸ÊÐ¥¸É¢¥´´µ
Ê¶·µÐ ¥É ³¥Éµ¤ ´ Ìµ¦¤¥´¨Ö ¶µ¸É´ÓÕÉµ´µ¢¸±µ£µ ¶·¨¡²¨¦¥´¨Ö, ±µ£¤  ³Ò ´ 
± ¦¤µ³ ÔÉ ¶¥ ¶µ¸É·µ¥´¨Ö ¶µ²Ó§Ê¥³¸Ö ¶²µÉ´µ¸ÉÖ³¨ É¥´§µ·´ÒÌ ¢¥²¨Î¨´.

ˆ¸¶µ²Ó§ÊÖ (113)Å(115) ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¢Éµ·µ£µ ¶µ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´µ,
¶µ²ÊÎ ¥³

√
−gg00 = 1 + 4U,

√
−gg11 =

√
−gg22 =

√
−gg33 = −1 . (118)

�É¸Õ¤  ¨³¥¥³
−g = 1 + 4U , (118a)

¸²¥¤µ¢ É¥²Ó´µ,

g00 = 1− 2U, g11 = g22 = g33 = −(1 + 2U) . (119)

ŒÒ ¢¨¤¨³ ¨§ (118), ÎÉµ ¢ ´ÓÕÉµ´µ¢µ³ ¶·¨¡²¨¦¥´¨¨, ±µ£¤  ³µ¦´µ µ£· ´¨-
Î¨ÉÓ¸Ö Éµ²Ó±µ µ¤´µ° ±µ³¶µ´¥´Éµ° ¶²µÉ´µ¸É¨ É¥´§µ·  ¢¥Ð¥¸É¢  T 00, ± ± ÔÉµ£µ
¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ µ¶¨¸Ò¢ ¥É¸Ö Éµ²Ó±µ µ¤´µ° ±µ³¶µ-
´¥´Éµ° Φ̃00, Éµ£¤  ± ± ³¥É·¨Î¥¸±¨° É¥´§µ· gµν ¨³¥¥É ¨ ¢ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨,
¸µ£² ¸´µ (119), ´¥¸±µ²Ó±µ ±µ³¶µ´¥´É. � ¡µÉ  ¸ ±µ³¶µ´¥´É ³¨ ¶µ²Ö Φ̃µν ,  
´¥ ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ gµν , ¢ §´ Î¨É¥²Ó´µ° ¸É¥¶¥´¨ Ê¶·µÐ ¥É ¢¥¸Ó ¢ÒÎ¨-
¸²¨É¥²Ó´Ò° ¶·µÍ¥¸¸ ¶µ¸É·µ¥´¨Ö ¶µ¸É´ÓÕÉµ´µ¢¸±µ£µ ¶·¨¡²¨¦¥´¨Ö. ˆ³¥´´µ
¶µÔÉµ³Ê ¢¢¥¤¥´¨¥ ¶²µÉ´µ¸É¨ É¥´§µ·  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Φ̃µν ¨³¥¥É ´¥
Éµ²Ó±µ µ¡Ð¥É¥µ·¥É¨Î¥¸±µ¥, ´µ ¨ ¶· ±É¨Î¥¸±µ¥ §´ Î¥´¨¥. ˆÉ ±, ³¥É·¨Î¥¸±¨°
É¥´§µ· ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  · ¢¥´

g00 = 1− 2U, g0i = 4γikV
k, gik = γik(1 + 2U) . (120)



54 ‹�ƒ“��‚ �.�.

ˆ§ ¢Ò· ¦¥´¨Ö (113) ¤²Ö U ¸²¥¤Ê¥É, ÎÉµ ¨´¥·É´ Ö ³ ¸¸  (109) · ¢´   ±É¨¢-
´µ° £· ¢¨É Í¨µ´´µ° ³ ¸¸¥. ‚ �’ƒ, ± ± ³Ò ¢¨¤¥²¨, ÔÉµ · ¢¥´¸É¢µ ¢µ§´¨±²µ
¨§-§  Éµ£µ, ÎÉµ ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö É¥´§µ· Ô´¥·£¨¨-
¨³¶Ê²Ó¸ .

�¥·¥°¤¥³ É¥¶¥·Ó ± ¶µ¸É·µ¥´¨Õ ¸²¥¤ÊÕÐ¥£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ±µ³¶µ-
´¥´ÉÒ ³¥É·¨Î¥¸±µ£µ É¥´§µ·  g00. ‘ ÔÉµ° Í¥²ÓÕ ´ °¤¥³ ¢±² ¤ µÉ É¥´§µ· 
Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �µ¸±µ²Ó±Ê ¢ ¢Ò· ¦¥´¨¨ (95) ¶µ¤

§´ ±µ³ ¶·µ¨§¢µ¤´µ° ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ Éµ²Ó±µ
(2)

Φ̃00, Éµ ¶¥·¢Ò° Î²¥´ (95)
¤ ¸É ¢±² ¤, · ¢´Ò°

2(gradU)2, (121)

  ¢Éµ·µ°
−16(gradU)2. (122)

‚±² ¤ µÉ ¢¸¥Ì µ¸É ²Ó´ÒÌ Î²¥´µ¢ ¢ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¡Ê¤¥É · ¢¥´ ´Ê²Õ.
�É¡·µÏ¥´Ò É ±¦¥ Î²¥´Ò ¸ ¶·µ¨§¢µ¤´Ò³¨ ¶µ ¢·¥³¥´¨ µÉ ¶µÉ¥´Í¨ ²  U , ¶µ-
¸±µ²Ó±Ê ¢ ¸¨²Ê (117) µ´¨ É ±¦¥ ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ³ ²µ¸É¨ ¶µ ε. � 
µ¸´µ¢ ´¨¨ (121) ¨ (122) ¨³¥¥³

−16πgτ00
g = −14(gradU)2 . (123)

‘ ÊÎ¥Éµ³ (123) Ê· ¢´¥´¨¥ (93) ¢ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ±µ³¶µ´¥´ÉÒ Φ̃00

¶·¨´¨³ ¥É ¢¨¤

∆Φ̃00 = 16πgT 00 + 14(gradU)2 + 4∂2
0U . (124)

�µ¸±µ²Ó±Ê ´  µ¸´µ¢ ´¨¨ (120) ¢µ ¢Éµ·µ³ ¶µ·Ö¤±¥ ¶µ ε ¨´É¥·¢ ² · ¢¥´

ds = dt(1− U +
1

2
viv

i) , (125)

µÉ¸Õ¤  ¶µ²ÊÎ¨³

u0 =
dt

ds
= 1 + U − 1

2
viv

i . (126)

�µ¤¸É ¢²ÖÖ ÔÉµ ¢Ò· ¦¥´¨¥ ¢ (102), ´ °¤¥³

(2)

T
00 = ρ[2U + Π− vivi] . (127)

�  µ¸´µ¢ ´¨¨ (118a) ¨ (127) ¨§ Ê· ¢´¥´¨° (124) ¶µ²ÊÎ¨³

∆
(4)

Φ̃00 = −96πρU + 16πρviv
i + 14(gradU)2 − 16πρΠ + 4∂2

0U . (128)

‚µ¸¶µ²Ó§Ê¥³¸Ö µÎ¥¢¨¤´Ò³ Éµ¦¤¥¸É¢µ³

(gradU)2 =
1

2
∆U2 − U∆U . (129)
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�µ ¶µ¸±µ²Ó±Ê
∆U = −4πρ , (130)

Éµ Ê· ¢´¥´¨¥ (128), ¶µ¸²¥ ¨¸¶µ²Ó§µ¢ ´¨Ö (129) ¨ (130), ¶·¨´¨³ ¥É ¢¨¤

∆(
(4)

Φ̃00 − 7U2) = 16πρviv
i − 40πρU − 16πρΠ + 4∂2

0U . (131)

�É¸Õ¤  ¨³¥¥³

(4)

Φ̃00 = 7U2 + 4Φ1 + 10Φ2 + 4Φ3 −
1

π
∂2

0

∫
U

|x− x′|d
3x′ , (132)

£¤¥

Φ1 = −
∫

ρviv
i

|x− x′|d
3x′, Φ2 =

∫
ρU

|x− x′|d
3x′, Φ3 =

∫
ρΠ

|x− x′|d
3x′. (133)

ˆÉ ±, ¢ ¶µ¸É´ÓÕÉµ´µ¢µ³ ¶·¨¡²¨¦¥´¨¨ ´ Ìµ¤¨³

g̃00 = 1 + 4U + 7U2 + 4Φ1 + 10Φ2 + 4Φ3 −
1

π
∂2

0

∫
U

|x− x′|d
3x′. (134)

� ³ ´¥µ¡Ìµ¤¨³µ É¥¶¥·Ó ´ °É¨ ¢¥²¨Î¨´Ê ¤¥É¥·³¨´ ´É  g ¢ ¶µ¸É´ÓÕÉµ´µ¢µ³
¶·¨¡²¨¦¥´¨¨. „²Ö ÔÉµ° Í¥²¨ ¶·¥¤¸É ¢¨³ g̃ik ¢ Ëµ·³¥

g̃ik = γ̃ik+
(4)

Φ̃ ik. (135)

‘²¥¤Ê¥É µ¸µ¡µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¢ÒÎ¨¸²¥´¨¥ ¤¥É¥·³¨´ ´É  g ´ ¨¡µ²¥¥ ¶·µ¸Éµ
µ¸ÊÐ¥¸É¢¨ÉÓ, ¥¸²¨ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¤²Ö ÔÉµ° Í¥²¨ ¶²µÉ´µ¸ÉÓÕ É¥´§µ·  g̃µν ¨
ÊÎ¥¸ÉÓ, ÎÉµ

g = det(g̃µν) = det(gµν) . (136)

�  µ¸´µ¢ ´¨¨ (134) ¨ (135) ´ °¤¥³

√
−g = 1+2U+

3

2
U2 +2Φ1 +5Φ2 +2Φ3−

1

2
Φ− 1

2π
∂2

0

∫
U

|x− x′|d
3x′. (137)

‡¤¥¸Ó

Φ =
(4)

Φ̃11+
(4)

Φ̃22+
(4)

Φ̃33. (138)

’ ± ± ± ¢ · ¸¸³ É·¨¢ ¥³µ³ ¶·¨¡²¨¦¥´¨¨ g00g
00 = 1, Éµ ¨§ ¢Ò· ¦¥´¨° (134)

¨ (137) ¶µ²ÊÎ¨³

g00 = 1− 2U +
5

2
U2 − 2Φ1− 5Φ2− 2Φ3−

1

2
Φ +

1

2π
∂2

0

∫
U

|x− x′|d
3x′. (139)
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„²Ö µ¶·¥¤¥²¥´¨Ö g00 ´ ³ ´¥µ¡Ìµ¤¨³µ ¢ÒÎ¨¸²¨ÉÓ ¢¥²¨Î¨´Ê Φ. �µ¸±µ²Ó±Ê Φ
¶µ²ÊÎ¥´  ¸Ê³³¨·µ¢ ´¨¥³, Éµ ³µ¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö Ê· ¢´¥´¨¥³ (93) ¨ ¶ÊÉ¥³
¸Ê³³¨·µ¢ ´¨Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨¨ Φ.

ˆ§ ¢Ò· ¦¥´¨Ö (95) ¶ÊÉ¥³ ¸Ê³³¨·µ¢ ´¨Ö ¶µ²ÊÎ¨³ ¨§ ¶¥·¢µ£µ Î²¥´  ¸²¥¤Ê-
ÕÐ¥¥ ¢Ò· ¦¥´¨¥:

−16πgτ iig = −2(gradU)2. (140)

‚¸¥ µ¸É ²Ó´Ò¥ Î²¥´Ò, ¢Ìµ¤ÖÐ¨¥ ¢ ¢Ò· ¦¥´¨¥ (95), ¢ ¤ ´´µ³ ¶·¨¡²¨¦¥´¨¨
´¥ ¤ ÕÉ ¢±² ¤ . ‘ ¶µ³µÐÓÕ ¢Ò· ¦¥´¨Ö (102) ¤²Ö É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¢¥Ð¥¸É¢  ´ °¤¥³

−16πg
(2)

T̃ ii = −16πρviv
i + 48πp . (141)

“Î¨ÉÒ¢ Ö (140) ¨ (141), Ê· ¢´¥´¨¥ ¤²Ö Φ § ¶¨Ï¥³ ¢ Ëµ·³¥

∆Φ = 16πρviv
i − 48πp+ 2(gradU)2. (142)

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó Éµ¦¤¥¸É¢µ³ (129) ¨ Ê· ¢´¥´¨¥³ (130), ¶µ²ÊÎ¨³

∆(Φ− U2) = 16πρviv
i + 8πρU − 48πp . (143)

�É¸Õ¤  ´ Ìµ¤¨³

Φ = U2 + 4Φ1 − 2Φ2 + 12Φ4, Φ4 =

∫
p

|x− x′|d
3x′. (144)

�µ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ (144) ¢ (139), ¨³¥¥³

g00 = 1− 2U + 2U2− 4Φ1− 4Φ2− 2Φ3− 6Φ4 +
1

2π
∂2

0

∫
U

|x− x′|d
3x′. (145)

ˆ¸¶µ²Ó§ÊÖ Éµ¦¤¥¸É¢µ

1

2π

∫
U

|x− x′|d
3x′ = −

∫
ρ|x− x′|d3x′,

¢Ò· ¦¥´¨¥ (145) § ¶¨Ï¥³ ¢ Ëµ·³¥

g00 = 1− 2U + 2U2 − 4Φ1 − 4Φ2 − 2Φ3 − 6Φ4 − ∂2
0

∫
ρ|x− x′|d3x′. (146)

…¸²¨ ¸µ¢¥·Ï¨ÉÓ ¶·¥µ¡· §µ¢ ´¨¥

x′0 = x0 + η0(x), x′i = xi , (147)

Éµ ³¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ ¨§³¥´ÖÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

g′00 = g00 − 2∂0η
0, g′0i = g0i − ∂iη0, g′ik = gik . (148)
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‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶·¥µ¡· §µ¢ ´¨¥ (147) ´¥ ¢Ò¢µ¤¨É ´ ¸ ¨§ ¨´¥·Í¨ ²Ó´µ°
¸¨¸É¥³Ò µÉ¸Î¥É , ¶µ¸±µ²Ó±Ê É ±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¤·Ê-
£µ° ¢Ò¡µ· Î ¸µ¢. ‚¸¥ Ë¨§¨Î¥¸±¨ ¨§³¥·Ö¥³Ò¥ ¢¥²¨Î¨´Ò ´¥ § ¢¨¸ÖÉ µÉ ÔÉµ£µ
¢Ò¡µ· .

�·¨´¨³ Ö ËÊ´±Í¨Õ η0 · ¢´µ°

η0 = −1

2
∂0

∫
ρ|x− x′|d3x′ (149)

¨ ÊÎ¨ÉÒ¢ Ö Éµ¦¤¥¸É¢µ

∂iη
0 =

1

2
(γikV

k −Ni), Ni =

∫
ρvk(xk − x′k)(xi − x′i)

|x− x′|3 d3x′, (150)

¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ ¢ (148) ¢Ò· ¦¥´¨° (120) ¤²Ö g0i ¨ gik,   É ±¦¥ ¢Ò· ¦¥´¨Ö
(146) ¤²Ö g00 ¸ ÊÎ¥Éµ³ (149) ¨ (150) ´ °¤¥³ ³¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ ÔË-
Ë¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¢ É ± ´ §Ò¢ ¥³µ° ©± ´µ´¨Î¥¸±µ° Ëµ·³¥ª:

g00 = 1− 2U + 2U2 − 4Φ1 − 4Φ2 − 2Φ3 − 6Φ4,

g0i =
7

2
γikV

k +
1

2
Ni, (151)

gik = γik(1 + 2U) .

�  µ¸´µ¢ ´¨¨ ¢Ò· ¦¥´¨° (151) ¶µ¸É´ÓÕÉµ´µ¢¸±¨¥ ¶ · ³¥É·Ò �µ·¤É¢¥¤É  Å
“¨²²  ¢ �’ƒ · ¢´Ò ¸²¥¤ÊÕÐ¨³ §´ Î¥´¨Ö³:

γ = 1, β = 1, α1 = α2 = α3 = ξ1 = ξ2 = ξ3 = ξ4 = ξW = 0.

Œ¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ (151) ¢ÒÎ¨¸²¥´Ò ´ ³¨ ¢ �’ƒ ¢ ¨´¥·Í¨ ²Ó´µ°
¸¨¸É¥³¥ µÉ¸Î¥É . �·¨¢¥¤¥³ É¥¶¥·Ó ¢Ò· ¦¥´¨Ö ¤²Ö ±µ³¶µ´¥´É É¥´§µ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢ , ¶µ ¸· ¢´¥´¨Õ ¸ (107), ¢ ¸²¥¤ÊÕÐ¥³ ¶·¨¡²¨¦¥´¨¨. “Î¨-
ÉÒ¢ Ö ¢Ò· ¦¥´¨¥ (126) ¤²Ö u0,   É ±¦¥

ui =
dx′

ds
= vi(1 + U − 1

2
vkv

k) , (152)

¨§ Ëµ·³Ê²Ò (102) ´ Ìµ¤¨³

(3)

T
0i = ρvi(2U + Π− vkvk) + pvi, (153)

(2)

T
ik = ρvivk − pγik. (154)

Šµ³¶µ´¥´É 
(2)

T 00 µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (127). �  µ¸´µ¢ ´¨¨ ¢Ò· ¦¥-
´¨° (151), ¨¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨Ö £¥µ¤¥§¨Î¥¸±µ° ²¨´¨¨, ³µ¦´µ · ¸¸Î¨É ÉÓ ¢¸¥
ÔËË¥±ÉÒ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥.
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‚ § ±²ÕÎ¥´¨¥ µ¸É ´µ¢¨³¸Ö ´¥¸±µ²Ó±µ ¶µ¤·µ¡´¥¥ ´  ¸· ¢´¥´¨¨ �’ƒ ¨
�’� ¶·¨  ´ ²¨§¥ ÔËË¥±Éµ¢ ¢ ¸² ¡µ³ £· ¢¨É Í¨µ´´µ³ ¶µ²¥. ‘¨¸É¥³  Ê· ¢´¥-
´¨° (93) ¨ (94) ¢³¥¸É¥ ¸ Ê· ¢´¥´¨¥³ ¸µ¸ÉµÖ´¨Ö µ¶·¥¤¥²Ö¥É ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¢¥-
²¨Î¨´Ò Éµ° ¨²¨ ¨´µ° £· ¢¨É Í¨µ´´µ° § ¤ Î¨. ‚¸¥ ¶·µ¢¥¤¥´´Ò¥ ¢ÒÏ¥ · ¸Î¥ÉÒ
¶µ¸É´ÓÕÉµ´µ¢¸±µ£µ ¶·¨¡²¨¦¥´¨Ö ¸¤¥² ´Ò ¢ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨-
´ É. ‚ �’� ¢ ¶·¨´Í¨¶¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò. �.�°´ÏÉ¥°´
¶µ ÔÉµ³Ê ¶µ¢µ¤Ê ¶¨¸ ²: ©ˆ¸Ìµ¤´Ò³ ¶Ê´±Éµ³ É¥µ·¨¨ ¸²Ê¦¨É ÊÉ¢¥·¦¤¥´¨¥,
ÎÉµ ´¥ ¸ÊÐ¥¸É¢Ê¥É Ë¨§¨Î¥¸±¨ ¢Ò¤¥²¥´´µ£µ ¸µ¸ÉµÖ´¨Ö ¤¢¨¦¥´¨Ö, É.¥. ´¥
Éµ²Ó±µ ¸±µ·µ¸ÉÓ, ´µ ¨ Ê¸±µ·¥´¨¥ ´¥ ¨³¥ÕÉ  ¡¸µ²ÕÉ´µ£µ ¸³Ò¸² ª. �µ ¥¸²¨
µÉ¸ÊÉ¸É¢Ê¥É ¨´¥·Í¨ ²Ó´ Ö ¸¨¸É¥³  ±µµ·¤¨´ É, Éµ ± ± ±µ° ¸¨¸É¥³¥ µÉ¸Î¥É 
¸²¥¤Ê¥É µÉ´µ¸¨ÉÓ ¢ÒÎ¨¸²¥´¨Ö, ¶·µ¢¥¤¥´´Ò¥ ¢ �’�?

‚.�.”µ± ¶·¨ · ¸Î¥É¥ £· ¢¨É Í¨µ´´ÒÌ ÔËË¥±Éµ¢ ¶µ²Ó§µ¢ ²¸Ö £ ·³µ´¨Î¥-
¸±¨³¨ Ê¸²µ¢¨Ö³¨ ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì. �´ ´ §Ò¢ ² ¨Ì ±µµ·¤¨´ É´Ò³¨
Ê¸²µ¢¨Ö³¨. ’ ±, ¢ · ¡µÉ¥ 1939 £µ¤  [13] µ´ ¶¨¸ ²: ©�·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨°
�°´ÏÉ¥°´  ³Ò ¶µ²Ó§µ¢ ²¨¸Ó ±µµ·¤¨´ É´µ° ¸¨¸É¥³µ°, ±µÉµ·ÊÕ ³Ò ´ §Ò¢ ²¨
£ ·³µ´¨Î¥¸±µ°, ´µ ±µÉµ· Ö § ¸²Ê¦¨¢ ¥É ´ §¢ ´¨Ö ¨´¥·Í¨ ²Ó´µ°ª. „ ²¥¥ ¢
ÔÉµ° ¦¥ ¸É ÉÓ¥ µ´ µÉ³¥Î ²: ©� ³ ± ¦¥É¸Ö, ÎÉµ ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¤¥´¨Ö ¢ µ¡-
Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ µ¤´µ§´ Î´Ò³ µ¡· §µ³ µ¶·¥¤¥²¥´´µ° ¨´¥·Í¨-
 ²Ó´µ° ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò § ¸²Ê¦¨¢ ¥É ¡ÒÉÓ µÉ³¥Î¥´´µ°ª. ˆ, ´ ±µ´¥Í,
¢ · ¡µÉ¥ [14] µ´ ¶¨¸ ²: ©�·¨´Í¨¶ µÉ´µ¸¨É¥²Ó´µ¸É¨, ¢Ò· ¦ ¥³Ò° ¶·¥µ¡· -
§µ¢ ´¨Ö³¨ ‹µ·¥´Í , ¢µ§³µ¦¥´ ¨ ¢ ´¥µ¤´µ·µ¤´µ³ ¶·µ¸É· ´¸É¢¥, µ¡Ð¨° ¦¥
¶·¨´Í¨¶ µÉ´µ¸¨É¥²Ó´µ¸É¨ ´¥¢µ§³µ¦¥´ª.

‚¸¥ ÔÉ¨ ¢Ò¸± §Ò¢ ´¨Ö ‚.�.”µ±  ¡Ò²¨ ¶·µ¤¨±Éµ¢ ´Ò ¸É·¥³²¥´¨¥³ ¢´¥¸É¨
Ö¸´µ¸ÉÓ ¢ Ë¨§¨Î¥¸±ÊÕ ¸ÊÉÓ �’�, µ¸¢µ¡µ¤¨¢ ¥¥ µÉ ´¥ ¨³¥ÕÐ¥° Ë¨§¨Î¥¸±µ£µ
¸³Ò¸²  µ¡Ð¥° µÉ´µ¸¨É¥²Ó´µ¸É¨. �¤´ ±µ ¶·¨ ÔÉµ³ ‚.�.”µ± Ë ±É¨Î¥¸±¨ ¢Ò-
Ï¥² §  ¶·¥¤¥²Ò �’�. ˆ³¥´´µ ¡² £µ¤ ·Ö É ±µ³Ê ¢ÒÌµ¤Ê µ´ ¨ ¶·¨Ï¥² ±
¶µ· §¨É¥²Ó´µ³Ê ÊÉ¢¥·¦¤¥´¨Õ µ ¸¶· ¢¥¤²¨¢µ¸É¨ ¶·¨´Í¨¶  µÉ´µ¸¨É¥²Ó´µ¸É¨
¢ ´¥µ¤´µ·µ¤´µ³ ¶·µ¸É· ´¸É¢¥. �µ ÎÉµ¡Ò ÔÉµ µ¸ÊÐ¥¸É¢¨ÉÓ, ´¥µ¡Ìµ¤¨³µ ¢¢¥-
¸É¨ ¶·¥¤¸É ¢²¥´¨Ö µ £· ¢¨É Í¨µ´´µ³ ¶µ²¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. ƒ¤¥
¦¥ ‚.�.”µ± ¸µ¢¥·Ï¨² ¢ÒÌµ¤ ¨§ �’�? �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ £ ·³µ´¨Î¥¸±¨Ì
Ê¸²µ¢¨° µ´ ¢¢¥² ¤¥± ·Éµ¢Ò ±µµ·¤¨´ ÉÒ:

∂g̃µν

∂xµ
= 0 , (155)

£¤¥ xµ Å ¤¥± ·Éµ¢Ò ±µµ·¤¨´ ÉÒ.

‚ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì γ(x) = det γµν = −1.

�µÔÉµ³Ê ¸µ£² ¸´µ É¥´§µ·´µ³Ê § ±µ´Ê ¶·¥µ¡· §µ¢ ´¨° ¨³¥¥³

g̃µν(x) =
∂xµ

∂yα
· ∂x

ν

∂yβ
· g̃

αβ(y)√
−γ(y)

. (156)
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‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ (155) ¢ Ëµ·³¥

∂µg̃
µν =

∂yτ

∂xµ
· ∂g̃

µν

∂yτ
. (157)

„²Ö ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨° ¶·¨¢¥¤¥³ Ëµ·³Ê²Ò

∂

∂yτ

(
1√
−γ(y)

)
= − 1√−γ γ

λ
τλ, γ

ν
αβ =

∂2xσ

∂yα∂yβ
· ∂y

ν

∂xσ
. (158)

�µ¸²¥ ¶µ¤¸É ´µ¢±¨ (156) ¢ (157) c ÊÎ¥Éµ³ (158) ¶µ²ÊÎ¨³

∂µg̃
µν(x) =

1√−γ
∂xν

∂yσ
· ∂g̃

ασ

∂yα
+

1√−γ g̃
αβ ∂2xν

∂yα∂yβ
= 0 . (159)

Œ´µ¦¨É¥²Ó ¢Éµ·µ£µ Î²¥´  § ¶¨Ï¥³ ¢ Ëµ·³¥

∂2xν

∂yα∂yβ
=
∂xν

∂yσ
· ∂y

σ

∂xτ
· ∂2xτ

∂yα∂yβ
=
∂xν

∂yσ
· γσαβ .

�µ¤¸É ¢²ÖÖ ÔÉµ ¢Ò· ¦¥´¨¥ ¢ ¶·¥¤Ò¤ÊÐ¥¥, ´ °¤¥³

∂µg̃
µν(x) =

1√−γ ·
∂xν

∂yσ

(
∂g̃ασ

∂yα
+ γσαβ g̃

αβ

)
= 0 ,

É.¥. ¨³¥¥³

∂µg̃
µν(x) =

1√−γ ·
∂xν

∂yσ
Dµg̃

µσ = 0 . (160)

ˆÉ ±, ³Ò Ê¸É ´µ¢¨²¨, ÎÉµ ¶²µÉ´µ¸ÉÓ É¥´§µ·  g̃µσ(y) ¢ ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨-
´ É Ì  ¢Éµ³ É¨Î¥¸±¨ Ê¤µ¢²¥É¢µ·Ö¥É µ¡Ð¥±µ¢ ·¨ ´É´µ³Ê Ê· ¢´¥´¨Õ

Dλg̃
λσ = 0 ,

¥¸²¨ ¨¸Ìµ¤´µ¥ Ê¸²µ¢¨¥ £ ·³µ´¨Î´µ¸É¨ (155) § ¶¨¸ ´µ ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨-
´ É Ì. �µ ÔÉµ µ§´ Î ¥É, ÎÉµ Ê¸²µ¢¨¥ £ ·³µ´¨Î´µ¸É¨ Ö¢²Ö¥É¸Ö ´¥ ±µµ·¤¨´ É-
´Ò³ Ê¸²µ¢¨¥³,   ¶µ²¥¢Ò³ Ê· ¢´¥´¨¥³ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. ’ ±¨³
µ¡· §µ³, ¨¸¶µ²Ó§µ¢ ´¨¥ £ ·³µ´¨Î¥¸±µ£µ Ê¸²µ¢¨Ö ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì
´¥ Ö¢²Ö¥É¸Ö ´¥¢¨´´µ° µ¶¥· Í¨¥°,   ¶·¥¤¶µ² £ ¥É ¢ÒÌµ¤ §  · ³±¨ �’� ¶ÊÉ¥³
¢¢¥¤¥´¨Ö ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ.

�ÒÉ ²¸Ö ²¨ ‚.�.”µ± · ¸¸³ É·¨¢ ÉÓ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¢ ¶·µ¸É· ´¸É¢¥
Œ¨´±µ¢¸±µ£µ? �¥É, µ´ ¡Ò² ¤ ²¥± µÉ ÔÉµ° ³Ò¸²¨ ¨ ¶¨¸ ² µ¡ ÔÉµ³ [13]:©ŒÒ
Ê¶µ³¨´ ¥³ §¤¥¸Ó µ ´¥° Éµ²Ó±µ ¢ ¸¢Ö§¨ ¸ ´ ¡²Õ¤ ¥³Ò³ ¨´µ£¤  ¸É·¥³²¥´¨¥³
(±µÉµ·µ£µ µÉ´Õ¤Ó ´¥ · §¤¥²Ö¥³) Ê²µ¦¨ÉÓ É¥µ·¨Õ ÉÖ£µÉ¥´¨Ö ¢ · ³±¨ ¥¢±²¨-
¤µ¢  ¶·µ¸É· ´¸É¢ ª. Š ± ³Ò ¢¨¤¥²¨, ¨¸¶µ²Ó§µ¢ ´¨¥ £ ·³µ´¨Î¥¸±¨Ì Ê¸²µ¢¨°
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¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì ¢Ò¢µ¤¨É ´ ¸ §  · ³±¨ �’�. �µ ÔÉµ µ§´ Î ¥É,
ÎÉµ ¸¨¸É¥³  Ê· ¢´¥´¨° £· ¢¨É Í¨¨, ±µÉµ·ÊÕ ¨§ÊÎ ² ‚.�.”µ±, µÉ²¨Î ¥É¸Ö µÉ
¸¨¸É¥³Ò Ê· ¢´¥´¨° �’�, É.¥. É¥µ·¨Ö £· ¢¨É Í¨¨ ‚.�.”µ± , µ¸´µ¢ ´´ Ö ´ 
£ ·³µ´¨Î¥¸±¨Ì Ê¸²µ¢¨ÖÌ ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì, ¨ �’� �°´ÏÉ¥°´  Å
ÔÉµ · §²¨Î´Ò¥ É¥µ·¨¨. �µ¤Ìµ¤ ‚.�.”µ±  µ± § ²¸Ö ¡²¨¦¥ ± ¶·¥¤¸É ¢²¥´¨Ö³
�’ƒ. ‚¸¥ Éµ, ÎÉµ ‚.�.”µ± ¸É·¥³¨²¸Ö ¢´¥¸É¨ ¢ É¥µ·¨Õ £· ¢¨É Í¨¨ (¨´¥·Í¨ ²Ó-
´Ò¥ ¸¨¸É¥³Ò, Ê¸±µ·¥´¨¥ µÉ´µ¸¨É¥²Ó´µ ¶·µ¸É· ´¸É¢ ) ¶µ²´µ¸ÉÓÕ ¸µ¤¥·¦¨É¸Ö
¢ �’ƒ, ´µ ¢ ¶µ¸²¥¤´¥° ÔÉµ ¤µ¸É¨£ ¥É¸Ö ¶ÊÉ¥³ · ¸¸³µÉ·¥´¨Ö £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö, ± ± ¨ ¢¸¥Ì ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶µ²¥° ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. �·¨
ÔÉµ³ ¢¸¥ £¥µ³¥É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  Ê¦¥ Ö¢²Ö-
ÕÉ¸Ö ¶µ²¥¢Ò³¨ ¢¥²¨Î¨´ ³¨ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ.

�·¨  ´ ²¨§¥ £· ¢¨É Í¨µ´´ÒÌ ÔËË¥±Éµ¢ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥ ‚.�.”µ±
Ë ±É¨Î¥¸±¨ ¶µ²Ó§µ¢ ²¸Ö ¶·µ¸É· ´¸É¢µ³ Œ¨´±µ¢¸±µ£µ, ¶µ¸±µ²Ó±Ê ¢¸¥ ¢ÒÎ¨-
¸²¥´´Ò¥ £· ¢¨É Í¨µ´´Ò¥ ÔËË¥±ÉÒ µ´ µÉ´µ¸¨² ± ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µ-
µ·¤¨´ É. ˆ³¥´´µ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¨ ¶µ§¢µ²¨²µ ¥³Ê ¶µ²ÊÎ¨ÉÓ ¶· ¢¨²Ó´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö ÔËË¥±Éµ¢. ’ ±, ´ ¶·¨³¥·, µ´ ¶¨¸ ² [14]: ©Š ± ¸²¥¤Ê¥É µ¶·¥-
¤¥²ÖÉÓ ¶·Ö³ÊÕ: ± ± ²ÊÎ ¸¢¥É  ¨²¨ ± ± ¶·Ö³ÊÕ ¢ Éµ³ ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´-
¸É¢¥, ¢ ±µÉµ·µ³ ¤¥± ·Éµ¢Ò³¨ ±µµ·¤¨´ É ³¨ ¸²Ê¦ É £ ·³µ´¨Î¥¸±¨¥ ±µµ·-
¤¨´ ÉÒ x1, x2, x3? � ³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´µ ¶· ¢¨²Ó´Ò³ ¢Éµ·µ¥
µ¶·¥¤¥²¥´¨¥. ” ±É¨Î¥¸±¨ ³Ò ¨³ ¨ ¶µ²Ó§µ¢ ²¨¸Ó, ±µ£¤  £µ¢µ·¨²¨ µ Éµ³, ÎÉµ
²ÊÎ ¸¢¥É  ¢¡²¨§¨ ‘µ²´Í  ¨³¥¥É Ëµ·³Ê £¨¶¥·¡µ²Òª, ¨ ¤ ²¥¥ ¶µ ¶µ¢µ¤Ê ©¸µ-
µ¡· ¦¥´¨Ö, ÎÉµ ¶·Ö³ Ö, ± ± ²ÊÎ ¸¢¥É , ¡µ²¥¥ ´¥¶µ¸·¥¤¸É¢¥´´µ ´ ¡²Õ¤ ¥³ ,
Éµ µ´µ ´¥ ¨³¥¥É ´¨± ±µ£µ §´ Î¥´¨Ö: ¢ µ¶·¥¤¥²¥´¨ÖÌ ·¥Ï ÕÐ¨³ Ö¢²Ö¥É¸Ö ´¥
´¥¶µ¸·¥¤¸É¢¥´´ Ö ´ ¡²Õ¤ ¥³µ¸ÉÓ,   ¸µµÉ¢¥É¸É¢¨¥ ¶·¨·µ¤¥, ÌµÉÖ ¡Ò ÔÉµ
¸µµÉ¢¥É¸É¢¨¥ ¨ Ê¸É ´ ¢²¨¢ ²µ¸Ó ¶ÊÉ¥³ ±µ¸¢¥´´ÒÌ Ê³µ§ ±²ÕÎ¥´¨°ª.

�·¨ ¢ÒÎ¨¸²¥´¨¨ ¢ �’� ÔËË¥±Éµ¢ £· ¢¨É Í¨¨ (´ ¶·¨³¥·: µÉ±²µ´¥´¨¥
²ÊÎ  ¸¢¥É , ¢·¥³¥´´µ¥ § ¶ §¤Ò¢ ´¨¥ · ¤¨µ¸¨£´ ² ) ´¥µ¡Ìµ¤¨³µ ¸· ¢´¨¢ ÉÓ
¤¢¨¦¥´¨¥ ¸¢¥É  ¨ · ¤¨µ¸¨£´ ²  ¶µ £¥µ¤¥§¨Î¥¸±µ° ²¨´¨¨ ·¨³ ´µ¢  ¶·µ¸É· ´-
¸É¢  ¸ ¨Ì ¤¢¨¦¥´¨¥³ ¢ µÉ¸ÊÉ¸É¢¨¥ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ˆ³¥´´µ É ± ¨ ¤µ²-
¦¥´ µ¶·¥¤¥²ÖÉÓ¸Ö £· ¢¨É Í¨µ´´Ò° ÔËË¥±É. �µ É ± ± ± ¢ �’� ´¥²Ó§Ö ¸± § ÉÓ,
¢ ± ±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É (¨´¥·Í¨ ²Ó´µ° ¨²¨ ´¥¨´¥·Í¨ ²Ó´µ°) ³Ò µ± § ²¨¸Ó
¶·¨ ¢Ò±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, Éµ É ±µ¥ ¸· ¢´¥´¨¥ ¢ ¶·¨´Í¨¶¥ ´¥µ¤-
´µ§´ Î´µ [15]. ‚.�.”µ± ÔÉÊ É·Ê¤´µ¸ÉÓ ¶·¥µ¤µ²¥² ¸ ¶µ³µÐÓÕ £ ·³µ´¨Î¥¸±¨Ì
Ê¸²µ¢¨° ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì. �µ ¨³¥´´µ ÔÉµ ¨ ¢Ò¢¥²µ ¥£µ §  ¶·¥¤¥²Ò
�’�.

‚ �’ƒ £· ¢¨É Í¨µ´´Ò¥ ÔËË¥±ÉÒ µ¶·¥¤¥²ÖÕÉ¸Ö µ¤´µ§´ Î´µ, ¶µ¸±µ²Ó±Ê ¸µ-
£² ¸´µ Ê· ¢´¥´¨Ö³ (93) ¨ (94), § ¶¨¸ ´´Ò³ ¢ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¨´¥·-
Í¨ ²Ó´µ° ¸¨¸É¥³Ò, ¤¢¨¦¥´¨¥ ¸¢¥É  ¨²¨ ¶·µ¡´µ£µ É¥²  ¶·¨ ¢Ò±²ÕÎ¥´¨¨ £· -
¢¨É Í¨µ´´µ£µ ¶µ²Ö ¤¥°¸É¢¨É¥²Ó´µ ¶·µ¨¸Ìµ¤¨É ¶µ ¶·Ö³µ° ²¨´¨¨, Ö¢²ÖÕÐ¥°¸Ö
£¥µ¤¥§¨Î¥¸±µ° ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. ‘µ¢¥·Ï¥´´µ µÎ¥¢¨¤´µ, ÎÉµ ¢ ´¥-
¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É £¥µ¤¥§¨Î¥¸± Ö ²¨´¨Ö ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´-
±µ¢¸±µ£µ Ê¦¥ ´¥ ¡Ê¤¥É ¶·Ö³µ° ²¨´¨¥°. �µ ÔÉµ µ§´ Î ¥É, ÎÉµ ¢ �’ƒ ¢ ´¥-
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¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¤²Ö ´ Ìµ¦¤¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ÔËË¥±É 
¤¢¨¦¥´¨¥ ¢ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ ´¥µ¡Ìµ¤¨³µ ¸· ¢´¨¢ ÉÓ
¨³¥´´µ ¸ ÔÉ¨³ ¤¢¨¦¥´¨¥³.

�·¨ ¢ÒÎ¨¸²¥´¨¨ ÔËË¥±Éµ¢ £· ¢¨É Í¨¨ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥, ±µ£¤  ¢²¨-
Ö´¨¥³ ³ ¸¸Ò £· ¢¨Éµ´  ³µ¦´µ ¶·¥´¥¡·¥ÎÓ, ¸¨¸É¥³  Ê· ¢´¥´¨° (93) ¨ (94)
�’ƒ ¢ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¸µ¢¶ ¤ ¥É ¸ ¸¨¸É¥³µ° Ê· ¢´¥´¨°, ±µÉµ·ÊÕ
·¥Ï ² ‚.�.”µ±. �µÔÉµ³Ê ¶µ¸É´ÓÕÉµ´µ¢¸±µ¥ ¶·¨¡²¨¦¥´¨¥ (151) ¢ �’ƒ ¸µ-
¢¶ ¤ ¥É ¸  ´ ²µ£¨Î´Ò³ ¶·¨¡²¨¦¥´¨¥³ ¢ É¥µ·¨¨ £· ¢¨É Í¨¨ ‚.�.”µ± . Š ±
³Ò Ê¦¥ µÉ³¥Î ²¨ · ´¥¥, £ ·³µ´¨Î¥¸±¨¥ Ê¸²µ¢¨Ö ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì,
±µÉµ·Ò¥ ¸ Ê¸¶¥Ìµ³ ¨¸¶µ²Ó§µ¢ ² ‚.�.”µ±, ¢Ò¢¥²¨ ¥£µ §  · ³±¨ �’� �°´-
ÏÉ¥°´ . �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¢ ¸¢µ¥ ¢·¥³Ö µÉ³¥Î ² ‹.ˆ´Ë¥²Ó¤, ±µÉµ·Ò° ¢
1957 £µ¤Ê ¶¨¸ ²:©’¥³ ¸ ³Ò³ ¤²Ö ”µ±  ¢Ò¡µ· £ ·³µ´¨Î¥¸±µ£µ ±µµ·¤¨´ É´µ£µ
Ê¸²µ¢¨Ö ¸É ´µ¢¨É¸Ö ´¥±µÉµ·Ò³ ËÊ´¤ ³¥´É ²Ó´Ò³ § ±µ´µ³ ¶·¨·µ¤Ò, ¨§³¥-
´ÖÕÐ¨³ ¸ ³ Ì · ±É¥· Ô°´ÏÉ¥°´µ¢¸±µ° µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¨
¶·¥¢· Ð ÕÐ¨³ ¥¥ ¢ É¥µ·¨Õ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ¸¶· ¢¥¤²¨¢ÊÕ Éµ²Ó±µ
¢ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì ±µµ·¤¨´ Éª. �¤´ ±µ ¢ �’� ¨ ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö
£ ·³µ´¨Î¥¸±¨Ì Ê¸²µ¢¨° ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì, É¥³ ´¥ ³¥´¥¥, É ±¦¥ ¶µ²Ê-
Î ÕÉ  ´ ²µ£¨Î´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶µ¸É´ÓÕÉµ´µ¢¸±µ£µ ¶·¨¡²¨¦¥´¨Ö. ‚ Î¥³ ¦¥
¤¥²µ? �·¨Î¨´  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ µ¶ÖÉÓ ¢¢µ¤¨É¸Ö ¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ
¢ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì ¨ Ë ±É¨Î¥¸±¨ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ · ¸¸³ É·¨¢ -
¥É¸Ö ± ± Ë¨§¨Î¥¸±µ¥ ¶µ²¥ ¢ ÔÉµ³ ¶·µ¸É· ´¸É¢¥.

‚ ± Î¥¸É¢¥ ´Ê²¥¢µ£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ·¨³ ´µ¢µ° ³¥É·¨±¨ ¡¥·¥É¸Ö ³¥-
É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¢ £ ²¨²¥¥¢ÒÌ ±µµ·¤¨´ É Ì. Š ´¥° ¤µ¡ ¢²Ö-
ÕÉ¸Ö · §²¨Î´Ò¥ ¶µÉ¥´Í¨ ²Ò ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¶µ¸É´ÓÕÉµ´µ¢¸±¨³¨ ¶ · ³¥-
É· ³¨, ± ¦¤Ò° ¨§ ±µÉµ·ÒÌ Ê¡Ò¢ ¥É ± ± 0(1

r ). ˆ³¥´´µ ¢ ÔÉµ³ ¶Ê´±É¥ £· ¢¨É -
Í¨Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± Ë¨§¨Î¥¸±µ¥ ¶µ²¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ, ¶µ-
¢¥¤¥´¨¥ ±µÉµ·µ£µ µ¶¨¸Ò¢ ¥É¸Ö ¢¢¥¤¥´´Ò³¨ £· ¢¨É Í¨µ´´Ò³¨ ¶µÉ¥´Í¨ ² ³¨.
’ ±µ¥ É·¥¡µ¢ ´¨¥ ± Ì · ±É¥·Ê ¶µ¢¥¤¥´¨Ö ³¥É·¨±¨ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ´¥
¸²¥¤Ê¥É ¨§ �’�, ¶µ¸±µ²Ó±Ê ¢ µ¡Ð¥³ ¸²ÊÎ ¥  ¸¨³¶ÉµÉ¨±  ³¥É·¨±¨ ¢¥¸Ó³  ¶·µ-
¨§¢µ²Ó´  ¨ ¤ ¦¥ § ¢¨¸¨É µÉ ¢Ò¡µ·  É·¥Ì³¥·´ÒÌ ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µµ·¤¨´ É.

�µ¤¸É ¢²ÖÖ ·¨³ ´µ¢Ê ³¥É·¨±Ê gµν ¢ É ±µ³ ¢¨¤¥ ¢ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å
�°´ÏÉ¥°´ , ³Ò ³µ¦¥³ µ¶·¥¤¥²¨ÉÓ §´ Î¥´¨¥ ¶µ¸É´ÓÕÉµ´µ¢¸±¨Ì ¶ · ³¥É·µ¢
¨ µ¶ÖÉÓ ¶·¨¤¥³ ± Éµ³Ê ¦¥ ¶µ¸É´ÓÕÉµ´µ¢¸±µ³Ê ¶·¨¡²¨¦¥´¨Õ. �·¨ ÔÉµ³
¸²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¸ ³¨ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  ´¥ µ¶·¥¤¥²ÖÕÉ
¶µ¸É´ÓÕÉµ´µ¢¸±µ¥ ¶·¨¡²¨¦¥´¨¥ ± ± ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨°.

�·¨Î¨´  ´¥µ¤´µ§´ Î´µ¸É¨ ·¥Ï¥´¨Ö ¢ �’� ¸¢Ö§ ´  ¸ Ëµ·³¨´¢ ·¨ ´É´µ-
¸ÉÓÕ Ê· ¢´¥´¨° ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  µÉ´µ¸¨É¥²Ó´µ ±µµ·¤¨´ É´ÒÌ ¶·¥-
µ¡· §µ¢ ´¨°; ÔÉµ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¢ µ¤´µ° ¨ Éµ° ¦¥ ±µµ·¤¨´ Í¨¨ ¤²Ö
³¥É·¨±¨ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  gµν ¸ÊÐ¥¸É¢Ê¥É ´¥µ£· ´¨Î¥´´µ¥ Î¨¸²µ ·¥Ï¥-
´¨°. �¡ ÔÉµ³ ³´µ¦¥¸É¢¥ ·¥Ï¥´¨° �.�°´ÏÉ¥°´ ¢ 1914 £µ¤Ê ¶¨¸ ² É ±: ©ŒÒ
· ¸¸³µÉ·¨³ ´¥±µÉµ·ÊÕ ±µ´¥Î´ÊÕ Î ¸ÉÓ Σ ¶·µ¸É· ´¸É¢ , ¢ ±µÉµ·µ° ´¥ ¶·µ-
¨¸Ìµ¤ÖÉ ± ±¨¥-²¨¡µ ³ É¥·¨ ²Ó´Ò¥ ¶·µÍ¥¸¸Ò. ’µ£¤  Ë¨§¨Î¥¸±¨¥ ¸µ¡ÒÉ¨Ö ¢
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µ¡² ¸É¨ Σ ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ¸Ö, ¥¸²¨ ¶µ µÉ´µÏ¥´¨Õ ± ¨¸¶µ²Ó§Ê¥³µ°
¤²Ö µ¶¨¸ ´¨Ö ±µµ·¤¨´ É´µ° ¸¨¸É¥³¥ K § ¤ ´Ò ¢¥²¨Î¨´Ò gµν , ± ± ËÊ´±Í¨¨
±µµ·¤¨´ É xν . ‘µ¢µ±Ê¶´µ¸ÉÓ ÔÉ¨Ì ËÊ´±Í¨° ¡Ê¤¥³ ¸¨³¢µ²¨Î¥¸±¨ µ¡µ§´ Î ÉÓ
Î¥·¥§ G(x).

‚¢¥¤¥³ ´µ¢ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É K ′, ¸µ¢¶ ¤ ÕÐÊÕ ¸ ¸¨¸É¥³µ° K ¢´¥
µ¡² ¸É¨ Σ, ´µ µÉ²¨Î´ÊÕ µÉ K ¢´ÊÉ·¨ Σ, É ±ÊÕ, ÎÉµ µÉ´µ¸¨É¥²Ó´µ ÔÉµ°
¸¨¸É¥³Ò K ′ ¢¥²¨Î¨´Ò g′µν , ± ± ¨ gµν (¢³¥¸É¥ ¸ ¨Ì ¶·µ¨§¢µ¤´Ò³¨), ¢¸Õ¤Ê
´¥¶·¥·Ò¢´Ò. ‘µ¢µ±Ê¶´µ¸ÉÓ g′µν µ¡µ§´ Î¨³ ¸¨³¢µ²¨Î¥¸±¨ Î¥·¥§ G′(x′). ‚¥²¨-
Î¨´Ò G′(x′) ¨ G(x) µ¶¨¸Ò¢ ÕÉ ¸ ³µ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥. ‚Ò· §¨³ ¢Ìµ¤Ö-
Ð¨¥ ¢ g′µν ±µµ·¤¨´ ÉÒ x′ν Î¥·¥§ ±µµ·¤¨´ ÉÒ xν , É.¥. µ¡· §Ê¥³ G′(x), Éµ£¤ 
G′(x) · ¢´Ò³ µ¡· §µ³ ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ µÉ´µ¸¨É¥²Ó´µ
¸¨¸É¥³Ò K , ±µÉµ·µ¥, µ¤´ ±µ, ´¥ ¸µ¢¶ ¤ ¥É ¸ ¨³¥ÕÐ¨³¸Ö (¨²¨ ¸¶¥Í¨ ²Ó´µ
§ ¤ ´´Ò³) £· ¢¨É Í¨µ´´Ò³ ¶µ²¥³.

�·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö µ¡Ð¥±µ¢ ·¨ ´É´Ò; Éµ£¤  ¨Ì ·¥Ï¥´¨¥³ ¡Ê¤ÊÉ G′(x′) (¢ ¸¨¸É¥³¥
K ′), ¥¸²¨ ¢ ¸¨¸É¥³¥ K ·¥Ï¥´¨¥ ¸ÊÉÓ G(x). ’µ£¤  ÔÉ¨ Ê· ¢´¥´¨Ö Ê¤µ¢²¥-
É¢µ·ÖÕÉ¸Ö ¢ ¸¨¸É¥³¥ K É ±¦¥ ¨ ËÊ´±Í¨Ö³¨ G′(x). ’ ±¨³ µ¡· §µ³, µÉ´µ-
¸¨É¥²Ó´µ ¸¨¸É¥³Ò K ¸ÊÐ¥¸É¢ÊÕÉ µÉ²¨Î´Ò¥ ¤·Ê£ µÉ ¤·Ê£  ·¥Ï¥´¨Ö G(x)
¨ G′(x), ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ´  £· ´¨Í¥ µ¡² ¸É¨ µ¡  ·¥Ï¥´¨Ö ¸µ¢¶ ¤ ÕÉ,
É.¥. ¤ ² Ö µ ¡ Ð ¥ ± µ ¢   · ¨   ´ É ´ Ò Ì ¤ ¨ Ë Ë ¥ · ¥ ´ Í ¨   ² Ó -
´ Ò Ì Ê ·   ¢ ´ ¥ ´ ¨ ° £ ·   ¢ ¨ É   Í ¨ µ ´ ´ µ £ µ ¶ µ ² Ö ¶ µ ¸ ² ¥ ¤ µ-
¢   É ¥ ² Ó ´ µ ¸ É Ó ¸ µ ¡ Ò É ¨ ° ³ µ ¦ ¥ É ¡ Ò É Ó ´ ¥ µ ¤ ´ µ § ´   Î-
´ µ °. …¸²¨ ³Ò ¶µÉ·¥¡Ê¥³, ÎÉµ¡Ò · §¢¨É¨¥ ¸µ¡ÒÉ¨° ¢ £· ¢¨É Í¨µ´´µ³ ¶µ²¥
¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²Ö²µ¸Ó Ê¸É ´ ¢²¨¢ ¥³Ò³¨ § ±µ´ ³¨, Éµ ´¥µ¡Ìµ¤¨³µ µ£· -
´¨Î¨ÉÓ ¢Ò¡µ· ±µµ·¤¨´ É´ÒÌ ¸¨¸É¥³ É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¡Ò²µ ´¥¢µ§³µ¦´µ
¢¢¥¸É¨ ´µ¢ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É K ′ µ¶¨¸ ´´µ£µ ¢ÒÏ¥ ¢¨¤  ¡¥§ Éµ£µ, ÎÉµ¡Ò
´¥ ´ ·ÊÏ¨ÉÓ ¢¢¥¤¥´´µ£µ µ£· ´¨Î¥´¨Ö. �·µ¤µ²¦¥´¨¥ ±µµ·¤¨´ É´µ° ¸¨¸É¥³Ò
¢´ÊÉ·Ó ´¥±µÉµ·µ° µ¡² ¸É¨ Σ ´¥ ³µ¦¥É ¡ÒÉÓ ¶·µ¨§¢µ²Ó´Ò³ª.

„²Ö Éµ£µ ÎÉµ¡Ò ¶µ´ÖÉÓ ¢Ò¢µ¤, ±µÉµ·Ò° �.�°´ÏÉ¥°´ ¸¤¥² ² ¢ ±µ´Í¥ ¶·¨-
¢¥¤¥´´µ£µ ¢ÒÏ¥ É¥±¸É , ³Ò µ¡· É¨³¸Ö ± Ô²¥±É·µ¤¨´ ³¨±¥. �Ê¸ÉÓ ¢ ´¥±µÉµ·µ°
¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ (£ ²¨²¥¥¢Ò ±µµ·¤¨´ ÉÒ) ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ¨³¥¥É ¢¨¤
Fµν(x) ¶·¨ Éµ±¥ jµ(x). …¸²¨ ³Ò ¶¥·¥°¤¥³ ± ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³¥ ±µµ·-
¤¨´ É, Éµ ¢ ¸¨²Ê µ¡Ð¥° ±µ¢ ·¨ ´É´µ¸É¨ ·¥Ï¥´¨¥ F ′µν(x

′) Ê· ¢´¥´¨° Œ ±¸-
¢¥²²  ¢ ´µ¢ÒÌ ±µµ·¤¨´ É Ì ¡Ê¤¥É ¸µµÉ¢¥É¸É¢µ¢ ÉÓ Éµ±Ê j′µ(x′). ‡ ³¥É¨³,
ÎÉµ F ′µν(x) ´¥ ¡Ê¤¥É Ê¤µ¢²¥É¢µ·ÖÉÓ Ê· ¢´¥´¨Õ Œ ±¸¢¥²²  ¢ ¸É ·ÒÌ ±µµ·¤¨-
´ É Ì ¶·¨ Éµ±¥ j′µ(x), ¶µ¸±µ²Ó±Ê Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ´¥Ëµ·³¨´¢ ·¨ ´É´Ò
¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ. “· ¢´¥´¨Ö Œ ±¸¢¥²² 
Ëµ·³¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ²µ·¥´Í¥¢ÒÌ ¶·¥µ¡· §µ¢ ´¨°,   ¶µÔÉµ³Ê ¢ ´µ-
¢ÒÌ ²µ·¥´Í¥¢ÒÌ ±µµ·¤¨´ É Ì x′ ·¥Ï¥´¨¥ F ′µν(x

′) ¸µµÉ¢¥É¸É¢Ê¥É Éµ±Ê j′µ(x′),
  ¸²¥¤µ¢ É¥²Ó´µ, ¢ ¸É ·ÒÌ ±µµ·¤¨´ É Ì ·¥Ï¥´¨¥ F ′µν(x) ¸µµÉ¢¥É¸É¢Ê¥É Éµ±Ê
j′µ(x). ŒÒ ¢¨¤¨³, ÎÉµ ¢ Ô²¥±É·µ¤¨´ ³¨±¥ ¶µ²¥ F ′µν(x) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³
Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¢ ¸É ·ÒÌ ±µµ·¤¨´ É Ì x, ´µ ´¥ ¶·¨ Éµ±¥ jµ(x),   ¶·¨
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Éµ±¥ j′µ(x). ‚ �’� ¢ ¸¨²Ê Ëµ·³¨´¢ ·¨ ´É´µ¸É¨ Ê· ¢´¥´¨° ƒ¨²Ó¡¥·É  Å
�°´ÏÉ¥°´  µÉ´µ¸¨É¥²Ó´µ ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É´ÒÌ ¶·¥µ¡· §µ¢ ´¨° G(x)
¨ G′(x) Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ ¶·¨ µ¤´µ³ ¨ Éµ³ ¦¥ É¥´§µ·¥ ¢¥Ð¥¸É¢  Tµν(x).
„¥² Ö ¸¢µ° ¢Ò¢µ¤, �.�°´ÏÉ¥°´, ¶µ-¢¨¤¨³µ³Ê, ¨´ÉÊ¨É¨¢´µ ¶·¥¤¸É ¢²Ö² £· ¢¨-
É Í¨Õ ± ± ¶µ²¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. �¤´ ±µ, ¶µ¸±µ²Ó±Ê µ´ ¸µÌ· ´¨²
Éµ²Ó±µ ·¨³ ´µ¢µ ¶·µ¸É· ´¸É¢µ, ÔÉ  ³Ò¸²Ó ´¥ ¶µ²ÊÎ¨²  · §¢¨É¨Ö ¢ ¥£µ · ¡µÉ Ì.

‚ �’� £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¥¸ÉÓ É¥´§µ· �¨³ ´ . ƒ¥µ³¥É·¨Ö ·¨³ ´µ¢ 
¶·µ¸É· ´¸É¢  µ¶¨¸Ò¢ ¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  ¢
¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É Ì. �·¨ ¢Ò±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö É¥´-
§µ· �¨³ ´  µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó,   £¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¸É ´µ-
¢¨É¸Ö ¶¸¥¢¤µ¥¢±²¨¤µ¢µ°, µ¤´ ±µ ¢ ± ±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É (¨´¥·Í¨ ²Ó´µ°
¨²¨ Ê¸±µ·¥´´µ°) ³Ò ¶·¨ ÔÉµ³ µ± § ²¨¸Ó, ¸± § ÉÓ ´¥²Ó§Ö. �µ ± ± ¦¥ Éµ£¤ 
¢Ò¶µ²´¨ÉÓ ¶·¨´Í¨¶ ¸µµÉ¢¥É¸É¢¨Ö? ‚ �’ƒ £· ¢¨É Í¨µ´´Ò¥ Ê· ¢´¥´¨Ö (76) ¨
(77) µ¡Ð¥±µ¢ ·¨ ´É´Ò, ´µ ´¥Ëµ·³¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ¶·µ¨§¢µ²Ó´ÒÌ
¶·¥µ¡· §µ¢ ´¨°. �´¨ Ëµ·³¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ²µ·¥´Í¥¢ÒÌ ¶·¥µ¡· -
§µ¢ ´¨°. �µ ÔÉµ µ§´ Î ¥É, ÎÉµ ¥¸²¨ ¢ ²µ·¥´Í¥¢ÒÌ ±µµ·¤¨´ É Ì ¨³¥¥É ³¥¸Éµ
·¥Ï¥´¨¥ G(x) ¶·¨ É¥´§µ·¥ ¢¥Ð¥¸É¢  Tµν(x), Éµ ¢ ´µ¢ÒÌ ²µ·¥´Í¥¢ÒÌ ±µ-
µ·¤¨´ É Ì x′ ¨³¥¥É ³¥¸Éµ ·¥Ï¥´¨¥ G′(x′) ¶·¨ É¥´§µ·¥ ¢¥Ð¥¸É¢  T ′µν(x

′),  
¸²¥¤µ¢ É¥²Ó´µ, ¢ ±µµ·¤¨´ É Ì x ·¥Ï¥´¨¥ G′(x) ¢µ§³µ¦´µ Éµ²Ó±µ ¶·¨ É¥´§µ·¥
¢¥Ð¥¸É¢  T ′µν(x).

’ ±¨³ µ¡· §µ³, ¢ �’ƒ ·¥ ²¨§Ê¥É¸Ö ¢¸e Éµ, µ Î¥³ ¶¨¸ ² �.�°´ÏÉ¥°´, ´µ
¶·¨ ÔÉµ³ ´¥ É·¥¡Ê¥É¸Ö µÉ± §Ò¢ ÉÓ¸Ö µÉ µ¡Ð¥° ±µ¢ ·¨ ´É´µ¸É¨ É¥µ·¨¨. �µ
¶µ²ÊÎ¥´µ ¢¸e ÔÉµ, ¨¸Ìµ¤Ö ¨§ ¶·¥¤¸É ¢²¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ± ± Ë¨-
§¨Î¥¸±µ£µ ¶µ²Ö ¸µ ¸¶¨´ ³¨ 2 ¨ 0 ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. �¨³ ´µ¢µ
¶·µ¸É· ´¸É¢µ ¢µ§´¨± ¥É ± ± ÔËË¥±É¨¢´µ¥ ¶·µ¸É· ´¸É¢µ, µ¡Ö§ ´´µ¥ ´ ²¨Î¨Õ
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‚ �’ƒ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¢§ ¨³´µ µ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É-
¸É¢¨¥ ³¥¦¤Ê ·¨³ ´µ¢µ° ³¥É·¨±µ° ¨ ³¥É·¨±µ° Œ¨´±µ¢¸±µ£µ, ÎÉµ ¨ ¶µ§¢µ²Ö¥É
¶·¨ ¢ÒÎ¨¸²¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ÔËË¥±É  ¸· ¢´¨ÉÓ ¤¢¨¦¥´¨¥ ¶µ¤ ¤¥°¸É¢¨¥³
£· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¸ ¤¢¨¦¥´¨¥³ ¶·¨ ¥£µ µÉ¸ÊÉ¸É¢¨¨. �·¨ ¢Ò±²ÕÎ¥´¨¨ £· -
¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ �’ƒ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó É¥´§µ· �¨³ ´  ¨ µ¤´µ¢·¥³¥´´µ
¸µ¢¥·Ï ¥É¸Ö ¶¥·¥Ìµ¤ µÉ ·¨³ ´µ¢µ° ³¥É·¨±¨ ± ³¥É·¨±¥ Œ¨´±µ¢¸±µ£µ, · ´¥¥
¢Ò¡· ´´µ° ¶·¨ ¶µ¸É ´µ¢±¥ Ë¨§¨Î¥¸±µ° § ¤ Î¨. �Éµ ¨ µ¡¥¸¶¥Î¨¢ ¥É ¢ �’ƒ
¢Ò¶µ²´¨³µ¸ÉÓ ¶·¨´Í¨¶  ¸µµÉ¢¥É¸É¢¨Ö.

„²Ö ¢ÒÎ¨¸²¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ÔËË¥±É  ´¥µ¡Ìµ¤¨³µ ¸· ¢´¨ÉÓ ¤¢¨¦¥-
´¨¥ ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸ ¤¢¨¦¥´¨¥³ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö. ˆ³¥´´µ É ± µ¶·¥¤¥²Ö¥É¸Ö £· ¢¨É Í¨µ´´Ò° ÔËË¥±É. …¸²¨ ¸µµÉ´µ¸¨ÉÓ
¸µ¢µ±Ê¶´µ¸ÉÓ ·¥Ï¥´¨° ¤²Ö gµν ± ± ±µ°-Éµ µ¤´µ° ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ±µ-
µ·¤¨´ É, Éµ ¸µ¢¥·Ï¥´´µ µÎ¥¢¨¤´µ, ÎÉµ ³Ò ¶µ²ÊÎ¨³ ³´µ¦¥¸É¢µ · §²¨Î´ÒÌ
§´ Î¥´¨° ¤²Ö £· ¢¨É Í¨µ´´µ£µ ÔËË¥±É . Š ±µ¥ ¨§ ´¨Ì ¢Ò¡· ÉÓ? �µ¸±µ²Ó±Ê ¢
Ê· ¢´¥´¨ÖÌ ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  µÉ¸ÊÉ¸É¢Ê¥É ³¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´-
±µ¢¸±µ£µ, Éµ ´¥¢µ§³µ¦´µ ¸µ¡²Õ¸É¨ ¶·¨´Í¨¶ ¸µµÉ¢¥É¸É¢¨Ö, ¶µ¸±µ²Ó±Ê ´¥²Ó§Ö
µ¶·¥¤¥²¨ÉÓ, ¢ ± ±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ³Ò ´ Ìµ¤¨³¸Ö (¨´¥·Í¨ ²Ó´µ° ¨²¨
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´¥¨´¥·Í¨ ²Ó´µ°) ¶·¨ ¢Ò±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ’ ±¨³ µ¡· §µ³, ¢
�’� ´¥²Ó§Ö µ¤´µ§´ Î´µ ´ °É¨ ¶µ¸É´ÓÕÉµ´µ¢¸±µ¥ ¶·¨¡²¨¦¥´¨¥,   ¸²¥¤µ¢ -
É¥²Ó´µ, ´¥²Ó§Ö ¨ µ¶¨¸ ÉÓ ¨§¢¥¸É´Ò¥ £· ¢¨É Í¨µ´´Ò¥ ÔËË¥±ÉÒ ¢ ‘µ²´¥Î´µ°
¸¨¸É¥³¥. ‚ �’� ÔÉµ ¤µ¸É¨£ ¥É¸Ö Éµ²Ó±µ ¶ÊÉ¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶·¥¤¶µ²µ¦¥-
´¨°, ¢ÒÌµ¤ÖÐ¨Ì §  ¶·¥¤¥²Ò ÔÉµ° É¥µ·¨¨.

‚ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ´¥µ¤´µ§´ Î´µ¸É¨ ¶·¥¤¸± § ´¨° �’� · ¸¸³µÉ·¨³
§ ¤ ÎÊ µ¡ µ¶·¥¤¥²¥´¨¨ ¢·¥³¥´¨ § ¶ §¤Ò¢ ´¨Ö · ¤¨µ¸¨£´ ²  ¨§-§  ¤¥°¸É¢¨Ö
‘µ²´Í , ¶·¨ · ¸¶·µ¸É· ´¥´¨¨ ¥£µ µÉ ‡¥³²¨ ¤µ Œ¥·±Ê·¨Ö ¨ µ¡· É´µ. „²Ö
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¸É É¨Î¥¸±µ£µ É¥²  ¢ µ¤´µ° ¨ Éµ° ¦¥ ±µµ·¤¨´ Í¨¨
Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´  ¨³¥ÕÉ ³´µ¦¥¸É¢µ ·¥Ï¥´¨°, ¨ ¸·¥¤¨ ´¨Ì
Ï¢ ·ÍÏ¨²Ó¤µ¢¸±µ¥

ds2
1 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2dΩ2 (161)

¨ £ ·³µ´¨Î¥¸±µ¥

ds2
2 =

r −M
r +M

dt2 − r +M

r −M dr2 − (r +M)2dΩ2 . (162)

�Ê¸ÉÓ re ¨ rp Å · ¸¸ÉµÖ´¨Ö µÉ ÉµÎ¥± ¨¸¶Ê¸± ´¨Ö ¨ µÉ· ¦¥´¨Ö · ¤¨µ¸¨£-
´ ²  ¤µ Í¥´É·  ¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö (‘µ²´Í¥); R Å · ¸¸ÉµÖ´¨¥
³¥¦¤Ê ÉµÎ± ³¨ e ¨ p. „²Ö µ¶·¥¤¥²¥´¨Ö £· ¢¨É Í¨µ´´µ£µ ÔËË¥±É  ´¥µ¡Ìµ-
¤¨³µ ¸· ¢´¨ÉÓ ¤¢¨¦¥´¨¥ ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸ ¤¢¨¦¥´¨¥³ ¶µ ¶·Ö³µ°
²¨´¨¨ ¢ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥. ’ ±¨³ ¶ÊÉ¥³ ³Ò ¶µ²ÊÎ¨³ ¢·¥³Ö § ¶ §¤Ò¢ ´¨Ö
· ¤¨µ¸¨£´ ²  ¤²Ö ·¥Ï¥´¨Ö ˜¢ ·ÍÏ¨²Ó¤ 

∆t1 = 2GM ln
re + rp +R

re + rp −R
− 2GM (163)

¨ ¤²Ö £ ·³µ´¨Î¥¸±µ£µ ·¥Ï¥´¨Ö

∆t2 = 2GM ln
re + rp +R

re + rp −R
. (164)

�´¨ µÉ²¨Î ÕÉ¸Ö ´  ¢¥²¨Î¨´Ê 2GM , · ¢´ÊÕ ¤²Ö ‘µ²´Í  ¤¥¸ÖÉ¨ ³¨±·µ¸¥±Ê´-
¤ ³. Š ±µ¥ ¨§ ¢Ò· ¦¥´¨° (163) ¨ (164) ´¥µ¡Ìµ¤¨³µ ¢§ÖÉÓ, ÎÉµ¡Ò ´ °É¨ ¢·¥³Ö
§ ¶ §¤Ò¢ ´¨Ö · ¤¨µ¸¨£´ ² , ¨¤ÊÐ¥£µ µÉ ‡¥³²¨ ¤µ Œ¥·±Ê·¨Ö ¨ µ¡· É´µ? � 
ÔÉµÉ ¢µ¶·µ¸ �’� ¢ ¶·¨´Í¨¶¥ ´¥ ¤ ¥É µÉ¢¥É , ¶µ¸±µ²Ó±Ê ¢ Ê· ¢´¥´¨Ö ƒ¨²Ó-
¡¥·É  Å �°´ÏÉ¥°´  ´¥ ¢Ìµ¤¨É ³¥É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. ‚ �’�
£· ¢¨É Í¨µ´´µ¥ ¶µ²¥ Ì · ±É¥·¨§Ê¥É¸Ö ´¥ µ¤´¨³ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³,  
±² ¸¸µ³ Ô±¢¨¢ ²¥´É´ÒÌ ¤¨ËË¥µ³µ·Ë´ÒÌ ³¥É·¨± G(x), G′(x)..., ¶µ²ÊÎ ¥³ÒÌ
¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö ±µµ·¤¨´ É. ‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ¢ ¶·µ¸É· ´¸É¢¥
Œ¨´±µ¢¸±µ£µ ³¥É·¨±¨, ¶µ²ÊÎ ¥³Ò¥ ¶ÊÉ¥³ ¶·¥µ¡· §µ¢ ´¨Ö ±µµ·¤¨´ É ¨§ ¢Ò-
· ¦¥´¨Ö (α) (¸³. ¢¢¥¤¥´¨¥) É ±¦¥ µ¡· §ÊÕÉ ±² ¸¸ Ô±¢¨¢ ²¥´É´µ¸É¨, µ¤´ ±µ
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Ë¨§¨Î¥¸±¨ µ´¨ · §²¨Î´Ò, ¶µ¸±µ²Ó±Ê µ¤´¨ ¸µµÉ¢¥É¸É¢ÊÕÉ ¨´¥·Í¨ ²Ó´Ò³ ¸¨-
¸É¥³ ³ ±µµ·¤¨´ É, ¤·Ê£¨¥ Å Ê¸±µ·¥´´Ò³. ‚ �’� ´¥²Ó§Ö µ¶·¥¤¥²¨ÉÓ, ± ± ±µ°
³¥É·¨±¥ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ´¥µ¡Ìµ¤¨³µ µÉ´¥¸É¨ ·¨³ ´µ¢Ê ³¥É·¨±Ê ¨§
±² ¸¸  Ô±¢¨¢ ²¥´É´µ¸É¨, ÎÉµ¡Ò µ¶·¥¤¥²¨ÉÓ £· ¢¨É Í¨µ´´Ò° ÔËË¥±É. ’ ±¨³
µ¡· §µ³, ´¥ Ê¤ ¥É¸Ö ¸µ¡²Õ¸É¨ µÎ¥¢¨¤´Ò° ¶·¨´Í¨¶ Å ¶·¨´Í¨¶ ¸µµÉ¢¥É¸É¢¨Ö.

‘µ£² ¸´µ �’ƒ, ¢·¥³Ö § ¶ §¤Ò¢ ´¨Ö · ¤¨µ¸¨£´ ²  µ¶·¥¤¥²Ö¥É¸Ö µ¤´µ§´ Î´µ
¨ ¶·¨¢µ¤¨É ± ¢Ò· ¦¥´¨Õ (164), ¥¸²¨ ¢ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö
£ ²¨²¥¥¢Ò ±µµ·¤¨´ ÉÒ. ‚ �’ƒ ³µ¦´µ ¡Ò²µ ¡Ò ¢§ÖÉÓ ¨ ·¥Ï¥´¨¥ ˜¢ ·Í-
Ï¨²Ó¤ , µ¤´ ±µ ¢ ÔÉµ³ ¸²ÊÎ ¥, ¸µ£² ¸´µ Ê· ¢´¥´¨Ö³ (76) ¨ (77) �’ƒ, ³¥-
É·¨±  ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¡Ò²  ¡Ò ¤·Ê£µ°, µ´  ´¥¸±µ²Ó±µ ¨§³¥´¨É¸Ö.
�² £µ¤ ·Ö É ±µ³Ê ¨§³¥´¥´¨Õ ³¥É·¨±¨ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ ¨ ·¥Ï¥´¨¥
˜¢ ·ÍÏ¨²Ó¤  (161) ¶·¨¢¥¤¥É ± Éµ³Ê, ÎÉµ ÔËË¥±É § ¶ §¤Ò¢ ´¨Ö · ¤¨µ¸¨£´ ² 
¨§-§  ¤¥°¸É¢¨Ö ‘µ²´Í  ¡Ê¤¥É µ¶·¥¤¥²ÖÉÓ¸Ö ¢Ò· ¦¥´¨¥³ (164), É.¥. µ¸É ´¥É¸Ö
¶·¥¦´¨³.

‚ § ±²ÕÎ¥´¨¥ ¤ ´´µ£µ · §¤¥²  µÉ³¥É¨³, ÎÉµ ¶µ¸É´ÓÕÉµ´µ¢¸±µ¥ ¶·¨¡²¨-
¦¥´¨¥ (151) Ê¤µ¢²¥É¢µ·Ö¥É ¶·¨´Í¨¶Ê ¶·¨Î¨´´µ¸É¨ (90).

9. �…Š�’��›… ”ˆ‡ˆ—…‘Šˆ… ‚›‚�„› �’ƒ

ˆ§ ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¸²¥¤Ê¥É, ÎÉµ �’ƒ µ¡Ñ-
Ö¸´Ö¥É ¢¸¥ ¨§¢¥¸É´Ò¥ £· ¢¨É Í¨µ´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥.
‡ ³¥É¨³, ÎÉµ ¢¸¥ ÔËË¥±ÉÒ ¢ ‘µ²´¥Î´µ° ¸¨¸É¥³¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢ ¨´¥·Í¨ ²Ó-
´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É, ± ±µÉµ·µ° ¨ µÉ´¥¸¥´Ò ¢¸¥ ´ ¡²Õ¤ É¥²Ó´Ò¥ ¤ ´´Ò¥.
‚ ¸¨²Ê Éµ£µ, ÎÉµ ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö ¸µÌ· ´ÖÕÐ -
Ö¸Ö ¸Ê³³ ·´ Ö ¶²µÉ´µ¸ÉÓ É¥´§µ·  ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö, ¨´¥·É´ Ö
³ ¸¸  ¸É É¨Î¥¸±µ£µ É¥²  ÉµÎ´µ · ¢´  ¥£µ  ±É¨¢´µ° £· ¢¨É Í¨µ´´µ° ³ ¸¸¥. �Éµ
· ¢¥´¸É¢µ ´¥ ¶·¥¤¶µ² £ ¥É ¤ ¦¥ ²µ± ²Ó´µ° Éµ¦¤¥¸É¢¥´´µ¸É¨ ¸¨² ¨´¥·Í¨¨ ¨
£· ¢¨É Í¨¨.

‚ ¦´Ò° Ë¨§¨Î¥¸±¨° ¢Ò¢µ¤ ³µ¦´µ ¸¤¥² ÉÓ ¨ µÉ´µ¸¨É¥²Ó´µ · §¢¨É¨Ö µ¤-
´µ·µ¤´µ° ¨ ¨§µÉ·µ¶´µ° ‚¸¥²¥´´µ°. �  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨° (76) ¨ (77) ¤²Ö
µ¤´µ·µ¤´µ° ¨ ¨§µÉ·µ¶´µ° ‚¸¥²¥´´µ° ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö:(

1

R
· dR
dτ

)2

=
8π

3
ρ(τ) − 1

6
m2

(
1− 3

2a4R2
+

1

2R6

)
, (165)

1

R
· d

2R

dτ2
= −4π

3
ρ(τ) − 4πp(τ)− 1

6
m2

(
1− 1

R6

)
. (166)

ˆ´É¥·¢ ² ÔËË¥±É¨¢´µ£µ ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¨³¥¥É ¢¨¤

ds2 = dτ2 − a4R2(τ)(dr2 + r2dΩ2) , (167)
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§¤¥¸Ó a Å ¶µ¸ÉµÖ´´ Ö ¨´É¥£·¨·µ¢ ´¨Ö Ê· ¢´¥´¨° (77). ‚ ¸¨²Ê Ê¸²µ¢¨Ö
¶·¨Î¨´´µ¸É¨ (90) ¨³¥¥³

R(τ) ≤ a . (168)

�µ¸ÉµÖ´´ Ö a > 1. ‹¥£±µ Ê¸É ´µ¢¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ´¥· ¢¥´¸É¢µ:(
1− 3

2a4R2
+

1

2R6

)
>

1

R6
(R2 − 1)2

(
R2 +

1

2

)
. (169)

“Î¨ÉÒ¢ Ö (169), ´  µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨Ö (165) ³µ¦´µ Ê¸É ´µ¢¨ÉÓ, ÎÉµ · §¢¨-
É¨¥ µ¤´µ·µ¤´µ° ¨ ¨§µÉ·µ¶´µ° ‚¸¥²¥´´µ° ¨¤¥É Í¨±²¨Î¥¸±¨ µÉ ´¥±µÉµ·µ£µ ³¨-
´¨³ ²Ó´µ£µ §´ Î¥´¨Ö Rmin, µÉ²¨Î´µ£µ µÉ ´Ê²Ö, ¤µ ´¥±µÉµ·µ£µ ³ ±¸¨³ ²Ó´µ£µ
§´ Î¥´¨Ö Rmax ¨ É.¤. „²Ö ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨Ö ¶·¨Î¨´´µ¸É¨ (168) ¥¸É¥¸É¢¥´´µ
¢Ò¡· ÉÓ

a = Rmax . (170)

‚¢¥¤¥³ ËÊ´±Í¨Õ, · ¢´ÊÕ

H(τ) =
1

R
· dR
dτ

. (171)

’µ£¤  ¤²Ö ¸µ¢·¥³¥´´µ£µ ³µ³¥´É  ¢·¥³¥´¨ τp, ¢µ¸¸É ´ ¢²¨¢ Ö Ö¢´µ § ¢¨¸¨-
³µ¸ÉÓ µÉ ¶µ¸ÉµÖ´´µ° ÉÖ£µÉ¥´¨Ö �ÓÕÉµ´  G ¨ ¸±µ·µ¸É¨ ¸¢¥É  c, ´  µ¸´µ¢ ´¨¨
Ê· ¢´¥´¨° (165) ¶µ²ÊÎ¨³

ρ(τp) = ρc + ρg , (172)

£¤¥ ±·¨É¨Î¥¸± Ö ¶²µÉ´µ¸ÉÓ ρc µ¶·¥¤¥²Ö¥É¸Ö ¶µ¸ÉµÖ´´µ° • ¡¡²  H(τp) ¨ · ¢´ 

ρc =
3H2

8πG
, (173)

  ¶²µÉ´µ¸ÉÓ ρg, µ¶·¥¤¥²Ö¥³ Ö ³ ¸¸µ° £· ¢¨Éµ´ , · ¢´ 

ρg =
1

16πG

(
mc2

h̄

)2

. (174)

�¤´µ·µ¤´ Ö ¨ ¨§µÉ·µ¶´ Ö ‚¸¥²¥´´ Ö ¡¥¸±µ´¥Î´ , ¥ß É·¥Ì³¥·´ Ö £¥µ³¥É·¨Ö
¥¢±²¨¤µ¢ , ¨ µ´  · §¢¨¢ ¥É¸Ö Í¨±²¨Î¥¸±¨ µÉ ´¥±µÉµ·µ° ³ ±¸¨³ ²Ó´µ° ¶²µÉ-
´µ¸É¨ ρmax ¤µ ³¨´¨³ ²Ó´µ° ρmin, · ¢´µ°

ρmin = ρg, (175)

¨ É ± ¤ ²¥¥.
Šµ¸³µ²µ£¨Î¥¸± Ö ¶µ¸ÉµÖ´´ Ö Λ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ³ ¸¸Ê £· ¢¨Éµ´ :

Λ =
m2

2
. (176)
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ˆ§ Ëµ·³Ê² (172) ¨ (174) µÎ¥¢¨¤´µ, ÎÉµ, ¥¸²¨, ´ ¶·¨³¥·, ³ ¸¸  £· ¢¨Éµ´ 
³¥´ÓÏ¥ ¨²¨ · ¢´  10−66£, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ°
Λ ≤ 4, 5 · 10−58¸³−2, Éµ ¶²µÉ´µ¸ÉÓ ¢¥Ð¥¸É¢  ¢µ ‚¸¥²¥´´µ° ¢ ´ ¸ÉµÖÐ¥¥
¢·¥³Ö ¤µ²¦´  ¡ÒÉÓ ¡²¨§±  ¢ ±·¨É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ρc. ‚ Éµ³ ¸²ÊÎ ¥, ¥¸²¨
³ ¸¸  £· ¢¨Éµ´  · ¢´  10−65£, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ°
Λ = 4, 5 · 10−56¸³−2, Éµ ¶²µÉ´µ¸ÉÓ ρg ¤ ¥É §´ Î¨É¥²Ó´Ò° ¢±² ¤ ¢ ¶²µÉ´µ¸ÉÓ
¢¥Ð¥¸É¢  ¢µ ‚¸¥²¥´´µ° ρ, · ¢´Ò°

ρg ' 2, 8 · 10−29£/¸³3 . (177)

‚ ²Õ¡µ³ ¸²ÊÎ ¥ ¨³¥¥É ³¥¸Éµ ´¥· ¢¥´¸É¢µ

ρ ≥ ρc . (178)

’ ± ± ± ´ ¡²Õ¤ ¥³ Ö ¶²µÉ´µ¸ÉÓ ¢¥Ð¥¸É¢  ¢µ ‚¸¥²¥´´µ° §´ Î¨É¥²Ó´µ
³¥´ÓÏ¥ ±·¨É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ρc, Éµ �’ƒ ¶·¥¤¸± §Ò¢ ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¢µ
‚¸¥²¥´´µ° ¡µ²ÓÏµ° ©¸±·ÒÉµ°ª ³ ¸¸Ò ¢¥Ð¥¸É¢ . ‘µ£² ¸´µ �’ƒ, ¶ · ³¥É· § -
³¥¤²¥´¨Ö · ¢¥´

q(τp) =
1

2

[
1 + 3

ρg

ρ

]
.

�É¸Õ¤  ¢¨¤´µ, ÎÉµ ρg,   ¸²¥¤µ¢ É¥²Ó´µ, ¨ ³ ¸¸Ê £· ¢¨Éµ´  m ³µ¦´µ ¢Ò· §¨ÉÓ
Î¥·¥§ ¨§³¥·Ö¥³Ò¥ ¢¥²¨Î¨´Ò Å ¶ · ³¥É· § ³¥¤²¥´¨Ö q ¨ ¶µ¸ÉµÖ´´ÊÕ • ¡¡² 
H . ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ ¥¸²¨ ¶ · ³¥É· § ³¥¤²¥´¨Ö µ± ¦¥É¸Ö ¡µ²ÓÏ¥, Î¥³
1/2, Éµ ³ ¸¸  £· ¢¨Éµ´ , ¸µ£² ¸´µ É¥µ·¨¨, ¡Ê¤¥É µÉ²¨Î´  µÉ ´Ê²Ö. �·¨ ÔÉµ³
‚¸¥²¥´´ Ö ´¥ ¡Ê¤¥É § ³±´ÊÉµ°, ± ± ÔÉµ ¨³¥²µ ¡Ò ³¥¸Éµ ¢ �’�,   ¡Ê¤¥É ª¶²µ¸-
±µ°ª.

‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ, ¢ µÉ²¨Î¨¥ µÉ �’� ¢ · ¸¸³µÉ·¥´´µ° ¢ÒÏ¥
³µ¤¥²¨ ‚¸¥²¥´´µ° ”·¨¤³ ´  µÉ¸ÊÉ¸É¢ÊÕÉ ¨§¢¥¸É´Ò¥ ¶·µ¡²¥³Ò: ¸¨´£Ê²Ö·´µ-
¸É¨, ¶·¨Î¨´´µ¸É¨, ¥¢±²¨¤µ¢µ¸É¨, ¶²µ¸±µ¸É´µ¸É¨ ¨ Ô´É·µ¶¨¨. ‚¨¤ ‚¸¥²¥´´µ°
”·¨¤³ ´  ´¥ § ¢¨¸¨É µÉ µÉ´µÏ¥´¨Ö ¸µ¢·¥³¥´´µ° ¶²µÉ´µ¸É¨ ¢¥Ð¥¸É¢  ± ±·¨-
É¨Î¥¸±µ° ¶²µÉ´µ¸É¨, µ¶·¥¤¥²Ö¥³µ° ¶µ¸ÉµÖ´´µ° • ¡¡² .

„²Ö ¨§µÉ·µ¶´ÒÌ ¨²¨ ¢·¥³¥´¨¶µ¤µ¡´ÒÌ ¢¥±Éµ·µ¢ Uν

gµνU
µUν ≥ 0,

¨ ¤²Ö ³¥É·¨±¨ µ¤´µ·µ¤´µ° ¨ ¨§µÉ·µ¶´µ° ‚¸¥²¥´´µ° ¨§ Ê· ¢´¥´¨° (92) ´ °¤¥³

RµνU
µUν < 0, ¶·¨ R = Rmin

¨
RµνU

µUν > 0, ¶·¨ R = Rmax.

�É¸Õ¤  ¢¨¤´µ, ÎÉµ Ê¸²µ¢¨Ö É¥µ·¥³ �¥´·µÊ§  ¨ •µ±¨´£ , µÉ´µ¸ÖÐ¨Ì¸Ö ± ¶·µ-
¡²¥³¥ ¸¨´£Ê²Ö·´µ¸É¨, ¢ ´ Ï¥° É¥µ·¨¨ ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö.
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’ ±¨³ µ¡· §µ³, ¢ µÉ²¨Î¨¥ µÉ �’�, µ¤´µ·µ¤´ Ö ¨ ¨§µÉ·µ¶´ Ö ‚¸¥²¥´´ Ö ¢
�’ƒ ³µ¦¥É ¡ÒÉÓ Éµ²Ó±µ ©¶²µ¸±µ°ª, ¨ µ´  ´¥ ¨³¥¥É ¸¨´£Ê²Ö·´µ¸É¨. „·Ê£¨³
¢ ¦´Ò³ ¸²¥¤¸É¢¨¥³ �’ƒ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ¥ ¨§³¥´¥´¨¥ Ì · ±É¥·  ±µ²² ¶-
¸ . �± §Ò¢ ¥É¸Ö, ÎÉµ ¶·¨ ±µ²² ¶¸¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ É¥²  ¶·µ¨§-
¢µ²Ó´µ° ¡µ²ÓÏµ° ³ ¸¸Ò ¶·µÍ¥¸¸ ¸¦ É¨Ö ¢ µ¡² ¸É¨, ¡²¨§±µ° ± ¸Ë¥·¥ ˜¢ ·Í-
Ï¨²Ó¤ , µ¸É ´ ¢²¨¢ ¥É¸Ö ¨ ¸³¥´Ö¥É¸Ö ¶µ¸²¥¤ÊÕÐ¨³ · ¸Ï¨·¥´¨¥³. ’ ±µ° ¶·µ-
Í¥¸¸ µ¸É ´µ¢±¨ ¸¦ É¨Ö ¶·µ¨¸Ìµ¤¨É ¨§-§  ´ ²¨Î¨Ö ¢ Ê· ¢´¥´¨ÖÌ (76) ³ ¸¸µ¢µ£µ
Î²¥´  ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. ˆ³¥´´µ ÔÉµÉ Î²¥´
µ¸É ´ ¢²¨¢ ¥É É ±¦¥ ¶·µÍ¥¸¸ ¸¦ É¨Ö ¨ ¢ µ¤´µ·µ¤´µ° ¨§µÉ·µ¶´µ° ‚¸¥²¥´-
´µ°. ’ ±¨³ µ¡· §µ³, ¸µ£² ¸´µ �’ƒ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¢ ¶·¨·µ¤¥ ©Î¥·´ÒÌ ¤Ò·ª
(µ¡Ñ¥±Éµ¢, ´¥ ¨³¥ÕÐ¨Ì ³ É¥·¨ ²Ó´ÒÌ £· ´¨Í ¨ ©µÉ·¥§ ´´ÒÌª µÉ ¢´¥Ï´¥£µ
³¨· ) ¶µ²´µ¸ÉÓÕ ¨¸±²ÕÎ ¥É¸Ö. ‚ · ¡µÉ¥ [16] ¶µ± § ´µ, ÎÉµ ¤²Ö ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´µ£µ ¸É É¨Î¥¸±µ£µ É¥²  ³¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ ·¨³ ´µ¢  ¶·µ-
¸É· ´¸É¢  ¨³¥ÕÉ ¢ µ¡² ¸É¨, ¡²¨§±µ° ± ¸Ë¥·¥ ˜¢ ·ÍÏ¨²Ó¤ , ¸²¥¤ÊÕÐ¨° ¢¨¤:

ds2 = U(Z)dt2 − V (Z)dZ2 − Z2dΩ2 ,
(179)

V (Z) =
Z

Z − Zg
, U(Z) = (1 + 2mM)

Z − Zg
Z

+ qm2M2, q > 0 .

�¸µ¡¥´´µ¸ÉÓ ¢ ËÊ´±Í¨¨ V ¢µ§´¨±²  ¢ ÉµÎ±¥ Zg, · ¢´µ°

Zg = 2M + νm2M3 ln
1

mM
, ν > 0 . (180)

‘Ë¥·  · ¤¨Ê¸  Zg Ö¢²Ö¥É¸Ö ¸¨´£Ê²Ö·´µ°, ¶·¨Î¥³ ÔÉÊ µ¸µ¡¥´´µ¸ÉÓ ´¥²Ó§Ö
Ê¸É· ´¨ÉÓ ¢Ò¡µ·µ³ ¸¨¸É¥³Ò ±µµ·¤¨´ É. ˆ§ ¢Ò· ¦¥´¨° (179) ¨ (180) ¢¨¤´µ,
ÎÉµ ¢ µ¡² ¸É¨, ¡²¨§±µ° ± ¸Ë¥·¥ ˜¢ ·ÍÏ¨²Ó¤ , ¢²¨Ö´¨¥ ³ ¸¸Ò £· ¢¨Éµ´  m
¢¥²¨±µ, µ´  ¶·¨´Í¨¶¨ ²Ó´µ ¨§³¥´Ö¥É Ì · ±É¥· ·¥Ï¥´¨Ö ¢ ÔÉµ° µ¡² ¸É¨,  
¶µÔÉµ³Ê ¶·¥´¥¡·¥£ ÉÓ ¥Õ Ê¦¥ ´¥²Ó§Ö. …¸²¨ ¶¥·¥°¤¥³ ¢ ¸¨´Ì·µ´´ÊÕ ¸¨¸É¥³Ê
¸¢µ¡µ¤´µ ¶ ¤ ÕÐ¨Ì ¶·µ¡´ÒÌ Î ¸É¨Í, ¨³¥ÕÐ¨Ì ´  ¡¥¸±µ´¥Î´µ¸É¨ ´Ê²¥¢ÊÕ
¸±µ·µ¸ÉÓ, ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨°

τ = t+

∫
dZ

[
V (1− U)

U

]1/2

,

R = t+

∫
dZ

[
V

U(1− U)

]1/2

,

Éµ ¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´É¥·¢ ² :

ds2 = dτ2 − (1 − U)dR2 − Z2(dΘ2 + sin2 ΘdΦ2) .

� ¤¨ ²Ó´ Ö ¸±µ·µ¸ÉÓ Î ¸É¨ÍÒ, ¶ ¤ ÕÐ¥° ¢¤µ²Ó · ¤¨Ê¸ , · ¢´ 

dZ

dτ
= −

√
1− U
UV

.
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�  µ¸´µ¢ ´¨¨ (179) ¢ µ¡² ¸É¨, ¡²¨§±µ° ± ¸Ë¥·¥ ˜¢ ·ÍÏ¨²Ó¤ , ¨³¥¥³

dZ

dτ
= − 1
√
qmM

√
Z − Zg
Z

.

�É¸Õ¤  µÎ¥¢¨¤´µ, ÎÉµ ÉµÎ±  Z = Zg Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¶µ¢µ·µÉ  ¤²Ö · ¤¨ ²Ó-
´µ£µ ¤¢¨¦¥´¨Ö Î ¸É¨Í. ’ ±¨³ µ¡· §µ³, ´ ²¨Î¨¥ ³ ¸¸Ò £· ¢¨Éµ´  m, ´¥§ ¢¨-
¸¨³µ µÉ ¥¥ §´ Î¥´¨Ö, ¶·¨¢µ¤¨É ± Ö¢²¥´¨Õ µÉÉ ²±¨¢ ´¨Ö Î ¸É¨Í ¢¥Ð¥¸É¢  [17]
µÉ ¸Ë¥·Ò, ¡²¨§±µ° ± ¸Ë¥·¥ ˜¢ ·ÍÏ¨²Ó¤ . �µ¸±µ²Ó±Ê ·¥Ï¥´¨¥ ¢´ÊÉ·¨ É¥² 
´¥µ¡Ìµ¤¨³µ ¸Ï¨ÉÓ ¸ ¢´¥Ï´¨³ ·¥Ï¥´¨¥³, Éµ ¸Ë¥·  ¸ · ¤¨Ê¸µ³ Z = Zg ´¥
³µ¦¥É ´ Ìµ¤¨ÉÓ¸Ö ¢´¥ ¢¥Ð¥¸É¢ .

�  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ r µÉ É¥²  ³¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ ¨³¥ÕÉ
¢¨¤

U(r) = 1− 2M

r
e−mr, V (r) = 1 +

2M

r
e−mr, Z(r) = r

(
1 +

M

r
e−mr

)
.

�¸É ´µ¢¨³¸Ö ´  ¶·µ¡²¥³¥ ¨§²ÊÎ¥´¨Ö ¸² ¡ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¢µ²´ ¶·¨ ´ -
²¨Î¨¨ ³ ¸¸Ò £· ¢¨Éµ´ . „ ¢´µ Ìµ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ¢ ²¨´¥°´µ° É¥´§µ·´µ°
É¥µ·¨¨ ¢¢¥¤¥´¨¥ ³ ¸¸Ò £· ¢¨Éµ´  ¢¸¥£¤  ¸µ¶·µ¢µ¦¤ ¥É¸Ö ©¤ÊÌ ³¨ª. �¤´ ±µ ¢
· ¡µÉ¥ [18] ¶µ± § ´µ, ÎÉµ ¨´É¥´¸¨¢´µ¸ÉÓ £· ¢¨É Í¨µ´´µ£µ ¨§²ÊÎ¥´¨Ö ³ ¸¸¨¢-
´ÒÌ £· ¢¨Éµ´µ¢ ¢ ´¥²¨´¥°´µ° É¥µ·¨¨ Ö¢²Ö¥É¸Ö ¶µ²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´´µ°
¢¥²¨Î¨´µ°, · ¢´µ°

dI

dΩ
=

2

π

∞∫
ωmin

dωω2q{|T 1
2 |2 +

1

4
|T 1

1 − T 2
2 |2 +

m2

ω2
(|T 1

3 |2 + |T 2
3 |2) +

3m4

4ω4
|T 3

3 |2} ,

(181)

§¤¥¸Ó q =
(
1− m2

ω2

)1/2

.

‚ �’ƒ, É ± ¦¥, ± ± ¨ ¢ �’�, ¢´¥ ¢¥Ð¥¸É¢  ¶²µÉ´µ¸ÉÓ É¥´§µ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥ · ¢´  ´Ê²Õ:

T µνg = −2
δLg

δgµν
= 0 . (182)

�µ ÔÉµ µ§´ Î ¥É, ÎÉµ ¶µÉµ± Ô´¥·£¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢ É¥µ·¨¨ £· ¢¨É -
Í¨¨ ´¥ µ¶·¥¤¥²Ö¥É¸Ö ±µ³¶µ´¥´É ³¨ ¶²µÉ´µ¸É¨ É¥´§µ·  T 0i

g , ¢ÒÎ¨¸²¥´´Ò³¨ ´ 
·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨° (182), ¶µ¸±µ²Ó±Ê µ´¨ · ¢´Ò ´Ê²Õ. ‡ ¤ Î  µ¶·¥¤¥²¥´¨Ö
¶µÉµ±  Ô´¥·£¨¨ ¢ É¥µ·¨¨ £· ¢¨É Í¨¨, ¢ µÉ²¨Î¨¥ µÉ ¤·Ê£¨Ì É¥µ·¨°, É·¥¡Ê¥É
¨´µ£µ ¶µ¤Ìµ¤ . �¢Éµ· · ¡µÉÒ [18] ¨Ð¥É ·¥Ï¥´¨¥ ¢ Ëµ·³¥

Φ̃µν = χµν + ψµν , (183)



70 ‹�ƒ“��‚ �.�.

£¤¥ ¢¥²¨Î¨´Ò χµν ¨ ψµν µ¤´µ£µ ¶µ·Ö¤±  ³ ²µ¸É¨, ¶·¨Î¥³ ψµν µ¶¨¸Ò¢ ¥É · ¸-
Ìµ¤ÖÐ¨¥¸Ö ¢µ²´Ò,   χµν Ì · ±É¥·¨§Ê¥É Ëµ´. �¥·¥´µ¸ Ô´¥·£¨¨ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö
Éµ²Ó±µ · ¸Ìµ¤ÖÐ¨³¨¸Ö ¢µ²´ ³¨. �¢Éµ· · ¡µÉÒ [18] ¶µ± §Ò¢ ¥É, ÎÉµ Ë ±É¨-
Î¥¸±¨ ¶µÉµ± £· ¢¨É Í¨µ´´µ° Ô´¥·£¨¨ µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´µ° T 0i

g (ψ), ¢Ò-
Î¨¸²¥´´µ° ´¥ ´  ¸ ³¨Ì ·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨° (182),   Éµ²Ó±µ ´  Éµ° Î ¸É¨
·¥Ï¥´¨°, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É · ¸Ìµ¤ÖÐ¨¥¸Ö ¢µ²´Ò ψµν . �·¨ ÔÉµ³ µ´ ÊÎ¨-
ÉÒ¢ ¥É, ÎÉµ £· ¢¨Éµ´Ò · ¸¶·µ¸É· ´ÖÕÉ¸Ö ´¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ,
± ± ÔÉµ ¢¸¥£¤  ¨³¥¥É ³¥¸Éµ ¢ ²¨´¥°´µ° É¥µ·¨¨,   ¢ ÔËË¥±É¨¢´µ³ ·¨³ ´µ¢µ³
¶·µ¸É· ´¸É¢¥. �µÔÉµ³Ê ¢ ²¨´¥°´µ³ ¶·¨¡²¨¦¥´¨¨ ¢Ò¶µ²´Ö¥É¸Ö · ¢¥´¸É¢µ

γµν
dxµ

ds
· dx

ν

ds
− 1 =

dσ2 − ds2

ds2
' −1

2
γµνΦ

µν + Φµν
dxα

dσ
· dx

β

dσ
γµαγνβ .

ˆ³¥´´µ ¶µ¸²¥¤µ¢ É¥²Ó´Ò° ÊÎ¥É ÔÉµ£µ µ¡¸ÉµÖÉ¥²Ó¸É¢  ¢ ¶·µÍ¥¸¸¥ ´ Ìµ¦¤¥-
´¨Ö ¨´É¥´¸¨¢´µ¸É¨ ¨ ¶·¨¢µ¤¨É  ¢Éµ·  [18] ± ¶µ²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´´µ³Ê
¶µÉµ±Ê Ô´¥·£¨¨, µ¶·¥¤¥²Ö¥³µ³Ê Ëµ·³Ê²µ° (181). �¥§Ê²ÓÉ É · ¡µÉÒ [18] ¨³¥¥É
¶·¨´Í¨¶¨ ²Ó´µ¥ §´ Î¥´¨¥, ¶µ¸±µ²Ó±Ê µ´ ¨§³¥´Ö¥É ¸²µ¦¨¢Ï¨¥¸Ö ¶·¥¤¸É ¢²¥-
´¨Ö,   ¶µÔÉµ³Ê ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ É·¥¡Ê¥É ¤ ²Ó´¥°Ï¥£µ  ´ ²¨§ .

