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�¡Ñ¥¤¨´¥´´Ò° ̈ ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ̈ ¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�·¥¤¸É ¢²¥´Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤µ± § É¥²Ó¸É¢  ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥§µ´ ´¸´ÒÌ ¸µ-
¸ÉµÖ´¨° ̧ ¨¸É¥³ ̈ § ²¥£±¨Ì ±¢ ·±µ¢, ¶·µÖ¢²ÖÕÐ¨Ì¸Ö ± ± ·¥§µ´ ´¸Ò ̧  · §´µ° ³ ¸¸µ°. ̂ Ì
Ì · ±É¥·´Ò³ ¸¢µ°¸É¢µ³ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢µ¢ ´¨¥ · §²¨Î´ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨°
¤²Ö ¤ ´´µ£µ ¸¶¨´  ¨ Î¥É´µ¸É¨. ’ ±¨¥ ·¥§µ´ ´¸Ò ¢ πππ-¸¨¸É¥³¥, ·µ¦¤¥´´Ò¥
¤¨Ë· ±Í¨µ´´µ, Ö¢²ÖÕÉ¸Ö · ¤¨ ²Ó´Ò³¨ ¢µ§¡Ê¦¤¥´¨Ö³¨ ¸¨¸É¥³ ¨§ ²e£±¨Ì ±¢ ·±µ¢.

The experimental evidence of resonances, peculiar properties of which are the existence
of various energy states for given spin-parity has been presented. These resonances in
(πππ)-system, diffractively produced, are mostly the radial-excited states of light quarks.

1. ‚‚…„…�ˆ…

�±¸¶¥·¨³¥´ÉÒ, ¢Ò¶µ²´¥´´Ò¥ ´  Ê¸±µ·¨É¥²¥ 70 ƒÔ‚ ¢ ‘¥·¶ÊÌµ¢¥,
¶·¨¢¥²¨ ± µ¡´ ·Ê¦¥´¨Õ · ¤¨ ²Ó´ÒÌ ¤¨Ë· ±Í¨µ´´µ-¢µ§¡Ê¦¤¥´´ÒÌ ¡µ§µ´-
´ÒÌ ·¥§µ´ ´¸µ¢ ¢ πππ- ¨ ¢ Kππ-¸¨¸É¥³ Ì. ‚¶¥·¢Ò¥ ¡Ò² Ô±¸¶¥·¨³¥´É ²Ó´µ
¨§ÊÎ¥´ ¸¶¥±É· ¢µ§¡Ê¦¤¥´¨Ö ±¢ ·±µ¢µ° ̧ É·Ê±ÉÊ·Ò ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥£µ ³¥§µ-
´  ± ± ¶µ µ·¡¨É ²Ó´µ³Ê, É ± ¨ ¶µ · ¤¨ ²Ó´µ³Ê ±¢ ´Éµ¢µ³Ê Î¨¸²Ê ¢ ¸¨¸É¥³¥
²e£±¨Ì ±¢ ·±µ¢ [1Å3].

‚§ ¨³µ¤¥°¸É¢¨Ö ³¥§µ´µ¢ ¸ Ö¤· ³¨ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ¸ µ¶·¥¤¥²¥´-
´µ° ¢¥·µÖÉ´µ¸ÉÓÕ ¶·¨¢µ¤ÖÉ ± ¸µ¡ÒÉ¨Ö³ É ±µ£µ É¨¶ , ±µ£¤  ¢ ·¥§Ê²ÓÉ É¥
¤¨Ë· ±Í¨µ´´µ° ¤¨¸¸µÍ¨ Í¨¨ ¶ ¤ ÕÐ¥£µ ³¥§µ´  ´  Ö¤·¥ ± ± Í¥²µ³ ·µ¦¤ -
¥É¸Ö ÉÖ¦¥² Ö ¡µ§µ´´ Ö ¸¨¸É¥³ ,   Ö¤·µ µ¸É ¥É¸Ö ¢ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨. ’ -
±µ¥ ¨§³¥´¥´¨¥ ¸µ¸ÉµÖ´¨Ö Ì · ±É¥·¨§Ê¥É¸Ö É¥³, ÎÉµ ¡µ§µ´´ Ö ¸¨¸É¥³  ¨³¥¥É
´¥¶·¥·Ò¢´Ò° ̧ ¶¥±É· ̧ µ¸ÉµÖ´¨°, ́  ¸ÒÐ ¥³Ò° ± ± µ¡· §µ¢ ´¨¥³ ·¥§µ´ ´¸µ¢,
É ± ¨ ¶·µ¤Ê±É ³¨ ¤¨¸¸µÍ¨ Í¨¨ ¢ ´¥·¥§µ´ ´¸´ÊÕ ¸¨¸É¥³Ê.

�É±·ÒÉ¨¥ ¤¨Ë· ±Í¨µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¢ ´¥Ê¶·Ê£¨Ì ¸¨²Ó´ÒÌ ¢§ ¨³µ-
¤¥°¸É¢¨ÖÌ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ̈  ÔËË¥±É  ±µ£¥·¥´É´µ¸É¨  ³¶²¨ÉÊ¤ Ö¢¨²µ¸Ó
¶·Ö³µ° ¨²²Õ¸É· Í¨¥° ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¤¥° ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨.
�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨ É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö [4,5] ¶µ§¢µ²¨²¨ Ê¸É -
´µ¢¨ÉÓ ¸²¥¤ÊÕÐ¨¥ µ¸´µ¢´Ò¥ ¸¢µ°¸É¢  ÔÉ¨Ì ¶·µÍ¥¸¸µ¢:

®”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¯
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 ) ¸¥Î¥´¨Ö ÔÉ¨Ì ¶·µÍ¥¸¸µ¢ ´¥ § ¢¨¸ÖÉ µÉ Ô´¥·£¨¨ (¨²¨ ¸² ¡µ § ¢¨¸ÖÉ
¶·¨ Ë ±Éµ·¥ lg S);

¡) ¸¥Î¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ · ¢´Ò;
¢) ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¨³¥¥É ¶¨± ¢ ¶¥·¥¤´¥³ ±µ´Ê¸¥;
£) µ¡³¥´´Ò¥ ¶·µÍ¥¸¸Ò Ì · ±É¥·¨§ÊÕÉ¸Ö ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ¢ ±ÊÊ³  ¢

t-± ´ ²¥;
¤) ¶·µ¨¸Ìµ¤¨É ¸Ê¦¥´¨¥ ¤¨Ë· ±Í¨µ´´µ£µ ±µ´Ê¸  ¸ ·µ¸Éµ³ Ô´¥·£¨¨ ¶ ¤ -

ÕÐ¥° Î ¸É¨ÍÒ ¢  ¤·µ´- ¤·µ´´ÒÌ ¶·µÍ¥¸¸ Ì ¤¨Ë· ±Í¨µ´´µ° ¤¨¸¸µÍ¨ Í¨¨.
�·µÍ¥¸¸Ò ´¥Ê¶·Ê£µ° ¤¨Ë· ±Í¨µ´´µ° ¤¨¸¸µÍ¨ Í¨¨  ¤·µ´µ¢ ´  Ö¤· Ì

¥Ð¥ ¸² ¡µ ¨§ÊÎ¥´Ò; ¢ ´¨Ì, ´¥¸³µÉ·Ö ´  ¡µ²ÓÏµ¥ ¨§³¥´¥´¨¥ ³ ¸¸Ò ¡µ§µ´´µ°
¸¨¸É¥³Ò, Ö¤·µ µ¸É ¥É¸Ö ¢ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨, É.¥. ¶·µÍ¥¸¸ ¢§ ¨³µ¤¥°¸É¢¨Ö
¶·µ¨¸Ìµ¤¨É ±µ£¥·¥´É´µ, ¨ ·µ¦¤¥´´ Ö ¸¨¸É¥³  Î ¸É¨Í ¤²Ö ³ ²ÒÌ ¶¥·¥¤ Î
¨³¶Ê²Ó¸  ¸µÌ· ´Ö¥É ±¢ ´Éµ¢Ò¥ Î¨¸²  ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ,   ¸¶¨´ ¨ Î¥É-
´µ¸ÉÓ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö ³¥Ì ´¨§³µ³ µ¡³¥´´µ£µ ¶·µÍ¥¸¸ .
‚¸²¥¤¸É¢¨¥ ÔÉµ£µ Í¥´´Ò³ ¸¢µ°¸É¢µ³ ¨§ÊÎ¥´¨Ö ¤¨Ë· ±Í¨µ´´µ µ¡· §Ê¥³ÒÌ
·¥§µ´ ´¸´ÒÌ ̧ ¨¸É¥³ Ö¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ µ¤´µ§´ Î´µ£µ µ¶·¥¤¥²¥´¨Ö ̧ ¶¨´ 
¨ Î¥É´µ¸É¨ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨Ö.

ˆ§-§  ¡µ²ÓÏµ° ¶¥·¥¤ Î¨ Ô´¥·£¨¨ ·µ¦¤¥´´µ° ¸¨¸É¥³¥ (¶µ·Ö¤±  ´¥-

¸±µ²Ó±¨Ì ƒÔ‚) ¶·¨ ³ ²ÒÌ ¶¥·¥¤ ´´ÒÌ 4-¨³¶Ê²Ó¸ Ì (~ 0,01 (ƒÔ‚/¸)2) ¨¸¸²¥-
¤µ¢ ´¨¥ ÔÉ¨Ì ¶·µÍ¥¸¸µ¢ ¶·¥¤¸É ¢²Ö¥É Ê´¨± ²Ó´ÊÕ ¢µ§³µ¦´µ¸ÉÓ ¨§ÊÎ¥´¨Ö
¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¤¨Ë· ±Í¨µ´´µ µ¡· §Ê¥³ÒÌ ¸¨¸É¥³, É.¥. ¨¸¸²¥¤µ-
¢ ´¨Ö ¸¶¥±É·  Ê·µ¢´¥° ¢µ§¡Ê¦¤¥´¨Ö ¸µ¸É ¢´µ° ¸É·Ê±ÉÊ·Ò ¢§ ¨³µ¤¥°¸É¢ÊÕ-
Ð¥° Ô²¥³¥´É ·´µ° Î ¸É¨ÍÒ ± ± ¶µ µ·¡¨É ²Ó´µ³Ê ³µ³¥´ÉÊ, É ± ¨ ¶µ £² ¢´µ-
³Ê ±¢ ´Éµ¢µ³Ê Î¨¸²Ê. Š·µ³¥ Éµ£µ, ¨¸¸²¥¤µ¢ ´¨¥ ¶·µÍ¥¸¸µ¢ ±µ£¥·¥´É´µ£µ
·µ¦¤¥´¨Ö ¸µ¸ÉµÖ´¨° ´  Ö¤¥·´ÒÌ ³¨Ï¥´ÖÌ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ µ¶·¥¤¥²¨ÉÓ
¶µ²´µ¥ ¸¥Î¥´¨¥ ¶µ£²µÐ¥´¨Ö ´¥¸É ¡¨²Ó´ÒÌ ¸¨¸É¥³ ´Ê±²µ´µ¢ ¢ · §²¨Î´ÒÌ
¸µ¸ÉµÖ´¨ÖÌ ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨. ‚Ò¸µ± Ö ¸É¥¶¥´Ó ±µ£¥·¥´É´µ¸É¨ ¢µ²´
¶·¨¢µ¤¨É ± Ê¸¨²¥´¨Õ ·µ¦¤¥´¨Ö ·¥§µ´ ´¸´ÒÌ ¸É·Ê±ÉÊ· ¢ ¤¨Ë· ±Í¨µ´´ÒÌ
¶·µÍ¥¸¸ Ì,   ¸É·µ£¨¥ ¶· ¢¨²  µÉ¡µ·  Å ± ¸¨²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ¢ ±µ´¥Î´µ³
¸µ¸ÉµÖ´¨¨, ̧ ¶µ¸µ¡¸É¢ÊÕÐ¥° µ¤´µ§´ Î´µ³Ê µ¶·¥¤¥²¥´¨Õ Ê£²µ¢µ£µ ³µ³¥´É  ̈
Î¥É´µ¸É¨ ·¥§µ´ ´¸µ¢. ‚ ¦´Ò¥ ¸¢¥¤¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò É ±¦¥ µ ³¥-
Ì ´¨§³¥ ¶·µÍ¥¸¸µ¢ ¤¨Ë· ±Í¨¨ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ.

ˆ§ÊÎ¥´¨¥ ̧ ¶¥±É·µ¸±µ¶¨¨ Ê·µ¢´¥° ¢µ§¡Ê¦¤¥´¨Ö ̧ µ¸É ¢´µ° ̧ É·Ê±ÉÊ·Ò ± ±
¶µ µ·¡¨É ²Ó´µ³Ê, É ± ¨ ¶µ · ¤¨ ²Ó´µ³Ê ±¢ ´Éµ¢µ³Ê Î¨¸²Ê ´¥µ¡Ìµ¤¨³µ ¤²Ö
¶µ´¨³ ´¨Ö ¸É·Ê±ÉÊ·Ò ³¥¦±¢ ·±µ¢ÒÌ ¸¨².

‘ÊÐ¥¸É¢µ¢ ´¨¥ · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨° Ö¢²Ö¥É¸Ö ¥Ð¥ µ¤´¨³ ¶µ¤É¢¥·¦-
¤¥´¨¥³ ·¥ ²Ó´µ¸É¨ ±¢ ·±µ¢, ¶µ³¨³µ ¨§¢¥¸É´ÒÌ Ë ±Éµ¢ ·µ¦¤¥´¨Ö ¸É·Ê° ¨
£²Ê¡µ±µ´¥Ê¶·Ê£¨Ì ¶·µÍ¥¸¸µ¢. „²Ö ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ Î ¸É¨ÍÒ ®¶¸¨¯ ¨
®¨¶¸¨²µ´¯ ¢ Ô±¸¶¥·¨³¥´É Ì ´  Ê¸±µ·¨É¥²ÖÌ ́  ¡²Õ¤ ÕÉ¸Ö ¢ · §²¨Î´ÒÌ Ô´¥·-
£¥É¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨ÖÌ ± ± Î ¸É¨ÍÒ ¸ · §´µ° ³ ¸¸µ°. ’ ±µ° Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É·  ´ ²µ£¨Î¥´  Éµ³´µ³Ê ¸¶¥±É·Ê: µ´ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ¸ÊÐ¥¸É¢µ¢ ´¨¨

6  ‡�‰Œˆ„���ƒ� �.�.



±¢ ´Éµ¢ÒÌ Ê·µ¢´¥° ¸¢Ö§ ´´µ° ¸¨¸É¥³Ò. Š ¦¤Ò° ¨§ ÔÉ¨Ì Ô´¥·£¥É¨Î¥¸±¨Ì
Ê·µ¢´¥° ¤µ²¦¥´ ¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ° · §²¨Î´Ò¥ ¸É¥¶¥´¨ ¢µ§¡Ê¦¤¥´¨Ö ¨
· §²¨Î´Ò¥ ±µ³¡¨´ Í¨¨ ¸¶¨´µ¢ ¸µ¸É ¢²ÖÕÐ¨Ì ¨ ¨Ì µ·¡¨É ²Ó´µ£µ ³µ³¥´É .
�µ¤µ¡´Ò¥ ¸¶¥±É·Ò ¶µ§¢µ²ÖÕÉ µ¡ÑÖ¸´¨ÉÓ ¶µ¢¥¤¥´¨¥ Í¢¥É´ÒÌ ¸¨² ´  ³¥¦-
±¢ ·±µ¢ÒÌ · ¸¸ÉµÖ´¨ÖÌ.

�µÉ¥´Í¨ ²Ó´ Ö ±¢ ·±µ¢ Ö ³µ¤¥²Ó ¶·¥¤¸± §Ò¢ ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥  ¤·µ´µ¢
¸ µ¤¨´ ±µ¢Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ¨ ¸ · §²¨Î ÕÐ¨³¸Ö Î¨¸²µ³ Ê§²µ¢ (´Ê-
²¥°) · ¤¨ ²Ó´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ qq

_
-¸¨¸É¥³Ò. �É¨ ¸µ¸ÉµÖ´¨Ö Ö¢²ÖÕÉ¸Ö

· ¤¨ ²Ó´Ò³¨ ¢µ§¡Ê¦¤¥´¨Ö³¨. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó-
´µ° Î ¸É¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ±¢ ·±- ´É¨±¢ ·±µ¢µ° ¸¨¸É¥³Ò µ¶·¥¤¥²Ö¥É
Ô´¥·£¥É¨Î¥¸±¨¥ Ê·µ¢´¨ ¸¨¸É¥³Ò. ’ ±, ´ ¶·¨³¥·, ¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±¨-¸¨³-
³¥É·¨Î´µ£µ ¶µÉ¥´Í¨ ²  qq

_
-¢§ ¨³µ¤¥°¸É¢¨Ö ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö µ·¡¨É ²Ó-

´µ£µ ³µ³¥´É  ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ´Ê²¥° · ¤¨ ²Ó´µ° ¢µ²´µ¢µ°

ËÊ´±Í¨¨, ±µÉµ·Ò³ ¸µµÉ¢¥É¸É¢ÊÕÉ Ô´¥·£¨¨ Er = 
h2

2m
 K 2ur, £¤¥ ur = 0, 1, 2, Á

Å · ¤¨ ²Ó´µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ. � ¤¨ ²Ó´µ¥ ¨ £² ¢´µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ n
¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³ n = ur + l + 1.

‚¶¥·¢Ò¥ · ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö ¡Ò²¨ Ê¸É ´µ¢²¥´Ò ¤²Ö ±¢ ·±µ´¨Ö ¨§
ÉÖ¦¥²ÒÌ  ±¢ ·±µ¢  (cc

_
) Å  ¸¥³¥°¸É¢µ J 6 Ψ-³¥§µ´µ¢,   ¢¶µ¸²¥¤¸É¢¨¨ ¤²Ö

(bb
_
)-¸¨¸É¥³ Å ¸¥³¥°¸É¢µ ¨¶¸¨²µ´-³¥§µ´µ¢. 

‚  µÉ²¨Î¨¥ µÉ ÉÖ¦¥²ÒÌ ³¥§µ´µ¢, ¤²Ö ²¥£±¨Ì ³¥§µ´µ¢, ¸µ¸ÉµÖÐ¨Ì ¨§ u-,
d-, s-±¢ ·±µ¢, ¨´Ëµ·³ Í¨Ö µ ´ ¤¥¦´µ Ô±¸¶¥·¨³¥´É ²Ó´µ Ê¸É ´µ¢²¥´´ÒÌ · -
¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ ¡µ²¥¥ ¸±Ê¤´ Ö. „¥É ²Ó´ Ö ¨´Ëµ·³ Í¨Ö µ · ¤¨ ²Ó´ÒÌ
¸µ¸ÉµÖ´¨ÖÌ ´ ·Ö¤Ê ¸ µ·¡¨É ²Ó´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¶µ§¢µ²¨É ¶µ²ÊÎ¨ÉÓ ¸¢¥-
¤¥´¨Ö µ ¸É·µ¥´¨¨ ¸¶¨´-µ·¡¨É ²Ó´µ° ¸¢Ö§¨ ¢ ±¢ ·±µ¢µ° ¸¨¸É¥³¥. “¦¥ ¶µ²Ê-
Î¥´´Ò¥ ¤ ´´Ò¥ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ Éµ³, ÎÉµ ÔÉ  ¸¢Ö§Ó Ê¸É·µ¥´  ´¥ É ±, ± ± ¢
 Éµ³ Ì,   µ¸µ¡Ò³ µ¡· §µ³. �´  ´¥ ¶µÌµ¦  ´¨ ´  LS- ¨ ´¨ ´  JJ-¸¢Ö§Ó.

�·µ¸É Ö £¥µ³¥É·¨Î¥¸± Ö ± ·É¨´  ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö É¥¸´µ ¸¢Ö-
§ ´  ¸ ¸µ¸É ¢´µ° ¸É·Ê±ÉÊ·µ°  ¤·µ´µ¢. �·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ¥
µ¶¨¸ ´¨¥ ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ¶µ§¢µ²Ö¥É ¢Ò-
· §¨ÉÓ  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö Î¥·¥§ · ¸¶·¥¤¥²¥´¨¥ ¶ ·Éµ´µ¢ ¢´ÊÉ·¨  ¤·µ´µ¢.
Š•„ ¸  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤µ° ´ ¨¡µ²¥¥  ¤¥±¢ É´  µ¶¨¸ ´¨Õ ¶·µÍ¥¸¸µ¢
¸ ¡µ²ÓÏµ° ¶¥·¥¤ Î¥° ¨³¶Ê²Ó¸  Å £²Ê¡µ±µ´¥Ê¶·Ê£¨Ì ¶·µÍ¥¸¸µ¢. ‚ ¤µ¶µ²-
´¥´¨¥ ± ÔÉ¨³ ¶·µÍ¥¸¸ ³ ¤¨Ë· ±Í¨µ´´Ò¥ ¶·µÍ¥¸¸Ò Ì · ±É¥·¨§ÊÕÉ¸Ö ³ -
²Ò³¨ 4-¶¥·¥¤ Î ³¨ ¨³¶Ê²Ó¸  ¨ ¡µ²ÓÏ¨³¨ ¶¥·¥¤ Î ³¨ Ô´¥·£¨¨ ¸µ¸É ¢´µ°
¸¨¸É¥³¥. �·¨³¥´¥´¨¥ Š•„ ± ÔÉ¨³ ¶·µÍ¥¸¸ ³ ¢¸É·¥Î ¥É ¸¥·Ó¥§´ÊÕ ¶·µ¡²¥-
³Ê, ¸¢Ö§ ´´ÊÕ ¸ ¡µ²ÓÏ¨³¨ ³¥¦±¢ ·±µ¢Ò³¨ · ¸¸ÉµÖ´¨Ö³¨ ¨ Í¢¥Éµ¢Ò³ ¶²¥-
´¥´¨¥³ ±¢ ·±µ¢ ¨ £²Õµ´µ¢.
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2. �‘��‚�›… ‘‚�‰‘’‚� ���–…‘‘� „ˆ”��Š–ˆ����‰
„ˆ‘‘�–ˆ�–ˆˆ

‘· §Ê ¶µ¸²¥ µÉ±·ÒÉ¨Ö [6,7] ¶·µÍ¥¸¸Ò ¤¨Ë· ±Í¨¨  ¤·µ´µ¢ ¸É ²¨ ¨£· ÉÓ
¨¸±²ÕÎ¨É¥²Ó´µ ¢ ¦´ÊÕ ·µ²Ó ¢ Ë¨§¨±¥ ¢Ò¸µ±¨Ì Ô´¥·£¨°. �µ¤µ¡´µ Éµ³Ê, ± ±
¨§ÊÎ¥´¨¥ ¶·µ¡²¥³Ò ¤¢ÊÌ É¥² · ¸¸³ É·¨¢ ²µ¸Ó ± ± ¨´¸É·Ê³¥´É ¤²Ö ¨§ÊÎ¥´¨Ö
³´µ£¨Ì É¥², É ± ¨ ¶·µÍ¥¸¸Ò ¤¨Ë· ±Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö · ¸¸³ É·¨¢ ÕÉ¸Ö
± ± ¸·¥¤¸É¢µ ¨§ÊÎ¥´¨Ö ³¥Ì ´¨§³  Ê¶·Ê£¨Ì ¨ ´¥Ê¶·Ê£¨Ì ¶·µÍ¥¸¸µ¢ ¶·¨ ¢Ò-
¸µ±¨Ì Ô´¥·£¨ÖÌ, ¢¸²¥¤¸É¢¨¥ Éµ£µ Ë ±É , ÎÉµ ÔÉ¨ ´¥Ê¶·Ê£¨¥ ¶·µÍ¥¸¸Ò ¶µ
¸¢µ°¸É¢ ³ ¶µ¤µ¡´Ò Ê¶·Ê£µ³Ê · ¸¸¥Ö´¨Õ. ‚ ¶·µÍ¥¸¸ Ì ¤¨Ë· ±Í¨¨ Ô²¥³¥´-
É ·´ÒÌ Î ¸É¨Í Ö·±µ ¶·µÖ¢²ÖÕÉ¸Ö ¢µ²´µ¢Ò¥ ¸¢µ°¸É¢  ¸É ²±¨¢ ÕÐ¨Ì¸Ö
Î ¸É¨Í ¨ · §³¥·Ò µ¡² ¸É¨ ¨Ì ¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚ Ëµ·³ ²¨§³¥ �¥¤-
¦¥ ¤¨Ë· ±Í¨µ´´Ò° ¶·µÍ¥¸¸ ¨¤¥É Î¥·¥§ µ¡³¥´ ¢ ±ÊÊ³´Ò³ ¶µ²Õ¸µ³, ¨ µ´
¤µ²¦¥´ ¤µ³¨´¨·µ¢ ÉÓ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ, É ± ± ± ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  ´¥
§ ¢¨¸¨É µÉ Ô´¥·£¨¨ ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ.

„¨Ë· ±Í¨µ´´ Ö ¤¨¸¸µÍ¨ Í¨Ö  ¤·µ´µ¢ Ê¸¨²¨¢ ¥É µ¡· §µ¢ ´¨¥ ·¥§µ´ ´-
¸µ¢, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì µ¶·¥¤¥²¥´´Ò³ ¶· ¢¨² ³ µÉ¡µ· . �·¨ ¢§ ¨³µ-
¤¥°¸É¢¨ÖÌ ´  Ö¤· Ì, ´¥¸³µÉ·Ö ´  µ£·µ³´ÊÕ ¶¥·¥¤ ÎÊ Ô´¥·£¨¨ (¢ ´¥¸±µ²Ó-
±µ ƒÔ‚) ·µ¦¤¥´´µ° ¸¨¸É¥³¥, Ö¤·µ ¶µ²ÊÎ ¥É µÉ¤ ÎÊ ± ± Í¥²µ¥ ¨ µ¸É ¥É¸Ö ¢
µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨. ’ ±¨¥ ¶·µÍ¥¸¸Ò ´ §Ò¢ ÕÉ¸Ö ±µ£¥·¥´É´Ò³¨, ¨ ¢ ÔÉµ³
¸²ÊÎ ¥ Ö¤·µ ¨£· ¥É ·µ²Ó ¡¥¸¸É·Ê±ÉÊ·´µ° ¸¨¸É¥³Ò ´Ê±²µ´µ¢,  ³¶²¨ÉÊ¤  ¶·µ-
Í¥¸¸  ¥¸ÉÓ ¸Ê³³   ³¶²¨ÉÊ¤ ¶·µÍ¥¸¸µ¢ ´  µÉ¤¥²Ó´ÒÌ ´Ê±²µ´ Ì. �µ¸±µ²Ó±Ê
¸µ¸ÉµÖ´¨¥ Ö¤·  ´¥ ¨§³¥´Ö¥É¸Ö, Éµ ³¥¦¤Ê ¶ ¤ ÕÐ¨³  ¤·µ´µ³ ¨ Ö¤·µ³ ¢µ§³µ-
¦¥´  µ¡³¥´  ¸µ¸ÉµÖ´¨Ö³¨  ¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ¢ ±ÊÊ³  (¶µ³¥·µ´) ¨²¨
ω-³¥§µ´µ³. ‚ ¸²ÊÎ ¥ µ¡³¥´  ¶µ³¥·µ´µ³ ¤¨Ë· ±Í¨µ´´µ ·µ¦¤¥´´ Ö ¸¨¸É¥³ 
¸µÌ· ´Ö¥É, ±·µ³¥ ¸¶¨´  ¨ Î¥É´µ¸É¨, ¢¸¥ ¤¨¸±·¥É´Ò¥ ±¢ ´Éµ¢Ò¥ Î¨¸²  ´ ²¥-
É ÕÐ¥£µ  ¤·µ´  (§ ·Ö¤, ¡ ·¨µ´´µ¥ Î¨¸²µ, ¸É· ´´µ¸ÉÓ, § ·Ö¤µ¢ÊÕ ¨ G-Î¥É-
´µ¸ÉÓ ¨ ¨§µ¸¶¨´). ‚ ¸²ÊÎ ¥ µ¡³¥´  ω-·¥¤¦¥µ´µ³ ¸µÌ· ´ÖÕÉ¸Ö É¥ ¦¥ ±¢ ´Éµ-
¢Ò¥ Î¨¸² , ±·µ³¥ ‘- ¨ G-Î¥É´µ¸É¥°. ‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì ¸¢µ°¸É¢ ¨§ÊÎ¥´¨¥ ¶·µ-
Í¥¸¸µ¢ ¤¨Ë· ±Í¨¨  ¤·µ´µ¢ ´  Ö¤· Ì ¶µ§¢µ²Ö¥É ¶·µ¢µ¤¨ÉÓ ¨¸¸²¥¤µ¢ ´¨Ö
¸É·Ê±ÉÊ·Ò ¸ ³µ£µ Ö¤·  ¨ ¥£µ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨°.

Š¨´¥³ É¨±  ¶·µÍ¥¸¸µ¢ ¤¨Ë· ±Í¨¨. ˆ§ ³¨´¨³ ²Ó´µ£µ É·¥¡µ¢ ´¨Ö ±µ-
£¥·¥´É´µ¸É¨ ¶·µÍ¥¸¸  Ö¤·µ ¤µ²¦´µ ¢§ ¨³µ¤¥°¸É¢µ¢ ÉÓ ¸ ´ ²¥É ÕÐ¨³  ¤·µ-
´µ³ ± ± Í¥²µ¥, ´¥¦¥²¨ ± ± £·Ê¶¶  ´¥§ ¢¨¸¨³ÒÌ ´Ê±²µ´µ¢. ˆ§ ÔÉµ£µ ¸²¥¤Ê¥É,
ÎÉµ ´Ê±²µ´Ò Ö¤·  ´¥ ³µ£ÊÉ ¶µ²ÊÎ¨ÉÓ ¡µ²ÓÏÊÕ µÉ¤ ÎÊ ¢ ¶·µÍ¥¸¸¥ ¢§ ¨³µ-
¤¥°¸É¢¨Ö. ‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ÔÉµ ¢¥¤¥É ± ¶·µÍ¥¸¸ ³ · §¢ ²  Ö¤· . ‘²¥¤µ¢ -
É¥²Ó´µ, ¶¥·¥¤ Î  ¨³¶Ê²Ó¸  ¨ Ô´¥·£¨¨ Ö¤·Ê ± ± Í¥²µ³Ê ¶·µ¨¸Ìµ¤¨É É ±¨³
µ¡· §µ³, ÎÉµ Ö¤¥·´Ò¥ ¸¨²Ò ¸¶µ¸µ¡´Ò ¸µÌ· ´¨ÉÓ Í¥²µ¸É´µ¸ÉÓ Ö¤· .

‚ ´¥Ê¶·Ê£¨Ì ¤¨Ë· ±Í¨µ´´ÒÌ ¶·µÍ¥¸¸ Ì ¨§³¥´¥´¨¥ ³ ¸¸ Î ¸É¨Í
¶·µ¨¸Ìµ¤¨É ´  ¸µÉ´¨ ŒÔ‚ ¨ ´¥¸±µ²Ó±µ ƒÔ‚, ¢ Éµ ¢·¥³Ö ± ± Ö¤·µ ¶µ²ÊÎ ¥É
´¥ ¡µ²¥¥ ~ 10 ŒÔ‚. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ µ¡¸ÉµÖÉ¥²Ó¸É¢  ·¥²ÖÉ¨¢¨¸É¸± Ö
Î ¸É¨Í  ¶µ¤µ¡´  ËµÉµ´Ê, É ± ± ± ¥¥ ³ ¸¸  ´¥ ¢ ¦´ .
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�Ê¸ÉÓ ¶ ¤ ÕÐ Ö Î ¸É¨Í  ¸ 4-¨³¶Ê²Ó¸µ³ (P1, E1) ¢§ ¨³µ¤¥°¸É¢Ê¥É ¸ Ö¤-

·µ³, ¨ µ¡· §ÊÕÐ Ö¸Ö ¸¨¸É¥³  Î ¸É¨Í ¨³¥¥É 4-¨³¶Ê²Ó¸ (P2, E2). �¥·¥¤ ´´Ò°

Ö¤·Ê ¨³¶Ê²Ó¸ q = P1 − P2 Ê¤µ¡´µ

· §²µ¦¨ÉÓ ´  ¶ · ²²¥²Ó´ÊÕ q‖  ¨

¶¥·¶¥´¤¨±Ê²Ö·´ÊÕ q⊥  ±µ³¶µ-

´¥´ÉÒ. ’µ£¤  q⊥ = P2 sin θ, ¨ ¤²Ö

¶¥·¥¤´¥£µ ´ ¶· ¢²¥´¨Ö

− t ′ = P 
2
2 sin2 θ ' P 

2
2θ2;     q‖  = P

1
 − P

2
 cos θ.

…¸²¨ ¶·¥´¥¡·¥ÎÓ ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¥° Ö¤·  µÉ¤ Î¨, Éµ ¨§ § ±µ´  ¸µÌ· -
´¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ

P
2
 = (P

1
2 + m

1
2 − m

2
2)1 6 2,     q‖  = P

1



1 − √1 + 

m
1
2 − m

2
2

P
1
2

 



 .

� §²µ¦¨¢ ¢ ·Ö¤ ’¥°²µ·  ¨ ¢§Ö¢ Éµ²Ó±µ ¤¢  Î²¥´  ·Ö¤ , ¡Ê¤¥³ ¨³¥ÉÓ

q‖
0  = 

m2
2 − m1

2

2P1
    ̈   t ‖

0  = 







m2
2 − m1

2

2P1








2

,

É.¥. ¶·µ¤µ²Ó´ Ö ¸µ¸É ¢²ÖÕÐ Ö 4-³¥·´µ° ¶¥·¥¤ Î¨, µ¶·¥¤¥²ÖÕÐ Ö
³¨´¨³ ²Ó´ÊÕ ¶¥·¥¤ ÎÊ ¨³¶Ê²Ó¸  ¤²Ö ·µ¦¤¥´¨Ö ³ ¸¸Ò m

2
, § ¢¨¸¨É Éµ²Ó±µ

µÉ ¨³¶Ê²Ó¸  ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ ¨ ´¥ § ¢¨¸¨É µÉ ³ ¸¸Ò Ö¤· , ¨ ¥¥ ¢¥²¨Î¨´ 
Ê³¥´ÓÏ ¥É¸Ö ¸ ·µ¸Éµ³ Ô´¥·£¨¨. ‚¥²¨Î¨´  t

min
 ¸ ¶µ¶· ¢±µ° ´  Ô´¥·£¨Õ

Ö¤·  µÉ¤ Î¨ · ¢´ 

t
min

 = t ‖
0  







1 + 

m
2
2 − m

1
2

MP
1

 






 ,

£¤¥ Œ Å ³ ¸¸  Ö¤· , ¨ ¸ ÊÎ¥Éµ³ ¸²¥¤ÊÕÐ¥£µ Î²¥´  · §²µ¦¥´¨Ö ¢ ·Ö¤ ¶µ²Ê-
Î ¥³:

tmin = 






1 + 

m2
2 − m1

2

2P1
2







 t ‖

0 .

‚¥²¨Î¨´Ò ¶µ¶· ¢µ± ¸ÊÐ¥¸É¢¥´´Ò ¤²Ö ¨³¶Ê²Ó¸µ¢ ³¥´¥¥ 5 ƒÔ‚/¸. „²Ö

P
1
 = 40 ƒÔ‚/¸ ÔÉ¨ ¶µ¶· ¢±¨ ¸µ¸É ¢²ÖÕÉ ¢¥²¨Î¨´Ê 10−7, ¢ Éµ ¢·¥³Ö ± ±

t ‖
0  = 1,5⋅10−4 (ƒÔ‚/¸)2 ¤²Ö ³ ¸¸Ò m

2
 = 1 ƒÔ‚/c2.
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�Í¥´¨³ ¢¥²¨Î¨´Ê ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨ Ö¤·  ¢ ´¥Ê¶·Ê£µ³ ¤¨Ë· ±Í¨µ´-
´µ³ ¶·µÍ¥¸¸¥ a + b → c + b′. —¥ÉÒ·¥Ì³¥·´ Ö ¶¥·¥¤ Î  ta → c = tb → b′ =

= (4Pa − 4Pc)
2 = (4Pb − 4Pb′)

2 ¨ t = t ′ + tmin, £¤¥ − t ′ = q⊥
2 , − tmin = q‖

2 . �¥·¥¤ -

¢ ¥³Ò° Ö¤·Ê 4-¨³¶Ê²Ó¸ t = 2MT, £¤¥ Œ Å ³ ¸¸  Ö¤· ,   ’ Å ¥£µ ±¨´¥É¨Î¥¸-

± Ö Ô´¥·£¨Ö, ¨²¨ t = P Ö
2. ’ ±¨³ µ¡· §µ³, ¢ ±µ£¥·¥´É´µ° µ¡² ¸É¨ ¤²Ö Ö¤·  Be

T = 2 ŒÔ‚, ¤²Ö Ö¤·  Pb T = 20 ±Ô‚ ¨ ¤²Ö ¶·µÉµ´´µ° ³¨Ï¥´¨ Å 10 ŒÔ‚.

‡ ³¥É¨³, ÎÉµ ¢ ¤¨Ë· ±Í¨µ´´ÒÌ ¶·µÍ¥¸¸ Ì Ô²¥±É·µ·µ¦¤¥´¨Ö ·¥§µ´ ´¸µ¢

¢³¥¸Éµ ³ ¸¸Ò m1 ¢ ¢Ò· ¦¥´¨¨ ¤²Ö t ‖
0  ¡Ê¤¥É ±¢ ¤· É 4-³¥·´µ£µ ¨³¶Ê²Ó¸ 

¢¨·ÉÊ ²Ó´µ° Î ¸É¨ÍÒ.

’ ±¨³ µ¡· §µ³, ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ¢ ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸ Ì
¶· ±É¨Î¥¸±¨ ¸µÌ· ´Ö¥É¸Ö Ô´¥·£¥É¨Î¥¸±¨° ¡ ² ´¸ ¤²Ö ¡Ò¸É·ÒÌ Î ¸É¨Í. ‚ É¥Ì
¶·µÍ¥¸¸ Ì, £¤¥ ¸ÊÐ¥¸É¢¥´´Ò ÔËË¥±ÉÒ ¢µ§¡Ê¦¤¥´¨Ö Ö¤·  ¨ Ô´¥·£¨Ö µÉ¤ Î¨,

q‖  ' 
m2

2 − m1
2

2P1
 + 

t
2M

 + E¢µ§¡.

Šµ£¥·¥´É´µ¸ÉÓ. �µ´ÖÉ¨¥ ±µ£¥·¥´É´µ¸É¨ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ¶·¨³¥-
´Ö¥É¸Ö ¢ · §´ÒÌ  ¸¶¥±É Ì ¨ ¨³¥¥É Ï¨·µ±¨° ¤¨ ¶ §µ´ ¶·¨³¥´¥´¨Ö. —Éµ ± -
¸ ¥É¸Ö · ¸¸³ É·¨¢ ¥³ÒÌ ´ ³¨ ¶·µÍ¥¸¸µ¢ ¤¨Ë· ±Í¨¨ ¸¨²Ó´µ¢§ ¨³µ¤¥°¸É¢Ê-
ÕÐ¨Ì Î ¸É¨Í ́   Ö¤· Ì, Éµ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥ Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éµ³ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ¸ µ¤¨´µÎ´Ò³ ´Ê±²µ´µ³ Ö¤· , ¨ ¨³¥¥É¸Ö � (Î¨¸²µ ´Ê±²µ´µ¢ Ö¤· )
· §²¨Î´ÒÌ  ³¶²¨ÉÊ¤ Tk, ¢¥¤ÊÐ¨Ì ± ±µ´¥Î´µ³Ê ¸µ¸ÉµÖ´¨Õ. …¸²¨ Ê¸²µ¢¨Ö
¶·µÍ¥¸¸  ¤¨Ë· ±Í¨¨ Ê¤µ¢²¥É¢µ·¥´Ò ̈  ±µ´¥Î´µ¥ ̧ µ¸ÉµÖ´¨¥ Ö¤·  ̈ §¢¥¸É´µ, Éµ
·µ¦¤¥´´ Ö ¸¨¸É¥³  ¥¸ÉÓ ·¥§Ê²ÓÉ É ¸¨²Ó´µ° ¨´É¥·Ë¥·¥´Í¨¨ ³¥¦¤Ê · §´Ò³¨
 ³¶²¨ÉÊ¤ ³¨, É.¥. ¶·µÍ¥¸¸ ¶·µ¨¸Ìµ¤¨É ±µ£¥·¥´É´µ. �É  ¨´É¥·Ë¥·¥´Í¨Ö ³µ-
¦¥É ¡ÒÉÓ ± ± ±µ´¸É·Ê±É¨¢´µ°, É ± ¨ ¤¥¸É·Ê±É¨¢´µ°. Š ¦¤ Ö  ³¶²¨ÉÊ¤  Tk

´  µÉ¤¥²Ó´µ³ ´Ê±²µ´¥ ³µ¦¥É ¸µ¸ÉµÖÉÓ ¨§ ¤¢ÊÌ Î²¥´µ¢: µ¤´µ£µ ¶µ¸ÉµÖ´´µ£µ
Î²¥´ , ±µÉµ·Ò° µ¤¨´ ±µ¢ ¤²Ö ¢¸¥Ì ´Ê±²µ´µ¢, ¨ Î²¥´ , ³¥´ÖÕÐ¥£µ ¸¢µ° §´ ±
¢ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, ÎÉµ Š ¥¸ÉÓ ¶·µÉµ´ ¨²¨ ́ ¥°É·µ´, ̈  ́  ¶· ¢²¥´¨Ö ̧ ¶¨´ 
´Ê±²µ´  ¢¢¥·Ì ¨²¨ ¢´¨§. �µ¸ÉµÖ´´Ò° Î²¥´ Ö¢²Ö¥É¸Ö ±µ£¥·¥´É´µ° Î ¸ÉÓÕ Tk,
¨  ³¶²¨ÉÊ¤Ò µÉ¤¥²Ó´ÒÌ ´Ê±²µ´µ¢ ¸±² ¤Ò¢ ÕÉ¸Ö ±µ´¸É·Ê±É¨¢´µ, ¤ ¢ Ö Î²¥´

AT ±µ£ c Ê¢¥²¨Î¥´¨¥³ ¢  ³¶²¨ÉÊ¤¥, Ì · ±É¥·´Ò³ ¤²Ö ±µ£¥·¥´É´µ£µ ¶·µÍ¥¸¸ ,
¢ Éµ ¢·¥³Ö ± ± Î²¥´Ò ¸ ¶¥·¥³¥´´Ò³ ¸¶¨´µ³ ´  ¶·µÉµ´¥ ¨ ´¥°É·µ´¥ ¤ ÕÉ
¤¥¸É·Ê±É¨¢´ÊÕ ¨´É¥·Ë¥·¥´Í¨Õ ¨ ¸µ±· Ð ÕÉ¸Ö. ‚ ±µ£¥·¥´É´µ³ ¸²ÊÎ ¥
 ³¶²¨ÉÊ¤Ò ¤µ²¦´Ò ¡ÒÉÓ ̧ Ê³³¨·µ¢ ´Ò ¶¥·¥¤ É¥³, ± ± ¢µ§¢¥¸É¨ ̈ Ì ¢ ±¢ ¤· É.
�¤´ ±µ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥  ³¶²¨ÉÊ¤Ò ¢¸¥£¤  ¤µ²¦´Ò ¡ÒÉÓ ¸Ê³³¨·µ¢ ´Ò
¤µ ¶µ²ÊÎ¥´¨Ö ¸¥Î¥´¨Ö ¶·µÍ¥¸¸ . — ¸Éµ ´¥¸ÊÐ¥¸É¢¥´´µ, µ¤´  ²¨  ³¶²¨ÉÊ¤ 
¢ ¦´ , ̈ ²¨ ¸Ê³³   ³¶²¨ÉÊ¤ ¶µ ³´µ£¨³ ̧ µ¸ÉµÖ´¨Ö³ ¶µ²ÊÎ¥´  É ±¨³ µ¡· §µ³,
ÎÉµ ¨´É¥·Ë¥·¥´Í¨µ´´Ò¥ ÔËË¥±ÉÒ ³¥¦¤Ê · §´Ò³¨  ³¶²¨ÉÊ¤ ³¨ ¸µ±· Ð ÕÉ-
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¸Ö, É ± ÎÉµ ¶µ·Ö¤µ± ¸Ê³³¨·µ¢ ´¨Ö  ³¶²¨ÉÊ¤ ¨ ¢µ§¢¥¤¥´¨Ö ¢ ¸É¥¶¥´Ó ´¥¢ -
¦¥´.

Š ¶·¨³¥·Ê, · ¸¸³µÉ·¨³ ¶¥·¥Ìµ¤, ¢ ±µÉµ·µ³ Ö¤·µ ¨§ µ¸´µ¢´µ£µ ¸µ¸Éµ-
Ö´¨Ö ¶¥·¥Ìµ¤¨É ¢ µ¤´µÎ ¸É¨Î´µ¥ ¢µ§¡Ê¦¤¥´´µ¥ ̧ µ¸ÉµÖ´¨¥ (¨²¨ ̈ ³¥¥É £·Ê¶¶Ê
´Ê±²µ´µ¢ ¢ ¢µ§¡Ê¦¤¥´´µ³ ¸µ¸ÉµÖ´¨¨). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢¥´´µ ¢§ ¨³µ-
¤¥°¸É¢¨¥ ¸ µ¤´¨³ ´Ê±²µ´µ³ (¨²¨ ¸ £·Ê¶¶µ°). �ËË¥±É ¸µ±· Ð¥´¨Ö  ³¶²¨ÉÊ¤
¡Ê¤¥É ¨³¥ÉÓ ³¥¸Éµ ¤²Ö ±µ£¥·¥´É´ÒÌ  ³¶²¨ÉÊ¤ ¶·¨ µÉ´µ¸¨É¥²Ó´µ ¡µ²ÓÏ¨Ì
¶¥·¥¤ ¢ ¥³ÒÌ ¨³¶Ê²Ó¸ Ì, ±µ£¤  Ö¤·µ · §¢ ²¨¢ ¥É¸Ö, ¨ ¡Ê¤¥É ´ ¡²Õ¤ ÉÓ¸Ö
Ê± § ´´Ò° ¶¥·¥Ìµ¤ ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ ³´µ£¨³ ±µ´¥Î´Ò³ ¸µ¸ÉµÖ´¨Ö³
Ö¤· , ¨ Ö¤·µ ¤²Ö ÔÉµ£µ ¶¥·¥Ìµ¤  ¶·¥¤¸É ¢²Ö¥É ̧ µ¡µ° ¸Ê³³Ê ´¥¢§ ¨³µ¤¥°¸É¢Ê-
ÕÐ¨Ì ́ Ê±²µ´µ¢. „²Ö ±µ£¥·¥´É´µ£µ ¶·µÍ¥¸¸  ̧ ÊÐ¥¸É¢¥´´Ò³ Ö¢²Ö¥É¸Ö ÔËË¥±É
¨´É¥·Ë¥·¥´Í¨¨ ³¥¦¤Ê  ³¶²¨ÉÊ¤ ³¨ ¤¨Ë· ±Í¨¨ ´  · §´ÒÌ ´Ê±²µ´ Ì Ö¤· .

”¨§¨Î¥¸±µ° Ì · ±É¥·¨¸É¨±µ° ±µ£¥·¥´É´µ¸É¨ ¶·µÍ¥¸¸  Ö¢²Ö¥É¸Ö ´¥
 ¤¤¨É¨¢´µ¸ÉÓ  ³¶²¨ÉÊ¤,   Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ÎÉµ Ö¤·µ ¢§ ¨³µ¤¥°¸É¢Ê¥É ± ±
Í¥²µ¥. …¸²¨ Ö¤·µ ´¥ ¢§ ¨³µ¤¥°¸É¢Ê¥É ± ± Í¥²µ¥, Éµ ¶¥·¥Ìµ¤ ¢ µ¶·¥¤¥²¥´´Ò¥
±¢ ´Éµ¢Ò¥ ¸µ¸ÉµÖ´¨Ö ¶·µ¨¸Ìµ¤¨É ¶·¨ ¸²µ¦¥´¨¨  ³¶²¨ÉÊ¤ µÉ · §²¨Î´ÒÌ
´Ê±²µ´µ¢ ¨ ÔËË¥±É¨¢´µ Ö¢²Ö¥É¸Ö ´¥±µ£¥·¥´É´Ò³ ¶·µÍ¥¸¸µ³, É ± ± ±
¸Ê³³¨·µ¢ ´¨¥ ¶·µ¢µ¤¨É¸Ö ¶µ ³´µ£¨³ ±µ´¥Î´Ò³ ¸µ¸ÉµÖ´¨Ö³, ³¥¦¤Ê
 ³¶²¨ÉÊ¤ ³¨ ±µÉµ·ÒÌ ´¥É ÔËË¥±É  ¨´É¥·Ë¥·¥´Í¨¨.

�³¶²¨ÉÊ¤  ¶·µÍ¥¸¸  ´  i-³ ´Ê±²µ´¥ ¨³¥¥É ¢¨¤

Tk = T ±µ£ + T
1
σ(i) + T

2
I(i) + T

3
σ(i)I(i) (1)

¨ § ¢¨¸¨É µÉ ±µµ·¤¨´ É ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ ¨ ´Ê±²µ´µ¢; σ(i) ¨ I(i) Å ¸¶¨´
¨ ¨§µ¸¶¨´µ¢Ò¥ µ¶¥· Éµ·Ò.

�¥·¥Ìµ¤ ¨§ ´ Î ²Ó´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ ±µ´¥Î´µ¥ ¥¸ÉÓ ¸Ê³³  Î²¥´µ¢:

∑ 
i

A

 〈 f TiK 〉.

„²Ö ¶¥·¥Ìµ¤  Ö¤·  ¢ µ¤´µÎ ¸É¨Î´µ¥ ¢µ§¡Ê¦¤¥´´µ¥ ¸µ¸ÉµÖ´¨¥ (¨²¨ £·Ê¶¶
´Ê±²µ´µ¢) Éµ²Ó±µ  ³¶²¨ÉÊ¤  T3 ¸ÊÐ¥¸É¢¥´´ ,   ¤²Ö ¶¥·¥Ìµ¤  ¢ µ¸´µ¢´µ¥

¸µ¸ÉµÖ´¨¥ ¢ ¦´  Éµ²Ó±µ T ±µ£. „²Ö Ö¤¥· ¸ ¶·¨¡²¨§¨É¥²Ó´µ · ¢´Ò³ Î¨¸²µ³
¶·µÉµ´µ¢ ¨ ´¥°É·µ´µ¢ Î²¥´ T2I(i) ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ Ö¤·Ê µ¡· Ð ¥É¸Ö ¢

´Ê²Ó. „²Ö Ö¤¥· ¸µ ¸¶¨´µ³ ´Ê²Ó ¸Ê³³  Î²¥´µ¢ T1σ(i) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¨,

¥¸É¥¸É¢¥´´µ, T3σ(i)I(i). �·¨ ´¥¶µ²´µ° ±µ³¶¥´¸ Í¨¨ ¸¶¨´µ¢ ¢±² ¤ ¢  ³¶²¨ÉÊ-

¤Ê ¶·µÍ¥¸¸  ¸µ¸É ¢²Ö¥É ³ ²ÊÕ ¢¥²¨Î¨´Ê ~ S6 A. ’ ±¨³ µ¡· §µ³, Éµ²Ó±µ ´¥
§ ¢¨¸ÖÐ¨¥ µÉ ¸¶¨´  ¨ ¨§µ¸¶¨´   ³¶²¨ÉÊ¤Ò ¤ ÕÉ ¢±² ¤ ¢ ±µ£¥·¥´É´Ò°
¶·µÍ¥¸¸. „·Ê£¨¥  ³¶²¨ÉÊ¤Ò ´¥ ¤ ÕÉ ¨´É¥·Ë¥·¥´Í¨µ´´ÒÌ Î²¥´µ¢ ¶·¨
¸Ê³³¨·µ¢a´¨¨ ¶µ Ö¤·Ê, ¨ ± Éµ³Ê ¦¥  ³¶²¨ÉÊ¤Ò, § ¢¨¸ÖÐ¨¥ µÉ ¸¶¨´  ¨
¨§µ¸¶¨´ , ¤ ÕÉ ¸µ¸ÉµÖ´¨Ö Ö¤· , µÉ²¨Î´Ò¥ µÉ µ¸´µ¢´µ£µ.
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�Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¶·¨¢µ¤¨É ± µ¶·¥¤¥²¥´´Ò³ ¶· ¢¨² ³ µÉ¡µ·  ¸µ¸Éµ-
Ö´¨° ¨ ± ³¥Ì ´¨§³Ê ¸¥²¥±Í¨¨, ±µÉµ·Ò¥ ¡Ê¤ÊÉ · ¸¸³µÉ·¥´Ò ´¨¦¥. � ³ µ¸É -
²µ¸Ó ¸Ëµ·³Ê²¨·µ¢ ÉÓ Ê¸²µ¢¨¥ ±µ£¥·¥´É´µ¸É¨ ¶·µÍ¥¸¸ .

Ÿ¤·  Ö¢²ÖÕÉ¸Ö ¶·µÉÖ¦¥´´Ò³¨ µ¡Ñ¥±É ³¨, ¨  ³¶²¨ÉÊ¤Ò µÉ ´Ê±²µ´µ¢ ¢
· §´ÒÌ ÉµÎ± Ì ¨³¥ÕÉ · §²¨Î´Ò¥ Ë §Ò. ‘Ê³³¨·µ¢ ´¨¥ ¶µ · §´Ò³ ÉµÎ± ³
¤ ¥É µ¸Í¨²²¨·ÊÕÐ¨° Ë §µ¢Ò° Ë ±Éµ·, ±µÉµ·Ò° ¸¨²Ó´µ ¶µ¤ ¢²Ö¥É ¶µ²´ÊÕ
 ³¶²¨ÉÊ¤Ê. � §´µ¸ÉÓ Ë § ³¥¦¤Ê ¤¢Ê³Ö ÉµÎ± ³¨, · §¤¥²¥´´Ò³¨ ¢¥²¨Î¨´µ° Ì,
· ¢´  (K − K ′)x, £¤¥ K, K ′ Å ¢µ²´µ¢Ò¥ ¢¥±Éµ·Ò, ¨ Ë §µ¢Ò° Ë ±Éµ· ¥¸ÉÓ
exp (iqx), £¤¥ q = K − K ′. �µ²ÓÏ Ö ¢¥²¨Î¨´  · §´µ¸É¨ Ë § ¨§-§  ¡µ²ÓÏµ°
¶¥·¥¤ Î¨ ¨³¶Ê²Ó¸  q ¨²¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨° ³¥¦¤Ê ´Ê±²µ´ ³¨ Ö¤· 
¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ  ³¶²¨ÉÊ¤Ò ¢ ÔÉ¨Ì ÉµÎ± Ì ¡Ê¤ÊÉ ́ ¥ ¢ Ë §¥ ̈  ¶·µ¨§µ°¤¥É
¶µ²´ Ö ¶µÉ¥·Ö ±µ£¥·¥´É´µ¸É¨. “¸²µ¢¨¥³ ±µ£¥·¥´É´µ¸É¨ ¢¸¥Ì ´Ê±²µ´µ¢ Ö¤· 
Ö¢²Ö¥É¸Ö É·¥¡µ¢ ´¨¥: qR <~ 1, R Å · ¤¨Ê¸ Ö¤· . �·¨ ¤ ´´µ° Ô´¥·£¨¨ ¶ÊÎ± 

¨ ¤ ´´µ³ Ö¤·¥ §´ Î¥´¨Ö ³ ¸¸ ±µ£¥·¥´É´µ-·µ¦¤¥´´ÒÌ ¸¨¸É¥³ µ¶·¥¤¥²ÖÕÉ¸Ö
ÔÉ¨³ Ê¸²µ¢¨¥³. ’ ±, ¤²Ö ·µ¦¤¥´¨Ö ´  ´Ê²¥¢µ³ Ê£²¥ ÔÉµ Ê¸²µ¢¨¥ ¶·¨µ¡·¥É ¥É

¢¨¤ q‖ R ≤ 1 ¨²¨ 
m2

2 − m1
2

2P
 R <~ 1, ̈  µ¡² ¸ÉÓ ±µ£¥·¥´É´µ ·µ¦¤¥´´ÒÌ ³ ¸¸ µ¶·¥-

¤¥²Ö¥É¸Ö · ¤¨Ê¸µ³ Ö¤· :

m
·¥§

 = √2P6 R  ,

£¤¥ R = r
0
A16 3,  r

0
 = 1,1f,

m
·¥§

 ≅ 
√2P

A1 6 6
 .

� ¶·¨³¥·, ¶·¨ Ô´¥·£¨¨ 40 ƒÔ‚/¸, µ¡² ¸ÉÓ ±µ£¥·¥´É´µ ·µ¦¤¥´´ÒÌ ¸µ¸Éµ-

Ö´¨° ´  Ö¤·¥ Ê£²¥·µ¤  (Rc = 3,2 Ë³) ¶·µ¸É¨· ¥É¸Ö ¤µ 2,2 ƒÔ‚/c2,  ¢ Éµ ¢·¥-

³Ö ± ± ¤²Ö Ö¤·  ¸¢¨´Í  R
Pb

 = 6,3 Ë³) ¤µ 1,5 ƒÔ‚/c2. �É¸Õ¤  ¢¨¤´µ, ÎÉµ ¶·¨

¦¥² ´¨¨ ¨¸¸²¥¤µ¢ ÉÓ µ¡² ¸ÉÓ ¡µ²ÓÏ¨Ì ³ ¸¸ (> 2 ƒÔ‚/c2) Ê¸²µ¢¨¥ ¤²Ö ¨Ì
±µ£¥·¥´É´µ£µ ·µ¦¤¥´¨Ö ¢Ò¶µ²´Ö¥É¸Ö Éµ²Ó±µ ¤²Ö ²¥£Î °Ï¨Ì Ö¤¥· (¤¥°-
É¥·¨°, £¥²¨°). �ËË¥±É ¶µ¤ ¢²¥´¨Ö ¢Ò¸µ±¨Ì §´ Î¥´¨° ³ ¸¸ ·µ¦¤¥´´ÒÌ
¸¨¸É¥³ ¢ ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸ Ì Î¥É±µ ´ ¡²Õ¤ ¥É¸Ö ¢ Ô±¸¶¥·¨³¥´É¥ ¢ · ¸-
¶·¥¤¥²¥´¨ÖÌ ¶µ ³ ¸¸ ³ ¤²Ö · §´ÒÌ Ö¤¥·.

‚ É¥µ·¥É¨Î¥¸±¨Ì µ¶¨¸ ´¨ÖÌ ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢ ´¥±µ£¥·¥´É´µ¸ÉÓ
ÊÎ¨ÉÒ¢ ¥É¸Ö ± ± ÔËË¥±É ¶µ¤ ¢²¥´¨Ö ¶·µÍ¥¸¸  Ëµ·³Ë ±Éµ·µ³ Ö¤· . ’ ±, ¸¥-
Î¥´¨¥ ±µ£¥·¥´É´µ£µ ·µ¦¤¥´¨Ö ´  Ö¤·¥ ¨³¥¥É ¢¨¤

dσ
dt ′ = 

dσN

dt ′  A
2 F(t ′)2,
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£¤¥ dσN6 dt ′ Å ±µ£¥·¥´É´µ¥ ·µ¦¤¥´¨¥ ´  ´Ê±²µ´¥,   F(t ′) Å Ö¤¥·´Ò°

Ëµ·³Ë ±Éµ·. ‚ ¶·µ¸É¥°Ï¥³ ¢¨¤¥ F(t ′)2 = 1 − tR2 6 5, ¨ ¤²Ö qR = 1

F 2 = 0,8,   ¤²Ö qR = 2 F 2 = 0,15, É.¥. ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  ¤²Ö ¡µ²ÓÏ¨Ì ³ ¸¸
¶ ¤ ¥É ¢ 7 · §.

�· ¢¨²  µÉ¡µ· . � ¸¸³µÉ·¨³ ±µ£¥·¥´É´Ò° ¶·µÍ¥¸¸ a + x → b + x, ¢ ±µ-
Éµ·µ³ Ö¤·µ x ¶¥·¥Ìµ¤¨É ¢ µ¸´µ¢´µ¥ ̧ µ¸ÉµÖ´¨¥ ̧ µ ¸¶¨´µ³ Sx = 0 ̈  ¨§µ¸¶¨´µ³
Ix = 0. …¸²¨ ¸µ¸ÉµÖ´¨¥ b ¥¸ÉÓ ·¥§µ´ ´¸, Éµ ÎÉµ ³µ¦´µ ¸± § ÉÓ µ ¥£µ ±¢ ´Éµ-
¢ÒÌ Î¨¸² Ì? �Î¥¢¨¤´µ, ÎÉµ b ¨³¥¥É ÉµÉ ¦¥ ¨§µ¸¶¨´, ÎÉµ ¨  , É ± ± ± Ö¤·µ
´¥ ¨§³¥´¨²µ ±¢ ´Éµ¢Òe Î¨¸²a ¨ ¨³¥¥É Ix = 0 ¨ ÉµÉ ¦¥ § ·Ö¤, ÎÉµ ¨  , ¨ ¢¸¥
 ¤¤¨É¨¢´Ò¥ ±¢ ´Éµ¢Ò¥ Î¨¸²  É¥ ¦¥, ÎÉµ ¨ Ê  . „¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥
±µ£¥·¥´É´µ£µ ¶·µÍ¥¸¸  ¨³¥¥É ¶¨± ¶·¨ ´Ê²¥¢µ³ Ê£²¥,   ÔÉµ µ§´ Î ¥É, ÎÉµ
¸¨¸É¥³  b ¢ µ¸´µ¢´µ³ µ¡· §Ê¥É¸Ö ¢ ¸µ¸ÉµÖ´¨¨ ¸ Éµ° ¦¥ ¸¶¨· ²Ó´µ¸ÉÓÕ, ÎÉµ
¨  , É ± ± ± Ö¤·µ ¸µ ¸¶¨´µ³ Sx = 0 ´¥ ³µ¦¥É ¤ ÉÓ ¢±² ¤ ¢  §¨³ÊÉ ²Ó´Ò°
Ê£²µ¢µ° ³µ³¥´É. „²Ö ¶ ¤ ÕÐ¨Ì π- ¨ K-³¥§µ´µ¢ µ¡· §ÊÕÉ¸Ö ¡µ§µ´´Ò¥ ·¥§µ-

´ ´¸Ò ¸ jz = 0,   ¤²Ö ¶ ¤ ÕÐ¨Ì ´Ê±²µ´µ¢ µ¡· §Ê¥É¸Ö N ∗ Éµ²Ó±µ ¸ jz = + 16 2.
’ ±¨³ µ¡· §µ³, ¢µ§´¨± ¥É ¸¨²Ó´ Ö ¶µ²Ö·¨§ Í¨Ö ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨Ö, ±µÉµ-
· Ö ¢³¥¸É¥ ¸µ §´ ´¨¥³ Ê£²µ¢ÒÌ Ì · ±É¥·¨¸É¨± · ¸¶ ¤  ·¥§µ´ ´¸µ¢ ¶µ§¢µ²Ö¥É
µ¶·¥¤¥²¨ÉÓ Ê£²µ¢µ° ³µ³¥´É ¨ Î¥É´µ¸ÉÓ ·¥§µ´ ´¸µ¢. …¸²¨ ¶ ¤ ÕÐ Ö Î ¸É¨Í 
¨³¥¥É ´Ê²¥¢µ° ¸¶¨´, Éµ ¸¶¨´ ±µ´¥Î´µ£µ ¡µ§µ´  ¥¸ÉÓ J, ¨ ³ É·¨Î´Ò° Ô²¥³¥´É
ÔÉµ£µ ¶·µÍ¥¸¸  ³µ¦¥É ¡ÒÉÓ ¶µ¸É·µ¥´ ¨§ É¥´§µ·  ¸ ¨´¤¥±¸ ³¨ J, ¶·¥¤¸É ¢²Ö-
ÕÐ¨³¨ ¸¶¨´ ¡µ§µ´ . ’ ± ± ± ¨³¥ÕÉ¸Ö ¤¢  ¢¥±Éµ·  Ka ¨ Kb, ¶ ¤ ÕÐ¥°
Î ¸É¨ÍÒ ¨ ±µ´¥Î´µ£µ ¡µ§µ´ , ±µÉµ·Ò¥ ¶ · ²²¥²Ó´Ò ¤²Ö ¶¥·¥¤´¥£µ ±µ´Ê¸ ,
É¥´§µ· ¤²Ö ¸¶¨´  ¡µ§µ´  ¶·¨ θ ≅ 0Æ ¨³¥¥É ¢¨¤ KaKbKJ. —¥É´µ¸ÉÓ ¥£µ · ¢´ 

(− 1)J ¨ Î¥É´µ¸ÉÓ ¡µ§µ´  (− 1) × Î¥É´µ¸ÉÓ  . ’ ±¨³ µ¡· §µ³, ¡µ§µ´ ¨³¥¥É

Î¥É´µ¸ÉÓ P = Pa(− 1)J, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¸µ¸ÉµÖ´¨Ö³ ®´ ÉÊ· ²Ó´µ°¯ ¸¥·¨¨
µ¡³¥´ .

„²Ö π- ¨ Š-³¥§µ´µ¢ ·¥§µ´ ´¸Ò ·µ¦¤ ÕÉ¸Ö ¢ Ê£²¥ θ ' 0Æ ¢ ¸¥·¨¨

J P = 0−, 1+, 2− Á (®´¥´ ÉÊ· ²Ó´ Ö¯ ¸¥·¨Ö).

�·¨ ·µ¦¤¥´¨¨ a1-³¥§µ´  (1+) π-³¥§µ´µ³, ³ É·¨Î´Ò° Ô²¥³¥´É ¨³¥¥É ¢¨¤

Kεa
1

, £¤¥ εa
1

 Å ¢¥±Éµ· ¶µ²Ö·¨§ Í¨¨ a1-³¥§µ´ .

�¥±µ²²¨´¥ ·´µ¸ÉÓ ¢¥±Éµ·µ¢ Ka ¨ Kb ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¨ÉÓ ¶¸¥¢-

¤µ¢¥±Éµ·, · §·¥Ï ÕÐ¨° ·µ¦¤¥´¨¥ ·¥§µ´ ´¸µ¢ ´ ÉÊ· ²Ó´µ° ¸¥·¨¨ ¢ Ê£²¥, ´¥
· ¢´µ³ ´Ê²Õ. ‡ ³¥É¨³, ÎÉµ ±µ£¥·¥´É´Ò¥ ¶·µÍ¥¸¸Ò π → 2π, π → 4π ´  ´Ê²¥-

¢µ³ Ê£²¥ § ¶·¥Ð¥´Ò. � ¶·¨³¥·, ¶·¨ ·µ¦¤¥´¨¨ ρ-³¥§µ´  (J P = 1−) π-³¥§µ-
´ ³¨ ³ É·¨Î´Ò° Ô²¥³¥´É KaKbερ (ερ Å ¶µ²Ö·¨§ Í¨Ö ρ) · ¢¥´ ´Ê²Õ ¶·¨

·µ¦¤¥´¨¨ ¢¶¥·¥¤ [8,9]. Š ¸µ¦ ²¥´¨Õ, ÔÉ¨ ¶· ¢¨²  ¸¥²¥±Í¨¨ ´¥ · ¡µÉ ÕÉ
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¸Éµ²Ó Î¥É±µ ¤²Ö ¶ ¤ ÕÐ¨Ì Î ¸É¨Í ¸µ ¸¶¨´µ³ (γ-±¢ ´É, ´Ê±²µ´). ‚ ÔÉµ³ ¸²Ê-
Î ¥ ·µ¦¤¥´´ Ö ¸¨¸É¥³  ¤²Ö ¤ ´´µ£µ ¸¶¨´  ¡Ê¤¥É ¨³¥ÉÓ µ¡  ¸µ¸ÉµÖ´¨Ö ¶µ
Î¥É´µ¸É¨.

‘Ê³³¨·ÊÖ ¸± § ´´µ¥, ¶µ¤Î¥·±´¥³, ÎÉµ ¤²Ö ¶ ¤ ÕÐ¨Ì π- ¨ K-³¥§µ´µ¢ ¢
¶·µÍ¥¸¸ Ì ¤¨Ë· ±Í¨¨ ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨ ·µ¦¤ ¥É¸Ö ¡µ§µ´´ Ö ¸¨¸É¥³ ,

¶·¨´ ¤²¥¦ Ð Ö ¸¥·¨¨ (®´¥´ ÉÊ· ²Ó´µ°¯) ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨ 0−, 1+, ...,  

·µ¦¤¥´¨¥ ¡µ§µ´´ÒÌ ¸¨¸É¥³ ®´ ÉÊ· ²Ó´µ°¯ ¸¥·¨¨ (0+, 1−) ¢ ¶¥·¥¤´¥³ ±µ´Ê¸¥
¸¨²Ó´µ ¶µ¤ ¢²¥´µ. ’ ± ± ± É·¥¡µ¢ ´¨¥ ±µ£¥·¥´É´µ¸É¨ µÉ¡¨· ¥É Éµ²Ó±µ É¥
µ¡³¥´´Ò¥ ¶·µÍ¥¸¸Ò, ±µÉµ·Ò¥ ¨³¥ÕÉ ¨§µ¸¶¨´, · ¢´Ò° ´Ê²Õ, Éµ ÔÉµ ¶·¥¤-
¸É ¢²Ö¥É ¢µ§³µ¦´µ¸ÉÓ ¨¸¸²¥¤µ¢ ÉÓ ¶· ±É¨Î¥¸±¨ Î¨¸ÉÒ¥ ³¥Ì ´¨§³Ò µ¡³¥´ .
’ ±, ¢ ·¥ ±Í¨¨ ·µ¦¤¥´¨Ö ρ-³¥§µ´  ´  Ö¤·¥ π + A → ρ + A ¢µ§³µ¦¥´ Éµ²Ó±µ
ω-µ¡³¥´, ÌµÉÖ ´  ´Ê±²µ´¥ · §·¥Ï¥´Ò µ¡³¥´Ò π, ω, a1 ¨ a2-³¥§µ´ ³¨.

‘¥²¥±Í¨Ö ³¥Ì ´¨§³  µ¡³¥´ . � ¸¸³µÉ·¨³ ´¥¸±µ²Ó±µ ¶µ¤·µ¡´¥¥, ± ±¨¥
µ£· ´¨Î¥´¨Ö ¢µ§´¨± ÕÉ ´  ³¥Ì ´¨§³Ò µ¡³¥´ . „²Ö ¶·µÍ¥¸¸µ¢ ´  ¸¢µ¡µ¤´µ³
´Ê±²µ´¥ ¢¸¥ Î¥ÉÒ·¥ Î²¥´  ¢ µ¶¥· Éµ·¥ Tk · ¡µÉ ÕÉ (1). �  Ö¤· Ì ¤²Ö ¶¥·¥-
Ìµ¤µ¢ ¢ µ¶·¥¤¥²¥´´µ¥ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥ ÔÉµ ´¥ É ±. —²¥´ T2I(i) ¨³¥¥É

· §´Ò¥ §´ ±¨ ¤²Ö ¶·µÉµ´µ¢ ¨ ´¥°É·µ´µ¢, É ± ± ± I3 = 



 1    0 
 0 − 1 




 , ¨ ¸É·¥³¨É¸Ö

± ´Ê²Õ ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ i. �´ ²µ£¨Î´µ ¢¥¤ÊÉ ¸¥¡Ö ¨ Î²¥´Ò, ¸µ¤¥·-
¦ Ð¨¥ σ(i). ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨, ¥¸²¨ Ö¤·µ ̈ ³¥¥É I3 = 0 ̈  ́  Ìµ¤¨É¸Ö ¢ µ¸´µ¢-
´µ³ ¸µ¸ÉµÖ´¨¨, Éµ ¶µ É¥µ·¥³¥ ‚¨£´¥·  Å �±± ·É  Î²¥´Ò T2 ¨ T3 ¥¸ÉÓ ¢¥±-
Éµ·Ò ¢ ¨§µ¸¶¨´µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¨ ´¥ ³µ£ÊÉ ¤ ¢ ÉÓ ¢±² ¤ ¢ µ¸´µ¢´µ¥ ¸µ¸-
ÉµÖ´¨¥. �µ¤µ¡´µ ÔÉµ³Ê ¨ Î²¥´Ò ¸ σ(i) ´¥ ³µ£ÊÉ ¤ ¢ ÉÓ ¢±² ¤ ¢ µ¸´µ¢´µ¥
¸µ¸ÉµÖ´¨¥ ¸µ ¸¶¨´µ³ JÖ = 0.

„ ¦¥ ¥¸²¨ Ö¤·µ ¨³¥¥É ´¥¸±µ²Ó±µ ¡µ²ÓÏ¥ ´¥°É·µ´µ¢, Î¥³ ¶·µÉµ´µ¢, ¨
¸¶¨´ Ö¤·  ´¥ ÉµÎ´µ · ¢¥´ ´Ê²Õ, Éµ ÔÉ¨³ ¢±² ¤µ³ ³µ¦´µ ÔËË¥±É¨¢´µ ¶·¥-
´¥¡·¥ÎÓ, É ± ± ± ±µ£¥·¥´É´Ò° ¢±² ¤ ¸ÊÐ¥¸É¢¥´´µ ¶·¥¢ÒÏ ¥É ¢±² ¤ µÉ £·Ê¶-
¶Ò ´Ê±²µ´µ¢, ± Éµ³Ê ¦¥ ¨Ì ¢±² ¤ ~ S6 A. —²¥´Ò T1, T2 ¨ T3 ¶·¨¢µ¤ÖÉ ±

¢±² ¤ ³ ¸ µ¡³¥´µ³ ¨§µ¸¶¨´µ³, ´ ¶·¨³¥·, π-µ¡³¥´ µ¶¨¸Ò¢ ¥É Î²¥´ T3,  

Î²¥´Ò ¸ σ(i) ¤ ÕÉ ³ £´¨É´ÊÕ ̈ ²¨ γ5-¸¢Ö§Ó. �Éµ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ § ±²ÕÎ¨ÉÓ,

ÎÉµ ¢ ¤¨Ë· ±Í¨µ´´ÒÌ ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸ Ì µ¡³¥´Ò ¨§µ¸¶¨´µ³ ¨ ®´¥´ -
ÉÊ· ²Ó´µ°¯ ¸¥·¨¥° ¶µ ¸¶¨´Ê-Î¥É´µ¸É¨ § ¶·¥Ð¥´Ò. Š ¶·¨³¥·Ê, ρ-µ¡³¥´ ´¥
³µ¦¥É ¡ÒÉÓ µÉ¢¥É¸É¢¥´ §  ±µ£¥·¥´É´µ¥ µ¡· §µ¢ ´¨¥ a1-³¥§µ´  ´  Ö¤· Ì, ¨

π-µ¡³¥´ ´¥¢µ§³µ¦¥´ ¢ ¶·µÍ¥¸¸ Ì γ → ρ.

…¸²¨ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ Ö¤·  ¨³¥¥É I = 0, J p = 0+, Éµ  ³¶²¨ÉÊ¤  T ±µ£

¢Ò§Ò¢ ¥É ¶¥·¥Ìµ¤Ò ± ¸µ¸ÉµÖ´¨Õ Ö¤·  ¸ I = 0 ¨ J p = 0+, 1−. �³¶²¨ÉÊ¤  T2
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¢¥¤¥É ± É¥³ ¦¥ ¸µ¸ÉµÖ´¨Ö³, ´µ ¸ I = 1,    ³¶²¨ÉÊ¤Ò T2 ¨ T3 Å ± ¸µ¸ÉµÖ´¨Ö³

Ö¤·  ¸ I = 0 ¨ I = 1 ¸µµÉ¢¥É¸É¢¥´´µ ¨ ± J p = 0−, 1+,Á . ‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì
¸¢µ°¸É¢ ¨¸¸²¥¤µ¢ ´¨¥ ¶·µÍ¥¸¸µ¢ ¤¨Ë· ±Í¨¨ ´  Ö¤· Ì ¶µ§¢µ²Ö¥É ¶·µ¢µ¤¨ÉÓ
¨¸¸²¥¤µ¢ ´¨Ö ¸ ³µ£µ Ö¤·  ¨ ¢µ§¡Ê¦¤¥´¨Ö µ¶·¥¤¥²¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¶·¨ ´ ¤-
²¥¦ Ð¥³ ¢Ò¡µ·¥ ³¥Ì ´¨§³µ¢ µ¡³¥´  [10]. ‚ Î ¸É´µ¸É¨, ¶·¨ ¢µ§¡Ê¦¤¥´¨¨

£¨£ ´É¸±µ£µ ¤¨¶µ²Ó´µ£µ ¢µ§¡Ê¦¤¥´¨Ö ±µ£¥·¥´É´ Ö ¸Ê³³  ∑ 
i

A

ZiI3(i) ¨³¥¥É

¡µ²ÓÏÊÕ ¢¥²¨Î¨´Ê, ¨ µ¶¥· Éµ· T2 ¢ ÔÉµ³ ¸²ÊÎ ¥ ¤ ¥É £² ¢´Ò° ¢±² ¤ ¨ ¸µµÉ-

¢¥É¸É¢Ê¥É ρ-µ¡³¥´Ê, § ¶·¥Ð¥´´µ³Ê ¤²Ö ¤·Ê£¨Ì ¶·µÍ¥¸¸µ¢ ¢µ§¡Ê¦¤¥´¨Ö. �µ-
¤µ¡´µ ÔÉµ³Ê ¤²Ö ̧ ¢¥·ÌÉÖ¦¥²ÒÌ Ö¤¥·, £¤¥ ́  ¡²Õ¤ ÕÉ¸Ö ¨§µÉµ¶¨Î¥¸±¨¥  ´ ²µ-
£µ¢Ò¥ ¸µ¸ÉµÖ´¨Ö, Ö¢²ÖÕÐ¨¥¸Ö ¨§µÉµ¶¨Î¥¸±¨³ ¶ ·É´¥·µ³ µ¸´µ¢´µ£µ Ö¤· ,
¢µ§³µ¦´Ò ¶·µÍ¥¸¸Ò ¤¨Ë· ±Í¨¨ ¸ § ·Ö¤µ¢µ° ¶¥·¥§ ·Ö¤±µ°, § ¶·¥Ð¥´´Ò¥
¤²Ö Ö¤¥·, ´¥ ¨³¥ÕÐ¨Ì ÔÉ¨Ì ¸¢µ°¸É¢.

‘Ê³³¨·ÊÖ ¸¢µ°¸É¢  ¶·µÍ¥¸¸µ¢ ¤¨Ë· ±Í¨¨ π- ¨ K-³¥§µ´µ¢ ´  Ö¤· Ì ¶·¨
¶¥·¥Ìµ¤ Ì Ö¤·  ¢ µ¸´µ¢´µ¥ ̧ µ¸ÉµÖ´¨¥ ̧  ÔËË¥±É¨¢´Ò³ ̧ ¶¨´µ³, · ¢´Ò³ ́ Ê²Õ,
µÉ³¥É¨³, ÎÉµ ¶µ ¸· ¢´¥´¨Õ ¸ ´ Î ²Ó´µ° Î ¸É¨Í¥° ¡µ§µ´´ Ö ¸¨¸É¥³  ¢ ±µ-
´¥Î´µ³ ¸µ¸ÉµÖ´¨¨ ¨³¥¥É: 1) ÉµÉ ¦¥ ¸ ³Ò° ¸¶¨´, 2) ÉÊ ¦¥ ¸ ³ÊÕ ¸¶¨· ²Ó-

´µ¸ÉÓ, 3) ¸¥·¨Õ ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨ ¶·¥¨³ÊÐ¥¸É¢¥´´µ J p = 0−, 1+, 2−, Á,
±µ´¥Î´µ° ¸¨¸É¥³Ò ¨ ³ ±¸¨³Ê³ ¸¥Î¥´¨Ö ¢ ¶¥·¥¤´¥³ ±µ´Ê¸¥, 4) ¢¸¥ ¤¨¸±·¥É-
´Ò¥ ±¢ ´Éµ¢Ò¥ Î¨¸²  (§ ·Ö¤, ¸É· ´´µ¸ÉÓ, ...) µ¤¨´ ±µ¢Ò¥.

‚ µ¡³¥´¥ ¶·¥¨³ÊÐ¥¸É¢¥´´µ: 1) ¨§µ¸¶¨´ · ¢¥´ ´Ê²Õ ¨ 2) ´ ÉÊ· ²Ó´ Ö

¸¥·¨Ö 0+, 1−, 2+.
‚ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨:
1. �µ§µ´´ Ö ¸¨¸É¥³  ¨³¥¥É ¸¨²Ó´ÊÕ ¶µ²Ö·¨§ Í¨Õ ¨ ¸¶¥Í¨Ë¨Î´Ò¥ ¸¢µ°-

¸É¢  · ¸¶ ¤ , ÎÉµ ¶µ§¢µ²Ö¥É ´ ¤¥¦´µ ¨ µ¤´µ§´ Î´µ µ¶·¥¤¥²¨ÉÓ Ê£²µ¢µ° ³µ-
³¥´É ¨ Î¥É´µ¸ÉÓ ¸µ¸ÉµÖ´¨Ö.

2. Œ ²Ò° ¢±² ¤ ´¥±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢ ¶µ¤ ¤¨Ë· ±Í¨µ´´Ò³ ¶¨±µ³.
3. �É¸ÊÉ¸É¢¨¥ ¢±² ¤   ³¶²¨ÉÊ¤ ¸ ¶¥·¥¢µ·µÉµ³ ¸¶¨´ .
ˆ¸¸²¥¤µ¢ ´¨¥ Ô±¸±²Õ§¨¢´ÒÌ ¶·µÍ¥¸¸µ¢ ¤¨Ë· ±Í¨¨ ´  Ö¤· Ì ¶·¨¢²¥± -

É¥²Ó´µ ¸ ³´µ£¨Ì ÉµÎ¥± §·¥´¨Ö: ¨§-§  ¶· ¢¨² µÉ¡µ·  ¨ ³¥Ì ´¨§³  ¸¥²¥±Í¨¨ ¢
±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸ Ì ¶·µ¨¸Ìµ¤¨É Ê¸¨²¥´¨¥ ·µ¦¤¥´¨Ö ·¥§µ´ ´¸´ÒÌ ¸µ¸Éµ-

Ö´¨°, ¶·¨´ ¤²¥¦ Ð¨Ì ¸¥·¨¨ 0−, 1+, ...,   ¸¨²Ó´ Ö ¨´É¥·Ë¥·¥´Í¨Ö ¶ ·Í¨ ²Ó-
´ÒÌ  ³¶²¨ÉÊ¤ ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ±¢ ´Éµ¢Ò¥ Î¨¸²  ·¥§µ´ ´¸µ¢.

�·µÍ¥¸¸Ò ¤¨Ë· ±Í¨¨  ¤·µ´µ¢ ´ Ìµ¤ÖÉ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ µ¶¨¸ ´¨¥ ¢
É¥µ·¨¨ ³´µ£µ±· É´µ£µ · ¸¸¥Ö´¨Ö [11Å13] ¢ µ¡ÑÖ¸´¥´¨¨ Ô±¸¶¥·¨³¥´É ²Ó-
´ÒÌ ¤ ´´ÒÌ ± ± ¶µ Ê¶·Ê£µ³Ê, É ± ¨ ¶µ ±¢ §¨Ê¶·Ê£µ³Ê · ¸¸¥Ö´¨Õ Î ¸É¨Í
¢Ò¸µ±¨Ì Ô´¥·£¨° Ö¤· ³¨.

‚µ§¡Ê¦¤¥´¨¥ ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·Ò. �·¨¢²¥± É¥²Ó´Ò³ ¸¢µ°¸É¢µ³
¤¨Ë· ±Í¨¨  ¤·µ´µ¢ Ö¢²Ö¥É¸Ö ¢µ§¡Ê¦¤¥´¨¥ ¢´ÊÉ·¥´´¨Ì ¤¨´ ³¨Î¥¸±¨Ì ¸É·Ê±-
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ÉÊ· ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ ± ± ¶µ µ·¡¨É ²Ó´µ³Ê, É ± ¨ ¶µ £² ¢´µ³Ê ±¢ ´Éµ-
¢µ³Ê Î¨¸²Ê. ’ ± Ö ¢µ§³µ¦´µ¸ÉÓ ¢µ§´¨± ¥É ¨§-§  ¡µ²ÓÏµ° ¶¥·¥¤ Î¨ Ô´¥·£¨¨
¸µ¸É ¢´µ° ¸¨¸É¥³¥ ¶·¨ ³ ²µ³ ¶¥·¥¤ ´´µ³ ¨³¶Ê²Ó¸¥,   É ±¦¥ ¨§-§ 
µ£· ´¨Î¥´´µ£µ  ´ ¡µ·   ¸µ¸ÉµÖ´¨°  ¶µ  ¸¶¨´Ê  ¨ Î¥É´µ¸É¨ ¢ ±µ´¥Î´µ³ ¸µ-
¸ÉµÖ´¨¨.

�·¥¦¤¥ ¢¸¥£µ, · ¸¸³µÉ·¨³ ¶·µÍ¥¸¸ ¤¨Ë· ±Í¨¨ ´  ¸²µ¦´µ° ¸µ¸É ¢´µ°
¸¨¸É¥³¥, ¶·¥¤¶µ² £ Ö, ÎÉµ ¶ ¤ ÕÐ Ö Î ¸É¨Í  ´¥¸µ¸É ¢´ Ö ¨ ¢§ ¨³µ¤¥°¸É¢¨¥
³¥¦¤Ê ±µ´¸É¨ÉÊ¥´É ³¨ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¤¢ÊÌÎ ¸É¨Î´µ£µ ¶µÉ¥´Í¨ ² 

V(a, b1, Á bA) =   ∑ 
i

A

 V(a − bi),

£¤¥ a Å ±µµ·¤¨´ É  ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ,   bi Å ¶µ¶¥·¥Î´ Ö ±µµ·¤¨´ É 

±µ´¸É¨ÉÊ¥´É  µÉ´µ¸¨É¥²Ó´µ Í¥´É·  ³ ¸¸ ¸²µ¦´µ° ¸¨¸É¥³Ò. ’µ£¤  Ë §µ¢Ò°

¸¤¢¨£ χ(a, b
1
, Á) =  ∑ 

i

A

 χ(a − bi), ¨ ³µ¦´µ ´ ¶¨¸ ÉÓ  ³¶²¨ÉÊ¤Ê ¤¨Ë· ±Í¨¨

´  Ê·µ¢´¥ ¸µ¸É ¢²ÖÕÐ¨Ì ¸¨¸É¥³Ò:

F(q) = 〈 Ψ′ 
i

2π ∫ d 2beiqb 



 1 −  Π

i

A

 (1 − Pi(a − bi)) 



Ψ 〉,

£¤¥ Pi(b) = 1 − eiχ
i
(b) ¥¸ÉÓ ¶·µË¨²Ó´ Ö ËÊ´±Í¨Ö ± ¦¤µ£µ ±µ´¸É¨ÉÊ¥´É .

’ ±¨³ µ¡· §µ³, ¸· §Ê ³µ¦´µ ¶µ²ÊÎ¨ÉÓ  ³¶²¨ÉÊ¤Ê Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö. —Éµ
¦¥ ± ¸ ¥É¸Ö ´¥Ê¶·Ê£µ° ¤¨Ë· ±Í¨¨, Éµ ´¥µ¡Ìµ¤¨³µ §´ ´¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö
±µ´¸É¨ÉÊ¥´Éµ¢ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ. ’¥µ·¨Ö ³´µ£µ±· É´ÒÌ ¸Éµ²±´µ-
¢¥´¨° ´  Ê·µ¢´¥ ±µ´¸É¨ÉÊ¥´Éµ¢ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¢¨·ÉÊ ²Ó´µ£µ ¢µ§¡Ê¦-
¤¥´¨Ö ¸²µ¦´µ° ¸¨¸É¥³Ò. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ Ô°±µ´ ²Ó´Ò¥ Ë §Ò ¢ µ¶É¨Î¥-
¸±µ³ ¶µ¤Ìµ¤¥ ¨ ¢ ¶µ¤Ìµ¤¥, Ê± § ´´µ³ ¢ÒÏ¥, ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

eiχ
µ¶É

(a) = 〈 eiχ(a, b
1
, ..., b

A
) 〉i,

£¤¥ i µ¶·¥¤¥²Ö¥É ´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ±µ´¸É¨ÉÊ¥´Éµ¢, µ¶¨¸Ò¢ ¥³µ¥ ¨Ì
ËÊ´±Í¨¥° µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. � §² £ Ö ¢ ·Ö¤, ¨³¥¥³

χ
µ¶É

(a) = 〈 χ(a, b
1
, ..., bA) 〉i + 

i
2
 


 〈 χ

2(a, s
1
 Á sn) 〉i − 〈 χ(a, s) 〉2 



 .

�Éµ ¸µµÉ´µÏ¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ¥¸²¨ Ô²¥³¥´É ·´ Ö Ô°±µ´ ²Ó´ Ö Ë § 
¤¥°¸É¢¨É¥²Ó´ , Éµ ³´¨³ Ö Î ¸ÉÓ µ¶É¨Î¥¸±µ° Ë §Ò µ¶·¥¤¥²Ö¥É¸Ö ¢´ÊÉ-
·¥´´¨³ ¢µ§¡Ê¦¤¥´¨¥³ ̧ µ¸É ¢´µ° ̧ ¨¸É¥³Ò. ‚ ¦´Ò³ ·¥§Ê²ÓÉ Éµ³ ¢ ¨¸¸²¥¤µ-
¢ ´¨¨ Ö¢²¥´¨Ö ¤¨Ë· ±Í¨¨ ¡Ò²µ µÉ±·ÒÉ¨¥ ¤¨Ë· ±Í¨µ´´µ£µ ¢µ§¡Ê¦¤¥´¨Ö
 ¤·µ´µ¢ ¢ ¸µ¸ÉµÖ´¨¥ ¸ ¡µ²ÓÏµ° ³ ¸¸µ° [14].

16  ‡�‰Œˆ„���ƒ� �.�.



—Éµ ± ¸ ¥É¸Ö ¢µ§¡Ê¦¤¥´¨Ö ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·Ò ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ
¶·¨ ¥¥ ¤¨¸¸µÍ¨ Í¨¨, Éµ ¸µ¸É ¢´Ò¥ ¨ ¤Ê ²Ó´µ-·¥§µ´ ´¸´Ò¥ ³µ¤¥²¨  ¤·µ´µ¢
¶·¥¤¸± §Ò¢ ÕÉ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¸µ¸ÉµÖ´¨° ¸ µ¤¨´ ±µ¢Ò³¨ ±¢ ´Éµ¢Ò³¨, ´µ ¸
· §´Ò³¨ · ¤¨ ²Ó´Ò³¨ Î¨¸² ³¨. ‚ ±¢ ·±µ¢µ° ³µ¤¥²¨ ÔÉ¨ ¸µ¸ÉµÖ´¨Ö Ì · ±-
É¥·¨§ÊÕÉ¸Ö · §²¨Î´Ò³ Î¨¸²µ³ Ê§²µ¢ · ¤¨ ²Ó´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° (qq

_
)-

¸¨¸É¥³Ò, ¨ ¸µ¸ÉµÖ´¨Ö ¸ µÉ²¨Î´Ò³ µÉ ´Ê²Ö Î¨¸²µ³ Ê§²µ¢ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ
· ¤¨ ²Ó´Ò³ ¢µ§¡Ê¦¤¥´¨¥³. � ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö ±· °´¥ ÎÊ¢¸É¢¨É¥²Ó´Ò
± ¸µµÉ´µÏ¥´¨Õ ³¥¦¤Ê ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¥° Î ¸ÉÓÕ ±¢ ·±µ¢µ£µ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ¨ ¢§ ¨³µ¤¥°¸É¢¨Ö, µ¡¥¸¶¥Î¨¢ ÕÐ¥£µ ±µ´Ë °´³¥´É.

‚µ§¡Ê¦¤¥´¨¥ ¸µ¸É ¢´µ° ¸É·Ê±ÉÊ·Ò É ±µ° ¡µ§µ´´µ° ¸¨¸É¥³Ò, ± ±µ°
Ö¢²Ö¥É¸Ö π-³¥§µ´, ¶·¥¤¸É ¢²Ö¥É ¢ ¦´µ¥ §´ Î¥´¨¥ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ¸¢µ°¸É¢
¤¨´ ³¨±¨ ²¥£±¨Ì ±¢ ·±µ¢.

�±¸¶¥·¨³¥´É ²Ó´µ¥ µ¡´ ·Ê¦¥´¨¥ · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨° π-³¥§µ´ 
´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢¨¤¥É¥²Ó¸É¢µ¢ ²µ ¡Ò µ ¸µ¸É ¢´µ³ Ì · ±É¥·¥ π-³¥§µ´a. ‚
ÔÉµ³ ¸³Ò¸²¥ ·µ²Ó · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° Ê ¶¨µ´  ¨³¥¥É µ¸µ-
¡µ¥ §´ Î¥´¨¥ ¶µ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ ¸µ¸ÉµÖ´¨Ö³¨, ¸²µ¦´Ò³¨ ¶µ ¸¢µ¥°
¸¶¨´µ¢µ° ¨ ±¢ ·±µ¢µ° ¸É·Ê±ÉÊ·¥. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ Ê± §Ò¢ ÕÉ,
ÎÉµ ³ ¸¸ ³¨ u- ¨ d-±¢ ·±µ¢ (u- ¨ d-±¢ ·±¨ ¸µ¸É ¢²ÖÕÉ ¶¨µ´) ³µ¦´µ ¶·¥´¥¡-
·¥ÎÓ, ¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ ² £· ´¦¨ ´ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨¡²¨¦¥´´µ ¨´¢ ·¨ ´-
É¥´ µÉ´µ¸¨É¥²Ó´µ ´¥§ ¢¨¸¨³µ£µ ¢· Ð¥´¨Ö ²¥¢ÒÌ ¨ ¶· ¢ÒÌ ±µ³¶µ´¥´É u- ¨
d-±¢ ·±µ¢. Š¨· ²Ó´ Ö ̧ ¨³³¥É·¨Ö ¶·¥¤¸± §Ò¢ ¥É ¢Ò·µ¦¤¥´¨¥ ̧ ¶¥±É·  Î ¸É¨Í
¶µ Î¥É´µ¸É¨, ÎÉµ ·¥ ²Ó´µ ´¥ ´ ¡²Õ¤ ¥É¸Ö.

�¤´ ±µ ±¨· ²Ó´Ò° ¶µ¤Ìµ¤ ¸µ ¸¶µ´É ´´Ò³ ´ ·ÊÏ¥´¨¥³ ÔÉµ° ¸¨³³¥É·¨¨
Ìµ·µÏµ µ¡ÑÖ¸´Ö¥É Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ · ¸¸¥Ö´¨Õ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í [15]. �¡ÑÖ¸´¥´¨¥ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨
¸¢µ¤¨É¸Ö ± Éµ³Ê, ÎÉµ ´¨§Ï¥¥ ¸µ¸ÉµÖ´¨¥, ¨²¨ ¢ ±ÊÊ³, ´¥¨´¢ ·¨ ´É´µ
µÉ´µ¸¨É¥²Ó´µ ¶·¥µ¡· §µ¢ ´¨Ö ±¨· ²Ó´µ° £·Ê¶¶Ò, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ² £-
· ´¦¨ ´ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ γ5-¢· Ð¥´¨°. Š ±

·¥§Ê²ÓÉ É ÔÉµ£µ, ¢ ¢ ±ÊÊ³¥ ¶µÖ¢²Ö¥É¸Ö ¸·¥¤´¥¥ ±¢ ·±µ¢µ¥ ¶µ²¥ (〈 qq
_
 〉 ≠ 0 , ¢

Éµ ¢·¥³Ö ± ± 〈 q
_

γ5q 〉 = 0). ’ ±µ¥ ´ ·ÊÏ¥´¨¥ ¸É·µ£µ° ̧ ¨³³¥É·¨¨ ² £· ´¦¨ ´ 

¢¥¤¥É ± ¶µÖ¢²¥´¨Õ £µ²¤¸ÉµÊ´µ¢¸±¨Ì, ¶µÎÉ¨ ¡¥§³ ¸¸µ¢ÒÌ Î ¸É¨Í, ±µÉµ·Ò¥
µÉµ¦¤¥¸É¢²ÖÕÉ ¸ π-³¥§µ´ ³¨.

Š ± ¸²¥¤¸É¢¨¥, · ¤¨ ²Ó´µ-¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö π-³¥§µ´  ¥¸ÉÓ
·¥§Ê²ÓÉ É ±¢ ´Éµ¢ÒÌ Ë²Ê±ÉÊ Í¨° ±¢ ·±µ¢µ£µ ¶µ²Ö ¢ ¢ ±ÊÊ³¥, ¨ ÔÉ¨ ¸µ¸Éµ-
Ö´¨Ö ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ¢ ² £· ´¦¨ ´¥ ¢§ ¨³µ¤¥°¸É¢¨Ö.

‘Ìµ¤¨³µ¸ÉÓ  ¶ ·Í¨ ²Ó´µ£µ  · §²µ¦¥´¨Ö ¤¨Ë· ±Í¨µ´´µ°   ³¶²¨ÉÊ¤Ò.

�µ²´µ¥ ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  ¤¨Ë· ±Í¨¨, ¢Ò· ¦¥´´µ¥ Î¥·¥§ ¸Ê³³Ê ¶ ·Í¨ ²Ó-
´ÒÌ ¸¥Î¥´¨°, ¨³¥¥É ̧ ³Ò¸², ¥¸²¨ ¶ ·Í¨ ²Ó´Ò° ·Ö¤ ̧ Ìµ¤¨É¸Ö. „²Ö ¤µ± § É¥²Ó-
¸É¢  ÔÉµ£µ µÍ¥´¨³ ¢±² ¤ ¢ ¤¨Ë· ±Í¨Õ ¸µ¸ÉµÖ´¨° ¸ ¡µ²ÓÏ¨³¨ ³µ³¥´É ³¨.
� ¸¸³µÉ·¨³ ¶·µÍ¥¸¸ Ê¶·Ê£µ° ¤¨Ë· ±Í¨¨.
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�·¨ Ê³¥·¥´´ÒÌ Ô´¥·£¨ÖÌ ¶µ²´µ¥ ¸¥Î¥´¨¥ ¶·¨¡²¨§¨É¥²Ó´µ · ¢´µ ´¥Ê¶-
·Ê£µ³Ê ¸¥Î¥´¨Õ, ÔÉµ ¶µ§¢µ²Ö¥É Ê¶·Ê£µ¥ · ¸¸¥Ö´¨¥ · ¸¸³ É·¨¢ ÉÓ ± ± É¥´¥-
¢µ¥, µ¡Ê¸²µ¢²¥´´µ¥ ®¶µ£²µÐ¥´¨¥³¯ ¢Ìµ¤ÖÐ¥° Î ¸É¨ÍÒ [16]. ’ ± ± ±
 ³¶²¨ÉÊ¤  Ê¶·Ê£µ° ¤¨Ë· ±Í¨¨ ¶µÎÉ¨ ¶µ²´µ¸ÉÓÕ ³´¨³ Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó-
´µ¥ ¸¥Î¥´¨¥ ¨³¥¥É µ¸É·Ò° ¶¨± ¶·¨ ³ ²ÒÌ t, Éµ

T(S, t) = 2iq√Sebt 6 2 = 8π√S   ∑ 
L

 (2L + 1)PL(x)TL(S), (2)

£¤¥ Tl Å ¶ ·Í¨ ²Ó´ Ö  ³¶²¨ÉÊ¤ , x = cos θ = 1 + 
t

2q2
 . „²Ö ³ ²ÒÌ θ ¶µ²¨´µ³

‹¥¦ ´¤·  PL(x) ³µ¦¥É ¡ÒÉÓ  ¶¶·µ±¸¨³¨·µ¢ ´ ËÊ´±Í¨¥° �¥¸¸¥²Ö:

PL(x) = PL



 1 + 

t

2q2
 



 ' J0 




 
L
q
 √− t 




 ,

£¤¥ L 6 q = ρ Å ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·. ’ ± ± ± ¤²Ö  ¡µ²ÓÏ¨Ì L ¸µ¸ÉµÖ´¨°
³´µ£µ, Éµ ¸Ê³³¨·µ¢ ´¨¥ § ³¥´¨³ ´  ¨´É¥£·¨·µ¢ ´¨¥ ¶µ L:

T(S, t) ≅ 8π√S   ∫ 
0

∞

 2LdLJ0



 
L
q
 √− t  




 T(L, S) = 16π√S   ∫ 

0

∞

 ρdρJ0(ρ√− t )q2T(ρ, S).

�µ²Ó§ÊÖ¸Ó µ¡· É´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ ¨ ¸µµÉ´µÏ¥´¨¥³ (2), ¶µ²ÊÎ¨³
 ³¶²¨ÉÊ¤Ê T(ρ, S):

16π√Sq2T (ρ, S) = 2iq√Sσ¶µ²´ 
1
b
 e−ρ26 2b,

T(ρ, S) = 
iσ¶µ²´

8πqb
 exp (− ρ2 6 2b),

TL(S) ≅ 
iσ¶µ²´

8πqb
 exp (− L2 6 2q2b).

ˆ§ ÔÉ¨Ì ¸µµÉ´µÏ¥´¨° ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±µÔËË¨Í¨¥´É ´¥Ê¶·Ê£µ¸É¨ ηL

¤²Ö ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò ¸ ³µ³¥´Éµ³ L:

ηL ≅ SL = 1 + 2iqTL = 1− 
σ

¶µ²´

4πb
 exp (− L2 6 2q2b).

�É¸Õ¤  ´¥¶µ¸·¥¤¸É¢¥´´µ ¢¨¤´µ, ÎÉµ ¤²Ö L = ∞ ηL = 1, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É

µÉ¸ÊÉ¸É¢¨Õ · ¸¸¥Ö´¨Ö, ¢ Éµ ¢·¥³Ö ± ± L = 0 ¤ ¥É ³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥

´¥Ê¶·Ê£µ¸É¨ η
0
 = 1 − 

σ
¶µ²´

4πb
. ˆ§ ÔÉµ£µ · ¸¸³µÉ·¥´¨Ö ¢¨¤´µ, ÎÉµ ¢ ¶·µÍ¥¸¸
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¤¨Ë· ±Í¨¨ ¤ ÕÉ ¢±² ¤ ³ ²Ò¥ L,   ¢±² ¤ ¡µ²ÓÏ¨Ì L ~ e− L
2

 Ô±¸¶µ´¥´Í¨ ²Ó-
´µ ¶ ¤ ¥É. �Ö¤ ¶ ·Í¨ ²Ó´ÒÌ  ³¶²¨ÉÊ¤ ¶·µÍ¥¸¸  ¤¨Ë· ±Í¨¨ ³¥§µ´µ¢ ¸Ê-
Ð¥¸É¢¥´´µ ¡Ò¸É·¥¥ ¸Ìµ¤¨É¸Ö, Î¥³ ¢ ¶·µÍ¥¸¸¥ · ¸¸¥Ö´¨Ö, £¤¥ ·¥ ²¨§Ê¥É¸Ö

π-³¥§µ´´Ò° µ¡³¥´ (~ e− L6 q).

�±¸¶¥·¨³¥´É ²Ó´Ò°  Ëµ´  ¨¸¸²¥¤µ¢ ´¨°. ‚ ¶·µÍ¥¸¸¥ ¤¨Ë· ±Í¨¨

π → 3π ¨´É¥´¸¨¢´µ ·µ¦¤ ¥É¸Ö ·¥§µ´ ´¸ a1(1+) → ρπ, ¨ ¡µ²ÓÏµ° ¢±² ¤ ¤ ¥É
´¥·¥§µ´ ´¸´µ¥ ·µ¦¤¥´¨¥ (ρπ)-¸¨¸É¥³Ò ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Ì ´¨§³µ³ „·¥²² 
Å „¥±±  Å •¨¨¤  [17Å19], ¶µ²ÊÎ¨¢Ï¥¥ ´ §¢ ´¨¥ ®³¥Ì ´¨§³ „¥±± ¯ ¨ ¸Ê-
Ð¥¸É¢¥´´µ § É·Ê¤´ÖÕÐ¥¥ ´ ¡²Õ¤¥´¨¥ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¶ ·Í¨ ²Ó-

´ÒÌ ¢µ²´ Ì 0−, 1+, 2− ¨ É.¶. ‚¶²µÉÓ ¤µ 1977 £. ¢ Ô±¸¶¥·¨³¥´É Ì ´¥ ¡Ò²¨
Ê¸É ´µ¢²¥´Ò ·¥§µ´ ´¸´Ò¥ ¸¢µ°¸É¢  ¸µ¸ÉµÖ´¨° a1 ¨ a3. ‚ µ¶ÒÉ Ì [20] ´ 

Ê¸±µ·¨É¥²¥ ˆ”‚� ¢ ‘¥·¶ÊÌµ¢¥ ¢ ¶·µÍ¥¸¸¥ π− + P → 3π + P ´ ¡²Õ¤ ²µ¸Ó

²¨ÏÓ Ï¨·µ±µ¥ Ê¸¨²¥´¨¥ ¢ S-¢µ²´µ¢µ³ ± ´ ²¥ (ρπ)-¸¨¸É¥³Ò ¤²Ö J p = 1+. „µ-
¶µ²´¨É¥²Ó´Ò°  ´ ²¨§ ¶µ± § ² [21], ÎÉµ ÔÉµ ¸µ¸ÉµÖ´¨¥ ¨³¥¥É ´¥·¥§µ´ ´¸´ÊÕ
¶·¨·µ¤Ê, ¨ ÔÉµ µ¡ÑÖ¸´Ö¥É¸Ö ´¥·¥§µ´ ´¸´Ò³ ³¥Ì ´¨§³µ³ „¥±± . ‚  ´ ²¨§¥
ÔÉ¨Ì ¤ ´´ÒÌ ¨¸¶µ²Ó§µ¢ ² ¸Ó ´¥Ê´¨É ·´ Ö ¨§µ¡ ·´ Ö ³µ¤¥²Ó ¨ ¶·¥¤¶µ² £ -
²µ¸Ó, ÎÉµ 3π-¢¥·Ï¨´  ´¥§ ¢¨¸¨³  µÉ NN-¢¥·Ï¨´Ò, ÎÉµ ¶µ§¢µ²Ö²µ µÉ¤¥²¨ÉÓ

¸µ¡ÒÉ¨Ö ¸ ·µ¦¤¥´¨¥³ ·¥§µ´ ´¸  N ∗ ¢ ´¨¦´¥° ¢¥·Ï¨´¥. ‚ ÔÉ¨Ì ¦¥ ¨¸¸²¥¤µ-
¢ ´¨ÖÌ ¡Ò²µ Ê¸É ´µ¢²¥´µ ¢µ²´µ¢µ¥ ¸µ¤¥·¦ ´¨¥ ¤¨Ë· ±Í¨µ´´µ-·µ¦¤¥´´µ°

3π-¸¨¸É¥³Ò, ±µÉµ·µ¥ ´ ¸ÒÐ ¥É¸Ö ¸µ¸ÉµÖ´¨Ö³¨ 0−P, 1+S, 1+D, 2−P, 2+D, 3+D

¤²Ö (ρπ)-¸¨¸É¥³Ò ̈  0−S, 1+P ̈  2−D ¤²Ö (επ)-c¨¸É¥³Ò. �¥§Ê²ÓÉ ÉÒ ÔÉ¨Ì ̈ ¸¸¸²¥-
¤µ¢ ´¨° ¤µ± § ²¨ ·¥§µ´ ´¸´Ò¥ ̧ ¢µ°¸É¢  a2-³¥§µ´ , ¢ Éµ ¢·¥³Ö ± ± Ë §  ¢µ²-

´Ò 1+S  (a1) ¶µ± §Ò¢ ²  ³ ²Ò¥ ¨§³¥´¥´¨Ö µÉ´µ¸¨É¥²Ó´µ ¢µ²´ 0−S, 1+P ¨

2−P. “´¨É ·´Ò¥ ±µ··¥±Í¨¨ ¨§µ¡ ·´µ° ³µ¤¥²¨ ´¥ ¨§³¥´¨²¨ ÔÉ¨Ì § ±²Õ-
Î¥´¨° [21]. �´ ²µ£¨Î´Ò¥ § ±²ÕÎ¥´¨Ö ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¨ ¢ · ¡µÉ Ì [22, 23].
‚ · ¡µÉ¥ [24] ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ, ÎÉµ ³ ²µ¥ ¨§³¥´¥´¨¥ Ë §Ò ³µ¦¥É ¡ÒÉÓ
¢¸²¥¤¸É¢¨¥ · §´¨ÍÒ ¢ Ë § Ì ³¥¦¤Ê ¤¥±±µ¢¸±µ°  ³¶²¨ÉÊ¤µ° ¨  ³¶²¨ÉÊ¤µ°
¶·Ö³µ£µ ·¥§µ´ ´¸´µ£µ µ¡· §µ¢ ´¨Ö a1,   É ±¦¥ ¨§-§  ¡µ²ÓÏµ° ´¥Ê¶·Ê£µ¸É¨

± ´ ²µ¢ ρπ, επ ¨ K ∗K ¢¸²¥¤¸É¢¨¥ ¶¥·¥· ¸¸¥Ö´¨Ö. ˆ, ´ ±µ´¥Í, ¢ · ¡µÉ x
[25,26] ¡Ò² ¢Ò¶µ²´¥´  ´ ²¨§ ̧  ππ-¶ · ³¥É·¨§ Í¨¥° Ë §Ò Ê¶·Ê£µ£µ S-· ¸¸¥Ö-
´¨Ö, ¸  ³¶²¨ÉÊ¤µ°, µ¡² ¤ ÕÐ¥°  ´ ²¨É¨Î´µ¸ÉÓÕ ¨ Ê´¨É ·´µ¸ÉÓÕ,   É ±¦¥ ¸
¢±²ÕÎ¥´¨¥³  ³¶²¨ÉÊ¤Ò „¥±±  ¸ ¶¥·¥· ¸¸¥Ö´¨¥³ ¨ ¶·Ö³Ò³ ·¥§µ´ ´¸´Ò³
µ¡· §µ¢ ´¨¥³ a1. ‚ ÔÉµ° · ¡µÉ¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¤ ´´Ò¥ [23] ̧ µ¢³¥¸É¨³Ò

¸ ·¥§µ´ ´¸µ³ ¢ ¢µ²´¥ 1+S ¶·¨ ³ ¸¸¥ (1300 ± 150) ŒÔ‚ ¨

Γ = (400 ± 100) ŒÔ‚. —Éµ ± ¸ ¥É¸Ö ¢µ²´Ò 0−S, Éµ ± ± ¨§³¥´¥´¨¥ Ë §Ò, É ± ¨
¨´É¥´¸¨¢´µ¸ÉÓ ´¥ ¶·µÖ¢²Ö²¨ ·¥§µ´ ´¸´ÒÌ ¸¢µ°¸É¢. ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ
· ¤¨ ²Ó´Ò¥ ¸µ¸ÉµÖ´¨Ö π-³¥§µ´  ´¥ ¡Ò²¨ ¶·¥¤¸± § ´Ò É¥µ·¥É¨Î¥¸±¨.
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‚ ¨¸¸²¥¤µ¢ ´¨ÖÌ ´  Ö¤· Ì [26] ¡Ò²¨ ¶µ²ÊÎ¥´Ò ´µ¢Ò¥ ¤ ´´Ò¥, ±µÉµ·Ò¥
¸ ¡µ²ÓÏµ° µÎ¥¢¨¤´µ¸ÉÓÕ ̧ ¢¨¤¥É¥²Ó¸É¢µ¢ ²¨ µ ·¥§µ´ ´¸´ÒÌ ̧ ¢µ°¸É¢ Ì a1-³¥-

§µ´  ¶·¨ ³ ¸¸¥ 1,1 ƒÔ‚/c2,   ¤¢¨¦¥´¨¥ Ë §Ò ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò 0−S
cµ¸É ¢²Ö²µ ²¨ÏÓ 40Æ. ‚ · ¡µÉ Ì [27] ¶µ µ¡· §µ¢ ´¨Õ 3π-¸¨¸É¥³Ò ¢ § ¤´ÕÕ
¶µ²Ê¸Ë¥·Ê ´ ¡²Õ¤ ²¸Ö ¶¨± ¶·¨ ³ ¸¸¥ 1040 ŒÔ‚, ´µ ´¥¨§¢¥¸É´µ ¥£µ ¢µ²´µ-
¢µ¥ ¸µ¤¥·¦ ´¨¥. �´ ²¨§ ¶µ SU(3)-¸¨³³¥É·¨¨ [28] ¶µ± § ², ÎÉµ Ê¸É ´µ¢²¥´-
´Ò¥ ¸¢µ°¸É¢  f1(1285) ¨ f1(1420) ¢³¥¸É¥ ¸ a1-³¥§µ´µ³ ¸ ³ ¸¸µ° 1100 ŒÔ‚ ´¥

³µ£ÊÉ ¸µ¸É ¢¨ÉÓ ´µ´¥É J pc = 1++, ÎÉµ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, Ê± §Ò¢ ¥É ´  Éµ, ÎÉµ
Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ³ ¸¸Ò a1-³¥§µ´  ¤ ²¥±¨ µÉ ¶µ²µ¦¥´¨Ö ¶µ²Õ¸  ´  ¢Éµ-

·µ³ ·¨³ ´µ¢µ³ ²¨¸É¥. ‚ · ¡µÉ Ì [29,30], ¢Ò¶µ²´¥´´ÒÌ ´  ¡µ²ÓÏµ°
¸É É¨¸É¨±¥, ¨ ¢ ·¥§Ê²ÓÉ É¥ ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ£µ  ´ ²¨§  ¤ ´´ÒÌ ¡Ò²¨ ́  °-

¤¥´Ò ·¥§µ´ ´¸´Ò¥ ¸¢µ°¸É¢  a1-³¥§µ´  (1+) ¶·¨ ³ ¸¸¥ (1240 ± 40) ŒÔ‚ ¨ ¢µ

¢Éµ·µ° · ¡µÉ¥ (1280 ± 20) ŒÔ‚ ¸ Ï¨·¨´µ° Γ = 300 ŒÔ‚. ‚  ´ ²¨§¥ ¡Ò²
¨¸¶µ²Ó§µ¢ ´ ÉµÉ ¦¥ ³¥Éµ¤, ÎÉµ ¨ ¢ · ¡µÉ¥ [24], É.¥.  ³¶²¨ÉÊ¤  ¸µ¤¥·¦ ² 
´¥·¥§µ´ ´¸´Ò° ¢±² ¤, ¢±² ¤ ¶¥·¥· ¸¸¥Ö´¨Ö ¨ ¶·Ö³µ¥ ·¥§µ´ ´¸´µ¥ µ¡· §µ-
¢ ´¨¥. �¥¶µ¸·¥¤¸É¢¥´´µ ¤ ´´Ò¥  ´ ²¨§ , µ¤´ ±µ, ´¥ ¸¢¨¤¥É¥²Ó¸É¢µ¢ ²¨ µ
·¥§µ´ ´¸´µ³ Ì · ±É¥·¥ ¨§-§  ¸¨²Ó´µ£µ ¢±² ¤  ´¥·¥§µ´ ´¸´µ£µ ³¥Ì ´¨§³ .

‚µ²´  0−S ¨§³¥´Ö²  ¸¢µÕ Ë §Ê ³¥´¥¥ Î¥³ ´  40Æ.

3. ���–ˆ�‹œ��-‚�‹��‚�‰ ���‹ˆ‡ „���›•

ˆ¸¸²¥¤µ¢ ´¨¥ ¶·µÍ¥¸¸µ¢ ±µ£¥·¥´É´µ£µ µ¡· §µ¢ ´¨Ö ³´µ£µ³¥§µ´´ÒÌ
¸¨¸É¥³ π- ¨ K-³¥§µ´µ¢ ¶·¨ Ô´¥·£¨ÖÌ 25 ¨ 40 ƒÔ‚ ¡Ò²µ µ¸ÊÐ¥¸É¢²¥´µ ¸
¶µ³µÐÓÕ ³ £´¨É´µ£µ ̧ ¶¥±É·µ³¥É·  [30] �ˆŸˆ ́   Ê¸±µ·¨É¥²¥ 70 ƒÔ‚ ¢ ‘¥·-
¶ÊÌµ¢¥ ¢ ¸µÉ·Ê¤´¨Î¥¸É¢¥ ¸ ¨´¸É¨ÉÊÉ ³¨ Ë¨§¨±¨ ¢ Œ¨² ´¥ ¨ �µ²µ´Ó¥ ¨ …¢-
·µ¶¥°¸±¨³ Í¥´É·µ³ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨° (–…��). ‚ ± Î¥¸É¢¥ ³¨Ï¥´¥°
¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò Be, C, Si, Ti, Cu, Ag, Ta ¨ Pb ¤²Ö ¨§ÊÎ¥´¨Ö ¶·µÍ¥¸¸µ¢

π− + A → π− + π− + π+ + A, (3)

K − + A → K − + π− + π+ + A. (4)

�µ²´µ¥ Î¨¸²µ ¸µ¡ÒÉ¨° (3) ¶µ¸²¥ Ê¤µ¢²¥É¢µ·¥´¨Ö ±·¨É¥·¨¥¢ µÉ¡µ·  ¸µ-
¸É ¢¨²µ 153359 ¤²Ö ¢¸¥Ì ³ ¸¸ ¨ ¶¥·¥¤ Î 3π-c¨¸É¥³Ò. ’ ± ± ± µÏ¨¡±  ¢ ÔË-

Ë¥±É¨¢´µ° ³ ¸¸¥ 3π-¸¨¸É¥³Ò ¸µ¸É ¢²Ö¥É 34 ŒÔ‚/¸2 ¤²Ö M
3π = 1,8 ƒÔ‚/c2,

Éµ ¨´É¥·¢ ² ¶µ 3π-³ ¸¸¥ ¡Ò² ¢Ò¡· ´ · ¢´Ò³ 40 ŒÔ‚, ÎÉµ ¶µ§¢µ²Ö¥É ¨³¥ÉÓ
4000 ÷ 50000 ¸µ¡ÒÉ¨° ´  ÔÉµÉ ¨´É¥·¢ ². � ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§
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(�‚�) ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ¨´É¥´¸¨¢´µ¸ÉÓ ¨ µÉ´µ¸¨É¥²Ó´ÊÕ Ë §Ê ± ¦¤µ-
£µ ¸µ¸ÉµÖ´¨Ö ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨ 3π-¸¨¸É¥³Ò. �‚� ¡Ò² ¢Ò¶µ²´¥´ ¤²Ö:

 ) ±µ£¥·¥´É´µ£µ ´ ¡µ·  ¸µ¡ÒÉ¨°, Ì · ±É¥·¨§ÊÕÐ¥£µ¸Ö É¥³, ÎÉµ ¢ ´¥£µ

¢Ìµ¤¨²¨ ¸µ¡ÒÉ¨Ö ¢¸¥Ì Ö¤¥· ¸ t ′ ≤ t ′∗, £¤¥ t ′∗ Å 4-¶¥·¥¤ Î  Å ¢Ò¡¨· ² ¸Ó
´¥¸±µ²Ó±µ ³¥´ÓÏ¥ ¶µ²µ¦¥´¨Ö ¶¥·¢µ£µ ¤¨Ë· ±Í¨µ´´µ£µ ³¨´¨³Ê³  ¢ ¸¥Î¥-

´¨¨. ’ ±, ¤²Ö Ö¤¥· Be ¨ ‘ t ′∗ ≤ 0,04 (ƒÔ‚/c)2, ¤²Ö Al ¨ Si t ′∗ ≤ 0,03 (ƒÔ‚/c)2,

Ti ¨ Cu ≤ 0,02 (ƒÔ‚/c)2, Ag, Ta ¨ Pb ≤ 0,01 (ƒÔ‚/c)2 ¢ ¨´É¥·¢ ²¥ ³ ¸¸ ¸¨¸É¥-

³Ò (0,8 ÷ 2,2) ƒÔ‚/c2. —¨¸²µ ¸µ¡ÒÉ¨° · ¢´µ 110900. �¥±µ£¥·¥´É´Ò° ¢±² ¤ ¢
ÔÉ¨ ¸µ¡ÒÉ¨Ö ¸µ¸É ¢¨², ¸µµÉ¢¥É¸É¢¥´´µ, 6 % ¤²Ö ‚¥ ¨ 2 % ¤²Ö Pb;

¡) ± ¦¤µ£µ Ö¤·  µÉ¤¥²Ó´µ ¸ Í¥²ÓÕ µ¶·¥¤¥²¥´¨Ö A-§ ¢¨¸¨³µ¸É¨ ¶µ¢¥-
¤¥´¨Ö ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´;

¢) ´¥±µ£¥·¥´É´µ£µ ́  ¡µ·  ̧ µ¡ÒÉ¨° ̧  t ′∗ < t ′ < 0,5 (ƒÔ‚/c)2 ¤²Ö ¢¸¥Ì Ö¤¥·
¢³¥¸É¥;

£) · §´ÒÌ ¨´É¥·¢ ²µ¢ ¶µ t ′ ¤²Ö £·Ê¶¶ ²¥£±¨Ì Ö¤¥· Be + C, ¨ ÉÖ¦¥²ÒÌ
Ö¤¥· Ag + Ta + Pb ¤²Ö ¨´É¥·¢ ²µ¢ ³ ¸¸ 3π-¸¨¸É¥³Ò 0,9 ÷ 1,2, 1,2 ÷ 1,5 ¨

1,5 ÷ 1,8 ƒÔ‚/c2.

�¥§Ê²ÓÉ ÉÒ �‚� ¡Ê¤ÊÉ ¸· ¢´¨¢ ÉÓ¸Ö ¸ ¤ ´´Ò³¨, ¶µ²ÊÎ¥´´Ò³¨ ´  ¶·µ-
Éµ´´µ° ³¨Ï¥´¨ [30] Ô±¸¶¥·¨³¥´É , ¢Ò¶µ²´¥´´µ£µ ¢ –…��.

ˆ¸¶µ²Ó§µ¢ ´¨¥ Ö¤¥·´ÒÌ ³¨Ï¥´¥° ¨³¥¥É ·Ö¤ ¶·¥¨³ÊÐ¥¸É¢ ¶µ ̧ · ¢´¥´¨Õ
¸ ¶·µÉµ´´Ò³¨:

1) µÉ¸ÊÉ¸É¢ÊÕÉ ´¥µ¤´µ§´ Î´µ¸É¨  ´ ²¨§ , µ¡Ê¸²µ¢²¥´´Ò¥ µ¡· §µ¢ ´¨¥³

·¥§µ´ ´¸  N ∗ ´  ¶·µÉµ´´µ° ³¨Ï¥´¨;

2) ³ ²Ò° ¢±² ¤ ´¥±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢ ¨ ¢Ò¸µ± Ö ¸É¥¶¥´Ó ±µ£¥·¥´É-
´µ¸É¨ ¢µ²´ ¤ ÕÉ ´ ¤¥¦´µ¥ ¨§³¥·¥´¨¥ µÉ´µ¸¨É¥²Ó´ÒÌ Ë §;

3) ¨§-§  ³ ²µ¸É¨ ¶¥·¥¤ ´´µ£µ 4-¨³¶Ê²Ó¸  ³µ¦´µ µ¦¨¤ ÉÓ ³ ²µ£µ ¢±² ¤ 
 ³¶²¨ÉÊ¤ ¸ ¶¥·¥¢µ·µÉµ³ ¸¶¨´  3π-¸¨¸É¥³Ò;

4) ¢¸²¥¤¸É¢¨¥ ¡µ²ÓÏµ£µ ´ ±²µ´  ¤¨Ë· ±Í¨µ´´µ£µ ±µ´Ê¸  ±µ£¥·¥´É´Ò¥
¸µ¡ÒÉ¨Ö ´  Ö¤· Ì ¸µ¸·¥¤µÉµÎ¥´Ò ¢ µ¡² ¸É¨ ³ ²ÒÌ ¶¥·¥¤ Î, £¤¥ Ìµ·µÏµ ¢Ò-
¶µ²´ÖÕÉ¸Ö ¶· ¢¨²  ¸¥²¥±Í¨¨ ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨, ÎÉµ ¶·¨¢µ¤¨É ± ´¥µ¡-
Ìµ¤¨³µ¸É¨ ÊÎ¥É  ´¥¡µ²ÓÏµ£µ Î¨¸²  ¢µ²´.

‘²¥¤¸É¢¨¥³ ÔÉµ£µ Ö¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ µ¸ÊÐ¥¸É¢²¥´¨Ö ´ ¤¥¦´µ£µ ̈  µ¤-
´µ§´ Î´µ£µ  ´ ²¨§  µ¡· §Ê¥³ÒÌ ¸¨¸É¥³ ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨ ¨ ¨§ÊÎ¥´¨Ö
·¥§µ´ ´¸´µ£µ ·µ¦¤¥´¨Ö. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢±² ¤ ¸µ¸ÉµÖ´¨° ¸ ¢µ§¡Ê¦-
¤¥´¨¥³ Ö¤·  ³ ². Š Éµ³Ê ¦¥ ¢¥²¨Î¨´  ¢µ§¡Ê¦¤¥´¨Ö ¤²Ö ¸²ÊÎ Ö µÉ¡µ·  ±µ£¥-

·¥´É´ÒÌ ¸µ¡ÒÉ¨° ³ ² . ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ Ô´¥·£¨Ö Ö¤·  ‚¥ ¤²Ö t ′∗ ≤ 

≤ 0,04 (ƒÔ‚/c)2 ¸µ¸É ¢²Ö¥É ≤ 2 ŒÔ‚,   ¤²Ö Ö¤·  Pb ¶·¨ t ′∗ ≤ 0,01 (ƒÔ‚/c)2

Ô´¥·£¨Ö ≤ 20 ±Ô‚. „²Ö ²¥£±¨Ì Ö¤¥· Ô´¥·£¨Ö ´¥¤µ¸É ÉµÎ´  ¤²Ö ¢µ§¡Ê¦¤¥´¨Ö
Ö¤¥·´ÒÌ Ê·µ¢´¥°,   ¤²Ö ÉÖ¦¥²ÒÌ Ö¤¥· Ô´¥·£¨Ö ³¥´ÓÏ¥ Ô´¥·£¨¨ ¢¨¡· -
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Í¨µ´´ÒÌ Ê·µ¢´¥°. ‚±² ¤ ¨Ì ¢  ³¶²¨ÉÊ¤Ê ¨¸¸²¥¤Ê¥³µ£µ ¶·µÍ¥¸¸  ³ ², ± Éµ³Ê

¦¥ ¨Ì ¸¥Î¥´¨¥ ¢¥¤¥É ¸¥¡Ö ± ± t ′e− Bt′ ¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¶·¨ ³ ²ÒÌ t ′.
�¡Ð¨¥ Ì · ±É¥·¨¸É¨±¨ ¨¸¸²¥¤Ê¥³µ£µ ¶·µÍ¥¸¸ . ˆ§  ´ ²¨§  ³ ¸¸µ¢ÒÌ

¸¶¥±É·µ¢ ¨ Ê£²µ¢ÒÌ · ¸¶·¥¤¥²¥´¨° ³µ£ÊÉ ¡ÒÉÓ Ê¸É ´µ¢²¥´Ò µ¡Ð¨¥ Ì · ±-

É¥·¨¸É¨±¨ ¨¸¸²¥¤Ê¥³µ£µ ¶·µÍ¥¸¸ . �·¨ ÔÉµ³ ´ ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸µ¢ ÉÓ É¥ Ì -

· ±É¥·¨¸É¨±¨, ±µÉµ·Ò¥ ¢ ¦´Ò ¤²Ö ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ£µ  ´ ²¨§  3π-¸µ¸Éµ-

Ö´¨Ö. Œ ¸¸µ¢Ò° ¸¶¥±É· M3π (·¨¸. 1) ´¥¶µ¸·¥¤¸É¢¥´´µ ´¥ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ¡

µ¡· §µ¢ ´¨¨ ·¥§µ´ ´¸µ¢ ¨ Ì · ±É¥·¨§Ê¥É¸Ö Ê¸¨²¥´¨¥³ ¢ µ¡² ¸É¨ 1,2 ƒÔ‚/c2,

�¨¸.1. ‘¶¥±É·Ò ³ ¸¸ 3π-¸¨¸É¥³Ò ¤²Ö · §´ÒÌ Ö¤¥·
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£¤¥ ¢µ§³µ¦´µ µ¡· §µ¢ ´¨¥ a1(1260), ¨ ¢ µ¡² ¸É¨ 1,6 ƒÔ‚/c2, £¤¥ ¤ ¥É ¢±² ¤
π2(1670).

�´ ²¨§ Ê£²µ¢ÒÌ · ¸¶·¥¤¥²¥´¨° ¶µ± § ², ÎÉµ · ¸¶ ¤ ρ0-³¥§µ´ 

¶·µ¨¸Ìµ¤¨É ¸ ¨¸¶Ê¸± ´¨¥³ π+-³¥§µ´  ¢ § ¤´ÕÕ ¶µ²Ê¸Ë¥·Ê,   ¶·¨ · ¸¶ ¤¥
ε-³¥§µ´  Å ¢ ¶¥·¥¤´ÕÕ ¶µ²Ê¸Ë¥·Ê.  „µ ³ ¸¸Ò  M3π = 1,05 ƒÔ‚/c2  ¢±² ¤

S-¢µ²´Ò ¢ π+π− Ö¢²Ö¥É¸Ö ¤µ³¨´¨·ÊÕÐ¨³.
‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¶ · ³¥É·¨§ Í¨Ö S-¸µ¸ÉµÖ´¨Ö ¤¨¶¨µ´´µ° ¸¨¸É¥³Ò ¡Ò² 

¸¤¥² ´  ± ± ¸ ε-·¥§µ´ ´¸µ³ (J p = 0+, Mε = 0,77 ƒÔ‚, Γε = 0,4 ƒÔ‚), É ± ¨ ¸

Ë §µ° Ê¶·Ê£µ£µ ππ-· ¸¸¥Ö´¨Ö [31].

“£²µ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö π+ ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¶ ·Ò π+π− ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ

µ ¶·¥¨³ÊÐ¥¸É¢¥´´µ³ ̈ ¸¶Ê¸± ´¨¨ π+-³¥§µ´  ¢ ¶²µ¸±µ¸É¨, ¶¥·¶¥´¤¨±Ê²Ö·´µ°

¸¶¨´Ê ρ0-³¥§µ´ , É.¥. ρ0-³¥§µ´ ¢ ¸¨²Ó´µ° ¸É¥¶¥´¨ ¶µ²Ö·¨§µ¢ ´.

‚±² ¤ ¤¨¶¨µ´´ÒÌ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨° µÉÎ¥É²¨¢µ ¢¨¤¥´ ¶·¨ µÉ¡µ·¥
¸µ¡ÒÉ¨° ¶µ Ë¥°´³ ´µ¢¸±µ° ¶¥·¥³¥´´µ° ¤²Ö ¢¸¥Ì ³ ¸¸ 3π-¸¨¸É¥³Ò ¶·¨

xF ≥ 0,8, £¤¥ x = P‖ 6 P‖
max

 ¡Ò¸É·µ£µ π−-³¥§µ´ . ‚ µ¡² ¸É¨ ¡µ²ÓÏ¨Ì ³ ¸¸

m2π ¢¨¤¥´ ¸Ê³³ ·´Ò° ¸¨£´ ² µÉ f2(1270)- ¨ f0(1300)-³¥§µ´ . • · ±É¥· Ê£²µ-

¢ÒÌ · ¸¶·¥¤¥²¥´¨° ¶·¨ É ±µ° ¸¥²¥±Í¨¨ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ¸¨²Ó´µ°
¶µ²Ö·¨§ Í¨¨ ± ±  ¤¨¶¨µ´´ÒÌ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨°, É ± ¨ ·¥§µ´ ´¸´ÒÌ
¸µ¸ÉµÖ´¨° ¢ 3π-¸¨¸É¥³¥.

�´ ²¨§ ¸¶¨´µ¢µ£µ  ¸µ¤¥·¦ ´¨Ö  ±µ´¥Î´µ£µ  ¸µ¸ÉµÖ´¨Ö.  „²Ö ¶µ²´µ£µ
µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸  (3) ´¥µ¡Ìµ¤¨³µ 3n − 3 ¶¥·¥³¥´´ÒÌ, £¤¥ n Å Î¨¸²µ
Î ¸É¨Í ¢ ±o´¥Î´µ³ ¸µ¸ÉµÖ´¨¨. ‚ ¸²ÊÎ ¥ n = 4 ´¥µ¡Ìµ¤¨³µ 9 ¶¥·¥³¥´´ÒÌ.
’ ±¨³¨ ¶¥·¥³¥´´Ò³¨ ¤²Ö ¶·µÍ¥¸¸µ¢ a + b → 1 + 2 + 3 + b′ ³µ£ÊÉ ¡ÒÉÓ:

S = (4Pa + 4Pb)2 Å ¶µ²´ Ö Ô´¥·£¨Ö ¸¨¸É¥³Ò Í¥´É·  ³ ¸¸,

4Pa, 
4Pb Å 4-¢¥±Éµ·Ò,

t Å 4-¶¥·¥¤ Î ,

ϕpÅ  §¨³ÊÉ ²Ó´Ò° Ê£µ² µ·¨¥´É Í¨¨ ¶²µ¸±µ¸É¨ ·µ¦¤¥´¨Ö,

M 3π
2  Å ±¢ ¤· É ¨´¢ ·¨ ´É´µ° ³ ¸¸Ò 3π-¸¨¸É¥³Ò,

s1 Å ±¢ ¤· É ¨´¢ ·¨ ´É´µ° ³ ¸¸Ò π2π3,

s2Å ±¢ ¤· É ¨´¢ ·¨ ´É´µ° ³ ¸¸Ò π1π3,

θ, ϕ, γ Å Ê£²Ò �°²¥· , µ¶·¥¤¥²ÖÕÐ¨¥ µ·¨¥´É Í¨Õ É·¥Ì ³¥§µ´µ¢ ¢
¸¨¸É¥³¥ ¶µ±µÖ 3π-¸¨¸É¥³Ò.

„²Ö ́ ¥¶µ²Ö·¨§µ¢ ´´µ° ³¨Ï¥´¨ ³ É·¨Î´Ò° Ô²¥³¥´É ¶·µÍ¥¸¸  ́ ¥ § ¢¨¸¨É
µÉ  §¨³ÊÉ ²Ó´µ£µ Ê£²  ϕP , ¨ µ¸É ¥É¸Ö ¢µ¸¥³Ó ¶¥·¥³¥´´ÒÌ, µ¶¨¸Ò¢ ÕÐ¨Ì
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¶·µÍ¥¸¸. �¥·¥³¥´´Ò¥ s, t, M3π µ¶¨¸Ò¢ ÕÉ ·µ¦¤¥´¨¥ 3π-¸¨¸É¥³Ò,   s1, s2, θ,

γ, ϕ µ¶¨¸Ò¢ ÕÉ · ¸¶ ¤ 3π-¸¨¸É¥³Ò. �¥·¥³¥´´Ò¥ „ ²¨ÉÍ  s1 ¨ s2 ¶µ²´µ¸ÉÓÕ

µ¶·¥¤¥²ÖÕÉ Ô´¥·£¨Õ É·¥Ì ³¥§µ´µ¢ ¢ ¸¨¸É¥³¥ ¶µ±µÖ 3π-¸¨¸É¥³Ò. ‚Ò¡µ· Ê£-
²µ¢ θ, γ, ϕ µ¶·¥¤¥²Ö¥É ¶·µ¸É· ´¸É¢¥´´ÊÕ µ·¨¥´É Í¨Õ É·µ°±¨ ³¥§µ´µ¢ µÉ´µ-
¸¨É¥²Ó´µ ¤ ´´µ£µ ¢Ò¡µ·  ¶·µ¸É· ´¸É¢¥´´ÒÌ µ¸¥°. ‚ ± Î¥¸É¢¥ É ±¨Ì Ê£²µ¢
¢Ò¡· ´Ò Ê£²Ò �°²¥·  ¢ ¸¨¸É¥³¥ ¶µ±µÖ 3π-¸¨¸É¥³Ò (É ± ´ §Ò¢ ¥³ Ö ¸¨¸-
É¥³  ƒµÉË·¨¤  Å „¦¥±¸µ´ ) [32,33]. ‚ ÔÉµ° ̧ ¨¸É¥³¥ ±µµ·¤¨´ É Ì · ±É¥·¨¸-
É¨±¨ ¶·µÍ¥¸¸  ´ ¨¡µ²¥¥ Î¥É±µ ¢¨¤´Ò; ± Éµ³Ê ¦¥ ́ ¥±µÉµ·Ò¥ ¸¢µ°¸É¢  µ¡³¥´-
´µ£µ ¶·µÍ¥¸¸  ³µ£ÊÉ ¡ÒÉÓ Ê¸É ´µ¢²¥´Ò ´  µ¸´µ¢ ´¨¨ ¸¢µ°¸É¢ Ê£²µ¢ÒÌ · ¸-
¶·¥¤¥²¥´¨°. �  ·¨¸. 2 ¶µ± § ´  ¤¨ £· ³³  ¶·µÍ¥¸¸  a + b → c + d, £¤¥ ¥ Å
Î ¸É¨Í  µ¡³¥´  ¨ É·¨ ¸¨¸É¥³Ò ±µµ·¤¨´ É: Í¥´É·  ³ ¸¸ ( ), ¸¶¨· ²Ó´ Ö
¸¨¸É¥³  (¡) ¨ ¸¨¸É¥³  ƒµÉË·¨¤  Å „¦¥±¸µ´  (¢). ‚ ¸¨¸É¥³¥ ƒ„ ¨³¶Ê²Ó¸Ò
µ¡³¥´´µ° ¨ ¶ ¤ ÕÐ¥° Î ¸É¨Í · ¢´Ò ¨ ¶·µÉ¨¢µ¶µ²µ¦´µ ´ ¶· ¢²¥´Ò. …¸²¨
µ¡³¥´´ Ö Î ¸É¨Í  ¨³¥¥É ¸¶¨´, · ¢´Ò° ´Ê²Õ, Éµ ¶²µ¸±µ¸ÉÓ · ¸¶ ¤  ¸¨¸É¥³Ò
¸ ¤µ²¦´  µ¡² ¤ ÉÓ ¢· Ð É¥²Ó´µ° ¸¨³³¥É·¨¥° µÉ´µ¸¨É¥²Ó´µ ¨Ì ¨³¶Ê²Ó¸ . ‚
¸¶¨· ²Ó´µ° ¸¨¸É¥³¥ ¨³¶Ê²Ó¸Ò Î ¸É¨ÍÒ ¥ ¨ ·¥§µ´ ´¸  ¸ · ¢´Ò ¨ µ¤¨´ ±µ¢µ
´ ¶· ¢²¥´Ò ¢ µÉ²¨Î¨¥ µÉ ¸¨¸É¥³Ò ¶µ±µÖ ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ, ¶µ± § ´´µ° ´ 
·¨¸. 2; ¨ ¸´µ¢  ¤²Ö ´Ê²¥¢µ£µ ¸¶¨´  µ¡³¥´´µ° Î ¸É¨ÍÒ ¤µ²¦´  ¸ÊÐ¥¸É¢µ¢ ÉÓ
¸¨³³¥É·¨Ö ¶²µ¸±µ¸É¨ · ¸¶ ¤  ·¥§µ´ ´¸  µÉ´µ¸¨É¥²Ó´µ µ¡Ð¥£µ ³µ³¥´É .
�ÉµÉ  §¨³ÊÉ ²Ó´Ò° Ê£µ² ¥¸ÉÓ Ê£µ² ’·¥°³ ´  Å Ÿ´£ . Š ± ¢¨¤´µ,  §¨³ÊÉ ²Ó-

�¨¸.2. „¨ £· ³³Ò ¤¨Ë· ±Í¨µ´´µ£µ ¶·µÍ¥¸¸ 
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´Ò° Ê£µ² ¢· Ð¥´¨Ö ¶²µ¸±µ¸É¨ · ¸¶ ¤  ¢ ¸¨¸É¥³¥ ƒ„ ¨³¥¥É ÉµÉ ¦¥ ¸³Ò¸² ¸
Ê£²µ³ ’·¥°³ ´  Å Ÿ´£ .

„²Ö ¡µ²ÓÏ¨Ì ¸¶¨´µ¢ µ¡³¥´´µ° Î ¸É¨ÍÒ ¸¢Ö§Ó ¸¶¨´  ¸ Ê£²µ¢Ò³ · ¸¶·¥-
¤¥²¥´¨¥³ · ¸¶ ¤  ´¥ ¤µ± § ´   ´ ²¨É¨Î¥¸±¨. ˆ§ ¸µÌ· ´¥´¨Ö Î¥É´µ¸É¨ ¨ Ê£-
²µ¢µ£µ ³µ³¥´É  ¸²¥¤ÊÕÉ Éµ²Ó±µ µ£· ´¨Î¥´¨Ö ´  ¢¥²¨Î¨´Ê µÉ´µ¸¨É¥²Ó´µ£µ
µ·¡¨É ²Ó´µ£µ ³µ³¥´É : Jc − Je ≤ L ≤ Jc + Je. ’ ±, ¤²Ö ·µ¦¤¥´¨Ö ·¥§µ´ ´-

¸µ¢, ¶·¨´ ¤²¥¦ Ð¨Ì ´¥´ ÉÊ· ²Ó´µ° ¸¥·¨¨  ¶µ Î¥É´µ¸É¨ L = Je (0
−, 1+ ...), ÔÉµ

´ ±² ¤Ò¢ ¥É Ê¸²µ¢¨¥ ́   Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨. �·¨ Jc > Je ¢ ³ É·¨Í¥

¶²µÉ´µ¸É¨ ´¥´Ê²¥¢Ò¥ Î²¥´Ò ¡Ê¤ÊÉ Éµ²Ó±µ ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  J c
z ≤ Je, ¨ ¤²Ö

 ³¶²¨ÉÊ¤ ¸ J z = 0 ´¥´Ê²¥¢Ò¥ Î²¥´Ò Éµ²Ó±µ É¥, ±µ£¤  (Je + L + J) Å Î¥É´µ¥.

�·¨ µ¤´µ° ¨ Éµ° ¦¥ Ô´¥·£¨¨ ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ Ê£µ² ¶µ¢µ·µÉ  ¸¶¨· ²Ó-
´µ° ¸¨¸É¥³Ò ¨ ¸¨¸É¥³Ò ƒ„ § ¢¨¸¨É Éµ²Ó±µ µÉ ¢¥²¨Î¨´Ò ¶¥·¥¤ Î¨. „²Ö ¨´É¥-
·¥¸ÊÕÐ¨Ì ´ ¸ ¶·µÍ¥¸¸µ¢, ¨¤ÊÐ¨Ì, ¢ µ¸´µ¢´µ³, ¶·¨ ³ ²ÒÌ ¶¥·¥¤ Î Ì, ÔÉµÉ
Ê£µ² ¸µ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê ~ 3,5Æ (arctg P6 q‖ ), ¨ ¶·¨ ¶¥·¥Ìµ¤¥ ¨§ µ¤´µ°

¸¨¸É¥³Ò ¢ ¤·Ê£ÊÕ ¢ ¦´Ò ÔËË¥±ÉÒ ·¥²ÖÉ¨¢¨¸É¸±µ£µ ¶µ¢µ·µÉ  ¸¶¨´ , É ± ± ±
¸¶¨· ²Ó´µ¸ÉÓ ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö ²µ·¥´Í-¨´¢ ·¨ ´É´µ° ¢¥²¨Î¨´µ°. ‚ ¨¸¸²¥-
¤Ê¥³µ³ ¶·µÍ¥¸¸¥ ¥¸ÉÓ ¤¢¥ ¨¤¥´É¨Î´Ò¥ Î ¸É¨ÍÒ, ¤²Ö µ¶¨¸ ´¨Ö ±µ´¥Î´µ£µ ¸µ-
¸ÉµÖ´¨Ö ±µÉµ·ÒÌ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ´ ¡µ·  Ê£²µ¢ �°²¥· . �·¨´ÖÉÒ³ ¢Ò¡µ·µ³

Ê£²µ¢ �°²¥·  Ö¢²Ö¥É¸Ö ´ ¡µ· Ê£²µ¢ θ ¨ ϕ π+-³¥§µ´ , § ¤ ÕÐ¨Ì µ·¨¥´É Í¨Õ
¶²µ¸±µ¸É¨ · ¸¶ ¤ ,   Ê£µ² γ ¤ ¥É µ·¨¥´É Í¨Õ ¶²µ¸±µ¸É¨, ¸µ¤¥·¦ ÐÊÕ

¨³¶Ê²Ó¸Ò ¤¢ÊÌ µÉ·¨Í É¥²Ó´ÒÌ ³¥§µ´µ¢ µÉ´µ¸¨É¥²Ó´µ ´ ¶· ¢²¥´¨Ö π+-³¥§µ-
´ . �·¨ ÔÉµ³ µ¸Ó z ¢Ò¡· ´  ¢¤µ²Ó ¨³¶Ê²Ó¸  ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ ¢ ¸¨¸É¥³¥
3π-¶µ±µÖ,   µ¸Ó y = pµÉ¤ × pπ−  ¥¸ÉÓ ´µ·³ ²Ó ± ¶²µ¸±µ¸É¨ ·µ¦¤¥´¨Ö. �·¨

Ë¨±¸¨·µ¢ ´´µ° Ô´¥·£¨¨ ¶ ¤ ÕÐ¥£µ ¶ÊÎ±  ¢ µ¡² ¸É¨ ³ ¸¸ 3π-¸¨¸É¥³Ò ¨ ³ -
²µ£µ ¨´É¥·¢ ²  t-¶¥·¥¤ Î ¨³¥¥³, É ±¨³ µ¡· §µ³, ¶ÖÉÓ ¶¥·¥³¥´´ÒÌ, µ¶¨¸Ò¢ -
ÕÐ¨Ì ¶·µÍ¥¸¸ (s1, s2, θ, γ, ϕ).

Œ¥Éµ¤ ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ£µ  ´ ²¨§ . ŒµÐ´Ò° ³¥Éµ¤ ¶ ·Í¨ ²Ó´µ-
¢µ²´µ¢µ£µ  ´ ²¨§  ¡Ò² · §¢¨É £·Ê¶¶µ° ˆ²²¨´µ°¸±µ£µ Ê´¨¢¥·¸¨É¥É  [38,39]

¤²Ö  ´ ²¨§  ¶·µÍ¥¸¸  ¤¨Ë· ±Í¨µ´´µ£µ ·µ¦¤¥´¨Ö π+π−π−-¸¨¸É¥³Ò ´  ¢µ¤µ-
·µ¤´µ° ³¨Ï¥´¨. „²Ö ¤ ´´µ° ¸¶¨· ²Ó´µ¸É¨ ¶·µÉµ´  3π-c¨¸É¥³  ¸ ³ ¸¸µ°
M3π ¨ 4-¶¥·¥¤ Î¥° t ′ ·µ¦¤ ¥É¸Ö  ¢ ¸µ¸ÉµÖ´¨¨ ¸ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³

J p ¨ ³ £´¨É´Ò³ ±¢ ´Éµ¢Ò³ Î¨¸²µ³ M = Jz. ‚ ¤ ²Ó´¥°Ï¥³ µ¡· §µ¢ ´´µ¥ ¸µ-

¸ÉµÖ´¨¥ J pM · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¸µ¸ÉµÖÐ¥¥ ¨§ ¶·µ³¥¦ÊÉµÎ´µ£µ ¤¨¶¨µ´´µ-
£µ ̧ µ¸ÉµÖ´¨Ö ̧ µ ̧ ¶¨´µ³ j ̈  ³ £´¨É´Ò³ Î¨¸²µ³ m ̈  ̧  µ·¡¨É ²Ó´Ò³ ³µ³¥´Éµ³

l ®Ìµ²µ¸Éµ£µ¯ π−-³¥§µ´ . „¨¶¨µ´ · ¸¶ ¤ ¥É¸Ö ´  ¤¢  ¶¨µ´ , ¨ Ê£²µ¢µ¥ · ¸-
¶·¥¤¥²¥´¨¥ ¶¨µ´  ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¤¨¶¨µ´  µ¶·¥¤¥²Ö¥É¸Ö ¸µ¸ÉµÖ´¨¥³ jm 〉.
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‘µ¸ÉµÖ´¨¥ ¸¢µ¡µ¤´µ° Î ¸É¨ÍÒ pλms 〉 ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²Ö¥É¸Ö ¥e ³ ¸-
¸µ° m, ¸¶¨´µ³ s, ¨³¶Ê²Ó¸µ³ p ¨ ¸¶¨· ²Ó´µ¸ÉÓÕ λ.

‚ ¸¶¨· ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨¨  ³¶²¨ÉÊ¤  ¶·µÍ¥¸¸  π− + A → 3π + A′ ³µ-
¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥ 

f Λλ
A
λ

A′

J  = 〈 P3πΛ, PA′λA′TPπ−, PAλA 〉,

£¤¥ J, Λ Å ¸¶¨´ ¨ ¸¶¨· ²Ó´µ¸ÉÓ 3π-¸¨¸É¥³Ò; λA, λA′Å ¸¶¨· ²Ó´µ¸É¨ ´ -

Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨° Ö¤· . ‚¸¥ ¨³¶Ê²Ó¸Ò ¤ ´Ò ¢ ¸¶¨· ²Ó´µ°
¸¨¸É¥³¥. „²Ö µ¶·¥¤¥²¥´¨Ö  ³¶²¨ÉÊ¤Ò ¢ t-± ´ ²¥ ´¥µ¡Ìµ¤¨³µ ¶¥·¥°É¨ ¢
¸¨¸É¥³Ê ƒµÉË·¨¤  Å „¦¥±¸µ´ , ¢ ±µÉµ·µ° µ¸ÓÕ ±¢ ´Éµ¢ ´¨Ö Ö¢²Ö¥É¸Ö

´ ¶· ¢²¥´¨¥ ¶ ¤ ÕÐ¥£µ π−-³¥§µ´  ¢ 3π-c¨¸É¥³¥ ¶µ±µÖ. „²Ö ¶¥·¥Ìµ¤  ´¥-
µ¡Ìµ¤¨³µ ¶µ¢¥·´ÊÉÓ µ¸Ó ±¢ ´Éµ¢ ´¨Ö ¢ ¸¶¨· ²Ó´µ° ¸¨¸É¥³¥ ´  Ê£µ² β(t)
¢µ±·Ê£ ´µ·³ ²¨ ± ¶²µ¸±µ¸É¨ ·µ¦¤¥´¨Ö ¤µ ´ ¶· ¢²¥´¨Ö ¶ ¤ ÕÐ¥£µ ³¥§µ´ :

F Mλ
A
λ

A′

J  =  ∑ 
Λ

 d MΛ
J (β)⋅f Λλ

A
λ

A′

J .

’¥¶¥·Ó ´ ³ ´¥µ¡Ìµ¤¨³µ § ¤ ÉÓ ¶µ²´Ò° ´ ¡µ· ¸µ¸ÉµÖ´¨° ¶µ ¸¶¨´Ê, ÎeÉ-
´µ¸É¨ 3π-¸¨¸É¥³Ò, ¸¶¨´Ê, Î¥É´µ¸É¨, µ·¡¨É ²Ó´µ³Ê ³µ³¥´ÉÊ ¤¨¶¨µ´  ¨
¶¨µ´  ¸ É¥³, ÎÉµ¡Ò ¸¤¥² ÉÓ ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ¥ · §²µ¦¥´¨¥ ¸µ¸ÉµÖ´¨Ö
3π. ’ ± ± ± ´  µ¶ÒÉ¥ ¨§³¥·ÖÕÉ¸Ö ¨³¶Ê²Ó¸Ò Î ¸É¨Í,   ¢ É¥µ·¥É¨Î¥¸±µ³
¢Ò· ¦¥´¨¨  ³¶²¨ÉÊ¤  ¶·¥¤¸É ¢²¥´  ¢ Ê£²µ¢ÒÌ ¶¥·¥³¥´´ÒÌ, Éµ ´¥µ¡-
Ìµ¤¨³µ Ê¸É ´µ¢¨ÉÓ ¸¢Ö§Ó ÔÉ¨Ì ¡ §¨¸µ¢. � ¡µ· ¶¥·¥³¥´´ÒÌ
{p

1
p
2
p
3
m

1
m

2
m

3
}, £¤¥ p, m Å ¨³¶Ê²Ó¸Ò ¨ ³ ¸¸Ò Î ¸É¨Í, Ô±¢¨¢ ²¥´É¥´ ´ ¡µ-

·Ê {P
123

M
123

φϑM
13

ψ}, £¤¥ P
123

 Å ¨³¶Ê²Ó¸ 3π-¸¨¸É¥³Ò ¢ ¸.Í.³., M
123

 Å

¨´¢ ·¨ ´É´ Ö 3π-³ ¸¸ , φ, ϑ Å  §¨³ÊÉ ²Ó´Ò° ¨ ¶µ²Ö·´Ò° Ê£²Ò ¤¨¶¨µ´ 

(π+π−) ¢ ¸¨¸É¥³¥ ¶µ±µÖ 3π-¸¨¸É¥³Ò (¸¨¸É¥³  ƒ„ ), M
13

 Å ¨´¢ ·¨ ´É´ Ö

³ ¸¸  ¤¨¶¨µ´ , ψ ¨ χ Å §¨³ÊÉ ²Ó´Ò° ¨ ¶µ²Ö·´Ò° Ê£²Ò Î ¸É¨ÍÒ π+ ¢

π+π−-¸¨¸É¥³¥ ¶µ±µÖ. ‚ ¸¨¸É¥³¥ ƒ„ µ¸Ó z ´ ¶· ¢²¥´  ¶µ ¨³¶Ê²Ó¸Ê ¶ÊÎ± 
z = pπ−, a ´µ·³ ²Ó ± ¶²µ¸±µ¸É¨ ·µ¦¤¥´¨Ö y = p

µÉ¤
 × z ¨ x = y × z, Éµ£¤ 

cos ϑ = pπ+π−⋅z,   φ Å  §¨³ÊÉ ²Ó´Ò° Ê£µ² π+π− ¢ 3π-¸¨¸É¥³¥ ¶µ±µÖ. „²Ö

µ¶·¥¤¥²¥´¨Ö Ê£²µ¢ ψ ¨ χ ´Ê¦´µ ¶¥·¥°É¨ ¢ ¸¨¸É¥³Ê ¶µ±µÖ Î ¸É¨Í (π+π−). ‚
ÔÉµ³ ¸²ÊÎ ¥ cos χ = − P

2
⋅P

3
.

‚ ¶·¥¤¸É ¢²¥´¨¨ Ê£²µ¢µ£µ ³µ³¥´É , ¶µ²Ó§ÊÖ¸Ó ¸¢µ°¸É¢ ³¨ ±¢ ´Éµ¢µ-³¥-
Ì ´¨Î¥¸±µ£µ ¢µ²Î± , ³µ¦´µ ¸¢Ö§ ÉÓ ¸µ¸ÉµÖ´¨¥ 3π-¸¨¸É¥³Ò
P123M123φϑM13ψχ 〉 c Ê£²µ¢Ò³¨ ³µ³¥´É ³¨ P123ΛM13 jλ 〉, £¤¥ Λ, J Å¸¶¨-

· ²Ó´µ¸ÉÓ ¨ ¸¶¨´ 3π-¸¨¸É¥³Ò, j, λ Å ¸¶¨´ ¨ ¸¶¨· ²Ó´µ¸ÉÓ (π+π−)-¸¨¸É¥³Ò.
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〈 P123M123φϑM13ψχP123Λ(JM123)M13 jλ 〉 =

= √2J + 1
4π  √2j + 1

4π  D Λλ
J

∗
(φ, ϑ, 0)D λ0

j
∗

(ψ, χ, 0),

¶·¨ ÔÉµ³ ¸²¥¤Ê¥É ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¸¢Ö§ÓÕ ¤¢ÊÌ ¸µ¸ÉµÖ´¨° ¸ µ¤¨´ ±µ¢Ò³¨
±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨, ´µ ¨³¥ÕÐ¨³¨ · §²¨Î´ÊÕ µ·¨¥´É Í¨Õ:

M, knu 〉 =  ∑ 
M ′

  DMM ′(knu)M ′ 〉.

 �³¶²¨ÉÊ¤  ¶·µÍ¥¸¸  ¢ ¸µ¸ÉµÖ´¨¨ µ¶·¥¤¥²¥´´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  ¡Ê-
¤¥É ¨³¥ÉÓ ¢¨¤

F λ
A
λ

A′

J 
p

 =   ∑ 
JΛjλ

  √2J + 1
4π  √2j + 1

4π  D Λλ
J

∗
(φ, ϑ, 0)D λ0

j
∗

(ψ, χ, 0) ×

× 〈 P123Λ(JM123)M13 jλ, PA′λA′TPπ−PAλA 〉.

…¸²¨ É¥¶¥·Ó  ³¶²¨ÉÊ¤Ê ¶·µÍ¥¸¸  ¢Ò· §¨ÉÓ Î¥·¥§ ¸µ¸ÉµÖ´¨¥ µ¶·¥¤¥²¥´´µ£µ

µÉ´µ¸¨É¥²Ó´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  l ³¥¦¤Ê ¤¨¶¨µ´µ³ (π+π−) ¨ Ìµ²µ¸ÉÒ³

π− ¨ ¶¥·¥°É¨ µÉ Ê£²µ¢ φ, ϑ  ¤²Ö ¤¨¶¨µ´  ± Ê£² ³ ϕ, θ, γ, £¤¥ ϕ, θ Å  §¨³Ê-

É ²Ó´Ò° ¨ ¶µ²Ö·´Ò° Ê£²Ò π+ ¢ 3π-¸¨¸É¥³¥ ¶µ±µÖ,   Ê£µ² γ µ¶·¥¤¥²Ö¥É

´ ¶· ¢²¥´¨¥ ¶·µ¥±Í¨¨ π− ´  ¶²µ¸±µ¸ÉÓ, ¶¥·¶¥´¤¨±Ê²Ö·´ÊÕ ´ ¶· ¢²¥´¨Õ

π+, Éµ ¢ ÔÉµ³ ¸²ÊÎ ¥  ³¶²¨ÉÊ¤  ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

F λ
A
λ

A′

J 
p

 =   ∑ 
JMν

  √2J + 1  D Mν
J

∗
(ϕ, θ, γ)  ∑ 

lj

 h Mλ
A
λ

A′

J 
p
lj G ν

J 
p
lj (s1s2M123),

£¤¥ ν Å ¸¶¨· ²Ó´µ¸ÉÓ π−π−-¸¨¸É¥³Ò,  ³¶²¨ÉÊ¤a h µÉ¢¥É¸É¢¥´´  §  ·µ¦-
¤¥´¨¥ ¸¨¸É¥³Ò ¢ ¤ ´´µ³ ±¢ ´Éµ¢µ³ ¸µ¸ÉµÖ´¨¨, a G  Å §  · ¸¶ ¤. 

’ ± ± ± ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  ¥¸ÉÓ ±¢ ¤· É ÔÉµ°  ³¶²¨ÉÊ¤Ò, Éµ ³Ò ³µ¦¥³
¢¢¥¸É¨ ³ É·¨ÍÊ ¶²µÉ´µ¸É¨ 

ρ J pMJ′ p′Λ′
ll ′jj′ (s, t, M3π, s2) =    ∑ 

λ
A
λ

A′

   h Mλ
A
λ

A′

J 
p
lj (h Λ′λ′

A
λ′

A′

J′ p′
l′j′ )∗.

’·¥¡µ¢ ´¨¥ ¸µÌ· ´¥´¨Ö ÎeÉ´µ¸É¨ ¨ ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¢· -
Ð¥´¨° ¶µ§¢µ²Ö¥É ¢Ò· §¨ÉÓ ³ É·¨ÍÊ ¶²µÉ´µ¸É¨ Î¥·¥§ ¸µ¸ÉµÖ´¨Ö µ¶¥· Éµ· 

µÉ· ¦¥´¨Ö Y = e−iπJ
yP. „²Ö ´¥¶µ²Ö·¨§µ¢ ´´µ£µ ´ Î ²Ó´µ£µ ¸µ¸ÉµÖ´¨Ö

 ³¶²¨ÉÊ¤  h ¨ ³ É·¨Í  ¶²µÉ´µ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò ´¥ Î¥·¥§ J pM 〉,
±µÉµ·Ò¥ ¥¸ÉÓ ¸µ¸ÉµÖ´¨Ö µ¶·¥¤¥²¥´´µ£µ ¸¶¨´ , ÎeÉ´µ¸É¨ ¨ ¶·µ¥±Í¨¨ ¸¶¨´ ,
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  Î¥·¥§ ¨Ì ²¨´¥°´ÊÕ ±µ³¡¨´ Í¨Õ, ¸µ¤¥·¦ ÐÊÕ ¸µ¸ÉµÖ´¨Ö · §´µ° ÎeÉ´µ¸É¨
¨ µ¶¥· Éµ·  ¢· Ð¥´¨°. 

’µ£¤  ¸µ¸ÉµÖ´¨¥ J pM 〉 ¸ µ¶·¥¤¥²e´´µ° ÎeÉ´µ¸ÉÓÕ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

J pMη 〉 = CM

J pM 〉 + ηε(− 1)MJ p − M 〉 ,

£¤¥ η Å ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ µ¶¥· Éµ·  µÉ· ¦¥´¨Ö ¨ η = ± 1,

ε = (− 1)J + j + l, CM = √16 2 ¤²Ö M ≠ 0 ¨ CM = 16 2 ¤²Ö M = 0. Š ± ¶µ± § ´µ ¢

· ¡µÉ¥ [40], É ±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ ¨³¥¥É Éµ ¶·¥¨³ÊÐ¥-
¸É¢µ, ÎÉµ ¸µ¸ÉµÖ´¨Ö c M = 0 ̈  η = + 1 ¸µµÉ¢¥É¸É¢ÊÕÉ ¥¸É¥¸É¢¥´´µ³Ê µ¡³¥´Ê,
¢ Éµ ¢·¥³Ö ± ± ¸µ¸ÉµÖ´¨Ö ¸ η = − 1 ¸µµÉ¢¥É¸É¢ÊÕÉ ´¥¥¸É¥¸É¢¥´´µ³Ê µ¡³¥´Ê
ÎeÉ´µ¸ÉÖ³¨. „²Ö ¸µ¸ÉµÖ´¨° ¸ M = 1 ¢±² ¤ ¢¥¤eÉ ¸¥¡Ö ± ± 16 S. �³¶²¨ÉÊ¤Ê
¤²Ö ¸µ¸ÉµÖ´¨° ¸ M ≠ 0 ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ  ³¶²¨ÉÊ¤µ° ¸ ¶¥·¥¢µ·µÉµ³ ¸¶¨´ .
�³¶²¨ÉÊ¤  ·µ¦¤¥´¨Ö h ¶·¨´¨³ ¥É ¢¨¤:

h Mλ
A
λ

A′

J 
p
ljη  = CM 




h Mλ

A
λ

A′

J 
p
lj  + ηε(− 1)Mh −Mλ

A
λ

A′

J 
p
lj 



 ,

¨ ³ É·¨Í  ¶²µÉ´µ¸É¨ ¤²Ö µ¶·¥¤¥²¥´´µ£µ ¸µ¸ÉµÖ´¨Ö ÎeÉ´µ¸É¨ ¡Ê¤¥É

ρ J pMηJ′p′
M′η

ll ′ jj′  =    ∑ 
λ

A
λ

A′

   h Mλ
A
λ

A′

J 
p
ljη (h M′λ′

A
λ′

A′

J′ p′
l′j′η )∗.

‘Ê³³¨·µ¢ ´¨¥ ¶µ λAλA′ µÉ· ¦ ¥É Ë ±É ´¥¶µ²Ö·¨§µ¢ ´´µ£µ ´ Î ²Ó´µ£µ ¸µ-

¸ÉµÖ´¨Ö, ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ ¢¨¤´µ, ÎÉµ ρ-³ É·¨Í  ¤¨ £o´ ²Ó´  µÉ´µ¸¨-

É¥²Ó´µ η. ‘¢Ö§Ó ρ-³ É·¨ÍÒ ¸ ¸µ¸ÉµÖ´¨¥³ J pM 〉 ¨³¥¥É ¢¨¤

ρ J pMηJ′p′
M′η

ll ′jj′  = 2CMCM′ 

 ρ J pMJ′ p′

M′
ll ′jj′  + ηε(− 1)M′ ρ J pMJ′ p′− M′

ll ′jj′ 
.

‡ ³¥É¨³, ÎÉµ ÔÉ , É ± ´ §Ò¢ ¥³ Ö · ¸Ï¨·¥´´ Ö ρ-³ É·¨Í  § ¢¨¸¨É µÉ l,
l ′, j, j ′, s, t, M123 ¨ s2, É.¥. § ¢¨¸¨É µÉ ¶¥·¥³¥´´ÒÌ ¤ ²¨ÉÍ-· ¸¶·¥¤¥²¥´¨°, ¨

µ´  µ¶¨¸Ò¢ ¥É ·µ¦¤¥´¨¥ 3π-¸¨¸É¥³Ò ¸ ³ ¸¸µ° M3π ¢ ¸µ¸ÉµÖ´¨¨ J pMη, ¸µ-

¸ÉµÖÐ¥° ¨§ ¤¨¶¨µ´  ¸ µ¶·¥¤¥²¥´´µ° ³ ¸¸µ°, ¸¶¨´µ³ j ¨ Ê£²µ¢Ò³ ³µ³¥´Éµ³
l µÉ´µ¸¨É¥²Ó´µ Ìµ²µ¸Éµ£µ ³¥§µ´ . 

�·µ¸Éµ¥ · ¸¸³µÉ·¥´¨¥ ¸É·Ê±ÉÊ·Ò ÔÉµ° ³ É·¨ÍÒ, ¶µ²ÊÎ¥´´µ° ¢ µ¡Ð¥³
¢¨¤¥ ¡¥§ ± ±¨Ì-²¨¡µ ¶·¥¤¶µ²µ¦¥´¨°, ¶µ± §Ò¢ ¥É, ÎÉµ Î¨¸²µ Ô²¥³¥´Éµ¢ ÔÉµ°
³ É·¨ÍÒ ¤ ¦¥ ¤²Ö ³ ²ÒÌ §´ Î¥´¨° J ¨ l ´¥µ¡ÒÎ °´µ ¢¥²¨±µ. ’ ±, ¤²Ö J ≤ 1
Î¨¸²µ ±µ³¶²¥±¸´ÒÌ ¶ · ³¥É·µ¢ ¸µ¸É ¢²Ö¥É 5 × 5. „²Ö J ≤ 3 Î¨¸²µ ¶ · ³¥É-
·µ¢ 29 × 29 ¸ ÊÎ¥Éµ³ ¸µ¸ÉµÖ´¨° ¸ · §´Ò³¨ J ¨ Î¥É´µ¸ÉÓÕ. ’·¥¡µ¢ ´¨¥
ÎeÉ´µ¸É¨ ¨ Ô·³¨Éµ¢µ¸É¨ ¸µ¸ÉµÖ´¨° µ¸É ¢²Ö¥É Éµ²Ó±µ ¤¥°¸É¢¨É¥²Ó´Ò¥ §´ -
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Î¥´¨Ö ¶ · ³¥É·µ¢. ’ ±¨³ µ¡· §µ³, ́ ¥µ¡Ìµ¤¨³µ ¢¢¥¸É¨ Ê¶·µÐ ÕÐ¨¥ ¶·¥¤¶µ-
²µ¦¥´¨Ö.

—Éµ¡Ò Ê³¥´ÓÏ¨ÉÓ Î¨¸²µ ¶ · ³¥É·µ¢, ¸¤¥² ´Ò ¤¢  µ¸´µ¢´ÒÌ ¶·¥¤¶µ²µ-
¦¥´¨Ö [39]. 

�¥·¢µ¥ µ¸´µ¢ ´µ ´  ¤µ± § É¥²Ó¸É¢¥, ¶·µ¢¥¤e´´µ³ ‚ É¸µ´µ³ [41], ÎÉµ
µ¶¨¸ ´¨¥ ·µ¦¤¥´¨Ö ¤¢ÊÌÎ ¸É¨Î´µ£µ ·¥§µ´ ´¸   ¤¥±¢ É´µ µ¶¨¸ ´¨Õ ¸¨²Ó´µ-
£µ ¤¢ÊÌÎ ¸É¨Î´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨. �Éµ ¶µ§¢µ²Ö¥É
Ë ±Éµ·¨§µ¢ ÉÓ ¤¢ÊÌÎ ¸É¨Î´Ò° ¢±² ¤ ¨ ¶·¥¤¸É ¢¨ÉÓ  ³¶²¨ÉÊ¤Ê ¢ ¢¨¤¥

Fλ
A
λ

A′
 =    ∑ 

j(π−π+) = 0

j
max

    +       ∑ 

j(π−′π+) = 0

j
max

    +      ∑ 

j(π−π−) = 0

j
max

   .

�Éµ É ± ´ §Ò¢ ¥³µ¥ ¨§µ¡ ·´µ¥ ¶·¨¡²¨¦¥´¨¥. �´µ ¨³¥¥É É ±¦¥ Ô±¸¶¥·¨-
³¥´É ²Ó´µ¥ ¶µ¤É¢¥·¦¤¥´¨¥. Š ± ³Ò ¢¨¤¥²¨, ¢ Ê£²µ¢ÒÌ · ¸¶·¥¤¥²¥´¨ÖÌ ¨

³ ¸¸µ¢ÒÌ c¶¥±É· Ì m
2π ¶·¥¨³ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¤ eÉ S-¸µ¸ÉµÖ´¨¥ π+π−-

¸¨¸É¥³Ò, ρ- ¨ f-¸¨£´ ²Ò. � ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§ ¶·µÍ¥¸¸µ¢ π → 2π
[36] ¶µ± § ², ÎÉµ S, P, D-¢µ²´ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò µ¶¨¸ ÉÓ ¤ ´´Ò¥. �Éµ
¶µ§¢µ²Ö¥É µ£· ´¨Î¨ÉÓ¸Ö j

max
 ≤ 2, µ¤´ ±µ ¢±²ÕÎ¥´¨¥ ¢Ò¸Ï¨Ì ¸µ¸ÉµÖ´¨°

É ±¦¥ ¢µ§³µ¦´µ. ‚Éµ·µ¥ ¶·¥¤¶µ²µ¦¥´¨¥ µ¸´µ¢ ´µ ´  · §²µ¦¥´¨¨ ¶µ²´µ°
 ³¶²¨ÉÊ¤Ò hMλ

A
λ

A′
 ¤²Ö ¤ ´´µ° ³µ¤Ò · ¸¶ ¤  ´   ³¶²¨ÉÊ¤Ê ·µ¦¤¥´¨Ö ¤ ´-

´µ£µ ¸µ¸ÉµÖ´¨Ö ¨ ¥£µ · ¸¶ ¤ . „²Ö ÔÉµ£µ  ³¶²¨ÉÊ¤Ê ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ 

h Mλ
A
λ

A′

J 
p
ljnη (s, t, M123, M12) = h

_
 Mλ

A
λ

A′

J 
p
ljnη (s, t, M123)BW jn(Mn),

£¤¥ n Å ³µ¤  ¸µ¸ÉµÖ´¨Ö, BW Å ËÊ´±Í¨Ö �·¥°É  Å ‚¨£´¥·  ¤²Ö ¸¶¨´ 
j-¤¨¶¨µ´ . ‚ ÔÉµ³ ¸²ÊÎ ¥  ³¶²¨ÉÊ¤  h

_
 ´¥ § ¢¨¸¨É µÉ ¤ ²¨ÉÍe¢¸±¨Ì ¶¥·¥-

³¥´´ÒÌ ¨ ¨³¥¥É ¢¨¤

h
_
 Mλ

A
λ

A′

J 
p
ljnη (s, t, M3π) = T Mλ

A
λ

A′

J 
pη (s, t, M3π)M J 

p
ljn(s, t, M3π),

£¤¥ T Å  ³¶²¨ÉÊ¤  ·µ¦¤¥´¨Ö 3π-¸¨¸É¥³Ò ¢ ¸µ¸ÉµÖ´¨¨ J pMη, a M Å
³ É·¨Î´Ò° Ô²¥³¥´É · ¸¶ ¤ . ‚¨¤´µ, ÎÉµ T ´¥ § ¢¨¸¨É µÉ ¨´¤¥±¸µ¢ l, j, n,  
M  ´¥ § ¢¨¸¨É µÉ ¸¶¨· ²Ó´µ¸É¥° λA, λA′.

