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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‘¢¥É²µ° ¶ ³ÖÉ¨
ˆµ¸¨Ë  �µ· °·µ¢¨Î  ‘¨¸ ±Ö´  Å
§ ³¥Î É¥²Ó´µ£µ ÊÎ¥´µ£µ-Ë¨§¨± 
¨ ¢¥·´µ£µ ¤·Ê£ 

�·¥¤¸É ¢²¥´ µ¡§µ· ¶µ²ÊÎ¥´´ÒÌ ¢ ¶µ¸²¥¤´¨¥ £µ¤Ò ·¥§Ê²ÓÉ Éµ¢ ¶µ ¶·¨³¥´¥´¨Õ ´¥¶¥·ÉÊ·¡ -
É¨¢´ÒÌ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. ˆ§²µ¦¥´¨¥ ´ Î¨´ ¥É¸Ö ¸ ¶·¨-
³¥·µ¢, ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶µ´ÖÉÓ ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨
¶µ²Ö ¨ ¸¶µ¸µ¡Ò Ê¶· ¢²¥´¨Ö ¸¢µ°¸É¢ ³¨ ¨Ì ¸Ìµ¤¨³µ¸É¨ ¸ ¶µ³µÐÓÕ ¸¶¥Í¨ ²Ó´ÒÌ ¶ · ³¥É·µ¢.
‡ É¥³ Ëµ·³Ê²¨·Ê¥É¸Ö ¢ ·¨ Í¨µ´´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¤²Ö ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨, ¸É·µ-
¨É¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ ¶µ ´µ¢µ³Ê ³ ²µ³Ê ¶ · ³¥É·Ê ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö · §²¨Î´Ò¥
Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥ ¶·¨²µ¦¥´¨Ö ÔÉµ£µ ¶µ¤Ìµ¤ .

A review of results obtained in the last years on using variational expansions in quantum
chromodynamics is presented. We begin our explanation from elementary examples, which will allow
to fall into the course of deal, understand, what is a variational series, and as possible to control of
characteristics of their convergence. Then variational perturbation theory is formulated in quantum
chromodynamics, a nonperturbative expansion is constructed by using a new small parameter and
various phenomenological applications are discussed.

1. ‚‚…„…�ˆ…

’¥µ·¥É¨Î¥¸±¨³ ËÊ´¤ ³¥´Éµ³ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö, ¶µ§¢µ²ÖÕÐ¨³ ¶·µ-
¨§¢µ¤¨ÉÓ · ¸Î¥ÉÒ, ¨¸¶µ²Ó§ÊÖ ²¨ÏÓ ¶ · ³¥É·Ò ² £· ´¦¨ ´ , Ö¢²Ö¥É¸Ö É¥µ·¨Ö
¢µ§³ÊÐ¥´¨°. ‚³¥¸É¥ ¸ ¶·µÍ¥¤Ê·µ° ¶¥·¥´µ·³¨·µ¢±¨ ¥¥ ¶·¨³¥´¥´¨¥ ¶µ§¢µ-
²¨²µ ¤µ¸É¨ÎÓ §´ Î¨É¥²Ó´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¢ ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¥, ¢ É¥µ-
·¨¨ Ô²¥±É·µ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ ¶·¨ µ¶¨¸ ´¨¨ ¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨
±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨. �¤´ ±µ ¸¶¥Í¨Ë¨±  ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö É ±µ¢ ,
ÎÉµ · ¸¸Î¨ÉÒ¢ ÉÓ ´  ¤µ¸É ÉµÎ´µ ¶µ²´µ¥ ¨§ÊÎ¥´¨¥ ¸É·Ê±ÉÊ·Ò ±¢ ´Éµ¢µ-¶µ²¥¢µ°
³µ¤¥²¨, µ£· ´¨Î¨¢ Ö¸Ó ²¨ÏÓ · ³± ³¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ´¥ ¸²¥¤Ê¥É ¤ ¦¥ ¢

∗ƒµ³¥²Ó¸±¨° £µ¸Ê¤ ·¸É¢¥´´Ò° É¥Ì´¨Î¥¸±¨° Ê´¨¢¥·¸¨É¥É, ƒµ³¥²Ó, �¥²µ·Ê¸¸¨Ö
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É¥µ·¨ÖÌ ¸ ³ ²Ò³ §´ Î¥´¨¥³ ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ µ¸µ¡¥´´µ¸É¨ ÔÉµ µÉ´µ¸¨É¸Ö
± ¸µ¢·¥³¥´´µ° É¥µ·¨¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° Ä ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥
(Š•„). ‚ ÔÉµ³ ¸²ÊÎ ¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¨£· ÕÉ ·¥Ï ÕÐÊÕ ·µ²Ó
± ± ¢ ¶² ´¥ µÉ¢¥É  ´  ¶·¨´Í¨¶¨ ²Ó´Ò¥ ¢µ¶·µ¸Ò, ´ ¶·¨³¥·, µ¡ÑÖ¸´¥´¨¥ ±µ´-
Ë °´³¥´É  ±¢ ·±µ¢ ¨ £²Õµ´µ¢, É ± ¨ ¤²Ö µ¶¨¸ ´¨Ö Ë¥´µ³¥´µ²µ£¨¨  ¤·µ´µ¢ ¨
¸µµÉ´¥¸¥´¨Ö É¥µ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éµ¢ ¸ µ¶ÒÉ´Ò³¨ ¤ ´´Ò³¨.

� §· ¡µÉ±¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ³¥Éµ¤µ¢ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö Ê¤¥²Ö-
¥É¸Ö ¡µ²ÓÏµ¥ ¢´¨³ ´¨¥. ‘¶¥±É· É ±¨Ì ¶µ¶ÒÉµ± ¢¥¸Ó³  Ï¨·µ±, ¨ ¢ ²¨É¥· ÉÊ·¥
³µ¦´µ ¢¸É·¥É¨ÉÓ ¸ ³Ò¥ · §´µµ¡· §´Ò¥ ¶µ¤Ìµ¤Ò ± ¶·µ¡²¥³¥ ¢ÒÌµ¤  §  · ³±¨
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. –¥²Ó ¤ ´´µ° · ¡µÉÒ ¸µ¸Éµ¨É ¢ µ¡§µ·¥ ¶µ²ÊÎ¥´´ÒÌ ¢ ¶µ-
¸²¥¤´¨¥ £µ¤Ò ·¥§Ê²ÓÉ Éµ¢, ¸¢Ö§ ´´ÒÌ ¸ ¶·¨³¥´¥´¨¥³ É ± ´ §Ò¢ ¥³ÒÌ ¢ ·¨ Í¨-
µ´´ÒÌ ¨²¨ ©¶² ¢ ÕÐ¨Ìª · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. �¸´µ¢´ Ö
¨¤¥Ö, ¶·¨¢µ¤ÖÐ Ö ± ¢µ§´¨±´µ¢¥´¨Õ ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢, ¤µ¸É ÉµÎ´  ¶·µ¸É .
„²Ö Éµ£µ ÎÉµ¡Ò ¥¥ ¶µÖ¸´¨ÉÓ, ´ ¶µ³´¨³ ¢´ Î ²¥, ± ±¨³ µ¡· §µ³ ¸É·µ¨É¸Ö ¶¥·-
ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥.

‚ µ¡ÒÎ´µ³ ¢ ·¨ ´É¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨¸¶µ²Ó§Ê¥É¸Ö · §¡¨¥´¨¥ ¶µ²-
´µ£µ ¤¥°¸É¢¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥±µÉµ·µ° Ë¨§¨Î¥¸±µ° ¸¨¸É¥³¥, ´  ¸¢µ¡µ¤-
´ÊÕ Î ¸ÉÓ ¨ Î ¸ÉÓ, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É ¢§ ¨³µ¤¥°¸É¢¨¥. �µ¸²¥¤´ÖÖ · ¸¸³ -
É·¨¢ ¥É¸Ö ± ± ¢µ§³ÊÐ¥´¨¥,   ¢Ìµ¤ÖÐ Ö ¢ ´¥¥ ±µ´¸É ´É  ¸¢Ö§¨ Å ± ± ³ ²Ò°
¶ · ³¥É· · §²µ¦¥´¨Ö. ’ ±µ¥ · ¸¸³µÉ·¥´¨¥, ± ± ¶· ¢¨²µ, ¶·¨¢µ¤¨É ±  ¸¨³¶-
ÉµÉ¨Î¥¸±¨³ ·Ö¤ ³, ±µÉµ·Ò¥, ÌµÉÖ ¨ ´¥ µÉ´µ¸ÖÉ¸Ö ± Î¨¸²Ê ©Ìµ·µÏ¨Ìª ·Ö¤µ¢,
É¥³ ´¥ ³¥´¥¥ Ï¨·µ±µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ Ë¨§¨±¥ ¨ ¶µ§¢µ²ÖÕÉ ¨§¢²¥± ÉÓ ¶µ²¥§-
´ÊÕ ¨´Ëµ·³ Í¨Õ µ¡ ¨§ÊÎ ¥³µ° ¸¨¸É¥³¥ ¢ µ¡² ¸É¨ ¸² ¡µ° ¸¢Ö§¨. ‘ ·µ¸Éµ³
±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö · §²µ¦¥´¨¥ ¢ ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¸É ´µ¢¨É¸Ö
¢¸¥ ³¥´¥¥ ¨ ³¥´¥¥ ¶·¨³¥´¨³Ò³. �·¨Î¨´  ÔÉµ£µ ¶µ´ÖÉ´  ¨ ¸µ¸Éµ¨É ¢ Éµ³,
ÎÉµ É¥¶¥·Ó · ¸¸³µÉ·¥´¨¥ ¤¥°¸É¢¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ± Î¥¸É¢¥ ¢µ§³ÊÐ¥´¨Ö
¸¢µ¡µ¤´µ° ¸¨¸É¥³Ò ´¥ Ö¢²Ö¥É¸Ö ¡µ²¥¥  ¤¥±¢ É´Ò³, É ± ± ± · ¸¸³ É·¨¢ ¥³ Ö
Ë¨§¨Î¥¸± Ö ¸¨¸É¥³  ¤ ²¥±  ¶µ ¸¢µ¨³ ¸¢µ°¸É¢ ³ µÉ ¸¢µ¡µ¤´µ°. ‚ ÔÉµ³ ¸²ÊÎ ¥
¸²¥¤Ê¥É ¶·µ¢¥¸É¨ ¨´µ¥ · §¡¨¥´¨¥ ¶µ²´µ£µ ¤¥°¸É¢¨Ö É ±, ÎÉµ¡Ò ´µ¢µ¥ ©¤¥°-
¸É¢¨¥ ¢§ ¨³µ¤¥°¸É¢¨Öª ¤µ¶Ê¸± ²µ É· ±Éµ¢±Ê ± ± ¢µ§³ÊÐ¥´¨Ö ´¥ Éµ²Ó±µ ¶·¨
³ ²ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨, ´µ ¨ ¤²Ö ¡µ²¥¥ Ï¨·µ±µ£µ ¥¥ ¤¨ ¶ §µ´ . �·¨
ÔÉµ³, ±µ´¥Î´µ, ¸²¥¤Ê¥É É ±¦¥ ¶µ§ ¡µÉ¨ÉÓ¸Ö µ Éµ³, ÎÉµ¡Ò É ± Ö ¶·µÍ¥¤Ê· , ¶µ-
¤µ¡´µ µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, µ¡¥¸¶¥Î¨¢ ²  ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö
¶µ¶· ¢µ±.

Š ±¨³ ¦¥ µ¡· §µ³ ³µ¦´µ µÉÒ¸± ÉÓ É ±µ° ËÊ´±Í¨µ´ ², ±µÉµ·Ò° ¸ ¡�µ²Ó-
Ï¨³ µ¸´µ¢ ´¨¥³, Î¥³ µ¡ÒÎ´µ¥ ¤¥°¸É¢¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö, ³µ¦´µ ¡Ò²µ ¡Ò
¨¸¶µ²Ó§µ¢ ÉÓ ± ± ¢µ§³ÊÐ¥´¨¥? �¤´  ¨§ ¢µ§³µ¦´µ¸É¥°, ±µÉµ· Ö ·¥ ²¨§Ê¥É¸Ö
¢ ³¥Éµ¤¥ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (‚’‚), ¸µ¸Éµ¨É ¢ ©§µ´¤¨·µ¢ -
´¨¨ ¸¨¸É¥³Òª ¸ ¶µ³µÐÓÕ ËÊ´±Í¨µ´ ²  ¢ ·¨ Í¨µ´´µ£µ É¨¶ , ¶·¨ ¨§ÊÎ¥´¨¨
¥¥ µÉ±²¨±  ´  ¨§³¥´¥´¨¥ ¶ · ³¥É·µ¢ ©§µ´¤ ª. �·¨ ÔÉµ³ µ± §Ò¢ ¥É¸Ö, ÎÉµ
Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³ ²¨§³ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö, ±µÉµ·Ò°
¢ É¥µ·¨¨ ¶µ²Ö Ï¨·µ±µ ¶·¨³¥´Ö¥É¸Ö ± ± ¶·¨ · ¸¸³µÉ·¥´¨¨ µ¡Ð¨Ì ¢µ¶·µ-
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¸µ¢ [1, 2], É ± ¨ ¤²Ö ´ Ìµ¦¤¥´¨Ö · §²¨Î´ÒÌ  ¶¶·µ±¸¨³ Í¨° [3Ä6]. �¥¸³µ-
É·Ö ´  Ë¨£Ê·¨·ÊÕÐ¥¥ ¢ ´ §¢ ´¨¨ ¶µ¤Ìµ¤  ¸²µ¢µ ©¢µ§³ÊÐ¥´¨¥ª, ³¥Éµ¤ ‚’‚
Ö¢²Ö¥É¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò³, É ± ± ±, ¶µ ¸ÊÐ¥¸É¢Ê, ´¥ µ¶¨· ¥É¸Ö ´  ¨¸¶µ²Ó-
§µ¢ ´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢ ± Î¥¸É¢¥ ³ ²µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö. ‚ ³¥Éµ¤¥
‚’‚ ¤²Ö  ¶¶·µ±¸¨³ Í¨¨ · ¸¸³ É·¨¢ ¥³µ° ¢¥²¨Î¨´Ò Ê¤ ¥É¸Ö ¶µ¸É·µ¨ÉÓ µÉ-
²¨Î´Ò¥ µÉ µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° · §²µ¦¥´¨Ö, ¶µ§¢µ²ÖÕÐ¨¥ ¨§ÊÎ ÉÓ
±¢ ´Éµ¢Ò¥ ¸¨¸É¥³Ò ´¥ Éµ²Ó±µ ¢ µ¡² ¸É¨ ¸² ¡µ° ¸¢Ö§¨, ´µ ¨ ¤ ²¥±µ §  ¥¥
¶·¥¤¥² ³¨ (¸³. ¶µ¸¢ÖÐ¥´´Ò¥ ÔÉµ³Ê ¢µ¶·µ¸Ê µ¡§µ·Ò [7,8], ¢ ±µÉµ·ÒÌ ¢ µ¸´µ¢-
´µ³ · ¸¸³ É·¨¢ ²¨¸Ó ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±¨¥ ¸¨¸É¥³Ò ¨ ¸± ²Ö·´Ò¥ ³µ¤¥²¨
É¥µ·¨¨ ¶µ²Ö). ‚µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö µÉ²¨Î´ÒÌ µÉ ¶¥·ÉÊ·¡ É¨¢´ÒÌ · §²µ-
¦¥´¨° ¸ ¨´Ò³¨ ¸¢µ°¸É¢ ³¨ ¸Ìµ¤¨³µ¸É¥° ¡Ò²  µÉ³¥Î¥´  ¢ · ¡µÉ¥ [9]. ‘²Ê-
Î ° ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ£µ  ´£ ·³µ´¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ·  · ¸¸³ É·¨¢ ²¸Ö
¢ · ¡µÉ Ì [10, 11]. ˆ¸¶µ²Ó§µ¢ ÉÓ ³¥Éµ¤ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö
¤²Ö µ¶¨¸ ´¨Ö ±¢ ´Éµ¢ÒÌ ¸¨¸É¥³ ´  µ¸´µ¢¥ · §²µ¦¥´¨° ¶µ¤µ¡´µ£µ É¨¶  ¡Ò²µ
¶·¥¤²µ¦¥´µ ¢ [12Ä14]. Œ¥Éµ¤ ¢ ·¨ Í¨µ´´µ£µ §µ´¤¨·µ¢ ´¨Ö ¸¨¸É¥³Ò, ±µÉµ-
·Ò° µ¸´µ¢Ò¢ ¥É¸Ö ´  Ëµ·³ ²¨§³¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ¨ ¤µ¶Ê¸± ¥É
¥¸É¥¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö, ¡Ò² ¶·¥¤²µ¦¥´
¢ [15]. � §· ¡µÉ±  ÔÉµ£µ ¶µ¤Ìµ¤ , ¢Ò¶µ²´¥´´ Ö ¢ · ¡µÉ Ì [16, 17],   É ±¦¥
¢ ¶µ¸²¥¤ÊÕÐ¥³ ¢ [18Ä21] ¨ ¢ [22Ä26], ¶·µ¤¥³µ´¸É·¨·µ¢ ²  ÔËË¥±É¨¢´µ¸ÉÓ
³¥Éµ¤  ‚’‚ ¤²Ö ¨§ÊÎ¥´¨Ö ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥°.

‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¸ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ ¢ ·¨ Í¨µ´´ÒÌ ³¥-
Éµ¤µ¢ (¸³., ´ ¶·¨³¥·, · ´´¨¥ · ¡µÉÒ [27, 28],   É ±¦¥ [29Ä32]), ¶µ§¢µ²ÖÕ-
Ð¨¥ ¢Ò¶µ²´ÖÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¢ÒÎ¨¸²¥´¨Ö. Š ¨Ì Î¨¸²Ê ³µ¦´µ µÉ´¥¸É¨
¨ ³¥Éµ¤ £ Ê¸¸µ¢¸±µ£µ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  [33Ä36], ±µÉµ·Ò° ¶µ§¢µ²Ö¥É
µÍ¥´¨ÉÓ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² Ä ¢ ¦´ÊÕ Ô´¥·£¥É¨Î¥¸±ÊÕ Ì · ±É¥·¨¸É¨±Ê
É¥µ·¥É¨±µ-¶µ²¥¢µ° ³µ¤¥²¨ [37] Å ¢´¥ · ³µ± µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥³µ£µ ¶¥É²¥-
¢µ£µ · §²µ¦¥´¨Ö. �·¨³¥´¥´¨¥ ³¥Éµ¤  ‚’‚ ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ £ Ê¸¸µ¢¸±¨°
ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² Ê¦¥ ¢ ¶¥·¢µ³ ´¥É·¨¢¨ ²Ó´µ³ ¶µ·Ö¤±¥ ¢ ·¨ Í¨µ´´µ£µ
· §²µ¦¥´¨Ö ¤²Ö · §²¨Î´ÒÌ ¸¶µ¸µ¡µ¢ ¢Ò¡µ·  ¶·µ¡´µ£µ ËÊ´±Í¨µ´ ²  [21]. ‚µ§-
³µ¦´µ¸ÉÓ ¢Ò¶µ²´¥´¨Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ · ¸Î¥É  ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² 
¶µ§¢µ²Ö¥É ¨§ÊÎ ÉÓ É ±¨¥ ¢µ¶·µ¸Ò, ± ±, ´ ¶·¨³¥·, ´ ²¨Î¨¥ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢
¢ É¥µ·¨¨ [38Ä40], ¶·µ¡²¥³  ¶¥·¥´µ·³¨·µ¢±¨ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°
¨ É·¨¢¨ ²Ó´µ¸ÉÓ ϕ4-³µ¤¥²¨ ¢ Î¥ÉÒ·¥Ì³¥·¨¨ [41Ä44].

�¤´  ¨§ ¸¥·Ó¥§´ÒÌ ¶·µ¡²¥³ ³´µ£¨Ì ¢ ·¨ Í¨µ´´ÒÌ ³¥Éµ¤µ¢ ¸¢Ö§ ´  ¸ É·Ê¤-
´µ¸ÉÓÕ µÍ¥´±¨ ÉµÎ´µ¸É¨ ¨ Ê¸Éµ°Î¨¢µ¸É¨ ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ ¥³ÒÌ ¸ ¶µ³µÐÓÕ
¢ ·¨ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò. �·¨Î¨´  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¤ ²¥±µ ´¥ ¢¸¥£¤  Ëµ·-
³Ê²¨·µ¢±  ³¥Éµ¤  ¸µ¤¥·¦¨É ¢ ¸¥¡¥  ²£µ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö
ÔÉµ£µ ¶µ¶· ¢µ±. ‚ ·¥§Ê²ÓÉ É¥ § É·Ê¤´¥´ µÉ¢¥É ´  ¢µ¶·µ¸, ¢ ± ±µ° ³¥·¥ É ±
´ §Ò¢ ¥³Ò° ©µ¸´µ¢´µ° ¢±² ¤ª, ´ °¤¥´´Ò° ¢ ·¨ Í¨µ´´Ò³ ¶ÊÉ¥³,  ¤¥±¢ É¥´
¨§ÊÎ ¥³µ³Ê µ¡Ñ¥±ÉÊ, ¢ µ¸µ¡¥´´µ¸É¨, ¥¸²¨ É ±µ° µ¡Ñ¥±É ´¥ ¸¢Ö§ ´ ´¥¶µ¸·¥¤-
¸É¢¥´´µ ¸ ´¥±µ° Ô´¥·£¥É¨Î¥¸±µ° Ì · ±É¥·¨¸É¨±µ°, ¨ ± ±µ¢  µ¡² ¸ÉÓ ¶·¨³¥-
´¨³µ¸É¨ ¶µ²ÊÎ¥´´ÒÌ ¢Ò· ¦¥´¨°. ‚ ÔÉµ³ µÉ´µÏ¥´¨¨ ¢ ³¥Éµ¤¥ ‚’‚ ¸ ¸ ³µ£µ
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´ Î ²  µ¶·¥¤¥²¥´  ²£µ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¶µ¶· ¢µ±, ÎÉµ ¶µ§¢µ²Ö¥É ¨¸¸²¥¤µ¢ ÉÓ
¢²¨Ö´¨¥ ¶µ¶· ¢µ± ± µ¸´µ¢´µ³Ê ¢±² ¤Ê. �µ²¥¥ Éµ£µ, ·Ö¤ ‚’‚ ´¥ Ö¢²Ö¥É¸Ö
¦¥¸É±µ°, · § ¨ ´ ¢¸¥£¤  § ¤ ´´µ° ±µ´¸É·Ê±Í¨¥°. ‘¶¥Í¨ ²Ó´Ò¥ ¶ · ³¥É·Ò, Ì -
· ±É¥·¨§ÊÕÐ¨¥ ¢ ·¨ Í¨µ´´Ò° ©§µ´¤ª, ¶µ§¢µ²ÖÕÉ Ê¶· ¢²ÖÉÓ ¸¢µ°¸É¢ ³¨ ¸Ìµ-
¤¨³µ¸É¨ ‚’‚-· §²µ¦¥´¨Ö. „²Ö ·Ö¤µ¢ É ±µ£µ É¨¶ , ´  ¸¢µ°¸É¢  ¸Ìµ¤¨³µ¸É¨
±µÉµ·ÒÌ ³µ¦´µ ¢²¨ÖÉÓ ¸ ¶µ³µÐÓÕ ¢ ·Ó¨·µ¢ ´¨Ö ¸¶¥Í¨ ²Ó´ÒÌ ¶ · ³¥É·µ¢,
¨¸¶µ²Ó§Ê¥É¸Ö É¥·³¨´ ©¢ ·¨ Í¨µ´´Ò° ¨²¨ ¶² ¢ ÕÐ¨° ·Ö¤ª. ‚ µÉ²¨Î¨¥ µÉ Ì -
· ±É¥·´ÒÌ ¤²Ö É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° ‚’‚-¶µ¤Ìµ¤
¶µ§¢µ²Ö¥É ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ ¶µ¸É·µ¨ÉÓ  ¶¶·µ±¸¨³¨·ÊÕÐ¨¥ ·Ö¤Ò, ¨³¥ÕÐ¨¥ ±µ-
´¥Î´ÊÕ µ¡² ¸ÉÓ ¸Ìµ¤¨³µ¸É¨ [16,17,19,22]. ‘ÊÐ¥¸É¢Ê¥É É ±¦¥ É ± Ö ¨´É¥·¥¸-
´ Ö ¢µ§³µ¦´µ¸ÉÓ, ± ± ¶µ¸É·µ¥´¨¥ ·Ö¤µ¢ ‹¥°¡´¨Í , ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶·µ¨§-
¢µ¤¨ÉÓ ¤¢Ê¸Éµ·µ´´¨¥ µÍ¥´±¨ · ¸¸³ É·¨¢ ¥³µ° ¢¥²¨Î¨´Ò, ¨¸¶µ²Ó§ÊÖ Ê¦¥ ¶¥·-
¢Ò¥ Î²¥´Ò ·Ö¤ . �·¨ ÔÉµ³ Ê¶· ¢²ÖÕÐ¨¥ ¶ · ³¥É·Ò ¶µ§¢µ²ÖÕÉ É ±¨¥ µÍ¥´±¨
µ¶É¨³¨§¨·µ¢ ÉÓ [7].

Œµ¤¥·´¨§ Í¨¨ µ·¤¨´ ·´µ£µ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö, ±µ£¤  ¢ ± Î¥-
¸É¢¥ ¢µ§³ÊÐ¥´¨Ö ¶·¨´¨³ ¥É¸Ö ¨¸Ìµ¤´Ò° ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö, Ê¤¥²Ö-
²µ¸Ó ¡µ²ÓÏµ¥ ¢´¨³ ´¨¥. ’ ±, ´ ¶·¨³¥·, ¶·¨ · ¸¸³µÉ·¥´¨¨ ¸¨¸É¥³ ¸ ¸¨´-
£Ê²Ö·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ µ¡ÒÎ´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° µ± §Ò¢ ¥É¸Ö ¶²µÌµ
¶·¨¸¶µ¸µ¡²¥´´µ° ¤²Ö  ¤¥±¢ É´µ£µ ¥¥ µ¶¨¸ ´¨Ö [45]. �Éµ ¸¢Ö§ ´µ ¸ É¥³,
ÎÉµ  ¸¨³¶ÉµÉ¨±  ¸¢µ¡µ¤´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ µÉ-
²¨Î ¥É¸Ö µÉ  ¸¨³¶ÉµÉ¨±¨ ÉµÎ´ÒÌ ·¥Ï¥´¨°. ‘¨ÉÊ Í¨Ö ³µ¦¥É ¡ÒÉÓ Ê²ÊÎÏ¥´ ,
¥¸²¨ ÉµÎ´µ ÊÎ¥¸ÉÓ ¸¨´£Ê²Ö·´ÊÕ Î ¸ÉÓ ¶µÉ¥´Í¨ ²  ¨ ¸É·µ¨ÉÓ ¶¥·ÉÊ·¡ É¨¢´µ¥
· §²µ¦¥´¨¥ ¶µ ¥£µ ·¥£Ê²Ö·´µ° Î ¸É¨ [45]. ‚ Î¨¸²¥ ¶µ¤Ìµ¤µ¢, ¶µ§¢µ²ÖÕ-
Ð¨Ì ¢ÒÌµ¤¨ÉÓ §  ¶¥·ÉÊ·¡ É¨¢´Ò¥ · ³±¨, µÉ³¥É¨³ É ±¦¥ ³¥Éµ¤ ²¨´¥°´µ£µ
δ-· §²µ¦¥´¨Ö [35, 46, 47], ³¥Éµ¤ ¸ ³µ¶µ¤µ¡´ÒÌ  ¶¶·µ±¸¨³ Í¨° [48] ¨ ´¥¶¥·-
ÉÊ·¡ É¨¢´Ò° ¶µ¤Ìµ¤, · ¸¸³ É·¨¢ ¥³Ò° ¢ · ¡µÉ Ì [49]. ‚ ¦´µ° Î¥·Éµ° µ¡¸Ê¦-
¤ ¥³µ£µ §¤¥¸Ó ³¥Éµ¤  ‚’‚ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ µ´ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³
¸µÎ¥É ¥É ¶·µÍ¥¤Ê·Ê µ¶É¨³¨§ Í¨¨ ¨ ·¥£Ê²Ö·´Ò° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö ¶µ¶· ¢µ±.

‚ ¤ ´´µ³ µ¡§µ·¥ · ¸¸³ É·¨¢ ¥É¸Ö ³¥Éµ¤ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¨ ¥£µ
¶·¨³¥´¥´¨¥ ± § ¤ Î ³ Š•„. ‚ ÔÉµ³ ¸²ÊÎ ¥, µ¸´µ¢Ò¢ Ö¸Ó ´  ¨¤¥¥ ³¥Éµ¤  ‚’‚,
Ê¤ ¥É¸Ö ¸±µ´¸É·Ê¨·µ¢ ÉÓ É ±µ° ¶ · ³¥É· · §²µ¦¥´¨Ö, ±µÉµ·Ò° µ± §Ò¢ ¥É¸Ö
³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ [50]. ‚´ -
Î ²¥ ¶µÖ¸´¨³ ¸¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö É ±µ£µ ³ ²µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö, ¨¸-
¶µ²Ó§ÊÖ ¶·µ¸ÉÊÕ ³µ¤¥²Ó, ±µÉµ· Ö ¶µ§¢µ²¨É ´ ³ ´ ¨¡µ²¥¥ ¤µ¸ÉÊ¶´µ ¨§²µ¦¨ÉÓ
¨¤¥Õ ³¥Éµ¤ . �µ± ¦¥³, ÎÉµ ´µ¢µ¥ · §²µ¦¥´¨¥ ´¥ Éµ²Ó±µ ¶µ§¢µ²Ö¥É ¸ÊÐ¥-
¸É¢¥´´µ ©¶·µ¤²¨ÉÓ ¦¨§´Óª É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ ¶·µ¤¢¨´ÊÉÓ¸Ö ¶·¨ ¸µÌ· ´¥-
´¨¨ Ìµ·µÏ¥£µ Ê·µ¢´Ö  ¶¶·µ±¸¨³ Í¨¨ ¢ ¸Éµ·µ´Ê ¡µ²ÓÏ¨Ì §´ Î¥´¨° ±µ´¸É ´ÉÒ
¸¢Ö§¨, ´µ ¨ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ  ´ ²¨§¨·µ¢ ÉÓ ¶·¥¤¥² ¸¨²Ó´µ° ¸¢Ö§¨. ‚ ¸²ÊÎ ¥
Š•„ ÔÉµÉ ³¥Éµ¤ ¶µ§¢µ²Ö¥É ¸ ¥¤¨´ÒÌ ¶µ§¨Í¨° · ¸¸³ É·¨¢ ÉÓ ± ± É· ¤¨Í¨µ´´µ
¶¥·ÉÊ·¡ É¨¢´ÊÕ µ¡² ¸ÉÓ, É ± ¨ ¢ÒÌµ¤¨ÉÓ ¤ ²¥±µ §  ¥¥ ¶·¥¤¥²Ò [51,52].

�·¨ ·¥´µ·³£·Ê¶¶µ¢µ³ ·¥¸Ê³³¨·µ¢ ´¨¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö ¢µ§-
´¨± ¥É ¨´¢ ·¨ ´É´Ò° § ·Ö¤, ±µÉµ·Ò° µ¡² ¤ ¥É ´¥Ë¨§¨Î¥¸±¨³¨ µ¸µ¡¥´´µ-
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¸ÉÖ³¨ É¨¶  ¶·¨§· Î´µ£µ ¶µ²Õ¸  ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨. �µ¸²¥¤ÊÕÐ¨¥
¶µ¶· ¢±¨ ÔÉµ° É·Ê¤´µ¸É¨ ´¥ ¸´¨³ ÕÉ,   ¶·¨¢µ¤ÖÉ ²¨ÏÓ ± ¤µ¶µ²´¨É¥²Ó´Ò³ ´¥-
Ë¨§¨Î¥¸±¨³ · §·¥§ ³ ¢ ±µ³¶²¥±¸´µ° Q2-¶²µ¸±µ¸É¨. ‚µ§³µ¦´µ¥ ·¥Ï¥´¨¥ ÔÉµ°
¶·µ¡²¥³Ò ¢ · ³± Ì ¶¥·ÉÊ·¡ É¨¢´µ£µ ¶µ¤Ìµ¤ , ¸µ¸ÉµÖÐ¥¥ ¢ ¤µ¶µ²´¨É¥²Ó´µ³
´ ²µ¦¥´¨¨ ¢ÒÉ¥± ÕÐ¥£µ ¨§ ¶·¥¤¸É ¢²¥´¨Ö —¥²²¥´  Å ‹¥³ ´  É·¥¡µ¢ ´¨Ö
 ´ ²¨É¨Î´µ¸É¨, ¡Ò²µ ¶·¥¤²µ¦¥´µ ¢ [53],   ¢ ±µ´É¥±¸É¥ ³¥Éµ¤  ·¥´µ·³ ²¨§ -
Í¨µ´´µ° £·Ê¶¶Ò Å ¢ · ¡µÉ¥ [54]. „²Ö Š•„  ´ ²¨É¨Î¥¸±¨° ¶µ¤Ìµ¤ · §¢¨¢ ²¸Ö
¢ · ¡µÉ Ì [55, 56], ¢ ±µÉµ·ÒÌ ¡Ò²¨ ´ °¤¥´Ò ´µ¢Ò¥ ¨´É¥·¥¸´Ò¥ µ¸µ¡¥´´µ¸É¨
É ±µ£µ · ¸¸³µÉ·¥´¨Ö.

‚ ¦´µ° Î¥·Éµ° ¶µ¤Ìµ¤  ‚’‚ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ¢ ¥£µ · ³± Ì Ê¤ -
¥É¸Ö µ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¡¥£ÊÐ¥£µ ¶ · ³¥É·  · §-
²µ¦¥´¨Ö, ±µÉµ·Ò¥ µÉ· ¦ ÕÉ µ¡Ð¨¥ ¶·¨´Í¨¶Ò ²µ± ²Ó´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨
¶µ²Ö [1, 57, 58]. ‘µÌ· ´¥´¨¥ É ±¨Ì  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¶µ§¢µ²Ö¥É, ¢ Î ¸É-
´µ¸É¨, µ¶·¥¤¥²¨ÉÓ ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· §µ³ ¡¥£ÊÐ¨° ¶ · ³¥É· ¢µ ¢·¥³¥-
´¨¶µ¤µ¡´µ° µ¡² ¸É¨ [59] ¨ ¤ ÉÓ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¥ µ¶¨¸ ´¨¥ ¨´±²Õ§¨¢´µ£µ
· ¸¶ ¤  τ -²¥¶Éµ´  [60] (¸³. É ±¦¥ [61Ä64]). � ²¨Î¨¥ ¨´Ë· ±· ¸´µ° Ë¨±¸¨-
·µ¢ ´´µ° ÉµÎ±¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ‚’‚-¶ · ³¥É·Ê · §²µ¦¥´¨Ö, Ìµ·µÏµ ¸µ-
£² ¸Ê¥É¸Ö ¸ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³¨, É ± ´ §Ò¢ ¥³Ò³¨ ©¸³¨·¨´£ª Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò [65], ±µÉµ·Ò¥
³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¶·¨ ¶·¨³¥´¥´¨¨ ¸¶¥Í¨ ²Ó´µ° ¶·µÍ¥¤Ê·Ò ©¸£² ¦¨¢ -
´¨Öª ·¥§µ´ ´¸µ¢. �¡µ¡Ð¥´¨¥ ´  ³ ¸¸¨¢´Ò° ¸²ÊÎ ° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸Ì¥³Ò
¶¥·¥´µ·³¨·µ¢±¨ ¸ ¢ÒÎ¨É ´¨¥³ ¢ ´¥±µÉµ·µ° ¥¢±²¨¤µ¢µ° ÉµÎ±¥ · ¸¸³µÉ·¥´µ ¢
· ¡µÉ Ì [66Ä68]. �µ³¨³µ µÉ³¥Î¥´´ÒÌ ¢µ¶·µ¸µ¢ ¡Ê¤¥É ¤ ´ É ±¦¥ µ¡§µ· ¤·Ê£¨Ì
¶·¨²µ¦¥´¨° ³¥Éµ¤ . ŒÒ · ¸¸³µÉ·¨³, ¢ Î ¸É´µ¸É¨, ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö
·¥´µ·³ ²µ´´µ£µ ¢±² ¤  ¨ ¥£µ ·µ²Ó ¶·¨ µ¶¨¸ ´¨¨ ¶µ²Ê²¥¶Éµ´´µ£µ ¨´±²Õ§¨¢-
´µ£µ τ -· ¸¶ ¤  [69] (¸³. É ±¦¥ [70,71]) ¨ ¶·¨³¥´¥´¨¥ ¢ ·¨ Í¨µ´´µ£µ ¶µ¤Ìµ¤ 
¤²Ö µ¶¨¸ ´¨Ö ¸¶¥±É·  ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ´  µ¸´µ¢¥ ³¥Éµ¤  ¶· ¢¨²
¸Ê³³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ [72].

�² ´ ¨§²µ¦¥´¨Ö É ±µ¢. ‚ · §¤. 2 · ¸¸³ É·¨¢ ÕÉ¸Ö µ¸´µ¢´Ò¥ ¨¤¥¨, ²¥-
¦ Ð¨¥ ¢ µ¸´µ¢¥ ³¥Éµ¤  ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. �  ¶·µ¸Éµ³ ¶·¨-
³¥·¥ ¶µ± § ´µ, ± ±¨³ µ¡· §µ³ ¸É·µ¨É¸Ö ´µ¢Ò° ³ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö
¨ ± ± ÔÉµ · §²µ¦¥´¨¥ · ¡µÉ ¥É ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‡ É¥³ ³¥Éµ¤ a-· §²µ¦¥´¨Ö Ëµ·³Ê²¨·Ê¥É¸Ö ¤²Ö Š•„,
· ¸¸³ É·¨¢ ¥É¸Ö ¢µ¶·µ¸ ¥£µ ¸µµÉ¢¥É¸É¢¨Ö ¸ ¶·¥¤¸É ¢²¥´¨Ö³¨, ¢µ§´¨± ÕÐ¨³¨
¢ ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²¨ ±¢ ·±µ¢µ£µ ±µ´Ë °´³¥´É , ¨ ¨¸¸²¥¤Ê¥É¸Ö ¶·µ¡²¥³ 
¸É ¡¨²Ó´µ¸É¨ ¶µ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éµ¢. �Ö¤ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨°
³¥Éµ¤ , É ±¨Ì, ± ± ¶·µÍ¥¸¸ e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò ¶·¨ ´¨§±¨Ì Ô´¥·-
£¨ÖÌ, ¨´±²Õ§¨¢´Ò° · ¸¶ ¤ τ -²¥¶Éµ´  ¨ ¢µ¶·µ¸ µ¶¨¸ ´¨Ö ¸¶¥±É·  ³ ¸¸ ÉÖ-
¦¥²ÒÌ ±¢ ·±µ´¨¥¢, · ¸¸³ É·¨¢ ¥É¸Ö ¢ · §¤¥² Ì 3Ä6. �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ
µ¡¸Ê¦¤ ÕÉ¸Ö ¢ § ±²ÕÎ¥´¨¨,   ¢ ¶·¨²µ¦¥´¨Ö ¢Ò´¥¸¥´ ¶µÖ¸´ÖÕÐ¨° ³ É¥·¨ ².
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2. ‚��ˆ�–ˆ���›… �Ÿ„›: �‘��‚�›… ˆ„…ˆ

„²Ö ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö Ê¤µ¡-
´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³ ²¨§³ ±µ´É¨´Ê ²Ó´µ£µ (ËÊ´±Í¨µ´ ²Ó´µ£µ) ¨´É¥£·¨·µ¢ -
´¨Ö. �ÉµÉ  ¶¶ · É ¢µ§´¨± ¢ ·¥§Ê²ÓÉ É¥ µ¡µ¡Ð¥´¨Ö ¶·¥¤²µ¦¥´´µ° ¢ 1948 £.
�. ”¥°´³ ´µ³ ¢ · ¡µÉ¥ [73] Ëµ·³Ê²¨·µ¢±¨ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ ´  Ö§Ò±¥
¨´É¥£· ²µ¢ ¶µ É· ¥±Éµ·¨Ö³∗. � §¢¨É¨¥ ËÊ´±Í¨µ´ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ´ Î ²µ¸Ó ¸ · ¡µÉ �.�. �µ£µ²Õ¡µ¢  [76], �.’. ŒÔÉÓÕ¸  ¨
�. ‘ ² ³  [77], ˆ.Œ. ƒ¥²ÓË ´¤  ¨ �.�. Œ¨´²µ¸  [78], ˆ.Œ. • ² É´¨±µ¢  [79]
¨ ….‘. ”· ¤±¨´  [80]. ‘¥£µ¤´Ö  ¶¶ · É ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö
Ö¢²Ö¥É¸Ö µ¤´¨³ ¨§  ±É¨¢´µ ¨¸¶µ²Ó§Ê¥³ÒÌ ³¥Éµ¤µ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö.
�´ µ± § ²¸Ö ÔËË¥±É¨¢´Ò³ ´¥ Éµ²Ó±µ ¶·¨ ·¥Ï¥´¨¨ É ±¨Ì ¶·µ¡²¥³, ± ± ±¢ ´-
Éµ¢ ´¨¥ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° [81], ´µ É ±¦¥ ¨ ¶·¨ · §· ¡µÉ±¥ · §²¨Î´ÒÌ
¶·¨¡²¨¦¥´´ÒÌ ³¥Éµ¤µ¢, ¶µ§¢µ²ÖÕÐ¨Ì ¢Ò¶µ²´ÖÉÓ ¢ Éµ³ Î¨¸²¥ ´¥¶¥·ÉÊ·¡ É¨¢-
´Ò°  ´ ²¨§ ³µ¤¥²¥° É¥µ·¨¨ ¶µ²Ö. ’ ±, ´  ¥£µ µ¸´µ¢¥ ³µ£ÊÉ ¡ÒÉÓ ¨¸¸²¥¤µ-
¢ ´Ò · §²¨Î´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ·¥¦¨³Ò ¢ ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ, ´ -
¶·¨³¥·, ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨° ƒ·¨´  ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ [3], · §¢¨É ³¥Éµ¤
Ô°±µ´ ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö [5, 6, 82] ¨ £ Ê¸¸µ¢¸±µ£µ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨-
 ²  [33,34,36].

‚ Ëµ·³ ²¨§³¥ ±µ´É¨´Ê ²Ó´µ£µ ¨´É¥£· ²  ¶·µ¢¥¤¥´¨¥ ¢ÒÎ¨¸²¥´¨° ¢ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö µ¸´µ¢Ò¢ ¥É¸Ö ´  £ Ê¸¸µ¢¸±¨Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ ±¢ ¤· ÉÊ· Ì
¢¨¤  ∫

Dϕ exp

{
−
[

1

2
< ϕK̂ϕ > + < ϕJ >

]}
= (2.1)

=

[
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K̂

−∂2 +m2

]−1/2
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[
1

2
< JK̂−1J >

]
.

’ ±¨¥ £ Ê¸¸µ¢¸±¨¥ ¨´É¥£· ²Ò ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶·¨ ¶µ¸É·µ¥´¨¨ ·Ö¤µ¢ É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨°, ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³  ´ ²¨§¥ ¨ ¶·¨ µÍ¥´± Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥-
£· ²µ¢ ¸ ¶µ³µÐÓÕ ³¥Éµ¤  ¶¥·¥¢ ² . ƒ Ê¸¸µ¢¸± Ö ±¢ ¤· ÉÊ·  (2.1) ³µ¦¥É ¡ÒÉÓ
¶µ²µ¦¥´  ¢ µ¸´µ¢Ê Ëµ·³ ²¨§³  ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¢ ±¢ ´Éµ-
¢µ° É¥µ·¨¨ ¶µ²Ö. Œ¥Éµ¤ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° É ±¦¥ ¡ §¨·Ê¥É¸Ö
´  £ Ê¸¸µ¢¸±¨Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ ±¢ ¤· ÉÊ· Ì É¨¶  (2.1).

�µ¸É·µ¥´¨¥ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨°. � ¸¸³µÉ·¨³ ¤²Ö ±µ´±·¥É´µ¸É¨
ϕ4-³µ¤¥²Ó ¢ ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥. �µ¸É·µ¨³ ·Ö¤ ‚’‚ ¤²Ö 2ν-ÉµÎ¥Î´µ°
ËÊ´±Í¨¨ ƒ·¨´ 

G2ν =

∫
Dϕ {ϕ2ν} exp (−S[ϕ]) , (2.2)

∗�µ¤·µ¡´µ¥ ¨§²µ¦¥´¨¥ ³¥Éµ¤  ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¶ÊÉÖ³ ³µ¦´µ ´ °É¨ ¢ [74, 75].
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£¤¥

{ϕ2ν} = ϕ(x1) · · ·ϕ(x2ν ) ,

  ËÊ´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¨³¥¥É ¢¨¤

S[ϕ] = S0[ϕ] +
m2

2
S2[ϕ] + λS4[ϕ] ,

S0[ϕ] =
1

2

∫
dx (∂ϕ)2 , Sp[ϕ] =

∫
dxϕp . (2.3)

Œ¥·  ¨´É¥£·¨·µ¢ ´¨Ö ¢ (2.2) ´µ·³¨·µ¢ ´  É ±, ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö∫
Dϕ exp

(
−S0[ϕ]− m2

2
S2[ϕ]

)
= 1 . (2.4)

‡ ¶¨Ï¥³ ‚’‚-· §²µ¦¥´¨¥ ËÊ´±Í¨¨ ƒ·¨´  (2.2), ¢¢µ¤Ö ¢ ·¨ Í¨µ´´Ò°
ËÊ´±Í¨µ´ ² S̃[ϕ], ¢ ¢¨¤¥

G2ν =

∞∑
n=0

G2ν,n , (2.5)

£¤¥ Ô²¥³¥´ÉÒ ‚’‚-·Ö¤  (2.5) ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ² 

G2ν,n =
(−1)n

n!

∫
Dϕ {ϕ2ν}

(
λS4[ϕ]− S̃[ϕ]

)n
×

× exp

(
−S0[ϕ]− m2

2
S2[ϕ]− S̃[ϕ]

)
. (2.6)

ˆ¸Ìµ¤´ Ö ËÊ´±Í¨Ö ƒ·¨´  (2.2) ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶µ²´ Ö ¸Ê³³  ·Ö¤  (2.5)
´¥ § ¢¨¸ÖÉ µÉ ¢¨¤  ¢ ·¨ Í¨µ´´µ£µ ©§µ´¤ ª S̃[ϕ]. �ÉµÉ ËÊ´±Í¨µ´ ² ³µ¦¥É
¡ÒÉÓ ¢ ¤µ¸É ÉµÎ´µ° ³¥·¥ ¶·µ¨§¢µ²Ó´Ò³, ¨ ¥£µ ¢¨¤ µ£· ´¨Î¥´ ²¨ÏÓ É·¥¡µ-
¢ ´¨¥³ ¶µ²µ¦¨É¥²Ó´µ° µ¶·¥¤¥²¥´´µ¸É¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö ¢ ¶µ± § É¥²¥
Ô±¸¶µ´¥´ÉÒ ¢ (2.6). �¤´ ±µ ©¶·¨´Í¨¶ ¢ÒÎ¨¸²Ö¥³µ¸É¨ª ¸ÊÐ¥¸É¢¥´´µ ¸Ê¦¨-
¢ ¥É ¶·µ¨§¢µ² ¢ ¢Ò¡µ·¥ ¢ ·¨ Í¨µ´´µ° ¤µ¡ ¢±¨ S̃[ϕ]. ” ±É¨Î¥¸±¨ ³Ò ¤µ²¦´Ò
¶µÉ·¥¡µ¢ ÉÓ, ÎÉµ¡Ò ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥£· ² (2.6) ¡Ò² £ Ê¸¸µ¢¸±¨³ ¨²¨ ¦¥
¸¢µ¤¨²¸Ö ± ´¥³Ê ¸ ¶µ³µÐÓÕ ´¥±µÉµ·µ£µ ¶·¥µ¡· §µ¢ ´¨Ö É ±, ÎÉµ¡Ò ¢ ±µ-
´¥Î´µ³ ¨Éµ£¥ ¡Ò²µ ¢µ§³µ¦´µ ¶·¨³¥´¥´¨¥ µ¶·¥¤¥²¥´¨Ö (2.1). ’ ±¨³ µ¡· -
§µ³, ¢µ§³µ¦´Ò ´¥ Éµ²Ó±µ ¢ ·¨ Í¨µ´´Ò¥ ¤µ¡ ¢±¨ ¸ ±¢ ¤· É¨Î´Ò³¨ ¶µ ¶µ²Ö³
ËÊ´±Í¨µ´ ² ³¨, ´µ ¨, ´ ¶·¨³¥·, ËÊ´±Í¨µ´ ²Ò, ¤µ¶Ê¸± ÕÐ¨¥ ¶·¨³¥´¥´¨¥
£ Ê¸¸µ¢¸±µ° ±¢ ¤· ÉÊ·Ò ¶µ¸²¥ ËÊ·Ó¥-¶·¥µ¡· §µ¢ ´¨Ö
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F (A[ϕ]) =

∞∫
−∞

dx

∞∫
−∞

dp

2π
F (p) exp [±i (A[ϕ]− p) x ] , (2.7)

£¤¥ A[ϕ] Å ±¢ ¤· É¨Î´Ò° ¶µ ¶µ²Ö³ ËÊ´±Í¨µ´ ².
‚Ò¡¥·¥³ ‚’‚-ËÊ´±Í¨µ´ ² S̃[ϕ] ¢ ¢¨¤¥ ¸Ê³³Ò £ ·³µ´¨Î¥¸±µ£µ, ±¢ ¤· -

É¨Î´µ£µ ¶µ ¶µ²Ö³ ¸² £ ¥³µ£µ ¨ ËÊ´±Í¨µ´ ²   ´£ ·³µ´¨Î¥¸±µ£µ É¨¶ , ¤µ¶Ê¸-
± ÕÐ¥£µ ¶µ´¨¦¥´¨¥ ¸É¥¶¥´¨ ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö (2.7):

S̃[ϕ] =
M2

2
S2[ϕ] + θ2 S2

2 [ϕ] . (2.8)

‚ ·¨ Í¨µ´´Ò¥ ¶ · ³¥É·Ò M ¨ θ ¢ (2.8) Ë¨±¸¨·ÊÕÉ¸Ö ¢ ¶µ¸²¥¤ÊÕÐ¥³ ´ 
µ¸´µ¢ ´¨¨ Éµ° ¨²¨ ¨´µ° µ¶É¨³¨§ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò. �¥·¥Ìµ¤ ± £ Ê¸¸µ¢¸±µ°
±¢ ¤· ÉÊ·¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶ÊÉ¥³ ¶·¥µ¡· §µ¢ ´¨Ö

exp
(
−θ2S2

2 [ϕ]
)

=

∞∫
−∞

du

2
√
π

exp

{
−u

2

4
± i u θ S2[ϕ]

}
. (2.9)

‚ ·¥§Ê²ÓÉ É¥ ‚’‚-·Ö¤ ¤²Ö · ¸¸³ É·¨¢ ¥³µ° ËÊ´±Í¨¨ ƒ·¨´  (2.6) § ¶¨-
Ï¥É¸Ö ¢ ¢¨¤¥

G2ν,n =

n∑
k=0

n−k∑
l=0

1

l! k! (n− k − l)! ×

×
∫
Dϕ{ϕ2ν} (−λS4[ϕ])k θ2l (M2 −m2)n−k−l

(
S2[ϕ]

2

)n+l−k
×

× exp

{
−
(
S0[ϕ] +

m2

2
S2[ϕ] + θ2S2

2 [ϕ]

)}
. (2.10)

“¤µ¡´µ ¶·¥¤¸É ¢¨ÉÓ ¢Ò· ¦¥´¨¥ (S2[ϕ] / 2 )n+l−k ¢ ¢¨¤¥ µ¶¥· Í¨¨ ¤¨Ë-
Ë¥·¥´Í¨·µ¢ ´¨Ö ¶µ ¶ · ³¥É·Ê M2, § ³¥´¨¢(

S2[ϕ]

2

)n+l−k
−→

(
− ∂

∂ M2

)n+l−k
. (2.11)

’µ£¤  ¢ ¶·¥¤Ô±¸¶µ´¥´É¥ ¢ (2.10) ¶µ³¨³µ {ϕ2ν} µ¸É ´¥É¸Ö µ¡ÒÎ´Ò° Ë ±Éµ·
(−λS4[ϕ] )k , ¢µ§´¨± ÕÐ¨° ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ £¥´¥·¨·ÊÕÐ¨° ¢ ¤¨ £· ³-
³ Ì µ¡ÒÎ´Ò¥ ¢¥·Ï¨´Ò. �·µ¶ £ Éµ·, ¢¢¨¤Ê ¨§³¥´¥´¨Ö ±¢ ¤· É¨Î´µ° Ëµ·³Ò ¢
Ô±¸¶µ´¥´É¥, ¸¢µ¤ÖÐ¨°¸Ö ± ¨§³¥´¥´¨Õ ³ ¸¸µ¢µ£µ ¶ · ³¥É·  ´  χ2 = M2 +iuθ,
³µ¤¨Ë¨Í¨·Ê¥É¸Ö, ¨ ¢Ò· ¦¥´¨¥ (2.10) ¶·¨´¨³ ¥É ¢¨¤
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G2ν,n =

n∑
k=0

n−k∑
l=0

1

l! (n− k − l)!

∞∫
−∞

du

2
√
π

exp

(
−u

2

4

)
×

× θ2l
(
M2 −m2

)n−k−l (− ∂

∂M2

)n+l−k
g̃

(k)
2ν (χ2) , (2.12)

£¤¥

g̃
(k)
2ν,n(χ2) =

1

k!

∫
Dϕ{ϕ2ν} (−λS4[ϕ] )

k ×

× exp

{
−
[
S0[ϕ] +

χ2

2
S2[ϕ]

]}
. (2.13)

ˆ¸¶µ²Ó§ÊÖ (2.1), ¢Ò· ¦¥´¨¥ (2.13) ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

g̃
(k)
2ν,n(χ2) = det

[
−∂2 + χ2

−∂2 +m2

]−1/2

g
(k)
2ν,n(χ2) , (2.14)

£¤¥ g
(k)
2ν,n(χ2) ¶·¥¤¸É ¢²Ö¥É¸Ö ± ± ´ ¡µ· ¤¨ £· ³³ k-£µ ¶µ·Ö¤±  ¸ ³µ¤¨Ë¨Í¨-

·µ¢ ´´Ò³ ¶·µ¶ £ Éµ·µ³

∆(p, χ2) =
1

p2 + χ2
. (2.15)

’ ±¨³ µ¡· §µ³, ¤²Ö ¶µ¸É·µ¥´¨Ö N -£µ ¶µ·Ö¤±  ‚’‚-· §²µ¦¥´¨Ö ³µ£ÊÉ
¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¤¨ £· ³³Ò É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤µ N -£µ ¶µ·Ö¤±  ¢±²ÕÎ¨-
É¥²Ó´µ ¸ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³¨ ¶·µ¶ £ Éµ· ³¨,   ¢ ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥ Å ¨
¸ ¢¥·Ï¨´ ³¨. �·¨ ÔÉµ³ ¸É·Ê±ÉÊ·  ·Ö¤  ‚’‚ ¸ÊÐ¥¸É¢¥´´o ¨´ Ö, Î¥³ ¢ ¸²ÊÎ ¥
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ‚µ§³µ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö ¸É ´¤ ·É´µ° ¤¨ £· ³³´µ° É¥Ì-
´¨±¨, µ¡Ê¸²µ¢²¥´´ Ö ¸¶µ¸µ¡µ³ ¶µ¸É·µ¥´¨Ö ‚’‚-· §²µ¦¥´¨°, ¢ ¦´  ¸ É¥Ì´¨-
Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö, É ± ± ± ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥
¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.

�¥¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ ¶µ ³ ²µ³Ê ¶ · ³¥É·Ê. „²Ö Éµ£µ ÎÉµ¡Ò
¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ±²ÕÎ¥¢Ò¥ ³µ³¥´ÉÒ ¢¢¥¤¥´¨Ö ³ ²µ£µ ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ
¶ · ³¥É·  · §²µ¦¥´¨Ö, · ¸¸³µÉ·¨³ ¶·µ¸Éµ° ¶·¨³¥·. �¶·¥¤¥²¨³ ©¢ ±ÊÊ³´Ò°
ËÊ´±Í¨µ´ ²ª ∗ ´Ê²Ó³¥·´µ° ϕ4-É¥µ·¨¨

W (g) =

∞∫
−∞

dx exp (−S[x] ) (2.16)

∗� ¸¸³ É·¨¢ Ö ÔÉµÉ ¶·µ¸Éµ° ¶·¨³¥·, ³Ò ¶µ¸ÉµÖ´´µ ¨³¥¥³ ¢ ¢¨¤Ê ¶µ²¥¢ÊÕ ³µ¤¥²Ó ¨ ¶µÔÉµ³Ê
¸Î¨É ¥³ Ê¤µ¡´Ò³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ É¥·³¨´µ²µ£¨Õ.
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¸ ©ËÊ´±Í¨µ´ ²µ³ ¤¥°¸É¢¨Öª S[x], § ¶¨¸ ´´Ò³ ¢ ¢¨¤¥ ¸Ê³³Ò ¸¢µ¡µ¤´µ£µ ¤¥°-
¸É¢¨Ö S0[x] ¨ ¤¥°¸É¢¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö SI [x]:

S[x] = S0[x] + SI [x] = x2 + g x4 . (2.17)

’ ± ¦¥, ± ± ¨ · ´¥¥, ¡Ê¤¥³ µ·¨¥´É¨·µ¢ ÉÓ¸Ö ´  £ Ê¸¸µ¢¸±¨¥ ±¢ ¤· ÉÊ·Ò
¢¨¤  ∫

dxP (x) exp (− a x2 ) , (2.18)

£¤¥ P (x) Å ´¥±µÉµ·Ò° ¶µ²¨´µ³.
‘É ´¤ ·É´Ò° ¸¶µ¸µ¡ ¸µ¸Éµ¨É ¢ · §²µ¦¥´¨¨ exp(−S[x]) ¶µ ¸É¥¶¥´Ö³ ±µ´-

¸É ´ÉÒ ¸¢Ö§¨ g. �·¨ ÔÉµ³, ¥¸É¥¸É¢¥´´µ, ¨¸¶µ²Ó§ÊÕÉ¸Ö £ Ê¸¸µ¢¸±¨¥ ¨´É¥£· ²Ò
(2.18) ¨ ¢µ§´¨± ¥É µ¡ÒÎ´Ò° ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°

W (g) =

∞∑
k=0

ωk (2.19)

¸ ±µÔËË¨Í¨¥´É ³¨

ωk =
1

k!

∞∫
−∞

dx (−g x4 )
k

exp (−S0[x] ) . (2.20)

�¸¨³¶ÉµÉ¨Î¥¸±¨° Ì · ±É¥· · §²µ¦¥´¨Ö (2.19) ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ËÊ´±-
Í¨Ö W (g) ´¥ ³µ¦¥É ¡ÒÉÓ µ¤´µ§´ Î´µ ¢µ¸¸É ´µ¢²¥´  ¶µ ·Ö¤Ê (2.19), ¥¸²¨ ¨³¥ÉÓ
¤¥²µ Éµ²Ó±µ ²¨ÏÓ ¸ ·Ö¤µ³ (2.19) ¨ ´¥ ¶·¨´¨³ ÉÓ ¢ · ¸Î¥É ± ±ÊÕ-²¨¡µ ¤µ-
¶µ²´¨É¥²Ó´ÊÕ ¨´Ëµ·³ Í¨Õ µ ËÊ´±Í¨¨ W (g). ’ ±, ´ ¶·¨³¥·, ÉµÉ ¦¥ ·Ö¤
(2.19) ¡Ê¤¥É ¨³¥ÉÓ ¨ ËÊ´±Í¨Ö W (g) + exp(−1/g), µ¡² ¤ ÕÐ Ö ¸µ¢¥·Ï¥´´µ
¨´Ò³ ¶µ¢¥¤¥´¨¥³ ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨. Šµ´¥Î´µ, ¢ · ¸¸³ É·¨¢ ¥³µ³
¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ ´¥É·Ê¤´µ, ¨¸¶µ²Ó§ÊÖ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ (2.16),
µÉÒ¸± ÉÓ ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö, ¶µ§¢µ²ÖÕÐ¨¥ ±µ··¥±É´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ
§ ¤ ÎÊ ¸Ê³³¨·µ¢ ´¨Ö ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö. � ¶µ³´¨³, µ¤´ ±µ, ÎÉµ
¢ ¸²ÊÎ ¥ É¥µ·¨¨ ¶µ²Ö ´  É ±µ³ ¶ÊÉ¨ ¢¸É·¥Î ÕÉ¸Ö ¸¥·Ó¥§´Ò¥ É·Ê¤´µ¸É¨, ±µ£¤ 
¤µ¶µ²´¨É¥²Ó´ Ö ¨´Ëµ·³ Í¨Ö, ´¥µ¡Ìµ¤¨³ Ö ¤²Ö µ¤´µ§´ Î´µ£µ ¸Ê³³¨·µ¢ ´¨Ö
·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ³µ¦¥É ¡ÒÉÓ ´ °¤¥´  ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ ¶·µ¸ÉÒÌ
µ¤´µ³¥·´ÒÌ ¨ ¤¢Ê³¥·´ÒÌ ³µ¤¥²¥°. ‚ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ § ¤ Î  ¶µ²ÊÎ¥´¨Ö
É ±µ° ¨´Ëµ·³ Í¨¨ ¢µ ³´µ£¨Ì µÉ´µÏ¥´¨ÖÌ Ô±¢¨¢ ²¥´É´  ·¥Ï¥´¨Õ ¶·µ¡²¥³Ò
¸¨²Ó´µ° ¸¢Ö§¨. ‚³¥¸É¥ ¸ É¥³ ¨¸¶µ²Ó§µ¢ ´¨¥ £ Ê¸¸µ¢¸±¨Ì ¨´É¥£· ²µ¢ (2.18) ¶·¥-
¤µ¸É ¢²Ö¥É ¸ÊÐ¥¸É¢¥´´µ ¡µ²ÓÏ¥ ¢µ§³µ¦´µ¸É¥°, Î¥³ ¶·µ¸Éµ ¶µ²ÊÎ¥´¨¥ ·Ö¤ 
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. �µ± ¦¥³, ± ±¨³ µ¡· §µ³ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ´¥¶¥·ÉÊ·-
¡ É¨¢´Ò° ³ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö, µ¶¨· Ö¸Ó ¶·¨ ÔÉµ³, ± ± ¨ ¢ ¸²ÊÎ ¥
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ´  £ Ê¸¸µ¢¸±¨¥ ±¢ ¤· ÉÊ·Ò.
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�¥·¥¶¨Ï¥³ ¨¸Ìµ¤´µ¥ ¤¥°¸É¢¨¥ (2.17) ¢ ¢¨¤¥

S[x] = S′0[x] + S′I [x] , (2.21)

£¤¥
S′0[x] = ζ−1 x2 (2.22)

¨
S′I [x] = g x4 − ( ζ−1 − 1 )x2 . (2.23)

�µ²´µ¥ ¤¥°¸É¢¨¥ ¨ ¨¸Ìµ¤´ Ö ¢¥²¨Î¨´  W (g) ´¥ § ¢¨¸ÖÉ µÉ ¢¢¥¤¥´-
´µ£µ ¶ · ³¥É·  ζ, ´µ ¶·¨  ¶¶·µ±¸¨³ Í¨¨ W (g) ±µ´¥Î´Ò³ Î¨¸²µ³ ¸² £ ¥³ÒÌ
‚’‚-·Ö¤  § ¢¨¸¨³µ¸ÉÓ ¶µÖ¢²Ö¥É¸Ö. Œµ¦´µ, µ¤´ ±µ, ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¸¢µ¡µ-
¤µ° ¢ ¢Ò¡µ·¥ ζ ¤²Ö ¶µ¸É·µ¥´¨Ö ´µ¢µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö. ŒÒ É ±¦¥
¨¸¸²¥¤Ê¥³ ¢µ¶·µ¸, ¢ ± ±µ° ³¥·¥ ´µ¢µ¥ · §²µ¦¥´¨¥ ¶µ§¢µ²Ö¥É ¶·µ¤¢¨´ÊÉÓ¸Ö ¢
´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ µ¡² ¸ÉÓ.

‘ ¸ ³µ£µ ´ Î ²  Ö¸´µ, ÎÉµ ¥¸²¨ µ¶É¨³ ²Ó´Ò° ¶ · ³¥É· ζ ³¥´ÓÏ¥ ¥¤¨-
´¨ÍÒ, Éµ ¶·¨ ¶·¥¤¸É ¢²¥´¨¨ ¤¥°¸É¢¨Ö ¢ ¢¨¤¥ (2.21) ¸ ¸µ¸É ¢²ÖÕÐ¨³¨ (2.22)
¨ (2.23), ¶µ ±· °´¥° ³¥·¥, ¨³¥¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ Ê²ÊÎÏ¨ÉÓ ¶¥·ÉÊ·¡ É¨¢´µ¥
· §²µ¦¥´¨¥, É ± ± ± ´µ¢µ¥ ¤¥°¸É¢¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö (2.23) ³µ¦¥É ¡ÒÉÓ · ¸-
¸³µÉ·¥´µ ± ± ¢µ§³ÊÐ¥´¨¥ ¤²Ö ¡µ²¥¥ Ï¨·µ±µ£µ ´ ¡µ·  ±µ´Ë¨£Ê· Í¨° ¶µ²¥°.
‚³¥¸É¥ ¸ É¥³ ¶µ´ÖÉ´µ, ÎÉµ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ¢ ·¨ Í¨µ´´µ³ ¶ · ³¥É·¥
‚’‚-·Ö¤ ¶µ-¶·¥¦´¥³Ê µ¸É ´¥É¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨³, ÌµÉÖ ¶µ ¸· ¢´¥´¨Õ ¸ É¥-
µ·¨¥° ¢µ§³ÊÐ¥´¨° ¨ ¶µ§¢µ²¨É  ¶¶·µ±¸¨³¨·µ¢ ÉÓ W (g) ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨. ŒÒ Ê¦¥ Ê¶µ³¨´ ²¨, ÎÉµ §¤¥¸Ó ¢ ¦´ÊÕ ·µ²Ó ¨£· ¥É
¶·¨´Í¨¶ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨, ¶µ§¢µ²ÖÕÐ¨° ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³
· ¸Ï¨·¨ÉÓ ¨´É¥·¢ ² ¢µ§³µ¦´ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨.

� §²µ¦¥´¨¥ ¶µ ¤¥°¸É¢¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö (2.23) ¶·¨¢µ¤¨É ± ·Ö¤Ê ‚’‚ ¤²Ö
¨¸Ìµ¤´µ° ¢¥²¨Î¨´Ò (2.16):

W (g) =

∞∑
n=0

Wn , (2.24)

£¤¥

Wn =
1

n!

∫
dx (−S′I [x] )

N
exp (−S′0[x]) = (2.25)

=

n∑
k=0

1

(n− k)! k!

∫
dx(−g x4)

k[
(ζ−1 − 1)x2

]n−k
exp (−S′0[x]) .

Š ± ¨ · ´¥¥, Ê¤µ¡´µ ¢¢¥¸É¨ ¢¸¶µ³µ£ É¥²Ó´Ò° ¶ · ³¥É· κ, § ¶¨¸ ¢ ¸¢µ-
¡µ¤´µ¥ ¤¥°¸É¢¨¥ ± ±

S′0[x] = ζ−1 x2 ⇒
[

1 + κ ( ζ−1 − 1 )
]
x2 (2.26)
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�¨¸. 1. „¨ £· ³³Ò ´¨§Ï¨Ì ¶µ·Ö¤±µ¢, ¨²²Õ¸É·¨·ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨¥ (2.31) ³¥¦¤Ê
Î¨¸²µ³ ¢´ÊÉ·¥´´¨Ì ²¨´¨° ¨ ¢¥·Ï¨´

¨ ¶µ²µ¦¨¢ κ = 1 ¢ ±µ´Í¥ ¢¸¥Ì ¢ÒÎ¨¸²¥´¨°. ‚ ÔÉµ³ ¸²ÊÎ ¥ ²Õ¡ Ö ¸É¥¶¥´Ó
¢Ò· ¦¥´¨Ö [(ζ−1 − 1)x2] ¢ (2.25) ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´  ¶·¨ ¶µ³µÐ¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥£µ Î¨¸²  ¤¨ËË¥·¥´Í¨·µ¢ ´¨° ¶µ ¶ · ³¥É·Ê κ. �µ¸²¥ Î¥£µ µ¸É ¢-

Ï¥¥¸Ö ¢ ¶·¥¤Ô±¸¶µ´¥´É¥ (2.25) ¢Ò· ¦¥´¨¥ (−g x4)
k

¶·¨¢µ¤¨É ± ¸É ´¤ ·É´Ò³
¤¨ £· ³³ ³, ´µ ¸ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ ¶·µ¶ £ Éµ·µ³

∆ =
1

1 + κ ( ζ−1 − 1 )
. (2.27)

�·¨ κ = 1 ¶·µ¶ £ Éµ· ∆ = ζ.
‚ ·¥§Ê²ÓÉ É¥ Î²¥´Ò ‚’‚-·Ö¤  ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥

Wn =
n∑
k=0

1

(n− k)!

(
− ∂

∂κ

)n−k
ωk , (2.28)

£¤¥

ωk =
1

k!

∫
dx (−g x4 )

k
exp

(
− x∆−1 x

)
(2.29)

¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ µ¡ÒÎ´µ° ¤¨ £· ³³´µ° É¥Ì´¨±¨ ¸ ¶·µ¶ £ Éµ·µ³ (2.27).

� ¸¸³µÉ·¨³ ¸É·Ê±ÉÊ·Ê ¢Ò· ¦¥´¨Ö (2.28). �·¥¦¤¥ ¢¸¥£µ µÉ³¥É¨³, ÎÉµ
¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¶ · ³¥É·Ê κ ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¤µ¶µ²´¨É¥²Ó´µ£µ
Ë ±Éµ·  ( 1 − ζ ). ‚ ¸ ³µ³ ¤¥²¥, ¨§ (2.27) ¸²¥¤Ê¥É, ÎÉµ

1

m!

(
− ∂

∂κ

)m
∆(κ = 1) = ( 1 − ζ )m ∆(κ = 1) . (2.30)

’ ±¦¥ § ³¥É¨³, ÎÉµ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¤²Ö ²Õ¡µ° ¤¨ £· ³³Ò ¸ Î¨¸²µ³
¢´ÊÉ·¥´´¨Ì ²¨´¨° I ¨ Î¨¸²µ³ ¢¥·Ï¨´ V ¢Ò¶µ²´Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥ ∗

I = 2V . (2.31)

‚ ´¨§Ï¨Ì ¶µ·Ö¤± Ì ¸µµÉ´µÏ¥´¨¥ (2.31) ¨²²Õ¸É·¨·Ê¥É¸Ö ·¨¸. 1.

∗ŒÒ · ¸¸³ É·¨¢ ¥³ ¢ ±ÊÊ³´Ò° ËÊ´±Í¨µ´ ², ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¤¨ -
£· ³³Ò Ö¢²ÖÕÉ¸Ö ¢ ±ÊÊ³´Ò³¨.
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‚´ÊÉ·¥´´ÖÖ ²¨´¨Ö ¤¨ £· ³³Ò ¸µµÉ¢¥É¸É¢Ê¥É ¶·µ¶ £ Éµ·Ê ¨, ¸²¥¤µ¢ É¥²Ó´µ,
¶·¨¢µ¤¨É ± Ë ±Éµ·Ê ζ, ¢¥·Ï¨´  ¤ ¥É Ë ±Éµ· g,   µ¤´µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥
¶µ κ Å ³´µ¦¨É¥²Ó (1− ζ). ’ ±¨³ µ¡· §µ³, ¸Ì¥³ É¨Î¥¸±¨ ³µ¦¥³ § ¶¨¸ ÉÓ

Wn ∼ (g ζ2)
n

+ (1−ζ) (g ζ2)
n−1

+· · ·+ (1− ζ)n−1
(g ζ2) + (1− ζ)n . (2.32)

ˆ§ ¢Ò· ¦¥´¨Ö (2.32) ¢¨¤´µ, ÎÉµ ¥¸²¨ ¢Ò¡· ÉÓ (1− ζ) ¶·µ¶µ·Í¨µ´ ²Ó´Ò³
(g ζ2), Éµ ¢Ò· ¦¥´¨¥ Wn ¡Ê¤¥É ¸µ¤¥·¦ ÉÓ µ¡Ð¨° Ë ±Éµ· an ≡ (1 − ζ)n, ¨
a ≡ (1− ζ) ¡Ê¤¥É ¸²Ê¦¨ÉÓ ¶ · ³¥É·µ³ · §²µ¦¥´¨Ö ¢ ·Ö¤ ¢ ·¨ Í¨µ´´µ° É¥µ-
·¨¨ ¢µ§³ÊÐ¥´¨°. ˆÉ ±, É·¥¡µ¢ ´¨¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¥¤¨´µ£µ ¶ · ³¥É·  · §²µ-
¦¥´¨Ö ¤¨±ÉÊ¥É ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¤²Ö ζ:

1 − ζ = C g ζ2 (2.33)

¸ ´¥±µÉµ·µ° ¶µ²µ¦¨É¥²Ó´µ° ±µ´¸É ´Éµ° C. �É±Ê¤  ¤²Ö ¶ · ³¥É·  ‚’‚-· §²µ-
¦¥´¨Ö a ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ ¥£µ ¸ ¨¸Ìµ¤´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨:

g =
1

C

a

(1− a)2
. (2.34)

�¥É·Ê¤´µ ¢¨¤¥ÉÓ ¨§ Ê· ¢´¥´¨Ö (2.34), ÎÉµ ¤²Ö ²Õ¡ÒÌ ¶µ²µ¦¨É¥²Ó´ÒÌ §´ -
Î¥´¨° ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g ´µ¢Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö a Ê¤µ¢²¥É¢µ-
·Ö¥É Ê¸²µ¢¨Õ

0 ≤ a < 1 . (2.35)

�¸É ¢Ï¨°¸Ö ¶·µ¨§¢µ² ¸µ¸·¥¤µÉµÎ¥´ ¢ ¶ · ³¥É·¥ C, ±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ
µ¶·¥¤¥²¥´ ´  µ¸´µ¢¥ Éµ° ¨²¨ ¨´µ° ¶·µÍ¥¤Ê·Ò µ¶É¨³¨§ Í¨¨, ±µÉµ·Ò¥ µ¶¨-
¸ ´Ò ¢ [7].

� ¸¸³µÉ·¨³ §¤¥¸Ó ¥Ð¥ µ¤¨´ ¸¶µ¸µ¡ µ¶É¨³¨§ Í¨¨, ¢ ±µÉµ·µ³ ¶·¥¤¶µ² £ -
¥É¸Ö, ÎÉµ ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´  ´¥±µÉµ· Ö ¨´Ëµ·³ Í¨Ö ©Ô±¸¶¥·¨³¥´É ²Ó-
´µ£µª Ì · ±É¥· . ˆ³¥´´µ É ±µ° ¸¶µ¸µ¡ Ê¤µ¡¥´ ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥,
¢ ±µÉµ·µ° ³µ¦´µ ¶·¨³¥´¨ÉÓ ©´µ·³¨·µ¢±Êª, ¨¸¶µ²Ó§ÊÖ Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ
¨´Ëµ·³ Í¨Õ. �·¥¤¶µ²µ¦¨³, ÎÉµ ³Ò §´ ¥³ ©Ô±¸¶¥·¨³¥´É ²Ó´µ¥ª §´ Î¥´¨¥
ËÊ´±Í¨¨ W (g) ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨ g0:

W (g0) = Wexp . (2.36)

“· ¢´¥´¨¥ (2.36), ¨²¨ ¢ ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥ ³¨´¨³¨§ Í¨Ö ³µ¤Ê²Ö ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥° · §´µ¸É¨, ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· ¨ ¢ÒÎ¨-
¸²¨ÉÓ ¢¥²¨Î¨´Ê W (g) ¤²Ö ¢¸¥Ì ¤·Ê£¨Ì §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g. �± §Ò¢ -
¥É¸Ö, ÎÉµ ¶µ£·¥Ï´µ¸ÉÓ É ±µ°  ¶¶·µ±¸¨³ Í¨¨ ´¥ ÌÊ¦¥ ´¥¸±µ²Ó±¨Ì ¶·µÍ¥´Éµ¢
¤²Ö ¢¸¥£µ ¨´É¥·¢ ²  ¨§³¥´¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨ g Ê¦¥ ¤²Ö ´¨§Ï¨Ì ¶µ·Ö¤-
±µ¢ a-· §²µ¦¥´¨Ö. �  ·¨¸.2 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ µÉ´µ¸¨É¥²Ó´µ° ¶µ£·¥Ï´µ¸É¨
¶µ²ÊÎ ¥³µ£µ ¶·¨¡²¨¦¥´¨Ö

D(g) =

∣∣∣∣W (N)(g) − Wexact(g)

Wexact(g)

∣∣∣∣
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�¨¸. 2. �É´µ¸¨É¥²Ó´ Ö ¶µ£·¥Ï´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ ¢¥²¨Î¨´Ò (2.16) ¢ ´¨§Ï¨Ì ¶µ·Ö¤-
± Ì ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°

¤²Ö ³ ²ÒÌ §´ Î¥´¨° ¶µ·Ö¤±   ¶¶·µ±¸¨³ Í¨¨ N = 0 ¨ N = 2. ‚ ± Î¥¸É¢¥
©Ô±¸¶¥·¨³¥´É ²Ó´µ£µª ¢Ò¡· ´µ §´ Î¥´¨¥ W (g) ¢ ÉµÎ±¥ g0 = 1.

�µ¤Î¥·±´¥³, ÎÉµ ¶·¥¤²µ¦¥´´Ò° ³¥Éµ¤ ´¥ Éµ²Ó±µ ¶µ§¢µ²¨² · ¸Ï¨·¨ÉÓ
µ±·¥¸É´µ¸ÉÓ ³ ²ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨, ¢ ±µÉµ·µ°  ¶¶·µ±¸¨³ Í¨¨
¤ ÕÉ · §Ê³´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨ É¥³ ¸ ³Ò³ Ê²ÊÎÏ¨ÉÓ É¥µ·¨Õ ¢µ§³ÊÐ¥´¨°, ´µ
¨ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ µ¡² ¸ÉÓ ·¥¦¨³  ¸¨²Ó´µ°
¸¢Ö§¨, ±µ£¤  g → ∞. �·¨Î¨´  ÔÉµ£µ ¢ ¦´µ£µ µ¡¸ÉµÖÉ¥²Ó¸É¢  ¸¢Ö§ ´  ¸ ¨´-
¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸ÉÓÕ ·Ö¤ . ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢ ·¨ Í¨µ´´Ò¥ ¶ · ³¥É·Ò
¶µ¤¸É· ¨¢ ÕÉ¸Ö µÉ ¶µ·Ö¤±  ± ¶µ·Ö¤±Ê ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ´¥±µÉµ·Ò³ ¢ ·¨ Í¨-
µ´´Ò³ ¶·¨´Í¨¶µ³, ÎÉµ, ´¥¸³µÉ·Ö ´  ¶·¨³¥´Ö¥³ÊÕ £ ·³µ´¨Î¥¸±ÊÕ ¢ ·¨ Í¨µ´-
´ÊÕ ¶·µÍ¥¤Ê·Ê, µ¡¥¸¶¥Î¨¢ ¥É ¸Ìµ¤¨³µ¸ÉÓ ·Ö¤ . ‚ É ¡². 1 ¶·µ¤¥³µ´¸É·¨·µ¢ ´
Ë ±É ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ ·Ö¤  ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö
· ¸¸³µÉ·¥´´µ£µ ¢ÒÏ¥ ¸²ÊÎ Ö. ‚¶¥·¢Ò¥ É ± Ö Ô³¶¨·¨Î¥¸± Ö ¸Ìµ¤¨³µ¸ÉÓ ¡Ò² 
µÉ³¥Î¥´  ¢ · ¡µÉ Ì [83,84]. �µ¸²¥¤µ¢ É¥²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¨
¤µ¶µ²´¨É¥²Ó´Ò¥ ¸¸Ò²±¨ ³µ¦´µ ´ °É¨ ¢ [85]. „²Ö ¸²ÊÎ Ö  ´£ ·³µ´¨Î¥¸±µ£µ
µ¸Í¨²²ÖÉµ·  É ±¦¥ Ê¤ ¥É¸Ö ¶·µ¢¥¸É¨ ¸É·µ£µ¥ ¤µ± § É¥²Ó¸É¢µ ¨´¤ÊÍ¨·µ¢ ´´µ°
¸Ìµ¤¨³µ¸É¨ ¢ ·¨ Í¨µ´´µ£µ · §²µ¦¥´¨Ö [86,87].

‚ É ¡². 1 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ µÉ´µ¸¨É¥²Ó´µ° ¶µ£·¥Ï´µ¸É¨
 ¶¶·µ±¸¨³ Í¨¨

D(g) =

∣∣∣∣Wtheor(g)

Wexp(g)
− 1

∣∣∣∣
¤²Ö §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g = 10 ¨ 1000, ¶µ²ÊÎ¥´´Ò¥ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
©Ô±¸¶¥·¨³¥´É ²Ó´µ°ª ¨´Ëµ·³ Í¨¨ ¶·¨ g0 = 1. � · ³¥É· C(N) ¤²Ö ´¥Î¥É´ÒÌ
N ´ Ìµ¤¨²¸Ö ¨§ Ê¸²µ¢¨Ö ³¨´¨³Ê³  min |W (N)(g0) − Wexp| . „²Ö Î¥É´ÒÌ N
¸ÊÐ¥¸É¢Ê¥É ±µ·¥´Ó Ê· ¢´¥´¨Ö W (N)(g0) = Wexp.
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’ ¡²¨Í  1. ˆ²²Õ¸É· Í¨Ö ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ ·Ö¤  ‚’‚. �·¨¢¥¤¥´  µÉ´µ-
¸¨É¥²Ó´ Ö ¶µ£·¥Ï´µ¸ÉÓ ‚’‚- ¶¶·µ±¸¨³ Í¨¨ D(g) ¤²Ö · §²¨Î´ÒÌ ¶µ·Ö¤±µ¢ N ¶·¨
§´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ g = 10 ¨ 1000

N C D, %
g = 10 g = 1000

0 1,14 2,76 5,01
1 2,64 4,83 6,52
2 3,56 0,26 0,56
3 5,46 0,73 1,13
4 6,12 0,038 0,089
6 8,71 0,006 0,017
8 11,33 0,0012 0,0033

�¥·¥¤ É¥³ ± ± ´¥¶µ¸·¥¤¸É¢¥´´µ ¶¥·¥°É¨ ± Ì·µ³µ¤¨´ ³¨±¥, µÉ³¥É¨³, ÎÉµ
¨¤¥¨ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ³µ£ÊÉ ¶·¨³¥´ÖÉÓ¸Ö ´¥ Éµ²Ó±µ ¢ µ¶¨-
¸ ´´µ³ ¢ÒÏ¥ ±µ´É¥±¸É¥ Å  ¶¶·µ±¸¨³ Í¨¨ ¢¥²¨Î¨´, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¢¨¤¥
ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥£· ²µ¢, ´µ ¨ ¤²Ö ¤·Ê£¨Ì Í¥²¥°, ´ ¶·¨³¥·, ¤²Ö µ¶É¨-
³¨§ Í¨¨  ¶¶·µ±¸¨³ Í¨°, ¶µ²ÊÎ ¥³ÒÌ ¶·¨ ¨É¥· Í¨µ´´µ³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨°
(¸³. ¶·¨²µ¦¥´¨¥ A).

3. ‚��ˆ�–ˆ����… ��‡‹�†…�ˆ… ‚ Š‚��’�‚�‰
•��Œ�„ˆ��ŒˆŠ…

Œ´µ¦¥¸É¢µ § ¤ Î Š•„ ´Ê¦¤ ¥É¸Ö ¢ ¶·¨³¥´¥´¨¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ³¥-
Éµ¤µ¢. „ ´´Ò° · §¤¥² ¶µ¸¢ÖÐ¥´ ¶·¨³¥´¥´¨Õ ³¥Éµ¤  ‚’‚ ¤²Ö ¶µ¸É·µ¥´¨Ö
¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥ ¨ ¶·µ¢¥¤¥´¨Õ ´  ¨Ì
µ¸´µ¢¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ÒÎ¨¸²¥´¨°. ‚’‚-· §²µ¦¥´¨¥ ¢ Š•„, ¶·¨¢µ¤ÖÐ¥¥
± ´µ¢µ³Ê ³ ²µ³Ê ¶ · ³¥É·Ê, ¡Ò²µ ¶·¥¤²µ¦¥´µ ¢ [50]. �ÉµÉ ¶ · ³¥É· µ± §Ò-
¢ ¥É¸Ö ¢¸¥£¤  ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨. �·¨ É -
±µ³ ¶µ¤Ìµ¤¥ Ê¤ ¥É¸Ö ´¥ Éµ²Ó±µ · ¸Ï¨·¨ÉÓ µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨ ¢ ·¨ Í¨µ´-
´µ£µ · §²µ¦¥´¨Ö ¶µ ¸· ¢´¥´¨Õ ¸ É¥µ·¨¥° ¢µ§³ÊÐ¥´¨°, ¸É ¡¨²¨§¨·ÊÖ ¥¥ ¸¢µ°-
¸É¢  ¶·¨ ³ ¸ÏÉ ¡ Ì ¶µ·Ö¤±  ´¥¸±µ²Ó±¨Ì ƒÔ‚, ´µ ¨ · ¸¸³µÉ·¥ÉÓ ¸ÊÐ¥¸É¢¥´´µ
´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ. ‡¤¥¸Ó ³Ò µ¡¸Ê¤¨³ ¢µ§³µ¦´µ¸ÉÓ ¢§ ¨³µ¸¢Ö§¨ ¶µ-
²ÊÎ ¥³ÒÌ ¢ · ³± Ì ‚’‚-¶µ¤Ìµ¤  ·¥§Ê²ÓÉ Éµ¢ ¸ ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²ÓÕ ±¢ ·-
±µ¢µ£µ ±µ´Ë °´³¥´É  [51, 52]. „ ²¥¥, ¸²¥¤ÊÖ · ¡µÉ¥ [65], · ¸¸³µÉ·¨³ ¶·µ-
¡²¥³Ê µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. ‚ ¤ ´´µ³
µ¡§µ·¥ ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¡¥§³ ¸¸µ¢Ò¥, ¶·¨´ ¤²¥¦ Ð¨¥ ±² ¸¸Ê ³¨´¨-
³ ²Ó´ÒÌ ¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢±¨. �·¨³¥´¥´¨Õ É ± ´ §Ò¢ ¥³µ° MOM-¸Ì¥³Ò
¶¥·¥´µ·³¨·µ¢±¨, ¢ ±µÉµ·µ° ¢ÒÎ¨É ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¢ ´¥±µÉµ·µ° ¥¢±²¨¤µ¢µ°
ÉµÎ±¥, ¶µ¸¢ÖÐ¥´Ò · ¡µÉÒ [66Ä68].
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�µ¸É·µ¥´¨¥ ¢ ·¨ Í¨µ´´µ£µ ·Ö¤ . � ¸¸³µÉ·¨³ ¶µ¸É·µ¥´¨¥ ·Ö¤  ‚’‚ ¤²Ö
Š•„ ´  µ¸´µ¢¥ ¢ ·¨ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò £ ·³µ´¨Î¥¸±µ£µ É¨¶ . ”Ê´±Í¨µ´ ²
¤¥°¸É¢¨Ö ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ § ¶¨Ï¥³ ¢ ¢¨¤¥

S(A, q, ϕ) = S2(A) + S2(q) + S2(ϕ) + g S3(A, q, ϕ) + g2 S4(A) , (3.1)

£¤¥ S2(A), S2(q) ¨ S2(ϕ) Å ¸¢µ¡µ¤´Ò¥ ËÊ´±Í¨µ´ ²Ò ¤¥°¸É¢¨° £²Õµ´´µ£µ,
±¢ ·±µ£µ ¨ ¤ÊÌµ¢µ£µ ¶µ²¥° ¸µµÉ¢¥É¸É¢¥´´µ. S2(A) ¢±²ÕÎ ¥É ¢ ¸¥¡Ö É ±¦¥
¸² £ ¥³µ¥, Ë¨±¸¨·ÊÕÐ¥¥ ± ²¨¡·µ¢±Ê, ¢ ± Î¥¸É¢¥ ±µÉµ·µ£µ ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó-
§µ¢ ÉÓ ¢Ò· ¦¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥ ±µ¢ ·¨ ´É´ÊÕ αG-± ²¨¡·µ¢±Ê. ”Ê´±Í¨µ´ ²
S3(A, q, ϕ) ¢ (3.1) § ¤ ¥É Õ± ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ £²Õµ´µ¢, £²Õµ´µ¢ ¸ ±¢ ·-
± ³¨ ¨ £²Õµ´µ¢ ¸ ¤ÊÌ ³¨

S3(A, q, ϕ) = S3(A) + S3(A, q) + S3(A,ϕ) . (3.2)

”Ê´±Í¨µ´ ²Ò S3(A), S3(A, q) ¨ S3(A,ϕ) £¥´¥·¨·ÊÕÉ, ¸µµÉ¢¥É¸É¢¥´´µ, É·¥Ì-
£²Õµ´´Ò¥ ¢¥·Ï¨´Ò É¨¶  (AAA) , (q̄Aq) ¨ (ϕAϕ). ‘² £ ¥³µ¥ S4(A) £¥´¥·¨-
·Ê¥É Î¥ÉÒ·¥Ì£²Õµ´´Ò¥ ¢¥·Ï¨´Ò (AAAA). �·¥µ¡· §Ê¥³ ÔÉµ ¸² £ ¥³µ¥, ¢¢µ¤Ö
¢¸¶µ³µ£ É¥²Ó´Ò¥ ¶µ²Ö χaµν , ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

exp [ig2 S4(A)] =

∫
Dχ exp

{
i

2

∫
dxdy ×

× χaµν(x) [∆−1(x, y)]abµν;µ1ν1
χbµ1ν1

(y) +

+ i
g√
2

∫
dxχaµν(x) fabcAbµ(x)Acν (x)

}
, (3.3)

£¤¥ ∆(x, y) Å £²Õµ´´Ò° ¶·µ¶ £ Éµ· ¢ χ-¶µ²¥

[∆(x, y)]abµν;µ1ν1
= δ(x− y) δab δµµ1 δνν1 . (3.4)

�µ¸²¥ χ-¶·¥µ¡· §µ¢ ´¨Ö ¤¨ £· ³³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨° ƒ·¨´  ¡Ê-
¤¥É ¸µ¤¥·¦ ÉÓ Éµ²Ó±µ ¤¨ £· ³³Ò Õ± ¢¸±µ£µ É¨¶ . �µ³¨³µ µ¡ÒÎ´ÒÌ É·¥ÌÉµ-
Î¥Î´ÒÌ ¢¥·Ï¨´ ¶µÖ¢ÖÉ¸Ö ¢¥·Ï¨´Ò ¢¨¤  AχA. ’ ±¨³ µ¡· §µ³, ´¥±µÉµ·ÊÕ
ËÊ´±Í¨Õ ƒ·¨´  Š•„ ¢ Ëµ·³¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ³µ¦´µ § ¶¨¸ ÉÓ ¢
¢¨¤¥

G(· · ·) =

∫
DχDQCD (· · ·)× (3.5)

× exp {i [S(A,χ) + S2(q) + S2(ϕ) + S2(χ) + gS3(A, q, ϕ)]} ,

£¤¥

S(A,χ) =
1

2

∫
dxdy Aaµ(x)

[
D−1(x, y|χ)

]ab
µν

Abν(y) (3.6)
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¸ £²Õµ´´Ò³ ¶·µ¶ £ Éµ·µ³ D(x, y|χ) ¢ χ-¶µ²¥[
D−1(x, y|χ)

]ab
µν

=
[

(− gµν∂2 + ∂µ∂ν)δab×

+ g
√

2fabcχcµν + gauge terms
]
δ(x − y) , (3.7)

£¤¥ ªgauge termsª µ§´ Î ¥É ¸² £ ¥³Ò¥, ¸¢Ö§ ´´Ò¥ ¸ Ë¨±¸ Í¨¥° ± ²¨¡·µ¢±¨.
Œ¥·  ¨´É¥£·¨·µ¢ ´¨Ö DQCD ¢ (3.5) § ¤ ¥É ¸É ´¤ ·É´Ò¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ
£²Õµ´´Ò³ ±¢ ·±µ¢Ò³ ¨ ¤ÊÌµ¢Ò³ ¶µ²Ö³.

�µ¤ §´ ±µ³ χ-Ê¸·¥¤´¥´¨Ö ¢¸¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Ö¢²ÖÕÉ¸Ö ¢§ ¨³µ¤¥°¸É¢¨-
Ö³¨ Õ± ¢¸±µ£µ É¨¶ . —¥ÉÒ·¥Ì£²Õµ´´Ò¥ ¢¥·Ï¨´Ò ¶µÖ¢²ÖÕÉ¸Ö ¶·¨ · ¸±·ÒÉ¨¨
ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ¶µ ¶µ²Õ χ. �·µ¨²²Õ¸É·¨·Ê¥³ ÔÉÊ ¸¨ÉÊ Í¨Õ ´ 
¶·¨³¥·¥ ¶µ²´µ£µ ¶·µ¶ £ Éµ·  ¢¥±Éµ·´µ£µ ¶µ²Ö ¢ ¸²ÊÎ ¥ £²Õµ¤¨´ ³¨±¨. „²Ö
¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ ƒ·¨´  ³µ¦¥³ § ¶¨¸ ÉÓ

G(· · ·) = 〈GYuk(· · · |χ) 〉 , (3.8)

£¤¥ < · · · > µ§´ Î ¥É χ-ËÊ´±Í¨µ´ ²Ó´µ¥ Ê¸·¥¤´¥´¨¥

〈· · ·〉 =

∫
Dχ [· · ·] exp [ i S0(χ) ] , (3.9)

  ËÊ´±Í¨Ö ƒ·¨´  ¢ χ-¶µ²¥

GYuk(· · · |χ) =

∫
DA [· · ·] exp

{
i
[
S(A,χ) + SYuk

YM (A)
] }

(3.10)

µ¶·¥¤¥²Ö¥É¸Ö Éµ²Ó±µ ²¨ÏÓ ¤¨ £· ³³ ³¨ Õ± ¢¸±µ£µ É¨¶  ¸ £²Õµ´´Ò³ ¶·µ¶ -
£ Éµ·µ³ D(x, y|χ).

�  ·¨¸. 3,a ¶µ± § ´ ¶µ²´Ò° £²Õµ´´Ò° ¶·µ¶ £ Éµ· 〈Dfull(x, y|χ)〉. „¨ -
£· ³³Ò ¸ Î¥ÉÒ·¥Ì£²Õµ´´Ò³¨ ¢¥·Ï¨´ ³¨ ¢µ§´¨± ÕÉ ¶·¨ · §²µ¦¥´¨¨D(x, y|χ)
¢ ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (·¨¸. 3,¡). �´¨ ¤µ¡ ¢²ÖÕÉ¸Ö ± Õ± ¢¸±¨³ ¤¨ -
£· ³³ ³ ¨ ¢µ§´¨± ¥É ¸É ´¤ ·É´µ¥ ¤¨ £· ³³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ·Ö¤  É¥µ·¨¨
¢µ§³ÊÐ¥´¨° (·¨¸. 3,¢).

�¥·¥°¤¥³ É¥¶¥·Ó ± ¶µ¸É·µ¥´¨Õ ‚’‚-· §²µ¦¥´¨Ö ¨ ¢¢¥¤¥³ ¢¸¶µ³µ£ É¥²Ó-
´Ò¥ ¶ · ³¥É·Ò ζ ¨ ξ, ¶¥·¥¶¨¸ ¢ ËÊ´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¢ ¢Ò· ¦¥´¨¨ (3.5) ¢
¢¨¤¥

S(A, q, ϕ, χ) = S′0(A, q, ϕ, χ) + S′I(A, q, ϕ, χ) , (3.11)

£¤¥

S′0(A, q, ϕ, χ) = ζ−1 [S(A,χ) + S2(q) + S2(ϕ)] + ξ−1 S2(χ) (3.12)

¨

S′I(A, q, ϕ, χ) = g S3(A, q, ϕ)− (ζ−1 − 1) [S(A,χ) +

+ S2(q) + S2(ϕ)]− (ξ−1 − 1)S2(χ) . (3.13)
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�¨¸. 3. „¨ £· ³³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µ²´µ£µ £²Õµ´´µ£µ ¶·µ¶ £ Éµ·  ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ χ-¶·¥µ¡· §µ¢ ´¨Ö. ‘¶²µÏ´ Ö ²¨´¨Ö ¸µµÉ¢¥É¸É¢Ê¥É £²Õµ´´µ³Ê
¶·µ¶ £ Éµ·Ê, ¶Ê´±É¨·´ Ö Å ¶·µ¶ £ Éµ·Ê ¤ÊÌµ¢µ£µ ¶µ²Ö,   ËÊ´±Í¨¨ D(χ) ¸µµÉ¢¥É-
¸É¢Ê¥É ²¨´¨Ö ¸ ÉµÎ±µ°

’µÎ´µ¥ §´ Î¥´¨¥ · ¸¸³ É·¨¢ ¥³µ° ¢¥²¨Î¨´Ò, ¤²Ö ±µÉµ·µ° ¶·¨³¥´Ö¥É¸Ö
‚’‚-· §²µ¦¥´¨¥, ´ ¶·¨³¥· ´¥±µÉµ·µ° ËÊ´±Í¨¨ ƒ·¨´ , ´¥ § ¢¨¸¨É, ±µ´¥Î´µ,
µÉ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶ · ³¥É·µ¢ ζ ¨ ξ. �¤´ ±µ  ¶¶·µ±¸¨³ Í¨Ö Éµ° ¦¥ ¢¥²¨-
Î¨´Ò ±µ´¥Î´Ò³ Î¨¸²µ³ ¸² £ ¥³ÒÌ ·Ö¤  ‚’‚, ¶µ²ÊÎ ÕÐ¥£µ¸Ö ¶·¨ · §²µ¦¥´¨¨
¶µ ¸É¥¶¥´Ö³ ¤¥°¸É¢¨Ö S′1(A, q, ϕ, χ), µÉ ÔÉ¨Ì ¶ · ³¥É·µ¢ ¡Ê¤¥É § ¢¨¸¥ÉÓ. ŒÒ
³µ¦¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸¢µ¡µ¤Ê ¢ ¢Ò¡µ·¥ ¶ · ³¥É·µ¢ ζ ¨ ξ ¤²Ö ´ Ï¥° Í¥²¨ Å
¶µ¸É·µ¥´¨Ö ´µ¢µ£µ ³ ²µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö.

‚ É¥Ì´¨Î¥¸±µ³ ¶² ´¥ Ê¤µ¡´µ ¶¥·¥¶¨¸ ÉÓ S′0(A, q, ϕ, χ), § ³¥´¨¢ ¢ (3.12)
ζ−1 ´  [1+κ(ζ−1−1)] ¨ ξ−1 ´  [1+κ(ξ−1−1)] ¨ ¶µ²µ¦¨¢ ¢ ±µ´Í¥ ¢¸¥Ì ¢ÒÎ¨-
¸²¥´¨° κ = 1. ‚ ÔÉµ³ ¸²ÊÎ ¥ ²Õ¡ÊÕ ¸É¥¶¥´Ó ¢Ò· ¦¥´¨Ö (ζ−1 − 1)[S(A,χ) +
S2(q) + S2(ϕ)] + (ξ−1 − 1)S2(χ), ¶µÖ¢²ÖÕÐÊÕ¸Ö ¢ ¶·¥¤Ô±¸¶µ´¥´É¥ ¶µ¸²¥
· §²µ¦¥´¨Ö ¶µ ¸É¥¶¥´Ö³ (3.13), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ¢ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥¥ Î¨¸²µ · § ¶µ ¶ · ³¥É·Ê κ. �µ¸²¥ ÔÉµ£µ ¢ ¶·¥¤Ô±¸¶µ´¥´É¥
¶µ¤ §´ ±µ³ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  µ¸É ÕÉ¸Ö ²¨ÏÓ ¸É¥¶¥´¨ ¤¥°¸É¢¨Ö
g S3(A, q, ϕ), ±µÉµ·Ò¥ £¥´¥·¨·ÊÕÉ Õ± ¢¸±¨¥ ¤¨ £· ³³Ò Š•„ ¸ ³µ¤¨Ë¨Í¨-
·µ¢ ´´Ò³¨ ¶·µ¶ £ Éµ· ³¨, µ¶·¥¤¥²Ö¥³Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ±¢ ¤· É¨Î´Ò³¨
Ëµ·³ ³¨ ¢ ´µ¢µ³ ©¸¢µ¡µ¤´µ³ª ¤¥°¸É¢¨¨ S′0. �Ö¤ ‚’‚ ¤²Ö ËÊ´±Í¨° ƒ·¨´ 
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§ ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

G(· · ·) =
∑
n

n∑
k=0

1

(n− k) !

(
− ∂

∂κ

)n−k
ik

k!
× (3.14)

×
∫
DχDQCD(· · ·) [g S3(A, q, ϕ)]

k
exp [ i S′0(A, q, ϕ, χ) ] ,

£¤¥ ¢ S′0(A, q, ϕ, χ) ¢Ò¶µ²´¥´  µ¶¨¸ ´´ Ö ¢ÒÏ¥ § ³¥´ . „ ²¥¥ Ê¤µ¡´µ ¶·µ¨§-
¢¥¸É¨ ·¥¸±¥°²¨´£ ¶µ²¥°

(A, q, ϕ) ⇒ (A, q, ϕ)√
1 + κ (ζ−1 − 1)

,

χ ⇒ χ√
1 + κ (ξ−1 − 1)

, (3.15)

¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¶·µ¶ £ Éµ·Ò ¶·¨µ¡·¥É ÕÉ ¸É ´¤ ·É´Ò° ¢¨¤,   ³µ¤¨Ë¨Í¨·Ê-
ÕÉ¸Ö Éµ²Ó±µ ¢¥·Ï¨´Ò ¤¨ £· ³³. ˆ´É¥£·¨·ÊÖ § É¥³ ¶µ ¶µ²Õ χ, ¤²Ö ËÊ´±Í¨¨
ƒ·¨´  ν ¶µ²¥° ´ Ìµ¤¨³

G(· · ·) =
∑
n

n∑
k=0

1

(n − k) !

(
− ∂

∂ κ

)n− k
1

[1 + κ (ζ−1 − 1)]
ν/2
×

× ik

k!

∫
DQCD (· · ·) [g3 S3(A, q, ϕ)]

k (3.16)

× exp
{
i
[
S0(A, q, ϕ) + g2

4 S4(A)
] }

.

‡¤¥¸Ó S0(A, q, ϕ) ´¥ ¸µ¤¥·¦¨É Ê¦¥ Î²¥´ , µÉ¢¥Î ÕÐ¥£µ ¶µ²Õ χ, ¨ ¶·¥¤-
¸É ¢²Ö¥É ¸µ¡µ° µ¡ÒÎ´Ò° ËÊ´±Í¨µ´ ² ¸¢µ¡µ¤´µ£µ ¤¥°¸É¢¨Ö Š•„,   g3 ¨ g4,
Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ Õ± ¢¸±¨Ì ¨ Î¥ÉÒ·¥Ì£²Õµ´´ÒÌ ¢¥·Ï¨´ Ì, µ¶·¥¤¥²¥´Ò ¸²¥-
¤ÊÕÐ¨³ µ¡· §µ³:

g3 =
g

[ 1 + κ (ζ−1 − 1 ) ]
3/2

, g4 =
g

[ 1 + κ (ξ−1 − 1)]
1/2

. (3.17)

�´ ²¨§ ¸É·Ê±ÉÊ·Ò ¢µ§´¨± ÕÐ¥£µ ‚’‚-· §²µ¦¥´¨Ö ¢Ò¶µ²´¥´ ¢ · ¡µÉ Ì [50,
51], ¢ ±µÉµ·ÒÌ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ ¸¶¥Í¨ ²Ó´µ³ ¸µµÉ´µÏ¥´¨¨ ³¥¦¤Ê
¢ ·¨ Í¨µ´´Ò³¨ ¶ · ³¥É· ³¨ ¨ ±µ´¸É ´Éµ° ¸¢Ö§¨ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ´µ¢Ò°
´¥¶¥·ÉÊ·¡ É¨¢´Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö. ’ ±µ° ¶ · ³¥É· µ± §Ò¢ ¥É¸Ö ¢¸¥-
£¤  ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‡¤¥¸Ó
³Ò ¶µ± ¦¥³, ± ± ¢µ§´¨± ¥É ´¥¶¥·ÉÊ·¡ É¨¢´Ò° ³ ²Ò° ¶ · ³¥É· ´  ¶·¨³¥·¥
£²Õµ¤¨´ ³¨±¨.
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Œ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. ’ ± ¦¥, ± ±
¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¶·¨³¥·¥, µ¶¥· Í¨Ö ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ ¶ · ³¥-
É·Ê κ ¶·¨¢µ¤¨É ± ´¥±µÉµ·Ò³ ¤µ¶µ²´¨É¥²Ó´Ò³ Ë ±Éµ· ³. � ¸¸³µÉ·¨³, ± ±¨¥
¢µ§´¨± ÕÉ ³´µ¦¨É¥²¨, ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¶¥·¢µ´ Î ²Ó´ÊÕ Ëµ·³Ê²¨·µ¢±Ê ¤µ
¶·¨³¥´¥´¨Ö ¶·µÍ¥¤Ê·Ò ·¥¸±¥°²¨´£  ¶µ²¥° (3.15). ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¶¥· Éµ·
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö (−∂/∂ κ)

l ¶·¨¢µ¤¨É ± Ë ±Éµ·Ê (1 − ζ)l, ±µ£¤  ¤¥°¸É¢Ê¥É
´  ¶·µ¶ £ Éµ· £²Õµ´ , ¨ ± ³´µ¦¨É¥²Õ (1 − ξ)l ¶·¨ ¤¥°¸É¢¨¨ ´  ¶·µ¶ £ Éµ·
¶µ²Ö χ. �¶·¥¤¥²ÖÖ ¤²Ö Ê¤µ¡¸É¢  ¶ · ³¥É· η, ¸É¥¶¥´Ó ±µÉµ·µ£µ § ¤ ¥É ¶µ·Ö¤µ±
· §²µ¦¥´¨Ö, ¸¨³¢µ²¨Î¥¸±¨ ³µ¦´µ § ¶¨¸ ÉÓ ¸É·Ê±ÉÊ·Ê ‚’‚-·Ö¤  ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

1 + η(1− ζ) + η2
[
(1− ζ)2

+ g2ζ3 + g2ξ
]

+ (3.18)

+ η3
[

(1 − ζ)3 + g2ζ3(1− ζ) + g2ξ(1− ζ) + g2ξ(1 − ξ)
]

+ · · · .

„²Ö ¨²²Õ¸É· Í¨¨ ´  ·¨¸. 4 ¨§µ¡· ¦¥´Ò ¤¨ £· ³³Ò ¤²Ö ¶µ²´µ£µ ¶·µ¶ -
£ Éµ·  £²Õµ´ , ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ´µ¢µ³Ê · §²µ¦¥´¨Õ. �¥·¥Î¥·±´ÊÉ Ö ²¨´¨Ö
µ¡µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¶ · ³¥É·Ê κ ¨ ¸µ¤¥·¦¨É Ë ±Éµ· (1 − ζ)
¤²Ö £²Õµ´´µ° ²¨´¨¨ ¨ ³´µ¦¨É¥²Ó (1− ξ) ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  £²Õµ´´ Ö ²¨´¨Ö
¢µ§´¨±²  Î¥·¥§ χ-¶µ²¥.

�¨¸. 4. „¨ £· ³³Ò, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ‚’‚-· §²µ¦¥´¨Õ ¶µ²´µ£µ £²Õµ´´µ£µ ¶·µ¶ £ -
Éµ· 

ˆ§ (3.18) ¢¨¤´µ, ÎÉµ, ¶µ² £ Ö ξ = ζ3 ¨ (1 − ζ)2 ∼ g2ζ3, ¶µ²ÊÎ ¥³, ÎÉµ n-°
Î²¥´ ·Ö¤  ‚’‚ ¸µ¤¥·¦¨É µ¡Ð¨° ³´µ¦¨É¥²Ó (1− ζ)n, ¶·¨Î¥³ ¢Éµ·µ¥ Ê¸²µ¢¨¥
£ · ´É¨·Ê¥É ¢Ò¶µ²´¥´¨¥ ´¥· ¢¥´¸É¢  (1 − ζ) < 1 ¤²Ö ¢¸¥Ì ¶µ²µ¦¨É¥²Ó´ÒÌ
§´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨.

�´ ²µ£¨Î´Ò° ·¥§Ê²ÓÉ É ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨ ¢ ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥, ¢±²ÕÎ -
ÕÐ¥³ Ë¥·³¨µ´Ò. ‡¤¥¸Ó ¡µ²¥¥ Ê¤µ¡´µ° µ± §Ò¢ ¥É¸Ö Ëµ·³Ê²¨·µ¢±  ¸ ·¥¸±¥°-
²¨´£µ³ ¶µ²¥° (3.15). �É³¥É¨³, ÎÉµ ¢ ±µ´É¥±¸É¥ ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É-
´µ¸É¨ ¢Ò¡µ· ξ = ζ3 ¸²Ê¦¨É É ±¦¥ ¤²Ö ¸µ£² ¸µ¢ ´¨Ö ±µ´¸É ´É ¢µ ¢§ ¨³µ¤¥°-
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¸É¢¨ÖÌ Õ± ¢¸±µ£µ É¨¶  ¨ Î¥ÉÒ·¥Ì£²Õµ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ’ ±µ° ¢Ò¡µ·
µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶µ²´¥´¨¥ ¤²Ö ¶µ²ÊÎ ¥³ÒÌ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¶µ¤Ìµ¤¥ ±µ´-
¸É ´É ¶¥·¥´µ·³¨·µ¢±¨ Éµ¦¤¥¸É¢ ‘² ¢´µ¢  Å ’¥°²µ· .

’ ±¨³ µ¡· §µ³, ¢µ§´¨± ¥É ´µ¢Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö a = 1− ζ, ¸¢Ö§ ´-
´Ò° ¸ ±µ´¸É ´Éµ° ¸¢Ö§¨ g ¶µ¸·¥¤¸É¢µ³ Ê· ¢´¥´¨Ö

λ =
g2

(4π)
2 =

1

C

a2

(1− a)
3 , a = 1− ζ , (3.19)

£¤¥ C Å ´¥±µÉµ· Ö ¶µ²µ¦¨É¥²Ó´ Ö ±µ´¸É ´É . Š ± ¸²¥¤Ê¥É ¨§ (3.19), ¶·¨
²Õ¡ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ g ´µ¢Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö a Ê¤µ¢²¥-
É¢µ·Ö¥É ´¥· ¢¥´¸É¢Ê 0 ≤ a < 1.

�·¨¢¥¤¥³ ·¥§Ê²ÓÉ É ‚’‚-· §²µ¦¥´¨Ö ¤²Ö ËÊ´±Í¨° ƒ·¨´  ¸ ÉµÎ´µ¸ÉÓÕ
O(a7), ±µÉµ· Ö µ¡¥¸¶¥Î¨¢ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶·µ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ´  ¤¢ÊÌ-
¶¥É²¥¢µ³ Ê·µ¢´¥ ¢ ¤ ´´µ³ ¶µ¤Ìµ¤¥. ‡ ¶¨Ï¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨° ƒ·¨´ 
¢ ¢¨¤¥

G(· · ·) =

∫
DQCD (· · ·) V (A, q, ϕ) exp (i S0) , (3.20)

Éµ£¤ , ¨¸¶µ²Ó§ÊÖ (3.16)Å(3.19), ´ Ìµ¤¨³

V = 1 + aA3 + a2

[
1

2
A3

2 +
3

2
A3

]
+ (3.21)

+ a3

[
1

6
A3

3 +
3

2
A3

2 + A3A4 + 3A4 +
15

8
A3

]
+

+ a4

[
1

24
A3

4 +
1

2
A4

2 +
1

2
A3

2A4 +
3

4
A3

3 +

+
9

2
A3A4 + 3A3

2 + 6A4 +
35

16
A3

]
+

+ a5

[
1

120
A3

5 +
1

6
A3

3A4 +
1

2
A3A4

2 +
1

4
A3

4 + 3A3
2A4 +

+ 3A4
2 +

33

16
A3

3 +
99

8
A3A4 + 5A3

2 + 10A4 +
315

128
A3

]
+

+ a6

[
1

720
A3

6 +
1

24
A3

4A4 +
1

4
A3

2A4
2 +

1

6
A4

3 +
1

16
A3

5 +

+
5

4
A3

3 A4 +
15

4
A3A4

2 +
7

8
A4

4 +
21

2
A3

2A4 +
21

2
A4

2 +

+
143

32
A3

3 +
129

16
A3A4

15

2
A3

3 + 15A4 +
693

256
A3

]
+ O(a7) ,

£¤¥ A3 = 4π (i S3)/
√
C , A4 = (4π)2 (i S4)/C .
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�¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ N -° ¶µ·Ö¤µ± ‚’‚-·Ö¤  ¸µ¢¶ ¤ ¥É ¸ N -³ ¶µ·Ö¤±µ³
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¸ ÉµÎ´µ¸ÉÓÕ O( gN+1 ):

G
(N)
V PT =

N∑
n=0

Gn = G
(N)
PT + O( gN+1 ) . (3.22)

�µÔÉµ³Ê ¶·¨ ³ ²ÒÌ ±µ´¸É ´É Ì ¸¢Ö§¨ ‚’‚-· §²µ¦¥´¨¥ ¶·¨¢¥¤¥É ± É¥³ ¦¥
·¥§Ê²ÓÉ É ³, ÎÉµ ¨ ¸É ´¤ ·É´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨°. �¤´ ±µ, ± ± ³Ò Ê¢¨¤¨³ ¢
¤ ²Ó´¥°Ï¥³, ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨, ±µ£¤  ±µ´¸É ´É  ¸¢Ö§¨ ¸É ´µ¢¨É¸Ö
¡µ²ÓÏµ° ¨ ¶·Ö³µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° µ± §Ò¢ ¥É¸Ö ´¥¢µ§³µ¦-
´Ò³, ¶µ¸É·µ¥´´µ¥ a-· §²µ¦¥´¨¥, É ± ¦¥, ± ± ¨ ¢ · ¸¸³µÉ·¥´´µ³ · ´¥¥ ¶·µ-
¸Éµ³ ¶·¨³¥·¥, µ¸É ¥É¸Ö Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³ ¨ ¶µ§¢µ²Ö¥É ´¥¶·µÉ¨¢µ·¥Î¨¢Ò³
µ¡· §µ³ ¶·µ¢µ¤¨ÉÓ ¨¸¸²¥¤µ¢ ´¨Ö ¢´¥ · ³µ± ¸² ¡µ° ¸¢Ö§¨.

�¥·¥´µ·³¨·µ¢± . �·¨³¥´ÖÖ · §³¥·´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ ¸ d = 4 − 2ε,
¤²Ö ±µ´¸É ´É ¶¥·¥´µ·³¨·µ¢±¨ Z1 ¨ Z3 ¢ ¢¥¤ÊÐ¥³ ¶µ·Ö¤±¥ ‚’‚-· §²µ¦¥´¨Ö
´ Ìµ¤¨³

Z1 = 1 + λ ζ3

[
N

(
17

6
− 3

2
αG

)
− 4

3
Nf

]
1

2 ε
,

Z3 = 1 + λ ζ3

[
N

(
13

3
− αG

)
− 4

3
Nf

]
1

2 ε
. (3.23)

� ¶µ³´¨³, ÎÉµ ±µ´¸É ´É  ¸¢Ö§¨ λ ≡ αs/4π ¨ ¶ · ³¥É· ζ ¸¢Ö§ ´Ò ¤·Ê£ ¸
¤·Ê£µ³ ¸µµÉ´µÏ¥´¨¥³ (1− ζ)2 = Cλζ3.

ˆ§ (3.23) ¶µ²ÊÎ ¥³

λ0 = µ2 ε Z2
1 Z
−3
3 λ = λµ2 ε

[
1 − λζ3 β0

ε

]
, (3.24)

£¤¥ β0 = 11− 2/3Nf . �É±Ê¤  ¤²Ö β-ËÊ´±Í¨¨ ´ Ìµ¤¨³ ¢Ò· ¦¥´¨¥

β(λ) = lim
ε→0

µ2 ∂ λ

∂ µ2
=

= −β0

(
λ
∂

∂ λ
− 1

)
(λ2 ζ3 ) = − 2 β0 λ

2 ζ4

3 − ζ
. (3.25)

�¥Ï Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥´µ·³£·Ê¶¶µ¢µ¥ Ê· ¢´¥´¨¥, ¶µ²ÊÎ ¥³

ln
Q2

Λ2
=

C

2 β0
f(ζ) , (3.26)

£¤¥ ËÊ´±Í¨Ö f(ζ) ¨³¥¥É ¢¨¤

f(ζ) =
2

(1 − ζ)
2 +

12

1 − ζ
+ 21 ln

ζ

1 − ζ
− 9

ζ
. (3.27)
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�¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨, ±µ£¤  Q2 >> Λ2 (ζ ∼ 1),
¨§ ¶·¨¢¥¤¥´´ÒÌ ¢Ò· ¦¥´¨° ²¥£±µ ¶µ²ÊÎ ¥É¸Ö Ìµ·µÏµ ¨§¢¥¸É´Ò° µ¤´µ¶¥É²¥-
¢µ° ·¥§Ê²ÓÉ É:

λ(Q2) =
1

β0 ln(Q2/Λ2)
.

�·¨ Ê³¥´ÓÏ¥´¨¨ Q2 ¨, ¸µµÉ¢¥É¸É¢¥´´µ, Ê¢¥²¨Î¥´¨¨ §´ Î¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨
¥¥ ²µ£ ·¨Ë³¨Î¥¸±¨° ·µ¸É, ± ± ¡Ê¤¥É ¶µ± § ´µ ¤ ²¥¥, ¸³¥´Ö¥É¸Ö ¸É¥¶¥´´Ò³:
λ(Q2) ∼ 1/Q2. ‚ ¶µÉ¥´Í¨ ²Ó´µ° ±¢ ·±µ¢µ° ³µ¤¥²¨ É ±µ¥ ¶µ¢¥¤¥´¨¥ ¢ ¨´-
Ë· ±· ¸´µ° µ¡² ¸É¨ ¸µ£² ¸Ê¥É¸Ö ¸ Ë¥´µ³¥´µ²µ£¨¥° ³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨.

‘¢Ö§Ó ¸ ¶µÉ¥´Í¨ ²Ó´µ° ±¢ ·±µ¢µ° ³µ¤¥²ÓÕ. „²Ö Éµ£µ ÎÉµ¡Ò Ë¨±¸¨-
·µ¢ ÉÓ ¶ · ³¥É·Ò ¶µ²ÊÎ¥´´µ£µ · §²µ¦¥´¨Ö, ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ´¥¶¥·ÉÊ·¡ -
É¨¢´ÊÕ ¨´Ëµ·³ Í¨Õ, ¸¢Ö§ ´´ÊÕ ¸ Ë¨§¨±µ° ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨°, ¢ÒÉ¥± Õ-
ÐÊÕ ¨§ Ë¥´µ³¥´µ²µ£¨¨ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢. �Éµ ¶µ§¢µ²¨É ¶µ²´µ¸ÉÓÕ
µ¶·¥¤¥²¨ÉÓ § ±µ´ Ô¢µ²ÕÍ¨¨ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ αs(Q

2) ¡¥§ ¶·¨¢²¥Î¥-
´¨Ö ± ±¨Ì-²¨¡µ ¢Ò¸µ±µÔ´¥·£¥É¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ±µÉµ·Ò¥
µ¡ÒÎ´µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ³ ¸ÏÉ ¡´µ£µ ¶ · ³¥É·  Λ ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¨. „·Ê£¨³¨ ¸²µ¢ ³¨, ³Ò ´ °¤¥³ ¸¢Ö§Ó ³¥¦¤Ê Ê´¨¢¥·¸ ²Ó´µ°
´ ¶·Ö¦¥´´µ¸ÉÓÕ σ ¢ ²¨´¥°´µ° Î ¸É¨ ¸É É¨Î¥¸±µ£µ ±¢ ·±- ´É¨±¢ ·±µ¢µ£µ ¶µ-
É¥´Í¨ ² 

Vlin(r) = σ r , (3.28)

±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´ ¨§ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢ (¸³., ´ ¶·¨³¥·,
[88, 89] ¨ µ¡§µ· [90]), ¨ ¶µ¢¥¤¥´¨¥³ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢ ¶¥·ÉÊ·¡ É¨¢´µ°
Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨.

…¸²¨ ¶·¨´ÖÉÓ, ÎÉµ qq̄-¶µÉ¥´Í¨ ² ¢ ¨³¶Ê²Ó¸´µ³ ¶·µ¸É· ´¸É¢¥ ³µ¦¥É ¡ÒÉÓ
§ ¶¨¸ ´ ¢ ¢¨¤¥

V (q2) = − 16π

3

ᾱs(q
2)

q2
, (3.29)

£¤¥ ᾱs(q2) µ¶¨¸Ò¢ ¥É µ¡² ¸ÉÓ ± ± ¡µ²ÓÏ¨Ì, É ± ¨ ³ ²ÒÌ q2, ¨ ¨³¥¥É ¸¨´£Ê²Ö·-
´µ¥ ¨´Ë· ±· ¸´µ¥ ¶µ¢¥¤¥´¨¥ ᾱs(q2) ∼ q−2, ³Ò ¶µ²ÊÎ ¥³ ²¨´¥°´µ · ¸ÉÊÐ¨°
´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ¶µÉ¥´Í¨ ² (3.28). ‘¨´£Ê²Ö·´µ¥ ¶µ¢¥¤¥´¨¥ ¨´¢ -
·¨ ´É´µ£µ § ·Ö¤  ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¸µµÉ¢¥É¸É¢Ê¥É  ¸¨³¶ÉµÉ¨Î¥¸±µ³Ê
¶µ¢¥¤¥´¨Õ β-ËÊ´±Í¨¨

β(λ) ' −λ (3.30)

¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨.
�¶¨¸ ´´µ¥ ¢ÒÏ¥ ¶·¥¤¸É ¢²¥´¨¥ µ ±µ´Ë °´³¥´É¥ ¨¸¶µ²Ó§µ¢ ´µ ¢ ·Ö¤¥

¶µ¤Ìµ¤µ¢. �¤´  ¨§ ¶¥·¢ÒÌ ¶µ¶ÒÉµ± µ¡Ñ¥¤¨´¨ÉÓ µ¶¨¸ ´¨¥ ³ ²ÒÌ ¨ ¡µ²ÓÏ¨Ì
· ¸¸ÉµÖ´¨°, ¨¸¶µ²Ó§ÊÖ ¥¤¨´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ , ¶·¥¤-
¶·¨´ÖÉ  ¢ · ¡µÉ¥ [91], £¤¥ ¡Ò²µ ¶·¥¤²µ¦¥´µ ¶·µ¸Éµ¥ ¶·¥¤¶¨¸ ´¨¥, ¸µ£² ¸´µ
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±µÉµ·µ³Ê ¨¸Ìµ¤´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¸¢µ¡µ¤´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¡¥£ÊÐ¥° ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ³µ¤¨Ë¨Í¨·Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

ᾱs(Q
2) =

4π

β0

1

ln(Q2/Λ2)
⇒ 4π

β0

1

ln(1 + Q2/Λ2)
. (3.31)

„²Ö É ±µ° ³µ¤¥²¨ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¸¢µ¡µ¤´µ¥ ¶µ¢¥¤¥-
´¨¥ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸µÌ· ´Ö¥É¸Ö,   ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ Ê ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ¶µÖ¢²Ö¥É¸Ö É·¥¡Ê¥³ Ö ¤²Ö ¶µ²ÊÎ¥´¨Ö ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²  ¸¨´-
£Ê²Ö·´µ¸ÉÓ. ’ ±¨³ µ¡· §µ³, ¢ [91] Ë¥´µ³¥´µ²µ£¨Î¥¸±¨° ±¢ ·±- ´É¨±¢ ·±µ¢Ò°
¶µÉ¥´Í¨ ² ¶µ²ÊÎ¥´ ´  µ¸´µ¢¥ £² ¤±µ° ³µ¤¥²Ó´µ° ¸Ï¨¢±¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ
¶µ¢¥¤¥´¨Ö ¶·¨ ¡µ²ÓÏ¨Ì ¨³¶Ê²Ó¸ Ì ¨ ¶·¥¤¶µ² £ ¥³µ° ¨´Ë· ±· ¸´µ°  ¸¨³¶-
ÉµÉ¨±¨. Šµ´¥Î´µ, É ±µ° ¶µ¤Ìµ¤ ´µ¸¨É ¨¸±²ÕÎ¨É¥²Ó´µ ³µ¤¥²Ó´Ò° Ì · ±É¥·.
�µ²¥¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¤ ´µ ¢ · ¡µÉ Ì [92Ä94],
£¤¥ ¢Ò¶µ²´¥´  ´ ²¨§ ´  µ¸´µ¢¥ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ˜¢¨´-
£¥· Å„ °¸µ´  ¸ Ö¢´Ò³ ÊÎ¥Éµ³ Éµ¦¤¥¸É¢ ‘² ¢´µ¢ Å’¥°²µ· . �ÉµÉ ¢µ¶·µ¸
¨§ÊÎ ²¸Ö É ±¦¥ ¨ ¢ ·¥Ï¥ÉµÎ´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ (¸³., ´ ¶·¨³¥·, µ¡§µ· [95]).

‘É É¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢, ¶µ²ÊÎ¥´´Ò° ¢ ¶¥·¢µ³
¶µ·Ö¤±¥ ‚’‚-· §²µ¦¥´¨Ö, ¡Ò² ´ °¤¥´ ¢ · ¡µÉ¥ [50], µ´ ¨§µ¡· ¦¥´ ´  ·¨¸. 5
¸¶²µÏ´µ° ²¨´¨¥°. „²Ö ¸· ¢´¥´¨Ö ÉµÎ¥Î´µ° ²¨´¨¥° µÉ³¥Î¥´ Ë¥´µ³¥´µ²µ£¨-
Î¥¸±¨° ¶µÉ¥´Í¨ ², ¢§ÖÉÒ° ¨§ [89], Ìµ·µÏµ ¸µ£² ¸ÊÕÐ¨°¸Ö ¸ ¤ ´´Ò³¨ ¶µ
³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨ ¨ ¡²¨§±¨° ± ‚’‚-¶µÉ¥´Í¨ ²Ê.

�¨¸. 5. ‘É É¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢. ‘¶²µÏ´ Ö ²¨´¨Ö ¸µµÉ¢¥É-
¸É¢Ê¥É ‚’‚-¶µÉ¥´Í¨ ²Ê, ÉµÎ¥Î´ Ö Å Ë¥´µ³¥´µ²µ£¨Î¥¸±µ³Ê ¶µÉ¥´Í¨ ²Ê [89], ±µÉµ·Ò°
Ìµ·µÏµ ¢µ¸¶·µ¨§¢µ¤¨É ¤ ´´Ò¥ ³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨

’ ±¨³ µ¡· §µ³, ¢ · ³± Ì ‚’‚-¶µ¤Ìµ¤  ¢µ§³µ¦´µ Ê¸É ´µ¢¨ÉÓ ¶µ¢¥¤¥´¨¥
¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨, ¨¸¶µ²Ó§ÊÖ ¤²Ö ÔÉµ£µ ¨´-
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Ëµ·³ Í¨Õ, ¢ÒÉ¥± ÕÐÊÕ ¨§ Ë¨§¨±¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨°. �·¥¦¤¥ Î¥³ ´¥¶µ-
¸·¥¤¸É¢¥´´µ ¶¥·¥°É¨ ± ÔÉµ³Ê ¢µ¶·µ¸Ê, ¢ ¦´µ · ¸¸³µÉ·¥ÉÓ ¶·µ¡²¥³Ê ¸É ¡¨²Ó-
´µ¸É¨ ¶µ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éµ¢.

�µ¶· ¢±¨ ¨ ¸É ¡¨²Ó´µ¸ÉÓ. �·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö ƒ·¨´  G(· · ·), µÉ¢¥Î -
ÕÐ Ö Î¥É´µ³Ê Î¨¸²Ê ¶µ²¥°, ¸ ÉµÎ´µ¸ÉÓÕ O(a5) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

G(· · ·) = g0(· · ·) +
a2

C
g2(· · ·) + 3

a3

C
g2(· · ·) +

+
a4

C2
[ 6C g2(· · ·) + g4(· · ·) ] +

+
a5

C2
[ 10C g2(· · ·) + 6 g4(· · ·) ] , (3.32)

£¤¥ (· · ·) µ¡µ§´ Î ¥É ´ ¡µ·  ·£Ê³¥´Éµ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ²¥°,   gk(· · ·) Ö¢²Ö-
ÕÉ¸Ö ±µÔËË¨Í¨¥´É ³¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö ¸ ¶ · ³¥É·µ³ λ, ±µÉµ·Ò¥
¢ Ëµ·³¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  § ¶¨¸Ò¢ ÕÉ¸Ö ± ±

g0(· · ·) =

∫
DA (· · ·) exp [ i S0 ] ,

g2(· · ·) =

∫
DA (· · ·)

[
(iS3)2

2!
+

(iS4)

1!

]
exp [ i S0 ] , (3.33)

g4(· · ·) =

∫
DA (· · ·)

[
(iS3)

4

4!
+

(iS4)
2

2!
+

(iS3)
2

2!

(iS4)

1!

]
exp [ i S0 ] .

�´ ²µ£¨Î´µ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ‚’‚-· §²µ¦¥´¨¥ ËÊ´±Í¨° ƒ·¨´  ¸ ´¥Î¥É-
´Ò³ Î¨¸²µ³ ¶µ²¥°.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Ì ´¨§³µ³ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ [83,84,86,96,
97] ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· C ¶µ¤¸É· ¨¢ ¥É¸Ö ¢ ± ¦¤µ³ ¶µ·Ö¤±¥  ¶¶·µ±¸¨-
³ Í¨¨, ¨¸Ìµ¤Ö ¨§ Éµ£µ ¨²¨ ¨´µ£µ ¶·¨´Í¨¶  µ¶É¨³¨§ Í¨¨. ‡¤¥¸Ó ³Ò ¢Ò¶µ²´¨³
¢ÒÎ¨¸²¥´¨Ö ´  Î¥ÉÒ·¥Ì Ê·µ¢´ÖÌ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ·Ö¤± ³  ¶¶·µ±¸¨³ Í¨¨
O(a2), O(a3), O(a4) ¨ O(a5), ¨ ¸· ¢´¨³ ¶µ²ÊÎ¥´´Ò¥ β-ËÊ´±Í¨¨.

�·¨³¥´ÖÖ · §³¥·´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ, ¨¸¶µ²Ó§ÊÖ ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ [98]
(¸³. É ±¦¥ µ¡§µ· [99]) ¨ ¶·µ¢µ¤Ö ¢ÒÎ¨¸²¥´¨Ö ¢ ±µ¢ ·¨ ´É´µ° ± ²¨¡·µ¢±¥ ¸
¶·µ¨§¢µ²Ó´Ò³ ± ²¨¡·µ¢µÎ´Ò³ ¶ · ³¥É·µ³ αG, ´ Ìµ¤¨³ ±µ´¸É ´ÉÊ ¶¥·¥´µ·-
³¨·µ¢±¨ § ·Ö¤  Zλ (λ0 = µ2εZλλ) [51]:

Z−1
λ =

Z3 Z̃
2
3

Z̃2
1

= 1 +
1

ε

[
a2

3C
(11N − 2Nf) +

a3

C
(11N − 2Nf ) + (3.34)

+
a4

6NC2

(
34N3 − 13N2Nf + 3Nf + 132CN2 − 24CNNf

)
+
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+
a5

3NC2

(
102N3 − 39N2Nf + 9Nf + 110CN2 − 20CNNf

) ]
,

£¤¥ Z3 ¨ Z̃3 Å ±µ´¸É ´ÉÒ ¶¥·¥´µ·³¨·µ¢±¨ £²Õµ´´ÒÌ ¨ ¤ÊÌµ¢ÒÌ ¶µ²¥°,  
Z̃1 Å ±µ´¸É ´É  ¶¥·¥´µ·³¨·µ¢±¨ ¢¥·Ï¨´Ò ¤ÊÌ-£²Õµ´-¤ÊÌ. �¥¶µ¸·¥¤¸É¢¥´-
´µ° ¶·µ¢¥·±µ° Ê¡¥¦¤ ¥³¸Ö, ÎÉµ, ± ± ¨ µ¦¨¤ ²µ¸Ó, ±µ´¸É ´É  ¶¥·¥´µ·³¨·µ¢±¨
§ ·Ö¤  Zλ ´¥ § ¢¨¸¨É µÉ ± ²¨¡·µ¢µÎ´µ£µ ¶ · ³¥É·  αG, ÎÉµ ¸²Ê¦¨É ¤µ¶µ²´¨-
É¥²Ó´Ò³ É¥¸Éµ³ ±µ··¥±É´µ¸É¨ ¢ÒÎ¨¸²¥´¨°.

‡´ Ö ±µ´¸É ´ÉÊ ¶¥·¥´µ·³¨·µ¢±¨ § ·Ö¤  Zλ, ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¸µµÉ¢¥É-
¸É¢ÊÕÐÊÕ (3.34) β-ËÊ´±Í¨Õ:

β(λ) = − 1

C2

a2

(2 + a)(1 − a)
2 × (3.35)

×
[
2β0a

2 + 9β0a
3 + 4

(
6β0 +

β1

2C

)
a4 + 5

(
10β0 + 6

β1

2C

)
a5

]
,

£¤¥ β0 ¨ β1 = 102− 38Nf/3 Å ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±µÔËË¨Í¨¥´ÉÒ β-ËÊ´±Í¨¨.

�¨¸. 6. �µ¢¥¤¥´¨¥ ËÊ´±Í¨¨ −β(k)(λ)/λ ¤²Ö k = 2, 3, 4, 5

�£· ´¨Î¨¢ Ö¸Ó ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ±µ´¸É ´ÉÒ ¶¥·¥´µ·³¨·µ¢±¨ (3.34) ¸² £ -
¥³Ò³¨ ¶µ·Ö¤±  O(a2), O(a3), O(a4) ¨ O(a5), ¶µ²ÊÎ¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉ¨³
¶·¨¡²¨¦¥´¨Ö³ Î¥ÉÒ·¥ β-ËÊ´±Í¨¨: β(2), β(3), β(4) ¨ β(5). �  ·¨¸. 6 ¶µ± § ´Ò
ËÊ´±Í¨¨ −β(k)(λ)/λ ¤²Ö ¶ · ³¥É·µ¢ C2 = 0, 977, C3 = 4, 1, C4 = 10, 4 ¨
C5 = 21, 5. ‚ÒÌµ¤ µÉ´µÏ¥´¨Ö −β(k)(λ)/λ ´  ¥¤¨´¨ÍÊ ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸µµÉ¢¥É¸É¢Ê¥É ¨´Ë· ±· ¸´µ° ¸¨´£Ê²Ö·´µ¸É¨ ¡¥£ÊÐ¥£µ
§ ·Ö¤  ᾱs(Q2) ∼ Q−2 ¶·¨ ³ ²ÒÌ Q2. ‚µ§· ¸É ´¨¥ ¢¥²¨Î¨´Ò ¢ ·¨ Í¨µ´´µ£µ
¶ · ³¥É·  Ck ¸ ·µ¸Éµ³ ¶µ·Ö¤±   ¶¶·µ±¸¨³ Í¨¨ ¢Ò§¢ ´µ É¥³¨ ¦¥ ¶·¨Î¨´ ³¨,
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ÎÉµ ¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¶·µ¸Éµ³ ¶·¨³¥·¥ ³¥Ì ´¨§³  ¨´¤ÊÍ¨·µ¢ ´´µ°
¸Ìµ¤¨³µ¸É¨.

„²Ö ¶µ²´µ£µ µ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¶ · ³¥É·µ¢ ¨§ Ë¨§¨±¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ-
´¨° · ¸¸³µÉ·¨³ ¶ · ³¥É· σ ¢ ²¨´¥°´µ° Î ¸É¨ ±¢ ·±µ¢µ£µ ¶µÉ¥´Í¨ ²  Vlin(r) =
σr. …£µ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ¥ §´ Î¥´¨¥ ¸µ¸É ¢²Ö¥É σ ' 0, 15 ÷ 0, 20 ƒÔ‚2

[88Ä91]. ˆ´¢ ·¨ ´É´Ò° § ·Ö¤ ᾱs(Q2) ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¢¥¤¥É ¸¥¡Ö ± ±

ᾱs(Q
2) ' 3

2

σ

Q2
. (3.36)

„²Ö ´µ·³¨·µ¢±¨ ¶·¨ ´¥±µÉµ·µ³ Q0 ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ §´ Î¥´¨¥ ¨§ · -
¡µÉÒ [89] 3/2σ = 0, 2652 ƒÔ‚2 (σ = 0, 1768 ƒÔ‚2).

�¥´µ·³£·Ê¶¶µ¢ Ö Ô¢µ²ÕÍ¨Ö ¶ · ³¥É·  · §²µ¦¥´¨Ö a µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥-
´¨¥³

Q = Q0 exp
[
φ(a,Nf ) − φ(a0, N

0
f )
]
, (3.37)

£¤¥

φ(a,Nf ) =
1

2

λ∫
dλ

β(λ)
, (3.38)

¨ β-ËÊ´±Í¨Ö µ¶·¥¤¥²¥´  ¸µ£² ¸´µ (3.35).

�¨¸. 7. � · ³¥É· σ(Q2) ± ± ËÊ´±Í¨Ö µ¡· É´µ£µ ¨³¶Ê²Ó¸  Q−1 ¤²Ö ÉµÎ¥± ´µ·³¨·µ¢±¨:
Q0 = 50 ŒÔ‚ (¸¶²µÏ´ Ö ±·¨¢ Ö) ¨ Q0 = 150 ŒÔ‚ (¶Ê´±É¨·´ Ö ±·¨¢ Ö). ƒµ·¨§µ´É ²Ó-
´Ò³¨ ¶·Ö³Ò³¨ µ¡µ§´ Î¥´ ¨´É¥·¢ ² §´ Î¥´¨° σ, ±µÉµ·Ò¥ ¸µ¢³¥¸É¨³Ò ¸ ¨³¥ÕÐ¨³¨¸Ö
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨

�µ¢¥¤¥´¨¥ σ(Q2) = 2/3Q2αs(Q
2) ± ± ËÊ´±Í¨¨ µ¡· É´µ£µ ¨³¶Ê²Ó¸  Q−1

(ÎÉµ¡Ò ¨³¥ÉÓ ´¥±µÉµ·ÊÕ  ´ ²µ£¨Õ ¸ · ¸¸ÉµÖ´¨¥³) ¶µ± § ´µ ´  ·¨¸. 7 ¤²Ö



1084 ‘ˆ‘�ŠŸ� �.�., ‘�‹�‚–�‚ ˆ.‹.

¤¢ÊÌ ÉµÎ¥± ´µ·³¨·µ¢±¨: Q0 = 50 ŒÔ‚ (¸¶²µÏ´ Ö ±·¨¢ Ö) ¨ Q0 = 150 ŒÔ‚
(¶Ê´±É¨·´ Ö ±·¨¢ Ö). �¥§Ê²ÓÉ É ¢ µ¡² ¸É¨ ³ ²ÒÌ ¨³¶Ê²Ó¸µ¢ Ê±² ¤Ò¢ ¥É¸Ö ¢
¨´É¥·¢ ² Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì µÍ¥´µ± σ ' 0, 15 ÷ 0, 20 ƒÔ‚2 (´  ·¨¸. 7 ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¨° ±µ·¨¤µ· µ¡µ§´ Î¥´ ¤¢Ê³Ö £µ·¨§µ´É ²Ó´Ò³¨ ¶·Ö³Ò³¨), ¨, ± ±
³µ¦´µ ¡Ò²µ ¡Ò µ¦¨¤ ÉÓ, ¸² ¡µ § ¢¨¸¨É µÉ ¢¥²¨Î¨´Ò Q0 ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ
Î¨¸²   ±É¨¢´ÒÌ ±¢ ·±µ¢ N0

f . ŒÒ ¶·µ¢¥²¨ · ¸Î¥É ¤²Ö N0
f = 3, ÎÉµ ¢Ò£²Ö¤¨É

· §Ê³´Ò³ ¤²Ö ´ Ï¨Ì Í¥²¥°, É ± ± ± §´ Î¨É¥²Ó´ Ö ¤µ²Ö ¨´Ëµ·³ Í¨¨ µ ´¥-
·¥²ÖÉ¨¢¨¸É¸±µ³ ¶µÉ¥´Í¨ ²¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ ¸±² ¤Ò¢ ¥É¸Ö ´  µ¸´µ¢¥
¤ ´´ÒÌ µ ¸¥³¥°¸É¢¥ Î ·³µ´¨Ö. �É³¥É¨³, É¥³ ´¥ ³¥´¥¥, ÎÉµ ¸¨²Ó´µ° ÎÊ¢¸É¢¨-
É¥²Ó´µ¸É¨ ± Î¨¸²Ê  ±É¨¢´ÒÌ ±¢ ·±µ¢ N0

f §¤¥¸Ó ´¥É, ¨, ´ ¶·¨³¥·, ¤²Ö N0
f = 2

¢µ§´¨± ÕÉ ¡²¨§±¨¥ ·¥§Ê²ÓÉ ÉÒ.
’ ±¨³ µ¡· §µ³, ¢¸¥ ¶ · ³¥É·Ò ´ °¤¥´Ò ´  µ¸´µ¢¥ ¨´Ëµ·³ Í¨¨ ´¥¶¥·-

ÉÊ·¡ É¨¢´µ£µ Ì · ±É¥· , ¢ÒÉ¥± ÕÐ¥° ¨§ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢. ‡ ±µ´ Ô¢µ-
²ÕÍ¨¨ ¶ · ³¥É·  · §²µ¦¥´¨Ö a = a(Q2), µ¶·¥¤¥²Ö¥³Ò° Ê· ¢´¥´¨¥³ (3.37),
¶µ§¢µ²Ö¥É ´ °É¨ ¨´¢ ·¨ ´É´Ò° § ·Ö¤ ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨. ’ ±, ¶·¨
´ °¤¥´´ÒÌ ¢ÒÏ¥ ¶ · ³¥É· Ì ´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò Z-¡µ§µ´  ¶µ²ÊÎ ¥³ ᾱs(MZ =
91, 2 ƒÔ‚) = 0, 126. “Î¨ÉÒ¢ Ö, ÎÉµ ¢¸¥ ¶ · ³¥É·Ò ¡Ò²¨ Ë¨±¸¨·µ¢ ´Ò ´ 
µ¸´µ¢¥ ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¨´Ëµ·³ Í¨¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¨´Ë· -
±· ¸´µ° µ¡² ¸É¨, ´ °¤¥´´µ¥ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ°
µ¡² ¸É¨ ¢Ò£²Ö¤¨É ¢¶µ²´¥ · §Ê³´Ò³. ’ ±¨³ µ¡· §µ³, ¤¨ ¶ §µ´ ¶·¨³¥´¨³µ-
¸É¨ ‚’‚-³¥Éµ¤  §´ Î¨É¥²Ó´µ Ï¨·¥, Î¥³ ¢ ¸²ÊÎ ¥ µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨°. ‚ · ³± Ì ÔÉµ£µ ¶µ¤Ìµ¤  Ê¤ ¥É¸Ö ¸ ¥¤¨´ÒÌ ¶µ§¨Í¨° · ¸¸³ É·¨¢ ÉÓ ´¥
Éµ²Ó±µ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÊÕ µ¡² ¸ÉÓ ³ ²ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨, ´µ ¨ ¸Ê-
Ð¥¸É¢¥´´µ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ ¨´Ë· ±· ¸´ÊÕ µ¡² ¸ÉÓ.

4. e+e−-���ˆƒˆ‹Ÿ–ˆŸ ‚ �„���› ‚ ��‹�‘’ˆ �ˆ‡Šˆ•
��…�ƒˆ‰

�·¨  ¶¶·µ±¸¨³ Í¨¨ ´¥±µÉµ·µ° Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò, ´ ¶·¨³¥·, ¨§¢¥¸É-
´µ£µ R(s)-µÉ´µÏ¥´¨Ö ¤²Ö ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò, ´¥±µÉµ·µ°
Î ¸É¨Î´µ° ¸Ê³³µ° ·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¸ ¸¨²Ê µ¡·Ò¢  ÔÉµ£µ ·Ö¤  ¢µ§-
´¨± ¥É ¢ ¦´ Ö ¶·µ¡²¥³  § ¢¨¸¨³µ¸É¨ ·¥§Ê²ÓÉ Éµ¢ µÉ ¶·¨³¥´Ö¥³µ° ·¥´µ·-
³ ²¨§ Í¨µ´´µ° ¸Ì¥³Ò. ‚ µ¸µ¡¥´´µ¸É¨ É ± Ö § ¢¨¸¨³µ¸ÉÓ ¶·µÖ¢²Ö¥É¸Ö ¢´¥
 ¸¨³¶ÉµÉ¨Î¥¸±µ° Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨. ‘ µ¤´µ° ¸Éµ·µ´Ò, ¢µ§´¨± Õ-
Ð Ö § ¢¨¸¨³µ¸ÉÓ Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò µÉ ·¥´µ·³ ²¨§ Í¨µ´´µ° ¸Ì¥³Ò ³µ¦¥É
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¤µ¸ ¤´Ò° Ë ±É. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶µÖ¢²Ö¥É¸Ö ¤µ¶µ²´¨-
É¥²Ó´ Ö ¸É¥¶¥´Ó ¸¢µ¡µ¤Ò, ±µÉµ·ÊÕ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¶µ¸É·µ¥´¨Ö µ¶É¨-
³ ²Ó´µ£µ · §²µ¦¥´¨Ö, µ¡² ¤ ÕÐ¥£µ ¶µ ¸· ¢´¥´¨Õ ¸ µ¡ÒÎ´µ° É¥µ·¨¥° ¢µ§³Ê-
Ð¥´¨° ¡µ²¥¥ Ï¨·µ±µ° µ¡² ¸ÉÓÕ ¶·¨³¥´¨³µ¸É¨. ‚ Î ¸É´µ¸É¨, ± ± ¶µ± § ´µ ¢
· ¡µÉ Ì [100Ä102], ´  ÔÉµ³ ¶ÊÉ¨ Ê¤ ¥É¸Ö · ¸Ï¨·¨ÉÓ µ¡² ¸ÉÓ, Ì · ±É¥·´ÊÕ ¤²Ö
µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¨ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ µ¡² ¸ÉÓ ´¨§±¨Ì Ô´¥·£¨°. �µ-
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²ÊÎ¥´´Ò° ¢ ÔÉ¨Ì · ¡µÉ Ì ·¥§Ê²ÓÉ É µ¸´µ¢ ´ ´  µ¶É¨³¨§ Í¨¨ ¸Ì¥³´µ° § ¢¨¸¨-
³µ¸É¨, ¢µ§´¨± ÕÐ¥° ¢ É·¥ÉÓ¥³ ¶µ·Ö¤±¥ ¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¨. �·¨
ÔÉµ³ ¨¸¶µ²Ó§µ¢ ²¨¸Ó ÊÉµÎ´¥´´Ò¥ ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±µÔËË¨Í¨¥´ÉÒ [103, 104],
  ¤²Ö µ¶É¨³¨§ Í¨¨ ¸Ì¥³´µ° § ¢¨¸¨³µ¸É¨ ¢ · ¡µÉ Ì [101, 102] ¡Ò² ¢Ò¡· ´
¶·¨´Í¨¶ ³¨´¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ [96,97]. ‚ · ¡µÉ¥ [100] ¤²Ö  ´ ²¨§ 
· ¸¸³ É·¨¢ ¥³µ£µ §¤¥¸Ó ¶·µÍ¥¸¸  e+e−-  ´´¨£¨²ÖÍ¨¨ ¶·¨³¥´Ö²¸Ö É ±¦¥ ¨´µ°
¸¶µ¸µ¡ µ¶É¨³¨§ Í¨¨ ¸Ì¥³´µ° § ¢¨¸¨³µ¸É¨, ¨¸¶µ²Ó§ÊÕÐ¨° ³¥Éµ¤ ÔËË¥±É¨¢-
´ÒÌ § ·Ö¤µ¢ [105]. �É³¥É¨³ §¤¥¸Ó, ÎÉµ § ¢¨¸¨³µ¸ÉÓ µÉ ¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢µ±
³µ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ Ê³¥´ÓÏ¥´  ¢  ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨° [106].

�·¨³¥´¨³ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö µ¶¨¸ ´¨Ö R(s)-µÉ´µÏ¥´¨Ö ¢ ¶·µ-
Í¥¸¸¥ e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò. „²Ö Ê¤µ¡¸É¢  ¸· ¢´¥´¨Ö, É ± ¦¥, ± ± ¨
¢ [102], ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¨´É¥·¢ ² Q =

√
s µÉ 0 ¤µ 6 ƒÔ‚. ˆ¸¶µ²Ó§µ-

¢ ´¨¥ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ´¥¶µ¸·¥¤¸É¢¥´´µ£µ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨-
³¥´É ²Ó´µ ´ ¡²Õ¤ ¥³µ° ¢¥²¨Î¨´Ò R(s) ¶·¨ ³ ²ÒÌ s ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§-
³µ¦´Ò³ ¢¢¨¤Ê ´ ²¨Î¨Ö ¶µ·µ£µ¢ÒÌ ¸¨´£Ê²Ö·´µ¸É¥° ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ · §²µ¦¥-
´¨¨ ¢¨¤  (αs/v)n. ‚ · ¡µÉ¥ [107] ¡Ò² ¶·¥¤²µ¦¥´ É ± ´ §Ò¢ ¥³Ò° ©¸³¨·¨´£ª-
³¥Éµ¤, ¶µ§¢µ²ÖÕÐ¨° ¶·µ¢¥¸É¨ ¸· ¢´¥´¨¥ ¸ µ¶ÒÉµ³. ‘µ£² ¸´µ [107] ¶·µ¡²¥³ 
·¥§µ´ ´¸µ¢ ¨ ¶µ·µ£µ¢ÒÌ ¸¨´£Ê²Ö·´µ¸É¥° ·¥Ï ¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‚³¥-
¸Éµ ¨¸Ìµ¤´µ° ¢¥²¨Î¨´Ò R(s), ±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¸± Îµ± ±µ··¥²ÖÍ¨-
µ´´µ° ËÊ´±Í¨¨ Π(s) ´  · §·¥§¥

R(s) =
1

2i
[ Π(s+ iε)−Π(s− iε) ] , (4.1)

¶·¥¤² £ ¥É¸Ö ¢¢¥¸É¨ ©¸³¨·¨´£ª-¢¥²¨Î¨´Ê

R∆(s) =
1

2i
[ Π(s+ i∆)−Π(s− i∆) ] (4.2)

¸ ´¥±µÉµ·Ò³ ±µ´¥Î´Ò³ §´ Î¥´¨¥³ ∆. „²Ö §´ Î¥´¨° s ¢¡²¨§¨ ¶µ·µ£  ¢¥-
²¨Î¨´  (4.1) µ± §Ò¢ ¥É¸Ö µÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´µ° ± ¶µ·µ£µ¢Ò³ ¸¨´£Ê²Ö·´µ-
¸ÉÖ³, ¶·¨ ¶µ¤Ìµ¤¥ ± ±µÉµ·Ò³ ¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ ¶¥·¥¸É ¥É · ¡µ-
É ÉÓ. �É¸ÉÊ¶¨¢ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ q2 µÉ ¢¥Ð¥¸É¢¥´´µ° µ¸¨ ´  ±µ´¥Î-
´ÊÕ ¢¥²¨Î¨´Ê ∆, ± ± ¢ ¢Ò· ¦¥´¨¨ (4.2), ³µ¦´µ · ¸¸Î¨ÉÒ¢ ÉÓ ´  Éµ, ÎÉµ ¶·¨
¨¸¶µ²Ó§µ¢ ´¨¨ ±µ··¥±É´µ° ¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¨ ³µ¦´µ µ¶¨¸ ÉÓ
R∆(s) (4.2). �Í¥´±  ¶ · ³¥É·  ∆, ±µÉµ·ÊÕ ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ÔË-
Ë¥±É¨¢´µ£µ ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, ¤ ´  ¢ · ¡µÉ¥ [107]
¨ ¨³¥¥É ¶µ·Ö¤µ± 1÷ 3 ƒÔ‚2.

©�±¸¶¥·¨³¥´É ²Ó´ Öª ±·¨¢ Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö (4.2), ¢µ§´¨± ¥É, ¥¸²¨,
¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¤¨¸¶¥·¸¨µ´´Ò³ ¸µµÉ´µÏ¥´¨¥³

Π(q2) = const +
1

π

∫ ∞
0

ds
R(s)

s− q2 − i ε , (4.3)
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¶¥·¥¶¨¸ ÉÓ ¢Ò· ¦¥´¨¥ (4.2) ¢ ¢¨¤¥

R∆(s) =
∆

π

∫ ∞
0

ds′
R(s′)

(s− s′)2 + ∆2
. (4.4)

�µ¤¸É ¢¨¢ ¸Õ¤  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Ë¨É Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ e+e−-
 ´´¨£¨²ÖÍ¨¨ Rexp(s), ³µ¦´µ ´ °É¨ Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ ±·¨¢ÊÕ, µÉ¢¥Î ÕÐÊÕ
ËÊ´±Í¨¨ (4.2). „²Ö ´¥±µÉµ·ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ∆, µÍ¥´±¨ ±µÉµ·µ£µ ¤ ´Ò
¢ [107], É ±¨¥ ±·¨¢Ò¥ ¡Ò²¨ ´ °¤¥´Ò ¢ [101,102]. �Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¨Ì ¤²Ö
¸· ¢´¥´¨Ö ¸ ¶µ²ÊÎ¥´´Ò³¨ ´  µ¸´µ¢¥ · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤  ·¥§Ê²ÓÉ É ³¨.

�·¨ · ¸¸³µÉ·¥´¨¨ ©¸³¨·¨´£ª-¢¥²¨Î¨´ É·Ê¤´µ¸É¨ ¸ ³ ²Ò³¨ v ´¥ ¢µ§´¨-
± ¥É. ’¥³ ´¥ ³¥´¥¥ ¶·Ö³µ¥ ¶·¨³¥´¥´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö µ¶¨¸ ´¨Ö
R∆(s) ¢¸¥ ¥Ð¥ ´¥¢µ§³µ¦´µ. „¥°¸É¢¨É¥²Ó´µ, R-µÉ´µÏ¥´¨¥ ¢ ¢Ò· ¦¥´¨¨ (4.4),
¶ · ³¥É·¨§µ¢ ´´µ¥ ¸ ¶µ³µÐÓÕ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¸ ´¥Ë¨§¨Î¥¸±¨³¨ ¸¨´£Ê-
²Ö·´µ¸ÉÖ³¨, ¶·¨¢µ¤¨É ± · ¸Ìµ¤¨³µ¸É¨ ¨´É¥£· ²  ¢ (4.4). ’ ±¨³ µ¡· §µ³, ´¥-
¸³µÉ·Ö ´  Éµ, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ ©¸³¨·¨´£ª-¢¥²¨Î¨´Ò (4.2) ¶µ§¢µ²Ö¥É µ¡µ°É¨
§ É·Ê¤´¥´¨¥ ¸ ¶µ·µ£µ¢Ò³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨, ¢µ§´¨± ¥É ¶·µ¡²¥³ , ¸¢Ö§ ´´ Ö ¸
¶µ¢¥¤¥´¨¥³ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨. �·¨³¥´¥´¨¥ ³¥Éµ¤ 
‚’‚ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¨§¡¥¦ ÉÓ ÔÉµ° É·Ê¤´µ¸É¨.

�£· ´¨Î¨³¸Ö ¶¥·¢Ò³ ´¥É·¨¢¨ ²Ó´Ò³ ¶µ·Ö¤±µ³, µ¶·¥¤¥²Ö¥³Ò³ ‚’‚-· §-
²µ¦¥´¨¥³ (3.21). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²ÊÎ ¥³

R(s) = 3
∑
f

Q2
f T (vf) θ(s− 4m2

f )

[
1 + g(vf )

αeff(Q)

π

]
. (4.5)

”Ê´±Í¨¨ vf (s), T (v) ¨ g(v) µ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ∗:

vf =
√

1− 4m2
f/s ,

T (v) =
v(3− v2)

2
, (4.6)

g(v) =
4π

3

[
π

2v
− 3 + v

4

(
π

2
− 3

4π

)]
.

„²Ö αeff(Q)/π · ¸¸³µÉ·¨³ ¤¢  ¢Ò· ¦¥´¨Ö, ±µÉµ·Ò¥ µÉ¢¥Î ÕÉ · §²¨Î´Ò³ Ê·µ¢-
´Ö³  ¶¶·µ±¸¨³ Í¨¨, ¸µµÉ¢¥É¸É¢¥´´µ, O(a2) ¨ O(a3):

α
(2)
eff

π
=

4

C2
a2 ,

α
(3)
eff

π
=

4

C3
a2(1 + 3 a) . (4.7)

∗”Ê´±Í¨Ö g(v) ¢ (4.6) µÉ¢¥Î ¥É ¨´É¥·¶µ²ÖÍ¨µ´´µ° Ëµ·³Ê²¥ ˜¢¨´£¥·  [108]. ’µÎ´Ò¥ ¢Ò· -
¦¥´¨Ö ¤²Ö ¤¢ÊÌ¶¥É²¥¢ÒÌ ³ ¸¸¨¢´ÒÌ ±µ··¥²ÖÉµ·µ¢, ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¢ ¤ ²Ó´¥°Ï¥³
¶·¨ · ¸¸³µÉ·¥´¨¨ ¶· ¢¨² ¸Ê³³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨, ¶·¨¢¥¤¥´Ò ¢ ¶·¨²µ¦¥´¨¨ B.
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‡´ Î¥´¨Ö ¶ · ³¥É·µ¢ C2 ¨ C3 ´¥ ¸¢Ö§ ´Ò ¸ Ë¨É¨·µ¢ ´¨¥³ e+e−-Ô±¸¶¥·¨-
³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ,   ¡Ò²¨ ´ °¤¥´Ò ´ ³¨ · ´¥¥ ¨§ Ê¸²µ¢¨Ö, ÎÉµ ·¥´µ·³£·Ê¶-
¶µ¢ Ö β-ËÊ´±Í¨Ö ¢¥¤¥É ¸¥¡Ö ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ
¸¢Ö§¨ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: β(λ) ' −λ. ’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¸µµÉ¢¥É¸É¢Ê¥É ¸¨´-
£Ê²Ö·´µ³Ê ¨´Ë· ±· ¸´µ³Ê ¶µ¢¥¤¥´¨Õ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  αs(Q2) ∼ Q−2 ¨
µ¡¥¸¶¥Î¨¢ ¥É ²¨´¥°´Ò° ·µ¸É ¸É É¨Î¥¸±µ£µ ±¢ ·±- ´É¨±¢ ·±µ£µ ¶µÉ¥´Í¨ ²  ´ 
¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ. ’ ±¨³ µ¡· §µ³, ³Ò Ë¨±¸¨·Ê¥³ ¶ · ³¥É·Ò Ci, Ë¨£Ê·¨-
·ÊÕÐ¨¥ ¢ (4.7), µ¸´µ¢Ò¢ Ö¸Ó ´  ¤ ´´ÒÌ ¶µ  ¤·µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨. �Éµ, ± ±
¡Ò²µ µÉ³¥Î¥´µ ¢ÒÏ¥, ¤ ¥É: C2 = 0, 977 ¨ C3 = 4, 1. „²Ö ³ ¸¸ ±¢ ·±µ¢, É ± ¦¥
± ± ¨ ¢ [102], ¢µ§Ó³¥³ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö: mu = 5, 6 ŒÔ‚, md = 9, 9 ŒÔ‚,
ms = 199 ŒÔ‚, mc = 1, 350 ƒÔ‚ ¨ mb = 4, 75 ƒÔ‚.

�¥£ÊÐ¨° ¶ · ³¥É· · §²µ¦¥´¨Ö ± ± ËÊ´±Í¨Ö ¨³¶Ê²Ó¸  Q µ¶·¥¤¥²Ö¥É¸Ö ¨§
Ê· ¢´¥´¨Ö

Q = Q0 exp

{
Ci

4 β0
[ fi(a) − fi(a0) ]

}
, (4.8)

£¤¥

f2(a) =
2

a2
+

12

a
+ 21 ln

1− a
a
− 9

1− a ,

f3(a) =
2

a2
− 6

a
− 48 lna− 18

11

1

1− a +
624

121
ln (1− a) + (4.9)

+
5184

121
ln (1 +

9

2
a) .

�¨¸. 8. �µ¢¥¤¥´¨¥ ËÊ´±Í¨° α(2)
eff /π (Éµ-

Î¥Î´ Ö ±·¨¢ Ö), α(3)
eff /π (¸¶²µÏ´ Ö) ¢

‚’‚-¶µ¤Ìµ¤¥ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° µ¤-
´µ¶¥É²¥¢µ° ¶¥·ÉÊ·¡ É¨¢´µ° ±µ´¸É ´ÉÒ
¸¢Ö§¨ αs (¶Ê´±É¨·)

„²Ö µ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¶ · ³¥É·µ¢
¢µ¸¶µ²Ó§Ê¥³¸Ö ´µ·³¨·µ¢±µ° αeff(Q0) =
α0,   ¢ ± Î¥¸É¢¥ Q0 ¢Ò¡¥·¥³ §´ Î¥´¨¥
³ ¸¸Ò Z-¡µ§µ´  Q0 = MZ = 91, 2 ƒÔ‚
¨ α0 = 0, 12, ¶µ¸²¥ Î¥£µ ¸¢µ¡µ¤´ÒÌ ¶ -
· ³¥É·µ¢ ´¥ µ¸É ¥É¸Ö. �É³¥É¨³, ÎÉµ ¶·¨
ÔÉµ³ ± ± Ö-²¨¡µ ¨´Ëµ·³ Í¨Ö, ¢ÒÉ¥± Õ-
Ð Ö ¨§ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¤ ´´ÒÌ ¶µ
e+e−- ´´¨£¨²ÖÍ¨¨, ´¥ ¨¸¶µ²Ó§Ê¥É¸Ö.

�  ·¨¸. 8 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±-

Í¨° α
(2)
eff /π ¨ α

(3)
eff /π, µ¶·¥¤¥²¥´´ÒÌ ¸µ-

£² ¸´µ (4.7), ±µÉµ·Ò¥ ¶· ±É¨Î¥¸±¨ ¸µ-
¢¶ ¤ ÕÉ ¤·Ê£ ¸ ¤·Ê£µ³. „²Ö ¸· ¢´¥´¨Ö
³Ò É ±¦¥ ¶·¨¢µ¤¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥
¶¥·ÉÊ·¡ É¨¢´µ³Ê ¸²ÊÎ Õ ¶µ¢¥¤¥´¨¥ µ¤-
´µ¶¥É²¥¢µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. �²¨§µ¸ÉÓ
‚’‚-±·¨¢ÒÌ, ¶·¥¤¸É ¢²¥´´ÒÌ ´  ·¨¸. 8, ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ¡ Ê¸Éµ°Î¨¢µ¸É¨
·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ ¥³ÒÌ ¢ · §²¨Î´ÒÌ ¶µ·Ö¤± Ì ‚’‚- ¶¶·µ±¸¨³ Í¨¨. Š ±
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³Ò ¢¨¤¥²¨ ¢ÒÏ¥,  ´ ²µ£¨Î´ Ö ± ·É¨´  ¢ Ï¨·µ±µ° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ´ ¡²Õ¤ ¥É¸Ö ¨ ¤²Ö β-ËÊ´±Í¨°, µÉ¢¥Î ÕÐ¨Ì · §²¨Î´Ò³ Ê·µ¢-
´Ö³ ¶·¨¡²¨¦¥´¨°. ’ ± Ö ¦¥ Ê¸Éµ°Î¨¢µ¸ÉÓ ¶µ µÉ´µÏ¥´¨Õ ± ÊÎ¥ÉÊ ¸²¥¤Ê-
ÕÐ¨Ì ¶¥É²¥¢ÒÌ ¶µ¶· ¢µ± ¨³¥¥É ³¥¸Éµ ¨ ¤²Ö ©¸³¨·¨´£ª-¢¥²¨Î¨´Ò (4.4).

