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We review the standard Higgs boson physics and the search for standard Higgs boson at LEP
and LHC supercolliders.
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1. INTRODUCTION

This paper is devoted to the memory of our
teacher Nikolai Nikolaevich Bogoliubov whose

90th anniversary of the birth is celebrated
by the physical and mathematical community

The Standard Model which describes within an unprecedental scale of ener-
gies and distances the strong and electroweak interactions of elementary particles
relays on a few basic principles Å the renormalizability, the gauge invariance
and the spontaneous breaking of the underlying gauge symmetry. The principle
of the renormalizability which is considered often as something lying beyond the
limits of experimental test is in fact one of the most important (if not the major)
ingredients of the quantum ˇeld theory.
The requirement of renormalizabilty which content and deep meaning were

uncovered in the fundamental textbook by N.N.Bogoliubov and D.V.Shirkov [1]
plays the central role in the construction and classiˇcation of the ˇeld theoretic
models. They split in general on two classes.
In the renormalizable models the ultraviolet divergences of the radiative cor-

rections are under mathematically rigorous control due to the famous BogoliubovÄ
Parasiuk theorem [2]. These models which preserve their locality in all orders
of the perturbation theory are characterised by a ˇnite number of relevant di-
mensionless coupling constants whose dependence on an arbitrary dimensional
normalization parameter is described by the renormalization group [1]. These
so-called ®running¯ coupling constants depending on the model may have either
the asymptotic freedom behaviour at large momenta (as for non-Abelian gauge
theories) or like in quantum electrodynamics with an Abelian gauge symmetry
reveal the growth of the effective coupling constant in the ultraviolet region.
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The second class of ˇeld theoretical models Å the nonrenormalizable models
have a very serious drawback which makes them useless for description of particle
interactions at the present level of knowledge. First of all, the nonrenormalizable
models have inˇnite number of divergent matrix elements which requires as a
consequence an introduction of an inˇnite number of interaction vertices and
dimensional coupling constants. What is more important the nonrenormalizable
theories are nonlocal and depend on the inˇnite number of unknown functions
[1,3]. This follows from the fact that the vertices of the nonrenormalizable models
contain an arbitrary high derivatives of the ˇeld operators. Thus the predictive
power of nonrenormalizable models is close to zero. An imaging world described
by such a theory seems to be extremely complicated unlike what we learn from
studying particle interactions and evolution of the Universe at least until the
present∗.
The WeinbergÄSalam model [4] of the electroweak interactions belongs to

the ˇrst class of the ˇeld theories. The major ingredient of this model which
experimental test is the target of the world-wide search programme is the presence
of the scalar multiplet with nontrivial vacuum condensate (the Higgs boson [5]).
The nonzero vacuum condensate does not affect the small distance behaviour of
particle interactions which allows one to solve the problem of mass generation for
vector W and Z bosons without conqict with the renormalizabilty of the theory.
The spontaneous breaking of the gauge symmetry in the WeinbergÄSalam model
is a consequence of the degeneration of the ground state in the presence of the
boson condensate Å in precise analogy with the theory of superquidity [6].
In the WeinbergÄSalam model a complex isodoublet scalar ˇeld is intro-

duced through self-interactions; this acquires nonvanishing vacuum expectation
value, breaking spontaneously the electroweak gauge group SU(2)L ⊗ U(1) to
the electromagnetic U(1)EM gauge group. The interactions of the gauge bosons
and fermions with the background ˇeld generate the masses of these particles.
One component of the scalar isodoublet Higgs ˇeld is not absorbed in the lon-
gitudinal components of the vector W and Z bosons, manifesting itself as the
physical Higgs particle h∗∗. It should be stressed that the Higgs mechanism is the
only way to construct the renormalizable theory of the electroweak interactions.
Therefore the discovery of the single missing ingredient of the WeinbergÄSalam
model Å the Higgs boson will be in some sense the experimental ®proof¯ of
the renormalizability of the electroweak interactions. There are no doubts that at
present the main supergoal in high energy experimental physics is the search for
the Higgs boson.

∗However we should not ignore the fact that the distinction between renormalizable and non-
renormalizable theories is evident only within perturbation theory.

∗∗Note that very often standard Higgs boson is denoted by capital letter H.
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In this paper we present an introduction to electroweak symmetry breaking
and Higgs boson physics for the WeinbergÄSalam model (the Standard Model∗).
The current experimental status of the Higgs boson searches and implications
for future experiments at the Large Hadron Collider (LHC) are discussed. We
don't review the Higgs boson physics at e+e− linear collider [7] and at muon
collider [8] because at present it is too far from reality. It should be noted that at
present common belief is that the Standard Model is not the whole story and at
the TeV scale new physics beyond the Standard Model exists. Namely, the most
popular scenario is the low energy broken supersymmetry with the O(1) TeV
sparticle masses [9]. In such scenario at least two Higgs boson doublets must
exist, so in addition to the standard (light) Higgs boson h there must exist scalar
charged Higgs boson H±, second neutral scalar Higgs boson H and axial scalar
Higgs boson A. For the most interesting case when the Higgs boson h is much
lighter than the additional Higgs bosons H,H±, A, we have the decoupling of the
heavy Higgs bosons and the interactions of the lightest Higgs boson with vector
bosons and fermions coincide up to power corrections with the Standard Model
interactions. Therefore even if new physics beyond the Standard Model exists at
TeV region with very big probability, the physics of the lightest Higgs boson is
described by the Standard Model. Note that there are several books and reviews
on the Higgs boson physics [10Ä18]. The peculiarity of this review is that we
give both theoretical aspects of the Higgs boson physics and experimental aspects
related to the search for the Higgs boson at LHC.
The organization of the paper is the following. In section 2 we describe the

Lagrangian of the Standard Model. In section 3 we give the main formulae for the
Higgs boson decay widths. In section 4 indirect bounds on the Higgs boson mass
are discussed. LEP1 and LEP2 Higgs boson mass bounds are given in section 5.
The Higgs boson production mechanisms and the main formulae for the cross
sections are described in section 6. In section 7 we discuss the possibilities to
discover Higgs boson at upgrated TEVATRON. In section 8 we give review of the
two main general purpose detectors at LHC (CMS and ATLAS). The perspectives
for the search for Higgs boson at LHC are described in section 9. Section 10
contains concluding remarks.

2. THE LAGRANGIAN OF THE STANDARD MODEL

The Standard Model (SM) is the renormalizable model of strong and elec-
troweak interactions. It has the gauge group SU(3)c ⊗ SU(2)L ⊗ U(1) and the

∗By the Standard Model we understand the electroweak WeinbergÄSalam model plus quantum
chromodynamics.
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minimal Higgs structure consisting of one complex doublet of scalar particles.
The spontaneous electroweak symmetry breaking SU(3)c ⊗ SU(2)L ⊗ U(1) →
SU(3)c ⊗ U(1)EM due to nonzero vacuum expectation value of the Higgs dou-
blet provides the simplest realization of the Higgs mechanism [5] which generates
masses for gauge W±, Z bosons and masses to quarks and leptons. In this ap-
proach, the Goldstone bosons are generated by dynamics of elementary scalar
ˇelds and precisely one neutral Higgs scalar (the Higgs boson) remains in the
physical spectrum. The Lagrangian of the Standard Model consists of several
pieces:

LWS = LYM + LHYM + LSH + Lf + LY uk . (1)

Here LYM is the YangÄMills Lagrangian without matter ˇelds

LYM = −1
4
F i
µν(W )Fµν

i (W )− 1
4
Fµν(W 0)Fµν(W 0)− 1

4
F a
µν(G)F

µν
a (G) ,

(2)

where F i
µν(W ), F a

µν(G), Fµν(W
0) are given by

F i
µν(W ) = ∂µW

i
ν − ∂νW

i
µ + g2ε

ijkW j
µW

k
ν , (3)

Fµν(W 0) = ∂µW
0
ν − ∂νW

0
µ , (4)

F a
µν(G) = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , (5)

where W i
µ, W

0
µ are the SU(2)L ⊗ U(1) gauge ˇelds, Ga

µ are the gluon ˇelds

and εijk , fabc are the structure constants of the SU(2)L and SU(3)c gauge
groups. The Lagrangian LHYM describes the Higgs doublet interaction with
SU(2)L ⊗ U(1) gauge ˇelds

LHYM = (DLµH)+(Dµ
LH) , (6)

where covariant derivatives are given by

DLµ = ∂µ − ig1
Y

2
W 0
µ − ig2

σi

2
W i
µ , (7)

DRµ = ∂µ − ig1
Y

2
W 0
µ , (8)

Dq
Lµ = ∂µ − ig1

Y

2
W 0
µ − ig2

σi

2
W i
µ − ig3t

aGa
µ , (9)
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Dq
Rµ = ∂µ − ig1

Y

2
W 0
µ − ig3t

aGa
µ . (10)

Here g1 is the U(1) gauge coupling constant, g2 and g3 are the SU(2)L and
SU(3)c gauge coupling constants, Y is the hypercharge determined by the relation
Q = σ3

2 +
Y
2 , σ

i are the Pauli matrices, ta are SU(3) matrices in the fundamental

representation, H =
(

H1
H2

)
is the Higgs SU(2)L doublet with Y = 1. The

Lagrangian LSH describing Higgs doublet self-interaction has the form

LSH = −V0(H) = M2H+H − λ

2
(H+H)2 , (11)

where H+H =
∑

iH
∗
i Hi and λ is the Higgs self-coupling constant. The La-

grangian Lf describes the interaction of fermions with gauge ˇelds. Fermions
constitute only doublets and singlets in SU(2)L ⊗ U(1)

R1 = eR, R2 = µR, R3 = τR , (12)

L1 =
(
ν

e

)
L

, L2 =
(
ν

′

µ

)
L

, L3 =
(
ν

′′

τ

)
L

, (13)

RqIu = (qIu)R, (q1u = u, q2u = c, q3u = t) , (14)

Rqid = (qid)R, (q1d = d, q2d = s, q3d = b) , (15)

LqI =
(

qIu
VIiqid

)
L

, (16)

where L and R denote left- and right-handed components of the spinors respec-
tively,

ψR,L =
1± γ5
2

ψ (17)

and VIi is the KobayashiÄMaskawa matrix. The neutrinos are assumed to be left-
handed and massless. The Lagrangian Lf describes the interaction of fermions
with gauge ˇelds and it has the form

Lf =
3∑
k=1

[iL̄kD̂LLk + iR̄kD̂RRk + iL̄qkD̂
q
LLqk +

+iR̄qkuD̂
q
RRqku + iR̄qkdD̂

q
RRqkd] , (18)

where D̂L = γµDLµ, D̂R = γµDRµ, D̂q
L = γµDq

Lµ, D̂q
R = γµDq

Rµ. The
Lagrangian LY uk generates fermion mass terms. Supposing the neutrinos to be



530 KRASNIKOV N.V., MATVEEV V.A.

massless, the Yukawa interaction of the fermions with Higgs doublet has the form

LY uk = −
3∑
k=1

[hlkL̄kHRk + hdkL̄
′

qkHRdk + hukL̄
′

qk(iσ
2H∗)Ruk] + h.c. ,

(19)

L
′

qI =
(
qIu
qId

)
.

The potential term V0(H) = −M2H+H + λ
2 (H

+H)2 for M2 > 0 gives rise to
the spontaneous symmetry breaking. The doublet H acquires the nonzero vacuum
expectation value

< H >=
(

0
v√
2

)
, (20)

where v = 246 GeV. In the unitary gauge unphysical Goldstone massless ˇelds
are absent and the Higgs doublet scalar ˇeld depends on the single physical scalar
ˇeld h(x) (Higgs boson ˇeld):

H(x) =

(
0

v√
2
+ h(x)√

2

)
. (21)

Due to spontaneous gauge symmetry breaking gauge ˇelds except gluon and
photon ˇelds acquire masses. Diagonalization of mass matrix gives

W±
µ =

1√
2
(W 1

µ ∓W 2
µ), MW =

1
2
g2v , (22)

Zµ =
1√

g22 + g21
(g2W 3

µ − g1W
0
µ), MZ =

1
2

√
g22 + g21 v , (23)

Aµ =
1√

q22 + g21
(g1W 3

µ + g2W
0
µ), MA = 0 , (24)

where W±
µ , Zµ are charged and neutral electroweak boson ˇelds, Aµ is photon

ˇeld. It is convenient to introduce rotation angle θW between (W 3,W 0) and
(Z,A) which is called Weinberg angle

sin θW ≡
g1√

g21 + g22
. (25)
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Experimentally sin2 θW ≈ 0.23 [19]. The formula for the electric charge e has
the form

e =
g2g1√
g22 + g21

. (26)

At the tree level the Higgs boson mass is determined by the formula

mh =
√
2M =

√
λv . (27)

The Lagrangian LHYM describes the interaction of the Higgs boson ˇeld with
vector W - and Z-bosons. In the unitary gauge it reads

LHYM =
1
2
∂µh∂µh+M2

W (1 +
h

v
)2W+

µ Wµ +
1
2
M2
Z(1 +

h

v
)2ZµZµ . (28)

The Lagrangian LY uk is responsible for the fermion masses generation. In the
unitary gauge it can be written in the form

LY uk = −
∑
i

mψi(1 +
h

v
)ψ̄iψi , (29)

where ψi are the fermion(quark and lepton) ˇelds.