�Éµ ¶·¥¤¶µ²µ¦¥´¨¥ ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ¸µ±· Ð¥´´ÊÕ ³ É·¨ÍÊ ¶²µÉ-
´µ¸É¨ ·µ¦¤¥´¨Ö:

��„ˆ�‹œ�›… ‚�‡�“†„…�ˆŸ ‘ˆ‘’…Œ ˆ‡ ‹…ƒŠˆ• Š‚��Š�‚  29



ρ
__

J 
p
MηJ′ p′

M′η(s, t, M3π) =   ∑ 
λ

A
λ

A′

    T Mλ
A
λ

A′

J 
pη  




T M′λ′

A
λ′

A′

J′ p′η 



∗
.

ˆ¸±µ³Ò³¨ ¶ · ³¥É· ³¨ Ö¢²ÖÕÉ¸Ö Ô²¥³¥´ÉÒ ρ
__
-³ É·¨ÍÒ ¨ ±µ³¶²¥±¸´Ò¥

¶ · ³¥É·Ò ³ É·¨Î´µ£µ Ô²¥³¥´É  · ¸¶ ¤  M. ’ ± ± ± ³ É·¨Î´Ò° Ô²¥³¥´É

M ¤²Ö ± ¦¤µ£µ J p-¸µ¸ÉµÖ´¨Ö µ¤¨´ ¨ ÉµÉ ¦¥, Éµ ÔÉµ ¶µ§¢µ²Ö¥É ¸ ¶µ³µÐÓÕ
´µ·³ ²¨§ Í¨¨ ¸µ¸ÉµÖ´¨° ¸¤¥² ÉÓ ¥£µ ±µ´¸É ´Éµ° ¨ ´ Ìµ¤¨ÉÓ Éµ²Ó±µ ±µ³¶-

²¥±¸´Ò¥ ¶ · ³¥É·Ò ¤²Ö · §´ÒÌ ¸µ¸ÉµÖ´¨° (ljn) ¤²Ö ¤ ´´µ£µ ¸µ¸ÉµÖ´¨Ö J p.
’¥³ ¸ ³Ò³ µ¶·¥¤¥²¨³ µÉ´µ¸¨É¥²Ó´ÊÕ Ë §Ê ¸µ¸ÉµÖ´¨°, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì

¤ ´´µ³Ê J p. ‚ ·¥§Ê²ÓÉ É¥, ´ ¶·¨³¥·, ¤²Ö J p = 1+ ¢³¥¸Éµ 25 ¶ · ³¥É·µ¢ ´¥-
µ¡Ìµ¤¨³µ ´ °É¨ 9 Ô²¥³¥´Éµ¢ ρ

__
-³ É·¨ÍÒ ¨ 4 ¶ · ³¥É·  M, ÎÉµ ¤ eÉ 13 ¶ · -

³¥É·µ¢. „²Ö ¸¶¨´  J p = 3+, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ²ÊÎ¨³ 42 ¶ · ³¥É·  ¤²Ö ¸²Ê-
Î Ö µÉ¸ÊÉ¸É¢¨Ö ¸µ¸ÉµÖ´¨° ¸ · §´Ò³¨ M. ‡ ¢¨¸¨³µ¸ÉÓ ¶ · ³¥É·µ¢ µÉ ¶¥·¥-
³¥´´ÒÌ s, t ¨ M3π ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´  ¶·¨ µ¶·¥¤¥²¥´¨¨ ¨Ì ¢ ³ ²µ³

¨´É¥·¢ ²¥ ¶¥·¥³¥´´ÒÌ ¶·¨ ¤µ¸É ÉµÎ´µ° ¸É É¨¸É¨±¥ ¨ · §·¥Ï¥´¨¨. ‚
¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¨´É¥·¢ ² ´¥ É ± Ê¦ ³ ², ¶µÔÉµ³Ê ´¥µ¡Ìµ¤¨³µ Ê¸·¥¤´ÖÉÓ ¢
± ¦¤µ³ ¨´É¥·¢ ²¥ ¶µ ¶¥·¥³¥´´Ò³ t ¨ M3π.

’ ±¨³ µ¡· §µ³, ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  π → 3π · ¢´µ

W(t, M3π, s1,s2, ϕ, θ, γ) =     ∑ 

J 
p
Mη

J′ p′
M′η

    M J 
p
Mη ρ

__
J 

p
Mη

J′ p′
M′η

 

 M J′ p′

M′η

∗
.

‘É·Ê±ÉÊ·    ³¶²¨ÉÊ¤Ò  · ¸¶ ¤ . � ¸¸³µÉ·¨³ ¶µ¤·µ¡´¥¥ ¸É·Ê±ÉÊ·Ê

 ³¶²¨ÉÊ¤Ò · ¸¶ ¤ . � ¸¶ ¤ ¶·µ¨¸Ìµ¤¨É Î¥·¥§ ¤¨¶¨µ´´µ¥ ¸µ¸ÉµÖ´¨¥ (π+π−)
¸µ ̧ ¶¨´µ³ j ̈  µ·¡¨É ²Ó´Ò³ ³µ³¥´Éµ³ l Ìµ²µ¸Éµ£µ π− µÉ´µ¸¨É¥²Ó´µ ¤¨¶¨µ´ .
� §·¥Ï¥´´Ò¥ §´ Î¥´¨Ö l µ¶·¥¤¥²ÖÕÉ¸Ö § ±µ´µ³ ̧ µÌ· ´¥´¨Ö Ê£²µ¢µ£µ ³µ³¥´-
É  ¨ Î¥É´µ¸É¨: 

J = l + j,    P = (− 1)l + j + 1,

É ± ÎÉµ ¤²Ö J = 0 ¨ l = J P = (− 1)J + 1 (επ); ¤²Ö J = 1, l = J + 1 P = (− 1)J + 1

(ρπ). ‘¢Ö§Ó ³ É·¨Î´µ£µ Ô²¥³¥´É  · ¸¶ ¤  ̧  µ·¡¨É ²Ó´Ò³ ³µ³¥´Éµ³ l ¨³¥¥É
¢¨¤

M J 
p
Mη =  ∑ 

lj

  C J 
p
ljM J 

p
Mηlj.

�µ²Ó§ÊÖ¸Ó ̧ ¢µ°¸É¢ ³¨ ¸µÌ· ´¥´¨Ö ÎeÉ´µ¸É¨ ¨ ¨´¢ ·¨ ´É´µ¸ÉÓÕ ¢· Ð¥´¨°,
¶µ²ÊÎ ¥³
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M J 
p
Mη = CM 




M J 

p
M + ηεJ(− 1)M M J 

p
 − M



.

„²Ö ¶µ²ÊÎ¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¶ ¤  M J 
p
M ¢ Ö¢´µ³ ¢¨¤¥ · ¸¸³µÉ·¨³ ¤¢ 

¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ · ¸¶ ¤ : (3π) → π+ + (π−π−) ¨ (π−π−) → π− + π−, Ì · ±-
É¥·¨§ÊÕÐ¨Ì¸Ö  ³¶²¨ÉÊ¤ ³¨ �1 ¨ �2 ¸µµÉ¢¥É¸É¢¥´´µ. ’µ£¤  

M J 
p
M =  ∑ 

ν
 〈 P1P2A2P12ν 〉 B(P12) 〈 P3P12νA1J pM 〉,

£¤¥ P
1
 = Pπ−

1
, P

2
 = Pπ−

2
, P

3
 = Pπ+, P

12
 = (P

1
 + P

2
), ν Å ¸¶¨· ²Ó´µ¸ÉÓ (π−π−)-

¸¨¸É¥³Ò, B(P
12

) Å o¶¥· Éµ· · ¸¶·µ¸É· ´¥´¨Ö (π−π−)-¸¨¸É¥³Ò. �³¶²¨ÉÊ¤a

〈 P
3
P

12
νA

1
J pM 〉 o¶¨cÒ¢aeÉ · ¸¶ ¤ 3π → P

3
 + (P

1
 + P

2
) ¤²Ö ¸µ¸ÉµÖ´¨Ö

J pM, ¨  ³¶²¨ÉÊ¤  〈 P
1
P

2
νA2P

12
ν 〉 µ¶¨¸Ò¢ ¥É · ¸¶ ¤ P

12
 → P

1
 + P

2
. …¸²¨

É¥¶¥·Ó  ³¶²¨ÉÊ¤Ê M ¢Ò· §¨³ Î¥·¥§ ¸µ¸ÉµÖ´¨Ö µ¶·¥¤¥²¥´´µ£µ J, Jz = M  ¨

¸¶¨· ²Ó´µ¸É¨ (π−π−)-¸¨¸É¥³Ò, Éµ ´¥¶µ¸·¥¤¸É¢¥´´µ ¢Ò¤¥²¨³ Ê£²µ¢ÊÕ
§ ¢¨¸¨³µ¸ÉÓ  ³¶²¨ÉÊ¤Ò · ¸¶ ¤  ¨ ¤ ²¨ÉÍ- ³¶²¨ÉÊ¤Ê:

M J 
p
M =  ∑ 

ν

J

 √2J + 1

8π2
 D Mν

J 
∗

(ϕ, θ, γ)G ν
J 

p

(s1, s2),

£¤e Gν Å ¤ ²¨ÉÍe¢¸± Ö  ³¶²¨ÉÊ¤ . �µ²Ó§ÊÖ¸Ó ¸µµÉ´µÏ¥´¨Ö³¨ ¸¨³³¥É·¨¨

D Mν
J 

∗
(ϕ, θ, γ) = (− 1)M − νD − M − ν

J (ϕ, θ, γ)

¨

G −ν
J 

p

 = εJ(− 1)νGν
J 

p

,   εJ = P(− 1)J + 1,

µ±µ´Î É¥²Ó´µ ¨³¥¥³

M J 
p
Mη = CM √2J + 1

8π2
  ∑ 

ν
 



D Mν

J 
∗

(ϕ, θ, γ) + ηD Mν
J (ϕ, θ, γ)


G ν

J 
p

(s1, s2),

£¤¥ CM = 1 6 2 ¤²Ö M = 0  ¨ CM = 16 √2  ¤²Ö M ≠ 0. ’ ±¨³ µ¡· §µ³,  ³¶²¨ÉÊ-

¤  · ¸¶ ¤  ¢Ò· ¦¥´  Î¥·¥§ ¤ ²¨ÉÍe¢¸±ÊÕ  ³¶²¨ÉÊ¤Ê (π−π−)-¸¨¸É¥³Ò.

 �³¶²¨ÉÊ¤  Gν ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  ¢ É¥·³¨´ Ì ¸µ¸ÉµÖ´¨° (π+π−)-
¸¨¸É¥³Ò. ‚ ÔÉµ° ¸¨¸É¥³¥, ± ± ¨§¢¥¸É´µ, ¶·¨¸ÊÉ¸É¢ÊÕÉ ¤¨¶¨µ´´Ò¥ ·¥§µ´ ´¸Ò
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ε( j p = 0+) ¨ ρ( j p = 1−) ¨ É.¤. ’ ± ± ± ¤¢  µÉ·¨Í É¥²Ó´ÒÌ π-³¥§µ´  ´¥-
· §²¨Î¨³Ò, Éµ  ³¶²¨ÉÊ¤  ¤µ²¦´  ¡ÒÉÓ ¸¨³³¥É·¨Î´  ¶·¨ ¶¥·¥¸É ´µ¢±¥ ±µ-
µ·¤¨´ É µÉ·¨Í É¥²Ó´ÒÌ π-³¥§µ´µ¢ (¡µ§¥-¸¨³³¥É·¨§ Í¨Ö). �µÔÉµ³Ê

G ν
J 

p

(s1, s2) = G ν
J 

p

(s1 s2π1
−) + G ν

J 
p

(s1 s2π2
−).

’¥¶¥·Ó § ¶¨Ï¥³ ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  π → 3π ¢ ¶µ²´µ³ ¢¨¤¥: 

W(t, M3π, s1, s2, ϕ, θ, γ) =      ∑ 

J 
p
Mηljn

J′ p′
M′ηl′j′n′

     M J 
p
MηljnC J 

p
ljn ×

 × ρ
__

J 
p
MηJ′ p′

M′η

C J′ p′

l′j′n′M J′ p′
M′ηl′j′n′


∗
,

£¤¥ ρ
__
 Å ¸µ±· Ð¥´´ Ö ³ É·¨Í  ¶²µÉ´µ¸É¨. „²Ö M ¸ ÊÎ¥Éµ³ ¢Éo·µ£µ ¶·¥¤-

¶µ²µ¦¥´¨Ö ¨³¥¥³

M J 
p
Mηljn = ∑ 

ν
 √2J + 1  CM




D Mν

J 
∗

(ϕ, θ, γ) + ηD Mν
J (ϕ, θ, γ)


 BW jnP l ×

× q jGν
J 

p
ljnFT(t) 


 

1
M3π

 ∫  ∑ 
ν

 G ν
J 

p
ljn(s1s2M3π)P lBW jnq j2ds1ds2 





−1 6 2

,

¶·¨  ÔÉµ³ ³Ò ÊÎ²¨ ´µ·³¨·µ¢±Ê ¸µ¸ÉµÖ´¨° ¨ Ê¸·¥¤´¥´¨¥ ¶µ ¨´É¥·¢ ²Ê t ¨
M

3π. 

�¡¸Ê¤¨³ ´¥±µÉµ·Ò¥ ¸¢µ°¸É¢  ÔÉµ£µ ¸¥Î¥´¨Ö.

1. ‚¸²¥¤¸É¢¨¥ µ·Éµ£µ´ ²Ó´µ¸É¨ ³ É·¨Í ¢· Ð¥´¨Ö DMν
J  ´¥¢µ§³µ¦´ 

¨´É¥·Ë¥·¥´Í¨Ö ¸µ¸ÉµÖ´¨° ¸ · §´Ò³¨ J ¨ M.

2. ˆ§-§  ¸¢µ°¸É¢ ¤ ²¨ÉÍ- ³¶²¨ÉÊ¤ Gν = ε(− 1)νG−ν cµ¸ÉµÖ´¨Ö ¸ · §´µ°

ÎeÉ´µ¸ÉÓÕ ´¥ ¨´É¥·Ë¥·¨·ÊÕÉ.

3. ˆ´É¥·Ë¥·¥´Í¨Ö ¸µ¸ÉµÖ´¨° ¸ µ¤¨´ ±µ¢Ò³¨ J pMη ¢µ§³µ¦´  Éµ²Ó±µ

¤²Ö · §´ÒÌ n, É.¥. ¤²Ö · §´ÒÌ ± ´ ²µ¢. ‘µ¸ÉµÖ´¨Ö 0−S (επ), 0−P (ρπ) ¡Ê¤ÊÉ
¨´É¥·Ë¥·¨·µ¢ ÉÓ É ± ¦¥, ± ± ̧ µ¸ÉµÖ´¨Ö 1+S (ρπ) ̈  1+P (επ). „²Ö µ¤¨´ ±µ¢ÒÌ
n ¢µ§³µ¦´  ̈ ´É¥·Ë¥·¥´Í¨Ö Éµ²Ó±µ ̧  · §´Ò³¨ l (É.¥. ¤²Ö 1 + S- ¨ 1 + D-¢µ²´).
‡ ³¥É¨³, ÎÉµ Ì · ±É¥· ¨´É¥·Ë¥·¥´Í¨¨ ¤²Ö ´¥µ¤¨´ ±µ¢ÒÌ Î ¸É¨Í ¢ ±µ´¥Î-
´µ³ ¸µ¸ÉµÖ´¨¨ (´ ¶·¨³¥·, Kππ-¸¨¸É¥³ ) ¡Ê¤¥É ¨³¥ÉÓ ¤·Ê£¨¥ ¸¢µ°¸É¢ . 

4. ” ±É ¨´É¥·Ë¥·¥´Í¨¨ ¸µ¸ÉµÖ´¨° ¸ · §´µ° ³µ¤µ° · ¸¶ ¤  ¤²Ö µ¤¨´ -
±µ¢ÒÌ Î ¸É¨Í µ¡Ê¸²µ¢²¥´ ¡µ§¥-¸¨³³¥É·¨§ Í¨¥°  ³¶²¨ÉÊ¤Ò. �Éµ µ¡¸ÉµÖÉ¥²Ó-
¸É¢µ ¨³¥¥É µ¶·¥¤¥²ÖÕÐ¥¥ §´ Î¥´¨¥ ¤²Ö ¢µ§³µ¦´µ¸É¨ ¨§³¥·¥´¨Ö ·¥ ²Ó´µ° ¨
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³´¨³µ° Î ¸É¥° Ô²¥³¥´Éµ¢ ³ É·¨Í ¶²µÉ´µ¸É¨ ¨  ¢Éµ³ É¨Î¥¸±¨ Ê¸É· ´Ö¥É ´¥-
¶·¥·Ò¢´ÊÕ ´¥µ¤´µ§´ Î´µ¸ÉÓ ·¥Ï¥´¨Ö, É.¥. ´¥¶·¥·Ò¢´Ò° ´ ¡µ· ¶ · ³¥É·µ¢,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ¸¥Î¥´¨Õ. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¢Éµ·µ¥ ¶·¥¤¶µ²µ¦¥´¨¥ ¤²Ö
µ¤¨´ ±µ¢ÒÌ Î ¸É¨Í ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨ ¶·¨³¥´Ö¥É¸Ö ¤²Ö Ê³¥´ÓÏ¥´¨Ö
Î¨¸²  ¶ · ³¥É·µ¢. „²Ö ´¥µ¤¨´ ±µ¢ÒÌ Î ¸É¨Í (Kππ) ÔÉµ ¶·¥¤¶µ²µ¦¥´¨¥ ¨³¥-
¥É ̧ ÊÐ¥¸É¢¥´´µ¥ §´ Î¥´¨¥. „µ¶Ê¸É¨³, ÎÉµ ÔÉµ£µ ¶·¥¤¶µ²µ¦¥´¨Ö ́ ¥É ¤²Ö µ¤¨-
´ ±µ¢ÒÌ Î ¸É¨Í. ’µ£¤  ¸¥Î¥´¨¥ ¶·µÍ¥¸¸  ¡Ê¤¥É ¢Ò· ¦¥´µ Î¥·¥§ · ¸Ï¨·¥´-
´ÊÕ ³ É·¨ÍÊ,   ÔÉµ §´ Î¨É, ÎÉµ ¤²Ö ± ¦¤µ£µ ¸µ¸ÉµÖ´¨Ö ¤¨¶¨µ´´µ° ¸¨¸É¥³Ò
¡Ê¤¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ¸¢µÖ ³ É·¨Í  ¶²µÉ´µ¸É¨, ¨ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¶²µÉ-
´µ¸É¨ ¡Ê¤ÊÉ µ¶·¥¤¥²ÖÉÓ¸Ö ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ËÊ´±Í¨¨, § ¢¨¸ÖÐ¥° µÉ ³ ¸¸Ò
¤¨¶¨µ´  ¨ ´¥ § ¢¨¸ÖÐ¥° µÉ ¸¶¨´µ¢ÒÌ ¨´¤¥±¸µ¢. ‚ ·¥§Ê²ÓÉ É¥ ¡Ê¤¥É ¸ÊÐ¥¸É-
¢µ¢ ÉÓ ´¥¶·¥·Ò¢´Ò° ´ ¡µ· ¶ · ³¥É·µ¢, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ¸¥Î¥´¨Õ. �µ¢¥-
¤¥´¨¥ ¸¥Î¥´¨Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ ¨´¢ ·¨ ´É´µ° ³ ¸¸Ò ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨Ö
³µ¦¥É ¶·¨¢µ¤¨ÉÓ ± ¨¸Î¥§´µ¢¥´¨Õ ÔÉµ° ´¥µ¶·¥¤¥²e´´µ¸É¨ ¢ Éµ³ ¸²ÊÎ ¥, ±µ£-

¤  ¶·µ¨§¢¥¤¥´¨Ö ¤¢ÊÌ ¤¨¶¨µ´´ÒÌ ¶·µ¶ £ Éµ·µ¢ BW j(BW j ′)∗ ¡Ê¤ÊÉ · §²¨-
Î ÉÓ¸Ö ¢µ ¢¸¥³ ¨´É¥·¢ ²¥ ¨¸¸²¥¤Ê¥³ÒÌ ³ ¸¸. ‚ ¸²ÊÎ ¥ Ê§±¨Ì ·¥§µ´ ´¸µ¢ É -

±µ£µ · §²¨Î¨Ö ´¥É, É ± ± ± BW j(BW j ′)∗ ¶· ±É¨Î¥¸±¨ ±µ´¸É ´É . ‚Éµ· Ö
¶·µ¡²¥³ , ¢µ§´¨± ÕÐ Ö ¢ ¸²ÊÎ ¥ µÉ± §  µÉ ¢Éµ·µ£µ ¶·¥¤¶µ²µ¦¥´¨Ö, ¸µ¸Éµ¨É
¢ Éµ³, ÎÉµ ³´¨³ Ö Î ¸ÉÓ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ ´¥ ¢µ ¢¸¥³ ¤¨ ¶ §µ´¥ ¶¥·¥³¥´-
´ÒÌ ³µ¦¥É ¡ÒÉÓ ¨§³¥·¥´ . „¥²µ ¢ Éµ³, ÎÉµ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¸¥Î¥´¨Ö ¤¢¥
¢¥²¨Î¨´Ò: · ¸Ï¨·¥´´ Ö ³ É·¨Í  ¶²µÉ´µ¸É¨ ¨ ËÊ´±Í¨Ö �·¥°É  Å ‚¨£´¥· 
Ö¢²ÖÕÉ¸Ö ±µ³¶²¥±¸´Ò³¨, ¡µ²¥¥ Éµ£µ, ËÊ´±Í¨¨ �·¥°É  Å ‚¨£´¥·  ¢Ìµ¤ÖÉ
± ± ¶·µ¨§¢¥¤¥´¨¥

BW j(BW j ′)∗ = BW j⋅BW j ′
∗
 exp [i(ϕ − ϕ′)].

‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ´¥µ¡Ìµ¤¨³µ ¶·µ¢¥·ÖÉÓ, ¤¥°¸É¢¨É¥²Ó´µ ²¨ cos (ϕ − ϕ′) ¨
sin (ϕ − ϕ′) ´¥ Ö¢²ÖÕÉ¸Ö ´Ê²Ö³¨ ¶µ ¢¸¥³Ê ¤ ²¨ÉÍ-· ¸¶·¥¤¥²¥´¨Õ. ‚ ÔÉµ°
µ¡² ¸É¨ ¶¥·¥³¥´´ÒÌ, £¤¥ sin (ϕ − ϕ′) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ´¥¨§³¥·¨³ 
³´¨³ Ö Î ¸ÉÓ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨. �¶ÖÉÓ ¤²Ö Ê§±¨Ì ·¥§µ´ ´¸µ¢ ¢¥²¨Î¨´ 

BW⋅BW ∗ ¸É ´µ¢¨É¸Ö ·¥ ²Ó´µ°, ¨ ¢µ§´¨± ¥É ¶·¨´Í¨¶¨ ²Ó´ Ö ´¥¢µ§³µ¦-
´µ¸ÉÓ ¨§³¥·¥´¨Ö ³´¨³µ° Î ¸É¨. ’ ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¨§¡¥¦ ÉÓ Ê± § ´-
´ÒÌ É·Ê¤´µ¸É¥°, ¸²¥¤Ê¥É ¶·¨³¥´¨ÉÓ Ê± § ´´µ¥ ¶·¥¤¶µ²µ¦¥´¨¥. 

5. „·Ê£µ¥ ¢ ¦´µ¥ ¸¢µ°¸É¢µ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉo ¶ ·Í¨ ²Ó´Ò¥ ¢µ²´Ò ¸

µ¤´¨³ ¸¶¨´µ³, Î¥É´µ¸ÉÓÕ ¨ M; J pM, ´µ ¸ · §²¨Î´Ò³¨ l ¨ j ¤¨¶¨µ´ , Ö¢²Ö-
ÕÉ¸Ö ±µ£¥·¥´É´Ò³¨. ‘É¥¶¥´Ó ±µ£¥·¥´É´µ¸É¨ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

Kab = 
ρab

(ρaa⋅ρbb)1 6 2
 ∈ (0, 1),
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£¤¥ a, b ¥¸ÉÓ ´ ¡µ· ±¢ ´Éµ¢ÒÌ Î¨¸¥² J pMηlj ¨ J′ p′M′ηl′j ′. „¨ £µ´ ²Ó´Ò¥
Î²¥´Ò ρaa, ρbb ¤ ÕÉ ¨´É¥´¸¨¢´µ¸ÉÓ  ³¶²¨ÉÊ¤,   ´¥¤¨ £µ´ ²Ó´Ò° µ¶·¥¤¥²Ö-

¥É¸Ö µÉ´µ¸¨É¥²Ó´µ° Ë §µ° ¤¢ÊÌ  ³¶²¨ÉÊ¤. „²Ö Î¨¸ÉÒÌ ±¢ ´Éµ¢µ-³¥-
Ì ´¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° Kab ≡ 1. 

�Éµ µ§´ Î ¥É, ÎÉµ µÉ´µ¸¨É¥²Ó´ Ö Ë §  ¤¢ÊÌ ¸µ¸ÉµÖ´¨° ¥¸ÉÓ · §´µ¸ÉÓ Ë §
 ³¶²¨ÉÊ¤ a ¨ b. ‘ÊÐ¥¸É¢¥´´µ¥ µÉ²¨Î¨¥ Ë ±Éµ·  Kab µÉ ¥¤¨´¨ÍÒ (<< 0,5)

¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¨´É¥·¶·¥É Í¨Ö Ë § ¸É ´µ¢¨É¸Ö ¡µ²¥¥ ¸²µ¦´µ°. 

’ ±¨³ µ¡· §µ³, µ¡  ¶·¨¡²¨¦¥´¨Ö ¸ÊÐ¥¸É¢¥´´Ò ¨ ¶µ§¢µ²ÖÕÉ Ê¸É· ´¨ÉÓ
´¥µ¶·¥¤¥²e´´µ¸É¨, µ¡¥¸¶¥Î¨ÉÓ ¥¤¨´¸É¢¥´´µ¸ÉÓ ·¥Ï¥´¨Ö ¨ Ê³¥´ÓÏ¨ÉÓ Î¨¸²µ
¶ · ³¥É·µ¢. 

‘µ  ¸¤¥² ´´Ò³¨  ¶·¨¡²¨¦¥´¨Ö³¨ ¸¢Ö§ ´Ò ¨ ´¥¤µ¸É É±¨ ¨§²µ¦¥´´µ£µ
³¥Éµ¤ . 

1. � ·Í¨ ²Ó´µ¥ · §²µ¦¥´¨¥ ¸µ¸ÉµÖ´¨Ö J pM 〉 ¢ É·¨ ¸¢µ¡µ¤´ÒÌ ³¥§µ´ 
´¥ · ¸¸³ É·¨¢ ¥É¸Ö. „²Ö ±µ³¶¥´¸ Í¨¨ ¢ ± ±µ°-Éµ ¸É¥¶¥´¨ ÔÉµ£µ ´¥¤µ¸É É± 
¢  ³¶²¨ÉÊ¤Ê ¤µ¡ ¢²¥´ ¸¢µ¡µ¤´Ò° Î²¥´, ´¥ § ¢¨¸ÖÐ¨° µÉ ¸¶¨´µ¢ÒÌ ¨´¤¥±¸µ¢
¨ ¢¸²¥¤¸É¢¨¥ ÔÉµ£µ ´¥ ¨´É¥·Ë¥·¨·ÊÕÐ¨° ¸ ¤·Ê£¨³¨  ³¶²¨ÉÊ¤ ³¨, ¶·µ¶µ·-
Í¨µ´ ²Ó´Ò° ¢±² ¤Ê É·¥Ì³¥§µ´´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ . �µ²ÓÏ Ö ¨´É¥´-
¸¨¢´µ¸ÉÓ ÔÉµ£µ Î²¥´  ³µ¦¥É ̧ ¢¨¤¥É¥²Ó¸É¢µ¢ ÉÓ µ ́ ¥¤µ¸É ÉµÎ´µ³ ́  ¡µ·¥ ¢µ²´
¤²Ö µ¶¨¸ ´¨Ö ¤ ´´ÒÌ, ´¥±µ··¥±É´µ° t- ¨ M3π-§ ¢¨¸¨³µ¸É¨ ¶ ·Í¨ ²Ó´ÒÌ

¢µ²´ ¢ ¤ ´´µ³ ¨´É¥·¢ ²¥ ¶¥·¥³¥´´ÒÌ, ¸²¨Ï±µ³ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ ¶¥·¥-
³¥´´ÒÌ ¨ ¸¨²Ó´µ³ Ê¸·¥¤´¥´¨¨  ³¶²¨ÉÊ¤ ¶µ ¡µ²ÓÏµ³Ê ¨´É¥·¢ ²Ê. 

2. � ·Í¨ ²Ó´µ-¢µ²´µ¢µ° ³¥Éµ¤ ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ µÉ´µ¸¨É¥²Ó´ÊÕ
Ë §Ê ¤¢ÊÌ  ³¶²¨ÉÊ¤ ¨ ¨Ì § ¢¨¸¨³µ¸ÉÓ µÉ ³ ¸¸Ò 3π-¸¨¸É¥³Ò, ´µ ´¥  ¡¸µ²ÕÉ-
´ÊÕ Ë §Ê;   ¨´¤¨¢¨¤Ê ²Ó´ Ö Ë §  µ¡· §µ¢ ´¨Ö ¢Ìµ¤¨É ¢ ´µ·³¨·µ¢±Ê. �É¨³
´¥Ê¶·Ê£¨° ¶·µÍ¥¸¸ µÉ²¨Î ¥É¸Ö µÉ ¶·µÍ¥¸¸  Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö, £¤¥ ¨¸¶µ²Ó-
§Ê¥É¸Ö ³¥Éµ¤ Ë §µ¢µ£µ  ´ ²¨§ , ±µÉµ·Ò° ¸µ¤¥·¦¨É ¸¢¥¤¥´¨Ö ± ± µ · ¸¸¥Ö´-
´µ° ¢µ²´¥, É ± ¨ µ ´¥· ¸¸¥Ö´´µ° ¢µ²´¥, µ¶·¥¤¥²ÖÕÐ¥°  ¡¸µ²ÕÉ´ÊÕ Ë §Ê.
�µÔÉµ³Ê, ÎÉµ¡Ò ·¥§Ê²ÓÉ ÉÒ ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ£µ  ´ ²¨§  ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥ ¤¨ £· ³³ �·£ ´ , ́ ¥µ¡Ìµ¤¨³µ µ¶·¥¤¥²¨ÉÓ  ¡¸µ²ÕÉ´ÊÕ Ë §Ê ¤²Ö ± ¦¤µ-
£µ §´ Î¥´¨Ö M3π, É ± ± ± Éµ²Ó±µ µÉ´µ¸¨É¥²Ó´ Ö Ë §  ̈ §¢¥¸É´ ,    ¡¸µ²ÕÉ´ Ö

Ë §  Ö¢²Ö¥É¸Ö ¸¢µ¡µ¤´Ò³ ¶ · ³¥É·µ³ ¤²Ö ¢¸¥Ì ¢µ²´. �Éµ ³µ¦¥É ¡ÒÉÓ ¸¤¥² -
´µ, ¥¸²¨ ¶·¨³¥´¨ÉÓ Š-³ É·¨Î´Ò° Ëµ·³ ²¨§³ ¨²¨ ³¥Éµ¤ ¶ ¤¥- ¶¶·µ±¸¨³ ´-
Éµ¢ [42], ±µÉµ·Ò° ¨¸¶µ²Ó§Ê¥É ¢¸Õ ¨´Ëµ·³ Í¨Õ µ¡ µÉ´µ¸¨É¥²Ó´ÒÌ Ë § Ì ¨
¨´É¥´¸¨¢´µ¸ÉÖÌ ¢µ²´ ¢ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ ³ ¸¸ M3π. ‚µµ¡Ð¥ £µ¢µ·Ö [43],

³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ  ¡¸µ²ÕÉ´ Ö Ë §  ¸¨²Ó´¥¥ § ¢¨¸¨É µÉ 4-¶¥·¥¤ Î¨, Î¥³ µÉ
³ ¸¸Ò M3π. ‘² ¡ÊÕ § ¢¨¸¨³µ¸ÉÓ µÉ ³ ¸¸Ò Ô±¸¶¥·¨³¥´É ²Ó´µ ¶µ¤É¢¥·¦¤ ¥É

¶µ¢¥¤¥´¨¥ ³µ¤Ê²Ö ´¥¤¨ £µ´ ²Ó´µ£µ Ô²¥³¥´É  · ¸Ï¨·¥´´µ° ρ-³ É·¨ÍÒ, Ë § 
±µÉµ·µ£µ ¥¸ÉÓ · §´µ¸ÉÓ Ë § ³¥¦¤Ê ¤¢Ê³Ö  ³¶²¨ÉÊ¤ ³¨ ·µ¦¤¥´¨Ö
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ϕab = arg (ρ), £¤¥ ab ∈ J pMηlj. Œµ¤Ê²Ó ÔÉµ£µ Ô²¥³¥´É , ´µ·³¨·µ¢ ´´Ò° ´ 

¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¤¨ £µ´ ²Ó´Ò¥ Î²¥´Ò ÔÉ¨Ì  ³¶²¨ÉÊ¤, ¤ ¥É Ë ±Éµ· ±µ£¥·¥´É-
´µ¸É¨, ±µÉµ·Ò°, ± ± Ê¢¨¤¨³ ´¨¦¥, ³µ´µÉµ´´µ Ê³¥´ÓÏ ¥É¸Ö ¸ ·µ¸Éµ³ M3π.

�ÉµÉ Ë ±É, ¸µ¡¸É¢¥´´µ, ¨ Ö¢²Ö¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³ µ¡µ¸´µ¢ ´¨¥³ ¢¢¥-

¤¥´¨Ö ¸µ±· Ð¥´´µ° ρ
__
-³ É·¨ÍÒ ρ = cρ

__
c∗,   µÉ´µ¸¨É¥²Ó´ Ö Ë §  ϕa − ϕb µ¶·¥-

¤¥²Ö¥É¸Ö ¨§ cc∗ = c⋅c∗ exp i∆ϕ, É.¥. ¤²Ö ¤ ´´µ£µ J pM 〉 ¨ · §´ÒÌ ³µ¤
· ¸¶ ¤  ρ

__
-³ É·¨Í  µ¤´ .

3. Š ± ¡Ò²µ ¶µ± § ´µ ¢ ·Ö¤¥ · ¡µÉ [44Å46], ¢Éµ·µ¥ ¶·¨¡²¨¦¥´¨¥
¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ 3π-¸µ¸ÉµÖ´¨¥ ´¥ Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Õ Ê´¨É ·´µ¸É¨.
‚¸²¥¤¸É¢¨¥ ÔÉµ£µ  ¢Éµ· ³¨ · ¡µÉÒ [22] ¡Ò²  ¶µ²ÊÎ¥´  ¸¨¸É¥³  Ê´¨É ·´ÒÌ
Ê· ¢´¥´¨°, ·¥Ï¥´¨¥ ±µÉµ·ÒÌ ¶µ§¢µ²¨²µ ¶µ²ÊÎ¨ÉÓ ´ ¡µ· 3π-¸µ¸ÉµÖ´¨°,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ± ± É·¥ÌÎ ¸É¨Î´µ° Ê´¨É ·´µ¸É¨, É ± ¨ ¤¢ÊÌÎ ¸É¨Î´µ°.
“· ¢´¥´¨Ö É·¥ÌÎ ¸É¨Î´µ° Ê´¨É ·´µ¸É¨ ¶µ²ÊÎ¥´Ò ¢ Ëµ·³¥ Ê· ¢´¥´¨° ƒ °É-
²¥· , ¸¢Ö§Ò¢ ÕÐ¨Ì T-³ É·¨ÍÊ É·¥ÌÎ ¸É¨Î´µ£µ · ¸¸¥Ö´¨Ö ¸ ·¥ ²Ó´µ° K-³ É-
·¨Í¥° [45]. �¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° ¶µ ³¥Éµ¤Ê ” ¤¤¥¥¢  ¶µ§¢µ²¨²µ
Ê´¨É ·¨§µ¢ ÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É. ’ ±¨³ µ¡· §µ³, É·¥ÌÎ ¸É¨Î´ Ö  ³¶²¨ÉÊ-
¤  ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ± ± ¸Ê³³  ¤¢ÊÌÎ ¸É¨Î´ÒÌ ¢±² ¤µ¢. “´¨É ·-
´µ¸ÉÓ ¤¢ÊÌÎ ¸É¨Î´µ°  ³¶²¨ÉÊ¤Ò ¶µ²ÊÎ¥´  ¨§ É·¥¡µ¢ ´¨Ö ¶· ¢¨²Ó´µ£µ ¶µ·µ-
£µ¢µ£µ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ É¥µ·¥³µ° ‚ É¸µ´  [41].

“´¨É ·´µ¸ÉÓ ¸µ¸ÉµÖ´¨°. „²Ö 3π → 3π-· ¸¸¥Ö´¨Ö S-³ É·¨Í  ³µ¦¥É
¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ²µ·¥´Í-¨´¢ ·¨ ´É´ÊÕ T-³ É·¨ÍÊ:

Sij = δij + i(2π)4δ4(pi1 + pi2 + pi3 − pj1 − pj2 − pj3) 
Tij

23√Ei1Ei2Ei3Ej1Ej2Ej3

 .

’ ± ± ± Ê¸²µ¢¨¥ Ê´¨É ·´µ¸É¨ ¤²Ö S-³ É·¨ÍÒ ¥¸ÉÓ ∑ 
k

SikSjk
∗  = δij , Éµ Ê· ¢-

´¥´¨¥ Ê´¨É ·´µ¸É¨ ¤²Ö T-³ É·¨ÍÒ, ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¨´¢ ·¨ ´É´µ¸ÉÓ
µÉ´µ¸¨É¥²Ó´µ µ¡· Ð¥´¨Ö ¢·¥³¥´¨ ¨ ¸µÌ· ´¥´¨¥ Î¥É´µ¸É¨, ¨³¥¥É ¢¨¤:

Im Tij = (Tij − T ij
∗) 6 2i. T-³ Ép¨Ía µ¶¨¸Ò¢ ¥É ¶¥·¥Ìµ¤ É·¥Ì Î ¸É¨Í ¢ ´ Î ²Ó-

´µ³ ¸µ¸ÉµÖ´¨¨ ¢ É·¨ Î ¸É¨ÍÒ ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨. ‚Ò· §¨³ µ¡  ¸µ¸Éµ-
Ö´¨Ö, ± ± ´ Î ²Ó´µ¥, É ± ¨ ±µ´¥Î´µ¥, Î¥·¥§ ¸µ¸ÉµÖ´¨¥ π

1
 ¨ ¤¨¶¨µ´ π

2
π
3
.

� Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ¨³¥¥É ¶¥·¥³¥´´Ò¥ s
1
, Ω

1
, Ω

__
1
, £¤¥ √s

1
 Å ³ ¸¸ 

¶¨µ´ ; Ω
1
 Å Ê£µ² µ·¨¥´É Í¨¨: ¶µ²Ö·´Ò° ¨  §¨³ÊÉ ²Ó´Ò° ¤¨¶¨µ´  ¢ 3π-

¸¨¸É¥³¥ ¶µ±µÖ; Ω
__

1
 Å Ê£²Ò µ·¨¥´É Í¨¨ ¢ ¸¨¸É¥³¥ ¶µ±oÖ ¤¨¶¨µ´ . �¥·¥-

³¥´´Ò¥  ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨Ö ¡Ê¤ÊÉ s′
1
, Ω′

1
, Ω

__
′
1
 coµÉ¢¥É¸É¢¥´´µ. ’µ£¤ 

T-³ É·¨Í  ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥  ³¶²¨ÉÊ¤Ò ¨
ËÊ´±Í¨¨ Ê£²µ¢µ£µ ³µ³¥´É :

��„ˆ�‹œ�›… ‚�‡�“†„…�ˆŸ ‘ˆ‘’…Œ ˆ‡ ‹…ƒŠˆ• Š‚��Š�‚  35



T = ∑ 
J

∑ 
lj

 ∑ 
l′j ′

 T l′j ′lj
J (s′

1
s
1
)  ∑ 

M

 Z l′j ′
JM(Ω′

1
Ω
__

′
1
)Z lj

JM
∗
(Ω

1
Ω
__

1
),

£¤e

Z lj
JM =   ∑ 

MlMj

  〈 JMljMl Mj 〉 Y l
Ml(Ω1)Y j

Mj(Ω
__

1).

�µ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ ¤²Ö T-³ É·¨ÍÒ ¢ Ê· ¢´¥´¨¥ Ê´¨É ·´µ¸É¨, ¶µ²ÊÎ¨³
¶ ·Í¨ ²Ó´µ¥ · §²µ¦¥´¨¥

Im T l′j ′lj
J (s′1s1) =    ∑ 

l′′j ′′
  d(√s′′1 ) T l′j ′l′′j ′′

J (s′1s′′1) ρ T ljl′′j ′′
J

∗
(s1s′′1),

£¤¥ ρ = 
2

(4π)5
 
p′′

1
q′′

1

M
3π

 , p
1
 Å µÉ´µ¸¨É¥²Ó´Ò° ¨³¶Ê²Ó¸ ¤¨¶¨µ´  ¨ q

1
 Å

¨³¶Ê²Ó¸ ¶¨µ´  ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¤¨¶¨µ´ . ’-³ É·¨Í  ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´ 
Î¥·¥§ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ·¥ ²Ó´ÊÕ Š-³ É·¨ÍÊ: T = K + iKρT. ’ ± ± ±

T = T l′j ′lj
J (s′

1
s
1
) = T ljl′j ′

J (s
1
s′

1
), Éµ ¸µµÉ´µÏ¥´¨¥ Ê´¨É ·´µ¸É¨ ¶·¨´¨³ ¥É ¢¨¤

T l′j ′lj
J (s′1s1) = K l′j ′lj

J (s′1s1) +

+ i ∑ 
l′′j ′′

    ∫ 
2mπ

M
3π

 − m
π

   d(√s′′1 ) K l′j ′l′′j ′′
J (s′1s′′1)ρT l′′j ′′lj

J (s′′1s1).

�¥Ï¥´¨¥ ÔÉµ£µ ¨´É¥£· ²Ó´µ£µ Ê· ¢´¥´¨Ö ¶µ ³¥Éµ¤Ê ” ¤¤¥¥¢  ¶µ§¢µ²¨²µ

¸¤¥² ÉÓ Ê´¨É ·¨§ Í¨Õ ³ É·¨Î´µ£µ Ô²¥³¥´É  M J 
p
M, ±µÉµ·Ò° ¡Ò² ¶µ²ÊÎ¥´ ¢

Ëµ·³¥ M = Rlj(s1M3π)Z lj
JM + (1 → 2), £¤¥ R Å ËÊ´±Í¨Ö �·¥°É  Å ‚¨£´¥· ,

Z Å ËÊ´±Í¨Ö Ê£²µ¢µ£µ ³µ³¥´É . K-³ É·¨ÍÊ ¶·¥¤¸É ¢¨³ ± ± ¸Ê³³Ê ¤¢ÊÌ-
Î ¸É¨Î´ÒÌ K-³ É·¨Í ¸ É·¥ÉÓ¥° Î ¸É¨Í¥°-c¶¥±É Éµ·µ³. ’ ±¨³ µ¡· §µ³, É·¥Ì-
Î ¸É¨Î´Ò¥ ·¥§µ´ ´¸´Ò¥ ¸µ¸ÉµÖ´¨Ö, · ¸¶ ¤ ÕÐ¨¥¸Ö ¢ É·¨ ³¥§µ´ , ´¥ ¡Ê¤ÊÉ
¢±²ÕÎ¥´Ò. ’ ± Ö Ê´¨É ·¨§ Í¨Ö ¸µ¸ÉµÖ´¨° ¸µµÉ¢¥É¸É¢Ê¥É Ô±¸¶¥·¨³¥´É ²Ó-
´Ò³ ¤ ´´Ò³, ¢ ±µÉµ·ÒÌ ´ ¡²Õ¤ ÕÉ¸Ö É·¥ÌÎ ¸É¨Î´Ò¥ ·¥§µ´ ´¸Ò ¢ ¸¨¸É¥³¥
¤¨¶¨µ´ + ¶¨µ´. T-³ É·¨Í  ¨³¥¥É ¢¨¤ T = T1 + T2 + T3, £¤¥ ³ É·¨ÍÒ ¸µµÉ¢¥É-

¸É¢ÊÕÉ ¢§ ¨³µ¤¥°¸É¢¨Õ Î ¸É¨Í π2π3, π1π3 ¨ π1π2. �Éµ  ¶µ§¢µ²Ö¥É T-³ É·¨ÍÊ

¢Ò· §¨ÉÓ Î¥·¥§ ¤¢ÊÌÎ ¸É¨Î´ÊÕ ³ É·¨ÍÊ t:

T1 = t1 + it1ρ(T2 + T3),

T2 = t2 + it2ρ(T1 + T3),
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T3 = t3 + it3ρ(T1 + T2),

ti = (1 − iKiρ)−1Ki.

…¸²¨ ¶·¥´¥¡·¥ÎÓ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¤¢ÊÌ µ¤¨´ ±µ¢ÒÌ ³¥§µ´µ¢ (T
3
 = 0) ¨

¢¢¥¸É¨ µ¶¥· Éµ· ¶¥·¥Ìµ¤  µÉ ¸µ¸ÉµÖ´¨Ö (π
1
π
3
)π

2
 ± (π

2
π

3
)π

1
 − a

12
, Éµ ¡Ê¤¥³

¨³¥ÉÓ µ¤´µ Ê· ¢´¥´¨¥: 

T1 = t1 + it1ρa12T2.

…¸²¨ Ê³´µ¦¨ÉÓ ¸¶· ¢  ÔÉµ Ê· ¢´¥´¨¥ ´  ψi 〉, Éµ ¶µ²ÊÎ¨³ ³ É·¨Î´Ò° Ô²¥-

³¥´É · ¸¶ ¤ : P
1
 = R

1
 + it

1
ρa

12
P

2
, £¤¥ R

1
 Å ËÊ´±Í¨Ö �·¥°É  Å ‚¨£´¥· .

�µ¤¸É ¢²ÖÖ Ö¢´Ò° ¢¨¤ t
1
, ¨³¥¥³

 Pa(s1) = Ra(s1) + ieiδ
a sin δa  ∑ 

b

 a12Pb(s2),

£¤¥ δa Å Ë §µ¢Ò¥ ¸¤¢¨£¨ (ππ)-· ¸¸¥Ö´¨Ö; a, b Å Ê£²µ¢Ò¥  ³µ³¥´ÉÒ ¶ ·

(lj). “Î¨ÉÒ¢ Ö, ´ ±µ´¥Í, ¨§µ¸¶¨´µ¢ÊÕ ¸É·Ê±ÉÊ·Ê ¨ ¶·¥´¥¡·¥£ Ö ¢±² ¤µ³
¸µ¸ÉµÖ´¨° ¸ ¨§µ¸¶¨´µ³ ¡µ²ÓÏ¥ ¤¢ÊÌ, µ±µ´Î É¥²Ó´µ ¨³¥¥³ ¤¢  Ê· ¢´¥´¨Ö:

Pa
0 = Ra

0 + ita
0ρa12




 
2
3
 Pb

0 + 
4
3
 Pb

1 



 ,

Pa
1 = Ra

1 + ita
1ρa12


 Pb

0 + Pb
1 

 ,

¤²Ö ¨§µ¸¶¨´ , · ¢´µ£µ ´Ê²Õ ¨ ¥¤¨´¨Í¥ ¸µµÉ¢¥É¸É¢¥´´µ. —¨¸²µ ¶ · ³¥É·µ¢
¶·¨ Ë¨É¥ ¤ ´´ÒÌ µ¸É ¥É¸Ö É¥³ ¦¥. 

’ ±¨³ µ¡· §µ³, ³ É·¨Î´Ò° Ô²¥³¥´É · ¸¶ ¤  ¶·¨´¨³ ¥É ¢¨¤ M J 
p
M =

= Plj Z lj
JM, ¶·¨ ÔÉµ³ Plj Å a´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö ¤¨¶¨µ´´µ° ³ ¸¸Ò. —Éµ

± ¸ ¥É¸Ö ¤¢ÊÌÎ ¸É¨Î´µ° Ê´¨É ·´µ¸É¨, Éµ ´¥µ¡Ìµ¤¨³µ ¶µ± § ÉÓ, ÎÉµ ¤¢ÊÌÎ ¸-
É¨Î´Ò° Ô²¥³¥´É ¨³¥¥É ¶· ¢¨²Ó´µ¥ ¶µ·µ£µ¢µ¥ ¶µ¢¥¤¥´¨¥. �¥Ê´¨É ·´Ò° ³ É-

·¨Î´Ò° Ô²¥³¥´É ¸µ¤¥·¦¨É Î²¥´ Ra(s1) + ∑ 
b

 a12Rb(s2), £¤¥ ¢Éµ·µ° Î²¥´ ¶µÖ¢-

²Ö¥É¸Ö ¨§-§  ¡µ§¥-¸¨³³¥É·¨¨  ³¶²¨ÉÊ¤Ò. �¥·¢Ò° Î²¥´ Å ËÊ´±Í¨Ö �·¥°-
É  Å ‚¨£´¥·  Å ¨³¥¥É ¶· ¢¨²Ó´µ¥ ¶µ·µ£µ¢µ¥ ¶µ¢¥¤¥´¨¥. „¥°¸É¢¨É¥²Ó´µ,

Ra(s1) = 
p lq j

M R
2 − s − iMRΓ

 = 
p lq j

M RΓ sin δ eiδ = eiδq jra(s1),
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£¤¥ ra(s
1
) Å  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö ¡¥§ µ¸µ¡¥´´µ¸É¥° ¶·¨ ¶µ·µ£¥ s

1
 =

= 4mπ
2. „¢¨£ Ö¸Ó ¢µ±·Ê£ µ¸µ¡¥´´µ¸É¨ s

1
 = 4mπ

2 ¨ ¶·¨´Ö¢ ¢µ ¢´¨³ ´¨¥

q → − q, δ → − δ, ¶µ²ÊÎ¨³, ÎÉµ Ra(s
1
) → (− 1) je−iδq jra(s

1
). �Éµ ¸¢µ°¸É¢µ ¨

¸¶¥Í¨ ²Ó´ Ö Ëµ·³  Ra, É·¥¡Ê¥³ Ö É¥µ·¥³µ° ‚ É¸µ´ , ¤µ± §Ò¢ ¥É Ê´¨-

É ·´µ¸ÉÓ. ‚Éµ·µ° Î²¥´ ´¥ Ê¤µ¢²¥É¢µ·Ö¥É ÔÉµ³Ê Ê¸²µ¢¨Õ. …¸²¨ ¨¸¶µ²Ó§µ-

¢ ÉÓ Ê´¨É ·´Ò¥ ¸µ¸ÉµÖ´¨Ö, Éµ ¶µ²ÊÎ¨³ Pa(s
1
) + ∑ 

b

a
12

Pb(s
2
) = Ra(s

1
) +

+ e
iδ

a cos δa ∑ 
b

a
12

Pb(s
2
), ¨ µ¡  Î²¥´  ¨³¥ÕÉ ´¥µ¡Ìµ¤¨³ÊÕ Ëµ·³Ê ¨ Ê¤µ¢²¥É-

¢µ·ÖÕÉ É¥µ·¥³¥ ‚ É¸µ´  [41]. �¥Ï¥´¨¥ Ê´¨É ·´ÒÌ Ê· ¢´¥´¨° ¡Ò²µ ¸¤¥² -
´µ Î¨¸²¥´´µ. 

�´ ²¨§ Ê´¨É ·´ÒÌ ¶µ¶· ¢µ± ¶µ± § ² [38], ÎÉµ ¶µ²´µ¥ Î¨¸²µ ¸µ¡ÒÉ¨°

¤²Ö ¸µ¸ÉµÖ´¨° 0−, 1+, 2−, 3+ ´¥ ¨§³¥´Ö¥É¸Ö. —¨¸²µ ¸µ¡ÒÉ¨° ¢ ¸µ¸ÉµÖ´¨ÖÌ

1+S ¨ 1+P Ê¢¥²¨Î¨¢ ¥É¸Ö, ¨ ¨§¡ÒÉµ± ¸µ¡ÒÉ¨° ±µ³¶¥´¸¨·Ê¥É¸Ö §  ¸Î¥É
µÉ·¨Í É¥²Ó´µ° ¨´É¥·Ë¥·¥´Í¨¨ ¸µ¸ÉµÖ´¨° ¤²Ö ¸²ÊÎ Ö ππ-¶ · ³¥É·¨§ Í¨¨
¤¨¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò,   ¤²Ö ε-¶ · ³¥É·¨§ Í¨¨ ¨´É¥·Ë¥·¥´Í¨Ö ¶µ²µ¦¨É¥²Ó-

´ . „²Ö 0−S- ¨ 0−P-¸µ¸ÉµÖ´¨° ¨´É¥·Ë¥·¥´Í¨Ö ¶µ²µ¦¨É¥²Ó´  ¨ ³ ²  ¢ µ¡µ¨Ì
¸²ÊÎ ÖÌ. “ÎeÉ Ê´¨É ·´ÒÌ ¶¥·¥· ¸¸¥Ö´¨° ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¤²Ö ππ-¶ · -

³¥É·¨§ Í¨¨ ¢ ¸µ¸ÉµÖ´¨¨ 1+ ¨§ ρπ-¸¨¸É¥³Ò ¡µ²ÓÏ¥ µ¡· §Ê¥É¸Ö (επ), ÎÉµ ´ -
Ìµ¤¨É µÉ· ¦¥´¨¥ ¢ ¢¥²¨Î¨´¥ ¨´É¥·Ë¥·¥´Í¨µ´´µ£µ Î²¥´ . ”µ·³  ¨´É¥´-
¸¨¢´µ¸É¥° ¢µ²´ ´¥ ¶·¥É¥·¶¥¢ ¥É ¨§³¥´¥´¨°. �É´µ¸¨É¥²Ó´Ò¥ Ë §Ò µ¸´µ¢´ÒÌ

¢µ²´ 0−, 1+ ¨  2− ¶µ± §Ò¢ ÕÉ É ±µ¥ ¦¥ ¶µ¢¥¤¥´¨¥, ÎÉµ ¨ ¤²Ö ´¥Ê´¨É ·´µ°
 ³¶²¨ÉÊ¤Ò, ÌµÉÖ ¸ ³¨ Ë §Ò ¶·¥É¥·¶¥¢ ÕÉ ¸¤¢¨£¨. Œµ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ ¨Ì
Ìµ¤ ¸É ´µ¢¨É¸Ö ³¥´¥¥ ³µ´µÉµ´´Ò³. ‚±² ¤Ò ¨ Ë §Ò ¢Ò¸Ï¨Ì ¸¶¨´µ¢
¨¤¥´É¨Î´Ò. „²Ö Ê´¨É ·´µ°  ³¶²¨ÉÊ¤Ò ËÊ´±Í¨Ö ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ-
¤µ¡¨Ö ¶·¨´¨³ ¥É ´¥¸±µ²Ó±µ ³¥´ÓÏ¨¥ §´ Î¥´¨Ö Å ´  10-15 ¥¤¨´¨Í. ’ ±¨³
µ¡· §µ³,  ´ ²¨§ Ê´¨É ·´ÒÌ ¶µ¶· ¢µ± ¶µ± § ², ÎÉµ ¢±² ¤ ÔÉ¨Ì ¶µ¶· ¢µ± ¸Ê-

Ð¥¸É¢¥´ ¤²Ö ¢µ²´Ò 1+, ³ ² ¤²Ö 0− ¨ ´¨ÎÉµ¦¥´ ¤²Ö ¢Ò¸Ï¨Ì ¸¶¨´µ¢.

”¨É  ¤ ´´ÒÌ. „²Ö µ¶·¥¤¥²¥´¨Ö ±µ³¶²¥±¸´ÒÌ ¶ · ³¥É·µ¢ ± ´ ² 

C J 
p
lj, ·¥ ²Ó´ÒÌ ¨ ³´¨³ÒÌ Î ¸É¥° Ô²¥³¥´Éµ¢ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ ¨¸¶µ²Ó§µ-

¢ ´ µ¡µ¡Ðe´´Ò° ³¥Éµ¤ ³ ±¸¨³Ê³  ¶· ¢¤µ¶µ¤µ¡¨Ö [44]. ”Ê´±Í¨Ö, ±µÉµ· Ö
³ ±¸¨³¨§¨·µ¢ ² ¸Ó, ¨³¥¥É ¢¨¤

L =   ∑ 
i = 1

N

  ln W(τ) − N ∫ W(τ)A(τ, x)dτ +   ∑ 
i = 1

N

  ln A(τ, x),
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£¤¥ τ ∈ t, M
3π, s1, s2, ϕ, θ, γ; N Å Î¨¸²µ ¸µ¡ÒÉ¨°, A(τ,x) Å ±¸¥¶É ´¸ ¸¶¥±-

É·µ³¥É· , x ∈ XYZΦ Å ±µµ·¤¨´ ÉÒ ¢¥·Ï¨´Ò ¸µ¡ÒÉ¨Ö ¨  §¨³ÊÉ ²Ó´Ò°
Ê£µ² ¸µ¡ÒÉ¨Ö µÉ´µ¸¨É¥²Ó´µ µ¸¨ ¶ÊÎ± . 

�·µ¨§¢¥¤¥´¨¥ W(τ)A(τ,x) ¥¸ÉÓ ¢¥·µÖÉ´µ¸ÉÓ ´ °É¨ ¸µ¡ÒÉ¨¥ ¢ ¶·µ¸É· ´¸É-
¢¥ (τ,x). ‚¥²¨Î¨´  A(τ,x) ¤²Ö ± ¦¤µ£µ ¸µ¡ÒÉ¨Ö · ¸¸Î¨ÉÒ¢ ¥É¸Ö ¸ ¶µ³µÐÓÕ
³¥Éµ¤  Œµ´É¥-Š ·²µ, ¶·¨ ÔÉµ³ ¸µ¡ÒÉ¨¥ Ê¤µ¢²¥É¢µ·Ö¥É É·¨££¥·Ê ¸ ÊÎ¥Éµ³
ÔËË¥±É¨¢´µ¸É¨ ·¥£¨¸É· Í¨¨ ¸¶¥±É·µ³¥É·  ¨ Éµ¶µ²µ£¨¨ ¸µ¡ÒÉ¨Ö. „²Ö ¸µ-
¡ÒÉ¨°, ¨¸¶µ²Ó§µ¢ ´´ÒÌ ¢  ´ ²¨§¥, ¢¥·µÖÉ´µ¸ÉÓ ´ °É¨ ¸µ¡ÒÉ¨¥ ¢ (τ,x) ¥¸ÉÓ

∫ WAdτ = 1  ¨²¨  ∑ CC∗ρ ∫ mm∗Adτ = 1,

£¤¥

dτ =  ∑ 
i

 
Ni

N
 ∫ dϕdcos θ dγds1ds2 

dM3π
M3π

 dt,

É ± ÎÉµ ¶·µÍ¥¤Ê·  ´µ·³ ²¨§ Í¨¨ µ¶·¥¤¥²Ö¥É ´µ·³ ²¨§µ¢ ´´ÊÕ ³ É·¨ÍÊ

¶²µÉ´µ¸É¨ ρ6  ∫ WAdτ. 
’ ±¨³ µ¡· §µ³, Î¨¸²µ ¸µ¡ÒÉ¨° ¸ ¤ ´´Ò³ ´ ¡µ·µ³ ±¢ ´Éµ¢ÒÌ Î¨¸¥²

J pMηlj ¨ ³µ¤µ° n ¥¸ÉÓ

NC J 
p
ljn2 ρJ 

p
MηJ′ p′

M′η.

�¸´µ¢´µ° µ¸µ¡¥´´µ¸ÉÓÕ Ë¨É  ¤ ´´ÒÌ Ö¢²Ö¥É¸Ö Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ÎÉµ
Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ ¢ ¶·µÍ¥¸¸¥ Ë¨É  ´¥ ³µ£ÊÉ ¨§³¥´ÖÉÓ¸Ö
¶·µ¨§¢µ²Ó´µ,   ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ µ¶·¥¤¥²¥´´µ³Ê É·¥¡µ¢ ´¨Õ. �Éµ É·¥-
¡µ¢ ´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¢¥·µÖÉ´µ¸ÉÓ ´ °É¨ ¸µ¡ÒÉ¨¥ ¤µ²¦´  ¡ÒÉÓ ¶µ²µ-
¦¨É¥²Ó´µ°, É. ¥. ρ-³ É·¨Í  ¤µ²¦´  ¡ÒÉÓ ¶µ²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´a

ρJ 
1

p
1M

1
ηJ′ 

2

p′
2M′

2
η2 ≤ ρJ 

1

p
1M

1
ηJ′ 

1

p′
1M′

1
η × ρJ 

2

p
2M

2
ηJ′ 

2

p′
2M′

2
η.

�¤´ ±µ ÔÉµ Ê¸²µ¢¨¥ ´¥²¨´¥°´µ ¨, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¨³¥¥É É·Ê¤´µ¸É¨ ¶·¨³¥-
´¥´¨Ö. ‹Õ¡ÊÕ Ô·³¨Éµ¢Ê ³ É·¨ÍÊ (¢ ´ Ï¥³ ¸²ÊÎ ¥ ρ-³ É·¨ÍÊ) ³µ¦´µ µ¶¨-
¸ ÉÓ ¥¥ N ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ λ ¨ N ´µ·³ ²¨§µ¢a´´Ò³¨ ¸µ¡¸É¢¥´-
´Ò³¨ ¢¥±Éµ· ³¨ ϑ, É.¥. ²Õ¡ Ö Ô·³¨Éµ¢  ³ É·¨Í  ³µ¦¥É ¡ÒÉÓ ¤¨ £µ´ ²¨§µ-
¢ ´  Ê´¨É ·´µ° ³ É·¨Í¥°, µ¡· §µ¢ ´´µ° ¨§ ¥¥ ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢:

ρij ≡ λ1ϑi
1ϑj

1
∗
 + ...+ λN ϑn

Nϑj
N

∗
.

‚ ÔÉµ³ ¸²ÊÎ ¥ Ê¸²µ¢¨¥ ¶µ²µ¦¨É¥²Ó´µ-µ¶·¥¤¥²¥´´µ° ρ-³ É·¨ÍÒ µ¡¥¸-
¶¥Î¨¢ ¥É¸Ö É·¥¡µ¢ ´¨¥³, ÎÉµ¡Ò ²Õ¡µ¥ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ λ > 0. �Éµ Ê¸-
²µ¢¨¥ ´ ±² ¤Ò¢ ¥É¸Ö ´  ± ¦¤µ³ Ï £¥ Ë¨É .
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4. �…‡“‹œ’�’› ���–ˆ�‹œ��-‚�‹��‚�ƒ� ���‹ˆ‡�

�¶·¥¤¥²¥´¨¥ ´ ¡µ·  ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´, ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö µ¶¨¸ ´¨Ö
¤ ´´ÒÌ, ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¨É¥· Í¨µ´´Ò° ¶·µÍ¥¸¸, É ± ± ± ¤ ¦¥ ¶·¨ ¤µ¸É -
ÉµÎ´µ ¸±·µ³´µ³ µ£· ´¨Î¥´¨¨ ¢¥²¨Î¨´µ° ¸¶¨´  3π-¸¨¸É¥³Ò J, µ·¡¨Éa²Ó´µ£µ
³µ³¥´É  ¤¨¶¨µ´  µÉ´µ¸¨É¥²Ó´µ ¶¨µ´  l ¨ ³ £´¨É´µ£µ Î¨¸²  M(J ≤ 2, l ≤ 2)
´¥µ¡Ìµ¤¨³µ 36 ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´. „²Ö 3π-¸¨¸É¥³Ò ¨ ´¥¶µ²Ö·¨§µ¢ ´´µ° ³¨-
Ï¥´¨ · ´£ ρ-³ É·¨ÍÒ · ¢¥´ 4, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É  ³¶²¨ÉÊ¤¥ ¸ ¶¥·¥¢µ·µÉµ³
¸¶¨´  ¨ ¡¥§ ¶¥·¥¢µ·µÉ , ¨ ¤²Ö ¤¢ÊÌ §´ Î¥´¨° η  ± 1 µ¶¥· Éµ·  µÉ· ¦¥´¨Ö.
‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¢±² ¤µ³ ¢µ²´ ³¥´ÓÏ¥ 1% ¸ Ë ±Éµ·µ³ ±µ£¥·¥´É´µ¸É¨
> 0,6 ¶·¥´¥¡·¥£ ²¨ ¢ µ±µ´Î É¥²Ó´µ³ Ë¨É¥ ¤ ´´ÒÌ. ‚±² ¤ ¢µ²´ ¸ η = − 1 ¡Ò²
´ °¤¥´ Î·¥§¢ÒÎ °´µ ³ ²Ò³ ¨ ¸µ¸É ¢²Ö² ³¥´¥¥ 1%. ‚±² ¤ ¢µ²´ ¸ ¶¥·¥¢µ·µ-
Éµ³ ¸¶¨´ , ¤²Ö ±µÉµ·ÒÌ M ≥ 1, µ± § ²¸Ö ³ ²Ò³, §  ¨¸±²ÕÎ¥´¨¥³ ´¥¸±µ²Ó±¨Ì

¢µ²´,  ¶µÔÉµ³Ê ¤²Ö µ¡µ§´ Î¥´¨Ö 3π-¸µ¸ÉµÖ´¨Ö ¶·¨³¥³ J pl, ¨³¥Ö ¢ ¢¨¤Ê, ÎÉµ

Mη = 0+. � ¡µ· ¢µ²´ ¤²Ö µ¶¨¸ ´¨Ö ¤ ´´ÒÌ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ µ¡² ¸É¨

³ ¸¸ 3π-¸¨¸É¥³Ò. ‘µ¸ÉµÖ´¨¥ 1+ Ö¢²Ö¥É¸Ö ¤µ³¨´¨·ÊÕÐ¨³ ¢ µ¡² ¸É¨ ³ ¸¸
≤ 1,4 ƒÔB/¸2, ¢ ±µÉµ·µ° ¤ ¥É µ¸´µ¢´µ° ¢±² ¤ ·µ¦¤¥´¨¥ a1-·¥§µ´ ´¸ . ‚

µ¡² ¸É¨ ³ ¸¸ > 1,4 ƒÔ‚/¸2 µ¸´µ¢´µ° ¢±² ¤ ¤ eÉ ¸µ¸ÉµÖ´¨¥ 2− (π2-·¥§µ´ ´¸).

‚ ± Î¥¸É¢¥ ¤¨¶¨µ´´ÒÌ ·¥§µ´ ´¸µ¢ ¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò 1− (ρ-³¥§µ´) ¨ 2+

(f-³¥§µ´). —Éµ ± ¸ ¥É¸Ö S-¸µ¸ÉµÖ´¨Ö ¤¨¶¨µ´´µ° ¸¨¸É¥³Ò, Éµ ¥¥ ¶ · ³¥É·¨-
§ Í¨Ö ¡Ò²  ¸¤¥² ´  ± ± ¸ ε-·¥§µ´ ´¸µ³ (mε = 0,77 ƒÔ‚/c2, Γε = 0,4 ƒÔ‚), É ±

¨ ¸ Ë §µ° π+π−- ¨ π0π0-· ¸¸¥Ö´¨Ö [44]. � §²¨Î´ Ö ¶ · ³¥É·¨§ Í¨Ö S-¤¨¶¨µ´-
´µ° ¸¨¸É¥³Ò, £² ¢´Ò³ µ¡· §µ³, ¢²¨Ö¥É ´  ¨´É¥´¸¨¢´µ¸ÉÓ ¨´É¥·Ë¥·¥´Í¨¨

³¥¦¤Ê ¢µ²´ ³¨ 1+S ¨ 1+P ¨ ¶· ±É¨Î¥¸±¨ ´¥ ¢²¨Ö¥É ´  ¢µ²´Ò 0−S, 0−P, £¤¥

¨´É¥·Ë¥·¥´Í¨Ö µÎ¥´Ó ¸² ¡ Ö. ˆ¸¶µ²Ó§µ¢ ´¨¥ Ë §Ò Ê¶·Ê£µ£µ π+π−-· ¸¸¥Ö´¨Ö

¨²¨ π0π0-· ¸¸¥Ö´¨Ö ¤ ¥É µ¤¨´ ±µ¢Ò° ·¥§Ê²ÓÉ É, ¶µÔÉµ³Ê ¡Ê¤¥³ ¶·¨¢µ¤¨ÉÓ

·¥§Ê²ÓÉ ÉÒ ¸ µ¤´µ° ¨§ ´¨Ì, ¢ Î ¸É´µ¸É¨, ¸ Ë §µ° π+π−-· ¸¸¥Ö´¨Ö. �  ·¨¸.3

¶·¨¢¥¤¥´Ò ¨´É¥´¸¨¢´µ¸É¨ ¢µ²´ 0−S, 0−P ¨ 1+S ¤²Ö · §²¨Î´ÒÌ ¶ · ³¥É·¨-

§ Í¨°. ˆ´É¥´¸¨¢´µ¸ÉÓ 0−S-¢µ²´Ò, ± ± ¢¨¤´µ, ´¥ § ¢¨¸¨É µÉ ¶ · ³¥É·¨§ Í¨¨,

¢ Éµ ¢·¥³Ö ± ± ¨´É¥´¸¨¢´µ¸ÉÓ ¢µ²´Ò 1+S ¤²Ö ππ-¶ · ³¥É·¨§ Í¨¨ ¡µ²ÓÏ¥
ε-¶ · ³¥É·¨§ Í¨¨, ¨ ¨´É¥·Ë¥·¥´Í¨Ö ¨³¥¥É · §´Ò¥ §´ ±¨. ’ ±, ¤²Ö ε-¶ · -
³¥É·¨§ Í¨¨ ¨´É¥·Ë¥·¥´Í¨Ö ¡µ²ÓÏ Ö ¨ µÉ·¨Í É¥²Ó´ Ö ¢ µ¡² ¸É¨ ¶µ·µ£  ρπ-

¸¨¸É¥³Ò, ¢ µ¡² ¸É¨ ¡µ²ÓÏ¥ 1 ƒÔ‚/c2 ¸É ´µ¢¨É¸Ö ¶µ²µ¦¨É¥²Ó´µ°,   ¤²Ö ππ-
¶ · ³¥É·¨§ Í¨¨ Å ¢¥§¤¥ ³ ² Ö ¨ µÉ·¨Í É¥²Ó´ Ö. ε-¶ · ³¥É·¨§ Í¨Ö ¸¨¸É¥-
³ É¨Î¥¸±¨ ¤ ¥É ¡µ²ÓÏÊÕ ¢¥²¨Î¨´Ê ËÊ´±Í¨¨ ³ ±¸¨³ ²Ó´µ£µ ¶· ¢¤µ¶µ¤µ¡¨Ö.

�¥§Ê²ÓÉ Éµ³  ´ ²¨§  Ö¢²ÖÕÉ¸Ö µÉ´µ¸¨É¥²Ó´Ò¥ Ë §Ò ¢µ²´ ¨ ³ É·¨Í 
¶²µÉ´µ¸É¨. � ¸¸³µÉ·¨³ ¨´É¥·¶·¥É Í¨Õ µÉ´µ¸¨É¥²Ó´ÒÌ Ë §. Ÿ¸´µ, ÎÉµ ¥¸²¨
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¢µ²´Ò ±µ£¥·¥´É´Ò, Éµ µÉ´µ¸¨É¥²Ó´ Ö Ë §  ¤¢ÊÌ ´¥·¥§µ´ ´¸´ÒÌ ¢µ²´ ´¥ ¡Ê-

¤¥É ¨§³¥´ÖÉÓ¸Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ ³ ¸¸Ò ¸¨¸É¥³Ò. „²Ö ·¥§µ´ ´¸´ÒÌ ¢µ²´, ´µ

¨ ¤µ¸É ÉµÎ´µ Ï¨·µ±¨Ì ·¥§µ´ ´¸µ¢, µÉ´µ¸¨É¥²Ó´ Ö Ë §  É ±¦¥ ´¥ ¡Ê¤¥É

¨§³¥´ÖÉÓ¸Ö. �·¨¸ÊÉ¸É¢¨¥ ·¥§µ´ ´¸´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ µ¤´µ° ¨§ ¢µ²´ ¤ ¥É

¸¨²Ó´µ¥ ¤¢¨¦¥´¨¥ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò (¨§³¥´¥´¨¥ ´  180Æ ́   Ï¨·¨´¥ ·¥§µ-

´ ´¸ ). ‘ÊÐ¥¸É¢¥´´µ ¸²µ¦´¥¥ ¨´É¥·¶·¥É¨·µ¢ ÉÓ Ìµ¤ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò ¢

¸²ÊÎ ¥ ¶·¨¸ÊÉ¸É¢¨Ö ´¥·¥§µ´ ´¸´µ£µ Ëµ´  ¢ ¶ ·Í¨ ²Ó´µ° ¢µ²´¥. Š ± ¶µ± § -

´µ ¢ · ¡µÉ¥ [45], ¸±µ·µ¸ÉÓ ¨§³¥´¥´¨Ö ·¥§µ´ ´¸´µ° Ë §Ò ³µ¦¥É ¸¨²Ó´µ § -

³¥¤²ÖÉÓ¸Ö ¢¡²¨§¨ Ëµ´µ¢µ° Ë §Ò, ¨ Ìµ¤ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò ³µ¦¥É

¶·¨´¨³ ÉÓ ¸ÉÊ¶¥´Î ÉÒ° Ì · ±É¥·. �·¨¸ÊÉ¸É¢¨¥ ´¥¸±µ²Ó±¨Ì Ëµ´µ¢ÒÌ ¢±² -

¤µ¢ ¸¨²Ó´µ Ê¸²µ¦´Ö¥É ¨´É¥·¶·¥É Í¨Õ ¶µ¢¥¤¥´¨Ö µÉ´µ¸¨É¥²Ó´µ° Ë §Ò.

�¨¸.3. ˆ´É¥´¸¨¢´µ¸ÉÓ ¢µ²´ 0−S; 0−P ¨ 1+S ¤²Ö É·¥Ì ¶ · ³¥É·¨§ Í¨° ¤¨¶¨µ´´µ°
 ³¶²¨ÉÊ¤Ò
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‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¤²Ö ¢¨§Ê ²¨§ Í¨¨ ·¥§µ´ ´¸´µ£µ ¶µ¢¥¤¥´¨Ö ¶ ·Í¨ ²Ó-
´ÒÌ ¢µ²´ ¦¥² É¥²Ó´µ ´ °É¨ µ¶µ·´ÊÕ ¢µ²´Ê, ±µÉµ· Ö ±µ£¥·¥´É´  ¸ ¤·Ê£¨³¨
¢µ²´ ³¨ ¨ Ë §  ±µÉµ·µ° ¸² ¡µ ³¥´Ö¥É¸Ö ¢ ¤¨ ¶ §µ´¥ 3π-³ ¸¸. �·¨¸ÊÉ¸É¢¨¥
·¥§µ´ ´¸  ¢ ¤ ´´µ° ¶ ·Í¨ ²Ó´µ° ¢µ²´¥ Ê¸É ´ ¢²¨¢ ¥É¸Ö ´  µ¸´µ¢ ´¨¨ ¢¸¥°
¸µ¢µ±Ê¶´µ¸É¨ ·¥§Ê²ÓÉ Éµ¢, É.¥. ¶·¨´¨³ ¥É¸Ö ¢µ ¢´¨³ ´¨¥ ¶µ¢¥¤¥´¨¥
µÉ´µ¸¨É¥²Ó´o Ë § ¨ µÉ´µ¸¨É¥²Ó´µ ¤·Ê£¨Ì ¢µ²´. ‚ ± Î¥¸É¢¥ É ±µ° µ¶µ·´µ°

¢µ²´Ò · ¸¸³ É·¨¢ ² ¸Ó ¢µ²´  0−P (ρπ), ±µÉµ· Ö ¨³¥¥É ³¥¤²¥´´µ ³¥´ÖÕ-
Ð¨°¸Ö ¸¨£´ ² ¢ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ ³ ¸¸. „·Ê£¨³ ± ´¤¨¤ Éµ³ ¡Ò²  ¢µ²´ 

2−P (ρπ), ´µ µ´  ¢¥¤¥É ¸¥¡Ö ´¥±µ£¥·¥´É´µ ¢ µ¡² ¸É¨ ³ ¸¸ ¤µ 1,16 ƒÔB/c2. ‚

¨´É¥·¢ ²¥ 1,16 ÷ 1,40 ƒÔ‚/c2 Ë §a 0−P ³¥¤²¥´´µ · ¸É¥É µÉ´µ¸¨É¥²Ó´µ

2−P (~ 30Æ). „·Ê£µ° ¶·µ¢¥·±µ° ± Î¥¸É¢  µ¶µ·´µ° ¢µ²´Ò Ö¢²Ö¥É¸Ö ´ ¡²Õ-
¤¥´¨¥ ·¥§µ´ ´¸´µ£µ Ì · ±É¥·  Ìµ·µÏµ Ê¸É ´µ¢²¥´´µ£µ a2-·¥§µ´ ´¸ , ¢µ²´ 

±µÉµ·µ£µ 2+D1+(ρπ) µÉ´µ¸¨É¥²Ó´µ 0−P ¨³¥¥É Ö¢´µ¥ ·¥§µ´ ´¸´µ¥ ¶µ¢¥¤¥´¨¥.
” ±Éµ· ±µ£¥·¥´É´µ¸É¨ ÔÉ¨Ì ¢µ²´ ¸µ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê 0,7.

‚ É ¡².1 ¶·¥¤¸É ¢²¥´Ò ¢±² ¤Ò µ¸´µ¢´ÒÌ ¢µ²´ ¤²Ö É·¥Ì ¨´É¥·¢ ²µ¢ ³ ¸¸

¨ £·Ê¶¶ Ö¤¥·, ´µ µ¤´µ£µ ¨ Éµ£µ ¦¥ ¤¨ ¶ §µ´  ¶¥·¥¤ Î (t ′ ≤ 0,01 (ƒÔ‚/c)2). ˆ§

·¨¸.4, £¤¥ ¶·¨¢¥¤¥´ ¶·µÍ¥´É´Ò° ¢±² ¤ ¢µ²´, ¢¨¤´µ, ÎÉµ ¢±² ¤ 0− ¨ 2− ¸¨¸É¥-
³ É¨Î¥¸±¨ Ê³¥´ÓÏ ¥É¸Ö ¸  Éµ³´Ò³ ´µ³¥·µ³ ³¨Ï¥´¨, ¢ Éµ ¢·¥³Ö ± ±

 ³¶²¨ÉÊ¤  1+ Ê¢¥²¨Î¨¢ ¥É¸Ö.

’ ¡²¨Í  1. ‚±² ¤Ò µ¸´µ¢´ÒÌ ¢µ²´ ¤²Ö · §´ÒÌ ¨´É¥·¢ ²µ¢ ³ ¸¸ 
¨ £·Ê¶¶ Ö¤¥·

J pl Be + C Al + Si Ti + Cu Ag + Ta + Pb

0,9 < M3π < 1,2 ƒÔ‚/c2

0−S 12,5 ± 1,2 12,5 ± 0,7 11,2 ± 1,6 9,6 ± 1,0

0−P 3,4 ± 0,8 2,3 ± 0,3 2,9 ± 0,7 2,0 ± 0,4

0− 17,8 ± 1,7 16,4 ± 0,9 15,8 ± 2,1 12,8 ± 1,3

1+S 64,4 ± 3,4 64,8 ± 1,5 68,8 ± 3,6 66,9 ± 2,3

1+P 10,0 ± 1,2 10,4 ± 0,6 8,2 ± 1,2 9,8 ± 0,8

1+D Å Å Å Å

1+ 78,5 ± 2,3 80,9 ± 1,1 82,1 ± 2,8 85,3 ± 1,8

2−P  4,0 ± 1,5  3,0 ± 0,7  2,5 ± 1,3  2,1 ± 1,0

2−S Å Å Å Å

2− Å Å Å Å

42  ‡�‰Œˆ„���ƒ� �.�.



J pl Be + C Al + Si Ti + Cu Ag + Ta + Pb

1,2 < M3π < 1,5  ƒÔ‚/c2

0−S 17,3 ± 2,2 14,4 ± 1,0 13,5 ± 2,2 9,4 ± 1,3

0−P  5,6 ± 1,0  5,4 ± 0,5  3,0 ± 0,9  3,8 ± 0,7

0− 23,1 ± 2,7 21,0 ± 1,3 16,9 ± 2,6 13,7 ± 1,7

1+S 38,3 ± 3,1 37,5 ± 1,3 43,7 ± 3,1 50,9 ± 2,0

1+P 10,7 ± 1,7 13,1 ± 0,8 11,5 ± 1,6 10,6 ± 1,0

1+D  3,5 ± 0,8  3,1 ± 0,3  4,4 ± 1,0  4,3 ± 0,6

1+ 62,7 ± 3,2 66,8 ± 1,5 73,1 ± 3,3 79,7 ± 2,2

2−P  9,5 ± 1,8  7,9 ± 0,8  7,0 ± 1,7  3,4 ± 0,9

2−S  7,9 ± 1,3  4,3 ± 0,5  3,9 ± 1,2  2,3 ± 0,6

2− 13,5 ± 1,9 11,3 ± 1,0  9,9 ± 2,1  5,0 ± 1,2

1,5 < M3π < 1,8  ƒÔ‚/c2

0−S  8.0 ± 3,1 10,5 ± 1,6 13,8 ± 4,5 13,3 ± 2,8

0−P  5,8 ± 2,9  2,1 ± 0,6  1,8 ± 1,3  2,3 ± 1,1

0− 14,6 ± 4,0 13,2 ± 2,0 16,0 ± 5,2 15,9 ± 3,3

1+S 13,5 ± 2,8 15,0 ± 1,4 12,1 ± 3,2 14,9 ± 2,3

1+P 13,3 ± 2,6 17,2 ± 1,3 13,3 ± 2,9 14,0 ± 2,0

1+D 11,1 ± 2,3 12,6 ± 1,0 14,6 ± 2,8 16,2 ± 2,0

1+ 45,4 ± 4,6 52,2 ± 2,2 46,7 ± 5,5 53,1 ± 3,7

2−P 16,6 ± 3,1 12,2 ± 1,3 10,0 ± 2,8 10,0 ± 2,0

2−S 30,2 ± 3,0 28,0 ± 1,4 32,1 ± 3,5 26,1 ± 2,3

2− 39,9 ± 3,9 34,5 ± 1,7 37,2 ± 4,2 31,1 ± 2,8

�Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ¡ �-§ ¢¨¸¨³µ¸É¨
¢±² ¤  ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´, µ¡Ê¸²µ¢²¥´´ÒÌ · §´Ò³ ¶µ£²µÐ¥´¨¥³ ¢ Ö¤·¥. ‘
ÔÉµ° Í¥²ÓÕ ¸¥Î¥´¨¥ ±µ£¥·¥´É´µ£µ µ¡· §µ¢ ´¨Ö · §²¨Î´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ

¢µ²´, ¶·µ¨´É¥£·¨·µ¢ ´´µ¥ ¶µ t ′ ¢¶²µÉÓ ¤µ 0,01 (ƒÔ‚/c)2, ¡Ò²µ ¶·µË¨É¨·µ-
¢ ´µ ¸ ¶µ³µÐÓÕ Ëµ·³Ê² É¥µ·¨¨ ³´µ£µ±· É´µ£µ · ¸¸¥Ö´¨Ö. �  ·¨¸.4 ¶µ± § -

´µ ¶µ¢¥¤¥´¨¥ ¶ ·Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö µ¡· §µ¢ ´¨Ö ¢µ²´ 0−, 1+, 2− ¨ ¶µ²´µ¥

¸¥Î¥´¨¥ ¢ ¤¨ ¶ §µ´¥ 1 ÷ 1,2 ƒÔ‚/c2.

‘¥Î¥´¨Ö ¶µ£²µÐ¥´¨Ö ¢µ²´ 0− ¨ 2− ¢ ¶·¥¤¥² Ì µÏ¨¡µ± ¸µ¢¶ ¤ ÕÉ ¸ ¸¥-
Î¥´¨¥³ ¶µ£²µÐ¥´¨Ö ³¥§µ´  ´Ê±²µ´µ³ (24 ³¡),   ¸¥Î¥´¨¥ ¶µ£²µÐ¥´¨Ö ¸µ¸Éµ-

Ö´¨Ö 1+ §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥ ¨ ¸µ¸É ¢²Ö¥É 15 ³¡. Š ± ¢¨¤´µ, ¶µ£²µÐ¥´¨¥
¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ ¢ · §´ÒÌ ±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ´¨ÖÌ · §²¨Î´µ.
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„²Ö Éµ£µ ÎÉµ¡Ò ¨§ÊÎ¨ÉÓ ¢µ¶·µ¸ µ
¢±² ¤¥  ³¶²¨ÉÊ¤ ¸ ¶¥·¥¢µ·µÉµ³ ¸¶¨´ 
¢ ¶µ£²µÐ¥´¨¥ ¤ ´´µ° ¶ ·Í¨ ²Ó´µ°
¢µ²´Ò,  ¡Ò² ¨¸¸²¥¤µ¢ ´ ¢±² ¤ ¢µ²´ ¸
M ≠ 1. �É³¥É¨³, ÎÉµ ¢µ²´Ò ¸ M > 1
¤ ÕÉ ´¨ÎÉµ¦´µ ³ ²Ò° ¢±² ¤.

� ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§ ¡Ò²
¶·µ¢¥¤¥´ ¤²Ö ¤¢ÊÌ £·Ê¶¶ ²¥£±¨Ì
Be + C ¨ ÉÖ¦¥²ÒÌ Ö¤¥· Ag + Ta + Pb
¢ Ï¨·µ±µ° µ¡² ¸É¨ ³ ¸¸ ¤²Ö É·¥Ì
¤¨ ¶ §µ´µ¢ 0,9 ÷ 1,2; 1,2 ÷ 1,5 ¨

1,5 ÷ 1,8 ƒÔ‚/c2. ‚ µ¡² ¸É¨ ³ ²ÒÌ t ′
¢±² ¤  ³¶²¨ÉÊ¤ ¸µ¸É ¢²Ö¥É ´¥¸±µ²Ó±µ
¶·µÍ¥´Éµ¢ ¨ ¨³¥¥É É¥´¤¥´Í¨Õ ±
Ê¢¥²¨Î¥´¨Õ ¸ ·µ¸Éµ³ t ′.

T ± ± ± ¸µ¸ÉµÖ´¨¥ 1+ ¤µ³¨´¨·Ê¥É

¢ µ¡² ¸É¨ ³ ¸¸ < 1,5 ƒÔ‚/c2, Éµ µÉ´µ-

¸¨É¥²Ó´Ò° ¢±² ¤  ³¶²¨ÉÊ¤Ò 1+1+, ± ±
¸²¥¤Ê¥É ¨§ ÔÉ¨Ì ¤ ´´ÒÌ, ¸µ¸É ¢²Ö¥É
´¥¸±µ²Ó±µ ¶·µÍ¥´Éµ¢, É.¥. ¸µ¸ÉµÖ´¨¥

1+ ¶· ±É¨Î¥¸±¨ ·µ¦¤ ¥É¸Ö ¢ Î¨¸Éµ³
±¢ ´Éµ¢µ³ ¸µ¸ÉµÖ´¨¨. —Éµ ± ¸ ¥É¸Ö

¢µ²´Ò 2−, Éµ ¤ ¦¥ ¤²Ö ³ ²ÒÌ t ′ µÉ´µ-

¸¨É¥²Ó´Ò° ¢±² ¤ ¸µ¸ÉµÖ´¨° 2−1+ § -
³¥É¥´ ¨ ¤µ¸É¨£ ¥É 30%.

’ ±¨³ µ¡· §µ³, ´  µ¸´µ¢ ´¨¨
¨¸¸²¥¤µ¢ ´¨Ö t ′- ¨ �-§ ¢¨¸¨³µcÉ¨
¢±² ¤  ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ ³µ¦´µ ¸¤¥-
² ÉÓ ¸²¥¤ÊÕÐ¨¥ § ±²ÕÎ¥´¨Ö.

 ) „µ³¨´¨·ÊÕÐ¨° ¢±² ¤ ¤ ÕÉ ¸µ¸ÉµÖ´¨Ö 0−, 1+, 2−, ±µÉµ·Ò¥ ·µ¦¤ ÕÉ¸Ö

§  ¸Î¥É µ¡³¥´  ´ ÉÊ· ²Ó´µ° ¸¥·¨¨ ¶µ Î¥É´µ¸É¨ P = Pπ(− 1)J,   ¢±² ¤ µ¡³¥´ 

´¥´ ÉÊ· ²Ó´µ° ¸¥·¨¨ ´¨ÎÉµ¦´µ ³ ².

¡) ‚±² ¤ ̧ µ¸ÉµÖ´¨° ̧ µ §´ Î¥´¨¥³ η = − 1 o¶epaÉopa µÉ· ¦¥´¨° ́ ¨ÎÉµ¦-
´µ ³ ² ¢µ ¢¸¥° µ¡² ¸É¨ 3π-³ ¸¸.

¢) ‚ t-± ´ ²¥ ±µ£¥·¥´É´µ µ¡· §µ¢ ´´ Ö ¸¨¸É¥³  ¨³¥¥É ¶·¥¨³ÊÐ¥¸É¢¥´´µ
³¨´¨³ ²Ó´µ¥ §´ Î¥´¨¥ É·¥ÉÓ¥° ±µ³¶µ´¥´ÉÒ ¸¶¨´  M = 0, ±µÉµ·µ¥ · §·¥Ï¥-
´µ ¤²Ö µ¡³¥´  ·Ö¤  ´ ÉÊ· ²Ó´µ° ÎeÉ´µ¸É¨.

£) �É¸ÊÉ¸É¢¨¥ ¸µ¸ÉµÖ´¨° ¸ η = − 1 ¨  ³¶²¨ÉÊ¤ ¸ ¶¥·¥¢µ·µÉµ³ ¸¶¨´  ¤¥-
² ¥É · ´£ ρ-³ É·¨ÍÒ ´¥ ¡µ²¥¥ 2, ¨ ¢Ò¸µ± Ö ±µ£¥·¥´É´µ¸ÉÓ ³¥¦¤Ê ¢µ²´ ³¨

�¨¸. 4.  �µ²´µ¥  ¸¥Î¥´¨¥ ·µ¦¤¥´¨Ö  0−-,

1+-, 2−-¸µ¸ÉµÖ´¨°
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µ¡¥¸¶¥Î¨¢ ¥É ´ ¤¥¦´µ¥ µ¶·¥¤¥²¥´¨¥ µÉ´µ¸¨É¥²Ó´ÒÌ Ë § ³¥¦¤Ê · §²¨Î´Ò³¨
¶ ·Í¨ ²Ó´Ò³¨ ¢µ²´ ³¨.

¤) ‚±² ¤ ¸µ¸ÉµÖ´¨° 1+ ¨ 0− ¨³¥¥É · §´µ¥ ¶µ¢¥¤¥´¨¥ ¸ ¨§³¥´¥´¨¥³  Éµ³-

´µ£µ ´µ³¥·  ³¨Ï¥´¨, ¶·¨ ÔÉµ³ ¢±² ¤ ¸µ¸ÉµÖ´¨Ö 0− ´¥ § ¢¨¸¨É µÉ  Éµ³´µ°

³ ¸¸Ò ³¨Ï¥´¨,   ¤²Ö ¸µ¸ÉµÖ´¨Ö 1+ · ¸É¥É.

¥) �µ£²µÐ¥´¨¥ ¸µ¸ÉµÖ´¨Ö 1+ ¢ Ö¤¥·´µ° ³ É¥·¨¨ ³¥´ÓÏ¥, Î¥³ ¶µ£²µ-

Ð¥´¨¥ ¸µ¸ÉµÖ´¨° 0− ¨ 2−, É.¥. ¶µ£²µÐ¥´¨¥ ¢ Ö¤·¥ · §²¨Î´ÒÌ ¸¶¨´µ¢ÒÌ ¸µ-
¸ÉµÖ´¨° · §´µ¥.

�¥§µ´ ´¸´Ò¥ ¸¢µ°¸É¢  ¸µ¸ÉµÖ´¨Ö J pLMη = 1+L0+, a1(1260)-³¥§µ´. 
�·µ¡²¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö a1(1260)-·¥§µ´ ´¸  µÉ´µ¸¨É¸Ö ± µ¤´µ³Ê ¨§ ¤ ¢´¨Ì
¢µ¶·µ¸µ¢ ¢ ³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨ [45,47]: ¸ÊÐ¥¸É¢Ê¥É ¨²¨ ´¥É ÔÉµÉ ·¥§µ-

´ ´¸ ¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ 1+ ¢ ± ´ ²¥ · ¸¶ ¤  ´  ρπ-¸¨¸É¥³Ê? ‚ ±¢ ·±µ-

¢µ° ³µ¤¥²¨ ÔÉµ ¸µ¸ÉµÖ´¨¥ ¥¸ÉÓ P-¢µ²´  ¢ qq-c¨¸É¥³¥ I G = 1−, J p = 1+. �µ-
²µ¦¨É¥²Ó´Ò° ¶µ G-Î¥É´µ¸É¨ ¶ ·É´¥· a1-³¥§µ´ , b1(1235)-³¥§µ´ ´ ¤¥¦´µ Ê¸-
É ´µ¢²¥´ [47]. b1(1235)-³¥§µ´ ´¥ ·µ¦¤ ¥É¸Ö ¢ ¤¨Ë· ±Í¨µ´´ÒÌ ¶·µÍ¥¸¸ Ì
(É ± ± ± G = + 1) ¨ · ¸¶ ¤ ¥É¸Ö ¶µ ± ´ ²Ê ωπ. ’·Ê¤´µ¸É¨ Ê¸É ´µ¢²¥´¨Ö
·¥§µ´ ´¸´ÒÌ ¸¢µ°¸É¢ a1(1260)-³¥§µ´  ¢ ¤¨Ë· ±Í¨µ´´ÒÌ ¶·µÍ¥¸¸ Ì ¢ µ¸´µ¢-
´µ³ ¸¢Ö§ ´Ò ¸ É¥³, ÎÉµ ¶ ¤ ÕÐ¨° π-³¥§µ´ ¤¨¸¸µÍ¨¨·Ê¥É ¢ ρπ-¸¨¸É¥³Ê ¢
¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Ì ´¨§³µ³ „·¥²² , „¥±± , •¨¨¤  [49,48] ¨ § ¸¥²Ö¥É ¶·¥¨-

³ÊÐ¥¸É¢¥´´µ 1+S (ρπ)-¢µ²´Ê. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¡µ²ÓÏµ¥ Î¨¸²µ · ¡µÉ [51Å
54] ¶µ ¨¸¸²¥¤µ¢ ´¨Õ ¤¨Ë· ±Í¨¨ ´  ¢µ¤µ·µ¤´µ° ³¨Ï¥´¨ ´¥ ¶µ± §Ò¢ ²¨ ¸Ê-

Ð¥¸É¢¥´´µ£µ ¨§³¥´¥´¨Ö Ë §Ò 1+S-¢µ²´Ò µÉ´µ¸¨É¥²Ó´µ ¤·Ê£¨Ì ¢µ²´. �Éµ
¨´É¥·¶·¥É¨·µ¢ ²µ¸Ó ± ± Ê± § ´¨¥ ¶·µÉ¨¢ ¸ÊÐ¥¸É¢µ¢ ´¨Ö a1-³¥§µ´ .

’µ²Ó±µ ¨¸¸²¥¤µ¢ ´¨Ö ¸ ¡µ²ÓÏµ° ¸É É¨¸É¨±µ° ´  Ö¤¥·´ÒÌ ³¨Ï¥´ÖÌ [45]
¨ ¢µ¤µ·µ¤´µ° ³¨Ï¥´¨ [50,49] ¶µ§¢µ²¨²¨ ¶µ²ÊÎ¨ÉÓ ¤µ¸Éµ¢¥·´Ò¥ ¸¢¥¤¥´¨Ö µ
·¥§µ´ ´¸¥ a1.

ˆ¸¸²¥¤µ¢ ´¨¥ ·¥§µ´ ´¸´ÒÌ ¸¢µ°¸É¢ ¸µ¸ÉµÖ´¨Ö 1+ µ¸´µ¢ ´µ ´  ¢µ²´µ¢µ³
 ´ ²¨§¥ ¤ ´´ÒÌ ¢ ±µ£¥·¥´É´µ° µ¡² ¸É¨,   É ±¦¥ ´  t ′- ¨ A-§ ¢¨¸¨³µ¸É¨
µÉ´µ¸¨É¥²Ó´ÒÌ Ë §.

‚ µ¡² ¸É¨ ³ ¸¸ 3π-¸¨¸É¥³Ò ≤ 1,4 ƒÔ‚/c2 ´ ¡µ· ¢µ²´ ¸²¥¤ÊÕÐ¨°:

0−S, 0−P, 1+S, 1+P, 2−P, 2−P1, 2+D1, ±·µ³¥ Éµ£µ, ¸ M3π = 1,12 ƒÔ‚/c2 ¢±²ÕÎ -

² ¸Ó ¢µ²´  1+D(ρπ).
‘¨£´ ² 0−P §´ Î¨É¥²Ó´µ ¶·¥¢ÒÏ ¥É ¢µ²´Ê 2+D1. ‚µ²´  2− ¢ ÔÉµ° µ¡-

² ¸É¨ ¸µ¤¥·¦¨É ¡µ²ÓÏµ° ¢±² ¤  ³¶²¨ÉÊ¤Ò 2−P1. t ′-§ ¢¨¸¨³µ¸ÉÓ  ³¶²¨ÉÊ¤

1+S ¨ 2−P ¤²Ö ¨´É¥·¢ ²  ³ ¸¸ 1 ÷ 1,2 ƒÔ‚/c2 ¶µ± § ´  ´  ·¨¸.5. � ±²µ´

 ³¶²¨ÉÊ¤Ò 1+S ¨ ¢Ò¸µ± Ö ±µ£¥·¥´É´µ¸ÉÓ ¶·Ö³µ ¸¢Ö§ ´Ò ¸ ¤¨Ë· ±Í¨µ´´Ò³
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³¥Ì ´¨§³µ³ ·µ¦¤¥´¨Ö, ¢ Éµ ¢·¥-

³Ö ± ± ¢µ²´  2−P ¨³¥¥É ¸² ¡ÊÕ
±µ£¥·¥´É´µ¸ÉÓ ¨ ·µ¦¤ ¥É¸Ö
´¥¤¨Ë· ±Í¨µ´´µ ¢ µ¡² ¸É¨ ³ ¸¸

³¥´ÓÏ¥ 1,2 ƒÔ‚/c2. �É´µ¸¨É¥²Ó-

´Ò¥ Ë §Ò ¢µ²´ δ(1+S − 0−P),
δ(1+P − 0−P), δ(1+S − 0−S) ¶·¨¢¥-
¤¥´Ò ´  ·¨¸.6,7 ¤²Ö ππ-¶ · -
³¥É·¨§ Í¨¨ ¨ ε-¶ · ³¥É·¨§ Í¨¨.

1+S ¨§³¥´Ö¥É¸Ö ´  110Æ ¨ 90Æ

µÉ´µ¸¨É¥²Ó´µ 0−P ¤²Ö ¤¢ÊÌ ¶ · -

³¥É·¨§ Í¨°. ” §  1+S

µÉ´µ¸¨É¥²Ó´µ 1+P ¶µ¸ÉµÖ´´ Ö ¨
¸µ¸É ¢²Ö¥É 90Æ ¢µ ¢¸¥° µ¡² ¸É¨ ³ ¸¸, ¢ Éµ ¢·¥³Ö ± ± µÉ´µ¸¨É¥²Ó´ Ö Ë § 

δ(1+P − 0−P) ¶µ± §Ò¢ ¥É ¸¨²Ó´µ¥ ¨§³¥´¥´¨¥ ´  Ï¨·¨´¥ a1-¶¨± . �Éµ µ¡¸Éµ-

ÖÉ¥²Ó¸É¢µ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ·¥§µ´ ´¸´µ³ ¶µ¢¥¤¥´¨¨ ¤¢ÊÌ ¢µ²´, ± ± 1+S, É ±

¨ 1+P. ’ ± ± ± ÔÉ¨ ¤¢  ¸µ¸ÉµÖ´¨Ö ¶·¨´ ¤²¥¦ É µ¤´µ³Ê ¨ Éµ³Ê ¦¥ J p = 1+,
Éµ ¸²¥¤µ¢ ²µ ¡Ò µ¦¨¤ ÉÓ, ÎÉµ ¨Ì µÉ´µ¸¨É¥²Ó´ Ö Ë §  ¡Ê¤¥É · ¢´  0Æ ¨²¨
180Æ. ˆÌ µÉ´µ¸¨É¥²Ó´ Ö Ë §  § ¢¨¸¨É µÉ ¶ · ³¥É·¨§ Í¨¨ ¤¨¶¨µ´´µ°
 ³¶²¨ÉÊ¤Ò: ¤²Ö ε µ´  ¸µ¸É ¢²Ö¥É 90Æ,   ¤²Ö ππ Å − 120Æ. 

•µÉÖ ¢µ²´Ò 1+S ̈  1+P ³µ£ÊÉ ¶·¨´ ¤²¥¦ ÉÓ µ¤´µ³Ê ¨ Éµ³Ê ¦¥ ·¥§µ´ ´¸Ê,

´µ ³ ¸¸µ¢Ò° ¸¶¥±É· ¢µ²´Ò 1+P ´¥ ¨³¥¥É ·¥§µ´ ´¸´µ£µ ¢¨¤  ¨ ´¥ µ¶¨¸Ò¢ ¥É-

¸Ö ËÊ´±Í¨¥° �·e°É  Å ‚¨£´¥· . ” §  1+S-¸µ¸ÉµÖ´¨Ö µÉ´µ¸¨É¥²Ó´µ 0−S ¶µ¸-

�¨¸.5. t ′-§ ¢¨¸¨³µ¸ÉÓ 1+S ¨ 2−P ¶ ·-
Í¨ ²Ó´ÒÌ ¢µ²´

�¨¸.6. ” §Ò ¢µ²´ 1+S ¨ 1+P µÉ´µ¸¨É¥²Ó´µ

¢µ²´Ò 0−P ¤²Ö ε- ¨ ππ-¶ · ³¥É·¨§ Í¨°
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ÉµÖ´´  ¶µ µ¡² ¸É¨ ³ ¸¸ ¨ · ¢´ 

− 150Æ,   ¢µ²´  0−S  µÉ´µ¸¨É¥²Ó´µ

0−P, ± ± ¡Ê¤¥É ¶·¨¢¥¤¥´µ ´¨¦¥
(·¨¸.14), ¨³¥¥É ¸¨²Ó´µ¥ ¨§³¥-
´¥´¨¥ Ë §Ò, ÎÉµ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É
¢ ¶µ²Ó§Ê ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥§µ´ ´-
¸´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¤¢ÊÌ ¢µ²´ Ì

1+S ¨ 0−S.
„²Ö Éµ£µ ÎÉµ¡Ò ¶µ´ÖÉÓ ¶µ¢¥-

¤¥´¨¥ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò

δ(1+S − 0−P) ¢ µ¡² ¸É¨ ³ ¸¸

0,8 ÷ 1,4 ƒÔ‚/c2, ¡Ò²µ ¶·¥¤¶·¨-
´ÖÉµ ¨§ÊÎ¥´¨¥ A- ¨ t ′-§ ¢¨¸¨³µ¸-
É¥° ÔÉµ° Ë §Ò. �µ²´µ¥ ¨§³¥´¥-

´¨¥ Ë §Ò δ(1+S − 0−P) Ê¢¥²¨Î¨¢ -
¥É¸Ö ¸ ·µ¸Éµ³  Éµ³´µ£µ ´µ³¥· 
³¨Ï¥´¨, ¸µ¸É ¢²ÖÖ 70Æ ¤²Ö ²¥£-
±¨Ì ¨ ~ 130Æ ¤²Ö ÉÖ¦¥²ÒÌ. „²Ö
²e£±¨Ì Ö¤¥· ¶µ¢¥¤¥´¨¥ · §´µ¸É¨

Ë § δ(1+S − 0−P) µ¤¨´ ±µ¢µ ± ± ¢
±µ£¥·¥´É´µ°, É ± ¨ ¢ ´¥±µ£¥·¥´É-
´µ° µ¡² ¸É¨, ¢ Éµ ¢·¥³Ö ± ± ¤²Ö
ÉÖ¦e²ÒÌ Ö¤¥· ÔÉ  Ë §  ¸¨²Ó´µ ³¥-
´Ö¥É¸Ö ¢ µ¡² ¸É¨ ³ ²ÒÌ t ′,   ¤²Ö
¡µ²ÓÏ¨Ì t ′ ¨§³¥´¥´¨¥ Ë §Ò ¨³¥-
¥É ÉÊ ¦¥ ¢¥²¨Î¨´Ê, ÎÉµ ¨ ¤²Ö ²e£-
±¨Ì Ö¤¥·. ‡¤¥¸Ó Í¥²¥¸µµ¡· §´µ
¶·µ¢¥¸É¨ ¸· ¢´¥´¨¥ ¸ ¤ ´´Ò³¨,
¶µ²ÊÎ¥´´Ò³¨ ´  ¢µ¤µ·µ¤´µ°
³¨Ï¥´¨ ¶·¨ 64 ÷ 93 ƒÔ‚ [30], ¨ ̧  ¤ ´´Ò³¨ ́   Ö¤¥·´ÒÌ ³¨Ï¥´ÖÌ ¶·¨ 15 ƒÔ‚
[26]. „²Ö ¢µ¤µ·µ¤´µ° ³¨Ï¥´¨ ¨§³¥´¥´¨¥ Ë § ¸µ¸É ¢²Ö¥É ²¨ÏÓ 65Æ ¨ ¸µ¢¶ -

¤ ¥É ¸ ¤¢¨¦¥´¨¥³ Ë §Ò (1+S − 0−P) ¤²Ö ²e£±¨Ì Ö¤¥·,   É ±¦¥ ¸ ¨§³¥´¥´¨¥³
Ë §Ò ¢ ´¥±µ£¥·¥´É´µ° µ¡² ¸É¨. �¢Éµ·Ò [30] ¤²Ö ¶µ²ÊÎ¥´¨Ö ̧ ¢¥¤¥´¨° µ ·¥§µ-

´ ´¸´µ³ Ì · ±É¥·¥ 1+S-cµ¸ÉµÖ´¨Ö ¶·¨¢²¥±²¨ · ¸ÎeÉÒ ¶µ ´¥·¥§µ´ ´¸´µ° ³µ-
¤¥²¨ „¥±± .

„²Ö µ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·µ¢ ·¥§µ´ ´¸  ¢ ¸µ¸ÉµÖ´¨¨ 1+S ¡Ò² ¸¤¥² ´

 ´ ²¨§ ³ ¸¸µ¢µ£µ ¸¶¥±É·  1+S ¢ ε-¶ · ³¥É·¨§ Í¨¨ ¶µ Ëµ·³Ê²¥ �·¥°É  Å
‚¨£´¥·  ¢ ¶·¥¤¶µ²µ¦¥´¨¨ ´¥·¥§µ´ ´¸´µ£µ ¢±² ¤  ³¥Ì ´¨§³  „¥±± . ’ ± ± ±

³ ¸¸µ¢Ò° ¸¶¥±É· 1+S § ¢¨¸¨É µÉ ¶ · ³¥É·¨§ Í¨¨ ¤¨¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò, Éµ

�¨¸.7. �É´µ¸¨É¥²Ó´Ò¥ Ë §Ò (0−S − 1+S) ¨
(1+P − 1+S)
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É¥³ ¸ ³Ò³ ¡Ê¤ÊÉ ¶µ²ÊÎ¥´Ò ¶·¥¤¢ ·¨É¥²Ó´Ò¥ ¤ ´´Ò¥. �µ²¥¥  ±±Ê· É´Ò°
 ´ ²¨§ ¸ Í¥²ÓÕ µ¶·¥¤¥²¥´¨Ö ·¥§µ´ ´¸´ÒÌ ¶ · ³¥É·µ¢ ¤ ´ ´¨¦¥.

Œ ¸¸µ¢Ò° ¸¶¥±É· 1+ ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´ ¢Ò· ¦¥´¨¥³:

N
1

+
S = A exp (− BM 2) + C 

M
0
Γ

(M 2 − M
0
 2)2 + M

0
 2Γ2

 ,

£¤¥ ¶¥·¢Ò° Î²¥´ ¥¸ÉÓ ´¥·¥§µ´ ´¸´Ò° ¢±² ¤,   ¢Éµ·µ° Î²¥´ Å ·¥²ÖÉ¨¢¨¸É-
¸± Ö Ëµ·³Ê²  �·¥°É  Å ‚¨£´¥· , ¢ ±µÉµ·µ° M

0
 Å ·¥§µ´ ´¸´ Ö ³ ¸¸ ,

Γ = Γ
0
 


 
q
q
0

 



 2l + 1
 
M

0

M 
 , q Å ¨³¶Ê²Ó¸ ¤¨¶¨µ´  ¢ 3π-¸¨¸É¥³¥ ¶µ±µÖ, q

0
 Å ÉµÉ

¦¥ ¨³¶Ê²Ó¸ ¤²Ö ·¥§µ´ ´¸ , l Å µ·¡¨É ²Ó´Ò° ³µ³¥´É ¢ ¸¨¸É¥³¥ ρπ. � 
µ¸´µ¢ ´¨¨ ÔÉµ£µ µ¶¨¸ ´¨Ö ·¥§µ´ ´¸´Ò° ¢±² ¤ ¸µ¸É ¢²Ö¥É 29% ¢ ¸µ¸Éµ-

Ö´¨¨ 1+S. Œ ¸¸  ¨ Ï¨·¨´  ·¥§µ´ ´¸ 

Ma
1

 = (1,264 ± 0,006) ƒÔ‚/c2,     Γa
1

 = (244 ± 14) ŒÔ‚.

�  µ¸´µ¢ ´¨¨ ¨§²µ¦¥´´µ£µ ³µ¦´µ ¸¤¥² ÉÓ § ±²ÕÎ¥´¨Ö.

 ) �µ¢¥¤¥´¨¥ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò ¢µ²´Ò 1+S ¨ ³ ¸¸µ¢Ò° ¸¶¥±É· ´¥¶µ¸-

·¥¤¸É¢¥´´µ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ ·¥§µ´ ´¸¥ ¢ ¢µ²´¥ 1+S (ρπ) ¸ ±¢ ´Éµ¢Ò³¨

Î¨¸² ³¨ a1(1260)-·¥§µ´ ´¸  I GJ p = 1−1+. —Éµ ± ¸ ¥É¸Ö ¢µ²´Ò 1+P, Éµ ¡µ²Ó-

Ï Ö · §´¨Í  Ë § (1+P − 1+S), § ¢¨¸ÖÐ Ö µÉ ¶ · ³¥É·¨§ Í¨¨ ¤¨¶¨µ´´µ°
 ³¶²¨ÉÊ¤Ò, ¶µ-¢¨¤¨³µ³Ê, Ê± §Ò¢ ¥É ´  §´ Î¨É¥²Ó´Ò° ´¥·¥§µ´ ´¸´Ò° ¢±² ¤

¢ ÔÉÊ ¢µ²´Ê. ‚±² ¤ ·¥§µ´ ´¸  ¢ ¢µ²´¥ 1+P ³ ².
¡) Šµ£¥·¥´É´Ò° ³¥Ì ´¨§³ Ê¸¨²¨¢ ¥É µ¡· §µ¢ ´¨¥ a1-·¥§µ´ ´¸  ¶·¨ ³ -

²ÒÌ t ′.
¢) “¢¥²¨Î¥´¨¥ · §´µ¸É¨ Ë § ¸µ¸ÉµÖ´¨° 1+S ¨ 0−P ¸ Ê¢¥²¨Î¥´¨¥³  Éµ³-

´µ° ³ ¸¸Ò Ö¤·  ¤²Ö ³ ²ÒÌ t ′ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ¡ Ê¸¨²¥´¨¨ ¸¥²¥±É¨·ÊÕÐ¥°
¸¶µ¸µ¡´µ¸É¨ Ö¤·  ¨ Ê¢¥²¨Î¥´¨¨ ·¥§µ´ ´¸´µ£µ ·µ¦¤¥´¨Ö.

£) ˆ§³¥´¥´¨¥ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò (1+S − 0−P) ´  ²¥£±¨Ì Ö¤· Ì ¨ ¢µ¤µ-
·µ¤´µ° ³¨Ï¥´¨ ¸· ¢´¨³µ, ¢ Éµ ¢·¥³Ö ± ± ´  ÉÖ¦¥²ÒÌ Ö¤· Ì ¤¢¨¦¥´¨¥ Ë §Ò
¸¨¸É¥³ É¨Î¥¸±¨ Ê¢¥²¨Î¨¢ ¥É¸Ö ¸ ·µ¸Éµ³ �. ‚ ´¥±µ£¥·¥´É´µ° µ¡² ¸É¨ ´ 
Ö¤· Ì ¤¢¨¦¥´¨¥ µÉ´µ¸¨É¥²Ó´µ° Ë §Ò ¸µ¶µ¸É ¢¨³µ ¸ ¤ ´´Ò³¨ ´  ¢µ¤µ·µ¤¥.
’ ±¨³ µ¡· §µ³, ¶·µÖ¢²¥´¨¥ ·¥§µ´ ´¸´ÒÌ ¸¢µ°¸É¢ a1-¸¨£´ ²  ¸¨²Ó´µ § ¢¨¸¨É

µÉ  Éµ³´µ° ³ ¸¸Ò Ö¤·  ³¨Ï¥´¨. ’ ± ± ± Ö¤·µ, ± ± ³Ò ¢¨¤¥²¨, ¶µ-· §´µ³Ê
¶µ£²µÐ ¥É ¸µ¸ÉµÖ´¨Ö ¸ · §´Ò³¨ §´ Î¥´¨Ö³¨ ¸¶¨´  ¨ Î¥É´µ¸É¨, ¨ ÔËË¥±É
¶µ£²µÐ¥´¨Ö Ê¢¥²¨Î¨¢ ¥É¸Ö ¸ ·µ¸Éµ³  Éµ³´µ° ³ ¸¸Ò, Éµ ¡o′²ÓÏ¥¥ ¶·µÖ¢²¥´¨¥
·¥§µ´ ´¸´ÒÌ ¸¢µ°¸É¢ ¤ ´´µ£µ ¸µ¸ÉµÖ´¨Ö, ¶µ-¢¨¤¨³µ³Ê, µ¡Ê¸²µ¢²¥´µ É¥³,

ÎÉµ Ö¤¥·´µ¥ ¶µ£²µÐ¥´¨¥ ¢ ¤ ´´µ³ J p-¸µ¸ÉµÖ´¨¨ ¶·¨¢µ¤¨É ± ¶µ¤ ¢²¥´¨Õ
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¢±² ¤  ³¥Ì ´¨§³ , ±µÉµ·Ò° ´µ·³ ²Ó´µ ¤ ¥É ¢±² ¤ ¢ ÔÉµ ¸µ¸ÉµÖ´¨¥. „·Ê£¨³¨

¸²µ¢ ³¨, ´¥·¥§µ´ ´¸´µ¥ ¸µ¸ÉµÖ´¨¥ ¢ ¤ ´´µ³ J p ³µ¦¥É ¸¨²Ó´¥¥ ¶µ£²µÐ ÉÓ¸Ö
¢ Ö¤¥·´µ° ³ É¥·¨¨, Î¥³ ·¥§µ´ ´¸´µ¥. ’ ± Ö ¢µ§³µ¦´µ¸ÉÓ · ¸¸³ É·¨¢ ² ¸Ó ¢
· ¡µÉ Ì [55,60]. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ³ ²µ¸ÉÓ ¸¥Î¥´¨Ö ¶µ£²µÐ¥´¨Ö a1-³¥§µ´  ¨

Ê¢¥²¨Î¥´¨¥ ¢ÒÌµ¤  ¸ ·µ¸Éµ³  Éµ³´µ° ³ ¸¸Ò Ö¤· , ¶µ-¢¨¤¨³µ³Ê, Ê± §Ò¢ ¥É
´  Éµ, ÎÉµ ¢ ¶·µÍ¥¸¸¥ ¤¨Ë· ±Í¨µ´´µ£µ ·µ¦¤¥´¨Ö a1-·¥§µ´ ´¸  ´  Ö¤· Ì

¢±²ÕÎ ¥É¸Ö ¤µ¶µ²´¨É¥²Ó´Ò° ³¥Ì ´¨§³. �ÉµÉ ³¥Ì ´¨§³ ³µ¦¥É ¡ÒÉÓ ¤¢ÊÌ-
ÔÉ ¶´Ò³, ¢¸²¥¤¸É¢¨¥ Éµ£µ, ÎÉµ ¢  ¤·µ´-Ö¤¥·´µ³ ¤¨Ë· ±Í¨µ´´µ³ · ¸¸¥Ö´¨¨
·µ¦¤¥´´ Ö ¸¨¸É¥³ , ¶·¥¦¤¥ Î¥³ ¤µ¸É¨£´ÊÉÓ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨Ö, ¢ É¥Î¥´¨¥
¶¥·¥Ìµ¤´µ£µ ¢·¥³¥´¨ ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ¢ ¤·Ê£µ³ ¸µ¸ÉµÖ´¨¨ ¨, ¢§ ¨³µ¤¥°-
¸É¢ÊÖ ¸ ´Ê±²µ´µ³, ¶¥·¥Ìµ¤¨ÉÓ ¢ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥, ´ ¶·¨³¥·,
π → π′ → a1. �·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ Ö ± ·É¨´  ÔÉµ£µ ¶·µÍ¥¸¸  É ±µ¢ ,

ÎÉµ ¢ ¸¨¸É¥³¥ ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨ µ¸É ¥É¸Ö ³ ²Ò° Ï ´¸ ¶·µ¢§ ¨³µ¤¥°¸É-
¢µ¢ ÉÓ ¢ Ö¤¥·´µ° ³ É¥·¨¨. �É¨³ ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ ³ ²µ¸ÉÓ ¸¥Î¥´¨Ö ¶µ£²µ-
Ð¥´¨Ö ¸¨¸É¥³Ò ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨. ’ ± Ö ¢µ§³µ¦´µ¸ÉÓ · ¸¸³ É·¨¢ ² ¸Ó
¢ ·Ö¤¥ É¥µ·¥É¨Î¥¸±¨Ì · ¡µÉ [58,57]. Ÿ¸´µ, ÎÉµ ¢±² ¤ ÔÉµ£µ ³¥Ì ´¨§³ 
§ ¢¨¸¨É µÉ ¨³¶Ê²Ó¸  ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ ¨ ¶¥·¥¤ Î¨, ¨ ¤²Ö ¤µ± § É¥²Ó¸É¢ 
¥£µ ¨¸É¨´´µ¸É¨ ´¥µ¡Ìµ¤¨³Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ´  Ö¤· Ì ¶·¨ ´¥-
¸±µ²Ó±¨Ì §´ Î¥´¨ÖÌ ¶ ¤ ÕÐ¥£µ ¶ÊÎ± .

‡ ³¥É¨³, ÎÉµ ÔÉ¨ ¸¢µ°¸É¢  ·µ¦¤¥´¨Ö a1-·¥§µ´ ´¸  ´¥ ³µ£ÊÉ ¡ÒÉÓ µ¡ÑÖ¸-

´¥´Ò, ¥¸²¨ ¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥ Ô²¥±É·µ³ £´¨É´µ¥ ·µ¦¤¥´¨¥ a1-·¥§µ´ ´¸ 

¢ ±Ê²µ´µ¢¸±µ³ ¶µ²¥ ÉÖ¦¥²µ£µ Ö¤· . �·Ö³µ° ¢±² ¤ Ô²¥±É·µ³ £´¨É´µ£µ ·µ¦-
¤¥´¨Ö ¸µ¸·¥¤µÉµÎ¥´ ¢ µ¡² ¸É¨ Î·¥§¢ÒÎ °´µ ³ ²ÒÌ ¶¥·¥¤ Î

t ′ ≤ 10−4 (ƒÔ‚/c)2, ¶µ²´µ¥ ¸¥Î¥´¨¥ ³ ²µ ¨ ´  ÉÖ¦¥²ÒÌ Ö¤· Ì · ¢´µ 0,5 ³¡
[57] (¥¸²¨ ¶·¨´ÖÉÓ Γa

1
 → πγ = 250 ±Ô‚).  Š Éµ³Ê ¦¥ ¨§-§  · §´µ° ¶µ²Ö·¨-

§ Í¨¨ a1-¸µ¸ÉµÖ´¨Ö ¢ Ö¤¥·´µ³ ¨ Ô²¥±É·µ³ £´¨É´µ³ ·µ¦¤¥´¨¨ ¨´É¥·Ë¥-

·¥´Í¨Ö ³¥¦¤Ê ´¨³¨ ´¥¢µ§³µ¦´ .

‚ ¸¢¥É¥ Ê± § ´´ÒÌ ¸¢µ°¸É¢ a1-·¥§µ´ ´¸  É¥¶¥·Ó ³µ£ÊÉ ¡ÒÉÓ ¶µ´ÖÉÒ ³´µ-

£µÎ¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶µ¶ÒÉ±¨ µ¡´ ·Ê¦¥´¨Ö ·¥§µ´ ´¸´ÒÌ

¸¢µ°¸É¢ 1+-¸µ¸ÉµÖ´¨Ö. � ¡²Õ¤ ¥³Ò° ¶¨± ¢ ³ ¸¸µ¢µ³ ¸¶¥±É·¥ ¶·¨

1050 ŒÔ‚/c2 ¢µ ³´µ£¨Ì · ¡µÉ Ì ¶·¨´¨³ ²¸Ö §  §´ Î¥´¨¥ ³ ¸¸Ò a1-·¥§µ´ ´-

¸ . �¤´ ±µ Ìµ¤ Ë §Ò ¢µ²´Ò ´¥ ¤ ¥É Ö¢´µ£µ ¶µ¤É¢¥·¦¤¥´¨Ö ·¥§µ´ ´¸  ¶·¨

1,05 ƒÔ‚/c2. �¨± ¢ ¸¶¥±É·¥ ³ ¸¸ ¢ §´ Î¨É¥²Ó´µ° ³¥·¥ µ¡Ê¸²µ¢²¥´ ¢±² ¤µ³
³¥Ì ´¨§³  „¥±±  ¸ ´¥·¥§µ´ ´¸´Ò³ ·µ¦¤¥´¨¥³ ρπ-¸¨¸É¥³Ò.

�¥§µ´ ´¸´Ò¥ ¸¢µ°¸É¢  ¸µ¸ÉµÖ´¨Ö J pLMη = 0−S0+. π(1300)- ¨ π(1770)-
³¥§µ´Ò [1,2]. ‡´ Î¨É¥²Ó´Ò° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¢±² ¤ ¸µ¸ÉµÖ´¨Ö 0Å,
¨³¥ÕÐ¥£µ ¢¸¥ ±¢ ´Éµ¢Ò¥ Î¨¸²  π-³e§o´a. ‚±² ¤ ÔÉµ£µ ¸µ¸ÉµÖ´¨Ö ¸µ¸É ¢²Ö¥É
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21% ¢ µ¡² ¸É¨ ³ ¸¸ 1 ÷ 1,4 ƒÔ‚/c2. Œ ¸¸µ¢Ò° ¸¶¥±É· 0−S-¢µ²´Ò ¢ µ¡² ¸É¨

³ ¸¸ 0,8 ÷ 2 ƒÔ‚/c2 ¶·¥¤¸É ¢²¥´ ´  ·¨¸.8 ¤²Ö ε-¶ · ³¥É·¨§ Í¨¨ ¤¨¶¨µ´´µ°
 ³¶²¨ÉÊ¤Ò. Š ± ¢¨¤´µ ¨§ É ¡².1, · §²¨Î´ Ö ¶ · ³¥É·¨§ Í¨Ö ´¥ ¢²¨Ö¥É ´ 

¨´É¥´¸¨¢´µ¸ÉÓ ¢µ²´Ò 0−S, ± ± ¨ ´  Ì · ±É¥· ¨´É¥·Ë¥·¥´Í¨¨ 0−SP. ˆ´É¥·-

Ë¥·¥´Í¨Ö ³¥¦¤Ê ¢µ²´ ³¨ 0−S ¨ 0−P ³ ²  ¨ ¶µ²µ¦¨É¥²Ó´ .

�É´µ¸¨É¥²Ó´ Ö Ë §  δ(0−S − 0−P) ¨§³¥´Ö¥É¸Ö ´  85Æ ¨ 75Æ ¤²Ö ε- ¨ (ππ)-
¶ · ³¥É·¨§ Í¨° ¸µµÉ¢¥É¸É¢¥´´µ. �É´µ¸¨É¥²Ó´ Ö Ë §  δ(0−S − 1+S) ¢ ÔÉµ° ¦¥
µ¡² ¸É¨ ³ ¸¸ ¶µ¸ÉµÖ´´  ¨ · ¢´  150Æ (·¨¸.7). ’ ± ± ± a1 ¥¸ÉÓ ·¥§µ´ ´¸, Éµ

Ì · ±É¥· ¨§³¥´¥´¨Ö µÉ´µ¸¨É¥²Ó´µ° Ë §Ò δ(0−S − 0−P) ¨ δ(0−S − 1+S) ¸¢¨¤¥-

É¥²Ó¸É¢Ê¥É µ ·¥§µ´ ´¸¥ ¢ ¢µ²´¥ 0−S [1,2]. ‚ µÉ²¨Î¨¥ µÉ ¢µ²´Ò 1+S ÔÉµ ¸µ¸Éµ-

Ö´¨¥ ´¥ ¶µ± §Ò¢ ¥É A-§ ¢¨¸¨³µ¸É¨ Ë §Ò δ(0−S − 0−P). ’ ±¨³ µ¡· §µ³, ¸¢µ°-

¸É¢  0−S-¸µ¸ÉµÖ´¨Ö ´¥ ¨§³¥´ÖÕÉ¸Ö ¸  Éµ³´µ° ³ ¸¸µ° ³¨Ï¥´¨, ¨ ÔÉ¨ ¸¢µ°¸É-
¢  ¶µ¤µ¡´Ò ¶µ¢¥¤¥´¨Õ π-³¥§µ´ .

�¶¨¸ ´¨¥ ³ ¸¸µ¢µ£µ ¸¶¥±É·  ¢µ²´Ò 0−S ¶µ ·¥²ÖÉ¨¢¨¸É¸±µ° Ëµ·³Ê²¥
�·¥°É  Å ‚¨£´¥·  ¸ ³¥¤²¥´´µ ³¥´ÖÕÐ¨³¸Ö Ô±¸¶µ´¥´Í¨ ²Ó´Ò³ Ëµ´µ³ ¢

µ¡² ¸É¨ ³ ¸¸ 0,8 ÷ 1,4 ƒÔ‚/c2 ¶µ§¢µ²¨²µ ¶µ²ÊÎ¨ÉÓ ¶·¥¤¢ ·¨É¥²Ó´Ò¥ ¤ ´´Ò¥
µ ¶µ²µ¦¥´¨¨ ¨ Ï¨·¨´¥ ·¥§µ´ ´¸ :

M0
−
S = (1,205 ± 0,07) ƒÔ‚/c2,     Γ0

−
S = (0,32 ± 0,035) ƒÔ‚.

‚µ¶·µ¸ µ ¶µ²µ¦¥´¨¨ ·¥§µ´ ´¸  ³Ò · ¸¸³µÉ·¨³ ¶µ¤·µ¡´¥¥ ´¨¦¥. ˆ§ ¸· ¢-

´¥´¨Ö ¨§³¥´¥´¨Ö Ìµ¤  µÉ´µ¸¨É¥²Ó´µ° Ë §Ò δ(0−S − 0−P) ´  Ö¤¥·´µ° ¨ ¢µ-
¤µ·µ¤´µ° ³¨Ï¥´ÖÌ ¢¨¤´µ, ÎÉµ ´  ¢µ-
¤µ·µ¤´µ° ³¨Ï¥´¨ ¨§³¥´¥´¨¥ Ë §Ò
¸µ¸É ¢²Ö¥É ~ 40Æ, ¨ ¢ µ¡² ¸É¨

M
3π < 1,1 ƒÔ‚/c2 µÉ´µ¸¨É¥²Ó´ Ö Ë § 

´  Ö¤¥·´µ° ³¨Ï¥´¨ ¸ÊÐ¥¸É¢¥´´µ (´ 
50ÆÅ60Æ) ³¥´ÓÏ¥ Ë §Ò ´  ¢µ¤µ·µ¤¥.
‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ Ìµ¤ Ë §Ò ¶·¥-
É¥·¶¥¢ ¥É ¸± Îµ± ¢ µ¡² ¸É¨ ³ ¸¸

~ 1,16 ƒÔ‚/c2, É.¥. ¢ Éµ° µ¡² ¸É¨, £¤¥
Ìµ¤ Ë §Ò ´  ¢µ¤µ·µ¤¥ ¶¥·¥¸¥± ¥É¸Ö
¸ Ìµ¤µ³ Ë §Ò ´  Ö¤¥·´ÒÌ ³¨Ï¥´ÖÌ.
’ ±µ° ¸± Îµ± ¨³¥¥É¸Ö ¨ ¢ Ë §¥

δ(1+S − 0−P). ˆ¸É¨´´µ¥ ¤¢¨¦¥´¨¥

Ë §Ò δ(0−S − 0−P) §´ Î¨É¥²Ó´µ ¡µ²Ó-

Ï¥, Î¥³ 85Æ. ” §  ¢µ²´Ò 0−P ´e ¸µ¢-

¸¥³ ¶µ¸ÉµÖ´´ . …¥ Ë §  µÉ´µ¸¨É¥²Ó-�¨¸.8. ‘¶¥±É· 0−S ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò
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´µ ¢µ²´Ò 2−P Ê¢¥²¨Î¨¢ ¥É¸Ö ´  ~ 30Æ ¢ µ¡² ¸É¨ ³ ¸¸ 1,1 ÷ 1,4 ƒÔB/c2 ¨

¶·µ¤µ²¦ ¥É · ¸É¨ ¢ µ¡² ¸É¨ ³ ¸¸ 1,4 ÷ 1,6 ƒÔ‚/c2 µÉ´µ¸¨É¥²Ó´µ ¢µ²´Ò

1+S Éa±¦e ´  ~ 30Æ. Ta±¨³ µ¡· §µ³, §´ Î¨É¥²Ó´µ¥ ¨§³¥´¥´¨¥ µÉ´µ¸¨É¥²Ó-

´µ° Ë §Ò δ(0−S − 0−P) ¢ µ¡² ¸É¨ 0,8 ÷ 1,4 ƒÔ‚/c2, ¶µ¸ÉµÖ´¸É¢µ Ë §Ò ¢µ²´Ò

0−S µÉ´µ¸¨É¥²Ó´µ ·¥§µ´ ´¸´µ° ¢µ²´Ò 1+S ¢ ÔÉµ° ¦¥ µ¡² ¸É¨ ³ ¸¸,   É ±¦¥
¡·¥°É-¢¨£´¥·µ¢¸± Ö Ëµ·³  ³ ¸¸µ¢µ£µ ¸¶¥±É·  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢¨¤¥É¥²Ó-

¸É¢ÊÕÉ µ ´ ¡²Õ¤¥´¨¨ ·¥§µ´ ´ca 0− ¢ ¸¨¸É¥³¥ (π+π−)s + π− ¸ ±¢ ´Éµ¢Ò³¨

Î¨¸² ³¨ ¶¨µ´ .

‚  µ¡² ¸É¨  ³ ¸¸  M3π > 1,4 ƒÔ‚/c2, ± ± ¢¨¤´µ ¨§ ³ ¸¸µ¢µ£µ ¸¶¥±É· 

0−S-¢µ²´Ò (·¨¸.8), ¢ ¸¶¥±É·¥ ³ ¸¸ ¶·¨¸ÊÉ¸É¢Ê¥É ¶¨±, ¨³¥ÕÐ¨° ¡·¥°É-¢¨£´¥-
·µ¢¸±ÊÕ Ëµ·³Ê ¤²Ö ¢¸¥Ì ¶ · ³¥É·¨§ Í¨° ¤¨¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò. ’ ± ± ±

¸¨£´ ² ¢µ²´Ò 0−P ¸É ´µ¢¨É¸Ö ³ ²Ò³ ¢ µ¡² ¸É¨ M3π > 1,6 ƒÔ‚/c2, Éµ ¢ ÔÉµ°

µ¡² ¸É¨ ¢µ²´  1+S Ö¢²Ö¥É¸Ö µ¶µ·´µ°. �  ·¨¸.7 ¶µ± § ´µ ¶µ¢¥¤¥´¨¥ Ë §Ò

δ(0−S − 1+S) ¢ µ¡² ¸É¨ ³ ¸¸ 1,4 ÷ 2 ƒÔ‚/c2. ˆ§³¥´¥´¨¥ Ë §Ò ¸µ¸É ¢²Ö¥É
~ 120Æ ¢ ÔÉµ° µ¡² ¸É¨. �Éµ ¸µ¸ÉµÖ´¨¥, É ± ¦¥, ± ± ¨ ¶¥·¢µ¥ ¸µ¸ÉµÖ´¨¥, ¨³¥-
¥É ±¢ ´Éµ¢Ò¥ Î¨¸²  ¶¨µ´  [61,60]. …£µ ³ ¸¸  ¨ Ï¨·¨´  ¶µ²ÊÎ¥´Ò ¶·¨
µ¶¨¸ ´¨¨ ³ ¸¸µ¢µ£µ ¸¶¥±É·  ¡·¥°É-¢¨£´¥·µ¢¸±µ° Ëµ·³Ê²µ° ¸ ¢±² ¤µ³

Ëµ´  Å ¶µ²¨´µ³µ³ ¢Éµ·µ° ¸É¥¶¥´¨. �·¨ ÔÉµ³ M0
−
S = (1,77 ± 0,03) ƒÔ‚/c2 ¨

Γ0
−
S = (0,31 ± 0,05) ƒÔ‚ ¤²Ö ¢¸¥Ì É·¥Ì ¶ · ³¥É·¨§ Í¨° ¤¨¶¨µ´ . �¡  ¸µ¸Éµ-

Ö´¨Ö ¢ ¢µ²´¥ 0−S, ¨³¥ÕÐ¨¥ ±¢ ´Éµ¢Ò¥ Î¨¸²  ¶¨µ´  ¨ · ¸¶ ¤ ÕÐ¨¥cÖ ¶µ
¸¨²Ó´µ³Ê ± ´ ²Ê (επ), ¢ · ³± Ì ±¢ ·±µ° ³µ¤¥²¨ ¶·¥¤¸É ¢²ÖÕÉ ̧ µ¡µ° ¢µ§¡Ê¦-
¤¥´´Ò¥ ¶µ · ¤¨ ²Ó´µ³Ê Î¨¸²Ê ¸µ¸ÉµÖ´¨Ö qq′-¸¨¸É¥³Ò ¨ ´ §Ò¢ ÕÉ¸Ö π′ ¨ π′′.
‘¥Î¥´¨¥ ¨Ì o¡p §µ¢ ´¨Ö · ¢´µ*

σπ → π(1300) = 54 ³±¡/´Ê±²µ´,

σπ → π(1770) = 11 ³±¡/´Ê±²µ´.

�¶·¥¤¥²¥´¨¥ ¶ · ³¥É·µ¢ ·¥§µ´ ´¸µ¢ ¸ ¶µ³µÐÓÕ ³¥Éµ¤  ¶ ¤¥- ¶-
¶·µ±¸¨³ Í¨¨. ’¥¶¥·Ó ³Ò µ¡· É¨³¸Ö ± ¢µ¶·µ¸Ê µ¡ Ê¸É ´µ¢²¥´¨¨ ¶µ²µ¦¥´¨Ö
·¥§µ´ ´¸µ¢ ¨ ¨Ì Ï¨·¨´. � §²¨Î´ Ö ¶ · ³¥É·¨§ Í¨Ö ¤¨¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò ¨
¢±² ¤ ´¥·¥§µ´ ´¸´µ£µ ·µ¦¤¥´¨Ö ¶·¨¢µ¤ÖÉ ± Éµ³Ê, ÎÉµ ³ ¸¸µ¢Ò° ¸¶¥±É· ¢µ²-
´Ò ´¥ µ¶¨¸Ò¢ ¥É¸Ö Î¨¸Éµ° ·¥§µ´ ´¸´µ° Ëµ·³Ê²µ° �·¥°É  Å ‚¨£´¥· , ¨
É ±µ°  ´ ²¨§ ¸É ´µ¢¨É¸Ö ³µ¤¥²Ó´µ-§ ¢¨¸¨³Ò³. Š Éµ³Ê ¦¥, ¢ É ±µ³  ´ ²¨§¥
´¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¢¸Ö ¨´Ëµ·³ Í¨Ö µ¡ ̈ ´É¥´¸¨¢´µ¸ÉÖÌ ̈  µÉ´µ¸¨É¥²Ó´ÒÌ Ë § Ì
·¥§Ê²ÓÉ Éµ¢ ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ£µ  ´ ²¨§  ¢ ¤ ´´µ³ ¨´É¥·¢ ²¥ ³ ¸¸.

*‚¥²¨Î¨´  ¶µ£·¥Ï´µ¸É¨ ¢ ¸¥Î¥´¨¨ ¸µ¸É ¢²Ö¥É 7 ¨ 12 % ¸µµÉ¢¥É¸É¢¥´´µ.
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„²Ö ÔÉ¨Ì Í¥²¥° Å µ¶·¥¤¥²¥´¨Ö ·¥§µ´ ´¸´ÒÌ ¶ · ³¥É·µ¢ Å ¶·¨³¥´Ö¥É-
¸Ö ³¥Éµ¤ ¶ ¤¥- ¶¶·µ±¸¨³ ´Éµ¢ [42], ¢ ±µÉµ·µ³ ¨¸¶µ²Ó§Ê¥É¸Ö ¢¸Ö ¨³¥ÕÐ Ö¸Ö
Ô±¸¶¥·¨³¥´É ²Ó´ Ö ¨´Ëµ·³ Í¨Ö µ¡ ¨´É¥´¸¨¢´µ¸ÉÖÌ ¨ Ë § Ì. ‚ ¶·µÉ¨¢µ¶µ-
²µ¦´µ¸ÉÓ ¡·¥°É-¢¨£´¥·µ¢¸±µ³Ê  ´ ²¨§Ê ÔÉµÉ ³¥Éµ¤ ´¥ § ¢¨¸¨É µÉ ¶·¥¤¶µ²µ-
¦¥´¨Ö µ Î¨¸²¥ ·¥§µ´ ´¸µ¢ ¢ ¤ ´´µ° ¶ ·Í¨ ²Ó´µ° ¢µ²´¥, µ ¶µ¸ÉµÖ´¸É¢¥ µ¶µ·-
´µ° ¢µ²´Ò. Š·µ³¥ Éµ£µ, ¡·¥°É-¢¨£´¥·µ¢¸± Ö Ëµ·³  ³ ¸¸µ¢µ£µ ¸¶¥±É·  ³µ-

¦¥É ¸µµÉ¢¥É¸É¢µ¢ ÉÓ ·¥§µ´ ´¸Ê ¢  ³¶²¨ÉÊ¤¥ F 2, ´µ ÉÊ ¦¥ § ¢¨¸¨³µ¸ÉÓ ¤ ¥É ¨

±µ³¶²¥±¸´µ-¸µ¶·Ö¦¥´´ Ö  ³¶²¨ÉÊ¤  F
__

 2 ¡¥§ ¶µ²Õ¸  ¢  ³¶²¨ÉÊ¤¥.
� ·Í¨ ²Ó´ Ö ¢µ²´  ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ Ëµ·³¥

Fk = Fk exp (iδk),    k = 1,2,

F
1
 = F

1
+
S ¨ F

2
 = F

0
−
P; ¨´Ée´c¨¢´ocÉÓ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ F

1
2 ¨ F

2
2, ¨Ì

µÉ´µ¸¨É¥²Ó´ Ö Ë §  ϕ = δ
1
 − δ

2
.

‚ ³¥Éµ¤¥, µ¸´µ¢ ´´µ³ ´  ¶ ¤¥- ¶¶·µ±¸¨³ Í¨¨  ´ ²¨É¨Î¥¸±µ° ±µ³¶-
²¥±¸´µ° ËÊ´±Í¨¨, ¨¸¶µ²Ó§Ê¥É¸Ö ¨´É¥·¶µ²ÖÍ¨Ö ŠµÏ¨ [62] ¤²Ö  ´ ²¨É¨Î¥¸-
±µ° ËÊ´±Í¨¨, Ô±¸¶¥·¨³¥´É ²Ó´µ µ¶·¥¤¥²¥´´µ° ¤²Ö ±µ´¥Î´µ£µ Î¨¸²  §´ -
Î¥´¨° ËÊ´±Í¨¨. �¶¶·µ±¸¨³ ´É ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò ³µ¦¥É ¡ÒÉÓ ¸±µ´¸É-
·Ê¨·µ¢ ´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [63]:

fi(xi) ⇒ f
~
(z) = 

PN(z, fi(xi))
QM(z, fi(xi))

 .

ˆ¸¸²¥¤µ¢ ´¨¥ µ¸µ¡¥´´µ¸É¥° ¶µ²¨´µ³µ¢ PN ¨ QM ¶µ§¢µ²Ö¥É ´ °É¨ ´Ê²¨

¨ ¶µ²Õ¸Ò ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò. „²Ö ²ÊÎÏ¥£µ µ¶¨¸ ´¨Ö ¤ ´´ÒÌ ¨¸¶µ²Ó§Ê¥É¸Ö
³¥Éµ¤ ³¨´¨³¨§ Í¨¨ ¸·¥¤´¨Ì ±¢ ¤· Éµ¢, ¶·¨ ÔÉµ³ ¸¢µ¡µ¤´Ò³¨ (¨¸±µ³Ò³¨)
¶ · ³¥É· ³¨ Ö¢²ÖÕÉ¸Ö ¸ ³¨ ËÊ´±Í¨¨ f(x). �µ¢Ò°  ¶¶·µ±¸¨³ ´É, ¶µ²ÊÎ¥´-
´Ò° É ±¨³ µ¡· §µ³, ¥¸ÉÓ ¶ ¤¥- ¶¶·µ±¸¨³ ´É ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò:

F
J 

p = a
J 

p ∏ 
i = 1

n

 
W − Wz

i

 J 
p

W − Wp
i

 J 
p ,

£¤¥ a
J 

p Å ±µ³¶²¥±¸´ Ö ±µ´¸É ´É , ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ¸ ÉµÎ-

´µ¸ÉÓÕ ¤µ Ë §Ò ¨§-§  ´¥§´ ´¨Ö ¨´¤¨¢¨¤Ê ²Ó´ÒÌ Ë §: Wz
i

 ¨ Wp
i

  Å §´ -

Î¥´¨Ö ³ ¸¸Ò M
3π, ¶·¨ ±µÉµ·µ°  ³¶²¨ÉÊ¤  ¨³¥¥É ´Ê²Ó ¨ ¶µ²Õ¸ ¢ ±µ³¶²¥±¸-

´µ° Ô´¥·£¥É¨Î¥¸±µ° ¶²µ¸±µ¸É¨.
� ¤¥- ¶¶·µ±¸¨³ ´É ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò ¸Ìµ¤¨É¸Ö ± ËÊ´±Í¨¨ ‰µ¸É  ¸

´Ê²Ö³¨ ¤²Ö Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨°, µ¡Ê¸²µ¢²¥´´ÒÌ ·¥§µ´ ´¸´Ò³ ¨²¨ ¸¢Ö§ ´-
´Ò³ ¸µ¸ÉµÖ´¨Ö³¨. ’ ±¨³ µ¡· §µ³,  ´ ²¨§ ¸Ìµ¤¨³µ¸É¨ ¶ ¤¥-¸¥·¨¨ ¶µ§¢µ²Ö¥É
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¶µ²ÊÎ¨ÉÓ ¨´Ëµ·³ Í¨Õ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¸É ¡¨²Ó´ÒÌ ¶µ²Õ¸µ¢ ¢ ´¨¦´¥°
Î ¸É¨ ±µ³¶²¥±¸´µ° Ô´¥·£¥É¨Î¥¸±µ° ¶²µ¸±µ¸É¨. ˆ¸É¨´´Ò° ·¥§µ´ ´¸ ¥¸ÉÓ
¸É ¡¨²Ó´Ò° ¶µ²Õ¸, ¤²Ö ±µÉµ·µ£µ Im Wp < 0, ¶µ¸ÉµÖ´¥´ ¸ Ê¢¥²¨Î¥´¨¥³ ¸É¥-

¶¥´¨  ¶¶·µ±¸¨³ ´É .
„²Ö ¶µ¸É·µ¥´¨Ö ¶ ¤¥- ¶¶·µ±¸¨³ ´Éµ¢ ¤²Ö ¶·µ¨§¢¥¤¥´¨Ö ¨ µÉ´µÏ¥´¨Ö

¤¢ÊÌ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´, ¨³¥ÕÐ¨Ì µ¤´Ê ¨ ÉÊ ¦¥ µÉ´µ¸¨É¥²Ó´ÊÕ Ë §Ê, ¨³¥e³

Fα F
__

β = FαF
__

β eiϕ = A ∏ 
i = 1

n

 

W − Wz
i

 α

W − Wp
i

 α 

W − W
__

z
i

 β

W − W
__

p
i

 β

¨

Fα

Fβ

 = 






 
Fα

Fβ







 eiϕ = B ∏ 

i = 1

n

 
W − Wz

i

 α

W − Wp
i

 α 
W − W

__
p

i

 β

W − W
__

z
i

 β .

Šµ³¶²¥±¸´Ò¥ ±µ´¸É ´ÉÒ A ¨ B µ¶·¥¤¥²ÖÕÉ α
J 

p .

Œ ¸¸µ¢Ò¥ ¸¶¥±É·Ò ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ 1+S, 0−S ¨ 0−P ¨ ¨Ì ¢§ ¨³´Ò¥
µÉ´µ¸¨É¥²Ó´Ò¥ Ë §Ò ¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö ¶µ¸É·µ¥´¨Ö ¶ ¤¥- ¶¶·µ±¸¨³ ´-
Éµ¢ ¤²Ö ε- ¨ ππ-¶ · ³¥É·¨§ Í¨°. � Î ²Ó´Ò¥ ¶ · ³¥É·Ò ¶ ¤¥- ¶¶·µ±¸¨³ ´-
Éµ¢ ´ °¤¥´Ò ¤²Ö ± ¦¤µ° ¶ ·Ò ¢µ²´. �  ¢Éµ·µ³ ÔÉ ¶¥ ´ °¤¥´´Ò¥ ¶ · ³¥É·Ò
¶µ²¨´µ³µ¢ ¤²Ö ± ¦¤µ° ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò ¨¸¶µ²Ó§µ¢ ´Ò ± ± ´ Î ²Ó´Ò¥
¶ · ³¥É·Ò ¤²Ö ¶µ¨¸±  ¸É ¡¨²Ó´ÒÌ ¶µ²Õ¸µ¢ ¢ ¸µ¢³¥¸É´µ³ µ¶¨¸ ´¨¨ ¤ ´´ÒÌ,

± ± ¨´É¥´¸¨¢´µ¸É¥° ¢µ²´ 1+S, 0−S, É ± ¨ ¨Ì µÉ´µ¸¨É¥²Ó´ÒÌ Ë §. �  ·¨¸.9
¶µ± § ´Ò ¨´É¥´¸¨¢´µ¸É¨ ¢µ²´ ¨ ¨Ì µÉ´µ¸¨É¥²Ó´Ò¥ Ë §Ò,   É ±¦¥ ·¥§Ê²ÓÉ É
µ¶¨¸ ´¨Ö ¸ ¶µ³µÐÓÕ ¶ ¤¥- ¶¶·µ±¸¨³ ´Éµ¢, µÉ²¨Î ÕÐ¨Ì¸Ö ¸É¥¶¥´ÓÕ ¶µ²¨-
´µ³µ¢. ‘¶¥Í¨ ²Ó´µ [59] ¡Ò²µ ¨¸¸²¥¤µ¢ ´µ ¢²¨Ö´¨¥ Ëµ´  ´  ·¥§Ê²ÓÉ É
¶µ¨¸±  ´Ê²¥° ¨ ¶µ²Õ¸µ¢  ³¶²¨ÉÊ¤. �±¸¶µ´¥´Í¨ ²Ó´Ò° ´¥·¥§µ´ ´¸´Ò° Ëµ´
¢ ¶ ·Í¨ ²Ó´µ° ¢µ²´¥ ¢¥¤eÉ ± Ê¢¥²¨Î¥´¨Õ ¸É¥¶¥´¨ ¶µ²¨´µ³µ¢, µ¸É ¢²ÖÖ ¸É -
¡¨²Ó´Ò³ ¶µ²µ¦¥´¨¥ ¶µ²Õ¸µ¢ ¢ ¶·¥¤¥² Ì ¤¢ÊÌ ¸É ´¤ ·É´ÒÌ µÉ±²µ´¥´¨°. �¥-
§Ê²ÓÉ ÉÒ µ¶·¥¤¥²¥´¨Ö ¶µ²µ¦¥´¨Ö ¨ ¶µ²ÊÏ¨·¨´ ¸É ¡¨²Ó´ÒÌ ¶µ²Õ¸µ¢ ¢ ¢µ²-

´ Ì 1+S (a1) ¨ 0−S ¶µ²ÊÎ¥´Ò ¤²Ö · §²¨Î´ÒÌ É¨¶µ¢ ¶ ¤¥-µ¶¨¸ ´¨Ö ¨ ¤¢ÊÌ

¶ · ³¥É·¨§ Í¨°. �µ²µ¦¥´¨¥ ¨ Ï¨·¨´  ·¥§µ´ ´¸  ¢ 1+S-¢µ²´¥ ´¥ÎÊ¢¸É¢¨-
É¥²Ó´Ò ± ¶ · ³¥É·¨§ Í¨¨, ´µ ¶·µÖ¢²ÖÕÉ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ± Ëµ´µ¢µ³Ê Î²¥-

´Ê, ¢ Éµ ¢·¥³Ö ± ± ¤²Ö 0−S-·¥§µ´ ´¸  ÊÎ¥É Ëµ´  ¢¥¤¥É ± ´¥±µÉµ·µ³Ê Ê¢¥-

²¨Î¥´¨Õ ¥£µ Ï¨·¨´Ò. „²Ö ·¥§µ´ ´¸  0−S ¡Ò² ¶·µ¤¥² ´ É ±¦¥ ¸µ¢³¥¸É´Ò°
Ë¨É ³ ¸¸µ¢µ£µ ¸¶¥±É·  ¨ Ë §Ò ´¥§ ¢¨¸¨³Ò³ µ¡· §µ³. �¥§Ê²ÓÉ ÉÒ
¸Ê³³¨·µ¢ ´Ò ´¨¦¥ [64Å66]:

��„ˆ�‹œ�›… ‚�‡�“†„…�ˆŸ ‘ˆ‘’…Œ ˆ‡ ‹…ƒŠˆ• Š‚��Š�‚  53



Ma
1

 = (1255 ± 23) ŒÔ‚,    Γa
1

 = (292 ± 40) ŒÔ‚,

¸¥Î¥´¨¥ ·µ¦¤¥´¨Ö σπ → a
1

 = (430 ± 27) ³±¡/´Ê±²µ´,

Mπ(1300) = (1240 ± 30) ŒÔ‚,     Γ = (360 ± 120) ŒÔ‚,

¸¥Î¥´¨¥ σπ → π′ = (54 ± 3,7) ³±¡/´Ê±²µ´,

Mπ(1770) = (1770 ± 30) ŒÔ‚,     Γ = (310 ± 50) ŒÔ‚,

σ = (11 ± 1,32) ³±¡/´Ê±²µ´.

�¨¸.9. �¶¨¸ ´¨¥ ¨´É¥´¸¨¢´µ¸É¥° ¨ Ë § ¸ ¶µ³µÐÓÕ
¶ ¤¥-¶µ²¨´µ³µ¢
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ˆ§ ¤ ´´ÒÌ ´¥²Ó§Ö ¨¸±²ÕÎ¨ÉÓ ¢µ§³µ¦´µ¸ÉÓ pac¶a¤a π(1300) → ρπ. …¸²¨
ÔÉµÉ · ¸¶ ¤ ¸ÊÐ¥¸É¢Ê¥É, Éµ ¢±² ¤ ¥£µ Î·¥§¢ÒÎ °´µ ³ ². —Éµ ± ¸ ¥É¸Ö
π(1770), Éµ ¥£µ · ¸¶ ¤ ¨¤¥É Éµ²Ó±µ ¢ ¸µ¸ÉµÖ´¨¥ (επ).

‘µ¸ÉµÖ´¨¥ J pLMη = 2−L0+. π2(1600)-·¥§µ´ ´¸.  ‚ µ¡² ¸É¨ ³ ¸¸ 3π-¸¨¸-

É¥³Ò > 1,4 ƒÔ‚/c2 ¢±² ¤ ¸µ¸ÉµÖ´¨Ö 2− ¤µ³¨´¨·Ê¥É. „µ ´¥¤ ¢´¥£µ ¢·¥³¥´¨
¶·µ¡²¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö π2-·¥§µ´ ´¸  ´¥ ¡Ò²  · §·¥Ï¥´  ¢ Ô±¸¶¥·¨³¥´É Ì
[23,50] ¢¸²¥¤¸É¢¨¥ ´¥¤µ¸É ÉµÎ´µ£µ · §·¥Ï¥´¨Ö ¨ ¸É É¨¸É¨±¨. �´ ²¨§ ¤ ´-
´ÒÌ Ô±¸¶¥·¨³¥´É  ´  ¢µ¤µ·µ¤´µ° ³¨Ï¥´¨ ¸ ¡µ²ÓÏµ° ¸É É¨¸É¨±µ° ¶µ§¢µ²¨²
Éµ²Ó±µ ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö Ê¸É ´µ¢¨ÉÓ ¥£µ µ¸´µ¢´Ò¥ ¸¢µ°¸É¢ . „ ´´Ò¥ Ô±¸-
¶¥·¨³¥´É  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ ¤¨Ë· ±Í¨µ´´µ³ µ¡· §µ-

¢ ´¨¨ 2−-¸µ¸ÉµÖ´¨Ö, · ¸¶ ¤ ÕÐ¥£µ¸Ö ¶µ É·¥³ ± ´ ² ³ 2−S(f2π), 2−P(ρπ),
2−D(επ) [66,70]. � ¨¡µ²¥¥ ¨´É¥´¸¨¢´Ò³ ± ´ ²µ³ Ö¢²Ö¥É¸Ö 2−S. �  ·¨¸.10

¶·¥¤¸É ¢²¥´Ò ¨´É¥´¸¨¢´µ¸É¨ ± ´ ²µ¢ 2−S, 2−P ¨ 2−D ¨ Ë §Ò µÉ´µ¸¨É¥²Ó´µ

¢µ²´Ò 1+S, µ´¨ ¨³¥ÕÉ ·¥§µ´ ´¸´ÊÕ Ëµ·³Ê ¶·¨ ~ 1,65 ƒÔ‚/c2. ‚µ²´  2−P

¨³¥¥É ¸¨²Ó´Ò° ¢±² ¤ Ëµ´ . ‚ ÔÉµ° µ¡² ¸É¨ ³ ¸¸ ¢µ²´  2−P ¨³¥¥É ³ ²Ò°

¢±² ¤ ¸¶¨´-Ë²¨¶µ¢µ°  ³¶²¨-

ÉÊ¤Ò 2−P1+(ρπ). ‚±² ¤ ¢µ²´Ò

2−S1(f2π) É ±¦¥ ³ ². ”µ·³ 
³ ¸¸µ¢ÒÌ ¸¶¥±É·µ¢ ´¥ § ¢¨¸¨É
µÉ ¢¨¤  ¶ · ³¥É·¨§ Í¨¨ ¤¨-
¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò,   ¨´É¥·-
Ë¥·¥´Í¨Ö ³¥¦¤Ê ¢µ²´ ³¨ ³ -

² . ’·¨ ¢µ²´Ò 2−S, 2−P ¨ 2−D

µÉ´µ¸¨É¥²Ó´µ 1+S ¶µ± §Ò¢ ÕÉ
¸ÊÐ¥¸É¢¥´´µ¥ ̈ §³¥´¥´¨¥ µÉ´µ-
¸¨É¥²Ó´µ° Ë §Ò. Œ ±¸¨³ ²Ó-
´µ¥ ¨§³¥´¥´¨¥ Ë §Ò ¤²Ö É·¥Ì
¢µ²´ ́  Ìµ¤¨É¸Ö ¶·¨ ³ ¸¸¥ 1,65

ƒÔ‚/c2. ” §Ò ¢µ²´ 2−S, 2−P,

2−D µÉ´µ¸¨É¥²Ó´µ ¢µ²´Ò 0−S
É ±¦¥ ¶·¥É¥·¶¥¢ ÕÉ § ³¥É´µ¥
¨§³¥´¥´¨¥ ¨ Éµ²Ó±µ ¢ µ¡² ¸É¨
³ ¸¸, ¡²¨§±¨Ì π(1770)-·¥§µ-
´ ´¸Ê, µÉ´µ¸¨É¥²Ó´Ò¥ Ë §Ò
¢ÒÌµ¤ÖÉ ´  ¶² Éµ. ‚§ ¨³´Ò¥

µÉ´µ¸¨É¥²Ó´Ò¥ Ë §Ò 2−S

µÉ´µ¸¨É¥²Ó´µ 2−P ¨ 2−D ¸µ¸-
É ¢²ÖÕÉ ³ ²ÊÕ ¢¥²¨Î¨´Ê ¨ �¨¸.10. ˆ´É¥´¸¨¢´µ¸É¨ ¢µ²´ 2− ¨ ¨Ì Ë §Ò
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¸µ£² ¸ÊÕÉ¸Ö ¸ ¶·¥¤¸É ¢²¥´¨¥³, ÎÉµ
π2-³¥§µ´ ¸¢Ö§ ´ ¸ É·¥³Ö ± ´ ² ³¨.

„¢¨¦¥´¨¥ Ë §Ò ¢µ²´Ò 2−S

µÉ´µ¸¨É¥²Ó´µ 1+S ¸µ¸É ¢²Ö¥É ~ 120Æ
¤²Ö ¤¢ÊÌ ¶ · ³¥É·¨§ Í¨° ¤¨¶¨µ´´µ°
 ³¶²¨ÉÊ¤Ò. �´ ²µ£¨Î´µ¥ ¶µ¢¥¤¥´¨¥

¨³¥ÕÉ Ë §Ò ¢µ²´ 2−P ¨ 2−D.
‡´ Î¨É¥²Ó´µ¥ ¨§³¥´¥´¨¥ µÉ´µ¸¨-

É¥²Ó´ÒÌ Ë § ¢µ²´ 2− ± ± µÉ´µ¸¨É¥²Ó-

´µ ¢µ²´Ò 1+S, É ± ¨ 0−S, a É ±¦¥ ³ -
² Ö ¢¥²¨Î¨´  ¢§ ¨³´ÒÌ Ë § ¸¢¨¤¥-
É¥²Ó¸É¢ÊÕÉ µ ·¥§µ´ ´¸´µ³ Ì · ±É¥·¥
ÔÉ¨Ì ¢µ²´ ¨ µ¡ ¨Ì ¸¢Ö§¨ ¸ ¸µ¸ÉµÖ-

´¨¥³ 2−.

„²Ö M3π > 1,6 ƒÔ‚/c2 § ³¥É´Ò°

¢±² ¤ ¤ ¥É ¸µ¸ÉµÖ´¨¥  2−D( f2π). ‚µ²-

´  2−D( f2π) ¨³¥¥É Ì · ±É¥·´Ò° ¶¨± ¢

µ¡² ¸É¨ ³ ¸¸ ~ 1,85 ƒÔ‚/c2 (·¨¸.11),

¥¥ Ë §  µÉ´µ¸¨É¥²Ó´µ 1+S ¶·¨¢¥¤¥´ 
´  ·¨¸.11. ” §  ÔÉµ° ¢µ²´Ò ´ Î¨´ ¥É

´ · ¸É ÉÓ Éµ²Ó±µ ¸ M3π = 1,65 ƒÔ‚/c2,

¨ ³ ±¸¨³ ²Ó´Ò° Ìµ¤ ¸µµÉ¢¥É¸É¢Ê¥É

1,85 ƒÔ‚/c2. „µ µ¡² ¸É¨ ³ ¸¸

1,7 ƒÔ‚/c2 µÉ´µ¸¨É¥²Ó´ Ö Ë §  ¶µ¸Éµ-
Ö´´  ¨ ¸µ¸É ¢²Ö¥É 70Æ, ¨ ¢ µ¡² ¸É¨ ¡µ²ÓÏ¨Ì ³ ¸¸, ± ± ¢¨¤´µ ¢ ¤¢ÊÌ ¶ · -

³¥É·¨§ Í¨ÖÌ, µÉ´µ¸¨É¥²Ó´ Ö Ë §  δ(2−S − 2−D( f2π)) ¶ ¤ ¥É, ÎÉµ µ¡Ê¸²µ¢²¥´µ

¨§³¥´¥´¨¥³ Ë §Ò ¢µ²´Ò 2−D( f2π). ’ ±¨³ µ¡· §µ³, ¶µ¢¥¤¥´¨¥ ¨´É¥´-

¸¨¢´µ¸É¨ ¨ Ë §Ò ¢µ²´Ò 2−D( f2π) Ê± §Ò¢ ¥É ´  ¶·¨¸ÊÉ¸É¢¨¥ ·¥§µ´ ´¸´µ£µ

¸µ¸ÉµÖ´¨Ö ¢ ÔÉµ° ¢µ²´¥ ¸ ³ ¸¸µ° ~ 1,85 ƒÔ‚/c2. �µ¤µ¡´Ò¥ ¸¢µ°¸É¢  ÔÉµ£µ
¸µ¸ÉµÖ´¨Ö ´ ¡²Õ¤ ²¨¸Ó É ±¦¥ ¢ · ¡µÉ¥ [30]. �¢Éµ· ³¨ ÔÉµ° · ¡µÉÒ ́   µ¸´µ-

¢ ´¨¨ ¸µ¢³¥¸É´µ£µ µ¶¨¸ ´¨Ö ¢¸¥Ì ¸µ¸ÉµÖ´¨° 2−S, 2−P, 2−D(επ) ¨ 2−D( f2π)

¸¤¥² ´ ¢Ò¢µ¤ µ Éµ³, ÎÉµ ¢µ²´  ¸µ¤¥·¦¨É ·¥§µ´ ´¸Ò ¸ ³ ¸¸ ³¨ ~ 1,7 ƒÔ‚/c2

¨ 2,15 ƒÔ‚/c2. � ¡²Õ¤ ¥³µ¥ ¶µ¢¥¤¥´¨¥ ¨´É¥´¸¨¢´µ¸É¨ ¨ Ë §Ò ¢µ²´Ò

�¨¸.11. ˆ´É¥´¸¨¢´µ¸ÉÓ ¨ Ë §  ¢µ²´Ò
2−D ( f2π)
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2−D( f2π) µ¡ÑÖ¸´Ö¥É¸Ö §  ¸Î¥É ÔËË¥±É  ¨´É¥·Ë¥·¥´Í¨¨ ³¥¦¤Ê ¢µ²´ ³¨

2−S( f2π) ¨ 2−D( f2π). „ ´´Ò¥ · ¡µÉÒ [66] ´ Ìµ¤ÖÉ¸Ö ¢ ¸µ£² ¸¨¨ ¸ ¢Ò¢µ¤ ³¨

· ¡µÉÒ [30].

‘µ¸ÉµÖ´¨¥ ¸ ¡o′²ÓÏ¥° ³ ¸¸µ° ~ 2,15 ƒÔ‚/c2 Ö¢²Ö¥É¸Ö ¢µ§¡Ê¦¤¥´´Ò³ ¸µ-

¸ÉµÖ´¨¥³ π2-·¥§µ´ ´¸ ,   ¸µ¸ÉµÖ´¨¥ ¸ ³¥´ÓÏ¥° ³ ¸¸µ° 1,6 ÷ 1,7 ƒÔ‚/c2 Å

Î¥É¢¥·ÉÒ³ ± ´ ²µ³ · ¸¶ ¤  ¸µ¸ÉµÖ´¨Ö 2−.

„²Ö µ¶·¥¤¥²¥´¨Ö ·¥§µ´ ´¸´ÒÌ ¶ · ³¥É·µ¢ π2(1600)-¸µ¸ÉµÖ´¨Ö µ¸ÊÐ¥¸É-

¢²¥´µ µ¶¨¸ ´¨¥ ¤ ´´ÒÌ ¸ ¶µ³µÐÓÕ ¶ ¤¥- ¶¶·µ±¸¨³ ´Éµ¢. �¥·¢Ò° Ï £ ¸µ-

¸ÉµÖ² ¢ ¸µ¢³¥¸É´µ³ µ¶¨¸ ´¨¨ ¨´É¥´¸¨¢´µ¸É¥° ¨ Ë § ± ¦¤µ° ¨§ ¢µ²´ 2−-¸µ-

¸ÉµÖ´¨Ö ̈  ¢µ²´ 1+S ¨ 0−S ¢ ̈ ´É¥·¢ ²¥ ³ ¸¸ 1,4 ÷ 2,2 ƒÔ‚/c2,   É ±¦¥ ¢ ¨´É¥·-

¢ ²¥ ³ ¸¸ 0,8 ÷ 2,2 ƒÔ‚/c2. ‘²¥¤ÊÕÐ¨° Ï £ ¸µ¸ÉµÖ² ¢ ¸µ¢³¥¸É´µ³ µ¶¨¸ ´¨¨

É·¥Ì ± ´ ²µ¢ 2−S-, 2−P- ¨ 2−D (επ)-¸µ¸ÉµÖ´¨° 2−.

�¥§µ´ ´¸´Ò¥ ¶ · ³¥É·Ò π2-¸µ¸ÉµÖ´¨Ö:

M2
−
S = (1624 ± 21) ŒÔ‚,     Γ2

−
S = (304 ± 22) ŒÔ‚,

M2
−
P = (1622 ± 35) ŒÔ‚,     Γ2

−
P = (404 ± 108) ŒÔ‚,

M2
−
D(επ) = (1693 ± 28) ŒÔ‚,     Γ2

−
D = (303 ± 90) ŒÔ‚.

‘¥Î¥´¨¥ µ¡· §µ¢ ´¨Ö ¸µ¸ÉµÖ´¨Ö 2− ¸µ¸É ¢²Ö¥É σπ → π
2

 =

= (37 ± 5) ³±¡/´Ê±²µ´,   ¸µµÉ´µÏ¥´¨¥ ± ´ ²µ¢ 60, 30 ¨ 10% ̧ µµÉ¢¥É¸É¢¥´´µ

¤²Ö 2−S-, 2−P- ¨ 2−D-cµ¸ÉµÖ´¨°.

‘µ¸ÉµÖ´¨¥ J pLMη = 1+D0+.�³¶²¨ÉÊ¤  1+S ¤²Ö ³ ¸¸ > 1,4 ƒÔ‚/c2 ¡Ò¸É-
·µ ¶ ¤ ¥É ¨ ́ ¥ ̈ ³¥¥É ·¥§µ´ ´¸´µ£µ ¶µ¢¥¤¥´¨Ö ¢ µ¡² ¸É¨ ¡µ²ÓÏ¨Ì ³ ¸¸. ‚µ²-

´  1+D(ρπ) ¢ µ¡² ¸É¨ ³ ¸¸ < 1,4 ƒÔ‚/c2 ¨³¥¥É ³ ²Ò° ¸¨£´ ² (~ 3% µÉ ¸¨£´ -

²  1+S),   ¢ µ¡² ¸É¨ ¡µ²ÓÏ¨Ì ³ ¸¸ · ¸É¥É ¨ ¨³¥¥É ¶¨± ¢ · °µ´¥

~ 1,7 ƒÔ‚/c2. ˆ´É¥´¸¨¢´µ¸ÉÓ 1+D-¢µ²´Ò ¨ ee Ë §  µÉ´µ¸¨É¥²Ó´µ 1+S-¢µ²´Ò
¶µ± § ´Ò ´  ·¨¸.12.  …e Ë §  ¨§³¥´Ö¥É¸Ö ´  90Æ ¢ ¤¨ ¶ §µ´¥ ³ ¸¸

1,4 ÷ 1,9 ƒÔ‚/c2. ” §  1+D-¢µ²´Ò µÉ´µ¸¨É¥²Ó´µ 0−S-¢µ²´Ò ¶µ± §Ò¢ ¥É ¨§³¥-
´¥´¨¥ ¢ ´ Î ²¥ ¨´É¥·¢ ²  ³ ¸¸ ´  40Æ ÷ 50Æ, ¶µ¸²¥ ÔÉµ£µ ¢ÒÌµ¤¨É ´  ±µ´-

¸É ´ÉÊ, É ± ± ± µ¡¥ ¢µ²´Ò ·¥§µ´¨·ÊÕÉ,   ¢ µ¡² ¸É¨ ¡µ²¥¥ 1,8 ƒÔ‚/c2 ´ ¡²Õ-

¤ ¥É¸Ö ¤¢¨¦¥´¨¥ Ë §Ò 0−S. • · ±É¥· ¨§³¥´¥´¨Ö µÉ´µ¸¨É¥²Ó´µ° Ë §Ò Ê± §Ò-

¢ ¥É ´  ·¥§µ´ ´¸´µ¥ ¶µ¢¥¤¥´¨¥ 1+D- ³¶²¨ÉÊ¤Ò. ˆ´É¥´¸¨¢´µ¸ÉÓ ¢µ²´Ò 1+D
¤µ¸É¨£ ¥É ¸¢µ¥£µ ³ ±¸¨³ ²Ó´µ£µ ¢±² ¤  ~ 11% ¢ µ¡² ¸É¨ ³ ¸¸
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1,5 ÷ 1,9 ƒÔ‚/c2. �¶¨¸ ´¨¥ ¶ ¤e- ¶-
¶·µ±¸¨³ ´É ³¨ ÔÉ¨Ì ¤ ´´ÒÌ ¶µ§¢µ-
²Ö¥É ¨§¢²¥ÎÓ ¶ · ³¥É·Ò ÔÉµ£µ ¸µ¸Éµ-
Ö´¨Ö:

M1
+
D = (1,67 ± 0,07) ƒÔ‚/c2,

Γ1
+
D = (0,3 ± 0,1) ƒÔ‚/c2.