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¸¨¸É¥³  £· ¢¨É Í¨µ´´ÒÌ Ê· ¢´¥´¨° (76) ¨ (77)
Ö¢²Ö¥É¸Ö £¨¶¥·¡µ²¨Î¥¸±µ°, ¶·¨Î¥³ ¶·¨´Í¨¶ ¶·¨Î¨´´µ¸É¨ ¨ µ¡¥¸¶¥Î¨¢ ¥É ¸Ê-
Ð¥¸É¢µ¢ ´¨¥ ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´µ° ¶µ¢¥·Ì´µ¸É¨,
±µÉµ·ÊÕ ± ¦¤ Ö ´¥¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´ Ö ±·¨¢ Ö ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´-
¸É¢¥ ¶¥·¥¸¥± ¥É Éµ²Ó±µ µ¤¨´ · §, É.¥., ¨´ Î¥ £µ¢µ·Ö, ¸ÊÐ¥¸É¢Ê¥É £²µ¡ ²Ó´ Ö
¶µ¢¥·Ì´µ¸ÉÓ ŠµÏ¨, ´  ±µÉµ·µ° ¨ § ¤ ÕÉ¸Ö ¤²Ö Éµ° ¨²¨ ¨´µ° § ¤ Î¨ ´ Î ²Ó-
´Ò¥ Ë¨§¨Î¥¸±¨¥ Ê¸²µ¢¨Ö. �¥´·µÊ§µ³ ¨ •µ±¨´£µ³ [12] ¶·¨ µ¶·¥¤¥²¥´´ÒÌ µ¡-
Ð¨Ì Ê¸²µ¢¨ÖÌ ¤µ± § ´Ò É¥µ·¥³Ò µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¸¨´£Ê²Ö·´µ¸É¨ ¢ �’�. � 
µ¸´µ¢ ´¨¨ Ê· ¢´¥´¨° (78 ) ¢´¥ ¢¥Ð¥¸É¢  ¤²Ö ¨§µÉ·µ¶´ÒÌ ¢¥±Éµ·µ¢ ·¨³ ´µ¢ 
¶·µ¸É· ´¸É¢ , ¢ ¸¨²Ê Ê¸²µ¢¨° ¶·¨Î¨´´µ¸É¨ (91 ), ¨³¥¥É ³¥¸Éµ ´¥· ¢¥´¸É¢µ

Rµνv
µvν ≤ 0 . (184)

‚ ¸¨²Ê ´¥· ¢¥´¸É¢  (184) Ê¸²µ¢¨Ö ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ É¥µ·¥³ ¢ �’ƒ ´¥ ¢Ò¶µ²-
´ÖÕÉ¸Ö,   ¸²¥¤µ¢ É¥²Ó´µ, ¨ ¶·¨³¥´ÖÉÓ ¨Ì ´¥²Ó§Ö.

‚ �’ƒ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´Ò¥ ¸µ¡ÒÉ¨Ö ¢ µÉ¸ÊÉ¸É¢¨¥ £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö ´¨±µ£¤  ´¥ ³µ£ÊÉ ¸É ÉÓ ¶µ¤ ¤¥°¸É¢¨¥³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢·¥³¥-
´¨¶µ¤µ¡´Ò³¨. �  µ¸´µ¢ ´¨¨ ¶·¨´Í¨¶  ¶·¨Î¨´´µ¸É¨ ÔËË¥±É¨¢´µ¥ ·¨³ ´µ¢µ
¶·µ¸É· ´¸É¢µ ¢ �’ƒ ¡Ê¤¥É µ¡² ¤ ÉÓ ¨§µÉ·µ¶´µ° ¨ ¢·¥³¥´¨¶µ¤µ¡´µ° £¥µ¤¥§¨Î¥-
¸±µ° ¶µ²´µÉµ°. ‘µ£² ¸´µ �’ƒ, ¨´¥·Í¨ ²Ó´ Ö ¸¨¸É¥³  ±µµ·¤¨´ É µ¶·¥¤¥²Ö¥É¸Ö
¶µ · ¸¶·¥¤¥²¥´¨Õ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢µ ‚¸¥²¥´´µ° (¶·¨´Í¨¶
Œ Ì ).

‚ �’� ¶µ²Ö ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨ ´¥· §¤¥²¨³Ò. �.�°´ÏÉ¥°´ µ¡ ÔÉµ³
¶¨¸ ²: ©...´¥ ¸ÊÐ¥¸É¢Ê¥É ´¨± ±µ£µ ·¥ ²Ó´µ£µ · §¤¥²¥´¨Ö ´  ¨´¥·Í¨Õ ¨ £· ¢¨-
É Í¨Õ, ¶µ¸±µ²Ó±Ê µÉ¢¥É ´  ¢µ¶·µ¸ µ Éµ³, ´ Ìµ¤¨É¸Ö ²¨ É¥²µ ¢ µ¶·¥¤¥²¥´-
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´Ò° ³µ³¥´É ¨¸±²ÕÎ¨É¥²Ó´µ ¶µ¤ ¤¥°¸É¢¨¥³ ¨´¥·Í¨¨ ¨²¨ ¶µ¤ ±µ³¡¨´¨·µ¢ ´-
´Ò³ ¢µ§¤¥°¸É¢¨¥³ ¨´¥·Í¨¨ ¨ £· ¢¨É Í¨¨, § ¢¨¸¨É µÉ ¸¨¸É¥³Ò ±µµ·¤¨´ É,
É.¥. µÉ ¸¶µ¸µ¡  · ¸¸³µÉ·¥´¨Öª. �µ²Ö ¨´¥·Í¨¨ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³
ƒ¨²Ó¡¥·É  Å �°´ÏÉ¥°´ . ‚ �’ƒ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¨ ¶µ²Ö ¨´¥·Í¨¨, µ¶·¥-
¤¥²Ö¥³Ò¥ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ, · §¤¥²¥´Ò, µ´¨
´¥ ¨³¥ÕÉ ´¨Î¥£µ µ¡Ð¥£µ. �´¨ · §´µ° ¶·¨·µ¤Ò. �µ²Ö ¨´¥·Í¨¨ ´¥ Ö¢²ÖÕÉ¸Ö
·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° (76) ¨ (77) �’ƒ. ‚ �’ƒ ¶µ²Ö ¨´¥·Í¨¨ § ¤ ÕÉ¸Ö ³¥É·¨-
Î¥¸±¨³ É¥´§µ·µ³ γµν ,   £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ Φ̃µν µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨°
£· ¢¨É Í¨¨ (76) ¨ (77).

�  µ¸´µ¢ ´¨¨ �’ƒ ³µ¦´µ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨° µ¡Ð¨° ¢Ò¢µ¤.
“´¨¢¥·¸ ²Ó´Ò¥ ¨´É¥£· ²Ó´Ò¥ § ±µ´Ò ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ Ê´¨-

¢¥·¸ ²Ó´Ò¥ ¸¢µ°¸É¢  ³ É¥·¨¨, É ±¨¥ (´ ¶·¨³¥·) ± ± £· ¢¨É Í¨µ´´Ò¥ ¢§ ¨³µ-
¤¥°¸É¢¨Ö, ´ Ìµ¤ÖÉ µÉ· ¦¥´¨¥ ¢ ³¥É·¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ì ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨.
…¸²¨ ¶¥·¢Ò¥ ´ Ìµ¤ÖÉ ¢µ¶²µÐ¥´¨¥ ¢ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É-
¢ -¢·¥³¥´¨, Éµ ¢Éµ·Ò¥ ´ Ìµ¤ÖÉ µÉ· ¦¥´¨¥ ¢ ÔËË¥±É¨¢´µ° ·¨³ ´µ¢µ° £¥µ-
³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ¢µ§´¨±Ï¥° ¨§-§  ¶·¨¸ÊÉ¸É¢¨Ö £· ¢¨É Í¨µ´´µ£µ
¶µ²Ö ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. ‚ ¸É·Ê±ÉÊ·Ê ÔËË¥±É¨¢´µ° £¥µ³¥É·¨¨ ³µ¦-
´µ µÉ´¥¸É¨ ¢¸¥, ÎÉµ ¨³¥¥É µ¡Ð¨° Ì · ±É¥· ¤²Ö ¢¸¥° ³ É¥·¨¨. �µ ¶·¨ ÔÉµ³
¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ µ¡Ö§ É¥²Ó´µ ¶·¨¸ÊÉ¸É¢Ê¥É, ÎÉµ ¨ ¶·¨¢µ¤¨É ± ¨´É¥-
£· ²Ó´Ò³ § ±µ´ ³ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨-
¦¥´¨Ö,   É ±¦¥ µ¡¥¸¶¥Î¨¢ ¥É ¸µ¡²Õ¤¥´¨¥ ¶·¨´Í¨¶  ¸µµÉ¢¥É¸É¢¨Ö ¶·¨ ¢Ò-
±²ÕÎ¥´¨¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö.

�¢Éµ· ¢Ò· ¦ ¥É ¡² £µ¤ ·´µ¸ÉÓ �.Œ.� ²¤¨´Ê, �.�.‚² ¸µ¢Ê, ‘.‘.ƒ¥·ÏÉ¥°-
´Ê, ‚.ˆ.„¥´¨¸µ¢Ê, �.Œ.‹µ¸±ÊÉµ¢Ê, Œ.�.Œ¥¸É¢¨·¨Ï¢¨²¨, ‚.�.�¥É·µ¢Ê,
�.….’Õ·¨´Ê, �.�.’Ö¶±¨´Ê, �.�.•·Ê¸É ²¥¢Ê §  Í¥´´Ò¥ µ¡¸Ê¦¤¥´¨Ö.

��ˆ‹�†…�ˆ… �

“¸É ´µ¢¨³ ¸µµÉ´µÏ¥´¨¥

δL

δγµν
=

δL

δgαβ
· ∂gαβ
∂γµν

+
δ?L

δγµν
, (A.1)

§¤¥¸Ó
δL

δγµν
=

∂L

∂γµν
− ∂σ

(
∂L

∂γµν,σ

)
, (A.2)

δL

δgµν
=

∂L

∂gαβ
− ∂σ

(
∂L

∂gαβ,σ

)
, (A.3)

§¢¥§¤µÎ±µ° ¢ ¢¥·Ì´¥° Ëµ·³Ê²¥ µ¡µ§´ Î¥´  ¢ ·¨ Í¨µ´´ Ö ¶·µ¨§¢µ¤´ Ö µÉ ¶²µÉ-
´µ¸É¨ ² £· ´¦¨ ´  ¶µ Ö¢´µ ¢Ìµ¤ÖÐ¥° ¢ L ³¥É·¨±¥ γµν . �µ¸²¥ ¤¨ËË¥·¥´Í¨-
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·µ¢ ´¨Ö ¶µ²ÊÎ¨³

∂L

∂γµν
=

∂?L

∂γµν
+

∂L

∂gαβ,σ
· ∂gαβ,σ
∂γµν

+
∂L

∂gαβ
· ∂gαβ
∂γµν

, (A.4)

∂L

∂γµν,σ
=

∂?L

∂γµν,σ
+

∂L

∂gαβ,τ
· ∂gαβ,τ
∂γµν,σ

. (A.5)

�µ¤¸É ¢¨³ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ Ëµ·³Ê²Ê (A.2):

∂L

∂γµν
− ∂σ

(
∂L

∂γµν,σ

)
=

δ?L

δγµν
+

∂L

∂gαβ,σ
· ∂gαβ,σ
∂γµν

+
∂L

∂gαβ
· ∂gαβ
∂γµν

−

−∂σ
(

∂L

∂gαβ,τ
· ∂gαβ,τ
∂γµν,σ

)
=

δ?L

δγµν
+

∂L

∂gαβ
· ∂gαβ
∂γµν

−

−∂σ
(

∂L

∂gαβ,τ

)
· ∂gαβ,τ
∂γµν,σ

+
∂L

∂gαβ,σ

[
∂gαβ,σ

∂γµν
− ∂ρ

(
∂gαβ,σ

∂γµν,ρ

)]
. (A.6)

� ¸¸³µÉ·¨³ ¢Ò· ¦¥´¨¥

∂gαβ,σ

∂γµν
− ∂ρ

(
∂gαβ,σ

∂γµν,ρ

)
. (A.7)

„²Ö ÔÉµ° Í¥²¨ § ¶¨Ï¥³ ¶·µ¨§¢µ¤´ÊÕ gαβ,σ ¢ Ëµ·³¥

gαβ,σ =
∂gαβ

∂γλω
∂σγλω +

∂gαβ

∂Φλω
∂σΦλω , (A.8)

µÉ¸Õ¤  ²¥£±µ ´ °É¨
∂gαβ,σ

∂γµν,ρ
=
∂gαβ

∂γµν
· δρσ . (A.9)

„¨ËË¥·¥´Í¨·ÊÖ ÔÉµ ¢Ò· ¦¥´¨¥, ¶µ²ÊÎ ¥³

∂ρ

(
∂gαβ,σ

∂γµν,ρ

)
=

∂2gαβ

∂γµν∂γλω
∂σγλω +

∂2gαβ

∂γµν∂Φλω
∂σΦλω . (A.10)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¤¨ËË¥·¥´Í¨·ÊÖ (�.8) ¶µ γµν , ¨³¥¥³

∂gαβ,σ

∂γµν
=

∂2gαβ

∂γµν∂γλω
∂σγλω +

∂2gαβ

∂γµν∂Φλω
∂σΦλω . (A.11)

‘· ¢´¨¢ Ö (�.10) ¨ (�.11), ´ °¤¥³

∂gαβ,σ

∂γµν
− ∂ρ

(
∂gαβ,σ

∂γµν,ρ

)
= 0 . (A.12)
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“Î¨ÉÒ¢ Ö ÔÉµ ¸µµÉ´µÏ¥´¨¥, ¢ (A.6) ¶µ²ÊÎ¨³

δL

δγµν
=

δ?L

δγµν
+

∂L

∂gαβ
· ∂gαβ
∂γµν

− ∂σ
(

∂L

∂gαβ,τ

)
· ∂gαβ,τ
∂γµν,σ

. (A.13)

�µ¤¸É ¢²ÖÖ (�.9) ¢ (�.13), ´ °¤¥³

δL

δγµν
=

δ?L

δγµν
+

[
∂L

∂gαβ
− ∂σ

(
∂L

∂gαβ,σ

)]
∂gαβ

∂γµν
, (A.14)

Éµ ¥¸ÉÓ
δL

δγµν
=

δ?L

δγµν
+

δL

δgαβ
· ∂gαβ
∂γµν

. (A.15)

�´ ²µ£¨Î´µ ¢ÒÎ¨¸²Ö¥É¸Ö

δL

δgαβ
=

δL

δg̃λρ
· ∂g̃

λρ

∂gαβ
. (A.16)

ˆ¸¶µ²Ó§ÊÖ (�.16), ¢Ò· ¦¥´¨¥ (�.15) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

δL

δγµν
=

δ?L

δγµν
+

δL

δg̃λρ
· ∂g̃

λρ

∂γµν
. (A.17)

��ˆ‹�†…�ˆ… �

�²µÉ´µ¸ÉÓ ² £· ´¦¨ ´  ¸µ¡¸É¢¥´´µ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¨³¥¥É ¢¨¤

Lg = Lg0 + Lgm , (�.1)

Lg0 = − 1

16π
g̃αβ

(
GτλαG

λ
τβ −GταβGλτλ

)
, (�.2)

Lgm = −m
2

16π

(
1

2
γαβ g̃

αβ −
√
−g −

√
−γ
)
. (�.3)

’¥´§µ· É·¥ÉÓ¥£µ · ´£  Gταβ · ¢¥´

Gταβ =
1

2
gτλ(Dαgβλ +Dβgαλ −Dλgαβ) , (�.4)

µ´ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö ·¨³ ´µ¢  ¶·µ¸É· ´¸É¢  ¨ ¶·µ¸É-
· ´¸É¢  Œ¨´±µ¢¸±µ£µ:

Gταβ = Γταβ − γταβ . (�.5)
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‚ÒÎ¨¸²¨³ ¢ ·¨ Í¨µ´´ÊÕ ¶·µ¨§¢µ¤´ÊÕ µÉ Lg ¶µ Ö¢´µ ¢Ìµ¤ÖÐ¥° ³¥É·¨±¥
¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ γµν :

δ?Lg0

δγµν
=
∂Lg0

∂γµν
− ∂σ

(
∂Lg0

∂γµν,σ

)
. (�.6)

„²Ö ÔÉµ° Í¥²¨ ¶·µ¢¥¤¥³ ´¥±µÉµ·Ò¥ ¶µ¤£µÉµ¢¨É¥²Ó´Ò¥ ¢ÒÎ¨¸²¥´¨Ö:

∂Gλαβ

∂γµν
= −

∂γλαβ

∂γµν
=

1

2
(γλµγναβ + γλνγµαβ) ,

(�.7)

∂Gλαλ
∂γµν

= −∂γ
λ
αλ

∂γµν
=

1

2
(γλµγνλα + γλνγµαλ) ,

∂Gλαβ
∂γµν,σ

= −
∂γλαβ
∂γµν,σ

=

= −1

4
[γλµ(δναδ

σ
β + δσαδ

ν
β) + γλν(δµαδ

σ
β + δσαδ

µ
β )− γλσ(δµαδνβ + δναδ

µ
β )] ,

∂Gλαλ
∂γµν,σ

= − ∂γλαλ
∂γµν,σ

= −1

2
γµνδσα . (�.8)

„¨ËË¥·¥´Í¨·ÊÖ, ¶µ²ÊÎ ¥³

∂Lg0

∂γµν
= − 1

16π
g̃αβ

[
∂Gταλ
∂γµν

Gλτβ +Gτλα
∂Gλτβ

∂γµν
−
∂Gταβ

∂γµν
Gλτλ −Gταβ

∂Gλτλ
∂γµν

]
.

ˆ¸¶µ²Ó§ÊÖ ¢ ÔÉµ³ ¢Ò· ¦¥´¨¨ Ëµ·³Ê²Ò (�.7), ´ Ìµ¤¨³

∂Lg0

∂γµν
= − 1

16π
g̃αβ
{
Gτλαγ

λµγντβ+Gτλαγ
λνγµτβ−

1

2
Gλτλγ

τµγναβ−
1

2
Gλτλγ

τνγµαβ−

−1

2
Gταβγ

λµγντλ −
1

2
Gταβγ

λνγµτλ

}
=

1

32π
Bµν . (�.9)

‘ ¶µ³µÐÓÕ ¶·µ¨§¢µ¤´ÒÌ (�.8) ¶µ²ÊÎ¨³

∂Lg0

∂γµν,σ
=

1

32π
Aσµν , Aσµν = γτµ(Gστβ g̃

νβ +Gντβ g̃
σβ −Gλτλg̃σν)+

+γτν(Gστβ g̃
µβ +Gµτβ g̃

σβ −Gλτλg̃σµ) + γτσ(Gλτλg̃
µν −Gµτβ g̃

νβ −Gντβ g̃µβ)−

−γµνGσαβ g̃αβ , (�.10)
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¶²µÉ´µ¸ÉÓ É¥´§µ·  Aσµν ¸¨³³¥É·¨Î´  ¶µ ¨´¤¥±¸ ³ µ ¨ ν. �¡ÒÎ´ Ö ¶·µ¨§-
¢µ¤´ Ö µÉ ¶²µÉ´µ¸É¨ É¥´§µ·  ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ Ëµ·³¥

∂σA
σµν = DσA

σµν − γµσρAσρν − γνσρAσµρ.

�µ¤¸É ¢²ÖÖ ¢ (�.6) ¢Ò· ¦¥´¨Ö (�.9) ¨ (�.10), ´ °¤¥³

δ?Lg0

δγµν
=

1

32π
Bµν − 1

32π
DσA

σµν +
1

32π
γµσρA

σρν +
1

32π
γνσρA

σµρ. (�.11)

‡ ¶¨Ï¥³ ¶²µÉ´µ¸ÉÓ É¥´§µ·  Aσρν ¢ Ëµ·³¥

Aσρν = (Gστβγ
τρg̃νβ −Gρτβγτσg̃νβ) + (Gντβγ

τρg̃σβ −Gντβγτσg̃ρβ)−

−(Gλτλγ
τρg̃σν −Gλτλγτσg̃ρν) +Gστβγ

τν g̃ρβ +Gρτβγ
τν g̃σβ−

−Gλτλγτν g̃σρ −Gσαβγρν g̃αβ ,

¢ ¸±µ¡± Ì µ¡· §µ¢ ´Ò  ´É¨¸¨³³¥É·¨Î´Ò¥ Î²¥´Ò ¶µ ¨´¤¥±¸ ³ σ ¨ ρ. ’ ± Ö
§ ¶¨¸Ó µ¡²¥£Î ¥É ´ Ìµ¦¤¥´¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¢¥²¨Î¨´Ò γµσρA

σρν , ¶µ¸±µ²Ó±Ê
¶·¨ ÔÉµ³  ¢Éµ³ É¨Î¥¸±¨ ¨¸Î¥§ ÕÉ Î²¥´Ò,  ´É¨¸¨³³¥É·¨Î´Ò¥ ¶µ ¨´¤¥±¸ ³ σ
¨ ρ:

γµσρA
σρν = 2Gστβγ

µ
σργ

τν g̃ρβ −Gλτλγµσργτν g̃σρ −Gσαβγµσργνρg̃αβ, (�.12)

 ´ ²µ£¨Î´µ ¶·¥¤¸É ¢²Ö¥³ Aσµρ ¢ ¢¨¤¥

Aσµρ = (Gστβγ
τρg̃µβ −Gρτβγ

τσg̃µβ) + (Gµτβγ
τρg̃σβ −Gµτβγ

τσg̃ρβ)+

+(Gλτλγ
τσg̃µρ −Gλτλγτρg̃σµ) +Gστβγ

τµg̃ρβ +Gρτβγ
τµg̃σβ−

−Gλτλγτµg̃σρ −Gσαβγµρg̃αβ ,
£¤¥ ¢ ¸±µ¡± Ì µ¶ÖÉÓ µ¡· §µ¢ ´Ò  ´É¨¸¨³³¥É·¨Î´Ò¥ Î²¥´Ò ¶µ ¨´¤¥±¸ ³ σ ¨
ρ. �É¸Õ¤  ¶µ²ÊÎ ¥³

γνσρA
σµρ = 2Gστβγ

ν
σργ

τµg̃ρβ −Gλτλγνσργτµg̃σρ −Gσαβγνσργµρg̃αβ . (�.13)

‘Ê³³¨·ÊÖ (�.12) ¨ (�.13), ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö ¢ ¸²¥¤ÊÕÐ¥³ · ¢¥´¸É¢¥:

γµσρA
σρν + γνσρA

σµρ = −Bµν . (�.14)

‘ ÊÎ¥Éµ³ ÔÉµ£µ · ¢¥´¸É¢  ¢Ò· ¦¥´¨¥ (�.11) § ¶¨Ï¥É¸Ö ¢ Ëµ·³¥

δLg0

δγµν
= − 1

32π
DσA

σµν . (�.15)
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“Î¨ÉÒ¢ Ö · ¢¥´¸É¢ 

Gλτλ =
1

2
gλρDτgλρ, Dτ

√
−g =

√
−gGλτλ ,

´ °¤¥³
Gστβ g̃

νβ +Gντβ g̃
σβ −Gλτλg̃σν = −Dτ g̃

νσ ,

Gστβ g̃
µβ +Gµτβ g̃

σβ −Gλτλg̃σµ = −Dτ g̃
µσ , (�.16)

Gντβ g̃
µβ +Gµτβ g̃

νβ −Gλτλg̃µν = −Dτ g̃
µν .

�µ¤¸É ¢²ÖÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ (�.10), ¶µ²ÊÎ ¥³

Aσµν = γτσDτ g̃
µν + γµνDτ g̃

τσ − γτµDτ g̃
νσ − γτνDτ g̃

µσ.

ˆ¸¶µ²Ó§ÊÖ ÔÉµ ¢Ò· ¦¥´¨¥ ¢ (�.15), ´ °¤¥³

δ?Lg0

δγµν
=

1

32π
Jµν , (�.17)

£¤¥ Jµν = −DσDτ (γ
τσg̃µν + γµν g̃τσ − γτµg̃νσ − γτν g̃µσ) .

�  µ¸´µ¢ ´¨¨ (�.3) ¨³¥¥³

δ?Lgm

δγµν
= −m

2

32π
(g̃µν − γ̃µν) = −m

2

32π
Φ̃µν . (�.18)

’ ±¨³ µ¡· §µ³, ÊÎ¨ÉÒ¢ Ö (�.1) ¨ ¨¸¶µ²Ó§ÊÖ (�.17) ¨ (�.18), ´ Ìµ¤¨³

δ?Lg

δγµν
=

1

32π
(Jµν −m2Φ̃µν) , (�.19)

  ¸²¥¤µ¢ É¥²Ó´µ,

−2
δ?Lg

δγµν
=

1

16π
(−Jµν +m2Φ̃µν) . (�.20)

��ˆ‹�†…�ˆ… ‚

„²Ö ²Õ¡µ° § ¤ ´´µ° ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´  L, ¶·¨ ¡¥¸±µ´¥Î´µ ³ ²µ³
¨§³¥´¥´¨¨ ±µµ·¤¨´ É, ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö

S =

∫
Ld4x

¡Ê¤¥É · ¢´  ´Ê²Õ. ‚ÒÎ¨¸²¨³ ¢ ·¨ Í¨Õ ¤¥°¸É¢¨Ö µÉ ¶²µÉ´µ¸É¨ ² £· ´¦¨ ´ 
LM :

SM =

∫
LM (g̃µν ,ΦA)d4x
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¢¥Ð¥¸É¢  ¨ Ê¸É ´µ¢¨³ ¸¨²Ó´µ¥ Éµ¦¤¥¸É¢µ. �·¨ ¶·¥µ¡· §µ¢ ´¨¨ ±µµ·¤¨´ É

x′µ = xµ + ξµ(x), (B.1)

£¤¥ ξµ(x) Å ¡¥¸±µ´¥Î´µ ³ ²Ò° Î¥ÉÒ·¥Ì¢¥±Éµ· ¸³¥Ð¥´¨Ö, ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö
· ¢´ 

δcSM =

∫
d4x

(
δLM

δg̃µν
δLg̃

µν +
δLM

δΦA
δLΦA + div

)
= 0, (B.2)

¢ ÔÉµ³ ¢Ò· ¦¥´¨¨ div µ¡µ§´ Î ¥É ¤¨¢¥·£¥´Í¨ ²Ó´Ò¥ Î²¥´Ò, ±µÉµ·Ò¥ ´¥¸ÊÐ¥-
¸É¢¥´´Ò ¤²Ö ´ Ï¨Ì Í¥²¥°.

�°²¥·µ¢  ¢ ·¨ Í¨Ö µ¶·¥¤¥²¥´  ± ± µ¡ÒÎ´µ:

δL

δΦ
≡ ∂L

∂Φ
− ∂µ

∂L

∂(∂µΦ)
+ ∂µ∂ν

∂L

∂(∂µ∂νΦ)
.

‚ ·¨ Í¨¨ ‹¨ δLg̃
µν , δLΦA ¶·¨ ¨§³¥´¥´¨¨ ±µµ·¤¨´ É ²¥£±µ ¢ÒÎ¨¸²ÖÕÉ¸Ö,

¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ § ±µ´ ¶·¥µ¡· §µ¢ ´¨Ö ¢¥²¨Î¨´ gµν , ΦA:

δLg̃
µν = g̃λµDλξ

ν + g̃λνDλξ
µ −Dλ(ξ

λg̃µν),

(B.3)

δLΦA = −ξλDλΦA + FB;λ
A;σ ΦBDλξ

σ,

Dλ Å ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ. �µ¤¸É ¢²ÖÖ
ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ (‚.2) ¨ ¨´É¥£·¨·ÊÖ ¶µ Î ¸ÉÖ³, ¶µ²ÊÎ ¥³

δSM =

∫
d4x

{
−ξλ

[
Dα

(
2
δLM

δg̃λν
g̃αν
)
−Dλ

(
δLM )

δg̃αβ

)
g̃αβ+

+Dσ

(
δLM

δΦA
FB;σ
A;λ ΦB

)
+
δLM

δΦA
DλΦA

]
+ div

}
= 0. (B.4)

‚ ¸¨²Ê ¶·µ¨§¢µ²Ó´µ¸É¨ ¢¥±Éµ·  ξλ ¨§ ÔÉµ£µ · ¢¥´¸É¢  ´ Ìµ¤¨³ ¸¨²Ó´µ¥ Éµ¦-
¤¥¸É¢µ, ¸¶· ¢¥¤²¨¢µ¥ ´¥§ ¢¨¸¨³µ µÉ ¢Ò¶µ²´¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¤²Ö ¶µ-
²¥°. �´µ ¨³¥¥É ¢¨¤

Dα

(
2
δLM

δg̃λν
g̃αν
)
−Dλ

(
δLM

δg̃αβ

)
g̃αβ =

= −Dσ

(
δLM

δΦA
FB;σ
A;λ ΦB

)
− δLM

δΦA
DλΦA. (B.5)

‚¢¥¤¥³ µ¡µ§´ Î¥´¨Ö

Tµν = 2
δLM

δgµν
, T µν = −2

δLM

δgµν
= gµαgνβTαβ , T = T µνgµν ,
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T̃µν = 2
δLM

δg̃µν
, T̃ µν = −2

δLM

δg̃µν
= g̃µαg̃νβ T̃αβ, T̃ = T̃αβ g̃αβ . (B.6)

“Î¨ÉÒ¢ Ö ÔÉ¨ µ¡µ§´ Î¥´¨Ö, ²¥¢ÊÕ Î ¸ÉÓ Éµ¦¤¥¸É¢  (‚.5) ³µ¦´µ § ¶¨¸ ÉÓ
¢ ¢¨¤¥

Dα(T̃λν g̃
αν)− 1

2
g̃αβDλT̃αβ = ∂α(T̃λν g̃

αν)− 1

2
g̃αβ∂λT̃αβ .

�· ¢ Ö Î ¸ÉÓ ÔÉµ£µ · ¢¥´¸É¢  ²¥£±µ ¶·¨¢µ¤¨É¸Ö ± Ëµ·³¥

∂α(T̃λν g̃
αν)− 1

2
g̃αβ∂λT̃αβ = g̃λν∇α

(
T̃αν − 1

2
g̃αν T̃

)
. (B.7)

‡¤¥¸Ó ∇α Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ¢ ·¨³ ´µ¢µ³ ¶·µ¸É· ´¸É¢¥. ‡ ¶¨Ï¥³
É¥¶¥·Ó ¢Ò· ¦¥´¨¥ ¶µ¤ §´ ±µ³ ¶·µ¨§¢µ¤´µ° Î¥·¥§ ¶²µÉ´µ¸ÉÓ É¥´§µ·  Tαν . „²Ö
ÔÉµ° Í¥²¨ ¢µ¸¶µ²Ó§Ê¥³¸Ö Ë-²µ° (�.16):

δLM

δgµν
=
δLM

δg̃αβ
· ∂g̃

αβ

∂gµν
, (B.8)

£¤¥
∂g̃αβ

∂gµν
=
√
−g∂g

αβ

∂gµν
− 1

2
√−g ·

∂g

∂gµν
gαβ . (B.9)

ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨Ö
gαβgβσ = δασ ,

´ °¤¥³
∂gαβ

∂gµν
= −1

2
(gαµgνβ + gανgµβ). (B10)

�µ ¶· ¢¨²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö µ¶·¥¤¥²¨É¥²¥° ´ Ìµ¤¨³

dg = ggµνdgµν , (B.11)

µÉ±Ê¤  ¨³¥¥³
∂g

∂gµν
= ggµν . (B12)

�µ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (‚.10) ¨ (‚.12) ¢ (‚.9), ¶µ²ÊÎ¨³

∂g̃αβ

∂gµν
= −1

2

√
−g[gαµgβν + gανgβµ − gµνgαβ ]. (B.13)

ˆ¸¶µ²Ó§ÊÖ ÔÉµ ¸µµÉ´µÏ¥´¨¥ ¢ (‚.8), ´ Ìµ¤¨³

δLM

δgµν
=
√
−g
(
δLM

δg̃αβ
gαµgβν − 1

2

δLM

δg̃αβ
gαβgµν

)
. (B.14)
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“Î¨ÉÒ¢ Ö µ¡µ§´ Î¥´¨Ö (‚.6), ÔÉµ ¢Ò· ¦¥´¨¥ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

√
−gT µν = T̃ µν − 1

2
g̃µν T̃ . (B.15)

�  µ¸´µ¢ ´¨¨ ÔÉµ£µ · ¢¥´¸É¢  ¸¨²Ó´µ¥ Éµ¦¤¥¸É¢µ (‚.5) ¸ ÊÎ¥Éµ³ (‚.7) ¶·¨´¨-
³ ¥É ¢¨¤

gλν∇αTαν = −Dσ

(
δLM

δΦA
FB;σ
A;λ ΦB

)
− δLM

δΦA
DλΦA,

¨²¨

∇αTαλ = −Dσ

(
δLM

δΦA
FB;σ
A;λ ΦB

)
− δLM

δΦA
DλΦA. (B.16)

��ˆ‹�†…�ˆ… ƒ

’¥´§µ· ±·¨¢¨§´Ò ¢Éµ·µ£µ · ´£  Rµν ³µ¦´µ § ¶¨¸ ÉÓ ¢ Ëµ·³¥

Rµν =
1

2
[g̃αβ(g̃µκg̃νρ −

1

2
g̃µν g̃κρ)DαDβ g̃

κρ−

−g̃νρDκDµg̃
κρ − g̃µκDνDρg̃

κρ] +
1

2
g̃νω g̃ρτDµg̃

κρDκg̃
ωτ+

+
1

2
g̃µω g̃ρτDν g̃

κρDκg̃
ωτ − 1

2
g̃µω g̃νρDτ g̃

ωκDκg̃
ρτ−

−1

4
(g̃ωρg̃κτ −

1

2
g̃ωτ g̃κρ)Dµg̃

κρDν g̃
ωτ−

−1

2
g̃αβ g̃ρτ (g̃µκg̃νω −

1

2
g̃µν g̃κω)Dαg̃

κρDβ g̃
ωτ . (ƒ.1)

�µ¤´¨³ Ö ¨´¤¥±¸Ò ¶ÊÉ¥³ Ê³´µ¦¥´¨Ö ´  gεµgλν ¨ ÊÎ¨ÉÒ¢ Ö Ê· ¢´¥´¨¥

Dµg̃
µν = 0 , (ƒ.2)

¶µ²ÊÎ¨³

−gRελ =
1

2
g̃αβDαDβ g̃

ελ − 1

4
g̃ελg̃κρg̃

αβDαDβ g̃
κρ+

+
1

2
g̃ρτ g̃

εµDµg̃
κβDκg̃

λτ+

+
1

2
g̃ρτ g̃

λνDν g̃
κρDκg̃

ετ − 1

2
Dτ g̃

εκDκg̃
λτ−

−1

4
(g̃ωρg̃κτ −

1

2
g̃ωτ g̃κρ)g̃

εµg̃λνDµg̃
κρDν g̃

ωτ−
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−1

2
g̃ρτ g̃

αβDαg̃
ερDβ g̃

λτ +
1

4
g̃ρτ g̃

ελg̃κωg̃
αβDαg̃

κρDβ g̃
ωτ . (ƒ.3)

�É¸Õ¤  ´ Ìµ¤¨³

−gR =
1

2
gελg̃

αβDαDβ g̃
ελ − gκρg̃αβDαDβ g̃

κρ +
1

2
gρτDµg̃

κρDκg̃
µτ+

+
1

2
gρτDεg̃

κρDκg̃
ετ − 1

2
gελDτ g̃

εκDκg̃
λτ−

−1

4
(g̃ωρg̃κτ −

1

2
g̃ωτ g̃κρ)

√
−gg̃µνDµg̃

κρDν g̃
ωτ−

−1

2
g̃ρτ g̃

αβgελDαg̃
εβDβ g̃

λτ + g̃ρτgκωg̃
αβDαg̃

κρDβ g̃
ωτ . (ƒ.4)

‘ ¶µ³µÐÓÕ ¢Ò· ¦¥´¨° (ƒ.3) ¨ (ƒ.4) ´ °¤¥³

−g(Rελ − 1

2
gελR) = −1

2
{1
2
(g̃νσ g̃τκ −

1

2
g̃νκg̃τσ)g̃

εαg̃λβDαg̃
στDβ g̃

νκ−

−1

4
g̃ελg̃αβ(g̃νσ g̃τκ −

1

2
g̃νκg̃τσ)Dαg̃

τσDβ g̃
νκ+

+g̃αβ g̃στDαg̃
ετDβ g̃

λσ − g̃εβ g̃τσDαg̃
λσDβ g̃

ατ−

−g̃λαg̃τσDαg̃
βσDβ g̃

ετ +
1

2
g̃ελg̃τσDαg̃

βσDβ g̃
ατ+

+Dαg̃
εβDβ g̃

λα − g̃αβDαDβ g̃
ελ} . (ƒ.5)

‘²¥¤Ê¥É µ¸µ¡µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¶·¨ ´ Ìµ¦¤¥´¨¨ ¢Ò· ¦¥´¨Ö (ƒ.5) ³Ò ¨¸¶µ²Ó-
§µ¢ ²¨ Ê· ¢´¥´¨¥ (ƒ.2). �µ¤¸É ¢²ÖÖ (ƒ.5) ¢ Ê· ¢´¥´¨¥ (76) ¨ § ¶¨¸Ò¢ Ö ¶µ²Ê-
Î¥´´µ¥ Ê· ¢´¥´¨¥ ¢ Ëµ·³¥ (93), ´ °¤¥³ ¢Ò· ¦¥´¨Ö ¤²Ö ¢¥²¨Î¨´Ò −16πgτ ελg :

−16πgτ ελg =
1

2
(g̃εαg̃λβ − 1

2
g̃ελg̃αβ)(g̃νσ g̃τµ −

1

2
g̃τσg̃νµ)DαΦ̃τσDβΦ̃

µν+

+g̃αβ g̃τσDαΦ̃ετDβΦ̃
λσ − g̃εβ g̃τσDαΦ̃λσDβΦ̃

ατ − g̃λαg̃τσDαΦ̃βσDβΦ̃
ετ+

+
1

2
g̃ελg̃τσDαΦ̃σβDβΦ̃

ατ +DαΦ̃εβDβΦ̃
λα − Φ̃αβDαDβΦ̃

ελ−

−m2(
√
−gg̃ελ −

√
−γΦ̃ελ + g̃εαg̃λβγαβ −

1

2
g̃ελg̃αβγαβ). (ƒ.6)
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�.�.�¥²Ó±µ¢, �.‚.‹ ´¥¢

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�µ¤·µ¡´µ · ¸¸³µÉ·¥´µ ¶µ²ÊÎ¥´¨¥ ÔËË¥±É¨¢´ÒÌ ³¥§µ´´ÒÌ ² £· ´¦¨ ´µ¢ ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤-
± Ì ±¨· ²Ó´µ£µ · §²µ¦¥´¨Ö ¨§ ¡µ§µ´¨§ Í¨¨ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö · ¸Ï¨·¥´´µ°
³µ¤¥²¨ � ³¡ÊÄˆµ´ -‹ §¨´¨µ (�ˆ‹), É· ±ÉÊ¥³µ° ± ± ²µ± ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ´¨§±µÔ´¥·£¥É¨Î¥-
¸±µ° Š•„. �·¨¢¥¤¥´Ò ¨ ¸¨¸É¥³ É¨§¨·µ¢ ´Ò ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ±µÔËË¨Í¨¥´Éµ¢ · §²µ¦¥´¨Ö
Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¤²Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹ ¤µ ¸¥¤Ó³µ£µ
¶µ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´µ. �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö Ë¨±¸ Í¨¨ ¸É·Ê±ÉÊ·´ÒÌ ±µÔË-
Ë¨Í¨¥´Éµ¢ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢ ¢ p4- ¨ p6-¶µ·Ö¤± Ì ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö.
�¡¸Ê¦¤ ÕÉ¸Ö · §²¨Î´Ò¥  ¸¶¥±ÉÒ ¶·¨³¥´¥´¨Ö ¡µ§µ´¨§µ¢ ´´ÒÌ ² £· ´¦¨ ´µ¢ ± µ¶¨¸ ´¨Õ ´¨§±µ-
Ô´¥·£¥É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢: ·¥¤Ê±Í¨Ö ¢¥±Éµ·´ÒÌ,  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ¨ ¸± ²Ö·´ÒÌ
·¥§µ´ ´¸µ¢, ·¥£Ê²Ö·¨§ Í¨Ö ¤¨ £· ³³ ¸ ³¥§µ´´Ò³¨ ¶¥É²Ö³¨, § ¢¨¸¨³µ¸ÉÓ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì
¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ µÉ ¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢±¨ ¨ ¶ · ³¥É·µ¢ ·¥£Ê²Ö·¨§ Í¨¨. � ¸¸³ É·¨-
¢ ÕÉ¸Ö É ±¦¥ ¢µ¶·µ¸Ò, ¸¢Ö§ ´´Ò¥ ¸ Ë¨§¨Î¥¸±¨³ µ¡µ¸´µ¢ ´¨¥³ ³µ¤¥²¨ �ˆ‹ ± ± ´¨§±µÔ´¥·£¥-
É¨Î¥¸±µ£µ ¶·¥¤¥²  Š•„. ‚ ÔÉµ³ ±µ´É¥±¸É¥ µ¡¸Ê¦¤ ÕÉ¸Ö ´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ± ¸É·Ê±ÉÊ·´Ò³
±µÔËË¨Í¨¥´É ³ ¡µ§µ´¨§µ¢ ´´ÒÌ ² £· ´¦¨ ´µ¢.

We consider deriving the effective meson higher-order lagrangians from bosonization of four-
quark interaction within extended NambuÄJonaÄLasinio (NJL) model which can be treated as a local
approximation of low-energy QCD. The results of calculating the heat-kernel coefˇcients for quark
determinant of the bosonized NJL model are presented systematically up to and including O(p7). The
obtained results are used to ˇx the structure coefˇcients of the effective chiral lagrangians at O(p4)
and O(p6). We discuss various aspects to apply the bosonized lagrangians and to describe low-energy
meson processes: reduction of vector, axial-vector and scalar resonances, regularization of meson loop
diagrams, dependence of the phenomenological structure coefˇcients on the renormalization scheme
and regularization scale. The nonlocal corrections to the structure coefˇcients of the bosonized
lagrangians are treated also in the context of physical justiˇcation of the NJL model as a low-energy
limit of QCD.

‚‚…„…�ˆ…

‚µ§·µ¸Ï¨° ¢ ¶µ¸²¥¤´¨¥ £µ¤Ò ¨´É¥·¥¸ ± ±¨· ²Ó´Ò³ ² £· ´¦¨ ´ ³ ¨ ¢Ò-
Î¨¸²¥´¨Õ ³¥§µ´´ÒÌ  ³¶²¨ÉÊ¤ ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö
¸¢Ö§ ´ ¸ ¸ÊÐ¥¸É¢¥´´Ò³ ¶·µ£·¥¸¸µ³ ¢ · §¢¨É¨¨ ÔËË¥±É¨¢´ÒÌ ¶µ¤Ìµ¤µ¢ ± µ¶¨-
¸ ´¨Õ  ¤·µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¶·¨ ´¨§±¨Ì ¨ ¶·µ³¥¦ÊÉµÎ´ÒÌ Ô´¥·£¨ÖÌ ¸ ÊÎ¥Éµ³
¤¨´ ³¨±¨ ±¢ ·±µ¢ ¨ £²Õµ´µ¢ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ. ‘µ§¤ ´¨¥ ·¥ ²¨¸É¨-
Î¥¸±µ° É¥µ·¨¨ ³¥§µ´µ¢ ¨ ¡ ·¨µ´µ¢ ¢ ± Î¥¸É¢¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¶·¥¤¥² 
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Š•„ Ö¢²Ö¥É¸Ö µ¤´µ° ¨§ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·µ¡²¥³ Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î -
¸É¨Í. �¥µ¡Ìµ¤¨³µ¸ÉÓ ¢ ÔËË¥±É¨¢´ÒÌ ¶µ¤Ìµ¤ Ì ¢µ§´¨± ¥É ¨§-§  Éµ£µ, ÎÉµ
¶¥·ÉÊ·¡ É¨¢´ Ö Š•„ ¸É ´µ¢¨É¸Ö ´¥¶·¨³¥´¨³µ° ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ, ¢
Éµ ¢·¥³Ö ± ± ´ ·ÊÏ¥´´ Ö ±¨· ²Ó´ Ö ¸¨³³¥É·¨Ö µ¸É ¥É¸Ö µ¸´µ¢´Ò³ ¤¨´ ³¨Î¥-
¸±¨³ ¶·¨´Í¨¶µ³, µ¶·¥¤¥²ÖÕÐ¨³ ¸¨²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨ ´¨§±¨Ì Ô´¥·-
£¨ÖÌ.

„µ ¸¨Ì ¶µ· ¶µ±  ÎÉµ ´¨±µ³Ê ´¥ Ê¤ ²µ¸Ó ¢Ò¢¥¸É¨ ±¨· ²Ó´ÊÕ ¤¨´ ³¨±Ê
 ¤·µ´µ¢ ¨§ Š•„ ¢ ¸É·µ£µ³ ³ É¥³ É¨Î¥¸±µ³ ¸³Ò¸²¥. ’¥³ ´¥ ³¥´¥¥ ¶·¨³¥´¥-
´¨¥ ËÊ´±Í¨µ´ ²Ó´ÒÌ ³¥Éµ¤µ¢ ± ¶·¨¡²¨¦¥´´Ò³ Ëµ·³ ³ Š•„ (¸³. · ¡µÉÒ [1]Ä
[13] ¨ ¸¸Ò²±¨ ¢ ´¨Ì) ¨ Š•„-³µÉ¨¢¨·µ¢ ´´Ò³ ±¢ ·±µ¢Ò³ ³µ¤¥²Ö³ [14]Ä [24],
¢µ§´¨±Ï¨³ ± ± · §²¨Î´Ò¥ · ¸Ï¨·¥´¨Ö Ìµ·µÏµ ¨§¢¥¸É´µ° ³µ¤¥²¨ � ³¡Ê Å
ˆµ´ -‹ §¨´¨µ (�ˆ‹) [25], ¤ ²µ ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢¥´´µ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢
¶µ´¨³ ´¨¨ ¸¢Ö§¨ ³¥¦¤Ê ´ ·ÊÏ¥´´µ° ±¨· ²Ó´µ° ¸¨³³¥É·¨¥° ¸¨²Ó´ÒÌ ¢§ ¨³µ-
¤¥°¸É¢¨°  ¤·µ´µ¢ ¨ ¤¨´ ³¨±µ° ±¢ ·±µ¢ ¨ £²Õµ´µ¢ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ.
�¥¸³µÉ·Ö ´  ¨§¢¥¸É´Ò¥ ´¥¤µ¸É É±¨ (´¥¶¥·¥´µ·³¨·Ê¥³µ¸ÉÓ ¨ µÉ¸ÊÉ¸É¢¨¥ ±µ´-
Ë °´³¥´É ), ³µ¤¥²Ó �ˆ‹ ¶·¨¢µ¤¨É ± µ¶¨¸ ´¨Õ ¢ É¥·³¨´ Ì ´¥¶¥·ÉÊ·¡ É¨¢´µ°
Š•„ (³ ¸¸Ò Éµ±µ¢ÒÌ ¨ ¸µ¸É ¢²ÖÕÐ¨Ì ±¢ ·±µ¢, ±¢ ·±µ¢Ò° ±µ´¤¥´¸ É, Î¨¸²µ
Í¢¥Éµ¢ ±¢ ·±µ¢) É¥Ì ¸¢µ°¸É¢ ³¥§µ´µ¢ ¨ ¡ ·¨µ´µ¢, ±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ¸Ö ±¨-
· ²Ó´µ° ¸¨³³¥É·¨¥° ¨ ¥¥ ´ ·ÊÏ¥´¨¥³ [26]Ä [31]. �µ§µ´¨§ Í¨Ö ³µ¤¥²¨ �ˆ‹
¶µ§¢µ²Ö¥É É ±¦¥ ¢Ò¢¥¸É¨ ¨§ ÔËË¥±É¨¢´µ£µ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö
³¥§µ´´Ò¥ ² £· ´¦¨ ´Ò ¸ ¢Ò¸Ï¨³¨ ¶·µ¨§¢µ¤´Ò³¨ [32]Ä [38] ¨ É¥³ ¸ ³Ò³
§ Ë¨±¸¨·µ¢ ÉÓ É¥µ·¥É¨Î¥¸±¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ, ±µÉµ-
·Ò¥ ¢ ¸É ´¤ ·É´µ° ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [39] · ¸¸³ É·¨¢ ÕÉ¸Ö ± ±
Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥ ¶ · ³¥É·Ò.

�¥¸³µÉ·Ö ´  Éµ, ÎÉµ ³µ¤¥²Ó �ˆ‹ ¶·¨¢µ¤¨É ± ¶· ¢¨²Ó´µ³Ê µ¶¨¸ ´¨Õ ´¨§-
±µÔ´¥·£¥É¨Î¥¸±µ° Ë¥´µ³¥´µ²µ£¨¨ ³¥§µ´µ¢ ¨ ¡ ·¨µ´µ¢, ´¥ ¸²¥¤Ê¥É § ¡Ò¢ ÉÓ µ
¥¥ ´¥¶µ²´µÉ¥, ¶·¥¦¤¥ ¢¸¥£µ ¸ ÉµÎ±¨ §·¥´¨Ö µÉ¸ÊÉ¸É¢¨Ö ¢ ´¥° ±µ´Ë °´³¥´É 
±¢ ·±µ¢. �·µ¡²¥³  ´¥¶¥·¥´µ·³¨·Ê¥³µ¸É¨ ·¥Ï ¥É¸Ö ¢ ¸µ¢·¥³¥´´µ° ³µ¤¥²¨
�ˆ‹ ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ£µ µ¡·¥§ ´¨Ö.
’ ± Ö ¶·µÍ¥¤Ê·  ¢Ò£²Ö¤¨É · §Ê³´µ° ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö, É ± ± ± ¸
¸ ³µ£µ ´ Î ²  ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ ¨¸±²ÕÎ¥´¨¥ ¨§ · ¸¸³µÉ·¥´¨Ö ¡µ²ÓÏ¨Ì
¶¥·¥¤ ´´ÒÌ ¨³¶Ê²Ó¸µ¢ ´¥ ¤µ²¦´µ ¸¨²Ó´µ ¶µ¢²¨ÖÉÓ ´  ´¨§±µÔ´¥·£¥É¨Î¥¸±¨¥
¸¢µ°¸É¢  ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ±¢ ·±µ¢ ¨§-§  ¡Ò¸É·µ£µ Ê¡Ò¢ ´¨Ö ¶·µ¶ £ Éµ· 
£²Õµ´  ¢ µ¡² ¸É¨  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò. Š ± ²µ± ²Ó´µ¥ ´¨§±µÔ´¥·£¥É¨-
Î¥¸±µ¥ ¶·¨¡²¨¦¥´¨¥, ³µ¤¥²Ó �ˆ‹ Ë¨§¨Î¥¸±¨ ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¶µ²µ¦¥´¨Õ,
ÎÉµ ¸¢µ°¸É¢  ´¨§±µ²¥¦ Ð¨Ì ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ±¢ ·±µ¢ ( ¤·µ´µ¢) ¢ µ¸´µ¢-
´µ³ µ¶·¥¤¥²ÖÕÉ¸Ö µ¡² ¸ÉÓÕ ¶¥·¥¤ Î ¨³¶Ê²Ó¸ , ¶·µ³¥¦ÊÉµÎ´µ° ³¥¦¤Ê µ¡² -
¸ÉÖ³¨  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò ¨ ±µ´Ë °´³¥´É  ±¢ ·±µ¢, £¤¥ ¶¥·¥¤ ´´Ò°
¨³¶Ê²Ó¸ ³´µ£µ ³¥´ÓÏ¥ ÔËË¥±É¨¢´µ° ³ ¸¸Ò ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ £²Õµ´ . �¤-
´ ±µ É ±µ¥ ¤µ³¨´¨·µ¢ ´¨¥ ¶·µ³¥¦ÊÉµÎ´µ° µ¡² ¸É¨ ´¥ ¢¶µ²´¥ µÎ¥¢¨¤´µ ¨§-§ 
¶µ²Õ¸´µ£µ ¶µ¢¥¤¥´¨Ö ¶·µ¶ £ Éµ·  ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ £²Õµ´  ¢ µ¡² ¸É¨ ´Ê²¥-
¢ÒÌ ¶¥·¥¤ Î ¨³¶Ê²Ó¸ . �µÔÉµ³Ê ¨¸±²ÕÎ¥´¨¥ ¨§ · ¸¸³µÉ·¥´¨Ö ¢ ³µ¤¥²¨ �ˆ‹
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µ¡² ¸É¨ ±µ´Ë °´³¥´É  ´¥ Ö¢²Ö¥É¸Ö, ´  ¶¥·¢Ò° ¢§£²Ö¤, É ±¨³ ¦¥ ¥¸É¥¸É¢¥´-
´Ò³ Ë¨§¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³, ± ± ¢¢¥¤¥´¨¥ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ£µ µ¡·¥§ ´¨Ö.
�ÉµÉ ¢µ¶·µ¸ É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´µ£µ ¨§ÊÎ¥´¨Ö, ¶·µ¢¥¤¥´´µ£µ, ¢ Î ¸É´µ¸É¨, ¢
· ¡µÉ¥ [23].

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ³Ò ¶µ¤·µ¡´µ · ¸¸³ É·¨¢ ¥³ ¶µ²ÊÎ¥´¨¥ ÔËË¥±É¨¢-
´ÒÌ ³¥§µ´´ÒÌ ² £· ´¦¨ ´µ¢ ¨§ ¡µ§µ´¨§ Í¨¨ · ¸Ï¨·¥´´µ° ³µ¤¥²¨ �ˆ‹, ±µ-
Éµ·ÊÕ ³µ¦´µ É· ±Éµ¢ ÉÓ ± ± ²µ± ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³
¶·¥¤¥²¥ Š•„. ŒµÉ¨¢ Í¨¨ ³µ¤¥²¨ �ˆ‹ ¶µ¸¢ÖÐ¥´ ¶¥·¢Ò° · §¤¥² µ¡§µ· . � ¸-
Ï¨·¥´´ Ö ³µ¤¥²Ó �ˆ‹ ´¥ Éµ²Ó±µ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ¸¨³³¥É·¨¨, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ¸¨³³¥É·¨Ö³ Š•„, ¨ Ö¢´µ¥ ´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ³ ¸¸ ³¨
Éµ±µ¢ÒÌ ±¢ ·±µ¢, ´µ É ±¦¥ ¢µ¸¶·µ¨§¢µ¤¨É ¸¶µ´É ´´µ¥ ´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ°
¸¨³³¥É·¨¨, ±µÉµ·µ¥ ¸¢Ö§ ´µ ¸ ¶µÖ¢²¥´¨¥³ ´¥´Ê²¥¢µ£µ ±¢ ·±µ¢µ£µ ±µ´¤¥´-
¸ É  ¨ ¶¥·¥Ìµ¤µ³ Éµ±µ¢ÒÌ ±¢ ·±µ¢ ¢ ¸µ¸É ¢²ÖÕÐ¨¥. ‚ ¡µ§µ´¨§ Í¨µ´´µ³ ¶µ¤-
Ìµ¤¥ ¶¸¥¢¤µ¸± ²Ö·´Ò¥, ¸± ²Ö·´Ò¥, ¢¥±Éµ·´Ò¥ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò¥ ³¥§µ´Ò
¢¢µ¤ÖÉ¸Ö ± ± ±µ²²¥±É¨¢´Ò¥ ¶µ²Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¢Ö§ ´´Ò³ ¸µ¸ÉµÖ´¨Ö³
±¢ ·±µ¢ ¨  ´É¨±¢ ·±µ¢,   ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê ÔÉ¨³¨ ¶µ²Ö³¨ µ¶¨¸Ò¢ ¥É¸Ö
±¢ ·±µ¢Ò³ ¤¥É¥·³¨´ ´Éµ³, ¢µ§´¨± ÕÐ¨³ ¶·¨ ¨´É¥£·¨·µ¢ ´¨¨ ¶µ ±¢ ·± ³ ¢
¶·µ¨§¢µ¤ÖÐ¥³ ËÊ´±Í¨µ´ ²¥.

‚ · §¤¥² Ì 2, 3 ¨ 4 ³Ò µ¡¸Ê¦¤ ¥³ É¥Ì´¨Î¥¸±¨¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ±¢ ·-
±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹ ¸ ¶µ³µÐÓÕ · §²µ¦¥´¨Ö
É ± ´ §Ò¢ ¥³µ£µ ©Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ª ¶µ ¸É¥¶¥´Ö³ ©¸µ¡¸É¢¥´´µ£µ ¢·¥-
³¥´¨ª ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ·¥£Ê²Ö·¨§ Í¨¨. �·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¶µ ¢ÒÎ¨-
¸²¥´¨Õ ±µÔËË¨Í¨¥´Éµ¢ · §²µ¦¥´¨Ö Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¤µ ¸¥¤Ó³µ£µ ¶µ-
·Ö¤±  ¢±²ÕÎ¨É¥²Ó´µ. �·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ¸  ´ ²µ£¨Î´Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³¨
¤·Ê£¨Ì £·Ê¶¶. �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ · §¤¥²¥ 5 ¤²Ö Ë¨±¸ -
Í¨¨ ±µ´¸É ´É ¸¢Ö§¨ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢, ¢±²ÕÎ Ö Î²¥´Ò
p6-¶µ·Ö¤±  ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö. �¸µ¡µ¥ ¢´¨³ ´¨¥ ¢ ÔÉµ³ · §¤¥²¥ Ê¤¥-
²¥´µ Ô±¢¨¢ ²¥´É´Ò³ ¶·¥µ¡· §µ¢ ´¨Ö³ ¨ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö, ±µÉµ·Ò¥ ¨¸-
¶µ²Ó§ÊÕÉ¸Ö ¤²Ö Ê¸É· ´¥´¨Ö Î²¥´µ¢ ¸ ¤¢µ°´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨ ¨ ¶·¨¢¥¤¥´¨Ö
ÔËË¥±É¨¢´ÒÌ ² £· ´¦¨ ´µ¢ ± ³¨´¨³ ²Ó´µ³Ê ¢¨¤Ê.

�¸µ¡µ¥ ³¥¸Éµ ¢ µ¡§µ·¥ µÉ¢¥¤¥´µ ¨¸¸²¥¤µ¢ ´¨Õ ¢²¨Ö´¨Ö ³¥§µ´´ÒÌ ·¥§µ-
´ ´¸µ¢ ´  µ¶¨¸ ´¨¥ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸¥±Éµ· . ‚ · §¤¥²¥ 6 · ¸¸³µÉ·¥´ ÔË-
Ë¥±É¨¢´Ò° ¶¸¥¢¤µ¸± ²Ö·´Ò° ² £· ´¦¨ ´, ¶µ²ÊÎ ¥³Ò° ¶·¨ ¨´É¥£·¨·µ¢ ´¨¨
(·¥¤Ê±Í¨¨) ¢¥±Éµ·´ÒÌ,  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ¨ ¸± ²Ö·´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò
¢ ¶·µ¨§¢µ¤ÖÐ¥³ ËÊ´±Í¨µ´ ²¥ ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹. �¥¤Ê±Í¨Ö ÉÖ-
¦¥²ÒÌ ·¥§µ´ ´¸µ¢, Ô±¢¨¢ ²¥´É´ Ö ÊÎ¥ÉÊ ·¥§µ´ ´¸´ÒÌ µ¡³¥´µ¢, ¶·µ¢µ¤¨É¸Ö ¸
¶µ³µÐÓÕ ¸É É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¢µ§´¨± ÕÐ¨Ì ¨§ ¶·µ¨§¢µ¤ÖÐ¥£µ
ËÊ´±Í¨µ´ ²  ¶µ¸²¥ ¸¶¥Í¨ ²Ó´µ£µ ±¨· ²Ó´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ³¥§µ´´ÒÌ ¶µ-
²¥°. �¡¸Ê¦¤ ÕÉ¸Ö ¶µ¶· ¢±¨ ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ± ¸É É¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ¤¢¨-
¦¥´¨Ö ¨ ³µ¤¨Ë¨± Í¨Ö ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ
² £· ´¦¨ ´µ¢ ¶µ¸²¥ ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢. ”¥´µ³¥´µ²µ£¨Î¥¸±¨³  ¸¶¥±É ³ ¶µ-
¸¢ÖÐ¥´ · §¤¥² 7, £¤¥ ³Ò · ¸¸³ É·¨¢ ¥³ µ¶¨¸ ´¨¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ³¥-
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§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¢ p4- ¨ p6-¶µ·Ö¤± Ì ±¨· ²Ó´µ° É¥µ·¨¨ ¸ ¡µ§µ´¨§µ¢ ´´Ò³¨
² £· ´¦¨ ´ ³¨.

‚ ¶¥·¢µ³ · §¤¥²¥ µ¡§µ·  ¶µ± § ´µ, ÎÉµ ³µ¤¥²Ó �ˆ‹ ¢µ§´¨± ¥É ± ± ²µ-
± ²Ó´Ò° ´¨§±µÔ´¥·£¥É¨Î¥¸±¨° ¶·¥¤¥² Š•„ ¢ ·¥§Ê²ÓÉ É¥ ´¥±µÉµ·µ° ¶µ¸²¥¤µ-
¢ É¥²Ó´µ¸É¨ ¤µ¸É ÉµÎ´µ £·Ê¡ÒÌ ¶·¨¡²¨¦¥´¨° ¨ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶·¥¤¶µ²µ¦¥-
´¨°. ‚ ÔÉµ³ ¸³Ò¸²¥ ¶·¥¤¸± § É¥²Ó´ Ö ¸¨²  ³µ¤¥²¨ �ˆ‹, ¤¥³µ´¸É·¨·Ê¥³ Ö ¢
· §¤¥²¥ 7 ´  ¶·¨³¥· Ì µ¶¨¸ ´¨Ö ¢§ ¨³µ¤¥°¸É¢¨° ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢,
¢ ± ±µ³-Éµ ¸³Ò¸²¥ ¤ ¦¥ ¶·¥¢ÒÏ ¥É µ¦¨¤ ´¨Ö. �Éµ µ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉµ
¤¨´ ³¨±  ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ µ¶·¥¤¥²Ö¥É¸Ö ¢ ¶¥·¢ÊÕ
µÎ¥·¥¤Ó ´ ·ÊÏ¥´´µ° ±¨· ²Ó´µ° ¸¨³³¥É·¨¥°, ±µÉµ· Ö Ê¦¥ ¨§´ Î ²Ó´µ ¡Ò² 
§ ²µ¦¥´  ¢ ÔËË¥±É¨¢´µ³ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ³ ² £· ´¦¨ ´¥ ³µ¤¥²¨ �ˆ‹. ‚
ÔÉµ³ ¸³Ò¸²¥ µÉ¸ÊÉ¸É¢¨¥ ±µ´Ë °´³¥´É  ¢ ÔÉµ° ³µ¤¥²¨ ´¥ ¤µ²¦´µ ¢²¨ÖÉÓ ´  É¥
¸¢µ°¸É¢  ³¥§µ´µ¢, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¨²¨ ¥¥
´ ·ÊÏ¥´¨Ö. ‚ · §¤¥²¥ 8 µ¡¸Ê¦¤ ÕÉ¸Ö ´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ± ¶·¥¤¸± § ´¨Ö³
³µ¤¥²¨ �ˆ‹, É· ±ÉÊ¥³Ò¥ ¢ ¡¨²µ± ²Ó´µ³ ¶µ¤Ìµ¤¥ ± ± ¢±² ¤Ò, ¢µ§´¨± ÕÐ¨¥ ¨§
¶µ²Õ¸´µ£µ ¶µ¢¥¤¥´¨Ö ÔËË¥±É¨¢´µ£µ ¶·µ¶ £ Éµ·  ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ £²Õµ´ 
¢ µ¡² ¸É¨ ±µ´Ë °´³¥´É  ±¢ ·±µ¢. � §¢¨ÉÒ° ¢ · ¡µÉ Ì [11] ¨ [23] ¶µ¤Ìµ¤ ¶µ-
§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ ¶µ²ÊË¥´µ³¥´µ²µ£¨Î¥¸±¨¥ µÍ¥´±¨ ´¥²µ± ²Ó´ÒÌ ¶µ¶· ¢µ± ±
¸É·Ê±ÉÊ·´Ò³ ±µÔËË¨Í¨¥´É ³ ¡µ§µ´¨§µ¢ ´´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢. �µ-
± § ´  ³ ²µ¸ÉÓ ÔÉ¨Ì ¶µ¶· ¢µ± ¢ p4-¶µ·Ö¤±¥ ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö ±¢ ·-
±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹, ÎÉµ Ö¢²Ö¥É¸Ö ¥Ð¥ µ¤´¨³
 ·£Ê³¥´Éµ³ ¢ ¶µ²Ó§Ê ÔÉµ° ³µ¤¥²¨ ± ± ·¥ ²¨¸É¨Î¥¸±µ£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¢§ -
¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ.

‚ § ±²ÕÎ¥´¨¨ ³Ò µ¡¸Ê¦¤ ¥³ ¢µ§³µ¦´Ò¥ ´ ¶· ¢²¥´¨Ö ¨ ¶¥·¸¶¥±É¨¢Ò
¤ ²Ó´¥°Ï¥£µ · §¢¨É¨Ö ÔËË¥±É¨¢´ÒÌ ±¢ ·±µ¢ÒÌ ³µ¤¥²¥° É¨¶  ³µ¤¥²¨ �ˆ‹.
ŒÒ É ±¦¥ ± ¸ ¥³¸Ö ´¥±µÉµ·ÒÌ ¢µ¶·µ¸µ¢ ¨ ¶·µ¡²¥³, ´¥ ´ Ï¥¤Ï¨Ì ¡µ²¥¥ ¤¥-
É ²Ó´µ£µ µ¸¢¥Ð¥´¨Ö ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥.

1. Š•„-Œ�’ˆ‚�–ˆŸ Œ�„…‹ˆ �ˆ‹

Š¢ ´Éµ¢ Ö Ì·µ³µ¤¨´ ³¨±  Ö¢²Ö¥É¸Ö µ¡Ð¥¶·¨´ÖÉµ° É¥µ·¨¥° ¸¨²Ó´ÒÌ ¢§ -
¨³µ¤¥°¸É¢¨° ¢ É¥·³¨´ Ì ±¢ ·±µ¢ ¨ £²Õµ´µ¢, ¶µ²ÊÎ¨¢Ï¥° Ìµ·µÏ¥¥ Ô±¸¶¥·¨-
³¥´É ²Ó´µ¥ ¶µ¤É¢¥·¦¤¥´¨¥ ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ ·¥¦¨³¥ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ
(E � 1 ƒÔ‚). ’ ± ± ± ±¢ ·±¨ ¨ £²Õµ´Ò ´¥ ³µ£ÊÉ ´ ¡²Õ¤ ÉÓ¸Ö ± ± ¸¢µ¡µ¤´Ò¥
Î ¸É¨ÍÒ, Éµ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ µ´¨ ¸¢Ö§ ´Ò ¢ ¡¥¸Í¢¥É´Ò¥  ¤·µ´Ò. ‘ÊÐ¥-
¸É¢Ê¥É ³´µ£µ · §²¨Î´ÒÌ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¶µ¤Ìµ¤µ¢ ¨ ÔËË¥±É¨¢´ÒÌ ³µ¤¥-
²¥° ¤²Ö µ¶¨¸ ´¨Ö  ¤·µ´µ¢ ¨ ¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¶·¨ ´¨§±¨Ì ¨ ¶·µ³¥¦ÊÉµÎ´ÒÌ
Ô´¥·£¨ÖÌ (E < 1ƒÔ‚). �¤´ ±µ ¤µ ¸¨Ì ¶µ· ´¥ Ê¤ ¥É¸Ö ¢Ò¢¥¸É¨ ³¥§µ´´ÊÕ É¥µ-
·¨Õ ³ É¥³ É¨Î¥¸±¨ ¸É·µ£¨³ µ¡· §µ³ ¨§ Š•„ ¸ ÊÎ¥Éµ³ ±µ´Ë °´³¥´É  ±¢ ·±µ¢
¨ £²Õµ´µ¢. ‚µ§´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ É·Ê¤´µ¸É¨, ¢ Î ¸É´µ¸É¨, µ¡Ê¸²µ¢²¥´Ò ´¥¨§-
¢¥¸É´Ò³ ¶µ¢¥¤¥´¨¥³ Š•„-ËÊ´±Í¨° ƒ·¨´  ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. ’¥³ ´¥ ³¥´¥¥
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¢ ÔÉµ° µ¡² ¸É¨ ¤µ¸É¨£´ÊÉ §´ Î¨É¥²Ó´Ò° ¶·µ£·¥¸¸, ¸¢Ö§ ´´Ò° ¸ ÔËË¥±É¨¢´Ò³¨
¡¨²µ± ²Ó´Ò³¨ ¶µ¤Ìµ¤ ³¨, ±µÉµ·Ò¥ ¢ ²µ± ²Ó´µ³ ¶·¥¤¥²¥ ¶·¨¢µ¤ÖÉ ± ³µ¤¥²¨
�ˆ‹, ¡µ§µ´¨§ Í¨Ö ±µÉµ·µ° ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ ÔËË¥±É¨¢´Ò¥ ±¨· ²Ó´Ò¥ ² -
£· ´¦¨ ´Ò, µ¶¨¸Ò¢ ÕÐ¨¥ ¸¨²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥§µ´µ¢. ‚ ÔÉµ³ · §¤¥²¥
³Ò ±µ´¸¶¥±É¨¢´µ · ¸¸³µÉ·¨³ ¡¨²µ± ²Ó´Ò° ¶µ¤Ìµ¤ ¨ Ë¨§¨Î¥¸±¨¥ ¶·¨¡²¨¦¥-
´¨Ö, ¶·¨ ±µÉµ·ÒÌ ¢ · ³± Ì ÔÉµ£µ Ëµ·³ ²¨§³  ¶·µ¨¸Ìµ¤¨É ¶¥·¥Ìµ¤ µÉ Š•„ ±
ÔËË¥±É¨¢´Ò³ ±¢ ·±µ¢Ò³ ³µ¤¥²Ö³.

‘¨²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö ¢ ³¥É·¨±¥ Œ¨´±µ¢¸±µ£µ ¤¥°¸É¢¨¥³
Š•„ ¸ Í¢¥É´µ° £·Ê¶¶µ° SU(Nc):

S[q̄, q, A] =

∫
d4x

[
q̄(iD̂ −m0)q −

1

4
GaµνG

a µν

]
, (1.1)

µÉ¢¥Î ÕÐ¨³ ¢§ ¨³µ¤¥°¸É¢¨Õ n×Nc Í¢¥É´ÒÌ Éµ±µ¢ÒÌ ±¢ ·±µ¢ q ¸ (N2
c − 1)

£²Õµ´´Ò³¨ ¶µ²Ö³¨ Aaµ (n Å Î¨¸²µ  ·µ³ Éµ¢). ‚ ¢Ò· ¦¥´¨¨ (1.1) ¶µ¤· §Ê³¥-
¢ ¥É¸Ö ´¥Ö¢´µ ¸Ê³³¨·µ¢ ´¨¥ ¶µ Í¢¥Éµ¢Ò³ ¨´¤¥±¸ ³,   É ±¦¥ ¶·¥¤¶µ² £ ¥É¸Ö
¸Ê³³¨·µ¢ ´¨¥ ¶µ ¶µ¢Éµ·ÖÕÐ¨³¸Ö ¤¨· ±µ¢¸±¨³ ¨  ·µ³ É¨Î¥¸±¨³ ¨´¤¥±¸ ³;
£¥´¥· Éµ·Ò U(n)-£·Ê¶¶Ò  ·µ³ Éµ¢ λa ´µ·³¨·µ¢ ´Ò ¸µµÉ´µÏ¥´¨Ö³¨

tr λaλb = 2δab, a, b = 0, ..., n2 − 1; λ0 =
√

2/n1 ;

m0 = diag(m1
0, ...,m

n
0 ) Å ³ ¸¸µ¢ Ö ³ É·¨Í  £µ²ÒÌ (Éµ±µ¢ÒÌ) ±¢ ·±µ¢, Ö¢´µ

´ ·ÊÏ ÕÐ Ö ±¨· ²Ó´ÊÕ ¨ ¤¨ £µ´ ²Ó´ÊÕ U(n)-¸¨³³¥É·¨¨. Šµ¢ ·¨ ´É´ Ö ¶·µ-
¨§¢µ¤´ Ö µ¶·¥¤¥²¥´  ± ±

Dµ = ∂µ − ig
λac
2
Aaµ ,

£¤¥ λac Å £¥´¥· Éµ·Ò Í¢¥É´µ° £·Ê¶¶Ò,   É¥´§µ· ´ ¶·Ö¦¥´´µ¸É¨ £²Õµ´´µ£µ
¶µ²Ö ¨³¥¥É ¢¨¤

Gaµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν ,

£¤¥ g Å ±µ´¸É ´É  ¸¢Ö§¨ Š•„ ¨ fabc Å ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ £·Ê¶¶Ò SU(3).
ˆ¸¶µ²Ó§µ¢ ´µ É ±¦¥ µ¡µ§´ Î¥´¨¥ D̂ ¤²Ö ¸¢¥·É±¨ γµDµ.

�·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² Š•„ ¢ µÉ¸ÊÉ¸É¢¨¥ £²Õµ´´ÒÌ ¨¸ÉµÎ´¨±µ¢ ¨³¥¥É
¢¨¤

Z[ξ, ξ] =

∫
Dq̄DqDA exp

(
iS[q̄, q, A] + i

∫
d4x
(
q̄ξ + ξq

))
, (1.2)

£¤¥ ξ, ξ Å ¢´¥Ï´¨¥ ¨¸ÉµÎ´¨±¨ ±¢ ·±µ¢ÒÌ ¶µ²¥°. ˆ´É¥£· ² (1.2) Ö¢²Ö¥É¸Ö
 ´É¨¶¥·¨µ¤¨Î¥¸±¨³ ¶µ ±¢ ·±µ¢Ò³ ¨ ©¤ÊÌµ¢Ò³ª ¶µ²Ö³, ´µ ¶¥·¨µ¤¨Î¥¸±¨³ ¶µ
£²Õµ´´Ò³ ¶µ²Ö³. �µ²Ö ©¤ÊÌµ¢ª ” ¤¤¥¥¢  Å �µ¶µ¢  ¨ Î²¥´Ò, Ë¨±¸¨·ÊÕÐ¨¥
± ²¨¡·µ¢±Ê, ¢±²ÕÎ¥´Ò ¢ £²Õµ´´ÊÕ ³¥·Ê.
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‚¢¥¤¥³ ¢ ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥£· ² ¶µ £²Õµ´´Ò³ ¶µ²Ö³ Î²¥´ ¸ ¢´¥Ï-
´¨³¨ ¨¸ÉµÎ´¨± ³¨, ·µ²Ó ±µÉµ·ÒÌ ¨£· ÕÉ ¸¨´£²¥É´Ò¥ ¶µ  ·µ³ ÉÊ ²µ± ²Ó´Ò¥
Éµ±¨

jaµ(x) = q̄(x)γµ
λac
2
q(x) ,

¸¢Ö§ ´´Ò¥ ¸ £²Õµ´´Ò³¨ ¶µ²Ö³¨ Aaµ. ’µ£¤  ¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² Š•„
Éµ¦¤¥¸É¢¥´´µ ¶¥·¥¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Z[ξ, ξ] =

∫
Dq̄Dq exp

[
i

∫
d4x q̄

(
i∂̂ −m0 + g

λac
2
γµ

δ

δjaµ

)
q +

+i

∫
d4x
(
q̄ξ + ξq

)]
×

×
∫
DA exp

(
− i

4

∫
d4xGaµνG

a µν + i

∫
d4x jaµA

aµ

)∣∣∣∣
j=0

,

¨ ¶µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ £²Õµ´´Ò³ ¶µ²Ö³ ³Ò ¶µ²ÊÎ¨³ [1,2, 10]:

Z =

∫
Dq̄Dq exp

[
i

∫
d4x q̄(x)(i∂̂ −m0)q(x)

]
exp
(
iW [j]

)
, (1.3)

£¤¥ µÉ¡·µÏ¥´Ò ´µ·³¨·µ¢µÎ´Ò¥ Ë ±Éµ·Ò ¨ ¢´¥Ï´¨¥ ±¢ ·±µ¢Ò¥ ¨¸ÉµÎ´¨±¨.
ƒ²Õµ´´Ò° ¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² W [j] ¢ ¸µµÉ´µÏ¥´¨¨ (1.3) ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §²µ¦¥´¨Ö (·¨¸.1, ):

W [j] =
1

2

∫
d4xd4y jaµ(x)D

ab
µν(x − y)jbν(y) + O(j3) . (1.4)

‡¤¥¸Ó

Da,b
µν (x− y) =

∫
connected

DA Aaµ(x)A
b
ν (y)exp

(
− i

4

∫
d4xGaµνG

aµν

)
Å ÉµÎ´Ò° £²Õµ´´Ò° ¶·µ¶ £ Éµ·, ¢±²ÕÎ ÕÐ¨° ¢¸¥ £²Õµ´´Ò¥ ¸ ³µ¤¥°¸É¢¨Ö ¨
¢§ ¨³µ¤¥°¸É¢¨Ö £²Õµ´µ¢ ¸ ©¤ÊÌµ¢Ò³¨ª ¶µ²Ö³¨ (·¨¸.1,¡), ¶·¨ ÔÉµ³ ±¢ ·±µ¢Ò¥
¶¥É²¨ ¨¸±²ÕÎ ÕÉ¸Ö ¨§ · ¸¸³µÉ·¥´¨Ö;

O(j3) =
∞∑
n=3

1

n!

∫
d4x1...d

4xnD
a1...an
µ1...µn

(x1, ..., xn)
n∏
i=1

jaiµi(xi)

Å ¢±² ¤ £²Õµ´´ÒÌ ¢¥·Ï¨´ ¶µ·Ö¤±  ¡µ²¥¥ É·¥Ì. ‚¢¥¤¥´´Ò¥ É ±¨³ µ¡· -
§µ³ n-ÉµÎ¥Î´Ò¥ ËÊ´±Í¨¨ ƒ·¨´  Da1...an

µ1...µn ¸µ¤¥·¦ É ¶µ²´ÊÕ ¨´Ëµ·³ Í¨Õ µ
£²Õµ´´µ° ¤¨´ ³¨±¥.

�£· ´¨Î¨¢ Ö¸Ó ¢ · §²µ¦¥´¨¨ W [j] (1.4) µ¤´µ£²Õµ´´Ò³ µ¡³¥´µ³ (¶¥·¢ Ö
¤¨ £· ³³  ·¨¸.1, ) ¨ µÉ¡· ¸Ò¢ Ö £²Õµ´´Ò¥ ¢¥·Ï¨´Ò ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤± ,
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�¨¸. 1. ƒ· Ë¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ · §²µ¦¥´¨Ö  ) £²Õµ´´µ£µ ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨-
µ´ ²  W [j], ¡) ¶µ²´µ£µ £²Õµ´´µ£µ ¶·µ¶ £ Éµ·  Dµν

ab (x− y)

¶µ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ² , ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ÔË-
Ë¥±É¨¢´µ³Ê ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³Ê ¶·¨¡²¨¦¥´¨Õ Š•„ ¢ ¢¨¤¥

Z =

∫
Dq̄Dq exp

{
i

[∫
d4x q̄(x)

(
i∂̂ −m0

)
q(x)

]
+ iSint

}
.

‡¤¥¸Ó

Sint = −i g
2

2

∫∫
d4xd4y ja µ(x)Dab

µν(x− y)jb ν(y) (1.5)

Å ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¢§ ¨³µ¤¥°¸É¢¨Õ ±¢ ·±µ¢ Î¥·¥§
µ¡³¥´ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ £²Õµ´µ³;

g2Dab
µν(x) = δabgµνD(x) = δabgµν4π

∫
d4q

(2π)4

α(q2)

q2
eiqx

Å ´¥¶¥·ÉÊ·¡ É¨¢´Ò° £²Õµ´´Ò° ¶·µ¶ £ Éµ·, ¢§ÖÉÒ° ¢ Ë¥°´³ ´µ¢¸±µ° ± -
²¨¡·µ¢±¥. ‚ É ±µ° Ëµ·³¥ ¶·¥¤¸É ¢²¥´¨Ö ¶·µ¶ £ Éµ·  ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ
¢¸¥ ¸¢µ°¸É¢  ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ Î¥·¥§ £²Õµ´´Ò° µ¡³¥´ µ¶·¥¤¥²ÖÕÉ¸Ö
¸¢µ°¸É¢ ³¨ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ α(q2). ’µÎ´Ò° ¢¨¤ ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ
£²Õµ´´µ£µ ¶·µ¶ £ Éµ·  µ¶·¥¤¥²Ö¥É¸Ö ´¥¨§¢¥¸É´µ° £²Õµ´´µ° ¤¨´ ³¨±µ° ´ 
¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ.

�µ¸²¥ ¶·¥µ¡· §µ¢ ´¨Ö ”¨·Í  ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ (1.5) ¶·¨¢µ¤¨É¸Ö ±
¢¨¤Ê

Sint =
i

2

∫∫
d4xd4y D(x− y) q̄(x)M

θ

2
q(y) q̄(y)

Mθ

2
q(x) , (1.6)
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£¤¥ Mθ Å É¥´§µ·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¤¨· ±µ¢¸±¨Ì,  ·µ³ É¨Î¥¸±¨Ì ¨ Í¢¥Éµ¢ÒÌ
³ É·¨Í ¢¨¤  {

1 , iγ5 , i

√
1

2
γµ , i

√
1

2
γ5γ

µ

}D{
1

2
λa
}F{

4

3
1

}C
. (1.7)

‡¤¥¸Ó ³Ò · ¸¸³ É·¨¢ ¥³ SU(3)-£·Ê¶¶Ê  ·µ³ Éµ¢ ¨ µ£· ´¨Î¨¢ ¥³¸Ö ¢±² ¤ ³¨
Éµ²Ó±µ Í¢¥Éµ¢ÒÌ ¸¨´£²¥Éµ¢ q̄q.

�µ¸±µ²Ó±Ê ÉµÎ´µ¥ ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨° ƒ·¨´  D(x) ´  ¡µ²ÓÏ¨Ì · ¸¸Éµ-
Ö´¨ÖÌ ´¥¨§¢¥¸É´µ, ¤²Ö ´¥¥ ¤µ²¦¥´ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´ ± ±µ°-²¨¡µ ³µ¤¥²Ó´Ò°
 ´§ Í. ’ ±, ¡² £µ¤ ·Ö ±µ´¤¥´¸ Í¨¨ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ [45] ´¥¶¥·ÉÊ·¡ -
É¨¢´Ò° £²Õµ´ ¶·¨µ¡·¥É ¥É ´¥´Ê²¥¢ÊÕ ³ ¸¸Ê, ±µÉµ· Ö ¸¢Ö§ ´  ¸ £²Õµ´´Ò³
±µ´¤¥´¸ Éµ³ ¸µµÉ´µÏ¥´¨¥³ [21]:

m2
G =

15

32

[
16π2

〈
g2

4π2

(
Gaµν

)2〉]1/2

.

ˆ¸¶µ²Ó§ÊÖ §´ Î¥´¨¥ £²Õµ´´µ£µ ±µ´¤¥´¸ É 〈
g2

4π2

(
Gaµν

)2〉
= (410± 80 ŒÔ‚

)2
,

¨§¢²¥Î¥´´µ¥ ¨§ ¶·µÍ¥¸¸µ¢ e+e− → [46], ¤²Ö ³ ¸¸Ò ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ £²Õ-
µ´  ³Ò ¶µ²ÊÎ¨³ µÍ¥´±Ê m2

G = (806 ± 275 ŒÔ‚)2. ‚ µ¡² ¸É¨ ¶¥·¥¤ Î 0 �
q2 � m2

G, ©¶·µ³¥¦ÊÉµÎ´µ°ª ³¥¦¤Ê µ¡² ¸ÉÖ³¨ ±µ´Ë °´³¥´É  ¨  ¸¨³¶ÉµÉ¨-
Î¥¸±µ° ¸¢µ¡µ¤Ò ±¢ ·±µ¢, ¶·µ¶ £ Éµ· £²Õµ´  ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨
³µ¦´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ±µ´¸É ´Éµ°

D(q) =
1

q2 −m2
G

≈ − 1

m2
G

,

±µÉµ·µ° ¢ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¡Ê¤¥É ¸µµÉ¢¥É¸É¢µ¢ ÉÓ ²µ± ²Ó´Ò°  ´-
§ Í D(x) ∼ δ(4)(x). ‚ ÔÉµ³ ¸²ÊÎ ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ (1.6) ¡Ê¤¥É ¶·¨-
¢µ¤¨ÉÓ ± ÔËË¥±É¨¢´µ³Ê Î¥ÉÒ·¥Ì±¢ ·±µ¢µ³Ê ¢§ ¨³µ¤¥°¸É¢¨Õ, µ¶¨¸Ò¢ ¥³µ³Ê
² £· ´¦¨ ´µ³ ³µ¤¥²¨ �ˆ‹ [25]:

Lint = 2G1

[(
q̄
λa

2
q

)2

+

(
q̄iγ5

λa

2
q

)2]
−2G2

[(
q̄γµ

λa

2
q

)2

+

(
q̄γ5γµ

λa

2
q

)2]
,

(1.8)
¶·¨Î¥³ Ê´¨¢¥·¸ ²Ó´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ G1 ¨ G2 ¢ ÔÉµ³ ¸²ÊÎ ¥ ¡Ê¤ÊÉ ¸¢Ö§ ´Ò
¸µµÉ´µÏ¥´¨¥³ G1 = 2G2.

‚ É ±µ³ ¶·¨¡²¨¦¥´¨¨ ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¸¢µ°¸É¢µ ±µ´Ë °´³¥´É  ±¢ ·±µ¢,
¸¢Ö§ ´´µ¥ ¸ µ¸µ¡Ò³ ¶µ²Õ¸´Ò³ ¶µ¢¥¤¥´¨¥³ ¶·µ¶ £ Éµ·  £²Õµ´  ¢ ¨³¶Ê²Ó¸´µ³
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¶·¥¤¸É ¢²¥´¨¨ ¢¡²¨§¨ ´Ê²¥¢ÒÌ ¶¥·¥¤ Î (µ¡² ¸ÉÓ ±µ´Ë °´³¥´É ). �¥ ÊÎ¨ÉÒ¢ -
¥É¸Ö É ±¦¥ ¡Ò¸É·µ Ê¡Ò¢ ÕÐ¥¥ ¶µ¢¥¤¥´¨¥ ¶·µ¶ £ Éµ·  £²Õµ´  D(q) ¢ µ¡² ¸É¨
 ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò ±¢ ·±µ¢. ’¥³ ´¥ ³¥´¥¥ ¡µ§µ´¨§ Í¨Ö ³µ¤¥²¨ �ˆ‹
¶·¨¢µ¤¨É ± ÔËË¥±É¨¢´Ò³ ±¨· ²Ó´Ò³ ² £· ´¦¨ ´ ³, µ¡¥¸¶¥Î¨¢ ÕÐ¨³ Ìµ·µ-
Ï¥¥ µ¶¨¸ ´¨¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ± ± ¢ ²¨¤¨·ÊÕÐ¥³,
É ± ¨ ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì ±¨· ²Ó´µ° É¥µ·¨¨.

2. ��‡��ˆ‡�–ˆŸ Œ�„…‹ˆ �ˆ‹

Œµ¤¥²Ó �ˆ‹, ¡µ§µ´¨§ Í¨Ö ±µÉµ·µ° ¡Ê¤¥É · ¸¸³µÉ·¥´  ¢ ÔÉµ³ · §¤¥²¥,
¢±²ÕÎ ¥É ¢ ¸¥¡Ö ´¥ Éµ²Ó±µ ¢¸¥ ´¥µ¡Ìµ¤¨³Ò¥  ·µ³ É¨Î¥¸±¨¥ ¸¨³³¥É·¨¨, µ¶·¥-
¤¥²ÖÕÐ¨¥ ¤¨´ ³¨±Ê ±¢ ·±µ¢ ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° Š•„, ´µ É ±¦¥ µ¡¥¸¶¥-
Î¨¢ ¥É ¶·µ¸ÉÊÕ ¸Ì¥³Ê ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨, ¢µ§´¨-
± ÕÐ¥£µ ¨§ ¥¥ ´ ·ÊÏ¥´¨Ö ¢ Ö¢´µ³ ¢¨¤¥ ³ ¸¸µ¢Ò³¨ ±¢ ·±µ¢Ò³¨ Î²¥´ ³¨. ‚
ÔÉµ° ¸Ì¥³¥ Éµ±µ¢Ò¥ ±¢ ·±¨ ¶¥·¥Ìµ¤ÖÉ ¢ ±µ´¸É¨ÉÊÔ´É´Ò¥ ¡² £µ¤ ·Ö ¶µÖ¢²¥´¨Õ
´¥´Ê²¥¢µ£µ ±¢ ·±µ¢µ£µ ±µ´¤¥´¸ É , ¶·¨ ÔÉµ³ ²¥£±¨¥ ¸µ¸É ¢´Ò¥ ¶¸¥¢¤µ¸± ²Ö·-
´Ò¥ ¡µ§µ´Ò � ³¡Ê Å ƒµ²¤¸ÉµÊ´  ¢µ§´¨± ÕÉ ¢³¥¸É¥ ¸ ¡µ²¥¥ ÉÖ¦¥²Ò³¨ ¤¨-
´ ³¨Î¥¸±¨³¨ ¢¥±Éµ·´Ò³¨ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³¨ ³¥§µ´ ³¨ ¸ ¶· ¢¨²Ó´Ò³¨
µÉ´µ¸¨É¥²Ó´Ò³¨ ¢¥¸ ³¨, ¢µ§´¨± ÕÐ¨³¨ ¨§ ¶¥·¥´µ·³¨·µ¢±¨.

‚ µ¸´µ¢¥ µ¡¸Ê¦¤ ¥³µ£µ ¶µ¤Ìµ¤  ²¥¦¨É ÔËË¥±É¨¢´Ò° Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò°
² £· ´¦¨ ´ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° · ¸Ï¨·¥´´µ° ³µ¤¥²¨ �ˆ‹, ¨´¢ ·¨-
 ´É´µ° µÉ´µ¸¨É¥²Ó´µ £²µ¡ ²Ó´µ° Í¢¥Éµ¢µ° ¸¨³³¥É·¨¨ SU(Nc) ¨ SU(3)L ⊗
SU(3)R-¸¨³³¥É·¨¨  ·µ³ Éµ¢:

LNJL = q(i∂̂ −m0)q + Lint , (2.1)

£¤¥ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ Ö Î ¸ÉÓ ² £· ´¦¨ ´  Lint § ¤ ´  ¢Ò· ¦¥´¨¥³ (1.8).
Œµ¦´µ § ³¥É¨ÉÓ, ÎÉµ £·Ê¶¶µ¢Ò¥ ¸É·Ê±ÉÊ·Ò Š•„

SU(3)local
c ⊗ SU(Nf)L ⊗ SU(Nf)R ⊗ U(1)⊗ S

¨ ³µ¤¥²¨ �ˆ‹

SU(3)global
c ⊗ SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)⊗ S

µÎ¥´Ó ¶µÌµ¦¨ (§¤¥¸Ó S ¶·¥¤¸É ¢²Ö¥É ´ ¡µ· ¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨°, É ±¨Ì ± ±
C-, P - ¨ T -¸µ¶·Ö¦¥´¨Ö).

ˆ¸¶µ²Ó§ÊÖ ¸É ´¤ ·É´Ò° ¶µ¤Ìµ¤ ± ¡µ§µ´¨§ Í¨¨ ±¢ ·±µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°,
µ¸´µ¢ ´´Ò° ´  É¥Ì´¨±¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ
¨§ ² £· ´¦¨ ´  ³µ¤¥²¨ �ˆ‹ (2.1) ÔËË¥±É¨¢´µ¥ ³¥§µ´´µ¥ ¤¥°¸É¢¨¥. �·¥-
¦¤¥ ¢¸¥£µ ¢¢¥¤¥³ µ¡ÒÎ´Ò³ µ¡· §µ³ [1, 2, 10] ±µ²²¥±É¨¢´Ò¥ ³¥§µ´´Ò¥ ¶µ²Ö,
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸± ²Ö·´Ò³ (S), ¶¸¥¢¤µ¸± ²Ö·´Ò³ (P ), ¢¥±Éµ·´Ò³ (V ) ¨



��‡��ˆ‡�‚���›… ‹�ƒ���†ˆ��› ‚ ‚›‘˜ˆ• ���Ÿ„Š�• 91

 ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³ (A) ³¥§µ´ ³,  ¸¸µÍ¨¨·µ¢ ´´Ò³ ¸ ±¢ ·±µ¢Ò³¨ ¡¨²¨-
´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨

Sa = −4G1q
λa

2 q , P a = −4G1qiγ
5 λa

2 q ,

V aµ = i4G2qγµ
λa

2 q , Aaµ = i4G2qγµγ
5 λa

2 q . (2.2)

�µ¸²¥ ¶µ¤¸É ´µ¢±¨ ÔÉ¨Ì ¢Ò· ¦¥´¨° ¢ (2.1) ² £· ´¦¨ ´ ³µ¤¥²¨ �ˆ‹ ³µ¦´µ
¶¥·¥¶¨¸ ÉÓ ¢ Ô±¢¨¢ ²¥´É´µ³ ¢¨¤¥

LNJL = − 1

4G1
tr (Φ†Φ)− 1

4G2
tr (V 2

µ +A2
µ) + qiåDq , (2.3)

£¤¥ ¸²¥¤ tr ¡¥·¥É¸Ö ¶µ ¨´¤¥±¸ ³  ·µ³ Éµ¢,   åD Å ¤¨· ±µ¢¸±¨° µ¶¥· Éµ· ¢
¶·¨¸ÊÉ¸É¢¨¨ ±µ²²¥±É¨¢´ÒÌ ³¥§µ´´ÒÌ ¶µ²¥°:

iåD = i(∂̂ + V̂ + Âγ5)− PR(Φ +m0)− PL(Φ† +m0) =

= [i(∂̂ + ÂR)− (Φ +m0)]PR + [i(∂̂ + ÂL)− (Φ† +m0)]PL.

(2.4)

‡¤¥¸Ó Φ = S + iP , V̂ = Vµγ
µ, Â = Aµγ

µ; PR/L = 1
2 (1 ± γ5) Å ±¨· ²Ó-

´Ò¥ ¶· ¢Ò¥/²¥¢Ò¥ ¶·µ¥±Éµ·´Ò¥ µ¶¥· Éµ·Ò; ÂR/L = V̂ ± Â Å ¶· ¢Ò¥/²¥¢Ò¥
±µ³¡¨´ Í¨¨ ¶µ²¥° ¨

S = Sa
λa

2
, P = P a

λa

2
, Vµ = −iV aµ

λa

2
, Aµ = −iAaµ

λa

2
.

� ¸¸³µÉ·¨³ ¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² ËÊ´±Í¨¨ ƒ·¨´ , ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨° ² £· ´¦¨ ´Ê (2.3). �µ¸±µ²Ó±Ê µ´ ¡¨²¨´¥¥´ ¶µ ±¢ ·±µ¢Ò³ ¶µ²Ö³, ¶µ
´¨³ ³µ¦´µ ¢Ò¶µ²´¨ÉÓ ¨´É¥£·¨·µ¢ ´¨¥, ¶µ¸²¥ Î¥£µ ¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ-
´ ² ¶·¨³¥É ¢¨¤ (¤²Ö ¶·µ¸ÉµÉÒ ±¢ ·±µ¢Ò¥ ¨¸ÉµÎ´¨±¨ µ¶ÊÐ¥´Ò):

Z =

∫
DΦDΦ†DV DA exp

[
iS(Φ,Φ†, V, A)

]
, (2.5)

£¤¥

S(Φ,Φ†, V, A) =

∫
d4x

[
− 1

4G1
tr (Φ†Φ)− 1

4G2
tr (V 2

µ +A2
µ)

]
− i Tr′ [ln (iåD)]

(2.6)
Å ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¤²Ö ¸± ²Ö·´ÒÌ, ¶¸¥¢¤µ¸± ²Ö·´ÒÌ, ¢¥±Éµ·´ÒÌ ¨
 ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ³¥§µ´µ¢. ‘²¥¤ Tr′ ¡¥·¥É¸Ö ¶µ ¶·µ¸É· ´¸É¢Ê-¢·¥³¥´¨,
Í¢¥ÉÊ,  ·µ³ ÉÊ ¨ ¤¨· ±µ¢¸±¨³ ¨´¤¥±¸ ³:

Tr′ =

∫
d4xTr , Tr = tr γ · trC · tr .
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�¨¸. 2. ƒ· Ë¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ · §²µ¦¥´¨Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¶µ ±¢ ·±µ-
¢Ò³ ¶µ²Ö³ ¸µ ¢´¥Ï´¨³¨ ±µ²²¥±É¨¢´Ò³¨ ¶µ²Ö³¨

�¥·¢Ò° Î²¥´ ¢ ¢Ò· ¦¥´¨¨ (2.6), ±¢ ¤· É¨Î´Ò° ¶µ ³¥§µ´´Ò³ ¶µ²Ö³, ¢µ§´¨± ¥É
¢ ·¥§Ê²ÓÉ É¥ ²¨´¥ ·¨§ Í¨¨ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö; ¢Éµ·µ° Î²¥´
¥¸ÉÓ ±¢ ·±µ¢Ò° ¤¥É¥·³¨´ ´É, µ¶¨¸Ò¢ ÕÐ¨° ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥§µ´µ¢.

Š¢ ·±µ¢Ò° ¤¥É¥·³¨´ ´É ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ ²¨¡µ ¸ ¶µ³µÐÓÕ · §²µ-
¦¥´¨Ö ¶µ ±¢ ·±µ¢Ò³ ¶¥É²Ö³ ¸ ¢´¥Ï´¨³¨ ±µ²²¥±É¨¢´Ò³¨ ³¥§µ´´Ò³¨ ¶µ-
²Ö³¨ [14]Ä [16] (¸³. ·¨¸.2), ²¨¡µ ³¥Éµ¤µ³ ±µÔËË¨Í¨¥´Éµ¢ Ö¤·  É¥¶²µ¶·µ-
¢µ¤´µ¸É¨ ¢ ·¥£Ê²Ö·¨§ Í¨¨ ¸µ¡¸É¢¥´´µ£µ ¢·¥³¥´¨ [47, 48]. ‡ ³¥É¨³, ÎÉµ ³µ-
¤Ê²Ó ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¤ ¥É ¢±² ¤ ¢ ´¥ ´µ³ ²Ó´ÊÕ Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ
² £· ´¦¨ ´ , ¢ Éµ ¢·¥³Ö ± ± ¥£µ ±µ³¶²¥±¸´ Ö Ë §  µ¶·¥¤¥²Ö¥É  ´µ³ ²Ó´µ¥
ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ‚¥¸¸  Å ‡Ê³¨´µ [59], ¸¢Ö§ ´´µ¥ ¸ ±¨· ²Ó´Ò³¨  ´µ-
³ ²¨Ö³¨.

�¥²¨´¥°´µ° ¶ · ³¥É·¨§ Í¨¨ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ µÉ¢¥Î ¥É ¸²¥¤ÊÕÐ¥¥
¶·¥¤¸É ¢²¥´¨¥ ¶µ²Ö Φ:

Φ = Ω Σ Ω . (2.7)

Œ É·¨Í  ¸± ²Ö·´ÒÌ ¶µ²¥° Σ(x) ¶·¨´ ¤²¥¦¨É ¤¨ £µ´ ²Ó´µ° £·Ê¶¶¥  ·µ³ Éµ¢,
¢ Éµ ¢·¥³Ö ± ± ³ É·¨Í  Ω(x) ¶·¥¤¸É ¢²Ö¥É ¶¸¥¢¤µ¸± ²Ö·´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò
ϕ, µ¸É ÕÐ¨¥¸Ö ¢ ¶·µ¸É· ´¸É¢¥ U(n)L×U(n)R/UV (n). Œ É·¨ÍÊ Ω(x) ³µ¦´µ
¶ · ³¥É·¨§µ¢ ÉÓ Ê´¨É ·´µ° ³ É·¨Í¥°

Ω(x) = exp

(
i√
2F0

ϕ(x)

)
, ϕ(x) = ϕa(x)

λa

2
,

£¤¥ F0 Å § É· ¢µÎ´µ¥ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ · ¸¶ ¤  π → µν. �·¨ ±¨· ²Ó´ÒÌ
¶µ¢µ·µÉ Ì

q → q̃ = (PLξL + PRξR) q

¶µ²Ö Φ ¨ AR/Lµ ¶·¥µ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Φ→ Φ̃ = ξLΦξ†R ,

ARµ → ÃRµ = ξR(∂µ +ARµ )ξ†R, ALµ → ÃLµ = ξL(∂µ +ALµ)ξ†L. (2.8)
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�²¥±É·µ³ £´¨É´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥§µ´µ¢ ¸ ËµÉµ´´Ò³ ¶µ²¥³ Aµ ¢¢µ-
¤¨É¸Ö ¸ ¶µ³µÐÓÕ ¶µ¤¸É ´µ¢±¨

Vµ → Vµ + ieQAµ ,

£¤¥ Q Å ³ É·¨Í  Ô²¥±É·¨Î¥¸±¨Ì § ·Ö¤µ¢ ±¢ ·±µ¢.
ˆ´É¥£· ² (2.5), § ¢¨¸ÖÐ¨° É¥¶¥·Ó µÉ Ω(x) ¨ Σ(x), ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢

¢¨¤¥

Z =

∫
Dµ(ΩΣ)DV DA exp

{
i

∫
d4x

[
− 1

4G1
trΣ2 − 1

4G2
tr (V 2

µ +A2
µ)

]}
×

×det (iåD(Ω,Σ, V, A) ,

£¤¥ Dµ(ΩΣ) Ö¢²Ö¥É¸Ö ¨´É¥£· ²Ó´µ° ³¥·µ° ¤²Ö ¶·¥µ¡· §µ¢ ´´ÒÌ ¶µ²¥° (2.7).

‚ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥, ±µ£¤  Ω = 1 ¨ AR/Lµ = 0, Ê· ¢´¥´¨¥ ¸·¥¤´¥£µ ¶µ²Ö
¤²Ö Σ-¶µ²Ö ¸¢µ¤¨É¸Ö ± Ê· ¢´¥´¨Õ ˜¢¨´£¥·  Å „ °¸µ´  ¢¨¤ 

Σ0 = i2G1Nctrγ
1

iåD
Ω=1

. (2.9)

‚ ¶·¨¡²¨¦¥´¨¨ ¨¸Î¥§ ÕÐ¨Ì ³ ¸¸ Éµ±µ¢ÒÌ ±¢ ·±µ¢ ÔÉµ Ê· ¢´¥´¨¥ ¢¸¥£¤ 
¨³¥¥É É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ Σ0 = 0, µÉ¢¥Î ÕÐ¥¥ ±¨· ²Ó´µ-¸¨³³¥É·¨Î´µ°
Ë §¥. �¤´ ±µ ¶·¨ §´ Î¥´¨¨ G1, ¶·¥¢ÒÏ ÕÐ¥³ ´¥±µÉµ·ÊÕ ±·¨É¨Î¥¸±ÊÕ ¢¥²¨-
Î¨´Ê, ·¥Ï¥´¨¥ Σ0 = 0 ¸É ´µ¢¨É¸Ö ´¥¸É ¡¨²Ó´Ò³, ¨ ¢µ§´¨± ¥É ´µ¢Ò° ¢ ±ÊÊ³ ¸
´¥´Ê²¥¢Ò³ Σ0, ±µÉµ·Ò° ¸µµÉ¢¥É¸É¢Ê¥É Ë §¥ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó-
´µ° ¸¨³³¥É·¨¨ (Ë §  � ³¡Ê Å ƒµ²¤¸ÉµÊ´ ).