3. INDIRECT HIGGS BOSON MASS BOUNDS

3.1. Tree-Level Unitarity. The Higgs boson has been introduced as a fun-
damental particle to render 2 - 2 scattering amplitudes (see Fig. 1) involving
longitudinally polarized W bosons compatible with unitarity. In general parti-
cles must decouple from low energy spectrum if their mass grows indeˇnitely.
Therefore the Higgs boson mass must be bounded to restore unitarity in the
perturbation theory. The asymptotic tree-level formula for the elastic WLWL

S-wave-scattering amplitude reads [20,21]

AJ=0(WLWL →WLWL) ≈ −
GFm

2
h

4
√
2π

. (30)

Partial wave unitarity implies that

|AJ |2 ≤ |Im(AJ )|, (31)

(Re(AJ ))2 ≤ |Im(AJ )(1 − |Im(AJ)|)|. (32)
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Fig. 1. Tree-level diagrams of elastic WW scattering: (a) pure gauge-boson dynamics,
and (b) Higgs boson exchange

As a consequence we ˇnd that

|Re(AJ)| ≤ 1
2
. (33)

Hence [20,21],

m2h ≤
2π
√
2

GF
≈ (850 GeV)2. (34)

The most stringent bound is obtained by performing a full coupled channel
analysis for the scattering of longitudinal gauge bosons intoW+

L W−
L , ZLZL, ZLh

and hh. The largest eigenvalue of the amplitude matrix gives the most restrictive
bound

m2h ≤
4π
√
2

3GF
≈ (700 GeV)2. (35)

However it should be noted that if mh ≥ 700 GeV it means simply that per-
turbation theory is no longer reliable and in principle an account of higher or-
der corrections can restore unitarity. Lattice estimates give similar bound [22]
mh ≤ 700 GeV on the Higgs boson mass.

3.2. Vacuum Stability Bound. It is possible also to derive bounds on the
Higgs boson mass from the requirement of the absence of the Landau pole sin-
gularity for the effective Higgs self-coupling constant [23] and from the vacuum
stability requirement [24].
The idea of the derivation of the bound resulting from the requirement of the

absence of Landau pole singularities is the following [23]. Suppose the Standard
Model is valid up to the scale Λ. We require that the effective Higgs self-
coupling constant does not have Landau pole singularities up to the energies Λ.
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From this requirement we ˇnd an upper bound on the low energy Higgs self-
coupling constant λ̄(mt) which determines the Higgs boson mass. Namely, the
renormalization group equations for the effective coupling constants in neglection
of all Yukawa coupling constants except top-quark Yukawa coupling constant in
one-loop approximation read

dḡ3
dt

= −7ḡ33 , (36)

dḡ2
dt

= −(19
6
)ḡ32 , (37)

dḡ1
dt

= (
41
6
)ḡ31 , (38)

dh̄t
dt

= (
9h̄2t
2
− 8ḡ23 −

9ḡ22
4
− 17ḡ21

12
)h̄t , (39)

dλ̄

dt
= 12(λ̄2 + (h̄2t −

ḡ21
4
− 3ḡ22

4
)λ − h̄4t +

ḡ41
16

+
ḡ21 ḡ

2
2

8
+
3ḡ42
16

) , (40)

t = (
1

16π2
) ln (µ/mZ) . (41)

Here ḡ3, ḡ2 and ḡ1 are the SU(3)c, SU(2)L and U(1) effective gauge couplings,
respectively, and h̄t is the effective top-quark Yukawa coupling constant. In our
concrete estimates we took mpolet = 175 GeV, ᾱ3(mZ) = 0.118, ᾱ−1

em(mZ) =
127.9, sin2 θW (mZ) = 0.2337, αi ≡ g2i

4π . From the requirement of the absence of
Landau pole singularity for the Higgs self-coupling constant λ̄ for the scales up to
Λ = (103; 104; 106; 108; 1010; 1012; 1014) GeV (to be precise we require that at the
scale Λ the Higgs self-coupling constant is λ̄

2(Λ)
4π ≤ 1) we have found the upper

bound on the Higgs boson mass mh ≤ (400; 300; 240; 200; 180; 170; 160) GeV,
respectively.
The vacuum stability bound [24] comes from the requirement that the elec-

troweak minimum of the effective potential is the deepest one for |H | ≤ Λ.
Remember that Λ is the scale up to which the Standard Model is assumed to
be valid. For |H | � v the mass terms in the effective potential are negligible
compared to the self-interaction term and the vacuum stability requirement means
that the Higgs self-interaction coupling is nonnegative λ̄(µ) ≥ 0 for the scales
µ ≤ Λ. Suppose that at scales M ≥ Ms we have some supersymmetric exten-
sion of the Standard Model. It should be noted that the most popular at present
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is the minimal supersymmetric standard model (MSSM) [9] which predicts that
the effective Higgs self-coupling constant for the standard model at the scale of
supersymmetry breaking Ms ≡ Λ has to obey the inequality

0 ≤ λ̄(Ms) = (ḡ21(Ms) + ḡ22(Ms))(cos(2ϕ))2/4 ≤ (ḡ21(Ms) + ḡ22(Ms))/4 .
(42)

So the assumption that the standard WeinbergÄSalam model originates from its
supersymmetric extension with the supersymmetry broken at scale Ms allows
us to obtain nontrivial information about the low energy effective Higgs self-
coupling constant in the effective potential V = −M2H+H + λ

2 (H
+H)2 and

hence to obtain nontrivial information about the Higgs boson mass. It should
be noted that in nonminimal supersymmetric electroweak models, say in the
model with additional gauge singlet σ, we have due to the kσH1iτ2H2 term
in the superpotential an additional term k2|H1iτ2H2|2 in the potential and as a
consequence our boundary condition for the Higgs self-coupling constant has to
be modiˇed, namely

λ̄(Ms) =
1
4
(ḡ21(Ms) + ḡ22(Ms)) cos2(2ϕ) +

1
2
k̄2(Ms) sin2(2ϕ) ≥ 0 . (43)

The boundary condition (43) depends on unknown coupling constant k̄2(Ms).
However it is very important to stress that for all nonminimal supersymmet-
ric models broken to standard WeinbergÄSalam model at scale Ms the effective
Higgs self-coupling constant λ̄(Ms) is nonnegative which is a direct consequence
of the nonnegativity of the effective potential in supersymmetric models. There-
fore the vacuum stability requirement results naturally [25] if supersymmetry is
broken at some high scale Ms and at lower scales the WeinbergÄSalam model
is an effective theory. For the WeinbergÄSalam model with boundary condition
(42) for the Higgs self-coupling constant λ̄(Ms) we have integrated numerically
renormalization group equations in two-loop approximation. Also we took into
account the one-loop correction to the Higgs boson mass (running Higgs boson
mass m̄h(µ) =

√
λ̄(µ)v does not coincide with pole Higgs boson mass). Our

results [25] for the Higgs boson mass mh(k,Ms,m
pole
t ) for different values of

Ms and mpolet are presented in the Table. Here k = 0 corresponds to the bound-
ary condition λ̄(Ms) = 0 (vacuum stability bound) and k = 1 corresponds to the
boundary condition λ̄(Ms) = 1

4 (ḡ
2
1 + ḡ22). So from the requirement that at some

high scale Ms the MSSM is softly broken to the SM we ˇnd [25] that the Higgs
boson mass lies in the interval

mh(k = 0,Ms,m
pole
t ) ≤ mh ≤ mh(k = 1,Ms,m

pole
t ).
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Table. The dependence of the Higgs boson mass mh(k,Ms,m
pole
t ) on the values

of Ms, m
pole
t and k = 0, 1. Everything except k is in GeV

mpole
t 165 165 170 170 175 175 180 180 185 185

k=0 k=1 k=0 k=1 k=0 k=1 k=0 k=1 k=0 k=1

Ms = 103 69 111 74 114 78 117 83 120 88 123
Ms = 103.5 81 117 86 120 92 124 98 128 104 132
Ms = 104 89 121 95 125 101 130 108 134 114 139
Ms = 106 105 129 113 135 121 141 129 147 137 153
Ms = 108 112 132 120 138 129 147 138 152 146 159
Ms = 1010 115 133 124 140 133 147 142 154 151 161
Ms = 1012 117 134 126 141 136 147 145 154 154 161
Ms = 1014 118 134 127 141 132 148 147 156 156 164
Ms = 1016 118 134 128 141 138 148 148 156 158 164

The accuracy in the determination of mh(k,Ms,m
pole
t ) is related mainly to

nonexact knowledge of α3(MZ) and it is estimated to be less than 3 GeV. For
instance, for mpolet = 175 GeV and Ms = 108 GeV we ˇnd that

129 GeV ≤ mh ≤ 147 GeV.

Note that in the MSSM the mass of the lightest Higgs boson is less than
mh ≤ MZ at tree-level. Radiative corrections can increase the mass of the
lightest Higgs boson [26] up to 120 GeV provided the sparticle masses are less
than 1 TeV. As it has been demonstrated in Refs. 27, in the Standard Model
due to the vacuum stability condition the Higgs boson mass has to be heavier
than ∼ 120 GeV∗. It means that by the measurement of the Higgs boson mass
it would be possible to distinguish between SM and MSSM. In particular, the
observation of the Higgs boson at LEP2 with a mass less than 110 GeV will be
powerful nontrivial indication in favour of the existence of low energy broken
supersymmetry.

3.3. Higgs Boson Mass Bound from Electroweak Precision Data. Indirect
bound on the Higgs boson mass can be derived from the high-precision measure-
ments of electroweak observables at LEP and elsewhere. The Standard Model
is renormalizable only after including the top quark and the Higgs boson and as
a consequence the electroweak observables are sensitive to the masses of these
particles. The Fermi coupling can be rewritten as

GF√
2
=

2πα
sin2(2θW )M2

Z

[1 + ∆ra +∆rt +∆rh]. (44)

∗Concrete details and rigorous statements are contained in [27].
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The ∆ terms take into account the radiative corrections: ∆ra describes the shift
in the effective electromagnetic coupling constant; ∆rt takes into account the top
quark contribution. The ∆rh denotes the Higgs boson contribution. This term
depends logarithmically [28] on the Higgs boson mass and at leading order it
reads

∆rh =
11GFM

2
W

24
√
2π

[log(
m2h
M2
W

)− 5
6
], (m2h �M2

W ). (45)

Although the sensitivity on the Higgs boson mass is only logarithmic, the in-
creasing precision in the measurement of the electroweak observables allows one
to derive constraints on the Higgs boson mass [29]

mh = 71+75−42 ± 5 GeV. (46)

In other words it means that the Higgs boson should be relatively light with a
mass less than mh < 220 GeV at 95% C.L. [29]. See, however, Ref. 30 where
it has been shown on the base of the scale factor ˇt that 95 percent conˇdence
level upper limit increases to as much as 750 GeV.