�¨¸. 9. ƒ· Ë¨± ©¸³¨·¨´£ª-¢¥²¨Î¨´Ò
R∆ ¤²Ö ∆ = 3 ƒÔ‚2. ‘¶²µÏ´ Ö ±·¨¢ Ö
¸µµÉ¢¥É¸É¢Ê¥É ‚’‚-·¥§Ê²ÓÉ ÉÊ. �±¸¶¥-
·¨³¥´É ²Ó´ Ö ©¸³¨·¨´£ª-±·¨¢ Ö, µ¡µ-
§´ Î¥´´ Ö ¤²¨´´Ò³ ¶Ê´±É¨·µ³, ¢§ÖÉ 
¨§ [102]. �¥§Ê²ÓÉ É µ¶É¨³¨§ Í¨¨ É·¥-
ÉÓ¥£µ ¶µ·Ö¤±  ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ-
¦¥´¨Ö, ¢Ò¶µ²´¥´´Ò° ¢ [102] ´  µ¸´µ¢¥
¶·¨´Í¨¶  ³¨´¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó-
´µ¸É¨, µ¡µ§´ Î¥´ ¶Ê´±É¨·´µ° ²¨´¨¥°

�µ¢¥¤¥´¨¥ ´ °¤¥´´µ° ËÊ´±Í¨¨ R∆

¤²Ö ∆ = 3 ƒÔ‚2 ¤¥³µ´¸É·¨·Ê¥É¸Ö ´ 
·¨¸. 9 (¤¢¥ ±·¨¢Ò¥, µÉ¢¥Î ÕÐ¨¥ ËÊ´±-
Í¨Ö³ (4.7), ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ, ¨
³Ò ¶·¨¢µ¤¨³ ²¨ÏÓ £· Ë¨±, ¸µµÉ¢¥É-

¸É¢ÊÕÐ¨° α
(3)
eff ). �±¸¶¥·¨³¥´É ²Ó´ Ö

©¸³¨·¨´£ª-±·¨¢ Ö ¢§ÖÉ  ¨§ [102]. ŒÒ
¶·¨¢¥²¨ É ±¦¥ É¥µ·¥É¨Î¥¸±¨° · ¸Î¥É ¨§
ÔÉµ° · ¡µÉÒ, ¶µ²ÊÎ¥´´Ò° ¶·¨ µ¶É¨³¨-
§ Í¨¨ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¶¥·ÉÊ·¡ É¨¢´µ£µ
· §²µ¦¥´¨Ö ´  µ¸´µ¢¥ ¶·¨´Í¨¶  ³¨´¨-
³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨. ’ ±¨³ µ¡· -
§µ³, ·¥§Ê²ÓÉ É, ´ °¤¥´´Ò° Ê¦¥ ¢ ¶¥·-
¢µ³ ¶µ·Ö¤±¥ ‚’‚, ¤µ¸É ÉµÎ´µ Ìµ·µÏµ
¢µ¸¶·µ¨§¢µ¤¨É Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ ±·¨-
¢ÊÕ ¨ ¡²¨§µ± ± ·¥§Ê²ÓÉ ÉÊ, ¶µ²ÊÎ¥´-
´µ³Ê ´  µ¸´µ¢¥ µ¶É¨³¨§ Í¨¨ É·¥ÉÓ¥£µ
¶µ·Ö¤±  µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.
ˆ´É¥·¥¸´µ, ÎÉµ  ´ ²µ£¨Î´ Ö ¸¨ÉÊ Í¨Ö
¨³¥¥É ³¥¸Éµ ¨ ¢  ´ ²¨É¨Î¥¸±µ° É¥-
µ·¨¨ ¢µ§³ÊÐ¥´¨° [106], ¢ ±µÉµ·µ°,
É ± ¦¥, ± ± ¢ ‚’‚-¶µ¤Ìµ¤¥, ¸ÊÐ¥¸É¢Ê¥É
¨´Ë· ±· ¸´µ-¸É ¡¨²Ó´ Ö ÉµÎ± .

‚ ¶µ¸²¥¤´¥¥ ¢·¥³Ö Ï¨·µ±µ µ¡¸Ê¦¤ ¥É¸Ö ¢µ¶·µ¸ µ ©§ ³µ·µ§±¥ª ±µ´¸É ´ÉÒ
¸¢Ö§¨ Š•„ ¶·¨ ³ ²ÒÌ Ô´¥·£¨ÖÌ. ‚ ´¥µ¡Ìµ¤¨³µ¸É¨ É ±µ° ©§ ³µ·µ§±¨ª ´Ê¦¤ -
ÕÉ¸Ö ³´µ£¨¥ µ¸´µ¢ ´´Ò¥ ´  Š•„ ³µ¤¥²Ó´Ò¥ ¶µ¤Ìµ¤Ò (¸³. ¶µ¤·µ¡´µ¥ µ¡¸Ê-
¦¤¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¢ [102] ¨ Í¨É¨·Ê¥³ÊÕ É ³ ²¨É¥· ÉÊ·Ê). Š ¸µ¦ ²¥´¨Õ,
¶·Ö³µ° Ô±¸¶¥·¨³¥´É ²Ó´µ° ¨´Ëµ·³ Í¨¨ µ ¶µ¢¥¤¥´¨¨ Š•„ ±µ´¸É ´ÉÒ ¸¢Ö§¨
¢ £²Ê¡µ±µ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥ ¨³¥¥É¸Ö. ‘ÊÐ¥¸É¢ÊÕÉ
²¨ÏÓ ´¥±µÉµ·Ò¥ ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ É ±µ£µ ¶µ¢¥¤¥´¨Ö. �¤´  ¨§
´¨Ì, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ©¸³¨·¨´£ª-¢¥²¨Î¨´¥ R∆, ¡Ò²  · ¸¸³µÉ·¥´  ¢ÒÏ¥. ‚
± Î¥¸É¢¥ ¤·Ê£µ° Ê¤µ¡´µ° ¤²Ö ¸· ¢´¥´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ° ¢¥²¨Î¨´Ò ¡Ê¤¥³
¨¸¶µ²Ó§µ¢ ÉÓ §¤¥¸Ó ´¥ § ¢¨¸ÖÐ¨° µÉ Ë¨É¨·µ¢ ´¨Ö ¤ ´´ÒÌ ¨´É¥£· ² [109]:

I =

∫ 1ƒÔ‚

0

dQ
αeff
s (Q)

π
' 0, 2 ƒÔ‚ , (4.10)

¢¥²¨Î¨´Ê ±µÉµ·µ£µ ÊÌ¨É·ÖÕÉ¸Ö ¨§¢²¥± ÉÓ ¨§ Ë¨§¨±¨ ¸É·Ê°. ‚ ´ Ï¥³ ¸²ÊÎ ¥
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¤²Ö α(2)
eff §´ Î¥´¨¥ ÔÉµ£µ ¨´É¥£· ²  · ¢´µ 0,239 ƒÔ‚,   ¤²Ö α(3)

eff ¨´É¥£· ² · ¢¥´
0,237 ƒÔ‚.

‚ÒÏ¥ ³Ò · ¸¸³µÉ·¥²¨ ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢ ¢ ±¢ ´Éµ-
¢µ° Ì·µ³µ¤¨´ ³¨±¥, ¨¸¶µ²Ó§ÊÖ ·¥´µ·³ ²¨§ Í¨µ´´Ò¥ ¶·¥¤¶¨¸ ´¨Ö ¨§ ±² ¸¸ 
MS-¸Ì¥³. �¡µ¡Ð¥´¨Õ ´  ¸²ÊÎ ° MOM-¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢µ± ¶µ¸¢ÖÐ¥´Ò
· ¡µÉÒ [64,66Ä68]. �·¨ ÔÉµ³ µ± § ²µ¸Ó, ÎÉµ ¤²Ö ËÊ´±Í¨¨ R∆(s) ¶µ²ÊÎ ¥É¸Ö
·¥§Ê²ÓÉ É, ±µÉµ·Ò° ¢¥¸Ó³  ¡²¨§µ± ± · ¸¸³µÉ·¥´´µ³Ê ¢ÒÏ¥ MS-¸²ÊÎ Õ. �ÉµÉ
Ë ±É ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ¸Ì¥³´µ° ¸É ¡¨²Ó´µ¸É¨ ‚’‚-¶µ¤Ìµ¤ .

5. ˆ�Š‹�‡ˆ‚�›‰ ��‘��„ τ -‹…�’���

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Éµ¤µ³ ·¥´µ·³ ²¨§ Í¨µ´´µ° £·Ê¶¶Ò [1] ¨´¢ ·¨ ´É´Ò°
§ ·Ö¤ µ¶·¥¤¥²Ö¥É¸Ö ¢ ¶·µ¸É· ´¸É¢¥´´µ-¶µ¤µ¡´µ° ¥¢±²¨¤µ¢µ° µ¡² ¸É¨. „²Ö ¶ -
· ³¥É·¨§ Í¨¨ ¢ · ³± Ì ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ ¶·µÍ¥¸¸µ¢, ¤²Ö ±µÉµ·ÒÌ
Ì · ±É¥·´Ò³¨ Ö¢²ÖÕÉ¸Ö ¢·¥³¥´¨¶µ¤µ¡´Ò¥ ¨³¶Ê²Ó¸Ò, ± ±, ¸± ¦¥³, ¢ ¶·µ-
Í¥¸¸¥ e+e−- ´´¨£¨²ÖÍ¨¨, É·¥¡Ê¥É¸Ö ¸¶¥Í¨ ²Ó´ Ö ¶·µÍ¥¤Ê·  © ´ ²¨É¨Î¥¸±µ£µ
¶·µ¤µ²¦¥´¨Öª. ‚ · ³± Ì ¶¥·ÉÊ·¡ É¨¢´µ£µ ¶µ¤Ìµ¤  ÔÉµÉ ¢µ¶·µ¸ · ¸¸³ É·¨-
¢ ²¸Ö ¢ · ¡µÉ Ì [103, 110Ä113]. Š ± ¸É ´¥É ¶µ´ÖÉ´µ ¨§ ¤ ²Ó´¥°Ï¥£µ, ¤²Ö
¸ ³µ¸µ£² ¸µ¢ ´´µ£µ ¢Ò¶µ²´¥´¨Ö ¶·µÍ¥¤Ê·Ò © ´ ²¨É¨Î¥¸±µ£µ ¶·µ¤µ²¦¥´¨Öª
¶·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³¨ µ± §Ò¢ ÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¡¥£ÊÐ¥° ±µ´-
¸É ´ÉÒ ¸¢Ö§¨, ¸µ£² ¸ÊÕÐ¨¥¸Ö ¸ ¶·¥¤¸É ¢²¥´¨¥³ —¥²²¥´  Å ‹¥³ ´ , ±µÉµ·Ò¥,
µÎ¥¢¨¤´µ, · §·ÊÏ ÕÉ¸Ö ¶¥·ÉÊ·¡ É¨¢´Ò³ ¶·¨¡²¨¦¥´¨¥³, ¶·¨¢µ¤ÖÐ¨³ ± ´¥Ë¨-
§¨Î¥¸±¨³ µ¸µ¡¥´´µ¸ÉÖ³ É¨¶  ¶·¨§· Î´µ£µ ¶µ²Õ¸ . ‚ ÔÉµ³ · §¤¥²¥ · ¸¸³µÉ·¨³
¢µ¶·µ¸ µ¶·¥¤¥²¥´¨Ö ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨, ¸²¥-
¤ÊÖ · ¡µÉ¥ [59],   É ±¦¥ µ¡¸Ê¤¨³ ¶·¨³¥´¥´¨¥ ³¥Éµ¤  ¤²Ö µ¶¨¸ ´¨Ö ¨´±²Õ§¨¢-
´µ£µ · ¸¶ ¤  τ -²¥¶Éµ´  [60, 61, 64]∗, ¨§ÊÎ¨³ ¢²¨Ö´¨¥ ·¥´µ·³ ²µ´´µ£µ ¢±² ¤ 
´  ¨§¢²¥± ¥³µ¥ ¨§ τ -· ¸¶ ¤  §´ Î¥´¨e ±µ´¸É ´ÉÒ ¸¢Ö§¨ [69,71].

ˆ´¢ ·¨ ´É´Ò° § ·Ö¤ ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨. � ¸¸³µÉ·¨³
D-ËÊ´±Í¨Õ [119], ¸¢Ö§ ´´ÊÕ ¸ ±µ··¥²ÖÉµ·µ³ ¢¥±Éµ·´ÒÌ Éµ±µ¢ Π(q2), µ¶·¥-
¤¥²¥´´Ò³ ¸µµÉ´µÏ¥´¨¥³

i

∫
d4x exp (iq · x) 〈0|T {Jµ(x)Jν (0)}|0〉 ∝ (qµqν − gµνq2)Π(q2) , (5.1)

∗‚ · ³± Ì Ê¦¥ Ê¶µ³Ö´ÊÉµ° ¢ÒÏ¥  ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢µ¶·µ¸ µ¶·¥¤¥²¥´¨Ö
¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨ ¨§ÊÎ ²¸Ö ¢ [114,115],   ¶µ²Ê²¥¶Éµ´´Ò°
τ -· ¸¶ ¤ · ¸¸³ É·¨¢ ²¸Ö ¢ [116Ä118].
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¸²¥¤ÊÕÐ¨³ µ¡· §µ³∗:

D(q2) = q2

(
− d

dq2

)
Π(q2) . (5.2)

‘¢Ö§Ó D-ËÊ´±Í¨¨ ¸ R(s)-µÉ´µÏ¥´¨¥³ µ¶·¥¤¥²Ö¥É¸Ö ¤¨¸¶¥·¸¨µ´´Ò³ ¨´-
É¥£· ²µ³

D(q2) = −q2

∫ ∞
0

ds

(s− q2)
2 R(s) . (5.3)

’ ±¨³ µ¡· §µ³, D-ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±µ° ¢ ±µ³¶²¥±¸´µ° q2-¶²µ¸-
±µ¸É¨, · §·¥§ ´´µ° ¢¤µ²Ó ¶µ²µ¦¨É¥²Ó´µ° Î ¸É¨ ¢¥Ð¥¸É¢¥´´µ° µ¸¨. Œµ¦´µ
· §·¥Ï¨ÉÓ ¢Ò· ¦¥´¨¥ (5.3) µÉ´µ¸¨É¥²Ó´µ R(s) ¨ § ¶¨¸ ÉÓ µ¡· É´µ¥ ¸µµÉ´µ-
Ï¥´¨¥ ¢ ¢¨¤¥

R(s) = − 1

2πi

∫ s+i ε

s−i ε

dz

z
D(z) . (5.4)

Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö ¢ (5.4), ¸µ¥¤¨´ÖÕÐ¨° ÉµÎ±¨ s− iε ¨ s+ iε, ¨§µ¡· ¦¥´
´  ·¨¸. 10.

�¨¸. 10. Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö ¢ Ëµ·³Ê²¥ µ¡· Ð¥´¨Ö (5.4)

�·¥¤¸É ¢¨³ D(q2) ¨ R(s) ¢ ¢¨¤¥

D(q2) ∝
∑
f

Q2
f

[
1 + d0 λ(q2) + d1 λ

2(q2) + · · ·
]
≡

≡
∑
f

Q2
f

[
1 + d0 λ

eff(q2)
]
, (5.5)

∗ŒÒ ¶µ²Ó§Ê¥³¸Ö µ¡Ð¥¶·¨´ÖÉÒ³ ¸µ£² Ï¥´¨¥³ Q2 = −q2, É ± ÎÉµ ¥¢±²¨¤µ¢µ° µ¡² ¸É¨
¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²µ¦¨É¥²Ó´Ò¥ Q2.
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R(s) ∝
∑
f

Q2
f

[
1 + r0 λs(s) + r1 λ

(2)
s (s) + · · ·

]
≡

≡
∑
f

Q2
f

[
1 + r0 λ

eff
s (s)

]
. (5.6)

‡¤¥¸Ó ±µÔËË¨Í¨¥´ÉÒ dk, rk ¨ ËÊ´±Í¨¨ λ § ¢¨¸ÖÉ µÉ Î¨¸²  Ë¥·³¨µ´µ¢ f ,
  ¨´¤¥±¸ s Ê ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢ (5.6) µ§´ Î ¥É s-± ´ ². ’ ±¨³ µ¡· §µ³, ¤²Ö
´ ¡²Õ¤ ¥³µ° R(s), µ¶·¥¤¥²¥´´µ° ¤²Ö ¢·¥³¥´¨¶µ¤µ¡´ÒÌ §´ Î¥´¨°  ·£Ê³¥´É ,
³µ¦´µ ´ ¶¨¸ ÉÓ ¶·¥¤¸É ¢²¥´¨¥,  ´ ²µ£¨Î´µ¥ ¶·¥¤¸É ¢²¥´¨Õ ¤²Ö ¥¢±²¨¤µ¢µ°
(t-± ´ ²Ó´µ°) ¢¥²¨Î¨´Ò (5.5)∗. �µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ ¶·¨´ÖÉÓ ËÊ´±Í¨Õ λeff

s (s)
¢ ¢Ò· ¦¥´¨¨ (5.6) §  µ¶·¥¤¥²¥´¨¥ ÔËË¥±É¨¢´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢µ ¢·¥³¥´¨-
¶µ¤µ¡´µ° µ¡² ¸É¨.

�·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥, ÎÉµ ±µÔËË¨Í¨¥´ÉÒ d0 ¨ r0 ¢ (5.5) ¨ (5.6) ¸µ¢¶ -
¤ ÕÉ, ¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐÊÕ ¢§ ¨³µ¸¢Ö§Ó ³¥¦¤Ê t- ¨ s-± ´ ²Ó´Ò³¨ ±µ´¸É ´É ³¨:

λeff(q2) = − q2

∫ ∞
0

ds

(s− q2)2 λ
eff
s (s) , (5.7)

λeff
s (s) = − 1

2πi

∫ s+i ε

s−i ε

dz

z
λeff(z) . (5.8)

„²Ö ´ Ìµ¦¤¥´¨Ö s-± ´ ²Ó´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ¢µ¸-
¶µ²Ó§µ¢ ÉÓ¸Ö ¸µµÉ´µÏ¥´¨¥³ (5.8) ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¶·¨ ÔÉµ³ § ±·Ò¢
£² §  ´  ´ ·ÊÏ¥´¨¥ ¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¥° ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö ¸µ-
£² ¸µ¢ ´¨Ö (5.7) ¨ (5.8)  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢. ’ ±µ¥ · ¸¸³µÉ·¥´¨¥ ¢¥¤¥É ±
¨§¢¥¸É´Ò³ π2-¢±² ¤ ³ ¢ ¶¥·ÉÊ·¡ É¨¢´Ò¥ s-± ´ ²Ó´Ò¥ ±µÔËË¨Í¨¥´ÉÒ. �ÉµÉ
¢±² ¤ µ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  ¸ÊÐ¥¸É¢¥´´Ò³ ¸ ÉµÎ±¨ §·¥´¨Ö Ë¥´µ³¥´µ²µ£¨¨. ’ ±,
´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò τ -²¥¶Éµ´ , £¤¥ ᾱs(M

2
τ ) ' 0, 35, · §´¨Í  ³¥¦¤Ê t- ¨ s-

± ´ ²Ó´Ò³¨ ±µ´¸É ´É ³¨, µ¡Ê¸²µ¢²¥´´ Ö π2-¢±² ¤ ³¨, ¤µ¸É¨£ ¥É 20 %. �¤-
´ ±µ ´ ·ÊÏ¥´¨¥ ¶·¨ ¶¥·ÉÊ·¡ É¨¢´µ³ · ¸¸³µÉ·¥´¨¨ ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ  ´ ²¨-
É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ´ °¤¥´´Ò° É ±¨³ µ¡· §µ³ s-± ´ ²Ó´Ò°
§ ·Ö¤ ¶·¨ ¶µ¤¸É ´µ¢±¥ ¢ ¢Ò· ¦¥´¨¥ (5.7) ´¥ ¢µ¸¶·µ¨§¢¥¤¥É ¨¸Ìµ¤´ÊÕ ËÊ´±-
Í¨Õ. �Éµ £µ¢µ·¨É µ Éµ³, ÎÉµ ¶·¨ µ¡ÒÎ´µ³ ¶¥·ÉÊ·¡ É¨¢´µ³ · ¸¸³µÉ·¥´¨¨ ´¥
Ê¤ ¥É¸Ö ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· §µ³ µ¶·¥¤¥²¨ÉÓ ±µ´¸É ´ÉÊ ¸¢Ö§¨ ¢µ ¢·¥³¥´¨-
¶µ¤µ¡´µ° µ¡² ¸É¨.

∗�É³¥É¨³, ÎÉµ λ
(2)
s ¢ ¢Ò· ¦¥´¨¨ (5.6) ´¥ ¸µ¢¶ ¤ ¥É ¸ ±¢ ¤· Éµ³ λs, ¨ · §²µ¦¥´¨¥ ¢ (5.6) ´¥

Ö¢²Ö¥É¸Ö ¸É¥¶¥´´Ò³. �´ ²µ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¨ ¢  ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.
‘µµÉ¢¥É¸É¢ÊÕÐ¨¥  ´ ²¨É¨Î¥¸±µ³Ê ¶µ¤Ìµ¤Ê ´¥¸É¥¶¥´´Ò¥ · §²µ¦¥´¨Ö ¨§ÊÎ ²¨¸Ó ¢ [120].
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‚ ‚’‚-¶µ¤Ìµ¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° (5.8) s-± ´ ²Ó´Ò° § ·Ö¤ ´ Ìµ¤¨É¸Ö ¸²¥-
¤ÊÕÐ¨³ µ¡· §µ³ [59]:

λ(i)
s (s) =

1

2πi

1

2 β0

[
φ(i)(a+) − φ(i)(a−)

]
, (5.9)

£¤¥ a± ¶µ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Õ

f(a±) = f(a0) +
2 β0

C

[
ln

s

Q2
0

± i π

]
, (5.10)

¢ ±µÉµ·µ³ ¢ ´¨§Ï¨Ì ¶µ·Ö¤± Ì ËÊ´±Í¨¨ f(a) µ¶·¥¤¥²¥´Ò ¸µ£² ¸´µ (4.9),  
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ËÊ´±Í¨¨ φ(a) ¨³¥ÕÉ ¢¨¤

φ(2)(a) =
1

1− a [2− 11a− 4(1− a) ln a+ 3(1− a) ln(1− a)] , (5.11)

φ(3)(a) = −4 lna− 72

11

1

1− a +
318

121
ln (1− a) +

256

363
ln

(
1 +

9

2
a

)
. (5.12)

Šµ´¸É ´ÉÒ ¸¢Ö§¨ λ(q2) ¨ λs(s), µÎ¥¢¨¤´µ, ¨³¥ÕÉ µ¤¨´ ±µ¢Ò¥, µ¶·¥¤¥²Ö¥-
³Ò¥ ¸¢µ°¸É¢µ³  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò Ê²ÓÉ· Ë¨µ²¥Éµ¢Ò¥ ©Ì¢µ¸ÉÒª ¨ µ¤´¨
¨ É¥ ¦¥ ¨´Ë· ±· ¸´Ò¥ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö. �¤´ ±µ ¶·¨ ±µ´¥Î´ÒÌ §´ Î¥´¨ÖÌ
 ·£Ê³¥´Éµ¢ ÔÉ¨ ËÊ´±Í¨¨ µÉ²¨Î ÕÉ¸Ö ¤·Ê£ µÉ ¤·Ê£ . ’ ±, ´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò
τ -²¥¶Éµ´  ÔÉµ · §²¨Î¨¥ ¸µ¸É ¢²Ö¥É ¶µ·Ö¤±  7%, ÎÉµ § ³¥É´µ ³¥´ÓÏ¥, Î¥³ ¶·¨
¶¥·ÉÊ·¡ É¨¢´µ³ · ¸¸³µÉ·¥´¨¨, ¨ ¶µÔÉµ³Ê ¢ ¦´µ ¸ ÉµÎ±¨ §·¥´¨Ö Ë¥´µ³¥´µ-
²µ£¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢. �É³¥É¨³, ÎÉµ ¶µ¤µ¡´ Ö ¸¨ÉÊ Í¨Ö ¸ t-
¨ s-±µ´¸É ´É ³¨ ¸¢Ö§¨ ¨³¥¥É ³¥¸Éµ ¨ ¢  ´ ²¨É¨Î¥¸±µ³ ¶µ¤Ìµ¤¥ ¢ ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¥ [114,115].

τ -· ¸¶ ¤. …¤¨´¸É¢¥´´Ò³ ¨§¢¥¸É´Ò³ ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ²¥¶Éµ´µ³, ±µ-
Éµ·Ò° ¤µ¶Ê¸± ¥É  ¤·µ´´ÊÕ ³µ¤Ê · ¸¶ ¤ , Ö¢²Ö¥É¸Ö τ -²¥¶Éµ´. ˆ´±²Õ§¨¢´Ò°
τ -· ¸¶ ¤ (¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¤¨ £· ³³  ¨§µ¡· ¦¥´  ´  ·¨¸. 11) ¶·¥¤µ¸É ¢²Ö¥É
Ê´¨± ²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ É¥¸É¨·µ¢ ´¨Ö ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¨. Œ ¸¸  τ -²¥¶Éµ´  Mτ = 1777, 05 +0,29

−0,26 ŒÔ‚ [121], ¸ µ¤´µ°
¸Éµ·µ´Ò, ¤µ¸É ÉµÎ´µ ¢¥²¨± , ÎÉµ¡Ò ¡Ò²¨ ¢µ§³µ¦´Ò  ¤·µ´´Ò¥ ³µ¤Ò · ¸¶ ¤ ,
  ¸ ¤·Ê£µ° Å ¢ Ï± ²¥ Ì·µ³µ¤¨´ ³¨Î¥¸±¨Ì ³ ¸ÏÉ ¡µ¢ ¥¥ §´ Î¥´¨¥ ³ ²µ ¨
´ Ìµ¤¨É¸Ö ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° µ¡² ¸É¨.

ˆ³¥´´µ ¨´±²Õ§¨¢´Ò° · ¸¶ ¤ τ -²¥¶Éµ´  Ö¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ¨´É¥·¥¸´Ò³,
É ± ± ± ¥£µ µ¶¨¸ ´¨¥ ¢ ¶·¨´Í¨¶¥ ¢µ§³µ¦´µ ¡¥§ ¸ÊÐ¥¸É¢¥´´ÒÌ ³µ¤¥²Ó´ÒÌ
¤µ¶ÊÐ¥´¨° [122Ä125] ¨ ¶µ§¢µ²Ö¥É ¸ ¤µ¢µ²Ó´µ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ ´ Ìµ¤¨ÉÓ
§´ Î¥´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ᾱs(M

2
τ ). “¤µ¡´µ° ¢¥²¨Î¨´µ° ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö

Ö¢²Ö¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·Ö¥³ Ö ¢¥²¨Î¨´  Rτ , ±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö
µÉ´µÏ¥´¨¥³  ¤·µ´´µ° ¨ ²¥¶Éµ´´µ° Ï¨·¨´ · ¸¶ ¤ :

Rτ =
Γ[ τ− → ντ hadrons(γ) ]

Γ[ τ− → ντ e− νe (γ) ]
. (5.13)
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�¨¸. 11. „¨ £· ³³  ¨´±²Õ§¨¢´µ£µ · ¸-
¶ ¤  τ -²¥¶Éµ´ 

�¨¸. 12. �¥·¥Ìµ¤ ± ±µ´ÉÊ·´µ³Ê ¶·¥¤¸É ¢-
²¥´¨Õ ¤²Ö Rτ

ˆ¸Ìµ¤´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö É¥µ·¥É¨Î¥¸±µ£µ  ´ ²¨§  ¸²Ê¦¨É ¸²¥¤ÊÕÐ Ö
Ëµ·³Ê² :

Rτ = 2

∫ M2
τ

0

ds

M2
τ

(
1− s

M2
τ

)2 (
1 +

2s

M2
τ

)
R̃(s) , (5.14)

£¤¥

R̃(s) =
N

2πi
[ Π(s+ iε) − Π(s− iε) ] ,

Π(s) =
∑
q=d,s

|Vuq|2 ( Πuq,V (s) + Πuq,A(s) ) . (5.15)

‡¤¥¸Ó Vuq Å Ô²¥³¥´ÉÒ ³ É·¨ÍÒ Šµ¡ ÖÏ¨ Å Œ ¸± ¢ ,   ´µ·³¨·µ¢µÎ´Ò° Ë ±-
Éµ· N µ¶·¥¤¥²Ö¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ´  ¶ ·Éµ´´µ³ Ê·µ¢´¥ ¢Ò¶µ²´Ö²µ¸Ó

R̃
(0)
parton = 3. ‚ · ¸¸³ É·¨¢ ¥³µ³ ´¨¦¥ ¸²ÊÎ ¥ ¡¥§³ ¸¸µ¢ÒÌ ±¢ ·±µ¢ ¢¥±Éµ·-

´Ò° ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò°  ¤·µ´´Ò¥ ±µ··¥²ÖÉµ·Ò ¢ (5.15), Πuq,V ¨ Πuq,A,
¸µ¢¶ ¤ ÕÉ.

�·¨ ¶¥·ÉÊ·¡ É¨¢´µ³  ´ ²¨§¥ ¶µ²Ê²¥¶Éµ´´µ£µ τ -· ¸¶ ¤  ¸· §Ê ¦¥ ¢¸É·¥-
Î ¥³¸Ö ¸ É·Ê¤´µ¸ÉÓÕ ¶·¨³¥´¥´¨Ö ¨¸Ìµ¤´µ° Ëµ·³Ê²Ò (5.14). „¥°¸É¢¨É¥²Ó´µ,
¶ · ³¥É·¨§ Í¨Ö ËÊ´±Í¨¨ R̃(s), ±µÉµ· Ö ¢ · ¸¸³ É·¨¢ ¥³µ³ §¤¥¸Ó ¸²ÊÎ ¥ ¡¥§-
³ ¸¸µ¢ÒÌ ±¢ ·±µ¢ ¶·µ¸Éµ ¸µ¢¶ ¤ ¥É ¸ µÉ´µÏ¥´¨¥³ R(s) ¤²Ö ¶·µÍ¥¸¸  e+e−-
 ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò, ¸ ¶µ³µÐÓÕ ¶¥·ÉÊ·¡ É¨¢´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨, µ¡² ¤ -
ÕÐ¥° ´¥Ë¨§¨Î¥¸±¨³¨ µ¸µ¡¥´´µ¸ÉÖ³¨, ¶·¨¢µ¤¨É ± ¸¨´£Ê²Ö·´µ¸ÉÖ³ ¶µ¤Ò´É¥-
£· ²Ó´µ£µ ¢Ò· ¦¥´¨Ö ¢ (5.14). ‚ [122] ¡Ò² ¶·¥¤²µ¦¥´ ¸²¥¤ÊÕÐ¨° ¢ÒÌµ¤ ¨§
ÔÉµ£µ § É·Ê¤´¥´¨Ö. ˆ´É¥£· ² (5.14) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ± ± ±µ³¡¨´ Í¨Õ ¨´-
É¥£· ²µ¢ ¶µ ¡¥·¥£ ³ · §·¥§  ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ s (¸³. ·¨¸. 12). ‡ É¥³
¶µ É¥µ·¥³¥ ŠµÏ¨ ÔÉµÉ ¨´É¥£· ² ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ ± ¨´É¥£· ²Ê ¶µ ±µ´ÉÊ·Ê
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|s| = M2
τ . ‚ ¨Éµ£¥, ¶µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Î ¸ÉÖ³, ¶·¨Ìµ¤¨³ ± ±µ´ÉÊ·´µ³Ê

¶·¥¤¸É ¢²¥´¨Õ ¤²Ö Rτ Î¥·¥§ D-ËÊ´±Í¨Õ (5.2):

Rτ =
1

2πi

∮
|z|=1

dz

z
(1 − z)

3
(1 + z)D(M2

τ z) . (5.16)

‡ ¶¨Ï¥³ D-ËÊ´±Í¨Õ ¢ ¢¨¤¥

D(M2
τ z) = d0

[
1 + d1 λ

eff(M2
τ z)

]
(5.17)

¨ ¢Ò¤¥²¨³ ¨§ Rτ ¢±² ¤ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ∆τ :

Rτ = R(0)
τ ( 1 + ∆τ ) , (5.18)

£¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¶ ·Éµ´´µ³Ê Ê·µ¢´Õ ¢¥²¨Î¨´  R(0)
τ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤Ê-

ÕÐ¨³ µ¡· §µ³:
R(0)
τ = 3 ( |Vud|2 + |Vus|2 )SEW . (5.19)

‡¤¥¸Ó SEW = 1, 0194 Å ¨§¢¥¸É´Ò° Ô²¥±É·µ¸² ¡Ò° Ë ±Éµ·, ¨ ³ É·¨Î´Ò¥ Ô²¥-
³¥´ÉÒ Šµ¡ ÖÏ¨ Å Œ ¸± ¢  ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö |Vud| = 0, 9753 ¨
|Vus| = 0, 221 [121,123].

„²Ö ∆τ ´ Ìµ¤¨³ ¢Ò· ¦¥´¨¥

∆τ =
1

2πi
d1

∮
|z|=1

dz

z
(1− z)

3
(1 + z)λeff (M2

τ z) , (5.20)

±µÉµ·µ¥ ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ z = −M2
τ exp (iθ) ¨ ÊÎ¥É  Éµ£µ, ÎÉµ ±µÔËË¨Í¨¥´É

d1 = 4, ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ Ê¤µ¡´µ³ ¤²Ö Î¨¸²¥´´ÒÌ · ¸Î¥Éµ¢ ¢¨¤¥

∆τ =
2

π

∫ π

−π
dθ
(
1 + 2eiθ − 2e3iθ − e4iθ

)
λeff

(
M2
τ e
iθ
)
. (5.21)

„²Ö ¡¥§³ ¸¸µ¢ÒÌ ¸Ì¥³ ¶¥·¥´µ·³¨·µ¢±¨ µ¸µ¡µ ¸²¥¤Ê¥É · ¸¸³µÉ·¥ÉÓ ¢µ¶·µ¸
µ Î¨¸²¥  ±É¨¢´ÒÌ ±¢ ·±µ¢. �É³¥É¨³, ÎÉµ ¢ ¢µ¸Ìµ¤ÖÐ¥³ ± �.�. �µ£µ²Õ¡µ¢Ê
³ ¸¸µ¢µ§ ¢¨¸¨³µ³ ·¥´µ·³£·Ê¶¶µ¢µ³ Ëµ·³ ²¨§³¥, · §¢¨Éµ³ „.‚. ˜¨·±µ¢Ò³
¢ · ¡µÉ Ì [128, 129], ÔÉµ° ¶·µ¡²¥³Ò ´¥ ¢µ§´¨± ¥É. ’ ±µ°  ²£µ·¨É³ £² ¤-
±µ° ©¸Ï¨¢±¨ª ¡Ò² ¨¸¶µ²Ó§µ¢ ´ ¢ [130] ¤²Ö  ´ ²¨§  ¶µ¢¥¤¥´¨Ö ¨´¢ ·¨ ´É´µ£µ
§ ·Ö¤  ¢ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ ¶¥·¥¤ ´´ÒÌ ¨³¶Ê²Ó¸µ¢. �¤´ ±µ ¢ ¸Ì¥³ Ì É¨¶ 
MS ´¥µ¡Ìµ¤¨³ ¤µ¶µ²´¨É¥²Ó´Ò°  ´§ Í, ¶µ§¢µ²ÖÕÐ¨° ¸µ£² ¸µ¢ ´´µ · ¸¸³ -
É·¨¢ ÉÓ · §²¨Î´µ¥ Î¨¸²µ ±¢ ·±µ¢. �¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö ©¸Ï¨¢± ª ¡¥£ÊÐ¥°
±µ´¸É ´ÉÒ ¸¢Ö§¨, µÉ¢¥Î ÕÐ¥° · §²¨Î´µ³Ê Î¨¸²Ê Ë¥·³¨µ´µ¢, ¢ ¥¢±²¨¤µ¢µ°
µ¡² ¸É¨ ¶·¨ Q = ξ mq ¸ ´¥±µÉµ·Ò³ ¶ · ³¥É·µ³ ¸Ï¨¢±¨ 1 ≤ ξ ≤ 2 [126]
(¸³. É ±¦¥ [127]). �Î¥¢¨¤´µ, ÎÉµ É ± Ö ¶·µÍ¥¤Ê·  ¶·¨¢µ¤¨É ± · §·Ò¢Ê ¶·µ¨§-
¢µ¤´µ° ¨ ´ ·ÊÏ ¥É Ê¶µ³Ö´ÊÉÒ¥ ¢ÒÏ¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¨´¢ ·¨ ´É´µ£µ
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§ ·Ö¤ . ‚ ‚’‚-¶µ¤Ìµ¤¥ ÔÉµ° É·Ê¤´µ¸É¨ ³µ¦´µ ¨§¡¥¦ ÉÓ, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó
¢µ§³µ¦´µ¸ÉÓÕ ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ µ¶·¥¤¥²¥´¨Ö ÔËË¥±É¨¢´µ£µ § ·Ö¤  ¢µ ¢·¥-
³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨, ¢ ±µÉµ·µ° Î¨¸²µ  ±É¨¢´ÒÌ ±¢ ·±µ¢ ´¥¶µ¸·¥¤¸É¢¥´´µ
¸¢Ö§ ´µ ¸ Ô´¥·£¨¥° ·µ¦¤¥´¨Ö ±¢ ·±µ¢µ° ¶ ·Ò. �·¨ ÔÉµ³ ¶¥·¥Ìµ¤ ³¥¦¤Ê
µ¡² ¸ÉÖ³¨ ¸ · §²¨Î´Ò³ Î¨¸²µ³ Ë¥·³¨µ´µ¢ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¥° ¸¨¸É¥-
³µ° Ê· ¢´¥´¨°∗:

1

β0(f − 1)
Imφ(a

(f−1)
+ ) =

1

β0(f)
Imφ(a

(f)
+ ), (5.22)

1

C(f−1)
Im

[(
a

(f−1)
+

)2 (
1 + 3a

(f−1)
+

)]
=

1

C(f)
Im

[ (
a

(f)
+

)2 (
1 + 3a

(f)
+

)]
,

±µÉµ· Ö ¶µ§¢µ²Ö¥É Ê¸É ´µ¢¨ÉÓ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶ · ³¥É· ³¨ C(f) ¨ a
(f)
0 ,

µÉ¢¥Î ÕÐ¨³¨ µ¡² ¸ÉÖ³ ¸ · §²¨Î´Ò³ Î¨¸²µ³  ±É¨¢´ÒÌ ±¢ ·±µ¢. ‚ ·¥§Ê²ÓÉ É¥
É ±µ° ¶·µÍ¥¤Ê·Ò ³Ò ¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥° ¶·¨¢²¥± É¥²Ó´µ° ¸ Ë¨§¨Î¥¸±µ°
ÉµÎ±¨ §·¥´¨Ö ± ·É¨´¥. �¥£ÊÐ¨° ¶ · ³¥É· · §²µ¦¥´¨Ö ¢ ¥¢±²¨¤µ¢µ° µ¡² -
¸É¨, ¢µ¸¸É ´µ¢²¥´´Ò° ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ£µ ¨´É¥£· ²  (5.7), ± ± ¨ ¢
³ ¸¸µ¢µ§ ¢¨¸¨³ÒÌ ¸Ì¥³ Ì, ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ± ±µ³Ê-Éµ µ¶·¥¤¥²¥´´µ³Ê Î¨¸²Ê
Ë¥·³¨µ´µ¢, µ´ ¡Ê¤¥É ©§´ ÉÓª µ¡µ ¢¸¥Ì ¶µ·µ£ Ì ¢ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨.

�¡· ¡µÉ±  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ ¨´±²Õ§¨¢´µ³Ê · ¸¶ ¤Ê τ -²¥¶-
Éµ´ , ¢Ò¶µ²´¥´´ Ö [60] ¢ ¶µ·Ö¤±¥ O(a3), ¶·¨¢¥²  ± ¸²¥¤ÊÕÐ¨³ §´ Î¥´¨Ö³
s- ¨ t-± ´ ²Ó´ÒÌ ±µ´¸É ´É ¸¢Ö§¨: αs(M2

τ ) = 0, 37 ¨ α(M2
τ ) = 0, 40. ’ ±¨³

µ¡· §µ³, §´ Î¥´¨¥ t-± ´ ²Ó´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´¥¸±µ²Ó±µ ¡µ²ÓÏ¥ ¢¥²¨Î¨´Ò
¨´¢ ·¨ ´É´µ£µ § ·Ö¤ , µ¶·¥¤¥²¥´´µ£µ ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨. �É³¥É¨³,
ÎÉµ  ´ ²µ£¨Î´Ò° Ë ±É ¨³¥¥É ³¥¸Éµ ¨ ¶·¨ ¶·µ¢¥¤¥´´µ³ ¢ [116, 117]  ´ ²¨§¥,
µ¸´µ¢ ´´µ³ ´   ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ‚Ò¶µ²´¥´´Ò° ¢ [61] · ¸-
Î¥É ¸ ÉµÎ´µ¸ÉÓÕ O(a5) ¶·¨¢µ¤¨É ± ´¥¸±µ²Ó±µ ³¥´ÓÏ¥³Ê §´ Î¥´¨Õ ¨§¢²¥± -
¥³ÒÌ ±µ´¸É ´É ¸¢Ö§¨. ‡ ³¥É´µ¥ ¢²¨Ö´¨¥ ´  ¢¥²¨Î¨´Ê ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ ,
´ °¤¥´´µ£µ ¨§ É¥Ì ¦¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, µ± §Ò¢ ¥É ·¥´µ·³ ²µ´´Ò°
¢±² ¤. �É¨ ¢µ¶·µ¸Ò µ¡¸Ê¤¨³ ´¨¦¥.

�¥´µ·³ ²µ´´Ò° ¢±² ¤. � ¸¸³µÉ·¨³ É¥¶¥·Ó ¸¶µ¸µ¡ ÔËË¥±É¨¢´µ£µ ÊÎ¥É 
¢±² ¤  ·¥´µ·³ ²µ´´ÒÌ Í¥¶µÎ¥± [69]. ‚ ´¨§Ï¥³ ¶µ·Ö¤±¥ ¶¥·ÉÊ·¡ É¨¢´ Ö  ¶-
¶·µ±¸¨³ Í¨Ö D-ËÊ´±Í¨¨ ¨³¥¥É ¢¨¤ D(t, λ) = 1 + 4λ(µ2), £¤¥ t = Q2/µ2.
‘É ´¤ ·É´µ¥ ·¥´µ·³£·Ê¶¶µ¢µ¥ ¸Ê³³¨·µ¢ ´¨¥ ¢¥¤ÊÐ¨Ì ²µ£ ·¨Ë³µ¢ ¶·¨¢µ¤¨É
± ¶µ¤¸É ´µ¢±¥ λ(µ2)→ λ(t, λ). �¤´ ±µ ¨§-§  ¶·¨§· Î´µ£µ ¶µ²Õ¸  Ê ¡¥£ÊÐ¥°
±µ´¸É ´ÉÒ ¸¢Ö§¨ ¶·¨ Q2 = Λ2

QCD É ± Ö ¶µ¤¸É ´µ¢±  ¶·¨¢µ¤¨É ± ´ ·ÊÏ¥´¨Õ

∗‡¤¥¸Ó ³Ò ¶·¨¢µ¤¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (5.22), µ¶·¥¤¥²ÖÕÐÊÕ ¶·µÍ¥¤Ê·Ê ¸Ï¨¢±¨, ¢ ¶µ-
·Ö¤±¥ O(a3). ”Ê´±Í¨Ö φ(a) ¢ ´¥° µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (5.12),   a+ Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥-
´¨Õ (5.10).
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 ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢D-ËÊ´±Í¨¨ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ q2 = −Q2, ¢ ±µ-
Éµ·µ° D-ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±µ° ¸ · §·¥§µ³ ¢¤µ²Ó ¶µ²µ¦¨É¥²Ó´µ°
Î ¸É¨ ¢¥Ð¥¸É¢¥´´µ° µ¸¨. �É  ¸¨ÉÊ Í¨Ö ³µ¦¥É ¡ÒÉÓ ¨¸¶· ¢²¥´ , ¥¸²¨ § ³¥-
É¨ÉÓ, ÎÉµ ¨¸¶µ²Ó§Ê¥³µ¥ ·¥Ï¥´¨¥ ·¥´µ·³£·Ê¶¶µ¢µ£µ Ê· ¢´¥´¨Ö, Ô±¢¨¢ ²¥´É´µ¥
¶µ¤¸É ´µ¢±¥ λ(µ2) → λ(t, λ), ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³. �¡Ð¨³ ·¥Ï¥´¨¥³
Ö¢²Ö¥É¸Ö ´¥±µÉµ· Ö ËÊ´±Í¨Ö ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸  ¸¨³¶ÉµÉ¨Î¥¸±¨³
¶µ¢¥¤¥´¨¥³ 1 + 4λ ¢ µ¡² ¸É¨ ³ ²ÒÌ λ. —Éµ¡Ò ¸µÌ· ´¨ÉÓ  ´ ²¨É¨Î¥¸±¨¥
¸¢µ°¸É¢  D-ËÊ´±Í¨¨, § ¶¨Ï¥³ ¥¥ ± ± ¤¨¸¶¥·¸¨µ´´Ò° ¨´É¥£· ² µÉ ËÊ´±Í¨¨
R(s) = (1/π) Im Π(s + iε). …¸²¨ É¥¶¥·Ó ¤²Ö R(s) ¶·¨³¥´¨ÉÓ ³¥Éµ¤ ·¥´µ·³-
£·Ê¶¶Ò, Éµ ¶µ²ÊÎ¨³ D(t, λ) = 1 + 4λeff(t, λ) ¸µ ¸²¥¤ÊÕÐ¨³ ¶·¥¤¸É ¢²¥´¨¥³
�µ·¥²Ö ¤²Ö ÔËË¥±É¨¢´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨

λeff(t, λ) =

∫ ∞
0

db exp

[
− b

λ(t, λ)

]
B(b) , (5.23)

£¤¥ B(b) = Γ(1 + bβ0) Γ(1 − bβ0).
’ ±¨³ µ¡· §µ³, ¢ ¡µ·¥²¥¢¸±µ° b-¶²µ¸±µ¸É¨ ¨³¥ÕÉ¸Ö ¸¨´£Ê²Ö·´µ¸É¨ ¢ ÉµÎ-

± Ì bβ0 = −1,−2, ... ¨ bβ0 = 1, 2, ..., ±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ Ê²ÓÉ· Ë¨µ²¥-
Éµ¢Ò³ ¨ ¨´Ë· ±· ¸´Ò³ ·¥´µ·³ ²µ´ ³. �¥·¢ Ö ¨´Ë· ±· ¸´ Ö ·¥´µ·³ ²µ´´ Ö
¸¨´£Ê²Ö·´µ¸ÉÓ ¶·¨ bβ0 = 1 µÉ¢¥Î ¥É ¸É¥¶¥´´Ò³ ¶µ¶· ¢± ³ 1/Q2, ±µÉµ·Ò¥,
± ± ¨§¢¥¸É´µ, µÉ¸ÊÉ¸É¢ÊÕÉ ¢ µ¶¥· Éµ·´µ³ · §²µ¦¥´¨¨. •µÉÖ µÉ¸ÊÉ¸É¢¨¥ ¸¨´£Ê-
²Ö·´µ¸É¨ ¶·¨ b = 1/β0 ´¥ Ö¢²Ö¥É¸Ö ¸É·µ£µ ¤µ± § ´´Ò³ Ë ±Éµ³ (¸³., ´ ¶·¨³¥·,
¤¨¸±Ê¸¸¨Õ ¢ [125]), · §Ê³´µ ¤²Ö ¸µ£² ¸µ¢ ´¨Ö ¸µ ¸É·Ê±ÉÊ·µ° µ¶¥· Éµ·´µ£µ
· §²µ¦¥´¨Ö ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¨´Ë· ±· ¸´Ò¥ ·¥´µ·³ ²µ´´Ò¥ ¸¨´£Ê²Ö·´µ¸É¨
´ Î¨´ ÕÉ¸Ö ¸ b = 2/β0. �ÉµÉ Ë ±É ¶·¨¢µ¤¨É ± ¤µ¶µ²´¨É¥²Ó´µ³Ê µ£· ´¨Î¥´¨Õ
´  ¢Ò¡µ· ·¥´µ·³£·Ê¶¶µ¢µ£µ ·¥Ï¥´¨Ö. ˆ´É¥£·¨·ÊÖ ¢ ¨¸Ìµ¤´µ³ ¤¨¸¶¥·¸¨µ´-
´µ³ ¶·¥¤¸É ¢²¥´¨¨ D-ËÊ´±Í¨¨ ¶µ Î ¸ÉÖ³ ¨ ¢Ò¡¨· Ö § É¥³ R(s) ¢ ¸É ´¤ ·É-
´µ³ ·¥´µ·³£·Ê¶¶µ¢µ³ ¢¨¤¥, ´ Ìµ¤¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ°
±µ´¸É ´ÉÒ:

λeff(t, λ) =

∫ ∞
0

d τ ω(τ)
λ(kt, λ)

1 + λ(kt, λ)β0 ln τ
. (5.24)

‡¤¥¸Ó Ë ±Éµ· k § ¢¨¸¨É µÉ ¢Ò¡µ·  ·¥´µ·³ ²¨§ Í¨µ´´µ£µ ¶·¥¤¶¨¸ ´¨Ö. �µ²Ê-
Î¥´´ Ö É ±¨³ µ¡· §µ³ ËÊ´±Í¨Ö

ω(τ) =
2τ

( 1 + τ )3 (5.25)

µ¶¨¸Ò¢ ¥É · ¸¶·¥¤¥²¥´¨¥ ¢¨·ÉÊ ²Ó´µ¸É¥° ¢ ±¢ ·±µ¢µ° ¶¥É²¥. �É  ËÊ´±Í¨Ö
¸µ¢¶ ¤ ¥É ¸ ¨¸¶µ²Ó§Ê¥³µ° ¢ · ¡µÉ¥ [131] ¨ ´ °¤¥´´µ° ´  µ¸´µ¢¥ ¤·Ê£¨Ì ¸µ-
µ¡· ¦¥´¨° ¨, ± ± ¶µ± § ´µ ´  ·¨¸. 13, ¡²¨§±  ± ÉµÎ´µ° [132].

”Ê´±Í¨Ö B(b), ¢µ§´¨± ÕÐ Ö ¢ ¡µ·¥²¥¢¸±µ³ ¶·¥µ¡· §µ¢ ´¨¨ ÔËË¥±É¨¢-
´µ° ±µ´¸É ´ÉÒ (5.24), ¨³¥¥É ¢¨¤

B(b) = Γ(1 + bβ0) Γ(2 − bβ0) . (5.26)
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�¨¸. 13. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢¨·-
ÉÊ ²Ó´µ¸É¥° τ ω(τ ) ¢ ±¢ ·±µ¢µ° ¶¥É-
²¥. ‘¶²µÏ´ Ö ±·¨¢ Ö ¸µµÉ¢¥É¸É¢Ê¥É
³µ¤¥²Ó´µ° ËÊ´±Í¨¨ (5.25), ¶Ê´±É¨·-
´ Ö Å ÉµÎ´µ³Ê · ¸Î¥ÉÊ [132]

’ ±¨³ µ¡· §µ³, µ¶¨¸ ´´ Ö ¢ÒÏ¥ ¶·µ-
Í¥¤Ê·  ¶·¨¢¥²  ± Éµ³Ê, ÎÉµ ¶µ²µ¦¥-
´¨¥ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÒÌ ¸¨´£Ê²Ö·´µ¸É¥°
´¥ ¨§³¥´¨²µ¸Ó, ¢ Éµ ¢·¥³Ö ± ± ¨´Ë· -
±· ¸´Ò¥ ¸¨´£Ê²Ö·´µ¸É¨ ´ Î¨´ ÕÉ¸Ö É¥-
¶¥·Ó ¸ b = 2/β0. ‚ µÉ²¨Î¨¥ µÉ ¶¥·ÉÊ·-
¡ É¨¢´µ£µ ¶µ¤Ìµ¤ , ¶·¨¢µ¤ÖÐ¥£µ ± ¸¨´-
£Ê²Ö·´µ¸ÉÖ³ ¶µ¤Ò´É¥£· ²Ó´µ£µ ¢Ò· ¦¥-
´¨Ö ¢ (5.24), ¢ ³¥Éµ¤¥ a-· §²µ¦¥´¨Ö ¨´-
É¥£· ² (5.24) µ± §Ò¢ ¥É¸Ö Ìµ·µÏµ µ¶·¥-
¤¥²¥´´Ò³.

‚¥·´¥³¸Ö µ¶ÖÉÓ ± · ¸¸³µÉ·¥´¨Õ ¨´-
±²Õ§¨¢´µ£µ · ¸¶ ¤  τ -²¥¶Éµ´  ¨ µÍ¥-
´¨³, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¢ÒÏ¥¨§²µ¦¥´-
´Ò³ ¶·¨¥³µ³, ¢²¨Ö´¨¥ ·¥´µ·³ ²µ´´µ£µ
¢±² ¤  ´  ¢¥²¨Î¨´Ê ¨§¢²¥± ¥³µ° ¨§
τ -· ¸¶ ¤  ±µ´¸É ´ÉÒ ¸¢Ö§¨.

�·¥¤¸É ¢¨³, ± ± ¨ · ´¥¥, Rτ ¢ ¢¨¤¥ Rτ = R0
τ (1 + ∆τ ), £¤¥ ¢±² ¤ ¸¨²Ó-

´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

∆τ = 12 d1

∫ M2
τ

0

ds

M2
τ

(
s

M2
τ

)2(
1− s

M2
τ

)
λ̃(ks) . (5.27)

‚ MS-¸Ì¥³¥ k = exp (−5/3) [133],   ÔËË¥±É¨¢´ Ö ±µ´¸É ´É  λ̃ ¸¢Ö§ ´  ¸
¶ · ³¥É·µ³ · §²µ¦¥´¨Ö:

λ̃(σ) =
a2

C
+ 3

a3

C
+
a4

C

(
6 +

1

C

d2

d1

)
+
a5

C

(
10 +

6

C

d2

d1

)
, (5.28)

£¤¥ d1 ¨ d2 Å ±µÔËË¨Í¨¥´ÉÒ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö D-ËÊ´±Í¨¨ [134]:

d1 = 4 , d2 =
2

3
[365− 22Nf − 8ζ(3) (33− 2Nf)] . (5.29)

‡¤¥¸Ó ζ(n) Ä ζ-ËÊ´±Í¨Ö �¨³ ´  ¨ ζ(3) ' 1, 202.
‡ ¢¨¸¨³µ¸ÉÓ ¡¥£ÊÐ¥£µ ¶ · ³¥É·  a µÉ ¨³¶Ê²Ó¸´µ° ¶¥·¥³¥´´µ° σ µ¶·¥¤¥-

²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ ³¥Éµ¤  ·¥´µ·³ ²¨§ Í¨µ´´µ° £·Ê¶¶Ò ¨ ³µ¦¥É ¡ÒÉÓ ´ °¤¥´ 
± ± ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¥£µ Ê· ¢´¥´¨Ö:

ln
σ

σ0
=

C

2 β0

[
f̃(a) − f̃(a0)

]
, (5.30)
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£¤¥ σ0 Å ´¥±µÉµ· Ö ÉµÎ±  ´µ·³¨·µ¢±¨, a0 Å ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¥° §´ Î¥´¨¥
¶ · ³¥É·  a. ”Ê´±Í¨Ö f̃ ¨³¥¥É ¢¨¤

f̃(a) =
1

5 (5 + 3B)
[x1 J(a, a1) + x2 J(a, a2) + x3 J(a, a3) ] , (5.31)

£¤¥

J(a, b) = − 2

a2b
− 4

ab2
− 12

ab
− 9

(1− a)(1 − b) +
4 + 12b+ 21b2

b3
ln a+

+
30 − 21b

(1 − b)2 ln (1− a) − (2 + b)
2

b3 (1− b)2 ln (a− b) . (5.32)

‚ ¢Ò· ¦¥´¨¨ (5.31) ¶ · ³¥É·Ò ai Ö¢²ÖÕÉ¸Ö ±µ·´Ö³¨ ¶µ²¨´µ³ 

φ(a) = 1 +
9

2
a + 2(6 + a)a2 + 5

(
5 + 3

β1

2Cβ0

)
a3 (5.33)

¨

xi =
1

(ai − aj)(ai − ak)
, (5.34)

£¤¥ ¨´¤¥±¸Ò {i, j, k} ¶¥·¥¸É ¢²ÖÕÉ¸Ö Í¨±²¨Î¥¸±¨³ µ¡· §µ³. �¥Ï¥´¨¥ Ê· ¢´¥-
´¨Ö (5.30), µ¶·¥¤¥²ÖÕÐ¥¥ ¡¥£ÊÐ¨° ¶ · ³¥É· a = a(σ), ¢ ¸¨²Ê ³µ´µÉµ´´µ¸É¨
ËÊ´±Í¨¨ f̃(a) Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³.

„²Ö Ô±¸¶¥·¨³¥´É ²Ó´µ£µ §´ Î¥´¨Ö Rexp
τ = 3, 56 ± 0, 03 [135, 136] ∗ ¢

¸²ÊÎ ¥ É·¥Ì  ±É¨¢´ÒÌ ±¢ ·±µ¢ ´ Ìµ¤¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ ¸¨²Ó´µ°
±µ´¸É ´ÉÒ ¸¢Ö§¨ ´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò τ -²¥¶Éµ´  αs(M2

τ ) = 0, 326±0, 015. �Éµ
§´ Î¥´¨¥ ³µ¦´µ ¸· ¢´¨ÉÓ ¸ αs(M2

τ ) = 0, 40, ´ °¤¥´´Ò³ ¢ [60] ¶·¨ · ¸Î¥É Ì ¸
ÉµÎ´µ¸ÉÓÕ O(a3) ¨ ¡¥§ ÊÎ¥É  ·¥´µ·³ ²µ´´µ£µ ¢±² ¤ . ’ ±¨³ µ¡· §µ³, ¢±² ¤
·¥´µ·³ ²µ´´ÒÌ Í¥¶µÎ¥±,   É ±¦¥ ¸²¥¤ÊÕÐ¨Ì Î²¥´µ¢ a-· §²µ¦¥´¨Ö, µ± §Ò¢ -
¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨ ¨§¢²¥Î¥´¨¨ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö
¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ ¨´±²Õ§¨¢´µ³Ê · ¸¶ ¤Ê τ -²¥¶Éµ´ . „²Ö Ô¢µ-
²ÕÍ¨¨ ´ °¤¥´´µ£µ §´ Î¥´¨Ö αs(M2

τ ) ´  ³ ¸ÏÉ ¡ Z-¡µ§µ´  ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ ¶µ-
·µ£¨, µ¡Ê¸²µ¢²¥´´Ò¥ ÉÖ¦¥²Ò³¨ c- ¨ b- ±¢ ·± ³¨. Š ± ¡Ò²µ µÉ³¥Î¥´µ ¢ÒÏ¥,
¢ ¤ ´´µ³ ¶µ¤Ìµ¤¥ ¢µ§³µ¦´  É ± Ö ¶·µÍ¥¤Ê·  ¸Ï¨¢±¨, ¶·¨ ±µÉµ·µ° ±µ´¸É ´É 
¸¢Ö§¨, µ¶·¥¤¥²¥´´ Ö ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨, ¨ ¥¥ ¶·µ¨§¢µ¤´ Ö µ¸É ÕÉ¸Ö
´¥¶·¥·Ò¢´Ò³¨ ´  ¶µ·µ£¥∗∗ s = 4m2

q. ˆ¸¶µ²Ó§ÊÖ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ³ ¸¸

∗�´ ²¨§ ¤·Ê£µ£µ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ §´ Î¥´¨Ö Rτ , µÉ¢¥Î ÕÐ¥£µ ³¨·µ¢µ³Ê ¸·¥¤´¥³Ê, ¶·¨-
¢¥¤¥´´µ³Ê ¢ [137], ¡Ò² ¢Ò¶µ²´¥´ ¢ [69].

∗∗� ´¥¥ ³Ò ¶·¨¢¥²¨ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸²ÊÎ Õ O(a3) ¸¨¸É¥³Ê Ê· ¢´¥´¨° (5.22). „²Ö · ¸-
¸³ É·¨¢ ¥³µ£µ §¤¥¸Ó ¸²ÊÎ Ö O(a5) µ¶·¥¤¥²ÖÕÐ Ö ¶·µÍ¥¤Ê·Ê ¸Ï¨¢±¨ ¸¨¸É¥³  Ê· ¢´¥´¨°,   É ±¦¥
´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¶µ¤·µ¡´µ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¢ [138].
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ÉÖ¦¥²ÒÌ ±¢ ·±µ¢: mc = 1, 6 ƒÔ‚ ¨ mb = 4, 5 ƒÔ‚, ¤²Ö RZ -µÉ´µÏ¥´¨Ö ¶µ²Ê-
Î ¥³ §´ Î¥´¨¥ RZ = 20, 85± 0, 03, ±µÉµ·µ¥ ´ Ìµ¤¨É¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸
¨³¥ÕÐ¨³¨¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ [121].

6. ���‚ˆ‹� ‘“ŒŒ Š•„ ˆ a-��‡‹�†…�ˆ…

� ¸¸³µÉ·¨³ ¶·µ¡²¥³Ê µ¶¨¸ ´¨Ö qq-¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ´  µ¸´µ¢¥ ³¥-
Éµ¤  ¶· ¢¨² ¸Ê³³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ [139] (¸³. É ±¦¥ µ¡§µ·´ÊÕ ¸É -
ÉÓÕ [140]), ¶·¨³¥´ÖÖ ¶·¨ ÔÉµ³ ‚’‚-¶µ¤Ìµ¤ ¤²Ö µ¶¨¸ ´¨Ö ´¥ Éµ²Ó±µ ¶¥·ÉÊ·-
¡ É¨¢´ÒÌ, ´µ ¨, ¸²¥¤ÊÖ ´¥¤ ¢´¥° · ¡µÉ¥ [72], ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ
¢±² ¤µ¢. ‡¤¥¸Ó ¸²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ‚’‚-³¥Éµ¤ ¤ ¥É ¥¤¨´µ¥ µ¶¨¸ ´¨¥ ¸¨-
¸É¥³Ò, ¨ Ö¢´µ¥ · §¤¥²¥´¨¥ (¸ ÉµÎ±¨ §·¥´¨Ö µ¡ÒÎ´µ£µ · ¸¸³µÉ·¥´¨Ö, µ¸´µ¢ ´-
´µ£µ ´  µ¶¥· Éµ·´µ³ · §²µ¦¥´¨¨) ´  ¶¥·ÉÊ·¡ É¨¢´ÊÕ, ¸µ¤¥·¦ ÐÊÕ ²µ£ ·¨Ë-
³¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ, ¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ Î ¸ÉÓ, µ¶·¥¤¥²Ö¥³ÊÕ ¸É¥¶¥´´Ò³¨
¶µ¶· ¢± ³¨, ´¥ ¢¸¥£¤  ¥¸É¥¸É¢¥´´µ ¨ ¢µ§³µ¦´µ ²¨ÏÓ ¢ ¶·µ¸É¥°Ï¨Ì ¸²ÊÎ ÖÌ,
± ±, ´ ¶·¨³¥·, ¢ ¶·¨¢¥¤¥´´µ³ ¢ [72] ¶·¨³¥·¥.

� Î´¥³  ´ ²¨§ ¸ · ¸¸³µÉ·¥´¨Ö  ¤·µ´´µ£µ ±µ··¥²ÖÉµ· , µÉ¢¥Î ÕÐ¥£µ ´¥-
±µÉµ·µ³Ê Éµ±Ê ¸ ³ É·¨Î´µ° ¸É·Ê±ÉÊ·µ° Γ, ³´¨³ÊÕ Î ¸ÉÓ ±µÉµ·µ£µ ´  ¤¢ÊÌ¶¥-
É²¥¢µ³ Ê·µ¢´¥ § ¶¨Ï¥³ ¢ ¢¨¤¥

ImΠΓ(s) =
1

4π

[
Π

(0)
Γ (s) + 4λΠ

(1)
Γ (s)

]
. (6.1)

‘¢µ¤±  ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö ¤ ²Ó´¥°Ï¥£µ Ëµ·³Ê² ¤²Ö ±µ³¶µ´¥´É Π(0) ¨ Π(1)

¶·¨¢¥¤¥´  ¢ ¶·¨²µ¦¥´¨¨ B.
� ¸¸³µÉ·¨³ ¶¥·¢Ò°, ¸¢Ö§ ´´Ò° ¸ D-ËÊ´±Í¨¥° ³µ³¥´É

M
(Γ)
1+NΓ

(Q2) ≡ −dΠΓ(Q2)

dQ2
=

1

π

∫ ∞
4m2

ds

(s+Q2)2
ImΠΓ(s) . (6.2)

�¶·¥¤¥²ÖÖ ¶¥·¥³¥´´ÊÕ σ = s − 4m2, ±µÉµ· Ö ¸¢Ö§Ò¢ ¥É¸Ö ¸ ¢¨·ÉÊ ²Ó´µ¸ÉÓÕ
¢ ·¥´µ·³ ²µ´´µ³ ¶·¥¤¸É ¢²¥´¨¨, ¨ u2 = σ/(σ + 4m2), ¶µ²ÊÎ ¥³

M
(Γ)
1+NΓ

(Q2) =
1

4π2

∫ ∞
0

dσ
(σ + 4m2)NΓ

(Q2 + σ + 4m2)2+NΓ
× (6.3)

×
[
Π

(0)
Γ (u) + 4λΠ

(1)
Γ (u)

]
.

„µ¶µ²´¨É¥²Ó´ Ö ¶·µ¡²¥³ , ±µÉµ·ÊÕ ¸²¥¤Ê¥É µ¡¸Ê¤¨ÉÓ µ¸µ¡µ, ¸¢Ö§ ´  ¸
É ± ´ §Ò¢ ¥³Ò³¨ ±Ê²µ´µ¢¸±¨³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨. �¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥-
´¨¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ ¸É¥¶¥´Ö³ ÔËË¥±É¨¢´µ£µ ¶ · ³¥É·  λ/u. ‚ ¶¥·ÉÊ·¡ -
É¨¢´µ³ · ¸¸³µÉ·¥´¨¨ ³µ³¥´Éµ¢ ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ¤µ³¨´¨·ÊÕÐ¥° µ± §Ò¢ ¥É¸Ö
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µ¡² ¸ÉÓ ³ ²ÒÌ u, ¨ ¶¥·ÉÊ·¡ É¨¢´ Ö  ¶¶·µ±¸¨³ Í¨Ö ¸É ´µ¢¨É¸Ö ´¥¶·¨³¥´¨-
³µ° [142] (¸³. É ±¦¥ [143, 144]). ’ ±¨³ µ¡· §µ³, ¤²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ£µ
· ¸¸³µÉ·¥´¨Ö ³µ³¥´Éµ¢ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ´¥µ¡Ìµ¤¨³µ ¶·µ¢¥¸É¨ ´¥±µÉµ·µ¥
¸Ê³³¨·µ¢ ´¨¥ ±Ê²µ´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥°. �¥·¥Ìµ¤ ± · ¸¸³µÉ·¥´´µ³Ê ¢ÒÏ¥
·¥´µ·³ ²µ´´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ ¶µ§¢µ²Ö¥É ¢Ò¶µ²´¨ÉÓ ´¥µ¡Ìµ¤¨³µ¥ ¸Ê³³¨·µ-
¢ ´¨¥ [72]. �Éµ ³µ¦¥É ¡ÒÉÓ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ ´  ¶·µ¸Éµ³ ¶·¨³¥·¥, ÎÉµ
³Ò ¨ ¤¥² ¥³ ¢ ¶·¨²µ¦¥´¨¨ C, £¤¥ É ±¦¥ · ¸¸³ É·¨¢ ¥É¸Ö ¸¢Ö§Ó ¸ ¨§¢¥¸É´Ò³
Ë ±Éµ·µ³ ‡µ³³¥·Ë¥²Ó¤  Å ‘ Ì ·µ¢  [145,146].

�¥·¥¶¨Ï¥³ (6.3) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

M
(Γ)
1+NΓ

(Q2) =
1

4π2

∫ ∞
0

dσ
(σ + 4m2)NΓΠ

(0)
Γ (u)

(Q2 +W (σ))2+NΓ
, (6.4)

£¤¥

W (σ) = (σ + 4m2)

[
1− 4λ

ψΓ(u)

Π
(0)
Γ (u)

]
, (6.5)

ψΓ(u) = (1− u2)1+NΓ

∫ u

0

du
2u

(1− u2)2+NΓ
Π

(1)
Γ (u). (6.6)

�·¨³¥´¥´¨¥ ³¥Éµ¤  ·¥´µ·³£·Ê¶¶Ò ± ¶µ¤Ò´É¥£· ²Ó´µ³Ê ¢Ò· ¦¥´¨Õ ¢
(6.4), ±µ£¤  Éµ± ¨³¥¥É ´Ê²¥¢ÊÕ  ´µ³ ²Ó´ÊÕ · §³¥·´µ¸ÉÓ, ¶·¨¢µ¤¨É ± § ³¥´¥
±µ´¸É ´ÉÒ ¸¢Ö§¨ λ ¨ ³ ¸¸Ò m ´  ¡¥£ÊÐ¨¥ ¶ · ³¥É·Ò λ(σ) ¨ m(σ), £¤¥ ¢ · ¸-
¸³ É·¨¢ ¥³µ° MS-¸Ì¥³¥  ·£Ê³¥´É σ ¤µ²¦¥´ ¡ÒÉÓ ³ ¸ÏÉ ¡¨·µ¢ ´ Ë ±Éµ·µ³
kMS = exp(−5/3) [133]. ‚ Éµ³ ¸²ÊÎ ¥, ±µ£¤   ´µ³ ²Ó´ Ö · §³¥·´µ¸ÉÓ Éµ± 
´¥´Ê²¥¢ Ö, ¶µÖ¢²Ö¥É¸Ö ¸¢Ö§ ´´Ò° ¸ ´¥° ¤µ¶µ²´¨É¥²Ó´Ò° µ¡Ð¨° Ë ±Éµ·, ±µÉµ-
·Ò°, µ¤´ ±µ, ± ± ¡Ê¤¥É ¶µ´ÖÉ´µ ¨§ ¤ ²Ó´¥°Ï¥£µ, µ± §Ò¢ ¥É¸Ö ´¥¸ÊÐ¥¸É¢¥´´Ò³
¤²Ö ¢Ò¢µ¤µ¢, µ¸´µ¢ ´´ÒÌ ´   ´ ²¨§¥ ³µ³¥´Éµ¢ ¸ ¡µ²ÓÏ¨³¨ ´µ³¥· ³¨ n, É ±
ÎÉµ ¢ ·¥§Ê²ÓÉ É¥ ÔÉµÉ Ë ±Éµ· ´¥ ¨£· ¥É ·µ²¨ ¶·¨ É ±µ³ · ¸¸³µÉ·¥´¨¨.

�Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ‚’‚ ¡¥£ÊÐ¨¥ ¶ · ³¥É·Ò, ÎÉµ ´¥ ¶·¨¢µ¤¨É, ± ± ¡Ò²µ
µÉ³¥Î¥´µ ¢ÒÏ¥, ± ± ±¨³-²¨¡µ É·Ê¤´µ¸ÉÖ³, ¸¢Ö§ ´´Ò³ ¸ µ¶·¥¤¥²¥´¨¥³ ¨´-
É¥£· ² , ±µ£¤  ÔÉ¨ ¶ · ³¥É·Ò ¢Ìµ¤ÖÉ ¢ ¶µ¤Ò´É¥£· ²Ó´µ¥ ¢Ò· ¦¥´¨¥. ’ ±¨³
µ¡· §µ³, ¢Ò· ¦¥´¨¥ ¤²Ö ³µ³¥´É  n-£µ ¶µ·Ö¤±  ¨³¥¥É ¢¨¤

M (Γ)
n (Q2) =

1

4π2

∫ ∞
0

dσ
[σ + 4m2(kσ)]NΓ

[Q2 +W (σ)]1+n
Π

(0)
Γ (u) . (6.7)

‡¤¥¸Ó

W (σ) =
[
σ + 4m2(kσ)

] [
1− 4λeff(kσ)

ψΓ(u)

Π
(0)
Γ (u)

]
, (6.8)
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¨ É¥¶¥·Ó u2 = σ/[σ + 4m2(kσ)]. ‚ ³¥Éµ¤¥ ¶· ¢¨² ¸Ê³³ ³ ¸¸  ¶¥·¢µ£µ ·¥§µ-
´ ´¸  ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  Î¥·¥§ µÉ´µÏ¥´¨¥ ³µ³¥´Éµ¢

RΓ
n =

MΓ
n−1

MΓ
n

(6.9)

¶·¨ ¡µ²ÓÏ¨Ì ´µ³¥· Ì n.
� ¸¸³µÉ·¨³ ¸¶¥±É· ³ ¸¸ ¸¥³¥°¸É¢ Î ·³µ´¨Ö ¨ ¡µÉÉµ´¨Ö (cc̄- ¨ bb̄-¸¢Ö§ ´-

´Ò¥ ¸µ¸ÉµÖ´¨Ö). ‚ µ¡¸Ê¦¤ ¥³µ³ ¶µ¤Ìµ¤¥ ¶ · ³¥É· ³¨ Ö¢²ÖÕÉ¸Ö: §´ Î¥´¨¥ ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ α0 ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨, ¢ ± Î¥¸É¢¥ ±µÉµ·µ° ³Ò ¡Ê¤¥³
¡· ÉÓ ³ ¸ÏÉ ¡ ³ ¸¸Ò τ -²¥¶Éµ´ ,   É ±¦¥ §´ Î¥´¨¥ ³ ¸¸Ò ÉÖ¦¥²µ£µ ±¢ ·±  (¢
¤ ´´µ³ ¸²ÊÎ ¥ mc ¨²¨ mb), § ¤ ´´µ£µ ´  ´¥±µÉµ·µ³ ³ ¸ÏÉ ¡¥ (¡Ê¤¥³ ¨¸¶µ²Ó-
§µ¢ ÉÓ ¤²Ö ÔÉµ£µ 1 ƒÔ‚). �·¨ ÔÉµ³, ±µ´¥Î´µ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ²ÊÎÏ¥³Ê Ë¨ÉÊ
§´ Î¥´¨Ö ¤µ²¦´Ò ¸µ£² ¸µ¢Ò¢ ÉÓ¸Ö ¸ ¤·Ê£¨³¨ ¤ ´´Ò³¨. —Éµ ± ¸ ¥É¸Ö ¶ · ³¥-
É·  C, Éµ ³Ò ´¥ ¡Ê¤¥³ ¥£µ ¢ ·Ó¨·µ¢ ÉÓ,   ¶·¨³¥³ ¤²Ö ´¥£µ ´ °¤¥´´µ¥ · ´¥¥
§´ Î¥´¨¥ C = 4, 1, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ Ê·µ¢´Õ O(a3)  ¶¶·µ±¸¨³ Í¨¨ ±µ´¸É ´É
¶¥·¥´µ·³¨·µ¢±¨ [51]. ‚ · ¡µÉ¥ [72] ¡Ò²µ ´ °¤¥´µ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨
α0(M2

τ ) = 0, 379. „²Ö ³ ¸¸ c- ¨ b-±¢ ·±µ¢ ¶µ²ÊÎ¥´Ò §´ Î¥´¨Ö mc = 1, 51 ƒÔ‚
¨ mb = 4, 72 ƒÔ‚, ±µÉµ·Ò¥ Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸ ¤·Ê£¨³¨ ·¥§Ê²ÓÉ É ³¨ [121].

�·¨ ¡µ²ÓÏ¨Ì n µ¸´µ¢´µ° ¢±² ¤ ¢ ³µ³¥´ÉÒ µ¶·¥¤¥²Ö¥É¸Ö µ±·¥¸É´µ¸ÉÓÕ
ÉµÎ±¨ ³¨´¨³Ê³  ËÊ´±Í¨¨ W (σ): σ = σ̃. ‚Ò¶µ²´¥´´Ò° ¢ · ¡µÉ¥ [72]  ´ ²¨§
· §²¨Î´ÒÌ ± ´ ²µ¢ ¶µ± § ², ÎÉµ ¤²Ö cc-¸¨¸É¥³ É ±µ° ³¨´¨³Ê³ ¤µ¸É¨£ ¥É¸Ö
¶·¨ σ̃ ∼ 4 ÷ 6 ƒÔ‚2,   ¤²Ö bb-¸µ¸ÉµÖ´¨° ¶·¨ σ̃ ∼ 20 ÷ 30 ƒÔ‚2. �¸´µ¢´µ°
¢±² ¤ ¢ ³µ³¥´ÉÒ (6.7) ¶·¨ ¡µ²ÓÏ¨Ì n µ¶·¥¤¥²Ö¥É¸Ö ¸É Í¨µ´ ·´µ° ÉµÎ±µ°, ¨,
µÎ¥¢¨¤´µ, ¤²Ö µÉ´µÏ¥´¨Ö ³µ³¥´Éµ¢ ³µ¦¥³ § ¶¨¸ ÉÓ

Rn(Q2)
n→∞−→ Q2 +W (σ̃) . (6.10)

�ÉÊ ¢¥²¨Î¨´Ê ¸²¥¤Ê¥É ¸· ¢´¨ÉÓ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³  ¤·µ´´Ò³ µÉ´µÏ¥´¨¥³
Rhad
n (Q2), ¤²Ö ±µÉµ·µ£µ ¢ ¶·¨¡²¨¦¥´¨¨ Ê§±¨Ì ·¥§µ´ ´¸µ¢ ²¥£±µ ´ Ìµ¤¨³

Rhad
n (Q2)

n→∞−→ Q2 +M2
R . (6.11)

’ ±¨³ µ¡· §µ³, ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ Q ¤²Ö ³ ¸¸Ò ·¥§µ´ ´¸  ¶µ²ÊÎ ¥³

MR =
√
W (σ̃) . (6.12)

�É³¥É¨³, ÎÉµ Ë ±É ¢Ò¶ ¤¥´¨Ö § ¢¨¸¨³µ¸É¨ µÉ Q ´¥ Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´Ò³.
’ ± Ö § ¢¨¸¨³µ¸ÉÓ ¶·¨¸ÊÉ¸É¢Ê¥É ¶·¨ µ¡ÒÎ´µ³ · ¸¸³µÉ·¥´¨¨ ¨ É·¥¡Ê¥É ¸¶¥Í¨-
 ²Ó´µ£µ  ´ ²¨§  (¸³. µ¡¸Ê¦¤¥´¨¥ ¢ [140]).

�  ·¨¸. 14 ¨ 15 ¶·¨¢¥¤¥´Ò ËÊ´±Í¨¨
√
Rn ¨

√
W (σ) ¤²Ö cc- ¨ bb-¸¨¸É¥³

¸µµÉ¢¥É¸É¢¥´´µ. �¥§Ê²ÓÉ ÉÒ ¤²Ö cc-¸¨¸É¥³ ¸ ³ ¸¸µ° c-±¢ ·±  mc = 1, 51 ƒÔ‚
¸Ê³³¨·µ¢ ´Ò ¢ É ¡².2,   ¤²Ö bb-¸¨¸É¥³ ¸ ³ ¸¸µ° b-±¢ ·±  mb = 4, 72 ƒÔ‚ Å
¢ É ¡².3. ˆ¸¶µ²Ó§Ê¥³Ò¥ §¤¥¸Ó ³ ¸¸Ò c- ¨ b-±¢ ·±µ¢ Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸
µÍ¥´± ³¨, ¤ ¢ ¥³Ò³¨ ¤·Ê£¨³¨ ¶µ¤Ìµ¤ ³¨ [121].
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�¨¸. 14. �µ¢¥¤¥´¨¥ ËÊ´±Í¨°
√
Rn ¢ § ¢¨¸¨³µ¸É¨ µÉ ´µ³¥·  n ¨

√
W (σ) ± ± ËÊ´±Í¨¨

σ ¤²Ö ¸¢Ö§ ´´ÒÌ cc-¸µ¸ÉµÖ´¨°. ‘¶²µÏ´ Ö ²¨´¨Ö ¸µµÉ¢¥É¸É¢Ê¥É ¢¥±Éµ·´µ³Ê Éµ±Ê, ¶Ê´±-
É¨· µÉ¢¥Î ¥É  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ³Ê Éµ±Ê,   ÏÉ·¨Ì¶Ê´±É¨·´ Ö ±·¨¢ Ö Å A′-³¥§µ´Ê.
ƒµ·¨§µ´É ²Ó´Ò¥ ¶·Ö³Ò¥ µÉ¢¥Î ÕÉ ³ ¸¸ ³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³¥§µ´µ¢, §´ Î¥´¨Ö ±µÉµ-
·ÒÌ ¢§ÖÉÒ ¨§ [137]

�¨¸. 15. ’µ ¦¥, ÎÉµ ¨ ´  p¨¸. 14, ´µ ¤²Ö bb-¸¨¸É¥³

�µ¤¢µ¤Ö ±· É±¨° ¨Éµ£ ¶·¨¢¥¤¥´´µ£µ ¢ ÔÉµ³ · §¤¥²¥  ´ ²¨§ , µÉ³¥É¨³, ÎÉµ
¶·¨ É ±µ³ ¶µ¤Ìµ¤¥ µ¡² ¸ÉÓ ¸É ¡¨²Ó´µ¸É¨ ³µ³¥´Éµ¢ ¶µ ¶¥·¥³¥´´µ° n §´ Î¨-
É¥²Ó´µ · ¸Ï¨·¨² ¸Ó ¶µ ¸· ¢´¥´¨Õ ¸ µ¡ÒÎ´Ò³ · ¸¸³µÉ·¥´¨¥³, ¶·¨ ±µÉµ·µ³
¨´É¥·¢ ² ¸É ¡¨²Ó´µ¸É¨ ´ Ìµ¤¨É¸Ö, ± ± ¶· ¢¨²µ, ¢ · °µ´¥ n = 6 ÷ 8. �µ-
²µ¦¨É¥²Ó´µ° Î¥·Éµ° É ±¦¥ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ¶·¨ ¡µ²ÓÏ¨Ì § Î¥´¨ÖÌ n
Q2-§ ¢¨¸¨³µ¸ÉÓ ¤²Ö µÉ´µÏ¥´¨Ö ¢ÒÎ¨¸²Ö¥³ÒÌ É ±¨³ µ¡· §µ³ ³µ³¥´Éµ¢ ÉµÎ´µ
É ± Ö ¦¥, ± ± ¨ ¢  ¤·µ´´µ³ ¸¥±Éµ·¥. � ¸Ð¥¶²¥´¨¥ ³¥¦¤Ê ¢¥±Éµ·´Ò³,  ±-
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¸¨ ²Ó´µ-¢¥±Éµ·´Ò³ ¨ A′-¸µ¸ÉµÖ´¨Ö³¨ ¢µ¸¶·µ¨§¢µ¤¨É¸Ö ¸ Ìµ·µÏ¥° ÉµÎ´µ¸ÉÓÕ.
�É³¥É¨³, µ¤´ ±µ, ÎÉµ ¨§²µ¦¥´´Ò° ¢ ÔÉµ³ · §¤¥²¥ ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ ¸¶¥±-
É·µ¸±µ¶¨¨ ±¢ ·±µ´¨¥¢ ´ Ìµ¤¨É¸Ö ²¨ÏÓ ¢ ¸ ³µ³ ´ Î ²¥ ¸¢µ¥£µ · §¢¨É¨Ö. �Ö¤
¢µ¶·µ¸µ¢ ´Ê¦¤ ¥É¸Ö ¢ ÊÉµÎ´¥´¨¨ ¨ ¤ ²Ó´¥°Ï¥° · §· ¡µÉ±¥. � ¶·¨³¥·, ¡µ-
²¥¥ ¤¥É ²Ó´µ£µ ¨§ÊÎ¥´¨Ö É·¥¡Ê¥É ¢µ¶·µ¸, ¸¢Ö§ ´´Ò° ¸ µ¶¨¸ ´¨¥³ ¸± ²Ö·´ÒÌ ¨
¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¸µ¸ÉµÖ´¨°, ¤²Ö ±µÉµ·ÒÌ, ¶µ-¢¨¤¨³µ³Ê, ¸²¥¤Ê¥É ¶·¨´¨³ ÉÓ ¢
· ¸Î¥É ´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¤µ¶µ²´¨É¥²Ó´Ò¥ ÔËË¥±ÉÒ [72].

’ ¡²¨Í  2. ‘¶¥±É· ³ ¸¸ cc-¸¨¸É¥³

’µ± Mexp, ƒÔ‚ Mtheor =
√
W (σ̃), ƒÔ‚ σ̃, ƒÔ‚2

jV 3,10 3,06 4,6
jA 3,51 3,52 4,8
jA′ 3,53 3,56 4,8
jS 3,42 3,27 6,0
jP 2,98 3,19 3,9

’ ¡²¨Í  3. ‘¶¥±É· ³ ¸¸ bb-¸¨¸É¥³

’µ± Mexp, ƒÔ‚ Mtheor =
√
W (σ̃), ƒÔ‚ σ̃, ƒÔ‚2

jV 9,46 9,43 27
jA 9,89 10,02 26
jA′ Ä 10,07 26
jS 9,86 9,80 30
jP Ä 9,56 24

7. ‡�Š‹�—…�ˆ…

Š ± ¨§¢¥¸É´µ, ¶·¨ ¶µ¸É·µ¥´¨¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö ¢ ± Î¥¸É¢¥
¢µ§³ÊÐ¥´¨Ö µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö Î ¸ÉÓ ¶µ²´µ£µ ² £· ´¦¨ ´ , ´ §Ò¢ ¥³ Ö ² -
£· ´¦¨ ´µ³ ¢§ ¨³µ¤¥°¸É¢¨Ö, ±µÉµ· Ö ¸µ¤¥·¦¨É ¢Ò¸Ï¨¥ ¸É¥¶¥´¨ ¶µ²¥°. ‘¢µ-
¡µ¤´ Ö ¸¨¸É¥³  ¶·¨ ÔÉµ³ µ¶¨¸Ò¢ ¥É¸Ö £ ·³µ´¨Î¥¸±µ°, ±¢ ¤· É¨Î´µ° ¶µ ¶µ²Ö³
Î ¸ÉÓÕ. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ³µ¤¥²¥° ¸ µ¤´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨ ¢µ§´¨± ¥É ¸É¥-
¶¥´´µ¥ · §²µ¦¥´¨¥, ±µÉµ·µ¥ ¤²Ö ¡µ²ÓÏ¨´¸É¢  ¨´É¥·¥¸´ÒÌ ¸²ÊÎ ¥¢ Ö¢²Ö¥É¸Ö
 ¸¨³¶ÉµÉ¨Î¥¸±¨³. �·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ·Ö¤ É¥µ·¨¨ ¢µ§³Ê-
Ð¥´¨°, ´¥¸³µÉ·Ö ´   ¸¨³¶ÉµÉ¨Î¥¸±¨° Ì · ±É¥·, ¶µ§¢µ²Ö¥É  ´ ²¨§¨·µ¢ ÉÓ ¤µ-
¢µ²Ó´µ Ï¨·µ±¨° ±·Ê£ ¶· ±É¨Î¥¸±¨ ¢ ¦´ÒÌ § ¤ Î. ’¥³ ´¥ ³¥´¥¥ ¤²Ö ·¥Ï¥´¨Ö
³´µ£¨Ì ¢µ¶·µ¸µ¢ ´¥µ¡Ìµ¤¨³µ ¢Ò°É¨ §  · ³±¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.
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‚ ¤ ´´µ° · ¡µÉ¥ ¶·¥¤¸É ¢²¥´ µ¡§µ· ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ´  µ¸´µ¢¥
´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. ˆ¤¥Ö
É ±µ£µ ¶µ¤Ìµ¤  ¤µ¸É ÉµÎ´µ ¶·µ¸É . �¡ÒÎ´µ¥ · §¡¨¥´¨¥ ¶µ²´µ£µ ËÊ´±Í¨µ´ ² 
¤¥°¸É¢¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ´¥±µÉµ·µ° ±¢ ´Éµ¢µ° ¸¨¸É¥³¥, ´  ¸¢µ¡µ¤´ÊÕ, ±¢ -
¤· É¨Î´ÊÕ ¶µ ¶µ²Ö³ Î ¸ÉÓ ¨ Î ¸ÉÓ, µ¶¨¸Ò¢ ÕÐÊÕ ¢§ ¨³µ¤¥°¸É¢¨¥ ¨ ¸µ¤¥·¦ -
ÐÊÕ ¢Ò¸Ï¨¥ ¸É¥¶¥´¨ ¶µ²¥°, ¢ ¨§¢¥¸É´µ° ¸É¥¶¥´¨ Ê¸²µ¢´µ. ‘¨¸É¥³  µ¶¨¸Ò-
¢ ¥É¸Ö ¶µ²´Ò³ ² £· ´¦¨ ´µ³, ¨ É· ¤¨Í¨µ´´µ¥ · §¡¨¥´¨¥ ¥£µ ´  ¸¢µ¡µ¤´ÊÕ
Î ¸ÉÓ ¨ Î ¸ÉÓ, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¢§ ¨³µ¤¥°¸É¢¨Õ, ¢µ ³´µ£µ³ ¶·µ¤¨±Éµ¢ ´µ ´¥-
µ¡Ìµ¤¨³µ¸ÉÓÕ ´ Ìµ¦¤¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,
±µ£¤  ¶·µÍ¥¤Ê·  ÉµÎ´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ´¥¨§¢¥¸É´ . ‚ Ëµ·³ ²¨§³¥ ±µ´É¨-
´Ê ²Ó´µ£µ ¨´É¥£· ²  ¢µ§³µ¦´µ¸ÉÓ ¶·µ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¸¢Ö§ ´  ¸ £ Ê¸¸µ-
¢Ò³¨ ËÊ´±Í¨µ´ ²Ó´Ò³¨ ±¢ ¤· ÉÊ· ³¨. ˆÌ µÎ¥¢¨¤´µ¥ ¶·¨³¥´¥´¨¥, ±µ£¤  ¶µ¤
§´ ±µ³ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  · §²µ¦¥´¨¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ ¸É¥¶¥´Ö³
¨¸Ìµ¤´µ£µ ¤¥°¸É¢¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö, ¶·¨¢µ¤¨É ± É· ¤¨Í¨µ´´µ° É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨°. �¤´ ±µ, ± ± ³Ò ¶µ± § ²¨, É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° Å ´¥ ¥¤¨´¸É¢¥´´µ
¢µ§³µ¦´µ¥ ¸²¥¤¸É¢¨¥ £ Ê¸¸µ¢¸±µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. ‘ÊÐ¥¸É¢Ê¥É ¨´µ° ¸¶µ-
¸µ¡  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥£· ²µ¢ ¨ ¶·µ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¢
±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. �ÉµÉ ³¥Éµ¤ µ¶¨· ¥É¸Ö ´  ©§µ´¤¨·µ¢ ´¨¥ª ¸¨¸É¥³Ò ¸
¶µ³µÐÓÕ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨µ´ ²µ¢, ¸µ¤¥·¦ Ð¨Ì ¶·µ¡´Ò¥ ¶ · ³¥É·Ò ¢ -
·¨ Í¨µ´´µ£µ É¨¶ . ˆ§ÊÎ Ö µÉ±²¨± ¸¨¸É¥³Ò ´  ¨§³¥´¥´¨¥ É ±¨Ì ¶ · ³¥É·µ¢
¢ ·¨ Í¨µ´´µ£µ ©§µ´¤ ª, ³µ¦´µ ¢Ò¡· ÉÓ ¨Ì µ¶É¨³ ²Ó´Ò³ µ¡· §µ³, É ±, ÎÉµ¡Ò
¢ ·¨ Í¨µ´´ Ö  ¶¶·µ±¸¨³ Í¨Ö ¡Ò²   ¤¥±¢ É´  · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³¥ ´¥
Éµ²Ó±µ ¢ µ¡² ¸É¨ ¸² ¡µ° ¸¢Ö§¨.

� ¸¸³µÉ·¥´´Ò° ¶µ¤Ìµ¤, ´ §¢ ´´Ò° ´ ³¨ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¥° ¢µ§³Ê-
Ð¥´¨Ö, µ¡Ñ¥¤¨´Ö¥É ¢ ¸¥¡¥ ´¥±µÉµ·Ò° ¢ ·¨ Í¨µ´´Ò° ¶·¨´Í¨¶ ¨ ·¥£Ê²Ö·´Ò°
³¥Éµ¤ ¢ÒÎ¨¸²¥´¨Ö ¶µ¶· ¢µ±. ˆ¸Ìµ¤´Ò° ËÊ´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¢ ‚’‚-¶µ¤Ìµ¤¥
¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¸ ¶µ³µÐÓÕ ´¥±µÉµ·µ° ¤µ¡ ¢±¨ ¢ ·¨ Í¨µ´´µ£µ É¨¶ , ¨ ¶·¨-
³¥´Ö¥É¸Ö · §²µ¦¥´¨¥ ¶µ ÔËË¥±É¨¢´µ³Ê ¤¥°¸É¢¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‘¶¥Í¨ ²Ó-
´Ò¥ ¶ · ³¥É·Ò, ¢Ìµ¤ÖÐ¨¥ ¢ ¢ ·¨ Í¨µ´´Ò° ËÊ´±Í¨µ´ ², ¶µ§¢µ²ÖÕÉ Ê¶· ¢²ÖÉÓ
¸¢µ°¸É¢ ³¨ ¢µ§´¨± ÕÐ¥£µ ¶² ¢ ÕÐ¥£µ ·Ö¤ . ’ ±¨³ µ¡· §µ³, Ê¦¥ ¸ ¸ ³µ£µ
´ Î ² , ¢ µÉ²¨Î¨¥ µÉ ³´µ£¨Ì ¨´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¶µ¤Ìµ¤µ¢, ¢ ‚’‚ · ¸-
¸³ É·¨¢ ¥³ Ö ¢¥²¨Î¨´  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ´¥±µÉµ·µ£µ ·Ö¤ , ÎÉµ ¶µ§¢µ²Ö¥É
¢ÒÎ¨¸²¨ÉÓ ´¥µ¡Ìµ¤¨³Ò¥ ¶µ¶· ¢±¨ ¨ ¨§ÊÎ¨ÉÓ ¢µ¶·µ¸ Ê¸Éµ°Î¨¢µ¸É¨ ¶µ²ÊÎ¥´´ÒÌ
·¥§Ê²ÓÉ Éµ¢. ˆ´Ò³¨ ¸²µ¢ ³¨, · ¸¸³µÉ·¥´´Ò° §¤¥¸Ó ³¥Éµ¤ ¢ ·¨ Í¨µ´´ÒÌ · §-
²µ¦¥´¨° ¶·¥¤µ¸É ¢²Ö¥É ¢µ§³µ¦´µ¸ÉÓ µÉ¢¥É  ´  ¢µ¶·µ¸, ¢ ± ±µ° ³¥·¥ µ¸´µ¢´µ°
¢±² ¤, µ¶·¥¤¥²Ö¥³Ò° ¢ ·¨ Í¨µ´´Ò³ ¶ÊÉ¥³ ´  µ¸´µ¢¥ Éµ£µ ¨²¨ ¨´µ£µ ¶·¨´Í¨¶ 
µ¶É¨³¨§ Í¨¨,  ¤¥±¢ É¥´ · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³¥ ¨ ± ±µ¢  µ¡² ¸ÉÓ ¶·¨³¥´¨-
³µ¸É¨ ´ °¤¥´´ÒÌ ¢Ò· ¦¥´¨°. ’ ± ¦¥, ± ± ¢ ¸É ´¤ ·É´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,
¤²Ö ¶µ¸É·µ¥´¨Ö ‚’‚ ¨¸¶µ²Ó§ÊÕÉ¸Ö ²¨ÏÓ £ Ê¸¸µ¢¸±¨¥ ËÊ´±Í¨µ´ ²Ó´Ò¥ ±¢ -
¤· ÉÊ·Ò. �·¨ ÔÉµ³, ±µ´¥Î´µ, ¢µ§´¨± ÕÐ¨° ·Ö¤ µ¡² ¤ ¥É ¨´µ° ¸É·Ê±ÉÊ·µ° ¨,
±·µ³¥ Éµ£µ, ³µ¤¨Ë¨Í¨·ÊÕÉ¸Ö ´¥±µÉµ·Ò¥ Ë¥°´³ ´µ¢¸±¨¥ ¶· ¢¨²  ´  Ê·µ¢´¥
¶·µ¶ £ Éµ·µ¢ ¨ ¢¥·Ï¨´.
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‚ ¸²ÊÎ ¥ Š•„ ¶·¨³¥´¥´¨¥ ¨¤¥¨ ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢ ¶·¨-
¢µ¤¨É ± ´µ¢µ³Ê ³ ²µ³Ê ¶ · ³¥É·Ê · §²µ¦¥´¨Ö. �ÉµÉ ¶ · ³¥É· ¶µ¤Î¨´Ö¥É¸Ö
Ê· ¢´¥´¨Õ, ·¥Ï¥´¨Ö ±µÉµ·µ£µ µ± §Ò¢ ÕÉ¸Ö ¢¸¥£¤  ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ-
¡µ° ¢¥²¨Î¨´¥ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. �µ ¸· ¢´¥´¨Õ ¸ É¥µ·¨¥° ¢µ§³Ê-
Ð¥´¨°, µ¸É ¢ Ö¸Ó ¢ · ³± Ì ¶·¨³¥´¨³µ¸É¨ É ±µ£µ · §²µ¦¥´¨Ö, ³µ¦´µ ¶·µ-
¤¢¨´ÊÉÓ¸Ö ¢ µ¡² ¸ÉÓ ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¨Ì Ô´¥·£¨°. „²Ö ¶·¨³¥´Ö¥³µ£µ §¤¥¸Ó
³¥Éµ¤  ³µ¦´µ · ¸¸Î¨ÉÒ¢ ÉÓ ´  ¨´¤ÊÍ¨·µ¢ ´´ÊÕ ¸Ìµ¤¨³µ¸ÉÓ ‚’‚-·Ö¤ . � 
¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ¤µ± § É¥²Ó¸É¢µ É ±µ£µ ·µ¤  ¸Ìµ¤¨³µ¸É¨ ¨³¥¥É¸Ö ²¨ÏÓ ¤²Ö
¶·µ¸ÉÒÌ ³µ¤¥²¥°. ‚ ¸²ÊÎ ¥ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ ¶·¥¤²µ¦¨ÉÓ ¸É·µ£µ¥
¤µ± § É¥²Ó¸É¢µ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ · ¸¸³µÉ·¥´´µ£µ §¤¥¸Ó ¢ ·¨ Í¨-
µ´´µ£µ · §²µ¦¥´¨Ö ¶µ±  ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³. �¤´ ±µ ¶·µ¢¥¤¥´´Ò°
§¤¥¸Ó  ´ ²¨§ ¶·¨¢µ¤¨É ± ´¥±µÉµ·Ò³  ·£Ê³¥´É ³ Ô³¶¨·¨Î¥¸±µ£µ Ì · ±É¥·  ¢
¶µ²Ó§Ê ¢µ§³µ¦´µ£µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸Ìµ¤¨³µ¸É¨ É ±µ£µ É¨¶ . � ¶·¨³¥·, ¶µ-
¢¥¤¥´¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° β-ËÊ´±Í¨¨, ´ °¤¥´´µ° ³¥Éµ¤µ³ a-· §²µ¦¥´¨Ö ¢
· §²¨Î´ÒÌ ¶µ·Ö¤± Ì ‚’‚- ¶¶·µ±¸¨³ Í¨¨, µ± § ²µ¸Ó Ê¤¨¢¨É¥²Ó´µ Ê¸Éµ°Î¨-
¢Ò³ ± ¢²¨Ö´¨Õ ¶µ¶· ¢µ± ¢ ¸³Ò¸²¥ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ ¢ Ï¨·µ±µ³
¨´É¥·¢ ²¥ ¨§³¥´¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ ¦´µ° µ¸µ¡¥´´µ¸ÉÓÕ ‚’‚-¶µ¤Ìµ¤ 
Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ¤²Ö ¤µ¸É ÉµÎ´µ ³ ²ÒÌ ᾱs ¢ ·¨ Í¨µ´´µ¥ · §²µ¦¥´¨¥
¢µ¸¶·µ¨§¢µ¤¨É ¸É ´¤ ·É´ÊÕ É¥µ·¨Õ ¢µ§³ÊÐ¥´¨°, ¨ ¶¥·ÉÊ·¡ É¨¢´ Ö ¢Ò¸µ±µ-
Ô´¥·£¥É¨Î¥¸± Ö Ë¨§¨±  ¸µÌ· ´Ö¥É¸Ö. �·¨ ¶·µ¤¢¨¦¥´¨¨ ¢ µ¡² ¸ÉÓ ´¨§±¨Ì
Ô´¥·£¨°, ±µ£¤  µ¡ÒÎ´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¶¥·¥¸É ¥É · ¡µÉ ÉÓ (ᾱs(Q2) ∼ 1),
¶ · ³¥É· ‚’‚-· §²µ¦¥´¨Ö µ¸É ¥É¸Ö ¢¸¥ ¥Ð¥ ³ ²Ò³, ¨ ³Ò ´¥ ¢ÒÌµ¤¨³ §  · ³±¨
¶·¨³¥´¨³µ¸É¨ ³¥Éµ¤ .

‚ µ¡§µ·¥ · ¸¸³µÉ·¥´ ·Ö¤ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨° ‚’‚-³¥Éµ¤ .
�¤´¨³ ¨§ ¥£µ ¶·¨³¥´¥´¨° Ö¢²Ö¥É¸Ö µ¶¨¸ ´¨¥ ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨
¢  ¤·µ´Ò ¢ µ¡² ¸É¨ ´¨§±¨Ì (¤²Ö ³ ¸ÏÉ ¡µ¢ Š•„) Ô´¥·£¨°. „²Ö ¢µ§³µ¦´µ-
¸É¨ ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶·¨³¥´¥´ ¸¶¥Í¨ ²Ó´Ò° ³¥Éµ¤
¸£² ¦¨¢ ´¨Ö ·¥§µ´ ´¸µ¢, É ± ´ §Ò¢ ¥³ Ö ©¸³¨·¨´£ª-¶·µÍ¥¤Ê· . ˆ¸¶µ²Ó§µ¢ -
´¨¥ ©¸³¨·¨´£ª-³¥Éµ¤  ¶µ§¢µ²Ö¥É ¨§¡¥¦ ÉÓ É·Ê¤´µ¸É¥°, ¸¢Ö§ ´´ÒÌ ¸ ¶µ·µ£µ-
¢Ò³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨ ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ · §²µ¦¥´¨¨. �¤´ ±µ ¶·Ö³µ¥ ¶·¨³¥-
´¥´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö µ¶¨¸ ´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¤ ´´ÒÌ ¢¸¥ ¥Ð¥ µ¸É ¥É¸Ö ´¥¢µ§³µ¦´Ò³. �·¨Î¨´  ÔÉµ£µ ¸¢Ö§ ´  ¸ ´¥Ë¨§¨Î¥-
¸±¨³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨, ±µÉµ·Ò¥ ¨³¥ÕÉ¸Ö Ê ¶¥·ÉÊ·¡ É¨¢´µ£µ ¨´¢ ·¨ ´É´µ£µ
§ ·Ö¤  ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨. ‚ ³¥Éµ¤¥ a-· §²µ¦¥´¨Ö É ±¨¥ ¸¨´£Ê²Ö·´µ-
¸É¨ µÉ¸ÊÉ¸É¢ÊÕÉ, ©¸³¨·¨´£ª-¨´É¥£· ²Ò µ± §Ò¢ ÕÉ¸Ö Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³¨,
¨ Ê¦¥ ¢ ¶¥·¢µ³ ¶µ·Ö¤±¥ ‚’‚-· §²µ¦¥´¨Ö Ê¤ ¥É¸Ö ¤µ¡¨ÉÓ¸Ö Ìµ·µÏ¥£µ ¸µ£² ¸¨Ö
¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

�·¨³¥´¥´¨¥ µ¡ÒÎ´µ£µ ·¥´µ·³£·Ê¶¶µ¢µ£µ ·¥¸Ê³³¨·µ¢ ´¨Ö ¢ É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨° ¶·¨¢µ¤¨É ± ´¥Ë¨§¨Î¥¸±¨³ µ¸µ¡¥´´µ¸ÉÖ³ É¨¶  ¶·¨§· Î´µ£µ ¶µ²Õ¸ 
¢ ¶µ¢¥¤¥´¨¨ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ . � ²¨Î¨¥ É ±¨Ì µ¸µ¡¥´´µ¸É¥° ¢¥¤¥É ± ±µ´-
Ë²¨±ÉÊ ¸ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¶·¨´Í¨¶ ³¨ É¥µ·¨¨. ‚ ¦´µ° Î¥·Éµ° ‚’‚-¶µ¤-
Ìµ¤  Ö¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¸µÌ· ´¥´¨Ö ¶·µ¤¨±Éµ¢ ´´ÒÌ µ¡Ð¨³¨ ¶·¨´Í¨¶ ³¨
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±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ÔËË¥±É¨¢´µ° ±µ´¸É ´ÉÒ · §-
²µ¦¥´¨Ö. ˆ³¥´´µ ÔÉµÉ Ë ±É ¶µ§¢µ²Ö¥É ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· §µ³ ¢¢¥¸É¨
µ¶·¥¤¥²¥´¨¥ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨. �Éµ ¶µ´Ö-
É¨¥ µ± §Ò¢ ¥É¸Ö Ê¤µ¡´Ò³ ¤²Ö ¶µ¸É·µ¥´¨Ö ¶·µÍ¥¤Ê·Ò ¸Ï¨¢±¨ ¢µ ¢·¥³¥´¨¶µ-
¤µ¡´µ° µ¡² ¸É¨, ¸µ£² ¸´µ ±µÉµ·µ° Î¨¸²µ  ±É¨¢´ÒÌ ±¢ ·±µ¢ ´¥¶µ¸·¥¤¸É¢¥´´µ
¸¢Ö§ ´µ ¸ ¶µ·µ£ ³¨ ·µ¦¤¥´¨Ö ±¢ ·±- ´É¨±¢ ·±µ¢µ° ¶ ·Ò. ’ ± Ö ¶·µÍ¥¤Ê·  ¢
µÉ²¨Î¨¥ µÉ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³µ° ¸Ï¨¢±¨ ¢ ¥¢±²¨¤µ¢µ° µ¡² ¸É¨ ´¥ · §·ÊÏ ¥É
 ´ ²¨É¨Î´µ¸É¨. �É¸ÊÉ¸É¢¨¥ ´¥Ë¨§¨Î¥¸±¨Ì µ¸µ¡¥´´µ¸É¥° ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
‚’‚-³¥Éµ¤  ¨£· ¥É ±²ÕÎ¥¢ÊÕ ·µ²Ó ¶·¨ ¶µ²ÊÎ¥´¨¨ ·¥´µ·³ ²µ´´µ£µ ¶·¥¤¸É -
¢²¥´¨Ö. ‚’‚-¶µ¤Ìµ¤, ¡Ê¤ÊÎ¨ ¢ ¸¢µ¥° µ¸´µ¢¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ¶µ¤Ìµ¤µ³,
¶µ§¢µ²Ö¥É ¶µ-´µ¢µ³Ê ¢§£²Ö´ÊÉÓ ´  ¨¸¶µ²Ó§µ¢ ´¨¥ ³¥Éµ¤  ¶· ¢¨² ¸Ê³³ Š•„,
¢ Î ¸É´µ¸É¨, ´  ¥£µ ¶·¨³¥´¥´¨¥ ± µ¶¨¸ ´¨Õ ¸¶¥±É·  ³ ¸¸ ³¥§µ´µ¢. Šµ·-
·¥±É´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  µ± §Ò¢ ÕÉ¸Ö ¶·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³¨ ¤²Ö
µ¶¨¸ ´¨Ö ¨´±²Õ§¨¢´µ£µ · ¸¶ ¤  τ -²¥¶Éµ´ . �ÉµÉ ¶·µÍ¥¸¸ ¶·¥¤µ¸É ¢²Ö¥É Ê´¨-
± ²Ó´ÊÕ ¢µ§³µ¦´µ¸ÉÓ ¤²Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ É¥¸É¨·µ¢ ´¨Ö Š•„. ‡¤¥¸Ó
ÉµÎ´µ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ § ³¥É´µ ¢ÒÏ¥, Î¥³ ¤²Ö ³´µ£¨Ì ¤·Ê£¨Ì
´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢,   ³¥Éµ¤ É¥µ·¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¶µ§¢µ²Ö¥É
¢ ¶·¨´Í¨¶¥ ¨§¡¥¦ ÉÓ ¤µ¶ÊÐ¥´¨° ³µ¤¥²Ó´µ£µ Ì · ±É¥· . �¤´ ±µ ¨¸¶µ²Ó§µ¢ -
´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢¥¤¥É ± ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒ³ ´¥Ë¨§¨Î¥¸±¨³ µ¸µ¡¥´´µ-
¸ÉÖ³, ¨ ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ£µ µ¶¨¸ ´¨Ö ¸¢µ°¸É¢   ´ ²¨É¨Î´µ-
¸É¨ · §·ÊÏ ÕÉ¸Ö. ‚ · ¸¸³µÉ·¥´´µ³ §¤¥¸Ó ³¥Éµ¤¥ a-· §²µ¦¥´¨Ö ´¥Ë¨§¨Î¥¸±¨Ì
¸¨´£Ê²Ö·´µ¸É¥° ³µ¦´µ ¨§¡¥¦ ÉÓ. ‚ ÔÉµ³ µÉ´µÏ¥´¨¨ ‚’‚-¶µ¤Ìµ¤ ¡²¨§µ± ±
 ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¢ ±µÉµ·µ° ·¥´µ·³£·Ê¶¶µ¢µ¥ ·¥¸Ê³³¨·µ-
¢ ´¨¥ ¢Ò¶µ²´Ö¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ´¥ ¢Ìµ¤¨ÉÓ ¢ ±µ´Ë²¨±É ¸ µ¡Ð¨³¨
¶·¨´Í¨¶ ³¨ É¥µ·¨¨. �Éµ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ±µ··¥±É´Ò¥  ´ ²¨É¨Î¥¸±¨¥
¸¢µ°¸É¢  ¢µ¸¸É ´ ¢²¨¢ ÕÉ¸Ö §  ¸Î¥É ¶µÖ¢²ÖÕÐ¨Ì¸Ö  ¢Éµ³ É¨Î¥¸±¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´ÒÌ ¢±² ¤µ¢. �¥¸³µÉ·Ö ´  · §²¨Î¨¥ ÔÉ¨Ì ¤¢ÊÌ ³¥Éµ¤µ¢, µ¤¨´ ¨§ ±µÉµ·ÒÌ
µ¸´µ¢Ò¢ ¥É¸Ö ´  ¢ ·¨ Í¨µ´´µ³ · §²µ¦¥´¨¨,   ¤·Ê£µ° ¸É ¢¨É ¢µ £² ¢Ê Ê£² 
·¥´µ·³£·Ê¶¶µ¢µ¥ ¸Ê³³¨·µ¢ ´¨¥ ¸ ´ ²µ¦¥´¨¥³ Ê¸²µ¢¨Ö  ´ ²¨É¨Î´µ¸É¨, µ´¨
¨³¥ÕÉ ´¥³ ²µ µ¡Ð¨Ì Î¥·É ¨ § Î ¸ÉÊÕ ¶·¨¢µ¤ÖÉ ± ¡²¨§±¨³ ¤·Ê£ ± ¤·Ê£Ê ¸²¥¤-
¸É¢¨Ö³.

�¢Éµ·Ò ¢Ò· ¦ ÕÉ £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ •.”. „¦µÊ´¸Ê, �. �¨ÉÍÊ ¨
�.�. ‘µ²µ¢Íµ¢µ°, ¢ ¸µ ¢Éµ·¸É¢¥ ¸ ±µÉµ·Ò³¨ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ³´µ£¨¥ ¨§ ¨§²µ-
¦¥´´ÒÌ §¤¥¸Ó ·¥§Ê²ÓÉ Éµ¢,   É ±¦¥ ¶·¨§´ É¥²Ó´µ¸ÉÓ �.�. �·¡Ê§µ¢Ê, �.Œ. � ²-

¤¨´Ê, ‚.ƒ. Š ¤ÒÏ¥¢¸±µ³Ê, ‚.�. Œ É¢¥¥¢Ê, Š.�. Œ¨²Éµ´Ê, Œ.‚. ‘ ¢¥²Ó¥¢Ê ,

�.�. ’ ¢Ì¥²¨¤§¥, �.’. ”¨²¨¶¶µ¢Ê, „.‚. ˜¨·±µ¢Ê ¨ �.Œ. ˜Ê³¥°±µ §  ¨´É¥·¥¸
± · ¡µÉ¥ ¨ ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥´¨Ö § É·µ´ÊÉÒÌ §¤¥¸Ó ¢µ¶·µ¸µ¢.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �µ¸¸¨°¸±µ£µ Ëµ´¤  ËÊ´¤ ³¥´É ²Ó´ÒÌ
¨¸¸²¥¤µ¢ ´¨° (£· ´É 99-02-17727).
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A. �¥Ï¥´¨¥ Ê· ¢´¥´¨° ³¥Éµ¤µ³ ¢ ·¨ Í¨µ´´ÒÌ ¨É¥· Í¨°. � ¸¸³µÉ·¨³
±· É±µ ¥Ð¥ µ¤´Ê ¢µ§³µ¦´µ¸ÉÓ, ±µÉµ·ÊÕ ¶·¥¤µ¸É ¢²Ö¥É ¢ ·¨ Í¨µ´´ Ö É¥µ·¨Ö
¢µ§³ÊÐ¥´¨°. �¥ÎÓ ¨¤¥É µ ´ Ìµ¦¤¥´¨¨ ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°, ¶·¨
¨¸¶µ²Ó§µ¢ ´¨¨ ³¥Éµ¤  ¢ ·¨ Í¨µ´´ÒÌ ¨É¥· Í¨°. ’ ±µ° ¶·¨¥³, ± ± ¨ ¢ ¸²ÊÎ ¥
ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥£· ²µ¢, ¶·¨¢µ¤¨É ± ©¶² ¢ ÕÐ¨³ª · §²µ¦¥´¨Ö³, ¸¢µ°-
¸É¢  ¸Ìµ¤¨³µ¸É¨ ±µÉµ·ÒÌ ³µ¦´µ ±µ´É·µ²¨·µ¢ ÉÓ ¸ ¶µ³µÐÓÕ ¸¶¥Í¨ ²Ó´ÒÌ
¢ ·¨ Í¨µ´´ÒÌ ¶ · ³¥É·µ¢. ‚ ´ Ï¥ ´ ³¥·¥´¨¥ §¤¥¸Ó ´¥ ¢Ìµ¤¨É ¸±µ²Ó-´¨¡Ê¤Ó
¤¥É ²Ó´µ¥ µ¡¸Ê¦¤¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸ . �·¨¢¥¤¥³ ²¨ÏÓ ´¥±µÉµ·ÊÕ ¨²²Õ¸É· -
Í¨Õ ¢µ§³µ¦´µ¸É¥° ¶·¨³¥´¥´¨Ö ¨¤¥¨ ‚’‚ ¤²Ö ´ Ìµ¦¤¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥-
´¨°.

� ¸¸³µÉ·¨³ ¤²Ö ±µ´±·¥É´µ¸É¨ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ Ê· ¢´¥´¨¥ ‹¨¶¶³ ´  Å
˜¢¨´£¥·  ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  G(E; p,q):(

E − p2

2m

)
G(E; p,q)− (A.1)

−
∫

dk

(2π)3
V (p,q)G(E; p,q) = (2π)3 δ(p− k) .

ˆÉ¥·¨·ÊÖ Ê· ¢´¥´¨¥ (A.1), ¶µ²ÊÎ ¥³ Ìµ·µÏµ ¨§¢¥¸É´Ò° ·Ö¤ ¸É ´¤ ·É´µ°
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´ ± ± ¸¥·¨Ö ¶¥·¥-
· ¸¸¥Ö´¨° ¸¢µ¡µ¤´µ° Î ¸É¨ÍÒ ¸ ¶·µ¶ £ Éµ·µ³

G0(E; p,q) =
(2π)3 δ(p− k)

E − p2/2m
(A.2)

´  ¶µÉ¥´Í¨ ²¥ V (p,q). ’ ±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢µ§³µ¦´µ ¢ ¶·¥¤¥²¥ ¸² ¡µ°
¸¢Ö§¨, ¢ ¸²ÊÎ ¥ ¦¥ ¸¨²Ó´µ° ¸¢Ö§¨ É·¥¡Ê¥É¸Ö ¨´µ° ¶µ¤Ìµ¤.

� ¸¸³µÉ·¨³ ¶·¨³¥´¥´¨¥ ³¥Éµ¤  ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ± ÔÉµ°
§ ¤ Î¥. ‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ ‹¨¶¶³ ´  Å ˜¢¨´£¥·  (A.1) ¢ ¸¨³¢µ²¨Î¥¸±µ³
¢¨¤¥

G − G0 V G = G0 . (A.3)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ‚’‚ ¨§³¥´¨³ ´Ê²¥¢µ¥ ¶·¨¡²¨¦¥´¨¥, § ¶¨¸ ¢ (A.3) ¢ Ô±¢¨-
¢ ²¥´É´µ° Ëµ·³¥

G − G̃0 Ṽ G = G̃0 , (A.4)

Ṽ = V +
[
G̃−1

0 −G−1
0

]
. (A.5)

’ ±¨³ µ¡· §µ³, ¨É¥· Í¨¨ ÔÉµ£µ Ê· ¢´¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´Ò ± ±
¸¥·¨Ö ¶¥·¥· ¸¸¥Ö´¨° ÔËË¥±É¨¢´µ° Î ¸É¨ÍÒ ¸ ¶·µ¶ £ Éµ·µ³ G̃0 ´  ´µ¢µ³ ÔË-
Ë¥±É¨¢´µ³ ¶µÉ¥´Í¨ ²¥ Ṽ (¸³. ·¨¸. 16).
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�¨¸. 16. „¨ £· ³³´ Ö ¨´É¥·¶·¥É Í¨Ö ¨É¥· Í¨µ´´µ£µ ·¥Ï¥´¨Ö ¢ ³¥Éµ¤¥ ¢ ·¨ Í¨µ´´µ°
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°

Š ± ¨ ¢ ¸²ÊÎ ¥ £ ·³µ´¨Î¥¸±µ° ¢ ·¨ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò, ¢Ò¡¥·¥³

G̃0 = ζ G0 . (A.6)

‚ ·¥§Ê²ÓÉ É¥ ·Ö¤ ‚’‚ § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

G =

∞∑
n=0

Gn , (A.7)

Gn =

n∑
k=0

1

(n − k)!

(
− ∂

∂κ

)n−k
gk .

”Ê´±Í¨¨ gk ¢ (A.7) ³µ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò µ¡ÒÎ´Ò³ ´ ¡µ·µ³ ¤¨ £· ³³ ¸
³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ ¶·µ¶ £ Éµ·µ³

G̃′0 =
1

1 + κ(ζ−1 − 1)
G0 , (A.8)

£¤¥ ³Ò µ¶ÖÉÓ ¤²Ö Ê¤µ¡¸É¢  ¢¢¥²¨ ¶ · ³¥É· κ, ±µÉµ·Ò° ¶µ²µ¦¨³ · ¢´Ò³ ¥¤¨-
´¨Í¥ ¢ ±µ´Í¥ ¢¸¥Ì ¢ÒÎ¨¸²¥´¨°.

�´ ²¨§ ¸É·Ê±ÉÊ·Ò ‚’‚-· §²µ¦¥´¨Ö ¶µ± §Ò¢ ¥É, ÎÉµ Ô²¥³¥´ÉÒ ‚’‚-·Ö¤ 
¡Ê¤ÊÉ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ´µ¢µ³Ê ¶ · ³¥É·Ê · §²µ¦¥´¨Ö a ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤ 
¨¸Ìµ¤´ Ö ±µ´¸É ´É  g ¨ a ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³ ∗

g =
1

C

a

1− a . (A.9)

‡¤¥¸Ó C Å ¶ · ³¥É· ¢ ·¨ Í¨µ´´µ£µ É¨¶ , ±µÉµ·Ò° ¤µ²¦¥´ ¡ÒÉÓ µ¶·¥¤¥²¥´
´  µ¸´µ¢¥ Éµ° ¨²¨ ¨´µ° ¶·µÍ¥¤Ê·Ò µ¶É¨³¨§ Í¨¨.

∗� ¸¸³ É·¨¢ ¥³ Ö § ¤ Î  µ ¤¢¨¦¥´¨¨ Î ¸É¨ÍÒ ¢µ ¢´¥Ï´¥³ ¶µ²¥ ¸µµÉ¢¥É¸É¢Ê¥É ´ ¨¡µ²¥¥
¶·µ¸Éµ° ¢§ ¨³µ¸¢Ö§¨ ´µ¢µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö a ¨ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g.
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—Éµ¡Ò ¨³¥ÉÓ ¢µ§³µ¦´µ¸ÉÓ ¸· ¢´¨ÉÓ ·¥§Ê²ÓÉ É ‚’‚, · ¸¸³µÉ·¨³ ¸²ÊÎ °
¸¥¶ · ¡¥²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö

V (p,q) = g f(p2) f(q2) . (A.10)

‚ ÔÉµ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É ÉµÎ´µ¥ ·¥Ï¥´¨¥

G(E; p,q) =
(2π)3 δ(p− k)

E − p2/2m
+

g f(p) f(q)

(E − p2/2m) (E − q2/2m)
×

×
[
1− g

∫
dk

(2π)3

f2(k2)

E − k2/2m

]−1

. (A.11)

�£· ´¨Î¨³¸Ö ¶¥·¢Ò³ ´¥É·¨¢¨ ²Ó´Ò³ ¶µ·Ö¤±µ³ ‚’‚-¶·¨¡²¨¦¥´¨Ö, ±µÉµ-
·Ò° ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ ´  ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· C ¨ ¢ ¤ ´-
´µ³ ¸²ÊÎ ¥ ¸µµÉ¢¥É¸É¢Ê¥É · §²µ¦¥´¨Õ ¸ ÉµÎ´µ¸ÉÓÕ O(a2). ‚ ÔÉµ³ ¶µ·Ö¤±¥
(N = 2) ¨³¥¥³

G(2)(E; p,q) = g0(E; p,q) + a
g1(E; p,q)

C
+

+a2

[
g2(E; p,q)

C2
+
g1(E; p,q)

C

]
, (A.12)

£¤¥ ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±µÔËË¨Í¨¥´ÉÒ gk(E; p,q) ¨³¥ÕÉ ¢¨¤

g0(E; p,q) =
(2π)3 δ(p− k)

E − p2/2m
,

g1(E; p,q) =
g f(p2)f(q2)

(E − p2/2m)(E − q2/2m)
, (A.13)

g2(E; p,q) =
g2 f(p2)f(q2)

(E − p2/2m)(E − q2/2m)
×

×
∫

dk

(2π)3

f2(k2)

E − k2/2m
.

�·¨´Í¨¶ ³¨´¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨

∂ G(2)(E; p,q)

∂ C
= 0

µ¶·¥¤¥²Ö¥É ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· C ± ±

C = −
∫

dk

(2π)3

f2(k2)

E − k2/2m
. (A.14)
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‚ ·¥§Ê²ÓÉ É¥, ± ± ´¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ ¨§ ¸· ¢´¥´¨Ö ¸ (A.11), ¶µ²ÊÎ ¥³

G(2)(E; p,q) = Gexact(E; p,q) , (A.15)

  ¢¸¥ ¶µ¸²¥¤ÊÕÐ¨¥ Î²¥´Ò ‚’‚-·Ö¤  · ¢´Ò ´Ê²Õ.
B. Šµ··¥²ÖÉµ·Ò Éµ±µ¢ ³ ¸¸¨¢´ÒÌ ±¢ ·±µ¢. ‡ ¶¨Ï¥³ §¤¥¸Ó ¤¢ÊÌ¶¥É²¥¢Ò¥

¢Ò· ¦¥´¨Ö ¤²Ö ±µ··¥²ÖÉµ·µ¢ Éµ±µ¢ ³ ¸¸¨¢´ÒÌ ±¢ ·±µ¢. ’µ±¨, ¶·¨¢¥¤¥´´Ò¥
´¨¦¥, ¸µµÉ¢¥É¸É¢ÊÕÉ Ëµ·³ ÉÊ jΓ = ...(JPC).

• ‘± ²Ö·´Ò° Éµ±: jS = ψiψj (0++).

• �¸¥¢¤µ¸± ²Ö·´Ò° Éµ±: jP = iψiγ5ψj (0−+).

• ‚¥±Éµ·´Ò° Éµ±: jV = ψiγµψj (1−−).

• �±¸¨ ²Ó´µ-¢¥±Éµ·´Ò° Éµ±: jA = (qµqν/q
2 − gµν)ψiγνγ5ψj (1++).

• A′-Éµ±: jA′ = ψi∂µγ5ψj (1+−).

„²Ö ¶ · ³¥É·¨§ Í¨¨ µ¡Ð¨Ì ±µ³¶µ´¥´É ±µ··¥²ÖÉµ·µ¢ Ê¤µ¡´µ µ¶·¥¤¥²¨ÉÓ
ËÊ´±Í¨¨ [140]:

A(u) = (1 + u2)

[
π2

6
+ ln

1 + u

1− u ln
1 + u

2
+ 2l

(
1− u
1 + u

)
+

+2l

(
1 + u

2

)
− 2l

(
1− u

2

)
− 4l(u) + l(u2)

]
+

+3u ln
1− u2

4u
− u lnu , (B.1)

A′(u) = (1 + u2)

[
2l

[(
1− u
1 + u

)2
]
− 2l

(
u− 1

u+ 1

)
−

−3 ln
1− u
1 + u

ln
1 + u

2
+ 2 ln

1− u
1 + u

lnu

]
, (B.2)

£¤¥

l(x) = −
∫ x

0

dt
1

t
ln(1− t) (B.3)

Å ËÊ´±Í¨Ö ‘¶¥´¸ .
�¥µ¡Ìµ¤¨³Ò¥ ´ ³ ËÊ´±Í¨¨ Π0 ¨ Π1 ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤.
‚¥±Éµ·´Ò° Éµ± [140] (Γ = γµ):

NV = 0, (B.4)

Π0
V =

1

2
u(3− u2), (B.5)
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Π1
V = 2

[(
1− u2

3

)
A(u) + PV (u) ln

1 + u

1− u +QV (u)

]
, (B.6)

PV (u) =
1

24
(33 + 22u2 − 7u4), (B.7)

QV (u) =
1

4
(5u− 3u3). (B.8)

�±¸¨ ²Ó´µ-¢¥±Éµ·´Ò° Éµ± [140] (Γ = γ5γν(qµqν/q
2 − gµν)):

NA = 1, (B.9)

Π0
A = u3, (B.10)

Π1
A =

4

3

[
u2A(u) + PA(u) ln

1 + u

1− u +QA(u)

]
, (B.11)

PA(u) =
1

32
(21 + 59u2 − 19u4 − 3u6), (B.12)

QA(u) =
1

16
(−21u+ 30u3 + 3u5). (B.13)

A′-Éµ± [140] (Γ = ∂µγ5):

NA′ = 2, (B.14)

Π0
A′ =

1

2
u3, (B.15)

Π1
A′ =

2

3

[
u2A(u) + PA′(u) ln

1 + u

1− u +QA′(u)

]
, (B.16)

PA′(u) =
1

16
(13 + 28u2 + 17u4 − 2u6), (B.17)

QA′(u) =
1

24
(−39u+ 47u3 + 6u5). (B.18)

‘± ²Ö·´Ò° Éµ± [141] (Γ =1):

NS = 1, (B.19)

Π0
S =

3

2
u3, (B.20)

Π1
S = 2

[
u2A′(u) + PS(u) ln

1 + u

1− u +QS(u)

]
, (B.21)

PS(u) =
1

16
(3 + 34u2 − 13u4), (B.22)

QS(u) =
1

8
(21u− 3u3). (B.23)
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�¸¥¢¤µ¸± ²Ö·´Ò° Éµ± [141] (Γ = γ5):

NP = 1, (B.24)

Π0
P =

3

2
u, (B.25)

Π1
P = 2

[
A′(u) + PP (u) ln

1 + u

1− u +QP (u)

]
, (B.26)

PP (u) =
1

16
(19− 48u+ 2u2 + 3u4), (B.27)

QP (u) =
1

8
(21u− 3u3). (B.28)

C. ŠÊ²µ´µ¢¸±¨¥ ¸¨´£Ê²Ö·´µ¸É¨. ‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¶·µ¸Éµ° ³µ¤¥²ÓÕ,
· ¸¸³µÉ·¨³ ¢µ¶·µ¸ µ Éµ³, ± ± ¶·¥¤¸É ¢²¥´¨¥ (6.4) ¶µ§¢µ²Ö¥É µ¡µ°É¨ Ê¶µ-
³Ö´ÊÉÊÕ É·Ê¤´µ¸ÉÓ, ¸¢Ö§ ´´ÊÕ ¸ ±Ê²µ´µ¢¸±¨³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨, ¨ ´¥¶·µÉ¨-
¢µ·¥Î¨¢Ò³ µ¡· §µ³ · ¸¸³ É·¨¢ ÉÓ ³µ³¥´ÉÒ ¸ ¡µ²ÓÏ¨³¨ ´µ³¥· ³¨ n.

Š ± Ìµ·µÏµ ¨§¢¥¸É´µ [142] (¸³. É ±¦¥ [143,144]), ¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ-
¦¥´¨¥ ¤²Ö Im Π(s) ¤ ¦¥ ¶·¨ ´¥¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ Ö¢²Ö¥É¸Ö
¶²µÌµ µ¶·¥¤¥²¥´´Ò³ ¤²Ö ³ ²ÒÌ ¸±µ·µ¸É¥°

u =

√
1− 4m2

s
, (C.1)

É ± ± ± ÔËË¥±É¨¢´Ò³ ¶ · ³¥É·µ³ · §²µ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´  λ/u. �ÉµÉ
Ë ±É ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¤²Ö ³µ³¥´Éµ¢ ¸ ¡µ²ÓÏ¨³¨ ´µ³¥· ³¨ n, ¤²Ö ±µÉµ-
·ÒÌ ¤µ³¨´¨·ÊÕÐ¨° ¢±² ¤ µ¶·¥¤¥²Ö¥É¸Ö µ¡² ¸ÉÓÕ u ∼ 1/

√
n,   ¸µµÉ¢¥É¸É¢ÊÕ-

Ð¨³ ÔËË¥±É¨¢´Ò³ ¶ · ³¥É·µ³ · §²µ¦¥´¨Ö ¸²Ê¦¨É ¢¥²¨Î¨´ 
√
nλ, ´¥¶µ¸·¥¤-

¸É¢¥´´µ¥ ¶·¨³¥´¥´¨¥ ¨¸Ìµ¤´µ£µ ¶¥·ÉÊ·¡ É¨¢´µ£µ ·Ö¤  ´¥ ± ¦¥É¸Ö µ¶· ¢¤ ´-
´Ò³.

‘Ê³³¨·µ¢ ´¨¥ É ±¨Ì ¸¨´£Ê²Ö·´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ±Ê-
²µ´µ¢¸±¨Ì ¸¨¸É¥³ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ Ë ±Éµ·  ‡µ³³¥·Ë¥²Ó¤ -Ä‘ Ì -
·µ¢  [145,146]:

S =
X

1− exp (−X)
, X =

16π2

3

λ

u
. (C.2)

‚ ¶·¨³¥´Ö¥³µ³ §¤¥¸Ó ¸¶µ¸µ¡¥ µ¶¨¸ ´¨Ö ±¢ ·±µ´¨¥¢ · ¸¸³µÉ·¨³ ÔÉµÉ ¢µ-
¶·µ¸, ¨¸¶µ²Ó§ÊÖ ¶·µ¸ÉÊÕ ³µ¤¥²Ó. ‡ ¶¨Ï¥³ n-° ³µ³¥´É ¢ ¢¨¤¥

Mn(Y ) =

∫ ∞
0

dσ
ρ(σ)

(σ + Y )n+1
, (C.3)

£¤¥ ¢¨·ÉÊ ²Ó´µ¸ÉÓ σ = s − 4m2,   Î¥·¥§ Y µ¡µ§´ Î¨³ ¢¥²¨Î¨´Ê Y = Q2 +
4m2. ‚Ò¡¥·¥³ ¤ ²¥¥ ¸¶¥±É· ²Ó´ÊÕ ËÊ´±Í¨Õ ρ(σ), ´µ·³¨·µ¢ ´´ÊÕ Ê¸²µ¢¨¥³
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ρ(σ, λ = 0) = 1, ¢ ¢¨¤¥

ρ(σ) =

( √
σ

λ+
√
σ

)p
, (C.4)

£¤¥ p Å ´¥±µÉµ·µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Í¥²µ¥ Î¨¸²µ.
�¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ (C.4), ¨³¥ÕÐ¥¥ ¢¨¤

ρpert(σ) ∼ 1− p λ√
σ

+O

(
λ√
σ

)2

∼ 1− p

2m

λ

u
+O

(
λ

u

)2

, (C.5)

¤¥³µ´¸É·¨·Ê¥É ´ ²¨Î¨¥ ±Ê²µ´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥° ¶·¨ ³ ²ÒÌ u.
�·¥¤¶µ² £ Ö µ¶·¥¤¥²¥´´Ò¥ ¸¢µ°¸É¢  £² ¤±µ¸É¨ Ê ËÊ´±Í¨¨ ρ(σ) [144], ³µ-

³¥´ÉÒ ¤²Ö ¡µ²ÓÏ¨Ì n ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Mn(Y ) ∼ Y −(n+1)

∫ ∞
0

dσρ(σ) exp
(
−n σ

Y

)(
1 +O

(
1

n

))
. (C.6)

„µ³¨´¨·ÊÕÐ¨° ¢±² ¤ µ¶·¥¤¥²Ö¥É¸Ö µ¡² ¸ÉÓÕ σ ∼ Y/n, ÎÉµ ¢ É¥·³¨´ Ì ¶¥-
·¥³¥´´µ° u ¸µµÉ¢¥É¸É¢Ê¥É u ∼ 1/

√
n. ‚ Éµ ¦¥ ¢·¥³Ö ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö

¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¨ ¤²Ö ¨¸Ìµ¤´ÒÌ ³µ³¥´Éµ¢ M ex
n , µ¶·¥¤¥²¥´´ÒÌ

¸µ£² ¸´µ (C.3) ¸µ ¸¶¥±É· ²Ó´µ° ËÊ´±Í¨¥° (C.4),  ´ ²µ£¨Î´ Ö  ¸¨³¶ÉµÉ¨Î¥-
¸± Ö Ëµ·³Ê²  ¶·¨ ¡µ²ÓÏ¨Ì n, ±µ£¤  ¢ ¨´É¥£· ²¥ µ¶ÖÉÓ-É ±¨ ¤µ³¨´¨·Ê¥É ¢±² ¤
³ ²ÒÌ ¸±µ·µ¸É¥°, ¨³¥¥É ¢¨¤

ρex −→
(

1 +
√
n
λ√
Y

)−p
. (C.7)

…¸²¨ ¦¥ ¨¸Ìµ¤¨ÉÓ ¨§ ¶¥·ÉÊ·¡ É¨¢´µ£µ ¢Ò· ¦¥´¨Ö, ¢§ÖÉµ£µ ¢ ¶µ·Ö¤±¥ O(λ),
Éµ ¶µ²ÊÎ¨³

ρpert −→ 1− p
√
n
λ√
Y
. (C.8)

’¥¶¥·Ó Ö¢´µ ¢¨¤´µ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì n ¨¸¶µ²Ó§µ¢ ´¨¥ ¶¥·ÉÊ·¡ -
É¨¢´µ£µ ¢Ò· ¦¥´¨Ö (C.8) ´¥µ¡µ¸´µ¢ ´´µ.

� ¸¸³µÉ·¨³ É¥¶¥·Ó, ÎÉµ ¦¥ ¶·µ¨¸Ìµ¤¨É ¢ µ¡¸Ê¦¤ ¥³µ³ §¤¥¸Ó ¶µ¤Ìµ¤¥.
„²Ö ¸µµÉ¢¥É¸É¢¨Ö ¸ µ¶¥· Éµ·´Ò³ · §²µ¦¥´¨¥³ ¢´ Î ²¥ ¸²¥¤Ê¥É ¶¥·¥¶¨¸ ÉÓ
¢Ò· ¦¥´¨¥ ¤²Ö ³µ³¥´Éµ¢ (C.3) ¢ ·¥´µ·³ ²µ´´µ³ ¶·¥¤¸É ¢²¥´¨¨, ±µÉµ·µ¥ ¢
¤ ´´µ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

M re
n (Y ) =

∫ ∞
0

dσ′
1

(f(σ′) + Y )n+1
, (C.9)

£¤¥ ËÊ´±Í¨Ö f(σ′) µ¶·¥¤¥²Ö¥É¸Ö ´¥Ö¢´Ò³ µ¡· §µ³ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö

σ′ =

∫ f(σ′)

0

dσρ(σ) . (C.10)
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�Éµ ¢Ò· ¦¥´¨¥ ¶µ²ÊÎ ¥É¸Ö ¶·¨ § ³¥´¥ ¶¥·¥³¥´´µ° σ = f(σ′) ¨ ¢ ¶·¥¤¶µ²µ-
¦¥´¨¨, ÎÉµ ¸¶¥±É· ²Ó´ Ö ËÊ´±Í¨Ö ρ(σ) É ±µ¢ , ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö f(∞) = ∞
¨ f(0) = 0.

•µÉÖ ¶·¥µ¡· §µ¢ ´¨¥, µ¶·¥¤¥²Ö¥³µ¥ ¢Ò· ¦¥´¨Ö³¨ (C.9) ¨ (C.10), Ö¢²Ö¥É¸Ö
ÉµÎ´Ò³, ´ ¸ ¨´É¥·¥¸Ê¥É Ê·µ¢¥´Ó O(λ). ‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ËÊ´±Í¨¨
f(σ′) ¶µ²ÊÎ ¥³ Ö¢´µ¥ ¢Ò· ¦¥´¨¥

f(σ′) = σ′ + 2pλ
√
σ′ . (C.11)

�¨¸. 17. �É´µÏ¥´¨¥ ³µ³¥´Éµ¢ Rex
n

(¸¶²µÏ´ Ö ±·¨¢ Ö), Rpert
n (¶Ê´±É¨·´ Ö)

¨ Rre
n (ÉµÎ¥Î´ Ö) ¤²Ö ¶ · ³¥É·µ¢ Y =

= 1, λ = 0, 1 ¨ p = 1

�·¨ É ±µ³ ¶µ¤Ìµ¤¥ ¶·µ¡²¥³Ò ±Ê²µ-
´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥° ´¥ ¢µ§´¨± ¥É,  
Ê¦¥ ¶¥·¢µ£µ ¶·¨¡²¨¦¥´¨Ö µ± §Ò¢ ¥É¸Ö
¤µ¸É ÉµÎ´µ ¤²Ö ¢µ¸¶·µ¨§¢¥¤¥´¨Ö n-§ ¢¨-
¸¨³µ¸É¨ ³µ³¥´Éµ¢ ¤²Ö ¡µ²ÓÏ¨Ì §´ Î¥-
´¨° n. � ¸¸³µÉ·¨³, ± ± ¨ ¢ ³¥Éµ¤¥ ¶· -
¢¨² ¸Ê³³, µÉ´µÏ¥´¨¥ Rn = Mn/Mn−1

¨ ¢ÒÎ¨¸²¨³ É·¨ ËÊ´±Í¨¨: ÉµÎ´ÊÕ Rex
n ,

¶¥·ÉÊ·¡ É¨¢´ÊÕ Rpert
n ¢ ¶µ·Ö¤±¥ O(λ) ¨

¸Ê³³¨·µ¢ ´´ÊÕ ´  µ¸´µ¢¥ ·¥´µ·³ ²µ´-
´µ£µ ¶·¥¤¸É ¢²¥´¨Ö (Rre

n ) ¢ Éµ³ ¦¥ ¶µ-
·Ö¤±¥ O(λ). �É¨ ËÊ´±Í¨¨ ¶·¨¢¥¤¥´Ò ´ 
·¨¸. 17 ¤²Ö ¶ · ³¥É·µ¢ Y = 1, λ = 0, 1
¨ p = 1. ˆ´µ° ¢Ò¡µ· ¶ · ³¥É·µ¢ ¶·¨-
¢µ¤¨É ±  ´ ²µ£¨Î´µ³Ê ·¥§Ê²ÓÉ ÉÊ.

�É³¥É¨³, ÎÉµ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
·¥´µ·³ ²µ´´µ£µ ¶·¥¤¸É ¢²¥´¨Ö µ¡² ¸ÉÓ
u ∼ 1/

√
n ´¥ µ¶·¥¤¥²Ö¥É ¡µ²¥¥ ¢¥¤ÊÐ¨°

¢±² ¤ ¢ ¨´É¥£· ² ¤²Ö ³µ³¥´Éµ¢ ¶·¨ ¡µ²Ó-
Ï¨Ì n. ’¥¶¥·Ó ¶¥·¥¢ ²Ó´ Ö ÉµÎ±  µ¶·¥¤¥²Ö¥É¸Ö ´¥±µÉµ·Ò³, ´¥ § ¢¨¸ÖÐ¨³ µÉ
n §´ Î¥´¨¥³ σ̃, ÎÉµ ¶µ²´µ¸ÉÓÕ ¸µµÉ¢¥É¸É¢Ê¥É ¶·µ¢¥¤¥´´µ³Ê  ´ ²¨§Ê ¶· ¢¨²
¸Ê³³ Š•„.
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”¨§¨Î¥¸±¨° ¨´¸É¨ÉÊÉ ¨³.�.�.‹¥¡¥¤¥¢  ���, Œµ¸±¢ 

ˆ´¸É¨ÉÊÉ É¥µ·¥É¨Î¥¸±µ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´µ° Ë¨§¨±¨, Œµ¸±¢ 

�¡§µ· ¶µ¸¢ÖÐ¥´ ÉµÎ´Ò³ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ·¥Ï¥´¨Ö³ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ±¢ ´Éµ¢ÒÌ ± -
²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¶µ²Ö ¨ ¨Ì Ëµ·³Ê²¨·µ¢±¥ ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. �¡¸Ê¦¤ ÕÉ¸Ö
µ¡Ð¨¥ ¸¢µ°¸É¢  ¨´É¥£·¨·Ê¥³µ¸É¨ ¢ ±µ´É¥±¸É¥ ¢µ§´¨±´µ¢¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸É·Ê±ÉÊ· ¢ · ³± Ì
Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¨ (¡²¨§±¨Ì ± ·¥ ²¨¸É¨Î¥¸±¨³) ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ-
¢µÎ´ÒÌ É¥µ·¨° ¶µ²Ö. ‘´ Î ²  · ¸¸³ É·¨¢ ÕÉ¸Ö µ¸´µ¢´Ò¥ ¸¢µ°¸É¢  ¸É·Ê´´µ£µ ±µ´É¨´Ê ²Ó´µ£µ
¨´É¥£· ² , ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶µ´ÖÉÓ ´¥±µÉµ·Ò¥ µ¡Ð¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¸¢µ°¸É¢  É¥µ·¨¨ ¨, ¢
¤ ²Ó´¥°Ï¥³, ¶·¥¤¶µ²µ¦¨ÉÓ µ¶·¥¤¥²¥´¨¥ ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±É¨¢´ÒÌ ¤¥°¸É¢¨° ± ±
·¥Ï¥´¨° ¸¨¸É¥³ ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �µ± § ´µ, ÎÉµ ¢µ§-
´¨± ÕÐ¨¥ ´¥²¨´¥°´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö µÉ´µ¸ÖÉ¸Ö ± ±² ¸¸Ê ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥°
É¨¶  Š ¤µ³Í¥¢  Å �¥É¢¨ Ï¢¨²¨ ¨²¨ ’µ¤Ò, ¶µ¤·µ¡´µ µ¡¸Ê¦¤ ÕÉ¸Ö · §²¨Î´Ò¥ ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò ÔÉµ£µ ±² ¸¸  ¨, ¢ µ¸µ¡¥´´µ¸É¨, ¶µÖ¢²ÖÕÐ¨¥¸Ö ¢ ±µ´É¥±¸É¥ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨-
¡·µ¢µÎ´ÒÌ É¥µ·¨°. � ¸¸³ É·¨¢ ÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸  ¨ ¸¶¥±É· ²Ó´Ò¥ ±·¨¢Ò¥ ÔÉ¨Ì ¸¨¸É¥³ ¨
¶·¥¤² £ ¥É¸Ö ´¥±µÉµ· Ö ±² ¸¸¨Ë¨± Í¨Ö ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ
É¥µ·¨° ¶µ²Ö, µ¸´µ¢ ´´ Ö ´  ¨Ì ¸µµÉ¢¥É¸É¢¨¨ ¨´É¥£·¨·Ê¥³Ò³ ³µ¤¥²Ö³.

The review is devoted to the exact nonperturbative solutions to supersymmetric quantum gauge
theories and their formulation in terms of integrable systems. We discuss general phenomenon of
integrability as it appears in the formulation of effective actions for various models of (topological,
low-dimensional) string theories and almost realistic supersymmetric gauge ˇeld theories. We con-
sider, ˇrst, preliminary basic features of the string theory path integral which allow to understand
better nonperturbative properties of the theory and, then, propose the formulation of the exact effec-
tive actions based on the systems of nonlinear differential equations. It is demonstrated, that arising
nonlinear differential equations are from the class of integrable models of, the so-called, Kadomt-
sev Å Petviashvili and Toda type. We discuss various particular models from this class and especially
pay attention to the integrable systems, appearing in the context of multidimensional supersymmetric
gauge theories. Their Lax representations and spectral curves are considered in detail and some
classiˇcation of the exact solutions to N = 2 supersymmetric gauge theories is proposed along these
lines.

1. ‚‚…„…�ˆ…

�  ¶·µÉÖ¦¥´¨¨ ¶µ¸²¥¤´¨Ì ¤¥¸ÖÉ¨²¥É¨° µ¸µ¡Ò° ¨´É¥·¥¸ ¢ É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¥ Å É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Å ¢Ò§Ò¢ ÕÉ ¤¢¥ ËÊ´¤ ³¥´É ²Ó´Ò¥
¶·µ¡²¥³Ò: ±µ´Ë °´³¥´É, ¨²¨ ¶·µ¡²¥³  ´¥¢Ò²¥É ´¨Ö ±¢ ·±µ¢ ¨§  ¤·µ´µ¢, ¨
±¢ ´Éµ¢ Ö É¥µ·¨Ö £· ¢¨É Í¨¨. ‚ ¦´¥°Ï¥° ¨Ì µ¸µ¡¥´´µ¸ÉÓÕ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ
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¶·µ£·¥¸¸ ¢ ¶µ´¨³ ´¨¨ ¨ ·¥Ï¥´¨¨ ÔÉ¨Ì § ¤ Î ´¥¢µ§³µ¦¥´ ¡¥§ ¨¸¸²¥¤µ¢ ´¨Ö
¸¢µ°¸É¢ ´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö Å ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨
¨ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¢ µ¡² ¸É¨ ¸¨²Ó´µ° ¸¢Ö§¨, É.¥. É ³, £¤¥ µ± -
§Ò¢ ÕÉ¸Ö ´¥¶·¨³¥´¨³Ò³¨, ¶µ ¸ÊÉ¨ ¤¥² , ¢¸¥ ¸É ´¤ ·É´Ò¥ É¥µ·¥É¨±µ-¶µ²¥¢Ò¥
³¥Éµ¤Ò, ¸Ò£· ¢Ï¨¥ ¸¢µÕ ·µ²Ó ¢ Ëµ·³Ê²¨·µ¢±¥ ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¨
¨ ³µ¤¥²¨ Ô²¥±É·µ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ‚ °´¡¥·£  Å ‘ ² ³  ¨ µ¸´µ¢ ´´Ò¥
´  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ’¥³ ¸ ³Ò³ ¶·µ£·¥¸¸ ¢ ¶µ´¨³ ´¨¨ ±²ÕÎ¥¢ÒÌ ¸µ¢·¥-
³¥´´ÒÌ § ¤ Î Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨ É¥µ·¨¨ £· ¢¨É Í¨¨ ´¥¢µ§³µ¦¥´
¡¥§ · §· ¡µÉ±¨ ¸ÊÐ¥¸É¢¥´´µ ´µ¢ÒÌ ³¥Éµ¤µ¢, ¶µ§¢µ²ÖÕÐ¨Ì ¨¸¸²¥¤µ¢ ÉÓ Ë¨§¨-
Î¥¸±¨¥ É¥µ·¨¨ ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ ·¥¦¨³¥.

ˆ¸Éµ·¨Î¥¸±¨ ¢ ¦´Ò³ ³µ³¥´Éµ³ Ö¢¨²µ¸Ó µ¸µ§´ ´¨¥ Éµ£µ Ë ±É , ÎÉµ ¸²µ¦-
´Ò¥ ´¥²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö, ²¥¦ Ð¨¥ ¢ µ¸´µ¢¥ ±² ¸¸¨Î¥¸±µ£µ ¶·¥¤¥²  ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨Ì ±¢ ´Éµ¢ÒÌ É¥µ·¨°, Ö¢²ÖÕÉ¸Ö ¨´É¥£·¨·Ê¥³Ò³¨, ¡µ²¥¥ Éµ£µ, ¶µ
±· °´¥° ³¥·¥ Î ¸ÉÓ ¨Ì ·¥Ï¥´¨° ³µ¦¥É ¡ÒÉÓ ¶µ¸É·µ¥´  Ö¢´µ. ’ ±, µ¡´ ·Ê-
¦¥´´Ò¥ �.�µ²Ö±µ¢Ò³ ¨ ¤·. ¨´¸É ´Éµ´´Ò¥ ·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨°
[1,2] (¢ µ¸µ¡¥´´µ¸É¨, ´ °¤¥´´Ò¥, ´ Î¨´ Ö ¸ · ¡µÉÒ �.�¥² ¢¨´ , �.�µ²Ö±µ¢ ,
�.˜¢ ·Í  ¨ �.’Õ¶±¨´ , ¨´¸É ´Éµ´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ÿ´£  Å Œ¨²²¸ 
[3]) µ± § ²¨ ¸ÊÐ¥¸É¢¥´´µ¥ ¢µ§¤¥°¸É¢¨¥ ´  ¶µ´¨³ ´¨¥ ´¥ Éµ²Ó±µ ±² ¸¸¨Î¥¸±µ°,
´µ ¨ ±¢ ´Éµ¢µ° ¸É·Ê±ÉÊ·Ò σ-³µ¤¥²¥° ¨ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¶µ²Ö [4] (¸³.
É ±¦¥ [5] ¨ ¸¶¨¸µ± ²¨É¥· ÉÊ·Ò ¢ ÔÉµ° · ¡µÉ¥). Š·µ³¥ Éµ£µ, ¨³¥´´µ ¨´¸É ´-
Éµ´Ò ¢¶¥·¢Ò¥ ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨ ¢ ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö É¥Ì´¨±¨ ±µ³¶²¥±¸-
´µ£µ  ´ ²¨§  [6] ¶·¨ ·¥Ï¥´¨¨ ¸µ¢·¥³¥´´ÒÌ ´¥²¨´¥°´ÒÌ § ¤ Î É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¨.

�µÖ¢²¥´¨¥ ¨´¸É ´Éµ´µ¢ ¨ ¤·Ê£¨Ì ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ¸ÊÐ¥¸É¢¥´´µ
· ¸Ï¨·¨²µ £µ·¨§µ´É É¥µ·¨¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ Ö¸´µ ¶·µ¤¥³µ´¸É·¨-
·µ¢ ²µ, ÎÉµ Ë¨§¨±  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ´¥ ¸¢µ¤¨É¸Ö ± É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨Ö, · ³±¨ ±µÉµ·µ° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥ (Š•„) µ£· ´¨Î¥´Ò µ¡² ¸ÉÓÕ
¢Ò¸µ±¨Ì Ô´¥·£¨° (·¥¦¨³  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò), £¤¥ Ìµ·µÏµ · ¡µÉ ¥É
¸É ´¤ ·É´ Ö Ëµ·³Ê²¨·µ¢±  É¥µ·¨¨ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° [7]. ’¥³ ´¥ ³¥-
´¥¥ ¨´¸É ´Éµ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö µ± § ²¨¸Ó ²¨ÏÓ ¸²¥¤ÊÕÐ¨³ ¶·¨¡²¨¦¥´¨¥³ ¢
Š•„, Ö¢´µ ´¥¤µ¸É ÉµÎ´Ò³ ¤²Ö Éµ£µ, ÎÉµ¡Ò µ¶¨¸ ÉÓ ±µ´Ë °´³¥´É ±¢ ·±µ¢ ¨
¤·Ê£¨¥ ÔËË¥±ÉÒ ¢ µ¡² ¸É¨ ¸¨²Ó´µ° ¸¢Ö§¨. —Éµ ± ¸ ¥É¸Ö ±¢ ´Éµ¢ ´¨Ö µ¡Ð¥°
É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨, Éµ ¤ ¦¥ ¶µÖ¢²¥´¨¥ ¸Ê¶¥·¸¨³³¥É·¨¨ [8] ± ± ³¥Ì -
´¨§³  ¸µ±· Ð¥´¨Ö · ¸Ìµ¤¨³µ¸É¥° ´¥ ¶µ§¢µ²Ö²µ ´ ¤¥ÖÉÓ¸Ö ´  ¢µ§´¨±´µ¢¥´¨¥
¸µ£² ¸µ¢ ´´µ° É¥µ·¨¨ ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨ ¢ · ³± Ì ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö
(¸³., ´ ¶·¨³¥·, [9]).

�± § ²µ¸Ó, ÎÉµ ¤²Ö ¶µ¸É·µ¥´¨Ö ¸µ£² ¸µ¢ ´´µ° ± ·É¨´Ò ±¢ ´Éµ¢µ° £· ¢¨-
É Í¨¨ ´¥µ¡Ìµ¤¨³µ ËÊ´¤ ³¥´É ²Ó´µ¥ ¨§³¥´¥´¨¥ É¥µ·¨¨ ´  ¶² ´±µ¢¸±¨Ì ³ ¸-
ÏÉ ¡ Ì, ¢ µ¸´µ¢¥ ±µÉµ·µ£µ ²¥¦¨É ¶¥·¥Ìµ¤ µÉ ÉµÎ¥Î´ÒÌ ± µ¤´µ³¥·´Ò³ ¶·µ-
ÉÖ¦¥´´Ò³ µ¡Ñ¥±É ³ Å ¸É·Ê´ ³. �µÖ¢²¥´¨¥ [10] ¨ · §¢¨É¨¥ É¥µ·¨¨ ¸É·Ê´
¶·¥¦¤¥ ¢¸¥£µ ¶·¨¢¥²µ, ± ± ¡Ò²µ µÉ³¥Î¥´µ „¦.˜¥·±µ³ ¨ „¦.˜¢ ·Í¥³ [11], ±
µ¡Ñ¥¤¨´¥´¨Õ É¥µ·¨¨ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° ¨ £· ¢¨É Í¨¨ ¢ ¥¤¨´µ¥ Í¥²µ¥, É.¥.
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¤¢¥ £² ¢´Ò¥ ¶·µ¡²¥³Ò ¶¥·¥¸É ²¨ ¸ÊÐ¥¸É¢µ¢ ÉÓ ´¥§ ¢¨¸¨³µ, É ± ± ± ¢ ¸¶¥±-
É·¥ ¸É·Ê´Ò ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¨³¥ÕÉ¸Ö ¡¥§³ ¸¸µ¢Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö ¨
¶µ²Ö ¸¶¨´  2. ƒ¥µ³¥É·¨Î¥¸± Ö ¸É·Ê±ÉÊ·  É¥µ·¨¨ ¸É·Ê´ ¡Ò²  ¸Ëµ·³Ê²¨·µ¢ ´ 
�.�µ²Ö±µ¢Ò³ ¢ ¢¨¤¥ ¨´É¥£· ²  ¶µ ¤¢Ê³¥·´Ò³ £¥µ³¥É·¨Ö³ [12]:

Fg =

∫
DgabDxe

−
∫∑

g
|∂x|2

; F =
∑
g

ΛgstrFg, (1.1)

£¤¥ x Å ¶µ²Ö ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö ¨²¨ ±µµ·¤¨´ ÉÒ ¸É·Ê´Ò,
gab Å ¤¢Ê³¥·´Ò¥ ³¥É·¨±¨ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ Σg ·µ¤  g, ±² ¸¸Ò
Ô±¢¨¢ ²¥´É´µ¸É¨ ±µÉµ·ÒÌ (µÉ´µ¸¨É¥²Ó´µ § ³¥´ ±µµ·¤¨´ É ´  ´¥´ ¡²Õ¤ ¥³ÒÌ
³¨·µ¢ÒÌ ²¨¸É Ì) µÉ¢¥Î ÕÉ · §²¨Î´Ò³ ¤¢Ê³¥·´Ò³ £¥µ³¥É·¨Ö³,   Λstr Å ¸É·Ê´-
´ Ö ±µ´¸É ´É  ¸¢Ö§¨. �µ É¥µ·¥³¥ �¥² ¢¨´  Å Š´¨¦´¨±  [13] ¨´É¥£· ² (1.1)
¸¢µ¤¨É¸Ö ± ¨´É¥£· ²Ê ¶µ ¶·µ¸É· ´¸É¢Ê ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ· ·¨³ -
´µ¢ÒÌ ¶µ¢¥·Ì´µ¸É¥° ¸¶¥Í¨ ²Ó´µ£µ ¢¨¤ 

Fg =

∫
Mg

dµ(y)|f(y)|2, (1.2)

£¤¥ Mg Å (±µ´¥Î´µ³¥·´µ¥) ¶·µ¸É· ´¸É¢µ ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ·
·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ Σg,   ±µ´±·¥É´Ò° ¢¨¤ ³¥·Ò ¨´É¥£·¨·µ¢ ´¨Ö § ¢¨-
¸¨É µÉ ¢Ò¡µ·  ¸É·Ê´´µ° ³µ¤¥²¨. Š ± ¡Ê¤¥É ¢¨¤´µ ¢ ¤ ²Ó´¥°Ï¥³ (· §¤. 2),
Ëµ·³Ê²¨·µ¢±  (1.1), (1.2), ¢ ¶·¨´Í¨¶¥, ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¸µµ¡· ¦¥´¨Ö
¸¨³³¥É·¨¨ ¤²Ö ¶µ²ÊÎ¥´¨Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¨´Ëµ·³ Í¨¨, ÌµÉÖ ¶µ ¸ ³µ³Ê
¸¢µ¥³Ê µ¶·¥¤¥²¥´¨Õ µ´  Ö¢²Ö¥É¸Ö ¶¥·ÉÊ·¡ É¨¢´Ò³ · §²µ¦¥´¨¥³ ¢ µ±·¥¸É´µ-
¸É¨ ´¥±µÉµ·µ£µ ¢ ±ÊÊ³ , ¨ ¨´É¥£· ² (1.1) ¢ÒÎ¨¸²Ö¥É g-¶¥É²¥¢ÊÕ ¶µ¶· ¢±Ê ¢
É¥µ·¨¨.

� §¢¨É¨¥ É¥µ·¨¨ ¸É·Ê´ ¶·¨¢¥²µ ± ¶µÖ¢²¥´¨Õ ¡µ²¥¥ ¨²¨ ³¥´¥¥ ·¥ ²¨¸É¨-
Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° (¸³., ´ ¶·¨³¥·, ±´¨£Ê [14] ¨ ¸¶¨¸µ± ²¨É¥· ÉÊ·Ò ¢
´¥°), ¢ µ¸´µ¢¥ ±µÉµ·ÒÌ ²¥¦ É ¶·¥¤¸É ¢²¥´¨Ö µ ·¥ ²Ó´µ³ ³¨·¥ ± ± µ Î ¸É¨
³´µ£µ³¥·´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ (¢ ¡µ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¤¥¸ÖÉ¨³¥·¨Ö),
µ¸É ¢Ï¨¥¸Ö ¨§³¥·¥´¨Ö ±µÉµ·µ£µ ±µ³¶ ±É´Ò ¨ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ³´µ£µµ¡· -
§¨¥ ¸¶¥Í¨ ²Ó´µ£µ ¢¨¤  (´ ¶·¨³¥·, ³´µ£µµ¡· §¨Ö Š ² ¡¨ Å Ÿµ). ‘É·Ê±ÉÊ· 
±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´ÒÌ ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¶µ§¢µ²Ö¥É ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¸Ê-
Ð¥¸É¢Ê¥É ¸µ¢¥·Ï¥´´µ ´¥É·¨¢¨ ²Ó´ Ö ¸¨³³¥É·¨Ö (¤Ê ²Ó´µ¸ÉÓ) [15Ä17], ¸¢Ö§Ò-
¢ ÕÐ Ö ³¥¦¤Ê ¸µ¡µ° · §²¨Î´Ò¥ ³µ¤¥²¨ É¥µ·¨¨ ¸É·Ê´, ¢ Î ¸É´µ¸É¨, É ±¨³
µ¡· §µ³, ÎÉµ ¶¥·ÉÊ·¡ É¨¢´Ò° ·¥¦¨³ ¢ µ¤´µ° ¨§ ´¨Ì ¶µ§¢µ²Ö¥É ¤¥² ÉÓ · §Ê³-
´Ò¥ ¶·¥¤¶µ²µ¦¥´¨Ö µ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±É Ì ¢ ¤·Ê£µ°. „·Ê£¨³¨ ¸²µ-
¢ ³¨, ¶·¥µ¡· §µ¢ ´¨Ö ¤Ê ²Ó´µ¸É¨ ¶µ§¢µ²ÖÕÉ · ¸¸³ É·¨¢ ÉÓ · §´Ò¥ ¸É·Ê´´Ò¥
³µ¤¥²¨ ± ± ¶¥·ÉÊ·¡ É¨¢´Ò¥ · §²µ¦¥´¨Ö (1.1) ¢µ±·Ê£ · §²¨Î´ÒÌ ¢ ±ÊÊ³µ¢ µ¤-
´µ° ¨ Éµ° ¦¥ É¥µ·¨¨. �¥¤µ¸É É±µ³ (´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó) ÔÉµ° ±µ´Í¥¶Í¨¨
Ö¢²Ö¥É¸Ö ¶µ±  ²¨ÏÓ µÉ¸ÊÉ¸É¢¨¥ ± ±¨Ì ¡Ò Éµ ´¨ ¡Ò²µ ¸É·µ£¨Ì ¢ ³ É¥³ É¨Î¥-
¸±µ³ ¸³Ò¸²¥ ÊÉ¢¥·¦¤¥´¨°.
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‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨³¥´´µ ¢ É¥µ·¨¨ ¸É·Ê´ (ÉµÎ´¥¥, ¢ ´¥±µÉµ·ÒÌ ¥¥ ¶·µ-
¸É¥°Ï¨Ì ³µ¤¥²ÖÌ) ¢¶¥·¢Ò¥ µ± § ²µ¸Ó ¢µ§³µ¦´Ò³ ¶µ²ÊÎ¨ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ
¨´Ëµ·³ Í¨Õ µ (ÉµÎ´ÒÌ) ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨ÖÌ. ˆ§-§  µ£· ´¨Î¥´´µ¸É¨
¶·Ö³ÒÌ ³¥Éµ¤µ¢ ¢ÒÎ¨¸²¥´¨Ö Å ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ ¶µ²Ö±µ¢¸±µ£µ ±µ´É¨´Ê-
 ²Ó´µ£µ ¨´É¥£· ²  (1.1), ¶µ§¢µ²ÖÕÐ¨Ì ²¨ÏÓ ¢ÒÎ¨¸²ÖÉÓ ±·¨É¨Î¥¸±¨¥ ¨´¤¥±¸Ò
¨ ¶·µ¸É¥°Ï¨¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ´  ¸Ë¥·¥ [19, 20], ¶·µ£·¥¸¸ ¡Ò² ¤µ-
¸É¨£´ÊÉ ¸ ¶µ³µÐÓÕ ¨§ÖÐ´µ° ¤¨¸±·¥É¨§ Í¨¨ c < 1 ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¨²¨
³ É·¨Î´ÒÌ ³µ¤¥²¥° ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ [22]:

Z[V ] =

∫
DM1 . . . DMke−V (M1,...,Mk) (1.3)

(£¤¥ DMα ∼
∏
i,j dMα,ij µ¡µ§´ Î ¥É ¨´É¥£· ² ¶µ ±µ´¥Î´µ° ³ É·¨Í¥,

  V (M1, . . . ,Mk) Å µ¡ÒÎ´µ ¶µ²¨´µ³¨ ²Ó´Ò° ¶µÉ¥´Í¨ ²), · §²µ¦¥´¨¥ ¶µ
¶¥É²Ö³ ¢ ±µÉµ·µ° ¢µ¸¶·µ¨§¢µ¤¨É (¤¨¸±·¥É¨§µ¢ ´´ÊÕ ¢¥·¸¨Õ) · §²µ¦¥´¨Ö ¶µ
¶¥É²Ö³ c ≤ 1 ¸É·Ê´´ÒÌ ³µ¤¥²¥° (c Å Í¥´É· ²Ó´Ò° § ·Ö¤  ²£¥¡·Ò ‚¨· ¸µ·µ
Å ±µ²¨Î¥¸É¢µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¥° É¥µ·¨¨ ¸É·Ê´). �·¥¤²µ¦¥´-
´Ò° ‚.Š § ±µ¢Ò³ ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² Ëµ·³Ê²Ò (1.3) [23] ¶µ§¢µ-
²¨² ¨¸¸²¥¤µ¢ ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¸É É¸Ê³³Ê (¨²¨, ¢ ¡µ²¥¥ µ¡Ð¥° ¸¨ÉÊ Í¨¨,
¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ ¸É·Ê´´ÒÌ ±µ··¥²ÖÉµ·µ¢) F ∼ logZ, ¨´Ëµ·³ Í¨Ö µ
±µÉµ·µ°, ± ± µ± § ²µ¸Ó, ³µ¦¥É ¡ÒÉÓ § ±µ¤¨·µ¢ ´  ¢ ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê-
¥³ÒÌ Ê· ¢´¥´¨ÖÌ [24Ä28]. �¤´¨³ ¨§ ¸¶µ¸µ¡µ¢ ¶µ²ÊÎ ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥
Ê· ¢´¥´¨Ö ´  ¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ (1.3) Ö¢²Ö¥É¸Ö ¨¸¸²¥¤µ¢ ´¨¥ ¶¥É²¥¢ÒÌ
Ê· ¢´¥´¨° ¨²¨ Éµ¦¤¥¸É¢ “µ·¤  ¤²Ö ¨´É¥£· ²  (1.3) [25Ä27] 〈δV 〉 = 0 (Ê¸·¥¤-
´¥´¨¥ ¶µ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ ¸É É¸Ê³³Ò (1.3)), Ö¢²ÖÕÐ¨Ì¸Ö, ¶µ ¸ÊÉ¨ ¤¥² ,
¶·µ¸É¥°Ï¨³  ´ ²µ£µ³ Éµ¦¤¥¸É¢ “µ·¤  ¢ ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö [30].