�·¥¤¶µ² £ Ö, ÎÉµ ·¥Ï¥´¨¥ Σ0 ¨³¥¥É ¤¨ £µ´ ²Ó´Ò° ¢¨¤

Σ0 = diag (σ0
1 , σ

0
2 , ..., σ

0
n) ,

¶µ²ÊÎ¨³ ¨§ (2.9) ©Ê· ¢´¥´¨¥ Ð¥²¨ª

σ0
i = −i8G1Nc

(2π)4

∫ Λ

d4k
σ0
i +m0

i

k2 − (σ0
i +m0

i )
2
≡ −2G1 <qiqi> , (2.10)

£¤¥ <qq> Å ±¢ ·±µ¢Ò° ±µ´¤¥´¸ É ¨ Λ Å ¶ · ³¥É· µ¡·¥§ ´¨Ö. ˆ¸¶µ²Ó§ÊÖ
(2.10) ¨ ¶·¥¤¶µ² £ Ö ¶·¨¡²¨¦¥´´ÊÕ  ·µ³ É¨Î¥¸±ÊÕ ¸¨³³¥É·¨Õ ±¢ ·±µ¢µ£µ
±µ´¤¥´¸ É , ¶µ²ÊÎ¨³:

σ0
i = −2G1 <qiqi>≡ µ .

‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¢¥§¤¥ (§  ¨¸±²ÕÎ¥´¨¥³ · §¤¥²  6) ¡Ê¤¥³ ¶·¥´¥¡·¥£ ÉÓ ±¢ ´-
Éµ¢Ò³¨ Ë²Ê±ÉÊ Í¨Ö³¨ ¸± ²Ö·´µ£µ ¶µ²Ö Σ ¢µ±·Ê£ ¥£µ ¢ ±ÊÊ³´µ£µ µ¦¨¤ ´¨Ö µ
(É.¥. ¶µ² £ ÉÓ Σ ∼ Σ0 ∼ µ1, £¤¥ µ Å §´ Î¥´¨¥ ³ ¸¸Ò ¸µ¸É ¢²ÖÕÐ¥£µ ±¢ ·± ,
Ê¸·¥¤´¥´´µ¥ ¶µ  ·µ³ ÉÊ).
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3. ‚›—ˆ‘‹…�ˆ… Š‚��Š�‚�ƒ� „…’…�Œˆ���’�
Œ…’�„�Œ Ÿ„�� ’…�‹����‚�„��‘’ˆ

� ¸¸³µÉ·¥´¨¥ ³¥Éµ¤  Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ ³Ò ´ Î´¥³ ¸ ¢ÒÎ¨¸²¥´¨Ö
´¥ ´µ³ ²Ó´µ° Î ¸É¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ³µ¤Ê²Õ ±¢ ·-
±µ¢µ£µ ¤¥É¥·³¨´ ´É , ±µÉµ·Ò° ¢ ·¥£Ê²Ö·¨§ Í¨¨ ¸µ¡¸É¢¥´´µ£µ ¢·¥³¥´¨ τ µ¶·¥-
¤¥²Ö¥É¸Ö ¢ ¢¨¤¥ ¨´É¥£· ² 

ln | det iåD| = − 1

2
Tr′ ln(åD

† åD) = − 1

2

∫ ∞
1/Λ2

dτ
1

τ
Tr′K(τ) , (3.1)

£¤¥ K(τ) = e−Aτ Å É ± ´ §Ò¢ ¥³µ¥ ©Ö¤·µ É¥¶²µ¶·µ¢µ¤´µ¸É¨ª ¤²Ö µ¶¥· Éµ· 

A = åD
† åD [53], ¨ Λ Å ¢´ÊÉ·¥´´¨° ¶ · ³¥É· ·¥£Ê²Ö·¨§ Í¨¨, ¸µ¢¶ ¤ ÕÐ¨°

¸ ¶ · ³¥É·µ³ µ¡·¥§ ´¨Ö ¢ Ëµ·³Ê²¥ (2.10). �µ²´µ¥ Ö¤·µ É¥¶²µ¶·µ¢µ¤´µ¸É¨
Ê¤µ¢²¥É¢µ·Ö¥É ©Ê· ¢´¥´¨Õ É¥¶²µ¶·µ¢µ¤´µ¸É¨ª

∂

∂τ
K(τ) + AK(τ) = 0

¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ K(τ = 0) = 1.
‚ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ³µ¤¥²¨ �ˆ‹ µ¶¥· Éµ· A ³µ¦¥É ¡ÒÉÓ ¶·¥¤-

¸É ¢²¥´ ¢ ¢¨¤¥
A = dµd

µ + a(x) + µ2 ,

£¤¥

dµ = ∂µ+ Γµ, Γµ = Vµ +Aµγ
5, a(x) = i∇̂H +H†H +

1

4
[γµ, γν ]Γµν −µ2.

‡¤¥¸Ó ³Ò ¨¸¶µ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö:

H = PRΦ + PLΦ† = S + iγ5P ,

Γµν = [dµ, dν ] = ∂µΓν − ∂νΓµ + [Γµ,Γν ] = FVµν + γ5FAµν ,

£¤¥ FV,Aµν Å É¥´§µ·Ò ´ ¶·Ö¦¥´´µ¸É¨ ¶µ²Ö;

FVµν = ∂µVν − ∂νVµ + [Vµ, Vν ] + [Aµ, Aν ],

FAµν = ∂µAν − ∂νAµ + [Vµ, Aν ] + [Aµ, Vν ],

¨
∇µH = ∂µH + [Vµ, H ]− γ5{Aµ, H}

Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö.
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�¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ µ¶¥· Éµ·  A ´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ µ¶·¥¤¥-
²Ö¥É¸Ö ¥£µ ©¸¢µ¡µ¤´µ°ª Î ¸ÉÓÕ

A0 = + µ2 ,

±µÉµ·µ° ¸µµÉ¢¥É¸É¢Ê¥É ´¥¶¥·ÉÊ·¡ É¨¢´ Ö Î ¸ÉÓ Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ K0.
�µ¸²¥¤´ÖÖ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

< x | K0(τ) | y > = < x | exp (−( + µ2)τ) | y >=

=
1

(4πτ)2
e−µ

2τ+(x−y)2/(4τ) (3.2)

± ± ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö

∂

∂τ
K0 + A0K0 = 0 , K(τ = 0) = 1 .

‘ ¶µ³µÐÓÕ ¶µ¤¸É ´µ¢±¨ K = K0H ³µ¦´µ ¢Ò¤¥²¨ÉÓ ¨§ Ö¤·  É¥¶²µ¶·µ-
¢µ¤´µ¸É¨ ¥£µ ¢§ ¨³µ¤¥°¸É¢ÊÕÐÊÕ Î ¸ÉÓ, ±µÉµ· Ö Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ(

∂

∂τ
+

1

τ
zµd

µ + dµdµ + a

)
H(x, y; τ) = 0 ,

H(x, y; τ = 0) = 1 , (3.3)

£¤¥ zµ = xµ − yµ, ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· dµ ¤¥°¸É¢Ê¥É Éµ²Ó±µ ´ 
x. ‚§ ¨³µ¤¥°¸É¢ÊÕÐÊÕ Î ¸ÉÓ Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ ³µ¦´µ · §²µ¦¨ÉÓ ¶µ
¸É¥¶¥´Ö³ ©¸µ¡¸É¢¥´´µ£µ ¢·¥³¥´¨ª τ :

H(x, y; τ) =
∑
k

hk(x, y) · τk.

‚µ§´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ‘¨²¨ Å „¥‚¨ÉÉ  hk(x, y)
Ê¤µ¢²¥É¢µ·ÖÕÉ ·¥±Ê·¸¨¢´µ³Ê ¸µµÉ´µÏ¥´¨Õ

(n+ zµd
µ)hn+1(x, y) = −(a+ dµdµ)hn−1(x, y) (3.4)

¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³
zµd

µh0 = 0 . (3.5)

’ ±¨³ µ¡· §µ³, Ö¤·µ É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¤²Ö ³µ¤Ê²Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨-
´ ´É  ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §²µ¦¥´¨Ö

< x | K(τ) | y >=
1

(4πτ)2
e−µ

2τ+(x−y)2/(4τ)
∑
k

hk(x, y) · τk. (3.6)
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�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ τ ¢ (3.1) ¶µ²ÊÎ¨³

ln | det iåD| = − 1

2

µ4

(4π)2

∑
k

Γ(k − 2, µ2/Λ2)

µ2k
Trhk, (3.7)

£¤¥ Γ(n, x) =
∫∞
x
dt e−ttn−1 Å ´¥¶µ²´ Ö £ ³³ -ËÊ´±Í¨Ö.

ˆ¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨¥ ËÊ´±Í¨¨ Γ(α, x) ¶·¨ Í¥²µÎ¨¸²¥´´ÒÌ §´ Î¥´¨ÖÌ
α = −n ¨ α = 0, ³µ¦´µ ¢Ò¤¥²¨ÉÓ ¨§ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  (3.7) · ¸Ìµ¤Ö-
Ð¨¥¸Ö ¨ ±µ´¥Î´ÊÕ Î ¸É¨

1

2
ln (det D̂†D̂) = Bpol +Blog +Bfin .

‡¤¥¸Ó

Bpol =
1

2

e−x

(4π)2

[
− µ4

2x2
Tr′ h0 +

1

x
(
µ4

2
Tr′ h0 − µ2Tr′ h1)

]
¨³¥¥É ¶µ²Õ¸ ¶·¨ x = 0 (x = µ2/Λ2);

Blog = −1

2

1

(4π)2
Γ(0, x)

[
1

2
µ4Tr′ h0 − µ2Tr′ h1 + Tr′ h2

]
· ¸Ìµ¤¨É¸Ö ²µ£ ·¨Ë³¨Î¥¸±¨, É ± ± ±

Γ(0, x) = −(C + lnx) +O(x) ,

£¤¥ C = 0, 577 Å ±µ´¸É ´É  �°²¥· . Šµ´¥Î´ Ö Î ¸ÉÓ ³µ¤Ê²Ö ±¢ ·±µ¢µ£µ
¤¥É¥·³¨´ ´É  ¨³¥¥É ¢¨¤

Bfin = −1

2

1

(4π)2

∞∑
k=3

µ4−2kΓ(k − 2, x)Tr′ hk.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ · ¸Ìµ¤ÖÐ¨Ì¸Ö ¢±² ¤ Ì
Γ(−1, µ2/Λ2) ¨ Γ(0, µ2/Λ2) µÉ¢¥Î ÕÉ ±¢ ¤· É¨Î´µ ¨ ²µ£ ·¨Ë³¨Î¥¸±¨ · ¸Ìµ-
¤ÖÐ¨³¸Ö µ¤´µ¶¥É²¥¢Ò³ ¨´É¥£· ² ³ I1 ¨ I2, ·¥£Ê²Ö·¨§µ¢ ´´Ò³ ¢ · ¡µÉ Ì [16]
¸ ¶µ³µÐÓÕ ¨³¶Ê²Ó¸´µ£µ µ¡·¥§ ´¨Ö Λ̃ = O(1 ). ‚ µÉ²¨Î¨¥ µÉ ¸É ´¤ ·É´µ° ·¥-
£Ê²Ö·¨§ Í¨¨ µ¡·¥§ ´¨¥³, ¨¸¶µ²Ó§Ê¥³µ° ¢ É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í, Ï± ² 
µ¡·¥§ ´¨Ö · ¸¸³ É·¨¢ ¥É¸Ö §¤¥¸Ó ± ± Ë¨§¨Î¥¸±¨° ¶ · ³¥É·, Ì · ±É¥·¨§ÊÕÐ¨°
· ¤¨Ê¸ qq-¸¨² ¨ £· ´¨ÍÊ µ¡² ¸É¨ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥-
É·¨¨.

‚ ¤ ²Ó´¥°Ï¥³ ³Ò µ£· ´¨Î¨³¸Ö ¤¥É ²Ó´Ò³ · ¸¸³µÉ·¥´¨¥³ Éµ²Ó±µ ´¥ ´µ-
³ ²Ó´µ° Î ¸É¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö, ¸¢Ö§ ´´µ° ¸ ³µ¤Ê²¥³ ±¢ ·±µ¢µ£µ ¤¥-
É¥·³¨´ ´É . �´µ³ ²Ó´ÊÕ Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö, ±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö
±µ³¶²¥±¸´µ° Ë §µ° ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É , ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

Γ− = ΓWZ + Γ−(h.o) . (3.8)
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‡¤¥¸Ó ΓWZ Å ´¨§Ï¨¥  ´µ³ ²Ó´Ò¥ ¢±² ¤Ò, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ p4-¶µ·Ö¤±Ê ¶µ
¨³¶Ê²Ó¸Ê:

ΓWZ =
iNc

240π2

∫
B5

d5xεµναβγ tr
(
L̃µL̃νL̃αL̃βL̃γ

)
−

− iNc

48π2

∫
d4xεµναβ tr

(
Zµναβ(U,AL, AR)− Zµναβ(1, AL, AR)

)
.

(3.9)

‚ ¶¥·¢µ³ Éµ¶µ²µ£¨Î¥¸±µ³ Î²¥´¥ ¢Ò· ¦¥´¨Ö (3.9) ¶¸¥¢¤µ¸± ²Ö·´Ò¥ ±¨· ²Ó´Ò¥
¶µ²Ö L̃µ = ∂µU · U †, U = Ω2 µ¶·¥¤¥²ÖÕÉ¸Ö ´  ¤¨¸±¥ B5 ¢ 5-³¥·´µ° µ¡² ¸É¨
¨´É¥£·¨·µ¢ ´¨Ö, £· ´¨Í¥° ±µÉµ·µ£µ ¸²Ê¦¨É 4-³¥·´µ¥ ¥¢±²¨¤µ¢µ ¶·µ¸É· ´¸É¢µ-
¢·¥³Ö [60]. �ÉµÉ Î²¥´ ¤ ¥É  ´µ³ ²Ó´Ò¥ ¢±² ¤Ò ¢¨¤ 

iNc

240π2

∫
B5

d5xεµναβγ tr
(
L̃µL̃νL̃αL̃βL̃γ

)
=

= − iNc

30
√

2π2F 5
0

∫
d4xεµναβ tr

(
ϕ∂µϕ∂νϕ∂αϕ∂βϕ

)
+O(ϕ7) .

(3.10)

‚Éµ·µ° Î²¥´ ¢Ò· ¦¥´¨Ö (3.9) µ¶¨¸Ò¢ ¥É  ´µ³ ²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶¸¥¢-
¤µ¸± ²Ö·´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸ ¢¥±Éµ·´Ò³¨ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³¨ ± -
²¨¡·µ¢µÎ´Ò³¨ ¶µ²Ö³¨. Ÿ¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Zµναβ Ê¤µ¡´µ ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥ [61]:

Zµναβ(U,AL, AR) =

= AULµ
(
ARν∂αARβ + ∂νARαARβ +ARνARαARβ −RνRαARβ

)
+

+U †ALµU
(
ARνRαARβ − Rν∂αARβ

)
+

1

2
ALµLνALαLβ −

−(AL ↔ AR) +
1

2

(
ALµUA

†
Rν

)(
ALαUARβU

†) ,
£¤¥

AULµ = U †ALµU +Rµ , AURµ = UARµU
† − Lµ .

„µ¶µ²´¨É¥²Ó´Ò¥ ± ΓWZ ¢±² ¤Ò ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ¶µ ¨³¶Ê²Ó¸ ³ Γ−(h.o) ¢ ¶µ²-
´µ³  ´µ³ ²Ó´µ³ ¤¥°¸É¢¨¨ (3.8) ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¢ ¶µ¤Ìµ¤¥ [62] ¸ ¨¸-
¶µ²Ó§µ¢ ´¨¥³ É¥Ì ¦¥ ¸ ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ hn, ±µÉµ·Ò¥
¢µ§´¨± ÕÉ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ³µ¤Ê²Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É :

Γ−(h.o) = −i
∫
d4x

∞∑
n=3

∞∑
r=1

(n− 2)!

16π2r

[
1

µ2n−2
tr
(
(PRΦ† + PLΦ)åDhn

)]
rε

. (3.11)
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ˆ´¤¥±¸Ò ε ¨ r, ¶·¨¶¨¸ ´´Ò¥ ¢ (3.11) ± ±¢ ¤· É´µ° ¸±µ¡±¥, µ§´ Î ÕÉ, ÎÉµ ¶·¨
¢ÒÎ¨¸²¥´¨ÖÌ ¢ ´¥° Ê¤¥·¦¨¢ ÕÉ¸Ö Éµ²Ó±µ Î²¥´Ò ¸ ´¥Î¥É´Ò³ Î¨¸²µ³ É¥´§µ·µ¢
‹¥¢¨ Å —¨¢¨ÉÒ ¨ Î²¥´Ò ¶µ·Ö¤±  µ−r.

4. ��‹“—…�ˆ… Š��””ˆ–ˆ…�’�‚ ’…�‹����‚�„��‘’ˆ

�¥±Ê·¸¨¢´Ò°  ²£µ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ µ¸-
´µ¢ ´ ´  ¸µµÉ´µÏ¥´¨¨ (3.4), ¸¢Ö§Ò¢ ÕÐ¥³ hn(x, y) ¨ hn−1(x, y). ƒ· ´¨Î´µ¥
Ê¸²µ¢¨¥ (3.5) ¤²Ö h0(x, y) ¢µ§´¨± ¥É ¨§ (3.4) ¶·¨ n = 0 ¨ h−1(x, y) = 0. ‡ ¤ Î 
§ ±²ÕÎ ¥É¸Ö ¢ ´ Ìµ¦¤¥´¨¨ ¶·¥¤¥²  ¸µ¢¶ ¤¥´¨Ö hn ≡ hn(x, y)

∣∣
z=0

, ¶·¨Î¥³ ³Ò
´¥ ³µ¦¥³ ¶·µ¸Éµ ¶µ²µ¦¨ÉÓ z = 0 ¢ (3.4), ¶µ¸±µ²Ó±Ê ¶·¨ ¤¥°¸É¢¨¨ ¤¨ËË¥·¥´-
Í¨ ²Ó´µ£µ µ¶¥· Éµ·  dα ´  ÔÉµ ¸µµÉ´µÏ¥´¨¥ ¶µÖ¢²Ö¥É¸Ö ´¥¨¸Î¥§ ÕÐ¨° ¢±² ¤
dα(zµd

µhn)
∣∣
z=0

= gαµd
µhn

∣∣
z=0

= dαhn
∣∣
z=0

.
‹¥£±µ Ê¢¨¤¥ÉÓ, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ ·¥±Ê·¸¨¢´µ£µ ¸µµÉ´µÏ¥´¨Ö (3.4)

¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´É  hn ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ Î²¥´µ¢ ¢¨¤ 
dαdβ . . . hn(x, y)

∣∣
z=0

. —Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ·¥±Ê·¸¨¢´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö É ±¨Ì
Î²¥´µ¢, ´¥µ¡Ìµ¤¨³µ ¶µ¤¥°¸É¢µ¢ ÉÓ ¶·µ¨§¢¥¤¥´¨¥³ m ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥-
· Éµ·µ¢ dαdβ . . . dω ´  ¸µµÉ´µÏ¥´¨¥ (3.4) ¨ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê z = 0:

dαdβ . . . dω︸ ︷︷ ︸
m

hn(x, y)
∣∣
z=0

=

= − 1

n+m

{
dαdβ . . . dω(a+ dµd

µ)hn−1(x, y) + Pαβ...ωhn(x, y)

}∣∣∣∣
z=0

,

(4.1)

£¤¥ (n+m) > 0 ¨

Pαβ...ω = dαdβ . . . dω︸ ︷︷ ︸
m

·zµdµ
∣∣
z=0
−mdαdβ . . . dω .

’ ±¨³ µ¡· §µ³, ³Ò ¶µ²ÊÎ¨³ ¤²Ö Pαβ...ω ·¥±Ê·¸¨¢´µ¥ ¸µµÉ´µÏ¥´¨¥

Pαβ...ω = dαPβ...ω +Rβ...ω;α (4.2)

¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ P = 0, £¤¥ Rβ...ω;α = [dβ . . . dω, dα]. �¥·¥¸É ¢²ÖÖ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· dα Ï £ §  Ï £µ³ Î¥·¥§ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¤·Ê£¨Ì
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ dβ , ..., dω, ³µ¦´µ ¶¥·¥³¥¸É¨ÉÓ ¥£µ ¢²¥¢µ. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¶·µ¨§µ°¤¥É ¢§ ¨³´µ¥ ¸µ±· Ð¥´¨¥ ¤¢ÊÌ ¶·µ¨§¢¥¤¥´¨° m ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ¨ µ¸É ´ÊÉ¸Ö Éµ²Ó±µ Î²¥´Ò ¸ (m− 2) ¤¨ËË¥·¥´Í¨ -
² ³¨. �±µ´Î É¥²Ó´µ ³Ò ¶µ²ÊÎ¨³ ·¥±Ê·¸¨¢´µ¥ ¸µµÉ´µÏ¥´¨¥

Rβγ...ω;α = Γβα · dγ . . . dω + dβ · Rγ...ω;α (4.3)
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¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ R;α = 0. ’ ±¨³ µ¡· §µ³, ¤²Ö ¢ÒÎ¨¸²¥´¨Ö hn(x, y)
∣∣
z=0

´Ê¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¸µµÉ´µÏ¥´¨¥ (4.1), ´ Î¨´ Ö ¸ m = 0. �µ¸²¥ ± ¦¤µ°
¨É¥· Í¨¨ ´¥µ¡Ìµ¤¨³µ ¶¥·¥¸É ¢²ÖÉÓ ¢¸¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò, ¢µ§-
´¨± ÕÐ¨¥ ¨§ dµdµ ¨²¨ Pαβ...ω ¢¶· ¢µ ± hk(x, y). �·¨ É ±¨Ì ¶¥·¥¸É ´µ¢± Ì
¢µ§´¨±´ÊÉ ±µ³³ÊÉ Éµ·Ò ¢¨¤ 

Sµ = [dµ, a], Sµν = [dµ, Sν ], Sαµν = [dα, Sµν ], ...

Γµν = [dµ, dν ], Kαµν = [dα,Γµν ], Kβαµν = [dβ ,Kαµν ], ... . (4.4)

ˆ´¤¥±¸Ò n ¨ m ¨§³¥´ÖÕÉ¸Ö ¶·¨ É ±¨Ì ¨É¥· Í¨ÖÌ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ²¨¡µ
n→ n−1, ²¨¡µ m→ m−2, ¨²¨ n→ n−1;m→ m+2. ‹¥£±µ ¶µ± § ÉÓ, ÎÉµ
¶µ¸²¥ 2n ¨É¥· Í¨° µ¸É ´¥É¸Ö Éµ²Ó±µ h0(x, y) ¡¥§ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· -
Éµ·µ¢, ¨ É·¥¡Ê¥³Ò° ·¥§Ê²ÓÉ É ¶µ²ÊÎ ¥É¸Ö ¢ ±µ´Í¥ ¶µ¤¸É ´µ¢±µ° ¶·¥¤¥²  z = 0
¸ ÊÎ¥Éµ³ h0(x, y)

∣∣
z=0

= 1.
‚¥¸Ó³  £·µ³µ§¤±¨¥ ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ ‘¨²¨ Å „¥‚¨ÉÉ  ¢ ¸µµÉ-

¢¥É¸É¢¨¨ ¸ µ¶¨¸ ´´Ò³ ·¥±Ê·¸¨¢´Ò³ ³¥Éµ¤µ³ ³µ¦´µ  ²£µ·¨É³¨§¨·µ¢ ÉÓ ¤²Ö
¸¨¸É¥³  ´ ²¨É¨Î¥¸±¨Ì ¢ÒÎ¨¸²¥´¨° É¨¶  FORM ¨²¨ REDUCE ¶µ¸²¥ ¨Ì ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥£µ · ¸Ï¨·¥´¨Ö [49]. ‚Ò· ¦¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ-
¢µ¤´µ¸É¨ ¸µ¤¥·¦ É ¡µ²ÓÏµ¥ ±µ²¨Î¥¸É¢µ Î²¥´µ¢, ¸¢Ö§ ´´ÒÌ ³¥¦¤Ê ¸µ¡µ° ¸²¥-
¤ÊÕÐ¨³¨ Ô±¢¨¢ ²¥´É´Ò³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨: Í¨±²¨Î¥¸±¨³¨ ¶¥·¥¸É ´µ¢± ³¨
¶µ¤ §´ ±µ³ ¸²¥¤  Tr, ±µ³³ÊÉ Í¨µ´´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ (4.4), ¶¥·¥µ¡µ§´ Î¥-
´¨Ö³¨ ´¥³ÒÌ ¨´¤¥±¸µ¢ ¨ Éµ¦¤¥¸É¢ ³¨ Ÿ±µ¡¨ ¤²Ö É¥´§µ·µ¢ Kαµν . �µÔÉµ³Ê
¶µ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ´¥µ¡Ìµ¤¨³µ ¶·¨¢¥¸É¨ ± ´¥±µÉµ·µ³Ê ³¨´¨³ ²Ó´µ³Ê
¡ §¨¸Ê ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ Î²¥´µ¢. �·µ¡²¥³  ¶·¨¢¥¤¥´¨Ö µ±µ´Î É¥²Ó´ÒÌ
¢Ò· ¦¥´¨° ± ³¨´¨³ ²Ó´µ³Ê ¡ §¨¸Ê ¨ ¢µ§´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ ´¥µ¤´µ§´ Î-
´µ¸É¨ ¤¥É ²Ó´µ · ¸¸³µÉ·¥´Ò ¢ · ¡µÉ¥ [50]. ’ ³ ¦¥ ¶·µ¢¥¤¥´µ ¸· ¢´¥´¨¥
¶µ²ÊÎ¥´´ÒÌ ´ ³¨ ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¸ ·¥§Ê²ÓÉ É ³¨ ¤·Ê£¨Ì
· ¡µÉ.

‚ ¢Ò¡· ´´µ³ ´ ³¨ ³¨´¨³ ²Ó´µ³ ¡ §¨¸¥ ±µÔËË¨Í¨¥´ÉÒ É¥¶²µ¶·µ¢µ¤´µ-
¸É¨ h1, ..., h5 ¨³¥ÕÉ ¢¨¤ ∗

h0 = 1 ,

h1 = −a ,

Trh2 =
1

2
Tr

{
a2 +

1

6
Γ2
µν

}
,

Trh3 =
1

6
Tr

{
− a3 +

1

2
S2
µ −

1

2
aΓ2

µν +
1

10
K2
ννµ −

1

15
ΓµνΓναΓαµ

}
,

∗‡¤¥¸Ó ¨ ¤ ²¥¥ ¢¥§¤¥ ¢ ÔÉµ³ · §¤¥²¥, É ³, £¤¥ ´¥ ¨¸¶µ²Ó§µ¢ ´Ò Ö¢´µ ¢¥·Ì´¨¥ ¨ ´¨¦´¨¥
¨´¤¥±¸Ò, ¶µ¤· §Ê³¥¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ¥ ¸Ê³³¨·µ¢ ´¨¥ ¶µ ¶µ¢Éµ·ÖÕÐ¨³¸Ö £·¥Î¥¸±¨³ ¨´¤¥±¸ ³
¸µ ¸É ´¤ ·É´µ° ³¥É·¨±µ° (1,−1,−1,−1).
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Trh4 =
1

24
Tr

{
a4 + a2Sµµ +

4

5
a2Γ2

µν +
1

5

(
aΓµν

)2 − 2

5
aSµKννµ +

1

5
S2
µµ +

+
4

15
aΓµνΓνρΓρµ −

2

5
aK2

ννµ +
2

15
SααΓ2

µν −
8

15
SβγΓγαΓαβ +

+
17

210
Γ2
µνΓ

2
αβ +

2

35
ΓµνΓνρΓµσΓσρ +

1

105
ΓµνΓνρΓρσΓσµ +

+
1

420
ΓµνΓρσΓµνΓρσ +

16

105
KµαανΓνρΓρµ +KααµKββν + Γµν +

+
1

35
K2
µααν

}
,

Trh5 =
1

240
Tr

{
− a5 − 2a3Sµµ − a2S2

µ − a3Γ2
µν −

2

3
a2ΓµνaΓµν +

+
2

3
a2SµKννµ −

2

3
SµSνaΓµν − aSµµSνν −

2

3
SµµS

2
ν −

−2

7
a2ΓµνΓναΓαµ −

8

21
aΓµνaΓναΓαµ +

+
4

7
a2KµµνKααν +

3

7
aKµµνaKααν −

−8

7
aSµµΓ

2
να +

4

7
aSµKνναΓµα +

+
8

7
aSµΓµνKααν −

4

21
aΓµνSααΓµν −

−11

21
S2
µΓ

2
να +

20

21
SµKνναaΓµα +

+
2

21
SµSνΓµαΓαν −

10

21
SµSνΓναΓαµ +

2

7
SµΓµνSαΓαν +

+
1

42
SµΓναSµΓνα +

8

21
SµµSνKααν −

4

21
SµSνKµααν +

+
1

14
SµννSµαα −

17

84
aΓ2

µνΓ
2
αβ −

1

21
aΓµνΓναΓµβΓβα −

− 1

21
aΓµνΓναΓαβΓβµ −

5

84
aΓµνΓ

2
αβΓµν −

13

84
aΓµνΓαβΓµνΓαβ −

− 5

21
aΓµνΓαβΓβνΓαµ −

2

21
aKµµνΓναKββα −

2

7
aΓµνKµαβKναβ −

− 4

21
aΓµνKνααβΓβµ −

2

21
aΓµνKααµKββν −

4

21
SµµΓναΓαβΓβν −

− 4

21
SµνΓµαΓβνΓαβ +

2

7
SµKννµΓ

2
αβ −

2

7
SµKνναΓµβΓβα +

+
2

21
SµΓµνKααβΓβν −

1

7
aKµνναKµββα +

2

21
aKµνναKαββµ −
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− 3

28
SµµννΓ

2
αβ −

1

42
SµµKνναKββα −

2

7
SµµKνααβΓνβ +

+
1

7
SµKννααβΓµβ −

47

126
Γ2
µνΓαβΓβγΓγα −

− 11

189
ΓµνΓναΓµβΓαγΓγβ +

1

63
ΓµνΓναΓµβΓβγΓγα +

+
37

945
ΓµνΓναΓαβΓβγΓγµ +

1

126
ΓµνΓναΓβγΓαµΓβγ +

+
1

945
ΓµνΓαβΓγµΓναΓβγ −

8

189
KµµνKναβΓβγΓγα −

− 10

189
KµµνKαανΓ

2
βγ +

2

21
KµµνKααβΓνγΓγβ +

+
4

63
KµµνΓναKββγΓγα +

5

378
KµµνΓαβKγγνΓαβ −

− 61

189
KµνναΓµαΓ2

βγ +
22

189
KµνναΓµβΓγαΓβγ −

− 16

189
KµνναΓαβΓβγΓγµ −

10

189
KµνναΓαβΓγµΓβγ −

− 2

189
KµνναΓβγΓµαΓβγ −

4

63
K2
µναΓ2

βγ −

− 4

189
KµναKµαβΓνγΓγβ −

4

189
KµναKµαβΓβγΓγν −

− 2

63
KµναKβναΓµγΓγβ +

2

63
KµναΓναKµβγΓβγ +

+
2

189
KµναΓαβKµνγΓγβ −

1

42
KµµνναKαβγΓβγ +

+
1

63
KµνναKµββγΓαγ +

4

63
KµνναKαββγΓµγ −

− 5

63
KµνναKββµKγγα +

1

126
KµµνναKββγγα

}
+ h.c.

‡¤¥¸Ó µ¶¥· Í¨Ö Ô·³¨Éµ¢  ¸µ¶·Ö¦¥´¨Ö (h.c.) µ¶·¥¤¥²¥´  ± ±

a† = a, (Sµ...)
† = Sµ...,

(Γµν)
† = −Γµν , (Kαµν...)

† = −Kαµν....

� Ï¨ ¢Ò· ¦¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ h4,5 µ± §Ò¢ -
ÕÉ¸Ö Ô±¢¨¢ ²¥´É´Ò³¨ ·¥§Ê²ÓÉ É ³ · ¡µÉ [51,52], ¨¸¶µ²Ó§ÊÕÐ¨Ì ³¨´¨³ ²Ó´Ò¥
¡ §¨¸Ò, µÉ²¨Î´Ò¥ µÉ ¨¸¶µ²Ó§Ê¥³µ£µ ´ ³¨. ‚ Éµ ¦¥ ¢·¥³Ö ¢ Tr h4 ³Ò µ¡´ ·Ê-
¦¨²¨ ´¥±µÉµ·Ò¥ · ¸Ìµ¦¤¥´¨Ö ³¥¦¤Ê ·¥§Ê²ÓÉ Éµ³ ´ Ï¨Ì ¢ÒÎ¨¸²¥´¨° [50] ¨
· ¡µÉµ° [53] ¢ Éµ° Î ¸É¨, ±µÉµ· Ö ¸µ¤¥·¦¨É Î²¥´Ò ¸ 6 ¨ 8 ¨´¤¥±¸ ³¨:

(2Trh4) [50] − (24Trh4) [53] =
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= − 8

15
ad2
µdνd

2
αdν +

8

15
ad2
µdνdαdνdα −

8

15
adµd

2
νdµd

2
α +

+
8

15
adµdνdµdνd

2
α +

16

15
adµdνd

2
αdνdµ −

16

15
adµdνdαdνdαdµ −

− 16

105
d2
µd

2
νd

2
αd

2
β −

16

105
d2
µd

2
νdαd

2
βdα +

64

105
d2
µd

2
νdαdβdαdβ +

+
32

105
d2
µdνdαdνd

2
βdα −

64

105
d2
µdνdαdνdβdαdβ +

16

105
d2
µdνdαd

2
βdνdα +

+
32

105
d2
µdνdαdβdνdαdβ −

16

35
d2
µdνdαdβdνdβdα −

16

35
d2
µdνdαdβdαdνdβ +

+
16

105
d2
µdνdαdβdαdβdν −

32

105
dµdνdµdνdαdβdαdβ +

+
64

105
dµdνdµdαdνdβdαdβ −

32

105
dµdνdµdαdβdνdαdβ +

+
32

105
dµdνdµdαdβdνdβdα .

�É¨ µÉ±²µ´¥´¨Ö ¢µ§´¨± ÕÉ ¨§ Î²¥´µ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¢Ò· ¦¥´¨Ö · ¡µÉÒ
[53]:

(+
2

5
SααΓ2

µν +
4

105
{Γαβ | Kρ

ρµ | Kµαβ}) ,

£¤¥ {A | B | C} ≡ ABC + CBA. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö Î ¸ÉÓ ´ Ï¥£µ ¢Ò· ¦¥´¨Ö
¶·¥¤¸É ¢²¥´  Î²¥´ ³¨

(+
2

15
SααΓ2

µν +
16

105
Kµα

ανΓ
νρΓρµ).

„²Ö ¶·µ¢¥·±¨ ´ Ï¨Ì ·¥§Ê²ÓÉ Éµ¢ ³Ò É ±¦¥ Ê¡¥¤¨²¨¸Ó ¢ Éµ³, ÎÉµ ¶µ²ÊÎ ¥³Ò¥
´ ³¨ ±µÔËË¨Í¨¥´ÉÒ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸µµÉ´µÏ¥´¨Õ [53]:

∂(Trhn)/∂a = −hn−1 .

ŒÒ É ±¦¥ ¶·¨¢µ¤¨³ ©³¨´¨³ ²Ó´Ò¥ª Î ¸É¨ ±µÔËË¨Í¨¥´Éµ¢ h5, h6 ¨ h7,
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ´¥¨¸Î¥§ ÕÐ¨³ ¶·¨ Vµ = Aµ = 0 Î²¥´ ³:

Trhmin
5 =

1

120
Tr

{
− a5 + 3a2S2

µ + 2aSµaSµ − aS2
µν −

5

3
SµSνSµν +

+
1

14
S2
µνα

}
,

Trhmin
6 =

1

720
Tr

{
a6 − 4a3S2

µ − 6a2SµaSµ +
12

7
a2S2

µν +
9

7
aSµνaSµν +

+
26

7
aSµνSµSν +

18

7
aSµSµνSν +

26

7
aSµSνSµν +

9

7
S2
µS

2
ν +
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+
17

14
SµSνSµSν −

3

7
aS2

µνα −
11

21
SµνSναSµα − SµSµναSνα −

−SµSναSµνα +
1

42
S2
µναβ

}
,

Tr hmin7 =
1

5040
Tr

{
− a7 + 5a4S2

µ + 8a3SµaSµ +
9

2
a2Sµa

2Sµ −

−5

2
a3S2

µν −
9

2
a2SµνaSµν − 6a2SµνSµSν −

7

2
a2SµSµνSν −

−6a2SµSνSµν −
7

2
aS2

µS
2
ν −

11

2
aSµaSµνSν −

11

2
aSµaSνSµν −

−17

2
aSµSνaSµν −

17

2
aSµSνSµSν +

+
5

6
a2S2

µνα +
2

3
aSµναaSµνα +

+
17

6
aSµναSµSνα +

5

2
aSµναSναSµ +

5

3
aSµνSµναSα +

+
11

3
aSµνSναSµα +

17

6
aSµνSαSµνα +

5

3
aSµSµναSνα +

+
5

2
aSµSναSµνα +

5

3
S2
µS

2
να +

+
11

6
SµSναSµSνα +

35

18
SµSναSαSµν +

+
97

18
SµSνSµαSνα +

43

18
SµSνSναSµα +

35

9
SµSνSαSµνα −

−1

6
aS2

µναβ −
16

15
SµνSµαβSναβ −

7

10
SµνSαβSµναβ −

−1

2
SµSµναβSναβ −

1

2
SµSναβSµναβ +

1

132
S2
µναβγ

}
.

‚Ò· ¦¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨, ¤µ Tr hmin
6 ¢±²ÕÎ¨-

É¥²Ó´µ, ¡Ò²¨ É ±¦¥ ¶·¨¢¥¤¥´Ò ¢ · ¡µÉ¥ [56], ±·µ³¥ Éµ£µ, ¢ · ¡µÉ Ì [57] ³µ¦´µ
´ °É¨ ¢Ò· ¦¥´¨¥ ¤²Ö Trhmin

8 . � Ï¨ ¢ÒÎ¨¸²¥´¨Ö ³¨´¨³ ²Ó´ÒÌ Î²¥´µ¢ ±µÔË-
Ë¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¢Ò¸Ï¨Ì ¶µ·Ö¤±µ¢ ¸µ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨
¤·Ê£¨Ì £·Ê¶¶.

�¸µ¡Ò° ¨´É¥·¥¸ ± ¢ÒÎ¨¸²¥´¨Õ ±µÔËË¨Í¨¥´Éµ¢ Ö¤·  Ê· ¢´¥´¨Ö É¥¶²µ-
¶·µ¢µ¤´µ¸É¨ ¶·¨¤ ¥É Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ ÔÉµ£µ ³¥Éµ¤  ¤²Ö
¶µ²ÊÎ¥´¨Ö ÔËË¥±É¨¢´µ£µ ² £· ´¦¨ ´  ¨§ ³¨±·µ¸±µ¶¨Î¥¸±µ° É¥µ·¨¨ Ö¢²Ö¥É¸Ö
 ²ÓÉ¥·´ É¨¢µ° ¶·Ö³µ³Ê ¢ÒÎ¨¸²¥´¨Õ Ë¥°´³ ´µ¢¸±¨Ì ¤¨ £· ³³. �·¨ ÔÉµ³ “”-
· ¸Ìµ¤¨³µ¸ÉÖ³ Ë¥°´³ ´µ¢¸±¨Ì ¤¨ £· ³³ ¡Ê¤¥É ¸µµÉ¢¥É¸É¢µ¢ ÉÓ · ¸Ìµ¤¨³µ¸ÉÓ
¨´É¥£· ²µ¢ ¶µ ¸µ¡¸É¢¥´´µ³Ê ¢·¥³¥´¨ ´  ´¨¦´¥³ ¶·¥¤¥²¥. �·¥¨³ÊÐ¥¸É¢µ³
¤ ´´µ£µ ³¥Éµ¤  Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ
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¢ ´ ¨¡µ²¥¥ µ¡Ð¥³ ¢¨¤¥ ± ± · §²µ¦¥´¨¥ µ¡µ¡Ð¥´´ÒÌ ²µ± ²Ó´ÒÌ µ¶¥· Éµ·µ¢,
±µÉµ·Ò¥ ¡Ê¤ÊÉ ¨³¥ÉÓ · §²¨Î´Ò° ¢¨¤ ¢ · §²¨Î´ÒÌ ³µ¤¥²ÖÌ.

’ ±, ´ ¶·¨³¥·, ¶µ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ ¢Ò· ¦¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ hi µ¶¨-
¸Ò¢ ÕÉ ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´ · ¸¸¥Ö´¨Ö ¸¢¥É  ´  ¸¢¥É¥ ¢ ±¢ ´Éµ¢µ° Ô²¥±-
É·µ¤¨´ ³¨±¥ ± ± ¤²Ö Î ¸É¨Í ¸µ ¸¶¨´µ³ 1/2, É ± ¨ ¤²Ö ¡¥¸¸¶¨´µ¢ÒÌ Î ¸É¨Í.
‚ ¶¥·¢µ³ ¸²ÊÎ ¥ ³Ò ¨³¥¥³ Γµ = ieQAµ , a = 1

4

[
γµ, γν

]
Γµν ¨

Leff = −1

2

1

4π2µ4
Trh4 = − α2

180µ4

[
5
(
F2
µν

)2 − 14
(
FµνFνα

)2]
, (4.5)

£¤¥ α = e2/(4π) ¨ Fµν = ∂µAν−∂νAµ Å É¥´§µ· ´ ¶·Ö¦¥´´µ¸É¨ Ô²¥±É·µ³ £-
´¨É´µ£µ ¶µ²Ö. ‚Ò· ¦¥´¨¥ (4.5) ¸µ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´Ò³ ·¥§Ê²ÓÉ Éµ³ �°²¥·  Å
ƒ¥°§¥´¡¥·£  [54] ¢ Š�„. ‚ ¸²ÊÎ ¥ ¡¥¸¸¶¨´µ¢ÒÌ Î ¸É¨Í ¨³¥¥³ Γµ = ieQAµ,
a = 0 ¨

Leff = −1

2

1

4π2µ4
Trh4 = − α2

1440µ4

[
5
(
F2
µν

)2
+
(
FµνFνα

)2]
.

�µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ É ±¦¥ ¸µ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´Ò³ ·¥§Ê²ÓÉ Éµ³ ¸± ²Ö·´µ°
Ô²¥±É·µ¤¨´ ³¨±¨ [55]. ‚ ÔÉ¨Ì ¶·µ¸ÉÒÌ ¶·¨³¥· Ì ¨¸¶µ²Ó§µ¢ ²¨¸Ó ²¨ÏÓ ´¥-
¸±µ²Ó±µ Î²¥´µ¢ ¨§ ¢Ò· ¦¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´É  h4, ±µÉµ·Ò¥ ¢ ¸²ÊÎ ¥  ¡¥²¥-
¢µ° ¸¨³³¥É·¨¨ U(1) (¢¸¥ µ¶¥· Éµ·Ò ±µ³³ÊÉ¨·ÊÕÉ) § ¶¨¸Ò¢ ÕÉ¸Ö ± ±

Tr h4 →
1

24
Tr

[
a4 + a2Γ2

µν +
1

12
Γ2
µνΓ

2
αβ +

1

15

(
ΓµνΓµα

)2]
.

„²Ö ¶µ²ÊÎ¥´¨Ö ¡µ§µ´¨§µ¢ ´´µ£µ ² £· ´¦¨ ´  ¢ ³µ¤¥²¨ �ˆ‹ É·¥¡ÊÕÉ¸Ö
¡µ²¥¥ ¶µ²´Ò¥ ¢Ò· ¦¥´¨Ö, ±µÉµ·Ò¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¨ ¤²Ö ¤·Ê£¨Ì § ¤ Î, ´ ¶·¨-
³¥·, ¤²Ö µ¶¨¸ ´¨Ö ¸¢µ°¸É¢ Ô²¥±É·µ¸² ¡µ£µ ¸Ë ²¥·µ´  [56],   É ±¦¥ ¤²Ö § ¤ Î
±¢ ´Éµ¢µ° £· ¢¨É Í¨¨ [48] ¨ ¢ Ë¨§¨±¥ ¢Ò¸µ±¨Ì É¥³¶¥· ÉÊ·. �µ¤·µ¡´ÊÕ ¡¨-
¡²¨µ£· Ë¨Õ ¸É É¥°, ¶µ¸¢ÖÐ¥´´ÒÌ · §²¨Î´Ò³ Ë¨§¨Î¥¸±¨³ ¶·¨³¥´¥´¨Ö³ ±µ-
ÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨, ³µ¦´µ ´ °É¨ ¢ · ¡µÉ Ì [53, 58]. �µÔÉµ³Ê
¶µ²ÊÎ¥´´Ò¥ ´ ³¨ ·¥§Ê²ÓÉ ÉÒ ¨ ¨¸¶µ²Ó§Ê¥³Ò¥ ¤²Ö ÔÉµ£µ ¶·µ£· ³³Ò  ´ ²¨É¨-
Î¥¸±¨Ì ¢ÒÎ¨¸²¥´¨° ¶·¥¤¸É ¢²ÖÕÉ £µ· §¤µ ¡µ²¥¥ µ¡Ð¨° ¨´É¥·¥¸, Î¥³ Éµ²Ó±µ
¡µ§µ´¨§ Í¨Ö ³µ¤¥²¨ �ˆ‹.

5. �…‹ˆ�…‰�›… �””…Š’ˆ‚�›… Œ…‡���›… ‹�ƒ���†ˆ��›

�ËË¥±É¨¢´Ò¥ ³¥§µ´´Ò¥ ² £· ´¦¨ ´Ò ¢ É¥·³¨´ Ì ±µ²²¥±É¨¢´ÒÌ ¶µ²¥°
¢µ§´¨± ÕÉ ¨§ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¶µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ¸²¥¤  ¶µ ¤¨· ±µ¢-
¸±¨³ ³ É·¨Í ³ ¢ Trhi(x). ‡¤¥¸Ó ³Ò µ£· ´¨Î¨³¸Ö Éµ²Ó±µ Î²¥´ ³¨ ¢ ¢Ò· -
¦¥´¨ÖÌ ¤²Ö h1, . . . , h4, ¤ ÕÐ¨³¨ ¢±² ¤ ¢ ¨³¶Ê²Ó¸´µ¥ · §²µ¦¥´¨¥ ±¢ ·±µ¢µ£µ
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¤¥É¥·³¨´ ´É , ¢±²ÕÎ Ö p6-¶µ·Ö¤µ± (Î²¥´Ò, ¤ ÕÐ¨¥ O(p8)-¢±² ¤Ò, µ¶ÊÐ¥´Ò):

h0 = 1,

h1 = −a,

Trh2 = Tr

{
1

12
(Γµν)

2 +
1

2
a2

}
,

Trh3 = − 1

12
Tr

{
2a3 − SµSµ + a(Γµν)

2 − 2

45
(Γαβγ)

2 − 1

9
(Γααβ)

2 −

− 2

45
ΓµνΓ

ναΓα
µ

}
,

Trh4 = Tr

{
1

24
a4 +

1

12

(
a2Sµµ + aSµS

µ
)

+
1

720

(
7(Sµµ)

2 − (Sµν)
2
)

+

+
1

30
a2(Γµν)

2 +
1

120
(aΓµν)

2 +
1

144
a
[
Γµµν , S

ν
]
+

+
1

40
a

(
ΓµνS

µν +
11

9
SµνΓ

µν

)}
,

Trhmin
5 = −Tr

{
1

120
a2(a3 − 3SµS

µ)− 1

60
(aSµ)

2

}
,

Trhmin
6 =

1

720
Tr a6 .

©� ¸Ìµ¤ÖÐ Ö¸Öª Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ ³¥§µ´´µ£µ ² £· ´¦¨ ´  µ¶·¥¤¥²Ö-
¥É¸Ö ±µÔËË¨Í¨¥´É ³¨ h0, h1 ¨ h2 · §²µ¦¥´¨Ö (3.7):

Ldiv =
Nc

16π2
tr

{
Γ

(
0,
µ2

Λ2

)[
Dµ(Φ +m0)Dµ(Φ +m0)

† −M2 +

+
1

6

(
(FLµν)

2 + (FRµν)
2

)]
+ 2

[
Λ2e−µ

2/Λ2 − µ2Γ

(
0,
µ2

Λ2

)]
M
}
,

(5.1)

£¤¥ M = (Φ + m0)(Φ + m0)
† − µ2, FR/Lµν = FVµν ± FAµν . Šµ¢ ·¨ ´É´Ò¥

¶·µ¨§¢µ¤´Ò¥ Dµ ¨ Dµ µ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Dµ∗ = ∂µ ∗+(ALµ ∗ − ∗ARµ ) , Dµ∗ = ∂µ ∗+(ARµ ∗ − ∗ALµ) .

�µ² £ Ö Σ ≈ µ ¨ ¶µÔÉµ³Ê Φ = µΩ2 ≡ µU , ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ p2-Î ¸ÉÓ
³¥§µ´´µ£µ ² £· ´¦¨ ´  (5.1) ¢ ¢¨¤¥

L2 = −F
2
0

4
tr
(
LµL

µ
)

+
F 2

0

4
tr
(
χU † + Uχ†

)
, (5.2)
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£¤¥ Lµ = DµU U
†. ‡ É· ¢µÎ´ Ö ±µ´¸É ´É  F0 ¨ ³¥§µ´´ Ö ³ ¸¸µ¢ Ö ³ É·¨Í 

χ = diag (χ2
u, χ

2
d, ..., χ

2
n) § ¤ ´Ò ¸µµÉ´µÏ¥´¨Ö³¨

F 2
0 = yNcµ

2/(4π2) , χ2
i = mi

0µ/(G1F
2
0 ) = −2mi

0<qq>F
−2
0 , (5.3)

£¤¥ y = Γ
(
0, µ2/Λ2

)
.

�ËË¥±É¨¢´Ò° ² £· ´¦¨ ´ ¢ p4-¶µ·Ö¤±¥ ±¨· ²Ó´µ£µ · §²µ¦¥´¨Ö ¢µ§´¨-
± ¥É ¨§ ²µ£ ·¨Ë³¨Î¥¸±¨ · ¸Ìµ¤ÖÐ¥°¸Ö Î ¸É¨ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¨ ¨§
±µÔËË¨Í¨¥´Éµ¢ h3 ¨ h4, ¤ ÕÐ¨Ì ¢±² ¤ ¢ ±µ´¥Î´ÊÕ Î ¸ÉÓ. �·¨³¥´ÖÖ ¸¢µ°¸É¢ 
±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ

Dµ(O1O2) = (DµO1)O2 +O1(D
′
µO2) = (D′µO1)O2 +O1(DµO2) ,

Dµ(O1O2) = (DµO1)O2 +O1(D
′
µO2) = (D

′
µO1)O2 +O1(DµO2) ,

D′µ(O1O2) = (D′µO1)O2 +O1(D
′
µO2) = (DµO1)O2 + O1(DµO2) ,

D
′
µ(O1O2) = (D

′
µO1)O2 +O1(D

′
µO2) = (DµO1)O2 +O1(DµO2) ,

[Dµ, Dν ]O = FLµνO −OFRµν , [Dµ, Dν ]O = FRµνO −OFLµν ,

[D′µ, D
′
ν ]O = [FLµν , O] , [D

′
µ, D

′
ν ]O = [FRµν , O] , (5.4)

£¤¥
D′µ∗ = ∂µ ∗+[ALµ , ∗], D

′
µ∗ = ∂µ ∗+[ARµ , ∗] ,

³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ±µ´¥Î´ÊÕ Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ ² £· ´-
¦¨ ´  ¢ ¢¨¤¥

L(p4)
fin =

Nc

32π2µ4
tr

{
1

3

[
µ2D2ΦD

2
Φ† −

(
DµΦDµΦ

†)2]+
1

6

(
DµΦDνΦ

†)2 −
−µ2

[
MDµΦD

µ
Φ† +MDµΦ

†DµΦ
]

+

+
2

3
µ2
[
DµΦD

ν
Φ† FLµν +D

µ
Φ†DνΦFRµν

]
+

+
1

3
µ2FRµνΦ

†FLµνΦ− 1

6
µ4
[
(FLµν)

2 + (FRµν)
2
]}
, (5.5)

£¤¥ M = (Φ + m0)
†(Φ + m0) − µ2. ŒÒ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨¡²¨¦¥´¨¥

Γ(k, µ2/Λ2) ≈ Γ(k), ±µÉµ·µ¥ Ìµ·µÏµ ¢Ò¶µ²´Ö¥É¸Ö ¶·¨ k ≥ 1 ¨ µ2/Λ2 � 1.
�¡Ñ¥¤¨´ÖÖ ² £· ´¦¨ ´ (5.5) c p4-¢±² ¤ ³¨, ¢µ§´¨± ÕÐ¨³¨ ¨§ · ¸Ìµ¤Ö-

Ð¥°¸Ö Î ¸É¨ (5.1), ¶µ²ÊÎ¨³ ÔËË¥±É¨¢´Ò° p4-² £· ´¦¨ ´, ±µÉµ·Ò° ¢ ¸ ³µ³
µ¡Ð¥³ ¸²ÊÎ ¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

L4 = LG&L
4 (L′i, H

′
i) + λ1tr

(
D2UD

2
U †
)

+ λ2tr
(
D2Uχ† + χD

2
U †
)
, (5.6)
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£¤¥ LG&L
4 (Li, Hi) Å Î ¸ÉÓ p4-² £· ´¦¨ ´ , ¸µ¤¥·¦ Ð Ö ³¨´¨³ ²Ó´ÊÕ ±µ³-

¡¨´ Í¨Õ ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ Î²¥´µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸É·Ê±ÉÊ·´Ò³ ±µÔË-
Ë¨Í¨¥´É ³ Li (i=1, ..., 10) ¨ H1,2 ƒ ¸¸¥·  ¨ ‹¥°É¢¨²¥·  [39] ∗:

LG&L
4 (Li, Hi) =

(
L1 −

1

2
L2

)(
trLµL

µ
)2

+

+L2tr

(
1

2
[Lµ, Lν]

2 + 3(LµL
µ)2

)
+

+L3tr
(
(LµL

µ)2
)
− L4tr

(
LµL

µ
)
tr
(
χU † + Uχ†

)
−

−L5tr
[
LµL

µ
(
χU † + Uχ†

)]
+ L6

(
tr
(
χU † + Uχ†

))2

+

+L7

(
tr
(
χU † − Uχ†

))2

+ L8tr
(
χU †χU † + Uχ†Uχ†

)
−

−L9tr
(
FRµνR

µRν + FLµνL
µLν

)
−

−L10tr
(
U †FRµνUF

Lµν
)
−

−H1tr
((
FRµν

)2
+
(
FLµν

)2)
+H2tr

(
χχ†

)
. (5.7)

‹ £· ´¦¨ ´ (5.6) ¸µ¤¥·¦¨É ¤¢  ²¨Ï´¨Ì Î²¥´  ¸µ ¸É·Ê±ÉÊ·´Ò³¨ ±µÔËË¨Í¨-
¥´É ³¨ λ1,2, µÉ¸ÊÉ¸É¢ÊÕÐ¨Ì ¢ ¸É ´¤ ·É´µ³ ¶·¥¤¸É ¢²¥´¨¨ p4-² £· ´¦¨ ´ 
ƒ ¸¸¥·  Å ‹¥°É¢¨²¥·  (5.7).

‘µ£² ¸´µ É¥µ·¥³¥ Ô±¢¨¢ ²¥´É´µ¸É¨, ´¥²¨´¥°´Ò° ÔËË¥±É¨¢´Ò° ² £· ´-
¦¨ ´ µ¶·¥¤¥²¥´ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶·¥µ¡· §µ¢ ´¨° ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¶µ²¥°,
´¥ ³¥´ÖÕÐ¨Ì ¥£µ ±¨´¥É¨Î¥¸±ÊÕ Î ¸ÉÓ [64, 65]. ’ ±¨¥ ¶·¥µ¡· §µ¢ ´¨Ö ¶µ-
²¥° ¢²¨ÖÕÉ Éµ²Ó±µ ´  ³´µ£µÎ ¸É¨Î´Ò¥ ¶·µ¶ £ Éµ·Ò ¸ ¢´¥Ï´¨³¨ ²¨´¨Ö³¨
¢´¥ ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ¢ Éµ ¢·¥³Ö ± ± S-³ É·¨ÍÒ ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì-
´µ¸É¨ µ¸É ÕÉ¸Ö ¨¤¥´É¨Î´Ò³¨. �Éµ ¸¢µ°¸É¢µ Ô±¢¨¢ ²¥´É´µ¸É¨ ¨¸¶µ²Ó§Ê¥É¸Ö
¤²Ö Ê¸É· ´¥´¨Ö ²¨Ï´¨Ì, ´ ¶·¨³¥·, É ± ´ §Ò¢ ¥³ÒÌ ©É Ì¨µ´´ÒÌª Î²¥´µ¢ ¸
¤¢µ°´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨, ±µÉµ·Ò¥ ¢µ§´¨± ÕÉ ¶·¨ ¡µ§µ´¨§ Í¨¨ ÔËË¥±É¨¢´ÒÌ
±¢ ·±µ¢ÒÌ ³µ¤¥²¥°. ‚ · ¡µÉ Ì [39] ¸ ÔÉµ° Í¥²ÓÕ ¨¸¶µ²Ó§µ¢ ´Ò Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢ p4-¶µ·Ö¤±¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ¶·¥µ¡· §µ¢ ´¨Ö
¶µ²¥° ¶·¨¢µ¤¨É ¢ ÉµÎ´µ¸É¨ ± Éµ³Ê ¦¥ ·¥§Ê²ÓÉ ÉÊ, ÎÉµ ¨ ´ ¨¢´µ¥ ¶·¨³¥´¥´¨¥
Ê· ¢´¥´¨° ¤¢¨¦¥´¨°, ¢µ§´¨± ÕÐ¨Ì ¨§ p2-Î ¸É¨ ÔËË¥±É¨¢´µ£µ ² £· ´¦¨ ´ .
�¤´ ±µ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¢ ¸²¥¤ÊÕÐ¨Ì ¶µ·Ö¤± Ì ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö
O(p6) ¶·¥µ¡· §µ¢ ´¨Ö ¶µ²¥° ¶·¨¢µ¤ÖÉ ± ¶µÖ¢²¥´¨Õ ¢±² ¤µ¢, ±µÉµ·Ò¥ ³µ£ÊÉ
¡ÒÉÓ ÊÉ¥·Ö´Ò ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Éµ²Ó±µ Ê· ¢´¥´¨° ¤¢¨¦¥´¨° (¸³. [37,63]).

�·¨³¥´ÖÖ ¶µ¸²¥¤µ¢ É¥²Ó´µ¥ ±µ¢ ·¨ ´É´µ¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ± Ê¸²µ-

∗‘²¥¤Ê¥É µÉ³¥É¨ÉÓ · §´¨ÍÊ ¢ ´ Ï¨Ì µ¶·¥¤¥²¥´¨ÖÌ É¥´§µ·µ¢ FL,R: FL,R = −iFR,L
G&L

.
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¢¨Õ Ê´¨É ·´µ¸É¨ UU † = 1, ¶µ²ÊÎ¨³ ¸µµÉ´µÏ¥´¨Ö

D2U U † =
1

2

(
D2U U † − UD2

U †
)
−DµUD

µ
U † ,

UD
2
U † = −1

2

(
D2U U † − UD2

U †
)
−DµUD

µ
U † . (5.8)

ˆ¸¶µ²Ó§ÊÖ (5.8) ¨ tr
(
D2U U † − UD2

U †
)

= 0, ¶µ¸²¥¤´¨¥ ¤¢  Î²¥´  ¢ (5.6)
³µ¦´µ ¶·¨¢¥¸É¨ ± ¢¨¤Ê, ´ ¨¡µ²¥¥ Ê¤µ¡´µ³Ê ¤²Ö ¶·¨³¥´¥´¨Ö ¶·¥µ¡· §µ¢ ´¨°
¶µ²¥°:

tr
(
D2UD

2
U †
)

= tr
(
DµUD

µ
U †DνUD

ν
U †
)

+
1

12

(
tr (χU † − Uχ†)

)2
−1

4
tr
(
Uχ†Uχ† + χU †χU †

)
+

1

2
tr
(
χχ†

)
−

−1

4
tr
(
(D2UU † − UD2

U †)O(2)
EOM

)
− 1

4
tr
(
(χU † − Uχ†)O(2)

EOM

)
,

tr
(
D2Uχ† + χD

2
U †
)

= −tr
(
DµUD

µ
U †(χU † + Uχ†)

)
+

1

6

(
tr (χU † − Uχ†)

)2 − 1

2
tr
(
Uχ†Uχ† + χU †χU †

)
+ tr

(
χχ†

)
−

−1

2
tr
(
(χU † − Uχ†)O(2)

EOM

)
,

£¤¥ µ¶¥· Éµ· O(2)
EOM ¨³¥¥É ËÊ´±Í¨µ´ ²Ó´Ò° ¢¨¤ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨°, ¢µ§´¨-

± ÕÐ¥£µ ¨§ p2-² £· ´¦¨ ´  (5.2):

O(2)
EOM (U) = D2UU † − UD2

U † − χU † + Uχ† +
1

3
tr
(
χU † − Uχ†

)
. (5.9)

’µ£¤ , ¢Ò· ¦¥´¨¥ (5.6) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

L4 = LG&L
4 (Li, Hi) +

+c1tr
(
(D2UU † − UD2

U †)O(2)
EOM

)
+ c2tr

(
(χU † − Uχ†)O(2)

EOM

)
.

(5.10)

˜É·¨Ìµ¢ ´´Ò¥ ¨ ´¥ÏÉ·¨Ìµ¢ ´´Ò¥ ¸É·Ê±ÉÊ·´Ò¥ ±µÔËË¨Í¨¥´ÉÒ ¢ (5.6) ¨ (5.10)
¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ° ¸µµÉ´µÏ¥´¨Ö³¨

L1 = L′1 , L2 = L′2 , L3 = L′3 + λ1 , L4 = L′4 , L5 = L′5 − λ2 ,

L6 = L′6 , L7 = L′7 +
λ1

12
+
λ2

6
, L8 = L′8 −

λ1

4
− λ2

2
, L9 = L′9 ,

L10 = L′10 , H1 = H ′1 , H2 = H ′2 +
λ1

2
+ λ2 ,

c1 = −λ1

4
, c2 = −λ1

4
− λ2

2
.
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‚ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¡µ§µ´¨§ Í¨¨ ³µ¤¥²¨ �ˆ‹ ±µÔËË¨Í¨¥´ÉÒ λ1,2

µ¶·¥¤¥²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³¨ λ1 = 1
6
Nc

16π2 ¨ λ2 = − Nc
16π2xy.

ˆ¸¶µ²Ó§ÊÖ ³¥Éµ¤ ¶·¥µ¡· §µ¢ ´¨Ö ¶µ²¥°, ³µ¦´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¤¢ÊÌ ¶µ-
¸²¥¤´¨Ì Î²¥´µ¢ ¢ ² £· ´¦¨ ´¥ (5.10). „²Ö ÔÉµ£µ · ¸¸³µÉ·¨³ ¶·¥µ¡· §µ¢ ´¨¥

U(x) = exp (iS2(V ))V (x),

£¤¥ S2(V ) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸ ³Ò° µ¡Ð¨° ¢¨¤ £¥´¥· Éµ·  ¢ p2-¶µ·Ö¤±¥
¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö:

S2(V ) = iα1(D
2V V † − V D2

V †) + iα2

(
χV † − V χ† − 1

3
tr (χV † − V χ†)

)
¸ ¶·µ¨§¢µ²Ó´Ò³¨ ·¥ ²Ó´Ò³¨ ¶ · ³¥É· ³¨ α1 ¨ α2. � ¸¸³µÉ·¨³ ¨§³¥´¥´¨¥
ËÊ´±Í¨µ´ ²Ó´µ£µ ¢¨¤  ² £· ´¦¨ ´  L2 (5.2) ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ ¶µ²¥° ∗.
�µ¤¸É ¢²ÖÖ U = exp(iS)V ¢ L2(U) ¨ µÉ¡· ¸Ò¢ Ö ¶µ²´Ò¥ ¶·µ¨§¢µ¤´Ò¥, ¶µ²Ê-
Î¨³

L2(U) = L2(V ) + δ(1)L2(V, S) + δ(2)L2(V, S) + . . . , (5.11)

£¤¥ ¢¥·Ì´¨¥ ¨´¤¥±¸Ò ¢ ¸±µ¡± Ì µ¡µ§´ Î ÕÉ ¸É¥¶¥´¨ S (¨²¨ DµS, . . .), ¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨¥ ¢±² ¤Ò ³µ¦´µ ¢Ò· §¨ÉÓ ¢ ¢¨¤¥

δ(1)L2(V, S) =
F 2

0

4
tr
(
iSO(2)

EOM (V )
)

= O(p4),

δ(2)L2(V, S) =
F 2

0

4
tr
(
S(DµV V

†D
′µS −D′µSDµV V

† −D′2S) −

−1

2
(χV † + V χ†)S2

)
= O(p6),

δ(3)L2(V, S) = O(p2)×O(S3) = O(p8).

�µ¸²¥¤´¨° Î²¥´ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ Éµ²Ó±µ ¶·¨ ÊÎ¥É¥ ¢±² ¤µ¢ O(p8), ¶µ-
ÔÉµ³Ê §¤¥¸Ó ´¥ ¶·¨¢¥¤¥´ ¥£µ Ö¢´Ò° ¢¨¤.

‚ ¤ ²Ó´¥°Ï¥³ ³Ò ´¥ ¡Ê¤¥³ ¶·¥¤¶µ² £ ÉÓ · ¢¥´¸É¢  ´Ê²Õ ¢Ò· ¦¥´¨Ö (5.9),
´¥¸³µÉ·Ö ´  Éµ, ÎÉµ µ´µ ¨³¥¥É ËÊ´±Í¨µ´ ²Ó´Ò° ¢¨¤ Ê· ¢´¥´¨° ¤¢¨¦¥´¨°,
¢µ§´¨± ÕÐ¨Ì ¨§ L2. ‚ ¸²ÊÎ ¥, ¥¸²¨

α1 =
4c1
F 2

0

= − λ1

F 2
0

, α2 =
4c2
F 2

0

= − λ1

F 2
0

− 2λ2

F 2
0

,

∗�µ¸²¥ ¶·¥µ¡· §µ¢ ´¨° ¶µ²¥° ² £· ´¦¨ ´Ò Ln(U) ¸µ¤¥·¦ É É ±¦¥ ¶·µ¨§¢µ¤´Ò¥ ¶µ²¥° V
¶µ·Ö¤±  ¢ÒÏ¥, Î¥³ p2n.
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Î²¥´ δ(1)L2(V, S2) ¢ ÉµÎ´µ¸É¨ ¸µ±· Ð ¥É ¶µ¸²¥¤´¨¥ ¤¢  Î²¥´  ¢ (5.10) (U →
→ V ¢ p4-¶µ·Ö¤±¥), ¨ ÔËË¥±É¨¢´Ò° p4-² £· ´¦¨ ´ ¶·¨¢µ¤¨É¸Ö ± ³¨´¨³ ²Ó-
´µ³Ê ¢¨¤Ê (5.7) ¸µ ¸É·Ê±ÉÊ·´Ò³¨ ±µ´¸É ´É ³¨ Li = Nc/(16π2) · li ¨ Hi =
= Nc/(16π2) · hi, µ¶·¥¤¥²Ö¥³Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨

l1 =
1

24
, l2 =

1

12
, l3 = −1

6
, l4 = 0 , l5 = x(y − 1) , l6 = 0 ,

l7 = −1

6

(
xy − 1

12

)
, l8 =

(
1

2
x− x2

)
y − 1

24
, l9 =

1

3
, l10 = −1

6
,

h1 = −1

6

(
y − 1

2

)
,

h2 = −(x+ 2x2)y +
1

12
− 2x2y

(
1− Λ2

µ2y
e−µ

2/Λ2

)
,

(5.12)

£¤¥
x = −µF 2

0 /(2 <qq>) , y = 4π2F 2
0 /(Ncµ

2) . (5.13)

CÉ·Ê±ÉÊ·´Ò¥ ±µÔËË¨Í¨¥´ÉÒ (5.12) ¸µ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨
¢ · ¡µÉ¥ [20].

� ¸¸³µÉ·¨³ É¥¶¥·Ó ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´, ¶µ²ÊÎ¥´´Ò° ¨§ ¡µ§µ´¨-
§ Í¨¨ ³µ¤¥²¨ �ˆ‹ ¢ p6-¶µ·Ö¤±¥. �·¥¦¤¥ ¢¸¥£µ, ¢±² ¤ ¢ ÔÉµÉ ² £· ´¦¨ ´

¤ ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò¥ Î²¥´Ò, ¢µ§´¨± ÕÐ¨¥ ¨§ L(p4)
fin (5.5) ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨

Φ→ Φ+m0
∗,   É ±¦¥ ±µ´¥Î´ Ö Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö L(p4)

fin , ¸µµÉ¢¥É-
¸É¢ÊÕÐ Ö ±µÔËË¨Í¨¥´É ³ É¥¶²µ¶·µ¢µ¤´µ¸É¨ h3, h4, h5 ¨ h6 (¸³. ¢Ò· ¦¥´¨¥
(A.1) ¢ �·¨²µ¦¥´¨¨). ‚±² ¤Ò p6-¶µ·Ö¤±  ¢µ§´¨± ÕÉ É ±¦¥ ¨§ δ(2)L2(V, S2)
(5.12). „²Ö Ö¢´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ÔÉ¨Ì ¢±² ¤µ¢ Ê¤µ¡´µ ¢¢¥¸É¨ µ¶¥· Éµ·Ò

A1 = tr
(
(χU † − Uχ†){DµUU

†, (DµχU † + UDµχ†)}
)
,

A2 = tr
(
χU † − Uχ†

)
tr
(
DµUU

†(DµχU † + UDµχ†)
)
,

A3 = tr
(
(χU † − Uχ†)DµUU

†(χU † − Uχ†)DµUU †
)
,

A4 = tr
(
χU † − Uχ†

)
tr
(
DµUD

µU †(χU † − Uχ†)
)
,

A5 = tr
(
(χU † − Uχ†)(D2χU † − UD2χ†)

)
,

A6 = tr
(
χU † − Uχ†

)
tr
(
D2χU † − UD2χ†

)
,

¢ É¥·³¨´ Ì ±µÉµ·ÒÌ ¨§³¥´¥´¨Ö ¢Éµ·µ£µ ¶µ·Ö¤±  ¢ S2 § ¶¨ÏÊÉ¸Ö ¢ ¢¨¤¥

(α1 + α2)
2F

2
0

4
(−A1 +

2

3
A2 +A3 +

1

3
A4 +A5 −

1

3
A6). (5.14)

∗� ¶µ³´¨³, ÎÉµ ¢ µ¶·¥¤¥²¥´¨¥ ¤¨· ±µ¢¸±µ£µ µ¶¥· Éµ·  (2.4) ¢Ìµ¤¨É ±µ³¡¨´ Í¨Ö Φ +m0,
¶·¨Î¥³ m0 Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´µ° p2-¶µ·Ö¤± .
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�·¨ ¶µ²ÊÎ¥´¨¨ ¢Ò· ¦¥´¨Ö (5.14) ¶·¨³¥´Ö²¨¸Ó µÉ¡· ¸Ò¢ ´¨¥ ¶µ²´ÒÌ ¶·µ¨§-
¢µ¤´ÒÌ ¨ ¶·¥µ¡· §µ¢ ´¨Ö ¶µ²¥° ¸ £¥´¥· Éµ· ³¨ p4-¶µ·Ö¤± . (‡¤¥¸Ó ³Ò µ¶ÖÉÓ
¨¸¶µ²Ó§µ¢ ²¨ ¸¨³¢µ² U ¤²Ö § ¶¨¸¨ µ±µ´Î É¥²Ó´ÒÌ ¢Ò· ¦¥´¨° ¶µ¸²¥ ¶·¥µ¡· -
§µ¢ ´¨° ¶µ²¥°. Œ É·¨Í  U É¥¶¥·Ó ¸µ¤¥·¦¨É Ê¦¥ ´¥ ¨¸Ìµ¤´Ò¥,   ¶·¥µ¡· §µ-
¢ ´´Ò¥ ¨´É¥·¶µ²¨·ÊÕÐ¨¥ ¶µ²Ö.)

„·Ê£¨³ ¨¸ÉµÎ´¨±µ³ p6-¢±² ¤µ¢ ¢ ¡µ§µ´¨§µ¢ ´´Ò° ² £· ´¦¨ ´ Ö¢²Ö¥É¸Ö
³µ¤¨Ë¨± Í¨Ö L4 ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ ¶µ²¥°, ±µÉµ·ÊÕ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥

L4(U) = L4(V ) + δ(1)L4(V, S) +O(p8) , (5.15)

£¤¥

δ(1)L4(V, S) =
F 2

0

4
tr
(
iSO(4)

EOM(V )
)

= O(p6) .

ˆ§ ² £· ´¦¨ ´  (5.6) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ p4-¢±² ¤ ¢ µ¶¥· Éµ· Ê· ¢´¥´¨Ö ¤¢¨¦¥-

´¨Ö O(4)
EOM (U):

O(4)
EOM (U) =

4

F0

(
E4 −

1

3
tr (E4)

)
,

£¤¥

E4 =
(
2L′1 − L′2

)
tr
(
DµU D

µ
U †
)
·
(
− U D2

U † +D2U U †
)

+

+ 2L′2

[
− U Dµ

(
DνU

†DµU D
ν
U †
)

+Dµ

(
DνU D

µ
U †DνU

)
U †
]

+

+ 2
(
2L′2 + L′3

)[
− UDµ

(
D
µ
U †DνU D

ν
U †
)

+

+Dµ

(
DνU D

ν
U †DµU

)
U †
]

+

+ L′4

[
tr
(
χU † + Uχ†

)
·
(
D2U U † − U D2

U †
)

+

+ tr
(
DµU D

µ
U †
)
·
(
Uχ† − χU †

)]
+

+ L′5

[
− U Dµ

(
D
µ
U †
(
χU † + Uχ†

))
+Dµ

((
χU † + Uχ†

)
DµU

)
U † +

+ Uχ†DµU D
µ
U † − DµU D

µ
U † χU †

]
+

+ 2L′6 tr
(
χU † + Uχ†

)
·
(
Uχ† − χU †

)
−

− 2L′7 tr
(
χU † − χ†

)
·
(
Uχ† + χU †

)
+

+ L′8

[ (
Uχ†

)2 − (χU †)2 ]+

+ L′9

[
− U Dν

(FRµν D
µ
U †) +Dµ(DνU FRµν)U

† −

− UDµ
(D

ν
U † FLµν) +Dν(FLµνD

µU)U †
]
−
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− L′10

[
U FRµν U

† FLµν − FLµν U FRµν U †
]

+

+ λ′1

[
U D

2
D

2
U † −D2D2U U †

]
+ λ′2

[
U D

2
χ† −D2χU †

]
. (5.16)

‚ ±µ´¥Î´µ³ ¨Éµ£¥ ÔËË¥±É¨¢´Ò° p6-² £· ´¦¨ ´ ³µ¦´µ ¶·¨¢¥¸É¨ ± ³¨´¨-
³ ²Ó´µ³Ê Î¨¸²Ê ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ¸É·Ê±ÉÊ· c ´¥´Ê²¥¢Ò³¨ ±µÔËË¨Í¨¥´-
É ³¨ Qi ∗:

L6 = tr

{
Q1

(
LµLνL

ν
)2

+

+Q2

(
LµL

µ
)3

+

+Q3LαL
α
(
LµLν

)2
+

+Q4

(
LµLνLα

)2
+

+Q5

(
LµLνL

µ
)2

+

+Q6

(
LµL

µDαDνUD
α
D
ν
U † +RµR

µDαDνU
†DαDνU

)
+

+Q7

(
LµLνDαD

νU D
α
D
µ
U † +RµRνDαD

ν
U †DαDµU

)
+

+Q8

(
LµLνDαD

µU D
α
D
ν
U † +RµRνDαD

µ
U †DαDνU

)
+

+Q9LµLνL
νLµ(χU † + Uχ†) +

+Q10

(
LµLν

)2
(χU † + Uχ†) +

+Q11

(
LµL

µ
)2

(χU † + Uχ†) +

+Q12

(
χRµU †

(
DµDνU +DνDµU

)
U †Lν +

+χ†LµU
(
DµDνU

† +DνDµU
†)URν)+

+Q13

[
χ(DµDνU

†LµLν +RνRµUDµDνU
†) +

+χ†(DµDνUR
µRν + LνLµDµDνU)

]
+

+Q14

[
χ
(
U †DµDνUD

µ
D
ν
U † +DµDνU

†DµDνUU †
)

+

+χ†
(
UDµDνU

†DµDνU +DµDνUD
µ
D
ν
U †U

)]
+

∗‚ ¡µ²¥¥ µ¡Ð¥³ · ¸¸³µÉ·¥´¨¨ [66] ´¥ ´µ³ ²Ó´ Ö Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ p6-² £· ´¦¨ ´ 
¢±²ÕÎ ¥É ¢ ¸¥¡Ö £µ· §¤µ ¡µ²ÓÏ¥¥ Î¨¸²µ ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ Î²¥´µ¢. �¤´ ±µ ¢ · ¸¸³ É·¨-
¢ ¥³µ³ ´ ³¨ ±µ´±·¥É´µ³ ¸²ÊÎ ¥ ¡µ§µ´¨§ Í¨¨ ³µ¤¥²¨ �ˆ‹ ´¥´Ê²¥¢Ò³¨ µ± §Ò¢ ÕÉ¸Ö Éµ²Ó±µ 65
¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢.
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+Q15χ
†LµχR

µ +

+Q16

(
χ†χRµR

µ + χχ†LµL
µ
)

+

+Q17

(
Uχ†Uχ†LµL

µ + U †χU †χRµR
µ
)

+

+Q18

[
(χU †Lµ)

2 + (χ†URµ)
2
]

+

+Q19

[
(χU †)3 + (χ†U)3

]
+

+Q20

(
U †χχ†χ+ Uχ†χχ†

)
+

+Q21

(
FLµν

{
LαL

α, LµLν
}

+ FRµν
{
RαR

α, RµRν
})

+

+Q22

[
FLµν

(
LµLαL

νLα + LαL
µLαLν

)
+

+FRµν
(
RµRαR

νRα +RαR
µRαRν

)]
+

+Q23

(
FLµνLαL

µLνLα + FRµνRαR
µRνRα

)
+

+Q24

(
FLµνL

µLαL
αLν + FRµνR

µRαR
αRν

)
+

+Q25

(
FLαανLµL

νLµ − FRαανRµRνRµ
)

+

+Q26

(
FLααν

{
Lν, LµL

µ
}
− FRααν

{
Rν , RµR

µ
})

+

+Q27

[
FLµν

(
DµDαUU †LαL

ν − LνLαUD
µ
D
α
U †
)

+

+FRµν

(
D
µ
D
α
U †URαR

ν −RνRαU †DµDαU
)]

+

+Q28

[
FLµν

(
LνDµDαUU †Lα − LαUD

µ
D
α
U †Lν

)
+

+FRµν

(
RνD

µ
D
α
U †URα −RαU †DµDαURν

)]
+

+Q29

[
(χU † + Uχ†)

{
FLµν , L

µLν
}

+ (χ†U + U †χ)
{
FRµν , R

µRν
}]

+

+Q30

(
(χU † − Uχ†)

[
FLµν , L

µLν
]
+ (χ†U − U †χ)

[
FRµν , R

µRν
])

+

+Q31

[
FLµνL

µ(χU † + Uχ†)Lν + FRµνR
µ(χ†U + U †χ)Rν

]
+

+Q32

[
χ
(
D
µ
D
ν
U † FLµν − FRµνD

µ
D
ν
U †
)

+

+χ†
(
DµDνUFRµν − FLµνDµDνU

)]
+

+Q33

[
χ
(
U †FLµν D

µDνU U † − U †DµDνU FRµνU
†
)

+
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+χ†
(
UFRµν D

µ
D
ν
U † U − UDµ

D
ν
U † FLµνU

)]
+

+Q34

[
χ
(
U †FLµνUD

µ
D
ν
U † −DµDνU

†UFRµνU
†
)

+

+χ†
(
UFRµνU

†DµDνU −DµDνUU †FLµνU
)]

+

+Q35

[
χ
(
U †DµDνUU †FLµν − FRµνU †DµDνUU †

)
+

+χ†
(
UD

µ
D
ν
U †UFRµν − FLµνUD

µ
D
ν
U †U

)]
+

+Q36

[
FLααµ(L

µU χ† + χU †Lµ)− FRααµ(RµU † χ+ χ†URµ)
]

+

+Q37

[
FLααµ(L

µχU † + Uχ†Lµ)− FRααµ(Rµχ†U + U †χRµ)
]

+

+Q38

[
FLααν

(
DµDνUU †Lµ + LµUD

µ
D
ν
U †
)
−

−FRααν
(
D
µ
D
ν
U †URµ +RµU

†DµDνU
)]

+

+Q39F
L
µνDαU F

RµνD
α
U † +

+Q40F
L
αµDνU F

RανD
µ
U † +

+Q41F
L
αµD

µU FRανDνU
† +

+Q42

[(
FLµν

)2
LαL

α +
(
FRµν

)2
RαR

α
]

+

+Q43

(
LαL

αUFRµνU
†FLµν +RαR

αU †FLµνUF
Rµν

)
+

+Q44

(
FLµαF

LανLµLν + FRµαF
RανRµRν

)
+

+Q45

(
FLµαF

LανLνL
µ + FRµαF

RανRνR
µ
)

+

+Q46

[
FLµν

(
DµDαU +DαD

µU
)
FRναU † +

+FRµν
(
D
µ
DαU

† +DαD
µ
U †
)
FLναU

]
+

+Q47

[
FLµνF

Lνα
(
UD

µ
DαU

† +DαD
µUU †

)
+

+FRµνF
Rνα

(
U †DµDαU +DαD

µ
U †U

)]
+

+Q48

(
FLααν [Lµ, UF

RµνU †]− FRααν [Rµ, U †FLµνU ]
)

+

+Q49

(
FLααν [Lµ, F

Lµν ]− FRααν [Rµ, FRµν ]
)

+

+Q50F
Lµ

µαUF
R
ν
ναU † +

+Q51

[
(χU † + Uχ†)(FLµν)

2 + (χ†U + U †χ)(FRµν)
2
]

+
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+Q52

(
χU †FLµνUF

RµνU † + χ†UFRµνU
†FLµνU

)
+

+Q53

(
χFRµνU

†FLµν + χ†FLµνUF
Rµν

)
+

+Q54

[(
FLµνα

)2
+ +

(
FRµνα

)2]
+Q55

[(
FLµµα

)2
+
(
FRµµα

)2]
+

+Q56

(
FLµνUF

RµαU †FLνα + FRµνU
†FLµαUFRνα

)
+

+Q57

(
FLµνF

LµαFLνα + FRµνF
RµαFRνα

)}
+

+ tr
(
χU † − Uχ†

)
tr

{
Q58{Lµ, Lν}(UDµDνU

† −DµDνU U
†) +

+Q59LµL
µ(χU † − Uχ†) +

+Q60

[
(χU †)2 − (χ†U)2

]
+

+Q61

(
FLµνL

µLν − FRµνRµRν
)}

+

+ tr
(
χDµU

† −DµUχ
†)tr[Q62LνL

µLν +Q63

(
χU † + Uχ†

)
Lµ +

+Q64

(
FLνµν − FRνµν

)]
+

+
[
tr
(
χU † − Uχ†

)]2
Q65tr (χU † + Uχ†) . (5.17)

‡¤¥¸Ó Qi = Nc/(32π2µ2) · qi, ¨

q1 = − 3

10
, q2 = − 7

30
, q3 =

1

3
, q4 =

1

30
,

q5 = − 1

10
, q6 =

1

15
, q7 =

1

30
, q8 = − 1

30
,

q9 =
1

6

(
1− 2x+ 2c

)
, q10 = −1

3

(
2

5
+ x− c

)
,

q11 =
3

20
− 2

3
c , q12 =

1

60
, q13 = −1

3

(
1

20
− x+ c

)
, q14 =

x

6
,

q15 =
2

3
x
(
1− x

)
−
(

1

3
− 2x

)
c ,



116 �…‹œŠ�‚ �.�., ‹��…‚ �.‚.

q16 = − 1

120
+

4

3
x2 +

x

6

(
1− 4x

)
− 2

(
x− 1

6

)
c ,

q17 =
1

120
+
x

6

(
1− 4x

)
−
(
x+

1

6

)
c , q18 =

4

3
x2 +

(
1

6
− x
)
c ,

q19 = − 1

240
− x2 +

2

3
x3 + x

(
1 + 2xy

)
c ,

q20 =
1

240
+ x2 + 2x3 − 4yx3 − x

(
1 + 2xy

)
c ,

q21 = −1

3
, q22 =

3

10
,

q23 = −1

6
, q24 = −1

2
, q25 =

2

15
, q26 = −11

30
, q27 = − 1

15
,

q28 = − 1

15
, q29 =

1

12

(
1

5
− x
)
, q30 =

1

6

(
1

10
− 2x+ 2c

)
,

q31 =
1

2

(
1

15
− x
)
, q32 = −x

2
+
c

3
, q33 = −x

6
+
c

3
,

q34 =
x

6
, q35 = −x

6
, q36 = −1

3

(
1

5
− x+ c

)
,

q37 =
1

3

(
3

10
− x+ c

)
, q38 =

1

15
, q39 = − 1

180
, q40 = −1

5
,

q41 = −1

5
, q42 = − 1

360
, q43 =

1

6
, q44 =

1

3
, q45 =

1

5
,

q46 =
1

6
, q47 = −1

6
, q48 = −1

6
, q49 = − 1

30
, q50 =

1

15
,

q51 = −x
3
, q52 = −1

6

(
1 + x− c

)
, q53 =

1

6

(
1 + x− c

)
,

q54 =
41

540
, q55 = − 7

135
, q56 = −1

6
, q57 =

1

2
, q58 =

1

180
,

q59 = − 1

30

[
1

4
+ 5c

(
1

3
+ 2x

(
1 + y

))]
,

q60 = − 1

180

[
1 + 30cx

(
1 + y + 4xy

)]
, q61 =

1

45
, q62 =

1

45
,

q63 =
1

9
, q64 =

1

90
, q65 =

1

18

(
1

90
− 17cxy

)
. (5.18)

—²¥´Ò ¸ Ë ±Éµ·µ³ c =
(
1− 1

6y

)
¢µ§´¨± ÕÉ ¨§ p4-Î ¸É¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨°

(5.16); FRαµν = D
′
αF

R
µν ¨ FLαµν = D′αF

L
µν .

„²Ö ¶µ²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨Ö (5.17) ³Ò ¨¸¶µ²Ó§µ¢ ²¨ Ô±¢¨¢ ²¥´É´Ò¥ ¶·¥-
µ¡· §µ¢ ´¨Ö, ¢ÒÉ¥± ÕÐ¨¥ ¨§ ¸¢µ°¸É¢ ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ (5.4) ¨ Ê· ¢-
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´¥´¨° ¤¢¨¦¥´¨Ö,   É ±¦¥ ¨§ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨
UU † = 1:

DµU U
† = −U DµU

† , U †DµU = −DµU
† U ,

DµDνU U
† + U DµDνU

† = −
(
DµU DνU

† +DνU DµU
†) ,

U †DµDνU +DµDνU
† U = −

(
DµU

†DνU +DνU
†DµU

)
.

6. �…„“Š–ˆŸ ‚…Š’���›•, �Š‘ˆ�‹œ��-‚…Š’���›•
ˆ ‘Š�‹Ÿ��›• ‘’…�…�…‰ ‘‚���„›

‚ ³µ¤¥²¨ �ˆ‹, · ¸¸³ É·¨¢ ¥³µ° ¢ ´ ¸ÉµÖÐ¥° · ¡µÉ¥, ²¥£±¨¥ ¸µ¸É ¢´Ò¥
¶¸¥¢¤µ¸± ²Ö·´Ò¥ £µ²¤¸ÉµÊ´µ¢¸±¨¥ ¡µ§µ´Ò ¢Ò¸ÉÊ¶ ÕÉ ±¨· ²Ó´Ò³¨ ¶ ·É´¥· ³¨
¡µ²¥¥ ÉÖ¦¥²ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¢¥±Éµ·´ÒÌ,  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ¨ ¸± ²Ö·´ÒÌ
³¥§µ´µ¢ (·¥§µ´ ´¸µ¢). �¥§ ¢¨¸¨³µ µÉ ³¥Éµ¤  ¢±²ÕÎ¥´¨Ö ³¥§µ´´ÒÌ ·¥§µ´ ´-
¸µ¢ ¢ ÔËË¥±É¨¢´Ò° ±¨· ²Ó´Ò° ² £· ´¦¨ ´, ÊÎ¥É ·¥§µ´ ´¸´ÒÌ µ¡³¥´µ¢ ¸ÊÐ¥-
¸É¢¥´´µ ³µ¤¨Ë¨Í¨·Ê¥É ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°
¢ ¶¸¥¢¤µ¸± ²Ö·´µ³ ¸¥±Éµ·¥. ‚ Î ¸É´µ¸É¨, ¢ · ¡µÉ Ì [67, 68] ¡Ò²µ ¶µ± § ´µ,
ÎÉµ ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ Li ¶¸¥¢¤µ¸± ²Ö·´µ£µ p4-² £· ´¦¨ ´  ƒ ¸¸¥·  Å
‹¥°É¢¨²¥·  ¢ µ¸´µ¢´µ³ ´ ¸ÒÐ ÕÉ¸Ö ¢±² ¤ ³¨ µ¡³¥´µ¢ ³¥§µ´´Ò³¨ ·¥§µ´ ´-
¸ ³¨ ³¥¦¤Ê ¢¥·Ï¨´ ³¨, µ¶¨¸Ò¢ ¥³Ò³¨ ² £· ´¦¨ ´µ³ p2-¶µ·Ö¤± . �µÔÉµ³Ê
¥¸²¨ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ p4- ³¶²¨ÉÊ¤ ¢§ ¨³µ¤¥°¸É¢¨° ¢ ¶¸¥¢¤µ¸± ²Ö·´µ³ ¸¥±Éµ·¥
µ¤´µ¢·¥³¥´´µ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¢¥·Ï¨´Ò p4-² £· ´¦¨ ´  (5.7) ¨ ¤¨ £· ³³Ò ¸ ·¥-
§µ´ ´¸´Ò³¨ µ¡³¥´ ³¨ ³¥¦¤Ê ¢¥·Ï¨´ ³¨ p2-² £· ´¦¨ ´  (5.2), Éµ ÔÉµ ³µ¦¥É
¶·¨¢µ¤¨ÉÓ ± ¤¢µ°´µ³Ê ¸Î¥ÉÊ, µ¡¸Ê¦¤ ¢Ï¥³Ê¸Ö ¢ · ¡µÉ¥ [67].

—Éµ¡Ò ¨§¡¥¦ ÉÓ ¤¢µ°´µ£µ ¸Î¥É , ´Ê¦´µ ¶·µ¨´É¥£·¨·µ¢ ÉÓ ¢ ¶·µ¨§¢µ¤Ö-
Ð¥³ ËÊ´±Í¨µ´ ²¥ (2.5) ¶µ ¢¥±Éµ·´Ò³,  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³ ¨ ¸± ²Ö·´Ò³
¶µ²Ö³. �·¨ É ±µ° ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¶µ²ÊÎ ¥É¸Ö ÔË-
Ë¥±É¨¢´Ò° ¶¸¥¢¤µ¸± ²Ö·´Ò° ² £· ´¦¨ ´, ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ ±µÉµ·µ£µ
³µ¤¨Ë¨Í¨·µ¢ ´Ò ¢±² ¤ ³¨ ·¥§µ´ ´¸´ÒÌ µ¡³¥´µ¢ [69].

—Éµ¡Ò ¶·µ¨´É¥£·¨·µ¢ ÉÓ ¶µ ¢¥±Éµ·´Ò³,  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³ ¨ ¸± ²Ö·-
´Ò³ ¶µ²Ö³ ¢ ´¥ ´µ³ ²Ó´µ° Î ¸É¨ ÔËË¥±É¨¢´µ£µ ³¥§µ´´µ£µ ¤¥°¸É¢¨Ö, ³Ò
¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¨´¢ ·¨ ´É´µ¸ÉÓ ³µ¤Ê²Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  µÉ´µ-
¸¨É¥²Ó´µ ²µ± ²Ó´ÒÌ UL(n) × UR(n)-¶·¥µ¡· §µ¢ ´¨° (2.8) ∗. ‘ ¶µ³µÐÓÕ
¸¶¥Í¨ ²Ó´µ ¢Ò¡· ´´µ£µ ±¨· ²Ó´µ£µ ¶µ¢µ·µÉ , ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ©¥¤¨´¨Î´µ°ª
± ²¨¡·µ¢±¥, ξ†L = ξR = Ω, ³Ò ³µ¦¥³ ¶µ²´µ¸ÉÓÕ ¨¸±²ÕÎ¨ÉÓ ¶¸¥¢¤µ¸± ²Ö·-
´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò ¨§ ¶µ¢¥·´ÊÉµ£µ ¤¨· ±µ¢¸±µ£µ µ¶¥· Éµ· . Š·µ³¥ Éµ£µ, ¤µ
¶·¨³¥´¥´¨Ö É ±µ£µ ¶µ¢µ·µÉ  Ê¤µ¡´µ É ±¦¥ ¤µ¶µ²´¨É¥²Ó´µ ¶·µ¨§¢¥¸É¨ ¸¤¢¨£

∗Š¢ ¤· É¨Î´ Ö ¶µ ¶µ²Ö³ Φ, Vµ, Aµ £ Ê¸¸µ¢¸± Ö Î ¸ÉÓ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö (2.6),   É ±¦¥
±¨· ²Ó´Ò¥  ´µ³ ²¨¨ ´¥¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ±¨· ²Ó´ÒÌ ¶µ¢µ·µÉµ¢ (2.8).
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Φ → Φ − m0, ±µÉµ·Ò° ¶·¨¢¥¤¥É ± ¶µÖ¢²¥´¨Õ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ³ ¸¸µ¢µ£µ
Î²¥´  ¨§ £ Ê¸¸µ¢¸±µ° Î ¸É¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö (2.6) ∗.

�µ¸²¥ Ê± § ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶µ¢¥·´ÊÉÒ° ¤¨· ±µ¢¸±¨° µ¶¥· Éµ· ¶·¨-
³¥É ¢¨¤

iD̂→ i
ˆ̃
D = (PLΩ + PRΩ†)iD̂(PLΩ + PRΩ†) = i

(
∂̂ +

ˆ̃
V +

ˆ̃
Aγ5

)
− Σ ,

(6.1)

¨ ¶¸¥¢¤µ¸± ²Ö·´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò ¸µÌ· ´ÖÉ¸Ö Éµ²Ó±µ ¢ ±¢ ¤· É¨Î´µ° ¶µ
¶µ²Ö³ £ Ê¸¸µ¢¸±µ° Î ¸É¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö, ±µÉµ· Ö ¢ É¥·³¨´ Ì ¶µ¢¥·-
´ÊÉÒÌ ¶µ²¥° Ṽµ, Ãµ (2.8) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

L̃0 = − 1

4G1
tr
[(
µ+m0 + σ

)2 − (µ+m0 + σ
)(
ξRm0ξ

†
L + ξLm0ξ

†
R

)
−m2

0

]
−
(
m0
V

g0
V

)2

tr [(Ṽµ − vµ)2 + (Ãµ − aµ)2] . (6.2)

‡¤¥¸Ó ¸± ²Ö·´ Ö ¸É¥¶¥´Ó ¸¢µ¡µ¤Ò σ(x) ¢µ§´¨± ¥É ± ± ±¢ ´Éµ¢ Ö Ë²Ê±ÉÊ Í¨Ö
¶µ²Ö Σ(x) ¢µ±·Ê£ ¥£µ ¢ ±ÊÊ³´µ£µ µ¦¨¤ ´¨Ö µ: Σ(x) = µ+σ(x); (m0

V /g
0
V )2 =

1/(4G2), £¤¥ m0
V ¨ g0

V Å § É· ¢µÎ´Ò¥ §´ Î¥´¨Ö ³ ¸¸Ò ¨ ±µ´¸É ´ÉÒ ¸¢Ö§¨
¢¥±Éµ·´µ£µ ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö;

vµ =
1

2

(
Ω∂µΩ

† + Ω†∂µΩ
)
, aµ =

1

2

(
Ω∂µΩ

† − Ω†∂µΩ
)
.

� ¸Ìµ¤ÖÐ Ö¸Ö Î ¸ÉÓ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¤²Ö ¶µ¢¥·´ÊÉµ£µ ¤¨· ±µ¢-
¸±µ£µ µ¶¥· Éµ·  ¶·¨³¥É ¢¨¤

L̃div =
Nc

16π2
y tr

{(
∂µσ +

[
Ṽµ,m0 + σ

])2

−
(
2µÃµ +

{
Ãµ,m0 + σ

})2

+

+
1

6

[(
F̃Rµν

)2
+
(
F̃Lµν

)2]− ((µ+m0 + σ
)2 − µ2

)2
}

+

+
Nc

16π2
2
(
Λ2e−µ

2/Λ2 − µ2y
)
tr[(µ+m0 + σ)2 − µ2] . (6.3)

…¸²¨ ¶·¥´¥¡·¥ÎÓ ±¢ ´Éµ¢Ò³¨ Ë²Ê±ÉÊ Í¨Ö³¨ ¶µ²Ö Σ ¢µ±·Ê£ ¥£µ ¢ ±ÊÊ³-
´µ£µ µ¦¨¤ ´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ p4ÄÎ²¥´Ò ±µ´¥Î´µ° Î ¸É¨ ±¢ ·±µ¢µ£µ ¤¥-
É¥·³¨´ ´É  ¶·¨³ÊÉ ¢¨¤

L̃(4)
fin (Σ = µ) =

Nc

32π2
tr

{
[Ṽµ, Ã

µ]2 +
8

3
(ÃµÃν)

2 − 8

3
ÃµÃν(F̃Lµν + F̃Rµν

)
+

∗�¸¥¢¤µ¸± ²Ö·´Ò° ³ ¸¸µ¢Ò° Î²¥´ ¢ ÔËË¥±É¨¢´µ³ ² £· ´¦¨ ´¥ (5.2) ¢µ§´¨± ¥É ¨§ · ¸Ìµ¤Ö-
Ð¥°¸Ö Î ¸É¨ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É .
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+
1

3
F̃Rµν F̃

Lµν − 1

6

[
(F̃Lµν)

2 + (F̃Rµν)
2
]}
. (6.4)

’ ± ± ± ³ ¸¸Ò ¢¥±Éµ·´ÒÌ,  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ¨ ¸± ²Ö·´ÒÌ ³¥§µ´µ¢
´ ³´µ£µ ¡µ²ÓÏ¥ ¶µ ¸· ¢´¥´¨Õ ¸ ³ ¸¸µ° ¶¨µ´ , ¨´É¥£·¨·µ¢ ´¨¥ ¶µ ¸± ²Ö·´µ³Ê
¶µ²Õ σ ¨ ¶µ¢¥·´ÊÉÒ³ ¶µ²Ö³ Ṽµ ¨ Ãµ ¢ ¶·µ¨§¢µ¤ÖÐ¥³ ËÊ´±Í¨µ´ ²¥ ³µ¤¥²¨
�ˆ‹ ³µ¦´µ ¶·µ¨§¢¥¸É¨ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨° ¤¢¨¦¥´¨°, ¢µ§´¨± ÕÐ¨Ì ¢
¸É É¨Î¥¸±µ³ ¶·¥¤¥²¥ [70] ¨§ ³ ¸¸µ¢ÒÌ Î²¥´µ¢ ² £· ´¦¨ ´µ¢ (6.2) ¨ (6.3). ‚

É ±µ³ ¶·¨¡²¨¦¥´¨¨ ± ± ±¨´¥É¨Î¥¸±¨¥ Î²¥´Ò (F̃
R/L
µν )2 ¤²Ö ¶µ¢¥·´ÊÉÒÌ ¶µ²¥°

Ṽµ ¨ Ãµ, É ± ¨ Î²¥´Ò ¸ ¶·µ¨§¢µ¤´Ò³¨ ¢Ò¸Ï¥£µ ¶µ·Ö¤±  · ¸¸³ É·¨¢ ÕÉ¸Ö ± ±
¢µ§³ÊÐ¥´¨Ö.

Š¨´¥É¨Î¥¸±¨¥ Î²¥´Ò (F̃
R/L
µν )2, ¢µ§´¨± ÕÐ¨¥ ¨§ ¸Ê³³Ò ² £· ´¦¨ ´µ¢ (6.3)

¨ (6.4), ¶·¨¢µ¤ÖÉ¸Ö ± ¸É ´¤ ·É´µ³Ê ¢¨¤Ê ¶µ¸²¥ ¶¥·¥´µ·³¨·µ¢±¨ ¶µ¢¥·´ÊÉÒÌ
´¥Ë¨§¨Î¥¸±¨Ì ¢¥±Éµ·´µ£µ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ£µ ¶µ²¥°:

Ṽµ =
g0
V

(1 + γ̃)1/2
Ṽ (ph)
µ , Ãµ =

g0
V

(1− γ̃)1/2
Ã(ph)
µ .