4. HIGGS BOSON DECAYS

The tree-level Higgs boson couplings to gauge bosons and fermions can be
deduced from the Lagrangian (28), (29). Of these, the hW+W−, hZZ and hψ̄ψ
are the most important for the phenomenology. The partial decay width into
fermion-antifermion pair is [31]

Γ(h→ ψψ̄) =
GFm

2
ψmhNc

4π
√
2

(1−
4m2ψ
m2h

)
3
2 , (47)

where Nc is the number of fermion colours. For mh ≤ 2mW Higgs boson
decays mainly with (≈ 90 percent) probability into b quark-antiquark pair and
with ≈ 5 percent probability into τ lepton-antilepton pair. An account of higher
order QCD corrections can be effectively taken into account in formula (47) for
the Higgs boson decay into b quark-antiquark pair by the replacement of pole
b-quark mass in formula (47) by the effective b-quark mass m̄b(mh). An account
of higher order corrections leads to the formula [32] (see Fig. 2)

Γ(h→ QQ̄) =
3G2Fmh

4
√
2π

m̄2Q(mh)[∆QCD +∆t], (48)

∆QCD = 1 + 5.67
αs(mh)

π
+ (35.94− 1.36NF )(

αs(mh)
π

)2 +

+161.14− 25.77NF + 0.259N2F )(
αs(mh)

π
)3, (49)
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Fig. 2. Typical diagrams contributing to h → QQ̄ at lowest order and one-, two- and
three-loop QCD

∆t = (
αs(mh)

π
)2[1.57− 2

3
log

m2h
m2t

+
1
9
log2

m̄2Q(mh)
m2h

] (50)

for the Higgs boson decay width to Q = b, c quarks in the MS renormalization
scheme. The relation between the perturbative quark pole mass mQ and the MS
running quark mass m̄Q(mQ) has the form [33]

m̄Q(mQ) =
mQ

1 + 4
3
αs(mQ)

π +KQ(
αs(mQ)

π )2
, (51)

where numerically Kt ≈ 10.9, Kb ≈ 12.4 and Kc ≈ 13.4. Electroweak cor-
rections to heavy quarks and lepton decays are rather small [34] (less than 2
percent).
Higgs boson with mh ≥ 2MW will decay into pairs of gauge bosons (see

Fig. 3) with the partial widths

Γ(h→W+W−) =
GFm

3
h

32π
√
2
(4− 4aW + 3a2W )(1 − aW )

1
2 , (52)

Γ(h→ Z0Z0) =
GFm

3
h

64π
√
2
(4− 4aZ + 3a2Z)(1− aZ)

1
2 , (53)
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Fig. 3. Diagram contributing to h →
→ V V [V = W,Z]

where aW = 4M2
W

m2
h
and aZ = 4M2

Z

m2
h
. The

electroweak corrections have been computed
in Refs. 34. They are less than 5 percent in the
intermediate region. The QCD corrections to
the leading top mass corrections of O(GFm

2
t )

have been calculated in Refs. 35.
In the heavy Higgs mass regime (2mZ ≤

≤ mh ≤ 800 GeV), the Higgs boson decays
dominantly into gauge bosons. For example,
for mh � 2mZ one can ˇnd that

Γ(h→W+W−) � 2Γ(h→ ZZ) � GFm
3
h

8π
√
2

. (54)

The m3h behaviour is a consequence of the longitudinal polarisation states of the
W and Z. As mh gets large, so does the coupling of h to the Goldstone bosons
which have been eaten by the W and Z. However, the Higgs boson decay width
to a pair of heavy quarks growth only linearly in the Higgs boson mass. Thus,
for the Higgs masses sufˇciently above 2mZ , the total Higgs boson width is well
approximated by ignoring the Higgs boson decay to tt̄ and including only two
gauge boson modes. For heavy Higgs boson mass one can ˇnd that

Γtotal(h) � 0.48TeV(
mh

1TeV
)3 . (55)

For large Higgs boson mass higher order corrections due to the self-coupling of
the Higgs boson are relevant, namely [36]

Γ(h→ V V ) = ΓLO(h→ V V )[1 + 2.8κ+ 62.0κ2], (56)

where κ = GFm
2
h

16
√
2π2 , V = Z,W .

Below threshold the decays into off-shell gauge particles are important. The
decay width into single off-shell gauge boson has the form [37]

Γ(h→ V V ∗) = δV
3G2FM

4
Vmh

16π3
R(

M2
V

m2h
), (57)

where δW = 1, δZ = 7
12 −

10
9 sin

2 θW + 40
27 sin

4 θW and

R(x) = 3
1− 8x+ 20x2√

4x− 1
arccos(

3x− 1
2x3/2

)−

−1− x

2x
(2− 13x+ 47x2)− 3

2
(1− 6x+ 4x2) log(x), (58)
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x = M2
V

m2
h
. For Higgs boson mass slightly larger than the corresponding gauge

boson mass the decay widths into pairs of off-shell gauge bosons play important
role. The corresponding formulae can be found in Ref. 38.

Fig. 4. Diagrams contributing to h → gg at
lowest order

It should be noted that there are
a number of important Higgs boson
couplings which are absent at tree-
level but appear at one-loop level.
Among them the couplings of the
Higgs boson to two gluons and two
photons are extremely important for
the Higgs boson searches at supercol-
liders. One-loop induced Higgs cou-
pling to two gluons is due to t-quark
exchange in the loop (see Fig. 4) [39]
and it leads to an effective Lagrangian

Leffhgg =
g2αsNg

24πmW
hGa

µνG
aµν (59)

for the interaction of the Higgs boson with gluons. At lowest order the partial
decay width is given by [39]

ΓLO(h→ gg) =
GFα

2
sm

3
h

36
√
2π3
|
∑
Q

AhQ(τQ)|2, (60)

AhQ(τ) =
3
2
τ [1 + (1 − τ)f(τ)], (61)

f(τ) = arcsin2 (
1√
τ
) if τ ≥ 1, (62)

f(τ) = −1
4

[
ln
(
1 +
√
1− τ

1−
√
1− τ

)
− iπ

]2
if τ < 1. (63)

The parameter τQ = 4m2
Q

m2
h
is deˇned by the pole mass mQ of the heavy quark in

the loop. For large quark mass AhQ(τQ) → 1. An account of the QCD radiative
corrections (see Fig. 5) gives for m2h � 4m2Q [40]

Γ(h→ gg(q), qq̄g) = ΓLO[α(NF )
s (mh)][1 + (

95
4
− 7
6
NF )

α
(NF )
s (mh)

π
] (64)
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Fig. 5. Typical diagrams contributing to the QCD corrections to h → gg

with NF = 5 light quark qavours. It appears that radiative corrections are very
large: the decay width is shifted by about (60Ä70) percent upwards in the most
interesting mass region 100 GeV ≤ mh ≤ 500 GeV. Three-loop QCD corrections
have been calculated in the limit of a heavy top quark [41]. They are positive
and increase the full next leading order expression by 10 percent. Using the
low-energy theorems it is possible to calculate easily the electroweak O(GFM

2
t )

corrections to the leading order Higgs boson decay width into two gluons [42]

Γ(h→ gg) = ΓLO(h→ gg)[1 +
GFM

2
t

8
√
2π2

]. (65)

Numerically they are negligible.
Also very important is the one-loop induced Higgs boson coupling to two

photons due to W and t-quark exchanges in the loop (see Fig. 6). The partial
decay width can be written in the form

Γ(h→ γγ) =
GFα

2m3h
128
√
2π3
|
∑
f

Ncfe
2
fA

h
f (τf ) +AhW (τW )|2, (66)

where

Ahf (τ) = 2τ [1 + (1− τ)f(τ)], (67)

AhW (τ) = −[2 + 3τ + 3τ(2 − τ)f(τ)], (68)

τi =
4M2

i

m2
h
, i = f,W and the function f(τ) is determined by the formulae (62),

(63). The W loop gives the dominant contribution in the intermediate Higgs

Fig. 6. Diagrams contributing to h → γγ at lowest order
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boson mass range. Two-loop QCD corrections to the quark loops have been
calculated in [42]. QCD corrections rescale the lowest order by a factor that
depends on the ratio of the Higgs boson and quark masses

AhQ(τQ)→ AhQ(τQ)× [1 + Ch(τQ)
αs
π
] (69)

with Ch(τQ) → −1 for m2h � 4m2Q. QCD corrections to the two photon Higgs
boson decay width numerically are not very big, of O(10) %. Electroweak
corrections are less than 1 % [43].

Fig. 7. (a) Total decay width (in GeV) of the SM Higgs boson as a function of its mass.
(b) Branching ratios of the dominant decay modes of the SM Higgs particle. All relevant
higher-order corrections are taken into account (Ref. 16) (H ≡ h)
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5. HIGGS BOSON SEARCH AT LEP

The process that was used for the direct search for the Higgs boson at LEP1
was the Bjorken process [45]

e+e− → Z → (Z∗ → f f̄)h. (70)

The differential decay width for the Z → (Z∗ → f f̄)h reaction normalized to
Z → f f̄ decay is given by [46]

Γ(Z → (Z∗ → f f̄)h)
Γ(Z → f f̄)

=
α

4π sin2 θW cos2 θW

(1− x+ x2

12 +
2r2

3 )(x
2 − 4r2)1/2

(x− r2)2 + (ΓZ/MZ)2
,

(71)

where x = 2Eh/MZ and r = mh/MZ , the kinematical limits being 2r ≤ x ≤
≤ 1− r2. The energy of the Higgs boson Eh is related to the invariant mass of
the fermion pair Mff̄ (i.e., the invariant mass of the virtual Z

∗ boson)

Eh =
(M2

Z +m2h −M2
ff̄
)

2MZ
. (72)

The Bjorken process with the decay of the virtual Z boson to µ+µ−, e+e−, νν̄
pairs is used for the Higgs boson search. The decay of the Z∗ to quark-antiquark
pair is not useful due to large QCD background. The Higgs decay mode deter-
mines the Higgs signature in the detectors. Higgs bosons with low mass decay
into e+e− and µ+µ− pairs, for intermediate mass they decay into light hadrons
and τ+τ− pairs, and for high mass they decay mainly into a bb̄ quark-antiquark
pair. The combined limit of the four LEP1 experiments (ALEPH, DELPHI, L3
and OPAL) on the Higgs boson mass is [47]

mh ≥ 65.4 GeV, 95% C.L. (73)

At LEP2 with the total energy
√
s = 130−200 GeV the dominant Higgs pro-

duction process ∗ is e+e− → hZ (®Higgs-strahlung¯ process). The corresponding
cross section at tree-level is given by [48]

σ(e+e− → hZ) =
πα2λ1/2(λ+ 12sM2

Z)[1 + (1− 4 sin2 θW )2]
192s2 sin4 θW cos4 θW (s−M2

Z)2
, (74)

where λ ≡ (s −m2h −M2
Z)
2 − 4m2hM2

Z . One can see that for a ˇxed value of
mh, the cross section is maximal for

√
s ≈ mZ +

√
2mh.

∗The e+e− → WW and e+e− → ZZ fusions are still negligible at LEP2 energies
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There are important differences between the Higgs boson searches at LEP1
and LEP2. The signal-to-background ratio is much better at LEP2. The large
background rate at LEP1 required a very detailed simulation of detector effects
and rare background reactions. The dominant hadronic Higgs boson signature
(Z∗h → qq̄qq̄) was useless at LEP1 due to large QCD background. While the
expected Higgs boson production at LEP1 involved a real Z decaying into a Higgs
boson and a virtual Z boson, at LEP2 the Higgs boson is produced in association
with an on-shell Z boson. This additional information about the ˇnal-state Z
boson gives rise to better Higgs boson mass reconstruction and greater sensitivity
for a Higgs boson signal due to better background rejection.
Final state particles in the analysed Higgs boson channels at LEP2 are

e+e− → (Z → qq̄, νν̄, e+e−, µ+µ−, τ+τ−)(h→ bb̄, τ+τ−). (75)

Thus the three typical signatures are:
(a) two b-jets + a charged lepton pair (Z → µ+µ−(e+e−), h→ bb̄),
(b) two b-jets plus missing transverse energy (Z → νν̄, h→ bb̄),
(c) four jets with at least two b-jets or two τ -jets (Z → qq̄, h → bb̄ or

(hZ → qq̄τ+τ−)).
The Standard Model background to these signatures is well known and it is

under control [48,49]. For example, the Higgs boson production cross section at√
s = 189 GeV for mh = 95 GeV is 0.18 pb, whereas the main background cross
sections are 98 pb (e+e− → qq̄), 16 pb (e+e− →WW ), 0.62 pb (e+e− → ZZ).
1998 LEP2 run with full energy

√
s = 189 GeV and with L ≈ 170 pb−1/ exp

allowed one to deduce the following 95% C.L. lower Higgs boson mass bounds
[50Ä54]

mh > 90.2 GeV (ALEPH),

mh > 95.2 GeV (DELPHI),

mh > 95.3 GeV (L3),

mh > 91.0 GeV (OPAL).

Note that an additional account of 1999 data with integrated luminosities
29 fb−1 and 69.5 fb−1 at

√
s = 191.6 GeV and

√
s = 195.6 GeV allowed the

ALEPH Collaboration to deduce the Higgs boson mass bound mh > 98.8 GeV
[55]. Recent preliminary combined limit of 4 LEP2 experiments with

√
s ≤

≤ 195.6 GeV [56] gives mh > 102.6 GeV at 95% C.L.
LEP2 run with total energy

√
s = 200 GeV and with total luminosity Lt =

= 200 pb−1 for each experiment will be able to discover standard Higgs boson
with a mass up to 107 GeV [57].
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6. HIGGS BOSON PRODUCTION AT HADRON SUPERCOLLIDERS

Typical processes that can be exploited to produce Higgs bosons in hadron
supercolliders are:
gluon fusion: gg → h,
WW , ZZ fusion: W+W−, ZZ → h,
®Higgs-strahlung¯ off W , Z: qq̄W,Z →W,Z + h,
Higgs-bremsstrahlung off top: qq̄, gg → tt̄+ h.