�É¨ ·¥§Ê²ÓÉ ÉÒ ´ Ìµ¤ÖÉ¸Ö ¢ Ê¤µ¢²¥-
É¢µ·¨É¥²Ó´µ³ ¸µ£² ¸¨¨ ¸ ¤ ´´Ò³¨
· ¡µÉ [30,26] ´  Ö¤¥·´ÒÌ ³¨Ï¥´ÖÌ
¨ ¢µ¤µ·µ¤¥. ‘ ÉµÎ±¨ §·¥´¨Ö ±¢ ·±µ-
¢µ° ³µ¤¥²¨ ÔÉµ ¸µ¸ÉµÖ´¨¥ ³µ¦¥É
Ö¢²ÖÉÓ¸Ö · ¤¨ ²Ó´µ-¢µ§¡Ê¦¤e´´Ò³
¸µ¸ÉµÖ´¨¥³ a

1
(1260)-·¥§µ´ ´¸ .

‘µ¸ÉµÖ´¨¥ J pLMη = 2+P1+.

�³¶²¨ÉÊ¤  ¢µ²´Ò 2+P1( f2π) ¢ µ¡-

² ¸É¨ ¡µ²ÓÏ¨Ì ³ ¸¸ ¶µ± §Ò¢ ¥É ´¥-
±µÉµ·ÊÕ ¸É·Ê±ÉÊ·Ê ¸ Í¥´É·µ³ ¢

µ¡² ¸É¨ 1,75 ƒÔ‚/c2. ˆ´É¥´¸¨¢´µ¸ÉÓ
¥¥ ³ ² ,   §´ Î¨É¥²Ó´µ¥ (~ 140Æ)

¤¢¨¦¥´¨¥ ¥¥ Ë §Ò µÉ´µ¸¨É¥²Ó´µ 1+S
¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ·¥§µ´ ´¸¥. �ÉµÉ
·¥§Ê²ÓÉ É Éµ²Ó±µ Ê± §Ò¢ ¥É ´  ¢µ§-
³µ¦´µ¥ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¢Éµ·µ£µ ¸µ¸-

ÉµÖ´¨Ö 2+, ¶µ¤µ¡´µ a2-³¥§µ´Ê ¢ µ¡² ¸É¨ ³ ²ÒÌ ³ ¸¸.

‘µ¸ÉµÖ´¨¥ J pLMη = 3+L0+. Š ± ¶µ± § ´µ ´  ·¨¸.13, ¢±² ¤ ¢µ²´ ¸µ

¸¶¨´µ³ 3+ ¶µ± §Ò¢ ¥É ¡¥¸¸É·Ê±ÉÊ·´µ¥ ¶µ¢¥¤¥´¨¥. ̂ §³¥·¥´¨¥ ̈ Ì µÉ´µ¸¨É¥²Ó-
´ÒÌ Ë § ¶·¥¤¸É ¢²Ö¥É ¶·µ¡²¥³Ê, É ± ± ± ÔÉ¨ ¢µ²´Ò ¨³¥ÕÉ ³ ²ÊÕ ±µ£¥·¥´É-
´µ¸ÉÓ ¸ ¤·Ê£¨³¨ ¢µ²´ ³¨. “³¥´ÓÏ¥´¨¥ ¢±² ¤  ÔÉ¨Ì ̧ µ¸ÉµÖ´¨° ¶µ ̧ · ¢´¥´¨Õ
¸µ ̧ ¶¨´µ³ 2, ÉµÎ´µ É ± ¦¥, ± ± ¢±² ¤ ¢µ²´ ̧ µ ̧ ¶¨´µ³ 2 ̧ ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¥
¸µ¸ÉµÖ´¨° ¸µ ¸¶¨´µ³ 1, ± ± · § ¶µ± §Ò¢ ¥É, ÎÉµ ¢ ¶·µÍ¥¸¸ Ì ¤¨Ë· ±Í¨¨
µ¸´µ¢´µ° ¢±² ¤ ¤ ÕÉ µÉ´µ¸¨É¥²Ó´µ ³ ²Ò¥ µ·¡¨É ²Ó´Ò¥ ³µ³¥´ÉÒ. • · ±É¥·
¶µ¢¥¤¥´¨Ö ¢±² ¤  ¡µ²ÓÏ¨Ì ³µ³¥´Éµ¢ ´¥ ¶·µÉ¨¢µ·¥Î¨É Ô±¸¶µ´¥´Í¨ ²Ó´µ³Ê
µ¸² ¡²¥´¨Õ ¢±² ¤  ¡µ²ÓÏ¨Ì µ·¡¨É ²Ó´ÒÌ ³µ³¥´Éµ¢.

’ ±¨³ µ¡· §µ³, ¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§ µ± § ²¸Ö ³µÐ´Ò³ ³¥Éµ-
¤µ³ ¤²Ö µ¶·¥¤¥²¥´¨Ö ¢±² ¤  ¸µ¸ÉµÖ´¨° ¸ · §²¨Î´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¸¶¨´  ¨
ÎeÉ´µ¸É¨.  �·µ¢¥¤¥´´Ò°  ´ ²¨§ ¶µ§¢µ²¨² Ê¸É ´µ¢¨ÉÓ ·¥§µ´ ´¸´ÊÕ ¶·¨·µ¤Ê
a1- ¨ π2-·¥§µ´ ´¸µ¢ ¨ ¶µ²ÊÎ¨ÉÓ Ê± § ´¨Ö ´  ¸ÊÐ¥¸É¢µ¢ ´¨¥ · ¤¨ ²Ó´µ-¢µ§-

�¨¸.12. ˆ´É¥´¸¨¢´µ¸ÉÓ ¨ Ë §  1+D-¢µ²´Ò
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¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° a1′ ¨ π2′ . �·¨

ÔÉµ³ Ê¸É ´µ¢²¥´ ´¥¨§¢¥¸É´Ò° · ´¥¥
ÔËË¥±É Ê¸¨²¥´¨Ö ¶·µÖ¢²¥´¨Ö a1-·¥§µ-

´ ´¸  ´  Ëµ´¥ ´¥·¥§µ´ ´¸´µ£µ µ¡· §µ-
¢ ´¨Ö ¸¨¸É¥³Ò (ρπ) ¸ Ê¢¥²¨Î¥´¨¥³
 Éµ³´µ° ³ ¸¸Ò Ö¤·  ³¨Ï¥´¨.

� ¨¡µ²¥¥ ¢ ¦´Ò° ·¥§Ê²ÓÉ É  ´ -
²¨§  ¤¨Ë· ±Í¨µ´´µ£µ µ¡· §µ¢ ´¨Ö 3π-
¸¨¸É¥³Ò ¸µ¸Éµ¨É ¢ ´ ¡²Õ¤¥´¨¨ ¤¢ÊÌ
·¥§µ´ ´¸´ÒÌ ̧ µ¸ÉµÖ´¨° ̧  ³ ¸¸ ³¨ 1,24

¨ 1,77 ƒÔ‚/c2 ¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨
¶¨µ´ . �É¨ ·¥§µ´ ´¸Ò, Ö¢²ÖÖ¸Ó · ¤¨-
 ²Ó´Ò³¨ ¢µ§¡Ê¦¤¥´¨Ö³¨ ¶¨µ´ , ¸²Ê-
¦ É ¶·Ö³Ò³ ¤µ± § É¥²Ó¸É¢µ³ ¥£µ ±¢ ·-
±µ¢µ° ¸É·Ê±ÉÊ·Ò. ‘ÊÐ¥¸É¢µ¢ ´¨¥ · -
¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¤¨´ ³¨Î¥¸±¨Ì
¸µ¸É ¢´ÒÌ ¸É·Ê±ÉÊ· ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ
¶·¨¢µ¤¨É ± · ¸Ï¨·¥´¨Õ É¥µ·¨¨ Ê´¨-
É ·´µ° ¸¨³³¥É·¨¨, £¤¥, ¶µ³¨³µ ¢· -
Ð É¥²Ó´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸µ¸É ¢-
´µ° ¸¨¸É¥³Ò, ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ¨
±µ²¥¡ É¥²Ó´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò [70].

’ ¡²¨Í  2. �µ§µ´´Ò¥ ·¥§µ´ ´¸´Ò¥ ¸µ¸ÉµÖ´¨Ö, 
´ ¡²Õ¤ ¥³Ò¥ ¢ ¶·µÍ¥¸¸¥ π → 3π

‘µ¸ÉµÖ´¨¥ J p Œ ¸¸ , ŒÔ‚/c2 ˜¨·¨´ , ŒÔ‚ Š ´ ² · ¸¶ ¤  „µ²Ö · ¸¶ ¤ , %

π(1300) 0− 1240 360 (π+π−)s + π− 100

π(1770) 0− 1770 360 (π+π−)s + π− 100

a1 1+ 1255 292 ρπ 98

a1
1 1+ 1670 300 ρπ 100

π2(1600) 2− 1624 304 f2π 60

1622 404 ρπ 30

1693 330 επ 10

π2
1 2− 2150 300 f2π

A2 2+ 1320 100 ρπ

A21 2+ 1750 f2π

�¨¸.13. ˆ´É¥´¸¨¢´µ¸ÉÓ ¢µ²´ 3+
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„·Ê£µ° ¢µ§³µ¦´µ° ¨´É¥·¶·¥É Í¨¥° · ¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨° π-³¥§µ´  Ö¢-
²Ö¥É¸Ö ±µ£¥·¥´É´µ¥ µ¡· §µ¢ ´¨¥ ÔÉ¨Ì ·¥§µ´ ´¸µ¢ ¶·¨ ÉÊ´´¥²¨·µ¢ ´¨¨ π-³¥-
§µ´  ¢Ò¸µ±µ° Ô´¥·£¨¨ ¢ Ö¤¥·´µ° ³ É¥·¨¨. �ËË¥±É ·¥§µ´ ´¸´µ£µ µ¡· §µ-
¢ ´¨Ö ¶·¨ ³ ²µ° ¤¨¸¸¨¶ Í¨¨ ¢ ¶·µÍ¥¸¸¥ ÉÊ´´¥²¨·µ¢ ´¨Ö ³¥§µ´  ³µ¦¥É
µ¡ÑÖ¸´¨ÉÓ ±µ£¥·¥´É´µ¥, ´µ ´¥ ¤¨Ë· ±Í¨µ´´µ¥ ·µ¦¤¥´¨¥ π(1300) ¨ π(1700),
¶µ ¸· ¢´¥´¨Õ ¸ ±µ£¥·¥´É´Ò³ ¨ ¤¨Ë· ±Í¨µ´´Ò³ ·µ¦¤¥´¨¥³ a1(1260) ¨

π2(1600),   É ±¦¥ ´¥§ ¢¨¸¨³µ¸ÉÓ Ë §Ò π(1300) ¨ ¶µ¸ÉµÖ´¸É¢µ ¥£µ ¢ÒÌµ¤  µÉ

 Éµ³´µ£µ ´µ³¥·  Ö¤· . ” §  ¦¥ ·¥§µ´ ´¸µ¢ a1(1260) ¨ π2(1600) ¨ ¨Ì ¢ÒÌµ¤

¸¨²Ó´µ § ¢¨¸ÖÉ µÉ  Éµ³´µ£µ ´µ³¥·  Ö¤· . „²Ö · §¤¥²¥´¨Ö ÔÉ¨Ì  ²ÓÉ¥·´ É¨¢
´¥µ¡Ìµ¤¨³Ò ¤¥É ²Ó´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö.

5. �…�…‡����‘��Ÿ Œ�„…‹œ ˆ ‚����‘› 
Œ…‡����‰ ‘�…Š’��‘Š��ˆˆ

’·Ê¤´µ¸ÉÓ ´ ¡²Õ¤¥´¨Ö ·¥§µ´ ´¸µ¢ ¢ ¶·µÍ¥¸¸ Ì ¤¨Ë· ±Í¨¨ ³¥§µ´µ¢ § -
±²ÕÎ ¥É¸Ö ¢ ´ ²¨Î¨¨ ¡µ²ÓÏµ£µ Ëµ´  ¤¨´ ³¨Î¥¸±µ£µ ¶·µ¨¸Ìµ¦¤¥´¨Ö,
µ¶¨¸Ò¢ ¥³µ£µ ³µ¤¥²ÓÕ „·¥²²  Å •¨¨É  Å „¥±±  [17,18], Î Ð¥ ́  §Ò¢ ¥³µ°
³µ¤¥²ÓÕ „¥±± . ‚ µ·¨£¨´ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¥ ³µ¤¥²¨ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ
¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ ρπ-¸¨¸É¥³  ·µ¦¤ ¥É¸Ö ¢¶¥·¥¤ ¨§-§  ¤¨Ë· ±Í¨µ´´µ£µ
Ì · ±É¥·  πN-· ¸¸¥Ö´¨Ö, ¨ ρ-³¥§µ´ É ±¦¥ ¨¸¶Ê¸± ¥É¸Ö ¢ ¶¥·¥¤´¥³ ´ ¶· ¢-
²¥´¨¨ ¨§-§  ¶¨µ´´µ£µ µ¡³¥´ . �¥·¥§µ´ ´¸´µ¥ ·µ¦¤¥´¨¥ ρπ-c¨¸É¥³Ò ¢¡²¨§¨

1,1 ƒÔ‚/c2 ¢µ ³´µ£¨Ì Ô±¸¶¥·¨³¥´É Ì ¶·¨´¨³ ²µ¸Ó §  ·µ¦¤¥´¨¥ a1(1260)-

·¥§µ´ ´¸ .  ‚±² ¤  ´¥·¥§µ´ ´¸´µ£µ  ¶·µÍ¥¸¸   ¢ ¸¥Î¥´¨¥ ³µ¦¥É ¤µ¸É¨ÎÓ
70Å80%. ‘ Í¥²ÓÕ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ ÔÉµ° ³µ¤¥²¨
´¥µ¡Ìµ¤¨³µ ÊÎ¥¸ÉÓ ÔËË¥±ÉÒ Ö¤¥·´µ£µ ¶¥·¥· ¸¸¥Ö´¨Ö ¨ ¶¥·¥· ¸¸¥Ö´¨Ö ¢ ±µ-
´¥Î´µ³ ¸µ¸ÉµÖ´¨¨,   É ±¦¥ ¶·Ö³µ¥ ·µ¦¤¥´¨¥ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨°.
’¥µ·¥É¨Î¥¸±¨¥ · ¸ÎeÉÒ ÔÉ¨Ì ¶·µÍ¥¸¸µ¢ ¡Ò²¨ ¸¤¥² ´Ò ¢ · ¡µÉ Ì [67Å69].

�µ²Õ¸´ Ö ¤¨ £· ³³  „¥±±  ¨ ¥e  ³¶²¨ÉÊ¤  ¥¸ÉÓ ¶·µ¨§¢¥¤¥´¨¥ É·¥Ì Ë ±-
Éµ·µ¢:  ³¶²¨ÉÊ¤Ò ππ-· ¸¸¥Ö´¨Ö, ·¥¤¦¨§µ¢ ´´µ£µ ¶¨µ´´µ£µ ¶·µ¶ £ Éµ·  ¨
π-Ö¤¥·´µ°  ³¶²¨ÉÊ¤Ò. „²Ö ππ- ³¶²¨ÉÊ¤Ò ¨¸¶µ²Ó§o¢ ²¨¸Ó ·¥§Ê²ÓÉ ÉÒ Ë §µ-
¢µ£µ  ´ ²¨§ , ¨  ³¶²¨ÉÊ¤  ¢ÒÎ¨¸²Ö² ¸Ó ¤²Ö Ô´¥·£¨¨ ¨ Ê£²µ¢, µ¶·¥¤¥²¥´´ÒÌ
¶µ ±¨´¥³ É¨±¥ ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨. �¨µ´´Ò° ¶·µ¶ £ Éµ· ¸µ¤¥·¦ ²

É ±¦¥ ·¥¤¦¥¢¸±ÊÕ Ë §Ê exp 

− i 

π
2
 α(t) 


 . Œ¥§µ´-Ö¤¥·´ Ö  ³¶²¨ÉÊ¤  ¡Ò² 

£² Ê¡¥·µ¢¸±µ£µ É¨¶ .
� ¸Î¥É ¤¨ £· ³³ µ¸ÊÐ¥¸É¢²Ö²¸Ö ¸ ¶·¨³¥´¥´¨¥³ ³¥Éµ¤  Œµ´É¥-Š ·²µ.

�¥§Ê²ÓÉ Éµ³ · ¸Î¥É  Ö¢²Ö²¸Ö ¢¥¸ ¤ ´´µ£µ ¸µ¡ÒÉ¨Ö, ¶·µ¶µ·Í¨µ´ ²Ó´Ò° ±¢ ¤-
· ÉÊ ³ É·¨Î´µ£µ Ô²¥³¥´É . ‘Ê³³  ¢¸¥Ì ¢¥¸µ¢ µ¶·¥¤¥²Ö²  ¸¥Î¥´¨¥ ¶·µÍ¥¸¸ .
�·¨ ÔÉµ³ Ê¸·¥¤´¥´´ Ö  ³¶²¨ÉÊ¤  ¶µ ¨´É¥·¢ ²Ê ³ ¸¸ ¨ Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³

60  ‡�‰Œˆ„���ƒ� �.�.



· ¸¶ ¤  µ¶¨¸Ò¢ ²  ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ̧ ¥Î¥´¨¥ ¶·µÍ¥¸¸  ́   Ö¤·¥. �µ¸²¥ ÔÉµ-
£µ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¸µ¡ÒÉ¨° ¶·¥¤¸É ¢²Ö²¨ ¸µ¡µ° ¢Ìµ¤ ¤²Ö ¶·µ£· ³³Ò
¶ ·Í¨ ²Ó´µ-¢µ²´µ¢µ£µ  ´ ²¨§ , ¨ µ¶·¥¤¥²Ö²µ¸Ó ¢µ²´µ¢µ¥ ¸µ¤¥·¦ ´¨¥ ¨
¨§³¥´¥´¨¥ µÉ´µ¸¨É¥²Ó´ÒÌ Ë §. �¥§Ê²ÓÉ ÉÒ ¢µ²´µ¢µ£µ  ´ ²¨§  ¶µ ³µ¤¥²¨
¸· ¢´¨¢ ²¨¸Ó ¸ ¤ ´´Ò³¨ Ô±¸¶¥·¨³¥´É  [1Å3]. Šµ´±·¥É´µ · ¸ÎeÉÒ ¢Ò¶µ²-

´Ö²¨¸Ó ¤²Ö Ö¤·  ³¥¤¨ ¢ µ¡² ¸É¨ ³ ¸¸ 0,8 ÷ 1,4 ƒÔB/c2 ¨ µ¡² ¸É¨ ¶¥·¥¤ Î

0,004 ÷ 0,006 (ƒÔ‚/c)2. �¥·¢Ò³ Ï £µ³ ¢ ÔÉ¨Ì · ¸Î¥É Ì Ö¢²Ö²¸Ö · ¸Î¥É ¤¨ £-
· ³³ ¸ ¶µ²Õ¸´Ò³ £· Ë¨±µ³ (a) ¨ ¸ ÊÎ¥Éµ³ Ö¤¥·´ÒÌ ¶¥·¥· ¸¸¥Ö´¨° (¡, ¢).

�³¶²¨ÉÊ¤  ¶·µÍ¥¸¸  ¤²Ö £· Ë¨±µ¢ ( ) + (¡) + (¢) ¨³¥¥É ¢¨¤

A = T + Cρπ(T
1
 + T

2
),

£¤¥ T Å  ³¶²¨ÉÊ¤  ¶µ²Õ¸´µ£µ £· Ë¨± , T
1
, T

2
  Å  ³¶²¨ÉÊ¤Ò £· Ë¨±µ¢

¶¥·¥· ¸¸¥Ö´¨Ö. � · ³¥É· Cρπ ÔËË¥±É¨¢´µ ÊÎ¨ÉÒ¢ ¥É ρA-¶¥·¥· ¸¸¥Ö´¨¥.

�ÉµÉ ¶ · ³¥É· µ¶·¥¤¥²Ö²¸Ö ¶µ Éµ³Ê, ± ± µ¶¨¸Ò¢ ²µ¸Ó ¤¨ËË¥·¥´Í¨ ²Ó´µ¥
¸¥Î¥´¨¥ ´  Ö¤·¥ ¶µ ¶µ²µ¦¥´¨Õ ³¨´¨³Ê³  ¨ ¸µµÉ´µÏ¥´¨Õ ¸¥Î¥´¨° ¢ ¶¥·-
¢ÒÌ ¤¢ÊÌ ³ ±¸¨³Ê³ Ì. “¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ ¸µ£² ¸¨¥ ¡Ò²µ ´ °¤¥´µ ¤²Ö
Cρπ = 0,8 [68].

�³¶²¨ÉÊ¤  T ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

T = AπA(SπA, q
2) Aππ(Sππ, t ′) 

F(tπ, S3π)

tπ − µ2
 ,

£¤¥ AπA ¨ Aππ Å  ³¶²¨ÉÊ¤Ò πA- ¨ ππ-· ¸¸¥Ö´¨Ö, F Å Ëµ·³Ë ±Éµ·, ÊÎ¨ÉÒ-

¢ ÕÐ¨° ¶µ¶· ¢±¨ ±  ³¶²¨ÉÊ¤ ³ ¤²Ö ±¨´¥³ É¨±¨ ¢´¥ ³ ¸¸µ¢µ° ¶µ¢¥·Ì-
´µ¸É¨:

F = exp {[R 2 + απ′  ln S
3π 6 S

0
 − iπαπ′ 6 2] (tπ − µ2)},

£¤¥ S
0
 = 1 ƒÔ‚2, απ′  = 0,7 ƒÔ‚−2 Å ´ ±²µ´ É· ¥±Éµ·¨¨ �¥¤¦¥, R Å ¶ · -

³¥É· ³µ¤¥²¨.

‡´ Î¥´¨¥ R 2, ´ °¤¥´´µ¥ ¨§ Ê¸²µ¢¨Ö ´ ¨²ÊÎÏ¥£µ µ¶¨¸ ´¨Ö ¤ ´´ÒÌ, µ± -

§ ²µ¸Ó · ¢´Ò³ 0,8 ƒÔ‚−2. �³¶²¨ÉÊ¤  T1 ¨³¥¥É ¢¨¤

T
1
 = 

i
2
 ∫ AπA(S, q

1
2) T(Sππ, t ′, tπ, tÁ) 

dq
1
2 dϕ

(4π)2
¨

q2 = q
1
2 + q

2
2 − 2q

1
q
2
 cos ϕ.

� ¸Î¥ÉÒ ¶µ± § ²¨, ÎÉµ  ³¶²¨ÉÊ¤Ò T
1
 ¨ T

2
 ¡²¨§±¨ ¤·Ê£ ¤·Ê£Ê, ¶µÔÉµ³Ê

A = T + 2CT
1
. ‚¢¨¤Ê ¸²µ¦´µ¸É¨ ¶µ²´µ°  ³¶²¨ÉÊ¤Ò, · ¸Î¥ÉÒ ¤¥² ²¨¸Ó

Î¨¸²¥´´µ.
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�·¨ ÔÉµ³ ¢ÒÎ¨¸²¥´¨¥ ¨´É¥£· -
²µ¢ ¤²Ö T1 c ¤µ¸É ÉµÎ´µ° ÉµÎ´µ-

¸ÉÓÕ, ¢¸²¥¤¸É¢¨¥ µ¸Í¨²²¨·ÊÕÐ¥°
¶µ¤Ò´É¥£· ²Ó´µ° ËÊ´±Í¨¨, É·¥¡µ-
¢ ²µ §´ Î¨É¥²Ó´µ£µ ³ Ï¨´´µ£µ ¢·¥-
³¥´¨.

Œµ¤¥²Ó ¶· ¢¨²Ó´µ ¢µ¸¶·µ¨§¢µ-
¤¨É · ¸¶·¥¤¥²¥´¨Ö ¶µ ³ ¸¸¥ 3π-
¸¨¸É¥³Ò ¨ ¶µ²µ¦¥´¨¥ ³ ±¸¨³Ê³  ¢
· °µ´¥ (1,0 + 1,1) ƒÔ‚ (É ± ́  §Ò¢ ¥-
³Ò° ®¤¥±±µ¢¸±¨°¯ ³ ±¸¨³Ê³, ¢¸¥£-
¤  ¶·¨¸ÊÉ¸É¢ÊÕÐ¨° ¢ ³µ¤¥²ÖÌ É¨¶ 
„•„), ´µ, ¥¸É¥¸É¢¥´´µ, ´¥ ¤ ¥É Ìµ-
·µÏ¥£µ µ¶¨¸ ´¨Ö Ëµ·³Ò Ô±¸¶¥·¨-
³¥´É ²Ó´µ£µ ̧ ¶¥±É·  ¢ µ¡² ¸É¨ ³ ¸¸
1,2 ÷ 1,4 ƒÔ‚, £¤¥ ¶·µÖ¢²ÖÕÉ¸Ö
¢±² ¤Ò É·¥Ì¶¨µ´´ÒÌ ·¥§µ´ ´¸µ¢
(a1- ¨ π′-³¥§µ´Ò) [73].

� ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§
·¥§Ê²ÓÉ Éµ¢ · ¸ÎeÉ  ¶µ  ³¶²¨ÉÊ¤¥
� ¨  ³¶²¨ÉÊ¤¥ T, ÊÎ¨ÉÒ¢ ÕÐ¥°
Éµ²Ó±µ ¶µ²Õ¸´Ò° Î²¥´, ¶·¨¢¥¤¥´ ́  

·¨¸.14,15 ¤²Ö µ¸´µ¢´ÒÌ ¢µ²´ 0− ¨

1+ ¨ ¨Ì µÉ´µ¸¨É¥²Ó´ÒÌ Ë §. �µ·³¨-
·µ¢±  ¨´É¥´¸¨¢´µ¸É¥° ¢µ²´ ¸¤¥² ´ 
¶µ ¶µ²´µ³Ê Î¨¸²Ê ¸µ¡ÒÉ¨°. Š ±
 ³¶²¨ÉÊ¤  A, É ± ¨  ³¶²¨ÉÊ¤  T
Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ ¶¥·¥¤ ÕÉ Ëµ·³Ê

¨´É¥´¸¨¢´µ¸É¥° ¢µ²´ 0−S ̈  1+S [73].

‘· ¢´¥´¨¥ µÉ´µ¸¨É¥²Ó´ÒÌ Ë § ¶µ± §Ò¢ ¥É, ÎÉµ Ë §  δ(1+S − 0−P) ¢µ ¢¸¥°

µ¡² ¸É¨ ³ ¸¸ 0,8 ÷ 1,4  ƒÔ‚/c2 ¶· ±É¨Î¥¸±¨ ¶µ¸ÉµÖ´´  ¨ · ¢´a 40Æ ¨ ´¥ ¢µ¸-

¶·µ¨§¢µ¤¨É ¤ ´´Ò¥ µ¶ÒÉ . ” §  ¸µ¸ÉµÖ´¨° δ(0−S − 0−P) É ±¦¥ ¶µ¸ÉµÖ´´  ¨
· ¢´  180Æ, ¢ Éµ ¢·¥³Ö ± ± ´  µ¶ÒÉ¥ ´ ¡²Õ¤ ¥É¸Ö ¥e ¨§³¥´¥´¨¥ µÉ + 70 ¤µ

+ 170Æ. � §´µ¸ÉÓ Ë § δ(1+S − 0−S) ¤²Ö µ¶ÒÉ  ¨ ³µ¤¥²¨ ¨³¥¥É · §´Ò¥ §´ ±¨ ¨
¸µ¸É ¢²Ö¥É 50Æ. ‘· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢  ´ ²¨§  ¤²Ö ¶µ²´µ°  ³¶²¨ÉÊ¤Ò ¨
¶µ²Õ¸´µ£µ Î²¥´  ¶µ± §Ò¢ ¥É, ÎÉµ ¢±² ¤ £· Ë¨±µ¢ ¸ Ö¤¥·´Ò³ ¶¥·¥· ¸¸¥-
Ö´¨¥³ ³ ² ¨ ¥£µ ³µ¦´µ ´¥ ÊÎ¨ÉÒ¢ ÉÓ ¢ ¤ ²Ó´¥°Ï¥³, ¶µ ±· °´¥° ³¥·¥, ¤²Ö
µ¡² ¸É¨ ³ ²ÒÌ ¶¥·¥¤ Î. „²Ö Éµ£µ ÎÉµ¡Ò ¶µ´ÖÉÓ · §´¨ÍÊ Ë § ³¥¦¤Ê ³µ¤¥²ÓÕ

¨ µ¶ÒÉµ³ ¢ µ¡² ¸É¨ ³ ²ÒÌ ³ ¸¸ 0,8 ÷ 1 ƒÔ‚/c2, £¤¥ ¢±² ¤ ³µ¤¥²¨

�¨¸.14. ‘· ¢´¥´¨¥ ¸ · ¸Î¥Éµ³ ¶µ ³µ¤¥²¨

¨´É¥´¸¨¢´µ¸É¨ ¨ Ë §Ò ¢µ²´Ò 0−S
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¤µ³¨´¨·Ê¥É, ¨§ ¶¨µ´´µ£µ ¶·µ-
¶ £ Éµ·  ¡Ò²  ¢Ò±²ÕÎ¥´  ·¥¤-
¦¥¢¸± Ö Ë §  ¡¥§ ¨§³¥´¥´¨Ö
±¢ ¤· É   ³¶²¨ÉÊ¤Ò ¶·µÍ¥¸¸ .
�Éµ ³µ¦¥É ¶·¨¢¥¸É¨ ± ¤·Ê£µ³Ê
¶µ¢¥¤¥´¨Õ µÉ´µ¸¨É¥²Ó´ÒÌ
Ë §. �¥§Ê²ÓÉ ÉÒ  ´ ²¨§  ¤²Ö
¶µ²Õ¸´µ£µ Î²¥´  ¡¥§ ·¥¤¦¥¢-
¸±µ° Ë §Ò ¶µ± § ²¨, ÎÉµ ¢Ò-
±²ÕÎ¥´¨¥ ·¥¤¦¥¢¸±µ° Ë §Ò ´¥
¶·¨¢µ¤¨É ± ¨§³¥´¥´¨Õ µÉ´µ-
¸¨É¥²Ó´ÒÌ Ë §. ‘²¥¤Ê¥É § -
³¥É¨ÉÓ, ÎÉµ, ¡¥§µÉ´µ¸¨É¥²Ó´µ ±
·¥¤¦¥¢¸±µ° Ë §¥, É ±µ°
³´µ¦¨É¥²Ó ¢  ³¶²¨ÉÊ¤¥ ³µ¦¥É
¶·¨¢µ¤¨ÉÓ ± ´¥µ¤´µ§´ Î´µ¸É¨
 ´ ²¨§ . ‚ÒÏ¥ ³Ò µ¡¸Ê¦¤ ²¨
ÔÉµÉ ¢µ¶·µ¸ ¨ ¶µ± § ²¨, ÎÉµ
¨§-§  ¡µ§¥-¸¨³³¥É·¨§ Í¨¨ ¤¨-
¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò ¢ ¨¸¸²¥¤Ê-
¥³µ³ ¶·µÍ¥¸¸¥ π → 3π É ± Ö
´¥µ¤´µ§´ Î´µ¸ÉÓ ´¥ ¨³¥¥É ³¥¸-
É . �ÉµÉ ·¥§Ê²ÓÉ É ´¥¶µ¸·¥¤¸É-
¢¥´´µ µÉ· ¦ ¥É ÔÉµ µ¡¸ÉµÖ-
É¥²Ó¸É¢µ.

�¥§Ê²ÓÉ É ¶ ·Í¨ ²Ó´µ-¢µ²-
´µ¢µ£µ  ´ ²¨§  ¤ ´´ÒÌ ¶µ
É¥µ·¥É¨Î¥¸±µ° ³µ¤¥²¨ ¸ ¶µ-
²Õ¸´Ò³ £· Ë¨±µ³, ± ± ³Ò
¢¨¤¥²¨, ´¥¶²µÌµ ¢µ¸¶·µ-
¨§¢µ¤¨É ¶µ¢¥¤¥´¨¥ ¨´É¥´¸¨¢-
´µ¸É¥° ¢µ²´. �·¥¤¸É ¢²Ö¥É
¨´É¥·¥¸ ̧ ¤¥² ÉÓ  ´ ²¨§ ¢ ±µ³¶-
²¥±¸´µ° Ô´¥·£¥É¨Î¥¸±µ° ¶²µ¸±µ¸É¨ ÔÉ¨Ì ¤ ´´ÒÌ. „²Ö ÔÉ¨Ì Í¥²¥° ¶·¨³¥´¥´
³¥Éµ¤ ¶ ¤¥- ¶¶·µ±¸¨³ ´Éµ¢ ¤²Ö ¶µ¨¸±  ¶µ²Õ¸µ¢ ¨ ´Ê²¥° ¶ ·Í¨ ²Ó´ÒÌ

 ³¶²¨ÉÊ¤. ‚ ÔÉµ³  ´ ²¨§¥ ¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò ¨´É¥´¸¨¢´µ¸É¨ ¢µ²´ 1+S, 0−P

¨ 0−S ¨ ¨Ì µÉ´µ¸¨É¥²Ó´Ò¥ Ë §Ò, ¶µ²ÊÎ¥´´Ò¥ ¢  ´ ²¨§¥ ¶µ ³µ¤¥²¨ „¥±± .

�´¥·£¥É¨Î¥¸±¨° ¤¨ ¶ §µ´ ¤ ´´ÒÌ 0,8 ÷ 1,4 ƒÔ‚/c2. �·¨ ÔÉµ³ ¤²Ö ± ¦¤µ°
¶ ·Í¨ ²Ó´µ° ¢µ²´Ò  ´ ²¨§ ¸¤¥² ´ ¤²Ö · §´ÒÌ É¨¶µ¢  ¶¶·µ±c¨³ ´Éµ¢. ‚
·¥§Ê²ÓÉ É¥  ´ ²¨§  ¡Ò²µ ´ °¤¥´µ, ÎÉµ ¤²Ö ± ¦¤µ£µ É¨¶  ¶ ¤¥- ¶¶·µ±¸¨³ ´-
Éµ¢ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ·¥Ï¥´¨Ö. �¸´µ¢´Ò³ ¸¢µ°¸É¢µ³ ÔÉ¨Ì ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö

�¨¸.15. ‘· ¢´¥´¨¥ ¸ · ¸Î¥Éµ³ ¶µ ³µ¤¥²¨
¨´É¥´¸¨¢´µ¸É¨ ¨ Ë §Ò 1+S
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´ ²¨Î¨¥ ¸É ¡¨²Ó´µ£µ ¶µ²Õ¸  ¢ · °µ´¥ ~ 1 ƒÔ‚ ¤²Ö ± ¦¤µ° ¶ ·Í¨ ²Ó´µ°
¢µ²´Ò. �Éµ ¨ Ö¢²Ö¥É¸Ö ¶·¨Î¨´µ° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¤¢ÊÌ ·¥Ï¥´¨°. �¤´µ
·¥Ï¥´¨¥ (I) ¤ ¥É ±² ¸É¥· ÔËË¥±É¨¢´ÒÌ ¶µ²Õ¸µ¢ ¢ · °µ´¥ Ô´¥·£¨°
(I − i 0,18) ƒÔ‚ ¨ ¤·Ê£µ¥ (II) Å (I + i 0,18) ƒÔ‚. Œ¥´ÓÏ¥¥ §´ Î¥´¨¥ µÉ´µ-

Ï¥´¨Ö χ2 6 NDF ¤²Ö ¢¸¥Ì É¨¶µ¢ ¶µ²¨´µ³µ¢ ¤²Ö ·¥Ï¥´¨Ö II, ¶µ-¢¨¤¨³µ³Ê,
¨¸±²ÕÎ ¥É ·¥§µ´ ´¸´ÊÕ ¨´É¥·¶·¥É Í¨Õ ¶µ²Õ¸µ¢ ¢ ³µ¤¥²¨ „¥±± . ‘
Ê¢¥²¨Î¥´¨¥³ ¸É¥¶¥´¨ ¶µ²¨´µ³µ¢ ¶µ²Õ¸Ò £·Ê¶¶¨·ÊÕÉ¸Ö ¢ · °µ´¥
M3π ≅ I + i 0,18 ¨ ´¥ ¶µ± §Ò¢ ÕÉ ¸²ÊÎ °´µ£µ · ¸¶·¥¤¥²¥´¨Ö ¨Ì ¢ ¶²µ¸±µ¸É¨.

’ ±¨³ µ¡· §µ³, ¶·µ¢¥¤e´´Ò°  ´ ²¨§ ¶µ§¢µ²Ö¥É ÔËË¥±É¨¢´µ µ¶¨¸ ÉÓ ¤ ´´Ò¥
¶µ ³µ¤¥²¨ „¥±±  ¸ ¶µ²Õ¸µ³ ´  ¢¥·Ì´¥³ ²¨¸É¥. �É¨³ ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ Ô±¸-
¶¥·¨³¥´ÉÒ, ¢ ±µÉµ·ÒÌ ¶·¨ µ£· ´¨Î¥´´µ° ̧ É É¨¸É¨±¥ ´ ¡²Õ¤ ²µ¸Ó ·¥§µ´ ´¸-

´µ¶µ¤µ¡´µ¥ ¶µ¢¥¤¥´¨¥ ³ ¸¸µ¢ÒÌ ¸¶¥±É·µ¢ ¢ · °µ´¥ ~ 1 ƒÔ‚/c2.

�µ²´ Ö  ³¶²¨ÉÊ¤  µ¡· §µ¢ ´¨Ö a1-·¥§µ´ ´¸  ¨³¥¥É ¢¨¤

A1 = T + R22 + 2Ca
1

 Re [(T + R2)∗D2] + Ca
1

 2D22,

£¤¥ T Å ¶µ²Õ¸´Ò° Î²¥´, R2 Å  ³¶²¨ÉÊ¤  ¶¥·¥· ¸¸¥Ö´¨Ö Î¥·¥§ a
1
-·¥§µ-

´ ´¸, D2 Å  ³¶²¨ÉÊ¤  ¶·Ö³µ£µ ·µ¦¤¥´¨Ö a
1
-·¥§µ´ ´¸ , Ca

1

 Å ±µ´¸É ´É ,

µ¶·¥¤¥²ÖÕÐ Ö ¢±² ¤ ¶·Ö³µ£µ ·µ¦¤¥´¨Ö. �É  ±µ´¸É ´É  ¡Ò²  µÍ¥´¥´  ¶µ

³ ¸¸µ¢µ³Ê ¸¶¥±É·Ê ¢ µ¡² ¸É¨ M
3π = 0,8 ÷ 1,4 ƒÔ‚/c2, ¨ ¥e ¢¥²¨Î¨´  ¸µ-

¸É ¢¨²  Ca
1

 = 15, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ~ 10% ¢±² ¤  ·µ¦¤¥´¨Ö a
1
-·¥§µ´ ´¸ .

� ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§ ¡Ò² ¸¤¥² ´ ¤²Ö ÔÉµ°  ³¶²¨ÉÊ¤Ò ¸ Ca
1

 = 15 ¨

Ca
1

 = 25. „ ´´Ò¥ ¶µ ¶µ¢¥¤¥´¨Õ Ë § ²ÊÎÏ¥ µ¶¨¸Ò¢ ÕÉ¸Ö ¤²Ö Ca
1

 = 25

(28% ¢±² ¤  ·¥§µ´ ´¸ ). ‚ µ¡² ¸É¨ ³ ¸¸ < 1,1 ƒÔ‚/c2 ·¥§Ê²ÓÉ ÉÒ ¶µ¢Éµ·Ö-
ÕÉ µ¸´µ¢´Ò¥ Î¥·ÉÒ  ´ ²¨§  Éµ²Ó±µ ¸ µ¤´¨³ ¶µ²Õ¸´Ò³ Î²¥´µ³, ¢ µ¡² ¸É¨

> 1,1 ƒÔ‚/c2, £¤¥ ¢±² ¤ ·¥§µ´ ´¸  ¸ÊÐ¥¸É¢¥´, ´ ¡²Õ¤ ¥É¸Ö ¤¢¨¦¥´¨¥ ·¥§µ-
´ ´¸´ÒÌ Ë § ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ‚±² ¤
π-·¥§µ´ ´¸  ´¥¡µ²ÓÏµ°, ¨ ¶µÔÉµ³Ê ¶µ²´ Ö  ³¶²¨ÉÊ¤  ́ ¥§´ Î¨É¥²Ó´µ µÉ²¨-
Î ¥É¸Ö µÉ a

1
- ³¶²¨ÉÊ¤Ò. �  µ¸´µ¢ ´¨¨ ¸· ¢´¥´¨Ö ·¥§Ê²ÓÉ Éµ¢ · ¸ÎeÉµ¢ ¶µ

³µ¤¥²¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ³µ¦´µ c¤¥² ÉÓ § ±²ÕÎ¥´¨¥.

1. ‚±² ¤ Ö¤¥·´ÒÌ ¶¥·¥· ¸¸¥Ö´¨° ¢ µ¡² ¸É¨ ¤¨Ë· ±Í¨¨ ´ ²¥É ÕÐ¥°
Î ¸É¨ÍÒ ¤²Ö ³ ²ÒÌ ¶¥·¥¤ Î ¨³¶Ê²Ó¸  ´¥¸ÊÐ¥¸É¢¥´.

2. �µ¸É·µ¥´´ Ö ³µ¤¥²Ó ¸ ÊÎ¥Éµ³ ¶¥·¥· ¸¸¥Ö´¨Ö ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨
Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ µ¶¨¸Ò¢ ¥É Ìµ¤ Ë § ´  ¢µ¤µ·µ¤´µ° ³¨Ï¥´¨ ¨ ´¥ µ¶¨¸Ò-

¢ ¥É ¤ ´´Ò¥ ´  Ö¤·¥ ¤²Ö ³ ¸¸ < 1,1 ƒÔ‚/c2. �µ-¢¨¤¨³µ³Ê, ¢ ÔÉµ° µ¡² ¸É¨
³ ¸¸ ´  Ö¤¥·´µ° ³¨Ï¥´¨ ¢±²ÕÎ ¥É¸Ö ¤µ¶µ²´¨É¥²Ó´Ò° ³¥Ì ´¨§³.
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3. „²Ö µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¢±² ¤ ·¥§µ´ ´¸´µ£µ ·µ¦-
¤¥´¨Ö ¤µ²¦¥´ ¸µ¸É ¢²ÖÉÓ ~ 30%. ‘· ¢´¥´¨¥ µ¶ÒÉ  ¸ ³µ¤¥²ÓÕ ¨¸±²ÕÎ ¥É
¤¥¸É·Ê±É¨¢´ÊÕ ¨´É¥·Ë¥·¥´Í¨Õ ·¥§µ´ ´¸´µ£µ ·µ¦¤¥´¨Ö ¸ ¶µ²Õ¸´µ°  ³¶²¨-
ÉÊ¤µ° ́ ¥·¥§µ´ ´¸´µ£µ ·µ¦¤¥´¨Ö. ‚ µ¡· §µ¢ ´¨¥ a1-·¥§µ´ ´¸  ¤ eÉ ¢±² ¤ ± ±

¶·Ö³µ¥ µ¡· §µ¢ ´¨¥, É ± ¨ ¶¥·¥· ¸¸¥Ö´¨¥ ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨.
Œ¥§µ´´ Ö ¸¶¥±É·µ¸±µ¶¨Ö. �¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤µ¢ ´¨° ·µ¦¤¥´¨Ö ¡µ§µ´-

´ÒÌ ¸¨¸É¥³ ´  Ö¤· Ì ¶·¨ 40 ƒÔ‚/¸ [64Å66] ¨ 25 ƒÔ‚/¸ [61] ̧ ¢¨¤¥É¥²Ó¸É¢ÊÕÉ

µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ·¥§µ´ ´¸µ¢ a1(1+) ¨ π2(2−), ¤¨Ë· ±Í¨µ´´µ ·µ¦¤¥´´ÒÌ ´ 
Ö¤· Ì, ¨ Ê± §Ò¢ ÕÉ ´  ¢µ§³µ¦´µ¥ ¸ÊÐ¥¸É¢µ¢ ´¨¥ · ¤¨ ²Ó´µ-¢µ§¡Ê¦¤¥´´ÒÌ

¸µ¸ÉµÖ´¨° a1′ (1+, 1,65) ¨ π2′ (2−),   É ±¦¥ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨

· ¤¨ ²Ó´µ-¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¶¨µ´  π(0−, 1,24) ¨ π(0−, 1,77). �¥-
¤ ¢´¨¥ ¨¸¸²¥¤µ¢ ´¨Ö ¶·¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ¢ Ë¥·³¨¥¢¸±µ° ² ¡µ· -
Éµ·¨¨ [74] ¨ ´  Ê¸É ´µ¢±¥ VES ¢ �·µÉ¢¨´µ [75] ´ ¤¥¦´µ ¶µ¤É¢¥·¤¨²¨
¶·¨¢¥¤¥´´Ò¥ ¤ ´´Ò¥ µ · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨ÖÌ ¶¨µ´ .

�É¨ ¤ ´´Ò¥ ´¥¸µ¢³¥¸É¨³Ò ¸ ¶µ²µ¦¥´¨¥³ a1(1260)-·¥§µ´ ´¸  ¢ µ¡² ¸É¨

1 ƒÔ‚/c2 ¨ ´ Ìµ¤ÖÉ¸Ö ¢ ¶µ²´µ³ ¸µ£² ¸¨¨ ¸ ¤ ´´Ò³¨ µ¶ÒÉ  [30]. ‚ Ô±¸¶¥-

·¨³¥´É¥ ¶·¨ 8,45 ƒÔB [32] ¢ ¶·µÍ¥¸¸¥ § ·Ö¤µ¢µ° ¶¥·¥§ ·Ö¤±¨ π−n →
→ π+π−π0n ¶µ²µ¦¥´¨¥ a1(1260)-·¥§µ´ ´¸  ¶µ²ÊÎ¥´µ ¶·¨ 1,15 ƒÔ‚ ¨ Ï¨·¨´¥

300 ŒÔ‚. �´ ²¨§ [36] ¢±² ¤  Ëµ´  ¤ eÉ ¶µ²µ¦¥´¨¥ ¶µ²Õ¸  ¢ 1+S-¢µ²´¥ ¢

¤¨ ¶ §µ´¥ ³ ¸¸ 1,23 ÷ 1,28 ƒÔ‚/c2. a1(1260)-³¥§µ´ ´ ¡²Õ¤ ¥É¸Ö ¢ · ¸¶ ¤ Ì

τ-²¥¶Éµ´  τ → a1 + ντ.

Œ ¸¸  a1(1260) ¢ ÔÉµ³ ¶·µÍ¥¸¸¥ ¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ¥É ¸ ¤ ´´Ò³¨, ¶µ²Ê-

Î¥´´Ò³¨ ¢  ¤·µ´´ÒÌ ¶·µÍ¥¸¸ Ì [76].

�·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥ ¢¸Õ ¸µ¢µ±Ê¶´µ¸ÉÓ ¤ ´´ÒÌ, ¶µ± , ¶µ-¢¨¤¨³µ³Ê,
Ô±¸¶¥·¨³¥´É ²Ó´µ ´¥²Ó§Ö ¨¸±²ÕÎ¨ÉÓ ¢µ§³µ¦´µ¸ÉÓ Éµ£µ, ÎÉµ ´ ¡²Õ¤ ÕÉ¸Ö

¤¢¥ · §´Ò¥ Î ¸É¨ÍÒ 1+, ¶·¨ ÔÉµ³ ́  ¡²Õ¤ ¥³Ò¥ ̧ µ¸ÉµÖ´¨Ö ³µ£ÊÉ ¡ÒÉÓ ̧ ³¥¸ÓÕ
(qq

_
)- ¨ (qqq

_
 q
_

)-cµ¸ÉµÖ´¨° [77].
„ ¢´ÖÖ ¶·µ¡²¥³  ¢ ³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨, É ±¨³ µ¡· §µ³, · §·¥Ï¥-

´ , ¨ ´µ´¥É ¸ C = + 1 ¤²Ö P-¢µ²´Ò ¢ (qq
_
)-¸¨¸É¥³¥ § ¢¥·Ï¥´. ˆ§µ¸± ²Ö·´Ò³¨

Î²¥´ ³¨ Ö¢²ÖÕÉ¸Ö f1(1,285) ¨ f1(1420), ¶·¥¤¸É ¢²ÖÕÐ¨¥ ¸µ¡µ° ¸³¥¸Ó µ±É¥É-

´µ£µ ¨ ¸¨´£²¥É´µ£µ I = 0 ¸µ¸ÉµÖ´¨°. ˆ¸¶µ²Ó§ÊÖ ¶µ²ÊÎ¥´´µ¥ §´ Î¥´¨¥ ³ ¸¸Ò
a1(1260)-³¥§µ´  ¨ Ëµ·³Ê²Ê ƒ¥²²-Œ ´´  Å �±Ê¡µ, ³µ¦´µ µ¶·¥¤¥²¨ÉÓ Ê£µ²

¸³¥Ï¨¢ ´¨Ö ¸¨´£²¥Éµ¢, ±µÉµ·Ò° · ¢¥´ ≈ 37Æ ¨ ¡²¨§µ± ± ¨¤¥ ²Ó´µ³Ê

¸³¥Ï¨¢ ´¨Õ. π2(1680)-³¥§µ´ ¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ I GJ pc = 1−2− + ´ ¡²Õ-

¤ ¥É¸Ö ¢ ± ´ ²aÌ επ, ρπ ¨ fπ. ‚ ¸¨¸É¥³¥ (qq
_
) ÔÉµ ¸µ¸ÉµÖ´¨¥ ¶·¥¤¸É ¢²Ö¥É

¸¨´£²¥É´ÊÕ D-¢µ²´y 1D2, ¸µ¸ÉµÖ´¨¥ ±µÉµ·µ° µÉÐ¥¶²¥´µ µÉ ρ3-³¥§µ´  ¸¶¨´-

¸¶¨´µ¢Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³.
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Œ ¸¸Ò a1(1260)- ¨ π2(1600)-·¥§µ´ ´¸µ¢ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ Éµ³, ÎÉµ ÔË-

Ë¥±ÉÒ ¸¶¨´-¸¶¨´µ¢µ£µ ¨ ¸¶¨´-µ·¡¨É ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨° ¢ P- ¨ D-¢µ²-
´ Ì (qq

_
)-¸¨¸É¥³Ò ´¥¢¥²¨±¨, µ´¨ Éµ£µ ¦¥ ¶µ·Ö¤± , ÎÉµ ¨ · ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦-

¤¥´¨Ö ¢ ÔÉ¨Ì ¸¨¸É¥³ Ì. „²Ö S-¸µ¸ÉµÖ´¨° qq
_
-¸¨¸É¥³Ò ¸¶¨´-¸¶¨´µ¢µ¥ · ¸Ð¥¶-

²¥´¨¥ ¢¥²¨±µ. ‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ¨´É¥·¶·¥É Í¨Ö ¸µ¸ÉµÖ´¨° 0+(a0(980),

f0(975), f0(1300)) ± ± É·¨¶²¥É P-¢µ²´µ¢µ° ±µ´Ë¨£Ê· Í¨¨ ¶·¥¤¸É ¢²Ö¥É

µÎ¥¢¨¤´ÊÕ É·Ê¤´µ¸ÉÓ.
� ¡²Õ¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö π(1300) ¨ π(1770) ¨³¥ÕÉ ¢¸¥ ±¢ ´Éµ¢Ò¥ Î¨¸² 

¶¨µ´  I GJ pc = 1−0− + ¨ ¸¨²Ó´ÊÕ ³µ¤Ê · ¸¶ ¤  ¢ (επ)-¸¨¸É¥³Ê.
‘ ÉµÎ±¨ §·¥´¨Ö ±¢ ·±µ¢µ° ³µ¤¥²¨ ÔÉ¨ ¸µ¸ÉµÖ´¨Ö Ì · ±É¥·¨§ÊÕÉ¸Ö

· §²¨Î´Ò³ Î¨¸²µ³ · ¤¨ ²Ó´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° qq
_
-¸¨¸É¥³. 

� ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö ¸µ¸ÉµÖ´¨° (qq
_

) Ìµ·µÏµ Ê¸É ´µ¢²¥´Ò ¤²Ö ÉÖ¦¥-
²ÒÌ ±¢ ·±µ¢ (¸ ¨ b). „²Ö ²¥£±¨Ì ±¢ ·±µ¢ Ô±¸¶¥·¨³¥´É ²Ó´µ¥ µ¡´ ·Ê¦¥´¨¥
· ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¨ É·Ê¤´µ¸ÉÓ ¨Ì ´ ¡²Õ¤¥´¨Ö µ¡Ê¸²µ¢²¥´Ò ³ ²µ°
¨´É¥´¸¨¢´µ¸ÉÓÕ µ¡· §µ¢ ´¨Ö, ¡µ²ÓÏµ° Ï¨·¨´µ° ¸µ¸ÉµÖ´¨° ¨ ¢±² ¤µ³
Ëµ´µ¢ÒÌ ¶·µÍ¥¸¸µ¢. � ¨¡µ²¥¥ ´ ¤¥¦´Ò° ± ´¤¨¤ É ´  · ¤¨ ²Ó´µ¥ ¢µ§¡Ê¦-

¤¥´¨¥ ρ-³¥§µ´  1− −-¨§µ¢¥±Éµ·´Ò° ·¥§µ´ ´¸ ρ(1600).
‚ · ¡µÉ¥ [78] ´  µ¸´µ¢¥ ¶µÉ¥´Í¨ ²Ó´µ£µ ±¢ ´Éµ¢µ-Ì·µ³µ¤¨´ ³¨Î¥¸±µ£µ

¶µÉ¥´Í¨ ²  ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¨¡²¨¦¥´¨¨ · ¸¸Î¨É ´ Ï¨·µ±¨° ¸¶¥±É·
³ ¸¸ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨° ¨ · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨°. �¥·¢µ¥ · ¤¨ ²Ó-
´µ¥ ¢µ§¡Ê¦¤¥´¨e ¶¨µ´  · ¢´µ 1,2 ƒÔ‚, Ï¨·¨´  300 ŒÔ‚, ÎÉµ ´ Ìµ¤¨É¸Ö ¢
¸µ£² ¸¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ‚ · ¡µÉ¥ [79] ¶·¥¤¸± § ´¨¥ ³ ¸¸
· ¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨° ¢ (qq

_
)-¸¨¸É¥³¥ ¸¤¥² ´µ ´  µ¸´µ¢¥ ·¥Ï¥´¨Ö § ¤ Î¨ ´ 

¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ²¨´¥°´µ£µ ³ ¸¸µ¢µ£µ µ¶¥· Éµ·  ¸ ÊÎ¥Éµ³ ¸¶¨´-
¸¶¨´µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. �µ²µ¦¥´¨¥ ¶¥·¢µ£µ · ¤¨ ²Ó´µ£µ Ê·µ¢´Ö ¶·¥¤-
¸± §Ò¢ ¥É¸Ö ¢ ¨´É¥·¢ ²¥ 1100 ÷ 1200 ŒÔ‚ ¨ ¢Éµ·µ£µ 1300 ÷ 1500 ŒÔ‚. —Éµ
±a¸ ¥É¸Ö Ï¨·¨´ ÔÉ¨Ì ¸µ¸ÉµÖ´¨°, Éµ ¨Ì ¶·¥¤¸± § ´¨¥ ¸¨²Ó´µ § ¢¨¸¨É µÉ ³µ-
¤¥²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨°.

ˆ§ ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´Éµ³ ¢¨¤´µ, ÎÉµ ¶·¥¤¸± § ´¨¥ ¶¥·¢µ£µ
· ¤¨ ²Ó´µ£µ Ê·µ¢´Ö ´ Ìµ¤¨É¸Ö ¢ ¸µ£² ¸¨¨ ¸ µ¶ÒÉµ³,   ÎÉµ ± ¸ ¥É¸Ö ¢Éµ·µ£µ
Ê·µ¢´Ö, Éµ · §²¨Î¨¥ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ¥. � ²¨Î¨¥ Ê§²µ¢ ¢ ¢µ²´µ¢µ°
ËÊ´±Í¨¨ ¸µ¸É ¢´µ° ¸¨¸É¥³Ò ³µ¦¥É ¶·¨¢µ¤¨ÉÓ ± ³ ²µ¸É¨ ¶¥·¥±·ÒÉ¨Ö ¢µ²´µ-
¢ÒÌ ËÊ´±Í¨° ́  Î ²Ó´µ£µ ̈  ±µ´¥Î´µ£µ ̧ µ¸ÉµÖ´¨° ̈  ± ¶µ¤ ¢²¥´¨Õ ́ ¥±µÉµ·ÒÌ
· ¸¶ ¤µ¢ · ¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨°. ‚Ò¢µ¤Ò ÔÉµ° · ¡µÉÒ µ ¶µ¤ ¢²¥´¨¨ ρπ-· ¸-
¶ ¤µ¢ π(1300)-¸µ¸ÉµÖ´¨Ö ¨ µÉ¸ÊÉ¸É¢¨¥ ÔÉ¨Ì · ¸¶ ¤µ¢ ¢ π(1770)-¸¨¸É¥³¥ ´ -
Ìµ¤ÖÉ¸Ö ¢ ¸µ£² ¸¨¨ ¸ µ¶ÒÉµ³. ‚ · ¡µÉ¥ [80] ¶µ²ÊÎ¥´Ò ¶·¥¤¸± § ´¨Ö ³ ¸¸Ò
π(1300)-¸µ¸ÉµÖ´¨Ö ´  µ¸´µ¢¥ ¸¨³³¥É·¨°´ÒÌ ¸µµÉ´µÏ¥´¨° ¨ ¶µ± § ´  ¢µ§-
³µ¦´µ¸ÉÓ · §³¥Ð¥´¨Ö π(1300), η(960) ¨ η(1400) ¢ µ¤´µ³ · ¤¨ ²Ó´µ-¢µ§¡Ê¦-
¤¥´´µ³ ¶¸¥¢¤µ¸± ²Ö·´µ³ ´µ´¥É¥. �·¨ ÔÉµ³ ¶µ  ´ ²µ£¨¨ ¸ µ¸´µ¢´Ò³ ´µ´¥-

Éµ³, Ì · ±É¥·¨§ÊÕÐ¨³¸Ö ¸¨²Ó´Ò³ ̧ ³¥Ï¨¢ ´¨¥³ η − η1, ¶·¥¤²µ¦¥´  ¥¸É¥¸É-
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¢¥´´ Ö ³µ¤¥²Ó ¸³¥Ï¨¢ ´¨Ö ηR − ηR
1 . �µ²ÊÎ¥´´Ò¥ ³ ¸¸µ¢Ò¥ Ëµ·³Ê²Ò ¶µ§-

¢µ²¨²¨ ¶·¥¤¸± § ÉÓ §´ Î¥´¨¥ ³ ¸¸Ò π(1300)-³¥§µ´  1,23 ƒÔ‚, Ìµ·µÏµ ̧ µ£² -
¸ÊÕÐ¥¥¸Ö ¸ ¤ ´´Ò³¨ Ô±¸¶¥·¨³¥´É .

„²Ö  ¸¶¥±É·µ¸±µ¶¨¨  ¢ ¦´µ §´ ÉÓ, Ö¢²Ö¥É¸Ö ²¨ · ¤¨ ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥
π-³¥§µ´  π(1300) ¶¥·¢Ò³,   π(1770) Å ¢Éµ·Ò³. ‚ · ¡µÉ¥ [81] ¶·¥¤¸± §Ò¢ -

¥É¸Ö ¶¥·¢µ¥ · ¤¨ ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ¸ ³ ¸¸µ° < 1 ƒÔ‚/c2 ¨ ¶·¨¢µ¤ÖÉ¸Ö Ô±¸-
¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ µ ¢µ§³µ¦´µ¸É¨ ´ ¡²Õ¤¥´¨Ö Ê§±µ£µ ¸µ¸ÉµÖ´¨Ö

J p = 0− ¸ ³ ¸¸µ° ~ 740 ŒÔ‚ ¨ Γ ~ 40 ŒÔ‚.

‚ § ±²ÕÎ¥´¨¥ ¶·¨¢¥¤¥³ £· Ë¨± —ÊÅ”· ÊÎ¨ [82], £¤¥ ¶µ± § ´Ò ¨§¢¥¸É-
´Ò¥ ³¥§µ´´Ò¥ É· ¥±Éµ·¨¨ ¨ ¶µ³¥Î¥´Ò Ê¸É ´µ¢²¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö (·¨¸.16).
�É³¥É¨³, ÎÉo π(1300) ̈  π(1770) ́  Î¨´ ÕÉ ´µ¢Ò¥ É· ¥±Éµ·¨¨, ̈  ± ´¤¨¤ É ³¨
¤²Ö ÔÉ¨Ì É· ¥±Éµ·¨° Ö¢²ÖÕÉ¸Ö ¸µ¸ÉµÖ´¨Ö a1′  ¨ π2′ . ˆ§-§  G-ÎeÉ´µ¸É¨ ¸µ¸Éµ-

Ö´¨° ¤µ²¦´µ ¨³¥ÉÓ ³¥¸Éµ Ê¤¢µ¥´¨¥ Î¨¸²  ¢µ§³µ¦´ÒÌ ¸µ¸ÉµÖ´¨°.

‚ ¦´Ò³ Ö¢²Ö¥É¸Ö Ê¸É ´µ¢²¥´¨¥ ¢ ¤ ²Ó´¥°Ï¥³ ¸¢µ°¸É¢ p¥¤¦¥-É· ¥±Éµ-
·¨°, ¨Ì ²¨´¥°´µ¸É¨. ‘¢µ°¸É¢  · ¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨° ¢¥¸Ó³  ÎÊ¢¸É¢¨É¥²Ó´Ò
± ¸µµÉ´µÏ¥´¨Õ ³¥¦¤Ê ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¥° ¸¨´£Ê²Ö·´µ° Î ¸ÉÓÕ ±¢ ·±µ¢µ-
£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ ¢§ ¨³µ¤¥°¸É¢¨¥³, µ¡¥¸¶¥Î¨¢ ÕÐ¨³ ±µ´Ë °´³¥´É,
¶µÔÉµ³Ê ¨Ì ¨§ÊÎ¥´¨¥ ¤ ¥É ¨´Ëµ·³ Í¨Õ µ ¤¨´ ³¨±¥ ±¢ ·±µ¢. ‘¶¥±É·µ¸±µ¶¨Ö

�¨¸.16. ’·¥Ì³¥·´Ò° £· Ë¨± ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨°
—ÊÅ”· ÊÎ¨
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· ¤¨ ²Ó´ÒÌ Ê·µ¢´¥° ³µ¦¥É ¶·µ²¨ÉÓ ¸¢¥É ´  § ¢¨¸¨³µ¸ÉÓ µÉ · ¸¸ÉµÖ´¨Ö
¶µÉ¥´Í¨ ²  ¸¨², Ê¤¥·¦¨¢ ÕÐ¨Ì ±¢ ·±¨ ¢  ¤·µ´¥.

’ ±¨³ µ¡· §µ³, ¶·µ¢¥¤¥´´Ò³¨ · ¡µÉ ³¨ ¶µ ¨§ÊÎ¥´¨Õ ¡µ§µ´´ÒÌ ¸¨¸É¥³
¢ ¶·µÍ¥¸¸ Ì ¤¨Ë· ±Í¨¨  ¤·µ´µ¢ ¨ ´ ¡²Õ¤¥´¨Õ · ¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨°
±¢ ·±- ´É¨±¢ ·±µ¢µ° ¸¨¸É¥³Ò ¶µ²µ¦¥´µ ´ Î ²µ ¨¸¸²¥¤µ¢ ´¨Ö³ ¢ ´µ¢µ³ ´ -
¶· ¢²¥´¨¨ Å ¸¶¥±É·µ¸±µ¶¨¨ · ¤¨ ²Ó´ÒÌ ¸µ¸ÉµÖ´¨° ²e£±¨Ì ±¢ ·±µ¢, ±µÉµ-
·µ¥ ¶µ§¢µ²¨É ¸µ§¤ ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ µ¸´µ¢Ê ¤²Ö ¶µ¸É·µ¥´¨Ö ¡Ê¤ÊÐ¥°
Ì·µ³µ¤¨´ ³¨Î¥¸±µ° É¥µ·¨¨ ±¢ §¨¸¢Ö§ ´´ÒÌ ¸¨¸É¥³ ¨§ ²¥£±¨Ì ±¢ ·±µ¢. �¸µ-
¡¥´´µ¸ÉÓÕ ¸¶¥±É·µ¸±µ¶¨¨ ²¥£±¨Ì ±¢ ·±µ¢ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ÔÉµ µ¤¨´ ¨§ µ¸-
´µ¢´ÒÌ ¨¸ÉµÎ´¨±µ¢ ¸¢¥¤¥´¨° µ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±É Ì ¢ ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¥. �±¸¶¥·¨³¥´É ²Ó´µ¥ ¨§ÊÎ¥´¨¥ ¨ É¥µ·¥É¨Î¥¸±¨°  ´ ²¨§ ÔÉ¨Ì
§ ±µ´µ³¥·´µ¸É¥° Ö¢²Ö¥É¸Ö µ¤´µ° ¨§ ¢ ¦´¥°Ï¨Ì § ¤ Î Ë¨§¨±¨ ¢Ò¸µ±¨Ì
Ô´¥·£¨°.

6. Š�ƒ…�…�’�›… ���–…‘‘› ��ˆ ‚›‘�Šˆ• ��…�ƒˆŸ•

�¡¸Ê¤¨³ ±· É±µ ·µ²Ó ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ.
‚Ò¸µ±¨¥ Ô´¥·£¨¨ ¶·¥¤µ¸É ¢²ÖÕÉ ·Ö¤ ¨´É¥·¥¸´ÒÌ  ¸¶¥±Éµ¢ ¢ Ë¨§¨±¥ ±µ£¥-
·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ´  Ö¤· Ì. ‚ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ·µ¦-
¤¥´¨¥ ÉÖ¦¥²ÒÌ ·¥§µ´ ´¸´ÒÌ ¸É·Ê±ÉÊ· ¶·µ¨¸Ìµ¤¨É ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ËÊ´¤ -
³¥´É ²Ó´Ò³ Ê¸²µ¢¨¥³ ±µ£¥·¥´É´µ¸É¨:

(M 2 ·¥§µ´ ´¸  − M 2 ¶ ¤ ÕÐ¥° Î ¸É.)
2P ¶ ¤ ÕÐ¥° Î ¸É.

 R ~ 1.

�Éµ Ê¸²µ¢¨¥ ±µ£¥·¥´É´µ¸É¨ µÉ· ¦ ¥É µ¸´µ¢´µ¥ ¸¢µ°¸É¢µ: Ö¤·µ ¤¥°¸É¢¨-
É¥²Ó´µ µ¸É ¥É¸Ö ¢ ¸¢µ¥³ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨. �·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ
 ³¶²¨ÉÊ¤  ¢§ ¨³µ¤¥°¸É¢¨Ö Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¶·¥¨³ÊÐ¥¸É¢¥´´µ
³´¨³ Ö,   ·¥ ²Ó´ Ö Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò ÌµÉÖ ¨ ³ ² , ´µ ¤ ¥É · ¸¸¥Ö´¨¥ É ±
¦¥, ± ± ³´¨³ Ö Î ¸ÉÓ ¤ ¥É ¶µ£²µÐ¥´¨¥.

„²Ö ·µ¦¤¥´¨Ö ¨§¢¥¸É´ÒÌ ·¥§µ´ ´¸µ¢ (~ 1 ƒÔ‚/c2) ¶·µ¤µ²Ó´ Ö ¶¥·¥¤ Î 
¸É ´µ¢¨É¸Ö µÎ¥´Ó ³ ²µ°. �Éµ ³µ¦¥É µ§´ Î ÉÓ, ÎÉµ ·¥ ²Ó´ Ö Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò
¤µ²¦´  ¡ÒÉÓ ¢¸¥-É ±¨ ¶·¨´ÖÉ  ¢µ ¢´¨³ ´¨¥, É ± ± ±, ÌµÉÖ  q‖  µÎ¥´Ó ³ ²µ,

´µ ·¥ ²Ó´ Ö Î ¸ÉÓ ¨§³¥´Ö¥É ¢¥²¨Î¨´Ê ¶¥·¥¤ Î¨ ´  ´¥¸±µ²Ó±µ ŒÔ‚.

�·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ¢µ§³µ¦´µ ±µ£¥·¥´É´µ¥ µ¡· §µ¢ ´¨¥  ¤·µ´´ÒÌ
·¥§µ´ ´¸µ¢ ²¥¶Éµ´ ³¨, ¢ ±µÉµ·ÒÌ ¢¨·ÉÊ ²Ó´Ò°  ¤·µ´ ±µ£¥·¥´É´µ · ¸¸¥¨¢ -
¥É¸Ö ´  ³ ¸¸µ¢µ° µ¡µ²µÎ±¥ Ö¤· . ‚ ¸²ÊÎ ¥ Ô²¥±É·µ·µ¦¤¥´¨Ö ρ-³¥§µ´  ¢
·¥ ±Í¨¨ e + A → e + ρ + A ¶·µ¤µ²Ó´ Ö ¶¥·¥¤ Î 

q‖  = 
mρ

2 + q2

2E
 ,
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£¤¥ q Å 4-¨³¶Ê²Ó¸ ËµÉµ´ , ¨ Ê¸²µ¢¨¥ ±µ£¥·¥´É´µ¸É¨, ± ± ¨ · ´¥¥, ¡Ê¤¥É
q‖  R ≤ 1.

�µ¦¤¥´¨¥ ρ-³¥§µ´  ¢¨·ÉÊ ²Ó´Ò³ ËµÉµ´µ³ ¢ ±µ£¥·¥´É´µ³ ¶·µÍ¥¸¸¥
Ô²¥±É·µ·µ¦¤¥´¨Ö ¶·¨³¥Î É¥²Ó´µ ¥Ð¥ É¥³, ÎÉµ ·µ¦¤¥´´ Ö ¸¨¸É¥³  ¨³¥¥É
±¢ ´Éµ¢Ò¥ Î¨¸²  ËµÉµ´ . �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ Ö¢²Ö¥É¸Ö ¤·Ê£¨³ ¶·¨³¥Î É¥²Ó-
´Ò³ ¸¢µ°¸É¢µ³ ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢. ‚ ÔÉµ³, ¶µ-¢¨¤¨³µ³Ê, ¸µ¸Éµ¨É
Ë¨§¨Î¥¸± Ö ¸ÊÐ´µ¸ÉÓ ³µ¤¥²¨ ¢¥±Éµ·´µ° ¤µ³¨´ ´É´µ¸É¨ ¢ ËµÉµ¶·µÍ¥¸¸ Ì.
”µÉµµ¡· §µ¢ ´¨¥ ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í ¢ ±Ê²µ´µ¢¸±µ³ ¶µ²¥ Ö¤·  (ÔËË¥±É
�·¨³ ±µ¢ ) Ö¢²Ö¥É¸Ö ±µ£¥·¥´É´Ò³ ¶·µÍ¥¸¸µ³, ¨¤ÊÐ¨³ ¶·¨ ³ ²ÒÌ ¶·µ¤µ²Ó-
´ÒÌ ¶¥·¥¤ Î Ì. �· ±É¨Î¥¸±¨ ·¥£¨¸É· Í¨Ö ÔÉµ£µ ¶·µÍ¥¸¸  § ¢¨¸¨É µÉ ¢µ§-
³µ¦´µ¸É¨ µÉ¤¥²¥´¨Ö ÔÉµ£µ ¶¨±  µÉ Ëµ´  ¨§-§  µÉ¸ÊÉ¸É¢¨Ö ¨´É¥·Ë¥·¥´Í¨¨ ¸
 ¤·µ´´µ° ±µ£¥·¥´É´µ°  ³¶²¨ÉÊ¤µ° ¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö.

‚ § ±²ÕÎ¥´¨¥ · ¸¸³µÉ·¨³ ´¥°É·¨´´Ò° ¶·µÍ¥¸¸ ¢ ·¥ ±Í¨ÖÌ ´  Ö¤· Ì § 
¸Î¥É ´¥°É· ²Ó´µ£µ Éµ± :

νe, µ + A → (e, µ) + 













 

π
ρ
.
.
.

 













 + A.

‚ ÔÉµ³ ±µ£¥·¥´É´µ³ ¶·µÍ¥¸¸¥ ´  Ö¤·¥ ·µ¦¤¥´´ Ö ¸¨¸É¥³  ¢ ´¨¦´¥³
¸¶¨´µ¢µ³ ̧ µ¸ÉµÖ´¨¨ ¡Ê¤¥É ̈ ³¥ÉÓ ±¢ ´Éµ¢Ò¥ Î¨¸²  ́ ¥°É·¨´µ. …¸²¨ ¢µ§³µ¦´µ
¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ ·µ¦¤¥´´µ° ¸¨¸É¥³Ò, Éµ µ´µ ¡Ê¤¥É ¶µ¤µ¡´µ ´¥°É·¨´µ,  
´ ¡²Õ¤¥´¨¥ · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¢ ÔÉµ° ¸¨¸É¥³¥ ´¥¶µ¸·¥¤¸É¢¥´´µ
¸¢¨¤¥É¥²Ó¸É¢µ¢ ²µ ¡Ò µ ¸µ¸É ¢´µ° ¶·¨·µ¤¥ ´¥°É·¨´µ. ’ ±¨³ µ¡· §µ³,
¨¸¸²¥¤µ¢ ´¨¥ ±µ£¥·¥´É´ÒÌ ¶·µÍ¥¸¸µ¢ ¢µ ¢§ ¨³µ¤¥°¸É¢¨ÖÌ ¢Ò¸µ±µÔ´¥·-
£¥É¨Î´ÒÌ ²¥¶Éµ´µ¢ ¸ Ö¤· ³¨ ¶·¥¤µ¸É ¢²Ö¥É  Ê´¨± ²Ó´ÊÕ ¢µ§³µ¦´µ¸ÉÓ
¶µÎÊ¢¸É¢µ¢ ÉÓ ´  µ¶ÒÉ¥ ¸µ¸É ¢´ÊÕ ¸É·Ê±ÉÊ·Ê ²¥¶Éµ´µ¢.

Ÿ £²Ê¡µ±µ ¶·¨§´ É¥²¥´ ³µ¥° ¦¥´¥ ‹Õ¤³¨²¥ §  ¶µ¸ÉµÖ´´ÊÕ ¶µ³µÐÓ ¨
¶µ¤¤¥·¦±Ê ¢ · ¡µÉ¥.
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�.�.�²¥±¸ ´¤·µ¢

�¡Ñ¥¤¨´¥´´Ò° ̈ ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ̈ ¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‚ µ¡§µ·¥ µ¡¸Ê¦¤ ¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê ¸·¥¤´¨³ ±¢ ¤· Éµ³ ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · -
¤¨Ê¸  ´¥°É·µ´  〈 rE, in

2  〉N ¨ ¨§³¥·Ö¥³µ° ¢ ´¥°É·µ´´µ° Ë¨§¨±¥ ´¨§±¨Ì Ô´¥·£¨° ¤²¨´µ°
· ¸¸¥Ö´¨Ö ́ ¥°É·µ´  ́   Ô²¥±É·µ´¥ ane. �¡· Ð ¥É¸Ö ¢´¨³ ´¨¥ ́   ̧ ¶· ¢¥¤²¨¢µ¸ÉÓ Ëµ·³Ê-
²Ò ”µ²¤¨, ¤ ÕÐ¥° É ±ÊÕ ¸¢Ö§Ó. �µ± § ´µ, ÎÉµ Ëµ·³Ê²Ê ”µ²¤¨ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤¢Ê³Ö
· §´Ò³¨ ¸¶µ¸µ¡ ³¨. �·¨¢µ¤¨É¸Ö É ¡²¨Í  · §²¨Î´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¶µ-
²ÊÎ¥´´ÒÌ ¢ 1947Å1997 ££., ¶µ§¢µ²ÖÕÐ¨Ì µ¶·¥¤¥²¨ÉÓ ¢¥²¨Î¨´Ê ane. ˆ³¥ÕÐ¨¥¸Ö Ô±¸-
¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¤¥²ÖÉ¸Ö ´  ¤¢¥ £·Ê¶¶Ò: 〈ane 〉 = −1,30(3)⋅10−3 Ë³
(〈 rE, in

2  〉N > 0), ¨ (¢±²ÕÎ Ö ·Ö¤ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ · ¡µÉ ‹�”) 〈ane 〉 =
= −1,58(3)⋅10−3 Ë³ (〈 rE, in

2  〉N < 0). �¡¸Ê¦¤ ÕÉ¸Ö ¨¸ÉµÎ´¨±¨ ¢µ§³µ¦´ÒÌ ¸¨¸É¥³ É¨Î¥¸-
±¨Ì ¶µ£·¥Ï´µ¸É¥° ¢ ¶·µ¢¥¤¥´´ÒÌ Ô±¸¶¥·¨³¥´É Ì. ‚ Î ¸É´µ¸É¨, · ¸¸³ É·¨¢ ¥É¸Ö ¢µ¶-
·µ¸ µ ¢²¨Ö´¨¨ ´  ¨§³¥·Ö¥³ÊÕ ¢¥²¨Î¨´Ê ane ·¥§µ´ ´¸´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö. �·µ-
¢µ¤¨É¸Ö ¸· ¢´¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¶µ ¨§³¥·¥´¨Õ ane ¢ ´¥°É·µ´´µ°
Ë¨§¨±¥ ´¨§±¨Ì Ô´¥·£¨° ¸ É¥µ·¥É¨Î¥¸±¨³¨. �µ± § ´µ, ÎÉµ ¥¸²¨ ¤ ´´Ò¥, ¢¥¤ÊÐ¨¥ ±
〈 rE, in

2  〉N > 0, ¸¶· ¢¥¤²¨¢Ò, Éµ ¸µ¢·¥³¥´´Ò¥ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö µ ¸É·Ê±ÉÊ·¥
´¥°É·µ´  (¢±²ÕÎ Ö ́  ¨¡µ²¥¥  ¤¥±¢ É´ÊÕ ³µ¤¥²Ó ‘‚Œ) ̧ ²¥¤Ê¥É ̧ ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³
¨§³¥´¨ÉÓ.

The connection of the neutron mean square intrinsic charge radius 〈 rE, in
2  〉N and the

neutron-electron scattering length ane obtained by low energy neutron physics is discussed.
One pay attention to the validity of the Foldy's formula setting such connection. Two
different methods of obtaining the Foldy's formula is also discussed. The experimental data
table of the values ane for period of time 1947Å1997 is presented. The experiments can be
divided into two groups: 〈ane 〉 = −1,30(3)⋅10−3 fm (〈 rE, in

2  〉N > 0) and (including Dubna's
data) 〈ane 〉 ≡ −1,58(3)⋅10−3 fm (〈 rE, in

2  〉N < 0). The sources of possible systematic
uncertainties of carried out experiments are discussed. In particular it is shown that for an
even-even nucleus the influence of the neutron resonance scattering to ane is very small.
The comparison of the experimental results of the ane with modern theory is made. It is
shown that if the experimental value of 〈 rE, in

2  〉N > 0 is really true the modern theoretical
ideas of the neutron structure has to be changed seriously.

®”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¯
1999, ’.30, ‚›�.1
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ˆ¸¸²¥¤µ¢ ´¨Ö ¢´ÊÉ·¥´´¥£µ (intrinsic) § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ´¥°É·µ´ 

〈 rE, in
2  〉N

1 6 2 , c¢Ö§ ´´µ£µ  ¸ ¤²¨´µ° · ¸¸¥Ö´¨Ö ane ´¥°É·µ´   ´  Ô²¥±É·µ´¥

(ne-¢§ ¨³µ¤¥°¸É¢¨Ö), ¢ µ¡² ¸É¨ ´¨§±¨Ì Ô´¥·£¨° ´¥°É·µ´µ¢ ¢¥¤ÊÉ¸Ö ¢ ‹ ¡µ· -
Éµ·¨¨ ´¥°É·µ´´µ° Ë¨§¨±¨ ¨³. ˆ.Œ.”· ´±  �ˆŸˆ ¸ ¸¥·¥¤¨´Ò 60-Ì £µ¤µ¢.
ˆ§ÊÎ¥´¨¥ ÔÉµ£µ Ö¢²¥´¨Ö Å ¥¤¨´¸É¢¥´´Ò° ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´ ¤¥¦´Ò° ¸¶µ-
¸µ¡ µ¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´Ò ¨ §´ ±  ¢´ÊÉ·¥´´¥£µ · ¤¨Ê¸  · ¸¶·¥¤¥²¥´¨Ö
Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¢ ´¥°É·µ´¥ Å ËÊ´¤ ³¥´É ²Ó´µ° Ì · ±É¥·¨¸É¨±¨,
¸²Ê¦ Ð¥° ¢ ¦´Ò³ ¨ ´ ¤¥¦´Ò³ É¥¸Éµ³ ¸µ¢·¥³¥´´ÒÌ É¥µ·¥É¨Î¥¸±¨Ì ¶·¥¤-
¸É ¢²¥´¨° µ ´¥°É·µ´¥. „µ¸É¨£´ÊÉ Ö ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨°
¢ ´¥°É·µ´´µ° Ë¨§¨±¥ (¢ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ Ô²¥±É·µ´´µ³Ê · ¸¸¥Ö´¨Õ ¢
Ë¨§¨±¥ ¢Ò¸µ±¨Ì Ô´¥·£¨°) ¶µ§¢µ²Ö¥É ¸¤¥² ÉÓ ¢Ò¢µ¤Ò µ ¢¥²¨Î¨´¥ ¢±² ¤  ¢
ane ¤ ´´µ£µ · ¤¨Ê¸ . � ¤¥Õ¸Ó, ÎÉµ ´ ¸ÉµÖÐ¨° o¡§µ· ¶µ³µ¦¥É Ê¸É· ´¥´¨Õ

´¥¤µ· §Ê³¥´¨°, ¢µ§´¨± ÕÐ¨Ì ¨´µ£¤  ¢ ¤¨¸±Ê¸¸¨ÖÌ, ¶µ¸¢ÖÐ¥´´ÒÌ ¨´É¥·¶·¥-
É Í¨¨ ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨°.

‚ ¶¥·¢µ³ · §¤¥²¥ ¶µ± § ´µ, ÎÉµ ·¥²ÖÉ¨¢¨¸É¸±µ¥ ¤·µ¦ ´¨¥ Î ¸É¨Í,
¶µ¤Î¨´ÖÕÐ¨Ì¸Ö Ê· ¢´¥´¨Õ „¨· ± , Ö¢²Ö¥É¸Ö ´¥µÉÑ¥³²¥³Ò³ ¸¢µ°¸É¢µ³
É¥µ·¨¨ „¨· ± . � ¸¸³ É·¨¢ ¥É¸Ö ¶·¥¤²µ¦¥´´Ò° ”µ²¤¨ ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ
Ô²¥±É·µ³ £´¨É´µ° ¸É·Ê±ÉÊ·Ò ´¥°É·µ´  ¨ ¶µ²ÊÎ¥´´ Ö ¨³ Ëµ·³Ê² , ¸¢Ö§Ò¢ -
ÕÐ Ö ¨§³¥·Ö¥³ÊÕ ¢ µ¶ÒÉ¥ ¤²¨´Ê · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥ ane ¨

±¢ ¤· É ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ´¥°É·µ´  〈 rE, in
2  〉N.

‚µ ¢Éµ·µ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö · ¸¸¥Ö´¨¥ Î ¸É¨Í, ¨³¥ÕÐ¨Ì ¢´ÊÉ-
·¥´´ÕÕ ¸É·Ê±ÉÊ·Ê, ¢¢µ¤¨É¸Ö ¶µ´ÖÉ¨¥ Ëµ·³Ë ±Éµ·µ¢ ¨ £µ¢µ·¨É¸Ö µ¡ ¨Ì
µ¸´µ¢´ÒÌ ¸¢µ°¸É¢ Ì, ¢±²ÕÎ Ö ´ £²Ö¤´ÊÕ ¨´É¥·¶·¥É Í¨Õ ¢ ¸¨¸É¥³¥ ±µ-
µ·¤¨´ É �·¥°É , ¸µ¢¶ ¤ ÕÐ¥° ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ¸ ¸¨¸É¥³µ° ±µµ·¤¨´ É

¶µ±µÖÐ¥£µ¸Ö ´Ê±²µ´ . � ¸¸³ É·¨¢ ¥É¸Ö É ±¦¥ ¢µ¶·µ¸ µ §´ ±¥ 〈 rE, in
2  〉N.

‚ É·¥ÉÓ¥³ · §¤¥²¥ ¶µ± § ´µ, ÎÉµ Ëµ·³Ê²Ê ”µ²¤¨ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ É ±-
¦¥, ¶µ²Ó§ÊÖ¸Ó ¶µ´ÖÉ¨¥³ Ëµ·³Ë ±Éµ·µ¢ ¨ ¸ ±¸µ¢¸±¨³ µ¶·¥¤¥²¥´¨¥³ § ·Ö¤µ-
¢µ£µ Ëµ·³Ë ±Éµ·  ´Ê±²µ´ . ‘¤¥² ´ ¢Ò¢µ¤ µ Éµ³, ÎÉµ Ëµ·³Ê²  ”µ²¤¨ ¸¶· -
¢¥¤²¨¢  ¨ ¥Õ ³µ¦´µ ¶µ²Ó§µ¢ ÉÓ¸Ö ¶·¨ ¸· ¢´¥´¨¨ Ô±¸¶¥·¨³¥´É  ¸ É¥µ·¨¥°.

‚ Î¥É¢¥·Éµ³ · §¤¥²¥ µ¶¨¸ ´Ò  Ô±¸¶¥·¨³¥´É ²Ó´Ò¥  ³¥Éµ¤Ò ¨§ÊÎ¥´¨Ö ne-
¢§ ¨³µ¤¥°¸É¢¨Ö. � ¸¸³ É·¨¢ ¥É¸Ö ¨Ì ¨¸Éµ·¨Ö, ´ Î¨´ Ö ¸ ¶¥·¢µ°, É¥¶¥·Ó Ê¦¥
¤ ²¥±¨Ì 40-Ì ££. · ¡µÉÒ ”¥·³¨ ¨ Œ ·Ï ²². �¡· Ð ¥É¸Ö ¢´¨³ ´¨¥ ´  Éµ,
ÎÉµ Ê¦¥ ¢ ±µ´Í¥ 60-Ì ££. ¨§ ´¥°É·µ´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¡Ò²µ ¨§¢¥¸É´µ ¤¢ 
§´ Î¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥. �¤´µ ¨§ ́ ¨Ì ¶·¨ ¨¸¶µ²Ó-

§µ¢ ´¨¨ Ëµ·³Ê²Ò ”µ²¤¨ ¤ ¥É ¶µ²µ¦¨É¥²Ó´Ò° §´ ± 〈 rE, in
2  〉N, ¤·Ê£µ¥ Å

µÉ·¨Í É¥²Ó´Ò°. �É³¥Î ¥É¸Ö, ÎÉµ §´ Î¥´¨¥ 〈 rE, in
2  〉N > 0 ´ Ìµ¤¨²µ¸Ó ¢
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¶·µÉ¨¢µ·¥Î¨¨ ¸ ¸ÊÐ¥¸É¢ÊÕÐ¥° ¨ ¶µ¶Ê²Ö·´µ° ¢ Éµ ¢·¥³Ö É¥µ·¥É¨Î¥¸±µ°
¸É É¨Î¥¸±µ° ³µ¤¥²ÓÕ ´¥°É·µ´ . „ ²¥¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶·¥¤²µ¦¥´´Ò° ¢
‹�” �ˆŸˆ ³¥Éµ¤ ¨§³¥·¥´¨Ö ¢¥²¨Î¨´Ò ane ¸ ¶µ³µÐÓÕ ¤¨Ë· ±Í¨¨ ´¥°É·µ-

´µ¢ ´  ³µ´µ±·¨¸É ²²¥ ¢µ²ÓË· ³ -186. ˆ§³¥·Ö¥³Ò° ne-ÔËË¥±É ¢µ§· ¸É ¥É
¶·¨ ̈ ¸¶µ²Ó§µ¢ ´¨¨ ¶·¥¤²µ¦¥´´µ£µ ³¥Éµ¤  ¶·¨³¥·´µ ¢ 15 · §, ̈  ¢ ·¥§Ê²ÓÉ É¥

¶·µ¢¥¤¥´´ÒÌ ¢ ‹�” Ô±¸¶¥·¨³¥´Éµ¢ ¶µ²ÊÎ¥´µ §´ Î¥´¨¥ 〈 rE, in
2  〉N < 0. �¶¨¸Ò-

¢ ÕÉ¸Ö É· ´¸³¨¸¸¨µ´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ, ¶·µ¢¥¤¥´´Ò¥ £² ¢´Ò³ µ¡· §µ³ ¸
µ¡· §Íµ³ ¸¢¨´Í -208 £·Ê¶¶µ° Š¥¸É¥·  (ƒ ·Ì¨´£, ƒ¥·³ ´¨Ö) ¸µ¢³¥¸É´µ ¸
‹�”,  ¢¸É·¨°¸±µ- ³¥·¨± ´¸±µ° £·Ê¶¶µ° (‚¥´  Å �± �¨¤¦), Ë¨§¨± ³¨

‹�” ¢ „Ê¡´¥. �¥§Ê²ÓÉ ÉÒ ¶¥·¢ÒÌ ¤¢ÊÌ £·Ê¶¶ ¶·¨¢¥²¨ ± 〈 rE, in
2  〉N > 0, ¤Ê¡-

´¥´¸±¨¥ Ô±¸¶¥·¨³¥´ÉÒ £µ¢µ·ÖÉ µ Éµ³, ÎÉµ §´ Î¥´¨¥ 〈 rE, in
2  〉N < 0 ¢¸¥-É ±¨

¡µ²¥¥ ¶·¥¤¶µÎÉ¨É¥²Ó´µ. �·¨¢µ¤¨É¸Ö É ¡²¨Í  ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨° ane ¢

1947Å1997 £µ¤Ò.
‚ ¶ÖÉµ³ · §¤¥²¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¨¸ÉµÎ´¨±¨ ¢µ§³µ¦´ÒÌ ¸¨¸É¥-

³ É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥° ¢ µ¡¸Ê¦¤ ¥³ÒÌ ¢ÒÏ¥ Ô±¸¶¥·¨³¥´É Ì. �¤´¨³ ¨§
´¨Ì ³µ¦¥É ¡ÒÉÓ ¢²¨Ö´¨¥ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ´  ³ ²Ò¥ Ê£²Ò ¢ É· ´¸-
³¨¸¸¨µ´´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¶·¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ³¥¦¤Ê µ¡· §Íµ³ ¨
¤¥É¥±Éµ·µ³.

‚ Ï¥¸Éµ³ · §¤¥²¥ ¨¸¸²¥¤Ê¥É¸Ö ¢²¨Ö´¨¥ ³¥¦·¥§µ´ ´¸´µ° ¨´É¥·Ë¥·¥´Í¨¨
´  É· ´¸³¨¸¸¨µ´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ. �¡· Ð ¥É¸Ö ¢´¨³ ´¨¥ ´  Éµ, ÎÉµ ¢²¨Ö-
´¨¥³ ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨Ö ´  µ¶·¥¤¥²Ö¥³ÊÕ ¢¥²¨Î¨´Ê ane ³µ¦´µ ¶·¥´¥¡-

·¥ÎÓ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢ Ô±¸¶¥·¨³¥´É Ì µ¡· §Í  208Pb ¨²¨ ¤·Ê£¨Ì Î¥É´µ-
Î¥É´ÒÌ Ö¤¥·. �µ± § ´µ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ·¥§Ê²ÓÉ ÉÒ £·Ê¶¶Ò Š¥¸É¥·  ¤µ²¦-

´Ò ¶·¨¢µ¤¨ÉÓ ± §´ Î¥´¨Õ 〈 rE, in
2  〉N < 0.

� ±µ´¥Í, ¢ ¸¥¤Ó³µ³ · §¤¥²¥ ¶·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ Ô±¸-
¶¥·¨³¥´Éµ¢ ¸ É¥µ·¥É¨Î¥¸±¨³¨ ¶·¥¤¸± § ´¨Ö³¨ ̈  ¶µ± § ´µ, ÎÉµ ̧ µ¢·¥³¥´´Ò¥
É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö µ ´Ê±²µ´¥ ¶·µÉ¨¢µ·¥Î É ·¥§Ê²ÓÉ É ³ ·Ö¤  Ô±¸-

¶¥·¨³¥´Éµ¢, ¢¥¤ÊÐ¨Ì ± ¶µ²µ¦¨É¥²Ó´µ³Ê §´ ±Ê 〈 rE, in
2  〉N.

1. ®ZITTERBEWEGUNG¯

�¥²ÖÉ¨¢¨¸É¸±¨° ÔËË¥±É ¤·µ¦ ´¨Ö (Zitterbewegung) ¤¨· ±µ¢¸±¨Ì Î ¸-
É¨Í, É.¥. Î ¸É¨Í ¸ ¶µ²ÊÍ¥²Ò³ ¸¶¨´µ³, ¨´ Î¥ ´ §Ò¢ ¥³ÒÌ Ë¥·³¨µ´ ³¨, ¸²¥-
¤Ê¥É ¨§ É¥µ·¨¨ „¨· ±  [1]. „¥°¸É¢¨É¥²Ó´µ, ¢ É¥µ·¨¨ ¶·µ¥±Í¨Ö ¸±µ·µ¸É¨,
´ ¶·¨³¥·, ¸¢µ¡µ¤´µ£µ ¨²¨ ´ Ìµ¤ÖÐ¥£µ¸Ö ¢ Ô²¥±É·µ³ £´¨É´µ³ ¶µ²¥ Ô²¥±É·µ-
´  ´  µ¸¨ ±µµ·¤¨´ É, ¢¸¥£¤  ¨³¥¥É ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, · ¢´Ò¥ ¸±µ·µ¸É¨
¸¢¥É  ± c.
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Š § ²µ¸Ó ¡Ò, ¨§³¥·¥´¨¥ ¶·µ¥±Í¨° ¸±µ·µ¸É¨ Ô²¥±É·µ´  É ±¦¥ ¤µ²¦´µ
¶·¨¢µ¤¨ÉÓ ¢¸¥£¤  ± ·¥§Ê²ÓÉ ÉÊ ± c. �¤´ ±µ ´ ¡²Õ¤ ¥³Ò¥ ¢ µ¶ÒÉ¥ Ô²¥±É·µ´Ò
µ¡ÒÎ´µ ¨³¥ÕÉ ¸±µ·µ¸É¨ ³¥´ÓÏ¥ ¸±µ·µ¸É¨ ¸¢¥É , ¨ ³µ¦¥É ¶µ± § ÉÓ¸Ö, ÎÉµ
³Ò ¨³¥¥³ ¶·µÉ¨¢µ·¥Î¨¥ É¥µ·¨¨ ¸ Ô±¸¶¥·¨³¥´Éµ³. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ É¥µ-
·¥É¨Î¥¸± Ö ¸±µ·µ¸ÉÓ ¥¸ÉÓ ¸±µ·µ¸ÉÓ ¢ µ¶·¥¤¥²¥´´Ò° ³µ³¥´É ¢·¥³¥´¨, ́  ¡²Õ-
¤ ¥³Ò¥ ¦¥ ¸±µ·µ¸É¨ ¢¸¥£¤  Ö¢²ÖÕÉ¸Ö ¸·¥¤´¨³¨ ¸±µ·µ¸ÉÖ³¨ ¶µ ´¥±µÉµ·µ³Ê
±µ´¥Î´µ³Ê ¨´É¥·¢ ²Ê ¢·¥³¥´¨.

„ ²Ó´¥°Ï¥¥ É¥µ·¥É¨Î¥¸±µ¥ · ¸¸³µÉ·¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ¶·µ¥±Í¨Ö

¸±µ·µ¸É¨ ´  µ¸Ó ±µµ·¤¨´ É ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ Î ¸É¥°: ¶µ¸ÉµÖ´´µ° c2p1H
−1 ¨

µ¸Í¨²²¨·ÊÕÐ¥° 16 2ichα1
0 exp (−2iHt6 h), Î ¸ÉµÉ  ±µÉµ·µ° · ¢´  ω =

= 2H 6 h ≥ 2mc2 6 h. ‚ ¶·¨¢¥¤¥´´ÒÌ ¸µµÉ´µÏ¥´¨ÖÌ H Å ·¥²ÖÉ¨¢¨¸É¸±¨° µ¶¥-

· Éµ· ƒ ³¨²ÓÉµ´ , p1 Å ¨³¶Ê²Ó¸ Î ¸É¨ÍÒ,   α1
0 µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

α1 = α1
0 exp (−2iHt6 h), £¤¥ αm Å ³ É·¨ÍÒ „¨· ± . �µ¸ÉµÖ´´ Ö Î ¸ÉÓ ¸µµÉ-

¢¥É¸É¢Ê¥É ´ ¡²Õ¤ ¥³µ° ´  µ¶ÒÉ¥ ¸±µ·µ¸É¨ Î ¸É¨ÍÒ v, ¢ Éµ ¢·¥³Ö ± ±

µ¸Í¨²²¨·ÊÕÐ Ö ̧  Î ¸ÉµÉµ° ¶µ·Ö¤±  2mc2 6 h ̧ ±µ·µ¸ÉÓ ́ ¥ ³µ¦¥É ́  ¡²Õ¤ ÉÓ¸Ö
¢ ¶·Ö³µ³ µ¶ÒÉ¥, ¶µ¸±µ²Ó±Ê ¨§³¥·¥´¨¥ ¤ ¥É ¸·¥¤´ÕÕ ¸±µ·µ¸ÉÓ §  ¨´É¥·¢ ²
¢·¥³¥´¨, §´ Î¨É¥²Ó´µ ¶·¥¢ÒÏ ÕÐ¨° ¶¥·¨µ¤ ±µ²¥¡ ´¨° 2π 6 ω =
= πh6 (mc2) = 4⋅10−21 c. ˆ³¥´´µ µ¸Í¨²²¨·ÊÕÐ Ö Î ¸ÉÓ ¨ ¶·¨¢µ¤¨É ± Éµ³Ê,
ÎÉµ ³£´µ¢¥´´ Ö É¥µ·¥É¨Î¥¸± Ö ¸±µ·µ¸ÉÓ µ± §Ò¢ ¥É¸Ö · ¢´µ° ± c.

„·µ¦ ´¨¥ ÉµÎ¥Î´µ° ¤¨· ±µ¢¸±µ° Î ¸É¨ÍÒ, ¨³¥ÕÐ¥° Ô²¥±É·¨Î¥¸±¨° § -
·Ö¤ e (´ ¶·¨³¥·, Ô²¥±É·µ´ ), ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö ¢Ò-
§Ò¢ ¥É É ±µ¥ ¶µ¢¥¤¥´¨¥ Î ¸É¨ÍÒ, ± ± ¥¸²¨ ¡Ò µ´  ¨³¥²  ´µ·³ ²Ó´Ò°
³ £´¨É´Ò° ³µ³¥´É eh6 (2mc) (¢ ¸²ÊÎ ¥ ¤¨· ±µ¢¸±µ£µ Ô²¥±É·µ´  · ¢´Ò°
µ¤´µ³Ê ³ £´¥Éµ´Ê �µ· ). ’ ±µ° ³µ³¥´É ¢µ§´¨± ¥É ¨§ Î¨¸Éµ ÉµÎ¥Î´µ£µ Ì -
· ±É¥·  § ·Ö¤  e ¨ Ö¢²¥´¨Ö ¥£µ ¤·µ¦ ´¨Ö ¢ µ¡² ¸É¨ ¶µ·Ö¤± 

h6 (mc) ≈ 4⋅10−11 ̧ ³.

„·Ê£¨³ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ Ö¢²¥´¨¥³, ¸¢Ö§ ´´Ò³ ¸ ¤·µ¦ ´¨¥³ ÉµÎ¥Î´µ-
£µ § ·Ö¤  e Ô²¥±É·µ´ , Ö¢²Ö¥É¸Ö, ´ ¶·¨³¥·, ¸³¥Ð¥´¨¥ Ô´¥·£¥É¨Î¥¸±¨Ì Ê·µ¢-
´¥° s-Ô²¥±É·µ´  ¢  Éµ³¥ ¢µ¤µ·µ¤ . „¢¨¦¥´¨¥ ÉµÎ¥Î´µ£µ § ·Ö¤  ¶·µ¨¸Ìµ¤¨É
¶µ¤µ¡´µ ¤¢¨¦¥´¨Õ § ·Ö¤ , · ¸¶·¥¤¥²¥´´µ³Ê ¶µ ±µ´¥Î´µ³Ê µ¡Ñ¥³Ê. ‚
É¥µ·¨¨ „¨· ±  ÔÉµÉ ÔËË¥±É µ¶¨¸Ò¢ ¥É¸Ö Î²¥´µ³, ¶·¥¤²µ¦¥´´Ò³ „ ·¢¨´µ³
¥Ð¥ ¢ 1928 £µ¤Ê.

‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ ¢ ´¥¤ ¢´µ µ¶Ê¡²¨±µ¢ ´´µ° · ¡µÉ¥ [2] ¥Ð¥ · §
¶µ¤Î¥·±´ÊÉµ, ÎÉµ ®Zitterbewegung¯ Å ´¥µÉÑ¥³²¥³µ¥ ¸¢µ°¸É¢µ É¥µ·¨¨
„¨· ± .

Œ¥¦¤Ê ´¥°É·µ´µ³ ¨ Ô²¥±É·µ´µ³ ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ¨´É¥·¥¸´Ò° ¢¨¤
¢§ ¨³µ¤¥°¸É¢¨Ö. �´ ¢µ§´¨± ¥É ± ± ¸²¥¤¸É¢¨¥ ³¥§µ´´µ° É¥µ·¨¨ Ö¤¥·´ÒÌ ¸¨².

ˆ§-§  ¢¨·ÉÊ ²Ó´µ° ¤¨¸¸µÍ¨ Í¨¨ ´¥°É·µ´  ´  ¶·µÉµ´ ¨ π−-³¥§µ´ ´¥°É·µ´
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µ±·Ê¦¥´ ³¥§µ´´µ° ®ÏÊ¡µ°¯ · §³¥·µ³ ¶µ·Ö¤±  h 6 (mπc), ¨ ¢ ´¥¶µ¸·¥¤¸É¢¥´-

´µ° ¡²¨§µ¸É¨ µÉ ´¥°É·µ´  ³µ¦¥É ¶·¨¸ÊÉ¸É¢µ¢ ÉÓ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥. �·¨
¤µ¸É ÉµÎ´µ ̧ ¨²Ó´µ³ ̧ ¡²¨¦¥´¨¨ ́ ¥°É·µ´  ̧  Ô²¥±É·µ´µ³ ³¥¦¤Ê ́ ¨³¨ ¤µ²¦´Ò
¢µ§´¨± ÉÓ Ô²¥±É·µ¸É É¨Î¥¸±¨¥ ¸¨²Ò ¢§ ¨³µ¤¥°¸É¢¨Ö. �É¨ ¸¨²Ò ¡Ê¤ÊÉ ¢²¨ÖÉÓ
´  ¤²¨´Ê · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥ ane.

’ ±¨³ µ¡· §µ³, ¥¸²¨ Î ¸É¨Í  ¨³¥¥É ¢´ÊÉ·¥´´ÕÕ Ô²¥±É·µ³ £´¨É´ÊÕ
¸É·Ê±ÉÊ·Ê, Éµ ¨§³¥·Ö¥³Ò¥ ´  µ¶ÒÉ¥ § ·Ö¤ ¨ ¶²µÉ´µ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Éµ± 
¡Ê¤ÊÉ ¸µ¸ÉµÖÉÓ ± ± ¨§ ÔÉµ° ¢´ÊÉ·¥´´¥° Î ¸É¨, É ± ¨ ¨§ ¤µ¶µ²´¨É¥²Ó´µ£µ
¢±² ¤ , ¸¢Ö§ ´´µ£µ ¸ ¤·µ¦ ´¨¥³. �µ¸±µ²Ó±Ê ´ ¨¡µ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢-
²Ö¥É ̧ µ¡µ° ̈ ³¥´´µ ¶¥·¢ Ö Î ¸ÉÓ, Éµ ́ ¥µ¡Ìµ¤¨³µ Ê³¥ÉÓ · §¤¥²¨ÉÓ ÔÉ¨ ¢±² ¤Ò.

�µ²¥¥ Î¥³ 45 ²¥É Éµ³Ê ´ § ¤ ”¥Ï¡ Ìµ³ ¡Ò²µ ¶µ± § ´µ [3], ÎÉµ ¶·¨
· ¸¸¥Ö´¨¨ Ö¤· ³¨ Ô²¥±É·µ´µ¢ ¸ Ô´¥·£¨¥° ¶µ·Ö¤±  ´¥¸±µ²Ó±¨Ì ¤¥¸ÖÉ±µ¢ ³¥-
£ Ô²¥±É·µ´¢µ²ÓÉ (ÉµÎ´¥¥, ¶·¨ qR << 1, £¤¥ q = 2k sin θ6 2 Å ¢µ²´µ¢µ¥ Î¨¸²µ
µÉ¤ Î¨,   R Å · ¤¨Ê¸ Ö¤· ) ¥¤¨´¸É¢¥´´Ò³ ¨§³¥·¨³Ò³ ¶ · ³¥É·µ³, Ê± §Ò¢ -
ÕÐ¨³ ´  · §³¥· Ö¤· , Ö¢²Ö¥É¸Ö ¸·¥¤´¥±¢ ¤· É¨Î¥¸±¨° · ¤¨Ê¸ Ö¤· .

‚ ¸²ÊÎ ¥ · ¸¸¥Ö´¨Ö µÎ¥´Ó ³¥¤²¥´´ÒÌ ´¥°É·µ´µ¢ ´   Éµ³ Ì ¶µ¤µ¡´ Ö
§ ¤ Î  ¡Ò²  ·¥Ï¥´  ¢¶¥·¢Ò¥, ¢¨¤¨³µ, ”·¨¤µ³ [4] ¨ ¡µ²¥¥ ¶µ¤·µ¡´µ ”µ²¤¨
[5] ¢ 50-Ì £µ¤ Ì. ”µ²¤¨ ¶µ± § ², ÎÉµ ¨§³¥·Ö¥³µ¥ ´  µ¶ÒÉ¥ ¢§ ¨³µ¤¥°¸É¢¨¥
³¥¦¤Ê ´¥°É·µ´µ³ ¨ Ô²¥±É·µ´µ³, ¢ Î ¸É´µ¸É¨, ¤²¨´  · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´ 
Ô²¥±É·µ´¥, ̧ µ¸Éµ¨É ̈ § ¤¢ÊÌ Î ¸É¥°: ³ £´¨É´µ£µ Î²¥´ , ̧ µ¤¥·¦ Ð¥£µ  ´µ³ ²Ó-
´Ò° ³ £´¨É´Ò° ³µ³¥´É ´¥°É·µ´  (ÔÉµÉ Î²¥´ ³µ¦¥É ¡ÒÉÓ É¥µ·¥É¨Î¥¸±¨
· ¸¸Î¨É ´ ´  µ¸´µ¢¥ Ö¢²¥´¨Ö ¤·µ¦ ´¨Ö), ¨ ¢´ÊÉ·¥´´¥£µ Î²¥´ , ¢µ§´¨± ÕÐ¥-
£µ ¢¸²¥¤¸É¢¨¥ ¶·µ¸É· ´¸É¢¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ́ ¥°-
É·µ´ , µ¡Ê¸²µ¢²¥´´µ£µ ¢¨·ÉÊ ²Ó´µ° ¤¨¸¸µÍ¨ Í¨¥° ´¥°É·µ´  ´  ¶·µÉµ´ ¨

π−-³¥§µ´.

‡ ¤ Î  · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  ¸² ¡µ³, ³¥¤²¥´´µ ³¥´ÖÕÐ¥³¸Ö Î¨¸Éµ
Ô²¥±É·µ¸É É¨Î¥¸±µ³ ¶µÉ¥´Í¨ ²¥ ϕ(r) ¡Ò²  ·¥Ï¥´  ”µ²¤¨ ´  µ¸´µ¢¥ ¸²¥¤ÊÕ-
Ð¥£µ µ¡µ¡Ð¥´´µ£µ Ê· ¢´¥´¨Ö „¨· ± :

γµ 



 
∂Ψ
∂xµ

 

 + 

Mc
h

 Ψ − 
1
hc

  ∑ 
m = 0

∞

 






 εm γµ tu

 mAµ + 
1
2
 µm γµ γν tu

 m 






 
∂Aµ
∂xν

 − 
∂Aν
∂xµ

 






 






 = 0,

(1)
£¤¥ Ô²¥±É·µ³ £´¨É´µ¥ ¶µ²¥ µ¶¨¸Ò¢ ¥É¸Ö Î¥ÉÒ·¥Ì³¥·´Ò³ ¢¥±Éµ·-¶µÉ¥´Í¨ -
²µ³ Aµ(x) ≡ A((r,t); iϕ(r,t)), x ≡ (r,it), γµν Å ³ É·¨ÍÒ „¨· ± , tu =

= 4 − 1 6 (c2)∂2 6 ∂t 2 Å µ¶¥· Éµ· „ ² ³¡¥· , ¨ ±µÔËË¨Í¨¥´ÉÒ εm ¨ µm Ì -

· ±É¥·¨§ÊÕÉ ¢´ÊÉ·¥´´ÕÕ Ô²¥±É·µ³ £´¨É´ÊÕ ¸É·Ê±ÉÊ·Ê ´¥°É·µ´ . ‚ Î ¸É-
´µ¸É¨, ε

0
 Å ¶µ²´Ò° Ô²¥±É·¨Î¥¸±¨° § ·Ö¤ ´¥°É·µ´  ¨ µ

0
 Å ¥£µ  ´µ³ ²Ó-

´Ò° ³ £´¨É´Ò° ³µ³¥´É. „·Ê£¨¥ Î²¥´Ò (m = 1,2,3...) µ¶¨¸Ò¢ ÕÉ ¡µ²¥¥ ¢Ò-
¸µ±¨¥ · ¤¨ ²Ó´Ò¥ ³µ³¥´ÉÒ · ¸¶·¥¤¥²¥´¨Ö ¢´ÊÉ·¥´´¥£µ Ô²¥±É·¨Î¥¸±µ£µ
§ ·Ö¤  Î ¸É¨ÍÒ.
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�·¨ m = 0 Ê· ¢´¥´¨¥ (1) ¸¢µ¤¨É¸Ö ± Ê· ¢´¥´¨Õ „¨· ±  ¸ Ô²¥±É·µ-
³ £´¨É´Ò³¨ ¶µÉ¥´Í¨ ² ³¨, ¶µ¸²¥¤´¨¥ ¤¢  Î²¥´  ±µÉµ·µ£µ ¨³¥ÕÉ ¢¨¤

−µneh 6 (2Mc)(σH) − i µneh 6 (2Mc)((αH). (2)

�¥·¢Ò° Î²¥´, ¸µ¤¥·¦ Ð¨° H, ¶·¥¤¸É ¢²Ö¥É ̧ µ¡µ° Ô´¥·£¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö
³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·µ´  µneh6 (2Mc) ¸ ³ £´¨É´Ò³ ¶µ²¥³ H ¨ µ¶¨¸Ò-

¢ ¥É ³ £´¨É´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥. ‚Éµ·µ° Î²¥´, ´ §Ò¢ ¥³Ò° ¢§ ¨³µ-
¤¥°¸É¢¨¥³ ”µ²¤¨, ¶µÖ¢²Ö¥É¸Ö ¢¸²¥¤¸É¢¨¥ ¤·µ¦ ´¨Ö ´¥°É·µ´ , ¨³¥ÕÐ¥£µ
³ £´¨É´Ò° ³µ³¥´É µneh6 (2Mc).

‚ ¶¥·¢µ³ ¡µ·´µ¢¸±µ³ ¶·¨¡²¨¦¥´¨¨ ¨§ Ê· ¢´¥´¨Ö (1) ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ
¤²¨´Ê · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥. �·¨ ³ ²ÒÌ ¶¥·¥¤ ´´ÒÌ ³µ³¥´É Ì
²¨ÏÓ Î²¥´Ò c m = 0 ¨ m = 1 ¢ ¦´Ò, ¨ ¢ ¶¥·¢µ³ ¡µ·´µ¢¸±µ³ ¶·¨¡²¨¦¥´¨¨
 ³¶²¨ÉÊ¤Ò ne-· ¸¸¥Ö´¨Ö, µ¶·¥¤¥²Ö¥³Ò¥ ¨§ Ê· ¢´¥´¨Ö (1), ¨³¥ÕÉ ¢¨¤

f
0
(k) = − 

Mε
0

2πh2
  ∫ exp (−i kr) φ (r) dr, (3)

f
1
(k) = − 

M

2πh2
 



 ε

1
 + 

h
2Mc

 µ
0
 + 

1
2
 

 

h
2Mc

 


2

ε
0
 



 exp (−i kr)∇2ϕ(r)dr. (4)

�µ¸±µ²Ó±Ê ¤²Ö ´¥°É·µ´  ε0 = 0 ¨ µ0 = µneh 6 (2Mc), Éµ ¶·¨ k → 0 ¤²¨´ 

· ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

ane = 2Me6 (h2)[ε
1
 + µne(h6 (2Mc))2]. (5)

‚ ÔÉµ³ ¸µµÉ´µÏ¥´¨¨ ε
1
 µ¶¨¸Ò¢ ¥É · ¤¨ ²Ó´ÊÕ ¶·µÉÖ¦¥´´µ¸ÉÓ · ¸¶·¥¤¥-

²¥´¨Ö ¢´ÊÉ·¥´´¥£µ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¢ ´¥°É·µ´¥. —²¥´ ¸ µn ¶·¥¤¸É ¢-

²Ö¥É ¸µ¡µ° ¢±² ¤ ”µ²¤¨, ¶µÖ¢²ÖÕÐ¨°¸Ö ¢¸²¥¤¸É¢¨¥ ¤·µ¦ ´¨Ö Î ¸É¨ÍÒ ¸
 ´µ³ ²Ó´Ò³ ³ £´¨É´Ò³ ³µ³¥´Éµ³ µn.

‡ ³¥É¨³, ÎÉµ ‚ °¸±µ¶Ë ¶·¥¤²µ¦¨² ¤µ¢µ²Ó´µ ¨§ÖÐ´Ò° ¢Ò¢µ¤ Ëµ·³Ê²Ò
(5), ÊÎ¨ÉÒ¢ ÕÐ¥°  ´µ³ ²Ó´Ò° ³ £´¨É´Ò° ³µ³¥´É ´¥°É·µ´  (¸³., ´ ¶·¨³¥·,
[6]). ’· ¥±Éµ·¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨-¤·µ¦ Ð¥£µ ¤¢¨¦ÊÐ¥£µ¸Ö ´¥°É·µ´  ¶·¥¤-
¸É ¢²Ö¥É ¸µ¡µ° ¸¶¨· ²Ó, · ¤¨Ê¸ ±µÉµ·µ° µ± §Ò¢ ¥É¸Ö ¶µ ¶µ·Ö¤±Ê ¢¥²¨Î¨´Ò
· ¢´Ò³ ±µ³¶Éµ´µ¢¸±µ° ¤²¨´¥ ¢µ²´Ò ´¥°É·µ´  R ' h 6 (Mc). �¥°É·µ´
¤¢¨¦¥É¸Ö ¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É  ¶µ ÔÉµ° ¸¶¨· ²¨. �·¨ ÔÉµ³ Ï £ ¸¶¨· ²¨ µ± -
§Ò¢ ¥É¸Ö É ±¨³, ÎÉµ ¶µ¸ÉÊ¶ É¥²Ó´µ¥ ¤¢¨¦¥´¨¥ ´¥°É·µ´  Ì · ±É¥·¨§Ê¥É¸Ö
¸±µ·µ¸ÉÓÕ v, ´ ¡²Õ¤ ¥³µ° ´  µ¶ÒÉ¥. …¸²¨ ´¥°É·µ´ ´ Ìµ¤¨É¸Ö ´  · ¸¸Éµ-
Ö´¨¨ ¶µ·Ö¤±  R µÉ Ô²¥±É·µ´  (É.¥. µÉ ÉµÎ¥Î´µ£µ § ·Ö¤ ), Éµ ¨³¥¥É ³¥¸Éµ
³ £´¨É´µ¥ ¸¶¨´-µ·¡¨É ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ Ô²¥±É·µ´´µ£µ Éµ±  ¸ ³ £´¨É-
´Ò³ ³µ³¥´Éµ³ ´¥°É·µ´ . �Éµ ¨ ¥¸ÉÓ ¢§ ¨³µ¤¥°¸É¢¨¥ ”µ²¤¨, ¢±² ¤ ±µÉµ·µ£µ
¢ ¤²¨´Ê · ¸¸¥Ö´¨Ö µÉ· ¦ ¥É ¢Éµ·µ° Î²¥´ ¸µµÉ´µÏ¥´¨Ö (5).
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�·µ¢¥¤¥´´Ò° ”µ²¤¨  ´ ²¨§ ´µ¸¨É, ±µ´¥Î´µ, Ë¥´µ³¥´µ²µ£¨Î¥¸±¨° Ì -
· ±É¥·. ‚¥²¨Î¨´Ò ε ¨ µ ¢¢µ¤ÖÉ¸Ö ± ± ´¥±µÉµ·Ò¥ ±µÔËË¨Í¨¥´ÉÒ, µ §´ -
Î¥´¨ÖÌ ±µÉµ·ÒÌ ³µ¦´µ ¸Ê¤¨ÉÓ ²¨ÏÓ ¶µ ·¥§Ê²ÓÉ É ³ Ô±¸¶¥·¨³¥´É .

…¸²¨ e Å § ·Ö¤ Î ¸É¨ÍÒ, Éµ ³µ¦´µ ¢¢¥¸É¨ · §²¨Î´Ò¥ ³µ³¥´ÉÒ · ¸¶·¥-
¤¥²¥´¨Ö ÔÉµ£µ § ·Ö¤ :

χn = ∫ r2nρ(r)dV = 4π ∫ r2n+2ρ(r)dr, (6)

£¤¥ ρ(r) Å ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö ¶²µÉ´µ¸ÉÓ § ·Ö¤  (¢ ¸²ÊÎ ¥ · ¢´µ-

³¥·´µ · §³ § ´´µ£µ § ·Ö¤  ρ = e6 (46 3πR3) = const, £¤¥ R Å · ¤¨Ê¸

Î ¸É¨ÍÒ), dV = 4πr2dr Å Ô²¥³¥´É µ¡Ñ¥³ .

�µ²´Ò° § ·Ö¤ ¸¨¸É¥³Ò (n = 0) e = ∫ ρ(r)dV = 4π ∫ r2ρ(r)dr (¢ ¸²ÊÎ ¥ ´¥°-

É·µ´  e = 0). ‚ · ¡µÉ¥ ”µ²¤¨ ε1 ¶·µ¶µ·Í¨µ´ ²¥´ ¢Éµ·µ³Ê · ¤¨ ²Ó´µ³Ê ³µ-

³¥´ÉÊ (n = 1) · ¸¶·¥¤¥²¥´¨Ö ¢´ÊÉ·¥´´¥£µ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¨²¨ ¸·¥¤´¥-

±¢ ¤· É¨Î¥¸±µ³Ê ¢´ÊÉ·¥´´¥³Ê § ·Ö¤µ¢µ³Ê · ¤¨Ê¸Ê 〈 rE,in
2  〉:

ε
1
 ~ 16 6 ∫ r2ρ

in
(r)dV = e6 6 〈 rE,in

2  〉, (7)

£¤¥ ρ
in

(r) Å ¶²µÉ´µ¸ÉÓ ¢´ÊÉ·¥´´¥£µ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤ . Š ± ¶¨Ï¥É

”µ²¤¨, ¶µ¸²¥ ε
1
 ¢ (7) ¸Éµ¨É ®...§´ ± ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨,   ´¥ §´ ± · ¢¥´-

¸É¢ , É.±. ¸ÊÐ¥¸É¢Ê¥É ´¥±µÉµ· Ö ´¥µ¤´µ§´ Î´µ¸ÉÓ ¢ ¸¢Ö′ §¨ ·¥²ÖÉ¨¢¨¸Éc±¨Ì
±µÔËË¨Í¨¥´Éµ¢ ¸ Ë¨§¨Î¥¸±¨ ¶·µÉÖ¦¥´´Ò³ ¸É É¨Î¥¸±¨³ · ¸¶·¥¤¥²¥´¨¥³
§ ·Ö¤ . “± § ´´µ¥ µ¡µ§´ Î¥´¨¥, ¶µ-¢¨¤¨³µ³Ê, ´ ¨¡µ²¥¥ Í¥²¥¸µµ¡· §´µ¯.

�·¨´¨³ Ö (7) ¸µ §´ ±µ³ · ¢¥´¸É¢ , ¨§ (5) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤²Ö ´¥°É·µ´ 

〈 rE,in
2  〉N = 3h26 (Me2)(ane − aF), (8)

£¤¥ aF = µne
2 6 (2Mc2) = −1,468⋅10−3 Ë³ Å ¤²¨´  · ¸¸¥Ö´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕ-

Ð Ö ¢§ ¨³µ¤¥°¸É¢¨Õ ”µ²¤¨. ‘µµÉ´µÏ¥´¨¥ (8) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ É ±¦¥ ´¥-
¸±µ²Ó±µ ¨´Ò³ ¸¶µ¸µ¡µ³, ´¥ ¶·¨¡¥£ Ö ± (7),   ¶µ²Ó§ÊÖ¸Ó ¶µ´ÖÉ¨¥³ Ëµ·³-
Ë ±Éµ·µ¢.

2. ”��Œ”�Š’��›

ˆ§¢¥¸É´µ, ÎÉµ ¶µ¤ ¸É·Ê±ÉÊ·µ° µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö  Éµ³  µ¡ÒÎ´µ
¶µ´¨³ ÕÉ ¶·µ¸É· ´¸É¢¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¢ ´¥³ Ô²¥±É·µ´µ¢, ¨ µ¶¨¸Ò¢ ¥É-
¸Ö µ´µ ¢µ²´µ¢µ° ËÊ´±Í¨¥° µ¸´µ¢´µ£µ ̧ µ¸ÉµÖ´¨Ö. �²µÉ´µ¸ÉÓ Ô²¥±É·¨Î¥¸±µ£µ
§ ·Ö¤  ¢ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨, ´ ¶·¨³¥·,  Éµ³  ¢µ¤µ·µ¤  ¢ ÉµÎ±¥ x, · ¢´ 
e ρ(x), £¤¥ ρ(x) Å ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ ´ °É¨ Ô²¥±É·µ´ ¢ ÉµÎ±¥ x.
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„²Ö Ö¤¥· · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  Ê¦¥ ´¥ ¡Ê¤¥É ¨¤¥´É¨Î´µ
· ¸¶·¥¤¥²¥´¨Õ ³ ¸¸Ò Ö¤· . „²Ö µÉ¤¥²Ó´µ ¢§ÖÉµ£µ ´Ê±²µ´ , ±·µ³¥ Éµ£µ,
¢µ§´¨± ¥É ¤µ¶µ²´¨É¥²Ó´ Ö É·Ê¤´µ¸ÉÓ: ¶·¨ · ¸¸¥Ö´¨¨ ´  ´¥³ ± ±µ°-²¨¡µ
Î ¸É¨ÍÒ ´Ê±²µ´ ¨¸¶ÒÉÒ¢ ¥É ¸¨²Ó´ÊÕ µÉ¤ ÎÊ ¨ ¢ÒÎ¨¸²ÖÉÓ · ¸¶·¥¤¥²¥´¨¥
Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¢ ´¥³ ¨§ µ¶ÒÉµ¢ ¶µ · ¸¸¥Ö´¨Õ ¶· ±É¨Î¥¸±¨ ´¥¢µ§-
³µ¦´µ. �µÔÉµ³Ê ̧ É·Ê±ÉÊ·Ê ´Ê±²µ´ ,   É ±¦¥ ̈  Ö¤¥·, µ¶¨¸Ò¢ ÕÉ ¶·¨ ¶µ³µÐ¨
Ëµ·³Ë ±Éµ·µ¢.

…¸²¨ ¶ ¤ ÕÐ Ö Î ¸É¨Í  ¸ § ·Ö¤µ³ ze ¨ ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¥° E ¨
Î ¸É¨Í -³¨Ï¥´Ó ¸ § ·Ö¤µ³ Ze ¡¥¸¸¶¨´µ¢Ò¥ ¨ ´¥ µ¡² ¤ ÕÉ ¸É·Ê±ÉÊ·µ° (É.¥.
ÉµÎ¥Î´Ò¥),   Î ¸É¨Í -³¨Ï¥´Ó ´¥ ¨¸¶ÒÉÒ¢ ¥É µÉ¤ Î¨, Éµ ¢ ¡µ·´µ¢¸±µ³
¶·¨¡²¨¦¥´¨¨, ±µ£¤  ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¶ ¤ ÕÐÊÕ ¨ · ¸¸¥Ö´´ÊÕ Î ¸É¨ÍÒ

³µ¦´µ µ¶¨¸ ÉÓ ¶²µ¸±¨³¨ ¢µ²´ ³¨ (¶·¨ Zze2 6 (hc) ≤ 1), ¸¶· ¢¥¤²¨¢  ´¥·¥-
²ÖÉ¨¢¨¸É¸± Ö Ëµ·³Ê²  �¥§¥·Ëµ·¤  ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ÔËË¥±É¨¢´µ£µ
¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö:

(dσ6 dΩ)
Ruth

 = z2Z 2e4 6 (16E 2sin4θ6 2). (9)

…¸²¨ Î ¸É¨Í -³¨Ï¥´Ó ´¥ Ö¢²Ö¥É¸Ö ÉµÎ¥Î´µ°,   ¨³¥¥É ¶·µ¸É· ´¸É¢¥´´µ¥
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¶²µÉ´µ¸É¨, Éµ ³µ¦´µ ¶µ± § ÉÓ,
ÎÉµ Ëµ·³Ê²  ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ÔËË¥±É¨¢´µ£µ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ¡Ê-
¤¥É ¨³¥ÉÓ ¢¨¤ [7]:

(dσ6 dΩ) = (dσ6 dΩ)
Ruth

 F(q2)2, (10)

£¤¥ F(q2) ´ §Ò¢ ¥É¸Ö Ëµ·³Ë ±Éµ·µ³,   q2 Å ±¢ ¤· É ¶¥·¥¤ ´´µ£µ Î¥ÉÒ·¥Ì-

³¥·´µ£µ ¨³¶Ê²Ó¸ : q2 = (pf − pi)
2 = (pfe − pie)

2, £¤¥ pi, pf, pie, pfeÅ ´ Î ²Ó´Ò¥

¨ ±µ´¥Î´Ò¥ Î¥ÉÒ·¥Ì³¥·´Ò¥ ¨³¶Ê²Ó¸Ò ¶·µÉµ´  ¨ Ô²¥±É·µ´ . �·µ¸É· ´¸É-
¢¥´´Ò¥ ±µ³¶µ´¥´ÉÒ Î¥ÉÒ·¥Ì³¥·´µ£µ ¨³¶Ê²Ó¸  ¸µ¢¶ ¤ ÕÉ ¸ ¨³¶Ê²Ó¸µ³
Î ¸É¨ÍÒ p,   ¢·¥³¥´´ Ö ±µ³¶µ´¥´É  · ¢´  iE6 c, £¤¥ E Å Ô´¥·£¨Ö Î ¸É¨ÍÒ.

„²Ö ¸²ÊÎ Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ô²¥±É·µ´  ´  ´Ê±²µ´¥ q2 < 0 (µ¡² ¸ÉÓ ¶·µ-

¸É· ´¸É¢¥´´µ¶µ¤µ¡´ÒÌ §´ Î¥´¨° q2).
‚ 1950 £. �µ§¥´¡²ÕÉµ³ ¡Ò²  ¶µ²ÊÎ¥´  [8] ¨§¢¥¸É´ Ö Ëµ·³Ê² , µ¶¨¸Ò¢ -

ÕÐ Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ô²¥±É·µ´  ´  Î ¸É¨Í¥
¸µ ¸¶¨´µ³ 1/2, ±µ´¥Î´Ò³¨ · §³¥· ³¨, ³ ¸¸µ° M, Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤µ³ e
¨  ´µ³ ²Ó´Ò³ ³ £´¨É´Ò³ ³µ³¥´Éµ³ µk:

dσ6 dΩ = (dσ6 dΩ)
0
{(F

1
 2 − (q6 2Mc)2[2(F

1
 + µkF2

)2 tg2(ϕ6 2) + µk
2F

2
 2]},   (11)

£¤¥ (dσ6 dΩ)
0
 Å ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Ô²¥±É·µ-

´  ´  ÉµÎ¥Î´µ³ § ·Ö¤¥ (¶µ¸±µ²Ó±Ê Î ¸É¨ÍÒ ¨³¥ÕÉ µÉ²¨Î´Ò° µÉ ´Ê²Ö ¸¶¨´,

Éµ (dσ6 dΩ)
0
 ≠ (dσ6 dΩ)

Ruth
), F

1
(q2) Å ¤¨· ±µ¢¸±¨° Ëµ·³Ë ±Éµ·, µ¶¨¸Ò¢ -

ÕÐ¨° ¶·µ¸É· ´¸É¢¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ § ·Ö¤  ¨ ¸¢Ö§ ´´µ£µ ¸ ´¨³ ´µ·-
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³ ²Ó´µ£µ ³ £´¨É´µ£µ ³µ³¥´É , F
2
(q2) Å Ëµ·³Ë ±Éµ· � Ê²¨, ¸¢Ö§ ´´Ò° ¸

¶·µ¸É· ´¸É¢¥´´Ò³ · ¸¶·¥¤¥²¥´¨¥³  ´µ³ ²Ó´µ£µ ³ £´¨É´µ£µ ³µ³¥´É  ¨

q2 Å ±¢ ¤· É ¶¥·¥¤ ´´µ£µ Î¥ÉÒ·¥Ì³¥·´µ£µ ¨³¶Ê²Ó¸ . ‡ ³¥É¨³, ÎÉµ
ËÊ´±Í¨¨ F

1
 ¨ F

2
 ¨³¥ÕÉ Ö¸´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸².

�µ§¤´¥¥, ¢ 1962 £., ‘ ±¸µ³ ¡Ò²¨ ¢¢¥¤¥´Ò [9] ¤²Ö Ê¤µ¡¸É¢  µ¡· ¡µÉ±¨
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ Ëµ·³Ë ±Éµ·µ¢ F1 ¨ F2:

§ ·Ö¤µ¢Ò° Ëµ·³Ë ±Éµ·

GE(q2) = F
1
(q2) + µk(qh 6 2Mc)2F

2
(q2) (12)

¨ ³ £´¨É´Ò° Ëµ·³Ë ±Éµ·

GM(q2) = F
1
(q2) + µkF2

(q2). (13)

�µ¸±µ²Ó±Ê (12) ¨ (13) Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ F
1
 ¨ F

2
, Éµ

´¥¢µ§³µ¦´µ ¤µ± § ÉÓ, ± ±µ° ´ ¡µ· ¡µ²¥¥ ËÊ´¤ ³¥´É ²¥´ Å Fi ¨²¨ Gi.

�¤´ ±µ Ëµ·³Ê²  �µ§¥´¡²ÕÉ  § ¶¨¸Ò¢ ¥É¸Ö ¡µ²¥¥ ¶·µ¸Éµ Î¥·¥§ Ëµ·³Ë ±-
Éµ·Ò Gi, Î¥³ Î¥·¥§ Fi, ¢ ´¥° µÉ¸ÊÉ¸É¢Ê¥É ¶¥·¥±·¥¸É´Ò° Î²¥´ ³¥¦¤Ê GE ¨

GM, ¶µ¤µ¡´µ F
1
F

2
 (¸³. (11)). Š·µ³¥ Éµ£µ, ¢Ò¡· ´   É ± Ö  ±µ³¡¨´ Í¨Ö

Ëµ·³Ë ±Éµ·µ¢ F
1
 ¨ F

2
, ±µÉµ· Ö ¢Ò¤¥²Ö¥É ¶µ²´Ò¥ Ô²¥±É·¨Î¥¸±ÊÕ ¨

³ £´¨É´ÊÕ Î ¸É¨. ’ ±¨³ µ¡· §µ³, GE ¨ GM ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° µ¶¨¸ ´¨¥

· ¸¶·¥¤¥²¥´¨Ö ¶µ²´µ£µ § ·Ö¤  ¨ ¶µ²´µ£µ ³ £´¨É´µ£µ ³µ³¥´É .

�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¤²Ö GEN(q2) ´¥°É·µ´ , ¶µ²ÊÎ¥´´Ò¥ ¨§ µ¶ÒÉµ¢

¶µ · ¸¸¥Ö´¨Õ Ô²¥±É·µ´µ¢ ´  ¤¥°É·µ´ Ì, ¶·¨¢¥¤¥´Ò ´  ·¨¸.1, ¢§ÖÉµ³ ¨§
±´¨£¨ [10]. ‚¨¤´µ, ÎÉµ ¢¥²¨Î¨´  GEN ¡²¨§±  ± ´Ê²Õ.

•µÉÖ ¤²Ö µ¶¨¸ ´¨Ö ´ ¡²Õ¤ ¥³ÒÌ Ö¢²¥´¨° ¤µ¸É ÉµÎ´µ Ëµ·³Ë ±Éµ·µ¢,
¢¢¥¤¥´´ÒÌ ± ± Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥ ËÊ´±Í¨¨ ±¢ ¤· É  ¶¥·¥¤ ´´µ£µ ̈ ³¶Ê²Ó-
¸ , ¶µ²¥§´µ ¸ Î¨¸Éµ ¨²²Õ¸É· É¨¢´µ° ÉµÎ±¨ §·¥´¨Ö ¤ ÉÓ ÔÉ¨³ Ëµ·³Ë ±Éµ· ³

�¨¸.1. �±¸¶¥·¨³¥´É ²Ó´ Ö § -
¢¨¸¨³µ¸ÉÓ § ·Ö¤µ¢µ£µ Ëµ·³-

Ë ±Éµ·  ´¥°É·µ´  µÉ q2. �¶Ò-
ÉÒ ¶µ Ê¶·Ê£µ³Ê ed-· ¸¸¥Ö´¨Õ
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´¥±µÉµ·ÊÕ ´ £²Ö¤´ÊÕ ¨´É¥·¶·¥É Í¨Õ. �Éµ ¢µ§³µ¦´µ ¢ É ± ´ §Ò¢ ¥³µ°
¸¨¸É¥³¥ ±µµ·¤¨´ É �·¥°É , ±µÉµ· Ö § ¤ ¥É¸Ö É·¥¡µ¢ ´¨¥³ · ¢¥´¸É¢  ´Ê²Õ
¶·µ¸É· ´¸É¢¥´´ÒÌ ±µ³¶µ´¥´É Î¥ÉÒ·¥Ì³¥·´µ£µ ¢¥±Éµ·  pi + pf ; ¢ É ±µ°

¸¨¸É¥³¥ É·¥Ì³¥·´Ò¥ ¨³¶Ê²Ó¸Ò ´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ ¶·µÉµ´µ¢ · ¢´Ò ¶µ
§´ Î¥´¨Õ ¨ ¶·µÉ¨¢µ¶µ²µ¦´Ò ¶µ ´ ¶· ¢²¥´¨Õ,   ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ô´¥·£¨¨
µ¤¨´ ±µ¢Ò. ‚ ¸¨¸É¥³¥ �·¥°É  Ëµ·³Ë ±Éµ· GE ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ËÊ·Ó¥-

µ¡· § ¶·µ¸É· ´¸É¢¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö ¶²µÉ´µ¸É¨ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤ 

ρ(r) = e 6 (2π)3 ∫ GE(q2) exp (−iqr)d q (14)

¨²¨

GE(q2) = 16 e ∫ ρ(r) exp (iqr)d r. (15)

�·¨ ÔÉµ³ ³µ¦´µ £µ¢µ·¨ÉÓ µ ¶·µ¸É· ´¸É¢¥´´µ³ µ¡· §¥ ´Ê±²µ´ , ¥£µ Ô²¥±É-

·µ³ £´¨É´µ° ¸É·Ê±ÉÊ·¥. …¸²¨ GE(q2) = const, Éµ ¨§ (14) ¸²¥¤Ê¥É, ÎÉµ

ρ(r) ~ eδ(r), £¤¥ δ(r) Å ¤¥²ÓÉ -ËÊ´±Í¨Ö. ‡ ¢¨¸¨³µ¸ÉÓ GE µÉ q2 Ì · ±É¥·¨§Ê-

¥É µÉ±²µ´¥´¨¥ · ¸¶·¥¤¥²¥´¨Ö § ·Ö¤  µÉ ÉµÎ¥Î´µ£µ. ‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ
ρ(r) ´¥ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°, § ¤ ´´µ° ¢ Ë¨±¸¨·µ¢ ´´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É.
Š ¦¤µ³Ê §´ Î¥´¨Õ q ¸µµÉ¢¥É¸É¢Ê¥É ¸¢µÖ ¸¨¸É¥³  µÉ¸Î¥É , ¶µÔÉµ³Ê µ¶·¥¤¥-
²¥´´ Ö Ëµ·³Ê² ³¨ (14) ¨ (15) ¶·µ¸É· ´¸É¢¥´´ Ö ¸É·Ê±ÉÊ·  ´Ê±²µ´  ´µ¸¨É,
¢µµ¡Ð¥ £µ¢µ·Ö, ¤µ¢µ²Ó´µ Ê¸²µ¢´Ò° Ì · ±É¥·. �´  ¶·¨µ¡·¥É ¥É ¢¶µ²´¥
µ¶·¥¤¥²¥´´Ò° ¸³Ò¸² · ¸¶·¥¤¥²¥´¨Ö § ·Ö¤  ²¨ÏÓ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¸²Ê-

Î ¥ ³ ²ÒÌ ¶¥·¥¤ ´´ÒÌ ¨³¶Ê²Ó¸µ¢ (h2q2 << M2c2), ±µ£¤  ¨§³¥´¥´¨¥³
Ô´¥·£¨¨ ¶µ±µÖÐ¥£µ¸Ö ´Ê±²µ´  ³µ¦´µ ¶·¥´¥¡·¥ÎÓ. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸¨¸É¥³ 
±µµ·¤¨´ É �·¥°É  ¸µ¢¶ ¤ ¥É ¸ ¸¨¸É¥³µ° ±µµ·¤¨´ É ¶µ±µÖÐ¥£µ¸Ö ´Ê±²µ´ ,
  Ëµ·³Ë ±Éµ· GE ¨³¥¥É ´ £²Ö¤´ÊÕ ¨´É¥·¶·¥É Í¨Õ ± ± ËÊ·Ó¥-µ¡· § ¶·µ-

¸É· ´¸É¢¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö ¶²µÉ´µ¸É¨ ¶µ²´µ£µ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤ .

�µ¸±µ²Ó±Ê ¶µ²´Ò° § ·Ö¤ Î ¸É¨ÍÒ Q = ∫ ρ(r)d r,  Éµ ¨§ (14) ¸²¥¤Ê¥É, ÎÉµ

Q = eGE(0).  „²Ö ¶·µÉµ´  GEP(0) = 1 ¨ F1P(0) = 1 , ¤²Ö ´¥°É·µ´  GEN(0) = 0 ¨

F1N(0) = 0. …¸²¨ Ê Î ¸É¨ÍÒ ´¥É § ·Ö¤ , Éµ ÔÉµ µ§´ Î ¥É ²¨ÏÓ, ÎÉµ GE(0) = 0.

’ ± Ö Î ¸É¨Í  ¸¶µ¸µ¡´  ¨¸¶Ê¸± ÉÓ ¢¨·ÉÊ ²Ó´Ò¥ ËµÉµ´Ò ¨ µ¡² ¤ ¥É · ¸¶·¥-
¤¥²¥´¨¥³ § ·Ö¤ . — ¸É¨Í  ¨¸É¨´´µ ´¥°É· ²Ó´ , ±µ£¤  Ëµ·³Ë ±Éµ·Ò · ¢´Ò

´Ê²Õ ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ q2.

‚ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ ´¨§±¨Ì Ô´¥·£¨° (³ ²ÒÌ ¶¥·¥¤ ´´ÒÌ ¨³¶Ê²Ó¸µ¢)

¸µµÉ´µÏ¥´¨¥ (15) ³µ¦´µ · §²µ¦¨ÉÓ ¢ ·Ö¤ ¶µ ¸É¥¶¥´Ö³ q2 ¨, ´µ·³¨·ÊÖ ρ(r)
Ê¸²µ¢¨¥³ ∫ ρ(r)4πr2dr = e, ¶µ²ÊÎ¨ÉÓ GE(q2) = 1 − 16 6⋅ 〈 rE

2 〉 q2 + ...,   · §³¥·

Î ¸É¨ÍÒ µÌ · ±É¥·¨§µ¢ ÉÓ ¸·¥¤´¨³ ±¢ ¤· Éµ³ · ¤¨Ê¸  · ¸¶·¥¤¥²¥´¨Ö ¶µ²-
´µ£µ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤ 
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〈 rE
2 〉 = 16 (e) ∫ ρ(r)4πr2dr = 6(dGE6 dq2)q2

 = 0
(16)

¨²¨

〈 rE
2 〉 = 6(dF

1
6 dq2)q2

 = 0
 + 36 2µk(h 6 Mc)2. (17)

‚Éµ·µ° Î²¥´ ¢ (17) ¶µÖ¢²Ö¥É¸Ö ¢¸²¥¤¸É¢¨¥ ¤·µ¦ ´¨Ö Î ¸É¨ÍÒ, ¨³¥ÕÐ¥°
 ´µ³ ²Ó´Ò° ³ £´¨É´Ò° ³µ³¥´É µk ¨ ¶µ¤Î¨´ÖÕÐ¥°¸Ö Ê· ¢´¥´¨Õ „¨· ± 

(Î²¥´ ”µ²¤¨). �¥·¢Ò° Î²¥´ ¢ (17) ¢µ§´¨± ¥É ¢¸²¥¤¸É¢¨¥ ´ ²¨Î¨Ö Ê ´Ê±²µ-
´  ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·Ò ¨ ¸¢Ö§ ´ ¸ ¶µ¢¥¤¥´¨¥³ Ëµ·³Ë ±Éµ·  „¨· ±  ± ±

ËÊ´±Í¨¨ q2. �¡µ§´ Î¨¢ 〈 rE,in
2  〉N ¸·¥¤´¨° ±¢ ¤· É Ô²¥±É·¨Î¥¸±µ£µ · ¤¨Ê¸ ,

¸¢Ö§ ´´µ£µ ¸ ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·µ° ´Ê±²µ´ , ¨²¨, ± ± ¥£µ ¥Ð¥ ´ §Ò¢ ÕÉ,
¤¨· ±µ¢¸±¨° · ¤¨Ê¸, ³µ¦´µ § ¶¨¸ ÉÓ, ÎÉµ

〈 rE,in
2  〉N = 6(dF

1
6 dq2)q2

 = 0
. (18)

ˆ§ (17) ¨ (18) ¸²¥¤Ê¥É, ÎÉµ ¶µ²´Ò° ¸·¥¤´¨° ±¢ ¤· É Ô²¥±É·¨Î¥¸±µ£µ
· ¤¨Ê¸  Î ¸É¨ÍÒ

〈 rE
2 〉 = 〈 rE,in

2  〉 + 〈 rF
2 〉), (19)

£¤¥ 〈 rF
2 〉 = 3 6 2µk(h 6 Mc)2 Å Î²¥´ ”µ²¤¨. „²Ö ¶·µÉµ´  〈 rF

2 〉P = 0,1189 Ë³2,

¤²Ö ´¥°É·µ´  〈 rF
2 〉N = − 0,1268 Ë³2.

‡ ³¥É¨³, ÎÉµ §´ ± ¸·¥¤´¥£µ ±¢ ¤· É  Ô²¥±É·¨Î¥¸±µ£µ · ¤¨Ê¸  ¢ Í¥²µ³
´¥°É· ²Ó´µ°, ´¥ ¨³¥ÕÐ¥° § ·Ö¤  Î ¸É¨ÍÒ, ¢ ¶·¨´Í¨¶¥, ³µ¦¥É ¡ÒÉÓ ± ±
¶µ²µ¦¨É¥²Ó´Ò³, É ± ¨ µÉ·¨Í É¥²Ó´Ò³. ‚ Î ¸É´µ¸É¨, ¶·¨ µÉ¸ÊÉ¸É¢¨¨ Î²¥´ 
”µ²¤¨ (´ ¶·¨³¥·, ¢ ¸É É¨Î¥¸±¨Ì ³µ¤¥²ÖÌ ´Ê±²µ´ , ±µ£¤  M → ∞, µ Î¥³ ¸³.

´¨¦¥) Ê ´¥°É·µ´  §´ ± 〈 rE
2 〉 = 16 (e) ∫ ρ(r)r2dr = 〈 rE,in

2  〉 µ¶·¥¤¥²Ö¥É¸Ö §´ ±µ³

§ ·Ö¤ , · ¸¶µ²µ¦¥´´µ£µ ´  ¶¥·¨Ë¥·¨¨. �µ¸±µ²Ó±Ê ÔÉµ π−-³¥§µ´, Éµ §´ ±

〈 rE
2 〉 ¤µ²¦¥´ ¡ÒÉÓ µÉ·¨Í É¥²Ó´Ò³.

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¸µµÉ´µÏ¥´¨Ö³¨ (16)Å(18) ¨ (8), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ,
ÎÉµ

(dGE6 dq2)q2
 = 0

 = 14,41ane, (20)

£¤¥ ane ¢ Ë³. ’ ±¨³ µ¡· §µ³, ¨§ÊÎ¥´¨¥ ne-· ¸¸¥Ö´¨Ö ¤ ¥É ¨´Ëµ·³ Í¨Õ µ

¶·µ¨§¢µ¤´µ° (dGE6 dq2)q2
 = 0

. �´ ²µ£¨Î´ÊÕ ¨´Ëµ·³ Í¨Õ µ (dGE6 dq2)q2
 = 0

(  É ±¦¥ ¨ µ 〈 rE,in
2  〉) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ µ¶ÒÉµ¢ ¶µ · ¸¸¥Ö´¨Õ Ô²¥±É·µ´µ¢

´  ¤¥°É·µ´ Ì (¸³. ·¨¸.1), µ¤´ ±µ ¶µ£·¥Ï´µ¸É¨ Ô±¸¶¥·¨³¥´É  ́ ¥ ¶µ§¢µ²ÖÕÉ
ÔÉµ ¸¤¥² ÉÓ ¸ ¤µ¸É ÉµÎ´µ° ÉµÎ´µ¸ÉÓÕ.
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ˆ´µ£¤  Ê¤µ¡´µ ¨³¥ÉÓ ¤¥²µ ¸ ¨§µ¸± ²Ö·´µ° GE
 S ¨ ¨§µ¢¥±Éµ·´µ° GE

V ±µ³-

¡¨´ Í¨¥° GE:

GE = GE
 S + τZ GE

V , (21)

£¤¥ τZ = 1 ¤²Ö ¶·µÉµ´  ¨ τZ = −1 ¤²Ö ´¥°É·µ´ . ’µ£¤  ¨§ (21) ¸²¥¤Ê¥É ¤²Ö

´¥°É·µ´ 

GEN = GE
 S − GE

V , (22)

¤²Ö ¶·µÉµ´ 

GEP = GE
 S + GE

V . (23)

�µ¸±µ²Ó±Ê GEN ¡²¨§µ± ± ´Ê²Õ (¸³.·¨¸.1), Éµ

GE
 S ≈ GE

V . (24)

3. ”��Œ“‹� ”�‹„ˆ

�µ²ÊÎ¨³ É¥¶¥·Ó ¸µµÉ´µÏ¥´¨¥ (8), ´¥ ¶·¨³¥´ÖÖ ¤²Ö ÔÉµ£µ ¶µ¤¢¥·£ ÕÐÊ-
Õ¸Ö ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¸µ³´¥´¨Õ (¸³., ´ ¶·¨³¥·, [11]) Ëµ·³Ê²Ê (7), ¸¢Ö§Ò-
¢ ÕÐÊÕ §´ ±µ³ · ¢¥´¸É¢  ¢¢¥¤¥´´Ò° ”µ²¤¨ ¶ · ³¥É· ε1 ¨ ¸·¥¤´¨° ±¢ ¤· É

§ ·Ö¤µ¢µ£µ · ¤¨Ê¸  ́ ¥°É·µ´ . „²Ö ÔÉµ£µ ¢µ¸¶µ²Ó§Ê¥³¸Ö ¸µµÉ´µÏ¥´¨Ö³¨ (17),
(18), ¶µ-¢¨¤¨³µ³Ê, ´¥ ¢Ò§Ò¢ ÕÐ¨³¨ ¸µ³´¥´¨° ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ.

�·¥¤¶µ²µ¦¨³, ÎÉµ ³ ¸¸  ¸É ²±¨¢ ÕÐ¥°¸Ö Î ¸É¨ÍÒ (Ô²¥±É·µ´ ) ³´µ£µ
³¥´ÓÏ¥ ³ ¸¸Ò ´Ê±²µ´  ¨ ´Ê±²µ´ ¤µ ¨ ¶µ¸²¥ ¸µÊ¤ ·¥´¨Ö ¶µ±µ¨É¸Ö. �·¥¤¶µ-
²µ¦¨³ É ±¦¥, ÎÉµ ¶²µÉ´µ¸ÉÓ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ´Ê±²µ´  ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´ . ’µ£¤  ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö Ô²¥±É·µ´  ¨
´Ê±²µ´  ¢ ÉµÎ±¥ r, £¤¥ ´ Ìµ¤¨É¸Ö Ô²¥±É·µ´, ¡Ê¤¥É ¢±²ÕÎ ÉÓ ¢ ¸¥¡Ö ¢±² ¤Ò µÉ
¢¸¥Ì Î ¸É¥° ´Ê±²µ´ :

U(r) = −e2 ∫  ρ(r′′)dV ′′
r′′ − r  , (25)

£¤¥ r′′ − r Å · ¸¸ÉµÖ´¨¥ µÉ ÉµÎ±¨ r′′, £¤¥ · ¸¶µ²µ¦¥´ § ·Ö¤ ρ(r′′)dV, ¤µ
ÉµÎ±¨ ´ ¡²Õ¤¥´¨Ö r.

�µ¤¸É ¢²ÖÖ U(r) ¢ ¨§¢¥¸É´ÊÕ Ëµ·³Ê²Ê ¡µ·´µ¢¸±µ£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö
 ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö

f(ϕ) = −M 6 (2πh2) ∫ U(r) exp (i Kr)dV, (26)

£¤¥ K = kn
0
 − n, n

0
 Å ¥¤¨´¨Î´Ò° ¢¥±Éµ· ¢ ´ ¶· ¢²¥´¨¨ ¶ ¤ ÕÐ¥£µ ¶ÊÎ-

± ,   n Å ¢ ´ ¶· ¢²¥´¨¨ ¢¥±Éµ·  r, ¨, ¸²¥¤µ¢ É¥²Ó´µ, K = 2k sin ϕ6 2, ¶µ-
²ÊÎ¨³ ¤²¨´Ê · ¸¸¥Ö´¨Ö Ô²¥±É·µ´  ´  ´¥°É·µ´¥ ane:
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ane = Me2 6 (2πh2) ∫ exp (iKr)dV ∫ ρ(r′′)6 (r′′ − r)dV ′′. (27)

�·µ¢µ¤Ö ¢ÒÎ¨¸²¥´¨Ö (¸³., ´ ¶·¨³¥·, [5,12]), ¶µ²ÊÎ¨³

ane = 8πM(e6 hk)2 ∫ sin Kr6 (Kr) ρ(r)r2dr, (28)

¨²¨ ¶·¨ ³ ²ÒÌ Kr, ¶µ¸±µ²Ó±Ê 〈 rE
2 〉 = 4π 6 (e) ∫ ρ(r)r4dr · ¢´µ ¸Ê³³¥ ¤¢ÊÌ

Î²¥´µ¢ (¸³. Ë-²Ò (17) ¨ (18)),   ¤²Ö ´¥°É·µ´  4π ∫ ρ(r)r2dr = 0:

ane = 2Me 6 (h2)[e6 (6) 〈 rE,in
2  〉N + µne(h6 (2Mc))2], (29)

µÉ±Ê¤  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É Ëµ·³Ê²  (8). ˆ§ ¸· ¢´¥´¨Ö (5) ¨ (29) ¢¨¤-

´µ, ÎÉµ ε
1
 = e 6 (6) 〈 rE,in

2  〉N , ¨ ¨³¥´´µ §´ ± · ¢¥´¸É¢ ,   ´¥ ¶·µ¶µ·Í¨µ´ ²Ó-

´µ¸É¨. �Éµ § ±²ÕÎ¥´¨¥ ¸²¥¤Ê¥É, ¢ ¸ÊÐ´µ¸É¨, ¨§ ¸ ±¸µ¢¸±µ£µ µ¶·¥¤¥²¥´¨Ö
§ ·Ö¤µ¢µ£µ Ëµ·³Ë ±Éµ·  GE (¸³. (12)). ’ ±¨³ µ¡· §µ³, ¸µµÉ´µÏ¥´¨¥ (7),

¢¢¥¤¥´´µ¥ ”µ²¤¨ ¨ ¢§ÖÉµ¥ ¸µ §´ ±µ³ · ¢¥´¸É¢ , ¢¸¥-É ±¨ ¸¶· ¢¥¤²¨¢µ ¨
³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´µ ¶·¨ ¸· ¢´¥´¨¨ Ô±¸¶¥·¨³¥´É  ¸ É¥µ·¨¥°.

‡ ³¥É¨³ É ±¦¥, ÎÉµ ¨´Ëµ·³ Í¨Õ µ 〈 rE,in
2  〉N ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, §´ Ö Ô±¸-

¶¥·¨³¥´É ²Ó´ÊÕ § ¢¨¸¨³µ¸ÉÓ GEN(q2) (´ ¶·¨³¥·, ¨§ µ¶ÒÉµ¢ ¶µ · ¸¸¥Ö´¨Õ

Ô²¥±É·µ´µ¢ ´  ´Ê±²µ´ Ì). �¤´ ±µ ¨³¥ÕÐ¨¥¸Ö ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö µÏ¨¡±¨
¨§³¥·¥´¨° ´¥ ¶µ§¢µ²ÖÕÉ ÔÉµ ¸¤¥² ÉÓ ¤²Ö ´¥°É·µ´  (¸³. ·¨¸.1).

4. �Š‘�…�ˆŒ…�’�‹œ�›… Œ…’�„› ˆ‡“—…�ˆŸ 
ne-‚‡�ˆŒ�„…‰‘’‚ˆŸ

�¥·¢Ò¥ ¶µ¶ÒÉ±¨ µ¡´ ·Ê¦¨ÉÓ ne-· ¸¸¥Ö´¨¥ ¡Ò²¨ ¸¤¥² ´Ò ¥Ð¥ ¢ 1932 £.,
µ¤´ ±µ ¡µ²¥¥  ±±Ê· É´Ò¥ ¨§³¥·¥´¨Ö ane, ´ Î ²µ ±µÉµ·Ò³ ¡Ò²µ ¶µ²µ¦¥´µ

”¥·³¨, µÉ´µ¸ÖÉ¸Ö ± ̧ ¥·¥¤¨´¥ 40-Ì £µ¤µ¢ ¨ ¡µ²¥¥ ¶µ§¤´¥³Ê ¶¥·¨µ¤Ê ¢·¥³¥´¨.
ƒ² ¢´Ò³ µ¡· §µ³, µ´¨ µ¸´µ¢ ´Ò ²¨¡µ ´  ´ ¡²Õ¤¥´¨¨  ¸¨³³¥É·¨¨ · ¸¸¥Ö-
´¨Ö É¥¶²µ¢ÒÌ ´¥°É·µ´µ¢  Éµ³ ³¨, ²¨¡µ ´  ¨§ÊÎ¥´¨¨ § ¢¨¸¨³µ¸É¨ µÉ Ô´¥·-
£¨¨ ¶µ²´µ£µ ¸¥Î¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥°É·µ´µ¢ ¸  Éµ³ ³¨ ¢ Ô²¥±É·µ´¢µ²ÓÉ-
´µ° µ¡² ¸É¨ Ô´¥·£¨°. �µ²Ó§ÊÖ¸Ó Ëµ·³Ê²µ° (8), ³µ¦´µ ¨§ ¨§³¥·¥´´µ£µ §´ -

Î¥´¨Ö ane ¶µ²ÊÎ¨ÉÓ §´ Î¥´¨¥ ¨ §´ ± 〈 rE,in
2  〉N . �¤´ ±µ, ¶µ¸±µ²Ó±Ê ane ¨ aF Å

¢¥²¨Î¨´Ò µ¤´µ£µ ¶µ·Ö¤± , ¤²Ö µ¶·¥¤¥²¥´¨Ö 〈 rE,in
2  〉N ´Ê¦´Ò µÎ¥´Ó ÉµÎ´Ò¥

¨§³¥·¥´¨Ö. ’ ±¨¥ ¨§³¥·¥´¨Ö ¢µ§³µ¦´Ò ¶·¨ ¨§ÊÎ¥´¨¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥°É-
·µ´µ¢ ́ ¨§±¨Ì Ô´¥·£¨° ̧  ÉÖ¦¥²Ò³¨  Éµ³ ³¨. „¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ±µ-
£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö  Éµ³µ³ ³¥¤²¥´´ÒÌ ´¥°É·µ´µ¢ ¸ ¤²¨´µ° ¢µ²´Ò ¶µ·Ö¤-
±  · §³¥·µ¢  Éµ³  µ¶¨¸Ò¢ ¥É¸Ö ¸µµÉ´µÏ¥´¨¥³
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σ(θ) = a + Zf(sin θ6 λ)ane
2, (30)

£¤¥ a Å ¤²¨´  ±µ£¥·¥´É´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö, θ = ϕ6 2, ϕ Å Ê£µ² · ¸-
¸¥Ö´¨Ö,   f(sin θ6 λ) Å  Éµ³´Ò° Ëµ·³Ë ±Éµ·. �Í¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ
µÉ´µÏ¥´¨¥ ¢Éµ·µ£µ Î²¥´  ± ¶¥·¢µ³Ê ¸µ¸É ¢²Ö¥É ¤²Ö ÉÖ¦¥²ÒÌ  Éµ³µ¢
¶·¨¡²¨§¨É¥²Ó´µ 1%,   ¶µÔÉµ³Ê ¢e²¨Î¨´  ane ¶µ¤¤ ¥É¸Ö ¨§³¥·¥´¨Õ.

‘ÊÐ¥¸É¢ÊÕÉ ¤¢  ¸É ·ÒÌ ³¥Éµ¤  ¨§ÊÎ¥´¨Ö ne-¢§ ¨³µ¤¥°¸É¢¨Ö. �¤¨´ ¨§
´¨Ì [13], ¢¶¥·¢Ò¥ ¶·¨³¥´¥´´Ò° ”¥·³¨ ¨ Œ ·Ï ²² ¢ 1947 £., µ¸´µ¢ ´ ´ 
´ ¡²Õ¤¥´¨¨ µÎ¥´Ó ´¥¡µ²ÓÏµ°  ¸¨³³¥É·¨¨ · ¸¸¥Ö´¨Ö É¥¶²µ¢ÒÌ ´¥°É·µ´µ¢,
µ¡Ê¸²µ¢²¥´´µ° § ¢¨¸¨³µ¸ÉÓÕ f µÉ θ. ’¥¶²µ¢Ò¥ ´¥°É·µ´Ò ¨³¥ÕÉ ¤²¨´Ê ¢µ²-
´Ò ~ 2Å, ÎÉµ ¶µ ³¥´ÓÏ¥° ³¥·¥ ¢ 104 · § ¡µ²ÓÏ¥ · §³¥·µ¢ Ö¤· . ‚¸²¥¤¸É¢¨¥
ÔÉµ£µ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ É¥¶²µ¢Ò¥ ´¥°É·µ´Ò ¤µ²¦´Ò · ¸¸¥¨¢ ÉÓ¸Ö
Ö¤· ³¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ. �É±²µ´¥´¨Ö µÉ ¸¨³³¥É·¨¨ · ¸¸¥Ö´¨Ö ³µ-
£ÊÉ ¡ÒÉÓ µ¡Ê¸²µ¢²¥´Ò, ¶µ³¨³µ ne-¢§ ¨³µ¤¥°¸É¢¨Ö, ´ ¶·¨³¥·, ¢§ ¨³µ¤¥°¸É-
¢¨¥³ ³ £´¨É´µ£µ ¶µ²Ö, µ¡· §Ê¥³µ£µ Ô²¥±É·µ´´Ò³¨ Éµ± ³¨ ¢´ÊÉ·¨  Éµ³ , ¸
³ £´¨É´Ò³ ³µ³¥´Éµ³ ´¥°É·µ´ . ‚µ ¨§¡¥¦ ´¨¥ ÔËË¥±Éµ¢ É ±µ£µ ·µ¤  ¸²¥¤Ê-
¥É ¨¸¶µ²Ó§µ¢ ÉÓ  Éµ³Ò, ¢ ±µÉµ·ÒÌ § ¶µ²´¥´Ò ¢¸¥ µ¡µ²µÎ±¨. Œµ£ÊÉ ¡ÒÉÓ ¨
¤·Ê£¨¥ ¶·¨Î¨´Ò, ¶·¨¢µ¤ÖÐ¨¥ ±  ¸¨³³¥É·¨¨ · ¸¸¥Ö´¨Ö: ¨´É¥·Ë¥·¥´Í¨Ö
¢µ²´, · ¸¸¥¨¢ ¥³ÒÌ · §²¨Î´Ò³¨  Éµ³ ³¨, É¥¶²µ¢Ò¥ ±µ²¥¡ ´¨Ö  Éµ³µ¢ ¨ É.¶.
‚ · ¡µÉ¥ ”¥·³¨ ¨ Œ ·Ï ²² ¨ ¢ ¤·Ê£¨Ì  ´ ²µ£¨Î´ÒÌ Ô±¸¶¥·¨³¥´É Ì ´ ¡²Õ-
¤ ²µ¸Ó · ¸¸¥Ö´¨¥ É¥¶²µ¢ÒÌ ´¥°É·µ´µ¢, ¨³¥ÕÐ¨Ì ³ ±¸¢¥²²µ¢¸±µ¥ · ¸¶·¥¤¥-
²¥´¨¥ ¶µ ¸±µ·µ¸ÉÖ³, ¶µ¤ Ê£² ³¨ ϕ = 45Æ ¨ 135Æ. —Éµ¡Ò ¨§¡¥¦ ÉÓ ¢²¨Ö´¨Ö
³ £´¨É´µ£µ · ¸¸¥Ö´¨Ö ̈  ³µ²¥±Ê²Ö·´µ° ¤¨Ë· ±Í¨¨, ¢ ± Î¥¸É¢¥ · ¸¸¥¨¢ É¥²¥°
¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò µ¤´µ Éµ³´Ò¥ ¡² £µ·µ¤´Ò¥ £ §Ò, ¨³¥ÕÐ¨¥ § ¶µ²´¥´´Ò¥
Ô²¥±É·µ´´Ò¥ µ¡µ²µÎ±¨, ¢ Î ¸É´µ¸É¨, ±¸¥´µ´ (Z = 54). � §´¨Í  ³¥¦¤Ê
f(45Æ) = 0,78 ̈  f(135Æ) = 0,52 µ¡Ê¸²µ¢²¨¢ ¥É  ¸¨³³¥É·¨Õ ne-· ¸¸¥Ö´¨Ö, ¶·µÖ¢-
²ÖÕÐÊÕ¸Ö ´  Ëµ´¥ ¸¨²Ó´µ£µ ¨§µÉ·µ¶´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö. ‚ ¨§³¥·¥´-
´µ¥ §´ Î¥´¨¥  ¸¨³³¥É·¨¨ ¸²¥¤Ê¥É ¢´¥¸É¨ ¶µ¶· ¢±Ê ´  ´¥µ¤¨´ ±µ¢Ò¥ £¥µ-
³¥É·¨Î¥¸±¨¥ ¶ · ³¥É·Ò ¤¥É¥±Éµ·µ¢ ¨ ÊÎ¥¸ÉÓ  ¸¨³³¥É·¨Õ, ¢Ò§¢ ´´ÊÕ É¥¶²µ-
¢Ò³ ¤¢¨¦¥´¨¥³  Éµ³µ¢ £ § , ¢ ´¥¸±µ²Ó±µ · § ¶·¥¢ÒÏ ÕÐÊÕ ¨¸±µ³Ò°
ÔËË¥±É. „²Ö  Éµ³µ¢ ¸ § ¶µ²´¥´´Ò³¨ Ô²¥±É·µ´´Ò³¨ µ¡µ²µÎ± ³¨ ³ £´¨É´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨ · ¸¸¥Ö´¨¨ ´¥°É·µ´µ¢ ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ ´¥ µ¦¨¤ -
¥É¸Ö. ‚µ ¢Éµ·µ³ ¶·¨¡²¨¦¥´¨¨ ³µ¦´µ µ¦¨¤ ÉÓ ¶µÖ¢²¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö
³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·µ´  ¸ Éµ± ³¨, ¢µ§´¨± ÕÐ¨³¨ ¢ ¢¨·ÉÊ ²Ó´ÒÌ ¢µ§-
¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨ÖÌ  Éµ³  ¡² £µ·µ¤´µ£µ £ § . �ËË¥±É É ±µ£µ ·µ¤  ¡Ò²
· ¸¸³µÉ·¥´ ¢ · ¡µÉ¥ ”¥·³¨ ̈  Œ ·Ï ²², ̈  ¡Ò²µ ¶µ± § ´µ, ÎÉµ µ´ ̧ µ¸É ¢²ÖeÉ
µÎ¥´Ó ³ ²ÊÕ ¤µ²Õ µ¸´µ¢´µ£µ ne-¢§ ¨³µ¤¥°¸É¢¨Ö.

Š·µ³¥ Éµ£µ, · ¸¸³ É·¨¢ ²µ¸Ó ¢²¨Ö´¨¥ Ï¢¨´£¥·µ¢¸±µ£µ · ¸¸¥Ö´¨Ö. Š ±
¶µ± § ²¨ µÍ¥´±¨, ¥£µ ¢²¨Ö´¨¥ É ±¦¥ ´¨ÎÉµ¦´µ, ¶µ¸±µ²Ó±Ê Ï¢¨´£¥·µ¢¸±µ¥
· ¸¸¥Ö´¨¥ ¸¢Ö§ ´µ ¸µ ¸¶¨´µ³ ¨ ¶· ±É¨Î¥¸±¨ ´¥ ¨´É¥·Ë¥·¨·Ê¥É ¸ Ö¤¥·´Ò³
· ¸¸¥Ö´¨¥³, ¥¸²¨ ´¥°É·µ´Ò ´¥ ¶µ²Ö·¨§µ¢ ´Ò. �¸´µ¢´Ò³ ´¥¤µ¸É É±µ³ µ¶Ò-
Éµ¢ Ö¢²Ö¥É¸Ö ́ ¥µ¡Ìµ¤¨³µ¸ÉÓ ¢¢¥¤¥´¨Ö ¡µ²ÓÏµ° ¶µ¶· ¢±¨ ́   ÔËË¥±É, ¢Ò§¢ ´-

� ‡��Š… ˆ ‚…‹ˆ—ˆ�… Š‚�„��’�  85



´Ò° É¥¶²µ¢Ò³ ¤¢¨¦¥´¨¥³  Éµ³µ¢ £ § . ƒ² ¢´Ò° ¢±² ¤ ¢ ¶µ¶· ¢±Ê ¢´µ¸ÖÉ
´¥°É·µ´Ò, ̈ ³¥ÕÐ¨¥ ¡µ²ÓÏÊÕ ¤²¨´Ê ¢µ²´Ò ± ± · § ¢ Éµ° µ¡² ¸É¨, ¢ ±µÉµ·µ°
³µ¦´µ ¦¤ ÉÓ µÉ±²µ´¥´¨° µÉ ³ ±¸¢¥²²µ¢¸±µ£µ · ¸¶·¥¤¥²¥´¨Ö. �Éµ ³µ¦¥É
¶·¨¢¥¸É¨ ± ´¥¶· ¢¨²Ó´µ³Ê ¢ÒÎ¨¸²¥´¨Õ ¶µ¶· ¢±¨. ‚ ´ ¨¡µ²¥¥ ÉµÎ´ÒÌ Ô±¸-
¶¥·¨³¥´É Ì ¶µ¶· ¢±Ê µ¶·¥¤¥²Ö²¨ ´  µ¸´µ¢ ´¨¨ ¨§³¥·¥´¨° ¸  ·£µ´µ³ ¨ ´¥-
µ´µ³, ¤²Ö ±µÉµ·ÒÌ ne-· ¸¸¥Ö´¨¥ ´¥§´ Î¨É¥²Ó´µ.

‘²¥¤Ê¥É ̈ ³¥ÉÓ ¢ ¢¨¤Ê, ÎÉµ ¤ ¦¥ ¢ Ô±¸¶¥·¨³¥´É Ì ̧  µ¤´µ Éµ³´Ò³¨ £ § ³¨
¢µ§³µ¦´µ ¶µÖ¢²¥´¨¥ ´¥¡µ²ÓÏµ°  ¸¨³³¥É·¨¨ · ¸¸¥Ö´¨Ö, ±µÉµ· Ö ¸¢Ö§ ´  ¸
¨´É¥·Ë¥·¥´Í¨¥° ¢µ²´, · ¸¸¥Ö´´ÒÌ · §²¨Î´Ò³¨  Éµ³ ³¨ £ § . �  ÔÉµ
µ¡· É¨²¨ ¢´¨³ ´¨¥ �Ì¨¥§¥· ¨ �µ³¥· ´ÎÊ± [14]. ˆ´É¥·Ë¥·¥´Í¨Ö ¢µ§´¨± ¥É
¢¸²¥¤¸É¢¨¥ ±µ··¥²ÖÍ¨¨ ¢µ ¢§ ¨³´µ³ · ¸¶µ²µ¦¥´¨¨  Éµ³µ¢, µ¡Ê¸²µ¢²¥´´µ°
É¥³, ÎÉµ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Í¥´É· ³¨ ¤¢ÊÌ ¸µ¸¥¤´¨Ì  Éµ³µ¢ ´¥ ³µ¦¥É ¡ÒÉÓ
³¥´ÓÏ¥ Ê¤¢µ¥´´µ£µ  Éµ³´µ£µ · ¤¨Ê¸ . �·µ¢¥¤¥´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¶µ± § ²¨,
ÎÉµ µÉ´µÏ¥´¨¥ ¨´É¥´¸¨¢´µ¸É¥° · ¸¸¥Ö´´ÒÌ ´  Ê£²Ò ϕ1 ¨ ϕ2 ´¥°É·µ´µ¢

µ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¥° Ëµ·³Ê²µ°:

ε = 
1 + 4π(2R)nf (ϕ

1
)

1 + 4π(2R)nf (ϕ
2
) , (31)

£¤¥ f(ϕ) = cos η6 η2 − sin η6 η3; η = (8πR6 λ) sin (ϕ6 2); R Å · ¤¨Ê¸  Éµ³ ;
n Å ¶²µÉ´µ¸ÉÓ £ § . ‚ÒÎ¨¸²¥´¨Ö ¶µ Ëµ·³Ê²¥ (31) ¶µ± § ²¨, ÎÉµ ¶·¨  É-
³µ¸Ë¥·´µ³ ¤ ¢²¥´¨¨ £ §  ¶µ¶· ¢±  ´  ¨´É¥·Ë¥·¥´Í¨Õ ¸µ¸É ¢²Ö¥É ~ 3,5%
¨§³¥·Ö¥³µ£µ ÔËË¥±É  ne-¢§ ¨³µ¤¥°¸É¢¨Ö.