„·Ê£¨³ (ÌµÉÖ, ± ± µ± § ²µ¸Ó, ¸¢Ö§ ´´Ò³ ¸ ¶·¥¤Ò¤ÊÐ¨³) ¶·¨³¥·µ³ ¶·Ö-
³µ£µ ¶µÖ¢²¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸É·Ê±ÉÊ· ³µ£ÊÉ ¸²Ê¦¨ÉÓ Éµ¶µ²µ£¨Î¥¸±¨¥ ¸É·Ê´-
´Ò¥ ³µ¤¥²¨ [31,32,35Ä37], ¢ ±µÉµ·ÒÌ É¥µ·¨Ö Ë ±É¨Î¥¸±¨ µ¶·¥¤¥²Ö¥É¸Ö É¥³,
ÎÉµ ¥¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ª¸Î¨É ÕÉª Éµ¶µ²µ£¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨
¶·µ¸É· ´¸É¢ ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ Å ¨´¤¥±¸Ò ¶¥·¥¸¥Î¥´¨Ö, Ô°²¥·µ¢-
¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¨ É.¤. ˆ´É¥£· ² ¶µ ¶·µ¸É· ´¸É¢Ê ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ
¸É·Ê±ÉÊ· (1.2) (ÉµÎ´¥¥, ¶µ ¥£µ ±µ³¶ ±É¨Ë¨± Í¨¨ Mg , ¢ ± Î¥¸É¢¥ ±µÉµ·µ°
µ¡ÒÎ´µ ¢Ò¡¨· ¥É¸Ö ±µ³¶ ±É¨Ë¨± Í¨Ö „¥²¨´Ö Å Œ ³Ëµ·¤ ) ¶·¨ ÔÉµ³ ¢ÒÎ¨-
¸²Ö¥É ±² ¸¸Ò ±µ£µ³µ²µ£¨° Mg ,   ¸ ÉµÎ±¨ §·¥´¨Ö É¥µ·¨¨ ¶µ²Ö ÔÉµ µ§´ Î ¥É,
ÎÉµ Ë¨§¨Î¥¸±¨³ ¸É¥¶¥´Ö³ ¸¢µ¡µ¤Ò µÉ¢¥Î ¥É ²¨ÏÓ ±µ´¥Î´µ¥ Î¨¸²µ Éµ¶µ²µ-
£¨Î¥¸±¨Ì µ¶¥· Éµ·µ¢, ¶µ¸É·µ¥´¨¥ ±µÉµ·ÒÌ ¢µ§³µ¦´µ, ´ ¶·¨³¥·, ´  Ö§Ò±¥
±µ£µ³µ²µ£¨° ��‘’-µ¶¥· Éµ·  [38, 39]. �ËË¥±É¨¢´µ¥ ¶µ¸É·µ¥´¨¥ ¶·µ¨§¢µ¤Ö-
Ð¥° ËÊ´±Í¨¨ ¨´¤¥±¸µ¢ ¶¥·¥¸¥Î¥´¨Ö ¢ ¢¨¤¥ ³ É·¨Î´µ° ³µ¤¥²¨ Œ.Šµ´Í¥¢¨Î¥³
[40] ¶µ§¢µ²¨²µ ¶·¨¸ÉÊ¶¨ÉÓ ± Ëµ·³Ê²¨·µ¢±¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ Éµ¶µ²µ£¨Î¥-
¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ± ± ·¥Ï¥´¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¸¶¥Í¨ ²Ó´µ£µ
¢¨¤  [33,34].



1124 Œ��˜�Š�‚ �.‚.

„ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¶µ± § ²µ, ÎÉµ ¨³¥´´µ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò Ö¢²Ö-
ÕÉ¸Ö  ¤¥±¢ É´Ò³ Ö§Ò±µ³ ¤²Ö µ¶¨¸ ´¨Ö ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ±¢ ´Éµ¢ÒÌ
É¥µ·¨°. �µ²¥¥ Éµ£µ, Ëµ·³Ê²¨·µ¢±  ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ö¢²Ö-
¥É¸Ö Ê´¨¢¥·¸ ²Ó´µ°, É.¥. ¥¤¨´µ° ¤²Ö ³´µ£¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°, ±µÉµ·Ò¥ a
priori ¸µ¢¥·Ï¥´´µ ´¥ ¶µÌµ¦¨ ¤·Ê£ ´  ¤·Ê£ . � ¶·¨³¥·, ¸ÊÐ¥¸É¢¥´´Ò° ¶·µ-
£·¥¸¸, ¤µ¸É¨£´ÊÉÒ° �.‚¨ÉÉ¥´µ³ ¨ �.‡ °¡¥·£µ³ [41,42] ¢ ¶µ´¨³ ´¨¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´µ° ¸É·Ê±ÉÊ·Ò Î¥ÉÒ·¥Ì³¥·´µ° N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ´¥ ¡¥²¥¢µ°
± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨, ¶µ§¢µ²¨² ¸Ëµ·³Ê²¨·µ¢ ÉÓ ÔÉ¨ ÉµÎ´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢-
´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´  Ö§Ò±¥, §´ ±µ³µ³ ¨§ c < 1 É¥µ·¨¨ ¸É·Ê´, É.¥. µ¶¨¸ ÉÓ ¨Ì
± ± ¤¥Ëµ·³ Í¨Õ ·¥Ï¥´¨° ¨¥· ·Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° É¨¶  Š ¤µ³-
Í¥¢  Å �¥É¢¨ Ï¢¨²¨ ¨²¨ ’µ¤Ò [43], ¨ Ê± § ² ´  ¸ÊÐ¥¸É¢¥´´µ ¸É·Ê´´ÊÕ
¶·¨·µ¤Ê ÉµÎ´ÒÌ ·¥Ï¥´¨° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö [44Ä47].

‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ, ÌµÉÖ · §¢¨É¨¥ ÔÉµ° µ¡² ¸É¨ É¥µ·¨¨ ¸É·Ê´
¶µ±  ¤ ²¥±µ ¥Ð¥ µÉ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ µ¡· Ð¥´¨Ö ± ¶·µ¡²¥³ ³ ±µ´Ë °´-
³¥´É  ¨ ·¥ ²Ó´µ° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨, § ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö É  Ê´¨¢¥·¸ ²Ó-
´µ¸ÉÓ, ±µÉµ· Ö µÉ²¨Î ¥É ¨³¥´´µ ¤ ´´Ò° ¶µ¤Ìµ¤ ± ·¥Ï¥´¨Õ § ¤ Î ´¥ ¡¥²¥¢µ°
± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö ¨ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨. ˆ¤¥°´µ ¶µ¤-
Ìµ¤, µ¸´µ¢ ´´Ò° ´  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì, ´  ¸µ¢·¥³¥´´µ³ ÔÉ ¶¥ µÌ¢ ÉÒ-
¢ ¥É Ï¨·µ±¨° ¸¶¥±É· § ¤ Î µÉ Š•„ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ (¶µ¤Ìµ¤ ‹.‹¨¶ Éµ¢ 
[48]) ¤µ ÉµÎ´µ ·¥Ï ¥³ÒÌ ³µ¤¥²¥° ¤¢Ê³¥·´µ° [23, 34, 40] ¨ É·¥Ì³¥·´µ° [49]
£· ¢¨É Í¨¨.

�·¥¨³ÊÐ¥¸É¢µ³ Ö§Ò±  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ¥£µ µÉ´µ¸¨É¥²Ó´ Ö
¶·µ¸ÉµÉ : ¢³¥¸Éµ ¸É·Ê´´ÒÌ ¨ ¶µ²¥¢ÒÌ ¸¨¸É¥³ ¸ ¡¥¸±µ´¥Î´Ò³ ±µ²¨Î¥¸É¢µ³
¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ³µ¦´µ · ¡µÉ ÉÓ ¸ ±µ´¥Î´µ³¥·´Ò³¨ (É.±. Î Ð¥ ¢¸¥£µ ·¥ÎÓ
¨¤¥É µ ·¥¤Ê±Í¨ÖÌ) ¤¨´ ³¨Î¥¸±¨³¨ ¸¨¸É¥³ ³¨, ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ±µÉµ·ÒÌ ¸Ê-
Ð¥¸É¢Ê¥É Ìµ·µÏµ · §· ¡µÉ ´´Ò° Ëµ·³ ²¨§³. � ¨¡µ²¥¥ Ê¤µ¡´Ò³ ¤²Ö · ¡µÉÒ
¸ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ¸É·Ê´´Ò³¨ ¨ ¶µ²¥¢Ò³¨ É¥µ·¨Ö³¨ µ± § ²¸Ö  ²£¥¡·µ-
£¥µ³¥É·¨Î¥¸±¨° ¶µ¤Ìµ¤ (‘.�µ¢¨±µ¢, ˆ.Š·¨Î¥¢¥·, �.„Ê¡·µ¢¨´ ¨ ¤·., ¸³. [50Ä
53]),   É ±¦¥ £ ³¨²ÓÉµ´µ¢ ¶µ¤Ìµ¤ ²¥´¨´£· ¤¸±µ° Ï±µ²Ò ‹.” ¤¤¥¥¢  [54, 55]
¨ Ö¶µ´¸±¨° Ë¥·³¨µ´´Ò° Ëµ·³ ²¨§³ [56,57], ¶·¨¢¥¤Ï¨° ± Ëµ·³Ê²¨·µ¢±¥ ·¥-
Ï¥´¨° ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¢ É¥·³¨´ Ì ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´¨ ´ 
Å Ê´¨¢¥·¸ ²Ó´µ£µ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° [58Ä60].

‘²¥¤Ê¥É É ±¦¥ § ³¥É¨ÉÓ, ÎÉµ · §¢¨É¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ±¢ ´Éµ¢µ° É¥µ-
·¨¨ ¶µ²Ö ¨ É¥µ·¨¨ ¸É·Ê´ µ± § ²µ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¸ÊÐ¥¸É¢¥´´µ¥ ¢µ§¤¥°¸É¢¨¥
´  É¥µ·¨Õ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, É ± ± ± ¶·¨¢¥²µ ± ´¥µ¡Ìµ¤¨³µ¸É¨ ¡µ²¥¥ ¤¥-
É ²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö ´µ¢ÒÌ, ¢µµ¡Ð¥ £µ¢µ·Ö, ¸¨´£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¨´É¥£·¨-
·Ê¥³ÒÌ Ê· ¢´¥´¨° [34, 40, 63]. ‘¨´£Ê²Ö·´Ò¥ ¸¢µ°¸É¢  ÔÉµ£µ ±² ¸¸  ·¥Ï¥´¨°
(±µÉµ·Ò¥ ¢ ¤ ²Ó´¥°Ï¥³ ¡Ê¤ÊÉ ´ §Ò¢ ÉÓ¸Ö ¸É·Ê´´Ò³¨ ·¥Ï¥´¨Ö³¨) ´ ¶·Ö³ÊÕ
¸¢Ö§ ´Ò ¸ ¨Ì Ë¨§¨Î¥¸±¨³ ¸³Ò¸²µ³ Å µÉµ¦¤¥¸É¢²¥´¨¥³ ¸ ¸Ê³³µ° ·Ö¤  É¥µ-
·¨¨ ¢µ§³ÊÐ¥´¨°, Ö¢²ÖÕÐ¥£µ¸Ö ¢ µ¡Ð¥³ ¸²ÊÎ ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ·Ö¤µ³. ’¥³
´¥ ³¥´¥¥ µ± § ²µ¸Ó, ÎÉµ ¢ ´Ê²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ÔÉ¨ ·¥Ï¥´¨Ö µÉ¢¥Î ÕÉ Ìµ-
·µÏµ ¨§¢¥¸É´Ò³ § ¤ Î ³ ±µ´¥Î´µ§µ´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö,   ¶µ¸É·µ¥´¨¥ ÉµÎ-
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´ÒÌ ·¥Ï¥´¨° ¨³¥¥É µÉ´µÏ¥´¨¥ ± Ê¨§¥³µ¢¸±¨³ ¤¥Ëµ·³ Í¨Ö³ ±µ´¥Î´µ§µ´´ÒÌ
·¥Ï¥´¨° [36,51,61,62].

� ¡µÉÒ ¶µ¸²¥¤´¨Ì ²¥É ¶µ± § ²¨ (¸³., ´ ¶·¨³¥·, [23,25,34,40Ä43,64,65]),
ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²¨ÉÓ ÉµÎ´µ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ
(¸¶¥±É·, ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨, ÔËË¥±É¨¢´Ò¥ ¤¥°¸É¢¨Ö) ¢ É¥µ·¨ÖÌ, ±µ-
Éµ·Ò¥ ´¥ Ö¢²ÖÕÉ¸Ö ±¢ ´Éµ¢Ò³¨ ¨´É¥£·¨·Ê¥³Ò³¨ ³µ¤¥²Ö³¨ [54, 66] ¢ ± ´µ-
´¨Î¥¸±µ³ ¸³Ò¸²¥ ÔÉµ£µ ¸²µ¢ . ‚ µÉ²¨Î¨¥ µÉ ª± ´µ´¨Î¥¸±¨Ìª ±¢ ´Éµ¢ÒÌ ¨´-
É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, £¤¥ µ¡ÒÎ´µ ¸ÊÐ¥¸É¢Ê¥É (¡¥¸±µ´¥Î´µ³¥·´ Ö) ±¢ ´Éµ¢ Ö
 ²£¥¡·  ¸¨³³¥É·¨¨, ¶µ§¢µ²ÖÕÐ Ö µÉµ¦¤¥¸É¢¨ÉÓ £¨²Ó¡¥·Éµ¢µ ¶·µ¸É· ´¸É¢µ É¥-
µ·¨¨ ¸ ¶·µ¸É· ´¸É¢µ³ ¥¥ ¶·¥¤¸É ¢²¥´¨° ¨ ´ ²µ¦¨ÉÓ ¤µ¸É ÉµÎ´µ¥ Î¨¸²µ Ê¸²µ-
¢¨° ´  ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨, É¥µ·¨¨, µ¡¸Ê¦¤ ¥³Ò¥ ´¨¦¥, ´¥ Ö¢²ÖÕÉ¸Ö
±¢ ´Éµ¢µ-¨´É¥£·¨·Ê¥³Ò³¨ ¢ ÔÉµ³ ¸³Ò¸²¥ ¸²µ¢ . �¤´ ±µ µ´¨ ¶·¥¤¸É ¢²ÖÕÉ
´¥¸µ³´¥´´Ò° ¨´É¥·¥¸ ¸ ÉµÎ±¨ §·¥´¨Ö ¡²¨§µ¸É¨ ± ·¥ ²¨¸É¨Î¥¸±¨³ ³µ¤¥²Ö³
É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨ Ö¢²ÖÕÉ¸Ö ÉµÎ´µ ·¥Ï ¥³Ò³¨ ¢ ´¥¶¥·ÉÊ·¡ É¨¢-
´µ³ ·¥¦¨³¥ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥.

„²Ö ± ¦¤µ£µ ¨§ µ¡¸Ê¦¤ ¥³ÒÌ ¶·¨³¥·µ¢ ¸ÊÐ¥¸É¢Ê¥É ÔËË¥±É¨¢´µ¥ µ¶¨¸ -
´¨¥ ¢ É¥·³¨´ Ì ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ²  ÉµÎ´ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±-
Í¨° ¢ É¥µ·¨¨

〈Oi1 . . .Oin〉 =
δnF

δa1 . . . δan
(1.4)

¨/¨²¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö. ‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ³¥Éµ¤ ÔËË¥±-
É¨¢´µ£µ ¤¥°¸É¢¨Ö [67] ¥¸É¥¸É¢¥´ ¤²Ö Ëµ·³Ê²¨·µ¢±¨ ¸É·Ê´´ÒÌ É¥µ·¨°, £¤¥ ¢¸¥
¸É·Ê´´Ò¥ ÔËË¥±ÉÒ ¸ÊÐ¥¸É¢¥´´Ò ²¨ÏÓ ´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ. �ËË¥±É¨¢´ Ö
É¥µ·¨Ö ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê²¨·µ¢ ´  ¢ É¥·³¨´ Ì (±² ¸¸¨Î¥¸±µ°) ¨´É¥£·¨·Ê¥-
³µ° ¸¨¸É¥³Ò. �µ²¥¥ Éµ£µ, ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ, · ¸¸³µÉ·¥´´ÒÌ ´¨¦¥, ÔÉ  ¨´É¥£·¨-
·Ê¥³ Ö ¸¨¸É¥³  µ± §Ò¢ ¥É¸Ö µ¶·¥¤¥²¥´´µ° ·¥¤Ê±Í¨¥° ¨¥· ·Ì¨¨ ¨´É¥£·¨·Ê¥-
³ÒÌ Ê· ¢´¥´¨° É¨¶  Š ¤µ³Í¥¢  Å �¥É¢¨ Ï¢¨²¨ (Š�) Å ¶¥·¢µ¥ Ê· ¢´¥´¨¥
¨¥· ·Ì¨¨

3
∂2U

∂T 2
2

=
∂

∂T1

(
4
∂U

∂T3
− 12U

∂U

∂T1
− ∂3U

∂T 3
1

)
(1.5)

¨²¨ ¤¢Ê³¥·´µ° ·¥Ï¥É±¨ ’µ¤Ò, ¤²Ö ±µÉµ·µ° ¶¥·¢µ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

∂2φn

∂T1∂T̄1
= eφn+1−φn − eφn−φn−1 , (1.6)

ÌµÉÖ, ¢µµ¡Ð¥ £µ¢µ·Ö, µ£· ´¨Î¥´¨¥ ±² ¸¸  ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥° ¢Ò§¢ ´µ
²¨ÏÓ É¥³, ÎÉµ ³Ò ¨³¥¥³ ¤¥²µ ¸ ´ ¨¡µ²¥¥ ¶·µ¸ÉÒ³¨, ¸ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö,
É¥µ·¨Ö³¨ ¸É·Ê´: ¤¢Ê³¥·´Ò³¨ (2D) Éµ¶µ²µ£¨Î¥¸±¨³¨ ¸É·Ê´´Ò³¨ ³µ¤¥²Ö³¨ ¨
c ≤ 1 É¥µ·¨Ö³¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨³¨ ¸ ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¥°
(· §¤. 2, 3),   É ±¦¥ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³¨ ´¥ ¡¥²¥¢Ò³¨ ± ²¨¡·µ¢µÎ-
´Ò³¨ É¥µ·¨Ö³¨ ¶µ²Ö, ¢µ§´¨± ÕÐ¨³¨ ¢ ÉµÎ¥Î´µ³ (¶µ²¥¢µ³) ¶·¥¤¥²¥ ·¥ ²¨-
¸É¨Î¥¸±¨Ì É¥µ·¨° ¸É·Ê´ (· §¤. 4). �ËË¥±É¨¢´ Ö Ëµ·³Ê²¨·µ¢±  Ê´¨¢¥·¸ ²Ó´ 
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¢ Éµ³ ¸³Ò¸²¥, ÎÉµ µ´  ´¥ § ¢¨¸¨É µÉ µÎ¥´Ó ³´µ£¨Ì ¸¢µ°¸É¢ ª§ É· ¢µÎ´µ°ª
É¥µ·¨¨, É ±, ´ ¶·¨³¥·, µÉ · §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨: ¤¢Ê³¥·´Ò¥, Î¥-
ÉÒ·¥Ì³¥·´Ò¥ ¨ ¤ ¦¥ ¶ÖÉ¨³¥·´Ò¥ É¥µ·¨¨ ¢Ò£²Ö¤ÖÉ ¶· ±É¨Î¥¸±¨ µ¤¨´ ±µ¢µ ¸
ÔÉµ° ÉµÎ±¨ §·¥´¨Ö. �µ²¥¥ Éµ£µ, ¶µ²ÊÎ¥´´Ò¥ ÔËË¥±É¨¢´Ò¥ É¥µ·¨¨ ¢µ ³´µ£µ³
´ ¶µ³¨´ ÕÉ Éµ¶µ²µ£¨Î¥¸±¨¥ É¥µ·¨¨ ¶µ²Ö, µ¡² ¤ Ö ·Ö¤µ³ ¸¢µ°¸É¢, ¶·¨¸ÊÐ¨Ì
¤¢Ê³¥·´Ò³ Éµ¶µ²µ£¨Î¥¸±¨³ É¥µ·¨Ö³, ÌµÉÖ § É· ¢µÎ´Ò¥ É¥µ·¨¨ Ö¢²ÖÕÉ¸Ö § -
¢¥¤µ³µ ³´µ£µ³¥·´Ò³¨,   £² ¢´µ¥ Å ¢ ¸¶¥±É·¥ ÔËË¥±É¨¢´ÒÌ É¥µ·¨° ¨³¥ÕÉ¸Ö
¡¥§³ ¸¸µ¢Ò¥ · ¸¶·µ¸É· ´ÖÕÐ¨¥¸Ö Î ¸É¨ÍÒ.

ƒµ¢µ·Ö ¡µ²¥¥ ÉµÎ´µ, ¶µ¤ ÔËË¥±É¨¢´µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢±µ°
³Ò ¡Ê¤¥³ ¶µ´¨³ ÉÓ ¶µ¸É·µ¥´¨¥ Ö¢´µ° § ¢¨¸¨³µ¸É¨ ¸¶¥±É· , ±µ··¥²ÖÍ¨µ´-
´ÒÌ ËÊ´±Í¨°, ÔËË¥±É¨¢´ÒÌ ¤¥°¸É¢¨° (É.¥. ÔËË¥±É¨¢´ÒÌ ±µ´¸É ´É ¸¢Ö§¨) ± ±
ËÊ´±Í¨° ¶ · ³¥É·µ¢ (¨²¨ ³µ¤Ê²¥°) É¥µ·¨¨, Ö¢²ÖÕÐ¨Ì¸Ö, ± ± ¶· ¢¨²µ, ´¨§-
±µÔ´¥·£¥É¨Î¥¸±¨³¨ §´ Î¥´¨Ö³¨ Ëµ´µ¢ÒÌ ¶µ²¥° ¢ Ë¨§¨Î¥¸±µ³ ¶·µ¸É· ´¸É¢¥-
¢·¥³¥´¨. � ¶·¨³¥·, ¢ 4D ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨ÖÌ Å ÔÉµ
¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ Ì¨££¸µ¢¸±¨Ì ¶µ²¥° hk = 1

k
〈Trφk〉, ¢ ¡µ²¥¥ µ¡Ð¨Ì É¥µ·¨ÖÌ

¸É·Ê´ Å ÔÉµ ³µ¤Ê²¨ ³¥É·¨±¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ (´ ¶·¨³¥·, ¶ · ³¥É·Ò
±µ³¶²¥±¸´µ° ¨²¨ ±Ô²¥·µ¢¸±µ° ¸É·Ê±ÉÊ·), ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° (³µ¤Ê²¨ ¶²µ¸-
±¨Ì ¸¢Ö§´µ¸É¥° ¨²¨ ¨´¸É ´Éµ´µ¢) ¨ É.¶. ‡ ¤ Î  § ±²ÕÎ ¥É¸Ö ¢ ´ Ìµ¦¤¥´¨¨ ÉµÎ-
´µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ° § ¢¨¸¨³µ¸É¨ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ µÉ ÔÉ¨Ì ¶ · ³¥É·µ¢∗.
�¥Ï¥´¨¥ ÔÉµ° § ¤ Î¨ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É¸Ö É¥³, ÎÉµ ¶·µ¸É· ´¸É¢¥´´µ-
¢·¥³¥´´Ò¥ ³µ¤Ê²¨ ¢ É¥µ·¨ÖÌ ¸É·Ê´ Î ¸Éµ ³µ£ÊÉ ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´Ò ¸ ³µ-
¤Ê²Ö³¨ ±µ³¶²¥±¸´ÒÌ ³´µ£µµ¡· §¨°, ¶·µ¸É· ´¸É¢µ ±µÉµ·ÒÌ µ¡ÒÎ´µ Ö¢²Ö¥É¸Ö
Ë ±Éµ·µ³ Éµ¶µ²µ£¨Î¥¸±¨ É·¨¢¨ ²Ó´µ£µ ³´µ£µµ¡· §¨Ö ¶µ ¤¥°¸É¢¨Õ ¤¨¸±·¥É-
´µ° £·Ê¶¶Ò. „¥°¸É¢¨¥ ÔÉµ° ¤¨¸±·¥É´µ° £·Ê¶¶Ò £¨¶µÉ¥É¨Î¥¸±¨ µÉµ¦¤¥¸É¢²Ö-
¥É¸Ö ¸ ¶·¥µ¡· §µ¢ ´¨Ö³¨ ¤Ê ²Ó´µ¸É¨ [15Ä17], ¸¢Ö§Ò¢ ÕÐ¨³¨ ³¥¦¤Ê ¸µ¡µ°
· §²¨Î´Ò¥ ¶¥·ÉÊ·¡ É¨¢´Ò¥ · §²µ¦¥´¨Ö ¸É·Ê´´µ° É¥µ·¨¨.

ˆ³¥´´µ ±µ³¶²¥±¸´µ- ´ ²¨É¨Î¥¸± Ö ¸É·Ê±ÉÊ· , ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¢Ò¤¥-
²Ö¥É ±² ¸¸ É¥µ·¨°, ¤²Ö ±µÉµ·µ£µ ´¨¦¥ ¡Ê¤ÊÉ ¸Ëµ·³Ê²¨·µ¢ ´Ò ÉµÎ´Ò¥ ´¥¶¥·-
ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. �·¨ ÔÉµ³ ¸· §Ê ¢µ§´¨± ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ¸É ´µ¢±¨
·¥Ï ¥³ÒÌ É¥Ì´¨Î¥¸±¨ § ¤ Î, É ± ± ± ³´µ£¨¥ ·¥§Ê²ÓÉ ÉÒ ³µ£ÊÉ ¡ÒÉÓ ¸Ëµ·-
³Ê²¨·µ¢ ´Ò ¢ É¥·³¨´ Ì £µ²µ³µ·Ë´ÒÌ (¨²¨ ³¥·µ³µ·Ë´ÒÌ) ËÊ´±Í¨°. ˆ¤¥Ö
· ¡µÉÒ ¸ £µ²µ³µ·Ë´Ò³¨ ËÊ´±Í¨Ö³¨ ¢µ¸Ìµ¤¨É ± ¶·¨³¥´¥´¨Õ ±µ³¶²¥±¸´µ£µ
 ´ ²¨§  ¢ É¥µ·¨¨ ¨´¸É ´Éµ´µ¢ [6] ¨ É¥µ·¥³¥ �¥² ¢¨´  Å Š´¨¦´¨±  [13]
¢ ¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¸É·Ê´. ‚µ-¢Éµ·ÒÌ, ±² ¸¸ · ¸¸³ É·¨¢ ¥³ÒÌ § ¤ Î
¥Ð¥ ¡µ²¥¥ µ£· ´¨Î¥´ É¥³, ÎÉµ ¢ ´¥³ ³µ¤Ê²¨ Ë¨§¨Î¥¸±¨Ì É¥µ·¨° ³µ£ÊÉ ¡ÒÉÓ
µÉµ¦¤¥¸É¢²¥´Ò ¸ ³µ¤Ê²Ö³¨ µ¤´µ³¥·´ÒÌ (1D) ±µ³¶²¥±¸´ÒÌ ³´µ£µµ¡· §¨° Å

∗Š·µ³¥ ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ µÉ ³µ¤Ê²¥° Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ³µ£ÊÉ § ¢¨¸¥ÉÓ µÉ
Éµ¶µ²µ£¨Î¥¸±¨Ì (¤¨¸±·¥É´ÒÌ) Ì · ±É¥·¨¸É¨± ¶·µ¸É· ´¸É¢ ³µ¤Ê²¥°; ¡µ²¥¥ Éµ£µ, ¢ ¶·µ¸É¥°Ï¨Ì
Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²ÖÌ ¸ÊÐ¥¸É¢¥´´  ¨³¥´´µ (¨ Éµ²Ó±µ) ÔÉ  § ¢¨¸¨³µ¸ÉÓ, É.¥. ±µ··¥-
²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö Î¨¸² ³¨.
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(¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ!) ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ Σ (¨²¨ ¤¢Ê³¥·´ÒÌ ¢¥-
Ð¥¸É¢¥´´ÒÌ ³´µ£µµ¡· §¨° Å ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸É¥°). ‡¤¥¸Ó ´¥µ¡Ìµ¤¨³µ
¸¤¥² ÉÓ ¤¢  ¶µÖ¸´¥´¨Ö: ¢µ-¶¥·¢ÒÌ, ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ·¨³ ´µ¢Ò ¶µ-
¢¥·Ì´µ¸É¨ a priori ´¥ ¨³¥ÕÉ ´¨± ±µ£µ µÉ´µÏ¥´¨Ö ± ³¨·µ¢Ò³ ²¨¸É ³ ¢ É¥µ·¨¨
¸É·Ê´, ÎÉµ, É¥³ ´¥ ³¥´¥¥, ¸µ¢¥·Ï¥´´µ ´¥ ³¥Ï ¥É ¶·¨ · ¡µÉ¥ ¸ ´¨³¨ ¨¸¶µ²Ó§µ-
¢ ÉÓ ÉµÉ ¦¥ ¸ ³Ò° É¥Ì´¨Î¥¸±¨°  ·¸¥´ ², ÎÉµ ¨ ¢ ¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¸É·Ê´;
¢µ-¢Éµ·ÒÌ, ¢ ¶·¨´Í¨¶¥, ¸²¥¤Ê¥É µ¦¨¤ ÉÓ Éµ° ¦¥ ¸ ³µ° ± ·É¨´Ò ¤²Ö É¥µ·¨°,
£¤¥ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° µÉµ¦¤¥¸É¢²ÖÕÉ¸Ö ¸ ¶·µ¸É· ´¸É¢ ³¨ ³µ¤Ê²¥° ±µ³-
¶²¥±¸´ÒÌ ³´µ£µµ¡· §¨° ¸É ·Ï¥° · §³¥·´µ¸É¨ (K3, dimC = 3 ³´µ£µµ¡· §¨°
Š ² ¡¨ Å Ÿµ ¨ É.¤.). �µ²¥¥ Éµ£µ, ¢ ¥¤¨´µ° ± ·É¨´¥ É¥µ·¨¨ ¸É·Ê´ · ¸¸³ É·¨-
¢ ¥³Ò¥ ´¨¦¥ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ±µ³¶²¥±¸´Ò¥ ±·¨¢Ò¥ Î ¸Éµ ¸²¥¤Ê¥É
¸Î¨É ÉÓ ¢Ò·µ¦¤¥´´Ò³¨ ¸²ÊÎ Ö³¨ ³´µ£µµ¡· §¨° ¸É·Ê´´µ° ±µ³¶ ±É¨Ë¨± Í¨¨:
±µ£¤  ³´µ£µµ¡· §¨¥ Š ² ¡¨ Å Ÿµ ÔËË¥±É¨¢´µ ¢Ò·µ¦¤ ¥É¸Ö ¢ 1CD ±·¨¢ÊÕ
Σ [47]. �¥É·¨¢¨ ²Ó´ Ö Éµ¶µ²µ£¨Î¥¸± Ö ¸É·Ê±ÉÊ·  ¸¶¥±É· ²Ó´µ° ±·¨¢µ° Σ
Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¨´Ëµ·³ Í¨¥°, ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö
¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ¶µÖ¢²Ö¥É¸Ö ²¨ÏÓ ª²µ± ²Ó´µª, ± ± ³ ¸ÏÉ ¡´Ò° ¶ · -
³¥É·. �Éµ µ§´ Î ¥É, ÎÉµ ¨³¥´´µ ¸É·Ê´´Ò¥ ÔËË¥±ÉÒ ¨£· ÕÉ ¸ÊÐ¥¸É¢¥´´ÊÕ
·µ²Ó ¢ ¸É·Ê±ÉÊ·¥ ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨
¶µ²Ö,   Éµ¶µ²µ£¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ¸ÊÐ¥¸É¢¥´´Ò¥ ¤²Ö ¶µ¸É·µ¥´¨Ö ÔË-
Ë¥±É¨¢´µ° É¥µ·¨¨, ¸¢Ö§ ´Ò ´ ¶·Ö³ÊÕ ¸ ª´ ³µÉ± ³¨ª ¸É·Ê´ (¨, ¢µµ¡Ð¥ £µ¢µ·Ö,
D-¡· ´) ´  ´¥É·¨¢¨ ²Ó´Ò¥ Í¨±²Ò ³´µ£µµ¡· §¨° ¸É·Ê´´µ° ±µ³¶ ±É¨Ë¨± Í¨¨.

‘µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ·¥Ï¥´¨Ö³¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¨
¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¨¸¸²¥¤µ¢ ´µ ¤¥É ²Ó´µ ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ 2D
Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨° ¨ É¥µ·¨° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨,   É ±¦¥ ¤²Ö ·¥Ï¥´¨°
‡ °¡¥·£  Å ‚¨ÉÉ¥´  N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ
É¥µ·¨°: Î¨¸Éµ° £²Õµ¤¨´ ³¨±¨ [41,68], ¢±²ÕÎ¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ (Na = 1)
N = 2 £¨¶¥·³Ê²ÓÉ¨¶²¥Éµ³ ³ É¥·¨¨ ¢ ¶·¨¸µ¥¤¨´¥´´µ³ ¶·¥¤¸É ¢²¥´¨¨ ± ²¨-
¡·µ¢µÎ´µ° £·Ê¶¶Ò, µ¶¨¸Ò¢ ¥³µ³ ¢ É¥·³¨´ Ì ¸¥³¥°¸É¢  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨-
¸É¥³ Š ²µ¤¦¥·µ Å Œµ§¥·  [69Ä73]. Šµ£¤  ³ ¸¸  £¨¶¥·³Ê²ÓÉ¨¶²¥É  ¸É ´µ-
¢¨É¸Ö ¡¥¸±µ´¥Î´µ ¡µ²ÓÏµ°, µ´ ÔËË¥±É¨¢´µ µÉÐ¥¶²Ö¥É¸Ö µÉ É¥µ·¨¨ Ÿ´£  Å
Œ¨²²¸ , ¨ · §³¥·´ Ö É· ´¸³ÊÉ Í¨Ö ¶·¨¢µ¤¨É ± ¢Ò·µ¦¤¥´¨Õ Ô²²¨¶É¨Î¥¸±µ°
³µ¤¥²¨ Š ²µ¤¦¥·µ Å Œµ§¥·  ¢ ¶¥·¨µ¤¨Î¥¸±ÊÕ Í¥¶µÎ±Ê ’µ¤Ò, µ¶¨¸Ò¢ ÕÐÊÕ
Î¨¸ÉÊÕ Î¥ÉÒ·¥Ì³¥·´ÊÕ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ÊÕ £²Õµ¤¨´ ³¨±Ê [43]. ˆ§-
¢¥¸É´µ É ±¦¥ [74,75], ÎÉµ Nc = 3, Nf = 2 (Nc, Nf Å Î¨¸²  Í¢¥Éµ¢ ¨  ·o³ Éµ¢
¸µµÉ¢¥É¸É¢¥´´µ) ±·¨¢Ò¥ µÉ¢¥Î ÕÉ ¨´É¥£·¨·Ê¥³µ³Ê ¢µ²Î±Ê ƒµ·ÖÎ¥¢  Å — ¶²Ò-
£¨´ , ¢ Éµ ¢·¥³Ö ± ± ¥¸É¥¸É¢¥´´µ° £¨¶µÉ¥§µ°, ± ¸ ÕÐ¥°¸Ö ¸¥³¥°¸É¢  ³µ¤¥²¥°
N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„ [42,76], Ö¢²Ö¥É¸Ö ¥¥ Ëµ·³Ê²¨·µ¢±  ¢ É¥·³¨-
´ Ì ¨´É¥£·¨·Ê¥³ÒÌ (¢µµ¡Ð¥ £µ¢µ·Ö, ´¥µ¤´µ·µ¤´ÒÌ) sl(2) ¸¶¨´µ¢ÒÌ Í¥¶µÎ¥±,
¤²Ö ±µÉµ·ÒÌ, µ¶ÖÉÓ ¦¥, Í¥¶µÎ±  ’µ¤Ò Ö¢²Ö¥É¸Ö ¶·¥¤¥²Ó´Ò³ ¸²ÊÎ ¥³. ˆ¤¥Ö
ÔÉµ£µ µÉµ¦¤¥¸É¢²¥´¨Ö µ¸´µ¢ ´  [74] ´  ¸¶¥Í¨ ²Ó´µ° ±¢ ¤· É¨Î´µ° Ëµ·³¥
 ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°, µ¶¨¸Ò¢ ÕÐ¨Ì ¢²µ¦¥´¨¥ ¸¶¥±É· ²Ó´µ° ±·¨¢µ° ¢
C2 [42, 76]. „·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ [78] Å µ¸É ¢ ÉÓ¸Ö ¢ · ³± Ì ¤¨´ ³¨±¨ Í¥-
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¶µÎ±¨ ’µ¤Ò, ³¥´ÖÖ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö; ´  ÔÉµ³ ¶ÊÉ¨, µ¤´ ±µ, ¢¸É·¥Î ÕÉ¸Ö
É·Ê¤´µ¸É¨ ¢ ¸¨ÉÊ Í¨¨, ±µ£¤  Nf > Nc.

�µ¸±µ²Ó±Ê ·¥Ï¥´¨Ö Ëµ·³Ê²¨·ÊÕÉ¸Ö ¢ É¥·³¨´ Ì ¶¥·¨µ¤µ¢ ³¥·µ³µ·Ë´ÒÌ
¤¨ËË¥·¥´Í¨ ²µ¢ ´  ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ (µ¤¨´ ¨§ ¢µ§³µ¦´ÒÌ ¢Ò¡µ·µ¢ ±µµ·-
¤¨´ É ´  ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥°), ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò (¡µ²¥¥ Éµ£µ, ¨´É¥-
£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò É¨¶  Š� ¨²¨ ’µ¤Ò, ¶µ¤ ±µÉµ·Ò³¨ ³Ò ¡Ê¤¥³ ¶µ´¨³ ÉÓ É¥,
¢ ±µÉµ·ÒÌ ²¨Ê¢¨²²¥¢¸±¨° Éµ· (Ê£²µ¢Ò¥ ¶¥·¥³¥´´Ò¥) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³
¸¥Î¥´¨¥³ ¸¶¥Í¨ ²Ó´µ£µ ±µ³¶²¥±¸´µ£µ Éµ·  Å Ö±µ¡¨ ´  ±µ³¶²¥±¸´µ° ±·¨¢µ°)
¢µ§´¨± ÕÉ ¶µÎÉ¨ ¶µ µ¶·¥¤¥²¥´¨Õ, ¡² £µ¤ ·Ö ±µ´¸É·Ê±Í¨¨ Š·¨Î¥¢¥·  [50].

�  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ´¥ ¸ÊÐ¥¸É¢Ê¥É ³¥Ì ´¨§³ , ±µÉµ·Ò° ¶µ§¢µ²Ö¥É ¶µ-
²ÊÎ ÉÓ ÉµÎ´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ´¥¶µ¸·¥¤¸É¢¥´´µ ¸É ·ÉÊÖ ¸ ¶¥·-
¢µ¶·¨´Í¨¶µ¢ É¥µ·¨¨ ¸É·Ê´ ¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö (¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ
´¥±µÉµ·Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨¸¸²¥¤ÊÖ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ²Ö±µ¢-
¸±¨° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² (1.1), ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ · §¤. 2). �¥µ¡Ìµ-
¤¨³µ, µ¤´ ±µ, µÉ³¥É¨ÉÓ ¡·µ¸ ÕÐÊÕ¸Ö ¢ £² §   ´ ²µ£¨Õ ³¥¦¤Ê ¢µ§´¨± ÕÐ¨³¨
¶·¨ µ¶¨¸ ´¨¨ ¤¥Ëµ·³ Í¨¨ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö³¨ “¨§¥³  Å
Ê· ¢´¥´¨Ö³¨ £¨¤·µ¤¨´ ³¨Î¥¸±µ£µ É¨¶  Å ¨ ³¥Éµ¤µ³ ·¥´µ·³£·Ê¶¶Ò ¢ ¸É ´-
¤ ·É´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [79]. „¥°¸É¢¨É¥²Ó´µ, ³ ¸ÏÉ ¡´ Ö § ¢¨¸¨³µ¸ÉÓ
±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¸¢Ö§ ´  ¸ ¨Ì § ¢¨¸¨³µ¸ÉÓÕ µÉ ±µ´¸É ´É ¸¢Ö§¨ Ê· ¢-

´¥´¨¥³ ¶¥·¢µ£µ ¶µ·Ö¤± 
(

d
d log Λ −

∑
βi(g) ∂

∂gi

)
F (g; Λ) = 0. ‚ ÉµÎ´µ³ ·¥-

Ï¥´¨¨ ´¥É Ö¢´µ° § ¢¨¸¨³µ¸É¨ µÉ ³ ¸ÏÉ ¡ , ¨ ³µ¦´µ ¡Ò²µ ¡Ò ¸Î¨É ÉÓ, ÎÉµ
¶·µ¨§¢µ¤´Ò¥ ¶µ Λ ¸²¥¤Ê¥É § ³¥´¨ÉÓ ´  ¶·µ¨§¢µ¤´Ò¥ ¶µ ³µ¤Ê²Ö³, ´µ ¤ ¦¥
¶·¨´¨³ Ö É ±ÊÕ £¨¶µÉ¥§Ê, ´¥µ¡Ìµ¤¨³µ µÉ³¥É¨ÉÓ, ÎÉµ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¸¶µ¸µ¡ 
µ¶·¥¤¥²¨ÉÓ β-ËÊ´±Í¨Õ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö. Š·µ³¥ Éµ£µ, Ê· ¢´¥-
´¨Ö  ¸¸µÍ¨ É¨¢´µ¸É¨ ´  ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¸±µ·¥¥ ¶·¨¢µ¤ÖÉ ± ¢Ò¢µ¤Ê µ
Éµ³, ÎÉµ · §£ ¤±Ê ³¥Ì ´¨§³  ¢µ§´¨±´µ¢¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¸²¥-
¤Ê¥É ¨¸± ÉÓ ¢ É¥µ·¨¨ ¸É·Ê´.

�¸´µ¢´Ò¥ ¶µ´ÖÉ¨Ö, ¨¸¶µ²Ó§Ê¥³Ò¥ ¢ µ¡§µ·¥. ‘É·Ê´´ Ö É¥µ·¨Ö ¢µ§³Ê-
Ð¥´¨° (1.1) µ¶·¥¤¥²¥´  ±µ´É¨´Ê ²Ó´Ò³ ¨´É¥£· ²µ³ [12] ¶µ µÉµ¡· ¦¥´¨Ö³
x : Σg → X ³¨·µ¢µ£µ ²¨¸É  Σg ¢ Ë¨§¨Î¥¸±µ¥ ª¶·µ¸É· ´¸É¢µ-¢·¥³Öª X ¨
¤¢Ê³¥·´Ò³ £¥µ³¥É·¨Ö³ Å ³¥É·¨± ³ gab ¢ (1.1) ¨²¨ ¨Ì ±² ¸¸ ³ Ô±¢¨¢ ²¥´É-
´µ¸É¨ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ·¥¶ · ³¥É·¨§ Í¨° Å ³µ¤Ê²Ö³ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò
y ´  ¶·µ¸É· ´¸É¢¥ Mg ¢ (1.2). ‚µµ¡Ð¥ £µ¢µ·Ö, X ´¥ µ¡Ö§ ´µ ¡ÒÉÓ Î¥-
ÉÒ·¥Ì³¥·´Ò³ ¶·µ¸É· ´¸É¢µ³ Œ¨´±µ¢¸±µ£µ ¨²¨ ¶²µ¸±¨³ ¶·µ¸É· ´¸É¢µ³ R4,
µ´µ ³µ¦¥É ¨³¥ÉÓ ´¥É·¨¢¨ ²Ó´ÊÕ ³¥É·¨±Ê (Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ ¢ ¸¨²Ê ¤¢Ê³¥·-
´ÒÌ ¸¨³³¥É·¨° Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´  [67]) ¨²¨ ¤ ¦¥ ¡ÒÉÓ ´¥É·¨¢¨ ²Ó´Ò³
±µ³¶ ±É´Ò³ ³´µ£µµ¡· §¨¥³ (ÉµÎ´¥¥, ¨³¥ÉÓ ±µ³¶ ±É´ÊÕ ¸µ¸É ¢²ÖÕÐÊÕ), ÎÉµ
Ë¨§¨Î¥¸±¨ µÉ¢¥Î ¥É ¶·µ¨¸Ìµ¦¤¥´¨Õ ¢´ÊÉ·¥´´¨Ì (± ²¨¡·µ¢µÎ´ÒÌ) ¸É¥¶¥´¥°
¸¢µ¡µ¤Ò ¶µ ¸Ì¥³¥ Š ²ÊÍÒ Å Š²¥°´ . �·¨ ÔÉµ³ ¶µ²Ö±µ¢¸±¨° ¨´É¥£· ² (1.1)
¸²¥¤Ê¥É ¶µ´¨³ ÉÓ ¢ µ¡µ¡Ð¥´´µ³ ¸³Ò¸²¥, ±µ£¤  ¢³¥¸Éµ ¸¢µ¡µ¤´µ° ¤¢Ê³¥·´µ°
É¥µ·¨¨ ¶µ²Ö x, µÉ¢¥Î ÕÐ¥° ¶²µ¸±µ³Ê ¶·µ¸É· ´¸É¢Ê-¢·¥³¥´¨ X , ¸²¥¤Ê¥É · ¸-
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¸³ É·¨¢ ÉÓ ´¥±µÉµ·ÊÕ µ¡ÐÊÕ ¤¢Ê³¥·´ÊÕ ±µ´Ëµ·³´ÊÕ É¥µ·¨Õ ¶µ²Ö [80], ¢
±µÉµ·µ° ¶µ²Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥Ö¢´µ µÉ¢¥Î ÕÉ σ-³µ¤¥²¨ ´  ´¥É·¨¢¨ ²Ó´µ³
³´µ£µµ¡· §¨¨. �´µ³ ²¨Ö ³¥·Ò ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¤¢Ê³¥·´µ° ³¥É·¨±¥ Dgab
É ±¦¥ ³µ¦¥É ¡ÒÉÓ µÉ´¥¸¥´  ± £· ¢¨É Í¨µ´´µ³Ê ¢±² ¤Ê ¢ ¤¥°¸É¢¨¥ ¤¢Ê³¥·-
´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨, ¶·¨ Ê¸²µ¢¨¨ cmatter + cgravity − 26 = 0 ¤¢Ê³¥·´ Ö
£· ¢¨É Í¨Ö ¸µ±· Ð ¥É ±µ´Ëµ·³´ÊÕ  ´µ³ ²¨Õ ¨ ¨´É¥£· ² (1.1) ¶µ-¶·¥¦´¥³Ê
¸¢µ¤¨É¸Ö ± (1.2). �É¸Õ¤ , ¢ Î ¸É´µ¸É¨, ¸²¥¤Ê¥É, ÎÉµ ¤ ¦¥ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ³ -
É¥·¨¨ (Î¨¸É Ö) ¤¢Ê³¥·´ Ö £· ¢¨É Í¨Ö Ö¢²Ö¥É¸Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥É·¨¢¨ ²Ó´µ°
É¥µ·¨¥° ¸É·Ê´, ¨ ¨³¥´´µ É ±¨¥ É¥µ·¨¨ (±µ£¤  ¢±² ¤ ³ É¥·¨¨ ³ ², cmatter < 1,
¶µ ¸· ¢´¥´¨Õ ¸ ¢±² ¤µ³ £· ¢¨É Í¨¨) ¶µ¤¤ ÕÉ¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê  ´ ²¨§Ê.

„²Ö ±µ´Ëµ·³´µ° É¥µ·¨¨ µ¡Ð¥£µ ¢¨¤  ¸²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ ¤¢  ³µ-
³¥´É . ‚µ-¶¥·¢ÒÌ, ¢ É¥µ·¨¨ ¸É·Ê´ µ¤´  ¨ É  ¦¥ ±µ´Ëµ·³´ Ö É¥µ·¨Ö ³µ¦¥É
µÉ¢¥Î ÉÓ ¸É·Ê´ ³ ´  · §´ÒÌ ³´µ£µµ¡· §¨ÖÌ X1 ¨ X2. ’ ±¨¥ ³´µ£µµ¡· §¨Ö
´ §Ò¢ ÕÉ¸Ö §¥·± ²Ó´Ò³¨ [18], ¶·µ¸É¥°Ï¨³ ¶·¨³¥·µ³ ÔÉµ£µ ¸²ÊÎ Ö Ö¢²Ö¥É¸Ö
¸¢µ¡µ¤´ Ö É¥µ·¨Ö ¶µ²Ö, ¶·¨´¨³ ÕÐ¥£µ §´ Î¥´¨Ö ¢ µ±·Ê¦´µ¸É¨: É¥µ·¨¨ ´ 
X1 = SR ¨ X2 = S 1

R
Ô±¢¨¢ ²¥´É´Ò. ‚µ-¢Éµ·ÒÌ, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ±µ´-

Ëµ·³´Ò¥ É¥µ·¨¨, µÉ¢¥Î ÕÐ¨¥ ´¥É·¨¢¨ ²Ó´Ò³ ³´µ£µµ¡· §¨Ö³, ´ ¨¢´Ò³ µ¡· -
§µ³ ´¥ Ö¢²ÖÕÉ¸Ö ¸¢µ¡µ¤´Ò³¨, ¤²Ö ²Õ¡µ° 2D ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö ¸ÊÐ¥-
¸É¢Ê¥É É¥Ì´¨±  ¸¢µ¡µ¤´ÒÌ ¶µ²¥° ¨²¨ ¡µ§µ´¨§ Í¨Ö, É.¥. ¶¥·ÉÊ·¡ É¨¢´µ É¥µ·¨Ö
¸É·Ê´ ¶·¨´Í¨¶¨ ²Ó´µ µ¶·¥¤¥²¥´ , ¨ ¨´É¥£· ²Ò (1.1) ¨ (1.2) ³µ£ÊÉ ¡ÒÉÓ ¢Ò-
Î¨¸²¥´Ò. …¸É¥¸É¢¥´´µ, ¤²Ö ±µ´Ëµ·³´µ° É¥µ·¨¨ µ¡Ð¥£µ ¢¨¤  ÔÉµ É¥Ì´¨Î¥¸±¨
µÎ¥´Ó ¸²µ¦´ Ö § ¤ Î , µ¤´ ±µ ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨³¥·Ò ±µ´Ëµ·³´ÒÌ É¥µ·¨°, £¤¥
¨´É¥£· ² ¶µ ¶µ²Ö³ ³ É¥·¨¨ ¨ ¤ ¦¥ ¢µ§´¨± ÕÐ¨° ¨´É¥£· ² ¨´¤ÊÍ¨·µ¢ ´´µ°
£· ¢¨É Í¨¨ ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¤µ ±µ´Í . Š É ±¨³ É¥µ·¨Ö³ µÉ´µ¸ÖÉ¸Ö,
¶·¥¦¤¥ ¢¸¥£µ, ¸¢µ¡µ¤´Ò¥

SCFT =

∫
Σg

∂̄x∂x ≡
∫
Σg

cmatter∑
µ=1

∂̄xµ∂xµ (1.7)

¨ ´¥±µÉµ·Ò¥ É¥µ·¨¨ ¸ c < 0. � ²¨Î¨¥ ªµÉ·¨Í É¥²Ó´µ°ª ³ É¥·¨¨ ¶·¨¢µ-
¤¨É ± ¤µ¶µ²´¨É¥²Ó´Ò³ ¸µ±· Ð¥´¨Ö³ ¢ ³¥·¥ ¨´É¥£·¨·µ¢ ´¨Ö (1.2), ÎÉµ Î ¸Éµ
¶µ§¢µ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ ¶µ²Ö±µ¢¸±¨° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ². ’¥Ì´¨±  ¡µ§µ-
´¨§ Í¨¨ ÔËË¥±É¨¢´µ ¸¢µ¤¨É ¢ÒÎ¨¸²¥´¨Ö ¢ ´¥É·¨¢¨ ²Ó´ÒÌ ±µ´Ëµ·³´ÒÌ É¥-
µ·¨ÖÌ ± ¢ÒÎ¨¸²¥´¨Ö³ (¤µ¸É ÉµÎ´µ ¸²µ¦´ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°) ¢
É¥µ·¨ÖÌ ¢¨¤  (1.7),   ¡µ²¥¥ ÉµÎ´µ ¸ ªÊ¤²¨´¥´´Ò³ª ¸¢µ¡µ¤´Ò³ ¤¥°¸É¢¨¥³
SCFT (ϕ) =

∫
∂̄ϕ∂ϕ + α0Rϕ, £¤¥ ±µ´¸É ´É  α0 (¤²Ö ¸²ÊÎ Ö ³´µ£¨Ì ¶µ²¥° Å

¢¥±Éµ·) ¸¢Ö§ ´  ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ É¥µ·¨¨ cCFT = 1 − 12α 2
0 . � ¨¡µ²¥¥

¨§¢¥¸É´Ò³ ¶·¨³¥·µ³ ±µ´Ëµ·³´ÒÌ É¥µ·¨° ÔÉµ£µ É¨¶  Ö¢²ÖÕÉ¸Ö É ± ´ §Ò¢ ¥-

³Ò¥ pq-³µ¤¥²¨ [80] ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c = 1−6 (p−q)2

pq
. ‚¸¥ ÔÉµ ¶·¨¢µ¤¨É

± Éµ³Ê, ÎÉµ ¨´µ£¤  ¨´É¥£· ² (1.1) ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ Ö¢´µ, ¨ ¨³¥´´µ ¶·¨-
³¥·Ò É ±¨Ì É¥µ·¨° µ¡¸Ê¦¤ ÕÉ¸Ö ¢ ÔÉµ³ · §¤¥²¥. ‚µ ¢¸¥Ì É¥µ·¨ÖÌ cmatter < 1
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(¢ Éµ³ Î¨¸²¥ ¨ µÉ·¨Í É¥²Ó´Ò°) ¨²¨ Í¥²Ò°,   ¢Ò¢µ¤Ò µ ¸¢µ°¸É¢ Ì É¥µ·¨¨,
¸µÌ· ´ÖÕÐ¨Ì¸Ö ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ ·¥¦¨³¥ (±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨ÖÌ, ±
±µÉµ·Ò³ ´¥É ¸É ·Ï¨Ì ¶µ¶· ¢µ±, µ¶¥· Éµ·´µ°  ²£¥¡·¥), µ¸´µ¢ ´Ò ´   ²£¥-
¡· ¨Î¥¸±µ° ¸É·Ê±ÉÊ·¥ ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ( ²£¥¡· Ì ‚¨· ¸µ·µ ¨
Š Í  Å ŒÊ¤¨ [81, 82]) ¨ ¶·¥¤¸É ¢²¥´¨¨ 2D ±µ´Ëµ·³´ÒÌ É¥µ·¨° ¶µ²Ö ¸¢µ-
¡µ¤´Ò³¨ ¶µ²Ö³¨ [83Ä87].

Š ± ¨ ¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ¨´Ëµ·³ Í¨Ö, ¶µ²ÊÎ¥´´ Ö ¶·¨ ´¥¶µ¸·¥¤¸É¢¥´-
´µ³ ¨§ÊÎ¥´¨¨ ¨´É¥£· ²  (1.1), ¨³¥¥É ¢¥¸Ó³  µ£· ´¨Î¥´´Ò° Ì · ±É¥· [19,20,88,
89]. ”µ·³Ê²¨·µ¢±  ´¥¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¤µ¸É ÉµÎ´µ ´¥ Ö¢´Ò³ µ¡· §µ³
¸¢Ö§ ´  ¸µ ¸¢µ°¸É¢ ³¨ É¥µ·¨¨ ´  ³¨·µ¢µ³ ²¨¸É¥, ¨ ¥¥ ³µ¦´µ µ¶¨¸ ÉÓ ¸²¥¤ÊÕ-
Ð¨³ µ¡· §µ³. –¥´É· ²Ó´Ò³ µ¡Ñ¥±Éµ³ Ö¢²Ö¥É¸Ö ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö (1.4)
ÉµÎ´ÒÌ Ë¨§¨Î¥¸±¨Ì ±µ··¥²ÖÉµ·µ¢ ( ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö), ¢ÒÎ¨¸²¥´¨¥ ±µÉµ·µ°
¨ Ö¢²Ö¥É¸Ö £² ¢´µ° § ¤ Î¥° É¥µ·¨¨. ‚ ¸²ÊÎ ¥ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¨ Éµ-
¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ËÊ´±Í¨µ´ ² F (1.4) Ö¢²Ö¥É¸Ö ¢ ¡Ê±¢ ²Ó´µ³
¸³Ò¸²¥ ËÊ´±Í¨¥°, ¢µµ¡Ð¥ £µ¢µ·Ö, ¡¥¸±µ´¥Î´µ£µ (ÌµÉÖ ¢ ¤ ´´µ° ¸¨ÉÊ Í¨¨ ¨
¤¨¸±·¥É´µ£µ) ´ ¡µ·  Î¨¸²µ¢ÒÌ ¶¥·¥³¥´´ÒÌ, ¨ ¢ ·¨ Í¨µ´´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢
Ëµ·³Ê²¥ (1.4) ¶·¥¢· Ð ÕÉ¸Ö ¢ µ¡ÒÎ´Ò¥ Î ¸É´Ò¥ ¶·µ¨§¢µ¤´Ò¥.

�·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö § ¢¨¸¨É µÉ ¶¥·¥³¥´´ÒÌ ¤¢ÊÌ É¨¶µ¢. �¥·¢Ò° É¨¶
¶¥·¥³¥´´ÒÌ Å ¨¸ÉµÎ´¨±¨ ¤²Ö Ë¨§¨Î¥¸±¨Ì µ¶¥· Éµ·µ¢

Fg → Fg(T) =

∫
DgabDxe−SCFT (x,gab)+

∑
TkOk ,

F → F(Λstr,T) =
∑
g

ΛgstrFg(T), (1.8)

¶·µ¨§¢µ¤´Ò¥ ¶µ ±µÉµ·Ò³ µ¶·¥¤¥²ÖÕÉ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ¢ É¥µ·¨¨.
‚Ò· ¦¥´¨¥ (1.8), ¡¥§Ê¸²µ¢´µ, § ¢¨¸¨É µÉ ¢Ò¡µ·  ¡ §¨¸  Ok ¨²¨ Tk, ¨ Éµ²Ó±µ
¢ ¸¶¥Í¨ ²Ó´µ³ ¡ §¨¸¥ (´¥ µ¡Ö§ É¥²Ó´µ Ê¤µ¡´µ³ ¸ ÉµÎ±¨ §·¥´¨Ö Ëµ·³Ê²¨·µ¢±¨
É¥µ·¨¨ ´  ³¨·µ¢µ³ ²¨¸É¥) µ´µ ³µ¦¥É ¡ÒÉÓ Ô²¥£ ´É´µ µ¶¨¸ ´µ ´  Ö§Ò±¥ ´¥-
²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨²¨ ¸µµÉ´µÏ¥´¨° É¨¶  Ê´¨É ·´µ¸É¨
¤²Ö ±µ··¥²ÖÉµ·µ¢ [25,26,28,32]. ‚µµ¡Ð¥ £µ¢µ·Ö, É ±¨¥ ¸µµÉ´µÏ¥´¨Ö Ìµ·µÏµ
¨§¢¥¸É´Ò ¢ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö (Éµ¦¤¥¸É¢  “µ·¤  [30], Ê· ¢-
´¥´¨Ö ˜¢¨´£¥·  Å „ °¸µ´  ¨ É.¶.), µ¤´ ±µ ¢ É¥µ·¨ÖÌ ¸É·Ê´ ¸¨ÉÊ Í¨Ö µÉ²¨-
Î ¥É¸Ö É¥³, ÎÉµ ÔÉ¨ Ê· ¢´¥´¨Ö ³µ¦´µ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥ ¶µ²´µ° ¸¨¸É¥³Ò ¨´É¥£-
·¨·Ê¥³ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÐ¨Ì ¶·µ¨§¢µ-
¤ÖÐÊÕ ËÊ´±Í¨Õ (1.8). Š ± ËÊ´±Í¨Ö T, ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö (1.4), (1.8)
³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ²¨ÏÓ ¢ ¢¨¤¥ Ëµ·³ ²Ó´µ£µ ·Ö¤ , ±µÔËË¨Í¨¥´ÉÒ ±µ-
Éµ·µ£µ ¨ µÉµ¦¤¥¸É¢²ÖÕÉ¸Ö ¸ ±µ··¥²ÖÍ¨µ´´Ò³¨ ËÊ´±Í¨Ö³¨,   ¸ ³ ·Ö¤ ¨³¥¥É,
¢µµ¡Ð¥ £µ¢µ·Ö, ´Ê²¥¢µ° · ¤¨Ê¸ ¸Ìµ¤¨³µ¸É¨. �ÉµÉ Ë ±É, ¡¥§Ê¸²µ¢´µ, µÉ· ¦ ¥É
Ìµ·µÏµ ¨§¢¥¸É´Ò¥ ¸¢µ°¸É¢  ·Ö¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö ¢ É¥µ·¨¨ ¸É·Ê´ ¨ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö,   ±·µ³¥ Éµ£µ, ¸µ£² ¸µ¢ ´ ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ö¢´Ò³¨ Ëµ·-
³Ê² ³¨ ¤²Ö ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨°, ±µÉµ·Ò¥, ¥¸²¨ ¸ÊÐ¥¸É¢ÊÕÉ
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¢µµ¡Ð¥, ¨³¥ÕÉ µ¡ÒÎ´µ ¨´É¥£· ²Ó´ÊÕ Ëµ·³Ê ¨ ¨´µ£¤  ³µ£ÊÉ ¡ÒÉÓ ¸¢¥¤¥´Ò
± ³ É·¨Î´Ò³ ¨´É¥£· ² ³ (1.3), É.¥. ± ¶·µ¸É¥°Ï¨³  ´ ²µ£ ³ ± ²¨¡·µ¢µÎ´µ°
É¥µ·¨¨ ¶µ²Ö.

„·Ê£¨³¨ ¶ · ³¥É· ³¨, µÉ ±µÉµ·ÒÌ § ¢¨¸¨É ¸É É¸Ê³³  ¨²¨ ¶·µ¨§¢µ¤ÖÐ Ö
ËÊ´±Í¨Ö, Ö¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨¥ ¨²¨ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ³µ¤Ê²¨ É¥-
µ·¨¨. �·µ¸É· ´¸É¢µ ÔÉ¨Ì ¶ · ³¥É·µ¢ µ¡ÒÎ´µ ±µ´¥Î´µ³¥·´µ, ¢ · ¸¸³ É·¨¢ -
¥³ÒÌ ¸²ÊÎ ÖÌ ±µ³¶²¥±¸´µ ¨ Î ¸Éµ ³µ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´µ ± ± ¶·µ-
¸É· ´¸É¢µ ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ. ‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ¢µ§-
´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ ±µ³¶²¥±¸´Ò¥ ±·¨¢Ò¥ ¨²¨ ·¨³ ´µ¢Ò ¶µ¢¥·Ì´µ¸É¨ ¨³¥ÕÉ
ª¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÊÕª ¶·¨·µ¤Ê (´ ¶·¨³¥·, ¶·µ¨¸Ìµ¤ÖÉ ¨§ ¸É·Ê´´µ°
±µ³¶ ±É¨Ë¨± Í¨¨) ¨ ´¨± ± ´¥ ¸¢Ö§ ´Ò ¸ ³¨·µ¢Ò³¨ ²¨¸É ³¨ ¢ É¥µ·¨¨ ¸É·Ê´!
Š ± ËÊ´±Í¨Ö ³µ¤Ê²¥°, ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö µ¡ÒÎ´µ° (´ ¶·¨³¥·,
³¥·µ³µ·Ë´µ°) ËÊ´±Í¨¥° ³´µ£¨Ì ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ¨ Î ¸Éµ ³µ¦¥É
¡ÒÉÓ ¢ÒÎ¨¸²¥´  ¡µ²¥¥ ¨²¨ ³¥´¥¥ Ö¢´Ò³ µ¡· §µ³. ‘ ³¨³ ³µ¤Ê²Ö³ ³µ¦´µ
¶·¨¤ ÉÓ ¸³Ò¸² ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì §´ Î¥´¨° Ëµ´µ¢ÒÌ ¶µ²¥° (Ì¨££¸µ¢¸±¨¥
¸·¥¤´¨¥ ¸± ²Ö·µ¢, ³µ¤Ê²¨ Ë¨§¨Î¥¸±µ° ³¥É·¨±¨ Å ±µ³¶²¥±¸´Ò¥ ¨ ±Ô²¥·µ¢-
¸±¨¥ ¸É·Ê±ÉÊ·Ò ¨ É.¶.), ¨, ± ± ËÊ´±Í¨Ö ³µ¤Ê²¥°, F µ¡ÒÎ´µ ¨³¥¥É ¸³Ò¸²
ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö.

‚ Éµ¶µ²µ£¨Î¥¸±µ° 2D-£· ¢¨É Í¨¨ ¨ ´¥±µÉµ·ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ
³µ¤¥²ÖÌ (Ap-¸¥·¨¨) § ¢¨¸¨³µ¸ÉÓ µÉ ³µ¤Ê²¥° t ¨ ¨¸ÉµÎ´¨±µ¢ T ¶· ±É¨Î¥¸±¨
¸µ¢¶ ¤ ¥É (t + T -Ëµ·³Ê²  [64]). ‡ ¤ Î¥° Ö¢²Ö¥É¸Ö ´ Ìµ¦¤¥´¨¥ Ö¢´µ£µ ¢¨¤ 
ËÊ´±Í¨¨ F(t,T) ¨²¨ ÌµÉÖ ¡Ò Ê· ¢´¥´¨°, ±µÉµ·Ò³ µ´  Ê¤µ¢²¥É¢µ·Ö¥É. ‚
¸²ÊÎ ¥ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨° ÔÉ  § ¤ Î  ·¥Ï ¥É¸Ö Ö¢´µ ¨ µÉ¢¥É ¢Ò· ¦ ¥É¸Ö
Î¥·¥§ ¨´É¥£· ² ¢¨¤ 

∫
DXe−TrV (X)+Tr ΛX , £¤¥ ³µ¤Ê²¨ t ¸¢Ö§ ´Ò ¸ ±µÔËË¨-

Í¨¥´É ³¨ ¶µÉ¥´Í¨ ²  V (X),   ¢´¥Ï´¨¥ ¨¸ÉµÎ´¨±¨ Å ¸µ ¸²¥¤ ³¨ ¸É¥¶¥´¥°
³ É·¨ÍÒ Λ. „µ± § É¥²Ó¸É¢µ t + T -Ëµ·³Ê²Ò Ö¢²Ö¥É¸Ö ´¥É·¨¢¨ ²Ó´µ° § ¤ Î¥°
(¸³. · §¤. 3).

‚ µ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ  § ¢¨¸¨³µ¸ÉÓ, ¥¸É¥¸É¢¥´´µ, · §²¨Î´  ¨ ¨´É¥·¥¸ ¶·¥¤-
¸É ¢²ÖÕÉ µ¡¥ § ¤ Î¨ ´¥§ ¢¨¸¨³µ. ‚ ¸²ÊÎ ¥ ÔËË¥±É¨¢´µ° N = 2 ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¢ Î¥ÉÒ·¥Ì ¨§³¥·¥´¨ÖÌ ¸ÊÐ¥¸É¢Ê¥É µÉ¢¥É
¶µ±  ²¨ÏÓ ´  ¶¥·¢Ò° ¢µ¶·µ¸ ¨ Î·¥§¢ÒÎ °´µ ¸ÊÐ¥¸É¢¥´´Ò³ Ë ±Éµ³ Ö¢²Ö¥É¸Ö
Éµ, ÎÉµ ¢¨²Ó¸µ´µ¢¸±µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¢ ¡¥§³ ¸¸µ¢µ³ ¸¥±Éµ·¥, Ö¢²Ö-
Ö¸Ó ËÊ´±Í¨µ´ ²µ³ ¶µ²¥°, ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´µ Î¥·¥§ ËÊ´±Í¨Õ ´¥¸±µ²Ó±¨Ì
±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ (¸³., ´ ¶·¨³¥·, [41, 42] ¨ ¸¸Ò²±¨ ¢ ÔÉ¨Ì · ¡µÉ Ì).
�ÉµÉ ÔËË¥±É ²¥£±µ ¶µ´ÖÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.

„²Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¸ £·Ê¶¶µ° SU(Nc)
¸± ²Ö·´Ò° ¶µÉ¥´Í¨ ² ¨³¥¥É ¢¨¤ V (φ) = Tr [φ,φ†]2, ¨ ¥£µ ³¨´¨³Ê³Ò ¸ ÉµÎ´µ-
¸ÉÓÕ ¤µ ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° µÉ¢¥Î ÕÉ ¤¨ £µ´ ²Ó´Ò³ ¡¥¸¸²¥¤µ¢Ò³
³ É·¨Í ³ φ = diag (A1, . . . , ANc), ¨´¢ ·¨ ´ÉÒ ±µÉµ·ÒÌ

det (λ− φ) = PNc(λ) =

Nc∑
k=0

SNc−kλ
k (1.9)
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¢ ±µ²¨Î¥¸É¢¥, · ¢´µ³ · ´£Ê £·Ê¶¶Ò rank SU(Nc) = Nc − 1 (¨²¨ ²Õ¡µ° ¤·Ê-
£µ° ´ ¡µ·  ²£¥¡· ¨Î¥¸±¨ ´¥§ ¢¨¸¨³ÒÌ ¨´¢ ·¨ ´Éµ¢, ´ ¶·¨³¥·, hk = 1

k
Trφk),

¶ · ³¥É·¨§ÊÕÉ ¶·µ¸É· ´¸É¢µ Ë¨§¨Î¥¸±¨Ì ³µ¤Ê²¥°. �ËË¥±É •¨££¸  ¶·¨¢µ¤¨É
± ¶µÖ¢²¥´¨Õ ³ ¸¸Ò Ê ¢´¥¤¨ £µ´ ²Ó´µ° Î ¸É¨ ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö Aµ, É.±.
[φ,Aµ] = (Ai − Aj)Aij

µ , ¢ Éµ ¦¥ ¢·¥³Ö ¤¨ £µ´ ²Ó´ Ö Î ¸ÉÓ µ¸É ¥É¸Ö ¡¥§³ ¸-

¸µ¢µ°,   ± ²¨¡·µ¢µÎ´ Ö £·Ê¶¶  ´ ·ÊÏ ¥É¸Ö ¸ G = SU(Nc) ¤µ U(1)rankG =
= U(1)Nc−1. ’ ±¨³ µ¡· §µ³, ¡¥§³ ¸¸µ¢Ò° ¸¥±Éµ· ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´
± ± N = 2  ¡¥²¥¢  ± ²¨¡·µ¢µÎ´ Ö É¥µ·¨Ö, ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´ ±µÉµ·µ°
µ¶·¥¤¥²Ö¥É¸Ö ¢ É¥·³¨´ Ì ¸Ê¶¥·¶µ²¥° Φi = ϕi + ϑσµν ϑ̃G

i
µν + . . ., ¢ ±ÊÊ³-

´Ò¥ §´ Î¥´¨Ö ±µÉµ·ÒÌ ¸µ¢¶ ¤ ÕÉ ¸ ¤¨ £µ´ ²Ó´Ò³¨ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ φ.
�µÔÉµ³Ê ËÊ´±Í¨Ö ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ F(a) = F(A)|∑Ai=0 ¤¥°¸É¢¨-
É¥²Ó´µ µ¶·¥¤¥²Ö¥É ¢¨²Ó¸µ´µ¢¸±µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¡¥§³ ¸¸µ¢ÒÌ ¶µ²¥°,
±µÉµ·µ¥ ¶µ²ÊÎ ¥É¸Ö ¨§ ´¥¥ ¶µ¤¸É ´µ¢±µ°

Leff ∼
∫
d4ϑF(Ai → Φi) = . . .

∂2F
∂ai∂aj

GiµνG
j
µν + . . . (1.10)

—Éµ ± ¸ ¥É¸Ö ³ ¸¸¨¢´ÒÌ ¢µ§¡Ê¦¤¥´¨° ¢ N = 2 ´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ°
É¥µ·¨¨, Éµ µ± §Ò¢ ¥É¸Ö [41,42], ÎÉµ, ¶µ ±· °´¥° ³¥·¥, ¸¶¥±É· ��‘-¸µ¸ÉµÖ´¨°∗

¸¢Ö§ ´ ¸ ËÊ´±Í¨¥° F ¸µµÉ´µÏ¥´¨¥³ M ∼ |na + maD|, £¤¥ aD = ∂F
∂a .

’ ±¨³ µ¡· §µ³, ¨³¥´´µ §´ ´¨¥ ËÊ´±Í¨¨ ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ F ± ±
ËÊ´±Í¨¨ ³µ¤Ê²¥° ¨ ¥¥ ¢¸¥¢µ§³µ¦´ÒÌ ¶·µ¨§¢µ¤´ÒÌ, ´ ¶·¨³¥·, · §²µ¦¥´¨¥ ¶µ
¨¸ÉµÎ´¨± ³ T, ¤ ¥É ´ ¨¡µ²¥¥ ¶µ²´ÊÕ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¨´Ëµ·³ Í¨Õ µ É¥µ-
·¨¨. �¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¶µ ±· °´¥° ³¥·¥ ¢ ´¥±µÉµ·µ³ ±² ¸¸¥ § ¤ Î,
µ¡Ð¨¥ Î¥·ÉÒ ±µÉµ·µ£µ µ¶¨¸ ´Ò ¢ ¤ ´´µ³ · §¤¥²¥, £² ¢´µ° Í¥²ÓÕ Ö¢²Ö¥É¸Ö
´ Ìµ¦¤¥´¨¥ ¨ Ëµ·³Ê²¨·µ¢±  ¸¢µ°¸É¢ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ F , ±µÉµ· Ö µÉ
Î ¸É¨ ¸¢µ¨Ì ¶¥·¥³¥´´ÒÌ § ¢¨¸¨É ± ± µÉ ³µ¤Ê²¥° ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò ´¥-
±µÉµ·µ° ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨.

�¸´µ¢´µ° ¨¤¥¥°, ± ± Ê¦¥ ¡Ò²µ ¸± § ´µ, Ö¢²Ö¥É¸Ö µÉµ¦¤¥¸É¢²¥´¨¥ ËÊ´±-
Í¨¨ F ,   É ±¦¥ ¤·Ê£¨Ì Ì · ±É¥·¨¸É¨± Ë¨§¨Î¥¸±µ° É¥µ·¨¨ ¸ ¢¥²¨Î¨´ ³¨,
¨³¥ÕÐ¨³¨ ¸³Ò¸² ¢ ¸¨¸É¥³ Ì ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° É¨¶  Š�/’µ¤Ò. „²Ö
Éµ£µ ÎÉµ¡Ò ¸Ëµ·³Ê²¨·µ¢ ÉÓ ÔÉÊ ¸¢Ö§Ó, ¶·¨¢¥¤¥³ É ±¦¥ ´¥±µÉµ·Ò¥ µ¶·¥¤¥²¥-
´¨Ö ¨§ É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥°. ‚ ±² ¸¸¥ · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ¤ ´´µ³
µ¡§µ·¥ § ¤ Î ¢¸¥ ¢µ§´¨± ÕÐ¨¥ Ê· ¢´¥´¨Ö µÉ´µ¸ÖÉ¸Ö ± ¨¥· ·Ì¨Ö³ Š� (1.5) ¨
’µ¤Ò (1.6), ÉµÎ´¥¥, ± ¨Ì ·¥¤Ê±Í¨Ö³. �µ´ÖÉ¨¥ ¨¥· ·Ì¨¨ µ§´ Î ¥É, ÎÉµ ¤¨´ -
³¨Î¥¸±¨¥ ¸¨¸É¥³Ò (1.5) ¨ (1.6) µ¡² ¤ ÕÉ ¡¥¸±µ´¥Î´Ò³ ±µ²¨Î¥¸É¢µ³ ¨´É¥£· -
²µ¢ ¤¢¨¦¥´¨Ö, ±µÉµ·Ò³ ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ ¡¥¸±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ ¢§ ¨³´µ
±µ³³ÊÉ¨·ÊÕÐ¨Ì (¨ ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ ¶¥·¢Ò³¨ (1.5) ¨ (1.6)) ¶µÉµ±µ¢. „¨Ë-

∗��‘-¸µ¸ÉµÖ´¨Ö³¨ (�µ£µ³µ²Ó´µ£µ Å �· ¸ ¤  Å ‡µ³³¥·Ë¥²Ó¤ ) ´ §Ò¢ ÕÉ¸Ö ¸µ¸ÉµÖ-
´¨Ö, ³ ¸¸Ò ±µÉµ·ÒÌ ¶·µ¶µ·Í¨µ´ ²Ó´Ò Í¥´É· ²Ó´Ò³ § ·Ö¤ ³ · ¸Ï¨·¥´´µ° N ≥ 2  ²£¥¡·Ò
¸Ê¶¥·¸¨³³¥É·¨¨.
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Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¶µ ¸É ·Ï¨³ ¢·¥³¥´ ³ Tk ¨³¥ÕÉ ¡µ²¥¥ ¸²µ¦´Ò°
¢¨¤, ¥¸²¨ ¨Ì ¶¨¸ ÉÓ ± ± Ê· ¢´¥´¨Ö ´  ËÊ´±Í¨¨ U(T) ¨ φn(T), ´µ ¸ÊÐ¥¸É¢Ê¥É
¡µ²¥¥ ¨§ÖÐ´Ò° ¸¶µ¸µ¡ § ¤ ´¨Ö ¢¸¥° ¨¥· ·Ì¨¨.

�ÉµÉ ¸¶µ¸µ¡ µ¸´µ¢ ´ ´  ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § ¤ Î¥ ¤²Ö ¨¥· ·Ì¨¨
¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°

∂

∂Tk
Ψ = BkΨ, (1.11)

£¤¥ Bk = Bk[U ;φ] Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò Éµ²Ó±µ ¶µ T1 ¢ ¸²Ê-
Î ¥ Š� (1.5) ¨²¨ · §´µ¸É´Ò¥ µ¶¥· Éµ·Ò ¶µ ¤¨¸±·¥É´µ³Ê ¢·¥³¥´¨ n ¢ ¸²Ê-
Î ¥ ’µ¤Ò (1.6),   ·¥Ï¥´¨¥ Ψ ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ° § ¤ Î¨ ´ §Ò¢ ¥É¸Ö
µ¡ÒÎ´µ ËÊ´±Í¨¥° �¥°±¥·  Å �Ì¨¥§¥· . Š Ê· ¢´¥´¨Ö³ (1.11) ³µ¦´µ ¤µ¡ ¢¨ÉÓ
Ê· ¢´¥´¨¥ ‹ ±¸ 

LΨ = λΨ, (1.12)

±µÉµ·µ¥ ¶·¨ ·¥¤Ê±Í¨ÖÌ ¢µ§´¨± ¥É ± ± µ¤´µ ¨§ Ê· ¢´¥´¨° Í¥¶µÎ±¨ (1.11).
ˆ¥· ·Ì¨Ö ´¥²¨´¥°´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° ¶·¨ ÔÉµ³ Ô±¢¨¢ ²¥´É´  Ê· ¢-
´¥´¨Ö³ ‹ ±¸ 

∂L
∂Tk

= [Bk,L] (1.13)

¨²¨ Ê¸²µ¢¨Ö³ ¸µ¢³¥¸É´µ¸É¨ (‡ Ì ·µ¢  Å ˜ ¡ É )[
∂

∂Tk
−Bk,

∂

∂Tl
−Bl

]
= 0. (1.14)

� ¨¡µ²¥¥ Ê´¨¢¥·¸ ²Ó´Ò³ µ¡Ñ¥±Éµ³ ¢ É ±µ° Ëµ·³Ê²¨·µ¢±¥ ¨´É¥£·¨·Ê¥³ÒÌ § -
¤ Î Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨Ö •¨·µÉÒ, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö ¡¥¸±µ´¥Î´µ° Í¥¶µÎ±¥ ¡¨-
²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ (· §´µ¸É´ÒÌ) Ê· ¢´¥´¨° ¨ £¥´¥·¨·ÊÕÐ Ö ·¥Ï¥-
´¨Ö ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨, ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥·  ¨ É.¶. � ¶·¨³¥·,
¤²Ö ¨¥· ·Ì¨¨ Š�

Ψ = e
∑
Tkλ

k τ
(
Tk − 1

kλk

)
τ(T )

; U(T) = ∂2 log τ(T); . . . (1.15)

�´ ²µ£¨Î´Ò¥ Ëµ·³Ê²Ò ¸ÊÐ¥¸É¢ÊÕÉ ¨ ¤²Ö ¤·Ê£¨Ì ¨¥· ·Ì¨°.
ˆ¥· ·Ì¨¨ ’µ¤Ò ¨ Š� ¨³¥ÕÉ ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ·¥Ï¥´¨°, ¶ · ³¥É·¨§Ê¥-

³ÒÌ É ± ´ §Ò¢ ¥³µ° ÉµÎ±µ° ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´¨ ´  [58, 59], ¨²¨,
£·Ê¡µ £µ¢µ·Ö, ËÊ´±Í¨¥° ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ. — ¸É´Ò¥ ·¥Ï¥´¨Ö ³µ¦´µ ¢Ò-
¤¥²ÖÉÓ ¤µ¶µ²´¨É¥²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨, Î ¸Éµ ¨³¥ÕÐ¨³¨ ¢¨¤ ¤µ¶µ²´¨É¥²Ó´ÒÌ
(¢ µ¸´µ¢´µ³ ²¨´¥°´ÒÌ) Ê· ¢´¥´¨° ´  τ -ËÊ´±Í¨Õ.

�¸µ¡ÊÕ ·µ²Ó ¨£· ÕÉ ±µ´¥Î´µ³¥·´Ò¥ ·¥¤Ê±Í¨¨ ¨¥· ·Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ
Ê· ¢´¥´¨°, ±µ£¤  Éµ²Ó±µ ±µ´¥Î´µ¥ Î¨¸²µ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ¨ ¶µÉµ±µ¢ ∂

∂Tk
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Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨. Š· ¸¨¢Ò³ ¶·¨³¥·µ³ ±µ´¥Î´µ³¥·´ÒÌ ·¥¤Ê±Í¨° ¨¥· ·-
Ì¨° Ê· ¢´¥´¨° Š�/’µ¤Ò Ö¢²ÖÕÉ¸Ö É ± ´ §Ò¢ ¥³Ò¥ ±µ´¥Î´µ§µ´´Ò¥ ·¥Ï¥´¨Ö,
µ¶·¥¤¥²Ö¥³Ò¥ Ê¸²µ¢¨Ö³¨

[L,A] = 0, A =

finite∑
k

ckBk, (1.16)

£¤¥ LÅ µ¶¥· Éµ· ‹ ±¸  (1.12), Bk Å µ¶¥· Éµ·Ò Ô¢µ²ÕÍ¨¨ ËÊ´±Í¨¨ �¥°±¥· 
(1.11),   ck Å ´¥±µÉµ·Ò° ±µ´¥Î´Ò° ´ ¡µ· ´¥´Ê²¥¢ÒÌ ±µ´¸É ´É. ˆ´É¥£·¨·µ-
¢ ´¨¥ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨° ´ §Ò¢ ¥É¸Ö ±µ´¸É·Ê±Í¨¥° Š·¨Î¥¢¥·  [50] ¨
¸¢µ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¨³ Ï £ ³∗.
• ‘µ¢³¥¸É´Ò° ¸¶¥±É· ±µ³³ÊÉ¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ L ¨ A (1.16) § ¤ ¥É¸Ö

¸¨¸É¥³µ° Ê· ¢´¥´¨°, µ¶¨¸Ò¢ ÕÐ¨Ì ±µ³¶²¥±¸´ÊÕ ±·¨¢ÊÕ Σ, ¢ ¶·µ¸É¥°Ï¥³
¸²ÊÎ ¥ P(L,A) = 0.
• ”Ê´±Í¨Ö �¥°±¥·  Å �Ì¨¥§¥·  Ö¢²Ö¥É¸Ö ¸¥Î¥´¨¥³ ´¥±µÉµ·µ£µ · ¸¸²µ¥-

´¨Ö ´ ¤ Σ Å ¢ ¨¸¶µ²Ó§Ê¥³ÒÌ ´¨¦¥ ¸²ÊÎ ÖÌ ¶µÎÉ¨ ¢¸¥£¤  ²¨´¥°´µ£µ · ¸¸²µ¥-
´¨Ö.
• Œµ¤Ê²¨ ±µ³¶²¥±¸´µ° ±·¨¢µ° Ö¢²ÖÕÉ¸Ö ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö ¸¨¸É¥³Ò

(1.16).
• ˆ´É¥£·¨·ÊÕÐ¥° § ³¥´µ° ¶¥·¥³¥´´ÒÌ Ö¢²Ö¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥ �¡¥²Ö,

¨ ²¨Ê¢¨²²¥¢¸±¨° Éµ· (Ê£²µ¢Ò¥ ¶¥·¥³¥´´Ò¥) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³ ¸¥Î¥´¨¥³
Ö±µ¡¨ ´  ±·¨¢µ° Σ.
• ƒ ³¨²ÓÉµ´µ¢¸± Ö ¸É·Ê±ÉÊ·  ±µ´¥Î´µ§µ´´µ£µ ·¥Ï¥´¨Ö Ëµ·³Ê²¨·Ê¥É¸Ö ¸

¶µ³µÐÓÕ ¶·µ¨§¢µ¤ÖÐ¥£µ ³¥·µ³µ·Ë´µ£µ 1-¤¨ËË¥·¥´Í¨ ²  dS, ¶¥·¨µ¤Ò ±µ-
Éµ·µ£µ (¨´É¥£· ²Ò ¶µ ´¥É·¨¢¨ ²Ó´Ò³ Í¨±² ³ ´  ·¨³ ´µ¢¸±µ° ¶µ¢¥·Ì´µ¸É¨)
Ö¢²ÖÕÉ¸Ö ¶¥·¥³¥´´Ò³¨ ¤¥°¸É¢¨Ö (± ´µ´¨Î¥¸±¨³ ´ ¡µ·µ³ ¨´É¥£· ²µ¢ ¤¢¨¦¥-
´¨Ö) ¸¨¸É¥³Ò.
‚µ§´¨± ÕÐ¨¥ ¶·¨ ÔÉµ³ ±µ³¶²¥±¸´Ò¥ ±·¨¢Ò¥ § ¤ ÕÉ¸Ö  ²£¥¡· ¨Î¥¸±¨³¨ Ê· ¢-
´¥´¨Ö³¨ ¢¨¤ 

P(λ,w) = 0 (1.17)

(µ¤´µ ¸µµÉ´µÏ¥´¨¥ ´  ¤¢¥ ¶¥·¥³¥´´Ò¥ ¢¨¤  (1.17), £¤¥ P Ä ¶µ²¨´µ³, ±µ-
ÔËË¨Í¨¥´ÉÒ ±µÉµ·µ£µ Ö¢²ÖÕÉ¸Ö ³µ¤Ê²Ö³¨ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò, § ¤ ¥É
µ¤´µ³¥·´µ¥ ±µ³¶²¥±¸´µ¥ (¨²¨ ¤¢Ê³¥·´µ¥ ¢¥Ð¥¸É¢¥´´µ¥) ³´µ£µµ¡· §¨¥) ¨²¨
¸¨¸É¥³ ³¨ Ê· ¢´¥´¨° ´  ´¥¸±µ²Ó±µ ±µ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ. ’µ¶µ²µ£¨Î¥-
¸±¨ ± ¦¤ Ö ±µ³¶²¥±¸´ Ö ±·¨¢ Ö Ì · ±É¥·¨§Ê¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ¶ · ³¥É·µ³
Å ·µ¤µ³ g (±µ²¨Î¥¸É¢µ³ ¶·¨±²¥¥´´ÒÌ ª·ÊÎ¥±ª), ¶·¨ ÔÉµ³ ¤²Ö ¶µ¢¥·Ì´µ¸É¨

∗ŒÒ ¶·¨¢µ¤¨³ §¤¥¸Ó ²¨ÏÓ ª£·Ê¡ÊÕª ± ·É¨´Ê ±µ´¥Î´µ§µ´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¨¸±²ÕÎ¨-
É¥²Ó´µ ¤²Ö ¶µÖ¸´¥´¨Ö ÊÉ¢¥·¦¤¥´¨°, ¸¤¥² ´´ÒÌ ¢ µ¸´µ¢´µ³ É¥±¸É¥, µÉ¸Ò² Ö §  ÉµÎ´Ò³¨ ³ É¥³ -
É¨Î¥¸±¨³¨ Ëµ·³Ê²¨·µ¢± ³¨ ± [50Ä53].
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Ë¨±¸¨·µ¢ ´´µ£µ ·µ¤  Σg ±µ³¶²¥±¸´ Ö ¸É·Ê±ÉÊ·  µ¶·¥¤¥²Ö¥É¸Ö 3g − 3 ¶ · -
³¥É· ³¨ Å ³µ¤Ê²Ö³¨ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò, É.¥. dimCMg = 3g − 3. Šµ-
´¥Î´µ§µ´´Ò³ ¨´É¥£·¨·Ê¥³Ò³ ¸¨¸É¥³ ³ µ¡ÒÎ´µ µÉ¢¥Î ÕÉ g-¶ · ³¥É·¨Î¥¸±¨¥
¸¥³¥°¸É¢  ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ (ÎÉµ¡Ò · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥°,
· ¢´ Ö ±µ²¨Î¥¸É¢Ê ´¥§ ¢¨¸¨³ÒÌ ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö, ¸µ¢¶ ¤ ²  ¸ · §³¥·-
´µ¸ÉÓÕ Ö±µ¡¨ ´  ±·¨¢µ°, É.¥. Î¨¸²µ³ Ê£²µ¢ÒÌ ¶¥·¥³¥´´ÒÌ). � §³¥·´µ¸ÉÓ
¦¥ Ö±µ¡¨ ´  ¸µ¢¶ ¤ ¥É ¸ ±µ²¨Î¥¸É¢µ³ £²µ¡ ²Ó´µ µ¶·¥¤¥²¥´´ÒÌ £µ²µ³µ·Ë´ÒÌ
¤¨ËË¥·¥´Í¨ ²µ¢ dωi, i = 1, . . . , g, ¨ · ¢´  ·µ¤Ê ¶µ¢¥·Ì´µ¸É¨. �  ¶µ¢¥·Ì´µ-
¸É¨ ·µ¤  g ¸ÊÐ¥¸É¢Ê¥É 2g ´¥§ ¢¨¸¨³ÒÌ ´¥¸ÉÖ£¨¢ ¥³ÒÌ Í¨±²µ¢ (¶µ ¤¢  ¢µ±·Ê£
± ¦¤µ° ª·ÊÎ±¨ª), ± ´µ´¨Î¥¸±¨° ´ ¡µ· ±µÉµ·ÒÌ µÉ¢¥Î ¥É · §¡¨¥´¨Õ ´  É ± ´ -
§Ò¢ ¥³Ò¥ Ai, i = 1, . . . , g, ¨ Bi, i = 1, . . . , g, Í¨±²Ò ¸ ¨´¤¥±¸µ³ ¶¥·¥¸¥Î¥´¨Ö
Ai ◦ Bj = δij . ƒµ²µ³µ·Ë´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò ± ´µ´¨Î¥¸±¨ ¢Ò¡¨· ÕÉ¸Ö ´µ·-
³¨·µ¢ ´´Ò³¨ ´  A-Í¨±²Ò

∮
Aj
dωi = δij , ¶·¨ ÔÉµ³ ¨´É¥£· ²Ò ¶µ B-Í¨±² ³

¤ ÕÉ ³ É·¨ÍÊ ¶¥·¨µ¤µ¢
∮
Bj
dωi = Tij . Šµ´¥Î´µ§µ´´Ò¥ ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö

´ ¨¡µ²¥¥ ¶·µ¸ÉÒ³¨ ·¥Ï¥´¨Ö³¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, ¨§ ¨³¥ÕÐ¨Ì µÉ´µ-
Ï¥´¨¥ ± ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ±¢ ´Éµ¢Ò³ É¥µ·¨Ö³. ‚µµ¡Ð¥ £µ¢µ·Ö, µ´¨ ¶·¥¤-
¸É ¢²ÖÕÉ ¸µ¡µ° ²¨ÏÓ ¶¥·¢µ¥ ¶·¨¡²¨¦¥´¨¥ ± ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ·¥Ï¥´¨Ö³,
Ö¢²ÖÕÐ¨³¸Ö µ¸´µ¢´µ° É¥³µ° ¤ ´´µ£µ µ¡§µ· , Ê¦¥ ¶µ§¢µ²ÖÖ ¶·¨ ÔÉµ³ µ¶¨-
¸ ÉÓ Î ¸ÉÓ ¨´Ëµ·³ Í¨¨ µ Ë¨§¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± Ì ÔËË¥±É¨¢´µ° É¥µ·¨¨.
Š·µ³¥ Éµ£µ, ¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¨´-
É¥£·¨·Ê¥³Ò¥ ¤¥Ëµ·³ Í¨¨ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨°, µ¶¨¸Ò¢ ¥³Ò¥ ¨¥· ·Ì¨Ö³¨
Ê· ¢´¥´¨° “¨§¥³ . ‚ É¥Ì ¦¥ ¸²ÊÎ ÖÌ, ±µ£¤  ·¥Ï¥´¨¥ É¥µ·¨¨ ¸É·Ê´ ³µ¦¥É ¡ÒÉÓ
´ °¤¥´µ ÉµÎ´µ, µ´µ µ± §Ò¢ ¥É¸Ö ¶²µÌµ µ¶·¥¤¥²¥´´Ò³ ·¥Ï¥´¨¥³ ¨´É¥£·¨·Ê-
¥³µ° ¸¨¸É¥³Ò (´¥¶¥·¨µ¤¨Î¥¸±¨³, ´¥ Ê¡Ò¢ ÕÐ¨³,  , ´ µ¡µ·µÉ, · ¸ÉÊÐ¨³ ´ 
¡¥¸±µ´¥Î´µ¸É¨ ¨ É.¶.), ´µ ¢ Éµ ¦¥ ¢·¥³Ö µÉ¢¥Î ¥É ³¨´¨³ ²Ó´µ° ¤¥Ëµ·³ Í¨¨
Ê· ¢´¥´¨Ö (1.16) Å ¶µÖ¢²¥´¨Õ ±µ´¸É ´ÉÒ ¢ ¶· ¢µ° Î ¸É¨ · ¢¥´¸É¢ . ’ ±µ¥
¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥ ´ §Ò¢ ¥É¸Ö ¸É·Ê´´Ò³ Ê· ¢´¥´¨¥³ [24], ¶·¨ ª¶·µ¤²¥-
´¨¨ª ¥£µ ´  ¢¸Õ ¨¥· ·Ì¨Õ ÔÉµ Ê¸²µ¢¨¥ ¶·¨´¨³ ¥É ¢¨¤ Ê¸²µ¢¨Ö ¨´¢ ·¨ ´É´µ¸É¨
τ -ËÊ´±Í¨¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢,
µ¡· §ÊÕÐ¨Ì ¡µ·¥²¥¢¸±ÊÕ (n ≥ −1) Î ¸ÉÓ  ²£¥¡·Ò ‚¨· ¸µ·µ.

� ¸µ¤¥·¦ ´¨¨ µ¡§µ· . ŒÒ ´ Î´¥³ ¸ Ëµ·³Ê²¨·µ¢±¨ Éµ¶µ²µ£¨Î¥¸±µ° Ë §Ò
2D-£· ¢¨É Í¨¨ ´  µ¸´µ¢¥ É¥Ì´¨±¨ ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö ¨ É¥-
µ·¨¨ ¸¢µ¡µ¤´ÒÌ ¶µ²¥° ´  ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸ÉÖÌ Ä ³¨·µ¢ÒÌ ²¨¸É Ì ¢ É¥µ-
·¨¨ ¸É·Ê´. �µ± § ´µ, ÎÉµ ±µ··¥²ÖÉµ·Ò ¢ É¥µ·¨¨ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¨
¨³¥ÕÉ ¶·¥¤¸É ¢²¥´¨¥ ¢ É¥·³¨´ Ì cCFT = −2 ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨
¸µ ¸¶¥Í¨ ²Ó´µ° ³ É¥·¨¥°, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ µ¡ÒÎ´µ° ²¨Ê¢¨²²¥¢¸±µ° £· -
¢¨É Í¨¥°,   É ±¦¥ ¨¸¸²¥¤µ¢ ´µ µ¡µ¡Ð¥´¨¥ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ´  ¸²ÊÎ °
¢Ò¸Ï¨Ì ´¥²¨´¥°´ÒÌ ¤¢Ê³¥·´ÒÌ ¸¨³³¥É·¨°, µÉ¢¥Î ÕÐ¨Ì W - ²£¥¡· ³. � ¸-
¸³µÉ·¥´  £¥µ³¥É·¨Î¥¸± Ö Ëµ·³Ê²¨·µ¢±  2D- ¨ W -£· ¢¨É Í¨¨, ¶·¨ ±µÉµ·µ°
¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¢µ§´¨± ÕÉ µ¡Ñ¥±ÉÒ ¨§ É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³.
ˆ¸¸²¥¤µ¢ ´Ò  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ ¢ 2D- ¨ W -£· ¢¨É Í¨¨, ¢ Î ¸É´µ¸É¨, ¶µ-
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± § ´µ, ÎÉµ ¢ ¸¥±Éµ·¥ µÉ±·ÒÉÒÌ ¸É·Ê´ (¨²¨ £µ²µ³µ·Ë´µ³ ¸¥±Éµ·¥ ³µ¤¥²¨)
¸ÊÐ¥¸É¢ÊÕÉ § ³±´ÊÉÒ¥ ¶µ¤ ²£¥¡·Ò, ¸É·Ê±ÉÊ·  ±µÉµ·ÒÌ µ¶·¥¤¥²Ö¥É¸Ö ³µ¤¥²ÓÕ
(¸Ê³³µ° ¢¸¥Ì Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸ ¥¤¨´¨Î´Ò³ ¢¥¸µ³) ¸µµÉ¢¥É¸É¢ÊÕÐ¥°
±µ´¥Î´µ³¥·´µ° £·Ê¶¶Ò (£·Ê¶¶Ò G ¤²Ö WG-£· ¢¨É Í¨¨).

„ ²¥¥ ¢ · §¤.2 ³Ò ¶¥·¥Ìµ¤¨³ ´¥¶µ¸·¥¤¸É¢¥´´µ ± ÉµÎ´µ° ´¥¶¥·ÉÊ·¡ É¨¢-
´µ° Ëµ·³Ê²¨·µ¢±¥ ±¢ ´Éµ¢ÒÌ É¥µ·¨° ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¨,
¤²Ö ´ Î ² , · ¸¸³ É·¨¢ ¥³ ¶µÖ¢¨¢Ï¨°¸Ö ¨¸Éµ·¨Î¥¸±¨ ¶¥·¢Ò³ ¶·¨³¥· Å ³µ-
¤¥²¨ ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨. ‚ ¶.2.3 ¶µ± § ´µ, ± ± ÉµÎ´µ¥ ´¥¶¥·ÉÊ·¡ É¨¢-
´µ¥ ·¥Ï¥´¨¥ ³µ¤¥²¥° 2D-£· ¢¨É Í¨¨ (2, 2k + 1)-¸¥·¨¨ (¢±²ÕÎ ÕÐ¨Ì Î¨¸ÉÊÕ
£· ¢¨É Í¨Õ Å É¥µ·¨Õ ¸ k = 1) Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É¥·³¨´ Ì ·¥Ï¥´¨Ö ¨¥· ·-
Ì¨¨ Ê· ¢´¥´¨Ö Šµ·É¥¢¥£  Å ¤¥ ”·¨§  (Š¤”), ¨´¢ ·¨ ´É´µ£µ µÉ´µ¸¨É¥²Ó´µ
¤¥°¸É¢¨Ö n ≥ 1 (¡µ·¥²¥¢¸±µ°) ¶µ¤ ²£¥¡·Ò  ²£¥¡·Ò ‚¨· ¸µ·µ. ‚ ÔÉµ³ · §-
¤¥²¥ ¢¶¥·¢Ò¥ ¶·¨¢¥¤¥´ ²µ£ ·¨Ë³ τ -ËÊ´±Í¨¨ ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨, Ö¢²Ö-
ÕÐ¨°¸Ö ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¥° ¤²Ö ±µ··¥²ÖÉµ·µ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¸É·Ê´-
´µ° É¥µ·¨¨,   É ±¦¥ ¶µ¸É·µ¥´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¤²Ö
¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö, ¶µ§¢µ²ÖÕÐ¥¥ ¶µ¸É ¢¨ÉÓ ¢µ¶·µ¸ µ¡ ¨´É¥·¶µ²ÖÍ¨¨ ³¥¦¤Ê
· §²¨Î´Ò³¨ ±·¨É¨Î¥¸±¨³¨ ÉµÎ± ³¨ (2, 2k + 1)-¸¥·¨¨. ‚ ¶.2.4 ¤µ± § ´µ, ÎÉµ
¸ÊÐ¥¸É¢Ê¥É Ö¢´µ¥ ·¥Ï¥´¨¥ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°, É.¥. ¨³¥¥É¸Ö ¶·¥¤¸É ¢²¥-
´¨¥ ¢ ¢¨¤¥ ³ É·¨Î´µ£µ ¨´É¥£· ²  ¤²Ö τ -ËÊ´±Í¨¨, ¤²Ö É¥µ·¨¨ Éµ¶µ²µ£¨Î¥-
¸±µ° £· ¢¨É Í¨¨, Ëµ·³ ²Ó´µ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ±µÉµ·µ° Ê¤µ¢²¥É¢µ·Ö¥É
É¥³ ¦¥ Ê· ¢´¥´¨Ö³, ÎÉµ ¨ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨
((2, 2k + 1)-¸¥·¨¨).

� §¤¥² 3 ¶µ¸¢ÖÐ¥´ ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢±¥ Éµ¶µ²µ£¨Î¥¸±¨Ì
c < 1 ¸É·Ê´´ÒÌ ³µ¤¥²¥° Å É¥µ·¨°, £¤¥ ¨§¢¥¸É´Ò ´¥ Éµ²Ó±µ Ëµ·³Ê²¨·µ¢±  ´¥-
¶¥·ÉÊ·¡ É¨¢´µ£µ ·¥¦¨³  ¢ É¥·³¨´ Ì ¸¨¸É¥³ ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°, ´µ ¨
´ °¤¥´Ò Ö¢´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ¢ ¨´É¥£· ²Ó´µ° Ëµ·³¥, ¶µ§¢µ²ÖÕÐ¥°,
¢ ¶·¨´Í¨¶¥, ¶µ²ÊÎ¨ÉÓ ÉµÎ´Ò° µÉ¢¥É ¤²Ö ±µ··¥²ÖÍ¨µ´´µ° ËÊ´±Í¨¨. ‚ ¶.3.1 ¤µ-
± § ´  ¨´É¥£·¨·Ê¥³µ¸ÉÓ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° (A(p−1)-¸¥·¨¨):  
¨³¥´´µ, ÎÉµ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ²µ£ ·¨Ë³µ³ τ -ËÊ´±Í¨¨ ·¥¤Ê-
Í¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š ¤µ³Í¥¢  Å �¥É¢¨ Ï¢¨²¨ (Š�), Ê¤µ¢²¥É¢µ·ÖÕÐ¥°

¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ
∑
k

kTk
∂F(p)

∂Tk−p
+

∑
a+b=p

aTabTb = 0. ‚ ¶.3.2 Ö¢´µ ¶µ-

¸É·µ¥´Ò ·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥° ¨ ¨Ì Éµ¶µ²µ£¨Î¥¸±¨¥
¤¥Ëµ·³ Í¨¨ ¢ É¥µ·¨¨ ƒ¨´§¡Ê·£  Å ‹ ´¤ Ê (É.¥. µ¶·¥¤¥²Ö¥³Ò¥ ¶µ²¨´µ³¨ ²Ó-
´Ò³ (¸Ê¶¥·)¶µÉ¥´Í¨ ²µ³) ¢ ¢¨¤¥ ³ É·¨Î´µ-¨´É¥£· ²Ó´ÒÌ ·¥Ï¥´¨° ¨¥· ·Ì¨¨
Š�. ‚ ¶.3.3 · ¸¸³ É·¨¢ ¥É¸Ö µ¡µ¡Ð¥´¨¥ ±µ´¸É·Ê±Í¨¨ ´  ¸²ÊÎ ° ´¥Éµ¶µ-
²µ£¨Î¥¸±¨Ì ·¥Ï¥´¨°. �µ± § ´µ, ÎÉµ Ö¢´Ò¥ ·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨°
Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ¡µ²¥¥ µ¡Ð¥° Ëµ·³Ê²Ò Å ¶·¥µ¡· §µ¢ ´¨Ö pq-¤Ê ²Ó´µ¸É¨

Ψ(p,q)(λ) =
∫
dµ(x)eS

(p,q)(λ,x)Ψ(q,p)(x), Ëµ·³Ê²¨·µ¢±  ±µÉµ·µ£µ ¨ Ö¢²Ö¥É¸Ö
Í¥´É· ²Ó´Ò³ ³¥¸Éµ³ ¶.3.3. � ±µ´¥Í, ¢ ¶.3.4 ¨¸¸²¥¤µ¢ ´ c→ 1 ¶·¥¤¥² ´¥¶¥·-
ÉÊ·¡ É¨¢´ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì ·¥Ï¥´¨° ¨ ¶µ¸É·µ¥´  ¥£µ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±-
Í¨Ö ¢ É¥·³¨´ Ì τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ ¤¢Ê³¥·´µ° ·¥Ï¥É±¨ ’µ¤Ò. Š·µ³¥ Éµ£µ,
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¢ ¶.3.4 ¶·¥¤²µ¦¥´  ¨´É¥·¶·¥É Í¨Ö ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¸ ÉµÎ±¨ §·¥´¨Ö
¸É·Ê´´µ° É¥µ·¨¨ ¶µ²Ö.

� ±µ´¥Í, ¢ · §¤. 4 ³Ò ¶¥·¥Ìµ¤¨³ ± Ë¨§¨Î¥¸±¨ ´ ¨¡µ²¥¥ ¨´É¥·¥¸´µ³Ê ¸²Ê-
Î Õ Å Î¥ÉÒ·¥Ì³¥·´Ò³ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ ± ²¨¡·µ¢µÎ´Ò³ É¥µ·¨Ö³
¶µ²Ö, Ö¢²ÖÕÐ¨³¸Ö ÉµÎ¥Î´Ò³ (¨²¨ ¶µ²¥¢Ò³) ¶·¥¤¥²µ³ ¡µ²¥¥ ¸²µ¦´ÒÌ c > 1
É¥µ·¨° ¸É·Ê´. ‚ ¶.4.1 ¸Ëµ·³Ê²¨·µ¢ ´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ·¥Ï¥´¨¥ N = 2
¸Ê¶¥·¸¨³³¥É·¨Î´µ° £²Õµ¤¨´ ³¨±¨ ¢ É¥·³¨´ Ì ¶¥·¨µ¤¨Î¥¸±¨Ì ·¥Ï¥´¨° Í¥-
¶µÎ±¨ ’µ¤Ò. �µ± § ´µ, ¢ Î ¸É´µ¸É¨, ÎÉµ ³µ¤Ê²¨ Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨° (¶ -
· ³¥É·Ò ·¥Ï¥´¨° ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö) ¢ ¸²ÊÎ ¥ N = 2 ³µ£ÊÉ
¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´Ò ¸ ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö Í¥¶µÎ±¨ ’µ¤Ò, ¨ ¸ÊÐ¥¸É¢Ê¥É
¨§ÖÐ´Ò° Ëµ·³ ²¨§³ É ±µ£µ µÉµ¦¤¥¸É¢²¥´¨Ö ¢ É¥·³¨´ Ì ±µ³¶²¥±¸´ÒÌ ±·¨-
¢ÒÌ. ‚ ¶.4.2 · ¸¸³µÉ·¥´  Ô²²¨¶É¨Î¥¸± Ö ¤¥Ëµ·³ Í¨Ö Í¥¶µÎ±¨ ’µ¤Ò ¢ ³µ-
¤¥²Ó Š ²µ¤¦¥·µ Å Œµ§¥· , µÉ¢¥Î ÕÐ Ö ¢±²ÕÎ¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö N = 2
´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¸ ³ É¥·¨¥° ¢ ¶·¨¸µ¥¤¨´¥´´µ³ ¶·¥¤¸É ¢²¥-
´¨¨ ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò. ‚ ¶.4.3 ¨¸¸²¥¤µ¢ ´   ²ÓÉ¥·´ É¨¢´ Ö ¤¥Ëµ·³ Í¨Ö
Í¥¶µÎ±¨ ’µ¤Ò ¢ (±² ¸¸¨Î¥¸±¨¥) ¸¶¨´µ¢Ò¥ Í¥¶µÎ±¨, ¨ ·¥Ï¥´¨¥ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥° ¶¥·¨µ¤¨Î¥¸±µ° § ¤ Î¨ µÉµ¦¤¥¸É¢²¥´µ ¸ ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢-
±µ° N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„.

’ ±¨³ µ¡· §µ³, ¢ · §¤. 4 ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥Ï¥´¨Ö N = 2 ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° ´¥ ¡¥²¥¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¸Ëµ·³Ê²¨·µ¢ ´Ò ¢ É¥·³¨´ Ì
±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° É¨¶  Š�/’µ¤Ò. �µ²¥¥ ¶µ¤·µ¡´µ ¤¥É ²¨
¸¢Ö§¨ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¸ ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¡Ê¤ÊÉ · ¸¸³µÉ·¥´Ò
¢ ¤ ²Ó´¥°Ï¥³ [90].

2. ’�—�›… �…‡“‹œ’�’› ‚ 2D-ƒ��‚ˆ’�–ˆˆ
ˆ ‘’�“��›… �…˜…�ˆŸ ˆ�’…ƒ�ˆ�“…Œ›• ‘ˆ‘’…Œ

2.1. 2D- ¨ W -£· ¢¨É Í¨Ö ¢ Ëµ·³ ²¨§³¥ ±µ´Ëµ·³´ÒÌ É¥µ·¨° ¨ ¨´É¥-
£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò É¨¶  Š�. �É¶· ¢´µ° ÉµÎ±µ° ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨ ±¢ ´Éµ-
¢µ° £· ¢¨É Í¨¨ ¡Ê¤¥³ ¸Î¨É ÉÓ Éµ, ÎÉµ É¥µ·¨Ö, ¸¢µ¤ÖÐ Ö¸Ö ¶µ µ¶·¥¤¥²¥´¨Õ ±
¨´É¥£·¨·µ¢ ´¨Õ ¶µ ¢¸¥³ ³¥É·¨± ³ (¥¸²¨ ³Ò ´¥ ´ Ìµ¤¨³¸Ö ¢ ¸¶µ´É ´´µ ´ -
·ÊÏ¥´´µ° Ë §¥), ¶µ ±· °´¥° ³¥·¥, ´ ¨¢´µ Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ° É¥µ·¨¥°.
�¸É ¢¨³ ¶µ±  ¢ ¸Éµ·µ´¥ ¤¥É ²Ó´µ¥ µ¡¸Ê¦¤¥´¨¥ Éµ¶µ²µ£¨Î¥¸±µ° ¶·¨·µ¤Ò ¶·µ-
¨§¢µ²Ó´µ° É¥µ·¨¨ £· ¢¨É Í¨¨, §¤¥¸Ó ¡Ê¤¥É ·¥Ï¥´  £µ· §¤µ ¡µ²¥¥ ¸±·µ³´ Ö
§ ¤ Î ,   ¨³¥´´µ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ Éµ¶µ²µ£¨Î¥¸±¨¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±-
Í¨¨ ¢ ¸ ³µ³ ¤¥²¥ ¢µ§´¨± ÕÉ ¢ µ·¨£¨´ ²Ó´µ³ ¶µ²Ö±µ¢¸±µ³ ¶µ¤Ìµ¤¥ [12,19Ä21]
± ¶¥·ÉÊ·¡ É¨¢´µ° ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨.

ŒÒ ¶·µ¤¥³µ´¸É·¨·Ê¥³, ÎÉµ ´ ¡²Õ¤ ¥³Ò¥ ¢ Éµ¶µ²µ£¨Î¥¸±µ³ ¸¥±Éµ·¥ [32]
¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ ¸¢Ö§ ´Ò ¸ µ¶¥· Éµ· ³¨ ´Ê²¥¢µ° · §³¥·´µ¸É¨ ¸ ÉµÎ±¨
§·¥´¨Ö ±µ´Ëµ·³´µ° É¥µ·¨¨,   ¢ÒÎ¨¸²¥´¨¥ ³´µ£µ¶¥É²¥¢ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì
±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¨³¥¥É µÉ´µÏ¥´¨¥ ± ¶·µ¡²¥³¥ ¶·¥¤¸É ¢²¥´¨Ö ¸¢µ-
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¡µ¤´Ò³¨ ¡µ§µ´´Ò³¨ ¶µ²Ö³¨ ¡µ§µ´´ÒÌ ¸¨¸É¥³ ¶¥·¢µ£µ ¶µ·Ö¤±  Å É ± ´ §Ò-
¢ ¥³ÒÌ βγ-¸¨¸É¥³ [83,86,87].

‘Ëµ·³Ê²¨·µ¢ ´´Ò¥ ´¨¦¥ ·¥§Ê²ÓÉ ÉÒ µ¸´µ¢ ´Ò ´  ¸²¥¤ÊÕÐ¨Ì ¶µ¸ÉÊ² -
É Ì ±µ´Ëµ·³´µ£µ ¶µ¤Ìµ¤  ± ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨ [19Ä21].
• ‚Ò¡µ· ±µ´Ëµ·³´µ° ¸É·Ê±ÉÊ·Ò ¢ ¤¢Ê³¥·¨¨ Ô±¢¨¢ ²¥´É¥´ ¢Ò¡µ·Ê ±µ³¶²¥±¸-
´µ° ¸É·Ê±ÉÊ·Ò: ¢ ±µµ·¤¨´ É Ì z, z̄ ´  ¶µ¢¥·Ì´µ¸É¨ Ë¨±¸¨·µ¢ ´´µ£µ ·µ¤  g
³¥É·¨±  gab ³µ¦¥É ¡ÒÉÓ § ³¥´¥´  ´  ¶µ²¥ ‹¨Ê¢¨²²Ö φL: gab = eφL(g0)ab
¨ ¤ÊÌ¨ bc Å  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨¥ ¶µ²Ö ¸¶¨´  2 ¨ −1 ¨ ¨³ ±µ³¶²¥±¸´µ-
¸µ¶·Ö¦¥´´Ò¥. „¥°¸É¢¨¥ É ±¦¥ § ¢¨¸¨É µÉ µ¶µ·´µ° ³¥É·¨±¨ g0 = g0(y), Ö¢²Ö-
ÕÐ¥°¸Ö ËÊ´±Í¨¥° ³µ¤Ê²¥° ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò ({y} Å ±µµ·¤¨´ ÉÒ ´ 
Mg [12,13]).

„²Ö ¸¨¸É¥³Ò ¨§ ±µ´Ëµ·³´µ° É¥µ·¨¨ ª³ É¥·¨¨ª, ¸ ¤¥°¸É¢¨¥³ SCFT {ϕ, g},
Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c, ¨ 2D-£· ¢¨É Í¨¨ ¶µ²Ö±µ¢¸±¨° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥-
£· ² (1.1) [12,19,20] ¶·¨´¨³ ¥É ¢¨¤

Fg{K} =

∫
Σg

Dgab e−Sgravity{gab}
∫
Dϕ e−SCFT {ϕ,gab}K̃{ϕ, gab} =

= Ag

∫
Mp

dy

∫
DφLDϕ e−

25−c
48π

∫
d2z(

1
2 |∂φL|2+R0φL)−SCFT {ϕ,g0}×

×
∫ ∣∣∣Db Dc e

∫
b∂̄c
∣∣∣2K{ϕ, b, c, φL}, (2.1)

£¤¥ R0 = ∂∂̄ log g0, |∂φL|2 ≡ ∂φL∂̄φL,   K̃{ϕ, gab} µ¡µ§´ Î ¥É ´¥±µÉµ·Ò° ´ -
¡µ· ¢¥·Ï¨´´ÒÌ µ¶¥· Éµ·µ¢ ¢ É¥µ·¨¨ ∗. ŠµÔËË¨Í¨¥´É 25−c

48π ¶¥·¥¤ ¤¥°¸É¢¨¥³
‹¨Ê¢¨²²Ö ¢ ¶· ¢µ° Î ¸É¨ (2.1) µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö ¸µ±· Ð¥´¨Ö ±µ´Ëµ·³-
´µ°, £µ²µ³µ·Ë´µ° ¨ £· ¢¨É Í¨µ´´µ°  ´µ³ ²¨¨ [12,13,19,20]. Šµ´¸É ´É  Ag
§ ¢¨¸¨É µÉ ¢Ò¡µ·  ´µ·³¨·µ¢±¨ ±µ´É¨´Ê ²Ó´µ£µ ¨´É¥£· ²  (2.1) ¨, ¢µµ¡Ð¥
£µ¢µ·Ö, ´¥ Ë¨±¸¨·Ê¥É¸Ö ¢ ¶µ²Ö±µ¢¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö. ‚µ¶·µ¸ µ Ë¨±-
¸ Í¨¨ ÔÉµ° ´µ·³¨·µ¢±¨ (ÉµÎ´¥¥, µÉ´µ¸¨É¥²Ó´µ° ´µ·³¨·µ¢±¨ Fg , µÉ¢¥Î ÕÐ¨Ì
· §´Ò³ ·µ¤ ³) ·¥Ï ¥É¸Ö ²¨ÏÓ ¶ÊÉ¥³ ´ ²µ¦¥´¨Ö ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ´ 
¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ ¨ ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ´¨¦¥.
• �¸´µ¢´µ° ¶µ¸ÉÊ² É § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ DφL Å ³¥·  ¤²Ö ¸¢µ¡µ¤´µ£µ
¸± ²Ö·´µ£µ ¶µ²Ö, É.¥. µ¶·¥¤¥²Ö¥É¸Ö ´µ·³µ° ‖δφ‖2 =

∫
d2z

|δφ|2,   ´¥
∫
d2z

|δφ|2eφ.

�¸´µ¢´µ° (ÌµÉÖ ¨ ´¥ ¢¶µ²´¥ Ê¡¥¤¨É¥²Ó´Ò°)  ·£Ê³¥´É ¢ ¶µ²Ó§Ê ÔÉµ£µ ¶µ¸ÉÊ-
² É  Å ¸¢Ö§Ó 2D-£· ¢¨É Í¨¨ ¸ ·¥¤Ê±Í¨¥° „·¨´Ë¥²Ó¤  Å ‘µ±µ²µ¢  SL(2,R)

∗K µÉ²¨Î ¥É¸Ö µÉ K̃ Ë ±Éµ·µ³
3g−3∏
i=1

∣∣∣∣∣ ∫
d2z

µib

∣∣∣∣∣
2

, £¤¥ µi Å (−1, 1)-¤¨ËË¥·¥´Í¨ ²Ò �¥²Ó-

É· ³¨, ¸¢Ö§ ´´Ò¥ ¸ ±µ´±·¥É´Ò³ ¢Ò¡µ·µ³ ±µµ·¤¨´ É yi ´  ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° Mg .
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³µ¤¥²¨ ‚¥¸¸  Å ‡Ê³¨´µ Å �µ¢¨±µ¢  Å ‚¨ÉÉ¥´  (‚‡�‚) ¨²¨ £¥µ³¥É·¨Î¥¸-
±¨³ ±¢ ´Éµ¢ ´¨¥³  ²£¥¡·Ò ‚¨· ¸µ·µ [21, 87], ¨§ ±µÉµ·µ° ¸²¥¤Ê¥É SL(2)-
¨´¢ ·¨ ´É´ Ö ³¥·  ¨´É¥£·¨·µ¢ ´¨Ö DφL ∼

∏
z

dF
F ′ (z) ∼ (det ∂)−1

∏
z

dφL(z),

F ′(z) = ∂F (z) = eφL(z), ¢ Éµ ¢·¥³Ö ± ±
∏
z

eφL(z)dφL(z) µÉ¢¥Î ¥É
∏
z

dF
F ′2 , ±µ-

Éµ· Ö ´¥ ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ ¤·µ¡´µ-²¨´¥°´ÒÌ ¶·¥µ¡· §µ¢ ´¨° F →
→ aF+b

cF+d . Š·µ³¥ ¢¸¥£µ ¶·µÎ¥£µ, ÔÉµÉ  ·£Ê³¥´É ¶·¨³¥´¨³ ²¨ÏÓ ± ª£µ²µ³µ·Ë-
´µ³Ê ±¢ ¤· É´µ³Ê ±µ·´Õª ¨§ DφL,   ´¥ ± ¸ ³µ° ³¥·¥.
• �¥ ¢¸¥ ´ ¡²Õ¤ ¥³Ò¥ ¢ ±µ´Ëµ·³´µ° É¥µ·¨¨ ¢ ¶· ¢µ° Î ¸É¨ (2.1) ¨³¥ÕÉ
¸³Ò¸² ´ ¡²Õ¤ ¥³ÒÌ ¢ ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨. ’µ²Ó±µ ¶·µ¨´É¥£·¨·µ¢ ´´Ò¥ ¶µ
¶µ¢¥·Ì´µ¸É¨ (1-³¥·´Ò¥) µ¶¥· Éµ·Ò ¨²¨ µ¶¥· Éµ·Ò ´Ê²¥¢µ° · §³¥·´µ¸É¨ ³µ-
£ÊÉ ¶µÖ¢¨ÉÓ¸Ö ± ± µ¶¥· Éµ·Ò K Å µ´¨ ´¥ § ¢¨¸ÖÉ µÉ ¶µ²µ¦¥´¨Ö ÉµÎ¥± ´ 
³¨·µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ´ ¶·¨³¥·,

∫
d2z

O∆{b, c, ϕ}eA∆φL , £¤¥ O∆ Å µ¶¥· Éµ·

· §³¥·´µ¸É¨ ∆ ¨§ ¸¥±Éµ·  ³ É¥·¨¨,   A∆ ¶µ¤¡¨· ¥É¸Ö É ±, ÎÉµ

∆L + ∆ = 1, (2.2)

£¤¥ · §³¥·´µ¸ÉÓ ²¨Ê¢¨²²¥¢¸±µ° Î ¸É¨ eA∆φL µ¶·¥¤¥²Ö¥É¸Ö É¥´§µ·µ³ Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¶µ²Ö ‹¨Ê¢¨²²Ö

TL =
25− c

12

(
−1

2
(∂φL)2 + ∂2φL

)
; ∆L = − 6

25− cA
2

∆ +A∆ (2.3)

(§ ³¥É¨³, ÎÉµ φL(z, z̄)φL(0, 0) = − 12
25−c log zz̄ + ... ). �¥Ï Ö (2.2) µÉ´µ¸¨-

É¥²Ó´µ A∆, ¶µ²ÊÎ ¥³

A∆ =
1

12

[
25− c−

√
(25− c)(1 − c+ 24∆)

]
, (2.4)

£¤¥ §´ ± ¶¥·¥¤ ±µ·´¥³ ¢Ò¡· ´ É ±, ÎÉµ A∆ = 0 ¶·¨ ∆ = 1.
� ¸¸³µÉ·¨³ µ¶¥· Éµ·Ò, ´¥ § ¢¨¸ÖÐ¨¥ µÉ ³ É¥·¨¨. �·µ¸É¥°Ï¨¥ ²µ± ²Ó´Ò¥

µ¶¥· Éµ·Ò, ¶µ¸É·µ¥´´Ò¥ ¨§ ¤ÊÌµ¢ bc, ¨³¥ÕÉ ¢¨¤

sn(z) = b ∂b . . . ∂n−2b(z), n > 1; sn(z) = c ∂c . . . ∂|n|c(z), n < 1;

∆(sn) = 2(n− 1) +
(n− 2)(n− 1)

2
=
n2 + n

2
− 1 (2.5)

¨²¨, ¢ ¶·¥¤¸É ¢²¥´¨¨ µ¤´µ£µ ¡µ§µ´´µ£µ ¶µ²Ö Φ

|b|2 = eiΦ; |c|2 = e−iΦ; Tbc = −1

2
(∂Φ)2− i

(
j − 1

2

)
∂2Φ; |sn|2 = ei(n−1)Φ.

(2.6)
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‘¨ÉÊ Í¨Ö ¸¨²Ó´µ Ê¶·µÐ ¥É¸Ö, ¥¸²¨ µ¶¥· Éµ·Ò σn = eBnφL |sn|2 ¨³¥ÕÉ ´Ê²¥-
¢ÊÕ · §³¥·´µ¸ÉÓ ¨ ¶·¨ c = −2. „¥°¸É¢¨É¥²Ó´µ, ¶·¨ ÔÉµ³ ¢³¥¸Éµ (2.2) ¨ (2.4)
¨³¥¥³

∆L + ∆ = 0; B∆ =
1

12

[
25− c−

√
(25− c)(25− c+ 24∆)

]
, (2.7)

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ

Bn =
1

12

(
25− c−

√
(25− c)(1− c+ 12[n2 + n])

)
=

3

2
(1 − n). (2.8)

’µ¶µ²µ£¨Î¥¸±¨° µ¶¥· Éµ· ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥

σn = eBnφL |sn|2 = e
3
2 (1−n)φL |sn|2 = e(1−n)(ΦL−iΦ) (2.9)

(£¤¥ ¢¢¥¤¥´µ ´µ·³¨·µ¢ ´´µ¥ ¶µ²¥ ‹¨Ê¢¨²²Ö ΦL =
√

25−c
12 φL = 3

2φL) ¨, µÎ¥-

¢¨¤´µ, ¨³¥¥É ´Ê²¥¢ÊÕ · §³¥·´µ¸ÉÓ. ‚ µÉ¸ÊÉ¸É¢¨¥ £· ¢¨É Í¨µ´´µ°  ´µ³ ²¨¨
(¸²ÊÎ ° É¥µ·¨¨ (2.1)) ±µ··¥²ÖÉµ·Ò µ¶¥· Éµ·µ¢ ´Ê²¥¢µ° · §³¥·´µ¸É¨ ´¥ § ¢¨-
¸ÖÉ µÉ ¶µ²µ¦¥´¨Ö ´  ¶µ¢¥·Ì´µ¸É¨ ¨ ³µ£ÊÉ ¨£· ÉÓ ·µ²Ó (Î ¸É¨) ´ ¡²Õ¤ ¥³ÒÌ
¢ ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨.

�¶¥· Éµ·Ò σn µ¡² ¤ ÕÉ ¢ ¦´Ò³ ¸¢µ°¸É¢µ³: ²Õ¡µ° ¨Ì ´ ¡µ·
N∏
i=1

σni(zi, z̄i),

Ê¤µ¢²¥É¢µ·ÖÕÐ¨° ¶· ¢¨²Ê µÉ¡µ· 
N∑
i=1

gh#(σni) =
N∑
i=1

(ni − 1) = 3g − 3 =

= dimCMg ¶µ ¤ÊÌµ¢µ³Ê Î¨¸²Ê,  ¢Éµ³ É¨Î¥¸±¨ Ê¤µ¢²¥É¢µ·Ö¥É § ±µ´Ê ¸µÌ· -
´¥´¨Ö § ·Ö¤  ¶µ ¶µ²Õ ‹¨Ê¢¨²²Ö

N∑
i=1

Ani =

N∑
i=1

3

2
(1− ni) =

25− c
6

(1− g) =
9

2
(1− g). (2.10)

�Éµ § ³¥Î É¥²Ó´µ¥ ¸µ¢¶ ¤¥´¨¥ ¶·µ¨¸Ìµ¤¨É Éµ²Ó±µ ¶·¨ ¢Ò¤¥²¥´´µ³ §´ Î¥´¨¨
c = −2.

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¤·¥¢¥¸´Ò¥ (g = 0) ´¥´Ê²¥¢Ò¥ (É.¥. Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥
¶· ¢¨²Ê µÉ¡µ·  (2.10)) ±µ··¥²ÖÉµ·Ò µ¶¥· Éµ·µ¢ σn · ¢´Ò ±µ´¸É ´É¥ Å ¢±² ¤
¤ÊÌµ¢ ¢ ÉµÎ´µ¸É¨ ¸µ±· Ð ¥É¸Ö ¢±² ¤µ³ ¶µ²Ö ‹¨Ê¢¨²²Ö. �Éµ ´¥ ¸Éµ²Ó µÎ¥¢¨¤´µ
¤²Ö ³´µ£µ¶¥É²¥¢ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°: ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¸µ±· Ð¥´¨¥
³¥¦¤Ê bc- ¨ ²¨Ê¢¨²²¥¢¸±¨³¨ ¢±² ¤ ³¨ ¤²Ö ¸É ·Ï¨Ì ·µ¤µ¢ g > 0, φL ¸²¥¤Ê¥É
· ¸¸³ É·¨¢ ÉÓ ´¥ ± ± ªµ¡ÒÎ´µ¥ª ¸± ²Ö·´µ¥ ¶µ²¥ ¸µ §´ Î¥´¨Ö³¨ ¢ ¢¥Ð¥¸É¢¥´-
´ÒÌ Î¨¸² Ì. �·µ¡²¥³  § ±²ÕÎ ¥É¸Ö ¢ ¸µ±· Ð¥´¨¨ ¨´¸É ´Éµ´´µ£µ ¸¥±Éµ· 
¶µ²Ö Φ− bc-¸¨¸É¥³Ò, ¢±² ¤ ±µÉµ·µ£µ µ¶¨¸Ò¢ ¥É¸Ö Θ-ËÊ´±Í¨¥° ¢ ¸²¥¤ÊÕÐ¥°
Ëµ·³Ê²¥:
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i

ei(ni−1)Φ(ξi)

〉
∼

∼
∏
i<j

E(ξi, ξj)
(1−ni)(1−nj)Θ

(
2
√

2

(∑
i

(1− ni)ξi + 3
√

2∆

)
| 4T

)
, (2.11)

£¤¥ E(ξi, ξj) Å £² ¢´ Ö Ëµ·³  ´  ¶µ¢¥·Ì´µ¸É¨ ¸É ·Ï¥£µ ·µ¤  ( ´ ²µ£ 1
ξi−ξj ´ 

¸Ë¥·¥),   Θ µ¡µ§´ Î ¥É ÉÔÉ -ËÊ´±Í¨Õ �¨³ ´  ´  Ö±µ¡¨ ´¥ (g-³¥·´µ³ Éµ·¥)
¶µ¢¥·Ì´µ¸É¨ ·µ¤  g (¸³., ´ ¶·¨³¥·, [52, 91, 92]). �± §Ò¢ ¥É¸Ö, £µ· §¤µ ¡µ-
²¥¥ ¥¸É¥¸É¢¥´´µ · ¸¸³ É·¨¢ ÉÓ ¶µ²¥ φL ± ± ¢µ§´¨± ÕÐ¥¥ ¶·¨ ¡µ§µ´¨§ Í¨¨
βγ-¸¨¸É¥³ ¨ ¨³¥ÕÐ¥¥ ´¥É·¨¢¨ ²Ó´µ¥ £²µ¡ ²Ó´µ¥ ¶µ¢¥¤¥´¨¥ ¶·¨ p > 0 (¸³.
¶µ¤·µ¡´µ¸É¨ ¢ [86,87]). ‚ µÉ²¨Î¨¥ µÉ µ¡ÒÎ´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ±µ··¥²ÖÉµ·Ò
ΦL (· ¸¸³ É·¨¢ ¥³µ£µ ± ± ¶µ²¥, ¢µ§´¨± ÕÐ¥¥ ¶·¨ ¡µ§µ´¨§ Í¨¨ βγ-¸¨¸É¥³Ò)
¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê²¥ [86]:

〈ξ(z)
∏
i

e(1−ni)ΦL(ξi)〉 ∼
∏
i<j

E(ξi, ξj)
−(1−ni)(1−nj)×

×
(

Θ

(
2
√

2(
∑
i

(1− ni)ξi + 3
√

2∆) | 4T
))−1

, (2.12)

±µÉµ· Ö ¸µ±· Ð ¥É ´¥É·¨¢¨ ²Ó´Ò¥ ³´µ¦¨É¥²¨ ¢ (2.11) ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ±µ´-
¸É ´ÉÒ.

‚ ¶·¨¢¥¤¥´´µ³ ¢ÒÏ¥ · ¸¸Ê¦¤¥´¨¨ µ¡ÒÎ´ Ö ¤ÊÌµ¢ Ö ¸¨¸É¥³  ³µ¦¥É ¡ÒÉÓ
²¥£±µ § ³¥´¥´  ´  ¶·µ¨§¢µ²Ó´ÊÕ ¸¨¸É¥³Ê  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨Ì ¶µ²¥° ¸¶¨´ 
j (j 6= 2) − bjc1−j (Î ¸É´Ò° ¸²ÊÎ ° j = 0 µ¡µ§´ Î¨³, ¸²¥¤ÊÖ [83], ± ± ηξ-
¸¨¸É¥³Ê (η = b Å ¶µ²¥ ¸¶¨´  1), ÎÉµ µÉ¢¥Î ¥É ¢¥¸Ó³  ¸¶¥Í¨ ²Ó´µ³Ê ¸²ÊÎ Õ
³ É¥·¨¨ ¸ µÉ·¨Í É¥²Ó´Ò³ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ c = −2). „²Ö ¸²ÊÎ Ö c = −2
±µ´Ëµ·³´µ° ³ É¥·¨¨, ·¥ ²¨§µ¢ ´´µ° ± ± ηξ-¸¨¸É¥³ , ¶µ²´µ¥ ¤¥°¸É¢¨¥ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

Stotal =
1

4π

∫
d2z

(
1

2
|∂ΦL|2 +

3

2
R0ΦL + η∂̄ξ + c.c.+ b∂̄c+ c.c.

)
=

=
1

4π

∫
d2z

(
β∂̄γ + b∂̄c+ c.c.

)
. (2.13)

—²¥´Ò, ¸ÉµÖÐ¨¥ ¶¥·¥¤ b∂̄c, ¤ ÕÉ ¢ ÉµÎ´µ¸É¨ ¤¥°¸É¢¨¥, ¢µ§´¨± ÕÐ¥¥ ¶·¨
¡µ§µ´¨§ Í¨¨ ±µ³³ÊÉ¨·ÊÕÐ¥° βγ-¸¨¸É¥³Ò ¸µ ¸¶¨´µ³ j = 2 (β = ∂ξeΦL ,
γ = ηe−ΦL). ’ ±¨³ µ¡· §µ³, ¶µ²´ Ö É¥µ·¨Ö ¶·¥¢· Ð ¥É¸Ö ¢ ±µ³¡¨´ Í¨Õ
bc- ¨ βγ-¸¨¸É¥³ ¸ µ¤´¨³ ¨ É¥³ ¦¥ ¸¶¨´µ³ j = 2. „µ¢µ²Ó´µ ¥¸É¥¸É¢¥´´µ
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¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ É ± Ö ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö ±µ³¡¨´ Í¨Ö ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ°
Éµ¶µ²µ£¨Î¥¸±ÊÕ É¥µ·¨Õ.

Œ¥·  ¢ ±µ´É¨´Ê ²Ó´µ³ ¨´É¥£· ²¥ ¤²Ö ¶µ¤µ¡´µ° c = −2 É¥µ·¨¨ ¸ 2D-£· -
¢¨É Í¨¥° ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ± ±

DgabD(c = −2 CFT ) = (dµ(y)DbDcDφ)(DξDη)

¨²¨
dµ(y)(DbDc)(DφDξDη) = dµ(y)(DbDc)(DβDγ). (2.14)

’ ±¨³ µ¡· §µ³, µ·¨£¨´ ²Ó´Ò° ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢
Ëµ·³¥ ¨´É¥£· ²  ¤²Ö bc− βγ-¸¨¸É¥³Ò.

�·¥¤²µ¦¥´´Ò° ¶µ¤Ìµ¤ ´¥¶µ¸·¥¤¸É¢¥´´µ µ¡µ¡Ð ¥É¸Ö ¨ ´  É¥µ·¨¨ ¸ ¡µ²¥¥
¡µ£ Éµ° ¸¨³³¥É·¨¥° ´  ³¨·µ¢µ³ ²¨¸É¥ Å É ± ´ §Ò¢ ¥³Ò¥ W -¸É·Ê´Ò, £¤¥ ¢´Ê-
É·¥´´ÖÖ £¥µ³¥É·¨Ö Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É¥·³¨´ Ì W -£· ¢¨É Í¨¨, ¸¢Ö§ ´´µ° ¸ · ¸-
Ï¨·¥´´Ò³¨  ²£¥¡· ³¨ ‚¨· ¸µ·µ ¨²¨ W - ²£¥¡· ³¨ [93, 94].
W - ²£¥¡·Ò É¥¸´µ ¸¢Ö§ ´Ò ¸ É¥µ·¨¥° ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ [95] (WN - ²£¥¡·Ò
¸ N -·¥¤Ê±Í¨Ö³¨ ¨¥· ·Ì¨¨ Š�: ¨¥· ·Ì¨Ö³¨ Š¤” (N = 2), �Ê¸¨´¥¸±  (N = 3)
¨ É.¶.). �¸´µ¢´µ° Í¥²ÓÕ Ö¢²Ö¥É¸Ö ¶µ²ÊÎ¥´¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° Ëµ·³Ê²¨·µ¢±¨
¨²¨ ª¶·µ¸Ê³³¨·µ¢ ´´µ°ª É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, µ¸´µ¢ ´´µ° ´  É¥Ì´¨±¥ Ê´¨¢¥·-
¸ ²Ó´µ£µ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° Å ¡¥¸±µ´¥Î´µ³¥·´µ£µ £· ¸¸³ ´¨ ´  [58,59],
¶ · ³¥É·¨§ÊÕÐ¥£µ · §²¨Î´Ò¥ ·¥Ï¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ É¨¶  Š� ¨²¨
’µ¤Ò. W -£¥µ³¥É·¨Ö ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° ¢ Ë¨§¨Î¥-
¸±µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ [25Ä27] (¢ µ¡Ð¥³ ¸²ÊÎ ¥, ¡Ê±¢ ²Ó´µ, W -Ê¸²µ¢¨°:
¢ ¤ ²Ó´¥°Ï¥³, ¥¸²¨ ´¥ µ£µ¢ ·¨¢ ¥É¸Ö ¸¶¥Í¨ ²Ó´µ, ¢¨· ¸µ·µ¢¸±¨³¨ Ê¸²µ¢¨-
Ö³¨ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ê¸²µ¢¨Ö ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö ª¡µ·¥-
²¥¢¸±µ°ª WN,k≥−N+1 Î ¸É¨ £¥´¥· Éµ·µ¢ ¨³¥´´µ W - ²£¥¡·, Ö¢²ÖÕÐ¨Ì¸Ö, ¡Ê±-
¢ ²Ó´µ, £¥´¥· Éµ· ³¨  ²£¥¡·Ò ‚¨· ¸µ·µ Éµ²Ó±µ ¶·¨ N = 2), ¢µ§´¨± ÕÐ¨Ì ¨§
W∞-¸¨³³¥É·¨° £· ¸¸³ ´¨ ´  [59,60].

� Î´¥³ ¸ ¶·¥¤¸É ¢²¥´¨Ö Éµ¶µ²µ£¨Î¥¸±µ£µ ¸¥±Éµ·  W -£· ¢¨É Í¨¨ ¢ É¥·-
³¨´ Ì ¸¢µ¡µ¤´ÒÌ ¶µ²¥°. „¢Ê³¥·´ Ö £· ¢¨É Í¨Ö µ¶·¥¤¥²Ö¥É¸Ö ±µ´É¨´Ê ²Ó´Ò³
¨´É¥£· ²µ³ (2.1), ¨, ± ± ¡Ò²µ ¶µ± § ´µ ¢ÒÏ¥, ¶·µ¸É¥°Ï¨° Éµ¶µ²µ£¨Î¥¸±¨°
¶·¨³¥· µÉ¢¥Î ¥É ¸¶¥Í¨ ²Ó´µ³Ê ¢Ò¡µ·Ê ¢ (2.1) ηξ-³ É¥·¨¨ (2.13), ¶·¨ ±µÉµ-
·µ³ Éµ¶µ²µ£¨Î¥¸±¨° ¶µ¤¸¥±Éµ· (2.13) Ëµ·³Ê²¨·Ê¥É¸Ö ¢ É¥·³¨´ Ì j = 2 bc- ¨
βγ-¸¨¸É¥³

S = Sgravity + Smatter =

∫
b∂̄c+ β∂̄γ + c.c., (2.15)

£¤¥ ¨¸¶µ²Ó§µ¢ ´Ò ¶· ¢¨²  ¡µ§µ´¨§ Í¨¨

β = e−φ∂ξ , γ = eφη ,

cβγ = −cbc = 2(6j2 − 6j + 1) = 26 = cmatter + cLiouville. (2.16)
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�Î¥¢¨¤´µ, ± ± ÔÉ¨ Ëµ·³Ê²Ò µ¡µ¡Ð ÕÉ¸Ö ´  ¸²ÊÎ ° W -£· ¢¨É Í¨¨. ’µ¶µ²µ-
£¨Î¥¸±µ¥ ¤¥°¸É¢¨¥ (2.15) ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

SW−gravity + Smatter =

∫ N∑
j=2

(bj∂̄c1−j + βj ∂̄γ1−j + c.c.) =

=

∫ N∑
j=2

(
bj ∂̄c1−j + η∂̄ξ + c.c.+

1

2
|∂φj |2 +

(
j − 1

2

)
R0(y)φj

)
. (2.17)

‡ ³¥É¨³ ¸´ Î ² , ÎÉµ ¶µ²´Ò° Í¥´É· ²Ó´Ò° § ·Ö¤ ¸¨¸É¥³Ò W -¤ÊÌµ¢

cN =

N∑
j=2

−2(6j2 − 6j + 1) = 2(1−N)(2N(N + 1) + 1) (2.18)

(¢ Î ¸É´µ¸É¨, c2 = −26, c3 = −100, ¨ É.¤.) µ£· ´¨Î¨¢ ¥É ¢µ§³µ¦´Ò¥ §´ Î¥´¨Ö
Í¥´É· ²Ó´µ£µ § ·Ö¤  W - ²£¥¡·Ò

cWN =
N∑
j=2

{
1 + 12

(
j − 1

2

)2
}

= 4(N − 1)(N2 +N + 1) (2.19)

(¤²Ö N = 2 Ëµ·³Ê²  (2.19) ¢µ¸¶·µ¨§¢µ¤¨É ©Éµ¶µ²µ£¨Î¥¸±¨°ª ¢¨· ¸µ·µ¢¸±¨°
Í¥´É· ²Ó´Ò° § ·Ö¤ c = 28). —¨¸²µ ´Ê²¥¢ÒÌ ³µ¤ {bj , c1−j} ¤ÊÌµ¢ÒÌ ¶µ²¥°
· ¢´µ (±µ³¶²¥±¸´µ°) · §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢  W -³µ¤Ê²¥°. ˆ§ É¥µ·¥³Ò �¨-
³ ´  Å �µÌ  ¸²¥¤Ê¥É, ÎÉµ

N∑
j=2

#b
(0)
j = (g−1)

N∑
j=2

(2j−1) = (g−1)(N2−1) = (g−1)dimSL(N) (2.20)

(¤²Ö N = 2, (g − 1) dim SL(2) = 3g − 3 = dimCMg ¸µ¢¶ ¤ ¥É ¸ · §³¥·´µ-
¸ÉÓÕ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥° ±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ·). � ¢¥´¸É¢µ (2.20) ¡Ò²µ
µÉ³¥Î¥´µ �.•¨ÉÎ¨´Ò³ ¶·¨ ¨§ÊÎ¥´¨¨ ¶·µ¸É· ´¸É¢ ³µ¤Ê²¥° ¶²µ¸±¨Ì SL(N,R)
¸¢Ö§´µ¸É¥° [96] ¨ Ê± §Ò¢ ¥É ´  ¸¢Ö§Ó ¶·µ¸É· ´¸É¢ WG-³µ¤Ê²¥° ¨ ¶²µ¸±¨Ì G-
¸¢Ö§´µ¸É¥° ´  ·¨³ ´µ¢ÒÌ ¶µ¢¥·Ì´µ¸ÉÖÌ.

� ¨¡µ²¥¥ µ¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±µ´É¨´Ê ²Ó´µ£µ ¨´É¥£· ²  ¢ ±µ´Ëµ·³´µ°
W -£· ¢¨É Í¨¨ ¨³¥¥É ¢¨¤ (¸·. ¸ (2.1)):∫

Mg

{dy}
∫
Dφ e

−
∫
d2z

(
1
2 |∂φ|

2+β0R0(y)ρφ+
∑
α eαϕ

)
×

×
N∏
j=2

∫ ∣∣∣DbjDc1−j e
∫
bj ∂̄c1−j

∣∣∣2 ∫ Dϕ e−Smatter{ϕ,g0}K{ϕ; {bj}, {c1−j}, φ}.

(2.21)
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�¥·¥°¤¥³ É¥¶¥·Ó ± · ¸¸³µÉ·¥´¨Õ ¶·µ¸É¥°Ï¥£µ ¶·¨³¥· , ¶µ§¢µ²ÖÕÐ¥£µ ²ÊÎÏ¥
¶µ´ÖÉÓ ¸¢µ°¸É¢  (±² ¸¸¨Î¥¸±µ°) W -¸¨³³¥É·¨¨. „¥Ëµ·³¨·Ê¥³ ¸É É¸Ê³³Ê É¥µ-
·¨¨ ¸ W -¸¨³³¥É·¨¥°

〈〈1〉〉 ≡ 〈e
∫
µ2T+µ3W3+...〉 =

∫
e−Se

∫
µ2T+µ3W3+..., (2.22)

£¤¥ µndz̄(dz)−n Å µ¡µ¡Ð¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò �¥²ÓÉ· ³¨, ¨ · ¸¸³µÉ·¨³
¸´ Î ²  ¸²ÊÎ °, ±µ£¤  Éµ²Ó±µ µ2 ¨ µ3 ´¥ · ¢´Ò ´Ê²Õ. ‚ÒÎ¨¸²¨³ ¤¥Ëµ·³ Í¨Õ
¢ ¶¥·¢µ³ ¶µ·Ö¤±¥

∂̄u2 ≡ ∂̄〈T (z)〉 =

∫
d2ξ ∂z̄{µ2(ξ)〈T (z)T (ξ)〉+µ3(ξ)〈T (z)W (ξ)〉}+O(δy2) =

= − c

12
∂3µ2 − 2u2∂µ2 − µ2∂u2 − 3∂µ3u3 − 2µ3∂u3 + . . . , (2.23)

£¤¥
u2(z) = 〈T (z)〉, u3(z) = 〈W3(z)〉, . . . , un(z) = 〈Wn(z)〉, (2.24)

  c Å Í¥´É· ²Ó´Ò° § ·Ö¤. �´ ²µ£¨Î´µ

∂̄u3 = 3∂µ2u3 + µ2∂u3 +
c

360
∂5µ3 +

1

3
∂3µ2u2 +

1

2
∂2µ3∂u2+

+∂µ3

[
2b2Λ +

3

10
∂2u2

]
+ µ3

[
b2∂Λ +

1

15
∂3u2

]
. (2.25)

�·¨ µ3 = 0, µ2 ≡ µ, u2 ≡ u Ëµ·³Ê²  (2.23) ¶·¥¢· Ð ¥É¸Ö ¢

−∂̄u = 2∂µ u+ µ∂u+
c

12
∂3µ. (2.26)

�Éµ · ¢¥´¸É¢µ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± Ê¸²µ¢¨¥ ¸µ¢³¥¸É´µ¸É¨ ¢¸¶µ³µ£ É¥²Ó-
´µ° ²¨´¥°´µ° § ¤ Î¨( c

6
∂2 + u

)
Ψ− 1

2
= 0;

(
∂̄ + µ∂ − 1

2
∂µ

)
Ψ− 1

2
= 0, (2.27)

£¤¥ c
6 Å ¨§¢¥¸É´Ò° ±¢ §¨±² ¸¸¨Î¥¸±¨° ±µÔËË¨Í¨¥´É,   Ψ− 1

2
µ¡µ§´ Î ¥É

− 1
2 -¤¨ËË¥·¥´Í¨ ². ‘µ¢³¥¸É´µ¸ÉÓ ÔÉ¨Ì Ê¸²µ¢¨° ¨³¥¥É ¸³Ò¸² ¸µ£² ¸µ¢ ´´µ-

¸É¨ ±µ³¶²¥±¸´µ° ¨ ¶·µ¥±É¨¢´µ° ¸É·Ê±ÉÊ·. ‚Ò¡¨· Ö µ = ∂̄ε, ²¥£±µ § ³¥É¨ÉÓ,
ÎÉµ ¶µ¸²¥¤´¥¥ · ¢¥´¸É¢µ ¢ (2.27) Ö¢²Ö¥É¸Ö ¶·µ¸ÉÒ³ ¸²¥¤¸É¢¨¥³ § ±µ´  ¶·¥-
µ¡· §µ¢ ´¨Ö − 1

2 -¤¨ËË¥·¥´Í¨ ² 

δΨ− 1
2

= ε∂Ψ− 1
2
− 1

2
∂εΨ− 1

2
. (2.28)
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„²Ö W3-Éµ¦¤¥¸É¢  “µ·¤  (2.25) ¢¸¶µ³µ£ É¥²Ó´ Ö ²¨´¥°´ Ö § ¤ Î  ¨³¥¥É ¢¨¤(
c

24
∂3 + u2∂ +

1

2
∂u2 + u3

)
Ψ−1 = 0,

(
∂̄ + µ2∂ − ∂µ2 −

1

6
∂2µ3 +

1

2
∂µ3∂ − µ3

[
∂2 − 16

c
u2

])
Ψ−1 = 0 (2.29)

(¸ ÊÎ¥Éµ³ ¶¥·¥´µ·³¨·µ¢±¨ µ3 →
√

2
5µ3 , u3 →

√
5
2u3; ±µÔËË¨Í¨¥´ÉÒ ¢ (2.29)

Ê¶·µÐ ÕÉ¸Ö ¤²Ö ¸¶¥Í¨ ²Ó´µ£µ §´ Î¥´¨Ö c = 24, ±µÉµ·µ¥ ¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö
´¨¦¥). ‚Éµ·µ¥ Ê· ¢´¥´¨¥ ¢ (2.29) µÉ¢¥Î ¥É ¸²¥¤ÊÕÐ¥³Ê § ±µ´Ê ¶·¥µ¡· §µ¢ -
´¨Ö:

δΨ−1 = ε2∂Ψ−1 − ε3(∂2 − 2

3
u2)Ψ−1 + ε-derivative terms, (2.30)

±µÉµ·µ¥ Ö¢´µ § ¢¨¸¨É µÉ ©¢´¥Ï´¥£µ ¶µ²Öª u2. ‚ ÔÉµ³ § ±²ÕÎ ¥É¸Ö £² ¢´µ¥
µÉ²¨Î¨¥ ³¥¦¤Ê ¸²ÊÎ Ö³¨ W2 ¨ ¸É ·Ï¨Ì Wn. �¡Ð Ö Ëµ·³  ¶·¥µ¡· §µ¢ ´¨°
(2.30) ¨³¥¥É ¢¨¤

δf =
∑

εnDn(u0, . . . , un−1)f + ε-derivative terms, (2.31)

£¤¥
Dn(u0, . . . , un−1) = ∂n + un−1∂

n−1 + . . .+ u0 (2.32)

Å ´¥±µÉµ·Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò n-£µ ¶µ·Ö¤± . �µÖ¢²¥´¨¥ ¢ ¤ ´-
´µ° ¸¨ÉÊ Í¨¨ µ¶¥· Éµ·µ¢ (2.32) ¸ ´¥É·¨¢¨ ²Ó´Ò³¨ ±µÔËË¨Í¨¥´É ³¨ ¶µ¤· -
§Ê³¥¢ ¥É ¸¢Ö§Ó ¸ ¨¥· ·Ì¨¥° Š� ¨  ²£¥¡·µ° ¶¸¥¢¤µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· -
Éµ·µ¢ [97]:

LKP = ∂ +

∞∑
i=1

ai∂
−i; (LnKP )+ = ∂n + . . .+ u0. (2.33)

„¥°¸É¢¨É¥²Ó´µ, É·¨¢¨ ²Ó´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ∂n µÉ¢¥Î ¥É ¢Ò-
¡µ·Ê É·¨¢¨ ²Ó´µ° ÉµÎ±¨ £· ¸¸³ ´¨ ´  W0 = {1, λ, λ2, λ3, . . .}, ¢ Éµ ¢·¥³Ö
± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· µ¡Ð¥£µ ¢¨¤  (2.32) µÉ¢¥Î ¥É, ¢µµ¡Ð¥ £µ¢µ·Ö,
²Õ¡µ° ÉµÎ±¥ £· ¸¸³ ´¨ ´ . ’ ±¨³ µ¡· §µ³, ¥¸É¥¸É¢¥´´µ · ¸¸³ É·¨¢ ÉÓ
ËÊ´±Í¨¨ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ ± ± µ¡Ñ¥±ÉÒ, § ¢¨¸ÖÐ¨¥ µÉ ÉµÎ±¨
£· ¸¸³ ´¨ ´ . ‚µ§Ó³¥³, ´ ¶·¨³¥·, ´¥±µÉµ·ÊÕ ËÊ´±Í¨Õ ´  ±·¨¢µ° ¨ ¶·¥¤-
¸É ¢¨³ ¥¥ (²µ± ²Ó´µ) ¢ ¢¨¤¥ ¨´É¥£· ²  ”Ê·Ó¥ ¨²¨ ‹ ¶² ¸  f(ξ) =

=
∫

eλξ f̂(λ)dλ. ’¥¶¥·Ó ÔÉÊ ËÊ´±Í¨Õ ³µ¦´µ ¶µ¤´ÖÉÓ ¤µ ¸¥Î¥´¨Ö ´¥±µÉµ-
·µ£µ · ¸¸²µ¥´¨Ö ´ ¤ £· ¸¸³ ´¨ ´µ³, § ¤ ¢ ¥³µ£µ ¶µÉµ± ³¨ ¨¥· ·Ì¨¨ Š�
f(t1, . . . , tn) =

∫
eλt1+...+λntn+...f̂(λ)dλ, £¤¥ t1 ≡ ξ. ’µ£¤  ¸¨³³¥É·¨¨, µÉ-

¢¥Î ÕÐ¨¥ ¤¥°¸É¢¨Õ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ¸É ·Ï¥£µ ¶µ·Ö¤±  ¶µ ξ,
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¸¢Ö§ ´Ò ¸ ¤¥°¸É¢¨¥³ ¶µÉµ±µ¢ ¨¥· ·Ì¨¨ Š� ∂nξ f = ∂nt1f = ∂tnf ´  ¢Ò· ¦¥-
´¨¥ ¢ É·¨¢¨ ²Ó´µ° ÉµÎ±¥ £· ¸¸³ ´¨ ´ . ‚ ¶·µ¨§¢µ²Ó´µ° ÉµÎ±¥ £· ¸¸³ ´¨ ´ 
¢³¥¸Éµ ¢Ò· ¦¥´¨Ö ¸²¥¤Ê¥É ´ ¶¨¸ ÉÓ ¶·¥µ¡· §µ¢ ´¨¥

f(t1, . . . , tn) =

∫
ΨW(λ, {tn})f̂(λ)dλ, (2.34)

£¤¥ ΨW(λ, {tn}) Å ´¥±µÉµ· Ö ËÊ´±Í¨Ö �¥°±¥·  Å �Ì¨¥§¥· . �·¨ É ±µ°
§ ³¥´¥ ¶µÖ¢²ÖÕÉ¸Ö ´¥É·¨¢¨ ²Ó´Ò¥ ¶µÉµ±¨

∂tnf = (∂n + un−1∂
n−1 + . . .+ u0)f, (2.35)

ÎÉµ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶¥·¥Ìµ¤  ± µ¡Ð¥° ÉµÎ±¥ W . �  ¸ ³µ³ ¤¥²¥, µ¡Ð Ö
ÉµÎ±  £· ¸¸³ ´¨ ´  µÉ¢¥Î ¥É W∞-£· ¢¨É Í¨¨ [59]. �µ²¥¥ Î ¸Éµ ¢¸É·¥Î Õ-
Ð¨°¸Ö ¸²ÊÎ ° ±µ´¥Î´ÒÌ WN µÉ¢¥Î ¥É ¸¶¥Í¨ ²Ó´Ò³ ·¥¤Ê±Í¨Ö³ W∞. � ¸¸³µ-
É·¨³, ´ ¶·¨³¥·, ¸¶¥Í¨ ²Ó´ÊÕ ·¥¤Ê±Í¨Õ ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥· 

ΨW(λ, {tn})e
∑
λktk

τ(t1 − 1
λ
, . . . , tn − 1

nλn
, . . .)

τ(t1, . . . , tn, . . .)
=

= e
∑
tnλ

n

[
1 +

∞∑
i=1

wi({tn})λ−i
]
, (2.36)

É ±ÊÕ, ÎÉµ ¸Ê³³  ¢ ¶· ¢µ° Î ¸É¨ ±µ´¥Î´  Å ¶µ·Ö¤±  N .
‘µµÉ¢¥É¸É¢ÊÕÐ Ö τ -ËÊ´±Í¨Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö

(∂N+w1∂
N−1+. . .+wN )fi = 0, i = 1, . . . , N [98], τ = detij f

(j−1)
i . �¥É·Ê¤´µ

¢ÒÎ¨¸²¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ Ψ-ËÊ´±Í¨Õ:

Ψ(λ, t1, . . . , tn, . . .) = e
∑
λktk

τ(t1 − 1
λ
, . . . , tn − 1

nλn
, . . .)

τ(t1, . . . , tn, . . .)
=

= e
∑
λktk

(
1 +

w1

λ
+ . . .+

wN

λN

)
, (2.37)

£¤¥ wN−i = detkl f
(l)
k

∣∣∣
l 6=i
·
(

detkl f
(l−1)
k

)−1

. GL(N)-¶·¥µ¡· §µ¢ ´¨Ö ËÊ´±Í¨°

fi ´¥ ³¥´ÖÕÉ §´ Î¥´¨Ö Ψ-ËÊ´±Í¨¨. � ² £ Ö ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥ w1 = 0,
Ê¡¥¦¤ ¥³¸Ö, ÎÉµ ∂τ

∂t1
= 0. ‘ÊÐ¥¸É¢Ê¥É ¶·µ¸Éµ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¢Ò· ¦¥´¨-

Ö³¨ wn ¨§ (2.37) ¨ un ¨§ (2.32). � §² £ Ö ²µ£ ·¨Ë³ ¢ µ¡¥¨Ì Î ¸ÉÖÌ · ¢¥´¸É¢ 
(2.37) ¢ ·Ö¤ ¶µ 1

λ
¨ ¶µ²Ó§ÊÖ¸Ó · ¢¥´¸É¢µ³ ∂t1∂tn log τ = (LnKP )−1 (É.¥. ¶·µ¸Éµ

±µÔËË¨Í¨¥´É ¶¥·¥¤ Î²¥´µ³ ¸ ∂−1), ´¥³¥¤²¥´´µ ¶µ²ÊÎ ¥³

w2 = ∂2
t1

log τ+∂t2 log τ ; w3 = ∂3
t1

log τ+∂t1∂t2 log τ+∂t3 log τ ; . . . (2.38)
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� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±µ£¤  ´¥§ ¢¨¸¨³µ° ËÊ´±Í¨¥° Ö¢²Ö¥É¸Ö Éµ²Ó±µ u2

(É.¥. ŜL(2)- ¨²¨ Š¤”-·¥¤Ê±Í¨Ö Š�). ’µ£¤  ∂t2 log τ = 0 ¨ w2 = u2. �´ ²µ-

£¨Î´µ ¤²Ö ŜL(3)-·¥¤Ê±Í¨¨ ∂t3 log τ = 0 ¨ w3 = 1
2∂u2 + u3.

2.2. �²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ ¢ 2D- ¨ W-£· ¢¨É Í¨¨. �¥·¥°¤¥³ É¥¶¥·Ó ±
· ¸¸³µÉ·¥´¨Õ  ²£¥¡· ´ ¡²Õ¤ ¥³ÒÌ ¢ c = 1 É¥µ·¨ÖÌ 2D-£· ¢¨É Í¨¨ ¨ É¥µ·¨ÖÌ
W -£· ¢¨É Í¨¨ ¸ Í¥²Ò³ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³. �É¨  ²£¥¡·Ò ³µ¦´µ · ¸¸³ É·¨-
¢ ÉÓ ± ± µ¸´µ¢´Ò¥ ¨´¢ ·¨ ´É´Ò¥ Ì · ±É¥·¨¸É¨±¨ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ
³µ¤¥²¥°, ¢ Éµ³ Î¨¸²¥ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, É ± ± ± µ´¨, ¢ Î ¸É´µ¸É¨,
´¥ § ¢¨¸ÖÉ µÉ ¶µ·Ö¤±  Î²¥´  ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ · §²µ¦¥´¨¨. ‚ µ¡¸Ê¦¤ ¥³µ³
¶µ¤Ìµ¤¥ ¶·¨³ ·´Ò¥ ¶µ²Ö ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨ Å (· ¸Ï¨·¥´´µ°)
 ²£¥¡·Ò ‚¨· ¸µ·µ, ªµ¤¥ÉÒ¥ª ¸ ¶µ³µÐÓÕ ²¨Ê¢¨²²¥¢¸±¨Ì ¶µ²¥° ¨ ¤ÊÌµ¢, Ö¢²Ö-
ÕÉ¸Ö ¶·¥¤¸É ¢¨É¥²Ö³¨ ±² ¸¸µ¢ ��‘’-±µ£µ³µ²µ£¨° [38,100] ¨²¨ Ë¨§¨Î¥¸±¨³¨
µ¶¥· Éµ· ³¨. ‘ ÉµÎ±¨ §·¥´¨Ö ² £· ´¦¥¢¸±µ£µ ¶µ¤Ìµ¤  ÔÉµ § ³¥É´µ¥ Ê¶·µÐ¥-
´¨¥, É ± ± ± ³´µ¦¥¸É¢µ ¶·¨³ ·´ÒÌ ¶µ²¥°, ± ± ¶· ¢¨²µ, µ¡² ¤ ¥É ¤µ¶µ²´¨-
É¥²Ó´Ò³¨ ¸É·Ê±ÉÊ· ³¨ ¨²¨ ¸¨³³¥É·¨Ö³¨, ´¥ § ³¥É´Ò³¨ ¶·¨ · ¸¸³µÉ·¥´¨¨
¢¸¥Ì ¶µ²¥° ¤¢Ê³¥·´µ° ±µ´Ëµ·³´µ° É¥µ·¨¨. ‡¤¥¸Ó ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¶·¨-
³¥·µ³ ¶µ¤µ¡´µ° ¸É·Ê±ÉÊ·Ò Ö¢²Ö¥É¸Ö, ¶µ ¸ÊÉ¨ ¤¥² , µ¡´ ·Ê¦¥´´ Ö [101] ¢
SU(2)-¨´¢ ·¨ ´É´µ° ÉµÎ±¥ c = 1 ±µ´Ëµ·³´µ° É¥µ·¨¨ ³µ¤¥²Ó £·Ê¶¶Ò SU(2),
É.¥. ¶·Ö³ Ö ¸Ê³³  ¢¸¥Ì Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° SU(2) ¸É ·Ï¥£µ ¢¥¸ , ¢
±µÉµ·ÊÕ ± ¦¤µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢Ìµ¤¨É Éµ²Ó±µ µ¤¨´ · §. ‘É·Ê±ÉÊ·  ³µ¤¥²¨
¸µÌ· ´Ö¥É¸Ö ¶·¨ ªµ¤¥¢ ´¨¨ª ¶µ²¥³ ‹¨Ê¢¨²²Ö ¨ µ¡Ñ¥¤¨´Ö¥É ´¥±µÉµ·Ò° ±² ¸¸
´ ¡²Õ¤ ¥³ÒÌ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¸É·Ê´´µ° ³µ¤¥²¨,   ¡µ²¥¥ ÉµÎ´µ Å ¢ ¸¥±-
Éµ·¥ µÉ±·ÒÉÒÌ ¸É·Ê´. �µ²¥¥ Éµ£µ, ÔÉ  ¸É·Ê±ÉÊ·  µ¶·¥¤¥²Ö¥É ¤µ ´¥±µÉµ·µ°
¸É¥¶¥´¨ ¨  ²£¥¡·Ê ´ ¡²Õ¤ ¥³ÒÌ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¸É·Ê´´µ° É¥µ·¨¨. �¨¦¥
¡Ê¤¥É ¶·¥¤²µ¦¥´µ ¥¸É¥¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ ÔÉµ° ¸É·Ê±ÉÊ·Ò ´  ¶·µ¨§¢µ²Ó´Ò¥
£·Ê¶¶Ò G (ADE-¸¥·¨¨), Ë¨§¨Î¥¸±¨ µÉ¢¥Î ÕÐ¨¥ c = rank G WG-£· ¢¨É Í¨¨.