Fig. 8. Diagram contributing to the formation
of Higgs bosons in gluon-gluon collisions at
lowest order

Gluon fusion plays a dominant
role at the LHC throughout the entire
Higgs boson mass range of the SM
whereas the WW/ZZ fusion process
becomes increasingly important with
Higgs boson rising. The last two re-
actions are important only for light
Higgs boson masses.
The gluon-fusion mechanism [58]

(see Fig. 8)

pp→ gg → h (76)

is the dominant production mechanism of the Higgs boson at the LHC for Higgs
boson mass up to 1 TeV. The gluon coupling to the Higgs boson in the SM is
mediated by triangular loops of top and bottom quarks. The corresponding form
factor approaches a nonzero value for large loop-quark masses. At lowest order
the partonic cross section can be expressed by the gluonic width of the Higgs
boson

σ̂LO(gg → h) = σ0m
2
hδ(ŝ−m2h), (77)

σ0 =
π2

8m2h
ΓLO(h→ gg) =

GFα
2
s

288
√
2π
|
∑
Q

AhQ(τQ)|2, (78)

where τQ =
4M2

Q

m2
h
, ŝ denotes the partonic system of mass energy squared and the

form factor AhQ is determined by the formulae (62), (63). In the narrow-width
approximation hadronic cross section can be written in the form

σLO(pp→ h+ ...) = σ0τh
dLgg

dτh
, (79)

where dLgg

dτh
denotes gg luminosity of the pp collider with τh =

m2
h

s . The QCD
corrections to the gluon fusion process (see Fig. 9) are essential [59]. They
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Fig. 9. Typical diagrams contributing to the virtual/real QCD corrections to gg → h

stabilize the theoretical predictions for the cross section when the renormalization
and factorisation scales are varied. Moreover, they are large and positive, thus
increasing the production cross section for Higgs bosons. The QCD corrections
consist of virtual corrections to the basic process gg → h and of real corrections
due to reactions gg → hg, qq → hq and qq̄ → hg. The virtual corrections rescale
the lowest-order fusion cross section with a coefˇcient that depends only on the
ratios of the Higgs and quark masses. The next-to-leading order for the hadronic
cross section can be represented in the form [59]

σ(pp→ h+ ...) = σ0[1 + C
αs
π
]τh

dLgg

dτh
+∆σgg +∆σqg +∆σqq̄ . (80)

The calculation has been performed [59] in the MS scheme. The mass MQ is
identiˇed with the pole quark mass and the renormalization scale in αs and the
factorisation scale of the parton densities is ˇxed at the Higgs boson mass. The
coefˇcient C(τQ) denotes the ˇnite part of the virtual two-loop corrections. The
ˇnite parts of the hard contributions from gluon radiation in gg scattering , gq
scattering and qq̄ annihilation are presented in the form [59]

∆σgg =
∫ 1

τh

dτ
dLgg

dτ
× αs

π
σ0[−zPgg(z) log z + dgg(z, τQ) + (81)

+12[(
log(1− z)
(1− z)

− z[2− z(1− z)] log(1− z)]] ,

∆σgq =
∫ 1

τh

∑
q,q̄

dLgq

dτ
× αs

π
σ0[−

z

2
Pgq(z) log

z

(1− z)2
+ dgq(z, τQ)] , (82)

∆σqq̄ =
∫ 1

τh

dτ
∑
q

dLqq̄

dτ
× αs

π
σ0dqq̄(z, τQ) , (83)
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Fig. 10. K factors of the QCD-corrected gluon-fusion cross section σ(pp → h + X) at
the LHC with c.m. energy

√
s = 14 TeV. The renormalization and factorisation scales

have been identiˇed with the Higgs mass, and CTEQ4 parton densities have been adopted
(Ref. 16) (H ≡ h)

where z = τh/τ = m2h/ŝ, Pgg and Pgq are AltarelliÄParisi splitting functions. In
the heavy quark limit one can ˇnd that [59]

C(τQ)→ π2 + 5.5, (84)

dgg(z, τQ)→ −5.5(1− z)3, (85)

dgq(z, τQ)→
2
3
z2 − (1− z)2, (86)

dqq̄(z, τQ)→
32
27
(1− z)3. (87)

The size of the radiative corrections can be parametrised by deˇning the K
factor as K = σNLO/σLO. The results of the calculations are presented in Fig. 10.
The virtual and the real corrections for the gg collisions are the most important,
they are large and positive. After including higher order QCD corrections the
dependence of the cross section on the renormalization and factorisation scales is
reduced from the level of O(1) to a level of about O(0.2).
The theoretical prediction for the Higgs boson production cross section is

presented in Fig. 11 for the LHC as a function of the Higgs boson mass. The
cross section decreases with increasing of the Higgs boson mass mainly due to
the decrease of gg partonic luminosity for large invariant masses.
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Fig. 11. The cross section for the production of Higgs bosons; three different sets of parton
densities are shown (CTEQ4M, MRS(R1) and GRV('92)) (Ref. 16) (H ≡ h)

Fig. 12. Diagram contributing to
qq → qqV ∗V ∗ → qqh at lowest
order

The second important process for the Higgs
boson production at the LHC is vector-boson
fusion (see Fig. 12), W+W−(ZZ) → h [60].
For large Higgs boson mass this mechanism be-
comes competitive to gluon fusion; for intermedi-
ate masses the cross section is smaller by about an
order of magnitude. For large Higgs boson mass
the W and Z bosons are predominantly longitudi-
nally polarised. At high energies, the equivalent
particle spectra of the longitudinal W , Z bosons
in quark beam have the form [16]

fWL (x) =
GFM

2
W

2
√
2π2

1− x

x
, (88)

fZL (x) =
GFM

2
Z

2
√
2π2

[(Iq3 − 2eq sin2 θW )2 + (Iq3 )
2]
1− x

x
, (89)

where x is the fraction of energy transferred from the quark to the W , Z boson in
the splitting process q → q+W/Z. The WW and ZZ luminosities are presented
in the form:

dLWW

dτW
=

G2FM
4
W

8π4

[
2− 2

τW
− 1 + τW

τW
log τW

]
, (90)



548 KRASNIKOV N.V., MATVEEV V.A.

dLZZ

dτZ
=

G2FM
4
Z

8π4
[(Iq3 − 2eq sin2 θW )2 + (Iq3 )

2][(Iq
′

3 − (91)

−2eq′ sin2 θW )2 + (Iq
′

3 )
2] · [2− 2

τZ
− 1 + τZ

τZ
log τZ ] ,

where τV = M2
V V

s . Denoting the parton cross section for WW,ZZ → h by σ̂0
with

σ̂0(V V → h) = σ0δ(1−m2h/ŝ), (92)

σ0 =
√
2πGF , (93)

the cross sections for the Higgs boson production in quark-quark and hadron-
hadron collisions are presented in the form [16]

σ̂(qq → qqh) =
dLV V

dτV
σ0 , (94)

σ(qq
′ → V V → h) =

∫ 1

m2
h/s

dτ
∑
q,q′

dLqq
′

dτ
σ̂(qq

′ → qq
′
h; ŝ = τs) . (95)

Fig. 13. Diagram contributing to qq →
→ V ∗ → V h at lowest order

®Higgs-strahlung¯ qq̄ → V ∗ → V h
(V = W,Z) (see Fig. 13) is a very
important process for the search of
light Higgs boson at the TEVATRON
and LHC. Though the cross section is
smaller than for gluon fusion, leptonic
decays of electroweak vector bosons are
extremely useful to ˇlter Higgs boson
signal from a huge background. The
corresponding formulae for the cross
section are contained in [61].
The process gg, qq̄ → tt̄h (see

Fig. 14) is relevant for small Higgs bo-
son masses. The analytical expression for the parton cross section is quite in-
volved [62]. Note that Higgs boson bremsstrahlung off top quarks is an in-
teresting process for measurements of the fundamental ht̄t Yukawa coupling.
The cross section σ(pp → tt̄h) is directly proportional to the square of this
coupling constant.
One can say that three classes of processes can be distinguished. The gluon

fusion of Higgs boson is a universal process, dominant over the entire Higgs
boson mass range. ®Higgs-strahlung¯ of electroweak W,Z bosons or top quarks
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Fig. 14. Typical diagrams contributing to qq̄/gg → htt̄ at lowest order

Fig. 15. Higgs production cross sections at the LHC for various production mechanisms as
a function of the Higgs mass. The full QCD-corrected results for the gluon fusion gg → h,
vector-boson fusion qq → V V qq → hqq, vector-boson bremsstrahlung qq̄ → V ∗ → hV
and associated production gg, qq̄ → htt̄, hbb̄ are shown [16] (H ≡ h)

is important for light Higgs boson. The WW/ZZ fusion channel, by con-
trast, becomes rather important in the upper part of the Higgs boson mass.
An overview of the production cross section for the Higgs boson at the LHC
is presented in Fig. 15.

7. SEARCH FOR THE HIGGS BOSON AT TEVATRON

It is expected [63, 64] that upgraded Fermilab Tevatron (TEV22) will start
in the 2000 year with the full energy

√
s = 2 TeV, and the full luminosity for

each experiment during 3 years of exploitation will be Lt = 2 fb−1. There are
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Fig. 16. Luminosity required as a function of Higgs mass to achieve different levels of
sensitivity to the standard-model Higgs boson. The upper curve corresponds to a 5 σ
discovery, the middle to a 3 σ signal and the lower to a 95% exclusion limit. These limits
require two experiments, Bayesian statistics are used to combine the channels and include
the improved sensitivity which would come from multivariate analysis techniques (Ref. 64)

also plans to increase luminosity to have Lt = 30 fb−1 (TEV33) by 2006. The
most interesting process for the search for standard Higgs boson at the Tevatron
is ®Higgs-strahlung¯ off W , Z bosons qq̄ → W ∗/Z∗ →W/Z+h. For the Higgs
boson mass 100 GeV ≤ mh ≤ 140 GeV the cross section is between 0.5 pb
and 0.1 pb. The QCD corrections for ®Higgs-strahlung¯ coincide with those of
the DrellÄYan process and increase tree-level cross section approximately by 30
percent. The most promising signatures are

pp̄→ (h→ bb̄)(W → lν, jets) + anything, (96)

pp̄→ (h→ bb̄)(Z → l+l−, νν̄) + anything. (97)

The bb̄ decay of the Higgs boson adds powerful background rejection based on
b-tagging especially at low Higgs boson mass, below ∼ 130 GeV where that de-
cay dominates. Other very promising signature [65] is the use of h→W ∗W ∗ →
→ lν̄l̄ν decay mode with the dominant gluon-gluon Higgs boson fusion pro-
duction mechanism. The main conclusion of Ref. 65 is that for an integrated
luminosity of 30 fb−1 the Higgs boson signal should be observable at a 3σ level
or better for the mass range 145 GeV ≤ mh ≤ 180 GeV and for 95% per-
cent conˇdence level exclusion, the mass reach is 135 GeV ≤ mh ≤ 190 GeV.
One can say that at TEV33 run with the full luminosity Lt = 30 fb−1 it would
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be possible to discover the Higgs boson at ≥ 3σ level at least with a mass up
to (180Ä190) GeV [63Ä65]. The Higgs boson discovery potential of Tevatron
Collider is shown in Fig.16.

8. LHC DETECTORS

The LHC (Large Hadron Collider) [66Ä69] which will be the biggest particle
accelerator complex ever built in the world will accelerate two proton beams with
the total energy

√
s = 14 TeV. At low luminosity stage (ˇrst two-three years

of operation) the luminosity is planned to be Llow = 1033 cm−2s−1 with total
luminosity Ltot = 104 pb−1 per year. At high luminosity stage the luminosity
is planned to be Lhigh = 1034 cm−2s−1 with total luminosity Ltot = 105 pb−1

per year. The LHC will start to work in the 2005 year. There are planned to be
two big general purpose detectors at LHC CMS (Compact Muon Solenoid) and
ATLAS (A Toroidal LHC Apparatus).
The scientiˇc program at the LHC consists in many goals [66Ä69]. One of the

most important tasks for the LHC is the quest for the origin of the spontaneous
symmetry-breaking mechanism in the electroweak sector of the SM. As it has
been mentioned before, all the renormalizable models of electroweak interactions
are based on the use of the gauge symmetry breaking. As a consequence of the
electroweak symmetry breaking and the renormalizability of the theory there must
be neutral scalar particle (Higgs boson) in the spectrum. So the discovery of the
Higgs boson will be the check of the spontaneous symmetry breaking and the
renormalizability of the theory and therefore there are no doubts that the Higgs
boson discovery is the supergoal number 1 for the LHC. The Higgs boson search
is therefore used as a ˇrst benchmark for the detector optimisation for both CMS
and ATLAS. For the SM Higgs boson, the detector has to be sensitive to the
following processes in order to cover the full mass range above the expected
LEP2 discovery limit of (105− 110) GeV:
A. h→ γγ mass range 90 GeV ≤ mh ≤ 150 GeV,
B. h→ bb̄ from Wh,Zh, tt̄h using l±(l± = e± or µ±)-tag and b-tagging in

the mass range 80 GeV ≤ mh ≤ 100 GeV,
C. h→ ZZ∗ → 4l± for the mass range 130 GeV ≤ mh ≤ 2mZ ,
D. h→ ZZ → 4l±, 2l±2ν for the mass range mh ≥ 2mZ ,
E. h→WW,ZZ → l±ν 2 jets, 2l± 2 jets, using tagging of forward jets for

mh up to 1 TeV.
In minimal supersymmetric extension of the standard model (MSSM) there

is a family of Higgs particles (H±, h,H and A). So in addition to the standard
Higgs boson signatures the MSSM Higgs searches are based on the following
processes:
F. A→ τ+τ− → eµ plus ν′s, or A→ τ+τ− → l± plus hadrons plus ν′s,
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G. H± → τ±ν from tt̄→ H±W∓bb̄ and H± → 2 jets, using a l±- tag and
b-tagging.