�·¥Í¨§¨µ´´Ò¥ ¨§³¥·¥´¨Ö ¶µ ³¥Éµ¤Ê ”¥·³¨ ¨ Œ ·Ï ²² ¶·µ¢µ¤¨²¨¸Ó
Š·µ´µ³ ¨ �¨´£µ [15] ¢ �·£µ´´¸±µ° ² ¡µ· Éµ·¨¨ (‘˜�) ¢ 1965Å1973 ££.
ˆ§³¥·¥´¨Ö ¶·µ¢µ¤¨²¨ ´  ±¸¥´µ´¥, ±·¨¶Éµ´¥ ¨  ·£µ´¥, ´¥µ´ ¡Ò² ¨¸¶µ²Ó§µ-
¢ ´ ¤²Ö ¶·µ¢¥·±¨ ¶· ¢¨²Ó´µ¸É¨ · ¸Î¥É  ´   ¸¨³³¥É·¨Õ · ¸¸¥Ö´¨Ö, ¢Ò§¢ ´-
´ÊÕ É¥¶²µ¢Ò³ ¤¢¨¦¥´¨¥³ £ § . ‡´ Î¥´¨¥ ÔÉµ° ¶µ¶· ¢±¨ ¶·¥¢ÒÏ ²µ ¨¸±µ-
³Ò° ÔËË¥±É ¤²Ö ±¸¥´µ´  ¢ 4, ¤²Ö ±·¨¶Éµ´  ¢ 10 ¨ ¤²Ö  ·£µ´  ¢ 18 · §. ˆ§
Ëµ·³Ê²Ò (30) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¢ ¶·¨¡²¨¦¥´¨¨ ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ ane 6 a:

R = 1 + 8π (aane 6 σs) Z ∆ f (1 + δ), (32)

£¤¥ R = σ(ϕ
1
)6 σ(ϕ

2
) Å ¨§³¥·¥´´ Ö  ¸¨³³¥É·¨Ö · ¸¸¥Ö´¨Ö ¸ ÊÎ¥Éµ³ ¶µ¶· -

¢µ±; a = ∑ aj nj ; aj  Å ¤²¨´  Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö j-£µ ´Ê±²¨¤ ; nj Å ±µ´-

Í¥´É· Í¨Ö j-£µ ´Ê±²¨¤  ¢ ¨§µÉµ¶¨Î¥¸±µ° ¸³¥¸¨; σs Å ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö;

∆ f = 〈 f(θ
1
) − f(θ

2
) 〉 Å Ê¸·¥¤´¥´´ Ö ¶µ ¸¶¥±É·Ê ´¥°É·µ´µ¢ · §´µ¸ÉÓ  Éµ³-

´ÒÌ Ëµ·³Ë ±Éµ·µ¢; ϕ
1
 = 2θ

1
 = 45Æ; ϕ

2
 = 2θ

2
 = 135Æ;

δ = 
ane

2a∆ f
 〈 f 2(θ

1
) − f 2(θ

2
) 〉 − 

8πaane

σs
 〈 f(θ

2
) 〉 . (33)

86  �‹…Š‘��„��‚ �.�.



‡´ Î¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö a ¤²Ö ±¸¥´µ´  ¨ ±·¨¶Éµ´  ¡Ò²¨ µ¶·¥¤¥²¥´Ò
¶ÊÉ¥³ ¨§³¥·¥´¨Ö ±·¨É¨Î¥¸±¨Ì Ê£²µ¢ ¶µ²´µ£µ µÉ· ¦¥´¨Ö ´¥°É·µ´µ¢ µÉ ¶µ-
¢¥·Ì´µ¸É¥° ¸¦¨¦¥´´ÒÌ £ §µ¢, ±·µ³¥ Éµ£µ, §´ Î¥´¨¥ ¤²Ö ±¸¥´µ´  ¡Ò²µ ¶µ²Ê-
Î¥´µ ̈ § µ¶ÒÉµ¢ ¶µ ¤¨Ë· ±Í¨¨ ́ ¥°É·µ´µ¢ ́   XeF4. ‘¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ¡² £µ-

·µ¤´ÒÌ £ §µ¢ ¨§³¥·Ö²¨¸Ó ¢ ¸¶¥Í¨ ²Ó´µ ¶µ¸É ¢²¥´´ÒÌ µ¶ÒÉ Ì µÉ´µ¸¨É¥²Ó´µ
¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ´¥µ´ , ¶·¨´ÖÉµ£µ §  ÔÉ ²µ´. �Ò²¨ ¶·¨´ÖÉÒ ¸¶¥Í¨ ²Ó´Ò¥
³¥·Ò ¤²Ö µÎ¨¸É±¨ £ §µ¢ µÉ ¶·¨³¥¸¥°, µ¸µ¡¥´´µ ²¥£±¨Ì, ¶µ¸±µ²Ó±Ê ¤ ¦¥ ¨Ì
´¥¡µ²ÓÏ¨¥ ¤µ¡ ¢±¨ ³µ£ÊÉ ¸¨²Ó´µ ¨¸± §¨ÉÓ ·¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´É . ˆ§³¥-
·¥´¨Ö ¶·µ¢µ¤¨²¨ ¶·¨ · §´ÒÌ ¤ ¢²¥´¨ÖÌ £ § -· ¸¸¥¨¢ É¥²Ö. �·¨ ¨§³¥´¥´¨¨
¤ ¢²¥´¨Ö µÉ 0,4 ¤µ 1,2  É³ ± ±¨Ì-²¨¡µ ¨§³¥´¥´¨° ¢  ¸¨³³¥É·¨¨ · ¸¸¥Ö´¨Ö ¢
¶·¥¤¥² Ì ¶µ£·¥Ï´µ¸É¨ ´¥ ´ ¡²Õ¤ ²µ¸Ó. ‚ ·¥§Ê²ÓÉ É¥ ¶µ¸²¥ ¢¢¥¤¥´¨Ö ¶µ-
¶· ¢±¨ ´  Ï¢¨´£¥·µ¢¸±µ¥ · ¸¸¥Ö´¨¥ ¶µ²ÊÎ¨²¨

ane = (−1,33 ± 0,03)⋅10−3 Ë³. (34)

�·¨Î¨´Ò ¢µ§³µ¦´ÒÌ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥°
³µ£ÊÉ § ±²ÕÎ ÉÓ¸Ö ¢ ¸²¥¤ÊÕÐ¥³:

1) µÎ¥´Ó ³ ² Ö ´ ¡²Õ¤ ¥³ Ö  ¸¨³³¥É·¨Ö · ¸¸¥Ö´¨Ö ´  Ëµ´¥ ¸¨²Ó´µ£µ
¸¨³³¥É·¨Î´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö (¢ · ¡µÉ¥ [15] ¢¸¥£µ ²¨ÏÓ 0,5%, ¨ ¨§³¥-
·Ö¥É¸Ö µ´  ¸ ¶µ£·¥Ï´µ¸ÉÓÕ ± 2,5%);

2) Ô±¸¶¥·¨³¥´É Éµ· ¤µ²¦¥´ ¡ÒÉÓ  ¡¸µ²ÕÉ´µ Ê¢¥·¥´ ¢ µÉ¸ÊÉ¸É¢¨¨ ¶µ¡µÎ-
´ÒÌ ÔËË¥±Éµ¢ (´ ¶·¨³¥·, ¢Ò§¢ ´´ÒÌ ¶·¨¸ÊÉ¸É¢¨¥³ ´¥¨§¢¥¸É´ÒÌ ´¥°É·µ´-

´ÒÌ p-·¥§µ´ ´¸µ¢ (¸ Ï¨·¨´µ° ¶µ·Ö¤±  10−8 Ô‚), ¶·¨³¥¸¥° ²¥£±¨Ì £ §µ¢
¨ ¤·.);

3) ¡µ²ÓÏ Ö ¢¢µ¤¨³ Ö ¶µ¶· ¢±  ´   ¸¨³³¥É·¨Õ · ¸¸¥Ö´¨Ö, ¢Ò§¢ ´´ÊÕ
É¥¶²µ¢Ò³ ¤¢¨¦¥´¨¥³ £ §  (¤²Ö ±¸¥´µ´  ¢Î¥É¢¥·µ ¶·¥¢ÒÏ ÕÐ Ö ¨¸±µ³Ò°
ÔËË¥±É).

OÍ¥´¨³, ´ ¶·¨³¥·,  ¸¨³³¥É·¨Õ · ¸¸¥Ö´¨Ö É¥¶²µ¢ÒÌ ´¥°É·µ´µ¢, ¢Ò-
§¢ ´´ÊÕ ¢µ§³µ¦´Ò³ ¶·¨¸ÊÉ¸É¢¨¥³ ¸² ¡µ£µ p-·¥§µ´ ´¸  Ê ±¸¥´µ´  ¢ µ¡² ¸É¨
Ô´¥·£¨° ´¥°É·µ´µ¢ ¶µ·Ö¤±  0,1 Ô‚. �³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö, µ¡Ê¸²µ¢²¥´´ Ö
É ±¨³ p-·¥§µ´ ´¸µ³ ¤²Ö µ¡² ¸É¨ É¥¶²µ¢ÒÌ Ô´¥·£¨°, ±µ£¤  ¶µÉ¥´Í¨ ²Ó´µ¥
p-· ¸¸¥Ö´¨¥ ´¥¸ÊÐ¥¸É¢¥´´µ, ¨³¥¥É ¢¨¤ [16]:

fp ≈ 
3Γn(E − E

0
)

2k[(E − E
0
)2 + Γ26 4]

 cos ϕ, (35)

£¤¥ Γn  = Γn
0(kR)2E1 6 2. ‚¥²¨Î¨´Ê Γn

0 ³µ¦´µ µÍ¥´¨ÉÓ ¨§ µ¦¨¤ ¥³µ£µ §´ -

Î¥´¨Ö p-¸¨²µ¢µ° ËÊ´±Í¨¨ ±¸¥´µ´  Γn
0 6 D ≈ 2⋅10−4 [17]. ’ ±µ¥ §´ Î¥´¨¥

¶·¨¢µ¤¨É ± Γn ≈ 1,42⋅10−9 Ô‚ ¨ fp ≈ 4,1⋅10−4 Ë³, ÎÉµ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ§¢µ-

²Ö¥É µÍ¥´¨ÉÓ ²µ¦´ÊÕ  ¸¨³³¥É·¨Õ · ¸¸¥Ö´¨Ö ¢¶¥·¥¤-´ § ¤, · ¢´ÊÕ
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b
coh

 + fp cos ϕ
1

b
coh

 + fp cos ϕ
2

 







2

 − 1 = 2⋅10−4. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¢¥²¨Î¨´ , µ¡Ê¸²µ¢²¥´´ Ö

ne-· ¸¸¥Ö´¨¥³, ¸µ¸É ¢²Ö¥É 6⋅10−4, ¨ ¶·¨¢µ¤¨³ Ö  ¢Éµ· ³¨ · ¡µÉÒ [15] ¶µ£-
·¥Ï´µ¸ÉÓ ¶·¨ µ¶·¥¤¥²¥´¨¨ ane ¤µ²¦´  ¡ÒÉÓ ¶µ ±· °´¥° ³¥·¥ Ê¤¢µ¥´ . ‚

¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¸¨ÉÊ Í¨Ö ³µ¦¥É ¡ÒÉÓ £µ· §¤µ ¡µ²¥¥ ¸¥·Ó¥§´µ°, É.±. Γn
0

³µ¦¥É ¶·¥¢ÒÏ ÉÓ ¶·¨´ÖÉµ¥ ´ ³¨ §´ Î¥´¨¥ ¢ ´¥¸±µ²Ó±µ · §. ‡ ³¥É¨³, ÎÉµ

·¥§µ´ ´¸ ¸ ´¥°É·µ´´µ° Ï¨·¨´µ° ¤ ¦¥ ¶µ·Ö¤±  10−7 Ô‚ ¢·Ö¤ ²¨ ¤µ ¸¨Ì ¶µ·
³µ£ ¡ÒÉÓ § ³¥Î¥´ ¢ ¶µ²´µ³ ¸¥Î¥´¨¨ ¢ µ¡ÒÎ´ÒÌ µ¶ÒÉ Ì ¶µ ³¥Éµ¤Ê ¶·µ¶Ê-
¸± ´¨Ö. ‘¶¥Í¨ ²Ó´Ò¥ ¶µ¨¸±¨ ¸² ¡ÒÌ p-·¥§µ´ ´¸µ¢ ¶µ± §Ò¢ ÕÉ, ÎÉµ ·¥§µ-

´ ´¸Ò ¸ ´¥°É·µ´´Ò³¨ Ï¨·¨´ ³¨ 10−7 Ô‚ µ¡´ ·Ê¦¨¢ ÕÉ¸Ö ²¨ÏÓ ¶·¨ Éµ²-

Ð¨´¥ µ¡· §Íµ¢ ≥ 1023 Ö¤¥·/¸³3, ÎÉµ ¤µ¸É¨¦¨³µ ¤²Ö £ §µµ¡· §´µ£µ ±¸¥´µ´ 
¢ µ¡· §Í Ì ¤²¨´µ° ~ 1 ³ ¨ ¶·¨ ¤ ¢²¥´¨¨ ~ 50  É³.

‚Éµ·µ° ³¥Éµ¤ ¨¸¸²¥¤µ¢ ´¨° ¡Ò² ¢¶¥·¢Ò¥ ¶·¨³¥´¥´ •¥¢¥´¸µ³, � ¡¨ ¨
�¥°´ÊµÉ¥·µ³ [18]. �´ § ±²ÕÎ ¥É¸Ö ¢ ´ ¡²Õ¤¥´¨¨ § ¢¨¸¨³µ¸É¨ ¶µ²´µ£µ ¸¥-
Î¥´¨Ö · ¸¸¥Ö´¨Ö µÉ ¤²¨´Ò ¢µ²´Ò ´¥°É·µ´  ¢¡²¨§¨ λ ≈ 1 Å (E ≈ 0,08 Ô‚).
„²¨´  Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö ¤µ²¦´  µ¸É ¢ ÉÓ¸Ö ¶µ¸ÉµÖ´´µ°, ¢ Éµ ¢·¥³Ö ± ±
 Éµ³´Ò° Ëµ·³Ë ±Éµ· Ö¢²Ö¥É¸Ö ¶·¨Î¨´µ° ¨§³¥´¥´¨° ¶µ²´µ£µ ¸¥Î¥´¨Ö ¢ § -
¢¨¸¨³µ¸É¨ µÉ λ. ‚ ± Î¥¸É¢¥ · ¸¸¥¨¢ É¥²¥° ¨¸¶µ²Ó§µ¢ ²¨ ¦¨¤±¨¥ ¸¢¨´¥Í ¨
¢¨¸³ÊÉ. �µ²´µ¥ ¸¥Î¥´¨¥ ¨§³¥·Ö²µ¸Ó ¢ ¤¨ ¶ §µ´¥ λ = 0,3 ÷ 1,3 Å. ‚ ÔÉµ³ ¨´-
É¥·¢ ²¥ ¤²¨´ ¢µ²´ ¨§³¥´¥´¨¥ ¶µ²´µ£µ ¸¥Î¥´¨Ö ¨§-§  ne-¢§ ¨³µ¤¥°¸É¢¨Ö ¸µ-
¸É ¢²Ö¥É 0,1 ¡. ‚ ·¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¸²¥¤Ê¥É ¢´¥¸É¨ ¶µ¶· ¢±¨ ´  ¤·Ê£¨¥
ÔËË¥±ÉÒ. ’ ±, ¶µ¶· ¢±  ´  ³¥¦ Éµ³´Ò¥ ¨´É¥·Ë¥·¥´Í¨µ´´Ò¥ Ö¢²¥´¨Ö ¸µ-
¸É ¢²Ö¥É ¢ Ê± § ´´µ³ ¤¨ ¶ §µ´¥ ¤²¨´ ¢µ²´ 0,2 ¡. �¥µ¡Ìµ¤¨³µ ¢´¥¸É¨ É ±¦¥
¶µ¶· ¢±Ê ́   ÔËË¥±É µÉ´µ¸¨É¥²Ó´µ° ̧ ±µ·µ¸É¨, µ¡Ê¸²µ¢²¥´´µ° É¥¶²µ¢Ò³ ¤¢¨-
¦¥´¨¥³  Éµ³µ¢ ³¨Ï¥´¨,   É ±¦¥ ÊÎ¥¸ÉÓ ¢²¨Ö´¨¥ § Ì¢ É  ´¥°É·µ´µ¢ ¢ ¨¸¸²¥-
¤Ê¥³µ³ ¢¥Ð¥¸É¢¥ ¨ ¶·¨³¥¸ÖÌ. �µ§¤´¥¥ ¡Ò²µ ¶µ± § ´µ [19], ÎÉµ ¢¢µ¤¨ÉÓ ¶µ-
¶· ¢±¨ ´   £·¥£ É´µ¥ ¸µ¸ÉµÖ´¨¥ ¢¥Ð¥¸É¢  ¶·¨ Ô´¥·£¨ÖÌ ´¥°É·µ´µ¢ ´¨¦¥
1 Ô‚ ³µ¦´µ, ± ± ¶· ¢¨²µ, ²¨ÏÓ ¸ ¡µ²ÓÏµ° ´¥µ¶·¥¤¥²¥´´µ¸ÉÓÕ. ‚¸¥ ÔÉµ
¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ, ´¥¸³µÉ·Ö ´  ¢Ò¸µ±ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ ÉµÎ´µ¸ÉÓ ¤ ´-
´µ£µ ³¥Éµ¤ , µ¡Ð Ö ÉµÎ´µ¸ÉÓ ¥£µ, ¢¨¤¨³µ, ´¥¢¥²¨± . � ¨¡µ²¥¥ ÉµÎ´µ¥ §´ -
Î¥´¨¥, ¶µ²ÊÎ¥´´µ¥ ¤ ´´Ò³ ³¥Éµ¤µ³ ¶·¨ Ô´¥·£¨ÖÌ ´¥°É·µ´µ¢ ³¥´ÓÏ¥ 1 Ô‚:

ane = (−1,56 ± 0,05)⋅10−3 Ë³, (36)

¡Ò²µ ´ °¤¥´µ ¢ · ¡µÉ¥ Œ¥²±µ´¨ ´  ¨ ¤·. [20] ¢ 1959 £. ¢ ‘˜�.

’ ±¨³ µ¡· §µ³, Ê¦¥ ¢ ±µ´Í¥ 60-Ì ££. ¨§ Ô±¸¶¥·¨³¥´Éµ¢ ¡Ò²µ ¨§¢¥¸É´µ
¤¢  §´ Î¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ane. Š ÔÉµ³Ê ¢·¥³¥´¨ ¡Ò²  ¨§¢¥¸É´  ¨ Ëµ·-

³Ê²  ”µ²¤¨ (8), ¸¢Ö§Ò¢ ÕÐ Ö ne-ÔËË¥±É ¸ ¢´ÊÉ·¥´´¨³ § ·Ö¤µ¢Ò³ · ¤¨Ê¸µ³
´¥°É·µ´ . ‘µ£² ¸´µ ÔÉµ° Ëµ·³Ê²¥ ¶·¨ ¶¥·¢µ³ §´ Î¥´¨¨ ane (¸³.(34)) ¶µ²Ê-
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Î ¥É¸Ö 〈 rE,in
2  〉N > 0, ¢Éµ·µ¥ ¦¥ §´ Î¥´¨¥ (¸³.(36)) ¤ ¥É 〈 rE,in

2  〉N < 0. Š ÔÉµ³Ê

¦¥ ¢·¥³¥´¨ —Ê ¨ ‹µÊ ³ É¥³ É¨Î¥¸±¨ ¸Ëµ·³Ê²¨·µ¢ ²¨ ¨¤¥¨ �± ¢Ò, ¤ ¢
Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ ±µ²¨Î¥¸É¢¥´´µ¥ Éµ²±µ¢ ´¨¥ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ËµÉµ-
·µ¦¤¥´¨Õ π-³¥§µ´µ¢ [21],   É ±¦¥ ¨ ¶µ ¨Ì ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³Ê

(E << Mc2 = 0,95 ƒÔ‚) · ¸¸¥Ö´¨Õ [22]. �·¨¡²¨¦¥´´µ ¡Ò²¨ · ¸¸Î¨É ´Ò É ±-
¦¥ ¢¥²¨Î¨´Ò ³ £´¨É´ÒÌ ³µ³¥´Éµ¢ ¶·µÉµ´  ¨ ´¥°É·µ´  [23,24]. ‚ É¥µ·¨¨ —Ê
¨ ‹µÊ ´Ê±²µ´ · ¸¸³ É·¨¢ ²¸Ö ± ± ¶·µÉÖ¦¥´´Ò° ¨¸ÉµÎ´¨± ¢¨·ÉÊ ²Ó´µ£µ ³¥-

§µ´´µ£µ ¶µ²Ö. ‚¨·ÉÊ ²Ó´Ò° ¶·µÍ¥¸¸ n → p + π− ¤ ¢ ² µÉ·¨Í É¥²Ó´Ò°
®Ì¢µ¸É¯, É.¥. ¢´¥Ï´ÕÕ ¶¨µ´´ÊÕ µ¡µ²µÎ±Ê · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±µ£µ
§ ·Ö¤  ´¥°É·µ´ , ¸ Ì · ±É¥·´Ò³ · §³¥·µ³ h 6 (mπc) ≈ 1,4 Ë³. �Ê±²µ´ · ¸-

¸³ É·¨¢ ²¸Ö ¡¥¸±µ´¥Î´µ ÉÖ¦¥²Ò³, É ±¨³ µ¡· §µ³, µÉ¤ ÎÊ ¢ ¢¨·ÉÊ ²Ó´ÒÌ
¶·µÍ¥¸¸ Ì ³µ¦´µ ¡Ò²µ ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ ´¥ ¶·¨´¨³ ÉÓ ¢µ ¢´¨³ ´¨¥.
�µ¤µ¡´ Ö ¸É É¨Î¥¸± Ö ³µ¤¥²Ó ¤µ²¦´  ¶·¨¢µ¤¨ÉÓ ± µÉ·¨Í É¥²Ó´µ³Ê §´ ±Ê
±¢ ¤· É  ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ´¥°É·µ´ . ’ ±¨³ µ¡· §µ³, §´ Î¥-

´¨¥ ane = −1,33(3)⋅10−3 Ë³ (34) ´ Ìµ¤¨²µ¸Ó ¢ ¶·µÉ¨¢µ·¥Î¨¨ ¸ É¥µ·¨¥°,   §´ -

Î¥´¨¥ ane = −1,56(5)⋅10−3 Ë³ (36) Å ¢ ¸µ£² ¸¨¨. ‚´ÊÉ·¥´´ÖÖ ¦¥ Î ¸ÉÓ ´Ê±²µ-

´  ¢ É¥ £µ¤Ò, ¶µ ¸ÊÐ¥¸É¢Ê, ´¥ ¡Ò²  ¶µ´ÖÉ  ¨ ¥¥ ¸¢µ°¸É¢  ´¥ ¶µ¤¤ ¢ ²¨¸Ó
· ¸Î¥ÉÊ. ‹¨ÏÓ ¸¶Ê¸ÉÖ ¡µ²¥¥ 20 ²¥É ±¢ ·±µ¢Ò¥ ¶·¥¤¸É ¢²¥´¨Ö µ ́ Ê±²µ´¥ ¶·µ-
Ö¸´¨²¨ ¸¨ÉÊ Í¨Õ: ¢´ÊÉ·¥´´µ¸ÉÓ ´Ê±²µ´  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ³¥Ïµ±, § ¶µ²-
´¥´´Ò° É·¥³Ö ±¢ ·± ³¨.

’·¥ÉÓ¨³ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ³¥Éµ¤µ³ ̈ §ÊÎ¥´¨Ö ne-¢§ ¨³µ¤¥°¸É¢¨Ö Ö¢²Ö-
¥É¸Ö ³¥Éµ¤ ±µ³¶¥´¸ Í¨¨ ¤²¨´ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö ¶·¨ µÉ· ¦¥´¨¨ ́ ¥°É·µ´µ¢
µÉ §¥·± ² . �ÉµÉ ³¥Éµ¤ ¡Ò² ¶·¨³¥´¥´ �§µ³ ¨ ¤·. [25]. ˆ§¢¥¸É´µ , ÎÉµ ¶µ± -
§ É¥²Ó ¶·¥²µ³²¥´¨Ö ¢¥Ð¥¸É¢  ¤²Ö ´¥°É·µ´µ¢ ¸ ¤²¨´µ° ¢µ²´Ò λ ¸¢Ö§ ´ ¸
¤²¨´µ° ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö ¸µµÉ´µÏ¥´¨¥³ (¶·¨ µÉ¸ÊÉ¸É¢¨¨ ³ £´¨É´µ£µ
· ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢):

n2 = 1 − (λ2 6 π) ∑ aj Nj , (37)

£¤¥ Nj Å Î¨¸²µ Î ¸É¨Í É¨¶  j ¢ 1 ¸³3 ¢¥Ð¥¸É¢ , aj Å ¤²¨´  ±µ£¥·¥´É´µ£µ

· ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Î ¸É¨Í ³¨ É¨¶  j. „²Ö ¶·¥Í¨§¨µ´´µ£µ µ¶·¥¤¥²¥´¨Ö
¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¤¢ÊÌ ¢¥Ð¥¸É¢ ¨§³¥·ÖÕÉ ±·¨É¨Î¥¸±¨° Ê£µ² ϕ

cr

¶µ²´µ£µ µÉ· ¦¥´¨Ö ´  ¨Ì £· ´¨Í¥, ¶·¨Î¥³

ϕ
cr
2  = nA

2 − nB
2  (¤²Ö  ϕ

cr
 << 1), (38)

£¤¥ nA ¨ nB Å ¶µ± § É¥²¨ ¶·¥²µ³²¥´¨Ö ¤¢ÊÌ ¢¥Ð¥¸É¢.

„²Ö ¦¨¤±µ£µ ±¨¸²µ·µ¤  ¨ ¢¨¸³ÊÉ , ¨¸¶µ²Ó§µ¢ ¢Ï¨Ì¸Ö ¢ [25], ¨§ (37) ¨
(38) ¸²¥¤Ê¥É, ÎÉµ

(π 6 λ2) ϕ
cr
2  = N

Bi
a
Bi

 






 
N

O
a
O

N
Bi

a
Bi

 − 1 






 − N

O
Z

O
ane 







 
N

Bi
Z

Bi

N
O
Z

O
 − 1 








(39)

� ‡��Š… ˆ ‚…‹ˆ—ˆ�… Š‚�„��’�  89



(¶µ¸±µ²Ó±Ê ·¥ÎÓ ¨¤¥É µ · ¸¸¥Ö´¨¨ ´  ³ ²Ò¥ Ê£²Ò (¢¶¥·¥¤),  Éµ³´Ò° Ëµ·³-

Ë ±Éµ· · ¢¥´ ¥¤¨´¨Í¥). �É´µÏ¥´¨¥ 
N

O
a
O

N
Bi

a
Bi

 = 1,024, ¢ Éµ ¢·¥³Ö ± ±

N
Bi

Z
Bi

N
O
Z

O

 ≈ 7. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¨§³¥·¥´´µ¥ §´ Î¥´¨¥ ±·¨É¨Î¥¸±µ£µ Ê£²  ϕ
cr

¶·¨³¥·´µ ¢ · ¢´µ° ¸É¥¶¥´¨ µ¶·¥¤¥²Ö¥É¸Ö ´¥¸±µ³¶¥´¸¨·µ¢ ´´Ò³ Ö¤¥·´Ò³
· ¸¸¥Ö´¨¥³ ¨ ne-¢§ ¨³µ¤¥°¸É¢¨¥³. �ÉµÉ Ê£µ² ¸µ¸É ¢²Ö¥É ´¥¸±µ²Ó±µ ³¨´ÊÉ.
„²¨´Ò · ¸¸¥Ö´¨Ö a

O
 ¨ a

Bi
 (¨²¨, ÉµÎ´¥¥ £µ¢µ·Ö, a

Bi
 ¨ µÉ´µÏ¥´¨¥ a

O
6 a

Bi
)

¡Ò²¨ µ¶·¥¤¥²¥´Ò ¢ Ô±¸¶¥·¨³¥´É¥ ¶ÊÉ¥³ ̈ §³¥·¥´¨Ö ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ̧ ¢µ-
¡µ¤´ÒÌ  Éµ³µ¢ ¶·¨ Ô´¥·£¨¨ ´¥°É·µ´µ¢ ¶µ·Ö¤±  10 Ô‚. �·¨ ÔÉµ° Ô´¥·£¨¨
ne-¢§ ¨³µ¤¥°¸É¢¨¥ ´¥ ¶·µÖ¢²Ö¥É¸Ö, É ± ± ± Ëµ·³Ë ±Éµ· ¶· ±É¨Î¥¸±¨
· ¢¥´ ´Ê²Õ. „²Ö ¶¥·¥Ìµ¤  ± ¤²¨´ ³ ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö a

O
 ¨ a

Bi
 ´¥-

µ¡Ìµ¤¨³µ µ¶·¥¤¥²¨ÉÓ ¸¥Î¥´¨¥ ´¥±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö ¢¨¸³ÊÉ . �Éµ ¡Ò-
²µ ¸¤¥² ´µ ¶·¨ ¶µ³µÐ¨ ¤µ¶µ²´¨É¥²Ó´ÒÌ µ¶ÒÉµ¢ ¸ ´¥°É·µ´ ³¨ ¡µ²ÓÏ¨Ì
¤²¨´ ¢µ²´, ±µ£¤  ¨³¥¥É ³¥¸Éµ ²¨ÏÓ ´¥±µ£¥·¥´É´µ¥ · ¸¸¥Ö´¨¥.

ˆ§³¥·¥´´Ò° ¢ Ô±¸¶¥·¨³¥´É¥ [25] ±·¨É¨Î¥¸±¨° Ê£µ² µ± § ²¸Ö · ¢´Ò³
3,66 Ê£²µ¢ÒÌ ³¨´ÊÉ. ‚ ·¥§Ê²ÓÉ É¥

ane = (−1,39 ± 0,13)⋅10−3 Ë³. (40)

Œ¥Éµ¤ µÉ· ¦¥´¨Ö µÉ §¥·± ²  µ¡² ¤ ¥É ¶·¥¨³ÊÐ¥¸É¢µ³ ¶¥·¥¤ µ¸É ²Ó-
´Ò³¨, ¶µ¸±µ²Ó±Ê ¨§³¥·Ö¥³Ò° ÔËË¥±É ¢ §´ Î¨É¥²Ó´µ° ¸É¥¶¥´¨ µ¶·¥¤¥²Ö¥É¸Ö
¸ ³¨³ ne-¢§ ¨³µ¤¥°¸É¢¨¥³. O¤´ ±µ ±µ´¥Î´Ò° ·¥§Ê²ÓÉ É µ¶ÒÉ  �§ 
µ¶¨· ¥É¸Ö ´  ¶·¥¤¶µ²µ¦¥´¨¥, ÎÉµ ¢ µ¡² ¸É¨ Ô´¥·£¨° µÉ 10 Ô‚ ¤µ É¥¶²µ¢µ°
¤²¨´  · ¸¸¥Ö´¨Ö, ´¥ ¸¢Ö§ ´´µ£µ ¸ ne-¢§ ¨³µ¤¥°¸É¢¨¥³, ´¥ ³¥´Ö¥É¸Ö. Œ¥¦¤Ê
É¥³, ± ± µÉ³¥É¨² • ²¶¥·´ [26], ¶·¨ Ô´¥·£¨ÖÌ ¶µ·Ö¤±  10 Ô‚ ´   Éµ³ Ì
¢¨¸³ÊÉ  ¨ ±¨¸²µ·µ¤  ³µ¦¥É ¶·µ¨¸Ìµ¤¨ÉÓ § ³¥É´µ¥ ´¥Ê¶·Ê£µ¥ · ¸¸¥Ö´¨¥.
…¸²¨ ÔÉµ É ±, Éµ §´ Î¥´¨Ö aO ¨ aBi ¡Ê¤ÊÉ µÉ²¨Î ÉÓ¸Ö µÉ §´ Î¥´¨°, ¶·¨´ÖÉÒÌ

¢ [25], ÎÉµ, ¸µµÉ¢¥É¸É¢¥´´µ, ¨§³¥´¨É ¨ ±µ´¥Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ µ¶ÒÉ . „µ²¦´ 
¡ÒÉÓ É ±¦¥ Ê¢¥·¥´´µ¸ÉÓ ¢ µÉ¸ÊÉ¸É¢¨¨ ± ±µ£µ-²¨¡µ ¢²¨Ö´¨Ö ·¥§µ´ ´¸µ¢ ¢
Ê± § ´´µ° µ¡² ¸É¨ Ô´¥·£¨°.

�µ¸±µ²Ó±Ê ¨¸±µ³Ò° ne-ÔËË¥±É ¸µ¸É ¢²Ö² ¢ ´ ¨¡µ²¥¥ ÉµÎ´ÒÌ Ô±¸-
¶¥·¨³¥´É Ì ¢¸¥£µ ²¨ÏÓ ¢¥²¨Î¨´Ê ¶µ·Ö¤±  1%, ¡Ò²µ ¡Ò µÎ¥´Ó ¨´É¥·¥¸´µ
´ °É¨ ³¥Éµ¤ ¨¸¸²¥¤µ¢ ´¨Ö, ¢ ±µÉµ·µ³ ¨§³¥·Ö¥³Ò° ÔËË¥±É, É ± ¦¥, ± ± ¨ ¢
· ¡µÉ Ì �§ , ¡Ò² ¡Ò ¡µ²¥¥ §´ Î¨É¥²Ó´Ò³. ‚ ¶·¥¤Ò¤ÊÐ¨Ì · ¡µÉ Ì ¢¸¥£¤ 
¸ÊÐ¥¸É¢µ¢ ²  µ¶ ¸´µ¸ÉÓ ¢²¨Ö´¨Ö ´  ·¥§Ê²ÓÉ ÉÒ ± ±µ£µ-²¨¡µ ´¥ÊÎÉ¥´´µ£µ
ÔËË¥±É . ’ ±, ´ ¶·¨³¥·, ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ³¥Éµ¤  ¨§³¥·¥´¨Ö ¶µ²´µ£µ ¸¥-
Î¥´¨Ö ¦¨¤±µ£µ ¸¢¨´Í  ¨²¨ ¢¨¸³ÊÉ  ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° 0 ÷ 10 Ô‚ ¨§³¥-
´¥´¨¥ ¸¥Î¥´¨Ö Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö ¢¸¥£µ ´  0,1% ¢Ò§Ò¢ ¥É ¨§³¥´¥´¨¥ ¨¸±µ-
³µ°  ³¶²¨ÉÊ¤Ò ne-· ¸¸¥Ö´¨Ö ´  10%.
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ˆ§ Ëµ·³Ê²Ò (30) ¸²¥¤Ê¥É, ÎÉµ µÉ´µ¸¨É¥²Ó´µ¥ §´ Î¥´¨¥ ¤µ¶µ²´¨É¥²Ó´µ£µ
¢±² ¤  ¢ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ ∆ σne6 σ =
= 2Z ∆ fane6 a. ‚ Ô±¸¶¥·¨³¥´É Ì, ¶·µ¢µ¤¨³ÒÌ ¶µ ³¥Éµ¤Ê ”¥·³¨ ¨ Œ ·Ï ²²,

∆ f ¸µ¸É ¢²Ö²µ ¢¸¥£µ ²¨ÏÓ 0,26. ’ ± ± ± Ëµ·³Ë ±Éµ· Å ËÊ´±Í¨Ö µÉ´µ-
Ï¥´¨Ö sin θ 6 λ, ¤²Ö Ê¢¥²¨Î¥´¨Ö ∆ f ¸²¥¤Ê¥É ¢¥¸É¨ ¨§³¥·¥´¨Ö ¶·¨ ³¥´ÓÏ¨Ì λ,
µ¤´µ¢·¥³¥´´µ § Ì¢ ÉÒ¢ Ö µ¡² ¸ÉÓ Ê£²µ¢ ³¥´¥¥ 45Æ, ¨²¨ ¶·µ¢µ¤¨ÉÓ Ô±¸-
¶¥·¨³¥´É ¶µ ³¥Éµ¤Ê ¢·¥³¥´¨ ¶·µ²¥É  ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ Ê£²¥ θ ¢ Ï¨·µ±µ³
¤¨ ¶ §µ´¥ §´ Î¥´¨° λ. Š·µ³¥ Éµ£µ, ¨ ÔÉµ ¡µ²¥¥ ¸ÊÐ¥¸É¢¥´´µ, ¸²¥¤Ê¥É ´ °É¨
¶µ¤Ìµ¤ÖÐ¥¥ ¤²Ö ¨§³¥·¥´¨° Ö¤·µ ¸ µÎ¥´Ó ³ ²Ò³ §´ Î¥´¨¥³ ¤²¨´Ò Ö¤¥·´µ£µ
· ¸¸¥Ö´¨Ö. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢ ‹ ¡µ· Éµ·¨¨ ´¥°É·µ´´µ° Ë¨§¨±¨ �ˆŸˆ ¢
1965Å1966 £µ¤ Ì ¡Ò²¨ ¶·¥¤¶·¨´ÖÉÒ ¶µ¨¸±¨ ÉÖ¦¥²µ£µ Ö¤·  ¸ ³ ²µ° ¤²¨´µ°
Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö. ’ ±µ¥ Ö¤·µ ¡Ò²µ ´ °¤¥´µ ¸´ Î ²  É¥µ·¥É¨Î¥¸±¨, § É¥³
Ô±¸¶¥·¨³¥´É ²Ó´µ. ˆ³ µ± § ²¸Ö ¢µ²ÓË· ³-186, Ö¤¥·´ Ö ¤²¨´  · ¸¸¥Ö´¨Ö
´¥°É·µ´µ¢ ±µÉµ·µ£µ ¢ µ¡² ¸É¨ Ô´¥·£¨° ´¥°É·µ´µ¢ µÉ ´Ê²Ö ¤µ ´¥¸±µ²Ó±¨Ì
Ô²¥±É·µ´¢µ²ÓÉ ³ ²  (¶·¨³¥·´µ ¢ ¤¥¸ÖÉÓ · § ³¥´ÓÏ¥, Î¥³ ¥¸É¥¸É¢¥´´µ£µ ¢µ²Ó-
Ë· ³ ) ¨§-§  ¨´É¥·Ë¥·¥´Í¨¨ ¶µÉ¥´Í¨ ²Ó´µ£µ ¨ ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨°.
�´  ¨³¥¥É ¢¨¤ [27]:

a = R − 
βΓn

2k
0
E

0

 

 1 + 

E
E

0

 

 + aneZf 


 
sin θ

λ  

 , (41)

£¤¥ Γn Å ´¥°É·µ´´ Ö Ï¨·¨´  ¶¥·¢µ£µ ·¥§µ´ ´¸  (E
0
 = 18,83 Ô‚) 186W; R

ÊÎ¨ÉÒ¢ ¥É ¶µÉ¥´Í¨ ²Ó´µ¥ · ¸¸¥Ö´¨¥, ¢±² ¤ ¶·¨³¥¸¥°,   É ±¦¥ ´¥§´ -
Î¨É¥²Ó´Ò° ¢±² ¤ µ¸É ²Ó´ÒÌ ·¥§µ´ ´¸µ¢ ¢µ²ÓË· ³ ; β Å ¸µ¤¥·¦ ´¨¥ ¨§µ-

Éµ¶  186W ¢ ¸³¥¸¨. �¥§Ê²ÓÉ ÉÒ ¶µ¨¸±µ¢ ¢¶¥·¢Ò¥ ¡Ò²¨ ¤µ²µ¦¥´Ò [27] ´ 
¸¥³¨´ ·¥ ¶µ Ô²¥±É·µ³ £´¨É´Ò³ ¢§ ¨³µ¤¥°¸É¢¨Ö³ ¢ Ö¤¥·´ÒÌ ·¥ ±Í¨ÖÌ ¢
1966 £. ¢ „Ê¡´¥,   § É¥³ µ¶Ê¡²¨±µ¢ ´Ò ¢ · ¡µÉ¥ [28]. ‚ ¤µ±² ¤¥ [27] ¡Ò²µ
¶·¥¤²µ¦¥´µ ¶·¨³¥´¨ÉÓ ³µ´µ±·¨¸É ²² ¨§ ¨§µÉµ¶  ¢µ²ÓË· ³ -186 ¤²Ö
¨§³¥·¥´¨Ö ne-¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ¸·¥¤¸É¢µ³ ¨§ÊÎ¥´¨Ö ¤¨Ë· ±Í¨¨ ´¥°É·µ-
´µ¢ ¢ É ±µ³ ±·¨¸É ²²¥. �·¨ ÔÉµ³ ³µ¦´µ ¤µ¸É¨£´ÊÉÓ ¢µ§· ¸É ´¨Ö ¨§³¥·Ö¥-
³µ£µ ne-ÔËË¥±É  ¤µ ´¥¸±µ²Ó±¨Ì ¤¥¸ÖÉ±µ¢ ¶·µÍ¥´Éµ¢. ˆ§³¥´ÖÖ ±µ´Í¥´É-

· Í¨Õ ¨§µÉµ¶  186W ¢ ̧ ³¥¸¨, ³µ¦´µ ¨§³¥´ÖÉÓ  ¡¸µ²ÕÉ´µ¥ §´ Î¥´¨¥ ̈  §´ ±
¤²¨´Ò · ¸¸¥Ö´¨Ö.

�·¥Í¨§¨µ´´Ò¥ ̈ §³¥·¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ́ ¥°É·µ´µ¢ ̧  ¶µ³µÐÓÕ ̧ ³¥¸¨

¨§µÉµ¶µ¢ ¢µ²ÓË· ³ , ¸µ¤¥·¦ Ð¥° 90,7% 186W, ¡Ò²¨ ¢Ò¶µ²´¥´Ò ´  ¶ÊÎ±¥
Ìµ²µ¤´ÒÌ ´¥°É·µ´µ¢ (λ ≈ 15 Å) ³¥Éµ¤µ³ Ë¨²ÓÉ·µ¢ Š·¨¸É¨ ´¸¥´  [29]. � 
Ìµ·µÏµ ¸±µ²²¨³¨·µ¢ ´´µ³ ¶ÊÎ±¥ ´¥°É·µ´µ¢ (· ¸Ìµ¤¨³µ¸ÉÓ ¢ £µ·¨§µ´É ²Ó-
´µ° ¶²µ¸±µ¸É¨ ´¥ ¶·¥¢µ¸Ìµ¤¨É 2Å3′) Ê¸É ´ ¢²¨¢ ²¸Ö É ± ´ §Ò¢ ¥³Ò°
Ë¨²ÓÉ· Š·¨¸É¨ ´¸¥´ , ¶·¥¤¸É ¢²ÖÕÐ¨° ¸µ¡µ° ¢¥·É¨± ²Ó´ÊÕ ¶µ²µ¸ÉÓ, ³¥¦-
¤Ê ¸É¥±²Ö´´Ò³¨ ¶² ¸É¨´ ³¨ ±µÉµ·µ° § ¸Ò¶ ´ ¶µ·µÏµ± ¨§ ¨¸¸²¥¤Ê¥³µ£µ ¢¥-
Ð¥¸É¢ . ’µ²Ð¨´  ¶µ²µ¸É¨ ¢ ´ ¶· ¢²¥´¨¨ ¶ÊÎ±  ´¥¸±µ²Ó±µ ³¨²²¨³¥É·µ¢,  
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¶µ Ï¨·¨´¥ µ´  ¶µ²´µ¸ÉÓÕ ¶¥·¥±·Ò¢ ¥É ¶ÊÎµ±. �·µ¸É· ´¸É¢µ ³¥¦¤Ê
±·Ê¶¨´± ³¨ ¶µ·µÏ±  § ¶µ²´Ö¥É¸Ö ¶µµÎ¥·¥¤´µ · §²¨Î´Ò³¨ ¦¨¤±µ¸ÉÖ³¨ ¸
¨§¢¥¸É´Ò³¨ ¶µ± § É¥²Ö³¨ ¶·¥²µ³²¥´¨Ö ´¥°É·µ´µ¢. �µ§ ¤¨ Ë¨²ÓÉ·  ´  · ¸-
¸ÉµÖ´¨¨ ´¥¸±µ²Ó±¨Ì ³¥É·µ¢ ´  µ¸¨ ¶ÊÎ±  Ê¸É ´ ¢²¨¢ ¥É¸Ö ¤¥É¥±Éµ· É ±µ°
Ï¨·¨´Ò, ÎÉµ ¢ ́ ¥³ ³µ£ÊÉ ·¥£¨¸É·¨·µ¢ ÉÓ¸Ö ́ ¥°É·µ´Ò, · ¸¸¥Ö´´Ò¥ Ë¨²ÓÉ·µ³
´  Ê£²Ò ¤µ ~ 0,5Æ ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨. ˆ§³¥·¥´¨Ö § ±²ÕÎ ÕÉ¸Ö ¢
´ ¡²Õ¤¥´¨¨ ¨´É¥´¸¨¢´µ¸É¨ ³ ²µÊ£²µ¢µ£µ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ Ë¨²ÓÉ·µ³
¶·¨ ´¥¸±µ²Ó±¨Ì §´ Î¥´¨ÖÌ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¦¨¤±µ¸É¨ (´ ¶·¨³¥·,

¶·¨ · §²¨Î´ÒÌ ¸³¥¸ÖÌ ÉÖ¦¥²µ° (NaD
2
O = (63,399 ± 0,005)⋅109 16 ¸³2) ¨ ²¥£-

±µ° (NaH
2
O = (−5,61 ± 0,03)⋅109 16 ¸³2) ¢µ¤Ò). � ¸Ï¨·¥´¨¥ ¶ÊÎ±  §  ¸Î¥É ³ -

²µÊ£²µ¢µ£µ · ¸¸¥Ö´¨Ö ¶·µ¶µ·Í¨µ´ ²Ó´µ λ 6 a0, £¤¥ a0 Å · §³¥·Ò ±·Ê¶¨´µ±

¶µ·µÏ± . ‚ ¶·¨´Í¨¶¥, ³ ²µÊ£²µ¢µ¥ · ¸¸¥Ö´¨¥ ¤µ²¦´µ ¶µ²´µ¸ÉÓÕ µÉ¸ÊÉ¸É¢µ-
¢ ÉÓ, ±µ£¤  ¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö ¦¨¤±µ¸É¨ nL · ¢¥´ ¶µ± § É¥²Õ ¶·¥²µ³-

²¥´¨Ö ¢¥Ð¥¸É¢  ¶µ·µÏ±  nP, ¨ ¶µÖ¢²ÖÉÓ¸Ö ¶·¨ ´ ·ÊÏ¥´¨¨ ÔÉµ£µ Ê¸²µ¢¨Ö.

�·¨ ÔÉµ³ ¢ ´¥±µÉµ·µ³ ¤¨ ¶ §µ´¥ ¨§³¥´¥´¨Ö nL ¨´É¥´¸¨¢´µ¸ÉÓ · ¸¸¥Ö´¨Ö

I ~ (nP − nL)2 ~ [(Na)L − (Na)P]
2.

„²Ö ·¥£¨¸É· Í¨¨ Éµ²Ó±µ · ¸¸¥Ö´´ÒÌ ´¥°É·µ´µ¢ ¶¥·¥¤ ¤¥É¥±Éµ·µ³ Ê¸É -
´ ¢²¨¢ ¥É¸Ö ± ¤³¨¥¢Ò° ¶µ£²µÉ¨É¥²Ó, ¶µ²´µ¸ÉÓÕ ¶¥·¥±·Ò¢ ÕÐ¨° ¶ ¤ ÕÐ¨°
¶ÊÎµ± ¨ ´¥ ³¥Ï ÕÐ¨° · ¸¸¥Ö´´Ò³ ´  ³ ²Ò¥ Ê£²Ò ´¥°É·µ´ ³. �É¸ÊÉ¸É¢¨¥
³ ²µÊ£²µ¢µ£µ · ¸¸¥Ö´¨Ö µ§´ Î ¥É, ÎÉµ (Na)L = (Na)P, µÉ±Ê¤  µ¶·¥¤¥²Ö¥É¸Ö

´¥¨§¢¥¸É´µ¥ §´ Î¥´¨¥ aP. ‚ ·¥§Ê²ÓÉ É¥ ¶·µ¢¥¤¥´´ÒÌ ¨§³¥·¥´¨° ¤²Ö ¤²¨´Ò

±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö ¶µ·µÏ±  ¢µ²ÓË· ³  (90,7% 186W) ¶µ²ÊÎ¥´µ
a = (−0,466 ± 0,006) Ë³ [30].

„²Ö ¶·µ¢¥¤¥´¨Ö ´¥°É·µ´µ£· Ë¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´Éµ¢ ¡Ò²¨ ¨¸¶µ²Ó§µ¢ -
´Ò ¤¢  ³µ´µ±·¨¸É ²² -Ï ·¨±  ¤¨ ³¥É·µ³ 5 ³³ ¨§ ¤¢ÊÌ · §´ÒÌ ¨§µ-

Éµ¶¨Î¥¸±¨Ì ¸³¥¸¥°. �¤´  ¸µ¤¥·¦ ²  90,7% 186W (a = −0,466 Ë³), ¢Éµ· Ö
(a = +0,267 Ë³) ¡Ò²  ¶·¨£µÉµ¢²¥´  ¨§ ¶¥·¢µ° ¤µ¡ ¢²¥´¨¥³ 14% ¥¸É¥¸É¢¥´-
´µ£µ ¢µ²ÓË· ³ . �¸´µ¢´Ò¥ ¨§³¥·¥´¨Ö [31] ¶·µ¢µ¤¨²¨¸Ó ¢ 1968Å1969 ¨
1973 ££. ´  Ê¸É ´µ¢± Ì ¸É Í¨µ´ ·´µ£µ ·¥ ±Éµ·  Ë¨²¨ ²  ”¨§¨±µ-Ì¨³¨Î¥¸-
±µ£µ ¨´¸É¨ÉÊÉ  ¨³. Š ·¶µ¢ , ¨³¥ÕÐ¨Ì ±·¨¸É ²²¨Î¥¸±¨¥ ³µ´µÌ·µ³ Éµ·Ò
¤²Ö ¢Ò¤¥²¥´¨Ö ´¥°É·µ´µ¢ ¸ ¤²¨´µ° ¢µ²´Ò λ = 1,17 Å. Œµ´µÌ·µ³ Éµ·µ³
µ¤´µ° ¨§ Ê¸É ´µ¢µ± ¸²Ê¦¨² ±·¨¸É ²² ³¥¤¨ ¸ ³µ§ ¨Î´µ¸ÉÓÕ ≈ 40′. ˆ¸¶µ²Ó§µ-
¢ ²µ¸Ó µÉ· ¦¥´¨¥ (331). “£µ² ¸±µ²Ó¦¥´¨Ö ³µ´µÌ·µ³ Éµ·  ¸µ¸É ¢²Ö²
θM = 45Æ, Ê£µ² · ¸É¢µ·  ¶¥·¢¨Î´µ£µ ±µ²²¨³ Éµ·  α0 = 30′. �·¨³¥¸Ó ´¥°É·µ-

´µ¢ ¸ ¤²¨´µ° ¢µ²´Ò λ 6 2 ´¥ ¶·¥¢ÒÏ ²  5%, ∆λ6 λ ≈ 2%. �µ¸²¥ µÉ· ¦¥´¨Ö
µÉ ³µ´µÌ·µ³ Éµ·  ¶ÊÎµ± ¶·µÌµ¤¨² Î¥·¥§ ¸É ²Ó´µ° ±µ²²¨³ Éµ· ¸ Ê£²µ¢Ò³
· ¸É¢µ·µ³ α1 = 40′ ¨ ¶µ¶ ¤ ² ́   ̈ §ÊÎ ¥³Ò° ³µ´µ±·¨¸É ²². Œµ§ ¨Î´µ¸ÉÓ ³µ-
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´µ±·¨¸É ²²  ¡Ò²  µ±µ²µ 40′. „¨Ë· £¨·µ¢ ´´Ò¥ ´  ³µ´µ±·¨¸É ²²¥ ́ ¥°É·µ´Ò

·¥£¨¸É·¨·µ¢ ²¨¸Ó ¶·µ¶µ·Í¨µ´ ²Ó´Ò³ ¸Î¥ÉÎ¨±µ³, ´ ¶µ²´¥´´Ò³ 3He ¤µ ¤ ¢-
²¥´¨Ö 10  É³. ‘Î¥ÉÎ¨± ´ Ìµ¤¨²¸Ö ´  · ¸¸ÉµÖ´¨¨ 40 ¸³ µÉ µ¡· §Í  ¨ ¨³¥²
±µ²²¨³ Í¨µ´´µ¥ µ±´µ · §³¥·µ³ 20Ì30 ³³. ‚¸¥ ¨§³¥·¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ³¥-
Éµ¤µ³ θ − 2θ. �¶¥·ÉÊ·  ¤¥É¥±Éµ·  ¨ · §³¥·Ò ±µ²²¨³ Í¨µ´´µ° ¸¨¸É¥³Ò
¡Ò²¨ ¢Ò¡· ´Ò É ±¨³ µ¡· §µ³, ÎÉµ¡Ò Ê¤µ¢²¥É¢µ·¨ÉÓ Ê¸²µ¢¨Ö³, ¶·¨ ±µÉµ·ÒÌ
¨§³¥·Ö¥É¸Ö ¶µ²´ Ö ¨´É¥£· ²Ó´ Ö ¨´É¥´¸¨¢´µ¸ÉÓ ¶·¨ ¢¸¥Ì µÉ· ¦¥´¨ÖÌ. ‚Ò-
¶µ²´¥´¨¥ ÔÉ¨Ì Ê¸²µ¢¨° ±µ´É·µ²¨·µ¢ ²µ¸Ó. ’ ±, ¤²Ö ¶¥·¥¤´¨Ì ¨ § ¤´¨Ì ·¥Ë-
²¥±¸µ¢ Ô±¸¶¥·¨³¥´É ²Ó´µ µ¶·¥¤¥²Ö²¨¸Ó · §³¥·Ò µÉ· ¦¥´´µ£µ µÉ ±·¨¸É ²² 
¶ÊÎ± . �É¨ · §³¥·Ò µ± § ²¨¸Ó §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥ Ê£²µ¢µ£µ · ¸É¢µ·  ¤¥É¥±-
Éµ·  ± ± ¶µ £µ·¨§µ´É ²¨, É ± ¨ ¶µ ¢¥·É¨± ²¨.

’ ±¦¥ Ô±¸¶¥·¨³¥´É ²Ó´µ ¡Ò² ¨¸¸²¥¤µ¢ ´ ¢µ¶·µ¸ µ ¢µ§³µ¦´µ³ ¶¥·¥³¥-
Ð¥´¨¨ µÉ· ¦¥´´µ£µ ¶ÊÎ±  ¶µ µ±´Ê ¤¥É¥±Éµ·  ¶·¨ ¤¢¨¦¥´¨¨ µ¡· §Í  ¨ ¤¥-
É¥±Éµ· . � °¤¥´µ, ÎÉµ ÔÉ¨ ¶¥·¥³¥Ð¥´¨Ö ´¥ ¶·¥¢ÒÏ ²¨ ´¥¸±µ²Ó±¨Ì
³¨²²¨³¥É·µ¢, ¸²¥¤µ¢ É¥²Ó´µ, µÉ· ¦¥´´Ò° ¶ÊÎµ± ´¥ ³µ£ ¢ÒÌµ¤¨ÉÓ §  ¶·¥¤¥-
²Ò µ±´ . �µ¤É¢¥·¦¤¥´¨¥³ ¶· ¢¨²Ó´µ¸É¨ ¨§³¥·¥´¨° ¶µ²´ÒÌ ¨´É¥£· ²Ó´ÒÌ
¨´É¥´¸¨¢´µ¸É¥° µÉ· ¦¥´¨° Ö¢²Ö¥É¸Ö ¸µ¢¶ ¤¥´¨¥ Ê£²µ¢µ° § ¢¨¸¨³µ¸É¨ ÔÉ¨Ì
¨´É¥´¸¨¢´µ¸É¥° ¸  ´ ²µ£¨Î´Ò³¨ ¨§³¥·¥´¨Ö³¨ ´  ¢Éµ·µ° Ê¸É ´µ¢±¥, ¨³¥Õ-
Ð¥° ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò: ³µ´µÌ·µ³ Éµ· Pb ¶·¨ µÉ· ¦¥´¨¨ (110),
λ = 1,145 Å, θM = 11Æ, α0 ≈ 2,5Æ, α1 ≈ 30′,   É ±¦¥ ´  ¤¨Ë· ±Éµ³¥É·¥ �ˆŸ”.

�É¨ Ê¸É ´µ¢±¨ ¸¨²Ó´µ µÉ²¨Î ²¨¸Ó ¶µ ¸¢µ¨³ ¶ · ³¥É· ³, É¥³ ´¥ ³¥´¥¥ ·¥-
§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ²¨.

�·¨ Ë¨±¸¨·µ¢ ´´µ° ¤²¨´¥ ¢µ²´Ò ¨§³¥·Ö²¨¸Ó ¨´É¥£· ²Ó´Ò¥ ¨´É¥´¸¨¢-
´µ¸É¨ I(hkl) ¢µ¸Ó³¨ µÉ· ¦¥´¨°: (110), (200), (220), (310), (400), (330), (420),

(510). �µ¸±µ²Ó±Ê ¢µ²ÓË· ³ Å ¶ · ³ £´¥É¨±, µ¦¨¤ ²µ¸Ó, ÎÉµ ³ £´¨É´µ¥ · ¸-
¸¥Ö´¨¥ ´¥ ¤µ²¦´µ ¤ ¢ ÉÓ ¢±² ¤  ¢ ¡·Ô££µ¢¸±¨¥ µÉ· ¦¥´¨Ö, ¨ ¨´É¥£· ²Ó´ Ö
¨´É¥´¸¨¢´µ¸ÉÓ ¤¨Ë· ±Í¨µ´´µ£µ ¶¨±  [31]:

I(hkl) = C(a + Zfane)
2A(hkl) 

exp [−2B(sin θ6 λ)2]
sin 2θ  , (42)

£¤¥ C Å ±µ´¸É ´É , A(hkl) Å Ë ±Éµ· ¶µ£²µÐ¥´¨Ö, exp [−2B(sin θ6 λ)2] Å
Ë ±Éµ· „¥¡ ÖÅ‚ ²²¥· , ÊÎ¨ÉÒ¢ ÕÐ¨° ¢²¨Ö´¨¥ É¥¶²µ¢ÒÌ ±µ²¥¡ ´¨°  Éµ-
³µ¢, θ Å Ê£µ² �·Ô££ . ” ±Éµ· ¶µ£²µÐ¥´¨Ö · ¸¸Î¨ÉÒ¢ ²¸Ö, ¨§³¥´¥´¨Ö ÔÉµ-
£µ Ë ±Éµ·  µÉ µÉ· ¦¥´¨Ö (110) ± µÉ· ¦¥´¨Õ (510) ´¥ ¶·¥¢ÒÏ ²¨ 4%.
�µ¸±µ²Ó±Ê ¢ ²¨É¥· ÉÊ·¥ ¨³¥²¨¸Ó µÎ¥´Ó ¶·µÉ¨¢µ·¥Î¨¢Ò¥ ¸¢¥¤¥´¨Ö µ §´ -
Î¥´¨¨ B ¤²Ö ¢µ²ÓË· ³ , ¡Ò²¨ ¶·¥¤¶·¨´ÖÉÒ ¶µ¶ÒÉ±¨ · ¸¸Î¨É ÉÓ ÔÉµÉ Ë ±-
Éµ·,   É ±¦¥ µ¶·¥¤¥²¨ÉÓ ¥£µ Ô±¸¶¥·¨³¥´É ²Ó´µ. � ¸Î¥ÉÒ ¶·µ¢¥¤¥´Ò ´  µ¸-
´µ¢¥ ¨´Ëµ·³ Í¨¨ µ É¥¶²µ¥³±µ¸É¨ ¢µ²ÓË· ³  ¨ ¥£µ Ëµ´µ´´µ³ ¸¶¥±É·¥.

�´¨ ¤ ²¨ §´ Î¥´¨Ö B = 0,162 Å2 ¨ B = 0,167 Å2 [32]. ˆ§³¥·¥´¨Ö B ¶·µ¢µ-
¤¨²¨¸Ó ´  Éµ³ ¦¥ ³µ´µÌ·µ³ Éµ·¥, ´  ±µÉµ·µ³ ¸´¨³ ²¨¸Ó ´¥°É·µ´µ£· ³³Ò
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³µ´µ±·¨¸É ²²µ¢-Ï ·¨±µ¢ 186W. Œ¥Éµ¤¨±  § ±²ÕÎ ² ¸Ó ¢  ´ ²¨§¥ Ê£²µ¢µ°
§ ¢¨¸¨³µ¸É¨ ¨´É¥£· ²Ó´µ° ¨´É¥´¸¨¢´µ¸É¨ ¤¨Ë· ±Í¨µ´´ÒÌ ¶¨±µ¢, ¢µ§´¨-
± ÕÐ¨Ì ¶·¨ · ¸¸¥Ö´¨¨ ´¥°É·µ´µ¢ ´  ¸¶·¥¸¸µ¢ ´´µ³ ¶µ·µÏ±¥ ¥¸É¥¸É¢¥´-
´µ£µ ¢µ²ÓË· ³ . �É¨ ¨§³¥·¥´¨Ö, ¶·µ¢¥¤¥´´Ò¥ ¶·¨ T = 293 K, ¤ ²¨ §´ -

Î¥´¨¥ B = (0,19 ± 0,02) Å2. �µ³¨³µ ÔÉµ£µ, ´  ¨³¶Ê²Ó¸´µ³ ·¥ ±Éµ·¥ ˆ��-30
�ˆŸˆ ³¥Éµ¤µ³ ¢·¥³¥´¨ ¶·µ²¥É  ¨§³¥·Ö²¨¸Ó ¨´É¥£· ²Ó´Ò¥ ¨´É¥´¸¨¢´µ¸É¨
¤¨Ë· ±Í¨µ´´ÒÌ ¶¨±µ¢ ¶·¨ É¥³¶¥· ÉÊ· Ì T = 293 ¨ 80 Š. ˆ§ ¨§³¥·¥´¨° ¸µ
¸¶·¥¸¸µ¢ ´´Ò³ ¶µ·µÏ±µ³ ¥¸É¥¸É¢¥´´µ£µ ¢µ²ÓË· ³  ¡Ò²µ ¶µ²ÊÎ¥´µ

B = (0,17 ± 0,02) Å2,   ¸ Í¨²¨´¤·¨Î¥¸±¨³ ³µ´µ±·¨¸É ²o³ 186W B =
= (0,15 ± 0,01) Å2. ‚ ¤ ²Ó´¥°Ï¥³ ¶·¨ µ¡· ¡µÉ±¥ ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨°

¡Ò²µ ¶·¨´ÖÉµ B = 0,17 Å2.
ˆ§ ¢Ò· ¦¥´¨Ö (42) ¸²¥¤Ê¥É, ÎÉµ § ¢¨¸¨³µ¸ÉÓ







 I(hkl) 

sin 2θ exp [2B(sin θ 6 λ)2]
A

hkl
C

 







1 6 2

 = a + Zfane (43)

µÉ Zf ¤µ²¦´  ¡ÒÉÓ ²¨´¥°´µ°, ¨ ´ ±²µ´ ¶·Ö³µ° µ¡Ê¸²µ¢²¥´ ¢¥²¨Î¨´µ° ane.

�¤´ ±µ ¨§ ¶µ²ÊÎ¥´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´ÒÌ [31] ¸²¥¤µ¢ ²µ, ÎÉµ
µ¶¨¸ ÉÓ ÔÉ¨ ¤ ´´Ò¥ ¤²Ö ¤¢ÊÌ · §´ÒÌ ¨§µÉµ¶¨Î¥¸±¨Ì ¸³¥¸¥° ¢µ²ÓË· ³  ¸
µ¤´¨³ §´ Î¥´¨¥³ ¢¥²¨Î¨´Ò ane ´¥¢µ§³µ¦´µ (¸³. ·¨¸.2). ‚¥²¨Î¨´Ò ane

µÉ²¨Î ²¨¸Ó ¶·¨³¥·´µ ¢¤¢µ¥. �µ²¥¥ ¤¥É ²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ¶µ± §Ò¢ ¥É,
ÎÉµ É ±µ¥ µ¶¨¸ ´¨¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ²¨´¥°´µ° § ¢¨¸¨³µ¸ÉÓÕ ¢µ-

µ¡Ð¥ ´¥Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ (χ2 ≈ 65). ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¡Ò² · ¸¸³µÉ·¥´ ·Ö¤
¶·¨Î¨´, ¶·¨¢µ¤ÖÐ¨Ì ± ¶µ¤µ¡´µ° ¸¨ÉÊ Í¨¨, ¢ Î ¸É´µ¸É¨, ¢²¨Ö´¨¥
Ô±¸É¨´±Í¨¨ ¨ É¥¶²µ¢µ£µ ¤¨ËËÊ§´µ£µ · ¸¸¥Ö´¨Ö (’„�). ‚¢¨¤Ê ³ ²µ¸É¨ ¸¥-
Î¥´¨Ö · ¸¸¥Ö´¨Ö ¢²¨Ö´¨¥³ Ô±¸É¨´±Í¨¨ ³µ¦´µ ¶·¥´¥¡·¥ÎÓ, É.±. ¨§¢¥¸É´Ò°
±·¨É¥·¨° Éµ´±µ£µ ±·¨¸É ²²  [33] ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¶¥·¥¢Ò¶µ²´¥´ ¢ 250 · §.
Š ± ¶µ± § ²¨ · ¸Î¥ÉÒ, ¢±² ¤ µÉ ’„� ¢ ¤¨Ë· ±Í¨µ´´Ò¥ ¶¨±¨ ´¥ ¶·¥¢ÒÏ -
¥É 1,5%. Š·µ³¥ Éµ£µ, ¨§¢¥¸É´µ, ÎÉµ ¢±² ¤ ’„� ¶·µ¶µ·Í¨µ´ ²¥´ É¥³¶¥· ÉÊ-

·¥ µ¡· §Í  ¨ µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²¥´ λ3. �·¨ ¸ÊÐ¥¸É¢¥´´µ³ ¢²¨Ö´¨¨
’„� ÔÉ¨ ÔËË¥±ÉÒ ¡Ò²¨ ¡Ò § ³¥Î¥´Ò ¢ Ô±¸¶¥·¨³¥´É Ì ¶µ µ¶·¥¤¥²¥´¨Õ
Ë ±Éµ·  „¥¡ ÖÅ‚ ²²¥·  ¶·¨ · §´ÒÌ É¥³¶¥· ÉÊ· Ì,   É ±¦¥ ¶·¨ ¸· ¢-
´¥´¨¨ ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨° ´  · §´ÒÌ Ê¸É ´µ¢± Ì.

�µ¸²¥ ¶µ¨¸±  ¶·µ¸ÉÒÌ ¶·¨Î¨´, µ¡ÑÖ¸´ÖÕÐ¨Ì · ¸Ìµ¦¤¥´¨¥ ³¥¦¤Ê
É¥µ·¨¥° ¨ Ô±¸¶¥·¨³¥´Éµ³,  ¢Éµ·µ³ ¸µ¢³¥¸É´µ ̧  ˆ£´ Éµ¢¨Î¥³ ¡Ò²  ¢Ò¤¢¨´Ê-
É  £¨¶µÉ¥§  [34] µ ¤µ¶µ²´¨É¥²Ó´µ³ · ¸¸¥Ö´¨¨, ¤ ÕÐ¥³ ¢±² ¤ ¢ ¡·Ô££µ¢¸±¨¥
¶¨±¨. �´µ µ¡Ê¸²µ¢²¥´µ · ¸¸¥Ö´¨¥³ ´¥°É·µ´µ¢ ´  ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¢ ¨¸¸²¥¤Ê-
¥³µ³ ¢µ²ÓË· ³¥ µ¡² ¸ÉÖÌ Ê¶µ·Ö¤µÎ¥´¨Ö ³ £´¨É´ÒÌ ³µ³¥´Éµ¢. �µ§¤´¥¥ ÔÉ 
£¨¶µÉ¥§  ¶µ²ÊÎ¨²  Ô±¸¶¥·¨³¥´É ²Ó´µ¥ ¶µ¤É¢¥·¦¤¥´¨¥ ¢ ¤·Ê£¨Ì µ¶ÒÉ Ì, ¶·µ-
¢¥¤¥´´ÒÌ ¢ ‹�” �ˆŸˆ ¸µ¢³¥¸É´µ ¸ �ˆŸ” (ƒ ÉÎ¨´ ) ¨ ¸ ˆŸ” (�¦¥¦,
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—¥Ì¨Ö) (· ¸¸¥Ö´¨¥ ´¥°É·µ´µ¢ ´  µ¡· §Í Ì 186W ´  ³ ²Ò¥ Ê£²Ò ¸ ¤¥¶µ-
²Ö·¨§ Í¨¥° ´¥°É·µ´µ¢ [35], ¤¥¶µ²Ö·¨§ Í¨Ö ´¥°É·µ´µ¢ ¶·¨ ¤¨Ë· ±Í¨¨ ´ 
186W [36]). �±É¨¢ Í¨µ´´Ò°  ´ ²¨§ ¶µ± § ², ÎÉµ ¨¸¸²¥¤Ê¥³Ò° ¢µ²ÓË· ³ ¸µ-
¤¥·¦¨É ³¨±·µ¶·¨³¥¸Ó ±µ¡ ²ÓÉ . ‚µ±·Ê£  Éµ³µ¢ ±µ¡ ²ÓÉ  µ¡· §ÊÕÉ¸Ö
³ £´¨É´Ò¥ ±² ¸É¥·Ò ¨§ ¡µ²ÓÏµ£µ Î¨¸²  (¶µ·Ö¤±  ¸µÉ¥´)  Éµ³µ¢ ¢µ²ÓË· ³ .
’ ±¨³ µ¡· §µ³, ¢ ‹�” ¡Ò²  µ¡´ ·Ê¦¥´  ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¢
¢µ²ÓË· ³¥ £¥É¥·µË §´µ£µ ¸µ¸ÉµÖ´¨Ö, É.¥. ¸µ¸ÉµÖ´¨Ö, µ¡² ¤ ÕÐ¥£µ µ¤´µ¢·¥-
³¥´´µ ¸¢µ°¸É¢ ³¨ ¸¨³³¥É·¨¨ ¤¢ÊÌ Ë § Å ¶ · ³ £´¨É´µ° ¨ Ë¥··µ³ £´¨É-
´µ°. ̂  ÌµÉÖ ̈ ¸¸²¥¤µ¢ ´¨¥ £¥É¥·µË §´ÒÌ ̧ µ¸ÉµÖ´¨° ¸É ²¨ ¢ ́  ¸ÉµÖÐ¥¥ ¢·¥³Ö
µ¤´¨³ ¨§ ´ ¶· ¢²¥´¨° Ë¨§¨±¨ (¸³., ´ ¶·¨³¥·, [37Å39]), ¤²Ö ¸µÉ·Ê¤´¨±µ¢
‹�” ÔÉµ ¡Ò²µ µ¤´µ° ¨§ ³¥Éµ¤¨Î¥¸±¨Ì É·Ê¤´µ¸É¥°, ´  ¶·¥µ¤µ²¥´¨¥ ±µÉµ·µ°

�¨¸.2. �±¸¶¥·¨³¥´É ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ ¤²¨´ ±µ£¥·¥´É´µ£µ · ¸-
¸¥Ö´¨Ö ́ ¥°É·µ´µ¢ ¤²Ö ¤¢ÊÌ · §´ÒÌ ̈ §µÉµ¶¨Î¥¸±¨Ì ̧ ³¥¸¥° ¢µ²Ó-

Ë· ³  µÉ Zf, 
bA

A + 1
 = a + Zf(sin θ6 λ)ane
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ÊÏ²µ ´¥¸±µ²Ó±µ ²¥É. �´ ²µ£¨Î´Ò¥ ÔËË¥±ÉÒ ´ ¡²Õ¤ ²¨¸Ó ¤·Ê£¨³¨ ¨¸¸²¥¤µ-
¢ É¥²Ö³¨ [40Å42], ´ ¶·¨³¥· ¢ ¶ ²² ¤¨¨, ¸µ¤¥·¦ Ð¥³ ¶·¨³¥¸¨ ±µ¡ ²ÓÉ 
¨²¨ ¦¥²¥§ , ¢ ¶ · ³ £´¨É´µ³ ¦¥²¥§¥ ¨ ¢ ´¥±µÉµ·ÒÌ ¤·Ê£¨Ì ¸¨¸É¥³ Ì. ‡ -
³¥É¨³, ÎÉµ ´ ²¨Î¨¥ ³ £´¨É´ÒÌ ¶·¨³¥¸¥° ´¥ Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³ Ê¸-
²µ¢¨¥³ µ¡· §µ¢ ´¨Ö £¥É¥·µË §´µ£µ ¸µ¸ÉµÖ´¨Ö. ‚ ¦´ÊÕ ·µ²Ó ¶·¨ ÔÉµ³ ¨£· -
ÕÉ £¥É¥·µË §´Ò¥ Ë²Ê±ÉÊ Í¨¨, ¸ÊÐ¥¸É¢ÊÕÐ¨¥ ¢ µÎ¥´Ó Ï¨·µ±µ° µ¡² ¸É¨ É¥³-
¶¥· ÉÊ· [37,38].

‘ ÊÎ¥Éµ³ µ¡· §µ¢ ´¨Ö ³ £´¨É´ÒÌ ±² ¸É¥·µ¢ Ëµ·³Ê²  (42) ¶·¨´¨³ ¥É
¢¨¤, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° µ¶¨¸ ´¨Õ ¸µ¢³¥¸É´µ£µ Ö¤¥·´µ£µ ¨ Ë¥··µ³ £´¨É´µ£µ
· ¸¸¥Ö´¨Ö [31,33]:

I(hkl) = C [(a + Zfane)
2 + p2] A(hkl) 

exp [−2B(sin θ6 λ)2]
sin 2θ  , (44)

£¤¥ p2 = (26 3) f³
 2a³

2; f³ ¨ a³ Å Ëµ·³Ë ±Éµ· ¨ ¤²¨´  ³ £´¨É´µ£µ · ¸¸¥Ö´¨Ö.

‘ ÊÎ¥Éµ³ Ö¢²¥´¨Ö µ¡· §µ¢ ´¨Ö ³ £´¨É´ÒÌ ±² ¸É¥·µ¢ ¢ ‹�” ¡Ò²µ ´ °-
¤¥´µ [31,35] §´ Î¥´¨¥

ane = (−1,60 ± 0,05)⋅10−3 Ë³, (45) 

  § ¢¨¸¨³µ¸ÉÓ ¤²¨´ ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö ¤²Ö ¤¢ÊÌ ¨§µÉµ¶¨Î¥¸±¨Ì ¸³¥-

¸¥° ¢µ²ÓË· ³ , ¶µ²ÊÎ¥´´ Ö ¸ ÊÎ¥Éµ³ p2 (¸³. (44)) ¶·¨¢¥¤¥´  ´  ·¨¸.3. �µ-

¸±µ²Ó±Ê µÉ´µÏ¥´¨¥ p2 6 (a + Zfane)
2 ¤ ¦¥ ¤²Ö 186W µ± §Ò¢ ¥É¸Ö ²¨ÏÓ

¶µ·Ö¤±  10Å20%, ´ ¡²Õ¤ ÉÓ ¶·µÖ¢²¥´¨¥ p2 ¢ µ¶ÒÉ Ì ¸ ¥¸É¥¸É¢¥´´Ò³
¢µ²ÓË· ³µ³ ¶· ±É¨Î¥¸±¨ ´¥¢µ§³µ¦´µ.

�¥§Ê²ÓÉ ÉÒ · ¸¸³ É·¨¢ ¥³ÒÌ ´¨¦¥ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ µ¶·¥¤¥²¥´¨Õ ane

³µ¦´µ µ¡· ¡ ÉÒ¢ ÉÓ, ¶µ²Ó§ÊÖ¸Ó ¤¢Ê³Ö ³¥Éµ¤ ³¨. �¡  ³¥Éµ¤  ¡ §¨·ÊÕÉ¸Ö ´ 
¨§³¥·¥´¨ÖÌ Ô´¥·£¥É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ σtot(E) ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° µÉ 1Ô‚

¨ ¢ÒÏ¥ (¢¶²µÉÓ ¤µ ´¥¸±µ²Ó±¨Ì ±¨²µÔ²¥±É·µ´¢µ²ÓÉ) ¨, ± ± ¶· ¢¨²µ, ´  ¨§³¥-
·¥´¨ÖÌ ¤²¨´ ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ (λ
¶µ·Ö¤±  ´¥¸±µ²Ó±¨Ì  ´£¸É·¥³). „²Ö µ¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´Ò ane ¢ ¶¥·¢µ³ ³¥-

Éµ¤¥ ¶·µ¢µ¤¨É¸Ö µ¡· ¡µÉ±  § ¢¨¸¨³µ¸É¨ σtot µÉ Ô´¥·£¨¨, ¢±²ÕÎ ÕÐ¥° ¢ ̧ ¥¡Ö

Í¥²Ò° ·Ö¤ ´¥¨§¢¥¸É´ÒÌ ¶ · ³¥É·µ¢: · ¤¨Ê¸ Ö¤· , ·¥§µ´ ´¸´µ¥ · ¸¸¥Ö´¨¥,
ne-¢§ ¨³µ¤¥°¸É¢¨¥ ¨ ¤·. ‘ ¶µ³µÐÓÕ ¶µ¤µ¡´µ° ³¥Éµ¤¨±¨ µ¡· ¡ ÉÒ¢ ²¨¸Ó
¤ ´´Ò¥ · ¡µÉ [43Å45] ¨ ·Ö¤  ¤·Ê£¨Ì. �¤´µ° ¨§ ´ ¨¡µ²¥¥ ¸ÊÐ¥¸É¢¥´´ÒÌ ¨
É·Ê¤´µ µ¶·¥¤¥²Ö¥³ÒÌ ¶µ¶· ¢µ± ¢ ÔÉ¨Ì Ô±¸¶¥·¨³¥´É Ì Ö¢²Ö¥É¸Ö ·¥§µ´ ´¸´µ¥
· ¸¸¥Ö´¨¥, ÊÎ¥É ±µÉµ·µ£µ § É·Ê¤´¨É¥²¥´, ¶µ¸±µ²Ó±Ê µÉ¸ÊÉ¸É¢Ê¥É ¶µ²´ Ö
¨´Ëµ·³ Í¨Ö µ ¶ · ³¥É· Ì ·¥§µ´ ´¸µ¢, µ¸µ¡¥´´µ ¢ µ¡² ¸É¨ µÉ·¨Í É¥²Ó´ÒÌ
Ô´¥·£¨° ´¥°É·µ´µ¢.

‚Éµ· Ö ³¥Éµ¤¨±  µ¡· ¡µÉ±¨, · §· ¡µÉ ´´ Ö ¨ ¢¶¥·¢Ò¥ ¶·¨³¥´¥´´ Ö ¢
„Ê¡´¥ ¢ · ¡µÉ¥ [46], § ±²ÕÎ ¥É¸Ö ¢ ¨¸¶µ²Ó§µ¢ ´¨¨ Ëµ·³Ê²Ò, ¸µ£² ¸´µ ±µÉµ-
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·µ° µ¡· ¡ ÉÒ¢ ÕÉ¸Ö · §´µ¸É¨ ¨§³¥·¥´´ÒÌ ¢¥²¨Î¨´ (¸³. ´¨¦¥ Ë-²Ê (53)).
„ ´´ Ö Ëµ·³Ê²  ´¥ ¸µ¤¥·¦¨É · ¤¨Ê¸ Ö¤· ,   ¢²¨Ö´¨¥ ·¥§µ´ ´¸´µ£µ · ¸¸¥-
Ö´¨Ö ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¥, Î¥³ ¢ ¶¥·¢µ³ ³¥Éµ¤¥. Š ± ¡Ê¤¥É ¶µ± § ´µ ´¨¦¥,

¤²Ö Î¥É´µ-Î¥É´ÒÌ Ö¤¥· (´ ¶·¨³¥·, ¤²Ö Ö¤·  208Pb) ·¥§µ´ ´¸´µ¥ · ¸¸¥Ö´¨¥
¶· ±É¨Î¥¸±¨ ´¥ ¸± §Ò¢ ¥É¸Ö ´  ·¥§Ê²ÓÉ É Ì µ¶·¥¤¥²¥´¨Ö ane.

‚ 1976Å1995 ££. ¸ Í¥²ÓÕ ¨§ÊÎ¥´¨Ö ne-· ¸¸¥Ö´¨Ö,   É ±¦¥ Ô²¥±É·¨Î¥¸-
±µ° ¶µ²Ö·¨§Ê¥³µ¸É¨ ´¥°É·µ´ , Š¥¸É¥· ¸ ¸µÉ·Ê¤´¨± ³¨ (ƒ ·Ì¨´£, ƒ¥·³ ´¨Ö)
¨ ¢ ¸µÉ·Ê¤´¨Î¥¸É¢¥ ¸ ‹�” �ˆŸˆ [43,44,47-49] ¶·µ¢µ¤¨² ¨§³¥·¥´¨Ö ¤²¨´
±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö ́ ¥°É·µ´µ¢ ́   ̧ ¢¨´Í¥, ¢¨¸³ÊÉ¥ ̈  ̈ §µÉµ¶¥ ̧ ¢¨´Í -208
´  £· ¢¨É Í¨µ´´µ³ ·¥Ë· ±Éµ³¥É·¥ ´¥°É·µ´µ¢ (¸³., ´ ¶·¨³¥·, [10]),   É ±¦¥
³¥Éµ¤µ³ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ´  ³ ²Ò¥ Ê£²Ò ¸ ¶µ³µÐÓÕ Ë¨²ÓÉ·µ¢
Š·¨¸É¨ ´¸¥´ . �µ²ÊÎ¥´´Ò¥ ¤ ´´Ò¥ ¸µ¶µ¸É ¢²Ö²¨¸Ó ¸ ¤ ´´Ò³¨ µ ¶µ²´ÒÌ ¸¥-
Î¥´¨ÖÌ ´¥°É·µ´µ¢ ´  É¥Ì ¦¥ ¢¥Ð¥¸É¢ Ì ¶·¨ Ô´¥·£¨ÖÌ ´¥°É·µ´µ¢, ¸µµÉ¢¥É¸É-
¢ÊÕÐ¨Ì ·¥§µ´ ´¸ ³ ·µ¤¨Ö (1,26 Ô‚), ¸¥·¥¡·  (5,19 Ô‚), ¢µ²ÓË· ³  (18,8 Ô‚)
¨ ±µ¡ ²ÓÉ  (132 Ô‚). ˆ§³¥·¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ´  ·¥§µ´ ´¸´µ³ ¤¥É¥±Éµ·¥ ´¥-
¶·¥·Ò¢´µ£µ ¤¥°¸É¢¨Ö, ¶·¥¤¸É ¢²ÖÕÐ¥³ ¸µ¡µ° ¢· Ð ÕÐ¨¥¸Ö ¤¨¸±¨, ¨§£µÉµ¢-

�¨¸. 3. �±¸¶¥·¨³¥´É ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ ¤²¨´ ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö
´¥°É·µ´µ¢ ¤²Ö ¤¢ÊÌ · §´ÒÌ ¨§µÉµ¶¨Î¥¸±¨Ì ¸³¥¸¥° ¢µ²ÓË· ³  µÉ Zf,
¶µ²ÊÎ¥´´ Ö ¶µ¸²¥ ÊÎ¥É  p2
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²¥´´Ò¥ ¨§ Ëµ²Ó£ ·¥§µ´ ´¸´ÒÌ ¶µ£²µÉ¨É¥²¥°. ‚ ¢¥·Ì´¥° Î ¸É¨ ¤¨¸±¨
 ±É¨¢¨·µ¢ ²¨¸Ó ¢ ¶ÊÎ±¥ ´¥°É·µ´µ¢,   ¢ ¤¨ ³¥É· ²Ó´µ ¶·µÉ¨¢µ¶µ²µ¦´µ°
Î ¸É¨  ±É¨¢´µ¸ÉÓ ·¥£¨¸É·¨·µ¢ ² ¸Ó ¸ ¶µ³µÐÓÕ ¸Î¥ÉÎ¨±µ¢ β-¨§²ÊÎ¥´¨Ö. �µ-
¤µ¡´µ¥ Ê¸É·µ°¸É¢µ µ¡¥¸¶¥Î¨¢ ²µ ¢Ò¸µ±ÊÕ ¸É É¨¸É¨Î¥¸±ÊÕ ÉµÎ´µ¸ÉÓ ¶·µ-
¢µ¤¨³ÒÌ ¨§³¥·¥´¨°. �µ§¤´¥¥ ¶·µ¢µ¤¨²¨¸Ó ¨§³¥·¥´¨Ö ¥Ð¥ ¢ ¤¢ÊÌ Ô´¥·-
£¥É¨Î¥¸±¨Ì ÉµÎ± Ì: 1,97 ¨ 143 ±Ô‚. �¥°É·µ´Ò ¸ É ±¨³¨ Ô´¥·£¨Ö³¨ ¡Ò²¨
¶µ²ÊÎ¥´Ò ¸ ¶µ³µÐÓÕ É¥Ì´¨±¨ ¤¢µ°´µ£µ ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨Ö ¨ Ë¨²ÓÉ·µ¢
´¥°É·µ´´ÒÌ ¶ÊÎ±µ¢ (¸³., ´ ¶·¨³¥·, [47]). �¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° σtot ¤²Ö

Ô´¥·£¨¨ ´¥°É·µ´µ¢ 143 ±Ô‚ ¶·¨¢¥¤¥´Ò ¢ [50]. ‚ ÔÉµ° ¦¥ · ¡µÉ¥ µÉ³¥Î¥´µ,
ÎÉµ ¶·¨ ¤ ´´µ° Ô´¥·£¨¨, ¶µ-¢¨¤¨³µ³Ê, ̈ ³¥¥É¸Ö ¤µ¶µ²´¨É¥²Ó´Ò° ¢±² ¤ ·¥§µ-
´ ´¸´µ£µ · ¸¸¥Ö´¨Ö, ´¥ ÊÎÉ¥´´µ£µ ¶·¨  ´ ²¨§¥ ·¥§Ê²ÓÉ Éµ¢ Ô±¸¶¥·¨³¥´É .
—Éµ¡Ò µÉ ¶µ²´ÒÌ ¸¥Î¥´¨° ¶¥·¥°É¨ ± ¸¥Î¥´¨Ö³ Ê¶·Ê£µ£µ p ¸¸¥Ö´¨Ö ¨ Ô±¸É· -
¶µ²¨·µ¢ ÉÓ ̈ Ì ¢ µ¡² ¸ÉÓ É¥¶²µ¢ÒÌ Ô´¥·£¨°, ́ ¥µ¡Ìµ¤¨³µ ¢´¥¸É¨ ¢ ·¥§Ê²ÓÉ ÉÒ
¨§³¥·¥´¨° ¶µ¶· ¢±¨ ´  Ê¶·Ê£µ¥ ´¥±µ£¥·¥´É´µ¥ · ¸¸¥Ö´¨¥, ÔËË¥±ÉÒ, ¸¢Ö§ ´-
´Ò¥ ¸  £·¥£ É´Ò³ ¸µ¸ÉµÖ´¨¥³ ¢¥Ð¥¸É¢ , Ï¢¨´£¥·µ¢¸±µ¥ · ¸¸¥Ö´¨¥ ¨ Ô´¥·-
£¥É¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ · ¸¸¥Ö´¨Ö, µ¡Ê¸²µ¢²¥´´ÊÕ ·¥§µ´ ´¸ ³¨. �¡· ¡µÉ± 
·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨° ¤ ² 

ane = (−1,32 ± 0,03)⋅10−3 Ë³. (46)

�¤´ ±µ §´ Î¥´¨¥ (46), ¶µ-³µ¥³Ê, ´¥ ³µ¦¥É ´¥ ¢Ò§Ò¢ ÉÓ ¸µ³´¥´¨°. „¥²µ
¢ Éµ³, ÎÉµ ÊÎ¥É Ô´¥·£¥É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ · ¸¸¥Ö´¨Ö µÉ ¢±² ¤  ´¥¨§¢¥¸É-
´ÒÌ ·¥§µ´ ´¸µ¢ ¨ ·¥§µ´ ´¸µ¢ ¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥° ¢ ¶µ²´µ¥ ¸¥Î¥´¨¥
¢Ò¶µ²´Ö²¸Ö ¢ ƒ ·Ì¨´£¥ ¢ · ¡µÉ¥ [44] ¨ Î ¸É¨Î´µ ¢ ¨Éµ£µ¢µ° · ¡µÉ¥ [49] ´ 
µ¸´µ¢¥ §´ ´¨Ö ¸·¥¤´¨Ì ¶ · ³¥É·µ¢ s-· ¸¥Ö´¨Ö [17]: ¸¨²µ¢µ° ËÊ´±Í¨¨

s0 = Γn
0 6 D0, · ¢´µ°, ´ ¶·¨³¥· ¤²Ö ¢¨¸³ÊÉ , 0,65 ± 0,15 [17], ¨ ¸·¥¤´¥£µ · ¸-

¸ÉµÖ´¨Ö ³¥¦¤Ê Ê·µ¢´Ö³¨ 〈 D0 〉 = (4,5 ± 0,6) ±Ô‚ (É ±¦¥ ¤²Ö ¢¨¸³ÊÉ  [17]).

�·¨ ÔÉµ³ ³µ¦´µ ²¥£±µ µÏ¨¡¨ÉÓ¸Ö, É.±. ·¥§µ´ ´¸ (¨²¨ ´¥¸±µ²Ó±µ ·¥§µ´ ´-
¸µ¢) ¶·¨ E0j < 0, ´ ¶·¨³¥·, ³µ¦¥É ²¥¦ ÉÓ ´  · ¸¸ÉµÖ´¨¨ E0j < 〈 D0 〉 µÉ
ÉµÎ±¨ E = 0. Š·µ³¥ Éµ£µ, ¶µ£·¥Ï´µ¸É¨ ¨§¢¥¸É´ÒÌ §´ Î¥´¨° s0 ¨ 〈 D0 〉 ¤µ-

¢µ²Ó´µ ¡µ²ÓÏ¨¥ (¤²Ö ¢¨¸³ÊÉ  ¤µ 23%).

�µ²¥¥ ·¥ ²¨¸É¨Î´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ·¥§Ê²ÓÉ É, ¶µ²ÊÎ¥´´Ò° ¢ ‹�” ¢
1985 £µ¤Ê ¨§ ¨§³¥·¥´¨° ¶µ²´µ£µ ¸¥Î¥´¨Ö ¢¨¸³ÊÉ  ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨°
1 ÷ 130 Ô‚ ´  ¶ÊÎ±¥ ¨³¶Ê²Ó¸´µ£µ ·¥ ±Éµ·  ˆ��-30 ¶µ ³¥Éµ¤Ê ¢·¥³¥´¨ ¶·µ-
²¥É  [46]. ‚µ§³µ¦´µ¸ÉÓ ̧ µ¢³¥¸É´µ£µ µ¶¨¸ ´¨Ö Ö¤¥·´µ£µ, ne-· ¸¸¥Ö´¨Ö ¨ · ¸-
¸¥Ö´¨Ö, µ¡Ê¸²µ¢²¥´´µ£µ ¢²¨Ö´¨¥³ Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö·¨§Ê¥³µ¸É¨ ´¥°É·µ´ ,
¶·¨ ÔÉ¨Ì Ô´¥·£¨ÖÌ ¡Ò²  É ±¦¥ · ¸¸³µÉ·¥´  ¢ · ¡µÉ Ì ‹�” [10,46,51,52].
‚µ¸¶µ²Ó§Ê¥³¸Ö Ëµ·³ ²¨§³µ³ [16], µ¡ÒÎ´µ ¶·¨³¥´Ö¥³Ò³ ¶·¨ · ¸¸³µÉ·¥´¨¨
§ ¤ Î¨ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ´  ¸Ê³³¥ ±µ·µÉ±µ- ¨ ¤ ²Ó´µ¤¥°¸É¢ÊÕÐ¥£µ ¶µÉ¥´-
Í¨ ²µ¢. ‘Ê³³ ·´ÊÕ  ³¶²¨ÉÊ¤Ê ft · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ´   Éµ³¥ ³µ¦´µ ¢Ò-
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· §¨ÉÓ Î¥·¥§ Ë §Ò δl Å Ö¤¥·´µ£µ, ηl Å ne- ̈  εl Å ¶µ²Ö·¨§ Í¨µ´´µ£µ · ¸¸¥Ö-

´¨°:

ft = 
1

2ik
  ∑ 

l

(2l + 1){Sl exp [2i,(ηl + εl)] − 1} Pl(cos ϕ), (47)

£¤¥ Sl Å ³ É·¨Í  Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö. ‚ ± Î¥¸É¢¥ ³ É·¨ÍÒ Ö¤¥·´µ£µ · ¸-

¸¥Ö´¨Ö ³µ¦´µ ¢§ÖÉÓ ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ µ¡Ð¥¶·¨´ÖÉÊÕ

Sl = 






 1 − ∑ 

i

 
i Γni

∆Ei + i Γi 6 2
 






 exp (2i δl), (48)

£¤¥ ∆Ei = E − Ei, Ei Å Ô´¥·£¨Ö i-£µ ·¥§µ´ ´¸ , Γni , Γi Å ´¥°É·µ´´ Ö ¨ ¶µ²-

´ Ö Ï¨·¨´Ò i-£µ ·¥§µ´ ´¸ .

‚ ̧ ²ÊÎ ¥ ́ ¨§±¨Ì Ô´¥·£¨°, ±µ£¤  ¤²Ö Ö¤·  ̧ ÊÐ¥¸É¢¥´´µ ²¨ÏÓ s-· ¸¸¥Ö´¨¥,
¢Ò· ¦¥´¨¥ (47) ³µ¦´µ ¶·¨¢¥¸É¨ ± ¢¨¤Ê:

ft = 
1

2ik
 (S

0
 − 1) exp [2i (η

0
 + ε

0
)] +

+ 
1
k
  ∑ 

l

(2l + 1) sin (ηl + εl) exp [i (ηl + εl)] Pl(cos ϕ). (49)

� ¸¸³µÉ·¨³ ¸´ Î ²  ¸²ÊÎ ° ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö (¡¥§ ÊÎ¥É  ·¥§µ-
´ ´¸µ¢). …¸²¨ ¤²Ö µ¶·¥¤¥²¥´¨Ö ne- ¨ ¶µ²Ö·¨§ Í¨µ´´µ£µ (fn(ϕ)) · ¸¸¥Ö´¨°

¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¶¥·¢Ò³ ¡µ·´µ¢¸±¨³ ¶·¨¡²¨¦¥´¨¥³, Éµ ¶µ²ÊÎ¨³

ft = 
1

2ik
 [exp (2i δ

0
) − 1] exp [2i (ε

0
 + η

0
) + fn(ϕ) + Zf (sin ϕ6 λ) ane, (50)

£¤¥ f(sin ϕ6 λ) Å  Éµ³´Ò° Ëµ·³Ë ±Éµ·, ε
0
= Mαn(Ze6 h)2(k6 R − π k2 6 3) +...

Å Ë §  ¶µ²Ö·¨§ Í¨µ´´µ£µ · ¸¸¥Ö´¨Ö [10],  αn Å ±µÔËË¨Í¨¥´É

Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö·¨§Ê¥³µ¸É¨ ´¥°É·µ´ , η
0
 = kane6 2 ∫ 

0

π

f(sin ϕ6 λ) sin ϕdϕ

Å Ë §  ne-· ¸¸¥Ö´¨Ö [10]. ˆ§ (50) ¸²¥¤Ê¥É, ÎÉµ

Re ft = sin δ
0
 cos [δ

0
+ 2(η

0
+ ε

0
)]6 k + fn(ϕ) + Zf (sin ϕ6 λ)ane =

= −b
coh

A6 (A + 1), (51)

Im ft(0) = sin δ
0
 sin [δ

0
 + 2(η

0
 + ε

0
)]6 k = k σ

tot
6 (4π). (52)
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‚Ò· ¦¥´¨Ö (51) ¨ (52) ¸µ¤¥·¦ É ´¥¨§¢¥¸É´Ò¥ δ
0
, ane ¨ αn, ±µÉµ·Ò¥ ³µ¦´µ

´ °É¨, ¶µ¤¸É ¢¨¢ ¢ (51) ¨ (52) Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö b
coh

 ¨ σ
tot

,

¶µ²ÊÎ¥´´Ò¥ ¶·¨ ´¥¸±µ²Ó±¨Ì Ô´¥·£¨ÖÌ.

‘ ÊÎ¥Éµ³ ·¥§µ´ ´¸µ¢ Ê· ¢´¥´¨Ö (51) ¨ (52) ¨³¥ÕÉ ¢¨¤

Re ft = 
1
k
 









 sin δ0cos [δ0+ 2(η0+ ε0)] − 

1
2
 cos 2(δ0+ η0+ ε0) ∑ 

i

g Γni ∆Ei

∆Ei
 2+ Γi

26 4)
 −

− 
1
2
 sin 2(δ

0
+ η

0
+ ε

0
) ∑ 

i

Γni Γi6 2

(∆Ei
 2 + Γi

2 6 4)
 






 ≈ δ

0
6 k − 

1
2k

 ∑ 
i

g Γni ∆Ei

(∆Ei
 2 + Γi

2 6 4)
,       (51′)

Im ft(0) 6 k = σtot 6 4π =

= 
1

k2
 









 sin δ0 sin [δ0+ 2(η0+ ε0)] − 

1
2
 sin 2(δ0+ η0+ ε0) ∑ 

i

 
g Γni ∆Ei

(∆Ei
 2+ Γ1

2 6 4)
 +

+ 
1
4
 cos 2(η

0
+ ε

0
) ∑ 

i

g Γn
2

(∆Ei
 2+ Γi

2 6 4)
 + 

1
4
 cos 2(η

0
+ ε

0
) ∑ 

i

g Γni Γγ

(∆Ei
 2+ Γi

2 6 4)
 






 ,        (52′)

µÉ±Ê¤  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ Ëµ·³Ê²Ê, ¸ ¶µ³µÐÓÕ ±µÉµ·µ° µ¡· ¡ ÉÒ¢ ²¨¸Ó
Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥, ¶µ²ÊÎ¥´´Ò¥ ¢ [46]:

y = σtot(E′) 6 4π − bcoh
2 A 6 (A + 1) = ane

2 (Z − F)2 − 2anebcohA(Z − F) 6 (A + 1) −

− f 2 + 2ane fF + 26 3πk′Rf bcoh(A 6 (A + 1) −

− (Σ1 − Σ)[bcohA6 (A + 1) − ane(Z − F) + πk′Rf 6 3] +

+ (Σ
1
)26 4 − Σ

1
 Σ 6 2 + Σ

2
6 4 + σ

abs
(E′)6 (4π), (53)

£¤¥ f = 
Mαn

R
 


 
Ze
h

 


2
 Å  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö, µ¡Ê¸²µ¢²¥´´ Ö Ô²¥±É·¨Î¥¸±µ°

¶µ²Ö·¨§Ê¥³µ¸ÉÓÕ ´¥°É·µ´ , F = 
Z
2
  ∫ 

0

π

f(sin θ 6 λ) sin θ d θ Å ¶·µ¨´É¥£·¨·µ-

¢ ´´Ò° ¶µ Ê£² ³  Éµ³´Ò° Ëµ·³Ë ±Éµ·, E ¨ E ′ Å Ô´¥·£¨¨ ´¥°É·µ´µ¢, ¶·¨

±µÉµ·ÒÌ ¨§³¥·¥´Ò b
coh

 ¨ σ
tot

, σ
abs

(E ′) = 
π
k′2

  ∑ 
i

 
gi Γni

 ′  Γγi

(∆Ei
 ′2 + Γi

 ′2 6 4)
 Å ¸¥Î¥´¨¥
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¶µ£²µÐ¥´¨Ö, Ei, Γni, Γγi Å Ô´¥·£¨Ö, ´¥°É·µ´´Ò¥ ¨ γ-Ï¨·¨´Ò i-£µ ·¥-

§µ´ ´¸ ,

Σ1 = ∑ 
i

 
gi Γni ∆Ei

k(∆Ei
 2 + Γi

2 6 4)
 ,

Σ = ∑ 
i

 
gi Γni

 ′  ∆Ei
 ′

k′(∆Ei
 ′2 + Γi

 ′2 6 4)
 , (54)

Σ2 = ∑ 
i

 
gi Γni

 ′2

k′2(∆Ei
 ′2 + Γi

 ′2 6 4)
 .

„²Ö ¢¨¸³ÊÉ  ¡Ò²µ ´ °¤¥´µ y ≈ 0,015 ÷ 0,020 ¡/¸·.
�·¨ Ê¸²µ¢¨ÖÌ E << Ei ¨ Γi << ∆Ei Î²¥´Ò, ¸µ¤¥·¦ Ð¨¥ ·¥§µ´ ´¸Ò, ³µ¦´µ

¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §²µ¦¥´¨° ¢ ·Ö¤ ¶µ E6 Ei ¨ ¶µ²ÊÎ¨ÉÓ [46]:

p
1
 = Σ

1
 − Σ ' E ′ 

k′ σ
abs

(E ′)

π 〈 Γγ 〉
(55)

¨

p
2
 = 

1
4
 (Σ

1
)2 − 

1
2
 Σ

1
Σ + 

1
4
 Σ

2
 ' 

1
4
 ∑ 

i

 
gi Γni

2

ki
2Ei

 2
 − 

1
4
 






 ∑ 

i

gi Γni

ki Ei
 







 2

(56)

(¡¥§ ÊÎ¥É  ³¥¦·¥§µ´ ´¸´µ£µ ¨´É¥·Ë¥·¥´Í¨µ´´µ£µ ¢±² ¤  σ
int
6 (4π)).

‚±² ¤ Î²¥´  pi ¢ ¢¥²¨Î¨´Ê y ³µ¦´µ µ¶·¥¤¥²¨ÉÓ, ¶µ¤¸É ¢¨¢ ¢ (55) Î¨¸-

²¥´´Ò¥ §´ Î¥´¨Ö σabs(E) ¨ 〈 Γγ 〉, ¨§¢¥¸É´Ò¥ ¨§ ²¨É¥· ÉÊ·Ò (¸³., ´ ¶·¨³¥·,

[17]). ’ ±, ´ ¶·¨³¥·, ¤²Ö ¢¨¸³ÊÉ  ¶·µ¨§¢¥¤¥´¨¥ p1bcoh = 5,12⋅10−4 ¡/¸· ¶·¨

Ô´¥·£¨¨ ´¥°É·µ´µ¢ 10 Ô‚. —Éµ ± ¸ ¥É¸Ö Î²¥´  p2, ÊÎ¨ÉÒ¢ ÕÐ¥£µ ¢±² ¤ ·¥§µ-

´ ´¸µ¢,   É ±¦¥ ³¥¦·¥§µ´ ´¸´µ£µ ¨´É¥·Ë¥·¥´Í¨µ´´µ£µ Î²¥´ , Éµ ¥£µ ¢±² ¤
¢ y, ± ± ¶µ± §Ò¢ ÕÉ µÍ¥´±¨, ¸µ¸É ¢²Ö¥É ¤²Ö ¢¨¸³ÊÉ  ´¥¸±µ²Ó±µ ¶·µÍ¥´Éµ¢,
µ¤´ ±µ µ¶·¥¤¥²¨ÉÓ ÉµÎ´µ¥ ¥£µ §´ Î¥´¨¥ ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³ ¨§-§ 
µÉ¸ÊÉ¸É¢¨Ö ̈ ´Ëµ·³ Í¨¨ µ¡ Ê·µ¢´ÖÌ ̧  µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°. ‡´ Î¥´¨¥ ¥£µ
¸²¥¤Ê¥É ¢ ·Ó¨·µ¢ ÉÓ, ÎÉµ ¨ ¡Ò²µ ¸¤¥² ´µ ¢ · ¡µÉ¥ [46], ¨ ¢Ò¡¨· ÉÓ, ¨¸Ìµ¤Ö
¨§ ²ÊÎÏ¥£µ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ (µ¡  ´ ²¨É¨Î¥¸±µ³ µ¶·¥-
¤¥²¥´¨¨ p2 + σint6 (4π) ¸³. ´¨¦¥).

ˆ§³¥·¥´¨Ö ¢ · ¡µÉ¥ [46] ¶·µ¢µ¤¨²¨¸Ó ´  60-³¥É·µ¢µ° ¶·µ²¥É´µ° ¡ §¥
± ± ¸ · ¸¶² ¢²¥´´Ò³, É ± ¨ ¸ É¢¥·¤Ò³ µ¡· §Íµ³ ¢¨¸³ÊÉ  Éµ²Ð¨´µ° 18 ³³.
“·µ¢¥´Ó Ëµ´ , ¨§³¥·¥´´µ£µ ¸ ¶µ³µÐÓÕ ¶µ³¥Ð¥´¨Ö ¢ ¶ÊÎµ± ¶² ¸É¨´ ·µ¤¨Ö,
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¸¥·¥¡·  ¨ ¢µ²ÓË· ³  (Ô´¥·£¨¨ ·¥§µ´ ´¸µ¢ 1,26; 5,19 ¨ 18,83 Ô‚), ¡Ò² ´¨§-
±¨³ (¶·¨ Ô´¥·£¨ÖÌ 1÷6 Ô‚ µ´ ¸µ¸É ¢²Ö² 0,3÷0,4% ¨ ´¥ ¶·¥¢ÒÏ ² 1,5% ¶·¨
Ô´¥·£¨¨ ¶µ·Ö¤±  20 Ô‚). „¥É¥±Éµ·µ³ ¸²Ê¦¨² ´ ¶µ²´¥´´Ò° £ §µ³ ¤µ ¤ ¢-

²¥´¨Ö 8  É³ 3He-¸Î¥ÉÎ¨±. �µ¶· ¢±  ´  ³¥·É¢µ¥ ¢·¥³Ö ¡Ò²  ´ °¤¥´  ¶ÊÉ¥³
¶·µ¶Ê¸± ´¨Ö ´¥°É·µ´µ¢ Î¥·¥§ ¸¢¨´Íµ¢Ò¥ ¶² ¸É¨´Ò · §²¨Î´ÒÌ Éµ²Ð¨´. �´ 
´¥ ¶·¥¢ÒÏ ²  1,5%. � ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¤¥É¥±Éµ·µ³ ¨ µ¡· §Íµ³ (¶µ·Ö¤± 
2 ³) ¨¸±²ÕÎ ²µ ¢µ§³µ¦´µ¸ÉÓ ¢²¨Ö´¨Ö ´  Ô´¥·£¥É¨Î¥¸±¨° Ìµ¤ σtot · ¸¸¥Ö´¨Ö

´¥°É·µ´µ¢ ´  ³ ²Ò¥ Ê£²Ò (µ¡ ÔÉµ³ ÔËË¥±É¥ ¸³. ´¨¦¥). �´¥·£¥É¨Î¥¸± Ö § -
¢¨¸¨³µ¸ÉÓ ¶µ²´µ£µ ¸¥Î¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ́ ¥°É·µ´µ¢ ¸ ¢¨¸³ÊÉµ³, ¶µ²ÊÎ¥´-
´ Ö ¢ · ¡µÉ¥ [46], ¶·¨¢¥¤¥´  ́   ·¨¸.4. �·¥¤¢ ·¨É¥²Ó´µ ¢ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥, µ¡· ¡µÉ ´´Ò¥ ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° 1÷20 Ô‚, ¢´µ¸¨²¨¸Ó ¶µ¶· ¢±¨,
¢Ò§¢ ´´Ò¥ Ï¢¨´£¥·µ¢¸±¨³ · ¸¸¥Ö´¨¥³ ¨  £·¥£ É´Ò³ ¸µ¸ÉµÖ´¨¥³ µ¡· §Í .
„²Ö ¢¨¸³ÊÉ  µ´¨ ´¥ ¶·¥¢ÒÏ ²¨ 0,8% µÉ ¶µ²´µ£µ ¸¥Î¥´¨Ö. �  Éµ³ ¦¥ ·¨¸Ê´-
±¥ ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö σtot(E), ¨§³¥·¥´´Ò¥ ¢ £ ·Ì¨´£¸±µ° ² ¡µ· Éµ·¨¨

(ŒÕ´Ì¥´) [43,44,53]. �´¨ ¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö µ¶·¥¤¥²¥´¨Ö  ¡¸µ²ÕÉ´ÒÌ
§´ Î¥´¨° σtot, ¶µ²ÊÎ¥´´ÒÌ ¢ · ¡µÉ¥ [46]. Œ¥¦·¥§µ´ ´¸´Ò° ¨´É¥·Ë¥·¥´-

Í¨µ´´Ò° Î²¥´ ¡Ò² ¶µ²ÊÎ¥´ ¸ ¶µ³µÐÓÕ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³ É·¨Í · ¸¸¥Ö´¨Ö
(¸³. ´¨¦¥). „²Ö ¨§¢¥¸É´ÒÌ ·¥§µ´ ´¸µ¢ ¢¨¸³ÊÉ  µ´ ¸µ¸É ¢²Ö² ¶·¨ Ô´¥·£¨¨

´¥°É·µ´µ¢ 10 Ô‚: ∆σint = 0,108⋅10−24 ¸³2, ÎÉµ ¶·¨¡²¨§¨É¥²Ó´µ ¢ 90 · § ³¥´Ó-

Ï¥ ¶µ²´µ£µ ¸¥Î¥´¨Ö ¢¨¸³ÊÉ . �·¨ Ô´¥·£¨ÖÌ ³¥´¥¥ 50 Ô‚ ¤²Ö ¢¨¸³ÊÉ  ¥£µ
³µ¦´µ ¸Î¨É ÉÓ ¶· ±É¨Î¥¸±¨ ´¥ § ¢¨¸ÖÐ¨³ µÉ Ô´¥·£¨¨ ´¥°É·µ´µ¢.
‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¤µ¡ ¢²¥´¨¥ ± Î²¥´Ê p2 (¸³. Ë-²Ê (56)) ¤µ¶µ²´¨É¥²Ó´µ£µ

¢±² ¤  ∆σint ´¥ ³µ¦¥É ¨§³¥´¨ÉÓ ·¥§Ê²ÓÉ É µ¶·¥¤¥²¥´¨Ö ane ¢ · ¡µÉ¥ [46],

�¨¸.4. ‡ ¢¨¸¨³µ¸ÉÓ σtot µÉ

Ô´¥·£¨¨ ´¥°É·µ´µ¢ E: (� ) Å
¤ ´´Ò¥ ‹�” [46]; (�) ¨ (×)
Å ¤ ´´Ò¥ £ ·Ì¨´£¸±µ° ² ¡µ-
· Éµ·¨¨ [43,44,53]
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ÌµÉÖ, ±µ´¥Î´µ, ¨§³¥´¨É  ´ ²¨É¨Î¥¸±µ¥ ¢Ò· ¦¥´¨¥ p2. ‚ · ¡µÉ¥ [46] Î²¥´

p2 ¸Î¨É ²¸Ö ´¥¨§¢¥¸É´Ò³ ¨ ¢ ·Ó¨·µ¢ ²¸Ö, ÎÉµ¡Ò ¤µ¸É¨£´ÊÉÓ ²ÊÎÏ¥£µ

µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ Ëµ·³Ê²µ° (53). �±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥ µ¡· ¡ ÉÒ¢ ²¨¸Ó ³¥Éµ¤µ³ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éµ¢. ‡´ Î¥´¨¥ Î²¥´ 
p2 ¡Ò²µ ´ °¤¥´µ · ¢´Ò³ Ä0,0023 ¡/¸·. ‘ É ±¨³ §´ Î¥´¨¥³ p2 ¡Ò²¨ µ¡· ¡µ-

É ´Ò µÉ¤¥²Ó´µ ¤ ´´Ò¥ · ¡µÉ £ ·Ì¨´£¸±µ° £·Ê¶¶Ò [43,44,53]. �¥§Ê²ÓÉ ÉÒ µ¡-
· ¡µÉ±¨ ¶·¨¢¥¤¥´Ò ¢ É ¡².1.

’ ¡²¨Í  1

�±¸¶¥·¨³¥´É ane, Ë³

ƒ ·Ì¨´£ [43,44,53] (−1,57 ± 0,10)⋅10−3

„Ê¡´  [46] (−1,55 ± 0,11)⋅10−3

’ ±¨³ µ¡· §µ³, ¶µ¸²¥ µ¡· ¡µÉ±¨ ·¥§Ê²ÓÉ Éµ¢ £ ·Ì¨´£¸±µ£µ Ô±¸¶¥·¨³¥´-
É  ¸ ÊÎ¥Éµ³ µ¶·¥¤¥²¥´´µ£µ ¢ · ¡µÉ¥ [46] §´ Î¥´¨Ö p2 ¢¨¤´µ Ê¢¥²¨Î¥´¨¥  ¡-

¸µ²ÕÉ´µ£µ §´ Î¥´¨Ö ane, ¶·¨¢¥¤¥´´µ£µ ¢ É ¡².1, ¶·¨³¥·´µ ¢ 1,2 · §  ¨

〈 rE,in
2  〉N < 0. �µ²ÊÎ¥´´Ò¥ ¤ ´´Ò¥ µ §´ Î¥´¨¨ ane ¸µ£² ¸ÊÕÉ¸Ö ¸ ¤ ´´Ò³¨

¤¨Ë· ±Í¨µ´´ÒÌ ¨§³¥·¥´¨° ¢ „Ê¡´¥ [31], ¶·µ¢¥¤¥´´ÒÌ ¸ ³µ´µ±·¨¸É ²² ³¨
¢µ²ÓË· ³ .

‚ 1994Å1995 ££. ¢ ‹�” �ˆŸˆ É ±¦¥ ¶µ²ÊÎ¥´ [54] ¥Ð¥ µ¤¨´ ·¥§Ê²ÓÉ É
¨§³¥·¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥. ˆ§³¥·¥´¨Ö ¶µ²´µ£µ
´¥°É·µ´´µ£µ ¸¥Î¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ´  µ¡· §Í¥ ¸¢¨´Í , ¸µ¤¥·¦ Ð¥£µ 98,3%

¨§µÉµ¶  208Pb ¨ ¨³¥ÕÐ¥£µ Î¨¸ÉµÉÊ 99,98%. �¡· §¥Í ¶·¥¤¸É ¢²Ö² ¸µ¡µ° ³¥-
É ²²¨Î¥¸±¨° Í¨²¨´¤· ¤¨ ³¥É·µ³ 15 ³³ ¨ Éµ²Ð¨´µ° 20,8 ³³. „¨ ³¥É· ´¥°-
É·µ´´µ£µ ¶ÊÎ±  ¸µ¸É ¢²Ö² 11 ³³ ´  ¶µ¢¥·Ì´µ¸É¨ µ¡· §Í . ˆ§³¥·¥´¨Ö ¶·µ-
¢µ¤¨²¨¸Ó ´  70-³¥É·µ¢µ° ¶·µ²¥É´µ° ¡ §¥ ¡Ê¸É¥·  ˆ��-30 ¶µ ³¥Éµ¤Ê ¢·¥-
³¥´¨ ¶·µ²¥É . �¥°É·µ´´Ò° ¤¥É¥±Éµ· ¶·¥¤¸É ¢²Ö² ¸µ¡µ° Í¨²¨´¤· ¤²¨´µ°

20 ¸³ ¨ ¡Ò² ´ ¶µ²´¥´ 3He ¤µ ¤ ¢²¥´¨Ö 10  É³. „¥É¥±Éµ· Ê¸É ´ ¢²¨¢ ²¸Ö ´ 
· ¸¸ÉµÖ´¨¨ 1 ³ µÉ µ¡· §Í , ¨ ¶·¨ Ô´¥·£¨ÖÌ ´¥°É·µ´µ¢ µÉ 1 Ô‚ ¤µ 24 ±Ô‚,
É ±¨³ µ¡· §µ³, ¨¸±²ÕÎ ²µ¸Ó ¢µ§³µ¦´µ¥ ¢²¨Ö´¨¥ · ¸¸¥Ö´¨Ö ´  ³ ²Ò¥ Ê£²Ò
´  Ô´¥·£¥É¨Î¥¸±¨° Ìµ¤ ¸¥Î¥´¨Ö ¸¢¨´Í  (µ¡ ÔÉµ³ ¢²¨Ö´¨¨ ¸³. ´¨¦¥). —Éµ¡Ò
Ê§´ ÉÓ ¢±² ¤ Ëµ´  ¢ ¨§³¥·Ö¥³µ¥ ¶µ²´µ¥ ¸¥Î¥´¨¥ ¸¢¨´Í  ¶·¨ Ô´¥·£¨¨ ´¥°É-
·µ´µ¢ ¤µ 100 Ô‚, ¶·¨³¥´Ö²¨¸Ó ®Î¥·´Ò¥¯ Ë¨²ÓÉ·Ò ¨§ Cd, Ag, W ¨ Co. ‚Éµ-
·µ° ¤¨ ¶ §µ´ Ô´¥·£¨¨ ´¥°É·µ´µ¢ 3÷8 ±Ô‚ ¢Ò¤¥²Ö²¸Ö ¢ ¤µ¶µ²´¥´¨¥ ± ³¥Éµ¤Ê
¢·¥³¥´¨ ¶·µ²¥É  Î¥ÉÒ·¥Ì¸ ´É¨³¥É·µ¢Ò³ Ë¨²ÓÉ·µ³ ¨§ Na2CO3 (·¥§µ´ ´¸
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23Na ¶·¨ Ô´¥·£¨¨ 2,85 ±ÔB) ¨ ¤¥¸ÖÉ¨¸ ´É¨³¥É·µ¢Ò³ Ë¨²ÓÉ·µ³ 60Ni, ¨³¥Õ-
Ð¥£µ ¸¨²Ó´µ¥ ¨§³¥´¥´¨¥ ¸¥Î¥´¨Ö µÉ 0,01 ¤µ 200 ¡ ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° ´¥°-
É·µ´µ¢ 4÷12 ±Ô‚. � ±µ´¥Í, É·¥É¨° ̈ ´É¥·¢ ² ¢ · °µ´¥ 24 ±Ô‚ ¤µ¶µ²´¨É¥²Ó´µ
¢Ò¤¥²Ö²¸Ö ¸ ¶µ³µÐÓÕ Ë¨²ÓÉ·µ¢ ¦¥²¥§  (24 ¸³) ¨  ²Õ³¨´¨Ö (10 ¨²¨ 20 ¸³).

�¤´µ° ¨§ ¸ÊÐ¥¸É¢¥´´ÒÌ ¶µ¶· ¢µ±, ¢´µ¸¨³ÒÌ  ¢Éµ· ³¨ · ¡µÉÒ ¶·¨
µ¶·¥¤¥²¥´¨¨  ¡¸µ²ÕÉ´µ£µ §´ Î¥´¨Ö σtot, ¡Ò²  ¶µ¶· ¢±  ´  ³¥·É¢µ¥ ¢·¥³Ö

Ô²¥±É·µ´´µ° ¸¨¸É¥³Ò (¢±²ÕÎ Ö ¤¥É¥±Éµ·). �µ£·¥Ï´µ¸ÉÓ ¢ ¨§³¥·¥´¨¨ σtot

¶·¨ ¢´¥¸¥´¨¨ É ±µ° ¶µ¶· ¢±¨ ¤µ¸É¨£ ²  §´ Î¥´¨Ö ¶µ·Ö¤±  ∆σtot ≈ ±7 ³¡.

�¤´ ±µ, ¶µ¸±µ²Ó±Ê ¢¥²¨Î¨´  ane § ¢¨¸¨É £² ¢´Ò³ µ¡· §µ³ µÉ Ô´¥·£¥É¨Î¥¸±µ-

£µ Ìµ¤  ±·¨¢µ° σtot(E), ¢¢¥¤¥´¨¥ ¶µ¶· ¢±¨ ´  ³¥·É¢µ¥ ¢·¥³Ö ¢·Ö¤ ²¨ ¸¨²Ó´µ

¸± ¦¥É¸Ö ´  µ¶·¥¤¥²Ö¥³µ° ¢¥²¨Î¨´¥ ane. ‘¥Î¥´¨¥ · ¸¸¥Ö´¨Ö σs ¡Ò²µ ¶µ²Ê-

Î¥´µ ̈ § σtot ¶µ¸²¥ ¢ÒÎ¨É ´¨Ö ¸¥Î¥´¨Ö § Ì¢ É , ¢±² ¤  É¢¥·¤µÉ¥²Ó´ÒÌ ÔËË¥±-

Éµ¢ ¨ ¸¥Î¥´¨Ö Ï¢¨´£¥·µ¢¸±µ£µ · ¸¸¥Ö´¨Ö. � ±µ´¥Í, ̧ ¥Î¥´¨¥ ¶µÉ¥´Í¨ ²Ó´µ£µ

· ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ σpot
208 ´  ¨§µÉµ¶¥ ¸¢¨´Í -208 µ¶·¥¤¥²Ö²µ¸Ó ¨§ σs. �·¨

ÔÉµ³ ÊÎ¨ÉÒ¢ ²¸Ö ¢±² ¤ µ¸É ²Ó´ÒÌ ¨§µÉµ¶µ¢ ¨ s-¢µ²´µ¢ÒÌ ·¥§µ´ ´¸´ÒÌ ÔË-

Ë¥±Éµ¢ ´Ê±²¨¤  208Pb.

�µ² £ Ö σpot
208 = (4π6 k2) sin2δ0, £¤¥ δ0 = −k(R + aneZF + apQ) Å ¸Ê³³ ·´ Ö

Ë §  · ¸¸¥Ö´¨Ö, R = R0 − hE, h ÊÎ¨ÉÒ¢ ¥É ¢±² ¤ ´¥¨§¢¥¸É´ÒÌ ·¥§µ´ ´¸µ¢

208Pb, ap Å  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö, µ¡Ê¸²µ¢²¥´´µ£µ Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö·¨§Ê-

¥³µ¸ÉÓÕ ´¥°É·µ´ , Q = 1 − (5π 6 18)kRN + Á, F Å ¶·µ¨´É¥£·¨·µ¢ ´´Ò° ¶µ

Ê£² ³  Éµ³´Ò° Ëµ·³Ë ±Éµ·, ¶·µ¢µ¤¨²¨ Ë¨É¨·µ¢ ´¨¥ ¶ · ³¥É·µ¢ R0, h, ane

¨ ap. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ane ¡Ò²µ ¶µ²ÊÎ¥´µ

ane = (−1,67 ± 0,16)⋅10−3 Ë³ (57)

¶·¨ §´ Î¥´¨¨ χ2 ¶·¨³¥·´µ ¢¤¢µ¥ ³¥´ÓÏ¥, Î¥³ ¶·¨ ane = −1,32⋅10−3 Ë³.

�¤´ ±µ ¨§³¥·¥´¨Ö [54], ¶·µ¢¥¤¥´´Ò¥ ¢ ‹�”, ´¥ ¤µ¸É¨£²¨ ¶µ±  ´Ê¦´µ°
ÉµÎ´µ¸É¨, ÎÉµ¡Ò ¤¥² ÉÓ Ê¢¥·¥´´Ò¥ ¢Ò¢µ¤Ò µ ¢¥²¨Î¨´¥ ane.

ˆ§ ¨³¥ÕÐ¨Ì¸Ö ± ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ Ô±¸¶¥·¨³¥´Éµ¢ § ¸²Ê¦¨¢ ÕÉ
¢´¨³ ´¨Ö ·¥§Ê²ÓÉ ÉÒ ¸µ¢³¥¸É´µ°  ¢¸É·¨°¸±µ- ³¥·¨± ´¸±µ° · ¡µÉÒ, ¢Ò¶µ²-
´¥´´µ° ¢ 1992Å1995 ££. ¢ �±-�¨¤¦¥ ´  ¨³¶Ê²Ó¸´µ³ ´¥°É·µ´´µ³ ¨¸ÉµÎ´¨±¥
ORELA [45]. �±¸¶¥·¨³¥´ÉÒ ¢ µ¸´µ¢´µ³ ¡ §¨·µ¢ ²¨¸Ó ́   ¶µ¤Ìµ¤¥, ¶µ²µ¦¥´-
´µ³ ¢ µ¸´µ¢Ê ¡µ²¥¥ · ´´¨Ì ¨§³¥·¥´¨° [20]. �¤´ ±µ ¡Ò² ¸¤¥² ´ Í¥²Ò° ·Ö¤
¸ÊÐ¥¸É¢¥´´ÒÌ Ê¸µ¢¥·Ï¥´¸É¢µ¢ ´¨°. ‚ µ¸´µ¢´µ³ µ´¨ § ±²ÕÎ ÕÉ¸Ö ¢ ̧ ²¥¤ÊÕ-
Ð¥³. ˆ¸¶µ²Ó§µ¢ ´¨¥ ³¥Éµ¤  ¢·¥³¥´¨ ¶·µ²¥É  ¶µ§¢µ²¨²µ §´ Î¨É¥²Ó´µ ¡µ²¥¥
±µ··¥±É´µ µ¶·¥¤¥²ÖÉÓ Ô´¥·£¨Õ ´¥°É·µ´µ¢, Î¥³ ÔÉµ ¤¥² ²µ¸Ó  ¢Éµ· ³¨ · ¡µ-

104  �‹…Š‘��„��‚ �.�.



ÉÒ [20], ¨¸¶µ²Ó§ÊÕÐ¨³¨ ±·¨¸É ²²¨Î¥¸±¨° ¸¶¥±É·µ³¥É· (Ô´¥·£¨¨ 0,1, 0,28,

1,0 ¨ 4 Ô‚). �·¨³¥¸Ó ´¥°É·µ´µ¢ ¨´ÒÌ Ô´¥·£¨° µÉ ¡µ²¥¥ ¢Ò¸µ±¨Ì ¶µ·Ö¤±µ¢

µÉ· ¦¥´¨°, ¨³¥¢Ï Ö¸Ö ¢ · ¡µÉ¥ [20], É ±¨³ µ¡· §µ³, ¡Ò²  Ê¸É· ´¥´ . �·¨

¶·µ¢¥¤¥´¨¨ ¨§³¥·¥´¨° ¶µ ³¥Éµ¤Ê ¢·¥³¥´¨ ¶·µ²¥É  ´¥ ´Ê¦´µ ¡Ò²µ ¨§³¥´ÖÉÓ

£¥µ³¥É·¨Õ Ô±¸¶¥·¨³¥´É . �´  µ¤´  ¨ É  ¦¥ ¤²Ö ¢¸¥Ì Ô´¥·£¨° ´¥°É·µ´µ¢

¶ ¤ ÕÐ¥£µ ¶ÊÎ± , ¢ Éµ ¢·¥³Ö ± ± ¢ · ¡µÉ¥ [20] ¸²¥¤µ¢ ²µ ¨§³¥´ÖÉÓ Ê£µ²

· ¸¸¥Ö´¨Ö ±·¨¸É ²²¨Î¥¸±µ£µ ¸¶¥±É·µ³¥É· . �² £µ¤ ·Ö Ê¢¥²¨Î¥´¨Õ Éµ²Ð¨´Ò

µ¡· §Í  ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ¤ ´´µ° · ¡µÉÒ ± ¨§³¥·Ö¥³µ³Ê ne-ÔËË¥±ÉÊ ¡Ò² 

¢ÒÏ¥, Î¥³ ¢ ¶·¥¦´¥³ Ô±¸¶¥·¨³¥´É¥ [20]: ¨§³¥´¥´¨¥ ¶·µ¶Ê¸± ´¨Ö µ¡· §Í 

¨§-§  ne-¢§ ¨³µ¤¥°¸É¢¨Ö ̧ µ¸É ¢²Ö²µ ≈ 3% ¶·¨ ̈ §³¥´¥´¨¨ Ô´¥·£¨¨ ́ ¥°É·µ´µ¢

µÉ 0,1 ¤µ 2 Ô‚ (¢ [20] µ´µ ¡Ò²µ µ±µ²µ 1,4%).

’ ¡²¨Í  2

�¢Éµ·Ò Œ¥Éµ¤ Œ¨Ï¥´Ó ‚¥²¨Î¨´  ÔËË¥±É  ane⋅10+3, Ë³

‚.• ¢¥´¸ ¨ ¤·.,
[18] 1947Å1951 ££.

�´¥·£¥É¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ

¶µ²´µ£µ ¸¥Î¥´¨Ö

‘¢¨´¥Í ¨
¢¨¸³ÊÉ

∆ σne6 σtot ≈ 1,5% 1,91 ± 0,36

„.�§ ¨ ¤·.,
[25] 1952Å1953 ££.

�É· ¦¥´¨¥
´¥°É·µ´µ¢

‡¥·± ²µ
O2ÅBi

∆ θ6 θ ≈ 50% 1,39 ± 0,13

….Œ¥²±µ´ÓÖ´ ¨ ¤·.
[20] 1959 £.

�´¥·£¥É¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ

¶µ²´µ£µ ¸¥Î¥´¨Ö

‚¨¸³ÊÉ ∆ σne6 σtot ≈ 1,5% 1,56 ± 0,05

‚.Š·µ´, ƒ.�¨´£µ,
[15] 1966Å1973 ££.

�¸¨³³¥É·¨Ö
· ¸¸¥Ö´¨Ö

�² £µ·µ¤´Ò¥
£ §Ò

∆ σne6 σtot ≈ 0,5% 1,33 ± 0,03

‹.Še¸É¥· ¨ ¤·.
[43,44,47,49]

1976Å1995 ££.

�´¥·£¥É¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ

¶µ²´µ£µ ¸¥Î¥´¨Ö
¨ ¨§³¥·¥´¨¥

¤²¨´ · ¸¸¥Ö´¨Ö

‚¨¸³ÊÉ, ¸¢¨´¥Í
¨ ¸¢¨´¥Í-208

∆ σne6 σtot ≈ 1,2% 1,32 ± 0,03

�.�²¥±¸ ´¤·µ¢ ¨ ¤·.
[46] 1985 £.

�´¥·£¥É¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ

¶µ²´µ£µ ¸¥Î¥´¨Ö

‚¨¸³ÊÉ ∆ σne6 σtot ≈ 1,2% 1,55 ± 0,11

‘.Šµ¶¥Í±¨° ¨ ¤·.
[45,63] 1994Å1995 ££.

�´¥·£¥É¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ

¶µ²´µ£µ ¸¥Î¥´¨Ö

‘¢¨´¥Í (72,5%
208Pb)

∆ σne6 σtot ≈ 1,2% 1,31±0,03±0,04

’.…´¨± ¨ ¤·.
[54] 1995 £.

�´¥·£¥É¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ

¶µ²´µ£µ ¸¥Î¥´¨Ö

‘¢¨´¥Í-208 ∆ σne6 σtot ≈ 1,2% 1,67 ± 0,16

�.�²¥±¸ ´¤·µ¢ ¨ ¤·.
[31,35] 1974Å1985 £.

„¨Ë· ±Í¨Ö
´¥°É·µ´µ¢

‚µ²ÓË· ³-186,
³µ´µ±·¨¸É ²²

∆ σne6 σtot ≈ 20% 1,60 ± 0,05
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„¥É¥±Éµ· ¶·¥¤¸É ¢²Ö² ¸µ¡µ° ²¨É¨¥¢µ¥ ¸É¥±²µ ¨ ¡Ò² · ¸¶µ²µ¦¥´ ´  · ¸-
¸ÉµÖ´¨¨ 18,8 ³ µÉ ´¥°É·µ´´µ£µ ¨¸ÉµÎ´¨± . � ¸¸ÉµÖ´¨¥ µÉ ¨¸ÉµÎ´¨±  ¤µ µ¡-
· §Í  ¨ ·¥§µ´ ´¸´ÒÌ Ë¨²ÓÉ·µ¢ ¤²Ö µ¶·¥¤¥²¥´¨Ö Ëµ´  ¸µ¸É ¢²Ö²µ 5, 9 ¨
10 ³. ‚ ¨´É¥·¢ ²¥ ´¥°É·µ´´ÒÌ Ô´¥·£¨° µÉ 0,1 ¤µ 100 Ô‚ µÉ´µÏ¥´¨¥ Î¨¸² 
¶µ²¥§´ÒÌ µÉ¸Î¥Éµ¢ ± Ëµ´Ê ¤µ¸É¨£ ²µ 1500. Œ¥·É¢µ¥ ¢·¥³Ö ¸¨¸É¥³Ò ¸µ¸É ¢-
²Ö²µ ³¥´¥¥ 0,5% ¤²Ö ´¥°É·µ´´µ£µ ¶ÊÎ±  ¡¥§ µ¡· §Í  ¨ ¶µ·Ö¤±  0,1% ¸ µ¡-
· §Íµ³.

�·µ¶Ê¸± ´¨¥ ¶ÊÎ±  ´¥°É·µ´µ¢ Î¥·¥§ µ¡· §¥Í: 

T(E) = exp [−σ
tot

(E)N], (58)

£¤¥ N = 0,154  Éµ³/¡ Å Éµ²Ð¨´  ¨¸¶µ²Ó§Ê¥³µ£µ µ¡· §Í .
�µ²´µ¥ ´¥°É·µ´´µ¥ ¸¥Î¥´¨¥

σ
tot

(E) = σ
coh

(E)S
coh

(E) + σ
inc

(E)S
inc

(E) + σ
abs

(E), (59)

£¤¥ S
coh

(E) ¨ S
inc

(E) Å ËÊ´±Í¨¨, µ¶¨¸Ò¢ ÕÐ¨¥ ¶µ¶· ¢±¨, µ¡Ê¸²µ¢²¥´´Ò¥

 £·¥£ É´Ò³ ¸µ¸ÉµÖ´¨¥³ µ¡· §Í .

ˆ§µÉµ¶¨Î¥¸±¨° ¸µ¸É ¢ ̈ ¸¶µ²Ó§Ê¥³µ£µ ̧ ¢¨´Íµ¢µ£µ µ¡· §Í  72,54% 208Pb,

1,65% 207Pb, 25,82% 206Pb ¨ 0,5% 204Pb o¡¥¸¶¥Î¨¢ ² µÎ¥´Ó ´¥¡µ²ÓÏµ¥ ¸¥-
Î¥´¨¥ § Ì¢ É  ´¥°É·µ´µ¢ σabs (¶·¨ 1 Ô‚ ¶µ·Ö¤±  3 ³¡). �¡· §¥Í ´ Ìµ¤¨²¸Ö

¢ ¦¨¤±µ³ ¸µ¸ÉµÖ´¨¨ ¶·¨ É¥³¶¥· ÉÊ·¥ ~ 625 K.
‘¥Î¥´¨¥ ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö (¢ ¶¥·¢µ³ ¡µ·´µ¢¸±µ³ ¶·¨¡²¨¦¥´¨¨)

σ
coh

(E) = 4π{a
coh

(E)+ aR(E)− aneZ [1− f (sin θ6 λ)]+ ap(E)}2+ σ
Sch

(E), (60)

£¤¥ a
coh

(E) Å ¤²¨´  Ö¤¥·´µ£µ ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö, aR(E) Å ¤²¨´  ·¥-

§µ´ ´¸´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö, ap(E) Å ¤²¨´  · ¸¸¥Ö´¨Ö, µ¡Ê¸²µ¢²¥´´ Ö

Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö·¨§Ê¥³µ¸ÉÓÕ ´¥°É·µ´ , σ
Sch

(E) Å ¸¥Î¥´¨¥ Ï¢¨´£¥·µ¢-

¸±µ£µ · ¸¸¥Ö´¨Ö.
�µ²ÊÎ¥´´Ò¥ ¨§ Ô±¸¶¥·¨³¥´É  ¤ ´´Ò¥ ¶µ ¶·µ¶Ê¸± ´¨Õ µ¡· ¡ ÉÒ¢ ²¨¸Ó

¶µ ³¥Éµ¤Ê ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éµ¢. ‚ ·Ó¨·µ¢ ² ¸Ó ¢¥²¨Î¨´  ane ¨ ´µ·³¨·µ-

¢µÎ´Ò° ¶ · ³¥É· (Ö¤¥·´ Ö ±µ£¥·¥´É´ Ö ¤²¨´  · ¸¸¥Ö´¨Ö ¢¨¸³ÊÉ ) ¢ ̈ ´É¥·¢ -
²¥ Ô´¥·£¨° 0,1 ÷ 360 Ô‚. ‚ ·¥§Ê²ÓÉ É¥ µ¶·¥¤¥²¥´

ane = (−1,31 ± 0,03 ± 0,04)⋅10−3 Ë³, (61)

µÉ±Ê¤  ¸²¥¤Ê¥É ¸µ£² ¸´µ (16) ¨ (20)

〈 rE
2 〉 = (−0,113 ± 0,003 ± 0,004) Ë³2 (62)

¨²¨ 〈 rE,in
2  〉 > 0 (¸µ£² ¸´µ (19)). �¥·¢ Ö ¶µ£·¥Ï´µ¸ÉÓ ¢ (61) ¨ (62) Å

¸É É¨¸É¨Î¥¸± Ö, ¢Éµ· Ö Å ¸¨¸É¥³ É¨Î¥¸± Ö. ƒ² ¢´Ò³ µ¡· §µ³, ¶µ£·¥Ï-
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´µ¸É¨ (ÉµÎ´¥¥, ≈ 75%) ¢Ò§¢ ´Ò ´¥ÉµÎ´µ¸ÉÖ³¨ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¶µ¶· ¢µ±,
µ¡Ê¸²µ¢²¥´´ÒÌ  £·¥£ É´Ò³ ¸µ¸ÉµÖ´¨¥³ ¢¥Ð¥¸É¢ . �¸É ²Ó´Ò¥ 25% ¶µ£·¥Ï-
´µ¸É¨ ¢Ò§¢ ´Ò ´¥ÉµÎ´µ¸ÉÖ³¨ ¶·¨ µ¶·¥¤¥²¥´¨¨ Ëµ´ , ¢±² ¤  ·¥§µ´ ´¸´µ£µ
· ¸¸¥Ö´¨Ö ¨ ³¥·É¢µ£µ ¢·¥³¥´¨ ¸¨¸É¥³Ò.

‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ, ¶µ¸±µ²Ó±Ê ¶µ¶· ¢µÎ´Ò¥ ËÊ´±Í¨¨ Scoh(E) ¨

Sinc(E) ̧ ¨²Ó´µ ¢µ§· ¸É ÕÉ ¶·¨ Ê³¥´ÓÏ¥´¨¨ Ô´¥·£¨¨ ́ ¥°É·µ´µ¢, Ë¨É¨·µ¢ ´¨¥

¤ ´´ÒÌ ¶µ ¶·µ¶Ê¸± ´¨Õ ¶·µ¢µ¤¨²µ¸Ó ¤²Ö · §²¨Î´ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì ¨´É¥·-
¢ ²µ¢ ´¥§ ¢¨¸¨³Ò³ µ¡· §µ³. ‚ ¦´µ µÉ³¥É¨ÉÓ É ±¦¥, ÎÉµ ¢¥²¨Î¨´  ane
§ ¢¨¸¨É ²¨ÏÓ µÉ Ô´¥·£¥É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ σtot(E), ´µ ´¥ µÉ  ¡¸µ²ÕÉ´µ£µ

§´ Î¥´¨Ö σtot.

�¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¤²¨´ ne-· ¸¸¥Ö´¨Ö, ¶·µ¢µ¤¨¢Ï¨Ì¸Ö ¢ ¶¥·¨µ¤
1947Å1995 ££., ¶·¨¢¥¤¥´Ò ¢ É ¡².2.

Š ± ¢¨¤´µ ¨§ É ¡².2, ÎÉµ¡Ò ¢ÒÖ¢¨ÉÓ ¢±² ¤ ane − aF = (Me2 6 3h2) 〈 rE,in
2  〉N,

É.¥. ¨§³¥·¨ÉÓ ¢´ÊÉ·¥´´¨° § ·Ö¤µ¢Ò° · ¤¨Ê¸ ´¥°É·µ´  〈 rE,in
2  〉N

16 2 , ´Ê¦´µ

Ê¢¥²¨Î¨ÉÓ ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨°. ‚¸¥, ÎÉµ ³µ¦´µ ¶µ±  ¸± § ÉÓ µ §´ Î¥´¨¨

〈 rE,in
2  〉N

1 6 2 Å ÔÉµ Éµ, ÎÉµ µ´µ ³ ²µ ¨, ¢¨¤¨³µ, ´¥ ¶·¥¢ÒÏ ¥É 0,1 Ë³.

ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ, ¥¸²¨ ¡Ò ´¥°É·µ´ ¨³¥² §´ Î¥´¨¥ 〈 rE,in
2  〉N

1 6 2

É ±µ¥ ¦¥, ± ± Ê ¶·µÉµ´  (0,83 Ë³), Éµ ane  ¨³¥²µ ¡Ò §´ Î¥´¨¥ ¶µ·Ö¤± 

10−2 Ë³, É.¥. ¶·¨³¥·´µ ¢ 6Å8 · § ¡µ²ÓÏ¥ §´ Î¥´¨°, ¶·¨¢¥¤¥´´ÒÌ ¢ É ¡²¨Í¥.
ˆ§ É ¡²¨ÍÒ É ±¦¥ ¸²¥¤Ê¥É, ÎÉµ ¨³¥ÕÉ¸Ö ¤¢¥ £·Ê¶¶Ò Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ

·¥§Ê²ÓÉ Éµ¢: 〈 ane 〉= −1,30(3)⋅10−3 Ë³ (〈 rE,in
2  〉N > 0) ¨ 〈 ane 〉= −1,58(3)⋅10−3 Ë³

(〈 rE,in
2  〉N < 0). Šµ··¥±É´µ¥ ̧ µ£² ¸µ¢ ´¨¥ ¤¢ÊÌ £·Ê¶¶ ·¥§Ê²ÓÉ Éµ¢ ¨ ¢ÒÖ¸´¥´¨¥

¶·¨Î¨´ · ¸Ìµ¦¤¥´¨Ö ¡Ò²µ ¡Ò µÎ¥´Ó ¢ ¦´Ò³ ¤²Ö É¥µ·¨¨ [10,55].

5. ‚��‘ˆŒ›… ‚ �Š‘�…�ˆŒ…�’› �����‚Šˆ.
ˆ‘’�—�ˆŠˆ ‚�‡Œ�†�›• ‘ˆ‘’…Œ�’ˆ—…‘Šˆ• 

��ƒ�…˜��‘’…‰

�¶·¥¤¥²¥´¨¥ ¤²¨´Ò · ¸¸¥Ö´¨Ö ane ¡ §¨·Ê¥É¸Ö ´  ¶·¥Í¨§¨µ´´ÒÌ ¨§³¥-

·¥´¨ÖÌ ¶µ²´ÒÌ ´¥°É·µ´´ÒÌ ¸¥Î¥´¨° ¨ ¤²¨´ · ¸¸¥Ö´¨Ö (∆ σtot6 σtot= ∆a6 a≈

≈ 10−3÷10−4). �·¨ ¤µ¸É¨¦¥´¨¨ É ±¨Ì ÉµÎ´µ¸É¥° ´¥µ¡Ìµ¤¨³µ ¢´¥¸É¨ Í¥²Ò°
·Ö¤ ¶µ¶· ¢µ±, ±·µ³¥ Éµ£µ, ¢µ§´¨± ÕÉ É·Ê¤´µ¸É¨ ¢ µ¡´ ·Ê¦¥´¨¨ ¨ Ê¸É· -
´¥´¨¨ ¢µ§³µ¦´ÒÌ ¨¸ÉµÎ´¨±µ¢ ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥° (¸³.,
´ ¶·¨³¥·, [56]).

1. �¥µ¡Ìµ¤¨³µ · ¸¶µ² £ ÉÓ ´ ¤¥¦´Ò³¨ ³¥Éµ¤ ³¨ µ¶·¥¤¥²¥´¨Ö Ëµ´ .
Š ± ¶· ¢¨²µ, Ëµ´ ´¥ ¤µ²¦¥´ ¶·¥¢ÒÏ ÉÓ 1Å2% µÉ ¨§³¥·Ö¥³µ° ¶µ²¥§´µ°
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¨´É¥´¸¨¢´µ¸É¨. �´ ´¥ ¤µ²¦¥´ ·¥§±µ ³¥´ÖÉÓ¸Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢ ·Ó¨·Ê¥³µ-
£µ ¢ Ô±¸¶¥·¨³¥´É¥ ¶ · ³¥É·  (´ ¶·¨³¥·, Ô´¥·£¨¨ ´¥°É·µ´µ¢ ¨²¨ Ê£²  · ¸¸¥-
Ö´¨Ö).

2. �·¨ ¨§³¥·¥´¨¨ ¶µ²´ÒÌ ¸¥Î¥´¨° ´¥µ¡Ìµ¤¨³µ ¸¢¥¸É¨ ± ³¨´¨³Ê³Ê ¶µ-
¶· ¢±Ê ´  ¶·µ¸Î¥ÉÒ ¤¥É¥±Éµ·  ¶·¨ ¡µ²ÓÏ¨Ì ¨³¶Ê²Ó¸´ÒÌ § £·Ê§± Ì. Š ±
¶· ¢¨²µ, ³¥·É¢µ¥ ¢·¥³Ö ¤¥É¥±Éµ·  ¨ É· ±É  Ô²¥±É·µ´¨±¨ ¤µ²¦´µ ¡ÒÉÓ ´¥
¡µ²¥¥ 0,5 ³±¸.

3. ‘²¥¤Ê¥É ¡ÒÉÓ µÎ¥´Ó ¢´¨³ É¥²Ó´Ò³ ± ÔËË¥±É ³, ¨¸± ¦ ÕÐ¨³ ´¥¶µ-
¸·¥¤¸É¢¥´´µ ¨§³¥·Ö¥³Ò¥ ¢¥²¨Î¨´Ò. ’ ±, ¶·¨ ¨§³¥·¥´¨¨ ¶µ²´ÒÌ ¸¥Î¥´¨° ´ 
¡µ²ÓÏ¨Ì ¶·µ²¥É´ÒÌ ¡ § Ì (¸³., ´ ¶·¨³¥·, [45]) ¶·¨ ³ ²µ³ É¥²¥¸´µ³ Ê£²¥
¤¥É¥±Éµ·  Ô´¥·£¥É¨Î¥¸±¨° Ìµ¤ ¸¥Î¥´¨Ö ³µ¦¥É ¨¸± §¨ÉÓ¸Ö ¢¸²¥¤¸É¢¨¥ · ¸¸¥Ö-
´¨Ö ´¥°É·µ´µ¢ ¢ µ¡· §Í¥ ´  ³ ²Ò¥ Ê£²Ò. �·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ³ É¥²¥¸´µ³
Ê£²¥ ³ ²µÊ£²µ¢µ¥ · ¸¸¥Ö´¨¥ ´¥°É·µ´µ¢ ¢¸¥£¤  ²¥¦¨É ¢´ÊÉ·¨ ¶²µÐ ¤¨ ¤¥É¥±-
Éµ·  ¨ ´¥ µ± §Ò¢ ¥É ¢²¨Ö´¨Ö ´  ¨§³¥·¥´¨¥ ¶·µ¶Ê¸± ´¨Ö ¶·¨ · §²¨Î´ÒÌ
Ô´¥·£¨ÖÌ, ÌµÉÖ · ¸¸¥Ö´¨¥ ´  ³ ²Ò¥ Ê£²Ò ¸¨²Ó´µ ³¥´Ö¥É¸Ö ¸ Ô´¥·£¨¥° ´¥°É-
·µ´µ¢. Œ ²µÊ£²µ¢µ¥ · ¸¸¥Ö´¨¥ µÌ¢ ÉÒ¢ ¥É ¤¨ ¶ §µ´ Ê£²µ¢ · ¸¸¥Ö´¨Ö µÉ
µ¤´µ° Ê£²µ¢µ° ¸¥±Ê´¤Ò ¤µ ´¥¸±µ²Ó±¨Ì £· ¤Ê¸µ¢ ¶·¨ ¤²¨´¥ ¢µ²´Ò ´¥°É·µ´ 
µÉ 1 ¤µ 20 Å. ”µ·³Ê²Ê ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ´¥°É·µ-
´µ¢ ´  ³ ²Ò¥ Ê£²Ò ³µ¦´µ ´ °É¨ ¢ Í¥²µ³ ·Ö¤¥ µ¶Ê¡²¨±µ¢ ´´ÒÌ · ¡µÉ, ¢
Î ¸É´µ¸É¨, ¢ [57,58]. „²Ö ¨³¥ÕÐ¨Ì¸Ö ¢ µ¡· §Í¥ ¸Ë¥·¨Î¥¸±¨Ì ´¥µ¤´µ·µ¤´µ-
¸É¥° · ¤¨Ê¸  R (µ¡ÒÎ´µ R ≈ 20÷40 Å), ¸¥Î¥´¨¥ ¨³¥¥É ¢¨¤

σsa(θ) = Na2 exp (κ2R2 6 5), (63)

£¤¥ κ = 2k sin (θ 6 2) ≈ k θ, a Å ¤²¨´  · ¸¸¥Ö´¨Ö, N Å Î¨¸²µ · ¸¸¥¨¢ ÕÐ¨Ì
 Éµ³µ¢ ¢ ± ¦¤µ° ´¥µ¤´µ·µ¤´µ¸É¨. Œ ²µÊ£²µ¢µ¥ · ¸¸¥Ö´¨¥ ´¥°É·µ´µ¢
¶·µ¨¸Ìµ¤¨É ´  µÉ¤¥²Ó´ÒÌ ´¥µ¤´µ·µ¤´µ¸ÉÖÌ, ¢¸²¥¤¸É¢¨¥ Î¥£µ ¶µÖ¢²Ö¥É¸Ö
¤µ¶µ²´¨É¥²Ó´ Ö ¸µ¸É ¢²ÖÕÐ Ö · ¸¸¥Ö´´µ£µ µ¡· §Íµ³ ´¥°É·µ´´µ£µ ¶ÊÎ± .
‘¥Î¥´¨¥ σsa(θ) ¶·¨ θ = 0, É.¥. ¢¶¥·¥¤, ³µ¦¥É ¡ÒÉÓ µÎ¥´Ó §´ Î¨É¥²Ó´Ò³,

µ¤´ ±µ µ´µ ¡Ò¸É·µ ¸¶ ¤ ¥É ¸ ·µ¸Éµ³ Ê£²  · ¸¸¥Ö´¨Ö.

�·¨Î¨´Ò, µ¡Ê¸²µ¢²¨¢ ÕÐ¨¥ · ¸¸¥Ö´¨¥ ´  ³ ²Ò¥ Ê£²Ò, · §´µµ¡· §´Ò
(±² ¸É¥·Ò ¤¥Ë¥±Éµ¢ ̧ É·Ê±ÉÊ·Ò, ³ £´¨É´Ò¥ £¥É¥·µË §´Ò¥ Ë²Ê±ÉÊ Í¨¨ ̈  É.¶.).
‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ £¥É¥·µË §´Ò¥ Ë²Ê±ÉÊ Í¨¨ ³µ£ÊÉ ´µ¸¨ÉÓ ¤¨´ ³¨-
Î¥¸±¨° Ì · ±É¥·, É.¥. Î¨¸²µ ¨ · §³¥· ¨Ì ³µ£ÊÉ ³¥´ÖÉÓ¸Ö ¸µ ¢·¥³¥´¥³.
Œ¨±·µ¸±µ¶¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¨Ì ¨¸¸²¥¤Ê¥É¸Ö £·Ê¶¶µ° É¥µ·¥É¨±µ¢ �ˆŸˆ
(¸³., ´ ¶·¨³¥·, [37,38]).

„²Ö Ô±¸¶¥·¨³¥´É ²Ó´µ£µ ¨§ÊÎ¥´¨Ö · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ´  ³ ²Ò¥ Ê£²Ò
¢ ³¨·¥ ¸µ§¤ ´µ ¡µ²ÓÏµ¥ Î¨¸²µ Ê¸É ´µ¢µ±. �¤´  ¨§ ´¨Ì ¸ÊÐ¥¸É¢Ê¥É ¢ �ˆŸ”
(ƒ ÉÎ¨´ ). � ¸¸¥Ö´¨¥ ´¥°É·µ´µ¢ ´  ³ ²Ò¥ Ê£²Ò µ¡· §Íµ³ ¢µ²ÓË· ³ -186
[35] ¨§ÊÎ ²µ¸Ó ¨³¥´´µ ´  ÔÉµ° Ê¸É ´µ¢±¥. ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ, ± ±
¶· ¢¨²µ, ¶µÎÉ¨ ´  ¢¸¥Ì É¢¥·¤ÒÌ ¢¥Ð¥¸É¢ Ì · ¸¸¥Ö´¨¥ ´¥°É·µ´µ¢ ´  ³ ²Ò¥
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Ê£²Ò ¨³¥¥É ³¥¸Éµ. �  Ê¸É ´µ¢±¥ �ˆŸ” µ´µ ¡Ò²µ µ¡´ ·Ê¦¥´µ ¤ ¦¥ ´ 
± ¤³¨¨ (¶·¨ λ ≈ 8,8 Å) [35].

‘¨¸É¥³ É¨Î¥¸±¨¥ ¶µ£·¥Ï´µ¸É¨ ³µ£ÊÉ ¢µ§´¨±´ÊÉÓ É ±¦¥ ¶·¨ ́ ¥¤µ¸É ÉµÎ-
´µ ±µ··¥±É´µ° µ¡· ¡µÉ±¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¢ Î ¸É´µ¸É¨, ¶·¨
ÊÎ¥É¥ ·¥§µ´ ´¸´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö. �·¨  ´ ²¨§¥ ¤ ´´ÒÌ ¶µ ¶µ²´Ò³
¸¥Î¥´¨Ö³ ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ¢²¨Ö´¨¥ ·¥§µ´ ´¸µ¢, · ¸¶µ²µ¦¥´´ÒÌ ¤ ²¥-
±µ µÉ ¨¸¸²¥¤Ê¥³µ£µ Ô´¥·£¥É¨Î¥¸±µ£µ ¨´É¥·¢ ² . …¸²¨ ¤²Ö Ê·µ¢´¥° ¸
¶µ²µ¦¨É¥²Ó´µ° Ô´¥·£¨¥° É ±ÊÕ ¶·µÍ¥¤Ê·Ê, ¢ ¶·¨´Í¨¶¥, ³µ¦´µ ¶·µ¢¥¸É¨ ¤²Ö
¢¸¥Ì ¨§¢¥¸É´ÒÌ ·¥§µ´ ´¸µ¢, Éµ ¤²Ö Ê·µ¢´¥° ¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥° µ´ 
´¥¢µ§³µ¦´  ¨§-§  ¸±Ê¤µ¸É¨ ¨´Ëµ·³ Í¨¨ µ É ±¨Ì Ê·µ¢´ÖÌ. �µ¤µ¡´Ò¥ ´¥±µ·-
·¥±É´µ¸É¨ ¶·¨  ´ ²¨§¥ ¶µ²ÊÎ¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¡Ò²¨ ¤µ¶Ê-
Ð¥´Ò, ´ ¶·¨³¥·, ¢ · ¡µÉ Ì [44,49].

‚ ·Ö¤¥ · ¡µÉ (¸³., ´ ¶·¨³¥·, [54]) ¢²¨Ö´¨¥ ¤ ²¥±¨Ì µÉ ¨¸¸²¥¤Ê¥³µ°
µ¡² ¸É¨ Ô´¥·£¨° ·¥§µ´ ´¸µ¢ (¢ Éo³ Î¨¸²¥ ¨ ¶·¨ µÉ·¨Í É¥²Ó´ÒÌ Ô´¥·£¨ÖÌ
´¥°É·µ´µ¢) ÊÎ¨ÉÒ¢ ²µ¸Ó ¶ÊÉ¥³ ¤µ¡ ¢²¥´¨Ö ± · ¤¨Ê¸Ê · ¸¸¥Ö´¨Ö ¤µ-
¶µ²´¨É¥²Ó´µ£µ Î²¥´  hE, £¤¥ h Å ¶ · ³¥É·, ¶µ²ÊÎ ¥³Ò° ¶·¨ · §²µ¦¥´¨¨ ¢
·Ö¤ ¶µ E 6 Ei ¶¥·¢µ£µ ·¥§µ´ ´¸´µ£µ Î²¥´  ¢ Ê· ¢´¥´¨¨ (52′):

h = −2276(A + 1) 6 (A) Σ g Γh
0 6 Ei

 2 Ë³ 6 Ô‚. (64)

� · ³¥É· h ³µ¦´µ µÍ¥´¨ÉÓ É ±¦¥, ¨§³¥·ÖÖ Ô´¥·£¥É¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ ¢

Ï¨·µ±µ³ ¨´É¥·¢ ²¥ Ô´¥·£¨°. �µ¤µ¡´ Ö · ¡µÉ  ¤²Ö 208Pb ¡Ò²  ¶·µ¢¥¤¥´  ¢
¨¸¸²¥¤µ¢ ´¨¨ [59]. ‡¤¥¸Ó ¢ ¦´µ µÉ³¥É¨ÉÓ É ±¦¥, ÎÉµ ¶·¨ µ¡· ¡µÉ±¥ · §-

´µ¸É¨ y = σ
tot
6 4π − b

coh
2  ¤²Ö Î¥É´µ-Î¥É´ÒÌ Ö¤¥· (´ ¶·¨³¥·, 208Pb) ·¥§µ´ ´¸-

´µ¥ · ¸¸¥Ö´¨¥ ¶· ±É¨Î¥¸±¨ ´¥ ¸± §Ò¢ ¥É¸Ö ´  ·¥§Ê²ÓÉ É Ì o¶·¥¤¥²¥´¨Ö
¢¥²¨Î¨´Ò ane (¸³. · §¤.6)

4. ‚ Ô²¥±É·µ´¢µ²ÓÉ´µ³ ¨´É¥·¢ ²¥ Ô´¥·£¨° ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ ¶µ¶· ¢±¨,
µ¡Ê¸²µ¢²¥´´Ò¥ ± ± ¨´É¥·Ë¥·¥´Í¨µ´´Ò³ ÔËË¥±Éµ³ µÉ Ö¤¥·, ¸µ¸¥¤´¨Ì ¸ · ¸-
¸³ É·¨¢ ¥³Ò³ Ö¤·µ³, ¢´¥¤·¥´´Ò³ ¢ ±·¨¸É ²²¨Î¥¸±ÊÕ ·¥Ï¥É±Ê, É ± ̈  É¥¶²µ-
¢Ò³ ¤¢¨¦¥´¨¥³  Éµ³µ¢ (ÔËË¥±É „µ¶²¥· ). „ ´´Ò¥ ¶µ¶· ¢±¨ ¡Ò²¨ · ¸¸³µÉ-
·¥´Ò ¢ ·Ö¤¥ · ¡µÉ [60Å62]. �¡¥ ¶µ¶· ¢±¨ Ê³¥´ÓÏ ÕÉ¸Ö ¸ ·µ¸Éµ³ Ô´¥·£¨¨
´¥°É·µ´µ¢, ¨ Ê¦¥ ¶·¨ E ≥ 1 Ô‚ ³µ¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¨´É¥·Ë¥·¥´Í¨µ´´Ò³
Î²¥´µ³ ¢¨¤  [60]:

∆ σ6  = I λ26 (8πV
0
 2 6 3), (65)

£¤¥ I Å ±µÔËË¨Í¨¥´É, · ¢´Ò° ¤²Ö ¦¨¤±µ£µ ¸¢¨´Í  ¨ ¢¨¸³ÊÉ  2,885,   V
0

Å µ¡Ñ¥³  Éµ³ . „µ¶²¥·µ¢¸± Ö ¶µ¶· ¢±  µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ [61]:

σ6 σ
free

 = 1 + 
kBT

2E
 
m
M

 , (66)
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£¤¥ m Å ³ ¸¸  ´Ê±²µ´ , M Å ³ ¸¸   Éµ³ , kB Å ±µ´¸É ´É  �µ²ÓÍ³ ´ ,

T Å É¥³¶¥· ÉÊ·  µ¡· §Í  ¢ £· ¤Ê¸ Ì Š¥²Ó¢¨´ .

�´ ²µ£¨Î´Ò¥ Ëµ·³Ê²Ò ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨ ¨§ ¤ ´´ÒÌ [63], ¢ ·¥§Ê²ÓÉ É¥
¨³¥¥³

S
coh

(E) = 1 + 
kBT

2E
 
m
M

 − 
C(T)
E

(67)

¨

S
inc

(E) = 1 + 
kBT

2E
 
m
M

 . (68)

‚¥²¨Î¨´  C(T) § ¢¨¸¨É ± ± µÉ ³ É¥·¨ ²  µ¡· §Í , É ± ¨ µÉ ¥£µ É¥³¶¥· -
ÉÊ·Ò. ‚ · ¡µÉ¥ [63] µ´  ¡Ò²  µ¶·¥¤¥²¥´  ¤²Ö ¨´É¥·¢ ²  Ô´¥·£¨° ´¥°É·µ´µ¢
0,001 ÷ 500 Ô‚ ¤²Ö ¦¨¤±µ£µ ¸¢¨´Í . �¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ¢ É ¡².3.

’ ¡²¨Í  3

’¥³¶¥· ÉÊ· , K 603 623 673 763

C(T), 10−3 Ô‚ 0,963 0,952 0,935 0,931

I λ2 6 (8πV0
 26 3)E, 10−3 Ô‚ 0,966 0,966 0,966 0,966

�µ£·¥Ï´µ¸ÉÓ ¶·¨ µ¶·¥¤¥²¥´¨¨ C(T) ´¥ ¶·¥¢ÒÏ ¥É 5%. 

5. ‚ ¶µ²ÊÎ¥´´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¸²¥¤Ê¥É ¢´¥¸É¨ ¶µ¶· ¢±Ê
´  Ï¢¨´£¥·µ¢¸±µ¥ · ¸¸¥Ö´¨¥, ¢Ò§¢ ´´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¤¢¨¦ÊÐ¥£µ¸Ö
³ £´¨É´µ£µ ³µ³¥´É  ´¥°É·µ´  ¸ ±Ê²µ´µ¢¸±¨³ ¶µ²¥³ Ö¤· . �³¶²¨ÉÊ¤ 
Ï¢¨´£¥·µ¢¸±µ£µ · ¸¸¥Ö´¨Ö, ± ± ¨§¢¥¸É´µ, ¨³¥¥É ¢¨¤ [10]:

f
shv

(ϕ) = 
i
2
 (σn) µn




 

h
Mc

 

 



 
Ze2

hc
 



 [1 − f(q)] ctg ϕ

2
 , (69)

£¤¥ f(q) = 
4π
Z

 ∫ 
0

∞

 
sin(qr)

qr
 ρ(r)r2dr Å  Éµ³´Ò° Ëµ·³Ë ±Éµ·, Ìµ·µÏµ ¨§¢¥¸É´Ò°

¨§ É¥µ·¨¨ · ¸¸¥Ö´¨Ö ·¥´É£¥´µ¢¸±µ£µ ¨§²ÊÎ¥´¨Ö  Éµ³ ³¨, q = 2k sin (ϕ6 2),
eρ(r) Å ¶²µÉ´µ¸ÉÓ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¢ ÉµÎ±¥, σ Å ¸¶¨´µ¢ Ö ³ É·¨Í ,

¢¥±Éµ· n ¸¢Ö§ ´ c k ¨ k
0
 ¸µµÉ´µÏ¥´¨¥³ [k ⋅ k

0
] = nk2 sin ϕ, £¤¥, ¢ ¸¢µÕ

µÎ¥·¥¤Ó, k ¨ k
0
 Å ±µ´¥Î´Ò° ¨ ´ Î ²Ó´Ò° ¢µ²´µ¢Ò¥ ¢¥±Éµ·Ò · ¸¸¥Ö´¨Ö.

�·¨ ¨§³¥·¥´¨¨ ¶·µ¶Ê¸± ´¨Ö Ï¢¨´£¥·µ¢¸±µ¥ · ¸¸¥Ö´¨¥ ¸²¥¤Ê¥É ÊÎ¨ÉÒ-
¢ ÉÓ ¸µ£² ¸´µ Ëµ·³Ê²¥:
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σ
shv

 = 
π
2
 µn

2 

 

h
Mc

 


2


 
Ze2

hc
 




2

 ∫ 
ϕ

0

π

 [1 − f(q)]2 ctg2 
ϕ
2
 sin ϕdϕ, (70)

£¤¥ Ê£µ² · ¸¸¥Ö´¨Ö ϕ
0
 ¢Ò¡¨· ¥É¸Ö, ¨¸Ìµ¤Ö ¨§ £¥µ³¥É·¨¨ Ô±¸¶¥·¨³¥´É .

�·¨³¥·Ò Î¨¸²¥´´ÒÌ §´ Î¥´¨° ¢¢µ¤¨³ÒÌ ¢ σtot ¶µ¶· ¢µ± ¤²Ö ̧ ¢¨´Í -208

¢ § ¢¨¸¨³µ¸É¨ µÉ Ô´¥·£¨¨ ´¥°É·µ´µ¢ ¶·¨¢¥¤¥´Ò ¢ É ¡².4.

’ ¡²¨Í  4

�´¥·£¨Ö, Ô‚
�µ¶· ¢±¨ ± ¨§³¥·¥´´Ò³ ¶µ²´Ò³ ¸¥Î¥´¨Ö³ (¢ ¡ ·´ Ì)

Scoh ∆ σ = σexp(1 − Scoh)
(σexp = 11 ¡)

˜¢¨´£¥·µ¢¸±µ¥
· ¸¸¥Ö´¨¥ (σshv, ¡)

1,26 0,9993436 0,0072 0,0029

5,19 0,9998407 0,0018 0,0046

10,1 0,9999181 0,0009 0,0055

6. ‘²¥¤Ê¥É ¡ÒÉÓ ¢´¨³ É¥²Ó´Ò³ ¶·¨ ¢¢¥¤¥´¨¨ ¢ ¸¥Î¥´¨¥ ¶µ¶· ¢±¨, ÊÎ¨-
ÉÒ¢ ÕÐ¥° ¢²¨Ö´¨¥ p-¢µ²´µ¢µ£µ · ¸¸¥Ö´¨Ö. �Í¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ ̧ ¥Î¥´¨¥

p-¢µ²´µ¢µ£µ · ¸¸¥Ö´¨Ö (σ1 = 4π 6 (k2) 3sin2δ1) ¸µ¸É ¢²Ö¥É ~ 0,5% µÉ s-¢µ²´µ-

¢µ£µ (σ = 4π 6 (k2) sin2δ0) ¶·¨ Ô´¥·£¨¨ ´¥°É·µ´µ¢ ¶µ·Ö¤±  20 ±Ô‚. „²Ö Éµ£µ

ÎÉµ¡Ò ÊÎ¥¸ÉÓ p-¢µ²´µ¢µ¥ · ¸¸¥Ö´¨¥, ´Ê¦´µ µ¶·¥¤¥²¨ÉÓ Ë §Ê δ1. ‚ ¸²ÊÎ ¥

´¥°É·µ´µ¢ ³µ¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¸µµÉ´µÏ¥´¨Ö³¨, µ¶Ê¡²¨±µ¢ ´´Ò³¨
¢ [64]:

exp (2i δl) = 
Gl(R) − iFl(R)

Gl(R) + iFl(R) , (71)

£¤¥ R Å · ¤¨Ê¸ ± ´ ²  Gl(R) = −√ π k R 6 2 Nl + 1 6 2
(kR), Fl(R) =

= −√ πkR6 2 Jl+1 6 2
(kR). �·¨ ³ ²ÒÌ Ô´¥·£¨ÖÌ (kR << 1) ¨§ (71) ³µ¦´µ ¶µ-

²ÊÎ¨ÉÓ ¨§¢¥¸É´µ¥ ¶·¥¤¥²Ó´µ¥ ¢Ò· ¦¥´¨¥:

δl ≈ 
−(kR)2l + 1

(2l − 1)!!(2l + 1)!! (72)

¨²¨ δ
1
 = −(kR)3 6 3. ‚ÒÎ¨¸²¥´¨Ö [65], ¶·µ¢¥¤¥´´Ò¥ ˆ.ƒÊ¸¥¢µ° (�ˆŸ”,

ƒ ÉÎ¨´ ), ¶µ± § ²¨, ÎÉµ · §´¨Í  ³¥¦¤Ê §´ Î¥´¨Ö³¨ σ
1
 ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨

(71) ̈  (72) ¸µ¸É ¢²ÖeÉ 10% ¶·¨ E = 24 ±Ô‚, 25% ¶·¨ E = 45 ±Ô‚ ¨ 40% ¶·¨
E = 145 ±Ô‚. „ ´´Ò° ·¥§Ê²ÓÉ É µ§´ Î ¥É, ÎÉµ ¶·¨ µÍ¥´± Ì ¸²¥¤Ê¥É ¶µ²Ó§µ-
¢ ÉÓ¸Ö ¢Ò· ¦¥´¨¥³ (71). —Éµ ± ¸ ¥É¸Ö Ô±¸¶¥·¨³¥´É , Éµ ¸²¥¤Ê¥É ´ °É¨,
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¥¸²¨ ÔÉµ ¢µ§³µ¦´µ, Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶ÊÉ¨ ¤²Ö µ¶·¥¤¥²¥´¨Ö p-¢µ²´µ¢µ£µ
· ¸¸¥Ö´¨Ö, ÎÉµ ¨ ¡Ò²µ ¸¤¥² ´µ, ´ ¶·¨³¥·, ¢ · ¡µÉ¥ [66].

7. ‘²¥¤Ê¥É § ³¥É¨ÉÓ [56], ÎÉµ ¢ ·Ö¤¥ · ¡µÉ (´ ¶·¨³¥·, [67,68]), ¨¸¶µ²Ó-
§ÊÕÐ¨Ì ¶·¨ µ¡· ¡µÉ±¥ ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨° Ë¨É¨·µ¢ ´¨¥ · §²µ¦¥´¨Ö
¶µ²´µ£µ ¸¥Î¥´¨Ö ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö ¶µ ¸É¥¶¥´Ö³ ¢µ²´µ¢µ£µ ¢¥±Éµ-
·  k:

σs(k) = σs(0) + ak + bk2 + ck3 + dk4 + Á, (73) 

µÉ¸ÊÉ¸É¢Ê¥É, ¢ Î ¸É´µ¸É¨, Î²¥´, ¶·µ¶µ·Í¨µ´ ²Ó´Ò° k3. ‚Ò· ¦¥´¨¥ (73),
µ¤´ ±µ, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, · §² £ Ö ¢ ·Ö¤ ¸µµÉ´µÏ¥´¨¥, µ¶¨¸Ò¢ ÕÐ¥¥ ¸¥-

Î¥´¨¥ ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö σs = 4π6 (k2) sin δ
0
 sin (δ

0
 + 2η

0
) (¸³.(52)).

�·¨ ÔÉµ³ ¢ Ê· ¢´¥´¨¨ (73) Î²¥´, ¶·µ¶µ·Í¨µ´ ²Ó´Ò° k3, ¤µ²¦¥´ ¶·¨¸ÊÉ¸É-
¢µ¢ ÉÓ. �É´µÏ¥´¨¥ ¤ ´´µ£µ Î²¥´  ± Î²¥´Ê, ¶·µ¶µ·Í¨µ´ ²Ó´µ³Ê ¢µ²´µ¢µ³Ê

¢¥±Éµ·Ê k, ¸µ¸É ¢²Ö¥É 2(kR)2 6 3 ¨ · ¢´µ 7% ¶·¨ Ô´¥·£¨¨ 20 ±Ô‚, 10% ¶·¨
Ô´¥·£¨¨ 40 ±Ô‚ ¨ 20% ¶·¨ Ô´¥·£¨¨ 145 ±Ô‚. ‘²¥¤µ¢ É¥²Ó´µ, Î²¥´, ¶·µ-

¶µ·Í¨µ´ ²Ó´Ò° k3, ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ¶·¨ µ¡· ¡µÉ±¥ Ô±¸¶¥·¨³¥´É ²Ó-
´ÒÌ ¤ ´´ÒÌ. �¸µ¡¥´´µ ÔÉµ ¢ ¦´µ ¶·¨ ¶·µ¢¥¤¥´¨¨ ¨§³¥·¥´¨° ¶·¨ ¸· ¢-
´¨É¥²Ó´µ ¡µ²ÓÏ¨Ì Ô´¥·£¨ÖÌ (¢ ±¨²µÔ²¥±É·µ´¢µ²ÓÉ´µ³ ̈ ´É¥·¢ ²¥ Ô´¥·£¨°),
´ ¶·¨³¥·, ¶·¨ ¶µ¶ÒÉ± Ì [67,68] ¨§³¥·¥´¨Ö Ô²¥±É·¨Î¥¸±µ° ¶µ²Ö·¨§Ê¥³µ-
¸É¨ ´¥°É·µ´ . ‘²¥¤Ê¥É § ³¥É¨ÉÓ É ±¦¥, ÎÉµ Ëµ·³  § ¶¨¸¨ ¸¥Î¥´¨Ö · ¸¸¥Ö-
´¨Ö ´¥°É·µ´  ¶µ ¸É¥¶¥´Ö³ ¥£µ ¢µ²´µ¢µ£µ Î¨¸²  £µ¤¨É¸Ö ²¨ÏÓ ¢ Éµ³ ¤¨ ¶ -
§µ´¥ §´ Î¥´¨° Ô´¥·£¨°, £¤¥ § ±µ´´µ ¢Ò¶µ²´¥´¨¥ · ¢¥´¸É¢  sin δ

0
 ≈ δ

0
, É.¥.