Šµ´¸É·Ê±Í¨Ö [101] ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.

1. � ¸¸³µÉ·¨³ ¸± ²Ö·´µ¥ ¶µ²¥ (³ É¥·¨¨) X , ±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´µ¥
´  µ±·Ê¦´µ¸ÉÓ · ¤¨Ê¸  r =

√
2 (É.¥. X ∼ X + 2πr = X + 2π

√
2), ¸ É¥´-

§µ·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸  −1

2
(∂X)2. �·¨ É ±µ³ · ¤¨Ê¸¥ µÎ¥¢¨¤´ Ö ¸¨³³¥É·¨Ö

U(1)× U(1) ¢µ§· ¸É ¥É ¤µ SU(2)× SU(2) ¨ ³Ò ³µ¦¥³ · ¸¸³µÉ·¥ÉÓ ±¨· ²Ó-
´Ò° ¸¥±Éµ· ¸ SU(2)-¸¨³³¥É·¨¥°. �Éµ µÉ¢¥Î ¥É ¸ ³µ¤Ê ²Ó´µ° ÉµÎ±¥ c = 1
£ Ê¸¸µ¢¸±µ° ³µ¤¥²¨ [102], £¤¥ SU(2) × SU(2) ¥¸É¥¸É¢¥´´µ ¤¥°¸É¢Ê¥É ´  ¢¨-
· ¸µ·µ¢¸±¨¥ ¶·¨³ ·´Ò¥ ¶µ²Ö. �¨¦¥ ³Ò · ¸¸³µÉ·¨³ £µ²µ³µ·Ë´Ò° ¸¥±Éµ·
¢ É ±µ° É¥µ·¨¨ (¸¥±Éµ· µÉ±·ÒÉÒÌ ¸É·Ê´), ¢ ±µÉµ·µ³ ¥¸É¥¸É¢¥´´µ ¤¥°¸É¢Ê¥É
ª²¥¢ Öª (¨²¨ ª¶· ¢ Öª) £·Ê¶¶  SU(2). �·¨ ÔÉµ³ ¢¸¥ ±¨· ²Ó´Ò¥ ¶·¨³ ·´Ò¥
¢¥·Ï¨´´Ò¥ µ¶¥· Éµ·Ò ¢ É¥µ·¨¨ µ¡· §ÊÕÉ ³µ¤¥²Ó SU(2): M [SU(2)].

2. „²Ö ¢Ò¤¥²¥´¨Ö ¸É·Ê±ÉÊ·Ò ¶·¨³ ·´ÒÌ ¶µ²¥° ³µ¦´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶µ-
Éµ³±µ¢, ¢¢¥¤Ö ¢§ ¨³µ¤¥°¸É¢¨¥ ¸ 2D-£· ¢¨É Í¨¥°, É.¥. ¶¥·¥°É¨ ± É¥µ·¨¨ ¸É·Ê´.
‘·¥¤¨ ¸É·Ê´´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ ¸ÊÐ¥¸É¢Ê¥É ¶µ¤¸¥±Éµ·, ¸µ¸ÉµÖÐ¨° ¨§ ¨´É¥£· -



1148 Œ��˜�Š�‚ �.‚.

²µ¢ ¶µ ¶µ¢¥·Ì´µ¸É¨ (¤²Ö £µ²µ³µ·Ë´µ£µ ¸¥±Éµ·  ¶µ ±µ´ÉÊ· ³) µÉ £· ¢¨É Í¨µ´´µ-
µ¤¥ÉÒÌ ¶·¨³ ·´ÒÌ ¶µ²¥° ¸ ¶µ²´µ° ¥¤¨´¨Î´µ° · §³¥·´µ¸ÉÓÕ. ‘µµÉ¢¥É¸É¢ÊÕ-
Ð¨¥ ¢¥·Ï¨´´Ò¥ µ¶¥· Éµ·Ò ¨³¥ÕÉ ¢¨¤

qJ,m =

∮
ψJ,m(x)e(J−1)

√
2φ . (2.39)

3. �É¨ µ¶¥· Éµ·Ò µ¡· §ÊÕÉ  ²£¥¡·Ê ‹¨ G (¢ µÉ²¨Î¨¥ µÉ µ¶¥· Éµ·-
´µ£µ · §²µ¦¥´¨Ö (��…) ¢ ±µ´Ëµ·³´µ° É¥µ·¨¨), ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ ±µ-
Éµ·µ° Ö¢²ÖÕÉ¸Ö É·¥ÌÉµÎ¥Î´Ò³¨ ±µ··¥²ÖÉµ· ³¨ ´  ¸Ë¥·¥. ’ ±¨³ µ¡· §µ³,
³Ò ¶µ²ÊÎ¨²¨ µÉµ¡· ¦¥´¨¥ M [SU(2)] ¢ ´¥±µÉµ·ÊÕ  ²£¥¡·Ê (Î ¸É¨) ´ ¡²Õ-
¤ ¥³ÒÌ, ±µÉµ· Ö Ö¢²Ö¥É¸Ö  ²£¥¡·µ° ‹¨ G[SU(2)]. �µ²¥¥ Éµ£µ, µÉµ¡· ¦¥-
´¨¥ M [SU(2)] ↪→ G[SU(2)] Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥³, É.¥. ¸µÌ· ´Ö¥É ¸É·Ê±-
ÉÊ·Ê ³µ¤¥²¨: a) q1,m = Qm µ¡· §Ê¥É ¶·¨¸µ¥¤¨´¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ SU(2) ¢
G[SU(2)]; ¡) ¶µ¸±µ²Ó±Ê Qm ¤¥°¸É¢ÊÕÉ É·¨¢¨ ²Ó´µ ´  ²¨Ê¢¨²²¥¢¸±µ¥ ¶µ²¥ φ,
{qJ,m} µ¡· §ÊÕÉ ³µ¤¥²Ó SU(2): ´ ¡µ· ¶·¥¤¸É ¢²¥´¨° ¸É ·Ï¥£µ ¢¥¸  ¸¶¨´  J .

4. �² £µ¤ ·Ö ¸¶¥Í¨ ²Ó´Ò³ ¶· ¢¨² ³ µÉ¡µ· , µ¶·¥¤¥²Ö¥³Ò³ ¸¢µ°¸É¢ ³¨
²¨Ê¢¨²²¥¢¸±µ£µ ¸¥±Éµ· , ±µ³³ÊÉ Éµ· [qJ′,m′ , qJ′′,m′′ ] ¸µ¤¥·¦¨É ¥¤¨´¸É¢¥´´Ò°
Î²¥´ qJ,m ¸ J = J ′ + J ′′ − 1 (¨ m = m′ + m′′):

[qJ′,m′ , qJ′′,m′′ ] = CJ
′+J′′−1

J′,J′′ qJ′+J′′−1,m′+m′′ . (2.40)

ŠµÔËË¨Í¨¥´ÉÒ C[SU(2)] Ö¢²ÖÕÉ¸Ö 3j-¸¨³¢µ² ³¨ (±µÔËË¨Í¨¥´É ³¨
Š²¥¡Ï  Å ƒµ·¤ ´ ) £·Ê¶¶Ò SU(2) ¢ ´¥±µÉµ·µ³ ¡ §¨¸¥.

5. ‘É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ, § ¤ ´´Ò¥ 3j-¸¨³¢µ² ³¨ CJ
′+J“−1

J′,J“ , ¨³¥ÕÉ É ±-
¦¥ ¨´É¥·¶·¥É Í¨Õ ¸É·Ê±ÉÊ·´ÒÌ ±µ´¸É ´É  ²£¥¡·Ò ¤¨ËË¥µ³µ·Ë¨§³µ¢ ¤¢Ê³¥·-
´µ° ¶²µ¸±µ¸É¨ R2 ∼ C, ¸µÌ· ´ÖÕÐ¨Ì ¶²µÐ ¤Ó (É.¥.  ²£¥¡·Ò £ ³¨²ÓÉµ´µ¢ÒÌ
¢¥±Éµ·´ÒÌ ¶µ²¥° ´  ¶²µ¸±µ¸É¨, Î ¸Éµ µÉµ¦¤¥¸É¢²Ö¥³µ° ¸  ²£¥¡·µ° W∞) ∗.

� ¸¸³µÉ·¨³ ¶µ¤·µ¡´¥¥ É¥µ·¨Õ µ¤´µ£µ ¸¢µ¡µ¤´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö X ,
±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´µ£µ ´  µ±·Ê¦´µ¸ÉÓ, ¸ ² £· ´¦¨ ´µ³

∫
∂X∂̄X . ‚ É -

±µ° É¥µ·¨¨ ±¨· ²Ó´ Ö  ²£¥¡·  µ¡ÒÎ´µ ¸µ¤¥·¦¨É Û(1) × Û(1), £¥´¥·¨·Ê¥³ÊÕ
Éµ±µ³ J0 = ∂X , ¨  ²£¥¡·Ê ‚¨· ¸µ·µ, £¥´¥·¨·Ê¥³ÊÕ T = − 1

2 (∂X)2 (¶²Õ¸
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ¸µ¶·Ö¦¥´´Ò¥). ‘É ´¤ ·É´Ò° ´ ¡µ· ¶·¨³ ·´ÒÌ ¶µ²¥° ¢
ÔÉµ° É¥µ·¨¨ § ¤ ¥É¸Ö Ô±¸¶µ´¥´É ³¨ eipxeip̄x̄ ∗∗, £¤¥

p+ p̄ =
n

R
, p− p̄ = 2mR, (2.41)

∗Š·µ³¥ Éµ£µ, G[SU(2)] Ö¢²Ö¥É¸Ö  ²£¥¡·µ° ¶·µ¨§¢µ¤´ÒÌ ¢ ±ÊÊ³´µ£µ ±µ²ÓÍ , µ¡· §Ê¥³µ£µ
¤·Ê£µ° Î ¸ÉÓÕ  ²£¥¡·Ò ´ ¡²Õ¤ ¥³ÒÌ: Ë¨§¨Î¥¸±¨Ì ¢¥·Ï¨´´ÒÌ µ¶¥· Éµ·µ¢ ´Ê²¥¢µ° · §³¥·´µ-
¸É¨ ¨ ´Ê²¥¢µ£µ ¤ÊÌµ¢µ£µ Î¨¸²  [100, 101], ¨§µ³µ·Ë´µ£µ, ´  ¸ ³µ³ ¤¥²¥, ±µ²ÓÍÊ £ ³¨²ÓÉµ´¨ ´µ¢
(¶µ²¨´µ³µ¢ ´  R2 ∼ C).

∗∗x ¨ x̄ µ¡µ§´ Î ÕÉ £µ²µ³µ·Ë´ÊÕ ¨  ´É¨£µ²µ³µ·Ë´ÊÕ Î ¸É¨ X ¸µµÉ¢¥É¸É¢¥´´µ.
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n,m ∈ Z,   R Å É ± ´ §Ò¢ ¥³Ò° · ¤¨Ê¸ ±µ³¶ ±É¨Ë¨± Í¨¨ [102] (§ ³¥É¨³,
ÎÉµ ´  ¸ ³µ³ ¤¥²¥ ÔÉ  ¢¥²¨Î¨´  Ö¢²Ö¥É¸Ö ¶µ²µ¢¨´µ° ´ ¸ÉµÖÐ¥£µ · ¤¨Ê¸  ±µ³-
¶ ±É¨Ë¨± Í¨¨: x ∼ x+2πR ¨ x̄ ∼ x̄+2πR µ§´ Î ¥É, ÎÉµ x+x̄ = X ∼ X+2πr,
£¤¥ r = 2R). �¤´ ±µ ¢ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ £µ²µ³µ·Ë´ Ö ±¨· ²Ó´ Ö  ²£¥¡· 

¢µ§· ¸É ¥É ¤µ SÛ(2)k=1, µ¡· §Ê¥³ Ö Éµ± ³¨ J± = e±i
√

2x ¨ J0 . �Éµ ¶·µ-
¨¸Ìµ¤¨É ¢ ¸ ³µ¤Ê ²Ó´µ° ÉµÎ±¥ ¶·¨ R = 1√

2
(¢ ±µÉµ·µ° É¥µ·¨Ö ¸¢Ö§ ´  ¸

ŜU(2)k=1 ³µ¤¥²ÓÕ ‚‡�‚). �·¨ ÔÉµ³ ³´µ¦¥¸É¢µ ¶·¨³ ·´ÒÌ ¶µ²¥° ¸É ´µ-
¢¨É¸Ö SU(2) × SU(2)-¨´¢ ·¨ ´É´Ò³,   ¤²Ö £µ²µ³µ·Ë´µ£µ ¸¥±Éµ·  (¨²¨ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥° É¥µ·¨¨ µÉ±·ÒÉÒÌ ¸É·Ê´) ÔÉµ µ§´ Î ¥É, ÎÉµ ¤²Ö ± ¦¤µ£µ eipx

¸¶¥±É· ¸µ¤¥·¦¨É ¢¸¥ ´¥´Ê²¥¢Ò¥ (Q−)keipx (¶·¨ p > 0, ¨²¨ (Q+)keipx ¶·¨
p < 0; Q± =

∮
J± Ö¢²ÖÕÉ¸Ö £¥´¥· Éµ· ³¨ SU(2) ¨ ±µ³³ÊÉ¨·ÊÕÉ ¸ É¥´§µ·µ³

Ô´¥·£¨¨-¨³¶Ê²Ó¸ ). …¸²¨ p = integer ×
√

2, ÔÉ  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ±µ´¥Î´ :
k ≤ |p|√

2
¨ µ¡· §Ê¥É ¶·¥¤¸É ¢²¥´¨¥ SU(2) ¸¶¨´  J (J = |p|/2). Š ¦¤µ¥ ¶·¥¤-

¸É ¢²¥´¨¥ ¢µ§´¨± ¥É µ¤¨´ · §, ¨ ³Ò ¶µ²ÊÎ ¥³ ³µ¤¥²Ó SU(2).
�ÉµÉ ¢Ò¢µ¤ ¶µ¤É¢¥·¦¤ ¥É¸Ö ¢ÒÎ¨¸²¥´¨¥³ µ¤´µ¶¥É²¥¢µ° ¸É É¸Ê³³Ò ¢ É¥µ-

·¨¨. „¥°¸É¢¨É¥²Ó´µ [87,102,103], ¤²Ö R = 1√
2

¨³¥¥³ (q = e2πiτ ):

Z(τ, τ̄ ) =

∣∣θ [ 0
0

]
(2τ)

∣∣2 +
∣∣∣θ [1/2

0

]
(2τ)

∣∣∣2
|η(q)|2 , (2.42)

£¤¥ θ Å ÉÔÉ -ËÊ´±Í¨Ö Ÿ±µ¡¨, ¨ ¸µ¢¶ ¤ ¥É ¸µ ¸É É¸Ê³³µ° SU(2)k=1 ³µ¤¥²¨
‚‡�‚. ‚¢¥¤¥³ ¢¥²¨Î¨´Ê

Z(τ) =
θ
[

0
0

]
(2τ)

η(q)
+
θ
[

1/2
0

]
(2τ)

η(q)
, (2.43)

±µÉµ·ÊÕ ³µ¦´µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± ª£µ²µ³µ·Ë´Ò° ±¢ ¤· É´Ò° ±µ·¥´Óª
¸É É¸Ê³³Ò ¨²¨, ÎÉµ ¶· ±É¨Î¥¸±¨ Éµ ¦¥ ¸ ³µ¥, ± ± ¸É É¸Ê³³Ê ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥° ³µ¤¥²¨ µÉ±·ÒÉÒÌ ¸É·Ê´ [104]. �É  £µ²µ³µ·Ë´ Ö ¸É É¸Ê³³  ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´  ± ± ¸Ê³³  ¢¨· ¸µ·µ¢¸±¨Ì Ì · ±É¥·µ¢ ¶µ ¢¸¥³ ¢¨· ¸µ·µ¢¸±¨³
¶·¨³ ·´Ò³ ¶µ²Ö³ ¨§ ¸¶¥±É·  É¥µ·¨¨. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶·¨¢¥¤¥´´Ò³¨ ¢ÒÏ¥
 ·£Ê³¥´É ³¨ (2.43) Ö¢²Ö¥É¸Ö ¢ ÉµÎ´µ¸É¨ ¸É É¸Ê³³µ° ³µ¤¥²¨ ¨²¨ ¢¸¥Ì ¶·¥¤¸É -
¢²¥´¨° SU(2):

Z(τ) =
∑

J∈Z+/2

(2J + 1)χJ(τ), (2.44)

£¤¥ χJ (τ) µ¡µ§´ Î ÕÉ Ì · ±É¥·Ò ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò ‚¨· ¸µ·µ ¶·¨

c = 1, χJ(τ) = qJ
2
−q(J+1)2

η(q) [105],   ³´µ¦¨É¥²Ó (2J + 1) = dimRJ ¡Ê±¢ ²Ó´µ

µÉ· ¦ ¥É ÉµÉ Ë ±É, ÎÉµ ³Ò ¨³¥¥³ ¤¥²µ ¸ ³µ¤¥²ÓÕ SU(2). ’ ±¨³ µ¡· §µ³,
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¶µ²ÊÎ ¥³

η(q)Z(τ) =
1

2

 ∑
J∈Z+/2

(2J + 1)χJ(τ) + (J → −J − 1)

 =

=

∞∑
n=−∞

q(n/2)2

= θ

(
0

0

)
(τ/2) = θ

(
0

0

)
(2τ) + θ

(
1/2

0

)
(2τ) (2.45)

¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (2.43).
�¥·¥°¤¥³ ± ¸²ÊÎ Õ ¶·µ¨§¢µ²Ó´µ° ADE- ²£¥¡·Ò ‹¨ G,   ¨³¥´´µ · ¸-

¸³µÉ·¨³ rG = rank(G) ¸¢µ¡µ¤´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥° X = {X1, . . . , XrG} ¸
² £· ´¦¨ ´µ³

∫
∂X∂̄X. �¡ÒÎ´µ ±¨· ²Ó´ Ö  ²£¥¡·  ¢ rG-³¥·´µ° ¸¢µ¡µ¤-

´µ° É¥µ·¨¨ ¥¸ÉÓ Û(1)rG × Û(1)rG ,   £¥´¥· Éµ·µ³  ²£¥¡·Ò ‚¨· ¸µ·µ Ö¢²Ö¥É¸Ö

T = −1

2
∂X∂X. ‚ ¸²ÊÎ ¥ ³´µ£¨Ì ¶µ²¥° ¡µ²¥¥ ¥¸É¥¸É¢¥´´µ · ¸¸³ É·¨¢ ÉÓ

´¥ ¢¨· ¸µ·µ¢¸±ÊÕ ¶µ¤ ²£¥¡·Ê ±¨· ²Ó´µ°  ²£¥¡·Ò,    ²£¥¡·Ê (¢Ò¸Ï¨Ì ¸¶¨´µ¢)
WG, µ¡· §Ê¥³ÊÕ £¥´¥· Éµ· ³¨ ¢¨¤ 

∑
(µ∂X)n. �·¨ ±µ³¶ ±É¨Ë¨± Í¨¨ ´ 

r-³¥·´ÊÕ ·¥Ï¥É±Ê Γ = {γ}: X ∼ X + 2πγ ¶·¨³ ·´Ò³¨ ¶µ²Ö³¨ ‚¨· ¸µ·µ
Ö¢²ÖÕÉ¸Ö eipxeip̄x̄, ±µ£¤ 

p = γ∗ +
1

2
γ , p̄ = γ∗ − 1

2
γ ; γ ∈ Γ, γ∗ ∈ Γ∗ , (2.46)

£¤¥ Γ∗ Å ¤Ê ²Ó´ Ö ± Γ ·¥Ï¥É± , É.¥. γγ∗ = Í¥²µ¥ Î¨¸²µ. �¤´ ±µ ¢ ¸²ÊÎ ¥
¸¶¥Í¨ ²Ó´ÒÌ ·¥Ï¥Éµ± ±¨· ²Ó´ Ö  ²£¥¡·  ¢µ§· ¸É ¥É ¤µ Ĝk=1 ¸ £¥´¥· Éµ· ³¨
Jα = eiαx, Hν = ν∂x, £¤¥ α Å ¢¸¥ ±µ·´¨ G,   ν Å ´¥±µÉµ·Ò° ¡ §¨¸ ¢
± ·É ´µ¢¸±µ° (£¨¶¥·)¶²µ¸±µ¸É¨. �Éµ ¶·µ¨¸Ìµ¤¨É, ±µ£¤  Γ (γ ∈ Γ) Ö¢²Ö¥É¸Ö ·¥-

Ï¥É±µ° ±µ·´¥°  ²£¥¡·Ò G; Éµ£¤  § ·Ö¤Ò Qα =

∮
Jα ¨ Qν =

∮
Hν , Ö¢²ÖÕ-

Ð¨¥¸Ö £¥´¥· Éµ· ³¨  ²£¥¡·Ò £²µ¡ ²Ó´µ° ¸¨³³¥É·¨¨ G, ±µ³³ÊÉ¨·ÊÕÉ ¸ É¥´§µ-
·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸ ,   ¢¨· ¸µ·µ¢¸±¨¥ ¶·¨³ ·´Ò¥ ¶µ²Ö µ¡· §ÊÕÉ ¶·¥¤¸É ¢-
²¥´¨¥ G. �Éµ ¶µ¤· §Ê³¥¢ ¥É, ÎÉµ, ± ± ¨ ¢ ¸²ÊÎ ¥ SU(2), ´ ·Ö¤Ê ¸ ª´ ¨¢´Ò³¨ª
¶·¨³ ·´Ò³¨ ¶µ²Ö³¨ (¨²¨ É Ì¨µ´ ³¨) eipxeip̄x̄ ¸ÊÐ¥¸É¢ÊÕÉ ¨ ¤·Ê£¨¥, µ¡· §Ê¥-
³Ò¥ ¤¥°¸É¢¨¥³ G. Šµ£¤  rG > 1, ¸¨ÉÊ Í¨Ö ÔÉ¨³ ´¥ ¨¸Î¥·¶Ò¢ ¥É¸Ö,   ¨³¥´´µ:
¶·¨³ ·´ÒÌ ¶µ²¥° ‚¨· ¸µ·µ £µ· §¤µ ¡µ²ÓÏ¥ (£· ¢¨Éµ´Ò ¨ É.¶. Å ¢¸¥ ¸É ·Ï¨¥
¸¶¨´Ò). —Éµ¡Ò ¸Ê§¨ÉÓ ±² ¸¸ ¶·¨³ ·´ÒÌ ¶µ²¥° ¨ § ³¥É¨ÉÓ ¸É·Ê±ÉÊ·Ê ³µ¤¥²¨
£·Ê¶¶Ò G, ´Ê¦´µ ¶¥·¥°É¨ ± ¶·¨³ ·´Ò³ ¶µ²Ö³ WG- ²£¥¡·Ò. ƒ¥´¥· Éµ· ³¨
WG- ²£¥¡·Ò Ö¢²ÖÕÉ¸Ö ±µ³¡¨´ Í¨¨ É¨¶ 

∑
a=0(νa∂x)n, £¤¥ n = 1, . . . , rG

(  νa Å ´¥±µÉµ·Ò¥ ¢¥±Éµ·Ò ¢ ± ·É ´µ¢¸±µ° (£¨¶¥·)¶²µ¸±µ¸É¨, ¸¢Ö§ ´´Ò¥ ¸
ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¢¥¸ ³¨). ‘ ³  WG- ²£¥¡·  (¨²¨ ¥¥ Ê´¨¢¥·¸ ²Ó´ Ö µ¡¥·ÉÒ-
¢ ÕÐ Ö) µ¶·¥¤¥²Ö¥É¸Ö ± ± Î ¸ÉÓ ±¨· ²Ó´µ°  ²£¥¡·Ò (¢ ´ Ï¥³ ¸²ÊÎ ¥ Ê´¨¢¥·-
¸ ²Ó´ Ö µ¡¥·ÉÒ¢ ÕÐ Ö Ĝ1), ±µ³³ÊÉ¨·ÊÕÐ Ö ¸ § ·Ö¤ ³¨ Qα, Qν . �µÔÉµ³Ê
¶·¨³ ·´Ò¥ ¶µ²Ö WG ¶µ-¶·¥¦´¥³Ê µ¡· §ÊÕÉ ³Ê²ÓÉ¨¶²¥ÉÒ G,   ¶µ²´Ò° ¨Ì
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´ ¡µ· Å ³µ¤¥²Ó M [G]. —Éµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ÔÉµ, µ¡· É¨³¸Ö µ¶ÖÉÓ ±
Ëµ·³Ê² ³ ¤²Ö µ¤´µ¶¥É²¥¢ÒÌ ¸É É¸Ê³³:

Z(τ, τ̄ ) = |η(q)−rG |2
∑

ν∈Γ∗/Γ

∑
ε

∣∣∣∣Θ [ν + ε

0

]
(τ)

∣∣∣∣2 , (2.47)

£¤¥ ε ¶·µ¡¥£ ¥É ¶µ ¢¥±Éµ· ³ {1

2
ei} ¨ 0 ({ei} Å ¡ §¨¸ ·¥Ï¥É±¨ Γ ) [87,103].

—²¥´ ¸ ε = 0

Z(τ, τ̄ ) = |η(q)−rG |2
∑

ν∈Γ∗/Γ

∣∣∣Θ [ν
0

]
(τ)
∣∣∣2 (2.48)

³µ¤Ê²Ö·´µ-¨´¢ ·¨ ´É¥´ ¨ Ö¢²Ö¥É¸Ö µ¤´µ¶¥É²¥¢µ° ¸É É¸Ê³³µ° k = 1 ³µ¤¥²¨
‚‡�‚ ¤²Ö ADE-£·Ê¶¶Ò G. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö µ¤´µ¶¥É²¥¢ Ö ¸É É¸Ê³³  ¢ ª±¨-
· ²Ó´µ³ª ¨²¨ ªµÉ±·ÒÉµ³ª ¸¥±Éµ·¥ ¥¸ÉÓ

Z(τ) ≡ η(q)−rG
∑

ν∈Γ∗/Γ

Θ
[ν

0

]
(τ) =

∑
Λ∈Γ∗

DΛχΛ(τ), (2.49)

£¤¥ ¶·¥¤¸É ¢²¥´¨¥ ¸É ·Ï¥£µ ¢¥¸  RG[Λ] £·Ê¶¶Ò G Å ¢§ ¨³´µ µ¤´µ§´ Î´µ
¸É ·Ï¨° ¢¥±Éµ· Λ, ²¥¦ Ð¨° ¢ ©¶µ²µ¦¨É¥²Ó´µ°ª ± ³¥·¥ ‚¥°²Ö Γ+. � §³¥·-
´µ¸ÉÓ ¶·¥¤¸É ¢²¥´¨Ö RG[Λ] ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ¶·µ¨§¢¥¤¥´¨¥ ¶µ ¢¸¥³ ¶µ²µ¦¨-
É¥²Ó´Ò³ ±µ·´Ö³ α [106]:

DΛ =
∏
α∈∆+

〈Λ + ρ,α〉
〈ρ,α〉 (2.50)

(ρ =
1

2

∑
α∈∆+

α, 〈, 〉Å ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¢ ± ·É ´µ¢¸±µ° (£¨¶¥·)¶²µ¸±µ-

¸É¨). ‘µ£² ¸´µ ¶·¨¢¥¤¥´´Ò³ ¢ÒÏ¥  ·£Ê³¥´É ³, É¥ ¦¥ ¸ ³Ò¥ ¢¥±Éµ·Ò Λ µÉ-
¢¥Î ÕÉ ¶·¨³ ·´Ò³ ¶µ²Ö³  ²£¥¡·Ò WG ¨²¨ ´¥¶·¨¢µ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³
RWG [Λ] ¸ c = rG. (‡ ³¥É¨³, µ¤´ ±µ, ÎÉµ ¸ ³¨ ¶·¥¤¸É ¢²¥´¨Ö RWG [Λ] ¨
RG[Λ] ´¥ ¸µ¢¶ ¤ ÕÉ: Ö¢²ÖÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ · §²¨Î´ÒÌ  ²£¥¡·!) �¡µ-
§´ Î¨³ χΛ(τ)  ´ ²µ£¨ ¢¨· ¸µ·µ¢¸±¨Ì Ì · ±É¥·µ¢ Š Í  Å �µÏ  Å Š ·¨¤¨
¤²Ö ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° RWG [Λ] ¸ ±µ´Ëµ·³´Ò³¨ · §³¥·´µ¸ÉÖ³¨

∆Λ =
1

2
Λ2:

χΛ(τ) = η(q)−rG
∑
σ∈W

det (σ) q
1
2 (Λ+ρ−σ(ρ))2

, (2.51)

£¤¥W Å £·Ê¶¶  ‚¥°²Ö  ²£¥¡·Ò G,   det (σ) µ¡µ§´ Î ¥É ¤¥É¥·³¨´ ´É ¶·¥µ¡· -
§µ¢ ´¨Ö σ ∈ W . �É¨ Ì · ±É¥·Ò § ¢¨¸ÖÉ Éµ²Ó±µ µÉ · §³¥·´µ¸É¨ ∆, ¶µÔÉµ³Ê
µ´¨ µ¤¨´ ±µ¢Ò ¤²Ö ¢¸¥Ì ¶·¨³ ·´ÒÌ ¶µ²¥° DΛ, ¶·¥¤¸É ¢²¥´¨Ö R[Λ] ¨ ¤ ÕÉ
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µ¤¨´ ±µ¢Ò° ¢±² ¤ ¢ (2.49), ¶·¨¢µ¤Ö ± ¶µÖ¢²¥´¨Õ ³´µ¦¨É¥²¥° DΛ. ”µ·³Ê² 
(2.49) ¤µ± §Ò¢ ¥É, ÎÉµ WG-¶·¨³ ·´Ò¥ ¶µ²Ö µ¡· §ÊÕÉ ³µ¤¥²Ó £·Ê¶¶Ò G.

„²Ö ¤µ± § É¥²Ó¸É¢  (2.49) ¢ÒÎ¨¸²¨³ ¸Ê³³Ê ¢ ¶· ¢µ° Î ¸É¨. ‘´ Î ²  ¶¥-
·¥¶¨Ï¥³ ¥¥ ± ± ¸Ê³³Ê ¶µ ¢¸¥° ·¥Ï¥É±¥ ¢¥¸µ¢, ¨¸¶µ²Ó§ÊÖ Éµ, ÎÉµ ¢¸²¥¤¸É¢¨¥
(2.50) ¨ (2.51) ¤²Ö ²Õ¡µ£µ σ ∈ W ¨ ν ¨³¥¥³

Dνχν (τ) = Dνσχνσ (τ), (2.52)

£¤¥ νσ ≡ σ(ν) + σ(ρ)− ρ. �Éµ ¤ ¥É ¤²Ö ²Õ¡µ° ·¥Ï¥É±¨ T

∑
ν∈T+

Dνχν(τ) =
1

ordW

(∑
ν∈T

Dνχν (τ)

)
, (2.53)

£¤¥ ordW Å ¶µ·Ö¤µ± (Î¨¸²µ Ô²¥³¥´Éµ¢) £·Ê¶¶Ò ‚¥°²Ö, T+ Å ¶¥·¥¸¥Î¥´¨¥ T
¸ ± ³¥·µ° ‚¥°²Ö,  

T̂ =
⋃
σ∈W

[σ(T+) + σ(ρ)− ρ]. (2.54)

‚µµ¡Ð¥ £µ¢µ·Ö, T̂ ´¥ ¸µ¢¶ ¤ ¥É ¸ ¨§´ Î ²Ó´µ° ·¥Ï¥É±µ° T : ÔÉµ ¢¥·´µ ¤²Ö
·¥Ï¥É±¨ ±µ·´¥° Γ̂ = Γ, ´µ ´¥ ¤²Ö Γ̂∗ 6= Γ∗. (‚ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ SU(2)
Γ∗ = {n/

√
2, n ∈ Z}, ρ = 1/

√
2, Γ∗+ = {n/

√
2, n ∈ Z, n ≥ 0},   Γ̂∗+ =

= {n/
√

2, n ∈ Z, n 6= −1}. ’¥³ ´¥ ³¥´¥¥ · §´¨Í  ³¥¦¤Ê Γ∗+ ¨ Γ̂∗+ ¸µ¸Éµ¨É
¨§ ¥¤¨´¸É¢¥´´µ° ÉµÎ±¨ ν = −ρ,   ¸µ£² ¸´µ (2.50) ¢ ÔÉµ° ÉµÎ±¥ D−ρ = 0,
É.¥. µ´  ´¥ ¤ ¥É ¢±² ¤  ¢ ¸Ê³³Ê ¢ ¶· ¢µ° Î ¸É¨ (2.53), É ± ÎÉµ ¸Ê³³¨·µ¢ ´¨¥
³µ¦¥É ¶·µ¢µ¤¨ÉÓ¸Ö ¶µ ¢¸¥° ·¥Ï¥É±¥ Γ∗+.) �µ¸²¥¤´¥¥ ÊÉ¢¥·¦¤¥´¨¥ ¢¥·´µ ¤²Ö

¶·µ¨§¢µ²Ó´ÒÌ ADE- ²£¥¡· G: ¢ µ¡Ð¥³ ¸²ÊÎ ¥ · §´¨Í  ³¥¦¤Ê Γ∗+ ¨ Γ̂∗+ Ê¦¥ ´¥
ÉµÎ± ,   ¸µ¸Éµ¨É ¨§ £¨¶¥·¶²µ¸±µ¸É¥° ±µ· §³¥·´µ¸É¨ 1, É ± ÎÉµ ¤²Ö ²Õ¡µ£µ ν ∈
Γ∗− Γ̂∗ ¸Ê³³  ν+ρ µ·Éµ£µ´ ²Ó´  ¶µ ±· °´¥° ³¥·¥ µ¤´µ³Ê ¨§ ¶µ²µ¦¨É¥²Ó´ÒÌ
±µ·´¥°,   ¶µÔÉµ³Ê ¸µ£² ¸´µ (2.50) ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Dν = 0, ¨ ¸Ê³³¨·µ¢ ´¨¥
¢ ¶· ¢µ° Î ¸É¨ (2.53) ³µ¦¥É ¶·µ¨§¢µ¤¨ÉÓ¸Ö ¶µ ¶µ²´µ° ·¥Ï¥É±¥ Γ∗ ¢³¥¸Éµ Γ̂∗.
�µ¸²¥ ÔÉµ£µ ¨³¥¥³

Z(τ) =
∑
ν∈Γ∗+

Dνχν(τ) =
1

ordW
∑
ν∈Γ̂∗

Dνχν (τ) =
1

ordW
∑
ν∈Γ∗

Dνχν(τ),

(2.55)
£¤¥ É ±¦¥ ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ Dν = 0 ¤²Ö ν ∈ Γ∗ − Γ̂∗. �µ¤¸É ¢²ÖÖ (2.55) ¨
¤¥² Ö § ³¥´Ê ¶¥·¥³¥´´µ° ¸Ê³³¨·µ¢ ´¨Ö Λ = ν + ρ− s(ρ), ¶µ²ÊÎ ¥³

η(q)rGZ(τ) =
1

ordW
∑
ν∈Γ∗

∑
s∈W

∏
α∈∆+

〈ν + ρ,α〉
〈ρ,α〉 det (s)q

1
2 [ν+ρ−s(ρ)]2 =

=
1

ordW
∑
s∈W

det (s)
∑

Λ∈Γ∗

∏
α∈∆+

〈Λ + s(ρ),α〉
〈ρ,α〉 q

1
2Λ2

=
∑

Λ∈Γ∗

q
1
2Λ2

, (2.56)
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£¤¥ ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ s2 = 1 ¤²Ö s ∈ W ,   É ±¦¥∑
σ∈W

det (σ)
〈Λ + σ(ρ),α〉
〈ρ,α〉 = ordW (2.57)

¤²Ö ²Õ¡µ£µ Λ. � ±µ´¥Í, ¤²Ö ¶· ¢µ° Î ¸É¨ (2.56) ¶µ²ÊÎ ¥³

∑
ν∈Γ∗

qν
2/2 =

∑
ν∈Γ∗/Γ

∑
λ∈Γ

q(λ+ν)2/2

 =
∑

ν∈Γ∗/Γ

Θ
[ν
0

]
(τ), (2.58)

£¤¥ ¶µÖ¢¨² ¸Ó ·¥Ï¥ÉµÎ´ Ö Θ-ËÊ´±Í¨Ö, µ¶·¥¤¥²¥´´ Ö ± ± ¸Ê³³  ¶µ ·¥Ï¥É±¥
±µ·´¥° Γ.

• · ±É¥·Ò ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·ÒWG (2.51) ³µ¦´µ ¶µ²Ê-
Î¨ÉÓ ¶·¥¤¥²Ó´Ò³ ¶¥·¥Ìµ¤µ³ c→ rG ¨²¨ α0 → 0,   ¨³¥´´µ ¨¸¶µ²Ó§ÊÖ Ì · ±-
É¥·Ò ©³¨´¨³ ²Ó´µ°ª ¸¥·¨¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ §´ Î¥´¨ÖÌ c = rG − 12α2

0ρ
2 =

= rG − 6 (p−p′)2

pp′ ρ2. ‘µ£² ¸´µ [94]

χΛ1,Λ2
(τ) = η(q)−rG

∑
s1,s2∈W

det (s1) det (s2)

ordW Θ

[
ps1Λ1 − p′s2Λ2

0

]
(pp′τ) =

= η(q)−rG
∑
s∈W

det (s)
∑
α∈Γ

exp

(
iπτ

pp′
(psΛ1 − p′Λ2 − 2pp′α)2

)
, (2.59)

µÉ±Ê¤  ¢ ¶·¥¤¥²¥ p→∞, p′ →∞ ¶·¨ Ë¨±¸¨·µ¢ ´´µ° · §´µ¸É¨ p′−p µ¸É ¥É¸Ö
²¨ÏÓ Î²¥´ ¸ α = 0. �¥·¥µ¶·¥¤¥²¨¢ Λi → Λi + ρ ¨ ¶µ²µ¦¨¢ Λ1 = 0 (n = 1
¢ ¸²ÊÎ ¥ SU(2)),   Λ2 ≡ Λ, ¶·¨Ìµ¤¨³ ± Ëµ·³Ê²¥ (2.51).

‚§ ¨³µ¤¥°¸É¢¨¥ ¸ WG-£· ¢¨É Í¨¥°. � ±µ´¥Í, ÎÉµ¡Ò ¢Ò¤¥²¨ÉÓ ¸É·Ê±-
ÉÊ·Ê ³µ¤¥²¨, ´¥µ¡Ìµ¤¨³µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶µÉµ³±µ¢: ¸¤¥² ÉÓ WG-¸¨³³¥É·¨Õ ± -
²¨¡·µ¢µÎ´µ° ¨²¨ ¶¥·¥°É¨ ± WG-¸É·Ê´ ³. ƒ² ¢´Ò³ µÉ²¨Î¨¥³ WG-£· ¢¨É Í¨¨
µÉ µ¡ÒÎ´µ° 2D-£· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö ¶·µ¡²¥³  ¸ Ëµ·³Ê²¨·µ¢±µ°, ¢ ±µÉµ·µ°
Ë¨§¨Î¥¸±¨¥ µ¶¥· Éµ·Ò (´ ¡²Õ¤ ¥³Ò¥) ¶·¥¤¸É ¢²ÖÕÉ¸Ö ± ± ¶·µ¨´É¥£·¨·µ¢ ´-
´Ò¥ ¶·µ¸ÉÒ¥ µ¶¥· Éµ·Ò ¥¤¨´¨Î´µ° · §³¥·´µ¸É¨, ´¥ ¸µ¤¥·¦ Ð¨¥ ¤ÊÌµ¢ÒÌ ¶µ-
²¥°. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¡¥§¤ÊÌµ¢Ò¥ µ¶¥· Éµ·Ò ¨³¥ÕÉ ¥¸É¥¸É¢¥´´ÊÕ · §³¥·-

´µ¸ÉÓ ∆{G} = 2ρ2 =
1

6
CV [G] dimG. „ ¦¥ É·¥ÌÉµÎ¥Î´Ò¥ ±µ··¥²ÖÍ¨µ´´Ò¥

ËÊ´±Í¨¨ É ±¨Ì µ¶¥· Éµ·µ¢ ¸µ¤¥·¦ É ´¥É·¨¢¨ ²Ó´ÊÕ ¤ÊÌµ¢ÊÕ Î ¸ÉÓ (É.¥. ¶·µ-
¸É· ´¸É¢µ ³µ¤Ê²¥° WG-£· ¢¨É Í¨¨ ´¥É·¨¢¨ ²Ó´µ Ê¦¥ ¤²Ö ¸Ë¥·Ò ¸ É·¥³Ö µÉ-
³¥Î¥´´Ò³¨ ÉµÎ± ³¨).

�´ ²µ£µ³ ¤¥°¸É¢¨Ö ‹¨Ê¢¨²²Ö Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨¥ ±µ´Ëµ·³´µ° G-Éµ¤µ¢¸±µ°
É¥µ·¨¨ ¶µ²Ö (2.21):∫

d2z

|∂φ|2 + β0R0(y)ρφ+
∑

simple α
ηie
αφ

 , (2.60)
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£¤¥ ¸Ê³³¨·µ¢ ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶µ rG ¶·µ¸ÉÒ³ ±µ·´Ö³ G, ¨, ± ± µ¡ÒÎ´µ,
¢ Ëµ·³ ²¨§³¥ „„Š · ¸¸³ É·¨¢ ¥É¸Ö ÉµÎ± , £¤¥ ¢¸¥ ηi = 0. Š·µ³¥ rG-±µ³-
¶µ´¥´É´µ£µ ¶µ²Ö W -’µ¤Ò φ, ¸²¥¤Ê¥É ¢¢¥¸É¨ rG ¤ÊÌµ¢ÒÌ ¶ · Å bc-¸¨¸É¥³∫
d2z

∑
j∈SG

(
bj∂̄c1−j + c.c.

)
¸µ ¸¶¨´ ³¨ j ∈ SG, £¤¥ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ SG Å ³´µ-

¦¥¸É¢µ G-¨´¢ ·¨ ´Éµ¢, ¨²¨ ± §¨³¨·µ¢, ¤²Ö É·¥Ì A-, D- ¨ E-¸¥·¨°:
SU(r + 1) − j = 2, . . . , rG + 1 (¸·. ¸ (2.17)); SO(2r) − j = 2, 4, . . . , 2r − 2
¨ r; E6 − j = 2, 5, 6, 8, 9, 12; E7 − j = 2, 6, 8, 10, 12, 14, 18; E8 − j =
= 2, 8, 12, 14, 18, 20, 24, 30 ¸µµÉ¢¥É¸É¢¥´´µ. –¥´É· ²Ó´Ò° § ·Ö¤ ¤ÊÌµ¢µ° ¸¨-
¸É¥³Ò ¢ µ¡Ð¥³ ¸²ÊÎ ¥ · ¢¥´ cghosts =

∑
j∈SG

[−2(6j2− 6j+ 1)] = −48ρ2− 2rG,

  Í¥´É· ²Ó´Ò° § ·Ö¤ ¶µ²¥° W -’µ¤Ò Å cφ = rG + 48β2
0ρ

2. ˆ§ Ê¸²µ¢¨Ö

cmatter + cφ+ cghosts = 0 ¨³¥¥³ 48(β2
0 −1)ρ2 = cmatter− rG,   ¸²¥¤µ¢ É¥²Ó´µ,

¤²Ö cmatter = rG ¶µ²ÊÎ ¥³ β0 = ±1.
„²Ö ¶µ¸É·µ¥´¨Ö ´ ¡²Õ¤ ¥³ÒÌ ¢ WG-¸É·Ê´´µ° ³µ¤¥²¨ ¥¸É¥¸É¢¥´´µ¥ µ¡µ¡-

Ð¥´¨¥ Ëµ·³ ²¨§³  „„Š ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê  ²£µ·¨É³Ê:
A) ‚Ò¡¥·¥³ ²Õ¡µ¥ WG-¶·¨³ ·´µ¥ ¶µ²¥ ³ É¥·¨¨ Ψν,ξ(x) =

=
rG∏
i=1

(Q−αi)
(µiξ)Ψν,0, Ψν,0 = eiνx, £¤¥ ν µÉ¢¥Î ¥É ¶·¥¤¸É ¢²¥´¨Õ Rν [G]

¸µ ¸É ·Ï¨³ ¢¥±Éµ·µ³ ν,   ξ ≡ ξR Å Ô²¥³¥´ÉÊ ÔÉµ£µ ¶·¥¤¸É ¢²¥´¨Ö, ¶·¨ ÔÉµ³
±µ´Ëµ·³´ Ö · §³¥·´µ¸ÉÓ ∆ν ,ξ = ν2/2 ´¥ § ¢¨¸¨É µÉ ξ.

�) ª�¤¥´¥³ª ¶µ²¥ ³ É¥·¨¨ W -Éµ¤µ¢¸±µ° Ô±¸¶µ´¥´Éµ° Ξν ,ξ(x,φ) =

= Ψν ,ξ(x)eβνφ É ±, ÎÉµ¡Ò ¶µ²¥ Ξν ,ξ ¡Ò²µ Ë¨±¸¨·µ¢ ´´µ° · §³¥·´µ¸É¨

∆{G}. �Éµ ¤ ¥É Ê¸²µ¢¨¥ ∆ν,ξ −
1
2β

2
ν − 2β0βνρ = ∆{G}, ¨²¨, ¢ ´ Ï¥³

¸²ÊÎ ¥, ±µ£¤  ∆ν ,ξ =
1

2
ν2 ¨ β0 = 1,

1

2
ν2 =

1

2
(βν + 2ρ)2 + (∆{G} − 2ρ2). (2.61)

�¥§Ê¸²µ¢´µ, ÔÉµ ¥¤¨´¸É¢¥´´µ¥ (¸± ²Ö·´µ¥) Ê· ¢´¥´¨¥ ´  rG ¢¥²¨Î¨´ (¢¥±Éµ·)
βν (¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ν) ¨³¥¥É ³´µ£µ ·¥Ï¥´¨°, É¥³ ´¥ ³¥´¥¥ ¸ÊÐ¥¸É¢Ê¥É
¢Ò¤¥²¥´´ Ö ¸¨ÉÊ Í¨Ö, ±µ£¤  ∆{G} = 2ρ2,  

βν = ν − 2ρ. (2.62)

‚) „µ¡ ¢¨³ ¤ÊÌµ¢Ò° ³´µ¦¨É¥²Ó, ÎÉµ¡Ò µ¡· §µ¢ ÉÓ ¨§ ∆{G} µ¶¥· Éµ· ´Ê²¥¢µ°
· §³¥·´µ¸É¨. ‚ µ¡ÒÎ´µ° £· ¢¨É Í¨¨ ¸ ∆{SU(2)} = 1 ¤µ¸É ÉµÎ´µ Ê³´µ¦¨ÉÓ
Ξ(x, φ) ´  ¤ÊÌµ¢µ¥ ¶µ²¥, µÉ¢¥Î ÕÐ¥¥ ·¥¶ · ³¥É·¨§ Í¨Ö³, c−1 ≡ c:

Oν,ξ(x, φ, c) = Ξν,ξ(x, φ)c−1 = ψν,ξ(x)eβνφc−1. (2.63)

�·¨ ÔÉµ³ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ´ ¡²Õ¤ ¥³ÒÌ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¤µ¶µ²´¨-

É¥²Ó´Ò³¨ ¢¸É ¢± ³¨ ¢¨¤ 
N(2)∏
α=1

∫
d2z

b2µ
(2)
α , £¤¥ µ(2)

α Å ¤¨ËË¥·¥´Í¨ ²Ò �¥²Ó-
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É· ³¨,   N (2) Å · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢  ³µ¤Ê²¥°. �²ÓÉ¥·´ É¨¢´Ò³ µ¶·¥-
¤¥²¥´¨¥³

Ôν,ξ(x, φ) =

∫
dz

Ξν,ξ(x, φ) =

∫
dz

ψν,ξ(x)eβνφ (2.64)

Ö¢²Ö¥É¸Ö ¶·µ¨´É¥£·¨·µ¢ ´´Ò° ¡¥§¤ÊÌµ¢Ò° µ¶¥· Éµ· ¥¤¨´¨Î´µ° · §³¥·´µ¸É¨.
„²Ö G 6= SU(2) ¸¨ÉÊ Í¨Ö ¡µ²¥¥ ¸²µ¦´ Ö, É ± ± ± ´¥ ¸ÊÐ¥¸É¢Ê¥É (¶µ

±· °´¥° ³¥·¥, ´  ¤ ´´Ò° ³µ³¥´É) ¥¸É¥¸É¢¥´´µ£µ µ¶·¥¤¥²¥´¨Ö ¢¨¤  (2.64) ¨
µ¸É ¥É¸Ö ²¨ÏÓ Ëµ·³Ê²¨·µ¢±  ��‘’-É¨¶ ,  ´ ²µ£¨Î´ Ö (2.63). ’¥¶¥·Ó ¢³¥-
¸Éµ µ¤¥¢ ´¨Ö Ξ(x,φ) ¥¤¨´¸É¢¥´´Ò³ ¤ÊÌµ¢Ò³ ¶µ²¥³ c−1 ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ
±µ³¡¨´ Í¨Õ ¤ÊÌµ¢ÒÌ ¶µ²¥°:

Oν ,ξ(x,φ, c) = Ξν ,ξ(x,φ)
∏
j∈Sj

(
c1−j∂c1−j∂

2c1−j . . . ∂
j−2c1−j

)
=

= ψν,ξ(x)e(ν−2ρ)φei
∑

(j−1)ϕj . (2.65)

‚ ¶µ¸²¥¤´¥³ · ¢¥´¸É¢¥ ÊÎÉ¥´  Ö¢´ Ö Ëµ·³Ê²  (2.62) ¤²Ö βν ¨ ¡µ§µ´¨§ -
Í¨Ö ¤ÊÌµ¢ÒÌ ¶µ²¥°, É.¥. bj = e−iϕj , c1−j = eiϕj . � §³¥·´µ¸ÉÓ ±µ³¡¨´ -
Í¨¨ {c1−j∂c1−j∂2c1−j . . . ∂

j−2c1−j} =: (c1−j)
j−1 := ei(j−1)ϕj · ¢´  ∆j =

= −j(j− 1)/2, ¨ ¶·µ¨§¢¥¤¥´¨¥ ¤ÊÌµ¢ÒÌ ¢±² ¤µ¢ ¢ (2.65) ¶·¨µ¡·¥É ¥É · §³¥·-
´µ¸ÉÓ∑
j∈SG

∆j =
1

24

∑
j∈SG

[−2(6j2−6j+ 1) + 2] =
1

24
(cghosts + 2rG) = −2ρ2. (2.66)

’ ±¨³ µ¡· §µ³, µ¶¥· Éµ·, µÉ¢¥Î ÕÐ¨° ´ ¡²Õ¤ ¥³µ°, µ± §Ò¢ ¥É¸Ö ´Ê²¥¢µ°
· §³¥·´µ¸É¨, ´µ ¶·¨µ¡·¥É ¥É ¶·¨ ÔÉµ³ ¡µ²ÓÏµ° ¤ÊÌµ¢Ò° § ·Ö¤. �ÉµÉ ¤Ê-
Ìµ¢Ò° § ·Ö¤ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ±µ··¥²ÖÉµ·µ¢ ±µ³¶¥´¸¨·Ê¥É¸Ö ¢¸É ¢± ³¨∏
j∈SG

(
N(j)∏
α=1

∫
d2z

bjµ
(j)
α

)
, ±µÉµ·Ò¥ É¥¶¥·Ó ¢±²ÕÎ ÕÉ ¤¨ËË¥·¥´Í¨ ²Ò �¥²ÓÉ· ³¨,

µÉ¢¥Î ÕÐ¨¥ ³µ¤Ê²Ö³ W -¸É·Ê±ÉÊ·. ‡ ³¥É¨³, ÎÉµ µ¶¥· Éµ·Ò ´ ¡²Õ¤ ¥³ÒÌ
(2.65) ¢ WG-¸É·Ê´ Ì ¸ c = rG ³µ¦´µ ¢Ò¡¨· ÉÓ ¢ ± Î¥¸É¢¥ ¶·¥¤¸É ¢¨É¥²¥°
±² ¸¸µ¢ ��‘’-±µ£µ³µ²µ£¨° (¶µ ±· °´¥° ³¥·¥, ¤²Ö ¸²ÊÎ Ö G = SU(3) [107]).
�¶¥· Éµ·´ Ö  ²£¥¡·  ¢ ¸¥±Éµ·¥, µ¶·¥¤¥²Ö¥³µ³ ³µ¤¥²ÓÕ £·Ê¶¶Ò G, ¸¢µ¤¨É¸Ö ±
¶· ¢¨² ³ ¶·µ¨§¢¥¤¥´¨Ö ¶·¥¤¸É ¢²¥´¨° ¸µµÉ¢¥É¸É¢ÊÕÐ¥° £·Ê¶¶Ò, ´µ ¶·¨ ÔÉµ³
¢ÒÎ¨¸²¥´¨¥ ¸É·Ê±ÉÊ·´ÒÌ ±µ´¸É ´É § É·Ê¤´¥´µ ¨§-§  µÉ¸ÊÉ¸É¢¨Ö ¨²¨ £·µ³µ§¤-
±µ¸É¨ Ëµ·³Ê² ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ Š²¥¡Ï  Å ƒµ·¤ ´  ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ, ±·µ³¥
SL(2).

2.3. �¥¶¥·ÉÊ·¡ É¨¢´ Ö Ëµ·³Ê²¨·µ¢±  ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨: ·¥Ï¥-
´¨¥ Ê¸²µ¢¨° ‚¨· ¸µ·µ. �µ µ¶·¥¤¥²¥´¨Õ ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ¸É É¸Ê³³  (¨²¨
¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¤²Ö Ë¨§¨Î¥¸±¨Ì  ³¶²¨ÉÊ¤) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢
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¢¨¤¥ ¸Ê³³Ò ·Ö¤ , ± ¦¤Ò° Î²¥´ ¢ ±µÉµ·µ³ ¶·¥¤¸É ¢²¥´ ¶µ²Ö±µ¢¸±¨³ ±µ´É¨´Ê-
 ²Ó´Ò³ ¨´É¥£· ²µ³ ´  ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ µ¶·¥¤¥²¥´´µ£µ ·µ¤  (¸³. (2.1)):

F(λ) =
∑

genus

λgFg; Fg =

∫
Σp

Dg exp γ

∫
R∆−1R. (2.67)

‚ÒÏ¥ ¡Ò²µ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ, ÎÉµ ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² (2.1), (2.67)
¤ ¦¥ ¶¥·ÉÊ·¡ É¨¢´µ (É.¥. ± ¦¤Ò° Î²¥´ ¢ µÉ¤¥²Ó´µ¸É¨) ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨-
¸²¥´ ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ¸²ÊÎ ¥¢ ¢ ¶·µ¸É¥°Ï¨Ì É¥µ·¨ÖÌ 2D-
£· ¢¨É Í¨¨. ‚ÒÎ¨¸²¥´¨¥ ¦¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éµ¢ ¨²¨ ¸Ê³³¨·µ¢ ´¨¥
·Ö¤  (2.67) Ö¢²Ö¥É¸Ö ¸²µ¦´µ° § ¤ Î¥°, ±µÉµ· Ö ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ´¥ ¨³¥¥É
¶·Ö³µ£µ ·¥Ï¥´¨Ö. ‚ÒÎ¨¸²¥´¨¥ ÉµÎ´µ£µ µÉ¢¥É  ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´µ ²¨ÏÓ
±µ¸¢¥´´Ò³¨ ³¥Éµ¤ ³¨, ¨§ ±µÉµ·ÒÌ ¨¸Éµ·¨Î¥¸±¨ ¶¥·¢Ò³ ¶µÖ¢¨² ¸Ó Ëµ·³Ê²¨-
·µ¢±  ¢ É¥·³¨´ Ì ³ É·¨Î´ÒÌ ³µ¤¥²¥° [22], ±µ£¤  ¢³¥¸Éµ ´¥¶·¥·Ò¢´µ° É¥µ·¨¨
(2.67) · ¸¸³ É·¨¢ ¥É¸Ö ¥¥ ÔËË¥±É¨¢´ Ö ¤¨¸±·¥É¨§ Í¨Ö, Ö¢²ÖÕÐ Ö¸Ö ¢ ´¥±µÉµ-
·µ³ ¸³Ò¸²¥ ÉµÎ´µ° ¤²Ö ¶·µ¸É¥°Ï¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°, É.¥. ¶·¨ ¸¶¥Í¨ ²Ó´ÒÌ
É·¥¡µ¢ ´¨ÖÌ ´  ¶·µ¸É· ´¸É¢µ-¢·¥³Ö (´ ¶·¨³¥·, ´  · §³¥·´µ¸ÉÓ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨: ÔËË¥±É¨¢´Ò¥ ³ É·¨Î´Ò¥ É¥µ·¨¨ ¨§¢¥¸É´Ò ²¨ÏÓ ¤²Ö ¶·µ¸É· ´¸É¢
³ ²µ° · §³¥·´µ¸É¨ Å ¢ ¶·¥¤¥²¥ ¤²Ö ¸²ÊÎ Ö Î¨¸Éµ° £· ¢¨É Í¨¨ (2.67)).

�·µ¡²¥³Ò ¸ ´¥¶·¥·Ò¢´µ° Ëµ·³Ê²¨·µ¢±µ° (2.67), ± ± ¶· ¢¨²µ, ¸¢Ö§ ´Ò
¸ É¥³, ÎÉµ µ´  ´¥¸¥É ª¨§¡ÒÉµÎ´ÊÕª ¨´Ëµ·³ Í¨Õ, ¸¢Ö§ ´´ÊÕ ¸ ª¢´ÊÉ·¥´´¥°ª
¸É·Ê±ÉÊ·µ° ³¨·µ¢µ£µ ²¨¸É  (´ ¶·¨³¥·, ¨´Ëµ·³ Í¨Õ µ ¸É·Ê±ÉÊ·¥ ¶·¥¤¸É ¢²¥-
´¨° ±¨· ²Ó´µ°  ²£¥¡·Ò 2D ±µ´Ëµ·³´µ° É¥µ·¨¨ ¶µ²Ö), ±µÉµ· Ö ´¥ Ö¢²Ö¥É¸Ö
¸ÊÐ¥¸É¢¥´´µ° ¤²Ö Ëµ·³Ê²¨·µ¢±¨ ±µ´¥Î´µ° ªÔËË¥±É¨¢´µ°ª É¥µ·¨¨ Ê¦¥ ´¥¶µ-
¸·¥¤¸É¢¥´´µ ¢ Ë¨§¨Î¥¸±µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨. „·Ê£¨³¨ ¸²µ¢ ³¨, ¢§ ¨³µ-
¤¥°¸É¢¨¥ ¸ £· ¢¨É Í¨¥° ¶·¥¢· Ð ¥É ±µ´Ëµ·³´Ò¥ ¶µÉµ³±¨ ¢ ª± ²¨¡·µ¢µÎ´Ò¥ª
¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ±µÉµ·Ò¥ ´¥ ´¥¸ÊÉ Ë¨§¨Î¥¸±µ° ´ £·Ê§±¨, ¨ ¶µÖ¢²Ö¥É¸Ö ´ ¤¥-
¦¤  ´  ¢µ§³µ¦´µ¸ÉÓ ÔËË¥±É¨¢´µ° Ëµ·³Ê²¨·µ¢±¨, ª§ ¡Ò¢ ÕÐ¥°ª ¶·µ ¸É·Ê±-
ÉÊ·Ò ´  ³¨·µ¢µ³ ²¨¸É¥, ±µÉµ· Ö (¶·¨ Ê¤ Î¥) ¶µÖ¢²Ö¥É¸Ö ¨ § ¶¨¸Ò¢ ¥É¸Ö ¢ É¥·-
³¨´ Ì ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò. ‚ ´¥±µÉµ·µ³ ¸³Ò¸²¥ ¨´É¥£·¨·Ê¥³µ¸ÉÓ ³µ¦´µ
· ¸¸³ É·¨¢ ÉÓ ± ± ¤µ¶µ²´¨É¥²Ó´Ò° ¶·¨´Í¨¶, ¶µ§¢µ²ÖÕÐ¨° µ¶·¥¤¥²¨ÉÓ ¸Ê³³Ê
·Ö¤  (2.67),   ¨³¥´´µ, ¥¸²¨ ´ °¤¥É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥, ¤²Ö ±µÉµ-
·µ£µ ( ¸¨³¶ÉµÉ¨Î¥¸±¨°) ·Ö¤ (2.67) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³, Éµ ¥£µ ÉµÎ´µ¥ ·¥Ï¥´¨¥
µÉ¢¥Î ¥É ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥¦¨³Ê.

‘´ Î ²  ³Ò · ¸¸³µÉ·¨³ ¶·¨³¥·, £¤¥ ÔËË¥±É¨¢´ Ö É¥µ·¨Ö ¤ ¥É¸Ö ´¥¶·¥-
·Ò¢´Ò³ ¶·¥¤¥²µ³ ³ É·¨Î´ÒÌ ³µ¤¥²¥°, µ¶·¥¤¥²¥´´ÒÌ ¨´É¥£· ² ³¨ É¨¶  (1.3),
¡µ²¥¥ ÉµÎ´µ ¢ ¸²ÊÎ ¥ µ¤´µ° ³ É·¨ÍÒ ¨³¥ÕÐ¨³ ¢¨¤

ZN =

∫
DMN×N exp−Tr

∑
tkM

k; DMN×N ≡
∏
dMij

Vol U(N)
. (2.68)
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�¥¶·¥·Ò¢´Ò° ¶·¥¤¥², ¢ Î ¸É´µ¸É¨, ¶·¥¤¶µ² £ ÕÐ¨° N → ∞, logZ −→
N→∞

F ,

¤ ¥É ÉµÎ´µ¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ·¥Ï¥´¨¥ (2.67) ¤²Ö ±² ¸¸  (2, 2k + 1) ³µ¤¥-
²¥° [23].

�¸´µ¢´Ò³ · §²¨Î¨¥³ ³¥¦¤Ê ´¥¶·¥·Ò¢´µ° (2.67) ¨ ÔËË¥±É¨¢´µ° ³ É·¨Î-
´µ° Ëµ·³Ê²¨·µ¢± ³¨ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶¥·¢ Ö ¶·¥¤¶µ² £ ¥É ´¥±µÉµ·Ò° ¤µ-
¶µ²´¨É¥²Ó´Ò° ´ ¡µ· Ê¸²µ¢¨° Ê´¨É ·´µ¸É¨ ¨²¨ Ë ±Éµ·¨§ Í¨¨, ÎÉµ¡Ò ¸¢Ö§ ÉÓ
³¥¦¤Ê ¸µ¡µ° ´µ·³¨·µ¢±Ê · §²¨Î´ÒÌ Î²¥´µ¢ ¢ ¸Ê³³¥ ¶µ Éµ¶µ²µ£¨Ö³ ¢ (2.67),
¢ Éµ ¢·¥³Ö ± ± ¢ ³ É·¨Î´µ° Ëµ·³Ê²¨·µ¢±¥ (2.68) ÔÉ¨ ¸µµÉ´µÏ¥´¨Ö ¢µ§´¨± ÕÉ
 ¢Éµ³ É¨Î¥¸±¨. �µ²¥¥ Éµ£µ, ¶µ ±· °´¥° ³¥·¥ ¤²Ö ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨° µ´¨
¨³¥ÕÉ ¢¨¤ É ± ´ §Ò¢ ¥³ÒÌ ¢¨· ¸µ·µ¢¸±¨Ì (¢ µ¡Ð¥³ ¸²ÊÎ ¥ W ) Ê¸²µ¢¨° ∗,
±µÉµ·Ò¥ ´  ¸ ³µ³ ¤¥²¥ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± µ¶·¥¤¥²¥´¨¥ ´¥¶¥·ÉÊ·¡ -
É¨¢´µ° É¥µ·¨¨. ‚ ¤ ²Ó´¥°Ï¥³ ·¥Ï¥´¨Ö ¨¥· ·Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨°,
Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ¢¨· ¸µ·µ¢¸±¨³ Ê¸²µ¢¨Ö³, ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸É·Ê´´Ò³¨ ·¥Ï¥-
´¨Ö³¨.

�¨¦¥ ³Ò µ¶·¥¤¥²¨³ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ É¥µ·¨¨ ± ± ·¥Ï¥´¨Ö ¢¨· ¸µ·µ¢-
¸±¨Ì Ê¸²µ¢¨°. �± §Ò¢ ¥É¸Ö, ÔÉ¨ Ê¸²µ¢¨Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨¢µ¤ÖÉ ± ¨´É¥-
£·¨·Ê¥³µ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ÔËË¥±É¨¢´ÒÌ É¥µ·¨°, ¢ Î ¸É´µ¸É¨, ·¥Ï¥´¨Ö
¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° µ± §Ò¢ ÕÉ¸Ö τ -ËÊ´±Í¨Ö³¨ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ ¨¥· ·-
Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° [24Ä26].

‚ É¥·³¨´ Ì ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ (2.67) ÔÉµ µ§´ Î ¥É, ÎÉµ F(T ) =
= log τ(T ), £¤¥ T ≡ {Tk} Ö¢²Ö¥É¸Ö ´ ¡µ·µ³ ¢·¥³¥´ ¨´É¥£·¨·Ê¥³µ° ¨¥· ·-
Ì¨¨ ¨²¨ ´ ¡µ·µ³ ±µ´¸É ´É ¸¢Ö§¨ ´¥¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ 2D-£· ¢¨É Í¨¨.
ˆ³¥´´µ ¶µÖ¢²¥´¨¥ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö Éµ° ´µ¢µ° Î¥·Éµ° ÔË-
Ë¥±É¨¢´µ° Ëµ·³Ê²¨·µ¢±¨, ±µÉµ· Ö ¶µ§¢µ²Ö¥É £µ· §¤µ ¤ ²ÓÏ¥ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢
¨§ÊÎ¥´¨¨ ¸¢µ°¸É¢ (2.68), ´¥¦¥²¨ µ·¨£¨´ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ (2.67).

�¥Ï¥´¨¥ É ± ´ §Ò¢ ¥³ÒÌ ª¤¨¸±·¥É´ÒÌª ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° [27]:

LnZN (t) = 0, n ≥ −1; Ln ≡
∞∑
k=0

ktk
∂

∂tk+n
+
∑

a+b=n

∂2

∂ta∂tb
(2.69)

¸ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ (¶·¨¤ ÕÐ¨³ ¸³Ò¸² ¶¥·¥³¥´´µ° t0)
∂ZN
∂t0

=
= −NZN (£¤¥ N ¸²¥¤Ê¥É µÉµ¦¤¥¸É¢²ÖÉÓ ¸ · §³¥·µ³ ³ É·¨Í ¢ Ëµ·³Ê²¥ (2.68))
¢ ¸¶¥Í¨ ²Ó´µ³ ¤¢µ°´µ³ ¸±¥°²¨´£µ¢µ³ ¶·¥¤¥²¥ [23] ¤ ¥É ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ
Ëµ·³Ê²¨·µ¢±Ê ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨ ± ± ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°

∗�ÉµÉ ÔËË¥±É Ö¸´µ Ê± §Ò¢ ¥É ´  ´ ²¨Î¨¥ µ¶·¥¤¥²¥´´µ° ¤Ê ²Ó´µ¸É¨ ³¥¦¤Ê ³¨·µ¢Ò³ ²¨¸Éµ³
¨ ¶·µ¸É· ´¸É¢µ³-¢·¥³¥´¥³, ¶·¨ ±µÉµ·µ° ·¥¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢µ£µ ²¨¸É  ¨ ¶·¥µ¡· §µ¢ ´¨Ö ¢
¶·µ¸É· ´¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨ ³¥´ÖÕÉ¸Ö ³¥¸É ³¨.
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Lnτ = 0, n ≥ −1,

Ln =
∑
k=0

(
k +

1

2

)
T2k+1

∂

∂T2(k+n)+1
+

+G
∑

0≤k≤n−1

∂2

∂T2k+1∂T2(n−k)−1
+
δ0,n

16
+
δ−1,nT

2
1

16G
, (2.70)

£¤¥ τ Å τ -ËÊ´±Í¨Ö ¨¥· ·Ì¨¨ Š¤”, É.¥. ¶µ³¨³µ (2.70) Ê¤µ¢²¥É¢µ·Ö¥É ¥Ð¥ ¨
¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (¡¨²¨´¥°-
´ÒÌ ¸µµÉ´µÏ¥´¨° •¨·µÉÒ, ¸³., ´ ¶·¨³¥·, [56]). �±µ´Î É¥²Ó´ Ö Ëµ·³Ê²¨-
·µ¢±  ¤ ´´µ£µ ¸¥³¥°¸É¢  ³µ¤¥²¥° 2D-£· ¢¨É Í¨¨ ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ
¸¨¸É¥³ µ¸´µ¢ ´  ´  ¸²¥¤ÊÕÐ¨Ì ÊÉ¢¥·¦¤¥´¨ÖÌ.
• �·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ³ É·¨Î´µ° ³µ¤¥²¨ (2.69) ± ± ËÊ´±Í¨Ö ¢·¥³¥´

Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¶µ²Ê¡¥¸±µ´¥Î´µ° Í¥¶µÎ±¨ ’µ¤Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¶·µ-
¡²¥³  �¨³ ´  Å ƒ¨²Ó¡¥·É  § ¤ ¥É¸Ö ¸± ²Ö·´Ò³ ¶·µ¨§¢¥¤¥´¨¥³

〈A(λ), B(λ)〉 =

∮
A(λ)B∗(λ)e−V (λ); V (λ) ≡

∑
k≥0

tkλ
k. (2.71)

�Éµ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¶µ§¢µ²Ö¥É ¢¢¥¸É¨ ´ ¡µ· µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨-
´µ³µ¢ Pn(λ) = λn + O(λn−1), µÉ²¨Î ÕÐ¨Ì¸Ö ´µ·³¨·µ¢±µ° µÉ ¸É ´¤ ·É´ÒÌ

ËÊ´±Í¨° �¥°±¥·  Å �Ì¨¥§¥·  Ψn(λ) = Pn(λ) e−
V (λ)

2 −φn2 :

〈Pn(λ), Pm(λ)〉 = eφnδmn, (2.72)

É ± ÎÉµ

ZN (t) = τN (t) = τ0

N−1∏
n=1

eφn , (2.73)

  ¶¥·¥³¥´´Ò¥ φn ± ± ËÊ´±Í¨¨ ¢·¥³¥´ {tk} Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ ¨¥· ·-
Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò

∂2φn

∂t21
= eφn+1−φn − eφn−φn−1 ≡ Rn+1 −Rn,

∂φn

∂t2
= −

(
eφn+1−φn +

(
∂φn

∂t1

)2

− eφn−φn−1

)
≡ −(Rn+1 + p2

n −Rn) (2.74)

¨ É.¤. ‚ ·¥¤ÊÍ¨·µ¢ ´´µ° ³µ¤¥²¨ ¸¨¸É¥³  (2.74) ¢Ò·µ¦¤ ¥É¸Ö ¢ ¨¥· ·Ì¨Õ ‚µ²Ó-
É¥·· , ¶¥·¢µ¥ Ê· ¢´¥´¨¥ ±µÉµ·µ° (¢ ¶¥·¥³¥´´ÒÌ Rn{t2k} ≡ eφn−φn−1{t2k})
¨³¥¥É ¢¨¤ ∂Rn

∂t2
= −Rn(Rn+1 − Rn−1). ‘µ¢³¥¸É´µ¸ÉÓ ³¥¦¤Ê Ê· ¢´¥´¨Ö³¨

’µ¤Ò ¨ ¢¨· ¸µ·µ¢¸±¨³¨ Ê¸²µ¢¨Ö³¨ (2.69) ¤ ¥É ª¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ª [27].
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• �¥¶·¥·Ò¢´Ò° ¶·¥¤¥² µ¶·¥¤¥²Ö¥É¸Ö ± ± ¤¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥²
[23], ¶·¨ ±µÉµ·µ³ N → ∞ µ¤´µ¢·¥³¥´´µ ¸ Ê¸²µ¢¨¥³, ÎÉµ ±µ´¸É ´ÉÒ ¸¢Ö§¨
¤µ¸É¨£ ÕÉ ¸¢µ¨Ì ±·¨É¨Î¥¸±¨Ì §´ Î¥´¨° É ±, ÎÉµ ¸É·Ê´´ Ö ±µ´¸É ´É  ¸¢Ö§¨
(¶ · ³¥É· · §²µ¦¥´¨Ö ¶µ ·µ¤ ³) Ë¨±¸¨·µ¢ ´ . ª�¥¶·¥·Ò¢´Ò¥ª ¢¥²¨Î¨´Ò ¶µ-
²ÊÎ ÕÉ¸Ö ¨§ ª¤¨¸±·¥É´ÒÌª ¶¥·¥´µ·³¨·µ¢±µ°, Ö¢²ÖÕÐ¥°¸Ö ¸²¥¤¸É¢¨¥³ ´¥É·¨-
¢¨ ²Ó´µ° § ³¥´Ò ¢·¥³¥´ {t} → {T̃ } → {T} ¨ ¶¥·¥´µ·³¨·µ¢±¨ ¶·µ¨§¢µ¤Ö-
Ð¥° ËÊ´±Í¨¨. �µ²¥¥ ÉµÎ´µ ´¨¦¥ ¡Ê¤¥É ¢¢¥¤¥´ ¶ · ³¥É· a É ±µ°, ÎÉµ a → 0
¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥,   ¢¸¥ ¤¨¸±·¥É´Ò¥ ¢¥²¨Î¨´Ò Ö¢²ÖÕÉ¸Ö ´¥±µÉµ·Ò³¨
ËÊ´±Í¨Ö³¨ ¶ · ³¥É·  a, ´ ¶·¨³¥·, ¤¨¸±·¥É´Ò¥ ¢·¥³¥´  tk ≡ tk(a,T ), · §-
³¥· ³ É·¨ÍÒ N ≡ N(a,T ) →

a→0
∞ ¨ É.¶. �ÉµÉ ¶·¥¤¥² ´¥É·¨¢¨ ²¥´ ± ± ¤²Ö

Éµ¤µ¢¸±¨Ì Ê· ¢´¥´¨°∗, É ± ¨ ¤²Ö ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°. �·µ¸É¥°Ï¨³ ¸²Ê-
Î ¥³, ±µ£¤  µ´ ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´ ¨ ¶·¨¢µ¤¨É ± ¸¥³¥°¸É¢Ê (2, 2k + 1)
³µ¤¥²¥° 2D-£· ¢¨É Í¨¨, Ö¢²Ö¥É¸Ö µ¤´µ³ É·¨Î´ Ö Ô·³¨Éµ¢¸± Ö ³µ¤¥²Ó ¸ ´Ê²¥-
¢Ò³¨ ´¥Î¥É´Ò³¨ ¢·¥³¥´ ³¨ [28]. ‘¢Ö§Ó ³¥¦¤Ê ¤¨¸±·¥É´Ò³¨ ¨ ´¥¶·¥·Ò¢´Ò³¨
É¥µ·¨Ö³¨ ´  Ö§Ò±¥ ¸¢µ¡µ¤´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥°, µÉ¢¥Î ÕÐ¨Ì ª¡µ§µ´¨§ Í¨¨ª
¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° (2.69) ¨ (2.70), § ¤ ¥É¸Ö § ³¥´µ° ¸¶¥±É· ²Ó´µ£µ ¶ -
· ³¥É·  u2 = 1 + az. �·¨ ÔÉµ³ ´¥¶·¥·Ò¢´Ò¥ £¥´¥· Éµ·Ò  ²£¥¡·Ò ‚¨· ¸µ·µ
(2.70) Ö¢²ÖÕÉ¸Ö ³µ¤ ³¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 

T (z) =
1

2
: ∂Φ2(z):− 1

16z2
=
∑ Ln

zn+2
. (2.75)

�µ¤·µ¡´µ¸É¨ ¶·µÍ¥¤Ê·Ò ´¥¶·¥·Ò¢´µ£µ ¶·¥¤¥²  ³µ¦´µ ´ °É¨ ¢ [28,29].
• “¸²µ¢¨¥ ¸µ¢³¥¸É´µ¸É¨ Ê· ¢´¥´¨° ’µ¤Ò ¨ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° Å

¤¨¸±·¥É´µ¥ ¸É·Ê´´µ¥ Ê· ¢´¥´¨¥

n+
1

2
= G(k)

n {R} ¨²¨ 1 = G
(k)
n+1{R} −G

(k)
n−1{R} (2.76)

Ô±¢¨¢ ²¥´É´µ Ê¸²µ¢¨Õ Ô±¸É·¥³Ê³  δS
δ logRn

= 0 ËÊ´±Í¨µ´ ² 

S =
∑
n

(
φn +

∑
k

tkG
(k)
n {R}

)
. (2.77)

„¥°¸É¢¨¥ (2.77), § ¶¨¸ ´´µ¥ ¢ É¥·³¨´ Ì µ¶¥· Éµ·  ‹ ±¸  L ¸µ ¸É ´¤ ·É´µ°
´µ·³¨·µ¢±µ° ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ Lmn ≡ 〈m|λ|n〉√

〈m|m〉〈n|n〉
[27], ¶·¨µ¡·¥É ¥É

¢¨¤

S =
∑
n

(
φn +

1

2

∑
k

tk Tr L2k

)
. (2.78)

∗�Éµ Ìµ·µÏµ ¨§¢¥¸É´Ò° ¶·¥¤¥² ¢ É¥µ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, µÉ¢¥Î ÕÐ¨° ª¸²¨Ö´¨Õª
¤¢ÊÌ µ¸µ¡ÒÌ ÉµÎ¥± (µ¸µ¡¥´´µ¸É¥° ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥·  ¨ É.¶.) ¢ É¥µ·¨¨ ’µ¤Ò ¢ µ¤´Ê,
µÉ¢¥Î ÕÐÊÕ ¨¥· ·Ì¨¨ Š¤” ¶·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶¥·¥µ¶·¥¤¥²¥´¨¨ ¢·¥³¥´.
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’ ±¨³ µ¡· §µ³, Ö¢´µ ¶·¥¤¸É ¢²¥´  ±µ´¸É·Ê±Í¨Ö, ¢ ±µÉµ·µ° ¸¥³¥°¸É¢µ ·¥Ï¥-
´¨° ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò (Ö¢²ÖÕÐ¥°¸Ö ´¥±µÉµ·µ° ·¥¤Ê±Í¨¥° ¨¥· ·Ì¨¨ Š�
¨²¨ ¤¢Ê³¥·´µ° ·¥Ï¥É±¨ ’µ¤Ò), ¢Ò¤¥²Ö¥³µ¥ Ê¸²µ¢¨¥³ ¨´¢ ·¨ ´É´µ¸É¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨Ì τ -ËÊ´±Í¨° µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö Î ¸É¨ £¥´¥· Éµ·µ¢  ²£¥¡·Ò
‚¨· ¸µ·µ (W - ²£¥¡·Ò) Lnτ = 0, n ≥ −1, Ëµ·³Ê²¨·Ê¥É¸Ö ´  ² £· ´¦¥¢¸±µ³
Ö§Ò±¥, É.¥. ¢ ¢¨¤¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö δS = 0. „¥°¸É¢¨¥, ± ± µ¡ÒÎ´µ, ¶µ-
§¢µ²Ö¥É ¢Ò°É¨ §  · ³±¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö: ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² ¢¨¤ ∫
Dφ exp

(
− 1
~S{φ}

)
¶·¨ ´¥´Ê²¥¢µ° ¶µ¸ÉµÖ´´µ° �² ´±  ~ 6= 0, ¢ ¶·¨´Í¨¶¥,

¶µ§¢µ²Ö¥É ¨¸¸²¥¤µ¢ ÉÓ ¤¨´ ³¨±Ê ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥ ¸É·Ê´´µ°
É¥µ·¨¨ ¶µ²Ö. ‚ Î ¸É´µ¸É¨, ³µ¦´µ ´ ¤¥ÖÉÓ¸Ö, ÎÉµ, ³¥´ÖÖ ¸ ¶µ³µÐÓÕ ·¥´µ·³-
£·Ê¶¶Ò §´ Î¥´¨Ö ¶ · ³¥É·µ¢ t ¢ (2.78), ³µ¦´µ µ¶¨¸Ò¢ ÉÓ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê
· §²¨Î´Ò³¨ ³Ê²ÓÉ¨±·¨É¨Î¥¸±¨³¨ ÉµÎ± ³¨, ¨²¨ ³¥¦¤Ê · §²¨Î´Ò³¨ ÉµÎ± ³¨
ÔËË¥±É¨¢´µ° É¥µ·¨¨ ¤¢Ê³¥·´µ° £· ¢¨É Í¨¨. ‚ ¶µ¸É·µ¥´´µ° Ëµ·³Ê²¨·µ¢±¥
ÔÉ¨ ¤¥Ëµ·³ Í¨¨ ¤¥°¸É¢¨Ö S{φ} § ¤ ÕÉ¸Ö ¶·µ¨§¢µ¤´Ò³¨ ¶µ ¢·¥³¥´ ³ T , É.¥.
(¢§ ¨³´µ ±µ³³ÊÉ¨·ÊÕÐ¨³¨) ¶µÉµ± ³¨ ¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨°.

2.4. ’µ¶µ²µ£¨Î¥¸± Ö 2D-£· ¢¨É Í¨Ö ± ± Ö¢´µ¥ ·¥Ï¥´¨¥ ¢¨· ¸µ·µ¢¸±¨Ì
Ê¸²µ¢¨°. ‡¤¥¸Ó ³Ò ¶µ¸É·µ¨³ ·¥Ï¥´¨¥ ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¢´¥
¢¸Ö±µ° ¸¢Ö§¨ ¸ ¨Ì ¤¨¸±·¥É´Ò³¨  ´ ²µ£ ³¨, É.¥. ¡Ê¤¥É ¶·¥¤²µ¦¥´  ¸µ¢¥·Ï¥´´µ
µÉ²¨Î´ Ö µÉ ¶·¨¢¥¤¥´´µ° ¢ÒÏ¥ ¶·µÍ¥¤Ê·  ¶µ¸É·µ¥´¨Ö ·¥Ï¥´¨Ö ´¥¶¥·ÉÊ·-
¡ É¨¢´µ° ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° £· ¢¨É Í¨¨ ± ± ¶·¥¤¥²  ¨§ ¢¸¶µ³µ£ É¥²Ó´µ°
¤¨¸±·¥É´µ° § ¤ Î¨ ¸ ¡µ²¥¥ ¶·µ¸ÉÒ³¨ ªÊ¸²µ¢¨Ö³¨ Ê´¨É ·´µ¸É¨ª. ‚ µÉ²¨Î¨¥
µÉ ¤¨¸±·¥É´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ, £¤¥ ·¥Ï¥´¨¥ ¸· §Ê ´ Ìµ¤¨É¸Ö ¢ ¢¨¤¥ ±µ´-
Ëµ·³´µ£µ ±µ··¥²ÖÉµ·  µ¡ÒÎ´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥° [108], ´¥¶·¥·Ò¢´Ò° ¸²ÊÎ °
µ± §Ò¢ ¥É¸Ö £µ· §¤µ ¡µ²¥¥ ¸²µ¦´Ò³. �¸´µ¢´ Ö ¶·¨Î¨´  § ±²ÕÎ ¥É¸Ö ¢ Éµ³,
ÎÉµ ´¥¶·¥·Ò¢´Ò° ¸²ÊÎ ° µÉ²¨Î ¥É¸Ö µÉ ¤¨¸±·¥É´µ£µ (¶µ Ö¢´µ³Ê ¢¨¤Ê: ¸·.
(2.69) ¨ (2.70)) § ³¥´µ° µ¡ÒÎ´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ´  ¸± ²Ö·´µ¥ ¶µ²¥ ¸  ´-
É¨¶¥·¨µ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ Å ¨³¥´´µ ¢ É ±µ³ ¸¨´£Ê²Ö·´µ³
¶·¥µ¡· §µ¢ ´¨¨ ¨ § ±²ÕÎ ¥É¸Ö ¸³Ò¸² ¤¢µ°´µ£µ ¸±¥°²¨´£µ¢µ£µ ¶·¥¤¥² . ‚ ¶µ-
²ÖÌ ¸  ´É¨¶¥·¨µ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¶µ¸É·µ¨ÉÓ ±µ´Ëµ·³´µ¥ ·¥-
Ï¥´¨¥ £µ· §¤µ ¸²µ¦´¥¥∗, ¶µÔÉµ³Ê ´¨¦¥ ¤²Ö ·¥Ï¥´¨Ö ´¥¶·¥·Ò¢´µ° ¶·µ¡²¥³Ò
¢µ¸¶µ²Ó§Ê¥³¸Ö ¤·Ê£¨³ ³¥Éµ¤µ³.

�± §Ò¢ ¥É¸Ö, ÎÉµ ´¥¶·¥·Ò¢´Ò¥ Ê¸²µ¢¨Ö ‚¨· ¸µ·µ (¢ ¸¶¥Í¨ ²Ó´ÒÌ ¶¥·¥-
³¥´´ÒÌ Œ¨¢Ò, ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¶µ¤·µ¡´µ µ¡¸Ê¦¤¥´Ò ´¨¦¥) ³µ£ÊÉ ¡ÒÉÓ ª¶·µ-
¸Ê³³¨·µ¢ ´Òª ¢ µ¶·¥¤¥²¥´´Ò¥ ³ É·¨Î´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò.
Šµ´±·¥É´µ ¤²Ö W (p)- ²£¥¡·Ò (Vir = W (2)) ÔÉ¨ µ¶¥· Éµ·Ò ¸¢Ö§ ´Ò ¸ ² ¶² -
¸¨ ´ ³¨ (¨²¨ ± §¨³¨· ³¨) ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µ´¥Î´µ³¥·´ÒÌ  ²£¥¡· (SL(n)
¤²Ö W (n)) ¨ ¨³¥ÕÉ ¢¨¤

∂p

∂Λp
+ ..., (2.79)

∗�¤´µ° ¨§ ¶·¨Î¨´ Ö¢²Ö¥É¸Ö µÉ¸ÊÉ¸É¢¨¥ ¸¨²Ó´µ Ê¶·µÐ ÕÐ¥£µ ¶· ¢¨²  µÉ¡µ·  ¶µ ´Ê²¥¢µ°
³µ¤¥ ¸± ²Ö·´µ£µ ¶µ²Ö.
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£¤¥ Λ Å Ô·³¨Éµ¢  ³ É·¨Í  · §³¥·  N × N (¤²Ö ¸²ÊÎ Ö SL(N)). “¸²µ¢¨Ö
¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·µ¢ (2.79) ³µ£ÊÉ ¡ÒÉÓ ¨´É¥·-
¶·¥É¨·µ¢ ´Ò ± ± Éµ¦¤¥¸É¢  “µ·¤  ¢ ´¥±µÉµ·ÒÌ ÔËË¥±É¨¢´ÒÌ ³ É·¨Î´ÒÌ É¥-
µ·¨ÖÌ.

’ ±¨³ µ¡· §µ³, ´¨¦¥ ¡Ê¤¥É ¤µ± § ´µ, ÎÉµ ¨§ (¸¨¸É¥³Ò) Ê· ¢´¥´¨° ¨´¢ -
·¨ ´É´µ¸É¨ ËÊ´±Í¨¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  É¨¶  (2.79)

Tr ε(Λ)

(
W

(
∂

∂Λtr

)
− Λ

)
Z[Λ] = 0 (2.80)

(£¤¥ W (X) Å ´¥±µÉµ·Ò° ¶µ²¨´µ³,   (Λtr)ij ≡ Λji), ¸²¥¤ÊeÉ (¸É·µ£µ £µ¢µ·Ö,
¢ ¶·¥¤¥²¥ N → ∞), ÎÉµ ÔÉ  ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ´¥¶·¥·Ò¢´ÒÌ ¢¨-
· ¸µ·µ¢¸±¨Ì (¨²¨ W ) Ê¸²µ¢¨°. ˆ§ Ëµ·³Ò Ê· ¢´¥´¨Ö (2.80) ¸²¥¤Ê¥É, ÎÉµ µ´µ
³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ± ± Éµ¦¤¥¸É¢µ “µ·¤  ¤²Ö ³ É·¨Î´µ£µ ¨´É¥£· ² , ±µÉµ-
·Ò° (¶·¨ µ¶·¥¤¥²¥´´µ° ´µ·³¨·µ¢±¥) ¤ ¥É ÉµÎ´µ¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ ·¥Ï¥´¨¥
2D (Éµ¶µ²µ£¨Î¥¸±µ°)-£· ¢¨É Í¨¨. ’µÎ´ Ö Ëµ·³Ê²  ¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¶·µ-
¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ ¨³¥¥É ¢¨¤ [34] (W (M) ≡ V ′(M)):

Z(N)[V |M ] ≡ C(N)[V |M ] eTr V (M)−Tr MW (M)

∫
DX e−Tr V (X)+Tr W (M)X ,

(2.81)
£¤¥ ¨´É¥£·¨·µ¢ ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶µ ¶·µ¸É· ´¸É¢Ê N × N ªÔ·³¨Éµ¢ÒÌª ³ -
É·¨Í,   ´µ·³¨·µ¢µÎ´Ò° ³´µ¦¨É¥²Ó ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥ £ Ê¸¸µ¢¸±µ£µ
¨´É¥£· ² 

C(N)[V |M ]−1 ≡
∫
DY e−Tr U2[M,Y ],

U2 ≡ lim
ε→0

1

ε2
Tr [V (M + εY )− V (M)− εY V ′(M)]. (2.82)

‘´ Î ²  ³Ò µ¡¸Ê¤¨³ Éµ²Ó±µ ¸¶¥Í¨ ²Ó´Ò¥ ¶µÉ¥´Í¨ ²Ò ³µ´µ³¨ ²Ó´µ£µ ¢¨¤ 

Vp(X) = Xp+1

p+1 , ¶·¨¢µ¤ÖÐ¨¥ ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ ¢ (2.80) ± Ê· ¢´¥´¨Ö³ É¨¶ 
(2.79) ∗.

‚ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥ p = 2 ¨³¥¥É¸Ö ±¢ ¤· É¨Î´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· (² ¶² ¸¨ ´), ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´Ê¦´µ ¤µ± § ÉÓ · ¢¥´¸É¢µ

1

Z Tr

(
ε
∂2

∂Λ2
tr

− εΛ
)
Z =

1

Z

∑
n≥−1

LnZ Tr (εΛ−n−2) (2.83)

∗„µ± § É¥²Ó¸É¢µ ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨° ¤²Ö ¶µÉ¥´Í¨ ²µ¢ µ¡-
Ð¥£µ ¢¨¤  µ¸´µ¢ ´µ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ¨´É¥£·¨·Ê¥³µ¸É¨ ¨ ¡Ê¤¥É ¶·¨¢¥¤¥´µ ´¨¦¥.
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¤²Ö

Z{2}{Λ} ≡
∫
DX exp

(
−1

3
Tr X3 + Tr ΛX

)
=

= C[
√

Λ] exp

(
2

3
Tr Λ3/2

)
Z{2}(Tm),

Tm =
1

m
Tr M−m =

1

m
Tr Λ−m/2, m− ´¥Î¥É. (2.84)

¶·¨
C[
√

Λ] = det (
√

Λ⊗ I + I ⊗
√

Λ)−
1
2 (2.85)

¨

Ln =
1

2

∑
k>δn+1,0
k ´¥Î¥É.

kTk
∂

∂Tk+2n
+

+
1

4

∑
a+b=2n

a,b>0; a,b ´¥Î¥É.

∂2

∂Ta∂Tb
+ δn+1,0

T 2
1

4
+ δn,0

1

16
− ∂

∂T2n+3
. (2.86)

“· ¢´¥´¨¥ (2.83) ¢¥·´µ ¤²Ö ²Õ¡µ£µ · §³¥·  ³ É·¨Í Λ∗, ¡µ²¥¥ Éµ£µ, ¢ ¶·¥-
¤¥²¥ ¡¥¸±µ´¥Î´µ ¡µ²ÓÏµ£µ · §³¥·  ³ É·¨ÍÒ Λ (N → ∞) ¢¸¥ ¢¥²¨Î¨´Ò
Tr (εΛ−n−2), ´ ¶·¨³¥·, Tr Λp−n−2 ¤²Ö ε = Λp, ¸É ´µ¢ÖÉ¸Ö  ²£¥¡· ¨Î¥¸±¨ ´¥-
§ ¢¨¸¨³Ò³¨, É ± ÎÉµ ¨§ Ê· ¢´¥´¨Ö (2.83) ¸²¥¤Ê¥É, ÎÉµ LnZ{T } = 0, n ≥ −1.
‡ ³¥É¨³, ÎÉµ ËÊ´±Í¨Ö Z{Λ}, ±µÉµ·ÊÕ ´Ê¦´µ ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ÉÓ ¢ Ëµ·-
³Ê²¥ (2.84), ÎÉµ¡Ò ¤µ± § ÉÓ ¢Ò¶µ²´¥´¨¥ Éµ¦¤¥¸É¢ ‚¨· ¸µ·µ (2.83), § ¢¨¸¨É
Éµ²Ó±µ µÉ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° {λk} ³ É·¨ÍÒ Λ. �µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ · ¸-
¸³µÉ·¥ÉÓ Ê· ¢´¥´¨¥ (2.83) ¢ ª¤¨ £µ´ ²Ó´µ° ÉµÎ±¥ª Λij = 0, ±µ£¤  i 6= j.
…¤¨´¸É¢¥´´Ò° ª´¥¤¨ £µ´ ²Ó´Ò°ª ±Ê¸µ± ¢ Ëµ·³Ê²¥ (2.83), ¢Ò¦¨¢ ÕÐ¨° ¶µ¸²¥
¤¨ £µ´ ²¨§ Í¨¨, ¶·µ¶µ·Í¨µ´ ²¥´

∂2λk

∂Λij∂Λji

∣∣∣∣
Λmn=0, m 6=n

=
δki − δkj
λi − λj

¤²Ö i 6= j. (2.87)

”µ·³Ê²  (2.87) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± Ìµ·µÏµ §´ ±µ³ Ö ¨§ ±Ê·¸  ±¢ ´Éµ¢µ°
³¥Ì ´¨±¨ ¶µ¶· ¢±  ¢Éµ·µ£µ ¶µ·Ö¤±  ± ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ £ ³¨²ÓÉµ´¨ ´ 
¢ É· ¤¨Í¨µ´´µ° ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö. �É  Ëµ·³Ê² 
³µ¦¥É ¡ÒÉÓ ²¥£±µ ¢Ò¢¥¤¥´  ¨§ ¢ ·¨ Í¨¨ ¤¥É¥·³¨´ ´É :

δ log (det Λ) = Tr
1

Λ
δΛ− 1

2
Tr (

1

Λ
δΛ

1

Λ
δΛ) + . . . . (2.88)

∗‚¸¥, ÎÉµ ´¥µ¡Ìµ¤¨³µ ¶µÉ·¥¡µ¢ ÉÓ Å ÔÉµ Éµ, ÎÉµ¡Ò ³ É·¨Î´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· -
Éµ· ¤¥°¸É¢µ¢ ² ´  ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ Tk (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´µ·³¨·µ¢±¨).
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„²Ö ¤¨ £µ´ ²Ó´µ° Λij = λiδij , ´µ, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥¤¨ £µ´ ²Ó´µ° δΛij , Ê· ¢-
´¥´¨¥ (2.88) ¤ ¥É∑

k

δλk

λk
= −1

2

∑
i6=j

δΛijδΛji
λiλj

=
1

2

∑
i6=j

(
1

λi
− 1

λj

)
δΛijδΛji
λi − λj

+ . . . , (2.89)

ÎÉµ ¨ ¤µ± §Ò¢ ¥É Ëµ·³Ê²Ê (2.87).
�µ¸±µ²Ó±Ê ³ É·¨Í  ε ¶·µ¨§¢µ²Ó´  (  §´ Î¨É, ³µ¦¥É ¡ÒÉÓ ËÊ´±Í¨¥° Λ), ¥¥

³µ¦´µ ¢Ò¡· ÉÓ § ¢¨¸ÖÐ¥° ²¨ÏÓ µÉ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λi. ’ ±¨³ µ¡· §µ³,
³Ò ·¥ ²Ó´µ ¨¸¶µ²Ó§Ê¥³ Éµ²Ó±µ ¤¢  Ê¸²µ¢¨Ö:

1) ±µ´±·¥É´ÊÕ Ëµ·³Ê ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö (2.82);
2) ÉµÉ Ë ±É, ÎÉµ ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö Z[T (λi)] Ö¢²Ö¥É¸Ö ¸²µ¦´µ° ËÊ´±-

Í¨¥°, É.¥. ¥¥ ´Ê¦´µ ¤¨ËË¥·¥´Í¨·µ¢ ÉÓ ± ± § ¢¨¸ÖÐÊÕ µÉ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨° {λi} Éµ²Ó±µ Î¥·¥§ ¶¥·¥³¥´´Ò¥ Tk.

�µ¸²¥ ¢Ò¶µ²´¥´¨Ö ÔÉ¨Ì Ê¸²µ¢¨° Ëµ·³Ê²  (2.83) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ 
¢ ¢¨¤¥

e−
2
3 Tr Λ3/2

C(
√

Λ)Z{T }

[
Tr ε

{
∂2

∂Λ2
− Λ

}]
C(
√

Λ)e
2
3 Tr Λ3/2

Z{T } =

=
1

Z

∑
a,b>0

∂2Z

∂Ta∂Tb

∑
i

ε(λi)
∂Ta

∂λi

∂Tb

∂λi
+

+
1

Z

∑
n≥0

∂Z

∂Tn

∑
i,j

ε(λi)
∂2Tn

∂Λij∂Λji
+ 2

∑
i

ε(λi)
∂Tn

∂λi

∂ logC

∂λi
+

+ 2
∑
i

ε(λi)
∂Tn

∂λi

(
2

3

)
∂

∂λi
Tr Λ3/2

]
+

+

[∑
i

ε(λi)

(
∂

∂λi

(
2

3

)
Tr Λ3/2

)2

−
∑
i

λiε(λi)+

+
∑
i,j

ε(λi)

(
∂2

∂Λij∂Λji

(
2

3

)
Tr Λ3/2

)
+

+ 2
∑
i

ε(λi)

(
2

3

)
∂ Tr Λ3/2

∂λi

∂ logC

∂λi
+

1

C

∑
i,j

ε(λi)
∂2C

∂Λij∂Λji

 , (2.90)

£¤¥ Tr Λ3/2 =
∑

k λ
3/2
k ,   C =

∏
i,j(
√
λi +

√
λj)
− 1

2 . ’¥¶¥·Ó ¢ÒÎ¨¸²¥´¨¥ ¢¸¥Ì
¢¥²¨Î¨´ ¢ Ëµ·³Ê²¥ (2.90) ¸¢µ¤¨É¸Ö ± Ê¶· ¦´¥´¨Õ ¶µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Õ
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¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ëµ·³Ê²Ò (2.87). Ÿ¢´µ¥ ¢ÒÎ¨¸²¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ¶µ-
¸²¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¢µ§´¨± ÕÐ¨¥ Î²¥´Ò ¸µ¤¥·¦ É ²¨ÏÓ µÉ·¨Í É¥²Ó´Ò¥
¸É¥¶¥´¨

√
λi ¨ ³µ£ÊÉ ¡ÒÉÓ ª¶µ£²µÐ¥´Òª, É.¥. ¶¥·¥¶¨¸ ´Ò Î¥·¥§ ¢·¥³¥´  Tk.

‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³

e−
2
3 Tr Λ3/2

C(
√

Λ)Z{T }

[
Tr ε

{
∂2

∂Λ2
− Λ

}]
C(
√

Λ)e
2
3 Tr Λ3/2

Z{T } =

=
1

Z

∑
n≥−1

Tr (εpΛ
−n−2)

1

2

∑
k>δn+1,0

kTk
∂

∂T2n+k
+

1

4

∑
a+b=2n
a>0,b>0

∂2

∂Ta∂Tb
+

+
1

16
δn,0 +

1

4
δn+1,0T

2
1 −

∂

∂T2n+3

Z(T ) = 0, (2.91)

  ¨³¥´´µ ª¡ Ï´Õª ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¤²Ö ¸²ÊÎ Ö p = 2.
„²Ö ¶·µ¨§¢µ²Ó´µ£µ §´ Î¥´¨Ö p ¢Ò¢µ¤ ¶µ²´µ¸ÉÓÕ  ´ ²µ£¨Î¥´ ¨ ¸µ¤¥·¦¨É

¸²¥¤ÊÕÐ¨¥ ÔÉ ¶Ò.
• �·¥¤¸É ¢¨³ Z[Λ] ¢ ¢¨¤¥ Z{p}[Λ] = gp[Λ]Z{p}(Tn), £¤¥

gp[Λ] =
∆(M)

∆(Λ)

∏
i

[
V ′′(µi)

− 1
2 e(µiV

′(µi)−V (µi))
]

=

=
∆(Λ1/p)

∆(Λ)

∏
i

[
λ
− p−1

2p

i e
p
p+1λ

1+1/p
i

]
, (2.92)

É.¥. Ö¢´µ µÉ¤¥²¨³ ´µ·³¨·µ¢µÎ´Ò° ¶·¥Ë ±Éµ· µÉ ËÊ´±Í¨¨ ¢·¥³¥´.
• �µ¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ Z{p}[Λ] ¢ Ê· ¢´¥´¨¥ (2.80), ±µÉµ·µ¥ ¢ ¸²ÊÎ ¥

³µ´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ²  Vp(X) =
Xp+1

p+ 1
¨³¥¥É ¢¨¤

{
Tr ε(Λ)

[(
∂

∂Λtr

)p
− Λ

]}
gp[Λ]Z{p}(Tn) = 0. (2.93)

‘É ·Ï¨¥ ¶·µ¨§¢µ¤´Ò¥
∂iZ

∂Λitr
¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨° É¨¶  (2.87).

• ‘¤¢¨´¥³ ¶¥·¥³¥´´Ò¥

Tn → T̂n = Tn −
p

n
δn,p+1 (2.94)

(ÔÉ  ¶·µÍ¥¤Ê·  ´¥ ³¥´Ö¥É ¶·µ¨§¢µ¤´ÒÌ).
• �µ¸²¥ ¢¸¥Ì ¶µ¤¸É ´µ¢µ± ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (2.93) ¶·¨´¨³ ¥É Ëµ·³Ê

¡¥¸±µ´¥Î´µ£µ ·Ö¤ , ¢ ±µÉµ·µ³ ± ¦¤Ò° Î²¥´ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶·µ¨§¢¥¤¥´¨¥
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Tr [ε̃(M)M−k] ´  ²¨´¥°´ÊÕ ±µ³¡¨´ Í¨Õ £¥´¥· Éµ·µ¢ Wp- ²£¥¡·Ò, ¤¥°¸É¢Ê-
ÕÐ¨Ì ´  Z{p}(Tn). � ¶·¨³¥·, ¥¸²¨ p = 3, ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

1

27
Tr

[
ε̃(M)M−3

(∑
M−3nW(3)

3n + 9
∑

M−3n−1/3×

×
(∑

(3k − 2)T̂3k−2W(2)
3n+3k +

∑ ∂

∂T3a+1
W(2)

3b−3

)
+ 9

∑
M−3n−2/3×

×
(∑

(3k − 2)T̂3k−2W(2)
3n+3k +

∑ ∂

∂T3a+1
W(2)

3b−3

))]
Z{3} = 0. (2.95)

• ‚ ¶·¥¤¥²¥ N → ∞ ¢¸¥ ¢Ò· ¦¥´¨Ö Tr ε̃(M)M−k ¸ Ë¨±¸¨·µ¢ ´´Ò³
k ¨ ¶·µ¨§¢µ²Ó´Ò³ ε̃(M) ¸É ´µ¢ÖÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¨ Ê· ¢´¥´¨¥ (2.93) ¤ ¥É
ª¡ Ï´Õª Ê¸²µ¢¨° ¨´¢ ·¨ ´É´µ¸É¨ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨ÖW -£¥´¥· Éµ·µ¢. ’µÎ-
´µ¥ ¤µ± § É¥²Ó¸É¢µ ¤²Ö ¸²ÊÎ Ö p = 3 ¶·¥¤²µ¦¥´´Ò³ §¤¥¸Ó ³¥Éµ¤µ³ ¡Ò²µ
¶µ²ÊÎ¥´µ �.Œ¨Ì °²µ¢Ò³ [109]. �¨¦¥ ¢ · §¤. 3 ¡Ê¤¥É ¶·¥¤¸É ¢²¥´µ ¤·Ê£µ¥ ¤µ-
± § É¥²Ó¸É¢µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¢¨· ¸µ·µ¢¸±¨Ì Ê¸²µ¢¨°, ¨¸¶µ²Ó§ÊÕÐ¥¥ ¨´É¥£·¨-
·Ê¥³µ¸ÉÓ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ É¥µ·¨°, ±µÉµ·µ¥ ¸ÊÐ¥¸É¢Ê¥É ¤²Ö ²Õ¡µ£µ p.

� ±µ´¥Í, µ¡¸Ê¤¨³, ± ±µ¥ §´ Î¥´¨¥ ¨³¥¥É ¸¤¢¨£ (2.94). ‚ ¶·¥¤Ò¤ÊÐ¥³ · §-
¤¥²¥ · ¸¸³ É·¨¢ ² ¸Ó ¸²µ¦´ Ö ¶·µÍ¥¤Ê·  ¶µ²ÊÎ¥´¨Ö ÉµÎ´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢-
´ÒÌ ·¥Ï¥´¨° ±¢ ´Éµ¢µ° 2D-£· ¢¨É Í¨¨ ± ± ·¥Ï¥´¨° ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨°
‚¨· ¸µ·µ; ¤²Ö ÔÉ¨Ì ·¥Ï¥´¨° ´¥ ¶µ²ÊÎ¨²¨ Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨°. ‚ ¤ ´´µ³
· §¤¥²¥ ³Ò ¤µ± § ²¨, ÎÉµ Ê ´¥¶·¥·Ò¢´ÒÌ Ê¸²µ¢¨° ‚¨· ¸µ·µ ¸ÊÐ¥¸É¢ÊÕÉ Ö¢-
´Ò¥ ·¥Ï¥´¨Ö, ¶µ ±· °´¥° ³¥·¥, ¨³¥ÕÐ¨¥ Ö¢´µ¥ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥.
„²Ö ¸²ÊÎ Ö p = 2 ÔÉµ ¶·¥¤¸É ¢²¥´¨¥ ¤ ¥É ·¥Ï¥´¨¥ Î¨¸Éµ° Éµ¶µ²µ£¨Î¥¸±µ°
£· ¢¨É Í¨¨ ¨ ´ §Ò¢ ¥É¸Ö ³µ¤¥²ÓÕ Šµ´Í¥¢¨Î  [40]. ’ ±¨³ µ¡· §µ³, ³Ò ¤µ-
± § ²¨, ÎÉµ ¶·µ¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨¨ ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° ¨ Éµ¶µ²µ£¨Î¥¸±µ°
£· ¢¨É Í¨¨ Ê¤µ¢²¥É¢µ·ÖÕÉ µ¤´¨³ ¨ É¥³ ¦¥ ¢¨· ¸µ·µ¢¸±¨³ Ê¸²µ¢¨Ö³ ¨, ¢ ÔÉµ³
¸³Ò¸²¥, Ô±¢¨¢ ²¥´É´Ò. ’¥³ ´¥ ³¥´¥¥ ¶·¨ ¡µ²¥¥ ¤¥É ²Ó´µ³ · ¸¸³µÉ·¥´¨¨
µ± §Ò¢ ¥É¸Ö, ÎÉµ ¶¥·ÉÊ·¡ É¨¢´Ò¥ · §²µ¦¥´¨Ö ¤²Ö Éµ¶µ²µ£¨Î¥¸±µ° ¨ ±¢ ´Éµ-
¢µ° £· ¢¨É Í¨¨ ¶·µ¨¸Ìµ¤ÖÉ ¢ ¸µ¢¥·Ï¥´´µ · §´ÒÌ ÉµÎ± Ì (¸³. ´¨¦¥) ¨ ¸¤¢¨£
¢·¥³¥´ (2.94) µÉ¢¥Î ¥É ¨³¥´´µ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¨.

3. ’�—�›… �…˜…�ˆŸ ’���‹�ƒˆ—…‘Šˆ• ‘’�“��›• Œ�„…‹…‰

3.1. ˆ´É¥£·¨·Ê¥³µ¸ÉÓ Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°. ‚ ¤ ´´µ³ · §-
¤¥²¥ ¡Ê¤¥É ¤µ± § ´µ, ÎÉµ · ¸¸³µÉ·¥´´Ò¥ ¢ÒÏ¥ ¢¨· ¸µ·µ¢¸±¨¥ Ê¸²µ¢¨Ö (2.70),
(2.86) ¨ (2.95), µ¶·¥¤¥²ÖÕÐ¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¸É·Ê´´Ò¥ ·¥Ï¥´¨Ö, § ¤ ÕÉ
¢¶µ²´¥ ±µ´±·¥É´µ¥ ·¥Ï¥´¨¥ ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨ Š�,   ¨³¥´´µ:
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Å ¸É É¸Ê³³  ZVN [M ] (2.81) ± ± ËÊ´±Í¨Ö ¢·¥³¥´¨ [57]:

Tk =
1

k
Tr M−k, k ≥ 1, (3.1)

Ö¢²Ö¥É¸Ö (¶·¨ ²Õ¡µ³ N ) τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Š� ¶·¨ ²Õ¡µ³ ¶µÉ¥´Í¨ ²¥
V [X ];

Å ¥¸²¨ ¶µÉ¥´Í¨ ² V [X ] µ± §Ò¢ ¥É¸Ö µ¤´µ·µ¤´Ò³ ¶µ²¨´µ³µ³ ¸É¥¶¥´¨

p+1, Éµ ¸É É¸Ê³³  Z{V }N [M ] = Z
{p}
N [M ] ´  ¸ ³µ³ ¤¥²¥ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° p-

·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š�, ¨²¨, ÎÉµ Éµ ¦¥ ¸ ³µ¥, ¨¥· ·Ì¨¨ p-£µ Ê· ¢´¥´¨Ö
Š¤” [59] ∗.

„²Ö ¤µ± § É¥²Ó¸É¢  ³Ò ¸´ Î ²  ¶¥·¥¶¨Ï¥³ · ¢¥´¸É¢µ (2.81) ¢ ¢¨¤¥ ¤¥É¥·-
³¨´ ´É´µ° Ëµ·³Ê²Ò

Z
{V }
N [M ] =

det(ij) φi(µj)

∆(µ)
, i, j = 1, ..., N, (3.2)

  § É¥³ ¶µ± ¦¥³, ÎÉµ ÔÉ  Ëµ·³  ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥ Ö¢²Ö¥É¸Ö µ¶·¥¤¥²¥´¨¥³
²Õ¡µ° τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Š�, § ¶¨¸ ´´µ° ¢ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò ∗∗.

ƒ² ¢´µ° µ¸µ¡¥´´µ¸ÉÓÕ, ¢Ò¤¥²ÖÕÐ¥° ¨³¥´´µ ¸É·Ê´´Ò¥ ·¥Ï¥´¨Ö ¨¥· ·-
Ì¨° ¨´É¥£·¨·Ê¥³ÒÌ Ê· ¢´¥´¨° É¨¶  Š�, Ö¢²Ö¥É¸Ö ¸¶¥Í¨ ²Ó´Ò° ¢¨¤ ËÊ´±Í¨°
{φi(µ)} ¢ (3.2), ±µÉµ·Ò¥ µÉ´Õ¤Ó ´¥ ¶·µ¨§¢µ²Ó´Ò. �µ²¥¥ Éµ£µ, ¢ · ¸¸³ É-
·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¢¥¸Ó ¡¥¸±µ´¥Î´Ò° ´ ¡µ· ËÊ´±Í¨° ¢ (3.2) ¢Ò· ¦ ¥É¸Ö Î¥-
·¥§ ¥¤¨´¸É¢¥´´ÊÕ ËÊ´±Í¨Õ Å ¶µÉ¥´Í¨ ² V [X ] (É.¥. ¢³¥¸Éµ ¶·µ¨§¢µ²Ó´µ°
³ É·¨ÍÒ Aij , µ¶·¥¤¥²ÖÕÐ¥° φi(µ) =

∑
Aijµ

j , ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ·¥Ï¥´¨Ö,
µÉ¢¥Î ÕÐ¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥¦¨³Ê, ¢ (Éµ¶µ²µ£¨Î¥¸±¨Ì) É¥µ·¨ÖÌ ¸É·Ê´
¶ · ³¥É·¨§ÊÕÉ¸Ö ¢¥±Éµ·µ³ Vi ¨²¨ ËÊ´±Í¨¥° V [µ] =

∑
Viµ

i). �É  ¢Ò¤¥-
²¥´´µ¸ÉÓ µ¶·¥¤¥²Ö¥É¸Ö ´ ²¨Î¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ L−1- ¨ ¤·Ê£¨Ì W-Ê¸²µ¢¨°
(±µÉµ·Ò¥ ¢ ±µ´É¥±¸É¥ ¨´É¥£·¨·Ê¥³ÒÌ ¨¥· ·Ì¨° É¨¶  Š� ³µ£ÊÉ · ¸¸³ É·¨¢ ÉÓ-
¸Ö ± ± ¸²¥¤¸É¢¨¥ L−1). ‚¸¥ ÔÉ¨ Ê¸²µ¢¨Ö, ¢ Î ¸É´µ¸É¨, Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³
Éµ¦¤¥¸É¢ “µ·¤  (2.80).

„²Ö ¤µ± § É¥²Ó¸É¢  ¸´ Î ²  ¸¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ³ É·¨Î´µ£µ ¨´-
É¥£· ² 

Z{V }N [Λ] ≡
∫
DX e−Tr [V (X)−TrΛX], (3.3)

∗�µ²¥¥ Éµ£µ, ¢ ¤ ´´µ³ ¸²ÊÎ ¥ · ¢¥´¸É¢µ
∂Z{p}

∂Tnp
= 0 ¢Ò¶µ²´Ö¥É¸Ö ¡Ê±¢ ²Ó´µ.

∗∗‚ ± Î¥¸É¢¥ ¶·µ¢¥·±¨ ³µ¦´µ ¤µ¸É ÉµÎ´µ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö (¸³. [34]), ÎÉµ ¤¥É¥·³¨´ ´É´ Ö
Ëµ·³Ê²  (3.2) ¸ ²Õ¡Ò³ ´ ¡µ·µ³ ËÊ´±Í¨° {φi(µ)} Ê¤µ¢²¥É¢µ·Ö¥É ¡¨²¨´¥°´Ò³ ¸µµÉ´µÏ¥´¨Ö³
•¨·µÉÒ.
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£¤¥ ¶µ ªÊ£²µ¢Ò³ª U(N)-³ É·¨Í ³ ³µ¦´µ ²¥£±µ ¶·µ¨´É¥£·¨·µ¢ ÉÓ [110], ± N -
±· É´µ³Ê ¨´É¥£· ²Ê ¶µ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ ³ É·¨Í X ¨ Λ (µ¡µ§´ Î¥´´Ò³
± ± {xi} ¨ {λi} ¸µµÉ¢¥É¸É¢¥´´µ). ˆ´É¥£· ² (3.3) ¶·¨´¨³ ¥É ¢¨¤

1

∆(Λ)

(
N∏
i=1

∫
dxie

−V (xi)+λixi

)
∆(X), (3.4)

£¤¥ ∆(X) ¨ ∆(Λ) Å ¤¥É¥·³¨´ ´ÉÒ ‚ ´¤¥·³µ´¤ , ´ ¶·¨³¥·: ∆(X) =
∏
i>j

(xi−

xj).
’¥¶¥·Ó Ëµ·³Ê²  (3.4) ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¢¨¤¥

∆−1(Λ)∆

(
∂

∂Λ

)∏
i

∫
dxie

−V (xi)+λixi = ∆−1(Λ) det(ij)Fi(λj) (3.5)

¸ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨

Fi+1(λ) ≡
∫
dx xie−V (x)+λx = (

∂

∂λ
)iF1(λ). (3.6)

�É³¥É¨³, ÎÉµ F1(λ) = Z{V }N=1[λ]. ‚¸¶µ³¨´ Ö, ÎÉµ Λ = V ′(M), ¨ ¶¥·¥Ìµ¤Ö ±
¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ ³ É·¨ÍÒ M Å {µi}, ¶µ²ÊÎ ¥³

Z{V }N [V ′(M)] =
det Φ̃i(µj)∏

i>j

(V ′(µi)− V ′(µj))
, (3.7)

£¤¥
Φ̃i(µ) = Fi(V

′(µ)). (3.8)

�¥·¥°¤¥³ É¥¶¥·Ó ± ´µ·³¨·µ¢±¥ (2.82), § ¤ ¢ ¥³µ° £ Ê¸¸µ¢¸±¨³ ¨´É¥£· ²µ³:

C(N)[V |M ]−1 ≡
∫
DX e−U2(M,X). (3.9)

ˆ¸¶µ²Ó§ÊÖ U(N)-¨´¢ ·¨ ´É´µ¸ÉÓ ³¥·Ò •  ·  dX , ³µ¦´µ ²¥£±µ ¤¨ £µ´ ²¨§µ-
¢ ÉÓ M . �µ¸²¥ ÔÉµ£µ £ Ê¸¸µ¢¸±¨° ¨´É¥£· ² (3.9) ²¥£±µ ¢ÒÎ¨¸²Ö¥É¸Ö:∫

DX e
−
N∑
i,j

UijXijXji
∼

N∏
i,j

U
− 1

2

ij , (3.10)

¨ µ¸É ¥É¸Ö ¶µ¤¸É ¢¨ÉÓ Ö¢´Ò° ¢¨¤ Uij(M). …¸²¨ ¶µÉ¥´Í¨ ² ¶·¥¤¸É ¢²Ö¥É¸Ö ¢
¢¨¤¥ Ëµ·³ ²Ó´µ£µ ·Ö¤  V (X) =

∑ vn
n
Xn, Éµ

U2(M,X) =

∞∑
n=0

vn+1

( ∑
a+b=n−1

Tr MaXM bX

)
,
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Uij =
∞∑
n=0

vn+1

( ∑
a+b=n−1

µai µ
b
j

)
=
∞∑
n=0

vn+1

µni − µnj
µi − µj

=
V ′(µi)− V ′(µj)

µi − µj
.

(3.11)
‚µ§¢· Ð Ö¸Ó ± (2.81), ¶µ²ÊÎ ¥³

Z
{V }
N [M ] = eTr [V (M)−MV ′(M)]C(N)[V |M ]ZN [V ′(M)] ∼

∼ [det Φ̃i(µj)]

N∏
i>j

Uij

(V ′(µi)− V ′(µj))
∏
i=1

s(µi) =
[det Φ̃i(µj)]

∆(M)

N∏
i=1

s(µi),

(3.12)

s(µ) = [V ′′(µ)]
1
2 eV (µ)−µV ′(µ). (3.13)

�·µ¨§¢¥¤¥´¨¥ s-Ë ±Éµ·µ¢ ¢ ¶· ¢µ° Î ¸É¨ (3.12) ³µ¦¥É ¡ÒÉÓ ¢±²ÕÎ¥´µ ¢ µ¶·¥-
¤¥²¥´¨¥ Φ̃-ËÊ´±Í¨°:

Z
{V }
N [M ] =

det Φi(µj)

∆(M)
, (3.14)

£¤¥

Φi(µ) = s(µ)Φ̃i(µ) −→
µ→∞

µi−1

(
1 +O

(
1

µ

))
, (3.15)

¨  ¸¨³¶ÉµÉ¨±  ¸ÊÐ¥¸É¢¥´´  ¤²Ö Éµ£µ, ÎÉµ¡Ò ¤¥É¥·³¨´ ´É (3.14) ¤ ¢ ² ·¥Ï¥´¨¥
¨¥· ·Ì¨¨ Š� ¢ ¸³Ò¸²¥ [58,59].

ˆ§ Ê· ¢´¥´¨° (3.8), (3.13) ¨ (3.15) ¸²¥¤Ê¥É, ÎÉµ Φi(µ) ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò
¨§ µ¸´µ¢´µ° ËÊ´±Í¨¨ Φ1(µ) ¸ ¶µ³µÐÓÕ ¸²¥¤ÊÕÐ¥£µ ¸µµÉ´µÏ¥´¨Ö:

Φi(µ) = [V ′′(µ)]
1
2

∫
xi−1e−V (x)+xV ′(µ)dx = Ai−1

{V }(µ)Φ1(µ) , (3.16)

£¤¥ A{V }(µ) Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ¶¥·¢µ£µ ¶µ·Ö¤± :

A{V }(µ) = s
∂

∂λ
s−1 =

eV (µ)−µV ′(m)

[V ′′(µ)]
1
2

∂

∂µ

e−V (µ)+µV ′(µ)

[V ′′(µ)]
1
2

=

=
1

V ′′(µ)

∂

∂µ
+ µ− V ′′′(µ)

2[V ′′(µ)]2
. (3.17)

‚ Î ¸É´µ³ ¸²ÊÎ ¥ V (x) = xp+1

p+1 µ¶¥· Éµ· A{p}(µ) = 1
pµp−1

∂
∂µ

+µ− p−1
2pµp ¸µ¢¶ -

¤ ¥É (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³ ¸ÏÉ ¡´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö µ ¨ A{p}(µ)) ¸ µ¶¥· Éµ·µ³,
¢Ò¤¥²ÖÕÐ¨³ ±µ´¥Î´µ³¥·´µ¥ ¶µ¤¶·µ¸É· ´¸É¢µ ¢ ¡¥¸±µ´¥Î´µ³¥·´µ³ £· ¸¸³ -
´¨ ´¥ [63]. ‘²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ ¨³¥´´µ ¸µµÉ´µÏ¥´¨¥ Φi+1(µ) =
= A{V }(µ)Φi(µ) (Fi+1(λ) = ∂

∂λ
Fi(λ) ) µÉ¢¥É¸É¢¥´´µ §  ¢Ò¤¥²¥´¨¥ ¸É É¸Ê³³Ò
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Éµ¶µ²µ£¨Î¥¸±µ° (W )-£· ¢¨É Í¨¨ Ä GKM ¸·¥¤¨ ·¥Ï¥´¨° (¨ τ -ËÊ´±Í¨°) µ¡-
Ð¥£µ ¢¨¤ , § ¶¨¸ ´´ÒÌ ¢ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò

τ
{φi}
N [M ] =

[det φi(µj)]

∆(M)
(3.18)

¸ ¶·µ¨§¢µ²Ó´Ò³ ´ ¡µ·µ³ ËÊ´±Í¨° φi(µ). �¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ¢Ò· -
¦¥´¨¥ (3.18) ¢ ÉµÎ´µ¸É¨ Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Š� ¢ ¶·¥¤¸É ¢²¥´¨¨
Œ¨¢Ò.

� ¨¡µ²¥¥ ¨§¢¥¸É´µ ¶·¥¤¸É ¢²¥´¨¥ (µ¡Ð¥°) τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Š� ¢
¢¨¤¥ Ë¥·³¨µ´´µ£µ ±µ··¥²ÖÉµ·  τG{Tn} = 〈0| : e

∑
TnJn : G|0〉 [56], £¤¥

J(z) = ψ̃(z)ψ(z), G = : exp Gmnψ̃mψn : (3.19)

¢ (¤¢Ê³¥·´µ°) É¥µ·¨¨ ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´´ÒÌ ¶µ²¥° ψ(z), ψ̃(z) ¸ (£µ²µ-
³µ·Ë´Ò³) ¤¥°¸É¢¨¥³

∫
ψ̃∂̄ψ. ‚ ±ÊÊ³´Ò¥ ¸µ¸ÉµÖ´¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö Ê¸²µ¢¨-

Ö³¨ ψn|0〉 = 0, n < 0 ¨ ψ̃n|0〉 = 0, n ≥ 0, £¤¥ ψ(z) =
∑
Z
ψnz

n dz
1
2 ,

ψ̃(z) =
∑
Z
ψ̃nz

−n−1 dz
1
2 . ‘ÊÐ¥¸É¢¥´´Ò³ µ£· ´¨Î¥´¨¥³ ´  ¢¨¤ ±µ··¥²ÖÉµ·  ¸µ

¢¸É ¢± ³¨ (3.19) Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ µ¶¥· Éµ· : e
∑

TnJn : G £ Ê¸¸µ¢¸±¨°, ¨
¥£µ ¢¸É ¢±  ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ³µ¤¨Ë¨± Í¨Ö ±¢ ¤· É¨Î´µ£µ ¤¥°¸É¢¨Ö
¨ Ë¥·³¨µ´´µ£µ ¶·µ¶ £ Éµ·  〈ψ̃ψ〉, É ± ÎÉµ ¶µ-¶·¥¦´¥³Ê ¶·¨³¥´¨³  É¥µ·¥³ 
‚¨± ,   ¨³¥´´µ: ±µ··¥²ÖÉµ·Ò 〈0|

∏
i ψ̃(µi)ψ(λi)G|0〉 ¤²Ö ²Õ¡µ£µ ¶µ¤Ìµ¤ÖÐ¥£µ

µ¶¥· Éµ·  G ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶ ·´Ò¥

〈0|
∏
i

ψ̃(µi)ψ(λi)G|0〉 = det(ij)〈0|ψ̃(µi)ψ(λj)G|0〉. (3.20)

„²Ö Éµ£µ ÎÉµ¡Ò ¶µ´ÖÉÓ, ÎÉµ ¶·µ¨¸Ìµ¤¨É ¸ µ¶¥· Éµ·µ³ e
∑
TnJn ¶µ¸²¥ ¶·¥-

µ¡· §µ¢ ´¨Ö Œ¨¢Ò (3.1), ¶·µÐ¥ ¢¸¥£µ ¶¥·¥°É¨ ± ¶·¥¤¸É ¢²¥´¨Õ ¸ ¶µ³µÐÓÕ
¸¢µ¡µ¤´ÒÌ ¡µ§µ´´ÒÌ (¸± ²Ö·´ÒÌ) ¶µ²¥° Éµ±  J(z) = ∂ϕ(z). ’µ£¤ 

∑
TnJn =

∑
i

(∑
n

1

n · µni
ϕn

)
=
∑
i

ϕ(µi)

¨

: e

∑
i

ϕ(µi)
:=

1∏
i<j

(µi − µj)
∏
i

: eϕ(µi) : . (3.21)

‚ Ë¥·³¨µ´´µ³ ¶·¥¤¸É ¢²¥´¨¨ ²ÊÎÏ¥ ´ Î ÉÓ ¸

Tn =
1

n

∑
i

(
1

µni
− 1

µ̃ni
) (3.22)
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¢³¥¸Éµ (3.1). ’µ£¤ 

: e
∑
TnJn :=

N∏
i,j

(µ̃i − µj)∏
i>j

(µi − µj)
∏
i>j

(µ̃i − µ̃j)
∏
i

ψ̃(µ̃i)ψ(µi), (3.23)

  ¤²Ö ¢µ¸¸É ´µ¢²¥´¨Ö Ëµ·³Ò § ³¥´Ò (3.1) ´¥µ¡Ìµ¤¨³µ ¶ÊÉ¥³ ¶·¥¤¥²Ó´µ£µ
¶¥·¥Ìµ¤  § £´ ÉÓ ¢¸¥ µ̃i ¢ ¡¥¸±µ´¥Î´µ¸ÉÓ. �  ¤·Ê£µ³ Ö§Ò±¥ ÔÉµ µ§´ Î ¥É, ÎÉµ
²¥¢Ò° ¢ ±ÊÊ³ § ³¥´Ö¥É¸Ö ´ 

〈N | ∼ 〈0|ψ̃(∞)ψ̃′(∞)...ψ̃(N−1)(∞). (3.24)

’¥¶¥·Ó τ -ËÊ´±Í¨Ö ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ Ëµ·³¥:

τGN [M ] = 〈0| : e
∑
TnJn : G|0〉 = ∆(M)−1〈N |

∏
i

: eϕ(µi) : G|0〉 =

= lim
µ̃j→∞

∏
i,j

(µ̃i − µj)∏
i>j

(µi − µj)
∏
i>j

(µ̃i − µ̃j)
〈0|
∏
i

ψ̃(µ̃i)ψ(µi)G|0〉, (3.25)

£¤¥, ¶·¨³¥´ÖÖ É¥µ·¥³Ê ‚¨±  (3.20) ¨ ¶¥·¥Ìµ¤Ö ± ¶·¥¤¥²Ê µ̃i →∞, ¶µ²ÊÎ ¥³

τGN [M ] =
det φi(µj)

∆(M)
(3.26)

¸ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ Å ËÊ´±Í¨Ö³¨

φi(µ) ∼ 〈0|ψ̃(i−1)(∞)ψ(µ)G|0〉 −→
µ→∞

µi−1

(
1 +O

(
1

µ

))
. (3.27)

’ ±¨³ µ¡· §µ³, ³Ò ¤µ± § ²¨, ÎÉµ τ -ËÊ´±Í¨Ö ¨¥· ·Ì¨¨ Š� ¢ ¶¥·¥³¥´-
´ÒÌ Œ¨¢Ò (3.1) ¶·¨´¨³ ¥É ¤¥É¥·³¨´ ´É´ÊÕ Ëµ·³Ê (3.2), ¨²¨, ÎÉµ Éµ ¦¥ ¸ -
³µ¥, (3.2) Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ Š�. ’¥¶¥·Ó ³Ò ¸Ëµ·³Ê²¨·Ê¥³,
± ± µÉ µ¡Ð¥° ÉµÎ±¨ £· ¸¸³ ´¨ ´ , µ¶¨¸Ò¢ ¥³µ° (¡¥¸±µ´¥Î´µ°) ³ É·¨Í¥°
G = exp

∑
Aijψ̃iψj ¸ ¤¢Ê³Ö ¨´¤¥±¸ ³¨ (∞2), ¶¥·¥°É¨ ± ¸¶¥Í¨ ²Ó´Ò³ ·¥Ï¥-

´¨Ö³, µ¶·¥¤¥²Ö¥³Ò³, ¢ Î ¸É´µ¸É¨, ¥¤¨´¸É¢¥´´µ° (∞) (¨²¨ ¤¢Ê³Ö) ËÊ´±Í¨Ö³¨
µ¤´µ£µ ¶¥·¥³¥´´µ£µ (2×∞).

‚¥·´¥³¸Ö ± ¢µ¶·µ¸Ê o ¢Ò¤¥²¥´¨¨ ¸É·Ê´´ÒÌ ·¥Ï¥´¨° ¸·¥¤¨ ¢¸¥Ì ·¥Ï¥´¨°
¨¥· ·Ì¨¨ Š� Å É.¥., ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥, § ¤ ´¨Õ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°.
ˆ¸¶µ²Ó§ÊÖ ¨´É¥£·¨·Ê¥³µ¸ÉÓ, ¤µ¸É ÉµÎ´µ ¤µ± § ÉÓ ²¨ÏÓ µ¤´µ ¨§ ¡¥¸±µ´¥Î´µ£µ
´ ¡µ·  ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°, É ± ´ §Ò¢ ¥³µ¥ ¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ ¨²¨ ¤¥°-
¸É¢¨¥ L−1-£µ £¥´¥· Éµ·   ²£¥¡·Ò ‚¨· ¸µ·µ, ¢¸Ö µ¸É ²Ó´ Ö ª¡ Ï´Öª ¢¨· ¸µ-
·µ¢¸±¨Ì Ê¸²µ¢¨° ¸²¥¤Ê¥É ¨§ ÔÉ¨Ì ¤¢ÊÌ ¸¢µ°¸É¢ ¶µ ¨´¤Ê±Í¨¨ [25,111].
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„¥°¸É¢¨¥ L−1-£µ £¥´¥· Éµ·  ‚¨· ¸µ·µ (¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¸¶¥±É· ²Ó-
´µ³Ê ¶ · ³¥É·Ê) ¸¢Ö§ ´µ ¸ µ¶¥· Éµ·µ³

Tr
∂

∂Λtr
= Tr

1

V ′′(M)

∂

∂Mtr
, (3.28)

¶µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ ¸´ Î ²  µÉ¢¥É¨ÉÓ ´  ¢µ¶·µ¸, ± ± µ¶¥· Éµ· (3.28) ¤¥°-
¸É¢Ê¥É ´  ¸É É¸Ê³³Ê

Z{V }[M ] =
det Φ̃i(µj)

∆(M)

∏
i

s(µi),

s(µ) = (V ′′(µ))
1
2 eV (µ)−µV ′(µ),

Φ̃i(µ) = Fi(λ) =

(
∂

∂λ

)i−1

F1(λ), λ = V ′(µ). (3.29)

‚µ-¶¥·¢ÒÌ, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ Z{V } ± ± ËÊ´±Í¨Õ ¢·¥³¥´ T , Éµ

1

Z{V }
Tr

∂

∂Λtr
Z{V } = −

∑
n≥1

Tr

[
1

V ′′(M)Mn+1

]
∂ logZ{V }

∂Tn
. (3.30)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶·¨³¥´ÖÖ ´¥¶µ¸·¥¤¸É¢¥´´µ (3.28) ± Ö¢´µ° Ëµ·³Ê²¥ (3.29),
¶µ²ÊÎ ¥³

1

Z{V }
Tr

∂

∂Λtr
Z{V } =

= −Tr M +
1

2

∑
i,j

1

V ′′(µi)V ′′(µj)

V ′′(µi)− V ′′(µj)
µi − µj

+

+Tr
∂

∂Λtr
log det Fi(λj). (3.31)

�¨¦¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ Ëµ·³Ê² 

1

Z{V }
L{V }−1 Z{V } =

= − ∂

∂T1
log Z{V } + TrM − Tr

∂

∂Λtr
log det Fi(λj) (3.32)

³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´  ¤²Ö µ¶·¥¤¥²¥´¨Ö Ê´¨¢¥·¸ ²Ó´µ£µ µ¶¥· Éµ·  L{V }−1 .
�Éµ µ¶·¥¤¥²¥´¨¥ ¨³¥¥É ¢¨¤
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L{V }−1 =
∑
n≥1

Tr

[
1

V ′′(M)Mn+1

]
∂

∂Tn
+

+
1

2

∑
i,j

1

V ′′(µi)V ′′(µj)

V ′′(µi)− V ′′(µj)
µi − µj

− ∂

∂T1
, (3.33)

¨ ÔÉµ ¢Ò· ¦¥´¨¥ ¶·¥¢· Ð ¥É¸Ö ¢ Ê¦¥ ¨§¢¥¸É´µ¥ ¤²Ö ³µ´µ³¨ ²Ó´ÒÌ ¶µÉ¥´Í¨-

 ²µ¢ V (X) = Xp+1

(p+1) (µÉ³¥É¨³, ÎÉµ Î²¥´Ò ¸ i = j ¢±²ÕÎ¥´Ò ¢ ¸Ê³³¨·µ¢ ´¨¥ ¢
¶· ¢µ° Î ¸É¨ (3.33)).

’ ±¨³ µ¡· §µ³, ¤²Ö ¤µ± § É¥²Ó¸É¢  L{V }−1 -Ê¸²µ¢¨Ö µ¸É ¥É¸Ö ¶µ± § ÉÓ, ÎÉµ
¶· ¢ Ö Î ¸ÉÓ (3.32) · ¢´  ´Ê²Õ, É.¥.

∂

∂T1
log Z

{V }
N = Tr M − Tr

∂

∂Λtr
log det Fi(λj). (3.34)

„²Ö Éµ£µ ÎÉµ¡Ò ¤µ± § ÉÓ ÔÉµ, µÎ¥´Ó ¸ÊÐ¥¸É¢¥´´µ, ÎÉµ ¸É É¸Ê³³  Ö¢²Ö¥É¸Ö

τ -ËÊ´±Í¨¥°: Z{V }N = τ
{V }
N . �·¨ ÔÉµ³ ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  ³µ¦¥É ¡ÒÉÓ

¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¢ÒÎ¥É  µÉ´µÏ¥´¨Ö τ -ËÊ´±Í¨°

resµ
τ
{V }
N (Tn + µ−n/n)

τ
{V }
N (Tn)

=
∂

∂T1
log τ

{V }
N (Tn). (3.35)

’¥¶¥·Ó, ¥¸²¨ ¶¥·¥°É¨ ± ¶¥·¥³¥´´Ò³ Œ¨¢Ò, τ -ËÊ´±Í¨Ö ¢ Î¨¸²¨É¥²¥ ¢Ò· -
¦ ¥É¸Ö Éµ° ¦¥ ¸ ³µ° Ëµ·³Ê²µ°, ÎÉµ ¨ ¢ §´ ³¥´ É¥²¥, ´µ ¸ ¤µ¶µ²´¨É¥²Ó´Ò³

¶ · ³¥É·µ³ µ, É.¥. µ´  · ¢´  τ
{V }
N+1. �Éµ£µ ´ ¡²Õ¤¥´¨Ö ¶µÎÉ¨ ¤µ¸É ÉµÎ´µ,

ÎÉµ¡Ò ¢Ò¢¥¸É¨ (3.34). „²Ö ¶·µ¸É¥°Ï¥£µ ¸²ÊÎ Ö N = 1 ¨³¥¥³ (λ = V ′(µ)):

τ
{V }
1 (Tn) = τ

{V }
1 [µ1] = eV (µ1)−µ1V

′(µ1)[V ′′(µ1)]
1
2F (λ1), (3.36)

τ
{V }
1 (Tn + µ−n/n) = τ

{V }
2 [µ1, µ] =

= eV (µ1)−µ1V
′(µ1)eV (µ)−µV ′(µ) [V ′′(µ1)V ′′(µ)]

1
2

µ− µ1

[
F (λ1)

∂F (λ)

∂λ
− F (λ)

∂F (λ1)

∂λ1

]
=

=
eV (µ)−µV ′(µ)[V ′′(µ)]

1
2F (λ)

µ− µ1
τ
{V }
1 [µ1]

[
−∂ logF (λ1)

∂λ1
+
∂ logF (λ)

∂λ

]
. (3.37)

”Ê´±Í¨Ö F ¨³¥¥É ¸²¥¤ÊÕÐÊÕ  ¸¨³¶ÉµÉ¨±Ê:

F (λ) =

∫
dx e−V (x)+λx ∼ eV (µ)−µV ′(µ)[V ′′(µ)]−

1
2

{
1 +O

(
V ′′′′

V ′′V ′′

)}
.

(3.38)
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…¸²¨ V (µ) · ¸É¥É ´  ¡¥¸±µ´¥Î´µ¸É¨ µ → ∞ ± ± µn, Éµ V ′′′′

(V ′′)2 ∼ µ−n , ¨ ¤²Ö

¤ ²Ó´¥°Ï¥£µ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò n = p + 1 > 1, É ± ÎÉµ ¢ ¸±µ¡± Ì ¢ ¶· ¢µ°
Î ¸É¨ (3.38)  ¸¨³¶ÉµÉ¨±  ¨³¥¥É ¢¨¤ {1 + o( 1

µ
)}, £¤¥ µ · o(µ)→ 0 ¶·¨ µ→∞.

—¨¸²¨É¥²Ó ¶· ¢µ° Î ¸É¨ (3.37) Ê¸É·µ¥´ ± ± ∼ 1 + o(1/µ), ¢ Éµ ¢·¥³Ö ± ±

¢Éµ·µ° Î²¥´ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì ¢¥¤¥É ¸¥¡Ö ± ± ∂ logF (λ)
∂λ ∼ µ(1 + o( 1

µ)).
‘µ¡¨· Ö ¢¸¥ ¢³¥¸É¥, ¶µ²ÊÎ ¥³

∂

∂T1
log τ

{V }
1 = resµ

(
1 + o( 1

µ )

µ− µ1

(
−∂ logF (λ1)

∂λ1
+ µ

(
1 + o

(
1

µ

))))
=

= µ1 −
∂ logF (λ1)

∂λ1
, (3.39)

É.¥. ³Ò ¤µ± § ²¨ (3.34) ¤²Ö Î ¸É´µ£µ ¸²ÊÎ Ö N = 1.
„²Ö ¶·µ¨§¢µ²Ó´µ£µ N ¤µ± § É¥²Ó¸É¢µ ¶· ±É¨Î¥¸±¨ ´¥ ³¥´Ö¥É¸Ö: ¶µ¸²¥

¶·µ¸Éµ£µ, ´µ ¤²¨´´µ£µ ¢ÒÎ¨¸²¥´¨Ö ¶µ²ÊÎ¨³

∂

∂T1
log τ

{V }
N = resµ

(
1 + o(1/µ)∏
j=1(µ− µj)

µN ([1 + o(1/µ)]−

− 1

µ

[
Tr

∂

∂Λtr
log det Fi(λj)

]
· [1 +O(1/µ)]

))
=

=

N∑
j=1

µj − Tr
∂

∂Λtr
log det Fi(λj), (3.40)

ÎÉµ § ¢¥·Ï ¥É ¤µ± § É¥²Ó¸É¢µ Ê· ¢´¥´¨Ö (3.34) ¨ ¢Ò¢µ¤ Ëµ·³Ò Ê´¨¢¥·¸ ²Ó´µ£µ

¤µ¶µ²´¨É¥²Ó´µ£µ Ê¸²µ¢¨Ö Ä L{V }−1 -µ¶¥· Éµ· .

‚ Î ¸É´µ³ ¸²ÊÎ ¥ ³µ´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ²  V ≡ Vp = Xp+1

p+1 µ¡Ð Ö
Ëµ·³Ê²  (3.33) µ¡·¥É ¥É ¡µ²¥¥ ¶·¨¢ÒÎ´Ò° ¢¨¤ [25,26]:

L{p}−1 =
1

p

∑
n≥1

(n+ p)Tn+p
∂

∂Tn
+

1

2p

∑
a+b=p
a,b≥0

aTabTb −
∂

∂T1
. (3.41)

3.2. ’µÎ´Ò¥ ·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì (p, 1)-³µ¤¥²¥° ¨ ¨Ì ¤¥Ëµ·³ Í¨¨
¢ É¥µ·¨¨ É¨¶  ƒ¨´§¡Ê·£  Å ‹ ´¤ Ê. „²Ö · §´ÒÌ ¶µÉ¥´Í¨ ²µ¢ V (X) ³µ-
¤¥²Ó (2.81) Ëµ·³ ²Ó´µ ¢µ¸¶·µ¨§¢µ¤¨É · §²¨Î´Ò¥ É¥µ·¨¨ (p, q)-¸¥·¨¨ ¸²¥¤ÊÕ-

Ð¨³ µ¡· §µ³: ¶µÉ¥´Í¨ ² V (X) = Xp+1

p+1 § ¤ ¥É Í¥²ÊÕ ¸¥·¨Õ (p, q) ¸É·Ê´´ÒÌ
³µ¤¥²¥° ¸ Ë¨±¸¨·µ¢ ´´Ò³ p ¨ ¢¸¥³¨ ¢µ§³µ¦´Ò³¨ q. „²Ö Éµ£µ ÎÉµ¡Ò § -
Ë¨±¸¨·µ¢ ÉÓ q, ´¥µ¡Ìµ¤¨³µ ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³ § Ë¨±¸¨·µ¢ ÉÓ ¢·¥³¥´  T :
¶µ²µ¦¨ÉÓ ¢¸¥ Tk = 0, ±·µ³¥ T1 ¨ Tp+q (§ ³¥É¨³, ÎÉµ ÔÉ  ¶·µÍ¥¤Ê·  ´ ·ÊÏ ¥É
¸¨³³¥É·¨Õ ³¥¦¤Ê p ¨ q, ¶·¨¸ÊÐÊÕ ±µ´Ëµ·³´µ° É¥µ·¨¨).
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� ¸¸³µÉ·¨³ ¤²Ö ¨²²Õ¸É· Í¨¨ ¤¢  ¶·µ¸ÉÒÌ ¶·¨³¥· . ‘´ Î ²  ¶µ²µ¦¨³
p = 2, É.¥. ´ Î´¥³ ¸µ ¸²ÊÎ Ö Š¤”-·¥¤Ê±Í¨¨ ¨¥· ·Ì¨¨ Š�. ‚ ÔÉµ³ ¸²ÊÎ ¥
¸É·Ê´´µ¥ Ê· ¢´¥´¨¥ ¶·¨µ¡·¥É ¥É ¢¨¤

1

τKdV
L−1τKdV =

1

2

∑
k>1
k odd

kTk
∂

∂Tk−2
log τKdV +

T 2
1

4
= 0, (3.42)

¨²¨, ¤¨ËË¥·¥´Í¨·ÊÖ ¥Ð¥ · § ¶µ T1, ¶µ²ÊÎ¨³∑
k>1
k odd

kTk
∂2

∂Tk−2∂T1
log τKdV + T1 = 0. (3.43)

ˆ¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨¥ ¶µ²¨´µ³µ¢ ƒ¥²ÓË ´¤  Å „¨±µ£µ

∂2

∂Tk−2∂T1
log τKdV =

[
L2m−1

]
−1
≡ Rm[u], (3.44)

¨³¥¥³ ∑
m≥0

(2m+ 1)T2m+1Rm[u] = 0. (3.45)

’¥¶¥·Ó Ê¦¥ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ª¶· ¢¨² ª ¢Ò¤¥²¥´¨Ö (p, q) ±·¨É¨Î¥¸±¨Ì Éµ-
Î¥± [25] ¤²Ö p = 2 ¨ q = 2m− 1, É.¥. (2, 2m − 1) ·¥Ï¥´¨° ¨§ (3.43), (3.45).

‘ ³Ò° ¶·µ¸Éµ° ¸²ÊÎ °: m = 1, ±µ£¤  3T3
∂2

∂T 2
1

log τKdV + T1 = 0. ˆ¸¶µ²Ó§ÊÖ

u ∼ ∂2

∂T 2
1

log τKdV, ´ Ìµ¤¨³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Š¤” u ∼ T1

T3
, ¨²¨, Ë¨±¸¨·ÊÖ

T3, ¶µ²ÊÎ ¥³ F = log τ ∼ T 3
1 , ÎÉµ ¸µ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ É ³¨ ¢Éµ·µ£µ · §¤¥² 

(2.10) ¤²Ö c = −2 É¥µ·¨¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ 2D-£· ¢¨É Í¨¥°, ¢ ±µÉµ·µ°
〈P 3〉 = 1, £¤¥ P Å ¥¤¨´¨Î´Ò° µ¶¥· Éµ· (2.9), P = cc̄eφ. �ÉµÉ ¶·¨³¥· Å
´ ¨¡µ²¥¥ ¨§¢¥¸É´Ò° ¸²ÊÎ ° Î¨¸Éµ° Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¨.

Œ¥´¥¥ É·¨¢¨ ²Ó´Ò° ¶·¨³¥· Å (2, 3)-É¥µ·¨Ö ¸ m = 2, ¢ ±µÉµ·µ° (3.45)
¨ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ R2 ∼ u2 + u′′ ¶·¨¢µ¤ÖÉ ± ¶µÖ¢²¥´¨Õ ¶¥·¢µ£µ Ê· ¢´¥´¨Ö
�¥´²¥¢¥ u2 + u′′ = T1. „ ´´Ò° ¶·¨³¥· µÉ¢¥Î ¥É É¥µ·¨¨ Î¨¸Éµ° (Ë¨§¨Î¥¸±µ°)
£· ¢¨É Í¨¨, £¤¥ ·¥Ï¥´¨¥, ± ± ¢¨¤´µ, Ê¦¥ £µ· §¤µ ³¥´¥¥ É·¨¢¨ ²Ó´µ, Î¥³ ¢
¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥.

‘ · ¸¸³µÉ·¥´´µ° ÉµÎ±¨ §·¥´¨Ö ´ ²¨Î¨¥ ¢¸¥Ì (p, q) ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±
¢ ³µ¤¥²¨ (2.81) Ö¢²Ö¥É¸Ö Î¨¸Éµ Ëµ·³ ²Ó´Ò³ ÊÉ¢¥·¦¤¥´¨¥³. „²Ö ¶µÉ¥´Í¨ ² 

V (X) = Xp+1

p+1 ¸É É¸Ê³³  Z[V |Tk] = τV [Tk] ≡ τp[Tk] Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕ-
Ð¥³Ê ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ:

p−1∑
k=1

k(p− k)TkTp−k +

∞∑
k=1

(p+ k)

(
Tp+k −

p

p+ 1
δk,1

)
∂

∂Tk
log τp[T ] = 0,

(3.46)
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É.¥. τ -ËÊ´±Í¨Ö µ¶·¥¤¥²¥´  ± ± · §²µ¦¥´¨¥ ¶µ (³ ²Ò³) ¢·¥³¥´ ³ Œ¨¢Ò (3.1) ¢
µ±·¥¸É´µ¸É¨ ´Ê²¥¢ÒÌ §´ Î¥´¨° ¢¸¥Ì ¢·¥³¥´, ±·µ³¥ Tp+1, ±µÉµ·µ¥ ¸¤¢¨´ÊÉµ ´ 
´¥±µÉµ·Ò° ±µ´¥Î´Ò° Ë ±Éµ· ( p

p+1 ), ÎÉµ µÉ¢¥Î ¥É ¢ ¸¨²Ê ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥

 ·£Ê³¥´Éµ¢ (p, 1)-³µ¤¥²¨. ’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ ³ É·¨Î´µ¥ ¨´É¥-
£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ É¨¶  Šµ´Í¥¢¨Î  µÉ¢¥Î ¥É ·¥Ï¥´¨Õ (p, 1) ¸É·Ê´´ÒÌ
³µ¤¥²¥°, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ ¢§ ¨³µ¤¥°¸É¢¨¥ (An-) Éµ¶µ²µ£¨Î¥¸±µ° ³ É¥·¨¨
¸ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¥° ¨²¨ Éµ¶µ²µ£¨Î¥¸±ÊÕ W -£· ¢¨É Í¨Õ.

’¥¶¥·Ó ¶¥·¥°¤¥³ ± · ¸¸³µÉ·¥´¨Õ ¤¥Ëµ·³ Í¨° Î¨¸Éµ° (p, 1)-É¥µ·¨¨ [64,
112], ¸¢Ö§ ´´µ° ¸ ¤¥Ëµ·³ Í¨¥° ¶µÉ¥´Í¨ ²  ¨ É ± ´ §Ò¢ ¥³Ò³¨ p- ¨²¨ Ê¨§¥³µ¢-
¸±¨³¨ ¢·¥³¥´ ³¨, ±µÉµ·Ò¥ ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´Ò ¸ ¤¥Ëµ·³ Í¨¥° ³µ¤Ê²¥°
·¥Ï¥´¨°. �  ¸ ³µ³ ¤¥²¥ ¸ÊÐ¥¸É¢Ê¥É a priori ¤·Ê£ Ö ¨´É¥£·¨·Ê¥³ Ö ¸É·Ê±ÉÊ·  ¢
³µ¤¥²¨ (2.81), £¤¥ ¶µÉµ±¨ µ¶¨¸Ò¢ ÕÉ¸Ö ¢·¥³¥´ ³¨, ¸¢Ö§ ´´Ò³¨ ¸ ´¥É·¨¢¨ ²Ó-
´Ò³¨ ±µÔËË¨Í¨¥´É ³¨ ¶µÉ¥´Í¨ ²  V . ‚ ·¥§Ê²ÓÉ É¥ É¥µ·¨¨ ¸ ³µ´µ³¨ ²Ó´Ò³

¶µÉ¥´Í¨ ²µ³ Vp(X) = Xp+1

p+1 ¨ ¶·µ¨§¢µ²Ó´Ò³ ¶µ²¨´µ³µ³ ¸É¥¶¥´¨ (p + 1)
µ± §Ò¢ ÕÉ¸Ö É¥¸´µ ¸¢Ö§ ´´Ò³¨ ¤·Ê£ ¸ ¤·Ê£µ³.

„²Ö Éµ£µ ÎÉµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉµ³, ¢¥·´¥³¸Ö ± ¢µ¶·µ¸Ê µ ¢ÒÎ¨¸²¥´¨¨ ¶·µ-
¨§¢µ¤´ÒÌ ZGKM ¶µ ¢·¥³¥´ ³ Tk. �É¨ ¶·µ¨§¢µ¤´Ò¥ µ¶·¥¤¥²ÖÕÉ ´¥¶¥·ÉÊ·¡ -
É¨¢´Ò¥ ±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ¢ ¸É·Ê´´µ° É¥µ·¨¨ ¨ ¶·¥¤¸É ¢²ÖÕÉ µ¶·¥-
¤¥²¥´´Ò° ¨´É¥·¥¸ ¸ ª¢´ÊÉ·¥´´¥°ª ÉµÎ±¨ §·¥´¨Ö ¢ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³¥.
�·µ¨§¢µ¤´Ò¥ ¶µ ¢·¥³¥´ ³ Tk ¸ k ≥ p+ 1 (µÉ¢¥Î ÕÐ¨¥ ±µ··¥²ÖÉµ· ³ ¨··¥²¥-
¢ ´É´ÒÌ µ¶¥· Éµ·µ¢) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¤µ¸É ÉµÎ´µ ¸²µ¦´µ, ´ ¶·µÉ¨¢, ¤²Ö ¢·¥³¥´
Tk ¶·¨ 1 ≤ k ≤ p ¸¨ÉÊ Í¨Ö £µ· §¤µ ¶·µÐ¥. ˆ¸¶µ²Ó§ÊÖ µÎ¥¢¨¤´µ¥ µ¶·¥¤¥²¥´¨¥
ª¸·¥¤´¥£µª, É ±µ¥, ÎÉµ ¸É É¸Ê³³  (2.81) ZGKM = 〈1〉, ¨³¥¥³

∂ZGKM

∂Tk

∣∣∣∣
V

= 〈TrMk − TrXk〉, 1 ≤ k ≤ p. (3.47)

�·¨ ÔÉµ³ ¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ ¶·µ¨§¢µ¤´ Ö ¢ ²¥¢µ° Î ¸É¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¶·¨
Ë¨±¸¨·µ¢ ´´µ³ ¶µÉ¥´Í¨ ²¥ V (x) =

∑p+1 vk
k
Xk.

�· ¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (3.47) ³µ¦¥É ¡ÒÉÓ É ±¦¥ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

∂ZGKM

∂Tk

∣∣∣∣
V

=

〈
Tr

∂V (M)

∂vk
− Tr

∂V (X)

∂vk

〉
, 1 ≤ k ≤ p, (3.48)

ÎÉµ Ê¦¥ µÎ¥´Ó ¶µÌµ¦¥, ´µ ´  ¸ ³µ³ ¤¥²¥ ´¥ ¸µ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³
− ∂
∂vk

ZGKM , ±µÉµ·µ¥ µÉ²¨Î ¥É¸Ö µÉ (3.48) ´  ´¥±µÉµ·Ò¥ ¶µ¶· ¢µÎ´Ò¥ Ë ±-

Éµ·Ò. �·µ¡²¥³  § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¢ ¢Ò· ¦¥´¨¨ ∂
∂vk

ZGKM ¥¸ÉÓ ¢±² ¤Ò
´¥ Éµ²Ó±µ µÉ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö V (X) − V (M) ¨§ Ô±¸¶µ´¥´ÉÒ (2.81), ´µ
¨ ¢±² ¤ µÉ Î²¥´  V ′(M)(X −M) ≡ W (M)(X −M),   É ±¦¥ ¶·µ¨§¢µ¤´ Ö
´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö (2.82). �É¨ ¶µ¶· ¢±¨ ³µ¦´µ · §¤¥²¨ÉÓ ´  ¤¢¥
Î ¸É¨:

O
(

∂

∂vk
W

)
+ ”±¢ ´Éµ¢Ò¥ ¶µ¶· ¢±¨”. (3.49)
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�¥·¢ÊÕ Î ¸ÉÓ ³µ¦´µ Ê¡· ÉÓ, ¥¸²¨ ¢¢¥¸É¨ ´µ¢Ò° ª¸¶¥±É· ²Ó´Ò° ¶ · ³¥É·ª
W (M) = M̃p, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¢µ§´¨± ÕÉ ´µ¢Ò¥ ¢·¥-
³¥´  T̃k = 1

k
Tr M̃−k. ƒ²Ö¤Ö ´  Ëµ·³Ê²Ê (3.49), ¸É ´µ¢¨É¸Ö Ö¸´µ, ÎÉµ ´¥ ¸ ³¨

{vk} Ö¢²ÖÕÉ¸Ö ª¶· ¢¨²Ó´Ò³¨ª ¶¥·¥³¥´´Ò³¨ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ¶µÉ¥´Í¨ ² .
‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ £µ· §¤µ Ê¤µ¡´¥¥ · ¡µÉ ÉÓ ¸ ¨Ì ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨-
Ö³¨ {tk}, µ¶·¥¤¥²¥´´Ò³¨ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [36]:

tk = − p

k(p− k)
res W 1−k/p(µ)dµ. (3.50)

ˆ¸¶µ²Ó§ÊÖ (3.50), ²¥£±µ ¶µ²ÊÎ¨ÉÓ

µ =
1

p

p+1∑
−∞

ktkµ̃
k−p, V (µ)− µV ′(µ) = −

p+1∑
−∞

tkµ̃
k. (3.51)

‚Ò· ¦¥´¨¥ (3.51) £µ¢µ·¨É µ Éµ³, ÎÉµ Ô±¸¶µ´¥´Í¨ ²Ó´Ò° ³´µ¦¨É¥²Ó ¢ Ëµ·-
³Ê²¥ (2.81) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¸É ´¤ ·É´ Ö ¸ÊÐ¥¸É¢¥´´ Ö µ¸µ¡¥´´µ¸ÉÓ
ËÊ´±Í¨¨ �¥°±¥·  Å �Ì¨¥§¥·  ¤²Ö ¨¥· ·Ì¨¨, £¤¥ ¨´É¥£·¨·Ê¥³Ò¥ ¶µÉµ±¨ ¶ -
· ³¥É·¨§ÊÕÉ¸Ö p-¢·¥³¥´ ³¨.

� ±µ´¥Í, ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¶µ²ÊÎ ¥³

Z[V |Tk] = τV [Tk] = exp

(
−1

2

∑
Aij(t)(ti + T̃i)(tj + T̃j)

)
τp[tk + T̃k],

(3.52)
£¤¥ Aij = resµW

i/pdW
j/p
+ ,   f(µ)+ µ¡µ§´ Î ¥É ´¥µÉ·¨Í É¥²Ó´ÊÕ Î ¸ÉÓ ·Ö¤ 

‹µ· ´  f(µ) = Σ fiµ
i: f(µ)+ = Σi≥0 fiµ

i. ’¥¶¥·Ó Ê¦¥ ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ
τp[T ] ≡ τVp [T ] Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° p-·¥¤Ê±Í¨¨ ¨¥· ·Ì¨¨ Š� (¨¥· ·Ì¨¨ p-£µ
Ê· ¢´¥´¨Ö Š¤”).

‘³Ò¸² Ëµ·³Ê²Ò (3.52) § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ª¸¤¢¨´ÊÉ Öª ¶µÉµ± ³¨ p-
¢·¥³¥´ (3.50) τ -ËÊ´±Í¨Ö ¤µ¸É ÉµÎ´µ ¶·µ¸Éµ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ τ -ËÊ´±Í¨Õ
p-·¥¤Ê±Í¨¨, § ¢¨¸ÖÐ¥° Ê¦¥ Éµ²Ó±µ µÉ ¸Ê³³Ò ¢·¥³¥´ T̃k ¨ tk. ‡ ³¥´  ¸¶¥±É-
· ²Ó´µ£µ ¶ · ³¥É·  M → M̃ = f(M) = W 1/p(M) (¨ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö § -
³¥´  ¢·¥³¥´ Tk → T̃k) Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´µ° µ¶¥· Í¨¥° ¶·¨ ¶µ¸É·µ¥´¨¨
Ô±¢¨¢ ²¥´É´ÒÌ ¨¥· ·Ì¨° [113].

„¥°¸É¢¨É¥²Ó´µ, ¸¢Ö§Ó ³¥¦¤Ê τ -ËÊ´±Í¨Ö³¨ Ô±¢¨¢ ²¥´É´ÒÌ ¨¥· ·Ì¨° ³µ¦¥É
¡ÒÉÓ ¶µ²ÊÎ¥´  ¨§ ¸²¥¤ÊÕÐ¥£µ Éµ¦¤¥¸É¢¥´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö:

τ(T ) =
∆(µ̃)

∆(µ)

∏
i

[f ′(µi)]
1
2 τ̃ (T̃ ), (3.53)

£¤¥ ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ τ̃ (T̃ ) ± ± ËÊ´±Í¨¨ ¢·¥³¥´ T̃ (3.2) ¸É·µ¨É-
¸Ö ¨§ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ φ̃(µ̃) = [f ′(µ(µ̃))]

1
2φi(µ(µ̃)). �·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³
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³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ³´µ¦¨É¥²Ó ¶¥·¥¤ τ -ËÊ´±Í¨¥° ¢ ¶· ¢µ° Î ¸É¨ Ëµ·³Ê²Ò
(3.53) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

∆(µ̃)

∆(µ)

∏
i

[f ′(µi)]
1
2 = exp

−1

2

∑
i,j

Aij T̃iT̃j

 , (3.54)

£¤¥ Aij = res f i(λ)dλf
j
+(λ). ˆ§ (3.53) ¸²¥¤Ê¥É, ÎÉµ

τ(T (T̃ )) = τ̃ (T̃ ) exp

−1

2

∑
i,j

Aij T̃iT̃j

 . (3.55)

‚¢¥¤¥³ τ -ËÊ´±Í¨Õ τ̂(T̃ ) p-·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š�, µ¶·¥¤¥²¥´´ÊÕ ± ±

τ̃(T̃ ) ≡ τ̂(T̃ )

τ0(t)
exp

∑
j

jt−j T̃j

 , τ0(t) = exp

(
−1

2

∑
Aijtitj

)
, (3.56)

¤²Ö ±µÉµ·µ° ¢³¥¸Éµ

τV [T ] =
det φi(µj)

∆(µ)
(3.57)

¨³¥¥³
τp[t+ T̃ ]

τp[t]
=

det φ̂i(µ̃j)

∆(µ̃)
, (3.58)

  ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ (3.57) ¨ (3.58) ÉµÎ±¨ £· ¸¸³ ´¨ ´  µ¶·¥¤¥²ÖÕÉ¸Ö ¡ §¨¸-
´Ò³¨ ¢¥±Éµ· ³¨

φi(µ) = [W ′(µ)]
1
2 exp (V (µ)− µW (µ))

∫
xi−1exp (−V (x) + xW (µ))dx

(3.59)
¨

φ̂i(µ̃) = [pµ̃p−1]
1
2 exp

− p+1∑
j=1

tj µ̃j

∫ xi−1exp (−V (x) + xµ̃p)dx. (3.60)

�·¨ ÔÉµ³ ²¥£±µ ¶µ± § ÉÓ, ÎÉµ τ̂p(T ) Ê¤µ¢²¥É¢µ·Ö¥É ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ
(L−1-Ê¸²µ¢¨Õ) ¸µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ¸¤¢¨´ÊÉÒ³¨ Š�-¢·¥³¥´ ³¨:

p−1∑
k=1

k(p−k)(tk+T̃k)(tp−k+T̃p−k)+

∞∑
k=1

(p+k)(tp+k+T̃p+k)
∂

∂T̃k
log τ̂p [t+T̃ ] = 0,

(3.61)
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¶·¨Î¥³ ti, µ¶·¥¤¥²¥´´Ò¥ ¢ (3.50), Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ
¶·¨ i ≥ p+ 2.

ˆ§ Ëµ·³Ê² (3.52), (3.61) ³µ¦´µ ¨§¢²¥ÎÓ ± ± ³¨´¨³Ê³ ¤¢  · §²¨Î´ÒÌ
¸²¥¤¸É¢¨Ö. ‚µ-¶¥·¢ÒÌ, ¶·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¢ ¸²ÊÎ ¥ ¤¥Ëµ·³ Í¨¨ ³µ-
´µ³¨ ²Ó´µ£µ ¶µÉ¥´Í¨ ²  (≡ ¶µ²¨´µ³  Éµ° ¦¥ ¸É¥¶¥´¨) ¢Ò· ¦ ¥É¸Ö Î¥·¥§
τ -ËÊ´±Í¨Õ Ô±¢¨¢ ²¥´É´µ° (¢ ¸³Ò¸²¥ [113]) p-·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š�;
¢µ-¢Éµ·ÒÌ, ¢ ¤¥Ëµ·³¨·µ¢ ´´µ³ ¸²ÊÎ ¥ ´¥ Éµ²Ó±µ tp+1,   ¢¸¥ tk ¸ ´µ³¥· ³¨
k ≤ p + 1 µÉ²¨Î´Ò µÉ ´Ê²Ö. �µ¤µ¡´Ò¥ É¥µ·¨¨ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Éµ¶µ²µ-
£¨Î¥¸±¨ ¤¥Ëµ·³¨·µ¢ ´´Ò³¨ (p, 1)-³µ¤¥²Ö³¨ (ÎÉµ¡Ò ´¥ ¶ÊÉ ÉÓ ¸ ¸µ¡¸É¢¥´´µ
(p, 1)-³µ¤¥²Ö³¨, § ¤ ¢ ¥³Ò³¨ ³µ´µ³¨ ²Ó´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ Vp(X)), É ± ± ±
¤¥Ëµ·³ Í¨Ö Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ° ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¸µÌ· ´Ö¥É ¢¸¥ ¸¢µ°-
¸É¢  Éµ¶µ²µ£¨Î¥¸±¨Ì ³µ¤¥²¥°. ‘ ÉµÎ±¨ §·¥´¨Ö ¶µ²¥¢ÒÌ É¥µ·¨° ÔÉ¨ ³µ¤¥²¨
µÉ¢¥Î ÕÉ ¤¢Ê³¥·´Ò³ N = 2 É¢¨¸Éµ¢ ´´Ò³ É¥µ·¨Ö³ ƒ¨´§¡Ê·£  Å ‹ ´¤ Ê,
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨³ ¸ Éµ¶µ²µ£¨Î¥¸±µ° £· ¢¨É Í¨¥°. ‚ ¸Ë¥·¨Î¥¸±µ³ ¶·¥¤¥²¥
¶µ²ÊÎ¥´´µ¥ ¢ÒÏ¥ ¸µµÉ´µÏ¥´¨¥ ¡Ò²µ ¢µ¸¶·µ¨§¢¥¤¥´µ ¤·Ê£¨³ ¸¶µ¸µ¡µ³ ¢ [35].