The observable cross sections for most of those processes are small
(1Ä100) pb over a large part of the mass range. So it is necessary to work
at high luminosity and to maximise the detectable rates above backgrounds by
high-resolution measurements of electrons, muons and photons.

For the H± and A signatures in the case of the MSSM, high performance
detector capabilities are required in addition for the measurements which are
expected to be the best achieved at initial luminosities with a low level of over-
lapping events, namely secondary vertex detection for τ -leptons and b-quarks,
and high resolution calorimetry for jets and missing transverse energy EmissT .

The second supergoal of the LHC project is the supersymmetry discovery,
i.e., the detection of superparticles. Here the main signature are the missing
transverse energy events which are the consequence of undetected lightest stable
supersymmetric particles (LSP) predicted in supersymmetric models with R-parity
conservation. Therefore it is necessary to set stringent requirements for the her-
meticity and EmissT capability of the detector. Also the search for new physics
different from supersymmetry (new gauge bosons W

′
and Z

′
, new Higgs bosons

with big Yukawa couplings, etc.) at LHC requires high resolution lepton mea-
surements and charge identiˇcation even in the pT range of a few TeV. Other
possible signature of new physics (compositeness) can be provided by very high
pT jet measurements. An important task of LHC is the study of b- and t-physics.
Even at low luminosities the LHC will be a high rate beauty and top quark factory.
The main emphasis in B-physics is the precise measurement of CP-violation in
the B0d system and the determination of the KobayashiÄMaskawa angles. Besides
investigations of BB̄ mixing in the B0S system, rare B decays are also very im-
portant. Precise secondary vertex determination, full reconstruction of ˇnal states
with relatively low-pT particles, an example being B0d → J/ΨK0S followed by
J/Ψ→ l+l− and K0S → π+π−, and low-pT lepton ˇrst-level triggering capabil-
ity are all necessary. In addition to running as a proton-proton collider, LHC will
be used to collide heavy ions at a centre of mass energy 5.5 TeV per nucleon
pair. The formation of quark-gluon plasma in the heavy ion collisions is predicted
to be signalled by a strong suppression of Υ

′
and Υ

′′
production relative to Υ

production when compared with pp collisions. The CMS and ATLAS detectors
will be used to detect low momentum muons produced in heavy ion collisions
and reconstruct Υ-, Υ

′
- and Υ

′′
-meson production. Therefore the basic design

considerations for both ATLAS and CMS are the following:

1. very good electromagnetic calorimetry for electron and photon identiˇca-
tion and measurements,

2. good hermetic jet and missing ET -calorimetry,

3. efˇcient tracking at high luminosity for lepton momentum measurements,
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for b-quark tagging, and for enhanced electron and photon identiˇcation, as well
as tau and heavy-qavour vertexing and reconstruction capability of some B-decay
ˇnal states at lower luminosity,
4. stand-alone, precision, muon-momentum measurement up to the highest

luminosity, and very low-pT trigger capability at lower luminosity,
5. large acceptance in η coverage.
8.1. Brief Description of CMS Subdetectors [67] . The CMS detector con-

sists of inner detector (tracker), electromagnetic calorimeter, hadron calorimeter,
muon spectrometer and trigger. A schematic view of the CMS detector is shown
in Fig. 17.

Fig. 17. Longitudinal view of the CMS detector

Tracker. The design goal of the central tracking system is to reconstruct
isolated high-pT tracks with an efˇciency better than 95 percent, and high-pT
tracks within jets with an efˇciency of better than 90 percent over the rapidity
|η| ≤ 2.6. The momentum resolution required for isolated charged leptons in
the central rapidity region is δpT

pT
= 0.1pT (pT in TeV). This will allow the

measurement of the lepton charge up to pT = 2 TeV. It is also very important for
tracking system to perform efˇcient b- and τ -tagging. The tracker system consists
of silicon pixels, silicon and gas microstrip detectors (MSGS) which provide
precision momentum measurements and ensure efˇcient pattern of recognition
even at the highest luminosity. A silicon pixel detectors consist of two barrel
layers and three endcap layers and it is placed close to the beam pipe with the
tasks of:
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a. assisting in pattern recognition by providing two or three true space points
per track over the full rapidity range in the main tracker,
b. improving the impact parameter resolution for b-tagging,
c. allowing 3-dimensional vertex reconstruction by providing a much im-

proved Z-resolution in the barrel part.
The silicon microstrip detector is required to have a powerful vertex ˇnding

capability in the transverse plane over a large momentum range for b-tagging and
heavy quark physics and must be able to distinguish different interaction vertices
at high luminosity. The CMS silicon microstrip detector is subdivided into barrel
and forward parts, meeting at |η| = 1.8(η ≡ − ln(tan( θ2 )), provided at least
3 measuring points on each track for |η| ≤ 2.6. The microstrip gas chambers
provide a minimum of 7 hits for high-pT tracks. The track ˇnding efˇciency
in the tracker is 98 percent for pT ≥ 5 GeV. The charged particle momentum
resolution depends on the η and pT of charged particle and for pT = 100 GeV
and |η| ≤ 1.75 it is around 2 percent. Impact parameter resolution also depends
on pT and η and for 10 GeV ≤ pT ≤ 100 GeV and |η| ≤ 1.3 in transverse
plane it is around 100 µm. The b-tagging efˇciency from t̄t decays is supposed
to be better than 30 percent. A signiˇcant impact parameter resolution can be
used to tag τ -leptons. It could be useful in searches such as SUSY Higgs
boson decays A,H, h → ττ → e + µ + X(or l + hadrons). These leptons
(hadrons) originate from secondary τ vertices while in the backgrounds from
t̄t → Wb +Wb̄ → e + µ +X and WW → e + µ +X they originate from the
primary vertex. It is possible to have the efˇciency for the signal ≈ 50 percent
while for the background channels it is ≈ 3 percent.

ECAL. The barrel part of the electromagnetic calorimeter covers the rapidity
intervals |η| ≤ 1.56. The endcaps cover the intervals 1.65 ≤ |η| ≤ 2.61. The gaps
between the barrel and the endcaps are used to route the services of the tracker
and preshower detectors. The barrel granularity is 432 fold in φ and 108× 2-fold
in η. A very good intrinsic energy resolution given by

σ

E
=
0.02√

E
⊕ 0.005⊕ 0.2

E
(98)

is assumed to be for electrons and photons with a PbWO4 crystal ECAL. The
physics process that imposes the strictest performance requirements on the elec-
tromagnetic calorimeter is the intermediate mass Higgs boson decaying into two
photons. The main goal here is to obtain very good diphoton mass resolution.
The mass resolution has terms that depend on the resolution in energy (E1, E2)
and the two-photon angular separation (θ) and it is given by

σM
M

=
1
2

[
σE1

E1
⊕ σE2

E2
⊕ σθ

(tan( θ2 )

]
, (99)
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where ⊕ denotes a quadratic sum, E is in GeV and θ is in radians. For the Higgs
two-photon decay at LHC the angular term in the mass resolution can become
important, so it is necessary to measure the direction of the photons using the
information from the calorimeter alone. In the barrel region |η| ≤ 1.56 angular
resolution is supposed to be σθ ≤ 50mrad√

E
. Estimates give the following diphoton

mass resolution for h→ γγ channel (mh = 100 GeV):
δmγγ = 475 MeV (low luminosity L = 1033 cm−2s−1),
δmγγ = 775 MeV (high luminosity L = 1034 cm−2s−1).
HCAL. The hadron calorimeter surrounds the electromagnetic calorimeter

and acts in conjunction with it to measure the energies and directions of particle
jets, and to provide hermetic coverage for measurement of the transverse energy.
The pseudorapidity range (|η| ≤ 3) is covered by the barrel and endcap hadron
calorimeters which sit inside the 4T magnetic ˇeld of CMS solenoid. In the
central region around η = 0 a hadron shower 'tail catcher' is installed outside
the solenoid coil to ensure adequate sampling depth. The active elements of
the barrel and endcap hadron calorimeter consist of plastic scintillator tiles with
wave length-shifting ˇbre readout. The pseudorapidity range (3.0 ≤ η ≤ 5.0)
is covered by a separate very forward calorimeter. The hadron calorimeter must
have good hermeticity, good transverse granularity, moderate energy resolution
and sufˇcient depth for hadron shower containment. The physics programme
requires good hadron resolution and segmentation to detect narrow states decaying
into pairs of jets. The dijet mass resolution includes contributions from physics
effects such as fragmentation as well as detector effects such as angular and
energy resolution. The energy resolution is assumed to be:

∆E

E
=

0.6√
E
⊕ 0.03 (100)

for |η| ≤ 1.5 and segmentation ∆η ×∆Φ = 0.1× 0.1.
The dijet mass resolution is approximately the following:
1. (10− 15)% for 50 GeV ≤ pT ≤ 60 GeV and mij = mZ ,
2. (5− 10)% for 500 GeV ≤ pT ≤ 600 GeV and mij = mZ .
The expected energy resolution for jets in the very forward calorimeter is

parametrised by:

σEjet

Ejet
=
1.28± 0.1√

Ejet
⊕ (0.02± 0.01) . (101)

The expected missing transverse energy resolution in the CMS detector with very
forward 2.5 ≤ η ≤ 4.7 coverage is

σt∑
Et

=
0.55√∑

Et
, (102)
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(Et in GeV). In the absence of the very forward calorimeter, the missing transverse
energy resolution would be nearly three times worse.

Muon system. At the LHC the effective detection of muons from Higgs
bosons, W , Z and tt̄ decays requires coverage over a large rapidity interval.
Muons from pp collisions are expected to provide clean signatures for a wide
range of new physics processes. Many of these processes are expected to be
rare and will require the highest luminosity. The goal of the muon detector is to
identify these muons and to provide a precision measurement of their momenta
from a few GeV to a few TeV. The barrel detector covers the region |η| ≤ 1.3.
The endcap detector covers the region 1.3 ≤ |η| ≤ 2.4. The muon detector should
fulˇl three basic tasks: muon identiˇcation, trigger and momentum measurement.
The muon detector is placed behind ECAL and the coil. It consists of four
muon stations interleaved with the iron return yoke plates. The magnetic qux
in the iron provides the possibility of an independent momentum measurement.
The barrel muon detector is based on a system of 240 chambers of drift tubes
arranged in four concentric stations. In the endcap regions, the muon detector
comprises four muon stations. The muon detector has the following functionality
and performance:
1. geometric coverage: pseudorapidity coverage up to |η| = 2.4 with the

minimum possible acceptance loses due to gaps and dead areas,
2. transverse momentum resolution for the muon detector alone for

0 ≤ |η| ≤ 2 : ∆pT

pT
= 0.06−0.1 for pT = 10 GeV, 0.07−0.2 for pT = 100 GeV

and 0.15− 0.35 for pT = 1 TeV,
3. transverse momentum resolution after matching with central detector for

0 ≤ |η| ≤ 2 : ∆pT

pT
= 0.005 − 0.01 for pT = 10 GeV, 0.015 − 0.05 for

pT = 100 GeV and 0.05− 0.2 for pT = 1 TeV,
4. charge assignment: correct at 99 percent conˇdence level up to

pT = 7 TeV for the full η coverage,
5. muon trigger: precise muon chambers and fast dedicated detectors provide

a trigger with pT thresholds from a few GeV up to 100 GeV.
Trigger. For the nominal LHC design luminosity 1034 cm−2s−1, an average

of 20 inelastic events occur every 25 ns, the beam crossing time interval. The
input rate of 109 interactions per second must be reduced by a factor of at least
107 to 100 Hz, which is the maximum rate that should be achieved for off-line
analysis. CMS reduces this rate in two steps. The Level-1 trigger system operates
on a subset of the data collected from each LHC crossing. The processing is dead
timeless and the decision to collect the full set of data relating to a given crossing
is taken after a ˇxed latency of 3 µs. The maximum event rate which can
be accepted by the Level-2 trigger, which again considers a subset of data, is
100 kHz. The Level-1 trigger system comprises the front-end electronics which
generates trigger primitives at the detector and the Level-1 processing logic in the
electronic barracks, interconnected electrically and optically. The Level-2 trigger
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is provided by an online processor farm. After a Level-2 positive decision, the
remainder of the full crossing data is requested for further processing by this farm
for the ˇnal (Level-3) decision.
The benchmarks for the trigger selection correspond to the ˇnal states which

are not interesting in their own right, but typical of ˇnal states expected in new
physics processes. They correspond to inclusive triggers that must be highly
efˇcient for new physics signatures. The benchmarks are:
1) electrons from inclusive W bosons,
2) muons from inclusive W bosons,
3) jets at high pt,
4) high-pt photons,
5) missing ET ,
6) low-pT multi-leptons (for b-physics).