´¥ ¡µ²¥¥ Î¥³ ¤µ ´¥¸±µ²Ó±¨Ì ¥¤¨´¨Í ±¨²µÔ²¥±É·µ´¢µ²ÓÉ. ‚ ¶·µÉ¨¢´µ³ ¸²Ê-
Î ¥ ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ É ±¦¥, ÎÉµ Ë §  · ¸¸¥Ö´¨Ö ¸Éµ¨É ¥Ð¥ ¨ ¶µ¤ §´ ±µ³
±µ¸¨´Ê¸ .

6. “—…’ Œ…†�…‡����‘��‰ ˆ�’…�”…�…�–ˆˆ

�É¸ÊÉ¸É¢¨¥ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ³¥¦·¥§µ´ ´¸´ÒÌ ¨´É¥·-
Ë¥·¥´Í¨µ´´ÒÌ Î²¥´µ¢ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ µ¶·¥¤¥²¥´´µ£µ ¢¨¤  ±µ³¶µ´¥´É
S-³ É·¨ÍÒ, ÎÉµ µ¶·¥¤¥²Ö¥É  ¤¤¨É¨¢´µ¸ÉÓ ¢±² ¤µ¢ µÉ¤¥²Ó´ÒÌ ·¥§µ´ ´¸µ¢ ¢
³ É·¨ÍÊ · ¸¸¥Ö´¨Ö. ’ ±µ¥ µ¶¨¸ ´¨¥ Ö¢²Ö¥É¸Ö ¶·¨¡²¨¦¥´´Ò³. �¤´ ±µ Ê¦¥
¤µ¢µ²Ó´µ ¤ ¢´µ ¨§¢¥¸É´Ò S-³ É·¨ÍÒ, ÊÎ¨ÉÒ¢ ÕÐ¨¥ Ö¢²¥´¨¥ ³¥¦·¥§µ´ ´¸-
´µ° ¨´É¥·Ë¥·¥´Í¨¨ ¶·¨ · ¸¸¥Ö´¨¨ ´¥°É·µ´µ¢ Ö¤· ³¨ (¸³., ´ ¶·¨³¥·, [69Å
Å71]). �¤´  ¨§ ´¨Ì ¨³¥¥É ¢¨¤ [71]:

Snn = 






 1 − i ∑ 

i

 
αnj + i βnj

E − µj + ivj
 






 exp (2i δ

pot
), (74)
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£¤¥ Σ (αnj + i βnj) = Σ Γnj , Σ βnj = 0, µj = Re E
~

j , νj = Im E
~

j , E
~

j Å ±µ³¶²¥±¸´ Ö

Ô´¥·£¨Ö j-£µ ·¥§µ´ ´¸  (¶·¨ βnj = 0 E
~

j = Ej + i (Γj6 2)). �·¨ βnj = 0 σ
tot

 ¶·¥¤-

¸É ¢²Ö¥É ¸µ¡µ° ¸Ê³³Ê ¡·¥°É-¢¨£´¥·µ¢¸±¨Ì Î²¥´µ¢, ÊÎ¨ÉÒ¢ ÕÐ¨Ì ²¨ÏÓ
¨´É¥·Ë¥·¥´Í¨Õ ³¥¦¤Ê ¶µÉ¥´Í¨ ²Ó´Ò³ ¨ ·¥§µ´ ´¸´Ò³ · ¸¸¥Ö´¨¥³. �·¨
ÊÎ¥É¥ ¢¸¥Ì ·¥§µ´ ´¸´ÒÌ Ê·µ¢´¥° ¢Ò· ¦¥´¨Ö (74) · ¸Î¥É σ

tot
 ¶µ Ëµ·³Ê²¥

σ
tot

 = 2πg(1 − Re Snn) 6 k2 (75)

¤µ¢µ²Ó´µ ¸²µ¦¥´. ‚ ±´¨£¥ [72] ¨§ ¢Ò· ¦¥´¨° (74) ¨ (75) ¶µ²ÊÎ¥´  ¤¢ÊÌ-
Ê·µ¢´¥¢ Ö Ëµ·³Ê²  ¤²Ö σ

tot
, ± Î¥¸É¢¥´´µ ¨´É¥·¶·¥É¨·ÊÕÐ Ö ¢¸¥ µ¸´µ¢´Ò¥

µ¸µ¡¥´´µ¸É¨ ±µ··¥²ÖÍ¨° ³¥¦¤Ê §´ Î¥´¨Ö³¨ ·¥§µ´ ´¸´ÒÌ ¶ · ³¥É·µ¢
Ê·µ¢´¥°. �´  ¨³¥¥É ¢¨¤

σ
tot

 = σ
pot

 + 
2πg

k2
 






 
G

1
ν
1
 + H

1
(µ

1
 − E)

(µ
1
 − E)2 + ν

1
2

 + 
G

2
ν
2
 + H

2
(µ

2
 − E)

(µ
2
 − E)2 + ν

2
2

 






 , (76)

£¤¥

G1 = α1n cos 2δpot − βn sin 2δpot,       G2 = α2n cos 2δpot − βn sin 2δpot,

H1 = βn cos 2δpot − α1n sin 2δpot,       H2 = − βn cos 2δpot − α2n sin 2δpot

α1n + i βn = Γ
~

1n                            α2n + i βn = Γ
~

2n

2E
~

1,2 = E1 − i Γ16 2 + E2 − i Γ2 6 2 ‡ [(E2 − i Γ2 6 2 − E1 + i Γ1 6 2)2 − Γ12
2 ]1 6 2,

Γ
~

1n = Γ1n cos
2ϕ + Γ2n sin

2ϕ + Γ1n
1 6 2 Γ2n

1 6 2 sin 2ϕ,

Γ
~

2n = Γ2n cos
2ϕ + Γ1n sin

2ϕ − Γ1n
1 6 2 Γ2n

1 6 2 sin 2ϕ,

B = i Γ12[(E2 − E1 − i Γ2 6 2 + i Γ1 6 2)2 − Γ12
2 ]−1 6 2,

ϕ = arcsin (B6 2), Γ
12

 = (Γ
1
Γ

2
)1 6 2, ¢ ´ Ï¥³ ¸²ÊÎ ¥ Γ

12
2  << (E

2
 − E

1
)2. �¥§Ê²Ó-

É ÉÒ ¢ÒÎ¨¸²¥´¨Ö ³¥¦·¥§µ´ ´¸´ÒÌ ¨´É¥·Ë¥·¥´Í¨µ´´ÒÌ Î²¥´µ¢ ∆ σ
int

 ¶·¨

¨¸¶µ²Ó§µ¢ ´¨¨ Ëµ·³Ê²Ò (75) ¤²Ö ¢¨¸³ÊÉ  (·¥§µ´ ´¸´Ò¥ Ô´¥·£¨¨

E
1
 = 800 Ô‚ ¨ E

2
 = 2310 Ô‚) ¨ 208Pb (·¥§µ´ ´¸´Ò¥ Ô´¥·£¨¨ E

1
 = 507 ±Ô‚ ¨

E
2
 = 1735 ±Ô‚) ¶·¨¢¥¤¥´Ò ¢ É ¡².5.

‡´ ±¨ ∆ σint µ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò¡µ·µ³ §´ ±µ¢ ¶¥·¥¤ §´ Î¥´¨Ö³¨ ±¢ ¤· É-

´ÒÌ ±µ·´¥° ¨§ Γ1n, Γ2n, B ¨ Γ12. ˆ§ É ¡².5 ¸²¥¤Ê¥É, ÎÉµ ¢¤ ²¨ µÉ ·¥§µ´ ´¸-

´ÒÌ Ô´¥·£¨° §´ Î¥´¨Ö ∆ σint ¶· ±É¨Î¥¸±¨ ´¥ § ¢¨¸ÖÉ µÉ Ô´¥·£¨¨ ¨ ¸µ¸É ¢²Ö-
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ÕÉ ³¥´¥¥ ¤µ²¨ ¶·µÍ¥´É  µÉ ¢¥²¨Î¨´Ò σtot (0,2% σtot ¤²Ö ¢¨¸³ÊÉ  ¨ 0,04%

σtot ¤²Ö 
208Pb).

’ ¡²¨Í  5

‚¨¸³ÊÉ
(E1 = 800 ±Ô‚, E2 = 2310 ±Ô‚)

‘¢¨´¥Í-208
(E1 = 507 ±Ô‚ ¨ E2 = 1735 ±Ô‚)

�´¥·£¨Ö, Ô‚ 1 16 50 1000 25000

∆ σint, 10−3 ¡ ±20,7 ±20,0 ±20,5 ±4,9 ±4,2

„·Ê£ÊÕ Ëµ·³Ê²Ê ¤²Ö S-³ É·¨ÍÒ ³µ¦´µ ¢§ÖÉÓ, ´ ¶·¨³¥·, ¨§ · ¡µÉ
[69,70]:

Scc′ = exp (i δ
pot,c + i δ

pot,c′) 



 δcc′ + i ∑ 

λλ′
(Γλ,c)

1 6 2(Γλ′,c′)
1 6 2Aλλ′ 




, (77)

£¤¥ δcc′ Å ¤¥²ÓÉ -ËÊ´±Í¨Ö,   ³ É·¨Í , µ¡· É´ Ö ³ É·¨Í¥ Aλλ′:

(A−1)λλ′ = (Eλ − E) δλλ′ − i 6 2 ∑ 
c

(Γλc)
1 6 2(Γλ′c)

1 6 2.

ˆ¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (75) ¨ (77), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

∆ σint ≈ 
g+

4k2
 













 ∑ 
i

Γni ∆Ei 

∑ 
i ≠ j

Γj 6 ∆Ej

∆Ei
 2 + 

1
4
 

 Γi + ∆Ei ∑ 

j ≠ i

Γj6 ∆Ej 




2
 













 +

+  ¶µ¤µ¡´Ò° Î²¥´ ¤²Ö ¤·Ê£µ£µ ¸¶¨´  (g−). (78)

„²Ö ¤¢ÊÌ Ê·µ¢´¥° ¢¨¸³ÊÉ  (E1 = 800 Ô‚ ¨ E2 = 2310 Ô‚) ¢ÒÎ¨¸²¥´¨Ö ¶µ

Ëµ·³Ê²¥ (78) ¤ ÕÉ ·¥§Ê²ÓÉ ÉÒ, ¸µ¢¶ ¤ ÕÐ¨¥ ¶· ±É¨Î¥¸±¨ ¸ ¤ ´´Ò³¨, ¶·¨-
¢¥¤¥´´Ò³¨ ¢ É ¡².5. �·¨ ÊÎ¥É¥ ¦¥ ¢¸¥Ì ¨§¢¥¸É´ÒÌ ·¥§µ´ ´¸µ¢ ¸ Ô´¥·£¨¥°
Ej > 0 (0 < Ej < 265 ±Ô‚ [17]) ³¥¦·¥§µ´ ´¸´Ò° ¨´É¥·Ë¥·¥´Í¨µ´´Ò° Î²¥´ ̧ µ-

¸É ¢²Ö¥É ∆ σint = 0,108 ¡ ¤²Ö ¢¨¸³ÊÉ  ¶·¨ Ô´¥·£¨¨ ¶µ·Ö¤±  10 Ô‚ (¶µ²´µ¥

¸¥Î¥´¨¥ ¢¨¸³ÊÉ  ¶·¨ ÔÉµ° Ô´¥·£¨¨ σtot = 9,3 ¡, É.¥. ¢ 90 · § ¡µ²ÓÏ¥). 

�Î¥´Ó ¢ ¦´µ, µ¤´ ±µ, ÎÉµ ¢¤ ²¨ µÉ ·¥§µ´ ´¸µ¢ ∆ σint ¤²Ö ¢¨¸³ÊÉ  ¶· ±-

É¨Î¥¸±¨ ́ ¥ § ¢¨¸¨É µÉ Ô´¥·£¨¨. �µ¤É¢¥·¦¤¥´¨¥ ÔÉµ³Ê ³µ¦´µ ´ °É¨ ¢ É ¡².5,
  É ±¦¥  ´ ²¨§¨·ÊÖ ¢Ò· ¦¥´¨¥ (78), µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ ¢¤ ²¨ µÉ ·¥§µ´ ´-
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¸µ¢ ∆ σint ~ Γnj Γj + 1 6 k2 ≈ const. �´ ²µ£¨Î´µ¥ ÊÉ¢¥·¦¤¥´¨¥ µÉ´µ¸¨É¸Ö É ±¦¥

± · ¡µÉ¥ [73], µÉ³¥Î ÕÐ¥° ´¥µ¡Ìµ¤¨³µ¸ÉÓ ÊÎ¥É  ³¥¦·¥§µ´ ´¸´µ° ¨´É¥·Ë¥-

·¥´Í¨¨, £¤¥ ¶·¨ γ2 = Γn 6 (2kR) 

∆σ
int

 = R2 ∑ ∑ 
γi
2 γj

2

(E − Ei)(E − Ej)
 ≈ const. (79)

�¤´ ±µ ¸¶µ¸µ¡ ¶µ²ÊÎ¥´¨Ö ∆σ
int

 ¢ ÔÉµ° · ¡µÉ¥ ¢Ò§Ò¢ ¥É ¡µ²ÓÏ¨¥ ¸µ³´¥´¨Ö

[74].
‚ · ¡µÉ¥ [46] ¤²Ö µ¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´Ò ane  ´ ²¨§¨·µ¢ ²µ¸Ó §´ Î¥´¨¥

y = σtot(E) 6 4π − bcoh
2 , £¤¥ bcoh Å ¤²¨´  ±µ£¥·¥´É´µ£µ · ¸¸¥Ö´¨Ö. ‚Ò· ¦¥´¨¥

¤²Ö y ¸µ¤¥·¦¨É, ¢ Î ¸É´µ¸É¨, ´¥ § ¢¨¸ÖÐ¨° µÉ Ô´¥·£¨¨ Î²¥´ p2, ±µÉµ·Ò°

¢ ·Ó¨·Ê¥É¸Ö, ÎÉµ¡Ò ¤µ¸É¨£´ÊÉÓ ´ ¨²ÊÎÏ¥£µ µ¶¨¸ ´¨Ö ¶µ²ÊÎ¥´´ÒÌ Ô±¸-
¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ’ ± ± ± p2 ´¥ § ¢¨¸¨É µÉ Ô´¥·£¨¨, ¢¢¥¤¥´¨¥ ¢ ¢Ò-

· ¦¥´¨¥ σtot É ±¦¥ ¶µ¸ÉµÖ´´µ£µ Î²¥´  ∆ σint ́ ¥ ³µ¦¥É ¶µ¢²¨ÖÉÓ ́   ·¥§Ê²ÓÉ É

µ¶·¥¤¥²¥´¨Ö ane ¢ · ¡µÉ¥ [46], ÌµÉÖ, ±µ´¥Î´µ, ́ ¥¸±µ²Ó±µ ̈ §³¥´¨É  ´ ²¨É¨Î¥-

¸±µ¥ ¢Ò· ¦¥´¨¥ p2.

‘ ÊÎ¥Éµ³ (56) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ [75,76] Ëµ·³Ê²Ê ¤²Ö ¸Ê³³Ò p2 ¨ ³¥¦·¥-

§µ´ ´¸´µ£µ ¨´É¥·Ë¥·¥´Í¨µ´´µ£µ Î²¥´  (78):

p2 + ∆σint6 4π = 
g+ g−

4
 






 ∑ 

+

Γni

ki Ei
 − ∑ 

−

Γni

ki Ei
 







 2

 + 
g+

4k2
 ∑ 

i

Γni

∆Ei
  ∑ 

j ≠ i

 
Γγ j
∆Ej

 +

+  ¶µ¤µ¡´Ò° Î²¥´ ¤²Ö ¤·Ê£µ£µ ¸¶¨´  (g−). (80)

‚Éµ·µ° ¨ É·¥É¨° Î²¥´Ò ¢Ò· ¦¥´¨Ö (80) ³µ£ÊÉ ¡ÒÉÓ µÉ·¨Í É¥²Ó´Ò³¨. ̂ Ì
§´ ±¨ § ¢¨¸ÖÉ µÉ · ¸¶µ²µ¦¥´¨Ö ·¥§µ´ ´¸µ¢, ̈ Ì ̧ ¨²Ò ̈  Ô´¥·£¨¨, ¶·¨ ±µÉµ·µ°
¶·µ¢µ¤ÖÉ¸Ö ¨§³¥·¥´¨Ö. ’ ±¨³ µ¡· §µ³, ¸ÊÐ¥¸É¢Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¤²Ö
p2 + ∆ σint6 4π ¡ÒÉÓ µÉ·¨Í É¥²Ó´Ò³, ÎÉµ ¨ ¡Ò²µ ¶µ²ÊÎ¥´µ ¤²Ö ¢¨¸³ÊÉ  ¢

· ¡µÉ¥ [46].
„²Ö Î¥É´µ-Î¥É´ÒÌ Ö¤¥· (g+ = 1, g− = 0):

p
2
 + ∆ σ

int
6 4π = 

1

4k2
 ∑ 

i

Γni

∆Ei
  ∑ 

j ≠ i

 
Γγ j
∆Ej

 . (81)

„²Ö 208Pb ¶·¨ Ô´¥·£¨¨ ´¥°É·µ´µ¢, · ¢´µ° 1 Ô‚, p
2
 + ∆ σ

int
6 4π ≈

≈ 6,3 ⋅10−6 ¡/¸· ¨ ¶·¨ Ô´¥·£¨¨ 1970 Ô‚ p
2
 + ∆ σ

int
6 4π ≈ 1,4⋅10−7 ¡/¸·, ¥¸²¨ ¢

· ¸Î¥É Ì ÊÎ¨ÉÒ¢ ÕÉ¸Ö ²¨ÏÓ ¨§¢¥¸É´Ò¥ ·¥§µ´ ´¸Ò ¶·¨ 507 ¨ 1735 ±Ô‚.
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“Î¥É ´ °¤¥´´µ£µ ¢ · ¡µÉ¥ [54] ·¥§µ´ ´¸  ¶·¨ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¨ ´¥°-

É·µ´µ¢, · ¢´µ° Ä1900 ±Ô‚, ¨ Γn
(0) = 2,3 ±Ô‚ ¶· ±É¨Î¥¸±¨ ´¥ ³¥´Ö¥É ¸¨ÉÊ-

 Í¨Õ. ‚±² ¤ ¤ ´´µ£µ ·¥§µ´ ´¸  ¢ p
2
 + ∆ σ

int
6 4π ¶·¨ Ô´¥·£¨¨ ´¥°É·µ´µ¢

1970 ±Ô‚ ´¥ ¶·¥¢ÒÏ ¥É 3⋅10−7 ¡/¸·.
—Éµ ± ¸ ¥É¸Ö ¢¥²¨Î¨´Ò p1bcoh, Éµ ¥¥ §´ Î¥´¨¥ (¸³.(53) ¨ (55)) ¤ ¦¥ ¶·¨

Ô´¥·£¨¨ 1970 Ô‚ ´¥ ¶·¥¢ÒÏ ¥É 3⋅10−4 ¡/¸·.

’ ±¨³ µ¡· §µ³, ¢²¨Ö´¨¥³ ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨Ö ´  µ¶·¥¤¥²Ö¥³ÊÕ

¢¥²¨Î¨´Ê ane ¤²Ö µ¡· §Í  208Pb ¶·¨ Ô´¥·£¨¨ ´¥°É·µ´µ¢ ¤µ 1970 Ô‚ ³µ¦´µ

¶·¥´¥¡·¥ÎÓ (y = σtot6 4π − bcoh
2 A2 6 (A + 1)2 ≈ 0,01 ¡/¸·). ”µ·³Ê²  (53) ¤²Ö

µ¶·¥¤¥²¥´¨Ö ane Ê¶·µÐ ¥É¸Ö ¨ ¶·¨ αn ≈ 0 (¸µ£² ¸´µ ¶µ¸²¥¤´¨³ Ô±¸¶¥·¨³¥´-

É ²Ó´Ò³ ¤ ´´Ò³ αn ´¥ ¶·¥¢ÒÏ ¥É 0,5⋅10−3 Ë³3, ¸³., ´ ¶·¨³¥·, [49]) ¨³¥¥É

¢¨¤

y = σ
tot
6 4π − b

coh
2 A2 6 (A + 1)2= (Z − F)2ane

2 − 2anebcoh
(Z − F)A6 (A + 1),  (82)

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ σ
tot
6 4π = [b

coh
A 6 (A + 1) − ane(Z − F)]2 ¨²¨

√σ
tot
6 4π  = b

coh
A 6 (A + 1) − ane(Z − F). (83)

ˆ§ (83) ¸²¥¤Ê¥É, ÎÉµ

ane = 16 √ 4π  [√ σ
tot

(E
1
) − √ σ

tot
(E

2
) ]6 [F(E

1
) − F(E

2
)]. (84)

�¡· ¡ ÉÒ¢ Ö ¸ ¶µ³µÐÓÕ (84) ·¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¨Éµ£µ¢µ° · ¡µÉÒ
Š¥¸É¥·  ¨ ¤·. [49], ³µ¦´µ ¶µ²ÊÎ¨ÉÓ (¶µ¸²¥ ¢¢¥¤¥´¨Ö ¢ σ

tot
 ¶µ¶· ¢µ±,

µ¡Ê¸²µ¢²¥´´ÒÌ  £·¥£ É´Ò³ ¸µ¸ÉµÖ´¨¥³ ¢¥Ð¥¸É¢  ¨ Ï¢¨´£¥·µ¢¸±¨³
· c¸¥Ö´¨¥³) ¤²Ö Ô´¥·£¨° ´¥°É·µ´µ¢ E

1
= 1,26 Ô‚ ¨ E

2
= 5,19 Ô‚: ane =

= (−1,58 ± 0,30) ⋅10−3 Ë³; ¤²Ö E
1
= 1,26 Ô‚ ¨ E

2
= 1970 Ô‚: ane = (−0,26 ±

± 0,15)⋅10−3 Ë³ ¨ ¤²Ö E
1
 = 5,19 Ô‚ ¨ E

2
 = 1970 Ô‚: ane= (+0,10±0,29)⋅10−3 Ë³.

ˆ§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ´ ¶· Ï¨¢ ¥É¸Ö ¢Ò¢µ¤ µ Éµ³, ÎÉµ ¢¥²¨Î¨´ 
σ

tot
 ¶·¨ Ô´¥·£¨¨ E

2
 = 1970 Ô‚ µ¶·¥¤¥²¥´  ¢ · ¡µÉ¥ [49] ´¥¶· ¢¨²Ó´µ. …¸²¨

¶·¨´ÖÉÓ, ÎÉµ σ
tot

(1970), · ¢´µ 11,525 ¡ (¢³¥¸Éµ 11,479 ¡, ¢ [49]), Éµ ³µ¦´µ

¶µ²ÊÎ¨ÉÓ ane = (−1,59 ± 0,15)⋅10−3 Ë³ (¤²Ö E
1
 = 1,26 Ô‚ ¨ E

2
 = 1970 Ô‚) ¨

ane = (−1,61 ± 0,29)⋅10−3 Ë³ (¤²Ö E
1
 = 5,19 Ô‚ ¨ E

2
 = 1970 Ô‚), ÎÉµ, ¶µ-¢¨¤¨-

³µ³Ê, ¡²¨§±µ ± ¨¸É¨´¥.
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Šµ´¥Î´µ, ¸ ÉµÎ±¨ §·¥´¨Ö Ô±¸¶¥·¨³¥´É Éµ· , ¢µ¶·µ¸ µ ¤²¨´¥ · ¸¸¥Ö´¨Ö
ane Å ÔÉµ ¢µ¶·µ¸ Ô±¸¶¥·¨³¥´É . �¤´ ±µ ¨³¥ÕÐ¨¥¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò¥

¤ ´´Ò¥ ¢¸¥ ¦¥ ¸²¥¤Ê¥É ¸µ¶µ¸É ¢¨ÉÓ ¸ ´¥±µÉµ·Ò³¨ ¸µ¢·¥³¥´´Ò³¨ ¨¤¥Ö³¨ µ
¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·¥ ´¥°É·µ´ . ’ ±¨¥ ¨¤¥¨, ± ± ³´¥ ± ¦¥É¸Ö, ´ ¨¡µ²¥¥
Ìµ·µÏµ · §¢¨ÉÒ ¢ ±¢ ·±µ¢ÒÌ ³µ¤¥²ÖÌ, µ¸´µ¢Ò ±µÉµ·ÒÌ § ²µ¦¥´Ò ¢ ¸É ·µ°
³¥§µ´´µ° É¥µ·¨¨ �± ¢Ò. “¦¥ ¨§ ÔÉµ° É¥µ·¨¨ ¸²¥¤Ê¥É, ÎÉµ ¢¨·ÉÊ ²Ó´Ò°

¶·µÍ¥¸¸ n → p + π− ¤ ¥É µÉ·¨Í É¥²Ó´Ò° Ì¢µ¸É ¢ · ¸¶·¥¤¥²¥´¨¨ Ô²¥±É·¨Î¥¸-
±µ£µ § ·Ö¤  ¢ ´¥°É·µ´¥ (¸³. ·¨¸.5). �¤´ ±µ ¢µ ¢¸¥Ì ¸É ·ÒÌ ¸É É¨Î¥¸±¨Ì
¶·¥¤¸É ¢²¥´¨ÖÌ µ ´Ê±²µ´¥ ´¥ ¡Ò²µ Ö¸´µ, ÎÉµ ¸µ¡µ° ¶·¥¤¸É ¢²Ö¥É Í¥´É· ²Ó-
´ Ö Î ¸ÉÓ ´Ê±²µ´ . �É  ¶·µ¡²¥³  ¡Ò²  ·¥Ï¥´  ²¨ÏÓ ¢ · ³± Ì ¸µ¢·¥³¥´´ÒÌ
¨¤¥° µ ́ Ê±²µ´¥. ‚ 70-Ì £µ¤ Ì ¡Ò²  ̧ µ§¤ ´  ±¢ ´Éµ¢ Ö Ì·µ³µ¤¨´ ³¨±  (Š•„)
Å ±¢ ´Éµ¢µ-¶µ²¥¢ Ö É¥µ·¨Ö ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ±¢ ·±µ¢ ¨ £²Õµ´µ¢.
Š•„, ¢ Î ¸É´µ¸É¨, µ¡µ¡Ð¨²  ¨³¥ÕÐ¨¥¸Ö ¶·¥¤¸É ¢²¥´¨Ö µ ¸É·Ê±ÉÊ·¥  ¤·µ-
´µ¢. “· ¢´¥´¨Ö Š•„, ¢ µÉ²¨Î¨¥ µÉ Ê· ¢´¥´¨° Œ ±¸¢¥²² , µ± §Ò¢ ÕÉ¸Ö
´¥²¨´¥°´Ò³¨. ‚ É¥Î¥´¨¥ ¶µ¸²¥¤´¨Ì ´¥¸±µ²Ó±¨Ì ²¥É ¶·¥¤¶·¨´¨³ ²¨¸Ó
¶µ¶ÒÉ±¨ ·¥Ï¨ÉÓ Ê· ¢´¥´¨Ö Š•„. ‚ µÉ¸ÊÉ¸É¢¨¥ ÉµÎ´ÒÌ ·¥Ï¥´¨° ¥¸É¥¸É¢¥´-
´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³¨ ³µ¤¥²Ö³¨, µÉ· ¦ ÕÐ¨³¨ ¸¢µ°¸É-
¢  Š•„. �¤´µ° ¨§ É ±¨Ì ³µ¤¥²¥° Ö¢²Ö¥É¸Ö ‘‚Œ (Cloudy Bag Model), ¶·¥¤-
²µ¦¥´´ Ö ¨ · §¢¨É Ö ’µ³ ¸µ³ ¨ ¤·. [77]. ‡ ³¥É¨³, ÎÉµ µ¸´µ¢Ò ±¢ ·±µ¢ÒÌ
³µ¤¥²¥° ´Ê±²µ´µ¢-³¥Ï±µ¢ ¡Ò²¨ § ²µ¦¥´Ò ¢ · ¡µÉ Ì É¥µ·¥É¨±µ¢ �ˆŸˆ
(„Ê¡´ ), ¢Ò¶µ²´¥´´ÒÌ ¢ ̧ ¥·¥¤¨´¥ 60-Ì £µ¤µ¢. ‚¨¤¨³µ, �.�.�µ£µ²Õ¡µ¢ ¢¶¥·-
¢Ò¥ µ±µ´Î É¥²Ó´µ ¸Ëµ·³Ê²¨·µ¢ ² ¢ 1967 £. [78,79] ³µ¤¥²Ó ®¤Ê¡´¥´¸±µ£µ
³¥Ï± ¯, ¶·¥¤¸É ¢²ÖÕÐÊÕ ¸µ¡µ° ¸¨¸É¥³Ê ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¡¥§³ ¸¸µ¢ÒÌ ±¢ ·-
±µ¢, ¤¢¨¦ÊÐ¨Ì¸Ö ¸¢µ¡µ¤´µ ¢´ÊÉ·¨ ¸Ë¥·¨Î¥¸±µ£µ µ¡Ñ¥³ . „ ²Ó´¥°Ï¥¥
· §¢¨É¨¥ ¤Ê¡´¥´¸±¨Ì ¨¤¥° ¶·¨¢¥²µ ± ¸µ§¤ ´¨Õ ±¢ ·±µ¢µ° (Massachusetts
Institute of Technology) MIT-³µ¤¥²¨, £² ¢´Ò¥ ¸¢µ°¸É¢  ±µÉµ·µ° ¡Ò²¨ § É¥³
¶µ²µ¦¥´Ò ¢ µ¸´µ¢Ê ‘‚Œ. �¤´¨³ ¨§ ¸ÊÐ¥¸É¢¥´´ÒÌ
´¥¤µ¸É É±µ¢ ŒI’-³µ¤¥²¨ Ö¢²Ö²µ¸Ó Éµ, ÎÉµ ¢ ´¥° ´ -
·ÊÏ ² ¸Ó ±¨· ²Ó´ Ö ¸¨³³¥É·¨Ö. „²Ö Ê¸É· ´¥´¨Ö
ÔÉµ£µ ¶µÉ·¥¡µ¢ ²µ¸Ó ¢±²ÕÎ¨ÉÓ ¢ ³µ¤¥²Ó ¢§ ¨³µ-
¤¥°¸É¢¨e ±¢ ·±µ¢ ¸ ¶¨µ´´Ò³ ¶µ²¥³ ´  ¶µ¢¥·Ì´µ¸É¨
³¥Ï± . �µ¤µ¡´ Ö £¨¡·¨¤´ Ö ³µ¤¥²Ó ±¨· ²Ó´µ£µ
³¥Ï±  (³µ¤¥²Ó ‘‚Œ), ± ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ¡Ò² 
· §¢¨É  ’µ³ ¸µ³ ¨ ¤·. ‚ ÔÉµ° ³µ¤¥²¨ ´Ê±²µ´
¸µ¸Éµ¨É ¨§ ¸Ë¥·¨Î¥¸±µ° ¸É É¨Î¥¸±µ° ¶µ²µ¸É¨

�¨¸.5. �¦¨¤ ¥³µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¢
´Ê±²µ´¥:  ) ¶·µÉµ´; ¡) ´¥°É·µ´
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· ¤¨Ê¸  R, § ¶µ²´¥´´µ° É·¥³Ö ¢ ²¥´É´Ò³¨ ¡¥§³ ¸¸µ¢Ò³¨ ±¢ ·± ³¨. ‚µ±·Ê£
³¥Ï±  ¸ÊÐ¥¸É¢Ê¥É µ¡² ±µ µÉ·¨Í É¥²Ó´ÒÌ ¶¨µ´µ¢, ±µÉµ·Ò¥ ³µ£ÊÉ ¶µ£²µ-
Ð ÉÓ¸Ö ¨ ¨¸¶Ê¸± ÉÓ¸Ö ¶µ¢¥·Ì´µ¸ÉÓÕ ³¥Ï± . �É·¨Í É¥²Ó´Ò¥ ¶¨µ´Ò
¶·µ¸É¨· ÕÉ¸Ö ´  · ¸¸ÉµÖ´¨¥ ¶µ·Ö¤±  h6 (mπc) > R. ’ ±¨³ µ¡· §µ³, ¢ ‘‚Œ

´Ê±²µ´ ´¥ Ö¢²Ö¥É¸Ö ÉµÎ¥Î´µ° Î ¸É¨Í¥°. Œµ¤¥²Ó ‘‚Œ ¤µ¸É ÉµÎ´µ Ê¸¶¥Ï´µ
µ¶¨¸Ò¢ ¥É ¸É É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ´Ê±²µ´µ¢: ³ £´¨É´Ò¥ ³µ³¥´ÉÒ, Ëµ·³Ë ±-
Éµ·Ò, § ·Ö¤µ¢Ò¥ · ¤¨Ê¸Ò ¨ É.¶. ‚ÒÎ¨¸²¥´¨Ö ¶·µ¢µ¤ÖÉ¸Ö ¨³¥´´µ ¢ ¸É É¨Î¥¸-
±µ³ ¶·¥¤¥²¥ (M → ∞), ´Ê±²µ´ ¸Î¨É ¥É¸Ö ¶µ±µÖÐ¨³¸Ö,   ¶µ¶· ¢±¨, ¸¢Ö§ ´-
´Ò¥ ¸ µÉ¤ Î¥° ´Ê±²µ´ , ¢¢µ¤ÖÉ¸Ö ¶µ§¤´¥¥. �¤´ ±µ µ´¨ ¤µ¢µ²Ó´µ ¸² ¡µ
¢²¨ÖÕÉ ´  ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ (¢ [80], ´ ¶·¨³¥·, µ´¨ ¨§³¥´ÖÕÉ
¢ÒÎ¨¸²¥´´Ò° § ·Ö¤µ¢Ò° · ¤¨Ê¸ ´¥°É·µ´  ´¥ ¡µ²¥¥ Î¥³ ´  6%).

�¥Ï ÕÐÊÕ ·µ²Ó ¶·¨ ¢ÒÎ¨¸²¥´¨¨ · ¤¨Ê¸  ´Ê±²µ´  ¨£· ¥É ¢§ ¨³µ¤¥°-
¸É¢¨¥ ±¢ ·±µ¢ ̧  ¶¨µ´´Ò³ ¶µ²¥³. ’ ±, ¤²Ö ́ ¥°É·µ´  ¢ ŒI’-³µ¤¥²¨, £¤¥ ¶¨µ´-
´µ£µ ¶µ²Ö ´¥É, ¢ÒÎ¨¸²¥´´Ò° · ¤¨Ê¸ · ¢¥´ ´Ê²Õ. ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ ¢
‘‚Œ ¢ÒÎ¨¸²Ö¥É¸Ö ¨³¥´´µ ±¢ ¤· É ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ´¥°É·µ-

´  〈 rE,in
2  〉N ¸µ£² ¸´µ ¸µµÉ´µÏ¥´¨Õ:

〈 rE,in
2  〉N = 16 (e) ∫ ρN(r)r2d r, (85)

£¤¥ ρN(r) = ρN
0 (r) + ρN

π(r). �¥·¢Ò° Î²¥´ ¢ ¶µ¸²¥¤´¥° Ëµ·³Ê²¥ µ¶¨¸Ò¢ ¥É

±¢ ·±µ¢ÊÕ § ·Ö¤µ¢ÊÕ ¶²µÉ´µ¸ÉÓ, ¢Éµ·µ° Å ¶¨µ´´ÊÕ. �µ¸±µ²Ó±Ê ¢ÒÎ¨¸-
²¥´¨Ö ¢¥¤ÊÉ¸Ö ¤²Ö ¶µ±µÖÐ¥£µ¸Ö ³¥Ï± -´Ê±²µ´  (M → ∞), ¢ÒÎ¨¸²Ö¥³ Ö ¢
‘‚Œ ¢¥²¨Î¨´  (85) ´¥ ¤µ²¦´  ¸µ¤¥·¦ ÉÓ Î²¥´ ”µ²¤¨ (¸³.[80]), µ¡Ê¸²µ¢-
²¥´´Ò° Ö¢²¥´¨¥³ ®Zitterbewegung¯ ¨, ±·µ³¥ Éµ£µ, µ¡· Ð ÕÐ¨°¸Ö ¢ ´Ê²Ó
¶·¨ M → ∞. Ÿ¸´µ É ±¦¥, ÎÉµ ¢¥²¨Î¨´  (85) ¤µ²¦´  ¡ÒÉÓ µÉ·¨Í É¥²Ó´µ°,
É.±. µ¡² ¸ÉÓ r > R, £¤¥ ´ Ìµ¤ÖÉ¸Ö µÉ·¨Í É¥²Ó´Ò¥ ¶¨µ´Ò, ¤ ¥É ¢ ¨´É¥£· ²
(85) µÉ´µ¸¨É¥²Ó´µ ¡µ²ÓÏ¨° ¢±² ¤, Î¥³ ¶·¨ r < R. �µ²µ¦¨É¥²Ó´ Ö ¢¥²¨-

Î¨´  〈 rE,in
2  〉N ¸µ£² ¸´µ (85) ¶µ²ÊÎ¨ÉÓ¸Ö ¶·µ¸Éµ ´¥ ³µ¦¥É, ÎÉµ ¸²¥¤Ê¥É ¨§

· ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¢ ´¥°É·µ´¥. �µÔÉµ³Ê Ô±¸¶¥·¨³¥´-
É ²Ó´Ò¥ ¤ ´´Ò¥ Š·µ´  ¨ �¨´£µ, £·Ê¶¶ Š¥¸É¥·  ¨ Šµ¶¥Í±µ£µ (¸³. É ¡².2)
¶·µÉ¨¢µ·¥Î É ¸µ¢·¥³¥´´Ò³ ´ ¨¡µ²¥¥ · §¢¨ÉÒ³ ¶·¥¤¸É ¢²¥´¨Ö³ µ ¸É·Ê±ÉÊ-

·¥ ´¥°É·µ´  (¸³. É ±¦¥ [10,75,76,81]). �µ²µ¦¨É¥²Ó´µ¥ §´ Î¥´¨¥ 〈 rE,in
2  〉N

¶·µÉ¨¢µ·¥Î¨É ´¥ Éµ²Ó±µ ‘‚Œ, ´µ ¨ ¤·Ê£¨³ É¥µ·¨Ö³ ´Ê±²µ´  [82-84], ±µ-
Éµ·Ò¥ É ±¦¥ ¡ §¨·ÊÕÉ¸Ö ´  É¥µ·¨¨ �± ¢Ò. �· ±É¨Î¥¸±¨ ´¥¢µ§³µ¦´µ ¶µ-

²ÊÎ¨ÉÓ 〈 rE,in
2  〉N > 0, ¸²¥¤ÊÖ ¸µ¢·¥³¥´´Ò³ É¥µ·¥É¨Î¥¸±¨³ ±µ´Í¥¶Í¨Ö³.

ˆ´µ£¤  ¢µ§´¨± ¥É ¢µ¶·µ¸: ¸ Î¥³ ¸· ¢´¨¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ É¥µ·¥É¨Î¥¸±¨Ì

¢ÒÎ¨¸²¥´¨°: ¸ 〈 rE,in
2  〉N ¨²¨ ¦¥ ¸ 〈 rE,in

2  〉N + 36 (2) µn(h6 Mc)2? �ÉµÉ ¢µ¶·µ¸

µ¡¸Ê¦¤ ²¸Ö ¥Ð¥ ¢ ±µ´Í¥ 50-Ì Å ´ Î ²¥ 60-Ì £µ¤µ¢ ¢ · ³± Ì ³µ¤¥²¨ —Ê ¨
‹µÊ. �µ¸±µ²Ó±Ê ¢¸¥ ¢ÒÎ¨¸²¥´¨Ö · ¤¨Ê¸µ¢ ´Ê±²µ´µ¢ ¤¥² ÕÉ¸Ö ¢ ¶·¨¡²¨¦¥-
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´¨¨ ´¥¶µ¤¢¨¦´µ£µ (¡¥§ µÉ¤ Î¨) ÉÖ¦¥²µ£µ ´Ê±²µ´  (M → ∞) ¨ ¢ ÔÉµ³ ¸²ÊÎ ¥,

(∂GEN6 ∂q2)q2
 = 0 → 〈 rE,in

2  〉N 6 6, ¶·¥¤¸É ¢²Ö¥É¸Ö ±µ··¥±É´Ò³ ¸· ¢´¨¢ ÉÓ ·¥-

§Ê²ÓÉ ÉÒ ¸ 〈 rE,in
2  〉N, É.¥. ¢ÒÎ¨É ÉÓ ¨§ ¨§³¥·¥´´µ£µ §´ Î¥´¨Ö ane  ³¶²¨ÉÊ¤Ê

”µ²¤¨.

‡�Š‹�—…�ˆ…

�¶¨¸ ´´Ò¥ ¢ÒÏ¥ ̈ ¸¸²¥¤µ¢ ´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ Ô²¥±É·µ³ £´¨É´µ° ¸É·Ê±ÉÊ-
·µ° ´¥°É·µ´ , ¢¥¤ÊÉ¸Ö Ê¦¥ ¡µ²¥¥ 50 ²¥É. �¥¸³µÉ·Ö ´  ÔÉµ µÉ¸ÊÉ¸É¢Ê¥É ¶µ²-
´ Ö Ö¸´µ¸ÉÓ ¤ ¦¥ ¢ É ±µ°, ± § ²µ¸Ó ¡Ò, ´ ¤¥¦´µ ¨ ¸· ¢´¨É¥²Ó´µ ¶·µ¸Éµ
¨§³¥·Ö¥³µ° ¢ ´¥°É·µ´´µ° Ë¨§¨±¥ ´¨§±¨Ì Ô´¥·£¨° ¢¥²¨Î¨´¥ ¤²¨´Ò · ¸¸¥Ö-
´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥. ‚ ¸ÊÐ´µ¸É¨, ¨³¥ÕÉ¸Ö ¤¢  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ

§´ Î¥´¨Ö ÔÉµ° ¢¥²¨Î¨´Ò: 〈ane 〉 = −1,58(3)⋅10−3,Ë³ ¨ 〈ane 〉 = −1,30(3)⋅10−3 Ë³,

ÌµÉÖ ¢ µ¡§µ·¥  ¢Éµ· ¶ÒÉ ²¸Ö ¶·¨¤¥·¦¨¢ ÉÓ¸Ö ÉµÎ±¨ §·¥´¨Ö, ÎÉµ ¶¥·¢µ¥ §´ -
Î¥´¨¥ ane ¡µ²¥¥ ¶·¥¤¶µÎÉ¨É¥²Ó´µ. …¸²¨ ¸¶· ¢¥¤²¨¢  Ëµ·³Ê²  ”µ²¤¨ (8) (  ¢

ÔÉµ³, ¢µµ¡Ð¥ £µ¢µ·Ö, ¤µ¢µ²Ó´µ É·Ê¤´µ ¸µ³´¥¢ ÉÓ¸Ö), Éµ ¶¥·¢µ¥ §´ Î¥´¨¥
ane ¢¥¤¥É ± µÉ·¨Í É¥²Ó´µ³Ê §´ ±Ê ±¢ ¤· É  ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸ 

´¥°É·µ´  〈 rE,in
2  〉N ¢ µ¡² ¸É¨ ´¨§±¨Ì Ô´¥·£¨°, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É ̧ µ¢·¥³¥´´Ò¥

É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö µ ´¥°É·µ´¥, ¥£µ ¸É É¨Î¥¸±¨¥ ³µ¤¥²¨, ¶·¨
M → ∞. …¸²¨ ¦¥ ¶· ¢¨²Ó´µ ¢Éµ·µ¥ Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥

〈 ane 〉 = −1,30(3)⋅10−3 Ë³, Éµ£¤  〈 rE,in
2  〉N > 0, ¨ ¸²¥¤Ê¥É Î¥É±µ ¶µ´¨³ ÉÓ, ÎÉµ ¢

´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥ ¸ÊÐ¥¸É¢Ê¥É É¥µ·¥É¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨°, ¸¶µ¸µ¡´ÒÌ
µ¡ÑÖ¸´¨ÉÓ ¤ ´´Ò° Ë ±É. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸²¥¤Ê¥É ²¨¡µ Ö¸´µ ¸± § ÉÓ µ Éµ³, ÎÉµ
¸µ¢·¥³¥´´µ¥ É¥µ·¥É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¸É·Ê±ÉÊ·Ò ´¥°É·µ´  ¶·¨ ´¨§±¨Ì
Ô´¥·£¨ÖÌ µÎ¥´Ó ¤ ²¥±µ µÉ ¸µ¢¥·Ï¥´¸É¢  ¨ ´¥ ¸µ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó-
´Ò³ §´ Î¥´¨¥³ ane, ²¨¡µ, ÌµÉÖ ÔÉµ ¨ ´¥¤µ¸É ÉµÎ´µ ±µ··¥±É´µ, ¶·µ¸Éµ

¨£´µ·¨·µ¢ ÉÓ ¨ ´¥ · ¸¸³ É·¨¢ ÉÓ ¤ ´´Ò° ¢µ¶·µ¸, ÎÉµ ¨ ¤¥² ¥É¸Ö ¢ ¶µ¸²¥¤-
´¥¥ ¢·¥³Ö ¢ ´¥±µÉµ·ÒÌ · ¡µÉ Ì (´ ¶·¨³¥·, ¢ [45]).

‚ ¤ ´´µ³ µ¡§µ·¥ ¢ µ¸´µ¢´µ³ ¨§²µ¦¥´  ÉµÎ±  §·¥´¨Ö  ¢Éµ·  ´  ¨³¥ÕÐÊ-
Õ¸Ö ¶·µ¡²¥³Ê ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ´¥°É·µ´ . �´  µ¶Ê¡²¨±µ¢ ´ 
¨³ ¢ ·Ö¤¥ ¦Ê·´ ²µ¢ (Phys.Rev., Rev.Mexicana de Fizica, Neutron News,
Z.Phys. ¨ ¤·.), ¤µ²µ¦¥´  ´  ³¥¦¤Ê´ ·µ¤´ÒÌ ±µ´Ë¥·¥´Í¨ÖÌ (� ±¸É ¶¥±
(Œ¥±¸¨± ), ‘ ´É  ”¥ (‘˜�), ’·¨¥¸É (ˆÉ ²¨Ö), „Ê¡´  ¨ ¤·.) ¨ ¶µ¤¤¥·¦ ´ 
³´µ£¨³¨ Ë¨§¨± ³¨. �¸É ¥É¸Ö ´ ¤¥ÖÉÓ¸Ö, ÎÉµ ´µ¢Ò¥ ¨§³¥·¥´¨Ö ¨ ¡µ²¥¥  ±±Ê-
· É´ Ö µ¡· ¡µÉ±  Ê¦¥ ¶µ²ÊÎ¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ·¥Ï É ¤ ´-
´ÊÕ ¶·µ¡²¥³Ê µ±µ´Î É¥²Ó´µ.

A¢Éµ· ¡² £µ¤ ·¥´ ƒ.‘.‘ ³µ¸¢ ÉÊ §  ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥´¨Ö.
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The aim of the article is to discuss the S-matrix interpretation of perturbation theory for the
Wigner functions generating functional at a ˇnite temperature. For the sake of deˇniteness, the
concrete problem from particle physics of high-temperature initial states dissipation into cold one
is considered from experimental and theoretical points of view. The temperature is introduced in
the theory by typical for the microcanonical description way. The perturbation theory contains
two-temperature (of initial and ˇnal states) Green functions. Two possible boundary conditions are
considered. One of them is usual in a ˇeld theory vacuum boundary condition. Corresponding
generating functional of Wigner functions can be used in the particle physics. Another type of the
boundary condition assumes that the system under consideration is in environment of the black-
body radiation. This leads to the usual in statistics KuboÄMartinÄSchwinger boundary condition at
the equilibrium (one-temperature) limit. The comparison of the S-matrix approach with SchwingerÄ
Keldysh real-time ˇnite-temperature ˇeld theory and with nonstationary statistical operator approach of
Zubarev are considered. The range of applicability of the ˇnite-temperature description of dissipation
processes is shown.

–¥²Ó ¤ ´´µ° · ¡µÉÒ Ä µ¶¨¸ ÉÓ S-³ É·¨Î´ÊÕ ¨´É¥·¶·¥É Í¨Õ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö ¶·µ-
¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ²  ËÊ´±Í¨° ‚¨£´¥·  ¶·¨ ±µ´¥Î´ÒÌ É¥³¶¥· ÉÊ· Ì. „²Ö µ¶·¥¤¥²¥´´µ¸É¨
¡Ê¤¥É · ¸¸³µÉ·¥´ ¸ Ô±¸¶¥·¨³¥´É ²Ó´µ° ¨ É¥µ·¥É¨Î¥¸±µ° ÉµÎ¥± §·¥´¨Ö ±µ´±·¥É´Ò° ¶·µÍ¥¸¸ ¤¨¸-
¸¨¶ Í¨¨ £µ·ÖÎ¥£µ ´ Î ²Ó´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ Ìµ²µ¤´µ¥, É¨¶¨Î´Ò° ¤²Ö Ë¨§¨±¨ Î ¸É¨Í. ’¥³¶¥· ÉÊ· 
¸µ¸ÉµÖ´¨° ¡Ê¤¥É ¢¢¥¤¥´  ¢ Ëµ·³ ²¨§³ Ì · ±É¥·´Ò³ ¤²Ö ³¨±·µ± ´µ´¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö µ¡· -
§µ³. ’¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¸µ¤¥·¦¨É ËÊ´±Í¨¨ ƒ·¨´ , § ¢¨¸ÖÐ¨¥ µÉ ¤¢ÊÌ É¥³¶¥· ÉÊ· (µÉ¤¥²Ó´µ ¤²Ö
´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨°). � ¸¸³µÉ·¥´Ò ¤¢  É¨¶  £· ´¨Î´ÒÌ Ê¸²µ¢¨°. �¥·¢µ¥ ¸µµÉ-
¢¥É¸É¢Ê¥É µ¡ÒÎ´µ³Ê ¤²Ö É¥µ·¨¨ ¶µ²Ö ¢ ±ÊÊ³´µ³Ê £· ´¨Î´µ³Ê Ê¸²µ¢¨Õ. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·µ-
¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨µ´ ²Ò ËÊ´±Í¨° ‚¨£´¥·  ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¢ Ë¨§¨±¥ Î ¸É¨Í. „·Ê£µ°
É¨¶ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¥¤¶µ² £ ¥É, ÎÉµ ¸¨¸É¥³  µ±·Ê¦¥´  ¨§²ÊÎ¥´¨¥³ Î¥·´µ£µ É¥² . �Éµ ¶·¨-
¢µ¤¨É ± µ¡ÒÎ´Ò³ ¢ ¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¥ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ ŠÊ¡µÄŒ ·É¨´ Ä˜¢¨´£¥·  ¢
µ¤´µÉ¥³¶¥· ÉÊ·´µ³ ¶·¥¤¥²¥. ŒÒ ¸· ¢´¨³ ´ Ï S-³ É·¨Î´Ò° ¶µ¤Ìµ¤ ¸ ·¥ ²Ó´µ-¢·¥³¥´´µ° É¥-
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µ¶¥· Éµ·µ³ ‡Ê¡ ·¥¢ . �µ± § ´  µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨ É¥³¶¥· ÉÊ·´µ£µ µ¶¨¸ ´¨Ö ¤¨¸¸¨¶ É¨¢´ÒÌ
¶·µÍ¥¸¸µ¢.

1. INTRODUCTION

At the very beginning of this century, couple P. and T.Ehrenfest had offered
a model to visualize Boltzman's interpretation of irreversibility phenomena in
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statistics. The model is extremely simple and fruitful [1]. It considers two
boxes with 2N numerated balls. Choosing number l = 1, 2, ..., 2N randomly
one must take the ball with label l from one box and put it into another one.
Starting from the highly ªnonequilibriumª state with all balls in one box it is
seen a tendency to equalization of balls number in the boxes. So, there is seen
irreversible∗ ow toward preferable (equilibrium) state. One can hope [1] that
this model reects a physical reality of nonequilibrium processes with initial state
very far from equilibrium. A theory of such processes with (nonequilibrium) ow
toward a state with maximal entropy should be sufˇciently simple to give deˇnite
theoretical predictions.

In order to do the consideration less formal we will be connected with
concrete physical problem. For instance, the particles creation processes are good
laboratory for investigation of general properties of relativistic nonequilibrium
processes. Indeed, considering the multiplicity n as the characteristics of ˇnal
state entropy we can choose the asymptotically large n >> n̄(s), where mean
multiplicity n̄(s) naturally deˇnes the scale of n. Then one can expect, noting
the above-mentioned general property of the nonequilibrium ow, that the theory
of processes with practically total dissipation of initial-state kinetic energy into
particles masses should be extremely simple. By this reason it is natural to
start consideration from region n >> n̄(s). We would construct the theory
permanently taking into account just this condition.

The theory of dissipative processes has general signiˇcance from thermody-
namical point of view and we would concentrate our attention on this important
problem. There is also practical side of the problem considered. At n >> n̄(s)
the cross sections σn(s) fall down rapidly and are too small (< nb). Noting also
a problem of triggering such rear ˇnal state, the experimenters must have enough
arguments to examine them. The main arguments are as follows: at n >> n̄(s)
we have unique chance (i) to examine
Ä pure (practically without admixture of hadrons),
Ä cold (it is a best condition for investigation of collective phenomena in a sys-
tem),
Ä dense (in this case the QCD interaction constant αs is small)
quarks plasma (CQGP) and (ii) to realize experimentally the decay of very hot
(at high energies) initial state in the ªinationalª regime, with ªfreezedª nonper-
turbative degrees of freedom of hadrons system.

It is known from hadrons high-energy experiments that the cross sections σn
have a maximum at n ∼ n̄(s), where 1 << n̄(s) << nmax and nmax =

√
s/mh

is the maximally available multiplicity at given energy
√
s (mh is the hadrons

characteristic mass). This testify to the statement that in hadron processes the

∗©What never (is the time-reversed ow)? No never! What never? Well, hardly ever.ª [2]
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nonequilibrium ow is not equal to zero (n̄(s) >> 1), but the mostly probable
processes did not lead to the state with maximal entropy (n̄(s) << nmax). (The
early model was based on the assumption that the ˇnal state of inelastic hadron
processes has maximal entropy n̄(s) ∼ nmax [3].)

The preferable at n ∼ n̄ processes are indebted for excitation of hadrons
nonperturbative degrees of freedom described by creation of hadrons constituents
from vacuum: the kinetic motion of partons leads to increasing, because of con-
ˇnement phenomenon, polarization of vacuum and to its instability concerning
quarks creation [4]. In other words, there is a long-range correlation among
hadrons constituents. Under this special correlations the conservation laws con-
straints were implied. They are important in dynamics since each conservation
law decreases the number of the dynamical degrees of freedom at least by one
unite, i.e., it has nonperturbative effect (this must explain why n̄(s) << nmax).
Moreover, in the so-called integrable systems each independent integral of motion
(in involution) reduces number of degrees of freedom by two units. In result there
is not stochastization in such systems [5], i.e., the nonequilibrium ow is equal
to zero. But it will be argued that at the very high multiplicities this effect is
negligible. So, if

n̄(s) << n < nmax

we will see that the particles creation processes are close to Markovian in ac-
cordance with Boltzman's idea. The reason of this phenomenon is the more fast
falling down of soft channel of hadrons creation compared with hard channels in
asymptotics over n.

Rejecting nonperturbative effects creation of the high-multiplicity ˇnal state
can be described using standard methods of QCD. We will show dominance of
processes with minimal number of QCD jets in the high-multiplicities region.
This means that the high-multiplicity processes are stationary Markovian∗. This
result is in agreement with Boltzman's general idea concerning nonequilibrium
ows.

So, the high-multiplicity processes are ©unshadowedª by nonperturbative and
complicated perturbation effects. This will allow one to investigate not only new
state of the pure colored plasma but also the structure of fundamental Lagrangian.
This conclusions are not evident and we start consideration from brief review of
arguments.

It must be noted that the experimental investigation of high-multiplicity
processes in deep asymptotics over n seems unreal. But considering moder-
ate n >> n̄ we cannot be sure that the ˇnal state is equilibrium. Investigation of
fractal dimensions in the multiparticle hadron processes at high energies shows

∗The vertices renormalization takes into account the time-reversed uctuations in the nonequi-
librium ow.
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presence of considerable uctuations [6]. This leads to necessity to have the
theory of dissipation processes with nonequilibrium ˇnal state.

There is also another side of the problem. Today understanding of hadron
processes is far from ability to give any quantitative prediction. The above-
announced prediction concerning absence of nonperturbative contributions into
hadron processes ªworksª in the deep asymptotics over n only. So, at moderate
n >> n̄ we cannot be sure that they do not have important inuence. That is
why we will concentrate our attention in this paper on the searching for economic
(thermodynamical) description of the dissipative processes, trying to ˇnd the
connections of our S-matrix approach with other ones. It is important to note
that the offered formalism allows one to separate the dynamical side of question
from the pure descriptional one (see also concluding Section).

This central problem of formalism can be solved noting that our dissipative
problem contains element of dynamics since it crucially depends on boundary con-
dition. Therefore, we adopt S-matrix formalism which is natural for dissipative
systems time evolution description. For this purpose the amplitudes

< (p)m|(q)n >= an,m(p1, p2, ..., pm; q1, q2, ..., qn)

of the m- into n-particles transition will be introduced. (The in- and out-states
must be composed from mass-shell particles [7].) Moreover, to incorporate the
boundary condition n >> m we should calculate the probability integrating over
particles momenta:

r(P ;n.m) ∼
∫
|an,m|2 =

∫
< (p)m|(q)n >< (q)n|(p)m >

since the amplitude anm is the function of too many variables, (p1, p2, ..., pm;
q1, q2, ..., qn). This standard method of particle physics practically solves our
problem.

Nevertheless, it is desirable to use the thermodynamical language as the most
economic one, i.e., the formalism which uses minimal number of parameters
(temperature, chemical potential, etc.) for description of the system.

The ˇeld-theoretical description of statistical systems at a ˇnite temperature
is usually based on the formal analogy between imaginary time and inverse
temperature β (β = 1/T ) [8]. This approach is fruitful [9] for description
of the static properties of a system, but it demands a complicated mathematical
apparatus for the analytic continuation to the real time [10], if we want to clear up
dynamical aspects. The ˇrst important quantitative attempt to build the real-time
ˇnite-temperature ˇeld theory [11] discovers a problem of the pinch-singularities.
Further investigation of the theory has allowed one to demonstrate the cancellation
mechanism of these unphysical singularities [12]. This was attained by doubling
of the degrees of freedom [13, 14]: the Green functions of the theory represent
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2 × 2 matrix. It surely makes the theory more complicated, but the operator
formalism of the thermoˇeld dynamics [15] shows the unavoidable character of
this complication.

The SchwingerÄKeldysh real-time ˇnite-temperature ˇeld-theoretical descrip-
tion [13,14] of statistical systems is based on the KuboÄMartinÄSchwinger (KMS)
[16,17] boundary condition for a ˇeld:

Φ(t) = Φ(t− iβ).

This formal trick introduces into formalism the temperature T = 1/β but, without
fail, leads to the equilibrium uctuation-dissipation conditions [18] (see also
[19]). Beside this we should have the two-temperature theory describing kinetic
energy dissipation process (for initial and ˇnal states separately). It is evident that
in such theory with two temperatures it is impossible to use the KMS boundary
condition.

In the S-matrix approach ˇnite-temperature description can be introduced
(e.g., [20] and references cited therein) taking into account that, for instance,

dΓn = |an,m|
n∏
1

d3qi

(2π)32ε(qi)
, ε(q) = (q2 +m2

h)1/2,

is the differential measure of ˇnal state. Then we can deˇne the temperature as
the function of initial energy through the equation of state, i.e., proportional to
the mean energy of created particles. Such introduction of temperatures as the
Lagrange multiplier is obvious for microcanonical approach [16]. The initial-state
temperature will be introduced by the same way. Using standard terminology [21],
we will deal with the ªmechanicalª perturbations only [22] and it will not be
necessary to divide the perturbations on ªthermalª and ªmechanicalª ones [23].

Introducing temperature as the Lagrange multiplier we should assume that
the temperature uctuations are small (Gaussian). In opposite case the notion
of temperature looses its sense. The ªworkingª idea concerning nonequilibrium
processes is based on the assumption that evolution of a system goes through
few phases. In the ˇrst ªfastª phase the s-particle distribution functions Ds,
s > 1, strongly depend on initial conditions. But at the end of this phase the
system forgets the initial-state information. Second phase is the ªkineticª one.
One can expect that the space-time uctuations of thermodynamical parameters
in this phase are large scale, i.e., there are macroscopical domains in which
the subsystems are equilibrium, with Gaussian uctuations of thermodynamical
parameters. In the last ªhydrodynamicalª phase the whole system is described by
macroscopical parameters. We will see that the SchwingerÄKeldysh [10, 13, 14]
formalism is applicable for ªhydrodynamicalª phase only.

The above described S-matrix ˇnite-temperature description can be realized
not only for uniform temperature distribution (we have done ˇrst step in this direc-
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tion wishing to introduce initial and ˇnal temperatures separately). So, introduc-
ing cells of measuring device (calorimeter) and introducing the energy-momentum
shells of each cell separately we can introduce the individual temperatures in each
cell. This can be done since in the S-matrix theory the measurement performed
by free (mass-shell) particles, i.e., the measurement of energy (and momentum)
can be performed in each cell separately. This allows one to capture the ªkineticª
phase also (if the number of calorimeter cells is high enough). In this phase
multiparticle distribution functions Ds, s > 1, are functionals of one-particle
distribution function D1 only. This means the `shortenedª description of the non-
equilibrium medium [24]. We will return to this question in Sec.4 considering
the dissipative processes thermal descriptions applicability range.

The microcanonical description assumes that the energy of system is known
with arbitrary accuracy. Introducing the measurement cells and corresponding
energy shells we assume that the energy in each cell can be measured with
arbitrary accuracy. That is why we should work in the frame of Wigner functions
formalism [25].

E.Wigner had offered the function W (q,R) for the quantum states phase
space description [26]:

W (q,R) =

∫
dreiqrΨ(R+ r/2)Ψ∗(R − r/2),

where Ψ(x) is the wave function of state. The existence of other approaches must
be mentioned [27]. But as will be seen below the Wigner description is mostly
natural for us.

In the classical limit h̄ = 0 the function W (q, r) coincides with the phase
space probability distribution function. It obeys the equation [28]:

Ẇ = {W,H}+O(h̄),

which coincides with the Liouville equation only in the classical limit h̄ = 0.
The extension of Wigner's idea on the relativistic case uses the connec-

tion between Wigner's approach and inclusive description of inelastic scattering
processes [25, 29]. But the Wigner functions are not directly measurable quanti-
ties because of the quantum uncertainty principle ∆q∆r ∼ h̄. Just this restriction
leads to impossibility of taking the measurement (calorimeter) cells 4-dimension
∆r arbitrary small and deˇnes the natural boundary of Wigner-functions approach
applicability. Wishing to use the Wigner-functions description of experiments the
corresponding theory must take into account this restriction. The discussion of
this question is given in Sec.4.

So, in our terms one can use the thermodynamical formalism if the non-
stationary mediums ªshortenedª description may be applied: in this case mean
values of correlation functions over the space-time are negligible and the uc-
tuations of thermodynamical parameters are small (Gaussian). Other approach
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should be mentioned also. Proposing [32] that the equilibrium in the nonuniform
nonstationary medium may be attained in small regions more quickly than in the
whole system, the entropy maximalness in this restricted domains of a system can
be used for construction of the ªlocal equilibrium density matrixª (LDM) [32].
But LDM is applicable for description of processes in which dissipation may be
disregarded [30]. Nevertheless, if the energy-momentum density of nonstationary
ow is considerably smaller than the energy density of matter, then the ˇrst one
can be taken into account perturbatively considering LDM as an initial condition.
This modiˇes LDM to ªnonstationary density matrixª (NDM) of Zubarev [32]
introducing an inˇnitesimal interaction with a heat bath to get the increasing
entropy. We will return to this question in Sec.5.

The S matrix will be introduced phenomenologically, using ordinary in a
quantum ˇeld theory reduction formalism. This leads naturally to necessity to
introduce the boundary conditions for interacting ˇelds Φ(σ∞), where σ∞ is
the inˇnitely far hypersurface, e.g., [31]. The value of Φ(σ∞) speciˇes the
environment of a system.

We start with vacuum boundary condition Φ(σ∞) = 0 familiar for a ˇeld
theory. This theory can be applied in the particle physics. The simplest choice of
Φ(σ∞) 6= 0 assumes that the system under consideration is surrounded by black-
body radiation. Just this ªboundary conditionª restores the SchwingerÄKeldysh
[10] real-time ˇnite-temperature ˇeld theory [12] from S-matrix formalism in
the ªhydrodynamicalª phase and gives the dynamical interpretation of the KMS
periodic boundary condition.

One should admit also that last choice of boundary condition is not unique:
one can consider another organization of the environment of considered system.
The S-matrix interpretation is able to show the way of adoption of formalism to
the arbitrary environment∗. It should broaden the potentialities of the real-time
ˇnite-temperature ˇeld-theoretical methods, for instance, for heavy nucleus high
energy interactions. The special interest represent also the topological effects,
but, by above-mentioned reason, in this paper consideration will be performed in
the perturbation theory framework only (see also concluding Section).

The central purpose of this review paper is to describe connections between
ordinary S-matrix description and popular in the modern literature real-time ˇnite-
temperature ˇeld theories. We wish to discuss:
Ä The QCD jets dominance in deep asymptotics over n (Sec.2);
In this section we would like to show why the real-time formalism is needed
for our dissipative process description.
Ä The S-matrix interpretation of SchwingerÄKeldysh theory (Sec.3);
In this section the uniform temperature description of the state will be introduced

∗This question was considered also in [29].
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in the spirit of microcanonical description. There is presented the way of explicit
calculations to show coincidence of used microcanonical description and ordinary
(Gibbs) canonical formalism.
Ä The range of applicability of ˇnite-temperature description (Sec.4);
In this section the necessity and sufˇciency of Bogoliubov's ªshortenedª descrip-
tion is discussed.
Ä The S-matrix description of media with nonuniform temperature distribution
(Sec.5);
In this section the Wigner functions formalism is introduced. The range of its
applicability to describe an experiment is shown.
Ä The comparison of our S-matrix approach with ªnonstationary statistical oper-
atorª of Zubarev [32] (Sec.6).
In this section the main distinction between S-matrix (microcanonical) and Zuba-
rev's (canonical) perturbation theories is shown.
Ä Concluding remarks (Sec.7).
In this section the way the nonperturbative effects may be included in the formal-
ism is discussed.

2. PHENOMENOLOGY

To build the phenomenology [33] of high multiplicity processes let us in-
troduce the classiˇcation of asymptotics over n. For this purpose it is useful to
consider the ªbig partition functionª:

T (z, s) =
∑
n

znσn(s), T (1, s) = σtot(s).

Strictly speaking, summation over n is performed up to nmax. But we can
extend summation up to inˇnity∗ if the weight z is sufˇciently small, 0 < z <
zmax. So, T (z, s) can be considered as the nontrivial function of z with sufˇcient
accuracy. Note that zmax > 1 since σn(s) decreases with n. If we know T (z, s),
then σn(s) is deˇned by inverse Mellin transformation. This gives (usual in
thermodynamics) equation (of state):

n = z
∂

∂z
lnT (z, s). (2.1)

Solving this equation we can estimate the asymptotics of σn:

σn(s) ∼ e−n ln z̄(n,s), (2.2)

where 1 < z̄(n, s) << zmax is the smallest solution of Eq. (2.1).

∗That is, wishing to consider the ªthermodynamical limitª.
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It follows from (2.2) that at n → ∞ the solution of (2.1) must tend to
singularity zs of T (z, s) and the character of singularity is not important. So, we
must consider three possibilities:

a) zs = za = 1, b) zs = zb =∞, c) zs = zc, 1 < zc <∞.

Following Lee and Yang [34] there are no singularities at 0 < z < 1.
Let us consider now the physical content of this classiˇcation.

a) zs = 1.
It is known that the singularity zs = 1 reects the ˇrst order phase transition [34].
To ˇnd σn for this case we would adopt Langer's analyses [35]. Introducing the
temperature 1/β instead of total energy

√
s we can use the isomorphism with the

Ising model. For this purpose we divide the space volume on cells and if there
is particle in the cell, we will write (-1), in opposite case (+1). It is the model
of lattice gas well described by the Ising model. We can regulate the number of
down-looking spins, i.e., the number of created particles, by the external magnetic
ˇeld H. Therefore, z = exp{−βH} and H is the chemical potential.

The corresponding partition function in the continuous limit [35] (see also
[36]) has the form:

R(β, z) =

∫
Dµe−

∫
dx{ 1

2 (~∂µ)2−εµ2+αµ4−λµ}
, (2.3)

where ε ∼ (1− βc
β ) and λ ∼H, with critical temperature 1/βc.

If βc > β there is no phase transition and the potential has one minimum
at µ = 0. But if βc < β, there are two degenerate minima at µ± = ±

√
ε/2α

if λ = 0. Switching on H < 0 the left minimum at µ− ∼ −
√
ε/2α becomes

absolute and the system will tunnel into this minimum (see also [37]). This
process describes particles creations as a process of spins ippings.

Eq. (2.1) gives at n→∞

ln z̄ ∼ n−1/3 > 0.

In result,

σn ∼ e−an
2/3

> 0(e−n), a > 0,

i.e., decrease slower than e−n. The quasi-classical calculation shows that the
functional determinant is singular at H = 0. It must be underlined that in the
used Ising model description the chemical potential deforms the ground state. In
result, the quasi-classical approximation is applicable since ln z̄ << 1, i.e., since
the processes of spin ippings are rear at high multiplicity region. It is easy
to show in this approximation [35] that the functional determinant is singular at
H = 0, i.e., at z = 1.
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Note that z̄ decreases to one with n. This unusual phenomenon must be
explained. Considered above mechanism of particles creation describes ªfate of
false vacuumª [37]. In the process of decay of unstable state the clusters of
new phase of size X are created. If the cluster has dimension X > Xc its size
increases since the volume energy (∼ X3) of the cluster becomes better than the
surface tension energy (∼ X2). This condition deˇnes the value of Xc. The
ªcriticalª clusters wall accelerates, i.e., the work needed to add one particle into
cluster decreases with X > Xc. This explains the reason why z̄ decreases with
n noting that ln z̄ is proportional to Gibbs free energy per one particle.

The described mechanism of particles creation assumes that we had prepared
the equilibrium system in the unstable phase at µ+ ∼ +

√
ε/2α and going to

another state at µ− ∼ −
√
ε/2α the system creates particles. The initial state

may be the QGP and ˇnal state may be the hadrons system. Therefore, we must
describe the way as the quarks system was prepared.

Following to LeeÄYang's picture of ˇrst order phase transition [34] (see
also [36]) there is no phase transition in a ˇnite system (the partition function
cannot be singular for ˇnite nmax). This means that the multiplicity (and the
energy) must be high enough to see described phenomena.
b) zs =∞.
Let us return to the integral (2.3) to investigate the case βc > β. In this case the
potential has one minimum at µ = 0. The external ˇeld H creates the mean ˇeld
µ̄ = µ̄(H) and the integral (2.3) should be calculated expanding it near µ = µ̄.
In result, in the quasi-classical approximation (µ̄ increases with increasing n),

lnR(β, z) ∼ (ln z)4/3.

This gives ln z̄ ∼ n3 and lnσn ∼ −n4, i.e.,

σn < 0(e−n).

There is also other possibility to interpret considered case b). For this case
we can put

lnT (z, s) = n0(s) + n̄(s)(z − 1) + O((z − 1)2) (2.4)

at |z − 1| << 1. By deˇnition n0(s) = lnσtot. The experimental distribution of
lnT (z, s)−n0(s) for various energies shows that the contributions of O((z−1)2)
terms increase with energy [38]. The hadrons ªstandard modelª (SM) assumes
that

ln t(z, s) = n0(s) + n̄(s)(z − 1)

is the Born term in the perturbation series (2.4). There are various interpretations
of this series, e.g., the multiperipheral model, the Regge pole model, the heavy
color strings model, the QCD multiperipheral models, etc. In all these models
n0 = a1 + a2 ln s, 0 ≤ a2 << 1, and n̄(s) = b1 + b2 ln s, b2 > 0. The
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second ingredient of hadrons SM is the assumption that mean value of created
particles transfers momentum < k >=const, i.e., is the energy (and multiplicity)
independent. It can be shown that under these assumptions:

lnT (z, s) = n0(s) +
∑
n

cn(s)(z − 1)n, c1 ≡ n̄ (2.5)

is regular at ˇnite values of z [38] and is able to give well conˇrmed by
experiment predictions.

Inserting (2.5) into (2.1) we ˇnd that z̄(n, s) is the increasing function of n.
Therefore,

σn < O(e−n). (2.6)

But the SM have a ˇnite range of validity: beyond n ∼ n̄2 the model
must be changed since it is impossible to conserve < k >=const at higher
multiplicities [39].

We should underline once more that only two possibilities a) and b) can be
deduced from representation (2.3), see also [35]. But nevertheless there is other
possibility:
c) 1 < zs <∞.
Let us assume now that

T (z, s) ∼ (1 − z − 1

zc − 1
)−γ , γ > 0. (2.7)

Then, using normalization condition, (∂T (z, s)/∂z)|z=1 = n̄j(s) we can ˇnd that
zc(s) = 1 + γ/n̄j(s). The singular structure (2.7) is impossible in SM because
of condition < k >=const. But if |z − 1| << 1, we have estimation (2.4). The
difference between SM and c) is seen only at 1 − (z − 1)/(zc − 1) << 1, i.e.,
either in asymptotics over n or in asymptotics over energy. The singular structure
is familiar for ªlogisticª equations of QCD jets, e.g., [40].

In considered case z̄ = zc + 0(n̄j/n) and at high energies (n̄j(s) >> 1)

σn ∼ e−γn/n̄j = O(e−n). (2.8)

Therefore,
comparing (2.6) and (2.8) we can conclude that at sufˇciently high energies, i.e.,
if n̄j >> n̄, where n̄ is the SM mean multiplicity, the mechanism c) must dominate
in asymptotics over n.

It is the general, practically model independent, prediction. It has important,
from experimental point of view, consequence that at high energies there is
a wide range of multiplicities, where the SM mechanism of hadrons creation
is negligible. In other words, the CQGP of high multiplicity processes is the
dynamical consequence of jets and SM mechanisms. At transition region between
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ªsoftª of SM and ªhardª of jets one can expect the ªsemihardª processes of
minijets dominance.

The multiplicity distribution in jets has interesting property noted many
decades ago by Volterra in his mathematical theory of populations [41]. In our

terms, if one-jet partition function has the singularity at z(1)
c (s) = 1 + γ/n̄j(s),

then two-jet partition function must be singular at

z(2)
c (s) = 1 +

γ

n̄j(s/4)
> z(1)

c (s),

and so on. Therefore, at high energies and n > n̄j(s) the jets number must be
minimal (with exponential accuracy). This means that at n → ∞ the processes
of hadrons creation have a tendency to be Markovian (with sharp increase of
transverse momentum < k >) and only in the last stage the (ˇrst order) phase
transition (colored plasma) → (hadrons) may be seen.

One can say that in asymptotics over n we consider the ªinationalª channel
of thermalization which is so fast∗ that the usual conˇnement forces are ªfreezedª
and do not play important role in ˇnal colored plasma creation.

3. S-MATRIX INTERPRETATION OF REAL-TIME
FINITE-TEMPERATURE FIELD THEORIES

3.1. Vacuum Boundary Conditions. The starting point of our calculations
is n- into m-particles transition amplitude an,m, the derivation of which is a
well-known procedure in the perturbation theory framework. For this purpose
the (n + m)-point Green function Gn,m is introduced [42]. To calculate the
nontrivial elements of S matrix one must put the external particles on the mass
shell. Formally this procedure means amputation of the external legs of Gcn,m and
further multiplication on the free particles wave functions. In result the amplitude
of m- into n-particles transition an,m in the momentum representation has the
form:

an,m((q)n; (p)m) = (−i)n+m
m∏
k=1

φ̂(qk)

n∏
k=1

φ̂∗(pk)Z(φ). (3.1)

Here we introduce the ªannihilationª operator

φ̂(q) =

∫
dxe−iqxφ̂(x), φ̂(x) =

δ

δφ(x)
, (3.2)

∗The partons life time with virtuality |q| is ∼ 1/|q| and the time needed for hadrons of mass
mh formation is ∼ 1/mh . Therefore the partons have a time to decay before hadrons formation if
|q| >> mh. But this situation is rear since the thermal motion in the initial stage of process is high.
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φ̂∗(pk) is the ªcreationª operator and qk and pk are the momenta of in- and
out-going particles. In (3.1)

Z(φ) =

∫
DΦeiS(Φ)−iV (Φ+φ)

is the generating functional. The total action was divided into two parts, where
S(Φ) is the free part and V (Φ, φ) describes the interactions. At the very end one
should put the auxiliary ˇeld φ = 0.

To provide the convergence of the integral (3.1) over scalar ˇeld Φ the action
S(Φ) must contain positive imaginary part. Usually for this purpose Feynman's
iε-prescription is used. It is better for us to shift inˇnitesimally time contour to
the upper half plane [10,43], i.e., to the Mills contour

C+ : t→ t+ iε, ε > 0

and after all calculations to return the time contour on the real axis, ε→ +0.
In Eq. (3.1) the integration is performed over all ˇeld conˇgurations with

standard vacuum boundary condition:∫
d4x∂µ(Φ∂µΦ) =

∫
σ∞

dσµΦ∂µΦ = 0,

which assumes zero contribution from the surface term.
Supposing that the particles number and momenta are insufˇcient for us we

introduce the probability

r(P ) =
∑
n,m

1

n!m!

∫
dωn(q)dωm(p)δ(4)(P −

n∑
k=1

qk)δ(4)(P −
n∑
k=1

pk)|an,m|2,

(3.3)
where

dωn(q) =

n∏
k=1

dω(qk) =

n∏
k=1

d3qk

(2π)32ε(qk)
, ε = (q2 + m2

h)1/2,

is the Lorentz-invariant phase space element. We assume that the energy-
momentum conservation δ-function was extracted from the amplitude. It was
divided into two parts:

δ(4)(
∑

qk −
∑

pk) =

∫
d4Pδ(4)(P −

∑
qk)δ(4)(P −

∑
pk). (3.4)

It is not too hard to see that, up to phase space volume,

r =

∫
d4Pr(P )
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is the imaginary part of amplitude < vac|vac >. Therefore, computing r(P ) the
standard renormalization procedure can be applied and the new divergences will
not arise in our formalism.

The Fourier transformation of δ-functions in (3.3) allows one to write r(P )
in the form:

r(P ) =

∫
d4α1

(2π)4

d4α2

(2π)4
eiP (α1+α2)ρ(α1, α2),

where

ρ(α1, α2) =
∑
n,m

1

n!m!

∫ n∏
k=1

{dω(qk)e−iα1qk}
m∏
k=1

{dω(pk)e−iα2pk}|an,m|2.

(3.5)
Introduction of the ªFourier-transformedª probability ρ(α1, α2) means only that
the phase-space volume is not ˇxed exactly, i.e., it is proposed that 4-vector
P is ˇxed with some accuracy if αi are ˇxed. The energy and momentum in
our approach are still locally conserved quantities since the amplitude anm is
translational invariant. So, we can perform the transformation:

α1

∑
qk = (α1 − σ1)

∑
qk + σ1

∑
qk → (α1 − σ1)

∑
qk + σ1P

since 4-momenta are conserved. The choice of σ1 ˇxes the reference frame. This
degree of freedom of the theory was considered in [44,45].

Inserting (3.1) into (3.5) we ˇnd that

ρ(α1, α2) = exp{i
∫
dxdx′(φ̂+(x)D+−(x− x′, α2)φ̂−(x′)−

−φ̂−(x)D−+(x− x′, α1)φ̂+(x′))}Z(φ+)Z∗(φ−), (3.6)

where D+− and D−+ are the positive and negative frequency correlation func-
tions,

D+−(x− x′, α) = −i
∫
dω(q)eiq(x−x

′−α)

describes the process of particles creation at the time moment x0 and its absorption
at x′0, x0 > x′0, and α is the center of mass () 4-coordinate. Function

D−+(x− x′, α) = i

∫
dω(q)e−iq(x−x

′+α)

describes the opposite process, x0 < x′0. These functions obey the homogeneous
equations:

(∂2 +m2
h)xG+− = (∂2 +m2

h)xG−+ = 0

since the propagation of mass-shell particles is described.
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We suppose that Z(φ) may be computed perturbatively. For this purpose
following transformation will be used:

e−iV (φ) = e−i
∫
dxĵ(x)φ̂′(x)ei

∫
dxj(x)φ(x)e−iV (φ′) =

= e
∫
dxφ(x)φ̂′(x)e−iV (φ′) =

= e−iV (−iĵ)ei
∫
dxj(x)φ(x)

, (3.7)

where φ̂ was deˇned in (3.2). At the end of calculations the auxiliary variables
j, φ′ should be taken equal to zero. Using the ˇrst equality in (3.7) we ˇnd that

Z(φ) = e−i
∫
dxĵ(x)Φ̂(x)e−iV (Φ+φ)e−

i
2

∫
dxdx′j(x)D++(x−x′)j(x′), (3.8)

where D++ is the causal Green function:

(∂2 +m2
h)xG++(x− y) = δ(x− y).

Inserting (3.8) into (3.6) after simple manipulations with differential operators,
see (3.7), we ˇnd the expression:

ρ(α1, α2) = e−iV (−iĵ+)+iV (−iĵ−) ×

× exp{ i
2

∫
dxdx′(j+(x)D+−(x − x′, α1)j−(x′)−

j−(x)D−+(x− x′, α2)j+(x′)−
−j+(x)D++(x− x′)j+(x′) + j−(x)D−−(x− x′)j−(x′))}, (3.9)

where
D−− = (D++)∗

is the anticausal Green function.
Considering the system with large number of particles we can simplify cal-

culations choosing the CM frame P = (P0 = E,~0). It is useful also [16, 20] to
rotate the contours of integration over α0,k: α0,k = −iβk, Imβk = 0, k = 1, 2.
In result, omitting unnecessary constant, we will consider ρ = ρ(β1, β2).

External particles play the double role in the S-matrix approach: their inter-
actions create and annihilate the interacting ˇelds system and, on the other hand,
they are probes through which the measurement of the system is performed. Since
βk are the conjugate to the particles energies quantities we will interpret them
as the inverse temperatures in the initial (β1) and ˇnal (β2) states of interacting
ˇelds. But there is the question: are constants βk really the ªgoodª parameters
to describe the system.

The integrals over βk:

r(E) =

∫
dβ1

2πi

dβ2

2πi
e(β1+β2)Ee−F (β1,β2), (3.10)
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where
F (β1, β2) = − lnρ(β1, β2),

can be computed by the stationary phase method. This assumes that the total
energy E is a ˇxed quantity. The solutions of the equations (of state):

E =
∂F (β1, β2)

∂βk
, k = 1, 2, (3.11)

give the mostly probable values of βk at a given E. Eqs. (3.11) always have the
real solutions and, because of energy conservation law, both Eqs. (3.11) have the
same solution with the property [16]:

βk = β(E), β > 0.

Assuming that β is the ªgoodª parameter, i.e., the uctuations of βk are Gaussian
we can interpret F (β1, β2) as the free energy and 1/βk as the temperatures.
Such deˇnition of thermodynamical parameters is in a spirit of microcanonical
description. We will return to this question in Sec.4.

The structure of generating functional (3.9) is the same as the generating
functional of Niemi-Semenoff [12]. The difference is only in the deˇnition of
Green functions which follows from the choice of boundary condition (2.6). The
Green functions Dij , i, j = +,− were deˇned on the time contours C± in the
complex time plane (C− = C∗+). This deˇnition of the time contours coincides
with Keldysh' time contour [14]. The expression (3.9) can be written in the
compact form if the matrix notations are used. Note also a doubling of the
degrees of freedom. This doubling is unavoidable since Green functions Dij are
singular on the light cone.

3.2. Closed-Path Boundary Conditions. The generating functional ρ(α1, α2)
has important factorized structure, see (3.6):

ρ(α1, α2) = eN̂(α1,α2;φ)ρ0(φ±),

where the operator

N̂(α1, α2;φ) =

∫
dxdx′(φ̂+(x)D+−(x− x′, α2)φ̂−(x′)−

−φ̂−(x)D−+(x − x′, α1)φ̂+(x′))

acts on the generating functional

ρ0(φ±) = Z(φ+)Z∗(φ−) =

=

∫
DΦ+DΦ−eiS(Φ+)−iS(Φ−)−iV (Φ++φ+)+iV (Φ−+φ−), (3.12)
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of measurables. All ªthermodynamicalª information was contained in the operator
N̂(α1, α2;φ) and interactions are hidden in ρ0(φ±). One can say that action of
the operator N̂ maps the system of interacting ˇelds on the measurable states.
Last ones are ªlabeledª by α1 and α2. Just this property allows one to say that we
are dealing with ªmechanicalª uctuations only. To regulate the particles number
we can introduce into N̂ the dependence from ªactivitiesª z1 and z2 for initial
and ˇnal states, separately.

The independent ˇelds φ+, φ− and Φ+,Φ− were deˇned on the time contours
C+, C−. By deˇnition, path integral (3.12) describes the closed path motion in
the space of ˇelds Φ. We want to use this fact and introduce a more general
boundary condition which also guarantees cancellation of surface terms in the
perturbation framework. We will introduce the equality:∫

σ∞

dσµΦ+∂
µΦ+ =

∫
σ∞

dσµΦ−∂
µΦ−. (3.13)

The solution of Eq. (3.13) requires that the ˇelds Φ+ and Φ− (and their ˇrst
derivatives ∂µΦ±) coincide on the boundary hypersurface σ∞:

Φ±(σ∞) = Φ(σ∞),

where, by deˇnition, Φ(σ∞) is the arbitrary, ªturning-pointª, ˇeld.
The existence of nontrivial ˇeld Φ(σ∞), in absence of surface terms, has

inuence only on the structure of Green functions

G++ =< TΦ+Φ+ >, G+− =< Φ+Φ− >,

G−+ =< Φ−Φ+ >, G−− =< T̃Φ−Φ− >, (3.14)

where T̃ is the antitemporal time ordering operator. These Green functions must
obey the equations

(∂2 +m2)xG+−(x − y) = (∂2 +m2)xG−+(x− y) = 0,

(∂2 +m2)xG++(x− y) = (∂2 +m2)∗xG−−(x− y) = δ(x− y), (3.15)

and the general solution of these equations

Gii = Dii + gii,

Gij = gij , i 6= j (3.16)

contains the undeˇned terms gij which must obey the homogeneous equations:

(∂2 +m2)xgij(x− y) = 0, i, j = +,−. (3.17)
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The general solution of these equations (they are distinguished by the choice of
the time contours C±)

gij(x− x′) =

∫
dω(q)eiq(x−x

′)nij(q) (3.18)

are deˇned by the functions nij . Last ones are the functionals of `turning-pointª
ˇeld Φ(σ∞): if Φ(σ∞) = 0, we must have nij = 0 and we will come back to
the theory of previous section.

Our aim is to deˇne nij . We can suppose that

nij ∼< Φ(σ∞) · · ·Φ(σ∞) > .

The simplest supposition gives:

nij ∼< ΦiΦj >∼< Φ2(σ∞) > . (3.19)

We will ˇnd the exact deˇnition of nij starting from the S-matrix interpretation
of the theory.

We should suppose there are only free, mass-shell particles that are on the
inˇnitely far hypersurface σ∞. Formally this follows from (3.16)Å(3.18) and
is natural in the S-matrix framework [7]. In other respects the choice of the
boundary condition is arbitrary.

Therefore, our aim is the description of evolution of the system in a back-
ground ˇeld of mass-shell particles. We will assume that there are no any special
correlations among background particles and will take into account only the
energy-momentum conservation laws constraints. Quantitatively this means that
multiplicity distribution of background particles is Poison-like, i.e., is determined
by the mean multiplicity only. This is in spirit of deˇnition of nij in Eqs. (3.18),
(3.19).

Our derivation is the same as in [45]. Here we restrict ourselves mentioning
only the main quantitative points.

In the vacuum case of Sec.3.1 the process of particles creation and their
further absorption was described. In the presence of the background particles
this time-ordered picture is wiped out: there appears the possibility of particles
absorption before their creation.

The particles creation and absorption was described by the product of operator
exponent (3.6). One can derive (see also [45]) the generalizations of (3.6): the
presence of the background particles will lead to the same structure:

ρcp = eiN̂(φ∗iφj)ρ0(φ±),

where ρ0(φ±) is the same generating functional, see (3.12). But the operator
N̂(φ∗i φj), i, j = +,−, should be changed wanting to take into account the external
particles environment.
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The operator φ̂∗i (q) was interpreted as the creation and φ̂i(q) as the annihila-
tion operator, see deˇnition (3.1). Correspondingly the product φ̂∗i (q)φ̂j(q) acts

as the activity operator. So, in the expansion of N̂(φ∗i φj) we can leave only ˇrst
nontrivial term:

N̂(φ∗i φj) =

∫
dω(q)φ̂∗i (q)nij φ̂j(q), (3.20)

since no special correlation among background particles should be expected. If
the external (nondynamical) correlations are present, then the higher powers of
φ̂∗i φ̂j will appear in expansion (3.20) [29]. Following the interpretation of φ̂∗i φ̂j
we conclude that nij is the mean multiplicity of background particles. In (3.20)
the normalization condition N(0) = 0 was used and summation over all i, j was
assumed. (In the vacuum case only the combination i 6= j was present.)

Computing ρcp we must conserve the translational invariance of amplitudes
and extract the energy-momentum conservation δ-functions. We must adjust to
each vertex of in-going particle in an,m the factor e−iα1q/2 and for each out-going
particle e−iα2q/2 one, after Fourier transformation, of these δ-functions.

So, the product e−iαkq/2e−iαjq/2 can be interpreted as the probability fac-
tor of the one-particle (creation + annihilation) process. The n-particles
(creation + annihilation) process' probability is the simple product of these
factors if there are no special correlations among background particles. This
interpretation is evident in the CM frame αk = (−iβk,~0).

After these preliminaries it is not difˇcult to ˇnd that in the CM frame we
have:

n++(q0) = n−−(q0) ==
1

e
β1+β2

2 |q0| − 1
≡ ñ(|q0|

β1 + β2

2
). (3.21)

Computing nij for i 6= j we must take into account that we have one additional
particle:

n+−(q0) == Θ(q0)(1 + ñ(q0β1)) + Θ(−q0)ñ(−q0β1) (3.22)

and
n−+(q0) = Θ(q0)ñ(q0β2) + Θ(−q0)(1 + ñ(−q0β2)). (3.23)

Using (3.21), (3.22) and (3.23), and the deˇnition (3.16) we ˇnd the Green
functions (the matrix Green functions in the real-time ˇnite-temperature ˇeld
theories were introduced ˇrstly in [46]):

Gi,j(x − x′, (β)) =

∫
d4q

(2π)4
eiq(x−x

′)G̃ij(q, (β))

where

iG̃ij(q, (β)) =

( i
q2−m2+iε 0

0 − i
q2−m2−iε

)
+
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+2πδ(q2 −m2)

(
ñ(β1+β2

2 |q0|) ñ(β2|q0|)a+(β2)

ñ(β1|q0|)a−(β1) ñ(β1+β2

2 |q0|)

)
(3.24)

and
a±(β) = −e

β
2 (|q0|±q0).

The corresponding generating functional has the standard form:

ρcp(j±) = exp{−iV (−iĵ+) + iV (−iĵ−)} ×

× exp{ i
2

∫
dxdx′ji(x)Gij(x− x′, (β))jj(x

′)}, (3.25)

where the summation over repeated indices is assumed.
Inserting (3.25) into the equation of state (3.11) we can ˇnd that β1 = β2 =

β(E). If β(E) is a ªgoodª parameter, then Gij(x−x′;β) coincide with the Green
functions of the real-time ˇnite-temperature ˇeld theory and the KMS boundary
condition:

G+−(t− t′) = G−+(t− t′ − iβ), G−+(t− t′) = G+−(t− t′ + iβ), (3.26)

is restored. Eq. (3.26) can be deduced from (3.24) by the direct calculations.

4. APPLICABILITY OF FINITE-TEMPERATURE DESCRIPTION

4.1. The Schwinger-Keldysh Formalism. There are various approaches
to build the real-time ˇnite-temperature ˇeld theories of Schwinger-Keldysh
type (e.g., [10]). All of them use various tricks for analytical continuation of
imaginary-time Matsubara formalism to the real time [47]. The basis of the
approaches is introduction of Matsubara ˇeld operator

ΦM (x, β) = eβHΦS(x)e−βH , (4.1)

where ΦS(x) is the interaction-picture operator, instead of Heisenberg operator

Φ(x, t) = eitHΦS(x)e−itH .

This introduces the averaging over Gibbs ensemble instead of averaging over
zero-temperature vacuum states.

If the interaction is switched on adiabatically at the instant ti and is switched
off at tf , then there is the unitary transformation:

Φ(x) = U(ti, tf )U(ti, t)ΦS(x)U(t, ti).
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Introducing the complex Mills time contours [43] to connect ti to t, t to tf and
tf to ti we form ªclosed-timeª contour C (the end-points of the contours C+ and
C− are joint together). This allows one to write last equality in the compact
form:

Φ(x) = TC{Φ(x)e
i
∫
C
d4x′Lint(x

′)}S ,

where TC is the time-ordering on the contour C operator.
The corresponding expression for the generating functional Z(j) of correla-

tion (Green) functions has the form:

Z(j) = R(0) < TCe
i
∫
C
d4x{Lint(x)+j(x)Φ(x)}S >,

where <> means averaging over initial state.
If the initial correlations have little effect, we can perform averaging over

Gibbs ensemble. This is the main assumption of formalism: the generating
functional of the Green functions Z(j) has the form in this case:

Z(j) =

∫
DΦ′ < Φ′; ti|e−βHTCe

i
∫
C
d4xj(x)Φ(x)|Φ′; ti >

with Φ′ = Φ′(x). In accordance with (4.1) we have:

< Φ′; ti|e−βH =< Φ′; ti − iβ|

and, in result,

Z(j) =

∫
DΦ′e

i
∫
Cβ

d4x{L(x)+j(x)Φ(x)
, (4.2)

where path integration is performed with KMS periodic boundary condition:

Φ(ti) = Φ(ti − iβ).

In (4.2) the contour Cβ connects ti to tf , tf to ti and ti to ti − iβ. Therefore it
contains imaginary-time Matsubara part ti to ti − iβ. More symmetrical formu-
lation uses following realization: ti to tf , tf to tf − iβ/2, tf − iβ/2 to ti− iβ/2
and ti − iβ/2 to ti − iβ (e.g., [12]). This case also contains the imaginary-time
parts of time contour. Therefore, Eq. (4.2) presents the analytical continuation
of Matsubara generating functional to real times.

One can note that if this analytical continuation is possible in Z(j), then
representation (4.2) gives good recipe of regularization of frequency integrals in
the Matsubara perturbation theory, e.g., [10], but nothing new for our problem
since the Matsubara formalism is a formalism for equilibrium states only.

Taking ti = −∞ and tf = +∞ and calculating integral (4.2) perturbatively
we ˇnd coincidence of Z(j) and ρ(β) from (3.25) with Green functions deˇned
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in (3.24) if β1 = β2. This ªfactorizationª of contributions from contours C+ and
C− in the integral (4.2) follows from the RiemannÄLebesque lemma [48] which
is applicable in the perturbation framework [12, 43]. Note absence of Matsub-
ara parts of contour, which prevents the factorization, in the derived ªS-matrix
generating functionalª (3.25) by deˇnition (importance of this circumstances is
discussed in Sec.7).

4.2. Range of the ªHydrodynamicalª Approximation. Let us return now
to Eq. (3.5). To ˇnd the physical meaning β1(2) we must show the way as
they can be measured. If there is nonequilibrium ow it is hard to invent a
thermometer (or thermodynamical calorimeter) which measures locally in space-
time the temperatures of this dissipative processes. But there was described
another way Å to deˇne the temperatures through equations of state. This is
possible in the accelerator experiments where the total energy E is ˇxed. So, we
will deˇne β1(2) through equations of state (3.11), i.e., considering 1/β1(2) as the
mean energy of particles in the initial (ˇnal) state. But even knowing solutions
of these equations one cannot ˇnd ρ(E, z) correctly if the assumption that β1(2)

are ªgoodª quantities is not added, i.e., that the uctuations near solutions of
Eqs. (3.11) are small (Gaussian).

This assumption is the main problem toward nonequilibrium thermodynamics.
The problem in our terms looks as follows: the expansion near β1(2)(E) gives
asymptotic series over∫

Ds ∼
∫ ∏

{dω(ki)dri} < ε(k1)ε(k2) · · · > |(r1,r2,...),

where <>() means averaging over ˇelds drown on ˇxed points of phase space
(k, r)i. In other words, the uctuations near β1(2)(E) are deˇned by the value
of inclusive spectra familiar in particle physics. Therefore, β1(2)(E) are ªgoodª
quantities if this inclusive spectra are small. But this is too strong assumption.
More careful analysis shows that it is enough to have the factorization properties
[49]: ∫ ∏

{dω(ki)dri} < ε(k1)ε(k2) · · · > |(r1,r2,...) −∏∫
dΩ(ki)dri < ε(ki) > |(ri) ∼ 0. (4.3)

It must be noted that this is the unique solution of the problem since the ex-
pansion near β1(2)(E) unavoidably leads to asymptotic series with zero radii of
convergence.

One can hope to avoid this problem working permanently in the energy-
momentum representation, i.e., without introduction of temperatures. Of course
this is possible in particle physics, but if β1(2)(E) is not the ªgoodª parameter
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this means that all correlations between created particles are sufˇcient, i.e., only
the energy-momentum representation did not solve the problem.

At the end, discussed factorization property of Ds, s > 1, is the well-known
Bogoliubov condition of ªshortenedª description of nonequilibrium thermody-
namical systems with s-particle distribution functions Ds, s > 1, expressed in
terms of D1. It is the condition for the ªhydrodynamicalª descriptions applica-
bility since it assumes that the constant β1(E) = β2(E) is a ªgoodª parameter
for description of whole system.

Considering a problem with nonzero nonequilibrium aw it is hard to expect
that β1(2)(E) is a good parameter, i.e., that the factorization conditions are held.
Nevertheless, as was mentioned above, there is a possibility to have the mean
values of correlators sufˇciently small in restricted ranges of phase space. It is
the so-called ªkineticª phase of the process: when the memory of initial state
disappeares, the ªfastª uctuations are averaged over and we can consider the
long-range uctuations only.

5. LOCAL EQUILIBRIUM HYPOTHESIS

Let us return now to description of experimental situation in the high mul-
tiplicity experiments. Having at energies of modern accelerators thousands of
particles in a ˇnal state it is a difˇcult problem even to count such big numbers.
So, the number of particles n cannot be considered as a trigger. Moreover, it
seems natural that it is not important whether we have hundred thousand of par-
ticles or hundred thousand plus one. To do ˇrst step toward CQGP it is enough
to be sure that in experiment the transition of ªhotª initial state into ªcoldª ˇnal
one is examined. For this purpose the ordinary calorimeters can be used [50].

So, we must assume that the energies of created particles εi ≤ ε0, where
ε0 is ˇxed by experiment. Then using energy conservation law at given ε0 the
number of created particles is bounded from below: n >

√
s/ε0 ≡ nmin. With

this constraint the integral cross section

σε0(s) =
∑

n=nmin

σn(s)

is measured. Choosing nmin >> n̄, i.e., ε0 <<
√
s/n̄(s), we get into high

multiplicity region. There is also a theoretical possibility of restoring the quantity
∼ σn calculating the difference σε0(s)− σε0+δε0(s) [50].

It is not necessary to measure energy of each particle to have nmin >> n̄.
Indeed, let ε̃i is the energy of i-th group of particles, ε̃1 + ε̃2 + ...+ ε̃k =

√
s and

let ñi is the number of particles in the group, ñ1 + ñ2 + ... + ñk = n∗. Then,

∗It is assumed that the number of calorimeter cells K ≥ k.
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if ε̃i < ε0, i = 1, 2, ..., k, we have inequality: k > nmin. Therefore, we get
into high multiplicities domain since n ≥ k, if ε0 <<

√
s/n̄(s). We can use the

calorimeter demanding that the induced in each cell energy ε̃i < ε0.
The preparation of such experiment is not hopeless task and it may be suf-

ˇciently informative. This formulation of experiment we will put in the basis of
the theory. Theoretically, we should shrink the 4-dimension of calorimeter cells
up to zero since we do not know ad hoc the cells dimension. Then the cells index
i is transformed into the position of particle r. So we come to contradiction
with quantum uncertainty principle. This forces one to use the Wigner functions
formalism and the ˇrst question which must be solved is to ˇnd a way how
this formalism can be adopted for description of our experiment (there is also
interesting ideas concerning applicability of Wigner functions in [51]).

5.1. Vacuum Boundary Condition. We start consideration from the assump-
tion that the temperature uctuations are large scale. In a cell, the dimension of
which is much smaller than the uctuation scale of temperature, we can assume
that the temperature is a ªgoodª parameter. (The ªgoodª parameter means that
the corresponding uctuations are Gaussian.)

Let us surround the interaction region, i.e., the system under consideration, by
N cells with known space-time position and let us propose that we can measure
the energy and momentum of groups of in- and out-going particles in each cell.
The 4-dimension of cells cannot be arbitrary small in this case because of the
quantum uncertainty principle.

To describe this situation we decompose δ-functions in (3.4) on the product
of (N + 1) δ-functions:

δ(4)(P −
n∑
k=1

qk) =

∫ N∏
ν=1

{dQνδ(Qν −
nν∑
k=1

qk,ν)}δ(4)(P −
N∑
ν=1

Qν),

where qk,ν are the momentum of k-th in-going particle in the ν-th cell and Qν
is the total 4-momenta of nν in-going particles in this cell, ν = 1, 2, ..., N . The
same decomposition will be used for the second δ-function in (3.4). We must take
into account the multinomial character of particles decomposition on N groups.
This will give the coefˇcient:

n!

n1! · · ·nN !
δK(n−

N∑
ν=1

nν)
m!

m1! · · ·mN !
δK(m−

N∑
ν=1

mν),

where δK is Kronecker's δ-function.
In result, the quantity

r((Q)N , (P )N ) =
∑

(n.m)

∫
|a(n,m)|2 ×
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×
N∏
ν=1

{
nν∏
k=1

dω(qk,ν)

nν !
δ(4)(Qν −

nν∑
k=1

qk,ν)

mν∏
k=1

dω(pk,ν)

mν !
δ(4)(Pν −

mν∑
k=1

pk,ν)} (5.1)

describes a probability to measure in the ν-th cell the uxes of in-going particles
with total 4-momentum Qν and of out-going particles with the total 4-momentum
Pν . The sequence of this two measurements is not ˇxed.

The Fourier transformation of δ-functions in (5.1) gives:

r((Q)N , (P )N ) =

∫ N∏
k=1

d4α1,ν

(2π)4

d4α2,ν

(2π)4
ei
∑N

ν=1
(Qνα1,ν+Pνα2,ν)ρ((α1)N , (α2)N ),

where

ρ((α1)N , (α2)N ) = ρ(α1,1, α1,2..., α1,N ;α2,1, α2,2, ..., α2,N )

has the form:

ρ((α1)N , (α2)N ) =

∫ N∏
ν=1

{
nν∏
k=1

dω(qk,ν)

nν !
e−iα1,νqk,ν ×

×
mν∏
k=1

dω(pk,ν)

mν !
e−iα2,νpk.ν}|a(n,m)|2. (5.2)

Inserting (3.1) into (5.2) we ˇnd:

ρ((α−)N , (α+)N ) = exp{i
N∑
ν=1

∫
dxdx′[φ̂+(x)D+−(x − x′;α2,ν)φ̂−(x′)−

−φ̂−(x)D−+(x− x′;α1,ν)φ̂+(x′)]}Z(φ+)Z∗(φ−),(5.3)

where φ− is deˇned on the complex conjugate contour C− : t → t − iε and
D+−(x − x′;α), D−+(x − x′;α) are the positive and negative frequency corre-
lation functions correspondingly.

We must integrate over sets (Q)N and (P )N if the distribution of uxes
momenta over cells is not ˇxed. In result,

r(P ) =

∫
D4α1(P )d4α2(P )ρ((α1)N , (α2)N ), (5.4)

where the differential measure

D4α(P ) =
N∏
ν=1

d4αν

(2π)4
K(P, (α)N )
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takes into account the energy-momentum conservation laws:

K(P, (α)N ) =

∫ N∏
ν=1

d4Qνei
∑N

ν=1
ανQν δ(4)(P −

N∑
ν=1

Qν).

The explicit integration gives that

K(P, (α)N ) ∼
N∏
ν=1

δ(3)(α− αν),

where ~α is the center of mass (CM) 3-vector.
To simplify the consideration let us choose the CM frame and put α =

(−iβ,~0). In result,

K(E, (β)N ) =

∫ ∞
0

N∏
ν=1

dEνe
∑

N

ν=1
βνEν δ(E −

N∑
ν=1

Eν).

Correspondingly, in the CM frame,

r(E) =

∫
Dβ1(E)Dβ2(E)ρ((β1)N , (β2)N ),

where

Dβ(E) =

N∏
ν=1

dβν

2πi
K(E, (β)N )

and ρ((β)N ) was deˇned in (5.3) with αk,ν = (−iβk,ν ,~0), Reβk,ν > 0, k =
1, 2.

We will calculate integrals over βk using the stationary phase method. The
equations for mostly probable values of βk:

− 1

K(E, (βk)N )

∂

∂βk,ν
K(E, (βk)N ) =

1

ρ((β1)N )

∂

∂βk,ν
ρ((β)N ), k = 1, 2,

(5.5)
always have the unique positive solutions β̃k,ν(E). We propose that the uc-
tuations of βk near β̃k are small, i.e., are Gaussian. This is the basis of the
local-equilibrium hypothesis [32]. In this case 1/β̃1,ν is the temperature in the
initial state in the measurement cell ν and 1/β̃2,ν is the temperature of the ˇnal
state in the ν-th measurement cell.

The last formulation (5.4) implies that the 4-momenta (Q)N and (P )N cannot
be measured. It is possible to consider another formulation also. For instance,
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we can suppose that the initial set (Q)N is ˇxed (measured) but (P )N is not. In
this case we will have mixed experiment: β̃1,ν is deˇned by the equation:

Eν = −1

ρ

∂

∂β1,ν
ρ

and β̃2,ν is deˇned by second equation in (5.5).
Considering limit N →∞ the dimension of cells tends to zero. In this case

we are forced by quantum uncertainty principle to propose that the 4-momenta
sets (Q) and (P ) are not ˇxed. This formulation becomes pure thermodynamical:
we must assume that (β1) and (β2) are measurable quantities. For instance,
we can ˇx (β1) and try to ˇnd (β2) as the function of total energy E and the
functional of (β1). In this case Eqs. (5.5) become the functional equations.

In the considered microcanonical description the ˇniteness of temperature
does not touch the quantization mechanism. Really, one can see from (5.3) that
all thermodynamical information is conˇned in the operator exponent

eN̂(φ∗iφj) =
∏
ν

∏
i6=j

ei
∫
φ̂iDij φ̂j

the expansion of which describes the environment, and the ªmechanicalª pertur-
bations are described by the amplitude Z(φ). This factorization was achieved by
introduction of auxiliary ˇeld φ and is independent of the choice of boundary
conditions, i.e., of the choice of considered systems environment.

5.2. Wigner Functions Formalism. We will use the Wigner functions for-
malism in the Carrusers-Zachariasen formulation [25]. For the sake of generality
the m into n particles transition will be considered. This will allow one to include
into consideration the heavy ion-ion collisions.

In the previous section the generating functional ρ((β)N ) was calculated by
means of dividing the ªmeasuring deviceª (calorimeter) on the N cells. It was
assumed that the dimension of device cells tends to zero (N →∞). Now we will
specify the cells coordinates using Wigner's description.

Let us introduce the distribution function Fn which deˇnes the probability
to ˇnd n particles with deˇnite momentum and with arbitrary coordinates. This
probabilities (cross sections) are usually measured in particle physics. The corre-
sponding Fourier-transformed generating functional can be deduced from (5.3):

F (z, (β+)N , (β−)N ) =
N∏
ν=1

∏
i6=j

e
∫
dω(q)φ̂∗i (q)e−βj,νε(q)φ̂j(q)z

ν
ij(q) ×

×Z(φ+)Z∗(φ−). (5.6)

The variation of F over zνij(q) generates corresponding distribution functions.
One can interpret zνij(q) as the local activity: the logarithm of zνij(q) is conjugate
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to the particles number in the cell ν with momentum q for the initial (ij = 21)
or ˇnal (ij = 12) states. Note that zνij(q)φ̂

∗
i (q)φ̂j(q) can be considered as the

operator of activity.
The Boltzman factor e−βi,νε(q) can be interpreted as the probability to ˇnd

a particle with the energy ε(q) in the ˇnal state (i = 2) and in the initial state
(i = 1). The total probability, i.e., the process of creation and further absorption
of n particles, is deˇned by multiplication of this factors.

The generating functional (5.6) is normalized as follows:

F (z = 1, (β)) = R((β)), (5.7)

F (z = 0, (β)) = |Z(0)|2 = ρ0(φ±)|φ±=0,

where
ρ0(φ±) = Z(φ+)Z∗(φ−)

is the ªprobabilityª of the vacuum into vacuum transition in presence of auxiliary
ˇelds φ±. The one-particle distribution function

F1((β1)N , (β2)N ; q) =
δ

δzνij(q)
F |z=0 =

= {φ̂∗i (q)e−β
ν
i ε(q)/2}{φ̂j(q)e−β

ν
i ε(q)/2}ρ0(φ±) (5.8)

describes the probability to ˇnd one particle in the vacuum.
Using deˇnition

F1((β1)N , (β2)N ; q) =

∫
dxdx′eiq(x−x

′)e−βi,νε(q)}φ̂i(x)φ̂j(x
′)ρ0(φ±) =

=

∫
dr{dyeiqye−βi,νε(q)}φ̂i(r + y/2)φ̂j(r − y/2)ρ0(φ±)}, (5.9)

we introduce the one-particle Wigner function W1 [25]:

F1((β1)N , (β2)N ; q) =

∫
drW1((β1)N , (β2)N ; r, q).

So,

W1((β1)N , (β2)N ; r, q) =

∫
dyeiqye−βi,νε(q)φ̂i(r + y/2)φ̂j(r − y/2)ρ0(φ±).

This distribution function describes the probability to ˇnd in the vacuum the
particle with momentum q at the point r in the cell ν.

Since the choice of the device coordinates is in our hands it is natural to
adjust the cell coordinate to the coordinate of measurement r:

W1((β1)N , (β2)N ; r, q) =

∫
dyeiqye−βi(r)ε(q)}φ̂i(r + y/2)φ̂j(r − y/2)ρ0(φ±).



WIGNER FUNCTIONS OF ESSENTIALLY NONEQUILIBRIUM SYSTEMS 151

This choice of the device coordinates leads to the following generating functional:

F (z, β) = exp{i
∫
dydr[φ̂+(r + y/2)D+−(y;β2(r), z)φ̂−(r − y/2)−

−φ̂−(r + y/2)D−+(y;β1(r), z)φ̂+(r − y/2)]}ρ0(φ±), (5.10)

where

D+−(y;β(r), z) = −i
∫
dω(q)z+−(r, q)eiqye−β(r)ε(q),

D−+(y;β(r), z) = i

∫
dω(q)z−+(r, q)e−iqye−β(r)ε(q)

are the modiˇed positive and negative correlation functions.
The inclusive, partial, distribution functions are familiar in the particle physics.

These functions describe the distributions in presence of arbitrary number of other
particles. For instance, one-particle partial distribution function

Pij(r, q; (β)) =
δ

δzij(r, q)
F (z, (β))|z=1 =

=
e−βi(r)ε(q)

(2π)3ε(q)

∫
dyeiqyφ̂i(r + y/2)φ̂j(r − y/2)ρ(φ±, (β)), (5.11)

where Eq. (5.7) was used.
The mean multiplicity nij(r, q) of particles in the inˇnitesimal cell Y with

momentum q is

nij(r, q) =

∫
dq

δ

δzij(r, q)
lnF (z, (β))|z=1.

If the interactions among ˇelds are switched out, we can ˇnd that (omitting
indexes):

n(r, q0) =
1

eβ(r)q0 − 1
, q0 = ε(q) > 0.

This is the mean multiplicity of black-body radiation.
5.3. Closed Path Boundary Conditions. The developed formalism allows one

to introduce more general ªclosed-pathª boundary conditions. Presence of external
black-body radiation ow will reorganize the differential operator exp{N̂(φ∗i φj)}
only and new generating functional ρcp has the form:

ρcp(α1, α2) = eN̂(φ∗iφj)ρ0(φ±).

The calculation of operator N̂(φ∗i φj) is strictly the same as in Sec.3. Introducing
the cells we will ˇnd that

N̂(φ∗i φj) =

∫
drdyφ̂i(r + y/2)ñij(r, y)φ̂j(r − y/2),
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where the occupation number ñij carries the cells index r:

ñij(r, y) =

∫
dω(q)eiqynij(r, q)

and (q0 = ε(q))

n++(r, q0) = n−−(r, q0) = ñ(r, (β1 + β2)|q0|/2) =
1

e(β1+β2)(r)|q0|/2 − 1
,

n+−(r, q0) = Θ(q0)(1 + ñ(r, β2q0)) + Θ(−q0)ñ(r,−β1q0),

n−+(r, q0) = n+−(r,−q0).

For simplicity the CM system was used.
Calculating ρ0 perturbatively we will ˇnd that

ρcp(β) = exp{−iV (−iĵ+) + iV (−iĵ−)} ×

exp{i
∫
drdy[ĵi(r + y/2)Gij(y, (β(r))ĵj(r − y/2)} (5.12)

where, using the matrix notations,

iG(q, (β(r))) =

( i
q2−m2+iε 0

0 − i
q2−m2−iε

)
+

+2πδ(q2 −m2)

(
n( (β1+β2)(r)

2 |q0|) n(β1(r)|q0|)a+(β1)

n(β2(r)|q0|)a−(β2) n( (β1+β2)(r)
2 |q0|)

)
, (5.13)

and
a±(β) = −eβ(|q0|±q0)/2. (5.14)

Formally these Green functions obey the standard equations in the y space:

(∂2 −m2)yGii = δ(y),

(∂2 −m2)yGij = 0, i 6= j

since Φ(σ∞) 6= 0 reects the mass-shell particles. But the boundary conditions
for these equations are not evident.

It should be underlined that in our consideration r is the coordinate of
measurement, i.e., r is as the calorimeter cells coordinate and there is no
necessity to divide the interaction region of QGP on domains (cells). This means
that L must be smaller than the typical range of uctuations of QGP. But, on the
other hand, L cannot be arbitrary small since this will lead to assumption of local
factorization property of correlators, i.e., to absence of interactions.
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So, changing β → β(r) we should assume that β1(2)(r) and z+−(−+)(r, k)
are constants on interval L. This prescription adopts Wigner functions formalism
for the case of high multiplicities. It describes the temperature uctuations larger
than L and averages the uctuations smaller than L leading to absence, in average,
of ªnon-Gaussianª uctuations.

It is the typical ªcalorimetricª measurement since in a dominant number of
calorimeter cells the measured mean values of energy, with exponential accuracy,
are the ªgoodª parameters ∼ 1/β2(r, E). We will assume that the dimension
of calorimeter cells L << Lcr, where Lcr is the dimension of characteristic
uctuations at given n. In deep asymptotic over n we must have Lcr →∞. This
consideration shows that the offered experiment with calorimeter as the measuring
device of particles energies is sufˇciently informative in the high multiplicities
domain.

6. NONSTATIONARY STATISTICAL OPERATOR

One cannot expect the evident connection between the above considered
S-matrix (microcanonical) and Zubarev's [32] approaches. The reason is intro-
duction into Zubarev's formalism of an interaction with a heat bath, external
to system under consideration. This interaction is crucial for deˇnition of NSL
for explanation of the trend to maximal-entropy state, starting evolution from
local-equilibrium state∗.

Therefore, in Zubarev's theory the local-equilibrium state was chosen as the
boundary condition. It is assumed that in the suitably deˇned cells of the system
at a given temperature distribution T (~x, t) = 1/β(~x, t), where (~x, t) is the index
of the cell, the entropy is maximal. The corresponding nonequilibrium statistical
operator

ρz ∼ e−
∫
d3xβ(~x,t)T00 (6.1)

describes evolution of a system in the time scale t. Here Tµν is the energy-
momentum tensor. It is assumed that the system ªfollows' to β(~x, t) evolution
and the local temperature T (~x, t) is deˇned as the external parameter which is
the regulator of systems dynamics. For this purpose the special iε-prescription
was introduced (it was not shown in (6.1)) [32]. It brings the interaction with
heat bath.

The KMS periodic boundary condition cannot be applied for nonstationary
temperature distribution and by this reason the decomposition:

β(~x, t) = β0 + β1(~x, t) (6.2)

∗This condition is not necessary in the S-matrix formalism since it is ªdynamicalª by its nature,
i.e., includes the notion of initial- and ˇnal-states as the boundary conditions.
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was offered in the paper [30]. Here β0 is the constant, and the inequality

β0 >> |β1(~x, t)|

is assumed. Then,
ρz ∼ e−β0(H0+V+B), (6.3)

where H0 is the free part of the Hamiltonian, V describes the interactions, and
the linear over β1/β0 term B is connected with the deviation of temperature from
the ªequilibriumª value 1/β0. Presence of B perturbations creates the ªthermalª
ows in the system to explain increasing entropy. Considering V and B as the
perturbations one can calculate the observables averaging over equilibrium states,
i.e., adopting the KMS boundary condition. Using standard terminology one can
consider V as the ªmechanicalª and B as the ªthermalª perturbations.

The quantization problem of operator (6.3) is connected with deˇnition of
the space-time sequence of mechanical (V ) and thermal (B) excitations. It is
necessary since the mechanical excitations give the inuence on the thermal ones
and vice versa. It was assumed in [30] that V and B are commuting operators,
i.e., the sequence of V - and B perturbations is not sufˇcient. The corresponding
generating functional has the form [30]:

Z(j) = exp{−i
∫
Cβ

d4x(V (−iĵ(x)) +
β1(x, τ)

β0
T00[−iĵ(x)]−

∫ 0

−∞
dt1

β1(x, τ + t1)

β0
T00[−iĵ(x, x0t1)])}Tr(e−β0H0TCe

i
∫
C
d4yj(y)Φ(y)

),

where the time contour Cβ was described in Sec.4.1, and τ is the measurement
time.

It is evident that this solution leads to the renormalization by the interac-
tions with the external ˇeld β(~x, t) even without interactions among fundamental
ˇelds Φ. The source of this renormalizations is the kinetic term in the energy-
momentum tensor T00, i.e., follows from ªthermalª interactions with external heat
bath. Note absence of this renormalizations in the S-matrix formalism, see, for
instance (3.25), where the interactions are generated by V perturbations only.

In [53] the operators V and B are noncommuting ones and B perturbations
were switched on after V perturbations. In this formulation the nondynamical
renormalizations are also present but it is not unlikely that they are canceled at
the very end of calculations [54].

This formulation with β(~x, t) as the external ˇeld reminds the old, ˇrstly
quantized, ˇeld theory in which matter is quantized but ˇelds are not. It is well
known that consistent quantum ˇeld theory requires the second quantization. Fol-
lowing to this analogy, if we want to take into account consistently the reciprocal
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inuence of V and B perturbations, the ˇeld β(~x, t) must be fundamental, i.e.,
must be quantized (and the assumption of paper [30] becomes true). But it is
evidently the wrong idea in the canonical Gibbs formalism. So, as in the ˇrstly
quantized theory, the theory with operator (6.1) must have the restricted range of
validity [32].

7. CONCLUSION

In our interpretation of the real-time ˇnite-temperature ˇeld theory the sta-
tistics and the ˇelds quantum dynamics were factorized: statistics is ˇxed by
the operator exp{N̂(φ∗i φj} and a pure ˇeld-theoretical dynamics is described by
ρ0(φ±) = Z(φ+)Z∗(φ−), where Z(φ±) is the vacuum into vacuum transition
amplitude in the presence of the external (auxiliary) ˇelds < vac|vac >φ. We

can say that the operator exp{N̂(φ∗i φj} maps the system of interacting ˇelds on
the state with deˇnite thermodynamical parameters. We had concentrated our
attention in this paper on the structure and origin of operator exp{N̂(φ∗i φj} only
and do not discuss ρ0(φ±). But the developed formalism allows one to use
following ªS-matrixª properties which are new for thermodynamics to deˇne ρ0.

First of them is the absence of Matsubara imaginary parts of time contour in
ρ0 by deˇnition: the approach is pure ªreal-timeª. This allows one to construct the
formalism without referring to time asymptotic properties of correlation (Green)
functions, and introduce the temperature description without using a notion of
grand canonical ensemble constructing the environment of the system, i.e., the
measuring device, ªby handª.

Moreover, discussed factorization property has important consequence which
would allow one to calculate expectation values with high accuracy. Let us con-
sider the theoretical problem of the ρ0(φ±) calculation. To deˇne the functional
measure the orthonormalizability (i.e., the unitarity) condition may be used. It
leads to the following representation [55]:

ρ0(φ) = e−iK̂(j,e)

∫
DM(Φ)e−U(Φ,e)e

∫
dx(v′(Φ)+j)φ

, (7.1)

where the expansion over operator

K̂(j, e) = 2Re

∫
dx

δ

δj(x)

δ

δe(x)

generates perturbation series and

U(Φ, e) = V (Φ + e)− V (Φ− e)− 2Re

∫
dxev′(Φ)



156 MANJAVIDZE J.

weights quantum uctuations. The most important term in (7.1) is the measure

DM(Φ) =
∏
x

dΦ(x)δ(∂2
µΦ +m2Φ + v′(Φ)− j),

where v′(Φ) ≡ δV (Φ)/δΦ(x). So, solving the equation

∂2
µΦ +m2Φ + v′(Φ) = j (7.2)

we will ˇnd all contributions∗.
At the very end of calculations one must put e = j = 0. Therefore, Eq. (7.2)

can be solved expending it over j. This shows that (7.1) restores at j = 0 the
usual stationary phase method. Indeed, it can be veriˇed that (7.1) gives usual
perturbation theory [55].

But Eq. (7.2) gives much more possibilities. Note that l.h.s. of this equation is
the sum of known classical forces and the r.h.s. is the quantum force j. Eq. (7.2)
establishes the local equilibrium between this forces. This solves the old standing
problem of quantization with constraints: it can be done by ˇeld transformations
in path integrals since Eq. (7.2) shows the way as j must be transformed when
the l.h.s. is transformed. Presence of derivatives in (7.2) shows that the quantum
force must be transformed in the tangent space of ˇelds∗∗.

The r.h.s. of Eq. (7.2) may contain also an additional force to describe the
external inuence on the system of interacting ˇelds. This force was omitted in
Eq. (7.2) assuming that a process of particles creation (and absorption) is switched
on adiabatically.

As was mentioned above the action of operator e−N̂(β,z;φ) on ρ0(φ) maps
interacting ˇelds system on measurable states. Let us consider what this gives.
Result of action has the form:

ρ(β, z) = e−iK̂(j,e)

∫
DM(Φ)e−U(Φ,e)e−N(β,z.;Φ),

where N = N1 +N2 and

N1(2)(β, z; Φ) =

∫
drdω(k)e−β1(2)(r)ε(k)z+−(−+)(k, r)|Γ(k,Φ)|2. (7.3)

Here r is considered as the index of calorimeter cell. This formulae needs more
careful explanation. Instead of (7.3) we must consider

N1(2)(β, z; Φ) =

∫
drdω(k)e−β1(2)(r)ε(k)z+−(−+)(k, r)

∗This means that the unitarity condition is necessary and sufˇcient for deˇnition of path integral
measure for R0(φ±) [56]

∗∗This explains why the ordinary transformation of path integral is impossible, gives wrong
result [57].



WIGNER FUNCTIONS OF ESSENTIALLY NONEQUILIBRIUM SYSTEMS 157∫
dqδL(q)Γ(k + q,Φ)Γ∗(k − q,Φ). (7.4)

where L is the scale, where β1(2)(r) and z+−(−+)(k, r) can be considered as the
constants (L is the dimension of calorimeter cell). If L → ∞, then δL(q) can
be changed on usual δ-function δ(q) and, therefore, in this limit we will have
(7.3). We had considered this limit supposing that the measurement is not in
contradiction with quantum uncertainty principle.

So, deriving N1(2)(β, z; Φ) we used the condition that r is the coordinate of
size L cell. With this condition

Γ(k,Φ) =

∫
dxeikx(∂2

µ +m2)Φ (7.5)

can be considered as the order parameter. Indeed, Γ(k,Φ) is the element of actions
symmetry group since it is linear over ˇeld Φ and the generating functional ρ(β, z)
is trivial if < |Γ(k,Φ)|2 >= 0. In this case there is no creation of particles, i.e.,
there are no measurable asymptotic states (ˇelds).

Indeed, it can be shown [58] that all quantum corrections to solitons con-
tribution in the (1+1)-dimensional sine-Gordon model equal zero. This is in
accordance with the result of [59] and with factorizability of solitons S matrix.
Then it is easily seen computing integral in (7.5) by parts that Γ(k,Φs) = 0,
where Φs is the soliton solution. This result shows that hidden symmetry of
sine-Gordon model cannot be broken and corresponding (polynomial) integrals of
motion are conserved. The application of this idea for non-Abelian ˇeld theory
should be fruitful.
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ˆ”‚� ’¡¨²¨¸¸±µ£µ £µ¸Ê¤ ·¸É¢¥´´µ£µ Ê´¨¢¥·¸¨É¥É , 380086, ’¡¨²¨¸¨, ƒ·Ê§¨Ö

‚.�.�¥·¢ÊÏ¨´

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�.Œ.•¢¥¤¥²¨¤§¥

’¡¨²¨¸¸±¨° ³ É¥³ É¨Î¥¸±¨° ¨´¸É¨ÉÊÉ, 380086, ’¡¨²¨¸¨, ƒ·Ê§¨Ö

�¡§µ· ¶µ¸¢ÖÐ¥´ ¶·µ¡²¥³ É¨±¥, ¸¢Ö§ ´´µ° ¸ ¨§ÊÎ¥´¨¥³ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ±µ´¥Î´Ò³
Î¨¸²µ³ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, µ¡² ¤ ÕÐ¨Ì ²µ± ²Ó´µ° ¸¨³³¥É·¨¥°. ‚ · ³± Ì ±² ¸¸¨Î¥¸±µ° ² £· ´¦¥-
¢µ° ¨ £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨ µ¡¸Ê¦¤ ¥É¸Ö ¶·µÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨°
± É ± ´ §Ò¢ ¥³µ³Ê ´µ·³ ²Ó´µ³Ê ¢¨¤Ê, ±µ£¤  § ¤ Î  ŠµÏ¨ ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥. �¸´µ¢-
´µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ ¨§²µ¦¥´¨Õ £¥µ³¥É·¨Î¥¸±µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨, ±µÉµ· Ö ¶µ§¢µ²Ö¥É ¢Ò¤¥²¨ÉÓ
Ë¨§¨Î¥¸±µ¥ ¶µ¤¶·µ¸É· ´¸É¢µ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¢Ò·µ¦¤¥´´µ° ¤¨´ ³¨Î¥¸±µ° ¸¨¸É¥³Ò ¨
´ °É¨ ¢ Ö¢´µ³ ¢¨¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ± ´µ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¡¥§ ¢¢¥¤¥´¨Ö ¢ É¥µ·¨Õ ¤µ¶µ²-
´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, ± ²¨¡·µ¢µ±. �  µ¸´µ¢¥ ¸· ¢´¥´¨Ö ¤¢ÊÌ ³¥Éµ¤µ¢ ·¥¤Ê±Í¨¨
Å £¥µ³¥É·¨Î¥¸±µ£µ ¨ ¸ ¶µ³µÐÓÕ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ Å µ¡¸Ê¦¤ ¥É¸Ö ¢µ¶·µ¸ µ¡ Ê¸²µ¢¨ÖÌ ´ 
± ²¨¡·µ¢±¨, £ · ´É¨·ÊÕÐ¨Ì ±µ··¥±É´µ¸ÉÓ ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨.

The review is devoted to the discussion of problems connected with the description of dyna-
mical systems with ˇnite a number of degrees of freedom, which possesses local symmetry. In the
framework of the classical Lagrangian and Hamiltonian theory the geometric scheme of reduction
of degenerate dynamical equations to the normal form, which admits the correct Cauchy problem
with a unique solution is described. The main task of the review is to state geometrical problems
of constructing physical subspace in degenerate Hamiltonian systems in an explicit form without
introducing additional gauge ˇxing conditions into the theory. Two approaches to the reduction
procedure, the geometrical and gauge ˇxing methods, are compared with the aim to get requirements
to the gauge ˇxing conditions, which guarantee the correctness of gauge ˇxing reduction.

1. ‚‚…„…�ˆ…

‹ £· ´¦¥¢Ò ¸¨¸É¥³Ò ¸ ËÊ´±Í¨µ´ ²µ³ ¤¥°¸É¨Ö, ¨´¢ ·¨ ´É´Ò³ µÉ´µ¸¨-
É¥²Ó´µ ²µ± ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É, É.¥. ¶·¥µ¡· §µ¢ -
´¨° ¸ ¶ · ³¥É· ³¨, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¶·µ¨§¢µ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ µÉ ¶·µ-
¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ, ¶·¨´ ¤²¥¦ É ± ±² ¸¸Ê É ± ´ §Ò¢ ¥-
³ÒÌ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³. ˆ¸Éµ·¨Ö ¨¸¸²¥¤µ¢ ´¨Ö ¢Ò·µ¦¤¥´-
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´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³, ´¥¸³µÉ·Ö ´  ¶µÎÉ¥´´Ò° ¢µ§· ¸É ¸ ³µ° ±² ¸¸¨Î¥-
¸±µ° ³¥Ì ´¨±¨,∗ ´ ¸Î¨ÉÒ¢ ¥É ´¥ ¡µ²¥¥ ¶µ²Ê¢¥± . � Î ²µ ¨Ì ¸¨¸É¥³ É¨Î¥-
¸±µ³Ê  ´ ²¨§Ê, ¨´¨Í¨¨·µ¢ ´´µ¥ ¶µÉ·¥¡´µ¸ÉÓÕ £ ³¨²ÓÉµ´µ¢µ° Ëµ·³Ê²¨·µ¢±¨
§ ¤ Î Ô²¥±É·µ¤¨´ ³¨±¨ ¨ É¥µ·¨¨ £· ¢¨É Í¨¨, ¡Ò²µ ¶µ²µ¦¥´µ ¢ ±µ´Í¥ 40-Ì
£µ¤µ¢ ´ Ï¥£µ ¸Éµ²¥É¨Ö ¢ · ¡µÉ Ì „¨· ±  [2] ¨ �¥·£³ ´  [3]. ‚ ´¨Ì ¡Ò²¨
¸Ëµ·³Ê²¨·µ¢ ´Ò ¶·¨´Í¨¶Ò ´µ¢µ° É¥µ·¨¨, ¶µ²ÊÎ¨¢Ï¥° ´ §¢ ´¨¥ µ¡µ¡Ð¥´´µ°
£ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¨ ¨²¨ Ëµ·³ ²¨§³  „¨· ±  Å �¥·£³ ´ . Š ± ¶µ± -
§ ²µ ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ´ Ê±¨, ÔÉµÉ Ëµ·³ ²¨§³ ¸É ² ´¥µÉÑ¥³²¥³µ° Î ¸ÉÓÕ
±¢ ´Éµ¢µ-¶µ²¥¢µ£µ µ¶¨¸ ´¨Ö ¢¸¥Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ’¥µ·¨Ö
£· ¢¨É Í¨¨, ¥¤¨´ Ö É¥µ·¨Ö Ô²¥±É·µ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ³µ¤¥²¨
¡µ²ÓÏµ£µ µ¡Ñ¥¤¨´¥´¨Ö Å ¢¸¥ ÔÉµ É¥µ·¥É¨±µ-¶µ²¥¢Ò¥ ³µ¤¥²¨ ¸ µ¡µ¡Ð¥´´µ°
£ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±µ°, ¢Ò·µ¦¤¥´´µ¸ÉÓ ±µÉµ·µ° ¸¢Ö§ ´  ¸ Éµ° ¨²¨ ¨´µ°
²µ± ²Ó´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ Å ·¥¶ · ³¥É·¨Î¥¸±µ° ¨²¨ ± ²¨¡·µ¢µÎ´µ°.

‚ ¸µ¢·¥³¥´´µ° ²¨É¥· ÉÊ·¥, ¶µ¸¢ÖÐ¥´´µ° · §²¨Î´Ò³  ¸¶¥±É ³ µ¡µ¡Ð¥´-
´µ° £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨, ¸ÊÐ¥¸É¢Ê¥É ¡µ²ÓÏµ¥ ±µ²¨Î¥¸É¢µ µÎ¥´Ó Ìµ·µÏ¨Ì
±´¨£ ¨ µ¡§µ·µ¢ [4]∗∗, ¶µ¸²¥ µ§´ ±µ³²¥´¨Ö ¸ ±µÉµ·Ò³¨ ¢µ§´¨± ¥É µÐÊÐ¥´¨¥
¥¥ ©µ¸¢¥¦ ÕÐ¥° ´¥¶µÌµ¦¥¸É¨ª ´  É¥µ·¨Õ ´¥¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨-
¸É¥³. � ¨¡µ²¥¥ ¢ ¦´Ò³ ¨ Ö·±¨³ ¶·µÖ¢²¥´¨¥³ ¶µ¤µ¡´µ£µ ¸¢µ¥µ¡· §¨Ö Ö¢²Ö¥É¸Ö
É ± ´ §Ò¢ ¥³ Ö ¶·µÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨, ¸µ¸ÉµÖÐ Ö ¢ ·¥£Ê-
²Ö·´µ³ ¸¶µ¸µ¡¥ ¶µ¸É·µ¥´¨Ö ´¥¢Ò·µ¦¤¥´´µ° É¥µ·¨¨, ©Ô±¢¨¢ ²¥´É´µ°ª ¨¸Ìµ¤-
´µ° ¢Ò·µ¦¤¥´´µ° §  ¸Î¥É ¨¸±²ÕÎ¥´¨Ö Î ¸É¨ ©´¥¸ÊÐ¥¸É¢¥´´ÒÌª ¶¥·¥³¥´´ÒÌ.
�¥¤Ê±Í¨Ö ¢ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ, ´¥¸³µÉ·Ö ´  ¢¸¥ ¥¥ µ¸µ¡¥´´µ¸É¨, ¶·¥¤¸É -
¢²Ö¥É ¸µ¡µ° µ¶·¥¤¥²¥´´µ¥ µ¡µ¡Ð¥´¨¥ Ìµ·µÏµ ¨§¢¥¸É´µ° ¸ ±µ´Í  ¶·µÏ²µ£µ
¢¥±  µ¶¥· Í¨¨ ¨¸±²ÕÎ¥´¨Ö Í¨±²¨Î¥¸±¨Ì, ¨²¨, ¶µ-¤·Ê£µ³Ê, ¨£´µ·¨·Ê¥³ÒÌ ±µ-
µ·¤¨´ É, ±µÉµ· Ö ¨³¥¥É ³¥¸Éµ ¢ ¸¨¸É¥³ Ì, µ¡² ¤ ÕÐ¨Ì ´¥¶·¥·Ò¢´µ° ¸¨³³¥-
É·¨¥°, ¸¢Ö§ ´´µ° ¸ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò ‹¨. Š ± ¨ ¢ ¸²ÊÎ ¥ ·¥¤Ê±Í¨¨ Î¨¸²  ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò ¢ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¥, ·¥¤Ê±Í¨Ö ¢ ¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨-
Î¥¸±¨Ì ¸¨¸É¥³ Ì É ±¦¥ µ¡Ö§ ´  Î¨¸Éµ £¥µ³¥É·¨Î¥¸±¨³, ¸¨³³¥É·¨°´Ò³ ¶·¨´-
Í¨¶ ³, ²¥¦ Ð¨³ ¢ µ¸´µ¢¥ É¥µ·¨¨. �¡¸Ê¦¤¥´¨¥ ÔÉ¨Ì £¥µ³¥É·¨Î¥¸±¨Ì  ¸¶¥±Éµ¢
µ¶¥· Í¨¨ ·¥¤Ê±Í¨¨ ¨ ¤¥³µ´¸É· Í¨Ö ¥¥ ¨¸±²ÕÎ¨É¥²Ó´µ° ¢ ¦´µ¸É¨ ¢ ¢µ¶·µ¸¥
µ¶·¥¤¥²¥´¨Ö Ë¨§¨Î¥¸±µ£µ ¸µ¤¥·¦ ´¨Ö ± ²¨¡·µ¢µÎ´ÒÌ ¨ ·¥¶ · ³¥É·¨Î¥¸±¨-
¨´¢ ·¨ ´É´ÒÌ É¥µ·¨¨ ¨ ¸µ¸É ¢²Ö¥É ¶·¥¤³¥É ´ ¸ÉµÖÐ¥£µ µ¡§µ· .

ƒ¥µ³¥É·¨§ Í¨Ö ¤¨´ ³¨±¨ ¨ ´ ¡²Õ¤ ¥³Ò¥. �¥·¢Ò° Ï £ ¢ £¥µ³¥É·¨§ -
Í¨¨ ¢¸¥Ì ¢¨¤µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ¸²¥ Ô°´ÏÉ¥°´µ¢¸±µ° Ëµ·³Ê²¨·µ¢±¨ µ¡-
Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¡Ò² ¸¤¥² ´ ¢ 1918 £. ‚¥°²¥³ [5], ±µ£¤  ¶·¨
· §· ¡µÉ±¥ ¥¤¨´µ° É¥µ·¨¨ Ô²¥±É·µ³ £´¥É¨§³  ¨ £· ¢¨É Í¨¨ µ´ ¸Ëµ·³Ê²¨-

∗©�´ ²¨É¨Î¥¸± Ö ³¥Ì ´¨± ª ‹ £· ´¦  [1], ¢ ±µÉµ·µ° Ê¦¥ ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ¶· ±É¨Î¥¸±¨
¢¸¥ µ¸´µ¢´Ò¥ ¶·¨´Í¨¶Ò  ´ ²¨É¨Î¥¸±µ° ¤¨´ ³¨±¨, ¢ÒÏ²  ¢ 1788 £.

∗∗�¥§Ê¸²µ¢´µ, ¶¥·¥Î¥´Ó [4] ´¥ ¶·¥É¥´¤Ê¥É ´  ± ±ÊÕ-²¨¡µ ¶µ²´µÉÊ,   ¢¸¥£µ ²¨ÏÓ µÉ· ¦ ¥É
¢±Ê¸Ò ¨ ¶·¨¸É· ¸É¨Ö  ¢Éµ·µ¢.
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·µ¢ ² ¶·¨´Í¨¶ ²µ± ²Ó´µ° ³ ¸ÏÉ ¡´µ° ¨´¢ ·¨ ´É´µ¸É¨ É¥µ·¨¨ ± ± ´¥±¨°
£¥µ³¥É·¨Î¥¸±¨° ¶·¨´Í¨¶, µ¡ÑÖ¸´ÖÕÐ¨° ¸ÊÐ¥¸É¢µ¢ ´¨¥ Ô²¥±É·µ³ £´¨É´µ£µ
¶µ²Ö. �¤´ ±µ ·¥Ï ÕÐ¥° ¨¤¥¥°, ¤ ¢Ï¥° ´ Î ²µ ¸µ¢·¥³¥´´µ° £¥µ³¥É·¨Î¥-
¸±µ° É· ±Éµ¢±¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ É¥·³¨´ Ì ¸¢Ö§´µ¸É¥° ¢ £² ¢´µ³ · ¸¸²µ¥´-
´µ³ ¶·µ¸É· ´¸É¢¥∗, ¸É ²  ¨¤¥Ö § ³¥´¨ÉÓ £·Ê¶¶Ê ³ ¸ÏÉ ¡´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
¢ £· ¢¨É Í¨¨ ´  £·Ê¶¶Ê ²µ± ²Ó´ÒÌ Ë §µ¢ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢ § ·Ö¤µ¢µ³ ¶·µ-
¸É· ´¸É¢¥ Ô²¥±É·µ¤¨´ ³¨±¨. � ¥¥ µ¡µ¡Ð¥´¨¥, ¶µ¸²¥ Ëµ·³Ê²¨·µ¢±¨ Ÿ´£µ³
¨ Œ¨²²¸µ³ ¢ 1954 £µ¤Ê ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ´¥ ¡¥²¥¢ÒÌ ¶µ²¥° [8], µ±µ´-
Î É¥²Ó´µ ¶·¥¢· É¨²µ ¶·¨´Í¨¶ ²µ± ²Ó´µ° ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨ ¢
£¥µ³¥É·¨Î¥¸±ÊÕ µ¸´µ¢Ê ±µ´¸É·Ê¨·µ¢ ´¨Ö ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥° ËÊ´¤ -
³¥´É ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �µ¤µ¡´ Ö Ëµ·³Ê²¨·µ¢±  ¤¨´ ³¨±¨ ËÊ´¤ ³¥´-
É ²Ó´ÒÌ ¶µ²¥° ¨¸±²ÕÎ¨É¥²Ó´µ ¢ £¥µ³¥É·¨Î¥¸±¨Ì É¥·³¨´ Ì ¶·¨¢µ¤¨É ¸ ´¥µ¡-
Ìµ¤¨³µ¸ÉÓÕ ± ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¨ ´ ·Ö¤Ê ¸ ³ É¥³ É¨Î¥¸±¨³ ¨§ÖÐ¥¸É¢µ³ ¨
¶·µ§· Î´µ¸ÉÓÕ µ¸´µ¢´ÒÌ ¶µ²µ¦¥´¨° É·¥¡Ê¥É ·¥Ï¥´¨Ö ¸²µ¦´µ° ¶·µ¡²¥³Ò, ´¥
¨³¥ÕÐ¥°  ´ ²µ£  ¢ ´¥¢Ò·µ¦¤¥´´µ³ ¸²ÊÎ ¥. �·¨´Í¨¶ ²µ± ²Ó´µ° ¨´¢ ·¨ ´É-
´µ¸É¨, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¶·¨¶¨¸Ò¢ ¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ²¨ÏÓ ¨´¢ ·¨ ´É´Ò³
¢¥²¨Î¨´ ³, ¨ ¸ ¤·Ê£µ° Å É·¥¡Ê¥É ¶·¨¸ÊÉ¸É¢¨Ö ¢ É¥µ·¨¨ ©²¨Ï´¨Ìª ¸É¥¶¥´¥°
¸¢µ¡µ¤Ò, ´¥ ¶·µÖ¢²ÖÕÐ¨Ì¸Ö ¢ ´ ¡²Õ¤ ¥³ÒÌ ÔËË¥±É Ì∗∗. �µ¸²¥¤´¥¥ É·¥¡µ-
¢ ´¨¥ µ§´ Î ¥É, ÎÉµ ±µ··¥±É´ Ö ¶µ¸É ´µ¢±  Ë¨§¨Î¥¸±µ° § ¤ Î¨ ¶µ¤· §Ê³¥¢ ¥É
¢µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö ´  ¡ §¥ ¨¸Ìµ¤´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ´µ-
¢ÒÌ, ´µ Ê¦¥ ´ ¡²Õ¤ ¥³ÒÌ (Ë¨§¨Î¥¸±¨Ì) ¶¥·¥³¥´´ÒÌ, ¢ É¥·³¨´ Ì ±µÉµ·ÒÌ Ë¨-
§¨Î¥¸± Ö ·¥ ²Ó´µ¸ÉÓ ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ¸Ö µ¤´µ§´ Î´µ, ¡¥§ ©²¨Ï´¨Ìª Ô²¥³¥´Éµ¢.
�¤´ ±µ Ö¸´µ, ÎÉµ ¡¥§ µ¤´µ§´ Î´µ° ¨ ÔËË¥±É¨¢´µ° ¸Ì¥³Ò ¶µ¤µ¡´µ° ¨¤¥´É¨-
Ë¨± Í¨¨ ´ ¡²Õ¤ ¥³ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸ ¨¸Ìµ¤´Ò³¨ ËÊ´¤ ³¥´É ²Ó´Ò³¨
£¥µ³¥É·¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ É¥µ·¨Ö ´¥ Ö¢²Ö¥É¸Ö ¶µ²´µ° ¨ ±µ´¸É·Ê±É¨¢´µ°.
�·µÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¶·¨§¢ ´  µ¸ÊÐ¥¸É¢²ÖÉÓ É ±µ£µ ·µ¤  ¨¤¥´É¨Ë¨± Í¨Õ Ë¨-
§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸ § É· ¢µÎ´Ò³¨ £¥µ³¥É·¨Î¥¸±¨³¨, ¢Ò¤¥²ÖÖ ¢ É¥µ·¨¨ ¸ ²µ-
± ²Ó´µ° ¸¨³³¥É·¨¥° É ± ´ §Ò¢ ¥³Ò¥ Ë¨§¨Î¥¸±¨° ¨ ´¥Ë¨§¨Î¥¸±¨° ¸¥±Éµ·Ò. ‚
´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¡Ê¤ÊÉ ¨§²µ¦¥´Ò ¤¢¥ ¸Ì¥³Ò ·¥¤Ê±Í¨¨. �µ¸²¥ ±· É±µ£µ µ¶¨-
¸ ´¨Ö ¸É ´¤ ·É´µ£µ ¶µ¤Ìµ¤ , µ¸´µ¢ ´´µ£µ ´  ³¥Éµ¤¥ ©Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ª
³Ò ¶µ¤·µ¡´µ ¶·µ ´ ²¨§¨·Ê¥³  ²ÓÉ¥·´ É¨¢´Ò° ©£¥µ³¥É·¨Î¥¸±¨°ª ¨²¨ ©¡¥¸± -
²¨¡·µ¢µÎ´Ò°ª ³¥Éµ¤. �·¨ ÔÉµ³ ¶·¥¸²¥¤ÊÕÉ¸Ö ¤¢¥ Í¥²¨: ¨§²µ¦¨ÉÓ ¸ ³Ê ¸Ì¥³Ê
£¥µ³¥É·¨Î¥¸±µ° ·¥¤Ê±Í¨¨ ¨ ¶·µ ´ ²¨§¨·µ¢ ÉÓ É¥ µ£· ´¨Î¥´¨Ö, ±µÉµ·Ò¥ ¸²¥-

∗‘ µ¸´µ¢ ³¨ É¥µ·¨¨ · ¸¸²µ¥´´ÒÌ ¶·µ¸É· ´¸É¢ ³µ¦´µ µ§´ ±µ³¨ÉÓ¸Ö ¶µ ±² ¸¸¨Î¥¸±µ° ±´¨£¥
�.‹¨Ì´¥·µ¢¨Î  [6] ¨ ÊÎ¥¡´¨±Ê [7],    ´ ²¨§ £¥µ³¥É·¨Î¥¸±¨Ì  ¸¶¥±Éµ¢ Ëµ·³Ê²¨·µ¢±¨ É¥µ·¨° ¶µ²Ö
¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° ³µ¦´µ ´ °É¨ ¢ ³µ´µ£· Ë¨¨ �.�.Šµ´µ¶²¥¢µ° ¨ ‚.�.�µ¶µ¢  [4].

∗∗ˆ´É¥·¥¸´µ, ÎÉµ Ëµ·³Ê²¨·µ¢±  Ë¨§¨Î¥¸±¨Ì É¥µ·¨° ´  µ¸´µ¢¥ ¶·¨´Í¨¶  ²µ± ²Ó´µ° ¸¨³³¥-
É·¨¨ µ± § ² ¸Ó ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ·¥ ²¨§ Í¨¥° £¨¶µÉ¥§Ò ƒ¥·Í  µ ¡¥¸¸¨²µ¢µ³ Ì · ±É¥·¥ ¢§ -
¨³µ¤¥°¸É¢¨°. ‘É·¥³²¥´¨¥ ¨§ÑÖÉÓ ¶µ´ÖÉ¨¥ ¸¨²Ò ¨§ ³¥Ì ´¨±¨ ¨ § ³¥´¨ÉÓ ¥¥ ¤¥°¸É¢¨¥ ÔËË¥±É ³¨
¸±·ÒÉÒÌ ´¥´ ¡²Õ¤ ¥³ÒÌ ¸¢Ö§¥° ¡Ò²µ £² ¢´Ò³ ¶µ¡Ê¤¨É¥²Ó´Ò³ ³µÉ¨¢µ³ ´µ¢µ° Ëµ·³Ê²¨·µ¢±¨
³¥Ì ´¨±¨, ¨§²µ¦¥´´µ° ¢ ¥£µ §´ ³¥´¨Éµ° ±´¨£¥ ©�·¨´Í¨¶Ò ³¥Ì ´¨±¨ª [9].
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¤ÊÕÉ ¨§ ´¥¥, ´  É· ¤¨Í¨µ´´Ò° ³¥Éµ¤ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ ¢ µ¡µ¡Ð¥´´µ°
£ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¥.

�¥¤Ê±Í¨Ö ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨. ˆ¸Éµ·¨Î¥¸±¨ ¶¥·¢Ò° µ¶ÒÉ
µ¡· Ð¥´¨Ö ¸ ´¥Ë¨§¨Î¥¸±¨³¨ ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò ¢µ§´¨± ¢ · ³± Ì ±² ¸¸¨Î¥-
¸±µ° Ô²¥±É·µ¤¨´ ³¨±¨ ¶µ¸²¥ Éµ£µ, ± ± ¢ ´ Î ²¥ XX ¢¥±  ¢ ¸¢Ö§¨ ¸ ¦¥² ´¨¥³
¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¨§ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶  ¡Ò²µ ¢¢¥¤¥´µ ¶µ-
´ÖÉ¨¥ ¢¥±Éµ·-¶µÉ¥´Í¨ ²  Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö∗. � ¸¶² Éµ° µ± § ²µ¸Ó µÉ-
¸ÊÉ¸É¢¨¥ ¢§ ¨³µµ¤´µ§´ Î´µ° ¸¢Ö§¨ ³¥¦¤Ê ´ ¶·Ö¦¥´´µ¸ÉÖ³¨ Ô²¥±É·¨Î¥¸±µ£µ
¨ ³ £´¨É´µ£µ ¶µ²¥° ¨ ¢¥±Éµ·-¶µÉ¥´Í¨ ²µ³, ¶·¨¢¥¤Ï¥¥ ± Éµ³Ê, ÎÉµ ¢ É¥µ·¨¨
¢µ§´¨±²¨ ¶¥·¥³¥´´Ò¥, ´¥ ¶µ¤¤ ÕÐ¨¥¸Ö ´ ¡²Õ¤¥´¨Õ. ‚ · ³± Ì ±² ¸¸¨Î¥¸±µ°
Ô²¥±É·µ¤¨´ ³¨±¨ ¶µ¤µ¡´Ò° ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§¢µ², ¶·¨¢´¥¸¥´´Ò° ¢¢¥¤¥-
´¨¥³ ¢ É¥µ·¨Õ ´¥´ ¡²Õ¤ ¥³ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ´¥ ¤µ¸É ¢¨² µ¸µ¡ÒÌ É·Ê¤-
´µ¸É¥°, ¶µ¸±µ²Ó±Ê ¡Ò²  ¨§¢¥¸É´  ¶·µ¸É Ö ¸¢Ö§Ó ³¥¦¤Ê ¢¥±Éµ·-¶µÉ¥´Í¨ ²µ³
Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ¨ ´ ¡²Õ¤ ¥³Ò³¨ ¢¥²¨Î¨´ ³¨ Å ´ ¶·Ö¦¥´´µ¸ÉÖ³¨
Ô²¥±É·¨Î¥¸±µ£µ ¨ ³ £´¨É´µ£µ ¶µ²¥°. „µ¡ ¢¨¢ ± Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö ± ±µ¥-
²¨¡µ ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥, ´ ¶·¨³¥·, Ê¸²µ¢¨Ö ŠÊ²µ´ , ´¥Ë¨§¨Î¥¸±¨¥ ±µ³-
¶µ´¥´ÉÒ ¢¥±Éµ·-¶µÉ¥´Í¨ ²  Ê¤ ¥É¸Ö ¨¸±²ÕÎ¨ÉÓ ¶µ²´µ¸ÉÓÕ. ‚ ·¥§Ê²ÓÉ É¥ Î¥£µ
¢ É¥µ·¨¨ ¢µ§´¨± ¥É ¢§ ¨³µµ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ´ ¡²Õ¤ ¥³Ò³¨ ¨
¨¸Ìµ¤´Ò³¨ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¶¥·¥³¥´´Ò³¨. �µÉ·¥¡´µ¸ÉÓ ¢ µ¡µ¡Ð¥´¨¨ ÔÉµ°
¶·µ¸Éµ° ±µ´¸É·Ê±Í¨¨, ¶·¨³¥´Ö¥³µ° ¢ Ô²¥±É·µ¤¨´ ³¨±¥, ´  ¸²ÊÎ ° ± ´µ´¨Î¥-
¸±µ° Ëµ·³Ê²¨·µ¢±¨ £· ¢¨É Í¨¨ ¶·¨¢¥²  „¨· ±  ± · §¢¨É¨Õ µ¡Ð¥° ¸Ì¥³Ò
·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³, ¶µ²ÊÎ¨¢Ï¥° ´ §¢ ´¨¥
³¥Éµ¤  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ [11]∗∗. �ÉµÉ ¸¶µ¸µ¡ ¨¤¥´É¨Ë¨± Í¨¨ Ë¨§¨Î¥-
¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, µ¸´µ¢ ´´Ò° ´  ¢¢¥¤¥´¨¨ ¢ É¥µ·¨Õ ¤µ¶µ²´¨É¥²Ó´ÒÌ
Ê¸²µ¢¨°, ± ²¨¡·µ¢µ±, Ê¸É· ´ÖÕÐ¨Ì ´¥Ë¨§¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ¸É ² É· -
¤¨Í¨µ´´Ò³ ³¥Éµ¤µ³, ¶·¨³¥´Ö¥³Ò³ ± ± ¢ ±² ¸¸¨Î¥¸±µ°, É ± ¨ ¢ ±¢ ´Éµ¢µ°
É¥µ·¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¸ ²µ± ²Ó´Ò³¨ ¸¨³³¥É·¨Ö³¨.

�·¥¤¸É ¢²¥´¨¥ ¤²Ö ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ´¥ ¡¥²¥¢ÒÌ ¶µ²¥° ¢ ¢¨¤¥ ±µ´É¨-
´Ê ²Ó´µ£µ ¨´É¥£· ²  [12], ¶µ²ÊÎ¥´´µ¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³¥Éµ¤  Ë¨±¸ Í¨¨
± ²¨¡·µ¢µ±, ¸ Ê¸¶¥Ìµ³ ¡Ò²µ ¶·¨³¥´¥´µ ¢ ·¥Ï¥´¨¨ Í¥²µ£µ ·Ö¤  ¶¥·ÉÊ·¡ É¨¢-
´ÒÌ § ¤ Î É¥µ·¨° Ô²¥±É·µ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‚ ¤ ²Ó´¥°Ï¥³,
µ¤´ ±µ, µ± § ²µ¸Ó, ÎÉµ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± -
²¨¡·µ¢±¨ ¢µ§´¨± ¥É É·Ê¤´µ¸ÉÓ ¶·¨´Í¨¶¨ ²Ó´µ£µ Ì · ±É¥· , É ± ´ §Ò¢ ¥³ Ö
¶·µ¡²¥³  ´¥µ¤´µ§´ Î´µ¸É¥° ƒ·¨¡µ¢  [13]. ƒ·¨¡µ¢¸±¨°  ´ ²¨§ ¤µ¶µ²´¨É¥²Ó-
´µ£µ Ê¸²µ¢¨Ö ŠÊ²µ´  ¨ ¤ ²Ó´¥°Ï¨° Éµ¶µ²µ£¨Î¥¸±¨° § ¶·¥É ‡¨´£¥·  ´  £²µ-
¡ ²Ó´ÊÕ ± ²¨¡·µ¢±Ê ¢ ´¥ ¡¥²¥¢µ° É¥µ·¨¨ [14, 15] Ê± § ²¨ ´  ´¥µ¡Ìµ¤¨³µ¸ÉÓ

∗ˆ¸Éµ·¨Õ ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ¢ · ¡µÉ Ì ‹ ·³µ· , ‹µ·¥´Í , ˜¢ ·ÍÏ¨²Ó¤  ¨ �Ê ´± ·¥
³µ¦´µ ¶·µ¸²¥¤¨ÉÓ ¶µ ±´¨£¥ [10].

∗∗�µ²ÊÎ¥´´µ¥ „¨· ±µ³ ·¥Ï¥´¨¥ § ¤ Î¨ ·¥¤Ê±Í¨¨ § ³¥Î É¥²Ó´Ò³ µ¡· §µ³ ¢Ò· ¦ ¥É¸Ö ¢
ÔËË¥±É¨¢´µ³ ¸µ±· Ð¥´¨¨ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò §  ¸Î¥É § ³¥´Ò ¸±µ¡µ± �Ê ¸¸µ´  ´  ¸±µ¡±¨
„¨· ±  [2].
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¸É·µ£µ£µ µ¶·¥¤¥²¥´¨Ö ±² ¸¸  ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ±. •µÉÖ ´  ¸¥£µ¤´ÖÏ´¨°
¤¥´Ó Ìµ·µÏµ ¨§¢¥¸É´µ ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ¶·¨´ ¤²¥¦´µ¸É¨ ± ²¨¡·µ¢µÎ´ÒÌ
ËÊ´±Í¨° ± ±² ¸¸Ê ¤µ¶Ê¸É¨³ÒÌ Å µÉ²¨Î¨¥ µÉ ´Ê²Ö ¤¥É¥·³¨´ ´É  ” ¤¤¥¥¢  Å
�µ¶µ¢ , ¢µ¶·µ¸ µ ¤µ¸É ÉµÎ´ÒÌ Ê¸²µ¢¨ÖÌ ´  ± ²¨¡·µ¢±¨, £ · ´É¨·ÊÕÐ¨Ì ±µ·-
·¥±É´µ¸ÉÓ ¢Ò¤¥²¥´¨Ö Ë¨§¨Î¥¸±µ£µ ¶·µ¸É· ´¸É¢ , µ¸É ¥É¸Ö µÉ±·ÒÉÒ³. Ÿ¸´µ,
ÎÉµ ·¥Ï¥´¨¥ § ¤ Î¨ µ¶·¥¤¥²¥´¨Ö ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± ¢ µ¡µ¡Ð¥´´µ° £ -
³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¥ ´¥¢µ§³µ¦´µ ¡¥§ ¤¥É ²Ó´µ£µ §´ ´¨Ö ¸ ³µ° ¸É·Ê±ÉÊ·Ò
Ë¨§¨Î¥¸±µ£µ ¨ ´¥Ë¨§¨Î¥¸±µ£µ ¸¥±Éµ·µ¢ É¥µ·¨¨. �µÔÉµ³Ê ¶·¨µ¡·¥É ¥É µ¸µ¡ÊÕ
§´ Î¨³µ¸ÉÓ  ²ÓÉ¥·´ É¨¢´ Ö ¸Ì¥³  ·¥¤Ê±Í¨¨, µ¸´µ¢ ´´ Ö ´  Ö¢´µ³ · §¤¥²¥-
´¨¨ ÔÉ¨Ì ¸¥±Éµ·µ¢, ¡¥§ ¢¢¥¤¥´¨Ö ± ±¨Ì-²¨¡µ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ
Ê¸²µ¢¨°. ’ ±ÊÕ ¸Ì¥³Ê ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ £¥µ³¥É·¨Î¥¸±µ°, µÉ¤ ¢ Ö ¤ ´Ó £¥µ-
³¥É·¨Î¥¸±µ³Ê ¶µ¤Ìµ¤Ê ¢ £·Ê¶¶µ¢µ³  ´ ²¨§¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°,
¨²¨ ¡¥¸± ²¨¡·µ¢µÎ´µ°, É¥³ ¸ ³Ò³ ¶µ¤Î¥·±¨¢ Ö ¥¥  ²ÓÉ¥·´ É¨¢´µ¸ÉÓ É· ¤¨Í¨-
µ´´µ³Ê ³¥Éµ¤Ê.

�¥¤Ê±Í¨Ö ¢ £¥µ³¥É·¨Î¥¸±¨Ì É¥·³¨´ Ì. ˆ§²µ¦¥´´ Ö ¢ µ¡§µ·¥ ¸Ì¥³  µ¶¨-
¸ ´¨Ö ·¥¤Ê±Í¨¨ ¡¥§ ¶·¨¢²¥Î¥´¨Ö ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° ¨³¥¥É ¸¢µ¨³¨ ±µ·-
´Ö³¨ Ìµ·µÏµ ¨§¢¥¸É´ÊÕ µ¶¥· Í¨Õ ·¥¤Ê±Í¨¨, ¨²¨ ¶µ´¨¦¥´¨Ö ¶µ·Ö¤±  ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¤µ¶Ê¸± ÕÐ¨Ì ¸¨³³¥É·¨Õ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö
£·Ê¶¶Ò ‹¨ [16Å19] . �¶¥· Í¨Ö ·¥¤Ê±Í¨¨ §  ¸Î¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨´É¥£· -
²µ¢ ¤¢¨¦¥´¨Ö ¶·¨³¥´Ö² ¸Ó, ´ Î¨´ Ö ¸ · ¡µÉ Ÿ±µ¡¨, ‹¨ ¨ �Ê ´± ·¥, ²¨¡µ ¸
Í¥²ÓÕ Ê¶·µÐ¥´¨Ö ¨¸Ìµ¤´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ²¨¡µ ¤²Ö ¤µ± § É¥²Ó¸É¢  ¨Ì
¨´É¥£·¨·Ê¥³µ¸É¨ ¢ ±¢ ¤· ÉÊ· Ì. ‚¢¥¤¥´¨¥ ¶µ´ÖÉ¨Ö µ ´¥±µ³³ÊÉ É¨¢´µ ¨´É¥-
£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì [20] ¶·¨¢¥²µ ± µ¡µ¡Ð¥´¨Õ ³¥Éµ¤  ¶µ´¨¦¥´¨Ö ¶µ·Ö¤± 
Ê· ¢´¥´¨° ¸ ¶µ³µÐÓÕ ¨´¢µ²ÕÉ¨¢´ÒÌ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ´  ¸²ÊÎ ° ¨´É¥£· -
²µ¢, µ¡· §ÊÕÐ¨Ì ´¥±ÊÕ  ²£¥¡·Ê ‹¨. Œ¥Éµ¤ £¥µ³¥É·¨Î¥¸±µ° ·¥¤Ê±Í¨¨ Ö¢²Ö¥É
¸µ¡µ° µ¡µ¡Ð¥´¨¥ ÔÉ¨Ì ¨¤¥° ´  ¸²ÊÎ ° ¸¨³³¥É·¨¨ £ ³¨²ÓÉµ´µ¢ÒÌ ¸¨¸É¥³,
¸¢Ö§ ´´ÒÌ ¸ ¤¥°¸É¢¨¥³ ¡¥¸±µ´¥Î´µ³¥·´ÒÌ £·Ê¶¶ ‹¨ ¨ ¶¸¥¢¤µ£·Ê¶¶ ‹¨ [21].
�·µ¡²¥³  ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¸µµÉ¢¥É¸É¢Ê¥É § ¤ Î¥,
¶µ¸É ¢²¥´´µ° ¥Ð¥ ‹¨: ©„²Ö ¤ ´´µ£µ Ê· ¢´¥´¨Ö ¨ ¤µ¶Ê¸± ¥³µ° ¨³ £·Ê¶¶Ò
¸¨³³¥É·¨¨ ´ °É¨ Ê· ¢´¥´¨Ö µ·¡¨É ²Õ¡ÒÌ ¥£µ ·¥Ï¥´¨° ¨ Ê· ¢´¥´¨Ö, ·¥Ï¥-
´¨Ö ±µÉµ·ÒÌ µ¶·¥¤¥²ÖÕÉ ¸µ¢µ±Ê¶´µ¸ÉÓ ¢¸¥Ì µ·¡¨Éª [18]. ’ ±µ¥ · ¸Ð¥¶²¥-
´¨¥ Ê· ¢´¥´¨° ´  · §·¥Ï ÕÐÊÕ ¸¨¸É¥³Ê, µ¶·¥¤¥²ÖÕÐÊÕ ¸¥³¥°¸É¢µ ´¥Ô±¢¨-
¢ ²¥´É´ÒÌ ·¥Ï¥´¨°, ¨  ¢Éµ³µ·Ë´ÊÕ ¸¨¸É¥³Ê, ±µÉµ· Ö § ¤ ¥É ¤²Ö ± ¦¤µ£µ
·¥Ï¥´¨Ö · §·¥Ï ÕÐ¥° ¸¨¸É¥³Ò ³´µ¦¥¸É¢µ ¥° Ô±¢¨¢ ²¥´É´ÒÌ, ¶µ²ÊÎ¨²µ ´ -
§¢ ´¨¥ £·Ê¶¶µ¢µ£µ · §²µ¦¥´¨Ö ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨²¨
· ¸¸²µ¥´¨Ö ‹¨ Å ‚¥¸¸¨µ [18, 19]. ‚ É¥·³¨´ Ì, ¶·¨³¥´Ö¥³ÒÌ ¢ Ë¨§¨Î¥¸±¨Ì
¶·¨²µ¦¥´¨ÖÌ, ¤ ´´µ¥ · ¸Ð¥¶²¥´¨¥ µ§´ Î ¥É · §¤¥²¥´¨¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
´  ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò° ¨ Î¨¸Éµ ± ²¨¡·µ¢µÎ´Ò° ¸¥±Éµ·Ò. ‘ ¶µ¤µ¡-
´µ° ÉµÎ±¨ §·¥´¨Ö § ¤ Î  ŠµÏ¨ ¢ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¨ £ ³¨²ÓÉµ´µ-
¢ÒÌ ¸¨¸É¥³ Ì ´ ¨¡µ²¥¥ Î¥É±µ ¡Ò²  ¸Ëµ·³Ê²¨·µ¢ ´  ¢ · ¡µÉ¥ [22], £¤¥ ¡Ò²
¶·¨³¥´¥´ ³¥Éµ¤ ‹¥¢¨-—¨¢¨É  ·¥Ï¥´¨Ö § ¤ Î¨ ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¨´¢µ²ÕÉ¨¢´Ò³¨ ¨´¢ ·¨ ´É´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ [23].
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�¡µ¡Ð¥´¨¥ ¤ ´´µ£µ ³¥Éµ¤  ´  ¸²ÊÎ ° ´¥¨´¢µ²ÕÉ¨¢´ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¸µµÉ-
´µÏ¥´¨°, µ¡· §ÊÕÐ¨Ì ¶¸¥¢¤µ ²£¥¡·Ê ‹¨, ´¥¢µ§³µ¦´µ ¡¥§ · §· ¡µÉ±¨ ÔËË¥±-
É¨¢´µ£µ ³¥Éµ¤  ¶¥·¥Ìµ¤  ± Ô±¢¨¢ ²¥´É´µ³Ê ´ ¡µ·Ê ¨´¢µ²ÕÉ¨¢´ÒÌ ¸¢Ö§¥° ¨²¨
 ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¢ Ë¨§¨Î¥¸±µ° É¥·³¨´µ²µ£¨¨∗. ‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¡Ê¤ÊÉ
· ¸¸³µÉ·¥´Ò ¤¢  ¸¶µ¸µ¡   ¡¥²¨§ Í¨¨ ¸¢Ö§¥°. �¥·¢Ò° µ¸´µ¢ ´ ´  ¶·µÍ¥¤Ê·¥
· §·¥Ï¥´¨Ö ¸¢Ö§¥° ( [4], Henneaux M. Teitelboim C.), ±µ´¸É·Ê±É¨¢´µ¸ÉÓ ¨ ¡¥§-
¡µ²¥§´¥´´µ¸ÉÓ ±µÉµ·µ° ´¨Î¥³ ´¥ £ · ´É¨·µ¢ ´ , ¢Éµ·µ° ³¥Éµ¤ [26,27] ¸¢Ö§ ´
¸ ¶·¨³¥´¥´¨¥³ ¤µ¶Ê¸É¨³ÒÌ ¢ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ Ì µ¡µ¡Ð¥´´ÒÌ ± ´µ´¨Î¥-
¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°.

�² ´ ¨§²µ¦¥´¨Ö. „²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¨§²µ¦¥´¨Ö ¢¸¥° £¥µ³¥É·¨Î¥-
¸±µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨, ¢±²ÕÎ Ö ¨ ¶·µÍ¥¤Ê·Ê  ¡¥²¨§ Í¨¨ ¸¢Ö§¥°, ´ ³ ¶µÉ·¥-
¡ÊÕÉ¸Ö ´¥±µÉµ·Ò¥ ¸¢¥¤¥´¨Ö ¨§ É¥µ·¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³.
‘É · Ö¸Ó ´¥ ¤Ê¡²¨·µ¢ ÉÓ ¨§²µ¦¥´¨¥ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ Ë ±Éµ¢, ³Ò ±µ´¸¶¥±-
É¨¢´µ ¨§²µ¦¨³ µ¸´µ¢´Ò¥ µ¶·¥¤¥²¥´¨Ö ¨ ¶·Ö³µ ´ Î´¥³ ¸ ¢µ¶·µ¸  µ ¶µ¸É ´µ¢±¥
§ ¤ Î¨ ŠµÏ¨ ¢ ² £· ´¦¥¢µ³ ¨ £ ³¨²ÓÉµ´µ¢µ³ ¶µ¤Ìµ¤ Ì ¤²Ö ¢Ò·µ¦¤¥´´ÒÌ ¤¨-
´ ³¨Î¥¸±¨Ì ¸¨¸É¥³. „ ²¥¥ µ¸´µ¢´µ¥ ¢´¨³ ´¨¥ ¸µ¸·¥¤µÉµÎ¨³ ´  ¨§²µ¦¥´¨¨
³¥Éµ¤  ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¨ ¶¥·¥°¤¥³ ±
¢µ¶·µ¸Ê µ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨ÖÌ. ‚¸¥ ¨§²µ¦¥´¨¥ ¡Ê¤¥É ¢¥¸-
É¨¸Ó ¢ · ³± Ì ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò
¨ ¡¥§ µ¡¸Ê¦¤¥´¨Ö ¢µ§³µ¦´ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì ¶·¥¶ÖÉ¸É¢¨°. ‚ ¤ ´´µ³ µ¡§µ·¥
³Ò µ£· ´¨Î¨³¸Ö ±µµ·¤¨´ É´Ò³ µ¶¨¸ ´¨¥³ ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨. ‘ £¥µ³¥É·¨-
Î¥¸±¨³, ¡¥¸±µµ·¤¨´ É´Ò³ µ¶¨¸ ´¨¥³ ´¥¢Ò·µ¦¤¥´´ÒÌ ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³
³µ¦´µ µ§´ ±µ³¨ÉÓ¸Ö ¶µ ±´¨£ ³ [28Å31],   ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨  ¸¶¥±É ³¨
¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨° Å ¶µ ¸É ÉÓÖ³ [32Å36] .