3.3. �¥Éµ¶µ²µ£¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¨ pq-¤Ê ²Ó´µ¸ÉÓ. �·¨¢¥¤¥´´ Ö ¢ÒÏ¥
¸Ì¥³  ¶µ¸É·µ¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì ·¥Ï¥´¨° ¨³¥¥É Ö¸´ÊÕ ¨´É¥·¶·¥É Í¨Õ ´ 
Ö§Ò±¥ ± ´µ´¨Î¥¸±µ£µ ±¢ ´Éµ¢ ´¨Ö. ‚ ¸ ³µ³ ¤¥²¥, ÉµÎ´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥
·¥Ï¥´¨Ö Éµ¶µ²µ£¨Î¥¸±¨Ì (p, 1)-É¥µ·¨° µ¶¨¸Ò¢ ÕÉ¸Ö ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¥°
(2.81), ±µÉµ·ÊÕ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ ± ± ¶·¥¤¸É ¢²¥-
´¨¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ¤²Ö Ê· ¢´¥´¨° [24] [P̂ , Q̂] = 1, É.¥. ¶·µ¸Éµ
 ²£¥¡·Ò ƒ¥°§¥´¡¥·£  ¢ ·¥ ²¨§ Í¨¨, £¤¥ P̂ ¨ Q̂ Ä ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· -
Éµ·Ò ±µ´¥Î´µ£µ ¶µ·Ö¤±  (p ¨ q ¸µµÉ¢¥É¸É¢¥´´µ), ¶·¨Î¥³ p-° ¶µ·Ö¤µ± µ¶¥-
· Éµ·  P̂ § ¤ ¥É p-·¥¤Ê±Í¨Õ, ¢ Éµ ¢·¥³Ö ± ± q µÉ¢¥Î ¥É §  q-Õ ±·¨É¨Î¥-
¸±ÊÕ ÉµÎ±Ê. Š¢ §¨±² ¸¸¨Î¥¸±¨ ±µ³³ÊÉ Éµ· ¶·¥¢· Ð ¥É¸Ö ¢ ¸±µ¡±Ê �Ê ¸-
¸µ´  [36, 114] {P,Q} = 1, £¤¥ Ê¦¥ P (x) ¨ Q(x) Å µ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨
(¶µ²¨´µ³Ò). ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ · ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥ ¸²ÊÎ ° µÉ¢¥Î ¥É ¸¨-
ÉÊ Í¨¨, ±µ£¤  Q(x) ≡ x Ö¢²Ö¥É¸Ö ¶µ²¨´µ³µ³ ¶¥·¢µ£µ ¶µ·Ö¤± ,   ¶µ²¨´µ³
¸É¥¶¥´¨ p Å P (x) ¸²¥¤Ê¥É µÉµ¦¤¥¸É¢¨ÉÓ∗ ¸ W (x) ≡ V ′(x). �·¨ ÔÉµ³ ¢Ò· -
¦¥´¨¥, ¸ÉµÖÐ¥¥ ¢ Ô±¸¶µ´¥´É¥ ¢ Ëµ·³Ê² Ì (2.81), (3.59) ¨ (3.60), ¶·¨µ¡·¥É ¥É
¥¸É¥¸É¢¥´´Ò° ¸³Ò¸² ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö

Sp,1(x, µ) = −V (x) + xW (µ) = −
x∫

0

dy W (y)Q′(y) +Q(x)W (µ),

∗� ¶·¨³¥·: W (µ) = µ2 + t1, Q(µ) = µ, Éµ£¤ 

{W,Q} =
∂W

∂t1

∂Q

∂µ
− ∂Q

∂t1

∂W

∂µ
= 1.
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W (x) = V ′(x) = xp +

p∑
k=1

vkx
k−1, Q(x) = xq, (3.62)

¨, ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³, ¥£µ µ¡µ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ¶·µ¨§¢µ²Ó´ÒÌ (p, q) ³µ-
¤¥²¥° ¨³¥¥É ¢¨¤

SW,Q = −
x∫

0

dy W (y)Q′(y) +Q(x)W (µ),

W (x) = V ′(x) = xp +

p∑
k=1

vkx
k−1, Q(x) = xq +

q∑
k=1

v̄kx
k−1. (3.63)

‚ ·¨ Í¨Ö ¤¥°¸É¢¨Ö (3.63) ¶µ-¶·¥¦´¥³Ê ¤ ¥É W (x) = W (µ) ¸ µ¤´¨³ ¨§ ·¥Ï¥-
´¨° x = µ,   §´ Î¥´¨¥ ¤¥°¸É¢¨Ö ´  Ô±¸É·¥³ ²¨ x = µ ¨³¥¥É ¢¨¤

SW,Q|x=µ =

µ∫
0

dy W ′(y)Q(y) =

p+q∑
k=−∞

tkµ̃
k, (3.64)

£¤¥ µ̃p = W (µ),  

tk ≡ t(W,Q)
k = − p

k(p− k)
res W 1−k/pdQ. (3.65)

�¥µ¡Ìµ¤¨³µ § ³¥É¨ÉÓ, ÎÉµ §´ Î¥´¨¥ ¤¥°¸É¢¨Ö (3.63) ´  Ô±¸É·¥³ ²¨, § ¶¨¸ ´-
´µ¥ ¢ Ëµ·³¥ (3.64), µ¶·¥¤¥²Ö¥É ±¢ §¨±² ¸¸¨Î¥¸±¨° (¨²¨ ¡¥§¤¨¸¶¥·¸¨µ´´Ò°)
¶·¥¤¥² p-·¥¤ÊÍ¨·µ¢ ´´µ° ¨¥· ·Ì¨¨ Š� [36, 114] ¸ p + q − 1 ´¥§ ¢¨¸¨³Ò³¨
¶µÉµ± ³¨. ‚ÒÏ¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢ ¸²ÊÎ ¥ Éµ¶µ²µ£¨Î¥¸±¨ ¤¥Ëµ·³¨·µ-
¢ ´´µ° (p, 1)-³µ¤¥²¨ ±¢ §¨±² ¸¸¨Î¥¸± Ö ¨¥· ·Ì¨Ö Ö¢²Ö¥É¸Ö ÉµÎ´µ° ¢ ¸²¥¤Ê-
ÕÐ¥³ ¸³Ò¸²¥: ·¥Ï¥´¨Ö ¨¥· ·Ì¨¨, £¤¥ ¶µÉµ±¨ µ¶·¥¤¥²ÖÕÉ¸Ö p-¢·¥³¥´ ³¨,
Ö¢²ÖÕÉ¸Ö É ±¦¥ ·¥Ï¥´¨Ö³¨ ¶µ²´ÒÌ Ê· ¢´¥´¨° ¨¥· ·Ì¨¨ Š� (t + T -Ëµ·³Ê² 
(3.52)),   ¶¥·¢Ò° ¨§ ´ ¡µ·  ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ Ö¢²Ö¥É¸Ö ¢ ÉµÎ´µ¸É¨ ËÊ´±Í¨¥°
�¥°±¥·  Å �Ì¨¥§¥· , µ£· ´¨Î¥´´µ° ´  ª³ ²µ¥ª Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ. �Éµ,
¡¥§Ê¸²µ¢´µ, ´¥ É ± ¤²Ö µ¡Ð¥£µ ¸²ÊÎ Ö (p, q)-³µ¤¥²¥°: §¤¥¸Ó ±¢ §¨±² ¸¸¨±  Ê¦¥
´¥ ÉµÎ´ , ¨ ¤²Ö Éµ£µ, ÎÉµ¡Ò ´ °É¨ Ö¢´Ò° ¢¨¤ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢, ´¥µ¡Ìµ¤¨³µ
·¥Ï¨ÉÓ ª¶µ²´ÊÕª § ¤ ÎÊ Å ´ °É¨ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¶µ²´µ° ¨¥· ·Ì¨¨ (·¥¤Ê-
Í¨·µ¢ ´´µ£µ) Š� ¢¤µ²Ó ¶¥·¢ÒÌ p + q − 1 ¶µÉµ±µ¢. ’¥³ ´¥ ³¥´¥¥ ´ ²¨Î¨¥
ª±¢ §¨±² ¸¸¨Î¥¸±µ° ±µ³¶µ´¥´ÉÒª ¢ ¶µ²´µ° ¨´É¥£·¨·Ê¥³µ° ¸É·Ê±ÉÊ·¥ ¤ ´´ÒÌ
³µ¤¥²¥° ³µ¦¥É ¤ ÉÓ, ¢ ¶·¨´Í¨¶¥, ´¥±µÉµ·ÊÕ ¶µ²¥§´ÊÕ ¨´Ëµ·³ Í¨Õ: ´ ¶·¨-
³¥·, ³µ¦´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ±µÔËË¨Í¨¥´ÉÒ  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨°
¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ ¢Ò· ¦ ÕÉ¸Ö Éµ²Ó±µ Î¥·¥§ ¶·µ¨§¢µ¤´Ò¥ ±¢ §¨±² ¸¸¨Î¥¸±µ°
τ -ËÊ´±Í¨¨.
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‚µ§¢· Ð Ö¸Ó ± Ê· ¢´¥´¨Õ (3.65), ¸· §Ê § ³¥É¨³, ÎÉµ É¥¶¥·Ó Éµ²Ó±µ ¤²Ö
k ≥ p + q + 1 p-¢·¥³¥´  Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ,   ¤²Ö k = p + q-£µ
§´ Î¥´¨Ö ¢·¥³¥´¨ ¨³¥¥³

tp+q ≡ t(W,Q)
p+q =

p

p+ q
, (3.66)

¨ ±µ··¥±É´µ¥ ±·¨É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¶µ²ÊÎ ¥É¸Ö ¶·¨ ª¶µ¤±·ÊÉ±¥ª ¢¸¥Ì ¢·¥³¥´
{tk} ¸ k < p+ q, É ± ÎÉµ µ´¨ ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨ ´Ê²Õ. ’µÎ´ Ö Ëµ·³Ê²  ¤²Ö
¢¥±Éµ·µ¢ ¡ §¨¸  ¢ £· ¸¸³ ´¨ ´¥ ¤²Ö µ¡Ð¥£µ ¸²ÊÎ Ö (p, q)-³µ¤¥²¥° ¶·¨´¨³ ¥É
¢¨¤

φi(µ) = [W ′(µ)]
1
2 exp (− SW,Q|x=µ)

∫
dMQ(x)fi(x) exp SW,Q(x, µ), (3.67)

£¤¥ dMQ(x) Å ³¥·  ¨´É¥£·¨·µ¢ ´¨Ö. Š ± ¡Ê¤¥É ¢¨¤´µ ¢ ¤ ²Ó´¥°Ï¥³, ¤²Ö
µ¡Ð¥£µ ¸²ÊÎ Ö (p, q)-³µ¤¥²¥° ³¥·  µ¶·¥¤¥²Ö¥É¸Ö ¤¢Ê³Ö ¶µ²¨´µ³ ³¨ W ¨ Q ¨
¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

dMQ(z) = [Q′(z)]
1
2 dz, (3.68)

ÎÉµ ¸²¥¤Ê¥É ¨§ ¸É·Ê´´µ£µ Ê· ¢´¥´¨Ö. �·¨ ¢Ò¡µ·¥ ³¥·Ò ¢ ¢¨¤¥ (3.68), ¤²Ö Éµ£µ
ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢
φi(µ), ¸²¥¤Ê¥É ¢Ò¡· ÉÓ ËÊ´±Í¨¨ fi(x) (´¥ µ¡Ö§ É¥²Ó´µ ³µ´µ³Ò ¨²¨ ¶µ²¨-
´µ³Ò!), Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ É ±µ³Ê ¦¥  ¸¨³¶ÉµÉ¨Î¥¸±µ³Ê Ê¸²µ¢¨Õ: fi(x) ∼
∼ xi−1(1 + O(1/x)). � ±µ´¥Í, ¤²Ö Éµ£µ, ÎÉµ¡Ò ¡ §¨¸´Ò¥ ¢¥±Éµ·Ò Ê¤µ¢²¥-
É¢µ·Ö²¨ ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ, ´¥µ¡Ìµ¤¨³µ ¢Ò¶µ²´¨ÉÓ ¤¢  Ê¸²µ¢¨Ö: Ê¸²µ¢¨¥
·¥¤Ê±Í¨¨

W (µ)φi(µ) =
∑
j

Cijφj(µ) (3.69)

¨ ¨´¢ ·¨ ´É´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  Š Í  Å ˜¢ ·Í  (3.17)

A(W,Q)φi(µ) =
∑

Aijφj(µ), (3.70)

£¤¥

A(W,Q) ≡ N (W,Q)(µ)
1

W ′(µ)

∂

∂µ
[N (W,Q)(µ)]−1 =

=
1

W ′(µ)

∂

∂µ
− 1

2

W ′′(µ)

W ′(µ)2
+Q(µ),

N (W,Q)(µ) ≡ [W ′(µ)]
1
2 exp (− SW,Q|x=µ). (3.71)
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‘É·Ê´´µ¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ (3.69), (3.70). �¥³¥¤²¥´´µ ¸É·Ê±ÉÊ· 
¤¥°¸É¢¨Ö ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ

A(W,Q)φi(µ) = N (W,Q)(µ)

∫
dMQ(z)Q(z)fi(z) exp SW,Q(z, µ), (3.72)

¨ Ê¸²µ¢¨¥ (3.70) ³µ¦¥É ¡ÒÉÓ ¶¥·¥Ëµ·³Ê²¨·µ¢ ´µ ± ± ¸¢µ°¸É¢µ Q-·¥¤Ê±Í¨¨
(¤Ê ²Ó´µ£µ) ¡ §¨¸  {fi(z)}:

Q(z)fi(z) =
∑

Aijfi(z). (3.73)

’¥¶¥·Ó ¢¥·´¥³¸Ö ± Ê¸²µ¢¨Õ W -·¥¤Ê±Í¨¨. “³´µ¦ Ö φi(µ) ´  W (µ) ¨ ¨´É¥£·¨-
·ÊÖ ¶µ Î ¸ÉÖ³, ¶µ²ÊÎ ¥³

W (µ)φi(µ) = N (W,Q)(µ)

∫
dMQ(z)fi(z)

1

Q′(z)

∂

∂z
[exp Q(z)W (µ)]×

× exp

− z∫
0

dy W (y)Q′(y)

 = −N (W,Q)(µ)

∫
dMQ(z) exp [SW,Q(z, µ)]×

×
(

1

Q′(z)

∂

∂z
− 1

2

Q′′(z)

Q′(z)2
−W (z)

)
fi(z) ≡

≡ −N (W,Q)(µ)

∫
dMQ(z) exp [SW,Q(z, µ)]A(Q,W )fi(z). (3.74)

’ ±¨³ µ¡· §µ³, ¤²Ö ¤Ê ²Ó´µ£µ ¡ §¨¸  {fi(z)} Ê¸²µ¢¨¥ (3.69) ¶·¥¢· Ð ¥É¸Ö ¢

A(Q,W )fi(z) = −
∑

Cijfj(z), (3.75)

£¤¥ ³Ò ¢¢¥²¨ µ¡µ§´ Î¥´¨¥ A(Q,W ) (6= A(W,Q)) ¤²Ö ¤Ê ²Ó´µ£µ µ¶¥· Éµ· 
Š Í  Å ˜¢ ·Í :

A(Q,W ) =
1

Q′(z)

∂

∂z
− 1

2

Q′′(z)

Q′(z)2
−W (z). (3.76)

”µ·³Ê²Ò (3.67), (3.68) ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ÉµÎ´Ò¥ ¨´É¥£· ²Ó´Ò¥ ¢Ò· ¦¥-
´¨Ö ¤²Ö ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢, Ö¢²ÖÕÐ¨Ì¸Ö ·¥Ï¥´¨Ö³¨ (p, q) ¸É·Ê´´ÒÌ ³µ¤¥-
²¥° [112]. ‘³Ò¸² ÔÉ¨Ì Ëµ·³Ê² § ±²ÕÎ ¥É¸Ö ¢ Ö¢´µ³ ¢¨¤¥ ¨´É¥£· ²Ó´µ£µ ¶·¥-
µ¡· §µ¢ ´¨Ö, ¸¢Ö§Ò¢ ÕÐ¥£µ ¤Ê ²Ó´Ò¥ (p, q) ¨ (q, p) ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÉµÎ´Ò¥
¸É·Ê´´Ò¥ ·¥Ï¥´¨Ö. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉµ ¶·¥µ¡· §µ¢ ´¨¥ Å ¶·¥µ¡· §µ¢ -
´¨¥³ pq-¤Ê ²Ó´µ¸É¨ (¢ µ¡Ð¥³ ¸²ÊÎ ¥ W − Q-¤Ê ²Ó´µ¸É¨) ¤²Ö ÉµÎ´ÒÌ ´¥¶¥·-
ÉÊ·¡ É¨¢´ÒÌ ¶·µ¨§¢µ¤ÖÐ¨Ì ËÊ´±Í¨° (¸³. É ±¦¥ [115]). ‚ ± Î¥¸É¢¥ µ¸´µ¢´µ£µ
¸²¥¤¸É¢¨Ö ¨§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ Ëµ·³Ê² ³µ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ µ¡Ð¥¥ ·¥Ï¥-
´¨¥ c ≤ 1 2D ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¸É·Ê´´µ° É¥µ·¨¨ Ëµ·³Ê²¨·Ê¥É¸Ö ¸ ¶µ³µÐÓÕ
¤¢ÊÌ (¶µ²¨´µ³¨ ²Ó´ÒÌ) ËÊ´±Í¨°: W (x) ¨ Q(x).
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3.4. ‘É·Ê´´ Ö É¥µ·¨Ö ¶µ²Ö ¨ ¶·¥¤¥² c → 1. � ±µ´¥Í, ¶¥·¥°¤¥³ ± µ¡¸Ê-
¦¤¥´¨Õ ¢µ¶·µ¸ , ¶µÎ¥³Ê ¶·¥¤²µ¦¥´´ Ö ¢ÒÏ¥ ¸Ì¥³  ¥¤¨´µ£µ µ¶¨¸ ´¨Ö ´¥¶¥·-
ÉÊ·¡ É¨¢´µ£µ ·¥¦¨³  ¢ ´¥±µÉµ·µ³ ±² ¸¸¥ ¸É·Ê´´ÒÌ ³µ¤¥²¥° ³µ¦¥É · ¸¸³ -
É·¨¢ ÉÓ¸Ö ± ± ¶µ¶ÒÉ±  ¶µ¸É·µ¥´¨Ö ¸É·Ê´´µ° É¥µ·¨¨ ¶µ²Ö ¨²¨ ÔËË¥±É¨¢´µ°
Ëµ·³Ê²¨·µ¢±¨ É¥µ·¨¨ ¸É·Ê´, ¢ ±µÉµ·µ° ³¨·µ¢ Ö ¶µ¢¥·Ì´µ¸ÉÓ ¸É·Ê´Ò Ê¦¥ ´¥
¶·¨¸ÊÉ¸É¢Ê¥É Ö¢´µ. ‘ ¸ ³µ£µ ´ Î ²  ´¥µ¡Ìµ¤¨³µ § ³¥É¨ÉÓ, ÎÉµ ¶µ¤ ¸É·Ê´-
´µ° É¥µ·¨¥° ¶µ²Ö ¡Ê¤¥É ¶µ´¨³ ÉÓ¸Ö ´¥ÎÉµ ¡µ²ÓÏ¥¥, Î¥³ ¥¥ É· ¤¨Í¨µ´´µ¥
µ¶·¥¤¥²¥´¨¥ ± ± ¶µ²¥¢µ° É¥µ·¨¨ ËÊ´±Í¨µ´ ²µ¢, µ¶·¥¤¥²¥´´ÒÌ ´  ¸É·Ê´´ÒÌ
¶¥É²ÖÌ; ´¨¦¥ ¶µ¤ ¸É·Ê´´µ° É¥µ·¨¥° ¶µ²Ö ¡Ê¤¥É ¶µ´¨³ ÉÓ¸Ö ´¥±µÉµ· Ö ÔË-
Ë¥±É¨¢´ Ö É¥µ·¨Ö, ¶µ§¢µ²ÖÕÐ Ö ¸ ¥¤¨´µ° ÉµÎ±¨ §·¥´¨Ö · ¸¸³ É·¨¢ ÉÓ ¸É·Ê´-
´Ò¥ ¢ ±ÊÊ³Ò (·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸É·Ê´´µ° É¥µ·¨¨
¶µ²Ö Å 2D ±µ´Ëµ·³´Ò¥ É¥µ·¨¨ ¶µ²Ö, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ¸ 2D-£· ¢¨É Í¨¥°)
¨ ¶·¥¤² £ ÕÐ Ö µÉ¢¥É ¤²Ö ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö Å ´¥±µÉµ·µ° ËÊ´±Í¨¨,
¨³¥ÕÐ¥° (¶¥·ÉÊ·¡ É¨¢´Ò¥) · §²µ¦¥´¨Ö ¢µ±·Ê£ ¤ ´´ÒÌ ¸É·Ê´´ÒÌ ¢ ±ÊÊ³µ¢.
’ ± Ö É¥µ·¨Ö, ¢ Î ¸É´µ¸É¨, ¤µ²¦´  Ê³¥ÉÓ µ¶¨¸Ò¢ ÉÓ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê · §²¨Î-
´Ò³¨ ¸É·Ê´´Ò³¨ ¢ ±ÊÊ³ ³¨ ¨ ¤·Ê£¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ.

� ¸c³µÉ·¥´´ Ö ¢ÒÏ¥ ¸Ì¥³  ³µ¦¥É ¶·¥É¥´¤µ¢ ÉÓ ´  Éµ, ÎÉµ¡Ò ´ §Ò¢ ÉÓ¸Ö
¸É·Ê´´µ° É¥µ·¨¥° ¶µ²Ö, É ± ± ± ¢ µ¸´µ¢¥ ¥¥ ²¥¦¨É ¤¢Ê³¥·´ Ö £¥µ³¥É·¨Ö ³¨-
·µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ¶·¨¢µ¤ÖÐ Ö ± Éµ³Ê, ÎÉµ ±µ··¥²ÖÉµ·Ò (¢ Éµ¶µ²µ£¨Î¥¸±µ³
¸¥±Éµ·¥) ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¨´É¥£· ²Ò µÉ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ëµ·³ ´ 
¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° [40]. �Éµ µ¸´µ¢´µ¥ µÉ²¨Î¨¥ µÉ µ¡ÒÎ´µ° É¥µ·¨¨ ¶µ²Ö,
£¤¥ ´¥É µ£· ´¨Î¥´¨°, ´ ² £ ¥³ÒÌ ¤¢Ê³¥·´µ° £¥µ³¥É·¨¥°: µ¡Ð¨° ¢¨¤ ¶·¥¤-
¸É ¢²¥´´µ° ¢ÒÏ¥ ±µ´¸É·Ê±Í¨¨ ¸¢Ö§ ´ ¸ ±²¥ÉµÎ´Ò³ · §¡¨¥´¨¥³ ¶·µ¸É· ´¸É¢ 
³µ¤Ê²¥° [40,116].

’ ±¨³ µ¡· §µ³, ´  ¤ ´´Ò° ³µ³¥´É ³Ò ¨³¥¥³ ¤¥²µ ¸ É¥µ·¨¥°, µ¶¨¸Ò¢ Õ-
Ð¥° · §²¨Î´Ò¥ (p, q)-³µ¤¥²¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ¸ 2D-£· ¢¨É Í¨¥°, ¢´¥ · -
³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö ¨ É¥Ì´¨Î¥¸±¨ µ¸´µ¢ ´´µ° ´  (¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ)
Ê· ¢´¥´¨ÖÌ ¢ ¶·µ¸É· ´¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨, ´ ² £ ¥³ÒÌ ´  ¶·µ¨§¢µ¤ÖÐÊÕ
ËÊ´±Í¨Õ Ë¨§¨Î¥¸±¨Ì ±µ··¥²ÖÉµ·µ¢. �¸´µ¢´Ò³ ÊÉ¢¥·¦¤¥´¨¥³ Ö¢²Ö¥É¸Ö µÉµ-
¦¤¥¸É¢²¥´¨¥ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨ ¸ τ -ËÊ´±Í¨¥° ¨´É¥£·¨·Ê¥³µ° ¨¥· ·Ì¨¨
É¨¶  Š�/’µ¤Ò, ±µÉµ· Ö ´¥ µ¶·¥¤¥²Ö¥É¸Ö ± ± £²µ¡ ²Ó´ Ö ËÊ´±Í¨Ö ¢ ¶·µ¸É· ´-
¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨,   ¨³¥¥É ´¥±µÉµ·µ¥ Ë¨±¸¨·µ¢ ´´µ¥ · §²µ¦¥´¨¥ ¢µ±·Ê£
± ¦¤µ° ±·¨É¨Î¥¸±µ° ÉµÎ±¨, ¢µ¸¶·µ¨§¢µ¤ÖÐ¥¥ ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° µ·¨£¨-
´ ²Ó´µ° ¶¥·¢¨Î´µ-±¢ ´Éµ¢ ´´µ° É¥µ·¨¨ (2.67). �¤´ ±µ ¶·¨ ´¥ ¸É·µ£¨Ì ¶¥·¥-
Ìµ¤ Ì ¢ ¶·µ¸É· ´¸É¢¥ ±µ´¸É ´É ¸¢Ö§¨ µÉ µ¤´µ£µ ·¥Ï¥´¨Ö ± ¤·Ê£µ³Ê ¶µÖ¢²ÖÕÉ¸Ö
¶·¥¶ÖÉ¸É¢¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ¶²µÌµ° ¸Ìµ¤¨³µ¸ÉÓÕ ¶¥·ÉÊ·¡ É¨¢´ÒÌ · §²µ¦¥´¨°,
É.¥. ¢µ§´¨± ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ´¥É·¨¢¨ ²Ó´µ£µ  ´ ²¨É¨Î¥¸±µ£µ ¶·µ¤µ²¦¥´¨Ö,
¶·¨ ±µÉµ·µ° ¨ ¶µÖ¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¢±² ¤Ò. „²Ö ¶·µ¸-
É¥°Ï¨Ì Éµ¶µ²µ£¨Î¥¸±¨Ì (p, 1)-É¥µ·¨° ÔÉÊ ¸Ì¥³Ê ³µ¦´µ µ¶¨¸ ÉÓ ´  Ö§Ò±¥ ÔË-
Ë¥±É¨¢´µ£µ ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö, ±µÉµ·µ¥ ¸¢µ¤¨É¸Ö ± ¨´É¥£· ²Ê ¶µ
Ô·³¨Éµ¢Ò³ ³ É·¨Í ³ (2.81), ÉµÎ´Ò¥ ¨´É¥£· ²Ó´Ò¥ Ëµ·³Ê²Ò ¤²Ö µ¡Ð¥£µ ¸²Ê-
Î Ö Ê¸É·µ¥´Ò £µ· §¤µ ¡µ²¥¥ ¸²µ¦´Ò³ µ¡· §µ³.
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�É  ¸Ì¥³ , ¢ ¶·¨´Í¨¶¥, ¶·¨³¥´¨³  ¨ ± ª£· ´¨Î´µ³Êª c = 1 ¸²ÊÎ Õ.
�¤´ ±µ c = 1 É¥µ·¨Ö µ¡Ð¥£µ ¢¨¤  Ö¢²Ö¥É¸Ö £µ· §¤µ ¡µ²¥¥ ª´ ¸ÒÐ¥´´µ°ª, Î¥³
c < 1 Éµ¶µ²µ£¨Î¥¸±¨¥ ³µ¤¥²¨, ¶µÔÉµ³Ê ´ ¨¢´Ò° ¶·¥¤¥² ¨§ c < 1 ÔËË¥±É¨¢´ÒÌ
³ É·¨Î´ÒÌ ³µ¤¥²¥° ¶·¨¢µ¤¨É ²¨ÏÓ ± Ëµ·³Ê²¨·µ¢±¥ ¸¨²Ó´µ ¢Ò·µ¦¤¥´´ÒÌ
c = 1 É¥µ·¨°.

‚¸¥ ÔÉ¨ ¸²ÊÎ ¨ ¡µ²¥¥ ¨²¨ ³¥´¥¥ µ¸´µ¢ ´Ò ´  µ¡µ¡Ð¥´¨ÖÌ ³µ¤¥²¨ �¥´-
´¥· , ¢ÒÎ¨¸²ÖÕÐ¥° Ô°²¥·µ¢¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¶·µ¸É· ´¸É¢ ³µ¤Ê²¥° ±µ³-
¶²¥±¸´ÒÌ ±·¨¢ÒÌ. ‚ ¸ ³µ³ ¤¥²¥, ¤¥É¥·³¨´ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸É É¸Ê³³Ò
³µ¤¥²¨ �¥´´¥·  [116] Ê¦¥ ¸ ³µ ¶µ ¸¥¡¥ ¶·¥¤¶µ² £ ¥É, ÎÉµ (¶·¨ Ë¨±¸¨·µ¢ ´-
´ÒÌ ¢·¥³¥´ Ì) ÔÉ  ¸É É¸Ê³³  Ö¢²Ö¥É¸Ö τ -ËÊ´±Í¨¥° ·¥Ï¥É±¨ ’µ¤Ò. � ²¨Î¨¥
¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ³µ¤¥²¨ �¥´´¥·  £µ¢µ·¨É µ Éµ³, ÎÉµ ÔÉ  É¥µ·¨Ö
Ö¢²Ö¥É¸Ö ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥  ´ ²µ£µ³ µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ Šµ´Í¥¢¨Î .
„¥°¸É¢¨É¥²Ó´µ, ·¥Ï¥´¨¥ ³µ¤¥²¨ �¥´´¥· 

Z ∼ det H(α)
ij (3.77)

¸ H(α)
ij = Γ(α+ i+ j − 1) Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ Éµ¶µ²µ£¨Î¥¸±¨Ì É¥µ·¨°,

±µÉµ·Ò¥ ¡Ò²¨ · ¸¸³µÉ·¥´Ò ¢ÒÏ¥.
„²Ö Éµ£µ ÎÉµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ÔÉµ, ¸´ Î ²  § ³¥É¨³, ÎÉµ ¤²Ö ²Õ¡µ£µ

·¥Ï¥´¨Ö ¨¥· ·Ì¨¨ Š� ¸ÊÐ¥¸É¢Ê¥É Ö¢´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¤¥É¥·³¨´ ´É´Ò³
¶·¥¤¸É ¢²¥´¨¥³ ¢ τ -ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ Œ¨¢Ò

τKP [Tk] =
detij φi(µj)

∆(µ)
(3.78)

¨ ¤¥É¥·³¨´ ´É´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ τ -ËÊ´±Í¨¨, Ì · ±É¥·´Ò³ ¤²Ö ·¥Ï¥´¨° ·¥-
Ï¥É±¨ ’µ¤Ò

τN [T−k, Tk] = det
ij
Hi+N,j+N [T−k, Tk], (3.79)

£¤¥

∆(µ) =
∏
i>j

(µi−µj), φi(µ) = µi−1

(
1 +O

(
1

µ

))
, Tk =

1

k

∑
i

µ−ki , k > 0

(3.80)
¨

∂Hij/∂Tk = Hi,j−k, j > k > 0, ∂Hij/∂T−k = Hi−k,j , i > k > 0. (3.81)

‘µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶·¥¤¸É ¢²¥´¨Ö³¨ (3.78) ¨ (3.79) ¶·µÐ¥ ¢¸¥£µ Ëµ·³Ê²¨·Ê¥É-
¸Ö ¸ ¶µ³µÐÓÕ ¶µ²¨´µ³µ¢ ˜Ê· , µ¶·¥¤¥²Ö¥³ÒÌ ¸²¥¤ÊÕÐ¥° Ëµ·³Ê²µ°:

P [z|Tk] ≡ exp

{∑
k>0

Tkz
k

}
=
∑

zkPk[T ], (3.82)



1184 Œ��˜�Š�‚ �.‚.

¢ Î ¸É´µ¸É¨, P−n = 0 ¶·¨ ²Õ¡ÒÌ n > 0; P0[T ] = 1; P1[T ] = T1; P2[T ] =
= T2 + 1

2 T
2
1 ; P3[T ] = T3 + T2T1 + 1

6T
3
1 ¨ É.¤. ‚ ¦´Ò³ ¸¢µ°¸É¢µ³ ¶µ²¨´µ³µ¢

˜Ê·  Ö¢²Ö¥É¸Ö · ¢¥´¸É¢µ ∂Pk
∂Tn

= Pk−n, ¸²¥¤ÊÕÐ¥¥ ¨§ Éµ£µ, ÎÉµ ∂P
∂Tk

= zkP .
�Éµ ¸¢µ°¸É¢µ ¶µ§¢µ²Ö¥É ¢Ò· §¨ÉÓ § ¢¨¸¨³µ¸ÉÓ µÉ ¢·¥³¥´ ³ É·¨ÍÒ Hij [T ],
Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê· ¢´¥´¨Ö³ (3.81), Î¥·¥§ ¶µ²¨´µ³Ò ˜Ê· :

Hij [T−p, Tp] =
∑
k≤i
l≥−j

Pi−k[T−p]HklPl+j [Tp], (3.83)

£¤¥ Hkl ≡ Hkl[0, 0] Ê¦¥ Ö¢²Ö¥É¸Ö ³ É·¨Í¥°, ´¥ § ¢¨¸ÖÐ¥° µÉ ¢·¥³¥´ T .
� ¸¸³µÉ·¨³ ¸´ Î ²  ¸²ÊÎ ° ´Ê²¥¢ÒÌ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´ ¨ ´Ê²¥¢µ£µ

¢·¥³¥´¨ N = T−k = 0,   § É¥³ · §·¥Ï¨³ ´Ê²¥¢µ³Ê ¢·¥³¥´¨ ¶·¨´¨³ ÉÓ ²Õ¡Ò¥
(Í¥²Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥) ∗ §´ Î¥´¨Ö N > 0 ¨ ¢¢¥¤¥³ µÉ·¨Í É¥²Ó´Ò¥ ¢·¥³¥´ 
T−k.

„²Ö § ¤ ´´µ° ¸¨¸É¥³Ò ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ φi(µ) ¶·¨ i > 0 ¢¢¥¤¥³ ¶µ
µ¶·¥¤¥²¥´¨Õ

Hij [T−k = 0, Tk] =

∮
z↪→0

φi(z)z−jP [z|Tk]dz, i > 0. (3.84)

Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö, ¶·µÌµ¤ÖÐ¨° ¢µ±·Ê£ ´Ê²Ö, ³µ¦¥É ¡ÒÉÓ ¤¥Ëµ·³¨·µ-
¢ ´ ± ¡¥¸±µ´¥Î´µ Ê¤ ²¥´´µ° ÉµÎ±¥, ¶·¨ ÔÉµ³ ¨´É¥£· ² É ±¦¥ ¡Ê¤¥É µ¶·¥¤¥-
²ÖÉÓ¸Ö µ¸µ¡¥´´µ¸ÉÖ³¨ ËÊ´±Í¨¨ P [z], ¥¸²¨ µ´¨ ¨³¥ÕÉ¸Ö. �µ¤¸É ¢¨¢ µ¶·¥-
¤¥²¥´¨¥ (3.82) ËÊ´±Í¨¨ P [z] ¢ (3.84), ¶µ²ÊÎ¨³ Ëµ·³Ê²Ê (3.83), ¢ ±µÉµ·µ°
Pk−i[T−m = 0] = δki,   É ±¦¥

Hkl =

∮
z↪→0

φk(z)zldz. (3.85)

—Éµ¡Ò ¤µ± § ÉÓ · ¢¥´¸É¢µ ¢Ò· ¦¥´¨° (3.78) ¨ (3.79), ¶¥·¥°¤¥³ ¢ Ëµ·³Ê²¥
(3.82) ± ¶¥·¥³¥´´Ò³ Œ¨¢Ò (3.80)

P [z|Tk] =
det M

det (M − Iz)
=
∏
i

µi

(µi − z)
=

[∏
i

µi

]∑
k

(−)k

(z − µk)

∆k(µ)

∆(µ)
,

(3.86)
£¤¥ ∆k(µ) ≡

∏
i>j;i,j 6=k

(µi − µj). ’¥¶¥·Ó ¢±² ¤ ¢ ¨´É¥£· ² (3.84) ¤ ¥É¸Ö Éµ²Ó±µ

¶µ²Õ¸ ³¨ ËÊ´±Í¨¨ P [z|Tk] ¢ ÉµÎ± Ì µk:

Hij [T−k = 0, Tk] =

∮
z↪→0

φi(z)z−jP [z|Tk]dz =

∏
i

µi

∆(µ)

∑
k

(−)kφi(µk)
∆k(µ)

µjk
.

(3.87)

∗�¡¸Ê¦¤¥´¨¥ ¸²ÊÎ Ö N < 0 ¸³. ¢ [117].
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‘Ê³³  ¢ ¶· ¢µ° Î ¸É¨ (3.87) ¨³¥¥É ¢¨¤ ¶·µ¨§¢¥¤¥´¨Ö ³ É·¨Í, ¸²¥¤µ¢ É¥²Ó´µ,

det Hij = det φi(µk)
∏
k


∏
i

µi

∆(µ)
(−)k∆k(µ)

 det
1

µjk
. (3.88)

�µ¸²¥¤´¨° ¤¥É¥·³¨´ ´É ¢ ¶· ¢µ° Î ¸É¨ (3.88) · ¢¥´ ∆(1/µ) ∼

∼ ∆(µ)

[∏
k

µNk

]−1

, § ³¥É¨³ É ±¦¥, ÎÉµ
∏
k

[
∆k(µ)

∆(µ)

]
= ∆(µ)−2, ¨, ¸µ¡¨· Ö

¢¸¥ ¢³¥¸É¥, Ê¡¥¤¨³¸Ö ¢ ¸ÊÐ¥¸É¢µ¢ ´¨¨ · ¢¥´¸É¢  det Hij =
det φi(µj)

∆(µ) , ÎÉµ ¨

É·¥¡µ¢ ²µ¸Ó ¤µ± § ÉÓ.
�¥·¥°¤¥³ É¥¶¥·Ó ± ¢¢¥¤¥´¨Õ ´Ê²¥¢µ£µ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´. �Ê²¥¢µ¥

¢·¥³Ö n ¢µ§´¨± ¥É ¶·µ¸Éµ ± ± µ¤´µ¢·¥³¥´´Ò° ¸¤¢¨£ ¨´¤¥±¸µ¢ i ¨ j ³ É·¨ÍÒ
Hij : Hij → Hi+N,j+N . �µÔÉµ³Ê ³µ¦´µ ´ ¶¨¸ ÉÓ

Hi+N,j+N [0, Tk] =

∮
z↪→0

φ
{N}
i (z)z−jP [z]dz (3.89)

¸ ¢¥±Éµ· ³¨ φ{N}i (z) = z−Nφi+N (z). �Éµ ¶µ²´µ¸ÉÓÕ ·¥Ï ¥É ¶·µ¡²¥³Ê ´Ê²¥-
¢µ£µ ¢·¥³¥´¨ N ¶·¨ ¶µ²µ¦¨É¥²Ó´ÒÌ Í¥²ÒÌ §´ Î¥´¨ÖÌ N .

—Éµ ± ¸ ¥É¸Ö µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´, ± ± Éµ²Ó±µ µ¶·¥¤¥²¥´  ³ É·¨Í  Hkl,
µ´¨ ³µ£ÊÉ ¡ÒÉÓ ¢¢¥¤¥´Ò ¸ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨Ö (3.83), É ± ÎÉµ

Hi+N,j+N [T−k, Tk] ≡
∑
k≤i

Pi−k[T−p]Hk+N,j+N [0, Tl] =

=

∮
z↪→0

φ
{T−k,N}
i (z)z−jP

[
1

z
|T−k

]
P [z|Tk]dz (3.90)

¸ ¡ §¨¸´Ò³¨ ¢¥±Éµ· ³¨

φ
{T−k,N}
i (z) ≡

(
P
[

1

z
|T−k

])−1∑
Pi−k[T−l]φ

[N ]
k =

= z−N exp

(
−
∑
k>0

T−kz
−k

)∑
Pk[T−l]φi+N−k(z). (3.91)

‚ µ¶·¥¤¥²¥´¨¥ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ (3.91) ¢¢¥¤¥´ ¤µ¶µ²´¨É¥²Ó´Ò° Ô±¸¶µ´¥´-
Í¨ ²Ó´Ò° ³´µ¦¨É¥²Ó, ÎÉµ¡Ò µ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥-

¤¥´¨¥ φ{T−k,N}i (z) = zi−1{1 +O(1
z
)}.

‚ ¦´Ò³ Î ¸É´Ò³ ¸²ÊÎ ¥³ ¨¥· ·Ì¨¨ ·¥Ï¥É±¨ ’µ¤Ò Ö¢²Ö¥É¸Ö ¥¥ ·¥¤Ê±-
Í¨Ö ± Í¥¶µÎ±¥ ’µ¤Ò (¸³., ´ ¶·¨³¥·, [98]). �¥¤Ê±Í¨Ö ± Í¥¶µÎ±¥ ’µ¤Ò ³µ¦¥É
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¡ÒÉÓ ²¥£±µ µ¶¨¸ ´  ¢ É¥·³¨´ Ì § ¤ ÕÐ¥£µ ÉµÎ±Ê £· ¸¸³ ´¨ ´  Ë¥·³¨µ´´µ£µ
µ¶¥· Éµ·  G, Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ Ê¸²µ¢¨Õ [G, Jk + J−k] = 0,   É ±¦¥ ´  ¤¥-
É¥·³¨´ ´É´µ³ Ö§Ò±¥. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ´ ² £ ¥É¸Ö Ê¸²µ¢¨¥ ¸¨³³¥É·¨¨

[H , Λ + Λ−1] = 0, (3.92)

£¤¥ Λ Å ³ É·¨Í  ¸¤¢¨£  Λij ≡ δi,j−1. ‚Ò¶µ²´¥´¨¥ ÔÉµ£µ Ê¸²µ¢¨Ö ¶·¨¢µ¤¨É
± ¶µÖ¢²¥´¨Õ τ -ËÊ´±Í¨¨ ¨¥· ·Ì¨¨ Í¥¶µÎ±¨ ’µ¤Ò, ±µÉµ· Ö Ê¦¥ § ¢¨¸¨É ²¨ÏÓ
µÉ ¸Ê³³Ò ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ ¢·¥³¥´ tk = 1

2 (Tk + T−k), ¨ ´¥
§ ¢¨¸¨É µÉ ¨Ì · §´µ¸É¨ (³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ÔÉµ ± ± µ¶·¥¤¥²ÖÕÐ¥¥ ¸¢µ°¸É¢µ
Í¥¶µÎ±¨ ’µ¤Ò). ‡ ³¥É¨³, ÎÉµ ·¥Ï¥´¨¥³ Ê¸²µ¢¨Ö (3.92) Ö¢²Ö¥É¸Ö Hi,j = Hi−j .

’¥¶¥·Ó Ê¦¥ ²¥£±µ ¢µ¸¸É ´µ¢¨ÉÓ § ¢¨¸¨³µ¸ÉÓ µÉ µÉ·¨Í É¥²Ó´ÒÌ ¨ ´Ê²¥-
¢µ£µ ¢·¥³¥´¨ ¢ ¨´É¥£· ²Ó´ÒÌ Ëµ·³Ê² Ì ¤²Ö ¸É·Ê´´ÒÌ ·¥Ï¥´¨° ¨¥· ·Ì¨¨ Š�,
É ± ÎÉµ ¸É É¸Ê³³  ÔËË¥±É¨¢´µ° É¥µ·¨¨ ¶·¥¢· É¨É¸Ö ¢ τ -ËÊ´±Í¨Õ ¨¥· ·Ì¨¨
·¥Ï¥É±¨ ’µ¤Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ¨° ´ ¡µ· ËÊ´±Í¨° Å ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ ¢
ÉµÎ±¥ £· ¸¸³ ´¨ ´¥, µÉ¢¥Î ÕÐ¥° µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ Šµ´Í¥¢¨Î , § ¤ ¥É¸Ö
¨´É¥£· ²Ó´Ò³¨ Ëµ·³Ê² ³¨

φ
{V }
i (µ) = eV (µ)−µV ′(µ)

√
V ′′(µ)

∫
dx xi−1e−V (x)+xV ′(µ) ≡

≡ s(µ)

∫
dx xi−1e−V (x)+xV ′(µ) ≡

〈
xi−1

〉
µ
. (3.93)

‡ ¢¨¸¨³µ¸ÉÓ µÉ N ¨ T−k ¢¢µ¤¨É¸Ö ¶µ ¸²¥¤ÊÕÐ¥³Ê ¶· ¢¨²Ê ∗:

φ
{V,N,T−k}
i (µ) ≡

〈
xi−1

[
x

µ

]N
exp

(∑
l>0

T−l(x
−l − µ−l)

)〉
µ

=

=

√
V ′′(µ) exp (V (µ)− µV ′(µ))

µN
×

×
∫
dx xN+i−1exp (−V (x) + xV ′(µ)) exp

(∑
l>0

T−l(x
−l − µ−l)

)
=

= exp (V̂ (µ)− µV ′(µ))
√
V ′′(µ)

∫
dx xi−1exp (−V̂ (x) + xV ′(µ)), (3.94)

∗‡ ³¥É¨³, ÎÉµ Ô±¸¶µ´¥´É  µÉ µÉ·¨Í É¥²Ó´ÒÌ ¸É¥¶¥´¥° ¢ ´µ·³¨·µ¢±¥ ´¥ µ± §Ò¢ ¥É ¸Ê-
Ð¥¸É¢¥´´µ£µ ¢²¨Ö´¨Ö ´  τ -ËÊ´±Í¨Õ ¨¥· ·Ì¨¨ Š�, É ± ± ± ÔÉµÉ Ë ±Éµ· ¸¢µ¤¨É¸Ö ± Ô±¸¶µ-
´¥´É¥ µÉ É·¨¢¨ ²Ó´µ° ¡¨²¨´¥°´µ° Ëµ·³Ò ¶µ ¢·¥³¥´ ³ ¨ µÉ¢¥Î ¥É ¸¢µ¡µ¤¥ ¢ ¥¥ µ¶·¥¤¥²¥-

´¨¨. „¥°¸É¢¨É¥²Ó´µ, τ ∼ det

(
exp

[∑
k

akz
−k
j

]
φi(zj)

)
∼
∏
l

exp [
∑
akz
−k
l ] det φi(zj) ∼

exp [
∑
kakTk] det φi(zj).
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£¤¥ V̂ (X) ≡ V (X)−N logX−
∑
k>0

t−kX
−k. � Î ²Ó´Ò° ¶µÉ¥´Í¨ ² V µÉµ¦¤¥¸É-

¢²Ö¥É¸Ö ¸ V̂+. ˆ§ Ëµ·³Ê²Ò (3.94) ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¸É É¸Ê³³  µ¡µ¡-
Ð¥´´µ° ³µ¤¥²¨ Šµ´Í¥¢¨Î  ¸ ÊÎÉ¥´´µ° § ¢¨¸¨³µ¸ÉÓÕ µÉ ´Ê²¥¢µ£µ ¨ µÉ·¨Í -
É¥²Ó´ÒÌ ¢·¥³¥´ ( ¢Éµ³ É¨Î¥¸±¨ Ö¢²ÖÕÐ Ö¸Ö τ -ËÊ´±Í¨¥° ¨¥· ·Ì¨¨ ·¥Ï¥É±¨
’µ¤Ò) ¥¸ÉÓ

Ẑ{V̂ }[M ] = eTr V̂ (M)−TrMV̂ ′+(M)

∫
DX e−Tr V̂ (X)+Tr V̂ ′+(M)X∫

dX e−Tr Û+,2(X,M)
. (3.95)

’¥¶¥·Ó Ê¦¥ ²¥£±µ ¢¢¥¸É¨ § ¢¨¸¨³µ¸ÉÓ µÉ ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ

¢·¥³¥´ ¢ ³µ¤¥²¨ �¥´´¥·  (3.77) ¨ ¢µ¸¸É ´µ¢¨ÉÓ Φ
{V }
k (z) ¨§ (3.91). „¥°¸É¢¨-

É¥²Ó´µ,

h
(α)
ij = H(α)

ij = Γ(α− 1 + i+ j) =

∞∫
0

dy

y
e−yyα−1+i+j =

∮
φ

(α)
i (z)zj (3.96)

¸· §Ê ¤ ¥É

φ
(α)
i (z) =

∞∫
0

dy

y
ezy−yyα−1+i, (3.97)

ÎÉµ Ö¢²Ö¥É¸Ö Ê¦¥ ¶·¥¤¸É ¢²¥´¨¥³ ¢ ¤ÊÌ¥ Éµ¶µ²µ£¨Î¥¸±¨Ì ³µ¤¥²¥°, ¨§ÊÎ ¢-
Ï¨Ì¸Ö ¢ÒÏ¥. ‘ÊÐ¥¸É¢¥´´ Ö · §´¨Í  ¸ · ¸¸³µÉ·¥´´Ò³¨ ¢ÒÏ¥ c < 1 ¶·¨³¥-
· ³¨ § ±²ÕÎ ¥É¸Ö ¢ µ¶·¥¤¥²¥´¨¨ ±µ´ÉÊ·  ¨´É¥£·¨·µ¢ ´¨Ö ¢ Ëµ·³Ê²¥ (3.97),
  É ±¦¥ ¢ Éµ³, ÎÉµ § ¢¨¸¨³µ¸ÉÓ µÉ ¶ · ³¥É·  z É·¨¢¨ ²Ó´ , É ± ± ± ¨´É¥£· ²
²¥£±µ ¢ÒÎ¨¸²Ö¥É¸Ö, ¶·¨¢µ¤Ö ± ·¥§Ê²ÓÉ ÉÊ

φ
(α)
i (z) =

Γ(α+ i)

(z − 1)α+i
≡ φα+i(z) ,

(
∂

∂z

)j
φ

(α)
i (z) = (−)jφ

(α)
i+j(z) = (−)j

Γ(α+ i+ j)

(z − 1)α+i+j
. (3.98)

‚¢µ¤Ö µÉ·¨Í É¥²Ó´Ò¥ ¢·¥³¥´ , ¶µ²ÊÎ ¥³ [118]

φ
(α)
i (z|T−p) = z−α exp

(
−
∑
p>0

T−pz
−p

)∑
k

Pk[T−p]φ
(α)
i−k(z) (3.99)

¨²¨

Zc=1 ∼
∫
DY exp TrZY + αTr logY +

∑
k>0

T−k TrY −k (3.100)
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¸ ¶µ²µ¦¨É¥²Ó´Ò³¨ ¢·¥³¥´ ³¨ T+k = 1
kTrZk. ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ Ëµ·³Ê² 

(3.100) ¡Ò²  ´¥§ ¢¨¸¨³µ ¶µ²ÊÎ¥´  ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ¸ ·¥§Ê²ÓÉ É ³¨ ¢ÒÎ¨¸²¥-
´¨Ö ªÉ Ì¨µ´´ÒÌª  ³¶²¨ÉÊ¤ ¢ c = 1 É¥µ·¨¨ [119].

� ±µ´¥Í, ¸¤¥² ¥³ ¥Ð¥ ´¥¸±µ²Ó±µ § ³¥Î ´¨° ¶µ ¶µ¢µ¤Ê c = 1 É¥µ·¨°. ‚µ-
µ¡Ð¥ £µ¢µ·Ö, ¢ ÔÉµ³ ¸²ÊÎ ¥ ³Ò µ¦¨¤ ²¨ ¶µ²ÊÎ¨ÉÓ ´ ¨¡µ²¥¥ µ¡ÐÊÕ (´¥·¥¤Ê-
Í¨·µ¢ ´´ÊÕ) τ -ËÊ´±Í¨Õ ¨¥· ·Ì¨¨ Š� ¨²¨ ·¥Ï¥É±¨ ’µ¤Ò, Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ
´¥±µÉµ·µ³Ê (µ¶ÖÉÓ ¦¥ ´¥·¥¤ÊÍ¨·µ¢ ´´µ³Ê) ¸É·Ê´´µ³Ê Ê· ¢´¥´¨Õ. ’ ± Ö ¸¨-
ÉÊ Í¨Ö µÉ¢¥Î ²  ¡Ò ¸±µ·¥¥ ¢§ÖÉ¨Õ ª¶·Ö³µ° ¸Ê³³Òª · §²¨Î´ÒÌ (p, q)-É¥µ·¨°,
  ´¥ ¶·¥¤¥²Ê ¨§ µ¡² ¸É¨ c < 1. �¤´ ±µ ¢ ´¥±µÉµ·ÒÌ ¢Ò·µ¦¤¥´´ÒÌ ¸²ÊÎ ÖÌ
· ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥ ¶·Ö³µ° ¶·¥¤¥² c → 1 É ±¦¥ ¨³¥¥É ¸³Ò¸². �É¨ ¢Ò·µ-
¦¤¥´´Ò¥ ¸²ÊÎ ¨ µ± §Ò¢ ÕÉ¸Ö, ¶µ ¸ÊÉ¨ ¤¥² , c = 1  ´ ²µ£ ³¨ (p, q) ¸É·Ê´´ÒÌ
³µ¤¥²¥° ¨ µÉ¢¥Î ÕÉ Éµ¶µ²µ£¨Î¥¸±µ³Ê ¸¥±Éµ·Ê c = 1 É¥µ·¨¨.

„¥°¸É¢¨É¥²Ó´µ, ²¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  p = ±q,
Ê· ¢´¥´¨Ö (3.69) ¨ (3.70) ¸¨²Ó´µ Ê¶·µÐ ÕÉ¸Ö ¨ ¸¨¸É¥³  ¢Ò·µ¦¤ ¥É¸Ö ¢ ¥¤¨´-
¸É¢¥´´µ¥ Ê· ¢´¥´¨¥. �¥§Ê¸²µ¢´µ, ÔÉµÉ ¸²ÊÎ ° ´¥ µÉ¢¥Î ¥É ³¨´¨³ ²Ó´µ° ¸¥·¨¨,
£¤¥ ¶ ·  (p, q) ¤µ²¦´  ¡ÒÉÓ ¢§ ¨³´µ ¶·µ¸ÉÒ³¨ Î¨¸² ³¨. ’¥³ ´¥ ³¥´¥¥ ³µ¦´µ
¶µ-¶·¥¦´¥³Ê Ê¤µ¢²¥É¢µ·¨ÉÓ µ¡µ¨³ Ê¸²µ¢¨Ö³: ·¥¤Ê±Í¨¨ ¨ ¨´¢ ·¨ ´É´µ¸É¨ µÉ-
´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  Š Í  Å ˜¢ ·Í ; ¶µ²ÊÎ¥´´Ò¥ ¦¥ ·¥Ï¥´¨Ö,
¥¸²¨ ¶µ¸³µÉ·¥ÉÓ ´  Ëµ·³Ê²Ê ¤²Ö Í¥´É· ²Ó´µ£µ § ·Ö¤  ³ É¥·¨¨, Ëµ·³ ²Ó´µ
µÉ¢¥Î ÕÉ c = 1 ¤²Ö p = q ¨ c = 25 ¤²Ö p = −q.

�·µ¸É¥°Ï¨° ¶·¨³¥· µ¶ÖÉÓ ¢µ§´¨± ¥É ¶·¨ q = 1. ‚ ÔÉµ³ ¸²ÊÎ ¥ c = 1
É¥µ·¨Ö µ± §Ò¢ ¥É¸Ö Ô±¢¨¢ ²¥´É´µ° ¢¸¶µ³µ£ É¥²Ó´µ° ¤¨¸±·¥É´µ° ³ É·¨Î´µ°
³µ¤¥²¨ [117], ¢ Éµ ¢·¥³Ö ± ± c = 25 ¡Ê±¢ ²Ó´µ µÉ¢¥Î ¥É Éµ³Ê, ÎÉµ µ¦¨¤ ¥É¸Ö
¨§ · §¢¨É¨Ö ¶µ¤Ìµ¤  �¥´´¥·  [118, 119]. „¥°¸É¢¨É¥²Ó´µ, ¥¸²¨ ¢§ÖÉÓ ¢ µ¡Ð¥³
¸²ÊÎ ¥ (´¥¶µ²¨´µ³¨ ²Ó´Ò¥) ËÊ´±Í¨¨ W (x) = x−β ¨ Q(x) = xβ , ¤¥°¸É¢¨¥

¶·¨µ¡·¥É ¥É ²µ£ ·¨Ë³¨Î¥¸±¨° Î²¥´ S−β,β = −β log x+ xβ

µβ
,   Ê· ¢´¥´¨Ö (3.69)

¨ (3.70) ¶·¨¢µ¤ÖÉ ± ¶·µ¸ÉÒ³ · Í¨µ´ ²Ó´Ò³ ·¥Ï¥´¨Ö³. ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ
β = 1 ¸· §Ê ¤ ¥É ³µ¤¥²Ó �¥´´¥·  ¢µ ¢´¥Ï´¥³ ¶µ²¥, ÎÉµ, ± ± ³Ò ¢¨¤¥²¨,
¸±µ·¥¥ µÉ¢¥Î ¥É ª¤Ê ²Ó´µ°ª ± c = 1 É¥µ·¨¨ ¸ Í¥´É· ²Ó´Ò³ § ·Ö¤µ³ ³ É¥·¨¨
cmatter = 25 ¨ ¸¨²Ó´µ ´¥Ê´¨É ·´µ° ·¥ ²¨§ Í¨¥° ±µ´Ëµ·³´µ° ³ É¥·¨¨ ∗.

4. �…�…�’“���’ˆ‚�›… �…‡“‹œ’�’› ‚ 4D N=2
‘“�…�‘ˆŒŒ…’�ˆ—�›• Š�‹ˆ���‚�—�›• ’…��ˆŸ•:

Š�Œ�‹…Š‘�›… Š�ˆ‚›… ˆ ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ›

‚ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì ¡Ò²¨ · ¸¸³µÉ·¥´Ò ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥Ï¥´¨Ö
Éµ¶µ²µ£¨Î¥¸±¨Ì ¸É·Ê´´ÒÌ ³µ¤¥²¥°, ¤²Ö ±µÉµ·ÒÌ ¸ÊÐ¥¸É¢ÊÕÉ Ö¢´Ò¥ ÉµÎ´Ò¥

∗�É  ¤Ê ²Ó´µ¸ÉÓ ³¥¦¤Ê ³µ¤¥²Ö³¨ ¸ c = 1 ¨ c = 25, ¢¶µ²´¥ ¢¥·µÖÉ´µ, ¸¢Ö§ ´  ¸ ¨§¢¥¸É´Ò³
Ë ±Éµ³, ÎÉµ ·¥Ï¥´¨¥ c = 1 ³ É·¨Î´µ° ³µ¤¥²¨ ƒ·µ¸¸  ¨ Š²¥¡ ´µ¢  ¸¢Ö§ ´µ [120] ¸ ·¥Ï¥´¨¥³
³µ¤¥²¨ �¥´´¥·  [116] ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥¦ ´¤· .
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Ëµ·³Ê²Ò, µ¶¨¸Ò¢ ÕÐ¨¥ ¶·µ¨§¢µ¤ÖÐ¨¥ ËÊ´±Í¨¨ ¢¸¥Ì ±µ··¥²ÖÉµ·µ¢. �É  ¸¢Ö-
§ ´µ, ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¸ É¥³, ÎÉµ ÔÉ¨ ·¥Ï¥´¨Ö ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ±
¤¥Ëµ·³ Í¨Õ É·¨¢¨ ²Ó´ÒÌ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨°, ¤²Ö ±µÉµ·ÒÌ ¸¶¥±É· ²Ó-
´ Ö ±·¨¢ Ö Σ Ö¢²Ö¥É¸Ö ±µ³¶²¥±¸´µ° ¸Ë¥·µ°, ¨, ¢ Î ¸É´µ¸É¨, ¶µÔÉµ³Ê ¸ÊÐ¥-
¸É¢¥´´Ò ²¨ÏÓ ¶ · ³¥É·Ò, ¸¢Ö§ ´´Ò¥ ¸ ¢ÒÎ¥É ³¨ ¢ µÉ³¥Î¥´´ÒÌ ÉµÎ± Ì (3.65),
  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö µ¶¥· Éµ·µ¢, µ¶·¥¤¥²ÖÕÐ¨Ì ¶·µ¨§¢µ¤ÖÐ¨° ¤¨ËË¥-
·¥´Í¨ ², Å ¶µ²¨´µ³¨ ²Ó´Ò¥ ËÊ´±Í¨¨ (3.63) ´  ¸Ë¥·¥ CP 1. �·¨ ÔÉµ³ ¶·¥-
¶µÉ¥´Í¨ ² Å ²µ£ ·¨Ë³ ±¢ §¨±² ¸¸¨Î¥¸±µ° τ -ËÊ´±Í¨¨ Å Ö¢²Ö¥É¸Ö ¶·µ¸Éµ°

¶µ²¨´µ³¨ ²Ó´µ° ËÊ´±Í¨¥° ¢·¥³¥´ F =
t31
6 + . . .,   Éµ¶µ²µ£¨Î¥¸±¨¥ ±µ··¥-

²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ Å ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ¶·¥¶µÉ¥´Í¨ ² , ± ± ¡Ò²µ
¢¨¤´µ, ÔÉµ Î¨¸² , µÉ¢¥Î ÕÐ¨¥ ¨´¤¥±¸ ³ ¶¥·¥¸¥Î¥´¨° ´  ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥°
±µ³¶²¥±¸´ÒÌ ¸É·Ê±ÉÊ·. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö É¥µ·¨Ö ´ §Ò¢ ¥É¸Ö Éµ¶µ²µ£¨Î¥¸±µ°
£· ¢¨É Í¨¥° [31,32,34,40].

‚ ¸²ÊÎ ¥ Ë¨§¨Î¥¸±µ° (c < 1 ¨²¨ pq) £· ¢¨É Í¨¨ ¨§¢¥¸É´µ £µ· §¤µ ³¥´ÓÏ¥
Ö¢´ÒÌ Ëµ·³Ê², ÔÉ¨ É¥µ·¨¨ µÉ¢¥Î ÕÉ Ê¦¥ ´¥É·¨¢¨ ²Ó´Ò³ ¸¶¥±É· ²Ó´Ò³ ±·¨-
¢Ò³ ∗ Σ

g= (p−1)(q−1)
2

[121]. ”µ·³ ²Ó´µ 2D Éµ¶µ²µ£¨Î¥¸±¨¥ É¥µ·¨¨ ¸ ´¥É·¨¢¨-

 ²Ó´Ò³¨ ¸¶¥±É· ²Ó´Ò³¨ ±·¨¢Ò³¨, µÉ¢¥Î ÕÐ¨³¨ ¶·µ¸É· ´¸É¢Ê-¢·¥³¥´¨, ¡Ò²¨
¶µ¸É·µ¥´Ò ¢ [36,37].

‚ ¤ ´´µ³ · §¤¥²¥ (¸³. É ±¦¥ [90]) ¡Ê¤¥É ¶µ¤·µ¡´µ · ¸¸³µÉ·¥´ ¡µ²¥¥ ¨´É¥-
·¥¸´Ò° ¶·¨³¥· ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥Ï¥´¨°, ¸¢Ö§ ´´Ò° ¸ ¶µÖ¢²¥´¨¥³ ´¥É·¨-
¢¨ ²Ó´ÒÌ ±µ³¶²¥±¸´ÒÌ ±·¨¢ÒÌ ¸É ·Ï¥£µ ·µ¤  Å ¢ ÔËË¥±É¨¢´ÒÌ ·¥Ï¥´¨ÖÌ
‚¨ÉÉ¥´  Å ‡ °¡¥·£  [41, 42] 4D N ≥ 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ
É¥µ·¨ÖÌ ¶µ²Ö c § É· ¢µÎ´Ò³ ² £· ´¦¨ ´µ³

L =

∫
d4ϑF (Φi) = . . .

1

g2
Tr F 2

µν + iθTr F µν F̃ µν + . . . (4.1)

(£¤¥ ¸Ê¶¥·¶µ²¥ Φi = ϕi + ϑσµν ϑ̃G
i
µν + . . .), ¤²Ö ±µÉµ·µ£µ ´¥¶¥·ÉÊ·¡ É¨¢´µ¥

ÉµÎ´µ¥ ·¥Ï¥´¨¥ Ëµ·³ ²Ó´µ µ¶·¥¤¥²¥´µ ± ± µÉµ¡· ¦¥´¨¥

G, τ, hk → ai, a
D
i , a

D
i =

∂F
∂ai

(4.2)

(G Å ± ²¨¡·µ¢µÎ´ Ö £·Ê¶¶ , τ Å Ê²ÓÉ· Ë¨µ²¥Éµ¢ Ö ±µ´¸É ´É  ¸¢Ö§¨, hk =
1
k 〈Tr Φk〉 Å ¢ ±ÊÊ³´Ò¥ §´ Î¥´¨Ö ¶µ²Ö •¨££¸ ), ¨ ¸ÊÐ¥¸É¢Ê¥É ¥£µ Ô²¥£ ´É´µ¥
µ¶¨¸ ´¨¥ ¢ É¥·³¨´ Ì ±·¨¢µ° Σg=rankG, Ê ±µÉµ·µ° hk ¶ · ³¥É·¨§Ê¥É ´¥±µÉµ-
·Ò¥ (Î Ð¥ ¢¸¥£µ £¨¶¥·Ô²²¨¶É¨Î¥¸±¨¥) ³µ¤Ê²¨ ±µ³¶²¥±¸´µ° ¸É·Ê±ÉÊ·Ò. �¥·¨-
µ¤Ò

ai =

∮
Ai

dS, aDi =

∮
Bi

dS (4.3)

∗‚ ÔÉµ³ ¸²ÊÎ ¥ Ö¢´µ ¨§¢¥¸É´µ ²¨ÏÓ ¶·¥µ¡· §µ¢ ´¨¥ ¤Ê ²Ó´µ¸É¨, ¸¢Ö§Ò¢ ÕÐ¥¥ ¶·µ¨§¢µ¤Ö-

Ð¨¥ ËÊ´±Í¨¨ ¤Ê ²Ó´ÒÌ É¥µ·¨° ¨ ¨³¥ÕÐ¥¥ ¢¨¤ ¶·¥µ¡· §µ¢ ´¨Ö ”Ê·Ó¥ ¸ Ô±¸¶µ´¥´Éµ° S =
∫ λ

dS
(3.63).
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¶·µ¨§¢µ¤ÖÐ¥£µ ³¥·µ³µ·Ë´µ£µ 1-¤¨ËË¥·¥´Í¨ ² 

dS = λd logw = Tr Ld logT, (4.4)

Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ Ê¸²µ¢¨Ö³

∂dS

∂hk
∼= dωk, (4.5)

£¤¥ dωk Å £µ²µ³µ·Ë´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò ´  Σ, µ¶·¥¤¥²ÖÕÉ ¸¶¥±É· ³ ¸¸¨¢´ÒÌ
��‘-¸µ¸ÉµÖ´¨°

M ∼ |na+maD|, (4.6)

  Ëµ·³Ê²  aDi = ∂F
∂ai Å ¶·¥¶µÉ¥´Í¨ ² F , µ¶·¥¤¥²ÖÕÐ¨° ´¨§±µÔ´¥·£¥É¨Î¥-

¸±µ¥ ¤¥°¸É¢¨¥ (¸³. · §¤. 1 ¶µ ¶µ¢µ¤Ê ¡µ²¥¥ ¶µ¤·µ¡´µ£µ ¶µÖ¸´¥´¨Ö µ¸´µ¢´ÒÌ
¶µ´ÖÉ¨°) ¨, É¥³ ¸ ³Ò³, ´ ¡µ· ÔËË¥±É¨¢´ÒÌ ±µ´¸É ´É ¸¢Ö§¨

Tij =
∂2F
∂ai∂aj

=
∂aDi
∂aj

. (4.7)

‚ ¤ ´´µ³ · §¤¥²¥ ¶µ± § ´µ, ÎÉµ ¢µ§´¨± ÕÐ¨¥ ¢ ·¥Ï¥´¨ÖÌ ‚¨ÉÉ¥´  Å
‡ °¡¥·£  ±·¨¢Ò¥ Ö¢²ÖÕÉ¸Ö ¸¶¥±É· ²Ó´Ò³¨ ±·¨¢Ò³¨ ±µ´¥Î´µ§µ´´ÒÌ ·¥Ï¥´¨°
¶¥·¨µ¤¨Î¥¸±µ° Í¥¶µÎ±¨ ’µ¤Ò ¨ ¥¥ ¥¸É¥¸É¢¥´´ÒÌ ¤¥Ëµ·³ Í¨° ¢ Ô²²¨¶É¨Î¥-
¸±ÊÕ ³µ¤¥²Ó Š ²µ¤¦¥·µ Å Œµ§¥·  ¨ (±² ¸¸¨Î¥¸±¨¥) ¸¶¨´µ¢Ò¥ Í¥¶µÎ±¨.

4.1. N=2 ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö £²Õµ¤¨´ ³¨±  ¨ ¶¥·¨µ¤¨Î¥¸± Ö Í¥¶µÎ± 
’µ¤Ò. � Î´¥³  ´ ²¨§ ¸ ¶·µ¸É¥°Ï¥£µ ¸²ÊÎ Ö ¶¥·¨µ¤¨Î¥¸±µ° Í¥¶µÎ±¨ ’µ¤Ò,
µÉ¢¥Î ÕÐ¥° ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê ·¥Ï¥´¨Õ 4D N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ°
£²Õµ¤¨´ ³¨±¨. �¥·¨µ¤¨Î¥¸± Ö § ¤ Î  ¢ Í¥¶µÎ±¥ ’µ¤Ò ³µ¦¥É ¡ÒÉÓ ¸Ëµ·³Ê-
²¨·µ¢ ´  ¤¢Ê³Ö · §²¨Î´Ò³¨ ¸¶µ¸µ¡ ³¨, ±µÉµ·Ò¥ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ª¤¥-
Ëµ·³¨·ÊÕÉ¸Öª ¢ ¤¢ÊÌ · §²¨Î´ÒÌ ´ ¶· ¢²¥´¨ÖÌ. ‘ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö
· §²¨Î´Ò¥ ¤¥Ëµ·³ Í¨¨ Í¥¶µÎ±¨ ’µ¤Ò µÉ¢¥Î ÕÉ ¢±²ÕÎ¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö
4D N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¤¢ÊÌ É¨¶µ¢: ¸ ³ É¥-
·¨¥° ¢ ¶·¨¸µ¥¤¨´¥´´µ³ ¨ ËÊ´¤ ³¥´É ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨ÖÌ ± ²¨¡·µ¢µÎ´µ°
£·Ê¶¶Ò.

–¥¶µÎ±  ’µ¤Ò § ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö

∂φi

∂t
= pi ,

∂pi

∂t
= eφi+1−φi − eφi−φi−1 , (4.8)

£¤¥ ¤²Ö ¶¥·¨µ¤¨Î¥¸±µ° § ¤ Î¨ (¸ ¶¥·¨µ¤µ³ Nc ¶µ ª´µ³¥·Êª Î ¸É¨ÍÒ) ´ ±² ¤Ò-
¢ ÕÉ¸Ö Ê¸²µ¢¨Ö φi+Nc = φi ¨ pi+Nc = pi. –¥¶µÎ±  ’µ¤Ò Ö¢²Ö¥É¸Ö ¢¶µ²´¥ ¨´-
É¥£·¨·Ê¥³µ° ¸¨¸É¥³µ° ¸ Nc ¢§ ¨³´µ ±µ³³ÊÉ¨·ÊÕÐ¨³¨ (µÉ´µ¸¨É¥²Ó´µ ¸±µ¡±¨
�Ê ¸¸µ´ ) £ ³¨²ÓÉµ´¨ ´ ³¨, hTC

1 =
∑
pi, hTC

2 =
∑(

1
2p

2
i + eφi−φi−1

)
¨ É.¤.

Š ± ²Õ¡µ¥ ±µ´¥Î´µ§µ´´µ¥ ·¥Ï¥´¨¥, ¶¥·¨µ¤¨Î¥¸± Ö § ¤ Î  ¢ Í¥¶µÎ±e ’µ¤Ò
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³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´  ¢ É¥·³¨´ Ì (¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±-
Í¨°) ¤¢ÊÌ µ¶¥· Éµ·µ¢: µ¶¥· Éµ·  ‹ ±¸  L (¨²¨ ¢¸¶µ³µ£ É¥²Ó´µ° ²¨´¥°´µ°
§ ¤ Î¨ ¤²Ö (4.8))

λψ±n =
∑
k

Lnkψ±k = e
1
2 (φn+1−φn)ψ±n+1+pnψ

±
n +e

1
2 (φn−φn−1)ψ±n−1 (= ± ∂

∂t
ψ±n )

(4.9)
¨ µ¶¥· Éµ·  ³µ´µ¤·µ³¨¨ (¨²¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨°) Å ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¶·µ¸Éµ
¸¤¢¨£  ¶µ ¤¨¸±·¥É´µ° ¶¥·¥³¥´´µ° ª´µ³¥· ª Î ¸É¨ÍÒ Tφn = φn+Nc , Tpn =
= pn+Nc , Tψn = ψn+Nc . “¸²µ¢¨¥ ¸µ¢³¥¸É´µ£µ ¸¶¥±É·  ÔÉ¨Ì ¤¢ÊÌ µ¶¥· Éµ·µ¢

Lψ = λψ , Tψ = wψ , [L, T ] = 0 (4.10)

µ§´ Î ¥É, ÎÉµ ³¥¦¤Ê ´¨³¨ ¸ÊÐ¥¸É¢Ê¥É ¸µµÉ´µÏ¥´¨¥ P(L, T ) = 0, ±µÉµ·µ¥
³µ¦¥É ¡ÒÉÓ ¸É·µ£µ ¸Ëµ·³Ê²¨·µ¢ ´µ ¢ É¥·³¨´ Ì ¸¶¥±É· ²Ó´µ° ±·¨¢µ° Σ:
P(λ,w) = 0 [50, 53]. �·µ¨§¢µ¤ÖÐ Ö ËÊ´±Í¨Ö ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ³µ¦¥É
¡ÒÉÓ ¢Ò¶¨¸ ´  ¢ É¥·³¨´ Ì L- ¨ T -µ¶¥· Éµ·µ¢, ¨ ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò ¸ÊÐ¥-
¸É¢ÊÕÉ ¤¢¥ · §²¨Î´Ò¥ Ëµ·³Ê²¨·µ¢±¨ É ±µ£µ É¨¶ .

‚ ¶¥·¢µ³ ¢ ·¨ ´É¥ (±µÉµ·Ò° ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¶·¥¤¥²Ó´Ò° ¸²Ê-
Î ° ¸¨¸É¥³ •¨ÉÎ¨´  [96]) µ¶¥· Éµ· ‹ ±¸  (4.9) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¡ §¨¸¥ ¸µ¡-
¸É¢¥´´ÒÌ ËÊ´±Í¨° T -µ¶¥· Éµ· . „²Ö Í¥¶µÎ±¨ ¤²¨´µ° Nc µ´ ¸É ´µ¢¨É¸Ö ¶·¨
ÔÉµ³ ³ É·¨Í¥° c · §³¥·µ³ Nc ×Nc:

LTC(w) =


p1 e

1
2 (φ2−φ1) 0 we

1
2 (φ1−φNc )

e
1
2 (φ2−φ1) p2 e

1
2 (φ3−φ2) . . . 0

0 e
1
2 (φ3−φ2) p3 0

. . .
1
w

e
1
2 (φ1−φNc ) 0 0 pNc

 ,

(4.11)
µ¶·¥¤¥²¥´´µ° ´  Í¨²¨´¤·¥. ‘±µ¡±¨ �Ê ¸¸µ´  {pi, φj} = δij Ô±¢¨¢ ²¥´É´Ò
¶Ê ¸¸µ´µ¢¸±µ³Ê ¸µµÉ´µÏ¥´¨Õ ´  µ¶¥· Éµ· ‹ ±¸ 

{
LTC(w) ⊗, LTC(w′)

}
=

=
[
R(w,w′),LTC(w)⊗ 1 + 1⊗ LTC(w′)

]
¸ Î¨¸²µ¢µ° É·¨£µ´µ³¥É·¨Î¥¸±µ°

R-³ É·¨Í¥°

R(w,w′) =
w
∑

(δi,i+1 ⊗ δi+1,i) + (w′
∑
δi+1,i ⊗ δi,i+1)

w − w′ , (4.12)

  ¸µ¡¸É¢¥´´Ò¥ Î¨¸²  µ¶¥· Éµ·  ‹ ±¸ , µ¶·¥¤¥²Ö¥³Ò¥ ¸¶¥±É· ²Ó´Ò³ Ê· ¢´¥-
´¨¥³

P(λ,w) = det
Nc×Nc

(
LTC(w) − λ

)
= 0, (4.13)

±µ³³ÊÉ¨·ÊÕÉ ¤·Ê£ ¸ ¤·Ê£µ³ µÉ´µ¸¨É¥²Ó´µ ¸±µ¡±¨ �Ê ¸¸µ´ . �µ¤¸É ¢²ÖÖ Ö¢´µ¥
¢Ò· ¦¥´¨¥ (4.11) ¢ (4.13), ¶µ²ÊÎ ¥³ [122]

w +
1

w
= 2PNc(λ) (4.14)
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¨²¨

y2 = P 2
Nc(λ)− 1, 2y = w − 1

w
, (4.15)

£¤¥ PNc(λ) Å ¶µ²¨´µ³ ¸É¥¶¥´¨ Nc, ±µÔËË¨Í¨¥´ÉÒ ±µÉµ·µ£µ Å ¶µ²¨´µ³Ò

˜Ê·  Sj(h) µÉ £ ³¨²ÓÉµ´¨ ´µ¢ hk =
Nc∑
i=1

pki + . . .:

PNc(λ) =

Nc∑
k=0

SNc−k(h)λk =

(
λNc + h1λ

Nc−1 +
1

2
(h2 − h2

1)λNc−2 + . . .

)
.

(4.16)
‘¶¥±É· ²Ó´µ¥ Ê· ¢´¥´¨¥ § ¢¨¸¨É Éµ²Ó±µ µÉ ¢§ ¨³´µ ±µ³³ÊÉ¨·ÊÕÐ¨Ì ±µ³¡¨-
´ Í¨° ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Å £ ³¨²ÓÉµ´¨ ´µ¢ ¨²¨ ¶¥·¥³¥´´ÒÌ ¤¥°-
¸É¢¨Ö, ¶ · ³¥É·¨§ÊÕÐ¨Ì ¶µ¤¶·µ¸É· ´¸É¢µ ¢ ¶·µ¸É· ´¸É¢¥ ³µ¤Ê²¥° ±µ³¶²¥±¸-
´ÒÌ ¸É·Ê±ÉÊ· £¨¶¥·Ô²²¨¶É¨Î¥¸±¨Ì ±·¨¢ÒÌ ΣTC ·µ¤  Nc − 1 = rank SU(Nc).

�²ÓÉ¥·´ É¨¢´µ¥ µ¶¨¸ ´¨¥ Éµ° ¦¥ ¸¨¸É¥³Ò ¢µ§´¨± ¥É, ¥¸²¨ Ö¢´µ ·¥Ï¨ÉÓ
¢¸¶µ³µ£ É¥²Ó´ÊÕ ²¨´¥°´ÊÕ § ¤ ÎÊ (4.9), Ö¢²ÖÕÐÊÕ¸Ö · §´µ¸É´Ò³ Ê· ¢´¥´¨¥³
¢Éµ·µ£µ ¶µ·Ö¤± , ·¥Ï¨ÉÓ ±µÉµ·µ¥ ³µ¦´µ, ¶·µ¸Éµ ¶¥·¥¶¨¸ ¢ ¥£µ ¢ ¢¨¤¥ ψ̃i+1 =
= LTC

i (λ)ψ̃i, É.¥. ¸ ¶µ³µÐÓÕ Í¥¶µÎ±¨ ª³ É·¨Í ‹ ±¸ ª 2 × 2 [54], ¨³¥ÕÐ¨Ì
(¶µ¸²¥ ¶·µ¸Éµ£µ ª± ²¨¡·µ¢µÎ´µ£µ ¶·¥µ¡· §µ¢ ´¨Öª) ¢¨¤

LTC
i (λ) =

(
pi + λ eφi

e−φi 0

)
, i = 1, . . . , Nc. (4.17)

�É¨ ³ É·¨ÍÒ Ê¤µ¢²¥É¢µ·ÖÕÉ ±¢ ¤· É¨Î´µ³Ê ¶Ê ¸¸µ´µ¢¸±µ³Ê ¸µµÉ´µÏ¥´¨Õ
r-³ É·¨Î´µ£µ É¨¶  [55]:{

LTC
i (λ) ⊗, LTC

j (λ′)
}

= δij
[
r(λ − λ′), LTC

i (λ) ⊗ LTC
j (λ′)

]
(4.18)

¸ (´¥ § ¢¨¸ÖÐ¥° µÉ ´µ³¥·  i!) Î¨¸²µ¢µ° · Í¨µ´ ²Ó´µ° r-³ É·¨Í¥°, Ê¤µ¢²¥-

É¢µ·ÖÕÐ¥° ±² ¸¸¨Î¥¸±µ³Ê Ê· ¢´¥´¨Õ Ÿ´£  Å � ±¸É¥·  r(λ) = 1
λ

3∑
a=1

σa⊗σa.
Š ± ¸²¥¤¸É¢¨¥, ³ É·¨Í  ³µ´µ¤·µ³¨¨ (µ¡ÒÎ´µ µ¶·¥¤¥²Ö¥³ Ö ¤²Ö ´¥µ¤´µ·µ¤´µ°
·¥Ï¥É±¨ ¸ ´¥µ¤´µ·µ¤´µ¸ÉÖ³¨ λi)

TNc(λ) =
∏

Nc≥i≥1

Li(λ − λi) (4.19)

Ê¤µ¢²¥É¢µ·Ö¥É Éµ³Ê ¦¥ ¸µµÉ´µÏ¥´¨Õ:{
TNc(λ) ⊗, TNc(λ

′)
}

= [r(λ − λ′), TNc(λ)⊗ TNc(λ′)] , (4.20)

  ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö Í¥¶µÎ±¨ ’µ¤Ò £¥´¥·¨·ÊÕÉ¸Ö ¸¶¥±É· ²Ó´Ò³ Ê· ¢´¥´¨¥³
¢ ¤·Ê£µ° Ëµ·³¥:

det
2×2

(
TTC
Nc (λ) − w

)
= w2−wTrTTC

Nc (λ)+detTTC
Nc (λ) = w2−wTrTTC

Nc (λ)+1 = 0

(4.21)
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¨²¨

P(λ,w) = w +
1

w
− TrTTC

Nc
(λ) = w +

1

w
− 2PNc(λ) = 0. (4.22)

(‡¤¥¸Ó ¨¸¶µ²Ó§µ¢ ´µ, ÎÉµ det2×2 L
TC(λ) = 1 ¶·¨¢µ¤¨É ± det2×2 T

TC
Nc

(λ) = 1.)
�· ¢ Ö Î ¸ÉÓ (4.22) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶µ²¨´µ³ ¶µ λ ¸É¥¶¥´¨ Nc, ±µÔËË¨-
Í¨¥´ÉÒ ±µÉµ·µ£µ Å ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö, É.±.

{TrTNc(λ),Tr TNc(λ
′)} = Tr

{
TNc(λ) ⊗, TNc(λ

′)
}

=

= Tr [r(λ − λ′), TNc(λ) ⊗ TNc(λ′)] = 0. (4.23)

„²Ö Î ¸É´µ£µ ¸²ÊÎ Ö L-³ É·¨Í (4.17) ´¥µ¤´µ·µ¤´µ¸É¨ Í¥¶µÎ±¨ λi ¸¢µ¤ÖÉ¸Ö ±
É·¨¢¨ ²Ó´µ³Ê ¸¤¢¨£Ê ¨³¶Ê²Ó¸µ¢ pi → pi − λi.

�¨¦¥ ³Ò · ¸¸³µÉ·¨³ ¢µ§³µ¦´Ò¥ Ô²²¨¶É¨Î¥¸±¨¥ ¤¥Ëµ·³ Í¨¨ ¤¢ÊÌ · §-
²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° ‹ ±¸  Í¥¶µÎ±¨ ’µ¤Ò. „¥Ëµ·³ Í¨Ö ¶·¥¤¸É ¢²¥´¨Ö
Nc×Nc ¶·¨¢µ¤¨É ± ³µ¤¥²¨ Š ²µ¤¦¥·µ Å Œµ§¥· , ¢ Éµ ¢·¥³Ö ± ± ¤¥Ëµ·³ Í¨Ö
¶·¥¤¸É ¢²¥´¨Ö 2× 2 Å ± XY Z-³µ¤¥²¨ ¨  ²£¥¡·¥ ‘±²Ö´¨´ .

‚ ¤µ¶µ²´¥´¨¥ ± Ê· ¢´¥´¨Õ ¸¶¥±É· ²Ó´µ° ±·¨¢µ° (4.13), (4.14), (4.15) ¨
(4.22), ÎÉµ¡Ò µ¶·¥¤¥²¨ÉÓ Í¥¶µÎ±Ê ’µ¤Ò, ³¨´¨³ ²Ó´Ò° ´ ¡µ· ¤ ´´ÒÌ ¤ ¥É¸Ö
¶·µ¨§¢µ¤ÖÐ¨³ 1-¤¨ËË¥·¥´Í¨ ²µ³ dSTC. ‘¢µ°¸É¢  ÔÉµ£µ ¤¨ËË¥·¥´Í¨ ²  ¡Ê-
¤ÊÉ ¶µ¤·µ¡´µ ¨§ÊÎ¥´Ò ¢ [90], § ³¥É¨³ ¸¥°Î ¸ Éµ²Ó±µ, ÎÉµ dSTC = λdww ¢
¸²ÊÎ ¥ Í¥¶µÎ±¨ ’µ¤Ò ¨³¥¥É, ¡Ê±¢ ²Ó´µ, ¢¨¤ (4.4), £¤¥ λ Ö¢²Ö¥É¸Ö £¨¶¥·Ô²-
²¨¶É¨Î¥¸±µ° ±µµ·¤¨´ Éµ° ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ (4.14) ¨ (4.15). �¥·¨µ¤Ò ÔÉµ£µ
¤¨ËË¥·¥´Í¨ ² 

a =

∮
A
dSTC =

∮
A
λ
dw

w
, aD =

∮
B
dSTC =

∮
B
λ
dw

w
(4.24)

§ ¤ ÕÉ ³ ¸¸¨¢´Ò° ��‘-¸¶¥±É· (4.6) ¨ µ¶·¥¤¥²ÖÕÉ ¶·¥¶µÉ¥´Í¨ ² ¨ ÔËË¥±É¨¢-
´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ (4.7) ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ¶·¥¤¥²¥ N = 2 ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° £²Õµ¤¨´ ³¨±¨ Å ÔËË¥±É¨¢´µ° N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¨
¸ ( ¡¥²¥¢µ°) ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶µ° U(1)rankG.

4.2. �²²¨¶É¨Î¥¸± Ö ¤¥Ëµ·³ Í¨Ö ¶·¥¤¸É ¢²¥´¨Ö Nc×Nc: ³µ¤¥²Ó Š ²µ¤-
¦¥·µ Å Œµ§¥·  ¨ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸ ¶·¨¸µ¥¤¨´¥´´µ° ³ É¥·¨¥°. Nc × Nc
³ É·¨Î´Ò° µ¶¥· Éµ· ‹ ±¸  ¤²Ö GL(Nc)-¸¨¸É¥³Ò Š ²µ¤¦¥·µ, Ö¢´µ § ¢¨¸ÖÐ¨°
µÉ ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É· , ¨³¥¥É ¢¨¤ [123]

LCal(ξ) =

(
pH +

∑
α
F (qα|ξ)Eα

)
=

=


p1 F (q1 − q2|ξ) . . . F (q1 − qNc |ξ)

F (q2 − q1|ξ) p2 . . . F (q2 − qNc |ξ)
. . .

F (qNc − q1|ξ) F (qNc − q2|ξ) . . . pNc

 . (4.25)
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…£µ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ F (q|ξ) = g
ω
σ(q+ξ)
σ(q)σ(ξ) eζ(q)ξ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ô²²¨¶-

É¨Î¥¸±¨¥ ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ , É.¥. µ¶¥· Éµ· ‹ ±¸  L(ξ) µ¶·¥¤¥²¥´ ´  Ô²-
²¨¶É¨Î¥¸±µ° ±·¨¢µ° E(τ) (±µ³¶²¥±¸´µ³ Éµ·¥ ¸ ¶¥·¨µ¤ ³¨ ω, ω′ ¨ ³µ¤Ê²¥³

τ = ω′

ω
). Šµ´¸É ´É  ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸¨¸É¥³¥ Š ²µ¤¦¥·µ g2

ω2 ∼ m2, ¸ ÉµÎ±¨
§·¥´¨Ö 4D-¨´É¥·¶·¥É Í¨¨ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ³ ¸¸Ê m ¶·¨¸µ¥¤¨´¥´´µ£µ N = 2
£¨¶¥·³Ê²ÓÉ¨¶²¥É , ´ ·ÊÏ ÕÐ¥£µ N = 4 ¸Ê¶¥·¸¨³³¥É·¨Õ ¤µ N = 2 [69].

ˆ§ (4.25) ¸· §Ê ¸²¥¤Ê¥É, ÎÉµ ¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ΣCal ¤²Ö GL(Nc) ¸¨-
¸É¥³Ò Š ²µ¤¦¥·µ ¨³¥¥É ¢¨¤

det
Nc×Nc

(
LCal(ξ)− λ

)
= 0, (4.26)

  ³ ¸¸Ò ��‘-¸µ¸ÉµÖ´¨° (4.6) (a ¨ aD) § ¤ ÕÉ¸Ö ¶¥·¨µ¤ ³¨ ¶·µ¨§¢µ¤ÖÐ¥£µ
1-¤¨ËË¥·¥´Í¨ ² 

dSCal ∼= λdξ (4.27)

¶µ ´¥¸ÉÖ£¨¢ ¥³Ò³ ±µ´ÉÊ· ³ ´  ΣCal. ˆ´É¥£·¨·Ê¥³µ¸ÉÓ ³µ¤¥²¨ Š ²µ¤¦¥-
·µ Å Œµ§¥·  ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´  ´  Ö§Ò±¥ ¶Ê ¸¸µ´µ¢¸±µ° ¸É·Ê±ÉÊ·Ò{
L(ξ) ⊗, L(ξ′)

}
=
[
RCal

12 (ξ, ξ′), L(ξ)⊗ 1
]
−
[
RCal

21 (ξ, ξ′), 1⊗ L(ξ′)
]
, (4.28)

µ¶·¥¤¥²Ö¥³µ° ¤¨´ ³¨Î¥¸±µ° Ô²²¨¶É¨Î¥¸±µ° R-³ É·¨Í¥° [124], µ¡¥¸¶¥Î¨¢ Õ-
Ð¥° ¨´¢µ²ÕÍ¨Õ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ³ É·¨ÍÒ L.

�¥·¨µ¤¨Î¥¸± Ö Í¥¶µÎ±  ’µ¤Ò ¶µ²ÊÎ ¥É¸Ö ¨§ Ô²²¨¶É¨Î¥¸±µ° ³µ¤¥²¨ Š -
²µ¤¦¥·µ ¢ ¸¶¥Í¨ ²Ó´µ³ ¤¢µ°´µ³ ¸±¥°²¨´£µ¢µ³ ¶·¥¤¥²¥ [125], ±µ£¤  g ∼ m→
∞, −iτ → ∞,   qi − qj = 1

2 [(i− j) log g + (φi − φj)], É ± ÎÉµ ¡¥§· §³¥·´ Ö
±µ´¸É ´É  ¸¢Ö§¨ τ ¶¥·¥Ìµ¤¨É ¢ · §³¥·´Ò° ¶ · ³¥É· ΛNc ∼ mNceiπτ . ‚ ÔÉµ³
¶·¥¤¥²¥ Ô²²¨¶É¨Î¥¸± Ö ±·¨¢ Ö E(τ) ¢Ò·µ¦¤ ¥É¸Ö ¢ Í¨²¨´¤· ¸ ±µµ·¤¨´ Éµ°
w = eξeiπτ ,   ¶·µ¨§¢µ¤ÖÐ¨° 1-¤¨ËË¥·¥´Í¨ ² dSCal → dSTC ∼= λdw

w
¢ ¶·µ¨§-

¢µ¤ÖÐ¨° ¤¨ËË¥·¥´Í¨ ² Í¥¶µÎ±¨ ’µ¤Ò. �¶¥· Éµ· ‹ ±¸  ¸¨¸É¥³Ò Š ²µ¤¦¥·µ
¶¥·¥Ìµ¤¨É ¢ µ¶¥· Éµ· ‹ ±¸  (4.11): LCal(ξ)dξ → LTC(w)dw

w
,   ¸¶¥±É· ²Ó-

´ Ö ±·¨¢ Ö ¶·¨µ¡·¥É ¥É Ëµ·³Ê (4.13). ‚ µÉ²¨Î¨¥ µÉ Í¥¶µÎ±¨ ’µ¤Ò, Ëµ·³Ê² 
(4.26) ´¥ ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¢¨¤¥ (4.14), É.¥. ¸¶¥Í¨Ë¨Î¥¸± Ö § ¢¨¸¨-
³µ¸ÉÓ µÉ w ¸¶¥±É· ²Ó´µ£µ Ê· ¢´¥´¨Ö (4.13) ´¥ ¸µÌ· ´Ö¥É¸Ö ¶·¨ ¢²µ¦¥´¨¨
Í¥¶µÎ±¨ ’µ¤Ò ¢ ¸¨¸É¥³Ê Î ¸É¨Í Š ²µ¤¦¥·µ Å Œµ§¥· . �¤´ ±µ Ëµ·³  (4.14)
¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¸µÌ· ´Ö¥É¸Ö ¶·¨ ¨´É¥·¶·¥É Í¨¨ Í¥¶µÎ±¨ ’µ¤Ò ± ±
Î ¸É´µ£µ ¸²ÊÎ Ö ¸¶¨´µ¢ÒÌ ³µ¤¥²¥°.

„²Ö µ¶¨¸ ´¨Ö ¤·Ê£µ° ªÔ²²¨¶É¨Î¥¸±µ° ¤¥Ëµ·³ Í¨¨ª ´¨¦¥ ¡Ê¤¥É ¨¸¶µ²Ó-
§µ¢ ´  ´¥¸É ´¤ ·É´ Ö ´µ·³¨·µ¢±  ℘-ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ :

℘(ξ|τ) =

+∞∑
m,n=−∞

1

(ξ +m+ nτ)2
−

+∞∑
m,n=−∞

′
1

(m+ nτ)2
, (4.29)
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¤¢µÖ±µ¶¥·¨µ¤¨Î¥¸±µ° ¶µ ξ ËÊ´±Í¨¨ ¸ ¶¥·¨µ¤ ³¨ 1 ¨ τ = ω′

ω (ÔÉµ µÉ²¨Î ¥É¸Ö
µÉ ¸É ´¤ ·É´µ£µ µ¶·¥¤¥²¥´¨Ö Ë ±Éµ·µ³ ω−2 ¨ ¶¥·¥µ¶·¥¤¥²¥´¨¥³ ξ → ωξ).
‘µ£² ¸´µ (4.29) §´ Î¥´¨Ö ℘(ξ|τ) ¢ ¶µ²Ê¶¥·¨µ¤ Ì, ea = ea(τ), a = 1, 2, 3,
Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ Éµ²Ó±µ ³µ¤Ê²Ö·´µ£µ ¶ · ³¥É·  τ , É ±¦¥ µÉ²¨Î Ö¸Ó ³´µ-
¦¨É¥²¥³ ω−2 µÉ ¸É ´¤ ·É´µ£µ µ¶·¥¤¥²¥´¨Ö. Šµ³¶²¥±¸´Ò° Éµ· E(τ) ³µ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ± ± Ë ±Éµ· C/Z ⊕ τZ ¸ ©¶²µ¸±µ°ª ±µµ·¤¨´ Éµ° ξ, µ¶·¥-
¤¥²¥´´µ° ¶µ ³µ¤Ê²Õ (1, τ). Š·µ³¥ Éµ£µ, Éµ· (¸ µÉ³¥Î¥´´µ° ÉµÎ±µ°) ³µ¦¥É
¡ÒÉÓ § ¤ ´ Ô²²¨¶É¨Î¥¸±µ° ±·¨¢µ°

y2 = (x− e1)(x− e2)(x− e3), x = ℘(ξ), y =
1

2
℘′(ξ), dξ =

dx

2y
. (4.30)

‘ÊÐ¥¸É¢ÊÕÉ É·¨ ¨´É¥·¥¸´ÒÌ ¢Ò·µ¦¤¥´¨Ö Ô²²¨¶É¨Î¥¸±µ° ± ·É¨´Ò.
� Í¨µ´ ²Ó´Ò° ¶·¥¤¥²: µ¡  ¶¥·¨µ¤  ω, ω′ → ∞, ξ ¶¥·¥µ¶·¥¤¥²Ö¥É¸Ö ± ±

ξ = ω−1ζ ¶·¨ ±µ´¥Î´µ³ τ = ω′

ω ¨ ζ. ’µ£¤ 

x = ℘(ξ) =
ω2

ζ2
(1 + o(ω−1)), y =

1

2
℘′(ξ) = −ω

3

ζ3
(1 + o(ω−1)). (4.31)

‚ ¤¢ÊÌ ¤·Ê£¨Ì ¶·¥¤¥² Ì τ → +i∞, É.¥. q = eiπτ → 0.

’·¨£µ´µ³¥É·¨Î¥¸±¨° ¶·¥¤¥²: ξ ±µ´¥Î´µ ¶·¨ q → 0,

x = ℘(ξ) = −1

3
+

1

sin2 πξ
+ o(q), y =

1

2
℘′(ξ) = −π cosπξ

sin3 πξ
+ o(q). (4.32)

„¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥²: ξ = log (qw), ÉµÎ±¨ ¢¥É¢²¥´¨Ö

e1,2 → −
1

3
± 8q + o(q2), e3 → +

2

3
+ o(q2), (4.33)

±·µ³¥ Éµ£µ,

x = ℘(ξ) = −1

3
+ 4q(w+w−1) + o(q2), y =

1

2
℘′(ξ) = 4q(w−w−1) + o(q2),

(4.34)
É ± ÎÉµ dξ = dw

w (1 + O(q)). ‚ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ Nc = 2 Ê ±·¨¢µ° ΣCal

·µ¤ 2. „¥°¸É¢¨É¥²Ó´µ, ¢ ÔÉµ³ Î ¸É´µ³ ¸²ÊÎ ¥ (4.26) ¶·¥¢· Ð ¥É¸Ö ¢ ¢Ò· ¦¥´¨¥

P(λ, x) = λ2 − h2 +
g2

ω2
x = λ2 − h2 +

g2

ω2
℘(ξ) = 0, (4.35)

Ê¸É ´ ¢²¨¢ ÕÐ¥¥, ÎÉµ ± ¦¤µ³Ê §´ Î¥´¨Õ x µÉ¢¥Î ÕÉ ¤¢¥ ÉµÎ±¨ ´  ±·¨¢µ°

ΣCal, λ = ±
√
h2 − g2

ω2x, É.¥. § ¤ ¥É Σcal ± ± ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ Ô²²¨¶É¨Î¥¸±µ°

±·¨¢µ° E(τ) ¸ ÉµÎ± ³¨ ¢¥É¢²¥´¨Ö x =
(
ω
g

)2

h2 ¨ x =∞. �  ¸ ³µ³ ¤¥²¥, É ±



1196 Œ��˜�Š�‚ �.‚.

± ± ¸ ³  ±µµ·¤¨´ É  x Ö¢²Ö¥É¸Ö Ô²²¨¶É¨Î¥¸±µ° ´  E(τ) (±µ£¤  Ô²²¨¶É¨Î¥¸± Ö

±·¨¢ Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ ¸Ë¥·Ò CP 1), x =
(
ω
g

)2

h2

µÉ¢¥Î ¥É ¶ ·¥ ÉµÎ¥± ´  E(τ), · §²¨Î ¥³ÒÌ §´ ±µ³ y. �Éµ ¡Ò²µ ¡Ò ¢¥·´µ
¨ ¤²Ö x = ∞, ´µ x = ∞ Å µ¤´  ¨§ ÉµÎ¥± ¢¥É¢²¥´¨Ö ¢ ¶ · ³¥É·¨§ Í¨¨

(4.30) ±·¨¢µ° E(τ). ’ ±¨³ µ¡· §µ³, ¤¢  · §·¥§  ³¥¦¤Ê x =
(
ω
g

)2

h2 ¨

x = ∞ ´  ± ¦¤µ³ ¨§ ²¨¸Éµ¢ E(τ) ÔËË¥±É¨¢´µ ¸²¨¢ ÕÉ¸Ö ¢ ¥¤¨´¸É¢¥´´Ò°

³¥¦¤Ê ÉµÎ± ³¨

((
ω
g

)2

h2,+

)
¨

((
ω
g

)2

h2,−
)

. �µÔÉµ³Ê ±·¨¢ÊÕ ΣCal ³µ¦´µ

· ¸¸³ É·¨¢ ÉÓ ± ± ¤¢  Éµ·  E(τ), ¸±²¥¥´´Ò¥ ¢¤µ²Ó µ¤´µ£µ · §·¥§ , É.¥. ΣCal
Nc=2

Ö¢²Ö¥É¸Ö ±·¨¢µ° ·µ¤  2.
�´ ²¨É¨Î¥¸±¨ ±·¨¢ Ö ΣCal ¤²Ö Nc = 2 § ¤ ¥É¸Ö ¸¨¸É¥³µ° Ê· ¢´¥´¨°

(4.30), (4.35), ¨, ¸²ÊÎ °´µ, ÔÉ  ±·¨¢ Ö µ¶ÖÉÓ µ± §Ò¢ ¥É¸Ö £¨¶¥·Ô²²¨¶É¨Î¥¸±µ°
(Éµ²Ó±µ ¤²Ö Nc = 2!), ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ x ¨§ (4.35) ¢ (4.30).

‚ ± Î¥¸É¢¥ ¤¢ÊÌ £µ²µ³µ·Ë´ÒÌ 1-¤¨ËË¥·¥´Í¨ ²µ¢ ´  ΣCal ³µ¦´µ ¢Ò¡· ÉÓ

v =
dx

y
∼ λdλ

y
, V =

dx

yλ
∼ dλ

y
, (4.36)

É ± ÎÉµ

dS ∼= λdξ =

√
h2 −

g2

ω2
℘(ξ) dξ =

dx

y

√
h2 −

g2

ω2
x. (4.37)

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ∂dS
∂h2

∼= 1
2
dx
yλ

. � ²¨Î¨¥ ²¨ÏÓ µ¤´µ£µ ¨§ ¤¢ÊÌ £µ²µ³µ·Ë´ÒÌ
¤¨ËË¥·¥´Í¨ ²µ¢ (4.36) ¢ ¶· ¢µ° Î ¸É¨ ¸¢Ö§ ´µ ¸ ¨Ì · §²¨Î´µ° Î¥É´µ¸ÉÓÕ
µÉ´µ¸¨É¥²Ó´µ Z2⊗Z2 ¸¨³³¥É·¨¨ ΣCal: y → −y ¨ λ→ −λ. ’ ± ± ± dS ¨³¥¥É
µ¶·¥¤¥²¥´´ÊÕ Î¥É´µ¸ÉÓ, ¥£µ ¶¥·¨µ¤Ò ¢¤µ²Ó ¤¢ÊÌ ¨§ Î¥ÉÒ·¥Ì Ô²¥³¥´É ·´ÒÌ
Í¨±²µ¢ ´  ΣCal  ¢Éµ³ É¨Î¥¸±¨ · ¢´Ò ´Ê²Õ, µ¸É ¢²ÖÖ ²¨ÏÓ ¤¢  ´¥É·¨¢¨ ²Ó´ÒÌ
¶¥·¨µ¤  a ¨ aD, ÎÉµ ¢ ÉµÎ´µ¸É¨ µÉ¢¥Î ¥É ¤¢Ê³ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³
¢ Î¥ÉÒ·¥Ì³¥·´µ° ¨´É¥·¶·¥É Í¨¨. �µ²¥¥ Éµ£µ, ¤¢  ´¥´Ê²¥¢ÒÌ ¶¥·¨µ¤  ³µ£ÊÉ
¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¢ É¥·³¨´ Ì ª·¥¤ÊÍ¨·µ¢ ´´µ°ª ±·¨¢µ° ·µ¤  1: Y 2 = (yλ)2 =

=
(
h2 − g2

ω2x
) 3∏
a=1

(x− ea), ´  ±µÉµ·µ° dS ∼=
(
h2 − g2

ω2x
)
dx
Y

. ’ ± ± ± ¤²Ö ´¥¥

x =∞ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¢¥É¢²¥´¨Ö, dS ¨³¥¥É ¶·µ¸ÉÒ¥ ¶µ²Õ¸  ¢ x =∞
(´  ¤¢ÊÌ · §´ÒÌ ²¨¸É Ì ΣCal

reduced) ¸ ¢ÒÎ¥É ³¨ ± g
ω
∼ ±m.

‚ ª¶·µÉ¨¢µ¶µ²µ¦´µ³ª ¶·¥¤¥²¥ ¸¨¸É¥³Ò Š ²µ¤¦¥·µ Å Œµ§¥·  g2 ∼
∼ m2 → 0, ÎÉµ µÉ¢¥Î ¥É N = 4 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¨ Ÿ´£  Å Œ¨²²¸ 
¸ Éµ¦¤¥¸É¢¥´´µ ´Ê²¥¢µ° β-ËÊ´±Í¨¥°. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¨´É¥£·¨·Ê¥³ Ö ¸¨-
¸É¥³  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¨¸É¥³Ê ¸¢µ¡µ¤´ÒÌ Î ¸É¨Í,   ¶·µ¨§¢µ¤ÖÐ¨° 1-¤¨Ë-
Ë¥·¥´Í¨ ² dS ∼=

√
h2 · dξ Ö¢²Ö¥É¸Ö ¶·µ¸Éµ £µ²µ³µ·Ë´Ò³ ¤¨ËË¥·¥´Í¨ ²µ³ ´ 

(Nc ±µ¶¨ÖÌ) E(τ).
4.3. �É ’µ¤Ò ± ¸¶¨´µ¢Ò³ Í¥¶µÎ± ³ ¨ ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„: ¸²Ê-

Î ° Nf < 2Nc ¨ XXX-¸¶¨´µ¢Ò¥ ³µ¤¥²¨. �¥·¥°¤¥³ É¥¶¥·Ó ± ¤·Ê£µ° ¤¥-
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Ëµ·³ Í¨¨ Í¥¶µÎ±¨ ’µ¤Ò, µÉ¢¥Î ÕÐ¥° ¢±²ÕÎ¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ N = 2
£¨¶¥·³Ê²ÓÉ¨¶²¥É ³¨ ³ É¥·¨¨ ¢ ËÊ´¤ ³¥´É ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨¨ ± ²¨¡·µ-
¢µÎ´µ° £·Ê¶¶Ò Å N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„. ‘µ£² ¸´µ [42,76], ¸¶¥±É-
· ²Ó´Ò¥ ±·¨¢Ò¥ ¤²Ö N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„ ¶·¨ Nf < 2Nc ¨³¥ÕÉ
ÉÊ ¦¥ ¸É·Ê±ÉÊ·Ê, ÎÉµ ¨ (4.10) ¸ ³¥´¥¥ É·¨¢¨ ²Ó´µ° ³ É·¨Í¥° ³µ´µ¤·µ³¨¨,
Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê¸²µ¢¨Ö³

Tr TNc(λ) = 2PNc(λ) +RNc−1(λ), detTNc(λ) = QNf (λ), (4.38)

£¤¥ QNf (λ) ¨ RNc−1(λ) Å ´¥±µÉµ·Ò¥ ´¥ § ¢¨¸ÖÐ¨¥ µÉ h ¶µ²¨´µ³Ò ¶µ λ
(´ ¶µ³´¨³, ÎÉµ ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò ¸ ³ É·¨Í¥° ‹ ±¸  (4.17) det2×2 T

TC
Nc

(λ) =

=
Nc∏
i=1

det2×2 L
TC
i (λ − λi) = 1 ¨ Tr TTC

Nc
(λ) = PNc(λ)). „¢¥ Ëµ·³Ê²¨·µ¢±¨

(4.13) ¨ (4.21) Ô±¢¨¢ ²¥´É´Ò ¤²Ö Í¥¶µÎ±¨ ’µ¤Ò, ´µ ¨Ì ¤¥Ëµ·³ Í¨¨ Ê¦¥
· §²¨Î´Ò: ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ªÍ¥¶µÎ±¨ª 2 × 2 ³ É·¨Í (4.21), (4.22) ¥¸É¥-
¸É¢¥´´Ò³ µ¡· §µ³ µ¡µ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ¸¥³¥°¸É¢  XY Z ¸¶¨´µ¢ÒÌ ³µ¤¥-
²¥° [54,55].

�¡Ð Ö ¨¤¥Ö ¤¥Ëµ·³ Í¨¨ ¶·¥¤¸É ¢²¥´¨Ö ³ É·¨Í ³¨ 2 × 2 § ±²ÕÎ ¥É¸Ö ¢
³µ¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨° (4.18) Å (4.23) ¶·¨ ¸µÌ· ´¥´¨¨ ¸±µ¡µ± �Ê ¸¸µ´ {

L(λ) ⊗, L(λ′)
}

= [r(λ − λ′), L(λ)⊗ L(λ′)] ,{
TNc(λ) ⊗, TNc(λ

′)
}

= [r(λ − λ′), TNc(λ) ⊗ TNc(λ′)] , (4.39)

¨, É¥³ ¸ ³Ò³, ¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¥´¨Ö ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨ T (λ) ¶ÊÉ¥³
¶¥·¥³´µ¦¥´¨Ö ³ É·¨Í Li(λ) ¶µ ¢¸¥³ Ê§² ³. “· ¢´¥´¨¥ ¸¶¥±É· ²Ó´µ° ±·¨¢µ°
¤²Ö ¶¥·¨µ¤¨Î¥¸±µ° ´¥µ¤´µ·µ¤´µ° ¸¶¨´µ¢µ° Í¥¶µÎ±¨ ¶·¨µ¡·¥É ¥É ¢¨¤

det (TNc(λ) − w) = 0 (4.40)

¸ T -³ É·¨Í¥° TNc(λ) =
1∏

i=Nc

Li(λ−λi), ¶µ-¶·¥¦´¥³Ê Ê¤µ¢²¥É¢µ·ÖÕÐ¥° (4.39).

„²Ö sl(2)-Í¥¶µÎ¥± ¸¶¥±É· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¢Ò¶¨¸Ò¢ ÕÉ¸Ö ¡µ²¥¥ Ö¢´µ:

w +
det2×2 TNc(λ)

w
= Tr 2×2 TNc(λ), (4.41)

¨²¨

W +
1

W
=

Tr 2×2TNc(λ)√
det2×2 TNc(λ)

, (4.42)

  ¶·µ¨§¢µ¤ÖÐ¨° 1-¤¨ËË¥·¥´Í¨ ² É¥¶¥·Ó dS = λdWW , W = w√
detTNc (λ)

. Š ±

¨ · ´¥¥, Ê· ¢´¥´¨Ö ¸µ¤¥·¦ É ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò
Éµ²Ó±µ ¢ ¢¨¤¥ ¸¶¥Í¨ ²Ó´ÒÌ ±µ³¡¨´ Í¨° Å ¨´É¥£· ²µ¢ ¤¢¨¦¥´¨Ö ¨ ¨´¢ ·¨ ´-
Éµ¢. ˆ³¥´´µ ¸¶¥Í¨ ²Ó´ Ö Ëµ·³  ÔÉ¨Ì Ê· ¢´¥´¨° (±¢ ¤· É¨Î´ Ö § ¢¨¸¨³µ¸ÉÓ
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µÉ ¶ · ³¥É·µ¢ w ¨ W ) [74] ¶µ§¢µ²Ö¥É ¨¤¥´É¨Ë¨Í¨·µ¢ ÉÓ ¶¥·¨µ¤¨Î¥¸±¨¥ ¸¶¨-
´µ¢Ò¥ Í¥¶µÎ±¨ ¸ ·¥Ï¥´¨Ö³¨ § ¤ Î¨ ‚¨ÉÉ¥´  Å ‡ °¡¥·£  ¸ ËÊ´¤ ³¥´É ²Ó´µ°
³ É¥·¨¥°.

Œ É·¨Í  ‹ ±¸  2× 2 ¤²Ö sl(2) XXX-Í¥¶µÎ±¨ ¨³¥¥É ¢¨¤

L(λ) = λ · 1 +

3∑
a=1

Sa · σa. (4.43)

‘±µ¡±¨ �Ê ¸¸µ´  ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Sa, a = 1, 2, 3 (¶·¨´¨³ ÕÐ¨Ì
§´ Î¥´¨Ö ¢  ²£¥¡·¥ ËÊ´±Í¨°) ¸²¥¤ÊÕÉ ¨§ ¸µµÉ´µÏ¥´¨Ö (4.39) ¸ · Í¨µ´ ²Ó´µ°
r-³ É·¨Í¥°

r(λ) =
1

λ

3∑
a=1

σa ⊗ σa (4.44)

¨ (¢ ¸²ÊÎ ¥ sl(2)) ¶·¥¢· Ð ÕÉ¸Ö ¢

{Sa, Sb} = iεabcSc, (4.45)

É.¥. {Sa} ¨³¥ÕÉ ¸³Ò¸² ³µ³¥´É  ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö (©¨²¨ ±² ¸¸¨Î¥¸±µ£µ
¸¶¨´ ª). ‚  ²£¥¡·¥ (4.45) ¨³¥ÕÉ¸Ö µ¶¥· Éµ·Ò Š §¨³¨·  (É.¥. ¨´¢ ·¨ ´É´Ò¥ ¨
¨³¥ÕÐ¨¥ ´Ê²¥¢ÊÕ ¸±µ¡±Ê �Ê ¸¸µ´  ¸µ ¢¸¥³¨ £¥´¥· Éµ· ³¨ Sa) K2 = S2 =

=
3∑
a=1

SaSa, É ± ÎÉµ

det
2×2

L(λ) = λ2 −K2, det
2×2

TNc(λ) =

Nc∏
i=1

det
2×2

Li(λ− λi) =

=

Nc∏
i=1

(
(λ− λi)2 −K2

i

)
=

Nc∏
i=1

(λ +m+
i )(λ+m−i ) = Q2Nc(λ), (4.46)

£¤¥ ¨³¥¥É¸Ö ¢ ¢¨¤Ê, ÎÉµ §´ Î¥´¨Ö ¸¶¨´  K ³µ£ÊÉ µÉ²¨Î ÉÓ¸Ö ¢ · §²¨Î´ÒÌ Ê§² Ì
Í¥¶µÎ±¨ ¨∗

m±i = −λi ∓Ki. (4.47)

‚ Éµ ¢·¥³Ö ± ± ¤¥É¥·³¨´ ´É (4.46) § ¢¨¸¨É ²¨ÏÓ µÉ ¨´¢ ·¨ ´Éµ¢ Š §¨³¨·  Ki

¶Ê ¸¸µ´µ¢¸±µ°  ²£¥¡·Ò, ¸²¥¤ ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨ TNc(λ) = 1
2Tr 2×2 TNc(λ)

´¥ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³,  , ± ± µ¡ÒÎ´µ ¢ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ì, § ¢¨¸¨É

µÉ ¶¥·¥³¥´´ÒÌ S(i)
a Éµ²Ó±µ Î¥·¥§ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö, ±µÉµ·Ò¥, ¢ µÉ²¨Î¨¥ µÉ

± §¨³¨·µ¢, ±µ³³ÊÉ¨·ÊÕÉ Éµ²Ó±µ ¤·Ê£ ¸ ¤·Ê£µ³.

∗”µ·³Ê²  (4.47) ¤¥³µ´¸É·¨·Ê¥É, ÎÉµ ¢ ¶·¥¤¥²¥ ´Ê²¥¢ÒÌ ³ ¸¸ m±i = 0 Í¥¶µÎ±  ¸É ´µ¢¨É¸Ö
µ¤´µ·µ¤´µ° (¢¸¥ λi = 0) ¨ ¸ ´Ê²¥¢Ò³¨ ¸¶¨´ ³¨ ¢ ± ¦¤µ³ Ê§²¥ (¢¸¥ Ki = 0).
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„²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ Ö¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ £ ³¨²ÓÉµ´¨ ´ Ì, ´¨¦¥
¡Ê¤ÊÉ · §µ¡· ´Ò Ö¢´Ò¥ ¶·¨³¥·Ò ³ É·¨Í ³µ´µ¤·µ³¨¨ ¤²Ö Nc = 2 ¨ Nc = 3.
ˆ´É¥£· ²Ò ¤¢¨¦¥´¨Ö ´¥É·¨¢¨ ²Ó´µ § ¢¨¸ÖÉ µÉ ´¥µ¤´µ·µ¤´µ¸É¥° Í¥¶µÎ±¨ λi,  
±µÔËË¨Í¨¥´ÉÒ ¸¶¥±É· ²Ó´µ£µ Ê· ¢´¥´¨Ö (4.40) § ¢¨¸ÖÉ Éµ²Ó±µ µÉ ¨´É¥£· ²µ¢
¤¢¨¦¥´¨Ö ¨ ¸¨³³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ³ ¸¸µ¢ÒÌ ¶ · ³¥É·µ¢ m (4.47). �Éµ
¸¢µ°¸É¢µ ¸ÊÐ¥¸É¢¥´´µ ¤²Ö µÉµ¦¤¥¸É¢²¥´¨Ö ¶ · ³¥É·µ¢ m ¸ ³ ¸¸ ³¨ £¨¶¥·-
³Ê²ÓÉ¨¶²¥Éµ¢ ³ É¥·¨¨ ¢ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„. Ÿ¢´Ò¥ ¶·¨³¥·Ò
Nc = 2, 3 ¡Ò²¨ · §µ¡· ´Ò ¢ [77].

4.4. Nf = 2Nc: ¸¶¨´µ¢Ò¥ Í¥¶µÎ±¨ µ¡Ð¥£µ ¢¨¤  ¨  ²£¥¡·  ‘±²Ö´¨´ .
�·¨¢¥¤¥´´ Ö ¢ÒÏ¥ ±µ´¸É·Ê±Í¨Ö ´¥ ³µ¦¥É ¡ÒÉÓ, µ¤´ ±µ, § ±µ´Î¥´´µ° ¡¥§
¨§ÊÎ¥´¨Ö ´ ¨³¥´¥¥ ¨¸¸²¥¤µ¢ ´´µ£µ ©Ô²²¨¶É¨Î¥¸±µ£µª ¸²ÊÎ Ö Nf = 2Nc, ±µ-
£¤  4D-É¥µ·¨Ö Ö¢²Ö¥É¸Ö Ê²ÓÉ· Ë¨µ²¥Éµ¢µ-±µ´¥Î´µ° (¶µ ±· °´¥° ³¥·¥, ¶·¨
µ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ³µ¤Ê²¥°) ¨ µ¡² ¤ ¥É ¤µ¶µ²´¨É¥²Ó´Ò³ ¡¥§· §³¥·´Ò³
¶ · ³¥É·µ³ Å UV ´¥ ¡¥²¥¢µ° ±µ´¸É ´Éµ° ¸¢Ö§¨ τ = 8πi

e2 + θ
π .

� ¨¡µ²¥¥ µ¡Ð Ö É¥µ·¨Ö É ±µ£µ ¢¨¤  ¨§¢¥¸É´  Å ÔÉµ XY Z ¸¶¨´µ¢ Ö Í¥-
¶µÎ± , ¢ ±µÉµ·µ° Ô²¥³¥´É ·´ Ö L-³ É·¨Í  µ¶·¥¤¥²¥´  ´  Ô²²¨¶É¨Î¥¸±µ° ±·¨-
¢µ° E(τ) ¨ ¨³¥¥É ¢¨¤ [54,55,126]:

LSkl(ξ) = S01 + i

3∑
a=1

Wa(ξ)Saσa, (4.48)

£¤¥

Wa(ξ) =
√
ea − ℘ (ξ|τ) = i

θ′11(0)θa+1 (ξ)

θa+1(0)θ11 (ξ)
. (4.49)

Œ É·¨Í  ‹ ±¸  (4.48) Ê¤µ¢²¥É¢µ·Ö¥É ¸±µ¡±¥ �Ê ¸¸µ´  (4.18) ¸ Î¨¸²µ¢µ° Ô²²¨¶-
É¨Î¥¸±µ° r-³ É·¨Í¥°

r(ξ) = i
g

ω

3∑
a=1

Wa(ξ)σa ⊗ σa,

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ S0, Sa µ¡· §ÊÕÉ (±² ¸¸¨Î¥¸±ÊÕ)  ²£¥¡·Ê ‘±²Ö´¨´  [55,
126]: {

Sa, S0
}

= 2i (eb − ec)SbSc,
{
Sa, Sb

}
= 2iS0Sc (4.50)

¸ ¥¸É¥¸É¢¥´´Ò³ µ¡µ§´ Î¥´¨¥³: abc Ö¢²Ö¥É¸Ö É·µ°±µ° 123 ¨²¨ ¥¥ Í¨±²¨Î¥¸±µ°
¶¥·¥¸É ´µ¢±µ°.

‘µµÉ¢¥É¸É¢¥´´µ ¸ · ¸¸³µÉ·¥´´Ò³¨ ¢ÒÏ¥ ¶·¥¤¥²Ó´Ò³¨ ¸²ÊÎ Ö³¨ (¢Ò·µ-
¦¤¥´¨Ö³¨) Ô²²¨¶É¨Î¥¸±µ° ±·¨¢µ° (4.31) Å (4.34) ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ É·¨
¨´É¥·¥¸´ÒÌ ¢Ò·µ¦¤¥´¨Ö  ²£¥¡·Ò ‘±²Ö´¨´ .

� Í¨µ´ ²Ó´Ò° ¶·¥¤¥². �¡  ¶¥·¨µ¤  ω, ω′ → ∞, Éµ£¤  (4.50) ¶·¥¢· Ð -
¥É¸Ö ¢

{Sa, S0} = 0, {Sa, Sb} = 2iεabcS0Sc, (4.51)
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É.¥. £¥´¥· Éµ· S0 ¶·¥¢· Ð ¥É¸Ö ¢ µ¶¥· Éµ· Š §¨³¨·  (±µ´¸É ´ÉÊ, ´ ¶·¨³¥·,
1
2 ),   µ¸É ²Ó´Ò¥ Sa µ¡· §ÊÕÉ  ²£¥¡·Ê ±² ¸¸¨Î¥¸±¨Ì ¸¶¨´µ¢ (4.45). ‘µµÉ¢¥É-
¸É¢ÊÕÐ Ö ³ É·¨Í  ‹ ±¸  (4.43) L ≡ λLXXX = λ1 + S · σ µ¶¨¸Ò¢ ¥É XXX
¸¶¨´µ¢ÊÕ ³µ¤¥²Ó ¸ · Í¨µ´ ²Ó´µ° r-³ É·¨Í¥° (4.44).

’·¨£µ´µ³¥É·¨Î¥¸±¨° ¶·¥¤¥². �·¨ τ → +i∞,   q → 0,  ²£¥¡·  ‘±²Ö´¨´ 
(4.50) ¶¥·¥Ìµ¤¨É ¢

{Ŝ3, Ŝ0} = 32iqŜ1Ŝ2 +O(q)→ 0, {Ŝ1, Ŝ0} = −2iŜ2Ŝ3 +O(q),

{Ŝ2, Ŝ0} = 2iŜ3Ŝ1 +O(q), {Ŝ1, Ŝ2} = 2iŜ0Ŝ3 +O(q),

{Ŝ1, Ŝ3} = −2iŜ0Ŝ2 +O(q), {Ŝ2, Ŝ3} = 2iŜ0Ŝ1 +O(q).

(4.52)
‘µµÉ¢¥É¸É¢ÊÕÐ Ö ³ É·¨Í  ‹ ±¸  ¥¸ÉÓ

LXXZ = Ŝ01− 1

sinπξ

(
Ŝ1σ1 + Ŝ2σ2 + cosπξŜ3σ3

)
, (4.53)

  r-³ É·¨Í 

r(ξ) =
i

sinπξ
(σ1 ⊗ σ1 + σ2 ⊗ σ2 + cosπξσ3 ⊗ σ3) . (4.54)

„¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥². ˆ¸¶µ²Ó§ÊÖ (4.33) ¨ (4.34), ´ Ìµ¤¨³√
e1,2 − ℘ (ξ) = 2

√
q

(√
w ± 1√

w

)
+O(q),

√
e3 − ℘ (ξ) = 1 +O(q), (4.55)

¶µÔÉµ³Ê  ²£¥¡·  ‘±²Ö´¨´  (4.50), ¶µ¸²¥ ¶¥·¥µ¶·¥¤¥²¥´¨Ö Ŝ1,2 = 1
4
√
q
S̄1,2,

¶·¨´¨³ ¥É ¢¨¤

{S̄2, S̄3} = 2iS̄0S̄1 +O(q), {S̄1, S̄0} = −2iS̄2S̄3 +O(q),

{S̄2, S̄0} = 2iS̄3S̄1 +O(q), {S̄1, S̄2} = 32iqS̄0S̄3 +O(q)→ 0,

{S̄1, S̄3} = −2iS̄0S̄2 +O(q), {S̄3, S̄0} = 2iS̄1S̄2,

(4.56)
¸ ³ É·¨Í¥° ‹ ±¸ 

Lds = S̄01 + iS̄3σ3 +
i

2

(√
w +

1√
w

)
S̄1σ1 +

i

2

(√
w − 1√

w

)
S̄2σ2. (4.57)

‹¥£±µ § ³¥É¨ÉÓ, ÎÉµ (4.53) ¨ (4.57) ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ. ‚ Î ¸É´µ¸É¨,
³ É·¨Í  ‹ ±¸  (4.57) Ê¤µ¢²¥É¢µ·Ö¥É ±¢ ¤· É¨Î´Ò³ ¶Ê ¸¸µ´µ¢¸±¨³ ¸µµÉ´µÏ¥-
´¨Ö³ (4.18) ¸ É·¨£µ´µ³¥É·¨Î¥¸±µ° r-³ É·¨Í¥° (4.54). „¥°¸É¢¨É¥²Ó´µ, ÔÉ¨ ¤¢¥
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³ É·¨ÍÒ ‹ ±¸  ¸¢Ö§ ´Ò ¶·µ¸ÉÒ³ ¶·¥µ¡· §µ¢ ´¨¥³ Lds = − sin (πξσ2)LXXZ ,
£¤¥ w µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ e2iξ ,   S̄0, S̄1, S̄2, S̄3 ¸ Ŝ2, Ŝ3, Ŝ0, Ŝ1 ¸µµÉ¢¥É¸É¢¥´´µ.
‡ ³¥É¨³ É ±¦¥, ÎÉµ ³ É·¨Í  (4.57) Ö¢²Ö¥É¸Ö L-³ É·¨Í¥° ·¥Ï¥ÉµÎ´µ° ³µ¤¥²¨
¸¨´Ê¸-ƒµ·¤µ´ .

„¥É¥·³¨´ ´É

det
2×2

L̂(ξ) = Ŝ2
0 +

3∑
a=1

eaŜ
2
a − ℘(ξ)

3∑
a=1

Ŝ2
a = K −M2℘(ξ) = K −M2x, (4.58)

£¤¥

K = Ŝ2
0 +

3∑
a=1

ea(τ)Ŝ2
a , M2 =

3∑
a=1

Ŝ2
a (4.59)

Å µ¶¥· Éµ·Ò Š §¨³¨·   ²£¥¡·Ò ‘±²Ö´¨´  (¶Ê ¸¸µ´µ¢µ-±µ³³ÊÉ¨·ÊÕÐ¨¥ ¸µ
¢¸¥³¨ £¥´¥· Éµ· ³¨ Ŝ0, Ŝ1, Ŝ2, Ŝ3). „¥É¥·³¨´ ´É ³ É·¨ÍÒ ³µ´µ¤·µ³¨¨
(4.19), ¢ ¸¢µÕ µÎ¥·¥¤Ó, · ¢¥´

Q(ξ) = det
2×2

TNc(ξ) =

Nc∏
i=1

det
2×2

L̂(ξ − ξi) =

Nc∏
i=1

(
Ki −M2

i ℘(ξ − ξi)
)
, (4.60)

  ¥¥ ¸²¥¤ P (ξ) = 1
2TrTNc(ξ) £¥´¥·¨·Ê¥É ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö, É ± ± ± ¶µ-

¶·¥¦´¥³Ê
{TrTNc(ξ), TrTNc(ξ

′)} = 0. (4.61)

� ¶·¨³¥·, ¢ ¸²ÊÎ ¥ µ¤´µ·µ¤´µ° Í¥¶µÎ±¨ (¢¸¥ ξi = 0 ¢ (4.60)) TrTNc(ξ)

Ö¢²Ö¥É¸Ö ±µ³¡¨´ Í¨¥° ¶µ²¨´µ³µ¢ P (ξ) = Pol
(1)

[Nc2 ]
(x) + yPol

(2)

[Nc−3
2 ]

(x), £¤¥[
Nc
2

]
Å Í¥² Ö Î ¸ÉÓ Nc

2 ,   ±µÔËË¨Í¨¥´ÉÒ Pol(1) ¨ Pol(2) Å ¨´É¥£· ²Ò
¤¢¨¦¥´¨Ö XY Z-³µ¤¥²¨ ∗. ‚ ·¥§Ê²ÓÉ É¥ ¸¶¥±É· ²Ó´µ¥ Ê· ¢´¥´¨¥ (4.42) ¤²Ö
XY Z-Í¥¶µÎ±¨ ¶·¨´¨³ ¥É ¢¨¤

w +
Q(ξ)

w
= 2P (ξ), (4.62)

£¤¥ ¤²Ö µ¤´µ·µ¤´µ° Í¥¶µÎ±¨ P ¨ Q Å ¶µ²¨´µ³Ò ¶µ x = ℘(ξ) ¨ y = 1
2℘
′(ξ).

“· ¢´¥´¨¥ (4.62) µ¶¨¸Ò¢ ¥É ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ Ô²²¨¶É¨Î¥¸±µ° ±·¨¢µ° E(τ):

∗„²Ö ´¥µ¤´µ·µ¤´µ° Í¥¶µÎ±¨ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸²¥¤  Ê¸É·µ¥´µ ¡µ²¥¥ ¸²µ¦´µ, ¥£µ ³µ¦´µ
Ê¶·µ¸É¨ÉÓ ¸ ¶µ³µÐÓÕ Ëµ·³Ê² É¨¶ 

℘(ξ − ξi) =

(
℘′(ξ) + ℘′(ξi)

℘(ξ)− ℘(ξi)

)2

− ℘(ξ)− ℘(ξi) = 4

(
y + yi

x− xi

)2

− x− xi.
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± ¦¤µ° ÉµÎ±¥ µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö ξ ∈ E(τ) ¸µµÉ¢¥É¸É¢ÊÕÉ ¤¢¥ ÉµÎ±¨ ´  ΣXY Z ,
µÉ¢¥Î ÕÐ¨¥ ¤¢Ê³ ±µ·´Ö³ w± Ê· ¢´¥´¨Ö (4.62). ’µÎ± ³¨ ¢¥É¢²¥´¨Ö Ö¢²ÖÕÉ¸Ö

w+ = w− = ±
√
Q ¨²¨ Y = 1

2

(
w − Q

w

)
=
√
P 2 −Q = 0.

Š·¨¢ Ö (4.62) ¶µÌµ¦  ´  ¸¶¥±É· ²Ó´ÊÕ ±·¨¢ÊÕ Nc = 2 ³µ¤¥²¨ Š ²µ¤-
¦¥·µ Å Œµ§¥·  (4.35), µ¤´ ±µ ¸ÊÐ¥¸É¢¥´´µ¥ · §²¨Î¨¥ § ±²ÕÎ ¥É¸Ö ¢ Éµ³,
ÎÉµ É¥¶¥·Ó x = ∞ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¢¥É¢²¥´¨Ö, ¶µÔÉµ³Ê ¶µ²´µ¥ Î¨¸²µ
· §·¥§µ¢ ´  µ¡¥¨Ì ±µ¶¨ÖÌ E(τ) Å Nc,   ·µ¤ ¸¶¥±É· ²Ó´µ° ±·¨¢µ° Å Nc + 1.

�´ ²¨É¨Î¥¸±¨ ΣXY Z ³µ¦´µ µ¶¨¸ ÉÓ ¸¨¸É¥³µ° Ê· ¢´¥´¨°

y2 =

3∏
a=1

(x− ea), Y 2 = P 2 −Q, (4.63)

  ´ ¡µ· £µ²µ³µ·Ë´ÒÌ 1-¤¨ËË¥·¥´Í¨ ²µ¢ ´  ΣXY Z ³µ¦´µ ¢Ò¡· ÉÓ ¢ ¢¨¤¥

v =
dx

y
, Vα =

xαdx

yY
, α = 0, . . . ,

[
Nc

2

]
,

Ṽβ =
xβdx

Y
, β = 0, . . . ,

[
Nc − 3

2

]
. (4.64)

�µ²´µ¥ Î¨¸²µ ÔÉ¨Ì ¤¨ËË¥·¥´Í¨ ²µ¢ 1 +
([
Nc
2

]
+ 1
)

+
([
Nc−3

2

]
+ 1
)

= Nc + 1
· ¢´µ ·µ¤Ê ΣXY Z .

� ±µ´¥Í, ¨³¥Ö ¸¶¥±É· ²Ó´ÊÕ ±·¨¢ÊÕ, ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ´ ¶¨¸ ÉÓ ¶·µ-
¨§¢µ¤ÖÐ¨° 1-¤¨ËË¥·¥´Í¨ ² dS, µ¡² ¤ ÕÐ¨° µ¶·¥¤¥²ÖÕÐ¨³ ¸¢µ°¸É¢µ³ (4.5).
„²Ö Í¥¶µÎ±¨ ’µ¤Ò ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ¢µ§³µ¦´ÒÌ ¢Ò¡µ· :

dΣTC ∼= dλ logw, dSTC ∼= λ
dw

w
, dΣTC = −dSTC + dfTC. (4.65)

�¡  ¤¨ËË¥·¥´Í¨ ²  dΣTC ¨ dSTC Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ (4.5),   ËÊ´±Í¨Ö
fTC µ¶·¥¤¥²¥´  É ±, ÎÉµ ¥¥ ¢ ·¨ Í¨Ö δfTC = λ δw

w
Ö¢²Ö¥É¸Ö (³¥·µ³µ·Ë´µ°)

µ¤´µ§´ Î´µ° ËÊ´±Í¨¥° ´  ΣTC.
‚ ¸²ÊÎ ¥ XXX-³µ¤¥²¨ ¸¢µ°¸É¢  ¶·µ¨§¢µ¤ÖÐ¥£µ ¤¨ËË¥·¥´Í¨ ²  ¶µ ¸· ¢-

´¥´¨Õ ¸ (4.65) ¶· ±É¨Î¥¸±¨ ´¥ ³¥´ÖÕÉ¸Ö:

dΣXXX ∼= dλ logW, dSXXX ∼= λ
dW

W
, dΣXXX = −dSXXX + dfXXX .

(4.66)
„²Ö XY Z-³µ¤¥²¨ (4.62) ¶·µ¨§¢µ¤ÖÐ¨°(¥) ¤¨ËË¥·¥´Í¨ ²(Ò) dSXY Z ³µ¦´µ
µ¶·¥¤¥²¨ÉÓ ± ±

dΣXY Z ∼= dξ logW, dSXY Z ∼= ξ
dW

W
= −dΣXY Z + d(ξ logW ). (4.67)
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’¥¶¥·Ó ¶·¨ ¢ ·¨ Í¨¨ ¶µ ³µ¤Ê²Ö³ (±µÉµ·Ò¥ ¢¸¥ ¸µ¤¥·¦ É¸Ö ¢ P )

δ(dΣXY Z) ∼=
δW

W
dξ =

δP (ξ)√
P (ξ)2 −Q(ξ)

dξ =
dx

yY
δP, (4.68)

¨, ¸µ£² ¸´µ (4.4), ¶· ¢ Ö Î ¸ÉÓ Ö¢²Ö¥É¸Ö £µ²µ³µ·Ë´Ò³ 1-¤¨ËË¥·¥´Í¨ ²µ³ ´ 
¸¶¥±É· ²Ó´µ° ±·¨¢µ° (4.62).

�¸µ¡¥´´µ¸É¨ dΣXY Z · ¸¶µ²µ¦¥´Ò ¢ ÉµÎ± Ì W = 0 ¨²¨ W = ∞, É.¥. ¢
´Ê²ÖÌ Q(ξ) ¨²¨ ¶µ²Õ¸ Ì P (ξ). ‚ µ±·¥¸É´µ¸É¨ µ¸µ¡ÒÌ ÉµÎ¥± dΣXY Z ´¥µ¤-
´µ§´ Î¥´, É.¥. ¶·¨ µ¡Ìµ¤¥ ¢µ±·Ê£ µ¸µ¡µ° ÉµÎ±¨ ¶·¨µ¡·¥É ¥É ¤µ¡ ¢±Ê 2πidξ.
� §´µ¸ÉÓ ³¥¦¤Ê dΣ ¨ dS µ¶ÖÉÓ Ö¢²Ö¥É¸Ö ¶µ²´µ° ¶·µ¨§¢µ¤´µ°, ´µ ¥¥ ¢ ·¨ Í¨Ö
δfXY Z = ξ δW

W
Ê¦¥ ´¥µ¤´µ§´ Î´  ´  ±·¨¢µ°. ‚ µÉ²¨Î¨¥ µÉ dΣXY Z , dSXY Z

¨³¥¥É ¶·µ¸ÉÒ¥ ¶µ²Õ¸Ò ¢ W = 0,∞ ¸ ¢ÒÎ¥É ³¨ ξ|w=0,∞, µ¶·¥¤¥²¥´´Ò³¨ ¶µ

³µ¤Ê²Õ 1, τ . �µ²¥¥ Éµ£µ, ¸ ³ ¤¨ËË¥·¥´Í¨ ² dSXY Z ´¥µ¤´µ§´ Î¥´: ³¥´Ö¥É¸Ö
´  (1, τ) × dW

W ¶·¨ µ¡Ìµ¤¥ ¶µ ´¥¸ÉÖ£¨¢ ¥³Ò³ ±µ´ÉÊ· ³ ´  E(τ).
’ ±¨³ µ¡· §µ³, ´¨ dΣXY Z , ´¨ dSXY Z ´¥ Ö¢²ÖÕÉ¸Ö ¢ ¡Ê±¢ ²Ó´µ³ ¸³Ò¸²¥

1-Ëµ·³ ³¨ ‚¨ÉÉ¥´  Å ‡ °¡¥·£ , ±µÉµ·Ò¥ ¤µ²¦´Ò ¨³¥ÉÓ Ìµ·µÏµ µ¶·¥¤¥²¥´-
´Ò¥ ¢ÒÎ¥ÉÒ, µÉ¢¥Î ÕÐ¨¥ ³ ¸¸ ³ £¨¶¥·³Ê²ÓÉ¨¶²¥Éµ¢ [42].

‚ ¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ Nc = 2 ¢Éµ·µ¥ Ê· ¢´¥´¨¥ (4.63) ¨³¥¥É ¢¨¤

Y 2 = P 2−Q = (H0−H2x)2 − (K1−M2
1x)(K2 −M2

2x) ≡ A(x− x1)(x− x2)
(4.69)

¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ±·¨¢ÊÕ ·µ¤  Nc+ 1 = 3, ¶µ²ÊÎ¥´´ÊÕ ¸±²¥¨¢ ´¨¥³ ¤¢ÊÌ
±µ¶¨° E(τ) ¢¤µ²Ó ¤¢ÊÌ · §·¥§µ¢: ³¥¦¤Ê x = x1 ¨ x = x2 ´  ± ¦¤µ³ ¨§ ²¨¸Éµ¢
E(τ). ‚ Ëµ·³Ê²¥ (4.69)

H0 = Ŝ0
1 Ŝ

0
2 +

3∑
a=1

eaŜ
a
1 Ŝ

a
2 , H2 =

3∑
a=1

Ŝa1 Ŝ
a
2 (4.70)

¨, ¸· ¢´¨¢ Ö ¸ (4.59), ¥¸É¥¸É¢¥´´µ ¸Î¨É ÉÓ, ÎÉµ H2 = M1M2 cosh. ’ ±µ¥
· §¤¥²¥´¨¥ § ¢¨¸¨³µ¸É¨ µÉ ± §¨³¨·µ¢ (M ) ¨ ³µ¤Ê²¥° (h) µ¸´µ¢ ´µ ´  · ¸-
¸³µÉ·¥´¨¨ · §²¨Î´ÒÌ ¶·¥¤¥²µ¢: ±µ´Ëµ·³´µ£µ Å ¢¸¥ Mi → 0 ¨ ª· §³¥·´µ°
É· ´¸³ÊÉ Í¨¨ª, ±µ£¤  Mi →∞ ¶·¨ τ → +i∞.

Šµ£¤  τ → +i∞ ¨²¨ q = eiπτ → 0, ÉµÎ±¨ ¢¥É¢²¥´¨Ö e1 ¨ e2 ¸É·¥³ÖÉ¸Ö
¤·Ê£ ± ¤·Ê£Ê: e1 − e2 = 16q +O(q3) ¨ ¶· ¢¨²Ó´Ò³¨ ±µµ·¤¨´ É ³¨ ´  ΣXY Z

¸É ´µ¢ÖÉ¸Ö x = − 1
3 + qx̌, y = qy̌. ’µ£¤  Ê· ¢´¥´¨¥ (4.30) ¤²Ö E(τ) ¶·¥¢· -

Ð ¥É¸Ö ¢ y̌2 = x̌2− 1 ¨ µ¶¨¸Ò¢ ¥É ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ CP 1, Ö¢²ÖÕÐ¥¥¸Ö µ¶ÖÉÓ
CP 1. Š ´µ´¨Î¥¸± Ö £µ²µ³µ·Ë´ Ö 1-Ëµ·³  dξ = 2 dx

y
¶¥·¥Ìµ¤¨É ¢ ³¥·µ³µ·Ë-

´Ò° ¤¨ËË¥·¥´Í¨ ² ´  CP 1 2 dx̌y̌ = 2 dx̌√
x̌2−1

= 2 dzz , £¤¥ x̌ = z + z−1.
„¢µ°´µ° ¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² ¶·¥¤¶µ² £ ¥É, ÎÉµ ÉµÎ±¨ ¢¥É¢²¥´¨Ö x1 ¨

x2 É ±¦¥ ¢¥¤ÊÉ ¸¥¡Ö ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³ ¶·¨ q → 0. �Ê¸ÉÓ xi = − 1
3 + qx̌i,

Éµ£¤ , ¶¥·¥µ¶·¥¤¥²ÖÖ Y = qY̌ , ¤²Ö ΣXY Z ¢ ¤¢µ°´µ³ ¸±¥°²¨´£µ¢µ³ ¶·¥¤¥²¥
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¶µ²ÊÎ¨³ y̌2 = x̌2 − 1, Y̌ 2 = A(x̌ − x̌1)(x̌ − x̌2). �É¨ Ê· ¢´¥´¨Ö µ¶¨¸Ò¢ ÕÉ
¤¢¥ ±µ¶¨¨ CP 1, ¸±²¥¥´´Ò¥ ¢¤µ²Ó ¤¢ÊÌ · §·¥§µ¢ (³¥¦¤Ê x̌ = Ǎ1 ¨ x̌ = Ǎ2

´  ± ¦¤µ³ ¨§ ²¨¸Éµ¢), É.¥. Ô²²¨¶É¨Î¥¸±ÊÕ ±·¨¢ÊÕ ·µ¤  1. �·µ¨§¢µ¤ÖÐ¨°
1-¤¨ËË¥·¥´Í¨ ²

dΣXY Z ∼= dξlogW → dΣTC ∼=
dz

z
logW. (4.71)

„²Ö ¸É ·Ï¨Ì Nc ³Ê²ÓÉ¨¸±¥°²¨´£µ¢Ò° ¶·¥¤¥² ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  ´ ²µ-
£¨Î´µ, É.¥. ¸Î¨É Ö, ÎÉµ ¸¶¥±É· ²Ó´ Ö ±·¨¢ Ö ·µ¤  Nc + 1 Å ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥
E(τ) Å ¢Ò·µ¦¤ ¥É¸Ö ¢ ¤¢µ°´µ¥ ´ ±·ÒÉ¨¥ CP 1 ·µ¤  Nc − 1,  ¸¸µÍ¨¨·Ê¥³µ¥
¸ Í¥¶µÎ±µ° ’µ¤Ò. �·µ¨§¢µ¤ÖÐ¨¥ ¤¨ËË¥·¥´Í¨ ²Ò dΣXY Z ¨ dSXY Z É ±¦¥
¶¥·¥Ìµ¤ÖÉ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ 1-Ëµ·³Ò (4.65).

’ ±¨³ µ¡· §µ³, ¥¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ XY Z-Í¥¶µÎ± , Ö¢²ÖÕ-
Ð Ö¸Ö Ô²²¨¶É¨Î¥¸±¨³ µ¡µ¡Ð¥´¨¥³ XXX-Í¥¶µÎ±¨, µ¶¨¸Ò¢ ÕÐ¥° N = 2 ¸Ê-
¶¥·¸¨³³¥É·¨Î´ÊÕ Š•„ ¸ Nf < 2Nc, ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´  ¸µ ¸²ÊÎ ¥³ Nf =
2Nc (¸³., ´ ¶·¨³¥·, [127], £¤¥ ÔÉ  É¥µ·¨Ö · ¸¸³µÉ·¥´  ¡µ²¥¥ ¶µ¤·µ¡´µ ¢ ±µ´-
É¥±¸É¥ ³´µ£µ³¥·´ÒÌ µ¡µ¡Ð¥´¨° ·¥Ï¥´¨° ‚¨ÉÉ¥´  Å ‡ °¡¥·£ ).

5. ‡�Š‹�—…�ˆ…

‚ ¤ ´´µ³ µ¡§µ·¥ ¡Ò²  ¸¤¥² ´  ¶µ¶ÒÉ±  µ¡ÑÖ¸´¨ÉÓ, ± ± ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò É¨¶  ¨¥· ·Ì¨¨ Š� ¨²¨ Í¥¶µÎ±¨ ’µ¤Ò ¢µ§´¨± ÕÉ ¶·¨ µ¶¨¸ ´¨¨ ÉµÎ-
´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éµ¢ ¢ É¥µ·¨¨ ¸É·Ê´ (¶·µ¸É¥°Ï¨Ì ³µ¤¥²ÖÌ) ¨
¸Ê¶¥·¸¨³³¥É·¨Î´µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö. ŒÒ ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨,
ÎÉµ ¶µ¤µ¡´µ ³µ¤¥²Ö³ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¤¢Ê³¥·´µ° ±¢ ´Éµ¢µ° ¨ Éµ¶µ²µ£¨Î¥-
¸±µ° £· ¢¨É Í¨¨ ¢ Î¥ÉÒ·¥Ì³¥·´µ° · ¸Ï¨·¥´´µ-¸Ê¶¥·¸¨³³¥É·¨Î´µ° ´¥ ¡¥²¥-
¢µ° ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ²¥£±¨Ì ¶µ²¥° ³µ¦¥É ¡ÒÉÓ
§ ¤ ´µ (²µ£ ·¨Ë³µ³) É Ê-ËÊ´±Í¨¨ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³
Ê¨§¥³µ¢¸±µ£µ É¨¶ , ¸¢Ö§ ´´ÒÌ ¸ Í¥¶µÎ± ³¨ ’µ¤Ò.

�µ²¥¥ ±µ´±·¥É´µ ��‘-¸¶¥±É· ¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ÔËË¥±É¨¢´µ¥ ¤¥°-
¸É¢¨¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¢ É¥·³¨´ Ì ¢¸¶µ³µ£ É¥²Ó´µ° ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨ Å
¸¶¥±É· ²Ó´µ° ¶µ¢¥·Ì´µ¸É¨ ¨´É¥£·¨·Ê¥³µ° ¸¨¸É¥³Ò (¢ ¸²ÊÎ ¥ ¤¢Ê³¥·´ÒÌ ³µ-
¤¥²¥°, · ¸¸³µÉ·¥´´ÒÌ ¶µ¤·µ¡´µ ¢ ¶¥·¢ÒÌ ¤¢ÊÌ · §¤¥² Ì µ¡§µ· , ¸µµÉ¢¥É¸É¢Ê-
ÕÐ Ö ¸¶¥±É· ²Ó´ Ö ¶µ¢¥·Ì´µ¸ÉÓ Ö¢²Ö¥É¸Ö ¶·µ¸Éµ ·¨³ ´µ¢µ° ±µ³¶²¥±¸´µ°
¸Ë¥·µ° ¸ µÉ³¥Î¥´´Ò³¨ ÉµÎ± ³¨) ¨ ¶·µ¨§¢µ¤ÖÐ¥° 1-Ëµ·³Ò. ŒÒ ¶µ¤·µ¡´µ
· ¸¸³µÉ·¥²¨ ·¨³ ´µ¢Ò ¶µ¢¥·Ì´µ¸É¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ µ¶¨¸ ´¨¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´µ£µ ¶µ¢¥¤¥´¨Ö ¢ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° £²Õµ¤¨´ ³¨±¥,   É ±¦¥
¢ N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° Š•„ ¨ É¥µ·¨¨ ¸ ³ É¥·¨¥° ¢ ¶·¨¸µ¥¤¨´¥´´µ³
¶·¥¤¸É ¢²¥´¨¨ Å ´ ·ÊÏ¥´´µ° ¤µ N = 2, N = 4 ¸Ê¶¥·¸¨³³¥É·¨Î´µ° É¥µ·¨¥°
¶µ²¥° Ÿ´£  Å Œ¨²²¸ , ¨ ¸¢Ö§ ´´Ò¥ ¸ ÔÉ¨³¨ ¶µ¢¥·Ì´µ¸ÉÖ³¨ ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò.
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‚ · ¡µÉ¥ [90] µ¡¸Ê¦¤ ÕÉ¸Ö ¡µ²¥¥ Éµ´±¨¥ ¢µ¶·µ¸Ò Ëµ·³Ê²¨·µ¢±¨ ¸Ê-
¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¢ É¥·³¨´ Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³.
ˆ³¥´´µ ÔÉ¨ ¢µ¶·µ¸Ò: ¸¢µ°¸É¢  ¶·µ¨§¢µ¤ÖÐ¥£µ ¤¨ËË¥·¥´Í¨ ² , Ö¢´Ò¥ Ê· ¢-
´¥´¨Ö ( ¸¸µÍ¨ É¨¢´µ¸É¨), ±µÉµ·Ò³ Ê¤µ¢²¥É¢µ·Ö¥É ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¢
¸²ÊÎ ¥ ª¸É ·Ï¨Ìª ± ²¨¡·µ¢µÎ´ÒÌ £·Ê¶¶,   É ±¦¥ ¸¢Ö§Ó ÉµÎ´ÒÌ ·¥Ï¥´¨° ‚¨É-
É¥´  Å ‡ °¡¥·£  ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¸ µ¡Ð¨³¨
¨¤¥Ö³¨ ¸µ¢·¥³¥´´µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¨ ¸É·Ê´ (M-É¥µ·¨¨), ¶·¥¤¸É ¢-
²ÖÕÉ ´ ¨¡µ²ÓÏ¨° ¨´É¥·¥¸ ¸ ÉµÎ±¨ §·¥´¨Ö ¸µ¢·¥³¥´´µ° É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í.

�¢Éµ· ¡² £µ¤ ·¥´ ¸¢µ¥³Ê ÊÎ¨É¥²Õ ‚.Ÿ.” °´¡¥·£Ê ¨ ¸¢µ¨³ ¸µ ¢Éµ· ³
�.�.ƒ¥· ¸¨³µ¢Ê, �.‘.ƒµ·¸±µ³Ê, �.‚.‡ ¡·µ¤¨´Ê, ˆ.Œ.Š·¨Î¥¢¥·Ê, �.Œ.‹¥¢¨´Ê,
�.Œ.Œ ±¥¥´±µ, �.„.Œ¨·µ´µ¢Ê, �.�.Œµ·µ§µ¢Ê, Œ.�.�²ÓÏ ´¥Í±µ³Ê, �.�.�·-
²µ¢Ê, ‚.�.�Ê¡Íµ¢Ê ¨ ‘.Œ.• ·Î¥¢Ê, ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ ¸ ±µÉµ·Ò³¨ ²¥£²¨ ¢
µ¸´µ¢Ê ¤ ´´µ£µ µ¡§µ· ,   É ±¦¥ Ÿ.�³¡Óµ·´Ê, ˆ.�.� É ²¨´Ê, „.‚.�Ê² Éµ¢Ê,
�.ˆ.‚ °´ÏÉ¥°´Ê, �.‹.‚µ·µ´µ¢Ê, Š.‚ Ë¥, �.‚.ƒÊ·¥¢¨ÎÊ, �.�.„Ê¡·µ¢¨´Ê,
„.�.‹¥¡¥¤¥¢Ê, �.‘.‹µ¸¥¢Ê, ‚.‚.‹µ¸Ö±µ¢Ê, �.�.�¥±· ¸µ¢Ê, ‘.�.�µ¢¨±µ¢Ê,
‘.‡.� ±Ê²Ö±Ê, ˆ.‚.�µ²Õ¡¨´Ê, �.�.�µ¸²µ³Ê, �.‘ ´ÓµÉÉ¨, �.�.‘² ¢´µ¢Ê,
�.‚.‘³¨²£¥, Œ.�.‘µ²µ¢Ó¥¢Ê, ˆ.‚.’ÕÉ¨´Ê, ‹.„.” ¤¤¥¥¢Ê, ‚.‚.”µ±Ê, „.”µ´£Ê,
‘.Œ.•µ·µÏ±¨´Ê, „¦.˜¢ ·ÍÊ, ‰.˜´¨ÉÉ£¥·Ê, �.ˆ.�´£Ê §  ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥-
´¨Ö. �¢Éµ· ÌµÉ¥² ¡Ò µ¸µ¡µ ¶µ¡² £µ¤ ·¨ÉÓ �.�.ˆ¸ ¥¢  §  ¨´É¥·¥¸´Ò¥ µ¡¸Ê-
¦¤¥´¨Ö ¨ ¶·¥¤²µ¦¥´¨¥ ´ ¶¨¸ ÉÓ ¤ ´´Ò° µ¡§µ·.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ £· ´Éµ¢ �””ˆ º98-01-00344 ¨ INTAS,
96-482.
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‘.Œ ´µ¢∗

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‚ µ¡§µ·¥ ¤¥É ²Ó´µ · ¸¸³µÉ·¥´  ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¤¥´¨Ö ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· -
§¨¨ ¶ ·Ò ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥°, · §²¨Î ÕÐ¨Ì¸Ö ´¥ Éµ²Ó±µ
§´ ±µ³. ’¥µ·¨Ö ¶·µ¸É· ´¸É¢ ¸ É ±¨³¨ ¶ · ³¨ ¸¢Ö§´µ¸É¥° ¤¥É ²Ó´µ · §· ¡µÉ ´  §¤¥¸Ó ¢ µ¡Ñ¥³¥, ´¥-
µ¡Ìµ¤¨³µ³ ¤²Ö ¶µ¸É·µ¥´¨Ö ±¨´¥³ É¨±¨ ¢¥±Éµ·´ÒÌ ¶µ²¥° ¨ ² £· ´¦¥¢µ° É¥µ·¨¨ É¥´§µ·´ÒÌ ¶µ²¥°
¢ É ±¨Ì ¶·µ¸É· ´¸É¢ Ì. ‚¢¥¤¥´Ò µ¶¥· Éµ· ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨-
 ²Ó´Ò° µ¶¥· Éµ· ‹¨. ˆ¸¸²¥¤Ê¥É¸Ö ¨Ì ¤¥°¸É¢¨¥ ´  É¥´§µ·´Ò¥ ¶µ²Ö. ‚ ¶·µ¸É· ´¸É¢ Ì ¸ · §´Ò³¨
¸¢Ö§´µ¸ÉÖ³¨ · ¸¸³µÉ·¥´µ ¤¥°¸É¢¨¥ ¤¥¢¨ Í¨µ´´µ£µ µ¶¥· Éµ· , ¨£· ÕÐ¥£µ ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¤²Ö
Ê· ¢´¥´¨° ¤¥¢¨ Í¨¨ ¢ £· ¢¨É Í¨µ´´µ° Ë¨§¨±¥. ‚¢¥¤¥´Ò ¶µ´ÖÉ¨Ö ±µ¢ ·¨ ´É´µ° ¨ ±µ´É· ¢ ·¨-
 ´É´µ° ³¥É·¨± ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨³ ¶·µ¥±É¨¢´Ò³¨ ³¥É·¨± ³¨. �¶·¥¤¥²¥´µ ¤¥°¸É¢¨¥ ±µ¢ ·¨-
 ´É´µ£µ µ¶¥· Éµ·  ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ÔÉ¨Ì ³¥É·¨± Ì.
„ ´  ±² ¸¸¨Ë¨± Í¨Ö ¶¥·¥´µ¸µ¢ ¨ ¶¥·¥³¥Ð¥´¨° ³¥É·¨±. � ¸¸³µÉ·¥´Ò · §²µ¦¥´¨Ö ±µ¢ ·¨ ´É´µ°
¶·µ¨§¢µ¤´µ° µÉ ³¥É·¨±¨ ´  µ¸´µ¢´Ò¥ ¸É·Ê±ÉÊ·Ò, ¨³¥ÕÐ¨¥ µÉ´µÏ¥´¨¥ ± ¸¢Ö§´µ¸ÉÖ³. ‚¢¥¤¥´ · ¸-
Ï¨·¥´´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·. ˆ¸¸²¥¤µ¢ ´Ò ¨§³¥´¥´¨Ö Ô²¥³¥´É ·´µ£µ
µ¡Ñ¥³  ¶µ¤ ¤¥°¸É¢¨¥³ ±µ¢ ·¨ ´É´µ£µ µ¶¥· Éµ·  ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥-
· Éµ·  ‹¨. ‚¢¥¤¥´Ò ±µ¢ ·¨ ´É´Ò° µ¶¥· Éµ· ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·
‹¨, ´¥ ¨§³¥´ÖÕÐ¨¥ Ô²¥³¥´É ·´Ò° µ¡Ñ¥³. � ¸¸³µÉ·¥´Ò ¨´¢ ·¨ ´É´Ò¥ µ¶¥· Éµ·Ò ‹¨ ¨ ±µ¢ ·¨-
 ´É´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò, ¤¥°¸É¢ÊÕÐ¨¥ ± ± ¨§µ³µ·Ë¨§³Ò ´  ±µ´É· ¢ ·¨ ´É´Ò¥ ¨
±µ¢ ·¨ ´É´Ò¥ É¥´§µ·´Ò¥ ¶²µÉ´µ¸É¨.

The theory of spaces with different contravariant and covariant afˇne connections, whose com-
ponents differ not only by sign, and metrics [(Ln, g)-spaces] is worked out within the framework of
the tensor analysis over differentiable manifolds and in a volume necessary for the further considera-
tions of the kinematics of vector ˇelds and the Lagrangian theory of tensor ˇelds over (Ln, g)-spaces.
The possibility of introducing afˇne connections, whose components differ not only by sign, for con-
travariant and covariant tensor ˇelds over differentiable manifolds with ˇnite dimensions is discussed.
The action of the deviation operator, having an important role for deviation equations in gravitational
physics, is considered for the case of contravariant and covariant vector ˇelds over differentiable
manifolds with different afˇne connections (called Ln-spaces). A deviation identity for contravariant
vector ˇelds is obtained. The notions covariant, contravariant, covariant projective and contravariant
projective metric are introduced in (Ln, g)-spaces. The action of the covariant and the Lie differ-
ential operator on the different type of metrics is found. The notions of symmetric covariant and
contravariant (Riemannian) connection are determined and presented by means of the covariant and
contravariant metric and the corresponding torsion tensors. The different types of relative tensor ˇelds

∗Permanent address: Bulgarian Academy of Sciences, Institute for Nuclear Research and Nuclear
Energy, Department of Theoretical Physics, Blvd. Tzarigradsko Chaussee 72, 1784 Soˇa, Bulgaria
E-mail address: smanov@inrne.bas.bg.
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(tensor densities) as well as the invariant differential operators acting on them are considered. The
invariant volume element and its properties under the action of different differential operators are
investigated.

1. ‚‚…„…�ˆ…

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ³´µ£µµ¡· §¨Ö,
´  ± ¦¤µ³ ¨§ ±µÉµ·ÒÌ § ¤ ´  ¶ ·   ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥°. �¤´  ¨§ ´¨Ì µÉ-
´µ¸¨É¸Ö ± ¢¥±Éµ·´Ò³ (±µ´É· ¢ ·¨ ´É´Ò³ ¢¥±Éµ·´Ò³),   ¤·Ê£ Ö Å ± ±µ¢¥±-
Éµ·´Ò³ (±µ¢ ·¨ ´É´Ò³ ¢¥±Éµ·´Ò³) ¶µ²Ö³, ¶·¨Î¥³ · §²¨Î ÕÉ¸Ö ÔÉ¨ ¸¢Ö§´µ-
¸É¨ ´¥ Éµ²Ó±µ §´ ±µ³. � ·Ö¤Ê ¸µ ¸¢Ö§´µ¸ÉÖ³¨ ´  · ¸¸³ É·¨¢ ¥³ÒÌ ³´µ£µ-
µ¡· §¨ÖÌ ³µ£ÊÉ ¡ÒÉÓ ¢¢¥¤¥´Ò ±µ¢ ·¨ ´É´ Ö ¨ ±µ´É· ¢ ·¨ ´É´ Ö ³¥É·¨±¨. ’ -
±¨¥ ¶·µ¸É· ´¸É¢  µ¡µ§´ Î ÕÉ¸Ö ± ± (Ln, g)-¶·µ¸É· ´¸É¢  ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö
¢ ± Î¥¸É¢¥ ³µ¤¥²¥° ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. �  µ¸´µ¢¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ-£¥µ-
³¥É·¨Î¥¸±µ° ¸É·Ê±ÉÊ·Ò (Ln, g)-¶·µ¸É· ´¸É¢ · §· ¡µÉ ´  ±¨´¥³ É¨±  ¢¥±Éµ·-
´ÒÌ ¶µ²¥° ¨ ¤¨´ ³¨±  É¥´§µ·´ÒÌ ¶µ²¥°, ¶µ²¥§´Ò¥ ¤²Ö ³ É¥³ É¨Î¥¸±¨Ì ³µ-
¤¥²¥° Ë¨§¨Î¥¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¨, ¢ Î ¸É´µ¸É¨, ¤²Ö µ¶¨¸ ´¨Ö £· ¢¨É Í¨µ´-
´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸µ¢·¥³¥´´ÒÌ É¥µ·¨ÖÌ £· ¢¨É Í¨¨. �¸´µ¢´Ò¥ µ¡Ñ¥±ÉÒ
¢ É ±¨Ì ¨¸¸²¥¤µ¢ ´¨ÖÌ ³µ¦´µ · ¸¶µ²µ¦¨ÉÓ ¶µ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥.
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¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò,
±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·,

¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨,
µ¶¥· Éµ· ±·¨¢¨§´Ò,
µ¶¥· Éµ· ¤¥¢¨ Í¨¨,

· ¸Ï¨·¥´´Ò° µ¶¥· Éµ·,
 ËË¨´´Ò¥ ¸¢Ö§´µ¸É¨, ³¥É·¨±¨,

¸¶¥Í¨ ²Ó´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö, É¥´§µ·´Ò¥ ¶²µÉ´µ¸É¨,
¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ 
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µÉ´µ¸¨É¥²Ó´ Ö ¸±µ·µ¸ÉÓ (¸±µ·µ¸ÉÓ ¸¤¢¨£ , ¢· Ð¥´¨Ö ¨ · ¸Ï¨·¥´¨Ö),
µÉ´µ¸¨É¥²Ó´µ¥ Ê¸±µ·¥´¨¥ (Ê¸±µ·¥´¨¥ ¸¤¢¨£ , ¢· Ð¥´¨Ö ¨ · ¸Ï¨·¥´¨Ö),

Ê· ¢´¥´¨Ö ¤¥¢¨ Í¨¨,
Ê· ¢´¥´¨Ö £¥µ¤¥§¨Î¥¸±¨Ì ¨  ¢Éµ¶ · ²²¥²Ó´ÒÌ ²¨´¨°,

¶¥·¥´µ¸Ò ”¥·³¨ Å “µ²±¥· ,
±µ´Ëµ·³´Ò¥ ¶¥·¥´µ¸Ò

|
‹�ƒ���†…‚› ’…��ˆˆ ’…�‡���›• ��‹…‰

² £· ´¦¥¢  ¶²µÉ´µ¸ÉÓ,
¢ ·¨ Í¨µ´´Ò¥ ³¥Éµ¤Ò,

Ê· ¢´¥´¨Ö �°²¥·  Å ‹ £· ´¦ ,
É¥´§µ·Ò Ô´¥·£¨¨-¨³¶Ê²Ó¸ .
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‡¤¥¸Ó, µ¤´ ±µ, ³Ò · ¸¸³µÉ·¨³ Éµ²Ó±µ ¢µ¶·µ¸Ò ¨§ ¶¥·¢µ° Î ¸É¨ ¢ÒÏ¥-
¶·¨¢¥¤¥´´µ° ¸Ì¥³Ò, É ± ÎÉµ ÔÉµÉ µ¡§µ· Ö¢²Ö¥É¸Ö ¢¢¥¤¥´¨¥³ ¢ É¥µ·¨Õ (Ln, g)-
¶·µ¸É· ´¸É¢. ‚ ´¥³ ¸µ¤¥·¦ É¸Ö Ëµ·³Ê²Ò, ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö · §¢¨É¨Ö ³¥Ì -
´¨±¨ É¥´§µ·´ÒÌ ¶µ²¥° ¨ ¶µ¸É·µ¥´¨Ö ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²¥° ¤¨´ ³¨Î¥¸±¨Ì
¸¨¸É¥³, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ¸Ö ¸ ¶µ³µÐÓÕ µ¡Ñ¥±Éµ¢, ¶¥·¥Î¨¸²¥´´ÒÌ ¢ ¶¥·¢µ°
Î ¸É¨ ¸Ì¥³Ò. �¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ´ °¤¥´Ò¥ ¤²Ö (Ln, g)-¶·µ¸É· ´¸É¢, ³µ-
£ÊÉ ¡ÒÉÓ ¸¶¥Í¨ ²¨§¨·µ¢ ´Ò ¤²Ö ¶·µ¸É· ´¸É¢ ¸ µ¤´µ° Éµ²Ó±µ ¸¢Ö§´µ¸ÉÓÕ, ´µ
¸ ±µ¢ ·¨ ´É´µ° ¨ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨± ³¨. ’ ±¨¥ ¶·µ¸É· ´¸É¢  ´ §Ò-
¢ ÕÉ ( Ln, g)-¶·µ¸É· ´¸É¢ ³¨. � ¢´Ò³ µ¡· §µ³, ¨Ì ³µ¦´µ ¸¶¥Í¨ ²¨§¨·µ¢ ÉÓ
¤²Ö (¶¸¥¢¤µ)·¨³ ´µ¢ÒÌ ¶·µ¸É· ´¸É¢ ± ± ¡¥§ ±·ÊÎ¥´¨Ö, É ± ¨ ¸ ±·ÊÎ¥´¨¥³ (¤²Ö
Vn- ¨ Un-¶·µ¸É· ´¸É¢). �µ²ÓÏ¨´¸É¢µ ·¥§Ê²ÓÉ Éµ¢ § ¶¨¸ ´Ò ¨²¨ ¢ ¡¥§Ò´¤¥±¸-
´µ° Ëµ·³¥, ¨²¨ ¢ ±µµ·¤¨´ É´µ³ (£µ²µ´µ³´µ³) ¨²¨ ´¥±µµ·¤¨´ É´µ³ (´¥£µ²µ-
´µ³´µ³) ¡ §¨¸ Ì. �Éµ ¸¤¥² ´µ ¤²Ö Éµ£µ, ÎÉµ¡Ò Î¨É É¥²Ó ³µ£ ¨¸¶µ²Ó§µ¢ ÉÓ ÔÉ¨
·¥§Ê²ÓÉ ÉÒ ¶µ ¸¢µ¥³Ê Ê¸³µÉ·¥´¨Õ ¢ Éµ° Ëµ·³¥, ±µÉµ· Ö ¥³Ê ¶µ´ ¤µ¡¨É¸Ö ¢
¥£µ ¸µ¡¸É¢¥´´ÒÌ ¨¸¸²¥¤µ¢ ´¨ÖÌ. ƒ² ¢´Ò¥ ¢Ò¢µ¤Ò ¶µ¤ÒÉµ¦¥´Ò ¢ ¶µ¸²¥¤´¥³
· §¤¥²¥.