‡¤¥¸Ó

g0
V =

[
Nc

48π2

(
2y − 1

)]−1/2

, γ̃ =
Nc(g

0
V )2

48π2
,

  Ṽ (ph)
µ , Ã

(ph)
µ Å Ë¨§¨Î¥¸±¨¥ ¶µ²Ö ¢¥±Éµ·´µ£µ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ£µ ³¥§µ-

´µ¢ ¸ ³ ¸¸ ³¨

m2
ρ =

(m0
V )2

1 + γ̃
, m2

A1
= Z−2

A

(m0
V )

1− γ̃ ,

£¤¥

Z2
A =

(
m0
V

g0
V

)2
4π2

Ncµ2y

[
1 +

(
m0
V

g0
V

)2
4π2

Ncµ2y

]−1

(6.5)

Å Ë ±Éµ·, ÊÎ¨ÉÒ¢ ÕÐ¨° πA1-¸³¥Ï¨¢ ´¨¥.
‘É É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢µ§´¨± ÕÉ ¨§ ¢ ·¨ Í¨° ³ ¸¸µ¢ÒÌ Î²¥-

´µ¢ ² £· ´¦¨ ´µ¢ (6.2) ¨ (6.3) ¶µ ¶µ¢¥·´ÊÉÒ³ ¶µ²Ö³ Ṽµ, Ãµ ¨ ¸± ²Ö·´µ³Ê
¶µ²Õ σ. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ ¸µµÉ´µÏ¥´¨Ö

Ṽµ = vµ , Ãµ = Z2
Aaµ ,

σ =
Z2
A

8x

(
ξRm0ξ

†
L + ξLm0ξ

†
R

)
−m0 . (6.6)

„²Ö ¢±²ÕÎ¥´¨Ö Ô²¥±É·µ³ £´¨É´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ËµÉµ´´Ò³ ¶µ²¥³ Aµ
´Ê¦´µ ¶·µ¸Éµ ¨¸¶µ²Ó§µ¢ ÉÓ § ³¥´Ê

Ṽµ → Ṽµ + ieAµ
1

2
(ξRQξ

†
R + ξLQξ

†
L),

Ãµ → Ãµ + ieAµ
1

2
(ξRQξ

†
R − ξLQξ

†
L) . (6.7)



120 �…‹œŠ�‚ �.�., ‹��…‚ �.‚.

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ·¥¤ÊÍ¨·µ¢ ´´Ò° ¶¸¥¢¤µ¸± ²Ö·´Ò° ² £· ´¦¨ ´ ¸ ÊÎ¥Éµ³ Ô²¥±-
É·µ³ £´¨É´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, ´¥µ¡Ìµ¤¨³µ ¸´ Î ²  ¶·µ¨§¢¥¸É¨ ¢ ±¢ ·±µ¢µ³
¤¥É¥·³¨´ ´É¥ ¸ ¶µ¢¥·´ÊÉÒ³ ¤¨· ±µ¢¸±¨³ µ¶¥· Éµ·µ³ § ³¥´Ê (6.7),   § É¥³,
¨¸¶µ²Ó§ÊÖ ¸É É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¢µ¸¸É ´µ¢¨ÉÓ ¶¸¥¢¤µ¸± ²Ö·´Ò¥
¸É¥¶¥´¨ ¸¢µ¡µ¤Ò. ‚ ¸²ÊÎ ¥ ·¥¤Ê±Í¨¨ ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ·¥-
§µ´ ´¸µ¢ Ê¤µ¡´µ µ¡Ñ¥¤¨´¨ÉÓ µ¡  Ï £  ¢ ¶µ¤¸É ´µ¢± Ì

Ṽµ = v(γ)
µ + ieAµ

1

2

(
ξRQξ

†
R + ξLQξ

†
L

)
,

Ãµ = Z2
A

[
a(γ)
µ + ieAµ

1

2

(
ξRQξ

†
R − ξLQξ

†
L

)]
,

¨²¨

F̃Vµν = (Z4
A − 1)[a(γ)

µ , a(γ)
ν ] + ieFµν

1

2

(
ξRQξ

†
R + ξLQξ

†
L

)
, (6.8)

F̃Aµν = Z2
AieFµν

1

2

(
ξRQξ

†
R − ξLQξ

†
L

)
. (6.9)

‡¤¥¸Ó

v(γ)
µ =

1

2

(
Ω∂(γ)

µ Ω† + Ω†∂(γ)
µ Ω

)
,

a(γ)
µ =

1

2

(
Ω∂(γ)

µ Ω† − Ω†∂(γ)
µ Ω

)
= −1

2
ξ†RL

(γ)
µ ξR ,

∂
(γ)
µ ∗ = ∂µ ∗ +ie0Aµ[Q, ∗] Å Ê¤²¨´¥´´ Ö ¶·µ¨§¢µ¤´ Ö, ÊÎ¨ÉÒ¢ ÕÐ Ö ¨§²ÊÎ¥-

´¨¥ Éµ·³µ§´µ£µ ËµÉµ´ , ¢ Éµ ¢·¥³Ö ± ± É¥´§µ· ´ ¶·Ö¦¥´´µ¸É¨ Ô²¥±É·µ³ £-

´¨É´µ£µ ¶µ²Ö Fµν ¸µµÉ¢¥É¸É¢Ê¥É ¸É·Ê±ÉÊ·´µ³Ê ËµÉµ´Ê, ¨ L(γ)
µ = (∂

(γ)
µ U)U †.

ˆ¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨°, ¨§ Î²¥´µ¢ ÔËË¥±É¨¢´ÒÌ ² £· ´¦¨ ´µ¢
(6.2) ¨ (6.3), ±¢ ¤· É¨Î´ÒÌ ¶µ ¢¥±Éµ·´Ò³ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³ ¶µ²Ö³,
³µ¦´µ ¶µ²ÊÎ¨ÉÓ ±¨´¥É¨Î¥¸±¨° ¨ ³ ¸¸µ¢Ò° Î²¥´Ò p2-² £· ´¦¨ ´  ¢ ¸É ´¤ ·É-
´µ³ ¢¨¤¥ (5.2). �·¨ ÔÉµ³ µ¶·¥¤¥²¥´¨Ö (5.3) ¤²Ö ±µ´¸É ´ÉÒ F0 ¨ ³¥§µ´´µ°
³ É·¨ÍÒ χ ¨§³¥´ÖÕÉ¸Ö ¶µ¸²¥ ·¥¤Ê±Í¨¨ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ∗:

F 2
0 =

Ncµ
2y

4π2
−→ F 2

0 = Z2
A

Ncµ
2y

4π2
,

χ = −2m0µ

(
1− Λ2

yµ2
e−µ

2/Λ2

)
−→ χ =

m0µ

G1F 2
0

. (6.10)

∗ˆ¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨¥ Ð¥²¨, ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ µ¡  ¢Ò· ¦¥´¨Ö ¤²Ö χ ¢ ¸µµÉ´µÏ¥´¨ÖÌ
(6.10) Ô±¢¨¢ ²¥´É´Ò ¶·¨ µ2/Λ2 � 1.
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�¥¤Ê±Í¨Ö ·¥§µ´ ´¸´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¶·¨¢µ¤¨É É ±¦¥ ± ³µ¤¨Ë¨± Í¨¨
µ¡Ð¥° ¸É·Ê±ÉÊ·Ò ÔËË¥±É¨¢´ÒÌ ² £· ´¦¨ ´µ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤±µ¢ ¨ ± ¶¥·¥-
µ¶·¥¤¥²¥´¨Õ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢. � ¶·¨³¥·, ·¥-
¤ÊÍ¨·µ¢ ´´Ò° ² £· ´¦¨ ´, µ¶¨¸Ò¢ ÕÐ¨° ¸¨²Ó´µ¥ ¨ Ô²¥±É·µ³ £´¨É´µ¥ ¢§ ¨-
³µ¤¥°¸É¢¨Ö ¢ ¶¸¥¢¤µ¸± ²Ö·´µ³ ¸¥±Éµ·¥ ¢ p4Ä¶µ·Ö¤±¥, ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥

Lred
4 = tr

{
1

2
Lred

2

[
L(γ)
µ , L(γ)

ν

]2
+ (3Lred

2 + Lred
3 )
(
L(γ)
µ L(γ)µ

)2 −
−Lred

5 L(γ)
µ L(γ)µ

(
Uχ† + χU †

)
+ Lred

8

(
χ†Uχ†U + χU †χU †

)
−

−Lred
9

(
ieFµν

)
Q(L(γ)µL(γ)ν +R(γ)µR(γ)ν)−

−Lred
10

(
ieFµν

)2
QUQU † +Hred

2 χχ†
}
.

‡¤¥¸Ó Lred
i = Nc

16π2 l
red
i ¨ Hred

i = Nc
16π2h

red
i Å ·¥¤ÊÍ¨·µ¢ ´´Ò¥ ¸É·Ê±ÉÊ·´Ò¥ ±µ-

ÔËË¨Í¨¥´ÉÒ,  ´ ²µ£¨Î´Ò¥ ±µÔËË¨Í¨¥´É ³ ¸É ´¤ ·É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ƒ ¸-
¸¥·  Å ‹¥°É¢¨²¥·  (5.7):

lred
2 =

1

12

[
Z8
A + 2(Z4

A − 1)

(
1

4
y(Z4

A − 1)− Z4
A

)]
,

lred
3 = −1

6

[
Z8
A + 3(Z4

A − 1)

(
1

4
y(Z4

A − 1)− Z4
A

)]
,

lred
5 = (y − 1)

1

4
Z6
A , lred

8 =
y

16
Z4
A ,

lred
9 =

1

3

(
Z4
A −

1

2
y(Z4

A − 1)

)
, lred

10 = −1

6

(
Z4
A − y(Z4

A − 1)
)
,

hred
2 = yZ2

A

(
Z2
A

2
− x
)
.

‚ É ±µ³ ¶·¨¡²¨¦¥´¨¨ ·¥¤Ê±Í¨Ö ¸± ²Ö·´µ£µ ·¥§µ´ ´¸  ¤ ¥É ¢±² ¤ Éµ²Ó±µ ¢
±µÔËË¨Í¨¥´ÉÒ l5 ¨ l8, ¢ Éµ ¢·¥³Ö ± ± ¢¸¥ µ¸É ²Ó´Ò¥ ¸É·Ê±ÉÊ·´Ò¥ ±µÔËË¨Í¨-
¥´ÉÒ ´ ¸ÒÐ ÕÉ¸Ö µ¡³¥´ ³¨ ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ·¥§µ´ ´¸µ¢.

‡  ¨¸±²ÕÎ¥´¨¥³ ±µÔËË¨Í¨¥´Éµ¢ lred
3 ¨ lred

8 , ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ ¢ ¸É É¨-
Î¥¸±µ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨° ¸µ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨
· ¡µÉÒ [36], ¨¸¶µ²Ó§ÊÕÐ¥° ¤·Ê£µ° ¶µ¤Ìµ¤ ± ÊÎ¥ÉÊ ¢±² ¤µ¢ ·¥§µ´ ´¸´ÒÌ ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò. “± § ´´µ¥ · ¸Ìµ¦¤¥´¨¥ µ¡Ê¸²µ¢²¥´µ, ¢ Î ¸É´µ¸É¨, ¨¸¶µ²Ó§µ-
¢ ´¨¥³ ¢ ¶µ¤Ìµ¤¥ [36] µ¶¥· Éµ·µ¢ ¸ ¶·µ¨§¢µ¤´Ò³¨. ‚ ´ Ï¥³ ¶µ¤Ìµ¤¥ É ±¨³
µ¶¥· Éµ· ³ ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ¶· ¢±¨ ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ± ¸É É¨Î¥¸±¨³ Ê· ¢´¥-
´¨Ö³ ¤¢¨¦¥´¨Ö (6.6), ¢µ§´¨± ÕÐ¨¥ ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ¢ ³µ¤Ê²¥ ¶µ¢¥·´ÊÉµ£µ
±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  Ê¤¥·¦¨¢ ÕÉ¸Ö É ±¦¥ Î²¥´Ò, ²¨´¥°´Ò¥ ¶µ ¸± ²Ö·-
´µ³Ê ¶µ²Õ σ ¨ ¸µ¤¥·¦ Ð¨¥ ¸¢Ö§¨ ¸ ¢¥±Éµ·´Ò³¨,  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³¨ ¶µ-
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²Ö³¨ ¨ É¥´§µ· ³¨ ´ ¶·Ö¦¥´´µ¸É¨. ’ ±¨¥ Î²¥´Ò ¢µ§´¨± ÕÉ ± ± ¨§ · ¸Ìµ¤Ö-
Ð¥°¸Ö, É ± ¨ ¨§ ±µ´¥Î´µ° Î ¸É¥° ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É :

L̃div → − Nc

32π2
y tr
(
16µ2σ̃Ã2

µ

)
,

L̃(4)
fin → Nc

32π2
tr

[
16µ2σ̃Ã2

µ −
4

3µ

(
F̃Lµν + F̃Rµν

)(
Ãµ{Ãν , σ̃}+ {Ãµ, σ̃}Ãν

)
+

+
1

3µ
σ̃
(
F̃Rµν F̃

Lµν + F̃Lµν F̃
Rµν

)]
,

L̃(6)
fin → − Nc

32π2

1

µ
tr
[
σ̃
(
(F̃Lµν)

2 + (F̃Rµν)
2
)]
,

£¤¥ σ̃ = σ+m0. �µ¸²¥ ¢ ·¨ Í¨¨ ¶µ ¶µ²Ö³ Ṽµ, Ãµ ¨ σ ¶µ²ÊÎ¨³ ¸µµÉ´µÏ¥´¨Ö

Ṽµ = vµ ,

Ãµ = Z2
Aaµ +

2(1− Z2
A)

µ

1− y
y

σ̃Ãµ ,

σ =
Z2
A

8x

(
ξRm0ξ

†
L + ξLm0ξ

†
R

)
−m0 −

− 1

µ

y − 1

y
Ã2
µ −

1

12yµ3

(
(F̃Vµν)

2 + 2(F̃Aµν)
2
)
. (6.11)

�µ¤¸É ¢²ÖÖ ¢ ²¥¢Ò¥ Î ¸É¨ ¸µµÉ´µÏ¥´¨° (6.11) ¢ ± Î¥¸É¢¥ ¶¥·¢ÒÌ ¨É¥· Í¨°

¢Ò· ¦¥´¨Ö (6.6), ³Ò ¶µ²ÊÎ¨³ ´µ¢Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨°, ÊÎ¨ÉÒ¢ ÕÐ¨¥ ¶µ-
¶· ¢±¨ ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ± ¸É É¨Î¥¸±µ³Ê ¶·¨¡²¨¦¥´¨Õ. �·¨ ÔÉµ³ Ê· ¢´¥´¨¥
¤¢¨¦¥´¨° ¤²Ö ¢¥±Éµ·´µ£µ ¶µ²Ö ´¥ ¨§³¥´¨É¸Ö. �·¨³¥´¥´¨¥ ´µ¢ÒÌ Ê· ¢´¥´¨°
¤¢¨¦¥´¨° ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¤µ¶µ²´¨É¥²Ó´µ£µ ¢±² ¤  ± ¸É·Ê±ÉÊ·´µ³Ê ±µ-
ÔËË¨Í¨¥´ÉÊ lred

3 :

l
red (h.o.)
3 =

1

4

(y − 1)2

y
Z8
A , (6.12)

¸ ÊÎ¥Éµ³ ±µÉµ·µ£µ ´ Ï ·¥§Ê²ÓÉ É ¶·¨Ìµ¤¨É ¢ ¸µ£² ¸¨¥ ¸ · ¡µÉµ° [36].

�´ ²µ£¨Î´Ò³ µ¡· §µ³, ¨¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (6.11) ¨ ¶µ¤¸É -
´µ¢±¨ (6.7), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ·¥¤ÊÍ¨·µ¢ ´´Ò° ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´, µ¶¨-
¸Ò¢ ÕÐ¨° ¸¨²Ó´Ò¥ ¨ Ô²¥±É·µ³ £´¨É´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ p6-¶µ·Ö¤±¥ ¨³-
¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö. ˆ§-§  £·µ³µ§¤±µ¸É¨ ³Ò ´¥ ¶·¨¢µ¤¨³ §¤¥¸Ó ¶µ²´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö ·¥¤ÊÍ¨·µ¢ ´´µ£µ p6-² £· ´¦¨ ´  ¨ ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨-
Í¨¥´Éµ¢.
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7. ”…��Œ…��‹�ƒˆŸ �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ• Œ…‡���›•
���–…‘‘�‚ ‚ p4- ˆ p6-���Ÿ„Š�• Šˆ��‹œ��‰ ’…��ˆˆ

� ¸¸³µÉ·¨³ Ë¥´µ³¥´µ²µ£¨Õ ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ
¸ ÉµÎ±¨ §·¥´¨Ö ¶·µ¢¥·±¨ ¡µ§µ´¨§µ¢ ´´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢ ¢ p4-
¶µ·Ö¤±¥ ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö. �ÉµÉ ¢µ¶·µ¸ ¤¥É ²Ó´µ ¨¸¸²¥¤µ¢ ´ ¢ ²¨-
É¥· ÉÊ·¥ (¸³., ´ ¶·¨³¥·, [33,36,38,40,69] ¨ ¸¸Ò²±¨ ¢ ´¨Ì ´  ¤·Ê£¨¥ · ¡µÉÒ).
�³¶²¨ÉÊ¤Ò ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¢ p4-¶µ·Ö¤±¥ ¢±²ÕÎ ÕÉ ¢ ¸¥¡Ö ¢±² ¤Ò ± ±
¡µ·´µ¢¸±¨Ì ¤¨ £· ³³, µ¶¨¸Ò¢ ¥³ÒÌ ² £· ´¦¨ ´ ³¨ (5.2) ¨ (5.7), É ± ¨ µ¤´µ-
¶¥É²¥¢ÒÌ ¤¨ £· ³³ ¸ ¢¥·Ï¨´ ³¨ p2-¶µ·Ö¤±  (5.2). ‚µ§´¨± ÕÐ¨¥ ¨§ ³¥§µ´´ÒÌ
¶¥É¥²Ó “”-· ¸Ìµ¤¨³µ¸É¨ ³µ£ÊÉ ¡ÒÉÓ § Ë¨±¸¨·µ¢ ´Ò ¢ ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨° [39, 41] ¸ ¶µ³µÐÓÕ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ² £· ´¦¨ ´  ±µ´É·Î²¥´µ¢,
²¨¡µ ¢ · ³± Ì ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¸ ³¥§µ´´Ò³¨ ¶¥É²Ö³¨ [42] ¸ ¶µ³µÐÓÕ
¸Ê¶¥·¶·µ¶ £ Éµ·´µ° ·¥£Ê²Ö·¨§ Í¨¨ [43].

‚ ¸É ´¤ ·É´µ° ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [39, 41] (¸³. É ±¦¥ µ¡-
§µ·Ò [40]) ¨¸¶µ²Ó§Ê¥É¸Ö Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ÎÉµ ¢ · §³¥·´µ° ·¥£Ê²Ö·¨§ Í¨¨
· ¸Ìµ¤ÖÐ Ö¸Ö Î ¸ÉÓ µ¤´µ¶¥É²¥¢µ£µ ËÊ´±Í¨µ´ ²  ¨³¥¥É ÉµÎ´µ É ±µ° ¦¥ ¢¨¤,
± ± ¨ ² £· ´¦¨ ´ (5.7), ¥¸²¨ ¢ ´¥³ ¶·µ¨§¢¥¸É¨ § ³¥´Ê ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨-
Í¨¥´Éµ¢:

Li → −Λ(µ̃) Γi , Hi → −Λ(µ̃) Γ̃i ,

Λ(µ̃) =
µ̃d−4

(4π)2

{
1

d− 4
− 1

2
[ln 4π + 1 + Γ

′
(1)]

}
.

‡¤¥¸Ó Γi, Γ̃i Å Î¨¸²¥´´Ò¥ ±µ´¸É ´ÉÒ, ¢ÒÎ¨¸²¥´´Ò¥ ¢ [39]:

Γ1 =
3

32
, Γ2 =

3

16
, Γ3 = 0, Γ4 =

1

8
, Γ5 =

3

8
, Γ6 =

11

144
,

Γ7 = 0, Γ8 =
5

48
, Γ9 =

1

4
, Γ10 = −1

4
, Γ̃1 = −1

8
, Γ̃2 =

5

24
,

  µ̃ Å ¶·µ¨§¢µ²Ó´ Ö Ï± ²  ¶¥·¥´µ·³¨·µ¢±¨, ¨³¥ÕÐ Ö · §³¥·´µ¸ÉÓ ³ ¸¸Ò.
“¸É· ´¥´¨¥ “”-· ¸Ìµ¤¨³µ¸É¥° ¢ µ¤´µ¶¥É²¥¢µ³ ËÊ´±Í¨µ´ ²¥ ¶·µ¨§¢µ¤¨É¸Ö ¸
¶µ³µÐÓÕ ¶¥·¥´µ·³¨·µ¢µ± ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ ² £· ´¦¨ ´  ±µ´É·-
Î²¥´µ¢ ¢¨¤  (5.7). �·¨ ÔÉµ³ ¶¥·¥´µ·³¨·µ¢ ´´Ò¥ ±µÔËË¨Í¨¥´ÉÒ Lri (µ̃) ¨
Hr
i (µ̃) ¢¢µ¤ÖÉ¸Ö É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¢ µ¤´µ¶¥É²¥¢µ³ ËÊ´±Í¨µ´ ²¥ ¸µ±· -

Ð ²¨¸Ó ¢¸¥ · ¸Ìµ¤ÖÐ¨¥¸Ö Î ¸É¨:

Li = Lri (µ̃) + ΓiΛ(µ̃), Hi = Hr
i (µ̃) + Γ̃iΛ(µ̃).

�·¨ É ±µ° ¶·µÍ¥¤Ê·¥ ¢  ³¶²¨ÉÊ¤¥ ²Õ¡µ£µ ³¥§µ´´µ£µ ¶·µÍ¥¸¸  ¶·µ¨¸Ìµ¤¨É
¢§ ¨³´µ¥ ¸µ±· Ð¥´¨¥ § ¢¨¸¨³µ¸É¥° µÉ µ̃ ¢µ ¢±² ¤ Ì ¶¥É¥²Ó ¨ ±µ´É·Î²¥´µ¢.
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�¤´ ±µ ¸ ³¨ ¶¥·¥´µ·³¨·µ¢ ´´Ò¥ ±µÔËË¨Í¨¥´ÉÒ Lri (µ̃) ¨ Hr
i (µ̃), Ö¢²ÖÕÐ¨-

¥¸Ö ¨§³¥·Ö¥³Ò³¨ ¶ · ³¥É· ³¨, § ¢¨¸ÖÉ µÉ ¢Ò¡µ·  ¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢±¨ ¨
Ï± ²Ò µ̃. �µ¸²¥¤´ÖÖ § ¢¨¸¨³µ¸ÉÓ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

Lri (µ̃2) = Lri (µ̃1) +
Γi

(4π)2
ln
µ̃1

µ̃2
, Hr

i (µ̃2) = Hr
i (µ̃1) +

Γ̃i
(4π)2

ln
µ̃1

µ̃2
. (7.1)

�É¸Õ¤  ¢¨¤´µ, ÎÉµ Γi ¨ Γ̃i Ö¢²ÖÕÉ¸Ö É ±¦¥ ±µÔËË¨Í¨¥´É ³¨ É ± ´ §Ò¢ ¥-
³ÒÌ ±¨· ²Ó´ÒÌ ²µ£ ·¨Ë³µ¢ ∼ ln(p2/µ̃2) ¢ µ¤´µ¶¥É²¥¢µ³ ËÊ´±Í¨µ´ ²¥. Ÿ¢´ Ö
§ ¢¨¸¨³µ¸ÉÓ ¨§³¥·Ö¥³ÒÌ ¶¥·¥´µ·³¨·µ¢ ´´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ µÉ ¶·µ¨§¢µ²Ó-
´µ£µ ¶ · ³¥É·  µ̃ ¸µ§¤ ¥É µ¶·¥¤¥²¥´´Ò¥ É·Ê¤´µ¸É¨ ¶·¨ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ°
¶·µ¢¥·±¥ ¡µ§µ´¨§µ¢ ´´ÒÌ ² £· ´¦¨ ´µ¢, ¶µ¸±µ²Ó±Ê ¸µ¢¥·Ï¥´´µ ´¥ Ö¸´µ, ¶·¨
± ±¨Ì µ̃ ¸²¥¤Ê¥É ¸· ¢´¨¢ ÉÓ ¨§¢²¥Î¥´´Ò¥ ¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ §´ -
Î¥´¨Ö Lri (µ̃) ¨ Hr

i (µ̃) ¸ É¥µ·¥É¨Î¥¸±¨³¨ ¶·¥¤¸± § ´¨Ö³¨, ¶µ²ÊÎ¥´´Ò³¨ ¨§
¡µ§µ´¨§ Í¨¨ ³µ¤¥²¨ �ˆ‹.

“± § ´´Ò° ¶·µ¨§¢µ² ¢ ¢Ò¡µ·¥ Ï± ²Ò µ̃ ³µ¦´µ Ê¸É· ´¨ÉÓ, ¨¸¶µ²Ó§ÊÖ ·¥-
§Ê²ÓÉ ÉÒ ¸Ê¶¥·¶·µ¶ £ Éµ·´µ° ·¥£Ê²Ö·¨§ Í¨¨ [43], ±µÉµ· Ö ¡Ò²  · §· ¡µÉ ´ 
¸¶¥Í¨ ²Ó´µ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ³¥§µ´´ÒÌ ¶¥É¥²Ó ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¸ ´¥-
²¨´¥°´Ò³¨ ÔËË¥±É¨¢´Ò³¨ ² £· ´¦¨ ´ ³¨ [42]. ‘Ê¶¥·¶·µ¶ £ Éµ·´Ò° ¶µ¤Ìµ¤
¶·¨¢µ¤¨É ± É¥³ ¦¥ ·¥§Ê²ÓÉ É ³, ÎÉµ ¨ · §³¥·´ Ö ·¥£Ê²Ö·¨§ Í¨Ö, ¨¸¶µ²Ó§Ê¥-
³ Ö ¢ ¸É ´¤ ·É´µ° ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [39,41]. �·¨´Í¨¶¨ ²Ó´Ò³
µÉ²¨Î¨¥³ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶ · ³¥É· µ̃ ¶·¨ ÔÉµ³ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ¶·µ¨§¢µ²Ó-
´Ò³,   Ë¨±¸¨·Ê¥É¸Ö ¥¸É¥¸É¢¥´´µ° Ï± ²µ° ±¨· ²Ó´µ£µ · §²µ¦¥´¨Ö,   ¨³¥´´µ
µ̃SP = 4πF0. „²Ö ¸· ¢´¥´¨Ö µ¡µ¨Ì ¶µ¤Ìµ¤µ¢ “”-· ¸Ìµ¤¨³µ¸É¨ ¤µ²¦´Ò ¡ÒÉÓ
§ ³¥´¥´Ò ´  ±µ´¥Î´Ò¥ Î²¥´Ò ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶µ¤¸É ´µ¢±µ°

(C − 1/ε) −→ CSP = 2C + 1 +
1

2

[
d

dz
(ln Γ−2(2z + 2))

] ∣∣∣∣∣
z=0

+ βπ =

= −1 + 4C + βπ ,

£¤¥ ε = (4 − D)/2,   β Å ¶·µ¨§¢µ²Ó´ Ö ±µ´¸É ´É , ¢µ§´¨± ÕÐ Ö ¨§ ¨´-
É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ‡µ³³¥·Ë¥²Ó¤  Å ‚ É¸µ´  ¤²Ö ¸Ê¶¥·¶·µ¶ £ Éµ· .
ˆ¸¶µ²Ó§ÊÖ ¤µ¶µ²´¨É¥²Ó´Ò¥ É¥µ·¥É¨Î¥¸±¨¥  ·£Ê³¥´ÉÒ, ¢ Éµ³ Î¨¸²¥ ¶·¨´Í¨¶
³¨´¨³ ²Ó´µ° ¸¨´£Ê²Ö·´µ¸É¨, ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ µ¦¨¤ ¥³Ò¥ §´ Î¥´¨Ö CSP
¤µ²¦´Ò ²¥¦ ÉÓ ¢ ¶·¥¤¥² Ì §´ Î¥´¨° CSP ≈ 1÷ 4.

� §Ê³´Ò¥ µÍ¥´±¨ ¤²Ö ¶ · ³¥É·  CSP ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ´ ¶·¨³¥·, ¨§ · ¸-
Ð¥¶²¥´¨Ö ±µ´¸É ´É · ¸¶ ¤µ¢ K, π → µν, ¨¸¶µ²Ó§ÊÖ ¤²Ö ´¨Ì ¢Ò· ¦¥´¨Ö

(Fπ − F0)F0 = 2L5(χ
2
u + χ2

d)−
1

16π2

2

3

(
m2
π(C̃K − 1) + 2m2

π(C̃π − 1)
)
,

(FK − F0)F0 = 2L5(χ
2
u + χ2

s)−
1

16π2

1

2

(
2m2

K(C̃K − 1) +m2
π(C̃π − 1)

)
,

(7.2)
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�¨¸. 3. ‡ ¢¨¸¨³µ¸ÉÓ ¢¥²¨Î¨´ y ¨ <q̄q>1/3 µÉ ±µ´¸É¨ÉÊÔ´É´µ° ³ ¸¸Ò ±¢ ·±  µ:  ) ¡¥§
·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢, ¡) ¶µ¸²¥ ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢

£¤¥ C̃π,K = CSP + ln(πm2
π,K/µ

2). �¥·¢Ò¥ Î²¥´Ò ¢ ¶· ¢µ° Î ¸É¨ ¢Ò· ¦¥´¨°
(7.2), ¶·µ¶µ·Í¨µ´ ²Ó´Ò¥ L5, ¸µµÉ¢¥É¸É¢ÊÕÉ ¡µ·´µ¢¸±¨³ ¢±² ¤ ³∗, ¢ Éµ ¢·¥³Ö
± ± ¢¸¥ µ¸É ²Ó´Ò¥ ¢µ§´¨± ÕÉ ¨§ µ¤´µ¶¥É²¥¢ÒÌ ¤¨ £· ³³ É ¤¶µ²Ó´µ£µ É¨¶ . ˆ§
· ¸Ð¥¶²¥´¨Ö ±µ´¸É ´É · ¸¶ ¤µ¢ Fπ ¨ FK Ë¨±¸¨·ÊÕÉ¸Ö É ±¦¥ ¶ · ³¥É·Ò x ¨
y, ¸¢Ö§ ´´Ò¥ ¸ ±¢ ·±µ¢Ò³ ±µ´¤¥´¸ Éµ³ <q̄q> ¨ Ê¸·¥¤´¥´´µ° ±µ´¸É¨ÉÊÔ´É´µ°
³ ¸¸µ° ±¢ ·±µ¢ µ ¸µµÉ´µÏ¥´¨Ö³¨ (5.13).

�  ·¨¸.3 ¶µ± § ´Ò § ¢¨¸¨³µ¸É¨ µÉ ±µ´¸É¨ÉÊÔ´É´µ° ³ ¸¸Ò ±¢ ·±  µ ¤²Ö
¢¥²¨Î¨´ y ¨ <q̄q>1/3, ¶µ²ÊÎ ¥³ÒÌ ± ± ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (7.2) ¶·¨ Ë¨±¸¨·µ-
¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  CSP ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´É
Fπ = 93 ŒÔ‚ ¨ FK = 113 ŒÔ‚. ‚ ¦´µ¸ÉÓ ÊÎ¥É  ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸´ÒÌ ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò ¶·¨ µ¶¨¸ ´¨¨ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸¥±Éµ·  ´ £²Ö¤´µ ¶·µÖ¢²Ö¥É¸Ö
Ê¦¥ ´  ÔÉµ³ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥. ‡ ³¥É´µ¥ · §²¨Î¨¥ ¢ ¶µ¢¥¤¥´¨¨ ±·¨¢ÒÌ ¤²Ö

∗„²Ö ¶·µ¸ÉµÉÒ ³Ò µÉ¡·µ¸¨²¨ Î²¥´Ò ¸ ±µÔËË¨Í¨¥´Éµ³ L4, ±µÉµ·Ò° · ¢¥´ ´Ê²Õ ¢ ³µ¤¥²¨
�ˆ‹.
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<q̄q>1/3 ´  ·¨¸.3,  (¡¥§ ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢) ¨ ·¨¸.3,¡ (¶µ¸²¥ ·¥¤Ê±Í¨¨ ·¥-
§µ´ ´¸µ¢) c¢Ö§ ´  ¸ ¶µÖ¢²¥´¨¥³ ¤µ¶µ²´¨É¥²Ó´µ£µ Ë ±Éµ·  Z2

A ¢ µ¶·¥¤¥²¥´¨¨
(6.10) ¤²Ö ±µ´¸É ´ÉÒ F0. „²Ö Î¨¸²¥´´ÒÌ µÍ¥´µ± ³Ò ¨¸¶µ²Ó§Ê¥³ Ë¥´µ³¥´µ-
²µ£¨Î¥¸±µ¥ §´ Î¥´¨¥ ¶ · ³¥É· 

Z2
A =

m2
ρ

m2
A1

1 + γ̃

1− γ̃ ≈ 0, 62,

±µÉµ·µ¥ ¸µµÉ¢¥É¸É¢Ê¥É mρ = 770 ŒÔ‚, mA1 = 1260 ŒÔ‚ ¨ gV = gρππ = 6, 3.
‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¡¥§ ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢ (·¨¸.3, ) ´¨ ¶·¨ ± ±¨Ì
§´ Î¥´¨ÖÌ CSP ´¥ Ê¤ ¥É¸Ö ¶µ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö ¤²Ö y ¨ < q̄q >1/3, ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨¥ µ¡Ð¥¶·¨´ÖÉÒ³ ±µ·¨¤µ· ³ §´ Î¥´¨° ¶ · ³¥É·µ¢ F0, µ ¨ m0. ’ ± Ö
Ë¨±¸ Í¨Ö ¸É ´µ¢¨É¸Ö ¢µ§³µ¦´µ° Éµ²Ó±µ ¶µ¸²¥ ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢ (·¨¸.3,¡).
�·¨ µ = 265 ŒÔ‚ ¥° ¸µµÉ¢¥É¸É¢ÊÕÉ §´ Î¥´¨Ö ¶ · ³¥É·µ¢ y = 2, 4, x = 0, 10,
F0 = 90 ŒÔ‚, <qq>1/3= −220 ŒÔ‚ ¨ CSP ≈ 3, ±µÉµ·Ò¥ ³Ò ¨ ¡Ê¤¥³ ¨¸-
¶µ²Ó§µ¢ ÉÓ ¶·¨ Î¨¸²¥´´ÒÌ µÍ¥´± Ì ¸É·Ê±ÉÊ·´ÒÌ ±µ´¸É ´É ¡µ§µ´¨§µ¢ ´´ÒÌ
² £· ´¦¨ ´µ¢.

’ ¡²¨Í . ‘· ¢´¥´¨¥ É¥µ·¥É¨Î¥¸±¨Ì ¨ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì §´ Î¥´¨°
¸É·Ê±ÉÊ·´ÒÌ ±µ´¸É ´É Li × 103 .∗

�µ§µ´¨§ Í¨Ö ³µ¤¥²¨ �ˆ‹ ”¥´µ³¥´µ²µ£¨Ö

i �¥§ ·¥¤Ê±Í¨¨ �µ¸²¥ ·¥¤Ê±Í¨¨ Lri (mρ)× 103 [44] Li × 103 [33]

·¥§µ´ ´¸µ¢ ·¥§µ´ ´¸µ¢

1 0.79 0.85 0.4 ± 0.3 0.8 ± 0.2

2 1.58 1.70 1.35 ± 0.3 1.6 ± 0.3

3 −3.17 −4.30 −3.5 ± 1.1 −3.5 ± 0.6

4 0 0 −0.3 ± 0.5

5 2.66 1.58 1.4 ± 0.5 1.6 ± 0.3

6 0 0 −0.2 ± 0.3

7 0.50 0 −0.4 ± 0.2

8 1.03 1.10 0.9 ± 0.3

9 6.34 7.12 6.9 ± 0.7 6.5 ± 0.5

10 −3.17 −5.90 −5.5 ± 0.7 −3.1 ± 0.7

ŠµÔËË¨Í¨¥´ÉÒ H1 ¨ H2 ´¥ ³µ£ÊÉ ¡ÒÉÓ § Ë¨±¸¨·µ¢ ´Ò Ë¥´µ³¥´µ²µ£¨Î¥¸±¨.

‚ É ¡²¨Í¥ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸± § ´¨Ö ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹ ¤²Ö
±µ´¸É ´É Li ¸· ¢´¨¢ ÕÉ¸Ö ¸ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³¨ §´ Î¥´¨Ö³¨, ¶µ²ÊÎ¥´´Ò³¨
¢ [44] ¢ · ³± Ì ¸É ´¤ ·É´µ° ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,   É ±¦¥ ¢ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¸ ¸Ê¶¥·¶·µ¶ £ Éµ·´µ° ·¥£Ê²Ö·¨§ Í¨¥° [33, 69]. � ¨¡µ-
²¥¥ ¶µ²´Ò°  ´ ²¨§ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢, ¶·µ¢¥¤¥´´Ò°
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¢ · ¡µÉ¥ [44], ¢±²ÕÎ ¥É ¢ ¸¥¡Ö µ¶¨¸ ´¨¥ ¸¶¥±É·  ³ ¸¸ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥-
§µ´µ¢, · ¸Ð¥¶²¥´¨Ö ±µ´¸É ´É Fπ ¨ FK , · ¸¶ ¤µ¢ π → eνγ ¨ Ke4,   É ±¦¥
¶· ¢¨²µ –¢¥°£ . ‡´ Î¥´¨Ö ¨§³¥·Ö¥³ÒÌ ¶¥·¥´µ·³¨·µ¢ ´´ÒÌ ±µÔËË¨Í¨¥´Éµ¢
Li(µ̃) Ë¨±¸¨·µ¢ ²¨¸Ó ¶·¨ µ̃ = mρ. ‚ · ¡µÉ Ì [33, 69], ¨¸¶µ²Ó§ÊÕÐ¨Ì ¸Ê-
¶¥·¶·µ¶ £ Éµ·´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ,  ´ ²¨§¨·µ¢ ²¨¸Ó ¤ ´´Ò¥ ¶µ ππ-· ¸¸¥Ö´¨Õ,
Ô²¥±É·µ³ £´¨É´µ³Ê · ¤¨Ê¸Ê ¨ ¶µ²Ö·¨§Ê¥³µ¸É¨ § ·Ö¦¥´´µ£µ ¶¨µ´ ,   É ±¦¥
¶µ · ¸¶ ¤ ³ η′ → η2π ¨ π → eπγ. ˆ§ É ¡²¨ÍÒ ¢¨¤´µ, ÎÉµ É¥µ·¥É¨Î¥¸±¨¥
¶·¥¤¸± § ´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ Li ¢ Í¥²µ³ Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸ ¨Ì Ë¥´µ-
³¥´µ²µ£¨Î¥¸±¨³¨ §´ Î¥´¨Ö³¨. �¥±µÉµ· Ö ´¥µ¤´µ§´ Î´µ¸ÉÓ ¢ Ë¨±¸ Í¨¨ ±µÔË-
Ë¨Í¨¥´É  L10 ¸¢Ö§ ´  ¸ É¥³, ÎÉµ ¢ · ¡µÉ¥ [44] ¤²Ö ÔÉµ£µ ¨¸¶µ²Ó§µ¢ ´Ò ¤ ´´Ò¥
¶µ Ëµ·³Ë ±Éµ· ³ · ¸¶ ¤  π → eνγ, ¢ Éµ ¢·¥³Ö ± ± ¢ ´ Ï¥³  ´ ²¨§¥ [69]
Å ¤ ´´Ò¥ ¶µ ¶·µÍ¥¸¸Ê γγ → π+π−. �µ-¢¨¤¨³µ³Ê, ÔÉ¨ ¤ ´´Ò¥ ¸ ³¨ ´Ê¦¤ -
ÕÉ¸Ö ¢ ¸¥·Ó¥§´µ³ ÊÉµÎ´¥´¨¨, ÎÉµ ¶·¥¦¤¥ ¢¸¥£µ µÉ´µ¸¨É¸Ö ± ¶µ²Ö·¨§Ê¥³µ¸É¨
§ ·Ö¦¥´´µ£µ ¶¨µ´ .

”¥´µ³¥´µ²µ£¨Î¥¸± Ö ¶·µ¢¥·±  ¡µ§µ´¨§µ¢ ´´µ£µ p6-² £· ´¦¨ ´  § É·Ê¤-
´¥´  ± ± ¡µ²ÓÏ¨³ ±µ²¨Î¥¸É¢µ³ ¢Ìµ¤ÖÐ¨Ì ¢ ´¥£µ Î²¥´µ¢, É ± ¨ É¥³ µ¡¸ÉµÖ-
É¥²Ó¸É¢µ³, ÎÉµ ¢ ¶µ¤ ¢²ÖÕÐ¥³ ¡µ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¢  ³¶²¨ÉÊ¤ Ì ³¥§µ´´ÒÌ
¶·µÍ¥¸¸µ¢ ¤µ³¨´¨·ÊÕÉ p2- ¨ p4-¢±² ¤Ò. �µ ¸· ¢´¥´¨Õ ¸ ´¨³¨ p6-¶µ¶· ¢±¨
µ± §Ò¢ ÕÉ¸Ö ´ ¸Éµ²Ó±µ ³ ²Ò³¨, ÎÉµ ¨Ì ¢Ò¤¥²¥´¨¥ ¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´-
´ÒÌ ¸É ´µ¢¨É¸Ö ¶· ±É¨Î¥¸±¨ ´¥¢µ§³µ¦´Ò³. ˆ¸±²ÕÎ¥´¨¥³ Ö¢²ÖÕÉ¸Ö ¶¥·¥Ìµ¤Ò
γγ → π0π0 ¨ η → π0γγ, ±µÉµ·Ò¥ µ± §Ò¢ ÕÉ¸Ö µÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´Ò³¨ ± p6-
¢±² ¤ ³ ¡² £µ¤ ·Ö Ê´¨± ²Ó´Ò³ ¸¢µ°¸É¢ ³ ¨Ì  ³¶²¨ÉÊ¤. �·¥¦¤¥ ¢¸¥£µ, ¢ µ¡µ¨Ì
¸²ÊÎ ÖÌ ´¥´Ê²¥¢Ò¥  ³¶²¨ÉÊ¤Ò ¢µ§´¨± ÕÉ ´ Î¨´ Ö ¸ p4-¶µ·Ö¤±  ¨§ µ¤´µ¶¥É²¥-
¢ÒÌ ¤¨ £· ³³, ¶·¨Î¥³ ¢ ÔÉµ³ ¶µ·Ö¤±¥ µÉ¸ÊÉ¸É¢ÊÕÉ ± ± “”-· ¸Ìµ¤¨³µ¸É¨, É ±
¨ ¡µ·´µ¢¸±¨¥ ¢±² ¤Ò. �¥´Ê²¥¢Ò¥ ¡µ·´µ¢¸±¨¥  ³¶²¨ÉÊ¤Ò ¶µÖ¢²ÖÕÉ¸Ö ´ Î¨´ Ö
¸ p6-¶µ·Ö¤± . Š·µ³¥ Éµ£µ, ¢ · ¸¶ ¤¥ η → π0γγ ¶¨µ´´Ò¥ ¶¥É²¨ ¸¨²Ó´µ ¶µ¤ -
¢²¥´Ò ¶·¨¡²¨¦¥´´Ò³ ¸µÌ· ´¥´¨¥³ G-Î¥É´µ¸É¨,   ± µ´´Ò¥ ¶¥É²¨ Å ¡µ²ÓÏµ°
³ ¸¸µ° ¢ ¶·µ¶ £ Éµ·¥ ± µ´ .

�³¶²¨ÉÊ¤Ò ¶¥·¥Ìµ¤  γγ → π0π0 ¢ p6-¶µ·Ö¤±¥ ¸ ÊÎ¥Éµ³ ¤¢ÊÌ¶¥É²¥¢ÒÌ
³¥§µ´´ÒÌ ¤¨ £· ³³ ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò ¢¶¥·¢Ò¥ ¢ · ¡µÉ¥ [75] ¢ · ³± Ì ¸É ´-
¤ ·É´µ° ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¶·¨Î¥³ ¸É·Ê±ÉÊ·´Ò¥ ±µÔËË¨Í¨¥´ÉÒ
² £· ´¦¨ ´  ±µ´É·Î²¥´µ¢ ¢ ÔÉµ³ ¶µ·Ö¤±¥ Ë¨±¸¨·µ¢ ²¨¸Ó ¨§ ³µ¤¥²¨ ·¥§µ-
´ ´¸´ÒÌ µ¡³¥´µ¢. ‚ · ¡µÉ¥ [76] µ¡  ¶¥·¥Ìµ¤  γγ → π0π0 ¨ η → π0γγ
· ¸¸³ É·¨¢ ²¨¸Ó ¸ ÊÎ¥Éµ³ ¡µ·´µ¢¸±¨Ì ¢±² ¤µ¢ ¡µ§µ´¨§µ¢ ´´µ£µ ² £· ´¦¨ ´ 
³µ¤¥²¨ �ˆ‹, ¶·¨Î¥³ “”-· ¸Ìµ¤¨³µ¸É¨, ¢µ§´¨± ÕÐ¨¥ ¨§ µ¤´µ- ¨ ¤¢ÊÌ¶¥É²¥-
¢ÒÌ ¤¨ £· ³³ ¢ p6-¶µ·Ö¤±¥, Ë¨±¸¨·µ¢ ²¨¸Ó ¸ ¶µ³µÐÓÕ ¸Ê¶¥·¶·µ¶ £ Éµ·´µ°
·¥£Ê²Ö·¨§ Í¨¨. �µ²Ó ·¥¤Ê±Í¨¨ ³¥§µ´´ÒÌ ·¥§µ´ ´¸µ¢ ¢ p6-¶µ·Ö¤±¥ · ¸¸³ É·¨-
¢ ² ¸Ó ¢ ±µ´É¥±¸É¥ ¶·µ¡²¥³Ò µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸µ¢ γγ → π0π0 ¨ η → π0γγ
± ± ¢ · ¡µÉ¥ [76], É ± ¨ ¢ · ¡µÉ¥ [77].

Š ± ¶µ± §Ò¢ ÕÉ ´ Ï¨ · ¸Î¥ÉÒ [76], ·¥¤Ê±Í¨Ö ·¥§µ´ ´¸µ¢ ¢ p4- ¨ p6-
¶µ·Ö¤± Ì ¸ÊÐ¥¸É¢¥´´µ Ê²ÊÎÏ ¥É µ¶¨¸ ´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ [78]
¶µ ¶µ²´Ò³ ¸¥Î¥´¨Ö³ ¶·µÍ¥¸¸  γγ → π0π0 µÉ ¶µ·µ£  ¤µ ρ-·¥§µ´ ´¸ . „²Ö
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Ï¨·¨´Ò · ¸¶ ¤  η → π0γγ ¶µ¸²¥ ·¥¤Ê±Í¨¨ ³¥§µ´´ÒÌ ·¥§µ´ ´¸µ¢ ¢ ¡µ§µ´¨§µ-
¢ ´´µ° ³µ¤¥²¨ �ˆ‹ ³Ò ¶µ²ÊÎ¨²¨ ¢¥²¨Î¨´Ê 0, 11 Ô‚, ±µÉµ· Ö ´¥ ¸µ£² ¸Ê¥É¸Ö
¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ §´ Î¥´¨¥³ (0, 84 ± 0, 18) Ô‚. �¥ ¨³¥Ö ¢µ§³µ¦´µ¸É¨
¡µ²¥¥ ¤¥É ²Ó´µ µ¡¸Ê¦¤ ÉÓ §¤¥¸Ó ÔÉÊ ¶·µ¡²¥³Ê, µÉ³¥É¨³ Éµ²Ó±µ, ÎÉµ ±µ²¨Î¥-
¸É¢¥´´µ£µ µ¶¨¸ ´¨Ö · ¸¶ ¤  η → π0γγ ¢ p6-¶µ·Ö¤±¥ ±¨· ²Ó´µ° É¥µ·¨¨ ´¥
Ê¤ ¥É¸Ö ¤µ¸É¨ÎÓ ¤ ¦¥ ¶µ¸²¥ ¢±²ÕÎ¥´¨Ö ¢ · ¡µÉ¥ [79] ¤µ¶µ²´¨É¥²Ó´µ£µ ¢±² ¤ ,
¢µ§´¨± ÕÐ¥£µ ¨§ ·¥§µ´ ´¸´µ£µ µ¡³¥´  ¸  ´µ³ ²Ó´µ° ¢¥·Ï¨´µ° V πγ ∗.

8. Œ�„ˆ”ˆŠ�–ˆŸ Œ�„…‹ˆ �ˆ‹ �…‹�Š�‹œ�›Œˆ �””…Š’�Œˆ

‚ · §¤.1 ¡Ò²  · ¸¸³µÉ·¥´  ¶·¨¡²¨¦¥´´ Ö Ëµ·³  Š•„, ¶·¨¢µ¤ÖÐ Ö ¢ ²µ-
± ²Ó´µ³ ¶·¥¤¥²¥ ± ³µ¤¥²¨ �ˆ‹. ‚ µ¸´µ¢¥ ³µ¤¥²¨ �ˆ‹ ²¥¦¨É ¶·¥¤¶µ²µ¦¥-
´¨¥, ÎÉµ ¤µ³¨´¨·ÊÕÐÊÕ ·µ²Ó ¢ ¤¨´ ³¨±¥ ³¥§µ´µ¢ ¶·¨ ¡µ§µ´¨§ Í¨¨ ±¢ ·±µ¢
¨£· ¥É ¶·µ³¥¦ÊÉµÎ´ Ö µ¡² ¸ÉÓ ¶¥·¥¤ Î 0 � q2 � m2

G, £¤¥ ¶·µ¶ £ Éµ· ´¥-
¶¥·ÉÊ·¡ É¨¢´µ£µ £²Õµ´  ³µ¦´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ±µ´¸É ´Éµ° ¢ ¨³¶Ê²Ó¸´µ³
¶·µ¸É· ´¸É¢¥, ¨, ¸µµÉ¢¥É¸É¢¥´´µ, δ-ËÊ´±Í¨¥° ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥.
‚ É ±µ³ ¶µ¤Ìµ¤¥ ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¢±² ¤ µ¡² ¸É¥° ±µ´Ë °´³¥´É  ¨  ¸¨³¶ÉµÉ¨-
Î¥¸±µ° ¸¢µ¡µ¤Ò ±¢ ·±µ¢ ¢ ÔËË¥±É¨¢´µ¥ ±¢ ·±µ¢µ¥ ¤¥°¸É¢¨¥ (1.6). ‚ µ¡² ¸É¨
 ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò (É.¥. ¶·¨ q2 � m2

G) ¶·µ¶ £ Éµ· £²Õµ´  Ê¡Ò¢ ¥É
¤µ¸É ÉµÎ´µ ¡Ò¸É·µ ¸ Ê¢¥²¨Î¥´¨¥³ ¨³¶Ê²Ó¸  (Ê³¥´ÓÏ¥´¨¥³ · ¸¸ÉµÖ´¨Ö). �µ-
ÔÉµ³Ê ¨¸±²ÕÎ¥´¨¥ ÔÉµ° µ¡² ¸É¨ ¨§ · ¸¸³µÉ·¥´¨Ö ´¥ ¤µ²¦´µ ¶·¨¢µ¤¨ÉÓ ±
¸¥·Ó¥§´Ò³ ¨¸± ¦¥´¨Ö³ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¤¨´ ³¨±¨ ¡µ§µ´¨§µ¢ ´´ÒÌ ±¢ ·-
±µ¢ (³¥§µ´µ¢). ‚ · ¸¸³ É·¨¢ ¥³µ° ´ ³¨ · ¸Ï¨·¥´´µ° ³µ¤¥²¨ �ˆ‹ µ¡² ¸ÉÓ
 ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò ¨¸±²ÕÎ ¥É¸Ö ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö µ¡·¥§ ´¨Ö ¸¢¥·ÌÊ
¶µ ¨³¶Ê²Ó¸ ³, ±µÉµ·µ³Ê ¸µµÉ¢¥É¸É¢Ê¥É ¶ · ³¥É· Λ, ¢µ§´¨± ÕÐ¨° ¶·¨ ¢ÒÎ¨-
¸²¥´¨¨ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É . ‚ É ±µ° É· ±Éµ¢±¥ ´¥²µ± ²Ó´Ò¥ ÔËË¥±ÉÒ
¢µ§´¨± ÕÉ ± ± ¢±² ¤Ò µ¡² ¸É¨ ±µ´Ë °´³¥´É .

�¶¨¸ ´¨¥ Ï¨·µ±µ£µ ±·Ê£  ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¢
· ³± Ì ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¢ ± Î¥¸É¢¥
±µ¸¢¥´´µ£µ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ ¶µ¤É¢¥·¦¤¥´¨Ö ·¥ ²¨¸É¨Î´µ¸É¨ ÔÉµ° ³µ-
¤¥²¨, É ± ¨ ± ± Ê± § ´¨¥ ´  Éµ, ÎÉµ ±¨· ²Ó´ Ö ¤¨´ ³¨±   ¤·µ´µ¢ µ± §Ò¢ ¥É¸Ö
´¥ÎÊ¢¸É¢¨É¥²Ó´µ° ± ±µ´Ë °´³¥´ÉÊ ±¢ ·±µ¢. �¤´ ±µ, ¶µ¸±µ²Ó±Ê ´¥¶¥·ÉÊ·¡ -
É¨¢´Ò° £²Õµ´´Ò° ¶·µ¶ £ Éµ· ¨³¥¥É ¶µ²Õ¸ ¶·¨ ´Ê²¥¢ÒÌ ¶¥·¥¤ Î Ì ¨³¶Ê²Ó¸ ,
µÉ¡· ¸Ò¢ ´¨¥ ¢±² ¤  µ¡² ¸É¨ ±µ´Ë °´³¥´É  ¢ ÔËË¥±É¨¢´µ¥ ¨´É¥£· ²Ó´µ¥
¤¥°¸É¢¨¥ (1.6) ´¥ ± ¦¥É¸Ö, ´  ¶¥·¢Ò° ¢§£²Ö¤, É ±¨³ ¦¥ ¥¸É¥¸É¢¥´´Ò³ Ë¨-

∗‚ ´ Ï¥³ ¶µ¤Ìµ¤¥  ´ ²µ£¨Î´Ò¥ ¢±² ¤Ò ´¥ ¢µ§´¨± ÕÉ ¤ ¦¥ ¶·¨ ÊÎ¥É¥ ¶µ¶· ¢µ± ¢Ò¸Ï¥£µ
¶µ·Ö¤±  ± ¸É É¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö ¨§-§  ¸µ±· Ð¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì  ´µ³ ²Ó´ÒÌ
¢±² ¤µ¢ ¶µ¸²¥ ±¨· ²Ó´µ£µ ¶µ¢µ·µÉ  ¢ ¥¤¨´¨Î´µ° ± ²¨¡·µ¢±¥. ’µÎ´µ¥ ¸µ¢¶ ¤¥´¨¥ ¢±² ¤µ¢  ´µ-
³ ²Ó´ÒÌ ¨ ´¥ ´µ³ ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ µ¡³¥´µ¢, µÉ³¥Î¥´´µ¥ ¢ · ¡µÉ¥ [79], ¶µ-´ Ï¥³Ê ³´¥´¨Õ,
Ö¢²Ö¥É¸Ö Ê± § ´¨¥³ ´  ¢µ§³µ¦´µ¸ÉÓ ¤¢µ°´µ£µ ¸Î¥É .



��‡��ˆ‡�‚���›… ‹�ƒ���†ˆ��› ‚ ‚›‘˜ˆ• ���Ÿ„Š�• 129

§¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³, ± ± ¨¸±²ÕÎ¥´¨¥ µ¡² ¸É¨  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò
±¢ ·±µ¢ ¸ ¶µ³µÐÓÕ ¨³¶Ê²Ó¸´µ£µ µ¡·¥§ ´¨Ö. “Î¥É µ¡² ¸É¨ ±µ´Ë °´³¥´É 
¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ´¥²µ± ²Ó´ÒÌ ¢±² ¤µ¢ ¢ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ (1.6).
�µÔÉµ³Ê, ÎÉµ¡Ò ¶µ´ÖÉÓ Ë¨§¨Î¥¸±¨¥ ¶·¨Î¨´Ò ´¥ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ±¨· ²Ó´µ°
¤¨´ ³¨±¨  ¤·µ´µ¢ ± ±µ´Ë °´³¥´ÉÊ ±¢ ·±µ¢, ¤µ¸É ÉµÎ´µ µÍ¥´¨ÉÓ ´¥²µ± ²Ó´Ò¥
¶µ¶· ¢±¨ ± ¡µ§µ´¨§µ¢ ´´µ³Ê ÔËË¥±É¨¢´µ³Ê ³¥§µ´´µ³Ê ² £· ´¦¨ ´Ê ³µ¤¥²¨
�ˆ‹, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¢ · ¡µÉ¥ [23], ¢ · ³± Ì ¶µ²ÊË¥´µ³¥´µ²µ£¨Î¥¸±µ£µ
¡¨²µ± ²Ó´µ£µ ¶µ¤Ìµ¤ .

� Î´¥³ ¸ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö (1.6), ±µÉµ·µ¥ ¶µ¸²¥ ¢¢¥¤¥´¨Ö ¸± ²Ö·-
´ÒÌ (S), ¶¸¥¢¤µ¸± ²Ö·´ÒÌ (P ), ¢¥±Éµ·´ÒÌ (V ) ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ (A)
¡¨²µ± ²Ó´ÒÌ ±µ²²¥±É¨¢´ÒÌ ³¥§µ´´ÒÌ ¶µ²¥° [1, 2, 10] ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢
¡¨²¨´¥°´µ³ ¶µ ±¢ ·±µ¢Ò³ ¶µ²Ö³ ¢¨¤¥

Sint =

∫∫
d4xd4y

{
− 9

8D(x− y) tr
[(
S̃(x, y)

)2
+
(
P̃ (x, y)

)2
+

+2
((
Ṽµ(x, y)

)2
+
(
Ãµ(x, y)

)2)]
+ q̄(x)η̃(x, y)q(y)

}
. (8.1)

‡¤¥¸Ó

η̃(x, y) = −S̃(x, y)− iγ5P̃ (x, y) + iγµṼµ(x, y) + iγµγ5Ãµ(x, y) , (8.2)

£¤¥

S̃ = S̃a
λa

2
, P̃ = P̃ a

λa

2
, Ṽµ = −iṼ aµ

λa

2
, Ãµ = −iÃaµ

λa

2
(8.3)

Å ±µ²²¥±É¨¢´Ò¥ ¶µ²Ö,  ¸¸µÍ¨¨·µ¢ ´´Ò¥ ¸µ ¸²¥¤ÊÕÐ¨³¨ ¡¨²¨´¥°´Ò³¨ ±µ³-
¡¨´ Í¨Ö³¨ ±¢ ·±µ¢:

S̃a(x, y) = −8

9
D(x− y)q̄(y)λ

a

2
q(x) ,

P̃ a(x, y) = −8

9
D(x− y)q̄(y)iγ5λ

a

2
q(x) ,

Ṽ aµ (x, y) = −4

9
D(x− y)q̄(y)γµ

λa

2
q(x) ,

Ãaµ(x, y) = −4

9
D(x− y)q̄(y)γµγ5λ

a

2
q(x) .

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ · ¡µÉµ° [11], ¢ ¶·¥¤¶µ²µ¦¥´¨¨ ¸¨²Ó´µ° ²µ± ²¨§ Í¨¨
¡¨²µ± ²Ó´ÒÌ ¶µ²¥°, · ¸¸³µÉ·¨³  ´§ Í

η̃(x, y)→ η̃(z, t) = η(z)f(t) + ηµ(z)t
µg(t) + · · · , (8.4)
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£¤¥ z = (x+ y)/2, t = (y − x)/2 Å  ¡¸µ²ÕÉ´ Ö ¨ µÉ´µ¸¨É¥²Ó´ Ö ±µµ·¤¨´ ÉÒ
¸µµÉ¢¥É¸É¢¥´´µ. ”Ê´±Í¨Ö

η(z) = −S(z)− iγ5P (z) + iγµVµ(z) + iγµγ5Aµ(z) (8.5)

Ö¢²Ö¥É¸Ö ±µ³¡¨´ Í¨¥° ²µ± ²Ó´ÒÌ ±µ²²¥±É¨¢´ÒÌ ¶µ²¥° ¸µ¸É ¢´ÒÌ µ¶¥· Éµ-
·µ¢ q̄(z)q(z), q̄(z)iγ5q(z), q̄(z)γµq(z) ¨ q̄(z)γµγ

5q(z),  ´ ²µ£¨Î´ÒÌ µ¶·¥¤¥-
²¥´¨Ö³ (2.2) ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ´¨§±µ²¥¦ Ð¨³ ³¥§µ´´Ò³ ¸µ¸ÉµÖ´¨Ö³ 0++,
0−+, 1−−, 1++. —²¥´ ¸²¥¤ÊÕÐ¥£µ ¶µ·Ö¤±  ¢ (8.4), ¶·µ¶µ·Í¨µ´ ²Ó´Ò° ηµ,
³µ¦´µ ¨¤¥´É¨Ë¨Í¨·µ¢ ÉÓ ¢ ¤ÊÌ¥ · ¡µÉÒ [11] ¸ ¢µ§¡Ê¦¤¥´¨Ö³¨ 1−−, 1+−,
2++, 2−−. �·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¡¨²µ± ²Ó´Ò¥ ¶µ²Ö η̃(x, y) ¸¨²Ó´µ ²µ± ²¨§µ-
¢ ´Ò ´  ³ ¸ÏÉ ¡¥ ÔËË¥±É¨¢´µ£µ · §³¥·  ±µ²²¥±É¨¢´µ£µ ³¥§µ´  h ≡ 1/Λ̃ § 
¸Î¥É ¡Ò¸É·µ£µ Ê¡Ò¢ ´¨Ö ËÊ´±Í¨° f(t) ¨ g(t) ¶·¨ |t2| � h2.

� §² £ Ö q(y) ¨ q̄(x) ¢ ·Ö¤Ò ’¥°²µ·  ¢ µ±·¥¸É´µ¸É¨  ¡¸µ²ÕÉ´µ° ±µµ·¤¨-
´ ÉÒ z:

q(y) = q(z) + tµ∂µq(z) +O(t2) , q̄(x) = q(z)− tµ∂µq(z) +O(t2)

¨ ¨¸¶µ²Ó§ÊÖ (8.4), ¶µ²ÊÎ¨³∫∫
d4xd4y q̄(x)η̃(x, y)q(y) = 2

∫
d4z q̄(z)η(z)q(z)

∫
d4t f(t) +

+ 2

∫
d4z∂µq̄(z)η(z)∂µq(z)

∫
d4t t2f(t) +

+ (excitation terms) .

„²Ö ¶¥·¢µ£µ ¶µ±µ²¥´¨Ö ³¥§µ´µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³Ê²ÓÉ¨¶²¥É ³
(
0++, 0−+,

1−−, 1++
)
, ¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

Z =

∫
DΦDΦ†DV DA exp

{∫
d4z

[
− 1

4G1
tr [Φ(z)†Φ(z)]−

− 1

4G2
tr
(
V 2
µ (z) +A2

µ(z)
)

+ q̄(z)iåDq(z)−

− α

Λ̃2
∂µq̄(z) η(z) ∂µq(z)

]}
, (8.6)

£¤¥ åD Å ¤¨· ±µ¢¸±¨° µ¶¥· Éµ·, ¸µ¢¶ ¤ ÕÐ¨° ¸ ¢Ò· ¦¥´¨¥³ (2.4) · ¸Ï¨·¥´-

´µ° ³µ¤¥²¨ �ˆ‹. ‚ ¢Ò· ¦¥´¨¨ (8.6) ³Ò ¢¢¥²¨ µ¡µ§´ Î¥´¨¥ Λ̃2 = h−1,  
¶ · ³¥É· α µ¶·¥¤¥²¥´ ± ± ¨´É¥£· ²

α

Λ̃2
=

1

2

∫
d4t t2f(t) , (8.7)

£¤¥ f(t) ´µ·³¨·µ¢ ´  ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: 2
∫
d4tf(t) = 1.
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Šµ´¸É ´ÉÒ ¸¢Ö§¨ G1 ¨ G2 µ¶·¥¤¥²¥´Ò ± ±

1

G1
=

1

2G2
=

9

8

∫
d4t

f2(t)

D(2t)
. (8.8)

‡ ³¥É¨³, ÎÉµ ¢ É ±µ³ ¶·¨¡²¨¦¥´¨¨ µÉ´µÏ¥´¨¥ G2 ± G1 · ¢´µ 1/2, ¢ Éµ ¢·¥³Ö
± ± Ë¥´µ³¥´µ²µ£¨Ö ¶·¥¤¸± §Ò¢ ¥É G2/G1 ∼ 4. ‚ ¶·¨´Í¨¶¥ ¶·µ¡²¥³Ê ³µ¦´µ
·¥Ï¨ÉÓ ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ¢ (8.4) ¨ (8.5) · §²¨Î ÕÐ¨Ì¸Ö ËÊ´±Í¨° fσ(t)
(σ = 0, 1, · · ·), ±µÉµ·Ò¥ µÉ¢¥Î ÕÉ · §²¨Î´µ° ²µ± ²¨§ Í¨¨ ³¥§µ´´ÒÌ ¸µ¸ÉµÖ´¨°
¸µ ¸¶¨´ ³¨ σ = 0 ¨ σ = 1. �¤´ ±µ, ÎÉµ¡Ò ´¥ Ê¸²µ¦´ÖÉÓ ´ Ï¥ · ¸¸³µÉ·¥´¨¥
´¥²µ± ²Ó´ÒÌ ¶µ¶· ¢µ±, ³Ò ¡Ê¤¥³ ¶·¥´¥¡·¥£ ÉÓ É ±µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ ¸¶¨´ .

�¥·¢Ò¥ É·¨ Î²¥´  ¢ (8.6) ¸µ¢¶ ¤ ÕÉ ¸ ¢Ò· ¦¥´¨¥³ ¤²Ö ² £· ´¦¨ ´  (2.3),
¢µ§´¨± ÕÐ¥£µ ¶µ¸²¥ ²¨´¥ ·¨§ Í¨¨ · ¸Ï¨·¥´´µ° ³µ¤¥²¨ �ˆ‹. �µ¸²¥ ¨´É¥-
£·¨·µ¢ ´¨Ö ¶µ Î ¸ÉÖ³ ¨ µÉ¡· ¸Ò¢ ´¨Ö ¶µ¢¥·Ì´µ¸É´ÒÌ Î²¥´µ¢ ¶µ¸²¥¤´¨° Î²¥´
¢ (8.6) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥∫

d4z∂µq̄(z) η(z) ∂µq(z) = −
∫
d4zq̄(z)

[
∂µη(z) ∂µ + η(z) ∂2

]
q(z) . (8.9)

Šµ´¥Î´µ, ´ ³ ´¥ ¨§¢¥¸É¥´ ÉµÎ´Ò° ¢¨¤ ËÊ´±Í¨¨ f(t), ÎÉµ¡Ò µÍ¥´¨ÉÓ ¢ ¢Ò-
· ¦¥´¨¨ (8.6) ¶ · ³¥É· α. �¤´ ±µ ¤²Ö ¶µ²ÊÎ¥´¨Ö · §Ê³´ÒÌ µÍ¥´µ± ³µ¦´µ
¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨¡²¨¦¥´¨¥ Ë¨±¸¨·µ¢ ´´µ£µ · ¸¸ÉµÖ´¨Ö [23], ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥¥ ¸²ÊÎ Õ, ±µ£¤  ¸µ¸É ¢²ÖÕÐ¨¥ ±¢ ·±¨ ¢ ³¥§µ´¥ ¦¥¸É±µ ²µ± ²¨§µ¢ ´Ò ´ 
Ï± ²¥ h.

’ ±ÊÕ ¦¥¸É±ÊÕ ²µ± ²¨§ Í¨Õ ³µ¦´µ ÊÎ¥¸ÉÓ, ¢¢¥¤Ö ¢ ¶µ¤Ò´É¥£· ²Ó´µ¥ ¢Ò-
· ¦¥´¨¥ ¤²Ö ¤¥°¸É¢¨Ö Sint (1.5) ¤¥²ÓÉ -ËÊ´±Í¨Õ δ((x − y)2 − h2). ’µ£¤ 
¤¥°¸É¢¨¥ (1.5) ¶·¨³¥É ¢¨¤

Sint = −iκ
2

2

∫∫
d4xd4y jaµ(x) j

a µ(y)D(x − y) δ
(
(x− y)2 − h2

)
, (8.10)

£¤¥ ±µ´¸É ´É  κ ¢¢¥¤¥´  ¤²Ö ¶µ²ÊÎ¥´¨Ö ¶· ¢¨²Ó´µ° · §³¥·´µ¸É¨ ([κ] = m−1).
�µ¸²¥ ¸¤¢¨£   ·£Ê³¥´É  y ¸ ¶µ³µÐÓÕ ²µ·¥´Í-¨´¢ ·¨ ´É´µ£µ µ¶¥· Éµ· 

q(y) = exp
(
(y − x)µ∂µ

)
q(x)

ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ (8.10) ¶¥·¥¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Sint = −iκ
2D(h)

2

∫
d4x jaµ(x)K(h, x) ja µ(x) , (8.11)

£¤¥

K(h, x) =

∫
d4y exp

(
(y − x)µ∂µ

)
δ
(
(x − y)2 − h2

)
. (8.12)
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�·µ¨´É¥£·¨·µ¢ ¢ ¶µ ¶µ²Ö·´Ò³ ±µµ·¤¨´ É ³ ¨ · §²µ¦¨¢ ¢Ò· ¦¥´¨¥ (8.12) ¢
·Ö¤

K(h, x) = π2h2
∞∑
n=0

1

(2n)!

Γ(n+ 1
2 )

Γ(1
2 )Γ(n+ 2)

h2n2n = π2h2

[
1 +

1

8

2

Λ̃2
+O

(
22

Λ̃4

)]
,

(8.13)
³Ò ³µ¦¥³ ¶¥·¥¶¨¸ ÉÓ ¤¥°¸É¢¨¥ (8.11) ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Sint = −i9G
16

∫
d4x

[
jaµ(x) j

aµ(x) +
1

8Λ̃2
jaµ(x) (2jaµ(x))

]
+O

(
22

Λ̃4

)
,

(8.14)
£¤¥ G = 8

9π
2κ2h2D(h).

�µ¸²¥ ¶·¥µ¡· §µ¢ ´¨Ö ”¨·Í  ¤¥°¸É¢¨¥ (8.14) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

Sint = i
9G

16

∫
d4x

(
q̄(x)
Mθ

2
q(x) q̄(x)

Mθ

2
q(x) +

+
1

8Λ̃2
q̄(x)
Mθ

2
2
[
q(x)q̄(x)

]Mθ

2
q(x)

)
, (8.15)

£¤¥Mθ Å É¥´§µ·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¢¨¤  (1.7). �¥·¢Ò° Î²¥´ ¢ (8.15) ¶·¨¢µ¤¨É
± ÔËË¥±É¨¢´µ³Ê Î¥ÉÒ·¥Ì±¢ ·±µ¢µ³Ê ¢§ ¨³µ¤¥°¸É¢¨Õ ³µ¤¥²¨ �ˆ‹, ¢ Éµ ¢·¥³Ö
± ± ¢Éµ·µ° Î²¥´, ¶·µ¶µ·Í¨µ´ ²Ó´Ò° 1/Λ̃2, ÊÎ¨ÉÒ¢ ¥É ÔËË¥±ÉÒ ±µ´¥Î´µ£µ
· §³¥·  ±µ²²¥±É¨¢´ÒÌ ³¥§µ´µ¢. ‚Éµ·µ° Î²¥´ ¢ (8.15) ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ ±
¢¨¤Ê

S(2)
int =

i

16Λ̃2

∫
d4xq̄(x)

[
∂µη(x) ∂µ+η(x) ∂2

]
q(x)+(excitation terms) , (8.16)

£¤¥ η(x) Å ±µ³¡¨´ Í¨Ö ²µ± ²Ó´ÒÌ ±µ²²¥±É¨¢´ÒÌ ¶µ²¥° (8.5), ±µÉµ·Ò¥ É¥-
¶¥·Ó µ¶·¥¤¥²¥´Ò ¸µµÉ´µÏ¥´¨Ö³¨ (2.2) ¶·¨ G1 = 2G2 = G/4. ‘· ¢´¨¢ Ö
¢Ò· ¦¥´¨Ö (8.9) ¨ (8.16), ¶µ²ÊÎ¨³ α = 1/16, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ´ ¨¢´µ³Ê
¶·¨¡²¨¦¥´¨Õ Ë¨±¸¨·µ¢ ´´µ£µ · ¸¸ÉµÖ´¨Ö ¢ ¡¨²µ± ²Ó´µ° ³µ¤¥²¨.

…¸²¨ · ¸¸³ É·¨¢ ÉÓ ³¥§µ´ ± ± ¸¢Ö§ ´´ÊÕ q̄q-¸¨¸É¥³Ê ¢ ÔËË¥±É¨¢´µ³ £²Õ-
µ´´µ³ ¶µÉ¥´Í¨ ²¥, ¶µ  ´ ²µ£¨¨ ¸  Éµ³µ³ ¢µ¤µ·µ¤  ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥,
Éµ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  § ¶¨Ï¥É¸Ö ¢
¢¨¤¥ [71] (h̄ = c = 1):

− 1

2m
∇2Ψ(r) + [V (r)− E]Ψ(r) = 0 .

‡¤¥¸Ó Ψ Å ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¢´ÊÉ·¥´´¥£µ ¤¢¨¦¥´¨Ö; m Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸ 
¸µ¸É ¢²ÖÕÐ¨Ì ±¢ ·±µ¢ ¢ ¤¢ÊÌÎ ¸É¨Î´µ° ¸¨¸É¥³¥, m = (m1m2)/(m1 + m2);
r Å µÉ´µ¸¨É¥²Ó´ Ö ±µµ·¤¨´ É ; V (r) Å ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö, ¨ E Å
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¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ £ ³¨²ÓÉµ´¨ ´ . „²Ö ¸Ë¥·¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  ¢µ²´µ¢ Ö
ËÊ´±Í¨Ö Ψ µ¡ÒÎ´µ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨Ö · ¤¨ ²Ó´µ° ËÊ´±Í¨¨
R(r), £¤¥ r = |r|, ¨ ¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± Ylm(Θ, φ): Ψ(r) = R(r)Ylm(Θ, φ).
“· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó´µ° ËÊ´±Í¨¨ ¨³¥¥É ¢¨¤

−u′′(r) = 2m

[
E − V (r) − l(l+ 1)

2mr2

]
u(r) , u(r) = rR(r) (8.17)

¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ u(0) = 0.
�¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ¢ · ³± Ì Š•„ ´  ·¥Ï¥É± Ì [72] ¶µ± §Ò¢ ÕÉ, ÎÉµ

´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ÔËË¥±É¨¢´µ¥ ±¢ ·±- ´É¨±¢ ·±µ¢µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥
³µ¦´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ (¶·¥´¥¡·¥£ Ö ±Ê²µ´µ¢¸±¨³¨ ¨ ¤·Ê£¨³¨ ¶µ¶· ¢± ³¨)
²¨´¥°´µ · ¸ÉÊÐ¨³ ¶µÉ¥´Í¨ ²µ³ ∗:

V (r) = σ · r, (8.18)

£¤¥ σ ≈ 0, 27 ƒÔ‚2 ¶·¨ mu = md = µ = 0, 336 ƒÔ‚ [73]. ‚ ÔÉµ³ ¸²ÊÎ ¥ Ì -
· ±É¥·¨¸É¨Î¥¸±µ¥ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¸µ¸É ¢²ÖÕÐ¨³¨ ±¢ ·±µ³ ¨  ´É¨±¢ ·±µ³
<r> ³µ¦´µ ²¥£±µ µÍ¥´¨ÉÓ ¸ ¶µ³µÐÓÕ É¥µ·¥³Ò ¢¨·¨ ² :

< r >≡ h =
2E1

3σ
≈ 0, 68 Ë³.

‡¤¥¸Ó E1 = 2, 238(σ2/2µ)1/3 Å Ô´¥·£¨Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. ‚ ¤ ²Ó´¥°Ï¥³
³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ µ¸´µ¢´Ò¥ ¸µ¸ÉµÖ´¨Ö (l = 0), Éµ ¥¸ÉÓ ¡Ê¤¥³
µÉ¡· ¸Ò¢ ÉÓ ¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö, É ±¨¥ ± ± π∗, K∗ ¨ É.¤. �µ¸²¥ ³ ¸-
ÏÉ ¡¨·µ¢ ´¨Ö Ê· ¢´¥´¨Ö (8.17) ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ρ = r/h0 ¨ w(ρ) = u(r)

¶µ²ÊÎ¨³ w′′(ρ) + (ε − 2ρ)w(ρ) = 0, £¤¥ ε = 2m(2mσ)−
2
3E. „²Ö ¡µ²ÓÏ¨Ì ρ

·¥Ï¥´¨Ö ¢¥¤ÊÉ ¸¥¡Ö ± ± ËÊ´±Í¨¨ �°·¨ w(ρ) ∼ Ai(ρ), Ê¡Ò¢ Ö Ô±¸¶µ´¥´Í¨-
 ²Ó´µ ± ´Ê²Õ. � ¤¨ ²Ó´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö R(r), µ¶·¥¤¥²Ö¥³ Ö Ê· ¢´¥´¨¥³
(8.17), Ê¡Ò¢ ¥É ¥Ð¥ ¡Ò¸É·¥¥. �µÔÉµ³Ê ³µ¦´µ µ¦¨¤ ÉÓ ³ ²ÒÌ ¸·¥¤´¥±¢ ¤· -
É¨Î´ÒÌ µÉ±²µ´¥´¨° ∆r ¤²Ö · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê ¸µ¸É ¢²ÖÕÐ¨³¨ ±¢ ·± ³¨.

�²ÓÉ¥·´ É¨¢´ Ö µÍ¥´±  ÔËË¥±É¨¢´µ£µ · ¸¸ÉµÖ´¨Ö ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ 
¸ ¶µ³µÐÓÕ ³µ¤¥²¨·µ¢ ´¨° ¢ Š•„ ´  ·¥Ï¥É± Ì [74]. ‚ ÔÉµ³ ¸²ÊÎ ¥ · ¸-
¸ÉµÖ´¨¥ ±µ··¥²ÖÍ¨°, ±µÉµ·µ¥ Ö¢²Ö¥É¸Ö ³¥·µ° µ¡² ¸É¨ ¤¥°¸É¢¨Ö Í¢¥É´ÒÌ ¸¨²,
µ± §Ò¢ ¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¥: h ∼ 0, 22 Ë³. „²Ö Î¨¸²¥´´ÒÌ µÍ¥´µ± ³Ò
¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¢¥²¨Î¨´Ê h = 0, 68 Ë³, ¶µ²ÊÎ ¥³ÊÕ ¨§ É¥µ·¥³Ò ¢¨·¨ ² .
�É  ¢¥²¨Î¨´  ¡Ê¤¥É ¤ ¢ ÉÓ ´ ³ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ¤²Ö µÍ¥´µ± ´¥²µ± ²Ó´ÒÌ
ÔËË¥±Éµ¢.

∗ŒÒ ¶·¥´¥¡·¥£ ¥³ §¤¥¸Ó ÔËË¥±É ³¨ Ô±· ´¨·µ¢±¨ ¢¨·ÉÊ ²Ó´Ò³¨ q̄q-¶ · ³¨ ´  µÎ¥´Ó ¡µ²Ó-
Ï¨Ì · ¸¸ÉµÖ´¨ÖÌ.
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ˆ¸¶µ²Ó§ÊÖ §´ Î¥´¨Ö ¢¥²¨Î¨´ Λ̃ = 0, 28 ƒÔ‚ ¨ µ = 0, 336 ƒÔ‚, ¶µ²ÊÎ¨³

αµ2

Λ̃2
≈ 0, 09 . (8.19)

�ÉÊ ¢¥²¨Î¨´Ê ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ± ± ³ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö ¶·¨
Î¨¸²¥´´ÒÌ µÍ¥´± Ì ´¥²µ± ²Ó´ÒÌ ÔËË¥±Éµ¢.

�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¶µ²Ö³ ±¢ ·±µ¢ ¶µ²´µ¥ ¤¥°¸É¢¨¥, ¢µ§´¨± ÕÐ¥¥
¨§ ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ²  (8.6), § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥,  ´ ²µ£¨Î´µ³ (2.6):

S(Φ,Φ†, V, A) =

∫
d4z

[
− 1

4G1
tr (Φ†Φ)− 1

4G2
tr (V 2

µ +A2
µ)

]
−

−iTr′[ln (i å̃D)] .

‡¤¥¸Ó ¢Éµ·µ° Î²¥´ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ±¢ ·±µ¢Ò° ¤¥É¥·³¨´ ´É ¤¨· ±µ¢¸±µ£µ

µ¶¥· Éµ·  i å̃D, ³µ¤¨Ë¨Í¨·µ¢ ´´µ£µ ´¥²µ± ²Ó´Ò³¨ ¢±² ¤ ³¨. ‚Ò· ¦¥´¨¥ ¤²Ö
´¥£µ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ (2.4) ¸ ¶µ³µÐÓÕ § ³¥´Ò

AR/Lµ → AR/Lµ

(
1 +

α

Λ̃2
∂2

)
+

α

Λ̃2

(
∂νA

R/L
µ

)
∂ν ,

Φ→ Φ

(
1 +

α

Λ̃2
∂2

)
+

α

Λ̃2

(
∂νΦ

)
∂ν .

Œ¥Éµ¤ Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¨ ¶·¨ ¢ÒÎ¨¸²¥´¨¨

³µ¤Ê²Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¤²Ö ¤¨· ±µ¢¸±µ£µ µ¶¥· Éµ· 
ˆ̃
D, ³µ¤¨Ë¨Í¨-

·µ¢ ´´µ£µ ´¥²µ± ²Ó´Ò³¨ ¢±² ¤ ³¨. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¶¥· Éµ· ˆ̃
D
† ˆ̃
D ¶·¨³¥É ¢¨¤

ˆ̃
D
† ˆ̃
D = β∂2 + µ2 + 2Γµ∂

µ + Γ2
µ + a(x) +

+
α

Λ̃2

[
b(x) +Qα(x)∂α + c(x)∂2 + 2

(
Γµ∂

2 + ∂αΓµ∂
α
)
∂µ
]

+O

(
α2

Λ̃4

)
,

£¤¥ β = 1 + 2αµ2/Λ̃2. Šµ³¡¨´ Í¨¨ a(x), b(x), c(x) ¨ Qα(x) ´¥ ¸µ¤¥·¦ É
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢, ¤¥°¸É¢ÊÕÐ¨Ì ´  ±¢ ·±µ¢Ò¥ ¶µ²Ö:

a(x) = iγµ
(
PRDµΦ + PLDµΦ

†)+ PRM+ PLM+
1

4
[γµ, γν ]Γµν ,

b(x) = iγµ
[
PR
(
ALµ∂

2Φ + ∂αA
L
µ∂

αΦ− Φ∂2ARµ − ∂αΦ∂αARµ
)

+

+PL
(
ARµ ∂

2Φ† + ∂αA
R
µ ∂

αΦ† − Φ†∂2ALµ − ∂αΦ†∂αALµ
)]

+

+PR
(
Φ†∂2Φ + ∂αΦ†∂αΦ

)
+ PL

(
Φ∂2Φ† + ∂αΦ∂αΦ†

)
+ Γµ∂

2Γµ +
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+
(
∂αΓµ

)2
+

1

4
[γµ, γν]

([
∂αΓµ, ∂

αΓν
]
+ Γµ∂

2Γν − Γν∂
2Γµ

)
,

c(x) = a(x) + iγµ
[
PR
(
ALµΦ− ΦARµ

)
+ PL

(
ARµΦ† − Φ†ALµ

)]
+

+PRM+ PLM+ 2Γ2
µ +

1

4
[γµ, γν ][Γµ,Γν

]
,

Qα(x) = 3Γµ∂αΓµ + ∂αΓµ Γµ + ∂αa(x) +

+2iγµ
[
PR
(
ALµ∂αΦ− Φ∂αA

R
µ

)
+ PL

(
ARµ ∂αΦ† − Φ†∂αA

L
µ

)]
+

+2
(
PRΦ†∂αΦ + PLΦ∂αΦ†

)
+

1

2
[γµ, γν ]

(
Γµ∂αΓν − Γν∂αΓµ

)
.

Œµ¤¨Ë¨Í¨·µ¢ ´´Ò¥ ·¥±Ê·¸¨¢´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ-
¶·µ¢µ¤´µ¸É¨ hk(x) = hk(x, y = x) ¨³¥ÕÉ ¢¨¤

2
α

Λ̃2
Γµt

µt2hn+3(x, y) +

+
α

Λ̃2

[
t2
(
2Γ2

µ + c(x)
)

+

+2Γµ
(
3tµ + 2tµtα∂

α + t2∂µ
)

+ 2∂αΓµ t
µtα
]
hn+2(x, y) +

+

[
n+ 1 + 2tµd

µ +
α

2Λ̃2

(
+ 4c(x)

(
1 + tα∂

α
)
− 8µ2tαd

α + 2Qα(x)tα +

+2∂αΓµ
(
tµ∂α + tα∂µ

)
+ 4Γµ

(
2∂µ + 2tα∂

α∂µ + tµ∂2
))]

hn+1(x, y) +

+

[
a(x) + dµd

µ +
α

Λ̃2

(
b(x) +Qα(x)∂α + 2

(
Γµ∂

2 + ∂αΓµ ∂
α
)
∂µ +

+c(x)∂2

)]
hn(x, y) = 0 ,

£¤¥ µ¶¥· Éµ· ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ∂µ ¤¥°¸É¢Ê¥É Éµ²Ó±µ ´  x. ‚ ¸²ÊÎ ¥ Vµ =
= Aµ = 0 ·¥±Ê·¸¨¢´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨
¸¢µ¤ÖÉ¸Ö ± Ê· ¢´¥´¨Õ

α

Λ̃2
t2c̃(x)hn+2(x, y) +

+

{
n+ 1 + 2tµ∂

µ +
α

Λ̃2

[
2
(
ã(x) + c̃(x)

)(
1 + tµ∂

µ
)
− 4µ2tµ∂

µ +

+tµ
(
∂µã(x) + 2Q̃µ(x)

)]}
hn+1(x, y) +

+

{
ã(x) + ∂2 +

α

Λ̃2

[
b̃(x) +

(
∂µã(x) + 2Q̃µ(x)

)
∂µ +
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+
(
ã(x) + c̃(x)

)
∂2

)]}
hn(x, y) = 0 , (8.20)

£¤¥

ã(x) = iγµ
(
PR∂µΦ + PL∂µΦ

†)+ PRM+ PLM ,

b̃(x) = PR
(
Φ†∂2Φ + ∂µΦ

†∂µΦ
)

+ PL
(
Φ∂2Φ† + ∂µΦ∂

µΦ†
)
,

c̃(x) = PRM+ PLM , Q̃µ(x) = PRΦ†∂µΦ + PLΦ∂µΦ
† .

ˆ§ (8.20) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨Ö ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨
h0, ..., h3, ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ ´¥²µ± ²Ó´Ò³¨ ¢±² ¤ ³¨:

h0(x) = 1,

tr′ [h1(x)] = −tr′
[
ã+

α

Λ̃2

(
b̃− ã

(
ã+ c̃

))]
+O

(
α2

Λ̃4

)
,

tr′ [h2(x)] = tr′
[
1

2
ã2 +

α

Λ̃2

(
ãb̃− 2

3
ã2
(
ã+ c̃

)
+

5

12

(
∂µã

)2 − 1

12
∂µã ∂

µc̃−

−ã ∂µQ̃µ
)]

+O

(
α2

Λ̃4

)
,

tr′ [h3(x)] = −tr′
{

1

6
ã3 − 1

12

(
∂µã

)2
+

α

Λ̃2

[
1

2
ã2b̃− 1

4
ã3
(
ã+ c̃

)
−

−ã2

(
3

10
∂2ã+

1

2
∂µQ̃µ +

2

3
∂2c̃

)
−

−ã
(

5

6

(
∂µã

)2
+

1

15
∂2ã c̃+

2

5
∂µã ∂

µc̃+
11

30
∂µc̃ ∂

µã+

+
1

20

(
∂2∂2c̃+ c̃∂2ã

)
+

+
1

6

(
∂2∂µQ̃µ − Q̃µ∂µã+ ∂µã Q̃µ − ∂2b̃

))
−

− 1

15

(
∂2c̃ ∂2ã− c̃

(
∂µã

)2 − (∂2ã
)2)− 1

18
µ2
(
∂µã

)2]}
+

+O

(
α2

Λ̃4

)
.

‚Ò· ¦¥´¨° ¤²Ö h1, h2 ¨ h3 ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ´¥²µ± ²Ó´Ò¥ ¶µ-
¶· ¢±¨ ± ÔËË¥±É¨¢´µ³Ê ¡µ§µ´¨§µ¢ ´´µ³Ê ² £· ´¦¨ ´Ê, ¢±²ÕÎ ÕÐ¥³Ê p4-
Î²¥´Ò (´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ± ±µÔËË¨Í¨¥´ÉÊ h4 ¤ ÕÉ ¢±² ¤, ´ Î¨´ Ö ¸
p6-Î²¥´µ¢).
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‚ÒÎ¨¸²¥´¨Ö ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ¸ ÊÎ¥Éµ³ ´¥²µ± ²Ó´ÒÌ ÔËË¥±Éµ¢
[23] ¶·¨¢µ¤ÖÉ ± ³µ¤¨Ë¨Í¨·µ¢ ´´µ³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ±µ´¸É ´ÉÒ F0:

F 2
0 =

Ncµ
2

4π2

[
y − 4π2 <q̄q>

µ3Nc

αµ2

Λ̃2

]
, (8.21)

£¤¥ ¶¥·¢Ò° Î²¥´ µÉ¢¥Î ¥É ²µ± ²Ó´µ³Ê ¶·¥¤¥²Ê, ¢ Éµ ¢·¥³Ö ± ± ¢Éµ·µ° ¸µ-
µÉ¢¥É¸É¢Ê¥É ´¥²µ± ²Ó´µ° ¶µ¶· ¢±¥. „²Ö ³¥§µ´´µ° ³ ¸¸µ¢µ° ³ É·¨ÍÒ χ =
= diag(χ2

u, χ
2
d, ..., χ

2
n) ¶µ²ÊÎ¨³

χ2
i =

Ncµm
0
i

2π2F 2
0

(
Λ2e−µ

2/Λ2 − µ2y

)
= −2m0

i <q̄q>

F 2
0

. (8.22)

Š·µ³¥ Éµ£µ, ¸É·Ê±ÉÊ·´Ò¥ ±µÔËË¨Í¨¥´ÉÒ Li ³¨´¨³ ²Ó´µ° Î ¸É¨ ÔËË¥±É¨¢-
´µ£µ p4-² £· ´¦¨ ´  ƒ ¸¸¥·  Å ‹¥°É¢¨²¥·  µ¶·¥¤¥²¥´Ò ¸µµÉ´µÏ¥´¨Ö³¨ L1−
−L2/2 = L4 = 0 ¨

L2 =
Nc

16π2

1

12

(
1 + 2

αµ2

Λ̃2

)
,

L3 = − Nc

16π2

1

6

(
1 + 5(1− y)αµ

2

Λ̃2

)
,

L5 =
Nc

16π2
x

[
y − 1− 28

3

αµ2

Λ̃2

]
. (8.23)

�´ ²µ£¨Î´Ò³ ¸¶µ¸µ¡µ³ ³µ¦´µ µÍ¥´¨ÉÓ ´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ± ´¥³¨´¨³ ²Ó-
´µ° Î ¸É¨ ÔËË¥±É¨¢´µ£µ ³¥§µ´´µ£µ p4-² £· ´¦¨ ´ . ‡¤¥¸Ó ³Ò µ£· ´¨Î¨³¸Ö
Éµ²Ó±µ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢
L9 ¨ L10:

L9 =
Nc

16π2

1

3

(
1 +

21y − 26

6

αµ2

Λ̃2

)
,

L10 = − Nc

16π2

1

6

(
1 +

15y − 10

3

αµ2

Λ̃2

)
. (8.24)

‘²¥¤Ê¥É µ¸µ¡µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ´¥ ¢²¨ÖÕÉ ´ 
³ ¸¸µ¢ÊÕ ³ É·¨ÍÊ ³¥§µ´µ¢. �¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ± ¸É·Ê±ÉÊ·´Ò³ ±µÔËË¨-
Í¨¥´É ³ L2, L3, L9 ¨ L10 (¸³. Ëµ·³Ê²Ò (8.23) ¨ (8.24)) ´¥ ¶·¥¢ÒÏ ÕÉ 15Ä20%
¶µ ¸· ¢´¥´¨Õ ¸ ²µ± ²Ó´Ò³ ¶·¥¤¥²µ³. � ¨¡µ²¥¥ ÎÊ¢¸É¢¨É¥²Ó´Ò³ ± ´¥²µ± ²Ó-
´Ò³ ¶µ¶· ¢± ³ µ± §Ò¢ ¥É¸Ö ±µÔËË¨Í¨¥´É L5, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ´¥²µ± ²Ó´Ò¥
ÔËË¥±ÉÒ ¤µ²¦´Ò ¸¨²Ó´µ ¢²¨ÖÉÓ ´  µ¶¨¸ ´¨¥ · ¸Ð¥¶²¥´¨Ö ±µ´¸É ´É · ¸¶ -
¤µ¢ Fπ ¨ FK . ‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¶µ²ÊÎ¥´´Ò¥ µÍ¥´±¨, ¨¸¶µ²Ó§ÊÕÐ¨¥
§´ Î¥´¨¥ h = 0, 68 Ë³ ¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö ²¨´¥°´µ · ¸ÉÊÐ¥£µ
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¶µÉ¥´Í¨ ² , ¤ ÕÉ ¤²Ö ´¥²µ± ²Ó´ÒÌ ¶µ¶· ¢µ± ¸ÊÐ¥¸É¢¥´´µ § ¢ÒÏ¥´´Ò¥ µ£· -
´¨Î¥´¨Ö ¸¢¥·ÌÊ. …¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¢¥²¨Î¨´Ê h ∼ 0, 22 Ë³ ¨§ ³µ¤¥²¨·µ¢ ´¨°
Š•„ ´  ·¥Ï¥É± Ì [74], Éµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ´¥ ¡Ê¤ÊÉ
¶·¥¢ÒÏ ÉÓ 5%. �ÉµÉ ·¥§Ê²ÓÉ É ¶µ§¢µ²Ö¥É ¶µ´ÖÉÓ, ¶µÎ¥³Ê, ´¥¸³µÉ·Ö ´  ¢¸Õ
´¥¶µ²´µÉÊ, ¡µ§µ´¨§ Í¨Ö ³µ¤¥²¨ �ˆ‹ ¶·¨¢µ¤¨É ± ¶· ¢¨²Ó´µ³Ê µ¶¨¸ ´¨Õ ´¨§-
±µÔ´¥·£¥É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¢ É¥·³¨´ Ì ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ
² £· ´¦¨ ´µ¢. Œ ²µ¸ÉÓ ¶µ²ÊÎ¥´´ÒÌ ´¥²µ± ²Ó´ÒÌ ¶µ¶· ¢µ± ¶µ± §Ò¢ ¥É, ÎÉµ
³µ¤¥²Ó �ˆ‹, ± ± ²µ± ²Ó´ Ö ³µ¤¥²Ó ÔËË¥±É¨¢´ÒÌ Î¥ÉÒ·¥Ì±¢ ·±µ¢ÒÌ ¢§ ¨-
³µ¤¥°¸É¢¨°, ¤¥°¸É¢¨É¥²Ó´µ Ö¢²Ö¥É¸Ö · §Ê³´Ò³ Ë¨§¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³,
µ¶¨¸Ò¢ ÕÐ¨³ ±¨· ²Ó´ÊÕ ¤¨´ ³¨±Ê ±¢ ·±µ¢.

‡�Š‹�—…�ˆ…

Š•„-³µÉ¨¢¨·µ¢ ´´Ò¥ ¡¨²µ± ²Ó´Ò¥ ³µ¤¥²¨ ÔËË¥±É¨¢´ÒÌ ±¢ ·±µ¢ÒÌ ¢§ -
¨³µ¤¥°¸É¢¨° ¨ ¢µ§´¨± ÕÐ¨¥ ¨§ ´¨Ì ¢ ²µ± ²Ó´µ³ ¶·¥¤¥²¥ · §²¨Î´Ò¥ ³µ¤¨-
Ë¨± Í¨¨ · ¸Ï¨·¥´´µ° ³µ¤¥²¨ �ˆ‹ Ö¢²ÖÕÉ¸Ö ¶²µ¤µÉ¢µ·´Ò³¨ ¶µ¤Ìµ¤ ³¨ ±
¨§ÊÎ¥´¨Õ ¢´ÊÉ·¥´´¥° ±¢ ·±µ¢µ° ¸É·Ê±ÉÊ·Ò  ¤·µ´µ¢. ‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ³Ò
µ£· ´¨Î¨²¨¸Ó ¶µ¤·µ¡´Ò³ µ¡¸Ê¦¤¥´¨¥³ ²¨ÏÓ É¥Ì  ¸¶¥±Éµ¢ ¡µ§µ´¨§ Í¨¨ ³µ-
¤¥²¨ �ˆ‹, ±µÉµ·Ò¥ ¸¢Ö§ ´Ò ¸ ¶µ²ÊÎ¥´¨¥³ ±¨· ²Ó´ÒÌ ³¥§µ´´ÒÌ ² £· ´¦¨ ´µ¢
¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö. Œ´µ£¨¥ ¤·Ê£¨¥ ¢ÒÌµ¤ÖÐ¨¥ § 
· ³±¨ ´ Ï¥£µ · ¸¸³µÉ·¥´¨Ö ¢µ¶·µ¸Ò, ¢ Éµ³ Î¨¸²¥ Ê· ¢´¥´¨Ö �¥É¥ Å ‘µ²¶¨-
É¥·  ¤²Ö ¸¢Ö§ ´´ÒÌ qq-¸µ¸ÉµÖ´¨°, ¤¨±¢ ·±¨ ¨ ¸µ²¨Éµ´´ Ö ³µ¤¥²Ó ¡ ·¨µ´µ¢,
¤¥É ²Ó´µ · §¡¨· ÕÉ¸Ö ¢ µ¡§µ· Ì [12, 27, 30, 31] ¨ ¤·Ê£¨Ì Í¨É¨·Ê¥³ÒÌ ´ ³¨
· ¡µÉ Ì.

‚ µ¡ÒÎ´µ° ³µ¤¥²¨ �ˆ‹ ¤²Ö ·¥£Ê²Ö·¨§ Í¨¨ “”-· ¸Ìµ¤¨³µ¸É¥° ¢ ±¢ ·±µ-
¢ÒÌ ¶¥É²ÖÌ ¸ ¢´¥Ï´¨³¨ ³¥§µ´´Ò³¨ ¶µ²Ö³¨, ¢µ§´¨± ÕÐ¨Ì ¶·¨ ¢ÒÎ¨¸²¥´¨¨
±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É , ¢¢µ¤¨É¸Ö µ¡·¥§ ´¨¥ ¸¢¥·ÌÊ ¶µ ¨³¶Ê²Ó¸ ³. Š·µ³¥
Éµ£µ, ¢ É ±µ³ ¶µ¤Ìµ¤¥ ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¨³¶Ê²Ó¸´ Ö § ¢¨¸¨³µ¸ÉÓ ¢ ±¢ ·±-³¥§µ´-
´ÒÌ ¢¥·Ï¨´ Ì (´¥²µ± ²Ó´µ¸ÉÓ), ¡µ²¥¥ ¤¥É ²Ó´µ µÉ· ¦ ÕÐ Ö ¸µ¸É ¢´ÊÕ ¸É·Ê±-
ÉÊ·Ê  ¤·µ´µ¢,   É ±¦¥ µÉ¸ÊÉ¸É¢Ê¥É ±µ´Ë °´³¥´É ±¢ ·±µ¢. ’¥³ ´¥ ³¥´¥¥ ¡µ-
§µ´¨§ Í¨Ö ³µ¤¥²¨ �ˆ‹ ¶·¨¢µ¤¨É ± ¶· ¢¨²Ó´µ° Ë¥´µ³¥´µ²µ£¨¨ ´¨§±µÔ´¥·£¥-
É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ´¥ Éµ²Ó±µ ¢ ¤·¥¢¥¸´µ³ p2-¶·¨¡²¨¦¥´¨¨, ¢µ¸-
¶·µ¨§¢µ¤ÖÐ¥³ ·¥§Ê²ÓÉ ÉÒ  ²£¥¡·Ò Éµ±µ¢, ´µ ¨ ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì É¥µ·¨¨
¢µ§³ÊÐ¥´¨° ¸ ÊÎ¥Éµ³ Ê´¨É ·´ÒÌ ¶µ¶· ¢µ±, µ¡Ê¸²µ¢²¥´´ÒÌ ³¥§µ´´Ò³¨ ¶¥-
É²Ö³¨. ˆ³¥´´µ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ Ö¢²Ö¥É¸Ö £² ¢´Ò³  ·£Ê³¥´Éµ³ ¢ ¶µ²Ó§Ê
³µ¤¥²¨ �ˆ‹ ± ± ²µ± ²Ó´µ£µ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¶·¨¡²¨¦¥´¨Ö Š•„.