2. ‹�ƒ���†…‚ ”��Œ�‹ˆ‡Œ

� Î´¥³ ¸ ±µ´¸¶¥±É¨¢´µ£µ ¨§²µ¦¥´¨Ö É¥Ì ¶µ²µ¦¥´¨° ² £· ´¦¥¢µ° Ëµ·-
³Ê²¨·µ¢±¨ É¥µ·¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³, ±µÉµ·Ò¥ µ¸µ¡¥´´µ ¢ ¦´Ò ¸ ÉµÎ±¨
§·¥´¨Ö ¶·µ¡²¥³Ò ·¥¤Ê±Í¨¨ ¨ ¶µ¸É ´µ¢±¨ § ¤ Î¨ ŠµÏ¨.

�¡µ¡Ð¥´´Ò¥ ² £· ´¦¥¢Ò ±µµ·¤¨´ ÉÒ ¨ Ô¢µ²ÕÍ¨Ö. Šµ´Ë¨£Ê· Í¨Ö ±² ¸-
¸¨Î¥¸±µ° ² £· ´¦¥¢µ° ¸¨¸É¥³Ò ¸ N ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò ¢ ´¥±¨° ³µ³¥´É ¢·¥-
³¥´¨ t = T § ¤ ¥É¸Ö ´ ¡µ·µ³ Î¨¸¥² qi(T ), (i = 1, . . . , N). Œ´µ¦¥¸É¢µ ¢¸¥¢µ§-
³µ¦´ÒÌ ±µ´Ë¨£Ê· Í¨° M ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ±µ´Ë¨£Ê· Í¨µ´´Ò³ ¶·µ¸É· ´-
¸É¢µ³, ¢¥²¨Î¨´Ò qi Å µ¡µ¡Ð¥´´Ò³¨ ² £· ´¦¥¢Ò³¨ ±µµ·¤¨´ É ³¨,   Ô¢µ²Õ-
Í¨Ö ¸¨¸É¥³Ò ¥¸ÉÓ ¨§³¥´¥´¨¥ ±µ´Ë¨£Ê· Í¨¨ ¸¨¸É¥³Ò ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨, ¶·¨
±µÉµ·µ³ ÉµÎ±  qi µ¶¨¸Ò¢ ¥É ´  ³´µ£µµ¡· §¨¨ M ´¥±ÊÕ ±·¨¢ÊÕ Å ±² ¸¸¨Î¥-

∗Šµ·´¨ ÔÉµ° µ¶¥· Í¨¨ ³µ¦´µ ´ °É¨ ¢ ¨§¢¥¸É´µ° É¥µ·¥³¥ ‹¨ Å Š ·É ´  ¨§ É¥µ·¨¨ ËÊ´±-
Í¨µ´ ²Ó´ÒÌ £·Ê¶¶ [24, 25].
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¸±ÊÕ É· ¥±Éµ·¨Õ ¸¨¸É¥³Ò. ‡ ¤ Î¥° ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¨ Ö¢²Ö¥É¸Ö µ¶¨¸ -
´¨¥ Ô¢µ²ÕÍ¨¨ ¸¨¸É¥³Ò, Éµ ¥¸ÉÓ µ¶·¥¤¥²¥´¨¥ ¥¥ ±² ¸¸¨Î¥¸±µ° É· ¥±Éµ·¨¨.

�·¨´Í¨¶ ±² ¸¸¨Î¥¸±µ£µ ¤¥É¥·³¨´¨§³ . Š² ¸¸¨Î¥¸± Ö É· ¥±Éµ·¨Ö ¢ ±µ´-
Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥ µ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö. �¸´µ¢´µ¥ É·¥¡µ¢ ´¨¥, ¶·¥¤ÑÖ¢²Ö¥³µ¥ ± ¤¨´ ³¨Î¥¸±¨³
Ê· ¢´¥´¨Ö³, § ±²ÕÎ ¥É¸Ö ¢ ¢Ò¶µ²´¥´¨¨ ¶·¨´Í¨¶  ©±² ¸¸¨Î¥¸±µ£µ ¤¥É¥·³¨-
´¨§³ ª �ÓÕÉµ´  Ä ‹ ¶² ¸ , ³ É¥³ É¨Î¥¸± Ö Ëµ·³Ê²¨·µ¢±  ±µÉµ·µ£µ ¸µ¸Éµ¨É
¢ ¢µ§³µ¦´µ¸É¨ µ¤´µ§´ Î´µ£µ µ¶·¥¤¥²¥´¨Ö ±µ´Ë¨£Ê· Í¨¨ ¸¨¸É¥³Ò ¢ ¶·µ¨§-
¢µ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨ t ´  µ¸´µ¢¥ §´ ´¨Ö §´ Î¥´¨° µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É
qi(t), ¢³¥¸É¥ ¸ ¶·µ¨§¢µ¤´Ò³¨ ¶µ ¢·¥³¥´¨ ¤µ ´¥±µÉµ·µ£µ ¶µ·Ö¤±  (¸±µ·µ¸É¥°,
Ê¸±µ·¥´¨°) ¢ ²Õ¡µ° Ë¨±¸¨·µ¢ ´´Ò° ³µ³¥´É ¢·¥³¥´¨ t = T . ˆ´Ò³¨ ¸²µ¢ ³¨,
¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤µ²¦´Ò ¤µ¶Ê¸± ÉÓ ±µ··¥±É´ÊÕ ¶µ-
¸É ´µ¢±Ê § ¤ Î¨ ŠµÏ¨.

�·¨´Í¨¶ ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. ‚ ¦´¥°Ï¥¥
µÉ±·ÒÉ¨¥ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±¨ ¸µ¸Éµ¨É ¢ ¢µ§³µ¦´µ¸É¨ ¢Ò¢µ¤  ¶µ¤µ¡´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨§ Éµ° ¨²¨ ¨´µ° ¢ ·¨ Í¨µ´´µ° § -
¤ Î¨. ˆ§¢¥¸É´µ ¡µ²ÓÏµ¥ · §´µµ¡· §¨¥ ¢ ·¨ Í¨µ´´ÒÌ ¶·¨´Í¨¶µ¢, ¨¸Éµ·¨Ö ¨
 ´ ²¨§ Ëµ·³Ê²¨·µ¢µ± ±µÉµ·ÒÌ ¸¨¸É¥³ É¨Î¥¸±¨ ¨§²µ¦¥´ ¢ § ³¥Î É¥²Ó´ÒÌ ±´¨-
£ Ì [23, 37]. ‚ ¸µ¢·¥³¥´´ÒÌ É¥µ·¥É¨±µ-¶µ²¥¢ÒÌ Ëµ·³Ê²¨·µ¢± Ì µ¡ÒÎ´µ ¨¸-
Ìµ¤ÖÉ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ƒ ³¨²ÓÉµ´  Å �¸É·µ£· ¤¸±µ£µ, ¸µ-
£² ¸´µ ±µÉµ·µ³Ê Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ±² ¸¸¨Î¥¸±µ° É· ¥±Éµ·¨¨ Å Ê· ¢-
´¥´¨Ö �°²¥·  Å ‹ £· ´¦  Å ¸²¥¤ÊÕÉ ¨§ Ê¸²µ¢¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ô±¸É·¥³Ê³ ,
É ± ´ §Ò¢ ¥³µ£µ ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö∗. …¸²¨ ÉµÎ´¥¥, Éµ ¶·¥¤¶µ² £ ¥É¸Ö
¸ÊÏ¥¸É¢µ¢ ´¨¥ ¨´É¥£· ² 

S [q] =

∫
dtL

(
q,
dq

dt
,
d2q

dt2
, . . . ,

dkq

dtk
, t

)
, (2.1)

§ ¤ ¢ ¥³µ£µ ¶µ¸·¥¤¸É¢µ³ ² £· ´¦¨ ´  ¸¨¸É¥³Ò L Å ËÊ´±Í¨¨ µÉ µ¡µ¡Ð¥´-
´ÒÌ ² £· ´¦¥¢ÒÌ ±µµ·¤¨´ É ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ ¶µ ¢·¥³¥´¨ ¢¶²µÉÓ ¤µ ´¥±µ£µ
k-µ£µ ¶µ·Ö¤± . ‹ £· ´¦¨ ´ µ¶·¥¤¥²Ö¥É ¤¨´ ³¨±Ê ¸¨¸É¥³Ò ¨§ Ê¸²µ¢¨Ö Éµ£µ,
ÎÉµ ±² ¸¸¨Î¥¸± Ö É· ¥±Éµ·¨Ö Ö¢²Ö¥É¸Ö Ô±¸É·¥³ ²ÓÕ ËÊ±Í¨µ´ ²  ¤¥°¸É¢¨Ö S
¶·¨ µ¶·¥¤¥²¥´´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ ´  ¢ ·¨ Í¨¨. �µ²ÓÏµ° ±² ¸¸ ¤¨´ -
³¨Î¥¸±¨Ì ¸¨¸É¥³, ¢¸É·¥Î ÕÐ¨Ì¸Ö ¢ ¶·¨·µ¤¥, µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¢Éµ-
·µ£µ ¶µ·Ö¤± , ¶µÔÉµ³Ê µ¡ÒÎ´µ µ£· ´¨Î¨¢ ÕÉ¸Ö · ¸¸³µÉ·¥´¨¥³ ² £· ´¦¨ ´µ¢,
±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ µÉ ±µµ·¤¨´ É ¨ ¨Ì ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶µ

∗‚µ¶·µ¸Ò µ £· ´¨Í Ì ¶·¨³¥´¨³µ¸É¨ ¢ ·¨ Í¨µ´´ÒÌ ¶·¨´Í¨¶µ¢ Å µÉ¤¥²Ó´ Ö µÎ¥´Ó ¨´É¥-
·¥¸´ Ö § ¤ Î , ¢ ¸¢Ö§¨ ¸ ´¥° § ³¥É¨³, ´ ¶·¨³¥·, ÎÉµ ¨´É¥£· ²Ó´Ò° ¶·¨´Í¨¶ ƒ ³¨²ÓÉµ´  Å
�¸É·µ£· ¤¸±µ£µ ¢ ¸É ´¤ ·É´µ° Ëµ·³Ê²¨·µ¢±¥ ¢¥·¥´ ²¨ÏÓ ¤²Ö £µ²µ´µ³´ÒÌ ¸¨¸É¥³, ¢ Éµ ¢·¥³Ö ± ±
¤·Ê£µ°, Ìµ·µÏµ ¨§¢¥¸É´Ò° ¶·¨´Í¨¶ ƒ Ê¸¸  Å ƒ¥·Í  [23] ¶·¨³¥´¨³ ¨ ± ´¥£µ²µ´µ³´Ò³ ¸¨¸É¥-
³ ³ [37].
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¢·¥³¥´¨∗. ‚ ÔÉµ³ ¸²ÊÎ ¥ ´¥µ¡Ìµ¤¨³Ò³ Ê¸²µ¢¨¥³ Ô±¸É·¥³Ê³  ¤¥°¸É¢¨Ö

S[q] =

∫ t2

t1

dtL(q, q̇, t) (2.2)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ´  ¢ ·¨ Í¨¨ δq(t1) = δq(t2) = 0 Ö¢²Ö¥É¸Ö ¢Ò¶µ²´¥-
´¨¥ Ê· ¢´¥´¨° �°²¥·  Å ‹ £· ´¦ ∗∗ ¤²Ö ËÊ´±Í¨° qi(t):

Li[q] :=
d

dt

(
∂L(q, q̇, t)

∂q̇i

)
− ∂L(q, q̇, t)

∂qi
= 0 , i = 1, . . . , N, (2.3)

±µÉµ·Ò¥ ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ Ëµ·³¥

Wij q̈j − li = 0, (2.4)

¥¸²¨ ¢¢¥¸É¨ ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö:

Wij(q, q̇, t) =
∂2L
∂q̇i∂q̇j

, (2.5)

li(q, q̇, t) = − ∂2L
∂qj∂q̇i

q̇j −
∂2L
∂t∂q̇i

+
∂L
∂qi

. (2.6)

Œ É·¨Í  Wij ´µ¸¨É ´ §¢ ´¨¥ ³ É·¨ÍÒ ƒ¥¸¸  ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö (2.3). …¥ ¤¥É¥·³¨´ ´É, £¥¸¸¨ ´, Ö¢²Ö¥É¸Ö µ¤´µ° ¨§ µ¸´µ¢´ÒÌ Ì · ±É¥·¨-
¸É¨± ³¥Ì ´¨Î¥¸±µ° ¸¨¸É¥³Ò. ‚ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, ¢Ò·µ¦¤¥´  ²¨ ³ É·¨Í 
ƒ¥¸¸ , É.¥. det ‖Wij‖ = 0, ²¨¡µ £¥¸¸¸¨ ´ µÉ²¨Î¥´ µÉ ´Ê²Ö det ‖Wij‖ 6= 0,
¶·¨´ÖÉµ ¤¥²¨ÉÓ ³¥Ì ´¨Î¥¸±¨¥ ¸¨¸É¥³Ò ´  ¢Ò·µ¦¤¥´´Ò¥ ¨ ´¥¢Ò·µ¦¤¥´´Ò¥
¸µµÉ¢¥É¸É¢¥´´µ∗∗∗. ˆ´µ£¤  ¶·¥¤¶µÎ¨É ÕÉ ¶µ²Ó§µ¢ ÉÓ¸Ö É¥·³¨´ ³¨ ¸¨´£Ê²Ö·-
´Ò¥ ¨ ´¥¸¨´£Ê²Ö·´Ò¥. ‚¢¥¤¥´¨¥ ¶µ¤µ¡´µ° £· ¤ Í¨¨ ¶µ²´µ¸ÉÓÕ µ¶· ¢¤ ´´µ,
¶µ¸±µ²Ó±Ê ¤¢  ¤ ´´ÒÌ É¨¶  É¥µ·¨° µ¡² ¤ ÕÉ ¶·¨´Í¨¶¨ ²Ó´µ · §´Ò³¨ ¸¢µ°-
¸É¢ ³¨, ´ Î¨´ Ö Ê¦¥ ¸ ¶µ¸É ´µ¢±¨ Ô¢µ²ÕÍ¨µ´´ÒÌ § ¤ Î.

‡ ¤ Î  ŠµÏ¨ ¢ ´¥¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ. …¸²¨ É¥µ·¨Ö ´¥ Ö¢²Ö¥É¸Ö ¢Ò-
·µ¦¤¥´´µ°,

det ‖Wij‖ 6= 0, (2.7)

∗ˆ´É¥·¥¸´µ, ÎÉµ, ± ± ¶· ¢¨²µ, ² £· ´¦¥¢Ò É¥µ·¨¨ ¸ ¢Ò¸Ï¨³¨ ¶·µ¨§¢µ¤´Ò³¨ ±µµ·¤¨´ É ¶µ
¢·¥³¥´¨ µ¶¨¸Ò¢ ÕÉ µ¡Ñ¥±ÉÒ, µ¡² ¤ ÕÐ¨¥ ´¥±µ° ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·µ°.

∗∗‚µ¶·µ¸Ò µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ Ô±¸É·¥³Ê³  ¨ µ ¤µ¸É ÉµÎ´ÒÌ Ê¸²µ¢¨ÖÌ, ± ± ¶· ¢¨²µ, µ¡Ìµ¤ÖÉ¸Ö
¢ Ë¨§¨Î¥¸±¨Ì § ¤ Î Ì ´¥±¨³¨ Ô¢·¨¸É¨Î¥¸±¨³¨ ¸µµ¡· ¦¥´¨Ö³¨. ‘  ´ ²¨§µ³ ¤ ´´ÒÌ ¶·µ¡²¥³
³µ¦´µ µ§´ ±µ³¨ÉÓ¸Ö ¢ ±´¨£¥ [38].

∗∗∗‡ ´Ê²¥´¨¥ £¥¸¸¨ ´  ´¥ § ¢¨¸¨É µÉ ¢Ò¡µ·  ±µµ·¤¨´ É, µ´µ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´µ° Ì · ±-
É¥·¨¸É¨±µ° ¸¨¸É¥³Ò ¸ ÉµÎ±¨ §·¥´¨Ö ¤µ¶Ê¸É¨³ÒÌ ¢ ² £· ´¦¥¢µ³ ¶µ¤Ìµ¤¥ ´¥¸¨´£Ê²Ö·´ÒÌ ¶·¥µ¡· -
§µ¢ ´¨° µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É.
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Éµ, ¸Î¨É Ö qi ¨ q̇i ´¥§ ¢¨¸¨³Ò³¨ ¢¥²¨Î¨´ ³¨, ³µ¦´µ · ¸¸³µÉ·¥ÉÓ Ê· ¢´¥´¨Ö
�°²¥·  Å ‹ £· ´¦  (2.3) ± ±  ²£¥¡· ¨Î¥¸±ÊÕ ¸¨¸É¥³Ê µÉ´µ¸¨É¥²Ó´µ ´¥¨§-
¢¥¸É´ÒÌ Ê¸±µ·¥´¨° q̈i ¨ · §·¥Ï¨ÉÓ ¨Ì µÉ´µ¸¨É¥²Ó´µ ¢Éµ·ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶µ
¢·¥³¥´¨

q̈i = W−1
ij lj , i, j = 1, . . . , N. (2.8)

�µ¤µ¡´ Ö § ¶¨¸Ó Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¢ É ± ´ §Ò¢ ¥³µ° ´µ·³ ²Ó´µ° Ëµ·³¥
¶·¥¤¸É ¢²¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, µ§´ Î ¥É ¢Ò¶µ²´¨³µ¸ÉÓ ©²µ-
± ²Ó´µ£µª ¶·¨´Í¨¶  ©±² ¸¸¨Î¥¸±µ£µ ¤¥É¥·³¨´¨§³ ª . „¥°¸É¢¨É¥²Ó´µ, ¤²Ö Ê· ¢-
´¥´¨° �°²¥·  Å ‹ £· ´¦ , ¶·¥¤¸É ¢²¥´´ÒÌ ¢ Ëµ·³¥ (2.8), ¢¸¥£¤  ¸ÊÏ¥¸É¢Ê¥É
¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ ¢ µ±·¥¸É´µ¸É¨ ¶·µ¨§¢µ²Ó´ÒÌ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ, § -
¤ ´´ÒÌ ¢ Ëµ·³¥ ´ ¡µ·  ´ Î ²Ó´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°, ¶µ¸±µ²Ó±Ê ¤²Ö
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, · §·¥Ï¥´´ÒÌ µÉ´µ¸¨É¥²Ó´µ ¸É ·Ï¥°
¶·µ¨§¢µ¤´µ°, ¨³¥¥É ³¥¸Éµ É¥µ·¥³  ŠµÏ¨ Å Šµ¢ ²¥¢¸±µ° µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨
¥¤¨´¸É¢¥´´µ¸É¨ ·¥Ï¥´¨°.

�¥§Õ³¥. ‚ ¸²ÊÎ ¥ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¤²Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
�°²¥·  Å ‹ £· ´¦  (2.3) § ¤ Î  ŠµÏ¨ ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥-
´¨¥ ¢ µ±·¥¸É´µ¸É¨ ¶·µ¨§¢µ²Ó´ÒÌ ´ Î ²Ó´ÒÌ §´ Î¥´¨¨° ±µµ·¤¨´ É
¨ ¸±µ·µ¸É¥°.

‡ ¤ Î  ŠµÏ¨ ¢ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ. ‚ É¥µ·¨ÖÌ ¸ ¢Ò·µ¦¤¥´´Ò³ ² £· ´¦¨-
 ´µ³ ¸¨ÉÊ Í¨Ö ¶·¨´Í¨¶¨ ²Ó´µ ¨´ Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨§-§  µÉ¸ÊÉ¸É¢¨Ö µ¡· É´µ°
³ É·¨ÍÒ ƒ¥¸¸  ¶·¨¢¥¤¥´¨¥ ± ´µ·³ ²Ó´µ° Ëµ·³¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ´¥¢µ§-
³µ¦´µ, ÎÉµ ¢²¥Î¥É §  ¸µ¡µ° ´¥¢µ§³µ¦´µ¸ÉÓ ¶µ¸É ´µ¢±¨ ±² ¸¸¨Î¥¸±µ° § ¤ Î¨
ŠµÏ¨. �¤´ ±µ ¶·¨ ÔÉµ³ ´¥ ¨¸±²ÕÎ ¥É¸Ö ¥¥ µ¶·¥¤¥²¥´´ Ö ³µ¤¨Ë¨± Í¨Ö, ±µÉµ-
· Ö ¢ Ö¢´µ° ¨²¨ ´¥Ö¢´µ° Ëµ·³¥ ¶·¨³¥´Ö¥É¸Ö ¢µ ¢¸¥Ì ¤¨´ ³¨Î¥¸±¨Ì § ¤ Î Ì,
¸¢Ö§ ´´ÒÌ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ¸¨¸É¥³ ³¨, ¶·¨³¥· Éµ³Ê Å ¶·µ¡²¥³  ŠµÏ¨ ¢
£· ¢¨É Í¨¨ ¨ § ¤ Î  µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ·  Ô¢µ²ÕÍ¨¨ ¢ É¥µ·¨¨ ´¥ ¡¥²¥¢ÒÌ
± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°.

Šµ··¥±É´ Ö ¶µ¸É ´µ¢±  § ¤ Î¨ ŠµÏ¨ ¶µ¤· §Ê³¥¢ ¥É ¢Ò¶µ²´¥´¥´¨¥ ¸²¥-
¤ÊÕÐ¨Ì ¶Ê´±Éµ¢:

a) ¸ÊÐ¥¸É¢µ¢ ´¨¥ ·¥Ï¥´¨Ö,
¡) ¥¤¨´¸É¢¥´´µ¸ÉÓ ·¥Ï¥´¨Ö,
¢) ¶·µ¨§¢µ²Ó´µ¸ÉÓ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ.
‚µ§³µ¦´ Ö ³µ¤¨Ë¨± Í¨Ö, µÎ¥¢¨¤´µ, ¸µ¸Éµ¨É ²¨ÏÓ ¢ µÉ± §¥ µÉ ¸µ¡²Õ-

¤¥´¨Ö ¶Ê´±Éµ¢ ( ) ¨ (¢). �µÔÉµ³Ê ¢¸Õ¤Ê ¢ ¤ ²Ó´¥°Ï¥³ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ
¢Ò·µ¦¤¥´´ Ö É¥µ·¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢  ¢ ¸³Ò¸²¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥Ï¥´¨Ö, ¨
¢µ§³µ¦´  ²¨ÏÓ (²¨¡µ) ¥£µ ´¥µ¤´µ§´ Î´µ¸ÉÓ ¨ (²¨¡µ) ¸ÊÐ¥¸É¢µ¢ ´¨¥ ²¨ÏÓ
¤²Ö ´¥±µÉµ·ÒÌ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ. �µ³¨³µ ÔÉµ£µ, ¸ ÉµÎ±¨ §·¥´¨Ö Ë¨§¨Î¥-
¸±¨Ì ¶·¨²µ¦¥´¨° ´ ¨¡µ²¥¥ ¢ ¦´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö É ± Ö µ¡µ¡Ð¥´´ Ö Ëµ·-
³Ê²¨·µ¢±  § ¤ Î¨, ±µ£¤  ¢ ¨¸Ìµ¤´µ° ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ³µ¦´µ ¢Ò¡· ÉÓ É -
±µ° ´ ¡µ· µ¡µ¡Ð¥´´ÒÌ ² £· ´¦¥¢ÒÌ ±µµ·¤¨´ É, ÎÉµ ¤²Ö µ¶¨¸ ´¨Ö Ô¢µ²ÕÍ¨¨
µ¶·¥¤¥²¥´´µ° Î ¸É¨ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ § ¤ Î  ŠµÏ¨ µ± §Ò¢ ¥É¸Ö ±µ··¥±É´µ°
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¢ ±² ¸¸¨Î¥¸±µ³ ¸³Ò¸²¥. �µ¸É·µ¥´¨¥ É ±µ£µ ´ ¡µ·  ¶¥·¥³¥´´ÒÌ ¨ ¸µ¸É ¢²Ö¥É
¸ÊÐ´µ¸ÉÓ ¶·µÍ¥¤Ê·Ò ² £· ´¦¥¢µ° ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³. �·µ¡²¥³ 
² £· ´¦¥¢µ° ·¥¤Ê±Í¨¨, É·¥¡ÊÕÐ Ö µÉ¤¥²Ó´µ£µ ¨ ÉÐ É¥²Ó´µ£µ · ¸¸³µÉ·¥´¨Ö,
´¥ ¸µ¸É ¢²Ö¥É Í¥²¨ ¤ ´´µ£µ µ¡§µ· , ¶µÔÉµ³Ê ³Ò ²¨ÏÓ § Ë¨±¸¨·Ê¥³ ¥¥ ´¥±µ-
Éµ·Ò¥  ¸¶¥±ÉÒ ¢ ¸¢Ö§¨ ¸ ¶µ¸É ´µ¢±µ° § ¤ Î¨ ŠµÏ¨.

‚ ¸¨²Ê ¢Ò·µ¦¤¥´´µ¸É¨ É¥µ·¨¨ · ´£ ³ É·¨ÍÒ ƒ¥¸¸  ³¥´ÓÏ¥∗, Î¥³ Î¨¸²µ
¸É¥¶¥´¥° ¸¢µ¡µ¤Ò N :

rank ‖Wij(q, q̇, t) ‖= R < N. (2.9)

‚ µÉ²¨Î¨¥ µÉ ´¥¢Ò·µ¦¤¥´´µ£µ ¸²ÊÎ Ö É¥¶¥·Ó Ê· ¢´¥´¨Ö �°²¥·  Å ‹ £· ´¦ 
(2.3), · ¸¸³ É·¨¢ ¥³Ò¥ ± ± ¸¨¸É¥³  ¨§ N ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ´¥µ¤´µ-
·µ¤´ÒÌ Ê· ¢´¥´¨° ¸ ´¥¨§¢¥¸É´Ò³¨ q̈j , j = 1, . . . , N , · §·¥Ï ÕÉ¸Ö ²¨ÏÓ µÉ´µ-
¸¨É¥²Ó´µ Ê¸±µ·¥´¨° R, ¶µ¸±µ²Ó±Ê · ´£ µ¸´µ¢´µ° ³ É·¨ÍÒ ¸¨¸É¥³Ò · ¢¥´ R:

q̈α = Qα (q1, . . . , qN , q̇1, . . . , q̇N , q̈R+1, ..., q̈N ) , α = 1, . . . , R. (2.10)

„¥°¸É¢¨É¥²Ó´µ, ¨§ (2.9) ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ Ê ³ É·¨ÍÒ ‖ Wij(q, q̇, t) ‖ R
²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ¢¥±Éµ·µ¢ µai (q, q̇, t) ¸ ´¥´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥-
´¨Ö³¨ ξa(q, q̇):

Wij(q, q̇, t)µ
a
i (q, q̇, t) = ξa(q, q̇, t)µaj (q, q̇, t) (2.11)

¨ N−R ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ´Ê²Ó-¢¥±Éµ·µ¢ µa(q, q̇, t) ¸ ´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´-
´Ò³¨ §´ Î¥´¨Ö³¨

Wij(q, q̇, t)µ
a
i (q, q̇, t) = 0, i, j = 1, . . . , N, a = 1, . . . , N −R. (2.12)

‘¢¥·ÉÒ¢ Ö ¸µ¡¸É¢¥´´Ò¥ ¢¥±Éµ·Ò ¸ ´¥´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ ¸
Ê· ¢´¥´¨Ö³¨ (2.3), ³Ò ¶µ²ÊÎ¨³ Ê· ¢´¥´¨Ö (2.10), ¢ Éµ ¢·¥³Ö ± ± ¸¢¥·É±  ´Ê²Ó-
¢¥±Éµ·µ¢ c (2.3) ¤ ¥É ¸¨¸É¥³Ê N −R Ê· ¢´¥´¨°, ´¥ ¸µ¤¥·¦ Ð¨Ì Ê¸±µ·¥´¨°:

χa(q, q̇, t) = li(q, q̇, t)µ
a
i (q, q̇, t) = 0. (2.13)

�·¨  ´ ²¨§¥ Ê· ¢´¥´¨° (2.10) ¨ (2.13) ¢µ§³µ¦´Ò ¸²¥¤ÊÕÐ¨¥ ¢ ·¨ ´ÉÒ:
(i) Ê· ¢´¥´¨Ö ´¥¸ ³µ¸µ£² ¸µ¢ ´´Ò (¶·µÉ¨¢µ·¥Î¨¢Ò);
(ii) Ê· ¢´¥´¨Ö (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ;
(iii) ¨§ N−R Ê· ¢´¥´¨° (2.13) r (r1) Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨µ´ ²Ó´µ

´¥§ ¢¨¸¨³Ò³¨ (§ ¢¨¸¨³Ò³¨),   r2 Ê· ¢´¥´¨° ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ.
‚ ·¨ ´É (i) µ§´ Î ¥É µÉ¸ÊÉ¸É¢¨¥ Ê ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö ÉµÎ¥± Ô±¸É·¥-

³Ê³  ¨ ¶µÔÉµ³Ê ¨¸±²ÕÎ ¥É¸Ö ¨§ ¤ ²Ó´¥°Ï¥£µ  ´ ²¨§  ± ± ¸²ÊÎ °, ´¥ ¶·¥¤¸É ¢-
²ÖÕÐ¨° Ë¨§¨Î¥¸±µ£µ ¨´É¥·¥¸ . …¸²¨ ¨³¥¥É ³¥¸Éµ (ii), É.¥. ¢¸¥ N −R ¸µµÉ´µ-
Ï¥´¨° (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ, Éµ Ê· ¢´¥´¨Ö (2.10) ¶·¥¤¸É ¢²ÖÕÉ

∗‚ ¤ ²Ó´¥°Ï¥³ · ´£ £¥¸¸¨ ´  ¡Ê¤¥³ ¸Î¨É ÉÓ ¶µ¸ÉµÖ´´Ò³ ¢µ ¢¸¥° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶¥·¥-
³¥´´ÒÌ (q, q̇).
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¸µ¡µ° ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö R ±µµ·¤¨´ É (q1, ..., qR) ¢
´µ·³ ²Ó´µ° Ëµ·³¥, ¶· ¢ Ö Î ¸ÉÓ ±µÉµ·ÒÌ § ¢¨¸¨É µÉ ´¥±¨Ì ¶·µ¨§¢µ²Ó´ÒÌ
ËÊ´±Í¨° (qR+1, . . . , qN ). �µÔÉµ³Ê §¤¥¸Ó ³Ò ¨³¥¥³ ¸¨ÉÊ Í¨Õ, ±µ£¤  § ¤ Î 
ŠµÏ¨ ´¥ ¨³¥¥É ¥¤¨´¸É¢¥´´µ£µ ·¥Ï¥´¨Ö; ¶µ¸²¥ Ë¨±¸ Í¨¨ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨°
¤²Ö ±µµ·¤¨´ É (q1, . . . , qR) ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸±µ·µ¸É¥° (q̇1, . . . , q̇R) ·¥Ï¥-
´¨¥ Ê· ¢´¥´¨Ö (2.10) ¸µ¤¥·¦¨É N −R ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨°.

�¥§Õ³¥. …¸²¨ ¢¸¥ N − R ¸µµÉ´µÏ¥´¨° (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦-
¤¥¸É¢¥´´µ, Éµ ·¥Ï¥´¨¥ § ¤ Î¨ ŠµÏ¨ ¤²Ö Ê· ¢´¥´¨° �°²¥·  Å
‹ £· ´¦  (2.3) ¶µ¸²¥ Ë¨±¸ Í¨¨ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨° ¤²Ö R ±µµ·¤¨-
´ É ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸±µ·µ¸É¥° ¸µ¤¥·¦¨É N −R ¶·µ¨§¢µ²Ó´ÒÌ
ËÊ´±Í¨°.

� ¨¡µ²¥¥ ¸²µ¦´Ò³ ¤²Ö  ´ ²¨§  µ± §Ò¢ ¥É¸Ö É·¥É¨° ¢ ·¨ ´É (iii), ±µ£¤ ,
¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ¢¸¥ ¸µµÉ´µÏ¥´¨Ö (2.13) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ. ‚ ÔÉµ³
¸²ÊÎ ¥ N − R ËÊ´±Í¨µ´ ²Ó´µ ´¥§ ¢¨¸¨³ÒÌ ¸µµÉ´µÏ¥´¨° ¤ ÕÉ µ£· ´¨Î¥´¨Ö
´  ¢µ§³µ¦´Ò¥ §´ Î¥´¨Ö µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥° Å É ± ´ §Ò-
¢ ¥³Ò¥ ² £· ´¦¥¢Ò ¸¢Ö§¨∗. ‚µ§´¨±´µ¢¥´¨¥ ² £· ´¦¥¢ÒÌ ¸¢Ö§¥° ´¥³¥¤²¥´´µ
¸É ¢¨É ¢µ¶·µ¸ µ ¸ ³µ¸µ£² ¸µ¢ ´´µ¸É¨ ¢¸¥° ¸Ì¥³Ò, ¶µ¸±µ²Ó±Ê ¨¸Ìµ¤´ Ö ¢ ·¨ -
Í¨µ´´ Ö § ¤ Î  ¶µ¤· §Ê³¥¢ ²  ´¥§ ¢¨¸¨³µ¸ÉÓ ¢ ·¨ Í¨° ¢¸¥Ì ±µµ·¤¨´ É. „²Ö
¤ ²Ó´¥°Ï¥£µ  ´ ²¨§  ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ³µ¦´µ ¶µ²µ¦¨ÉÓ, ÎÉµ

rank ‖ ∂χa(q, q̇, t)
∂qi

,
∂χa(q, q̇, t)

∂q̇i
‖= r1 + r2, r1 + r2 ≤ N −R, (2.14)

rank ‖ ∂χa(q, q̇, t)
∂q̇i

‖= r2. (2.15)

’µ£¤  ¸µµÉ´µÏ¥´¨Ö (2.13) ³µ¦´µ § ³¥´¨ÉÓ Ô±¢¨¢ ²¥´É´Ò³¨ r1 + r2 ¸µµÉ´µ-
Ï¥´¨Ö³¨ ¢¨¤ 

χ1
a(q, t) = 0, a = 1, ..., r1, (2.16)

χ2
a(q, q̇, t) = 0, a = 1, ..., r2. (2.17)

‡  ËÊ´±Í¨Ö³¨ χ1
a ¨ χ2

a § ±·¥¶¨²µ¸Ó ¶µ É· ¤¨Í¨¨ ´ §¢ ´¨¥ ² £· ´¦¥¢ÒÌ ¸¢Ö-
§¥° É¨¶  A ¨ É¨¶  B ¸µµÉ¢¥É¸É¢¥´´µ (Sudarshan E.C.G., Mukunda N. [4]).
’ ±¨³ µ¡· §µ³, ¢ ¸¨´£Ê²Ö·´µ³ ¸²ÊÎ ¥ ¨¸Ìµ¤´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö (2.3) ·¥¤ÊÍ¨·µ¢ ² ¸Ó ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (2.10), (2.16) ¨ (2.17), ±µÉµ·ÊÕ
´ ¤µ ¨¸¸²¥¤µ¢ ÉÓ ´  ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ. Ÿ¸´µ, ÎÉµ ¶µ²ÊÎ¥´´ Ö ¸¨¸É¥³  ¡Ê-
¤¥É ´¥¶·µÉ¨¢µ·¥Î¨¢ , ¥¸²¨ ¸¢Ö§¨ χ1

a ¨ χ2
a ¸µÌ· ´ÖÕÉ¸Ö ¢µ ¢·¥³¥´¨, É.¥. ¥¸²¨

∗� Î¨´ Ö ¸ · ¡µÉ „¨· ± , ¢ ²¨É¥· ÉÊ·¥ µ¤´¨³ ¨ É¥³ ¦¥ É¥·³¨´µ³ ©¸¢Ö§Óª ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ
± ± ¸ ³Ê ËÊ´±Í¨Õ, É ± ¨ Ê¸²µ¢¨¥ ¥¥ µ¡· Ð¥´¨Ö ¢ ´Ê²Ó, ¸Î¨É Ö, ÎÉµ ÔÉµ ´¥ ¢Ò§µ¢¥É ´¥¤µ· §Ê³¥´¨Ö.
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¨Ì ¶µ²´ Ö ¶·µ¨§¢µ¤´ Ö ¶µ ¢·¥³¥´¨ ¡Ê¤¥É · ¢´  ´Ê²Õ. �´ ²¨§ Ê¸²µ¢¨° ´¥¶·µ-
É¨¢µ·¥Î¨¢µ¸É¨ ´ Î´¥³ ¸µ ¸¢Ö§¥° É¨¶  A:

dχ1
a(q, t)

dt
=
∂χ1

a(q, t)

∂qi
q̇i +

∂χ1
a(q, t)

∂t
= 0. (2.18)

…¸²¨ ÔÉ¨ · ¢¥´¸É¢  Éµ¦¤¥¸É¢¥´´µ ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨ ÊÎ¥É¥ ² £· ´¦¥¢ÒÌ
¸¢Ö§¥° A ¨ B, Éµ Éµ£¤ , ¢µµ¡Ð¥ £µ¢µ·Ö, ¨§ (2.18) ¢µ§´¨± ÕÉ ´µ¢Ò¥ ² £· ´¦¥¢Ò
¸¢Ö§¨ µ¡µ¨Ì É¨¶µ¢, ±µÉµ·Ò¥ ¢ ¶·¨´Í¨¶¥ ³µ£ÊÉ ¶µ´¨§¨ÉÓ · ´£ ³ É·¨ÍÒ ƒ¥¸¸ ,
ÎÉµ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶·¨¢¥¤¥É ± Ê³¥´ÓÏ¥´¨Õ Î¨¸²  Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ-
·Ö¤±  (2.10). �µ²ÊÎ¥´´ Ö É ±¨³ µ¡· §µ³ ¸¨¸É¥³  Ê· ¢´¥´¨°, ¸ ÊÎ¥Éµ³ ´µ¢ÒÌ
² £· ´¦¥¢ÒÌ ¸¢Ö§¥° É¨¶  A, § ´µ¢µ ¤µ²¦´  ¡ÒÉÓ ¶·µ¢¥·¥´  ´  ´¥¶·µÉ¨¢µ·¥-
Î¨¢µ¸ÉÓ ¨ É.¤. „²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢ÒÌ É¥µ·¨° ¶µ¸²¥ ±µ´¥Î´µ£µ Î¨¸²  Ï £µ¢
¶·µÍ¥¸¸ ¢µ§´¨±´µ¢¥´¨Ö ´µ¢ÒÌ ¸¢Ö§¥° É¨¶  A ¶·¥±· É¨É¸Ö, ¶·¨ ÔÉµ³ µ¡Ð¥¥
Î¨¸²µ ¸¢Ö§¥° ¡Ê¤¥É ³¥´ÓÏ¥ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò N . �µ¸²¥ ÔÉµ£µ ´¥µ¡-
Ìµ¤¨³µ ¶·µ¢¥¸É¨  ´ ²µ£¨Î´ÊÕ ¶·µÍ¥¤Ê·Ê ¤²Ö ¸¢Ö§¥° É¨¶  B, ÎÉµ ¶·¨¢µ¤¨É ±
Ê· ¢´¥´¨Ö³

dχ2
a(q, q̇, t)

dt
=
∂χ2

a(q, q̇, t)

∂q̇i
q̈i +

∂χ2
a(q, q̇, t)

∂qi
q̇i +

∂χ2
a(q, q̇, t)

∂t
= 0. (2.19)

…¸²¨ ¤ ´´Ò¥ · ¢¥´¸É¢  ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ ¶·¨ ÊÎ¥É¥ ¢¸¥Ì ¨³¥Õ-
Ð¨Ì¸Ö ´  ¤ ´´µ³ ÔÉ ¶¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨ ² £· ´¦¥¢ÒÌ ¸¢Ö§ÖÌ É¨¶  A ¨
B, Éµ ¨§ (2.19) ¸²¥¤ÊÕÉ ´µ¢Ò¥ ² £· ´¦¥¢Ò ¸¢Ö§¨ µ¡µ¨Ì É¨¶µ¢, ±µÉµ·Ò¥ ¢´µ¢Ó
³µ£ÊÉ ¶µ´¨§¨ÉÓ · ´£ ³ É·¨ÍÒ ƒ¥¸¸  ¨ É¥³ ¸ ³Ò³ Ê³¥´ÓÏ¨ÉÓ Î¨¸²µ ´¥§ ¢¨¸¨-
³ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ ¢·¥³¥´¨. „²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢ÒÌ É¥µ·¨°
¶µ¢Éµ·¥´¨¥ ¢ÒÏ¥µ¶¨¸ ´´µ° ¶·µÍ¥¤Ê·Ò ¢ ±µ´¥Î´µ³ ¨Éµ£¥ ¶·¨¢¥¤¥É ± ¶µ²´µ°
¸¨¸É¥³¥ ¸²¥¤ÊÕÐ¥£µ ¢¨¤ :

q̈α = Qα(q1, ..., qN , q̇1, ..., q̇N , q̈r′+1, ..., q̈N ), α = 1, ..., r,′ (2.20)

χ1
a′(q, t) = 0, a′ = 1, ..., r′1, (2.21)

χ2
a′′(q, q̇, t) = 0, a′′ = 1, . . . , r′′2 , (2.22)

¶·¨ ÔÉµ³ r1 + r2 < r′1 + r′′2 < N, r′ < R, r′1 + r′′2 + r′ < N ,   Ê¸²µ¢¨¥
¶µ²´µÉÒ ¸¨¸É¥³Ò ¸¢Ö§¥° µ§´ Î ¥É, ÎÉµ ¢ ¶·µÍ¥¸¸¥ Ô¢µ²ÕÍ¨¨ ´¥ ¢µ§´¨±´¥É
´µ¢ÒÌ ¸¢Ö§¥°, É.¥. · ¢¥´¸É¢ 

dχ1
a′(q, t)

dt
= 0, a′ = 1, . . . , r′1, (2.23)

dχ2
a′′(q, q̇, t)

dt
= 0, a′′ = 1, . . . , r′′2 (2.24)

¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ ¶·¨ ÊÎ¥É¥ ¢¸¥Ì Ê· ¢´¥´¨° (2.20)Å(2.22).
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�¥§Õ³¥. „²Ö ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨ µ±µ´Î É¥²Ó-
´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ (2.20)Å(2.22), ¸·¥¤¨
±µÉµ·ÒÌ Éµ²Ó±µ Î ¸ÉÓ Ê· ¢´¥´¨°, ¸µ¤¥·¦ Ð Ö ¢Éµ·Ò¥ ¶·µ¨§¢µ¤-
´Ò¥ ¶µ ¢·¥³¥´¨, Ö¢²ÖÕÉ¸Ö ¨¸É¨´´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö,  
µ¸É ¢Ï Ö¸Ö Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° µ£· ´¨Î¥´¨Ö ´  ´ Î ²Ó´Ò¥
Ê¸²µ¢¨Ö ¤²Ö ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°, ² £· ´¦¥¢Ò ¸¢Ö§¨.

�¡Ð Ö § ¤ Î  ¨¸¸²¥¤µ¢ ´¨Ö ¨´É¥£·¨·Ê¥³µ¸É¨ ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨ Ê¸É ´µ¢²¥´¨Ö Ì · ±É¥·  µ¡Ð¨Ì ·¥Ï¥´¨° ¢ ¸³Ò¸²¥
µ¶·¥¤¥²¥´¨Ö ¸É¥¶¥´¨ ¨Ì ´¥µ¤´µ§´ Î´µ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸²µ¦´ÊÕ ¶·µ-
¡²¥³Ê. …¥  ´ ²¨§ É·¥¡Ê¥É ¶·¨¢²¥Î¥´¨Ö ³¥Éµ¤µ¢ ¸µ¢·¥³¥´´µ° £¥µ³¥É·¨Î¥-
¸±µ° É¥µ·¨¨ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [21], ¡ §¨·ÊÕÐ¥°¸Ö
´  ¨¤¥ÖÌ Ëµ·³ ²Ó´µ£µ · §²µ¦¥´¨Ö ·¥Ï¥´¨° ¢ ·Ö¤ ’¥°²µ·  ¨ ¶·µ¤µ²¦¥´¨Ö
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤µ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò. �¥ Ê£²Ê¡-
²ÖÖ¸Ó ¢ ¤ ´´ÊÕ ¶·µ¡²¥³Ê, µÉ³¥É¨³ ²¨ÏÓ ´¥±µÉµ·Ò¥ ¶·¨´Í¨¶¨ ²Ó´Ò¥ µ¸µ¡¥´-
´µ¸É¨ § ¤ Î¨ ŠµÏ¨ ¤²Ö ² £· ´¦¥¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ ¢Ò·µ¦¤¥´´ÒÌ
É¥µ·¨ÖÌ.

Å …¸²¨ ¶·µ¨§¢µ² ¢ µ¡Ð¥³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¸²¥¤ÊÕÐ¨Ì ¨§
´¥¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¨ ´µ¢, ¸¢µ¤¨É¸Ö ± ¸ÊÐ¥¸É¢µ¢ ´¨Õ 2N ¶·µ¨§-
¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ, §´ Î¥´¨Ö ±µÉµ·ÒÌ µ¤´µ§´ Î´µ µ¶·¥¤¥²ÖÕÉ¸Ö ´ -
Î ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥°, Éµ ¤²Ö
¢Ò·µ¦¤¥´´µ£µ ¸²ÊÎ Ö ÔÉµ ´¥ É ±. ƒ· ´¨ÍÒ ¤²Ö ¸É¥¶¥´¨ ¨ Ì · ±É¥·  ¤ ´-
´µ£µ ¶·µ¨§¢µ²  ³µ¦´µ Ê¸É ´µ¢¨ÉÓ, · ¸¸³ É·¨¢ Ö ¤¢  ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ Ö:

Œ ±¸¨³ ²Ó´Ò° ¶·µ¨§¢µ² ¨³¥¥É ³¥¸Éµ, ±µ£¤  ¢¸¥ ² £· ´¦¥¢Ò ¸¢Ö§¨ ¢Ò-
¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ¤¢¨-
¦¥´¨Ö § ¢¨¸¨É µÉ N −R ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° ¢·¥³¥´¨ ¨ µÉ 2R ¶·µ-
¨§¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ.

Œ¨´¨³ ²Ó´Ò° ¶·µ¨§¢µ² µ¸ÊÐ¥¸É¢²Ö¥É¸Ö, ±µ£¤  ¢¸¥ ² £· ´¦¥¢Ò ¸¢Ö§¨
Ö¢²ÖÕÉ¸Ö ¸¢Ö§Ö³¨ É¨¶  A, Éµ£¤  µ¡Ð¥¥ ·¥Ï¥´¨¥ § ¢¨¸¨É µÉ 2(N − R)
¶·µ¨§¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ.

Å ‚ µÉ²¨Î¨¥ µÉ ´¥¢Ò·µ¦¤¥´´µ£µ ¸²ÊÎ Ö ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö µ¡µ¡Ð¥´-
´ÒÌ ±µµ·¤¨´ É ¨ ¸±µ·µ¸É¥° ´¥ ³µ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò ¶·µ¨§¢µ²Ó´µ, µ´¨
¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ ² £· ´¦¥¢Ò³ ¸¢Ö§Ö³ (2.22), (2.22).

’µ¦¤¥¸É¢  �¥É¥· ¨ § ¤ Î  ŠµÏ¨. �É³¥Î¥´´µ¥ ¶·¨ ¶µ²ÊÎ¥´¨¨ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° (2.20)Å(2.22) Ê¸²µ¢¨¥ ¶µ²´µÉÒ ¸¢Ö§ ´µ ¸ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓÕ
¶µ¸É ´µ¢±¨ § ¤ Î¨ ŠµÏ¨, ±µ£¤  ² £· ´¦¥¢Ò ¸¢Ö§¨ (2.22),(2.22) · ¸¸³ É·¨¢ -
ÕÉ¸Ö ± ± ´¥±¨¥ Ê¸²µ¢¨Ö ´  ´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¤²Ö ¸¨¸É¥³Ò ¢Éµ·µ£µ ¶µ·Ö¤±  ¢
´µ·³ ²Ó´µ° Ëµ·³¥ (2.20). „²Ö ¨¸±²ÕÎ¨É¥²Ó´µ ¢ ¦´ÒÌ ¸¨´£Ê²Ö·´ÒÌ É¥µ·¨°,
¢Ò·µ¦¤¥´´µ¸ÉÓ ±µÉµ·ÒÌ ¸¢Ö§ ´  ¸ ¨´¢ ·¨ ´É´µ¸ÉÓÕ ¤¥°¸É¢¨Ö ¶µ µÉ´µÏ¥´¨Õ
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± ¶·¥µ¡· §µ¢ ´¨Ö³, ¸µ¤¥·¦ Ð¨³ ¢ ± Î¥¸É¢¥ £·Ê¶¶µ¢ÒÌ ¶ · ³¥É·µ¢ ¶·µ¨§-
¢µ²Ó´Ò¥ ËÊ´±Í¨¨ ¢·¥³¥´¨, ¨´É¥£·¨·Ê¥³µ¸ÉÓ ¨²¨, ¨´ Î¥, ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ
§ ¤ Î¨ ŠµÏ¨ £ · ´É¨·Ê¥É¸Ö ¨§¢¥¸É´Ò³¨ Éµ¦¤¥¸É¢ ³¨ �¥É¥· [39,40], ±µÉµ·Ò¥
µ¡¥¸¶¥Î¨¢ ÕÉ ¢Ò¶µ²´¨³µ¸ÉÓ Ê¸²µ¢¨° ¸¢Ö§¥° ¢ ²Õ¡µ° ³µ³¥´É ¢·¥³¥´¨, ¥¸²¨
µ´¨ ¨³¥²¨ ³¥¸Éµ ¢ ´¥±¨° ³µ³¥´É ¢·¥³¥´¨ (‚.‚.�¥¸É¥·¥´±µ, �.Œ.—¥·¢Ö±µ¢
[4]). �µ³¨³µ ÔÉµ£µ, Éµ¦¤¥¸É¢  �¥É¥·, µ¶·¥¤¥²ÖÕÉ ¨ ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§-
¢µ² µ¡Ð¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¸¢Ö§ ´´Ò° ¸ · ´£µ³ £·Ê¶¶Ò ¸¨³³¥É-
·¨¨ ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö.

3. ƒ�Œˆ‹œ’���‚ ”��Œ�‹ˆ‡Œ

�´ ²µ£¨Ö ³¥¦¤Ê ³¥Ì ´¨Î¥¸±¨³¨ ¨ µ¶É¨Î¥¸±¨³¨ Ö¢²¥´¨Ö³¨, µÉ±·ÒÉ Ö ƒ -
³¨²ÓÉµ´µ³ ¨ ¨§²µ¦¥´´ Ö ¢ ¤µ±² ¤¥, ¶·¥¤¸É ¢²¥´´µ³ ¨³ ¢ 1824 £. ˆ·² ´¤¸±µ°
 ± ¤¥³¨¨ ´ Ê±, ¶µ²µ¦¨²  ´ Î ²µ ´µ¢Ò³ Ëµ·³Ê²¨·µ¢± ³ ¤¨´ ³¨Î¥¸±¨Ì ¶·¨´-
Í¨¶µ¢ ¤¢¨¦¥´¨Ö. Š ± ¶µ± § ²  ¨¸Éµ·¨Ö ´ Ê±¨, ¸¶Ê¸ÉÖ ¸Éµ²¥É¨¥ ¨³¥´´µ ÔÉ 
 ´ ²µ£¨Ö ¨ £ ³¨²ÓÉµ´µ¢  Ëµ·³  Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸Ò£· ²¨ ¨¸±²ÕÎ¨É¥²Ó´µ
¢ ¦´ÊÕ ·µ²Ó ¶·¨ ¸µ§¤ ´¨¨ ¨ ¸É ´µ¢²¥´¨¨ ±¢ ´Éµ¢µ° É¥µ·¨¨.

ƒ ³¨²ÓÉµ´µ¢  ³¥Ì ´¨± , ¡¥·ÊÐ Ö ´ Î ²µ ¢ ¨¸¸²¥¤µ¢ ´¨ÖÌ �Ê ¸¸µ´ , ƒ -
³¨²ÓÉµ´ , �¸É·µ£· ¤¸±µ£µ ¨ ‹¨Ê¢¨²²Ö, ¶¥·¢µ´ Î ²Ó´µ µ¶¨· ² ¸Ó ¨¸±²ÕÎ¨-
É¥²Ó´µ ´  ± ´µ´¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ ¸¨³¶²¥±É¨Î¥¸±µ° ¸É·Ê±ÉÊ·Ò ¢ ¥¢±²¨¤µ-
¢µ³ ¶·µ¸É· ´¸É¢¥∗. �µ²¥¥ µ¡Ð¥¥ · ¸¸³µÉ·¥´¨¥, µ¸´µ¢ ´´µ¥ ´  ¶Ê ¸¸µ´µ¢µ°
¸É·Ê±ÉÊ·¥, ¢¶¥·¢Ò¥ ¶µÖ¢²Ö¥É¸Ö ¢ ¸¢Ö§¨ ¸ É¥µ·¨¥° ËÊ´±Í¨µ´ ²Ó´ÒÌ £·Ê¶¶ ¨
É¥µ·¨¥° ¨´É¥£·¨·µ¢ ´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ Î ¸É´Ò³¨ ¶·µ¨§-
¢µ¤´Ò³¨ ¶¥·¢µ£µ ¶µ·Ö¤±  ¢ É·Ê¤ Ì ‹¨ [25]. �¤´ ±µ ¶µ¤Ìµ¤ ‹¨ ¡Ò² § ¡ÒÉ
± ± ³ É¥³ É¨± ³¨, É ± ¨ Ë¨§¨± ³¨,   ¢µ§·µ¦¤¥´¨Õ µ¡Ð¥£µ ¢§£²Ö¤  ´  ¶Ê ¸-
¸µ´µ¢¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³¥Ì ´¨±¨ ƒ ³¨²ÓÉµ´  ³Ò µ¡Ö§ ´Ò „¨· ±Ê ( [2], 1950 £.),
±µÉµ·Ò°, ¶µ-¢¨¤¨³µ³Ê, ¢¶¥·¢Ò¥ ¢¢¥² µ¡ÐÊÕ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³´µ-
£µµ¡· §¨Ö, µ¶·¥¤¥²¨¢ ¸±µ¡±Ê �Ê ¸¸µ´  Î¨¸Éµ  ±¸¨µ³ É¨Î¥¸±¨∗∗.

”µ·³  ƒ ³¨²ÓÉµ´  ´¥¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³. ‘¨¸É¥³Ê ² -
£· ´¦¥¢ÒÌ Ê· ¢´¥´¨¨° (2.8) ¨§ N ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ-
·Ö¤±  ¢ ´µ·³ ²Ó´µ° Ëµ·³¥ ³µ¦´µ § ³¥´¨ÉÓ (¡¥¸±µ´¥Î´Ò³ ³´µ¦¥¸É¢µ³ ¸¶µ¸µ-
¡µ¢) Ô±¢¨¢ ²¥´É´µ° ¥° ¸¨¸É¥³µ° ¶¥·¢µ£µ ¶µ·Ö¤± , É ±¦¥ ¢ ´µ·³ ²Ó´µ° Ëµ·³¥
¸ 2N ´¥¨§¢¥¸É´Ò³¨, ¥¸²¨ §  ´µ¢Ò¥ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ ¶·¨´ÖÉÓ, ´ ·Ö¤Ê ¸
qi(t), ¨ N ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ vi(t) = q̇i(t), ¨²¨ ¢µµ¡Ð¥ N ´¥§ ¢¨¸¨³ÒÌ

∗‡  ¨¸Éµ·¨Î¥¸±¨³¨ ¤¥É ²Ö³¨ ¸É ´µ¢²¥´¨Ö É¥µ·¨¨ ƒ ³¨²ÓÉµ´  ¢ ¶·µÏ²µ³ ¸Éµ²¥É¨¨ µÉ¸Ò² ¥³
± ±² ¸¸¨Î¥¸±µ³Ê ÊÎ¥¡´¨±Ê ….’.“¨ÉÉ¥±¥·  [37], ¸.294, ¨ ³µ´µ£· Ë¨¨ [10].

∗∗�É¤ ¢ Ö ¤ ´Ó µ£·µ³´µ³Ê ¢±² ¤Ê ‘µËÊ¸  ‹¨, ¢ ¢ ¦´µ³ ¶·¨³¥·¥ ¶Ê ¸¸µ´µ¢¸±µ° ¸É·Ê±ÉÊ·Ò,
¸¢Ö§ ´´µ° ¸  ²£¥¡· ³¨ ‹¨, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸±µ¡±Ê ´  ¶·µ¸É· ´¸É¢¥, ¤Ê ²Ó´µ³ ±  ²£¥¡·¥, ´ §¢ ²¨
¸±µ¡±µ° ‹¨ Å �Ê ¸¸µ´ .
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³¥¦¤Ê ¸µ¡µ° ËÊ´±Í¨° vi(t) = vi (q(t), q̇(t), t). „²Ö ¶µ²ÊÎ¥´¨Ö Ê· ¢´¥´¨° ¶¥·-
¢µ£µ ¶µ·Ö¤±  ƒ ³¨²ÓÉµ´ ¢µ¸¶µ²Ó§µ¢ ²¸Ö µ¤´¨³ § ³¥Î É¥²Ó´Ò³ ¢Ò¡µ·µ³ É ±¨Ì
ËÊ´±Í¨°. �É¨ ¤µ¶µ²´¨É¥²Ó´Ò¥ ± ±µµ·¤¨´ É ³ ¶¥·¥³¥´´Ò¥ Å µ¡µ¡Ð¥´´Ò¥
¨²¨ ± ´µ´¨Î¥¸±¨¥ ¨³¶Ê²Ó¸Ò Å ¸¢Ö§ ´Ò ¸µ ¸±µ·µ¸ÉÖ³¨ ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥-
¦ ´¤· , ¶·¨Î¥³ ¶µ·µ¦¤ ÕÐ¥° ËÊ´±Í¨¥° ¶·Ö³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö Ö¢²Ö²¸Ö ¸ ³
² £· ´¦¨ ´ ¸¨¸É¥³Ò L (q, q̇, t):

pi =
∂L(q, q̇, t)

∂q̇i
, i = 1, . . . , N, (3.1)

  ¶µ·µ¦¤ ÕÐ¥° ËÊ´±Í¨¥° µ¡· É´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö

q̇i =
∂H(q, p, t)

∂pi
, i = 1, . . . , N, (3.2)

ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´  ¨²¨ £ ³¨²ÓÉµ´¨ ´ H(p, q, t), ±µÉµ·Ò° ¸¢Ö§ ´ ¸ ² £· ´-
¦¨ ´µ³ Ëµ·³Ê²µ°

H(q, p, t) =

N∑
i=1

(piq̇i − L(q, q̇, t))
∣∣∣
q̇→q,p,t

, (3.3)

£¤¥ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¢¸¥ ¸±µ·µ¸É¨ ¢Ò· ¦¥´Ò Î¥·¥§ ¨³¶Ê²Ó¸Ò ´  µ¸´µ¢¥
¶·Ö³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö (3.1). �·¥µ¡· §µ¢ ´¨¥ ‹¥¦ ´¤·  ¶¥·¥¢µ¤¨É Ê· ¢´¥-
´¨Ö ¤¢¨¦¥´¨Ö �°²¥·  Å ‹ £· ´¦  (2.8) ¢ ± ´µ´¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉµ´ ∗

q̇i =
∂H(q, p)

∂pi
, (3.4)

ṗi = −∂H(q, p)

∂qi
. (3.5)

�·µ¸É· ´¸É¢µ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ p, q, ¸²¥¤ÊÖ „¦.‚.ƒ¨¡¡¸Ê, ¶·¨´ÖÉµ
´ §Ò¢ ÉÓ 2N -³¥·´Ò³ Ë §µ¢Ò³ ¶·µ¸É· ´¸É¢µ³ Γ. �µ¸²¥ ¢¢¥¤¥´¨Ö ¸±µ¡±¨
�Ê ¸¸µ´  ¤¢ÊÌ ËÊ´±Í¨° A(q, p, t) ¨ B(q, p, t), µ¶·¥¤¥²¥´´ÒÌ ´  Γ,

{A,B} =

N∑
i=1

(
∂A

∂qi

∂B

∂pi
− ∂A

∂pi

∂B

∂qi

)
(3.6)

Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (3.4) ¶·¨µ¡·¥É ÕÉ ¸¨³³¥É·¨Î´ÊÕ Ëµ·³Ê

q̇i = {qi, H} , ṗi = {pi, H} . (3.7)

∗”Ê´±Í¨¨ ‹ £· ´¦  L ¨ ƒ ³¨²ÓÉµ´  H, ¸²¥¤ÊÖ ±² ¸¸¨Î¥¸±µ° É¥·³¨´µ²µ£¨¨, ¨´µ£¤  ´ -
§Ò¢ ÕÉ Ì · ±É¥·¨¸É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨, É¥³ ¸ ³Ò³ ¶µ¤Î¥·±¨¢ Ö, ÎÉµ ¢ ´¨Ì ¸µ¤¥·¦¨É¸Ö ¢¸Ö
¨´Ëµ·³ Í¨Ö, Ì · ±É¥·¨§ÊÕÐ Ö ¸¨¸É¥³Ê.
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�±¢¨¢ ²¥´É´µ¸ÉÓ ¶µ²ÊÎ¥´´ÒÌ ± ´µ´¨Î¥¸±¨Ì Ê· ¢´¥´¨° Ê· ¢´¥´¨Ö³ �°²¥· 
Å ‹ £· ´¦  ³µ¦¥É ¡ÒÉÓ É ±¦¥ Ê¸É ´µ¢²¥´  ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢ ·¨ Í¨µ´´µ°
§ ¤ Î¨ ´  Ê¸²µ¢´Ò° Ô±¸É·¥³Ê³ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥

S[q, p] =

∫ t2

t1

dt [piq̇i −H(q, p, t)] (3.8)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

δq(t1) = δq(t2) = 0. (3.9)

�·¨ ÔÉµ³ ´¥¢Ò·µ¦¤¥´´µ¸ÉÓ ³ É·¨ÍÒ ƒ¥¸¸  det ‖Wij‖ 6= 0 Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨-
³Ò³ Ê¸²µ¢¨¥³ ¶µ¤µ¡´µ° Ô±¢¨¢ ²¥´É´µ¸É¨.

�¥§Õ³¥. Š² ¸¸¨Î¥¸± Ö É¥µ·¥³  µ¡ Ô±¢¨¢ ²¥´É´µ¸É¨ µ¶¨¸ ´¨Ö Ô¢µ-
²ÕÍ¨¨ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ, µ¶·¥¤¥-
²¥´´ÒÌ ´  Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, ¨ ¢ É¥·³¨´ Ì ±µ´Ë¨£Ê· Í¨µ´-
´µ£µ ¶·µ¸É· ´¸É¢  £² ¸¨É: ¥¸²¨ ËÊ´±Í¨¨ qi(t), q̇i(t) Ê¤µ¢²¥É¢µ·ÖÕÉ
Ê· ¢´¥´¨Ö³ �°²¥·  Å ‹ £· ´¦ , Éµ ËÊ´±Í¨¨ qi(t), pi(t), ¸¢Ö§ ´-
´Ò¥ ¸ ´¨³¨ ¶·Ö³Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥¦ ´¤· , ¸ ¶µ·µ¦¤ ÕÐ¥°
ËÊ´±Í¨¥° ‹ £· ´¦ , Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ ƒ ³¨²ÓÉµ´ , ¨ ´ -
µ¡µ·µÉ, ¢¸Ö±µ¥ ·¥Ï¥´¨¥ ± ´µ´¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¶¥·¥Ìµ¤¨É ¢ ·¥-
Ï¥´¨¥ ² £· ´¦¥¢ÒÌ Ê· ¢´¥´¨° ¸ ¶µ³µÐÓÕ µ¡· É´µ£µ ¶·¥µ¡· §µ-
¢ ´¨Ö ‹¥¦ ´¤· .

ƒ ³¨²ÓÉµ´µ¢  ¤¨´ ³¨±  ¢ ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ Ì. �¥·¥°¤¥³ ± · ¸¸³µÉ·¥-
´¨Õ £ ³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¨ ¤²Ö ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨.
�Ê¸ÉÓ · ´£ ³ É·¨ÍÒ ƒ¥¸¸  ´¥ ³ ±¸¨³ ²¥´:

rank ‖Wij(q, q̇, t) ‖= R < N. (3.10)

’µ£¤ , ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ ± ´µ´¨Î¥¸±¨Ì ¨³¶Ê²Ó¸µ¢ (3.1), ¨§ N ± ´µ´¨Î¥-
¸±¨Ì ¨³¶Ê²Ó¸µ¢ pi Éµ²Ó±µ R Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ËÊ´±Í¨Ö³¨ ¸±µ·µ¸É¥°.
ˆ´Ò³¨ ¸²µ¢ ³¨, ¨³¥ÕÉ ³¥¸Éµ ¸µµÉ´µÏ¥´¨Ö ¢¨¤ 

ϕα(q, p) = 0, α = 1, . . . , N −R, (3.11)

¸¢Ö§Ò¢ ÕÐ¨¥ ± ´µ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , ±µÉµ·Ò¥ �¥·£-
³ ´ ´ §¢ ² ¶¥·¢¨Î´Ò³¨ ¸¢Ö§Ö³¨. �É³¥É¨³, ÎÉµ ¸·¥¤¨ N−R ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°
(3.11) ´¥É ËÊ´±Í¨µ´ ²Ó´µ § ¢¨¸¨³ÒÌ

rank
∥∥∥∂ϕα(q, p)

∂pi
,
∂ϕα(q, p)

∂qi

∥∥∥= N −R, (3.12)
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¨ ¨Ì ³µ¦´µ · §·¥Ï¨ÉÓ µÉ´µ¸¨É¥²Ó´µ N −R ¨³¶Ê²Ó¸µ¢∗

rank
∥∥∥∂ϕα(q, p)

∂pi

∥∥∥= N −R. (3.13)

’ ±¨³ µ¡· §µ³, ¢ µÉ²¨Î¨¥ µÉ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³, £¤¥ ¶·¥µ¡· §µ¢ ´¨¥ ‹¥-
¦ ´¤·  µ¶·¥¤¥²Ö¥É ¢§ ¨³´µ µ¤´µ§´ Î´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶·µ¸É· ´¸É¢µ³
¸µ¸ÉµÖ´¨° M ′ ¨ Ë §µ¢Ò³ ¶·µ¸É· ´¸É¢µ³ Γ, ¤²Ö ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¨³¥¥É
³¥¸Éµ ²¨ÏÓ ¶·µ¥Í¨·µ¢ ´¨¥.

�¥§Õ³¥. ‚ ¸²ÊÎ ¥ ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨ ¶·¥-
µ¡· §µ¢ ´¨¥ ‹¥¦ ´¤·  µÉµ¡· ¦ ¥É ¢¸¥ ¶·µ¸É· ´¸É¢µ ¸µ¸ÉµÖ´¨°
M ′ ´  É ± ´ §Ò¢ ¥³ÊÕ 2N − R-³¥·´ÊÕ ¶µ¢¥·Ì´µ¸ÉÓ ¶¥·¢¨Î´ÒÌ
¸¢Ö§¥° Γ1.

�ÉµÉ Ë ±É ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ ± ± ¶µ·µ¦¤ Õ-
Ð Ö ËÊ´±Í¨Ö µ¡· É´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤· ∗∗

Hc(qi, pa, q̇R+α) = piq̇i − L(q, q̇)
∣∣∣
q̇a=fa

i = 1, . . . , n, a = 1, . . . , R, α = 1, . . . , N −R. (3.14)

¤²Ö ¢Ò·µ¦¤¥´´µ° ¸¨¸É¥³Ò µ¶·¥¤¥²¥´ ´  ¶µ¢¥·Ì´µ¸É¨ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° Γ1 ⊂
Γ,   ´¥ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥. � ÔÉµ µ§´ Î ¥É, ÎÉµ É¥¶¥·Ó ¢³¥¸Éµ 2N
Ê· ¢´¥´¨° ´  Γ ¨³¥ÕÉ ³¥¸Éµ ²¨ÏÓ 2N −R £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö, µ¶·¥¤¥²¥´´ÒÌ ´  Γ1. —Éµ¡Ò ¨³¥ÉÓ ¶µ²´ÊÕ ¸¨¸É¥³Ê ¨§ 2N £ ³¨²ÓÉµ´µ¢ÒÌ
Ê· ¢´¥´¨°, „¨· ± ¸¤¥² ² ¶·¨´Í¨¶¨ ²Ó´µ ´µ¢Ò° Ï £ Å ¢¢¥² ¶µ´ÖÉ¨Ö ¸² ¡µ£µ
¨ ¸¨²Ó´µ£µ · ¢¥´¸É¢, ±µÉµ·Ò¥ Ê¸É ´ ¢²¨¢ ÕÉ µÉ´µÏ¥´¨¥ Ô±¢¨¢ ²¥´É´µ¸É¨ ´ 
³´µ¦¥¸É¢¥ ËÊ´±Í¨°, µ¶·¥¤¥²¥´´ÒÌ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸¨¸É¥³Ò.
�¥ Ê£²Ê¡²ÖÖ¸Ó ¢  ´ ²¨§ ÔÉ¨Ì ¶µ´ÖÉ¨°, ¡Ê¤¥³ ¸Î¨É ÉÓ ¤¢¥ ËÊ´±Í¨¨ f(q, p) ¨
g(q, p) · ¢´Ò³¨ ¢ ¸² ¡µ³ ¸³Ò¸²¥∗∗∗ f(q, p) ' g(q, p) e¸²¨ µ´¨ ¸µ¢¶ ¤ ÕÉ ¤·Ê£
¸ ¤·Ê£µ³ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ µÉ´µÏ¥´¨¥³ Ô±¢¨¢ -
²¥´É´µ¸É¨ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ ËÊ´±Í¨°
Hc(q, p), µ¶·¥¤¥²¥´´ÒÌ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, µÉ²¨Î ÕÐ¨Ì¸Ö ¤·Ê£ µÉ
¤·Ê£  ²¨´¥°´µ° ±µ³¡¨´ Í¨¥° ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°, ¨ Ô±¢¨¢ ²¥´É´ÒÌ Hc(qi, pa)

∗�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ µ§´ Î ¥É, ÎÉµ ¶¥·¢¨Î´Ò¥ ¸¢Ö§¨ ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ § ¢¨¸ÖÉ µÉ ¨³¶Ê²Ó¸-
´ÒÌ ¶¥·¥³¥´´ÒÌ, ¢ Éµ ¢·¥³Ö ± ± § ¢¨¸¨³µ¸ÉÓ µÉ ±µµ·¤¨´ É ³µ¦¥É ¨ µÉ¸ÊÉ¸É¢µ¢ ÉÓ.

∗∗‡ ³¥É¨³, ÎÉµ ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ ´¥ § ¢¨¸¨É µÉ ´¥· §·¥-
Ï¥´´ÒÌ ¸±µ·µ¸É¥° q̇R+α, ¢ ¸¨²Ê § ³¥Î É¥²Ó´µ£µ ¸¢µ°¸É¢  ¸ ³µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤· ;
Hc(qi, pa, q̇R+α) = Hc(qi, pa).

∗∗∗‘²¥¤ÊÖ „¨· ±Ê, ¸² ¡µ¥ · ¢¥´¸É¢µ ¶·¨´ÖÉµ µ¡µ§´ Î ÉÓ ¸¨³¢µ²µ³ ” ' ”, µ¸É ¢¨¢ µ¡ÒÎ´Ò°
§´ ± ” = ” ¤²Ö ¸¨²Ó´ÒÌ · ¢¥´¸É¢.
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¢ Éµ³ ¸³Ò¸²¥, ÎÉµ

{qi, Hc(qi, pa)} ' {qi, Hc(q, p)}
{pi, Hc(qi, pa)} ' {pi, Hc(q, p)}.

—Éµ¡Ò µÌ¢ É¨ÉÓ ¢¥¸Ó ±² ¸¸ Ô±¢¨¢ ²¥´É´ÒÌ Hc(qi, pa) £ ³¨²ÓÉµ´¨ ´µ¢, „¨· ±
µ¶·¥¤¥²¨² ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´

HT = Hc(q, p) + uα(t)ϕα(q, p), α = 1, . . . , N −R, (3.15)

¢¢¥¤Ö N − R ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° uα(t) ¨ § Ë¨±¸¨·µ¢ ¢ µ¤´Ê ËÊ´±Í¨Õ
Hc(q, p), µ¶·¥¤¥²¥´´ÊÕ ¢µ ¢¸¥³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ
Ê¸²µ¢¨Õ Hc(q, p) ' Hc(qi, pa). ˆ³¥´´µ ¸ ¶µ³µÐÓÕ ¶µ²´µ£µ £ ³¨²ÓÉµ´¨ ´ 
HT ¤²Ö ¸¨¸É¥³ ¸ ¢Ò·µ¦¤¥´´Ò³¨ ² £· ´¦¨ ´ ³¨ ³µ¦´µ § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö ¢ Ëµ·³¥ ƒ ³¨²ÓÉµ´  Å „¨· ± 

q̇i ' {qi, HT (q, p)}, (3.16)

ṗi ' {pi, HT (q, p)}, i = 1, . . . , N, (3.17)

ϕα(q, p) ' 0, α = 1, . . . , N −R, (3.18)

±µÉµ· Ö Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥ Ê· ¢´¥´¨° �°²¥·  Å ‹ £· ´¦  (2.20)Å(2.22).
‡¤¥¸Ó Ô±¢¨¢ ²¥´É´µ¸ÉÓ, ± ± ¨ ¢ ´¥¢Ò·µ¦¤¥´´µ³ ¸²ÊÎ ¥, ¶µ´¨³ ¥É¸Ö ¢ Éµ³
¸³Ò¸²¥, ÎÉµ ¥¸²¨ ËÊ´±Í¨¨ qi(t), i = 1, . . . , N Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨°

�°²¥·  Å ‹ £· ´¦ , Éµ ËÊ´±Í¨¨ qi(t) ¨ pi(t) = ∂L(q(t),q̇i(t))
∂q̇i(t)

¡Ê¤ÊÉ ·¥Ï¥-
´¨Ö³¨ Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  (3.16)Å(3.18)) ¶·¨ ´¥±µÉµ·µ³ ¢Ò¡µ·¥ ËÊ´±Í¨°
uα(t), α = 1, . . . , N −R. ˆ ´ µ¡µ·µÉ, ¥¸²¨ ¶·¨ ´¥±µÉµ·µ³ ¢Ò¡µ·¥ ËÊ´±Í¨°
uα(t) ËÊ´±Í¨¨ qi(t), pi(t) Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  Å
„¨· ± , Éµ ËÊ´±Í¨¨ qi(t) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ �°²¥·  Å ‹ £· ´¦ . ‚
¸¨²Ê É ±µ° Ô±¢¨¢ ²¥´É´µ¸É¨  ´ ²¨§ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ ² £· ´¦¥¢ÒÌ Ê· ¢´¥-
´¨° ¤¢¨¦¥´¨Ö, µ¶¨¸ ´´Ò° ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶¥·¥´µ¸¨É¸Ö ¨ ´  ¸¨¸É¥³Ê
Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  Å „¨· ± . �µ¤µ¡´µ Éµ³Ê, ± ± ¶·¨  ´ ²¨§¥ ² £· ´-
¦¥¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ É¥µ·¨¨ ¶·µ¢¥·Ö² ¸Ó ¸µ£² ¸µ-
¢ ´´µ¸ÉÓÕ ¤¨´ ³¨±¨ ¸ ´ ²¨Î¨¥³ ² £· ´¦¥¢ÒÌ ¸¢Ö§¥° (2.13), ¢ ¤ ´´µ³ ¸²ÊÎ ¥
É·¥¡Ê¥É¸Ö ¶·µ¢¥·¨ÉÓ ¸É Í¨µ´ ·´µ¸ÉÓ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° (3.11) ¢µ ¢·¥³¥´¨

0 ≡ dϕα(q, p)

dt
:= {ϕα(q, p), HT (q, p)} =

= {ϕα(q, p), Hc(q, p)}+ uβ(t){ϕα(q, p), ϕβ(q, p)} ' 0. (3.19)

�·¨  ´ ²¨§¥ Ê· ¢´¥´¨° (3.16)-(3.18) ¨ (3.19) ¢µ§³µ¦´Ò ¸²¥¤ÊÕÐ¨¥ ¢ ·¨ ´ÉÒ:

(i) Ê· ¢´¥´¨Ö ´¥¸ ³µ¸µ£² ¸µ¢ ´´Ò (¶·µÉ¨¢µ·¥Î¨¢Ò);
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(ii) Ê· ¢´¥´¨Ö (3.19) ¢Ò¶µ²´ÖÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ;

(iii) Î ¸ÉÓ ¨§ N − R Ê· ¢´¥´¨° (3.19) ¶·¥¤¸É ¢²Ö¥É ¸¨¸É¥³Ê ËÊ´±Í¨µ´ ²Ó´µ
´¥§ ¢¨¸¨³ÒÌ Ê· ¢´¥´¨°, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ µ¶·¥¤¥²ÖÕÉ¸Ö ´¥±µÉµ·Ò¥
uα, α = 1, . . . , α0.

‚ ·¨ ´É (i) µ§´ Î ¥É µÉ¸ÊÉ¸É¢¨¥ ÉµÎ¥± Ô±¸É·¥³Ê³  Ê ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö,
±µ£¤  ´¨± ±¨³ ¢Ò¡µ·µ³ uα ´¥²Ó§Ö Ê¤µ¢²¥É¢µ·¨ÉÓ (3.19), ¨ É¥³ ¸ ³Ò³ ¨¸-
±²ÕÎ ¥É¸Ö ¨§ · ¸¸³µÉ·¥´¨Ö ± ± ¸²ÊÎ °, ´¥ ¶·¥¤¸É ¢²ÖÕÐ¨° Ë¨§¨Î¥¸±µ£µ ¨´-
É¥·¥¸ . ‘²ÊÎ ° (ii) ´¥ É·¥¡Ê¥É ±µ³³¥´É ·¨¥¢, É¥µ·¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢ . ‚ É·¥-
ÉÓ¥³ ¢ ·¨ ´É¥ ¶·¨´ÖÉµ ¢Ò¤¥²ÖÉÓ µ¸µ¡Ò° ¸²ÊÎ °, ±µ£¤  ¸¨¸É¥³  ¸¢Ö§¥° § ³±-
´ÊÉ  µÉ´µ¸¨É¥²Ó´µ µ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸±µ¡µ± �Ê ¸¸µ´ :

{ϕα(q, p), ϕβ(q, p)} = fαβγ(q, p)ϕγ(q, p), α, β, γ = 1, . . . , N −R. (3.20)

‚ ¸¢Ö§¨ ¸ ÔÉ¨³ § ³¥É¨³, ÎÉµ ´ ¡µ· ¸¢Ö§¥° ¨ ¸±µ¡±  �Ê ¸¸µ´  Ê¸É ´ ¢²¨¢ ÕÉ
µÉ´µÏ¥´¨¥ Ô±¢¨¢ ²¥´É´µ¸É¨ ¸·¥¤¨ ¤¨´ ³¨Î¥¸±¨Ì ¢¥²¨Î¨´. ˆ§-§  ¢ ¦´µ¸É¨
ÔÉµ£µ ¸¢µ°¸É¢  „¨· ± ¢¢¥² ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ É¥·³¨´µ²µ£¨Õ; ²Õ¡ÊÕ ËÊ´±Í¨Õ
A(q, p), ¸±µ¡±¨ �Ê ¸¸µ´  ±µÉµ·µ° ¸µ ¢¸¥³¨ ¸¢Ö§Ö³¨, ¨³¥ÕÐ¨³¨¸Ö ¢ É¥µ·¨¨,
¸² ¡µ · ¢´Ò ´Ê²Õ

{A(q, p), ϕα(q, p)} ' 0,

µ´ ´ §¢ ² ¤¨´ ³¨Î¥¸±µ° ¢¥²¨Î¨´µ° ¶¥·¢µ£µ ·µ¤ ,   ¢¸¥ ¢¥²¨Î¨´Ò, ´¥ µÉ´µ¸Ö-
Ð¨¥¸Ö ± ¶¥·¢µ³Ê ·µ¤Ê, Å ¢¥²¨Î¨´ ³¨ ¢Éµ·µ£µ ·µ¤ . ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉµ°
É¥·³¨´µ²µ£¨¥° ±² ¸¸¨Ë¨Í¨·ÊÕÉ¸Ö ¨ ¸ ³¨ ¸¢Ö§¨.

ˆ§ Ê¸²µ¢¨° ¸É Í¨µ´ ·´µ¸É¨ (3.19) ¶µ¸²¥ ÊÎ¥É  ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ¢Ò¶ -
¤ ¥É § ¢¨¸¨³µ¸ÉÓ µÉ ¢¸¥Ì uα, ¨ (3.19) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¤µ¶µ²´¨É¥²Ó´µ¥
µ£· ´¨Î¥´¨¥ ´  µ¡µ¡Ð¥´´Ò¥ ±µµ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸Ò

χ(p, q) = 0, (3.21)

±µÉµ·Ò¥ „¨· ± ´ §¢ ² ¢Éµ·¨Î´Ò³¨, ¶µ¤Î¥·±¨¢ Ö É¥³ ¸ ³Ò³, ÎÉµ µ´¨ µ¡Ö§ ´Ò
¸¢µ¨³ ¶·µ¨¸Ìµ¦¤¥´¨¥³ ¤¨´ ³¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö,   ´¥ Éµ²Ó±µ
¶·¥µ¡· §µ¢ ´¨Ö³ ‹¥¦ ´¤· , ± ± ÔÉµ ¨³¥¥É ³¥¸Éµ ¤²Ö ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°. �Î¥-
¢¨¤´µ, ÎÉµ ¶·¨ ´ ²¨Î¨¨ ¢Éµ·¨Î´ÒÌ ¸¢Ö§¥°  ´ ²¨§ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ É¥µ·¨¨
¸²¥¤Ê¥É ¶·µ¤µ²¦¨ÉÓ É ±¨³ ¦¥ µ¡· §µ³, ± ± ¨ ¢ ¸²ÊÎ ¥ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥°. �·¨
ÔÉµ³ ¨¸¸²¥¤µ¢ ´¨¥ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ § ± ´Î¨¢ ¥É¸Ö, ¥¸²¨ ´  µÎ¥·¥¤´µ³
ÔÉ ¶¥ ¶·µÍ¥¸¸ ¶µÖ¢²¥´¨Ö ´µ¢ÒÌ ¸¢Ö§¥° µ¡·Ò¢ ¥É¸Ö. „²Ö  ´ ²¨§  µ¡Ð¥£µ ¸²Ê-
Î Ö (iii), ±µ£¤  ´¥ ¢¸¥ ¸±µ¡±¨ �Ê ¸¸µ´  {ϕα(q, p), ϕβ(q, p)} · ¢´Ò ´Ê²Õ ¸ ÊÎ¥-
Éµ³ ¢¸¥Ì ¸¢Ö§¥° ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ÔÉ ¶µ¢, Ê¤µ¡´µ ¢¢¥¸É¨ ¥¤¨´µ¥ µ¡µ§´ Î¥´¨¥
¤²Ö ¢¸¥Ì ¸¢Ö§¥° ¢Éµ·µ£µ, É·¥ÉÓ¥£µ ¨ É.¤. ÔÉ ¶µ¢ Î¥·¥§ ϕj , j = N−R+1, . . . , J .
�µ¸±µ²Ó±Ê ¢ ÔÉµ³ ¸²ÊÎ ¥ Ê¸²µ¢¨Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ ´¥ ¤ ÕÉ ´µ¢ÒÌ ¸¢Ö§¥°,
Éµ ¨Ì ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¨¸É¥³Ê ´¥µ¤´µ·µ¤´ÒÌ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°
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µÉ´µ¸¨É¥²Ó´µ uα:

{ϕj(q, p), Hc(q, p)}+ uα(t){ϕj(q, p), ϕα(q, p)} ' 0, α = 1, . . . , N −R
(3.22)

¨ § Ë¨±¸¨·µ¢ ÉÓ ±µÔËË¨Í¨¥´ÉÒ u(t) ± ± ËÊ´±Í¨¨ µÉ (q, p) Å uα(t) :=
U(q, p). �·¨ ÔÉµ³, ¥¸²¨ rank‖{ϕi(q, p), ϕα(q, p)}‖ = A, Éµ µ¡Ð¥¥ ·¥Ï¥´¨¥
¤²Ö uα(t) ¸µ¤¥·¦¨É ¸² £ ¥³µ¥ ¢ ¢¨¤¥ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ A ¶·µ¨§¢µ²Ó´ÒÌ
ËÊ´±Í¨° va(t) ¸ ·¥Ï¥´¨Ö³¨ ¸µÉ¢¥É¸É¢ÊÕÐ¥° µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò Vaα:

uα(t){ϕi(q, p), ϕα(q, p)} ' 0, (3.23)

uα(t) = Uα(p, q) + va(t)Vaα, a = 1, . . . , A. (3.24)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ ¢Ò¤¥²ÖÕÉ¸Ö ¤¢¥ ¸É·Ê±ÉÊ·Ò ¶µ²´µ£µ £ ³¨²ÓÉµ´¨ ´ 

HT = H ′c(p, q) + va(t)φa(p, q), (3.25)

£¤¥

H ′c(p, q) := Hc(p, q) + Uα(p, q)ϕα(p, q),

φa(p, q) = Vaα(p, q)ϕα(p, q). (3.26)

�¥§Õ³¥. �¡µ¡Ð¥´´ Ö £ ³¨²ÓÉµ´µ¢  ¤¨´ ³¨±  ¢ É¥µ·¨¨ ¸ ¢Ò·µ¦-
¤¥´´Ò³ ² £· ´¦¨ ´µ³ µ¶·¥¤¥²Ö¥É¸Ö ¶µ²´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ ¸¨¸-
É¥³Ò HT , ±µÉµ·Ò° · ¢¥´ ¸Ê³³¥ ¤¢ÊÌ ¢¥²¨Î¨´ ¶¥·¢µ£µ ·µ¤  H ′ ¨
va(t)φa(p, q) c ¶·µ¨§¢µ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ ¢·¥³¥´¨ va(t), ¢ ±µ-
²¨Î¥¸É¢¥, · ¢´µ³ Î¨¸²Ê ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ . � ²¨Î¨¥
¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° ¢ Ê· ¢´¥´¨ÖÌ ƒ ³¨²ÓÉµ´  Å „¨· ±  µ§´ -
Î ¥É ´¥¢µ§³µ¦´µ¸ÉÓ µ¤´µ§´ Î´µ£µ µ¶·¥¤¥²¥´¨Ö ¤¨´ ³¨±¨ µ¡µ¡-
Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¨³¶Ê²Ó¸µ¢, ¶µ § ¤ ´´Ò³ ´ Î ²Ó´Ò³ ¤ ´´Ò³
Ê¤µ¢²¥É¢µ·ÖÕÐ¨³ ¶µ²´µ³Ê ´ ¡µ·Ê ¸¢Ö§¥° ¸¨¸É¥³Ò.

�É  ´¥µ¤´µ§´ Î´µ¸ÉÓ ´ Ìµ¤¨É¸Ö ¢ ¶µ²´µ³ ¸µ£² ¸¨¨ ¸ µ¶¨¸ ´¨¥³ Ô¢µ²ÕÍ¨¨
¢ ² £· ´¦¥¢µ³ ¶µ¤Ìµ¤¥ ¨ ¨³¥¥É µ¤´Ê ¨ ÉÊ ¦¥ ¶·¨Î¨´Ê Å ¨´¢ ·¨ ´É´µ¸ÉÓ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö µÉ´µ¸¨É¥²Ó´µ £·Ê¶¶Ò ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥-
µ¡· §µ¢ ´¨°, · ´£ ±µÉµ·µ° µ¶·¥¤¥²Ö¥É¸Ö Î¨¸²µ³ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ¶¥·¢µ£µ
·µ¤ . �¸É ¢²ÖÖ ¢ ¸Éµ·µ´¥ µ¡¸Ê¦¤¥´¨¥ ¨§¢¥¸É´µ° £¨¶µÉ¥§Ò „¨· ±  µ ¸É·Ê±ÉÊ·¥
¶·µ¨§¢µ¤ÖÐ¨Ì ËÊ´±Í¨° ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É-
·¨¨ ¨ µ ·µ²¨ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  (¸³. [4, 44, 45]), ¤ ²¥¥ ¸µ¸·¥¤µÉµÎ¨³¸Ö
´  µ¸´µ¢´µ° § ¤ Î¥, ¶·µ¨¸É¥± ÕÐ¥° ¨§ ÔÉµ° µ¸µ¡¥´´µ¸É¨ ¤¨´ ³¨±¨ ¢Ò·µ¦-
¤¥´´ÒÌ ¸¨¸É¥³ ¸ ²µ± ²Ó´Ò³¨ ¸¨³³¥É·¨Ö³¨. �¥ÎÓ ¨¤¥É µ § ¤ Î¥ ·¥¤Ê±Í¨¨, Éµ
¥¸ÉÓ µ¡ µ¶·¥¤¥²¥´¨¨ ´¥¢Ò·µ¦¤¥´´µ° £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò, ±µÉµ· Ö ¡Ò² 
¡Ò ©Ô±¢¨¢ ²¥´É´ ª ¨¸Ìµ¤´µ°. � ¸±·ÒÉ¨¥ ¸³Ò¸²  ¸²µ¢  ©Ô±¢¨¢ ²¥´É´µ¸ÉÓª ¨
¸µ¸É ¢²Ö¥É ¶·¥¤³¥É ¤ ²Ó´¥°Ï¥£µ ¨§²µ¦¥´¨Ö.
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�·¨ ¨§²µ¦¥´¨¨ ¢µ¶·µ¸µ¢ ·¥¤Ê±Í¨¨ ³Ò µ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³, ±µ£¤  ¢
É¥µ·¨¨ ¶·¨¸ÊÉ¸É¢ÊÕÉ ²¨ÏÓ ¸¢Ö§¨ ¶¥·¢µ£µ ·µ¤  ¨ ´ Î´¥³ ¸ µÉ¢¥É  ´  ¢µ¶·µ¸, ¢
± ±µ³ ¸³Ò¸²¥ ¨¸Ìµ¤´µ° ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° ³µ¦´µ
¸µ¶µ¸É ¢¨ÉÓ Ô±¢¨¢ ²¥´É´ÊÕ ¥° ´¥¢Ò·µ¦¤¥´´ÊÕ É¥µ·¨Õ.

�¶·¥¤¥²¥´¨¥ ·¥¤ÊÍ¨·µ¢ ´´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ . „²Ö ÊÉµÎ´¥´¨Ö
¢¸¥Ì ¶µ´ÖÉ¨° § Ë¨±¸¨·Ê¥³ ³¥Ì ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, µ¶·¥¤¥²¥´´ÊÕ ¢ 2n-³¥·´µ³
¥¢±²¨¤µ¢µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ Γ ¸ ± ´µ´¨Î¥¸±¨³¨ ±µµ·¤¨´ É ³¨ qi, ¸µ-
¶·Ö¦¥´´Ò³¨ ¸ ´¨³¨ ¨³¶Ê²Ó¸ ³¨ pi ¨ ´ ¤¥²¥´´Ò³ ± ´µ´¨Î¥¸±µ° ¸¨³¶²¥±-
É¨Î¥¸±µ° ¸É·Ê±ÉÊ·µ° {qi, pj} = δji . ‘µ£² ¸´µ µ¡µ¡Ð¥´´µ° £ ³¨²ÓÉµ´µ¢µ°
Ëµ·³Ê²¨·µ¢±¥ ¸¨¸É¥³ ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° ¤¨´ ³¨±  · §¢µ· Î¨¢ ¥É¸Ö ´ 
(2n−m) -³¥·´µ³ ¶µ¤³´µ£µµ¡· §¨¨ Γc Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , § ¤ ´´µ³ ¶µ-
¸·¥¤¸É¢µ³ ¶µ²´µ£µ ´ ¡µ·  m ËÊ´±Í¨µ´ ²Ó´µ ´¥§ ¢¨¸¨³ÒÌ ¸µµÉ´µÏ¥´¨°

ϕα(p, q) = 0 , (4.1)

±µÉµ·Ò¥ µ¡· §ÊÕÉ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê µÉ´µ¸¨É¥²Ó´µ µ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸±µ¡µ±
�Ê ¸¸µ´ 

{ϕα(p, q), ϕβ(p, q)} = fαβγ(p, q)ϕγ(p, q), (4.2)

É.¥. Ö¢²ÖÕÉ¸Ö ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ . �µ²´µÉ  ¶µ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ ¢Ò¶µ²´¥´¨Ö
¸µµÉ´µÏ¥´¨°

{ϕα(p, q), HC(p, q)} = gαγϕγ(p, q) , (4.3)

¸ ± ´µ´¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³ ¸¨¸É¥³Ò HC(p, q). �² £µ¤ ·Ö ¶·¨¸ÊÉ¸É¢¨Õ
¸¢Ö§¥° ¤¨´ ³¨±  ¸¨¸É¥³Ò µ¶¨¸Ò¢ ¥É¸Ö µ¡µ¡Ð¥´´µ° Ëµ·³µ° �Ê ´± ·¥ Å Š ·-
É ´ 

Θ =

n∑
i=1

pidqi −HE(p, q)dt (4.4)

¸ µ¡µ¡Ð¥´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ HE(p, q), ±µÉµ·Ò° µÉ²¨Î ¥É¸Ö µÉ ± ´µ´¨Î¥-
¸±µ£µ HC(p, q) ¤µ¡ ¢²¥´¨¥³ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ¢¸¥Ì ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 
¸ ´¥µ¶·¥¤¥²¥´´Ò³¨ ±µÔË¨Í¨¥´É ³¨ uα(t):

HE(p, q) = HC(p, q) + uα(t)ϕα(p, q) . (4.5)

ˆ§ Ê¸²µ¢¨Ö ¶µ²´µÉÒ (4.3) ¸ § ³¥´µ° HC ´  HE ¸²¥¤Ê¥É, ÎÉµ ¶·¨ ´ ²¨Î¨¨
Éµ²Ó±µ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  ËÊ´±Í¨¨ uα(t) ´¥ ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¢µ
¢´ÊÉ·¥´´¨Ì É¥·³¨´ Ì É¥µ·¨¨. �ÉµÉ Ë ±É ¥¸ÉÓ ¶·µÖ¢²¥´¨¥ ²µ± ²Ó´µ° ¸¨³-
³¥É·¨¨, ¶·¨¸ÊÐ¥° ¸¨¸É¥³¥, ¨ µ´  ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¤¨´ ³¨±  Î ¸É¨ ±µ-
µ·¤¨´ É µ± §Ò¢ ¥É¸Ö ´¥µ¶·¥¤¥²¥´´µ°. ‘ÊÐ¥¸É¢µ¢ ´¨¥ ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨°
uα(t) Ê± §Ò¢ ¥É ´  µÉ¸ÊÉ¸É¢¨¥ ¢§ ¨³´µ µ¤´µ§´ Î´µ£µ ¸µµÉ¢¥É¸É¢¨Ö ³¥¦¤Ê ¶·µ-
¸É· ´¸É¢µ³ Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò ¨ ¶µ¤¶·µ¸É· ´¸É¢µ³ Γc. ˆ´Ò³¨
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¸²µ¢ ³¨, ´  Γc ¥¸ÉÓ ÉµÎ±¨, ±µÉµ·Ò³ ¸µµÉ¢¥É¸É¢Ê¥É µ¤´µ ¨ Éµ ¦¥ Ë¨§¨Î¥¸±µ¥
¸µ¸ÉµÖ´¨¥, ¢ Éµ ¢·¥³Ö ± ± ± ¦¤µ³Ê Ë¨§¨Î¥¸±µ³Ê ¸µ¸ÉµÖ´¨Õ ¸µµÉ¢¥É¸É¢Ê¥É
²¨ÏÓ µ¤´  ÉµÎ±  ¶µ¤¶·µ¸É· ´¸É¢  Γc. �µ¤¶·µ¸É· ´¸É¢µ ¶µ²´µ£µ Ë §µ¢µ£µ
¶·µ¸É· ´¸É¢  Γ, ÉµÎ±¨ ±µÉµ·µ£µ ´ Ìµ¤ÖÉ¸Ö ¢µ ¢§ ¨³´µ µ¤´µ§´ Î´µ³ ¸µ-
µÉ¢¥É¸É¢¨¨ ¸ Ë¨§¨Î¥¸±¨³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¸¨¸É¥³Ò, ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ·¥-
¤ÊÍ¨·µ¢ ´´Ò³ Ë §µ¢Ò³ ¶·µ¸É· ´¸É¢µ³ ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¨ µ¡µ§´ Î ÉÓ
Î¥·¥§ Γ∗. Ÿ¸´µ, ÎÉµ Γ∗ ⊂ Γc, ¢ ¸¨²Ê Éµ£µ, ÎÉµ É· ¥±Éµ·¨Ö ¸¨¸É¥³Ò, ´ Î ¢-
Ï Ö¸Ö ¸ ÉµÎ±¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , ¶·¨´ ¤²¥¦ Ð¥° ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°
Γc, µ¸É ¥É¸Ö ´  ´¥° ¨ ¢µ ¢¸¥ ¶µ¸²¥¤ÊÕÐ¨¥ ³µ³¥´ÉÒ ¢·¥³¥´¨ ¢ ¸¨²Ê Ê¸²µ¢¨Ö
¸É Í¨µ´ ·´µ¸É¨ ¸¢Ö§¥°. „²Ö Éµ£µ ÎÉµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ É ±µ¥ ¶µ¤¶·µ-
¸É· ´¸É¢µ Γ∗ ¤¥°¸É¢¨É¥²Ó´µ ¸ÊÐ¥¸É¢Ê¥É ¨ ¥£µ · §³¥·´µ¸ÉÓ · ¢´  2n − 2m,
£¤¥ n Å Î¨¸²µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸¨¸É¥³Ò,   m Å ±µ²¨Î¥¸É¢µ ¢¸¥Ì ¸¢Ö§¥°
¶¥·¢µ£µ ·µ¤ , ¸²¥¤Ê¥É ÊÉµÎ´¨ÉÓ µ¶·¥¤¥²¥´¨¥ Ë¨§¨Î¥¸±µ£µ ¸µ¸ÉµÖ´¨Ö ±² ¸¸¨-
Î¥¸±µ° ¸¨¸É¥³Ò ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥°. �·¥¤¶µ²µ¦¨³, ÎÉµ ¶·µ¸É· ´¸É¢µ
Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò § ¤ ¥É¸Ö ¶µ¸·¥¤¸É¢µ³ ±µ´¥Î´µ£µ ´ ¡µ·  Ë¨-
§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ OA, ± ¦¤ Ö ¨§ ±µÉµ·ÒÌ ¢ É¥µ·¨¨ ¸µ ¸¢Ö§Ö³¨ ¶¥·¢µ£µ
·µ¤  µ¶·¥¤¥²¥´ , ¸µ£² ¸´µ „¨· ±Ê, ± ± ¤¨´ ³¨Î¥¸± Ö ¢¥²¨Î¨´ , Ê¤µ¢²¥É¢µ·Ö-
ÕÐ Ö ¸µµÉ´µÏ¥´¨Ö³∗:

{OA(p, q), ϕα(p, q)} = dAαγ(p, q)ϕγ(p, q) . (4.6)

’µ£¤  ·¥¤ÊÍ¨·µ¢ ´´µ¥ ¶·µ¸É· ´¸É¢µ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. � ¸-
¸³µÉ·¨³ (4.6) ± ± ¸¨¸É¥³Ê ¨§ m ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·-
¢µ£µ ¶µ·Ö¤±  ´  OA, Éµ£¤  ¡² £µ¤ ·Ö Ê¸²µ¢¨Ö³ ¨´É¥£·¨·Ê¥³µ¸É¨ (4.2) ± ¦¤ Ö
¨§ ËÊ´±Í¨° ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ¶µ²´µ¸ÉÓÕ ¨ µ¤´µ§´ Î´µ ¶µ ¥¥ ´ Î ²Ó´Ò³
§´ Î¥´¨Ö³ ´  2(n−m)-³¥·´µ³ ¶µ¤³´µ£µµ¡· §¨¨ ¶µ²´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´-
¸É¢  Γ [32]. ˆ³¥´´µ ÔÉµ ¶µ¤¶·µ¸É· ´¸É¢µ ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° µ¶·¥¤¥²Ö¥É
¨¸±µ³µ¥ ·¥¤ÊÍ¨·µ¢ ´´µ¥ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ Γ∗.

�¥§Õ³¥. ”¨§¨Î¥¸±µ¥ ¸µ¸ÉµÖ´¨¥ ¸¨¸É¥³Ò, µ¶¨¸Ò¢ ¥³µ° ¢Ò·µ¦¤¥´-
´µ° 2n-³¥·´µ° £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³µ° ¸ m ¸¢Ö§Ö³¨ ¶¥·¢µ£µ
·µ¤ , µ¶·¥¤¥²Ö¥É¸Ö ¶µ¸·¥¤¸É¢µ³ ´ ¡µ·  2(n − m) ¨´¢ ·¨ ´É´ÒÌ
¤¨· ±µ¢¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ (4.6), µ¶·¥¤¥²¥´´ÒÌ ´  ·¥¤ÊÍ¨·µ¢ ´-
´µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ Γ∗.

’ ±¨³ µ¡· §µ³, ¶·µÖ¸´Ö¥É¸Ö ¸³Ò¸² µ¶¥· Í¨¨ ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¸µ ¸¢Ö-
§Ö³¨ ¶¥·¢µ£µ ·µ¤  ± ± § ¤ Î¨ ¶µ¸É·µ¥´¨Ö ´¥¢Ò·µ¦¤¥´´µ° £ ³¨²ÓÉµ´µ¢µ°
¸¨¸É¥³Ò, Ô±¢¨¢ ²¥´É´µ° ¨¸Ìµ¤´µ°. ‘²µ¢µ ©Ô±¢¨¢ ²¥´É´µ¸ÉÓª §¤¥¸Ó µ§´ Î ¥É,

∗ˆ§ ¤ ´´µ£µ µ¶·¥¤¥²¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ Ô¢µ²ÕÍ¨Ö Ë¨§¨Î¥¸±µ° ¶¥·¥³¥´´µ°, ¸µ£² ¸´µ ¤¨´ -
³¨±¥, § ¤ ¢ ¥³µ° µ¡µ¡Ð¥´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³, ¡Ê¤¥É µ¤´µ§´ Î´µ°, ´¥ § ¢¨¸ÖÐ¥° µÉ ¶·µ¨§¢µ²Ó-
´ÒÌ ³´µ¦¨É¥²¥° ‹ £· ´¦ .
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ÎÉµ, ¢µ-¶¥·¢ÒÌ, ´¥¢Ò·µ¦¤¥´´ Ö ¸¨¸É¥³  ¤µ²¦´  ¨³¥ÉÓ 2(n −m)-³¥·´µ¥ Ë -
§µ¢µ¥ ¶·µ¸É· ´¸É¢µ, ¨§µ³µ·Ë´µ¥ ·¥¤ÊÍ¨·µ¢ ´´µ³Ê ¶·µ¸É· ´¸É¢Ê ¢Ò·µ¦¤¥´-
´µ° É¥µ·¨¨, ¢µ-¢Éµ·ÒÌ, ¥¥ £ ³¨²ÓÉµ´µ¢  ¤¨´ ³¨±  ¤µ²¦´  ¡ÒÉÓ ± ´µ´¨Î¥-
¸±¨ Ô±¢¨¢ ²¥´É´  ¤¨´ ³¨±¥ ¤¨· ±µ¢¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ ¢ ¢Ò·µ¦¤¥´´µ³ ¸²Ê-
Î ¥. „²Ö ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ·¥Ï ÕÐ¨³ Ö¢²Ö¥É¸Ö ´ Ìµ¦¤¥´¨¥ ´ ¡µ·  ¨§
2(n−m) ©Ë¨§¨Î¥¸±¨Ì ±µµ·¤¨´ Éª Q∗i , P

∗
i , § ¤ ÕÐ¨Ì ·¥¤ÊÍ¨·µ¢ ´´µ¥ Ë §µ-

¢µ¥ ¶·µ¸É· ´¸É¢µ ¨ ¢Ò¡µ· ¤µ¶µ²´¨É¥²Ó´ÒÌ m ¶ · ±µµ·¤¨´ É, µ¶·¥¤¥²ÖÕÐ¨Ì
± ²¨¡·µ¢µÎ´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò ¸¨¸É¥³Ò.

ˆ§¢¥¸É´Ò · §²¨Î´Ò¥ ¶µ¤Ìµ¤Ò ± ·¥Ï¥´¨Ö³ § ¤ Î¨ ·¥¤Ê±Í¨¨ ¢ ¸¨¸É¥³ Ì ¸µ
¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ . �¨¦¥ ±µ·µÉ±µ ¡Ê¤ÊÉ µ¶¨¸ ´Ò  ²ÓÉ¥·´ É¨¢´Ò¥ ³¥Éµ¤Ò
¶µ¸É·µ¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¨ ± ²¨¡·µ¢µÎ´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò: ¸É ´¤ ·É´Ò°
¶µ¤Ìµ¤ ¸ ¢¢¥¤¥´¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, ± ²¨¡·µ¢µ±,
¨ Î¨¸Éµ £¥µ³¥É·¨Î¥¸±¨° ³¥Éµ¤ £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö
± ±¨Ì-²¨¡µ ± ²¨¡·µ¢µ±. ‚ ¸¢Ö§¨ ¸ ¶µ¸²¥¤´¨³ ³¥Éµ¤µ³ µÉ³¥É¨³ Éµ²Ó±µ, ÎÉµ
¨¤¥Ö ¶·µ¢µ¤¨ÉÓ ·¥¤Ê±Í¨Õ ¨¸±²ÕÎ¨É¥²Ó´µ ¢µ ¢´ÊÉ·¥´´¨Ì É¥·³¨´ Ì É¥µ·¨¨
¸¢Ö§ ´  ¶·¥¦¤¥ ¢¸¥£µ ¸ ¦¥² ´¨¥³ ¶µ²´µ¸ÉÓÕ ¸µÌ· ´¨ÉÓ £²µ¡ ²Ó´Ò¥ ¸¢µ°¸É¢ 
¨¸Ìµ¤´µ° É¥µ·¨¨ ¸ ©²¨Ï´¨³¨ª ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò.

Œ¥Éµ¤ „¨· ±  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨. �¡Ð¨¥ ¶·¨´Í¨¶Ò ¢¢¥¤¥´¨Ö ± -
²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° ¢ £ ³¨²ÓÉµ´µ¢µ³ ¶µ¤Ìµ¤¥ ± ± ¤µ¶µ²´¨É¥²Ó´ÒÌ µ£· -
´¨Î¥´¨°, ´ ±² ¤Ò¢ ¥³ÒÌ ´  ± ´µ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥, ¡Ò²¨ ¶·¥¤²µ¦¥´Ò
„¨· ±µ³ ¢ ¸¢Ö§¨ ¸ ¶µ¸É·µ¥´¨¥³ ± ´µ´¨Î¥¸±µ£µ Ëµ·³ ²¨§³  É¥µ·¨¨ £· ¢¨É -
Í¨¨ [11]. ‘µ£² ¸´µ ¨¤¥¥ „¨· ±  ¤²Ö § ¤ ´¨Ö 2(n − m)-³¥·´µ£µ ·¥¤ÊÍ¨·µ-
¢ ´´µ£µ ¶·µ¸É· ´¸É¢  Γ∗ ± ± ¶µ¢¥·Ì´µ¸É¨ ¢ ¶µ²´µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ Γ
´ ·Ö¤Ê ¸ m Ê· ¢´¥´¨Ö³¨ ¸¢Ö§¥° ³µ¦´µ ¢¢¥¸É¨ ¢ É¥µ·¨Õ m ¤µ¶µ²´¨É¥²Ó´ÒÌ
µ£· ´¨Î¥´¨° ´  ±µµ·¤¨´ ÉÒ Å ± ²¨¡·µ¢±¨

χα(p, q) = 0. (4.7)

�·¨ ÔÉµ³ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤Ê-
ÕÐ¨³ É·¥¡µ¢ ´¨Ö³:

1) ¸ ¨Ì ¶µ³µÐÓÕ ´¥µ¶·¥¤¥²¥´´Ò¥ ³´µ¦¨É¥²¨ ‹ £· ´¦  ¤µ²¦´Ò Ë¨±¸¨·µ-
¢ ÉÓ¸Ö µ¤´µ§´ Î´µ ± ± ËÊ´±Í¨¨ µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨ ¨³¶Ê²Ó¸µ¢;

2) ¸µ¢³¥¸É´µ ¸µ ¸¢Ö§Ö³¨ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö ¤µ²¦´Ò µ¶·¥¤¥²¨ÉÓ
2(n−m)-³¥·´µ¥ ¶·µ¸É· ´¸É¢µ Σ;

3) ¶µ¢¥·Ì´µ¸ÉÓ Σ ¤µ²¦´  ¡ÒÉÓ ©± ´µ´¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ ª ¶µ¢¥·Ì´µ¸É¨
Γ∗.

‡ ³¥É¨³ ¸· §Ê, ÎÉµ µ¸´µ¢´ Ö ¶·µ¡²¥³  ¸µ¸Éµ¨É ¢ ¸É·µ£µ° Ëµ·³Ê²¨·µ¢±¥ ¨
Ê¤µ¢²¥É¢µ·¥´¨¨ ¶µ¸²¥¤´¥£µ ¶Ê´±É  Ê¸²µ¢¨° ´  ± ²¨¡·µ¢±¨. ’·¥¡µ¢ ´¨Ö³ (1)
¨ (2) ³µ¦´µ Ê¤µ¢²¥É¢µ·¨ÉÓ, ¥¸²¨ ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥

det ‖{χα(p, q), ϕβ(p, q)}‖
∣∣∣
Σ
6= 0. (4.8)
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‚Ò¶µ²´¨³µ¸ÉÓ Ê¸²µ¢¨Ö (2) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ É¥µ·¥³Ò µ ´¥Ö¢´µ°
ËÊ´±Í¨¨. �µ± ¦¥³, ÎÉµ Ê¸²µ¢¨¥ (4.8) ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ´ °É¨ ´¥¨§¢¥¸É´Ò¥
³´µ¦¨É¥²¨ ‹ £· ´¦  uα(t) ¨§ Ê¸²µ¢¨Ö ¸É Í¨µ´ ·´µ¸É¨ ± ²¨¡·µ¢µ± (4.7) ¢µ
¢·¥³¥´¨

χ̇α = {χα, HC}+
∑
β

{χα, ϕβ}uβ = 0 (4.9)

¨ É¥³ ¸ ³Ò³ § Ë¨±¸¨·µ¢ ÉÓ ¤¨´ ³¨±Ê ¸¨¸É¥³Ò µ¤´µ§´ Î´Ò³ µ¡· §µ³. „¥°-
¸É¢¨É¥²Ó´µ, Ê· ¢´¥´¨Ö (4.9) µ¡· §ÊÕÉ ¸µ¢³¥¸É´ÊÕ ¸¨¸É¥³Ê ´¥µ¤´µ·µ¤´ÒÌ  ²-
£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° µÉ´µ¸¨É¥²Ó´µ ´¥¨§¢¥¸É´ÒÌ uβ(t), ¶·¨Î¥³ Ê¸²µ¢¨¥³
¸µ¢³¥¸É´µ¸É¨ ¸²Ê¦¨É ¨³¥´´µ ¸µµÉ´µÏ¥´¨¥ (4.8). �µ¸²¥ µ¶·¥¤¥²¥´¨Ö ³´µ¦¨-
É¥²¥° ‹ £· ´¦  ± ± ËÊ´±Í¨° µÉ ±µµ·¤¨´ É ¨ ¨³¶Ê²Ó¸µ¢, ¨³¥¥³ ¸²¥¤ÊÕÐÊÕ
± ·É¨´Ê: ¤¨´ ³¨±  ¸¨¸É¥³Ò § ¤ ¥É¸Ö ¢ ¢¨¤¥ 2n £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö

q̇i ' {qi, H∗E}, (4.10)

ṗi ' {pi, H∗E} (4.11)

¨ 2m Ê· ¢´¥´¨° ¸¢Ö§¥°

ϕα(q, p) ' 0, (4.12)

χα(q, p) ' 0, (4.13)

±µÉµ·Ò¥ ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö ´ 
´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¢ § ¤ Î¥ ŠµÏ¨ ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´  Å „¨-
· ±  (4.10), (4.11). ‚ Ëµ·³Ê² Ì (4.10), (4.11) §´ ± “ '′′ µ§´ Î ¥É ¸² ¡µ¥
· ¢¥´¸É¢µ ¸ ÊÎ¥Éµ³ ¢¸¥Ì ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ±,   Î¥·¥§ H∗E µ¡µ§´ Î¥´ µ¡µ¡-
Ð¥´´Ò° £ ³¨²ÓÉµ´¨ ´ HE , ¢ ±µÉµ·µ³ ³´µ¦¨É¥²¨ ‹ £· ´¦  § Ë¨±¸¨·µ¢ ´Ò ¸
¶µ³µÐÓÕ Ê· ¢´¥´¨° (4.9). ’ ±¨³ µ¡· §µ³, Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉµ´  Å „¨· ± 
(4.10), (4.11) ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¸¨¸É¥³Ê ¸² ¡ÒÌ Ê· ¢´¥´¨°, É.¥. ¢ ´¨Ì ¸¢Ö§¨
¨ ± ²¨¡·µ¢±¨ ¸²¥¤Ê¥É ¶·¨´¨³ ÉÓ ¢µ ¢´¨³ ´¨¥ ²¨ÏÓ ¶µ¸²¥ ¢§ÖÉ¨Ö ¢¸¥Ì ¸±µ¡µ±
�Ê ¸¸µ´ . �¤´ ±µ µ± §Ò¢ ¥É¸Ö, ÎÉµ ¸ ¶µ³µÐÓÕ ³µ¤¨Ë¨± Í¨¨ ¸±µ¡±¨ �Ê ¸-
¸µ´ , ÉµÎ´¥¥ £µ¢µ·Ö, ¢ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¸±µ¡µ± �Ê ¸¸µ´  ´  É ± ´ §Ò¢ ¥³Ò¥
¸±µ¡±¨ „¨· ±  ³µ¦´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶·¨¸ÊÉ¸É¢¨Ö ¢ É¥µ·¨¨ ¸² ¡ÒÌ · ¢¥´¸É¢.
‘±µ¡±¨ „¨· ±  µ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ µ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸±µ¡µ± �Ê ¸¸µ´ 
¨ ¸¨¸É¥³Ò ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ , ¤µ¶µ²´¥´´µ° ± ²¨¡·µ¢± ³¨:

{F,G}D := {F,G} − {F, ξs}C−1
ss′ {ξs′ , G} , (4.14)

£¤¥ ξ µ¡µ§´ Î ¥É ´ ¡µ· ¢¸¥Ì ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ±,   C−1 Å ³ É·¨ÍÊ, µ¡· É´ÊÕ
± Cαβ := {ξα, ξβ} . ‡ ³¥Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É „¨· ±  ¸µ¸Éµ¨É ¢ ´ ¡²Õ¤¥´¨¨,
ÎÉµ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ³µ¦´µ § ¶¨¸ ÉÓ ¸ § ³¥´µ° ¸±µ¡µ± �Ê ¸¸µ´  ´  ´µ-
¢Ò¥ (4.14):

q̇i ' {qi, Hc}D, (4.15)

ṗi ' {pi, Hc}D, (4.16)
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¶·¨Î¥³ ¢¸¥ ¸¢Ö§¨ ³µ¦´µ ¶µ²µ¦¨ÉÓ · ¢´Ò³¨ ´Ê²Õ ¤µ ¢§ÖÉ¨Ö ¸±µ¡µ± „¨· ± .
�ÉµÉ Ë ±É µ¡Ö§ ´ ¸²¥¤ÊÕÐ¥³Ê ¶·¨³¥Î É¥²Ó´µ³Ê ¸¢µ°¸É¢Ê ¸±µ¡±¨ „¨· ± :

{F, ξs}D = 0, (4.17)

£¤¥ F (q, p) Å ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö. ’¥³ ¸ ³Ò³ ¢ É¥µ·¨¨ µ¸É ´ÊÉ¸Ö Éµ²Ó±µ
¸¨²Ó´Ò¥ · ¢¥´¸É¢ , ¨ § ¤ Î  ·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ·¥Ï¥´ , ¶· ¢¤ ,
¢ ´¥Ö¢´µ° Ëµ·³¥, ¶µ¸±µ²Ó±Ê ±µ²¨Î¥¸É¢µ £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
µ¸É ²µ¸Ó ¶·¥¦´¨³, ÌµÉÖ ´ ²¨Î¨¥ ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ± £µ¢µ·¨É µ¡ ¨Ì § ¢¨¸¨-
³µ¸É¨.

�¥§Õ³¥. Šµ··¥±É´µ¥ ¤µ¡ ¢²¥´¨¥ ± ²¨¡·µ¢µ± ± ´ ¡µ·Ê ¸¢Ö§¥° ¶¥·-
¢µ£µ ·µ¤  ¶µ§¢µ²Ö¥É ÊÎ¥¸ÉÓ Ë ±É § ¢¨¸¨³µ¸É¨ ¨¸Ìµ¤´ÒÌ ± ´µ´¨-
Î¥¸±¨Ì ±µµ·¤¨´ É § ³¥´µ° ¨¸Ìµ¤´µ° ± ´µ´¨Î¥¸±µ° ¸¨³¶²¥±É¨Î¥-
¸±µ° ¸É·Ê±ÉÊ·Ò ´  ´µ¢ÊÕ, µ¶·¥¤¥²Ö¥³ÊÕ ¸±µ¡± ³¨ „¨· ± , ¨ ÔË-
Ë¥±É¨¢´µ ·¥¤ÊÍ¨·µ¢ ÉÓ Î¨¸²µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò µÉ 2n ¤µ 2(n−m)

n∑
i=1

{qi, pi, }P.B. = n ,

n∑
i=1

{qi, pi, }D.B. = n−m .

�µ¢ Ö ¸¨³¶²¥±É¨Î¥¸± Ö ¸É·Ê±ÉÊ· , § ¢¨¸ÖÐ Ö µÉ ¢Ò¡µ·  ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ-
¢¨°, ¢ µ¡Ð¥³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¸²µ¦´µ°, ¨ ± ± ¸²¥¤¸É¢¨¥, ¶·¨¢µ¤¨É ± ¸¥·Ó¥§´Ò³
É·Ê¤´µ¸ÉÖ³ ¶·¨ ±¢ ´Éµ¢ ´¨¨. �¤´ ±µ ¸ÊÐ¥¸É¢Ê¥É ¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °, ±µ£¤ 
¸±µ¡±  „¨· ±  ¸µ¢¶ ¤ ¥É ¸ ± ´µ´¨Î¥¸±µ° ¸±µ¡±µ° �Ê ¸¸µ´  ¤²Ö ·¥£Ê²Ö·´µ°
¸¨¸É¥³Ò, µ¶·¥¤¥²¥´´µ° ´  Γ∗:

{F,G}D
∣∣∣
ϕ=0, χ=0

=
n−m∑
i=1

{
∂F

∂Q∗i

∂G

P ∗i
− ∂F

∂P ∗i

∂G

Q∗i

}
. (4.18)

ˆ§ ÔÉµ£µ ¶·¥¤¸É ¢²¥´¨Ö ¸±µ¡µ± „¨· ±  ¸²¥¤Ê¥É, ÎÉµ ¢ É¥·³¨´ Ì ¸µ¶·Ö¦¥´´ÒÌ
±µµ·¤¨´ É Q∗i , P

∗
i (i = 1, . . . , n − m) ·¥¤ÊÍ¨·µ¢ ´´µ¥ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ

¶ · ³¥É·¨§µ¢ ´µ É ±¨³ µ¡· §µ³, ÎÉµ ¸¢Ö§¨ Éµ¦¤¥¸É¢¥´´µ µ¡· Ð ÕÉ¸Ö ¢ ´µ²Ó,
¨ ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö F (p, q), § ¤ ´´ Ö ´  ·¥¤ÊÍ¨·µ¢ ´´µ³ Ë §µ¢µ³ ¶·µ-
¸É· ´¸É¢¥, ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

F (p, q)
∣∣∣
ϕ=0, χ=0

= F (P ∗, Q∗) .

’ ±¨³ µ¡· §µ³, ¥¸²¨ ¢ ³¥Éµ¤¥ „¨· ±  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ ¢Ò¶µ²´¥´ ¶Ê´±É
(3) É·¥¡µ¢ ´¨° ´  ± ²¨¡·µ¢±¨, É.¥. ¥¸²¨ ¶µ¢¥·Ì´µ¸ÉÓ Σ ± ´µ´¨Î¥¸±¨ Ô±¢¨¢ -
²¥´É´  ¶µ¢¥·Ì´µ¸É¨ Γ∗, ¨ ¢Ò¡µ· ± ²¨¡·µ¢µ± ¸¤¥² ´ ©Ê¤ Î´µª ¢ Éµ³ ¸³Ò¸²¥,
ÎÉµ ¨³¥¥É ³¥¸Éµ · ¢¥´¸É¢µ (4.18), Éµ § ¤ Î  µ¶·¥¤¥²¥´¨Ö ©¨¸É¨´´ÒÌ ¤¨´ ³¨-
Î¥¸±¨Ì ¸É¥¶¥´¥°ª ¸¢µ¡µ¤Ò É¥³ ¸ ³Ò³ ·¥Ï¥´  ¢ Ö¢´µ° Ëµ·³¥.
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Œ¥Éµ¤ ” ¤¤¥¥¢  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨. ˆ´µ° ³¥Éµ¤ ·¥¤Ê±Í¨¨ ¸ Ë¨±-
¸ Í¨¥° ± ²¨¡·µ¢±¨ ¡Ò² ¶·¥¤²µ¦¥´ ¢ Ìµ·µÏµ ¨§¢¥¸É´µ° · ¡µÉ¥ ‹.„.” ¤¤¥¥¢ 
[32], ¶µ¸¢ÖÐ¥´´µ° ±¢ ´Éµ¢ ´¨Õ ¸¨¸É¥³ ¸µ ¸¢Ö§Ö³¨ ¢ ³¥Éµ¤¥ ËÊ´±Í¨µ´ ²Ó-
´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. �¸´µ¢´ Ö ¨¤¥Ö ³¥Éµ¤  ” ¤¤¥¥¢ , ¢ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ
³¥Éµ¤Ê „¨· ± , ¸µ¸Éµ¨É ¢µ ¢¢¥¤¥´¨¨ Ö¢´µ° ¶ · ³¥É·¨§ Í¨¨ ·¥¤ÊÍ¨·µ¢ ´´µ£µ
Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ . Š ± ¨ ¢ ³¥Éµ¤¥ „¨· ± , ¢¢µ¤ÖÉ¸Ö ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ-
¢¨Ö χα(p, q) = 0 , ±µÉµ·Ò¥ ¶µ³¨³µ Ê¸²µ¢¨Ö (4.8) ¶µ¤Î¨´¥´Ò ¥Ð¥ ¤µ¶µ²´¨-
É¥²Ó´µ³Ê É·¥¡µ¢ ´¨Õ © ¡¥²¥¢µ¸É¨ª

{χα(p, q), χβ(p, q)} = 0 . (4.19)

�¡¥²¥¢ Ì · ±É¥· ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (4.19) ¶µ§¢µ²Ö¥É ¶¥·¥°É¨ ¸ ¶µ³µÐÓÕ
± ´µ´¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö

qi 7→ Qi = Qi (q, p)

pi 7→ Pi = Pi (q, p) (4.20)

± É ±¨³ ´µ¢Ò³ ¶¥·¥³¥´´Ò³ ±µµ·¤¨´ É ³, ÎÉµ ¨Ì ¶¥·¢Ò¥ m ¨³¶Ê²Ó¸µ¢ ¸µ¢¶ -
¤ ÕÉ ¸ ± ²¨¡·µ¢µÎ´Ò³¨ Ê¸²µ¢¨Ö³¨ χα:

Pα = χα (q, p) . (4.21)

“¸²µ¢¨¥ (4.8) ¶µ§¢µ²Ö¥É · §·¥Ï¨ÉÓ ¸¢Ö§¨ (4.1) µÉ´µ¸¨É¥²Ó´µ ±µµ·¤¨´ É Qα,
¢Ò· ¦ Ö ¨Ì ± ± ËÊ´±Í¨¨ µÉ (n−m) ¶ · ± ´µ´¨Î¥¸±¨ ¸µ¶·Ö¦¥´´ÒÌ ±µµ·¤¨´ É
¨ ¨³¶Ê²Ó¸µ¢ (Q∗i , P

∗
i ), ±µÉµ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¢´ÊÉ·¥´´¨¥ ±µµ·¤¨´ ÉÒ

2(n−m)-³¥·´µ° ¶µ¢¥·Ì´µ¸É¨ Σ, µ¶·¥¤¥²Ö¥³µ° ¸µµÉ´µÏ¥´¨Ö³¨

Pα = 0 ,

Qα = Qα (Q∗, P ∗) . (4.22)

�É¨³ ·¥¤Ê±Í¨Ö Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ , ¢ ¸³Ò¸²¥ ¢Ò¤¥²¥´¨Ö 2(n−m) ´¥§ ¢¨-
¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ, ±µÉµ·Ò¥ Ô¢µ²ÕÍ¨µ´¨·ÊÕÉ ¸µ£² ¸´µ µ¡ÒÎ´Ò³ £ ³¨²ÓÉµ-
´µ¢Ò³ Ê· ¢´¥´¨Ö³ ¸ £ ³¨²ÓÉµ´¨ ´µ³

H∗(Q∗, P ∗) := HE(q, p)
∣∣
Q̄α=Q̄α(P∗,Q∗), P̄α=0

, (4.23)

§ ¢¥·Ï¥´ .

�¥§Õ³¥. �¥·¥³¥´´Ò¥ (Q∗i , P
∗
i ) ¢ ³¥Éµ¤¥ ” ¤¤¥¥¢  ¤¥°¸É¢¨É¥²Ó´µ

¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ´ ¡µ· Ë¨§¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ¥¸²¨
¢µ§³µ¦¥´ É ±µ° ¢Ò¡µ· ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°
χα, ÎÉµ ¶µ¢¥·Ì´µ¸ÉÓ Σ ± ´µ´¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´  ·¥¤ÊÍ¨·µ¢ ´-
´µ³Ê Ë §µ¢µ³Ê ¶·µ¸É· ´¸É¢Ê Γ∗ ¸¨¸É¥³Ò.
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’ ±¨³ µ¡· §µ³, ± ± ¨ ¢ ³¥Éµ¤¥ „¨· ± , ¢ ¤ ´´µ³ ¶µ¤Ìµ¤¥ ¢µ¶·µ¸ µ¡ µ¶·¥-
¤¥²¥´¨¨ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° É ±¦¥ É·¥¡Ê¥É ¸¢µ¥£µ ·¥Ï¥´¨Ö.

�¥¸± ²¨¡·µ¢µÎ´Ò° ³¥Éµ¤ £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨. ˆ´¢ ·¨ ´É´µ¸ÉÓ É¥µ-
·¨¨ µÉ´µ¸¨É¥²Ó´µ ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢Ò§¢ ´  ´ ²¨-
Î¨¥³ ¢ É¥µ·¨¨ ´¥Ë¨§¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ÎÉµ ¢ £ ³¨²ÓÉµ´µ¢µ³ ¶µ¤Ìµ¤¥
µÉ· ¦ ¥É¸Ö ¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ³´µ¦¨É¥²¥° ‹ £· ´¦ , ´¥ ¶µ¤¤ ÕÐ¨Ì¸Ö µ¶·¥¤¥-
²¥´¨Õ ¢µ ¢´ÊÉ·¥´´¨Ì É¥·³¨´ Ì É¥µ·¨¨. Œ¥Éµ¤ ·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´-
¸É¢  ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ± ²¨¡·µ¢µ± ¶µ§¢µ²Ö¥É Ê¸É· ´¨ÉÓ ÔÉµÉ ¶·µ¨§¢µ²,
§ Ë¨±¸¨·µ¢ ¢ ³´µ¦¨É¥²¨ ‹ £· ´¦  ± ± ËÊ´±Í¨¨ µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É ¨
¨³¶Ê²Ó¸µ¢, §  ¸Î¥É ¢¢¥¤¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, µ¸É -
¢²ÖÖ µÉ±·ÒÉÒ³ ¢µ¶·µ¸ µ · §¤¥²¥´¨¨ ¨¸Ìµ¤´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ´  Ë¨§¨-
Î¥¸±¨¥ ¨ ´¥Ë¨§¨Î¥¸±¨¥. ‚ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ÔÉµ³Ê ³¥Éµ¤ ¡¥¸± ²¨¡·µ¢µÎ-
´µ° ·¥¤Ê±Í¨¨, ± ¨§²µ¦¥´¨Õ ±µÉµ·µ£µ ³Ò ¶¥·¥Ìµ¤¨³, µ¸´µ¢ ´ ´  ¨¤¥¥ Ö¢-
´µ£µ · §¤¥²¥´¨Ö ´ ¡µ·  µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ´ 
Ë¨§¨Î¥¸±¨¥ (± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò¥) ¨ ´¥Ë¨§¨Î¥¸±¨¥ (± ²¨¡·µ¢µÎ´µ-
´¥¨´¢ ·¨ ´É´Ò¥). ˆ§²µ¦¥´¨¥ ´ Î´¥³ ¸ · ¸¸³µÉ·¥´¨Ö É¥µ·¨° Î ¸É´µ£µ ¢¨¤ ,  
¨³¥´´µ ¸ É¥µ·¨°, £¤¥ ¥¸ÉÓ ²¨ÏÓ  ¡¥²¥¢Ò ¸¢Ö§¨.

�Ê¸ÉÓ ¨³¥¥³ ¢Ò·µ¦¤¥´´ÊÕ É¥µ·¨Õ ¸ ¶µ²´Ò³ ´ ¡µ·µ³  ¡¥²¥¢ÒÌ ¸¢Ö§¥°
ϕα(q, p) = 0( α = 1, . . . ,m < n):

{ϕα(q, p), ϕβ(q, p)} = 0, α, β = 1, . . . ,m. (4.24)

‚ ÔÉµ³ ¸²ÊÎ ¥ Ö¢´ÊÕ ¶ · ³¥É·¨§ Í¨Õ ·¥¤ÊÍ¨·µ¢ ´´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´-
¸É¢  ³µ¦´µ § ¤ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‘µ£² ¸´µ Ìµ·µÏµ ¨§¢¥¸É´µ° É¥µ·¥³¥
(¸³., ´ ¶·¨³¥·, [37,50]), ¢¸¥£¤  ³µ¦´µ ¶µ¸É·µ¨ÉÓ ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ -
´¨¥ ± ´µ¢Ò³ ¶¥·¥³¥´´Ò³

qi 7→ Qi = Qi (q, p) ,

pi 7→ Pi = Pi (q, p) , (4.25)

É ±¨³, ÎÉµ m ´µ¢ÒÌ ¨³¶Ê²Ó¸µ¢ (P 1, . . . , Pm) ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨  ¡¥²¥¢Ò³
¸¢Ö§Ö³ ϕα:

Pα = ϕα(q, p) , (4.26)

¶·¨ ÔÉµ³ µ¸É ¢Ï¨¥¸Ö (n − m) ¶ · ´µ¢ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
(Q∗1, P

∗
1 . . . , Q

∗
n−m, P

∗
n−m) ¡Ê¤ÊÉ ¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ° ¨³¥´´µ ¡ §¨¸ ¤²Ö ± ²¨-

¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ O. —Éµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉµ³ ¢ÒÖ¸´¨³
¸É·Ê±ÉÊ·Ê ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ´¨ ´  ¢ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ. ‚ ¸¨²Ê Ê¸²µ¢¨Ö
¶µ²´µÉÒ ¸¨¸É¥³Ò ¸¢Ö§¥° ¨³¥¥³ ¸µµÉ´µÏ¥´¨¥

{ϕα(q, p), Hc(q, p)} = gαβ(q, p)ϕβ(q, p) (4.27)
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¸ ´¥±µÉµ·Ò³¨ Ë¨±¸¨·µ¢ ´´Ò³¨ ËÊ´±Í¨Ö³¨ gαβ . ˆ§ Ê· ¢´¥´¨Ö (4.27) ¢ ´µ¢ÒÌ
±µµ·¤¨´ É Ì P,Q

∂HC(P,Q)

∂Qα
= gαβ(P,Q)P β, (4.28)

HC(P,Q) = HC(p(P,Q), q(P,Q))

¸²¥¤Ê¥É, ÎÉµ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

HC(P,Q) = H0(Q∗, P ∗, P ) + Ψα(Q,P )Pα (4.29)

¸ ´¥±µ° ËÊ´±Í¨¥° H0(Q∗, P ∗, P ), ´¥ § ¢¨¸ÖÐ¥° µÉ ±µµ·¤¨´ ÉÒ Q:

{Pα, H0(P,Q)} = 0 (4.30)

¨ µ¶·¥¤¥²ÖÕÐ¥° ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÊÕ Î ¸ÉÓ ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ-
´¨ ´  ∗. —Éµ ± ¸ ¥É¸Ö ËÊ´±Í¨¨ Ψα(Q,P ), Éµ µ´  µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¸É·Ê±-
ÉÊ·´Ò¥ ËÊ´±Í¨¨ gαβ(P,Q) ¶µ¸·¥¤¸É¢µ³ Ê· ¢´¥´¨Ö

∂Ψγ(P,Q)

∂Qα
= gαγ(P,Q). (4.31)

�Éµ µ§´ Î ¥É, ÎÉµ ¢ É¥·³¨´ Ì ¨¸Ìµ¤´ÒÌ ¶¥·¥³¥´´ÒÌ p, q ± ´µ´¨Î¥¸±¨° £ -
³¨²ÓÉµ´¨ ´ ¨³¥¥É ¢¨¤

HC(p, q) = H0(q, p) + Ψα(p, q)ϕα(p, q), (4.32)

£¤¥ H0(p, q) ¥¸ÉÓ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö

{H0(p, q), ϕα(p, q)} = 0, (4.33)

  Ψα(p, q) ¸¢Ö§ ´  ¸ Ψα(Q,P ) ¸µµÉ´µÏ¥´¨¥³

Ψα(p, q) = Ψα(P (p, q), Q(p, q)). (4.34)

�·¨ ÔÉµ³ Ê· ¢´¥´¨Ö (4.31) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ± ´µ´¨Î¥¸±¨- ¨´¢ ·¨ ´É´µ°
Ëµ·³¥ ¶µ¸·¥¤¸É¢µ³ ¸±µ¡µ± �Ê ¸¸µ´ 

{ϕα(p, q),Ψγ(p, q)} = gαγ(p, q). (4.35)

∗‚ É¥µ·¨¨ ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ §  ±µµ·¤¨´ É ³¨, µÉ ±µÉµ·ÒÌ £ ³¨²ÓÉµ´¨ ´ ´¥ § ¢¨¸¨É,
§ ±·¥¶¨²µ¸Ó ´ §¢ ´¨¥ Í¨±²¨Î¥¸±¨Ì ¨²¨ ¨£´µ·¨·Ê¥³ÒÌ. �É¨³ ¦¥ É¥·³¨´µ³ ¢ É¥µ·¨¨ ¢Ò·µ¦¤¥´-
´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ Î¨¸Éµ ± ²¨¡·µ¢µÎ´Ò¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ´¥¸³µÉ·Ö ´ 
¶·¨´Í¨¶¨ ²Ó´µ¥ µÉ²¨Î¨¥; ¤¨´ ³¨±  ©±² ¸¸¨Î¥¸±¨Ì Í¨±²¨Î¥¸±¨Ìª ±µµ·¤¨´ É µ¤´µ§´ Î´µ µ¶·¥-
¤¥²Ö¥É¸Ö, ¢ Éµ ¢·¥³Ö ± ± Ô¢µ²ÕÍ¨Ö Í¨±²¨Î¥¸±¨Ì ±µµ·¤¨´ É ¢ ¢Ò·µ¦¤¥´´µ° É¥µ·¨¨ ¸µ¤¥·¦¨É
ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§¢µ².
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�¤´ ±µ µÉ³¥É¨³ µ¸´µ¢´µ¥ ¶·¥¨³ÊÐ¥¸É¢µ  ¤ ¶É¨·µ¢ ´´ÒÌ ±µµ·¤¨´ É (P,Q).
‚ ÔÉ¨Ì ±µµ·¤¨´ É Ì ¨´¢ ·¨ ´É´ Ö Î ¸ÉÓ £ ³¨²ÓÉµ´¨ ´  µ¶·¥¤¥²Ö¥É¸Ö ¶·µ¸ÉÒ³
· §²µ¦¥´¨¥³

H0(P,Q) = HC(P,Q) − ∂HC

∂Pα
Pα, (4.36)

¢ Éµ ¢·¥³Ö ± ± ¢ ¨¸Ìµ¤´ÒÌ p ¨ q ¥¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ²¨ÏÓ ¶µ¸·¥¤¸É¢µ³
¢ ·¨ Í¨µ´´µ° ¶·µ¨§¢µ¤´µ°

H0(p, q) =

[
HC(p, q)− δHC

δϕα
ϕα

]
. (4.37)

‘ ÊÎ¥Éµ³ ¶·¥¤¸É ¢²¥´¨Ö (4.29) ¤²Ö ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ´¨ ´  µ¡µ¡Ð¥´´Ò¥
Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉµ´  Å „¨· ±  (¢ ± Î¥¸É¢¥ £¥´¥· Éµ·  ¶·¨³¥´¨³ ¶µ²´Ò°
£ ³¨²ÓÉµ´¨ ´)

q̇i = {qi, HT },
ṗi = {pi, HT } (4.38)

¢ ´µ¢ÒÌ ±µµ·¤¨´ É Ì (Q,P ) ¨³¥ÕÉ ¢¨¤

˙̄QA ' {Q̄A, H̄E} =

[
∂H̄0(Q∗, P ∗, P̄ )

∂P̄A
+ ψA(Q,P ) + uα(t)δαA

]∣∣∣∣∣
P̄A=0

,

(4.39)
˙̄PA ' 0, A = 1, . . . ,m, (4.40)

Q̇∗a ' {Q∗a, H̄E} =
∂H̄0(Q∗, P ∗, P̄ )

∂P ∗a

∣∣∣∣∣
P̄A=0

=
∂H̄∗(Q∗, P ∗)

∂P ∗a
, (4.41)

Ṗ ∗a ' {P ∗a , H̄E} = −∂H̄0(Q∗, P ∗, P̄ )

∂Q∗a

∣∣∣∣∣
P̄A=0

= −∂H̄
∗(Q∗, P ∗)

∂Q∗a
, (4.42)

P̄A ' 0, (4.43)

¸ Ë¨§¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³

H∗(P ∗, Q∗) ≡ HC(P,Q)
∣∣∣
PA=0

. (4.44)

�¥§Õ³¥. ‚ ¸¶¥Í¨ ²Ó´ÒÌ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì (Q,P ) ¨ (Q∗, P ∗)
± ´µ´¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

Q̇∗ = {Q∗, H∗} , Q̇ = u(t) ,

Ṗ ∗ = {P ∗, H∗} , Ṗ = 0 , (4.45)
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H∗ § ¢¨¸¨É Éµ²Ó±µ µÉ (n−m) ¶ · ´µ¢ÒÌ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÒÌ
± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ (Q∗, P ∗) , ¨ Ëµ·³  ± ´µ´¨Î¥¸±¨Ì Ê· ¢´¥-
´¨° (4.45) ¶µ± §Ò¢ ¥É Ö¢´ÊÕ Ë ±Éµ·¨§ Í¨Õ ¶¥·¥³¥´´ÒÌ

2n




q1

p1

...
qn
pn

 7→

2(n−m)

{(
Q∗

P ∗

)

2m

{(
Q

P

)
Ë¨§¨Î¥¸±¨¥
¶¥·¥³¥´´Ò¥

´¥Ë¨§¨Î¥¸±¨¥
¶¥·¥³¥´´Ò¥

(4.46)

�·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³ ¶·¨ ÔÉµ³ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶·µ¨§¢µ²Ó´Ò¥ ËÊ´±-
Í¨¨ u(t) ¶·¨¸ÊÉ¸É¢ÊÕÉ ²¨ÏÓ ¢ Éµ° Î ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ±µÉµ·Ò¥ ¸µ-
¤¥·¦ É ¸±µ·µ¸É¨ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É Qα,   Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö
±µµ·¤¨´ É (Q∗, P ∗) ¢Ò¤¥²¨²¨¸Ó ¢ ¢¨¤¥ µÉ¤¥²Ó´µ° § ³±´ÊÉµ° ¸¨¸É¥³Ò, ´¥ ¸µ-
¤¥·¦ Ð¥° ¶¥·¥³¥´´ÒÌ (Q̄, P̄ ). �µ¸±µ²Ó±Ê ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ ´¥É ´¨± ±µ£µ
¶·µ¨§¢µ² , Éµ ¨³¥´´µ µ´¨ ¨ Ö¢²ÖÕÉ¸Ö ¨¸É¨´´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö,  
±µµ·¤¨´ ÉÒ (Q∗, P ∗) Å ¨¸É¨´´Ò³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨, ¶µ¸±µ²Ó±Ê
Ê¤µ¢²¥É¢µ·ÖÕÉ É·¥¡µ¢ ´¨Ö³, ¶·¥¤ÑÖ¢²Ö¥³Ò³ ± Ë¨§¨Î¥¸±¨³ ¢¥²¨Î¨´ ³∗: µ´¨
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò ¨ ¨Ì Ô¢µ²ÕÍ¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¸¨¸É¥³µ° ¨§ 2(n−m)
£ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¡¥§ ± ±¨Ì ²¨¡µ µ£· ´¨Î¥´¨° ´  ´ Î ²Ó-
´Ò¥ ¤ ´´Ò¥. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° § ¶µ²´ÖÕÉ ¢¸¥ ³´µ£µµ¡· -
§¨¥ · §³¥·´µ¸É¨ 2(n−m), ÉµÎ±¨ ±µÉµ·µ£µ ´ Ìµ¤ÖÉ¸Ö ¢µ ¢§ ¨³´µ µ¤´µ§´ Î´µ³
¸µµÉ¢¥É¸É¢¨¨ ¸ ÉµÎ± ³¨ ¶·µ¸É· ´¸É¢  Ë¨§¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò. ’¥³
¸ ³Ò³ ¡¥§ ¢¢¥¤¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° ¢ É¥µ·¨¨, ¸µ-
¤¥·¦ Ð¥° ²¨ÏÓ  ¡¥²¥¢Ò ¸¢Ö§¨, ¢µ§³µ¦´µ µ¸ÊÐ¥¸É¢¨ÉÓ ¨¸±µ³ÊÕ ·¥¤Ê±Í¨Õ
²¨ÏÓ §  ¸Î¥É ¢Ò¡µ·  ¸¶¥Í¨ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ, ¶·¨Î¥³ ¶µ¸²¥¤´¨¥ ¸¢Ö§ ´Ò ¸
¨¸Ìµ¤´Ò³ ± ´µ´¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨¥³, £ · ´É¨·ÊÕÐ¨³ É·¥¡Ê¥³ÊÕ ´ ³¨
©Ô±¢¨¢ ²¥´É´µ¸ÉÓª ´¥¢Ò·µ¦¤¥´´µ° ·¥¤ÊÍ¨·µ¢ ´´µ° ¸¨¸É¥³Ò, ¶¥·¢µ´ Î ²Ó´µ
¸¨´£Ê²Ö·´µ°.

�·Ö³µ¥ µ¡µ¡Ð¥´¨¥ ÔÉµ£µ ³¥Éµ¤  ·¥¤Ê±Í¨¨ ´  ´¥ ¡¥²¥¢ ¸²ÊÎ ° ´¥¢µ§-
³µ¦´µ, ¶µ¸±µ²Ó±Ê ¨¤¥´É¨Ë¨± Í¨Ö ¨³¶Ê²Ó¸µ¢ ¸µ ¸¢Ö§Ö³¨ § ¶·¥Ð¥´  ¨³¥´´µ

∗‡ ³¥É¨³, ÎÉµ ¢Ò¡µ· ¸¶¥Í¨ ²Ó´ÒÌ  ¤ ¶É¨·µ¢ ´´ÒÌ ±µµ·¤¨´ É P ∗, Q∗ ¨ Q ´¥ ¥¤¨´¸É¢¥´-
´Ò°. � ¶·¨³¥·, ³µ¦´µ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ± Î¥¸É¢¥ É ±µ¢ÒÌ ± ´µ´¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ

P ′A = PA,

Q′A = QA + fA(Q∗),

P ′∗i = P ∗i + PA
∂fA(Q∗)

∂Q∗i
,

Q′∗i = Q∗i . (4.47)

�¤´ ±µ ¢ ²Õ¡µ³ ¸²ÊÎ ¥ ¶¥·¥Ìµ¤ µÉ µ¤´¨Ì ±µµ·¤¨´ É ± ¤·Ê£¨³ ¡Ê¤¥É Ö¢²ÖÉÓ¸Ö ± ´µ´¨Î¥¸±¨³
¶·¥µ¡· §µ¢ ´¨¥³ ¢ ¸¥±Éµ·¥ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ (Q∗, P ∗).
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¨Ì ´¥ ¡¥²¥¢µ¸ÉÓÕ. �¤´ ±µ ¸ÊÐ¥¸É¢Ê¥É ¢ ¦´µ¥ ´ ¡²Õ¤¥´¨¥, ¶µ§¢µ²ÖÕÐ¥¥ Ë ±-
É¨Î¥¸±¨ ¸¢¥¸É¨  ´ ²¨§ ¶·µÍ¥¸¸  ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¸¢Ö§Ö³¨
¶¥·¢µ£µ ·µ¤  ± · ¸¸³µÉ·¥´´µ³Ê ¸²ÊÎ Õ  ¡¥²¥¢ÒÌ ¸¢Ö§¥°. �·¨Î¨´  ±·µ¥É¸Ö ¢
Éµ³, ÎÉµ ¢ ¸¨¸É¥³ Ì ¸µ ¸¢Ö§Ö³¨ ¸ÊÏ¥¸É¢Ê¥É ¡µ²ÓÏ Ö ¸¢µ¡µ¤  ¢ µ¶¨¸ ´¨¨∗;
¶µ³¨³µ ¶·µ¨§¢µ²  ¢ ¢Ò¡µ·¥ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¸ÊÐ¥¸É¢Ê¥É ¤µ¶µ²-
´¨É¥²Ó´ Ö ¸¢µ¡µ¤ , ¸¢Ö§ ´´ Ö ¸ µ¶¨¸ ´¨¥³ ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° Γc. ‚ ¸¢Ö§¨ ¸
É ±µ° ´¥µ¤´µ§´ Î´µ¸ÉÓÕ µ¶¨¸ ´¨Ö ¢µ§´¨± ¥É ¢µ¶·µ¸ µ ¢µ§³µ¦´µ¸É¨ ¶·¥¤¸É ¢-
²¥´¨Ö ¤ ´´µ° ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° ¸ ¶µ³µÐÓÕ ¤·Ê£¨Ì ËÊ´±Í¨°, ´ Ìµ¤ÖÐ¨Ì¸Ö
¢ ¨´¢µ²ÕÍ¨¨. �É¢¥É ´  ÔÉµÉ ¢µ¶·µ¸ ¶µ²µ¦¨É¥²¥´∗∗.

�¥§Õ³¥. “É¢¥·¦¤¥´¨¥ µ¡  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¸µ¸Éµ¨É ¢ ¢µ§³µ¦´µ-
¸É¨ § ³¥´Ò ¸¢Ö§¨ ϕα Ô±¢¨¢ ²¥´É´Ò³ ´ ¡µ·µ³ ¸¢Ö§¥° Φα:

Φα = Dαβϕβ , det ‖D‖
∣∣∣
ϕ=0
6= 0 , (4.48)

±µÉµ·Ò¥ § ¤ ÕÉ ÉÊ ¦¥ ¶µ¢¥·Ì´µ¸ÉÓ Γc, ´µ Ëµ·³¨·ÊÕÉ  ¡¥²¥¢Ê
 ²£¥¡·Ê.

„µ± § É¥²Ó¸É¢µ ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö ±µ·µÉ±µ µ¡¸Ê¦¤ ¥É¸Ö ¢ ¶·¨²µ¦¥´¨¨ �.
‡¤¥¸Ó µÉ³¥É¨³ ²¨ÏÓ, ÎÉµ µ´µ µ¸´µ¢ ´µ ²¨¡µ ´  Ö¢´µ³ · §·¥Ï¥´¨¨ ¸¢Ö§¥°
(¸³. [4], Sundermeyer; ƒ¨É³ ´, ’ÕÉ¨´; Henneaux, Teitelboim), ²¨¡µ ¨¸¶µ²Ó-
§ÊÕÉ¸Ö Ê¸²µ¢¨Ö, Ë¨±¸¨·ÊÕÐ¨¥ ± ²¨¡·µ¢±Ê [43], ¨²¨ ¦¥ ¶·¨³¥´Ö¥É¸Ö ¶·Ö³µ°
³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ ± ± ·¥Ï¥´¨Ö µ¶·¥¤¥²¥´´µ° ¸¨¸É¥³Ò
²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ-
·Ö¤±  (¸³. [26,27] ¨ ¶·¨²µ¦¥´¨¥ �).

‘ ÊÎ¥Éµ³ ¶µ¸²¥¤´¥£µ Ë ±É  µ±µ´Î É¥²Ó´µ ¸Ëµ·³Ê²¨·Ê¥³ µ¡ÐÊÕ ¸Ì¥³Ê
¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨° ¸  ²£¥¡·µ° ¸¢Ö§¥° ¶¥·¢µ£µ
·µ¤  µ¡Ð¥£µ ¢¨¤ . �Ê¸ÉÓ ¨³¥¥³ ¢Ò·µ¦¤¥´´ÊÕ ¸¨¸É¥³Ê ¸ ± ´µ´¨Î¥¸±¨³ £ -
³¨²ÓÉµ´¨ ´µ³ Hc(q, p) ¨ ¶µ²´Ò³ ´¥¶·¨¢µ¤¨³Ò³ ´ ¡µ·µ³ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 
ϕA(q, p):

{ϕA(q, p), ϕB(q, p)} = fABC(q, p)ϕC(q, p). (4.49)

‘ ¶µ³µÐÓÕ ¶·µÍ¥¤Ê·Ò ²µ± ²Ó´µ°  ¡¥²¨§ Í¨¨ § ³¥´Ö¥³ ´¥ ¡¥²¥¢Ò ¸¢Ö§¨ Ô±¢¨-
¢ ²¥´É´Ò³ ´ ¡µ·µ³  ¡¥²¥¢ÒÌ ¸¢Ö§¥° ΦA(q, p) = DAB(q, p)ϕA(q, p) ¨ ¶¥·¥Ìµ-
¤¨³ ± ¸¶¥Í¨ ²Ó´Ò³  ¤ ¶É¨·µ¢ ´´Ò³ ¶¥·¥³¥´´Ò³

qi 7→ Qi = Qi (q, p) ,

pi 7→ Pi = Pi (q, p) , (4.50)

∗�µ²´ÊÕ £·Ê¶¶Ê ¶·¥µ¡· §µ¢ ´¨°, ¸µÌ· ´ÖÕÐ¨Ì ± ± ¢¨¤ £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö, É ± ¨ ¶µ¢¥·Ì´µ¸ÉÓ ¸¢Ö§¥°, �¥·£³ ´ ´ §¢ ² ©µ¡µ¡Ð¥´´µ° £·Ê¶¶µ° ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ -
´¨°ª [3].

∗∗�µ¸±µ²Ó±Ê ± ´µ´¨Î¥¸±¨¥ ¶·¥µ¡· §µ¢ ´¨Ö µ¸É ¢²ÖÕÉ ´¥¨§³¥´´Ò³ §´ Î¥´¨¥ ¸±µ¡µ± �Ê ¸-
¸µ´ , Éµ ¶·¥µ¡· §µ¢ ´¨¥  ¡¥²¨§ Í¨¨ ´¥ ³µ¦¥É ¡ÒÉÓ ± ´µ´¨Î¥¸±¨³, ´µ, ¡¥§Ê¸²µ¢´µ, ¤µ²¦´µ ¶·¨-
´ ¤²¥¦ ÉÓ ± ±² ¸¸Ê µ¡µ¡Ð¥´´ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°.
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É ±¨³, ÎÉµ m ´µ¢ÒÌ ¨³¶Ê²Ó¸µ¢ (P 1, . . . , Pm) ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨ ´µ¢Ò³  ¡¥-
²¥¢Ò³ ¸¢Ö§Ö³ ΦA:

PA = ΦA(q, p) . (4.51)

�¡µ¡Ð¥´´Ò° £ ³¨²ÓÉµ´¨ ´ ¢ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¨ ¢ É¥·³¨´ Ì  ¡¥²¨§µ¢ ´´ÒÌ
¸¢Ö§¥° ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

H̄E(Q,P ) = H̄0(Q∗, P ∗, P̄ ) + ψ̄B(Q,P )P̄B + uA(t)D̄−1
AB(Q,P )P̄B , (4.52)

ÎÉµ ¤¥³µ´¸É·¨·Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É QA ¨ ± ´µ´¨Î¥-
¸±¨Ì ¶¥·¥³¥´´ÒÌ (Q∗, P ∗), Ô¢µ²ÕÍ¨Ö ±µÉµ·ÒÌ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É¸Ö ¨§
£ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸ ·¥¤ÊÍ¨·µ¢ ´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³

H̄∗(Q∗, P ∗) = H̄0(Q∗, P ∗, P̄ )

∣∣∣∣∣
P̄=0

. (4.53)

�¥§Õ³¥. ‚ ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨ÖÌ ¸ ´¥ ¡¥²¥¢Ò³¨ ¸¢Ö§Ö³¨ ¶¥·¢µ£µ
·µ¤ , ¨¸¶µ²Ó§ÊÖ ²¨ÏÓ µ¡µ¡Ð¥´´Ò¥ ± ´µ´¨Î¥¸±¨¥ ¶·¥µ¡· §µ¢ ´¨Ö,
³µ¦´µ ¶·µ¢¥¸É¨ ¶·µÍ¥¤Ê·Ê ·¥¤Ê±Í¨¨ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ¡¥§
¶·¨¢²¥Î¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°.

„²Ö ¶·µ¢¥¤¥´¨Ö É ±µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨ É·¥¡Ê¥É¸Ö §´ ´¨¥ Ö¢´µ£µ ¢¨¤  ± ± ³ -
É·¨ÍÒ  ¡¥²¨§ Í¨¨, É ± ¨ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨° (4.50), ÎÉµ, ¢ ¸¢µÕ
µÎ¥·¥¤Ó, ¸¢Ö§ ´µ ¸ ·¥Ï¥´¨¥³ ¶µ²´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± . ’¥³ ¸ ³Ò³ ¢ ÔÉµ³ ¶Ê´±É¥
¸Ì¥³  ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ³µ¦¥É ´ Éµ²±´ÊÉÓ¸Ö ´  É·Ê¤´µ¸É¨ É¥Ì´¨Î¥-
¸±µ£µ Ì · ±É¥· , Ê·µ¢¥´Ó ¸²µ¦´µ¸É¨ ±µÉµ·ÒÌ µ¶·¥¤¥²Ö¥É¸Ö ËÊ´±Í¨µ´ ²Ó´Ò³
¢¨¤µ³ ² £· ´¦¨ ´  ¸¨¸É¥³Ò. �¥¸³µÉ·Ö ´  ÔÉµ, ¸ ³ Ë ±É ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸Ì¥³Ò
¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¨³¥¥É ¶·¨´Í¨¶¨ ²Ó´µ¥ §´ Î¥´¨¥, ¶µ¸±µ²Ó±Ê ¤ ´-
´ Ö ¸Ì¥³  ·¥¤Ê±Í¨¨ µ¸´µ¢ ´  ´  ¤µ¶Ê¸É¨³µ³ ¸ ÉµÎ±¨ §·¥´¨Ö µ¡µ¡Ð¥´´µ° £ -
³¨²ÓÉµ´µ¢µ° ¤¨´ ³¨±¨ ¶·¨³¥´¥´¨¨ µ¡µ¡Ð¥´´ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ -
´¨° ± ©¸¶¥Í¨ ²Ó´Ò³ª ±µµ·¤¨´ É ³, ÎÉµ Ö¢²Ö¥É¸Ö £ · ´É¨¥° ¥¥ ±µ··¥±É´µ¸É¨.
�Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ³µ¦¥É ¶µ¸²Ê¦¨ÉÓ µÉ¶· ¢´Ò³ ¶Ê´±Éµ³ ¤²Ö  ´ ²¨§  Ê¶µ-
³Ö´ÊÉÒÌ ¶·µ¡²¥³ µ¶·¥¤¥²¥´¨Ö ±² ¸¸  ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± ± ± ¢ ³¥Éµ¤¥
„¨· ± , É ± ¨ ¢ ³¥Éµ¤¥ ” ¤¤¥¥¢ .

�´ ²¨§ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ±. ‚ ´ ¸ÉµÖÐ¥³ ¶Ê´±É¥, ¸· ¢´¨¢ Ö ¤¢¥
¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨: ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ ¨ ¡¥¸± ²¨¡·µ¢µÎ´µ³,
¡Ê¤ÊÉ ¨§²µ¦¥´Ò ´¥±µÉµ·Ò¥ ¶·µ¸ÉÒ¥ Ê¸²µ¢¨Ö ´  ± ²¨¡·µ¢±¨, £ · ´É¨·ÊÕÐ¨¥
±µ··¥±É´µ¸ÉÓ ¸ ³µ£µ ³¥Éµ¤  Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨∗.

∗�¡¸Ê¦¤¥´¨Õ ·Ö¤  ¢ ¦´ÒÌ ³µ³¥´Éµ¢ ¶·µÍ¥¤Ê·Ò Ë¨±¸ Í¨¨ ± ²¨¡·µ¢µ± ¢ ¢Ò·µ¦¤¥´´ÒÌ
É¥µ·¨ÖÌ ¶µ¸¢ÖÐ¥´ µ¡§µ· [46].
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�µ¸±µ²Ó±Ê ¢¸¥ Ëµ·³Ò ¶·¥¤¸É ¢²¥´¨Ö ¢Ò·µ¦¤¥´´ÒÌ É¥µ·¨° ¸ ´¥µ¡Ìµ¤¨-
³µ¸ÉÓÕ ¤µ²¦´Ò ¡ÒÉÓ ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£µ³ ¶µ¸·¥¤¸É¢µ³ µ¡µ¡Ð¥´´ÒÌ ± ´µ-
´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°, Éµ §  µ¶·¥¤¥²¥´¨¥ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± ³µ¦´µ
¶·¨´ÖÉÓ ¸²¥¤ÊÕÐ¥¥. Š ²¨¡·µ¢±  Ö¢²Ö¥É¸Ö ¤µ¶Ê¸É¨³µ°, ¥¸²¨ ¨ Éµ²Ó±µ ¥¸²¨
¸ÊÐ¥¸É¢Ê¥É ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ Ê· ¢´¥´¨Ö ƒ ³¨²Ó-
Éµ´  Å „¨· ±  (4.39) ¤²Ö ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Q∗, P ∗ c Ê· ¢´¥´¨Ö³¨
¤¢¨¦¥´¨Ö, ¶µ²ÊÎ¥´´Ò³¨ ¸ ¥¥ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢ ³¥Éµ¤¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨
(4.15).

‚ ©¸¶¥Í¨ ²Ó´ÒÌª ±µµ·¤¨´ É Ì ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö µ¡Ð¥£µ ¢¨¤  ¨³¥ÕÉ
¸²¥¤ÊÕÐ¨° ¢¨¤:

χ̄A(Q̄, P̄ , Q∗, P ∗) = 0. (4.54)

Š ± ÔÉµ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö, ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (4.54) ¶·¨´ ¤²¥¦ É
± ±² ¸¸Ê ¤µ¶Ê¸É¨³ÒÌ, ¥¸²¨ µ´¨ ´¥ ´ ±² ¤Ò¢ ÕÉ ´¨± ±¨Ì µ£· ´¨Î¥´¨° ´ 
¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ (Q∗, P ∗) ¨ ¶·¨¢µ¤ÖÉ ± Ë¨§¨Î¥¸±µ³Ê £ ³¨²ÓÉµ´¨ ´Ê
(4.53). ’·¥¡µ¢ ´¨¥ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ¤¥É¥·³¨´ ´É  ” ¤¤¥¥¢  Å �µ¶µ¢  (4.8)
¢ ±µµ·¤¨´ É Ì (Q,P )

det
∥∥{χ̄A(Q,P ), Φ̄B(Q,P )}

∥∥ = det
∥∥∥∂χ̄A(Q,P )

∂Q̄B

∥∥∥∣∣∣
Γ∗
6= 0 (4.55)

Ö¢²Ö¥É¸Ö Ê¸²µ¢¨¥³ · §·¥Ï¨³µ¸É¨ ¸¢Ö§¥° ¨ ± ²¨¡·µ¢µ± µÉ´µ¸¨É¥²Ó´µ ¶ · ± -
´µ´¨Î¥¸±¨ ¸µ¶·Ö¦¥´´ÒÌ ¶¥·¥³¥´´ÒÌ ¢ ¢¨¤¥

P̄A = 0,

Q̄A = fA(Q∗, P ∗). (4.56)

�µ± ¦¥³, ÎÉµ ¥¸²¨ ËÊ´±Í¨¨ fA(Q∗, P ∗) µ¶·¥¤¥²¥´Ò ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ §´ -
Î¥´¨° (Q∗, P ∗) ¨§ µ¡² ¸É¨ ¨Ì µ¶·¥¤¥²¥´¨Ö, Éµ ± ²¨¡·µ¢±¨

χ̄′ = Q̄A − fA(Q∗, P ∗) = 0 (4.57)

¶·¨´ ¤²¥¦ É ± ±² ¸¸Ê ¤µ¶Ê¸É¨³ÒÌ. „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¤µ± § ÉÓ, ÎÉµ ·¥¤Ê-
Í¨·µ¢ ´´Ò° £ ³¨²ÓÉµ´¨ ´, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ± ²¨¡·µ¢± ³ (4.57), ¸µ¢¶ ¤ ¥É
¸ Ë¨§¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³ (4.53). �¶·¥¤¥²ÖÖ ³´µ¦¨É¥²¨ ‹ £· ´¦  ¨§
Ê¸²µ¢¨° ¸É Í¨µ´ ·´µ¸É¨ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (4.57)

˙̄χA = {χ̄A, H̄E} = 0, (4.58)

¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö µ¡µ¡Ð¥´´µ£µ £ ³¨²ÓÉµ´¨ ´  H̄E :

H̄E = H̄0 +
[
−∂H̄0

∂P̄B
− ∂ψ̄C

∂P̄B
P̄C + {f̄B, H̄c}

]
P̄B . (4.59)
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�·¨³¥´ÖÖ ¤²Ö ËÊ´±Í¨¨ H̄0 Ëµ·³Ê²Ê ’¥°²µ·  ¸ µ¸É ÉµÎ´Ò³ Î²¥´µ³

H̄0(Q∗, P ∗, P̄ ) = H̄0(Q∗, P ∗, P̄ )

∣∣∣∣∣
P̄=0

+
(
P̄A

∂

∂P̄A

)
H̄0(Q∗, P ∗, P̄ )

∣∣∣∣∣
P̄=0

+

+
1

2

(
P̄A

∂

∂P̄A

)2
H̄0(Q∗, P ∗,ΘP̄ ), (4.60)

£¤¥ 0 ≤ ΘA ≤ 1, µ¡µ¡Ð¥´´Ò° £ ³¨²ÓÉµ´¨ ´ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

H̄E = H̄∗ + F̄B(Q∗, P ∗, P̄ )P̄B , (4.61)

£¤¥ H̄∗ ¸µ¢¶ ¤ ¥É ¸ ·¥¤ÊÍ¨·µ¢ ´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ (4.53) ¢ ¡¥¸± ²¨¡·µ¢µÎ-
´µ° ¸Ì¥³¥,  

F̄B(Q∗, P ∗, P̄ ) =
[1

2

(
P̄A

∂

∂P̄A

∂

∂P̄B

)
H̄0(Q∗, P ∗,ΘP̄ )− ∂ψ̄A

∂P̄B
P̄A + {f̄B, H̄c}

]
.

„ ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ± ²¨¡·µ¢±  ¤¥°¸É¢¨É¥²Ó´µ Ö¢²Ö¥É¸Ö
¤µ¶Ê¸É¨³µ°, É ± ± ± £ ³¨²ÓÉµ´µ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¶µ²ÊÎ¥´´Ò¥ ¸ ¶µ-
³µÐÓÕ H̄E , ¸µ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ¤²Ö Q∗, P ∗ ¢ ¡¥¸± ²¨¡·µ¢µÎ-
´µ° ¸Ì¥³¥ ·¥¤Ê±Í¨¨.

�¸µ¡µ¥ ³¥¸Éµ ¸·¥¤¨ ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± § ´¨³ ÕÉ ± ²¨¡·µ¢µÎ´Ò¥
Ê¸²µ¢¨Ö, § ¢¨¸ÖÐ¨¥ ²¨ÏÓ µÉ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É

χ̄A(Q̄) = 0,

det
∥∥∥∂χ̄A(Q̄)

∂Q̄B

∥∥∥∣∣∣
Σ
6= 0, (4.62)

¨²¨ ¢ · §·¥Ï¥´´µ³ ¢¨¤¥

χ̄A = Q̄A − CA = 0, (4.63)

£¤¥ CA Å ¶·µ¨§¢µ²Ó´Ò¥ ±µ´¸É ´ÉÒ. ’ ±µ° É¨¶ ± ²¨¡·µ¢µ± (4.62), ±µÉµ-
·Ò¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ± ´µ´¨Î¥¸±¨³¨, ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ¥¸É¥¸É¢¥´´Ò³ ¸
ÉµÎ±¨ §·¥´¨Ö ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨. Œ´µ¦¨É¥²¨ ‹ £· ´¦ , µ¶·¥¤¥²Ö¥-
³Ò¥ ¨§ Ê¸²µ¢¨° ¸É Í¨µ´ ·´µ¸É¨ ± ´µ´¨Î¥¸±µ° ± ²¨¡·µ¢±¨

ūA = −∂H̄c

∂P̄A
− ψ̄A, (4.64)

¶·¨¢µ¤ÖÉ ± µ¡µ¡Ð¥´´µ³Ê £ ³¨²ÓÉµ´¨ ´Ê

H̄E = H̄c −
∂H̄c

∂P̄A
P̄A = H̄∗ − F̄ABP̄AP̄B, (4.65)
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¸µ¢¶ ¤ ÕÐ¥³Ê ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³, ¶µ²ÊÎ¥´´Ò³ ¸ ¶µ³µÐÓÕ ¡¥¸-
± ²¨¡·µ¢µÎ´µ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨. ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉµ ¤ ´´µ¥ µ¶·¥¤¥²¥´¨¥ ± ´µ-
´¨Î¥¸±µ° ± ²¨¡·µ¢±¨ Ö¢²Ö¥É¸Ö ±µ´¸É·Ê±É¨¢´Ò³ ²¨ÏÓ ¢ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨-
´ É Ì (Q,P ), ¢µ§´¨± ¥É § ¤ Î  ¸Ëµ·³Ê²¨·µ¢ ÉÓ ´¥±µ¥ Ê¸²µ¢¨¥ ´  ± ´µ´¨Î¥-
¸±¨¥ ± ²¨¡·µ¢±¨, ¶µ§¢µ²ÖÕÐ¥¥ ¨´¢ ·¨ ´É´Ò³ µ¡· §µ³, ´¥§ ¢¨¸¨³µ µÉ ¢Ò¡µ· 
±µµ·¤¨´ É, ¶·µ¢¥·ÖÉÓ ± ´µ´¨Î´µ¸ÉÓ ± ²¨¡·µ¢±¨. �¨¦¥ ¡Ê¤¥É ¨§²µ¦¥´ ¶µ¤µ¡-
´Ò° ±·¨É¥·¨° ¶·¨´ ¤²¥¦´µ¸É¨ ± ±² ¸¸Ê ± ´µ´¨Î¥¸±¨Ì ± ²¨¡·µ¢µ±. „²Ö ¥£µ
¶µ²ÊÎ¥´¨Ö § ³¥É¨³, ÎÉµ, ¸µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ ·¥¤ÊÍ¨·µ¢ ´´µ£µ £ ³¨²ÓÉµ-
´¨ ´  (4.53), É·¥¡µ¢ ´¨¥ ´¥§ ¢¨¸¨³µ¸É¨ ± ²¨¡·µ¢±¨ µÉ Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´-
´ÒÌ (Q∗, P ∗) ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´µ ¢ ¸²¥¤ÊÕÐ¥° ± ´µ´¨Î¥¸±¨ ¨´¢ ·¨ ´É´µ°
Ëµ·³¥∗:

{χβ(p, q), H∗(p, q)}
∣∣∣
Γ∗

= 0. (4.66)

‚ É ±µ° Ëµ·³¥ ÔÉµÉ ±·¨É¥·¨° É ±¦¥ ¤ ²¥± µÉ ¶· ±É¨Î¥¸±µ£µ ¨¸¶µ²Ó§µ¢ ´¨Ö,
µ¤´ ±µ, ¨¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨Ö ¸±µ¡µ± „¨· ± , ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¥£µ ¢ Ê¤µ¡-
´µ³ ¢¨¤¥. „¥°¸É¢¨É¥²Ó´µ, ¢ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É Ì (Q,P ) ¨³¥¥É ³¥¸Éµ
¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ± ´µ´¨Î¥¸±µ£µ £ ³¨²ÓÉµ´¨ ´ :

HC(P,Q) = H0(Q∗, P ∗, P ) + Ψα(Q,P )Pα =

= H
∗
(P ∗, Q∗) + Fα(Q,P )Pα. (4.67)

“Î¨ÉÒ¢ Ö, ÎÉµ ´¨ ¸ ³  ± ²¨¡·µ¢± , ´¨ ³ É·¨Í  ∆αβ = {χα, P β} ´¥ § ¢¨¸ÖÉ
µÉ Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¨³¥¥³ ¢Ò· ¦¥´¨Ö

{χα(Q), HC(P,Q)} = ∆αβ(Q)Fβ(P,Q) + {χα(Q), Fβ(P,Q)}P β , (4.68)

{∆αβ(Q), HC(P,Q)} = {∆αβ(Q)Fγ(P,Q)}P γ + {∆αβ(Q), P γ}Fγ(P,Q),

¨§ ±µÉµ·ÒÌ, ¨¸±²ÕÎ Ö ËÊ´±Í¨¨ Fγ(P,Q)∗∗, ¶µ²ÊÎ ¥³

{∆αβ(Q), HC(P,Q)}
∣∣∣
Γ∗

= {∆αβ(Q), P γ}∆
−1

γσ (Q){χσ(Q), HC(P,Q)}
∣∣∣
Γ∗
.