(Ln, g)-¶·µ¸É· ´¸É¢  ¨³¥ÕÉ ¨´É¥·¥¸´Ò¥ ¸¢µ°¸É¢ . �´¨ ³µ£ÊÉ ¡ÒÉÓ ¨¸-
¶µ²Ó§µ¢ ´Ò ¢ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥ ¢µµ¡Ð¥ ¨ ¢ Î ¸É´µ¸É¨ Å ¢ É¥µ·¨¨ £· -
¢¨É Í¨¨. ‚ É ±¨Ì ¶·µ¸É· ´¸É¢ Ì ¢µ§³µ¦´µ ¢¢¥¤¥´¨¥ ´¥¸¨³³¥É·¨Î´µ° ±µ´É-
· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¤²Ö ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°
¨ ¸¨³³¥É·¨Î´µ° (�¨³ ´ , Š·¨¸ÉµËË¥²Ö) ¤²Ö ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°.
�  ÔÉµ° µ¸´µ¢¥ ³Ò ³µ¦¥³ · ¸¸³ É·¨¢ ÉÓ ¶²µ¸±¨¥ ¶·µ¸É· ´¸É¢  ((Mn, g)-
¶·µ¸É· ´¸É¢ ) ¸ ±·ÊÎ¥´¨¥³ ¤²Ö ¢¥±Éµ·´ÒÌ ¶µ²¥° ¨ ¡¥§ ±·ÊÎ¥´¨Ö ¤²Ö ±µ¢¥±-
Éµ·´ÒÌ ¶µ²¥°. �´ ²µ£¨Î´Ò³ µ¡· §µ³ É ±¨¥ µ¡Ñ¥±ÉÒ ¸¢Ö§´µ¸É¨ ³µ¦´µ ¢¢¥¸É¨
¨ ¢ (¶¸¥¢¤µ)·¨³ ´µ¢ÒÌ ¶·µ¸É· ´¸É¢ Ì ((V n, g)-¶·µ¸É· ´¸É¢ Ì).

1.1. ƒ¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö £¥µ³¥É·¨Ö.
„¨ËË¥·¥´Í¨ ²Ó´ Ö £¥µ³¥É·¨Ö · §¢¨¢ ² ¸Ó ¢ ¡µ²ÓÏµ° ¸É¥¶¥´¨ ¡² £µ¤ ·Ö ¶µ-
¶ÒÉ± ³ µ¡ÑÖ¸´¨ÉÓ ¥¥ ¸·¥¤¸É¢ ³¨ · §´Ò¥ É¨¶Ò Ë¨§¨Î¥¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°.
‘µ§¤ ´´ Ö ¢ ´ Î ²¥ 20-£µ ¢¥±  É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨ µ¸´µ¢ ´  ´  £¨¶µÉ¥-
§ Ì ·Ö¤  £¥µ³¥É·µ¢ µ ¸¢Ö§¨ £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ Ë¨§¨Î¥¸±¨³¨
¸¢µ°¸É¢ ³¨ ³ É¥·¨ ²Ó´ÒÌ ¸¨¸É¥³ (‹µ¡ Î¥¢¸±¨°, ƒ Ê¸¸, �¨³ ´, Š²¨ËËµ·¤).
‘ ¤·Ê£µ° ¸Éµ·µ´Ò, µ´  µ¸´µ¢ ´  ´  £¨¶µÉ¥§ Ì ·Ö¤  Ë¨§¨±µ¢ (�µ·¤¸É·¥³,
�°´ÏÉ¥°´, ”µ±±¥· ¨ ¤·.) µ ¢µ§³µ¦´µ¸É¨ µ¶¨¸ ´¨Ö Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³ ¸
¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· [1Ä3].

�µ¶ÒÉ±¨ · §¢¨ÉÓ ¨ µ¡µ¡Ð¨ÉÓ É¥µ·¨Õ µÉ´µ¸¨É¥²Ó´µ¸É¨,   É ±¦¥ Ê¸É ´µ-
¢¨ÉÓ ¥¥ ¸¢Ö§Ó ¸ É¥µ·¨Ö³¨ ´¥£· ¢¨É Í¨µ´´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° [1Ä3] ¡ §¨·µ¢ -
²¨¸Ó ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ´µ¢ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¶µ´ÖÉ¨° ¨ µ¡Ñ¥±Éµ¢ (· ¸¸²µ¥´-
´Ò¥ ¶·µ¸É· ´¸É¢ , ´¥·¨³ ´µ¢Ò £¥µ³¥É·¨¨ [4,5], ±µ³¶²¥±¸´Ò¥ ³´µ£µµ¡· §¨Ö,
´¥£µ²µ´µ³´Ò¥ ¡ §¨¸Ò ¢¥±Éµ·´ÒÌ ¨ É¥´§µ·´ÒÌ ¶µ²¥°, ¶ ·Ò ³¥É·¨± ¨ ¸¢Ö§´µ-
¸É¥° ´  ³´µ£µµ¡· §¨ÖÌ) [6Ä10]. �·¨³¥´Ö²¨¸Ó · §²¨Î´Ò¥ ³¥Éµ¤Ò ¸ ¨¸¶µ²Ó§µ-
¢ ´¨¥³ ´µ¢ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· ´  ³´µ£µµ¡· §¨ÖÌ
(¸¶¥Í¨ ²Ó´Ò¥ ¢¥±Éµ·´Ò¥, É¥´§µ·´Ò¥, ¸¶¨´µ·´Ò¥ ¨ ¤·Ê£¨¥ ¶µ²Ö). �·µ¡²¥³Ò,
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¢µ§´¨± ¢Ï¨¥ ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¸µ¢·¥³¥´´ÒÌ £· ¢¨É Í¨µ´´ÒÌ É¥µ·¨°,
¸¶µ¸µ¡¸É¢µ¢ ²¨ µÉ±·ÒÉ¨Õ ´µ¢ÒÌ ¶µ¤Ìµ¤µ¢ ± ¸É ·Ò³ ³ É¥³ É¨Î¥¸±¨³ ³µ¤¥²Ö³
¨ ¶·¨¢¥²¨ ± ´µ¢Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ £¥µ³¥É·¨Î¥¸±¨³ ³¥Éµ¤ ³ [11,12].

‚ É¥Î¥´¨¥ ¶µ¸²¥¤´¥£µ ¸Éµ²¥É¨Ö ³ É¥³ É¨Î¥¸±¨¥ ³µ¤¥²¨ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ Ô¢µ²ÕÍ¨µ´¨·µ¢ ²¨ µÉ ¥¢±²¨¤µ¢ÒÌ ¨ ·¨³ ´µ¢ÒÌ ¤µ ¡µ²¥¥ ¸²µ¦´ÒÌ
¶·µ¸É· ´¸É¢ ¸  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨± ³¨ [13Ä18]. �  ¶¥·¥Ìµ¤¥ µÉ
´ÓÕÉµ´µ¢¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ ± Ô°´ÏÉ¥°´µ¢¸±µ° ¡Ò² ¸¤¥² ´ ¢ ¦´Ò° Ï £
± ¢¢¥¤¥´¨Õ ¢ É¥µ·¨Õ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¤¢ÊÌ £¥µ³¥É·¨Î¥¸±¨Ì µ¡Ñ¥±Éµ¢ Å
³¥É·¨±¨ ¨ ¸¢Ö§´µ¸É¨. Œ¥É·¨±  µ¶·¥¤¥²Ö¥É · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¤¢Ê³Ö ÉµÎ± ³¨
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. ‘¢Ö§´µ¸ÉÓ § ¤ ¥É ¶¥·¥´µ¸ £¥µ³¥É·¨Î¥¸±¨Ì µ¡Ñ¥±Éµ¢ µÉ
µ¤´µ° ÉµÎ±¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ¤·Ê£µ°. ‚ ·¨³ ´µ¢µ° £¥µ³¥É·¨¨ ¸¢Ö§-
´µ¸ÉÓ µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ³¥É·¨±Ê ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö. �ÉµÉ Ë ±É, ¡Ê-
¤ÊÎ¨ µ¸´µ¢´Ò³ ¢ Ô°´ÏÉ¥°´µ¢¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ (�’ƒ), Ö¢¨²¸Ö µ¸´µ¢´Ò³
¨ ¢ ¤·Ê£¨Ì É¥µ·¨ÖÌ £· ¢¨É Í¨¨, ¶µ¸É·µ¥´´ÒÌ ¢ · ³± Ì ·¨³ ´µ¢µ° £¥µ³¥É·¨¨.
�µ§¤´¥¥ É¥µ·¨Ö £· ¢¨É Í¨¨ · §¢¨¢ ² ¸Ó ¢ ¤¢ÊÌ ´ ¶· ¢²¥´¨ÖÌ: ¢ µ¤´µ³ ¨§ ´¨Ì
¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ § ¤ ÕÉ¸Ö ¤¢¥ ³¥É·¨±¨ (¡¨³¥É·¨Î¥¸± Ö É¥µ·¨Ö £· ¢¨-
É Í¨¨) [19Ä21], ¢ ¤·Ê£µ³ Å § ¤ ÕÉ¸Ö ¸¨³³¥É·¨Î´ Ö ³¥É·¨±  ¨, ´¥§ ¢¨¸¨³µ
µÉ ´¥¥, ¸¨³³¥É·¨Î´ Ö ¸¢Ö§´µ¸ÉÓ [22]. ‚ ¶µ¸²¥¤´¨¥ £µ¤Ò ¢´µ¢Ó ¡Ò²¨ ¸¤¥² ´Ò
¶µ¶ÒÉ±¨ ¢µ§·µ¤¨ÉÓ ¨¤¥¨ ‚¥°²Ö µ¡ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢ É¥µ·¨¨ £· ¢¨É Í¨¨ ¸¨³³¥-
É·¨Î´µ° ³¥É·¨±¨ ¨, ´¥§ ¢¨¸¨³µ µÉ ´¥¥, ´¥¸¨³³¥É·¨Î´µ° ¸¢Ö§´µ¸É¨ [15,23,24].
�  ³´µ£µµ¡· §¨ÖÌ ¸ É ±¨³¨ µ¡Ñ¥±É ³¨ ¸¢Ö§´µ¸ÉÓ ¤²Ö ±µ¢¥±Éµ·´ÒÌ ¶µ²¥° (¤Ê-
 ²Ó´ÒÌ ± ± ¸ É¥²Ó´Ò³ ¢¥±Éµ·´Ò³ ¶µ²Ö³) µÉ²¨Î ¥É¸Ö µÉ ¸¢Ö§´µ¸É¨ ¤²Ö ¢¥±Éµ·-
´ÒÌ (± ¸ É¥²Ó´ÒÌ) ¶µ²¥° Éµ²Ó±µ §´ ±µ³. �µ¸²¥¤´¨° Ë ±É Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³
µ¶·¥¤¥²¥´¨Ö ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¡ §¨¸µ¢ ¢ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´-
¸É¢ Ì. �·¨ ÔÉµ³ µ¶·¥¤¥²¥´¨¥ ¤Ê ²Ó´µ¸É¨ ¢¥±Éµ·´ÒÌ ¡ §¨¸µ¢ ´  ³´µ£µµ¡· -
§¨ÖÌ ¸µ¢¶ ¤ ¥É ¸  ²£¥¡· ¨Î¥¸±¨³ µ¶·¥¤¥²¥´¨¥³ ¨Ì ¤Ê ²Ó´µ¸É¨ [25Ä28]. ‘
µ¤´µ° ¸Éµ·µ´Ò, ¢¸Ö ¸µ¢·¥³¥´´ Ö ¤¨ËË¥·¥´Í¨ ²Ó´ Ö £¥µ³¥É·¨Ö ¶µ¸É·µ¥´  ± ±
²µ£¨Î¥¸±¨ ¦¥¸É± Ö ¸É·Ê±ÉÊ· , µ¤´µ° ¨§ £² ¢´ÒÌ ¶·¥¤¶µ¸Ò²µ± ±µÉµ·µ° Ö¢²Ö-
¥É¸Ö ± ´µ´¨Î¥¸±µ¥ µ¶·¥¤¥²¥´¨¥ ¤Ê ²Ó´ÒÌ ¡ §¨¸µ¢ ¢  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ
¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ Ì (¸ µ¤¨´ ±µ¢µ° · §³¥·´µ¸ÉÓÕ) [10]. ‘ ¤·Ê£µ° ¸Éµ-
·µ´Ò, ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¤¥´¨Ö ´¥± ´µ´¨Î¥¸±µ£µ µ¶·¥¤¥²¥´¨Ö ¤Ê ²Ó´ÒÌ ¡ §¨¸µ¢
¢  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ Ì (¸ µ¤¨´ ±µ¢µ° ±µ´¥Î´µ°
· §³¥·´µ¸ÉÓÕ) ¡Ò²  µÉ³¥Î¥´  ³´µ£¨³¨ ³ É¥³ É¨± ³¨ [11], ±µÉµ·Ò¥, µ¤´ ±µ,
´¥ ¨¸¶µ²Ó§µ¢ ²¨ ÔÉÊ ¢µ§³µ¦´µ¸ÉÓ ¤²Ö · §¢¨É¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ £¥µ³¥-
É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· ¨ ¨Ì ¶·¨²µ¦¥´¨°. Š ´µ´¨Î¥¸±µ¥ µ¶·¥¤¥²¥´¨¥ ¤Ê ²Ó´ÒÌ
¡ §¨¸µ¢ ¢  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ Ì É ± ¥¸É¥¸É¢¥´´µ
¢Ìµ¤¨²µ ¢ µ¸´µ¢ ´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ° £¥µ³¥É·¨¨, ÎÉµ ´¥ § ³¥Î ² ¸Ó ¢µ§-
³µ¦´µ¸ÉÓ ¥£µ ¨§³¥´¥´¨Ö [12Ä15]. �µ ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¶·¨ · §¢¨É¨¨ ³ É¥³ -
É¨Î¥¸±¨Ì ³µ¤¥²¥°, µ¶¨¸Ò¢ ÕÐ¨Ì £· ¢¨É Í¨µ´´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ´  ±² ¸¸¨-
Î¥¸±µ³ Ê·µ¢´¥, ¶·µÖ¢¨² ¸Ó É¥´¤¥´Í¨Ö ± ¨¸¶µ²Ó§µ¢ ´¨Õ ¢ É¥µ·¨¨ £· ¢¨É Í¨¨
¶·µ¸É· ´¸É¢ ¸ ³¥É·¨±µ° ¨ ´¥§ ¢¨¸¨³µ° µÉ ´¥¥ ¸¢Ö§´µ¸ÉÓÕ. ‡ ³¥É¨³ ¶·¨
ÔÉµ³, ÎÉµ £¥µ³¥É·¨Õ É ±¨Ì ¶·µ¸É· ´¸É¢ ³µ¦´µ µ¡µ¡Ð¨ÉÓ, ¶·¨¡¥£ Ö ± ¸¢µ¡µ¤¥
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¢Ò¡µ·  ´¥±µÉµ·ÒÌ ¶·¥¤¶µ¸Ò²µ± ¢ µ¸´µ¢ ´¨ÖÌ ¤¨ËË¥·¥´Í¨ ²Ó´µ° £¥µ³¥É·¨¨.
Š ± ¡Ò²µ ¤µ± § ´µ, ±µ³¶µ´¥´ÉÒ  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ
± ´Ê²Õ ± ± ¢ µÉ¤¥²Ó´µ° ÉµÎ±¥, É ± ¨ ´  ´ ¶¥·¥¤ § ¤ ´´µ° ±·¨¢µ° ´¥ Éµ²Ó±µ ¢
·¨³ ´µ¢ÒÌ ¶·µ¸É· ´¸É¢ Ì (£¤¥ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¸¢Ö§ ´µ ¸ ¶·¨´Í¨¶µ³ Ô±¢¨-
¢ ²¥´É´µ¸É¨ ¢ �’ƒ), ´µ ¨ ¢ ¶·µ¸É· ´¸É¢ Ì ¸ µ¤´µ°  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨
³¥É·¨±µ°, ¥¸²¨ ¶µ¤µ¡· ÉÓ ¸¶¥Í¨ ²Ó´Ò° ¡ §¨¸ [18Ä20]. �µ¸²¥¤´¥¥ ¸¢µ°¸É¢µ
 ËË¨´´µ° ¸¢Ö§´µ¸É¨ µ§´ Î ¥É, ÎÉµ ¶·¨´Í¨¶ Ô±¢¨¢ ²¥´É´µ¸É¨ ¢ �’ƒ ³µ¦´µ
· ¸¸³ É·¨¢ ÉÓ ± ± Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ µ¤´µ£µ ¨§ ¸²¥¤¸É¢¨° ³ É¥³ -
É¨Î¥¸±µ£µ  ¶¶ · É  ¢ �’ƒ. ‘²¥¤µ¢ É¥²Ó´µ, ± ¦¤µ¥ ¤¨ËË¥·¥´Í¨·Ê¥³µ¥ ³´µ£µ-
µ¡· §¨¥ ¸ µ¤´µ°  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨ ³¥É·¨±µ° ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´µ
¢ ± Î¥¸É¢¥ ³µ¤¥²¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ¶·¨Î¥³ ¶·¨´Í¨¶ Ô±¢¨¢ ²¥´É´µ¸É¨
¡Ê¤¥É  ¢Éµ³ É¨Î¥¸±¨ ¢Ò¶µ²´ÖÉÓ¸Ö. �µ ¢ (Ln, g)-¶·µ¸É· ´¸É¢ Ì ¸¨ÉÊ Í¨Ö ¨§-
³¥´Ö¥É¸Ö ¨ ¢ ÔÉµ³ µ¡Ð¥³ ¸²ÊÎ ¥ É·¥¡Ê¥É¸Ö ¤µ¶µ²´¨É¥²Ó´µ¥ ¨¸¸²¥¤µ¢ ´¨¥.

�¸´µ¢´Ò¥ ¶µ´ÖÉ¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ° £¥µ³¥É·¨¨ Å ¢¥±Éµ·´Ò¥, ±µ¢¥±-
Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö Å µ¶·¥¤¥²¥´Ò ¢ ÊÎ¥¡´¨± Ì ¨ ¸¶¥Í¨ ²Ó´ÒÌ ³µ´µ-
£· Ë¨ÖÌ (¸³., ´ ¶·¨³¥·, [21Ä27]).

2. �‹ƒ…���ˆ—…‘Šˆ… „“�‹œ�›… ‚…Š’���›… ���‘’���‘’‚�.
��…��’�� ‘‚…�’Šˆ

�µ´ÖÉ¨¥  ²£¥¡· ¨Î¥¸±µ£µ ¤Ê ²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  ³µ¦¥É ¡ÒÉÓ
¢¢¥¤¥´µ ¶µ¤µ¡´µ [7], £¤¥ ¤¢  ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢  (¨¸Ìµ¤´µ¥ ¨ ¤Ê ²Ó´µ¥
± ´¥³Ê ¢¥±Éµ·´µ¥ ¶·µ¸É· ´¸É¢µ) Ö¢²ÖÕÉ¸Ö ¤¢Ê³Ö ´¥§ ¢¨¸¨³Ò³¨ ¢¥±Éµ·´Ò³¨
¶·µ¸É· ´¸É¢ ³¨ µ¤¨´ ±µ¢µ° (±µ´¥Î´µ°) · §³¥·´µ¸É¨. �Ê¸ÉÓ X ¨ X∗ Å ¤¢ 
¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢  c µ¤¨´ ±µ¢µ° · §³¥·´µ¸ÉÓÕ dim X = dim X∗ = n.
�Ê¸ÉÓ S Å µ¶¥· Éµ· (µÉµ¡· ¦¥´¨¥), ¸É ¢ÖÐ¨° ± ¦¤µ° ¶ ·¥ Ô²¥³¥´Éµ¢ u ∈ X
¨ p ∈ X∗ Ô²¥³¥´É ¶µ²Ö K (R ¨²¨ C), Éµ ¥¸ÉÓ

S : (u, p)→ z ∈ K, u ∈ X, p ∈ X∗. (1)

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ· (µÉµ¡· ¦¥´¨¥) S ´ §Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ ¸¢¥·É±¨
S, ¥¸²¨ µ´ Ö¢²Ö¥É¸Ö ¡¨²¨´¥°´Ò³ ¸¨³³¥É·¨Î´Ò³ µÉµ¡· ¦¥´¨¥³, Éµ ¥¸ÉÓ ¥¸²¨
¢Ò¶µ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ê¸²µ¢¨Ö:

a) S(u, p1 + p2) = S(u, p1) + S(u, p2), ∀u ∈ X , ∀pi ∈ X∗, i = 1, 2;
b) S(u1 + u2, p) = S(u1, p) + S(u2, p), ∀ui ∈ X , i = 1, 2, ∀p ∈ X∗;
c) S(αu, p) = S(u, αp) = αS(u, p), α ∈ K;
d) ´¥¢Ò·µ¦¤¥´´µ¸ÉÓ: ¥¸²¨ u1, ..., un Ö¢²ÖÕÉ¸Ö ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨ Ô²¥-

³¥´É ³¨ ¢ X ¨ S(u1, p) = 0, ..., S(un, p) = 0, Éµ p Ö¢²Ö¥É¸Ö ´Ê²¥¢Ò³ Ô²¥-
³¥´Éµ³ ¢ X∗. �´ ²µ£¨Î´µ, ¥¸²¨ p1, ..., pn Ö¢²ÖÕÉ¸Ö ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨
Ô²¥³¥´É ³¨ ¢ X∗ ¨ S(u, p1) = 0, ... , S(u, pn) = 0, Éµ u Ö¢²Ö¥É¸Ö ´Ê²¥¢Ò³
Ô²¥³¥´Éµ³ ¢ X ;
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e) c¨³³¥É·¨Î´µ¸ÉÓ: S(u, p) = S(p, u), ∀u ∈ X , ∀p ∈ X∗.
�Ê¸ÉÓ e1, ..., en Å ¶·µ¨§¢µ²Ó´Ò° ¡ §¨¸ ¢ X , ¨ ¶Ê¸ÉÓ e1, ..., en Å ¶·µ¨§-

¢µ²Ó´Ò° ¡ §¨¸ ¢ X∗. �Ê¸ÉÓ u = uiei ∈ X ¨ p = pke
k ∈ X∗. �·¨ ÔÉµ³ ¨§

¸¢µ°¸É¢ (a) Å (c) ¸²¥¤Ê¥É, ÎÉµ

S(u, p) = fki.u
i.pk, (2)

£¤¥

fk i = S(ei, e
k) = S(ek, ei) ∈ K. (3)

’ ±¨³ µ¡· §µ³, ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ S ¶·¥¤¸É ¢²Ö¥É¸Ö
¢ ¢¨¤¥ ¡¨²¨´¥°´µ° Ëµ·³Ò. ‘¢µ°¸É¢µ ´¥¢Ò·µ¦¤¥´´µ¸É¨ (d) µ§´ Î ¥É ´¥¢Ò·µ-
¦¤¥´´µ¸ÉÓ ÔÉµ° ¡¨²¨´¥°´µ° Ëµ·³Ò. �¥§Ê²ÓÉ É S(u, p) µÉµ¡· ¦¥´¨Ö S ³µ¦´µ
µ¶·¥¤¥²¨ÉÓ ¢ ¢¨¤¥ (3), ¶·µ¨§¢µ²Ó´µ ¢Ò¡¨· Ö Î¨¸²  fk i ∈ K , ²¨ÏÓ ¡Ò µ¶·¥-
¤¥²¨É¥²Ó det (fk i) 6= 0. �·¨ ÔÉµ³ Ê¸²µ¢¨Ö (a) Å (d) ¡Ê¤ÊÉ ¢Ò¶µ²´¥´Ò.

„¥Ë¨´¨Í¨Ö. (‚§ ¨³´µ) ¤Ê ²Ó´Ò¥  ²£¥¡· ¨Î¥¸±¨¥ ¢¥±Éµ·´Ò¥ ¶·µ¸É· ´-
¸É¢ . �·µ¸É· ´¸É¢  X ¨ X∗ ´ §Ò¢ ÕÉ¸Ö (¢§ ¨³´µ) ¤Ê ²Ó´Ò³¨, ¥¸²¨ § ¤ ´
¤¥°¸É¢ÊÕÐ¨° ´  ´¨Ì µ¶¥· Éµ· ¸¢¥·É±¨ ¨ µ´¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢³¥¸É¥ ¸ ÔÉ¨³
µ¶¥· Éµ·µ³ (Éµ ¥¸ÉÓ ´ ¡µ· (X,X∗, S) ¶·¨ Ê¸²µ¢¨¨ dim X = n = dimX∗

µ¶·¥¤¥²Ö¥É ¤¢  (¢§ ¨³´µ) ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢  X ¨ X∗).
�Éµ µ¶·¥¤¥²¥´¨¥ (¢§ ¨³´µ) ¤Ê ²Ó´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ¶·µ¸É· ´¸É¢ ¶µ§¢µ-

²Ö¥É ¤²Ö ¤ ´´µ£µ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  X ¶µ¸É·µ¨ÉÓ ¡¥¸±µ´¥Î´µ ³´µ£µ
¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ X∗, ¶µ-· §´µ³Ê ¤Ê ²Ó´ÒÌ ± X . —Éµ¡Ò ¨§¡¥¦ ÉÓ É -
±µ° ´¥¥¤¨´¸É¢¥´´µ¸É¨, …Ë¨³µ¢ ¨ �µ§¥´¤µ·´ [7] ¢¢¥²¨ ¶µ´ÖÉ¨¥ Ô±¢¨¢ ²¥´É´µ-
¸É¨ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ (ÎÉµ Ö¢²Ö¥É¸Ö ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³
± µ¶·¥¤¥²¥´¨Õ (¢§ ¨³´µ) ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢).

�±¢¨¢ ²¥´É´Ò¥ ¤Ê ²Ó´Ò¥ ± X ¢¥±Éµ·´Ò¥ ¶·µ¸É· ´¸É¢ . �Ê¸ÉÓ X∗1 ¨
X∗2 Å ¤¢  n-³¥·´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ , ¤Ê ²Ó´ÒÌ ± X . …¸²¨ ³¥¦¤Ê
´¨³¨ ¸ÊÐ¥¸É¢Ê¥É ²¨´¥°´Ò° ¨§µ³µ·Ë¨§³, É ±µ°, ÎÉµ

S(u, p) = S(u, p′), ∀u ∈ X, ∀p ∈ X∗1 , p′ ∈ X∗2 , (4)

£¤¥ p′ ¥¸ÉÓ Ô²¥³¥´É ¨§ X∗2 , ±µÉµ·Ò° ¸µµÉ¢¥É¸É¢Ê¥É Ô²¥³¥´ÉÊ p ¨§ X∗1 ¢ ¸µ-
£² ¸¨¨ ¸ Ê¶µ³Ö´ÊÉÒ³ ¨§µ³µ·Ë¨§³µ³, Éµ X∗1 ¨ X∗2 ´ §Ò¢ ÕÉ¸Ö Ô±¢¨¢ ²¥´É´µ
¤Ê ²Ó´Ò³¨ ± X ¢¥±Éµ·´Ò³¨ ¶·µ¸É· ´¸É¢ ³¨.

�·¥¤²µ¦¥´¨¥. ‚¸¥ ²¨´¥°´Ò¥ (¢¥±Éµ·´Ò¥) ¶·µ¸É· ´¸É¢ , ¤Ê ²Ó´Ò¥ ± ¤ ´-
´µ³Ê ¢¥±Éµ·´µ³Ê ¶·µ¸É· ´¸É¢Ê X , Ô±¢¨¢ ²¥´É´Ò ¤·Ê£ ¤·Ê£Ê.

„²Ö ¤µ± § É¥²Ó¸É¢  ÔÉµ£µ ¶·¥¤²µ¦¥´¨Ö ¤µ¸É ÉµÎ´µ ¶µ± § ÉÓ, ÎÉµ ¥¸²¨ ¤²Ö
X ¨ X∗ ¶·µ¨§¢µ²Ó´µ § ¤ ´ µ¶¥· Éµ· ¸¢¥·É±¨ S, Éµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ¡ §¨¸ 
e1, ..., en ∈ X ³µ¦´µ ´ °É¨ ¥¤¨´¸É¢¥´´Ò° ¤Ê ²Ó´Ò° ± ´¥³Ê ¡ §¨¸ e1, ..., en ¢
¶·µ¸É· ´¸É¢¥ X∗, Éµ ¥¸ÉÓ e1, ..., en ∈ X∗ ³µ¦¥É ¡ÒÉÓ ´ °¤¥´ ¥¤¨´¸É¢¥´´Ò³
µ¡· §µ³, É ± ÎÉµ S(ei, e

k) = fki, £¤¥ fk i ∈ K Å ´ ¶¥·¥¤ § ¤ ´´Ò¥ Î¨¸²  [28].
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�Éµ ¤µ± § É¥²Ó¸É¢µ  ´ ²µ£¨Î´µ ¤µ± § É¥²Ó¸É¢Ê, ¶·¥¤²µ¦¥´´µ³Ê …Ë¨³µ¢Ò³ ¨
�µ§¥´¤µ·´µ³ [7] ¤²Ö Î ¸É´µ£µ ¸²ÊÎ Ö S = C : C(ek, e

i) = gik, gik = 1 ¤²Ö
k = i, gik = 0 ¤²Ö k 6= i. C(ek, e

i) = gik µ§´ Î ¥É, ÎÉµ ¤Ê ²Ó´µ¥ ± {ek}
¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥ ei µ·Éµ£µ´ ²Ó´µ ±µ ¢¸¥³ ¡ §¨¸´Ò³ ¢¥±Éµ· ³ ek, ¤²Ö
±µÉµ·ÒÌ k 6= i. �¶¥· Éµ· ¸¢¥·É±¨ C ¸µµÉ¢¥É¸É¢Ê¥É ± ´µ´¨Î¥¸±µ³Ê ¶µ¤Ìµ¤Ê ±
¶µ´ÖÉ¨Õ µ¶¥· Éµ·  (µÉµ¡· ¦¥´¨Ö) ¸¢¥·É±¨

C(u, p) = C(p, u) = p(u) = pi.u
i . (5)

�µ¢µ¥ µ¶·¥¤¥²¥´¨¥  ²£¥¡· ¨Î¥¸±¨Ì ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢ Ë ±É¨Î¥¸±¨
¸µµÉ¢¥É¸É¢Ê¥É µ¡Ð¥³Ê ¶µ¤Ìµ¤Ê ± ¶µ´ÖÉ¨Õ ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢. ’µ²Ó±µ ¢
µ¡Ð¥³ ¸²ÊÎ ¥ ¤Ê ²Ó´Ò° ¡ §¨¸´Ò° ¢¥±Éµ· ei ´¥ µ·Éµ£µ´ ²¥´ ± ¡ §¨¸´Ò³ ¢¥±-
Éµ· ³ ek : S(ek, e

i) = f i k 6= gik. „µ¸É ÉµÎ´µ § ³¥É¨ÉÓ, ÎÉµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ
Ô²¥³¥´É  p ∈ X∗ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ²¨´¥°´ Ö Ëµ·³ 

S(u, p) = pi.u
i = pi.f

i
k.u

k = pi.u
i (6)

§ ¤ ´ , £¤¥ p1, ..., pn Å ¶µ¸ÉµÖ´´Ò¥ ±µ³¶µ´¥´ÉÒ § ¤ ´´µ£µ ¢¥±Éµ·  p ∈ X∗.
�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ ³µ¦´µ § ¶¨¸ ÉÓ É ±¦¥ ¢ Ëµ·³¥

S(u, p) = S(p, u) = p(u) = pi.u
i . (7)

‡ ³¥Î ´¨¥. �¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢ ¢
¸²ÊÎ ¥ ¢¥±Éµ·´ÒÌ ¶µ²¥° ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ É·¨¢¨ ²Ó´µ.
‚¥±Éµ·´Ò¥ ¶µ²Ö · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ¸¥Î¥´¨Ö ¢ ¢¥±Éµ·´ÒÌ · ¸¸²µ¥´¨ÖÌ ´ 
³´µ£µµ¡· §¨¨. ‚¥±Éµ·´Ò¥ ¡ §¨¸Ò ¸É ´µ¢ÖÉ¸Ö § ¢¨¸¨³Ò³¨ µÉ ÉµÎ±¨ ³´µ£µ-
µ¡· §¨Ö, ¨ Î¨¸²  f i j · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ËÊ´±Í¨¨ ´  ³´µ£µµ¡· §¨¨.

‡ ³¥Î ´¨¥. …¸²¨ ¡ §¨¸´Ò¥ ¢¥±Éµ·Ò ¢ ± ¸ É¥²Ó´µ³ ¶·µ¸É· ´¸É¢¥ Tx(M) ¢
ÉµÎ±¥ x ³´µ£µµ¡· §¨Ö M (dim M = n) Ö¢²ÖÕÉ¸Ö ±µµ·¤¨´ É´Ò³¨ ¢¥±Éµ·´Ò³¨
¶µ²Ö³¨ ∂i ,   ¢ ¤Ê ²Ó´µ³ (±µ± ¸ É¥²Ó´µ³) ¢¥±Éµ·´µ³ ¶·µ¸É· ´¸É¢¥ T ∗x (M)
¡ §¨¸ {dxk} µ¶·¥¤¥²Ö¥É¸Ö ± ± ¤Ê ²Ó´Ò° ± ¡ §¨¸Ê {∂i}, £¤¥ dxk Ö¢²ÖÕÉ¸Ö ¤¨Ë-
Ë¥·¥´Í¨ ² ³¨ ±µµ·¤¨´ É xk ÉµÎ±¨ x ¢ ¤ ´´µ° ± ·É¥, Éµ S(∂i, dx

k) = fk i
[fki ∈ Cr(M)]. �µ¸²¥ Ê³´µ¦¥´¨Ö ¶µ¸²¥¤´¥£µ · ¢¥´¸É¢  ´  fk l , ¶·¨´Ö¢ ¢
· ¸Î¥É ¸µµÉ´µÏ¥´¨¥ fk i.fk

l = gli , ¶µ²ÊÎ¨³ Ê¸²µ¢¨¥ S(∂i, fk
l.dxk) = gli,

ÎÉµ Ô±¢¨¢ ²¥´É´µ ·¥§Ê²ÓÉ ÉÊ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ C ´  ¢¥±Éµ·Ò ∂i ¨
el, £¤¥ el = f lk.dx

k. �µ¢Ò¥ ¢¥±Éµ·Ò el ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥ Ö¢²ÖÕÉ¸Ö ¤¨ËË¥-
·¥´Í¨ ² ³¨ ±µµ·¤¨´ É xl ¢ x ∈ M . �´¨ ¡Ò²¨ ¡Ò ¤¨ËË¥·¥´Í¨ ² ³¨ ´µ¢ÒÌ
±µµ·¤¨´ É xl

′
= xl

′
(xk) , ¥¸²¨ ¡Ò ¸µµÉ´µÏ¥´¨¥ dxl

′
= Ak

l′ .dxk ¸µ£² ¸µ-
¢Ò¢ ²µ¸Ó ¸ Ê¸²µ¢¨¥³ el = dxl

′
¨ xl

′
= ∫ dxl′ . �´ ²µ£¨Î´µ ¢ ¸²ÊÎ ¥, ±µ£¤ 

S(f il .∂i, dx
k) = gkl , ´µ¢Ò¥ ¢¥±Éµ·Ò el = fl

i.∂i ´¥ Ö¢²ÖÕÉ¸Ö ¢´µ¢Ó ±µµ·¤¨-
´ É´Ò³¨ ¢¥±Éµ·´Ò³¨ ¶µ²Ö³¨ ∂i′ . �µ²Ö el ¡Ò²¨ ¡Ò ¢´µ¢Ó ±µµ·¤¨´ É´Ò³¨
¢¥±Éµ·´Ò³¨ ¶µ²Ö³¨, ¥¸²¨ ¡Ò ¶·¨ ¨§³¥´¥´¨¨ ±µµ·¤¨´ É´µ° ± ·ÉÒ ¢Ò¶µ²´Ö-

²µ¸Ó ¢ ÉµÎ±¥ x ∈M Ê¸²µ¢¨¥ fli = ∂xi

∂xl
′ .
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’ ±¨³ µ¡· §µ³, ¢ µ¶·¥¤¥²¥´¨¥  ²£¥¡· ¨Î¥¸±¨Ì ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°
´  ³´µ£µµ¡· §¨ÖÌ ¶µ¸·¥¤¸É¢µ³ µ¶¥· Éµ·  ¸¢¥·É±¨ S, ¢Ò¸ÉÊ¶ ÕÐ¥£µ ¢ ± Î¥¸É¢¥
µ¡µ¡Ð¥´¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ C, ´Ê¦´µ ¢¢µ¤¨ÉÓ f i j(x

k) ¢§ ³¥´ ¸¨³¢µ² 
Š·µ´¥±¥·  gij .

�¶¥· Éµ· ¸¢¥·É±¨ S ³µ¦¥É ¡ÒÉÓ ²¥£±µ µ¡µ¡Ð¥´ ¤µ ³Ê²ÓÉ¨²¨´¥°´µ£µ
µ¶¥· Éµ·  ¸¢¥·É±¨ S.

3. Š��’��‚��ˆ��’��Ÿ ˆ Š�‚��ˆ��’��Ÿ �””ˆ��›…
‘‚Ÿ‡��‘’ˆ. Š�‚��ˆ��’�›‰ „ˆ””…�…�–ˆ�‹œ�›‰

��…��’��

3.1. �ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· -
Éµ·. •µÉÖ ¶µ´ÖÉ¨¥  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ · §²¨Î´Ò³¨
¸¶µ¸µ¡ ³¨, µ¤´µ É·¥¡Ê¥É¸Ö ´¥¨§³¥´´µ: ¢µ ¢¸¥Ì µ¶·¥¤¥²¥´¨ÖÌ ¤µ²¦´µ ¡ÒÉÓ
§ ¤ ´µ ²¨´¥°´µ¥ µÉµ¡· ¦¥´¨¥, ±µÉµ·µ¥ ± ¦¤µ³Ê ¤ ´´µ³Ê ¢¥±Éµ·Ê ¢¥±Éµ·´µ£µ
¶·µ¸É· ´¸É¢  ´ ¤ ÉµÎ±µ° x ³´µ£µµ¡· §¨Ö M ¸µ¶µ¸É ¢²Ö¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨°
¢¥±Éµ· ¨§ Éµ£µ ¦¥ ¸ ³µ£µ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  ´ ¤ Éµ° ¦¥ ÉµÎ±µ°. ‘µ-
µÉ¢¥É¸É¢ÊÕÐ¨° ¢¥±Éµ· µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ ¢¥±Éµ·µ³ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢ 
´ ¤ ¤·Ê£µ° ÉµÎ±µ° ³´µ£µµ¡· §¨Ö M . ‘¶µ¸µ¡ µÉµ¦¤¥¸É¢²¥´¨Ö ´ §Ò¢ ¥É¸Ö ¶¥-
·¥´µ¸µ³ ¨§ µ¤´µ° ÉµÎ±¨ ³´µ£µµ¡· §¨Ö ¢ ¤·Ê£ÊÕ.

‚¥±Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ ´ ¤¥-
²ÖÕÉ¸Ö ¸É·Ê±ÉÊ·µ° ²¨´¥°´µ£µ (¢¥±Éµ·´µ£µ) ¶·µ¸É· ´¸É¢  ¸ ¶µ³µÐÓÕ µ¶·¥¤¥-
²¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì µ¶¥· Í¨° ¢ ± ¦¤µ° ÉµÎ±¥ ³´µ£µµ¡· §¨Ö.

„¥Ë¨´¨Í¨Ö. �ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨
M . �Ê¸ÉÓ V (M) (dim M = n) Å ³´µ¦¥¸É¢µ ¢¸¥Ì (£² ¤±¨Ì) ¢¥±Éµ·´ÒÌ ¶µ²¥°
´  ³´µ£µµ¡· §¨¨ M . �Éµ¡· ¦¥´¨¥ ∇ : V (M) × V (M) → V (M) ¸ ¶µ³µÐÓÕ
∇(u,w) → ∇uw, u,w ∈ V (M), £¤¥ ∇u ¢Ò¸ÉÊ¶ ¥É ¢ ± Î¥¸É¢¥ ±µ¢ ·¨ ´É-
´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u (µ¶·¥¤¥²¥´¨¥
¸³. ´¨¦¥), ´ §Ò¢ ¥É¸Ö  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ´  ³´µ£µµ¡· §¨¨ M .

„¥Ë¨´¨Í¨Ö. Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· (¢¤µ²Ó ¢¥±Éµ·-
´µ£µ ¶µ²Ö u). ‹¨´¥°´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· (µÉµ¡· ¦¥´¨¥) ∇u,
µ¡² ¤ ÕÐ¨° ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°¸É¢ ³¨:

a) ∇u(v + w) = ∇uv +∇uw, u, v, w ∈ V (M),
b) ∇u(f.v) = (uf).v + f.∇uv, f ∈ Cr(M), r ≥ 1,
c) ∇u+vw = ∇uw +∇vw,
d) ∇fuv = f.∇uv,
e) ∇uf = uf , f ∈ Cr(M), r ≥ 1,
f) ∇u(v ⊗ w) = ∇uv ⊗ w + v ⊗ ∇uw (¶· ¢¨²µ ‹¥°¡´¨Í ), ⊗ µ§´ Î ¥É

É¥´§µ·´µ¥ ¶·µ¨§¢¥¤¥´¨¥, ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥-
· Éµ·µ³ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u.
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�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ∇uv
Î ¸Éµ, ¨ ¤ ¦¥ ± ± ¶· ¢¨²µ, ´ §Ò¢ ÕÉ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¢¥±Éµ·´µ£µ
¶µ²Ö v ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u.

‚ § ¤ ´´µ° ± ·É¥ (±µµ·¤¨´ É´µ° ¸¨¸É¥³¥) ¶µ µ¶·¥¤¥²¥´¨Õ ∇eαeβ ¢ ¡ -
§¨¸¥ {eα} ¢ÒÎ¨¸²ÖÕÉ¸Ö ±µ³¶µ´¥´ÉÒ ∇αβγ  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ∇:

∇eαeβ = ∇γαβ .eγ , α, β, γ = 1, ..., n . (8)

{∇γαβ} ¶·¥µ¡· §ÊÕÉ¸Ö ± ± ²¨´¥°´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ £¥µ³¥É·¨Î¥¸±¨¥
µ¡Ñ¥±ÉÒ [21,29].

„¥Ë¨´¨Í¨Ö. �·µ¸É· ´¸É¢µ ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ. „¨ËË¥·¥´Í¨·Ê¥-
³µ¥ ³´µ£µµ¡· §¨¥ M , ´ ¤¥²¥´´o¥  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ∇, Éµ ¥¸ÉÓ ¶ · 
(M,∇), ´ §Ò¢ ¥É¸Ö ¶·µ¸É· ´¸É¢µ³ ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ.

3.2. Šµ´É· ¢ ·¨ ´É´ Ö ¨ ±µ¢ ·¨ ´É´ Ö  ËË¨´´Ò¥ ¸¢Ö§´µ¸É¨. „¥°¸É¢¨¥
±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ´  ±µ´É· ¢ ·¨ ´É´µ¥ (± ¸ -
É¥²Ó´µ¥) ±µµ·¤¨´ É´µ¥ ¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥ ∂i ´  M ¢¤µ²Ó ¤·Ê£µ£µ
±µ´É· ¢ ·¨ ´É´µ£µ ±µµ·¤¨´ É´µ£µ ¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ∂j µ¶·¥¤¥²Ö-
¥É¸Ö  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ∇ = Γ ¸ ±µ³¶µ´¥´É ³¨ Γkij , ±µÉµ·Ò¥ ¢ § ¤ ´´µ°
± ·É¥ µ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¢Ò· ¦¥´¨¥

∇∂j∂i = Γkij .∂k . (9)

„²Ö ´¥±µµ·¤¨´ É´µ£µ ±µ´É· ¢ ·¨ ´É´µ£µ ¡ §¨¸  eα ∈ T (M), T (M) =
= ∪x∈MTx(M),

∇eβeα = Γγαβ .eγ . (10)

„¥Ë¨´¨Í¨Ö. Šµ´É· ¢ ·¨ ´É´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. �ËË¨´´ Ö ¸¢Ö§-
´µ¸ÉÓ ∇ = Γ, ¢¢µ¤¨³ Ö ¶·¨ ¤¥°¸É¢¨¨ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥-
· Éµ·  ´  ±µ´É· ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö, ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É´µ°
 ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ.

„¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ´  ±µ¢ ·¨ ´É´µ¥
(¤Ê ²Ó´µ¥ ± ±µ´É· ¢ ·¨ ´É´µ³Ê ¡ §¨¸´µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ) ¡ §¨¸´µ¥ ¢¥±-
Éµ·´µ¥ ¶µ²¥ eα [eα ∈ T ∗(M), T ∗(M) = ∪x∈MT ∗x (M)] ¶µ ´ ¶· ¢²¥´¨Õ ±µ´-
É· ¢ ·¨ ´É´µ£µ (´¥±µµ·¤¨´ É´µ£µ) ¢¥±Éµ·´µ£µ ¶µ²Ö eβ µ¶·¥¤¥²Ö¥É¸Ö  ËË¨´-
´µ° ¸¢Ö§´µ¸ÉÓÕ ∇ = P ¸ ±µ³¶µ´¥´É ³¨ Pαβγ , § ¤ ¢ ¥³Ò³¨ ¢Ò· ¦¥´¨¥³

∇eβeα = Pαγβ.e
γ . (11)

„²Ö ±µµ·¤¨´ É´µ£µ ±µ¢ ·¨ ´É´µ£µ ¡ §¨¸  dxi

∇∂jdxi = P ikj .dx
k . (12)
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„¥Ë¨´¨Í¨Ö. Šµ¢ ·¨ ´É´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. �ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ
∇ = P , ¢¢µ¤¨³ Ö ¶·¨ ¤¥°¸É¢¨¨ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· -
Éµ·  ´  ±µ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö, ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ°  ËË¨´´µ°
¸¢Ö§´µ¸ÉÓÕ.

„¥Ë¨´¨Í¨Ö. �·µ¸É· ´¸É¢µ ¸ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  Ë-
Ë¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ (Ln-¶·µ¸É· ´¸É¢µ). „¨ËË¥·¥´Í¨·Ê¥³µ¥ ³´µ£µµ¡· §¨¥,
´ ¤¥²¥´´µ¥ ±µ´É· ¢ ·¨ ´É´µ° Γ ¨ ±µ¢ ·¨ ´É´µ° P  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨,
´ §Ò¢ ¥É¸Ö ¶·µ¸É· ´¸É¢µ³ ¸ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´Ò³¨
¸¢Ö§´µ¸ÉÖ³¨.

‘¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¸¢Ö§´µ¸ÉÖ³¨ Γ ¨ P µ¸´µ¢Ò¢ ¥É¸Ö ´  § ¤ ¢ ¥³µ° µ¶¥-
· Éµ·µ³ ¸¢¥·É±¨ S ¸¢Ö§¨ ³¥¦¤Ê ¤¢Ê³Ö ¤Ê ²Ó´Ò³¨ ¶·µ¸É· ´¸É¢ ³¨ T (M) ¨
T ∗(M). �¡ÒÎ´µ ³¥¦¤Ê µ¶¥· Éµ·µ³ ¸¢¥·É±¨ ¨ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö § ¤ ÕÉ¸Ö ±µ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¢ ¸²¥¤ÊÕÐ¥³
¢¨¤¥:

S ◦ ∇u = ∇u ◦ S . (13)

…¸²¨ ¶µ¸²¥¤´¥¥ µ¶¥· Éµ·´µ¥ · ¢¥´¸É¢µ ¢§ÖÉÓ ¢ ¢¨¤¥ ∇∂k ◦ S = S ◦ ∇∂k ¨
¶·¨³¥´¨ÉÓ ¥£µ ± É¥´§µ·´µ³Ê ¶·µ¨§¢¥¤¥´¨Õ dxi⊗∂j ¤¢ÊÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²¥° dxi ∈ T ∗(M) ¨ ∂j ∈ T (M), Éµ ¶µ²ÊÎ¨É¸Ö · ¢¥´¸É¢µ

f i j,k = Γljk.f
i
l + P ilk.f

l
j , f i j,k := ∂kf

i
j (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

(14)

�  ÔÉµ · ¢¥´¸É¢µ ³µ¦´µ ¶µ¸³µÉ·¥ÉÓ ¸ ¤¢ÊÌ · §´ÒÌ ÉµÎ¥± §·¥´¨Ö.
1. …¸²¨ P ijk(xl) ¨ Γijk(xl) § ¤ ´Ò ± ± ËÊ´±Í¨¨ ±µµ·¤¨´ É ´  M , Éµ

· ¸¸³ É·¨¢ ¥³µ¥ · ¢¥´¸É¢µ ¢Ò£²Ö¤¨É ± ± ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ
ËÊ´±Í¨° f i j(x

l). �¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° µ¶·¥¤¥²Ö¥É ¤¥°¸É¢¨¥ µ¶¥· Éµ· 
¸¢¥·É±¨ S ´  ¡ §¨¸´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö ¶·¨ § ¤ ´´ÒÌ ±µ³¶µ´¥´É Ì µ¡¥¨Ì
¸¢Ö§´µ¸É¥°. “¸²µ¢¨Ö ¨´É¥£·¨·Ê¥³µ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Rm jkl.f
i
m + P i mkl.f

m
j = 0 , (15)

£¤¥ Rm jkl Å ±µ³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò, ¶µ¸É·µ-
¥´´µ£µ ¸ ¶µ³µÐÓÕ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ, ¨ P imkl Å
±µ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò, ¶µ¸É·µ¥´´µ£µ ¸ ¶µ³µÐÓÕ ±µ-
¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P , ¶·¨Î¥³ [R(∂i, ∂j)]dx

k = P k lij .dx
l,

[R(∂i, ∂j)]∂k = Rl kij .∂l, R(∂i, ∂j) = ∇∂i∇∂j −∇∂j∇∂i .
2. …¸²¨ f i j(x

l) · ¸¸³ É·¨¢ ÉÓ ± ± § ¤ ´´Ò¥ ËÊ´±Í¨¨ ±µµ·¤¨´ É ´  M ,
Éµ Ê¸²µ¢¨Ö ¤²Ö f ij µ¶·¥¤¥²ÖÕÉ ¸¢Ö§Ó ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ°
 ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ¨ ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P
¸ ¶µ³µÐÓÕ § · ´¥¥ µ¶·¥¤¥²¥´´µ£µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ S ´  ¡ §¨¸´Ò¥
¢¥±Éµ·´Ò¥ ¶µ²Ö.
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…¸²¨ S = C, É.¥. f ij = gij , Éµ Ê¸²µ¢¨Ö ¤²Ö f ij ¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö ¢¸¥Ì
P = −Γ, É.¥.

P ijk = −Γijk . (16)

�ÉµÉ Ë ±É ³µ¦´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.
�·¥¤²µ¦¥´¨¥. S = C Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¤²Ö P = −Γ

(P ijk = −Γijk).
‘²¥¤¸É¢¨¥. …¸²¨ P 6= −Γ, Éµ S 6= C, É.¥. ¥¸²¨ ±µ¢ ·¨ ´É´ Ö ¸¢Ö§´µ¸ÉÓ

P µÉ²¨Î ¥É¸Ö µÉ ±µ´É· ¢ ·¨ ´É´µ° ¸¢Ö§´µ¸É¨ Γ ´¥ Éµ²Ó±µ §´ ±µ³, Éµ µ¶¥-
· Éµ· ¸¢¥·É±¨ S ¤µ²¦¥´ µÉ²¨Î ÉÓ¸Ö µÉ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  ¸¢¥·É±¨
C (¥¸²¨ S ±µ³³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö).

�Éµ ¸²¥¤¸É¢¨¥ ¶µ§¢µ²Ö¥É ¢¢¥¸É¨ µÉ²¨Î ÕÐ¨¥¸Ö ¤·Ê£ µÉ ¤·Ê£  ´¥ Éµ²Ó±µ ¶µ
§´ ±Ê ±µ´É· ¢ ·¨ ´É´ÊÕ ¨ ±µ¢ ·¨ ´É´ÊÕ  ËË¨´´Ò¥ ¸¢Ö§´µ¸É¨ ¸ µ¶¥· Éµ·µ³
¸¢¥·É±¨ S, µÉ²¨Î´Ò³ µÉ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  ¸¢¥·É±¨ C.

…¸²¨ f ij = eϕ.gij , £¤¥ ϕ ∈ Cr(M), ϕ 6= 0, Éµ P ijk = −Γijk + ϕ,k.g
i
j .

3.3. Šµ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° .
„¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¢¤µ²Ó ±µ´É· ¢ ·¨-
 ´É´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö u ´ §Ò¢ ¥É¸Ö ¶¥·¥´µ¸µ³ ¢¤µ²Ó ±µ´É· ¢ ·¨ ´É´µ£µ
¢¥±Éµ·´µ£µ ¶µ²Ö u (¨²¨ ¶¥·¥´µ¸µ³ ¢¤µ²Ó u).

�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ´ 
É¥´§µ·´µ¥ ¶µ²¥ ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ÔÉµ£µ É¥´§µ·´µ£µ ¶µ²Ö.

�¥§Ê²ÓÉ É ∇uV ¤¥°¸É¢¨Ö ∇u ´  ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥ V ´ -
§Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V
¢¤µ²Ó ±µ´É· ¢ ·¨ ´É´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö u (¨²¨ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤-
´µ° V ¢¤µ²Ó u).

„¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ±µ´É· ¢ ·¨-
 ´É´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö · ´£  > 1 ³µ¦´µ µ¶¨¸ ÉÓ É·¨¢¨ ²Ó´Ò³ ¸¶µ¸µ¡µ³ ¶µ
¶· ¢¨²Ê ‹¥°¡´¨Í , ±µÉµ·µ³Ê µ¶¥· Éµ· ¶µ¤Î¨´Ö¥É¸Ö.

’ ±, ¤¥°¸É¢¨¥ µ¶¥· Éµ·  ∇∂j ´  É¥´§µ·´Ò° ¡ §¨¸ ∂A = ∂j1 ⊗ ... ⊗ ∂jl
³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇∂j∂A = ∇∂j [∂j1 ⊗ ...⊗ ∂jl ] = (∇∂j∂j1 ⊗ ∂j2 ...⊗ ∂jl)+
+(∂j1 ⊗∇∂j∂j2 ⊗ ...⊗ ∂jl) + ...+ (∂j1 ⊗ ...⊗∇∂j∂jl) =

= Γi1j1j .∂i1 ⊗ ...⊗ ∂jl + ...+ Γiljlj .∂j1 ⊗ ...⊗ ∂il =

=

(
l∑

k=1

gijk .g
ik
m .g

i1
j1
.gi2j2 ...g

ik−1

jk−1
.g
ik+1

jk+1
...giljl .

)
.Γmij .(∂i1 ⊗ ...⊗ ∂il).

…¸²¨ ³Ò µ¡µ§´ Î¨³ ¤²Ö ±· É±µ¸É¨

SAm
Bi = −

l∑
k=1

gijk .g
ik
m .g

i1
j1
.gi2j2 ...g

ik−1

jk−1
.g
ik+1

jk+1
...giljl , (17)
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ΓBAj = −SAm Bi.Γmij , A = j1...jl, B = i1...il, (18)

Éµ ∇∂j∂A ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇∂j∂A = ΓBAj.∂B = −SAm Bi.Γmij .∂B . (19)

‚¥²¨Î¨´Ò SAm
Bi Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸µµÉ´µÏ¥´¨Ö³:

a) SBi Aj.SAk Cl = −gli.SBk Cj , dim M = n, l = 1, ..., N ,
b) SBi Bj = −N.nN−1.gji ,
c) SBi Ai = −N.gAB, £¤¥

gAB = gj1i1 ...g
jm−1

im−1
.gjmim .g

jm+1

im+1
...gjlil (20)

µ¶·¥¤¥²¥´Ò ± ± ³Ê²ÓÉ¨¸¨³¢µ²Ò Š·µ´¥±¥·  · ´£  l,

gAB = 1, ik = jk (¤²Ö ¢¸¥Ì k µ¤´µ¢·¥³¥´´µ)

= 0, ik 6= jk, k = 1, . . . , l . (21)

Šµ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u µÉ ±µ´É· ¢ ·¨ ´É-
´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V = V A.∂A ³µ¦´µ § ¶¨¸ ÉÓ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢
¢¨¤¥

∇uV = (V A ,i + ΓABi.V
B).ui.∂A = V A ;i.u

i.∂A , (22)

£¤¥ ¢Ò· ¦¥´¨¥

V A ;i = V A ,i + ΓABi.V
B (23)

´ §Ò¢ ¥É¸Ö ¶¥·¢µ° ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ±µ³¶µ´¥´É V A ±µ´É· ¢ ·¨ ´É-
´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¶µ ´ ¶· ¢²¥´¨Õ ±µ´É· ¢ ·¨ ´É´µ£µ ±µµ·¤¨´ É´µ£µ
¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ∂i:

∇∂iV = V A ;i.∂A . (24)

�´ ²µ£¨Î´Ò³ µ¡· §µ³ ´ Ìµ¤¨³ ¢Éµ·ÊÕ ±µ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ:

∇ξ∇uV = (V A ;j;i.u
j + V A ;j .u

j
;i).ξ

i.∂A = (V A ;j .u
j);i.ξ

i.∂A ,

£¤¥

V A ;j;i = (V A ;j),i + ΓABi.V
B

;j − Γkji.V
A

;k (25)

Ö¢²Ö¥É¸Ö ¢Éµ·µ° ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ±µ³¶µ´¥´É V A ¢¥±Éµ·´µ£µ ¶µ²Ö
V . �É¸Õ¤  ¸²¥¤Ê¥É

∇ξ∇uV −∇u∇ξV = [(V A ;i;j − V A ;j;i).u
i.ξj + V A ;j .(u

j
;i.ξ

i − ξj ;i.u
i)].∂A .

(26)
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3.4. Šµ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° . Šµ-
¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ±µ¢¥±Éµ·´µ£µ ¶µ²Ö ³µ¦´µ § ¶¨¸ ÉÓ (¢ ±µµ·¤¨´ É´µ³
¡ §¨¸¥) ¢ ¢¨¤¥

∇up = (pi,j + P kij .pk).uj.dxi = pi;j .u
j.dxi, p ∈ T ∗(M). (27)

„¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ±µ¢ ·¨ ´É´Ò¥
É¥´§µ·´Ò¥ ¶µ²Ö · ´£  > 1 µ¡µ¡Ð ¥É¸Ö É·¨¢¨ ²Ó´µ ¸ ¶µ³µÐÓÕ ¶· ¢¨²  ‹¥°¡-
´¨Í , ±µÉµ·µ¥ ¶·¨³¥´¨³µ ¨ ± ÔÉµ³Ê µ¶¥· Éµ·Ê. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¤¥°¸É¢¨¥
µ¶¥· Éµ·  ∇∂j ´  ¡ §¨¸ dxA = dxj1 ⊗ ...⊗ dxjl ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇∂jdxB = PBAj .dx
A = −SAm Bi.Pmij .dx

A , (28)

£¤¥ PBAj = −SAm Bi.Pmij .

Šµ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
W = WA.dx

A = WB.e
B ³µ¦´µ § ¶¨¸ ÉÓ (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ¢ ¢¨¤¥

∇uW = (WA,j + PBAj .WB).uj.dxA = WA;j .u
j .dxA. (29)

‚¨¤ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¸³¥Ï ´´µ£µ É¥´§µ·´µ£µ ¶µ²Ö ¸²¥¤Ê¥É ¨§
Éµ£µ, ± ± µ¡· §Ê¥É¸Ö ¶·µ¨§¢µ¤´ Ö ±µ´É· ¢ ·¨ ´É´µ£µ ¨ ±µ¢ ·¨ ´É´µ£µ ¡ §¨¸µ¢
É¥´§µ·´ÒÌ ¶µ²¥°, ¨ ¨§ ¶· ¢¨²  ‹¥°¡´¨Í  (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥):

∇uK = ∇u(KA
B .∂A ⊗ dxB) = KA

B;j.u
j .∂A ⊗ dxB =

= (KA
B,j + ΓACj.K

C
B + PDBj .K

A
D).uj .∂A ⊗ dxB . (30)

…¸²¨ É¥´§µ· Š·µ´¥±¥·  µ¶·¥¤¥²¨ÉÓ ¢ ¢¨¤¥

Kr = gij .∂i ⊗ dxj = gαβ .eα ⊗ eβ , (31)

Éµ ±µ³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥° ¡Ê-
¤ÊÉ µÉ²¨Î ÉÓ¸Ö ¤·Ê£ µÉ ¤·Ê£  ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° É¥´-
§µ·  Š·µ´¥±¥· , É.e.

Γijk + P ijk = gij;k, Γαβγ + Pαβγ = gαβ/γ . (32)

‡ ³¥Î ´¨¥. ‚ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  S = C, ¨ ¢ ± ´µ´¨Î¥¸±µ³ ¶µ¤-
Ìµ¤¥ gij;k = 0 (gαβ/γ = 0).
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4. „ˆ””…�…�–ˆ�‹œ�›‰ ��…��’�� ‹ˆ

„¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ $ξ , É.¥. ¶·µ¨§¢µ¤´ Ö ‹¨ ¢¤µ²Ó ¢¥±Éµ·-
´µ£µ ¶µ²Ö ξ, Ö¢²Ö¥É¸Ö ¤·Ê£¨³ µ¶¥· Éµ·µ³, ±µÉµ·Ò° ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸ ¶µ³µ-
ÐÓÕ ¢¥±Éµ·´µ£µ ¶µ²Ö. …£µ µ¶·¥¤¥²¥´¨¥ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± µ¡µ¡Ð¥´¨¥
¶µ´ÖÉ¨Ö ¶·µ¨§¢µ¤´µ° ‹¨ É¥´§µ·´µ£µ ¶µ²Ö [11,21,30,31].

„¥Ë¨´¨Í¨Ö. $ξ := ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ ¢¤µ²Ó ¢¥±Éµ·´µ£µ
¶µ²Ö ξ ¸ ¶·¨¸ÊÐ¨³¨ ¥³Ê ¸¢µ°¸É¢ ³¨.

a) $ξ : V → V = $ξV , V, V ∈ ⊗l(M).
b) $ξ : W →W = $ξW , W,W ∈ ⊗k(M).
c) $ξ : K → K = $ξK , K , K ∈ ⊗l k(M).
d) ‹¨´¥°´Ò° µ¶¥· Éµ· ¶µ µÉ´µÏ¥´¨Õ ± É¥´§µ·´Ò³ ¶µ²Ö³:
$ξ(α.V1 + β.V2) = α.$ξV1 + β.$ξV2, α, β ∈ F (R ¨²¨ C), Vi ∈ ⊗l(M),

i = 1, 2,
$ξ(α.W1 + β.W2) = α.$ξW1 + β.$ξW2, Wi ∈ ⊗k(M), i = 1, 2,
$ξ(α.K1 + β.K2) = α.$ξK1 + β.$ξK2, Ki ∈ ⊗lk(M), i = 1, 2.
e) ‹¨´¥°´Ò° µ¶¥· Éµ· ¶µ µÉ´µÏ¥´¨Õ ± ¢¥±Éµ·´µ³Ê ¶µ²Õ ξ:
$α.ξ+β.u = α.$ξ + β.$u, α, β ∈ F (R ¨²¨ C), ξ, u ∈ T (M).
f) „¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·, ¤¥°¸É¢ÊÕÐ¨° ¶µ ¶· ¢¨²Ê ‹¥°¡´¨Í :
$ξ(S ⊗ U) = $ξS ⊗ U + S ⊗$ξU, S ∈ ⊗mq(M), U ∈ ⊗kl (M).
g) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f ∈ Cr(M), r ≥ 1:
$ξf = ξf, ξ ∈ T (M).
h) „¥°¸É¢¨¥ ´  ¢¥±Éµ·´µ¥ ¶µ²¥:
$ξu = [ξ, u] , ξ, u ∈ T (M), [ξ, u] = ξ ◦ u− u ◦ ξ,
$ξeα = [ξ, eα] = − (eαξ

β − ξγ .Cγα β).eβ ,
$eαeβ = [eα, eβ ] = Cαβ

γ .eγ , Caβ γ ∈ Cr(M),
$ξ∂i = −ξj ,i.∂j , $∂i∂j = [∂i, ∂j ] = 0.
i) „¥°¸É¢¨¥ ´  ±µ¢ ·¨ ´É´µ¥ ¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥:
$ξe

α = kα β(ξ).eβ , $eγ e
α = kα βγ .e

β ,
$ξdx

i = ki j(ξ).dx
j , $∂kdx

i = ki jk.dx
j .

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´µ¥ ¡ §¨¸´µ¥
¢¥±Éµ·´µ¥ ¶µ²¥ µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¦¥ ¤¥°¸É¢¨¥³ ´  ±µ´É· ¢ ·¨ ´É´µ¥ ¡ §¨¸´µ¥
¢¥±Éµ·´µ¥ ¶µ²¥ ¨ ¶¥·¥¸É ´µ¢µÎ´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò³ µ¶¥· Éµ·µ³ ¨ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S.

4.1. �·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°. „¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ $ξ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ Ö¢²Ö¥É¸Ö, ± ± Ê¦¥
¡Ò²µ ¸± § ´µ, ¥Ð¥ µ¤´¨³ µ¶¥· Éµ·µ³, ±µÉµ·Ò° ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸ ¶µ³µ-
ÐÓÕ ¢¥±Éµ·´µ£µ ¶µ²Ö. �Éµ ¥¸ÉÓ µ¶¥· Éµ·, µÉµ¡· ¦ ÕÐ¨° ±µ´É· ¢ ·¨ ´É´µ¥
É¥´§µ·´µ¥ ¶µ²¥ V ¢ ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥ Ṽ = $ξV .

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ¢¤µ²Ó ±µ´É· ¢ ·¨ ´É´µ£µ
¢¥±Éµ·´µ£µ ¶µ²Ö ξ ´ §Ò¢ ¥É¸Ö ¸³¥Ð¥´¨¥³ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ (¨²¨ ¸³¥-
Ð¥´¨¥³ ¢¤µ²Ó ξ).
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�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ($ξV ) ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ $ξ ´  V
´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¢¤µ²Ó
¢¥±Éµ·´µ£µ ¶µ²Ö ξ (¨²¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ V ¢¤µ²Ó ξ).

Šµ³³ÊÉ Éµ· ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨

[$ξ,$u] = $ξ ◦$u −$u ◦$ξ (33)

¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ .
a) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ:

[$ξ,$u]f = ($ξ ◦$u −$u ◦$ξ)f = [ξ, u]f = ($ξu)f = [∇ξ,∇u]f,
f ∈ Cr(M) , r ≥ 2.

b) „¥°¸É¢¨¥ ´  ¢¥±Éµ·´µ¥ ¶µ²¥:

[$ξ,$u]v = ($ξ ◦$u −$u ◦$ξ)v = $ξ$uv −$u$ξv =

= $v$uξ = −$$uξv = $$ξuv.

c) ’µ¦¤¥¸É¢µ Ÿ±µ¡¨:

< [$ξ, [$u,$v]] >≡ [$ξ, [$u,$v]] + [$v, [$ξ,$u]] + [$u, [$v,$ξ]] ≡ 0.
(34)

‚ · §²µ¦¥´¨¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ¢¥±Éµ·´µ£µ ¶µ²Ö u ¶µ ¡ §¨¸Ê ∂i

$ξu = [ξ, u] = ($ξu
i).∂i = (ξk.ui ,k − uk.ξi ,k).∂i (35)

¢¥²¨Î¨´ 

$ξu
i = ξk.ui ,k − uk.ξi ,k (36)

´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É ui ¢¥±Éµ·´µ£µ ¶µ²Ö u ¢¤µ²Ó ¢¥±Éµ·-
´µ£µ ¶µ²Ö ξ (¨²¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É ui ¢¤µ²Ó ξ) ¢ ±µµ·¤¨´ É´µ³
¡ §¨¸¥.

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¶·µ¨§¢µ¤´ Ö ‹¨ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´   ´ ²µ-
£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥:

$ξu = [ξ, u] = ($ξu
α).eα = (ξβ .eβu

α − uβ.eβξα + Cβγ
α.ξβ .uγ).eα, (37)

£¤¥

$ξu
α = ξβ .eβu

α − uβ.eβξα + Cβγ
α.ξβ .uγ (38)

´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É uα ¢¥±Éµ·´µ£µ ¶µ²Ö u ¢¤µ²Ó ¢¥±-
Éµ·´µ£µ ¶µ²Ö ξ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ (¨²¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É
uα ¢¤µ²Ó ξ).
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�·µ¨§¢µ¤´ Ö $eβu ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥

$eβu = (eβu
α − Cγβ α.uγ).eα = uα //β .eα = −$ueβ = ($eβu

α).eα , (39)

£¤¥

$eβu
α = uα //β = eβu

α − Cγβ α.uγ . (40)

‚Éµ· Ö ¶·µ¨§¢µ¤´ Ö ‹¨ $ξ$uv ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

$ξ$uv = [ξβ .eβ($uv
α)− ($uv

β).eβξ
α − Cγβ α.($uv

γ).ξβ ].eα =

= ($ξ$uv
α).eα, (41)

£¤¥ $ξ$uv
α = ξβ .eβ($uv

α) − ($uv
β).eβξ

α − Cγβ
α.($uv

γ).ξβ ´ §Ò¢ ¥É¸Ö
¢Éµ·µ° ¶·µ¨§¢µ¤´µ° ‹¨ ±µ³¶µ´¥´É vα ¢¤µ²Ó u ¨ ξ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·-
´µ¥ ¶µ²¥ · ´£  k > 1 ³µ¦´µ µ¡µ¡Ð¨ÉÓ ¢¢¨¤Ê ¶·¨³¥´¨³µ¸É¨ ¶· ¢¨²  ‹¥°¡-
´¨Í  ¶·¨ ¤¥°¸É¢¨¨ ÔÉµ£µ µ¶¥· Éµ·  ´  ¡ §¨¸Ò É¥´§µ·´ÒÌ ¶µ²¥°.

�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö µ¶¥· Éµ·  $ξ ´  ¡ §¨¸ ∂A = ∂j1⊗ ...⊗∂l ³µ¦´µ ´ °É¨
¸ ¶µ³µÐÓÕ Ê¦¥ ¨§¢¥¸É´µ£µ ¸µoÉ´µÏ¥´¨Ö $ξ∂jk = −$∂jk

ξ = −ξm ,jk .∂m.

‡ É¥³ ¡¥·¥³ $ξ∂A = SAm
Bn.ξm ,n.∂B , ¨

$ξV = $ξ(V
A.∂A) = ($ξV

A).∂A = (ξk.V A ,k + SBk
Al.V B.ξk ,l).∂A, (42)

£¤¥ $ξV
A = ξk.V A ,k + SBk

Al.V B.ξk ,l ¥¸ÉÓ ¶·µ¨§¢µ¤´ Ö ‹¨ µÉ ±µ³¶µ´¥´É
V A ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ¢ ±µµ·-
¤¨´ É´µ³ ¡ §¨¸¥ (¨²¨ ¶·µ¨§¢µ¤´ Ö ‹¨ µÉ ±µ³¶µ´¥´É V A ¢¤µ²Ó ξ ¢ ±µµ·¤¨-
´ É´µ³ ¡ §¨¸¥).

„²Ö $ξ$uV ¶µ²ÊÎ ¥³

$ξ$uV = ($ξ$uV
A).∂A = [ξk($uV

A),k + SBk
Al.($uV

B).ξk ,l].∂A , (43)

£¤¥ ¢Ò· ¦¥´¨¥ $ξ$uV
A = ξk($uV

A),k+SBk
Al.($uV

B).ξk ,l ´ §Ò¢ ¥É¸Ö ¢Éµ-
·µ° ¶·µ¨§¢µ¤´µ° ‹¨ oÉ ±µ³¶µ´¥´É V A ¢¤µ²Ó u ¨ ξ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  $ξ ´  ´¥±µµ·¤¨´ É´Ò°
¡ §¨¸ eA ³µ¦´µ ´ °É¨  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¤²Ö ¡ §¨¸ 
±µµ·¤¨´ É´µ£µ. ’ ± ± ±

$ξeβ = −ξα //β .eα , ξα //β = eβξ
α − Cγβ α.ξγ , (44)

$ξeA = $ξ[eα1 ⊗ ...⊗ eαl ] = ($ξeα1 ⊗ eα2 ⊗ ...⊗ eαl)+
+(eα1 ⊗$ξeα2 ⊗ ...⊗ eαl) + ...+ (eα1 ⊗ ...⊗$ξeαl) = SAα

Bβ .ξα //β .eB,

A = α1...αl , B = β1...βl , eB = eβ1 ⊗ ...⊗ eβl ,
(45)
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Éµ

$ξeA = SAα
Bβ .ξα //β .eB ¨ $ξV = $ξ(V

A.eA) = ($ξV
A).eA =

= (ξα.eαV
A + SBα

Aβ .V B.ξα //β).eA . (46)

‚ Ö¢´µ³ ¢¨¤¥ ¢Ò· ¦e´¨Ö SBα Aβ.ξα //β ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

SBα
Aβ .ξα //β = SBα

Aβ .eβξ
α − SBα Aβ .Cγβ α.ξγ , (47)

¨ ¥¸²¨ ³Ò ¢¢¥¤¥³ ¸µ±· Ð¥´´Ò¥ µ¡µ§´ Î¥´¨Ö

CBγ
A = SBα

Aβ .Cγβ
α = −SBα Aβ .Cβγ α , (48)

SBα
Aβ .ξα //β = SBα

Aβ .eβξ
α − CBα A.ξα , (49)

Éµ $ξV
A ³µ¦´µ § ¶¨¸ ÉÓ ¢ Ëµ·³¥

$ξV
A = ξα.eαV

A + SBα
Aβ .V B.ξα //β =

= ξα.eαV
A + SBα

Aβ .V B.(eβξ
α − Cγβ α.ξγ) =

= ξα.(eαV
A − SBβ Aγ .V B.Cαγ β) + SBβ

Aγ .V B.eγξ
β =

= ξα.V A //α + SBα
Aβ .V B.eβξ

α . (50)

$ξV
A ´ §Ò¢ ÕÉ¸Ö ¶·µ¨§¢µ¤´Ò³¨ ‹¨ µÉ ±µ³¶µ´¥´É V A ±µ´É· ¢ ·¨ ´É-

´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¢¤µ²Ó ξ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥. ‡¤¥¸Ó

V A //α = eαV
A − SBβ Aγ .V B.Cαγ β = eαV

A − CBα A.V B . (51)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢Ò¶µ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö:

$eαV = V A //α.eA , $eαeA = − CAα
B.eB . (52)

‚¥²¨Î¨´ 

SBα
Aβ = −

l∑
k=1

gi1j1 ...g
ik−1

jk−1
.gikα .g

β
jk
.g
ik+1

jk+1
...giljl , (53)

£¤¥ l = 1, ..., N , B = j1...jl, A = i1...il, ´ §Ò¢ ¥É¸Ö ³Ê²ÓÉ¨¸¨³¢µ²µ³ ¸¢¥·É±¨
· ´£  N .
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4.2. ‘¢Ö§Ó ³¥¦¤Ê ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥³ ¨ ¤¨ËË¥·¥´-
Í¨·µ¢ ´¨¥³ ‹¨. „¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨
¤¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ËÊ´±Í¨¨ µÉµ¦¤¥¸É¢²ÖÕÉ¸Ö ¸
¤¥°¸É¢¨¥³ ¦¥ ¢¥±Éµ·´µ£µ ¶µ²Ö, ÊÎ ¸É¢ÊÕÐ¥£µ ¢ ±µ´¸É·Ê±Í¨¨ µ¡µ¨Ì µ¶¥· Éµ-
·µ¢. —Éµ ± ¸ ¥É¸Ö ¢¥±Éµ·´µ£µ ¶µ²Ö, Éµ µ´ ¤¥°¸É¢Ê¥É ± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· ´  ËÊ´±Í¨¨, § ¤ ´´Ò¥ ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ M , ¶µ
¶· ¢¨²Ê

∇ξf = ξf = $ξf = ξi.∂if = ξα.eαf , f ∈ Cr(M) , ξ ∈ T (M) .

…¸²¨ ³Ò ¸· ¢´¨³ ¶·µ¨§¢µ¤´ÊÕ ‹¨ ¸ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¢¥±Éµ·-
´µ£µ ¶µ²Ö ¢ ´¥±µµ·¤¨´ É´µ³ (¨²¨ ±oµ·¤¨´ É´µ³) ¡ §¨¸¥

$ξu = ($ξu
α).eα = (ξβ .eβu

α − uβ.eβξα + Cβγ
α.ξβ .uγ).eα ,

∇ξu = (uα /β .ξ
β).eα = (ξβ .eβu

α + Γαγβ.u
γ .ξβ).eα ,

(54)

Éµ Ê¢¨¤¨³, ÎÉµ µ¡  ¢Ò· ¦¥´¨Ö ¨³¥ÕÉ µ¡ÐÊÕ Î ¸ÉÓ É¨¶  ξuα = ξβ .eβu
α,

¶µ§¢µ²ÖÕÐÊÕ Ê¸É ´µ¢¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¶·µ¨§¢µ¤´Ò³¨.
�µ¸²¥ ¶µ¤¸É ´µ¢±¨ eβu

α ¨ eβξ
α ¨§ · ¢¥´¸É¢ eβuα = uα /β − Γαγβ .u

γ ¨
eβξ

α = ξα /β − Γαγβ.ξ
γ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö $ξu ¶µ²ÊÎ¨³

$ξu
α = uα /β .ξ

β − ξα /β .uβ − Tβγ α.ξβ .uγ =

= uα /β .ξ
β − (ξα /β − Tβγ α.ξγ).uβ,

(55)

£¤¥

Tβγ
α = Γαγβ − Γαβγ − Cβγ α = −Tγβ α, (56)

$ξu = ($ξu
α).eα = (uα /β .ξ

β − ξα /β .uβ − Tβγ α.ξβ .uγ).eα =

= ∇ξu−∇uξ − T (ξ, u) ,
(57)

¶·¨Î¥³

T (ξ, u) = Tβγ
α.ξβ .uγ .eα = −T (u, ξ), T (eβ, eγ) = Tβγ

α.eα . (58)

‚¥±Éµ·´µ¥ ¶µ²¥ T (ξ, u) ´ §Ò¢ ¥É¸Ö ¢¥±Éµ·´Ò³ ¶µ²¥³ ±·ÊÎ¥´¨Ö.
…¸²¨ ¶µ¤¸É ¢¨ÉÓ · ¢¥´¸É¢µ, ¸²¥¤ÊÕÐ¥¥ ¨§ ¢Ò· ¦¥´¨Ö ¤²Ö $uv

β ,   ¨³¥´´µ

vβ /γ .u
γ − uβ /γ .vγ = $uv

β + Tαγ
β .uα.vγ , (59)

¢ ¢Ò· ¦¥´¨¥
∇u∇vξ −∇v∇uξ =

= [(ξα /β/γ − ξα /γ/β).vβ .uγ + ξα /β .(v
β
/γ .u

γ − uβ /γ .vγ)].eα,
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Éµ ¶µ²ÊÎ¨³

∇u∇vξ −∇v∇uξ =

= [(ξα /β/γ − ξα /γ/β).vβ .uγ + ξα /β.($uv
β + Tγδ

β .uγ .vδ)].eα =

= [(ξα /β/γ − ξα /γ/β).vβ .uγ + ξα /β .($uv
β + T β(u, v)].eα ,

T β(u, v) = Tδγ
β .uδ.vγ , ∇T (u,v)ξ = ξα /β .Tγδ

β.uγ .vδ.eα ,

∇u∇vξ −∇v∇uξ −∇$uvξ = (ξα /β/γ − ξα /γ/β).vβ .uγ .eα +∇T (u,v)ξ ,
(60)

¨²¨

∇u∇vξ −∇v∇uξ −∇$uvξ −∇T (u,v)ξ = (ξα /β/γ − ξα /γ/β).vβ .uγ .eα ,

∇eγ∇eβ ξ −∇eβ∇eγ ξ −∇$eγ eβ ξ −∇T (eγ ,eβ)ξ = (ξα /β/γ − ξα /γ/β).eα .

(61)

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢¥±Éµ·´µ¥ ¶µ²¥ ±·ÊÎ¥´¨Ö ¨³¥¥É ¢¨¤

T (ξ, u) = Tkl
i.ξk.ul.∂i = (Γilk − Γikl).ξ

k.ul.∂i , (62)

Tkl
i = Γilk − Γikl, T (∂k, ∂l) = Tkl

i.∂i . (63)

�·µ¨§¢µ¤´ÊÕ ‹¨ $ξu ³µ¦´µ ´ ¶¨¸ ÉÓ É¥¶¥·Ó ¢ ¢¨¤¥

$ξu = ($ξu
i).∂i = (ui ;k.ξ

k − uk.ξi ;k − Tkl i.ξk.ul).∂i ,

$ξu
i = ui ;k.ξ

k − uk.ξi ;k − Tkl i.ξk.ul .
(64)

‘¢Ö§Ó ³¥¦¤Ê ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ´É· ¢a·¨-
 ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö ³µ¦´µ Ê¸É ´µ¢¨ÉÓ  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ
¸¤¥² ´µ ¢ ¸²ÊÎ ¥ ¸ ¢¥±Éµ·´Ò³ ¶µ²¥³.

4.3. �·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°.
�·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°.

�¥·¥¸É ´µ¢µÎ´Ò¥ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³
‹¨ $ξ ¨ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S ¢ ¸²ÊÎ ¥ ¡ §¨¸´ÒÌ (± ± ±µµ·¤¨´ É´ÒÌ, É ± ¨
´¥±µµ·¤¨´ É´ÒÌ) ¢¥±Éµ·´ÒÌ ¶µ²¥° ³µ¦´µ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥

$ξ ◦ S(dxi ⊗ ∂j) = S ◦$ξ(dx
i ⊗ ∂j) ,

$ξ ◦ S(eα ⊗ eβ) = S ◦$ξ(e
α ⊗ eβ) ,

(65)

£¤¥

$ξ ◦ S(dxi ⊗ ∂j) = ξf i j = f i j,k.ξ
k ,

S ◦$ξ(dx
i ⊗ ∂j) = S($ξdx

i ⊗ ∂j) + S(dxi ⊗ $ξ∂j) .
(66)
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‘ ¶µ³µÐÓÕ (´¥¢Ò·µ¦¤¥´´µ°) µ¡· É´µ° ³ É·¨ÍÒ (f i j)
−1 = (fj

i) ¨
¸µµÉ´µÏ¥´¨° f i k.fj

k = gij , f
k
i.fk

j = gji , ¶µ¸²¥ Ê³´µ¦¥´¨Ö · ¢¥´¸É¢ 
¤²Ö ki l(ξ) ´  fm j ¨ ¸Ê³³¨·µ¢ ´¨Ö ¶µ j ¢Ò· ¦¥´¨¥ ¤²Ö ki j(ξ) ¶µ²ÊÎ ¥É¸Ö ¢
¸²¥¤ÊÕÐ¥³ Ö¢´µ³ ¢¨¤¥:

ki j(ξ) = fj
l.ξk ,l.f

i
k + fj

l.f i l,k.ξ
k . (67)

„²Ö $∂kdx
i = kij(∂k).dxj = kijk.dx

j ¶µ²ÊÎ ¥É¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ,

$∂kdx
i = ki jk.dx

j = fj
l.f i l,k.dx

j ,

ki jk = fj
l.f i l,k .

(68)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨§ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê S ¨ µ¶¥· -
Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ∇ξ ¸²¥¤Ê¥É ¸¢Ö§Ó ³¥¦¤Ê Î ¸É´Ò³¨
¶·µ¨§¢µ¤´Ò³¨ µÉ f i j ¨ ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°
¸¢Ö§´µ¸É¥° Γ ¨ P :

f i l,k = P imk.f
m

l + Γmlk.f
i
m. (69)

�µ¸²¥ ¶µ¤¸É ´µ¢±¨ ¶µ¸²¥¤´¥£µ ¢Ò· ¦¥´¨Ö ¤²Ö ki j(ξ) ¨ ki jk ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ¢¥²¨Î¨´Ò ¶µ²ÊÎ ÕÉ¸Ö ¢ ¢¨¤¥

ki j(ξ) = fj
l.ξk ,l.f

i
k + (P ijk + fj

l.Γmlk.f
i
m).ξk , (70)

ki j(∂k) = ki jk = P ijk + fj
l.Γmlk.f

i
m ,

$ξdx
i = [fj

l.ξk ,l.f
i
k + (P ijk + fj

l.Γmlk.f
i
m).ξk].dxj , (71)

$∂kdx
i = ki jk.dx

j = (P ijk + fj
l.Γmlk.f

i
m).dxj . (72)

…¸²¨ ³Ò µ¡µ§´ Î¨³

ξi ,j = f i k.ξ
k
,l.fj

l , Γijk = fj
l.Γmlk.f

i
m , (73)

Éµ ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ-
²¥° dxi ¢¤µ²Ó ¢¥±Éµ·´ÒÌ ¶µ²¥° ξ ¨ ∂k ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

$ξdx
i = [ξi ,j + (P ijk + Γijk).ξk].dxj , $∂kdx

i = (P ijk + Γijk).dxj . (74)

�·µ¨§¢µ¤´Ò¥ ‹¨ oÉ ±o¢ ·¨ ´É´ÒÌ ´¥±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²¥°. �´ ²µ£¨Î´µ ¸²ÊÎ Õ ±µ¢ ·¨ ´É´ÒÌ ±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ



���‘’���‘’‚� ‘ Š��’��‚��ˆ��’��‰ 1231

¶µ²¥° ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ´¥±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·-
´ÒÌ ¶µ²¥° ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¢ ¢¨¤¥

$ξe
α = [ξα //β + (Pαβγ + Γαβγ).ξγ ].eβ =

= [eβξ
α + (Pαβγ + Γαβγ + Cβγ

α).ξγ ].eβ ,
(75)

$eγe
α = (Pαβγ + Γαβγ + Cβγ

α).eβ , (76)

£¤¥

ξα //β = fα γ .ξ
γ
//δ.fβ

δ = fα γ .(eδξ
γ).fβ

δ + fα γ .Cδσ
γ .fβ

δ.ξσ =

= eβξ
α + Cβσ

α.ξσ ,

eβξ
α = fα γ .(eδξ

γ).fβ
δ, Cβσ

α = fα γ .Cδσ
γ .fβ

δ ,

Γαβγ = fβ
δ.Γσδγ .f

α
σ.

(77)

4.4. �·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°. „¥°¸É¢¨¥ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö
µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¦¥ ¤¥°¸É¢¨¥³ ´  ±µ¢ ·¨ ´É´Ò¥ ¡ §¨¸´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö ¨
´  ËÊ´±Í¨¨ ´  M .

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¶·µ¨§¢µ¤´ Ö ‹¨ oÉ ±o¢¥±Éµ·´µ£µ ¶µ²Ö p ¢¤µ²Ó
¢¥±Éµ·´µ£µ ¶µ²Ö ξ ³µ¦¥É ¡ÒÉÓ ´ ¶¨¸ ´  ¶µ-· §´µ³Ê:

$ξp = $ξ(pi.dx
i) = ($ξpi).dx

i =

= [pi,k.ξ
k + pj.ξ

j
,i + pj.(P

j
ik + Γjik).ξk].dxi =

= [pi;k.ξ
k + ξk ;i.pk + T j

ki .pj .ξ
k].dxi ,

(78)

£¤¥

ξj ;i = f j k.ξ
k

;l.fi
l, T j

ki = f j l.T
l

km .fi
m,

T j
ki = Γjik − Γjki (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

(79)

‚ ´¥±µo·¤¨´ É´µ³ ¡ §¨¸¥ ¶·µ¨§¢µ¤´ Ö ‹¨ $ξp ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

$ξp = $ξ(pα.e
α) = ($ξpα).eα =

= {(eγpα + P βαγ .pβ).ξγ + pβ .[eαξ
β + (Γβαγ + Cαγ

β).ξγ ]}.eα =

= (pα/β .ξ
β + ξβ /α.pβ + T β

γα .pβ .ξ
γ).eα ,

(80)
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£¤¥

ξβ /α = fβ δ.ξ
δ
/γ .fα

γ , T β
γα = fα

δ.T σ
γδ .fβ σ ,

T α
βγ = Γαγβ − Γαβγ − Cβγ α (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

(81)

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´Ò¥ É¥´§µ·´Ò¥
¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¦¥ ¤¥°¸É¢¨¥³ ´  ¡ §¨¸´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö.

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥

$ξW = $ξ(WA.dx
A) = (ξWA).dxA +WA.$ξdx

A =

= ($ξWA).dxA , W ∈ ⊗k(M) ,

$ξdx
B = −km n(ξ).SAm

Bn.dxA , $ξdx
m = km n(ξ).dxn ,

$ξdx
B = [−ξk ,l.SAk

Bl − SAm Bn.(Pmnl + Γmnl).ξ
l].dxA .

(82)

�¡µ§´ Î¨¢

Γ̃B
Ak = −SAi Bj .Γijk , PBAk = −SAi Bj .P ijk , (83)

³µ¦´µ § ¶¨¸ ÉÓ $ξW ¢ ¢¨¤¥

$ξW = ($ξWA).dxA =

= [ξk.WA ,k − ξk ,l.SAk
Bl.WB + (PBAl + Γ̃BAl).WB .ξ

l].dxA ,
(84)

£¤¥

$ξWA = ξk.WA,k − ξk ,l.SAk
Bl.WB + (PBAl + Γ̃B

Al).WB .ξ
l =

= ξk.WA;k − SAk Bl.WB .(ξ
k

;l − T klj .ξj) =

= ξk.WA;k − SAk Bl.WB .(ξ
k

;l − T klj .ξj) ,

(85)

$∂jWA = WA,j + (PBAj + Γ̃B
Aj).WB ,

$∂jdx
B = −SAi Bl.(P ilj + Γilj).dx

A = (P B
Aj + Γ̃B

Aj).dx
A .

(86)

‚Éµ· Ö ¶·µ¨§¢µ¤´ Ö ‹¨ oÉ ±µ³¶µ´¥´É WA ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
W ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ Ëµ·³¥

$ξ$uWA = ξk.($uWA),k − ξk,l.SBlAk.$uWB + (PBAl + Γ̃B
Al).ξ

l.$uWB . (87)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ $ξW ¨³¥¥É ¢¨¤

$ξW = (ξWA).eA +WB .($ξe
B) = ($ξWA).eA , (88)
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£¤¥

$ξWA = ξβ .eβWA − SAα Bβ .WB.eβξ
α + (PBAγ + Γ̃B

Aγ + C̃Aγ
B).WB .ξ

γ ,

Γ̃B
Aγ = −SAα Bβ .Γαβγ , C̃Aγ

B = −SAα Bβ .Cβγ
α ,

$eβe
B = (PBAβ + Γ̃B

Aβ + C̃Aβ
B).eA ,

$eβWA = eβWA + (PBAβ + Γ̃B
Aβ + C̃Aβ

B).WB .

(89)

‚Éµ· Ö ¶·µ¨§¢µ¤´ Ö ‹¨ µÉ WA ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨³¥¥É ¢¨¤

$ξ$uWA = ξβ .eβ($uWA)− SAα Bβ .($uWB).eβξ
α + (90)

+(PBAγ + Γ̃B
Aγ + C̃Aγ

B).ξγ .$uWB .

�·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ¡ §¨¸´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ³µ¦´µ ¢Ò-
· §¨ÉÓ Î¥·¥§ ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ µÉ ±µ³¶µ´¥´É ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ¨
É¥´§µ· ±·ÊÎ¥´¨Ö

$ξe
B = [−SAα Bβ .ξα /β + PBAγ .ξ

γ + T̃ B
Aγ .ξ

γ ].eA , (91)

£¤¥ T̃ B
Aγ = SAα

Bβ .T α
βγ = SAα

Bβ .T α
βγ .

�·µ¨§¢µ¤´ Ö $ξWA Éµ£¤  ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

$ξWA = ξβ .WA/β − SAα Bβ .WB .(ξ
α
/β − T α

βγ .ξγ) =

= ξβ.WA/β − SAα Bβ.WB .(ξ
α
/β − T α

βγ .ξγ) .
(92)

�¡µ¡Ð¥´¨¥ ¶·µ¨§¢µ¤´ÒÌ ‹¨ ´  ¸²ÊÎ ° ¸³¥Ï ´´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ¶µ-
²ÊÎ ¥É¸Ö  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¤²Ö ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤-
´ÒÌ µÉ ¸³¥Ï ´´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°.

4.5. Š² ¸¸¨Ë¨± Í¨Ö ²¨´¥°´ÒÌ ¶¥·¥´µ¸µ¢ ¨ ¸³¥Ð¥´¨° ¢ § ¢¨¸¨³µ¸É¨ µÉ
¸¢Ö§¨ ³¥¦¤Ê ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨.
‘ ¶µ³µÐÓÕ ¶·µ¨§¢µ¤´ÒÌ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° ³Ò
³µ¦¥³ · §¡¨ÉÓ ´  ±² ¸¸Ò ¢µ§³µ¦´Ò¥ ¸¢Ö§¨ ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ Γijk (Γαβγ)

±µ´É· ¢ ·¨ ´É´µ° ¸¢Ö§´µ¸É¨ Γ ¨ ±µ³¶µ´¥´É ³¨ P ijk (Pαβγ) ±µ¢ ·¨ ´É´µ°  Ë-
Ë¨´´µ° ¸¢Ö§´µ¸É¨ P . �  ÔÉµ° µ¸´µ¢¥ ³µ¦´µ ±² ¸¸¨Ë¨Í¨·µ¢ ÉÓ ²¨´¥°´Ò¥
¶¥·¥´µ¸Ò, £¥´¥·¨·Ê¥³Ò¥ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö, ¨
¸³¥Ð¥´¨Ö, £¥´¥·¨·Ê¥³Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³ ‹¨, ¢ § ¢¨¸¨³µ¸É¨
µÉ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ÔÉ¨Ì µ¶¥· Éµ·µ¢ ¸ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S.
�¥§Ê²ÓÉ É ±² ¸¸¨Ë¨± Í¨¨ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° É ¡²¨ÍÒ.
�µ¤µ¡´ Ö ±² ¸¸¨Ë¨± Í¨Ö ¡Ò²  ¶·¥¤²µ¦¥´  ‘ÌµÊÉ¥´µ³ [29] ¨ · ¸¸³µÉ·¥´ 
˜³ÊÉÍ¥·µ³ [32] ´  µ¸´µ¢¥ ¨´ÒÌ ¸µµ¡· ¦¥´¨°.
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’ ¡²¨Í  1. ‘µµÉ´µÏ¥´¨Ö ³¥¦¤Ê Ê¸²µ¢¨Ö³¨ ¤²Ö ¶¥·¥´µ¸µ¢ ¨ É¨¶ ³¨ ¸³¥Ð¥´¨°

“¸²µ¢¨Ö ¤²Ö ¶¥·¥´µ¸µ¢ ’¨¶Ò ¸³¥Ð¥´¨° ¨ ¶¥·¥´µ¸µ¢

�¥·¥´µ¸ ¸ ¶·µ¨§¢µ²Ó´Ò³ ¸³¥Ð¥´¨¥³

Pαβγ + Γαβγ + Cβγ
α = F α

βγ $eγ e
α = F α

βγ .e
β

P ijk + Γijk = F i
jk $∂kdx

i = F i
jk.dx

j

�¥·¥´µ¸ ¸ ±µ²²¨´¥ ·´Ò³ ¸³¥Ð¥´¨¥³

Pαβγ + Γαβγ = Aγ .gαβ $eγ e
α = Aγ .eα + Cβγ

α.eβ

P ijk + Γijk = Ak.g
i
j $∂kdx

i = Ak.dx
i

�¥·¥´µ¸ ¡¥§ ¸³¥Ð¥´¨Ö

Pαβγ + Γαβγ = 0 $eγ e
α = Cβγ

α.eβ

P ijk + Γijk = 0 $∂kdx
i = 0

5. ��…��’�� Š�ˆ‚ˆ‡�›. ’�†„…‘’‚� �ˆ��Šˆ

5.1. �¶¥· Éµ· ±·¨¢¨§´Ò. �¤´¨³ ¨§ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ µ¶¥· Éµ·µ¢, ±µ´-
¸É·Ê¨·Ê¥³ÒÌ ´  ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ³´µ£µµ¡· §¨ÖÌ ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É-
´µ£µ ¤¨ËË·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨, Ö¢²Ö-
¥É¸Ö µ¶¥· Éµ· ±·¨¢¨§´Ò.

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ·

R(ξ, u) = ∇ξ∇u −∇u∇ξ −∇$ξu = [∇ξ,∇u]−∇[ξ,u] , ξ, u ∈ T (M) , (93)

´ §Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ ±·¨¢¨§´Ò.
1. „¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´a ËÊ´±Í¨Õ ±² ¸¸  Cr(M), r ≥ 2, ´ 

³´µ£µo¡· §¨¨ M :

[R(ξ, u)]f = 0, f ∈ Cr(M), r ≥ 2 .

2. [R(ξ, u)]fv = f.[R(ξ, u)]v, f ∈ Cr(M), r ≥ 2, v ∈ T (M).
3. „¥°¸É¢¨¥ µ¶¥· Éµ·  ±·¨¢¨§´Ò ´  ¢¥±Éµ·´µ¥ ¶µ²¥:

[R(ξ, u)]v = ∇ξ∇uv −∇u∇ξv −∇$ξuv =

= [(vδ /β/γ − vδ /γ/β).uβ.ξγ + vδ /α.Tβγ
α.ξβ .uγ ].eδ =

= [(vi ;j;k − vi ;k;j).u
j .ξk + vi ;j .Tkl

j .ξk.ul].∂i .

(94)

’ ±¨³ µ¡· §µ³, ¤²Ö ∀ ξ ∈ (M) ¨ ∀u ∈ T (M) ³Ò ³µ¦¥³ ´ °É¨ ¢ ±µµ·¤¨-
´ É´µ³ ¡ §¨¸¥ ¸µµÉ´µÏ¥´¨¥

vi ;k;l − vi ;l;k = − vj .Ri jkl + vi ;j .Tkl
j , (95)
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£¤¥ ¢¥²¨Î¨´Ò

Ri jkl = Γijl,k − Γijk,l + Γmjl .Γ
i
mk − Γmjk.Γ

i
ml (96)

´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ (±µ´É· ¢ ·¨ ´É´µ£µ) É¥´§µ·  ±·¨¢¨§´Ò (É¥´§µ· 
�¨³ ´ ) ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

4. „¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´  ±µ´É· ¢ ·¨ ´É´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö.
„²Ö V = V A.eA = V B .∂B , V ∈ ⊗l(M) ¨ ¡ §¨¸µ¢ eA ¨ ∂B , ÊÎ¨ÉÒ¢ Ö

¸¢µ°¸É¢  ¢¥²¨Î¨´ SAk Bl ¨ ΓBAi, ³µ¦´µ ¤µ± § ÉÓ ¸²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö:

[R(ξ, u)](f.V ) = f.[R(ξ, u)]V, (97)

[R(ξ, u)]V = V A.[R(ξ, u)]eA = V B.[R(ξ, u)]∂B , (98)

[R(∂j , ∂i)]∂A = RB Aji.∂B = −SAk Bl.Rk lji.∂B , (99)

£¤¥

RB Aji = −SAk Bl.Rk lji , SAk
Bl

,i = 0 , (100)

RB Aji = ΓBAi,j − ΓBAj,i + ΓCAi.Γ
B
Cj − ΓCAj .Γ

B
Ci , (101)

[R(ξ, u)]V = − SBk
Al.V B.Rk lij .ξ

i.uj .∂A . (102)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ± ± ÔÉµ ¸²¥¤Ê¥É ¨§ Ö¢´µ£µ ¢Ò· ¦¥´¨Ö ¤²Ö [R(ξ, u)]V ,

[R(ξ, u)]V = (V A ;i;j − V A ;j;i + V A ;k.Tji
k).ui.ξj .∂A ,

V A ;i;j − V A ;j;i = − SBk
Al.V B.Rk lji − Tji k.V A ;k ,

[R(∂j , ∂i)]−∇T (∂j ,∂i)]V = (V A ;i;j − V A ;j;i).∂A .

(103)

5. „¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´  ±µ¢¥±Éo·´Ò¥ ¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¥£µ
¸É·Ê±ÉÊ·µ° ¨ ¤¥°¸É¢¨¥³ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ±µ-
¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥. ‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨³¥¥³

[R(ξ, u)]p = (∇ξ∇u −∇u∇ξ −∇$ξu)p = pl.P
l
ikj .ξ

k.uj.dxi =

= (pi;j;k − pi;k;j + Tkj
l.pi;l).u

j .ξk.dxi , (104)

[R(∂k, ∂l)]dx
i = P i jkl .dx

j , (105)
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£¤¥ ¢¥²¨Î¨´Ò

P i jkl = P ijl,k − P ijk,l + Pmjk .P
i
ml − Pmjl .P imk = −P i jlk (106)

´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò ¢ ±µo·¤¨´ É´µ³
¡ §¨¸¥.

‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: S = C : f i j = gij : P ijk + Γijk = 0.

P i jkl = −Ri jkl . (107)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥:

[R(ξ, u)]p = pδ.P
δ
αβγ .ξ

β .uγ .eα =

= (pα/γ/β − pα/β/γ + Tβγ
δ.pα/δ).ξ

β .uγ .eα , (108)

Pα δβγ = eβP
α
δγ − eγPαδβ + P σδβ .P

α
σγ − P σδγ .Pασβ − Cβγ σ.Pαδσ . (109)

‚¥²¨Î¨´Ò Pα δβγ = −Pα δγβ ´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±o¢a·¨ ´É´µ£µ
É¥´§µ·  ±·¨¢¨§´Ò ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

„²Ö ±o¢a·¨a´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö W = WA.dx
A = WC .e

C ∈ ⊗k(M)
¨³¥¥³ ¸µµÉ´µÏ¥´¨¥

WA;i;j −WA;j;i = SAm
Bn.WB.P

m
nij +WA;l.Tij

l (110)

¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨ ¸µµÉ´µÏ¥´¨¥

WA/β/γ −WA/γ/β = SAα
Bδ.WB.P

α
δβγ +WA/δ.Tβγ

δ (111)

¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.
5.2. ’µ¦¤¥¸É¢  �¨ ´±¨. …¸²¨ ³Ò ´ ¶¨Ï¥³ Í¨±² ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ±·¨-

¢¨§´Ò ´  ¢¥±Éµ·´Ò¥ ¶µ²Ö:

< [R(ξ, u)]v >= [R(ξ, u)]v + [R(v, ξ)]u + [R(u, v)] ξ (112)

¨ ¶·¨¢¥¤¥³ ¢ Ö¢´µ³ ¢¨¤¥ ± ¦¤µ¥ ¸² £ ¥³µ¥ ¢ ÔÉµ³ Í¨±²¥,   § É¥³ ¢µ¸¶µ²Ó-
§Ê¥³¸Ö µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³
µ¶¥· Éµ·o³ ‹¨, Éµ ¶µ¸²¥ ´¥±µÉµ·ÒÌ (´¥ É ±¨Ì Ê¦ ¨ É·Ê¤´ÒÌ) · ¸Î¥Éµ¢ ³Ò
c³µ¦¥³ ´ °É¨ Éµ¦¤¥¸É¢  É¨¶ 

[R(ξ, u)] v + [R(v, ξ)]u+ [R(u, v)] ξ ≡
≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ)+

+ (∇ξT )(u, v) + (∇vT )(ξ, u) + (∇uT )(v, ξ) ,

(113)
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¨²¨

< [R(ξ, u)] v >≡< T (T (ξ, u), v) > + < (∇ξT )(u, v) > . (114)

�É¨ Éµ¦¤¥¸É¢  ´ §Ò¢ ÕÉ¸Ö Éµ¦¤¥¸É¢ ³¨ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  (¨²¨ É¨¶ 
1), £¤¥

< T (T (ξ, u), v) >≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ) ,

< (∇ξT )(u, v) >≡ (∇ξT )(u, v) + (∇vT )(ξ, u) + (∇uT )(v, ξ) ,

∇ξ[T (u, v)] = (∇ξT )(u, v) + T (∇ξu, v) + T (u,∇ξv) .

‘ ¶µ³µÐÓÕ o¶¥· Éµ·  ±·¨¢¨§´Ò ¨ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´-
Í¨·µ¢ ´¨Ö ³µ¦´µ ¶µ¸É·µ¨ÉÓ ´µ¢Ò° µ¶¥· Éµ· (∇wR)(ξ, u) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

(∇wR)(ξ, u) = [∇w, R(ξ, u)]−R(∇wξ, u)−R(ξ,∇wu) , (115)

£¤¥

[∇w, R(ξ, u)] = ∇w ◦R(ξ, u)−R(ξ, u) ◦ ∇w , w, ξ, u ∈ T (M) .

�¶¥· Éµ· (∇wR)(ξ, u) ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

(∇wR)(ξ, u) = ∇w∇ξ∇u −∇w∇u∇ξ +∇u∇ξ∇w −∇ξ∇u∇w+

+ ∇u∇∇wξ − ∇∇wξ∇u + ∇∇wu∇ξ − ∇ξ∇∇wu+

+∇$ξu∇w −∇w∇$ξu +∇$ξ∇wu −∇$u∇wξ .

(116)

�ÉµÉ o¶e·aÉo· ¶µ¤Î¨´Ö¥É¸Ö É ± ´ §Ò¢ ¥³µ³Ê Éµ¦¤¥¸É¢Ê �¨ ´±¨ ¢Éµ·µ£µ
É¨¶  (¨²¨ É¨¶  2)

< (∇wR)(ξ, u) >≡< R(w, T (ξ, u)) > , (117)

£¤e

< (∇wR)(ξ, u) >≡ (∇wR)(ξ, u) + (∇uR)(w, ξ) + (∇ξR)(u,w) ,

< R(w, T (ξ, u)) >≡ R(w, T (ξ, u)) +R(u, T (w, ξ)) +R(ξ, T (u,w)) .

’µ¦¤¥¸É¢µ �¨ ´±¨ É¨¶  2 ³µ¦´µ § ¶¨¸ ÉÓ ± ± ¢ ±µµ·¤¨´ É´µ³, É ± ¨ ¢
´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥£µ Éµ¦¤¥¸É¢  ¤²Ö ±µ³¶µ´¥´É ±µ´É· -
¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò:

Ri j<kl;m> ≡ Ri j<kn.Tlm> n ≡ −Ri jn<k.Tlm> n , (118)
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£¤¥

Ri j<kl;m> ≡ Ri jkl;m +Ri jmk;l +Ri jlm;k ,

Ri j<kn.Tlm>
n ≡ Ri jkn.Tlm n +Ri jmn.Tkl

n +Ri jlr .Tmk
r .

(119)

„²Ö ±µ³³ÊÉ Éµ· 

[∇w, R(ξ, u)] = ∇w ◦R(ξ, u)−R(ξ, u) ◦ ∇w

¢Ò¶µ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ±µ³³ÊÉ Í¨µ´´µ¥ Éµ¦¤¥¸É¢µ:

< [∇w, R(ξ, u)] >≡ − < R(w,$ξu) > , (120)

£¤¥

< [∇w, R(ξ, u)] >≡ [∇w, R(ξ, u)] + [∇u, R(w, ξ)] + [∇ξ, R(u,w)] ,

< R(w,$ξu) >≡ R(w,$ξu) +R(u,$wξ) +R(ξ,$uw) .
(121)

�¶¥· Éµ· ±·¨¢¨§´Ò ¨ Éµ¦¤¥¸É¢  �¨ ´±¨ ¶·¨³¥´¨³Ò ± ¤¨ËË¥·¥´Í¨·Ê¥-
³Ò³ ³´µ£µµ¡· §¨Ö³ ¸ µ¤´µ°  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ. �´¨ ³µ£ÊÉ É ±¦¥ ´ °É¨
¶·¨³¥´¥´¨¥ ¶·¨ ¨§ÊÎ¥´¨¨ Ì · ±É¥·¨¸É¨± ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ³´µ£µµ¡· §¨°
¸  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨± ³¨. ‘É·Ê±ÉÊ·  µ¶¥· Éµ·  ±·¨¢¨§´Ò ¶·¨-
¢µ¤¨É ± ±µ´¸É·Ê±Í¨¨ ¤·Ê£µ£µ µ¶¥· Éµ· , ´ §Ò¢ ¥³µ£µ µ¶¥· Éµ·µ³ ¤¥¢¨ Í¨¨.

6. ��…��’�� „…‚ˆ�–ˆˆ

“Î¨ÉÒ¢ Ö ¸É·Ê±ÉÊ·Ê µ¶¥· Éµ·  ±·¨¢¨§´Ò

R(ξ, u) = ∇ξ∇u −∇u∇ξ −∇$ξu = [∇ξ,∇u]−∇[ξ,u] , (122)

±µ³³ÊÉ Éµ· [∇w, R(ξ, u)] [w, ξ, u ∈ T (M)] ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

[∇w, R(ξ, u)] = [∇w,$Γ(ξ, u)] + [∇w, [∇ξ,∇u]]− [∇w, [$ξ,∇u]] , (123)

£¤¥

$Γ(ξ, u) = $ξ∇u −∇u$ξ −∇$ξu = [$ξ,∇u]−∇[ξ,u] . (124)

�¶¥· Éµ· $Γ(ξ, u) ¶µÖ¢²Ö¥É¸Ö §¤¥¸Ó ± ± ´µ¢Ò° µ¶¥· Éµ·, ¶µ¸É·µ¥´´Ò°
¸ ¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ¨ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö [33Ä36].

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ· $Γ(ξ, u) ´ §Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ ¤¥¢¨ Í¨¨. �´
¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ :
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1. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ËÊ´±Í¨Õ f :
[$Γ(ξ, u)] f = 0, f ∈ Cr(M), r ≥ 2.
2a. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ±µ´É· ¢ ·¨ ´É´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥:
[$Γ(ξ, u)] (fv) = f [$Γ(ξ, u)] v, ξ, u, v ∈ T (M),
[$Γ(ξ, u)]v = vβ [$Γ(ξ, u)]eβ = vj [$Γ(ξ, u)]∂j = uγvβ [$Γ(ξ, eγ)]eβ =

= ujvi[$Γ(ξ, ∂j)]∂i.
‘¢Ö§Ó ³¥¦¤Ê ¤¥°¸É¢¨Ö³¨ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ¨ µ¶¥· Éµ·  ±·¨¢¨§´Ò ´ 

¢¥±Éµ·´µ¥ ¶µ²¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

[$Γ(ξ, u)]v = [R(ξ, u)]v + [∇u∇v −∇∇uv]ξ−
−T (ξ,∇uv) +∇u[T (ξ, v)] .

(125)

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ [$Γ(ξ, ∂l)]∂k ¨³¥¥É ¢¨¤

[$Γ(ξ, ∂l)]∂k = [ξi ;k;l −Ri klj .ξj + (Tjk
i.ξj);l].∂i = ($ξΓ

i
kl).∂i , (126)

£¤¥

∇∂j [T (ξ, ∂i)]− T (ξ,∇∂j∂i) = (Tli
k.ξl);j .∂k .

‚¥²¨Î¨´  $ξΓ
i
kl ´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´-

´µ° ¸¢Ö§´µ¸É¨ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ. �´  ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  É ±¦¥ ¢
¢¨¤¥

$ξΓ
i
kl = ξi ,k,l + ξj .Γikl,j − ξi ,j .Γ

j
kl + ξj ,k.Γ

i
jl + ξj ,l.Γ

i
kj . (127)

‘ ¶µ³µÐÓÕ $ξΓ
i
kl ¢Ò· ¦¥´¨¥ ¤²Ö [$Γ(ξ, u)]v ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

[$Γ(ξ, u)]v = vk.ul.($ξΓ
i
kl).∂i =

= [ξi ;k;l.v
k.ul −Ri klj .vk.ul.ξj + (Tjk

i.ξj);l.v
k.ul].∂i .

(128)

�  ÔÉµ³ ¶ÊÉ¨ ¢Éµ·ÊÕ ±µ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ∇u∇vξ ¢¥±Éµ·´µ£µ ¶µ²Ö
ξ ³µ¦´µ § ¶¨¸ ÉÓ ¸ ¶µ³µÐÓÕ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨:

∇u∇vξ = ([R(u, ξ)]v) +∇ξ∇uv −$ξ(∇uv)−∇u[T (ξ, v)] + [$Γ(ξ, u)]v =

= ([R(u, ξ)]v) +∇ξ∇uv −∇u$ξv −∇$ξuv −∇u[T (ξ, v)] .
(129)

�·¨ v = u ¶µ¸²e¤´¥¥ Éµ¦¤¥¸É¢µ ´ §Ò¢ ¥É¸Ö µ¡µ¡Ð¥´´Ò³ Éµ¦¤¥¸É¢µ³
¤²Ö ¤¥¢¨ Í¨¨ [33]. �´µ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö  ´ ²¨§  Ê· ¢´¥´¨° ¤¥¢¨ Í¨¨ ¢
¶·µ¸É· ´¸É¢ Ì ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨ ³¥É·¨±µ° (Ln-¶·µ¸É· ´¸É¢ , Un-
¶·µ¸É· ´¸É¢  ¨ Vn-¶·µ¸É· ´¸É¢ ), £¤¥ Ê· ¢´¥´¨Ö ¤¥¢¨ Í¨¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¸
ÉµÎ±¨ §·¥´¨Ö ¨Ì ¸É·Ê±ÉÊ·Ò ¨ ·¥Ï¥´¨° [37Ä41], ¨ ¢ ± Î¥¸É¢¥ É¥µ·¥É¨Î¥¸±µ°
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µ¸´µ¢Ò ¤²Ö ¤¥É¥±Éµ·  £· ¢¨É Í¨µ´´ÒÌ ¢µ²´ ¢ (¶¸¥¢¤µ)·¨³ ´µ¢ÒÌ ¶·µ¸É· ´-
¸É¢ Ì ¡¥§ ±·ÊÎ¥´¨Ö (Vn-¶·µ¸É· ´¸É¢ ) [42Ä48]. “· ¢´¥´¨Ö ¤¥¢¨ Í¨¨ ‘¨´£  ¨
˜¨²¤  ¨ ¨Ì µ¡µ¡Ð¥´¨¥ ¤²Ö (Ln, g)-¶·µ¸É· ´¸É¢ · ¸¸³µÉ·¥´µ ¢ [28].

2¡. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥

[$Γ(ξ, u)]V = uγ .V A.[$Γ(ξ, eγ)]eA = uγ .V B.($ξΓ
A
Bγ).eA =

= −(SBα
Aβ .V B.$ξΓ

α
βγ .u

γ)eA , V ∈ ⊗k(M) ,
(130)

£¤¥

$ξΓ
A
Bγ = −SBα Aβ .$ξΓ

α
βγ ,

([$Γ(ξ, u)]eB) = ($ξΓ
A
Bγ).uγ .eA =

= −SBα Aβ .[ξα /β/γ −Rα βγδ.ξ
δ + (Tδβ

α.ξδ)/γ ].uγ .eA .

(131)

3. �¶¥· Éµ· ¤¥¢¨ Í¨¨ Ê¤µ¢²¥É¢µ·Ö¥É Éµ¦¤¥¸É¢Ê,  ´ ²µ£¨Î´µ³Ê Éµ¦¤¥¸É¢Ê
�¨ ´±¨ ¶¥·¢µ£µ É¨¶  ¤²Ö É¥´§µ·  ±·¨¢¨§´Ò:

〈[$Γ(ξ, u)]v〉 ≡ 〈(∇ξ∇u −∇∇ξu)v〉+ 〈T (T (ξ, u), v)〉−
−〈T (u,∇ξv)〉 , ξ, u, v ∈ T (M) ,

(132)

£¤¥

〈[$Γ(ξ, u)]v〉 = [$Γ(ξ, u)]v + [$Γ(v, ξ)]u + [$Γ(u, v)]ξ ,

〈(∇ξ∇u −∇∇ξu)v〉 = (∇ξ∇u −∇∇ξu)v + (∇v∇ξ −∇∇vξ)u+

+(∇u∇v −∇∇uv)ξ ,

〈T (u,∇ξv)〉 = T (u,∇ξv) + T (v,∇uξ) + T (ξ,∇vu) .

(133)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ÔÉµ Éµ¦¤¥¸É¢µ ¶·¨´¨³ ¥É ¢¨¤

($ξΓ
γ
αβ).vα.uβ + ($uΓγαβ).ξα.vβ + ($vΓ

γ
αβ).uα.ξβ ≡

≡ ξγ /α/β .v
α.uβ + uγ /α/β .ξ

α.vβ + vγ /α/β .u
α.ξβ+

+T〈αβ
κTκδ〉

γ .vα.ξβ .uδ−
−Tαβ γ .(uα.vβ /δ.ξ

δ + vα.ξβ /δ.u
δ + ξα.uβ /δ.v

δ) .

(134)

Šµ³³ÊÉ Éµ· µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¸ µ¶¥· Éµ·µ³
¤¥¢¨ Í¨¨ Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕÐ¥³Ê Éµ¦¤¥¸É¢Ê:

〈[∇w ,$Γ(ξ, u)]〉 ≡ 〈[∇w , [$ξ,∇u]]〉 − 〈R(w,$ξu)〉 , (135)
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£¤¥

〈[∇w,$Γ(ξ, u)]〉 = [∇w,$Γ(ξ, u)] + [∇u,$Γ(v, ξ)] + [∇ξ,$Γ(u, v)],

〈[∇w, [$ξ,∇u]]〉 = [∇w, [$ξ,∇u]] + [∇u, [$w,∇ξ]] + [∇ξ, [$u,∇w]] ,

〈R(w,$ξu)〉 = R(w,$ξu) +R(u,$wξ) +R(ξ,$uw) ,

ξ, u, w ∈ T (M).

4. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ±µ¢¥±Éµ·´Ò¥ ¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¥£µ
¸É·Ê±ÉÊ·µ° ¨ µ¸µ¡¥´´µ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³ ‹¨.

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥

[$Γ(ξ, eγ)]eα = $ξ∇eγ eα −∇eγ$ξe
α −∇$ξeγ e

α = ($ξP
α
βγ).eβ , (136)

£¤¥

$ξP
α
βγ = ξδ.eδP

α
βγ + Pαδγ .eβξ

δ + Pαδγ .(P
δ
βρ + Γδβρ + Cβρ

δ).ξρ −

−eγ(eβξ
α)− eγ [(Pαβρ + Γαβρ + Cβρ

α).ξρ]−

−P δβγ .[eδξα + (Pαδρ + Γαδρ + Cδρ
α).ξρ] +

+Pαβδ.(eγξ
δ − Cργ δ.ξρ) , (137)

eβξ
δ = fβ

σ.eσξ
κ.f δ κ , Γδβρ = f δ κ.fβ

σ.Γκσρ . (138)

‚Ò· ¦¥´¨¥ ¤²Ö $ξP
α
βγ ³µ¦´µ § ¶¨¸ ÉÓ É ±¦¥ ¢ ¢¨¤¥

$ξP
α
βγ = −Pα βγδ.ξδ − ξα /β/γ + Tβδ

α.ξδ /γ + Tβδ
α
/γ .ξ

δ . (139)

$ξP
α
βγ ´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ ±µ³¶µ´¥´É Pαβγ ±µ¢ ·¨ ´É´µ°  ËË¨´-

´µ° ¸¢Ö§´µ¸É¨ P ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.
‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: S = eϕ.C : fα β = eϕ.gαβ , f i j = eϕ.gij , fi

j =

e−ϕ.gji .

$ξP
i
jk = −P i jkl.ξl − ξi ;j;k + Tjl

i.ξl ;k + Tjl
i

;k.ξ
l . (140)

�·µ¨§¢µ¤´ Ö ‹¨ ±µ³¶µ´¥´É ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P ³µ¦¥É
¡ÒÉÓ ¶µ²¥§´µ° ¶·¨ ¨§ÊÎ¥´¨¨ Ê· ¢´¥´¨° ¤¥¢¨ Í¨¨ ¤²Ö ±µ¢¥±Éµ·´ÒÌ ¶µ²¥°.
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7. ���„�‹†…��›‰ Š�‚��ˆ��’�›‰ „ˆ””…�…�–ˆ�‹œ�›‰
��…��’��. ���„�‹†…���Ÿ ���ˆ‡‚�„��Ÿ

…¸²¨ Γijk Ö¢²ÖÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ-

¸É¨, Γ ¨ P ijk Å ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P ¢ §a¤ ´-

´µ³ (§¤¥¸Ó ±µµ·¤¨´ É´µ³) ¡ §¨¸¥ ¢ (Ln, g)-¶·µ¸É· ´¸É¢¥, Éµ Γ i
jk ¨ P i

jk Ö¢²Ö-
ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ (¢ Éµ³ ¦¥ ¸ ³µ³ ¡ §¨¸¥) ´µ¢µ° ±µ´É· ¢ ·¨ ´É´µ°  Ë-
Ë¨´´µ° ¸¢Ö§´µ¸É¨ Γ ¨ ´µ¢µ° ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P ¸µµÉ¢¥É-
¸É¢¥´´µ:

Γ i
jk = Γijk −A i

jk , P i
jk = P ijk −B i

jk ,

A = A i
jk.∂i ⊗ dxj ⊗ dxk, B = B i

jk.∂i ⊗ dxj ⊗ dxk, A ,B ∈ ⊗1
2(M).

Γ ¨ P coµÉ¢¥É¸É¢ÊÕÉ ´µ¢µ³Ê (¶·µ¤µ²¦¥´´µ³Ê ¶µ µÉ´µÏ¥´¨Õ ± ∇u,
u ∈ T (M)) ±µ¢ ·¨ ´É´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê µ¶¥· Éµ·Ê e∇u:

e∇∂k∂j = Γ i
jk.∂i,

e∇eβeα = Γ
γ

αβ .eγ ,

e∇∂kdxi = P i
jk.dx

j , e∇eγ eα = P
α

βγ .e
β,

c É¥³¨ ¦¥ ¸¢µ°¸É¢ ³¨, ÎÉµ ¨ ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ∇u.
…¸²¨ ¢Ò¡· ÉÓ É¥´§µ·Ò A ¨ B ¸ µ¶·¥¤¥²¥´´Ò³¨ § · ´¥¥ ¸¢µ°¸É¢ ³¨, Éµ

³µ¦´µ ´ °É¨ Γ ¨ P ¸ § · ´¥¥ § ¤ ´´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨. � ¶·¨³¥·, ³µ¦´µ
´ °É¨ ¸¢Ö§´µ¸ÉÓ P , ¤²Ö ±µÉµ·µ° e∇ug = 0, ∀u ∈ T (M), g ∈ ⊗2(M), ÌoÉÖ
∇ug 6= 0 ¤²Ö ±µ¢ ·¨ ´É´µ° aËË¨´´µ° c¢Ö§´µ¸É¨ P . ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, A i

jk

¨ B i
jk ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£µ³ ´  µ¸´µ¢¥ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê

µ¶¥· Éµ· ³¨ e∇u ¨ ∇u ¸ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S. ˆ§

∇u ◦ S = S ◦ ∇u, e∇u ◦ S = S ◦ e∇u,

¶µ²ÊÎ ¥³

(S ◦ e∇∂k)(∂j ⊗ dxi) = Γ l
jk.f

i
l −A l

jk.f
i
l + P i

lk.f
l
j −B i

lk.f
l
j ,

(e∇∂k ◦ S)(∂j ⊗ dxi) = e∇∂k(S(∂j ⊗ dxi)) = e∇∂k(f i j) = ∂k(f i j) = f i j,k.

‘²¥¤µ¢ É¥²Ó´µ,

f i j,k = Γ l
jk.f

i
l −A l

jk.f
i
l + P i

lk.f
l
j −B i

lk.f
l
j .

’ ± ± ± · ¢¥´¸É¢µ (∇∂k ◦ S)(∂j ⊗ dxi) = (S ◦∇∂k)(∂j ⊗ dxi) ¶·¨¢µ¤¨É ±
µÉ´µÏ¥´¨Õ f i j,k = Γ l

jk.f
i
l + P i

lk.f
l
j , Éµ ³Ò ¶µ²ÊÎ ¥³ ¸¢Ö§Ó ³¥¦¤Ê A i

jk ¨

B i
jk ¢ ¢¨¤¥ A l

jk.f
i
l +B i

lk.f
l
j = 0.
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‘²¥¤µ¢ É¥²Ó´µ, B i
jk = −A l

mk.f
i
l.fj

m = −A i
jk ¨ A i

jk =

= −Bm
lk.f

l
j .fm

i = −B i
jk.

ŒÒ ³µ¦¥³ § ¶¨¸ ÉÓ e∇∂k ¢ ¢¨¤¥ e∇∂k = ∇∂k − A∂k , £¤¥ A∂k =
= A i

jk.∂i ⊗ dxj .
�¶¥· Éµ· e∇u ³µ¦´µ É ±¦¥ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ e∇u = ∇u − Au, £¤¥ Au =

= A i
jk.u

k.∂i ⊗ dxj .
‡¤¥¸Ó Au ¶µÖ¢²Ö¥É¸Ö ±a± ¸³¥Ï ´´µ¥ É¥´§µ·´µ¥ ¶o²¥ ¢Éµ·µ£µ · ´£ ; ´µ µ´µ

¤¥°¸É¢Ê¥É ´  É¥´§µ·´Ò¥ ¶µ²Ö ±a± ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·,
¶µÉµ³Ê ÎÉµ µ¶¥· Éµ· e∇u µ¶·¥¤¥²¥´ ±a± ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· ¸ É¥³¨ ¦¥ ¸¢µ°¸É¢ ³¨, ± ±¨¥ ¨³¥¥É ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò° µ¶¥· Éµ· ∇u.

„¥Ë¨´¨Í¨Ö. �·µ¤µ²¦¥´´Ò° ± ∇u ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥-
· Éµ·. ‹¨´¥°´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ· e∇u : v → e∇uv = ṽ,
v, ṽ ∈ ⊗k l(M), ¸µ ¸¢µ°¸É¢ ³¨ ∇u.

ˆ§ ¸¢µ°¸É¢ o¶¥· Éµ·µ¢ e∇u ¨ ∇u ¸²¥¤ÊÕÉ ¸¢µ°¸É¢  µ¶¥· Éµ·  Au:

Au : v → Auv , u ∈ T (M) , v,Auv ∈ ⊗k l(M) .

a) Au(v + w) = Auv +Auw, v, w ∈ ⊗k l(M).
b) Au(f.v) = f.Auv, f ∈ Cr(M).
c) Au+ vw = Auw + Avw.

d) Af.uv = f.Auv.

e) Auf = 0.
f) Au(v ⊗ w) = Auv ⊗ w + v ⊗ Auw, v ∈ ⊗k l(M), w ∈ ⊗m r(M).
g) Au ◦S = S ◦Au (±µ³³ÊÉ Í¨µ´´µ¥ ¸µµÉ´µÏ¥´¨¥ ¸ µ¶¥· Éµ·µ³ ¸¢e·É±¨

S).
‚¸¥ ¸¢µ°¸É¢  µ¶¥· Éµ·  Au µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ o¶¥p Éµ·µ¢ e∇u ¨

∇u, ¢Ò¸ÉÊ¶ ÕÐ¨Ì §¤¥¸Ó ¢ ¢¨¤¥ Ìµ·µÏµ µ¶·¥¤¥²¥´´ÒÌ ±µ¢ ·¨ ´É´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢. „¥°¸É¢¨É¥²Ó´µ, Au ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±a± Au =
= ∇u − e∇u. …¸²¨ Au ¥¸ÉÓ §a¤ ´´µ¥ ¸³¥Ï ´´µ¥ É¥´§µ·´µ¥ ¶µ²¥, Éµ e∇u
³µ¦´µ ¶µ¸É·µ¨ÉÓ ¥¤¨´¸É¢¥´´Ò³ µ¡· §µ³.

�  µ¸´µ¢¥ ¨§²µ¦¥´´ÒÌ ¢ÒÏ¥ ¸Ê¦¤¥´¨° ³Ò ³µ¦¥³ ¸Ëµ·³Ê²¨·µ¢ ÉÓ c²¥-
¤ÊÕÐ¥¥ ¶·¥¤²µ¦¥´¨¥.

�·¥¤²µ¦¥´¨¥. Š ¦¤µ³Ê ±o¢ ·¨ ´É´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê o¶¥· Éµ·Ê
∇u ¨ § ¤ ´´µ³Ê É¥´§µ·´µ³Ê ¶µ²Õ Au ∈ ⊗1

1(M), ¤¥°¸É¢ÊÕÐ¥³Ê ± ± ±µ¢ ·¨-
 ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ´  É¥´§µ·´µ¥ ¶µ²¥ ¢ (Ln, g)-¶·µ¸É· ´-
¸É¢¥, coµÉ¢¥É¸É¢Ê¥É ¶·µ¤µ²¦¥´´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥-
· Éµ· e∇u = ∇u −Au.

�¶¥· Éµ· Au, ¢ ¸µ£² ¸¨¨ ¸µ ¸¢µ°¸É¢µ³ (c): Au+ v = Au + Av, ¤µ²-
¦¥´ ¡ÒÉÓ ²¨´¥°´Ò³ µÉ´µ¸¨É¥²Ó´µ  ·£Ê³¥´É  u. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, Au, ¡Ê-
¤ÊÎ¨ ¸³¥Ï ´´Ò³ É¥´§µ·´Ò³ ¶µ²¥³ ¢Éµ·µ£µ · ´£ , ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´,
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yÎ¨ÉÒ¢ Ö ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¢ (Ln, g)-¶·µ¸É· ´¸É¢¥ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ -
·¨ ´É´µ° ³¥É·¨± g ¨ g ¸µµÉ¢¥É¸É¢¥´´µ, ¢ ¢¨¤¥ Au = g(Au), £¤¥ Au ¥¸ÉÓ
±µ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥ ¢Éµ·µ£µ · ´£ , ¶µ¸É·µ¥´´µ¥ ¸ ¶o³µÐÓÕ É¥´§µ·-
´µ£µ ¶µ²Ö C ¨ ¢¥±Éµ·´µ£µ ¶µ²Ö u É ±¨³ µ¡· §µ³, ÎÉµ Au ²¨´¥°´µ § ¢¨¸¨É
oÉ u. ‚µ ¢¸Ö±µ³ ¸²ÊÎ ¥, ¨³¥ÕÉ¸Ö É·¨ ¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¨ÉÓ ±µ¢ ·¨ ´É´µ¥
É¥´§µ·´µ¥ ¶µ²¥ ¢Éµ·µ£µ · ´£  Au, ²¨´¥°´µ § ¢¨¸ÖÐ¥¥ oÉ  ·£Ê³¥´É  u, É.e.
Au = C(u) = Cij(u).dxi ⊗ dxj , £¤¥

1. Au = C(u) = A(u) = Aijk .u
k.dxi ⊗ dxj , A = Aijk .dx

i ⊗ dxj ⊗ dxk ∈
⊗3(M), u ∈ T (M).

2. Au = C(u) = ∇uB = Bij;k.u
k.dxi⊗ dxj , B = Bij .dx

i⊗ dxj ∈ ⊗2(M),
u ∈ T (M).

3. Au = C(u) = A(u) +∇uB, A(u) = Aijk .u
k.dxi ⊗ dxj , A = Aijk.dx

i ⊗
dxj ⊗ dxk ∈ ⊗3(M), u ∈ T (M); ∇uB = Bij;k.u

k.dxi ⊗ dxj , B = Bij .dx
i ⊗

dxj ∈ ⊗2(M), u ∈ T (M).
�·µ¤µ²¦¥´´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËËe·¥´Í¨ ²Ó´Ò° o¶¥· Éµ· e∇u =

= ∇u−Au ³µ¦¥É Ê¤µ¢²¥É¢µ·ÖÉÓ ¤µ¡ ¢µÎ´Ò³ Ê¸²µ¢¨Ö³, µ¶·¥¤¥²ÖÕÐ¨³ ¸É·Ê±-
ÉÊ·Ê ¸³¥Ï ´´µ£µ É¥´§o·´µ£µ ¶µ²Ö Au (¤¥°¸É¢ÊÕÐ¥£µ ´  É¥´§µ·´Ò¥ ¶µ²Ö ± ±
±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·). Œµ¦´µ ¶·¥¤ÑÖ¢¨ÉÓ Ê¸²µ¢¨Ö ±
µ¶¥· Éµ·Ê e∇u, ¶·¨¢µ¤ÖÐ¨¥ ± µ¶·¥¤¥²¥´´Ò³ ¸¢µ°¸É¢ ³ É¥´§µ·´µ£µ ¶µ²Ö Au,
¨, ´aµ¡µ·µÉ, ³µ¦´µ ¶·¥¤ÑÖ¢¨ÉÓ Ê¸²µ¢¨Ö ± É¥´§µ·´µ³Ê ¶µ²Õ Au, ¶·¨¢µ¤ÖÐ¨¥
± o¶·¥¤¥²¥´´Ò³ ¸¢µ°¸É¢ ³ µ¶¥· Éµ·  e∇u.

8. Œ…’�ˆŠˆ

�µ´ÖÉ¨¥ µ¶¥· Éµ·  ¸¢¥·É±¨ ¡Ò²µ ¢¢¥¤¥´µ ¸ Ê¸²µ¢¨¥³, ÎÉµ µ´ ¤¥°¸É¢Ê¥É
´  ¤¢  ¢¥±Éµ· , ¶·¨´ ¤²¥¦ Ð¨Ì ¤¢Ê³ · §²¨Î´Ò³ ¢¥±Éµ·´Ò³ ¶·µ¸É· ´¸É¢ ³
µ¤¨´ ±µ¢µ° · §³¥·´µ¸É¨, ¶·¨²µ¦¥´´Ò³ ± ÉµÎ±¥ ¤¨ËË¥·¥´Í¨·Ê¥³µ£µ ³´µ£µ-
µ¡· §¨Ö M , ¨ ¸µ¶µ¸É ¢²Ö¥É ¨³ ËÊ´±Í¨Õ ´  M . …¸²¨ ¦¥ µ¶¥· Éµ· ¸¢¥·É±¨
¤¥°¸É¢Ê¥É ´  ¤¢  ¢¥±Éµ· , ¶·¨´ ¤²¥¦ Ð¨Ì µ¤´µ³Ê ¨ Éµ³Ê ¦¥ ¢¥±Éµ·´µ³Ê ¶·µ-
¸É· ´¸É¢Ê, Éµ É ±µ° o¶¥· Éµ· ¸¢Ö§ ´ ¸ ¶µ´ÖÉ¨¥³ ³¥É·¨±¨.

„¥Ë¨´¨Í¨Ö. Œ¥É·¨± . �¶¥· Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢ÊÕÐ¨° ´  ¤¢  ¢¥±Éµ· 
µ¤´µ£µ ¨ Éµ£µ ¦¥ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  ¨ µÉµ¡· ¦ ÕÐ¨° ¨Ì ´  Ô²¥³¥´É
¶µ²Ö F (R ¨²¨ C ).

„¥Ë¨´¨Í¨Ö. Œ¥É·¨±  ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ M . �¶¥· -
Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢ÊÕÐ¨° ´  ¤¢  ¢¥±Éµ·´ÒÌ ¶µ²Ö, ÎÓ¨ ¢¥±Éµ·Ò ¢ ± ¦¤µ°
§ ¤ ´´µ° ÉoÎ±¥ x ∈M ¶·¨´ ¤²¥¦ É µ¤´µ³Ê ¨ Éµ³Ê ¦¥ ¢¥±Éµ·´µ³Ê ¶·µ¸É· ´-
¸É¢Ê, É.e. S : (u, v)→ S(u, v) ∈ Cr(M), ux, vx ∈ Nx(M).

8.1. Šµ¢ ·¨ ´É´ Ö ³¥É·¨± 
„¥Ë¨´¨Í¨Ö. Šµ¢ ·¨ ´É´ Ö ³¥É·¨± . �¶¥· Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢ÊÕÐ¨°

´  ¤¢  (±µ´É· ¢ ·¨ ´É´ÒÌ) ¢¥±Éµ·´ÒÌ ¶µ²Ö ´  ³´µ£µµ¡· §¨¨ M , ÎÓ¥ ¤¥°¸É¢¨¥
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µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ ¤¥°¸É¢¨¥³ ±µ¢ ·¨ ´É´µ£µ ¸¨³³¥É·¨Î´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
· ´£  ¤¢  ´  ¤¢ÊÌ ¢¥±Éµ·´ÒÌ ¶µ²ÖÌ, É.e.

S(u, v) ≡ g(u, v) := S(g, q) = S(g, u⊗ v) = S(g ⊗ (u⊗ v)) , q = u⊗ v.
(141)

’¥´§µ· g = gαβ .e
α.eβ = gij .dx

i.dxj ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥-
¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ (±µ¢ ·¨ ´É´µ° ³¥É·¨±µ°), ¨ g(x) = gx ∈ ⊗2/x(M)
´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ (±µ¢ ·¨ ´É´µ° ³¥É·¨±µ°)
¢ ÉµÎ±¥ x ∈M .

a) „¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ ´  ¤¢  ¢¥±Éµ·´ÒÌ ¶µ²Ö ¢ ±µµ·¤¨´ É-
´µ³ ¡ §¨¸¥

g(u, v) = gkl.f
k
i.f

l
j .u

i.vj = giju
i.vj = gkl.u

k.vl = ul.v
l = uj .v

j ,

gij = fk i.f
l
j .gkl , uk = fk i.u

i,

uj = gij .u
i, ul = gkl.u

k = gkl.u
k. (142)

‡ ³¥Î ´¨¥. g(u, v) ´ §Ò¢ ¥É¸Ö É ±¦¥ ¸± ²Ö·´Ò³ ¶·µ¨§¢¥¤¥´¨¥³ ¢¥±Éµ·-
´ÒÌ ¶µ²¥° u ¨ v ´  ³´µ£µµ¡· §¨¨ M . Šµ£¤  v = u, Éµ

g(u, u) = gαβ .u
α.uβ = gαβ.u

α.uβ = uα.u
α = uα.u

α = (143)

:= u2 = ± | u |2:= ± l2u, (144)

¨ g(u, u) = u2 = ± l2u ´ §Ò¢ ¥É¸Ö É ±¦¥ ±¢ ¤· Éµ³ ¤²¨´Ò ¢¥±Éµ·´µ£µ ¶µ²Ö
u.

b) „¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ ´  ¢¥±Éµ·´µ¥ ¶µ²¥ u ³µ¦´µ µ¶·¥-
¤¥²¨ÉÓ ¸ ¶µ³µÐÓÕ µ¶¥· Éµ·  ¸¢¥·É±¨ S ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

g(u) := Sjk(g, u) = Sj k(gij .dx
i.dxj , uk.∂k) =

= gij .u
k.Sj k(dxi.dxj , ∂k) = gij .u

k.f j k.dx
i =

= gik.u
k.dxi = gij .u

j .dxi = u(g), gik = gij .f
j
k . (145)

‡ ³¥Î ´¨¥. Š· É±µ¥ µ¡µ§´ Î¥´¨¥ u(g) Ô±¢¨¢ ²¥´É´µ  ¡¡·¥¢¨ ÉÊ·¥
(u)(g) := S(u, g). �Éµ ´¥ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö
¢¥±Éµ·´µ£µ ¶µ²Ö u ´  g. ’ ±µ¥ ¤¥°¸É¢¨¥ u ´  g (¶µ± ) ´¥ o¶·¥¤¥²¥´µ.

„¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ g ´  ¢¥±Éµ·´µ¥ ¶µ²¥ u, · ¸¸³ É·¨¢ ¥³µ¥
¢ ¨´¤¥±¸´µ° Ëµ·³¥ (¢ § ¤ ´´µ³ ¡ §¨¸¥), ´ §Ò¢ ¥É¸Ö o¶Ê¸± ´¨¥³ ¨´¤¥±¸µ¢ ¸
¶µ³µÐÓÕ g. ‚ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö g ´  ¢¥±Éµ· u ∈ T (M) ¶µ²ÊÎ ¥É¸Ö ±µ-
¢¥±Éµ·´µ¥ ¶µ²¥ g(u) ∈ T ∗(M). �  µ¸´µ¢ ´¨¨ ÔÉµ£µ g ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±a±
²¨´¥°´µ¥ µÉµ¡· ¦¥´¨¥ (o¶¥· Éµ·), ±µÉµ·µ¥ µÉµ¡· ¦ ¥É ± ¦¤Ò° Ô²¥³¥´É ¨§
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T (M) ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Ô²¥³¥´É ¨§ T ∗(M), É.e. g : u → g(u) ∈ T ∗(M),
u ∈ T (M).

Šo¢a·¨ ´É´ Ö ¸¨³³¥É·¨Î´ Ö aËË¨´´ Ö c¢Ö§´µ¸ÉÓ. ‚ ´¥±µµ·¤¨´ É´µ³
¡ §¨¸¥ ±µ¢ ·¨ ´É´ Ö aËË¨´´ Ö c¢Ö§´o¸ÉÓ P ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

P γαβ = P γ
αβ +

1

2
.U γ
αβ , (146)

£¤¥

P γ
αβ =

1

2
(P γαβ + P γβα + Cαβ

γ) ,

U γ
αβ = P γαβ − P

γ
βα − Cαβ γ = −U γ

βα . (147)

Šµ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° µÉ ±µ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ
É¥´§µ·´µ£µ ¶µ²Ö g ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î-
´µ° aËË¨´´µ° c¢Ö§´µ¸É¨. …¸²¨

gαβ;γ = eγgαβ + P
δ

αγ .gδβ + P
δ

βγ .gαδ (148)

¥¸ÉÓ ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ±µ³¶µ´¥´É gαβ ±µ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ
É¥´§µ·  g ¶µ µÉ´µÏ¥´¨Õ ± ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ° aËË¨´´µ° c¢Ö§´µ¸É¨
P ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥, Éµ

gαβ/γ = gαβ;γ +
1

2
(U δ

αγ .gδβ + U δ
βγ .gαδ) . (149)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ±µ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ°

¸¢Ö§´µ¸É¨ P
δ

αβ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

gδγ .P
δ

αβ = −{αβ, γ}+Kαβγ + Cαβγ +
1

2
(gδα.U

δ
βγ + gδβ.U

δ
αγ ) =

= −{αβ, γ}+ Cαβγ +
1

2
(gαγ;β + gβγ;α − gαβ;γ) , (150)

£¤¥

{αβ, γ} =
1

2
(eαgβγ + eβgαγ − eγgαβ) ,

Kαβγ =
1

2
(gαγ/β + gβγ/α − gαβ/γ) ,

Cαβγ =
1

2
(gδα.Cβγ

δ + gδβ .Cαγ
δ + gδγ .Cαβ

δ) . (151)

‘ ¶µ³µÐÓÕ ¶µ¸²¥¤´¨Ì ¢Ò· ¦¥´¨° P γαβ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

gδγ .P
δ
αβ = −{αβ, γ}+Kαβγ + Uαβγ + Cαβγ , (152)
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£¤¥

Uαβγ =
1

2
(gδα.U

δ
βγ + gδβ .U

δ
αγ + gδγ .U

δ
αβ) . (153)

‚ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  ´ ±² ¤Ò¢ ¥É¸Ö Ê¸²µ¢¨¥ gαβ;γ = 0, ³µ¦´µ
¤o± § ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤²µ¦¥´¨¥.

�·¥¤²µ¦¥´¨¥. �¥µ¡Ìµ¤¨³Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¤²Ö gαβ;γ = 0
Ö¢²Ö¥É¸Ö Ê¸²µ¢¨¥

gδγ .P
δ
αβ = −{αβ, γ}+ Cαβγ . (154)

„µ± § É¥²Ó¸É¢µ ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É ¨§ (150).
‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö µÉ ±o³¶µ´¥´É gij  ´ -

²µ£¨Î´Ò³ µ¡· §µ³ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¸ ¶µ³µÐÓÕ ±o³¶µ´¥´É P ijk ±µ-
¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

gij;k = gij,k + P l
ik.glj + P l

jk.gil +
1

2
(U lik.glj + U ljk.gil) =

= gij/k +
1

2
(U lik.glj + U ljk.gil) , (155)

£¤e

gij/k = gij,k + P l
ik.glj + P l

jk.gil . (156)

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´ÊÕ ³¥É·¨±Ê.
‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ $ξg ¶·¨´¨³ ¥É ¢¨¤

$ξg = ($ξgij).dx
i.dxj =

= [gij;k.ξ
k + gkj .ξ

k
;i + gik.ξ

k
;j + (gkj .T

k
li + gik.T

k
lj ).ξl].dxi.dxj . (157)

‘²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö É ±¦¥ ¢Ò¶µ²´ÖÕÉ¸Ö:

$ξ[g(u, v)] = ξ[g(u, v)] = ($ξg)(u, v) + g($ξu, v) + g(u,$ξv),

$ξ[g(u)] = ($ξg)(u) + g($ξu), ξ, u, v ∈ T (M). (158)

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´ §Ò¢ ¥É¸Ö ¸³¥Ð¥´¨¥³ ¢¤µ²Ó
¢¥±Éµ·´µ£µ ¶µ²Ö. �  µ¸´µ¢¥ É ±¨Ì ¸³¥Ð¥´¨° ³¥É·¨Î¥¸±µ£µ É¥´§µ·´µ£µ ¶µ²Ö g
³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¶µ´ÖÉ¨Ö ¶·µ¨§¢µ²Ó´µ£µ (´¥³¥É·¨Î¥¸±µ£µ) ¸³¥Ð¥´¨Ö ¢¤µ²Ó,
±¢ §¨¶·µ¥±É¨¢´µ£µ ¸³¥Ð¥´¨Ö ¢¤µ²Ó, ±µ´Ëµ·³´Ò¥ ¤¢¨¦¥´¨Ö ¨ (¶·µ¸Éµ) ¤¢¨-
¦¥´¨Ö ¨ · ¸¸³oÉ·¥ÉÓ ¨Ì a´a²µ£¨Î´µ ¢ (Ln, g)-¶·µ¸É· ´¸É¢ Ì. ‡¤¥¸Ó ³Ò Éµ²Ó±µ
o¶·¥¤¥²¨³ · §²¨Î´Ò¥ É¨¶Ò É ±¨Ì ¸³¥Ð¥´¨°.



1248 Œ���‚ ‘.

1. �·µ¨§¢µ²Ó´Ò¥ (´¥³¥É·¨Î¥¸±¨¥) ¸³¥Ð¥´¨Ö ¢¤µ²Ó:

$ξg = qξ, ∀ξ ∈ T (M), qξ ∈ ⊗sym2(M).

2. Š¢ §¨¶·µ¥±É¨¢´Ò¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó:

$ξg =
1

2
[p⊗ g(ξ) + g(ξ)⊗ p] , ξ ∈ T (M), p ∈ T ∗(M).

3. Šµ´Ëµ·³´µ-¨´¢ ·¨ ´É´Ò¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó (±µ´Ëµ·³´Ò¥ ¤¢¨¦¥´¨Ö) :

$ξg = λ.g, λ ∈ Cr(M) , ξ ∈ T (M).

4. ˆ§µ³¥É·¨Î¥¸±¨¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó (¤¢¨¦¥´¨Ö):

$ξg = 0, ξ ∈ T (M).

„²Ö ¢¸¥Ì É¨¶µ¢ ¸³¥Ð¥´¨° ¢¤µ²Ó ³µ¦´µ ´ °É¨ ¨§³¥´¥´¨Ö ¸± ²Ö·´µ£µ
¶·µ¨§¢¥¤¥´¨Ö ¤¢ÊÌ ±µ´É· ¢ ·¨ ´É´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°, É ± ¦¥, ± ± ¨ ¨§-
³¥´¥´¨Ö ¤²¨´Ò É¥Ì ¦¥ ¶µ²¥°, ¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¨Ì  ´ ²µ£¨Î´µ ± ± ¢ (Ln, g)-
¶·µ¸É· ´¸É¢ Ì.

8.2. Šo¢ ·¨ ´É´ Ö ¶·µ¥±É¨¢´ Ö ³¥É·¨± . …¸²¨ §a¤ ´µ ±µ¢ ·¨ ´É´µ¥ ³¥-
É·¨Î¥¸±µ¥ ¶µ²¥ g ¨ ¸ÊÐ¥¸É¢Ê¥É ¢¥±Éµ·´µ¥ ¶µ²¥ u, ±¢ ¤· É ¤²¨´Ò ±µÉo·µ£µ
g(u, u) = e 6= 0, Éµ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ±o¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥, o·-
Éµ£µ´ ²Ó´µ¥ ¢¥±Éµ·´µ³Ê ¶µ²Õ u. �´µ o¡² ¤ ¥É ¸¢µ°¸É¢ ³¨, a´ ²µ£¨Î´Ò³¨
¸¢o°¸É¢ ³ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö g ¶·¨ ¤¥°¸É¢¨¨ ´  ¢¥±Éµ·´Ò¥ ¶µ²Ö
¢ ± ¦¤µ³ o·Éµ£µ´ ²Ó´µ³ ± u(x) = ux ∈ Tx(M) ¶µ¤¶·µ¸É· ´¸É¢¥ T⊥ux (M) ¢
Tx(M), £¤¥ (T⊥ux (M) = {ξx} : gx(ξx, ux) = 0), gx ∈ ⊗sym2/x(M).

„¥Ë¨´¨Í¨Ö. Šo¢ ·¨ ´É´ Ö ¶·µ¥±É¨¢´ Ö ³¥É·¨± . Šµ¢ ·¨ ´É´ Ö ³¥-
É·¨± , o·Éµ£µ£µ´ ²Ó´ Ö ± § ¤ ´´µ³Ê ´¥¨§µÉ·µ¶´µ³Ê (´¥´Ê²¥¢µ³Ê) ¢¥±Éµ·´µ³Ê
¶µ²Õ u [e = g(u, u) 6= 0], É.e. ±o¢ ·¨ ´É´ Ö ³¥É·¨±  hu, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö
Ê¸²µ¢¨Õ hu(u) = u(hu) = 0 ¨ ¶µ¸É·µ¥´´ Ö ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨
g ¨ u ¢ ¢¨¤¥

hu = g − 1

g(u, u)
.g(u)⊗ g(u) = g − 1

e
.g(u)⊗ g(u) . (159)

‘¢µ°¸É¢  ±µ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±¨ ¸²¥¤ÊÕÉ ¨§ ¥¥ ¶µ¸É·µ¥´¨Ö
¨ ¨§ ¸¢µ°¸É¢ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ g:

a) hu(u) = u(hu) = 0, [g(u)](u) = g(u, u) = e.
b) hu(u, u) = 0.
c) hu(u, v) = hu(v, u) = 0, ∀v ∈ T (M).
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8.3. Šµ´É· ¢ ·¨ ´É´ Ö ³¥É·¨± 
„¥Ë¨´¨Í¨Ö. Šµ´É· ¢ ·¨ ´É´ Ö ³¥É·¨± . �¶¥· Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢Ê-

ÕÐ¨° ´  ¤¢  ±o¢¥±Éµ·´ÒÌ ¶µ²Ö ´a ³´µ£µµ¡· §¨¨ M , ÎÓ¥ ¤¥°¸É¢¨¥ µÉµ¦¤¥-
¸É¢²Ö¥É¸Ö ¸ ¤¥°¸É¢¨¥³ ±µ´É· ¢ ·¨ ´É´µ£µ ¸¨³³¥É·¨Î´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
· ´£  2 ´  ¢¥±Éµ·´Ò¥ ¶µ²Ö, É.¥.

S(p, q) ≡ g(p, q) := S(g, w) := S(g, p⊗ q) = S(g ⊗ (p⊗ q)) , w = p⊗ q .

’¥´§µ·´µ¥ ¶µ²¥ g = gαβ .eα.eβ = gij .∂i.∂j ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É-
´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ (±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±µ°). g(x) =
= gx ∈ ⊗2

x(M) ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ ¢
ÉµÎ±¥ x ∈M .

‘¢µ°¸É¢  ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ µ¶¥· Éµ· 
¸¢¥·É±¨ ¨ µÉµ¦¤¥¸É¢²¥´¨¥³ ¥£µ ¸ ±µ´É· ¢ ·¨ ´É´Ò³ ¸¨³³¥É·¨Î´Ò³ É¥´§µ·-
´Ò³ ¶µ²¥³ · ´£  2. �  ÔÉµ³ µ¸´µ¢ ´¨¨ ³µ¦´µ ¤µ± § ÉÓ c²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ .

a) „¥°¸É¢¨¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ ´  ¤¢  ±µ¢ ·¨ ´É´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²Ö ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥

g(p, q) = gkl.f i k.f
j
l.pi.qj = gij .pi.qj = gkl.pk.ql = pj .qj = pk.q

k ,

pk = f i k.pi , ql = f j l.qj , pj = gji.pi .

(Šµ£¤  q = p, Éµ g(p, p) = p2 = ± | p |2 ´ §Ò¢ ¥É¸Ö ±¢ ¤· Éµ³ ¤²¨´Ò
±µ¢¥±Éµ·´µ£µ ¶µ²Ö p.)

b) „¥°¸É¢¨¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ g ´  ±µ¢ ·¨ ´É´µ¥ ¢¥±Éµ·´µ¥
¶µ²¥

g(p) = p(g) = gij .pk.f
k
j .∂i = gij .pj.∂i = gik.pk.∂i = pi.∂i ,

gik = gil.fk l , pi = gij .pj = gij .pj .

„¥°¸É¢¨¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ g ´  ±µ¢¥±Éµ·´µ¥ ¶µ²¥ p ¢ § ¤ ´-
´µ³ ¡ §¨¸¥ ´ §Ò¢ ¥É¸Ö ¶µ¤´ÖÉ¨¥³ ¨´¤¥±¸µ¢ ¸ ¶µ³µÐÓÕ ±µ´É· ¢ ·¨ ´É´µ°
³¥É·¨±¨. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ ¤¥°¸É¢¨Ö ¶µ²ÊÎ ¥É¸Ö ¢¥±Éµ·´µ¥ ¶µ²¥ g(p). � 
ÔÉµ³ µ¸´µ¢ ´¨¨ g ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±a± ²¨´¥°´µ¥ µÉµ¡· ¦¥´¨¥ (o¶¥· Éµ·),
±µÉµ·µ¥ µÉµ¡· ¦ ¥É Ô²¥³¥´É ¨§ T ∗(M) ¢ Ô²¥³¥´É ¨§ T (M):

g : p→ g(p) ∈ T (M) , p ∈ T ∗(M) .

‘¢Ö§Ó ³¥¦¤Ê ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ° ³¥É·¨± ³¨ ³µ¦´µ µ¶·¥-
¤¥²¨ÉÓ ¸µ£² ¸´µ Ê¸²µ¢¨Ö³

g[g(u)] = u , u ∈ T (M) , g[g(p)] = p , p ∈ T ∗(M) . (160)
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‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ÔÉ¨ Ê¸²µ¢¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

gij .gjk = gik , gij .g
jk = gki . (161)

ˆ§ ¶µ¸²¥¤´¨Ì ¢Ò· ¦¥´¨° ¸²¥¤Ê¥É, ÎÉµ

g[g] = gijg
ij = n , g[g] = gij .gij = n , dimM = n . (162)

Šµ´É· ¢ ·¨ ´É´ Ö ¸¨³³¥É·¨Î´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. ˆ§ ¶·¥µ¡· §µ-
¢ ´¨° ±µ³¶µ´¥´É ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¸²¥¤Ê¥É, ÎÉµ ¢¥²¨-
Î¨´Ò

1

2
(Γγαβ + Γγβα − Cαβ γ) ¨²¨

1

2
(Γkij + Γkji)

¶·¥µ¡· §ÊÕÉ¸Ö É ±¨³ ¦¥ µ¡· §µ³ ¨ ¸ ³¨ ¸µ¸É ¢²ÖÕÉ ±µ´É· ¢ ·¨ ´É´ÊÕ  Ë-
Ë¨´´ÊÕ ¸¢Ö§´µ¸ÉÓ. �ÉµÉ Ë ±É µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö ±µ´-
É· ¢ ·¨ ´É´µ° aËË¨´´µ° c¢Ö§´µ¸É¨ Î¥·¥§ ¥¥ ¸¨³³¥É·¨Î´ÊÕ ¨ a´É¨¸¨³³¥-
É·¨Î´ÊÕ Î ¸É¨ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Γkij = Γ k
ij −

1

2
T k
ij , Γ k

ij =
1

2
(Γkij + Γkji) , T k

ij = Γkji − Γkij

(¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ,

Γγαβ = Γ γ
αβ −

1

2
T γ
αβ , Γ γ

αβ =
1

2
(Γγαβ + Γγβα − Cαβ γ) ,

T γ
αβ = Γγβα − Γγαβ − Cαβ γ

(¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥) . (163)

‚¥²¨Î¨´Ò Γ
k

ij (Γ
γ

αβ) ´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ° ¸¨³-
³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¢ ±µµ·¤¨´ É´µ³ (¸µµÉ¢¥É¸É¢¥´´µ, ¢ ´¥±µµ·-
¤¨´ É´µ³) ¡ §¨¸¥.

Šµ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° µÉ ±µ´É· ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥-
¸±µ£µ ¶µ²Ö g ³µ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¸ ¶µ³µÐÓÕ ±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥-
É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨. …¸²¨ ³Ò ¢¢¥¤¥³ µ¡µ§´ Î¥´¨Ö

gαβ ;γ = eγg
αβ + Γ α

δγ .g
δβ + Γ β

δγ .g
αδ (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ,

gij /k = gij ,k + Γ i
lk.g

lj + Γ j
lk.g

il (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ,
(164)

£¤¥ gαβ ;γ Ö¢²ÖÕÉ¸Ö ±µ¢ ·¨ ´É´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨ ±µ³¶µ´¥´É ±µ´É· ¢ ·¨-
 ´É´µ£µ ³¥É·¨Î¥¸±µ£µ É¥´§µ·  g ¶µ µÉ´µÏ¥´¨Õ ± ±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥-
É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥, Éµ

gαβ /γ = gαβ ;γ −
1

2
(T α
δγ .gδβ + T β

δγ .gαδ) . (165)
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Šµ³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ³µ¦´µ
¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ gαβ /κ.g

κγ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

gαδ.gβκ.Γ γ
δκ = K αβγ − {αβ,γ} − C αβγ − 1

2
gγδ(gβκT α

κδ + gακT β
κδ ) , (166)

£¤¥

{αβ,γ} =
1

2
(gακ.eκg

βγ + gβκ.eκg
αγ − gγκ.eκgαβ) ,

K αβγ =
1

2
(gαγ /κ.g

βκ + gβγ /κ.g
ακ − gαβ /κ.g

γκ) ,

C αβγ =
1

2
(gγδ.gβκ.Cκδ

α + gγδ.gακ.Cκδ
β + gαδ.gβκ.Cδκ

γ) . (167)

C±µ¡±¨ {αβ,γ} ´ §Ò¢ ÕÉ¸Ö ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö ¶¥·¢µ£µ ·µ¤  ¤²Ö
±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ -
§¨¸¥.

Šµ³¶µ´¥´ÉÒ Γγαβ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ³µ¦´µ § ¶¨-
¸ ÉÓ ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´´ÒÌ µ¡µ§´ Î¥´¨° ¢ ¢¨¤¥

gαδ.gβκ.Γγδκ = −{αβ,γ}+K
αβγ − Tαβγ − Cαβγ , (168)

£¤¥

T
αβγ

=
1

2
(gγδ.gβκ.T α

κδ + gγδ.gακ.T β
κδ + gαδ.gβκ.T γ

δκ ) . (169)

“Î¨ÉÒ¢ Ö ¸²¥¤ÊÕÐ¨¥ ¸¢Ö§¨ ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨,
±µ³¶µ´¥´É ³¨ ±o´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ ¨ ¨Ì ¶·µ¨§¢µ¤´Ò³¨

gαβ .g
βγ = gγα, gαδ.eκg

δγ = −gδγ .eκ(gαδ),

gαδ.g
γδ

/κ = −gγδ.gαδ/κ, gαδ/κ = fγα.f
β
δ .gγβ/κ, (170)

³Ò ³µ¦¥³ ¶·¥¤¸É ¢¨ÉÓ ±o³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° c¢Ö§´µ¸É¨
Γ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥:

Γγαβ = {γαβ} −Kαβ
γ − Sαβ γ − Cαβ γ , (171)

£¤¥

{γαβ} =
1

2
gγδ[eβ(gαδ) + eα(gβδ)− eδ(gαβ)] = −gαρ.gβσ.{

ρσ,γ},

K
γ

αβ = −gαρ.gβσ.K
ρσγ , S

γ

αβ = −gαρ.gβσ.T
ρσγ , C

γ

αβ = −gαρ.gβσ.C
ρσγ .

(172)
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C±µ¡±¨ {γαβ} ´a§Ò¢ ÕÉ¸Ö µ¡µ¡Ð¥´´Ò³¨ ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö ¢Éµ-
·µ£µ ·µ¤  ¤²Ö ±µ´É· ¢ ·¨ ´É´µ° ¸¢Ö§´µ¸É¨ ¢ ´¥±µµ·¤¨´ É´o³ ¡ §¨¸¥.

�´ ²µ£¨Î´µ, ¥¸²¨ § ¤ ´Ò ±µ´É·a¢ ·¨ ´É´Ò¥ ¨ ±µ¢ ·¨ ´É´Ò¥ ³¥É·¨Î¥¸±¨¥
¶µ²Ö, ±µ¢ ·¨ ´É´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¸²¥¤ÊÕ-
Ð¥³ ¢¨¤¥:

P γαβ = −{γαβ}+Kαβ
γ + Uαβ

γ + Cαβ
γ , (173)

£¤¥

{γαβ} = gγσ.{αβ, γ} , Kαβ
γ = gγσ.Kαβσ ,

Uαβ
γ = gγσ.Uαβσ , Cαβ

γ = gγσ.Cαβσ .
(174)

�µ¤Î¥·±´ÊÉÒ¥ ¸±µ¡±¨ {γαβ} ´a§Ò¢ ÕÉ¸Ö µ¡µ¡Ð¥´´Ò³¨ ¸¨³¢µ² ³¨ Š·¨-

¸ÉµËË¥²Ö ¢Éµ·µ£µ ·µ¤  ¤²Ö ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ-
¸É¨ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

’ ±¨¥ ¦¥ ¢Ò· ¦¥´¨Ö ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥.
‚ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  ´ ±² ¤Ò¢ ÕÉ¸Ö Ê¸²µ¢¨Ö gαβ ;γ = 0, É.¥. ±µ-

£¤  ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ ¶µ µÉ´µÏ¥´¨¨Õ ±
±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ · ¢´ÖÕÉ¸Ö ´Ê²Õ, ±µ³-
¶µ´¥´ÉÒ ÔÉµ° ¸¢Ö§´µ¸É¨ Γγαβ = {γαβ} − Cαβγ .

�µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³
¤²Ö Éµ£µ, ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó · ¢¥´¸É¢µ gαβ ;γ = 0. ‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥
É ±µ¥ Ê¸²µ¢¨¥ (ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó · ¢¥´¸É¢µ gij /k = 0) ¶·¨´¨³ ¥É ¸²¥¤ÊÕ-

Ð¨° ¢¨¤: Γ
k

ij = {kij}.
�  µ¸´µ¢ ´¨¨ c¢Ö§¥°, ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥¦¤Ê ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ°

±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö ¨ ±µ¢ ·¨ ´É´µ° ¦¥ ¶·µ¨§-
¢µ¤´µ° ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö,   ¨³¥´´µ:

∇ξg = −g(∇ξg)g, (∇ξg)[g(u)] = −g[(∇ξg)(u)], ∀ξ, ∀u ∈ T (M),

∇ξg = −g(∇ξg)g, (∇ξg)[g(p)] = −g[(∇ξg)(p)],

∀ξ ∈ T (M), ∀p ∈ T ∗(M),

³o¦´µ ¤µ± § ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¢§ ¨³´µ o¤´µ§´ Î´µ¥ coµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¶¥-
·¥´µ¸ ³¨ ³¥É·¨± g ¨ g. Š ¦¤Ò° ¶¥·¥´µ¸ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ³¥É·¨-
Î¥¸±µ£µ ¶µ²Ö g ¨´¤ÊÍ¨·Ê¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶¥·¥´µ¸ ±o´É· ¢ ·¨ ´É´µ£µ
É¥´§µ·´µ£µ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö g ¨ ´ µ¡µ·µÉ.

8.4. Šµ´É· ¢ ·¨ ´É´ Ö ¶·µ¥±É¨¢´ Ö ³¥É·¨± . �µ´ÖÉ¨¥ ±µ´É· ¢ ·¨ ´É-
´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±¨ ¶µ µÉ´µÏ¥´¨Õ ± ´¥¨§oÉ·µ¶´µ³Ê (´¥´Ê²¥¢µ³Ê) ±o´-
É· ¢ ·¨ ´É´µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ u ³µ¦´µ ¢¢¥¸É¨ ¤¢Ê³Ö · §²¨Î´Ò³¨ ¶ÊÉÖ³¨:
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a) ¢¢µ¤Ö ±µ´É· ¢ ·¨ ´É´ÊÕ ¶·µ¥±É¨¢´ÊÕ ³¥É·¨±Ê ¶µ µ¶·¥¤¥²¥´¨Õ

hu = g − 1

g(u, u)
.u⊗ u = g − 1

e
.u⊗ u , e = g(u, u) 6= 0 ; (175)

b) ¢¢µ¤Ö ¥¥, µÉ¶· ¢²ÖÖ¸Ó µÉ Ê¦¥ ¨§¢¥¸É´µ° ´ ³ ±µ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ°
³¥É·¨±¨ ¨ ÊÎ¨ÉÒ¢ Ö ¶·¨ ÔÉµ³ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ±µ¢ ·¨ ´É´µ° ¨ ±µ´É· ¢ -
·¨ ´É´µ° ³¥É·¨± ³¨:

hu = g(hu)g = g − 1

e
.u⊗ u, g(g)g = g, g(g(u)⊗ g(u))g = u⊗ u . (176)

hu ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±µ° ¶µ oÉ´µÏ¥´¨Õ ±
´¥¨§µÉ·o¶´µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ u.

‘¢µ°¸É¢  ±o´É· ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¥¥ ¸É·Ê±-
ÉÊ·µ°.

9. ’�†„…‘’‚� �ˆ��Šˆ „‹Ÿ Š�‚��ˆ��’��ƒ� ’…�‡���
Š�ˆ‚ˆ‡�›

9.1. ’µ¦¤¥¸É¢µ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  ¤²Ö ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨-
¢¨§´Ò. ‘ÊÐe¸É¢µ¢ ´¨¥ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±o¢ ·¨ ´É´µ° ³¥É·¨± ¶µ§¢µ-
²Ö¥É · ¸¸³µÉ·¥ÉÓ ¤¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´  ±µ¢¥±Éµ·´µ¥ ¶µ²¥ g(v) =

= gαβ.v
β .eα = gij .v

j .dxi, ¶µ¸É·µ¥´´µ¥ ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ g
¨ ¢¥±Éµ·´µ£µ ¶µ²Ö v.

’µ¦¤¥¸É¢µ

< g{([R(ξ, u)]g)(v)} >≡< g([R(ξ, u)][g(v)]) > − < [R(ξ, u)]v >≡

≡< g([R(ξ, u)][g(v)]) > − < T (T (ξ, u), v) > − < (∇ξT )(u, v) > (177)

´ §Ò¢ ¥É¸Ö Éµ¦¤¥¸É¢µ³ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  (É¨¶  1) ¤²Ö ±µ¢ ·¨ ´É´µ£µ
É¥´§µ·  ±·¨¢¨§´Ò.

‚ ±µµ·¤¨´ É´µ³ ¡a§¨¸¥ Éµ¦¤¥¸É¢µ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  § ¶¨¸Ò¢ ¥É¸Ö ¢
¢¨¤¥

P l <ijk> ≡ −gmn.Rl m<ij .gk>n , (178)

Rl <ijk> ≡ −glm.gmn.Pn <ijk> ≡ T<ij
l

;k> + T<ij
m.Tmk>

l . (179)

�Î¥¢¨¤´µ, ÎÉµ ¢¨¤ Éµ¦¤¥¸É¢  �¨ ´±¨ ¶¥·¢µ£µ É¨¶  ¤²Ö ±µ³¶µ´¥´É ±µ-
¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò ´¥ É ± ¶·µ¸É, ± ± ¢¨¤ Éµ¦¤¥¸É¢  �¨ ´±¨ ¤²Ö
±µ³¶µ´¥´É ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò.
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9.2. ’µ¦¤¥¸É¢µ �¨ ´±¨ ¢Éµ·µ£µ É¨¶  ¤²Ö ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨-
¢¨§´Ò. „¥°¸É¢¨¥ o¶¥· Éµ·  (∇wR)(ξ, u) ³µ¦´µ · ¸Ï¨·¨ÉÓ ¤µ ¤¥°¸É¢¨Ö ´ 
±µ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¤¥² ¥É¸Ö
¢ ¸²ÊÎ ¥ ±µ´É· ¢ ·¨ ´É´ÒÌ ¢¥±Éµ·´ÒÌ ¨ É¥´§µ·´ÒÌ ¶µ²¥°. ˆ¸¶µ²Ó§ÊÖ ¸µµÉ-
´µÏ¥´¨¥

∇w{[R(ξ, u)]p} = [(∇wR)(ξ, u)]p+ [R(∇wξ, u)]p+

+[R(ξ,∇wu)]p+ [R(ξ, u)](∇wp), w, ξ, u ∈ T (M), p ∈ T ∗(M), (180)

³Ò ³µ¦¥³ ´ °É¨ Éµ¦¤¥¸É¢µ

< (∇wR)(ξ, u) > p ≡< R(w, T (ξ, u)) > p, (181)

£¤¥

< (∇wR)(ξ, u) > p = [(∇wR)(ξ, u)]p+ [(∇uR)(w, ξ)]p+ [(∇ξR)(u,w)]p,

< R(w, T (ξ, u)) > p = [R(w, T (ξ, u))]p+ [R(u, T (w, ξ))]p+ [R(ξ, T (u,w))]p.

(182)

’µ¦¤¥¸É¢µ (181) ´ §Ò¢ ¥É¸Ö Éµ¦¤¥¸É¢µ³ �¨ ´±¨ ¢Éµ·µ£µ É¨¶  (É¨¶  2)
¤²Ö ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò.

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ Éµ¦¤¥¸É¢µ �¨ ´±¨ ¢Éµ·µ£µ É¨¶  § ¶¨¸Ò¢ ¥É¸Ö ¢
¢¨¤¥

P i j<kl;m> = P i jkl;m + P i jmk;l + P i jlm;k ≡ P i j<kn.Tlm> n =

= P i jkn.Tlm
n + P i jmn.Tkl

n + P i jlr .Tmk
r. (183)

10. ˆ�‚��ˆ��’�›‰ �‹…Œ…�’ ��š…Œ�

10.1. „¥Ë¨´¨Í¨Ö ¨ ¸¢µ°¸É¢ . �µ´ÖÉ¨¥ Ô²¥³¥´É  µ¡Ñ¥³  ´  ³´µ£µµ¡· §¨¨
M ³µ¦´µ µ¡µ¡Ð¨ÉÓ ¤µ ¶µ´ÖÉ¨Ö ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É  µ¡Ñ¥³  [14].

„¥Ë¨´¨Í¨Ö. �²¥³¥´É µ¡Ñ¥³  ´  ³´µ£µµ¡· §¨¨ M (dimM = n) µ¶·¥¤¥-
²Ö¥É¸Ö ± ±

d(n)x = d(n)x = dx1 ∧ ... ∧ dxn (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥),
dVn = e1 ∧ ... ∧ en (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

‘¢µ°¸É¢  Ô²¥³¥´É  µ¡Ñ¥³  ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

d(n)x =
1

n!
.εA.ω

A =
1

n!
.εA.dx̂

A, d(n′)x′ = J−1.d(n)x,

dVn =
1

n!
.εA.ω

A =
1

n!
.εA.ê

A, dV ′n = J−1.dVn, (184)
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£¤¥ J = det(Aα′
α) = det(∂xi/∂xi

′
), dV ′n = e1′ ∧ ...en′ , εA = εi1...in , ω

A =
= dxi1 ∧ ... ∧ dxin , εA ¥¸ÉÓ ¸¨³¢µ² ‹¥¢¨ Å —¨¢¨É  [14],

εA′ .ω
A′ = J−1.εA.ω

A , εA.ω
A = J.εA′ .ω

A′ ,

εA′ .dx̂
A′ = J−1.εA.dx̂

A , εA.dx̂
A = J.εA′ .dx̂

A′ ,

d(n)x =
1

n!
.εA.ω

A = J.
1

n!
.εA′ .ω

A′ =
1

n!
.J.εA′ .dx̂

A′ .

�²¥³¥´É µ¡Ñ¥³  ¶·¥µ¡· §Ê¥É¸Ö É ± ¦¥, ± ± É¥´§µ·´ Ö ¶²µÉ´µ¸ÉÓ ¢¥¸ 
ω = − 1

2 . ‘²¥¤µ¢ É¥²Ó´µ, ÎÉµ¡Ò ¶µ¸É·µ¨ÉÓ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ 
(¸µÌ· ´ÖÕÐ¨° ¸¢µÕ Ëµ·³Ê ¨ ´¥§ ¢¨¸¨³Ò° µÉ ¢Ò¡µ·  ¢¶µ²´¥  ´É¨¸¨³³¥É·¨Î-
´µ£µ É¥´§µ·´µ£µ ¡ §¨¸ ), ´¥µ¡Ìµ¤¨³µ Ô²¥³¥´É µ¡Ñ¥³  Ê³´µ¦¨ÉÓ ´  É¥´§µ·´ÊÕ
¶²µÉ´µ¸ÉÓ ¢¥¸  ω = 1

2 ¨ · ´£  0. ’ ± ± ± ±µ¢ ·¨ ´É´µ¥ ³¥É·¨Î¥¸±µ¥ É¥´§µ·-
´µ¥ ¶µ²¥ ¸¢Ö§ ´µ ¸ µ¸´µ¢´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ¢¥±Éµ·´ÒÌ (¨ ±µ¢¥±Éµ·´ÒÌ)
¶µ²¥° ¨ µ¶·¥¤¥²Ö¥É ¸µ¡µ° ¶µ´ÖÉ¨Ö (É ±¨¥, ± ± ¤²¨´  ¢¥±Éµ· , ±µ¸¨´Ê¸ Ê£² 
³¥¦¤Ê ¤¢Ê³Ö ¢¥±Éµ· ³¨), ±µÉµ·Ò¥ ¢ ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ µÉ´µ¸ÖÉ¸Ö ± ¶µ´Ö-
É¨Õ Ô²¥³¥´É  µ¡Ñ¥³ , Éµ ±µ¢ ·¨ ´É´ Ö ³¥É·¨Î¥¸± Ö É¥´§µ·´ Ö ¶²µÉ´µ¸ÉÓ Q̃g
¢¥¸  ω = 1

2 ¨ · ´£  0 ((Q̃g =| dg |
1
2 ) ) Ö¢²Ö¥É¸Ö ¶µ¤Ìµ¤ÖÐ¨³ ³´µ¦¨É¥²¥³ ±

Ô²¥³¥´ÉÊ µ¡Ñ¥³  [14].
„¥Ë¨´¨Í¨Ö. ˆ´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ´  ³´µ£µµ¡· §¨¨ M

(dimM = n) · ¢¥´

dω =
√
−dg.d(n)x :=

1

n!
.εA.ω

A, ωA =
√
−dg. ωA, dg < 0

(¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É o¡Ñ¥³  ¢ ±oo·¤¨´ É´µ³ ¡ §¨¸¥),

dω =
√
−dg.dVn, dg < 0

(¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

ˆ§ Éµ£µ, ± ± ¶·¥µ¡· §Ê¥É¸Ö ¢¥²¨Î¨´ 
√
−dg :

√
−d′g = ±J.

√
−dg ¶·¨

¶¥·¥Ìµ¤¥ µÉ µ¤´µ° ±µµ·¤¨´ É´µ° ± ·ÉÒ ± ¤·Ê£µ°, ¸²¥¤Ê¥É, ÎÉµ ¶·¨ É ±µ³
¶¥·¥Ìµ¤¥ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  ¸µÌ· ´Ö¥É ¸¢µÕ Ëµ·³Ê: dω′ = ± dω,
£¤¥

dω′ =
√
−d′g.d(n′)x′ (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥),

dω′ =
√
−d′g.dV ′n (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥). (185)

‡ ³¥Î ´¨¥. ‡´ ± (−) ¶·¨ ± dω ³µ¦´µ µ¶Ê¸É¨ÉÓ ¢¸²¥¤¸É¢¨¥ o¤¨´ ±µ¢µ°
±µ´Ë¨£Ê· Í¨¨ (¶o·Ö¤± , o·¨¥´É Í¨¨) ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° ¢ ¸É ·µ³ ¨
¢ ´µ¢µ³ É¥´§µ·´ÒÌ ¡ §¨¸ Ì.
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ˆ§ µ¶·¥¤¥²¥´¨Ö ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É  µ¡Ñ¥³  ¢ÒÉ¥± ¥É ¸²¥¤ÊÕÐ Ö ¸¢Ö§Ó
¸ ¥£µ ¸É·Ê±ÉÊ·µ°:

dω′ =
1

n!
.
√
−d′g.εA′ .ωA

′
=

1

n!
.
√
−dg.εA.dωA = dω . (186)

10.2. „¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ¨´¢ -
·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ . „¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨-
·µ¢ ´¨Ö ´  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¤¥°¸É¢¨¥³ ´  Ô²¥-
³¥´ÉÒ, ¨§ ±µÉµ·ÒÌ ¶µ¸É·µ¥´ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  (¸¨³¢µ² ‹¥¢¨ Å
—¨¢¨É , ¶µ²´µ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§µ·´Ò° ¡ §¨¸, ³¥É·¨Î¥¸± Ö É¥´§µ·-
´ Ö ¶²µÉ´µ¸ÉÓ). ˆ§ dω = 1

n! .εA.ω
A ¨ ∇ξ(dω) ¸²¥¤Ê¥É

∇ξ(dω) = ∇ξ
[

1

n!
.(εA.ω

A)

]
=

1

n!
[(ξεA).ωA + εA.∇ξωA] . (187)

∇ξ(dω) ¶µ²ÊÎ ¥É¸Ö ¢ ¢¨¤¥

∇ξ(dω) =
1

2
.g[∇ξg].

1

n!
.εA.ω

A =
1

2
.g[∇ξg].dω . (188)

∇ξ(dω) ´ §Ò¢ ¥É¸Ö ±o¢a·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É 
µ¡Ñ¥³  dω ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ.

10.3. „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ¨´¢ ·¨ ´É´Ò°
Ô²¥³¥´É µ¡Ñ¥³ . „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´a ¨´¢ ·¨ ´É-
´Ò° Ô²¥³¥´É µ¡Ñ¥³  µ¶·¥¤¥²Ö¥É¸Ö a´a²µ£¨Î´µ ¤¥°¸É¢¨Õ µ¶¥· Éµ·  ±µ¢ ·¨-
 ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö:

$ξ(dω) =
1

n!
.$ξ(εA.ω

A) =
1

n!
[(ξεA).ωA + εA.$ξω

A] =
1

n!
.εA.$ξω

A . (189)

�µ¸²¥ ´¥±µÉµ·ÒÌ ¢ÒÎ¨¸²¥´¨° ¤²Ö $ξ(dω) ¶µ²ÊÎ ¥³

$ξ(dω) =
1

n!
.εA.

1

2
.g[$ξg].ωA =

1

2
.g[$ξg].

1

n!
.εA.ω

A ,

$ξ(dω) =
1

2
.g[$ξg].dω . (190)

$ξ(dω) ´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ ¨´¢ ·¨ ´É´µ£o Ô²¥³¥´É  µ¡Ñ¥³  dω
¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ.

‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: ³¥É·¨Î¥¸±¨¥ ¶¥·¥´µ¸Ò (∇ξg = 0) : ∇ξ(dω) = 0.
‘¶¥Í¨ ²Ó´Ò° c²ÊÎ °: ¨§µ³¥É·¨Î¥¸±¨¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó (¤¢¨¦¥´¨Ö)

($ξg = 0) : $ξ(dω) = 0.
‚ ¸²ÊÎ ÖÌ, ±µ£¤  É·¥¡Ê¥É¸Ö ¢ ± Î¥¸É¢¥ ¤µ¶µ²´¨É¥²Ó´µ£µ Ê¸²µ¢¨Ö ¸µÌ· ´¥-

´¨¥ µ¡Ñ¥³ , ³µ¦´µ ¢¢¥¸É¨ ´µ¢Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·
¨²¨ ´µ¢Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨, ±µÉµ·Ò¥ ´¥ ¨§³¥´ÖÕÉ ¨´¢ ·¨ ´É-
´µ£µ Ô²¥³¥´É  µ¡Ñ¥³ , É.e. ¤¥°¸É¢ÊÕÉ ´  dω  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ¤¥°¸É¢ÊÕÉ
µ¶¥· Éµ·Ò ∇ξ ¨ $ξ ´  ¶µ¸ÉµÖ´´Ò¥ ËÊ´±Í¨¨.
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10.4. Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ·, ¸µÌ· ´ÖÕÐ¨° ¨´-
¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ . ‚ ·¨ Í¨Ö ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É  µ¡Ñ¥³  dω
¶·¨ ¤¥°¸É¢¨¨ ´  ´¥£µ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ∇ξ

∇ξ(dω) =
1

2
.g[∇ξg].dω

¶µ§¢µ²Ö¥É ¢¢¥¸É¨ ´o¢Ò° ±o¢a·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ· ω∇ξ , ¸µ-
Ì· ´ÖÕÐ¨° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É o¡Ñ¥³ .

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ· ω∇ξ ¥¸ÉÓ ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥-
· Éµ·, ¸µÌ· ´ÖÕÐ¨° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢¤µ²Ó ¢¥±Éµ·´µ£µ
¶µ²Ö ξ:

ω∇ξ = ∇ξ −
1

2
.g[∇ξg] .

‘¢µ°¸É¢  ω∇ξ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
o¶¥· Éµ·  ¨ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ ±o¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ É¥´§µ·´µ£µ ¶µ²Ö g,
c¢Ö§ ´´µ£µ ¸ ¥£µ ±o´É· ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ g.

a) „¥°¸É¢¨¥ ´  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É o¡Ñ¥³  dω:

ω∇ξ(dω) = 0. (191)

�Éµ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö ω∇ξ ¨ (188).
b) „¥°¸É¢¨¥ ´  ¡ §¨¸´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö:

ω∇∂j∂i =

(
Γkij −

1

2
.glm.glm;j .g

k
i

)
.∂k . (192)

c) „¥°¸É¢¨¥ ´  ¡ §¨¸´Ò¥ ±µ¢¥±Éµ·´Ò¥ ¶µ²Ö:

ω∇∂jdxi =

(
P ikj −

1

2
.glm.glm;j .g

i
k

)
.dxk . (193)

d) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f ´  ³´µ£µµ¡· §¨¨ M :

ω∇ξf = ξf − 1

2
.g[∇ξg].f , f ∈ Cr(M), r ≥ 1 . (194)

…¸²¨ ³Ò ¢¢¥¤¥³ ±· É±¨¥ µ¡µ§´ Î¥´¨Ö

Qβ = g[∇eβg] = gγδ.gγδ/β , Qj = g[∇∂jg] = gkl.gkl;j , (195)

Q = Qβ.e
β = Qj .dx

j , (196)
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ωΓγαβ = Γγαβ −
1

2
.gγα.Qβ , ωPαγβ = Pαγβ −

1

2
.gαγ .Qβ , (197)

Qξ = g[∇ξg] = Qβ.ξ
β = Qj.ξ

j = 2.cθξ , (198)

Éµ ω∇ξ , (192) ¨ (193) ¸³µ¦¥³ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω∇ξ = ∇ξ −
1

2
.Qξ , (199)

ω∇eβeα = ωΓγαβ .eγ , ω∇∂j∂i = ωΓkij .∂k , (200)

ω∇eβeα = ωPαγβ.e
γ , ω∇∂jdxi = ωP ikj .dx

k . (201)

‚¥²¨Î¨´Ò ωΓγαβ ´a§Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ° aËË¨´-
´µ° c¢Ö§´µ¸É¨ ωΓ, ¸µÌ· ´ÖÕÐ¥° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢ ´¥±µµ·-
¤¨´ É´µ³ ¡ §¨¸¥. ‚¥²¨Î¨´Ò ωP γαβ ´a§Ò¢ ÕÉ¸Ö ±o³¶µ´¥´É ³¨ ±o¢a·¨ ´É´µ°
aËË¨´´µ° ¸¢Ö§´µ¸É¨ ωP , ¸µÌ· ´ÖÕÐ¥° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢
´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

’ ± ± ± ωΓγαβ ¨ ωP γαβ µÉ²¨Î ÕÉ¸Ö µÉ Γγαβ ¨ P γαβ , ¸µµÉ¢¥É¸É¢¥´´µ, ´ 

±µ³¶µ´¥´ÉÒ ¸³¥Ï ´´µ£µ É¥´§µ·´µ£µ ¶µ²Ö 1
2 .g

γ
α.Qβ · ´£  3, Éµ ωΓ ¨ ωP ¶·¥-

µ¡· §ÊÕÉ¸Ö É ± ¦¥, ± ± aËË¨´´Ò¥ ¸¢Ö§´µ¸É¨ Γ ¨ P ¸µµÉ¢¥É¸É¢¥´´µ.
„¥°¸É¢¨¥ µ¶¥· Éµ·  ω∇ξ ´a ¢¥±Éµ·´µ¥ ¶µ²¥ u ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω∇ξu = ∇ξu−
1

2
.Qξ.u . (202)

…¸²¨ · ¸¸³ É·¨¢ ÉÓ u ±a± ±a¸ É¥²Ó´Ò° ¢¥±Éµ· ± ±·¨¢µ° xi(τ), É.e.

u =
d

dτ
= uα.eα = ui.∂i , ui =

dxi

dτ
, (203)

uα = Ai
α.ui = Ai

α.
dxi

dτ
, eα = Aα

k.∂k , Ai
α.Aα

k = gki , (204)

a ¶ · ³¥É· τ · ¸¸³ É·¨¢ ÉÓ ± ± ËÊ´±Í¨Õ ¤·Ê£µ£µ ¶ · ³¥É·  λ (¸µ ¢§ ¨³´µ
µ¤´µ§´ Î´Ò³ ¸µµÉ¢¥É¸É¢¨¥³ ³¥¦¤Ê τ ¨ λ), É.e. ¶µ²µ¦¨ÉÓ

τ = τ(λ) , λ = λ(τ) , (205)

u =
d

dτ
=
dλ

dτ
.
d

dλ
=
dλ

dτ
.v , v =

d

dλ
, (206)
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Éµ ω∇ξu ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¢¥±Éµ·´µ¥ ¶µ²¥ v ¨ ∇ξv ¢ ¢¨¤¥

ω∇ξu =
dλ

dτ
.∇ξv +

[
ξ

(
dλ

dτ

)
− 1

2
.Qξ.

dλ

dτ

]
.v . (207)

…¸²¨ ¤µ¡ ¢¨ÉÓ Ê¸²µ¢¨¥ ´a ¸¢Ö§Ó ³¥¦¤Ê λ ¨ τ :

ξ

(
dλ

dτ

)
− 1

2
.Qξ.

dλ

dτ
= 0 , (208)

Éµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ¸ÊÐ¥¸É¢Ê¥É ·¥Ï¥´¨¥ λ = λ(τ):

λ = λ0 + λ1.

∫ [
exp

(
1

2

∫
Qi.dx

i

)]
.dτ , Qi = Qi(x

k) , λ0, λ1 = const,

(209)

a ¸¢Ö§Ó ³¥¦¤Ê ω∇ξu ¨ ∇ξv ¶µ²ÊÎ ¥É¸Ö ¢ ¢¨¤¥

ω∇ξu =
dλ

dτ
.∇ξv =

[
λ1. exp

(
1

2

∫
Qi.dx

i

)]
.∇ξv , λ1 = const. (210)

ˆ§ ¶µ¸²¥¤´¥£µ ¢Ò· ¦¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¸µ¶µ¸É -
¢¨ÉÓ ¤¥°¸É¢¨¥ ω∇ξ ´  ¢¥±Éµ·´µ¥ ¶µ²¥ u (¢ ¢¨¤¥ ±a¸ É¥²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö
´  § ¤ ´´µ° ±·¨¢µ°) ¸ ¤¥°¸É¢¨¥³ ∇ξ ´  ¢¥±Éµ·´µ¥ ¶µ²¥ v, ¶µ²ÊÎ ÕÐ¥¥¸Ö ¨§
¢¥±Éµ·´µ£µ ¶µ²Ö u ¢ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¶ · ³¥É·  ´  ±·¨¢µ°. …¸²¨ ¢¥±Éµ·´µ¥
¶µ²¥ v ¶¥·¥´µ¸¨É¸Ö ¶ · ²²¥²Ó´µ ¢¤µ²Ó ξ, § ¤ ¢ ¥³µ¥ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É-
´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ∇ξ (∇ξv = 0), Éµ ¢¥±Éµ·´µ¥ ¶µ²¥ u ¶¥·¥´µ¸¨É¸Ö
¶ · ²²¥²Ó´µ ¢¤µ²Ó ξ, § ¤ ¢ ¥³µ¥ o¶¥· Éµ·µ³ ω∇ξ (ω∇ξu = 0).

„¥°¸É¢¨¥ µ¶¥· Éµ·  ω∇ξ ´  ³¥É·¨Î¥¸±µ¥ É¥´§µ·´µ¥ ¶µ²¥ g ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

ω∇ξg = ∇ξg −
1

2
.Qξ.g . (211)

�µ¸²¥ ¸¢¥·É±¨ µ¡¥¨Ì ±o³¶µ´¥´É ω∇ξg ¸ g, É.e. ¤²Ö g[ω∇ξg] =

= gαβ.(ω∇ξg)αβ , ¶µ²ÊÎ ¥É¸Ö · ¢¥´¸É¢µ

g[ω∇ξg] =
(

1− n

2

)
.Qξ. (212)

‘²¥¤ ¸¢µ¡µ¤´µ° Î ¸É¨ ¢Ò· ¦¥´¨Ö ω∇ξg, · ¢´µ°

ω∇ξg = ω∇ξg −
1

n
.g[ω∇ξg].g , (213)
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¸ ÊÎ¥Éµ³ (212) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω∇ξg = ω∇ξg +
n− 2

2n
.Qξ.g . (214)

ˆ¸¶µ²Ó§ÊÖ ÔÉµ ¢Ò· ¦¥´¨¥, ω∇ξg ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ¥£µ ¸¢µ¡µ¤´ÊÕ
Î ¸ÉÓ ¨ Î¥·¥§ ¸²¥¤ ¥£µ ¸¢µ¡µ¤´µ° Î ¸É¨:

ω∇ξg = ω∇ξg −
n− 2

2n
.Qξ.g , (215)

£¤¥ g[ω∇ξg] = 0.
‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: dimM = n = 2 : ω∇ξg = ω∇ξg, g[ω∇ξg] = 0.
‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: dimM = n = 4 : ω∇ξg = ω∇ξg − 1

4 .Qξ.g.
Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ·, ¸µÌ· ´ÖÕÐ¨° ¨´¢ ·¨ ´É-

´Ò° Ô²¥³¥´É µ¡Ñ¥³ , ´¥ ¶µ¤Î¨´Ö¥É¸Ö ¶· ¢¨²Ê ‹¥°¡´¨Í , ±µ£¤  ¤¥°¸É¢Ê¥É ´ 
É¥´§µ·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ Q⊗ S ¤¢ÊÌ É¥´§µ·´ÒÌ ¶µ²¥° Q ¨ S:

ω∇ξ(Q⊗ S) = ω∇ξQ⊗ S +Q⊗ ω∇ξS +
1

2
.Qξ.Q⊗ S ,

Q ∈ ⊗k l(M) , S ∈ ⊗m r(M) . (216)

10.5. �¥¸¸²¥¤µ¢Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·. �¥·¥-
´µ¸ ‚¥°²Ö. �·µ¸É· ´¸É¢µ ‚¥°²Ö. �·µ¡²¥³  µ¶¨¸ ´¨Ö £· ¢¨É Í¨µ´´µ£µ ¢§ ¨-
³µ¤¥°¸É¢¨Ö ¨ µ¡Ñ¥¤¨´¥´¨Ö ¥£µ ¸ ¤·Ê£¨³¨ É¨¶ ³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ´  ¤¨ËË¥-
·¥´Í¨·Ê¥³ÒÌ ³´µ£µµ¡· §¨ÖÌ ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨ ³¥É·¨±µ° ((Ln, g)-
¶·µ¸É· ´¸É¢ ) ¸É¨³Ê²¨·Ê¥É [1] ¢¢¥¤¥´¨¥ aËË¨´´µ° ¸¢Ö§´µ¸É¨ ¸ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨³ ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ o¶¥· Éµ·µ³ s∇ξ , ¶µ¸É·µ¥´´Ò³ ¸
¶µ³µÐÓÕ ∇ξ ¨ Qξ:

s∇ξ = ∇ξ −
1

n
.Qξ , dimM = n . (217)

„¥°¸É¢¨¥ µ¶¥· Éµ·  s∇ξ ´a ±o¢a·¨ ´É´µ¥ ³¥É·¨Î¥¸±µ¥ É¥´§µ·´µ¥ ¶µ²¥ g
µ¶·¥¤¥²Ö¥É¸Ö ± ±

s∇ξg = ∇ξg −
1

n
.Qξ.g , (218)

¸ Ê¸²µ¢¨¥³

g [s∇ξg] = 0 . (219)

�  µ¸´µ¢¥ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· -
Éµ· s∇ξ ´ §Ò¢ ¥É¸Ö ¸¢µ¡µ¤´Ò³ ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ-
·µ³ ¡¥§ ¸²¥¤ .
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…¸²¨ ¶¥·¥´µ¸ ³¥É·¨±¨ g ¶·¨ ±µ¢ ·¨ ´É´µ³ ¤¨ËË¥·¥´Í¨ ²Ó´µ³ µ¶¥· Éµ·¥
¡¥§ ¸²¥¤  s∇ξ ¶o¤Î¨´Ö¥É¸Ö Ê¸²µ¢¨Õ

s∇ξg = 0 , (220)

Ô±¢¨¢ ²¥´É´µ³Ê Ê¸²µ¢¨Õ ¤²Ö ∇ξg:

∇ξg =
1

n
.Qξ.g , (221)

Éµ ¶¥·¥´µ¸ ´a§Ò¢ ¥É¸Ö ¶¥·¥´µ¸µ³ ‚¥°²Ö.
Šµ¢¥±Éµ·´µ¥ ¶µ²¥ (¸³. (196)) ¨

Q =
1

n
.Q (222)

´ §Ò¢ ¥É¸Ö ±µ¢¥±Éµ·´Ò³ ¶µ²¥³ ‚¥°²Ö.
„¨ËË¥·¥´Í¨·Ê¥³µ¥ ³´µ£µµ¡· §¨¥ M (dimM = n) ¸  ËË¨´´µ° ¸¢Ö§´µ-

¸ÉÓÕ ¨ ³¥É·¨±µ°, ´  ±µÉo·µ³ ¤²Ö ± ¦¤µ£µ ±µ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ∈ T (M)
¶¥·¥´µ¸ ³¥É·¨±¨ g Ö¢²Ö¥É¸Ö ¶¥·¥´µ¸µ³ ‚¥°²Ö, ´a§Ò¢ ¥É¸Ö ¶·µ¸É· ´¸É¢µ³
‚¥°²Ö ¸ ±·ÊÎ¥´¨¥³ (¨²¨ ¶·µ¸É· ´¸É¢µ³ ‚¥°²Ö Å Š ·É ´ ) Yn [1].

‘¢µ¡µ¤´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ¡¥§ ¸²¥¤  s∇ξ
¸¢Ö§ ´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ¸ ±o¢a·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ o¶¥· Éµ·µ³
ω∇ξ , ¸µÌ· ´ÖÕÐ¨³ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω:

ω∇ξ = s∇ξ −
n− 2

2n
.Qξ = ∇ξ −

1

2
.Qξ . (223)

„¥°¸É¢¨Ö ¤¢ÊÌ o¶¥· Éµ·µ¢, ω∇ξ ¨ s∇ξ , ¨¤¥´É¨Î´Ò, ¥¸²¨ dimM = n = 2
(Qξ 6= 0) ¨²¨ ¥¸²¨ Qξ = 0.

Šµ³¶µ´¥´ÉÒ Γαβγ aËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ±µ³¶µ-
´¥´ÉÒ aËË¨´´ÒÌ ¸¢Ö§´µ¸É¥°, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì o¶¥· Éµ· ³ ω∇ξ ¨ s∇ξ.
∇eβeα ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇eβeα =
1

2
(∇eαeβ +∇eβeα − [eα, eβ])− 1

2
.T (eα, eβ) , (224)

Î¥³Ê ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨¥ Γγαβ ¢ ¢¨¤¥

Γγαβ =
1

2
(Γγαβ + Γγβα − Cαβ γ)− 1

2
.Tαβ

γ = Γ
γ

αβ −
1

2
.Tαβ

γ . (225)

…¸²¨ µ¡µ§´ Î¨ÉÓ

g∇eβeα =
1

2
(∇eαeβ +∇eβeα − [eα, eβ]) = Γ

γ

αβ .eγ , (226)
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s∇eβeα = Qαβ
γ .eγ =

(
Γγαβ −

1

n
.gγα.Qβ

)
.eγ , (227)

Éµ ¶µ²ÊÎ¨É¸Ö

∇eβeα = s∇eβeα +
1

n
.Qβ .eα , (228)

∇eβeα = g∇eβeα +
1

2
.T (eβ, eα) . (229)

ˆ§ (224), (226) ¨ (228) ¸²¥¤Ê¥É, ÎÉµ

∇eβeα =
1

2

[
g∇eβeα +

1

2
.T (eβ, eα) +

1

n
.Qβ.eα + s∇eβeα

]
. (230)

�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ coµÉ¢¥É¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨Õ ±µ³¶µ´¥´É Γγαβ ¢ ¢¨¤¥

Γγαβ ≡
1

2

(
Γ
γ

αβ −
1

2
.Tαβ

γ +
1

n
.gγα.Qβ +Qαβ

γ

)
. (231)

�´ ²µ£¨Î´Ò³ µ¡· §µ³, ¶µ²Ó§ÊÖ¸Ó ¸µµÉ´µÏ¥´¨Ö³¨

ω∇eβeα = ωΓγαβ .eγ =

(
Γγαβ −

1

2
.gγα.Qβ

)
.eγ = ∇eβeα −

1

2
.Qβ .eα , (232)

∇eβeα = ω∇eβeα +
1

2
.Qβ .eα ,

∇eβeα = g∇eβeα +
1

2
.T (eβ, eα) ,

³o¦´µ ¶o²ÊÎ¨ÉÓ ¤²Ö ∇eβeα ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

∇eβeα =
1

2

[
g∇eβeα +

1

2
.T (eβ, eα) + ω∇eβeα +

1

2
.Qβ .eα

]
. (233)

�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ Ô±¢¨¢ ²¥´É´µ ¶·¥¤¸É ¢²¥´¨Õ ±µ³¶µ´¥´É Γγαβ ¢ ¢¨¤¥

Γγαβ =
1

2

(
Γ
γ

αβ −
1

2
.Tαβ

γ +
1

2
.gγα.Qβ + ωΓγαβ

)
. (234)

ˆ§ (228) ¨ (229) ¸²¥¤Ê¥É ¸¢Ö§Ó ³¥¦¤Ê g∇eβeα ¨ s∇eβeα:

g∇eβeα = s∇eβeα −
1

2
.T (eβ, eα) +

1

n
.Qβ.eα , (235)
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Ô±¢¨¢ ²¥´É´ Ö ¸¢Ö§¨ ³e¦¤Ê Γ
γ

αβ ¨ Qαβγ :

Γ
γ

αβ = Qαβ
γ +

1

2
.Tαβ

γ +
1

n
.gγα.Qβ . (236)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¸ÊÐ¥¸É¢Ê¥É ¸¢Ö§Ó ³¥¦¤Ê g∇eβeα ¨ ω∇eβeα:

g∇eβeα = ω∇eβeα −
1

2
.T (eβ, eα) +

1

2
.Qβ.eα , (237)

coµÉ¢¥É¸É¢ÊÕÐ Ö ¸¢Ö§¨ ³¥¦¤Ê Γ
γ

αβ ¨ ωΓγαβ :

Γ
γ

αβ = ωΓγαβ +
1

2
.Tαβ

γ +
1

2
.gγα.Qβ . (238)

10.6. „¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éo· ‹¨, ¸µÌ· ´ÖÕÐ¨° ¨´¢ ·¨ ´É´Ò°
Ô²¥³¥´É µ¡Ñ¥³ . „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ o¶¥· Éµ·  ‹¨ $ξ ´  ¨´¢ ·¨-
 ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω,   ¨³¥´´µ

$ξ(dω) =
1

2
.g[$ξg].dω ,

¶µ§¢µ²Ö¥É ¶µ¸É·µ¨ÉÓ ´o¢Ò° µ¶¥· Éµ·, ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµp ‹¨, ¸µ-
Ì· ´ÖÕÐ¨° Ô²¥³¥´É µ¡Ñ¥³  dω.

„¥Ë¨´¨Í¨Ö. ω$ξ := ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨, ¸µÌ· ´ÖÕÐ¨° ¨´-
¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ, · ¢¥´

ω$ξ = $ξ −
1

2
.g[$ξg] .

‘¢µ°¸É¢  o¶¥· Éµ·  ω$ξ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
o¶¥· Éµ·  ‹¨ ¨ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ ±µ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ É¥´§µ·´µ£µ ¶µ²Ö
g, ¸¢Ö§ ´´µ£µ ¸ ±o´É· ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ g.

a) „¥°¸É¢¨¥ ´  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω:

ω$ξ(dω) = 0 . (239)

�Éµ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ·  ω$ξ ¨ ¨§ (190).
b) „¥°¸É¢¨¥ ´  ¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥:

ω$eαeβ = $eαeβ −
1

2
.g[$eαg].eβ =

(
Cαβ

γ − 1

2
.gρσ.$eαgρσ.g

γ
β

)
.eγ , (240)

ω$∂i∂j = −1

2
.gkl.$∂igkl.∂j . (241)
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c) „¥°¸É¢¨¥ ´a ±o¢¥±Éµ·´µ¥ ¡ §¨¸´µ¥ ¶µ²¥:

ω$eαe
β = $eαe

β − 1

2
.g[$eαg].eβ = kγα

β.eγ − 1

2
.g[$eαg].eβ , (242)

ω$∂idx
j = kmi

j .dxm − 1

2
.g[$∂ig].dxj . (243)

d) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f :

ω$ξf = ξf − 1

2
.g[$ξg].f, f ∈ Cr(M), r ≥ 1 . (244)

…¸²¨ µ¡µ§´ Î¨ÉÓ

Pβ = g[$eβg] = gγδ.$eβgγδ , (245)

Pj = g[$∂jg] = gkl.$∂jgkl , (246)

P = Pβ .e
β = Pj .dx

j , (247)

Pξ = g[$ξg] = 2.lθξ , (248)

Ĉαβ
γ = Cαβ

γ − 1

2
.Pα.g

γ
β , Ĉαβ

γ 6= −Ĉβα γ , (249)

Éµ ω$ξ ¨ (240) ÷ (244) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω$ξ = $ξ −
1

2
.Pξ , (250)

ω$eαeβ = $eαeβ −
1

2
.Pα.eβ =

(
Cαβ

γ − 1

2
.gγβ .Pα

)
.eγ = Ĉαβ

γ .eγ , (251)

ω$∂i∂j = −1

2
.Pi.∂j , (252)

ω$eαe
β = $eαe

β − 1

2
.Pα.e

β = kγα
β.eγ − 1

2
.Pα.e

β , (253)
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ω$∂idx
j = kmi

j .dxm − 1

2
.Pi.dx

j , (254)

ω$ξf = ξf − 1

2
.Pξ.f , f ∈ Cr(M) , r ≥ 1 . (255)

Šµ³³ÊÉ Éµ· ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨, ¸µÌ· ´ÖÕÐ¨Ì dω,
µ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°¸É¢ ³¨.

a) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f :

[ω$ξ,
ω$u]f = ($ξu)f +

1

2
(uPξ − ξPu)f =

=

[
$ξu+

1

2
(uPξ − ξPu)

]
f, f ∈ Cr(M), r ≥ 2. (256)

b) „¥°¸É¢¨¥ ´  ¢¥±Éµ·´µ¥ ¶µ²¥:

[ω$ξ,
ω$u]v = [$ξ,$u]v +

1

2
(uPξ − ξPu)v =

=

{
[$ξ,$u] +

1

2
(uPξ − ξPu)

}
v, ξ, u, v ∈ T (M) . (257)

c) ’µ¦¤¥¸É¢µ Ÿ±µ¡¨:

< [[ω$ξ,
ω$u], ω$v] >= [[ω$ξ,

ω$u], ω$v]+

+[[ω$v,
ω$ξ],

ω$u] + [[ω$u,
ω$v],

ω$ξ] ≡ 0 . (258)

� §²¨Î´Ò¥ É¨¶Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢, ¤¥°¸É¢ÊÕÐ¨Ì ´  ¨´¢ -
·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ , ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¶¨¸ ´¨Ö · §²¨Î´ÒÌ Ë¨-
§¨Î¥¸±¨Ì ¸¨¸É¥³ ¨ ¢§ ¨³µ¤¥°¸É¢¨° ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ ¸
 ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨±µ°, · ¸¸³ É·¨¢ Ö É ±µ¥ ³´µ£µµ¡· §¨¥ ¢ ± -
Î¥¸É¢¥ ³µ¤¥²¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨.

11. ‡�Š‹�—…�ˆ…

‚ § ±²ÕÎ¥´¨¥ ¸Ëµ·³Ê²¨·Ê¥³ £² ¢´Ò¥ ¢Ò¢µ¤Ò ¨§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢.
1. �¶¥· Éµ· ¸¢¥·É±¨ S, ±µ³³ÊÉ¨·ÊÕÐ¨° ¸ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ

¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³ ‹¨, ³µ¦´µ ¢¢¥¸É¨ ´ 
± ¦¤µ³ ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ É ±¨³ µ¡· §µ³, ÎÉµ  ËË¨´´ Ö ¸¢Ö§-
´µ¸ÉÓ P ¤²Ö ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ¡Ê¤¥É µÉ²¨Î ÉÓ¸Ö µÉ  ËË¨´´µ°
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¸¢Ö§´µ¸É¨ Γ ¤²Ö ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ´¥ Éµ²Ó±µ §´ ±µ³. Šµ³-
¶µ´¥´ÉÒ (¢ ±µµ·¤¨´ É´µ³ ¨ ´¥±µµ·¤¨´ É´µ³ (´¥£µ²µ´µ³´µ³) ¡ §¨¸ Ì) ¶ ·Ò
 ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥° P ijk ¨ Γijk µÉ²¨Î ÕÉ¸Ö ¤·Ê£ µÉ ¤·Ê£  ±µ³¶µ´¥´É ³¨ gij;k
±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ É¥´§µ·  Š·µ´¥±¥· . �·¨ ÔÉµ³ ³µ¦´µ · §²¨Î¨ÉÓ
¶µ ³¥´ÓÏ¥° ³¥·¥ É·¨ ¸²ÊÎ Ö:

 ) gij;k := 0 : P ijk + Γijk = 0 (P ijk µÉ²¨Î ÕÉ¸Ö µÉ Γijk Éµ²Ó±µ §´ ±µ³
(± ´µ´¨Î¥¸±¨° ¸²ÊÎ °: S := C));

b) gij;k := ϕ,k.g
i
j : P ijk + Γijk = ϕ,k.g

i
j , ϕ ∈ Cr(M) (P ijk µÉ²¨Î ¥É¸Ö µÉ

Γijk ´  ¶·µ¨§¢µ¤´ÊÕ µÉ § ¤ ´´µ° ¨´¢ ·¨ ´É´µ° ËÊ´±Í¨¨ ϕ ∈ Cr(M), r ≥ 2,
¶µ ´ ¶· ¢²¥´¨Õ ¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö (∂k ¨²¨ ek) ¨ ´  ±µ³¶µ´¥´ÉÒ
É¥´§µ·  Š·µ´¥±¥·  ¢ § ¤ ´´µ³ ¡ §¨¸¥);

c) gij;k = qijk : P ijk + Γijk = qijk, q ∈ ⊗1
2(M) (P ijk µÉ²¨Î ¥É¸Ö µÉ Γijk ´ 

±µ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ gij;k µÉ ±µ³¶µ´¥´É É¥´§µ·  Š·µ´¥±¥·  ¶µ ´ ¶· -
¢²¥´¨Õ ¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ∂k (¨²¨ ek)).

‚ ¸²ÊÎ ¥ ( ) ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¨ ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É-
´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ´¥§ ¢¨¸¨³Ò¥ ¤·Ê£ µÉ ¤·Ê£  ¸É·Ê±-
ÉÊ·Ò (´¥§ ¢¨¸¨³µ µÉ Éµ£µ Ë ±É , ÎÉµ ¶·µ¨§¢µ¤´Ò¥ ‹¨ ³µ¦´µ ¢Ò· §¨ÉÓ ¸ ¶µ-
³µÐÓÕ ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ).

‚ ¸²ÊÎ ÖÌ (b) ¨ (c) (¢ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö ( )) ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨-
 ´É´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° § ¢¨¸ÖÉ µÉ ¸É·Ê±ÉÊ·, µ¶·¥¤¥²¥´´ÒÌ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨
 ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨.

�  µ¸´µ¢¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ · §· ¡µÉ ´  ±¨´¥³ É¨±  ¢¥±Éµ·´ÒÌ
¶µ²¥° [28, 49Ä52]. ‹ £· ´¦¥¢¸± Ö É¥µ·¨Ö É¥´§µ·´ÒÌ ¶µ²¥° · §¢¨¢ ² ¸Ó ¢
[53] ¨ ¡Ò²  ¶·¨³¥´¥´  ¢ [54], £¤¥ �’ƒ · ¸¸³ É·¨¢ ² ¸Ó ± ± Î ¸É´Ò° ¸²ÊÎ °
² £· ´¦¥¢¸±µ° É¥µ·¨¨ É¥´§µp´ÒÌ ¶µ²¥° ¢ Vn-¶·µ¸É· ´¸É¢ Ì (n = 4).

’¥µ·¨Ö ¶·µ¸É· ´¸É¢ ¸ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´Ò³¨
¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨± ³¨ ¨ ¥¥ ¶·¨²µ¦¥´¨Ö ± ±¨´¥³ É¨±e ¢¥±Éµ·´ÒÌ ¶µ²¥° ¨
± ² £· ´¦¥¢¸±µ° É¥µ·¨¨ É¥´§µ·´ÒÌ ¶µ²¥° µÉ±·Ò¢ ¥É ´µ¢Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö
¶·¨²µ¦¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´µ-£¥µ³¥É·¨Î¥¸±¨Ì ³¥Éµ¤µ¢ ¢ Ë¨§¨±¥.

�¢Éµ· ¢Ò· ¦ ¥É £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ:

Å ¶·µË. ¤-·Ê �.�.—¥·´¨±µ¢Ê §  ¶µ²¥§´Ò¥ ¤¨¸±Ê¸¸¨¨ ¨ ¶¥·¥¢µ¤ ¨ ·¥¤ ±-
Í¨Õ ·Ê¸¸±µ£µ É¥±¸É  ´ ¸ÉµÖÐ¥° ¸É ÉÓ¨;

Å ¤-·Ê �.‘.˜ ¢µÌ¨´µ° ¨ ¤-·Ê �.�.�¥¸Éµ¢Ê (�ˆŸˆ, „Ê¡´ , �µ¸¸¨Ö) § 
¶µ²¥§´Ò¥ ¤¨¸±Ê¸¸¨¨;

Å ¶·µË. ¤-·Ê ‘É.„¨³¨¥¢Ê (ˆ´¸É¨ÉÊÉ ³ É¥³ É¨±¨ ¨ ¨´Ëµ·³ É¨±¨ ���,
‘µË¨Ö, �µ²£ ·¨Ö) ¨ ¶·µË. ¤-·Ê Š.‘¥±¨£ ¢  (± Ë¥¤·  ³ É¥³ É¨±¨, “´¨¢¥·¸¨-
É¥É �¨¨£ É , Ÿ¶µ´¨Ö) §  ¶µ¤¤¥·¦±Ê · ¸¸³ É·¨¢ ¥³µ° É¥³ É¨±¨;

Å ¶·µË. ¤-·Ê „.ˆ.Š § ±µ¢Ê §  ¥£µ £µ¸É¥¶·¨¨³¸É¢µ ¢ ‹’” �ˆŸˆ;

Å �.„¨³¨É·µ¢Ê ¨ „.Œ² ¤¥´µ¢Ê §  ¶µ³µÐÓ ¢ ¶µ¤£µÉµ¢±¥ ·Ê±µ¶¨¸¨ ´ 
·Ê¸¸±µ³ Ö§Ò±¥.
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� ¸ÉµÖÐ Ö · ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ Î ¸É¨Î´µ° Ë¨´ ´¸µ¢µ° ¶µ¤¤¥·¦±¥ � -
Í¨µ´ ²Ó´µ£µ Ëµ´¤  �µ²£ ·¨¨ ¤²Ö ´ ÊÎ´ÒÌ ¨¸¸²¥¤µ¢ ´¨° (£· ´ÉÒ F-103, F-498,
F-642).
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BEYOND THE BLACK-DISK LIMIT:
FROM SHADOW TO ANTISHADOW

SCATTERING MODE
S.Œ. ’roshin, N.…. ’yurin

Institute for High Energy Physics, Protvino, Moscow Region, 142284 Russia

�·¥¤¸± §Ò¢ ¥É¸Ö ¶µÖ¢²¥´¨¥ ´µ¢µ° ³µ¤Ò Ä  ´É¨É¥´¥¢µ° Ä ¢ · ¸¸¥Ö´¨¨  ¤·o´µ¢ ¶·¨ Ô´¥·£¨ÖÌ
¢ÒÏ¥

√
s ' 2 ’Ô‚. �±¸¶¥·¨³¥´ÉÒ ´  LHC ¨ VLHC ¶µ ¨§ÊÎ¥´¨Õ  ¤·µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ³µ£ÊÉ

µ¡´ ·Ê¦¨ÉÓ ÔÉÊ ³µ¤Ê. ‚µ§³µ¦´µ¸ÉÓ ¶µÖ¢²¥´¨Ö ¤ ´´µ° ³µ¤Ò ¶·¨ ¸¢¥·Ì¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ · ¸-
¸³ É·¨¢ ¥É¸Ö ´  µ¸´µ¢¥ Ê´¨É ·´µ¸É¨ ¨ £¥µ³¥É·¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° µ¡  ¤·µ´´µ³ · ¸¸¥Ö´¨¨.
� ¸¸³µÉ·¥´  ¸¢Ö§Ó ¸ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ³µ¤¥²Ö³¨ ¢ · ³± Ì Š•„.

New mode in the hadron scattering is predicted to appear at the energies beyond
√
s ' 2 TeV:

the antishadow scattering mode, and the experiments at LHC and VLHC in hadronic reactions will be
able to reveal it. The appearance of the antishadow scattering mode at these energies is considered
on the basis of unitarity and geometrical notions of hadron interactions. Connections with the
nonperturbative-QCD models are discussed.

INTRODUCTION

One of the most fundamental discoveries in hadron interactions at high ener-
gies is the rise of total cross sections with energy. It is accompanied by the rise
of elastic and inelastic cross sections as well as of the ratio of elastic to the total
cross section.

For the ˇrst time the total cross section increase was observed in K+p
interactions at the Serpukhov accelerator in 1970 [1] and it was discovered later in
pp interactions at CERN ISR [2] and at Fermilab [3] in other nucleon- and meson-
proton interactions. Recent HERA data [4] demonstrated the rising behavior
of the virtual photon-proton total cross sections. Since then a great progress
in the experimental and theoretical studies of hadronic reactions was achieved.
Quantum Chromodynamics appeared as a theory of strong interactions and gave
an explanation for the behavior of the observables in the hard hadronic reactions,
i.e., the reactions with high momentum transfers. However, the dynamics of long
distance interactions (soft processes) is rather far from its understanding despite
much work has been done in this ˇeld. The problems are directly related to the
problems of conˇnement and chiral symmetry breaking.

The approaches to soft hadronic processes are widely varied: Regge-type,
geometrical or QCD-inspired models consider aspects of such processes from the



BEYOND THE BLACK-DISK LIMIT 1271

different points of view and use various ideas on hadron structure and interaction
dynamics. The major part of the models consider the global characteristics of
hadron interactions such as σtot, σinel, and σdiff related to large distance interac-
tion dynamics as reecting gross features of hadron structure [5], [6]. Despite the
difˇculties in application of perturbative QCD for the description of long-distance
interactions and their obvious nonperturbative character, it is often possible to
represent the high-energy amplitude in the various model approaches as an ex-
pansion over a small parameter which depends on the kinematics of the process,
e.g., for the case of nonincreasing total cross section the general form of the
amplitude is

F (s, t) = s
∑
n

[τ(s)]n exp

[
a(s)t

n

]
,

where τ(s) ∼ 1/ ln s is a small parameter at s→∞.
Since the expansion is not valid for the rising total cross sections, it is

possible to ˇnd another representation for that case with the t-dependent expansion
parameter [7]:

F (s, t) = s

∞∑
m=1

[τ(
√
−t)]mΦm[R(s),

√
−t], t 6= 0,

where
τ(
√
−t) = exp

(
−
√
−t/µ0

)
,

and Φm[R(s),
√
−t] is an oscillating function of transferred momentum. The

above formulas as well as some other representations may be successfully used
for the phenomenological analysis of the scattering amplitude at high energies.

Thus, by now the theoretical treatment of soft hadronic reactions involves
substantial piece of phenomenology and uses various model approaches. They are
often based on divergent postulates, but their phenomenological parts are similar.
In particular, an amplitude V (s, t) is considered as an input for the subsequent
unitarization procedure:

F (s, t) = Φ[V (s, t)].

To reproduce the total cross section rise the input amplitude V (s, t) is usually
considered as a power function of energy. This function being taken as an
amplitude itself violates unitarity in the direct channel. To obey unitarity in the
direct channel a unitarization procedure should be used.

There are several ways to restore unitarity of the scattering matrix. We con-
sider two schemes: based on the use of eikonal and generalized reaction matrix,
respectively. There are also combined methods, but those are not often used. As
was mentioned various models for V (s, t) may be successfully used to provide
phenomenological description of high-energy hadron scattering. However, in the



1272 TROSHIN S.M., TYURIN N.E.

particular model approaches the important dynamical aspects of interaction could
be signiˇcantly obscured due to a large number of free parameters.

In this paper we discuss some general properties of hadron scattering, the
implications of unitarity and analyticity, in particular, manifestations of the anti-
shadow scattering mode and respective model predictions for the observables in
elastic scattering and diffraction dissociation. Our main goal is to draw atten-
tion to the existence of the antishadow scattering mode at the energies of LHC
and VLHC. It might provide a new insight into the dynamics of diffraction and
head-on hadronic collisions at superhigh energies.

1. GEOMETRICAL PICTURE

In the collisions of two high energy particles the de Broglie wavelength can
be short compared to the typical hadronic size and hence optical concepts may
be used as useful guidelines. Thus, the hadron scattering can be considered as a
collision of two relativistically contracted objects of ˇnite size.

The relevant mathematical tool for description of high-energy hadronic scat-
tering is based on the impact parameter representation for the scattering amplitude.
In the case of spinless particle scattering this representation has the following
form:

F (s, t) =
s

π2

∫ ∞
0

bdbf(s, b)J0(b
√
−t). (1)

Note that for the scattering of particles with nonzero spin the impact parameter
representation for the helicity amplitudes has a similar form with substitution
J0 → J∆λ, where ∆λ is the net helicity change between the ˇnal and initial
states. The impact parameter representation as was shown in [8] is valid for
all physical energies and scattering angles. This representation provides simple
semiclassical picture of hadron scattering.

It is often assumed, after the Chou Ä Yang model was proposed, that the
driving mechanism of hadron scattering is due to overlapping of the two matter
distributions of colliding hadrons. It could be understood by analogy with Glauber
theory of nuclear interactions: one assumes that the matter density comes from
the spatial distribution of hadron constituents and also assumes a zero-range
interaction between those constituents. Such contact interaction might result from
the effective QCD, e.g., based on the Nambu Ä Jona-Lasinio Lagrangian.

The important role in the geometrical approach belongs to the notion of the
interaction radius. The general deˇnition of the interaction radius which is in
agreement with the above geometrical picture was given in [9]:

R(s) = l0(s)/k, (2)
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where k =
√
s/2 is the particle momentum in the c.m.s. The value for l0(s)

is chosen provided the contributions of the partial amplitudes from the angular
momenta l > l0(s) are vanishingly small.

As a ˇrst approximation one can consider the energy independent interaction
intensity and describe the elastic scattering amplitude in terms of the black disk
model where it has the form:

F (s, t) ∝ iR2(s)
J1(R(s)

√
−t)

R(s)
√
−t

. (3)

Here R ∼ 1f is the interaction radius. The model is consistent with the observed
structure in the differential cross sections of pp and p̄p scattering at t close to
1 (GeV/c)2.

In the simplest case, neglecting the real part and spin, the impact parameter
amplitude f(s, b) can be obtained as an inverse transformation according to Eq.(1)
with

F (s, t) ∝
√
s
dσ

dt
(s, t).

Thus, one can extract information on the geometrical properties of interaction
from the experimental data. The analysis of the experimental data on high-
energy diffractive scattering shows that the effective interaction area expands
with energy and the interaction intensity Å opacity Å increases with energy at
ˇxed impact parameter b. Such analysis used to be carried out every time as the
new experimental data become available. For example analysis of the data at the
ISR energies (the most precise data set on differential cross section for wide t
range available for

√
s = 53 GeV) shows that one can observe a central impact

parameter proˇle with a tail from the higher partial waves and some suppression
(compared to Gaussian) of low partial waves. The scattering picture at such
energies is close to gray disk with smooth edge which is getting darker in its
centre with energy.

Beside the above simple geometrical observations it is useful to keep in mind
the rigorous bounds for the experimental observables.

2. BOUNDS FOR OBSERVABLES
AND THE EXPERIMENTAL DATA

Bounds for the observables obtained on the ˇrm ground of general principles
such as unitarity and analyticity are very important for any phenomenological
analysis of soft interactions. However, there are only few results obtained on the
basis of the axiomatic ˇeld theory.
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First of all it is the FroissartÄMartin bound that gives the upper limit for the
total cross section:

σtot ≤ C ln2 s, (4)

where C = π/m2
π (= 60 mb) and mπ is the pion mass.

Saturation of this bound, as it is suggested by the existing experimental data,
implies the dominance of long-distance dynamics. It also leads to a number of
important consequences for the other observables. For instance, unitarity leads to
the following bound for elastic cross section:

σel(s) ≥ c
σ2

tot(s)

ln2 s
. (5)

Therefore, when the total cross section asymptotically increases as ln2 s,
elastic cross section also must rise like ln2 s. It is important to note here that
there is no similar bound for the inelastic cross section and as we will see further
the absence of such bound allows for appearance of the antishadow scattering
mode at very high energies.

If one considers a more general case when σtot ∝ lnγ s, then at asymptotic
energies one should have

Re F (s, 0)

Im F (s, 0)
' γπ

2 ln s
(6)

and
σātot(s)− σatot(s)

σātot(s) + σatot(s)
≤ ln−γ/2(s), (7)

where σātot(s) and σatot(s) are the total cross sections of the processes ā+ b→ X
and a + b → X , correspondingly. In the case of γ = 2 the total cross sec-
tion difference of antiparticle and particle interactions should obey the following
inequality

∆σtot(s) ≤ ln s. (8)

Contrary to the total cross section behavior, the existing experimental data
seem to prefer decreasing ∆σtot(s). Possible deviations from such behavior
could be expected on the basis of perturbative QCD [10] and it was one of the
reasons for the recent discussions on the Pomeron counterpart Å the Odderon.
However, the recent measurements of the real-to-imaginary part ratio for forward
p̄p scattering provide little support for the Odderon. We will not discuss more
thoroughly the interesting problem of ReF/ImF ratio and will consider for
simplicity the case of pure imaginary amplitude.

For the slope of diffraction cone at t = 0 in the case of a pure imaginary
scattering amplitude the following inequality takes place:

B(s) ≥ σ2
tot(s)

18πσel(s)
(9)
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which means that when the total cross section increases as ln2 s, the same depen-
dence is mandatory for the slope of diffraction cone. It is the stronger shrinkage
than the Regge model predicts: B(s) ∼ α′ ln s.

There is also bound [11] for the total cross section of single diffractive
processes. It was obtained by Pumplin in approach, where inelastic diffraction as
well as elastic scattering are assumed to arise in the form of a shadow of inelastic
processes,c and has the form

σdiff(s, b) ≤ 1

2
σtot(s, b)− σel(s, b). (10)

The most signiˇcant assumption was that the diffractive eigenamplitudes in the
GoodÄWalker [12] picture do not exceed the black disk limit.

At this point some details of the experimental situation have to be men-
tioned. At the highest energies the experimental data for the total and elastic
cross sections, slope parameter of diffraction cone and cross section of single
inelastic diffraction dissociation have been obtained in p̄p collisions at Fermilab.
In particular, those measurements show that

• the rise of the total cross section of pp̄ interactions is consistent with ln2 s
dependence, however other dependences are not ruled out;

• elastic cross section rises faster than the inelastic and total cross sections
and has a magnitude about 1/4 of the total cross section.

Comparing the value of the elastic-to-total cross section ratio with the lower
energy data one can conclude that the higher the energy, the higher both absolute
and relative probabilities of elastic collisions.

Impact parameter analysis [13] of the data shows that the scattering amplitude
is probably beyond the black disk limit |f(s, b)| = 1/2 in head-on collisions.
The Pumplin bound (Eq.(10)) is also violated in such collisions and this is not
surprising if one recollects the original ad hoc assumption on the shadow scattering
mode.

3. ANTISHADOW SCATTERING MODE

The basic role in our consideration belongs to unitarity of the scattering
matrix SS+ = 1 which is a reformulation of the probability conservation. In
the impact parameter representation the unitarity equation rewritten for the elastic
scattering amplitude f(s, b) at high energies has the form

Im f(s, b) = |f(s, b)|2 + η(s, b) (11)
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where the inelastic overlap function η(s, b) is the sum of all inelastic channel
contributions. It can be expressed as a sum of nÄparticle production cross sections
at the given impact parameter

η(s, b) =
∑
n

σn(s, b). (12)

As was mentioned assumption of a pure imaginary amplitude is a rather common
approximation at high energies and is adequate for our qualitative analysis. Then
the unitarity Eq.(11) points out that the elastic scattering amplitude at given impact
parameter value is determined by the inelastic processes. Equation (11) implies
the constraint

|f(s, b)| ≤ 1

while the black-disk limit presumes inequality

|f(s, b)| ≤ 1/2.

The equality |f(s, b)| = 1/2 corresponds to maximal absorption in the partial
wave with angular momentum l ' b√s/2.

The maximal absorption limit is chosen a priori in the eikonal method of
unitarization when the scattering amplitude is written in the form:

f(s, b) =
i

2
(1− exp [iω(s, b)]), (13)

and imaginary eikonal ω(s, b) = iΩ(s, b) is considered. The function Ω(s, b) is
called opacity. Eikonal unitarization automatically satisˇes the unitarity Eq.(11)
and in the case of pure imaginary eikonal leads to the amplitude which always
obeys the black-disk limit.

However, unitarity equation has two solutions for the case of pure imaginary
amplitude:

f(s, b) =
i

2
[1±

√
1− 4η(s, b)]. (14)

Eikonal unitarization with pure imaginary eikonal corresponds to the choice of
the particular solution with sign minus.

Several models have been proposed for the eikonal function. For instance,
Regge-type models lead to the Gaussian dependence of Ω(s, b) on impact pa-
rameter. To provide rising total cross sections, opacity should have a power
dependence on energy

Ω(s, b) ∝ s∆ exp [−b2/a(s)], (15)

where a(s) ∼ ln s. In the framework of perturbative QCD-based models the
driving contribution to the opacity is due to jet production in gluon-gluon inter-
actions, when

Ω(s, b) ∝ σjet exp [−µb], (16)
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where σjet ∼ (s/s0)∆. Such parameterizations lead to the rising total and elastic
cross sections and slope parameter:

σtot(s) ∼ σel(s) ∼ B(s) ∼ ln2 s (17)

and the ratio
σel(s)

σtot(s)
→ 1

2
. (18)

To include the mode, where the scattering amplitude exceeds the black-disk
limit, one should consider the eikonal functions with nonzero real parts. To
ensure the transition from shadow to antishadow mode the real part of eikonal
should gain an abrupt increase equal to π at some s = s0. The conventional
models do not foresee such a critical behavior for real part of the eikonal.

However, it does not mean that the eikonal model itself is in trouble. In
particular, the account for uctuations of the eikonal [14] strongly modiˇes the
structure of the amplitude and reduces it to algebraic form which is similar to
that used in the unitarization scheme based on the generalized reaction matrix.

The latter method is based on the relativistic generalization of the Heitler
equation of radiation damping [15]. In this approach the elastic scattering am-
plitude satisˇes unitarity equation since it is constructed as a solution of the
following equation [15]

F = U + iUDF (19)

presented here in the operator form. Eq.(19) allows one to satisfy unitarity
provided the inequality

ImU(s, b) ≥ 0 (20)

is fulˇlled. The form of the amplitude in the impact parameter representation is
the following:

f(s, b) =
U(s, b)

1− iU(s, b)
, (21)

where U(s, b) is the generalized reaction matrix, which is considered as an input
dynamical quantity similar to eikonal function. Similar form for the scattering
amplitude was obtained by Feynman in his parton model of diffractive scattering
[16]. Inelastic overlap function is connected with U(s, b) by the relation

η(s, b) =
ImU(s, b)

|1− iU(s, b)|2 . (22)

Construction of particular models in the framework of the UÄmatrix approach
proceeds with the same steps as it does for the eikonal function, i.e., the basic
dynamics as well as the notions on hadron structure are used to obtain a particular



1278 TROSHIN S.M., TYURIN N.E.

form for the U matrix. For example, the Regge-pole approach [17] provides the
following form for the U matrix:

U(s, b) ∝ is∆ exp [−b2/a(s)], a(s) ∼ α′ ln s, (23)

while the chiral quark model which will be discussed below gives the exponential
b dependence

U(s, b) ∝ is∆ exp [−µb], (24)

where µ is the constant proportional to the masses of the constituent quarks. We
have mentioned here only the gross features of those model parameterizations
without going into details.

Both the parameterizations lead to ln2 s rise of the total and elastic cross
sections and slope parameter B(s):

σtot(s) ∼ σel(s) ∼ B(s) ∼ ln2 s (25)

at s→∞. The above results are similar to conclusions of eikonal unitarization.
However, these two unitarization schemes lead to different predictions for

the inelastic cross sections and for the ratio of elastic to total cross section. This
ratio in the UÄmatrix unitarization scheme reaches its maximal possible value at
s→∞, i.e.,

σel(s)

σtot(s)
→ 1, (26)

which reects in fact that the bound for the partial-wave amplitude in the
U -matrix approach is |f | ≤ 1, while the bound for the case of imaginary eikonal
is (black-disk limit): |f | ≤ 1/2.

When the amplitude exceeds the black-disk limit (in central collisions at high
energies), then the scattering at such impact parameters turns out to be of an
antishadow nature. It corresponds to the solution of unitarity equation (11) with
plus sign. In this antishadow scattering mode the elastic amplitude increases with
the decrease of the inelastic channels contribution.

The shadow scattering mode is considered usually as the only possible one.
But the two solutions of the unitarity equation have an equal meaning and the
antishadow scattering mode could also appear in central collisions ˇrst as the
energy becomes higher. Both the scattering modes are realized in a natural way
in the U -matrix approach despite the two modes are described by the two different
solutions of unitarity Eq.(14).

Let us consider the transition to the antishadow scattering mode [18]. With
conventional parameterizations of the U -matrix in the form of Eq. (23) or Eq.(24)
the inelastic overlap function increases with energies at modest values of s. It
reaches its maximum value η(s, b = 0) = 1/4 at some energy s = s0, and
beyond this energy the antishadow scattering mode appears at small values of b.
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The region of energies and impact parameters corresponding to the antishadow
scattering mode is determined by the conditions Im f(s, b) > 1/2 and η(s, b) <
1/4. The quantitative analysis of the experimental data [19] gives the threshold
value of energy:

√
s0 ' 2 TeV.

Thus, the function η(s, b) becomes peripheral when energy is increasing.
At such energies the inelastic overlap function reaches its maximum value at
b = R(s), where R(s) is the interaction radius. So, beyond the transition threshold
there are two regions in impact parameter space: the central region of antishadow
scattering at b < R(s) and the peripheral region of shadow scattering at b > R(s).
At b = R(s) the maximal absorption (black ring) takes place (Fig. 1).

Fig. 1. Shadow and antishadow scattering regions

The transition to the antishadow scattering at small impact parameters at high
energies results also in a relatively slow rise of inelastic cross section:

σinel(s) = 8π

∫ ∞
0

bdb ImU(s, b)

|1− iU(s, b)|2 ∼ ln s (27)

at s→∞.
It should be noted that appearance of the antishadow scattering mode does

not contradict the basic idea that the particle production is the driving force for
elastic scattering. Indeed, the imaginary part of the generalized reaction matrix is
the sum of inelastic channel contributions:

ImU(s, b) =
∑
n

Ūn(s, b), (28)

where n runs over all inelastic states, and

Ūn(s, b) =

∫
dΓn|Un(s, b, {ξn}|2, (29)
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and dΓn is the n-particle element of the phase space volume. The functions
Un(s, b, {ξn}) are determined by the dynamics of 2 → n processes. Thus,
the quantity ImU(s, b) itself is a shadow of the inelastic processes. However,
unitarity leads to selfÄdamping of the inelastic channels [20] and increase of the
function ImU(s, b) results in decrease of the inelastic overlap function η(s, b),
when ImU(s, b) exceeds unity.

At the energies when the antishadow mode starts to develop (it presumably
could already occur at the energies of the Tevatron-Collider) the Pumplin bound
Eq.(10) for inelastic diffraction dissociation cannot be applied since the main
assumption used under its derivation is not valid any more.

4. THE TWO MODES OF HADRON SCATTERING
AND THE PREASYMPTOTIC EFFECTS

In this section we give a speciˇc analysis of the hadron scattering on the basis
of particular model. In Refs.21,22 the notion of an effective chiral quark model
was used for the description of elastic scattering at small and large angles. Hadron
dynamics is considered in the framework of effective Lagrangian approach.

A common feature of the chiral models [23] is the representation of a baryon
as an inner core carrying the baryonic charge and anouter condensate surrounding
this core [24]. Following these observations it is natural to represent a hadron
as consisting of the inner region where valence quarks are located and the outer
region ˇlled with quark condensate [22]. Such a picture for the hadron structure
implies that overlapping and interaction of peripheral condensates in hadron col-
lision occurs at the ˇrst stage. In the overlapping region the condensates interact
and as a result virtual massive quarks appear. Being released part of hadron en-
ergy carried by the peripheral condensates goes to a generation of massive quarks.
Besides mass, quark acquires an internal structure and a ˇnite size. Quark radii
are determined by the radii of the clouds. Strong interaction radius of quark Q is
determined by its Compton wavelength:

rQ = ξ/mQ, (30)

where constant ξ is universal for different avors. In the model valence quarks
located in the central part of a hadron are supposed to scatter in a quasi-indepen-
dent way by the produced virtual massive quarks at given impact parameter and
by the other valence quarks.

The function U(s, b) (generalized reaction matrix) [15] Å the basic dynam-
ical quantity of this approach Å is chosen as a product of the averaged quark
amplitudes

U(s, b) =

N∏
Q=1

〈fQ(s, b)〉 (31)
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in accordance with assumed quasi-independent nature of valence quark scattering.
The b dependence of the function 〈fQ〉 related to the quark form factor FQ(q)
has a simple form 〈fQ〉 ∝ exp(−mQb/ξ).

Thus, the generalized reaction matrix (in a pure imaginary case) gets the
following form

U(s, b) = ig

[
1 + α

√
s

mQ

]N
exp (−Mb/ξ), (32)

where M =
∑N

q=1mQ.
At moderate energies s� s0 (where

√
s0 ≡ mQ/α) the function U(s, b) can

be represented in the form

U(s, b) = ig

[
1 +Nα

√
s

mQ

]
exp (−Mb/ξ). (33)

At very high energies s � s0 we could neglect the energy independent term in
(32) and rewrite the expression for U(s, b) as

U(s, b) = ig
(
s/m2

Q

)N/2
exp (−Mb/ξ). (34)

Calculation of the scattering amplitude is based on the impact parameter repre-
sentation and the analysis of singularities of F (s, β) in complex β plane [7].

Besides the energy dependence of these observables we will emphasize its
dependence on geometrical characteristics of nonperturbative quark interactions.

The total cross section has the following energy and quark-mass dependences

σtot(s) =
πξ2

〈mQ〉2
Φ(s,N), (35)

where 〈mQ〉 = 1
N

∑N
Q=1 mQ is the mean value of the constituent quark masses

in the colliding hadrons. The function Φ has the following behavior:

Φ(s,N) =


(
8g/N2

)
[1 +Nα

√
s/mQ] , s� s0,

ln2 s, s� s0.
(36)

Thus, at asymptotically high energies the model provides

lim
s→∞

σtot(āb)

σtot(ab)
= 1.

Linear with
√
s preasymptotic rise of the total cross sections is in agreement

with the experimental data up to
√
s ∼ 0.5 TeV [19].
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The inelastic cross section can be calculated in the model explicitly, viz:

σ|rminel(s) =
8πξ2

N2〈mQ〉2
ln

[
1 + g(1 +

α
√
s

mQ
)N
]
. (37)

At asymptotically high energies the inelastic cross section rise is as follows

σinel(s) =
4πξ2

N〈mQ〉2
ln s. (38)

At s� s0 the dependence of the hadron interaction radius R(s) and the ratio
σel/σtot on 〈mQ〉 is provided by the following equations:

R(s) =
ξ

2〈mQ〉
ln s, (39)

σel(s)

σtot(s)
= 1− 4

N ln s
. (40)

It is important to note here that such a behavior of the ratio σel/σtot and σinel(s)
results from self-damping of inelastic channels [20] at small impact distances.
Numerical estimates [19] show that the ratio σel(s)/σtot(s) becomes close to the
asymptotic value 1 at extremely high energies

√
s = 500 TeV.

Thus, unitarization drastically changes the scattering picture: at lower ener-
gies inelastic channels provide dominant contribution and scattering amplitude has
a shadow origin, while at high energies elastic scattering dominates over inelasic
contribution and the scattering picture corresponds to the antishadow mode. The
functional s dependences of observables also differ signiˇcantly. For example,
s dependence of total cross section at s � s0 is described by a simple linear
function of

√
s. It has been shown that such dependence does not contradict

the experimental data for hadron total cross sections up to
√
s ∼ 0.5 TeV. Such

dependence corresponds to that of the hard Pomeron with ∆ = 0.5, however,
it was obtained in different approach [22]. This is a preasymptotic dependence
and it has nothing to do with the true asymptotics of the total cross sections.
In the model such behavior of the hadronic cross sections reects the energy
dependence of a number of virtual quarks generated under condensate collisions
in the intermediate transient stage of hadronic interaction.

5. ANTISHADOW SCATTERING MODE
AND INELASTIC DIFFRACTIVE PROCESSES

Inelastic diffractive production as well as elastic scattering at low transferred
momenta are the two basic processes which would lead to understanding of
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large distance dynamics and hadron structure. Concerning inelastic diffractive
processes this statement can be traced back to the seminal paper [12], where such
processes were considered as a result of a difference in absorption of various
proton states. Later on, these states have got a parton-like interpretation. New
data were obtained for single diffraction production process

h1 + h2 → h1 + h∗2, (41)

when the hadron h2 is excited to the state h∗2 with invariant mass M and the
same quantum numbers. Its subsequent decay results in the multiparticle ˇnal
state. The inclusive differential cross section shows a simple dependence on the
invariant mass

dσdiff

dM2
∝ 1

M2
. (42)

However, energy dependence of the diffractive production cross section σdiff(s)
is not so evident from the data. This ambiguity is partly due to difˇculties in the
experimental deˇnition of the inelastic diffractive cross section.

The particular experimental regularities observed in diffractive production
can be described in the framework of different approaches. 1/M2 dependence is
naturally described by the triple-pomeron diagrams in the framework of Regge-
model. The proposed in Ref.25 similarity between the Pomeron and photon
exchanges allowed one to calculate diffractive dissociation cross section in terms
of structure function νW2 measured in deep inelastic lepton scattering. Several
models use optical picture for the description of diffractive production [26] but
these models in large extent concern the angular distribution of diffractive cross
section and M2 dependence is left beyond their scope. The attempt to explain M2

dependence in the framework of optical model, considering diffractive dissociation
as a bremsstrahlung where virtual quanta are released from a strong ˇeld was made
in Ref.27.

In this section for description of single diffractive processes we use model
approach described in section 4.

To obtain the cross section of the diffractive dissociation process we should
single out among the ˇnal states in Eq.(28) those corresponding to the process
(41). Let us for simplicity consider again the case of pure imaginary U matrix.
Then we can represent dσdiff/dM

2 in the following form

dσdiff

dM2
= 8π

∫ ∞
0

bdb
Udiff(s, b,M)

[1 + U(s, b)]2
, (43)

where expression for Udiff(s, b,M) includes contributions from all the ˇnal states
|n〉diff which results from the decay of the excited hadron h∗2 of mass M : h∗2 →
|n〉diff .
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For consideration of the diffractive production at the quark level we extend the
picture for hadron interaction for elastic scattering, described in section 4. Since
the constituent quark is an extended object there is a nonzero probability of its
excitation at the ˇrst stage of hadron collision during the interaction of peripheral
condensates. Therefore it is natural to assume that the origin of diffractive
production process is the excitation of one of the valence quarks in colliding
hadron: Q → Q∗, its subsequent scattering and decay into the ˇnal state. The
excited constituent quark is scattered similar to other valence quarks in a quasi-
independent way. The function Udiff(s, b,M) can be represented then as a product

Udiff(s, b,M) = 〈fQ∗(s, b,MQ∗)〉
N−1∏
Q=1

〈fQ(s, b)〉, (44)

where MQ∗ is the mass of excited constituent quark, which is proportional to
the mass M of excited hadron h∗2 for large values of M . The last statement
presumes the additivity of constituent quark masses. The b dependence of the
amplitude 〈fQ∗〉 is related to the form factor of excited quark whose radius is
determined by its mass MQ∗ (rQ∗ = ξ/MQ∗). The expression for Udiff(s, b,M)
can be rewritten then in the following form:

Udiff(s, b,M) = g∗U(s, b) exp [−(MQ∗ −mQ)b/ξ], (45)

where constant g∗ is proportional to the relative probability of excitation of the
constituent quark. The value of g∗ is a nonzero one, however, g∗ < 1 since we
expect that the excitation of any constituent quark has lower probability compared
to probability for this quark to stay unexcited. The excited quark is not stable
and its subsequent decay is associated with the decay of excited hadron h∗2 into
the multiparticle ˇnal state |n〉diff .

The cross section of diffractive dissociation process is given by expression
(43) and has the following s- and M2 dependences

dσdiff

dM2
' 8πg∗ξ2

(MQ∗ −m2
Q)2

η(s, 0) ' 8πg∗ξ2

M2
η(s, 0). (46)

Thus, we obtained the familiar 1/M2 dependence of the diffraction cross section
which is related in this model to the geometrical size of excited constituent quark.

The double dissociation processes

h1 + h2 → h∗1 + h∗2 (47)

can be considered on the grounds of previous approach to the single diffractive
dissociation. Here one of the constituent quarks in each of the colliding hadrons
should be excited. The cross section of double diffraction process has similar
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M2 and s dependences and is to be suppressed in comparison with the single
diffractive cross section by an extra factor g∗ < 1.

The energy dependence of single diffractive cross section has the following
form

σdiff(s) = 8πg∗ξ2η(s, 0)

∫ M2
1

M2
0

dM2

M2
= 8πg∗ξ2η(s, 0) ln

s(1− x1)

M2
0

, (48)

where x1 is the lower limit of the relative momentum of hadron h1(x1 ' 0.8−0.9)
which corresponds to the experimental constraint on diffractive process. Eq. (48)
shows that the total cross section of diffractive dissociation has a nontrivial energy
dependence which is determined by the contribution of inelastic channels into
unitarity equation at zero value of impact parameter. The dependence of η(s, 0)
is determined by Eq. (22), where expression for U(s, b) is given by Eq. (32).
At s ≤ s0, (s0 is determined by equation |U(s0, 0)| = 1) η(s, 0) increases with
energy. This increase as it follows from Eq. (32) and from the experimental
data [28] is rather slow one. However at s ≥ s0, η(s, 0) reaches its maximum
value η(s, 0) = 1/4 and at s > s0, the function η(s, 0) decreases with energy. At
s→∞:

σdiff(s) ∝
(

1√
s

)N
ln s (49)

since η(s, 0) ∝ (1/
√
s)
N

in this limit.
Thus at asymptotical energies the inelastic diffraction cross section drops to

zero. Decrease of diffractive production cross section at high energies (s > s0)
is due to the fact that η(s, b) becomes peripheral at s > s0 and the whole picture
corresponds to the antishadow scattering at b < R(s) and to the shadow scattering
at b > R(s), where R(s) is the interaction radius. The qulitative behavior of
σdiff(s) is shown in Fig.2.

Fig. 2. Energy dependence of diffractive cross section

The development of the antishadow mode in head-on pp- and pp̄ collisions
could be associated with new phenomena in the central hadronic collisions, where



1286 TROSHIN S.M., TYURIN N.E.

the temperatures are high and the energy density can be up to several GeV/fm3.
In such collisions the constituent quarks have noticeable probability to be excited.
Due to its high mass and small transverse size the excited state has low probability
of interactions with other particles. It may be also related to an interesting
phenomena in cosmic ray experiments where particles with abnormal persistency
in lead chambers were observed [29].

Of course, there might be different reasons for decrease of σdiff(s). The
decreasing energy dependence of σdiff(s) was also predicted in Refs.30,31. As
was pointed out in Ref.12 in the limit of complete absorption the diffractive dis-
sociation should vanish. It was advocated in Ref.14 that this situation will occur
at superhigh energies and it is the reason for decrease of inelastic diffractive cross
section. This is completely the same behavior as is predicted by the model pre-
sented, however in our case the reason for that is the transition to the antishadow
scattering mode in head-on collisions in the multi-TeV energy range. It should
be noted, however, that the diffractive cross section at preasymptotic energies
has a similar to total and elastic cross-section energy dependence and it will be
discussed in the concluding part of this paper.

6. UNIVERSAL PREASYMPTOTICS

The straitforward interpretation of the recent HERA data on the deep-inelastic
scattering together with the analysis of the data on hadron-hadron scattering in
terms of the Regge model could lead to the unexpected conclusion on the existence
of the various Pomerons [32] or the various manifestations of unique Pomeron in
the different processes depending on the typical scale of the process [33]. The
approaches [34, 35] contending the dominance of the soft Pomeron do not rule
out existence of the hard Pomeron either.

Indeed, soft hadronic reactions imply that Pomeron's intercept αP = 1.08
[32], and small-x dependence of the structure function F2(x,Q2) leads to αP =
1.4-1.5 [36, 37] and the measurements of the diffractive cross section in the
deep-inelastic scattering provide αP = 1.23 [38]. So, does this mean that we
have few Pomerons or we have few different manifestations of the same Pomeron
depending on the particular process? Probably both options are not to be con-
sidered as the ˇrm ones, since the experimental data used to advocate these
statements were obtained at not high enough energies where, in fact, the preas-
ymptotic regime of interactions does take place. The above conclusions are based
on the presumed dominance of the Pomeron contribution already in the preas-
ymptotic energy region. What is called a Pomeron is to be interpreted as a true
asymptotical contribution of the driving mechanism.

In this section we argue that all the three classes of the processes described
above are related to the similar mechanisms, and the corresponding energy de-



BEYOND THE BLACK-DISK LIMIT 1287

pendence of the cross sections can be well described by the universal functional
energy dependence of the type a + b

√
s. Such dependence is valid for the

preasymptotic energy region only and beyond this region unitarity changes the
picture drastically. We consider for illustration the unitarized chiral quark model
(section 4).

Fit to the total hp cross sections gives small values for the parameters g and
α(g, α� 1) [19]. It means that at s� s0 the second term in the square brackets
in Eqs. (21) and (22) is small and we can expand over it. The numerical value
of s0 is determined by the equation |U(s, 0)| = 1 and is [19]

√
s0 ' 2 TeV. At

this energy the amplitude has the value |f(s0, 0)| = 1/2. The value of s0 is
on the verge of the preasymptotic energy region, i.e., the Tevatron energy is at
the beginning of the road to the asymptotics. Evidently the HERA energy range
W (=

√
sγp) ≤ 300 GeV is in a preasymptotic domain.

The above model gives the linear with
√
s dependence for the total cross

sections according to Eqs. (21) and (22):

σhp,γptot = a+ b
√
s, (50)

where parameters a and b are different for different processes and the same is
true for the scale s0. It was shown [19] that Eq.(50) is in good agreement with
the experimental data.

The same dependence for the total cross section of γ∗p scattering is assumed
by the smallÄx behavior of the structure function F2(x,Q2) [36,37] and obtained
in [39]:

F2(x,Q2) = a(Q2) + b(Q2)/
√
x. (51)

The experimental data also indicate the critical behavior of the function b(Q2) at
Q2 ' 1 (GeV/c)2. This scale could be related to the radius of a constituent quark
and its structure.

The third value for the Pomeron intercept αP = 1.23 has been obtained from
the analysis of the experimental data on the diffractive cross section in deep-
inelastic scattering [38] where the dependence of dσdiff

γ∗p→XN/dM
2
X on W was

parameterized according to the Regge model and the Pomeron dominance has
been assumed:

dσdiff
γ∗p→XN/dM

2
X ∝ (W 2)2αP−2. (52)

The data demonstrate linear rise of the differential cross section
dσdiff

γ∗p→XN/dM
2
X with W , i.e., we observe here just the same functional de-

pendence on the c.m.s. energy as for σhp,γp,γ
∗p

tot . Regarding the preasymptotic
nature of the interaction mode we arrive to the universal c.m.s. energy dependence
in the framework of the used model.
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Indeed, in the framework of this model the hadron inelastic diffractive cross
section is given by the following expression [40]:

dσdiff
hp→XN
dM2

X

' 8πg∗ξ2

M2
X

η(s, 0), (53)

where
η(s, b) = ImU(s, b)/[1− iU(s, b)]2

is the inelastic overlap function.
At the preasymptotic energies s � s0 the energy dependence of inelastic

diffractive cross section resulting from Eq. (22) is again determined by the
generic form

dσdiff
hp→XN
dM2

X

∝ a+ b
√
s. (54)

Inelastic diffractive cross section for the γ∗p interactions can be obtained using
for example VMD model, i.e.,

dσdiff
γ∗p→XN
dM2

X

∝ a(Q2) + b(Q2)W. (55)

The same functional dependence can be obtained using the ªaligned jetª model
[41] along with the unitarized chiral quark model [42].

The above linear dependences for the cross sections of different processes
is the generic feature associated with the preasymptotic nature of the interaction
dynamics at s� s0. As one goes above this energy range, the function |U(s, b)|
is rising and when |U(s, 0)| ≥ 1, the unitarity starts to play the major role and
provides the ln2 s rise of the total cross sections at s � s0 [42] and also the
following behavior of the structure function F2(x,Q2)

F2(x,Q2) ∝ ln2(1/x) (56)

at x→ 0 [39]. At the same time unitarity leads to the decreasing dependence of
the inelastic diffractive cross section at s→∞

dσdiff

dM2
X

∝
(

1√
s

)N
, (57)

for the hp-, γp- and γ∗p processes [40]. Eq. (57) is associated with the anti-
shadow scattering mode which develops at small impact parameters at s > s0.

Thus, we might expect the different asymptotic and universal preasymptotic
behaviors for the different classes of the diffraction processes.

To summarize, we would like to emphasize that the uniˇed description of
the processes of hp-, γp- and γ∗p- diffraction scattering with the universal cross
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section dependence on the c.m.s. interaction energy is possible. For illustration
we used the unitarized chiral quark model which has a nonperturbative origin and
leads to the linear c.m.s. energy dependence of the cross sections in the preasymp-
totic energy region for the above processes. Universality of such preasymptotic
behavior agrees with the experiment.

The assumption on the existence of the different Pomerons results from the
use of the asymptotic formulas in the preasymptotic energy region and the neglect
of the unitarity at higher energies beyond this preasymptotic region. It should be
taken with certain caution.

CONCLUSION

Studies of soft interactions at the highest energies can lead to the discoveries
of fundamental importance. The genesis of hadron scattering with rising energy
can be described as transition from the grey to black-disk and eventually to black
ring with the antishadow scattering mode in the centre. Such transitions are under
control of unitarity of the scattering matrix.

The appearance of antishadow scattering mode could be revealed performing
impact parameter analysis of elastic scattering and directly in the measurements
of the inelastic diffractive cross section (cf. Figs. 1,2).

It would be interesting to speculate on the particular physical origin of the
antishadow scattering mode. Its existence can be correlated with the new phenom-
ena expected at high energies in the central hadronic collisions. Such collisions
are usually associated with the formation of quarkÄgluon plasma and disoriented
chiral condensate in the inner part of the interaction region. What are the partic-
ular correlations between those phenomena and the antishadow scattering? The
answer can be obtained in the nonperturbative QCD studies and in the experi-
ments devoted to studies of soft processes at LHC and VLHC. It seems that the
anomalies observed in cosmic ray experiments [29] might also be correlated with
development of the antishadow scattering mode in the central hadron collisions.

This work was supported in part by the Russian Foundation for Basic Re-
search under Grant No. 99-02-17995.
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‹.�.‡ °Í¥¢

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�µ± § ´µ, ÎÉµ ¶·¨ Ô´¥·£¨¨ 2÷ 14 ’Ô‚ ¨ ¸¢¥É¨³µ¸É¨ 1032 ÷ 1034 ¸³−2·c−1 · ¤¨ Í¨µ´´Ò¥
´ £·Ê§±¨ ´  ¸Í¨´É¨²²ÖÉµ·Ò (PS) ¨ ¸¶¥±É·µ¸³¥Ð ÕÐ¨¥ ¸¢¥Éµ¢µ¤Ò (WLS) ´ Î¨´ ÕÉ ¶·¥¢ÒÏ ÉÓ
¶·¥¤¥²Ó´µ ¤µ¶Ê¸É¨³Ò° Ê·µ¢¥´Ó, ¨ ·¥¸Ê·¸ ·¥§±µ ¸´¨¦ ¥É¸Ö. �µ¸±µ²Ó±Ê Ê¢¥²¨Î¨ÉÓ · ¤¨ Í¨µ´´ÊÕ
¸Éµ°±µ¸ÉÓ PS+WLS ´¥¢µ§³µ¦´µ É· ¤¨Í¨µ´´Ò³ Ì¨³¨±µ-É¥Ì´µ²µ£¨Î¥¸±¨³ ¸¶µ¸µ¡µ³, ¢µ§´¨±² 
 ²ÓÉ¥·´ É¨¢ : ²¨¡µ Î ¸Éµ ³¥´ÖÉÓ ¸¨¸É¥³Ê PS+WLS (ÎÉµ É¥Ì´¨Î¥¸±¨ É·Ê¤´µ ¨ Ô±µ´µ³¨Î¥¸±¨ ´¥-
Í¥²¥¸µµ¡· §´µ), ²¨¡µ ¨¸¶µ²Ó§µ¢ ÉÓ ´µ¢ÊÕ ±µ´Í¥¶Í¨Õ ÉÐ É¥²Ó´µ£µ ¶² ´¨·µ¢ ´¨Ö ¸¥ ´¸µ¢ µ¡²ÊÎ¥-
´¨Ö ¨ ¶¥·¥·Ò¢µ¢, ¢ ±µÉµ·ÒÌ ¸¨¸É¥³  ¢µ¸¸É ´ ¢²¨¢ ¥É ¸¢µ¨ ¸¢µ°¸É¢ . …¸²¨ ¢·¥³Ö ¤²Ö ¢µ¸¸É ´µ¢²¥-
´¨Ö (¶¥·¥·Ò¢ ) ³ ²µ, Éµ ÔÉµ ´¥ ¡Ê¤¥É µÉ· ¦ ÉÓ¸Ö ´  ·¥§Ê²ÓÉ É Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨°
Ë¨§¨±µ¢-Ô±¸¶¥·¨³¥´É Éµ·µ¢.

It is shown that radiation loads on scintillators (PS) and light guides (WLS) exceed a maximum
permissible dose for an energy of 2 ÷ 14 TeV and luminosity of 1032 ÷ 1034 cm−2·s−1, and the
resource decreases sharply. Inasmuch as improvement of PS + WLS radiation stability cannot be
achieved by means of traditional methods of chemical and technological nature, a dilemma arises:
either to change periodically the PS + WLS system (it is technically complicated and economically
inexpedient) or to use new concept for detailed planning irradiation runs and breaks when the system
recovers its properties. A short recovery time (break) does not affect the results of fundamental
investigations carried out by physicists-experimentalists.

‚‚…„…�ˆ…

‚ ³¨·¥  ±É¨¢´µ · ¡µÉ ÕÉ ´ ¤ ¶·µ¥±É ³¨ Ê¸É ´µ¢µ± D0 ¨ CDF ´  ®’Ô-
¢ É·µ´¥¯, ‘˜� [1,2], CMS, ATLAS ¨ ¤·. ´  �µ²ÓÏµ³  ¤·µ´´µ³ ±µ²-
² °¤¥·¥ (LHC) ¢ –…�� [3,4]. �·¨ Ô´¥·£¨ÖÌ 2 ÷ 14 ’Ô‚ ¨ ¸¢¥É¨³µ¸ÉÖÌ
1032 ÷ 1034 ¸³−2·¸−1 ¢ Ô²¥³¥´É Ì ÔÉ¨Ì Ê¸É ´µ¢µ± ¢µ§´¨± ÕÉ · ¤¨ Í¨µ´´Ò¥
´ £·Ê§±¨ ¶µ·Ö¤±  10÷ 100 ±ƒ· ¢ £µ¤. �¶·¨µ·¨ Ö¸´µ, ÎÉµ ¶µ²¨³¥·Ò (¸Í¨´É¨²-
²ÖÉµ·Ò, ¸¢¥Éµ¢µ¤Ò, ¨§µ²ÖÍ¨Ö ¨ ¤·.) ´¥ ³µ£ÊÉ ¢Ò¤¥·¦ ÉÓ É ±¨¥ · ¤¨ Í¨µ´´Ò¥
´ £·Ê§±¨. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ´ Î ²¸Ö  ±É¨¢´Ò° ¶µ¨¸± ´µ¢ÒÌ ¤µ¡ ¢µ±,  ´É¨· ¤µ¢
¨ É¥Ì´µ²µ£¨° ³ É·¨ÍÒ, ¶µ¢ÒÏ ÕÐ¨Ì · ¤¨ Í¨µ´´ÊÕ ¸Éµ°±µ¸ÉÓ. �µ¸±µ²Ó±Ê
Ê¢¥²¨Î¨ÉÓ ·¥¸Ê·¸ ¸Í¨´É¨²²ÖÉµ·µ¢ ¢ 10Ä30 · § ´¥¢µ§³µ¦´µ É· ¤¨Í¨µ´´Ò³¨
Ì¨³¨±µ-É¥Ì´µ²µ£¨Î¥¸±¨³¨ ¸¶µ¸µ¡ ³¨, ¸É ²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ´µ¢Ò¥ ´¥µ·£ ´¨Î¥-
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¸±¨¥ ÉÖ¦¥²Ò¥ ±·¨¸É ²²Ò BaF3, CeF3, PbWO4 ¨ ¤·., ¶·¥¤¶µ² £ Ö, ÎÉµ µ´¨
¡Ê¤ÊÉ ¡µ²¥¥ ¸Éµ°±¨³¨.

�µ± § É¥²Ó´  ¸¨ÉÊ Í¨Ö, µ¶¨¸ ´´ Ö ¢ · ¡µÉ¥ [5]. �±·¨²µ¢Ò¥ ¸Í¨´É¨²²Ö-
Éµ·Ò, ±µÉµ·Ò¥ ´¥¸±µ²Ó±µ ²¥É ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¢ Ê· ´µ¢µ³ ± ²µ·¨³¥É·¥, ¶µÉ¥-
·Ö²¨ ¸¢¥Éµ¢ÒÌµ¤ ¢ ¤¢  · § ,   ¶·µ§· Î´µ¸ÉÓ ¢ É·¨ · §  ¶µ¸²¥ ¨´É¥£· ²Ó´µ°
¤µ§Ò 50 ƒ·, ÎÉµ ´  ¤¢  ¶µ·Ö¤±  ³¥´ÓÏ¥, Î¥³ ¢ É¥¸Éµ¢ÒÌ ¨¸¶ÒÉ ´¨ÖÌ ´  ³ ²ÒÌ
µ¡· §Í Ì ¸Í¨´É¨²²ÖÉµ·µ¢. ‚´ Î ²¥ ¶µ² £ ²¨, ÎÉµ ÔÉµ ÔËË¥±É, ´ ¢¥¤¥´´Ò° · -
¤¨µ ±É¨¢´Ò³ · ¸¶ ¤µ³ Ê· ´ . �µÉµ³ Ê¸É ´µ¢¨²¨, ÎÉµ µ¸´µ¢´ÊÕ ·µ²Ó ¨£· ²µ
ËµÉµ· ¤¨ Í¨µ´´µ¥ µ±¨¸²¥´¨¥ ¸Í¨´É¨²²ÖÉµ·µ¢. ‘¢¥É ¨ · ¤¨ Í¨Ö ¢Ò¸ÉÊ¶ ÕÉ ¢
± Î¥¸É¢¥ ³µÐ´ÒÌ ± É ²¨§ Éµ·µ¢ · ¤¨ Í¨µ´´µ£µ µ±¨¸²¥´¨Ö.

„·Ê£¨¥ ± ²µ·¨³¥É·Ò, ´ ¶·¨³¥·, ¨¸¶µ²Ó§ÊÕÐ¨¥ ¶µ²¨¸É¨·µ²Ó´Ò¥ ¸Í¨´É¨²-
²ÖÉµ·Ò, · ¡µÉ ÕÉ ¶µ ´¥¸±µ²Ó±Ê ²¥É, ¶· ±É¨Î¥¸±¨ ´¥ ¸´¨¦ Ö · §·¥Ï¥´¨¥. �Éµ
µ¡ÑÖ¸´Ö¥É¸Ö ¸¶µ´É ´´Ò³ ¢µ¸¸É ´µ¢²¥´¨¥³ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¸Í¨´É¨²²ÖÉµ-
·µ¢ ¨ ¸¶¥±É·µ¸³¥Ð ÕÐ¨Ì ¸¢¥Éµ¢µ¤µ¢ ¢ ¶¥·¥·Ò¢ Ì ³¥¦¤Ê ¸¥ ´¸ ³¨. � ¶·¨³¥·,
± ²µ·¨³¥É· ZDC ¢ Ô±¸¶¥·¨³¥´É¥ WA-98 –…�� ´  ¶ÊÎ±¥ Ö¤¥· Pb ¸ Ô´¥·£¨¥°
158 A·ƒÔ‚ ¨³¥² ·¥¸Ê·¸ ´¥¶·¥·Ò¢´µ£µ µ¡²ÊÎ¥´¨Ö 5 · 106 ¸. ‚ÒÖ¸´¨²µ¸Ó, ÎÉµ
¸Í¨´É¨²²ÖÉµ·Ò ¨§ £· ´Ê²¨·µ¢ ´´µ£µ ¶µ²¨¸É¨·µ² , ¨§£µÉµ¢²¥´´Ò¥ ¶ÊÉ¥³ ²¨ÉÓÖ
¶µ¤ ¤ ¢²¥´¨¥³ ¨²¨ ³¥Éµ¤µ³ Ô±¸É·Ê§¨¨, ¨³¥ÕÉ ´ ¨²ÊÎÏÊÕ ¸É¥¶¥´Ó ¢µ¸¸É ´µ¢-
²¥´¨Ö ¶µ ¸· ¢´¥´¨Õ ¸µ ¢¸¥³¨ ¨§¢¥¸É´Ò³¨ ¸Í¨´É¨²²ÖÉµ· ³¨. �µÔÉµ³Ê ¶·¨
´ £·Ê§±¥ 2 ƒ··Î−1 ± ²µ·¨³¥É· ¸³µ£ ¶·µ· ¡µÉ ÉÓ É·¨ ¸¥ ´¸  ¢³¥¸Éµ µ¤´µ£µ.
’ ±¨³ µ¡· §µ³, ÊÎ¥É ¢·¥³¥´¨ ¸¶µ´É ´´µ£µ ¢µ¸¸É ´µ¢²¥´¨Ö ¸¢µ°¸É¢ ¶µ²¨³¥-
·µ¢ ¢ ¸µÎ¥É ´¨¨ ¸ ¢§ ¨³µÊ¢Ö§±µ° ¸¥ ´¸µ¢ µ¡²ÊÎ¥´¨Ö ¨ ¶¥·¥·Ò¢µ¢ Ö¢²Ö¥É¸Ö,
¶µ-¢¨¤¨³µ³Ê, ´ ¨¡µ²¥¥ ÔËË¥±É¨¢´Ò³ ¶ÊÉ¥³ ¶·µ¤²¥´¨Ö ·¥¸Ê·¸µ¢ µ·£ ´¨Î¥-
¸±¨Ì ³ É¥·¨ ²µ¢ [8].

1. ��„ˆ�–ˆ���›… ��ƒ�“‡Šˆ

� ¤¨ Í¨µ´´Ò¥ ´ £·Ê§±¨ µ¡ÒÎ´µ ¶·¥¤¸É ¢²ÖÕÉ ¢¥²¨Î¨´ ³¨ Ô´¥·£µ¢Ò¤¥-
²¥´¨Ö (¤µ§Ò)∗ ¢ ¥¤¨´¨ÍÊ ¢·¥³¥´¨ ¡¥§ ÊÎ¥É  Ë²Ê±ÉÊ Í¨° ¢ ÎÊ¢¸É¢¨É¥²Ó´µ³
µ¡Ñ¥³¥ ³ É¥·¨ ² . ’µÎ´µ¸ÉÓ · ¸Î¥Éµ¢ ¢¥²¨Î¨´ · ¤¨ Í¨µ´´µ° ´ £·Ê§±¨ § ¢¨-
¸¨É µÉ §´ ´¨Ö Ë¨§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨§²ÊÎ¥´¨° ¸ ¢¥Ð¥¸É¢µ³,
Ì · ±É¥·¨¸É¨± ³ É¥·¨ ² , £¥µ³¥É·¨¨ Ê¸É ´µ¢±¨, ¶µ²´µÉÒ ÊÎ¥É  ¨¸ÉµÎ´¨±µ¢
¨§²ÊÎ¥´¨Ö,   É ±¦¥ µÉ ¸µµÉ¢¥É¸É¢¨Ö ³ É¥³ É¨Î¥¸±µ° ³µ¤¥²¨ ·¥ ²Ó´Ò³ ¶·µ-
Í¥¸¸ ³ [7,8].

� ¸¸³µÉ·¨³ · ¤¨ Í¨µ´´Ò¥ ´ £·Ê§±¨ ´  ¶·¨³¥·¥ Ê¸É ´µ¢±¨ CMS. �  ·¨¸.1
¶µ± § ´  É¨¶¨Î´ Ö £¥µ³¥É·¨Ö ¤¥É¥±Éµ·´µ° Ê¸É ´µ¢±¨ ´  ±µ²² °¤¥·¥. �µ µ¸¨
Í¨²¨´¤·  · ¸¶µ²µ¦¥´  ¢ ±ÊÊ³´ Ö ± ³¥·  (1), £¤¥ ´ Ìµ¤¨É¸Ö µ¡² ¸ÉÓ ¸Éµ²±´µ-
¢¥´¨Ö ¶ÊÎ±µ¢. ‚µ ¢´ÊÉ·¥´´¥° ¶µ²µ¸É¨ (2) · ¸¶µ²µ¦¥´Ò ¢¥·Ï¨´´Ò¥ ¨ ¤·Ê£¨¥
É·¥±µ¢Ò¥ ¤¥É¥±Éµ·Ò. �¥µ¡Ìµ¤¨³µ ¨³¥ÉÓ ± ± ³µ¦´µ ³¥´ÓÏ¥ ¢¥Ð¥¸É¢  ¢ ÔÉµ°

∗W, ³„¦ · £−1 · c−1 = D, ƒ· · c−1 (1 ƒ· = 100 · ¤).
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�¨¸. 1. � ¤¨ Í¨µ´´ Ö ´ £·Ê§±  ¢ CMS ¶·¨ Ep = 14 ’Ô‚, L = 1034 ¸³−2 · c−1:  ) ¤µ§Ò
¢ 1/4 Í¨²¨´¤·¨Î¥¸±µ° £¥µ³¥É·¨¨; ¡) ´¥°É·µ´Ò Å · ¸¶·¥¤¥²¥´¨¥ ¶µ ¢ ±ÊÊ³´µ° ± ³¥·¥
(¶µÖ¸´¥´¨Ö ¢ É¥±¸É¥)

¶µ²µ¸É¨ (0,1 Å 0,5 £·¸³−2). ‚´ÊÉ·¥´´ÕÕ ¶µ²µ¸ÉÓ µ±·Ê¦ ÕÉ Ô²¥³¥´ÉÒ Ê¸É -
´µ¢µ± ¨§ ¶²µÉ´ÒÌ ³ É¥·¨ ²µ¢: Ô²¥±É·µ³ £´¨É´Ò¥ ¨  ¤·µ´´Ò¥ ± ²µ·¨³¥É·Ò,
¸µ²¥´µ¨¤, Ô²¥³¥´ÉÒ Ëµ´µ¢µ° § Ð¨ÉÒ (3). ‚ µ±·Ê¦ ÕÐ¥³ ¶·µ¸É· ´¸É¢¥ (4),
± ± ¢¡²¨§¨, É ± ¨ ¢¤ ²¨ µÉ ± ²µ·¨³¥É·µ¢, · ¸¶µ²µ¦¥´Ò ³Õµ´´Ò¥ ¨ ¤·Ê£¨¥
± ³¥·Ò. Š·µ³¥ Éµ£µ, ¢ ·Ö¤¥ Ê¸É ´µ¢µ±, ´ ¶·¨³¥·, CMS [3], ATLAS [4],
¨³¥ÕÉ¸Ö É ± ´ §Ò¢ ¥³Ò¥ ¶¥·¥¤´¨¥ ± ²µ·¨³¥É·Ò (5). �¥·¥¤ ´¨³¨ ´ Ìµ¤ÖÉ¸Ö
±µ²²¨³ Éµ·Ò (6) ¤²Ö ¶ÊÎ±µ¢, ¶·¨´¨³ ÕÐ¨¥ ´  ¸¥¡Ö µ¸´µ¢´µ¥ Ô´¥·£µ¢Ò¤¥²¥-
´¨¥ (∼ 60%) ¨ Ö¢²ÖÕÐ¨¥¸Ö ³µÐ´Ò³¨ ¨¸ÉµÎ´¨± ³¨ ¨§²ÊÎ¥´¨Ö.

ˆ¸ÉµÎ´¨±¨ ¨§²ÊÎ¥´¨Ö. �¸´µ¢´Ò³¨ ¨¸ÉµÎ´¨± ³¨ ¨§²ÊÎ¥´¨Ö ¢ ¶µ¤µ¡´ÒÌ
Ê¸É ´µ¢± Ì Ö¢²ÖÕÉ¸Ö:
Å ¶·Ö³µ¥ ¨§²ÊÎ¥´¨¥ µÉ pp(AA)-¸Éµ²±´µ¢¥´¨°;
Å ¨§²ÊÎ¥´¨¥, µ¡· §µ¢ ¢Ï¥¥¸Ö ¶·¨ ¢§ ¨³µ¤¥°¸É¢¨¨ ¶·Ö³µ£µ ¨§²ÊÎ¥´¨Ö ¸ ¢ ±Ê-
Ê³´µ° ± ³¥·µ° ¨ µ¸É ÉµÎ´Ò³ £ §µ³;
Å ¨§²ÊÎ¥´¨¥, ¢ÒÏ¥¤Ï¥¥ ¨§ ¶²µÉ´ÒÌ ³ É¥·¨ ²µ¢ ¢µ ¢´ÊÉ·¥´´ÕÕ ¶µ²µ¸ÉÓ ( ²Ó-
¡¥¤µ);
Å ¢Éµ·¨Î´µ¥ ¨§²ÊÎ¥´¨¥ µÉ ¢§ ¨³µ¤¥°¸É¢¨° ¶·Ö³µ£µ ¨§²ÊÎ¥´¨Ö ¨  ²Ó¡¥¤µ ¸
³ É¥·¨ ² ³¨ ¢´ÊÉ·¨ ¶µ²µ¸É¨ (¸ ±µ´¸É·Ê±Í¨Ö³¨ ± ³¥·Ò ¨ ¤¥É¥±Éµ·µ¢).

�·¨ ¶¥·¢µ´ Î ²Ó´ÒÌ µÍ¥´± Ì [9] · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ± µ¡ÒÎ´µ ÊÎ¨-
ÉÒ¢ ²¨ µ¤´µ ¸Éµ²±´µ¢¥´¨¥ pp(AA), µ¶·¥¤¥²Ö¥³µ¥ ³´µ¦¥¸É¢¥´´µ¸ÉÓÕ ¢Éµ·¨Î-
´ÒÌ Î ¸É¨Í ´  ¥¤¨´¨ÍÊ ¶¸¥¢¤µ¡Ò¸É·µÉÒ η (¸³.·¨¸.2), ¸¥Î¥´¨¥³ ´¥Ê¶·Ê£µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö σin ¨ ¸¢¥É¨³µ¸ÉÓÕ. ‚ É ¡².1 ¶·¨¢¥¤¥´ ¢ÒÌµ¤ Î ¸É¨Í ¢ pp-
¸Éµ²±´µ¢¥´¨¨ ¶·¨ 14 ’Ô‚ [12].
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’ ¡²¨Í  1. ‚ÒÌµ¤ Î ¸É¨Í ¢ pp-¸Éµ²±´µ¢¥´¨¨ ¶·¨ 14 ’Ô‚

’¨¶ Î ¸É¨ÍÒ ‚ÒÌµ¤ Î ¸É¨Í (¢ ¶·µÍ¥´É Ì
´  µ¤¨´ ¶·µÉµ´)

p 0,98 Ä 1,98
n 1,14 Ä 1,88
K+, K0 7,42 Ä 8,01
π± 34,8 Ä 39,8
Σ, Λ 0,80 Ä 2,13
p, n, Σ 2,91 Ä 5,82
e± 0,50 Ä 0,55
γ 44,9 Ä 46,4

�·¨ · ¸Î¥É¥ ´ £·Ê§µ± ¢¸²¥¤¸É¢¨¥ ¶·µÍ¥¸¸µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨Í ¸ ¢ -
±ÊÊ³´µ° ± ³¥·µ° ´Ê¦´µ ÊÎ¨ÉÒ¢ ÉÓ ·¥ ²Ó´ÊÕ £¥µ³¥É·¨Õ, · §³¥·Ò µ¡² ¸É¨
¸Éµ²±´µ¢¥´¨Ö, ³ £´¨É´Ò¥ ¨ Ô²¥±É·µ¸É É¨Î¥¸±¨¥ ¶µ²Ö, Ì · ±É¥·¨¸É¨±¨ ³ É¥-
·¨ ²µ¢ ¨ ¶·µ¸É· ´¸É¢¥´´µ-Ê£²µ¢µ¥ ¨ Ô´¥·£¥É¨Î¥¸±µ¥ · ¸¶·¥¤¥²¥´¨¥ ± ¦¤µ£µ
¸µ·É  Î ¸É¨Í ¢ pp(AA)-¸Éµ²±´µ¢¥´¨¨ [10]. �¥µ¡Ìµ¤¨³µ ¤¥É ²Ó´µ ³µ¤¥²¨-
·µ¢ ÉÓ ³´µ£µ±· É´µ¥ ±Ê²µ´µ¢¸±µ¥ · ¸¸¥Ö´¨¥, ±µ£¥·¥´É´µ¥ ¨ ´¥±µ£¥·¥´É´µ¥
Ê¶·Ê£µ¥ Ö¤¥·´µ¥ · ¸¸¥Ö´¨¥, ´¥Ê¶·Ê£µ¥ Ö¤¥·´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥, Ë²Ê±ÉÊ Í¨¨
¶·¨ ¶·Ö³µ³ ·µ¦¤¥´¨¨ ¶ · e+, e− ¨ ¤·. �¸´µ¢Ò É ±µ£µ ³µ¤¥²¨·µ¢ ´¨Ö ¡Ò²¨
¢¶¥·¢Ò¥ § ²µ¦¥´Ò ¢ [11],   § É¥³ · §¢¨ÉÒ ¢ [12Å16].

‚ · ¡µÉ¥ [15] · ¸¸³µÉ·¥´µ ¢²¨Ö´¨¥ ±µ´Ë¨£Ê· Í¨¨ ¢ ±ÊÊ³´µ° ± ³¥·Ò ´ 
¢ÒÌµ¤ ´¥°É·µ´µ¢. “Î¨ÉÒ¢ ²µ¸Ó ³ £´¨É´µ¥ ¶µ²¥ (4 ’²) ¤²Ö CMS. ‚¤µ²Ó µ¸¨
¢ ¶·¥¤¥² Ì ¶¥·¢ÒÌ 1,5Ä2 ³ ±µ´Ë¨£Ê· Í¨Ö ± ³¥·Ò (·¨¸.1) ´¥ ¸¨²Ó´µ ¢²¨Ö¥É
´  ¢ÒÌµ¤ ´¥°É·µ´µ¢. �¤´ ±µ ´  ¤²¨´¥ ±2 ≤ Z ≤ ±15 ³ Ê³¥´ÓÏ¥´¨¥ ¢ÒÌµ¤ 
´¥°É·µ´µ¢ ¶µ ¸· ¢´¥´¨Õ ¸ ± ³¥·µ° ¶µ¸ÉµÖ´´µ£µ ¸¥Î¥´¨Ö µÎ¥´Ó ¸ÊÐ¥¸É¢¥´´µ
(¤µ 5 · §). ‚ ÔÉµ° · ¡µÉ¥ ´¥ · ¸¸³ É·¨¢ ²µ¸Ó Ëµ·³¨·µ¢ ´¨¥ ²¨´¥°´µ£µ ¨¸ÉµÎ-
´¨±  ¢¸¥Ì Î ¸É¨Í ¨ Ë· £³¥´Éµ¢, ÎÉµ µ¸µ¡¥´´µ ¢ ¦´µ ¶·¨ AA-¸Éµ²±´µ¢¥´¨ÖÌ
ÉÖ¦¥²ÒÌ Ö¤¥· (¢ ±ÊÊ³´ÊÕ ± ³¥·Ê ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ²¨´¥°´µ£µ ¶·µ-
ÉÖ¦¥´´µ£µ ¨¸ÉµÎ´¨±  ¨§²ÊÎ¥´¨Ö [8]).

�µ  ´ ²µ£¨Î´µ° ³¥Éµ¤¨±¥ ¸ ÊÎ¥Éµ³ ¶µ¸²¥¤´¨Ì · ¡µÉ ¶µ ³´µ¦¥¸É¢¥´´µ³Ê
µ¡· §µ¢ ´¨Õ α-Î ¸É¨Í ¨ Ë· £³¥´Éµ¢ [17,18] ¡Ò²¨ µ¶·¥¤¥²¥´Ò ³¥¸É  ¸Éµ²±´µ-
¢¥´¨Ö Î ¸É¨Í ¸µ ¸É¥´±µ° ± ³¥·Ò ¨ Ê£²Ò ¢Ìµ¤  αE . ‚ É ¡².2 ¶·¨¢¥¤¥´Ò ´¥±µ-
Éµ·Ò¥ Ì · ±É¥·¨¸É¨±¨ · ¢´µ³¥·´µ · ¸¶·¥¤¥²¥´´µ£µ ²¨´¥°´µ£µ ¨¸ÉµÎ´¨±  ¢
¶·¥¤¥² Ì Z = ±3 ³ (·¨¸.1), ¶·¨Î¥³ ¶·¨ Ëµ·³¨·µ¢ ´¨¨ ²¨´¥°´µ£µ ¨¸ÉµÎ´¨± 
ÊÎ¨ÉÒ¢ ²¨¸Ó Î ¸É¨ÍÒ, ¶ ¤ ÕÐ¨¥ ´  ¸É¥´±Ê ± ³¥·Ò ´¥ Éµ²Ó±µ ¨§´ÊÉ·¨ ± ³¥·Ò,
´µ ¨ ¸´ ·Ê¦¨ ( ²Ó¡¥¤µ). — ¸É¨ÍÒ ¨§ ²¨¤¨·ÊÕÐ¥° £·Ê¶¶Ò ¶· ±É¨Î¥¸±¨ ´¥ ¤ ÕÉ
´¥Ê¶·Ê£¨Ì ¢§ ¨³µ¤¥°¸É¢¨° Å ¢ ¸É¥´±¥ ± ³¥·Ò Éµ²Ð¨´µ° d = 0, 15− 0, 25 ¸³
± ± ¨§-§  ¡µ²ÓÏµ° ¢¥²¨Î¨´Ò ¶·µ¡¥£  ¤µ ´¥Ê¶·Ê£µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö λin, É ±
¨ ¢¸²¥¤¸É¢¨¥ ³ ²ÒÌ Ê£²µ¢ ¢ÒÌµ¤  αE < 100 ³±· ¤.
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’ ¡²¨Í  2. ‹¨´¥°´Ò° ¨¸ÉµÎ´¨± 2πra, Î ¸É.·¸³−2·¸−1

— ¸É¨ÍÒ, 〈E0〉, ƒÔ‚ ‘¢¥É¨³µ¸ÉÓ L, ¸³−2·¸−1

¤ ÕÐ¨¥ (ν∗) 1034 (pp) 1029 (CaCa) 1027 (PbPb)
Σi

i→ p, π, e, γ . . . 6 8 · 107 4 · 107 6 · 107

�¥°É·µ´Ò ∼ 10−3 3 · 107 7 · 106 5 · 106

—¨¸²µ
Ô±¢¨¢ ². Å 1, 3 · 1014 6, 7 · 1013 1013

¶·µÉµ´µ¢

�·¨³¥Î ´¨¥: ra Å · ¤¨Ê¸ ¢ ±ÊÊ³´µ° ± ³¥·Ò, · ¢´Ò° 6 ¸³ (Al); 〈E0〉 = 6 ƒÔ‚

¸µµÉ¢¥É¸É¢Ê¥É § ·Ö¦¥´´Ò³ Î ¸É¨Í ³ ¸ 10−1 < αE < 10 ³· ¤.

‚¥·µÖÉ´µ¸ÉÓ ´¥Ê¶·Ê£µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨Í ¢ ¸É¥´±¥ ± ³¥·Ò:

P = 1− exp (d/αE · λin), (1.1)

  ¤µ²Ö ´¥Ê¶·Ê£¨Ì ¢§ ¨³µ¤¥°¸É¢¨°:

ν∗ = 1/λin exp (−x/λin), (1.2)

ˆ§ ¢Ò· ¦¥´¨° (1.1) ¨ (1.2) Ö¸´µ, ÎÉµ ¶·¨ ra = 6 ¸³, d = 0, 12 ¸³ µ±µ²µ
90% ¢¸¥Ì ¢§ ¨³µ¤¥°¸É¢¨° ¡Ê¤¥É ²µ± ²¨§µ¢ ´µ ¢ ¸É¥´±¥. ‡ ³¥É¨³, ÎÉµ ¶·¨
¸±µ²Ó§ÖÐ¥° ¢Ò¸ ¤±¥ Î ¸É¨Í ´  ¶µ²Ê¡¥¸±µ´¥Î´ÊÕ ¸·¥¤Ê ¨§  ²Õ³¨´¨Ö ¸ £· ´¨-
Í¥° ¢ ±ÊÊ³ Å ¢¥Ð¥¸É¢µ Î¨¸²µ ´¥Ê¶·Ê£¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ´  µ¤´Ê ¶¥·¢¨Î´ÊÕ
Î ¸É¨ÍÊ ¸ E0 (¢ ƒÔ‚) µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê²µ°:

ν∗ = 2AEi0 + 2, 34 · 10−3 ln (5Ej0), (1.3)

£¤¥ ¨´¤¥±¸ i → p, d, n, π ..., ¨´¤¥±¸ j → e+, e−, γ, ¤ ÕÐ¨¥ ·¥ ±Í¨¨ γ, nπ;
γ, nππ; γ, nn ¨ ¤·. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¨§-§  µÉ· ¦¥´¨Ö ¢¥²¨Î¨´  ν∗ ¸ÊÐ¥-
¸É¢¥´´µ ³¥´ÓÏ¥ [8].

‚ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° ‘ ‘  ¨ PbPb (É ¡².2) ³µ¤¥²¨·µ¢ ´¨¥ É· ¥±Éµ·¨°
Î ¸É¨Í ´¥ ¶·µ¨§¢µ¤¨²¨,   ¶µ² £ ²¨ ¸¶· ¢¥¤²¨¢Ò³ (¸³. ´¨¦¥) Ë¥´µ³¥´µ²µ£¨-
Î¥¸±¨° ³¥Éµ¤ ªÔ±¢¨¢ ²¥´É´ÒÌ ¶·µÉµ´µ¢ª, ¢¶¥·¢Ò¥ ¶·¥¤²µ¦¥´´Ò° ¢ · ¡µÉ¥
[23], Éµ ¥¸ÉÓ ²¨´¥°´Ò° ¨¸ÉµÎ´¨± ¶·¨ AA-¢§ ¨³µ¤¥°¸É¢¨¨ µ¶·¥¤¥²Ö¥É¸Ö ¨§
¸µµÉ´µÏ¥´¨Ö:

SAA(Z) = A (Np(Lp)/(NA(LA))SP (Z), (1.4)

£¤¥ Np ¨ NA Å ±µ²¨Î¥¸É¢µ ¶·µÉµ´µ¢ ¨ ¨µ´µ¢ ¢ ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ÊÎ± Ì. ‚
É ¡².3 ¶·¨¢¥¤¥´Ò ¢¥²¨Î¨´Ò ªÔ±¢¨¢ ²¥´É´ÒÌ ¶·µÉµ´µ¢ª ¤²Ö Ê¸É ´µ¢µ± CMS,
ATLAS, ALICE ´  ±µ²² °¤¥·¥ LHC. �µ± § ´  Ê¸²µ¢´ Ö £· ´¨Í  ∼ 1013 Ô±¢.
¶·µÉµ´µ¢, ´¨¦¥ ±µÉµ·µ° · ¤¨ Í¨µ´´Ò¥ ´ £·Ê§±¨ ´¥ ¶·¥¤¸É ¢²ÖÕÉ ¡µ²ÓÏµ°



����‹…Œ� “‚…‹ˆ—…�ˆŸ ��„ˆ�–ˆ����ƒ� �…‘“�‘� 1297

’ ¡²¨Í  3. ˆ´É¥£· ²Ó´ Ö ¸¢¥É¨³µ¸ÉÓ ¨ Î¨¸²µ ¨µ´µ¢ ¢ ¶ÊÎ±¥ (LHC Å 14 ’Ô‚)*

1, 2 · 1034 3, 3 · 1033 1, 5 · 1033 5, 5 · 1032 1, 1 · 1032

p 1,3 · 1014 6,8 · 1013 4,6 · 1013 1, 7 · 1013 3,3 · 1012

9, 9 · 1032 2, 9 · 1032 1, 4 · 1032 5, 1 · 1031 1, 0 · 1030

4He2 3, 7 · 1013 2, 0 · 1013 1, 4 · 1013 3, 5 · 1012 6, 8 · 1011

1,5 · 1014 8,0 · 1013 5,6 · 1013 1, 4 · 1013 2,7 · 1012

2, 9 · 1031 9, 9 · 1030 5, 0 · 1030 1, 8 · 1030 3, 6 · 1029

16O8 6, 3 · 1012 3, 7 · 1012 2, 6 · 1012 9, 3 · 1011 1, 9 · 1011

1,0 · 1014 5,9 · 1013 4,2 · 1013 1, 5 · 1013 3,0 · 1012

1, 8 · 1030 6, 9 · 1029 3, 9 · 1029 1, 4 · 1029 2, 8 · 1028

40Ca20 1, 6 · 1012 1, 0 · 1012 7, 4 · 1011 2, 8 · 1011 5, 5 · 1010

6,4 · 1013 4,0 · 1013 3,0 · 1013 1, 1 · 1013 2,2 · 1012

6, 4 · 1028 2, 4 · 1028 1, 3 · 1028 4, 8 · 1027 9, 6 · 1026

97Nb41 3, 3 · 1011 1, 8 · 1011 1, 3 · 1011 5, 0 · 1010 9, 6 · 109

3,2 · 1013 1,7 · 1013 1,3 · 1013 4, 8 · 1012 9,3 · 1011

8, 9 · 1026 2, 7 · 1026 1, 4 · 1026 5, 1 · 1025 1, 0 · 1025

208Pb82 4, 8 · 1010 2, 0 · 1010 1, 4 · 1010 5, 3 · 108 1, 0 · 108

1,0 · 1013 4,2 · 1012 2,9 · 1012 1, 1 · 1011 2,1 · 1010

*C³. Brandt D., Eggert K., Morsch A. Å LHC Note 264. BÒ¤¥²¥´Ò ¢¥²¨Î¨´Ò Ô±¢¨¢ -

²¥´É´ÒÌ ¶·µÉµ´µ¢ (´ Ï  µÍ¥´± ).

µ¶ ¸´µ¸É¨ ¤²Ö ¡µ²ÓÏ¨´¸É¢  ³ É¥·¨ ²µ¢ ¤¥É¥±Éµ·´ÒÌ Ê¸É ´µ¢µ±. ‘ÊÐ¥¸É-
¢Ê¥É ³´¥´¨¥, ÎÉµ Ê³¥´ÓÏ¥´¨¥ ¸¢¥É¨³µ¸É¨ ´  ∼ 8 ¶µ·Ö¤±µ¢, ´ ¶·¨³¥·, ¸
1, 2 · 1034 (pp) ¤µ 8, 9 · 1026 (PbPb),  ¶·¨µ·¨ ¸´¨³ ¥É ¶·µ¡²¥³Ê · ¤¨ Í¨µ´´µ°
µ¶ ¸´µ¸É¨. �Éµ ´¥¢¥·´µ, ¶µ¸±µ²Ó±Ê Î¨¸²µ ªÔ±¢¨¢ ²¥´É´ÒÌ ¶·µÉµ´µ¢ª ¨§³¥´Ö-
¥É¸Ö Éµ²Ó±µ ´  µ¤¨´ ¶µ·Ö¤µ±,   ¨³¥´´µ ÔÉ  ¢¥²¨Î¨´  µ¶·¥¤¥²Ö¥É ¢´ÊÉ·¥´´¥¥
· ¤¨ Í¨µ´´µ¥ ¶µ²¥, É.¥. · ¤¨ Í¨µ´´Ò¥ ´ £·Ê§±¨ ´  Ô²¥³¥´ÉÒ ¤¥É¥±Éµ·µ¢.

�µ¢¥·Ì´µ¸É´Ò° ¨¸ÉµÎ´¨± µ¶·¥¤¥²Ö¥É¸Ö  ²Ó¡¥¤µ i − j, £¤¥ i Å ¢Ìµ¤ÖÐ Ö
Î ¸É¨Í ; j Å ¢ÒÌµ¤ÖÐ Ö ¨§ ¸·¥¤Ò Î ¸É¨Í . ‚¥²¨Î¨´   ²Ó¡¥¤µ Î ¸Éµ ¢Ò· -
¦ ¥É¸Ö ¢ ¶·µÍ¥´É Ì ¨ µ¡µ§´ Î ¥É¸Ö ξij . �¥·¢Ò¥ µÍ¥´±¨ [19,20] ¶µ¤É¢¥·¤¨²¨
¶·¥¤¶µ²µ¦¥´¨¥ µ ¡µ²ÓÏ¨Ì  ²Ó¡¥¤µ ¨ ¸É¨³Ê²¨·µ¢ ²¨ ¤¥É ²Ó´µ¥ ¨§ÊÎ¥´¨¥ ÔÉµ°
¶·µ¡²¥³Ò [21,22]. „²Ö ¢´ÊÉ·¥´´¥° ¶µ²µ¸É¨ ¤¥É¥±Éµ·´ÒÌ Ê¸É ´µ¢µ±, ± ± µ± -
§ ²µ¸Ó,  ²Ó¡¥¤µ ¨£· ¥É ¨¸±²ÕÎ¨É¥²Ó´µ ¢ ¦´ÊÕ ·µ²Ó [24,25].

‚ É ¡².4 ¤²Ö ¨²²Õ¸É· Í¨¨ ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö  ²Ó¡¥¤µ. ‚¨¤´µ, ÎÉµ µ¸´µ¢-
´Ò³ ±µ³¶µ´¥´Éµ³ ¨§²ÊÎ¥´¨Ö Ö¢²ÖÕÉ¸Ö ´¥°É·µ´Ò, µ¤´ ±µ ¢ÒÌµ¤ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í, µ¸µ¡¥´´µ ´¨§±µ° Ô´¥·£¨¨ É ±¦¥ §´ Î¨É¥²¥´. �·¨ Ô´¥·£¨¨ ¶ ¤ ÕÐ¨Ì
´  ¦¥²¥§µ Î ¸É¨Í ³¥´¥¥ 1 ƒÔ‚ ´ ¡²Õ¤ ¥É¸Ö ¸¨²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ  ²Ó¡¥¤µ µÉ
¢¨¤  ¶µ¤ ÕÐ¥° Î ¸É¨ÍÒ. ‘ Ê¢¥²¨Î¥´¨¥³ Ô´¥·£¨¨ · §²¨Î¨¥ ¢ § ¢¨¸¨³µ¸É¨
ξij µÉ ¢¨¤  ¶ ¤ ÕÐ¥° Î ¸É¨ÍÒ Ê³¥´ÓÏ ¥É¸Ö. �Éµ ¶µ§¢µ²Ö¥É ¶µ²Ó§µ¢ ÉÓ¸Ö
¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ξpn ´¥§ ¢¨¸¨³µ µÉ ¢¨¤  ¢Ìµ¤ÖÐ¨Ì § ·Ö¦¥´-
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’ ¡²¨Í  4. ‡´ Î¥´¨¥  ²Ó¡¥¤µ ξij ¢ ¶·µÍ¥´É Ì ´  µ¤¨´ ¶·µÉµ´, ¶ ¤ ÕÐ¨° ´ 
¦¥²¥§µ [22]

’¨¶ �´¥·£¨Ö �´¥·£¨Ö Ep, ƒÔ‚

i− j Emin − Emax, ŒÔ‚ 1 10 70 200

pn 10−3 ÷ 10−1 9,0 85 230 540
pn 10−1 ÷ 103 6,0 69 193 430
pp 10−3 ÷ 10−1 4,0 43 100 147
pp 10−1 ÷ 103 1,0 27 3,5 11
pπ 10−1 ÷ 103 Å 16 6,3 13
pγ 10−1 ÷ 10−3 3,0 20 15,5 32

´ÒÌ Î ¸É¨Í. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨ µ ¢±² ¤¥  ²Ó¡¥¤µ ¢ ¸Ê³³ ·´ÊÕ · ¤¨ -
Í¨µ´´ÊÕ ´ £·Ê§±Ê ´¥µ¡Ìµ¤¨³  ¨´Ëµ·³ Í¨Ö µ ¤¨ËË¥·¥´Í¨ ²Ó´µ-Ê£²µ¢ÒÌ ¨
¤¨ËË¥·¥´Í¨ ²Ó´µ-Ô´¥·£¥É¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨ÖÌ  ²Ó¡¥¤µ ´¥°É·µ´µ¢ ¨ § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í. � ¸Î¥É  ²Ó¡¥¤µ ¢¸²¥¤¸É¢¨¥ ¸µ¡ÒÉ¨°, ¨³¥ÕÐ¨Ì µÎ¥´Ó ³ ²ÊÕ
¢¥·µÖÉ´µ¸ÉÓ, ´¥ ¤ ¥É Ê¢¥·¥´´µ¸É¨ ¢ ÉµÎ´µ¸É¨ · ¸Î¥Éµ¢ ¶µ ¶·µ£· ³³ ³ ¤²Ö
£²Ê¡µ±µ£µ ¶·µ´¨±´µ¢¥´¨Ö (´ ¶·¨³¥·, FLUKA [16]). ‘· ¢´¥´¨¥ · ¸Î¥Éµ¢ ¸
Ô±¸¶¥·¨³¥´É ³¨ [27] ¤²Ö  ²Ó¡¥¤µ ´¥ ¶·µ¨§¢µ¤¨²¨.

�²µÉ´Ò¥ ³ É¥·¨ ²Ò. „²Ö CMS ¢´ Î ²¥ · ¸¸³ É·¨¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥ ³ -
É¥·¨ ²Ò ¤²Ö Ô²¥±É·µ³ £´¨É´µ£µ ± ²µ·¨³¥É·  (ECAL), µ¡µ§´ Î¥´´µ£µ ´  ·¨¸.1
…… ¨ …‚ [25]:
Å ¸Í¨´É¨²²¨·ÊÕÐ¨¥ ±·¨¸É ²²Ò CeF3 ¶²µÉ´µ¸ÉÓÕ 6,16 £·¸³−3;
Å ¦¨¤±¨° ¸Í¨´É¨²²ÖÉµ·  ·£µ´ Å 2 ³³ ¨ ¸¢¨´¥Í Å 1,5 ³³ (Pb + LAr)
¸µ ¸·¥¤´¥° ¶²µÉ´µ¸ÉÓÕ 5,6 £·¸³−3 ;
Å É¢¥·¤Ò° ¸Í¨´É¨²²ÖÉµ· ¶µ²¨¸É¨·µ² Å 4 ³³ ¨ ¸¢¨´¥Í Å 2 ³³ (PS + Pb)
¸µ ¸·¥¤´¥° ¶²µÉ´µ¸ÉÓÕ 4,45 £·¸³−3.

�µ§¦¥ ¡Ò²¨ · ¸¸³µÉ·¥´Ò ¢µ§³µ¦´µ¸É¨ ¨¸¶µ²Ó§µ¢ ´¨Ö ±·¨¸É ²²µ¢ PbWO4

¢³¥¸Éµ CeF3, ´µ ª· ¤¨ Í¨µ´´ÊÕ ± ·É¨´Êª ÔÉ  § ³¥´  ¸¨²Ó´µ ´¥ ³¥´Ö¥É [28].
�¤·µ´´Ò° ± ²µ·¨³¥É· (HCAL) (´  ·¨¸.1 µ¡µ§´ Î¥´ �… ¨ �‚) ¸µ¸Éµ¨É ¨§
¸²µ¥¢ Cu Å 4 ³³ ¨ ¸Í¨´É¨²²ÖÉµ·  PS Å 10 ³³ ¨ ¨³¥¥É ¶²µÉ´µ¸ÉÓ 7,37 £·¸³−3.
„ ²ÓÏ¥ ¶µ · ¤¨Ê¸Ê (·¨¸.1) Å ³Õµ´´Ò¥ ± ³¥·Ò ¨ ªÉ·¨££¥·Òª (M… ¨ M‚).
‘ Í¥²ÓÕ Ê³¥´ÓÏ¥´¨Ö  ²Ó¡¥¤µ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì Î ¸É¨Í ´  ²¨Í¥¢µ° ¶µ-
¢¥·Ì´µ¸É¨ …‚ ¨ ……,   É ±¦¥ ³¥¦¤Ê …‚ ¨ �‚ · §³¥Ð ÕÉ¸Ö ±µ´¢¥·Éµ·Ò ¸¶¥±-
É·  ´¥°É·µ´µ¢ ¨§ ‘�2 Éµ²Ð¨´µ° 5 ¸³. Œ¥¦¤Ê …… ¨ �… ±µ´¢¥·Éµ· ¨³¥¥É
Éµ²Ð¨´Ê 9 ¸³.

� ¸Î¥ÉÒ · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ± ¶·µ¢¥¤¥´Ò ¶µ ¶·µ£· ³³¥ · ¡µÉÒ [16] ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ ±µÔËË¨Í¨¥´Éµ¢ ¶¥·¥Ìµ¤  µÉ Ë²Õ¥´¸  (¶µÉµ±  Î ¸É¨Í) ± ¤µ§¥
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ¨ ´¥°É·µ´µ¢ [29]. “¶·µÐ¥´´ Ö £¥µ³¥É·¨Ö,   É ±¦¥ ¶·¥¤-
¸É ¢²¥´¨¥ ·¥ ²Ó´ÒÌ Ô²¥³¥´Éµ¢ Ê¸É ´µ¢±¨ ¢ ¢¨¤¥ £µ³µ£¥´´µ° ¸³¥¸¨ ÉÖ¦¥²ÒÌ ¨
²¥£±¨Ì ³ É¥·¨ ²µ¢ ´¥ ¶µ§¢µ²¨²¨ µ¶·¥¤¥²¨ÉÓ ¤µ§Ê ±µ´±·¥É´µ ¢ ÎÊ¢¸É¢¨É¥²Ó´µ³
µ¡Ñ¥³¥ (´ ¶·¨³¥·, ¢ Ë¨¡· Ì ¤¨ ³¥É·µ³ 60 ³±³).
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’ ¡²¨Í  5. ‘· ¢´¥´¨¥ · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ± ¤²Ö CMS, ƒ··Î−1 (¶·¨ E = 14 ’Ô‚
¨ L = 1034 ¸³−2·¸−1)

η Šµµ·¤¨´ ÉÒ, ¸³ ECAL HCAL ECAL HCAL
(¸³.·¨¸.2)

r Z [3] [31] [3] [30] � Ï  µÍ¥´± 
320 13 15 28

3Ä2,8 40
340
376

3,7 3 4, 6 0,86 12 10

560 2,8 0,07 2
320 8 6,5 15

2,6Ä2,4 55
340
376

2,8 1,4 4, 5 0,13 5,2 5

560 0,9 0,01 0,4
130 320 0,46 0,28 0,6

1,5Ä1,4 ↓ 340
376

0, 09 0,03 0, 04 0,02 0,08 0,07

286 560 10−3 0,03
130 145 0,2 0,22

1,1Ä1 ↓ 206 0,02 0,01 0,04 0,03
286 370 10−4 0,014
130 0,18 0,62

0,1Ä0 ↓ ∼ 0 0,02 6 · 10−5 0,06 0,065
286 10−6 0,012

�  ·¨¸.1 ¶µ± § ´µ · ¸¶·¥¤¥²¥´¨¥ · ¤¨ Í¨µ´´µ° ´ £·Ê§±¨ ¢ CMS ¸ ÊÎ¥-
Éµ³ ¢¸¥Ì ¢ÒÏ¥µ¡µ§´ Î¥´´ÒÌ ¨¸ÉµÎ´¨±µ¢ ¨§²ÊÎ¥´¨Ö ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¤ ´´Ò³¨,
¶·¨¢¥¤¥´´Ò³¨ ¢ ¤¢ÊÌ ¶µ¸²¥¤´¨Ì ±µ²µ´± Ì É ¡².5. ‡ ³¥É¨³, ÎÉµ ± ± ¶¥·¢µ-
´ Î ²Ó´Ò¥ µÍ¥´±¨ [3], É ± ¨ · ¸Î¥ÉÒ ¢ É¥Ì´¨Î¥¸±¨Ì ¶·µ¥±É Ì [30,31] §´ Î¨-
É¥²Ó´µ § ´¨¦¥´Ò. Š·µ³¥ Éµ£µ, · ¸Î¥ÉÒ · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ± ¢ [3,30,31] ´¥
¢´ÊÏ ÕÉ ¤µ¢¥·¨Ö, ¶µ¸±µ²Ó±Ê ¸µ¤¥·¦ É ¢´ÊÉ·¥´´¨¥ ¶·µÉ¨¢µ·¥Î¨Ö. � ¶·¨³¥·,
Í¨Ë·Ò, ¢Ò¤¥²¥´´Ò¥ ¦¨·´Ò³ Ï·¨ËÉµ³ ¢ É ¡².5 (¶¥·¢Ò¥ Î¥ÉÒ·¥ ±µ²µ´±¨), ´¨
¶·¨ ± ±¨Ì Ê¸²µ¢¨ÖÌ ´¥ ³µ£ÊÉ µÉ²¨Î ÉÓ¸Ö ¢ ¸É·µ±¥ ¡µ²ÓÏ¥ Î¥³ ´  20%, ¶µ-
¸±µ²Ó±Ê µÉ´µ¸ÖÉ¸Ö ± µ¤¨´ ±µ¢Ò³ ±µµ·¤¨´ É ³ r ¨ z Ë¨§¨Î¥¸±µ° Ê¸É ´µ¢±¨
(¸³. ·¨¸.1).

‚´ÊÉ·¥´´ÖÖ ¶µ²µ¸ÉÓ. ‚ ´¥° · ¸¶µ²µ¦¥´Ò ¢¥·Ï¨´´Ò¥ ¨ ¤·Ê£¨¥ É·¥±µ-
¢Ò¥ ¤¥É¥±Éµ·Ò. �µ¸²¥¤´¨¥ ³µ£²¨ ¡Ò ¡ÒÉÓ ¢Ò¶µ²´¥´Ò ¨§ ¸Í¨´É¨²²ÖÍ¨µ´´ÒÌ
¢µ²µ±µ´ (Ë¨¡·), ¥¸²¨ ¡Ò µ´¨ ¨³¥²¨ ¶·¨¥³²¥³Ò¥ · ¤¨ Í¨µ´´Ò¥ ·¥¸Ê·¸Ò. � -
¤¨ Í¨µ´´ Ö ´ £·Ê§±  ¢µ ³´µ£µ³ µ¶·¥¤¥²Ö¥É¸Ö ³¨´¨³ ²Ó´µ ¨µ´¨§¨·ÊÕÐ¨³¨
Î ¸É¨Í ³¨.

� ¤¨ Í¨µ´´ Ö ´ £·Ê§±  µÉ ³¨´¨³ ²Ó´µ ¨µ´¨§¨·ÊÕÐ¨Ì Î ¸É¨Í ³µ¦¥É ¡ÒÉÓ
¢Ò· ¦¥´  ± ± [32]:

Ḋ(r) = 1, 6 · 10−4Lσinn(dE/dx sin θ)(sin θ/2πr2), (1.5)
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£¤¥ L = 1034 ¸³−2·¸−1 Å ¸¢¥É¨³µ¸ÉÓ; σin = 85 ³¡ Å ¸¥Î¥´¨¥ ´¥Ê¶·Ê£µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö; n = 7 Å ³´µ¦¥¸É¢¥´´µ¸ÉÓ ´  ¥¤¨´¨ÍÊ ¡Ò¸É·µÉÒ η. ’µ·³µ§-
´ Ö ¸¶µ¸µ¡´µ¸ÉÓ dE/dx sin θ · ¢´  2 ŒÔ‚·¸³−2·£−1 ¤²Ö ¢¸¥Ì Î ¸É¨Í, ¨¸¶Ê-
Ð¥´´ÒÌ ¢ ¶µ²Ö·´Ò° Ê£µ² θ. —¨¸²µ Î ¸É¨Í, ·µ¦¤¥´´ÒÌ ¢ µ¤´µ³ ¸Éµ²±´µ¢¥-
´¨¨ ¨ ¶·µÏ¥¤Ï¨Ì Î¥·¥§ ¥¤¨´¨Î´ÊÕ ¶µ¢¥·Ì´µ¸ÉÓ Ë¨¡·, · ¢´µ n(sin θ/2πr2).
Œ´µ¦¨É¥²Ó 1, 6 · 10−4ƒ··¸³2·£−1 ¶µ± §Ò¢ ¥É ¶¥·¥Ìµ¤ µÉ Ë²Õ¥´¸  ± ¤µ§¥.

„²Ö ¸µ²¥´µ¨¤ ²Ó´µ£µ ³ £´¨É´µ£µ ¶µ²Ö (B = 4 ’²) ¸µµÉ´µÏ¥´¨¥ (1.5)
¨§³¥´¨É¸Ö:

Ḋ(r, B) = Ḋ(r)

2〈nc〉
xb∫
x1

f(x′)dx′+
∞∫
xb

f(x′)dx′

 , (1.6)

£¤¥ 〈nc〉 = sinh ηmax/ sinh πη Å ¸·¥¤´¥¥ Î¨¸²µ ¢¨É±µ¢ (¸¶¨· ²¥°) § ·Ö¦¥´-
´ÒÌ Î ¸É¨Í ¢ µ¡² ¸É¨ ¡Ò¸É·µÉ 0 < η < ηmax ¤²Ö É·¥±µ¢µ£µ ¤¥É¥±Éµ·  [33];
f(x) = x exp (−x) Å · ¸¶·¥¤¥²¥´¨¥ ¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ Î ¸É¨Í ¸ x =
= 2pt/〈pt〉 = 0, 3B/〈pt〉. ‘·¥¤´¨° ¶µ¶¥·¥Î´Ò° ¨³¶Ê²Ó¸ Î ¸É¨Í 〈pt〉 ∼
∼ 0, 55 ƒÔB, ¶·¨Î¥³ µ´ ¶· ±É¨Î¥¸±¨ ´¥ ¨§³¥´Ö¥É¸Ö ¶·¨ AA-¸Éµ²±´µ¢¥´¨ÖÌ.
�¥·¢Ò° ¨´É¥£· ² Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ¤¨ ³¥É· ³¨ ¢¨É±µ¢, ¶µ¶ ¤ Õ-
Ð¨Ì ´  Ë¨¡·Ò (xi) ¨ ¤µ¸É¨£ ÕÐ¨Ì ¢´ÊÉ·¥´´¥° ¶µ¢¥·Ì´µ¸É¨ ECAL, Éµ ¥¸ÉÓ
d = pt/0, 15B. �·¨ θ = 90◦ (η = 0) Î¨¸²µ ¢¨É±µ¢ ¤µ²¦´µ ¡ÒÉÓ µÎ¥´Ó ¡µ²Ó-
Ï¨³. “Î¨ÉÒ¢ Ö · ¸¶ ¤ Î ¸É¨Í ¢´ÊÉ·¨ µ¡² ¸É¨ É·¥±µ¢µ£µ ¤¥É¥±Éµ·  (ηmax),
coth θd = (m0/cτ )(sin h ηmax/0, 15B), £¤¥ θd Å ¶·¥¤¥²Ó´Ò° Ê£µ² (m0 ∼
∼ 0, 14 ƒÔ‚/¸2 ¨ cτ = 7, 8 ³ ¤²Ö π±). ‚ [32] ¶µ²ÊÎ¨²¨ Ê£µ² θd ¢ ¨´É¥·-
¢ ²¥ 76◦ ÷ 27◦ ¤²Ö B ¢ ¨´É¥·¢ ²¥ 1 ÷ 6 ’² ¢ µ¡² ¸É¨ ¡Ò¸É·µÉ nmax = 1,5.
‚Éµ·µ° ¨´É¥£· ² ¢ (1.6) ÊÎ¨ÉÒ¢ ¥É Î ¸É¨ÍÒ ¸ ±µ·µÉ±¨³ ¶·µ¡¥£µ³, ±µÉµ·Ò¥
¶µ£²µÐ ÕÉ¸Ö ± ²µ·¨³¥É·µ³.

’ ±¨³ ¸¶µ¸µ¡µ³ ¡Ò² · ¸¸Î¨É ´ [32] Ë²Õ¥´¸ ³¨´¨³ ²Ó´µ ¨µ´¨§¨·ÊÕÐ¨Ì
Î ¸É¨Í ¸ ÊÎ¥Éµ³ ³ £´¨É´µ£µ ¶µ²Ö (±·¨¢ Ö 2 ´  ·¨¸.2). ‚¨¤´µ, ÎÉµ ¶µ ¸· ¢´¥-
´¨Õ ¸ µÍ¥´± ³¨ [34] ¡¥§ ³ £´¨É´µ£µ ¶µ²Ö (£·Ê¶¶  ±·¨¢ÒÌ 1) Ë²Õ¥´¸Ò F (B)
¢µ§· ¸É ÕÉ ¶·¨ ³ ²ÒÌ r ¨ ·¥§±µ Ê³¥´ÓÏ ÕÉ¸Ö ¶·¨ r > 80 ¸³. ‚ £·Ê¶¶¥ ±·¨¢ÒÌ
1 ¶·¨¢¥¤¥´Ò ¤ ´´Ò¥ µ Ë²Õ¥´¸ Ì ´¥°É·µ´µ¢ ¡¥§  ²Ó¡¥¤µ. ‘ ÊÎ¥Éµ³  ²Ó¡¥¤µ ¶µ
´ Ï¨³ µÍ¥´± ³ ¨ ¤ ´´Ò³ · ¡µÉÒ [35] · ¸¶·¥¤¥²¥´¨¥ ´¥°É·µ´µ¢ ¸±µ·¥¥ ¸µµÉ-
¢¥É¸É¢Ê¥É ±·¨¢µ° 3, Ê¢¥²¨Î¨¢ Ö¸Ó ¶·¨ r → 0 ¨ Z →140 ¸³. ‚ ¶¥·¢µ³ ¸²ÊÎ ¥
¨§-§  ¤µ¶µ²´¨É¥²Ó´µ£µ ¢±² ¤  µÉ ²¨´¥°´µ£µ ¨¸ÉµÎ´¨±  (¢ ±ÊÊ³´µ° ± ³¥·Ò),  
¢µ ¢Éµ·µ³ Å ¨§-§  ¡µ²ÓÏµ£µ  ²Ó¡¥¤µ, ´¥¸³µÉ·Ö ´  ´ ²¨Î¨¥ ±µ´¢¥·Éµ·  ‘�2.
�¨§±µÔ´¥·£¥É¨Î¥¸±¨¥ § ·Ö¦¥´´Ò¥ b-Î ¸É¨ÍÒ, É ±¦¥ ¢µ§´¨± ÕÐ¨¥ µÉ ²¨´¥°-
´µ£µ ¨¸ÉµÎ´¨±  ¨  ²Ó¡¥¤µ, ¢´µ¸ÖÉ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ ¸Ê³³ ·´ÊÕ ¤µ§µ¢ÊÕ
´ £·Ê§±Ê.

�  ·¨¸.3 ¶µ± § ´µ · ¤¨ ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô´¥·£µ¢Ò¤¥²¥´¨Ö ¢ ¸É¥´±¥
¢ ±ÊÊ³´µ° ± ³¥·Ò ¨ ¢´ÊÉ·¥´´¥³ ¤¥É¥±Éµ·¥ ¸µ ¸·¥¤´¥° ¶²µÉ´µ¸ÉÓÕ 0,5 £·¸³−2.
…¸²¨ ¶·¨´¨³ ÕÉ¸Ö ¢µ ¢´¨³ ´¨¥ ¤¢  ¨¸ÉµÎ´¨±  ¨§²ÊÎ¥´¨° Å ²¨´¥°´Ò° S(Z)
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�¨¸. 2. � ¤¨ ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ë²Õ¥´¸µ¢ Î ¸É¨Í ¨ ¶µ£²µÐ¥´´µ° ¤µ§Ò (´ £·Ê§±¨) ¢
É·¥±µ¢µ° µ¡² ¸É¨ CMS ¶·¨ Ep = 14 ’Ô‚, L = 1034 ¸³−2 · c−1, B = 4 ’² (¶µÖ¸´¥´¨Ö
¢ É¥±¸É¥)

�¨¸. 3. � ¤¨ ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ · ¤¨ Í¨µ´´µ° ´ £·Ê§±¨ ¢¡²¨§¨ ¢ ±ÊÊ³´µ° ± ³¥·Ò
CMS: tu Å ´ Ï  µÍ¥´±  [8]; 2, • Å µÍ¥´±  [26]
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¨ ÉµÎ¥Î´Ò° (pp), Éµ · ¸¶·¥¤¥²¥´¨¥ ¤µ§µ¢µ° ´ £·Ê§±¨ ¡²¨¦¥ ± 1/r,   ´¥ ±
1/r2, ± ± ¶µ²ÊÎ¥´µ ¢ [25].

�±·Ê¦ ÕÐ¥¥ ¶·µ¸É· ´¸É¢µ. ‚ ´¥³ ¤µ²¦´  ¡ÒÉÓ § Ð¨É  ³Õµ´´ÒÌ ± -
³¥· (·¨¸.1) ¨ É·¨££¥·´ÒÌ Ê¸É·µ°¸É¢ µÉ · ¤¨ Í¨µ´´µ£µ Ëµ´ , ±µ³¶µ´¥´É ³¨
±µÉµ·µ£µ Ö¢²ÖÕÉ¸Ö ´¥°É·µ´Ò c Ï¨·µ±¨³ ¸¶¥±É·µ³ Ô´¥·£¨¨ µÉ 0,025 Ô‚ ¤µ
´¥¸±µ²Ó±¨Ì ¤¥¸ÖÉ±µ¢ ŒÔ‚,   É ±¦¥ γ-±¢ ´ÉÒ ¢¸²¥¤¸É¢¨¥ § Ì¢ É  ´¥°É·µ´µ¢.
‘·¥¤´ÖÖ Ô´¥·£¨Ö § Ì¢ É´ÒÌ γ-±¢ ´Éµ¢ ¢ ¦¥²¥§¥ ∼ 4 ŒÔ‚ [8].

�¥·¢Ò¥ µÍ¥´±¨ ¸µ¸É ¢  ¨ · §³¥·µ¢ § Ð¨ÉÒ ¤²Ö · §´ÒÌ Ê¸É ´µ¢µ± ´  ±µ²-
² °¤¥· Ì ¡Ò²¨ ¸¤¥² ´Ò ¢ [3,4]. �¸µ¡¥´´µ ¤¥É ²Ó´µ · ¸¸³µÉ·¥´  · ¤¨ Í¨µ´-
´ Ö µ¡¸É ´µ¢±  ¨ ¢Ò¡· ´Ò ³ É¥·¨ ²Ò § Ð¨ÉÒ ´  CMS. ‚µ ¢¸¥Ì Ê¸É ´µ¢± Ì
¤²Ö ±µ²² °¤¥·µ¢ ¶·¥¤¶µ² £ ¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¸¢¨´¥Í ¨ ¶µ²¨ÔÉ¨²¥´ ¢ Î¨¸Éµ³
¢¨¤¥, ÎÉµ ´¥¦¥² É¥²Ó´µ, É ± ± ± ¶µ²¨ÔÉ¨²¥´ Å £µ·ÕÎ¨° ¨ ´¥¤µ²£µ¢¥Î´Ò°,
  ¸¢¨´¥Í Å Éµ±¸¨Î¥´. …¸²¨ ¸¢¨´¥Í ¨ ¶µ²¨ÔÉ¨²¥´ § ±²ÕÎ¨ÉÓ ¢ µ¡µ²µÎ±Ê ¨§
¸¶¥Í¨ ²Ó´µ£µ ¸¢Ö§ÊÕÐ¥£µ ³ É¥·¨ ² , ´ ¶·¨³¥· ¶µ²¨³¥·¡¥Éµ´ , Éµ ´¥ Éµ²Ó±µ
§´ Î¨É¥²Ó´µ Ê¶·µÐ ¥É¸Ö ¨§£µÉµ¢²¥´¨¥ ±µ³¶ ±É´µ° § Ð¨ÉÒ, Ê³¥´ÓÏ ¥É¸Ö  Ô-
·µ§µ²Ó´ Ö µ¶ ¸´µ¸ÉÓ, ´µ ¸´¨¦ ¥É¸Ö ¸Éµ¨³µ¸ÉÓ § Ð¨ÉÒ [36,37].

2. ��„ˆ��…‡ˆ‘’…�’��‘’œ ‘–ˆ�’ˆ‹‹Ÿ’���‚
ˆ ‘�…Š’��‘Œ…™��™ˆ• ‚�‹�Š��

‚ ¤ ´´µ³ · §¤¥²¥ ¶·¨ µ¡§µ·¥ ²¨É¥· ÉÊ·Ò ¤¥² ¥É¸Ö  ±Í¥´É ´  ÔËË¥±ÉÒ,
¢µ§´¨± ÕÐ¨¥ ¶·¨ µ¡²ÊÎ¥´¨¨ ¸Í¨´É¨²²ÖÉµ·µ¢ ¨ ¸¢¥Éµ¢µ¤µ¢ ¶·¨ ³ ²ÒÌ ´ £·Ê§-
± Ì, Ê³¥·¥´´ÒÌ ¤µ§ Ì, µ¡· É¨³ÒÌ ¶·µÍ¥¸¸ Ì, ¸¶µ´É ´´µ³ ¢µ¸¸É ´µ¢²¥´¨¨ ¨
É.¶. ˆ³¥´´µ ÔÉ¨ ÔËË¥±ÉÒ, ¢ ¦´Ò¥ ¤²Ö ¶· ±É¨±¨, µ± § ²¨¸Ó ³ ²µ¨§ÊÎ¥´´Ò³¨.

�·¥¤¥²Ó´ Ö ¤µ§ . � ¤¨ Í¨µ´´ Ö ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ (· ¤¨µ·¥§¨¸É¥´É´µ¸ÉÓ)
Ì · ±É¥·¨§Ê¥É¸Ö, ¶·¥¦¤¥ ¢¸¥£µ, ¶·¥¤¥²Ó´µ° ¤µ§µ° Dlim, ¶·¨ ±µÉµ·µ° ¶·µ¨¸-
Ìµ¤¨É ¶·¥¤¥²Ó´µ ¤µ¶Ê¸É¨³µ¥ ¨§³¥´¥´¨¥ µ¶·¥¤¥²¥´´µ£µ µ¶É¨Î¥¸±µ£µ ¸¢µ°¸É¢ 
ξ(D) ³ É¥·¨ ² . ‚¥²¨Î¨´  Dlim ´¥ Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´µ°. �¸µ¡¥´´µ ¢ ¦´µ¥
§´ Î¥´¨¥ ¨³¥¥É ¢§ ¨³µ¸¢Ö§Ó ³¥¦¤Ê ¶µ£²µÐ¥´´µ° ¤µ§µ° D, ³µÐ´µ¸ÉÓÕ ¤µ§Ò
Ḋ, ¢·¥³¥´¥³ · ¤¨ Í¨µ´´µ£µ ¢µ§¤¥°¸É¢¨Ö ti,   É ±¦¥ ¢·¥³¥´¥³ τ ¨ ¸É¥¶¥´ÓÕ
δ ¸¶µ´É ´´µ£µ ¢µ¸¸É ´µ¢²¥´¨Ö [8].

‚ÒÖ¸´¥´¨¥ Ì · ±É¥·  ÔÉ¨Ì § ¢¨¸¨³µ¸É¥° ¨³¥¥É ¡µ²ÓÏµ¥ ¶· ±É¨Î¥¸±µ¥
§´ Î¥´¨¥, ¢ Éµ³ Î¨¸²¥ ¤²Ö µ¡µ¸´µ¢ ´¨Ö ¶·µ£´µ§¨·µ¢ ´¨Ö Dlim ´  µ¸´µ¢¥
Ê¸±µ·¥´´ÒÌ · ¤¨ Í¨µ´´ÒÌ É¥¸Éµ¢, ¶µ¸±µ²Ó±Ê ¶·¨ É ±¨Ì ¨¸¶ÒÉ ´¨ÖÌ ³µÐ-
´µ¸ÉÓ ¤µ§Ò, ± ± ¶· ¢¨²µ, ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ³µÐ´µ¸É¨ ¤µ§Ò (· ¤¨ Í¨µ´´Ò³
´ £·Ê§± ³) ¢ Ê¸²µ¢¨ÖÌ Ô±¸¶²Ê É Í¨¨ (¸³. ·¨¸.4).

‚ ·¥§Ê²ÓÉ É¥ · ¤¨ Í¨µ´´µ£µ ¢µ§¤¥°¸É¢¨Ö ¢ µ¡² ¸É¨ ³ ²ÒÌ ¤µ§ µÉ 10 ¤µ
104 ƒ· µ¶É¨Î¥¸±¨¥ Ô³¨¸¸¨µ´´Ò¥ ¸¶¥±É·Ò d(λ), £¤¥ λ Å ¤²¨´  ¢µ²´Ò ¸¢¥É ,
¨§³¥´ÖÕÉ¸Ö. ˆ§³¥´¥´¨Ö ¢ ¸¶¥±É· Ì ¢ ·¥ ²Ó´ÒÌ ± ²µ·¨³¥É· Ì ´¥ ¤µ²¦´Ò ¶·¥-
¢ÒÏ ÉÓ 10Ä20%, ¸²¥¤µ¢ É¥²Ó´µ, ¶·¥µ¡² ¤ ÕÉ µ¡· É¨³Ò¥ ¶·µÍ¥¸¸Ò. �·¨ ¨§-
³¥´¥´¨ÖÌ ¸¢¥Éµ¢ÒÌµ¤  ´  40Ä60% ¶·¥µ¡² ¤ ÕÉ ´¥µ¡· É¨³Ò¥ ÔËË¥±ÉÒ. �¨¦¥
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³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¢ µ¸´µ¢´µ³ µ¡· É¨³Ò¥ ¨§³¥´¥´¨Ö, µ¡Ê¸²µ¢²¥´´Ò¥
µ¡· §µ¢ ´¨¥³ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ³µ²¥±Ê² § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ¸¢µ¡µ¤-
´ÒÌ · ¤¨± ²µ¢, ±µ³¶²¥±¸µ¢ ¸ ¶¥·¥´µ¸µ³ § ·Ö¤  ¨ ¤·. [38,39].

„²Ö ±µ²¨Î¥¸É¢¥´´µ£µ µ¶¨¸ ´¨Ö · ¤¨ Í¨µ´´ÒÌ ÔËË¥±Éµ¢ ¨¸¶µ²Ó§ÊÕÉ ¶µ-
´ÖÉ¨¥ ®· ¤¨ Í¨µ´´µ-Ì¨³¨Î¥¸±¨° ¢ÒÌµ¤¯:

G = f(D). (2.1)

�·¨´ÖÉµ · §²¨Î ÉÓ ´ Î ²Ó´Ò° ¢ÒÌµ¤ G0 ¶·¨ D → 0 ¨ ´ ¡²Õ¤ ¥³Ò° ¢ÒÌµ¤
¶·µ¤Ê±Éµ¢ · ¤¨µ²¨§  ³ É¥·¨ ²  G, ±µÉµ·Ò° ±µ¸¢¥´´µ Ì · ±É¥·¨§Ê¥É ¨§³¥´¥-
´¨¥ ±µ²¨Î¥¸É¢  ¨²¨ ¸¢µ°¸É¢  ¢¥Ð¥¸É¢  ¶·¨ § ¤ ´´µ³ §´ Î¥´¨¨ ¶µ£²µÐ¥´´µ°
¤µ§Ò [40].