�·¨ µ¡¸Ê¦¤¥´¨¨ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ ¸É ÉÊ¸  ¡µ§µ´¨§µ¢ ´´ÒÌ ² £· ´-
¦¨ ´µ¢ ³Ò µ£· ´¨Î¨²¨¸Ó · ¸¸³µÉ·¥´¨¥³ ¸¥±Éµ·  ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢.
�Ò²µ ¶µ± § ´µ, ÎÉµ ¢¥±Éµ·´Ò¥,  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò¥ ¨ ¸± ²Ö·´Ò¥ ³¥§µ´Ò ³µ-
£ÊÉ ¡ÒÉÓ ¨¸±²ÕÎ¥´Ò ¨§ Ö¢´µ£µ · ¸¸³µÉ·¥´¨Ö ¸ ¶µ³µÐÓÕ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ
¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ·¥§µ´ ´¸´Ò³ ¸É¥¶¥´Ö³ ¸¢µ¡µ¤Ò ¢ ¶·µ¨§¢µ¤ÖÐ¥³ ËÊ´±Í¨µ-
´ ²¥ ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹. Œµ¤¨Ë¨± Í¨Ö ¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨-
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¥´Éµ¢ ÔËË¥±É¨¢´ÒÌ ² £· ´¦¨ ´µ¢ ¶µ¸²¥ ·¥¤Ê±Í¨¨ ·¥§µ´ ´¸µ¢ ¶·¨¢µ¤¨É, ± ±
¶· ¢¨²µ, ± §´ Î¨É¥²Ó´µ³Ê Ê²ÊÎÏ¥´¨Õ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ
¶µ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³ ³¥§µ´´Ò³ ¶·µÍ¥¸¸ ³ ± ± ¢ p4-, É ± ¨ ¢ p6-¶µ·Ö¤± Ì
±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¸ ¡µ§µ´¨§µ¢ ´´Ò³¨ ² £· ´¦¨ ´ ³¨. ’¥³ ´¥
³¥´¥¥ ¸²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ µ¶¨¸ ´¨¥ ¶·µÍ¥¸¸µ¢ ¸ ¢¥±Éµ·´Ò³¨ ¨  ±¸¨ ²Ó´µ-
¢¥±Éµ·´Ò³¨ ³¥§µ´ ³¨ ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ¶µ-¢¨¤¨³µ³Ê, ´ Ìµ¤¨É¸Ö ´ 
£· ´¨Í¥ ¶·¨³¥´¨³µ¸É¨ ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö ¢ ±¨· ²Ó´µ° É¥µ·¨¨.

‡ ³¥É¨³, ÎÉµ É·Ê¤´µ¸É¨, µ¡Ê¸²µ¢²¥´´Ò¥ µ£· ´¨Î¥´´µ¸ÉÓÕ ¶·¨³¥´¨³µ¸É¨
¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö, ¢µ§´¨± ÕÉ Ê¦¥ ¶·¨ µ¶¨¸ ´¨¨ · ¸¶ ¤µ¢ η- ¨ η′-
³¥§µ´µ¢. ‚ ÔÉµ³ ¸²ÊÎ ¥ ´¥µ¡Ìµ¤¨³ É ±¦¥ ÊÎ¥É ´ ·ÊÏ¥´¨Ö U(1)-¸¨³³¥É·¨¨,
´ ¶·¨³¥·, ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ¤µ¶µ²´¨É¥²Ó´µ£µ Ï¥¸É¨±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°-
¸É¢¨Ö, ¨´¤ÊÍ¨·µ¢ ´´µ£µ ¨´¸É ´Éµ´ ³¨ ¨ ¸¢Ö§ ´´µ£µ ¸ ¤¥É¥·³¨´ ´Éµ³ É'•µµË-
É  [80]. ‚ · ³± Ì É ±µ£µ · ¸Ï¨·¥´¨Ö ³µ¤¥²¨ �ˆ‹ ¨§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨°
�¥É¥ Å ‘µ²¶¨É¥·  ¤²Ö ¸¢Ö§ ´´ÒÌ qq-¸µ¸ÉµÖ´¨° ¢ · ¡µÉ Ì [81] ¡Ò²¨ ¶µ²Ê-
Î¥´Ò ¸¶¥±É·Ò ³ ¸¸ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ, ¸± ²Ö·´ÒÌ, ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-
¢¥±Éµ·´ÒÌ ³¥§µ´µ¢. ‚ ¶µ¤Ìµ¤¥ ¦¥ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢ ¤²Ö
Ëµ·³ ²¨§ Í¨¨ ·¥Ï¥´¨Ö U(1)-¶·µ¡²¥³Ò ¡µ²¥¥ Ê¤µ¡´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¶µ¤-
Ìµ¤ [82], µ¸´µ¢ ´´Ò° ´  ÊÎ¥É¥ £²Õµ´´µ°  ´µ³ ²¨¨ [83] ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö
¢ ±¨· ²Ó´Ò° ² £· ´¦¨ ´ £²Õµ´´ÒÌ ¶µ²¥° ¢ ¢¨¤¥ ¶²µÉ´µ¸É¨ Éµ¶µ²µ£¨Î¥¸±µ£µ
§ ·Ö¤ .

‘²¥¤Ê¥É µ¸µ¡µ ¶µ¤Î¥·±´ÊÉÓ Ìµ·µÏµ ¨§¢¥¸É´Ò° Ë ±É, ÎÉµ ¸É ´¤ ·É´ Ö ³µ-
¤¥²Ó �ˆ‹ ´¥ ¢ ¸µ¸ÉµÖ´¨¨ ¶· ¢¨²Ó´µ µ¶¨¸ ÉÓ ¤¨´ ³¨±Ê ´¨§±µ²¥¦ Ð¨Ì ³¥-
§µ´´ÒÌ ·¥§µ´ ´¸µ¢ ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨ [84]. ‚ ÔÉµ° ³µ¤¥²¨, ´ ¶·¨³¥·,
¢¥±Éµ·´Ò¥ ³¥§µ´Ò ³µ£ÊÉ ¸ÊÐ¥¸É¢µ¢ ÉÓ ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ¥¸²¨ Éµ²Ó±µ
³ ¸¸  ¸µ¸É ¢²ÖÕÐ¥£µ ±¢ ·±  ¶·¥¢ÒÏ ¥É 385 ŒÔ‚, ´µ ¤ ¦¥ ¨ ¢ ÔÉµ³ ¸²ÊÎ ¥
¸ÊÐ¥¸É¢Ê¥É ¡µ²ÓÏµ° ´¥Ë¨§¨Î¥¸±¨° qq-±µ´É¨´ÊÊ³ ¢ ¸¶¥±É· ²Ó´ÒÌ ËÊ´±Í¨ÖÌ.
„²Ö ³¥´ÓÏ¨Ì §´ Î¥´¨° ³ ¸¸Ò ¸µ¸É ¢²ÖÕÐ¥£µ ±¢ ·±  ¢¥±Éµ·´Ò¥ ³¥§µ´Ò ´¥
³µ£ÊÉ ¸ÊÐ¥¸É¢µ¢ ÉÓ ¤ ¦¥ ± ± ·¥§µ´ ´¸Ò ¢ qq-±µ´É¨´ÊÊ³¥ [85]. Š  ´ ²µ£¨Î-
´µ³Ê ¢Ò¢µ¤Ê ¶·¨Ï²¨ É ±¦¥  ¢Éµ·Ò · ¡µÉÒ [86], ¢ ±µÉµ·µ° · ¸¸³ É·¨¢ ²¨¸Ó
¸¢µ°¸É¢  ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ³¥§µ´µ¢ ¶·¨ ±µ´¥Î´µ° É¥³¶¥-
· ÉÊ·¥ ¨ ¶²µÉ´µ¸É¨ ¢ ³µ¤¥²¨ �ˆ‹. �Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ ¸É ´¤ ·É´µ³
¢Ò¡µ·¥ ¶ · ³¥É·µ¢ ³µ¤¥²Ó ¶·¥¤¸± §Ò¢ ¥É ¡µ²ÓÏÊÕ Ï¨·¨´Ê · ¸¶ ¤  ρ → qq,
¶µ ¶µ·Ö¤±Ê ¢¥²¨Î¨´Ò ¸µ¢¶ ¤ ÕÐÊÕ ¸ ³ ¸¸µ° ρ-³¥§µ´ . ‚ ·¥§Ê²ÓÉ É¥ ρ-³¥§µ´
µ± §Ò¢ ¥É¸Ö ±· °´¥ ´¥¸É ¡¨²Ó´Ò³. “± § ´´Ò¥ µ¡¸ÉµÖÉ¥²Ó¸É¢ , ¸¢Ö§ ´´Ò¥ ¸
µÉ¸ÊÉ¸É¢¨¥³ ±µ´Ë °´³¥´É  ¢ ³µ¤¥²¨ �ˆ‹, Ö¢²ÖÕÉ¸Ö ¸¥·Ó¥§´µ° É·Ê¤´µ¸ÉÓÕ
¤ ´´µ° ³µ¤¥²¨, ¶µ¸±µ²Ó±Ê µ´¨ ¶· ±É¨Î¥¸±¨ ¨¸±²ÕÎ ÕÉ ¢µ§³µ¦´µ¸ÉÓ ¨´É¥·-
¶·¥É Í¨¨ ±µ²²¥±É¨¢´ÒÌ ³¥§µ´´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¢ ¢¥±Éµ·´µ³ ¨  ±¸¨ ²Ó´µ-
¢¥±Éµ·´µ³ ¸¥±Éµ·¥ ± ± ·¥ ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ³¥§µ´µ¢.
„²Ö ·¥Ï¥´¨Ö ÔÉµ° ¶·µ¡²¥³Ò ´¥µ¡Ìµ¤¨³ ¢ÒÌµ¤ §  · ³±¨ ¸É ´¤ ·É´µ° ³µ¤¥²¨
�ˆ‹, ÊÎ¨ÉÒ¢ ÕÐ¨° ¸¢µ°¸É¢  ±µ´Ë °´³¥´É  ±¢ ·±µ¢.

ˆ¸¶µ²Ó§ÊÖ ¡¨²µ± ²Ó´Ò° ¶µ¤Ìµ¤, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ · §²¨Î´Ò¥ · ¸Ï¨·¥´¨Ö
³µ¤¥²¨ �ˆ‹, ¢±²ÕÎ ÕÐ¨¥ ± ± ´¥²µ± ²Ó´µ¸ÉÓ, É ± ¨ ³µ¤¥²¨·µ¢ ´¨¥ ±µ´Ë °´-
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³¥´É . ’ ±, ¢ · ¡µÉ¥ [21] · ¸¸³ É·¨¢ ²µ¸Ó ³µ¤¥²¨·µ¢ ´¨¥ ¸¢µ°¸É¢ ±µ´Ë °´-
³¥´É  ±¢ ·±µ¢ ¢ · ³± Ì ³µ¤¨Ë¨Í¨·µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹, ±µÉµ· Ö ¢µ§´¨-
± ¥É ¨§ ¡¨²µ± ²Ó´µ£µ ¤¥°¸É¢¨Ö (1.6) ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¸¶¥Í¨ ²Ó´µ£µ  ´§ Í 
¤²Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ £²Õµ´´µ£µ ¶·µ¶ £ Éµ· . ‚ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨
Ê± § ´´Ò°  ´§ Í ¸µ¤¥·¦¨É ¸Ê³³Ê ¤¢ÊÌ Î²¥´µ¢: ±µ´¸É ´É , ¸µµÉ¢¥É¸É¢ÊÕÐ Ö
µ¡ÒÎ´µ³Ê ²µ± ²Ó´µ³Ê ¢§ ¨³µ¤¥°¸É¢¨Õ ³µ¤¥²¨ �ˆ‹, ¨ δ-ËÊ´±Í¨Ö, ÔËË¥±-
É¨¢´µ ÊÎ¨ÉÒ¢ ÕÐ Ö 1/q4-¶µ¢¥¤¥´¨¥ £²Õµ´´µ£µ ¶·µ¶ £ Éµ·  ¢ µ¡² ¸É¨ ±µ´-
Ë °´³¥´É . ‚¢¥¤¥´¨¥ δ-ËÊ´±Í¨¨ ³µ¤¨Ë¨Í¨·Ê¥É Ê· ¢´¥´¨¥ ˜¢¨´£¥·  Å „ °-
¸µ´  ¨ ¶·¨¢µ¤¨É ± É ±µ³Ê ¶µ¢¥¤¥´¨Õ ¡¥£ÊÐ¥° ³ ¸¸Ò ¸µ¸É ¢²ÖÕÐ¥£µ ±¢ ·± 
m(q2), ±µÉµ·µ¥ µ¡¥¸¶¥Î¨¢ ¥É µÉ¸ÊÉ¸É¢¨¥ ¶µ²Õ¸µ¢ ¢ ¥£µ ¶·µ¶ £ Éµ·¥.

�µ²¥¥ £²Ê¡µ±µ¥ ¶µ´¨³ ´¨¥ ·µ²¨ ±µ´Ë °´³¥´É  ¢ · ³± Ì ¡µ§µ´¨§ Í¨¨
Š•„ ¤ ¥É · ¸Ï¨·¥´´ Ö É· ±Éµ¢±  ³µ¤¥²¨ �ˆ‹, · §¢¨É Ö ¢ ¶µ¤Ìµ¤¥ [22]. �·¨
· ¸¸³µÉ·¥´¨¨ ±¢ ·±µ¢ÒÌ ¶¥É¥²Ó ¸ ¢´¥Ï´¨³¨ ³¥§µ´´Ò³¨ ¶µ²Ö³¨ ¢ ÔÉ¨Ì · -
¡µÉ Ì ¶·¥¤¶µ² £ ² ¸Ó ²µ± ²Ó´µ¸ÉÓ ±¢ ·±-³¥§µ´´ÒÌ ¢¥·Ï¨´, ¢ Éµ ¢·¥³Ö ± ±
±¢ ·±µ¢Ò¥ ¶·µ¶ £ Éµ·Ò µ¶¨¸Ò¢ ²¨¸Ó ¢´ÊÉ·¥´´¨³¨  ´ ²¨É¨Î¥¸±¨³¨ ËÊ´±Í¨-
Ö³¨, µ¡¥¸¶¥Î¨¢ ÕÐ¨³¨ ´¥ Éµ²Ó±µ ±µ´Ë °´³¥´É ±¢ ·±µ¢, ´µ ¨ “”-¸Ìµ¤¨³µ¸ÉÓ
±¢ ·±µ¢ÒÌ ¶¥É¥²Ó. ‚ · ¡µÉ¥ [87] ¡Ò²  ¶·¥¤²µ¦¥´  É ±¦¥ Ëµ·³Ê²¨·µ¢±  ³µ-
¤¥²¨ �ˆ‹ ¸ ¸¥¶ · ¡¥²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³, ±µÉµ·µ¥ ÊÎ¨ÉÒ¢ ¥É ´¥²µ± ²Ó-
´µ¸ÉÓ ¸ ¶µ³µÐÓÕ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ëµ·³Ë ±Éµ·µ¢ ¢ Î¥ÉÒ·¥Ì±¢ ·±µ¢ÒÌ ¢¥·-
Ï¨´ Ì.

‚ ¶µ¸²¥¤´¥³ · §¤¥²¥ µ¡§µ·  ³Ò · ¸¸³µÉ·¥²¨ ¢ ¶µ²ÊË¥´µ³¥´µ²µ£¨Î¥¸±µ³
¶µ¤Ìµ¤¥ ´¥²µ± ²Ó´Ò¥ ÔËË¥±ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ¢±² ¤µ³ µ¡² ¸É¨ ±µ´Ë °´³¥´É 
¢ ¡¨²µ± ²Ó´µ¥ ¤¥°¸É¢¨¥. �Ò²µ ¶µ± § ´µ, ÎÉµ ´¥²µ± ²Ó´Ò¥ ¶µ¶· ¢±¨ ± ¸É·Ê±-
ÉÊ·´Ò³ ±µÔËË¨Í¨¥´É ³ ¡µ§µ´¨§µ¢ ´´µ£µ p4-² £· ´¦¨ ´  ³µ¤¥²¨ �ˆ‹ ¤µ¸É -
ÉµÎ´µ ³ ²Ò ∗. �ÉµÉ ·¥§Ê²ÓÉ É ¶µ¤É¢¥·¦¤ ¥É, ÎÉµ ¤¨´ ³¨±  ¢§ ¨³µ¤¥°¸É¢¨°
¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ µ± §Ò¢ ¥É¸Ö ´¥ÎÊ¢¸É¢¨É¥²Ó-
´µ° ± ±µ´Ë °´³¥´ÉÊ ±¢ ·±µ¢ ¨ µ¶·¥¤¥²Ö¥É¸Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¥° ¨ ¥¥
´ ·ÊÏ¥´¨¥³. �µÔÉµ³Ê ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ ¢±²ÕÎ¥´¨¥ ³µ¤¥²¨·µ¢ ´¨Ö ±µ´-
Ë °´³¥´É  ¢ ± ±µ°-²¨¡µ ±µ´±·¥É´µ° · ¸Ï¨·¥´´µ° ¢¥·¸¨¨ ³µ¤¥²¨ �ˆ‹ ¸
Í¥²ÓÕ Ê¸É· ´¥´¨Ö É·Ê¤´µ¸É¥°, ¸¢Ö§ ´´ÒÌ ¸ µ¶¨¸ ´¨¥³ ¤¨´ ³¨±¨ ¢¥±Éµ·´ÒÌ ¨
 ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ³¥§µ´µ¢ ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ´¥ ¤µ²¦´µ ¸¥·Ó¥§´µ
¸± § ÉÓ¸Ö ´  µ¶¨¸ ´¨¨ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸¥±Éµ· .

”Ê´±Í¨µ´ ²Ó´Ò¥ ³¥Éµ¤Ò, ¨¸¶µ²Ó§Ê¥³Ò¥ ¶·¨ ¡µ§µ´¨§ Í¨¨ ¸¨²Ó´ÒÌ ¢§ -
¨³µ¤¥°¸É¢¨° ¢ ³µ¤¥²¨ �ˆ‹, ³µ¦´µ É ±¦¥ ¶·¨³¥´¨ÉÓ ¤²Ö ¡µ§µ´¨§ Í¨¨ ÔË-
Ë¥±É¨¢´ÒÌ Î¥ÉÒ·¥Ì±¢ ·±µ¢ÒÌ ´¥²¥¶Éµ´´ÒÌ ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¸ ¨§³¥-
´¥´¨¥³ ¸É· ´´µ¸É¨ |∆S| = 1. „²Ö ÔÉµ£µ ¨¸¶µ²Ó§Ê¥É¸Ö ¢¢¥¤¥´´Ò° ¢ · ¡µÉ¥ [88]
¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² ËÊ´±Í¨° ƒ·¨´  ¤²Ö ±¢ ·±µ¢ÒÌ Éµ±µ¢ ¨ ¨Ì ¶²µÉ´µ-

∗‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ ¢±² ¤Ò ¢  ³¶²¨ÉÊ¤Ò ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢ µÉ ´¥²µ-
± ²Ó´ÒÌ ¶µ¶· ¢µ± ± ¸É·Ê±ÉÊ·´Ò³ ±µÔËË¨Í¨¥´É ³ p4-² £· ´¦¨ ´  ³µ£ÊÉ µ± § ÉÓ¸Ö ¸· ¢´¨³Ò³¨
¸ ¢±² ¤ ³¨ p6-² £· ´¦¨ ´ .
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¸É¥°, ¶·µ¨§¢¥¤¥´¨Ö ±µÉµ·ÒÌ ¢Ìµ¤ÖÉ ¢ ¸² ¡Ò° Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò° ² £· ´¦¨ ´.
‚ É ±µ³ ¶µ¤Ìµ¤¥ ³¥§µ´´Ò¥ (V − A)- ¨ (S − P )-Éµ±¨ ¢µ§´¨± ÕÉ ¢ ·¥§Ê²ÓÉ É¥
¢ ·¨ Í¨¨ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É  ³µ¤¥²¨ �ˆ‹ ¶µ ¤µ¶µ²´¨É¥²Ó´Ò³ ¢´¥Ï-
´¨³ ¨¸ÉµÎ´¨± ³,  ¸¸µÍ¨¨·µ¢ ´´Ò³ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ±¢ ·±µ¢Ò³¨ Éµ± ³¨
¨ ¨Ì ¶²µÉ´µ¸ÉÖ³¨. „µ¶µ²´¨É¥²Ó´Ò¥ ¢´¥Ï´¨¥ ¨¸ÉµÎ´¨±¨ ¶µÖ¢²ÖÕÉ¸Ö ¢ ±¢ ·-
±µ¢µ³ ¤¥É¥·³¨´ ´É¥ ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥µ¶·¥¤¥²¥´¨Ö ¤¨· ±µ¢¸±µ£µ µ¶¥· Éµ· .
‚ ·¥§Ê²ÓÉ É¥ Î²¥´Ò ±¢ ·±µ¢µ£µ ¤¥É¥·³¨´ ´É , ¤ ÕÐ¨¥ ¢±² ¤ ¢ ¡µ§µ´¨§µ¢ ´-
´Ò° ¸¨²Ó´Ò° ² £· ´¦¨ ´ ¶µ·Ö¤±  p2n ¨³¶Ê²Ó¸´µ£µ · §²µ¦¥´¨Ö, £¥´¥·¨·ÊÕÉ
(V −A) ¨ (S − P ) ³¥§µ´´Ò¥ Éµ±¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ·Ö¤±  p2n−1 ¨ p2n−2.

Š ± ¡Ò²µ ¶µ± § ´µ, ¢ Î ¸É´µ¸É¨, ¢ · ¡µÉ¥ [88], µÍ¥´±¨ ¶·Ö³µ£µ CP -
´ ·ÊÏ¥´¨Ö ¢ · ¸¶ ¤ Ì K → 2π ¨ K → 3π, ¢µ§´¨± ÕÐ¥£µ ± ± · §´µ¸É´Ò°
ÔËË¥±É ¨§ ¨´É¥·Ë¥·¥´Í¨° · §²¨Î´ÒÌ ¨§µÉµ¶¨Î¥¸±¨Ì  ³¶²¨ÉÊ¤, µ± §Ò¢ ÕÉ¸Ö
µÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´Ò³¨ ± ¢Ò¸Ï¨³ ¶µ¶· ¢± ³ ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.
�Éµ µÉ´µ¸¨É¸Ö É ±¦¥ ± Ë § ³ ¢§ ¨³µ¤¥°¸É¢¨° ¶¨µ´µ¢ ¢ ±µ´¥Î´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ
· ¸¶ ¤µ¢ K → 2π, K → 3π ¨ ±¢ ¤· É¨Î´Ò³ ¶ · ³¥É· ³ ´ ±²µ´  ¤ ²¨ÉÍ-
¶²µÉµ¢ · ¸¶ ¤µ¢ K → 3π. �µ²¥¥ ÉµÎ´µ¥ ¨§³¥·¥´¨¥ ¶ · ³¥É·µ¢ ´ ±²µ´µ¢ · ¸-
¶ ¤µ¢ K± → π±π0π0 ¶·µ¢µ¤¨É¸Ö ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢ ¤¢ÊÌ Ô±¸¶¥·¨³¥´É Ì
´  Ê¸±µ·¨É¥²¥ “-70 ¢ �·µÉ¢¨´µ [89]. ’µÎ´Ò¥ ¨§³¥·¥´¨Ö ¶ · ³¥É·µ¢ ´ ±²µ-
´µ¢ ´¥µ¡Ìµ¤¨³Ò ¤²Ö ¶·µ¢¥¤¥´¨Ö ´µ¢µ£µ  ´ ²¨§  ´¥²¥¶Éµ´´ÒÌ K-· ¸¶ ¤µ¢ ¢
±¨· ²Ó´µ° É¥µ·¨¨ ¸ Í¥²ÓÕ Ë¨±¸ Í¨¨ ³µ¤¥²Ó´ÒÌ § ¢¨¸¨³µ¸É¥° ¢ ¢ÒÎ¨¸²¥´¨ÖÌ
³¥§µ´´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢, Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ µ¶·¥¤¥²¥´¨Ö ¢¨²Ó¸µ-
´µ¢¸±¨Ì ±µÔËË¨Í¨¥´Éµ¢ ¨ Ê³¥´ÓÏ¥´¨Ö ³µ¤¥²Ó´ÒÌ ´¥µ¶·¥¤¥²¥´´µ¸É¥° ¢ ¶·¥¤-
¸± § ´¨ÖÌ ´ ¡²Õ¤ ¥³ÒÌ ÔËË¥±Éµ¢ ¶·Ö³µ£µ CP -´ ·ÊÏ¥´¨Ö. ‚ ´ ¸ÉµÖÐ¥¥
¢·¥³Ö ³Ò ¶·µ¢µ¤¨³ ¡µ²¥¥ ¶µ²´Ò¥, ¶µ ¸· ¢´¥´¨Õ ¸ · ¡µÉµ° [88], ¢ÒÎ¨¸²¥-
´¨Ö  ³¶²¨ÉÊ¤ · ¸¶ ¤µ¢ K → 2π, K → 3π ¢ p6-¶µ·Ö¤±¥ ±¨· ²Ó´µ° É¥µ·¨¨ ¸
ÊÎ¥Éµ³ (V −A) ¨ (S − P ) ³¥§µ´´ÒÌ Éµ±µ¢, ±µÉµ·Ò¥ £¥´¥·¨·ÊÕÉ¸Ö ¡µ§µ´¨§µ-
¢ ´´Ò³¨ ² £· ´¦¨ ´ ³¨ ¢Ò¸Ï¥£µ ¶µ·Ö¤± , µ¡¸Ê¦¤ ¢Ï¨³¨¸Ö ¢ µ¡§µ·¥.

��ˆ‹�†…�ˆ…. P 6-‚Š‹�„› Š��””ˆ–ˆ…�’�‚
’…�‹����‚�„��‘’ˆ

‡¤¥¸Ó ¶·¥¤¸É ¢²¥´Ò ¨¸Ìµ¤´Ò¥ ¢Ò· ¦¥´¨Ö (¤µ ¶·¨³¥´¥´¨Ö Ô±¢¨¢ ²¥´É´ÒÌ
¶·¥µ¡· §µ¢ ´¨°, ¢ÒÉ¥± ÕÐ¨Ì ¨§ ¸¢µ°¸É¢ ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ (5.4) ¨
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö) ¤²Ö p6-¢±² ¤µ¢ ±µ´¥Î´µ° Î ¸É¨ ¡µ§µ´¨§µ¢ ´´µ£µ ² £· ´-
¦¨ ´ , ±µÉµ· Ö ¢µ§´¨± ¥É ¨§ ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ h3, h4, h5 ¨
h6 ¶µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ¸²¥¤  ¶µ ¤¨· ±µ¢¸±¨³ ³ É·¨Í ³:

L(p6)
fin = − Nc

32π2 µ6
tr

(
µ4Hp6

3 + µ2Hp6

4 + 2Hp6

5 +
6

µ2
Hp6

6

)
. (A.1)
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‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢±² ¤Ò µ¶·¥¤¥²¥´Ò ¢Ò· ¦¥´¨Ö³¨
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+

1
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1
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�¥·³¸±¨° £µ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, �¥·³Ó

‚.Š.•¥´´¥·

�¡Ñ¥¤¨´¥´´Ò° ̈ ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ̈ ¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�¥·³¸±¨° £µ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, �¥·³Ó

„ ´ µ¡§µ· ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥Éµ¤µ¢ ¶µ¸É·µ¥´¨Ö Ö¢´µ ·¥§µ´ ´¸´µ° Ê´¨É ·´µ° S-
³ É·¨ÍÒ, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ³µ¦´µ µ¶¨¸Ò¢ ÉÓ £·Ê¶¶Ò ·¥§µ´ ´¸µ¢ ri ¸ µ¤¨´ ±µ¢Ò³¨
±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ¶·¨ ¨Ì ¶¥·¥±·Ò¢ ´¨¨, ±µ£¤  Eri − Erj ~ Γri + Γrj . „¥É ²Ó´µ
¨¸¸²¥¤µ¢ ´  ¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ³¥Éµ¤ ³¨. �¶¨¸ ´¨¥ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¸
¶µ³µÐÓÕ Ëµ·³Ê² �·¥°É  Å ‚¨£´¥·  ´ ¨¡µ²¥¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ¢µ ³´µ£¨Ì § ¤ Î Ì
Ë¨§¨±¨ ·¥§µ´ ´¸µ¢ ¨ Ö¤¥·´µ° Ë¨§¨±¨,  Í¥´É· ²Ó´µ¥ ³¥¸Éµ ¢ µ¡§µ·¥ § ´¨³ ¥É µ¡¸Ê¦-
¤¥´¨¥ § ¤ Î¨ ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ° T-¨´¢ ·¨ ´É´µ° ³´µ£µ± ´ ²Ó´µ° ³´µ£µ·¥§µ´ ´¸-
´µ° S-³ É·¨ÍÒ ¡·¥°É-¢¨£´¥·µ¢¸±µ£µ É¨¶ . ‚ ± Î¥¸É¢¥  ±ÉÊ ²Ó´µ£µ ¶·¨²µ¦¥´¨Ö · ¸-
¸³ É·¨¢ ¥³ÒÌ ³¥Éµ¤µ¢ ¨§ÊÎ¥´ ¸¶¥±É· ¢µ§¡Ê¦¤¥´¨° ¢¥±Éµ·´ÒÌ ρ- ¨ ω-³¥§µ´µ¢. �¡¸Ê¦-
¤ ¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¨Ì ¨´É¥·¶·¥É Í¨¨ ± ± ±¢ ·±- ´É¨±¢ ·±µ¢ÒÌ ¢µ§¡Ê¦¤¥´´ÒÌ
¸µ¸ÉµÖ´¨°.

We review the existing methods of the construction of the directly resonant, unitary S
matrix which give the possibility to describe the group of the resonances ri with the same
quantum numbers when Eri − Erj ~ Γri + Γrj . The relations between these methods are
investigated throughly. The descriptions of the resonances with the Breit-Wigner formulas
are mostly often used in many problems of the physics of the resonances and the nuclear
physics, and the central place of our review takes the discussion of the construction the
unitarity, T-invariant, multichannel and multiresonant S-matrix of the Breit-Wigner kind. As
the actual application of the described methods the spectrum of the excited ρ and ω mesons
is studied. The discussion of the possibility to interpret them as the quark-antiquark excited
states is considered.

1. ‚‚…„…�ˆ…. ”��Œ“‹ˆ��‚Š� ����‹…Œ›

�·µ¡²¥³  ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¨³¥¥É ¤µ²£ÊÕ ¨¸Éµ·¨Õ, ± ± ¢
Ö¤¥·´µ° Ë¨§¨±¥, É ± ¨ ¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. �·¨ ÔÉµ³, µ¸µ¡¥´´µ
¢ ¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì ¸¢Ö§ ´´ÒÌ ± ´ ²µ¢ · ¸¸¥Ö´¨Ö, Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨

®”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¯
1998, ’�Œ 29, ‚›�.1



¨£· ¥É ±²ÕÎ¥¢ÊÕ ·µ²Ó, É ± ± ± ±µ··¥±É´µ¥ µ¶·¥¤¥²¥´¨¥ ¶ · ³¥É·µ¢ ·¥§µ-
´ ´¸µ¢ ¢µ§³µ¦´µ Éµ²Ó±µ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ê´¨É ·´µ° ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö S.

� ¨¡µ²¥¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³Ò° ¸¶µ¸µ¡ § ¶¨¸¨ ¶ ·Í¨ ²Ó´ÒÌ  ³¶²¨ÉÊ¤, ¢
±µÉµ·µ³ ³ ¸¸Ò ¨ Ï¨·¨´Ò ·¥§µ´ ´¸µ¢ ¢Ìµ¤ÖÉ Ö¢´Ò³ µ¡· §µ³, Å ÔÉµ Ëµ·³Ê-
²Ò �·¥°É  Å ‚¨£´¥·  (�‚) [1] ̈  ̈ Ì · §²¨Î´Ò¥ ³µ¤¨Ë¨± Í¨¨. ̂ ³¥´´µ É ±¨¥
¶·µ¸ÉÒ¥ ¨ Ö¸´µ ¨´É¥·¶·¥É¨·Ê¥³Ò¥ Ëµ·³Ê²Ò ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ ¡µ²ÓÏ¨´¸É¢¥
¸²ÊÎ ¥¢ ¶·¨ µ¶¨¸ ´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ,   ¢Ìµ¤ÖÐ¨¥ ¢ ´¨Ì ¢¥-
²¨Î¨´Ò Er , Γr ¨ ¶ ·Í¨ ²Ó´Ò¥ Ï¨·¨´Ò ·¥§µ´ ´¸µ¢ Ë¨£Ê·¨·ÊÕÉ ¢ É ¡²¨Í Ì

Particle Data Group. ”¥´µ³¥´µ²µ£¨Î¥¸±¨° Ì · ±É¥· ÔÉ¨Ì Ëµ·³Ê² Ö¢²Ö¥É¸Ö, ¢
± ±µ°-Éµ ³¥·¥, ¨Ì ¶µ²µ¦¨É¥²Ó´µ° Î¥·Éµ°, ¶µ¸±µ²Ó±Ê µ¡Ê¸² ¢²¨¢ ¥É ¨Ì ´¥-
§ ¢¨¸¨³µ¸ÉÓ µÉ ¤¨´ ³¨Î¥¸±¨Ì ³µ¤¥²¥°. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¸µ¶µ¸É ¢²¥´¨¥ ¸
Ëµ·³Ê² ³¨ É¨¶  �‚ ´¥µ¡Ìµ¤¨³µ ¨ ¢ É¥µ·¥É¨Î¥¸±¨Ì ¶µ¤Ìµ¤ Ì, ¢ · ³± Ì ±µ-
Éµ·ÒÌ ´ Ìµ¤ÖÉ¸Ö ¸¶¥±É· ¨ ¸¢µ°¸É¢  ·¥§µ´ ´¸µ¢, ´ ¶·¨³¥·, ¶µÉ¥´Í¨ ²Ó´ÒÌ
±¢ ·±µ¢ÒÌ ³µ¤¥²¥°.

”µ·³Ê²Ò �‚ ¢ ¸²ÊÎ ¥ µ¤´µ£µ ·¥§µ´ ´¸  ¨ µ¤´µ£µ ¨²¨ ´¥¸±µ²Ó±¨Ì ± ´ -
²µ¢ · ¸¸¥Ö´¨Ö ¨¸Ìµ¤´µ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ Ê´¨É ·´µ¸É¨. „µ¶µ²´¨É¥²Ó-
´ Ö ¶·µ¡²¥³  ¢µ§´¨± ¥É ¶·¨ ¶µ¸É·µ¥´¨¨ Ö¢´µ Ê´¨É ·´µ° S-³ É·¨ÍÒ ¢ ¸²Ê-
Î ¥ ´¥¸±µ²Ó±¨Ì ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¸ µ¤¨´ ±µ¢Ò³¨ ±¢ ´Éµ¢Ò³¨

Î¨¸² ³¨, É ±¨Ì, ÎÉµ Er
i
 − Er

j
 ~ Γr

i
 + Γr

j
 . �Î¥¢¨¤´µ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨´-

É¥·Ë¥·¥´Í¨Ö ³¥¦¤Ê ·¥§µ´ ´¸ ³¨ Ö¢²Ö¥É¸Ö Í¥´É· ²Ó´µ° Î ¸ÉÓÕ  ´ ²¨§  ¨
±²ÕÎµ³ ± ¨´É¥·¶·¥É Í¨¨ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢. „²Ö ÊÎ¥É  ÔÉµ° ¨´É¥·Ë¥-
·¥´Í¨¨ µ¡ÒÎ´µ ¶¥·¥¤ �‚-Î²¥´ ³¨ ¢¢µ¤ÖÉ¸Ö · §²¨Î´Ò¥ Ë §µ¢Ò¥ ³´µ¦¨É¥²¨,
· ¸¸³ É·¨¢ ¥³Ò¥ ± ± ¸¢µ¡µ¤´Ò¥ ¶ · ³¥É·Ò. �¤´ ±µ ¨ ¶·¨ ¢¢¥¤¥´¨¨ Ë §µ-
¢ÒÌ ³´µ¦¨É¥²¥°, ¨ ¡¥§ ´¨Ì Ö¢´Ò³ ¨ ´¥±µ´É·µ²¨·Ê¥³Ò³ µ¡· §µ³ ´ ·ÊÏ ¥É-
¸Ö Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨, ±µÉµ·µ¥ Ö¢²Ö¥É¸Ö ¨¸Ìµ¤´Ò³ ³µÉ¨¢µ³ ¶·¨ § ¶¨¸¨
 ³¶²¨ÉÊ¤ ¢ �‚-Ëµ·³¥.

�¥·¢Ò¥ É¥µ·¨¨, ¤ ÕÐ¨¥ Ê´¨É ·´ÊÕ S-³ É·¨ÍÊ �‚-É¨¶  ¨ ¨¸Ìµ¤ÖÐ¨¥ ¨§
µ¶·¥¤¥²¥´´ÒÌ ³µ¤¥²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨° µ ¸É·Ê±ÉÊ·¥ Ö¤· , ¡Ò²¨ ¸µ§¤ ´Ò ¢
· ¡µÉ Ì [2,3]. �¤´ ±µ, ́ ¥¸³µÉ·Ö ́   ¶·µ¸ÉµÉÊ ¶µ¸É ´µ¢±¨ § ¤ Î¨, ¤µ ́ ¥¤ ¢´¥-
£µ ¢·¥³¥´¨ µÉ¸ÊÉ¸É¢µ¢ ²  Ö¢´ Ö ¨ ¶·µ¸É Ö ¸Ì¥³  ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ° ¨
T-¨´¢ ·¨ ´É´µ° S-³ É·¨ÍÒ É·¥¡Ê¥³µ£µ ¢¨¤  ¢ ¸²ÊÎ ¥ ¡µ²¥¥ ¤¢ÊÌ ¶¥·¥±·Ò¢ -
ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¶·¨ ³´µ£µ± ´ ²Ó´µ³ · ¸¸¥Ö´¨¨.

—Éµ¡Ò ¸¤¥² ÉÓ ¸ÊÉÓ ¶·µ¡²¥³Ò ¸µ¢¥·Ï¥´´µ Ö¸´µ°, ¶·µ¨²²Õ¸É·¨·Ê¥³ ´ 
¶·µ¸Éµ³ ¶·¨³¥·¥ µ¤´µ± ´ ²Ó´µ£µ · ¸¸¥Ö´¨Ö ´¥±µ··¥±É´µ¸ÉÓ µ¡ÒÎ´µ ¨¸-
¶µ²Ó§Ê¥³µ£µ ¶·µ¸É¥°Ï¥£µ ¢Ò· ¦¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥ ¸Ê³-
³Ò �‚-¸² £ ¥³ÒÌ ¢ ¸²ÊÎ ¥ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢.

”µ·³Ê²  �·¥°É  Å ‚¨£´¥·  ¤²Ö  ³¶²¨ÉÊ¤Ò ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨Ö ´ 
¨§µ²¨·µ¢ ´´µ³ Ê·µ¢´¥ ¸ µ¶·¥¤¥²¥´´Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ¶·¨ ¶·¥´¥¡-
·¥¦¥´¨¨ Ëµ´µ³ ¨³¥¥É ¢¨¤

f = 
Γ

1
6 2

E − E
1
 + iΓ

1
6 2

 . (1.1)
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�·¨ ÔÉµ³ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¤²Ö ¶ ·Í¨ ²Ó´µ°  ³¶²¨ÉÊ¤Ò

Im f = − f2 (1.2)

¢Ò¶µ²´Ö¥É¸Ö Éµ¦¤¥¸É¢¥´´µ (¨³¥´´µ ÔÉµ ¢³¥¸É¥ ¸ ®·¥§µ´ ´¸´µ°¯ ¸É·Ê±ÉÊ-
·µ° Ëµ·³Ê²Ò (1.1) ¨ Ö¢²Ö¥É¸Ö µ¸´µ¢µ° ¤²Ö § ¶¨¸¨ ¶ ·Í¨ ²Ó´ÒÌ  ³¶²¨ÉÊ¤
· ¸¸¥Ö´¨Ö ¢ ¢¨¤¥ Ëµ·³Ê² �‚).

ˆ¸¶µ²Ó§µ¢ ´¨¥ ¢ ± Î¥¸É¢¥  ³¶²¨ÉÊ¤Ò ¢Ò· ¦¥´¨Ö

f =  ∑ 
n = 1

N

 
Γn6 2

E − En + iΓn 6 2
(1.3)

´¥³¥¤²¥´´µ ¶·¨¢µ¤¨É ± ¡µ²ÓÏµ³Ê ´ ·ÊÏ¥´¨Õ ËÊ´¤ ³¥´É ²Ó´µ£µ · ¢¥´¸É-
¢  (1.2). ‚µ§Ó³¥³ ¤²Ö ¨²²Õ¸É· Í¨¨ ±µ´±·¥É´Ò° ¶·¨³¥· ¸ ¤¢Ê³Ö ·¥§µ´ ´¸-

´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨. �  ·¨¸.1 ¶·¨¢¥¤¥´ £· Ë¨± S(E)2 (S = I − 2if), ¨§ ±µ-

Éµ·µ£µ ¢¨¤´µ, ÎÉµ S(E)2 µÎ¥´Ó ¸ÊÐ¥¸É¢¥´´µ µÉ±²µ´Ö¥É¸Ö µÉ Ê´¨É ·´µ£µ
§´ Î¥´¨Ö 1 ¤ ¦¥ ¶·¨ ¸· ¢´¨É¥²Ó´µ ¸² ¡µ³ ¶¥·¥±·Ò¢ ´¨¨ ·¥§µ´ ´¸µ¢. � -
· ³¥É·Ò ·¥§µ´ ´¸µ¢ (´ ¶·¨³¥·, ¢ ƒÔ‚) ¶·¨¢¥¤¥´Ò ¢ ¶µ¤¶¨¸¨ ± ·¨¸Ê´±Ê.

�¨¸.1. ƒ· Ë¨± S(E)2, ¶µ¸É·µ¥´´Ò° ¤²Ö  ³¶²¨ÉÊ¤Ò (1.3): ¸¶²µÏ-
´ Ö ²¨´¨Ö Å E1 = 1,45, Γ1 = 0,3, E2 = 1,65, Γ2 = 0,3; ÏÉ·¨Ìµ¢ Ö ²¨-

´¨Ö Å E1 = 1,00, Γ1 = 0,3, E2 = 2,00, Γ2 = 0,3; ²¨´¨Ö ¸ ÉµÎ± ³¨ Å

E1 = 0,50, Γ1 = 0,3, E2 = 2,5, Γ2 = 0,3
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ˆ§ ·¨¸.2 ¢¨¤´µ, ÎÉµ µÉ±²µ´¥´¨¥ ±¢ ¤· É   ³¶²¨ÉÊ¤Ò f2, ¢ÒÎ¨¸²¥´´µ°
¶µ Ëµ·³Ê²¥ (1.3), µÉ §´ Î¥´¨°, ¢ÒÎ¨¸²¥´´ÒÌ ¶µ Ëµ·³Ê²¥ (2.2), ¸µÌ· ´ÖÕ-
Ð¥° Ê´¨É ·´µ¸ÉÓ (¸³. ´¨¦¥), ¤µ¸É¨£ ¥É 30% ¤ ¦¥ ¶·¨ ¸· ¢´¨É¥²Ó´µ ¸² ¡µ³
¶¥·¥±·Ò¢ ´¨¨ ·¥§µ´ ´¸µ¢ (E1 = 1,2, Γ1 = 0,3, E2 = 1,7, Γ2 = 0,3). �·¨ ¸ÊÐ¥¸É-

¢¥´´µ³ ¶¥·¥±·Ò¢ ´¨¨ ·¥§µ´ ´¸µ¢, ± ±, ´ ¶·¨³¥·, ¢ ¸²ÊÎ ¥ ¸¥³¥°¸É¢  ¢¥±-
Éµ·´ÒÌ ρ′-³¥§µ´µ¢ (Eρ

1
′ ≈ 1,45, Γρ

1
′ ≈ 0,35, Eρ

2
′ ≈ 1,65, Γρ

2
′ ≈ 0,35; ¢¸¥ ¢¥²¨Î¨´Ò

¶·¨¢¥¤¥´Ò ¢ ƒÔ‚), µÉ±²µ´¥´¨¥ ¤µ¸É¨£ ¥É 100%.

‡ ³¥É¨³, ÎÉµ ¨´µ£¤  (¢ Éµ³ Î¨¸²¥ ¢ ÊÎ¥¡´µ° ²¨É¥· ÉÊ·¥) ¶·¥¤² £ ¥É¸Ö

¢ÒÎ¨¸²ÖÉÓ ±¢ ¤· É  ³¶²¨ÉÊ¤Ò f2 ± ± ¸Ê³³Ê ±¢ ¤· Éµ¢  ³¶²¨ÉÊ¤ µÉ¤¥²Ó-
´ÒÌ ·¥§µ´ ´¸µ¢, Éµ ¥¸ÉÓ 

f2 ≈  ∑ 
n = 1

N

 






 

Γn 6 2

E − En + iΓn6 2
 







 2

, (1.4)

¨ ¢ ± Î¥¸É¢¥  ·£Ê³¥´É  ¶·¨¢µ¤¨É¸Ö ¸µµ¡· ¦¥´¨¥, ÎÉµ ¨´É¥·Ë¥·¥´Í¨µ´´Ò¥
Î²¥´Ò ¢ ÔÉµ³ ¸²ÊÎ ¥ ´¥±µ··¥±É´µ ÊÎ¨ÉÒ¢ ÉÓ ± ± ¶·¥¢ÒÏ ÕÐ¨¥ ÉµÎ´µ¸ÉÓ
¨¸Ìµ¤´µ£µ ¢Ò· ¦¥´¨Ö (1.3). ˆ§ ·¨¸.2 ¢¨¤´µ, ÎÉµ ÔÉµÉ ¸¶µ¸µ¡ · ¸Î¥É  ´¥-
¶·¨¥³²¥³ ¤ ¦¥ ¶·¨ Ìµ·µÏµ · §´¥¸¥´´ÒÌ ·¥§µ´ ´¸ Ì.

�¨¸.2. ƒ· Ë¨± f (E)2 ¤²Ö E1 = 1,3, Γ1 = 0,3, E2 = 1,7, Γ2 = 0,3:

¸¶²µÏ´ Ö ²¨´¨Ö Å ÉµÎ´ Ö �‚-Ëµ·³Ê²  (2.2); ÏÉ·¨Ìµ¢ Ö ²¨´¨Ö Å
Ëµ·³Ê²  (1.3); ²¨´¨Ö ¸ ÉµÎ± ³¨ Å Ëµ·³Ê²  (1.4). ‹¨´¨Ö ¸ (■) Å

£· Ë¨± f (E)2 ¤²Ö E1 = 1,4, Γ1 = 0,15, E2 = 1,6, Γ2 = 0,3, ¶µ¸É·µ¥´-

´Ò° ¶µ Ëµ·³Ê²¥ (1.3)
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‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ³¥Éµ¤Ò, ¶µ§¢µ²ÖÕÐ¨¥ µ¶¨¸Ò¢ ÉÓ ¶¥·¥±·Ò¢ Õ-
Ð¨¥¸Ö ¸µ¸ÉµÖ´¨Ö. ŒÒ µ¡¸Ê¤¨³ É¥ ¨§ ´¨Ì, ±µÉµ·Ò¥ ¤ ÕÉ ·¥ ²Ó´Ò¥ ±µ´¸É-
·Ê±É¨¢´Ò¥ ¸¶µ¸µ¡Ò µ¶¨¸ ´¨Ö ·¥§µ´ ´¸µ¢, ¶µ§¢µ²ÖÕÐ¨¥, ´ ¶·¨³¥·, µ¡· ¡ -
ÉÒ¢ ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥. ‚µ ¢¸¥Ì ÔÉ¨Ì ¶µ¤Ìµ¤ Ì ¶ · ³¥É·Ò ·¥§µ-
´ ´¸µ¢ Ë¨£Ê·¨·ÊÕÉ Ö¢´Ò³ µ¡· §µ³. ŒÒ · ¸¸³µÉ·¨³ ± ± ¢µ§³µ¦´µ¸ÉÓ
¸µ¶µ¸É ¢²¥´¨Ö ·¥§Ê²ÓÉ Éµ¢ ÔÉ¨Ì ³¥Éµ¤µ¢ ¤·Ê£ ¸ ¤·Ê£µ³, É ± ¨ ¨Ì ¢µ§³µ¦´ÊÕ
¨´É¥·¶·¥É Í¨Õ ¢ ¤ÊÌ¥ Ëµ·³Ê² É¨¶  �‚, ÎÉµ Ö¢²Ö¥É¸Ö ´¥É·¨¢¨ ²Ó´µ° § ¤ -
Î¥°.

‚¥¤ÊÐ¨³¨ ¸µµ¡· ¦¥´¨Ö³¨ ¶·¨  ´ ²¨§¥ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢
Ö¢²ÖÕÉ¸Ö Ê´¨É ·´µ¸ÉÓ ¨ T-¨´¢ ·¨ ´É´µ¸ÉÓ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö S,   É ±¦¥
¨´É¥·¶·¥É¨·Ê¥³µ¸ÉÓ ¶ · ³¥É·µ¢ Ëµ·³Ê².

� ¨¡µ²¥¥ ¸É·µ£¨° ¶µ¤Ìµ¤ ¸µ¸Éµ¨É ¢ É· ±Éµ¢±¥ ·¥§µ´ ´¸µ¢ ± ± ¶µ²Õ¸µ¢
¶ ·Í¨ ²Ó´ÒÌ  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ´  ³´µ£µ¸¢Ö§´µ° ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨.
�¤´ ±µ, ¢ ¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì ·¥§µ´ ´¸µ¢ ¨ ¡µ²ÓÏµ£µ Î¨¸²  ± ´ ²µ¢ · ¸¸¥-
Ö´¨Ö, ±µ²¨Î¥¸É¢µ ¶µ²Õ¸µ¢ µÎ¥´Ó ¢¥²¨±µ, ¨ É ±µ° ¶µ¤Ìµ¤ ¸É ´µ¢¨É¸Ö £·µ-
³µ§¤±¨³ ¨ ³ ²µ¶·¨£µ¤´Ò³. ‚ ¸²ÊÎ ¥ ³´µ£µ± ´ ²Ó´µ£µ · ¸¸¥Ö´¨Ö ´ ¨¡µ²¥¥
¶µ¶Ê²Ö·´Ò N 6 D-³ É·¨Î´Ò° ³¥Éµ¤ [4], ±µÉµ·Ò° µ¸´µ¢Ò¢ ¥É¸Ö ´   ´ ²¨É¨-
Î¥¸±¨Ì ¸¢µ°¸É¢ Ì  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö, ¨ K-³ É·¨Î´Ò° ³¥Éµ¤ [5]. ‚ ÔÉ¨Ì
³¥Éµ¤ Ì ´¥ ¢µ§´¨± ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò¥ ¸²µ¦´µ¸É¨ ¶·¨ µ¶¨¸ ´¨¨ ¡²¨§±µ
· ¸¶µ²µ¦¥´´ÒÌ, ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢, ¶µ¸±µ²Ó±Ê §¤¥¸Ó Ê´¨É ·-
´µ¸ÉÓ ̧ µÌ· ´Ö¥É¸Ö ¶µ ¶µ¸É·µ¥´¨Õ. ŒÒ · ¸¸³µÉ·¨³ K-³ É·¨Î´Ò° ¶µ¤Ìµ¤, ́ µ
´¥ ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ µ¶¨¸ ´¨¥ ·¥§µ´ ´¸µ¢ ¢ N 6 D-³¥Éµ¤¥ ¶µ ¶·¨Î¨´¥ ¥£µ
³¥´ÓÏ¥° ¶µ¶Ê²Ö·´µ¸É¨ ¶·¨  ´ ²¨§¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´ÒÌ ¨ ´¥µ¡Ìµ-
¤¨³µ¸É¨ ÊÎ¥É  ¤¨´ ³¨Î¥¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥°.

„µ¸É ÉµÎ´µ ¶·µ¸ÉÒ¥ § ¤ Î¨, ´ ¶·¨³¥·, ¤¢  ·¥§µ´ ´¸  ¨ µ¤¨´ ¨²¨ ´¥-
¸±µ²Ó±µ ± ´ ²µ¢ · ¸¸¥Ö´¨Ö, ±µÉµ·Ò¥ ³Ò µ¡¸Ê¦¤ ¥³ ¤²Ö · §²¨Î´ÒÌ ³¥Éµ¤µ¢,
¶µ§¢µ²ÖÉ ¸¤¥² ÉÓ ¢Ò¢µ¤Ò ´ £²Ö¤´Ò³¨,   É ±¦¥ ¶µ³µ£ÊÉ ±·¨É¨Î¥¸±¨ ¢§£²Ö-
´ÊÉÓ ´  ¸ÊÐ¥¸É¢ÊÕÐ¨¥ ¶µ¤Ìµ¤Ò.

Š· É±µ µ ¸É·Ê±ÉÊ·¥ · ¡µÉÒ. ‚µ ¢Éµ·µ³ · §¤¥²¥ ¢ ¶¶.2.1Å2.5 · ¸¸³µÉ·¥-
´Ò ¨ ¸µ¶µ¸É ¢²¥´Ò ¸ÊÐ¥¸É¢µ¢ ¢Ï¨¥ ¤µ ´¥¤ ¢´¥£µ ¢·¥³¥´¨ ³¥Éµ¤Ò, · §· ¡µ-
É ´´Ò¥ ¤²Ö µ¶¨¸ ´¨Ö ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢. ‚ É·¥ÉÓ¥³ · §¤¥²¥ ¢
¶.3.1 ¶·¨¢¥¤¥´ µ¡Ð¨° ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ° ³´µ£µ± ´ ²Ó´µ° ³´µ£µ-
·¥§µ´ ´¸´µ° S-³ É·¨ÍÒ �‚-É¨¶ . ‚ ¶.3.2 µ¶¨¸ ´µ ¢±²ÕÎ¥´¨¥ Ëµ´  ¢ ÔÉÊ
¸Ì¥³Ê, ¢ ¶.3.3 µ¶·¥¤¥²¥´Ò ¢¥²¨Î¨´Ò, ¨£· ÕÐ¨¥ ·µ²Ó ¡·Ô´Î¨´£µ¢ ¢ ¸²ÊÎ ¥
¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢. ‘ É¥Ì´¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ¶µ¸É·µ¥´¨¥ É -
±µ° S-³ É·¨ÍÒ ´¥É·¨¢¨ ²Ó´µ, ̈  ¢ ¶.3.4 ¶·¨¢µ¤¨É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´ Ö ¶·µÍ¥-
¤Ê·  ¥¥ ¶µ²ÊÎ¥´¨Ö ¤²Ö ¸²ÊÎ ¥¢ ¤¢ÊÌ ¨ É·¥Ì ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¨
¶·µ¨§¢µ²Ó´µ£µ Î¨¸²  ± ´ ²µ¢. ‚ Î¥É¢¥·Éµ³ · §¤¥²¥ ¢ ± Î¥¸É¢¥  ±ÉÊ ²Ó´µ£µ
¶·¨³¥·  ¶·¨¢µ¤¨É¸Ö µ¶¨¸ ´¨¥ ¢µ§¡Ê¦¤¥´¨° ¢¥±Éµ·´ÒÌ ρ- ¨ ω-·¥§µ´ ´¸µ¢.
�·µ¡²¥³  Ê¸É ´µ¢²¥´¨Ö ¸¶¥±É· , ¸¢µ°¸É¢ ¨ ±¢ ·±µ¢µ£µ ¸µ¸É ¢  ÔÉ¨Ì ρ′- ¨
ω′-¸µ¸ÉµÖ´¨° Ï¨·µ±µ µ¡¸Ê¦¤ ¥É¸Ö ¢ ́  ¸ÉµÖÐ¥¥ ¢·¥³Ö, ́ µ ¢¸¥ ̧ ÊÐ¥¸É¢ÊÕÐ¨¥
µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ µ¶¨· ÕÉ¸Ö ´  Ëµ·³Ê²Ò É¨¶  (1.3) ¨
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¸ÊÐ¥¸É¢¥´´µ ´ ·ÊÏ ÕÉ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨. ‚ § ±²ÕÎ¥´¨¨ ±· É±µ ¸Ëµ·-
³Ê²¨·µ¢ ´Ò µ¸´µ¢´Ò¥ ¶·µ¡²¥³Ò, ¢µ§´¨± ÕÐ¨¥ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ · §²¨Î-
´ÒÌ ³¥Éµ¤µ¢ µ¶¨¸ ´¨Ö ¸µ¸ÉµÖ´¨°, ¨³¥ÕÐ¨Ì µ¡Ð¨¥ ± ´ ²Ò · ¸¶ ¤µ¢.

2. �‘��‚�›… Œ…’�„›,
��‡‚�‹Ÿ�™ˆ… ��ˆ‘›‚�’œ

�…�…Š�›‚��™ˆ…‘Ÿ �…‡����‘›

2.1. �¥·¥±·Ò¢ ÕÐ¨¥¸Ö ·¥§µ´ ´¸Ò ¢ �‚-¶µ¤Ìµ¤¥ ¢ ¸²ÊÎ ¥ µ¤´µ£µ ± -
´ ² . „²Ö ¸²ÊÎ Ö µ¤´µ£µ ± ´ ² , ±µ£¤  ¨³¥¥É ³¥¸Éµ Î¨¸Éµ Ê¶·Ê£µ¥ · ¸¸¥-
Ö´¨¥, ˆ.‘.˜ ¶¨·µ [6] (¸³. É ±¦¥ [7]) ¨¸¶µ²Ó§µ¢ ² § ¶¨¸Ó ·¥§µ´ ´¸´µ° S-
³ É·¨ÍÒ ¢ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨Ö Ê´¨É ·´ÒÌ ¸µ³´µ¦¨É¥²¥°, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì
µÉ¤¥²Ó´Ò³ ·¥§µ´ ´¸ ³, ̈  Ô±¸¶µ´¥´Í¨ ²Ó´µ£µ ³´µ¦¨É¥²Ö, ¸¢Ö§ ´´µ£µ ̧  ́ ¥·¥-
§µ´ ´¸´Ò³ Ëµ´µ³. �É  Ëµ·³Ê²  ¶·¨£µ¤´  ¤²Ö ²Õ¡µ£µ Î¨¸²  Ê·µ¢´¥° N, ±µ-
Éµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ¨ ¶¥·¥±·Ò¢ ÕÐ¨³¨¸Ö:

 S(E) = e
2iδ

B   ∏ 
n = 1

N

 






 1 − i 

Γn

E − En + iΓn6 2
 






 . (2.1)

‡¤¥¸Ó δB Å Ëµ´µ¢ Ö Ë § , Éµ ¥¸ÉÓ Ë §  ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö ¢¤ ²¨

µÉ ·¥§µ´ ´¸µ¢: lim
E → ∞

   S(E) = e
2iδ

B.

’·¥¡µ¢ ´¨Ö Ê´¨É ·´µ¸É¨ S(E) S(E)+ = I ¨ T-¨´¢ ·¨ ´É´µ¸É¨ ³ É·¨ÍÒ
· ¸¸¥Ö´¨Ö S ¸µ¡²Õ¤ ÕÉ¸Ö µÎ¥¢¨¤´Ò³ µ¡· §µ³.

�³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö f = (1 − S) 6 2i ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ (¤²Ö ¶·µ¸Éµ-
ÉÒ ¢Ò¶¨Ï¥³ Éµ²Ó±µ ·¥§µ´ ´¸´ÊÕ Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò):

f (R) = 
1
2
  ∑ 
n = 1

N

 
γn

E − En + iΓn 6 2
 , (2.2)

£¤¥ γn Å ¶ ·Í¨ ²Ó´ Ö Ï¨·¨´  n-£µ ·¥§µ´ ´¸ .

‚ · ¡µÉ¥ [6] ¶µ²ÊÎ¥´  ¶·µ¸É Ö Ëµ·³Ê²  ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ γ1, γ2 ¤²Ö

¸²ÊÎ Ö µ¤´µ£µ ± ´ ²  ¨ ¤¢ÊÌ ·¥§µ´ ´¸µ¢:

 
γ1 = Γ1 

E1 − E2 − i(Γ1 + Γ2) 6 2

E1 − E2 + i(Γ2 − Γ1) 6 2
 ,     γ2 = Γ2 

E2 − E1 − i(Γ1 + Γ2)6 2

E2 − E1 + i(Γ1 − Γ2)6 2
 . (2.3)

�…�…Š�›‚��™ˆ…‘Ÿ �…‡����‘›  153



�É¸Õ¤  ¶µ²ÊÎ ÕÉ¸Ö ¶µ²¥§´Ò¥ ¸µµÉ´µÏ¥´¨Ö

γ1

γ2
 = 

Γ1

Γ2
 e2iϕ,     ϕ = − arctan 

Γ1 + Γ2

E1 − E2

¨

γ1
Γ1

 = 
γ2

Γ2
 = 







 
(E2 − E1)2 + i(Γ2 + Γ1)2 6 4

(E2 − E1)2 + i(Γ2 − Γ1)2 6 4
 







 1 6 2

,

Éµ ¥¸ÉÓ ³µ¤Ê²¨ ¢ÒÎ¥Éµ¢ γn ´¥ · ¢´Ò Ï¨·¨´ ³ Ê·µ¢´¥°.

‘¶· ¢¥¤²¨¢µ É ±¦¥ ¶· ¢¨²µ ¸Ê³³:

γ1 + γ2 = Γ1 + Γ2.

”µ·³Ê²Ò (2.2), (2.3) ¤²Ö ¸²ÊÎ Ö ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ µ¤´µ£µ ± ´ ²  ¨³¥ÕÉ
Ö¸´ÊÕ ¨ ²¥£±µ ¨´É¥·¶·¥É¨·Ê¥³ÊÕ �‚-¸É·Ê±ÉÊ·Ê, ¨ ³Ò ¨¸¶µ²Ó§Ê¥³ ¨Ì ¤²Ö
¸· ¢´¥´¨Ö ¸ ·¥§Ê²ÓÉ É ³¨ ¤·Ê£¨Ì ´ ¨¡µ²¥¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³ÒÌ ³¥Éµ¤µ¢.
�¨¦¥, ¢ ± Î¥¸É¢¥ ¶·µ¸Éµ£µ ¶·¨³¥· , ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸ ¶µ³µÐÓÕ
· §´ÒÌ ³¥Éµ¤µ¢ § ¤ ÎÊ µ ¸¨¸É¥³¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¸
µ¤´¨³ ¢´¥Ï´¨³ ± ´ ²µ³. �¥Ï¥´¨¥ ÔÉµ° § ¤ Î¨ ¶µ§¢µ²¨É ¨¸¸²¥¤µ¢ ÉÓ ¢µ§-
³µ¦´µ¸ÉÓ ¨´É¥·¶·¥É Í¨¨ ¤ ´´ÒÌ ³¥Éµ¤µ¢ ¢ ¤ÊÌ¥ Ëµ·³Ê² �‚.

ˆ§ ¸É·Ê±ÉÊ·Ò Ëµ·³Ê² (2.3) ¢¨¤´µ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ° · §´¥¸¥´´µ¸É¨
·¥§µ´ ´¸µ¢, ±µ£¤  E1 − E2 >> Γ1 + Γ2, ±µ³¶²¥±¸´Ò¥ ±µ´¸É ´ÉÒ γn ¶¥·¥Ìµ-

¤ÖÉ ¢ µ¡ÒÎ´Ò¥ Ï¨·¨´Ò Γn. ’µ ¥¸ÉÓ, ± ± ̈  ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ¶·µ¸É Ö ¸Ê³³ 

�‚-¸² £ ¥³ÒÌ (Ëµ·³Ê²  (1.3)) ´¥ ¶·µÉ¨¢µ·¥Î¨É Ê¸²µ¢¨Õ Ê´¨É ·´µ¸É¨, ¥¸²¨
·¥§µ´ ´¸Ò µÎ¥´Ó ¤ ²¥±µ · §´¥¸¥´Ò. �¤´ ±µ ¢ ¸²ÊÎ ¥ ¤ ¦¥ µÎ¥´Ó ¸² ¡µ ®¶¥-
·¥±·Ò¢ ÕÐ¨Ì¸Ö¯ ·¥§µ´ ´¸µ¢ (¸³. ¶·¨³¥·Ò ¨§ ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥² ) ±µÔË-
Ë¨Í¨¥´ÉÒ γ1 ¨ γ2 ¸É ´µ¢ÖÉ¸Ö ±µ³¶²¥±¸´Ò³¨ ¨ ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ÕÉ¸Ö µÉ

§´ Î¥´¨° Γ1 ¨ Γ2, Éµ ¥¸ÉÓ ³ É·¨Í  · ¸¸¥Ö´¨Ö S, ¶µ¸É·µ¥´´ Ö ´  µ¸´µ¢¥ Ëµ·-

³Ê²Ò (1.3), ¡Ê¤¥É ¸ÊÐ¥¸É¢¥´´µ ´¥Ê´¨É ·´µ°.
2.2. K-³ É·¨Î´Ò°  ³¥Éµ¤  ¢  ¸²ÊÎ ¥  ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö  ·¥§µ´ ´¸µ¢.

˜¨·µ±µ ¨§¢¥¸É´Ò³ ¨ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³Ò³ ³¥Éµ¤µ³ µ¶¨¸ ´¨Ö ·¥§µ´ ´¸´ÒÌ
·¥ ±Í¨° Ö¢²Ö¥É¸Ö K-³ É·¨Î´Ò° ³¥Éµ¤.

K-³ É·¨Í  ¤²Ö ¸²ÊÎ Ö N ·¥§µ´ ´¸µ¢ ¨ M ± ´ ²µ¢ ¨³¥¥É ¢¨¤ 

K(E) =  ∑ 
r = 1

N

 
γr γr

T

E − E r
 , (2.4)

£¤¥ E r Å ¤¥°¸É¢¨É¥²Ó´Ò¥ ¶µ²Õ¸Ò K-³ É·¨ÍÒ,  γr = {γri }i = 1
M Å ¤¥°¸É¢¨-

É¥²Ó´Ò¥ ¢¥±Éµ·Ò.
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Œ É·¨Í  · ¸¸¥Ö´¨Ö S ¢ µ¡² ¸É¨, ¤µ¸É ÉµÎ´µ Ê¤ ²¥´´µ° µÉ ¶µ·µ£µ¢,
§ ¶¨Ï¥É¸Ö ¸ ¶µ³µÐÓÕ K-³ É·¨ÍÒ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

S(E) = 
I − iK(E)
I + iK(E) ≡ 

I − i  ∑ 
r = 1

N

 
γr γr

T

E − E r

I + i  ∑ 
r = 1

N

 
γr γr

T

E − E r

 . (2.5)

S-³ É·¨Í  (2.5) Ê´¨É ·´  ¨ T-¨´¢ ·¨ ´É´ , ¨ ¸ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ¨¸-
¶µ²Ó§µ¢ ´¨¥ ³¥Éµ¤  K-³ É·¨ÍÒ ±µ··¥±É´µ, ´¥§ ¢¨¸¨³µ µÉ Éµ£µ, ± ± ¡²¨§±µ
· ¸¶µ²µ¦¥´Ò ·¥§µ´ ´¸Ò ¸ µ¤¨´ ±µ¢Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨.

� ¸¸³µÉ·¥´¨¥ ¶·µ¸Éµ° ̧ ¨¸É¥³Ò ̈ § ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ µ¤´µ£µ ± ´ ²  ¸· -
§Ê ¶µ§¢µ²Ö¥É Ê¢¨¤¥ÉÓ, ÎÉµ ¶ · ³¥É·Ò E r ¨ ¢¥±Éµ·Ò γr µÉ²¨Î ÕÉ¸Ö µÉ ³ ¸¸

Er , Ï¨·¨´ Γr ¨ ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ·¥§µ´ ´¸µ¢, ¢Ìµ¤ÖÐ¨Ì ¢ Ëµ·-

³Ê²Ò �‚-¢¨¤ . � ¶·¨³¥·, ¢ ¶µ²Õ¸ Ì E = E r ³ É·¨Í  · ¸¸¥Ö´¨Ö S ¶·¨´¨³ ¥É

§´ Î¥´¨¥ S(E r ) = − 1, µ¤´ ±µ, ± ± ¸²¥¤Ê¥É ¨§ Ëµ·³Ê² (2.2), (2.3), ¢ ÉµÎ± Ì

·¥§µ´ ´¸µ¢ Er §´ Î¥´¨Ö ³ É·¨ÍÒ S · ¢´Ò, ¸µµÉ¢¥É¸É¢¥´´µ,

 S(E1) = − 1 + i 
Γ2

E1 − E2 + iΓ2 6 2
 ,     S(E2) = − 1 + i 

Γ1

E2 − E1 + iΓ16 2
 .

‚Ò· §¨³ Ô´¥·£¨¨ Er ¨ Ï¨·¨´Ò Γr ·¥§µ´ ´¸µ¢ Î¥·¥§ §´ Î¥´¨Ö ¶µ²Õ¸µ¢

E r ¨ ¢¥±Éµ·Ò γr . ‚ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ µ¤´µ£µ ± ´ ²  γ1 = γ11, γ2 = γ21,

K11 = 
γ11
 2

E − E 1
 + 

γ21
 2

E − E 2
 ,

S11 = 1 − 2i 
E(γ11

 2  + γ21
 2 ) − γ11

 2 E 2 − γ21
 2 E 1

E 2 − E[E 1 + E 2 − i(γ11
 2  + γ21

 2 )] + E1 E 2 − i(γ11
 2 E 2 + γ21

 2 E 1 )
 . 

…¸²¨ µ
1
 ¨ µ

2
 Å ±µ³¶²¥±¸´Ò¥ ±µ·´¨ Ê· ¢´¥´¨Ö

E 2 − E[E
1
 + E

2
 − i(γ

11
 2  + γ

21
 2 )] + E

1
 E

2
 − i(γ

11
 2 E

2
 + γ

21
 2 E

1
) = 0, (2.6)

Éµ  ³¶²¨ÉÊ¤Ê f
11

 ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ± ± ¸Ê³³Ê �‚-¸² £ ¥³ÒÌ:

f11 = 
A1

E − µ1
 + 

A2

E − µ2
 ,
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£¤¥

A1 = 
µ1(γ11

 2  + γ21
 2 ) − γ11

 2 E 2 − γ21
 2 E1

µ1 − µ2
 ,

A2 = 
µ2(γ11

 2  + γ21
 2 ) − γ11

 2 E 2 − γ21
 2 E1

µ2 − µ1
 .

…¸²¨ ¶ · ³¥É·Ò E 1, E 2, γ11, γ21 ´ °¤¥´Ò, ´ ¶·¨³¥·, ¢ ·¥§Ê²ÓÉ É¥ Ë¨É¨-

·µ¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, Éµ ¤²Ö ´ Ìµ¦¤¥´¨Ö §´ Î¥´¨° Ô´¥·£¨°
¨ Ï¨·¨´ ·¥§µ´ ´¸µ¢, ¢Ìµ¤ÖÐ¨Ì ¢ Ëµ·³Ê²Ò �‚, ´Ê¦´µ ´ °É¨ ±µ·´¨ µ1 ¨

µ2 Ê· ¢´¥´¨Ö (2.6). ’µ£¤  ¤¥°¸É¢¨É¥²Ó´Ò¥ Î ¸É¨ ÔÉ¨Ì ±µ·´¥° ³µ¦´µ ¨´É¥·-

¶·¥É¨·µ¢ ÉÓ ± ± Ô´¥·£¨¨ ·¥§µ´ ´¸µ¢ E1 ¨ E2,   ³´¨³Ò¥ Î ¸É¨ (− 2µ1
y ¨

− 2µ2
y) Å ± ± Ï¨·¨´Ò ·¥§µ´ ´¸µ¢ Γ1 ¨ Γ2 ¸µµÉ¢¥É¸É¢¥´´µ:

E1 = µ1
x = 
E 1 + E 2

2
 + 

1
2√2  √(E 1 − E 2 )

2 − (γ11
 2  + γ21

 2 )2 + W ,

E2 = µ2
x = 
E 1 + E 2

2
 − 

1
2√2  √(E 1 − E 2 )

2 − (γ11
 2  + γ21

 2 )2 + W ,

Γ1 = − 2 µ1
y = (γ11

 2  + γ21
 2 ) + 

√2 (E 1 − E 2 )(γ11
 2  − γ21

 2 )

√(E1 − E2)
2 − (γ11

 2  + γ21
 2 )2 + W

 ,

Γ2 = − 2 µ2
y = (γ11

 2  + γ21
 2 ) − 

√2 (E 1 − E 2 )(γ11
 2  − γ21

 2 )

√(E 1 − E 2 )
2 − (γ11

 2  + γ21
 2 )2 + W

 ,

£¤¥

W = √[(E
1
 − E

2
 )2 + (γ

11
 2  + γ

21
 2 )2]2 − 16(E

1
 − E

2
 )2 γ

11
 2 γ

21
 2 .

ˆ§ ¸É·Ê±ÉÊ·Ò ÔÉ¨Ì Ëµ·³Ê² ¢¨¤´µ, ÎÉµ Ei → E i , Γi → γi1
 2, Éµ²Ó±µ ¥¸²¨

E1 − E2 >> (γ11
 2  + γ21

 2 ). �¤´ ±µ ¢ µ¡Ð¥³ ̧ ²ÊÎ ¥ §´ Î¥´¨Ö E 1, E 2 ¨ γ11
 2 , γ21

 2  Ê¦¥

´¥²Ó§Ö ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± §´ Î¥´¨Ö Ô´¥·£¨° E1, E2 ¨ Ï¨·¨´ Γ1, Γ2.

�¥±µ··¥±É´µ¸ÉÓ É ±µ° ¨´É¥·¶·¥É Í¨¨ ¨²²Õ¸É·¨·Ê¥É ·¨¸.3. ‘¶²µÏ´µ°

²¨´¨¥° ¨§µ¡· ¦¥´ £· Ë¨± ±¢ ¤· É   ³¶²¨ÉÊ¤Ò f2, ¢ÒÎ¨¸²¥´´µ° ¶µ ÉµÎ-
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´Ò³ Ëµ·³Ê² ³ (2.2)Å(2.3), ÏÉ·¨Ìµ¢µ° Å £· Ë¨± ±¢ ¤· É   ³¶²¨ÉÊ¤Ò

f2, ¢ÒÎ¨¸²¥´´µ° ¸ ¶µ³µÐÓÕ K-³ É·¨ÍÒ ¸µ §´ Î¥´¨Ö³¨ ¶ · ³¥É·µ¢

E1 = E1, E 2 = E2, γ1
 2 = Γ1, γ2

 2 = Γ2.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸¨¸É¥³Ê ¨§ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ M ± ´ ²µ¢ ¨ ¢Ò· §¨³
Ô´¥·£¨¨ E1, E2 ¨ Ï¨·¨´Ò Γ1, Γ2 ·¥§µ´ ´¸µ¢ Î¥·¥§ ¶µ²Õ¸Ò E1, E 2 ¨ ¤¥°-

¸É¢¨É¥²Ó´Ò¥ ¢¥±Éµ·Ò γ1, γ2  K-³ É·¨ÍÒ.

‡ ¶¨Ï¥³ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö S ¢ ¢¨¤¥ ¸Ê³³Ò �‚-¸² £ ¥³ÒÌ:

S(E) = 

I − i 
γ1 γ1

T

E − E 1
 − i 

γ2 γ2
T

E − E 2

I + i 
γ1 γ1

T

E − E 1
 + i 

γ2 γ2
T

E − E 2

 = I − i 
C (1)

E − µ1
 − i 

C (2)

E − µ2
 , (2.7)

£¤¥ µ
1
 ¨ µ

2
 Å ¨¸±µ³Ò¥ ±µ³¶²¥±¸´Ò¥ Ô´¥·£¨¨,   C (1) ¨ C (2) Å ³ É·¨ÍÒ

±µ³¶²¥±¸´ÒÌ ±µÔËË¨Í¨¥´Éµ¢. „µ³´µ¦¨¢ µ¡¥ Î ¸É¨ · ¢¥´¸É¢  (2.7) ´  §´ -

�¨¸.3.  ‘¶²µÏ´ Ö ²¨´¨Ö  Å £· Ë¨± f (E)2 ¤²Ö E1 = 1,4, Γ1 = 0,3,

E2 = 1,6, Γ2 = 0,3, ¶µ¸É·µ¥´´Ò° ¢ �‚-³¥Éµ¤¥ ¶µ Ëµ·³Ê²¥ (2.2);

ÏÉ·¨Ìµ¢ Ö ²¨´¨Ö Å £· Ë¨± f (E)2 ¤²Ö E 1 = 1,4, γ1
 2 = 0,3, E 2 = 1,6,

γ2
 2 = 0,3 ¢ K-³ É·¨Î´µ³ ³¥Éµ¤¥
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³¥´ É¥²Ó (I + iK),   § É¥³ ´  ¶·µ¨§¢¥¤¥´¨¥ (E − E
1
 )(E − E

2
 )(E − µ

1
)(E − µ

2
),

¶µ²ÊÎ¨³

− iC (1)(E − E1 )(E − E 2 )(E − µ2) − iC (2)(E − E 1 )(E − E 2 )(E − µ1) +

+ 2γ1γ1
T(E − E2 )(E − µ1)(E − µ2) + 2γ2γ2

T(E − E 1 )(E − µ1)(E − µ2) +

+ [γ
1
γ
1
T(E − E

2
 ) + γ

2
γ
2
T(E − E

1
 )][C (1)(E − µ

2
) + C (2)(E − µ

1
)] = 0. (2.8)

„²Ö Éµ£µ ÎÉµ¡Ò · ¢¥´¸É¢µ (2.8) ¢Ò¶µ²´Ö²µ¸Ó Éµ¦¤¥¸É¢¥´´µ ¶µ E, ´¥µ¡-
Ìµ¤¨³µ ¨ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò · ¢´Ö²¨¸Ó ´Ê²Õ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ¢¸¥Ì ¸É¥-

¶¥´ÖÌ E k (k = 0, ..., 3). �Éµ ¶·¨¢µ¤¨É ± ¸¨¸É¥³¥ ³ É·¨Î´ÒÌ Ê· ¢´¥´¨°, ¨§
±µÉµ·ÒÌ ¶µ²ÊÎ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö ¤²Ö ³ É·¨Í ±µ³¶²¥±¸´ÒÌ ±µÔËË¨Í¨¥´Éµ¢

C (1) ¨ C (2): 

C (1) = 
2

µ2 − µ1
 [(µ2 − E1 + iV1) γ1γ1

T +

+ (µ
2
 − E

2
 + iV

2
) γ

2
γ
2
T + iV

12
(γ

1
γ
2
T + γ

2
γ
1
T)], (2.9)

C (2) = 
2

µ2 − µ1
 [− (µ1 − E 1 + iV1) γ1γ1

T −

− (µ
1
 − E

2
 + iV

2
) γ

2
γ
2
T − iV

12
(γ

1
γ
2
T + γ

2
γ
1
T)], (2.10)

£¤¥

V1 = γ1
Tγ1 =  ∑ 

i = 1

M

 γ1i
 2 ,     V2 = γ2

Tγ2 =  ∑ 
i = 1

M

 γ2i
 2 ,

V
12

 = γ
1
Tγ

2
 = γ

2
Tγ

1
 =  ∑ 

i = 1

M

 γ
1i γ2i . (2.11)

�µ¸²¥ ¤µ¸É ÉµÎ´µ £·µ³µ§¤±¨Ì ¶·¥µ¡· §µ¢ ´¨° ¶µ²ÊÎ¨³ ¢Ò· ¦¥´¨Ö ¤²Ö
§´ Î¥´¨° µ1 ¨ µ2:

 µ1 = 
b − (u + iυ)

2
 ,     µ2 = 

b + (u + iυ)
2

 ,
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£¤¥

b = (E1 + E2 ) − i(V1 + V2),

 u = √ 
x + √x2 + y2

2
  ,     υ = 

y

√2(x + √ x2 + y2 )
 ,

x = (E 2 − E 1 )
2 − (V2 − V1)2 − 4V12

 2 ,

y = − 2(E2 − E1 )(V2 − V1).

‡ É¥³ ´Ê¦´µ ¢ÒÎ¨¸²¨ÉÓ ±µ·´¨ µ1 ¨ µ2 ³ É·¨Î´µ£µ Ê· ¢´¥´¨Ö (2.8),

¤¥°¸É¢¨É¥²Ó´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨ ÔÉ¨Ì ±µ·´¥° ¤ ÕÉ, ¸µµÉ¢¥É¸É¢¥´´µ, Ô´¥·£¨¨
¨ Ï¨·¨´Ò ·¥§µ´ ´¸µ¢:

E1 = µ1
x = 
E 1 + E 2

2
 − 

1

2√2
 √(E2 − E1 )

2 − (V2 − V1)2 − 4V12
 2  + W ,

E2 = µ2
x = 
E 1 + E 2

2
 + 

1

2√2
 √(E2 − E1 )

2 − (V2 − V1)2 − 4V12
 2  + W ,

Γ1 = − 2µ1
y = (V1 + V2) − 

√2 (E 2 − E 1 )(V2 − V1)

√(E 2 − E 1 )
2 − (V2 − V1)2 − 4V12

 2  + W
 ,

Γ2 = − 2µ2
y = (V1 + V2) + 

√2 (E 2 − E 1 )(V2 − V1)

√(E 2 − E 1 )
2 − (V2 − V1)2 − 4V12

 2  + W
 ,

£¤¥

W = √[(E
2
 − E

1
 )2 + (V

2
 − V

1
)2]2 + 8V

12
 2 [V

1
 2 + V

2
 2 + 2(V

12
 2  − V

1
V

2
) − (E

2
 − E

1
 )2] .

ˆ§ ¶·¨¢¥¤¥´´ÒÌ Ëµ·³Ê² ¢¨¤´µ, ÎÉµ ¶ · ³¥É·Ò, ¨¸¶µ²Ó§Ê¥³Ò¥ ¢ ³¥Éµ¤¥
K-³ É·¨ÍÒ,  ¶µ²Õ¸Ò E r ¨ ¢¥±Éµ·Ò γr , ³µ¦´µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± Ô´¥·£¨¨

Er ¨ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ Éµ²Ó±µ ¢ ¤¢ÊÌ ¸²ÊÎ ÖÌ:

1) ¶·¨ µÎ¥´Ó ¡µ²ÓÏµ° · §´¥¸¥´´µ¸É¨ ·¥§µ´ ´¸µ¢, ±µ£¤  E2 − E1 >>

>>  ∑ 
i = 1

M

 (γ1i
 2 + γ2i

 2);
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2) ¶·¨ µ·Éµ£µ´ ²Ó´µ¸É¨ ¢¥±Éµ·µ¢ γ1 ¨ γ2 V12 =  ∑ 
i = 1

M

 γ1i γ2i = 0, ÎÉµ ¢ ³¥Éµ-

¤¥ K-³ É·¨ÍÒ ¢ ± ±µ³-Éµ ¸³Ò¸²¥ µÉ¢¥Î ¥É µÉ¸ÊÉ¸É¢¨Õ ¸¢Ö§¨ ³¥¦¤Ê Ê·µ¢-
´Ö³¨.

‚ ÔÉ¨Ì ¸²ÊÎ ÖÌ

µ
1
 = E

1
 − iV

1
,     C (1) = 2γ

1
γ
1
T,

µ2 = E 2 − iV2,     C
 (2) = 2γ2γ2

T,

Éµ ¥¸ÉÓ 

Er = E r ,     Γr = 2  ∑ 
i = 1

M

 γri
 2 ,

¨ ³ É·¨Í  · ¸¸¥Ö´¨Ö ¶·¨´¨³ ¥É ¢¨¤

S(E) = I − 2i  ∑ 
r = 1

N

 
γrγr

T

E − Er + iΓr6 2
 .

‚ ¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì ·¥§µ´ ´¸µ¢ (N ≥ 3) ¶·¨¢¥¤¥´¨¥ S-³ É·¨ÍÒ, ¶µ²Ê-
Î¥´´µ° ¸ ¶µ³µÐÓÕ K-³ É·¨Î´µ£µ ³¥Éµ¤ , ± ¸Ê³³¥ ¸² £ ¥³ÒÌ É¨¶  �‚ ¸É -
´µ¢¨É¸Ö § ¤ Î¥° Î·¥§¢ÒÎ °´µ ¸²µ¦´µ° (¢ Î ¸É´µ¸É¨, ¢ ¸²ÊÎ ¥ N ·¥§µ´ ´¸µ¢
¤²Ö µ¶·¥¤¥²¥´¨Ö Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨° Ô´¥·£¨° ¨ Ï¨·¨´ ·¥§µ´ ´¸µ¢, É.¥.
¶µ²Õ¸µ¢ S-³ É·¨ÍÒ, É·¥¡Ê¥É¸Ö ·¥Ï¥´¨¥ ±µ³¶²¥±¸´µ£µ ³ É·¨Î´µ£µ Ê· ¢´¥-
´¨Ö (2N − 1)-£µ ¶µ·Ö¤± ). Š·µ³¥ Éµ£µ, ¶·¨ ¡µ²ÓÏµ³ Î¨¸²¥ ± ´ ²µ¢ K-
³ É·¨Î´Ò° ³¥Éµ¤ ¸É ´µ¢¨É¸Ö ¢¥¸Ó³  £·µ³µ§¤±¨³ ¨ É·Ê¤µ¥³±¨³ ¤²Ö
Ë¨É¨·µ¢ ´¨Ö, ¶µ¸±µ²Ó±Ê ¤²Ö ± ¦¤µ° Ô±¸¶¥·¨³¥´É ²Ó´µ° ÉµÎ±¨ ̈  ¤²Ö ± ¦¤µ-
£µ ´ ¡µ·  ¶ · ³¥É·µ¢ É·¥¡Ê¥É µ¡· Ð¥´¨Ö ±µ³¶²¥±¸´µ° ³ É·¨ÍÒ M-£µ
¶µ·Ö¤± .

2.3. �·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤ ·¥§µ´ ´¸´ÒÌ ·¥ ±Í¨° ¸ ¶µ³µÐÓÕ ´¥-
Ô·³¨Éµ¢  £ ³¨²ÓÉµ´¨ ´  H. „·Ê£µ° ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ ·¥§µ´ ´¸´ÒÌ
·¥ ±Í¨° ¶·¨ ´ ²¨Î¨¨ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö Ê·µ¢´¥° ¡Ò² ¶·¥¤²µ¦¥´ ¢ · ¡µÉ¥
ˆ.�.Šµ¡§ ·¥¢ , �.�. �¨±µ² ¥¢ , ‹.�.�±Ê´Ö [8].

� ¸¸³µÉ·¨³ ¸¨¸É¥³Ê N ´¥¸É ¡¨²Ó´ÒÌ ¶¥·¥³¥Ï¨¢ ÕÐ¨Ì¸Ö Ê·µ¢´¥°,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¸ M ¢´¥Ï´¨³¨ ± ´ ² ³¨. Š ¦¤µ³Ê Ê·µ¢´Õ r ¸µ¶µ¸É ¢-
²Ö¥É¸Ö ¢¥±Éµ· ψr ¢ N-³¥·´µ³ ²¨´¥°´µ³ ¶·µ¸É· ´¸É¢¥ ¨ ±µ³¶²¥±¸´µ¥ §´ -

Î¥´¨¥ Ô´¥·£¨¨ εr = Er − iΓr6 2. �µ¢¥¤¥´¨¥ É ±µ° ¸¨¸É¥³Ò ¶µ²´µ¸ÉÓÕ § ¤ ´µ,

¥¸²¨ ¨§¢¥¸É´  £ ³¨²ÓÉµ´µ¢¸± Ö ³ É·¨Í  Hij (i, j = 1, Á N). ‚·¥³¥´´ÊÕ Ô¢µ-
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²ÕÍ¨Õ ¢¥±Éµ·  ¸µ¸ÉµÖ´¨Ö ³µ¦´µ µ¶¨¸ ÉÓ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥-
·  ¸ ÔËË¥±É¨¢´Ò³ ´¥Ô·³¨Éµ¢Ò³ £ ³¨²ÓÉµ´¨ ´µ³ H:

ih 
d
dt

 ψ(t) = Hψ(t).

‚¥±Éµ·Ò ±¢ §¨¸É Í¨µ´ ·´ÒÌ ¸µ¸ÉµÖ´¨° Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¢¥±Éµ-
· ³¨ ³ É·¨ÍÒ H ¸ ±µ³¶²¥±¸´Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ 

Hψr = (Er − iΓr6 2) ψr .

�·µ¨§¢µ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ³´µ£µÊ·µ¢´¥¢µ° ¸¨É¥³Ò ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¸Ê¶¥·-
¶µ§¨Í¨Õ ¸µ¸ÉµÖ´¨° ψr : 

ψ(t) =  ∑ 
r = 1

N

 br ψr exp [− iEr + Γr) t 6 h],

£¤¥ br Å ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ´ Î ²Ó´µ£µ ¸µ¸ÉµÖ´¨Ö ψ(0) ¶µ ±¢ §¨-

¸É Í¨µ´ ·´Ò³ ¸µ¸ÉµÖ´¨Ö³.
Œ É·¨ÍÊ H ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

H = H (0) − 
i
2
 Γ,     £¤¥     H (0) = 

1
2
 (H + H +),     Γ = i(H − H +),

  H( 0) ¨ Γ Å Ô·³¨Éµ¢Ò ³ É·¨ÍÒ ¸µ ¸²¥¤ ³¨

Tr H (0) =  ∑ 
r = 1

N

 Er ,     Tr Γ =  ∑ 
r = 1

N

 Γr .

‚ ÔÉµ³ ¸²ÊÎ ¥ Ê´¨É ·´ Ö ·¥§µ´ ´¸´ Ö S-³ É·¨Í  ¨³¥¥É ¢¨¤ S = I − if, £¤¥

f = A(E − H)−1A +

¨²¨

fij =  ∑ 
r = 1

N

  ∑ 
g = 1

N

 Air(E − H)rg
−1 Ajg . (2.12)

‡¤¥¸Ó Air Å  ³¶²¨ÉÊ¤  · ¸¶ ¤  Ê·µ¢´Ö r ¢ ± ´ ² i, Ajg Å  ³¶²¨ÉÊ¤  µ¡· -

§µ¢ ´¨Ö Ê·µ¢´Ö g ¢ ± ´ ²¥ j .
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ˆ§ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ ³ É·¨ÍÒ S ¸²¥¤Ê¥É

i(f − f +) = f f +     ̈ ²¨     i(f − f +)ij =  ∑ 
r = 1

N

 fir fjr
 ∗ . (2.13)

�µ¤¸É ¢²ÖÖ (2.12) ¢ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ (2.13), ¶µ²ÊÎ ¥³ 

i(f − f +) = iA 

 

1
E − H

 − 
1

E − H + 

 A+ = iA 

1
E − H

 (H − H +) 1

E − H + A+.

‘ ¤·Ê£µ° ¸Éµ·µ´Ò,

f f + = A 
1

E − H
 A+A 

1

E − H + Aj
+

¨ ¢¨¤´µ, ÎÉµ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ (2.13) ¢Ò¶µ²´Ö¥É¸Ö, ¥¸²¨ 

A+A = i(H − H +) = Γ.

�Î¥¢¨¤´µ, ÎÉµ ¤²Ö ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨Ö T-¨´¢ ·¨ ´É´µ¸É¨ ´¥µ¡Ìµ¤¨³µ,
ÎÉµ¡Ò ³ É·¨Í  H ¡Ò²  ¸¨³³¥É·¨Î´µ°,    ³¶²¨ÉÊ¤Ò Ari ¤¥°¸É¢¨É¥²Ó´Ò³¨, Éµ

¥¸ÉÓ

H = H T,     A + = AT.

’µ£¤  

S = I − iA(E − H)−1AT,

¨ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¶·¨´¨³ ¥É ¢¨¤

AAT = Γ     ̈ ²¨     ∑ 
i = 1

M

 Ari Agi = Γrg ,     (r, g = 1, ..., N). (2.14)

ˆ§ ¸µµÉ´µÏ¥´¨Ö (2.14) ¸²¥¤Ê¥É, ÎÉµ  ³¶²¨ÉÊ¤Ò Ari § ¢¨¸ÖÉ Éµ²Ó±µ µÉ Γrg ¨

´¥ § ¢¨¸ÖÉ µÉ Hrg
 (0). �Î¥¢¨¤´µ É ±¦¥, ÎÉµ · ¸¶ ¤´ Ö ³ É·¨Í  Γ ¤µ²¦´  ¡ÒÉÓ

´¥µÉ·¨Í É¥²Ó´µ° ± ± ³ É·¨Í  ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨° ¤¥°¸É¢¨É¥²Ó´ÒÌ
(M-±µ³¶µ´¥´É´ÒÌ) ¢¥±Éµ·µ¢ Ar . ’ ±¨³ µ¡· §µ³, MN Ô²¥³¥´Éµ¢ ¤¥°¸É¢¨-

É¥²Ó´µ° ³ É·¨ÍÒ A ¨ N(N + 1) Ô²¥³¥´Éµ¢ ³ É·¨Í H (0) ¨ Γ ¸¢Ö§ ´Ò
N(N + 1)6 2 ¸µµÉ´µÏ¥´¨Ö³¨ (2.14), Éµ ¥¸ÉÓ ¤ ´´ Ö ³µ¤¥²Ó ¸µ¤¥·¦¨É
MN + N(N + 1)6 2 ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢.
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„²Ö µ¤´µ£µ ¨§µ²¨·µ¢ ´´µ£µ Ê·µ¢´Ö ³ É·¨Í  H ¨³¥¥É Éµ²Ó±µ µ¤¨´ Ô²¥-
³¥´É H11 = E1 − iΓ1 6 2 Å ±µ³¶²¥±¸´µ¥ §´ Î¥´¨¥ Ô´¥·£¨¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥

´¥¸É ¡¨²Ó´µ³Ê Ê·µ¢´Õ. �³¶²¨ÉÊ¤  ·¥§µ´ ´¸´µ° ·¥ ±Í¨¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ µ¶¨-
¸Ò¢ ¥É¸Ö ¸ ¶µ³µÐÓÕ µ¡ÒÎ´µ° Ëµ·³Ê²Ò �·¥°É  Å ‚¨£´¥·  

fij = 
A1i A1j

E − E1 + iΓ1 6 2
 ,     (i, j = 1, 2, ..., M).

‚ ¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì Ê·µ¢´¥° (N > 1), ´¥ ¨³¥ÕÐ¨Ì ¸¢Ö§¨ ¤·Ê£ ¸ ¤·Ê£µ³,
³ É·¨Í  H ¤¨ £µ´ ²Ó´ , ¨  ³¶²¨ÉÊ¤Ò ·¥§µ´ ´¸´ÒÌ ·¥ ±Í¨° µ¶¨¸Ò¢ ÕÉ¸Ö ¸
¶µ³µÐÓÕ ¸Ê³³Ò ¢Ò· ¦¥´¨° �‚

fij =  ∑ 
r = 1

N

 
Ari Arj

E − Er + iΓr6 2
     (i, j = 1, 2, .., M).

‡ ³¥É¨³, ÎÉµ £ ³¨²ÓÉµ´¨ ´ H ´¥ ³µ¦¥É ¡ÒÉÓ ¤¨ £µ´ ²Ó´Ò³ ¢ ¸²ÊÎ ¥
´¥¸±µ²Ó±¨Ì Ê·µ¢´¥° (N > 1) ¨ µ¤´µ£µ ± ´ ²  (M = 1), É ± ± ± ¢ ÔÉµ³ ¸²ÊÎ ¥
¢¥±Éµ·Ò  ³¶²¨ÉÊ¤ Ar ¸µ¤¥·¦ É Éµ²Ó±µ ¶µ µ¤´µ³Ê Ô²¥³¥´ÉÊ Ar1, ¨ ¢ ¸µµÉ-

¢¥É¸É¢¨¨ ¸ Ê¸²µ¢¨¥³ Ê´¨É ·´µ¸É¨ ¤µ²¦´µ ¢Ò¶µ²´ÖÉÓ¸Ö · ¢¥´¸É¢µ Ar1Ag1 =
= Γrg = 0 (r ≠ g), ÎÉµ ´¥¢µ§³µ¦´µ ¶·¨ Ar1 ≠ 0 ¨ Ag1 ≠ 0.

…¸²¨ ̈ ³¥¥É¸Ö ́ ¥¸±µ²Ó±µ ¶¥·¥³¥Ï¨¢ ÕÐ¨Ì¸Ö Ê·µ¢´¥°, Éµ ¢Ò· ¦¥´¨¥ ¤²Ö
 ³¶²¨ÉÊ¤Ò fij ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö µÉ ¸Ê³³Ò �‚-¸² £ ¥³ÒÌ. � ¸¸³µÉ·¨³,

¤²Ö ¶·¨³¥· , ¸¨¸É¥³Ê ¨§ ¤¢ÊÌ Ê·µ¢´¥° ¨ M ± ´ ²µ¢. ‚ ÔÉµ³ ¸²ÊÎ ¥

H = H (0) − 
i
2
 Γ = 







  
H11 − iΓ11 6 2

αx − iαy6 2
   

αx − iαy6 2

H22 − iΓ22 6 2
 






 ,

H (0) = 






 
H11    α

x

αx    H22

 






 ,     Γ = 







 
Γ11    α

y

αy    Γ22

 






 .

’µ£¤ 

fij =  ∑ 
r = 1

2

  ∑ 
g = 1

2

 Ari (E − H)−1Agj =

= 
1
∆ {A1i A1j (E − H22 + iΓ22 6 2) + A2i A2j (E − H11 + iΓ11 6 2) +

+ (A
1i A2j + A

2i A1j )(α
x − iαy6 2)}, (2.15)
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£¤¥

∆ = (E − H11 + iΓ11 6 2)(E − H22 + iΓ22 6 2) − (αx − iαy 6 2)2.

ˆ§ Ê¸²µ¢¨° Ê´¨É ·´µ¸É¨ ¸²¥¤Ê¥É, ÎÉµ













 

A12 = Γ11

A22 = Γ22

(A1A2) = αy,

 

Éµ ¥¸ÉÓ ¤²¨´Ò ¤¥°¸É¢¨É¥²Ó´ÒÌ ¢¥±Éµ·µ¢ A
1
 ¨ A

2
 · ¢´Ò, ¸µµÉ¢¥É¸É¢¥´´µ,

¤¨ £µ´ ²Ó´Ò³ Ô²¥³¥´É ³ Γ
11

 ¨ Γ
22

 ³ É·¨ÍÒ Γ,   ¶ · ³¥É· αy · ¢¥´ ¨Ì

¸± ²Ö·´µ³Ê ¶·µ¨§¢¥¤¥´¨Õ.

‚¥²¨Î¨´  αx ´¥ ¨³¥¥É Ö¸´µ° Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨ ¨ Ö¢²Ö¥É¸Ö ¤µ-
¶µ²´¨É¥²Ó´Ò³ ¸¢µ¡µ¤´Ò³ ¶ · ³¥É·µ³. �Î¥¢¨¤´µ, ÎÉµ ¢ µ¡¸Ê¦¤ ¥³µ° ³µ-

¤¥²¨ ¢¥²¨Î¨´  α = αx − iαy 6 2 µÉ· ¦ ¥É ¢±² ¤ ¨´É¥·Ë¥·¥´Í¨¨ (¶¥·¥±·Ò¢ -

´¨Ö ·¥§µ´ ´¸µ¢) ¢ ·¥§µ´ ´¸´µ¥ · ¸¸¥Ö´¨¥.  ‚ Î ¸É´µ¸É¨, ¥¸²¨ αx = αy = 0
(É.¥. ³ É·¨Í  H ¤¨ £µ´ ²Ó´ ), Éµ  ³¶²¨ÉÊ¤  f ¸¢µ¤¨É¸Ö ± µ¡ÒÎ´µ° ¸Ê³³¥ �‚:

fij = 
A

1i A1j

E − E
1
 + iΓ

1
6 2

 + 
A

2i A2j

E − E
2
 + iΓ

2
6 2

 ,     (i, j = 1, 2, ..., M).

‚ ÔÉµ³ ̧ ²ÊÎ ¥ ¢¥±Éµ·Ò A1 ̈  A2 ¤µ²¦´Ò ¡ÒÉÓ µ·Éµ£µ´ ²Ó´Ò (¢ M-³¥·´µ³

¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥), ¶µ¸±µ²Ó±Ê (A1, A2) = αy = 0. �µ § ¢¨¸¨³µ¸ÉÓ ¶ -

· ³¥É·  α µÉ · §´µ¸É¨ (E2 − E1) Ö¢´Ò³ µ¡· §µ³ ´¥ µ¶·¥¤¥²¥´ .

‚ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ µ¶·¥¤¥²¨É¥²Ó ∆ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∆ = (E − µ1)(E − µ2),

£¤¥ µ
1
 ¨ µ

2
 Å ±µ³¶²¥±¸´Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö £ ³¨²ÓÉµ´¨ ´  H. •µ-

·µÏµ ¢¨¤´µ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥  ³¶²¨ÉÊ¤Ò fij ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ± ± ̧ Ê³³Ê

�‚-Î²¥´µ¢:

fij = 
γ1

E − µ1
 + 

γ2

E − µ2
 ,

£¤¥

γ1 = 
cµ1 + d

µ1 − µ2
 ,     γ2 = 

cµ2 + d

µ2 − µ1
 ,
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c = A1i A1j + A2i A2j ,

d = − A1i A1j (H22 − iΓ22 6 2) − A2i A2j (H11 − iΓ11 6 2) +

+ (A1i A2j + A2i A1j )(α
x − iαy6 2).

‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ1 ¨ µ2 £ ³¨²ÓÉµ´¨ ´  H ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶ -

· ³¥É·Ò § ¤ Î¨ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

µ1 = 
bx − u

2
 + i 

by − υ
2

 ,     µ2 = 
bx + u

2
 + i 

by + υ
2

 ,

£¤¥

b = (H11 + H22) − i(Γ11 + Γ22) 6 2,

u = 
1

√2
 √(H11 − H22)2 − (Γ11 − Γ22)2 6 4 + 4(αx)2 − (αy)2  + Γ11Γ22+ W ,

υ = 
1

√2
 

(H11 − H22)(Γ22 − Γ11) − 4αxαy

√(H11 − H22)2 − (Γ11 − Γ22)2 + 4(αx)2 − (αy)2  + Γ11Γ22 + W
 ,

W = {[(H
11

 − H
22

)2 − (Γ
11

 + Γ
22

)2 6 4 + 4(αx)2 − (αy)2 + Γ
11

Γ
22

]2 +

+ [(H11 − H22)(Γ22 − Γ11) − 4αxαy]2}1 6 2.