‘ ÊÎ¥Éµ³ µ¶·¥¤¥²¥´¨Ö ¸±µ¡µ± „¨· ±  ÔÉµ Ê¸²µ¢¨¥ ¶·¨´¨³ ¥É ¡µ²¥¥ ¶·¨¢²¥-
± É¥²Ó´ÊÕ Ëµ·³Ê

{∆αβ(Q), HC(P,Q)}D(P,χ)

∣∣∣
P=0, χ=0

= 0. (4.69)

∗�¥§Ê¸²µ¢´µ, ¢µ§³µ¦¥´ ¸²ÊÎ °, ±µ£¤  £ ³¨²ÓÉµ´¨ ´ ´¥ § ¢¨¸¨É µÉ ´¥±µ° Ë¨§¨Î¥¸±µ° ¶¥·¥-
³¥´´µ° Q∗. �Éµ ¨³¥¥É ³¥¸Éµ ¤²Ö Í¨±²¨Î¥¸±¨Ì ±µµ·¤¨´ É, ¸¢Ö§ ´´ÒÌ ¸ £²µ¡ ²Ó´µ° ¸¨³³¥É·¨¥°
¸¨¸É¥³Ò. ˆ ¶µ ÔÉµ° ¶·¨Î¨´¥ µ´ ´¥ Ö¢²Ö¥É¸Ö ©µ¶ ¸´Ò³ª ¤²Ö ¢Ò¢µ¤¨³µ£µ ±·¨É¥·¨Ö.

∗∗ŒÒ ¶·¥¤¶µ² £ ¥³, ÎÉµ {∆αβ(Q), Pγ} 6= 0. …¸²¨ ÔÉµ Ê¸²µ¢¨¥ ´¥ ¢Ò¶µ²´Ö¥É¸Ö, Éµ ± ²¨-
¡·µ¢±  ³µ¦¥É § ¢¨¸¥ÉÓ µÉ Ë¨§¨Î¥¸±¨Ì ±µµ·¤¨´ É

χα = Qα + fα(Q∗).

�¤´ ±µ, ± ± ¡Ò²µ µÉ³¥Î¥´µ ¶·¨  ´ ²¨§¥ ¢Ò¡µ·  ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É, ¸ ¶µ³µÐÓÕ ± ´µ´¨Î¥-
¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¢ Ë¨§¨Î¥¸±µ³ ¸¥±Éµ·¥ Ê¤ ¥É¸Ö ¨¸±²ÕÎ¨ÉÓ ÔÉÊ § ¢¨¸¨³µ¸ÉÓ.
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�¤´ ±µ ´¥¤µ¸É Éµ± ¤ ´´µ£µ ±·¨É¥·¨Ö ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ µ´ § ¶¨¸ ´ ¢ É¥·³¨-
´ Ì  ¡¥²¨§µ¢ ´´ÒÌ ¸¢Ö§¥° P . „²Ö Éµ£µ ÎÉµ¡Ò ¨³¥ÉÓ ±·¨É¥·¨° ± ´µ´¨Î´µ¸É¨
± ²¨¡·µ¢±¨ ¢ É¥·³¨´ Ì ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥°, ¢µ¸¶µ²Ó§Ê¥³¸Ö ¢ ¦´Ò³ ¸¢µ°¸É¢µ³
³ É·¨ÍÒ  ¡¥²¨§ Í¨¨

ϕα = DαβP β . (4.70)

�·¥¦¤¥ ¢¸¥£µ § ³¥É¨³, ÎÉµ ¸±µ¡±  „¨· ±  Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ ¶µ µÉ´µÏ¥-
´¨Õ ± µ¡µ¡Ð¥´´Ò³ ± ´µ´¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨Ö³ [3]:

{F (P,Q), G(P,Q)}D(P ,χ) = {F (p, q), G(p, q)}D(ϕ,χ),

¨ ¶µÔÉµ³Ê ¢³¥¸Éµ (4.69) ¨³¥¥³

Dαγ{∆γβ(p.q), HC(p, q)}D(ϕ,χ)+∆γβ(p.q){Dαγ , HC(p, q)}D(ϕ,χ)

∣∣∣
ϕ=0,χ=0

= 0.

(4.71)
’¥¶¥·Ó ¤²Ö ¶µ²ÊÎ¥´¨Ö ¨¸±µ³µ£µ ·¥§Ê²ÓÉ É  ´ ¤µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ ³ É·¨Í 
 ¡¥²¨§ Í¨¨ § ¢¨¸¨É ²¨ÏÓ µÉ P ¨ Q, ¨ ± ± ¸²¥¤¸É¢¨¥

{Dαγ , HC(p, q)}D(ϕ,χ)

∣∣∣
ϕ=0, χ=0

= 0. (4.72)

‚ ÔÉµ³ ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö, · ¸¸³ É·¨¢ Ö ¸É·Ê±ÉÊ·Ê £¥´¥· Éµ·  ± ²¨¡·µ¢µÎ´ÒÌ
¶·¥µ¡· §µ¢ ´¨°, ±µÉµ·Ò° ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ²¨¡µ ¢ ¢¨¤¥ ²¨´¥°´µ° ±µ³¡¨-
´ Í¨¨ ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤  [4], „¨· ±, [44,45],

G = εα(q, p, t)ϕα(q, p),

²¨¡µ ¢ É¥·³¨´ Ì  ¡¥²¥¢ÒÌ ¸¢Ö§¥°

G = εα(Q,P, t)Pα. (4.73)

�·¨ ÔÉµ³ ¢ (4.73) ËÊ´±Í¨¨ Å ¶ · ³¥É·Ò ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
εA(Q̄) Å § ¢¨¸ÖÉ ²¨ÏÓ µÉ ¨£´µ·¨·Ê¥³ÒÌ ±µµ·¤¨´ É (Q,P ) ¢ ¸¨²Ê Ë ±-
Éµ·¨§µ¢ ´´µ° Ëµ·³Ò Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö. ‘µ£² ¸´µ (4.73) ¶·µ¨§¢µ²Ó´ Ö
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö I § ¢¨¸¨É ²¨ÏÓ µÉ Q∗ ¨ P ∗:

{I,G} = 0, (4.74)

¶µÔÉµ³Ê, ¨¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨Ö (4.74) ¸ £¥´¥· Éµ·µ³ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· -
§µ¢ ´¨° G, ¢ É¥·³¨´ Ì ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥° ¨ ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ (4.70)

G = ε̄α(Q,P , t)D−1
αβϕβ

¶µ²ÊÎ¨³ ¤²Ö I ≡ Q∗, P ∗

{Q∗i , G} = 0 =⇒
∂D−1

αβ

∂Q∗i
= 0,

{P ∗i , G} = 0 =⇒
∂D−1

αβ

∂P ∗i
= 0, (4.75)
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¸ ÊÎ¥Éµ³ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ³ É·¨ÍÒ D ¨ ËÊ´±Í¨µ´ ²Ó´µ° ´¥§ ¢¨¸¨³µ¸É¨ ¸¢Ö-
§¥°. �É¨³ § ¢¥·Ï ¥É¸Ö ¤µ± § É¥²Ó¸É¢µ ´¥§ ¢¨¸¨³µ¸É¨ ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ µÉ
¶¥·¥³¥´´ÒÌ P ∗ ¨ Q∗, ¨ É¥³ ¸ ³Ò³ ¨§ (4.71) ¶µ²ÊÎ ¥³ Ê¸²µ¢¨¥

{∆αβ(p, q), HC(p, q)}D
∣∣∣
ϕ=0, χ=0

= 0, (4.76)

£¤¥ Ê¦¥ ³ É·¨Í  ∆αβ = {χα, ϕβ} ¢ÒÎ¨¸²¥´  ¶µ¸·¥¤¸É¢µ³ ´¥ ¡¥²¥¢ÒÌ ¸¢Ö§¥°
¨ ¶·¨ ¶·µ¨§¢µ²Ó´µ³ ¢Ò¡µ·¥ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É.

�¥§Õ³¥. ’·¥¡µ¢ ´¨¥ § ´Ê²¥´¨Ö ¸±µ¡±¨ „¨· ±  ³ É·¨ÍÒ ∆αβ =
{χα, ϕβ} ¸ ± ´µ´¨Î¥¸±¨³ £ ³¨²ÓÉµ´¨ ´µ³ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°
¨ ± ²¨¡·µ¢µ±

{∆αβ(p, q), HC(p, q)}D
∣∣∣
ϕ=0, χ=0

= 0 (4.77)

Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´Ò³ ±·¨É¥·¨¥³ ¶·¨´ ¤²¥¦´µ¸É¨ ± ²¨¡·µ¢±¨
χα ± ±² ¸¸Ê ± ´µ´¨Î¥¸±¨Ì.

5. ‡�Š‹�—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ

�·¨ ´ ¶¨¸ ´¨¨ ¤ ´´µ° ¸É ÉÓ¨ ³Ò ´¥ ¸É ¢¨²¨ Í¥²¨ µ¡¸Ê¤¨ÉÓ ¢¸¥  ¸¶¥±ÉÒ
¨²¨ ÌµÉÖ ¡Ò ¤ ÉÓ ¶µ²´ÊÕ ¡¨¡²¨µ£· Ë¨Õ, ± ¸ ÕÐÊÕ¸Ö ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨
¢ ¢Ò·µ¦¤¥´´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ Ì. Š·Ê£ ¢µ¶·µ¸µ¢, ¸¢Ö§ ´´ÒÌ ¸ ¶·µ-
¡²¥³ É¨±µ° ´ ¸ÉµÖÐ¥£µ µ¡§µ· , ±· °´¥ µ¡Ï¨·¥´, µ´ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ± ±
¶·¨´Í¨¶¨ ²Ó´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ ¶·µ¡²¥³Ò, É ± ¨ ¸²µ¦´Ò¥ § ¤ Î¨ ·¥ ²¨§ -
Í¨¨ ¶·µÍ¥¤Ê·Ò £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ¢ É¥µ·¥É¨±µ-¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ, ¶·¥¤-
¸É ¢²ÖÕÐ¨Ì ´¥¶µ¸·¥¤¸É¢¥´´Ò° Ë¨§¨Î¥¸±¨° ¨´É¥·¥¸.

‘·¥¤¨ ¶µ¤µ¡´ÒÌ ¶·µ¡²¥³, ´¥ § É·µ´ÊÉÒÌ µ¡¸Ê¦¤¥´¨¥³, ¢Ò¤¥²¨³ ´¥¸±µ²Ó±µ
É¥³, ± ¨§²µ¦¥´¨Õ ±µÉµ·ÒÌ ³Ò ´ ³¥·¥´Ò µ¡· É¨ÉÓ¸Ö ¢ ¤ ²Ó´¥°Ï¨Ì ¶Ê¡²¨± -
Í¨ÖÌ:

Ä · §¢¨É¨¥ ³¥Éµ¤  £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ¤²Ö ¸¨¸É¥³, µ¡² ¤ ÕÐ¨Ì ·¥-
¶ · ³¥É·¨Î¥¸±µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ;

Ä µ¡µ¡Ð¥´¨¥ ³¥Éµ¤  £ ³¨²ÓÉµ´µ¢µ° ·¥¤Ê±Í¨¨ ´  É¥µ·¥É¨±µ-¶µ²¥¢Ò¥ ³µ-
¤¥²¨;

Ä ¸· ¢´¥´¨¥ ¸ ±µ¢ ·¨ ´É´Ò³ ³¥Éµ¤µ³ � É ²¨´  Å ”· ¤±¨´  Å ‚¨²±µ-
¢¨¸±µ£µ µ¶¨¸ ´¨Ö ¢Ò·µ¦¤¥´´ÒÌ ¸¨¸É¥³ ¸ ¢¢¥¤¥´¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ
¤ÊÌµ¢ÒÌ ¶¥·¥³¥´´ÒÌ;

Ä ¨¸¸²¥¤µ¢ ´¨¥ ¢µ¶·µ¸µ¢ £²µ¡ ²Ó´ÒÌ ¸¢µ°¸É¢ ¶·µÍ¥¤Ê·Ò £ ³¨²ÓÉµ´µ¢µ°
·¥¤Ê±Í¨¨;
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�É³¥É¨³, ÎÉµ µ¶¥· Í¨Ö ·¥¤Ê±Í¨¨ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¢ ± ²¨¡·µ¢µÎ-
´ÒÌ É¥µ·¨ÖÌ ¶µ²Ö ¢ ¸¨²Ê ¡¥¸±µ´¥Î´µ£µ Î¨¸²  ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ´¥-
¸· ¢´¥´´µ ¸²µ¦´¥¥, Î¥³ ¢ ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ Ì, ¨ §¤¥¸Ó É·¥¡Ê¥É¸Ö ÉÐ É¥²Ó-
´ Ö · §· ¡µÉ±  ¶·¨´Í¨¶¨ ²Ó´ÒÌ ¢µ¶·µ¸µ¢. �´ , ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¶µ³¨³µ
µÎ¥¢¨¤´ÒÌ É¥Ì´¨Î¥¸±¨Ì É·Ê¤´µ¸É¥°, ¸¢Ö§ ´  ¸ ¶·µ¡²¥³µ° £²µ¡ ²Ó´µ£µ  ´ ²¨§ 
Ö¢²¥´¨Ö ·¥¤Ê±Í¨¨. �Î¥¢¨¤´µ, ÎÉµ ¡¥§ ¶¥·¢µ£µ ±µ··¥±É´µ£µ Ï £ , ¢ÒÖ¸´¥´¨Ö
²µ± ²Ó´ÒÌ ¸¢µ°¸É¢ É¥µ·¨¨, ¶µ²ÊÎ¥´¨¥ ± ±¨Ì-²¨¡µ ·¥§Ê²ÓÉ Éµ¢ £²µ¡ ²Ó´µ£µ
Ì · ±É¥·  ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³. •µÉÖ ¨ ·¥§Ê²ÓÉ ÉÒ, ¨§²µ¦¥´´Ò¥ ¢
µ¡§µ·¥, µ¸´µ¢ ´Ò ´  ²µ± ²Ó´µ³ · ¸¸³µÉ·¥´¨¨ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¢µ ¢¸¥Ì
· ¸¸³ É·¨¢ ¥³ÒÌ ³´µ£µµ¡· §¨ÖÌ ³Ò µ£· ´¨Î¨¢ ¥³ ¸¥¡Ö µ¡² ¸ÉÓÕ, ±µÉµ·ÊÕ
³µ¦´µ ¶µ±·ÒÉÓ µ¤´µ° ± ·Éµ°. �¤´ ±µ, µ¶¨· Ö¸Ó ´  É· ¤¨Í¨µ´´µ ¶·¨³¥´Ö¥-
³Ò° ¶·¨´Í¨¶, ¸Ëµ·³Ê²¨·µ¢ ´´Ò° Ÿ.‚.’ É ·¨´µ¢Ò³ [50] ± ± ¶·¨´Í¨¶ ©¶·¥-
§Ê³¶Í¨¨  ´ ²¨É¨Î´µ¸É¨ª: ª¸µµÉ´µÏ¥´¨Ö, Ê¸É ´µ¢²¥´´Ò¥ ²µ± ²Ó´µ, ¤ ÕÉ
·¥§Ê²ÓÉ É ¶· ¢¨²Ó´Ò° ¨ £²µ¡ ²Ó´µ ª, ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ¸¤¥² ÉÓ ¨ ´¥±¨¥ § -
±²ÕÎ¥´¨Ö µ ¸¢µ°¸É¢ Ì ¸¨¸É¥³Ò ¢ Í¥²µ³. �·¨ ÔÉµ³, ± ¦¤Ò° · § µ¡´ ·Ê¦¨¢ Ö,
ÎÉµ µ´ ´ ·ÊÏ ¥É¸Ö, ´ ¢¥·´µ¥, ¸²¥¤Ê¥É ¢¸¶µ³´¨ÉÓ ´ ± § ˆ.�ÓÕÉµ´ , § ¸¥±·¥-
Î¥´´Ò° ¢  ´ £· ³³¥: ©Data aequatione quotcunque uentes quantitae involvente
uxiones invenire et vice versaª.

�¢Éµ·Ò ¡² £µ¤ ·´Ò �.�.’ ¢Ì¥²¨¤§¥ §  ¸É¨³Ê²¨·ÊÕÐ¨° ¨´É¥·¥¸ ± ´ ¶¨-
¸ ´¨Õ µ¡§µ· . �¸µ¡ÊÕ ¡² £µ¤ ·´µ¸ÉÓ ¢Ò· ¦ ¥³ ‚.�.ƒ¥·¤ÉÊ, �.�.Š¢¨´¨-
Ì¨¤§¥, ‚.‚.Šµ·´Ö±Ê, „.Œ.Œ² ¤¥´µ¢Ê, ‚.�.�¥¸É¥·¥´±µ, ‚.�.� ¢²µ¢Ê, ‚.�.�Ê¡ -
±µ¢Ê, �.�.‘² ¢´µ¢Ê, �.’.”¨²¨¶¶µ¢Ê, µ¡¸Ê¦¤¥´¨Ö ¸ ±µÉµ·Ò³¨ ¸¶µ¸µ¡¸É¢µ¢ ²¨
¶·µÖ¸´¥´¨Õ ³´µ£¨Ì ¢µ¶·µ¸µ¢ ¨ Ê²ÊÎÏ¥´¨Õ ¨§²µ¦¥´¨Ö.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �µ¸¸¨°¸±µ£µ Ëµ´¤  ËÊ´¤ ³¥´É ²Ó´ÒÌ
¨¸¸²¥¤µ¢ ´¨°, £· ´Éµ¢ º96-01-01223, 98-01-00101.

6. ��ˆ‹�†…�ˆŸ

�. �²£µ·¨É³  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 

‘ÊÐ¥¸É¢¥´´Ò³ ¨´£·¥¤¨¥´Éµ³ ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ
¸¨¸É¥³ ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥° Ö¢²Ö¥É¸Ö ¶·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¶¥·-
¢µ£µ ·µ¤ . ‚µ§³µ¦´µ¸ÉÓ ¶¥·¥Ìµ¤  ±  ¡¥²¥¢Ò³ ¸¢Ö§Ö³ ¸²¥¤Ê¥É ¨§ Ìµ·µÏµ ¨§-
¢¥¸É´µ£µ Ë ±É ∗, ÎÉµ ¥¸²¨ ¸¢Ö§¨ ¶¥·¢µ£µ ·µ¤  · §·¥Ï¨ÉÓ µÉ´µ¸¨É¥²Ó´µ ± ´µ-
´¨Î¥¸±¨Ì ¨³¶Ê²Ó¸µ¢, Éµ µ´¨ ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ  ¡¥²¥¢Ò. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ

∗‡ ³¥É¨³, ÎÉµ Ê¦¥ ‹¥¢¨-—¨¢¨É  ¢ § ¤ Î¥ µ ´ Ìµ¦¤¥´¨¨ Î ¸É´ÒÌ ¨´É¥£· ²µ¢ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° ¶µ²Ó§µ¢ ²¸Ö ¨³¥´´µ É ±µ° ¶·µÍ¥¤Ê·µ° ¤²Ö ¶µ²ÊÎ¥´¨Ö ¨´¢ ·¨ ´É´ÒÌ ¸µµÉ´µÏ¥´¨°
¢ ¨´¢µ²ÕÍ¨¨ [23].
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¶·¨ ÔÉµ³, ÎÉµ ÌµÉÖ ¨§ É¥µ·¥³Ò µ ´¥Ö¢´µ° ËÊ´±Í¨¨, ¶·¨³¥´¨³µ¸ÉÓ ±µÉµ·µ° ¢
¤ ´´µ³ ¸²ÊÎ ¥ £ · ´É¨·Ê¥É¸Ö Ê¸²µ¢¨¥³ (3.13), ¸²¥¤Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ¤µ¡´µ£µ
· §·¥Ï¥´¨Ö, µ¤´ ±µ µ¸É ¥É¸Ö µÉ±·ÒÉÒ³ ¢µ¶·µ¸ µ £²µ¡ ²Ó´µ° Ô±¢¨¢ ²¥´É´µ¸É¨
¨¸Ìµ¤´µ° ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥° Éµ° ¶µ¢¥·Ì´µ¸É¨, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É¸Ö Ê¦¥  ¡¥-
²¥¢Ò³¨ ¸¢Ö§Ö³¨. �Î¥¢¨¤´µ, ÎÉµ ¥¸²¨  ¡¥²¨§µ¢ ´´Ò¥ ¸¢Ö§¨ Φα(p, q) ¸¢Ö§ ´Ò ¸
¨¸Ìµ¤´Ò³¨ ´¥ ¡¥²¥¢Ò³¨ ¸¢Ö§Ö³¨ ¸µµÉ´µÏ¥´¨¥³

Φα(p, q) = Dαγϕγ(p, q), (�.1)

Éµ Ê¸²µ¢¨¥ £²µ¡ ²Ó´µ° Ô±¢¨¢ ²¥´É´µ¸É¨ µ§´ Î ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ É ±µ° ´¥-

¢Ò·µ¦¤¥´´µ° ³ É·¨ÍÒ D(p, q) (¸ det ||Dαγ ||
∣∣∣
Γc
6= 0 ´  ¢¸¥° ¶µ¢¥·Ì´µ¸É¨

¸¢Ö§¥°), ±µÉµ· Ö Ö¢²Ö¥É¸Ö £²µ¡ ²Ó´Ò³ ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± :

{Dαγ ,Dβλ}ϕγ + {Dαλ, ϕγ}Dβγ + {ϕγ ,Dβλ}Dαγ + fγσλDαγDβσ = 0. (�.2)

�´ ²¨§ ¸ÊÐ¥¸É¢µ¢ ´¨Ö É ±µ£µ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ±· °´¥ ¸²µ¦´ÊÕ
¶·µ¡²¥³Ê. �¤´ ±µ µ± §Ò¢ ¥É¸Ö ¢µ§³µ¦´Ò³ ¸¢¥¸É¨ § ¤ ÎÊ ´ Ìµ¦¤¥´¨Ö ·¥Ï¥-
´¨° (�.2) ± § ¤ Î¥ µ¶·¥¤¥²¥´¨Ö Î ¸É´µ£µ ·¥Ï¥´¨Ö ¶µ²´µ° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢µ£µ ¶µ·Ö¤±  ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ∗. �µ-
²¥¥ ÉµÎ´µ ¢ ÔÉµ³ ¶·¨²µ¦¥´¨¨ ¡Ê¤¥É µ¶¨¸ ´  ·¥±Ê··¥´É´ Ö ¶·µÍ¥¤Ê·   ¡¥²¨-
§ Í¨¨ ¸¢Ö§¥°, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì  ²£¥¡·¥ µ¡Ð¥£µ ¢¨¤ 

{ϕα(p, q), ϕβ(p, q)} = fαβγ(p, q)ϕγ(p, q) , α = 1, 2, . . . ,m (�.3)

¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö Ô±¢¨¢ ²¥´É´µ¸É¨ „¨· ±  (�.1) ± ´µ¢Ò³  ¡¥²¥¢Ò³
¸¢Ö§Ö³ Φα(p, q) ¸ ³ É·¨Í¥°, ¨³¥ÕÐ¥° ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

D := D1(p, q) · · ·Dm(p, q)︸ ︷︷ ︸
m

, (�.4)

£¤¥ ± ¦¤ Ö ³ É·¨Í  Dk Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥³ k ³ É·¨Í · §³¥·´µ¸É¨ m×m:

Dk := Rak+k(p, g)

0∏
i=k−1

Sak+i(p, g), ak :=
k(k + 1)

2
, (�.5)

∗�µ¤µ¡´Ò° ¸¶µ¸µ¡ ¤µ± § É¥²Ó¸É¢  ¶·¨³¥´Ö²¸Ö ¢ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥  ²£¥¡·Ò

{ϕα, ϕβ} = Fαβ(ϕ1, . . . , ϕm), α, β = 1, . . . , m.

’ ±µ° ´ ¡µ· ¸¢Ö§¥° ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ËÊ´±Í¨µ´ ²Ó´µ° £·Ê¶¶µ°, ¸²¥¤ÊÖ É¥·³¨´µ²µ£¨¨ ‹¨ [41,42].
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k︷ ︸︸ ︷ m−k︷ ︸︸ ︷

Rak+k =



I 0

0 B
ak+k


,

(�.6)

k︷ ︸︸ ︷ m−k︷ ︸︸ ︷

Sak+i =



1 0 · · · 0 0 0 0 · · · 0 0
0 1 · · · 1 0 0 0 · · · 0 0
...

...
. . .

...
...

...
...

. . .
...

...
0 0 · · · 1 0 0 0 · · · 0 0
0 0 · · · 0 1 0 0 · · · 0 0

0 · · · Cak+i
k · · · 0 1 0 · · · 0 0

0 · · · Cak+i
k+1 · · · 0 0 1 · · · 0 0

...
...

...
...

...
...

...
. . .

...
...

0
... Cak+i

m−1 · · · 0 0 0 · · · 1 0
0 · · · Cak+i

m · · · 0 0 0 · · · 0 1



.

︸ ︷︷ ︸
k−i

(�.7)

‘¢Ö§¨, ¶µ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö k ³ É·¨Í ÔÉµ£µ É¨¶  ´  ¨¸Ìµ¤-
´Ò¥ ¸¢Ö§¨ Φ0

β Å ¸¢Ö§¨ (ak + k)-£µ ÔÉ ¶  ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨

Φak+k
α :=

(
Dk · Dk−1 · · · D1

)
αβ

Φ0
β , (�.8)

µ¡· §ÊÕÉ ´ ¡µ·, ¢ ±µÉµ·µ³ k ¸¢Ö§¥° ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¸±µ¡±¨ �Ê ¸¸µ´  ¸ ²Õ¡µ°
¸¢Ö§ÓÕ ¢ ¸¨²Ê Éµ£µ, ÎÉµ ËÊ´±Í¨¨ C ¨ B Ê¤µ¢²¥É¢µ·ÖÕÉ ¶µ²´µ° ¸¨¸É¥³¥ ²¨´¥°-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± :

{Φak+i−1
αk

, Cak+i
αk
} = 0, (�.9)

{Φak+i−1
k , Cak+i

αk
} = fak+i−1

kαkγk
Cak+i
γk

− fak+i−1
kαki+1 , (�.10)

{Φak+k−1
αk

, Bak+k
αkβk

} = 0, (�.11)
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{Φak+k−1
k , Bak+k

αkβk
} = −fak+k−1

kγkβk
Bak+k
αkγk

, (�.12)

£¤¥ αk = k + 1, . . . ,m , αk = 1, 2, . . . , k − 1, ¨ fak+i
αγβ Ö¢²ÖÕÉ¸Ö ¸É·Ê±ÉÊ·´Ò³¨

ËÊ´±Í¨Ö³¨  ²£¥¡·Ò ¸¢Ö§¥° (ak + i)-£µ ÔÉ ¶ .
„µ± § É¥²Ó¸É¢µ ¸¶· ¢¥¤²¨¢µ¸É¨ ¶·¥¤¸É ¢²¥´¨Ö (�.4) ¨ ¶µ²´µÉÒ ¸¨¸É¥³

¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ³ É·¨Í S R ¡Ò²µ ¶·µ¢¥¤¥´µ ¢ · ¡µÉ¥ [26]
³¥Éµ¤µ³ ¨´¤Ê±Í¨¨. ‘  ²£¥¡· ¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ¶·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨
Ö¢²Ö¥É¸Ö ¨É¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·µ° ¶µ¸É·µ¥´¨Ö ©Ô±¢¨¢ ²¥´É´ÒÌª  ²£¥¡· Aai ,
µ¡· §µ¢ ´´ÒÌ ¸¢Ö§Ö³¨ Φaiα :

A0 S1

→ A1 R2

→︸ ︷︷ ︸
D1

A2 S3

→ A3 S4

→ A4 R5

→︸ ︷︷ ︸
D2

A5 . . .
Sak→ Aak . . . R

ak+k

→︸ ︷︷ ︸
Dk

Aak+k . . . (�.13)

�·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨ ¸µ¸Éµ¨É ¨§ am ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ÔÉ ¶µ¢ Ëµ·³¨·µ¢ -
´¨Ö  ¡¥²¥¢µ°  ²£¥¡·Ò · §³¥·´µ¸É¨ m, Ô±¢¨¢ ²¥´É´µ° ¨¸Ìµ¤´µ° ´¥ ¡¥²¥¢µ°
 ²£¥¡·¥, É ± ÎÉµ ´  ak-µ³ ÔÉ ¶¥  ²£¥¡·  Aak µ¡² ¤ ¥É Í¥´É·µ³ ¨§ k Ô²¥-
³¥´Éµ¢ Zk[A] = (Φak1 ,Φak2 , . . .Φakk ). ˆ´Ò³¨ ¸²µ¢ ³¨, ³ É·¨Í  Dk ¶¥·¥¢µ¤¨É
 ²£¥¡·Ê Ak ¢  ²£¥¡·Ê Ak+1, ¸ Í¥´É·µ³ ¨§ k + 1-£µ Ô²¥³¥´É .

�. �¡¥²¥¢  ³µ¤¥²Ó •·¨¸É  Å ‹¨ Å �·µÌµ·µ¢ 

‡¤¥¸Ó ´  ¶·¨³¥·¥ ¶·µ¸É¥°Ï¥° ³¥Ì ´¨Î¥¸±µ° ¸¨¸É¥³Ò ¡Ê¤¥É ¨§²µ¦¥´ 
¶·µÍ¥¤Ê·  ¡¥¸± ²¨¡·µ¢µÎ´µ° ·¥¤Ê±Í¨¨, ¤ ´µ ¸· ¢´¥´¨¥ ¸µ ¸Ì¥³µ° Ë¨±¸ Í¨¨
± ²¨¡·µ¢±¨. �ÉµÉ ¶·¨³¥· ¶µ± §Ò¢ ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ± ²¨¡·µ¢µ±, ±µÉµ·Ò¥,
´¥¸³µÉ·Ö ´  Éµ, ÎÉµ Ê¸²µ¢¨¥ (4.8) ¢Ò¶µ²´Ö¥É¸Ö, ¢¸¥ ¦¥ ¶·¨¢µ¤ÖÉ ± ¨¸± ¦¥´¨Õ
¨¸É¨´´µ° ¤¨´ ³¨±¨ ·¥¤ÊÍ¨·µ¢ ´´µ° ¸¨¸É¥³Ò.

”µ·³Ê²¨·µ¢±  ³µ¤¥²¨ ¨ ¡¥¸± ²¨¡·µ¢µÎ´ Ö ·¥¤Ê±Í¨Ö. � ¸¸³µÉ·¨³ ÉµÎ´µ
·¥Ï ¥³ÊÕ ³¥Ì ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, § ¤ ´´ÊÕ ² £· ´¦¨ ´µ³ [47,48]:

L =
1

2

(
ẋ2

1 + ẋ2
2 + y2(x2

1 + x2
2)
)
− y(ẋ1x2 − x1ẋ2)− V (x2

1 + x2
2), (�.1)

£¤¥ x1, x2, y Å ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥. � ´£ ³ É·¨ÍÒ ƒ¥¸¸  · ¢¥´ ¤¢Ê³,
¶µÔÉµ³Ê ¨³¥¥É¸Ö µ¤´  ¶¥·¢¨Î´ Ö ¸¢Ö§Ó

py = 0, (�.2)

±µÉµ· Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö ± ´µ´¨Î¥¸±µ£µ ¨³¶Ê²Ó¸ 
py. �·¨³¥´ÖÖ ¸É ´¤ ·É´ÊÕ ¶·µÍ¥¤Ê·Ê ¶¥·¥Ìµ¤  ± £ ³¨²ÓÉµ´µ¢Ê Ëµ·³ ²¨§³Ê,
¶µ²ÊÎ¨³ ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´

HT =
1

2
(p2

1 + p2
2)− y(x1p2 − x2p1) + V (x2

1 + x2
2) + u(t)py (�.3)
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¨ ¢Éµ·¨Î´ÊÕ ¸¢Ö§Ó ¨§ Ê¸²µ¢¨Ö ¸É Í¨µ´ ·´µ¸É¨ ¶¥·¢¨Î´µ°

ϕ := x1p2 − x2p1 = 0. (�.4)

‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ ¢ É¥µ·¨¨ ´¥É ¤·Ê£¨Ì ¸¢Ö§¥°,   ¶¥·¢¨Î´Ò¥ ¨ ¢Éµ-
·¨Î´Ò¥ ¸¢Ö§¨ µ¡· §ÊÕÉ ¶µ²´ÊÕ ¸¨¸É¥³Ê ¸¢Ö§¥° ¶¥·¢µ£µ ·µ¤ 

{ϕ, py} = 0.

�Éµ µ§´ Î ¥É, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É £·Ê¶¶  ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ-
¢ ´¨°, µÉ´µ¸¨É¥²Ó´µ ±µÉµ·µ° ² £· ´¦¨ ´ ¸¨¸É¥³Ò (±¢ §¨)¨´¢ ·¨ ´É¥´. �·µ-
¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¡¥¸±µ´¥Î´µ ³ ²ÒÌ ²µ± ²Ó´ÒÌ ± ²¨¡·µ-
¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸É·µ¨É¸Ö ¶µ ¸¢Ö§Ö³ ¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

G = −ε̇(t)py + ε(t)(x1p2 − x2p1). (�.5)

�·¥µ¡· §µ¢ ´¨Ö µ¡µ¡Ð¥´´ÒÌ ±µµ·¤¨´ É, £¥´¥·¨·Ê¥³Ò¥ ¸ ¶µ³µÐÓÕ G:

x′1 = x1 + {x1, G} = x1 − ε(t)x2,

x′2 = x2 + {x2, G} = x2 + ε(t)x1,

y′ = y + {y,G} = y − ε̇(t) (�.6)

¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¢· Ð¥´¨Ö ´  Ê£µ² ε(t) ¢µ±·Ê£ µ¸¨, ¶¥·¶¥´¤¨±Ê²Ö·´µ° ±
¶²µ¸±µ¸É¨ (x1, x2).

�¸ÊÐ¥¸É¢¨³ É¥¶¥·Ó ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ± ¸¶¥Í¨ ²Ó´Ò³ ¶¥·¥-
³¥´´Ò³ (Y, PY ), (R,PR), (Θ, PΘ) É ±, ÎÉµ¡Ò ´µ¢Ò° ¨³¶Ê²Ó¸ PΘ ¡Ò² · ¢¥´
¢Éµ·¨Î´µ° ¸¢Ö§¨ ϕ:

Y = y, Py = pY , (�.7)

R =
√
x2

1 + x2
2, PR =

x1p1 + x2p2√
x2

1 + x2
2

, (�.8)

Θ = arctan

(
x2

x1

)
, PΘ = x1p2 − x2p1. (�.9)

�Éµ ¶·¥µ¡· §µ¢ ´¨¥ ± ´µ´¨Î¥¸±µ¥ ¨ ¨³¥¥É µ¡· É´µ¥

y = Y, pY = Py, (�.10)

x1 = R cos Θ, p1 = PR cos Θ −
PΘ

R
sin Θ , (�.11)

x2 = R sin Θ, p2 = PR sin Θ +
PΘ

R
cos Θ (�.12)
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¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ µ¤´µ° ÉµÎ±¨ R = 0, ¥¸²¨ ¶·¨³¥³, ÎÉµ 0 < Θ < 2π. ‚
É¥·³¨´ Ì ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´ ¨³¥¥É ¢¨¤

HT =
1

2
(P 2
R +

P
2

Θ

R2
)− Y PΘ + V (R2) + uY PY . (�.13)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ µ¡Ð¨³ ¶·¥¤¸É ¢²¥´¨¥³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

Ṙ = PR ,

ṖR = −∂V (R2)

∂R
,

˙PΘ = 0, Θ̇α = uΘ(t),

ṖY = 0, Ẏ = uY (t) (�.14)

¤¥³µ´¸É·¨·ÊÕÉ · ¸Ð¥¶²¥´¨¥ ±µµ·¤¨´ É Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ´  ¤¢¥ Î ¸É¨:
(R,PR), ¤¨´ ³¨±  ±µÉµ·ÒÌ ´¥ ¸µ¤¥·¦¨É ¶·µ¨§¢µ²  ¨ § ¤ ¥É¸Ö Ë¨§¨Î¥¸±¨³
£ ³¨²ÓÉµ´¨ ´µ³

HPh =
1

2
P 2
R + V (R2), (�.15)

¨ (Y,Θ) ¸ ¶µ²´µ¸ÉÓÕ ¶·µ¨§¢µ²Ó´µ° Ô¢µ²ÕÍ¨¥°. ’ ±¨³ µ¡· §µ³, ¶µ¸²¥ ÊÎ¥É 
¸¢Ö§¥° PY ¨ PΘ  ¢Éµ³ É¨Î¥¸±¨ ¶·µ¨¸Ìµ¤¨É ·¥¤Ê±Í¨Ö ± ¨¸É¨´´Ò³ ¤¨´ ³¨-
Î¥¸±¨³ ¶¥·¥³¥´´Ò³ (R,PR) ¡¥§ ¢¢¥¤¥´¨Ö ± ±¨Ì-²¨¡µ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨-
¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°. ‚ ¨Ì ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö ¸
¶µ³µÐÓÕ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ ¡¥¸±µ´¥Î´µ ³ ²ÒÌ ²µ± ²Ó´ÒÌ ± ²¨¡·µ¢µÎ-
´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (�.5) ¢ ´µ¢ÒÌ ±µµ·¤¨´ É Ì

G = −ε̇(t)PY + ε(t)PΘ. (�.16)

Š ´µ´¨Î¥¸± Ö ± ²¨¡·µ¢± . �¡· É¨³¸Ö É¥¶¥·Ó ± ¸Ì¥³¥ ·¥¤Ê±Í¨¨ ¸ Ë¨±¸ -
Í¨¥° ± ²¨¡·µ¢±¨. ‚¸Ö± Ö ±µ··¥±É´ Ö ·¥¤Ê±Í¨Ö ¤µ²¦´  ¶·¨¢µ¤¨ÉÓ ± ´¥¢Ò·µ¦-
¤¥´´µ° É¥µ·¨¨, ±µÉµ· Ö ¤µ²¦´  ¡ÒÉÓ ± ´µ´¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´  É¥µ·¨¨, ¶µ-
²ÊÎ¥´´µ° ¡¥¸± ²¨¡·µ¢µÎ´Ò³ µ¡· §µ³. �µÔÉµ³Ê ¶·¥¦¤¥ ¢¸¥£µ Ê¤µ¸Éµ¢¥·¨³¸Ö
¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ± ´µ´¨Î¥¸±µ° ± ²¨¡·µ¢±¨ ¤²Ö ¤ ´´µ° ³µ¤¥²¨. ‹¥£±µ ¶·µ¢¥-
·¨ÉÓ, ÎÉµ ¢Ò¡µ· ± ²¨¡·µ¢µ±

χ1 =: y = 0,

χ2 =: arctan

(
x2

x1

)
= const, (�.17)

det ‖{χα, ϕβ}‖ = 1 (�.18)

¶µ§¢µ²Ö¥É § Ë¨±¸¨·µ¢ ÉÓ ³´µ¦¨É¥²¨ ‹ £· ´¦  u1, u2 ¢ µ¡µ¡Ð¥´´µ³ £ ³¨²Ó-
Éµ´¨ ´¥

HE =
1

2
(p2

1 + p2
2)− y(x1p2− x2p1) + V (x2

1 + x2
2) + u(t)1py + u2(x1p2− x2p1),
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u1 = 0,

u2 = y − x1p2 − x2p1√
x2

1 + x2
2

¨ ¶·¨¢µ¤¨É ± ·¥¤ÊÍ¨·µ¢ ´´µ° ¸¨¸É¥³¥, ±µÉµ· Ö Ô±¢¨¢ ²¥´É´  ¶µ²ÊÎ¥´´µ°
¢ÒÏ¥ (�.14).

�¥¤µ¶Ê¸É¨³ Ö ± ²¨¡·µ¢± . �·¨¢¥¤¥³ ¶·¨³¥· ± ²¨¡·µ¢±¨, ±µÉµ· Ö Ê¤µ¢-
²¥É¢µ·Ö¥É Ê¸²µ¢¨Õ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ³ É·¨ÍÒ ” ¤¤¥¥¢  Å �µ¶µ¢ , µ¤´ ±µ
´¥ Ö¢²Ö¥É¸Ö ¤µ¶Ê¸É¨³µ°. � ¸¸³µÉ·¨³ ËÊ´±Í¨¨

χ1 ≡ y = 0,

χ2 ≡
x2

1 − x2
2

x2
1 + x2

2

−
(

1

2
+

A√
x2

1 + x2
2

)
= 0, A > 0. (�.19)

‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¤ ´´ Ö ± ²¨¡·µ¢± , ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¸ ¥¥ ¶µ³µÐÓÕ
É ±¦¥ ³µ¦´µ § Ë¨±¸¨·µ¢ ÉÓ ³´µ¦¨É¥²¨ ‹ £· ´¦ , ´¥¤µ¶Ê¸É¨³ , ¶µ¸±µ²Ó±Ê
¥¥ ¸²¥¤¸É¢¨¥³ Ö¢²Ö¥É¸Ö µ£· ´¨Î¥´¨¥ ´  §´ Î¥´¨¥ Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò. „¥°-
¸É¢¨É¥²Ó´µ, ¢ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É Ì (�.7) ÔÉ  ± ²¨¡·µ¢±  ¨³¥¥É ¢¨¤

χ1 ≡ Y = 0,

χ2 ≡ cos 2Θ−
(

1

2
+
A

R

)
= 0. (�.20)

ˆ§ (�.20) ¸²¥¤Ê¥É, ÎÉµ 0 < 2Θ ≤ π
3 ,

5π
3 ≤ 2Θ < 2π, ¨ ¶µÔÉµ³Ê ´  Γ∗

¢Ò¶µ²´Ö¥É¸Ö ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ ” ¤¤¥¥¢  Å �µ¶µ¢ 

det ‖{χα, ϕβ}‖ = −2 sin 2Θ
∣∣∣
Γ∗
6= 0, (�.21)

µ¤´ ±µ ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É µ£· ´¨Î¥´¨¥ ´  Ë¨§¨Î¥¸±ÊÕ ¶¥·¥³¥´´ÊÕ R:

R > 2A. (�.22)

‡ ³¥É¨³ ¥Ð¥, ÎÉµ ¶·¥¤²µ¦¥´´Ò° ±·¨É¥·¨° ¤µ¶Ê¸É¨³ÒÌ ± ²¨¡·µ¢µ± (4.76)
§ ¡· ±µ¢Ò¢ ¥É ¤ ´´ÊÕ ± ²¨¡·µ¢±Ê (�.19).

�·¨¢¥¤¥³ ¥Ð¥ µ¤¨´ ¶·¨³¥· ± ²¨¡·µ¢±¨:

χ1 = y = 0,

χ2 = x2 −
√
x1(

2

3
x2

1 − x1 + 2) + a = 0, (�.23)

¤²Ö ±µÉµ·µ° ´  ¶µ¢¥·Ì´µ¸É¨ ± ²¨¡·µ¢µ± ¨ ¸¢Ö§¥° ¤¥É¥·³¨´ ´É ” ¤¤¥¥¢  Å
�µ¶µ¢  ´¨£¤¥ ´¥ µ¡· Ð ¥É¸Ö ¢ ´µ²Ó, ´µ ±µÉµ· Ö É ±¦¥ Ö¢²Ö¥É¸Ö ´¥¤µ¶Ê¸É¨³µ°.
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‚. SU(2) ¨´¢ ·¨ ´É´ Ö ³¥Ì ´¨±  Ÿ´£  Å Œ¨²²¸  ¢ 0 + 1-³¥·´µ³
¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨ ¸¢Ö§¥° ¨ ¶µ¸É·µ¥´¨Ö ·¥¤ÊÍ¨-
·µ¢ ´´µ° ¸¨¸É¥³Ò · ¸¸³µÉ·¨³ ³µ¤¥²Ó [48,49], ¶·¥¤¸É ¢²ÖÕÐÊÕ ¸µ¡µ° SU(2)
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÊÕ É¥µ·¨Õ ¶µ²¥° Ÿ´£  Å Œ¨²²¸  ¢ (0 + 1)-³¥·´µ³
¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨.

‹ £· ´¦¨ ´ ³µ¤¥²¨ § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

L =
1

2
(Dtx)i(Dtx)i −

1

2
V (x2) , (‚.1)

£¤¥ xi ¨ yi Å ±µ³¶µ´¥´ÉÒ É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢ ¨ Dt Å ±µ¢ ·¨ ´É´ Ö ¶·µ-
¨§¢µ¤´ Ö

(Dtx)i := ẋi + gεijkyjxk . (‚.2)

‡ ¤ ´´ Ö É ±¨³ µ¡· §µ³ ¸¨¸É¥³  ¸µµÉ¢¥É¸É¢Ê¥É · §³¥·´µ° ·¥¤Ê±Í¨¨ ´¥ ¡¥²¥-
¢µ° SU(2)-É¥µ·¨¨ ¢ (0 + 1)-³¥·¨¨, ¶·¨Î¥³ ¶¥·¥³¥´´Ò¥ xi Ö¢²ÖÕÉ¸Ö ·¥²¨±Éµ³
¶µ²¥° ©³ É¥·¨¨ª. ‘ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤· 

piy =
∂L

∂ẏi
, (‚.3)

pi =
∂L

∂ẋi
= ẋi + gεijkyjxk (‚.4)

¶µ²ÊÎ ¥³ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´

HC =
1

2
pipi − εijkxjpkyi + V (x2) (‚.5)

¨ É·¨ ¶¥·¢¨Î´Ò¥ ¸¢Ö§¨ piy = 0 , ¶·¨¢µ¤ÖÐ¨¥ ±µ ¢Éµ·¨Î´Ò³ ¸¢Ö§Ö³

Φi = εijkxjpk = 0 , (‚.6)

µ¡· §ÊÕÐ¨³ SO(3)- ²£¥¡·Ê:

{Φi,Φj} = εijkΦj . (‚.7)

‡ ³¥É¨³, ÎÉµ ¢Éµ·¨Î´Ò¥ ¸¢Ö§¨ § ¢¨¸¨³Ò ¢ ¸³Ò¸²¥ „¨· ± : xiΦi = 0. �·¨¸ÉÊ-
¶ Ö ± ¶·µÍ¥¤Ê·¥  ¡¥²¨§ Í¨¨, ¢Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ ´¥§ ¢¨¸¨³ÒÌ ¸¢Ö§¥° ¸²¥¤Ê-
ÕÐ¨¥:

Φ
(0)
1 := x2p3 − x3p2 , Φ

(0)
2 := x3p1 − x1p3 . (‚.8)
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’¥¶¥·Ó ¢³¥¸Éµ  ²£¥¡·Ò (‚.7) ¨³¥¥³∗

{Φ(0)
1 ,Φ

(0)
2 } = −x1

x3
Φ

(0)
1 −

x2

x3
Φ

(0)
2 . (‚.9)

‘µ£² ¸´µ µ¡Ð¥° ¨É¥· Í¨µ´´µ° ¸Ì¥³¥ ¶µ¸É·µ¥´¨Ö ³ É·¨ÍÒ  ¡¥²¨§ Í¨¨ (¸³.
[26] ¨²¨ ¶·¨²µ¦¥´¨¥ A) ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¸²¥¤Ê¥É ¢Ò¶µ²´¨ÉÓ ¤¢  ÔÉ ¶  ¶·¥-

µ¡· §µ¢ ´¨° Ô±¢¨¢ ²¥´É´µ¸É¨ ¸¢Ö§¥°. ‘´ Î ²  ¨¸±²ÕÎ¨³ Φ
(0)
1 ¨§ ¶· ¢µ° Î ¸É¨

· ¢¥´¸É¢  (‚.9). �Éµ ¤µ¸É¨£ ¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥³

Φ
(1)
1 := Φ

(0)
1 ,

Φ
(1)
2 := Φ

(0)
2 + C Φ

(0)
1 (‚.10)

¸ ËÊ´±Í¨¥° C, ±µÉµ· Ö Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¸²¥¤ÊÕÐ¥£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
Ê· ¢´¥´¨Ö ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ:

{Φ(0)
1 , C} = −x2

x3
C +

x1

x3
. (‚.11)

ˆ¸¶µ²Ó§ÊÖ Î ¸É´µ¥ ·¥Ï¥´¨¥ ÔÉµ£µ Ê· ¢´¥´¨Ö

C(x) =
x1x2

x2
2 + x2

3

, (‚.12)

¤²Ö ´µ¢ÒÌ ¸¢Ö§¥° ¶µ²ÊÎ ¥³  ²£¥¡·Ê ¢¨¤ 

{Φ(1)
1 ,Φ

(1)
2 } = −x2

x3
Φ

(1)
2 . (‚.13)

�  ¢Éµ·µ³ Ï £¥ ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨ ¸¤¥² ¥³ ¶·¥µ¡· §µ¢ ´¨¥

Φ
(2)
1 := Φ

(1)
1 ,

Φ
(2)
2 := B Φ

(1)
2 (‚.14)

¸ ËÊ´±Í¨¥° B, Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê· ¢´¥´¨Õ

{Φ(2)
1 , B} =

x2

x3
B . (‚.15)

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó µ¤´¨³ ¨§ ·¥Ï¥´¨° ÔÉµ£µ Ê· ¢´¥´¨Ö B(x) = 1
x3
, ¶·¨Ìµ¤¨³

± ¨¸±µ³Ò³  ¡¥²¥¢Ò³ ¸¢Ö§Ö³

Φ
(2)
1 = x2p3 − x3p2 ,

Φ
(2)
2 =

1

x3

[
(x3p1 − x1p3) +

x1x2

x2
2 + x2

3

(x2p3 − x3p2)

]
. (‚.16)

∗‚ ¤ ²Ó´¥°Ï¥³ ¸¥±Éµ· ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° ´¥ ¡Ê¤¥³ ¢Ò¶¨¸Ò¢ ÉÓ, ¶µ¸±µ²Ó±Ê µ´¨ Ê¦¥ ¶·¨´ ¤-
²¥¦ É Í¥´É·Ê  ²£¥¡·Ò,   ¶·µÍ¥¤Ê·   ¡¥²¨§ Í¨¨ Ô²¥³¥´ÉÒ Í¥´É·  µ¸É ¢²Ö¥É ¡¥§ ¨§³¥´¥´¨Ö.
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’¥¶¥·Ó µ¶¨Ï¥³ ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ± ¸¶¥Í¨ ²Ó´Ò³ ¶¥·¥³¥´´Ò³,
É ±¨³, ÎÉµ ¤¢  ´µ¢ÒÌ ¨³¶Ê²Ó¸  ¸µ¢¶ ¤ ÕÉ ¸  ¡¥²¨§µ¢ ´´Ò³¨ ¸¢Ö§Ö³¨∗:

pθ :=
(x · p) x1 − x2 p1√

x2
2 + x3

2
, pφ := x2p3 − x3p2 . (‚.17)

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ÉµÎ¥Î´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ µÉ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É ±
¸Ë¥·¨Î¥¸±¨³

x1 = r cos θ, r =
√
x1

2 + x2
2 + x3

2,

x2 = r sinφ sin θ, θ = arccos
x1√

x1
2 + x2

2 + x3
2
,

x3 = r cosφ sin θ, φ = arctan

(
x2

x3

)
, (‚.18)

± ± · § Ö¢²Ö¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥³ É ±µ£µ É¨¶ . „¥°¸É¢¨É¥²Ó´µ, ¨¸¶µ²Ó§ÊÖ ¸µ-
µÉ¢¥É¸É¢ÊÕÐÊÕ ¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ

F [x; pr,pθ,pφ] =

= pr
√
x1

2 + x2
2 + x3

2 + pθ arccos
x1√

x1
2 + x2

2 + x3
2

+ pφ arctan

(
x2

x3

)
,

(‚.19)
¶µ²ÊÎ ¥³

p1 =
∂F

∂x1
= pr cos θ − pθ

sin θ

r
, (‚.20)

p2 =
∂F

∂x2
= pr sin θ sinφ+ pθ

sinφ cos θ

r
+ pφ

cosφ

r sin θ
, (‚.21)

p3 =
∂F

∂x3
= pr sin θ cosφ+ pθ

cosφ cos θ

r
− pφ

sinφ

r sin θ
, (‚.22)

¨ Ê¡¥¦¤ ¥³¸Ö, ÎÉµ ¢ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¤¢Ê³Ö ´¥§ ¢¨¸¨³Ò³¨ ¸¢Ö§Ö³¨ ¢ ¸ -
³µ³ ¤¥²¥ Ö¢²ÖÕÉ¸Ö pθ = 0 ¨ pφ = 0, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ · ¢¥´¸É¢µ³ (‚.17).
‘Éµ¨É § ³¥É¨ÉÓ, ÎÉµ, ¸É ·ÉÊÖ ¸ ´ ¡µ·  ¶·¨¢µ¤¨³ÒÌ ¸¢Ö§¥° (‚.6) ¨ ¢Ò¶µ²´¨¢
¶·¥µ¡· §µ¢ ´¨¥ (‚.18), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

Φ1 = −pφ , (‚.23)

Φ2 = −pθ cosφ+ pφ sinφ cot θ , (‚.24)

Φ3 = pθ sinφ+ pφ cosφ cot θ , (‚.25)

∗‡¤¥¸Ó ³Ò ¢¢µ¤¨³ ±µ³¶ ±É´Ò¥ µ¡µ§´ Î¥´¨Ö ¤²Ö É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢ x,p ¨ Ê³´µ¦ ¥³

¸¢Ö§¨ Φ
(2)
2 ´  Ë ±Éµ·

√
x2

2 + x3
2, ÎÉµ¡Ò ¸¢Ö§¨ ¨³¥²¨ µ¤¨´ ±µ¢ÊÕ · §³¥·´µ¸ÉÓ. �Éµ Ê³´µ¦¥´¨¥

¸µÌ· ´Ö¥É  ¡¥²¥¢ Ì · ±É¥· ¸¢Ö§¥°, ¶µ¸±µ²Ó±Ê {Φ(2)
1 ,
√
x2

2 + x3
2} = 0.
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±µÉµ·µ¥ ¶·¨¸¶µ¸µ¡²¥´µ ± ¶·µÍ¥¤Ê·¥  ¡¥²¨§ Í¨¨. Œ É·¨Í   ¡¥²¨§ Í¨¨ ¤²Ö
¶·¨¢µ¤¨³µ£µ ´ ¡µ·  ¸¢Ö§¥° ¨³¥¥É ¢¨¤

D :=
1

d

 −d2 sinφ− d3 cosφ , d1 sinφ , d1 cosφ
(d2 cosφ− d3 sinφ) cot θ, −d3 − d1 cosφ cot θ, d2 + d1 sinφ cot θ

cot θ , sinφ , cosφ


(‚.26)

¸ ¶·µ¨§¢µ²Ó´Ò³¨ d ¨ d := d1 cot θ + d2 sinφ + d3 cosφ. �ÉµÉ ¶·¨³¥· ¤¥³µ´-
¸É·¨·Ê¥É ¤¢¥ Ì · ±É¥·´Ò¥ Î¥·ÉÒ ¶·µÍ¥¤Ê·Ò  ¡¥²¨§ Í¨¨:

i) ´¥É ´¥µ¡Ìµ¤¨³µ¸É¨ · ¡µÉ ÉÓ ¸ ´¥¶·¨¢µ¤¨³Ò³ ´ ¡µ·µ³ ¸¢Ö§¥°, É.±. ¶·µ-
Í¥¤Ê·   ¡¥²¨§ Í¨¨  ¢Éµ³ É¨Î¥¸±¨ ¶·¨¢µ¤¨É ± ´¥¶·¨¢µ¤¨³µ³Ê ´ ¡µ·Ê ¸¢Ö§¥°;

ii) ¢ µ¶·¥¤¥²¥´´ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ±µµ·¤¨´ É Ì § ¤ Î  ·¥Ï¥´¨Ö ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¥Ìµ¤¨É ¢  ²£¥¡· ¨Î¥¸±ÊÕ § ¤ ÎÊ. ‚ ´µ¢ÒÌ ± ´µ´¨Î¥-
¸±¨Ì ¶¥·¥³¥´´ÒÌ ± ´µ´¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´ (‚.5) ¶·¨´¨³ ¥É ¢¨¤

HC =
1

2
p2
r +

1

2r2

(
p2
θ +

p2
φ

sin2 θ

)
− pφyφ − pθyθ + V (r) , (‚.27)

¸ Ë¨§¨Î¥¸±¨³ ¨³¶Ê²Ó¸µ³ pr = (x·p)√
x1

2+x2
2+x3

2
, ¨

yφ := y1 + y2 sinφ+ y3 cosφ cot θ ,

yθ := y2 cosφ− y3 sinφ .

‚ ·¥§Ê²ÓÉ É¥ ¢¸¥ ´¥Ë¨§¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ µÉ¤¥²¨²¨¸Ó µÉ Ë¨§¨Î¥¸±¨Ì
r ¨ pr, Ô¢µ²ÕÍ¨Ö ¢µ ¢·¥³¥´¨ ±µÉµ·ÒÌ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É¸Ö Ë¨§¨Î¥¸±¨³
£ ³¨²ÓÉµ´¨ ´µ³. �µ¸²¥¤´¨° ¶µ²ÊÎ ¥É¸Ö ¨§ ± ´µ´¨Î¥¸±µ£µ § ´Ê²¥´¨¥³ pφ ¨
pθ ¢ ¢Ò· ¦¥´¨¨ (‚.27):

Hphys =
1

2
p2
r + V (r) . (‚.28)
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ˆ.‚.�Ê§Ò´¨´, ˆ.‚.�³¨·Ì ´µ¢, ….‚.‡¥³²Ö´ Ö,
‚.�.�¥·¢ÊÏ¨´, ’.�.�Ê§Ò´¨´ , ’.�.‘É·¨¦

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‚.„.‹ Ì´µ

ˆ´¸É¨ÉÊÉ ³ É¥³ É¨Î¥¸±¨Ì ¶·µ¡²¥³ ¡¨µ²µ£¨¨ ���, �ÊÐ¨´µ

‚ µ¡§µ·¥ ¤ ´µ ¸¨¸É¥³ É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¢ÒÎ¨¸²¨É¥²Ó´µ£µ ³¥Éµ¤  ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ´¥²¨-
´¥°´ÒÌ § ¤ Î, ¢µ§´¨± ÕÐ¨Ì ¢ ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²ÖÌ Ë¨§¨±¨. …¤¨´µ° µ¸´µ¢µ° ¤²Ö · §· ¡µÉ±¨
¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¸²Ê¦¨É µ¡µ¡Ð¥´¨¥ ´¥¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´ , ±µÉµ·µ¥ ¶·¥¤-
¸É ¢²Ö¥É ¸µ¡µ° ± Î¥¸É¢¥´´µ ´µ¢µ¥ · §¢¨É¨¥ ´ÓÕÉµ´µ¢¸±µ£µ Ô¢µ²ÕÍ¨µ´´µ£µ ¶·µÍ¥¸¸  ´  µ¸´µ¢¥
µ¡Ñ¥¤¨´¥´¨Ö ¨¤¥° ³¥Éµ¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ Ô¢µ²ÕÍ¨¨ ¶µ ¶ · ³¥É· ³. �·¥¤¸É ¢²¥´Ò ·¥§Ê²Ó-
É ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥° ¶µ²Ö·µ´ , ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±-
É·µ´ , ¡¨´Ê±²µ´  ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° Š•„ ¤²Ö ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´ÒÌ ¶µÉ¥´Í¨ ²µ¢.

The systematic description of a computational method for studying the nonlinear problems arisen
in mathematical models of physics is presented. A uniˇed basis for working out the computational
schemes is a generalization of the continuous analogue of Newton's method which represents a quali-
tatively new devolvement of the Newtonian evolution process basing on integration of the conceptions
of the methods in perturbation and evolution theory on parameters. Results of numerical research in
quantum ˇeld models of polaron, solvated electron, binucleon as well as QCD potential models for
the some wide-spread potentials are given.

1. ‚‚…„…�ˆ…

‘µ ¢·¥³¥´¨ ¶Ê¡²¨± Í¨¨ ¶¥·¢µ£µ µ¡§µ·  ¢ �—�Ÿ µ ¶·¨³¥´¥´¨¨ ´¥¶·¥·Ò¢-
´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´  (��Œ�) ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ´¥²¨´¥°´ÒÌ
Ê· ¢´¥´¨° ¢ ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²ÖÌ Ë¨§¨±¨ [1] ¶·µÏ²µ ¤¢ ¤Í ÉÓ ¶ÖÉÓ ²¥É.
‚ ¤ ²Ó´¥°Ï¥³, ´ ·Ö¤Ê ¸ É¥µ·¥É¨Î¥¸±¨³¨ µ¡µ¸´µ¢ ´¨Ö³¨, ¤²Ö ��Œ� ¡Ò²¨

∗� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ Ë¨´ ´¸µ¢µ° ¶µ¤¤¥·¦±¥ �””ˆ (£· ´É 97-01-01040).
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´ °¤¥´Ò ´µ¢Ò¥ ¶·¨²µ¦¥´¨Ö ¢ § ¤ Î Ì Ë¨§¨±¨ Ê¸±µ·¨É¥²¥° ¨ ¢ µ¡· É´µ° § -
¤ Î¥ É¥µ·¨¨ · ¸¸¥Ö´¨Ö [2]. Š·µ³¥ Éµ£µ, §  ÔÉµ ¢·¥³Ö Ê¸¨²¨Ö³¨ ¢ µ¸´µ¢´µ³
£·Ê¶¶Ò ¸µÉ·Ê¤´¨±µ¢ �ˆŸˆ ÔÉµÉ ³¥Éµ¤ ¶·¥¢· É¨²¸Ö ¢ ³µÐ´Ò° ¨´¸É·Ê³¥´É
¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¤²Ö ·¥Ï¥´¨Ö · §´µµ¡· §´ÒÌ
´¥²¨´¥°´ÒÌ § ¤ Î, ¢µ§´¨± ÕÐ¨Ì ¢ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥. ‘¥°Î ¸ ³µ¦´µ ¸
Ê¢¥·¥´´µ¸ÉÓÕ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ · §· ¡µÉ ´ ± Î¥¸É¢¥´´µ ´µ¢Ò°, ¶µ ¸· ¢´¥´¨Õ
¸ ��Œ�, ¶µ¤Ìµ¤ ± ¸µ§¤ ´¨Õ  ²£µ·¨É³µ¢ ¤²Ö Î¨¸²¥´´µ£µ  ´ ²¨§  ¸²µ¦´ÒÌ
³´µ£µ¶ · ³¥É·¨Î¥¸±¨Ì ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° Ë¨§¨±¨.

‘µ§¤ ´¨¥ ÔÉµ£µ ¶µ¤Ìµ¤  Ö¢¨²µ¸Ó, ¢µ ³´µ£µ³, ¶·µ¤Ê±Éµ³ µ¶ÒÉ  ·¥Ï¥´¨Ö
· §´µµ¡· §´ÒÌ ¶· ±É¨Î¥¸±¨Ì § ¤ Î. �µÔÉµ³Ê ¢ ¶·¥¤²µ¦¥´´µ³ ³¥Éµ¤¥, ´ -
·Ö¤Ê ¸ ¨¤¥Ö³¨ ��Œ�, ´ Ï²¨ µÉ· ¦¥´¨¥ ´ ¨¡µ²¥¥ ¶·¨¢²¥± É¥²Ó´Ò¥ ¸Éµ·µ´Ò
´¥±µÉµ·ÒÌ ¨§¢¥¸É´ÒÌ ³¥Éµ¤µ¢, Ï¨·µ±µ ¶·¨³¥´ÖÕÐ¨Ì¸Ö ¶·¨ ·¥Ï¥´¨¨ § ¤ Î
Ë¨§¨±¨. �Éµ ¸Ì¥³Ò É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [3], ³¥Éµ¤ ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · -
³¥É·Ê [4], ³¥Éµ¤ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ ¶ · ³¥É·Ê [5], ±µÉµ·Ò° ¢ § ¤ Î Ì
Ö¤¥·´µ° Ë¨§¨±¨ ¨§¢¥¸É¥´ ± ± ³¥Éµ¤ Ô¢µ²ÕÍ¨¨ ¶µ ±µ´¸É ´É¥ ¸¢Ö§¨ [6].

‚ · §· ¡µÉ ´´ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ Ì ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ·¥Ï¥´ 
§ ¤ Î  ¢Ò¡µ·  ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¨ Ê¶·µÐ¥´µ ·¥Ï¥´¨¥ ²¨´¥°´µ° § ¤ Î¨
µÉ´µ¸¨É¥²Ó´µ ¨É¥· Í¨µ´´ÒÌ ¶µ¶· ¢µ±. �µ²¥¥ Éµ£µ, ¢µ§³µ¦´µ ¶µ¸É·µ¥´¨¥ ¨É¥-
· Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¡¥§ µ¡· Ð¥´¨Ö ²¨´¥°´µ£µ µ¶¥· Éµ·  ¢ ÔÉµ° § ¤ Î¥. Š ±
·¥§Ê²ÓÉ É, · §¢¨ÉÒ¥ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¸Ì¥³Ò µ¡² ¤ ÕÉ ¸¢µ°¸É¢ ³¨ É ±¨Ì ¨§-
¢¥¸É´ÒÌ ³¥Éµ¤µ¢, ± ± ³¥Éµ¤ · ¸Ð¥¶²¥´¨Ö [7], ³´µ£µ¸¥ÉµÎ´Ò¥ ³¥Éµ¤Ò [8], ´¥-
±µÉµ·Ò¥ ³¥Éµ¤Ò ·¥£Ê²Ö·¨§ Í¨¨ [9]. �µÔÉµ³Ê · §· ¡µÉ ´´Ò° ¶µ¤Ìµ¤ µÉ¢¥Î ¥É
¸µ¢·¥³¥´´Ò³ É¥´¤¥´Í¨Ö³ · §¢¨É¨Ö ±µ³¶ÓÕÉ¥·´µ°  ·Ì¨É¥±ÉÊ·Ò ¨ É¥Ì´µ²µ£¨¨
¶·µ£· ³³¨·µ¢ ´¨Ö ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¶·µÍ¥¸¸µ¢ [10].

‚ ¸¶¥±É· ²Ó´ÒÌ § ¤ Î Ì ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ µ¡µ¡Ð¥´¨¥ ��Œ� ³µ¦¥É
¸²Ê¦¨ÉÓ ¥¤¨´µ° É¥µ·¥É¨Î¥¸±µ° µ¸´µ¢µ° µ¶¨¸ ´¨Ö ·Ö¤  ¨§¢¥¸É´ÒÌ ³¥Éµ¤µ¢,
É ±¨Ì, ± ± ³¥Éµ¤ µ¡· É´ÒÌ ¨É¥· Í¨°, ³¥Éµ¤ µ¡· É´ÒÌ ¨É¥· Í¨° ¸µ ¸¤¢¨£µ³ ¨
¸ ·Ô²¥¥¢¸±¨³ Î ¸É´Ò³ [11]. �¸µ¡¥´´µ¸É¨ ·¥ ²¨§ Í¨¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¢
ÔÉ¨Ì § ¤ Î Ì µÉ· ¦¥´Ò ¢ µ¡§µ· Ì [12,13].

� Ï¨ · ¡µÉÒ ¢ µ¡² ¸É¨ · §¢¨É¨Ö µ¡µ¡Ð¥´´µ£µ ��Œ� ¨´¨Í¨¨·µ¢ ²¨ ¨¸-
¸²¥¤µ¢ ´¨Ö ¶µ µ¶É¨³¨§ Í¨¨ ¸Ìµ¤¨³µ¸É¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³
[14, 15],   É ±¦¥ ¸Ì¥³ ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · ³¥É·Ê [16]. ‚ ¤ ´´µ³ µ¡§µ·¥
¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° É¥-
µ·¨¨ ¶µ²Ö·µ´  ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° Š•„, µÉ´µ¸ÖÐ¨Ì¸Ö ± · §²¨Î´Ò³
· §¤¥² ³ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨, ´µ ¢Ò¶µ²´¥´´ÒÌ ¸ ¶µ³µÐÓÕ ¢ÒÎ¨¸²¨É¥²Ó-
´ÒÌ ¸Ì¥³, µ¸´µ¢ ´´ÒÌ ´  µ¡µ¡Ð¥´´µ³ ��Œ�.

�¡§µ· ¸µ¸Éµ¨É ¨§ ¶ÖÉ¨ · §¤¥²µ¢. ‚ · §¤.2 ¤ ´  ¥¤¨´µµ¡· §´ Ö ³ É¥³ -
É¨Î¥¸± Ö ¶µ¸É ´µ¢±  § ¤ Î, ± ·¥Ï¥´¨Õ ±µÉµ·ÒÌ ¶·¨¢µ¤ÖÉ ¨¸¸²¥¤µ¢ ´¨Ö ·Ö¤ 
³µ¤¥²¥° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. �·£Ê³¥´É¨·Ê¥É¸Ö ¢Ò¡µ· ³¥Éµ¤  �ÓÕÉµ´  ¨
¥£µ µ¡µ¡Ð¥´¨Ö ¤²Ö ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨, µ¶¨¸ ´Ò ´ÓÕÉµ´µ¢¸±¨¥ ¨É¥· Í¨µ´-
´Ò¥ ¸Ì¥³Ò ¨ ¤ ´Ò µÍ¥´±¨ ¨Ì ÉµÎ´µ¸É¨. �·¨¢¥¤¥´Ò ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ´ 
µ¸´µ¢¥ ³µ¤¨Ë¨± Í¨¨ ��Œ�, ÔËË¥±É¨¢´Ò¥ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ´  ¸µ¢·¥³¥´-
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´ÒÌ ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸¨¸É¥³ Ì. „ ´Ò ´ÓÕÉµ´µ¢¸±¨¥
¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ¤²Ö ·¥Ï¥´¨Ö ¨´É¥£· ²Ó´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨
´¥²¨´¥°´ÒÌ ¸¨´£Ê²Ö·´ÒÌ ±· ¥¢ÒÌ § ¤ Î ¸ ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ
 ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨°.

‚ · §¤.3 ¶·¥¤¸É ¢²¥´Ò µ¡§µ· · ¡µÉ ¨ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥ ¶·¨ ¨§ÊÎ¥-
´¨¨ ³µ¤¥²¥° ¶µ²Ö·µ´ , ¡¨´Ê±²µ´  ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨,  ¢Éµ²µ± ²¨§µ¢ ´-
´ÒÌ Ô²¥±É·µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¦¨¤±µ¸É¨.

‚ · §¤.4 · ¸¸³µÉ·¥´Ò ¶µ¸É ´µ¢±¨ ¨ ³¥Éµ¤Ò Î¨¸²¥´´µ£µ  ´ ²¨§  £· ´¨Î-
´ÒÌ ´¥²¨´¥°´ÒÌ § ¤ Î ¢ · ³± Ì Ê· ¢´¥´¨° ˜¢¨´£¥·  Å „ °¸µ´  ¨ �¥É¥
Å ‘µ²¶¨É¥·  ¤²Ö ·Ö¤  ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´ÒÌ ¶µÉ¥´Í¨ ²µ¢. �·µ¢¥¤¥´µ
¸· ¢´¥´¨¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¸ ¨§¢¥¸É´Ò³¨ É¥µ·¥É¨Î¥¸±¨³¨ ¨ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤·Ê£¨Ì  ¢Éµ·µ¢.

Šµ²²¥±É¨¢  ¢Éµ·µ¢ ´ ¸ÉµÖÐ¥£µ µ¡§µ·  ¸µ¸Éµ¨É ¨§ ¸¶¥Í¨ ²¨¸Éµ¢ ¢ µ¡² ¸É¨
Î¨¸²¥´´µ£µ  ´ ²¨§  ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° Ë¨§¨±¨ ¨ Ë¨§¨±µ¢-É¥µ·¥É¨±µ¢, Ö¢²Ö-
ÕÐ¨Ì¸Ö  ±É¨¢´Ò³¨ ¶µ²Ó§µ¢ É¥²Ö³¨ · §· ¡µÉ ´´µ£µ ³¥Éµ¤ . ŒÒ ´ ¤¥¥³¸Ö, ÎÉµ
¶·¥¤¸É ¢²¥´´Ò° ³ É¥·¨ ² ¤ ¸É ¢µ§³µ¦´µ¸ÉÓ § ¨´É¥·¥¸µ¢ ´´µ³Ê Î¨É É¥²Õ ¶µ-
§´ ±µ³¨ÉÓ¸Ö ¸ µ¸´µ¢´Ò³¨ ¨¤¥Ö³¨ µ¡µ¡Ð¥´´µ£µ ��Œ� ¨ ³¥Éµ¤¨±µ° Î¨¸²¥´-
´µ£µ  ´ ²¨§  ´¥±µÉµ·ÒÌ ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° Ë¨§¨±¨ ¨ · ¸Ï¨·¨ÉÓ µ¡² ¸ÉÓ
¥£µ ¶·¨³¥´¨³µ¸É¨.

2. Œ�„ˆ”ˆ–ˆ��‚���›… ˆ’…��–ˆ���›… ‘•…Œ›
�� �‘��‚… ����™…���ƒ� ��Œ�

�Ö¤ ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²¥° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¶·¨¢µ¤¨É ± ´µ¢Ò³
¶µ¸É ´µ¢± ³ £· ´¨Î´ÒÌ § ¤ Î ¤²Ö ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ, ¨´É¥£·µ-
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. �·¨£¨´ ²Ó´µ¸ÉÓ ¶µ¸É ´µ¢µ±
§ ±²ÕÎ ¥É¸Ö ¢ ±µ³¡¨´ Í¨¨ ´¥²¨´¥°´ÒÌ £· ´¨Î´ÒÌ ¨ ¸¶¥±É· ²Ó´ÒÌ § ¤ Î, ÎÉµ
¶·¨¢µ¤¨É ± ¸¨¸É¥³ ³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨°. �¡Ð¨³¨ ¸¢µ°¸É¢ ³¨ É ±¨Ì
¸¨¸É¥³ Ö¢²ÖÕÉ¸Ö ¨Ì ¸¨´£Ê²Ö·´µ¸ÉÓ ¨ ³´µ£µ¶ · ³¥É·¨Î´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ ¶ -
· ³¥É·µ¢ ³µ¤¥²¨ ¨ ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢. � ¸¸³ É·¨¢ ¥³Ò¥ § ¤ Î¨ ³µ¦´µ
¸¢¥¸É¨ ± ¥¤¨´µµ¡· §´µ° ¶µ¸É ´µ¢±¥ ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö

ϕ(~a,~λ, y) = 0, (1)

£¤¥ y Ä Ô²¥³¥´É ¨§ ´¥±µÉµ·µ° µ¡² ¸É¨ B-¶·µ¸É· ´¸É¢  Y , ~λ ∈ Rm,~a ∈ Rl
Ä ¢¥±Éµ·Ò ¨§ ¥¢±²¨¤µ¢ÒÌ ¶·µ¸É· ´¸É¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì · §³¥·´µ¸É¥°. �¥²¨-
´¥°´ Ö ËÊ´±Í¨Ö ϕ ¶·¨ § ¤ ´´µ³ ¢¥±Éµ·¥ ~a ¶¥·¥¢µ¤¨É Ô²¥³¥´ÉÒ z = {~λ, y}
¨§ µ¡² ¸É¨ ¶·µ¸É· ´¸É¢  Rm × Y ¢ ¶·µ¸É· ´¸É¢µ Rm × U , £¤¥ U Ö¢²Ö¥É¸Ö
B-¶·µ¸É· ´¸É¢µ³, ¶·¨Î¥³ U ⊇ Y . �·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¤²Ö ± ¦¤µ£µ § ¤ ´-
´µ£µ ¢¥±Éµ·  ~a Ê· ¢´¥´¨¥ (1) ¨³¥¥É ¸Î¥É´µ¥ ³´µ¦¥¸É¢µ ·¥Ï¥´¨° {y∗n}, n =
0, 1, 2, · · ·, ¶·¨Î¥³ ± ¦¤µ³Ê ·¥Ï¥´¨Õ y∗n ¸µµÉ¢¥É¸É¢Ê¥É ¢¥±Éµ· ¸µ¡¸É¢¥´´ÒÌ
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§´ Î¥´¨° ~λ∗n. �¥Ï¥´¨¥ z∗n = { ~λ∗n, y∗n} Ê· ¢´¥´¨Ö (1) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¢¥±-
Éµ·  ¶ · ³¥É·µ¢ ~a.

�É³¥É¨³ É ±¦¥ ¸²¥¤ÊÕÐ¨¥ µ¸µ¡¥´´µ¸É¨ · ¸¸³ É·¨¢ ¥³ÒÌ § ¤ Î.

1. Š ± ¶· ¢¨²µ, ¨³¥¥É¸Ö µ¶·¥¤¥²¥´´ Ö ¨´Ëµ·³ Í¨Ö µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨ ± -
Î¥¸É¢¥´´µ³ ¶µ¢¥¤¥´¨¨ ¨¸±µ³ÒÌ ·¥Ï¥´¨°. �É  ¨´Ëµ·³ Í¨Ö ³µ¦¥É ¡ÒÉÓ
¶µ²ÊÎ¥´  ¨§ Ë¨§¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¨§ÊÎ ¥³ÒÌ ¶·µÍ¥¸¸µ¢, · ¸¸³µÉ·¥´¨Ö
Ê¶·µÐ¥´´ÒÌ ³µ¤¥²¥°, µ¸µ¡¥´´µ ¢  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì µ¡² ¸ÉÖÌ ¨§³¥´¥-
´¨Ö ¶ · ³¥É·µ¢.

2. ‚ § ¤ Î Ì, ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¶·¨¡²¨¦¥´¨Ö ± ¡µ²¥¥ ¸²µ¦´Ò³ ³´µ£µ³¥·-
´Ò³,   É ±¦¥ ¶·¨ ¶¥·¥Ìµ¤¥ µÉ ¡¥¸±µ´¥Î´ÒÌ µ¡² ¸É¥° ¨§³¥´¥´¨Ö ´¥§ -
¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ± ±µ´¥Î´Ò³, ¢µ§´¨± ÕÉ ¶·µ¡²¥³Ò µÍ¥´±¨ ÉµÎ´µ-
¸É¨ ¶·¨³¥´Ö¥³ÒÌ  ¶¶·µ±¸¨³ Í¨°. ‚µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ¶µ¤µ¡´Ò¥ µÍ¥´±¨
³µ¦´µ ¶µ²ÊÎ¨ÉÓ ²¨ÏÓ Î¨¸²¥´´µ, ¶·µ¢µ¤Ö · ¸Î¥ÉÒ ¶·¨ ´¥±µÉµ·ÒÌ §´ -
Î¥´¨ÖÌ ¶ · ³¥É·µ¢  ¶¶·µ±¸¨³ Í¨¨.

’ ±¨³ µ¡· §µ³, ¢ ¶µ¸É ´µ¢±¥ (1) ¢¥±Éµ· ª¢´¥Ï´¨Ìª ¶ · ³¥É·µ¢ ~a · ¸Ï¨-
·Ö¥É¸Ö ¨ ¶µ³¨³µ ªË¨§¨Î¥¸±¨Ìª ¶ · ³¥É·µ¢ ³µ¤¥²¨ ¸µ¤¥·¦¨É É ±¦¥ ¶ · ³¥-
É·Ò  ¶¶·µ±¸¨³ Í¨¨ § ¤ Î¨, ¢ Éµ³ Î¨¸²¥ ¨ ¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò. —¨¸²¥´´µ¥
¨¸¸²¥¤µ¢ ´¨¥ ³µ¤¥²¨ µ¡ÒÎ´µ ¸¢µ¤¨É¸Ö ± ¶·µ¢¥¤¥´¨Õ ³ ¸¸µ¢ÒÌ · ¸Î¥Éµ¢ ¢
Ï¨·µ±µ° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ÔÉ¨Ì ¶ · ³¥É·µ¢, ¶µ§¢µ²ÖÕÐ¨Ì µ¤´µ¢·¥³¥´´µ
¨§ÊÎ ÉÓ ¨ ¸¢µ°¸É¢  · ¸¸³ É·¨¢ ¥³ÒÌ ³µ¤¥²¥°, Éµ ¥¸ÉÓ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨° ¢
§ ¢¨¸¨³µ¸É¨ µÉ ªË¨§¨Î¥¸±¨Ìª ¶ · ³¥É·µ¢, ¨ ÉµÎ´µ¸ÉÓ ¶µ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éµ¢
¢ § ¢¨¸¨³µ¸É¨ µÉ ¶ · ³¥É·µ¢  ¶¶·µ±¸¨³ Í¨¨ ¨¸Ìµ¤´ÒÌ § ¤ Î.

‚ ¤ ²Ó´¥°Ï¥³ É ³, £¤¥ ÔÉµ ´¥¸ÊÐ¥¸É¢¥´´µ, ³Ò ¡Ê¤¥³ µ¶Ê¸± ÉÓ § ¢¨¸¨-
³µ¸ÉÓ ËÊ´±Í¨¨ ϕ µÉ ¶ · ³¥É·µ¢ ~a ¨ ~λ.

2.1. �ÓÕÉµ´µ¢¸±¨¥ ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò. ‚ · ¡µÉ¥ [17], £¤¥ ¢¶¥·¢Ò¥
¡Ò² ¶·¥¤²µ¦¥´ ��Œ�, · ¸¸³ É·¨¢ ¥É¸Ö £·Ê¶¶  µ¤´µÏ £µ¢ÒÌ ¨É¥· Í¨µ´´ÒÌ
³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ´¥²¨´¥°´µ£µ Ê· ¢´¥´¨Ö ¢ B-¶·µ¸É· ´¸É¢¥

ϕ(z) = 0,

¢ ±µÉµ·ÒÌ ´  ± ¦¤µ³ Ï £¥ ¸ ´µ³¥·µ³ k ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¶µ¶· ¢± 
∆zk ± ¨§¢¥¸É´µ³Ê ¶·¨¡²¨¦¥´¨Õ zk ¨¸±µ³µ£µ ·¥Ï¥´¨Ö ¢ÒÎ¨¸²Ö¥É¸Ö ¶µ Ëµ·-
³Ê²¥

∆zk = ψ(zk),

zk+1 = zk + ∆zk, k = 0, 1, 2, · · ·
z0 Å § ¤ ´´Ò° Ô²¥³¥´É.

‘¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö ËÊ´±Í¨¨ ψ(z) µ¶·¥¤¥²Ö¥É¸Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ ¨¸¶µ²Ó§Ê¥-
³µ£µ ¨É¥· Í¨µ´´µ£µ ³¥Éµ¤ . ‚ Î ¸É´µ¸É¨, ¤²Ö ³¥Éµ¤  �ÓÕÉµ´ 

ψ(z) = −ϕ′(z)−1ϕ(z),
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£¤¥ ϕ′(z) Ä ²¨´¥°´Ò° µ¶¥· Éµ·, ¶·µ¨§¢µ¤´ Ö ”·¥Ï¥ ËÊ´±Í¨¨ ϕ(z). „²Ö
± ¦¤µ£µ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  Ê± § ´´µ£µ ¢¨¤  ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¥£µ ´¥-
¶·¥·Ò¢´Ò°  ´ ²µ£ ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ¢³¥¸Éµ ¤¨¸±·¥É´µ° ¶¥·¥³¥´´µ° k(k =
0, 1, 2, · · ·) ´¥¶·¥·Ò¢´µ£µ ¶ · ³¥É·  t(0 ≤ t <∞). �·¥¤¶µ² £ Ö ´¥¶·¥·Ò¢´ÊÕ
§ ¢¨¸¨³µ¸ÉÓ z = z(t) ¨ ¢¢µ¤Ö ¢³¥¸Éµ ¶·¨· Ð¥´¨Ö ∆zk ¶·µ¨§¢µ¤´ÊÕ d

dt
z(t) ,

³Ò ¶µ²ÊÎ ¥³ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥

d

dt
z(t) = ψ(z(t)), z(0) = z0. (2)

‚ ·¥§Ê²ÓÉ É¥ ´ Ìµ¦¤¥´¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶ÊÉ¥³ ·¥-
Ï¥´¨Ö § ¤ Î¨ ŠµÏ¨ (2) ´  ¶µ²Êµ¸¨ 0 ≤ t < ∞. ‚ Í¨É¨·Ê¥³µ° · ¡µÉ¥ [17]
¤µ± § ´ ·Ö¤ ÊÉ¢¥·¦¤¥´¨° µ ¸Ìµ¤¨³µ¸É¨ ´¥¶·¥·Ò¢´ÒÌ  ´ ²µ£µ¢ ¨É¥· Í¨µ´´ÒÌ
³¥Éµ¤µ¢ ¶·¨ t→∞ ± ¨§µ²¨·µ¢ ´´µ³Ê ·¥Ï¥´¨Õ z∗ Ê· ¢´¥´¨Ö (1).

„²Ö ��Œ� É ±µ¥ ¤µ± § É¥²Ó¸É¢µ µ¸´µ¢ ´µ ´  ¶·¥µ¡· §µ¢ ´¨¨ Ê· ¢´¥´¨Ö
(2) ± ¢¨¤Ê

d

dt
ϕ(z(t)) = −ϕ(z(t)), z(0) = z0, (3)

µÉ±Ê¤  ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¨´É¥£· ² 

ϕ(z(t)) = e−tϕ(z0).

�·¨ Ê¸²µ¢¨¨ £² ¤±µ¸É¨ ËÊ´±Í¨¨ ϕ(z) ¨ ¸ÊÐ¥¸É¢µ¢ ´¨Ö µ£· ´¨Î¥´´µ£µ
µ¶¥· Éµ·  ϕ′(z)−1 ¢ µ±·¥¸É´µ¸É¨ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö z0 ¤µ± § ´µ ¸ÊÐ¥-
¸É¢µ¢ ´¨¥ ¢ ÔÉµ° µ±·¥¸É´µ¸É¨ ±µ·´Ö z∗ Ê· ¢´¥´¨Ö (1) ¨ ¸Ìµ¤¨³µ¸ÉÓ É· ¥±Éµ-
·¨¨ z(t) ¶·¨ t→∞ ± ÔÉµ³Ê ±µ·´Õ.

„²Ö ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ ŠµÏ¨ (2) ¢ · ¡µÉ¥ [17] ¶·¥¤² £ ¥É¸Ö
¨¸¶µ²Ó§µ¢ ÉÓ ¶µ¤Ìµ¤ÖÐ¨¥ Î¨¸²¥´´Ò¥ ³¥Éµ¤Ò, µ¦¨¤ Ö ¨Ì Ê¸Éµ°Î¨¢µ¸É¨ ¶·¨
 ¸¨³¶ÉµÉ¨Î¥¸±µ° Ê¸Éµ°Î¨¢µ¸É¨ z = z(t).

‚ µ¡§µ·¥ [1] µ¶¨¸ ´ ¶·µ¸É¥°Ï¨° ³¥Éµ¤ ¶·¨¡²¨¦¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö
§ ¤ Î¨ (2) Ä ³¥Éµ¤ �°²¥·  ¤²Ö ��Œ�. �ÉµÉ ³¥Éµ¤ ´  ¤¨¸±·¥É´µ° ¸¥É±¥
{tk, k = 0, 1, 2, · · · ; tk+1 − tk = τk} ¶·¨¢µ¤¨É ± ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ²¨´¥°´ÒÌ
§ ¤ Î

ϕ′(zk)vk = −ϕ(zk), (4)

zk+1 = zk + τkvk, k = 0, 1, 2, · · · ,
£¤¥ z0 Ä § ¤ ´´Ò° Ô²¥³¥´É. �·¨ τk ≡ 1 ¶µ²ÊÎ ¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ³¥Éµ¤ 
�ÓÕÉµ´ .

‘Ìµ¤¨³µ¸ÉÓ ³¥Éµ¤  �°²¥·  ¤µ± § ´  [1] ´  ±µ´¥Î´µ³ µÉ·¥§±¥ 0 ≤ t ≤ T
¶·¨ τk → 0. �¤´ ±µ ¤²Ö ¶· ±É¨Î¥¸±µ° ·¥ ²¨§ Í¨¨ É· ±Éµ¢±  ¶ · ³¥É·  τk
± ± Ï £  ¨´É¥£·¨·µ¢ ´¨Ö ´¥ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ . „¥°¸É¢¨É¥²Ó´µ, ¤²Ö Éµ£µ,
ÎÉµ¡Ò z = z(T ) ³ ²µ µÉ²¨Î ²¸Ö µÉ ¨¸±µ³µ£µ ·¥Ï¥´¨Ö z∗, ´¥µ¡Ìµ¤¨³µ ¢Ò¡· ÉÓ
t = T ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³. ‚ Éµ ¦¥ ¢·¥³Ö ¤²Ö ¡µ²¥¥ ÉµÎ´µ£µ ¢ÒÎ¨¸²¥´¨Ö ³¥-
Éµ¤µ³ �°²¥·  §´ Î¥´¨Ö z = z(T ) ´¥µ¡Ìµ¤¨³µ § ¤ ¢ ÉÓ τk ¤µ¸É ÉµÎ´µ ³ ²Ò³¨.
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„ ´´Ò¥ É·¥¡µ¢ ´¨Ö Ö¢²ÖÕÉ¸Ö ¶·µÉ¨¢µ·¥Î¨¢Ò³¨, ¶µ¸±µ²Ó±Ê ´ ¸ ´¥ ¨´É¥·¥¸ÊÕÉ
¢¸¥ ¶·¨¡²¨¦¥´´Ò¥ §´ Î¥´¨Ö zk ≈ z(tk),   ²¨ÏÓ ´¥µ¡Ìµ¤¨³ Ô²¥³¥´É z(T ).

—Éµ¡Ò ´ °É¨ ¶·¥¤¸É ¢²¥´¨¥ ¶ · ³¥É·  τk , ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ É·¥¡µ¢ ´¨Ö³
³¨´¨³ ²Ó´µ¸É¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ § É· É ¶·¨ ¤µ¸É¨¦¥´¨¨ ¸ É·¥¡Ê¥³µ° ÉµÎ-
´µ¸ÉÓÕ ·¥Ï¥´¨Ö z∗, ¢¸¶µ³´¨³, ÎÉµ ³¥Éµ¤ �ÓÕÉµ´ , µ¡² ¤ Ö ±¢ ¤· É¨Î´µ°
¸Ìµ¤¨³µ¸ÉÓÕ ¢ ¡²¨§±µ° µ±·¥¸É´µ¸É¨ ·¥Ï¥´¨Ö, µ¡¥¸¶¥Î¨¢ ¥É ³¨´¨³ ²Ó´µ¸ÉÓ
´¥¢Ö§±¨ ¤²Ö ²¨´¥°´µ° Î ¸É¨ ϕ(z) [18].

�¡µ¡Ð Ö ÔÉµ ¸¢µ°¸É¢µ, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ τk ± ± ¨É¥· Í¨µ´´Ò° ¶ · -
³¥É· ¢ ¨É¥· Í¨ÖÌ (4), µ¶É¨³ ²Ó´Ò° ¢Ò¡µ· ±µÉµ·µ£µ ¤ ¥É ³¨´¨³Ê³ ËÊ´±Í¨¨
¶¥·¥Ìµ¤  ψk+1(τ) ¢ µÍ¥´±¥ [19]

‖ϕ(zk+1)‖ ≤ ψk+1(τk)‖ϕ(zk)‖.

…¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¢ µ±·¥¸É´µ¸É¨ ¨¸±µ³µ£µ ·¥Ï¥´¨Ö

‖ϕ′(z)−1‖ ≤ B, ‖ϕ′′(z)‖ ≤M, (5)

Éµ ËÊ´±Í¨Ö ¶¥·¥Ìµ¤  µ¶·¥¤¥²Ö¥É¸Ö ± ±

ψk+1(τ) = 1− τ +
τ2

2
MB2‖ϕ(zk)‖, 0 < τ ≤ 1.

‚ · ¡µÉ¥ [19] ¶µ± § ´µ, ÎÉµ  ²£µ·¨É³ µ¶·¥¤¥²¥´¨Ö ¨É¥· Í¨µ´´µ£µ ¶ · -
³¥É· 

τk = ‖ϕ′(zk)‖−1‖ϕ(zk−1)‖τk−1, 0 < τ0 ≤ τk ≤ 1 (6)

µ¡¥¸¶¥Î¨¢ ¥É ¶·¨ Ê¤ Î´µ³ ¢Ò¡µ·¥ τ0 ¢ÒÎ¨¸²¥´¨¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ {τk},
¡²¨§±µ° ± µ¶É¨³ ²Ó´µ°, ¨ ¢ ¸²ÊÎ ¥ ¸Ìµ¤¨³µ¸É¨ ¶¥·¥Ìµ¤ ¨É¥· Í¨° (4) ¢ ³¥Éµ¤
�ÓÕÉµ´ . ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ  ²£µ·¨É³ (6) ¢¶¥·¢Ò¥ ¡Ò² ¶·¥¤²µ¦¥´ ¢ · ¡µÉ¥
[20] ¨ Ê¸¶¥Ï´µ ¶·¨³¥´¥´ ± ·¥Ï¥´¨Õ ³´µ£¨Ì ´¥²¨´¥°´ÒÌ § ¤ Î [21].

‚ · ¡µÉ¥ [19] ¨¸¸²¥¤µ¢ ´  ²µ± ²Ó´ Ö ¸Ìµ¤¨³µ¸ÉÓ ¨É¥· Í¨° (4) ¸ ¨É¥· Í¨-
µ´´Ò³ ¶ · ³¥É·µ³ (6).

’¥µ·¥³  1 [19]. �Ê¸ÉÓ ¢ ¸Ë¥·¥

D̄1 = {‖ z − z0 ‖<
B

1− q1
‖ ϕ(z0) ‖}

¢Ò¶µ²´¥´Ò Ê¸²µ¢¨Ö (5) ¨

q0 =
τ0

2
MB2 ‖ ϕ(z0) ‖< 1.

�Ê¸ÉÓ ¸ÊÐ¥¸É¢Ê¥É Í¥²µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Î¨¸²µ K É ±µ¥, ÎÉµ

1) 1 > τk =
‖ ϕ(zk−1) ‖
‖ ϕ(zk) ‖ τk−1, k = 1, 2, ...,K − 1.
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2) τk+j = 1, j = 0, 1, ...
3) τ0 > qK1 , q1 = ψ1(τ0).
’µ£¤  Ê· ¢´¥´¨¥ (1) ¨³¥¥É ·¥Ï¥´¨¥ z∗ ∈ D̄1, ± ±µÉµ·µ³Ê ¸Ìµ¤ÖÉ¸Ö ¨É¥· Í¨¨
(4), ´ Î¨´ Ö ¸ z0. ‘±µ·µ¸ÉÓ ¸Ìµ¤¨³µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´¸É¢µ³

‖ z∗ − zk ‖< Bq2(k−K)−1+K
1 ‖ ϕ(z0) ‖, k > K.

‚ ÔÉµ° · ¡µÉ¥ É ±¦¥ ¶µ± § ´µ, ÎÉµ µ¡² ¸ÉÓ ¸Ìµ¤¨³µ¸É¨ ¨É¥· Í¨° ´  µ¸´µ¢¥
��Œ� ¶·¨ É ±µ³ ¢Ò¡µ·¥ τk Ï¨·¥, Î¥³ Ê ±² ¸¸¨Î¥¸±µ£µ ³¥Éµ¤  �ÓÕÉµ´ .

‚ ¸¨²Ê Éµ£µ, ÎÉµ ��Œ� µ¡¥¸¶¥Î¨¢ ¥É ¸Ìµ¤¨³µ¸ÉÓ ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö
(1) Éµ²Ó±µ ¢ µ±·¥¸É´µ¸É¨ ²µ± ²Ó´µ£µ ·¥Ï¥´¨Ö [1], ¢¥¸Ó³  ¢ ¦´µ° Ö¢²Ö¥É¸Ö
¶·µ¡²¥³  ¶µ¸É·µ¥´¨Ö ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°, ±µÉµ· Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥
 ²£µ·¨É³¨§Ê¥³  ¨ ·¥Ï ¥É¸Ö ¶µ-· §´µ³Ê ¢ § ¢¨¸¨³µ¸É¨ µÉ µ¸µ¡¥´´µ¸É¥° ±µ´-
±·¥É´µ° § ¤ Î¨.

‚ Î ¸É´µ¸É¨, ¶·¨ Î¨¸²¥´´µ³  ´ ²¨§¥ ¡µ²ÓÏ¨´¸É¢  ³µ¤¥²¥° É¥µ·¥É¨Î¥-
¸±µ° Ë¨§¨±¨ µ¡ÒÎ´µ ¨³¥¥É¸Ö  ¶·¨µ·´ Ö ¨´Ëµ·³ Í¨Ö µ Ì · ±É¥·¥ ·¥Ï¥´¨°,
±µÉµ· Ö ³µ¦¥É ÊÎ¨ÉÒ¢ ÉÓ¸Ö ¶·¨ ¢Ò¡µ·¥ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°.

‚ ¶·µ£· ³³´µ³ ±µ³¶²¥±¸¥ SLIPH4 [22], ·¥ ²¨§ÊÕÐ¥³ ·¥Ï¥´¨¥ § ¤ Î¨
˜ÉÊ·³  Å ‹¨Ê¢¨²²Ö, ¤²Ö ¶µ¸É·µ¥´¨Ö ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ÔËË¥±É¨¢´µ
¨¸¶µ²Ó§Ê¥É¸Ö ³¥Éµ¤, ¶·¥¤²µ¦¥´´Ò° ¢ · ¡µÉ¥ [23]. �´ µ¸´µ¢ ´ ´   ²£µ·¨É³¥
¢ÒÎ¨¸²¥´¨Ö ±µ·´¥° ¶µ²¨´µ³  ³¥Éµ¤µ³ �ÓÕÉµ´  ¸ Ê¤ ²¥´¨¥³ ¢ÒÎ¨¸²¥´´µ£µ
±µ·´Ö [24]. ‚ ÔÉµ° ¦¥ · ¡µÉ¥,   É ±¦¥ ¢ [25] ¤²Ö ¨¸±²ÕÎ¥´¨Ö ¸Ìµ¤¨³µ¸É¨ ±
Ê¦¥ ´ °¤¥´´µ³Ê ·¥Ï¥´¨Õ ´  ± ¦¤µ° ¨É¥· Í¨¨ ¶·µ¨§¢µ¤¨É¸Ö ¤µ¶µ²´¨É¥²Ó´ Ö
µ·Éµ£µ´ ²¨§ Í¨Ö ¢ÒÎ¨¸²Ö¥³µ£µ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö.

‚ · ¡µÉ¥ [26] ¢Ò¶µ²´¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ´¥±µÉµ·ÒÌ ¶ · ³¥É·¨-
Î¥¸±¨ § ¢¨¸¨³ÒÌ § ¤ Î ¢ · ³± Ì · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì ³µ¤¥²¥° ´  µ¸´µ¢¥
¸µÎ¥É ´¨Ö ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨° ¸ ³¥Éµ¤µ³ ¶·µ¤µ²¦¥´¨Ö [4]. ‚ÒÎ¨¸²¨-
É¥²Ó´Ò° ¶·µÍ¥¸¸ ¶·¨ ÔÉµ³ µ·£ ´¨§Ê¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ ¨§¢¥¸É´µ¥ ¤²Ö
´¥±µÉµ·µ£µ ´ ¡µ·  ¶ · ³¥É·µ¢ ·¥Ï¥´¨¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ ± Î¥¸É¢¥ ´ Î ²Ó´µ£µ
¶·¨¡²¨¦¥´¨Ö ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ¸ ´µ¢Ò³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·µ¢. �·¨
ÔÉµ³ ³ ²µ¥ ¨§³¥´¥´¨¥ ¶ · ³¥É·µ¢ ¨ ´¥¶·¥·Ò¢´ Ö § ¢¨¸¨³µ¸ÉÓ ·¥Ï¥´¨Ö § -
¤ Î¨ µÉ ´¨Ì £ · ´É¨·ÊÕÉ ¸Ìµ¤¨³µ¸ÉÓ ´ÓÕÉµ´µ¢¸±µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ É·Ê¤´µ¸É¨ ¶·¨ ¶· ±É¨Î¥¸±µ³ ¶·¨³¥´¥´¨¨ ��Œ�
³µ£ÊÉ ¡ÒÉÓ ¢Ò§¢ ´Ò ¡²¨§µ¸ÉÓÕ ± ´Ê²Õ ‖ϕ′(z)‖. �´¨ ¸¢Ö§ ´Ò ¸ É¥³, ÎÉµ
¸¨¸É¥³  (4) ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸É ´µ¢¨É¸Ö ´¥±µ··¥±É´µ°. �¥±µÉµ·Ò¥ ¢ ·¨ ´ÉÒ
·¥£Ê²Ö·¨§ Í¨¨ ¨É¥· Í¨µ´´µ£µ ¶·µÍ¥¸¸  (4) · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ · ¡µÉ¥ [14].

‚ · ¡µÉ¥ [27] ¶·¥¤²µ¦¥´  ¨É¥· Í¨µ´´ Ö ¶·µÍ¥¤Ê· , µ¸´µ¢ ´´ Ö ´  ±µ³-
¡¨´ Í¨¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨° ¨ ³¥Éµ¤  Ê¸É ´µ¢²¥´¨Ö [28], ¶·¥¨³ÊÐ¥¸É¢µ
±µÉµ·µ° ¶¥·¥¤ ¸Ì¥³µ° (4) ¸µ¸Éµ¨É ¢ ¡µ²¥¥ Ï¨·µ±µ° ¶·¨³¥´¨³µ¸É¨ ¤²Ö ¸²Ê-
Î ¥¢, ¡²¨§±¨Ì ± ¢Ò·µ¦¤¥´´Ò³ (‖ ϕ′(z) ‖→ 0).

�Í¥´±¨ ÉµÎ´µ¸É¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³. �¸É ´µ¢¨³¸Ö ´  ¢µ-
¶·µ¸¥ ÉµÎ´µ¸É¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ´  µ¸´µ¢¥ ��Œ�. Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó,
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¶·¨ ¶· ±É¨Î¥¸±µ° ·¥ ²¨§ Í¨¨ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ Ê· ¢´¥´¨¥
(1) § ³¥´Ö¥É¸Ö  ¶¶·µ±¸¨³¨·ÊÕÐ¨³ ¥£µ Ê· ¢´¥´¨¥³ ¢ ¸¥ÉµÎ´µ³ ¶·µ¸É· ´¸É¢¥

ϕh(zh) = 0. (7)

�Ê¸ÉÓ z∗h Ä ÉµÎ´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (7). ’µ£¤  ¢ ¸¥ÉµÎ´µ° ´µ·³¥ ¸¶· -
¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö µÍ¥´± :

‖ z∗ − zkh ‖≤‖ z∗ − z∗h ‖ + ‖ z∗h − zkh ‖, (8)

£¤¥ zkh Ä ¶·¨¡²¨¦¥´¨¥ ± ·¥Ï¥´¨Õ, ¶µ²ÊÎ¥´´µ¥ ¶µ¸²¥ k-° ¨É¥· Í¨¨ ¶·¨ ¢Ò-
¶µ²´¥´¨¨ Ê¸²µ¢¨Ö

‖ϕh(zkh)‖ ≤ ε, (9)

£¤¥ 0 < ε� 1.
�µ¸±µ²Ó±Ê

‖ z∗ − z∗h ‖≤ O(hp) [29],

‖ z∗h − zkh ‖≤ B‖ϕh(zkh)‖ [17],

Éµ ¶·¨ B‖ϕh(zkh)‖ � O(hp), ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö ¶·¨ § ¤ ´¨¨ ¤µ¸É ÉµÎ´µ ³ ²µ£µ
ε ¢ ¸µµÉ´µÏ¥´¨¨ (9), ÉµÎ´µ¸ÉÓ ¶µ²ÊÎ¥´´µ£µ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö ¡²¨§± 
± É¥µ·¥É¨Î¥¸±µ° µÍ¥´±¥ ¢Ò¡· ´´µ£µ ³¥Éµ¤  · §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ Ê· ¢-
´¥´¨Ö (1):

‖ z∗ − zkh ‖∼ O(hp). (10)

…¥ ³µ¦´µ ¤¥É ²Ó´µ ¨¸¸²¥¤µ¢ ÉÓ ´  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ±.
�·¨ ÔÉµ³ ¢µ§³µ¦´µ ÊÉµÎ´¥´¨¥ · §´µ¸É´µ£µ ·¥Ï¥´¨Ö ¸ ¶µ³µÐÓÕ Ô±¸É· ¶µ²Ö-
Í¨¨ � ¤¥ ¨²¨ �¨Î ·¤¸µ´  (¸³., ´ ¶·¨³¥·, [8]).

‚ ¸²ÊÎ ¥, ¥¸²¨ ¨¸Ìµ¤´ Ö § ¤ Î  Ö¢²Ö¥É¸Ö ¸¨´£Ê²Ö·´µ°, ¢ µÍ¥´±Ê ÉµÎ´µ-
¸É¨ ¤µ¡ ¢²Ö¥É¸Ö ¸² £ ¥³µ¥, Ì · ±É¥·¨§ÊÕÐ¥¥ µÏ¨¡±Ê  ¶¶·µ±¸¨³ Í¨¨ ¸¨´£Ê-
²Ö·´µ° § ¤ Î¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ·¥£Ê²Ö·´µ° § ¤ Î¥° [30]. �Í¥´¨ÉÓ ÔÉÊ ¶µ-
£·¥Ï´µ¸ÉÓ ³µ¦´µ ¶ÊÉ¥³ ¶·µ¢¥¤¥´¨Ö ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ · ¸Î¥Éµ¢ ´  · ¸Ï¨·Ö-
ÕÐ¨Ì¸Ö ¨´É¥·¢ ² Ì. �·¨ ÔÉµ³ ¤µ¡¨¢ ÕÉ¸Ö É ±µ£µ ¸µµÉ´µÏ¥´¨Ö ¶ · ³¥É·µ¢
¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò, ÎÉµ¡Ò µ¸´µ¢´µ° ¢±² ¤ ¸µ¸É ¢²Ö²  ¶µ£·¥Ï´µ¸ÉÓ · §-
´µ¸É´µ£µ ·¥Ï¥´¨Ö, É.¥. ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó ¸µµÉ´µÏ¥´¨¥ (10).

�É³¥É¨³, ÎÉµ, ¸µ£² ¸´µ [31], ±² ¸¸¨Î¥¸±¨¥ ¸¶¥±É· ²Ó´Ò¥ § ¤ Î¨ ¤²Ö ²¨-
´¥°´ÒÌ µ¶¥· Éµ·µ¢ ³µ£ÊÉ É· ±Éµ¢ ÉÓ¸Ö ± ± ´¥²¨´¥°´Ò¥ ËÊ´±Í¨µ´ ²Ó´Ò¥ Ê· ¢-
´¥´¨Ö. „²Ö ÔÉµ£µ § ¤ Î  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢¨¤ 

Dy − λy = 0

¤µµ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ ¸µ¡¸É¢¥´´µ£µ Ô²¥³¥´É 

Γ(y) = 0,



218 �“‡›�ˆ� ˆ.‚., �Œˆ�•���‚ ˆ.‚., ‡…Œ‹Ÿ��Ÿ ….‚. ˆ „�.

£¤¥ Γ Ä ´µ·³¨·µ¢µÎ´Ò° ËÊ´±Í¨µ´ ², ´ ¶·¨³¥·,

(y, y)− 1 = 0.

‚ É ±µ° ¶µ¸É ´µ¢±¥ § ¤ Î  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ°
´¥²¨´¥°´µ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ (1) µÉ´µ¸¨É¥²Ó´µ ´¥¨§¢¥¸É´µ£µ z =
{λ, y}. ’ ±¨³ µ¡· §µ³, ��Œ� ³µ¦¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¨ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î
´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö [21].

�¡µ¡Ð¥´¨¥ ��Œ�. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö · §· ¡µÉ ´Ò ¨ Ï¨·µ±µ ¨¸¶µ²Ó-
§ÊÕÉ¸Ö · §²¨Î´Ò¥ ³µ¤¨Ë¨± Í¨¨ ��Œ�, Ê¢¥²¨Î¨¢ ÕÐ¨¥ ¥£µ ÔËË¥±É¨¢´µ¸ÉÓ
¤²Ö ±µ´±·¥É´ÒÌ ±² ¸¸µ¢ § ¤ Î ¨ · ¸Ï¨·ÖÕÐ¨¥ µ¡² ¸ÉÓ ¥£µ ¶·¨³¥´¥´¨Ö.

�¤´µ° ¨§ É ±¨Ì ³µ¤¨Ë¨± Í¨°, ¨¸¶µ²Ó§Ê¥³µ° ¢ Í¥²µ³ ·Ö¤¥ · ¡µÉ, Ö¢²Ö¥É¸Ö
µ¡µ¡Ð¥´¨¥ ��Œ�, ¸µ£² ¸´µ ±µÉµ·µ³Ê ¶ · ³¥É·¨§ Í¨Ö Ê· ¢´¥´¨Ö (1) µÉ´µ¸¨-
É¥²Ó´µ ¤µ¶µ²´¨É¥²Ó´µ£µ ¶ · ³¥É·  t µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ Ö¢´µ° § ¢¨¸¨³µ¸ÉÓÕ ϕ
µÉ t. �·¨ ÔÉµ³ ´¥¶·¥·Ò¢´Ò° ¶ · ³¥É· t ¢¢µ¤¨É¸Ö ¢ Ê· ¢´¥´¨¥ (1) É ±, ÎÉµ¡Ò
¶·¨ t = 0 ¶µ²ÊÎ ²µ¸Ó ¶·µ¸Éµ¥ Ê· ¢´¥´¨¥

ϕ(0, z(0)) ≡ ϕ0(z0) = 0,

±µÉµ·µ¥ ³µ¦´µ ²¥£±µ ·¥Ï¨ÉÓ, ¨

lim
t→∞

ϕ(t, z(t)) = ϕ(z).

’ ±¨³ µ¡· §µ³, ¤²Ö ´¥²¨´¥°´µ£µ ËÊ´±Í¨µ´ ²Ó´µ£µ Ê· ¢´¥´¨Ö (1) ¸É·µ-
¨É¸Ö Ô¢µ²ÕÍ¨µ´´µ¥ Ê· ¢´¥´¨¥ ¶µ ´¥¶·¥·Ò¢´µ³Ê ¶ · ³¥É·Ê t, ¶µ¤µ¡´µ¥ Ê· ¢-
´¥´¨Õ (3):

d

dt
ϕ(t, z(t)) = −ϕ(t, z(t)), 0 ≤ t <∞ (11)

¸ ´ Î ²Ó´Ò³ Ê¸²µ¢¨¥³ z(0) = z0.
ˆ§ Ê· ¢´¥´¨Ö (11), µ¡µ§´ Î¨¢ A(t) = ϕ′z(t, z(t)), ¶µ²ÊÎ ¥³

dz

dt
= −A(t)−1[ϕ(t, z(t)) + ϕ

′

t(t, z(t))]. (12)

�µ¸±µ²Ó±Ê ¨´É¥£· ² Ê· ¢´¥´¨Ö (11) ¥¸ÉÓ ϕ(t, z(t)) = e−tϕ(0, z0), Éµ
||ϕ(t, z(t))|| → 0 ¶·¨ t → ∞, ¨ ¸²¥¤Ê¥É µ¦¨¤ ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨ Ê¸Éµ°Î¨-
¢µ° ¸Ìµ¤¨³µ¸É¨ z(t) ± ¨¸±µ³µ³Ê ·¥Ï¥´¨Õ z∗.

�·¨  ¶¶·µ±¸¨³ Í¨¨ ¶µ ¸Ì¥³¥ �°²¥·  Ê· ¢´¥´¨Ö (12) ¶·µ¨§¢µ¤¨É¸Ö ¤¨¸-
±·¥É¨§ Í¨Ö ´¥¶·¥·Ò¢´µ£µ ¶ · ³¥É·  t : (t0, t1, ...tk); t0 = 0, tk+1 − tk = τk ¨
¶µ²ÊÎ ¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¨É¥· Í¨°

zk+1 = zk + τkVk, (13)

£¤¥
Vk = −Bk[ϕ(tk, zk) + ϕ′t(tk, zk)], Bk = A(tk)−1. (14)
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‚ÒÎ¨¸²ÖÖ ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö tk ¨É¥· Í¨µ´´ÊÕ ¶µ¶· ¢±Ê Vk ¨ Ï £ τk,
¶µ²ÊÎ ¥³ ´µ¢µ¥ ¶·¨¡²¨¦¥´¨¥ zk+1 ± ·¥Ï¥´¨Õ z∗. ˆÉ¥· Í¨µ´´Ò° ¶·µÍ¥¸¸
(13), (14) ¤µ²¦¥´ ¶·µ¤µ²¦ ÉÓ¸Ö ¤µ ¢Ò¶µ²´¥´¨Ö ´¥· ¢¥´¸É¢ 

δk =‖ ϕ(tk, zk) ‖< ε. (15)

�¤¨´ ¨§ ¢ ·¨ ´Éµ¢ ¶ · ³¥É·¨§ Í¨¨ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö ��Œ� ³µ¦´µ
¢Ò¶µ²´¨ÉÓ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸± ²Ö·´µ° ËÊ´±Í¨¨ g(t) [32], É ± ´ §Ò¢ ¥³µ°
ËÊ´±Í¨¨ ¢±²ÕÎ¥´¨Ö ¢µ§³ÊÐ¥´¨Ö, É ±µ°, ÎÉµ g(0) = g(∞)− 1 = g′(∞) = 0, ¨
¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ ϕ(t, z(t)) ¢ ¢¨¤¥ ¸Ê³³Ò

ϕ(t, z(t)) = ϕ0(z(t)) + g(t)[ϕ(z(t)) − ϕ0(z(t))]. (16)

‘Î¨É ¥³, ÎÉµ ¤²Ö Ê· ¢´¥´¨Ö ϕ0(z) = 0 ²¥£±µ ´ °É¨ ·¥Ï¥´¨¥, ¨²¨ µ´µ
¨§¢¥¸É´µ,   µ¶¥· Éµ· ϕ′0(z) ²¥£±µ µ¡· É¨³. ’ ±µ° ¢ ·¨ ´É ³µ¦¥É · ¸¸³ É·¨-
¢ ÉÓ¸Ö ± ± ±µ³¡¨´ Í¨Ö ��Œ� ¨ ³¥Éµ¤  ¢ ·¨ Í¨¨ ¶ · ³¥É·  [5].

‚ · ¡µÉ¥ [33] ËÊ´±Í¨Ö g(t) ¢ÒÎ¨¸²Ö¥É¸Ö ¢ ¨É¥· Í¨µ´´µ³ ¶·µÍ¥¸¸¥ Î¥-
·¥§ ¨É¥· Í¨µ´´ÊÕ ¶µ¶· ¢±Ê, ¢ · ¡µÉ Ì [34Å39] ËÊ´±Í¨µ´ ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ
g(t) § ¤ ¥É¸Ö Ö¢´µ.

“¸²µ¢¨Ö ¸Ìµ¤¨³µ¸É¨ ´ÓÕÉµ´µ¢¸±µ£µ Ô¢µ²ÕÍ¨µ´´µ£µ ¶·µÍ¥¸¸  (11), (16)
¶·¨ g(t) = 1− exp(−t) · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ · ¡µÉ¥ [32].

’¥µ·¥³  2 [32]. �Ê¸ÉÓ ¢ ¸Ë¥·¥

D :‖ z − z0 ‖≤
B

1− q ‖ ϕ(z0) ‖, 0 < q < 1

ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ (1) ¶·¥¤¸É ¢²Ö¥É¸Ö ± ±

ϕ(z) = ϕ0(z) + ϕ1(z) = 0,

¶ · ³¥É·¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¨³¥¥É ¢¨¤

ϕ(t, z(t)) = ϕ0(z(t)) + g(t)ϕ1(z(t)),

¸ÊÐ¥¸É¢ÊÕÉ ¶·µ¨§¢µ¤´Ò¥ ”·¥Ï¥ ϕ′0(z), ϕ′1(z) ¨ ²¨´¥°´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ϕ′′0 (z),
ϕ′′1 (z), ¶·¨Î¥³ ²¨´¥°´Ò° µ¶¥· Éµ· ϕ′0(z) µ¡· É¨³Ò°, ¨ ¨³¥ÕÉ ³¥¸Éµ ´¥· -
¢¥´¸É¢ 

‖ ϕ′0(z)−1 ‖≤ B, ‖ ϕ′1(z)−1 ‖≤ C, q = 2BC < 1.

�Ê¸ÉÓ É ±¦¥ µ¶¥· Éµ·Ò ϕ′′0 ¨ ϕ′′1 µ£· ´¨Î¥´Ò ¢ µ±·¥¸É´µ¸É¨ ± ¦¤µ°
ÉµÎ±¨ ¨§ ¸Ë¥·Ò D. ’µ£¤  ¢Ò¶µ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥:
1) “· ¢´¥´¨¥ (11) ¨³¥¥É ·¥Ï¥´¨¥ z = z(t) ¤²Ö ¢¸¥Ì t ¨§ [0,∞), ¶·¨Î¥³ ¥£µ
§´ Î¥´¨Ö ²¥¦ É ¢ D.
2) ‘ÊÐ¥¸É¢Ê¥É ¶·¥¤¥² limt→∞ z(t) = z∗, ¸²Ê¦ Ð¨° ±µ·´¥³ Ê· ¢´¥´¨Ö (1).
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’¥µ·¥³  3 [32]. �Ê¸ÉÓ Ê· ¢´¥´¨¥ (1) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ z∗ ¢
´¥±µÉµ·µ° µÉ±·ÒÉµ° µ¡² ¸É¨ D ¶·µ¸É· ´¸É¢  X , ¨ ¢ ÔÉµ° µ¡² ¸É¨ ¢Ò-
¶µ²´¥´Ò ¢¸¥ Ê¸²µ¢¨Ö É¥µ·¥³Ò 2. ’µ£¤  ¸ÊÐ¥¸É¢Ê¥É ¸Ë¥·  S :‖ z − z0 ‖≤ ε,
¶·¨´ ¤²¥¦ Ð Ö µ¡² ¸É¨ D, É ± Ö, ÎÉµ ¤²Ö ²Õ¡µ£µ z0 ∈ S ¤¨ËË¥·¥´Í¨ ²Ó-
´µ¥ Ê· ¢´¥´¨¥ (11) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ z(t) ¤²Ö ¢¸¥Ì t ∈ [0,∞) ¨
limt→∞ z(t) = z∗.

�¤´µ ¨§ ¶·¥¨³ÊÐ¥¸É¢ É ±µ£µ ¶µ¤Ìµ¤  § ±²ÕÎ ¥É¸Ö ¢ ±µ´¸É·Ê±É¨¢´µ³ ·¥Ï¥´¨¨
¢µ¶·µ¸  µ ¢Ò¡µ·¥ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö, ¢ ± Î¥¸É¢¥ ±µÉµ·µ£µ ³µ¦¥É ¡ÒÉÓ
¨¸¶µ²Ó§µ¢ ´µ ¨§¢¥¸É´µ¥ ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö

ϕ0(z) = 0.

„·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤  ¸µ¸Éµ¨É ¢ ¶µ-
¸É·µ¥´¨¨ ³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³, £¤¥ ¢³¥¸Éµ µ¡· Ð¥´¨Ö µ¶¥-
· Éµ·  ϕ′(z) ´  ± ¦¤µ° ¨É¥· Í¨¨ ¶·µ¨¸Ìµ¤¨É µ¡· Ð¥´¨¥ ¶·µ¨§¢µ¤´µ° ¸¶¥-
Í¨ ²Ó´µ ¢Ò¡· ´´µ£µ µ¶¥· Éµ·  ϕ0, ¨³¥ÕÐ¥£µ ¶·µ¸ÉÊÕ ¸É·Ê±ÉÊ·Ê. ‚µ¶·µ¸Ò
¸Ìµ¤¨³µ¸É¨ É ±¨Ì ¸Ì¥³ É ±¦¥ µ¡¸Ê¦¤ ÕÉ¸Ö ¢ · ¡µÉ¥ [32].

‚ · ¡µÉ Ì [35Å39] ¶ · ³¥É·¨§ Í¨Ö Ê± § ´´µ£µ ¢¨¤  ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö
· §· ¡µÉ±¨ ÔËË¥±É¨¢´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨.

‚ · ¡µÉ Ì [34] ¶·¥¤¸É ¢²¥´Ò Î¨¸²¥´´Ò¥ ¸Ì¥³Ò ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö
��Œ� ¤²Ö ·¥Ï¥´¨Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¢ ±µÉµ·ÒÌ ¨´É¥-
£· ²Ó´ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¢µ§³ÊÐ¥´¨¥ ¨ ¢¢µ¤¨É¸Ö Î¥·¥§
ËÊ´±Í¨Õ ¢±²ÕÎ¥´¨Ö.

� ²¨Î¨¥ ¨´É¥£· ²Ó´µ£µ µ¶¥· Éµ·  ¢ § ¤ Î Ì É ±µ£µ ·µ¤  ¶·¨¢µ¤¨É ± ´¥µ¡-
Ìµ¤¨³µ¸É¨ µ¡· Ð¥´¨Ö  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì ¥£µ § ¶µ²´¥´´ÒÌ ³ É·¨Í ¢Ò¸µ±µ£µ
¶µ·Ö¤±  ´  ± ¦¤µ° ¨É¥· Í¨¨. � ¸¸³ É·¨¢ ¥³Ò° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¨§¡¥¦ ÉÓ
ÔÉµ° É·¥¡ÊÕÐ¥° §´ Î¨É¥²Ó´ÒÌ § É· É ±µ³¶ÓÕÉ¥·´ÒÌ ·¥¸Ê·¸µ¢ µ¶¥· Í¨¨ ¨
¸ÊÐ¥¸É¢¥´´µ Ê¶·µ¸É¨ÉÓ ·¥Ï¥´¨¥ § ¤ Î¨.

�É³¥É¨³, ÎÉµ, ± ± ¶µ± § ´µ ¢ · ¡µÉ¥ [32], ·¥ ²¨§ Í¨Ö ´ÓÕÉµ´µ¢¸±µ£µ Ô¢µ-
²ÕÍ¨µ´´µ£µ ¶·µÍ¥¸¸  (12)Å(14) ¶·¨¢µ¤¨É ± ¶·µÍ¥¸¸ ³ ·¥£Ê²Ö·¨§ Í¨¨ ´ÓÕ-
Éµ´µ¢¸±µ£µ É¨¶ , · ¸¸³µÉ·¥´´Ò³ ¢ · ¡µÉ Ì [9,40].

2.2. �ÓÕÉµ´µ¢¸± Ö ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¸ µ¤´µ¢·¥³¥´´Ò³ ¢ÒÎ¨¸²¥´¨¥³
µ¶¥· Éµ· , µ¡· É´µ£µ ± µ¶¥· Éµ·Ê ¶·µ¨§¢µ¤´µ° ´¥²¨´¥°´µ° ËÊ´±Í¨¨. � §-
¢¨É¨¥ ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸¨¸É¥³ ¤¥² ¥É  ±ÉÊ ²Ó´µ° ¶·µ-
¡²¥³Ê · §· ¡µÉ±¨ ¸¶¥Í¨ ²Ó´ÒÌ  ²£µ·¨É³µ¢ ¨ ¶·µ£· ³³ ¤²Ö ÔËË¥±É¨¢´µ£µ
¨¸¶µ²Ó§µ¢ ´¨Ö ¢µ§³µ¦´µ¸É¥° ÔÉ¨Ì ¸¨¸É¥³. ‚ ÔÉµ³ · §¤¥²¥ ¶·¥¤¸É ¢²¥´ ³µ¤¨-
Ë¨Í¨·µ¢ ´´Ò°  ²£µ·¨É³ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´´µ£µ ��Œ�, ÊÎ¨ÉÒ¢ ÕÐ¨° ÔÉ¨
¢µ§³µ¦´µ¸É¨. ‚ · ¡µÉ¥ [41] · §· ¡µÉ ´ ¨É¥· Í¨µ´´Ò° ¶·µÍ¥¸¸, ¢ ±µÉµ·µ³
µ¡· Ð¥´¨¥ µ¶¥· Éµ·  ¶·µ¨§¢µ¤´µ° ´¥²¨´¥°´µ° ËÊ´±Í¨¨ § ³¥´Ö¥É¸Ö ´  ± ¦-
¤µ° ¨É¥· Í¨¨ ´  ¤¢  Ê³´µ¦¥´¨Ö ²¨´¥°´ÒÌ µ¶¥· Éµ·µ¢.
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ˆ¤¥Ö É ±µ£µ ¶µ¤Ìµ¤  ¤²Ö ´ Ìµ¦¤¥´¨Ö µ¡· É´ÒÌ ³ É·¨Í ¢ ¶·¨³¥´¥´¨¨ ±
³¥Éµ¤Ê ¢ ·¨ Í¨¨ ¶ · ³¥É·  ¡Ò²  ¢Ò¸± § ´  ¢ · ¡µÉ Ì [42, 43]. �·¥¨³ÊÐ¥-
¸É¢µ³ ¥£µ Ö¢²Ö¥É¸Ö µÉ¸ÊÉ¸É¢¨¥ µ¶¥· Í¨¨ ¤¥²¥´¨Ö ´  ¶·µÉÖ¦¥´¨¨ ¢¸¥Ì ¢ÒÎ¨-
¸²¥´¨°. �É¨³ ¨¸±²ÕÎ ÕÉ¸Ö ¨ ¸²ÊÎ ¨ ¤¥²¥´¨Ö ´  ³ ²µ¥ Î¨¸²µ, ¢µ§³µ¦´Ò¥ ¶·¨
µ¡· Ð¥´¨¨ ¶²µÌµ µ¡Ê¸²µ¢²¥´´ÒÌ ³ É·¨Í. ’¥³ ¸ ³Ò³ ¶µ¢ÒÏ ÕÉ¸Ö Ê¸Éµ°Î¨-
¢µ¸ÉÓ ¨ ÉµÎ´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨°.

’¥¸Éµ¢Ò¥ · ¸Î¥ÉÒ, ¶·µ¢¥¤¥´´Ò¥ ¤²Ö ·Ö¤  § ¤ Î, ¶µ¤É¢¥·¤¨²¨ ÔËË¥±É¨¢-
´µ¸ÉÓ ¶·¥¤¸É ¢²¥´´µ£µ  ²£µ·¨É³  ¤²Ö ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ¸¨¸É¥³, ¨³¥Õ-
Ð¨Ì¸Ö ¢ �ˆŸˆ.

�¶¨¸ ´¨¥ ³µ¤¨Ë¨Í¨·µ¢ ´´µ£µ  ²£µ·¨É³ . �Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¢³¥¸Éµ
Ê· ¢´¥´¨Ö (1) ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê ËÊ´±Í¨µ´ ²Ó´µ-µ¶¥· Éµ·´ÒÌ Ê· ¢´¥´¨°:{

ϕ(z) = 0,
BA− I = 0,

(17)

£¤¥ A = ϕ
′

z , B = A−1, I Å ¥¤¨´¨Î´Ò° µ¶¥· Éµ·.
‚¢µ¤Ö ´¥¶·¥·Ò¢´Ò° ¶ · ³¥É· t (0 ≤ t < ∞) ¨ ¶¥·¥Ìµ¤Ö, ¸µ£² ¸´µ

µ¡µ¡Ð¥´´µ³Ê ��Œ�, ± ¸¨¸É¥³¥ Ô¢µ²ÕÍ¨µ´´ÒÌ Ê· ¢´¥´¨°, ¶µ²ÊÎ ¥³
d

dt
ϕ(t, z(t)) = −ϕ(t, z(t)),

d

dt
[B(t)A(t) − I] = I −B(t)A(t).

(18)

�µ¸²¥ ¶·µ¸ÉÒÌ ¶·¥µ¡· §µ¢ ´¨° µ±µ´Î É¥²Ó´µ ¨³¥¥³
d

dt
z(t) = −B(t)[ϕ(t, z(t)) + ϕ

′

t(t, z(t))],

d

dt
B(t) = [I − B(t)(A(t) +A

′
(t))]B(t).

(19)

�·µ¨§¢µ¤Ö ¤¨¸±·¥É¨§ Í¨Õ ´¥¶·¥·Ò¢´µ£µ ¶ · ³¥É· , ´  µ¸´µ¢¥ ¸Ì¥³Ò �°-
²¥·  ¶µ²ÊÎ ¥³ Ëµ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö zk+1 = z(tk+1) ¨ Bk+1 = B(tk+1),
¸Î¨É Ö ¨§¢¥¸É´Ò³¨ ´  ± ¦¤µ³ k-³ Ï £¥ zk ¨ Bk:{

zk+1 = zk + τkVk,
Bk+1 = Bk + τkWk,

(20)

£¤¥
Vk = −Bk[ϕ(tk, zk) + ϕ′t(tk, zk)], (21)

Wk = [I −Bk(Ak + (Ak)′t)]Bk. (22)

’ ±¨³ µ¡· §µ³, ¨³¥Ö ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ z0 ¨ B0, ³µ¦´µ ¶µ¸²¥¤µ-
¢ É¥²Ó´µ ´ °É¨ ¢¸¥ ¶·¨¡²¨¦¥´¨Ö zk ¨ Bk.

ˆÉ¥· Í¨µ´´Ò° ¶·µÍ¥¸¸ ¶·µ¤µ²¦ ¥É¸Ö ¤µ ¢Ò¶µ²´¥´¨Ö ´¥· ¢¥´¸É¢  (15).
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�¸µ¡¥´´µ¸ÉÓÕ ¢ÒÏ¥¨§²µ¦¥´´µ£µ  ²£µ·¨É³  Ö¢²Ö¥É¸Ö ¶ · ²²¥²Ó´µ¥ ¢Ò-
Î¨¸²¥´¨¥ µ¡· É´µ£µ µ¶¥· Éµ·  Bk ¢ ¨É¥· Í¨µ´´µ³ ¶·µÍ¥¸¸¥, ÎÉµ µÉ±·Ò-
¢ ¥É ¤µ¶µ²´¨É¥²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö · ¸¶ · ²²¥²¨¢ ´¨Ö ¢ÒÎ¨¸²¨É¥²Ó´µ£µ
¶·µÍ¥¸¸ .

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, µ¡· Ð¥´¨¥ ¶·µ¨§¢µ¤´µ° ´¥²¨´¥°´µ£µ ËÊ´±Í¨µ´ ²Ó-
´µ£µ µ¶¥· Éµ·  ¢ · ¸¸³ É·¨¢ ¥³µ° ³µ¤¨Ë¨± Í¨¨ § ³¥´Ö¥É¸Ö ¶¥·¥³´µ¦¥´¨Ö³¨
¢¸¶µ³µ£ É¥²Ó´ÒÌ µ¶¥· Éµ·µ¢, ÎÉµ ¶·¨¢µ¤¨É ¶·¨ ¶·µ£· ³³´µ° ·¥ ²¨§ Í¨¨ ±
¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ¶¥· Í¨Ö³ ¸  ¶¶·µ±¸¨³¨·ÊÕÐ¨³¨ ¨Ì ³ É·¨Í ³¨. ’ ± ± ± ¢
¸± ²Ö·´µ³ ¢ ·¨ ´É¥ ·¥ ²¨§ Í¨¨ µ¤´µ µ¡· Ð¥´¨¥ ³ É·¨ÍÒ ¶µ ¢·¥³¥´¨ ¡²¨§±µ
±µ ¢·¥³¥´¨ Ê³´µ¦¥´¨Ö ¤¢ÊÌ ³ É·¨Í [44], Éµ ¢·¥³Ö ¸Î¥É  ¶µ ³µ¤¨Ë¨Í¨·µ¢ ´-
´µ° ¸Ì¥³¥ ¤µ²¦´µ ¡ÒÉÓ ¶·¨¡²¨§¨É¥²Ó´µ ¢ ¤¢  · §  ¡µ²ÓÏ¥ ¶µ ¸· ¢´¥´¨Õ ¸
µ¡ÒÎ´µ° ¸Ì¥³µ°.

�¤´ ±µ ¸ ÉµÎ±¨ §·¥´¨Ö ¢¥±Éµ·¨§ Í¨¨ µ¶¥· Í¨° [45] Ê³´µ¦¥´¨¥ ³ É·¨Í
¶·¥¤¶µÎÉ¨É¥²Ó´¥¥ µ¡· Ð¥´¨Ö ³ É·¨ÍÒ, ¨ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò°  ²£µ·¨É³ ¤ ¥É
¢Ò¨£·ÒÏ ¶µ ¢·¥³¥´¨ ´  ¢¥±Éµ·´µ° ¢ÒÎ¨¸²¨É¥²Ó´µ° ¸¨¸É¥³¥. …¸É¥¸É¢¥´´µ,
ÎÉµ ÔÉµÉ ¢Ò¨£·ÒÏ ¡Ê¤¥É ¶µ²ÊÎ¥´ §  ¸Î¥É ¤µ¶µ²´¨É¥²Ó´ÒÌ § É· É ´  µ¡Ñ¥³
¶ ³ÖÉ¨, ´¥µ¡Ìµ¤¨³Ò° ¤²Ö Ì· ´¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ³ É·¨Í.

‚µ¶·µ¸Ò ¸Ìµ¤¨³µ¸É¨ ¶·¥¤¸É ¢²¥´´µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò µ¡¸Ê¦¤ ÕÉ¸Ö
¢ · ¡µÉ¥ [46].

ˆÉ¥· Í¨µ´´ Ö ¸Ì¥³  ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ²¨-
´¥°´µ£µ ¨´É¥£· ²Ó´µ£µ Ê· ¢´¥´¨Ö. � ¸¸³µÉ·¨³ ¢ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ¨É¥-
· Í¨µ´´ÊÕ ¸Ì¥³Ê ¤²Ö ·¥Ï¥´¨Ö ¸²¥¤ÊÕÐ¥£µ Ê· ¢´¥´¨Ö:

Φ(z) ≡
(
ϕ(z)
Γ(z)

)
= 0, (23)

£¤¥

Φ(z) ≡ y(x)(Q(x) − λ) + α

R∫
0

K(x, x′)y(x′)dx′ = 0, (24)

K(x, x′) ¨§¢¥¸É´µ, z = (y(x), λ), Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤

Γ(z) ≡
R∫

0

y2(x)dx −N = 0. (25)

‚¢¥¤¥³ ¶ · ³¥É· t(0 ≤ t < ∞) ¨ ËÊ´±Í¨Õ ª¢±²ÕÎ¥´¨Öª g(t) = 1 − e−t.
�·¥¤¸É ¢¨³ Φ(t, z) ¢ ¢¨¤¥

Φ(t, z) = Φ0(z) + g(t)(Φ(z)− Φ0(z)), (26)

£¤¥ Φ0(z) = 0 Ä ´¥±µÉµ·µ¥ ¶·µ¸Éµ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¸ ¨§¢¥¸É´Ò³
·¥Ï¥´¨¥³ z0, ¨¸¶µ²Ó§Ê¥³Ò³ ± ± ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥.
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“Î¨ÉÒ¢ Ö, ÎÉµ z(t) = (y(x, t), λ(t)), ¨ ¶¥·¥Ìµ¤Ö ± Ô¢µ²ÕÍ¨µ´´µ³Ê Ê· ¢´¥-
´¨Õ, ¶µ²ÊÎ¨³ ¤²Ö (26):

[(Φ0(z(t)))′y + g(t)[(Φ(z(t)))′y − (Φ0(z(t)))′y ]]y
′

t =

= −[Φ0(z(t)) + (g(t) + g
′

t(t))(Φ(z(t)) − Φ0(z(t)))]−

−[(Φ0(z(t)))′λ + g(t)((Φ(z(t)))′λ − (Φ0(z(t)))′λ)]λ
′

t(t). (27)

�·¨³¥´¨¢ ¶µ¤Ìµ¤, µ¶¨¸ ´´Ò° ¢ÒÏ¥, µ¡µ§´ Î¨¢ yk(x) = y(x, tk), gk = g(tk),
g′k = g′(tk), vk = y′t(x, tk), µk = λ′t(tk), Ak = Φ′y, Bk = A−1

k , ¤²Ö ± ¦¤µ£µ tk
¸ ÊÎ¥Éµ³ (21), (22) ¶µ²ÊÎ¨³

vk = −Bk[Gk + µkFk], (28)

Wk = [I −Bk(Ak +Ak
′

t)]Bk, (29)

£¤¥
Ak(vk(x)) = Φ0

′
y(zk)vk(x) + gk[(Q(x)− λk)vk(x)+

+α

R∫
0

K(x, x′)vk(x′)dx′ − Φ0
′
y(zk)vk(x)], (30)

Ak
′
t(vk(x)) = (Φ0

′
y(zk))′tvk(x)+g′k[(Q(x)−λk)vk(x)+α

R∫
0

K(x, x′)vk(x′)dx′−

−Φ0
′
y(zk)vk(x)]− gkvk(x)[µk + (Φ0

′
y(zk))′t], (31)

Gk = Φ0(zk) + (gk + g′k)[(Q(x) − λk)yk(x)+

+α

R∫
0

K(x, x′)yk(x′)dx′ − Φ0(zk)], (32)

Fk = Φ0
′
λ(zk)− gk(1 + Φ0

′
λ(zk)). (33)

ˆÉ¥· Í¨µ´´ Ö ¶µ¶· ¢±  vk ¢ÒÎ¨¸²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

vk = v
(1)
k + µkv

(2)
k , (34)

£¤¥
v

(1)
k = −BkGk, v

(2)
k = −BkFk. (35)
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”µ·³Ê²  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö µk ¢Ò¢µ¤¨É¸Ö ¨§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ (25) ¨ ¨³¥¥É
¢¨¤

µk =

N −
R∫
0

yk(x)(yk(x)− 2v
(1)
k (x))dx

R∫
0

2yk(x)v
(2)
k (x)dx

. (36)

�µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ¨É¥· Í¨µ´´ÒÌ ¶µ¶· ¢µ± µk, vk,Wk ³µ¦´µ ´ °É¨ ´µ¢µ¥
¶·¨¡²¨¦¥´¨¥ ¶µ ¸Ì¥³¥ �°²¥· :

yk+1 = yk + τkvk,

λk+1 = λk + τkµk, (37)

Bk+1 = Bk + τkWk.

—¨¸²¥´´ Ö  ¶¶·µ±¸¨³ Í¨Ö Ê· ¢´¥´¨Ö (24) ´  ¤¨¸±·¥É´µ° ¸¥É±¥ ¶µ x :
(0 = x0 < x1 < ... < xn = R) ¶·¨¢µ¤¨É ± ¸¨¸É¥³¥ n Ê· ¢´¥´¨°:

Φi = yi(Qi − λ) + α

n∑
j=1

Kijyjξj , (38)

£¤¥ yi = y(xi), Qi = Q(xi),Kij = K(xi, xj), ξj− ±µÔËË¨Í¨¥´ÉÒ ±¢ ¤· ÉÊ·-
´µ° Ëµ·³Ê²Ò Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. �·¨ ÔÉµ³ µ¶¥· Éµ·Ò A,A′t, F,G ¢
Ëµ·³Ê² Ì (28)Å(33)  ¶¶·µ±¸¨³¨·ÊÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ ³ É·¨Í ³¨ {aij}, {ãij}
¨ ¢¥±Éµ· ³¨ (Fi), (Gi). ‚ Î ¸É´µ¸É¨, §´ Î¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ aij ¨ ãij
´  k-³ Ï £¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

aij = a
(0)
ij + gk[(Qi − λk)δij + αKijξj − a(0)

ij ], (39)

ãij = ã
(0)
ij + g′k[(Qi − λk)δij + α[Kijξj − ã(0)

ij ]− gk[µk + ã
(0)
ij ], (40)

£¤¥ δij Ä ¸¨³¢µ² Š·µ´¥±¥· , a(0)
ij ¨ ã

(0)
ij Ä Ô²¥³¥´ÉÒ ³ É·¨Í,  ¶¶·µ±¸¨³¨·Ê-

ÕÐ¨Ì ´  ¤¨¸±·¥É´µ° ¸¥É±¥ ¶µ x µ¶¥· Éµ·Ò Φ′0y(zk) ¨ [Φ′0y(zk)]′t ¸µµÉ¢¥É-
¸É¢¥´´µ.

2.3. �ÓÕÉµ´µ¢¸± Ö ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¸ ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ-
¸ÉÓÕ µÉ  ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨°. Œµ¤¥²¨·µ¢ ´¨¥ ´¥²¨´¥°´ÒÌ ÔËË¥±Éµ¢ ¢ ¶µ-
²¥¢ÒÌ ³µ¤¥²ÖÌ ¶·¨¢µ¤¨É ± ¸¨´£Ê²Ö·´Ò³ ´¥²¨´¥°´Ò³ £· ´¨Î´Ò³ § ¤ Î ³, § -
¢¨¸ÖÐ¨³ µÉ ª¢´¥Ï´¨Ìª Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ³µ¤¥²¨. ‡ Î ¸ÉÊÕ ÊÎ¥É ¨Ì
¤µ¶µ²´¨É¥²Ó´ÒÌ ¸¢Ö§¥° ¶µ§¢µ²Ö¥É Ê³¥´ÓÏ¨ÉÓ ±µ²¨Î¥¸É¢µ ¶ · ³¥É·µ¢ § ¤ Î¨.
‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ÔÉµ³ ¢µ§´¨± ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö, ±µÉµ·Ò¥,
± ± ¶· ¢¨²µ, ¸¢Ö§Ò¢ ÕÉ ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¨¸±µ³ÒÌ ·¥Ï¥´¨° ¸ ¨Ì
 ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¶µ¢¥¤¥´¨¥³. �µ¸±µ²Ó±Ê ¶·¨ ÔÉµ³ £·Ê¶¶  § ¢¨¸¨³ÒÌ ¶ · ³¥-
É·µ¢ ³µ¦¥É ¡ÒÉÓ § ³¥´¥´   ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ¤²Ö ´¥±µÉµ·ÒÌ
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¨¸±µ³ÒÌ ·¥Ï¥´¨°, ³µ¦´µ £µ¢µ·¨ÉÓ µ ¶µ¸É ´µ¢±¥ µ·¨£¨´ ²Ó´µ° £· ´¨Î´µ°
§ ¤ Î¨, ¢ ±µÉµ·µ° Ê· ¢´¥´¨Ö § ¢¨¸ÖÉ ´¥ Éµ²Ó±µ µÉ ¨¸±µ³ÒÌ ·¥Ï¥´¨°, ´µ ¨
Ö¢´µ µÉ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¤²Ö ´¨Ì.

� §· ¡µÉ ´´ Ö ¢ [47] ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¤²Ö ·¥Ï¥´¨Ö ÔÉµ£µ ´µ¢µ£µ É¨¶ 
§ ¤ Î ¨¸¶µ²Ó§Ê¥É ±µ³¡¨´ Í¨Õ ��Œ� ¨ ³¥Éµ¤  ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · ³¥É·Ê [4].
�´  ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¨¸¸²¥¤µ¢ ÉÓ § ¢¨¸¨³µ¸ÉÓ ¶µ¢¥¤¥´¨Ö ·¥Ï¥´¨Ö µÉ ¶ · -
³¥É·µ¢ § ¤ Î¨, ¢±²ÕÎ Ö ª¢´¥Ï´¨¥ª ¶ · ³¥É·Ò Ë¨§¨Î¥¸±µ° ³µ¤¥²¨ ¨ ª¢´ÊÉ-
·¥´´¨¥ª ¶ · ³¥É·Ò ¢ÒÎ¨¸²¨É¥²Ó´µ° ¸Ì¥³Ò.

� ¸¸³µÉ·¨³ ¸¨¸É¥³Ê N Ê· ¢´¥´¨°, § ¶¨¸ ´´ÊÕ ¢ ¢¥±Éµ·´µ° Ëµ·³¥

R(~y) ≡ ~y′′ + F(~y; ~y
′
;x;~c) = 0,

0 ≤ x <∞, (41)

£¤¥ ÏÉ·¨Ì µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ x, ~c Ä ¶ · ³¥É·Ò § ¤ Î¨ (M -
±µ³¶µ´¥´É´Ò° ¢¥±Éµ·), F Ä ´¥¶·¥·Ò¢´ Ö ¢¥±Éµ·-ËÊ´±Í¨Ö ¸¢µ¨Ì  ·£Ê³¥´Éµ¢
~y, ~y

′
,~c, ±·µ³¥ Éµ£µ, ± ± ËÊ´±Í¨Ö x ³µ¦¥É ¨³¥ÉÓ ¸¨´£Ê²Ö·´µ¸ÉÓ 1/xp, p ≤ 2,

¶·¨ x→ 0.
�Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (41) ( ¸ÊÐ¥¸É¢µ¢ ´¨¥ ±µÉµ·µ£µ ¶·¥¤¶µ² -

£ ¥É¸Ö), Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³

RL(~y) ≡ GL(~y(xL); ~y
′
(xL);xL;~c) = 0, xL → 0,

RR(~y) ≡ GR(~y(xR); ~y
′
(xR);xR;~c) = 0, xR →∞, (42)

  É ±¦¥ ¤µ¶µ²´¨É¥²Ó´µ³Ê ËÊ´±Í¨µ´ ²Ó´µ³Ê Ê¸²µ¢¨Õ

RA(~y) ≡ S(~y; ~y
′
;x,~c) = 0, (43)

£¤¥ GL ¨ GR− N -±µ³¶µ´¥´É´Ò¥ ¢¥±Éµ·-ËÊ´±Í¨¨, S− p-±µ³¶µ´¥´É´ Ö ¢¥±Éµ·-
ËÊ´±Í¨Ö, ¶·¨Î¥³ p ≤M. ‡ ³¥É¨³, ÎÉµ ¶·¨ p = M , · §·¥Ï Ö Ê· ¢´¥´¨¥ (43)
µÉ´µ¸¨É¥²Ó´µ ~c (¥¸²¨ ÔÉµ ¢µ§³µ¦´µ) ¨ ¶µ¤¸É ¢²ÖÖ ¢ (41), ³µ¦´µ ¶µ²´µ¸ÉÓÕ
¨¸±²ÕÎ¨ÉÓ ¶ · ³¥É·Ò § ¤ Î¨. …¸²¨ p < M, Éµ ¢¸¥£¤  µ¸É ÕÉ¸Ö ¸¢µ¡µ¤´Ò¥
¶ · ³¥É·Ò. „ ²¥¥, ´¥ ´ ·ÊÏ Ö µ¡Ð´µ¸É¨, ¶·¥¤¶µ²µ¦¨³, ÎÉµ p = M .

’ ±¨³ µ¡· §µ³, ·¥Ï Ö ±· ¥¢ÊÕ § ¤ ÎÊ (41), (42) ¸ ÊÎeÉµ³ ¤µ¶µ²´¨É¥²Ó-
´µ£µ Ê¸²µ¢¨Ö (43), ´Ê¦´µ ´ °É¨ ´¥¨§¢¥¸É´Ò¥ ¢¥²¨Î¨´Ò {~y(x), ~c}. �·¨ Î¨-
¸²¥´´µ³ ·¥Ï¥´¨¨ ¸¨´£Ê²Ö·´µ° £· ´¨Î´µ° § ¤ Î¨ (41)Ä(43) ´  ¶µ²Êµ¸¨ (0 ≤
x < ∞) ´¥µ¡Ìµ¤¨³µ µ¶·¥¤¥²¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ´  ±µ-
´¥Î´µ³ ¨´É¥·¢ ²¥ (0 ≤ x ≤ xR). �·¨ ÔÉµ³ ¢µ§´¨± ¥É ¤µ¶µ²´¨É¥²Ó´ Ö ¶·µ-
¡²¥³ , ¸¢Ö§ ´´ Ö ¸ ¶¥·¥´µ¸µ³  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ê¸²µ¢¨° ¤²Ö ¨¸±µ³ÒÌ ·¥Ï¥-
´¨° ¢ ±µ´¥Î´Ò¥ ÉµÎ±¨ (x = xL, x = xR) ¨ µÍ¥´±µ° ÉµÎ´µ¸É¨ É ±µ£µ ¶·¨-
¡²¨¦¥´¨Ö. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ É ±¨¥ µÍ¥´±¨ ³µ¦´µ ¢Ò¶µ²´¨ÉÓ Éµ²Ó±µ Î¨¸²¥´´µ,
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¨¸¶µ²Ó§ÊÖ · ¸Î¥ÉÒ ¤²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ §´ Î¥´¨° ¶ · ³¥É·µ¢ xL, xR.
�·¥¤¶µ²µ¦¨³, ÎÉµ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (42) ¤²Ö ±µ´¥Î´ÒÌ §´ Î¥´¨° xL = 0 ¨
xR <∞ ¤µ¸É ÉµÎ´µ ÉµÎ´µ ÊÎ¨ÉÒ¢ ÕÉ  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ µ¸µ¡¥´´µ¸É¨ ¨¸±µ³ÒÌ
·¥Ï¥´¨°. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (41)Ä(43) ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ (0 ≤ x ≤ xR)
¶·¨³¥´¨³ ´¥¶·¥·Ò¢´Ò°  ´ ²µ£ ³¥Éµ¤  �ÓÕÉµ´ . �ÓÕÉµ´µ¢¸±¨¥ ¨É¥· Í¨¨ ¤²Ö
ÔÉµ° § ¤ Î¨ § ±²ÕÎ ÕÉ¸Ö ¢ ·¥Ï¥´¨¨ ´  ± ¦¤µ³ Ï £¥ ¸ ´µ³¥·µ³ k ²¨´¥°´µ°
§ ¤ Î¨

~v
′′

k + F
′

~y
′~v
′

k + F
′

~y~vk = −R(~y)− ~µTk F
′

~c (44)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

G
′

L~y
′~v
′

k(0) + G
′

L~y~vk(0) = −RL(~y)− ~µTk G
′

L~c,

G
′

R~y
′~v
′

k(xR) + G
′

R~y~vk(xR) = −RR(~y)− ~µTk G
′

R~c (45)

¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê· ¢´¥´¨¥³

S
′

~y′~v
′

k + S
′

~y~vk = −RD(~y)− ~µTk S
′

~c (46)

µÉ´µ¸¨É¥²Ó´µ ¨É¥· Í¨µ´´µ° ¶µ¶· ¢±¨ ~vk = 4~yk, ~µk = 4~ck ± ¨§¢¥¸É´µ³Ê
¶·¨¡²¨¦¥´¨Õ {~y(x)k,~ck} ¨¸±µ³µ£µ ·¥Ï¥´¨Ö. �¥Ï¥´¨¥ ¸¨¸É¥³Ò (44) ¡Ê¤¥³
¨¸± ÉÓ ¢ ¢¨¤¥

~vk = ~v
(1)

k + ~µTk~v
(2)

k . (47)

�µ¤¸É ¢²ÖÖ (47) ¢ (44) ¨ (45), ¶µ²ÊÎ¨³

(~v
(1)

k )
′′

+ F
′

~y
′ (~v

(1)

k )
′
+ F

′

~y~v
(1)

k = −R(~y), (48)

G
′

L~y
′ (~v

(1)

k (0))
′
+ G

′

L~y~v
(1)

k (0) = −RL(~y),

G
′

R~y′ (~v
(1)

k (xR))
′
+ G

′

R~y~v
(1)

k (xR) = −RR(~y) (49)

¨
(~v

(2)

k )
′′

+ F
′

~y′ (~v
(2)
k )

′
+ F

′

~y~v
(2)
k = −F

′

~c, (50)

G
′

L~y
′ (~v

(2)

k (0))
′
+ G

′

L~y~v
(2)

k (0) = −G
′

L~c,

G
′

R~y
′ (~v

(2)

k (xR))
′
+ G

′

R~y~v
(2)

k (xR) = −G
′

R~c. (51)

„²Ö ´ Ìµ¦¤¥´¨Ö ËÊ´±Í¨° ~v(1)

k ¨ ~v(2)

k ·¥Ï ¥³ £· ´¨Î´Ò¥ § ¤ Î¨ (48)Å(49) ¨
(50)Å(51). ‡ É¥³, ¶µ¤¸É ¢²ÖÖ(47) ¢ (46), ¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö
´ Ìµ¦¤¥´¨Ö ~µk. ’ ±¨³ µ¡· §µ³, ´  ± ¦¤µ° ¨É¥· Í¨¨ ´ ¤µ ·¥Ï ÉÓ ±· ¥¢Ò¥
§ ¤ Î¨ (48)Å(49), (50)Å(51) ¨ ¸¨¸É¥³Ê  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (46) ¤²Ö
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µ¶·¥¤¥²¥´¨Ö ~µk. �¥·¥Ìµ¤ ± ¸²¥¤ÊÕÐ¥³Ê ¶·¨¡²¨¦¥´¨Õ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ
Ëµ·³Ê² ³

~yk+1 = ~yk + τk~vk ,

~ck+1 = ~ck + τk~µk , (52)

£¤¥ τk Å ¨É¥· Í¨µ´´Ò° ¶ · ³¥É·, ¢Ò¡µ· ±µÉµ·µ£µ ³µ¦¥É µ¡¥¸¶¥Î¨ÉÓ µ¶É¨-
³ ²Ó´Ò¥ Ê¸²µ¢¨Ö ¸Ìµ¤¨³µ¸É¨ ¨É¥· Í¨° [14]. ˆÉ¥· Í¨¨ ¶·¥±· Ð ÕÉ¸Ö ¶·¨
¢Ò¶µ²´¥´¨¨ Ê¸²µ¢¨Ö

δk < ε,

£¤¥ ´¥¢Ö§±  δk ³µ¦¥É µ¶·¥¤¥²ÖÉÓ¸Ö ± ±

δk = max
j

max
i

max
x∈[xL,xR]

| Ri(yik(x), cjk) |, i = 1, 2, · · · , N, j = 1, 2, · · · ,M,

ε > 0 Å § ¤ ´´µ¥ ³ ²µ¥ Î¨¸²µ.
� ¸¸³µÉ·¥´´Ò° ¶µ¤Ìµ¤ ± ¶µ¸É·µ¥´¨Õ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ ´¥¶µ¸·¥¤¸É¢¥´-

´µ ¶·¨³¥´Ö¥É¸Ö ± Ê· ¢´¥´¨Õ (1) ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ¢¥±Éµ·¥ ¶ · ³¥É·µ¢ ~a.
„²Ö ¨¸¸²¥¤µ¢ ´¨Ö § ¢¨¸¨³µ¸É¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) µÉ ¶ · ³¥É·µ¢ ~a Í¥²¥-
¸µµ¡· §´µ ¶µ¸É·µ¨ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸Ì¥³Ê ´  µ¸´µ¢¥ ³¥Éµ¤  ¶·µ¤µ²¦¥´¨Ö
[4]. �ÉµÉ ³¥Éµ¤ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ Ê¦¥ ¢ÒÎ¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ´¥±µ-
Éµ·µ³ §´ Î¥´¨¨ ~ak ± ± ´ Î ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥ ¢ ¨É¥· Í¨ÖÌ ¤²Ö ´ Ìµ¦¤¥´¨Ö
·¥Ï¥´¨Ö ¶·¨ ´µ¢µ³ §´ Î¥´¨¨ ¢¥±Éµ·  ¶ · ³¥É·µ¢ ~ak+1 = ~ak+ ~∆ak. ˆ§¢¥¸É´µ
[4], ÎÉµ ±µ´¥Î´ÊÕ µ¡² ¸ÉÓ ¨§³¥´¥´¨Ö ¢¥±Éµ·  ¶ · ³¥É·µ¢ ~a ³µ¦´µ · §¡¨ÉÓ
Ê§² ³¨ {~ak} É ±, ÎÉµ ¡Ê¤¥É µ¡¥¸¶¥Î¥´  ¸Ìµ¤¨³µ¸ÉÓ ¤ ¦¥ ±² ¸¸¨Î¥¸±µ£µ ³¥-
Éµ¤  �ÓÕÉµ´  µÉ ¢Ò¡· ´´ÒÌ É ±¨³ µ¡· §µ³ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. �¡² ¸ÉÓ
¸Ìµ¤¨³µ¸É¨ µ¡¸Ê¦¤ ¥³ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ Ï¨·¥, Î¥³ ±² ¸¸¨Î¥¸±µ£µ ³¥-
Éµ¤ . �µÔÉµ³Ê Ê§²Ò {~ak} ³µ¦´µ § ¤ ¢ ÉÓ ¡µ²¥¥ ¶·µ¨§¢µ²Ó´µ. � Î¨´ ÉÓ ¢Ò-
Î¨¸²¥´¨Ö ¸²¥¤Ê¥É µÉ ·¥Ï¥´¨° ¢  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì µ¡² ¸ÉÖÌ ªË¨§¨Î¥¸±¨Ìª ¶ -
· ³¥É·µ¢. ’ ±¨³ µ¡· §µ³, ¶µ²ÊÎ ¥É¸Ö § ³±´ÊÉ Ö ¸Ì¥³  Î¨¸²¥´´µ£µ  ´ ²¨§ 
Ê· ¢´¥´¨Ö (1).

3. —ˆ‘‹…���… ˆ‘‘‹…„�‚��ˆ… �…Š�’��›• �…‹ˆ�…‰�›•
Š‚��’�‚�-��‹…‚›• ‘�Œ�‘�ƒ‹�‘�‚���›• Œ�„…‹…‰

�� �‘��‚… ����™…���ƒ� ��Œ�

Œµ¤¥²¨·µ¢ ´¨¥ ·Ö¤  Ë¨§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì
¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ¶·µ¢µ¤¨É¸Ö ¢ É¥·³¨´ Ì  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ¸ÉµÖ´¨°.
�µÔÉµ³Ê ¨Ì ¨§ÊÎ¥´¨¥ Ö¢²Ö¥É¸Ö ¢¥¸Ó³   ±ÉÊ ²Ó´µ° § ¤ Î¥°, ¨ ¢ É¥Î¥´¨¥ ·Ö¤  ²¥É
¡µ²ÓÏ¨¥ Ê¸¨²¨Ö ¶·¥¤¶·¨´¨³ ²¨¸Ó ¤²Ö µ¤´µÎ ¸É¨Î´µ£µ ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ
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µ¶¨¸ ´¨Ö ³´µ£µÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ (¸³., ´ ¶·¨³¥·, ¸¡µ·´¨± [48] ¨ ¸¸Ò²±¨
¢ ´¥³).

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ³µ¦´µ ¶·¨¢¥¸É¨ ±µ´Í¥¶Í¨Õ ¶µ²Ö·µ´  [49], Ö¢²ÖÕ-
Ð¥£µ¸Ö, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¶·µ¸É¥°Ï¥° ³µ¤¥²ÓÕ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö,   ¸
¤·Ê£µ° Å ¨³¥ÕÐ¥£µ ³´µ£µÎ¨¸²¥´´Ò¥ ¶·¨²µ¦¥´¨Ö ¢ Ë¨§¨±¥ ±µ´¤¥´¸¨·µ¢ ´-
´ÒÌ ¸¨¸É¥³. �É³¥É¨³, ÎÉµ ¶·µ¡²¥³  ¶µ²Ö·µ´  ± ± ´¥·¥²ÖÉ¨¢¨¸É¸±µ° Î ¸É¨ÍÒ,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éµ¢ ´´Ò³ ¶µ²¥³, ¡Ò²  ¶¥·¢µ´ Î ²Ó´µ ¸Ëµ·³Ê²¨-
·µ¢ ´  ± ± ¶·µ¡²¥³   ¢Éµ²µ± ²¨§µ¢ ´´µ£µ Ô²¥±É·µ´  ¢ ¨µ´´µ³ ±·¨¸É ²²¥.

‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨³¥¥É¸Ö ¡µ²ÓÏµ¥ Î¨¸²µ Ë¨§¨Î¥¸±¨Ì ¶·¨³¥·µ¢, ±µ£¤ 
Ô²¥±É·µ´ µ¡· §Ê¥É  ¢Éµ²µ± ²¨§µ¢ ´´µ¥ ¸µ¸ÉµÖ´¨¥. Š Î¨¸²Ê É ±¨Ì ¶·¨³¥·µ¢
µÉ´µ¸ÖÉ¸Ö ³ £´¨ÉµÊ¶µ·Ö¤µÎ¥´´Ò¥ ±·¨¸É ²²Ò, ¢ ±µÉµ·ÒÌ ¢µ§³µ¦´µ µ¡· §µ¢ -
´¨¥ ³ £´¨É´ÒÌ ¶µ²Ö·µ´µ¢, ¶µ²Ö·´Ò¥ ¦¨¤±µ¸É¨, ¢ ±µÉµ·ÒÌ  ¢Éµ²µ± ²¨§µ¢ ´-
´Ò¥ ¸µ¸ÉµÖ´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¸µ²Ó¢ É¨·µ¢ ´´Ò¥ Ô²¥±É·µ´Ò, ¨ ³´µ£¨¥
¤·Ê£¨¥ (¸³. ¸¸Ò²±¨ ¢ [48]). ‚ ¸²ÊÎ ¥ § ·Ö¦¥´´µ° ¶·µ¡´µ° Î ¸É¨ÍÒ, ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¥° ¸ Ô²¥±É·µ´´Ò³ £ §µ³, µ¤´µÎ ¸É¨Î´Ò° ¸¶¥±É· ¡Ò² ¨¸¸²¥¤µ¢ ´ ¢
¶·¨¡²¨¦¥´¨¨ Î ¸É¨ÍÒ, ¸¢Ö§ ´´µ° ¸ ¶² §¨µ´ ³¨ ¨ µ¡· §ÊÕÐ¥°  ¢Éµ²µ± ²¨§µ-
¢ ´´µ¥ ¸µ¸ÉµÖ´¨¥ [50].

‘ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ¢µ§´¨±´µ¢¥´¨¥  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ-
¸ÉµÖ´¨° ¸¢Ö§ ´µ ¸ ¶µÖ¢²¥´¨¥³ ¶·¨ ´¥±µÉµ·µ³ §´ Î¥´¨¨ ±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ¶·µ¡´µ° Î ¸É¨ÍÒ ¸ ±¢ ´Éµ¢Ò³ ¶µ²¥³ Î ¸É¨Í¥¶µ¤µ¡´ÒÌ ·¥Ï¥´¨° [51].

Œµ¤¥²¨·µ¢ ´¨¥ ´¥²¨´¥°´ÒÌ ÔËË¥±Éµ¢ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì ¨ ±¢ ´-
Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ ¶·¨¢µ¤¨É ± ´¥²¨´¥°´Ò³ § ¤ Î ³ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, § ¢¨¸ÖÐ¨Ì µÉ ª¢´¥Ï´¨Ìª Ë¨§¨Î¥¸±¨Ì
¶ · ³¥É·µ¢ ³µ¤¥²¨. ’ ±¨³ µ¡· §µ³, Í¥´É· ÉÖ¦¥¸É¨ ¶·µ¡²¥³Ò ¢ §´ Î¨É¥²Ó-
´µ° ¸É¥¶¥´¨ ¸¢Ö§ ´ ¸ ¨¸¸²¥¤µ¢ ´¨¥³ ·¥Ï¥´¨° Ê· ¢´¥´¨°, ¢µ§´¨± ÕÐ¨Ì ¶·¨
¸¨²Ó´µ³ ¢§ ¨³µ¤¥°¸É¢¨¨ Î ¸É¨ÍÒ ¸ ¶µ²¥³, ±µ£¤  ¸É ´µ¢¨É¸Ö ¢µ§³µ¦´Ò³ µ¡· -
§µ¢ ´¨¥  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ¸ÉµÖ´¨°.

‚ ´ ¸ÉµÖÐ¥³ · §¤¥²¥ ¶·¥¤¸É ¢²¥´Ò ¶µ¸É ´µ¢±¨ § ¤ Î ¢ · ³± Ì ´¥±µÉµ·ÒÌ
¸ ³µ¸µ£² ¸µ¢ ´´ÒÌ ³µ¤¥²¥°, Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ±µÉµ·ÒÌ ¶·µ¢µ¤¨²µ¸Ó ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ ´ÓÕÉµ´µ¢¸±¨Ì ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³. �Éµ µ¡µ¡Ð¥´´µ¥ Ê· ¢´¥-
´¨¥ ¶µ²Ö·µ´  ¢ · ³± Ì ³µ¤¥²¨ ‹ ÉÉ¨´¦¥·  - ‹Ê [52], ¸ ³µ¸µ£² ¸µ¢ ´´ Ö ³µ-
¤¥²Ó ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±É·µ´  [53] ¨ ±¢ ´Éµ¢µ-¶µ²¥¢ Ö ³µ¤¥²Ó ¡¨´Ê±²µ´ 
¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨ [54].

3.1. “· ¢´¥´¨¥ ¶µ²Ö·µ´  ¢ · ³± Ì ³µ¤¥²¨ ‹ ÉÉ¨´¦¥·  Ä ‹Ê. �¡Ð Ö
¶µ¸É ´µ¢±  § ¤ Î¨. ‚ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨ · ¸Î¥É Ì · ±É¥·¨¸É¨± (Ê·µ¢´¥°
Ô´¥·£¨¨ ¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°) ¶µ²Ö·µ´  ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ´¥²¨´¥°´µ°
¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö

∆rΨ(~r) + φ(~r)Ψ(~r) + EΨ(~r) = 0,

∆rφ(~r) + CΨ2(~r) = 0, (53)
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¢ ±µÉµ·µ° ´  ËÊ´±Í¨Õ Ψ(~r) ´ ²µ¦¥´µ Ê¸²µ¢¨¥
∫

Ψ2(~r)d~r = 1 (§¤¥¸Ó E Ä ¸µ¡-
¸É¢¥´´µ¥ §´ Î¥´¨¥, C Ä ¶ · ³¥É·). ‘¨¸É¥³  (53) ¡Ò²  ¶µ²ÊÎ¥´  ‘.ˆ.�¥± ·µ³
¨§ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ° É¥µ·¨¨ [55]. ‚ µ¸´µ¢µ¶µ² £ ÕÐ¥° · ¡µÉ¥ �.�.�µ£µ-
²Õ¡µ¢  [56] Ê· ¢´¥´¨Ö (53) ¡Ò²¨ ±µ´¸É·Ê±É¨¢´µ ¶µ²ÊÎ¥´Ò ¨§ ¶µ¸²¥¤µ¢ É¥²Ó-
´µ° ³¨±·µ¸±µ¶¨Î¥¸±µ° É¥µ·¨¨ ¤¢¨¦¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±µ° Î ¸É¨ÍÒ, ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¥° ¸ ±¢ ´Éµ¢Ò³ ¶µ²¥³.

‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (53) ± ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨
¤µ¸É ÉµÎ´µ Ìµ·µÏµ ¨§ÊÎ¥´Ò. ‚¶¥·¢Ò¥ ¶·¨¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (53)
ÔÉµ£µ ¢¨¤  ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ [55] ¤²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¶ÊÉ¥³ ¶·¨³¥´¥´¨Ö
¶·Ö³µ£µ ¢ ·¨ Í¨µ´´µ£µ ³¥Éµ¤  ¸ ¢Ò¡µ·µ³ ¶·µ¡´ÒÌ ËÊ´±Í¨° ¢ ¢¨¤¥ ¶µ²¨-
´µ³µ¢ ¨ Ô±¸¶µ´¥´É. “ÉµÎ´¥´¨¥ ¢ ·¨ Í¨µ´´ÒÌ · ¸Î¥Éµ¢ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö
¶µ²Ö·µ´  ¢Ò¶µ²´¥´µ ¢ [57] ¸ ¶µ³µÐÓÕ Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö Ê· ¢´¥´¨°
(53). ‚ [58] ¤²Ö · ¸Î¥É  µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¡Ò² ¨¸¶µ²Ó§µ¢ ´ ��Œ�. ‚ [59]
¡Ò²¨ ¢¶¥·¢Ò¥ ¢ÒÎ¨¸²¥´Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (53), µÉ¢¥Î ÕÐ¨¥ Î¥ÉÒ·¥³ · §-
²¨Î´Ò³ ¢µ§¡Ê¦¤¥´´Ò³ ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ ¸µ¸ÉµÖ´¨Ö³ Î ¸É¨ÍÒ ¢ ±¢ ´Éµ¢µ³
¶µ²¥. �µ¸±µ²Ó±Ê Ë¨§¨±µ-Ì¨³¨Î¥¸±¨¥ ·¥ ±Í¨¨ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì
¨¤ÊÉ ¨³¥´´µ Î¥·¥§ ¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö, Éµ ±µ²¨Î¥¸É¢¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥
¨Ì Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ´¥¸µ³´¥´´µ  ±ÉÊ ²Ó´µ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢µ§·µ¸ ¨
¨´É¥·¥¸ ± ¶·µ¡²¥³¥ ·¥Ï¥´¨Ö § ¤ Î¨ µ ¶µ²Ö·µ´¥ ´¥ Éµ²Ó±µ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö, ´µ ¨ ¢µ ¢¸¥³ ¨´É¥·¢ ²¥ ¨§³¥´¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨ Î ¸É¨ÍÒ
¸ ¶µ²¥³. ”¨§¨Î¥¸± Ö ¸Éµ·µ´  ¶·µ¡²¥³Ò µÉ· ¦¥´  ¢ ³´µ£µÎ¨¸²¥´´ÒÌ ¸É ÉÓÖÌ
¨ µ¡§µ· Ì (¸³., ´ ¶·¨³¥·, µ¡§µ· —Ê¥¢  ¨ ‹ Ì´µ ¢ [48] ¨ ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ´¥³
¸¸Ò²±¨).

Š ± ¨§¢¥¸É´µ, ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´ ¨²ÊÎÏ¥°  ¶¶·µ±¸¨³ Í¨¥° ¤²Ö ¶µ-
²Ö·µ´  ¶·¨ ¶·µ³¥¦ÊÉµÎ´ÒÌ §´ Î¥´¨ÖÌ Ô²¥±É·µ´-Ëµ´µ´´µ° ¸¢Ö§¨ Ö¢²Ö¥É¸Ö
Ë¥°´³ ´µ¢¸±¨° ¶µ¤Ìµ¤ [60] ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¨´É¥£· ²µ¢ ¶µ É· ¥±Éµ·¨Ö³.
Š ¸µ¦ ²¥´¨Õ, ÔÉµÉ ¶µ¤Ìµ¤ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨³¥´¨³ ¤²Ö · ¸Î¥É  ²¨ÏÓ
µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¶µ²Ö·µ´ . �µ ¸ÊÐ¥¸É¢Ê, ÔÉµÉ ³¥Éµ¤  ´ ²µ£¨Î¥´ ¶·Ö-
³µ³Ê ¢ ·¨ Í¨µ´´µ³Ê ³¥Éµ¤Ê ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . ‡ ³¥É´Ò³ · §¢¨É¨¥³
¶µ¤Ìµ¤  ”¥°´³ ´  Ö¢¨² ¸Ó · ¡µÉ  ‹ ÉÉ¨´¦¥·  ¨ ‹Ê [52],   É ±¦¥ ¶µ¸²¥¤Ê-
ÕÐ¨¥ ¶Ê¡²¨± Í¨¨ [61]. �É¨ · ¡µÉÒ ¶µ§¢µ²ÖÕÉ ¶¥·¥Ëµ·³Ê²¨·µ¢ ÉÓ Ë¥°´³ -
´µ¢¸±¨° ¶µ¤Ìµ¤ ´  Ö§Ò±¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö
ÔÉµ ¥¤¨´¸É¢¥´´Ò° ¶µ¤Ìµ¤, ¶µ§¢µ²ÖÕÐ¨° ¸ ¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° µ¶¨¸ ÉÓ ¶¥·¥Ìµ¤ µÉ ¶·¥¤¥²  ¸² ¡µ° ¸¢Ö§¨ Î ¸É¨ÍÒ ¸ ¶µ²¥³ ± ¶·¥¤¥²Ê
¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. �·¨ ÔÉµ³ ¸ÊÐ¥¸É¢¥´´µ, ÎÉµ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö-
§¨ ¶µ²ÊÎ ¥³Ò¥ Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´Ò³¨, É.¥. ¶¥·¥Ìµ¤ÖÉ
¢ Ê· ¢´¥´¨Ö �µ£µ²Õ¡µ¢  Å ’Ö¡²¨±µ¢ , µÉ¢¥Î ÕÐ¨¥ ¶·¥¤¥²Ê ¸¨²Ó´µ° ¸¢Ö§¨.