8.2. ATLAS Detector [68]. The design of the ATLAS detector is similar
to the CMS detector. It also consists of inner detector (tracker), electromagnetic
calorimeter, hadron calorimeter, muon spectrometer and trigger. Here we brieqy
describe the main parameters of the ATLAS subdetectors. A schematic view of
the ATLAS detector is shown in Fig. 18.

Inner Detector. The main parameters of the ATLAS inner detector at high-
luminosity running are:
1. tracking coverage over the pseudorapidity range |η| ≤ 2.5,
2. momentum resolution of ∆pT

pT
≤ 0.3 at pT = 500 GeV for |η| ≤ 2 and no

worse than 50 percent for |η| = 2.5,
3. polar-angle resolution of ≤ 2 mrad,
4. tracking efˇciency of ≥ 95% over the full coverage for isolated tracks

with pT ≥ 5 GeV, with fake-track rates less than 1% of signal rates,
5. tracking efˇciency of ≥ 90% for all tracks with pT > 1 GeV in a cone

∆R < 0.25 around high-pT isolated track candidates, with less than 10% of
such tracks being fakes; here, ∆R is deˇned as the separation of the particles in
pseudorapidity-azimuth space,
6. electron-ˇnding efˇciency (integrated over all pT , and including the trig-

ger efˇciency) of > 90% for a second electron with pT > 0.5 GeV near
a high-pT candidate, in order to suppress photon-conversion and Dalitz-decay
backgrounds,
7. high-pT electron identiˇcation efˇciency above 90% both in the trigger

and in the full reconstruction, including the effects of bremsstrahlung in the
tracker material,
8. combined efˇciency of the calorimeter and inner detector in excess of 85%

for ˇnding photons in the pT ∼ 60 GeV, with an electron rejection factor > 500
and with an isolated π0 rejection factor > 3,
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Fig. 18. Three-dimensional view of the ATLAS detector

9. tagging of b jets with an efˇciency ≥ 30% at the highest luminosity, with
a rejection ≥ 10 against non b-hadronic jets,
10. measurement of the z coordinate of primary vertices with at least four

charged tracks to better than 1 mm,
11. provision of LVL2 track trigger to select isolated tracks with pT >

> 20 GeV with an efˇciency > 90% and a fake track rate of < 10%, in a cone
of ∆R < 0.25 around high-ET e.m. calorimeter clusters.
For initial lower-luminosity running the additional important parameters are:
1. tagging of b jets with an efˇciency above 30%, with a rejection > 50

against non b-hadronic jets,
2. the ability to reconstruct secondary vertices from b and τ decays and

charged tracks from primary vertices and from secondary decay vertices of short-
lived particles with ≥ 95% efˇciency for pT ≥ 0.5 GeV over the full coverage,
3. reconstruction and identiˇcation of electrons with pT > 1 GeV with an

efˇciency > 70%.
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ECAL. The energy resolution is of ∆EE = 0.1√
E
⊕0.007 for |η| ≤ 2.5. Diphoton

mass resolution is estimated to be 1.4 GeV for Higgs boson mass mh = 100 GeV
for L = 1034 cm−2s−1 (for CMS the diphoton mass resolution is 775 MeV).

HCAL. Jet energy resolution is of ∆EE = 0.5√
E
⊕ 0.03 for jets and a segmenta-

tion of ∆η×∆Φ = 0.1×0.1 for |η| ≤ 3 and ∆EE = 1√
E
⊕0.1 and a segmentation

of ∆η ×∆Φ = 0.1× 0.1 for very forward calorimeter 3 ≤ |η| ≤ 5.
Muon Spectrometer. The muon momentum resolution is of ∆pT

pT
= 0.02(pT =

= 20 GeV), ∆pT

pT
= 0.02(pT = 100 GeV), ∆pT

pT
= 0.08(pT = 1 TeV) for |η| ≤ 3.

Trigger. The ATLAS trigger is organised in three trigger levels (LVL1,
LVL2, LVL3). At LVL1, special-purpose processors act on reduced-granularity
data from a subset of the detectors. The LVL2 trigger uses full-granularity,
full-precision data from most of the detectors, but examines only regions of the
detector identiˇed by LVL1 as containing interesting information. At LVL3, the
full event data are used to make the ˇnal selection of events to be recorded for
off-line analysis. The LVL1 trigger accepts data at the full LHC bunch-crossing
rate of 40 MHz (every 25 ns) and reduces them to 100 kHz. The LVL2 trigger
reduces the rate from up to 100 kHz after LVL1 to about 1 kHz. After an event
is accepted by the LVL2 trigger, the full data are sent to the LVL3 processors
which must achieve a data-storage rate of 10− 100 MB/s by reducing the event
rate and/or the event size.

9. SEARCH FOR STANDARD HIGGS BOSON AT THE LHC

In this section we give mainly the results of the simulations on the search
for Higgs boson at CMS detector [67, 70Ä86]. We don't give the review of the
corresponding ATLAS simulations [68,87Ä96] on the Higgs boson search because
the results in terms of the signiˇcances coincide up to 30%. However sometimes
we compare the CMS and ATLAS Higgs boson discovery potentials.

9.1. The Search for h → γγ. One of the most important reactions for the
search for Higgs boson at LHC is

pp→ (h→ γγ) + ... , (103)

which is the most promising one for the search for Higgs boson in the most
interesting region 100 GeV ≤ mh ≤ 140 GeV.
The key features that enable CMS detector to obtain clear two-photon

mass peaks, signiˇcantly above background throughout the intermediate mass
range, are:
i. an electromagnetic calorimeter with an excellent energy resolution (this

requires calibration to high precision, which in turn requires a good inner tracking
system),
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ii. a large acceptance (the precision electromagnetic calorimetry extends to
|η| = 2.5), adequate neutral pion rejection and (at high luminosity) a good
measurement of photon direction. This requires ˇne lateral segmentation and
a preshower detector,
iii. use of powerful inner tracking system for isolation cuts.
The cross section (including factor K = 1.5) times branching has been

estimated to be σBr(h → γγ) = 76 fb (68 fb) for mh = 110(130) GeV, the
uncertainty in the cross section calculation is (10Ä30) percent. The imposition
of cuts (|η| ≤ 2.5, pγ1T ≥ 40 GeV, pγ2T ≥ 25 GeV) allows one to decrease
the background in a reasonable magnitude. The jet background is reduced by
imposing an isolation cut, which also reduces the bremsstrahlung background.
Photon is deˇned to be isolated if there is no charged track or electromagnetic
shower with a momentum greater than 2.5 GeV within a region ∆R ≤ 0.3
around it. The photons from the decay of π0 of the relevant transverse momenta
are separated in the calorimeter by a lateral distance of the order of 1 cm. An
efˇciency of 64% was assumed for reconstruction of each photon (i.e., 41%
per event). The crystal calorimeter was assumed to have an energy resolution
∆E/E = 0.02/

√
E ⊕ 0.005 ⊕ 0.2/E in the barrel and ∆E/E = 0.05/

√
E⊕

⊕0.005 ⊕ 0.2/E in the endcap, where there is a preshower detector. At high
luminosity, a barrel preshower detector covers |η| < 1.1, resulting in a resolution
∆E/E = 0.05/

√
E⊕0.005⊕0.2/E and an ability to measure the photon direction

with resolution ∆α = 40 mrad/
√
E in this region.

The background to the h→ γγ may be divided into 3 categories:
1. Prompt diphoton production from quark annihilation and gluon fusion

diagrams Å irreducible background.
2. Prompt diphoton production from bremsstrahlung from the outgoing quark

line in the QCD Compton diagram.
3. Background from jets, where an electromagnetic energy deposit originates

from the decay of neutral hadrons in a jet from 1 jet + 1 prompt photon.
The signal signiˇcance σ = NS√

NB
is estimated to be 6.6σ(9σ) for mh =

= 110(130) GeV and for low luminosity Llow,t = 3 ·104 pb−1 and 10σ(13σ) for
mh = 110(130) GeV and for high luminosity Lhigh,t = 105 pb−1. The general
conclusion is that at 5σ level it would be possible to discover Higgs boson∗

∗It should be noted that more correct deˇnition of the signiˇcance in future experiments when we
know only the average number of signal NS and background NB events is S =

√
NS +NB−

√
NB

[97]. More appropriate characteristic for future experiments is the probability of the discovery, i.e.
the probability that future experiment will measure the number of events Nev such that the probability
that standard physics reproduces Nev is less than 5.7 · 10−7 (5σ). For instance, for the standard
Higgs boson search with mh = 110 GeV and for L = 3 · 104 pb−1(2 · 104 pb−1) the standard
signiˇcance is 6.6(5.4). At the language of the probabilities it means [97] that the CMS will discover
at ≥ 5σ the Higgs boson with the probability 96(73) percent.



SEARCH FOR STANDARD HIGGS BOSON AT SUPERCOLLIDERS 561

Fig. 19. (a) Background-subtracted 2γ mass plot for 105pb−1 with signals at
mh = 90, 110, 130 and 150 GeV in PbWO4 calorimeter (CMS). (b) Signal signiˇcance
contours for 105pb−1 taken at high luminosity (CMS) (H ≡ h)

for 95 GeV ≤ mh ≤ 145 GeV at low luminosity and at high luminosity the
corresponding Higgs boson mass discovery interval is 85 GeV ≤ mh ≤ 150 GeV
(see Fig. 19).
Comparison of the ATLAS and CMS discovery potential for the h → γγ

channel has been made in Ref. 89. The ratio between the CMS and ATLAS
signiˇcances is determined by the formula

SCMS
SATLAS

≈
√
∆m(ATLAS)
∆m(CMS)

× εγ(CMS)
εγ(ATLAS)

, (104)

where ∆m, the diphoton mass resolution, and εγ , the total photon efˇciency
(trigger, identiˇcation, reconstruction), are detector dependent. In ATLAS and
CMS the photon identiˇcation efˇciencies are 80% [68] and 71% [67] corre-
spondingly. However the diphoton mass resolution is better in CMS. According
to the Technical Proposals for mh = 110 GeV the diphoton mass resolutions are:

∆m(CMS) = 0.54 GeV, ∆m(ATLAS) = 1.25 GeV (low luminosity),

∆m(CMS) = 0.87 GeV, ∆m(ATLAS) = 1.43 GeV (high luminosity).

The main conclusion of Ref. 89 is that the discovery potential of the CMS
(in terms of σ) is 10% and 30% better than ATLAS at high- and low-luminosity
stages correspondingly (for mh = 110 GeV).
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9.2. Search for h → γγ in Association with High-ET Jets. The idea
to look for Higgs boson signal associated with a high-pt jet in the ˇnal state
was considered in Ref. 82, where the matrix elements of signal subprocesses
gg → g + h, gq → q + h and qq̄g + h have been calculated analytically in the
leading order α3s . One kind of reducible background comes from the reactions
qg → γ+g+q, gg → γ+q+ q̄, qq

′ → γ+q(g)+q
′
(g) in the cases when the ˇnal

gluon or quark produces an energetic photon without further jet generation. Other
kind of reducible background comes from the subprocesses qg → γ + q, qq̄γ + g
when the second photon is produced during the quark or gluon fragmentation
but this jet is still detected. Third kind of reducible background could come
from the pure QCD subprocesses 2 → 2 type, when both particles in the ˇnal
state are gluons and quarks. There is nonzero probability to get two separated and
energetic photons from the fragmentating of quarks and gluons. There are possible
contributions from the following subprocesses: gg → g(q) + g(q̄), gq → g + q,
qq

′ → q(g) + q
′
(g).