‚ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ µ¤´µ£µ ± ´ ²  ³´¨³ Ö Î ¸ÉÓ ¶ · ³¥É·  α
µ¶·¥¤¥²¥´  µ¤´µ§´ Î´µ: αy = √Γ11Γ22 ¨, ¸²¥¤µ¢ É¥²Ó´µ, ³ É·¨Í  H µ¡Ö§ -

É¥²Ó´µ ´¥¤¨ £µ´ ²Ó´ . ŠµÔËË¨Í¨¥´ÉÒ γ1 ¨ γ2 ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¢¨¤

γ1 = 
(Γ11 + Γ22) µ1 − Γ11H22 − Γ22H11 + 2αx √Γ11Γ22

µ1 − µ2
 ,

γ
2
 = 

(Γ
11

 + Γ
22

) µ
2
 − Γ

11
H

22
 − Γ

22
H

11
 + 2αx √Γ

11
Γ

22

µ
2
 − µ

1

 . (2.16)

”µ·³Ê²Ò ¤²Ö µ1, µ2 ¨ γ1, γ2 ¸µ¤¥·¦ É ¸¢µ¡µ¤´Ò¥ ¶ · ³¥É·Ò H11, H22,

Γ11, Γ22 ¨ αx. � ¶·¨³¥·, ´  ·¨¸.4 ¶µ± § ´  § ¢¨¸¨³µ¸ÉÓ f112 µÉ ¢¥²¨Î¨´Ò
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¶ · ³¥É·  αx ¶·¨ µ¤´¨Ì ¨ É¥Ì ¦¥ §´ Î¥´¨ÖÌ H11, H22, Γ11, Γ22. ’ ± Ö

¸¨²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ µÉ αx ¶µ²µ¦¥´¨Ö ³ ±¸¨³Ê³  ̈  Ï¨·¨´Ò f112,   ¸²¥¤µ-

¢ É¥²Ó´µ, ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö, µÎ¥¢¨¤´Ò³ µ¡· §µ³ ¶µ± -

§Ò¢ ¥É, ÎÉµ ¢¥²¨Î¨´Ò H11, H22 ¨ Γ11, Γ22  ´¥²Ó§Ö ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± §´ -

Î¥´¨Ö ³ ¸¸ E1, E2 ¨ Ï¨·¨´ Γ1, Γ2 ·¥§µ´ ´¸µ¢.

„²Ö ¶µ²ÊÎ¥´¨Ö §´ Î¥´¨° Ô´¥·£¨° ¨ Ï¨·¨´ ·¥§µ´ ´¸µ¢ ́ Ê¦´µ ́  °É¨ ̧ µ¡-

¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ1 ¨ µ2 £ ³¨²ÓÉµ´¨ ´  H, Éµ£¤ 

E1 = µ1
x = 

H11 + H22

2
 + 

1

2√2
 √ (H11 − H22)2 − (Γ11 + Γ22)26 4 + 4(αx)2 + W ,

E2 = µ2
x = 

H11 + H22

2
 − 

1

2√2
 √ (H11 − H22)2 − (Γ11 + Γ22)26 4 + 4(αx)2 + W ,

�¨¸.4.  ‘¶²µÏ´ Ö ²¨´¨Ö Å £· Ë¨± f11(E)2 ¤²Ö E1 = 1,4, Γ1 = 0,3,

E2 = 1,6, Γ2 = 0,3, ¶µ¸É·µ¥´´Ò° ¶µ Ëµ·³Ê²¥ (2.2). ƒ· Ë¨±

f11(E)2 ¤²Ö H11 = 1,4, Γ11 = 0,3, H22 = 1,6, Γ22 = 0,3, ¶µ¸É·µ¥´´Ò°

¶µ Ëµ·³Ê²¥ (2.15): ÏÉ·¨Ìµ¢ Ö ²¨´¨Ö Å αx = 0; ²¨´¨Ö ¸ ÉµÎ± ³¨ Å

αx = 0,5
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Γ1 = − 2µ1
y = 

Γ11 + Γ22

2
 − 

1

√2
 

(H11 − H22)(Γ22 − Γ11) − 4αx √Γ11Γ22

√(H11 − H22)2 − (Γ11 + Γ22)2 + 4(αx)2 + W
 ,

Γ2 = − 2µ2
y = 

Γ11 + Γ22

2
 + 

1

√2
 

(H11 − H22)(Γ22 − Γ11) − 4αx √Γ11Γ22

√(H11 − H22)2 − (Γ11 + Γ22)2 + 4(αx)2 + W
 ,

£¤¥

W = {[(H11 − H22)2 − (Γ11 + Γ22)2 6 4 + 4(αx)2]2 +

+ [(H
11

 − H
22

)(Γ
22

 − Γ
11

) − 4αx √Γ
11

Γ
22

]2}1 6 2.

ˆ§ ÔÉ¨Ì Ëµ·³Ê² ¢¨¤´µ, ÎÉµ ¥¸²¨ ¶ · ³¥É· αx ¤µ¸É ÉµÎ´µ µÉ²¨Î ¥É¸Ö µÉ
´Ê²Ö, Éµ Ë¨§¨Î¥¸±¨¥ §´ Î¥´¨Ö Ô´¥·£¨° ¨ Ï¨·¨´ ·¥§µ´ ´¸µ¢ Er , Γr µÎ¥´Ó

µÉ²¨Î ÕÉ¸Ö µÉ Ô²¥³¥´Éµ¢ £ ³¨²ÓÉµ´¨ ´  Hrr , Γrr .

’ ±¨³ µ¡· §µ³, ¤ ¦¥ ¢ ¸ ³µ³ ¶·µ¸Éµ³ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ µ¤´µ£µ
± ´ ²  ¤²Ö ´ Ìµ¦¤¥´¨Ö (±µ³¶²¥±¸´ÒÌ) Ô´¥·£¨° ¨ ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ
Ï¨·¨´ ´¥µ¡Ìµ¤¨³µ ´ °É¨ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤¢Ê³¥·´µ° ±µ³¶²¥±¸´µ°
³ É·¨ÍÒ H ¨ ¢ÒÎ¨¸²¨ÉÓ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ¶µ Ëµ·³Ê² ³ (2.16).
�µÔÉµ³Ê, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¶µ²ÊÎ¥´´ Ö ¸ ¶µ³µÐÓÕ ¤ ´´µ£µ ³¥Éµ¤  ³ É-
·¨Í  · ¸¸¥Ö´¨Ö S Ê´¨É ·´  ¨ T-¨´¢ ·¨ ´É´ , ¨´É¥·¶·¥É Í¨Ö ³ É·¨Î´ÒÌ Ô²¥-
³¥´Éµ¢ £ ³¨²ÓÉµ´¨ ´  ¨ ¸· ¢´¥´¨¥ ¨Ì ¸ Ëµ·³Ê² ³¨ É¨¶  �‚ § É·Ê¤´¨É¥²Ó-
´Ò. Š·µ³¥ Éµ£µ, ÔÉµÉ ³¥Éµ¤ Ö¢²Ö¥É¸Ö µÎ¥´Ó É·Ê¤µ¥³±¨³, ¶µ¸±µ²Ó±Ê É·¥¡Ê¥É
µ¡· Ð¥´¨Ö N-³¥·´µ° ±µ³¶²¥±¸´µ° ³ É·¨ÍÒ ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö E ¨ ± ¦-
¤µ£µ ´ ¡µ·  ¶ · ³¥É·µ¢.

2.4. �·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤ ·¥§µ´ ´¸´ÒÌ ·¥ ±Í¨° Î¥·¥§ ¸± ²Ö·´Ò¥
¶·µ¨§¢¥¤¥´¨Ö ¢¥±Éµ·µ¢ ¸µ¸ÉµÖ´¨°. …¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¸µ¡¸É¢¥´´Ò¥ ¢¥±Éµ-
·Ò ψr £ ³¨²ÓÉµ´¨ ´  H, Éµ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ (2.14) ³µ¦´µ § ¶¨¸ ÉÓ ¢
¢¨¤¥

(εr − εg)(ψr , ψg) =  ∑ 
i = 1

M

 Ari Agi , (2.17)

£¤¥ Ari ¥¸ÉÓ  ³¶²¨ÉÊ¤  · ¸¶ ¤  ¸µ¸ÉµÖ´¨Ö ψr ¢ ± ´ ² i,   εr = Er − iΓ6 2.

�Éµ ¸µµÉ´µÏ¥´¨¥ ¡Ò²µ ¢¶¥·¢Ò¥ ´ ¶¨¸ ´µ �¥²²µ³ ¨ ˜É¥°´¡¥·£µ³ [9]

¤²Ö ¸²ÊÎ Ö K 0 − K
__

 0-¸¨¸É¥³Ò. ”µ·³Ê²  (2.17) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§Ò¢ ¥É
´¥µ·Éµ£µ´ ²Ó´µ¸ÉÓ ¸µ¸ÉµÖ´¨° ψr ¨ ψg ¸ ´ ²¨Î¨¥³ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ± ´ -
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²µ¢ · ¸¶ ¤ . ‘µ£² ¸´µ (2.17) ̧ É¥¶¥´Ó ́ ¥µ·Éµ£µ´ ²Ó´µ¸É¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°
¤²Ö Ê·µ¢´¥° r ¨ g µ¶·¥¤¥²Ö¥É¸Ö ¸± ²Ö·´Ò³ ¶·µ¨§¢¥¤¥´¨¥³

 (ψr , ψg) = 

∑ 
i = 1

M

 Air Aig
 ∗

(Γr + Γg)6 2 + i(Er − Eg) .
(2.18)

‡¤¥¸Ó, ± ± µ¡ÒÎ´µ, Air Å  ³¶²¨ÉÊ¤Ò · ¸¶ ¤  Ê·µ¢´Ö r ¶µ ± ´ ² ³ i,

¶·¨Î¥³ ¸¶· ¢¥¤²¨¢µ ¸µµÉ´µÏ¥´¨¥

∑ 
i = 1

M

 Air
2 = Γr . (2.19)

‡ ¢¨¸¨³µ¸ÉÓ  ³¶²¨ÉÊ¤Ò ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨Ö ´  ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö
Ê·µ¢´ÖÌ µÉ ¢¥²¨Î¨´Ò (ψr , ψg) ¡Ò²  ̈ §ÊÎ¥´  ¢ · ¡µÉ Ì ‚.‹.‹Õ¡µÏ¨Í  [7,10].

�É  § ¢¨¸¨³µ¸ÉÓ ¨³¥¥É ¶·µ¸ÉÊÕ ¸É·Ê±ÉÊ·Ê, µ¡Ê¸²µ¢²¥´´ÊÕ ·¥§µ´ ´¸´Ò³ Ì -
· ±É¥·µ³  ³¶²¨ÉÊ¤Ò ¨ Ê¸²µ¢¨¥³ Ê´¨É ·´µ¸É¨.

�·¥¦¤¥ ¢¸¥£µ,  ³¶²¨ÉÊ¤Ò ·¥§µ´ ´¸´ÒÌ ¶·µÍ¥¸¸µ¢ ¤µ²¦´Ò µ¶¨¸Ò¢ ÉÓ¸Ö
¸Ê³³µ° ¶µ²Õ¸´ÒÌ Î²¥´µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µ³¶²¥±¸´Ò³ Ô´¥·£¨Ö³ εr =
= Er − iΓr6 2. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¢ · ³± Ì �‚-¸Ì¥³Ò ¢ÒÎ¥ÉÒ ·¥§µ´ ´¸´ÒÌ

 ³¶²¨ÉÊ¤ Ë ±Éµ·¨§ÊÕÉ¸Ö ¨ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ¶ ·Í¨ ²Ó´Ò³  ³¶²¨ÉÊ¤ ³
· ¸¶ ¤  ·¥§µ´ ´¸´µ£µ Ê·µ¢´Ö. �Éµ µ§´ Î ¥É, ÎÉµ Ô²¥³¥´ÉÒ S-³ É·¨ÍÒ ¨³¥ÕÉ
¸É·Ê±ÉÊ·Ê

Sij = δij − i  ∑ 
r = 1

N

 
Air Cjr

 ∗

E − Er + iΓr6 2
 , (2.20)

£¤¥ ¶µ ¸¢µ¥³Ê ¸³Ò¸²Ê ±µÔËË¨Í¨¥´ÉÒ Cjr
 ∗ ¶·¥¤¸É ¢²ÖÕÉ  ³¶²¨ÉÊ¤Ò µ¡· §µ-

¢ ´¨Ö ´¥¸É ¡¨²Ó´ÒÌ ±¢ §¨¸É Í¨µ´ ·´ÒÌ Ê·µ¢´¥°. �·µ¸ÉÒ¥ ¢ÒÎ¨¸²¥´¨Ö

¶µ± §Ò¢ ÕÉ [7], ÎÉµ ¨§ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ SS + = I  ¢Éµ³ É¨Î¥¸±¨ ¸²¥¤Ê-
¥É ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö  ³¶²¨ÉÊ¤ Cjr :

Air =  ∑ 
g = 1

N

 Cij Ugr     (r = 1, ..., M). (2.21)

‡¤¥¸Ó Ugr Å Ô²¥³¥´ÉÒ Ô·³¨Éµ¢µ° ³ É·¨ÍÒ, ¸µ¸É ¢²¥´´µ° ¨§ ¸± ²Ö·´ÒÌ

¶·µ¨§¢¥¤¥´¨° ¢¥±Éµ·µ¢ ±¢ §¨¸É Í¨µ´ ·´ÒÌ ¸µ¸ÉµÖ´¨°, ±µÉµ·Ò¥ µ¶·¥¤¥²Ö-
ÕÉ¸Ö ¨§ (2.18).
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ˆ§ ¸µµÉ´µÏ¥´¨° (2.18) ¨ (2.21) ¸²¥¤Ê¥É ¶· ¢¨²µ ¸Ê³³

∑ 
r = 1

N

 ∑ 
i = 1

M

 Air Cir
 ∗ =  ∑ 

r = 1

N

 Γr . (2.22)

‹¥£±µ ¶µ²ÊÎ¨ÉÓ É ±¦¥  ´ ²µ£ Ëµ·³Ê²Ò (2.18) ¤²Ö  ³¶²¨ÉÊ¤ Cri :

Ugr
 −1 = 

∑ 
i = 1

M

 Cir Cig
 ∗

(Γr + Γg) 6 2 + i(Er − Eg) . (2.23)

“Î¥É ¶µ¸ÉµÖ´´µ£µ Ëµ´ , ̧ ¢Ö§ ´´µ£µ ¸ ¶µÉ¥´Í¨ ²Ó´Ò³ · ¸¸¥Ö´¨¥³ ̈  ¶·Ö-

³Ò³¨ ·¥ ±Í¨Ö³¨, ¸¢µ¤¨É¸Ö ± Ê³´µ¦¥´¨Õ Î¨¸Éµ ·¥§µ´ ´¸´µ° ³ É·¨ÍÒ S (R)

´  Ê´¨É ·´ÊÕ Ëµ´µ¢ÊÕ ³ É·¨ÍÊ B, ¶·¨ ÔÉµ³ 

Sij = Bij − i  ∑ 
r = 1

N

 
Air C

~
jr
 ∗

E − Er + iΓr6 2
 ,

£¤¥ Ari , ± ± ¨ ¶·¥¦¤¥,  ³¶²¨ÉÊ¤Ò · ¸¶ ¤  ±¢ §¨¸É Í¨µ´ ·´ÒÌ ¸µ¸ÉµÖ´¨°,

   ³¶²¨ÉÊ¤Ò C
~

rj µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸µµÉ´µÏ¥´¨Ö

 C
~
 = B +AU −1.

’ ±¨³ µ¡· §µ³, ¤µ²¦´µ ¢Ò¶µ²´ÖÉÓ¸Ö · ¢¥´¸É¢µ

∑ 
i = 1

M

 Air
∗  Bij =  ∑ 

g = 1

N

 C
~

jg
 ∗ Ugr .

�Î¥¢¨¤´µ, ÎÉµ ¢ ¸¨²Ê Ê´¨É ·´µ¸É¨ ³ É·¨ÍÒ B ³µ¦´µ ¢ ¸µµÉ´µÏ¥´¨¨

(2.23) § ³¥´¨ÉÓ C ´  C
~
:

Ugr
 −1 = 

∑ 
i = 1

M

 C
~

ir C
~

ig
 ∗

(Γr + Γg) 6 2 + i(Er − Eg) . (2.24)

‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³µÉ·¨³ Î¨¸Éµ Ê¶·Ê£µ¥ µ¤´µ± ´ ²Ó´µ¥ · ¸¸¥-
Ö´¨¥ ¶·¨ ´ ²¨Î¨¨ ¤¢ÊÌ ·¥§µ´ ´¸µ¢. ‚ ÔÉµ³ ¸²ÊÎ ¥ A1 = A11, A2 = A12, ¨ ¨§

Ê· ¢´¥´¨Ö (2.19) ¸²¥¤Ê¥É, ÎÉµ

A112 = Γ1,     A122 = Γ2. 
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�²¥³¥´ÉÒ ³ É·¨ÍÒ ´¥µ·Éµ£µ´ ²Ó´µ¸É¥° U ¸²¥¤ÊÕÐ¨¥:

U11 = 
A11A11

∗

Γ1
 = 1,

U
22

 = 
A

12
A

12
∗

Γ
2

 = 1,

U12 = U21
 ∗  = 

A12A11
∗

(Γ1 + Γ2)6 2 + i(E2 − E1) .

’µ£¤  

∆ = 






 
U11    U12

U21    U22
 






 = 1 − U122 = 

(E2 − E1)2 + (Γ2 − Γ1)26 4

(E2 − E1)2 + (Γ2 + Γ1)26 4
 ,

¨ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·µ¢ C
1
 = C

11
 ¨ C

2
 = C

12
 µ¶·¥¤¥²ÖÉ¸Ö µ¤´µ§´ Î´µ:

C11 = A11U11
 −1 + A12U12

 −1 = 
A11 − A12U21

∆  =

= A11 






 
(E1 − E2)2 − (Γ2

 2 − Γ1
 2) 6 4

(E1 − E2)2 + (Γ2 − Γ1)26 4
 + i 

Γ2(E1 − E2)

(E1 − E2)2 + (Γ2 − Γ1)2 6 4
 






 ,

C12 = A11U12
 −1 + A12U22

 −1 = 
A12 − A11U12

∆  =

= A12 






 
(E2 − E1)2 − (Γ1

 2 − Γ2
 2) 6 4

(E2 − E1)2 + (Γ1 − Γ2)26 4
 + i 

Γ1(E2 − E1)

(E2 − E1)2 + (Γ1 − Γ2)2 6 4
 






 .

�É¸Õ¤  ¶µ²ÊÎ ¥³

A11C12
 ∗  = Γ1 

(E1 − E2)2 − (Γ2
 2 − Γ1

 2)6 4

(E1 − E2)2 + (Γ2 − Γ1)2 6 4
 − i 

Γ1Γ2(E1 − E2)

(E1 − E2)2 + (Γ2 − Γ1)2 6 4
 ,

A12C11
 ∗  = Γ2 

(E2 − E1)2 − (Γ1
 2 − Γ2

 2)6 4

(E2 − E1)2 + (Γ1 − Γ2)2 6 4
 − i 

Γ1Γ2(E2 − E1)

(E2 − E1)2 + (Γ1 − Γ2)2 6 4
 ,

ÎÉµ Ô±¢¨¢ ²¥´É´µ ¢Ò· ¦¥´¨Ö³ (2.2), (2.3).

170  �…‹�‡…��‚� ’.‘., •…��…� ‚.Š.



� ¸¸³µÉ·¥´´Ò° ³¥Éµ¤ ¤ ¥É Ê¤µ¡´ÊÕ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸Ì¥³Ê ¤²Ö ¸²ÊÎ Ö
µ¤´µ£µ ± ´ ²  ¨ ¶·µ¨§¢µ²Ó´µ£µ Î¨¸²  ·¥§µ´ ´¸µ¢, ¶µ§¢µ²ÖÖ § ¶¨¸Ò¢ ÉÓ
 ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥ ¸Ê³³Ò �‚-Î²¥´µ¢.

�Î¥¢¨¤´µ, µ¤´ ±µ, ÎÉµ ¶µ¸É·µ¥´´ Ö ³µ¤¥²Ó ́ ¥ Ö¢²Ö¥É¸Ö T-¨´¢ ·¨ ´É´µ°.
“¸²µ¢¨¥ ¸¨³³¥É·¨¨ S-³ É·¨ÍÒ (Sij = Sji ) ¶·¨¢µ¤¨É ± ¤µ¶µ²´¨É¥²Ó´Ò³ ¸µµÉ-

´µÏ¥´¨Ö³:

Bij = Bji ,     Cir
 ∗ = Qr Air . (2.25)

Š ¸µ¦ ²¥´¨Õ, ´¥É ·¥ ²Ó´µ£µ ¨ ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¸¶µ¸µ¡  µ¡¥¸¶¥Î¨ÉÓ
¢Ò¶µ²´¥´¨¥ ¶µ¸²¥¤´¥£µ Ê¸²µ¢¨Ö. ˆ¸¶µ²Ó§µ¢ ´¨¥ ¶·µ¥±Í¨µ´´ÒÌ µ¶¥· Éµ·µ¢
[11] ¤¥² ¥É ³¥Éµ¤ Ëµ·³ ²Ó´µ T-¨´¢ ·¨ ´É´Ò³, ´µ ¶· ±É¨Î¥¸±¨ ´¥¶·¨³¥-
´¨³Ò³ ¤²Ö ¨¸¶µ²Ó§µ¢ ´¨Ö.

�¥±µÉµ·Ò¥ ¤µ¶µ²´¨É¥²Ó´Ò¥ ¶·¥¤¶µ²µ¦¥´¨Ö, Ê¶·µÐ ÕÐ¨¥ ³¥Éµ¤ ¤µ
±µ´±·¥É´µ° ³µ¤¥²¨, ¢¥¤ÊÉ ±  ¢Éµ³ É¨Î¥¸±µ³Ê ¢Ò¶µ²´¥´¨Õ Ê¸²µ¢¨Ö (2.25).
� ¶·¨³¥·, µ´µ ¡Ê¤¥É ¢Ò¶µ²´ÖÉÓ¸Ö, ¥¸²¨ ¸Î¨É ÉÓ, ÎÉµ ±µµ·¤¨´ ÉÒ Air

¤¥°¸É¢¨É¥²Ó´Ò ̈  ´¥ § ¢¨¸ÖÉ µÉ Ê·µ¢´Ö r. S-³ É·¨Í  ¢ ÔÉµ³ ³µ¤¥²Ó´µ³ ¸²ÊÎ ¥
¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

Sij
 (R) = δij − iAi Aj  ∑ 

r = 1

N

 
Qr

E − Er + iΓr6 2
 ,

£¤¥

Qr =  ∑ 
g = 1

N

 Ugr
 −1,

Ugr = 
1

(Γr + Γg) 6 2 + i(Er − Eg) .

�·¨³¥· ¨¸¶µ²Ó§µ¢ ´¨Ö ÔÉµ£µ ³¥Éµ¤  ¤²Ö ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö  ρ′-¸µ¸ÉµÖ´¨°
¶·¨¢¥¤¥´ ¢ · ¡µÉ¥ [14].

2.5. �·Ö³µ° ³¥Éµ¤ ´ Ìµ¦¤¥´¨Ö �‚-³´µ£µ± ´ ²Ó´ÒÌ  ³¶²¨ÉÊ¤ ¢ ¸²Ê-
Î ¥ ¤¢ÊÌ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ¸µ¸ÉµÖ´¨°. …Ð¥ µ¤¨´ ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ
·¥§µ´ ´¸´ÒÌ ·¥ ±Í¨° ¤²Ö ³´µ£µÊ·µ¢´¥¢µ° ¸¨¸É¥³Ò ¡Ò² ¶·¥¤²µ¦¥´ ¢ · ¡µÉ¥
[12].

‡ ¶¨Ï¥³ S-³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ¤²Ö £·Ê¶¶Ò ¨§ N ·¥§µ´ ´¸µ¢, · ¸¶µ²µ-
¦¥´´ÒÌ ¢ Ô´¥·£¥É¨Î¥¸±µ° µ¡² ¸É¨, ¤µ¸É ÉµÎ´µ Ê¤ ²¥´´µ° µÉ ¶µ·µ£µ¢ ¨
¤·Ê£¨Ì ·¥§µ´ ´¸µ¢, ¢ Ö¢´µ �‚-Ëµ·³¥ (¤²Ö ¶·µ¸ÉµÉÒ ¡¥§ ÊÎ¥É  Ëµ´ ):

Sij (E) = δij − i  ∑ 
r = 1

N

 
gri grj

E − εr
 . (2.26)
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‡¤¥¸Ó gri Å ±µ³¶²¥±¸´Ò¥ ¶ ·Í¨ ²Ó´Ò¥ Ï¨·¨´Ò, εr = Er − iΓr6 2,   gr Å

±µ³¶²¥±¸´Ò¥ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´*. ‚¥±Éµ·Ò gr ´¥ ¢¸¥ ´¥§ ¢¨-

¸¨³Ò. “¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ ´ ±² ¤Ò¢ ÕÉ ´  §´ Î¥´¨Ö gri N(M + 1) µ£· -

´¨Î¥´¨° (¶·¨ N ·¥§µ´ ´¸ Ì ¨ M µÉ±·ÒÉÒÌ ± ´ ² Ì).

‚ · ¡µÉ¥ [12] ÔÉ¨ µ£· ´¨Î¥´¨Ö ¨ Ê· ¢´¥´¨Ö ¸¢Ö§¨ ³¥¦¤Ê ¢¥±Éµ· ³¨ gr

Ê¤ ²µ¸Ó ¶µ²ÊÎ¨ÉÓ (É.¥. ¨ · §¢¨ÉÓ ¸ ³ ³¥Éµ¤) Éµ²Ó±µ ¤²Ö ¸²ÊÎ Ö ¤¢ÊÌ ·¥§µ´ ´-
¸µ¢ ¸²¥¤ÊÕÐ¨³ ¸¶µ¸µ¡µ³.

‘µ¶µ¸É ¢¨³ ¢Ò· ¦¥´¨¥ (2.26) ¸ K-³ É·¨Î´µ° § ¶¨¸ÓÕ S-³ É·¨ÍÒ:

S(E) = I − i  ∑ 
r = 1

N

 
gr gr

T

E − εr
 = 

I − i  ∑ 
r = 1

N

 
γrγr

T

E − E r

I + i  ∑ 
r = 1

N

 
γrγr

T

E − E r

 . (2.27)

„µ³´µ¦¨¢ (2.27) ´  






 I + i  ∑ 

r = 1

N

 
γrγr

T

E − E l
 






 ,   § É¥³ ´  ∏ 

k = 1

N

 (E − εk)(E − Ek ), ¶µ-

²ÊÎ¨³

− i  ∑ 
r = 1

N

 






 gr gr

T(E − E r )  ∏ 
k ≠ r

N

 (E − εk)(E − Ek ) 






 +

+  ∑ 
r = 1

N

 ∑ 
l = 1

N

 

 gr gr

T γl γl
T(E − εl )(E − E r )   ∏ 

k ≠ r, l

  (E − εk)(E − Ek ) 



 =

= − 2i  ∑ 
l = 1

N

 






 γl γl

T(E − εl )  ∏ 
k ≠ l

N

 (E − εk)(E − Ek ) 






 .

�·¨· ¢´Ö¢ ´Ê²Õ ±µÔËË¨Í¨¥´É ¶·¨ ¸É¥¶¥´¨ E (2N − 1), ¶µ²ÊÎ ¥³ ³ É·¨Î´µ¥
Ê· ¢´¥´¨¥

∑ 
r = 1

N

 gr gr
T = 2  ∑ 

r = 1

N

 γrγr
T . (2.28)

*‚¥±Éµ·Ò g
r
 ¶·¥¤¶µ² £ ÕÉ¸Ö ´¥ § ¢¨¸ÖÐ¨³¨ µÉ Ô´¥·£¨¨ E. �¤´ ±µ ¥¸²¨ ·¥§µ´ ´¸Ò · ¸¶µ²µ-

¦¥´Ò ¢¡²¨§¨ ¶µ·µ£µ¢, Éµ § ¢¨¸ÖÐ¨¥ µÉ Ô´¥·£¨¨ E ±¨´¥³ É¨Î¥¸±¨¥ ³´µ¦¨É¥²¨ ³µ£ÊÉ ¡ÒÉÓ · §²µ-
¦¥´Ò ¢ ·Ö¤ ’¥°²µ· , ¨ µ¶¨¸ ´´Ò¥ ¢ ¤ ´´µ³ ¨ ¶µ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì ¸Ì¥³Ò ³µ£ÊÉ ¡ÒÉÓ ¢µ¸-
¶·µ¨§¢¥¤¥´Ò ¸ ´¥§´ Î¨É¥²Ó´Ò³¨ ¨§³¥´¥´¨Ö³¨.
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„µ³´µ¦ Ö Ê· ¢´¥´¨¥ (2.28) ¸¶· ¢  ¶µ¸²¥¤µ¢ É¥²Ó´µ ´  g
1
, g

2
, ..., gN , Ê¡¥¦-

¤ ¥³¸Ö, ÎÉµ ¢¥±Éµ·Ò Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ ¢¥±Éµ·µ¢ γr

(r = 1, ..., N):

gr =  ∑ 
i = 1

N

 ari γi . (2.29)

�µ¤¸É ¢¨¢ ¢Ò· ¦¥´¨Ö (2.29) ¢ (2.28), ¶µ²ÊÎ¨³

∑ 
r = 1

N

 ∑ 
i = 1

N

 ari γi  ∑ 
j = 1

N

 arj γj
T = 2  ∑ 

r = 1

N

 γrγr
T

¨²¨

∑ 
i = 1

N

 ∑ 
j = 1

N

 Aij γiγj
T = 0, (2.30)

£¤¥ Aij Å ±µ³¶²¥±¸´Ò¥ Î¨¸² :

 Aij =  ∑ 
r = 1

N

 ari arj − 2δij .

�·¨ N = 2 Ê· ¢´¥´¨¥ (2.30) ¸· ¢´¨É¥²Ó´µ ²¥£±µ ·¥Ï ¥É¸Ö. ’·¥¡Ê¥³Ò¥
µ£· ´¨Î¥´¨Ö ´  ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ¨³¥ÕÉ ¢¨¤

g1 = aγ1 + √2 − a2 γ2,

g
2
 = ± √ 2 − a2 γ

1
 − aγ

2
. (2.31)

�µ²µ¦¨¢ β = ± Im √2 − a2 6 Re a, ¶µ²ÊÎ¨³

g
2
 = 

i
2β [(1 + β2) g

1
 − (1 − β2) g

1
∗], (2.32)

g
1
+g

1

Γ
1

 = 
g
2
+g

2

Γ
2

 = 
1 + β2

1 − β2
 ≥ 1, (2.33)

(g
1
+, g

2
) = 

2β
1 − β2

 (ε
1
∗ − ε

2
). (2.34)
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�¡² ¸ÉÓ µ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·  β:

0 ≤ 
4β2

(1 − β2)2
 ≤ 

Γ
1
Γ

2

ε
1
 − ε

2
∗2

 ≤ 1. (2.35)

Šµ£¤  ·¥§µ´ ´¸Ò µÎ¥´Ó ¤ ²¥±¨ ¤·Ê£ µÉ ¤·Ê£ , ¶ · ³¥É· β = 0, ¨ ¢¥±Éµ·Ò
gr ¸É ´µ¢ÖÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨. �µ¤Î¥·±´¥³, ÎÉµ β ´¥ Ö¢²Ö¥É¸Ö ¤µ¶µ²´¨-

É¥²Ó´Ò³ ¶ · ³¥É·µ³ § ¤ Î¨. �·¨ ´ °¤¥´´ÒÌ ¢¥±Éµ· Ì ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´
gr ¨ Ô´¥·£¨ÖÌ εr = Er − iΓr6 2 ¶ · ³¥É· β µ¶·¥¤¥²¥´ µ¤´µ§´ Î´µ ¨ ¥£µ Ë ±-

É¨Î¥¸±µ¥ §´ Î¥´¨¥ ´¥¢ ¦´µ.
„²Ö µ¤´µ£µ ± ´ ²  (M = 1) ¢ ± Î¥¸É¢¥ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ³µ¦´µ

¢§ÖÉÓ §´ Î¥´¨Ö E1, E2, Γ1 ¨ Γ2. ’µ£¤  §´ Î¥´¨Ö β, g11
x  ¨ g21

x  µ¤´µ§´ Î´µ

µ¶·¥¤¥²ÖÉ¸Ö ¨§ ¸¨¸É¥³Ò

(g11
x )2 = 

Γ1 − β2Γ2

(1 − β2)2
 ,

(g21
x )2 = 

Γ2 − β2Γ1

(1 − β2)2
 ,

g11
x g21

x  = 
2β

(1 − β2)2
 (E1 − E2).

�µ¤¸É ¢²ÖÖ §´ Î¥´¨Ö g11
x  ¨ g2

y ¨§ ¶¥·¢ÒÌ ¤¢ÊÌ Ê· ¢´¥´¨° ¸¨¸É¥³Ò ¢

É·¥ÉÓ¥ Ê· ¢´¥´¨¥, ¶µ²ÊÎ ¥³ ¡¨±¢ ¤· É´µ¥ Ê· ¢´¥´¨¥

β4 − 2αβ2 + 1 = 0,

£¤¥

a = 
Γ

1
 2 + Γ

2
 2 + 4(E

1
 − E

2
)

2Γ
1
Γ

2

 .

’µ£¤ 

g11
x  = 

Γ1 − (a − √a2 − 1 ) Γ2

(1 − a + √a2 − 1 )2
 ,

g21
x  = 

Γ2 − (a − √a2 − 1 ) Γ1

(1 − a + √a2 − 1 )2
 ,
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g11
y  = − (a − √a2 − 1 ) g21

x ,

g21
y  = (a − √a2 − 1 ) g11

x .

�É¸Õ¤  ¶µ²ÊÎ ¥³

g11g11 = Γ1 
(E1 − E2)2 − (Γ2

 2 − Γ1
 2)6 4

(E1 − E2)2 + (Γ2 − Γ1)2 6 4
 − i 

Γ1Γ2(E1 − E2)

(E1 − E2)2 + (Γ2 − Γ1)2 6 4
 ,

g21g21 = Γ1 
(E2 − E1)2 − (Γ1

 2 − Γ2
 2)6 4

(E2 − E1)2 + (Γ1 − Γ2)2 6 4
 − i 

Γ1Γ2(E2 − E1)

(E2 − E1)2 + (Γ1 − Γ2)2 6 4
 ,

ÎÉµ Ô±¢¨¢ ²¥´É´µ ¢Ò· ¦¥´¨Ö³ (2.2), (2.3).

Š ± µÉ³¥Î ²µ¸Ó ¢ÒÏ¥, ¢ · ¡µÉ¥ [12] Ê· ¢´¥´¨Ö ¸¢Ö§¨ ¤²Ö ¢¥±Éµ·µ¢ ¶ ·-
Í¨ ²Ó´ÒÌ Ï¨·¨´, ¸²¥¤ÊÕÐ¨¥ ¨§ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ S-³ É·¨ÍÒ, ¡Ò²¨ ¶µ-
²ÊÎ¥´Ò ¢ Ö¢´µ³ ¢¨¤¥ Éµ²Ó±µ ¤²Ö ¸²ÊÎ Ö ¤¢ÊÌ ·¥§µ´ ´¸µ¢ (N = 2) ̈  ¶·µ¨§¢µ²Ó-
´µ£µ Î¨¸²  ± ´ ²µ¢ M. �·¨ N > 2 µ¶¨¸ ´´Ò° ¢ÒÏ¥ ¸¶µ¸µ¡, µ¸´µ¢ ´´Ò° ´ 
¸µ¶µ¸É ¢²¥´¨¨ ¸ K-³ É·¨Í¥°, ´¥ ¤ ¥É ¢µ§³µ¦´µ¸É¨ ¶µ²ÊÎ¨ÉÓ ¢¥±Éµ·Ò gr ,

É ± ± ± ¸¨¸É¥³  Ê· ¢´¥´¨° Aij (ark) = 0 ¸²¨Ï±µ³ ¸²µ¦´  ¨ ´¥ ¶µ§¢µ²Ö¥É

¨¸±²ÕÎ¨ÉÓ ¢¥±Éµ·Ò γk ¨§ ¸µµÉ´µÏ¥´¨° (2.29).

‚ · §¢¨É¨¥ · ¡µÉÒ [12] ¢ ̧ É ÉÓ¥ [13] ¡Ò²¨ ¶µ²ÊÎ¥´Ò Ö¢´Ò¥ µ£· ´¨Î¥´¨Ö
´  ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´.

…¸²¨ § ¶¨¸ ÉÓ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¤²Ö ³ É·¨ÍÒ S ¢ ¢¨¤¥

S +(E ∗) S(E) = S(E) S +(E ∗) = I, (2.36)

ÎÉµ Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨³ ¶·µ¤µ²¦¥´¨¥³ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ ´  ±µ³¶-
²¥±¸´ÊÕ  ¶²µ¸±µ¸ÉÓ,  Éµ  ·¥§Ê²ÓÉ ÉÒ  ³µ£ÊÉ  ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¡µ²¥¥
±µ³¶ ±É´µ.

“¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ (2.36) ¤²Ö ³ É·¨ÍÒ S(E), ¶·¥¤¸É ¢²¥´´µ° ¢ ¢¨¤¥
¸Ê³³Ò �‚-Î²¥´µ¢ (2.26), ³µ¦´µ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

S +(E ∗) S(Er) = B +B +  ∑ 
n = 1

N

 
S +(εn

∗) gn gn
T

E − εn
 +  ∑ 

n = 1

N

 
gn

∗(gn
∗)TS(εn

∗)

E − εn
∗  . (2.37)

�Éµ ¢Ò· ¦¥´¨¥ ³µ¦´µ ²¥£±µ ¶µ²ÊÎ¨ÉÓ, ¥¸²¨ § ³¥É¨ÉÓ, ÎÉµ ËÊ´±Í¨Ö

[S +(E ∗) S(E) − B +B] Ö¢²Ö¥É¸Ö ³¥·µ³µ·Ë´µ° ËÊ´±Í¨¥° µÉ E ¨ ¸É·¥³¨É¸Ö ±
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´Ê²Õ ¶·¨ E → ∞. ‘²¥¤µ¢ É¥²Ó´µ, ¥¥ ³µ¦´µ § ¶¨¸ ÉÓ ± ± ¸Ê³³Ê ¢±² ¤µ¢
¶µ²Õ¸µ¢ ¸ Ê± § ´´Ò³¨ ¶µ¸ÉµÖ´´Ò³¨ ¢ÒÎ¥É ³¨.

“¸²µ¢¨¥ ± Ê§ ²Ó´µ¸É¨ É·¥¡Ê¥É, ÎÉµ¡Ò ¢¸¥ Ô´¥·£¨¨ ·¥§µ´ ´¸µ¢ εn ²¥¦ ²¨

¢ ´¨¦´¥° ¶µ²Ê¶²µ¸±µ¸É¨,   ¶µ²´Ò¥ Ï¨·¨´Ò Γn ¡Ò²¨ ¶µ²µ¦¨É¥²Ó´Ò³¨

(Γn > 0). ‘µµÉ¢¥É¸É¢¥´´µ, S +(E ∗) ´¥ ³µ¦¥É ¨³¥ÉÓ ¶µ²Õ¸µ¢ ¤²Ö E ¢ ´¨¦´¥°

¶µ²Ê¶²µ¸±µ¸É¨. �µ¸±µ²Ó±Ê ³ É·¨Í  S +(E ∗) S(E) = 1 ́ ¥ ̈ ³¥¥É ¶µ²Õ¸µ¢, ¢ÒÎ¥-

ÉÒ  ¨¸É¨´´ÒÌ  ¶µ²Õ¸µ¢  ¶·¨ E = εn  ¨  E = εn
∗  ¤µ²¦´Ò  µ¡· Ð ÉÓ¸Ö  ¢  ´Ê²Ó,

ÎÉµ ¤ ¥É

S +(εn
∗) gn gn

T = 0,     n = 1, ..., N. (2.38)

“¸²µ¢¨¥ (2.38) ¤µ²¦´µ Ê¤µ¢²¥É¢µ·ÖÉÓ¸Ö ± ± ³ É·¨Î´µ¥ Ê· ¢´¥´¨¥. �Éµ
Ê¸²µ¢¨¥ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

S +(εn
∗) gn = B +gn + i  ∑ 

m = 1

N

 
gm(gm gn)

εn − εm
∗  = 0,     n = 1, ..., N, (2.39)

¨²¨

Bgn = i  ∑ 
m = 1

N

  
(gn

+ gm)

εn
∗ − εm

 gm ,     n = 1, ..., N. (2.40)

…¸²¨ ¢¢¥¸É¨ µ¡µ§´ Î¥´¨¥

αnm = 
i(gm

+  gn)

εn
∗ − εm

 = αmn
∗  , (2.41)

Éµ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ ¶·¨³ÊÉ ¢¨¤

B +B = BB + = I,

Bgn =  ∑ 
m = 1

N

 αnm gm . (2.42)

Š ± ¶µ± § ´µ ¢ · ¡µÉ¥ [13], ³ É·¨Í  α, ¸µ¸É ¢²¥´´ Ö ¨§ ±µ³¶²¥±¸´ÒÌ
¸± ²Ö·´ÒÌ ¶ · ³¥É·µ¢ αnm , (n, m = 1, .., N), ¤µ²¦´  ¡ÒÉÓ µ·Éµ£µ´ ²Ó´µ° ¨

Ô·³¨Éµ¢µ°, É.¥.

ααT = αTα = I,     α+ = α. (2.43)
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’ ±ÊÕ µ·Éµ£µ´ ²Ó´ÊÕ Ô·³¨Éµ¢Ê ³ É·¨ÍÊ α ²¥£±µ ¶µ¸É·µ¨ÉÓ ¤²Ö ¸²ÊÎ Ö
¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ M ± ´ ²µ¢. „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¶·µ¸Éµ ·¥Ï¨ÉÓ ¸¨¸É¥³Ê
Ê· ¢´¥´¨°

α11α21 + α12α22 = 0,

α11
2  + α12

2  = 1,

α22
2  + α21

2  = 1.

ˆ§ Ô·³¨Éµ¢µ¸É¨ ³ É·¨ÍÒ α ¸²¥¤Ê¥É, ÎÉµ α21 = α12
∗ , ¨, ¶µ¸±µ²Ó±Ê ¶ · -

³¥É·Ò α11 ¨ α22 Å ¶µ²µ¦¨É¥²Ó´Ò¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ Î¨¸² , Éµ, ± ± ¢¨¤´µ ¨§

 ´ ²¨§  ¸¨¸É¥³Ò, ¶ · ³¥É· α12 Å Î¨¸Éµ ³´¨³Ò° ¨ α12 = i(g1
+ g2)6 (ε1

∗ −

− ε2) = − α21
∗ .

’·¥¡Ê¥³Ò¥ µ£· ´¨Î¥´¨Ö ´  ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ¶·¨´¨³ ÕÉ ¢¨¤:

Bg1 = √(1 + α122)  g1 + iα12g2,

Bg2 = √(1 + α122 g2 − iα12g1.

�¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° ¶·¨¢µ¤¨É ± É¥³ ¦¥ ¢Ò· ¦¥´¨Ö³ ¤²Ö ¢¥±Éµ·µ¢
¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´, ÎÉµ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ · ¡µÉ¥ [12] ¨ ¶µ¤·µ¡´µ · ¸¸³µÉ-
·¥´Ò ¢ ¤ ´´µ³ · §¤¥²¥.

„²Ö ¸²ÊÎ Ö É·¥Ì ·¥§µ´ ´¸µ¢ ¢ · ¡µÉ¥ [13] ¶·¨¢¥¤¥´ µ¡Ð¨° ¢¨¤ ³ É·¨ÍÒ
¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨° α, § ¢¨¸ÖÐ¥° µÉ É·¥Ì ¶ · ³¥É·µ¢: ¤¥°¸É¢¨É¥²Ó´µ£µ
Ê£²  θ ¨ ±µ³¶²¥±¸´µ£µ Ê£²  ϕ:

α = 










 

cosh θcos ϕ2 + sin ϕ2,

cosh θ sin ϕ cos∗ϕ − cos ϕ sin∗ϕ,

i sinh θ cos∗ϕ,

  
cosh θ cos ϕ sin∗ϕ − sin ϕ cos∗ϕ,

cosh θsin ϕ2 + cos ϕ2,

i sinh θ sin∗ϕ,

  
− i sinh θ cos ϕ
− i sinh θ sin ϕ

cosh θ
 










 .

„²Ö ¶µ²ÊÎ¥´¨Ö ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ´¥µ¡Ìµ¤¨³µ ¥Ð¥ ·¥Ï¨ÉÓ
¤µ¸É ÉµÎ´µ £·µ³µ§¤±ÊÕ ²¨´¥°´ÊÕ ¸¨¸É¥³Ê N Ê· ¢´¥´¨° ¸ 2N ´¥¨§¢¥¸É´Ò³¨
¢¨¤  (2.42) ¤²Ö Éµ£µ, ÎÉµ¡Ò ¢Ò· §¨ÉÓ NM Ô²¥³¥´Éµ¢ ÔÉ¨Ì ¢¥±Éµ·µ¢ gn Î¥·¥§

¤·Ê£¨¥ NM Ô²¥³¥´Éµ¢ ¨ ¶ · ³¥É·Ò ³ É·¨ÍÒ α. �µ¸²¥ ÔÉµ£µ ´Ê¦´µ ¢Ò¡· ÉÓ
NM − N(N − 1)6 2 Ô²¥³¥´Éµ¢, µ¡ÑÖ¢²¥´´ÒÌ ¸¢µ¡µ¤´Ò³¨ ¶ · ³¥É· ³¨, É ±,

ÎÉµ¡Ò ¸± ²Ö·´Ò¥ ¶·µ¨§¢¥¤¥´¨Ö (gn
+ gm) ¡Ò²¨ · ¢´Ò αnm .

Š ¸µ¦ ²¥´¨Õ, ¨§²µ¦¥´´Ò° ¢ · ¡µÉ¥ [13] ³¥Éµ¤ ´¥ ¤ ¥É ¶·µÍ¥¤Ê·Ò, ±µ-
Éµ·ÊÕ ³µ¦´µ ¡Ò²µ ¡Ò ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨ ¶µ¸É·µ¥´¨Ö ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ
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Ï¨·¨´ ¤²Ö ¸²ÊÎ Ö ¡µ²¥¥ Î¥³ É·¥Ì ·¥§µ´ ´¸µ¢ (N > 3), É ± ± ± ´¥ ¶·¥¤²µ¦¥´
·¥£Ê²Ö·´Ò° ¸¶µ¸µ¡ ¶µ²ÊÎ¥´¨Ö ±µ³¶²¥±¸´µ° Ô·³¨Éµ¢µ° µ·Éµ£µ´ ²Ó´µ° ³ É-
·¨ÍÒ α, § ¢¨¸ÖÐ¥° µÉ N(N − 1) 6 2 ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢.

3. ��‘’��…�ˆ… “�ˆ’����‰ S-Œ�’�ˆ–›
��…‰’-‚ˆƒ�…��‚‘Š�ƒ� ‚ˆ„�

„‹Ÿ �…�…Š�›‚��™ˆ•‘Ÿ �…‡����‘�‚
‚ Œ��ƒ�Š���‹œ�›• �…�Š–ˆŸ•

3.1. Œ¥Éµ¤ ¨ µ¡Ð¨¥ Ê· ¢´¥´¨Ö. ‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ³Ò ¶·µ¢¥²¨
µ¡§µ· ¨ ¸· ¢´¥´¨¥ ·¥ ²Ó´µ ¨¸¶µ²Ó§Ê¥³ÒÌ ³¥Éµ¤µ¢ ¶µ¸É·µ¥´¨Ö Ö¢´µ Ê´¨É ·-
´µ° ·¥§µ´ ´¸´µ° S-³ É·¨ÍÒ,   É ±¦¥ · ¸¸³µÉ·¥²¨ ¢µ§³µ¦´µ¸ÉÓ ¨´É¥·¶·¥-
É Í¨¨ ÔÉ¨Ì ³¥Éµ¤µ¢ ¢ ¤ÊÌ¥ Ëµ·³Ê² É¨¶  �‚.

�¨¦¥ ³Ò ¶·¨¢µ¤¨³ ¶µ¸²¥¤µ¢ É¥²Ó´ÊÕ ¶·µÍ¥¤Ê·Ê ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ°
³´µ£µ± ´ ²Ó´µ° ³´µ£µ·¥§µ´ ´¸´µ° S-³ É·¨ÍÒ �‚-¢¨¤  ¤²Ö µ¡Ð¥£µ ¸²ÊÎ Ö
N ·¥§µ´ ´¸µ¢ ¨ M ¢´¥Ï´¨Ì ± ´ ²µ¢. ˆ§²µ¦¥´¨¥ ¸²¥¤Ê¥É, ¢ µ¸´µ¢´µ³, · ¡µ-
É ³ [15,16].

‡ ¶¨Ï¥³ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö S £·Ê¶¶Ò ¨§ N ·¥§µ´ ´¸µ¢ ¢ ¢¨¤¥

S(E) = B − i ∑ 
r = 1

N

 
Ar Ar

T

E − εr
 , (3.1)

£¤¥ B Å ³ É·¨Í  Ëµ´ , ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¶·Ö³Ò³ ´¥·¥§µ´ ´¸´Ò³ ·¥ ±-
Í¨Ö³, Ar Å ±µ³¶²¥±¸´Ò¥ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´, εr = Er − iΓr6 2 Å

¶µ²Õ¸Ò, oÉ¢¥Î ÕÐ¨¥ ·¥§µ´ ´¸ ³.

’·¥¡Ê¥É¸Ö µ¶·¥¤¥²¨ÉÓ, ± ±¨¥ Ê¸²µ¢¨Ö ´Ê¦´µ ´ ²µ¦¨ÉÓ ´  ¢¥±Éµ·Ò Ar ¨

Ëµ´ B, ÎÉµ¡Ò ³ É·¨Í  S ¡Ò²  Ê´¨É ·´  ¨ T-¨´¢ ·¨ ´É´ , Éµ ¥¸ÉÓ

S +(E) S(E) ≡ I ¨ Sij(E) = Sji(E) Éµ¦¤¥¸É¢¥´´µ ¶µ E. Ÿ¸´µ, ÎÉµ ³ É·¨Í  Ëµ´ 

B ¤µ²¦´  Ê¤µ¢²¥É¢µ·ÖÉÓ É ±¨³ ¦¥ Ê¸²µ¢¨Ö³.

‡ ¶¨Ï¥³ Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¸ ÊÎ¥Éµ³ ¶·¥¤¸É ¢²¥´¨Ö (3.1):

S +(E) S(E) = B +B + i  ∑ 
r = 1

N

 






 B 

Ar
+(Ar

+)T

E − εr
∗  − B + 

Ar Ar
T

E − εr
 






 +

+ ∑ 
r = 1

N

  ∑ 
l = 1

N

 
Ar

+(Ar
+)TAl Al

T

(E − εr
∗) (E − εl)

 ≡ I. (3.2)
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„²Ö Ê¶·µÐ¥´¨Ö Ëµp³Ê², ¢±²ÕÎ ÕÐ¨Ì Ëµ´, ¢µ¸¶µ²Ó§Ê¥³¸Ö Ê¤µ¡´Ò³¨ ¶¥-
·¥³¥´´Ò³¨ · ¡µÉÒ [12]. �µ¸±µ²Ó±Ê ³ É·¨Í  B Ê´¨É ·´  ¨ ¸¨³³¥É·¨Î´ , µ´ 

³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨Ö B = V e2iβV T, £¤¥ V Å
¤¥°¸É¢¨É¥²Ó´ Ö µ·Éµ£µ´ ²Ó´ Ö ³ É·¨Í  ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢ ³ É·¨ÍÒ B,  

e2iβ Å ¤¨ £µ´ ²Ó´ Ö ³ É·¨Í  ¥¥ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, · ¢´ÒÌ ¶µ ³µ¤Ê²Õ
¥¤¨´¨Í¥.

�µ²µ¦¨³ B = bbT, £¤¥ b = V eiβ, ¨ µ¶·¥¤¥²¨³ ¢¥±Éµp gr = b+Ar . ’µ£¤ 

Ar = bgr , ¨ ³ É·¨Í  S ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥ S = bS
~
bT, £¤¥

S
~
(E) = I − i ∑ 

r = 1

N gr gr
T

E − εr
 . (3.3)

�Î¥¢¨¤´µ, ÎÉµ ³ É·¨Í  S(E) Ê´¨É ·´  Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  Ê´¨-
É ·´  ³ É·¨Í  S

~
(E). �µÔÉµ³Ê É·¥¡Ê¥³Ò¥ µ£· ´¨Î¥´¨Ö ´  ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó-

´ÒÌ Ï¨·¨´ ³Ò ¡Ê¤¥³ ¶µ²ÊÎ ÉÓ ¨§ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ S
~ +(E) S

~
(E) ≡ I.

‚¢¥¤¥³ µ¡µ§´ Î¥´¨¥ ¤²Ö ¸± ²Ö·´µ£µ ¶·µ¨§¢¥¤¥´¨Ö

Vlr = gl
+ gr = ∑ 

k = 1

M

glk
∗  grk .

“¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¤²Ö ³ É·¨ÍÒ S
~

(E) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ¢ ¢¨¤¥

∑ 
k = 1

M

S
~
ik S

~
jk
 ∗ = δij − i ∑ 

r = 1

N

 
gri grj

E − εr
 + i ∑ 

r = 1

N

 
gri

∗  grj
∗

E − εr
∗ +

+ ∑ 
l = 1

N

  ∑ 
r = 1

N

Vlr 
gri glj

∗

(E − εr) (E − εl
∗)

 ≡ δij (3.4)

¨²¨

i ∑ 
r = 1

N

 






 − 

gri grj

E − εr
 + 

gri
∗  grj

∗

E − εr
∗ 







 + ∑ 

l = 1

N

  ∑ 
r = 1

N

Vlr 
gri glj

∗

(E − εr) (E − εl
∗)

 ≡ 0. (3.5)
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„µ³´µ¦¨¢ Éµ¦¤¥¸É¢µ (3.5) ´  ¶·µ¨§¢¥¤¥´¨¥ ∏ 
k = 1

N

(E − εk) (E − εk
∗), ¶µ²ÊÎ¨³

i ∑ 
r = 1

N

[gri
∗  grj

∗ (E − εr) − gri grj(E − εr
∗)] ∏ 

k ≠ r

(E − εk) (E − εk
∗) +

+ ∑ 
r = 1

N

Vrr gri grj
∗  ∏ 

k ≠ r

(E − εk) (E − εk
∗) + ∑ 

r = 1

N − 1

   ∑ 
l = r + 1

N

 [Vlrgri glj
∗(E − εl) (E − εr

∗) +

+ Vrl gli grj
∗ (E − εl

∗) (E − εr)]  ∏ 
k ≠ l, r

 (E − εk) (E − εk
∗) = 0. (3.6)

�¡µ§´ Î¨³

B = ∏ 
k = 1

N

(E − εk) (E − εk
∗) = ∏ 

k = 1

N

(E 2 − akE + bk), (3.7)

Br = ∏ 
k ≠ r

(E − εk) (E − εk
∗) = ∏ 

k ≠ r

(E 2 − akE + bk), (3.8)

Brl = ∏ 
k ≠ r, l

 (E − εk) (E − εk
∗) = ∏ 

k ≠ r, l

 (E 2 − akE + bk), (3.9)

£¤¥ ak = 2εk
x, bk = (εk

x)2 + (εk
y)2 (§¤¥¸Ó εr

x = Er , εr
y = − Γr6 2). ‘¶· ¢¥¤²¨¢µ ¸µ-

µÉ´µÏ¥´¨¥

Br = Brl(E 2 − al + bl) = Brl E 2 − al Brl E + bl Brl .

�¡µ§´ Î¨³ Î¥·¥§ Br
 (k) ±µÔËË¨Í¨¥´É ¶µ²¨´µ³  Br ¶·¨ ¸É¥¶¥´¨ k. �Î¥¢¨¤-

´µ, ÎÉµ
Br

 (k) = Brl
 (k − 2) − al Brl

 (k − 1) + bl Brl
 (k).

�µ²¨´µ³ (3.6) ¸ ÊÎ¥Éµ³ (3.7)Å(3.9) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

2 ∑ 
r = 1

N

Br Im [gri grj(E − εr
∗)] + ∑ 

r = 1

N

BrVrr gri grj
∗  +
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+ ∑ 
r = 1

N − 1

   ∑ 
l = r + 1

N

 Brl{Vlr gri glj
∗ [E 2 − E(εl + εr

∗) + εl εr
∗] +

+ Vrl gli grj
∗  [E 2 − E(εl

∗ + εr) + εl
∗ εr]} = 0. (3.10)

„²Ö Éµ£µ ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ (3.5), ´¥µ¡Ìµ¤¨³µ ¨
¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ¢¸¥Ì ̧ É¥¶¥´ÖÌ ¶¥·¥³¥´´µ° E ¶µ²¨´µ-

³  (3.10) ¡Ò²¨ · ¢´Ò ´Ê²Õ. ŠµÔËË¨Í¨¥´É ¶·¨ ¸É¥¶¥´¨ E k ¨³¥¥É ¢¨¤

2 ∑ 
r = 1

N

{Br
 (k − 1) Im (gri grj) + Br

 (k)[− εr
x Im (gri grj) + εr

y Re (gri grj)]} +

+ ∑ 
r = 1

N

Vrr gri grj
∗  + ∑ 

r = 1

N − 1

   ∑ 
l = r + 1

N

 {Brl
 (k − 2)[Vlr gri glj

∗ + Vlr
 ∗ gli grj

∗ ] −

− Brl
 (k − 1)[Vlr gri glj

∗ (εl + εr
∗) + Vlr

 ∗ gli grj
∗  (εl

∗ + εr)] +

+ Brl
 (k)[Vlr gri glj

∗ εl εr
∗ + Vlr

 ∗ gli grj εl
∗ εr]} = 0. (3.11)

�·¨· ¢´Ö¥³ ´Ê²Õ ±µÔËË¨Í¨¥´É ¶·¨ ¸É¥¶¥´¨ E (2N − 1). ‘ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ
Br ¥¸ÉÓ ¶µ²¨´µ³ ¸É¥¶¥´¨ (2N − 2),   Brl Å ¶µ²¨´µ³ ¸É¥¶¥´¨ (2N − 4),
¶µ²ÊÎ ¥³

∑ 
r = 1

N

Br
 (2N − 2) Im (gri grj) = 0.

‘É ·Ï¨° ±µÔËË¨Í¨¥´É ¶µ²¨´µ³  Br · ¢¥´ ¥¤¨´¨Í¥. �É¸Õ¤  ¶µ²ÊÎ ¥³

∑ 
r = 1

N

Im (gri grj ) = 0  ¨²¨  ∑ 
r = 1

N

[gri
x  grj

y  + gri
y  grj

x ] = 0   (i, j = 1,Á, M).   (3.12)

‡¤¥¸Ó gr
x  ̈  gr

y  Å ¤¥°¸É¢¨É¥²Ó´Ò¥ ¢¥±Éµ·Ò, ¶·¥¤¸É ¢²ÖÕÐ¨¥, ¸µµÉ¢¥É¸É¢¥´-

´µ, ¤¥°¸É¢¨É¥²Ó´ÊÕ ¨ ³´¨³ÊÕ Î ¸É¨ ±µ³¶²¥±¸´µ£µ ¢¥±Éµ·  gr = gr
x + igr

y .
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�Ê¤¥³ ¸É·µ¨ÉÓ ¢¥±Éµ·Ò gr É ±, ÎÉµ¡Ò ¨Ì ³´¨³Ò¥ Î ¸É¨ gr
y  Ö¢²Ö²¨¸Ó

²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ ¤¥°¸É¢¨É¥²Ó´ÒÌ Î ¸É¥° gr
x :

gr
y = ur1g1

x + ur2g2
x + Á + urN gN

x ,    (r = 1,Á, N). (3.13)

�µ¤¸É ¢¨¢ ¢Ò· ¦¥´¨¥ (3.13) ¢ Ê¸²µ¢¨¥ (3.12), ¶µ²ÊÎ¨³

∑ 
r = 1

N

 






 gri

x  ∑ 
k = 1

N

urk gkj
x  + grj

x   ∑ 
k = 1

N

urk gki
x  







 =

= 2 ∑ 
r = 1

N

urr gri
x  grj

x  +  ∑ 
r = 1

N − 1

   ∑ 
k = r + 1

M

 (urk + ukr) (gri
x  gkj

x  + gki
x  grj

x ) = 0,

(i, j = 1,Á, M).

’ ±¨³ µ¡· §µ³, ¤²Ö Éµ£µ, ÎÉµ¡Ò ±µÔËË¨Í¨¥´É ¶·¨ ¸É¥¶¥´¨ E (2N − 1) Éµ¦-
¤¥¸É¢¥´´µ · ¢´Ö²¸Ö ´Ê²Õ, ´¥µ¡Ìµ¤¨³µ ¨ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò

urr = 0,     urk = − ukr , (3.14)

Éµ ¥¸ÉÓ ³ É·¨Í  ¸¢Ö§¨ U Å ±µ¸µ¸¨³³¥É·¨Î´ Ö ³ É·¨Í . � ¢¥´¸É¢µ (3.13)
µ¶·¥¤¥²Ö¥É NM Ê· ¢´¥´¨° ¸¢Ö§¨, ±µÉµ·Ò¥ § ¢¨¸ÖÉ µÉ N(N − 1)6 2 ¶ · ³¥É-
·µ¢ Å Ô²¥³¥´Éµ¢ uij ³ É·¨ÍÒ U.

�·¨· ¢´Ö¥³ ´Ê²Õ ±µÔËË¨Í¨¥´É ¶·¨ ¸É¥¶¥´¨ (2N − 2):

2 ∑ 
r = 1

N

 {Br
 (2N − 3) Im (gri grj ) − Br

 (2N − 2)[εr
x Im (gri grj ) − εr

y Re (gri grj )]} +

+ ∑ 
r = 1

N

Br
 (2N − 2) Vrr gri grj

∗  +  ∑ 
r = 1

N − 1

   ∑ 
l = r + 1

N

 {Brl
 (2N − 4)[Vlr gri glj

∗ + Vlr
 ∗ gli grj

∗ ] −

− Brl
 (2N − 3)[Vlr gri glj

∗(εl + εr
∗) + Vlr

 ∗ gli grj
∗ (εl

∗ + εr)] +

+ Brl
 (2N − 2)[Vrl gri glj

∗εl εr
∗ + Vlr

 ∗ gli grj
∗  εl

∗ εr]} = 0.
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C ÊÎ¥Éµ³ Éµ£µ, ÎÉµ

Br
 (2N − 3) = − 2 ∑ 

k ≠ r

εk
x = − ∑ 

k ≠ r

ak ,

Br
 (2N − 2) = Brl

 (2N − 4) = 1,     Brl
 (2N − 2) = Brl

 (2N − 3) = 0,

¶µ²ÊÎ¨³

2 ∑ 
r = 1

N

[− ∑ 
k ≠ r

ak Im (gri grj ) + εr
y Re (gri grj ) − εr

x Im (gri grj ) ] +

+ ∑ 
r = 1

N

Vrr gri grj
∗  + ∑ 

r = 1

N − 1

   ∑ 
l = r + 1

N

 [Vlr gri glj
∗ + Vlr

 ∗ gri grj
∗ ] = 0. (3.15)

‡ ¶¨Ï¥³ ¶·µ¨§¢¥¤¥´¨Ö gri grj ,  gri grj
∗ ,  gri glj ¨ gli grj

∗  ¸ ÊÎ¥Éµ³ ¶·¥¤¸É ¢-

²¥´¨Ö (3.13):
gri grj = (gri

x  grj
x  − gri

y  grj
y ) + i(gri

x  grj
y  + gri

y  grj
x ) =

= [gri
x  grj

x  − ∑ 
k = 1

N

  ∑ 
υ = 1

N

urk urυ gri
x  gυj

x ] + i ∑ 
k = 1

N

urk [gri
x  gkj

x  + grj
x  gki

x ],

gri grj
∗  = (gri

x  grj
x  + gri

y  grj
y ) + i(− gri

x  grj
y  + gri

y  grj
x ) =

= [gri
x  grj

x  + ∑ 
k = 1

N

  ∑ 
υ = 1

N

urk urυ gki
x  gυj

x ] + i ∑ 
k = 1

N

urk [− gri
x  gkj

x  + grj
x  gki

x ],     (3.16)

gri glj
∗ = (gri

x  glj
x + gri

y  glj
y ) + i(− gri

x  glj
y + gri

y  glj
x ) =

= [gri
x  glj

x + ∑ 
k = 1

N

  ∑ 
υ = 1

N

urk ulυ gki
x  gυj

x ] + i ∑ 
k = 1

N

[− ulk gri
x  gkj

x  + urk glj
x gki

x ],

gli grj
∗  = (gli

x grj
x  + gli

y grj
y ) + i(− gli

x grj
y  + gli

y grj
x ) =

= [gli
x grj

x  + ∑ 
k = 1

N

  ∑ 
υ = 1

N

ulk urυ gki
x  gυj

x ] + i ∑ 
k = 1

N

[− urk gli
x gkj

x  + ulk grj
x  gki

x ].
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„²Ö Éµ£µ ÎÉµ¡Ò ±µÔËË¨Í¨¥´É (3.15) ¶·¨ ¸É¥¶¥´¨ E (2N − 2) ¡Ò² · ¢¥´
´Ê²Õ, ´¥µ¡Ìµ¤¨³µ ¶·¨· ¢´ÖÉÓ ´Ê²Õ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ¶·µ¨§¢¥¤¥´¨ÖÌ

gµi
x  gνj

x , (µ, ν = 1,Á, N). �µ¤¸É ¢¨³ (3.16) ¢ Ê· ¢´¥´¨¥ (3.15) ¨ ¶·¨· ¢´Ö¥³

´Ê²Õ ¤¥°¸É¢¨É¥²Ó´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨ ÔÉ¨Ì ±µÔËË¨Í¨¥´Éµ¢ (´ ¶µ³´¨³, ÎÉµ

Vlr = Vlr
 x + iVlr

 y = gl
+gr):

2εµ
y − 2 ∑ 

r ≠ µ
εµ
yurµ

2  + Vµµ + ∑ 
r ≠ µ

Vrr urµ
2  +

+ 2 ∑ 
r = 1

N − 1

   ∑ 
l = r + 1

N

Vlr
 xurµulµ + 2 ∑ 

r ≠ µ
Vrµ

 y urµ = 0, (3.17)

− 2 ∑ 
r = 1

N

εr
y urµurν + 2uµν(εµ

x − εν
x) + ∑ 

r = 1

N

Vrr urµurν + Vµν
 x  +

+ ∑ 
r = 1

N − 1

   ∑ 
l = r + 1

N

 Vlr
 x[urµulν + ulµurν] +  ∑ 

r ≠ µ, ν

N

 [Vrµ
 y urν + Vrν

 yurµ] = 0, (3.18)

uνµ(Vµµ + Vνν) + Vνµ
 y  + ∑ 

r = 1

N − 1

   ∑ 
l = r + 1

N

 Vlr
 y [urµulν − ulµurν] +

+  ∑ 
r ≠ µ, ν

N

 [Vrν
 xurµ + Vrµ

 x urν] = 0. (3.19)

’ ±¨³ µ¡· §µ³, ¶·¨· ¢´Ö¢ ´Ê²Õ ±µÔËË¨Í¨¥´É ¶·¨ ¸É¥¶¥´¨ E (2N − 2),

¶µ²ÊÎ ¥³ ̧ ¨¸É¥³Ê N 2 Ê· ¢´¥´¨°, ²¨´¥°´ÒÌ µÉ´µ¸¨É¥²Ó´µ ¸± ²Ö·´ÒÌ ¶·µ¨§-

¢¥¤¥´¨° Vrr , Vlr
 x ¨ Vlr

 y : Ê· ¢´¥´¨° (3.17), N(N − 1)6 2 Ê· ¢´¥´¨° (3.18) ¨

N(N − 1)6 2 Ê· ¢´¥´¨° (3.19). ŠµÔËË¨Í¨¥´ÉÒ ¶·¨ gµi
x  gνj

x  ̈  gνi
x  gµj

x  ̧ µ¢¶ ¤ ÕÉ,

¶µ¸±µ²Ó±Ê µ ¨ ν ¢Ìµ¤ÖÉ ¢ Ê· ¢´¥´¨Ö (3.18) ¨ (3.19) ¸¨³³¥É·¨Î´µ.
�¥Ï¨¢ ¸¨¸É¥³Ê, ¶µ²ÊÎ ¥³ §´ Î¥´¨Ö ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨°

Vrr = − 
2
S
 [S + 2Qr] εr

y, (3.20)

Vlr
 x = − 

2
S
 [Flr(εl

x − εr
x) + Glr(εl

y + εr
y)], (3.21)
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Vlr
 y = − 

2
S
 [Glr(εl

x − εr
x) − Flr(εl

y + εr
y)],

r = 1, ..., N;     l = r + 1, ..., N, (3.22)

£¤¥

S = 1 + ∑ 
p = 1




 
N
2
 


(− 1)p    ∑ 
i
1
 = 1

N − 2p + 1

       ∑ 
i
2
 > i

1

N − 2p + 2

  Á   ∑ 
i
2p

 > i
2p − 1

N

   






 
i1
i1
  

i2
i2

 
Á
Á

 
i2p

i2p
 






 ,

Qr =  ∑ 
p = 1




 
N
2
 


(− 1)p + 1    ∑ 
i
1
 = 1

N − 2p + 2

       ∑ 
i
2
 > i

1

N − 2p + 3

   Á    ∑ 
i
2p − 1

 > i
2p − 2

N

    






 
r

r
  

i1
i1

  
i2
i2
 
Á
Á

 
i2p − 1

i2p − 1
 






 ,

(i
1
,Á, i

2p − 1
 ≠ r),

Flr = ulr +   ∑ 
p = 1




 
N
2
 

 − 1

 (− 1)p    ∑ 
i
1
 = 1

N − 2p + 1

       ∑ 
i
2
 > i

1

N − 2p + 2

   Á   ∑ 
i
2p

 > i
2p − 1

N

   






 
l

r
  

i1
i1

  
i2
i2
 
Á
Á

 
i2p
i2p

 






 ,

(i
1
,Á i

2p ≠ r, l),

Glr =     ∑ 
p = 1




 
N + 1

2
 

 − 1

   (− 1)p + 1    ∑ 
i
1
 = 1

N − 2p + 2

       ∑ 
i
2
 > i

1

N − 2p + 3

   Á    ∑ 
i
2p − 1

 > i
2p − 2

N

    






 
l

r
  

i1
i1
  

i2
i2

 
Á
Á

 
i2p − 1

i2p − 1
 






 ,

(i
1
,Á, i

2p − 1
 ≠ r, l).

‡¤¥¸Ó







 
l

r
   

i1
i1
  

i2
i2

 
Á
Á

 
ik
ik
 






 = 


















 

ulr

ui
1
r

.

.

.

ui
k
r

    

uli
1

ui
1
i
1

.

.

.
ui

k
i
1

  

Á

Á

Á

Á

   

uli
k

ui
1
i
k

.

.

.
ui

k
i
k

 


















Å ³¨´µ·, ¸µ¸É ¢²¥´´Ò° ¨§ Ô²¥³¥´Éµ¢ ³ É·¨ÍÒ U, ¸ÉµÖÐ¨Ì ´  ¶¥·¥¸¥Î¥-
´¨¨ ¸É·µ± ¸ ´µ³¥· ³¨ l, i

1
, i

2
,Á, ik ¨ ¸Éµ²¡Íµ¢ ¸ ´µ³¥· ³¨ r, i

1
, i

2
,Á, ik .
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‘¨¸É¥³  (3.13) ¨ ¸± ²Ö·´Ò¥ ¶·µ¨§¢¥¤¥´¨Ö (3.20)Å(3.22) ¶µ²´µ¸ÉÓÕ
µ¶·¥¤¥²ÖÕÉ µ£· ´¨Î¥´¨Ö, ´ ±² ¤Ò¢ ¥³Ò¥ ´  ¨¸±µ³Ò¥ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ
Ï¨·¨´. …¸²¨ ¢¥±Éµ·Ò gr (r = 1,Á, N) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸µµÉ´µÏ¥´¨Ö³ (3.13) ¨

(3.20)Å(3.22), Éµ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ³² ¤Ï¨Ì ¸É¥¶¥´ÖÌ ¶µ²¨´µ³  (3.10)
¡Ê¤ÊÉ Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ.

�¡² ¸É¨ ¨§³¥´¥´¨Ö Ô²¥³¥´Éµ¢ ³ É·¨ÍÒ U, ¸¢Ö§Ò¢ ÕÐ¥° ¤¥°¸É¢¨É¥²Ó-
´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨ ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´, µ¶·¥¤¥²ÖÕÉ¸Ö Ê¸²µ-
¢¨Ö³¨

0 ≤ 
Flr

 2 + Glr
 2

(S + 2Qr) (S + 2Ql)
 ≤ 

Γr Γl

4(Er − El)
2 + (Γr + Γl)

2
 ≤ 1. (3.23)

ˆ§ ÔÉ¨Ì ´¥· ¢¥´¸É¢ ¢¨¤´µ, ÎÉµ ¥¸²¨ ·¥§µ´ ´¸Ò Ìµ·µÏµ · §´¥¸¥´Ò, Éµ
µ¡² ¸ÉÓ µ¶·¥¤¥²¥´¨Ö ¤²Ö Ô²¥³¥´Éµ¢ ³ É·¨ÍÒ U Ê³¥´ÓÏ ¥É¸Ö ¤µ ´Ê²Ö. ‚
¶·¥¤¥²¥ ¶·¨ url → 0 ¤²Ö ¢¸¥Ì r ¨ l ¢¥±Éµ·Ò gr ¸É ´µ¢ÖÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨

¨ ¢§ ¨³´µ µ·Éµ£µ´ ²Ó´Ò³¨.

„²¨´Ò ¢¥±Éµ·µ¢ gr ¶·¥¢µ¸Ìµ¤ÖÉ ¶µ²´Ò¥ Ï¨·¨´Ò Γr ´  ¢¥²¨Î¨´Ê, ¨¸Î¥-

§ ÕÐÊÕ, ¥¸²¨ ·¥§µ´ ´¸Ò Ìµ·µÏµ · §´¥¸¥´Ò:

gr
2

Γr
 = 

Vrr

Γr
 = 1 + 2 

Qr

S
 .

„²Ö ¶µ¸É·µ¥´´ÒÌ É ±¨³ ¸¶µ¸µ¡µ³ ¢¥±Éµ·µ¢ gr ¢Ò¶µ²´Ö¥É¸Ö ¶· ¢¨²µ

¸Ê³³

∑ 
r = 1

N

gr
T gr = ∑ 

r = 1

N

Γr . (3.24)

„²Ö ¤ ²Ó´¥°Ï¥£µ Ê¤µ¡´µ § ¶¨¸ ÉÓ µ£· ´¨Î¥´¨Ö (3.20)Å(3.22) ¢ É¥·³¨-
´ Ì ¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ³´¨³ÒÌ Î ¸É¥° ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gr =

= gr
x + igr

y . „²Ö µ¶·¥¤¥²¥´¨Ö ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨° ¤¥°¸É¢¨É¥²Ó´ÒÌ ¢¥±-

Éµ·µ¢ ¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê:

(gr
x, gr

x) + (gr
y, gr

y) = Vrr,

(gl
x, gr

x) + (gl
y, gr

y) = Vlr
 x,

¨²¨, ¸ ÊÎ¥Éµ³ ¶·¥¤¸É ¢²¥´¨Ö (3.13),
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(gr
x, gr

x) + ∑ 
i ≠ r

  ∑ 
j ≠ r

 uri urj (gi
x, gj

x ) = Vrr ,

(gl
x, gr

x) + ∑ 
i ≠ l

  ∑ 
j ≠ r

 uli urj (gi
x, gj

x ) = Vlr
 x .

�¥Ï¨¢ ¸¨¸É¥³Ê, ¶µ²ÊÎ ¥³

(gr
x, gr

x) = 
2

S 2
 {− (S + Qr)

2εr
y + ∑ 

i ≠ r

[2Fri Gri εi
x + (Fri

 2 − Gri
 2) εi

y]},    (3.25)

(gl
x, gr

x) = 
2

S 2
 {Flr[(S + Qr) εr

x − (S + Ql) εl
x] − Glr[(S + Qr) εr

y + (S + Ql) εl
y] +

+ ∑ 
i ≠ l, r

 [(Fli Gri + Fri Gli) εi
x + (Fli Fri − Gli Gri) εi

y]},

r = 1,Á, N;   l = r + 1,Á, N. (3.26)

�·¨ Ë¨É¨·µ¢ ´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¸ Í¥²ÓÕ µ¶·¥¤¥²¥´¨Ö ¶ -
· ³¥É·µ¢ ·¥§µ´ ´¸µ¢ ®· ¡µÎ¨³¨¯ Ëµ·³Ê² ³¨ Ö¢²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö (3.13)
¨ (3.25)Å(3.26), Ë¨§¨Î¥¸±¨³¨ ¶ · ³¥É· ³¨ ¸²Ê¦ É ³ ¸¸Ò ¨ Ï¨·¨´Ò ·¥§µ-
´ ´¸µ¢,   É ±¦¥ ¨Ì ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ (¨²¨ ¡·Ô´Î¨´£¨ · ¸¶ ¤µ¢).
Š ± ³Ò ¢¨¤¥²¨, ¶·¨ ¶¥·¥±·Ò¢ ´¨¨ ·¥§µ´ ´¸µ¢ ´¥ ¢¸¥ ÔÉ¨ ¶ · ³¥É·Ò ´¥-
§ ¢¨¸¨³Ò. ’·¥¡µ¢ ´¨Ö Ê´¨É ·´µ¸É¨ ¨ T-¨´¢ ·¨ ´É´µ¸É¨ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö
S ´ ±² ¤Ò¢ ÕÉ ´  ´¨Ì µ¶·¥¤¥²¥´´Ò¥ µ£· ´¨Î¥´¨Ö. �¥¸³µÉ·Ö ´  £·µ³µ§¤±¨¥
Ëµ·³Ê²Ò, µ¶·¥¤¥²¥´¨¥ ¶ · ³¥É·µ¢ § ¤ Î¨ Ö¢²Ö¥É¸Ö ¶·µ¸Éµ° ¶·µÍ¥¤Ê·µ°.
�¨¦¥, ¢ ¶.3.4, ³Ò · ¸¸³µÉ·¨³, ± ± ¶µ²Ó§µ¢ ÉÓ¸Ö ÔÉµ° ¸Ì¥³µ°.

‚ ¸µµÉ´µÏ¥´¨Ö (3.13) ¢Ìµ¤ÖÉ N(N − 1) 6 2 ¢¸¶µ³µ£ É¥²Ó´ÒÌ (¢´ÊÉ·¥´-
´¨Ì) ¶ · ³¥É·µ¢ § ¤ Î¨ Å Ô²¥³¥´ÉÒ ³ É·¨ÍÒ U(url ≤ 1). ‚ µÉ²¨Î¨¥ µÉ

³¥Éµ¤ , µ¶¨¸ ´´µ£µ ¢ ¶.2.3, £¤¥ §´ Î¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·µ¢ É¨¶ 
α Ö¢´Ò³ µ¡· §µ³ ¸µ¤¥·¦ É¸Ö ¢  ³¶²¨ÉÊ¤ Ì fij , ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ uij ´Ê¦-

´Ò ²¨ÏÓ ¢ ¶·µÍ¥¸¸¥ Ê¸É ´µ¢²¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ¨ ´¥ ¢Ìµ¤ÖÉ ¢
µ±µ´Î É¥²Ó´Ò¥ Ëµ·³Ê²Ò ¤²Ö  ³¶²¨ÉÊ¤. „¥°¸É¢¨É¥²Ó´Ò¥ Î ¸É¨ ¢¥±Éµ·µ¢ ¶ ·-

Í¨ ²Ó´ÒÌ Ï¨·¨´ gr
x  ¸¢Ö§ ´Ò N(N + 1) 6 2 ¸µµÉ´µÏ¥´¨Ö³¨ (3.25)Å(3.26),

µ¶·¥¤¥²ÖÕÐ¨³¨ ¤²¨´Ò ÔÉ¨Ì ¢¥±Éµ·µ¢ ¨ ¨Ì ¢§ ¨³´µ¥ · ¸¶µ²µ¦¥´¨¥. ‘²¥¤µ-
¢ É¥²Ó´µ, ̈ § NM ±µµ·¤¨´ É ÔÉ¨Ì ¢¥±Éµ·µ¢ ¸¢µ¡µ¤´Ò³¨ ¶ · ³¥É· ³¨ Ö¢²ÖÕÉ-
¸Ö Éµ²Ó±µ NM − N(N + 1) 6 2 ±µµ·¤¨´ É. ‚¸¥£µ § ¤ Î  ¸µ¤¥·¦¨É N(M + 1)
¸¢µ¡µ¤´ÒÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¶ · ³¥É·µ¢. �·¨ Ë¨É¨·µ¢ ´¨¨ ¤²Ö ± ¦¤µ£µ ´ -
¡µ·   ¶ · ³¥É·µ¢  ¸²¥¤Ê¥É  ¶·µ¢¥·ÖÉÓ  ¢Ò¶µ²´¥´¨¥  ¸µµÉ´µÏ¥´¨Ö  (3.23) ¨

�…�…Š�›‚��™ˆ…‘Ÿ �…‡����‘›  187



´¥Ê¤ Î´Ò¥ Ï £¨ µÉ¡· ±µ¢Ò¢ ÉÓ. …¸²¨ Î¨¸²µ ± ´ ²µ¢ M ´¥ ³¥´ÓÏ¥ Î¨¸² 
·¥§µ´ ´¸µ¢ N, Éµ ¶µ¸É·µ¥´¨¥ ¸¨¸É¥³Ò ¢¥±Éµ·µ¢ ¸ § ¤ ´´Ò³ ¸µµÉ´µÏ¥´¨¥³
¤²¨´ ¨ Ê£²µ¢ ´¥ ¶·¥¤¸É ¢²Ö¥É § É·Ê¤´¥´¨°. …¸²¨ ¦¥ M < N, § ¤ Î  Ê¸²µ¦´Ö-
¥É¸Ö ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ ·¥Ï ÉÓ ¸¨¸É¥³Ê ´¥²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°.

3.2. “Î¥É Ëµ´ . �¶·¥¤¥²¨¢ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gr ¨ § ¶¨¸ ¢

¨Ì ¢ ¢¨¤¥ grk = e
iϕrkgrk, ¶µ²ÊÎ¨³ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö (3.3):

S
~
ij = δij − i ∑ 

r = 1

N

e
i(ϕ

ri
 + ϕ

rj
)
  

gri⋅grj

E − εr
 .

�¡¥ ³ É·¨ÍÒ S
~
 ¨ S = bS

~
bT Ê´¨É ·´Ò ¶µ ¶µ¸É·µ¥´¨Õ. …¸²¨ Ëµ´µ¢ Ö ³ É-

·¨Í  ¤¨ £µ´ ²Ó´ , Éµ ¥¸ÉÓ

Bij = δij e
2iβ

i   (i, j = 1,Á, M),

Éµ Ark = e
iβ

k grk (r = 1,..., N; k = 1,.., M), ¨ ³ É·¨Í  · ¸¸¥Ö´¨Ö S ³µ¦¥É ¡ÒÉÓ

¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

Sij = e
i(β

i
 + β

j
)
  







 δij − i ∑ 

r = 1

N

e
i(ϕ

ri
 + ϕ

rj
)
  

gri⋅grj
E − εr

 






 .

” §µ¢Ò¥ ¸¤¢¨£¨ βi ¢ ¤ ´´µ³ ³¥Éµ¤¥ ³µ£ÊÉ ¡ÒÉÓ ËÊ´±Í¨Ö³¨ Ô´¥·£¨¨. ‚

¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥, ±µ£¤  Ëµ´ ³µ¦´µ ¸Î¨É ÉÓ Ê¶·Ê£¨³ ¨ ´¥ § ¢¨¸ÖÐ¨³ µÉ
Ô´¥·£¨¨, ³Ò ̈ ³¥¥³ M ¤¥°¸É¢¨É¥²Ó´ÒÌ ¶ · ³¥É·µ¢ βi . �·¨ Ë¨É¨·µ¢ ´¨¨ Ô±¸-

¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ³ É·¨ÍÊ B ³µ¦´µ ¶µ¸É·µ¨ÉÓ, ´ ¶·¨³¥·, ¸²¥¤Ê-
ÕÐ¨³ µ¡· §µ³. ‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ M ¤¥°¸É¢¨É¥²Ó-
´ÒÌ Î¨¸¥² βi ∈ [0, 2π) ¨ M(M − 1) 6 2 Ê£²µ¢ ¢· Ð¥´¨Ö ψk ∈ [0, 2π). ’µ£¤ 

µ·Éµ£µ´ ²Ó´ Ö ³ É·¨Í  V ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´  ± ± ¶·µ¨§¢¥¤¥´¨¥

V = R
1
 ⋅ R

2
 ⋅ Á ⋅ RM(M − 1)6 2

,

£¤¥ ³ É·¨Í  Rk = {rij
(k)}i, j = 1

M  oÉ²¨Î ¥É¸Ö µÉ ¥¤¨´¨Î´µ° ²¨ÏÓ Ô²¥³¥´É ³¨

rpp
(k) = rqq

(k) = cos ψk ,     rpq
(k) = − rqp

(k) = sin ψk

(p = 1,.., M; q = p + 1,.., M).
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…¸²¨ Ëµ´µ¢ Ö ³ É·¨Í  B ́ ¥¤¨ £µ´ ²Ó´  (B = bbT, b = Veiβ), Éµ ¶µÖ¢²Ö¥É-
¸Ö M(M + 1) 6 2 ¤µ¶µ²´¨É¥²Ó´ÒÌ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢: M ¤¥°¸É¢¨É¥²Ó´ÒÌ
¶¥·¥³¥´´ÒÌ βi ¨ M(M − 1) 6 2 Ô²¥³¥´Éµ¢ µ·Éµ£µ´ ²Ó´µ° ³ É·¨ÍÒ V.

�Î¥¢¨¤´µ, ÎÉµ Ëµ´µ¢ Ö ³ É·¨Í  B § ¢¨¸¨É Éµ²Ó±µ µÉ Î¨¸²  ± ´ ²µ¢ ̈  ́ ¥
§ ¢¨¸¨É µÉ Î¨¸²  ·¥§µ´ ´¸µ¢.

3.3. �·Ô´Î¨´£¨ · ¸¶ ¤µ¢ ¢ ¸²ÊÎ ¥ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢. ‚
¸²ÊÎ ¥ N ´¥¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¨ M ¢´¥Ï´¨Ì ± ´ ²µ¢  ³¶²¨ÉÊ¤Ê
· ¸¸¥Ö´¨Ö ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

f = ∑ 
r = 1

N

 
Ar Ar

T

E − Er + iΓr6 2
 .

‡¤¥¸Ó Ar Å ¤¥°¸É¢¨É¥²Ó´Ò¥ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´, ¶·¨Î¥³ ¨§ Ê¸-

²µ¢¨Ö Ê´¨É ·´µ¸É¨ ¸²¥¤Ê¥É, ÎÉµ

∑ 
i = 1

M

Ari
2  = Γr .

�¶·¥¤¥²¨¢ ¡·Ô´Î¨´£ · ¸¶ ¤  r-£µ ·¥§µ´ ´¸  ¢ i-° ± ´ ² ± ±

Bri = 
Ari

2

Γr
 , (3.27)

 ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

fij = ∑ 
r = 1

N

 
Γr√Bri Brj

E − Er + iΓr6 2
 . (3.28)

�Î¥¢¨¤´µ, ÎÉµ

∑ 
i = 1

M

Bri =  

 ∑
i = 1

M

 Ari
2

Γr
 = 1.

‚ ¸²ÊÎ ¥ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ¨³¥¥É ¢¨¤

f = ∑ 
r = 1

N gr gr
T

E − Er + iΓr6 2
 ,
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¸ ±µ³¶²¥±¸´Ò³¨ ¢¥±Éµ· ³¨ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gr . �µ  ´ ²µ£¨¨ ¸ (3.27)

¡·Ô´Î¨´£µ³ · ¸¶ ¤  r-£µ ·¥§µ´ ´¸  ¢ i-° ± ´ ² ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¢¥²¨Î¨´Ê

Bri = 
gri

2

gr
2
 = 

gri
2

∑ 
k = 1

M

grk
2

 .
(3.29)

’µ£¤  gri = gr √Bri ¨

fij = ∑ 
r = 1

N

e
i(ϕ

ri
 + ϕ

rj
)
  

gr
2 √Bri Brj

E − Er + iΓr6 2
 . (3.30)

3.4. �µ¸É·µ¥´¨¥ ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´. �¥¸³µÉ·Ö ´  Éµ, ÎÉµ
Ëµ·³Ê²Ò ¤²Ö ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨° ¢Ò£²Ö¤ÖÉ ¤µ¸É ÉµÎ´µ ̧ ²µ¦´Ò³¨, ¶µ¸-
É·µ¥´¨¥ ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ¶·¨ M ≥ N ¢Ò¶µ²´Ö¥É¸Ö ¸ ¶µ³µÐÓÕ
¤µ¸É ÉµÎ´µ ¶·µ¸Éµ° ¨ ·¥£Ê²Ö·´µ° ¶·µÍ¥¤Ê·Ò. ‚ ÔÉµ³ · §¤¥²¥ ³Ò ¶µ¤·µ¡´µ
· ¸¸³µÉ·¨³ ¸¶µ¸µ¡Ò ¶µ²ÊÎ¥´¨Ö ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ¤²Ö ¸²ÊÎ ¥¢
µ¤´µ£µ, ¤¢ÊÌ ¨ É·¥Ì ·¥§µ´ ´¸µ¢.

�µ¸±µ²Ó±Ê Ëµ´µ¢ Ö ³ É·¨Í  B § ¢¨¸¨É Éµ²Ó±µ µÉ Î¨¸²  ± ´ ²µ¢ ¨ ´¥
§ ¢¨¸¨É µÉ Î¨¸²  ·¥§µ´ ´¸µ¢, ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ, ¤²Ö ¶·µ¸ÉµÉÒ, ÎÉµ B = I.

�¤¨´ ·¥§µ´ ´¸. ‚ ¸²ÊÎ ¥ µ¤´µ£µ ¨§µ²¨·µ¢ ´´µ£µ ·¥§µ´ ´¸  (N = 1) ¨
M µÉ±·ÒÉÒÌ ± ´ ²µ¢ ³ É·¨Í  · ¸¸¥Ö´¨Ö S(E) ¶·¥¤¸É ¢²Ö¥É¸Ö µ¡ÒÎ´Ò³ ¢Ò-
· ¦¥´¨¥³ �·¥°É  Å ‚¨£´¥· :

Sij = δij − i 
g1i g1j

E − ε1
    (i, j = 1,Á, M).

� · ³¥É· ³¨ ¤ ´´µ° ³µ¤¥²¨ Ö¢²ÖÕÉ¸Ö §´ Î¥´¨Ö E
1
, Γ

1
 (ε

1
 = E

1
 −

− iΓ
1
6 2) ¨ ¢¥±Éµ· g

1
. ’·¥¡µ¢ ´¨¥ Ê´¨É ·´µ¸É¨ ³ É·¨ÍÒ S ´ ±² ¤Ò¢ ¥É ´ 

ÔÉ¨ ¶ · ³¥É·Ò (M + 1) µ£· ´¨Î¥´¨¥.

g1i
y  ≡ 0    (i = 1,Á, M),

(g1
x, g1

x) = − 2ε1
y = Γ1,

Éµ ¥¸ÉÓ g
1
 = g

1
x  Å ¤¥°¸É¢¨É¥²Ó´Ò° ¢¥±Éµ· ¤²¨´Ò Γ

1
.
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…¸²¨ ¢ ± Î¥¸É¢¥ ̧ ¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ¢Ò¡· ÉÓ ³ ¸¸Ê ·¥§µ´ ´¸  E1, Ï¨-

·¨´Ê Γ1 ¨ (N − 1) ±µµ·¤¨´ ÉÊ ¢¥±Éµ·  g1, ´ ¶·¨³¥· g11,Á, g1, M − 1, Éµ ¶µ¸-

²¥¤´ÖÖ ±µµ·¤¨´ É  g1M µ¶·¥¤¥²¨É¸Ö ¨§ Ê· ¢´¥´¨Ö

Γ
1
 = ∑ 

i = 1

M

g
1i
2 .

„¢  ·¥§µ´ ´¸ . ‚ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ (N = 2) ¨ M ¢´¥Ï´¨Ì ± ´ ²µ¢
³ É·¨Í  · ¸¸¥Ö´¨Ö S(E) § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Sij = δij − i 
g1i g1j

E − ε1
 − i 

g2i g2j

E − ε2
     (i, j = 1,Á, M).

� · ³¥É· ³¨ § ¤ Î¨ Ö¢²ÖÕÉ¸Ö §´ Î¥´¨Ö ε
1
 = E

1
 − iΓ

1
6 2, ε

2
 = E

2
 − iΓ

2
6 2 ¨

¤¢  ¢¥±Éµ·  ±µ³¶²¥±¸´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ g
1
 = {g

1i}i = 1
M  ¨ g

2
 =

= {g
2i}i = 1

M .  T·¥¡µ¢ ´¨¥ Ê´¨É ·´µ¸É¨ ³ É·¨ÍÒ S ´ ±² ¤Ò¢ ¥É ´  ´¨Ì

2(M + 1) µ£· ´¨Î¥´¨¥.
Œ É·¨Í  U, ¸¢Ö§Ò¢ ÕÐ Ö ¤¥°¸É¢¨É¥²Ó´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨ ¢¥±Éµ·µ¢ g1

¨ g2, ¢ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

U = 


 
0
α   

− α
0
 


 ,

Éµ ¥¸ÉÓ

g
1
y = − αg

2
x,     g

2
y = αg

1
x. (3.31)

�µ¤¸É ¢²ÖÖ ¶ · ³¥É· α ¢ Ëµ·³Ê²Ò (3.25), (3.26), ¶µ²ÊÎ¨³ ¢Ò· ¦¥´¨Ö

¤²Ö ¤²¨´ ¢¥±Éµ·µ¢ g1
x, g2

x  ¨ ¨Ì ¸± ²Ö·´µ£µ ¶·µ¨§¢¥¤¥´¨Ö:

(g1
x, g1

x) = 
Γ1 − α2Γ2

(1 − α2)2
 ,     (g2

x, g2
x) = 

Γ2 − α2Γ1

(1 − α2)2
 ,

(g2
x, g1

x) = 
2α

(1 − α2)2
 (E1 − E2), (3.32)

ÎÉµ ¸µ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ Éµ³, ¶µ²ÊÎ¥´´Ò³ ¢ · ¡µÉ¥ [12] ¤·Ê£¨³ ¸¶µ¸µ¡µ³.
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� · ³¥É· α ´¥ ¢¶µ²´¥ ¶·µ¨§¢µ²¥´, ´µ µ£· ´¨Î¥´ Ê¸²µ¢¨¥³

0 ≤ 
4α2

(1 − α2)2
 ≤ 

Γ1Γ2

ε1 − ε2
∗2

 ≤ 1.

’·¨ ·¥§µ´ ´¸ . ‚ ¸²ÊÎ ¥ É·¥Ì ·¥§µ´ ´¸µ¢ (N = 3) ¨ M µÉ±·ÒÉÒÌ ± ´ -
²µ¢ ³ É·¨Í  · ¸¸¥Ö´¨Ö S(E) § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Sij = δij − i 
g
1i g1j

E − ε
1

 − i 
g
2i g2j

E − ε
2

 − i 
g
3i g3j

E − ε
3

 ,     (i, j = 1,Á, M). (3.33)

Œ É·¨Í  U, ¸¢Ö§Ò¢ ÕÐ Ö ¤¥°¸É¢¨É¥²Ó´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨ ¢¥±Éµ·µ¢
g1, g2 ¨ g3, ¢ ¸²ÊÎ ¥ É·¥Ì ·¥§µ´ ´¸µ¢ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

U = 






 
0
α
β
  

− α
0
γ
   

− β
− γ

0
 






 ,

Éµ ¥¸ÉÓ
g1
y = − αg2

x − βg3
x,      g2

y = αg1
x − γg3

x,

g
3
y = βg

1
x + γg

2
x. (3.34)

�µ¤¸É ¢²ÖÖ ¶ · ³¥É·Ò α, β, γ ¢ Ëµ·³Ê²Ò (3.25), (3.26), ¶µ²ÊÎ¨³ ´¥µ¡-
Ìµ¤¨³Ò¥ ¤²Ö ¶µ¸É·µ¥´¨Ö ¢¥±Éµ·µ¢ g1, g2 ¨ g3 ¸± ²Ö·´Ò¥ ¶·µ¨§¢¥¤¥´¨Ö

(g1
x, g1

x) = 
2

S 2
 [2αβγ(ε3

x − ε2
x) − ε1

y(1 − γ 2)2 + ε2
y(α2 − β2γ 2) + ε3

y(β2 − α2γ 2)],

(g2
x, g2

x) = 
2

S 2
 [2αβγ(ε1

x − ε3
x) + ε1

y(α2 − β2γ 2) − ε2
y(1 − β2)2 + ε3

y(γ 2 − α2β2)],

(g3
x, g3

x) = 
2

S 2
 [2αβγ(ε2

x − ε1
x) + ε1

y(β2 − α2γ 2) +

+ ε
2
y(γ 2 − α2β2) − ε

3
y(1 − α2)2], (3.35)

(g1
x, g2

x) = 
2

S 2
 {α[ε1

x(1 − γ 2) − ε2
x(1 − β2) − ε3

x(β2 − γ 2)] +

+ βγ[− ε
1
y(1 − γ 2) − ε

2
γ(1 − β2) + ε

3
y(1 + α2)]},
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(g1
x, g3

x) = 
2

S 2
 {β[ε1

x(1 − γ2) − ε2
x(α2 − γ2) − ε3

x(1 − α2)] +

+ αγ [ε
1
y(1 − γ 2) − ε

2
γ(1 + β2) + ε

3
y(1 − α2)]},

(g2
x, g3

x) = 
2

S 2
 {γ [− ε1

x(α2 − β2) + ε2
x(1 − β2) − ε3

x(1 − α2)] +

+ αβ [ε
1
y(1 + γ 2) − ε

2
γ(1 − β2) − ε

3
y(1 − α2)]}, (3.36)

£¤¥ S = 1 − α2 − β2 − γ 2.
� · ³¥É·Ò α, β, γ ´¥ ¢¶µ²´¥ ¶·µ¨§¢µ²Ó´Ò, ´µ µ£· ´¨Î¥´Ò Ê¸²µ¢¨Ö³¨,

¢Ò¶µ²´¥´¨¥ ±µÉµ·ÒÌ ¸²¥¤Ê¥É ¶·µ¢¥·ÖÉÓ ´  ± ¦¤µ³ Ï £¥ ¶·µÍ¥¤Ê·Ò
Ë¨É¨·µ¢ ´¨Ö:

0 ≤ 
4(α2 + β2γ 2)

(1 + α2)2 − (β2 − γ 2)2
 ≤ 

Γ1Γ2

ε1 − ε2
∗2

 ≤ 1,

0 ≤ 
4(β2 + α2γ 2)

(1 + β2)2 − (α2 − γ 2)2
 ≤ 

Γ1Γ3

ε1 − ε3
∗2

 ≤ 1,

0 ≤ 
4(γ 2 + α2β2)

(1 + γ2)2 − (α2 − β2)2
 ≤ 

Γ2Γ3

ε2 − ε3
∗2

 ≤ 1. (3.37)

”µ·³Ê²  (3.33) ¸µ¤¥·¦¨É 3(M + 1) ±µ³¶²¥±¸´ÒÌ ¶ · ³¥É·µ¢: Ô´¥·£¨¨

εr = Er − iΓr6 2 ¨ ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gr = {gri}i = 1
M ,  (r = 1, 2, 3).

“¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¢¢µ¤¨É É·¨ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·  α, β, γ ̈  ́  ±² -
¤Ò¢ ¥É 3(M + 2) µ£· ´¨Î¥´¨Ö Å Ê· ¢´¥´¨Ö (3.34) ¨ (3.35), (3.36). ’ ±¨³
µ¡· §µ³, µ¸É ¥É¸Ö 3(M + 1) ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢, ±µÉµ·Ò¥
³µ¦´µ ¢Ò¡¨· ÉÓ · §²¨Î´Ò³ µ¡· §µ³.

�Ê¸ÉÓ M = 1 (µ¤¨´ µÉ±·ÒÉÒ° ± ´ ²). —¨¸²µ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ · ¢-
´µ 6.

…¸²¨ ¢ ± Î¥¸É¢¥ ÔÉ¨Ì ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ¢§ÖÉÓ §´ Î¥´¨Ö Er, Γr , Éµ

¶ · ³¥É·Ò α, β, γ µ¤´µ§´ Î´µ µ¶·¥¤¥²ÖÉ¸Ö ¨§ ¸¨¸É¥³Ò

4(α2 + β2γ 2)
(1 + α2)2 − (β2 − γ 2)2

 = 
Γ1Γ2

ε1 − ε2
∗2

 ,
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4(β2 + α2γ 2)
(1 + β2)2 − (α2 − γ 2)2

 = 
Γ1Γ3

ε1 − ε3
∗2

 ,

4(γ 2 + α2β2)
(1 + γ 2)2 − (α2 − β2)2

 = 
Γ2Γ3

ε2 − ε3
∗2

 .

Šµµ·¤¨´ ÉÒ g
11
x , g

21
x , g

31
x  µ¶·¥¤¥²ÖÉ¸Ö ¨§ ¸µµÉ´µÏ¥´¨°

g11
x  = √Γ1 

1 + α2 + β2 − γ 2

1 − α2 − β2 − γ 2
 ,

g21
x  = √Γ2 

1 + α2 − β2 + γ 2

1 − α2 − β2 − γ 2
 ,

g31
x  = √Γ3 

1 − α2 + β2 + γ 2

1 − α2 − β2 − γ 2
 .