Š ± ¡Ò²µ Ê¸É ´µ¢²¥´µ [41 Å 44], ´  Ì · ±É¥· · ¤¨ Í¨µ´´µ-Ì¨³¨Î¥¸±¨Ì
¶·µÍ¥¸¸µ¢ ¶·¨ ³ ²ÒÌ ¤µ§ Ì ¸ÊÐ¥¸É¢¥´´µ ¢²¨ÖÕÉ ¶·¨³¥¸¨ ¢ ¶µ²¨³¥· Ì, ¢ Éµ³
Î¨¸²¥ ±¨¸²µ·µ¤ ¨ µ¸É ÉµÎ´Ò° ³µ´µ³¥·, ±µÉµ·Ò¥ ¸µÌ· ´ÖÕÉ¸Ö ¢ ¸É·Ê±ÉÊ·¥
³ É·¨ÍÒ. � ¸¶·¥¤¥²¥´¨¥ · ¤¨µ²¨§ , µ¸µ¡¥´´µ ¶·¨ ³ ²ÒÌ ¤µ§ Ì, ¶µ µ¡Ñ¥³Ê
µ¡· §Í  ´¥· ¢´µ³¥·´µ, ÎÉµ § ¢¨¸¨É µÉ ¸¶¥Í¨Ë¨±¨ ¶µ£²µÐ¥´¨Ö ¨µ´¨§¨·ÊÕ-
Ð¨Ì ¨§²ÊÎ¥´¨° ¸ ´ ¨¡µ²¥¥ µ¶ ¸´Ò³¨ ´¨§±¨³¨ §´ Î¥´¨Ö³¨ ²¨´¥°´µ° ¶¥·¥-
¤ Î¨ Ô´¥·£¨¨ (‹��). � ¤µ µÉ³¥É¨ÉÓ, ÎÉµ · ¤¨ Í¨µ´´Ò¥ ÔËË¥±ÉÒ ¢ µ¡² ¸É¨
³ ²ÒÌ ¤µ§ Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§ÊÎ¥´Ò ¢ ³¥´ÓÏ¥° ¸É¥¶¥´¨, ¢¥·µÖÉ´µ, ¶µÉµ³Ê,
ÎÉµ ¨¸¸²¥¤µ¢ É¥²¨ ¨¸± ²¨ ¶·¥¦¤¥ ¢¸¥£µ ²¥£±µ ¨§³¥·¨³Ò¥ ¢¥²¨Î¨´Ò ¸¢µ°¸É¢
¶µ²¨³¥·µ¢.

�·¨ ³ ²ÒÌ ³µÐ´µ¸ÉÖÌ ¤µ§ ±µ´Í¥´É· Í¨Ö · ¤¨± ²µ¢ · ¸É¥É ²¨´¥°´µ ¸ ¤µ-
§µ°:

[R] = [R]lim(1− exp (−kD)), (2.2)

£¤¥ [R]lim Å ¶·¥¤¥²Ó´ Ö ±µ´Í¥´É· Í¨Ö · ¤¨± ²µ¢: k Å ÔËË¥±É¨¢´ Ö ±µ´-
¸É ´É  ¸±µ·µ¸É¨ ª£¨¡¥²¨ª · ¤¨± ²µ¢. �·¨ ±µ³´ É´µ° É¥³¶¥· ÉÊ·¥ ±µ´¸É ´É 
k ¸µ¸É ¢²Ö¥É ¶·¨³¥·´µ 103 ƒ·−1,   ¸ ¶µ¢ÒÏ¥´¨¥³ É¥³¶¥· ÉÊ·Ò · ¤¨µ²¨§ 
¶µ²¨³¥·µ¢ ¢ÒÌµ¤ · ¤¨± ²µ¢ · ¸É¥É. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶µ²ÊÎ¥´Ò ·¥§Ê²ÓÉ ÉÒ,
¸¢¨¤¥É¥²Ó¸É¢ÊÕÐ¨¥ µ Éµ³, ÎÉµ ¢ÒÌµ¤ ¨ ¶·¥¤¥²Ó´ Ö ±µ´Í¥´É· Í¨Ö · ¤¨± ²µ¢ ¸
·µ¸Éµ³ ³µÐ´µ¸É¨ ¤µ§Ò ¶ ¤ ÕÉ [45]. ‘ ·µ¸Éµ³ ‹�� ¢ÒÌµ¤Ò · ¤¨± ²µ¢ É ±¦¥
¸´¨¦ ÕÉ¸Ö ¨§-§  Ê¢¥²¨Î¥´¨Ö ²µ± ²Ó´µ° ±µ´Í¥´É· Í¨¨ · ¤¨± ²µ¢ ¢¤µ²Ó É·¥± 
¨, ¸²¥¤µ¢ É¥²Ó´µ, ¡µ²ÓÏ¥° ¢¥·µÖÉ´µ¸É¨ ¨Ì ·¥±µ³¡¨´ Í¨¨ [46].

‚ É¥Ì ¸²ÊÎ ÖÌ, ±µ£¤  ¸±µ·µ¸É¨ ·¥±µ³¡¨´ Í¨¨ ¸¢µ¡µ¤´ÒÌ · ¤¨± ²µ¢ ¸· ¢-
´¨³Ò ¸µ ¸±µ·µ¸ÉÖ³¨ ·¥ ±Í¨° ¶¥·¢µ£µ ¶µ·Ö¤±  (¶·¨¸µ¥¤¨´¥´¨Ö ± ¤¢µ°´µ°
¸¢Ö§¨ ¨²¨ µÉ·Ò¢ ), § ¢¨¸¨³µ¸ÉÓ · ¤¨ Í¨µ´´ÒÌ ÔËË¥±Éµ¢ µÉ ³µÐ´µ¸É¨ ¤µ§Ò
µÎ¥´Ó ¸ÊÐ¥¸É¢¥´´ , µ¸µ¡¥´´µ ¢ Í¥¶´ÒÌ ¶·µÍ¥¸¸ Ì. ‚ Í¥¶´µ³ ¶·µÍ¥¸¸¥ ¶·µ-
¨¸Ìµ¤¨É · ¤¨ Í¨µ´´µ¥ ¨ ËµÉµ· ¤¨ Í¨µ´´µ¥ µ±¨¸²¥´¨¥, £ §µ¢Ò¤¥²¥´¨¥ ¨ É.¶.

�  ·¨¸.4 ¶µ± § ´  § ¢¨¸¨³µ¸ÉÓ ¶·¥¤¥²Ó´µ° ¤µ§Ò ¸Í¨´É¨²²ÖÉµ·µ¢ µÉ · -
¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ± ¢ Ï¨·µ±µ³ ¤¨ ¶ §µ´¥ (³µÐ´µ¸É¨ ¤µ§Ò). �±¸¶¥·¨³¥´-
É ²Ó´Ò¥ ¤ ´´Ò¥ (ÉµÎ±¨) ¶·¨¢¥¤¥´Ò ¤²Ö ²ÊÎÏ¨Ì ¨§¢¥¸É´ÒÌ ¸Í¨´É¨²²ÖÉµ·µ¢.
‡ ³¥É¨³, ÎÉµ ¸ ³Ò¥ ¡µ²ÓÏ¨¥ ¶·¥¤¥²Ó´Ò¥ ¤µ§Ò ¶µ²ÊÎ¥´Ò ¤²Ö ¦¨¤±¨Ì ¸Í¨´-
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�¨¸. 4. ‡ ¢¨¸¨³µ¸ÉÓ ¶·¥¤¥²Ó´µ° ¤µ§Ò ¶·¨ ¶µÉ¥·¥ ¸¢¥Éµ¢ÒÌµ¤  ∆L′/L′0 = 20% µÉ
· ¤¨ Í¨µ´´µ° ´ £·Ê§±¨: ³ ²Ò¥ ÉµÎ±¨ Å ª· ¤¨ Í¨µ´´µ-¸Éµ°±¨¥ª ¸Í¨´É¨²²ÖÉµ·Ò [46];
¡µ²ÓÏ¨¥ ÉµÎ±¨: ◦Å µ¡· §ÍÒ ¸É ´¤ ·É´µ£µ ¸Í¨´É¨²²ÖÉµ·  �‘1; •Å ZDC Å ·¥ ²Ó´Ò°
± ²µ·¨³¥É· [69]; § ÏÉ·¨Ìµ¢ ´´ Ö µ¡² ¸ÉÓ Å µÍ¥´±  ´  µ¸´µ¢¥ ª³¥Éµ¤  ¸Ê¶¥·¶µ§¨Í¨¨ª
[66,67]

É¨²²ÖÉµ·µ¢ ¢ Ê¸²µ¢¨ÖÌ ¢ ±ÊÊ³  (ÉµÎ±¨ ¢¢¥·ÌÊ, ·¨¸.4). Šµ´É ±É ¦¨¤±µ£µ ¸Í¨´-
É¨²²ÖÉµ·  ¸ ¢µ§¤ÊÌµ³ ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ ¶·¨¢µ¤¨É ± § ³¥É´µ³Ê ÊÌÊ¤Ï¥´¨Õ ²Õ³¨-
´¥¸Í¥´É´ÒÌ ¨ µ¶É¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¤ ¦¥ ¶·¨ ¸Éµ²Ó ¢Ò¸µ±µ° ³µÐ´µ¸É¨
¤µ§Ò: 5·103÷104 ƒ··Î−1 [46]. �·¥¤¥²Ó´ Ö ¤µ§  µ¶·¥¤¥²Ö² ¸Ó Éµ²Ó±µ ¶·¨ Ê¸±µ-
·¥´´ÒÌ µ¡²ÊÎ¥´¨ÖÌ ³ ²ÒÌ µ¡· §Íµ¢, ¢ µ¸´µ¢´µ³, ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³¨ α-,
β- ¨ γ-¨¸ÉµÎ´¨± ³¨ [46Å59], ·¥¤±µ ´¥°É·µ´ ³¨ [60, 62] ¨ ¶ÊÎ± ³¨ Î ¸É¨Í
¢Ò¸µ±¨Ì Ô´¥·£¨° [61,63,64]. ˆ§ ·¨¸.4 ¢¨¤´µ, ÎÉµ ¶µ¤ ¢²ÖÕÐ¥¥ ¡µ²ÓÏ¨´¸É¢µ
· ´¥¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ´¥ ³µ£ÊÉ ¤ ÉÓ ¶· ¢¨²Ó´Ò° ¶·µ£´µ§ ¤²Ö ¤¥É¥±-
Éµ·µ¢ LHC [30,31]. —Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ·¥§Ê²ÓÉ ÉÒ ¶·¨ Ḋ ≤ 10−2÷10−3 ƒ··Î−1,
¶µÉ·¥¡µ¢ ²µ¸Ó ¡Ò 5Ä8 ²¥É µ¡²ÊÎ¥´¨Ö, ÎÉµ ¶· ±É¨Î¥¸±¨ ´¥¢Ò¶µ²´¨³µ.

�µ²ÊÔ³¶¨·¨Î¥¸± Ö ³µ¤¥²Ó. ‚ · ¡µÉ¥ [64] ¢¶¥·¢Ò¥ ¶·¥¤²µ¦¥´µ ¨¸¶µ²Ó-
§µ¢ ÉÓ ¨§¢¥¸É´Ò° ª¶·¨´Í¨¶ É¥³¶¥· ÉÊ·´µ-¢·¥³¥´´µ° ¸Ê¶¥·¶µ§¨Í¨¨ª [65], £¤¥
É¥³¶¥· ÉÊ·  µ¡²ÊÎ¥´¨Ö ¨ ³µÐ´µ¸ÉÓ ¤µ§Ò ¸¢Ö§ ´Ò. �´ ¸ Ê¸¶¥Ìµ³ ¶·¨³¥´¥´ ´ 
��‘ ¢ ‘˜� [66, 67] ¤²Ö ¶·µ£´µ§¨·µ¢ ´¨Ö ¸É ·¥´¨Ö ¶µ²¨³¥·´µ° Ô²¥±É·µ¨§µ-
²ÖÍ¨¨ ± ¡¥²¥°. ‚ 1985 £. (¸³. ¶·¨²µ¦¥´¨¥ ¢ [64]) ¶µ²Ó§µ¢ ²¨¸Ó ÔÉ¨³ ¶·¨´Í¨-
¶µ³ ¨ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ µ¶¨¸ ²¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ. �µ²ÊÔ³-
¶¨·¨Î¥¸± Ö ³µ¤¥²Ó ¶·¨³¥´¨³  ± ²Õ¡Ò³ ¶µ²¨³¥· ³, ¢ Éµ³ Î¨¸²¥ ± ¸Í¨´É¨²-
²ÖÉµ· ³, µ¸µ¡¥´´µ ¶·¨ ³ ²ÒÌ ¤µ§ Ì, £¤¥ ´¥É Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢: ¸É¥±²µ¢ ´¨Ö,
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 ³µ·Ë¨§ Í¨¨ ¨ É.¶. �  ·¨¸.4 ¢¶¥·¢Ò¥ ¢µ¸¶·µ¨§¢¥¤¥´  § ¢¨¸¨³µ¸ÉÓ Dlim(Ḋ) ¢
¤¨ ¶ §µ´¥ 10−4 ≤ Ḋ ≤ 10 ¤²Ö ¸Í¨´É¨²²ÖÉµ·µ¢ [61].

� ¸¸³µÉ·¨³ ¸ÊÉÓ ³µ¤¥²¨. �´ ²¨§ ¡µ²ÓÏµ£µ ³ ¸¸¨¢  ¤ ´´ÒÌ ¶µ§¢µ²¨²  ¢-
Éµ· ³ · ¡µÉÒ [68] µ¡µ¸´µ¢ ´´µ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ µÉ´µÏ¥´¨¥ G(300K)/G(T )
¸¢µ¡µ¤´ÒÌ · ¤¨± ²µ¢ ²¨´¥°´µ Ê³¥´ÓÏ ¥É¸Ö ¸ ·µ¸Éµ³ É¥³¶¥· ÉÊ·Ò ¤²Ö ²Õ-
¡ÒÌ ¶µ²¨³¥·µ¢. �·¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì É¥³¶¥· ÉÊ· Ì ¶·µ¨¸Ìµ¤¨É Ê¸±µ·¥´´µ¥
· ¤¨ Í¨µ´´µ-µ±¨¸²¨É¥²Ó´µ¥ ¸É ·¥´¨¥ ¡¥§ ¨§³¥´¥´¨Ö ³¥Ì ´¨§³  µ¸´µ¢´ÒÌ Ì¨-
³¨Î¥¸±¨Ì ·¥ ±Í¨°, ¶µ¤Î¨´ÖÕÐ¨Ì¸Ö § ±µ´Ê �··¥´¨Ê¸ :

vk ∼ exp (−E/RT ), (2.3)

£¤¥ E Å ¸Ê³³ ·´ Ö, Ô³¶¨·¨Î¥¸±¨ µ¶·¥¤¥²¥´´ Ö Ô´¥·£¨Ö  ±É¨¢ Í¨¨, · ¸¸³ -
É·¨¢ ¥³ Ö ¢ ± Î¥¸É¢¥ ÔËË¥±É¨¢´µ° Ô´¥·£¨¨ ¢¸¥£µ É¥·³¨Î¥¸±¨  ±É¨¢¨·µ¢ ´-
´µ£µ ¶·µÍ¥¸¸ ; vk Å ¸±µ·µ¸ÉÓ ·¥ ±Í¨¨; R Å £ §µ¢ Ö ¶µ¸ÉµÖ´´ Ö. „²Ö ¶¥·¥-
´¥¸¥´¨Ö ·¥§Ê²ÓÉ Éµ¢ ¨§³¥·¥´¨°, ¶µ²ÊÎ¥´´ÒÌ ¶·¨ ¶µ¢ÒÏ¥´´ÒÌ É¥³¶¥· ÉÊ· Ì,
´  Ê¸²µ¢¨Ö ¶·¨ · ¡µÎ¥° É¥³¶¥· ÉÊ·¥ TÔ ¢ÒÎ¨¸²Ö¥É¸Ö ±µÔËË¨Í¨¥´É ¸³¥Ð¥´¨Ö:

ȧ = exp (E/R(T−1
Ô − T−1)). (2.4)

‚ÒÌµ¤Ò ¶·µ¤Ê±Éµ¢ · ¤¨ Í¨µ´´µ-Ì¨³¨Î¥¸±µ£µ µ±¨¸²¥´¨Ö ¢ ¨§µÉ¥·³¨Î¥-
¸±µ³ ·¥¦¨³¥ (250÷ 400 Š) µ¶¨¸Ò¢ ÕÉ¸Ö Ê· ¢´¥´¨¥³:

G = K +A exp (−E/RT )(G(R•)/Ḋ)1/2[RH ], (2.5)

£¤¥ k Å Ô³¶¨·¨Î¥¸±¨° ±µÔËË¨Í¨¥´É, ÊÎ¨ÉÒ¢ ÕÐ¨° µ¡· §µ¢ ´¨¥ ¶·µ¤Ê±Éµ¢
· ¤¨µ²¨§  ¶·¨ ·¥±µ³¡¨´ Í¨¨ · ¤¨± ²µ¢; A Å ¶·¥¤Ô±¸¶µ´¥´Í¨ ²Ó´Ò° ³´µ-
¦¨É¥²Ó; E1 Å Ô´¥·£¨Ö  ±É¨¢ Í¨¨ ¶·µÍ¥¸¸ , ±µÉµ· Ö µ¡ÒÎ´µ ¡²¨§±  ± Ô´¥·-
£¨¨  ±É¨¢ Í¨¨ ·¥ ±Í¨¨ ¶·µ¤µ²¦¥´¨Ö Í¥¶¨ (30 ÷ 50 ±„¦/³µ²Ó); G(R• ) Å
pa¤¨ Í¨µ´´µ-Ì¨³¨Î¥¸±¨° ¢ÒÌµ¤ ¸¢µ¡µ¤´ÒÌ · ¤¨± ²µ¢; [RH ] Å ±µ´Í¥´É· -
Í¨Ö µ±¨¸²Ö¥³µ£µ ¸µ¥¤¨´¥´¨Ö.

–¥¶´Ò¥ ËµÉµ· ¤¨± ²Ó´Ò¥ ·¥ ±Í¨¨ ¶·µÉ¥± ÕÉ ¶·¨ Ê¸²µ¢¨¨ ΦIτr > 1,
£¤¥ Φ Å ±¢ ´Éµ¢Ò° ¢ÒÌµ¤ · ¤¨± ²µ¢: I Å ¨´É¥´¸¨¢´µ¸ÉÓ ¢¨¤¨³µ£µ ¸¢¥É ;
τr Å ¢·¥³Ö ¦¨§´¨ · ¤¨± ²µ¢. �É ´¨§±¨Ì ¤µ ±µ³´ É´ÒÌ É¥³¶¥· ÉÊ· Í¥¶´Ò¥
ËµÉµ· ¤¨± ²Ó´Ò¥ ·¥ ±Í¨¨ ·¥ ²¨§ÊÕÉ¸Ö ¶· ±É¨Î¥¸±¨ ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ Φ ¨
τr, ¥¸²¨ ¨´É¥´¸¨¢´µ¸ÉÓ ¢¨¤¨³µ£µ ¸¢¥É  ¡µ²ÓÏ¥ ∼ 1013 ¸³−2·¸−1 [39]. �´¥·-
£¨Ö, ¢´µ¸¨³ Ö  ±É¨¢´Ò³¨ Î ¸É¨Í ³¨ ¢ ËµÉµ· ¤¨ Í¨µ´´Ò¥ ¶·µÍ¥¸¸Ò §  ¸Î¥É
¶µ£²µÐ¥´¨Ö ¨§²ÊÎ¥´¨Ö µ¶É¨Î¥¸±¨Ì Î ¸ÉµÉ, · ¢´ 

E2 =� (GḊτr)xIE , (2.6)

£¤¥ � Å ±µÔËË¨Í¨¥´É Ô±¸É¨´±Í¨¨, x Å Éµ²Ð¨´  µ¡· §Í ; E Å ¸·¥¤´ÖÖ Ô´¥·-
£¨Ö ËµÉµ´µ¢. �´¥·£¨Ö, ¶µ¸ÉÊ¶ ÕÐ Ö ¶µ ÔÉµ³Ê ± ´ ²Ê, ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ ³µ¦¥É
¡ÒÉÓ ¸· ¢´¨³  ¨²¨ ¸ÊÐ¥¸É¢¥´´µ ¶·¥¢µ¸Ìµ¤¨ÉÓ Ô´¥·£¨Õ, ¶µ¸ÉÊ¶ ÕÐÊÕ §  ¸Î¥É
¨µ´¨§¨·ÊÕÐ¥£µ ¨§²ÊÎ¥´¨Ö. �É  ¤µ¶µ²´¨É¥²Ó´ Ö Ô´¥·£¨Ö É ±¦¥ · ¸Ìµ¤Ê¥É¸Ö
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´  ¨´¨Í¨¨·µ¢ ´¨¥ Ì¨³¨Î¥¸±¨Ì ·¥ ±Í¨°. �´¥·£¨Ö  ±É¨¢ Í¨¨ ¢ (2.4) ¸±² ¤Ò-
¢ ¥É¸Ö ¨§ ¤¢ÊÌ ¢¥²¨Î¨´, E = E1 + E2, ¸µ£² ¸´µ ¸µµÉ´µÏ¥´¨Ö³ (2.5) ¨ (2.6).
’µ£¤  ¢Ò· ¦¥´¨¥ ¤²Ö ±µÔËË¨Í¨¥´É  ¸³¥Ð¥´¨Ö ¶·¨µ¡·¥É ¥É ¢¨¤

ȧ+A exp (E/R(T−1
Ô − T−1))(G(R•)/Ḋ)1/2[RH ]. (2.7)

�¡² ¸ÉÓ ¢ ¤¨ ¶ §µ´¥ Ḋ µÉ 10−4 ¤µ 100 (·¨¸.4) µÍ¥´¥´  ¸ ÊÎ¥Éµ³ ¤µ¶µ²-
´¨É¥²Ó´µ° Ô´¥·£¨¨  ±É¨¢ Í¨¨ ¶·µÍ¥¸¸  E2 ¶·¨ ¨´É¥´¸¨¢´µ¸É¨ ¸¢¥É  · ¤¨µ-
²Õ³¨´¥¸Í¥´Í¨¨ ∼ 1015 ¸³−2·¸−1. ˆ³¥´´µ ¶·¨ É ±µ° ¨´É¥´¸¨¢´µ¸É¨ ¸¢¥É 
¡Ò² ¶·µ¢¥¤¥´ Ô±¸¶¥·¨³¥´É ¢ –…�� ´  ·¥ ²Ó´µ³ ± ²µ·¨³¥É·¥ ZDC [61]. �·¨
Ḋ = 105 ƒ··Î−1 ¶¥·¢ Ö Ô±¸¶¥·¨³¥´É ²Ó´ Ö ÉµÎ±  ¶µ²ÊÎ¥´  ¢ 1986 £. ´  ‹“�
(• ·Ó±µ¢) ¶·¨ EÔ = 1, 2 ƒÔ‚ ¨ Ë²Õ¥´¸¥ 1011 Ô²·¸³−2·¸−1. ‚·¥³Ö µ¡²ÊÎ¥´¨Ö
10 Î. ‚Éµ· Ö ÉµÎ±  ¶·¨ Ḋ = 105 ƒ··Î−1 ¨§³¥·¥´  ¢ 1992 £. ¢ �ˆŸˆ ´ 
£ ³³ -Ê¸É ´µ¢±¥ 60‘µ. �¡· §ÍÒ ¨³¥²¨ · §³¥·Ò 4Ì150Ì150 ³³ ¨ ¨§£µÉ ¢²¨-
¢ ²¨¸Ó ¶µ µ¤¨´ ±µ¢µ° ¸ �‘1 (¸³. ´¨¦¥) É¥Ì´µ²µ£¨¨ (¤µ¡ ¢±¨ 1,5% ·’� +
+ 0,03% ����� + 1%  ´É¨· ¤Ò). �±¸¶¥·¨³¥´É ²Ó´µ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢¥²¨-
Î¨´Ò Dlim, ¸µµÉ¢¥É¸É¢¥´´µ, 7 · 104 ƒ· ¨ 1, 2 · 105 ƒ· (·¨¸.4). ’ ±¨¥ ¸Í¨´É¨²-
²ÖÉµ·Ò ¶µ¸¶¥Ï¨²¨ ´ §¢ ÉÓ · ¤¨ Í¨µ´´µ ¸Éµ°±¨³¨ [59]. �¤´ ±µ ¶·¨ µ¡²ÊÎ¥-
´¨¨ É¥Ì ¦¥ ¸Í¨´É¨²²ÖÉµ·µ¢ ¢ ·¥ ²Ó´µ³ ¸¢¨´Íµ¢µ³ ± ²µ·¨³¥É·¥ ZDC [61,69]
(1011 Ê¸±µ·¥´´ÒÌ Ö¤¥· Pb ¸ Ô´¥·£¨¥° 158 �·ƒÔ‚) ¡Ò²  ¶µ²ÊÎ¥´  Dlim =
= 4 · 103 ƒ·. �¡²ÊÎ¥´¨¥ ¤²¨²µ¸Ó 1, 4 · 103 Î ¢ ¶·¨¸ÊÉ¸É¢¨¨ ±¨¸²µ·µ¤  ¢µ§-
¤ÊÌ ,   ¤µ§µ¢ Ö ´ £·Ê§±  ¡Ò²  ∼ 2 ƒ··Î−1. ’ ±µ¥ ¡µ²ÓÏµ¥ · §²¨Î¨¥ Dlim

¤²Ö ³ ²ÒÌ µ¡· §Íµ¢ ¨ ± ²µ·¨³¥É·  ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ:  ) ËµÉµ· ¤¨ Í¨µ´´Ò³
µ±¨¸²¥´¨¥³ (¨§-§  · §²¨Î¨Ö ¢ Ḋ); ¡) µÉ²¨Î¨¥³ ¢ · §³¥· Ì ¸Í¨´É¨²²ÖÉµ·µ¢ ¨
´ ²¨Î¨¥³ ¸¢¥Éµ¢µ¤µ¢ ¨§ ¶µ²¨³¥É¨²³¥É ±·¨² É  (�ŒŒ�); ¢) ¢²¨Ö´¨¥³ ‹��:
∼ 0, 2 ±Ô‚·³±³−1 ¤²Ö 60‘µ ¨ 20 ±Ô‚·³±³−1 ¤²Ö ¸³¥Ï ´´µ£µ ¶µ²Ö ¨§²ÊÎ¥´¨Ö.

�·¨ Ḋ > 102 ƒ··Î−1 (¸³. ·¨¸.4), ±µ£¤  ¢¥²¨Î¨´  ´ £·Ê§±¨ ®Ô±¢¨¢ ²¥´É-
´ ¯ Ê¸²µ¢¨Ö³ ¢ ±ÊÊ³ , · ¤¨ Í¨µ´´Ò¥ ¨§³¥´¥´¨Ö ³¥´ÓÏ¥ § ¢¨¸ÖÉ (  ¨´µ£¤  ¨
´¥ § ¢¨¸ÖÉ) µÉ ³µÐ´µ¸É¨ ¤µ§Ò. ’ ±¨³ µ¡· §µ³, ¶·¨ ¡µ²ÓÏ¨Ì Ḋ,   É ±¦¥ ¤²Ö
¤µ¸É ÉµÎ´µ Éµ²¸ÉÒÌ µ¡· §Íµ¢ ·¥ ²¨§ÊÕÉ¸Ö É ±¨¥ Ê¸²µ¢¨Ö, ±µ£¤  µ±¨¸²Ö¥É¸Ö
Éµ²Ó±µ ¶µ¢¥·Ì´µ¸É´Ò° ¸²µ°,   µ¸´µ¢´ Ö ³ ¸¸  ¶µ²¨³¥·  ´¥ µ±¨¸²Ö¥É¸Ö.

‚¸²¥¤¸É¢¨¥ ´¥· ¢´µ³¥·´µ¸É¨ ¶·µÍ¥¸¸  · ¤¨µ²¨§  ¤ ¦¥ ¢ µ¤´µË §´µ° ¸¨-
¸É¥³¥ ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ¶µÉµ± Ô´¥·£¨¨ · ¤¨µ²¨§  ± ¶µ¢¥·Ì´µ¸É¨. �µÔÉµ³Ê
¶µ²¨³¥·Ò ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± £¥É¥·µ£¥´´Ò¥ [70]. ‚ É ±µ³ ¶µ´¨³ ´¨¨
± £¥É¥·µ£¥´´Ò³ ¸¨¸É¥³ ³ µÉ´µ¸ÖÉ¸Ö ³µ´µ±·¨¸É ²²Ò ¸ ¤¥Ë¥±É ³¨, ´ ¶·¨³¥·,
PbWO4 [71].

‚ µ¡²ÊÎ¥´´µ³ ¢ ¢ ±ÊÊ³¥ �ŒŒ� ´ ¡²Õ¤ ¥É¸Ö (·¨¸.5) · ¢´µ³¥·´µ¥ · ¸-
¶·¥¤¥²¥´¨¥ µ¶É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ¶µ µ¡Ñ¥³Ê (±·¨¢ Ö 1). …¸²¨ µ¡²ÊÎ¥´´Ò°
¶µ²¨³¥· Ì· ´¨É¸Ö ´  ¢µ§¤ÊÌ¥, Éµ, ´ ·Ö¤Ê ¸ ¤¨ËËÊ§¨¥° £ §µ¢ ¨§ µ¡· §Í , ¸Ê-
Ð¥¸É¢Ê¥É ¤¨ËËÊ§¨Ö ±¨¸²µ·µ¤  ¢µ§¤ÊÌ  ¢´ÊÉ·Ó µ¡· §Í . Š¨¸²µ·µ¤ Ê¸±µ·Ö¥É
®£¨¡¥²Ó¯ · ¤¨± ²µ¢ ¨ É ±¨³ µ¡· §µ³ ¢²¨Ö¥É ´  Ëµ·³¨·µ¢ ´¨¥ ¶·µ¸É· ´-
¸É¢¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö µ¶É¨Î¥¸±µ° ¶²µÉ´µ¸É¨, ±µÉµ· Ö ¶·¨´¨³ ¥É ¢¨¤, ¶µ-
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�¨¸. 5. �¶É¨Î¥¸± Ö ¶²µÉ´µ¸ÉÓ ¢ ¶µ¶¥·¥Î´µ³ ¸¥Î¥´¨¨ µ¡· §Í  �ŒŒ�, µ¡²ÊÎ¥´´µ£µ ¢
¢ ±ÊÊ³¥ ¤µ ¤µ§Ò 30 ±ƒ· (1), ¨ Éµ ¦¥ Å ¶µ¸²¥ Ì· ´¥´¨Ö ´  ¢µ§¤ÊÌ¥ ¢ É¥Î¥´¨¥ 30 ¤´¥°
(2) [72]

± § ´´Ò° ±·¨¢µ° 2 [72]. ’ ± Ö ¦¥ ± ·É¨´  ´ ¡²Õ¤ ¥É¸Ö, ±µ£¤  µ¡²ÊÎ ÕÉ¸Ö
´  ¢µ§¤ÊÌ¥ ¸Í¨´É¨²²ÖÉµ·Ò.

‘² ¡µ § ¢¨¸¨É µÉ Ḋ · ¤¨ Í¨µ´´ Ö ¤¥£· ¤ Í¨Ö ¸¢µ°¸É¢ ¶µ²¨³¥·µ¢ ¶·¨
§´ Î¥´¨¨ ´¨¦¥ 102 ƒ··Î−1. �·¨ ÔÉµ³ ¢¸¥£¤  ´ ¡²Õ¤ ÕÉ¸Ö §´ Î¨É¥²Ó´µ ³¥´Ó-
Ï¨¥ ¶·¥¤¥²Ó´Ò¥ ¤µ§Ò Dlim (·¨¸.4), Î¥³ ¶·¨ ¢Ò¸µ±¨Ì ¤µ§µ¢ÒÌ ´ £·Ê§± Ì. �Éµ
µ§´ Î ¥É, ÎÉµ · ¤¨ Í¨µ´´µ-µ±¨¸²¨É¥²Ó´µ³Ê ¶·¥¢· Ð¥´¨Õ ¶µ¤¢¥·£ ¥É¸Ö ¶µÎÉ¨
¢¥¸Ó µ¡Ñ¥³ ¶µ²¨³¥· . “ ¶µ²¨¸É¨·µ²  ¶¥·¢µ´ Î ²Ó´µ ¢µ§´¨± ¥É ¤¢ÊÌ¸²µ°´ Ö
¸É·Ê±ÉÊ·  §  ¸Î¥É ¸¨²Ó´µ£µ µ±¨¸²¥´¨Ö ´ ·Ê¦´µ£µ ¸²µÖ ¨ ¸² ¡µ£µ µ±¨¸²¥´¨Ö
¥£µ ¢´ÊÉ·¥´´¥£µ µ¡Ñ¥³ , ²¨Ï¥´´µ£µ ¤µ¸ÉÊ¶  ±¨¸²µ·µ¤  ¢ ¸¨²Ê ¤¨ËËÊ§¨µ´-
´ÒÌ µ£· ´¨Î¥´¨°. ‚·¥³Ö ¸É·Ê±ÉÊ·´µ° ·¥² ±¸ Í¨¨ ³µ¦¥É ¤µ¸É¨£ ÉÓ ¤¥¸ÖÉ±µ¢
¨ ¸µÉ¥´ ¸ÊÉµ± ¶·¨ ±µ³´ É´µ° É¥³¶¥· ÉÊ·¥, É.¥. ¸ÊÐ¥¸É¢¥´´µ µÉ¸É ¥É µÉ Ì¨³¨-
Î¥¸±¨Ì ¶·¥¢· Ð¥´¨°.

‚ ·¥§Ê²ÓÉ É¥ ¢ É ±µ³ ´¥µ¤´µ·µ¤´µ³ ¶µ ¸¢µ¥³Ê ¸µ¸É ¢Ê ³ É¥·¨ ²¥ ¶·µ-
¨¸Ìµ¤¨É ·µ¸É ³¥Ì ´¨Î¥¸±¨Ì ´ ¶·Ö¦¥´¨°, ¶·¨¢µ¤ÖÐ¨Ì ± µ¡· §µ¢ ´¨Õ ³¨±·µ-
É·¥Ð¨´. �É¨ ³¨±·µÉ·¥Ð¨´Ò ¨£· ÕÉ ·µ²Ó ± ´ ²µ¢, ¶µ ±µÉµ·Ò³ ±¨¸²µ·µ¤ (¨²¨
µ§µ´) ¨§ µ±·Ê¦ ÕÐ¥£µ ¢µ§¤ÊÌ  ¶µ¸ÉÊ¶ ¥É ¢µ ¢´ÊÉ·¥´´¨¥ µ¡² ¸É¨ µ¡· §Í ,
¸¶µ¸µ¡¸É¢ÊÖ ¡Ò¸É·µ³Ê · ¤¨ Í¨µ´´µ³Ê ¸É ·¥´¨Õ ¶µ²¨³¥· .

‚ ¶·µ³¥¦ÊÉµÎ´µ° µ¡² ¸É¨ ³µÐ´µ¸É¨ ¤µ§ 10−2 < Ḋ < 102 ƒ··Î−1 (·¨¸.4)
¶·¥¤¥²Ó´ Ö ¤µ§  ¨³¥¥É ¸²¥¤ÊÕÐÊÕ § ¢¨¸¨³µ¸ÉÓ µÉ Ḋ [64]:

Dlim ≈ D0(Ḋ)n, (2.8)

£¤¥ n Ì · ±É¥·¨§Ê¥É ¶·¨¡²¨¦¥´´ÊÕ ²¨´¥°´ÊÕ § ¢¨¸¨³µ¸ÉÓ lg D(ξ) =
= f(lg Ḋ), ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  Éµ²Ó±µ ¨§ Ô±¸¶¥·¨³¥´Éµ¢.
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�µ²Ó ‹��. �¸´µ¢´ÊÕ ·µ²Ó ¢ · ¤¨ Í¨µ´´ÒÌ ¨§³¥´¥´¨ÖÌ ¸¢µ°¸É¢ ¶µ²¨³¥-
·µ¢ ¨£· ÕÉ ¶·µÍ¥¸¸Ò ¨µ´¨§ Í¨¨ ¨ ¢µ§¡Ê¦¤¥´¨Ö ³µ²¥±Ê². �·¨ ³ ²ÒÌ ¸±µ·µ-
¸ÉÖÌ ÉÖ¦¥²ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ±µ£¤  vu/v0 ≈ 0, 6, £¤¥ v0 Å ¡µ·µ¢¸± Ö
¸±µ·µ¸ÉÓ Ô²¥±É·µ´ , ³µ£ÊÉ ¶·¥µ¡² ¤ ÉÓ Ê¶·Ê£¨¥ Ö¤¥·´Ò¥ ¸Éµ²±´µ¢¥´¨Ö.

ˆ§ É ¡².6 ¢¨¤´µ, ÎÉµ · ¢¥´¸É¢µ ‹�� ¢ É·¥±¥ ¤²Ö ¨µ´µ¢ ¸ · §´Ò³¨ § -
·Ö¤ ³¨ ¨³¥¥É ³¥¸Éµ ¶·¨ · §²¨Î´ÒÌ ¸±µ·µ¸ÉÖÌ ¨µ´µ¢ [73]. �µ¸±µ²Ó±Ê ÔË-
Ë¥±É¨¢´Ò° · ¤¨Ê¸ É·¥±  Ê¢¥²¨Î¨¢ ¥É¸Ö ¸ ·µ¸Éµ³ ¸±µ·µ¸É¨ ¨µ´ , Éµ ¢ ¸²ÊÎ ¥
α-Î ¸É¨Í ¶µ£²µÐ¥´´ Ö Ô´¥·£¨Ö · ¸¶·¥¤¥²¥´  ¢ É·¥±¥ ¡µ²ÓÏ¥£µ µ¡Ñ¥³ . ‚ ·¥-
§Ê²ÓÉ É¥ ²µ± ²Ó´Ò¥ ¨ ¸·¥¤´¨¥ ¢ÒÌµ¤Ò  ±É¨¢´ÒÌ Î ¸É¨Í ¡Ê¤ÊÉ ´¨¦¥ Ê ¨µ´ 
¸ ¡µ²ÓÏ¨³ § ·Ö¤µ³ ¨ ³ ¸¸µ°. ’ ±¨³ µ¡· §µ³, ´¥É ¶·Ö³µ° § ¢¨¸¨³µ¸É¨ G
µÉ ‹��. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢ [73] ¶·¥¤²µ¦¥´  ³µ¤¥²Ó µ¶¨¸ ´¨Ö · ¤¨ Í¨µ´´µ-
¨´¤ÊÍ¨·µ¢ ´´ÒÌ ¶·¥¢· Ð¥´¨°, ¨¸¶µ²Ó§ÊÕÐ Ö § ·Ö¤ ¨ ¸±µ·µ¸ÉÓ § ·Ö¦¥´´µ°
Î ¸É¨ÍÒ. � ¡²Õ¤ ¥³µ¥ Ê¢¥²¨Î¥´¨¥ ¤¥£· ¤ Í¨¨ �‘ ¶·¨ µ¡²ÊÎ¥´¨¨ ¢ ¶µ²¥
 ¤·µ´µ¢ ¶µ ¸· ¢´¥´¨Õ ¸ γ-±¢ ´É ³¨ ²¥¦¨É ¢ ¶·¥¤¥² Ì ¶µ£·¥Ï´µ¸É¨ [64].

‘µµÉ´µÏ¥´¨Ö ¢ÒÌµ¤  ¶·µ¤Ê±Éµ¢ ¶·¨ ¤¥¸É·Ê±Í¨¨ ¨ ¸Ï¨¢ ´¨¨ G¤/Gc ¢
�‘ ¨ �ŒŒ� ¶·¨ µ¡²ÊÎ¥´¨¨ γ-±¢ ´É ³¨ ¨ ¡Ò¸É·Ò³¨ ´¥°É·µ´ ³¨ (Ḋ ∼
∼ 102 ƒ··¸−1) µÎ¥´Ó ³ ²µ µÉ²¨Î ÕÉ¸Ö ¢ ¶·¨¸ÊÉ¸É¢¨¨ ±¨¸²µ·µ¤  ¢µ§¤ÊÌ , µ¤-
´ ±µ ¢ ¢ ±ÊÊ³¥ · §²¨Î¨¥ ¢ 5÷10 · § [74,75]. �·µ¢¥¤¥´µ ¸µ¶µ¸É ¢²¥´¨¥ ¢µ§¤¥°-
¸É¢¨Ö Ô²¥±É·µ´µ¢ (2 ŒÔ‚), ¶·µÉµ´µ¢ (8 ŒÔ‚), α-Î ¸É¨Í (30 ŒÔ‚) ¨ ¨µ´µ¢ ‘4+

¨ N4+ (80 ŒÔ‚) ´  ³¥Ì ´¨Î¥¸±¨¥ ¸¢µ°¸É¢   ²¨Ë É¨Î¥¸±¨Ì ¶µ²¨³¥·µ¢ [76,77].

’ ¡²¨Í  6. • · ±É¥·¨¸É¨±  É·¥±µ¢ ¶·µÉµ´µ¢ ¨ α-Î ¸É¨Í ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ
‹�� ¢ ¶µ²¨¸É¨·µ²¥

• · ±É¥·¨¸É¨±  98 ±Ô‚/³±³ 50 ±Ô‚/³±³

�·µÉµ´Ò α-Î ¸É¨ÍÒ �·µÉµ´Ò α-Î ¸É¨ÍÒ

�´¥·£¨Ö, ŒÔ‚ 0,082 4,5 0,4 10
‘±µ·µ¸ÉÓ v, ¸³/¸ 4 15 8,7 22
�ËË¥±É¨¢´Ò° § ·Ö¤ 0,69 2 0,93 1
‘·¥¤´¥¥ Î¨¸²µ Ô²¥±É·µ´µ¢,
¢Ò¡¨¢ ¥³ÒÌ ¨µ´µ³ ´  1 ´³
¤²¨´Ò É·¥±  1,56 1,7 0,86 1
Emax δ-Ô²¥±É·µ´µ¢, ±Ô‚ 0,181 2,5 0,86 5,45
� ¤¨Ê¸ ¸¥·¤Í¥¢¨´Ò, ´³ 1,2 4,5 2,65 6,7
�ËË¥±É¨¢´Ò° · ¤¨Ê¸ É·¥± , ´³ 2,5 21 6,0 35
�´¥·£¨Ö, ¢Ò´µ¸¨³ Ö δ-Ô²¥±É·µ-
´ ³¨ §  ¶·¥¤¥²Ò ¸¥·¤Í¥¢¨´Ò
É·¥± , ±Ô‚/³±³ 4,3 16,3 7 12,4
‘·¥¤´ÖÖ ¶²µÉ´µ¸ÉÓ  ±Éµ¢
¨µ´¨§ Í¨¨ ¢ ¸¥·¤Í¥¢¨´¥
É·¥± , 1020 ¸³−3 5,3 0,45 0,69 0,1
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’ ¡²¨Í  7. ˆ¸ÉµÎ´¨±¨ µ¡²ÊÎ¥´¨Ö µ¡· §Íµ¢ ¶µ²¨Ì²µ·¸É¨·µ² 

Œ¥¸Éµ µ¡²ÊÎ¥´¨Ö ‚¨¤Ò Î ¸É¨Í ŒµÐ´µ¸ÉÓ ‹��,
(i Å ¶¥·¢¨Î´Ò¥, ¤µ§Ò Ḋ, ±Ô‚ ³±³−1

j Å ¢Éµ·¨Î´Ò¥) ƒp·¸−1

Š ´ ²Ò ·¥ ±Éµ·  γi, ni → γj , En > 1 ŒÔ‚, 5, 8 · 103 60
ˆ��-2, �ˆŸˆ Å (•) 4, 2 · 1012 ´·¸³−2·¸−1

Œ¥¤´ Ö ³¨Ï¥´Ó; � §´Ò¥ ¸¶¥±É·Ò 2, 5 · 10−1 15
¸¨´Ì·µÉ·µ´ ´  70 ƒÔ‚, pi → (p, n, e±, π±, µ...)j
ˆ”‚� Å (4)

‚Ò¶Ê¸±´µ¥ µ±´µ Ep = 650 ŒÔ‚, 2, 9 · 102 8
Ë §µÉ·µ´  ´  650 ŒÔ‚, 1012p·¸³−2·¸−1

�ˆŸˆ Å (N)

M¥¤´ Ö ³¨Ï¥´Ó; � §´Ò¥ ¸¶¥±É·Ò 7 · 10−2 9
¸¨´Ì·µÉ·µ´ ´  7 ƒÔ‚, pi → (p, n, e±, π±, ...)j
ˆ’�” Å (◦)
ƒ ³³ -Ê¸É ´µ¢±  Å (�) Eγ = 1, 25 ŒÔ‚ 30 0,2

�¨¸. 6. ‡ ¢¨¸¨³µ¸ÉÓ µÉ ‹�� ¤µ§Ò Ô±¢¨¢ ²¥´É-
´µ£µ ¨§³¥´¥´¨Ö ξ (¸³. É¥±¸É): 1 Å ¶µ²¨Ì²µ·-
¸É¨·µ², ÉµÎ±¨ ¸µµÉ¢¥É¸É¢ÊÕÉ µ¡µ§´ Î¥´¨Ö³ ¢
É ¡².7; 2 Å ¶µ²¨ÔÉ¨²¥´ [77]

‚ [61,78] ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¤µ-
§¨³¥É·Ò –„� ¨§ ¶µ²¨Ì²µ·¸É¨-
·µ²  ( ´ ²µ£, · ¸¶·µ¸É· ´¥´´Ò°
§  ·Ê¡¥¦µ³, FWT-70 [79]), ±µÉµ-
·Ò¥ ¡Ò²¨ ÉÐ É¥²Ó´µ µÉ£· ¤Ê¨·µ-
¢ ´Ò ¢ · §´ÒÌ ¶µ²ÖÌ ¨§²ÊÎ¥´¨Ö
(É ¡².7).

�  ·¨¸.6 ¶µ± § ´Ò ¤µ§Ò
Dlim, ¸µ§¤ ÕÐ¨¥ Ê¢¥²¨Î¥´¨¥
µ¶É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ¶µ²¨Ì²µ·-
¸É¨·µ² ,   É ±¦¥ Ê¤²¨´¥´¨Ö ¶µ-
²¨ÔÉ¨²¥´  ¶µ¤ ´ £·Ê§±µ°. �¥-
¸³µÉ·Ö ´  ¶·¨´Í¨¶¨ ²Ó´µ · §-
´Ò¥ ¶ · ³¥É·Ò ξlim ¢ µ¡µ¨Ì ³ -
É¥·¨ ² Ì · ¤¨ Í¨µ´´Ò¥ ¶µ¢·¥-
¦¤¥´¨Ö ¨³¥ÕÉ É¥´¤¥´Í¨Õ ± ¸´¨-
¦¥´¨Õ ¸ ·µ¸Éµ³ ‹��. �Éµ £µ¢µ-
·¨É µ¡ µ¡Ð´µ¸É¨ · ¤¨ Í¨µ´´µ-¨´¤ÊÍ¨·µ¢ ´´ÒÌ ¶·¥¢· Ð¥´¨° ¢ ¸ÊÐ¥¸É¢¥´´µ
· §´ÒÌ ¶µ²¨³¥· Ì.

�¡· §µ¢ ´¨Õ ¸É ¡¨²Ó´ÒÌ ¶·µ¤Ê±Éµ¢ · ¤¨µ²¨§  ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢¨¤  ¨§-
²ÊÎ¥´¨° ¶µ¸¢ÖÐ¥´ µ¡§µ· [80]. ‘µ¶µ¸É ¢²¥´¨¥ G¤/Gc, ¸ µ¤´µ° ¸Éµ·µ´Ò, ¨ ¢Ò-
Ìµ¤  ¸É ¡¨²¨§¨·µ¢ ´´ÒÌ · ¤¨± ²µ¢ Å ¸ ¤·Ê£µ°, ¶·¨ µ¡²ÊÎ¥´¨¨ α-Î ¸É¨Í ³¨
¨ γ-±¢ ´É ³¨ ¶µ± § ²µ, ÎÉµ ¤²Ö ¡µ²ÓÏ¨´¸É¢  ¶µ²¨³¥·µ¢ µÉ¸ÊÉ¸É¢Ê¥É ±µ··¥²Ö-
Í¨Ö ¢ÒÌµ¤µ¢ ¨ ‹��. ‚ µ¡² ¸É¨ · ¤¨µ²¨§  ³µ£ÊÉ ¸ÊÐ¥¸É¢¥´´µ Ê¢¥²¨Î¨¢ ÉÓ¸Ö
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¸±µ·µ¸É¨ ¤·Ê£¨Ì ³ ²µ¨§ÊÎ¥´´ÒÌ ·¥ ±Í¨°. „²Ö µ¡ÑÖ¸´¥´¨Ö ´¥µ¡Ìµ¤¨³µ ¶·¨-
¢²¥± ÉÓ ¶·¥¤¸É ¢²¥´¨Ö ³¨±·µ¤µ§¨³¥É·¨¨ [81],   É ±¦¥ ÊÎ¨ÉÒ¢ ÉÓ ¢±² ¤ · ¸-
¸¥Ö´¨Ö Ô´¥·£¨¨ ¢ Ê¶·Ê£¨Ì ¸µÊ¤ ·¥´¨ÖÌ. �¸É ÕÉ¸Ö ´¥¨§ÊÎ¥´´Ò³¨ ¶·µÍ¥¸¸Ò
µ¡· §µ¢ ´¨Ö ¨ · ¸¶ ¤  ´¥´ ¸ÒÐ¥´´ÒÌ ¸¢Ö§¥°, · ¤¨ Í¨µ´´µ£µ µ±¨¸²¥´¨Ö,  
É ±¦¥ ¶µ¢¥¤¥´¨Ö ¶µ²¨³¥·µ¢ ¶·¨ ¨§³¥´¥´¨¨ É¥³¶¥· ÉÊ·Ò ¢ § ¢¨¸¨³µ¸É¨ µÉ
¢¨¤  Î ¸É¨Í (‹��).

‘¶µ´É ´´µ¥ ¢µ¸¸É ´µ¢²¥´¨¥. � ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´Ò° ¸Í¨´É¨²²ÖÉµ·
¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¶µ²¨¸É¨·µ²Ó´ÊÕ �‘-³ É·¨ÍÊ, ¢ ±µÉµ·µ° · ¸É¢µ·¥´Ò ¶¥·-
¢ Ö Å ¸Í¨´É¨²²ÖÍ¨µ´´ Ö (·’�) ¨ ¢Éµ· Ö Å ¸¶¥±É·µ¸³¥Ð ÕÐ Ö (�����)
¤µ¡ ¢±¨. �  ¶¥·¢µ³ ÔÉ ¶¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨µ´¨§¨·ÊÕÐ¥£µ ¨§²ÊÎ¥´¨Ö ¶·µ-
¨¸Ìµ¤¨É ¢µ§¡Ê¦¤¥´¨¥ ³ É·¨ÍÒ, ±µÉµ·µ¥ ´¥· ¤¨ Í¨µ´´Ò³ ¶ÊÉ¥³ ¶¥·¥¤ ¥É¸Ö
¶¥·¢µ° ¤µ¡ ¢±¥,   § É¥³ · ¤¨ Í¨µ´´Ò³ Å µÉ ¶¥·¢µ° ¤µ¡ ¢±¨ ±µ ¢Éµ·µ°. ‚Éµ-
· Ö ¤µ¡ ¢±  ¸³¥Ð ¥É ¸¶¥±É· ¢ µ¡² ¸ÉÓ ¢Ò¸µ±µ° ¶·µ§· Î´µ¸É¨ ³ É·¨ÍÒ ¨²¨
µ¶É¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ËµÉµ¶·¨¥³´¨± .

Š ± ¢¨¤´µ ¨§ ·¨¸.4, ¨¸¸²¥¤µ¢ É¥²¨ ¸É ¢¨²¨ ¸¥¡¥ Í¥²Ó Å ¸µ§¤ ÉÓ ¸Í¨´-
É¨²²ÖÉµ·Ò, ¢Ò¤¥·¦¨¢ ÕÐ¨¥ ¶·¥¤¥²Ó´ÊÕ ¤µ§Ê Dlim > 105 − 106 ƒ·, ¶·¨ ¸¢¥-
Éµ¢ÒÌµ¤¥ ξlim ∼ 80 ÷ 90% ¶µ¸²¥ µ¡²ÊÎ¥´¨Ö. ‚ µ¡§µ·¥ [60] ¸Ëµ·³Ê²¨·µ-
¢ ´Ò µ¸´µ¢´Ò¥ ÔÉ ¶Ò ÔÉµ£µ ´ ¶· ¢²¥´¨Ö ¨¸¸²¥¤µ¢ ´¨° ¢ ¶µ¸²¥¤´¨¥ £µ¤Ò:
1) ¢Ò¡µ· ¶¥·¢¨Î´µ° ¤µ¡ ¢±¨; 2) ¢Ò¡µ· ¢Éµ·¨Î´µ° ¤µ¡ ¢±¨; 3) ¨¸¶µ²Ó§µ¢ ´¨¥
 ´É¨· ¤¨ Í¨µ´´ÒÌ ¤µ¡ ¢µ±; 4) Ê²ÊÎÏ¥´¨¥ ¸É·Ê±ÉÊ·Ò ³ É·¨ÍÒ; 5) Ê¸±µ·¥´¨¥
¶·µÍ¥¸¸µ¢ ¢µ¸¸É ´µ¢²¥´¨Ö (± ±¨³ ¸¶µ¸µ¡µ³ Å ´¥ Ê± §Ò¢ ¥É¸Ö).

�¥·¢Ò¥ Î¥ÉÒ·¥ ÔÉ ¶  µ± § ²¨¸Ó ³ ²µ¶¥·¸¶¥±É¨¢´Ò³¨ [63,82]. �¥ Ê¤ ²µ¸Ó
¶µ¢Ò¸¨ÉÓ Dlim ¡µ²ÓÏ¥, Î¥³ ¤µ 105 ƒ·, ¤ ¦¥ ¶·¨ Ḋ > 102 ƒ··Î−1. �´É¨· ¤¨ -
Í¨µ´´Ò¥ ¤µ¡ ¢±¨ µ± § ²¨¸Ó ´¥ÔËË¥±É¨¢´Ò³¨ ¶·¨ ³ ²ÒÌ Ḋ, É.¥. ¢ Ê¸²µ¢¨ÖÌ
¸¨²Ó´µ£µ ËµÉµ· ¤¨ Í¨µ´´µ£µ µ±¨¸²¥´¨Ö. �µ¢Ò¸¨ÉÓ Dlim µ·£ ´¨Î¥¸±¨Ì ³ É¥-
·¨ ²µ¢ ¨²¨ ¶µ²¨³¥·µ¢ ¸ 103 ¤µ 105÷106 ƒ· ¢ µ¡² ¸É¨ · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ±
LHC (¸³. ·¨¸.4)  ¡¸µ²ÕÉ´µ ´¥·¥ ²Ó´µ! •µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ Ê³¥´ÓÏ¥´¨¥
±µ²¨Î¥¸É¢  Ì¨³¨Î¥¸±¨Ì ¨§³¥´¥´¨° ¶ÊÉ¥³ § Ì¢ É  · ¤¨± ²µ¢ ¤²Ö ´¥Í¥¶´ÒÌ
¶·µÍ¥¸¸µ¢ ´¥¢µ§³µ¦´µ, É.±. ¶·¨ § Ì¢ É¥ · ¤¨± ²µ¢  ±Í¥¶Éµ· ³¨ ( ´É¨· ¤ ³¨)
µ¡· §Ê¥É¸Ö ¶·¨³¥·´µ É ±µ¥ ¦¥ ±µ²¨Î¥¸É¢µ ¶·µ¤Ê±Éµ¢, ÎÉµ ¨ ¢ µÉ¸ÊÉ¸É¢¨¥  ±-
Í¥¶Éµ· , ÌµÉÖ ± Î¥¸É¢¥´´Ò° ¸µ¸É ¢ ¨Ì ´¥¸±µ²Ó±µ ¨§³¥´Ö¥É¸Ö [83]. ‡´ Î¨-
É¥²Ó´ Ö Î ¸ÉÓ · ¤¨± ²µ¢ µ¡· §Ê¥É¸Ö ¢¤µ²Ó É·¥±  Î ¸É¨ÍÒ µÎ¥´Ó ¡²¨§±µ ¤·Ê£
µÉ ¤·Ê£ , µ´¨ ¡Ò¸É·µ ·¥ £¨·ÊÕÉ ³¥¦¤Ê ¸µ¡µ°, ¨ ¢µ¸¶·¥¶ÖÉ¸É¢µ¢ ÉÓ ÔÉµ³Ê ¶·µ-
Í¥¸¸Ê ³µ¦´µ, Éµ²Ó±µ ¸µ§¤ ¢ Ö µÎ¥´Ó ¢Ò¸µ±¨¥ ±µ´Í¥´É· Í¨¨  ´É¨· ¤µ¢. �Éµ
¢¥¤¥É ± ´¥Ê¤µ¢²¥É¢µ·¨É¥²Ó´Ò³ ´ Î ²Ó´Ò³ ¸¢µ°¸É¢ ³ ¸Í¨´É¨²²ÖÉµ·µ¢. Š·µ³¥
Éµ£µ, ¨§-§  ¸² ¡µ° ¸¥²¥±É¨¢´µ¸É¨ · ¤¨µ²¨§  ¨ ¡µ²ÓÏµ£µ Î¨¸²  · §²¨Î´ÒÌ ·¥-
 ±Í¨°, ¶·µÉ¥± ÕÐ¨Ì ¶·¨ ËµÉµ· ¤¨ Í¨µ´´µ³ µ±¨¸²¥´¨¨, ¸µ¸É ¢¨ÉÓ ¥¤¨´Ò°
·Ö¤  ±É¨¢´µ¸É¨  ´É¨· ¤µ¢ É ±¦¥ ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³.

‚ ·¥ ²Ó´ÒÌ Ê¸²µ¢¨ÖÌ Ô±¸¶²Ê É Í¨¨ ¸Í¨´É¨²²ÖÉµ·µ¢ ¨ ¸¢¥Éµ¢µ¤µ¢ ´ ¡µ·
¶·¥¤¥²Ó´µ° ¤µ§Ò Dlim ¡Ê¤¥É ¸µ¶·µ¢µ¦¤ ÉÓ¸Ö ¶¥·¨µ¤¨Î¥¸±¨³¨ ¶¥·¥·Ò¢ ³¨,
¢µ ¢·¥³Ö ±µÉµ·ÒÌ ¸¢µ°¸É¢  ³ É¥·¨ ²µ¢ ¢µ¸¸É ´ ¢²¨¢ ÕÉ¸Ö [84]. Š ¸µ¦ -
²¥´¨Õ, ¨¸¸²¥¤µ¢ É¥²¨ ´¥ ¸· §Ê Ê²µ¢¨²¨ ¶¥·¸¶¥±É¨¢´µ¸ÉÓ ÔÉµ£µ ´ ¶· ¢²¥´¨Ö
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’ ¡²¨Í  8. � · ³¥É·Ò µ¡²ÊÎ¥´¨Ö* ¨ ¢µ¸¸É ´µ¢²¥´¨Ö ´¥±µÉµ·ÒÌ ¸Í¨´É¨²²ÖÉµ·µ¢

�µ³¥· � · ³¥É· tir, D, τ , ξ, δ, Dlim(ξ), ±ƒ·
Í¨±²  Œ É¥·¨ ² Î ¸ ±ƒ· Î ¸ % % (ξ = 80%)

1 �‘+2%·’�+ 56 28 480 92 97 20
2 +0, 02%�����+0,01‘’24+ 56 28 480 88 91 21
3 +20%“„7 [82] 56 28 480 75 85 7

1 �‘Œ-115+1, 5%·’�+ 2 0,1 40 98 100 Å
+0, 05%�����+

2 +20%1MN [63] 20 10 72 90 110 25

1 NE-110** [84] 120 26 500 90 92 30

1 SCSN 81+1%PHB+ 56 28 316 85 22 24
1 +0, 02%TBBT+ 68 34 500 60 65 24
1 +0, 01%ST*** [82,84] 200 100 600 45 48 24

1 �ŒŒ�+0, 5%+ 157 34 552 80 82 20
1 +0, 01%����� [84] 463 400 552 48 48 20

*Ḋ(216 ÷ 510) ƒ··Î−1; γ-¨¸ÉµÎ´¨±¨ 137Cs, 60Co.
**”¨·³  ®Nucl. Enterprise¯, �¤¨´¡Ê·£, ‚¥²¨±µ¡·¨É ´¨Ö.
***”¨·³  ®Kuraray¯, ’µ±¨µ, Ÿ¶µ´¨Ö.

(¸³. ¸²¥¤ÊÕÐ¨° · §¤¥²) ¨ § É· É¨²¨ ³´µ£µ Ê¸¨²¨° ´  ¡¥¸¶µ²¥§´Ò° ¶µ¨¸±
· ¤¨ Í¨µ´´µ ¸Éµ°±¨Ì ¸Í¨´É¨²²ÖÉµ·µ¢ ¢ Ê¸²µ¢¨ÖÌ ´¥¶·¥·Ò¢´µ£µ µ¡²ÊÎ¥´¨Ö
¡µ²ÓÏ¨³¨ ¤µ§ ³¨.

�·¨¢¥¤¥´´Ò¥ ¢ · ¡µÉ Ì [58,63,82,84Å90] ¤ ´´Ò¥ µ ¢¥²¨Î¨´ Ì τ §´ Î¨-
É¥²Ó´µ · §²¨Î ÕÉ¸Ö: µÉ 103 ¤´¥° ¤µ 20Å25 ¤´¥°. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ
· §´ Ö ¸É¥¶¥´Ó ¢µ¸¸É ´µ¢²¥´¨Ö δ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢, £² ¢´Ò³ µ¡· §µ³, § ¢¨-
¸¨É µÉ ¢¥²¨Î¨´Ò ¤µ§Ò: δ = 40 − 70% ¶·¨ D ∼ 100 ±ƒ·; δ = 80 − 95% ¶·¨
D ∼ 10 ±ƒ·; δ ∼ 100% ¶·¨ D ∼ 5 ±ƒ·. ‚ ¶¥·¢ÒÌ ¤¢ÊÌ ¸²ÊÎ ÖÌ ¢¥²¨Î¨´Ò ξ
´ ³´µ£µ ¶·¥¢ÒÏ ÕÉ ¤µ¶Ê¸É¨³Ò¥ ξlim, ¶µÔÉµ³Ê É·Ê¤´µ ¸· ¢´¨¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ.

‚ É ¡².8 ¶·¨¢¥¤¥´Ò ¸µ¸É ¢Ò ¨ Ê¸²µ¢¨Ö µ¡²ÊÎ¥´¨Ö ¨ ¢µ¸¸É ´µ¢²¥´¨Ö ´¥±µ-
Éµ·ÒÌ ¸Í¨´É¨²²ÖÉµ·µ¢. ‚¨¤´µ, ÎÉµ ¶µ ¢¸¥³ ¶µ± § É¥²Ö³ ¶·¥¨³ÊÐ¥¸É¢µ ¨³¥¥É
¸Í¨´É¨²²ÖÉµ· ¨§ £· ´Ê²¨·µ¢ ´´µ£µ ¶µ²¨¸É¨·µ²  �‘Œ-115 [91], ¶µ²ÊÎ¥´´Ò°
³¥Éµ¤µ³ ²¨ÉÓÖ ¶µ¤ ¤ ¢²¥´¨¥³ ¨²¨ Ô±¸É·Ê§¨¥° [92]. �¡ Ê³¥´ÓÏ¥´¨¨ ¢ÒÌµ¤ 
G-· ¤¨± ²µ¢ ¶·¨ ¢Ò¸µ±¨Ì ¤ ¢²¥´¨ÖÌ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ ¤ ´´Ò¥ [93]. “¤µ¢²¥É-
¢µ·¨É¥²Ó´µ¥ µ¡ÑÖ¸´¥´¨¥ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¢ · ³± Ì É¥·³µ¤¨´ ³¨Î¥¸±µ£µ ¸¢µ-
¡µ¤´µ£µ µ¡Ñ¥³  [94]. ‘¢µ¡µ¤´Ò° µ¡Ñ¥³ Ê³¥´ÓÏ ¥É¸Ö ¢¸²¥¤¸É¢¨¥ ²ÊÎÏ¥° ªÊ¶ -
±µ¢±¨ª ³ ±·µ³µ²¥±Ê², ¡µ²ÓÏ¥° ±·¨¸É ²²¨§ Í¨¨ ¨ ¤·., ¨ É¥³ ¸ ³Ò³ ¢¥·µÖÉ-
´µ¸ÉÓ ¢µ§´¨±´µ¢¥´¨Ö · ¤¨± ²µ¢ ¸´¨¦ ¥É¸Ö,   ¢¥·µÖÉ´µ¸ÉÓ ·¥±µ³¡¨´ Í¨¨ (£¨-
¡¥²¨) Ê¢¥²¨Î¨¢ ¥É¸Ö.

‚µ¸¸É ´µ¢¨É¥²Ó´Ò¥ ¶·µÍ¥¸¸Ò ¢ ¸¶¥±É·µ¸³¥Ð ÕÐ¨Ì ¢µ²µ±´ Ì ¨¸¸²¥¤µ-
¢ ´Ò §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥,   ·¥§Ê²ÓÉ ÉÒ ¢¥¸Ó³  ¶·µÉ¨¢µ·¥Î¨¢Ò¥. ‚ ¤µ±² ¤¥
[95] ¨¸¸²¥¤µ¢ ´Ò ¢µ²µ±´  BCF91�, Y11 ¨ ¤·. ¶·¨ µ¡²ÊÎ¥´¨¨ 60‘µ ¨ ´¥°É-
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·µ´ ³¨ ¨ γ-±¢ ´É ³¨ Ö¤¥·´µ£µ ·¥ ±Éµ· . �·¨ ¤µ§¥ (60‘µ) 1,4 ±ƒ· (D =
= 5, 5 ƒ··Î−1) ¸¢¥Éµ¶µÉ¥·¨ ´  ¤²¨´¥ ¢µ²µ±´  1,5 ³ (∅1 ³³) ¸µ¸É ¢¨²¨
10 ¨ 15% ¤²Ö Y11 ¨ BCF91� ¸µµÉ¢¥É¸É¢¥´´µ, ¶·¨Î¥³ ¶µ¸²¥ 90 ¤´¥° ¢µ¸-
¸É ´µ¢²¥´¨Ö δ = 98%. �·¨ ¤µ§¥ 10 ±ƒ· (D = 1, 5 · 103 ƒ··Î−1) ¸¢¥Éµ¶µÉ¥·¨
¤µ¸É¨£²¨ 70Å80%,   ¢µ¸¸É ´µ¢²¥´¨¥ ¶µ¸²¥ 20 ¤´¥° ¢µµ¡Ð¥ ´¥ § ³¥É´µ.

‚ [63] ¨§ÊÎ ² ¸Ó ±µ´¢¥·¸¨µ´´ Ö ÔËË¥±É¨¢´µ¸ÉÓ ÔÉ¨Ì (¨ ¤·Ê£¨Ì) ¢µ²µ±µ´
¶µ¸²¥ µ¡²ÊÎ¥´¨Ö 137Cs (Ḋ = 216 ƒ··Î−1). �¤¨´ ¨§ ·¥§Ê²ÓÉ Éµ¢ ¤²Ö BCF91A
¶·¨¢¥¤¥´ ´  ·¨¸.12. � ¨³¥´ÓÏ¨¥ ¸¢¥Éµ¶µÉ¥·¨ ´  ¤²¨´¥ 1,8 ³ (∅1 ³³) ¶µ-
± § ²¨ Y7, Y8 ¨ BCF91A. �¢Éµ·Ò ¤¥É ²Ó´µ ´¥ ¨§ÊÎ ²¨ ¢µ¸¸É ´µ¢²¥´¨¥, ´µ
ÊÉ¢¥·¦¤ ÕÉ, ÎÉµ ¶µ¸²¥ ¤µ§Ò 20÷36 ±ƒ· µ´µ ³ ²µ (¤µ 20%) ¶·¨ τ = 70−150 Î.
�¤´ ±µ ¶·¨ µ¡²ÊÎ¥´¨¨ ³µ¤Ê²Ö ± ²µ·¨³¥É·  ¨§ ¢µ²µ±µ´ Y7 ´  Ô²¥±É·µ´´µ³
¶ÊÎ±¥ = 1, 2 ƒÔ‚ (Ḋ = 1, 5 · 105 ƒ··Î−1) ¸¢¥Éµ¢ÒÌµ¤ ¸´¨§¨²¸Ö ¶µ¸²¥ ¤µ§Ò
12,5 ±ƒ· ¤µ ¢¥²¨Î¨´Ò 0,4,   ¶µ¸²¥ 9 ¤´¥° ¢µ¸¸É ´µ¢¨²¸Ö ´  60% (¤µ 0,65).
�·¨ ÔÉµ³ Ô´¥·£¥É¨Î¥¸±µ¥ · §·¥Ï¥´¨¥ ¸´¨§¨²µ¸Ó ¸ 5,4 ¤µ 18,2% [99].

� Ï¨ ¶·¥¤¢ ·¨É¥²Ó´Ò¥ ¨§³¥·¥´¨Ö µ¶É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ¢µ²µ±´ 
BCF91A [98] ¶µ± § ²¨ 100%-´µ¥ ¢µ¸¸É ´µ¢²¥´¨¥ ¶µ¸²¥ ¤µ§Ò 4,8 ±ƒ·
(Ḋ = 1, 4 ƒ··Î−1), ¶·¨Î¥³ ËÊ´±Í¨Ö ¢µ¸¸É ´µ¢²¥´¨Ö ¨³¥¥É ¢¨¤

d = d0(1− a exp (−t/b)), (2.9)

£¤¥ d0, d Å µ¶É¨Î¥¸± Ö ¶²µÉ´µ¸ÉÓ ¤µ ¨ ¶µ¸²¥ ¢µ¸¸É ´µ¢²¥´¨Ö; ±µ´¸É ´ÉÒ
a = 0, 16; b = 82 Î ¸ . �·¨ ¨§³¥·¥´¨¨ d(λ), £¤¥ λ = 425 ´³, ³ ²Ò¥ ¨§-
³¥´¥´¨Ö ¶·µ§· Î´µ¸É¨ ¢µ²µ±´  ¶µ¸²¥ µ¡²ÊÎ¥´¨Ö ´¥ ¶·µÖ¢²ÖÕÉ¸Ö ¢ µ¡² ¸É¨
¸³¥Ð¥´´µ£µ ¸¶¥±É·  [96]. �¥·¥¨§²ÊÎ ÕÐ Ö ¤µ¡ ¢±  ¢ BCF91A Å · ¤¨ Í¨-
µ´´µ ¸Éµ°±µ¥ ¸µ¥¤¨´¥´¨¥. „²¨´  ¶·µ¡¥£  ¶ ¤ ÕÐ¥£µ ¸¢¥É  ¤µ ¶µ£²µÐ¥´¨Ö
¸µ¸É ¢²Ö¥É ´¥¸±µ²Ó±µ ³±³. ‚ ¶·µÍ¥¸¸¥ ¦¥ ¸¢¥Éµ¸¡µ·  ¶ÊÉÓ, ¶·µÌµ¤¨³Ò° Ëµ-
Éµ´ ³¨ ¢¤µ²Ó ¸¢¥Éµ¢µ¤ , ³µ¦¥É ¡ÒÉÓ ¡µ²ÓÏ¥ 2 ³, ¨ ¤ ¦¥ ³ ²Ò¥ ¨§³¥´¥´¨Ö
¶·µ§· Î´µ¸É¨ ³µ£ÊÉ Ê³¥´ÓÏ¨ÉÓ ¤²¨´Ê ¶·µ¡¥£  ` ¢µ ³´µ£µ · §. �µÔÉµ³Ê ´ ¤µ
²¨¡µ ¨§³¥·ÖÉÓ d(λ) ¶·¨ · §´ÒÌ λ, ²¨¡µ ¢²¨Ö´¨¥ µ¡²ÊÎ¥´¨Ö Ì · ±É¥·¨§µ¢ ÉÓ
¢¥²¨Î¨´µ° ` ¨ ¨§³¥·ÖÉÓ ¥¥ ¶µ ³¥Éµ¤¨±¥ [97].

�¤´ ±µ ´ ¨¡µ²¥¥ ¤µ¸Éµ¢¥·´ Ö ³¥Éµ¤¨±  Å ÔÉµ · ¤¨ Í¨µ´´Ò¥ ¨¸¶ÒÉ -
´¨Ö ± ²µ·¨³¥É·¨Î¥¸±¨Ì ³µ¤Ê²¥° ¶·¨ µ¤´µ¢·¥³¥´´µ³ Í¨±²¨Î¥¸±µ³ µ¡²ÊÎ¥´¨¨
¸Í¨´É¨²²ÖÍ¨µ´´ÒÌ ¶² ¸É¨´ ¨ ¸¶¥±É·µ¸³¥Ð ÕÐ¨Ì ¢µ²µ±µ´. �·¨ ÔÉµ³ ¢ ¦´µ¥
§´ Î¥´¨¥ ¨³¥¥É ¨¤¥´É¨Î´µ¸ÉÓ ³µÐ´µ¸É¨ ¤µ§Ò ¢ É¥¸É Ì ¨ · ¤¨ Í¨µ´´µ° ´ -
£·Ê§±¨ ¶·¨ Ô±¸¶²Ê É Í¨¨,   É ±¦¥ µ£· ´¨Î¥´¨Ö ¶µ ¤µ§¥ (¢ Í¨±²¥), ÎÉµ¡Ò ´¥
¢µ§´¨± ²¨ ¢ ¸Í¨´É¨²²ÖÉµ· Ì ´¥µ¡· É¨³Ò¥ ¶·µÍ¥¸¸Ò.

–¨±²¨Î¥¸±µ¥ µ¡²ÊÎ¥´¨¥. ‚ ·¥ ²Ó´ÒÌ Ê¸²µ¢¨ÖÌ Ô±¸¶²Ê É Í¨¨ ± ²µ·¨³¥É-
·µ¢ ¸Í¨´É¨²²ÖÍ¨µ´´Ò¥ ¶² ¸É¨´Ò ¨ ¢µ²µ±´  ¡Ê¤ÊÉ ³´µ£µ±· É´µ ¶µ¤¢¥·£ ÉÓ¸Ö
· ¤¨ Í¨¨ ¸ ´¥±µÉµ·Ò³¨ ¶¥·¥·Ò¢ ³¨ ³¥¦¤Ê ¸¥ ´¸ ³¨ µ¡²ÊÎ¥´¨Ö. �¤´ ±µ ¢
[63] ¶·µ¢¥¤¥´µ Éµ²Ó±µ ¤¢ÊÌ±· É´µ¥,   ¢ [82] É·¥Ì±· É´µ¥ Í¨±²¨Î¥¸±µ¥ µ¡²Ê-
Î¥´¨¥ �‘-¸Í¨´É¨²²ÖÉµ·µ¢ (¸³. É ¡².8). –¨±²¨Î¥¸±¨Ì µ¡²ÊÎ¥´¨° ¸¶¥±É·µ¸³¥-
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�¨¸. 7. –¨±²¨Î¥¸±µ¥ µ¡²ÊÎ¥´¨¥ ¨ ¢µ¸¸É ´µ¢²¥´¨¥ µ¡· §Íµ¢ ¸Í¨´É¨²²ÖÉµ·µ¢: (•) Å
�‘1; (◦) Å �‘2; (N) Å SCSN 81; (�) Å ‚‘ 404� ¨ ¸¶¥±É·µ¸³¥Ð ÕÐ¨Ì ¢µ²µ±µ´:
(4) Å BCF 91A [78,98]
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�¨¸. 8. ‡ ¢¨¸¨³µ¸ÉÓ ¶·¥¤¥²Ó´µ° ¤µ§Ò ¶·¨ ¶µÉ¥·ÖÌ ¸¢¥É  ξ = 10% µÉ ³µÐ´µ¸É¨ ¤µ§Ò
µ¡²ÊÎ¥´¨Ö:

�‘-1− (•)
�‘-2− (◦)

}
298 K

(⊕)

(�)

}
328 K

(⊗)

(	)

}
348 K

(})

(~)

}
378 K

SCSN81− (N) 300 K (H) 315 K (�) 335 K (♦) 350 K

Ð ÕÐ¨Ì ¢µ²µ±µ´ ¤µ ´ ¸ÉµÖÐ¥£µ ¢·¥³¥´¨ ´¥ ¶·µ¢µ¤¨²µ¸Ó∗. ’µ²Ó±µ ³´µ£µ-
±· É´Ò¥ Í¨±²¨Î¥¸±¨¥ µ¡²ÊÎ¥´¨Ö ³µ£²¨ ¡Ò ¤ ÉÓ µÉ¢¥É ´  ¢µ¶·µ¸ µ ËµÉµ· ¤¨-
 Í¨µ´´µ³ ¸É ·¥´¨¨ ¸Í¨´É¨²²ÖÉµ·µ¢ ¨ ¢µ²µ±µ´.

‚ · ¡µÉ Ì [78, 98] ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Éµ¤µ²µ£¨¥° [63] ¢¶¥·¢Ò¥ ¶·µ¢¥¤¥´Ò
´ ¡²Õ¤¥´¨Ö §  ËµÉµ· ¤¨ Í¨µ´´Ò³ ¸É ·¥´¨¥³ �‘ ¢ É¥Î¥´¨¥ É·¥Ì ²¥É (·¨¸.7).
�µ¢ÒÏ¥´´µ¥ ¸µ¤¥·¦ ´¨¥ ¤µ¡ ¢µ±: ∼ 3% ·’� + 0,04% ����� ´¥µ¡Ìµ¤¨³µ
¤²Ö ³¨´¨³ ²Ó´µ£µ ¢·¥³¥´´µ£µ · §·¥Ï¥´¨Ö [99], µ´µ ¸¶µ¸µ¡¸É¢Ê¥É § Ð¨É¥ µÉ
¤¥£· ¤ Í¨¨ ³ É·¨ÍÒ [100]. ‚ �‘2 ¢¢µ¤¨²¨¸Ó ËµÉµ¸É ¡¨²¨§¨·ÊÕÐ Ö (0,05%)
¨  ´É¨µ±¨¸²¨É¥²Ó´ Ö (0,05%) ¤µ¡ ¢±¨ É¨¶  ‘‘‚ [40]. �´¨ ¶· ±É¨Î¥¸±¨ ´¥
¨§³¥´Ö²¨ ¶¥·¢µ´ Î ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ �‘2. �¡· §ÍÒ �‘ ¢Ò·¥§ ²¨¸Ó
¨§ ¶² ¸É¨´, ¨§£µÉµ¢²¥´´ÒÌ ¶ÊÉ¥³ ²¨ÉÓÖ ¶µ¤ ¤ ¢²¥´¨¥³ ¨§ £· ´Ê²¨·µ¢ ´´µ£µ
¶µ²¨¸É¨·µ²  ³ ·±¨ �‘Œ-115. �µ§¦¥ [98] ¶µ¸²¥ ¶ÖÉ¨ Í¨±²µ¢ µ¡²ÊÎ¥´¨Ö �‘1
¨ �‘2 ´ Î ²¨ ´ ¡²Õ¤ ÉÓ §  ¸É ·¥´¨¥³ SCSN 81 (Kuraray) Ÿ¶µ´¨Ö ¨ ‚‘ 404�
(Bicron) ‘˜�.

„²Ö ÔÉµ° Í¥²¨ ¨¸ÉµÎ´¨±¨ 137Cs ´¨§±µ°  ±É¨¢´µ¸É¨ ¶µ³¥Ð ²¨¸Ó ¢ Í¥´É·¥
³¥¦¤Ê µ¡· §Í ³¨, ± ± ¶µ± § ´µ ´  ·¨¸.8. Œ¥¦¤Ê µ¡· §Í ³¨ ´ Ìµ¤¨²¸Ö Í¢¥Éµ-

∗�·¨ ¶µ¤£µÉµ¢±¥ ·Ê±µ¶¨¸¨ ± ¶¥Î É¨ ¸É ²µ ¨§¢¥¸É´µ, ÎÉµ Í¨±²¨Î¥¸±¨¥ µ¡²ÊÎ¥´¨Ö ¢µ²µ±µ´
(Ë¨¡·) ¶·µ¢¥¤¥´Ò. �¥§Ê²ÓÉ ÉÒ ¡Ê¤ÊÉ µ¶Ê¡²¨±µ¢ ´Ò ¢ ®Š· É±¨Ì ¸µµ¡Ð¥´¨ÖÌ �ˆŸˆ¯¢ 2000 £.
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¢µ° ¶²¥´µÎ´Ò° ¤µ§¨³¥É· (–„�). � £· ¤Ê¨·µ¢±¥ ÔÉ¨Ì ¤µ§¨³¥É·µ¢ ³Ò £µ¢µ·¨²¨
¢ · §¤. 2. P ¸ÎeÉ · ¸¶·¥¤¥²¥´¨Ö ¤µ§Ò ¢ µ¡· §Í Ì ¶µ ¸¶¥±É· ³ ¢¸¥Ì Î ¸É¨Í,
¨¸¶ÊÐ¥´´ÒÌ 137Cs, ¤ ¥É ·¥§Ê²ÓÉ É: Ḋmax = (1, 2±0, 14) ƒ··Î−1 (�‘1 ¨ �‘2)
¨ Ḋmax = (1, 4± 0, 12) ƒ··Î−1 (SCSN 81 ¨ BC 404A).

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ·¥±µ³¥´¤ Í¨Ö³¨ · ¡µÉÒ [96] ¨§³¥·Ö² ¸Ó Éµ²Ó±µ µ¤´ 
¢¥²¨Î¨´  d(λ) Å µ¶É¨Î¥¸± Ö ¶²µÉ´µ¸ÉÓ Å ¸ ¶µ³µÐÓÕ ¤¢ÊÌ ¸¶¥±É·µËµÉµ³¥-
É·µ¢. “¤µ¡¸É¢µ ¨¸¶µ²Ó§µ¢ ´¨Ö ¢¥²¨Î¨´Ò d(λ) µÎ¥¢¨¤´µ. �´  ±µ²¨Î¥¸É¢¥´´µ
Ì · ±É¥·¨§Ê¥É ¸¢¥É, ¶µ£²µÐ¥´´Ò° µ¡· §Íµ³ ¢´¥ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, ¶µ ± -
±¨³ ± ´ ² ³ ¨¤¥É ¤¨¸¸¨¶ Í¨Ö ¢µ§¡Ê¦¤¥´¨Ö. �ËË¥±É, ´ ¡²Õ¤ ¥³Ò° ¢ ¨§³¥´¥-
´¨¨ d(λ) ¶µ¸²¥ µ¡²ÊÎ¥´¨Ö, ¤µ²¦¥´ Ö·Î¥ ¶·µÖ¢¨ÉÓ¸Ö ¢ Ì · ±É¥·¥ Ô³¨¸¸¨µ´´ÒÌ
¸¶¥±É·µ¢ E(λ). �µ£·¥Ï´µ¸ÉÓ ¨§³¥·¥´¨Ö µ¶É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ¡Ò²  ³¥´¥¥
0,2%.

�¨¸. 9. ‘¶¥±É·Ò Ë²Êµ·¥¸Í¥´Í¨¨ (1, 1′)
¨ ¶·µ¶Ê¸± ´¨Ö (2, 2′), ¸µµÉ¢¥É¸É¢¥´´µ,
¤µ ¨ ¶µ¸²¥ µ¡²ÊÎ¥´¨Ö ¤µ§µ° 2,4 ±ƒ· ¶·¨
T = 328 Š µ¡· §Í  �‘2 (¶µ¸²¥ ¢µ¸¸É -
´µ¢²¥´¨Ö ¸¶¥±É·Ò ¸µ¢¶ ¤ ÕÉ ¸ 1 ¨ 2)

‚µ ¢¸¥Ì µ¡· §Í Ì Ô³¨¸¸¨µ´-
´Ò¥ ¸¶¥±É·Ò ¨§³¥·Ö²¨¸Ó ®Ô¶¨§µ¤¨-
Î¥¸±¨¯ Éµ²Ó±µ ¤²Ö ±µ´É·µ²Ö ¤¨´ -
³¨±¨ ¶·µÍ¥¸¸ . �  ·¨¸.9 ¤²Ö ¶·¨-
³¥·  ¶µ± § ´ ¸¶¥±É· E(λ), ¨§³¥·¥´-
´Ò° ¶µ ³¥Éµ¤¨±¥ [100] ¢ ¸¶¥Í¨ ²Ó-
´µ³ (5 ³±³) µ¡· §Í¥ �‘2. „²Ö ¢µ§-
¡Ê¦¤¥´¨Ö Ë²Êµ·¥¸Í¥´Í¨¨ ¨¸¶µ²Ó§µ¢ -
² ¸Ó ·ÉÊÉ´ Ö ² ³¶ . ‚¥·µÖÉ´µ¸ÉÓ ¶µ-
£²µÐ¥´¨Ö ¨§²ÊÎ¥´¨Ö ¶¥·¢µ° ¤µ¡ ¢±¨
(·’�) ¢Éµ·µ° ¤µ¡ ¢±µ° (�����) ³ ² 
¢ Éµ³ ¸²ÊÎ ¥, ¥¸²¨ Éµ²Ð¨´  µ¡· §Í 
¸µ¸É ¢²Ö¥É ´¥¸±µ²Ó±µ ³±³ [101,102].

„²Ö ¶µ²´µ£µ ¶µ´¨³ ´¨Ö · ¤¨ Í¨-
µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ´¥¤µ¸É ÉµÎ´µ ¨§³¥-
·¨ÉÓ ¸¶¥±É·Ò ¶µ£²µÐ¥´¨Ö [103, 104],
  ´¥µ¡Ìµ¤¨³µ ¨³¥ÉÓ ¸¶¥±É·Ò ¨¸¶Ê¸-
± ´¨Ö. �·¨ Ô±¸¶·¥¸¸´ÒÌ ¨§³¥·¥´¨ÖÌ
d(λmax) → (a + b), £¤¥ λmax =
= 425 ´³, ´¥ · §¤¥²ÖÕÉ¸Ö ÔËË¥±ÉÒ
¨¸¶Ê¸± ´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö ¸¢¥É , ´µ
¶·¨ ÔÉµ³ ³µ¦´µ ¶·µ¢µ¤¨ÉÓ µÉ´µ¸¨-

É¥²Ó´Ò¥ ¸· ¢´¥´¨Ö. �·¨ ³ ²ÒÌ ¤µ§ Ì (¤µ 5 ±ƒ·) ¸¤¢¨£  λmax ¨ ¤¥Ëµ·³ Í¨¨
¸¶¥±É· , ± ± ¶· ¢¨²µ, ´¥ ¶·µ¨¸Ìµ¤¨É,   ¨§³¥´Ö¥É¸Ö Éµ²Ó±µ ¢¥²¨Î¨´  d(λmax),
¶·¨Î¥³ a >> b ¶·¨ T = 298 Š. �Éµ µ§´ Î ¥É, ÎÉµ · ¤¨ Í¨µ´´µ¥ µ±· Ï¨¢ ´¨¥
¶µ²¨¸É¨·µ²  ¶·µÖ¢²Ö¥É¸Ö §´ Î¨É¥²Ó´µ ¸¨²Ó´¥¥, Î¥³ ¶µ´¨¦¥´¨¥ ¸¢¥Éµ¢ÒÌµ¤ 
[82].

�  µ¸´µ¢¥ ¶µ²ÊÔ³¶¨·¨Î¥¸±µ° ³µ¤¥²¨ ¢¶¥·¢Ò¥ ¡Ò² ¸¤¥² ´ ¶·µ£´µ§ [98]
¢¥²¨Î¨´Ò Dlim ¶·¨ µÎ¥´Ó ´¨§±¨Ì Ḋ, Ì · ±É¥·´ÒÌ ¤²Ö LHC (¸³. ·¨¸.4 ¨ 8).
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�¨¸. 10. ˆ§³¥´¥´¨¥ µÉ´µ¸¨É¥²Ó´µ£µ ¸¢¥Éµ¢ÒÌµ¤  ¸ ÊÎ¥Éµ³ ¢µ¸¸É ´µ¢²¥´¨Ö (¶ · ³¥É· 
ξ + δ, ¸³. ·¨¸.7) ¢ § ¢¨¸¨³µ¸É¨ µÉ Î¨¸²  Í¨±²µ¢ (Í¨±² tir + tsr ∼ 4 ³¥¸.): • Å �‘1;
◦ Å �‘2; N Å SCSN81; � Å BC-404A

�  ·¨¸.7 ¢¨¤´µ, ÎÉµ ¸É ´¤ ·É´Ò° µ¡· §¥Í �‘1 Ìµ·µÏµ ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö
¶·¨ 298 Š (1-° Í¨±²), ´µ ¸¨²Ó´µ ¤¥£· ¤¨·Ê¥É ¸ Ê¢¥²¨Î¥´¨¥³ É¥³¶¥· ÉÊ·Ò,
´¥¸³µÉ·Ö ´  ¸ÊÐ¥¸É¢¥´´µ¥ Ê³¥´ÓÏ¥´¨¥ ¤µ§Ò (2 ¨ 4-° Í¨±²Ò). �¡· §¥Í �‘2
¸  ´É¨µ±¸¨¤ ´Éµ³, ± ± ¨ µ¦¨¤ ²µ¸Ó, §´ Î¨É¥²Ó´µ ¶µ²´¥¥ ¨ ¡Ò¸É·¥¥ ¢µ¸¸É -
´ ¢²¨¢ ¥É µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢ . �·¨Î¥³ ¶·¨ ¤ ²Ó´¥°Ï¨Ì Í¨±² Ì (c 5 ¶µ 9)
¸É ¡¨²Ó´µ¸ÉÓ ¸µÌ· ´Ö¥É¸Ö ¶µ¸²¥ É·¥Ì· §µ¢µ£µ ¶µ¢ÒÏ¥´¨Ö É¥³¶¥· ÉÊ·Ò µ¡²Ê-
Î¥´¨Ö. �ÉµÉ ÔËË¥±É µ¡ÑÖ¸´Ö¥É¸Ö ¶·¥µ¡² ¤ ´¨¥³ ¢ �‘2 µ¡· É¨³ÒÌ ¶·µÍ¥¸¸µ¢
[40]:

RH→ R •+H,

AH + R• → A •+RH.

�´É¨µ±¸¨¤ ´É �� (É¨¶  ‘‘‚) µÉ¤ ¥É  Éµ³ H ¸¢µ¡µ¤´µ³Ê · ¤¨± ²Ê R•,
¶·¥¢· Ð Ö¸Ó ¢ ³¥´¥¥  ±É¨¢´Ò° · ¤¨± ² ¨ ·¥£¥´¥·¨·ÊÖ ¨¸Ìµ¤´ÊÕ ³µ²¥±Ê²Ê.
‹¥£±µ¸ÉÓ ¶¥·¥´µ¸   Éµ³  H ¸µÎ¥É ¥É¸Ö ¸ ¢Ò¸µ±µ° ¸É ¡¨²Ó´µ¸ÉÓÕ µ¡· §ÊÕ-
Ð¨Ì¸Ö · ¤¨± ²µ¢, ¢¢¨¤Ê ¸É¥·¨Î¥¸±µ£µ Ô±· ´¨·µ¢ ´¨Ö  Éµ³µ¢ ±¨¸²µ·µ¤ .

‚ 6-³ Í¨±²¥ µ¡· §¥Í �‘1 ¡Ò² § ³¥´¥´ ´µ¢Ò³, ÎÉµ¡Ò ¶·µ¤µ²¦¨ÉÓ ´ ¡²Õ-
¤¥´¨¥ §  ËµÉµ· ¤¨ Í¨µ´´Ò³ ¸É ·¥´¨¥³ ¶·¨ T = 298 Š. „²Ö ÔÉµ° ¦¥ Í¥²¨
¶·¨ ³ ²ÒÌ ¤µ§ Ì ¡Ò²¨ µ¡²ÊÎ¥´Ò SCSN 81 ¨ BC 404A. �  ·¨¸.7 ¢¨¤´µ, ÎÉµ
ÔÉ¨ µ¡· §ÍÒ ¨³¥ÕÉ µÎ¥´Ó ¡µ²ÓÏ¨¥ ¢¥²¨Î¨´Ò δ ¨ τ , É.¥. ´¥ ¶µ²´µ¸ÉÓÕ ¨ ³¥¤-
²¥´´µ ¢µ¸¸É ´ ¢²¨¢ ÕÉ¸Ö. �Éµ ´¥ ¶·µÉ¨¢µ·¥Î¨É · ´¥¥ ¶µ²ÊÎ¥´´Ò³ ¤ ´´Ò³
(¸³., ´ ¶·¨³¥·, É ¡².8), µ¤´ ±µ µ¡ÑÖ¸´¥´¨Ö ÔÉ¨³ ÔËË¥±É ³ ¢ ²¨É¥· ÉÊ·¥ ´¥É.
�¨¸.10 ¶µ¸É·µ¥´ ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ [78, 98]. �  ´¥³ ¶µ± § ´µ ¨§-
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³¥´¥´¨¥ ¸¢¥Éµ¢ÒÌµ¤  ¸µ ¢·¥³¥´¥³ (Î¨¸²µ ¸¥ ´¸µ¢), ÎÉµ ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ
· ¤¨ Í¨µ´´Ò¥ ·¥¸Ê·¸Ò ¸Í¨´É¨²²ÖÍ¨µ´´ÒÌ ¤¥É¥±Éµ·µ¢.

3. ���…„…‹…�ˆ… �…‘“�‘� „…’…Š’���‚

�·£ ´¨Î¥¸±¨¥ ¸Í¨´É¨²²ÖÉµ·Ò ¨ ¸¶¥±É·µ¸³¥Ð ÕÐ¨¥ ¢µ²µ±´  ¶·¨ ¦¥¸É±¨Ì
É·¥¡µ¢ ´¨ÖÌ ¸¢¥Éµ¶µÉ¥·Ó 10 ÷ 20% ´¥ ¢Ò¤¥·¦¨¢ ÕÉ · ¤¨ Í¨µ´´Òx ´ £·Ê§o±
50 ÷ 100 ±ƒ· §  ¢·¥³Ö Ô±¸¶²Ê É Í¨¨ 10 ²¥É (¸Ê³³ ·´µ¥ ¢·¥³Ö µ¡²ÊÎ¥´¨Ö
∼ 108 ¸). ‡ ¤ Î¨, ¶µ¸É ¢²¥´´Ò¥ ¢ µ¡§µ·¥ [60], µ± § ²¨¸Ó ´¥ ·¥ ²¨§µ¢ ´´Ò³¨,
¶µÔÉµ³Ê ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¸Ëµ·³¨·µ¢ ²¨¸Ó É·¨  ²ÓÉ¥·´ É¨¢´ÒÌ ´ ¶· ¢²¥-
´¨Ö:
• · §· ¡µÉ±  ´µ¢ÒÌ ±·¥³´¨°µ·£ ´¨Î¥¸±¨Ì ¸Í¨´É¨²²ÖÉµ·µ¢ · ¤¨ Í¨µ´´µ ¸Éµ°-
±¨Ì ¶·¨ ´¥¶·¥·Ò¢´µ³ µ¡²ÊÎ¥´¨¨ [105,106];
• · ¤¨ Í¨µ´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¦¨¤±¨Ì ¸Í¨´É¨²²ÖÉµ·µ¢, ¢ ±¢ ·Í¥¢ÒÌ ± ¶¨²-
²Ö· Ì ¸ ¶¥·¨µ¤¨Î¥¸±¨³ µ¡´µ¢²¥´¨¥³ ¸Í¨´É¨²²ÖÉµ·  [46,95];
• ¨§ÊÎ¥´¨¥ ËµÉµ· ¤¨ Í¨µ´´µ£µ ¸É ·¥´¨Ö ¨ ¸¶µ´É ´´µ£µ ¢µ¸¸É ´µ¢²¥´¨Ö µ¡ÒÎ-
´ÒÌ ¶² ¸É³ ¸¸µ¢ÒÌ ¸Í¨´É¨²²ÖÉµ·µ¢ ¸ ´µ¢Ò³¨ ¤µ¡ ¢± ³¨ [6,78].

‚¸¥ ÔÉ¨ ´ ¶· ¢²¥´¨Ö, ¢ ¶·¨´Í¨¶¥, ³µ£ÊÉ ¸ÊÐ¥¸É¢¥´´µ Ê¢¥²¨Î¨ÉÓ · ¤¨ -
Í¨µ´´Ò° ·¥¸Ê·¸ ¸Í¨´É¨²²ÖÉµ·µ¢, ´µ É·¥¡ÊÕÉ¸Ö ¶µ¨¸±µ¢Ò¥ · ¡µÉÒ ´¥ ³¥´¥¥
É·Ê¤´Ò¥, Î¥³ ¢ [60]. ‚ Í¥²ÖÌ ¶·¨³¥´¥´¨Ö ±·¥³´¨°µ·£ ´¨Î¥¸±¨Ì ¸Í¨´É¨²²ÖÉµ-
·µ¢ ¤²Ö É·¥±µ¢ÒÌ ¤¥É¥±Éµ·µ¢ ´¥µ¡Ìµ¤¨³µ ´ °É¨ ¤µ¡ ¢±¨, ±µÉµ·Ò¥ µ¡¥¸¶¥Î É
¡µ²¥¥ ¢Ò¸µ±¨° ¸¢¥Éµ¢ÒÌµ¤. �µ²ÓÏµ¥ ¢·¥³Ö ¢Ò¸¢¥Î¨¢ ´¨Ö (11Ä13 ´¸) µ£· ´¨-
Î¨¢ ¥É ¨Ì ¶·¨³¥´¥´¨¥ ¢ µ¡² ¸É¨ ¢Ò¸µ±¨Ì § £·Ê§µ±. Š·µ³¥ Éµ£µ, ¢ ´¥±µÉµ·ÒÌ
±·¥³´¨°µ·£ ´¨Î¥¸±¨Ì ¸Í¨´É¨²²ÖÉµ· Ì ´ ¡²Õ¤ ¥É¸Ö ³¨£· Í¨Ö ²Õ³¨´µËµ·µ¢
´  ¶µ¢¥·Ì´µ¸ÉÓ, £¤¥ µ´¨ ¢¶µ¸²¥¤¸É¢¨¨ ¢Ò±·¨¸É ²²¨§µ¢Ò¢ ÕÉ¸Ö Å ®¢Ò¶µÉ¥-
¢ ÕÉ¯. �¥Ê¤¨¢¨É¥²Ó´µ, ÎÉµ ¤µ ´ ¸ÉµÖÐ¥£µ ¢·¥³¥´¨ ±·¥³´¨°µ·£ ´¨Î¥¸±¨¥
¸Í¨´É¨²²ÖÉµ·Ò ´¥ ´ Ï²¨ Ï¨·µ±µ£µ ¶· ±É¨Î¥¸±µ£µ ¶·¨³¥´¥´¨Ö. —Éµ ± ¸ -
¥É¸Ö ¦¨¤±¨Ì ¸Í¨´É¨²²ÖÉµ·µ¢ ¢ ± ¶¨²²Ö· Ì, Éµ µ´¨ ¢Ò¤¥·¦¨¢ ÕÉ ¡µ²ÓÏ¨¥
· ¤¨ Í¨µ´´Ò¥ ´ £·Ê§±¨ Éµ²Ó±µ ¢ ¢ ±ÊÊ³¥ (·¨¸.4) ¨²¨ ´¥°É· ²Ó´µ° ¸·¥¤¥, ÎÉµ
¸ÊÐ¥¸É¢¥´´µ Ê¸²µ¦´Ö¥É ±µ´¸É·Ê±Í¨Õ ¤¥É¥±Éµ·µ¢. ’·¥ÉÓ¥ ´ ¶· ¢²¥´¨¥, ± ± ³Ò
Ê¢¨¤¨³ ´¨¦¥, µÉ±·Ò¢ ¥É ¡µ²¥¥ ÔËË¥±É¨¢´Ò° ¶ÊÉÓ Ê¢¥²¨Î¥´¨Ö ·¥¸Ê·¸  ¤¥É¥±-
Éµ·µ¢, ¶µ¸±µ²Ó±Ê ´¥ É·¥¡Ê¥É¸Ö ¡µ²ÓÏµ° · ¤¨ Í¨µ´´µ° ¸Éµ°±µ¸É¨ ³ É¥·¨ ²µ¢.

Œ¥Éµ¤¨± . �¥¸Ê·¸ ´¥¶·¥·Ò¢´µ£µ µ¡²ÊÎ¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨° ¤²¨É¥²Ó´µ¸ÉÓ
¸¥ ´¸ :

tr = k§(Dlim(ξ)/Ḋ), (3.10)

£¤¥ Dlim Å ¶·¥¤¥²Ó´µ ¤µ¶Ê¸É¨³ Ö ¤µ§  µ¡²ÊÎ¥´¨Ö ¶·¨ Ḋ ≥ 102 ƒ··Î−1; ξ Å
µ¶·¥¤¥²ÖÕÐ¨° ¶ · ³¥É· (¸¢¥Éµ¢ÒÌµ¤Ò L′, ¤²¨´  µ¸² ¡²¥´¨Ö ¸¢¥É  `; µ¶É¨Î¥-
¸± Ö ¶²µÉ´µ¸ÉÓ d; Î¨¸²µ ËµÉµÔ²¥±É·µ´µ¢ ¨ É.¶.); k§ Å ±µÔËË¨Í¨¥´É ´¥µ¶·¥-
¤¥²¥´´µ¸É¨ (§ ¶ ¸ ). ‚ É ¡².9 ¶·¨¢¥¤¥´Ò ±µÔËË¨Í¨¥´ÉÒ k§ ¤²Ö ´¥±µÉµ·ÒÌ
¸Í¨´É¨²²ÖÉµ·µ¢, ¢ÒÎ¨¸²¥´´Ò¥ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ·¨¸.7 ¨ 8.
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’ ¡²¨Í  9. ŠµÔËË¨Í¨¥´É k§ ¤²Ö Ëµ·³Ê²Ò ·¥¸Ê·¸  (3.1)

Ḋ, ƒ··Î−1 102 101 100 10−1 10−2 10−3 10−4

�‘1 1 0,20 0,04 0,01 0,004 0,002 0,001
�‘2 1 0,50 0,25 0,10 0,063 0,018 0,015
SCSN 81 1 0,40 0,15 0,09 0,050 0,040 0,035
‚‘ 404� 1 0,20 0,0 0,03 0,005 0,002 0,002

�¥¸Ê·¸ µ¡²ÊÎ¥´¨Ö ¸ ¶¥·¥·Ò¢ ³¨, µ¶·¥¤¥²ÖÕÐ¨° ¸·µ± ¸²Ê¦¡Ò:

tR = f(Dlim, Ḋ, T, τ, δ, ξ...), (3.11)

£¤¥ τ ¨ δ Å ¢·¥³Ö ¨ ¸É¥¶¥´Ó ¢µ¸¸É ´µ¢²¥´¨Ö ¸µµÉ¢¥É¸É¢¥´´µ; T Å É¥³¶¥· -
ÉÊ· . Œµ£ÊÉ ¢²¨ÖÉÓ ´  tR ¨ ¤·Ê£¨¥ Ë ±Éµ·Ò:  £·¥¸¸¨¢´µ¸ÉÓ ¸·¥¤Ò, ³ £´¨É´µ¥
¶µ²¥ ¨ É.¶.

�¥¸Ê·¸  ¤·µ´´µ£µ ± ²µ·¨³¥É·  CMS (HCAL). �  ÉµÎ´µ¸ÉÓ µ¶·¥¤¥²¥-
´¨Ö ·¥¸Ê·¸  ¢ · ¢´µ° ¸É¥¶¥´¨ ¢²¨Ö¥É ¤µ¸Éµ¢¥·´µ¸ÉÓ ¢¥²¨Î¨´ ¶·¥¤¥²Ó´µ ¤µ¶Ê-
¸É¨³µ° ¤µ§Ò ¨ · ¤¨ Í¨µ´´µ° ´ £·Ê§±¨. �  ·¨¸.11 ¶·¨¢¥¤¥´Ò · ¤¨ Í¨µ´´Ò¥
´ £·Ê§±¨ ¢ HCAL CMS, ¶µ²ÊÎ¥´´Ò¥ · §´Ò³¨  ¢Éµ· ³¨ (¸³. É ±¦¥ É ¡².5).
‚¨¤´µ, ÎÉµ µ ¤µ¸Éµ¢¥·´µ¸É¨ ¶µ±  £µ¢µ·¨ÉÓ ´¥ ¶·¨Ìµ¤¨É¸Ö. �·¨ ¢ÒÎ¨¸²¥´¨¨
·¥¸Ê·¸  ¸µ¢¥·Ï¥´´µ ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ±µÔËË¨Í¨¥´ÉÒ § ¶ ¸ . �µ´ÖÉ´ 
É¥´¤¥´Í¨Ö ±µ²²a¡µ· Í¨¨ HCAL [30] ¶·¨´¨§¨ÉÓ · ¤¨ Í¨µ´´ÊÕ µ¶ ¸´µ¸ÉÓ, ´µ
¶·¨ ÔÉµ³ ´ ¤µ ¸µ£² ¸µ¢ ÉÓ ´ £·Ê§±¨ HCAL ¸ ´ £·Ê§± ³¨ ECAL [31] ¢ É¥Ì
Ô²¥³¥´É Ì, £¤¥ µ´¨, ¡¥§Ê¸²µ¢´µ, ¤µ²¦´Ò ¸µ¢¶ ¤ ÉÓ.

�  ·¨¸.12 ¶·¥¤¸É ¢²¥´Ò ¨¸Ìµ¤´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [30]. ‚
µÍ¥´± Ì ·¥¸Ê·¸  HCAL ¨¸¶µ²Ó§µ¢ ² ¸Ó ¢¥·Ì´ÖÖ £· ´¨Í  § ÏÉ·¨Ìµ¢ ´´µ° µ¡² -
¸É¨ (3), ÌµÉÖ · §Ê³´µ (¢ § ¶ ¸) ¡Ò²µ ¡Ò ¶·¨´ÖÉÓ ´¨¦´ÕÕ £· ´¨ÍÊ. Š·¨¢ Ö

�¨¸. 11. ‘· ¢´¥´¨¥ · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ± ¢  ¤·µ´´µ³ ± ²µ·¨³¥É·¥ CMS: Í¨Ë·Ò
¢´ÊÉ·¨ Å ´ Ï  µÍ¥´±  (¸³. · §¤.1); Í¨Ë·Ò ¢´¥ ± ²µ·¨³¥É·  Å · ¸Î¥ÉÒ [30]; Í¨Ë·Ò
¢ ¸±µ¡± Ì Å · ¸Î¥ÉÒ [31]
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�¨¸. 12. ‡ ¢¨¸¨³µ¸ÉÓ ¸¢¥Éµ¢ÒÌµ¤  µÉ ¤µ§Ò µ¡²ÊÎ¥´¨Ö: 1 Å µ¡· §ÍÒ ¸É ´¤ ·É´µ£µ
¸Í¨´É¨²²ÖÉµ·  [78,63]; 2 Å µ¡· §ÍÒ BCF 91A [78]; 3 Å ³µ¤Ê²¨ ± ²µ·¨³¥É· 
SCSN 81 + BCF 91A ¶µ ¤ ´´Ò³ [30]

2 ´  ·¨¸.13 § ´¨¦¥´  ¢ 2,3 · § , ´µ ÔÉµ ¶µ¶· ¢¨³µ. �·¨´Í¨¶¨ ²Ó´µ Éµ, ÎÉµ
·¥§Ê²ÓÉ ÉÒ Ê¸±µ·¥´´ÒÌ É¥¸Éµ¢ (·¨¸.12) ´¥¶· ¢µ³¥·´µ ¶¥·¥´¥¸¥´Ò ´  Ê¸²µ¢¨Ö
Ô±¸¶²Ê É Í¨¨, £¤¥ Ḋ ∼ 2 ƒ··Î−1. ŠµÔËË¨Í¨¥´ÉÒ k§ (É ¡².9) ´¥ ¡Ò²¨ ÊÎÉ¥´Ò,
¶µÔÉµ³Ê · ¸¶·¥¤¥²¥´¨¥ µÉ´µ¸¨É¥²Ó´µ£µ ¸¢¥Éµ¢ÒÌµ¤  (±·¨¢ Ö 1 ´  ·¨¸.13) ´¥
¸µµÉ¢¥É¸É¢Ê¥É ¤¥°¸É¢¨É¥²Ó´µ¸É¨.

�¨¸. 13. �·µ¤µ²Ó´µ¥ (¶µ Z, ·¨¸.11) · ¸¶·¥¤¥²¥´¨¥ ¸¢¥Éµ¢ÒÌµ¤  (1) ¨ ¤µ§Ò (2) ¢´ÊÉ·¨
± ²µ·¨³¥É·  HE CMS ¶µ ¤ ´´Ò³ [30]
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�¨¸. 14. �·µ¤µ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ µÉ´µ¸¨É¥²Ó´µ£µ ¸¢¥Éµ¢ÒÌµ¤  ± ²µ·¨³¥É·  HE
CMS: ¸¶²µÏ´ Ö ±·¨¢ Ö Å ¤ ´´Ò¥ [30]; ¶Ê´±É¨·´Ò¥ ²¨´¨¨ Å ´ Ï  µÍ¥´±  ¶µ ·¨¸.12
¨ É ¡².9

“É¢¥·¦¤¥´¨¥ ¢ [30], ÎÉµ ¢ÒÌµ¤ ¸¢¥É  ¡µ²ÓÏ¥ É ³, £¤¥ ¡µ²ÓÏ¥ ®¶µ¢·¥¦¤¥-
´¨¥ ¸Í¨´É¨²²ÖÉµ· ¯ ξ Ö¢²Ö¥É¸Ö µÏ¨¡µÎ´Ò³. �  ¢¥²¨Î¨´Ê ξ ¸ÊÐ¥¸É¢¥´´µ¥
¢²¨Ö´¨¥ µ± §Ò¢ ¥É · ¤¨ Í¨µ´´µ¥ µ±¨¸²¥´¨¥ (Î¥·¥§ Ḋ),   É ±¦¥ ¢±² ¤ ¢ ¤µ§Ê
¤·Ê£¨Ì Î ¸É¨Í, ´ ¶·¨³¥· ´¥°É·µ´µ¢ ¨ Ë· £³¥´Éµ¢. ‚ [30] ¶µÎ¥³Ê-Éµ ´ £·Ê§±Ê
¸¢Ö§Ò¢ ÕÉ Éµ²Ó±µ ¸ ³¨´¨³ ²Ó´µ ¨µ´¨§¨·ÊÕÐ¨³¨ Î ¸É¨Í ³¨.

�  Ö¢´µ µÏ¨¡µÎ´ÒÌ ¨¸Ìµ¤´ÒÌ ¶·¥¤¶µ¸Ò²± Ì ¸É·µ¨É¸Ö ±µ´Í¥¶Í¨Ö, ÎÉµ
¸¨²Ó´µ¥ ¨§³¥´¥´¨¥ Ô´¥·£¥É¨Î¥¸±µ£µ · §·¥Ï¥´¨Ö ¢ ¶¥·¢ÒÌ ¸²µÖÌ ¶¥·¥¤´¥£µ
± ²µ·¨³¥É·  (�…) ³µ¦´µ ±µ··¥±É¨·µ¢ ÉÓ, ¸µ§¤ ¢ Ö ¶¸¥¢¤µÖÎ¥°±¨ ¶µ η, Z ¸
 ¢Éµ´µ³´µ° Ô²¥±É·µ´¨±µ°. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ (·¨¸.14) · ¸¶·¥¤¥²¥´¨¥ ¶µ Z
¨ η µÉ´µ¸¨É¥²Ó´µ£µ ¸¢¥Éµ¢ÒÌµ¤  ¡µ²¥¥ ¨²¨ ³¥´¥¥ · ¢´µ³¥·´µ¥ (¨§-§  k§), ¶µ-
ÔÉµ³Ê ±µ··¥±É¨·µ¢±  ³µ¦¥É ´¥ ¶µÉ·¥¡µ¢ ÉÓ¸Ö, µ¤´ ±µ ¶µÉ¥·¨ ¸¢¥É  ´¥ ³µ£ÊÉ
¡ÒÉÓ ¡µ²ÓÏ¥ 10Å20%.

„ ¦¥ ¶·¨ § ¢ÒÏ¥´´µ° ¢ ¤¢  · §  Dlim ¨ § ´¨¦¥´´µ° ¢ 2,3 · §  D ·¥¸Ê·¸
¸µ¸É ¢²Ö¥É ¢¸¥£µ 2, 5 ÷ 3 ³¥¸. (·¨¸.14). �¥·¥·Ò¢Ò ¢ · ¡µÉ¥ ¤¥É¥±Éµ·  ¶·¨
τ ≤ 500 Î ´¥ ¸¶ ¸ ÕÉ ¸¨¸É¥³Ê SCSN 81 + BCF 91A, ¶µ¸±µ²Ó±Ê ·¥¸Ê·¸ ¶·¨
ξ = 0, 8 ¸µ¸É ¢²Ö¥É Éµ²Ó±µ 16 ³¥¸. (·¨¸.15). ‚ ¶·µ¥±É¥ HCAL, ¶µ-¢¨¤¨³µ³Ê,
¸²¥¤Ê¥É µÉ± § ÉÓ¸Ö µÉ ¶·¨³¥´¥´¨Ö ¨§¤¥²¨° Ë¨·³Ò ®Kuraray¯. �´¨ ³µ£ÊÉ
¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¢ ¤¥É¥±Éµ· Ì ¸ ´¥¢Ò¸µ±¨³¨ ´ £·Ê§± ³¨, É.¥. §  ¶·¥¤¥² ³¨ · -
¤¨ Í¨µ´´µ µ¶ ¸´µ° §µ´Ò, ¶µ± § ´´µ° ¢ É ¡².3.

•µ·µÏµ ¢µ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ²¨ÉÒ¥ ¨ Ô±¸É·Ê¤¨·µ¢ ´´Ò¥ ¸Í¨´É¨²²ÖÉµ·Ò
�‘1 (�‘2) [98]. �  ·¨¸.15 ¶µ± § ´µ Í¨±²¨Î¥¸±µ¥ ¨§³¥´¥´¨¥ ¸¨¸É¥³Ò �‘1
(�‘2)+BCF 91A. �·¨ ¸Ê³³ ·´µ° ¤µ§¥ 150 ±ƒ· ¶µ¸²¥ 40 · ¡µÎ¨Ì ³¥¸ÖÍ¥¢
(Ô±¢¨¢ ²¥´É´ÒÌ ± ²¥´¤ ·´Ò³ 10 £µ¤ ³) ¶µÉ¥·¨ ¸¢¥Éµ¢ÒÌµ¤  ´¥ ¶·¥¢ÒÏ ÕÉ
10%, ¶·¨Î¥³ ´ £·Ê§±¨ ¢ ´ Î ²Ó´µ° ÉµÎ±¥ ´¥ 2,   5 ±ƒ··Î−1. � ¸Î¥ÉÒ ¸¤¥² ´Ò
´  µ¸´µ¢ ´¨¨ ¨§³¥·¥´¨° (·¨¸.10) ¤²Ö ¸Í¨´É¨²²ÖÉµ·µ¢ �‘1 (�‘2). ‘É ·¥´¨¥
BCF 91A ´¥ ¨§ÊÎ¥´µ. ŒÒ ¨¸Ìµ¤¨²¨ ¨§ ¸²¥¤ÊÕÐ¨Ì ¶·¥¤¶µ²µ¦¥´¨°:  ) · ¤¨-
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�¨¸. 15. “³¥´ÓÏ¥´¨¥ µÉ´µ¸¨É¥²Ó´µ£µ ¸¢¥Éµ¢ÒÌµ¤  ¢ ± ²µ·¨³¥É·¥ HE CMS (ÉµÎ± 
L′ = 0, ·¨¸.13) ¶·¨ Í¨±²¨Î¥¸±µ³ µ¡²ÊÎ¥´¨¨ ¸ ¢µ¸¸É ´µ¢²¥´¨¥³: 1 Å BCF 91A
(⊕ Å µÍ¥´±  ¶µ É¥³¶¥· ÉÊ·´Ò³ ¨§³¥·¥´¨Ö³, ·¨¸.7); 2 Å �‘2 (• Å Ô±¸¶¥·¨³¥´É ²Ó-
´Ò¥ ÉµÎ±¨, ¸³. ·¨¸.10); 3 Å SCSN 81 + BCF 91A (N Å Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ÉµÎ±¨,
¸³. ·¨¸.10, 4 Å µÍ¥´±  ¶µ É¥³¶¥· ÉÊ·´Ò³ ¨§³¥·¥´¨Ö³); 4 Å SCSN 81 + BCF 91A
¡¥§ ¢µ¸¸É ´µ¢²¥´¨Ö (¸³. ·¨¸.12)

 Í¨µ´´ Ö ¸Éµ°±µ¸ÉÓ ¢µ²µ±´  ¢ÒÏ¥, Î¥³ �‘ (·¨¸.12), ¶µÔÉµ³Ê ¶µ¸²¥ ¶¥·¢ÒÌ
3Ä4 Í¨±²µ¢ ¨§³¥´¥´¨Ö ¸¢¥Éµ¢ÒÌµ¤  §  ¸Î¥É ¶·µ§· Î´µ¸É¨ ¢µ²µ±´  ´¥ ¡Ê¤¥É;
¡) ¢ ¶µ¸²¥¤ÊÕÐ¨Ì Í¨±² Ì ¤¥£· ¤ Í¨Ö ³µ¦¥É ¢µ§´¨±´ÊÉÓ Éµ²Ó±µ ¨§-§  · ¤¨ -
Í¨µ´´µ£µ µ±¨¸²¥´¨Ö.

ˆ§ É¥³¶¥· ÉÊ·´ÒÌ ¨§³¥·¥´¨° BCF 91A (·¨¸.7) ¨ ®¶·¨´Í¨¶  ¸Ê¶¥·-
¶µ§¨Í¨¨¯: Dµ¡²(Tµ¡²) = D(298) ¶·¨ D = Dt =const ³µ¦´µ µÍ¥´¨ÉÓ ¢·¥³Ö
Ô±¸¶²Ê É Í¨¨ t, ¶·¨ ±µÉµ·µ³ ¶·µ¨¸Ìµ¤¨É ÉµÉ ¦¥ ÔËË¥±É (ξ = 0, 95), ±µÉµ·Ò°
´ ¡²Õ¤ ¥É¸Ö §  §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥¥ ¢·¥³Ö ¶·¨ ¶µ¢ÒÏ¥´´µ° É¥³¶¥· ÉÊ·¥.
’ ± ¡Ò²¨ ¶µ²ÊÎ¥´Ò É·¨ ±µ´É·µ²Ó´Ò¥ ÉµÎ±¨ ¤²Ö BCF 91A (·¨¸.15) ¨ ¤¢¥ ÉµÎ±¨
¤²Ö ¸¨¸É¥³Ò SCSN81 + BCF 91A. Šµ´¥Î´µ, ÔÉµ £·Ê¡ Ö µÍ¥´± , ¶µÔÉµ³Ê · -
¤¨ Í¨µ´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¸¶¥±É·µ¸³¥Ð ÕÐ¨Ì ¢µ²µ±µ´ ¢ ± ²µ·¨³¥É·¨Î¥¸±¨Ì
³µ¤Ê²ÖÌ ¸µ¢¥·Ï¥´´µ ´¥µ¡Ìµ¤¨³Ò.

’ ±¨³ µ¡· §µ³, ¢  ¤·µ´´µ³ ± ²µ·¨³¥É·¥ CMS ´Ê¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ²¨Éµ°
¨²¨ Ô±¸É·Ê¤¨·µ¢ ´´Ò° ¸Í¨´É¨²²ÖÉµ· ¨§ ¤¥Ï¥¢µ£µ É¥Ì´¨Î¥¸±µ£µ ¶µ²¨¸É¨·µ² 
[92] ¶·¨ Ê¸²µ¢¨¨, ÎÉµ LHC ¡Ê¤¥É µ¸É ´ ¢²¨¢ ÉÓ¸Ö (É.¥. ¢Ò±²ÕÎ ÉÓ¸Ö ¶ÊÎµ±)
± ¦¤Ò¥ 2 ³¥¸. ´¥ ³¥´¥¥ Î¥³ ´  24 Î ¸ .

�¥¸Ê·¸ Ô²¥±É·µ³ £´¨É´µ£µ ± ²µ·¨³¥É·  CMS (ECAL). �·¨´ÖÉµ ·¥Ï¥-
´¨¥ ¢ Ô²¥±É·µ³ £´¨É´µ³ ± ²µ·¨³¥É·¥ ECAL CMS ¨¸¶µ²Ó§µ¢ ÉÓ ¸Í¨´É¨²²Ö-
Í¨µ´´Ò¥ ±·¨¸É ²²Ò PbWO4 [31]. � ¤¨ Í¨µ´´ Ö Ë¨§¨±  ¨ Ì¨³¨Ö É ±¨Ì ¸¨¸É¥³
§´ Î¨É¥²Ó´µ µÉ²¨Î ÕÉ¸Ö µÉ Ë¨§¨±µ-Ì¨³¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢, ¶·µÉ¥± ÕÐ¨Ì ¢
µ·£ ´¨Î¥¸±¨Ì ¸Í¨´É¨²²ÖÉµ· Ì, ¶µÔÉµ³Ê µ´¨ ´¥ ³µ£ÊÉ ¡ÒÉÓ · ¸¸³µÉ·¥´Ò ¢
¶·¥¤¥² Ì µ¡Ñ¥³  ¤ ´´µ£µ µ¡§µ· .
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�¨¸. 16. ˆ§³¥´¥´¨¥ ¸¢¥Éµ¢ÒÌµ¤  µ¡· §Íµ¢ PbWO4 ¸· §Ê ¶µ¸²¥ µ¡²ÊÎ¥´¨Ö: � Å Ô±¸-
¶¥·¨³¥´É ²Ó´Ò¥ ÉµÎ±¨ ¤²Ö ²ÊÎÏ¥£µ µ¡· §Í  º153, µÉµ¦¦¥´´µ£µ ¢ ±¨¸²µ·µ¤¥ [34]
(§ ÏÉ·¨Ìµ¢ ´´ Ö µ¡² ¸ÉÓ Å · §¡·µ¸ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¤²Ö  ´ ²µ£¨Î´ÒÌ
µ¡· §Íµ¢)

�¥·¨µ¤¨Î¥¸±µ¥ ¢Ò±²ÕÎ¥´¨¥ ¶ÊÎ± , ´¥µ¡Ìµ¤¨³µ¥ ¤²Ö HCAL, ¥¸É¥¸É¢¥´´µ,
¡Ê¤¥É µ± §Ò¢ ÉÓ ¢²¨Ö´¨¥ ´  ¢¸¥ ¤¥É¥±Éµ·Ò CMS. �µÔÉµ³Ê ¨¸¸²¥¤µ¢ ´¨¥ ¸¶µ´-
É ´´µ£µ ¢µ¸¸É ´µ¢²¥´¨Ö Å PbWO4 ¢µ²ÓË· ³ É  ¸¢¨´Í  Å Ö¢²Ö¥É¸Ö µ¤´¨³
¨§ ¢ ¦´¥°Ï¨Ì. ‘¨¸É¥³ É¨§ Í¨Ö ¢¸¥Ì ¶µ¸²¥¤´¨Ì ·¥§Ê²ÓÉ Éµ¢ · ¤¨ Í¨µ´´ÒÌ
¨¸¸²¥¤µ¢ ´¨° PbWO4 ¸¤¥² ´  ¢ · ¡µÉ¥ [107]. �· ±É¨Î¥¸±¨° ¢Ò¢µ¤ ¶·¨¢¥¤¥´
¢ [45], ±µÉµ·Ò° ³Ò §¤¥¸Ó ¢µ¸¶·µ¨§¢µ¤¨³ ´  ·¨¸.16 ¸ ´ Ï¨³ ±µ³³¥´É ·¨¥³
(§ ÏÉ·¨Ìµ¢ ´´ Ö µ¡² ¸ÉÓ).

„ ¦¥ ¡¥£²Ò° µ¡§µ· · ¡µÉ, Í¨É¨·Ê¥³ÒÌ ¢ [107], ¶µ± §Ò¢ ¥É, ÎÉµ · §´Ò¥
µ¡· §ÍÒ PbWO4 ¨³¥ÕÉ ¡µ²ÓÏµ° · §¡·µ¸ µÉ´µ¸¨É¥²Ó´µ£µ ¸¢¥Éµ¢ÒÌµ¤  ¶µ-
¸²¥ µ¡²ÊÎ¥´¨Ö, ±µÉµ·Ò° ´¥ ¢¸¥£¤  Ê±² ¤Ò¢ ¥É¸Ö ¢ ¤µ¶Ê¸É¨³Ò¥ ¶·¥¤¥²Ò 10%
¸¢¥Éµ¶µÉ¥·Ó. ˆ§  ´ ²¨§  ·¨¸.16, £¤¥ ¶·¥¤¸É ¢²¥´Ò ¤ ´´Ò¥ ¤²Ö Ê´¨± ²Ó´µ£µ
µ¡· §Í  º153 (¸ µÉ¦¨£µ³ ¢ ±¨¸²µ·µ¤¥), ³µ¦´µ ¶µ¤Ê³ ÉÓ, ÎÉµ ¤µ§  µ¡²ÊÎ¥´¨Ö
´¥µ£· ´¨Î¥´ .

�¤´ ±µ ¤·Ê£¨¥ · ¡µÉÒ, ´ ¶·¨³¥· [71], ¶µ± §Ò¢ ÕÉ, ÎÉµ ¢ · °µ´¥ 4÷8 ±ƒ·
¨³¥¥É¸Ö ®¸± Îµ± ¢´¨§¯, ±µÉµ·Ò° ¶¥·¥¸¥± ¥É ¤µ¶Ê¸É¨³Ò° ¶·¥¤¥² ξ = 0, 9. �Éµ
´ ¡²Õ¤ ¥É¸Ö ¢ µ¡· §Í Ì ¸ ¸µ¢¥·Ï¥´´µ° ¸É¥Ì¨µ³¥É·¨¥°, ¶·¨Î¥³ ¨§ ¢¸¥° ¸¥·¨¨
µ¡· §Íµ¢ (  ¨Ì ´¥µ¡Ìµ¤¨³µ ¤²Ö ECAL 110 000 ÏÉÊ±) ´¨¦´ÖÖ £· ´¨Í  ³µ¦¥É
·¥ ²¨§µ¢ ÉÓ¸Ö ¸ ¢¥·µÖÉ´µ¸ÉÓÕ ∼ 90%,   ¢¥·Ì´ÖÖ £· ´¨Í  Å ¸ ¢¥·µÖÉ´µ¸ÉÓÕ
Éµ²Ó±µ ∼ 10%. � §Ê³´µ ¶·¨´ÖÉÓ ¢¥²¨Î¨´Ê ∼ 5 ±ƒ· §  ¶·¥¤¥²Ó´µ ¤µ¶Ê¸É¨³ÊÕ
¤µ§Ê. ’µ£¤  ·¥¸Ê·¸ ¸¨¸É¥³Ò PbWO4 ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´ ¶µ ¢Ò· ¦¥´¨Õ
(3.1) ¸ ¶µ¸ÉµÖ´´Ò³ ±µÔËË¨Í¨¥´Éµ³ § ¶ ¸  k§ ∼ 2. �µ-¢¨¤¨³µ³Ê, Dlim ´¥
§ ¢¨¸¨É µÉ Ḋ ¢ ¸²ÊÎ ¥ ´¥µ·£ ´¨Î¥¸±¨Ì ±·¨¸É ²²µ¢.
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�¥¸Ê·¸ ´¥¶·¥·Ò¢´µ£µ µ¡²ÊÎ¥´¨Ö ¶¥·¥¤´¥° Î ¸É¨ Ô²¥±É·µ³ £´¨É´µ£µ ± -
²µ·¨³¥É·  (……) ´¥¤µ¸É ÉµÎ¥´ ¶·¨ ³ ±¸¨³ ²Ó´ÒÌ ´ £·Ê§± Ì (15 ÷ 28) ƒ··Î−1

(·¨¸.1). ˆ§¢¥¸É´µ, ÎÉµ PbWO4 ¡Ò¸É·µ ¨ ¶µ²´µ ¢µ¸¸É ´ ¢²¨¢ ¥É ¶·µ§· Î´µ¸ÉÓ
¶·¨ ³ ²ÒÌ ¤µ§ Ì (2÷3 ƒ·). �·¨ ¤µ§ Ì 4÷8 ±ƒ· ¤ ´´ÒÌ ¶µ ¸¶µ´É ´´µ³Ê ¢µ¸-
¸É ´µ¢²¥´¨Õ PbWO4 ´¥¤µ¸É ÉµÎ´µ. Œ´µ£µÍ¨±²¨Î¥¸±¨¥ µ¡²ÊÎ¥´¨Ö ±·¨¸É ²²µ¢
¶·¨ · ¡µÎ¨Ì, ¢ Éµ³ Î¨¸²¥ ¨ ³ ²ÒÌ, ´ £·Ê§± Ì ¢ …‚ ∼ 10−1 ƒ··Î−1 ¢ ¦´Ò É ±
¦¥, ± ± ¨ µ¡²ÊÎ¥´¨Ö µ·£ ´¨Î¥¸±¨Ì ¸Í¨´É¨²²ÖÉµ·µ¢. �¥·¥´µ¸ ¤ ´´ÒÌ ¶·¨ Ḋ =
= 157 ƒ··Î−1 ´  ·¥ ²Ó´ÊÕ ´ £·Ê§±Ê 15÷ 0, 1 ƒ··Î−1 ¢ ¸²ÊÎ ¥ PbWO4 Éµ¦¥ ´¥
¸µ¢¸¥³ ±µ··¥±É¥´.

‚ [108] µ¡¸Ê¦¤ ÕÉ¸Ö ¢µ§³µ¦´µ¸É¨ ¸µ§¤ ´¨Ö ´  µ¸´µ¢¥ ÉÖ¦¥²ÒÌ (¸ ¤µ¡ ¢-
±µ° É¥É· Ë¥´¨²¸¢¨´Í ) ¶µ²¨¸É¨·µ²Ó´ÒÌ ¸Í¨´É¨²²ÖÉµ·µ¢ £¥É¥·µ£¥´´ÒÌ Ô²¥±-
É·µ³ £´¨É´ÒÌ ± ²µ·¨³¥É·µ¢ ¸ Ô´¥·£¥É¨Î¥¸±¨³ · §·¥Ï¥´¨¥³ ´¥ ÌÊ¦¥, Î¥³ ¢
PbWO4 (σ/E ∼ 15%/

√
E). •µÉÖ · ¤¨ Í¨µ´´ Ö ¸Éµ°±µ¸ÉÓ 20 ±ƒ· ¶µ²ÊÎ¥´ 

¶·¨ µÎ¥´Ó ¡µ²ÓÏµ° ´ £·Ê§±¥ 187,2 ƒ··Î−1 ¨ ¶µ¸²¥ ¢¸¥Ì ¶·µÍ¥¸¸µ¢ ¢µ¸¸É ´µ-
¢²¥´¨Ö, É¥³ ´¥ ³¥´¥¥ ¶µ¸²¥ ¤µ§Ò ³¥´¥¥ 3 ±ƒ· ¢ Éµ´±¨Ì (Éµ²Ð¨´µ° 1,1 ³³)
¸Í¨´É¨²²ÖÉµ·µ¢ ¶·µ¨¸Ìµ¤¨É ¶µ²´µ¥ ¸¶µ´É ´´µ¥ ¢µ¸¸É ´µ¢²¥´¨¥ ¢¸¥Ì µ¶É¨Î¥-
¸±¨Ì Ì · ±É¥·¨¸É¨±. ‚¢¥¤¥´¨¥ ¢Ò¸µ±¨Ì ±µ´Í¥´É· Í¨° ³¥É ²²µµ·£ ´¨Î¥¸±¨Ì
¤µ¡ ¢µ± (> 30%) ¢ �‘-¸Í¨´É¨²²ÖÉµ·Ò ´ Ìµ¤¨É¸Ö ´  ¶·¥¤¥²¥ ¢µ§³µ¦´µ¸É¥°
É¥Ì´µ²µ£¨¨ ²¨ÉÓÖ ¶µ¤ ¤ ¢²¥´¨¥³.

„ ²Ó´¥°Ï¥¥ ¶·µ¤¢¨¦¥´¨¥ ¢ ´ ¶· ¢²¥´¨¨ Ê²ÊÎÏ¥´¨Ö Ô´¥·£¥É¨Î¥¸±µ£µ · §-
·¥Ï¥´¨Ö ECAL ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´µ ¸ ¶·¨³¥´¥´¨¥³ ¢ ´¨Ì ÉÖ¦¥²ÒÌ ¸Í¨´É¨²-
²ÖÉµ·µ¢, ¨§£µÉµ¢²¥´´ÒÌ ¤·Ê£¨³¨ ³¥Éµ¤ ³¨, µÉ³¥Î¥´´Ò³¨ ¢ [108]. �¤´ ±µ,
± ± ¶·¨§´ ÕÉ  ¢Éµ·Ò ÔÉµ° · ¡µÉÒ, ¶·¨¤¥É¸Ö ·¥ ²¨§µ¢Ò¢ ÉÓ ¶·¥¤²µ¦¥´´Ò° ¢
[6,113] ¶¥·¨µ¤¨Î¥¸±¨° ·¥¦¨³ µ¡²ÊÎ¥´¨Ö ¨ ¢µ¸¸É ´µ¢²¥´¨Ö, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ
§ ¤ ´´Ò° · ¤¨ Í¨µ´´Ò° ·¥¸Ê·¸.

�¥¸Ê·¸ ¶¥·¥¤´¥£µ ± ²µ·¨³¥É·  CMS (HFCAL). ‘ ³Ò¥ ¡µ²ÓÏ¨¥ · ¤¨ -
Í¨µ´´Ò¥ ´ £·Ê§±¨ ¢ CMS ¶·¨Ìµ¤ÖÉ¸Ö ´  ¶¥·¥¤´¨° ± ²µ·¨³¥É· É¨¶  ®¸¶ £¥É-
É¨¯ Å HF (·¨¸.1). Šµ²² ¡µ· Í¨Ö ¡Ò²  ¢Ò´Ê¦¤¥´  ¨¸¶µ²Ó§µ¢ ÉÓ ±¢ ·Í¥¢Ò¥
¸¢¥Éµ¢µ¤Ò, ±µÉµ·Ò¥ ¨³¥ÕÉ · ¤¨ Í¨µ´´ÊÕ ¸Éµ°±µ¸ÉÓ Dlim ∼ 1 ƒƒ· [112].
�µ ¶·¨ ÔÉµ³ ± ²µ·¨³¥É· ¨³¥¥É ¢¥¸Ó³  ´¨§±µ¥ Ô´¥·£¥É¨Î¥¸±µ¥ · §·¥Ï¥´¨¥
(σ/E ∼ 150%/

√
E), É.±. ·¥£¨¸É·¨·Ê¥É¸Ö Î¥·¥´±µ¢¸±µ¥ ¨§²ÊÎ¥´¨¥. …¸²¨ ¡Ê¤¥É

¶µ± § ´µ, ÎÉµ ¸Í¨´É¨²²ÖÍ¨µ´´Ò¥ Ë¨¡·Ò ¨³¥ÕÉ Ìµ·µÏ¥¥ ¸¶µ´É ´´µ¥ ¢µ¸¸É -
´µ¢²¥´¨¥, Éµ ¨Ì ¨¸¶µ²Ó§µ¢ ´¨¥ ¢³¥¸Éµ ±¢ ·Í¥¢ÒÌ ¶µ§¢µ²¨²µ ¡Ò Ê¢¥²¨Î¨ÉÓ
· §·¥Ï¥´¨¥ ¢ 3 · §  ¨ ¸ÊÐ¥¸É¢¥´´µ ¸´¨§¨ÉÓ ¸Éµ¨³µ¸ÉÓ ± ²µ·¨³¥É· . ‡ ³¥-
É¨³, ÎÉµ ¶¥·¥·Ò¢Ò ¢ µ¡²ÊÎ¥´¨¨ ± ²µ·¨³¥É·  HF ³µ¦´µ ¸µ§¤ ¢ ÉÓ ´¥ Éµ²Ó±µ
µ¸É ´µ¢±µ° LHC, ´µ ¨ ¶ÊÉ¥³ ¤¨¸É ´Í¨µ´´µ° · §¤¢¨¦±¨ ¤¢ÊÌ ¶µ²ÊÍ¨²¨´¤·µ¢
± ²µ·¨³¥É· .

‡�Š‹�—…�ˆ…

�Î¥¢¨¤´µ ¸É·¥³²¥´¨¥ Ë¨§¨±µ¢ Ê¢¥²¨Î¨¢ ÉÓ Ô´¥·£¨Õ ¨ ¸¢¥É¨³µ¸ÉÓ ¶ÊÎ-
±µ¢ (µ¸µ¡¥´´µ ¶·¨ AA-¢§ ¨³µ¤¥°¸É¢¨ÖÌ) ± ± ´  ¸µ§¤ ¢ ¥³ÒÌ ±µ²² °¤¥· Ì,
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É ± ¨ ¢ ¤·Ê£¨Ì ¶·µ¥±É Ì ¡µ²¥¥ µÉ¤ ²¥´´µ£µ ¡Ê¤ÊÐ¥£µ [109]. ‡´ Î¨É, ¤¥É¥±-
Éµ·Ò ¡Ê¤ÊÉ · ¡µÉ ÉÓ ¢ ¥Ð¥ ¡µ²¥¥ ¦¥¸É±¨Ì · ¤¨ Í¨µ´´ÒÌ Ê¸²µ¢¨ÖÌ. “¢¥²¨-
Î É¸Ö É·¥¡µ¢ ´¨Ö ± · ¸Î¥É ³ ¤µ§µ¢ÒÌ ´ £·Ê§µ±. Œ¥Éµ¤µ²µ£¨Ö Ô±¸¶¥·¨³¥´Éµ¢
¶µ · ¤¨ Í¨µ´´µ° Ë¨§¨±¥ ¡Ê¤¥É ¶·¨¡²¨¦¥´  ± Ê¸²µ¢¨Ö³ Ô±¸¶²Ê É Í¨¨. �Ê-
¤¥É ¸µ§¤ ´ ¢¸¥¸Éµ·µ´´¨° ¤µ§¨³¥É·¨Î¥¸±¨° ±µ´É·µ²Ó. ‘É É¨¸É¨Î¥¸±¨°  ´ ²¨§
´ ¤¥¦´µ¸É¨ µ¡Ñ¥±Éµ¢ ¶µ µ£· ´¨Î¥´´µ° ¨´Ëµ·³ Í¨¨ [110] ¶µ§¢µ²¨É µ¡µ¸´µ-
¢ ´´µ ¶·µ£´µ§¨·µ¢ ÉÓ ·¥¸Ê·¸Ò ¤¥É¥±Éµ·µ¢. �µ¤µ¡´Ò°  ´ ²¨§ ¸²¥¤µ¢ ²µ ¡Ò
¶·µ¢¥¸É¨ ¤²Ö ¢¸¥Ì Ê¸É ´µ¢µ± LHC, ± ± ³Ò ¶·¥¤² £ ²¨ ¥Ð¥ ¢ [64]. ’¥¶¥·Ó ´¥É
£ · ´É¨¨, ÎÉµ § ¤ ´´Ò¥ ·¥¸Ê·¸Ò ¡Ê¤ÊÉ ¢Ò¤¥·¦ ´Ò ¶·¨ ¶·µ¥±É´µ° ¸¢¥É¨³µ¸É¨
LHC.

� ¸ÉµÖÐ¨° µ¡§µ· · ¤¨ Í¨µ´´ÒÌ ¨¸¸²¥¤µ¢ ´¨° ¸Í¨´É¨²²ÖÉµ·µ¢ Ê¡¥¤¨-
É¥²Ó´µ ¶µ± § ², ÎÉµ Ê¢¥²¨Î¥´¨¥ ·¥¸Ê·¸  ¸Í¨´É¨²²ÖÉµ·µ¢ ¢µ§³µ¦´µ Éµ²Ó±µ
¶ÊÉ¥³ ¢§ ¨³µÊ¢Ö§±¨ ¸¥ ´¸µ¢ µ¡²ÊÎ¥´¨Ö ¨ ¶² ´¨·Ê¥³ÒÌ ¶¥·¥·Ò¢µ¢. �·¨ ÔÉµ³
¤µ²¦´Ò ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö É ±¨¥ ³ É¥·¨ ²Ò, ±µÉµ·Ò¥ ¡Ò¸É·µ ¨ ¶µ²´µ ¢µ¸¸É ´ ¢-
²¨¢ ÕÉ ¸¢µ¨ ¶¥·¢µ´ Î ²Ó´Ò¥ ¸¢µ°¸É¢  §  ¢·¥³Ö ¶¥·¥·Ò¢ . �  ¸·µ± ¸²Ê¦¡Ò
¢²¨Ö¥É ·¥¦¨³ · ¡µÉÒ ±µ²² °¤¥· : ¤²¨É¥²Ó´µ¸ÉÓ Ë¨§¨Î¥¸±¨Ì ¸¥ ´¸µ¢ ¨ Î -
¸ÉµÉ  ¶¥·¥·Ò¢µ¢; ËÊ´±Í¨µ´ ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ ¸¢¥É¨³µ¸É¨ µÉ ¢·¥³¥´¨; ¢·¥³Ö
§ ± Î±¨ ¨ Í¨·±Ê²ÖÍ¨¨ ¶ÊÎ±µ¢. Šµ´¸É·Ê±É¨¢´Ò¥ µ¸µ¡¥´´µ¸É¨ ±µ²² °¤¥·  ³µ-
£ÊÉ É ±¦¥ ¢²¨ÖÉÓ ´  ¢¥²¨Î¨´Ò · ¤¨ Í¨µ´´ÒÌ ´ £·Ê§µ±: · ¸¶µ²µ¦¥´¨¥ ¸±·¥-
¶¥·µ¢ ¨ ±µ²²¨³ Éµ·µ¢ ¢¡²¨§¨ ¤¥É¥±Éµ· ; · §³¥·Ò ¨ ±µ´Ë¨£Ê· Í¨Ö ¢ ±ÊÊ³´µ°
± ³¥·Ò ´  ÊÎ ¸É± Ì ¢´ÊÉ·¨ Ê¸É ´µ¢±¨ ¨ ¤·. �É¨ ¢µ¶·µ¸Ò µ¶·¥¤¥²ÖÕÉ ¸É· É¥-
£¨Õ ¡Ê¤ÊÐ¥° · ¡µÉÒ ±µ²² °¤¥·µ¢ ¨ ¤¥É¥±Éµ·´ÒÌ Ê¸É ´µ¢µ± [111].
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ÓÄÊ 539.12.01; 530.145

Âàðèàöèîííûå ðàçëîæåíèÿ â êâàíòîâîé õðîìîäèíàìèêå. Ñèñàêÿí À.Í., Ñîëîâ-

öîâ È.Ë. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì 30, âûï.5, ñ.1057.

Ïðåäñòàâëåí îáçîð ïîëó÷åííûõ â ïîñëåäíèå ãîäû ðåçóëüòàòîâ ïî ïðèìåíåíèþ íå-

ïåðòóðáàòèâíûõ âàðèàöèîííûõ ðàçëîæåíèé â êâàíòîâîé õðîìîäèíàìèêå. Èçëîæåíèå

íà÷èíàåòñÿ ñ ïðèìåðîâ, êîòîðûå ïîçâîëÿþò ïîíÿòü ìåòîä ïîñòðîåíèÿ âàðèàöèîííûõ

ðÿäîâ â êâàíòîâîé òåîðèè ïîëÿ è ñïîñîáû óïðàâëåíèÿ ñâîéñòâàìè èõ ñõîäèìîñòè ñ ïî-

ìîùüþ ñïåöèàëüíûõ ïàðàìåòðîâ. Çàòåì ôîðìóëèðóåòñÿ âàðèàöèîííàÿ òåîðèÿ âîçìó-

ùåíèé äëÿ êâàíòîâîé õðîìîäèíàìèêè, ñòðîèòñÿ íåïåðòóðáàòèâíîå ðàçëîæåíèå ïî íî-

âîìó ìàëîìó ïàðàìåòðó è ðàññìàòðèâàþòñÿ ðàçëè÷íûå ôåíîìåíîëîãè÷åñêèå ïðèëîæå-

íèÿ ýòîãî ïîäõîäà.

Òàáë.3. Èë.17. Áèáëèîãð.: 146.

ÓÄÊ 530.145

Èíòåãðèðóåìîñòü â ñóïåðñèììåòðè÷íûõ êàëèáðîâî÷íûõ òåîðèÿõ. Ìàðøàêîâ À.Â.

Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì 30, âûï.5, ñ.1120.

Îáçîð ïîñâÿùåí òî÷íûì íåïåðòóðáàòèâíûì ðåøåíèÿì ñóïåðñèììåòðè÷íûõ

êâàíòîâûõ êàëèáðîâî÷íûõ òåîðèé ïîëÿ è èõ ôîðìóëèðîâêå â òåðìèíàõ èíòåãðèðóå-

ìûõ ñèñòåì. Îáñóæäàþòñÿ îáùèå ñâîéñòâà èíòåãðèðóåìîñòè â êîíòåêñòå âîçíèêíîâå-

íèÿ èíòåãðèðóåìûõ ñòðóêòóð â ðàìêàõ òîïîëîãè÷åñêèõ ñòðóííûõ ìîäåëåé è (áëèçêèõ

ê ðåàëèñòè÷åñêèì) ñóïåðñèììåòðè÷íûõ êàëèáðîâî÷íûõ òåîðèé ïîëÿ. Ñíà÷àëà

ðàññìàòðèâàþòñÿ îñíîâíûå ñâîéñòâà ñòðóííîãî êîíòèíóàëüíîãî èíòåãðàëà, êîòîðûå

ïîçâîëÿþò ïîíÿòü íåêîòîðûå îáùèå íåïåðòóðáàòèâíûå ñâîéñòâà òåîðèè è, â äàëüíåé-

øåì, ïðåäëîæèòü îïðåäåëåíèå òî÷íûõ íåïåðòóðáàòèâíûõ ýôôåêòèâíûõ äåéñòâèé êàê

ðåøåíèé ñèñòåì íåëèíåéíûõ èíòåãðèðóåìûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïîêàçàíî, ÷òî âîçíèêàþùèå íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ îòíîñÿòñÿ ê

êëàññó èíòåãðèðóåìûõ ìîäåëåé òèïà Êàäîìöåâà — Ïåòâèàøâèëè èëè Òîäû, ïîäðîáíî

îáñóæäàþòñÿ ðàçëè÷íûå èíòåãðèðóåìûå ñèñòåìû ýòîãî êëàññà è â îñîáåííîñòè ïî-

ÿâëÿþùèåñÿ â êîíòåêñòå ñóïåðñèììåòðè÷íûõ êàëèáðîâî÷íûõ òåîðèé. Ðàññìàòðèâàþò-

ñÿ ïðåäñòàâëåíèÿ Ëàêñà è ñïåêòðàëüíûå êðèâûå ýòèõ ñèñòåì, è ïðåäëàãàåòñÿ íåêîòîðàÿ

êëàññèôèêàöèÿ òî÷íûõ íåïåðòóðáàòèâíûõ ðåøåíèé ñóïåðñèììåòðè÷íûõ òåîðèé ïîëÿ,

îñíîâàííàÿ íà èõ ñîîòâåòñòâèè èíòåãðèðóåìûì ìîäåëÿì.

Áèáëèîãð.: 127.

ÓÄÊ 514.7; 514.8

Ïðîñòðàíñòâà ñ êîíòðàâàðèàíòíîé è êîâàðèàíòíîé àôôèííûìè ñâÿçíîñòÿìè è
ìåòðèêàìè. Ñ.Ìàíîâ. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì 30,

âûï.5, ñ.1211.

Â îáçîðå äåòàëüíî ðàññìîòðåíà âîçìîæíîñòü ââåäåíèÿ íà äèôôåðåíöèðóåìîì
ìíîãîîáðàçèè ïàðû êîíòðàâàðèàíòíîé è êîâàðèàíòíîé àôôèííûõ ñâÿçíîñòåé, ðàçëè-
÷àþùèõñÿ íå òîëüêî çíàêîì. Òåîðèÿ ïðîñòðàíñòâ ñ òàêèìè ïàðàìè ñâÿçíîñòåé äåòàëü-
íî ðàçðàáîòàíà çäåñü â îáúåìå, íåîáõîäèìîì äëÿ ïîñòðîåíèÿ êèíåìàòèêè âåêòîðíûõ
ïîëåé è ëàãðàíæåâñêîé òåîðèè òåíçîðíûõ ïîëåé â òàêèõ ïðîñòðàíñòâàõ. Ââåäåíû êàê
îïåðàòîð êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ, òàê è äèôôåðåíöèàëüíûé îïåðàòîð Ëè.
Èññëåäóåòñÿ äåéñòâèå èõ íà òåíçîðíûå ïîëÿ. Â ïðîñòðàíñòâàõ ñ ðàçíûìè ñâÿçíîñòÿìè
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ðàññìîòðåíî äåéñòâèå äåâèàöèîííîãî îïåðàòîðà, èãðàþùåãî ñóùåñòâåííóþ ðîëü äëÿ
óðàâíåíèé äåâèàöèè â ãðàâèòàöèîííîé ôèçèêå. Ââåäåíû ïîíÿòèÿ êîâàðèàíòíîé è êîí-
òðaâapèaíòíîé ìåòðèê ñ ñîîòâåòñòâóþùèìè èì ïðîåêòèâíûìè ìåòðèêàìè. Íàéäåíî,
êàê äåéñòâóåò êîâàðèàíòíûé îïåðàòîð äèôôåðåíöèðîâàíèÿ è äèôôåðåíöèàëüíûé îïå-
ðàòîð Ëè íà ýòèõ ìåòðèêàõ. Äàíà êëàññèôèêàöèÿ ïåðåíîñîâ è ïåðåìåùåíèé ìåòðèê.
Ðàññìîòðåíû ðàçëîæåíèÿ êîâàðèàíòíîé ïðîèçâîäíîé îò ìåòðèêè íà îñíîâíûå ñòðóê-
òóðû, èìåþùèå îòíîøåíèå ê ñâÿçíîñòÿì. Ââåäåí ðàñøèðåííûé êîâàðèàíòíûé äèôôå-
ðåíöèàëüíûé îïåðàòîð. Èññëåäîâàíû èçìåíåíèÿ ýëåìåíòàðíîãî îáúåìà ïîä äåéñòâè-
åì êîâàðèàíòíîãî îïåðàòîðà äèôôåðåíöèðîâàíèÿ è äèôôåðåíöèàëüíîãî îïåðàòîðà
Ëè. Ââåäåíû êîâàðèàíòíûé îïåðàòîð äèôôåðåíöèðîâàíèÿ è äèôôåðåíöèàëüíûé îïå-
ðàòîð Ëè, íå èçìåíÿþùèå ýëåìåíòàðíûé îáúåì. Ðàññìîòðåíû èíâàðèàíòíûå îïåðàòî-
ðû Ëè è êîâàðèàíòíûå äèôôåðåíöèàëüíûå îïåðàòîðû, äåéñòâóþùèå êàê èçîìîðôèç-
ìû íà êîíòðàâàðèàíòíûå è êîâàðèàíòíûå òåíçîðíûå ïëîòíîñòè.

Òàáë.1. Áèáëèîãð.: 54.

ÓÄÊ 539.1.01

Çà ïðåäåëîì ÷åðíîãî äèñêà: îò òåíåâîé ê àíòèòåíåâîé ìîäå ðàññåÿíèÿ. Òðî-

øèí Ñ.Ì., Òþðèí Í.Å. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 1999, òîì 30,

âûï.5, ñ.1270.

Â îáçîðå ðàññìîòðåíà àíòèòåíåâàÿ ìîäà â ðàññåÿíèè àäðîíîâ ïðè ñâåðõâûñîêèõ
ýíåðãèÿõ. Âîçìîæíîñòü ïîÿâëåíèÿ äàííîé ìîäû ïðè ñâåðõâûñîêèõ ýíåðãèÿõ ðàññìà-
òðèâàåòñÿ íà îñíîâå óíèòàðíîñòè è ãåîìåòðè÷åñêèõ ïðåäñòàâëåíèé îá àäðîííîì ðàñ-
ñåÿíèè. Ðàññìîòðåíà ñâÿçü ñ íåïåðòóðáàòèâíûìè ìîäåëÿìè â ðàìêàõ ÊÕÄ. Ïðåäñêàçû-

âàåòñÿ ïîÿâëåíèå ýòîé ìîäû â ðàññåÿíèè ïðè ýíåðãèÿõ âûøå s ≅ 2 TýÂ. Ýêñïåðèìåí-

òû íà LHC è VLHC ïî èçó÷åíèþ àäðîííûõ ïðîöåññîâ ìîãóò îáíàðóæèòü äàííóþ ìîäó.

Èë.2. Áèáëèîãð.: 42.

ÓÄÊ 539.1.074.3

Ïðîáëåìà óâåëè÷åíèÿ ðàäèàöèîííîãî ðåñóðñà ñöèíòèëëÿöèîííûõ äåòåêòîðîâ
äëÿ ïðîòîííûõ è èîííûõ êîëëàéäåðîâ. Çàéöåâ Ë.Í. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è
àòîìíîãî ÿäðà, 1999 òîì 30, âûï.5, ñ. 1292.

Ïîêàçàíî, ÷òî ïðè ýíåðãèÿõ 214 ÒýÂ è ñâåòèìîñòÿõ 10 1032 34÷ ñì− −⋅2 1c ðàäèàöè-

îííûå íàãðóçêè ( &D) íà ñöèíòèëëÿòîðû (PS) è ñïåêòðîñìåùàþùèå ñâåòîâîäû (WLS)
íà÷èíàþò ïðåâûøàòü ïðåäåëüíî äîïóñòèìûé óðîâåíü, è ðåñóðñ (tr) ðåçêî ñíèæàåòñÿ.

Ðàíüøå ðåñóðñ ïðåäñòàâëÿëè êàê îòíîøåíèå íåçàâèñèìûõ âåëè÷èí: t D Dr = lim / & , a

Dlim îïðåäåëÿëè ïî èçìåíåíèþ îïòè÷åñêèõ ñâîéñòâ òîëüêî ïðè óñêîðåííûõ îáëó÷åíè-
ÿõ áîëüøèìè ìîùíîñòÿìè äîç. Îäíàêî ðåàëüíûå óñëîâèÿ ðàáîòû PS+WLS â êàëîðè-
ìåòðàõ ñèëüíî îòëè÷àþòñÿ îò òåñòîâûõ, ïîýòîìó Dlim äëÿ îäíîãî è òîãî æå ñöèíòèëëÿ-
òîðà â îáðàçöàõ è â êàëîðèìåòðå îòëè÷àþòñÿ íà îäèí-äâà ïîðÿäêà. Óâåëè÷èòü ðàäèàöè-
îííóþ ñòîéêîñòü ñöèíòèëëÿòîðîâ íåâîçìîæíî òðàäèöèîííûìè õèìèêî-òåõíîëîãè-
÷åñêèìè ñïîñîáàìè.

Â îáçîðå îáñóæäàåòñÿ âîçìîæíîñòü èñïîëüçîâàíèÿ íîâîé êîíöåïöèè, îñíîâàííîé
íà ñïîíòàííîì âîññòàíîâëåíèè ïåðâîíà÷àëüíûõ îïòè÷åñêèõ ñâîéñòâ â ïåðåðûâàõ îá-
ëó÷åíèÿ. Âïåðâûå ïîêàçàíà ñëîæíîñòü çàäà÷è, çàêëþ÷àþùàÿñÿ â òîì, ÷òî Dlim çàâèñèò

îò &D âñëåäñòâèå ðàäèàöèîííîãî îêèñëåíèÿ, à òàêæå îò âðåìåíè, òåìïåðàòóðû, èíòåí-
ñèâíîñòè ñâåòà, ïîëÿ èçëó÷åíèÿ (ËÏÝ), ðàçìåðîâ PS è WLS è äð. Äîêàçûâàåòñÿ íåîá-
õîäèìîñòü èçó÷åíèÿ íîâûõ õèìè÷åñêèõ äîáàâîê: àíòèîêñèäàíòîâ è ôîòîñòàáèëèçàòî-
ðîâ, êîòîðûå çíà÷èòåëüíî ñíèæàþò âðåìÿ ïîëíîãî âîññòàíîâëåíèÿ ñâîéñòâ.

Òàáë.9. Èë.16. Áèáëèîãð.: 113.
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Ê ÑÂÅÄÅÍÈÞ ÀÂÒÎÐÎÂ

Â æóðíàëå «Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà» (Ý×Àß) ïå÷àòàþòñÿ îáçîðû ïî

àêòóàëüíûì ïðîáëåìàì òåîðåòè÷åñêîé è ýêñïåðèìåíòàëüíîé ôèçèêè ýëåìåíòàðíûõ ÷àñòèö è

àòîìíîãî ÿäðà, ïðîáëåìàì ñîçäàíèÿ íîâûõ óñêîðèòåëüíûõ è ýêñïåðèìåíòàëüíûõ óñòàíîâîê, àâ-

òîìàòèçàöèè îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ. Ñòàòüè ïå÷àòàþòñÿ íà ðóññêîì è àíãëèé-

ñêîì ÿçûêàõ. Ðåäàêöèÿ ïðîñèò àâòîðîâ ïðè íàïðàâëåíèè ñòàòüè â ïå÷àòü ðóêîâîäñòâîâàòüñÿ èçëî-

æåííûìè íèæå ïðàâèëàìè.

1. Òåêñò ñòàòüè äîëæåí áûòü íàïå÷àòàí íà ìàøèíêå ÷åðåç äâà èíòåðâàëà íà îäíîé ñòîðîíå

ëèñòà (îáÿçàòåëüíî ïðåäñòàâëÿåòñÿ ïåðâûé ìàøèíîïèñíûé ýêçåìïëÿð). Ïîëÿ ñ îäíîé ñòîðîíû

äîëæíû áûòü íå óæå 3—4 ñì, ðóêîïèñíûå âñòàâêè íå äîïóñêàþòñÿ. Ýêçåìïëÿð ñòàòüè äîëæåí

âêëþ÷àòü àííîòàöèè è íàçâàíèå íà ðóññêîì è àíãëèéñêîì ÿçûêàõ, ðåôåðàò íà ðóññêîì ÿçûêå,

ÓÄÊ, ñâåäåíèÿ îá àâòîðàõ: ôàìèëèÿ è èíèöèàëû (íà ðóññêîì è àíãëèéñêîì ÿçûêàõ), íàçâàíèå èí-

ñòèòóòà, àäðåñ è òåëåôîí. Âñå ñòðàíèöû òåêñòà äîëæíû áûòü ïðîíóìåðîâàíû. Ñòàòüÿ äîëæíà

áûòü ïîäïèñàíà âñåìè àâòîðàìè. Òåêñò ñòàòüè ìîæåò áûòü íàïå÷àòàí íà ïðèíòåðå ñ ñîáëþäåíèåì

òåõ æå ïðàâèë.

2. Ôîðìóëû è îáîçíà÷åíèÿ äîëæíû áûòü âïèñàíû êðóïíî, ÷åòêî, îò ðóêè òåìíûìè ÷åðíè-

ëàìè (ëèáî íàïå÷àòàíû íà ïðèíòåðå è îáÿçàòåëüíî ðàçìå÷åíû). Æåëàòåëüíî íóìåðîâàòü òîëüêî òå

ôîðìóëû, íà êîòîðûå èìåþòñÿ ññûëêè â òåêñòå. Íîìåð ôîðìóëû óêàçûâàåòñÿ ñïðàâà â êðóãëûõ

ñêîáêàõ. Îñîáîå âíèìàíèå ñëåäóåò îáðàòèòü íà àêêóðàòíîå èçîáðàæåíèå èíäåêñîâ è ïîêàçàòåëåé

ñòåïåíåé: íèæíèå èíäåêñû îòìå÷àþòñÿ çíàêîì ïîíèæåíèÿ ∩, âåðõíèå — çíàêîì ïîâûøåíèÿ ∪;

øòðèõè íåîáõîäèìî ÷åòêî îòëè÷àòü îò åäèíèöû, à åäèíèöó — îò çàïÿòîé. Ñëåäóåò, ïî âîçìîæ-

íîñòè, èçáåãàòü ãðîìîçäêèõ îáîçíà÷åíèé è óïðîùàòü íàáîð ôîðìóë (íàïðèìåð, ïðèìåíÿÿ exp,

äðîáü ÷åðåç êîñóþ ÷åðòó).

Âî èçáåæàíèå íåäîðàçóìåíèé è îøèáîê ñëåäóåò äåëàòü ÿñíîå ðàçëè÷èå ìåæäó ïðîïèñíûìè

è ñòðî÷íûìè áóêâàìè, îäèíàêîâûìè ïî íà÷åðòàíèþ (V è v, U è u, W è w, O è o, K è k, S è s, C è c,

P è p, Z è z), ïðîïèñíûå ïîä÷åðêèâàþòñÿ äâóìÿ ÷åðòàìè ñíèçó, ñòðî÷íûå — äâóìÿ ÷åðòàìè

ñâåðõó (S è s, C è c). Íåîáõîäèìî äåëàòü ÷åòêîå ðàçëè÷èå ìåæäó áóêâàìè å, l, O (áîëüøîé) è î (ìà-

ëîé) è 0 (íóëåì), äëÿ ÷åãî áóêâû Î è î îòìå÷àþò äâóìÿ ÷åðòî÷êàìè, à íóëü îñòàâëÿþò áåç ïîä÷åð-

êèâàíèÿ. Ãðå÷åñêèå áóêâû ïîä÷åðêèâàþòñÿ êðàñíûì êàðàíäàøîì, âåêòîðû — ñèíèì, ëèáî çíà-

êîì ñíèçó ÷åðíèëàìè. Íå ðåêîìåíäóåòñÿ èñïîëüçîâàòü äëÿ îáîçíà÷åíèÿ âåëè÷èí áóêâû ãîòè-

÷åñêîãî, ðóêîïèñíîãî è äðóãèõ ìàëîóïîòðåáèìûõ â æóðíàëüíûõ ñòàòüÿõ øðèôòîâ, îäíàêî åñëè

òàêóþ áóêâó íåëüçÿ çàìåíèòü áóêâîé ëàòèíñêîãî èëè ãðå÷åñêîãî àëôàâèòà, òî åå ðàçìå÷àþò ïðî-

ñòûì êàðàíäàøîì (îáâîäÿò êðóæêîì). Â ñëó÷àå, åñëè íàïèñàíèå ìîæåò âûçâàòü ñîìíåíèå, íåîá-

õîäèìî íà ïîëÿõ äàòü ïîÿñíåíèå, íàïðèìåð, ζ — «äçåòà», ξ — «êñè», k — ëàò., ê — ðóññê.

3. Ðèñóíêè ïðåäñòàâëÿþò íà îòäåëüíûõ ëèñòàõ áåëîé áóìàãè èëè êàëüêè ñ óêàçàíèåì íà

îáîðîòå íîìåðà ðèñóíêà è íàçâàíèÿ ñòàòüè. Òîíîâûå ôîòîãðàôèè äîëæíû áûòü ïðåäñòàâëåíû â

äâóõ ýêçåìïëÿðàõ, íà îáîðîòå êàðàíäàøîì óêàçàòü: «âåðõ», «íèç». Ãðàôèêè äîëæíû áûòü òùà-

òåëüíî âûïîëíåíû òóøüþ èëè ÷åðíûìè ÷åðíèëàìè: íå ðåêîìåíäóåòñÿ çàãðîìîæäàòü ðèñóíîê íå-

íóæíûìè äåòàëÿìè: áîëüøèíñòâî íàäïèñåé âûíîñèòñÿ â ïîäïèñü, à íà ðèñóíêå çàìåíÿåòñÿ

öèôðàìè èëè áóêâàìè. Æåëàòåëüíî, ÷òîáû ðèñóíêè áûëè ãîòîâû ê ïðÿìîìó ðåïðîäóöèðîâàíèþ.

Ïîäïèñè ê ðèñóíêàì ïðåäñòàâëÿþòñÿ íà îòäåëüíûõ ëèñòàõ.

4. Òàáëèöû äîëæíû áûòü íàïå÷àòàíû íà îòäåëüíûõ ëèñòàõ, êàæäàÿ òàáëèöà äîëæíà èìåòü

çàãîëîâîê. Ñëåäóåò óêàçûâàòü åäèíèöû èçìåðåíèÿ âåëè÷èí â òàáëèöàõ.

5. Ñïèñîê ëèòåðàòóðû ïîìåùàåòñÿ â êîíöå ñòàòüè. Ññûëêè â òåêñòå äàþòñÿ ñ óêàçàíèåì íî-

ìåðà ññûëêè íà ñòðîêå â êâàäðàòíûõ ñêîáêàõ. Â ëèòåðàòóðíîé ññûëêå äîëæíû áûòü óêàçàíû: äëÿ

êíèã — ôàìèëèè àâòîðîâ, èíèöèàëû, íàçâàíèå êíèãè, ãîðîä, èçäàòåëüñòâî (èëè îðãàíèçàöèÿ), ãîä



èçäàíèÿ, òîì (÷àcòü, ãëàâà), öèòèðóåìàÿ ñòðàíèöà, åñëè íóæíî; äëÿ ñòàòåé — ôàìèëèè àâòîðîâ,

èíèöèàëû, íàçâàíèå æóðíàëà, ñåðèÿ, ãîä èçäàíèÿ, òîì (íîìåð, âûïóñê, åñëè ýòî íåîáõîäèìî),

ïåðâàÿ ñòðàíèöà ñòàòüè. Åñëè àâòîðîâ áîëåå ïÿòè, òî óêàçàòü òîëüêî ïåðâûå òðè ôàìèëèè.
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