The typical set of cuts used to separate signal from background is [82]:
(C1) Two photons are required with pγt > 40 GeV, and |η|γ < 2.5 for

each photon.
(C2) Photons are isolated from each other by ∆R(γ1, γ2) > 0.3.
(C3) Jet has high transverse energy Ejett > 40 GeV and is centrally produced,

|ηjet| < 2.4.
(C4) Jet is isolated from the photons by ∆R(jet, γ1) > 0.3 and

∆R(jet, γ2) > 0.3.
For the Higgs boson mass 100 GeV ≤Mh ≤ 150 GeV and for an integrated

luminosity 10 fb−1 this channel has dozens of signal events with a number
of background events only by a factor of 2Ä3 higher [82]. The signiˇcance
NS/
√
NB ∼ 4.0; 5.3 and 4.1 for Mh = 100, 120 and 140 GeV respectively,

indicating good prospects for discovery of the light Higgs boson at low LHC
luminosity. These results also imply that at high luminosity phase with year
luminosity of 105 pb−1 LHC will give hundred of events with high pt associated
with hard jet with the signal signiˇcance ∼ 15.
Note that recent study [92] of the signature γγ + jets for ATLAS detector

conˇrms the main results of Ref. 82.
The possibility of searching for h → γγ with ≥ 2 large-ET jet also allows

one to improve signal/background ratio. There are several sources of such Higgs
+ jet events. One is the next-to-leading order corrections to gg → h with hard
gluons. Others are the associated production of t̄th,Wh,Zh and the WW and
Zh fusion mechanisms.
The cuts that provide optimal sensitivity are [73]:
i. Two isolated photons are required, with pγ1t ≥ 40 GeV and pγ2t ≥ 60 GeV,

|η| ≤ 2.5 and pγγt ≥ 50 GeV.
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ii. Number of jets ≥ 2, Ejett ≥ 40 GeV for the central jets (|η| ≤ 2.4) and
Ejet ≥ 800 GeV for the forward ones (2.4 ≤ |η| ≤ 4.6).
iii. Photons are isolated with no charged or neutral particles with pt ≥ 2 GeV

within a cone ∆R ≤ 0.3 around each photon's direction.
iiii. γ-jet isolation ∆R(γ, jet) > 1.5 (to suppress the bremsstrahlung

contribution).
The calculations give encouraging results, namely for Lhigh,t = 1.6·105 pb−1

it would be possible to discover the Higgs boson for 70 GeV ≤ mh ≤ 150 GeV
with ≥ 7σ signal signiˇcance. Note that the background is not only much smaller
in magnitude than in the inclusive h→ γγ search, but it is also peaked at higher
masses, away from the most difˇcult region m(γγ) ≤ 90 GeV.

9.3. h → W+W− → l+νl−ν Signature. Recently it has been shown [83]

that the previously ignored signature pp → h → W+W− → l+νl
′−

ν̄′ provides
the Higgs boson discovery for the Higgs boson mass region between 155 GeV
and 180 GeV at the LHC. The proposed signature does not require extraordinary
detector performance and only requires a relatively low integrated luminosity of
about 5 fb−1.
The main background production reactions are

pp→ (W+W−,W±Z0, tt̄,W±t(b) + ...). (105)

The most important selection criteria for the enhancement of the signal over
the background are the following [83]:
1. Events which contain two isolated high-pt charged leptons, electrons or

muons, which are inconsistent with Z decays are selected. Both leptons should
have a pseudorapidity |η| of less than 2.4 and their pt should be larger than
25 GeV and 10 GeV respectively. The dilepton mass should be larger than
10 GeV and more than 5 GeV different from Z boson mass if the event consists
of e+e− or µ+µ− pairs.
2. Background from tt̄→ bW+b̄W− and gb→Wtb→WbW (b) is reduced

by vetoing events which contain jets with pt of more than 20 GeV and |η| < 3.
3. Signal events from gluon-gluon scattering are more central than the

W+W− background from qq̄ scattering. This criterium is essentially indepen-
dent of the mass. Therefore it is required that the polar angle of the reconstructed
dilepton momentum vector, with respect to the beam direction, is larger than 30
degrees and that the absolute value of the pseudorapidity difference of the leptons
is smaller than 1.25. As a result both leptons are found essentially within the
barrel region of the experiments with |η| < 1.5.
4. The W+W− spin correlations and the V − A structure of the W decays

result in a distinctive signature for W+W− pairs produced in Higgs boson de-
cays. For Higgs boson mass close to 2 ×MW the W± boost is small and the
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opening angle between the two charged leptons in the plane transverse to the
beam direction is small.
The results of the analysis [83] demonstrate that this signature provides not

only the Higgs boson discovery channel for a mass range between
(155 − 180) GeV with S/B ≥ 0.35 but also helps to establish a LHC Higgs
boson signal for masses between (120−500) GeV. Recent simulations study [84]
based on PYTHIA to generate events and CMSCIM calorimeter simulation for
the jet veto conˇrm qualitatively the results of Ref. 83. Numerically they give for
mh = 130 GeV 30% lower efˇciencies for the signal and DY background and
about a factor 2 higher overall efˇciency for tt̄ background [84].
Note that in Ref. 98 the signature h→W (∗)W (∗) → e±µ∓pmisT in weak bo-

son fusion mechanism with forward jet tagging has been investigated∗. The main
conclusion of Ref. 98 is that the use of this signature allows one to detect Higgs
boson in the (130 − 200) GeV range with a much better signal to background
ratio than inclusive signature h→ e±µ∓pmisT .

9.4. h → ZZ∗(ZZ) → 4 Leptons. mh < 2mZ Region. The channel
h → ZZ∗ → 4 l is the most promising one to observe Higgs boson in the mass
range 130 GeV − 180 GeV. Below 2MZ the event rate is small and the back-
ground reduction more difˇcult, as one of the Z is off-mass shell. In this mass
region the width of the Higgs boson is small (Γh < 1 GeV), and the observed
width is entirely determined by the instrumental mass resolution. The signiˇcance
of the signal is proportional to the four-lepton mass resolution (S = NS/

√
NB)

and NB ∼ σ4l, so the lepton energy/momentum resolution is of decisive
importance∗∗.
In the mh < 2MZ mass region, the main backgrounds are from tt̄, Zbb̄

and ZZ∗. The ZZ∗ background is irreducible and peaks sharply near the ZZ
threshold. The Zbb̄ background cannot be reduced by a Z-mass cut, but it can be
suppressed by lepton isolation. The tt̄ background can be reduced by a Z-mass
cut and by isolation cuts. The standard event cuts in CMS were chosen the
following [67]: one electron with pt > 20 GeV; one with pt > 15 GeV, and the
remaining two electrons with pt > 10 GeV, all within |η| < 2.5. For muons, the
corresponding pt cuts are 20, 10 and 5 GeV in the rapidity range |η| < 2.4. For
mh = 130 GeV the overall (kinematic and geometrical) acceptance for the four-

∗Other very interesting signature for the standard Higgs boson detection is h → ττ in weak
boson fusion. Results of recent paper [99] give some evidence that it would be possible to detect
standard Higgs boson in the mass range 120 − 140 GeV using this signature.

∗∗Typical Higgs boson mass resolutions in this mass range are: σ4µ ≈ 1 GeV, σ4e ≈ 1.5 GeV
(CMS) [67] and σ4µ ≈ 1.6 GeV, σ4e ≈ 1.6 GeV (ATLAS) [68]. The comparison of the CMS and
ATLAS discovery potentials with h → ZZ∗ → 4 leptons based on the analyses presented in the
two Technical Proposals has been performed in [88]. The main conclusion of the Ref. 88 is that in
terms of signiˇcances ATLAS and CMS discovery potentials coincide up to 30%.
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electron channel is 22% and for the four-muon channel 42%. Formh = 170 GeV
these acceptances increase to 38% and 48% respectively. To select h → ZZ∗

events and suppress the large tt̄ background, one of the e+e− or µ+µ− pairs
was assumed to be within ±2σZ of the Z mass. There is a fraction of events
where both Z are off-shell. This effect results in a 24% loss for mh = 130 GeV,
decreasing to 12% for mh = 170 GeV. The MZ cut reduces tt̄ background by
a factor of 11 in the Z → µ+µ− channel and by a factor of 5 in the Z → e+e−

channel. For two softer leptons, M(ll) > 12 GeV is also required. One can say
that for the region 130 GeV ≤ mh ≤ 180 GeV and for Lhigh,t = 105 pb−1 CMS
will discover the Higgs boson with ≥ 5σ signal signiˇcance (see Fig. 20) except
narrow mass region around 170 GeV where σ × Br has a minimum due to the
opening of the h→ WW channel and drop of the h→ ZZ∗ branching ratio just
below the ZZ threshold. Note that the imposition of the additional cut on the
mass of the second (lighter) lepton pair to m34 < 76 GeV leads to a considerable
signal improvement in this critical region. At low luminosity L = 2 · 104 pb−1
Higgs boson can be discovered at CMS in the mass range mh = (130−150) GeV.

Fig. 20. The four-lepton mass distributions for h → ZZ∗ → 4l± in CMS, superimposed
on the total background, for mh = 130, 150 and 170 GeV with 105pb−1 (H ≡ h)

h→ ZZ → 4l. For 180 GeV ≤ mh ≤ 800 GeV, this signature is considered
to be the most reliable one for the Higgs boson discovery at LHC, since the
expected signal rates are large and the background is small. The main background
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Fig. 21. The four-lepton mass distributions for h → ZZ → 4l± in CMS, superimposed on
the ZZ continuum background, for mh = 300 GeV with 2 · 104pb−1 (a) and for mh =
= 500 GeV with 105pb−1 (b);

√
s = 14 TeV (H ≡ h)

to the h→ ZZ → 4l± process is the irreducible ZZ production from qq̄ → ZZ
and gg → ZZ. The tt̄ and Zbb̄ backgrounds are small and reducible by a Z-mass
cut. The typical cuts are the following [76,77]:
1. One electron with pT > 20 GeV, one with pT > 15 GeV, and the

remaining two electrons with pT > 10 GeV, all within |η| < 2.5.
2. For muons the corresponding pT cuts are 20, 10 and 5 GeV, and the

rapidity coverage is |η| < 2.4.
3. To avoid any residual tt̄ background a cut on the Z mass by ml+l− =

= mZ ± 4σZ , with σZ = 3 GeV is used.
The use of the above determined cuts allows one to detect the Higgs boson

at ≥ 5σ level up to ≈ 400 GeV at 104 pb−1 and up to mh ≈ 650 GeV
at 105 pb−1 [77] (see Fig. 21). As it has been demonstrated in Ref. 77 the
imposition of the additional cut pZ1

T + pZ2
T > mZZ/1.4 allows one to extend the

CMS discovery potential up to 650 GeV(3 · 104 pb−1), 750 GeV(105 pb−1),
850 GeV(3 · 105 pb−1).
Similar results have been obtained for ATLAS [91].
9.5. The Use of the Signature pp→ γγ+Lepton. The Wh→ lγγ +X and

t̄th → lγγ + X ˇnal states are other promising signature for the Higgs boson
search. The production cross section is smaller than the inclusive h → γγ by
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a factor of ≈ 30. However the isolated hard lepton from the W and t decays
allows one to obtain a strong background reduction and to indicate the primary
vertex at any luminosity.
Typical choice of cuts is the following [67,72]:
1. pγ1t > 40 GeV, pγ2t > 20 GeV, transverse momentum cuts for photons,
2. plt > 20 GeV, transverse momentum cuts for electron (or muon),
3. |ηγ1,γ2 | < 2.4, |ηl| < 2.4, rapidity cuts for both photons and electron

(or muon),
4. ∆R(γ1, γ2) > 0.3 , ∆R(γ, l) > 0.3, isolation cuts for photon or photon-

lepton pair.
Here ∆R =

√
δφ2 + δy2 is the separation between two particles in the

φÄy plane. The main background comes from the reactions pp → γγ + tt̄,
pp → γq(q̄ + e±ν), pp → γg + e±ν with a gluon jet misidentiˇed as a photon,
pp→ γ + e+e− with an electron misidentiˇed as a photon, pp→ γγbb̄ with a b
quark misidentiˇed as an electron.
The main conclusion is that for an integrated luminosity 165fb−1 in both

channels pp → Wh and pp → tt̄h in the two-photon invariant mass interval
Mh − 1 GeV ≤ Mγγ ≤ Mh + 1 GeV there are ∼ 100 signal events for
Mh = 120 GeV and ∼ 20 irreducible background events if the photon transverse
momentum cuts are 20 GeV. If the photon transverse momentum cuts are taken
to be 40 GeV there are ∼ 50 signal events and 1− 2 background events. Higgs
peak can be observed practically free from the background. However in the
low luminosity regime the reaction pp → γγ + lepton is able to produce only
4 − 5 clean signal events. So only in the high luminosity phase it allows one
to make an important cross-checking if the Higgs signal has shown up before in
pp→ h+ ...→ γγ + ... classical signature.