Šµµ·¤¨´ ÉÒ ³´¨³ÒÌ Î ¸É¥° ¢¥±Éµ·µ¢ gi µ¶·¥¤¥²ÖÉ¸Ö ¨§ · ¢¥´¸É¢ (3.34).

�Ê¸ÉÓ  M = 2  (¤¢   µÉ±·ÒÉÒÌ  ± ´ ² ).  —¨¸²µ  ¸¢µ¡µ¤´ÒÌ  ¶ · ³¥É·µ¢
· ¢´µ 9.

…¸²¨ ¢ ± Î¥¸É¢¥ ÔÉ¨Ì ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ¢Ò¡· ÉÓ §´ Î¥´¨Ö Er , Γr ¨

α, β, γ, Éµ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·µ¢ g1, g2, g3 µ¶·¥¤¥²ÖÕÉ¸Ö µ¤´µ§´ Î´µ ̈ § ¸µµÉ-

´µÏ¥´¨° (3.35) ¨ (3.36). �¡µ§´ Î¨³

g
1
x = 







 
x
1

x
2
 






 ,     g

2
x = 







 
y
1

y
2
 






 ,     g

3
x = 







 
z
1

z
2
 






 .

’µ£¤  §´ Î¥´¨Ö xi , yi , zi (i = 1, 2) µ¶·¥¤¥²ÖÉ¸Ö ¨§ ¸¨¸É¥³Ò

x
1
2 + x

2
2 = (g

1
x, g

1
x),     y

1
2 + y

2
2 = (g

2
x, g

2
x),     z

1
2 + z

2
2 = (g

3
x, g

3
x),

x
1
y
1
 + x

2
y
2
 = (g

1
x, g

2
x),    x

1
z
1
 + x

2
z
2
 = (g

1
x, g

3
x),    y

1
z
1
 + y

2
z
2
 = (g

2
x, g

3
x).

‡´ Î¥´¨Ö ¸± ²Ö·´ÒÌ ¶·µ¨§¢¥¤¥´¨° (gk
x, gl

x) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶ · ³¥É·Ò

Er , Γr ¨ α, β, γ (¸³. Ëµ·³Ê²Ò (3.35), (3.36)). …¸É¥¸É¢¥´´µ, ¶ · ³¥É·Ò

Er , Γr ¨ α, β, γ ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ µ£· ´¨Î¥´¨Ö³ (3.37).
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�Ê¸ÉÓ ¨³¥¥É¸Ö M > 2 ¢´¥Ï´¨Ì ± ´ ²µ¢.

—¨¸²µ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ · ¢´µ 3(M + 1). ˆÌ ³µ¦´µ ¢Ò¡¨· ÉÓ · §-
²¨Î´Ò³¨ ¸¶µ¸µ¡ ³¨. � ¶·¨³¥·, ¢ ± Î¥¸É¢¥ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ³µ¦´µ
¢§ÖÉÓ §´ Î¥´¨Ö Er , Γr ¨ α, β, γ. ’µ£¤  ¤²Ö µ¶·¥¤¥²¥´¨Ö 3M ±µµ·¤¨´ É ¢¥±Éµ-

·µ¢ gr
x  µ¸É ¥É¸Ö 3(M − 2) ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É· , ±µÉµ·Ò¥ ³µ¦´µ § ¤ ÉÓ ± ±

Ê£²Ò ¶µ¢µ·µÉ : (M − 3) Ê£²µ¢ ¶µ¢µ·µÉ  ψ1,Á, ψM − 3 ¢¥±Éµ·  g3
x  ¢µ±·Ê£ µ¸¥°

e3,Á, eM; (M − 2) Ê£²µ¢ ¶µ¢µ·µÉ  δ1, δ2,Á, δM − 2 £¨¶¥·¶²µ¸±µ¸É¨ ¢¥±Éµ·µ¢

g2
x, g3

x  ¢µ±·Ê£ µ¸¥° e2,Á, eM ¨ (M − 1) Ê£µ² ¶µ¢µ·µÉ  ϕ1, ϕ2,Á, ϕM − 1 ¢¸¥Ì

¢¥±Éµ·µ¢ gi
x  ¢µ±·Ê£ µ¸¥° ±µµ·¤¨´ É.

�Ê¸ÉÓ ¤²Ö µ¶·¥¤¥²¥´´µ¸É¨ M = 4. Šµµ·¤¨´ ÉÒ ¨¸±µ³ÒÌ ¢¥±Éµ·µ¢ ¶ ·-
Í¨ ²Ó´ÒÌ Ï¨·¨´ ³µ¦´µ ¢ÒÎ¨¸²ÖÉÓ, ´ ¶·¨³¥·, ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. �µ-
²µ¦¨³

p1 = 












 

c1

0
0
0

 












 ,     p2 = 












 

d1

d2

0
0

 












 ,     p3 = 













 

e1

e2

e3

0

 













 ,

£¤¥

c
1
 = √(g

1
x, g

1
x) ,

d
1
 = 

(g
1
x, g

2
x)

c
1

 ,     d
2
 = √(g

2
x, g

2
x) − d

1
 2 ,

e
1
 = 

(g
1
x, g

3
x)

c
1

 ,    e
2
 = 

(g
2
x, g

3
x) − d

1
c
1

d
2

 ,    e
3
 = √(g

3
x, g

3
x) − e

1
2 − e

2
2 .

‚ÒÎ¨¸²¨³ ¢¥±Éµ·Ò qr (¶µ¢µ·µÉ ¢¥±Éµ·µ¢ pr ¢µ±·Ê£ ¶²µ¸±µ¸É¨ (e
1
, e

2
)):

qr = 












 

1
0
0

0

   

0
1
0

0

    

0
0

  cos ψ1

− sin ψ1

    

0
0

sin ψ1

cos ψ1

 












 pr .

‚ÒÎ¨¸²¨³ ¢¥±Éµ·Ò sr (¶µ¢µ·µÉ ¢¥±Éµ·µ¢ qr ¢µ±·Ê£ ¶²µ¸±µ¸É¥° (e1, e3) ¨
(e1, e4)):
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sr = 












 

1
0

0

0

   

0
  cos δ1

− sin δ1

0

   

0
sin δ1

cos δ1

0

   

0
0

0

1

 












 












 

1
0

0
0

   

0
  cos δ2

0
− sin δ2

    

0
0

1
0

    

0
sin δ2

0
cos δ2

 












 qr .

� ±µ´¥Í, ¢¥±Éµ·Ò gr
x  ¶µ²ÊÎ É¸Ö ± ± ·¥§Ê²ÓÉ É ¶µ¢µ·µÉ  ¢¥±Éµ·µ¢ sr ¢µ±-

·Ê£ ¶²µ¸±µ¸É¥° (e2, e3), (e2, e4) ¨ (e1, e2):

gr
x = 












 

  cos ϕ1

− sin ϕ1

0
0

   

sin ϕ1

cos ϕ1

0
0

   

0

0

1
0

    

0

0

0
1

 












 












 

  cos ϕ2

0
− sin ϕ2

0

    

0

1
0

0

    

sin ϕ1

0
cos ϕ1

0

    

0

0
0

1

 












 ×

× 












 

  cos ϕ3

0
0

− sin ϕ3

   

0

1
0
0

    

0

0
1
0

    

sin ϕ3

0
0

cos ϕ3

 












 sr .

’ ±¨³ µ¡· §µ³, Ï¥¸ÉÓ ¶ · ³¥É·µ¢ ψ1, δ1, δ2, ϕ1, ϕ2, ϕ3 ¨ ¸µµÉ´µÏ¥´¨Ö

(3.35), (3.36) ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·µ¢ gr
x . Šµµ·¤¨´ ÉÒ

¢¥±Éµ·µ¢ gr
y  µ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨° (3.34).

�ÉµÉ  ²£µ·¨É³ ´¥¶µ¸·¥¤¸É¢¥´´µ µ¡µ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ¡µ²ÓÏ¥£µ Î¨¸² 
·¥§µ´ ´¸µ¢. ‡ ¤ Î  ¸ Î¥ÉÒ·Ó³Ö ·¥§µ´ ´¸ ³¨ ¢µ§´¨± ¥É, ´ ¶·¨³¥·, ¶·¨ ¨§Ê-
Î¥´¨¨ ¸¥³¥°¸É¢  ρ′-³¥§µ´µ¢, ³Ò · ¸¸³µÉ·¨³ ¥¥ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

4. ����‹…Œ› ‘�…Š’�� ‚�‡�“†„…�ˆ‰ 
‹…ƒŠˆ• ‚…Š’���›• Œ…‡���‚ 

ˆ “�ˆ’����‘’œ S-Œ�’�ˆ–›
„‹Ÿ �…�…Š�›‚��™ˆ•‘Ÿ �…“��“ƒˆ• �…‡����‘�‚

4.1. ‘µ¢·¥³¥´´ Ö ¸¨ÉÊ Í¨Ö ¸ ρ- ¨ ω-³¥§µ´´Ò³¨ ¢µ§¡Ê¦¤¥´´Ò³¨ ¸µ¸-
ÉµÖ´¨Ö³¨. ‚ ± Î¥¸É¢¥ ¢ ¦´µ£µ ¨  ±ÉÊ ²Ó´µ£µ ¶·¨³¥·  ¨¸¶µ²Ó§µ¢ ´¨Ö µ¡-
¸Ê¦¤ ¥³ÒÌ ³¥Éµ¤µ¢ ³Ò ¶·µ ´ ²¨§¨·Ê¥³ ¸¶¥±É· ¢µ§¡Ê¦¤¥´¨° ρ- ¨ ω-³¥§µ-
´µ¢. �µ²¥¥ ¤¥É ²Ó´µ¥ µ¶¨¸ ´¨¥ ³µ¦´µ ´ °É¨ ¢ · ¡µÉ Ì [17Å20].

�µ´¨³ ´¨¥ ¨ ¨´É¥·¶·¥É Í¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ£µ ¸¶¥±É·  ·¥§µ´ ´¸µ¢
²¥£±¨Ì ³¥§µ´µ¢ ¥¸ÉÓ ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ¤²Ö ¶µ¨¸±µ¢ ³¥§µ´µ¢, ´¥ Ö¢²Ö-
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ÕÐ¨Ì¸Ö ¢µ§¡Ê¦¤¥´¨Ö³¨ ¸¨¸É¥³Ò, ¸µ¸ÉµÖÐ¥° ¨§ ±¢ ·±  ¨  ´É¨±¢ ·±  qq
_
.

Š·µ³¥ Éµ£µ, ¨§ÊÎ¥´¨¥ ¸¶¥±É·  ®µ¡ÒÎ´ÒÌ¯ qq
_
 · ¤¨ ²Ó´ÒÌ ¨ µ·¡¨É ²Ó´ÒÌ

¢µ§¡Ê¦¤¥´¨° ²¥£±¨Ì ³¥§µ´µ¢, ¸µ¸ÉµÖÐ¨Ì ¨§ u-, d- ¨ s-±¢ ·±µ¢, µ¶·¥¤¥²¥´¨¥
¨Ì ³ ¸¸, Ï¨·¨´ ¨ ³µ¤ · ¸¶ ¤µ¢ ¸ ³µ ¶µ ¸¥¡¥ Ö¢²Ö¥É¸Ö ¢ ¦´µ° § ¤ Î¥°.

‚Ò¤¥²¥´´ Ö ·µ²Ó ¢ Ë¨§¨±¥ Î ¸É¨Í ¢¥±Éµ·´ÒÌ ³¥§µ´µ¢ ¸ J PC = 1− −

(I G = 0−, 1+ Å ¨§µ¸± ²Ö·´ÒÌ ¨ ¨§µ¢¥±Éµ·´ÒÌ) ¤¥² ¥É § ¤ ÎÊ ¨§ÊÎ¥´¨Ö ¸¶¥±-
É·  ¨Ì ¢µ§¡Ê¦¤¥´¨° µ¸µ¡¥´´µ ¢ ¦´µ°. „ ¢´µ ¨§¢¥¸É´µ, ÎÉµ ¶·µ¸É¥°Ï Ö ³µ-
¤¥²Ó ¢¥±Éµ·´µ° ¤µ³¨´ ´É´µ¸É¨ (‚„Œ) ¶²µÌµ µ¶¨¸Ò¢ ¥É ¤ ´´Ò¥ ¢ÒÏ¥ 1 ƒÔ‚

¶µ e+e−- ´´¨£¨²ÖÍ¨¨, ππ-· ¸¸¥Ö´¨Õ ¨ ËµÉµ·µ¦¤¥´¨Õ. ’ ±, ¶µ²´Ò¥ ¸¥Î¥´¨Ö

e+e−- ´´¨£¨²ÖÍ¨¨ ¢ ¤¢  ̈ ²¨ Î¥ÉÒ·¥ ¶¨µ´  ¸ÊÐ¥¸É¢¥´´µ ¢ÒÏ¥ ¶µ²ÊÎ ÕÐ¨Ì¸Ö
¢ ‚„Œ, ¨ ¢ ÔÉ¨Ì ¸¥Î¥´¨ÖÌ, ¨ ¢ Ê¶·Ê£µ°  ³¶²¨ÉÊ¤¥ p-¢µ²´Ò ππ-p ¸¸¥Ö´¨Ö
´ ¡²Õ¤ ÕÉ¸Ö ´¥·¥£Ê²Ö·´µ¸É¨ ¢ µ¡² ¸É¨ Ô´¥·£¨° µÉ 1,2 ¤µ 2,0 ƒÔ‚.

‘ÊÐ¥¸É¢µ¢ ´¨¥ ρ′(1600) ¡Ò²µ É¢¥·¤µ Ê¸É ´µ¢²¥´µ ³´µ£µ ²¥É ´ § ¤, ´µ ¢
É¥Î¥´¨¥ ¤µ²£µ£µ ¢·¥³¥´¨ µ¸É ¢ ² ¸Ó ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ §´ Î¥´¨ÖÌ ¥£µ ¶ -
· ³¥É·µ¢.  �µ§¦¥  ¡Ò²µ  µ¡´ ·Ê¦¥´µ,  ÎÉµ  Ô´¥·£¥É¨Î¥¸± Ö  µ¡² ¸ÉÓ  µ±µ²µ

1600 ŒÔ‚ ¸µ¤¥·¦¨É ¶µ ±· °´¥° ³¥·¥ ¤¢  ¨§µ¢¥±Éµ·´ÒÌ J PC = 1− − ·¥§µ´ ´-
¸ . ‚ · ¡µÉ Ì [21Å23] ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢
¸ ³ ¸¸ ³¨ 1,46 ¨ 1,70 ƒÔ‚ ¨ Ï¨·¨´ ³¨, ¸µµÉ¢¥É¸É¢¥´´µ, 0,31 ¨ 0,40 ƒÔ‚
¶µ§¢µ²Ö¥É  ¶µ²ÊÎ¨ÉÓ  Ìµ·µÏ¥¥  µ¶¨¸ ´¨¥  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ  ¤ ´´ÒÌ  ¶µ

e+e−- ´´¨£¨²ÖÍ¨¨ ¨ ¶µ ËµÉµ·µ¦¤¥´¨Õ ¸ 2π -¨ 4π-±µ´¥Î´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨.
‘Ìµ¦¨° ¸¶¥±É· ¡Ò² ¶µ²ÊÎ¥´ �.�.ƒµ¢µ·±µ¢Ò³ [24] ¶·¨ ¨§ÊÎ¥´¨¨ ¶·µÍ¥¸¸ 

e+e− → → π0ω,  ¢ ±µÉµ·µ³ ¡Ò²¨ µ¡´ ·Ê¦¥´Ò Ï¨·µ±¨¥ (Ï¨·¨´Ò ¶µ·Ö¤± 
0,3 ƒÔ‚) ·¥§µ´ ´¸Ò ̧  ³ ¸¸ ³¨ 1,45, 1,86 ¨ 1,99 ƒÔ‚. ‡´ Î¥´¨Ö ³ ¸¸ ̈  Ï¨·¨´
ÔÉ¨Ì Î ¸É¨Í ¶µ§¦¥ ÊÉµÎ´Ö²µ¸Ó, ´µ ¸µ¢·¥³¥´´ Ö ÉµÎ±  §·¥´¨Ö ¸µ¸Éµ¨É ¢ Éµ³,
ÎÉµ ¢ · °µ´¥ ¡Ò¢Ï¥£µ ρ′(1600)-¢µ§¡Ê¦¤¥´¨Ö ¥¸ÉÓ ¶µ ³¥´ÓÏ¥° ³¥·¥ ¤¢  ´µ-

¢ÒÌ ¨§µ¢¥±Éµ·´ÒÌ J PC = 1− − Ï¨·µ±¨Ì ¸µ¸ÉµÖ´¨Ö, ¸ÊÐ¥¸É¢µ¢ ´¨¥ ±µÉµ·ÒÌ
³µ¦´µ ¸Î¨É ÉÓ ¤µ¸É ÉµÎ´µ É¢¥·¤µ Ê¸É ´µ¢²¥´´Ò³, ¨ µ´¨ § ´¥¸¥´Ò ¢ É ¡-
²¨ÍÒ Particle Data Group [25]. ’µ ¦¥ ¸ ³µ¥ ³µ¦´µ ¸± § ÉÓ ¨ µ¡ ¨§µ¸± ²Ö·-
´ÒÌ ω′-³¥§µ´ Ì Å ω′ (1440) ¨ ω′ (1600).

„µ²£ÊÕ ¨ ¸²µ¦´ÊÕ ¨¸Éµ·¨Õ ¨³¥¥É ¨ ¤·Ê£µ¥ ¢µ§³µ¦´µ¥ ρ-¢µ§¡Ê¦¤¥´¨¥ ¸
³ ¸¸µ° ¢ µ¡² ¸É¨ 1,1 ÷ 1,3 ƒÔ‚. �¥·¢Ò¥ § ±²ÕÎ¥´¨Ö µ ¥£µ ¸ÊÐ¥¸É¢µ¢ ´¨¨
[26] µ¸´µ¢Ò¢ ²¨¸Ó ´  ¸ÊÐ¥¸É¢¥´´µ³ ¶·¥¢ÒÏ¥´¨¨ ¸¥Î¥´¨Ö ¶·µÍ¥¸¸ 

e+e− → ωπ0 µÉ´µ¸¨É¥²Ó´µ ¶·¥¤¸± § ´¨° ‚„Œ. Š·µ³¥ Éµ£µ, ÔÉµ ¢µ§¡Ê¦¤¥´¨¥

¡Ò²µ § ³¥Î¥´µ ¢ ·¥ ±Í¨¨ γp → pe+e− [24]. � ±µ´¥Í,  ´ ²¨§ ¶¨µ´´ÒÌ ¨ π0ω
Ô²¥±É·µ³ £´¨É´ÒÌ  Ëµ·³Ë ±Éµ·µ¢  [28,29]  ¢  Ô´¥·£¥É¨Î¥¸±µ°  µ¡² ¸É¨  ¤µ
1,4 ƒÔ‚ É ±¦¥ ¶·¨¢µ¤¨² ± ́ ¥µ¡Ìµ¤¨³µ¸É¨ ÊÎ¥É  ̧ µ¸ÉµÖ´¨Ö 1,25 ƒÔ‚. �¤´ ±µ
µ¤´µ¢·¥³¥´´µ ¸ÊÐ¥¸É¢µ¢ ²¨ ¨ µ¶¨¸ ´¨Ö ¢¸¥Ì ÔÉ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´-
´ÒÌ ¡¥§ ρ′(1250)-³¥§µ´ .
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‘· ¢´¨É¥²Ó´µ ´¥¤ ¢´µ £·Ê¶¶  LASS ¢ SLAC ¶·µ¢¥²   ³¶²¨ÉÊ¤´Ò°

 ´ ²¨§ [30,31] π+π−-c¨¸É¥³Ò ¢ ¶·µÍ¥¸¸¥ K −p → π+π−Λ. �ÉµÉ  ´ ²¨§ ¶µ± §Ò-
¢ ¥É §´ Î¨É¥²Ó´Ò° ¢±² ¤ p-¢µ²´Ò, ±µÉµ·Ò° ¡Ò² Ìµ·µÏµ µ¶¨¸ ´ �‚-·¥§µ-
´ ´¸µ³ ¸ ³ ¸¸µ° (1,266 ± 0,014) ƒÔB. ‚ ±µ´É¥±¸É¥ qq

_
-³µ¤¥²¨ ÔÉµ ¸µ¸ÉµÖ´¨¥

´ ¨¡µ²¥¥ ¥¸É¥¸É¢¥´´µ ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¶¥·¢µ¥ · ¤¨ ²Ó´µ¥ ¢µ§¡Ê¦-
¤¥´¨¥ ρ-³¥§µ´ .

�µ¸²¥ µ¶Ê¡²¨±µ¢ ´¨Ö ÔÉ¨Ì ·¥§Ê²ÓÉ Éµ¢ ¢ · ¡µÉ¥ [32] ¡Ò²¨ ¢´µ¢Ó ¶·µ-

 ´ ²¨§¨·µ¢ ´Ò ¤ ´´Ò¥ ¶µ ¶·µÍ¥¸¸Ê e+e− → π+π− ¸ ÊÎ¥Éµ³ ̧ µ¸ÉµÖ´¨Ö £·Ê¶¶Ò
LASS ¢ ¤µ¶µ²´¥´¨¥ ± ¤¢Ê³ ¸µ¸ÉµÖ´¨Ö³, Ê¸É ´µ¢²¥´´Ò³ ¡µ²¥¥ · ´´¨³¨
¨¸¸²¥¤µ¢ ´¨Ö³¨ [21Å23]. �ÉµÉ ¶µ¢Éµ·´Ò°  ´ ²¨§ ¶·¨¢¥² ± ¸²¨Ï±µ³ ³ ²µ°

¶ ·Í¨ ²Ó´µ° Ï¨·¨´¥ ¢µ§³µ¦´µ£µ ρ′(1266) ¤²Ö e+e−-± ´ ² , ÎÉµ¡Ò ¨´É¥·-
¶·¥É¨·µ¢ ÉÓ ¥£µ ± ± · ¤¨ ²Ó´µ¥ ¢µ§¡Ê¦¤¥´¨¥ ρ-³¥§µ´ . ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢¸É -
¥É ¢µ¶·µ¸, Ö¢²Ö¥É¸Ö ²¨ ρ′(1266) qq

_
-¸µ¸ÉµÖ´¨¥³.

�É³¥É¨³, ÎÉµ ¢¸¥ ÔÉ¨ ¨¸¸²¥¤µ¢ ´¨Ö ¶·µ¢¥¤¥´Ò ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ëµ·-
³Ê² �·¥°É  Å ‚¨£´¥· , É.¥.  ³¶²¨ÉÊ¤Ò § ¶¨¸Ò¢ ²¨¸Ó ± ± ¸Ê³³Ò �‚-¸² £ ¥-
³ÒÌ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ± ¦¤µ³Ê ·¥§µ´ ´¸Ê.

�Î¥¢¨¤´µ, ÎÉµ ¨´É¥·Ë¥·¥´Í¨Ö ³¥¦¤Ê µ¡¸Ê¦¤ ¥³Ò³¨ Ï¨·µ±¨³¨ ·¥§µ-
´ ´¸ ³¨ Ö¢²Ö¥É¸Ö µ¸´µ¢´µ° ¶·µ¡²¥³µ°  ´ ²¨§  ¨ ¨´É¥·¶·¥É Í¨¨. „²Ö ÊÎ¥É 
ÔÉµ° ¨´É¥·Ë¥·¥´Í¨¨ µ¡ÒÎ´µ ¢¢µ¤ÖÉ Ë §µ¢Ò¥ ³´µ¦¨É¥²¨ ¤²Ö �‚-Î²¥´µ¢, ±µ-
Éµ·Ò¥ ²¨¡µ ¶µ² £ ÕÉ¸Ö · ¢´Ò³¨ ¶²Õ¸ ¨²¨ ³¨´Ê¸ ¥¤¨´¨Í¥ [21Å23,24], ²¨¡µ
· ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ¸¢µ¡µ¤´Ò¥ ¶ · ³¥É·Ò [30,31]. ‚Ò¡µ· ÔÉ¨Ì Ë §µ¢ÒÌ
³´µ¦¨É¥²¥° ¤µ¸É ÉµÎ´µ ¶·µ¨§¢µ²¥´ ̈ , ́  ¶·¨³¥·, ± ± µÉ³¥Î ¥É¸Ö ¢ [33], ®§ -
£ ¤µÎ´µ ̈  ́ ¥ ̈ ³¥¥É · Í¨µ´ ²Ó´µ£µ µ¡ÓÖ¸´¥´¨Ö¯, ÎÉµ ¶·¨ µ¶¨¸ ´¨¨ ¶·µÍ¥¸¸ 

e+e− → ηπ+π− ¸²¥¤Ê¥É ¶·¨³¥´ÖÉÓ ¶· ¢¨²µ §´ ±µ¢ + + ¤²Ö ρ- ¨ ρ1′-¸µ¸ÉµÖ´¨°,

Éµ£¤  ± ± ¤²Ö ¢¸¥Ì ¤·Ê£¨Ì ¶·µÍ¥¸¸µ¢, ¢µ¢²¥Î¥´´ÒÌ ¢  ´ ²¨§, ´ ¤µ ¨¸¶µ²Ó§µ-
¢ ÉÓ ¤²Ö ÔÉ¨Ì ¸µ¸ÉµÖ´¨° Ë §µ¢Ò¥ ³´µ¦¨É¥²¨ + −. �¤´ ±µ µÎ¥´Ó ¢ ¦´µ, ÎÉµ
¢¸¥ É ±¨¥ ¶µ¤Ìµ¤Ò (± ± ¸ Ë §µ¢Ò³¨ ³´µ¦¨É¥²Ö³¨, É ± ¨ ¡¥§ ´¨Ì) ¢ ¸²ÊÎ ¥
Ï¨·µ±¨Ì ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ´ ·ÊÏ ÕÉ Ê´¨É ·´µ¸ÉÓ ³ É·¨ÍÒ
· ¸¸¥Ö´¨Ö, ±µÉµ· Ö Ö¢²Ö¥É¸Ö ¨§´ Î ²Ó´Ò³ ³µÉ¨¢µ³ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ²Õ-
¡ÒÌ  Ëµ·³Ê²  �‚-É¨¶ .  �¨¦¥  ³Ò  ¶·¨¢µ¤¨³   ´ ²¨§Ò ¸¥³¥°¸É¢ ¢¥±Éµ·´ÒÌ
ρ′- ¨ ω′-³¥§µ´µ¢, ¸µÌ· ´ÖÕÐ¨¥ Ê´¨É ·´µ¸ÉÓ.

‚¸¥  ´ ²¨§Ò, ¸É ·Ò¥ ¨ ´µ¢Ò¥, ¡ §¨·ÊÕÉ¸Ö ´  ³µ¤¥²¨ ¢¥±Éµ·´µ° ¤µ³¨-

´ ´É´µ¸É¨, ¢ ±µÉµ·µ° e+e−- ´´¨£¨²ÖÍ¨Ö µ¶¨¸Ò¢ ¥É¸Ö ¶·Ö³Ò³ ¢§ ¨³µ¤¥°-
¸É¢¨¥³ ¶·µ³¥¦ÊÉµÎ´µ£µ γ-±¢ ´É  ¸ ¢¥±Éµ·´Ò³¨ ³¥§µ´ ³¨ ¸ ±µ´¸É ´É ³¨

V − γ ¸¢Ö§¨ fV
 −1 (V = ρ, ω, φ, ψ) ¨ ¤ ²Ó´¥°Ï¨³ · ¸¶ ¤µ³ ¢¥±Éµ·´ÒÌ ³¥§µ´µ¢

¢ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥ f. �É¨ ¶·µÍ¥¸¸Ò ¨§µ¡· ¦ ÕÉ¸Ö ¤¨ £· ³³µ° ´  ·¨¸.5.
�·¨¢¥¤¥³ ́ ¥¸±µ²Ó±µ Ëµ·³Ê², ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¶µ²¥§´Ò ¤²Ö ̧ µ¶µ¸É ¢²¥´¨Ö

·¥§Ê²ÓÉ Éµ¢ · §²¨Î´ÒÌ  ´ ²¨§µ¢. �µ²´µ¥ ¸¥Î¥´¨¥ ¢ ¸²ÊÎ ¥ Éµ²Ó±µ µ¤´µ£µ
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¨§µ²¨·µ¢ ´´µ£µ ¶·µ³¥¦ÊÉµÎ´µ£µ V-·¥§µ´ ´¸ , Ê¤ ²¥´´µ£µ µÉ ¶µ·µ£  ·¥ ±-
Í¨¨, § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

σe
+
e

−
 → f = 4πα 



 
e
fV

 



 2
 
mV

2

s
 

mV ΓV Bf
 V

(s − mV
2)2 + (mV ΓV)2

 , (4.1)

£¤¥ s Å ±¢ ¤· É Ô´¥·£¨¨ ¢ ¸.Í.¨., α Å ¶µ¸ÉµÖ´´ Ö Éµ´±µ° ¸É·Ê±ÉÊ·Ò, mV

Å ³ ¸¸  ¢¥±Éµ·´µ£µ ³¥§µ´ , ΓV Å ¥£µ ¶µ²´ Ö Ï¨·¨´ , Bf
 V = Γf

 V6 ΓV Å

¡·Ô´Î¨´£ · ¸¶ ¤  ¢ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥, Γf
 V Å ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¶ ·-

Í¨ ²Ó´ Ö Ï¨·¨´ .
�·¥¤Ò¤ÊÐÊÕ Ëµ·³Ê²Ê ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

σe
+
e

−
 → f = 

12π
s

 
mV

2 ΓV
2 Bi

 V Bf
 V

(s − mV
2)2 + (mV ΓV)2

 , (4.2)

£¤¥ Bi
 V = ΓV → e

+
e

−6 ΓV . ‘¥Î¥´¨¥ ¢ ¶¨±¥ (¶·¨ [m] = ƒÔ‚) ¨³¥¥É §´ Î¥´¨¥:

σe
+
e

−
 → f = 

12π
mV

2
 Bi

 V Bf
 V 3,89⋅105 ´¡.

� ¶·¨³¥·, ¤²Ö σe
+
e

−
 → 2π ¶·¨ B1

 ρ = 6,5 ±Ô‚/150 ŒÔB ≈ 4,33⋅10−5, B2π
 ρ  ≈

≈ 0,99 ¶µ²ÊÎ ¥³ ¢ ρ-³¥§µ´´µ³ ¶¨±¥ σe
+
e

−
 → 2π ≈ 1100 ´¡, ÎÉµ ¸ ÊÎ¥Éµ³ ¶µ-

¶· ¢µ±, ¸¢Ö§ ´´ÒÌ ¸ ρ−ω-¸³¥Ï¨¢ ´¨¥³, ¡²¨§±µ ± Ô±¸¶¥·¨³¥´É ²Ó´µ³Ê §´ -
Î¥´¨Õ.

�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¤²Ö e+e−- ´´¨£¨²ÖÍ¨¨, ¶µ§¢µ²ÖÕÐ¨¥ µ¡¸Ê¦-
¤ ÉÓ [33] ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¸¥³¥°¸É¢  ¢¥±Éµ·´ÒÌ ρ′-³¥§µ´µ¢, ¸µ¸ÉµÖÉ ¨§ ´ ¡µ· 

¶µ²´ÒÌ ¸¥Î¥´¨° e+e− → 2π, 2π+2π−, π+π−2π0, ωπ0 ¨ ηπ+π−. Œ´µ£µ± ´ ²Ó´µ¥
Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¶µ¤±²ÕÎ ¥É ± ÔÉµ³Ê ´ ¡µ·Ê p-¢µ²´Ê ππ-· ¸¸¥Ö´¨Ö.

�¨¸.5. e+e−- ´´¨£¨²ÖÍ¨Ö ¢ ³µ¤¥²¨ ¢¥±Éµ·´µ° ¤µ³¨´ ´É´µ¸É¨
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„·Ê£¨¥ ± ´ ²Ò · ¸¶ ¤µ¢ ρ′-³¥§µ´µ¢, ±·µ³¥ ¢Ìµ¤ÖÐ¨Ì ¢ ´ Î ²Ó´Ò¥ ¨ ±µ´¥Î-
´Ò¥ ¸µ¸ÉµÖ´¨Ö ÔÉ¨Ì ·¥ ±Í¨°, ¶· ±É¨Î¥¸±¨ µÉ¸ÊÉ¸É¢ÊÕÉ, ÎÉµ µ§´ Î ¥É ³ -
²µ¸ÉÓ ¡·Ô´Î¨´£µ¢ · ¸¶ ¤µ¢ ρ′-¸µ¸ÉµÖ´¨° ¢ ¤·Ê£¨¥ ± ´ ²Ò. ’ ±¨³ µ¡· §µ³,

µ£· ´¨Î¥´¨¥ ± ´ ² ³¨ e+e−, 2π, 2π+2π−, π+π−2π0, ωπ0 ¨ ηπ+π− Ö¢²Ö¥É¸Ö Ìµ-
·µÏ¨³ ¶·¨¡²¨¦¥´¨¥³. �´ ²µ£¨Î´µ Ëµ·³Ê²¨·Ê¥É¸Ö § ¤ Î  µ ω′-³¥§µ´ Ì,

µ¸´µ¢´Ò¥ ± ´ ²Ò · ¸¶ ¤µ¢ ±µÉµ·ÒÌ Å e+e−, ρπ ¨ ωπ+π− (¸µ¸ÉµÖ´¨Ö, ¢±²Õ-
Î ÕÐ¨¥ ¸É· ´´Ò¥ Î ¸É¨ÍÒ, ¶· ±É¨Î¥¸±¨ µÉ¸ÊÉ¸É¢ÊÕÉ [33]). ‚ µ¡¥¨Ì § ¤ Î Ì
(µ ρ′-³¥§µ´ Ì ¨ ω′-³¥§µ´ Ì) §´ Î¥´¨¥ ¨´¤¥±¸  i = 1 ¢  ³¶²¨ÉÊ¤ Ì fij µÉ¢¥Î ¥É

´ Î ²Ó´µ³Ê ¸µ¸ÉµÖ´¨Õ e+e− (¨²¨ ¶·µ³¥¦ÊÉµÎ´µ³Ê γ-±¢ ´ÉÊ). ‡´ Î¥´¨¥

i = 2 ¢ § ¤ Î¥ µ ρ′-³¥§µ´ Ì µÉ¢¥Î ¥É ¸µ¸ÉµÖ´¨Õ π+π−, ¨´¤¥±¸ j = 2, 3, 4, 5, 6

µÉ¢¥Î ¥É, ¸µµÉ¢¥É¸É¢¥´´µ, ±µ´¥Î´Ò³ ¸µ¸ÉµÖ´¨Ö³ π+π−, π+π+π−π−, π+π−π0π0,

π0ω ¨ ηπ+π−. ˆ´¤¥±¸ r, ´Ê³¥·ÊÕÐ¨° ·¥§µ´ ´¸Ò, ¸µµÉ¢¥É¸É¢Ê¥É ρ (¸ ÊÎ¥Éµ³
ρ−ω-¸³¥Ï¨¢ ´¨Ö) ¨ ¤¢Ê³ ¨²¨ É·¥³ ρ′-³¥§µ´ ³. ‚ § ¤ Î¥ µ¡ ω′-³¥§µ´ Ì

¨´¤¥±¸ j = 2, 3 µÉ¢¥Î ¥É ±µ´¥Î´Ò³ ¸µ¸ÉµÖ´¨Ö³ ρπ ¨ ωπ+π− ¨ ¨´¤¥±¸ r µÉ¢¥-
Î ¥É ω−φ ®Ì¢µ¸ÉÊ¯ ¨ ¤¢Ê³ ¨²¨ É·¥³ ω′-·¥§µ´ ´¸ ³. „¥É ²¨ ¢ÒÎ¨¸²¥´¨° ¸¥-
Î¥´¨°  ´´¨£¨²ÖÍ¨¨ ¸ ÊÎ¥Éµ³ ¶µ·µ£µ¢ÒÌ Ë ±Éµ·µ¢ ³µ¦´µ ´ °É¨ ¢ · ¡µÉ Ì
[17,18,20].

4.2. �´ ²¨§ ´  µ¸´µ¢¥ Ëµ·³Ê² �‚-É¨¶ . Œ¥Éµ¤ ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ°
³´µ£µ± ´ ²Ó´µ° ̈  ³´µ£µ·¥§µ´ ´¸´µ° S-³ É·¨ÍÒ �‚-É¨¶  ¤²Ö µ¡Ð¥£µ ̧ ²ÊÎ Ö
M µÉ±·ÒÉÒÌ ± ´ ²µ¢ ¨ N ·¥§µ´ ´¸µ¢ µ¶¨¸ ´ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥. Œ É-
·¨Í  · ¸¸¥Ö´¨Ö § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ S(E) = I − iF, £¤¥ F Å ³ É·¨Í  ¶ ·-
Í¨ ²Ó´ÒÌ  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö:

fij = ∑ 
r = 1

N

 
mr Γr gri grj

s − mr
2 + imrΓr

 = ∑ 
r = 1

N

e
i(ϕ

ri
 + ϕ

rj
)
  

mrΓrgrigrj

s − mr
2 + imrΓr

 . (4.3)

„²Ö µ¡²¥£Î¥´¨Ö ¸µ¶µ¸É ¢²¥´¨Ö ¶·¨¢µ¤¨³ÒÌ ´¨¦¥ ·¥§Ê²ÓÉ Éµ¢ ¸ ¤·Ê£¨³¨

 ´ ²¨§ ³¨ ³Ò ̈ ¸¶µ²Ó§Ê¥³ ¶¥·¥³¥´´ÊÕ s = E 2, ¶·¨ ÔÉµ³ ¢¥±Éµ·Ò gr ¡¥§· §-

³¥·´Ò.

�Î¥´Ó ±· É±µ ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ρ′-·¥§µ´ ´¸µ¢, ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö
¶µ´¨³ ´¨Ö Ë¨§¨Î¥¸±µ° ¸¨ÉÊ Í¨¨ ¶·¨ ¸µ¶µ¸É ¢²¥´¨¨ ¸ ω′-¸µ¸ÉµÖ´¨Ö³¨. „²Ö
¢ÒÖ¸´¥´¨Ö ¸¨ÉÊ Í¨¨ ¸ ρ′(1250)-³¥§µ´µ³ ¢ · ¡µÉ¥ [17] ¶·µ¢¥¤¥´  ´ ²¨§
¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¸ ÊÎ¥Éµ³ É·¥Ì ρ′-·¥§µ´ ´-
¸µ¢. ‚ É ¡².1 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¨Ì ³ ¸¸ ¨ Ï¨·¨´, ¢ É ¡².2 ¶·¨¢¥¤¥-

´Ò §´ Î¥´¨Ö ¡·Ô´Î¨´£µ¢ Bri = gri gri
∗ 6 gr

2. ‚ ¸²ÊÎ ¥, ±µ£¤  ·¥§µ´ ´¸Ò Ìµ-

·µÏµ · §´¥¸¥´Ò, ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ ̧ É ´µ¢ÖÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨,
¨ ÔÉµ · ¢¥´¸É¢µ ¶·¥¢· Ð ¥É¸Ö ¢ Ëµ·³Ê²Ê Bri = Γri6 Γr, ¶µÔÉµ³Ê ¢¥²¨Î¨´Ò
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Bri Γr ³µ¦´µ ̈ ¸¶µ²Ó§µ¢ ÉÓ ± ±  ´ ²µ£¨ §´ Î¥´¨° µ¡ÒÎ´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ Ï¨-

·¨´ Γri . (� ¶·¨³¥·, Γρ
1
′ → e

+
e

− = 10−5⋅350 ŒÔ‚ = 3,5 ±Ô‚.) �·Ô´Î¨´£¨ · ¸¶ -

¤  ρ′(1250) (¢ ´ Ï¨Ì µ¡µ§´ Î¥´¨ÖÌ ρ3′)-¸µ¸ÉµÖ´¨Ö ¢ e−e+ ¨  ¤·µ´´Ò¥ ± ´ ²Ò

¸· ¢´¨³Ò ¸ ¡·Ô´Î¨´£ ³¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì ¸µ¸ÉµÖ´¨°, ÎÉµ ¸´¨³ ¥É ´ ¨¡µ²¥¥
¸¨²Ó´µ¥ ¢µ§· ¦¥´¨¥ ¶·µÉ¨¢ ¢µ§³µ¦´µ¸É¨ · ¸¸³ É·¨¢ ÉÓ ρ′(1250)-³¥§µ´ ± ±
qq
_
-¢µ§¡Ê¦¤¥´¨¥. ‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ Ë¨É ¸ É·¥³Ö ρ′ ²¨ÏÓ ¸²¥£±  ²ÊÎÏ¥,

Î¥³ Ë¨É ¸ ¤¢Ê³Ö ρ′-¸µ¸ÉµÖ´¨Ö³¨. “³¥¸É´µ µÉ³¥É¨ÉÓ, ÎÉµ ¶·µÍ¥¤Ê·  Ê´¨É -
·¨§ Í¨¨ ¢´µ¸¨É ¡µ²ÓÏÊÕ ¦¥¸É±µ¸ÉÓ ¢ ¢Ò· ¦¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤: ¡·Ô´Î¨´£¨
´¥ ¶·µ¨§¢µ²Ó´Ò, Ô³¶¨·¨Î¥¸±¨° ¶µ¤¡µ· Ë §µ¢ÒÌ ³´µ¦¨É¥²¥° ´¥¢µ§³µ¦¥´ ¨
É.¤. ‚¸¥ ÔÉµ ¤¥² ¥É µ¤´µ¢·¥³¥´´µ¥ µ¶¨¸ ´¨¥ Ï¥¸É¨ ¶·µÍ¥¸¸µ¢ ¤µ¸É ÉµÎ´µ
¸²µ¦´µ° § ¤ Î¥°. 

�¥·¥°¤¥³ ± µ¡¸Ê¦¤¥´¨Õ ω′-¸µ¸ÉµÖ´¨°. �´ ²¨§Ò, ¶·µ¢¥¤¥´´Ò¥ ¢µ ³´µ-
£¨Ì · ¡µÉ Ì (µÉ³¥É¨³, ¢ Î ¸É´µ¸É¨, [24,34]), ¤ ÕÉ Ï¨·µ±¨¥ ¸µ¸ÉµÖ´¨Ö ω1′  ¨
ω2′  ¸ ³ ¸¸ ³¨, ¡²¨§±¨³¨ ¤¢Ê³ ̧ µµÉ¢¥É¸É¢ÊÕÐ¨³ ρ′-¸µ¸ÉµÖ´¨Ö³, ¨, ¢µ§³µ¦´µ,

¸µ¸ÉµÖ´¨¥ ω3′ , ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ρ3′ . ‡´ Î¥´¨Ö χ2 ¶·¨ ¸µÌ· ´ÖÕÐ¥³ Ê´¨É ·-

´µ¸ÉÓ µ¶¨¸ ´¨¨ [18] ¶·µÍ¥¸¸µ¢ e−e+ → π+π−π0 ¨ e−e+ → ωπ+π− ¢ ¸²ÊÎ ÖÌ
¤¢ÊÌ ¨ É·¥Ì ¸µ¸ÉµÖ´¨° ω′ ¡²¨§±¨ ¨ · ¢´Ò ¶·¨¡²¨§¨É¥²Ó´µ 1,66 d.f. �µÔÉµ³Ê
³Ò ´¥ ³µ¦¥³ ¸¤¥² ÉÓ µ¶·¥¤¥²¥´´µ¥ § ±²ÕÎ¥´¨¥ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ρ3′- ¨ ω3′-
³¥§µ´µ¢ ¨ Éµ²Ó±µ µ¡¸Ê¤¨³ ́ ¨¦¥ ¢µ§³µ¦´µ¸ÉÓ ¨Ì ¸µµÉ¢¥É¸É¢¨Ö qq

_
-¸Ì¥³¥. „²Ö

Ô±µ´µ³¨¨ ³¥¸É  ̈  ¤²Ö ¶µ¸²¥¤ÊÕÐ¥£µ ¸· ¢´¥´¨Ö ̧  ·¥§Ê²ÓÉ É ³¨ ¤·Ê£¨Ì ³¥Éµ-
¤µ¢ (¸³. ´¨¦¥ ¶¶.4.3 ¨ 4.4) ³Ò µ¡¸Ê¦¤ ¥³  ´ ²¨§ ¨ ¶·¨¢µ¤¨³ ·¥§Ê²ÓÉ ÉÒ, ¢
µ¸´µ¢´µ³, ¤²Ö ¸²ÊÎ Ö ¤¢ÊÌ ω′-¸µ¸ÉµÖ´¨°, ¤¥É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö É·¥Ì ¸µ-
¸ÉµÖ´¨° ¶·¨¢¥¤¥´Ò ¢ · ¡µÉ¥ [18].

�µ²¥§´µ ±µ·µÉ±µ ¶·¨¢¥¸É¨  ²£µ·¨É³ ³¥Éµ¤  ¢ ¶·µ¸Éµ³ ̧ ²ÊÎ ¥ ¤¢ÊÌ ·¥§µ-
´ ´¸µ¢. „¥°¸É¢¨É¥²Ó´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨ ±µ³¶²¥±¸´ÒÌ ¢¥±Éµ·µ¢ ¶ ·Í¨ ²Ó-
´ÒÌ Ï¨·¨´ g1 ¨ g2 ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨Ö³¨ (3.31):

g1
y = − αg2

x,     g2
y = αg1

x.

Š·µ³¥ Éµ£µ, ¤²¨´Ò ¢¥±Éµ·µ¢ g
1
x ¨ g

2
x  ¨ Ê£µ² ³¥¦¤Ê ´¨³¨ § ¤ ´Ò Ëµ·³Ê-

² ³¨ (3.32):

V11
 x  = (g1

x, g1
x) = 

2

(1 − α2)2
 






 1 − α2 

m2Γ2

m1Γ1
 






 ,

V22
 x  = (g2

x, g2
x) = 

2

(1 − α2)2
 






 1 − α2 

m1Γ1

m2Γ2
 






 ,
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V12
 x  = (g2

x, g1
x) = 

2α
(1 − α2)2

 
(m1

2 − m2
2)

√m1m2Γ1Γ2

 .

’ ±¨³ µ¡· §µ³, ¨§ ¶ · ³¥É·µ¢ m1, m2, Γ1, Γ2, g1, g2, Ë¨£Ê·¨·ÊÕÐ¨Ì ¢

Ëµ·³Ê² Ì (4.3), µ¸É ¥É¸Ö 8 ¸¢µ¡µ¤´ÒÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¶ · ³¥É·µ¢, ¢ ± Î¥¸É-
¢¥ ±µÉµ·ÒÌ Ê¤µ¡´µ ¢Ò¡· ÉÓ §´ Î¥´¨Ö ³ ¸¸ m1, m2, ¶µ²´ÒÌ Ï¨·¨´ Γ1, Γ2,

§´ Î¥´¨¥ ¶ · ³¥É·  α, ¤¢¥ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·  g1
x (g11

x  ¨ g13
x ) ¨ µ¤´Ê ±µ-

µ·¤¨´ ÉÊ ¢¥±Éµ·  g2
x (g21

x ).
‡´ Î¥´¨Ö ±µµ·¤¨´ É g12, g22 ¨ g23 µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸¨¸É¥³Ò

(g
11
x )2 + (g

12
x )2 + (g

13
x )2 = V

11
 x ,

(g
21
x )2 + (g

22
x )2 + (g

23
x )2 = V

22
 x ,

g
11
x g

21
x  + g

12
x g

22
x  + g

13
x g

23
x  = V

21
 x ,

·¥Ï¥´¨¥ ±µÉµ·µ° ¥¸ÉÓ

g
12
x  = √V

11
 x  − (g

11
x )2 − (g

13
x )2 ,

g23
x  = 

g13
x (V11

 x  − g11g21) ± g12
x W

(g12
x )2 + (g13

x )2
 ,

g22
x  = 

V11
 x  − g11g21 − g13

x g23
x

g12
x

 ,

£¤¥
W = √[V22

 x  − (g21
x )2] [(g12

x )2 + (g13
x )2] − [V11

 x  − g11
x g21

x ]2 .

‚ ·¥§Ê²ÓÉ É¥ Ë¨É¨·µ¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¶·¨¢¥¤¥´´ÒÌ ´ 

·¨¸.6 ¨ 7 (χ2 6 d.f. = 1,60 ¨ ¶·¨³¥·´µ É ±µ¥ ¦¥ §´ Î¥´¨¥ χ2 ¢ ¤¢ÊÌ ¤·Ê£¨Ì
³¥Éµ¤ Ì ´¨¦¥), ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ³ ¸¸ ¨ ¶µ²´ÒÌ Ï¨·¨´
(¢ ƒÔB):

mω
1
′ = 1,450,     Γω

1
′ = 0,200,

mω
2
′ = 1,616,     Γω

2
′ = 0,199.

‚¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gω
i
′ ¨ ¡·Ô´Î¨´£¨ · ¸¶ ¤µ¢ ¶·¨¢¥¤¥´Ò ¢

É ¡².3.
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4.3. K-³ É·¨Î´Ò°  ´ ²¨§. “´¨É ·´ Ö S-³ É·¨Í  ¨³¥¥É ¢ ÔÉµ³  ´ ²¨§¥
¢¨¤

S(s) = 
I − iK(s)
I + iK(s) ≡ 

I − i  ∑ 
r = 1

N = 2

 
γr γr

T

s − E r

I + i ∑ 
r = 1

N = 2

 
γr γr

T

s − E r

 . (4.5)

‘¢µ¡µ¤´Ò³¨ ¶ · ³¥É· ³¨ ³¥Éµ¤  ¢ ¸²ÊÎ ¥ ¤¢ÊÌ ·¥§µ´ ´¸µ¢ ¨ É·¥Ì
µÉ±·ÒÉÒÌ ± ´ ²µ¢ Ö¢²ÖÕÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò¥ §´ Î¥´¨Ö ¶µ²µ¦¥´¨° ¶µ²Õ¸µ¢
E1 ¨ E 2,   É ±¦¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ É·¥Ì±µ³¶µ´¥´É´Ò¥ ¢¥±Éµ·Ò γ1 ¨ γ2.

”¨É¨·µ¢ ´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¨³ §´ -

Î¥´¨Ö³ (E r ¨ γr
2 ¢ ƒÔB2):

ε1 = 1,364,     ε2 = 1,620,

γ1 = 






 
0,0012
0,5664
0,4196

 






 ,     γ2 = 







 
0,0009
0,2920
0,4379

 






 .

Š ± µ¡¸Ê¦¤ ²µ¸Ó ¢ÒÏ¥, ÔÉ¨ ¢¥²¨Î¨´Ò ́ ¥²Ó§Ö ̈ ´É¥·¶·¥É¨·µ¢ ÉÓ ± ± ³ ¸-
¸Ò ¨ ¶ ·Í¨ ²Ó´Ò¥ Ï¨·¨´Ò ·¥§µ´ ´¸µ¢. �·¥¤¢ ·¨É¥²Ó´µ K-³ É·¨Î´Ò¥ ¢Ò· -
¦¥´¨Ö  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ¸²¥¤Ê¥É ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¸Ê³³Ò �‚-¸² £ ¥³ÒÌ,
Éµ ¥¸ÉÓ ¢ ¢¨¤¥

S(E) = I − i 
mω

1
′ Γω

1
′ C (1)

s − mω
1
′

2  + imω
1
′Γω

1
′

 − i 
mω

1
′ Γω

1
′ C (2)

s − mω
2
′

2  + imω
2
′Γω

2
′

 ,

¨ ¢Ò· §¨ÉÓ § É¥³ ³ ¸¸Ò mω
1
′, mω

2
′ ¨ Ï¨·¨´Ò Γω

1
′, Γω

2
′ ·¥§µ´ ´¸µ¢ Î¥·¥§

§´ Î¥´¨Ö E
1
, E

2
 ¨ ±µ³¶µ´¥´ÉÒ ¢¥±Éµ·µ¢ γ

1
, γ

2
 (¸³. Ëµ·³Ê²Ò ¶.2.2).

�Éµ ¶·¨¢µ¤¨É ± §´ Î¥´¨Ö³ (¢¸¥ ¢¥²¨Î¨´Ò ¢ ƒÔ‚):

mω
1
′ = 1,422,     Γω

1
′ = 0,407,

mω
2
′ = 1,569,     Γω

2
′ = 0,125. (4.6)

�µ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ Ë ±Éµ·¨§ Í¨¨ ±µÔËË¨Í¨¥´Éµ¢ C (1) ¨ C (2) ¶·¨
�‚-Î²¥´ Ì ¢¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gω

i
′ ¨ ¡·Ô´Î¨´£¨ · ¸¶ ¤µ¢ ¶·¨¢¥-

¤¥´Ò ¢ É ¡².4.
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4.4. �´ ²¨§ ¸ ¶µ³µÐÓÕ ´¥Ô·³¨Éµ¢  £ ³¨²ÓÉµ´¨ ´ . �µ¢¥¤¥´¨¥ ¸¨¸É¥-
³Ò ¤¢ÊÌ ´¥¸É ¡¨²Ó´ÒÌ ¶¥·¥³¥Ï¨¢ ÕÐ¨Ì¸Ö Ê·µ¢´¥°, ¨³¥ÕÐ¨Ì µ¡Ð¨¥ ± ´ -
²Ò · ¸¶ ¤µ¢, µ¶·¥¤¥²Ö¥É¸Ö ¢ ÔÉµ³ ³¥Éµ¤¥ £ ³¨²ÓÉµ´¨ ´µ³

H = H (0) − 
i
2
 Γ = 







 
H

11
 − iΓ

11
6 2

αx − iαy 6 2
    

αx − iαy 6 2

H
22

 − iΓ
22
6 2

 






 .

�³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö § ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨¥³:

fij = ∑ 
r = 1

2

  ∑ 
g = 1

2

Air (E − H)rg
−1 Ajg .

�·¨  ´ ²¨§¥ ω′-¸µ¸ÉµÖ´¨° (¤¢  ·¥§µ´ ´¸ , É·¨ ± ´ ²  · ¸¶ ¤ , ³ É·¨Í 
A ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ É·¥Ì±µ³¶µ´¥´É´ÒÌ ¸Éµ²¡Íµ¢ Å ¤¥°¸É¢¨É¥²Ó´ÒÌ ¢¥±Éµ·µ¢
A1 ¨ A2) ¢ ± Î¥¸É¢¥ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ¢Ò¡¨· ²¨¸Ó §´ Î¥´¨Ö Ô²¥³¥´Éµ¢

£ ³¨²ÓÉµ´¨ ´  H11, H22, Γ11, Γ22, α
x,   É ±¦¥ ¤¢¥ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·  A1

(A11, A13) ¨ ¤¢¥ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·a A2 (A21, A22). � · ³¥É· αy ¨ ±µµ·¤¨´ -

ÉÒ A12 ¨ A23 µ¶·¥¤¥²Ö²¨¸Ó ¨§ Ê¸²µ¢¨° Ê´¨É ·´µ¸É¨:













 

A12 = Γ11

A22 = Γ22

 (A1, A2) = αy.

”¨É¨·µ¢ ´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê £ -

³¨²ÓÉµ´¨ ´Ê ¨ ¢¥±Éµ· ³ Ar (H ¨ A2 ¢ ƒÔ‚):

H = 


 
1,3730  − i 0,26206 2
0,00003 − i 0,18666 2

     
0,00003 − i 0,18666 2
1,6142  − i 0,15016 2

 


 .

A1 = 






 
0,0011
0,4005
0,3185

 






 ,     A2 = 







 
0,0008
0,2043
0,3292

 






 .

� °¤¥³ ̧ µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ1 ̈  µ2 ³ É·¨ÍÒ H, Éµ£¤  ̈ Ì ¤¥°¸É¢¨É¥²Ó-

´Ò¥ Î ¸É¨ ¥¸ÉÓ Ô´¥·£¨¨ (³ ¸¸Ò) ·¥§µ´ ´¸µ¢ Eω
1
′ ¨ Eω

2
′,   ³´¨³Ò¥ Î ¸É¨ · ¢-

´Ò, ¸ ÉµÎ´µ¸ÉÓÕ ¤µ §´ ± , ¶µ²ÊÏ¨·¨´ ³ Γω
1
′6 2 ¨ Γω

2
′ 6 2 (¸³. Ëµ·³Ê²Ò ¢

¶.2.3).
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�µ²ÊÎ ¥³ (¢¸¥ ¢¥²¨Î¨´Ò ¢ ƒÔ‚):

mω
1
′ = 1,412,     Γω

1
′ = 0,288,

mω
2
′ = 1,576,     Γω

2
′ = 0,124. (4.7)

‡ ¶¨Ï¥³ É¥¶¥·Ó  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥ ¸Ê³³Ò �‚-¸² £ ¥³ÒÌ:

fij = 
Cij

 (1)

E − Eω
1
′ + iΓω

1
′6 2

 + 
Cij

 (2)

E − Eω
2
′ + iΓω

2
′6 2

 . (4.8)

�µ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ Ë ±Éµ·¨§ Í¨¨ ±µÔËË¨Í¨¥´Éµ¢ C (1) ¨ C (2) ¢¥±-
Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ (¢ ¤·Ê£µ° ´µ·³¨·µ¢±¥, Î¥³ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ³¥Éµ-
¤ Ì, É ± ± ± ¢ Ëµ·³Ê² Ì (4.8) ¨¸¶µ²Ó§Ê¥É¸Ö Ô´¥·£¨Ö E) gω

i
′ ¨ ¡·Ô´Î¨´£¨

· ¸¶ ¤µ¢ ¶·¨¢¥¤¥´Ò ¢ É ¡².5.

’ ¡²¨Í  1. � · ³¥É·Ò ρ′-¢µ§¡Ê¦¤¥´¨° ¤²Ö ¸¨¸É¥³Ò É·¥Ì ρ′-³¥§µ´µ¢
(³ ¸¸Ò ¨ Ï¨·¨´Ò ¶·¨¢¥¤¥´Ò ¢ ƒÔ‚)

Œ¥§µ´ Œ ¸¸  ˜¨·¨´ 

ρ1′ 1,438 0,350

ρ2′ 1,657 0,346

ρ3′ 1,238 0,347

’ ¡²¨Í  2. �·Ô´Î¨´£¨ · ¸¶ ¤µ¢ (¢ ¶·µÍ¥´É Ì)
¤²Ö ¸¨¸É¥³Ò É·¥Ì ρ′-³¥§µ´µ¢

Š ´ ² ‘µ¸ÉµÖ´¨¥ ρ1′ ρ2′ ρ3′

1 e+e− 0,00100 0,00077 0,0080

2 π+π− 5,204 10,193 1,227

3 π+π−π+π− 47,777 7,209 60,796

4 π+π−π0π0 16,163 45,250 26,262

5 ωπ0 18,818 13,554 6,829

6 ηπ+π− 12,037 23,793 4,885
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4.5. �¡¸Ê¦¤¥´¨¥ ¨ ¨´É¥·¶·¥É Í¨Ö ·¥§Ê²ÓÉ Éµ¢  ´ ²¨§µ¢ ρ′- ¨ ω′-¸µ-
¸ÉµÖ´¨°. C· ¢´¨¢ Ö ·¥§Ê²ÓÉ ÉÒ µ¶¨¸ ´¨Ö ω′-³¥§µ´µ¢ ¸ ¶µ³µÐÓÕ É·¥Ì ³¥Éµ-

¤µ¢, ¢¨¤¨³, ÎÉµ ¶ · ³¥É·Ò, ¨¸Ìµ¤´µ Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ ¤¢ÊÌ ¶µ¸²¥¤´¨Ì ³¥Éµ-

¤ Ì, ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ÕÉ¸Ö µÉ Ë¨§¨Î¥¸±¨Ì ³ ¸¸ ¨ Ï¨·¨´ ·¥§µ´ ´¸µ¢,  

ÔÉ¨ ¢¥²¨Î¨´Ò ³µ£ÊÉ ¤µ¸É ÉµÎ´µ ¸¨²Ó´µ § ¢¨¸¥ÉÓ µÉ ¢Ò¡· ´´µ£µ ³¥Éµ¤ .

�É³¥É¨³, µ¤´ ±µ, ÎÉµ ¢Ò¢µ¤Ò, ¸Ëµ·³Ê²¨·µ¢ ´´Ò¥ ´¨¦¥, ¸¶· ¢¥¤²¨¢Ò ¤²Ö

·¥§Ê²ÓÉ Éµ¢ ¢¸¥Ì É·¥Ì  ´ ²¨§µ¢.

’ ¡²¨Í  3. ‚¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gω
1
′ ¨ gω

2
′

¨ ¡·Ô´Î¨´£¨ · ¸¶ ¤µ¢ ω′-³¥§µ´µ¢, ¶µ²ÊÎ¥´´Ò¥ ¸ ¶µ³µÐÓÕ
¶·Ö³µ£µ ³¥Éµ¤  ´ Ìµ¦¤¥´¨Ö �‚ ³´µ£µ± ´ ²Ó´ÒÌ  ³¶²¨ÉÊ¤

Š ´ ² ‘µ¸ÉµÖ´¨¥ gω1′ i ϕω1′ i Bω1′ i (%) gω2′ i ϕω2′ i Bω2′ i (%)

1 e+e− 0,0018 29,91Æ 0,0002 0,0021 − 17,94Æ 0,0003

2 ρπ 0,9795 15,89Æ 65,81 0,7057 − 33,20Æ 34,16

3 ωππ 0,7060 37,79Æ 34,19 0,9797 − 13,51Æ 65,84

’ ¡²¨Í  4. ‚¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gω
1
′ ¨ gω

2
′

¨ ¡·Ô´Î¨´£¨ · ¸¶ ¤µ¢ ω′-³¥§µ´µ¢, ¶µ²ÊÎ¥´´Ò¥
¸ ¶µ³µÐÓÕ K-³ É·¨Î´µ£µ ³¥Éµ¤ 

Š ´ ² ‘µ¸ÉµÖ´¨¥ gω1′ i ϕω1′ i Bω1′ i (%) gω2′ i ϕω2′ i Bω2′ i (%)

1 e+e− 0,0023 8,86Æ 0,0003 0,0013 − 50,51Æ 0,0003

2 ρπ 0,9861 4,82Æ 57,307 0,4679 − 65,99Æ 38,171

3 ωππ 0,8511 14,05Æ 42,693 0,5955 − 37,09Æ 61,829

’ ¡²¨Í  5. ‚¥±Éµ·Ò ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´ gω
1
′ ¨ gω

2
′

¨ ¡·Ô´Î¨´£¨ · ¸¶ ¤µ¢ ω′-³¥§µ´µ¢, ¶µ²ÊÎ¥´´Ò¥
¸ ¶µ³µÐÓÕ ´¥Ô·³¨Éµ¢  £ ³¨²ÓÉµ´¨ ´ 

Š ´ ² ‘µ¸ÉµÖ´¨¥ gω1′ i ϕω1′ i Bω1′ i (%) gω2′ i ϕω2′ i Bω2′ i (%)

1 e+e− 0,0014 10,87Æ 0,0005 0,0008 − 40,35Æ 0,0004

2 ρπ 0,4726 7,22Æ 55,789 0,2398 − 52,17Æ 33,417

3 ωππ 0,4207 16,55Æ 44,210 0,3385 − 28,77Æ 66,583
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�¨¸.6. ‘¥Î¥´¨¥ ¶·µÍ¥¸¸  e+e− → ρπ. ‘¶²µÏ´ Ö ²¨´¨Ö Å ¶·Ö³µ° �‚-³¥-
Éµ¤; ÏÉ·¨Ìµ¢ Ö ²¨´¨Ö Å K-³ É·¨Î´Ò° ³¥Éµ¤; ÉµÎ¥Î´ Ö ²¨´¨Ö Å ³¥Éµ¤
´¥Ô·³¨Éµ¢  £ ³¨²ÓÉµ´¨ ´ . ‹¨´¨Ö, ¶µ³¥Î¥´´ Ö (ƒ),  Å ¢±² ¤ ω- ¨ ϕ-³¥-
§µ´µ¢. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¢§ÖÉÒ ¨§ · ¡µÉ [33] Å (� ), [34] Å (�)

�¨¸.7. ‘¥Î¥´¨¥ ¶·µÍ¥¸¸  e+e− → ωππ. ‘¶²µÏ´ Ö ²¨´¨Ö Å ¶·Ö³µ° �‚-
³¥Éµ¤, ÏÉ·¨Ìµ¢ Ö ²¨´¨Ö Å K-³ É·¨Î´Ò° ³¥Éµ¤; ÉµÎ¥Î´ Ö ²¨´¨Ö Å
³¥Éµ¤ ´¥Ô·³¨Éµ¢  £ ³¨²ÓÉµ´¨ ´ . �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [35] ¤²Ö

·¥ ±Í¨¨ e+e− → ωπ+π− Ê³´µ¦¥´Ò ́   ±µÔËË¨Í¨¥´É 1,5 ¤²Ö ÊÎ¥É  ́ ¥´ ¡-

²Õ¤ ¥³µ£µ ¸µ¸ÉµÖ´¨Ö ωπ0π0
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‚ ±¢ ·±µ¢ÒÌ ³µ¤¥²ÖÌ µ¦¨¤ ¥³Ò¥ ̧ µµÉ´µÏ¥´¨Ö ¤²Ö ¶ ·Í¨ ²Ó´ÒÌ Ï¨·¨´
²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ρ′- ¨ ω′-¸µ¸ÉµÖ´¨° ¸²¥¤ÊÕÐ¨¥: Γ

ρ
i
′  → e

+
e

− : Γω
i
′  → e

+
e

− =

= 9 : 1. ‘µµÉ¢¥É¸É¢¥´´µ ¤²Ö  ¤·µ´´ÒÌ · ¸¶ ¤µ¢ µ¦¨¤ ¥³Ò¥ ¸µµÉ´µÏ¥´¨Ö:
Γρ

i
′  → ωπ : Γω

i
′  → ρπ = 1 : 3. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ´ Ìµ¤ÖÉ¸Ö ¢ µÎ¥´Ó Ìµ·µÏ¥³ ¸µ£-

² ¸¨¨ ¸ ÔÉ¨³¨ ¶·¥¤¸± § ´¨Ö³¨. ‚ ¦´µ, ÎÉµ ³Ò ´¥ ¶ÒÉ ²¨¸Ó ÌµÉÓ ¸±µ²Ó±µ-
´¨¡Ê¤Ó ®Ê¤¥·¦¨¢ ÉÓ¯ ÔÉ¨ ̧ µµÉ´µÏ¥´¨Ö, ̈  ́ ¥µ¦¨¤ ´´Ò³ ¤²Ö ́  ¸ ·¥§Ê²ÓÉ Éµ³
¡Ò²  ¸É¥¶¥´Ó ¨Ì ¢Ò¶µ²´¥´¨Ö. �µ²ÓÏµ¥ µÉ±²µ´¥´¨¥ µÉ ÔÉ¨Ì ¸µµÉ´µÏ¥´¨° ¢
 ´ ²¨§¥ [33] ¡Ò²µ ¢ ¦´Ò³  ·£Ê³¥´Éµ³ ¶·µÉ¨¢ ¢±²ÕÎ¥´¨Ö ¢¸¥Ì ρ′- ¨ ω′-¸µ¸-
ÉµÖ´¨° ¢ qq

_
-¸Ì¥³Ê.

�¤´ ±µ ¢µ¶·µ¸ µ¡ ¨´É¥·¶·¥É Í¨¨ ·¥§Ê²ÓÉ Éµ¢ ´¥ É ± ¶·µ¸É. � ¶·¨³¥·,
³ ¸¸Ò ¶¥·¢ÒÌ · ¤¨ ²Ó´µ£µ S- ¨ µ·¡¨É ²Ó´µ£µ D-¢µ§¡Ê¦¤¥´¨° qq

_
-¸¨¸É¥³Ò

mρ
S
′ = 1,45 ƒÔ‚ ¨ mρ

D
′  = 1,66 ƒÔ‚, ´ °¤¥´´Ò¥ ¢ [35], ¡²¨§±¨ ± ´ Ï¨³ mρ

1
′  ¨

mρ
2
′ . ‘ÊÐ¥¸É¢¥´´µ, µ¤´ ±µ, ÎÉµ µ¡a ρ1′ ¨ ρ2′, ± ± ¨ ρ3′, ¨³¥ÕÉ ¤µ¸É ÉµÎ´µ

¡µ²ÓÏ¨¥ §´ Î¥´¨Ö ²¥¶Éµ´´ÒÌ Ï¨·¨´, Éµ£¤  ± ± ¤²Ö D-¸µ¸ÉµÖ´¨° ¸ ÊÎ¥Éµ³
·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶µ¶· ¢µ± µÍ¥´±  ÔÉ¨Ì Ï¨·¨´ ¸µ¸É ¢²Ö¥É ¤µ²¨ ±Ô‚. � ¸Ìµ¦-
¤¥´¨¥ ´¥ É ± Ê¦ ¨ ¢¥²¨±µ, ¨ ¸ ÊÎ¥Éµ³ ³µ¤¥²Ó´µ° § ¢¨¸¨³µ¸É¨ ±¢ ·±µ¢ÒÌ
¸Ì¥³ ´ Ï¨ ¢ÒÎ¨¸²¥´¨Ö, ¢Ò¶µ²´¥´´Ò¥ ¸ ¶µ³µÐÓÕ Ê´¨É ·´µ° S-³ É·¨ÍÒ, ¶µ-
± §Ò¢ ÕÉ, ÎÉµ ´¥É Î·¥§¢ÒÎ °´µ ¢¥¸µ³ÒÌ  ·£Ê³¥´Éµ¢ ¶·µÉ¨¢ ¨´É¥·¶·¥É Í¨¨
¢¸¥Ì É·¥Ì ρ′- ¨ É·¥Ì ω′-³¥§µ´µ¢ ± ± qq

_
-¢µ§¡Ê¦¤¥´¨°. �¤´ ±µ µÉ³¥Î¥´´µ¥

¢ÒÏ¥ · ¸Ìµ¦¤¥´¨¥ ¨ ¤µ¢µ²Ó´µ ¶²µÉ´µ¥ · ¸¶µ²µ¦¥´¨¥ ÔÉ¨Ì ·¥§µ´ ´¸µ¢ ¶µ
³ ¸¸¥, ¥¸²¨ ¸Î¨É ÉÓ ¨Ì ¢¸¥ · ¤¨ ²Ó´Ò³¨ ¢µ§¡Ê¦¤¥´¨Ö³¨, ¤ ¥É ¨ µ¸´µ¢ ´¨¥
¸Î¨É ÉÓ [33], ÎÉµ ´¥±µÉµ·Ò¥ ¨§ ´¨Ì ®²¨Ï´¨¥¯ ¸·¥¤¨ qq

_
-¸µ¸ÉµÖ´¨°. �·¨·µ¤ 

É ±¨Ì ¢µ§³µ¦´ÒÌ ¸µ¸ÉµÖ´¨° ´¥ ¢¶µ²´¥ Ö¸´ , ¶µ¸±µ²Ó±Ê ¸Ì¥³Ò ¸³¥Ï¨¢ ´¨Ö
qq
_
-¸µ¸ÉµÖ´¨° ¸ £¨¡·¨¤´Ò³¨ ¨²¨ Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ µÎ¥´Ó

³µ¤¥²Ó´µ § ¢¨¸¨³Ò [36].
„ ²Ó´¥°Ï¨° ¶·µ£·¥¸¸ ¢ ÔÉµ° µ¡² ¸É¨ ¸¢Ö§ ´, ¶·¥¦¤¥ ¢¸¥£µ, ¸ Ê²ÊÎÏ¥-

´¨¥³ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¨ ¨Ì ±µ··¥±É´Ò³  ´ ²¨§µ³, ´¥µ¡Ìµ¤¨³µ¸-
ÉÓÕ ¤µ¸É ÉµÎ´µ ÉµÎ´µ£µ ´ Ìµ¦¤¥´¨Ö ²¥¶Éµ´´ÒÌ ¨  ¤·µ´´ÒÌ Ï¨·¨´ ρ′- ¨
ω′-·¥§µ´ ´¸µ¢ ̈  ̧ µ¢¥·Ï¥´¸É¢µ¢ ´¨¥³ ±¢ ·±µ¢ÒÌ ³µ¤¥²¥°, ¢±²ÕÎ ÕÐ¨Ì ̧ ³¥-
Ï¨¢ ´¨¥ ¸µ¸ÉµÖ´¨° qq

_
 ¸ ¡µ²¥¥ ¸²µ¦´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨.

5. ‡�Š‹�—…�ˆ…

�¤¨´ ¨§ µ¸´µ¢´ÒÌ ¢Ò¢µ¤µ¢ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶·¨ µ¶¨¸ ´¨¨ ·¥§µ´ ´-
¸µ¢, ¨³¥ÕÐ¨Ì µ¡Ð¨¥ ± ´ ²Ò · ¸¶ ¤µ¢, ´¥µ¡Ìµ¤¨³µ ¨¸¶µ²Ó§µ¢ ÉÓ ³¥Éµ¤Ò,
¸µÌ· ´ÖÕÐ¨¥ Ê´¨É ·´µ¸ÉÓ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö. ’· ¤¨Í¨µ´´µ ¢  ´ ²¨§ Ì
´ ¨¡µ²¥¥ Î ¸Éµ ¶·¨³¥´ÖÕÉ¸Ö Ëµ·³Ê²Ò É¨¶  �·¥°É  Å ‚¨£´¥· , ´µ ¶·µ¸Éµ¥
¨¸¶µ²Ó§µ¢ ´¨¥ ¸Ê³³Ò µ¡ÒÎ´ÒÌ �‚-¢Ò· ¦¥´¨° ¤²Ö ± ¦¤µ£µ ¶¥·¥±·Ò¢ ÕÐ¥-
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£µ¸Ö ·¥§µ´ ´¸  ³µ¦¥É ¶·¨¢µ¤¨ÉÓ ± µÎ¥´Ó §´ Î¨É¥²Ó´µ³Ê ´ ·ÊÏ¥´¨Õ Ê¸²µ¢¨Ö
Ê´¨É ·´µ¸É¨. �Éµ ´ ·ÊÏ¥´¨¥ ¢¥²¨±µ, ¤ ¦¥ ¥¸²¨ ·¥§µ´ ´¸Ò ± ¦ÊÉ¸Ö ¤µ¸É -
ÉµÎ´µ ¤ ²¥±µ · §´¥¸¥´´Ò³¨. �µÔÉµ³Ê É¥·³¨´ ®¶¥·¥±·Ò¢ ÕÐ¨¥¸Ö¯ ´¥¸±µ²Ó-
±µ Ê¸²µ¢¥´, ¨ ¶·¨ ¨§ÊÎ¥´¨¨ É ±¨Ì ·¥§µ´ ´¸µ¢ ¢¸¥£¤  ´¥µ¡Ìµ¤¨³µ ¨¸¶µ²Ó§µ-
¢ ´¨¥ ¸É·µ£¨Ì ¨ ´¥¸±µ²Ó±µ ¡µ²¥¥ ¨§µÐ·¥´´ÒÌ, Î¥³ ¤²Ö µ¤¨´µÎ´ÒÌ ·¥§µ´ ´-
¸µ¢, ³¥Éµ¤µ¢.

�¥¸±µ²Ó±µ · ´¥¥ ³Ò ¶·¥¤²µ¦¨²¨, ¨ ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¤µ¸É ÉµÎ´µ
¶µ¤·µ¡´µ µ¶¨¸ ²¨, ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ° T-¨´¢ ·¨ ´É´µ° S-³ É·¨ÍÒ
�‚-¢¨¤  ¤²Ö ¸²ÊÎ Ö ´¥¸±µ²Ó±¨Ì ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¶·¨ ³´µ£µ± -
´ ²Ó´µ³ · ¸¸¥Ö´¨¨. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´¥µ¡Ìµ¤¨³µ¸É¨ ¨¸¶µ²Ó§µ¢ ´¨Ö Ê´¨-
É ·´ÒÌ ̈ ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ¢ · ¡µÉ¥ [17] ¡Ò² ¶·µ¢¥¤¥´  ´ ²¨§ ρ′-¸µ¸ÉµÖ´¨°
¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶·µ¸Éµ° ¸Ê³³Ò �‚-Î²¥´µ¢. ‡´ Î¥´¨Ö ³ ¸¸ ¨ Ï¨·¨´ ·¥§µ-
´ ´¸µ¢ ¡²¨§±¨ ± §´ Î¥´¨Ö³, ¶µ²ÊÎ¥´´Ò³ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ê´¨É ·¨§ -
Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò, ± Î¥¸É¢µ Ë¨É  ¶·¨³¥·´µ É ±µ¥ ¦¥, µ¤´ ±µ ³ É·¨Í 
· ¸¸¥Ö´¨Ö S ¸ÊÐ¥¸É¢¥´´µ ´¥Ê´¨É ·´ , ¨ µÉ±²µ´¥´¨¥ ´¥±µÉµ·ÒÌ Ô²¥³¥´Éµ¢

(SS +)ij µÉ 1 ¨²¨ 0 ¤µ¸É¨£ ¥É 100%.

ŒÒ ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨, ÎÉµ ¶ · ³¥É·Ò ·¥§µ´ ´¸µ¢, ¶µ²ÊÎ ¥³Ò¥ ¶·¨
µ¶¨¸ ´¨¨ Ë¨§¨Î¥¸±µ° ¸¨ÉÊ Í¨¨ ¸ ¶µ³µÐÓÕ · §´ÒÌ ³¥Éµ¤µ¢, ³µ£ÊÉ ¸ÊÐ¥¸É-
¢¥´´µ µÉ²¨Î É¸Ö ¤·Ê£ µÉ ¤·Ê£ . �¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ, ÎÉµ ¢¥²¨Î¨´Ò, µ¡µ§-
´ Î ¥³Ò¥ µ¤¨´ ±µ¢µ ¢ · §´ÒÌ ³¥Éµ¤ Ì, Ö¢²ÖÕÉ¸Ö ´  ¸ ³µ³ ¤¥²¥ · §´Ò³¨ ¢
¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì ·¥§µ´ ´¸µ¢. ’ ±, ¶ · ³¥É·Ò, Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ K-³ É·¨Î-
´µ³ ³¥Éµ¤¥ ¢ Ëµ·³Ê²¥ (4.5), ´¥ Ö¢²ÖÕÉ¸Ö ³ ¸¸ ³¨ ¨ Ï¨·¨´ ³¨ ·¥§µ´ ´¸µ¢.
�Éµ ´¥ ¤µ²¦´µ Ê¤¨¢²ÖÉÓ, É ± ± ± ÔÉµÉ ³¥Éµ¤ ¨§´ Î ²Ó´µ ¶·¨³¥´Ö²¸Ö ¤²Ö
 ´ ²¨§µ¢ É¨¶  ÔËË¥±É¨¢´µ£µ · ¤¨Ê¸  [5],   Ëµ·³Ê²  (4.5) ¡Ò²  § ¶¨¸ ´ 
§ É¥³ ²¨ÏÓ ¶µÉµ³Ê, ÎÉµ ¢ ¸²ÊÎ ¥ µ¤´µ£µ ·¥§µ´ ´¸  µ´  Ô±¢¨¢ ²¥´É´  �‚-¢Ò-
· ¦¥´¨Õ ¤²Ö  ³¶²¨ÉÊ¤Ò.

’ ±¨³ µ¡· §µ³, ´¥µ¡Ìµ¤¨³µ §´ ÉÓ Ëµ·³Ê²Ò ®¶¥·¥¸Î¥É ¯ ¶ · ³¥É·µ¢ µÉ
µ¤´µ£µ ³¥Éµ¤  ± ¤·Ê£µ³Ê. ’ ±µ° ¶¥·¥Ìµ¤ µÉ K-³ É·¨Î´µ£µ ³¥Éµ¤  ¨ ³¥Éµ¤ 
´¥Ô·³¨Éµ¢  £ ³¨²ÓÉµ´¨ ´  ± Ê´¨É ·¨§¨·µ¢ ´´Ò³ �‚- ³¶²¨ÉÊ¤ ³ ¢ ¶·¨´-
Í¨¶¥ ¢µ§³µ¦¥´, ÌµÉÖ ¨ µÎ¥´Ó ¸²µ¦¥´. � ¶·¨³¥·, ¢ § ¤ Î¥ µ ρ ¨ É·¥Ì ρ′-³¥-
§µ´ Ì ¤²Ö ¶¥·¥¢µ¤  K-³ É·¨Î´µ£µ ¶·¥¤¸É ¢²¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ± ¢¨-
¤Ê ¸Ê³³Ò �‚-Î²¥´µ¢ ¶·¨Ï²µ¸Ó ¡Ò ·¥Ï ÉÓ ±µ³¶²¥±¸´µ¥ ³ É·¨Î´µ¥ Ê· ¢-
´¥´¨¥ 7-£µ ¶µ·Ö¤± . �¡· É´Ò° ¶¥·¥Ìµ¤ ¥Ð¥ ¡µ²¥¥ ¸²µ¦¥´ ¨ ¶· ±É¨Î¥¸±¨
´¥¢µ§³µ¦¥´.

Š·µ³¥ Éµ£µ, Ê¦¥ ¤²Ö ¸²ÊÎ Ö É·¥Ì ± ´ ²µ¢ · ¸¶ ¤µ¢ K-³ É·¨Î´Ò° ¨ £ -
³¨²ÓÉµ´µ¢ ³¥Éµ¤Ò µÎ¥´Ó £·µ³µ§¤±¨ ¶·¨ Ë¨É¨·µ¢ ´¨¨, ¶µ¸±µ²Ó±Ê, ¢ Î ¸É-
´µ¸É¨, ¤²Ö ± ¦¤µ° Ô±¸¶¥·¨³¥´É ²Ó´µ° ÉµÎ±¨ ¨ ¤²Ö ± ¦¤µ£µ ́  ¡µ·  ¶ · ³¥É-
·µ¢ É·¥¡ÊÕÉ µ¡· Ð¥´¨Ö ±µ³¶²¥±¸´ÒÌ ³ É·¨Í. �Éµ ´¥ Éµ²Ó±µ ¢µ¶·µ¸ É·Ê¤µ-
¥³±µ¸É¨, ´µ µ´ ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ²µ± ²Ó´ÒÌ ³¨´¨³Ê³µ¢, ÎÉµ µÎ¥´Ó
µ¶ ¸´µ ¶·¨ Ë¨É¨·µ¢ ´¨¨. ’ ±, ¶·¨ µ¶¨¸ ´¨¨ ω′-³¥§µ´µ¢ K-³ É·¨Î´Ò° ¨
£ ³¨²ÓÉµ´µ¢ ³¥Éµ¤Ò ¤ ²¨ ¸ÊÐ¥¸É¢¥´´µ ¤·Ê£¨¥ §´ Î¥´¨Ö ¶µ²´ÒÌ Ï¨·¨´, Î¥³
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¶·Ö³µ° �‚-³¥Éµ¤, ¨ ¤ ¦¥ § · ´¥¥ §´ Ö §´ Î¥´¨Ö Ï¨·¨´ ·¥§µ´ ´¸µ¢, µÎ¥´Ó
É·Ê¤´µ ´ °É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ §´ Î¥´¨Ö ¶ · ³¥É·µ¢ K-³ É·¨Î´µ£µ ¨ £ -
³¨²ÓÉµ´µ¢  ³¥Éµ¤µ¢.

„²Ö ±µ··¥±É´µ° ¨´É¥·¶·¥É Í¨¨ ·¥§Ê²ÓÉ Éµ¢  ´ ²¨§  ¢ ²Õ¡µ³ ¸²ÊÎ ¥ ´¥-
µ¡Ìµ¤¨³µ ¸· ¢´¥´¨¥ ¸ Ê´¨É ·´Ò³¨ �‚-¢Ò· ¦¥´¨Ö³¨. �µÔÉµ³Ê ¶·Ö³µ° ³¥-
Éµ¤ ´ Ìµ¦¤¥´¨Ö �‚- ³¶²¨ÉÊ¤ ¢ ¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì ³´µ£µ± ´ ²Ó´ÒÌ ·¥§µ-
´ ´¸µ¢ ¨³¥¥É ¸ÊÐ¥¸É¢¥´´Ò¥ ¶·¥¨³ÊÐ¥¸É¢ , ¶µ¸±µ²Ó±Ê ´¥ É·¥¡Ê¥É ´¨± ±¨Ì
¤µ¶µ²´¨É¥²Ó´ÒÌ ¸²µ¦´ÒÌ ¶·¥µ¡· §µ¢ ´¨°.

� ³  ¶·¥¤¸É ¢²Ö¥É¸Ö,  ÎÉµ  ¶·¥¤²µ¦¥´´Ò°  ¶·Ö³µ°  ³¥Éµ¤  ¶µ¸É·µ¥´¨Ö
S-³ É·¨ÍÒ �‚-¢¨¤  ¤²Ö ³´µ£µ± ´ ²Ó´ÒÌ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ³µ-
¦¥É ¡ÒÉÓ ¶µ²¥§¥´ ¤²Ö ³´µ£¨Ì § ¤ Î ¢ Ë¨§¨±¥ Î ¸É¨Í ¨ Ö¤¥·´µ° Ë¨§¨±¥.
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VIOLATION IN NUCLEON-ANTINUCLEON
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F.M.Lev
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A review of the problem whether the violation of the OZI rule in nucleon-antinucleon annihilation
at rest can be explained in the framework of conventional mechanisms is given in detail. While the
vector dominance model and the rescattering model qualitatively describe the OZI rule violation in
the reactions p̄p → φγ and p̄p → φπ0 for the annihilation from the S state of protonium atom, the
latter model cannot explain the fact that the annihilation into φπ0 from the P state is not seen and
the OZI rule in the reaction p̄p→ f ′2π

0 is not satisˇed. We also discuss what information about the
OZI rule violation can be extracted from the reaction p̄p→ φπ+π− and decays of the J/Ψ meson.

�·µ¢µ¤¨É¸Ö ¤¥É ²Ó´µ¥ µ¡¸Ê¦¤¥´¨¥ ¶·µ¡²¥³Ò, ³µ¦¥É ²¨ ´ ·ÊÏ¥´¨¥ ¶· ¢¨²  �–ˆ ¢ ´Ê±²µ´-
 ´É¨´Ê±²µ´´µ°  ´´¨£¨²ÖÍ¨¨ ¢ ¶µ±µ¥ ¡ÒÉÓ µ¡ÑÖ¸´¥´µ ¢ · ³± Ì µ¡ÒÎ´ÒÌ ³¥Ì ´¨§³µ¢. ‚ Éµ ¢·¥³Ö
± ± ³µ¤¥²Ó ¢¥±Éµ·´µ° ¤µ³¨´ ´É´µ¸É¨ ¨ ³µ¤¥²Ó ¶¥·¥· ¸¸¥Ö´¨Ö ± Î¥¸É¢¥´´µ µ¡ÑÖ¸´ÖÕÉ ´ ·ÊÏ¥-
´¨¥ ¶· ¢¨²  �–ˆ ¢ ·¥ ±Í¨ÖÌ p̄p → φγ ¨ p̄p → φπ0 ¤²Ö  ´´¨£¨²ÖÍ¨¨ ¨§ S-¸µ¸ÉµÖ´¨Ö  Éµ³ 
¶·µÉµ´¨Ö, ³µ¤¥²Ó ¶¥·¥· ¸¸¥Ö´¨Ö ´¥ ³µ¦¥É µ¡ÑÖ¸´¨ÉÓ Éµ, ÎÉµ  ´´¨£¨²ÖÍ¨Ö ¢ φπ0 ¨§ P -¸µ¸ÉµÖ´¨Ö
´¥ ´ ¡²Õ¤ ² ¸Ó ¨ ¶· ¢¨²µ �–ˆ ¢ ·¥ ±Í¨¨ p̄p → f ′2π

0 ´¥ ¢Ò¶µ²´Ö¥É¸Ö. �¡¸Ê¦¤ ¥É¸Ö É ±¦¥,
± ± Ö ¨´Ëµ·³ Í¨Ö µ ´ ·ÊÏ¥´¨¨ ¶· ¢¨²  �–ˆ ³µ¦¥É ¡ÒÉÓ ¨§¢²¥Î¥´  ¨§ ·¥ ±Í¨¨ p̄p→ φπ+π−

¨ · ¸¶ ¤µ¢ J/Ψ ³¥§µ´ .

1. INTRODUCTION

The OkuboÄZweigÄIizuka (OZI) rule [1] was proposed originally for the
explanation of several unusual phenomena, in particular of the fact that the width
of the decay φ → 2π is much smaller than the width of the decay φ → 2K
although the phase space in the ˇrst case is much greater and the process φ→ 2π
is not forbidden by any conservation law. As argued by Lipkin [2], a more
relevant name of this rule is AÄZ (AleksanderÄZweig).

In its present formulation the OZI rule says that processes described by
disconnected quark diagrams (i.e., diagrams which can be connected by only
gluon lines) are suppressed.
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There exist many papers in which the decays of the J/Ψ and Υ mesons are
considered in the framework of the three-gluon mechanism and the agreement
between theory and experiment is rather impressive (see, e.g., Ref. [3]). The
success of these calculations was treated by some physicists as the ˇrst proof of
asymptotic freedom in QCD. On the other hand, attempts to substantiate the OZI
rule in the framework of QCD encounter serious difˇculties (see, e.g., Refs. [4Ä7]
and references therein). In particular, the problem whether the OZI rule applies
to baryons is not clear [8Ä12], but anyway the usual point of view is that any
substantial violation of this rule in some process is a signal that some unusual
physics plays an important role in this process.

The recent experimental data on the p̄p and p̄n annihilation at rest obtained
by the ASTERIX, CRYSTAL BARREL and OBELIX groups [13Ä16] at LEAR,
have shown that the branching ratios of the reactions p̄p → φγ, p̄p → φπ0,
and p̄n→ φπ− are much bigger than expected from naive OZI rule estimations.
Indeed, let θ be the φ−ω mixing angle such that the ω and φ states are constructed
from the u, d and s quarks as follows:

ω =
1√
6
(
√

2cos θ + sin θ)(uū+ dd̄) +
1√
3
(cos θ −

√
2sin θ)ss̄,

φ =
1√
6
(cos θ −

√
2sin θ)(uū+ dd̄)− 1√

3
(
√

2cos θ + sin θ)ss̄ (1)

Then if θ takes the values (36 ÷ 39)0 (see, for example, Ref. [17]), the φ/ω
production ratio takes the values

| (cos θ −
√

2sin θ)

(
√

2cos θ + sin θ)
|2 = (0.2÷ 4.2) · 10−3

while in practice [13Ä16]

Br(p̄p→ φγ)/Br(p̄p→ ωγ) = 0.243± 0.086, (2)

Br(p̄p→ φπ0)/Br(p̄p→ ωπ0) = 0.096± 0.015, (3)

Br(p̄n→ φπ−)/Br(p̄n→ ωπ−) = 0.083± 0.025. (4)

The ratio of the corresponding phase volumes is 0.853 for the reaction (2) and
0.849 for the reactions (3) and (4). Therefore the discrepancy between theory and
experiment is very large.

The extent of the violation of the OZI rule in other reactions of the nucleon-
antinucleon annihilation is given, for example, in Ref. [18].

A rather simple explanation of the OZI rule violation in the reaction (2)
has been proposed by Locher, Lu and Zou [19]; for completeness we describe
this explanation in Sec.2. However the main purpose of the present paper is to
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review the state of the art in explaining the data (3) and (4) in the framework of
the so-called rescattering model considered by Locher, Lu and Zou [19], Locher
and Lu [20] and Buzatu and Lev [21, 22]. The main question here is whether
the explanation given in those references is reliable (and then there is no reason
to think that something unusual happens in the reactions (3) and (4)) or this
explanation is clearly insufˇcient (leaving the problem of the OZI rule violation
open). The discussion of some aspects of this problem is given in Ref. [23].

In the present paper we do not consider explanations of the OZI rule violation
in other models, for example, in models in which the OZI rule violation is the
instanton effect [24], in the model of hidden strangeness [25,26], in the Skyrme
model [27] and others (a review of different explanations can be also found in
Ref. [28]). All such models suggest from the beginning that the explanation of
the OZI rule violation in the reactions (3) and (4) can be obtained only in the
framework of unconventional mechanisms.

As follows from the isotopic invariance, the reactions p̄p → φπ0 and p̄n →
φπ− can be easily related to each other (see, for example, Refs. [21, 29] and
Sec.9).

In Secs.3 and 4 we show that there exist many options in choosing the
form of the amplitude in the rescattering model, in particular we mention two
essentially different choices called Model A and Model B. Neither of these models
have theoretical advantages in comparison with the other (or perhaps Model B is
substantiated in greater extent), but, as shown in Sec.5, a fairly well agreement
with the data can be obtained in Model A while, as shown in Sec.6, Model B
gives the values much below the data.

However the success of Model A immediately poses the problem why the
reaction p̄p→ φπ0 is not seen when the proton and the antiproton annihilate from
the P state of the hydrogen like p̄p atom. This problem is considered in Sec.7.

As shown in Sec.8, the important process for understanding the OZI rule
violation is p̄p → f ′2π

0 since the rescattering contribution to this process is
negligible.

The conclusion about the OZI rule violation in the process (4) follows from
the data of the OBELIX Collaboration [15,16] on the reaction p̄d→ pφπ− when
the proton can be considered as a spectator, i.e., its momentum p is such that
|p| < 200MeV/c. However the same extent of the OZI rule violation has been
observed in the case when |p| ∈ (400, 800)MeV/c. Therefore the problem arises
whether the reason of the OZI rule violation in this case is the same (i.e., the OZI
rule violation in the reaction (4)), or some nuclear effects are important. This
problem is considered in Sec.9.

In Sec.10 we consider the problem what can be learned about the rescatter-
ing contribution taking into account the existing data about some decays of the
J/Ψ meson. Finally, as shown in Sec.11, an analog of Model A in the reaction
p̄p → φπ+π− is inconsistent since the corresponding amplitude does not sat-
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Fig. 1. Vector dominance model for the reaction p̄p→ φγ

isfy the unitarity relation. Therefore this reaction poses additional problems for
understanding the OZI rule violation.

2. REACTION p̄p→ φγ IN THE VECTOR DOMINANCE MODEL

We describe in this section the explanation of the OZI rule violation in the
reaction p̄p→ φγ proposed in Ref. [19]

Consider ˇrst the reaction p̄p → φρ. The amplitude of this reaction can be
written in the form

Ap̄p→φρ = F (k2
1 = m2

ρ, ...)eµνρσe
∗µ
1 e∗ν2 kρ1k

σ
2 , (5)

where µ, ν, ρ, σ = 0, 1, 2, 3, eµνρσ is the absolutely antisymmetric tensor (e0123 =
−1), e1 and k1 are the polarization vector and the four-momentum of the ρ meson,
respectively, e2 and k2 are the corresponding quantities for the φ meson, a sum
over repeated indices is assumed and mρ is the ρ meson mass. The function F in
this expression depends on the polarizations of the proton and antiproton and on
the masses of all particles in question but we assume that the proton, antiproton
and φ meson are always on-shell, the proton and antiproton are at rest and only
the dependence of F on k1 is explicitly indicated.

In the framework of the vector dominance model the amplitude of the reaction
p̄p → φγ is described by the diagrams shown in Fig.1. By analogy with Eq.(5),
the amplitude of the reaction corresponding to the ρ meson in the intermediate
state can be written in the form

Ap̄p→φγ = F (k2
1 = 0, ...)cργeµνρσe

∗µ
3 e∗ν2 kρ3k

σ
2 , (6)

where e3 and k3 are the polarization vector and the four-momentum of the photon,
respectively, and cργ is a constant describing the strength of the ρ→ γ transition.

Let us introduce the quantity

g(k2
1) =

∑
|F (k2

1 , ...)|2 , (7)

where
∑

implies that we take the average value over all initial polarizations and
sum over ˇnal ones. Following Ref. [19] we also express cργ in terms of the
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universal constant fρ [30]: cργ = em2
ρ/fρ. Then it follows from Eqs. (5-7) that

the ratio of the branching ratios for the reactions p̄p→ φγ and p̄p→ φρ is given
by

BR(p̄p→ φγ)

BR(p̄p→ φρ)
= [

g(0)

g(m2
ρ)

]
e2

f2
ρ

(
kγφ

kρφ
)3 , (8)

where kγφ is the c.m. frame momentum in the γφ system and kρφ is understood
analogously.

The authors of Ref. [19] do not take into account the dependence of g on
k2

1 , so they assume that g is some constant. Then, taking into account that
e2/4π = 1/137, f2

ρ/4π = 2.5 and BR(p̄p→ φρ) = (3.4± 1.0) · 10−4 according
to Ref. [14], the result of Ref. [19] is

BR(p̄p→ φγ) = 1.27 · 10−5 (9)

in excellent agreement with the experimental result 1.0 · 10−5 in Ref. [14]. The
authors of Ref. [19] also discuss the contribution of the ω meson but this contri-
bution is not very important.

It is interesting to note that in the model described above the unexpectedly
large value of BR(p̄p → φγ) is a consequence of the purely kinematical factor
(kγφ/kρφ)

3 which is equal to 13.1. Although the success of the simple model
proposed in Ref. [19] is rather impressive, it is necessary to take into account that
the additional assumption used in deriving the result is that the dependence of the
function g on the off-shellness of the ρ meson is not important. It is clear that
at the present stage of the theory of strong interactions we cannot verify whether
this assumption is correct.

3. THE PROBLEM OF CALCULATING THE PROCESS p̄p→ φπ0 WITH
K∗K INTERMEDIATE STATES

As it has been pointed out by several authors (see, e.g., Refs. [31Ä33]) a
large amplitude of some OZI-forbidden transitions may be a consequence of
the possibility that they can go via two-step processes in which each individual
transition is OZI-allowed.

As an example, we ˇrst consider the contribution of K∗K intermediate states
to the reaction p̄p → φπ0. There exist four diagrams shown in Fig.2 and, as
easily follows from the isotopic invariance, the contributions of these diagrams
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Fig. 2.

in the channel with the isospin I = 1 and spin S = 1 are equal to each other.
To calculate these contributions we have to know the amplitudes of the reactions
p̄p→ K∗+K−, K∗+ → π0K+ and K+K− → φ entering into the diagram a of
Fig.2. We use p1 and p2 to denote the four-momenta of the initial proton and
antiproton, respectively, k1 and k2 to denote the four-momenta of the ˇnal π0

and φ mesons, respectively, k′1, k
′
2, and k′3 to denote the four-momenta of the

K∗+, K−, and K+ mesons, respectively, and e and e′ to denote the polarization
vectors of the φ and K∗+ mesons, respectively. The initial proton is described by
the Dirac spinor u(p1) and the initial antiproton is described by the Dirac spinor
with the negative energy v(p2). We also use m, mπ, mK , m∗ and mφ to denote
the proton mass and the masses of the corresponding mesons.

Consider the amplitude p̄p→ K∗+K−. If all particles are on-shell, the only
amplitude in the channel with I = S = 1, which survives when the momenta p1

and p2 are small, is

M
(11)
p̄p→K∗+K− = f

(11)
p̄p→K∗+K− [v̄(p2)γ

µu(p1)]eµνρσe
′∗νk

′ρ
1 k
′σ
2 , (10)

where fp̄p→K∗+K− is some constant and γµ is the Dirac γ matrix. The total cross
section corresponding to the amplitude (10) can be calculated in a standard way
and the result is

σ
(11)
p̄p→K∗+K− = |f (11)

p̄p→K∗+K− |
2 (3m2 + 2p2)k

′3

12πp
, (11)

where p is the proton momentum in the c.m. frame of the p̄p system, p = |p|
and k′ is the magnitude of the c.m. frame momentum for the K∗+K− system.
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By analogy with Eqs. (10) and (11), the amplitude of the reaction p̄p→ φπ0

has the form

Mp̄p→φπ0 = fp̄p→φπ0 [v̄(p2)γ
µu(p1)]eµνρσe

∗νkρ1k
σ
2 , (12)

where fp̄p→φπ0 is some constant, and the total cross section corresponding to the
amplitude (12) has the form

σp̄p→φπ0 = |fp̄p→φπ0 |2 (3m2 + 2p2)k3

12πp
, (13)

where k is the magnitude of the c.m. frame momentum for the φπ0 system.
The amplitude of the reaction K∗+ → π0K+ has the form

MK∗+→π0K+ = fK∗+→π0K+(k1 − k′3)µe
′µ (14)

and a standard calculation shows that the width of the decay is equal to

ΓK∗+→π0K+ =
|fK∗+→π0K+ |2k3

πK

6πm2
∗

, (15)

where kπK is the magnitude of c.m. frame momentum in the πK system. If Γ∗
is the total width of K∗+, then it is easy to show that Γ∗ = 3ΓK∗+→π0K+ .

By analogy with Eqs. (14) and (15), the amplitude of the reaction K+K− →
φ is given by

MK+K−→φ = fK+K−→φ(k
′
2µ − k′3µ)eµ∗, (16)

and the width of the decay φ→ K+K− is equal to

Γφ→K+K− =
|fK+K−→φ|2k3

KK̄

6πm2
φ

, (17)

where kKK̄ is the magnitude of the c.m. frame momentum in the KK̄ system.
Since φ decays into KK̄ in 87% cases it is easy to show that 2Γφ→K+K− =
0.87Γφ, where Γφ is the total width of φ.

Taking into account Eqs. (10), (14), (16) and the fact that all the four
diagrams in Fig.2 give equal contributions, we can write for the amplitude of the
reaction p̄p→ φπ0

Mp̄p→φπ0 = 8ı[v̄(p2)γ
µu(p1)]eµνρσe

∗λkν1 ×

×
∫
f

(11)
p̄p→K∗+K−fK∗+→π0K+fK+K−→φk

′ρ
1 k
′σ
2 (k

′λ
2 − k

′λ
3 ) ×

× δ(4)(k′1 − k1 − k′3)δ(4)(k2 − k′2 − k′3)
(2π)4[k

′2
1 − (m∗ − ıΓ∗/2)2](k

′2
2 −m2

K + ı0)
×

× d4k′1d
4k′2d

4k′3
k
′2
3 −m2

K + ı0
. (18)
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Fig. 3.