’ ±¨³ µ¡· §µ³, ¶·µ¸É¥°Ï Ö ¸µ£² ¸µ¢ ´´ Ö ³µ¤¥²Ó ¶µ²Ö·µ´  ¶·¨ ¶·µ¨§-
¢µ²Ó´µ° ¸¢Ö§¨ ¶µ²ÊÎ ¥É¸Ö ¨§ µ¡Ð¥° § ¤ Î¨, ¸Ëµ·³Ê²¨·µ¢ ´´µ° ¢ [62]. ‘µ-
£² ¸´µ ÔÉµ° · ¡µÉ¥ Ê·µ¢´¨ Ô´¥·£¨¨ ¨ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¶µ²Ö·µ´  {εn, u(~r)} ¢
· ³± Ì ³µ¤¥²¨ ‹ ÉÉ¨´¦¥·  Å ‹Ê µ¶·¥¤¥²ÖÕÉ¸Ö § ¤ Î¥° ´  ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¢ É·¥Ì³¥·´µ³ ±µµ·¤¨´ É´µ³
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¶·µ¸É· ´¸É¢¥[
− 1

2µ
52 −α

√
2

µ

∫
d~r′
|u(~r′)|2
|~r − ~r′| (1 − e−C|~r−~r

′|)

]
u(~r) = εu(~r), (54)

¢ ±µÉµ·µ° 52 Ä É·¥Ì³¥·´Ò° µ¶¥· Éµ· ‹ ¶² ¸ , µ = m/(1 + m) Ä ¶·¨¢¥-
¤¥´´ Ö ³ ¸¸  Ô²¥±É·µ´ , α Ä ±µ´¸É ´É  ¸¢Ö§¨, C = µ

√
2/
√

1− µ. “¸²µ¢¨¥
´µ·³¨·µ¢±¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:∫

d~r|u(~r)|2 = 1.

‡ ¤ Î  (54) ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê²¨·µ¢ ´  ¢ ¡¥§· §³¥·´ÒÌ ¢¥²¨Î¨´ Ì ± ±
´¥²¨´¥°´ Ö § ¤ Î  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°:

∆ψ(~r)− λψ(~r) +A(V1(~r)− V2(~r))ψ(~r) = 0,

∆V1(~r)+ | ψ(~r) |2= 0, (55)

∆V2(~r)− C2V2(~r)+ | ψ(~r) |2= 0

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨
∞∫

0

| ψ(~r) |2 d~r = 1, (56)

£¤¥ ∆ Ä É·¥Ì³¥·´Ò° µ¶¥· Éµ· ‹ ¶² ¸ , A ¨ C Ä Ë¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò
§ ¤ Î¨, λ Ä ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ Ê·µ¢´¨ Ô´¥·£¨¨ ¸µ¸ÉµÖ´¨°
¶µ²Ö·µ´ .

‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò° ¸²ÊÎ °. �·¥¤¸É ¢²ÖÖ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î-
´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (54) ¢ ¢¨¤¥

u(~r) = x−1ψ(x), x = |~r|,

¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ·¥Ï¥´¨Ö ±µÉµ·µ° µ¶·¥-
¤¥²ÖÕÉ Ê·µ¢´¨ Ô´¥·£¨¨ ¨ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¶µ²Ö·µ´  ¢ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É-
·¨Î´µ³ ¸²ÊÎ ¥ [62]:

ψ′′(x) − λψ(x) +Aψ(x)V (x, ψ(x)) = 0, (57)

£¤¥

V (x, ψ(x)) =
1

x

∞∫
0

D(x, x′)
ψ2(x′)

x′
dx′,

£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¨³¥ÕÉ ¢¨¤

ψ(0) = ψ(∞) = 0,
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Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨
∞∫

0

ψ2(x)dx =
1

4π
, (58)

D(x, x′) =

{
x′ − 1

C
exp (−Cx) sinh (Cx′), x′ < x,

x− 1
C exp (−Cx′) sinh (Cx), x < x′,

A = 8
√

2πα, λ = 2µε, ε > 0 Ä Ê·µ¢´¨ Ô´¥·£¨¨. ‚ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ ¸¨²Ó´µ°
¸¢Ö§¨ ¶·¨ µ = 1, ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶µ¸É ´µ¢±¥ § ¤ Î¨ ¤²Ö ³µ¤¥²¨ �¥± ·  [55],
ËÊ´±Í¨Ö D(x, x′) ¶·¨´¨³ ¥É ¢¨¤

D(x, x′) =

{
x′, x′ < x,
x, x < x′.

‚ · ¡µÉ¥ [63] ¤²Ö ·¥Ï¥´¨Ö Ê± § ´´µ° § ¤ Î¨ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¸µ¸É ¢²¥´´ Ö
´  µ¸´µ¢¥ ³µ¤¨Ë¨± Í¨¨ ��Œ� [64] ¶·µ£· ³³ .

„·Ê£ Ö ¶µ¸É ´µ¢±  § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (57) ¨³¥¥É ¢¨¤ [65]:
ψ′′(x) − λψ(x) +Aψ(x)V2 − V1

x = 0,

V ′′1 +
ψ2

x = 0,

V ′′2 − CV2 +
ψ2

x = 0

(59)

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (58). ˆ¸±µ³Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (59) ¤µ²¦´Ò Ê¤µ¢-
²¥É¢µ·ÖÉÓ ¸²¥¤ÊÕÐ¨³  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³:

ψ(0) = ψ(∞) = 0, V1(0) = V ′1(∞) = 0, V2(0) = V2(∞) = 0.

�¥Ï¥´¨Ö § ¤ Î¨ (57) Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ § ¤ Î¨ (59) ¨ ´ µ¡µ·µÉ. ‚
· ¡µÉ¥ [65] ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (59) ¶·¨³¥´Ö²¸Ö ³µ¤¨Ë¨Í¨·µ-
¢ ´´Ò°  ²£µ·¨É³ ´  µ¸´µ¢¥ ��Œ�, µ¶¨¸ ´¨¥ ±µÉµ·µ£µ ¤ ¥É¸Ö ´¨¦¥ ¤²Ö ¡µ²¥¥
µ¡Ð¥£µ ¸Ë¥·¨Î¥¸±¨-´¥¸¨³³¥É·¨Î´µ£µ ¸²ÊÎ Ö.

�µ¸²¥ ·Ö¤  ¶·¥µ¡· §µ¢ ´¨° ¸¶¥±É· ²Ó´ Ö § ¤ Î  (57)Å(59) ³µ¦¥É ¡ÒÉÓ
¸¢¥¤¥´a [62] ± ¶ · ³¥É·¨Î¥¸±¨-§ ¢¨¸¨³µ° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸²¥-
¤ÊÕÐ¥£µ ¢¨¤ : 

φ′′ − φ+
1

x
φ(W1 −W2) = 0,

W ′′1 +
1

x
φ2 = 0,

W ′′2 − a2W2 +
1

x
φ2 = 0

(60)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

φ(0) = φ(∞) = 0, W1(0) = W ′1(∞) = 0, W2(0) = W2(∞) = 0,
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·¥Ï¥´¨Ö ±µÉµ·µ° z = {φ,W1,W2} ¢ÒÎ¨¸²ÖÕÉ¸Ö ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ¶ -
· ³¥É·  a. �¸µ¡¥´´µ¸ÉÓÕ É ±µ° ¶µ¸É ´µ¢±¨ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ Ê·µ¢´¨
Ô´¥·£¨¨ ¨ ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò § ¤ Î¨ ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ²¨ÏÓ
¶µ¸²¥ Éµ£µ, ± ± ´ °¤¥´µ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò ¤²Ö ´¥±µÉµ·µ£µ §´ Î¥´¨Ö ¶ · ³¥É· 
a. ‚ · ¡µÉ¥ [62] ¶·¥¤¸É ¢²¥´  ´ÓÕÉµ´µ¢¸± Ö ¨É¥· Í¨µ´´ Ö ¸Ì¥³  ¤²Ö Î¨¸²¥´-
´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö § ¤ Î¨ (60). ‚ ÔÉµ° · ¡µÉ¥ ¢¶¥·¢Ò¥ ´ °¤¥´Ò ¶¥·¢Ò¥ ¶ÖÉÓ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¸µ¸ÉµÖ´¨° ¶µ²Ö·µ´ . �É³¥É¨³, ÎÉµ ·¥§Ê²ÓÉ ÉÒ ·¥-
Ï¥´¨Ö § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢ ¶µ¸É ´µ¢± Ì (57) ¨ (59), ¶µ²ÊÎ¥´´Ò¥
¢ [63] ¨ [65] ¸µµÉ¢¥É¸É¢¥´´µ, ¸µ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ [62].

‘Ë¥·¨Î¥¸±¨-´¥¸¨³³¥É·¨Î´Ò° ¸²ÊÎ °. …¸²¨ ¶·¥¤¸É ¢¨ÉÓ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
(55) ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¶µ ¸Ë¥·¨Î¥¸±¨³ ËÊ´±Í¨Ö³ Ylm(θ, φ) :

ψ(~r) =

∞∑
l=0

l∑
m=−l

ψlm(r)

r
Ylm(θ, φ),

Vi(~r) =

∞∑
l=0

l∑
m=−l

Vilm(r)

r
Ylm(θ, φ),

i = 1, 2 (61)

¨ ¶µ¤¸É ¢¨ÉÓ ÔÉµ · §²µ¦¥´¨¥ ¢ ¸¨¸É¥³Ê (55), Ê³´µ¦ Ö ¸²¥¢  ´  Y (θ, φ)∗ ¨
¨´É¥£·¨·ÊÖ ¶µ dΩ = sin θdθdφ, Éµ ¶µ²ÊÎ¨É¸Ö ¸²¥¤ÊÕÐ Ö ¸¨¸É¥³  Ê· ¢´¥´¨°
¤²Ö ±µÔËË¨Í¨¥´Éµ¢ · §²µ¦¥´¨Ö ψlm(r) ¨ Vilm(r):

ψ′′lm(r) − λψlm(r) − l(l+ 1)

r2
ψlm(r) +

A

r

∞∑
l1=0

l1∑
m1=−l1

Qlml1m1(r)ψl1m1(r) = 0,

V ′′1lm(r) − l(l + 1)

r2
V1lm(r) + Slm(r) = 0, (62)

V ′′2lm(r)− l(l + 1)

r2
V2lm(r)−C2V2lm(r)+Slm(r) = 0, l = 0, 1, 2, ...,m = −l, ..., l

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨

∞∑
l=0

l∑
m=−l

∞∫
0

ψ2
lm(r)dr = 1, (63)

£¤¥

Qlml1m1 =

∞∑
l2=0

l2∑
m2=−l2

Wlml1m1l2m2(V1l2m2(r) − V2l2m2(r)),

Slm =
1

r

∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

W̄lml1m1l2m2ψl1m1(r)ψl2m2(r), (64)
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Wlml1m1l2m2 =

∫
dΩY ∗lmYl1m1Yl2m2 , W̄lml1m1l2m2 =

∫
dΩY ∗lmYl1m1Y

∗
l2m2

.

ˆ¸±µ³Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (62) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³  ¸¨³¶ÉµÉ¨Î¥-
¸±¨³ Ê¸²µ¢¨Ö³:

ψlm(r)r→0 → A1lmr
l+1, ψlm(r)r→∞ → A2lme−

√
λr,

V1lm(r)r→0 → B1lmr
l+1, V1lm(r)r→∞ → B2lmr

−l, (65)

V2lm(r)r→0 → C1lmr
l+1, V2lm(r)r→∞ → C2lmr

−Cr,

£¤¥ A1lm, A2lm, B1lm, B2lm, C1lm, C2lm Ä ±µ´¸É ´ÉÒ.
—¨¸²¥´´µ¥ ·¥Ï¥´¨¥ § ¤ Î¨ (62)Ä(64) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (65) ¶·µ-

¨§¢µ¤¨É¸Ö ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ 0 ≤ r ≤ Rm, Rm >> 1 ¸ µ£· ´¨Î¥´¨¥³ ±µ-
²¨Î¥¸É¢  Î²¥´µ¢ ¢ · §²µ¦¥´¨ÖÌ (61) Î¨¸²µ³ Lm ¤²Ö ψ(~r) ¨ Î¨¸²µ³ Lv = 2Lm
¤²Ö Vi(r), i = 1, 2.

Š ± Ê¦¥ Ê¶µ³¨´ ²µ¸Ó, ´ ¨¡µ²¥¥ ¨§ÊÎ¥´´Ò³ Ö¢²Ö¥É¸Ö ¸²ÊÎ ° ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨° ψ(r, θ, φ)→ ψ(r), ¸µµÉ¢¥É¸É¢ÊÕÐ¨° §´ Î¥´¨Õ Lm =
0, ±µ£¤  § ¤ Î  (62)Ä(65) ³µ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ± ¶·¥¤¸É ¢²¥´´Ò³ ¢ ¶·¥¤Ò¤ÊÐ¥³
¶Ê´±É¥ ¶µ¸É ´µ¢± ³.

�¸É ´µ¢¨³¸Ö ´  ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥: ψ(r, θ, φ)→ ψ(r, θ). ’µ£¤  ¢ · §²µ-
¦¥´¨¨ (61) ËÊ´±Í¨Õ Ylm(θ, φ) ´ ¤µ § ³¥´¨ÉÓ ´ 

Yl0 =

√
2l+ 1

4π
Pl(cos θ),

£¤¥ Pl Ä ¶µ²¨´µ³ ‹¥¦ ´¤·  ¨ l = 0, 1, ..., Lm.
‚¢µ¤Ö ¡µ²¥¥ Ê¤µ¡´Ò¥ µ¡µ§´ Î¥´¨Ö ψl0 = ψl, V1l0 = V1l, V2l0 = V2l, Sl0 =

Sl, Ql0l10 = Qll1 ,Wl0l10l20 = Wll1l2 , ¸ ÊÎ¥Éµ³ ¢ÒÏ¥¨§²µ¦¥´´ÒÌ µ£· ´¨Î¥´¨°
¸¨¸É¥³Ê (62)Ä(65) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

ψ′′l (r)−λψl(r)−
l(l + 1)

r2
ψl(r)+

A

r

Lm∑
l1=0

Qll1(r)ψl1 (r) = 0, l = 0, 1, ..., Lm, (66)

V ′′1l(r) −
l(l+ 1)

r2
V1l(r) + Sl(r) = 0, (67)

V ′′2l(r) −
l(l+ 1)

r2
V2l(r) − C2V2l(r) + Sl(r) = 0, (68)

£¤¥ l = 0, 1, ..., Lv,   Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤

Lm∑
l=0

Rm∫
0

ψ2
l (r)dr = 1. (69)
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‡¤¥¸Ó

Qll1(r) =

Lv∑
l2=0

Wll1l2(V1l2 (r) − V2l2(r)), (70)

Sl(r) =

Lm∑
l1=0

Lm∑
l2=0

Wll1l2ψl1(r)ψl2 (r), (71)

Wll1l2(r) = 2π

√
2l + 1

4π

√
2l1 + 1

4π

√
2l2 + 1

4π

+1∫
−1

Pl(x)Pl1 (x)Pl2(x)dx. (72)

“Î¨ÉÒ¢ Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¸¢µ°¸É¢  ·¥Ï¥´¨° (65), ´ ¶¨Ï¥³ ±· ¥¢Ò¥
Ê¸²µ¢¨Ö ´  ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ 0 ≤ r ≤ Rm :

ψ1A(0)ψ′l(0)− ψ′1A(0)ψl(0) = 0, (73)

ψ2A(Rm)ψ′l(Rm)− ψ′2A(Rm)ψl(Rm) = 0, (74)

Vi1A(0)V ′il(0)− V ′i1A(0)Vil(0) = 0, (75)

Vi2A(Rm)V ′il(Rm)− V ′i2A(Rm)Vil(Rm) = 0, (76)

£¤¥
ψ1A = A1lr

l+1, ψ2A = A2le
−
√
λr, V11A = B1lr

l+1,

V12A = B2lr
−l, V21A = C1lr

l+1, V22A = C2le
−Cr,

Ail, Bil, Cil Ä ±µ´¸É ´ÉÒ, i = 1, 2.
�· ±É¨Î¥¸± Ö ·¥ ²¨§ Í¨Ö ��Œ� ¶·¨³¥´¨É¥²Ó´µ ± · ¸¸³ É·¨¢ ¥³µ° § -

¤ Î¥ ¶·¨¢µ¤¨É ± ´¥µ¡Ìµ¤¨³µ¸É¨ ·¥Ï ÉÓ ´  ± ¦¤µ° ¨É¥· Í¨¨ ¤µ¸É ÉµÎ´µ ¸²µ¦-
´Ò¥ ¸¨¸É¥³Ò ¨§ (Lm+2Lv+3) ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚
· ¡µÉ¥ [67] ¤²Ö ·¥Ï¥´¨Ö ÔÉµ° ¸¨¸É¥³Ò ¶·¥¤² £ ¥É¸Ö ¤·Ê£µ° ¶µ¤Ìµ¤. �µ  ´ ²µ-
£¨¨ ¸ ³¥Éµ¤µ³ · ¸Ð¥¶²¥´¨Ö [68] ¢³¥¸Éµ ¸¨¸É¥³Ò (Lm + 2Lv + 3) ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ³µ¦´µ ¶µ¸²¥¤µ¢ É¥²Ó´µ ·¥Ï ÉÓ ¡µ²¥¥ ¶·µ¸ÉÒ¥
§ ¤ Î¨ Å § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ¨§ (Lm+1) ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (66) ¨ 2(Lv + 1) ±· ¥¢ÒÌ § ¤ Î ¤²Ö ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (67),(68).

ˆÉ¥· Í¨µ´´ Ö ¶·µÍ¥¤Ê·  ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (66)Å(76) ¸µ£² ¸´µ [67]
¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¤¥°¸É¢¨°.

‡ ¤ ¢Ï¨¸Ó ´¥±µÉµ·Ò³ ´ ¡µ·µ³ {λ(0), ψ
(0)
l (r), l = 0, 1, .., Lm} (´ Î ²Ó´µ¥

¶·¨¡²¨¦¥´¨¥), ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (71), ¢ÒÎ¨¸²Ö¥³ ±µÔËË¨Í¨¥´ÉÒ Sl(r)
¤²Ö (67), (68). �¥Ï Ö (67), (68) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (75), (76), ´ Ìµ-

¤¨³ V
(0)

1l (r) ¨ V
(0)
2l (r). ‡ É¥³, ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (70)Å(72), ¢ÒÎ¨¸²Ö¥³
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ÔËË¥±É¨¢´Ò¥ ¶µÉ¥´Í¨ ²Ò Q
(0)
ll1

(r). „ ²¥¥, ·¥Ï Ö § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò (66) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (73)Å(74), Ê¸²µ¢¨¥³ ´µ·-

³¨·µ¢±¨ (69) ¨ ´ °¤¥´´Ò³ ¶µÉ¥´Í¨ ²µ³ Q
(0)
ll1

(r), ¶µ²ÊÎ ¥³ ´µ¢Ò¥ ËÊ´±Í¨¨

{λ(1), ψ
(1)
l (r), l = 0, 1, ...Lm}, ±µÉµ·Ò¥, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö ¢Ò-

Î¨¸²¥´¨Ö ·¥Ï¥´¨° V
(1)

1l (r), V
(1)

2l (r) ¨ ¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² 

Q
(1)
ll1

(r) ¤²Ö ¸²¥¤ÊÕÐ¥° ¨É¥· Í¨¨.
�ÉµÉ ¶·µÍ¥¸¸ ¶·µ¤µ²¦ ¥É¸Ö ¤µ É¥Ì ¶µ·, ¶µ±  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¢µ²-

´µ¢Ò¥ ËÊ´±Í¨¨ {λ(k), ψ
(k)
l (r), l = 0, 1, ...Lm},   É ±¦¥ ËÊ´±Í¨¨ V

(k)
il (r), i =

1, 2, l = 0, 1, ..., Lv, ¶µ²ÊÎ ¥³Ò¥ ¶µ¸²¥ ¤¢ÊÌ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¨É¥· Í¨°, ´¥
¡Ê¤ÊÉ ¸µ¢¶ ¤ ÉÓ ¤·Ê£ ¸ ¤·Ê£µ³ ¸ § ¤ ´´µ° ÉµÎ´µ¸ÉÓÕ ε, É.¥. ¶µ±  ´¥ ¢Ò¶µ²-
´¨É¸Ö Ê¸²µ¢¨¥

δ ≤ ε,

£¤¥

δ = max {| λ(k+1) − λ(k) |, max
rj∈[0,Rm]

{ max
l∈[0,...,Lv],i=1,2

| V (k+1)
il (rj)− V (k)

il (rj) |,

max
l∈[0,...,Lm]

| ψ(k+1)
l (rj)− ψ(k)

l (rj) |}}.

A´ ²µ£¨Î´Ò°  ²£µ·¨É³ ¨¸¶µ²Ó§µ¢ ²¸Ö É ±¦¥ ¢ · ¡µÉ¥ [65] ¤²Ö µ¶·¥¤¥²¥-
´¨Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨°.

�É³¥É¨³, ÎÉµ µ¶¨¸ ´´ Ö ¨É¥· Í¨µ´´ Ö ¶·µÍ¥¤Ê·  ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö
± ± ¢ ·¨ ´É ¸µÎ¥É ´¨Ö ³¥Éµ¤  Ê¸É ´µ¢²¥´¨Ö ¸ ´ÓÕÉµ´µ¢¸±¨³¨ ¨É¥· Í¨Ö³¨,
É¥µ·¥É¨Î¥¸±µ¥ µ¡µ¸´µ¢ ´¨¥ ¸Ìµ¤¨³µ¸É¨ ±µÉµ·µ£µ ¤ ´µ ¢ · ¡µÉ¥ [27].

�·¥¤¸É ¢²¥´´Ò°  ²£µ·¨É³ Ê¸¶¥Ï´µ ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·¨ ·¥Ï¥´¨¨ ·Ö¤  ¤·Ê-
£¨Ì ´¥²¨´¥°´ÒÌ § ¤ Î.

�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ  ´ ²¨§  · ¸¸³ É·¨¢ ¥³µ° § ¤ Î¨ ¸µ£² ¸ÊÕÉ¸Ö ¸
É¥µ·¥É¨Î¥¸±¨³¨ ·¥§Ê²ÓÉ É ³¨ · ¡µÉÒ [69]. �µ²¥¥ µ¡Ð¨° ¸²ÊÎ ° m 6= 0 ¨¸-
¸²¥¤µ¢ ´ ¢ · ¡µÉ¥ [70]. ‚ ÔÉµ° · ¡µÉ¥ ¶·¥¤¸É ¢²¥´  ²£µ·¨É³ ´  µ¸´µ¢¥ ��Œ�
¨ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨.

3.2. A¢Éµ²µ± ²¨§µ¢ ´´Ò¥ Ô²¥±É·µ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¢ ¦¨¤±µ¸É¨. „²Ö µ¶¨-
¸ ´¨Ö  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ Ô²¥±É·µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¦¨¤±µ¸É¨, É ± ´ §Ò¢ ¥-
³µ£µ ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±É·µ´ , ¢ · ¡µÉ¥ [71] ¨¸¶µ²Ó§Ê¥É¸Ö ¸¨¸É¥³  É·¥Ì
´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°:

ξ
′′
(x) − ξ(x) + ξ(x)

η1(x)− η2(x)

x
= 0

η
′′

1 (x) +
1

x
ξ2(x) = 0

η
′′

2 (x) − α2

d
x sinh (

dη2(x)

x
) +

b

x
ξ2(x) = 0

(77)
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¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

ξ(0) = ξ(∞) = η1(0) = η
′

1(∞) = η2(0) = η2(∞) = 0, (78)

£¤¥ α, b, d− ¶ · ³¥É·Ò Ë¨§¨Î¥¸±µ° ³µ¤¥²¨.

�É  ¦¥ ¸¨¸É¥³  ¸ ²¨´¥ ·¨§µ¢ ´´Ò³ [sinh
dη2(x)

x
∼ dη2(x)

x
] ¶µ¸²¥¤-

´¨³ Ê· ¢´¥´¨¥³ ¨ ¸ É¥³¨ ¦¥ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (78) cµ¢¶ ¤ ¥É ¸ ¸¨¸É¥³µ°
(60) ¨ ·¥Ï ² ¸Ó ¢ [59].

„²Ö ´¥±µÉµ·ÒÌ Ë¨§¨Î¥¸±¨Ì ³µ¤¥²¥° ¶·¥¤¶µ² £ ÕÉ¸Ö ¤µ¶µ²´¨É¥²Ó´Ò¥ ¸¢Ö-
§¨ ³¥¦¤Ê ÔÉ¨³¨ ¶ · ³¥É· ³¨. „²Ö ±· ¥¢µ° § ¤ Î¨ (77)Ä(78) ¢Ò¶µ²´ÖÕÉ¸Ö
Ê¸²µ¢¨Ö

m =
dT 2

1

5,2629 · 102
,

n = m
dα2

b · 6,2125 · 102
, (79)

  ¤²Ö § ¤ Î¨ (60),(78) Å Ê¸²µ¢¨¥

b

(
T 2

1

α

)2

= 0,84713
m2

n
, (80)

£¤¥

T1 =

∫ ∞
0

ξ2(x)dx = η1(∞), (81)

A1 = dT 2
1 , A2 = dα2,

mÅ ÔËË¥±É¨¢´ Ö ³ ¸¸  Ô²¥±É·µ´ , nÅ ±µ´Í¥´É· Í¨Ö ¨µ´µ¢. �É¨ ¶ · ³¥É·Ò
m ¨ n Ê¤µ¡´Ò É¥³, ÎÉµ µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

’ ±¨³ µ¡· §µ³, ¸ ÊÎeÉµ³ Ê¸²µ¢¨° (79) ¨ (80) ¨¸Ìµ¤´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, § -
¢¨¸ÖÐ¨¥ µÉ É·¥Ì ´¥§ ¢¨¸¨³ÒÌ ¶ · ³¥É·µ¢, ³µ¦´µ ¸¢¥¸É¨ ± ±· ¥¢Ò³ § ¤ Î ³
¸ µ¤´¨³ ¶ · ³¥É·µ³ ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ (81), ¸¢Ö§Ò¢ ÕÐ¨³ ¨´É¥-
£· ²Ó´µ¥ Ê¸²µ¢¨¥ ´  µ¤´Ê ¨¸±µ³ÊÕ ËÊ´±Í¨Õ ¸  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¶µ¢¥¤¥´¨¥³
¤·Ê£µ° ËÊ´±Í¨¨.

�µ¤µ¡´Ò° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¸Ëµ·³Ê²¨·µ¢ ÉÓ ±· ¥¢ÊÕ § ¤ ÎÊ ¸ ¤µ¶µ²´¨-
É¥²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨, µ¶¨¸ ´´ÊÕ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.

‚ ¸²ÊÎ ¥ § ¤ Î¨ µ ¸µ²Ó¢ É¨·µ¢ ´´µ³ Ô²¥±É·µ´¥ ³Ò ¨³¥¥³ ¢ µ¡µ§´ Î¥´¨ÖÌ
ξ = y1, η1 = y2 ¨ η2 = y3 ¸¨¸É¥³Ê (77) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

GL1 ≡ y1(0) = 0

GL2 ≡ y2(0) = 0
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GL3 ≡ y3(0) = 0

GR1 ≡ y
′

1(xR) + y1(xR) = 0

GR2 ≡ y
′

2(xR)− C = 0

GR3 ≡ y
′

3(xR) +

√
A2

A1
Cy3(xR) = 0, (82)

 ¶¶·µ±¸¨³¨·ÊÕÐ¨³¨  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ Ê¸²µ¢¨Ö (78), ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ-
¢¨¥³

Q1 ≡
∫ xR

0

y2
1(x)dx − C = 0, (83)

±µÉµ· Ö ¶·¨¢µ¤¨É¸Ö ¢ ¶·µÍ¥¸¸¥ ¨É¥· Í¨° ± ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

v
′′

1k − v1k +
y2k − y3k

x
v1k +

v2k − v3k

x
y1k = −R1

v
′′

2k +
2

x
y1kv1k = −R2

v
′′

3k −
A2

A1
C2 cosh (

A1y3k

C2x
)v3k +

2b

x
y1kv1k =

−R3 + µ(
A2

A2
1

4C3x sinh (
A1y3k

C2x
)− A2

A1
2Cy3 cosh (

A1y3k

C2x
))

(84)

¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

v1k (0) = −GL1

v2k (0) = −GL2

v3k (0) = −GL3

v
′

1k (xR) + v1k (xR) = −GR1

v2k (xR)− µ = −GR2

v
′

3k (xR) +

√
A2

A1
Cv3k (xR) = −GR3 − µ

√
A2

A1
y3k (xR)

(85)

¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê· ¢´¥´¨¥³

2

∫ xR

0

y1k (x)v1k (x)dx − µk = −Q1. (86)

‚ · ¡µÉ¥ [47] ¤ ¥É¸Ö ¶µ¤·µ¡´µ¥ µ¶¨¸ ´¨¥  ²£µ·¨É³  ·¥Ï¥´¨Ö ¶·¥¤¸É ¢-
²¥´´µ° § ¤ Î¨ ¨ ¤¥³µ´¸É·¨·ÊÕÉ¸Ö ¶µ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

3.3. Š¢ ´Éµ¢µ-¶µ²¥¢ Ö ³µ¤¥²Ó ¡¨´Ê±²µ´  ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨. �·µ-
¡²¥³¥ µ¶¨¸ ´¨Ö ¡¨´Ê±²µ´  (¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ´¥°É·µ´  ¨ ¶·µÉµ´ ) ¶µ-
¸¢ÖÐ¥´µ ¡µ²ÓÏµ¥ Î¨¸²µ · ¡µÉ, ¸¸Ò²±¨ ´  ±µÉµ·Ò¥ ¸µ¤¥·¦ É¸Ö ¢ ±´¨£ Ì ¨ µ¡-
§µ· Ì, ¶µ¸¢ÖÐ¥´´ÒÌ ¤ ´´µ° É¥³ É¨±¥ [72,73]. �¤´ ±µ ¤µ ¸¨Ì ¶µ· ÔÉ  § ¤ Î 
µ¸É ¥É¸Ö  ±ÉÊ ²Ó´µ°, ¶µ¸±µ²Ó±Ê ¨³¥´´µ ¥¥ ·¥Ï¥´¨¥ ¤ ¥É ´¥¶µ¸·¥¤¸É¢¥´´Ò¥
¸¢¥¤¥´¨Ö µ Ö¤¥·´ÒÌ ¸¨² Ì.
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‚ · ¡µÉ Ì [74] · ¸¸Î¨É ´Ò µ¸´µ¢´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¡¨´Ê±²µ´  ¢ · ³-
± Ì ¶·¥¤²µ¦¥´´µ° ¢ [54] ±¢ ´Éµ¢µ-¶µ²¥¢µ° ³µ¤¥²¨. ‘µ£² ¸´µ · ¸¸³ É·¨¢ ¥-
³µ³Ê ¶µ¤Ìµ¤Ê µ¶¨¸ ´¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ´Ê±²µ´µ¢ ¸ ³¥§µ´´Ò³ ¶µ²¥³ ¢ ¶·¥¤¥²¥
¸¨²Ó´µ° ¸¢Ö§¨ ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ [54] ËÊ´±Í¨µ´ ² ¶µ²´µ° Ô´¥·£¨¨ ¢ ±¢ ´Éµ¢µ-¶µ²¥¢µ°
³µ¤¥²¨ ¡¨´Ê±²µ´  ¤²Ö ¸²ÊÎ Ö ÉµÎ¥Î´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ´Ê±²µ´µ¢ ¸µ ¸± ²Ö·-
´Ò³ ¨ ¶¸¥¢¤µ¸± ²Ö·´Ò³ ³¥§µ´´Ò³¨ ¶µ²Ö³¨ ¨³¥¥É ¢¨¤:

F =
h̄2

m

∫
|∇ψ|2dV − g2

π

∫
e−kC |r−r

′|/2

|r − r′| |ψ(r)|2|ψ(r′)|2dV dV ′−

−f̃2

∫
(σ∇r)(σ∇r′)

e−kΠC |r−r′|/2

|r − r′| |ψ(r)|2|ψ(r′)|2dV dV ′, (87)

£¤¥ kC Ä ³ ¸¸  ¸± ²Ö·´µ£µ ³¥§µ´ , kΠC Ä ³ ¸¸  ¶¸¥¢¤µ¸± ²Ö·´µ£µ ³¥§µ´ ,
m Ä ³ ¸¸  ´Ê±²µ´ , g, f̃ Ä ±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸µ ¸± ²Ö·´Ò³ ¨ ¶¸¥¢¤µ-
¸± ²Ö·´Ò³ ³¥§µ´´Ò³¨ ¶µ²Ö³¨, σ Ä ¸¶¨´µ¢Ò° µ¶¥· Éµ· (¥¤¨´¨Î´Ò° ¢¥±Éµ·,
´ ¶· ¢²¥´´Ò° ¶µ µ¸¨ z), h̄ Ä ¶µ¸ÉµÖ´´ Ö �² ´± .

ˆ§ Ê¸²µ¢¨Ö ³¨´¨³Ê³  ËÊ´±Í¨µ´ ²  (87) ´  ±² ¸¸¥ ËÊ´±Í¨° ψ(~r), Ê¤µ¢²¥É-
¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Õ ´µ·³¨·µ¢±¨∫

d~r|ψ(~r)|2 = 1, (88)

³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

h̄2

m
∆ψ − εψ +

2g2

π
V1ψ + 2f̃2[(σ∇r)V2]ψ = 0,

∆V1 − (
kC

2
)2V1 = −4π|ψ|2,

∆V2 − (
kΠC

2
)2V2 = −4π(σ∇r)|ψ|2.

(89)

„ ²¥¥, µ¡µ§´ Î Ö
V3 = (σ∇r)V2

¨ ¶µ² £ Ö h̄2 = 1, ¶¥·¥¶¨Ï¥³ ¸¨¸É¥³Ê (89) ¢ ¢¨¤¥:
1

m
∆ψ − εψ +

2g2

π
V1ψ + 2f̃2V3ψ = 0,

∆V1 − (
kC

2
)2V1 = −4π|ψ|2,

∆V3 − (
kΠC

2
)2V3 = −4π(σ∇r)2|ψ|2.

(90)
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�¥Ï Ö ¸¨¸É¥³Ê (90) ´  ±² ¸¸¥ ËÊ´±Í¨° ψ(~r), µ£· ´¨Î¥´´ÒÌ ¶·¨ 0 < ~r < ∞,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Õ ´µ·³¨·µ¢±¨ (88) ¨  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³{

lim
r→0

ψ(~r) = const, lim
r→0

V1(~r) = const, lim
r→0

V3(~r) = const,

lim
r→∞

ψ(~r) = const, lim
r→∞

V1(~r) = const, lim
r→∞

V3(~r) = const,
(91)

³µ¦´µ µ¶·¥¤¥²¨ÉÓ Ê·µ¢´¨ Ô´¥·£¨¨ ε ¨ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ψ ¡¨´Ê±²µ´ . (‡¤¥¸Ó
r =

√
x2 + y2 + z2). ’µ£¤  · ¤¨Ê¸ ¡¨´Ê±²µ´  R ¨ ¥£µ ±¢ ¤·Ê¶µ²Ó´Ò° ³µ³¥´É

Q ¢ÒÎ¨¸²ÖÕÉ¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ Ëµ·³Ê² ³

R =

∫
d~rr|ψ|2, Q =

∫
d~r(3z2 − r2)|ψ|2. (92)

‚Ò¶µ²´¨¢ ¶·¥µ¡· §µ¢ ´¨Ö ¢¨¤ 

~r = r0~̄r, ψ = γϕ, (93)

¸¨¸É¥³Ê (90) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¡¥§· §³¥·´ÒÌ ¢¥²¨Î¨´ Ì (Î¥·ÉÊ ´ ¤ ¢¥±Éµ-
·µ³ ~̄r ¢ ¤ ²Ó´¥°Ï¥³ µ¶Ê¸± ¥³ )∆ϕ− λϕ+ (V1 +BV3)ϕ = 0,

∆V1 − k2
1V1 = −|ϕ|2,

∆V3 − k2
2V3 = −(σ∇r)2|ϕ|2,

(94)

£¤¥

λ = εmr2
0 , k

2
1 = (

kC

2
)2r2

0 , k
2
2 = (

kΠC

2
)2r2

0 , B =
f̃2

g2

π

r2
0

, 8g2mr4
0γ

2 = 1. (95)

‘ ÊÎ¥Éµ³ § ³¥´Ò ¶¥·¥³¥´´ÒÌ (93) ¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨Ö (88),(92) ¨ (87)
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

N̂ =

∫
d~r|ϕ|2 =

1

r3
0γ

2
, R = r4

0γ
2R̂, R̂ =

∫
d~rr|ϕ|2, (96)

Q = r5
0γ

2Q̂, Q̂ =

∫
d~r(3z2 − r2)|ϕ|2, F = (ε/λ)[(T̂ −W13/2)/N̂ ], (97)

£¤¥

T = r0γ
2T̂ , T̂ =

∫
d~r|∇ϕ|2, W13 =

∫
d~r(V1 +BV3)|ϕ|2. (98)

“± § ´´Ò¥ ¢¥²¨Î¨´Ò ¸¢Ö§ ´Ò ¸²¥¤ÊÕÐ¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨

R = r0(R̂/N̂), Q = r2
0(Q̂/N̂). (99)

‡¤¥¸Ó ¢Ò· ¦¥´¨Ö ¢ ¸±µ¡± Ì Ö¢²ÖÕÉ¸Ö ¡¥§· §³¥·´Ò³¨.
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‘¨¸É¥³  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¡¨´Ê±²µ´  (94) ¶·¥¤¸É ¢²Ö¥É
¸µ¡µ° ´¥²¨´¥°´ÊÕ É·¥Ì¶ · ³¥É·¨Î¥¸±ÊÕ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö.
—¨¸²¥´´µ¥ ¨´É¥£·¨·µ¢ ´¨¥ (94) ¢ ¶·¥¤¥²¥ kΠC → ∞ ¡Ò²µ µ¸ÊÐ¥¸É¢²¥´µ
¢ [54]. —¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ § ¤ Î¨ (94) ¤²Ö ±µ´¥Î´ÒÌ kΠC ¢Ò¶µ²´¥´µ
¢ [74].

�·¨¢¥¤¥³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¢ ·¨ ´É ¶µ¸É ´µ¢±¨ ±· ¥¢µ° § ¤ Î¨ ¤²Ö ¸¨-
¸É¥³Ò (94) ¢ Î ¸É´µ³ ¸²ÊÎ ¥, ±µ£¤  ·¥Ï¥´¨Ö ¸¨³³¥É·¨Î´Ò µÉ´µ¸¨É¥²Ó´µ µ¸¨,
É.¥. Φ(ρ, z, φ) → Φ(ρ, z) (Í¨²¨´¤·¨Î¥¸± Ö ¸¨¸É¥³  ±µµ·¤¨´ É). Š·µ³¥ Éµ£µ,
³Ò ¶¥·¥Ìµ¤¨³ µÉ ¶µ²Ê¡¥¸±µ´¥Î´µ£µ ¨´É¥·¢ ²  ¨´É¥£·¨·µ¢ ´¨Ö ± ±µ´¥Î´µ°
µ¡² ¸É¨ (−zM ≤ z ≤ zM , 0 ≤ ρ ≤ ρM ). �·¨ ÔÉµ³ µ¶¨¸ ´¨¥ ¡¨´Ê±²µ´  ¸¢µ-
¤¨É¸Ö ± ·¥Ï¥´¨Õ ¤¢Ê³¥·´µ° ¸¶¥±É· ²Ó´µ° § ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.

‘Ëµ·³Ê²¨·Ê¥³ ¶µ¸É ´µ¢±Ê § ¤ Î¨ É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¸¢¥¸É¨ ¥¥ ± µ¤-
´µ³¥·´µ° ¸¨¸É¥³¥ Ê· ¢´¥´¨°.

�¥Ï¥´¨¥ ¸¨¸É¥³Ò (94) ¢ Í¨²¨´¤·¨Î¥¸±µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¡Ê¤¥³ ¨¸± ÉÓ
¢ ¢¨¤¥ 

ϕ(ρ, z) =

∞∑
n=1

yn(z)Φn(ρ),

V1(ρ, z) =

∞∑
n=1

V1n(z)Φ1n(ρ),

V3(ρ, z) =

∞∑
n=1

V3n(z)Φ3n(ρ),

(100)

£¤¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ËÊ´±Í¨¨ {µn,Φn} µ¶·¥¤¥²ÖÕÉ¸Ö ± ± ·¥Ï¥´¨Ö
¸²¥¤ÊÕÐ¥° ¸¶¥±É· ²Ó´µ° § ¤ Î¨:

Φ′′n +
1

ρ
Φ′n + µnΦn = 0, 0 ≤ ρ ≤ ρM ,

Φ′n(0) = 0, Φ′n(ρM )−AρMΦn(ρM ) = 0,∫
dρρΦ2

n = 1.

(101)

AρM µ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸µµÉ´µÏ¥´¨°

AρM =

d

dρ
[ΦA(ρ)]

ΦA(ρ)

∣∣∣∣∣∣∣∣
ρ=ρM

, ΦA(ρ) =

zM∫
−zM

dzy0(z)ϕA(z, ρ).

�·¨ ´ Ìµ¦¤¥´¨¨ ´ ¡µ·µ¢ {µ1n,Φ1n} ¨ {µ3n,Φ3n} ËÊ´±Í¨Ö ϕA § ³¥´Ö-
¥É¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ, ´  V1A ¨ V3A,   ËÊ´±Í¨Ö y0(z) Å ¸µµÉ¢¥É¸É¢¥´´µ, ´ 
V10 ¨ V30, £¤¥ y0(z), V10, V30 Å ´¥±µÉµ·Ò¥ ´ Î ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö. ‚ Î ¸É-
´µ³ ¸²ÊÎ ¥ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ Éµ²Ó±µ µ¤¨´ ´ ¡µ· ËÊ´±Í¨° {Φn}.
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�µ¤¸É ¢²ÖÖ · §²µ¦¥´¨¥ (100) ¢ ¸¨¸É¥³Ê (94), ¶µ²ÊÎ ¥³
y′′n − (λ+ µn)yn +

∞∑
m=1

Wnmyn = 0, n = 1, 2, ...

V ′′1j − (k2
1 + µ1j)V1j = −J1j, j = 1, 2, ...

V ′′3j − (k2
2 + µ3j)V3j = −J3j,

(102)

£¤¥

Wnm =
∞∑
j=1

[Q1njmV1j +BQ3njmV3j ], (103)

J1j =

∞∑
n,m=1

Q1njmynym, J3j =

∞∑
n,m=1

Q3njm
d2

dz2
(ynym), (104)

Qinjm =

ρM∫
0

dρρΦn(ρ)Φij(ρ)Φim(ρ), i = 1, 3. (105)

”Ê´±Í¨¨ yn, V1j , V3j Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³:
y′n(zM )−A(zM )yn(zM ) = 0, y′n(−zM )−A(−zM )yn(−zM ) = 0,
V ′1j(zM )−A1(zM )V1j(zM ) = 0, V ′1j(−zM )−A1(−zM )V1j(−zM ) = 0,
V ′3j(zM )−A3(zM )V3j(zM ) = 0, V ′3j(−zM )−A3(−zM )V3j(−zM ) = 0,

(106)
£¤¥

A(zM ) =

d

dz
[yA(z)]

yA(z)

∣∣∣∣∣∣∣
z=zM

, yA(z) =

∫ ρM

0

dρρΦ0(ρ)ϕA(z, ρ),

A1(zM ) =

d

dz
[V1A(z)]

V1A(z)

∣∣∣∣∣∣∣
z=zM

, V1A(z) =

∫ ρM

0

dρρΦ10(ρ)V1A(z, ρ),

A3(zM ) =

d

dz
[V3A(z)]

V3A(z)

∣∣∣∣∣∣∣
z=zM

, V3A(z) =

∫ ρM

0

dρρΦ30(ρ)V3A(z, ρ).

�´ ²µ£¨Î´µ µ¶·¥¤¥²ÖÕÉ¸Ö ±µÔËË¨Í¨¥´ÉÒ A(−zM ), A1(−zM ) ¨ A3(−zM ).
“¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¤²Ö ¸¨¸É¥³Ò (102) ¶·¨´¨³ ¥É ¢¨¤

∑
n

zM∫
−zM

dzy2
n(z) =

1

2πr3
0γ

2
= N̂c.



242 �“‡›�ˆ� ˆ.‚., �Œˆ�•���‚ ˆ.‚., ‡…Œ‹Ÿ��Ÿ ….‚. ˆ „�.

‘ ÊÎ¥Éµ³ · §²µ¦¥´¨Ö (100) Ëµ·³Ê²Ò (96) ¨ (97) ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥µ¡Ìµ-
¤¨³ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

R̂ = 2π

+zM∫
−zM

dz

ρM∫
0

dρρ
√

(z2 + ρ2)ϕ2(z, ρ), (107)

Q̂ = 2π

+zM∫
−zM

dz

ρM∫
0

dρρ(2z2 − ρ2)ϕ2(z, ρ), (108)

F = (ε/λ)[T̂c − Ŵc/2]/(2πNc), (109)

£¤¥

T̂c = 2π

+zM∫
−zM

dz

ρM∫
0

dρρ[|∂ϕ
∂ρ

2

|+ |∂ϕ
∂z

2

|],

Ŵc = 2π
∑
jnm

+zM∫
−zM

dz[V1j(z) +BV3j(z)]yn(z)ym(z).

�É³¥É¨³, ÎÉµ, ¨¸¶µ²Ó§ÊÖ ¸¨³³¥É·¨Õ § ¤ Î¨, ¸¨¸É¥³Ê (102) ³µ¦´µ ·¥Ï ÉÓ
´  ¨´É¥·¢ ²¥ 0 ≤ z ≤ zM . �·¨ ÔÉµ³ ´Ê¦´µ ¸µµÉ¢¥É¸É¢¥´´µ ¨§³¥´¨ÉÓ £· ´¨Î-
´Ò¥ Ê¸²µ¢¨Ö ¨ Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨.

�¨¸. 1. ‚µ²´µ¢ Ö ËÊ´±Í¨Ö ϕ(ρ, z) ¡¨´Ê±²µ´ 

„²Ö Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ -
´¨Ö ¶·¥¤¸É ¢²¥´´µ° § ¤ Î¨ ¢
· ¡µÉ¥ [74] ¨¸¶µ²Ó§µ¢ ²¸Ö ³µ-
¤¨Ë¨Í¨·µ¢ ´´Ò°  ²£µ·¨É³ ´ 
µ¸´µ¢¥ ��Œ�,  ´ ²µ£¨Î´Ò°
µ¶¨¸ ´´µ³Ê ¢ ¶. 3.1 (¸Ë¥·¨Î¥¸±¨-
´¥¸¨³³¥É·¨Î´Ò° ¸²ÊÎ °). ‚ ± -
Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ´  ·¨¸.1
¶·¥¤¸É ¢²¥´  ¢µ²´µ¢ Ö ËÊ´±Í¨Ö
¡¨´Ê±²µ´  ϕ(ρ, z). � ¸Î¥ÉÒ ¶µ-
± § ²¨, ÎÉµ Î¨¸²¥´´Ò¥ ·¥Ï¥-
´¨Ö ¸¨¸É¥³Ò ¤²Ö ¤¢ÊÌ ´Ê±²µ-
´µ¢ ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ£µ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ¢ ¸± ²Ö·´µ³ ¨ ¶¸¥¢¤µ-
¸± ²Ö·´µ³ ¶µ²¥ ¶µ§¢µ²ÖÕÉ ¶µ²Ê-
Î¨ÉÓ ¸µ£² ¸µ¢ ´´Ò¥ ¸ Ô±¸¶¥·¨-
³¥´Éµ³ §´ Î¥´¨Ö Ô´¥·£¨¨ ¸¢Ö§¨,
ÔËË¥±É¨¢´µ£µ · ¤¨Ê¸  ¨ ±¢ ¤·Ê-
¶µ²Ó´µ£µ ³µ³¥´É  ¤¥°É·µ´ .
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‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¸¨¸É¥³  ¢¨¤  (53) ¢µ§´¨± ¥É ¢ ¸ ³ÒÌ · §-
²¨Î´ÒÌ ¸²ÊÎ ÖÌ ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨ÍÒ ¸ ¶µ²¥³. �Éµ, ´ ¶·¨³¥·,  ¢Éµ²µ-
± ²¨§µ¢ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö Ô²¥±É·µ´µ¢ ¢ Ô²¥±É·µ²¨É Ì [71, 75] ¨ Ô²¥±É·µ´´Ò¥
¸µ¸ÉµÖ´¨Ö ¢ ¡¨µ³ ±·µ³µ²¥±Ê² Ì [76, 77], ¢ Î ¸É´µ¸É¨, ¶¥·¥´µ¸ Ô²¥±É·µ´µ¢ ¢
¡¨µ¸¨¸É¥³ Ì ´  ¡µ²ÓÏ¨¥ · ¸¸ÉµÖ´¨Ö. Š ´¥²¨´¥°´Ò³ ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ ¸¨¸-
É¥³ ³ ¶·¨¢µ¤ÖÉ É ±¦¥ ´¥±µÉµ·Ò¥ ³µ¤¥²¨ Ö¤¥·´µ° Ë¨§¨±¨ (• ·É·¨ Å ”µ± 
¨ • ·É·¨ Å ”µ±  Å ‘²¥É¥·  [78]).

�¡Ð¨³ ¢µ ¢¸¥Ì Ê± § ´´ÒÌ ¨ ³´µ£¨Ì ¤·Ê£¨Ì § ¤ Î Ì Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥
´¥²¨´¥°´µ° ¸ ³µ¸µ£² ¸µ¢ ´´µ° ¸¶¥±É· ²Ó´µ° § ¤ Î¨. �µÔÉµ³Ê · §¢¨É¨¥ ³¥-
Éµ¤µ¢ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö  ¢Éµ²µ± ²¨§µ¢ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¶·¨µ¡·¥É ¥É
¢¥¸Ó³  ¢ ¦´µ¥ §´ Î¥´¨¥.

� §· ¡µÉ ´´Ò¥ ¤²Ö ¶·¥¤¸É ¢²¥´´ÒÌ ¢ÒÏ¥ § ¤ Î  ²£µ·¨É³Ò ¨ ¶·µ£· ³³Ò
´  µ¸´µ¢¥ ��Œ� ¨³¥ÕÉ Ï¨·µ±ÊÕ µ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö ¨ ³µ£ÊÉ ¨¸¶µ²Ó§µ-
¢ ÉÓ¸Ö ¤²Ö ·¥Ï¥´¨Ö Ï¨·µ±µ£µ ±·Ê£  ´¥²¨´¥°´ÒÌ ¸ ³µ¸µ£² ¸µ¢ ´´ÒÌ § ¤ Î.

4. —ˆ‘‹…���… ˆ‘‘‹…„�‚��ˆ…
�…Š�’��›• ��’…�–ˆ�‹œ�›• Œ�„…‹…‰ Š‚��Š��ˆŸ

�� �‘��‚… ����™…�ˆŸ ��Œ�

”¨§¨Î¥¸±¨¥ ¶·µ£· ³³Ò Ô±¸¶¥·¨³¥´Éµ¢ ´  ª³¥§µ´´ÒÌ Ë ¡·¨± Ìª ¸É ¢ÖÉ
¶¥·¥¤ É¥µ·¨¥° Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í § ¤ ÎÊ ¶µ¸É·µ¥´¨Ö ³µ¤¥²¨ ¤²Ö ¥¤¨´µ-
µ¡· §´µ£µ µ¶¨¸ ´¨Ö ¸¶¥±É·  ¨ Ëµ·³Ë ±Éµ·µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö ²¥£±¨Ì ¨ ÉÖ¦¥-
²ÒÌ ³¥§µ´µ¢. ‚ ·Ö¤¥ · ¡µÉ [79Å84] ¤²Ö ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨ ¡Ò²µ ¨¸¶µ²Ó§µ-
¢ ´µ ±¢ ´Éµ¢µ-¶µ²¥¢µ¥ µ¡µ¡Ð¥´¨¥ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²¨
µ¤´µ£²Õµ´´µ£µ µ¡³¥´ . ƒ² ¢´µ° µ¸µ¡¥´´µ¸ÉÓÕ É ±µ£µ ¶µ¤Ìµ¤  Ö¢²Ö¥É¸Ö µ¶¨-
¸ ´¨¥ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö
˜¢¨´£¥·  Å „ °¸µ´ . �·¨ ÔÉµ³ µ¶¨¸ ´¨¥ ¸¶¥±É·  ³¥§µ´µ¢ ¸¢µ¤¨É¸Ö ± ·¥-
Ï¥´¨Õ ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨° ˜¢¨´£¥·  Å „ °¸µ´  (˜„) ¨ �¥É¥ Å
‘µ²¶¨É¥·  (�‘) ¢ É·¥Ì³¥·´µ° Ëµ·³¥. “· ¢´¥´¨¥ ˜„ µ¶¨¸Ò¢ ¥É ±¢ ·±¨ ª¢´Ê-
É·¨ª ³¥§µ´  ¨ ¶µ§¢µ²Ö¥É ¸ ¶µ³µÐÓÕ µ¤´µ£µ ¨ Éµ£µ ¦¥ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ
¶µÉ¥´Í¨ ² , ¨¸¶µ²Ó§Ê¥³µ£µ ¢ ¸¶¥±É·µ¸±µ¶¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢, ¢ÒÎ¨¸²¨ÉÓ
ª¤¨´ ³¨Î¥¸±ÊÕª ³ ¸¸Ê ±¢ ·± , ±µÉµ· Ö Ö¢²Ö¥É¸Ö ³¥·µ° ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥-
´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¢ µ¡² ¸É¨ ²¥£±¨Ì ±¢ ·±µ¢. �¥Ï¥´¨Ö Ê· ¢´¥´¨Ö �‘
(¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨) ¸µ¶µ¸É ¢²ÖÕÉ¸Ö ³ ¸¸ ³ ¨
¢µ²´µ¢Ò³ ËÊ´±Í¨Ö³ ¸¢µ¡µ¤´ÒÌ ³¥§µ´µ¢. �ÊÉ¥³ ¸· ¢´¥´¨Ö ¶µ²ÊÎ¥´´ÒÌ ·¥-
Ï¥´¨° ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö ³ ¸¸ ¨ ±µ´¸É ´É · ¸¶ ¤µ¢ ¨¸¸²¥-
¤Ê¥É¸Ö ¢µ¶·µ¸ ¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  Š•„, ´¥ § ¢¨¸ÖÐ¥£µ µÉ
 ·µ³ É  ±¢ ·±µ¢. ‚ ¶·¥¤¥²¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ Ê· ¢´¥´¨Ö ³µ¤¥²¨ ¶¥·¥Ìµ¤ÖÉ ¢
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· .

‚ · ¡µÉ Ì [80Å84] ±¢ ·±µ¢ Ö ¶µÉ¥´Í¨ ²Ó´ Ö ³µ¤¥²Ó ¸ · §²¨Î´Ò³¨ Ë¥´µ-
³¥´µ²µ£¨Î¥¸±¨³¨ ¶µÉ¥´Í¨ ² ³¨ (É¨¶  £ ·³µ´¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ· , ²¨´¥°´µ
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· ¸ÉÊÐ¥£µ ¶µÉ¥´Í¨ ²  ¢ ±µ³¡¨´ Í¨¨ ¸ ±Ê²µ´µ¢¸±¨³ ¨ ¶µÉ¥´Í¨ ²  �¨Î ·¤-
¸µ´ ) ¡Ò²  ¶·¨³¥´¥´  ¤²Ö µ¶¨¸ ´¨Ö Ï¨·µ±µ£µ ¸¶¥±É·  ³ ¸¸ ³¥§µ´µ¢, ¢µ²´µ-
¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì ±µ´¸É ´É ²¥¶Éµ´´µ£µ · ¸¶ ¤  (Fπ ¨ É.¶.). ƒ² ¢´Ò³ ·¥§Ê²Ó-
É Éµ³  ¢Éµ·Ò Ê± § ´´ÒÌ · ¡µÉ ¸Î¨É ÕÉ µ¶¨¸ ´¨¥ ´  ± Î¥¸É¢¥´´µ³ Ê·µ¢´¥
¸¶¥±É·µ¢ ³ ¸¸ ¢¸¥Ì ³¥§µ´µ¢, ¶·¥¤¸É ¢²Ö¥³ÒÌ ¢ ¢¨¤¥ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°
±¢ ·±  ¨  ´É¨±¢ ·± . ‚ Î ¸É´µ¸É¨, ¢ [85] ¡µ²ÓÏ Ö · §´µ¸ÉÓ ³ ¸¸ ρ- ¨ π-
³¥§µ´µ¢ ¶µ²ÊÎ¥´  ¢ ¶·¨¡²¨¦¥´¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¶µÉ¥´Í¨ ²  ± ± ¸²¥¤¸É¢¨¥
¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¡¥§ ÊÎ¥É  ¸¶¨´-¸¶¨´µ¢µ£µ ¢§ -
¨³µ¤¥°¸É¢¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± , ±µÉµ·µ¥ µ¡ÒÎ´µ ¤µ¡ ¢²ÖÕÉ ¢ ¶µÉ¥´Í¨ ²
¢§ ¨³µ¤¥°¸É¢¨Ö. ‚³¥¸É¥ ¸ É¥³ ¢ Ê¶µ³Ö´ÊÉÒÌ ¢ÒÏ¥ · ¡µÉ Ì ¤²Ö ±µ´¸É ´É ²¥¶-
Éµ´´ÒÌ · ¸¶ ¤µ¢ ³¥§µ´µ¢ (´ ¶·¨³¥·, Fπ) ¶µ²ÊÎ¥´Ò §´ Î¥´¨Ö, §´ Î¨É¥²Ó´µ
³¥´ÓÏ¨¥, Î¥³ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥.

�¤´  ¨§ É·Ê¤´µ¸É¥° Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶µÉ¥´Í¨-
 ²Ó´ÒÌ ³µ¤¥²¥° (¸³., ´ ¶·¨³¥·, [85]) ¸¢Ö§ ´  ¸ É¥³, ÎÉµ ¢ ± Î¥¸É¢¥ ÔËË¥±-
É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¢ ´¨Ì, ± ± ¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¸²ÊÎ ¥ [86], µ¡ÒÎ´µ
¨¸¶µ²Ó§Ê¥É¸Ö ±µ³¡¨´ Í¨Ö ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²µ¢, ÎÉµ ¶·¨-
¢µ¤¨É ± · ¸Ìµ¤¨³µ¸ÉÖ³ ¢ Ö¤· Ì ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. ‚ ²¨É¥· ÉÊ·¥ ¤²Ö
·¥Ï¥´¨Ö ÔÉµ° ¶·µ¡²¥³Ò Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ³¥Éµ¤ É ± ´ §Ò¢ ¥³µ° ª¶¥·¥´µ·-
³¨·µ¢±¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ±¢ ·±  ¢´ÊÉ·¨ ³¥§µ´ ª. �µ ¸ÊÉ¨, Ê¸É· ´¥´¨¥
¸¨´£Ê²Ö·´µ¸É¥° ¶·¨ ÔÉµ³ ¶·µ¨¸Ìµ¤¨É §  ¸Î¥É ¤µ¶µ²´¨É¥²Ó´µ ¢¢¥¤¥´´ÒÌ ¢ £ -
³¨²ÓÉµ´¨ ´ ±µ´É·Î²¥´µ¢. �É³¥É¨³, ÎÉµ ¤µ ¸¨Ì ¶µ· ´¥É ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ
¸¶µ¸µ¡  ·¥£Ê²Ö·¨§ Í¨¨ ¸¨´£Ê²Ö·´µ¸É¥°, ±µ£¤  ±¢ ·± ´ Ìµ¤¨É¸Ö ¢´¥ ³ ¸¸µ¢µ°
¶µ¢¥·Ì´µ¸É¨ ¨ Ö¢²Ö¥É¸Ö ¸µ¸É ¢²ÖÕÐ¥°  ¤·µ´ .

„·Ê£µ° ¶ÊÉÓ ¶·¥µ¤µ²¥´¨Ö ¶·µ¡²¥³Ò ¸¨´£Ê²Ö·´µ¸É¥° ¶·¥¤¶µ² £ ¥É ³µ¤¨-
Ë¨± Í¨Õ ¨¸Ìµ¤´µ£µ ¶µÉ¥´Í¨ ²  ´  Ê·µ¢´¥ ±µµ·¤¨´ É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¶Ê-
É¥³ ¥£µ  ¶¶·µ±¸¨³ Í¨¨ ´¥±µÉµ·Ò³¨ ËÊ´±Í¨Ö³¨ ¸ ªÌµ·µÏ¨³¨ª ¸¢µ°¸É¢ ³¨. ‚
Î ¸É´µ¸É¨, ¢ · ¡µÉ¥ [87] · ¸¸³ É·¨¢ ¥É¸Ö ·Ö¤ ËÊ´±Í¨°,  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì
±Ê²µ´µ¢¸±¨° ¨ ²¨´¥°´Ò° ¶µÉ¥´Í¨ ²Ò. �  ¶·¨³¥·¥ ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥·  ¶·µ¢¥¤¥´µ ¨¸¸²¥¤µ¢ ´¨¥ ¸¢µ°¸É¢ ÔÉ¨Ì  ¶¶·µ±¸¨³ Í¨° ¨
¶·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ¸ · ¸Î¥É ³¨ [88], £¤¥ ¶·µ¡²¥³  · ¸Ìµ¤¨³µ¸É¨ ·¥Ï ¥É¸Ö
¤·Ê£¨³ ¸¶µ¸µ¡µ³.

‘ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö § ¤ Î  ˜„ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¨¸É¥³Ê
¤¢ÊÌ ´¥²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥. …¥ ·¥Ï¥´¨Ö³¨ Ö¢²ÖÕÉ¸Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¨ ËÊ´±Í¨Ö Ô´¥·£¨¨
±¢ ·± , ±µÉµ·Ò¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ Ê· ¢´¥´¨¨ �‘. �µ¸É ´µ¢±  § ¤ Î¨ ¤µ¶µ²´Ö-
¥É¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ Ê¸²µ¢¨Ö³¨, ¨§ Ë¨§¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨° ´ ±² ¤Ò¢ ¥-
³Ò³¨ ´  ¤¨´ ³¨Î¥¸±ÊÕ ³ ¸¸Ê ¨ Ô´¥·£¨Õ ±¢ ·± .

‘¨¸É¥³  Ê· ¢´¥´¨° �‘ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ° ³µ¤¥²¨ ¶·¥¤¸É ¢²Ö¥É
¸µ¡µ° § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ¸É· ´¸É¢¥. ‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨
¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸¨¸É¥³Ò �‘ ¨³¥ÕÉ Ë¨§¨Î¥¸±¨° ¸³Ò¸² Ê·µ¢´¥° Ô´¥·£¨¨
¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ³¥§µ´ .
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’ ±¨³ µ¡· §µ³, É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö Ì · ±É¥·¨¸É¨± ±¢ ·±µ¢ ¢
· ³± Ì Ê± § ´´µ° ³µ¤¥²¨ ¶·¨¢µ¤ÖÉ ± Î¨¸²¥´´µ³Ê ·¥Ï¥´¨Õ ¸¨´£Ê²Ö·´ÒÌ £· -
´¨Î´ÒÌ § ¤ Î ¤²Ö ¸¨¸É¥³ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ, ¨´É¥£·µ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. �É¨ § ¤ Î¨ Ì · ±É¥·¨§ÊÕÉ¸Ö ¸Î¥É´Ò³
³´µ¦¥¸É¢µ³ ·¥Ï¥´¨°, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ³µ¦´µ µ¶¨¸ ÉÓ ¸¶¥±É·Ò ±¢ ·±µ¢,
±µÉµ·Ò¥, ¢ ¸¢µÕ µÎ¥·¥¤Ó, § ¢¨¸ÖÉ µÉ Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ³µ¤¥²¨: ³ ¸¸Ò ¨
§ ·Ö¤  ±¢ ·± , Ì · ±É¥·¨¸É¨± ³µ¤¥²Ó´µ£µ ¶µÉ¥´Í¨ ² .

ˆ¸¸²¥¤µ¢ ´¨¥ ¶µ¸É ¢²¥´´ÒÌ § ¤ Î ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸²µ¦´ÊÕ ¢ÒÎ¨¸²¨-
É¥²Ó´ÊÕ ¶·µ¡²¥³Ê. �É³¥É¨³, ÎÉµ ¢ µ¡Ð¥³ ¢¨¤¥ ± ¦¤ Ö ¨§ ´¨Ì ³µ¦¥É · ¸¸³ É-
·¨¢ ÉÓ¸Ö ± ± ´¥²¨´¥°´µ¥ ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¢ B-¶·µ¸É· ´¸É¢¥ [89].
…¤¨´Ò° ¶µ¤Ìµ¤ ± Î¨¸²¥´´µ³Ê  ´ ²¨§Ê Ê± § ´´ÒÌ § ¤ Î, µ¸´µ¢ ´´Ò° ´  µ¡µ¡-
Ð¥´´µ³ ´¥¶·¥·Ò¢´µ³  ´ ²µ£¥ ³¥Éµ¤  �ÓÕÉµ´ , ¶µ§¢µ²Ö¥É ¸µ§¤ ¢ ÉÓ ÔËË¥±-
É¨¢´Ò¥ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¸Ì¥³Ò, ³ ±¸¨³ ²Ó´µ ÊÎ¨ÉÒ¢ Ö ¸¶¥Í¨Ë¨±Ê ¨¸¸²¥¤Ê¥-
³ÒÌ § ¤ Î. � §· ¡µÉ ´´Ò¥  ²£µ·¨É³Ò ¨ ¶·µ£· ³³Ò ¶µ§¢µ²¨²¨ Ê¸¶¥Ï´µ ·¥-
Ï¨ÉÓ § ¤ ÎÊ ¢ÒÎ¨¸²¥´¨Ö ¸¶¥±É·µ¢ ³ ¸¸ ¨ ±µ´¸É ´É ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¤²Ö
·Ö¤  ÔËË¥±É¨¢´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö.

’ ±, ¢ [90] ¶·µ¢¥¤¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘
¸ µ¸Í¨²²ÖÉµ·´Ò³ ¶µÉ¥´Í¨ ²µ³ ¨ ¶µ²ÊÎ¥´Ò ·¥Ï¥´¨Ö ¤²Ö ¸¶¥±É·  ³¥§µ´µ¢
(π, π′,K,K ′). ‚ [91] ¤²Ö ÔÉµ£µ ¦¥ ¶µÉ¥´Í¨ ²  ¢ÒÎ¨¸²¥´Ò ¸¶¥±É·Ò ¶¸¥¢¤µ-
¸± ²Ö·´ÒÌ, ¸± ²Ö·´ÒÌ, ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ ³¥§µ´µ¢. ‚ [92]
´ °¤¥´Ò Î¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ˜„ ¨ �‘ ¤²Ö ¶µÉ¥´Í¨ ² , ¸µ¤¥·¦ -
Ð¥£µ µ¸Í¨²²ÖÉµ·´Ò° ¨ ±Ê²µ´µ¢¸±¨° Î²¥´Ò. ‚ [93] ¢ ¶·¨¡²¨¦¥´¨¨ ¶µÉ¥´Í¨-
 ²  ƒ Ê¸¸  ¢¶¥·¢Ò¥ Ê¤ ²µ¸Ó µ¶¨¸ ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ
²¥¶Éµ´´µ£µ · ¸¶ ¤  ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¶¨µ´ . ‚ [98Ä100] Î¨¸²¥´´Ò°  ´ ²¨§
³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ Ê· ¢´¥´¨° ˜„ ¨ �‘ ´  µ¸´µ¢¥ ��Œ� ¡Ò² ¶·µ¢¥¤¥´ ¤²Ö
¶µÉ¥´Í¨ ²µ¢ �± ¢Ò, ±µ³¡¨´ Í¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¨ £ Ê¸¸µ¢¸±µ£µ,   É ±¦¥
²¨´¥°´µ£µ ¨ ±Ê²µ´µ¢¸±µ£µ Î²¥´µ¢.

�É³¥É¨³, ÎÉµ Ö¢´Ò° ¢¨¤ Ê± § ´´ÒÌ Ê· ¢´¥´¨° § ¢¨¸¨É µÉ ¢Ò¡· ´´µ£µ ÔË-
Ë¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² . �¨¦¥ ¶·¥¤¸É ¢²¥´  µ¡Ð Ö ¶µ¸É ´µ¢±  § ¤ Î ˜„ ¨
�‘ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤ , ¶·¨¢µ¤ÖÉ¸Ö ¢¨¤Ò ¶µÉ¥´Í¨ ²µ¢, ¶µ¶Ê-
²Ö·´ÒÌ ¢ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢,   É ±¦¥ µ¡¸Ê¦¤ ÕÉ¸Ö ³¥Éµ¤Ò Î¨¸²¥´´µ£µ
¨¸¸²¥¤µ¢ ´¨Ö ¶µ¸É ¢²¥´´ÒÌ § ¤ Î ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö ��Œ�.

4.1. “· ¢´¥´¨¥ ˜¢¨´£¥·  Å „ °¸µ´ . ‘¨¸É¥³  Ê· ¢´¥´¨° ˜„ ¤²Ö § -
¤ ´´µ£µ ¶µÉ¥´Í¨ ²  V (|~p− ~q|) ¸µ£² ¸´µ [84] ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

E(p) cos (2v(p)) = m0 +
1

2

∫
d~qV (|~p− ~q|) cos (2v(q))/(2π)3

E(p) sin (2v(p)) = p+
1

2

∫
d~qV (|~p− ~q|)ξ sin (2v(q))/(2π)3,

(110)

£¤¥ ¨´É¥£·¨·µ¢ ´¨¥ ¢¥¤¥É¸Ö ¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥ ±µµ·¤¨´ É ¢¥±Éµ·  ~q,
ξ = (~p/p, ~q/q) Ä ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¥¤¨´¨Î´ÒÌ É·¥Ì³¥·´ÒÌ ¢¥±Éµ·µ¢,
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m0 Ä § ¤ ´´ Ö ±µ´¸É ´É  (Éµ±µ¢ Ö ³ ¸¸  ±¢ ·± ), E(p) ¨ v(p) Ä ¸µµÉ¢¥É-
¸É¢¥´´µ, Ô´¥·£¨Ö ¨ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ±¢ ·± , ±µÉµ·Ò¥ ´ ¤µ ´ °É¨.

�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Ê£² ³ Ω~q ¸¨¸É¥³  (110) ¶·¨´¨³ ¥É ¢¨¤{
E(p) cos (2v(p)) = m0 + I1(p)
E(p) sin (2v(p)) = p+ I2(p),

(111)

£¤¥

I1(p) =

∞∫
0

dqV1(p, q) cos (2v(q)), I2(p) =

∞∫
0

dqV2(p, q) sin (2v(q)), (112)

V1(p, q) =
1

2

1

(2π)3
q2

∫
dΩV (|~p− ~q|), V2(p, q) =

1

2

1

(2π)3
q2

∫
dΩξV (|~p− ~q|).

(113)
�¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (111)Å(113) § ¢¨¸ÖÉ ± ± µÉ ¢¨¤  ¶µÉ¥´Í¨ ² ,

É ± ¨ µÉ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¶µ¢¥¤¥´¨Ö ËÊ´±Í¨° V1(p, q) ¨ V2(p, q) ¶·¨
p→ 0, q = const ( ¨²¨ q → 0, p = const),
p→∞, q = const ( ¨²¨ q →∞, p = const),
|p− q| → 0.

Š·µ³¥ Éµ£µ, ¨§ Ë¨§¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨° ËÊ´±Í¨¨ I1(p) ¨ I2(p) ¤µ²¦´Ò Ê¤µ¢-
²¥É¢µ·ÖÉÓ µ¶·¥¤¥²¥´´Ò³  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ¢¨Ö³ ¶·¨ p→ 0 ¨ p→∞ :

lim
p→∞

I1 = 0, lim
p→∞

I2 = 0, lim
p→0

I1 = const <∞, lim
p→0

I2 = const <∞. (114)

�Éµ ´ ±² ¤Ò¢ ¥É µ£· ´¨Î¥´¨Ö ´  ±² ¸¸ ¤µ¶Ê¸É¨³ÒÌ ¶µÉ¥´Í¨ ²µ¢.
�·¨ ÔÉµ³, ± ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ¤²Ö ´¥±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²µ¢, ¨¸¶µ²Ó§Ê¥-

³ÒÌ ¢ ¸¶¥±É·µ¸±µ¶¨¨  ¤·µ´µ¢, ¨´É¥£· ²Ò I1(p) ¨ I2(p) ¢  ¸¨³¶ÉµÉ¨±¥ ³ -
²ÒÌ ¨ ¡µ²ÓÏ¨Ì ¨³¶Ê²Ó¸µ¢ ¨³¥ÕÉ · ¸Ìµ¤¨³µ¸É¨. „²Ö ¨Ì Ê¸É· ´¥´¨Ö ¢ · ³± Ì
³´µ¦¥¸É¢  ¢Ò¡· ´´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ·Ö¤  ¢Éµ·µ¢ ¶·¥¤² £ ¥É § ³¥´¨ÉÓ ¸¨¸É¥³Ê
(111) ¸¨¸É¥³µ° É ± ´ §Ò¢ ¥³ÒÌ ¶¥·¥´µ·³¨·µ¢ ´´ÒÌ Ê· ¢´¥´¨° (µ¡ÒÎ´µ É -
±µ° ¶·¨¥³ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°):{

E(p) cos (2v(p)) = m0(1− Zm) + I1(p)
E(p) sin (2v(p)) = p(1− Z) + I2(p),

£¤¥
Zm = const <∞, Z = const <∞.

�µ¤¡¨· Ö Zm ¨ Z, ¤²Ö ´¥±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²µ¢ ³µ¦´µ ¤µ¸É¨ÎÓ ¢Ò¶µ²´¥´¨Ö
É·¥¡µ¢ ´¨° (114), ´ ±² ¤Ò¢ ¥³ÒÌ ´  ¸¨¸É¥³Ê (111). �¥±µÉµ·Ò¥  ¢Éµ·Ò ¶·¥¤-
² £ ÕÉ ¶µ¸ÉµÖ´´Ò¥ Zm, Z § ³¥´¨ÉÓ ËÊ´±Í¨Ö³¨ Zm(p), Z(p) ¨ ¶µ¤¡¨· ÉÓ
¨Ì ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³. �É¨ ¢µ¶·µ¸Ò µ¡¸Ê¦¤ ÕÉ¸Ö, ¢ Î ¸É´µ¸É¨, ¢ · ¡µ-
É Ì [81Ä83].
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�µ²¥¥ µ¡Ð¨° ¶µ¤Ìµ¤ ± ³µ¤¨Ë¨± Í¨¨ ¸¨¸É¥³Ò (111) ¸µ¸Éµ¨É ¢ ¸²¥¤ÊÕ-
Ð¥³. ‘µÌ· ´ÖÖ ¢¨¤ ¸¨¸É¥³Ò ˜„, ¢¢¥¤¥³ ¢ ¢Ò· ¦¥´¨¥ (112) ´¥±µÉµ·Ò¥ ´µ¢Ò¥
ËÊ´±Í¨¨ f1(p, q) ¨ f2(p, q):

I1(p) =

∞∫
0

dqV1(p, q) cos (2v(q))f1(p, q),

I2(p) =

∞∫
0

dqV2(p, q) sin (2v(q))f2(p, q).

(115)

‚Ò¡¨· Ö · §²¨Î´Ò³ µ¡· §µ³ ËÊ´±Í¨¨ f1 ¨ f2, ³Ò ¶µ²ÊÎ ¥³ · §²¨Î´Ò¥ ³µ-
¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨Ö ˜„. ’ ±, ´ ¶·¨³¥·, ¶µ² £ Ö

f1 =
cos (2v(p))−m0/

√
p2 + m2

0

cos (2v(p))
, f2 =

sin (2v(p))− 1

sin (2v(p))
,

¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ˜„, · ¸¸³µÉ·¥´´ÊÕ ¢ · ¡µÉ¥ [82]. �·¨ f1 ≡ 1
¨ f2 ≡ 0 ³Ò ¨³¥¥³ µ¤¨´ ¨§ ¢ ·¨ ´Éµ¢ ³µ¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨Ö ˜„, · ¸-
¸³µÉ·¥´´Ò° ¢ · ¡µÉ¥ [93], ¨ É.¤. ‚ ± Î¥¸É¢¥ ¢ ·¨ ´Éµ¢ ¢Ò¡µ·  ËÊ´±Í¨°
f1 ¨ f2 ³µ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö, ´ ¶·¨³¥·,  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö ˜·¥¤¨´£¥·  ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¶µÉ¥´Í¨ ²µ³,   É ±¦¥ ËÊ´±Í¨¨ ¢¨¤ 
pa exp (−bp) ¨²¨ cpa/(pa + 1)b ¨ É.¶., £¤¥ a ≥ 0, b ≥ 1, c > 0. �É³¥É¨³,
ÎÉµ ¶µ¸±µ²Ó±Ê ·¥Ï¥´¨Ö E(p) ¨ v(p) ¸¨¸É¥³Ò (111),(113),(115) µ¶¨¸Ò¢ ÕÉ
´¥ ¸¢µ¡µ¤´Ò¥ ±¢ ·±¨,   ±¢ ·±¨, ´ Ìµ¤ÖÐ¨¥¸Ö ¢ ¸¢Ö§ ´´µ³ ¸µ¸ÉµÖ´¨¨ (ª¢´Ê-
É·¨ ³¥§µ´ ª), Éµ ¢Ò¡µ· ËÊ´±Í¨° f1 ¨ f2 ³µ¦´µ ¸¢Ö§ ÉÓ ´¥ Éµ²Ó±µ ¸ ·¥Ï¥-
´¨Ö³¨ ¸¨¸É¥³Ò ˜„, ´µ ¨ ¸ ·¥Ï¥´¨Ö³¨ U1(p) ¨ U2(p) Ê· ¢´¥´¨Ö �‘, É.¥.
f1 = f1(p, U1(p)), f2 = f2(p, U2(p)). “· ¢´¥´¨Ö ˜„ ¨ �‘ ¢ ÔÉµ³ ¸²ÊÎ ¥ ´ ¤µ
·¥Ï ÉÓ ± ± ¥¤¨´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°. ‡¤¥¸Ó ³Ò ´¥ § ´¨³ ¥³¸Ö Ë¨§¨Î¥¸±¨³
µ¡µ¸´µ¢ ´¨¥³ § ³¥´Ò ¸¨¸É¥³Ò (111)Å(113) ´  ¸¨¸É¥³Ê (111),(113),(115) ¨
±µ´±·¥É´µ£µ ¢Ò¡µ·  ËÊ´±Í¨° f1 ¨ f2. Š·¨É¥·¨¥³ ¢¨¤  ÔÉ¨Ì ËÊ´±Í¨° ¢
¤ ´´µ³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¶· ¢¨²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨°, µÉ-
¸ÊÉ¸É¢¨¥ · ¸Ìµ¤¨³µ¸É¥° ¢ ¨´É¥£· ² Ì I1 ¨ I2,   É ±¦¥ ± Î¥¸É¢¥´´µ¥ ¨ ±µ²¨Î¥-
¸É¢¥´´µ¥ µ¶¨¸ ´¨¥ Ì · ±É¥·¨¸É¨± ³¥§µ´µ¢ ± ± ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ±¢ ·± 
¨  ´É¨±¢ ·± .

’ ±¨³ µ¡· §µ³, ¸¨¸É¥³  Ê· ¢´¥´¨° ˜„ ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ±· ¥¢µ°
§ ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° (111),(113),(115) ¸ £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨

lim
p→0

v(p) = 0, lim
p→∞

v(p) = π/4, lim
p→0

E(p) = const, lim
p→∞

E(p) = p.

4.2. “· ¢´¥´¨¥ �¥É¥ Å ‘µ²¶¨É¥· . � ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ �‘ ¤²Ö ¶¸¥¢-
¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢, ¸µ¸ÉµÖÐ¨Ì ¨§ ±¢ ·±µ¢ ¸ · §´Ò³¨ ³ ¸¸ ³¨ [84]:

ML(2
1)

(~p) = Et(p)L(1
2)

(~p)− (116)
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−
∫

d~q

(2π)3
V (|~p− ~q|)[C(−+)

p C
(−+)
q + ξS

(−+)
p S

(−+)
q ]L(1

2)
(~q),

£¤¥

C
(+
−)
p = cos (v1(p)± v2(p)), S

(+
−)
p = sin (v1(p)± v2(p)),

v1, v2 ¨ E1, E2 Ä ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜„ ¤²Ö ±¢ ·±  ¨  ´É¨±¢ ·±  ¸ Éµ±µ¢Ò³¨
³ ¸¸ ³¨ m01 ¨ m02 ¸µµÉ¢¥É¸É¢¥´´µ, Et(p) = E1(p) + E2(p) Ä ¶µ²´ Ö Ô´¥·-
£¨Ö ³¥§µ´ , M Ä ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ (³ ¸¸  ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö), L(1

2)
Ä

¢µ²´µ¢Ò¥ ËÊ´±Í¨¨. “¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤:

4NC
M

∫
d~q

(2π)3
L1(~q)L2(~q) = 1, (117)

£¤¥ NC = 3 Ä ±¢ ´Éµ¢µ¥ Î¨¸²µ. ˆ¸¶µ²Ó§ÊÖ ¶µ²ÊÎ¥´´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (116),
³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ±µ´¸É ´ÉÒ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢:

Fπ =
4NC
M

∫
d~q

(2π)3
L2(~q) cos (v1(q) + v2(q)). (118)

�Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (116) ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¶µ ¸Ë¥·¨Î¥¸±¨³
ËÊ´±Í¨Ö³ Ylm(θ, φ)

L(2
1)

(~p) =
1

p

∑
l,m

U(2
1)lm

(p)Ylm(θ, φ). (119)

‚ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ³ ¸²ÊÎ ¥ (l,m = 0), µ¡µ§´ Î¨¢ ¤²Ö ±· É±µ¸É¨
U(2

1)00 = U(2
1)

, ¶µ²ÊÎ ¥³

MU(2
1)

(p) = Et(p)U(1
2)

(p)−

−2

∞∫
0

dq[C
(−+)
p C

(−+)
q V̂1(p, q) + S

(−+)
p S

(−+)
q V̂2(p, q)]U(1

2)
(q), (120)

4NC
M

1

(2π)3

∞∫
0

dqU1(q)U2(q) = 1, (121)

£¤¥ V̂1(p, q) = p
qV1(p, q), V̂2(p, q) = p

qV2(p, q), V1(p, q) ¨ V2(p, q) µ¶·¥¤¥²ÖÕÉ¸Ö
Ëµ·³Ê²µ° (113).

”µ·³Ê²  ¤²Ö ±µ´¸É ´ÉÒ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¶·¨´¨³ ¥É ¢¨¤:

Fπ =
4NC
M

1

(2π)3

√
4π

∞∫
0

dqqU2(q) cos (v1(q) + v2(q)). (122)
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�¥Ï¥´¨Ö ¸¨¸É¥³Ò (120) ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨³ Ê¸²µ-
¢¨Ö³

lim
p→0

U(1
2)

(p) = 0, lim
p→∞

U(1
2)

(p) = 0. (123)

’ ±¨³ µ¡· §µ³, ³Ò ¶µ²ÊÎ¨²¨ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨-
¸É¥³Ò (120) ¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (121) ¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (123).
…Ð¥ · § µÉ³¥É¨³, ÎÉµ ¢ Ëµ·³Ê²Ò, µ¶·¥¤¥²ÖÕÐ¨¥ § ¤ ÎÊ �‘, ¢Ìµ¤ÖÉ ·¥Ï¥´¨Ö
(v1, E1) ¨ (v2, E2) ¸¨¸É¥³Ò ˜„ ¤²Ö ¤¢ÊÌ ³ ¸¸ ±¢ ·±µ¢ m01 ¨ m02.

4.3. �µÉ¥´Í¨ ²Ò ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚ ÔÉµ³ · §¤¥²¥ ¶·¥¤¸É ¢²¥´Ò ´ ¨-
¡µ²¥¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³Ò¥ ÔËË¥±É¨¢´Ò¥ ¶µÉ¥´Í¨ ²Ò ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ µ¡¸Ê-
¦¤ ÕÉ¸Ö ³¥Éµ¤Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î ˜„ ¨ �‘ ¸ ÔÉ¨³¨ ¶µÉ¥´Í¨ ² ³¨.

�µÉ¥´Í¨ ²Ò ƒ Ê¸¸  ¨ �± ¢Ò. �µÉ¥´Í¨ ² ƒ Ê¸¸  µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö
¤²Ö Ê¶·µÐ¥´¨Ö ³µ¤¥²¨ (´ ¶·¨³¥·, [93, 94]). Šµµ·¤¨´ É´µ¥ ¶·¥¤¸É ¢²¥´¨¥
ÔÉµ£µ ¶µÉ¥´Í¨ ²  ¸²¥¤ÊÕÐ¥¥

VG = vg exp (−µ2r2) + C, (124)

£¤¥ C Ä ±µ´¸É ´É , vg > 0 ¨ µ > 0 Ä ¶ · ³¥É·Ò. �·¨¢¥¤¥³ ¨³¶Ê²Ó¸´µ¥
¶·¥¤¸É ¢²¥´¨¥ ¶µÉ¥´Í¨ ²  (124)

V (|~p− ~q|) =
vg

(
√
π)3

R3 exp (−R2|~p− ~q|2) +C(2π)3δ(|~p− ~q|), R = µ/2. (125)

�µÉ¥´Í¨ ², ¶·¥¤¸É ¢²ÖÕÐ¨° ¸µ¡µ° · §´µ¸ÉÓ ¤¢ÊÌ ¶µÉ¥´Í¨ ²µ¢ �± ¢Ò, ¨³¥¥É
±µµ·¤¨´ É´ÊÕ ¨ ¨³¶Ê²Ó¸´ÊÕ Ëµ·³Ê ¸µµÉ¢¥É¸É¢¥´´µ:

V =
α

r
{exp (−µ1r) − β exp (−µ2r)}+ C, (126)

V (~p−~q) = 4πα

{
1

µ2
1 + |~p− ~q|2 −

β

µ2
2 + |~p− ~q|2

}
+C(2π)3δ(|~p−~q|), (127)

£¤¥ α, µ1, µ2, C Ä ¶ · ³¥É·Ò ¶µÉ¥´Í¨ ² . �·¨ β=0 µ¸É ¥É¸Ö Éµ²Ó±µ µ¤¨´ ¶µ-
É¥´Í¨ ² �± ¢Ò. �Î¥¢¨¤´µ, ÎÉµ ¶·¨ β = 0, µ1r << 1 ¶µÉ¥´Í¨ ² ¸É ´µ¢¨É¸Ö
¶µÌµ¦¨³ ´  ±Ê²µ´µ¢¸±¨°. ‘²ÊÎ ° · §´µ¸É¨ ¤¢ÊÌ ¶µÉ¥´Í¨ ²µ¢ �± ¢Ò (β = 1)
¶·¨ µ1 << µ2 ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¶µ¸µ¡ ·¥£Ê²Ö·¨§ Í¨¨ ±Ê²µ´µ¢¸±µ£µ
¶µÉ¥´Í¨ ²  ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨ (|~p− ~q|2 >> µ2

2).
„²Ö ·¥Ï¥´¨Ö ¶¥·¥´µ·³¨·µ¢ ´´µ° ¸¨¸É¥³Ò (111),(113),(115) ¸ ¶µÉ¥´Í¨ -

²µ³ (124),(125) ¶·¨ f1 ≡ 1, f2 ≡ 0 ¢ · ¡µÉ¥ [95] ¶·¨³¥´Ö²¸Ö ³µ¤¨Ë¨Í¨-
·µ¢ ´´Ò° ´ÓÕÉµ´µ¢¸±¨°  ²£µ·¨É³ [96]. �·¨ ÔÉµ³ ¶µ¸É ´µ¢±  § ¤ Î¨ ¶ÊÉ¥³
¶·µ¸ÉÒÌ ¶·¥µ¡· §µ¢ ´¨° Ëµ·³Ê²¨·µ¢ ² ¸Ó ¢ ¢¨¤¥ ´¥²¨´¥°´µ£µ ¨´É¥£· ²Ó´µ£µ
Ê· ¢´¥´¨Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ³ ¸¸µ¢µ° ËÊ´±Í¨¨ ±¢ ·± 

m(p) = m0 +

∞∫
0

dqV (q, p)m(q)/
√
m2(q) + q2, (128)
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£¤¥

V (p, q) = αg
p

q
[exp (−βg(p2 + q2)) sinh (2βgpq)], (129)

αg ¨ βg Ä ¶ · ³¥É·Ò.
‚ · ¡µÉ Ì [93, 98] ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ˜„ ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·¥¤¸É ¢²¥´-

´Ò° ¢ [93] ¨É¥· Í¨µ´´Ò° ¶·µÍ¥¸¸. �É³¥É¨³, ÎÉµ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ,
¶µ²ÊÎ¥´´Ò¥ ¶·¨ ·¥Ï¥´¨¨ ¸¨¸É¥³Ò ˜„ Ê± § ´´Ò³ ³¥Éµ¤µ³, ¸µ£² ¸ÊÕÉ¸Ö ¸
·¥§Ê²ÓÉ É ³¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (128)Å(129), ¶µ²ÊÎ¥´´Ò³¨ ´  µ¸´µ¢¥ ³µ¤¨-
Ë¨Í¨·µ¢ ´´µ° ´ÓÕÉµ´µ¢¸±µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò, µ¶¨¸ ´´µ° ¢ [96].

C¨¸É¥³  �‘ (120) ¤²Ö ¶µÉ¥´Í¨ ²µ¢ (124)Å(125) ¨ (126)Å(127) ¶·¥¤¸É -
¢²Ö¥É ¸µ¡µ° § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¤¢ÊÌ ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° ¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (121). …¥ Î¨¸²¥´´µ¥ ·¥Ï¥´¨¥ µ¸ÊÐ¥¸É¢²Ö-
²µ¸Ó ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶·µ£· ³³´µ£µ ±µ³¶²¥±¸  SYSINT
(SYSINTM) [97], ¶·¥¤´ §´ Î¥´´µ£µ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³µ-
¤¨Ë¨Í¨·µ¢ ´´ÒÌ ¨É¥· Í¨µ´´ÒÌ ¸Ì¥³ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´´µ£µ ��Œ�. �·¨
¢ÒÎ¨¸²¥´¨¨ ¨´É¥£· ²µ¢ ¨¸¶µ²Ó§µ¢ ² ¸Ó ±¢ ¤· ÉÊ·´ Ö Ëµ·³Ê²  ‘¨³¶¸µ´ , µ¡¥¸-
¶¥Î¨¢ ÕÐ Ö ¶µ·Ö¤µ±  ¶¶·µ±¸¨³ Í¨¨ O(h4), ÎÉµ ¶µ¤É¢¥·¦¤ ¥É¸Ö Î¨¸²¥´´Ò³¨
Ô±¸¶¥·¨³¥´É ³¨ ´  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ± ¸ Ï £µ³  ·£Ê-
³¥´É  h, h/2, h/4 (¸³. É ¡².1).

’ ¡²¨Í . 1. m01 = m02 = 0, 01

h M (¶µÉ¥´Í¨ ² ƒ Ê¸¸ ) M (¶µÉ¥´Í¨ ² �± ¢Ò)
β = 3 µ1 = 0, 001, µ2 = 5, α = 1, 8

0,100 0,192851 0,461893
0,050 0,202286 0,463275
0,025 0,201669 0,463363

σM =
Mh−Mh/2

Mh/2−Mh/4
15,17 15,71

�¸Í¨²²ÖÉµ·´Ò° ¨ £ Ê¸¸µ¢¸±¨° ¶µÉ¥´Í¨ ²Ò. �¸Í¨²²ÖÉµ·´Ò° ¶µÉ¥´Í¨ ²,
±µµ·¤¨´ É´µ¥ ¨ ¨³¶Ê²Ó¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ±µÉµ·µ£µ, ¸µµÉ¢¥É¸É¢¥´´µ, ¨³¥¥É
¢¨¤

VO(r) = −vor2, VO(|~p− ~q|) = −(2π)3v0∆~pδ(|~p− ~q|), (130)

Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ± ± ¶·¨¡²¨¦¥´¨¥ ²¨´¥°´µ£µ ¤²Ö Ê¶·µÐ¥´¨Ö ³µ¤¥²¨ [81,
90Ä92,99]. �·¨ ÔÉµ³, ± ± ¶µ± § ´µ ¢ · ¡µÉ Ì [90,91], Ê· ¢´¥´¨¥ ˜„ Ê¤ ¥É¸Ö
¸¢¥¸É¨ ± ´¥²¨´¥°´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê Ê· ¢´¥´¨Õ ¢¨¤ 

ψ′′(p) + 2ψ′(p)/p− 2p sin ψ(p) + sin 2ψ(p)/p2 + 2m0 − 2 cos ψ(p) = 0 (131)
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¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

ψ(0) = π/2, ψ(∞) = m0/

√
p2 +m2

0.

‚ Ê± § ´´ÒÌ · ¡µÉ Ì Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨Ö (131) ¶·µ¢µ¤¨²µ¸Ó ¸
¶µ³µÐÓÕ ´ÓÕÉµ´µ¢¸±µ° ¨É¥· Í¨µ´´µ° ¸Ì¥³Ò. ‚ · ¡µÉ¥ [99] · ¸¸³ É·¨¢ ² ¸Ó
´¥±µÉµ· Ö ³µ¤¨Ë¨± Í¨Ö § ¤ Î¨ (131), ¶µ§¢µ²ÖÕÐ Ö ¡µ²¥¥ ÉµÎ´µ µ¶¨¸ ÉÓ ´¥-
±µÉµ·Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨. …¥ ·¥Ï¥´¨¥ É ±¦¥ µ¸ÊÐ¥¸É¢²Ö-
²µ¸Ó ´  µ¸´µ¢¥ ��Œ�.

� ¸¸³µÉ·¨³ ¡µ²¥¥ µ¡Ð¨° ¸²ÊÎ °,   ¨³¥´´µ, ±µ³¡¨´ Í¨Õ µ¸Í¨²²ÖÉµ·´µ£µ
¨ £ Ê¸¸µ¢¸±µ£µ ¶µÉ¥´Í¨ ²µ¢:

V = VG + VO, VG = vg exp (−µ2r2) + C, VO = −vor2. (132)

ˆ³¶Ê²Ó¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µÉ¥´Í¨ ²  (132) ¨³¥¥É ¢¨¤

V (|~p− ~q|) =
vg

(
√
π)3

R3 exp (−R2|~p− ~q|2) + C(2π)3δ(|~p− ~q|)−

−vo(2π)3∆~pδ(|~p− ~q|), R = 1/(2µ). (133)

�·¨ ÔÉµ³ ¢Ò· ¦¥´¨Ö (112) ¶·¨´¨³ ÕÉ ¢¨¤
Ĩ1 = [(sin (φ(p̃)))′′ +

2

p
(sin (φ(p̃)))′] + J̃1,

Ĩ2 = [(cos (φ(p̃)))′′ +
2

p
(cos (φ(p̃)))′ − 2

p2
cos (φ(p̃))] + J̃2,

£¤¥

J1 = α̂

∞∫
0

dqV1(p, q) cos (2v(q)), J2 = α̂

∞∫
0

dqV2(p, q) sin (2v(q)), (134)

V1 = R
q

p
[exp (−R2(p2 + q2)) sinh (2R2pq)], (135)

V2 =
1

2

1

Rp2
{exp (−R2(p2 + q2))[2R2pq cosh (2R2pq)− sinh (2R2pq)]}. (136)

—¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¸¨¸É¥³Ò (115),(134)Å(136) ¶·µ¢µ¤¨²µ¸Ó ¢ · ¡µÉ¥
[100]. “· ¢´¥´¨¥ ˜„ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸¢µ¤¨É¸Ö ± ´¥²¨´¥°´µ° £· ´¨Î´µ° § ¤ Î¥
¤²Ö µ¤´µ£µ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ Ê· ¢´¥´¨Ö (¶·¨ Vg = 0, f1 ≡ f2 ≡
1 ³Ò ¶µ²ÊÎ ¥³ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ (131)). —¨¸²¥´´µ¥ ·¥Ï¥´¨¥
É ±µ° § ¤ Î¨ µ¸ÊÐ¥¸É¢²Ö²µ¸Ó ¸ ¶µ³µÐÓÕ ³µ¤¨Ë¨Í¨·µ¢ ´´µ£µ ´ÓÕÉµ´µ¢¸±µ£µ
 ²£µ·¨É³ , · ¸¸³µÉ·¥´´µ£µ ¢ · ¡µÉ Ì [64].
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�µ¸É ´µ¢±  § ¤ Î¨ (120) ¤²Ö ¶µÉ¥´Í¨ ²  (132) ¨³¥¥É ¢¨¤ § ¤ Î¨ ´  ¸µ¡-
¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ¤¢ÊÌ ²¨´¥°´ÒÌ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°

MU(2
1)

(p) + U ′′(1
2)

(p) +W(1
2)

(p)U(1
2)

(p) =

= −2

∞∫
0

dq[C
(−+)
p C

(−+)
q V̂1(p, q) + S

(−+)
p S

(−+)
q V̂2(p, q)]U(1

2)
(q), (137)

¸ Ê¸²µ¢¨¥³ ´µ·³¨·µ¢±¨ (121), £¤¥

W1 = −{Et +
1

4
(φ′1 + φ′2)2 +

2

p2
cos2(

φ1 + φ2

2
)}, (138)

W2 = −{Et +
1

4
(φ′1 − φ′2)2 +

2

p2
sin2(

φ1 − φ2

2
)}, (139)

φi = −2vi + π/2, i = 1, 2.

�¥Ï¥´¨¥ § ¤ Î¨ (137)Å(138) µ¸ÊÐ¥¸É¢²Ö²µ¸Ó ¢ [100] ¸ ¶µ³µÐÓÕ Éµ° ¦¥ ³µ-
¤¨Ë¨± Í¨¨ ��Œ�, ¶·¥¤²µ¦¥´´µ° ¢ [64]. „²Ö ¸²ÊÎ Ö Vg = 0, ±µ£¤  Ê· ¢´¥´¨Ö
¸¨¸É¥³Ò ¸É ´µ¢ÖÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨, ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·µ£· ³³´Ò° ±µ³-
¶²¥±¸ SLIPS2 [25].

Šµ³¡¨´ Í¨Ö ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²µ¢. Šµµ·¤¨´ É´µ¥ ¶·¥¤-
¸É ¢²¥´¨¥ ±µ³¡¨´ Í¨¨ ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²µ¢ ¨³¥¥É ¢¨¤

V (r) = −αc
1

r
+ σr, (140)

£¤¥ αc ¨ σ Å ¶ · ³¥É·Ò. ‚ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥³

V (|~p− ~q|) = −αc
4π

|~p− ~q|2 − σ
8π

|~p− ~q|4 . (141)

ˆ¸¶µ²Ó§ÊÖ Éµ¦¤¥¸É¢µ
1

|~p− ~q|4 =
1

6
4p

1

|~p− ~q|2 , (142)

¸¨¸É¥³Ê (115) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:{
E(p) cos (2v(p)) = m0 + I1K + I1L,
E(p) sin (2v(p)) = p+ I2K + I2L,

£¤¥
ᾱ = −αc

2π
, σ̄ = −σ

π
,

I1C =
ᾱÎ1C

p
, I2C =

ᾱÎ2C

p
, I1L =

σ̄Î ′′1C
2p

, I2L =
σ̄

2p
[Î ′′2C −

2Î2C
p2

],
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Î1C(p) =

∞∫
0

dqq ln |p+ q

p− q | cos (2v(q))f1(p, q),

Î2C(p) =

∞∫
0

dqq[−1 +
p2 + q2

2pq
ln |p+ q

p− q |] sin (2v(q))f2(p, q).

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö É ±µ° ¸¨¸É¥³Ò ¢ · ¡µÉ¥ [101] ¨¸¶µ²Ó§µ¢ ²¸Ö  ²£µ-
·¨É³, µ¶¨¸ ´´Ò° ¢ [93].

‚ · ¡µÉ¥ [101] ¶µ± § ´µ É ±¦¥, ÎÉµ Ê· ¢´¥´¨¥ �‘ ¤²Ö ¶µÉ¥´Í¨ ²  (140)Å
(141) Ê¤ ¥É¸Ö ¸¢¥¸É¨ ± ¸¨¸É¥³¥ ¢¨¤ {
V13(p)U ′′1 (p) + V12(p)U ′1(p) + V11(p)U1(p)−MU2(p)− 2J12(U1, U2, p) = 0
V23(p)U ′′2 (p) + V22(p)U ′1(p) + V21(p)U2 −MU1(p)− 2J22(U1, U2, p) = 0,

(143)
£¤¥ ËÊ´±Í¨¨ J12 ¨ J22 ´¥²¨´¥°´µ § ¢¨¸ÖÉ µÉ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° U1, U2.

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (143) ¢ [101] ¡Ò²  · §· ¡µÉ ´  ³µ¤¨-
Ë¨Í¨·µ¢ ´´ Ö ´ÓÕÉµ´µ¢¸± Ö ¸Ì¥³ ,  ´ ²µ£¨Î´ Ö ¶·¥¤²µ¦¥´´µ³Ê ¢ [67]  ²£µ-
·¨É³Ê, ¸µÎ¥É ÕÐ Ö ��Œ� ¸ ³¥Éµ¤µ³ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. ‚ÒÎ¨-
¸²¨É¥²Ó´ Ö ¸Ì¥³  ·¥ ²¨§µ¢ ´  ´  · ¢´µ³¥·´µ° ¸¥É±¥ ¶µ  ·£Ê³¥´ÉÊ p ¸ Ï £µ³
h ¨ ¨³¥¥É ¢Éµ·µ° ¶µ·Ö¤µ± ¸Ìµ¤¨³µ¸É¨, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É¸Ö · ¸Î¥É ³¨ ´  ¶µ-
¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¢¤¢µ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ±, ¶·¥¤¸É ¢²¥´´Ò³¨ ¢ É ¡². 2.

’ ¡²¨Í . 2. ˆ´É¥·¢ ² [0,6], m0 = 0, 1, ᾱ = 0, 1, σ̄ = 0, 1

h M U1(0, 6) U2(0, 6)

0,100 1,7691 7,8183 6,6219
0,050 1,7744 7,7721 6,6048
0,025 1,7757 7,7607 6,6005

Mh−Mh/2

Mh/2−Mh/4
= 4, 16

U1,h−U1,h/2

U1,h/2−U1,h/4
= 4, 05

U2,h−U2,h/2

U2,h/2−U2,h/4
= 3, 94

�´ ²¨§ Î¨¸²¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢. ‚ · ¡µÉ Ì [93, 98, 100, 101] ¡Ò²µ ¶·µ-
¢¥¤¥´µ Î¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘ ¸ · §²¨Î´Ò³¨ ¢¨¤ ³¨
ÔËË¥±É¨¢´ÒÌ ¶µÉ¥´Í¨ ²µ¢. �¥Ï¥´¨Ö ¶µ²ÊÎ¥´Ò ¤²Ö ¶¨µ´  ± ± ¸¢Ö§ ´´µ£µ ¸µ-
¸ÉµÖ´¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± , ¨³¥ÕÐ¨Ì ´¥´Ê²¥¢Ò¥ Éµ±µ¢Ò¥ ³ ¸¸Ò.

�µ¸±µ²Ó±Ê, ± ± Ê¦¥ Ê¶µ³¨´ ²µ¸Ó ¢ÒÏ¥, ¢ ·Ö¤¥ · ¡µÉ ¤·Ê£¨Ì  ¢Éµ·µ¢
· ¸Î¥É´Ò¥ §´ Î¥´¨Ö ±µ´¸É ´É ²¥¶Éµ´´µ£µ · ¸¶ ¤  ´¥ ¸µµÉ¢¥É¸É¢µ¢ ²¨ ¨³¥-
ÕÐ¨³¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³, Í¥²ÓÕ ¶·µ¢¥¤¥´´ÒÌ · ¸Î¥Éµ¢ ¡Ò²  ¶µ-
¶ÒÉ±  µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ£µ §´ Î¥´¨Ö ±µ´¸É ´ÉÒ ²¥¶Éµ´´µ£µ · ¸¶ ¤ 
Fπ ¤²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¶¨µ´ .



254 �“‡›�ˆ� ˆ.‚., �Œˆ�•���‚ ˆ.‚., ‡…Œ‹Ÿ��Ÿ ….‚. ˆ „�.

�µÔÉµ³Ê ¢ ± Î¥¸É¢¥ ±·¨É¥·¨Ö ¢Ò¡µ·  ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢ ³µ¤¥²¨ ¨¸-
¶µ²Ó§µ¢ ²µ¸Ó Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ µÉ´µÏ¥´¨Ö ³ ¸¸Ò ¨ ±µ´¸É ´ÉÒ
²¥¶Éµ´´µ£µ · ¸¶ ¤  ¶¨µ´  Mπ/Fπ ∼ 1, 04. „²Ö ± ¦¤µ£µ ¨§ Ê¶µ³Ö´ÊÉÒÌ ¢ÒÏ¥
¶µÉ¥´Í¨ ²µ¢ ¡Ò²¨ ´ °¤¥´Ò ¶ · ³¥É·Ò ¨ ¸Ì¥³  ³µ¤¨Ë¨± Í¨¨ ¸¨¸É¥³Ò ˜„,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ Ê± § ´´µ³Ê Ô±¸¶¥·¨³¥´É ²Ó´µ³Ê §´ Î¥´¨Õ.

‚ Î ¸É´µ¸É¨, ¢ · ¡µÉ¥ [93] ¢¶¥·¢Ò¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¸Ì¥³ 
¶¥·¥´µ·³¨·µ¢±¨ ·¥Ï¥´¨° § ¤ Î¨ ˜„, ¶µ§¢µ²ÖÕÐ Ö µ¶¨¸ ÉÓ §´ Î¥´¨¥ Fπ ¢
· ¸¸³ É·¨¢ ¥³µ³ ±² ¸¸¥ ³µ¤¥²¥°.

„²Ö Ë¨±¸¨·µ¢ ´´ÒÌ ¨§ Ê¸²µ¢¨Ö ¢Ò¶µ²´¥´¨Ö ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ¶ · -
³¥É·µ¢ ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò É ±¦¥ · ¤¨ ²Ó´µ ¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¶¨µ´ .
�¤´ ±µ ¶·¨ Ê± § ´´µ³ ¸¶µ¸µ¡¥ ¢Ò¡µ·  ¶ · ³¥É·µ¢ ³µ¤¥²¨ Ê·µ¢´¨ Ô´¥·£¨¨
· ¤¨ ²Ó´µ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° µ± § ²¨¸Ó ´¨¦¥ ¨³¥ÕÐ¨Ì¸Ö Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ µÍ¥´µ±, ¶·¨¢¥¤¥´´ÒÌ ¢ [102]. ˆ¸±²ÕÎ¥´¨¥ ¸µ¸É ¢¨² µ¸Í¨²²ÖÉµ·´Ò°
¶µÉ¥´Í¨ ² [84], ¤²Ö ±µÉµ·µ£µ Ô´¥·£¨¨ · ¤¨ ²Ó´µ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨°
¸ÊÐ¥¸É¢¥´´µ ¶·¥¢ÒÏ ÕÉ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥.

4.4. �¡µ¡Ð¥´¨¥ Š•„-¨´¸¶¨·¨·µ¢ ´´µ° ³µ¤¥²¨ ´  ¸²ÊÎ ° ±µ´¥Î´ÒÌ
É¥³¶¥· ÉÊ·. �¡µ¡Ð¥´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘ ´  ¸²ÊÎ ° ±µ´¥Î´µ° É¥³¶¥· -
ÉÊ·Ò ¨ ¡ ·¨µ´´µ° ¶²µÉ´µ¸É¨, ¶·¥¤²µ¦¥´´µ¥ ¢ · ¡µÉ Ì [94, 103], ¨´É¥·¥¸´µ
¸ ÉµÎ±¨ §·¥´¨Ö ·¥Ï¥´¨Ö  ±ÉÊ ²Ó´µ° ¶·µ¡²¥³Ò µ¶¨¸ ´¨Ö £µ·ÖÎ¥° ¨ ¶²µÉ-
´µ°  ¤·µ´´µ° ³ É¥·¨¨ (±¢ ·±-£²Õµ´´µ° ¶² §³Ò) [104]. �µ¸±µ²Ó±Ê ¤µ ¸¨Ì
¶µ· [105,106] Ê± § ´´ Ö ¶·µ¡²¥³  · ¸¸³ É·¨¢ ² ¸Ó ¢ µ¸´µ¢´µ³ ¢ · ³± Ì ³µ-
¤¥²¨ � ³¡Ê Å ˆµ´ -‹ §¨´¨µ [107], Ô±¢¨¢ ²¥´É´µ° ¸¥¶ · ¡¥²Ó´µ³Ê ¶·¨¡²¨-
¦¥´¨Õ [108] · ¸¸³ É·¨¢ ¥³ÒÌ Ê· ¢´¥´¨°, ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ Î¨¸²¥´´µ£µ
·¥Ï¥´¨Ö ¶µ²´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ˜„ ¨ �‘ ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨
¢ ¸¥¶ · ¡¥²Ó´µ³ ¶·¨¡²¨¦¥´¨¨, ¶µ²¥§´µ ¤²Ö  ´ ²¨§  ¶·¨³¥´¨³µ¸É¨ É¥µ·¥É¨-
Î¥¸±µ° ³µ¤¥²¨.

’ ±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¡Ò²µ ¶·µ¢¥¤¥´µ ¢ [109]. ’ ± ¦¥, ± ± ¨ ¢ [93,94], ¤²Ö
Ê¶·µÐ¥´¨Ö ³µ¤¥²¨ ¨¸¶µ²Ó§µ¢ ²¸Ö ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¢ ¢¨¤¥ £ Ê¸¸¨ ´ .

‘ ÉµÎ±¨ §·¥´¨Ö ¶µ¸É ´µ¢±¨ § ¤ Î¨ ¢±²ÕÎ¥´¨¥ É¥³¶¥· ÉÊ·´µ° § ¢¨¸¨³µ¸É¨
¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¤µ¶µ²´¨É¥²Ó´µ£µ Ê· ¢´¥´¨Ö ¤²Ö Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨-
 ² . ‚ ·¥§Ê²ÓÉ É¥, ± ± ¶µ± § ´µ ¢ [110], § ¤ Î  ˜„ ¶·¨´¨³ ¥É ¢¨¤ ¸¨¸É¥³Ò
É·¥Ì ´¥²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥


E(p) cos (2v(p)) = m0 +

1

2

∫
d~qV (|~p− ~q|)[1− f(q)− f̄(q)] cos (2v(q))/(2π)3,

E(p) sin (2v(p)) = p+
1

2

∫
d~qV (|~p− ~q|)ξ[1− f(q)− f̄(q)] sin (2v(q))/(2π)3,

(144)

µ(p) = µ0 +
1

2

∫
d~qV (|~p− ~q|)[f(q)− f̄(q)]/(2π)3, (145)
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£¤¥

f(p) =
1

1 + exp [βT (E(p)− µ(p))]
, f̄(p) =

1

1 + exp [βT (E(p) + µ(p))]
. (146)

Š ± ¨ ¢ ¶.4.1, ¨´É¥£·¨·µ¢ ´¨¥ ¢¥¤¥É¸Ö ¢ É·¥Ì³¥·´µ³ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥, ξ = (~p/p, ~q/q) Ä ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¥¤¨´¨Î´ÒÌ É·¥Ì³¥·´ÒÌ
¢¥±Éµ·µ¢, βT = 1/T, T Ä É¥³¶¥· ÉÊ· , E(p), v(p), µ(p) Ä ¸µµÉ¢¥É¸É¢¥´´µ,
Ô´¥·£¨Ö ±¢ ·± , ¥£µ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¨ Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ², ±µÉµ·Ò¥
´ ¤µ ´ °É¨. ’µ±µ¢ Ö ³ ¸¸  ±¢ ·±  m0 ¨ ´ Î ²Ó´Ò° Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² µ0

· ¸¸³ É·¨¢ ÕÉ¸Ö ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ± ± § ¤ ´´Ò¥ ¶ · ³¥É·Ò ³µ¤¥²¨.
�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Ê£² ³ Ω~q, ¶¥·¥Ìµ¤  ± ¡¥§· §³¥·´Ò³ ¢¥²¨Î¨´ ³

¨ ´¥±µÉµ·ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶µ²ÊÎ ¥³ ¸¨¸É¥³Ê

ctg (2v(p)) =
m0 + I1(p)

p+ I2(p)
,

E(p) = 1
2C[1− f(p)− f̄(p)] + [m0 + I1(p)] cos (2v(p))+

+[p+ I2(p)] sin (2v(p)),

µ(p) = µ0(p) + 1
2C[f(p)− f̄(p)] +

∞∫
0

dqV1(p, q)[f(q)− f̄(q)],

(147)

£¤¥

I1 =

∞∫
0

dqV1(p, q)[1− f(q)− f̄(q)] cos (2v(q))f1(p, q),

I2 =

∞∫
0

dqV2(p, q)[1− f(q)− f̄(q)] sin (2v(q))f2(p, q),


V1 = R

q

p
exp (−R2(p2 + q2)) sinh (2R2pq),

V2 =
1

2

1

Rp2
exp (−R2(p2 + q2))[2R2pq cosh (2R2pq)− sinh (2R2pq)].

(148)
�¥·¥°¤¥³ É¥¶¥·Ó ± · ¸¸³µÉ·¥´¨Õ § ¤ Î¨ �‘. Š ± ¶µ± § ´µ ¢ [110], ¢

¸²ÊÎ ¥ ´¥· ¢´ÒÌ Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢ ¤²Ö ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢ Ê· ¢-
´¥´¨¥ �‘ ¨³¥¥É ¢¨¤ § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò Î¥ÉÒ·¥Ì
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°

(E(NA)(p)−M)L
(NA)
(2
1)

(~p) =

= α
(NA)
(+
−)

∫
d~q

(2π)3
V (|~p− ~q|)[c(

−
+)
p c

(−+)
q + ξc

(−+)
p c

(−+)
q ]L

(NA)
(1
2)

(~q), (149)
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£¤¥

c
(+
−)
p = cos (v1(p)± v2(p)), s

(+
−)
p = sin (v1(p)± v2(p)),

α
(NA)
(+
−)

= (a
(NA)
+ ± a(NA)

− )/2, E(NA) = E1 ± E2,

aN+ = 1− f1 − f̄2, aN− = 1− f̄1 − f2, aA+ = f2 − f1, aA− = f̄2 − f̄1

fi =
1

1 + exp[βT (Ei − µi)]
, f̄i =

1

1 + exp[βT (Ei + µi)]
, i = 1, 2,

v1, v2, E1, E2 ¨ µ1, µ2 Ä ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜„ ¨ Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¤²Ö
±¢ ·±  ¨  ´É¨±¢ ·±  c § ¤ ´´Ò³¨ Éµ±µ¢Ò³¨ ³ ¸¸ ³¨ m01 ¨ m02, M Ä ¸µ¡-

¸É¢¥´´µ¥ §´ Î¥´¨¥ (³ ¸¸  ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö), L
(NA)
(1
2)

Ä ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨.

“¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¨³¥¥É ¢¨¤

NC

M

∫
d~q

(2π)3
(
(LN1 (~q) + LN2 (~q))2

aN+
− (LN1 (~q)− LN2 (~q))2

aN−
−

− (LA1 (~q) + LA2 (~q))2

aA+
+

(LA1 (~q)− LA2 (~q))2

aA−
) = 1. (150)

Šµ´¸É ´ÉÒ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ ¸µ£² ¸´µ [110] ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ ¶µ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° ¶µ Ëµ·³Ê²¥

Fπ =
4NC
M

∫
d~q

(2π)3
(LN2 (~q) cos (v1(q) + v2(q)) − LA2 (~q) sin (v1(q) + v2(q))).

(151)
„²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¸²ÊÎ Ö, ¶¥·¥Ìµ¤Ö ± ±µ´¥Î´µ³Ê ¨´É¥·¢ ²Ê

¨´É¥£·¨·µ¢ ´¨Ö [0, pM ], ³Ò ¶µ²ÊÎ ¥³ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö
¸¨¸É¥³Ò Î¥ÉÒ·¥Ì ²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°.

„²Ö ¸²ÊÎ Ö · ¢´ÒÌ Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢ m01 = m02 ¸¨¸É¥³  �‘ ´¥-
¸±µ²Ó±µ Ê¶·µÐ ¥É¸Ö ¨ ¸¢µ¤¨É¸Ö ± § ¤ Î¥ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¸¨¸É¥³Ò
¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°.

„²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê± § ´´ÒÌ Ê· ¢´¥´¨° ¶·¨³¥´Ö²¨¸Ó µ¶¨¸ ´´Ò¥
¢ [93]  ²£µ·¨É³Ò ¨ ¶·µ£· ³³Ò, ¸ÊÐ¥¸É¢¥´´µ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ ¸ ÊÎ¥Éµ³ ¸¶¥-
Í¨Ë¨±¨ ¤ ´´µ° § ¤ Î¨. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ˜„ ¨¸¶µ²Ó§µ¢ ²¸Ö ³¥Éµ¤ ¶·µ¸ÉÒÌ
¨É¥· Í¨°. „²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò �‘ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¶·µ£· ³³ 
SYSINT(SYSINTM) [97]. �µ¸±µ²Ó±Ê ¢¢¥¤¥´¨¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·µ¢
Ä É¥³¶¥· ÉÊ·Ò ¨ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  Ä ¤¥² ¥É § ¤ ÎÊ ¡µ²¥¥ £·µ³µ§¤±µ°,
¤²Ö ¥¥ Ê¸¶¥Ï´µ£µ ·¥Ï¥´¨Ö ¶·¨³¥´Ö²¸Ö ³¥Éµ¤ ¶·µ¤µ²¦¥´¨Ö ¶µ ¶ · ³¥É·Ê [4],
¶µ§¢µ²ÖÕÐ¨° ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ± Î¥¸É¢¥ ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö ·¥Ï¥´¨Ö, Ê¦¥
¶µ²ÊÎ¥´´Ò¥ ¤²Ö ¤·Ê£¨Ì ¶ · ³¥É·µ¢ § ¤ Î¨.
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�¨¸. 2. ‡ ¢¨¸¨³µ¸ÉÓ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜„ µÉ É¥³¶¥· ÉÊ·Ò T ¨ ¨³¶Ê²Ó¸ 
P (v(T, p) = fi/p/t, E(T, p) = e/p/t, µ(T, p) = amu/p/t ¨ m(T, p) =
E(T, p) cos (2v(T, p)) = dm/p/t) ¤²Ö Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·±  m0 = 0, 1 ¨ ´ Î ²Ó´µ£µ
Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  µ0 = 0, 9 ¶·¨ I2 = 0

‚ É ¡². 3 ¶·¥¤¸É ¢²¥´Ò ´¥±µÉµ·Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ´  ¶µ¸²¥¤µ¢ É¥²Ó-
´µ¸É¨ ¢¤¢µ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éµ±, ±µÉµ·Ò¥ ¶µ¤É¢¥·¦¤ ÕÉ, ÎÉµ ¢ÒÎ¨¸²¨É¥²Ó´ Ö
¸Ì¥³  ¨³¥¥É ¶µ·Ö¤µ± ¸Ìµ¤¨³µ¸É¨ O(h4), ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶µ·Ö¤±Ê Î¨¸²¥´´µ°
 ¶¶·µ±¸¨³ Í¨¨ § ¤ Î¨.

�¥Ï¥´¨Ö § ¤ Î ˜„ ¨ �‘ ¤²Ö ´¥±µÉµ·ÒÌ §´ Î¥´¨° ¶ · ³¥É·µ¢ ¶·¨¢¥¤¥´Ò
´  ·¨¸.2Ä4. �Ê¦´µ § ³¥É¨ÉÓ, ÎÉµ ± Î¥¸É¢¥´´µ¥ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨° · ¸¸³ -
É·¨¢ ¥³ÒÌ § ¤ Î ¢ ³µ¤¨Ë¨Í¨·µ¢ ´´µ³ ¢ ·¨ ´É¥ (¶·¨ I2 ≡ 0)  ´ ²µ£¨Î´µ
·¥§Ê²ÓÉ É ³, ¶µ²ÊÎ¥´´Ò³ ¢ [110] ¤²Ö ³µ¤¥²¨ � ³¡Ê Å ˆµ´ -‹ §¨´¨µ.

�É³¥É¨³, ÎÉµ · §· ¡µÉ ´´µ¥ ¶·µ£· ³³´µ¥ µ¡¥¸¶¥Î¥´¨¥ ¶µ§¢µ²Ö¥É ¶µ²Ê-
Î ÉÓ ·¥Ï¥´¨Ö ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ¶ · ³¥É·µ¢ § ¤ Î¨ (³ ¸¸Ò ±¢ ·±µ¢,
É¥³¶¥· ÉÊ·Ò ¨ ´ Î ²Ó´µ£µ §´ Î¥´¨Ö ªÌ¨³¶µÉ¥´Í¨ ² ª). �µÔÉµ³Ê ´¥µ¡Ìµ¤¨³Ò
¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ·¥Ï¥´¨°, ¨´É¥·¥¸´ÒÌ ¤²Ö Ë¨§¨Î¥-
¸±¨Ì ¨¸¸²¥¤µ¢ ´¨°.
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�¨¸. 3. ‡ ¢¨¸¨³µ¸ÉÓ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜„ µÉ É¥³¶¥· ÉÊ·Ò T ¨ ¨³¶Ê²Ó¸ 
P (v(T, p) = fi/p/t, E(T, p) = e/p/t, µ(T, p) = amu/p/t ¨ m(T, p) =
E(T, p) cos (2v(T, p)) = dm/p/t) ¤²Ö Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·±  m0 = 0, 1 ¨ ´ Î ²Ó´µ£µ
Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  µ0 = 0, 9 ¤²Ö ´¥³µ¤¨Ë¨Í¨·µ¢ ´´µ° ¸¨¸É¥³Ò (I2 6= 0)

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ É ±¦¥, ÎÉµ · §· ¡µÉ ´´Ò° ¶µ¤Ìµ¤ ± ·¥Ï¥´¨Õ · ¸¸³ É-
·¨¢ ¥³ÒÌ § ¤ Î ¨ ¸µ§¤ ´´µ¥ ¶·µ£· ³³´µ¥ µ¡¥¸¶¥Î¥´¨¥ ¶µ§¢µ²ÖÕÉ ¶·µ¢µ¤¨ÉÓ
Î¨¸²¥´´Ò°  ´ ²¨§ É¥µ·¥É¨Î¥¸±¨Ì ³µ¤¥²¥° ¨ ¤²Ö ¶µÉ¥´Í¨ ²µ¢ ¤·Ê£µ£µ ¢¨¤ 
(´ ¶·¨³¥·, ¢ ¢¨¤¥ ËÊ´±Í¨¨ �± ¢Ò).

—¨¸²¥´´µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ê· ¢´¥´¨° ˜„ ¨ �‘ ¸ · §²¨Î´Ò³¨ ¢¨¤ ³¨ ¶µ-
É¥´Í¨ ²µ¢ ¶µ± §Ò¢ ¥É, ÎÉµ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤  ¢µ§³µ¦´µ ±µ-
²¨Î¥¸É¢¥´´µ¥ µ¶¨¸ ´¨¥ ´¥±µÉµ·ÒÌ ¨§ ¨³¥ÕÐ¨Ì¸Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´-
´ÒÌ. ’ ±, ¸ ¶·¨³¥´¥´¨¥³ ±µ³¡¨´ Í¨¨ ±Ê²µ´µ¢¸±µ£µ ¨ ²¨´¥°´µ£µ ¶µÉ¥´Í¨ -
²µ¢ ¶µ²ÊÎ¥´µ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ¥ µ¶¨¸ ´¨¥ ¸¶¥±É·µ¢ ³ ¸¸ ¨ ±µ´¸É ´É ²¥¶Éµ´-
´ÒÌ · ¸¶ ¤µ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢. ‚ ¶·¨¡²¨¦¥´¨¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¶µÉ¥´-
Í¨ ²  Ê¤ ¥É¸Ö µ¶¨¸ ÉÓ ¸¶¥±É·Ò ³ ¸¸ ± ± ÉÖ¦¥²ÒÌ, É ± ¨ ²¥£±¨Ì ±¢ ·±µ´¨¥¢.
‚ · ¡µÉ¥ [93] ´  ¶·¨³¥·¥ ¶µÉ¥´Í¨ ²  ƒ Ê¸¸  ¢¶¥·¢Ò¥ ¡Ò²  ¶µ± § ´  ¢µ§-
³µ¦´µ¸ÉÓ ¶· ¢¨²Ó´µ£µ µ¶¨¸ ´¨Ö ±µ´¸É ´ÉÒ · ¸¶ ¤  ¤²Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö
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�¨¸. 4. ‚µ²´µ¢Ò¥ ËÊ´±Í¨¨ Ê· ¢´¥´¨° �‘ ¢ § ¢¨¸¨³µ¸É¨ µÉ É¥³¶¥· ÉÊ·Ò T =
0, 1(0, 1)1; ¤²Ö Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢ m01 = 0, 8, m02 = 0, 4 ¨ µ0 = 1; ¤²Ö I2 = 0 Å
¸¶²µÏ´Ò¥ ¨ ¤²Ö I2 6= 0 Å ¶Ê´±É¨·´Ò¥ ±·¨¢Ò¥
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’ ¡²¨Í . 3. m01 = m02 = 0, 1, T = 0, 1, µ0 = 1

h M U1(1, 96) U2(1, 96)

0,07 0,5150346 0,6175460E-02 0,5610517E-02
0,035 0,5150543 0,6176788E-02 0,5611749E-02
0,0175 0,5150554 0,6176862E-02 0,5611821E-02

Mh−Mh/2

Mh/2−Mh/4
= 17, 9

U1,h−U1,h/2

U1,h/2−U1,h/4
= 17, 9

U2,h−U2,h/2

U2,h/2−U2,h/4
= 17, 1

¶¨µ´ . �´ ²µ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ²ÊÎ¥´Ò ¤²Ö ¶µÉ¥´Í¨ ²  �± ¢Ò ¨ ±µ³¡¨-
´ Í¨¨ µ¸Í¨²²ÖÉµ·´µ£µ ¶µÉ¥´Í¨ ²  ¸ £ Ê¸¸µ¢¸±¨³.

�·µ¢¥¤¥´´Ò¥ Î¨¸²¥´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°,
¢±²ÕÎ ÕÐ¥° ¸¨´£Ê²Ö·´ÊÕ £· ´¨Î´ÊÕ ¨ ¸¶¥±É· ²Ó´ÊÕ § ¤ Î¨, ¶µ± § ²¨ ÔË-
Ë¥±É¨¢´µ¸ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³, ¶µ¸É·µ¥´´ÒÌ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´¨Ö ´¥-
¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´ . ˆÌ Ï¨·µ±¨¥ ¢µ§³µ¦´µ¸É¨ ¶·µ¤¥³µ´-
¸É·¨·µ¢ ´Ò ± ± ¤²Ö § ¤ Î ˜„ ¨ �‘ ¡¥§ ÊÎ¥É  É¥³¶¥· ÉÊ·´µ£µ Ë ±Éµ· , É ± ¨
¤²Ö µ¡µ¡Ð¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ´  ¸²ÊÎ ° ´¥´Ê²¥¢µ° É¥³¶¥· ÉÊ·Ò ¨ ¡ ·¨µ´-
´µ° ¶²µÉ´µ¸É¨.

�´ ²¨§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ³µ¦¥É ¸²Ê¦¨ÉÓ µ¸´µ¢µ° ¤²Ö ¤ ²Ó´¥°Ï¥£µ
· §¢¨É¨Ö ¨¸¶µ²Ó§Ê¥³ÒÌ É¥µ·¥É¨Î¥¸±¨Ì ¶µ¤Ìµ¤µ¢ ¨ ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´µ° ¶·µ-
¢¥·±¨.

5. ‡�Š‹�—…�ˆ…

‚ ¶·¥¤² £ ¥³µ³ µ¡§µ·¥ ¤ ´µ ¸¨¸É¥³ É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¢ÒÎ¨¸²¨É¥²Ó-
´µ£µ  ¶¶ · É  ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö § ¤ Î, ¢µ§´¨± ÕÐ¨Ì ¢ ´¥±µÉµ·ÒÌ ±¢ ´Éµ¢µ-
¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²ÖÌ Š•„. …¤¨´µ° µ¸´µ¢µ° ¤²Ö · §· -
¡µÉ±¨ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¸²Ê¦¨É µ¡µ¡Ð¥´¨¥ ´¥¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤ 
�ÓÕÉµ´ , ±µÉµ·µ¥ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ± Î¥¸É¢¥´´µ ´µ¢µ¥ · §¢¨É¨¥ ��Œ� ´ 
µ¸´µ¢¥ µ¡Ñ¥¤¨´¥´¨Ö ¨¤¥° ³¥Éµ¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ Ô¢µ²ÕÍ¨¨ ¶µ ¶ -
· ³¥É· ³. �µ± § ´µ, ÎÉµ ¸ ¶µ³µÐÓÕ ¨§² £ ¥³µ£µ ¶µ¤Ìµ¤  ³µ¦´µ ¶µ¸É·µ¨ÉÓ
ÔËË¥±É¨¢´Ò¥ ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ¸ µ¶É¨³ ²Ó´Ò³ Ï £µ³, ¤ ÕÐ¨¥ ¢µ§³µ¦-
´µ¸ÉÓ µ¡· Ð ÉÓ ´  ± ¦¤µ³ ¨É¥· Í¨µ´´µ³ Ï £¥ ·¥£Ê²Ö·´ÊÕ Î ¸ÉÓ ²¨´¥°´µ£µ
µ¶¥· Éµ·  ¶·µ¨§¢µ¤´µ° ¨²¨ ¨§¡¥¦ ÉÓ µ¡· Ð¥´¨Ö ÔÉµ£µ µ¶¥· Éµ· . „ ´µ µ¡µ-
¸´µ¢ ´¨¥ ¸Ìµ¤¨³µ¸É¨ · §· ¡µÉ ´´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¸Ì¥³ ¨ ¶µ± § ´  ¨Ì
¸¢Ö§Ó ¸ ·Ö¤µ³ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥Éµ¤µ¢.

‚ µ¡§µ·¥ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ³µ¤¥²¥° É¥µ-
·¨¨ ¶µ²Ö·µ´ , ¡¨¶µ²Ö·µ´ , ¸µ²Ó¢ É¨·µ¢ ´´µ£µ Ô²¥±É·µ´  ¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ
³µ¤¥²¥° Š•„ ¸ · §²¨Î´Ò³¨ É¨¶ ³¨ ¶µÉ¥´Í¨ ²µ¢.
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Š ± ·¥§Ê²ÓÉ É, ¶·µ¤¥³µ´¸É·¨·µ¢ ´ ÔËË¥±É¨¢´Ò° Î¨¸²¥´´Ò° ³¥Éµ¤ ¨¸-
¸²¥¤µ¢ ´¨Ö Ï¨·µ±µ£µ ±² ¸¸  ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨.

��Œ�, · §¢¨¢ ¥³Ò° ¢ �ˆŸˆ ´  ¶·µÉÖ¦¥´¨¨ ¡µ²¥¥ É·¨¤Í É¨ ²¥É, ¨ ¸¥-
£µ¤´Ö ¶µ¤É¢¥·¦¤ ¥É ¸¢µÕ ¦¨§´¥¸¶µ¸µ¡´µ¸ÉÓ. �·¨Î¨´µ° ÔÉµ£µ Ö¢²Ö¥É¸Ö ¥£µ
É¥¸´ Ö ¸¢Ö§Ó ¸ ¶· ±É¨Î¥¸±¨³¨ § ¤ Î ³¨ ³ É¥³ É¨Î¥¸±µ£µ ³µ¤¥²¨·µ¢ ´¨Ö Ë¨-
§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢, µÉ±Ê¤  ´¥¶·¥·Ò¢´µ ¶µ¸ÉÊ¶ ÕÉ ± ± ´µ¢Ò¥ É·¥¡µ¢ ´¨Ö ±
³¥Éµ¤Ê, É ± ¨ ´µ¢Ò¥ ¨¤¥¨, ¸É¨³Ê²¨·ÊÕÐ¨¥ ¥£µ · §¢¨É¨¥.

�¢Éµ·Ò ¡² £µ¤ ·´Ò ¶·µË¥¸¸µ·Ê ….�.†¨¤±µ¢Ê §  ¢´¨³ ´¨¥ ± · ¡µÉ¥ ¨
Í¥´´Ò¥ § ³¥Î ´¨Ö.
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“„Š 539.126.4
� ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö ¸¨¸É¥³ ¨§ ²¥£±¨Ì ±¢ ·±µ¢. ‡ °³¨¤µ·µ£  �.�. ”¨§¨±  Ô²¥-
³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1999, Éµ³ 30, ¢Ò¶.1, ¸.5.

‚ µ¡§µ·¥ · ¸¸³µÉ·¥´Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¸¢¨¤¥É¥²Ó¸É¢  ´ ¡²Õ¤¥´¨Ö · ¤¨ ²Ó´µ-
¢µ§¡Ê¦¤¥´´ÒÌ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨° ¸¨¸É¥³ ¨§ ²¥£±¨Ì ±¢ ·±µ¢, ¨³¥ÕÐ¨Ì · §´Ò¥
³ ¸¸Ò ¤²Ö µ¤´µ£µ ¨ Éµ£µ ¦¥ ¸µ¸ÉµÖ´¨Ö ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨. ˆ¸¸²¥¤µ¢ ´¨Ö ¸¶¥±É· 
¢µ§¡Ê¦¤¥´¨Ö ¶µ µ·¡¨É ²Ó´µ³Ê ¨ · ¤¨ ²Ó´µ³Ê ±¢ ´Éµ¢µ³Ê Î¨¸²Ê ¶·µ¢¥¤¥´µ ¢µ ¢§ ¨³µ-
¤¥°¸É¢¨ÖÌ  ¤·µ´µ¢ ¸ Ö¤· ³¨, ±µ£¤  ¢ ·¥§Ê²ÓÉ É¥ ¤¨Ë· ±Í¨µ´´µ° ¤¨¸¸µÍ¨ Í¨¨ ³¥§µ´ 
´  Ö¤·¥ ± ± Í¥²µ³ ·µ¦¤ ¥É¸Ö ÉÖ¦¥² Ö ¡µ§µ´´ Ö ¸¨¸É¥³ ,   Ö¤·µ µ¸É ¥É¸Ö ¢ µ¸´µ¢´µ³
¸µ¸ÉµÖ´¨¨. � ·Í¨ ²Ó´µ-¢µ²´µ¢µ°  ´ ²¨§ ¶µ§¢µ²¨² µ¶·¥¤¥²¨ÉÓ ¢µ²´µ¢µ¥ ¸µ¤¥·¦ ´¨¥
¡µ§µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¶µ ¸¶¨´Ê ¨ Î¥É´µ¸É¨ ¢ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ ³ ¸¸. “¸É ´µ¢²¥´Ò
·¥§µ´ ´¸´Ò¥ ¸¢µ°¸É¢  a1(1260)-³¥§µ´  ¨ ¶µ± § ´µ, ÎÉµ ±µ£¥·¥´É´Ò° ³¥Ì ´¨§³

Ê¸¨²¨¢ ¥É µ¡· §µ¢ ´¨¥ ÔÉµ£µ ·¥§µ´ ´¸  ¸ Ê¢¥²¨Î¥´¨¥³  Éµ³´µ£µ ¢¥¸  Ö¤·  ³¨Ï¥´¨.
�¡´ ·Ê¦¥´Ò ´µ¢Ò¥ ¶¸¥¢¤µ¸± ²Ö·´Ò¥ ·¥§µ´ ´¸´Ò¥ ¸µ¸ÉµÖ´¨Ö π (1240) ¨ π (1770), ¨³¥-
ÕÐ¨¥ ±¢ ´Éµ¢Ò¥ Î¨¸²  π-³¥§µ´ . �·¨¢¥¤¥´Ò ´µ¢Ò¥ ¤ ´´Ò¥ µ ·¥§µ´ ´¸´µ° ¶·¨·µ¤¥
π2 (1600). � §¢¨É ´µ¢Ò° ³¥Éµ¤  ´ ²¨§ , ¶µ§¢µ²¨¢Ï¨° Ê¸É ´µ¢¨ÉÓ ¶µ²µ¦¥´¨¥

¸É ¡¨²Ó´ÒÌ ¶µ²Õ¸µ¢ ¢  ³¶²¨ÉÊ¤ Ì ¢ ±µ³¶²¥±¸´µ° Ô´¥·£¥É¨Î¥¸±µ° ¶²µ¸±µ¸É¨. ˆ¸¸²¥-
¤µ¢ ´ ´¥·¥§µ´ ´¸´Ò° ¢±² ¤ ¢ ±µ£¥·¥´É´µ¥ µ¡· §µ¢ ´¨¥ ¡µ§µ´´µ° ¸¨¸É¥³Ò ¸ ÊÎ¥Éµ³
ÔËË¥±Éµ¢ Ö¤¥·´µ£µ ¶¥·¥· ¸¸¥Ö´¨Ö, ¶¥·¥· ¸¸¥Ö´¨Ö Î¥·¥§ ·¥§µ´ ´¸ ¨ ¶·Ö³µ£µ ·µ¦¤¥´¨Ö
·¥§µ´ ´¸µ¢. 

’ ¡².2. ˆ².16. �¨¡²¨µ£·.: 82.

“„Š 539.125.5
� §´ ±¥ ¨ ¢¥²¨Î¨´¥ ¸·¥¤´¥£µ ±¢ ¤· É  ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  ´¥°É·µ´ .
�²¥±¸ ´¤·µ¢ �.�. ”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1999, Éµ³ 30, ¢Ò¶.1,
¸.72.

‚ µ¡§µ·¥ µ¡¸Ê¦¤ ¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê ¸·¥¤´¨³ ±¢ ¤· Éµ³ ¢´ÊÉ·¥´´¥£µ § ·Ö¤µ¢µ£µ
· ¤¨Ê¸  ́ ¥°É·µ´  〈 rE, in

2  〉N ̈  ̈ §³¥·Ö¥³µ° ¢ ́ ¥°É·µ´´µ° Ë¨§¨±¥ ́ ¨§±¨Ì Ô´¥·£¨° ¤²¨´µ°

· ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  Ô²¥±É·µ´¥ ane. �µ¤Î¥·±¨¢ ¥É¸Ö, ÎÉµ Ëµ·³Ê²  ”µ²¤¨, ¤ ÕÐ Ö

É ±ÊÕ ¸¢Ö§Ó, ¸¶· ¢¥¤²¨¢ . �µ± § ´µ, ÎÉµ Ëµ·³Ê²Ê ”µ²¤¨ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤¢Ê³Ö · §-
´Ò³¨ ¸¶µ¸µ¡ ³¨. �·¨¢µ¤¨É¸Ö É ¡²¨Í  · §²¨Î´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¶µ²Ê-
Î¥´´ÒÌ §  ¶¥·¨µ¤ 1947Å1997 ££., ¶µ§¢µ²ÖÕÐ¨Ì µ¶·¥¤¥²¨ÉÓ ¢¥²¨Î¨´Ê ane. ˆ³¥ÕÐ¨¥¸Ö

Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ³µ¦´µ · §¤¥²¨ÉÓ ´  ¤¢¥ £·Ê¶¶Ò: 〈 ane 〉 = −1,30(3)⋅10−3 Ë³

(〈 rE, in
2  〉N > 0) ¨ (¢±²ÕÎ Ö ·Ö¤ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ · ¡µÉ ‹�”)

〈 ane 〉 = −1,58(3)⋅10−3 Ë³ (〈 rE, in
2  〉N < 0). �¡¸Ê¦¤ ÕÉ¸Ö ¨¸ÉµÎ´¨±¨ ¢µ§³µ¦´ÒÌ ¸¨¸É¥-

³ É¨Î¥¸±¨Ì ¶µ£·¥Ï´µ¸É¥° ¢ ¶·µ¢¥¤¥´´ÒÌ Ô±¸¶¥·¨³¥´É Ì. ‚ Î ¸É´µ¸É¨, · ¸¸³ É·¨¢ ¥É-
¸Ö ¢µ¶·µ¸ µ ¢²¨Ö´¨¨ ´  ¨§³¥·Ö¥³ÊÕ ¢¥²¨Î¨´Ê ane ·¥§µ´ ´¸´µ£µ Ö¤¥·´µ£µ · ¸¸¥Ö´¨Ö.

�µ± § ´µ, ÎÉµ ¢ ¸²ÊÎ ¥ ¨§³¥·¥´¨° · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ´  Î¥É´µ-Î¥É´ÒÌ Ö¤· Ì
(´ ¶·¨³¥·, ́   208Pb) ¢²¨Ö´¨¥³ ·¥§µ´ ´¸´µ£µ · ¸¸¥Ö´¨Ö ́   ¢¥²¨Î¨´Ê ane ³µ¦´µ ¶·¥´¥¡-

·¥ÎÓ. �·µ¢µ¤¨É¸Ö ̧ · ¢´¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ̈ §³¥·¥´¨Ö ane ¢ ´¥°É·µ´-

´µ° Ë¨§¨±¥ ´¨§±¨Ì Ô´¥·£¨° ¸ É¥µ·¥É¨Î¥¸±¨³¨. �µ± § ´µ, ÎÉµ ¥¸²¨ ¤ ´´Ò¥, ¢¥¤ÊÐ¨¥ ±
〈 rE, in

2  〉N > 0, ¸¶· ¢¥¤²¨¢Ò, Éµ ¸µ¢·¥³¥´´Ò¥ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö µ ¸É·Ê±ÉÊ·¥

´¥°É·µ´  (¢±²ÕÎ Ö ́  ¨¡µ²¥¥  ¤¥±¢ É´ÊÕ ³µ¤¥²Ó Å ‘‚Œ) ̧ ²¥¤Ê¥É ̧ ÊÐ¥¸É¢¥´´Ò³ µ¡· -
§µ³ ¨§³¥´¨ÉÓ.

’ ¡².5. ˆ².5. �¨¡²¨µ£·.: 84 ´ §¢.
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“„Š 539.12.01
”Ê´±Í¨¨ ‚¨£´¥·  ¸ÊÐ¥¸É¢¥´´µ ´¥· ¢´µ¢¥¸´ÒÌ ¸¨¸É¥³. Œ ´¤¦ ¢¨¤§¥ ˆ. ”¨§¨± 
Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1999, Éµ³ 30, ¢Ò¶.1, ¸.123.

‚ · ¡µÉ¥ µ¶¨¸ ´  É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¤²Ö ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ²  ËÊ´±Í¨°
‚¨£´¥·  ¶·¨ ±µ´¥Î´ÒÌ É¥³¶¥· ÉÊ· Ì. „²Ö µ¶·¥¤¥²¥´´µ¸É¨ · ¸¸³µÉ·¥´ ±µ´±·¥É´Ò°
¶·µÍ¥¸¸ ¤¨¸¸¨¶ Í¨¨ £µ·ÖÎ¥£µ ́  Î ²Ó´µ£µ ̧ µ¸ÉµÖ´¨Ö ¢ Ìµ²µ¤´µ¥, É¨¶¨Î´Ò° ¤²Ö Ë¨§¨±¨
Î ¸É¨Í, ¥¸²¨ ³´µ¦¥¸É¢¥´´µ¸ÉÓ ·µ¦¤¥´´ÒÌ Î ¸É¨Í µÎ¥´Ó ¢¥²¨± . ’¥³¶¥· ÉÊ·  ¸µ¸Éµ-
Ö´¨°, ± ± ́  Î ²Ó´µ£µ, É ± ̈  ±µ´¥Î´µ£µ, ¢¢µ¤¨É¸Ö ¢ Ëµ·³ ²¨§³ Ì · ±É¥·´Ò³ ¤²Ö ³¨±·µ-
± ´µ´¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö µ¡· §µ³. ‘µµÉ¢¥É¸É¢¥´´µ, É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¸µ¤¥·¦¨É
ËÊ´±Í¨¨ ƒ·¨´ , § ¢¨¸ÖÐ¨¥ µÉ ¤¢ÊÌ É¥³¶¥· ÉÊ· (´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ ¸µ¸ÉµÖ´¨°).
�Éµ ¶µ§¢µ²Ö¥É µ¶¨¸ ÉÓ ²µ± ²Ó´Ò¥ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ É¥³¶¥· ÉÊ·´Ò¥ · ¸¶·¥¤¥-
²¥´¨Ö. � ¸¸³µÉ·¥´Ò ¤¢  É¨¶  £· ´¨Î´ÒÌ Ê¸²µ¢¨°. �¥·¢µ¥ ¸µµÉ¢¥É¸É¢Ê¥É µ¡ÒÎ´µ³Ê ¤²Ö
É¥µ·¨¨ ¶µ²Ö ¢ ±ÊÊ³´µ³Ê £· ´¨Î´µ³Ê Ê¸²µ¢¨Õ. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·µ¨§¢µ¤ÖÐ¨¥
ËÊ´±Í¨µ´ ²Ò ËÊ´±Í¨° ‚¨£´¥·  ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¢ Ë¨§¨±¥ Î ¸É¨Í. „·Ê£µ°
É¨¶ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¥¤¶µ² £ ¥É, ÎÉµ ¸¨¸É¥³  µ±·Ê¦¥´  ¨§²ÊÎ¥´¨¥³ Î¥·´µ£µ É¥² .
�Éµ ¶·¨¢µ¤¨É ± µ¡ÒÎ´Ò³ ¢ ¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¥ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ ŠÊ¡µÅ
Œ ·É¨´ Å˜¢¨´£¥·  ¢ µ¤´µÉ¥³¶¥· ÉÊ·´µ³ ¶·¥¤¥²¥, ±µ£¤  ¸¨¸É¥³  · ¢´µ¢¥¸´ . ŒÒ
¸· ¢´¨³ ´ Ï S-³ É·¨Î´Ò° ¶µ¤Ìµ¤ ̧  ·¥ ²Ó´µ-¢·¥³¥´´µ° É¥µ·¨¥° ̃ ¢¨´£¥· ÅŠ¥²¤ÒÏ 
¶·¨ ±µ´¥Î´ÒÌ É¥³¶¥· ÉÊ· Ì ¨ ¸ ´¥¸É Í¨µ´ ·´Ò³ ¸É É¨¸É¨Î¥¸±¨³ µ¶¥· Éµ·µ³ ‡Ê¡ ·¥-
¢ . ˆ¸¸²¥¤Ê¥É¸Ö µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨ É¥³¶¥· ÉÊ·´µ£µ µ¶¨¸ ´¨Ö ¤¨¸¸¨¶ É¨¢´ÒÌ ¶·µ-
Í¥¸¸µ¢. �µ± § ´µ, ÎÉµ ´¥µ¡Ìµ¤¨³Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¤²Ö ÔÉµ£µ Ö¢²Ö¥É¸Ö · ¸-
Í¥¶²¥´¨¥ ±µ··¥²ÖÍ¨° �µ£µ²Õ¡µ¢ .

�¨¡²¨µ£·.: 59.

“„Š 539.12.01
�¥¤Ê±Í¨Ö ¢ ¸¨¸É¥³ Ì ¸ ²µ± ²Ó´µ° ¸¨³³¥É·¨¥°. ƒµ£¨²¨¤§¥ ‘.�., �¥·¢ÊÏ¨´ ‚.�., •¢¥-
²¨¤§¥ �.Œ. ”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1999, Éµ³ 30, ¢Ò¶.1, ¸.160.

‚ µ¡§µ·¥ µ¡¸Ê¦¤ ¥É¸Ö ·Ö¤ ¶·¨´Í¨¶¨ ²Ó´ÒÌ ¶·µ¡²¥³, ¸¢Ö§ ´´ÒÌ ¸ µ¶¨¸ ´¨¥³
¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, µ¡² ¤ ÕÐ¨Ì ²µ± ²Ó´µ°
¸¨³³¥É·¨¥°. ‚ · ³± Ì ±² ¸¸¨Î¥¸±µ° ² £· ´¦¥¢µ° ¨ £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨ ¨§²µ¦¥´ 
£¥µ³¥É·¨Î¥¸± Ö ¸Ì¥³  ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° ± É ±
´ §Ò¢ ¥³µ³Ê ´µ·³ ²Ó´µ³Ê ¢¨¤Ê, ±µ£¤  § ¤ Î  ŠµÏ¨ ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥.
�¸´µ¢´µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ µ¡¸Ê¦¤¥´¨Õ ¢µ¶·µ¸µ¢, ¸¢Ö§ ´´ÒÌ ¸ £¥µ³¥É·¨Î¥¸±µ° ¸Ì¥-
³µ° ¢Ò¤¥²¥´¨Ö Ë¨§¨Î¥¸±µ£µ ¶µ¤¶·µ¸É· ´¸É¢  ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¢Ò·µ¦¤¥´´µ°
¤¨´ ³¨Î¥¸±µ° ¸¨¸É¥³Ò ¨ ¶µ¸É·µ¥´¨Ö ¢ Ö¢´µ³ ¢¨¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ± ´µ´¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ ¡¥§ ¢¢¥¤¥´¨Ö ¢ É¥µ·¨Õ ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, ± ²¨¡·µ-
¢µ±. �  µ¸´µ¢¥ ¸· ¢´¥´¨Ö ¤¢ÊÌ ³¥Éµ¤µ¢ ·¥¤Ê±Í¨¨ Å £¥µ³¥É·¨Î¥¸±µ£µ ¨ ¸ ¶µ³µÐÓÕ
Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ Å µ¡¸Ê¦¤ ¥É¸Ö ¢µ¶·µ¸ µ¡ Ê¸²µ¢¨ÖÌ ´  ± ²¨¡·µ¢±¨, £ -
· ´É¨·ÊÕÐ¨Ì ±µ··¥±É´µ¸ÉÓ ¶·µÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨. � ¸¸³µÉ·¥´ ·Ö¤ ¶·¨³¥·µ¢, ¤¥-
³µ´¸É·¨·ÊÕÐ¨Ì £¥µ³¥É·¨Î¥¸±¨° ¸¶µ¸µ¡ ·¥¤Ê±Í¨¨ ¢Ò·µ¦¤¥´´ÒÌ £ ³¨²ÓÉµ´µ¢ÒÌ
¸¨¸É¥³.

�¨¡²¨µ£·.: 50.

“„Š 517.9; 519.6; 539.12
�¡µ¡Ð¥´´Ò° ´¥¶·¥·Ò¢´Ò°  ´ ²µ£ ³¥Éµ¤  �ÓÕÉµ´  ¤²Ö Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö
´¥±µÉµ·ÒÌ ´¥²¨´¥°´ÒÌ ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥°. �Ê§Ò´¨´ ˆ.‚., �³¨·Ì ´µ¢ ˆ.‚.,
‡¥³²Ö´ Ö ….‚., �¥·¢ÊÏ¨´ ‚.�., �Ê§Ò´¨´  ’.�., ‘É·¨¦ ’.�., ‹ Ì´µ ‚.„. ”¨§¨±  Ô²¥-
³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· , 1999, Éµ³ 30, ¢Ò¶.1, ¸.210.

‚ µ¡§µ·¥ · ¸¸³µÉ·¥´Ò ¢µ¶·µ¸Ò Î¨¸²¥´´µ£µ  ´ ²¨§  ´¥²¨´¥°´ÒÌ £· ´¨Î´ÒÌ § ¤ Î
¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ, ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°, µÉ´µ-
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¸ÖÐ¨Ì¸Ö ± ´¥±µÉµ·Ò³ ±¢ ´Éµ¢µ-¶µ²¥¢Ò³ ³µ¤¥²Ö³ É¥µ·¨¨ ¶µ²Ö·µ´  ¨ ¶µÉ¥´Í¨ ²Ó´Ò³
³µ¤¥²Ö³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨. �¡Ð¨³ ¤²Ö ¶µ¸É ´µ¢µ± ÔÉ¨Ì § ¤ Î Ö¢²ÖÕÉ¸Ö ¨Ì
¸¨´£Ê²Ö·´µ¸ÉÓ ¨ ³´µ£µ¶ · ³¥É·¨Î´µ¸ÉÓ. �·¨£¨´ ²Ó´µ¸ÉÓ ¶µ¸É ´µ¢µ± § ±²ÕÎ ¥É¸Ö ¢
±µ³¡¨´ Í¨¨ £· ´¨Î´ÒÌ ¨ ¸¶¥±É· ²Ó´ÒÌ § ¤ Î. ‚ ¶¥·¢µ° Î ¸É¨ µ¡§µ·  ¨§²µ¦¥´µ µ¡µ¡-
Ð¥´¨¥ ́ ¥¶·¥·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´  (��Œ�) ¤²Ö ·¥Ï¥´¨Ö ́ ¥²¨´¥°´ÒÌ § ¤ Î
Ê± § ´´µ£µ É¨¶ , ±µÉµ·µ¥ µ¸´µ¢ ´µ ´  ¨¤¥ÖÌ ��Œ�, ³¥Éµ¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö ¨
³¥Éµ¤µ¢ Ô¢µ²ÕÍ¨¨ ¶µ ¶ · ³¥É· ³. ‚ ·¥§Ê²ÓÉ É¥ ¶·¥¤¸É ¢²¥´Ò ¨É¥· Í¨µ´´Ò¥ ¸Ì¥³Ò ¸
µ¶É¨³ ²Ó´Ò³ § ¤ ´¨¥³ ¨É¥· Í¨µ´´µ£µ Ï £ , ¢ ±µÉµ·ÒÌ ³µ¦¥É ¡ÒÉÓ ·¥Ï¥´  § ¤ Î 
¢Ò¡µ·  ´ Î ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö ¨ Ê¶·µÐ¥´µ ·¥Ï¥´¨¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°
µÉ´µ¸¨É¥²Ó´µ ¨É¥· Í¨µ´´ÒÌ ¶µ¶· ¢µ±. �·¥¤¸É ¢²¥´µ µ¡µ¸´µ¢ ´¨¥ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ
¸Ì¥³ ¨ ¨Ì ¸· ¢´¥´¨¥ ¸ ´¥±µÉµ·Ò³¨ ¨§¢¥¸É´Ò³¨ ³¥Éµ¤ ³¨. �¶¨¸ ´  ´µ¢ Ö ´ÓÕÉµ´µ¢-
¸± Ö ¸Ì¥³ , ´¥ É·¥¡ÊÕÐ Ö µ¡· Ð¥´¨Ö µ¶¥· Éµ·  ¶·µ¨§¢µ¤´µ°, ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ
ÔËË¥±É¨¢´µ ·¥ ²¨§µ¢ ´  ́   ¢¥±Éµ·´µ-¶ · ²²¥²Ó´ÒÌ ̧ ¨¸É¥³ Ì. ‚µ ¢Éµ·µ° Î ¸É¨ µ¡§µ· 
· ¸¸³µÉ·¥´Ò µ¸µ¡¥´´µ¸É¨ Î¨¸²¥´´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ¨ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ±¢ ´Éµ¢µ-¶µ²¥-
¢ÒÌ ³µ¤¥²¥° ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ ¶µ²Ö·µ´  (³µ¤¥²Ó ‹ ÉÉ¨´¦¥· Å‹Ê),  ¢Éµ²µ± ²¨§µ-
¢ ´´ÒÌ Ô²¥±É·µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¦¨¤±µ¸É¨ ¨ ¡¨´Ê±²µ´  ¢ ¶·¥¤¥²¥ ¸¨²Ó´µ° ¸¢Ö§¨.
„ ´µ ¸· ¢´¥´¨¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¸ ´¥±µÉµ·Ò³¨ ¨§¢¥¸É´Ò³¨. ’·¥ÉÓÖ Î ¸ÉÓ ¶µ¸-
¢ÖÐ¥´  Î¨¸²¥´´µ³Ê ¨¸¸²¥¤µ¢ ´¨Õ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° ±¢ ·±µ´¨Ö ¢ · ³± Ì Ê· ¢-
´¥´¨° ˜¢¨´£¥· Å„ °¸µ´  ¨ �¥É¥Å‘µ²¶¨É¥·  ¤²Ö · §²¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¢§ ¨³µ-
¤¥°¸É¢¨Ö: ¶µÉ¥´Í¨ ²µ¢ ƒ Ê¸¸  ¨ �± ¢Ò, µ¸Í¨²²ÖÉµ·´µ£µ ¨ ±µ³¡¨´ Í¨¨ ±Ê²µ´µ¢¸±µ£µ
¸ ²¨´¥°´µ · ¸ÉÊÐ¨³ ¶µÉ¥´Í¨ ²µ³. �·¨¢¥¤¥´  ´ ²¨§ ³ É¥³ É¨Î¥¸±¨Ì ¶µ¸É ´µ¢µ±
£· ´¨Î´ÒÌ § ¤ Î, · ¸¸³µÉ·¥´Ò ¶ÊÉ¨ Ê¸É· ´¥´¨Ö · ¸Ìµ¤¨³µ¸É¥°, µ¡¸Ê¦¤ ÕÉ¸Ö ·¥§Ê²ÓÉ -
ÉÒ, ±µÉµ·Ò¥ ̧ · ¢´¨¢ ÕÉ¸Ö ̧  ¶µ²ÊÎ¥´´Ò³¨ ¢ · ³± Ì ̧ ¥¶ · ¡¥²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö. � ¸-
¸³µÉ·¥´µ µ¡µ¡Ð¥´¨¥ Š•„-¨´¸¶¨·¨·µ¢ ´´µ° ³µ¤¥²¨ ¤²Ö ±µ´¥Î´ÒÌ É¥³¶¥· ÉÊ·. �¥-
§Ê²ÓÉ ÉÒ, ¨§²µ¦¥´´Ò¥ ¢ µ¡§µ·¥, ¤¥³µ´¸É·¨·ÊÕÉ ÔËË¥±É¨¢´µ¸ÉÓ ¥¤¨´µ£µ ¶µ¤Ìµ¤  ±
Î¨¸²¥´´µ³Ê  ´ ²¨§Ê ´¥²¨´¥°´ÒÌ ³µ¤¥²¥° ¨§ · §²¨Î´ÒÌ · §¤¥²µ¢ É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¨ ´  µ¸´µ¢¥ µ¡µ¡Ð¥´´µ£µ ��Œ�.

’ ¡².3. ˆ².4. �¨¡²¨µ£·.: 110.
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‚ ¦Ê·´ ²¥ ®”¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éµ³´µ£µ Ö¤· ¯ (�—�Ÿ) ¶¥Î É ÕÉ¸Ö µ¡§µ·Ò ¶µ
 ±ÉÊ ²Ó´Ò³ ¶·µ¡²¥³ ³ É¥µ·¥É¨Î¥¸±µ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´µ° Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨
 Éµ³´µ£µ Ö¤· , ¶·µ¡²¥³ ³ ¸µ§¤ ´¨Ö ´µ¢ÒÌ Ê¸±µ·¨É¥²Ó´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ê¸É ´µ¢µ±,  ¢Éµ-
³ É¨§ Í¨¨ µ¡· ¡µÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ‘É ÉÓ¨ ¶¥Î É ÕÉ¸Ö ´  ·Ê¸¸±µ³ ¨  ´£²¨°¸±µ³
Ö§Ò± Ì. �¥¤ ±Í¨Ö ¶·µ¸¨É  ¢Éµ·µ¢ ¶·¨ ´ ¶· ¢²¥´¨¨ ¸É ÉÓ¨ ¢ ¶¥Î ÉÓ ·Ê±µ¢µ¤¸É¢µ¢ ÉÓ¸Ö ¨§²µ¦¥´-
´Ò³¨ ´¨¦¥ ¶· ¢¨² ³¨.

1. ’¥±¸É ¸É ÉÓ¨ ¤µ²¦¥´ ¡ÒÉÓ ´ ¶¥Î É ´ ´  ³ Ï¨´±¥ Î¥·¥§ ¤¢  ¨´É¥·¢ ²  ´  µ¤´µ° ¸Éµ·µ´¥
²¨¸É  (µ¡Ö§ É¥²Ó´µ ¶·¥¤¸É ¢²Ö¥É¸Ö ¶¥·¢Ò° ³ Ï¨´µ¶¨¸´Ò° Ô±§¥³¶²Ö·). �µ²Ö ¸ ²¥¢µ° ¸Éµ·µ´Ò
¤µ²¦´Ò ¡ÒÉÓ ´¥ Ê¦¥ 3Å4 ¸³, ·Ê±µ¶¨¸´Ò¥ ¢¸É ¢±¨ ´¥ ¤µ¶Ê¸± ÕÉ¸Ö. �±§¥³¶²Ö· ¸É ÉÓ¨ ¤µ²¦¥´
¢±²ÕÎ ÉÓ  ´´µÉ Í¨¨ ¨ ´ §¢ ´¨¥ ´  ·Ê¸¸±µ³ ¨  ´£²¨°¸±µ³ Ö§Ò± Ì, ·¥Ë¥· É ´  ·Ê¸¸±µ³ Ö§Ò±¥,
“„Š, ¸¢¥¤¥´¨Ö µ¡  ¢Éµ· Ì: Ë ³¨²¨Ö ¨ ¨´¨Í¨ ²Ò (´  ·Ê¸¸±µ³ ¨  ´£²¨°¸±µ³ Ö§Ò± Ì), ´ §¢ ´¨¥
¨´¸É¨ÉÊÉ ,  ¤·¥¸ ¨ É¥²¥Ëµ´. ‚¸¥ ¸É· ´¨ÍÒ É¥±¸É  ¤µ²¦´Ò ¡ÒÉÓ ¶·µ´Ê³¥·µ¢ ´Ò. ‘É ÉÓÖ ¤µ²¦´ 
¡ÒÉÓ ¶µ¤¶¨¸ ´  ¢¸¥³¨  ¢Éµ· ³¨. ’¥±¸É ¸É ÉÓ¨ ³µ¦¥É ¡ÒÉÓ ´ ¶¥Î É ´ ´  ¶·¨´É¥·¥ ¸ ¸µ¡²Õ¤¥´¨¥³
É¥Ì ¦¥ ¶· ¢¨².

2. ”µ·³Ê²Ò ¨ µ¡µ§´ Î¥´¨Ö ¤µ²¦´Ò ¡ÒÉÓ ¢¶¨¸ ´Ò ±·Ê¶´µ, Î¥É±µ, µÉ ·Ê±¨ É¥³´Ò³¨
Î¥·´¨² ³¨ (²¨¡µ ´ ¶¥Î É ´Ò ´  ¶·¨´É¥·¥ ¨ µ¡Ö§ É¥²Ó´µ · §³¥Î¥´Ò). †¥² É¥²Ó´µ ´Ê³¥·µ¢ ÉÓ
Éµ²Ó±µ É¥ Ëµ·³Ê²Ò, ´  ±µÉµ·Ò¥ ¨³¥ÕÉ¸Ö ¸¸Ò²±¨ ¢ É¥±¸É¥. �µ³¥· Ëµ·³Ê²Ò Ê± §Ò¢ ¥É¸Ö ¸¶· ¢  ¢
±·Ê£²ÒÌ ¸±µ¡± Ì. �¸µ¡µ¥ ¢´¨³ ´¨¥ ¸²¥¤Ê¥É µ¡· É¨ÉÓ ´   ±±Ê· É´µ¥ ¨§µ¡· ¦¥´¨¥ ¨´¤¥±¸µ¢ ¨
¶µ± § É¥²¥° ¸É¥¶¥´¥°: ´¨¦´¨¥ ¨´¤¥±¸Ò µÉ³¥Î ÕÉ¸Ö §´ ±µ³ ¶µ´¨¦¥´¨Ö ∩, ¢¥·Ì´¨¥ Å §´ ±µ³
¶µ¢ÒÏ¥´¨Ö ∪; ÏÉ·¨Ì¨ ́ ¥µ¡Ìµ¤¨³µ Î¥É±µ µÉ²¨Î ÉÓ µÉ ¥¤¨´¨ÍÒ,   ¥¤¨´¨ÍÊ Å µÉ § ¶ÖÉµ°. ‘²¥¤Ê¥É,
¶µ ¢µ§³µ¦´µ¸É¨, ¨§¡¥£ ÉÓ £·µ³µ§¤±¨Ì µ¡µ§´ Î¥´¨° ¨ Ê¶·µÐ ÉÓ ´ ¡µ· Ëµ·³Ê² (´ ¶·¨³¥·, ¶·¨³¥-
´ÖÖ exp, ¤·µ¡Ó Î¥·¥§ ±µ¸ÊÕ Î¥·ÉÊ).

‚µ ¨§¡¥¦ ´¨¥ ´¥¤µ· §Ê³¥´¨° ¨ µÏ¨¡µ± ¸²¥¤Ê¥É ¤¥² ÉÓ Ö¸´µ¥ · §²¨Î¨¥ ³¥¦¤Ê ¶·µ¶¨¸´Ò³¨
¨ ¸É·µÎ´Ò³¨ ¡Ê±¢ ³¨, µ¤¨´ ±µ¢Ò³¨ ¶µ ´ Î¥·É ´¨Õ (V ¨ v, U ¨ u, W ¨ w, O ¨ o, K ¨ k, S ¨ s, C
¨ c, P ¨ p, Z ¨ z), ¶·µ¶¨¸´Ò¥ ¶µ¤Î¥·±¨¢ ÕÉ ¤¢Ê³Ö Î¥·É ³¨ ¸´¨§Ê, ¸É·µÎ´Ò¥ Å ¤¢Ê³Ö Î¥·É ³¨
¸¢¥·ÌÊ (S ¨ s, C ¨ c). �¥µ¡Ìµ¤¨³µ ¤¥² ÉÓ Î¥É±µ¥ · §²¨Î¨¥ ³¥¦¤Ê ¡Ê±¢ ³¨ e, l, O (¡µ²ÓÏµ°) ¨ µ
(³ ²µ°) ¨ 0 (´Ê²¥³), ¤²Ö Î¥£µ ¡Ê±¢Ò � ¨ µ µÉ³¥Î ÕÉ ¤¢Ê³Ö Î¥·ÉµÎ± ³¨,   ´Ê²Ó µ¸É ¢²ÖÕÉ ¡¥§
¶µ¤Î¥·±¨¢ ´¨Ö. ƒ·¥Î¥¸±¨¥ ¡Ê±¢Ò ¶µ¤Î¥·±¨¢ ÕÉ ±· ¸´Ò³ ± · ´¤ Ïµ³, ¢¥±Éµ·Ò Å ¸¨´¨³, ²¨¡µ
§´ ±µ³     ¸´¨§Ê Î¥·´¨² ³¨. �¥ ·¥±µ³¥´¤Ê¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¡µ§´ Î¥´¨Ö ¢¥²¨Î¨´ ¡Ê±¢Ò
£µÉ¨Î¥¸±µ£µ, ·Ê±µ¶¨¸´µ£µ ¨ ¤·Ê£¨Ì ³ ²µÊ¶µÉ·¥¡¨³ÒÌ ¢ ¦Ê·´ ²Ó´ÒÌ ¸É ÉÓÖÌ Ï·¨ËÉµ¢, µ¤´ ±µ
¥¸²¨ É ±ÊÕ ¡Ê±¢Ê ´¥²Ó§Ö § ³¥´¨ÉÓ ¡Ê±¢µ° ² É¨´¸±µ£µ ¨²¨ £·¥Î¥¸±µ£µ  ²Ë ¢¨É , Éµ ¥¥ · §³¥Î ÕÉ
¶·µ¸ÉÒ³ ± · ´¤ Ïµ³ (µ¡¢µ¤ÖÉ ±·Ê¦±µ³). ‚ ¸²ÊÎ ¥, ¥¸²¨ ´ ¶¨¸ ´¨¥ ³µ¦¥É ¢Ò§¢ ÉÓ ¸µ³´¥´¨¥,
´¥µ¡Ìµ¤¨³µ ´  ¶µ²ÖÌ ¤ ÉÓ ¶µÖ¸´¥´¨¥, ´ ¶·¨³¥·: ζ Å ®¤§¥É ¯, ξ Å ®±¸¨¯, k Å ² É., ± Å ·Ê¸¸±.

3. �¨¸Ê´±¨ ¶·¥¤¸É ¢²ÖÕÉ ´  µÉ¤¥²Ó´ÒÌ ²¨¸É Ì ¡¥²µ° ¡Ê³ £¨ ¨²¨ ± ²Ó±¨ ¸ Ê± § ´¨¥³ ´ 
µ¡µ·µÉ¥ ´µ³¥·  ·¨¸Ê´±  ¨ ´ §¢ ´¨Ö ¸É ÉÓ¨. ’µ´µ¢Ò¥ ËµÉµ£· Ë¨¨ ¤µ²¦´Ò ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢
¤¢ÊÌ Ô±§¥³¶²Ö· Ì, ´  µ¡µ·µÉ¥ ± · ´¤ Ïµ³ Ê± § ÉÓ: ®¢¥·Ì¯, ®´¨§¯. ƒ· Ë¨±¨ ¤µ²¦´Ò ¡ÒÉÓ ÉÐ -
É¥²Ó´µ ¢Ò¶µ²´¥´Ò ÉÊÏÓÕ ¨²¨ Î¥·´Ò³¨ Î¥·´¨² ³¨; ´¥ ·¥±µ³¥´¤Ê¥É¸Ö § £·µ³µ¦¤ ÉÓ ·¨¸Ê´µ± ´¥-
´Ê¦´Ò³¨ ¤¥É ²Ö³¨: ¡µ²ÓÏ¨´¸É¢µ ´ ¤¶¨¸¥° ¢Ò´µ¸¨É¸Ö ¢ ¶µ¤¶¨¸Ó,   ´  ·¨¸Ê´±¥ § ³¥´Ö¥É¸Ö
Í¨Ë· ³¨ ¨²¨ ¡Ê±¢ ³¨. †¥² É¥²Ó´µ, ÎÉµ¡Ò ·¨¸Ê´±¨ ¡Ò²¨ £µÉµ¢Ò ± ¶·Ö³µ³Ê ·¥¶·µ¤ÊÍ¨·µ¢ ´¨Õ.
�µ¤¶¨¸¨ ± ·¨¸Ê´± ³ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ´  µÉ¤¥²Ó´ÒÌ ²¨¸É Ì.

4. ’ ¡²¨ÍÒ ¤µ²¦´Ò ¡ÒÉÓ ´ ¶¥Î É ´Ò ´  µÉ¤¥²Ó´ÒÌ ²¨¸É Ì, ± ¦¤ Ö É ¡²¨Í  ¤µ²¦´  ¨³¥ÉÓ
§ £µ²µ¢µ±. ‘²¥¤Ê¥É Ê± §Ò¢ ÉÓ ¥¤¨´¨ÍÒ ¨§³¥·¥´¨Ö ¢¥²¨Î¨´ ¢ É ¡²¨Í Ì.

5. ‘¶¨¸µ± ²¨É¥· ÉÊ·Ò ¶µ³¥Ð ¥É¸Ö ¢ ±µ´Í¥ ¸É ÉÓ¨. ‘¸Ò²±¨ ¢ É¥±¸É¥ ¤ ÕÉ¸Ö ¸ Ê± § ´¨¥³
´µ³¥·  ¸¸Ò²±¨ ´  ¸É·µ±¥ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì. ‚ ²¨É¥· ÉÊ·´µ° ¸¸Ò²±¥ ¤µ²¦´Ò ¡ÒÉÓ Ê± § ´Ò:
¤²Ö ±´¨£ Å Ë ³¨²¨¨  ¢Éµ·µ¢, ¨´¨Í¨ ²Ò, ´ §¢ ´¨¥ ±´¨£¨, £µ·µ¤, ¨§¤ É¥²Ó¸É¢µ (¨²¨ µ·£ ´¨§ Í¨Ö),



£µ¤ ¨§¤ ´¨Ö, Éµ³ (Î ¸ÉÓ, £² ¢ ), Í¨É¨·Ê¥³ Ö ¸É· ´¨Í , ¥¸²¨ ´Ê¦´µ; ¤²Ö ¸É É¥° Å Ë ³¨²¨¨  ¢Éµ-
·µ¢, ̈ ´¨Í¨ ²Ò, ́  §¢ ´¨¥ ¦Ê·´ ² , ̧ ¥·¨Ö, £µ¤ ̈ §¤ ´¨Ö, Éµ³ (´µ³¥·, ¢Ò¶Ê¸±, ¥¸²¨ ÔÉµ ́ ¥µ¡Ìµ¤¨³µ),
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