Let us note that the term with k
′ν
1 k
′β
1 in the propagator Πνβ = (k

′ν
1 k

′β
1 /m

2
∗−gνβ)

of theK∗ meson (gνβ is the metric tensor in Minkowski space) does not contribute

to the amplitude (18) since eµνρσk
′ν
1 k
′ρ
1 = 0 and for the same reason kν1 −k

′ν
3 can

be replaced by 2kν1 . We have also taken into account that the K∗ meson is the
BreitÄWigner resonance and therefore the propagator of the K∗ meson depends
on the complex mass (m∗ − ıΓ∗/2).

In the general case the quantities fp̄p→K∗+K− , fK∗+→π0K+ and fK+K−→φ
entering into Eq. (18) differ from the corresponding quantities in Eqs. (10), (14)
and (16) since the K∗+, K− and K+ mesons are off-shell. One might assume
that the dependence of these quantities on the off-shell form factors is not strong
and neglect this dependence. However the integral in Eq. (18) strongly diverges
in this case. Therefore we should either introduce the form factors ªby handsª or
try to estimate the amplitude (18) with the help of additional assumptions.

It is important to note that the covariant Feynman approach does not fully
agree with our physical intuition that the process p̄p → φπ0 can be described
as p̄p → (K∗K̄ + K̄∗K) → KK̄π → φπ0. As a rule, one Feynman diagram
contains the contribution of a few diagrams of the ªold fashionedª time ordered
perturbation theory. In particular, the three vertices in the Feynman diagram in
Fig.2 are not necessarily time ordered as we assume. For example, the Feynman
diagram in Fig.3 contains the contributions of the diagrams a and b of the time
ordered perturbation theory. The diagram a indeed describes the process p̄p →
φπ0 as p̄p → (K∗K̄ + K̄∗K) → KK̄π0 → φπ0 while the diagram b describes
the nonphysical process p̄p→ K∗K̄ → K∗K̄φ→ φπ0 since the virtual K̄ meson
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Fig. 4.

in this diagram decays into K̄ and φ and then the interaction between K∗ and K̄
leads to the production of π0.

The difˇculties with the interpretation of Feynman diagrams and with the
divergence in Eq. (18) can be partly overcome if we assume that the main
contribution to the integral in Eq. (18) is given by the residues in the poles of
the propagators of some intermediate particles. According to our interpretation
of the process p̄p → φπ0 we choose two possibilities which we call Model
A and Model B. In Model A we drop Γ∗ in Eq. (18) and replace [(k

′2
1 −

m2
∗+ ı0)(k

′2
2 −m2

K + ı0)]−1 by (−2ıπ)2θ(k
′0
1 )θ(k

′0
2 )δ(k

′2
1 −m2

∗)δ(k
′2
2 −m2

K)/2.
Analogously, in Model B we replace [(k

′2
2 −m2

K + ı0)(k
′2
3 − m2

K + ı0)]−1 by
(−2ıπ)2θ(k

′0
2 )θ(k

′0
3 )δ(k

′2
2 −m2

K)δ(k
′2
3 −m2

K)/2. Schematically Model A can be
described by Fig.4a, i.e., K∗ and K̄ in the diagram of Fig.4a are on-mass shell.
Analogously, Model B can be described by Fig.4b, i.e., K̄ and K in the diagram
of Fig.4b are on-mass shell.

One might think that from the theoretical point of view Model B seems
more substantiated than Model A. Indeed, as shown in Refs. [34,35], the on-shell
approximation is connected with the unitarity relation for the S matrix but this
relation must be formulated only in terms of stable particles. In particular, KK̄π0

is an admissible intermediate state while K∗K̄ is not. In addition, the vertices
K∗+ → π0K+ and K+K− → φ entering into the amplitude K∗K̄ → φπ0 in
Model A are not necessarily time ordered and therefore this amplitude contains
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Fig. 5.

the contribution of not only the process K∗K̄ → KK̄π0 → φπ0 but also the
contribution of the nonphysical process K∗K̄ → K∗K̄φ → φπ0. However,
as shown in Refs. [20, 21], the numerical results in Model A are in qualitative
agreement with the experimental data. For this reason we investigate below the
consequences of both Model A and Model B.

4. THE PROBLEM OF CALCULATING THE PROCESS p̄p→ φπ0 WITH
ρ+ρ− INTERMEDIATE STATES

.
As shown in Refs. [19, 20], the ρ+ρ− intermediate states may essentially

contribute to the process p̄p → φπ0. There exist two diagrams describing the
process p̄p → φπ0 via ρ+ρ−: p̄p → ρ+ρ− → π+π0ρ− → φπ0 and p̄p → ρ+ρ−

→ ρ+π−π0 → φπ0 (see Fig.5) and the contributions of these diagrams are equal
to each other if I = S = 1. To ˇnd these contributions we need the expressions
deˇning the amplitudes p̄p→ ρ+ρ−, ρ+ → π+π0 and ρ−π+ → φ.

When I = S = 1, a possible choice of the amplitude, which survives in the
limit, when p1 and p2 are small, is

M
(11)
p̄p→ρ+ρ− = f

(11)
p̄p→ρ+ρ− [v̄(p2)γ

µu(p1)][e
′∗
1µ(Pe

′∗
2 )− e′∗2µ(Pe

′∗
1 )], (19)

where e′i (i = 1, 2) are the polarization four-vectors of the ρ+ and ρ− mesons,
respectively and P = p1 +p2. We take into account that the C parity of the ρ+ρ−

system should be equal to -1.
There also exist two other amplitudes which satisfy all necessary conditions.

One of them was used in Refs. [19, 20] and the corresponding result is small
(see the discussion in Ref. [20]). The contribution of the other which is cubic in
k′1 − k′2 is expected to be small, too. Following Ref. [22] we describe here the
calculations with the amplitude given by Eq. (19).

A standard calculation shows that the total cross section σ(11)
p̄p→ρ+ρ− has the

form

σ
(11)
p̄p→ρ+ρ− = |f (11)

p̄p→ρ+ρ− |
2
(3m2 + 2p2)(E2

ρ +m2
ρ)k

′3

6πpm4
ρ

, (20)
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Fig. 6.

where now k′ is the magnitude of the c.m. frame momentum in the ρ+ρ− system,
mρ is the mass of the ρ meson and Eρ = (m2

ρ + k
′2)1/2.

The amplitude ρ+ → π+π0 and the decay width of the ρ meson can be
written by analogy with Eqs. (14) and (15):

Mρ+→π+π0 = fρ+→π+π0(k1 − k′3)µe
′µ
1 , Γρ+→π+π0 =

|fρ+→π+π0 |2k3
ππ

6πm2
ρ

, (21)

where k1 and k′3 are the four-momenta of π0 and π+, respectively and kππ is the
magnitude of the c.m. frame momentum in the ππ system.

The amplitude π+ρ− → φ has the form

Mπ+ρ−→φ = fπ+ρ−→φeµνρσe
µ∗e

′ν
2 k

ρ
2k
′σ
2 , (22)

where k′2 is the 4-momentum of ρ−. A direct calculation shows that the decay
width Γφ→π+ρ− is equal to

Γφ→π+ρ− =
|fφ→π+ρ− |2k3

πρ

12π
, (23)

where kπρ is the magnitude of the c.m. frame momentum in the πρ system. Since
φ decays into πρ in 12% cases it is obvious that Γφ→π+ρ− = 0.12Γφ/3.
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As follows from Eqs. (19), (21) and (22), the amplitude p̄p → φπ0 corre-
sponding to the Feynman diagrams in Fig.5 can be written in the form

Mp̄p→φπ0 = 2ı[v̄(p2)γ
µu(p1)]eαβγδe

α∗kγ2P
ν ·∫

fp̄p→ρ+ρ−fρ+→π+π0fπ+ρ−→φk
′δ
2 (k1 − k′3)ρ ·

[(
k′1µk

′
1ρ

m2
ρ

− gµρ)δβν − (
k′1νk

′
1ρ

m2
ρ

− gνρ)δβµ ] ·

δ(4)(k′1 − k1 − k′3)δ(4)(k2 − k′2 − k′3)
(2π)4[k

′2
1 − (mρ − ıΓρ/2)2][k

′2
2 − (mρ − ıΓρ/2)2]

·

d4k′1d
4k′2d

4k′3
k
′2
3 −m2

π + ı0
, (24)

where δ is the Cronecker symbol.
As in Eq. (18), the integral in Eq. (24) diverges if no form factors are

introduced into the vertices p̄p → ρ+ρ−, ρ+ → π+π0 and ρ−π+ → φ. By
analogy with Sec.3 we use the on-shell approximation where the intermediate
states are either ρ+ρ− or ρππ. We again call the corresponding models as
Model A and Model B, respectively. These models correspond to the cuts of the
Feynman diagrams as shown in Fig.6.

5. THE CONTRIBUTION OF K∗K AND ρ+ρ− INTERMEDIATE STATES
IN MODEL A

As follows from the prescription described in Sec.3, Eq. (18) in Model A
reads

Mp̄p→φπ0 = −8ı[v̄(p2)γ
µu(p1)]eµνρσe

∗
λk

ν
1k

ρ
2f

(11)
p̄p→K∗+K− ×

×
∫
fK∗+→π0K+fK+K−→φk

′σ
2 k

′λ
2 θ(k

′0
1 )θ(k

′0
2 )δ(k

′2
1 −m2

∗) ×

× δ(k
′2
2 −m2

K)δ(4)(k1 + k2 − k′1 − k′2)d4k′1d
4k′2

(2π)2[(k′1 − k1)2 −m2
K + ı0]

, (25)

where we have taken into account that (k2λe
λ) = 0. The quantity f (11)

p̄p→K∗+K−
in this expression is the same as in Eq. (10) since K∗ and K̄ are on-mass shell.

It is convenient to consider Eq. (25) in the c.m. frame of the p̄p system
which, at the same time, is the c.m. frame of the K∗K̄ and φπ0 systems. The
vector P in this frame of reference has the components P 0 =

√
s, P = 0. and



224 BUZATU D., LEV F.M.

therefore Eq. (25) can be written in the form

Mp̄p→φπ0 =
−ı

4π2k
f

(11)
p̄p→K∗+K− [v̄(p2)γ

iu(p1)]eiklk
k ×

×
∫
do′fK∗+→π0K+fK+K−→φ

k
′l(EK̄e

0∗ + k
′mem∗)

a− x , (26)

where a = (2E∗Eπ + m2
K − m2

∗ − m2
π)/2kk

′, Eπ = (m2
π + k2)1/2, E∗ =

(m2
∗ + k

′2)1/2, EK̄ = (m2
K + k

′2)1/2, k = |k|, k′ = |k′|, k ≡ k1, k′ ≡ k′1,
n = k/k, n′ = k′/k′, x = nn′, do′ is the element of the solid angle corresponding
to the unit vector n′ and a sum over repeated indices i, k, l,m = 1, 2, 3 is assumed.

Let us consider the integrals

I l =

∫
f(x, s)k

′ldo′, I lm =

∫
f(x, s)k

′lk
′mdo′, (27)

where f(x, s) is an arbitrary function of x and s. It is easy to show that

I l = 2π
k′

k
kl
∫ 1

−1

f(x, s)dx, I lm = π(k′)2

∫ 1

−1

f(x, s) ×

× [(1− x2)δlm + (3x2 − 1)
klkm

k2
]dx. (28)

Then as follows from Eqs. (12), (26-28)

fp̄p→φπ0 =
ı(k′)2

4πk
√
s
f

(11)
p̄p→K∗+K− ×

×
∫ 1

−1

fK∗+→π0K+(k
′2
3 )fK+K−→φ(k

′2
3 )

1− x2

a− x dx. (29)

We explicitly note that fK∗+→π0K+ and fK+K−→φ depend on the off-shell
form factor for the K meson with the four-momentum k′3. The importance
of taking into account this form factor has been pointed out in Refs. [19, 20].
Following these references we write

fK∗+→π0K+(k
′2
3 ) = fK∗+→π0K+

Λ−m2
K

Λ− k′23
×

× fK+K−→φ(k
′2
3 ) = fK+K−→φ

Λ−m2
K

Λ− k′23
, (30)

where now the quantities fK∗+→π0K+ and fK+K−→φ are the same as in Eqs.
(14) and (16). Then we get from Eq. (29) the ˇnal result

fp̄p→φπ0 =
ı(k′)2

4πk
√
s
f

(11)
p̄p→K∗+K−fK∗+→π0K+fK+K−→φ ×
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×
∫ 1

−1

1− x2

a− x [
Λ−m2

K

Λ + 2E∗Eπ −m2
∗ −m2

π − 2kk′x
]2dx. (31)

As follows from Eqs. (11), (13), (15), (17) and (31)

R ≡ σp̄p→φπ0

σ
(11)
p̄p→K∗+K−

= 0.87 · 3
8

kk′Γ∗Γφm
2
∗m

2
φ

s(kπKkKK̄)3
×

× |
∫ 1

−1

1− x2

a− x [
Λ−m2

K

Λ + 2E∗Eπ −m2
∗ −m2

π − 2kk′x
]2dx|2. (32)

Since for the amplitudes p̄p → K∗+K− and p̄p → φπ0 we assume the
structure deˇned by Eqs. (10) and (12), Eq. (32) can be valid only if the value of
p is rather small. In Ref. [22] the dependence of R on the laboratory momentum
plab in the range (0 ÷ 0.4) GeV/c (what corresponds to the values of p in the
range (0÷ 0.2) GeV/c) has been calculated. Following Refs. [19,20], the values
of 1.2 GeV2, 2 GeV2 and ∞ have been chosen for Λ (the last value means the
absence of the off-shell form factors). The result of Ref. [22] is that R practically
does not depend on plab in the range 0Å0.4 GeV/c.

In Refs. [13, 14] the branching ratio of the reaction p̄p → φπ0 has been
measured not for the annihilation in 
ight but for the annihilation at rest from the
S state of the hydrogen-like p̄p atom. When p → 0, only the contribution of the
S wave survives in Eq. (32). Assuming that the p̄p system in the hydrogen-like
atom is unpolarized and taking for the branching ratio BR(p̄p→ K∗+K−)(11) its
experimental value 5.85 · 10−4 [36], the result for the branching ratio BR(p̄p→
φπ0) is 2.9 · 10−4, 0.99 · 10−4 and 0.4 · 10−4 for Λ = ∞, Λ = 2 GeV2 and
Λ = 1.2 GeV2, respectively. According to Ref. [13], BR(p̄p → φπ0) = (4.0 ±
0.8) · 10−4 and according to Ref. [14] BR(p̄p → φπ0) = (5.8 ± 0.4) · 10−4.
We conclude that if the off-shell form factor for the K meson does not strongly
depend on k′3, then the contribution of K∗K intermediate states in Model A is in
fairly well agreement with experimental data.

The calculation of the contribution of ρ+ρ− intermediate states can be carried
out by analogy with the above calculation. Using Eqs. (19), (21), (22), (27) and
(28) we get

fp̄p→φπ0 =
ı(k′)3

8πm2
ρ

√
s
f

(11)
p̄p→ρ+ρ−fρ+→π+π0fπ+ρ−→φF (s), (33)

where

F (s) =

∫ 1

−1

[(1− x2)(EρEπ − kk′x) + 2Eρ(
Eρkx

k′
− Eπ)−
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−2xEφ(Eρx− Eπ
k′

k
)][

Λ−m2
π

Λ + 2EρEπ − 2kk′x−m2
ρ −m2

π

]2 ×

× dx

2EρEπ − 2kk′x−m2
ρ − ı0

. (34)

In contrast with the K∗K case, now the kinematical conditions are such that
all the three intermediate particles can be on-mass shell in contradiction with the
Peierls theorem [37]. In turn, this theorem follows from the fundamental fact that
the S matrix can be formulated only in terms of stable particles. However such a
situation is only a formal difˇculty which takes place because we drop Γρ in the
propagators of the ρ+ and ρ− mesons and treat these mesons as stable particles.

As follows from Eqs. (20), (21), (23) and (33)

R1 =
σp̄p→φπ0

σ
(11)
p̄p→ρ+ρ−

= 0.12
3

4
(

kk′

kπρkππ
)3

ΓρΓφm
2
ρ

s(s+ 4m2
ρ)
|F (s)|2. (35)

In Refs. [19, 22] the result for R1 as a function of plab has been calculated
for the cases Λ = 1.2 GeV2, Λ = 2 GeV2 and Λ = ∞. The dependence
of R1 on plab also has turned out to be weak but it is not clear what is the
upper bound for those plab for which the result is still valid. If plab = 0, then
R1 = 1.13 · 10−3, R1 = 3.2 · 10−3 and R1 = 7.01 · 10−3 for these three cases,
respectively. The experimental value of BR(p̄p→ ρ+ρ−)(11) at rest is unknown,
but the theoretical model developed in Ref. [38] predicts the value of 23.6 · 10−3.
Then the contribution of ρ+ρ− intermediate states to BR(p̄p → φπ0) at rest is
1.9 · 10−4 if Λ = ∞. Therefore, as ˇrst noted in Ref. [19], Model A predicts a
rather substantial contribution of ρ+ρ− intermediate states to the branching ratio
of the reaction p̄p→ φπ0.

As argued by Lipkin, GeigerÄIsgur and others (see, e.g., Refs. [5, 7]), a
possible reason of the OZI rule violation is the interference of amplitudes cor-
responding to different intermediate states. For example, Lipkin [5] argues that
ªthe contribution from the K+K− and K∗+K∗− intermediate states has the same
phase and this is opposite to the phase of the contribution from the K+K∗− and
K−K∗+ statesª. This problem has been also discussed by Sapozhnikov [39]
and Zou [40]. It has been also noted by Locher [41] that if in the diagrams in
Fig.2 K∗ mesons are replaced by K ones, then the corresponding contribution
is equal to zero. Indeed, the KKπ coupling is equal to zero since three (0−)
particles cannot couple (parity and angular momentum conservation). It is not
also clear which diagrams describing K∗K̄∗ intermediate states can compensate
the diagrams in Fig.2. We will see in Sec.11 that these intermediate states are
natural for the reaction p̄p→ φπ+π−, but not p̄p→ φπ0. On the other hand, it is
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important to stress that in the theory of strong interactions any conclusion about
the dominant role of some ˇnite set of diagrams can be based only on intuition
which often does not work. So any explanation of the OZI rule violation taking
into account only a ˇnite set of diagrams can be at best qualitative.

6. THE CONTRIBUTION OF KK̄π0 AND ρππ0 INTERMEDIATE STATES
IN MODEL B

As follows from the prescription described in Sec.3, Eq. (18) in Model B
reads

Mp̄p→φπ0 = 4ıf
(11)
p̄p→K∗+K−fK∗+→π0K+fK+K−→φ ×

× [v̄(p2)γ
µu(p1)]eµνρσe

∗
λk

ν
1 ×

×
∫

k
′ρ
3 k
′σ
2 (k

′λ
2 − k

′λ
3 )δ(4)(k2 − k′2 − k′3)d3k′2d

3k′3
16π2ωK(k′2)ωK(k′3)[(k1 + k′3)

2 − (m∗ − ıΓ∗/2)2]
, (36)

where ωK(k) = (m2
K+k

′2)1/2, we take into account that the constants fK∗+→π0K+

and fK+K−→φ are the same as in Eqs. (14) and (16), and no form factor is in-
troduced into the vertex p̄p→ K∗K̄ .

It is obvious that

eµνρσk
′ρ
3 k
′σ
2 = eµνρσ(k

′ρ
2 + k

′ρ
3 )(k

′σ
2 − k

′σ
3 )/2

and therefore Eq. (36) can be written in the form

Mp̄p→φπ0 = 2ıf
(11)
p̄p→K∗+K−fK∗+→π0K+fK+K−→φ ×

× [v̄(p2)γ
µu(p1)]eµνρσe

∗λkρ2k
ν
1 I

σ
λ , (37)

where Iσλ is the relativistic symmetrical tensor

Iσλ =

∫
(k
′σ
2 − k

′σ
3 )(k

′λ
2 − k

′λ
3 )δ(4)(k2 − k′2 − k′3)d3k′2d

3k′3
16π2ωK(k′2)ωK(k′3)[(k1 + k′3)

2 − (m∗ − ıΓ∗/2)2]
. (38)

This tensor depends only on k1 and k2 and therefore the general form of Iσλ is

Iσλ = c1gσλ + c2k1σk1λ + c3k2σk2λ + c4(k1σk2λ + k2σk1λ) . (39)

It is obvious that only c1gσλ contributes to Eq. (37). The simplest way of
calculating c1 is to consider Eq. (38) in the reference frame, where the ˇnal φ
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meson is at rest. The magnitude of the pion momentum in this reference frame
is q = (

√
sk)/mφ and, as follows from Eqs. (38) and (39):

kKK̄
4π2mφ

∫
{do′k′ik′l/[m2

π +m2
K +mφ(m

2
π + q2)1/2 +

+2qkKK̄x− (m∗ − ıΓ∗/2)2]} = −c1δil + c2qiql , (40)

where q is the pion momentum, k′ is the momentum of the K̄ meson, x =
qk′/qkKK̄ and we integrate over the solid angle corresponding to the unit vector
n = k′/kKK̄ . Then the quantity c1 can be easily calculated by analogy with the
calculation of the quantity c1 in Sec.5 and, the ˇnal result for fp̄p→φπ0 is:

fp̄p→φπ0 = −if (11)
p̄p→K∗+K−fK∗+→K+π0fK+K−→φ

(kKK̄)2

4π
√
sk
×

× [2b+ (1− b2)ln(
b+ 1

b− 1
)], (41)

where b = [m2
π + m2

K + mφ(m
2
π + q2) − (m∗ − ıΓ/2)2]/2qkKK̄ and we have

taken into account that:∫ 1

−1

(1− x2)dx

b− x = 2b+ (1− b2)ln(
b+ 1

b− 1
) . (42)

By analogy with the derivation of Eq. (32) we now get:

σp̄p→φπo

σ
(11)
p̄p→K∗+K−

= 0.87
3

8

kkKK̄Γ∗Γφm
2
∗m

2
φ

sk3
πKk

′3
|2b+ (1 − b2)ln(

b+ 1

b− 1
)|2 . (43)

A simple numerical calculation shows that, if s = 4m2, then σp̄p→φπ0 ≈ 10−4 ·
σ

(11)
p̄p→K∗+K− . Therefore the contribution of KK̄π0 intermediate states in Model B

is negligible.
Let us now consider the contribution of (ρ+π−+ρ−π+)π0 intermediate states

in Model B. In this model Eq. (24) reads:

fp̄p→φπ0 [v(p2)γ
µu(p1)]eµνρσe

ν∗kρ1k
σ
2 =

= −if (11)
p̄p→ρ+ρ−

fρ+→π+π0fπ+ρ−→φ[v(p2)γ
µu(p1)]eαβγδe

α∗kγ2 ×

×
∫

(2π)4δ(4)(k2 − k′2 − k′3)d3k′2d
3k′3

[2(2π)3]2ωρ(k′2)ωπ(k′3)[(k1 + k′3)
2 − (mρ − ıΓρ/2)2]

×

× k′δ2 [(k1 − k′3)µPβ − gµβ(P, k1 − k′3)], (44)
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where ωρ(k′) = (m2
ρ + k

′2)1/2, ωπ(k′) = m2
π + k

′2)1/2.
It is obvious that∫

(2π)4k
′δ
2 k
′µδ(4)(k2 − k′2 − k′3)d3k′2d

3k′3
[2(2π)3]2ωρ(k′2)ωπ(k′3)[(k1 + k′3)

2 − (mρ − ıΓρ/2)2]
=

= c1g
µδ + c2k

µ
1 k

δ
1 + c3k

µ
2 k

δ
2 + c4k

µ
1 k

δ
2 + c5k

µ
2 k

δ
1, (45)

where the ci (i = 1, . . . 5) are some relativistically invariant quantities. As
follows from Eq. (44), we have to calculate only c1, c2 and c5. It is convenient
to calculate these quantities in the reference frame, where the ˇnal φ meson is at
rest, and use Eqs. (28). The ˇnal result is (compare with Eq. (35))

σp̄p→φπ0

σ
(11)
p̄p→ρ+ρ−

= 0.12
3

16

kkπρ

k′3k3
ππ

ΓρΓφm
6
ρ

s(E2
ρ +m2

ρ)
|F1(s)|2, (46)

where, as in Eq. (35), k′ is the magnitude of the c.m. frame momentum in the
ρ+ρ− system and

F1(s) =

∫ 1

−1

dx

2m2
π + 2ωπ(kπρ) + 2qkπρx− (mρ − ıΓρ/2)2

{1
2
(s−m2

φ)[x−
kπρ

2q
(1− 3x2)]− 1

2
(s+m2

φ)

[
ωπ(kπρ)x

mφ
− ωπ(q)kπρ

2mφq
(1− 3x2)]− kπρq(1− x2)}. (47)

A simple numerical calculation shows that if s = 4m2, then Eq. (46) can be
written as

σp̄p→φπ0 = 3.13 · 10−5 σ
(11)
p̄p→ρ+ρ− . (48)

Therefore, if we again assume that σ(11)
p̄p→ρ+ρ− = 23.6 · 10−3 [38], then the

(ρ+π−+ ρ−π+)π0 intermediate states in Model B do not play an important role.

7. THE RELATION BETWEEN THE BRANCHING RATIOS OF THE
REACTIONS p̄p→ φπ0 AND p̄p→ K∗K̄ IN THE ANNIHILATION

FROM THE P STATE OF THE HYDROGEN LIKE p̄p ATOM

In contrast with the annihilation p̄p→ φπ0 from the S state of the hydrogen
like p̄p atom, the branching ratio of this annihilation from the P state is small
and the reaction p̄p → φπ0 from the P state was not observed as yet. The data
on the annihilation p̄p→ K∗K̄ from the P state are also much more scarce than
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for the annihilation from the S state , but experiments which are under way are
expected to give a more detailed information on the p̄p annihilation from the
P state. In view of the above discussion it is interesting to investigate what is
the prediction of Model A for the ratio of the rates of the reactions p̄p → φπ0

and p̄p → K∗K̄ in the annihilation from the P state. More precisely, since
the annihilation p̄p → φπ0 from the P state can take place only in the channel
with I = 1, S = 0, Model A makes it possible to give predictions on the
quantity Br(p̄p→ φπ0)/Br(K∗+K−)(10). One might think that in Model A this
quantity should be of the same order as in the case of the annihilation from the
S state and hence the explanation of the OZI rule violation in the framework of
the rescattering mechanism is inconsistent. We ˇrst describe the calculation in
Ref. [42] which shows that there exists nevertheless a possibility that Model A
explains both, the large value of the quantity Br(p̄p → φπ0)/Br(K∗+K−) in
the annihilation from the S state and a small value of the same quantity in the
annihilation from the P state. Then we discuss the criticism of this mechanism
in Refs. [40,43] .

To describe the relativistically invariant amplitude for the annihilation p̄p→
φπ0 from the P state we have to construct the relativistic wave function describ-
ing the p̄p system not in the case when the antiproton and proton have deˇnite
momenta, but when they have the deˇnite quantum numbers L = 1, S = 0.
However since we need only the ratio of the quantities BR(p̄p → φπ0) and
Br(p̄p→ K∗+K−)(10), the following procedure can be used. We again describe
the antiproton and proton by the Dirac spinors and write such relativistically in-
variant amplitudes p̄p→ φπ0 and p̄p→ K∗+K− which are of order |p|/m, when
|p| → 0. Therefore, when |p| → 0, the leading contribution to the corresponding
cross sections is given by the P states and these cross sections are also of order

|p|/m. However the ratio σp̄p→φπ0/σ
(10)
p̄p→K∗+K− when |p| → 0 becomes just the

ratio of the quantities BR(p̄p → φπ0) and BR(p̄p → K∗+K−) in the annihila-
tion from the P state of the hydrogen like p̄p atom if we assume that p̄ and p in
this state are unpolarized.

The general form of the amplitude p̄p→ φπ0 with the needed properties is

Mp̄p→φπ0 = [v̄(p2)γ
5u(p1)][F

′
1(p1 − p2, e

∗) +

+
F ′2
m2
φ

(p1 − p2, k1 − k2)(k1 − k2, e
∗)], (49)

where F ′1 and F ′2 become constants when |p| → 0. In contrast with the annihila-
tion from the S state the amplitude given by Eq. (49) is deˇned by two unknown
constants since the ˇnal φπ0 system has the orbital angular momentum either
L = 0 or L = 2.

It is convenient to consider the amplitude (49) in the c.m. frame. Then we
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can write

Mp̄p→φπ0 = [v̄(p2)γ
5u(p1)][F1(pe∗) +

F2

m2
φ

(pk)(ke∗)], (50)

where F1 and F2 are the linear combinations of F ′1 and F ′2. Analogously we can
write

M
(10)
p̄p→K∗+K− = [v̄(p2)γ

5u(p1)][f1(pe∗) +
f2

m2
∗
(pk′)(k′e

′∗)], (51)

where f1 and f2 are another constants. As easily follows from Eqs. (50) and
(51)

R2 =
Br(p̄p→ φπ0)L=1

Br(p̄p→ K∗+K−)
(10)
L=1

=

= {k[|F1|2(1 +
k2

3m2
φ

) +
k2

3m2
φ

(1 +
k2

m2
φ

)×

× (F1F
∗
2 + F ∗1 F2 +

k2

m2
φ

|F2|2])}/{k′[|f1|2(1 +
k′2

3m2
∗
) +

+
k′2

3m2
∗
(1 +

k′2

m2
∗
)(f1f

∗
2 + f∗1 f2 +

k′2

m2
∗
|f2|2])}. (52)

By analogy with the derivation in Sec.5 we obtain that in Model A

Mp̄p→φπ0 =
−ık′p
2π2
√
s
[v̄(p2)γ

5u(p1)]fK∗+→π0K+fK+K−→φ∫
do′(k2λe

λ∗)

(k′1 − k1)2 −m2
K

[f1(
k′(k1k

′
1)

m2
∗
− k) +

+
f2

m2
∗
k′(

(k′)2(k1k
′
1)

m2
∗

− kk′)]. (53)

Since the relation between the reactions p̄p → φπ0 and p̄p → K∗+K− in the
annihilation from the S state can be qualitatively explained assuming that the
off-shell form factors in the vertices K∗+ → π0K+ and K+K− → φ do not
considerably diminish the amplitude p̄p → φπ0, we do not take into account the
contribution of these form factors.

Using Eq. (28) we can derive the relation between the quantities Fi and fi
(1 = 1, 2), and the ˇnal result is

Fi =
ık′

π
√
s
fK∗+→π0K+fK+K−→φ

2∑
l=1

Ailfl , (54)
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where

A11 =
k′

4km2
∗

∫ 1

−1

(1− x2)(E∗Eπ − kk′x)dx
a− x ,

A12 =
k′2

4km2
∗

∫ 1

−1

[
k′(E∗Eπ − kk′x)

m2
∗

− kx] (1− x
2)dx

a− x ,

A21 =
m2
φ

2kk′

∫ 1

−1

{ (E∗Eπ − kk
′x)

m2
∗

[−EKk
′x

Eφk
+
k
′2(3x2 − 1)

2k2
] +

+
EK

Eφ
− k′x

k
} dx

a− x ,

A22 =
m2
φk
′

2m2
∗k

2

∫ 1

−1

[
k′(E∗Eπ − kk′x)

m2
∗

− kx] ×

× [−EKx
Eφ

+
k′(3x2 − 1)

2k
]
dx

a− x . (55)

As follows from simple numerical calculations and Eqs. (15), (17), (52),
(54) and (55)

R2 =
0.77 + 0.36yz + 0.044y2

1.16 + 0.46yz + 0.11y2
, (56)

where y = |f2/f1| and z is the cosine of the relative phase of the quantities f1

and f2. If f2 = 0, then R2 = 0.66 and if f1 = 0, then R2 = 0.40. However
in the general case the quantity R2 can take the values from Rmin = 0.02 when
y = 4.2, z = −1 to Rmax = 0.67 when y = 0.7, z = 1. In addition, if we take
into account a possible contribution of the off-shell form factors, we can conclude

that the quantities BR(p̄p→ φπ0)L=1 and BR(p̄p→ K∗+K−)
(10)
L=1 are probably

of the same order of magnitude. In this case the problem remains whether the
results of the rescattering model for the P wave annihilation are compatible with
the results for the S wave annihilation. At the same time one cannot fully exclude
the possibility that the ˇrst quantity is much smaller than the second one.

As noted by Zou [40,43], the L = 2 decay is unlikely to be of similar strength
to L = 0 decay due to strong centrifugal barrier effect for L = 2 K∗K̄ decay.
The experiment which can shed light on the situation is the measurement of the
angular distribution in the K∗K system produced in the p̄p annihilation from the
P state. If, for example, one of the states with L = 0 or L = 2 is dominant, then
the destructive interference described above is not possible.

Anyway, the value of R of order 10−2 which can explain the difference
between the situations in the S and P annihilations in the model considered above
seems unlikely. However, as argued by Zou [40,43], the destructive interference
is only a minor reason while there is another more solid and important reason,
i.e., the small total decay width of I = 1 1P1 protonium.
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As noted in Refs. [40,43], the fact important for understanding the problem
under consideration is that for p̄p annihilation from P states K∗K̄ can come
from 1P1, 3P1 and 3P2 states with both isospin 0 and 1 while φπ can only come
from 1P1 state with isospin 1. According to various optical potential models for
protonium annihilation [44, 45], the total decay width for the I = 1 1P1 state
is only about 1/8 of the summation of the total decay width for all possible P
state to K∗K̄. The K∗K̄ decay width may be not directly proportional to the
total decay width for different P states due to some dynamic selection rule. It is
quite possible that K∗K̄ from the I = 1 1P1 state is only a very small part of
K∗K̄ from all the P states. Only this small part can contribute to the rescattering
mechanism to φπ ˇnal state. This is contrary to the case for p̄p annihilation
from S states where the allowed partial wave (I = 1 3S1) for φπ is found to be
dominant for K∗K̄.

Are there another reasons (in addition to optical models) to think that the
K∗K̄ annihilation from the I = 1 1P1 state of protonium is indeed suppressed?
As argued by Zou [40, 43] these reasons are the following. First, the ASTERIX
Collaboration found that the branching ratios for ηρ and η′ρ from P states are
much smaller than from S states [46]. The ηρ and η′ρ from P states can only
come from the I = 1 1P1 state. Second, a recent analysis by the OBELIX
Collaboration [47] show that ωπ is also not seen from p̄p annihilation from the
I = 1 1P1 state. So the ratio of φπ/ωπ for P state annihilation may be in fact
not suppressed.

As noted in Refs. [40,43], it is desirable to measure among all K∗K̄ produc-
tions from P states how much percentage comes from the I = 1 1P1 state. Only
after all conventional effects were found to be not enough to explain the data,
might we claim any conclusive evidence for new physics, such as the strange
quarks in the nucleon [25].

On the other hand, as noted in Ref. [48], although the observations in Ref.
[43] are important but the problem is whether they are enough to explain the
experimental situation according to which even the upper bound for the ratio of the
φπ and K∗K̄ channels in the annihilation from the P states is probably of order
10−2. Indeed, according to Ref. [46] the branching ratios of the φπ and K∗+K−

channels in the 33S1 state are (4.0±0.8)·10−4 and (5.8±0.5)·10−4, respectively.
According to the data in Ref. [47] the branching ratio of the φπ channel in the
31P1 state is ≤ 3 ·10−5, according to [49], this quantity is ≤ 1 ·10−5 and the most
recent analysis [50] gives the value ≤ 4.7 · 10−5 (with 95% conˇdence level). At
the same time the data of Refs. [49, 50] shows that when going from liquid to
gas targets the yield of KK̄π increases.

The data of Ref. [46] are that the branching ratios of the ηρ channel are
(0.94 ± 0.53) · 10−3 in the P state and (3.29 ± 0.90) · 10−3 in the S state. The
ratio of these quantities is of about 0.3. The same data for the η′ρ channel are
(∼ 0.3) · 10−3 and (1.81 ± 0.44) · 10−3, respectively, i.e., the ratio is of about
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1/6. These values are consistent with the quantity 1/8 in optical models but such
an extent of suppression of the annihilation of the 31P1 protonium is one order
of magnitude less than needed to explain the problem under consideration. In
addition, the statistics in the data of the OBELIX Collaboration on the angular
distribution in the ωπ system given in [47] does not make it possible to clearly
distinguish the annihilation from the S and P waves.

We conclude that at present stage of our understanding of the rescattering
mechanism it is not possible to explain the fact that φπ is not seen in the
annihilation of the 31P1 protonium.

8. THE PROBLEM OF THE OZI RULE VIOLATION IN THE REACTION
p̄p→ f ′2π

0

In view of the above discussion it is important to know whether there exist
reactions with the property that if the OZI rule in them is violated, then the
rescattering model or other conventional mechanisms deˇnitely cannot explain
this violation. Following Ref. [51] we show in this section that p̄p→ f ′2π

0 is just
the reaction with such a property.

The situation with the f2 − f ′2 mixing is analogous to that with the ω − φ
mixing, but the mixing angle is not so close to the ideal one: according to
Ref. [17], cosθ = 0.78. Therefore, as follows from the f2 − f ′2 analog of
Eq. (1), the ratio BR(p̄p → f ′2π

0)/BR(p̄p → f2π
0) should be approximately

equal to 0.01. The experimental data on the branching ratio for the annihilation
p̄p→ f2π

0 at rest are (3.4±0.5) ·10−2, (2.1±0.1) ·10−1 and (2.0±0.6) ·10−2 in
the cases of the 1S0, 3P1 and 3P2 states, respectively [52]. Therefore the quantity
BR(p̄p→ f ′2π

0) is expected to be of order 10−4 in the cases of the 1S0 and 3P2

states and of order 10−3 in the case of the 3P1 state. This makes it necessary to
estimate the role of the rescattering contribution in the reaction p̄p→ f ′2π

0.
The major decay mode of the f ′2 meson is KK̄ as well as for the φ meson.

Therefore, in view of the above discussion it is reasonable to estimate the role of
(K∗K̄ + K̄∗K) intermediate states in Model A. We shall consider only the S-
wave annihilation, and we shall see that even the upper bound for the rescattering
contribution is much less than the value expected from the OZI rule.

The only relativistically invariant amplitude of the process p̄p → K∗+K−

which survives when p → 0 and K∗+K− system is in the state with I = 1,
S = 0 is

M
(10)
p̄p→K∗+K− = f

(10)
K∗+K− [v̄(p2)γ

5u(p1)](e
′∗P ), (57)

where f (10)
K∗+K− is some constant. Then the corresponding cross section is equal

to

σ
(10)
p̄p→K∗+K− =

|f (10)
K∗+K− |2sk

′3

32πm2
∗p

. (58)
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We also need the amplitude of the reaction K+K− → f ′2. It has the form

MK+K−→f ′ = fK+K−→f ′(k
′
3 − k′2)µ(k′3 − k′2)νe∗µν , (59)

where eµν is the polarization tensor of the ˇnal f ′2 meson. The corresponding
decay width is equal to

Γf ′→K+K− =
4|fK+K−→f ′ |2k5

KK̄

15πm2
f ′

, (60)

where kKK̄ is now the magnitude of the momentum of the K+ and K− mesons
in the reference frame, where the f ′2 meson is at rest. Since the decay of the f ′2
meson into KK̄ occurs in 72% cases, then the total width of the f ′2 meson is
equal to Γf ′2 = 2ΓK+K−→f ′2/0.72.

As follows from Eqs. (14), (57) and (59), if the form factors are dropped,
then the amplitude of the reaction p̄p→ f ′2π

0 in Model A is equal to

Mp̄p→f ′2π0 = 16f
(10)
K∗+K−fK∗+→π0K+fK+K−→f ′2 [v̄(p2)γ

5u(p1)]e
∗µνIµν , (61)

where

Iµν =

∫
(2π)4δ(4)(k1 + k2 − k′1 − k′2)d3k′1d

3k′2
(2(2π)3)2ω∗(k′1)ωK(k′2)[(k′1 − k1)2 −m2

K + ı0]
×

× [
(Pk′1)(k1k

′
1)

m2
∗

− (Pk1)]k
′
2µk
′
2ν , (62)

ω∗(k
′) = (m2

∗ + k
′2)1/2 and k2 is the four-momentum of the ˇnal f ′2 meson.

The quantity Iµν is the relativistic symmetrical tensor which depends only
on k1 and k2, and since P = k1 + k2 we can write

Iµν = c1PµPν + c2gµν + c3(Pµk2ν + Pνk2µ) + c4k2µk2ν , (63)

where ci (i = 1, . . . 4) are some quantities which may depend only on s. Since
eµνgµν = eµνk2µ = eµνk2ν = 0, only the term with c1 contributes to Eq. (61).
Therefore it is sufˇcient to ˇnd only c1. For this purpose we note that the tensor

Xµν =
(Pk2)

2k2µk2ν

m4
f ′

− (Pk2)

m2
f ′

(k2µPν + k2νPµ) + PµPν −

−1

3
(
k2µk2ν

m2
f ′
− gµν)[

(Pk2)
2

m2
f ′
− P 2] (64)

has the property
Xµνgµν = Xµνk2µ = Xµνk2ν = 0. (65)
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Therefore, as follows from Eqs. (63) and (65),

c1 =
IµνX

µν

PµPνXµν
, (66)

and, as follows from Eq. (61),

Mp̄p→f ′2π0 = 4f
(10)

K∗+K−fK∗+→π0K+fK+K−→f ′2 ×
× [v̄(p2)γ

5u(p1)]c1e
µν∗PµPν . (67)

The explicit expression for c1 can be easily obtained in the c.m. frame of the
π0f ′2 system (by analogy with Sec.5). In this frame of reference

(2π)4δ(4)(k1 + k2 − k′1 − k′2)
[2(2π]3)2ω∗(k′1)ωK(k′2)

=
k′do′

16π2
√
s
, (68)

where do′ has the same sense as in Sec.5.
Taking into account Eqs. (15), (62), (64), and (65Å67), the ˇnal result can

be written in the form

σp̄p→f ′2π0

σ
(10)
p̄p→K∗+K−

= 0.72
45

2

kk′Γf ′
2
Γ∗

sk3
πKk

5
KK̄

m2
f ′
×

× |
∫ 1

−1

k′Eπ − E∗kx
m2
π +m2

∗ − 2EπE∗ + 2kk′x−m2
K + i0

×

×{(EKk − Ef ′k′x)2 − 1

3
[(Ef ′EK − kk′x)2 −m2

Km
2
f ′ ]}dx|2. (69)

A simple numerical calculation gives for s = 4m2: BR(p̄p→ f ′2π
0) = 2.66 ·

10−2BR(p̄p → K∗+K−)(10). According to Ref. [36], BR(p̄p → K∗+K−) =
(2.1±0.4)·10−4. Therefore even the upper bound of the quantity BR(p̄p→ f ′2π

0)
is of order 10−6.

It is also possible to calculate the contribution of the ρπ channel to the re-
action p̄p → f ′2π

0. The corresponding amplitude has the same spin structure as
the amplitude describing the (K∗K̄ + K̄∗K) contribution. A simple numerical
calculation gives BR(p̄p → f ′2π

0) = (4.08 · 10−4) · BR(p̄p → ρ+π−)(10). Ac-
cording to Ref. [52], BR(p̄p → ρ+π−)(10) = (0.65 ± 0.3) · 10−2 and therefore
the ρπ contribution is also small.

We see that the upper bound for the rescattering contribution to the reaction
p̄p→ f ′2π

0 from the S state is of order 10−6 and by analogy with the calculation
in the preceding section we can expect that the upper bound for the rescattering
contribution to the reaction p̄p → f ′2π

0 from the P states is also of order 10−6.
Therefore the role of rescattering in this reaction is negligible, and any violation
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Fig. 7. a) Pole diagram for the reaction p̄d→ φπ−p and b) diagram describing the process
p̄d → φπ−p proceeding through the rescattering of π, η and ω mesons produced in the
intermediate state

of the OZI rule in the reaction p̄p → f ′2π
0 will be an evidence of some unusual

phenomena.
According to the preliminary data of the OBELIX Collaboration reported in

Ref. [39], the ratio of the branching ratios for the f ′2π
0 and f2π

0 annihilations
from the P state is in the range (4 − 10) · 10−2 and the most recent result for
this ratio is (13± 2) · 10−2 [50]. This is by one order of magnitude bigger than
predicted by the OZI rule.

9. OZI RULE VIOLATION IN THE p̄d ANNIHILATION

As noted in Sec.1, the data on the reaction p̄d→ φπ−p are the source of the
information about the process (4), but this reaction is of interest by its own. The
matter is that if the reactions in which the OZI rule is strongly violated involve
exotic states (such as hybrids and glueballs), then as argued by several authors
(see, e.g., the review paper [53]), the masses of these states probably lie in the
region 1.4Å1.7 GeV/c, that is below the threshold of antiproton annihilation
on a free nucleon. The above reaction makes it possible to study antiproton
annihilation on a bound nucleon at

√
s < 2m.

If the process p̄d→ φπ−p is described by the pole diagram given in Fig.7a,
then it is easy to show that for slow antiprotons the quantity

√
s for the reaction

p̄n → φπ− is related to the energy E′ of the spectator proton by the relation
s = 10m2 − 6mE′. In a recent experiment of the OBELIX group [16] the
branching ratio of the reaction p̄d → φπ−p was measured in the region of
proton momenta 0.4Ä0.8 GeV/c. These values correspond to

√
s in the range

1.37÷ 1.76 GeV, i.e., in the range of prime interest for our study. We denote the
branching ratio of the above reaction by Bφ2 , the branching ratio of the reaction

p̄d → φπ−p at proton momenta in the region 0 ÷ 0.2 GeV/c by Bφ1 and the
corresponding branching ratios for the reaction p̄d → ωπ−p by Bω1 and Bω2 .
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Then, as follows from the data reported in Ref. [16],

Bφ1 = (6.62± 0.49) · 10−4 , Bφ2 = (0.93± 0.22) · 10−4,
Bω1 = (4.97± 0.89) · 10−3 , Bω2 = (8.38± 1.09) · 10−4.

(70)

Hence we have
Bφ1 /B

ω
1 = 0.13, Bφ2 /B

ω
2 = 0.11. (71)

At the same time, as noted in Sec.1, the data on the φω mixing angle [17] and the
OZI rule give values of order 10−3 for these ratios. Thus, according to the data
reported in Ref. [16], the violation of the OZI rule in the reaction p̄d→ φπ−p at
proton momenta in the region 0.4 ÷ 0.8 GeV/c is as strong as for the reactions
(2Å4).

Following Ref. [54] we investigate in this section whether the above effect
is indeed a consequence of the OZI rule violation in the process p̄n → φπ− or
such a violation is imitated by some nuclear effects in the deuteron.

The amplitude of the reaction p̄n→ φπ− can be written as

Ap̄n→φπ− = fp̄n→φπ−(ūγµv)eµνρσe
ν∗pρ1, p

σ
2 , (72)

where fp̄n→φπ− is some function of invariant variables, u is a Dirac spinor
describing the initial neutron, v is a Dirac spinor corresponding to negative
energy and describing the initial antiproton, eν is the polarization vector of the φ
meson, p1 is the four-momentum of the π− meson and p2 is the four-momentum
of the φ meson.

At small momenta of the incident antiproton this is the only form of the
amplitude that is consistent with the conditions that annihilation proceeds from
the state of the p̄n system with the spin S = 1, and that the ˇnal φπ− system
be produced in the state with orbital angular momentum l = 1. It can easily be
shown that these conditions follow from the conservation laws for ordinary parity
and G parity.

Assuming that fp̄n→φπ− is constant and expressing the d → pn vertex in
terms of the nonrelativistic deuteron wave function and Dirac spinors describing
the antiproton and neutron in terms of ordinary spinors in the nonrelativistic
approximation, we can easily evaluate the contribution of the pole diagram in
Fig.7a to the branching ratio of the reaction p̄d→ φπ−p. The result is written as

Bφ1 =
4m2r

π2p0
Br(p̄p→ φπ0)

∫ 0.2

0

(ϕ2
0(p
′) + ϕ2

2(p
′))
pp′2dp′

2E′
√
s
, (73)

where p1 is the momentum of the φπ− system in its c.m. frame, p0 is the same
quantity at

√
s = 2m, p′ is the ˇnal-proton momentum (so that E′ =

√
m2 + p′2),

ϕ0(p
′) and ϕ2(p

′) are the wave functions of the S and D deuteron states in
momentum representation, and r is the ratio of the total cross sections σp̄p and
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σp̄d near the threshold. We take into account the fact that owing to isotopic
invariance, the amplitude of the reaction p̄n→ φπ− is greater than the amplitude
of the reaction p̄p → φπ0 by a factor of

√
2. The value of Bφ2 is determined

by the same formula, but the integral with respect to p′ is taken from 0.4 to
0.8 GeV/c; Bω1 and Bω2 are given by similar expressions.

According to the analysis performed in [29] r = 0.552. Then using the
data from Ref. [14], choosing the Reid soft core model [55] for ϕ0(p

′) and
ϕ2(p

′), and performing numerical integration, one obtains Bφ1 = 8.7 · 10−4 and
Bω1 = 6.4 · 10−3, which values are in agreement with the data from Ref. [16],
while the values Bφ2 = 0.68 · 10−5 and Bω2 = 1.3 · 10−4 obtained in a similar
way are signiˇcantly smaller than the corresponding results presented in (70).
The smallness of Bφ2 and Bω2 seems natural because the deuteron wave function
is small at p′ ∈ [0.4, 0.8] GeV/c. By analogy with the Glauber theory and the
results obtained in [56], we can expect that the diagrams in Fig.7b with π, η and
ω mesons in the intermediate state make an important contribution in this region.

In calculating the contribution of the diagram in Fig.7b, we will ignore spin
effects and the dependence of elementary amplitudes on the Fermi motion of
nucleons inside the deuteron. Calculating the amplitude M corresponding to
the diagram in Fig.7b with the aid of the rules of the nonrelativistic diagram
technique, we obtain

M = − A1A2

(2π)3
√
m

∫
ϕ0(q)d3q

k2
X − µ2 + iµΓ− 2kXq

, (74)

where kX is the four-momentum of the intermediate meson X , µ is its mass, Γ is
its width, A1 is the amplitude of the annihilation process p̄N → φX (N is either
the proton or the neutron, and A2 is the amplitude of the process XN → π−p.

Let K be the total laboratory energy of the φ meson and k =
√
K2 −m2

φ

be its momentum. We introduce the function

F (K,µ,Γµ) =| − i

8πk

∫ ∞
q1

ϕ0(q)qdq +

∫ ∞
0.

ϕ0(q)q

16π2k
·

ln |
(5m2 − 4mK − µ2 + 2kq)2 + µ2Γ2

µ

(5m2 − 4mK − µ2 − 2kq)2 + µ2Γ2
µ

| dq |2 (75)

where q1 = |5m2− 4mK−µ2|/2k. We denote by p1 the c.m. frame momentum
in the φX system. The square of the invariant energy s for this system depends
on E′, as above; therefore p1 also is a function of E′. We denote by Eφ =√
m2
φ + p2

1 the φ meson energy in the c.m. frame of the φX system. It is

clear that Eφ is also a function of E′. The process of the X meson collision
with the nucleon is characterized by the invariant quantities s1 = s1(K) =
9m2 − 6mK +m2

φ and t1 = t1(E
′) = 2m(m− E′).



240 BUZATU D., LEV F.M.

Taking into account that the widths of the π, η and ω mesons are small, it
is possible to calculate the contribution of amplitude (74) to the branching ratio
of the reaction p̄d→ φπ−p and the results are the following. For the case when
the π0 and π− mesons are produced in the intermediate state we must take into
account the interference of the corresponding diagrams. This is equivalent to
extracting from the πN scattering amplitude only the part corresponding to the
isospin I = 1/2. Indeed, since the deuteron and the φ mesons are isoscalar
particles, the πN system in the intermediate state can only have isospin 1/2. The
contribution of the corresponding diagrams to the branching ratio of the reaction
p̄d→ φπ−p is given by

Br(p̄d→ φπ−p) =
6r

πp0
Br(p̄p→ φπ0) ×

×
∫ ∫

F (K,mπ,Γπ)[s
2
1 − 2s1(m

2 +m2
π) + (m2 −m2

π)
2] ×

× (
dσπ−p→π−p(s1, t1)

dt1
+
dσπ−p→π0n(s1, t1)

dt1
−

−1

3

dσπ+p→π+p(s1, t1)

dt1
)dKdE′. (76)

The contribution of the diagram with the η meson in the intermediate state has
the form

Br(p̄d→ φπ−p) =
2r

πp0
Br(p̄p→ φη) ×

×
∫ ∫

F (K,mη,Γη)[s
2
1 − 2s1(m

2 +m2
π) + (m2 −m2

π)
2]×

×
dσπ−p→ηn(s1, t1)

dt1
dKdE′. (77)

The contribution of the diagram with the ω meson in the intermediate state is
obviously given by Eq. (77), where η is replaced by ω.

In Eqs. (76) and (77) the integration with respect to K at given E′ is made
over the segment K ∈ [K1,K2], where

K1 =
Eφ(3m− E′)− pp′√

s
, K2 =

Eφ(3m− E′) + pp′√
s

. (78)

Moreover, the condition

K ≤ 1

6m
[9m2 +m2

φ − (m+mX)2] = K0

is imposed because at s1 ≤ (m+mX)2 the cross section of the process XN →
π−p must be set equal to zero.
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As there are no parametrizations of the differential cross sections for the
processes πN → πN , π−p→ ηn and π−p→ ωn as functions of two variables s1

and t1 in the region under consideration, it is reasonable to neglect the dependence
of dσ(s1, t1)/dt1 on t1 replacing this differential cross section by the expression

dσ(s1t1)

dt1
=
σ(s1)

s1
{[1− 2

(µ2 +m2)

s1
+

(m2 − µ2)2

s2
1

] ×

× [1− 2
(m2

π +m2)

s1
+

(m2 −m2
π)

2

s2
1

]}−1/2. (79)

Then calculations show that the contributions of rescattering to Bφ1 and Bω1
are much smaller than the contribution of the pole diagram (see above). The
contributions to Bφ2 of the diagrams with π, η, and ω mesons in the intermediate
state are 4.37 · 10−5 , 1.18 · 10−5, and 0.21 · 10−5, respectively; the corresponding
contributions to Bω2 are equal to 1.32 · 10−4, 0.29 · 10−4, and ≤ 1 · 10−6. The
contribution of the ω meson is small because only a small part of the spectrum
contributes to the integral analogous to (77), in view of the condition K ≤ K0.
If one assumes that the diagrams with π, η, and ω mesons do not interfere, the
ˇnal results (including the contribution of the pole diagram) are given by

Bφ2 = 7.4 · 10−5, Bω2 = 2.9 · 10−4, (80)

which values are in qualitative agreement with the experimental data presented in
Eq. (70).

For the reaction p̄d → ωπ−p, both total branching ratios Bω1 and Bω2 and
the proton spectrum in the momentum range 0.4÷ 0.8 GeV/c were measured in
Ref. [16]. Equations (76), (77) and (79) enable us to compare the contribution
of the diagrams in Figs.7a and 7b to the proton spectrum with the experimental
data of Ref. [16]. Figure 8 taken from Ref. [54] shows the experimental data
from Ref. [16] and the results of the calculations in Ref. [54] for the individual
channels and for the total contribution, found under the assumption that the pole
diagram and the diagrams with the π and η mesons do not interfere. Therefore the
calculations in Ref. [54] are in qualitative agreement with the data from Ref. [16].
As noted in Ref. [54], the results obtained using the Reid soft core model do not
differ signiˇcantly from the results of calculations made with the deuteron wave
function in the Paris model [57]. In this reference the proton spectrum in the
reaction p̄d → φπ−p has been calculated too but here the experimental data are
not yet available.

The qualitative agreement of the above results with the experimental data
from Ref. [16] leads to the assumption that the large violation of the OZI rule
observed in Ref. [16] is possibly associated not with exotic nuclear mechanisms
in the deuteron but with the OZI rule violation in the reaction p̄n → φπ−
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Fig. 8. Calculated relative differential (with respect to the ˇnal-proton momentum) branch-
ing ratio of the process p̄d→ ωπ−p. Contributions of the pole diagram (curve 1) and of
the diagrams with π (curve 2) and η (curve 3) mesons in the intermediate state and their
total contribution (curve 4) are shown separately (the contribution of the diagram with the
ω meson in the intermediate state is negligible)

(conˇrmed in the same experiment in the cases when the proton is a spectator)
and with the rescattering of an intermediate meson; the latter effect is described
by the diagrams shown in Fig.7b. In order to calculate the contribution of these
diagrams more reliably, it is necessary to take into account spin effects and the D-
wave admixture in the deuteron wave function. However the main obstacle is that
the momentum and spin dependence of the amplitude of the process XN → π−p
are unknown. Locher and Zou [58], who investigated the reaction p̄d → 3πN ,
calculated diagrams similar to those shown in Fig.7b under the assumption that
the amplitude of the process XN → π−p can be approximated by several BreitÄ
Wigner amplitudes corresponding to different ∆ isobars. Such an approximation
is not applicable to our case because (see above) the XN system can only be in
a state with isospin I = 1/2.

10. J/Ψ DECAYS AS A TEST OF THE OZI RULE VIOLATION IN
NUCLEON-ANTINUCLEON ANNIHILATION

In this section we consider the problem whether the investigation of the J/Ψ
decays into K∗K and φπ0 can shed light on the OZI rule violation in the reactions
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(3) and (4). This problem has been raised in the recent paper [59].
As noted in Secs.3 and 5, one of the main uncertainties in the rescattering

mechanism is that the parameter Λ characterizing the vertex K∗ → Kπ is not
known and as noted in Sec.5, formally the branching ratio of the reaction p̄p →
φπ0 can be explained assuming that the main contribution is given by the region
of integration, where K∗ is on-shell and Λ =∞.

The rescattering contribution to the process J/Ψ→ φπ0 is described by the
same four Feynman diagrams as in Fig.2, but the p̄p pair is replaced by J/Ψ.
Therefore the structure of the vertices in these diagrams is known. In particular
the amplitude of the process J/Ψ→ K∗+K− has the form:

M(J/Ψ→ K∗+K−) = f(K∗+K−)Eµeµνρσe
′∗νk′ρ1 k

′σ
2 , (81)

where f(K∗+K−) is some constant, E and e′ are the polarization vectors of J/Ψ
and K∗+, respectively. It is easy to show that the contribution of diagram a is
equal to that of diagram d as a consequence of C invariance, and analogously the
contribution of diagram b is equal to that of diagram c. The contribution of all
the four diagrams depends on the quantity f(K∗+K−)− f(K∗0K̄0). If isotopic
invariance is not violated, then f(K∗+K−) = f(K∗0K̄0) and the amplitude of
the decay J/Ψ → φπ0 is equal to zero. This is obvious from the fact that the
isospin of J/Ψ is equal to zero while the isospin of the φπ0 system is equal to
one (note that the decay J/Ψ→ ωπ0 also is possible only if isotopic invariance
is violated). We see that in the rescattering model the decay J/Ψ→ φπ0 can be
a consequence of the isotopic symmetry breaking in the decays J/Ψ→ K∗K .

What is the measure of this breaking? If isotopic invariance is not broken,
then the branching ratios BR(J/Ψ→ K∗+K−) and BR(J/Ψ→ K∗0K̄0) should
be the same while according to Ref. [60]

BR(J/Ψ→ K∗+K− + c.c) = (5.26± 0.13± 0.53) · 10−3,

BR(J/Ψ→ K∗0K̄0 + c.c) = (4.33± 0.12± 0.45) · 10−3, (82)

and according to Ref. [61]

BR(J/Ψ→ K∗+K− + c.c) = (4.5± 0.7± 0.8) · 10−3,

BR(J/Ψ→ K∗0K̄0 + c.c) = (4.25± 0.25± 0.65) · 10−3. (83)

The values of the corresponding reduced branching ratios given in Ref. [60] are
(1.017± 0.061) · 10−3 and (0.836± 0.055) · 10−3, respectively, while practically
there is no difference between the c.m. frame momenta of the ˇnal particles
in the K∗+K− and K∗0K̄0 systems (these momenta are equal to 1.3713 and
1.3734 GeV/c, respectively). Therefore although the data do not fully exclude a
possibility that the isotopic symmetry breaking is negligible, they show that the
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quantity

ε =
BR(J/Ψ→ K∗+K−)−BR(K∗0K̄0)

BR(J/Ψ→ K∗+K−)
(84)

is probably of order 10−1 while, since isotopic symmetry is broken by electro-
magnetic interactions, this quantity is expected to be of order 10−2.

As noted in Sec.3, there is no unambiguous way of calculating the diagrams in
Fig.2. If they are calculated in the same way as in Ref. [21], then the calculation
analogous to that in Ref. [21] gives:

BR(J/Ψ→ φπ0)

BR(J/Ψ→ K∗+K−)
= |ε1|2 0.87

3kk′Γ∗Γφm
2
∗m

2
φ

128m2
J/Ψ(kπKkKK̄)3

×

× |
∫ 1

−1

(1− x2)dx

a− x |2 = 0.26 |ε1|2, (85)

where mJ/Ψ is the mass of the J/Ψ meson and ε1 = [f(K∗+K−) −
f(K∗0K̄0)]/f(K∗+K−).

Let us consider two extreme cases when ε1 is real and ε1 is imaginary. If ε1
is real, then it is obvious that |ε1| = |ε|/2 and therefore:

BR(J/Ψ→ φπ0) = 0.065 |ε|2 BR(J/Ψ→ K∗+K−). (86)

If ε1 is imaginary, then it is obvious that |ε1|2 = |ε| and therefore:

BR(J/Ψ→ φπ0) = 0.26 |ε| BR(J/Ψ→ K∗+K−). (87)

We see that if ε is of order 10−1, then Eq. (86) is compatible with the upper
limit of the quantity BR(J/Ψ → φπ0) which is equal to 6.8 · 10−6 [60] while
Eq. (87) is not compatible with this limit.

The general conclusion which follows from the above results is that the
accuracy of the present data on the branching ratios of the decays of J/Ψ into
K∗+K−, K∗0K̄0 and φπ0 does not make it possible to conˇrm or disprove the
rescattering model. This model will be disproved if the right-hand side of Eq.
(86) is much bigger that the left-hand one.

11. PROBLEM WITH THE RESCATTERING CONTRIBUTION TO THE
REACTION p̄p→ φπ+π−

The OZI rule in the process p̄p → φπ+π− is not strongly violated since,
according to Refs. [13,62], the quantity

BR(p̄p→ φπ+π−)/BR(p̄p→ ωπ+π−)
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Fig. 9. Diagrams describing the process p̄p→ K∗K̄∗ → φπ+π−

Fig. 10. Feynman diagram for the process K∗+K∗− → φπ+π−

is approximately equal to 7 ·10−3 for the annihilation from the S state and 9 ·10−3

for the annihilation from the P state.
Several mechanisms of the reaction p̄p → φπ+π− have been considered

in Ref. [20] but the results are essentially model dependent. In view of the
small φ/ω ratio in the process under consideration, the experimental value of
BR(p̄p → φπ+π−) may be simply a consequence of the small deviation of the
φ−ω mixing angle from the ideal one. Nevertheless, the process p̄p→ φπ+π− is
important for understanding the role of rescattering in the reaction (3). Indeed, a
possible rescattering contribution to this process is given by the diagrams in Fig.9,
where K∗ can be either K∗+ or K∗0 and analogously for K̄∗. These diagrams
contain the same vertices as the diagrams in Fig.2. Therefore any choice of the
vertices compatible with the data on the reaction (3) should be also compatible
with the data on the reaction p̄p → φπ+π−. In particular, the contribution of
rescattering diagrams to BR(p̄p → φπ+π−) should not exceed the experimental
value.

In calculating the diagrams in Fig.9 we encounter the same difˇculties as in
calculating the diagrams in Fig.2. Since Model A has turned out to be successful
for describing the reaction (3) for the annihilation from the S state, one might
restrict himself to calculating only the on-shell contribution of the diagrams in
Fig.9. Then K∗ and K̄∗ in the amplitude K∗K̄∗ → φπ+π− (this amplitude is
shown in Fig.10) are both on-shell. We will show in this section that such an
amplitude is incompatible with unitarity and therefore such an analog of Model A
cannot be used for the analysis of the process p̄p→ φπ+π−.

If MK∗+K∗−(s, 0) is the amplitude of the elastic K∗+K∗− scattering at zero
angle and MK∗+K∗−→n is the amplitude of the K∗+K∗− transition to some
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channel n, then, according to the unitarity relation (see, e.g., Ref. [63]),

ImMK∗+K∗−(s, 0) =
∑
n

∫
|MK∗+K∗−→n|2dΓn, (88)

where dΓn is the volume element of the channel n at given s and
∑

implies a
sum over ˇnal polarizations. It is obvious that each term in the sum (88) should
be ˇnite.

We use wK∗+K∗−→φπ+π− to denote the contribution of the channel φπ+π−

to the sum (88) averaged over the initial polarizations. Let K1 and K2 be the
four-momenta of the initial K∗+ and K∗− mesons, respectively, k1 and k2 be
the four-momenta of the ˇnal π+ and π− mesons, respectively, and k3 be the
four-momentum of the ˇnal φ meson. Then as follows from Eqs. (14) and (16)

wK∗+K∗−→φπ+π− = const

∫ |fK∗+→π0K+ |4
|(K1 − k1)2 −m2

K + ı0|2 ×

× |fK+K−→φ|2
|(K2 − k2)2 −m2

K + ı0|2 [
(K1k1)

2

m2
∗
−m2

π][
(K2k2)

2

m2
∗
−m2

π] ×

× [
(k3,K1 −K2 − k1 + k2)

2

m2
φ

− (K1 −K2 − k1 + k2)
2]dΓ, (89)

where the value of const is of no importance for us,

dΓ = (2π)4δ(4)(K1 +K2 − k1 − k2 − k3)
d3k1

2(2π)3E+
×

× d3k2

2(2π)3E−

d3k3

2(2π)3Eφ
, (90)

and E± are the energies of the corresponding π mesons.
For simplicity we now consider a model where the total energy of the

K∗+K∗− system is not 2m, but 2m∗, i.e., this system is at rest. Let us also
neglect the quantity mπ. Then a standard calculation gives

wK∗+K∗−→φπ+π− = const

∫ |fK∗+→π0K+ |4|fK+K−→φ|2
|m2
∗ −m2

K − 2E+m∗ + ı0|2 ×

×
E2

+E
2
−[4m∗(E+ + E−)− (4m2

∗ −m2
φ)]

|m2
∗ −m2

K − 2E−m∗ + ı0|2 dE+dE− . (91)

For us it is important that if E− < m∗ −mφ/2 ≈ 0.38 GeV, then

E+ ∈ [
4m2
∗ −m2

φ

4m∗
− E−,m∗ −

m2
φ

4(m∗ − E−)
]. (92)
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It is obvious from Eq. (91) that the integrand contains singularities at

E± =
m2
∗ −m2

K

2m∗
≈ 0.31 GeV. (93)

Therefore, as follows from Eq. (92), if E− is given by Eq. (93), then E+ ∈
[0.29, 0.44]GeV. We conclude that the integral in Eq. (91) contains divergencies
in the integration over both variables E+ and E− and therefore this integral is
divergent.

The above model example is useful since all the calculations can be performed
explicitly. However it is also clear that the integral in Eq. (89) is also divergent
when the total energy of the K∗+K∗− system is equal to 2m and the mass of
the π meson is not neglected. The matter is that dΓ is again proportional to
dE+dE− and there exists the integration region where the denominators of both
propagators are equal to zero. The last property is a consequence of the fact that
the kinematical conditions allow the reaction

K∗+K∗− → K0K̄0π+π− → φπ+π−

with both intermediate K mesons on-mass shell. It is also important to note that
the choice of the form factors in the vertices K∗ → Kπ and KK̄ → φ does
not play a role since the quantities fK∗+→π0K+ and fK+K−→φ are constants
when all the particles in question are on-mass shell. Therefore the above analog
of Model A in the reaction p̄p → K∗K̄∗ → φπ+π− is incompatible with the
unitarity relation.

12. CONCLUSION

Let us brie
y summarize the results described in the present paper.
Following Ref. [19] we have shown in Sec.2 that the OZI rule violation in the

reaction (2) can be probably explained in the framework of the vector dominance
model.

In Secs.3 and 4 we have discussed two models Å Model A and Model B Å
describing different on-shell contributions to the reaction p̄p → φπ0 (see Figs.4
and 6). We argue that from the theoretical point of view Model B is substantiated
in greater extent than Model A. Nevertheless, as shown in Secs.5 and 6, the values
of BR(p̄p→ φπ0) given by Model B are much less than experimental data, while
Model A is in qualitative agreement with the data. At the same time, as shown
in Sec.7, Model A is not able to explain the fact that the process p̄p → φπ0 is
not seen when the p̄p system annihilates from the P state of protonium atom.

The recent data of the OBELIX Collaboration on the reaction p̄p → f ′2π
0

show that the OZI rule in this reaction is not satisˇed and, as shown in Sec.8,
this fact cannot be explained in the framework of the rescattering model.
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Following Ref. [54] we argue in Sec.9 that the large OZI rule violation in the
reaction p̄d → φπ−p at the ˇnal proton momenta in the range 0.4Å0.8 GeV/c
is a consequence of the OZI rule violation in the reaction p̄n→ φπ−.

Following Ref. [59] we argue in Sec.10 that some decays of the J/Ψ me-
son can shed light on the OZI rule violation in the p̄p annihilation at rest but
the accuracy of the existing data is clearly insufˇcient for drawing any deˇnite
conclusions.

Finally in Sec.11 it is shown that an analog of Model A in the reaction
p̄p→ φπ+π− is incompatible with the unitarity relation.

In spite of the partial success of Model A it is important to note that some
assumptions lying in the basis of this model seem questionable. First, it is
necessary to check numerically that if the widths of the K∗ and ρ mesons are
neglected, then the results will not essentially change (especially this concerns
the question of neglecting Γρ). Second, as argued in Sec.3, Model A does not
fully correspond to our assumption that the φ meson is created from the K and
K̄ mesons. Therefore, as pointed out in Refs. [19, 20], we have to take into
account the off-shell form factor for the K meson, but the data agree with Model
A if this form factor is not very important. The rescattering mechanism seems
also questionable from the following simple estimate. Since the K∗ meson lives
approximately 1/Γ∗ in the frame of reference where it is at rest, it is easy to see
then, when the K∗ meson decays, the distance between the K∗ and K mesons
in their c.m. frame is 2mk′/Γ∗m∗EK(k′) ≈ 6Fm. It seems doubtful that the
K∗ and K mesons can effectively interact being separated by such a distance.
On the other hand, the analogous distance between the ρ+ and ρ− mesons is of
about 2Fm, but the question arises whether it is possible to use the concept of ρ
meson in such a process.

To shed light on the problem of the OZI-rule violation in the reaction p̄p→
φπ0 new experimental data and theoretical results are needed. The most important
experimental quantities are BR(p̄p → K∗+K−) and BR(p̄p → φπ0) when the
p̄p system annihilates from the I = 1 P state of protonium atom, and BR(p̄p→
f ′2π

0) for the annihilation from the S and P states.
In view of the recent results of the Crystal Barrel Collaboration on the φπ0

and ωπ0 production in the p̄p annihilation in 
ight [64], it is also interesting to
measure the K∗K production and to compare the data with the prediction of the
rescattering model [22].

From the theoretical point of view it is important to carry out calculations
not only in the on-shell approximation, but taking also into account the off-shell
contribution. The ˇrst results in this direction have been obtained in Refs. [59,65].
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The problem with the unitarity relation in the reaction p̄p → K∗K̄∗ → φπ+π−
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“„Š 539.1.01
�¥²ÖÉ¨¢¨¸É¸± Ö É¥µ·¨Ö £· ¢¨É Í¨¨ ¨ ¶·¨´Í¨¶ Œ Ì . ‹µ£Ê´µ¢ �.�. ”¨§¨±  Ô²¥³¥´-
É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1998, Éµ³ 29, ¢Ò¶.1, ¸.5.

‚ µ¡§µ·¥ · ¸¸³ É·¨¢ ÕÉ¸Ö µ¸´µ¢´Ò¥ ¶·¨´Í¨¶Ò ¶µ¸É·µ¥´¨Ö ·¥²ÖÉ¨¢¨¸É¸±µ°
É¥µ·¨¨ £· ¢¨É Í¨¨ (�’ƒ). � ¸ÉµÖÐ¥¥ ¨§²µ¦¥´¨¥ µ¸´µ¢ �’ƒ µÉ· ¦ ¥É ¶·µ¨¸Ï¥¤Ï¥¥ § 
¶µ¸²¥¤´¨¥ ¤¥¸ÖÉÓ ²¥É ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ÔÉµ° É¥µ·¨¨. ’ ±, ´ ¶·¨³¥·, ÊÎ¨ÉÒ¢ ¥É¸Ö
´¥µ¡Ìµ¤¨³µ¸ÉÓ ¢¢¥¤¥´¨Ö ³ ¸¸Ò £· ¢¨Éµ´  ̈  ÊÉµÎ´ÖÕÉ¸Ö Ëµ·³Ê²¨·µ¢±¨ µ¸´µ¢´ÒÌ ¶µ²µ-
¦¥´¨° É¥µ·¨¨, ¢±²ÕÎ Ö ¨ Ë¨²µ¸µË¸±ÊÕ ¸Éµ·µ´Ê µ¡µ¸´µ¢ ´¨Ö ¢Ò¡µ·  ¤²Ö µ¶¨¸ ´¨Ö
Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° µ¶·¥¤¥²¥´´µ° £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ± ¶·µ¤¨±Éµ¢ ´-
´µ£µ Ê´¨¢¥·¸ ²Ó´Ò³¨ ¸¢µ°¸É¢ ³¨ ¤¢¨¦¥´¨Ö ³ É¥·¨¨ ¨ ËÊ´¤ ³¥´É ²Ó´Ò³¨ § ±µ´ ³¨
¸µÌ· ´¥´¨Ö. �µ± § ´µ, ÎÉµ ¤ ´´ Ö É¥µ·¨Ö ¶·¨¢µ¤¨É ± ¥¤¨´¸É¢¥´´Ò³ µ¡· §µ³ µ¶·¥¤¥-
²¥´´Ò³ ² £· ´¦¥¢µ° ¶²µÉ´µ¸É¨ ¨ Ê· ¢´¥´¨Ö³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. �¡¸Ê¦¤ ÕÉ¸Ö
´¥±µÉµ·Ò¥ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¤ ´´µ° É¥µ·¨¨.

�¨¡²¨µ£·.: 18.

“„Š 539.126
�µ§µ´¨§µ¢ ´´Ò¥ ² £· ´¦¨ ´Ò ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì ±¨· ²Ó´µ£µ · §²µ¦¥´¨Ö.
�¥²Ó±µ¢ �.�., ‹ ´¥¢ �.‚. ”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1998, Éµ³ 29,
¢Ò¶.1, ¸.82.

‚ µ¡§µ·¥ ¤¥É ²Ó´µ µ¸¢¥Ð¥´µ ̧ µ¢·¥³¥´´µ¥ ̧ µ¸ÉµÖ´¨¥ ¶·µ¡²¥³Ò ¡µ§µ´¨§ Í¨¨ ±¢ ·-
±µ¢ ¨ ¶µ²ÊÎ¥´¨Ö ÔËË¥±É¨¢´ÒÌ ³¥§µ´´ÒÌ ² £· ´¦¨ ´µ¢ ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì ±¨· ²Ó´µ-
£µ · §²µ¦¥´¨Ö. � ¸¸³µÉ·¥´  ¡µ§µ´¨§ Í¨Ö Î¥ÉÒ·¥Ì±¢ ·±µ¢µ° ³µ¤¥²¨ � ³¡Ê Å ˆµ´ -
‹ §¨´¨µ (�ˆ‹), ±µÉµ· Ö ¢µ§´¨± ¥É ± ± ²µ± ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸-
±µ³ ¶·¥¤¥²¥ Š•„. �µ¤·µ¡´µ µ¡¸Ê¦¤ ¥É¸Ö ³¥Éµ¤ ¶µ²ÊÎ¥´¨Ö ³¥§µ´´ÒÌ ² £· ´¦¨ ´µ¢,
µ¸´µ¢ ´´Ò° ´  ±¨· ²Ó´µ³ · §²µ¦¥´¨¨ Ö¤·  É¥¶²µ¶·µ¢µ¤´µ¸É¨ ±¢ ·±µ¢µ£µ ¤¥É¥·³¨-
´ ´É  ¡µ§µ´¨§µ¢ ´´µ° ³µ¤¥²¨ �ˆ‹. �·¨¢¥¤¥´Ò ¨ ¸¨¸É¥³ É¨§¨·µ¢ ´Ò ·¥§Ê²ÓÉ ÉÒ ¢Ò-
Î¨¸²¥´¨° ±µÔËË¨Í¨¥´Éµ¢ É¥¶²µ¶·µ¢µ¤´µ¸É¨ ¤µ ¸¥¤Ó³µ£µ ¶µ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´µ ¨ ÔË-

Ë¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢ ¢ p4- ¨ p6-¶µ·Ö¤± Ì. �¡¸Ê¦¤ ¥É¸Ö ³µ¤¨Ë¨± Í¨Ö
¸É·Ê±ÉÊ·´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢ ¶·¨ ·¥¤Ê±Í¨¨
·¥§µ´ ´¸µ¢. �µ± § ´  ¢ ¦´µ¸ÉÓ ÊÎ¥É  ·¥§µ´ ´¸´ÒÌ µ¡³¥´µ¢ ¤²Ö Ê²ÊÎÏ¥´¨Ö µ¶¨¸ ´¨Ö
´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢. �¡¸Ê¦¤ ÕÉ¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥  ¸¶¥±-
ÉÒ ÔËË¥±É¨¢´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢ ¢ ¢Ò¸Ï¨Ì ¶µ·Ö¤± Ì ±¨· ²Ó´µ£µ · §²µ¦¥-
´¨Ö. �·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ¸  ´ ²µ£¨Î´Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³¨ ¤·Ê£¨Ì £·Ê¶¶. � ¸¸³µÉ·¥´
É ±¦¥ ¶µ²ÊË¥´µ³¥´µ²µ£¨Î¥¸±¨° ³¥Éµ¤ ¤²Ö µÍ¥´±¨ ´¥²µ± ²Ó´ÒÌ ¶µ¶· ¢µ± ± ¸É·Ê±ÉÊ·-
´Ò³ ±µÔËË¨Í¨¥´É ³ ¡µ§µ´¨§µ¢ ´´ÒÌ ±¨· ²Ó´ÒÌ ² £· ´¦¨ ´µ¢. Œ ²µ¸ÉÓ ́ ¥²µ± ²Ó´ÒÌ
¶µ¶· ¢µ± Ö¢²Ö¥É¸Ö ¤µ¶µ²´¨É¥²Ó´Ò³  ·£Ê³¥´Éµ³ ¢ ¶µ²Ó§Ê ³µ¤¥²¨ �ˆ‹ ± ± ·¥ ²¨¸É¨Î¥-
¸±µ£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. �±ÉÊ ²Ó´µ¸ÉÓ
¶·µ¡²¥³, µ¡¸Ê¦¤ ¥³ÒÌ ¢ µ¡§µ·¥, µ¶·¥¤¥²Ö¥É¸Ö ·¥§±µ ¢µ§·µ¸Ï¥° §  ¶µ¸²¥¤´¨¥ ¤¢  £µ¤ 

 ±É¨¢´µ¸ÉÓÕ ¢ µ¡² ¸É¨ ¢ÒÎ¨¸²¥´¨Ö p6-¶µ¶· ¢µ± ±¨· ²Ó´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö
· §²¨Î´ÒÌ ³¥§µ´´ÒÌ ¶·µÍ¥¸¸µ¢.

’ ¡².1. ˆ².3. �¨¡²¨µ£·.: 89.

“„Š 539.12.01
�¥·¥±·Ò¢ ÕÐ¨¥¸Ö ·¥§µ´ ´¸Ò ¢ ³´µ£µ± ´ ²Ó´ÒÌ ·¥ ±Í¨ÖÌ. �¥²µ§¥·µ¢  ’.‘., •¥´-
´¥· ‚.Š. ”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1998, Éµ³ 29, ¢Ò¶.1, ¸.148.

„ ´  µ¡§µ·  ¸ÊÐ¥¸É¢ÊÕÐ¨Ì  ³¥Éµ¤µ¢  ¶µ¸É·µ¥´¨Ö Ö¢´µ ·¥§µ´ ´¸´µ° Ê´¨É ·´µ°
S-³ É·¨ÍÒ, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ¢µ§³µ¦´µ µ¶¨¸Ò¢ ÉÓ £·Ê¶¶Ò ·¥§µ´ ´¸µ¢ ri ¸ µ¤¨´ ±µ-



¢Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ¶·¨ ¨Ì ¶¥·¥±·Ò¢ ´¨¨, ±µ£¤  Eri − Erj ~ Γri + Γrj . „¥É ²Ó-

´µ ¨¸¸²¥¤µ¢ ´  ¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ³¥Éµ¤ ³¨. �µ± § ´µ, ÎÉµ ¶ · ³¥É·Ò ·¥§µ´ ´¸µ¢,
¶µ²ÊÎ ¥³Ò¥ ¶·¨ µ¶¨¸ ´¨¨ Ë¨§¨Î¥¸±µ° ¸¨ÉÊ Í¨¨ ¸ ¶µ³µÐÓÕ · §´ÒÌ ¶µ¤Ìµ¤µ¢, ³µ£ÊÉ
¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ÉÓ¸Ö ¤·Ê£ µÉ ¤·Ê£ ,   ¢¥²¨Î¨´Ò, ´ §Ò¢ ¥³Ò¥ µ¤¨´ ±µ¢µ ¢ ÔÉ¨Ì ³¥-
Éµ¤ Ì, Ö¢²ÖÕÉ¸Ö ´  ¸ ³µ³ ¤¥²¥ · §´Ò³¨ ¢ ¸²ÊÎ ¥ ´¥¸±µ²Ó±¨Ì ¸µ¸ÉµÖ´¨°. �¶¨¸ ´¨¥
¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¸ ¶µ³µÐÓÕ Ëµ·³Ê² �·¥°É  Å ‚¨£´¥·  ´ ¨¡µ²¥¥ Î ¸Éµ
¨¸¶µ²Ó§Ê¥É¸Ö ¢µ ³´µ£¨Ì ¶·µ¡²¥³ Ì Ë¨§¨±¨ ·¥§µ´ ´¸µ¢ ¨ Ö¤¥·´µ° Ë¨§¨±¨, ¨ Í¥´É· ²Ó-
´µ¥ ³¥¸Éµ ¢ µ¡§µ·¥ § ´¨³ ¥É µ¡¸Ê¦¤¥´¨¥ § ¤ Î¨ ¶µ¸É·µ¥´¨Ö Ê´¨É ·´µ° T-¨´¢ ·¨ ´É-
´µ° ³´µ£µ± ´ ²Ó´µ° ³´µ£µ·¥§µ´ ´¸´µ° S-³ É·¨ÍÒ ¡·¥°É-¢¨£´¥·µ¢¸±µ£µ É¨¶ . Œ¥Éµ¤
³µ¦¥É ¡ÒÉÓ ¶µ²¥§¥´ ¤²Ö ³´µ£¨Ì § ¤ Î Ë¨§¨±¨ Î ¸É¨Í ¨ Ö¤¥·´µ° Ë¨§¨±¨. ‚ ± Î¥¸É¢¥
 ±ÉÊ ²Ó´µ£µ ¶·¨²µ¦¥´¨Ö µ¶¨¸Ò¢ ¥³ÒÌ ¶µ¤Ìµ¤µ¢ ¨§ÊÎ¥´ ¸¶¥±É· ¢µ§¡Ê¦¤¥´¨° ¢¥±Éµ·-
´ÒÌ ρ- ¨ ω-³¥§µ´µ¢. �¡¸Ê¦¤ ¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ̈ Ì ̈ ´É¥·¶·¥É Í¨¨ ± ± ±¢ ·±- ´É¨±¢ ·-
±µ¢ÒÌ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨°.  �·µ¢¥¤¥´   ´ ²¨§  ¶·¨  ¸µÌ· ´¥´¨¨  Ê´¨É ·´µ¸É¨

S-³ É·¨ÍÒ ¶·µÍ¥¸¸µ¢ e+e−- ´´¨£¨²ÖÍ¨¨ ¢ ¨§µ¢¥±Éµ·´Ò¥ ¸µ¸ÉµÖ´¨Ö 2π, 2π+2π−,

π+π−2π0, ωπ0, ηπ+π− ¨ ¢ ¨§µ¸± ²Ö·´Ò¥ ¸µ¸ÉµÖ´¨Ö ρπ ¨ ωππ.
’ ¡².5. ˆ².7. �¨¡²¨µ£·.: 39.

“„Š 539.171.12
�·µ¡²¥³  ́  ·ÊÏ¥´¨Ö ¶· ¢¨²  �±Ê¡µ Å –¢¥°£  Å ̂ ¨§Ê±¨ ¢ ́ Ê±²µ´- ´É¨´Ê±²µ´´µ°
 ´´¨£¨²ÖÍ¨¨ ¢ ¶µ±µ¥. �Ê§ ÉÊ „., ‹¥¢ ”.Œ. ”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ
Ö¤· , 1998, Éµ³ 29, ¢Ò¶.1, ¸.212.

�·µ¢µ¤¨É¸Ö ¤¥É ²Ó´µ¥ µ¡¸Ê¦¤¥´¨¥ ¶·µ¡²¥³Ò, ³µ¦¥É ²¨ ´ ·ÊÏ¥´¨¥ ¶· ¢¨²  �–ˆ
¢ ´Ê±²µ´- ´É¨´Ê±²µ´´µ°  ´´¨£¨²ÖÍ¨¨ ¢ ¶µ±µ¥ ¡ÒÉÓ µ¡ÑÖ¸´¥´µ ¢ · ³± Ì µ¡ÒÎ´ÒÌ ³¥-
Ì ´¨§³µ¢. ‚ Éµ ¢·¥³Ö ± ± ³µ¤¥²Ó ¢¥±Éµ·´µ° ¤µ³¨´ ´É´µ¸É¨ ¨ ³µ¤¥²Ó ¶¥·¥· ¸¸¥Ö´¨Ö

± Î¥¸É¢¥´´µ µ¡ÑÖ¸´ÖÕÉ ´ ·ÊÏ¥´¨¥ ¶· ¢¨²  �–ˆ ¢ ·¥ ±Í¨ÖÌ p
_
p → ϕγ ¨ p

_
p → ϕπ0 ¤²Ö

 ´´¨£¨²ÖÍ¨¨ ¨§ S-¸µ¸ÉµÖ´¨Ö  Éµ³  ¶·µÉµ´¨Ö, ³µ¤¥²Ó ¶¥·¥· ¸¸¥Ö´¨Ö ´¥ ³µ¦¥É

µ¡ÑÖ¸´¨ÉÓ Éµ, ÎÉµ  ´´¨£¨²ÖÍ¨Ö ¢ ϕπ0 ¨§ P-¸µ¸ÉµÖ´¨Ö ´¥ ´ ¡²Õ¤ ² ¸Ó ¨ ¶· ¢¨²µ �–ˆ

¢ ·¥ ±Í¨¨ p
_
p → f2′ π0 ´¥ ¢Ò¶µ²´Ö¥É¸Ö. �¡¸Ê¦¤ ¥É¸Ö É ±¦¥, ± ± Ö ¨´Ëµ·³ Í¨Ö µ ´ ·Ê-

Ï¥´¨¨  ¶· ¢¨²   �–ˆ ³µ¦¥É ¡ÒÉÓ ¨§¢²¥Î¥´  ¨§ ·¥ ±Í¨¨ p
_
p → ϕπ+π− ¨ · ¸¶ ¤µ¢

J6 Ψ-³¥§µ´ .
ˆ².10. �¨¡²¨µ£·.: 65.
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‚ ¦Ê·´ ²¥ ®”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· ¯ (�—�Ÿ) ¶¥Î É ÕÉ¸Ö µ¡§µ·Ò ¶µ
 ±ÉÊ ²Ó´Ò³ ¶·µ¡²¥³ ³ É¥µ·¥É¨Î¥¸±µ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´µ° Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨
 Éµ³´µ£µ Ö¤· , ¶·µ¡²¥³ ³ ¸µ§¤ ´¨Ö ´µ¢ÒÌ Ê¸±µ·¨É¥²Ó´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ê¸É ´µ¢µ±,  ¢Éµ-
³ É¨§ Í¨¨ µ¡· ¡µÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ‘É ÉÓ¨ ¶¥Î É ÕÉ¸Ö ´  ·Ê¸¸±µ³ ¨  ´£²¨°¸±µ³
Ö§Ò± Ì. �¥¤ ±Í¨Ö ¶·µ¸¨É  ¢Éµ·µ¢ ¶·¨ ´ ¶· ¢²¥´¨¨ ¸É ÉÓ¨ ¢ ¶¥Î ÉÓ ·Ê±µ¢µ¤¸É¢µ¢ ÉÓ¸Ö ¨§²µ¦¥´-
´Ò³¨ ´¨¦¥ ¶· ¢¨² ³¨.

1. ’¥±¸É ¸É ÉÓ¨ ¤µ²¦¥´ ¡ÒÉÓ ´ ¶¥Î É ´ ´  ³ Ï¨´±¥ Î¥·¥§ ¤¢  ¨´É¥·¢ ²  ´  µ¤´µ° ¸Éµ·µ´¥
²¨¸É  (µ¡Ö§ É¥²Ó´µ ¶·¥¤¸É ¢²Ö¥É¸Ö ¶¥·¢Ò° ³ Ï¨´µ¶¨¸´Ò° Ô±§¥³¶²Ö·). �µ²Ö ¸ ²¥¢µ° ¸Éµ·µ´Ò
¤µ²¦´Ò ¡ÒÉÓ ´¥ Ê¦¥ 3Å4 ¸³, ·Ê±µ¶¨¸´Ò¥ ¢¸É ¢±¨ ´¥ ¤µ¶Ê¸± ÕÉ¸Ö. �±§¥³¶²Ö· ¸É ÉÓ¨ ¤µ²¦¥´
¢±²ÕÎ ÉÓ  ´´µÉ Í¨¨ ¨ ´ §¢ ´¨¥ ´  ·Ê¸¸±µ³ ¨  ´£²¨°¸±µ³ Ö§Ò± Ì, ·¥Ë¥· É ´  ·Ê¸¸±µ³ Ö§Ò±¥,
“„Š, ¸¢¥¤¥´¨Ö µ¡  ¢Éµ· Ì: Ë ³¨²¨Ö ¨ ¨´¨Í¨ ²Ò (´  ·Ê¸¸±µ³ ¨  ´£²¨°¸±µ³ Ö§Ò± Ì), ´ §¢ ´¨¥
¨´¸É¨ÉÊÉ ,  ¤·¥¸ ¨ É¥²¥Ëµ´. ‚¸¥ ¸É· ´¨ÍÒ É¥±¸É  ¤µ²¦´Ò ¡ÒÉÓ ¶·µ´Ê³¥·µ¢ ´Ò. ‘É ÉÓÖ ¤µ²¦´ 
¡ÒÉÓ ¶µ¤¶¨¸ ´  ¢¸¥³¨  ¢Éµ· ³¨. ’¥±¸É ¸É ÉÓ¨ ³µ¦¥É ¡ÒÉÓ ´ ¶¥Î É ´ ´  ¶·¨´É¥·¥ ¸ ¸µ¡²Õ¤¥´¨¥³
É¥Ì ¦¥ ¶· ¢¨².

2. ”µ·³Ê²Ò ¨ µ¡µ§´ Î¥´¨Ö ¤µ²¦´Ò ¡ÒÉÓ ¢¶¨¸ ´Ò ±·Ê¶´µ, Î¥É±µ, µÉ ·Ê±¨ É¥³´Ò³¨
Î¥·´¨² ³¨ (²¨¡µ ´ ¶¥Î É ´Ò ´  ¶·¨´É¥·¥ ¨ µ¡Ö§ É¥²Ó´µ · §³¥Î¥´Ò). †¥² É¥²Ó´µ ´Ê³¥·µ¢ ÉÓ
Éµ²Ó±µ É¥ Ëµ·³Ê²Ò, ´  ±µÉµ·Ò¥ ¨³¥ÕÉ¸Ö ¸¸Ò²±¨ ¢ É¥±¸É¥. �µ³¥· Ëµ·³Ê²Ò Ê± §Ò¢ ¥É¸Ö ¸¶· ¢  ¢
±·Ê£²ÒÌ ¸±µ¡± Ì. �¸µ¡µ¥ ¢´¨³ ´¨¥ ¸²¥¤Ê¥É µ¡· É¨ÉÓ ´   ±±Ê· É´µ¥ ¨§µ¡· ¦¥´¨¥ ¨´¤¥±¸µ¢ ¨
¶µ± § É¥²¥° ¸É¥¶¥´¥°: ´¨¦´¨¥ ¨´¤¥±¸Ò µÉ³¥Î ÕÉ¸Ö §´ ±µ³ ¶µ´¨¦¥´¨Ö ∩, ¢¥·Ì´¨¥ Å §´ ±µ³
¶µ¢ÒÏ¥´¨Ö ∪; ÏÉ·¨Ì¨ ́ ¥µ¡Ìµ¤¨³µ Î¥É±µ µÉ²¨Î ÉÓ µÉ ¥¤¨´¨ÍÒ,   ¥¤¨´¨ÍÊ Å µÉ § ¶ÖÉµ°. ‘²¥¤Ê¥É,
¶µ ¢µ§³µ¦´µ¸É¨, ¨§¡¥£ ÉÓ £·µ³µ§¤±¨Ì µ¡µ§´ Î¥´¨° ¨ Ê¶·µÐ ÉÓ ´ ¡µ· Ëµ·³Ê² (´ ¶·¨³¥·, ¶·¨³¥-
´ÖÖ exp, ¤·µ¡Ó Î¥·¥§ ±µ¸ÊÕ Î¥·ÉÊ).

‚µ ¨§¡¥¦ ´¨¥ ´¥¤µ· §Ê³¥´¨° ¨ µÏ¨¡µ± ¸²¥¤Ê¥É ¤¥² ÉÓ Ö¸´µ¥ · §²¨Î¨¥ ³¥¦¤Ê ¶·µ¶¨¸´Ò³¨
¨ ¸É·µÎ´Ò³¨ ¡Ê±¢ ³¨, µ¤¨´ ±µ¢Ò³¨ ¶µ ´ Î¥·É ´¨Õ (V ¨ v, U ¨ u, W ¨ w, O ¨ o, K ¨ k, S ¨ s, C
¨ c, P ¨ p, Z ¨ z), ¶·µ¶¨¸´Ò¥ ¶µ¤Î¥·±¨¢ ÕÉ ¤¢Ê³Ö Î¥·É ³¨ ¸´¨§Ê, ¸É·µÎ´Ò¥ Å ¤¢Ê³Ö Î¥·É ³¨
¸¢¥·ÌÊ (S ¨ s, C ¨ c). �¥µ¡Ìµ¤¨³µ ¤¥² ÉÓ Î¥É±µ¥ · §²¨Î¨¥ ³¥¦¤Ê ¡Ê±¢ ³¨ e, l, O (¡µ²ÓÏµ°) ¨ µ
(³ ²µ°) ¨ 0 (´Ê²¥³), ¤²Ö Î¥£µ ¡Ê±¢Ò � ¨ µ µÉ³¥Î ÕÉ ¤¢Ê³Ö Î¥·ÉµÎ± ³¨,   ´Ê²Ó µ¸É ¢²ÖÕÉ ¡¥§
¶µ¤Î¥·±¨¢ ´¨Ö. ƒ·¥Î¥¸±¨¥ ¡Ê±¢Ò ¶µ¤Î¥·±¨¢ ÕÉ ±· ¸´Ò³ ± · ´¤ Ïµ³, ¢¥±Éµ·Ò Å ¸¨´¨³, ²¨¡µ
§´ ±µ³     ¸´¨§Ê Î¥·´¨² ³¨. �¥ ·¥±µ³¥´¤Ê¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¡µ§´ Î¥´¨Ö ¢¥²¨Î¨´ ¡Ê±¢Ò
£µÉ¨Î¥¸±µ£µ, ·Ê±µ¶¨¸´µ£µ ¨ ¤·Ê£¨Ì ³ ²µÊ¶µÉ·¥¡¨³ÒÌ ¢ ¦Ê·´ ²Ó´ÒÌ ¸É ÉÓÖÌ Ï·¨ËÉµ¢, µ¤´ ±µ
¥¸²¨ É ±ÊÕ ¡Ê±¢Ê ´¥²Ó§Ö § ³¥´¨ÉÓ ¡Ê±¢µ° ² É¨´¸±µ£µ ¨²¨ £·¥Î¥¸±µ£µ  ²Ë ¢¨É , Éµ ¥¥ · §³¥Î ÕÉ
¶·µ¸ÉÒ³ ± · ´¤ Ïµ³ (µ¡¢µ¤ÖÉ ±·Ê¦±µ³). ‚ ¸²ÊÎ ¥, ¥¸²¨ ´ ¶¨¸ ´¨¥ ³µ¦¥É ¢Ò§¢ ÉÓ ¸µ³´¥´¨¥,
´¥µ¡Ìµ¤¨³µ ´  ¶µ²ÖÌ ¤ ÉÓ ¶µÖ¸´¥´¨¥, ´ ¶·¨³¥·: ζ Å ®¤§¥É ¯, ξ Å ®±¸¨¯, k Å ² É., ± Å ·Ê¸¸±.

3. �¨¸Ê´±¨ ¶·¥¤¸É ¢²ÖÕÉ ´  µÉ¤¥²Ó´ÒÌ ²¨¸É Ì ¡¥²µ° ¡Ê³ £¨ ¨²¨ ± ²Ó±¨ ¸ Ê± § ´¨¥³ ´ 
µ¡µ·µÉ¥ ´µ³¥·  ·¨¸Ê´±  ¨ ´ §¢ ´¨Ö ¸É ÉÓ¨. ’µ´µ¢Ò¥ ËµÉµ£· Ë¨¨ ¤µ²¦´Ò ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢
¤¢ÊÌ Ô±§¥³¶²Ö· Ì, ´  µ¡µ·µÉ¥ ± · ´¤ Ïµ³ Ê± § ÉÓ: ®¢¥·Ì¯, ®´¨§¯. ƒ· Ë¨±¨ ¤µ²¦´Ò ¡ÒÉÓ ÉÐ -
É¥²Ó´µ ¢Ò¶µ²´¥´Ò ÉÊÏÓÕ ¨²¨ Î¥·´Ò³¨ Î¥·´¨² ³¨; ´¥ ·¥±µ³¥´¤Ê¥É¸Ö § £·µ³µ¦¤ ÉÓ ·¨¸Ê´µ± ´¥-
´Ê¦´Ò³¨ ¤¥É ²Ö³¨: ¡µ²ÓÏ¨´¸É¢µ ´ ¤¶¨¸¥° ¢Ò´µ¸¨É¸Ö ¢ ¶µ¤¶¨¸Ó,   ´  ·¨¸Ê´±¥ § ³¥´Ö¥É¸Ö
Í¨Ë· ³¨ ¨²¨ ¡Ê±¢ ³¨. †¥² É¥²Ó´µ, ÎÉµ¡Ò ·¨¸Ê´±¨ ¡Ò²¨ £µÉµ¢Ò ± ¶·Ö³µ³Ê ·¥¶·µ¤ÊÍ¨·µ¢ ´¨Õ.
�µ¤¶¨¸¨ ± ·¨¸Ê´± ³ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ´  µÉ¤¥²Ó´ÒÌ ²¨¸É Ì.

4. ’ ¡²¨ÍÒ ¤µ²¦´Ò ¡ÒÉÓ ´ ¶¥Î É ´Ò ´  µÉ¤¥²Ó´ÒÌ ²¨¸É Ì, ± ¦¤ Ö É ¡²¨Í  ¤µ²¦´  ¨³¥ÉÓ
§ £µ²µ¢µ±. ‘²¥¤Ê¥É Ê± §Ò¢ ÉÓ ¥¤¨´¨ÍÒ ¨§³¥·¥´¨Ö ¢¥²¨Î¨´ ¢ É ¡²¨Í Ì.

5. ‘¶¨¸µ± ²¨É¥· ÉÊ·Ò ¶µ³¥Ð ¥É¸Ö ¢ ±µ´Í¥ ¸É ÉÓ¨. ‘¸Ò²±¨ ¢ É¥±¸É¥ ¤ ÕÉ¸Ö ¸ Ê± § ´¨¥³
´µ³¥·  ¸¸Ò²±¨ ´  ¸É·µ±¥ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì. ‚ ²¨É¥· ÉÊ·´µ° ¸¸Ò²±¥ ¤µ²¦´Ò ¡ÒÉÓ Ê± § ´Ò:
¤²Ö ±´¨£ Å Ë ³¨²¨¨  ¢Éµ·µ¢, ¨´¨Í¨ ²Ò, ´ §¢ ´¨¥ ±´¨£¨, £µ·µ¤, ¨§¤ É¥²Ó¸É¢µ (¨²¨ µ·£ ´¨§ Í¨Ö),



£µ¤ ¨§¤ ´¨Ö, Éµ³ (Î ¸ÉÓ, £² ¢ ), Í¨É¨·Ê¥³ Ö ¸É· ´¨Í , ¥¸²¨ ´Ê¦´µ; ¤²Ö ¸É É¥° Å Ë ³¨²¨¨  ¢Éµ-
·µ¢, ̈ ´¨Í¨ ²Ò, ́  §¢ ´¨¥ ¦Ê·´ ² , ̧ ¥·¨Ö, £µ¤ ̈ §¤ ´¨Ö, Éµ³ (´µ³¥·, ¢Ò¶Ê¸±, ¥¸²¨ ÔÉµ ́ ¥µ¡Ìµ¤¨³µ),
¶¥·¢ Ö ¸É· ´¨Í  ¸É ÉÓ¨. …¸²¨  ¢Éµ·µ¢ ¡µ²¥¥ ¶ÖÉ¨, Éµ Ê± § ÉÓ Éµ²Ó±µ ¶¥·¢Ò¥ É·¨ Ë ³¨²¨¨.
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