9.6. The Use of Channels h → WW → llνν, h → WW → lνjj and
h → ZZ → lljj. The channel h → llνν has a six times larger branching than
h → 4l±. The main background comes from ZZ, ZW , tt̄ and Z + jets. The
chosen cuts are the following [67]:
1. Emisst ≥ 100 GeV.
2. Two isolated leptons are required, with pt ≥ 20 GeV, |η| ≤ 1.8 and

pllt ≥ 60 GeV.
3. |MZ −Mll| ≤ 6 GeV.
4. No other isolated leptons with pt ≥ 6 GeV.
5. No central jets with Et ≥ 150 GeV.
6. No jets back-to-back with leptons (cosine of the angle between the mo-

mentum of the lepton pair and sum of the momenta of the jets is ≥ −0.8).
7. Emisst vector back-to-back with the lepton pair (cosine of the angle in the

transverse plane between the two-lepton momentum and the missing transverse
momentum ≤ 0.8).
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Fig. 22. h → l+l−νν signal for mh = 500 GeV with 104pb−1 in CMS (H ≡ h)

Fig. 23. h → l+l−νν signal for mh = 800 GeV with 105pb−1 in CMS. One tagged jet
with E > 1 TeV is assumed (H ≡ h)
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Fig. 24. Expected observability of the Standard Model Higgs as a function on mH in CMS
with 105pb−1 (Ref. 79) (H ≡ h)

The conclusion [67, 86] is that using this mode it would be possible to
discover Higgs boson in the interval 400 GeV ≤ mh ≤ (800 − 900) GeV (see
Figs. 22, 23).
The channels h → WW → lνjj and h → ZZ → lljj are important in the

mh ≈ 1 TeV mass range, where the large W,Z → qq̄ branching ratios must be
used. Also high lepton pairs with mll ≈ MZ for h → ZZ or a high-pt lepton
pair plus large Emisst for h→WW must be used. In addition, two hard jets from
the hadronic decays of Z/W with mjj ≈MZ/W are required. The backgrounds
are: Z + jets, ZW , WW , tt̄, WW , WZ. For mh ≈ 1 TeV the Higgs boson
is very broad (Γh ≈ 0.5 TeV and WW/ZZ fusion mechanism represents about
50 percent of the total production cross section), therefore forward-region signa-
ture is essential. The appropriate cuts are the following:
i. Emisst ≥ 150 GeV, plt ≥ 150 GeV, pWt ≥ 300 GeV for h → WW , or

plt ≥ 50 GeV, pZt ≥ 50 GeV, pZt ≥ 150 GeV, |mZ − mll| ≤ 10 GeV for
h→ ZZ.
ii. |mjj −mW/Z | ≤ 15 GeV for the central jet pair.
iii. Ejett ≥ 10 GeV, Ejet ≥ 400 GeV, |η| ≥ 2.4 for the two forward

tagging jets.
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Fig. 25. Expected observability of the Standard Model Higgs as a function on mH in CMS
with 3 · 104pb−1 and with 104pb−1 (Ref. 79) (H ≡ h)

The main conclusion [67, 78] is that the use of the reactions h → WW →
→ lνjj and h→ ZZ → lljj allows one to discover the heavy Higgs boson with
a mass up to 1 TeV for Lhigh,t = 105 pb−1.

9.7. Summary. The most reliable signatures for the search for the Higgs
boson at LHC are the following:
1. h→ γγ or h→ γγ + jets.
2. h→ ZZ∗, ZZ → 4 l±.
3. h→W+W− → l+νl−ν̄.
4. h→ ZZ,WW → llνν, lljj, lνjj.
Figures 24, 25 show the expected CMS discovery potential of the standard

Higgs boson as a function of mh for integrated luminosities of 105 pb−1 and
3 · 104 pb−1. For L = 105 pb−1 CMS is able to discover the Higgs boson at
≥ 5σ level for the entire mass region (95 GeVÄ1 TeV). For low luminosity stage
with L = 3 · 105 pb−1 CMS is able to discover Higgs boson with a mass up to
∼ 600 GeV.
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10. CONCLUSION

There are no doubts that at present the supergoal number one of the ex-
perimental high energy physics is the search for the Higgs boson Å the last
nondiscovered cornerstone of the Standard Model. At present the LEP2 experi-
mental bound on the Higgs boson mass is mh ≥ 102.6 GeV. In a year, LEP2
will be able to discover the Higgs boson or to increase a lower bound up to
(105 − 110) GeV. LHC is able to discover the Higgs boson with a mass up to
1 TeV and to check its basic properties. The experimental Higgs boson discovery
will be triumph of the idea of the renormalizability (in some sense it will be
the ®experimental proof¯ of the renormalizabilty of the electroweak interactions)
which mathematical cornerstone is the famous BogoliubovÄParasiuk theorem. At
any rate after LHC we will know the basic mechanism (Higgs boson or something
more exotic?) of the electroweak symmetry breaking.
We thank our colleagues from INR theoretical department for useful dis-

cussions. We are indebted to S.I.Bityukov for his help in preparation of the
manuscript. The research described in this publication has been supported by
RFFI grants 99-02-16956 and 99-01-00091.
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RADIALLY EXCITED SCALAR, PSEUDOSCALAR,
AND VECTOR MESON NONETS
IN A CHIRAL QUARK MODEL

M.K. Volkov, V.L. Yudichev

Joint Institute for Nuclear Research, Dubna, Russia

A chiral Lagrangian containing, besides the usual meson ˇelds, their ˇrst radial excitations
is constructed. The Lagrangian is derived by bosonization of a NambuÄJona-Lasinio (NJL) type
quark model with separable nonlocal interactions. The nonlocality is described by form factors
corresponding to 3-dimensional excited state wave functions. The spontaneous breaking of chiral
symmetry is governed by the standard NJL gap equations. A simple SU(2) × SU(2) version of the
model is used to demonstrate all low-energy theorems to hold valid in the chiral limit.

A more realistic U(3) × U(3) model with 't Hooft interaction is constructed to describe the
mass spectrum of excited scalar, pseudoscalar, and vector mesons. On the basis of global chiral
symmetry, we use the same form factors for the scalar and pseudoscalar mesons. Having ˇxed the
form factor parameters by masses of pseudoscalar mesons, we predict the mass spectrum of scalar
mesons. This allows us to interpret experimentally observed scalar, pseudoscalar, and vector meson
states as members of quark-antiquark nonets. It is shown that the a0(1450), K∗

0 (1430), f0(1370),
fJ (1710) scalar meson states are the ˇrst radial excitations of the ground states: a0(980), K∗

0 (960),
f0(400− 1200), f0(980). The weak decay constants Fπ , Fπ′ , FK , FK′ and the main strong decay
widths of the scalar, pseudoscalar, and vector meson nonets are calculated.

�µ¸É·µ¥´ ±¨· ²Ó´µ° ² £· ´¦¨ ´, ¸µ¤¥·¦ Ð¨° ±·µ³¥ µ¡ÒÎ´ÒÌ ³¥§µ´´ÒÌ ¶µ²¥° ¨Ì ¶¥·¢Ò¥
· ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö. ‹ £· ´¦¨ ´ ¶µ²ÊÎ¥´ ¡µ§µ´¨§ Í¨¥° ±¢ ·±µ¢µ° ³µ¤¥²¨ É¨¶  � ³¡ÊÄ
ˆµ´ -‹ §¨´¨µ (�ˆ‹) ¸ ¸¥¶ · ¡¥²Ó´Ò³ ´¥²µ± ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³. �¥²µ± ²Ó´µ¸ÉÓ µ¶¨¸Ò-
¢ ¥É¸Ö Ëµ·³Ë ±Éµ· ³¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ É·¥Ì³¥·´Ò³ ¢µ²´µ¢Ò³ ËÊ´±Í¨Ö³ ¢µ§¡Ê¦¤¥´´ÒÌ ³¥-
§µ´µ¢. ‘¶µ´É ´´µ¥ ´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ µ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³ ´  Ð¥²Ó. � 
¶·µ¸Éµ³ ¶·¨³¥·¥ SU(2) × SU(2)-¢¥·¸¨¨ ÔÉµ° ³µ¤¥²¨ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ ¢Ò¶µ²´¥´¨¥ ¢¸¥Ì
´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì É¥µ·¥³ ¢ ±¨· ²Ó´µ³ ¶·¥¤¥²¥.

„²Ö µ¶¨¸ ´¨Ö ¸¶¥±É·  ³ ¸¸ ¢µ§¡Ê¦¤¥´´ÒÌ ¸± ²Ö·´ÒÌ, ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¨ ¢¥±Éµ·´ÒÌ ³¥§µ-
´µ¢ ¶µ¸É·µ¥´  ¡µ²¥¥ ·¥ ²¨¸É¨Î´ Ö U(3) × U(3)-³µ¤¥²Ó ¸ ¢§ ¨³µ¤¥°¸É¢¨¥³ 'É •µËÉ . ‚ ¸¨²Ê
£²µ¡ ²Ó´µ° ±¨· ²Ó´µ° ¸¨³³¥É·¨¨, ³Ò ¨¸¶µ²Ó§Ê¥³ µ¤¨´ ±µ¢Ò¥ Ëµ·³Ë ±Éµ·Ò ¤²Ö ¸± ²Ö·´ÒÌ
¨ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢. ”¨±¸¨·ÊÖ ¶ · ³¥É·Ò Ëµ·³Ë ±Éµ·µ¢ ¶µ ³ ¸¸ ³ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ
³¥§µ´µ¢, ³Ò ¶·¥¤¸± §Ò¢ ¥³ ¸¶¥±É· ³ ¸¸ ¸± ²Ö·´ÒÌ ³¥§µ´µ¢. �Éµ ¶µ§¢µ²Ö¥É ´ ³ ¨´É¥·¶·¥É¨-
·µ¢ ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ ¥³Ò¥ ¸± ²Ö·´Ò¥, ¶¸¥¢¤µ¸± ²Ö·´Ò¥ ³¥§µ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ± ±
Î²¥´Ò ±¢ ·±- ´É¨±¢ ·±µ¢ÒÌ ´µ´¥Éµ¢. �µ± § ´µ, ÎÉµ ¸± ²Ö·´Ò¥ ³¥§µ´´Ò¥ ¸µ¸ÉµÖ´¨Ö a0(1450),
K∗

0 (1430), f0(1370), fJ (1710) Ö¢²ÖÕÉ¸Ö ¶¥·¢Ò³¨ · ¤¨ ²Ó´Ò³¨ ¢µ§¡Ê¦¤¥´¨Ö³¨ µ¸´µ¢´ÒÌ ¸µ¸Éµ-
Ö´¨° a0(980), K∗

0 (960), f0(400 − 1200), f0(980). ‚ÒÎ¨¸²¥´Ò ±µ´¸É ´ÉÒ ¸² ¡ÒÌ · ¸¶ ¤µ¢ Fπ ,
Fπ′ , FK , FK′ ¨ Ï¨·¨´Ò µ¸´µ¢´ÒÌ ¸¨²Ó´ÒÌ · ¸¶ ¤µ¢ ¸± ²Ö·´ÒÌ, ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¨ ¢¥±Éµ·´ÒÌ
´µ´¥Éµ¢ ³¥§µ´µ¢.
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1. INTRODUCTION

The investigation of radial excitations of the scalar, pseudoscalar, and vector
meson nonets is of great interest in the hadronic physics. So far, there are
questions connected with the experimental and theoretical description of radial
excitations of scalar and pseudoscalar mesons. For instance, the experimental
data on the excited states of kaons [1] are rare and not reliable enough. There
are also problems with interpretation of the experimental data on the scalar and
η, η′ mesons. Several years ago, attempts were undertaken to consider the state
η′(1440) as a glueball [2], however, the authors in [2] came to conclusion that
this state is rather a radial ex¸itation of η′(958).
There is an analogous problem with interpretation of the scalar states f0(1500)

and f0(1710). Moreover, the experimental status of the lightest scalar isoscalar
singlet meson remains unclear. In some papers, the resonance f0(1370) was
considered as a member of the ground nonet [3, 4], and until 1998 the resonance
f0(400− 1200) was not included into the summary tables of PDG review∗ [1].
One will ˇnd a problem of the same sort in the case ofK∗

0 . The strange meson
K∗
0 (1430) seems too heavy to be the ground state: 1 GeV is more characteristic
of the ground meson states (see [5, 6]).
Anticipating the results of our review we would like to note that some of

these problems were solved in a number of our works which resulted in the
present work. From our calculations, for example, we concluded that the states
η(1295) and η(1440) can be considered as radial excitations of the ground states
η and η′. The estimates of their strong decay widths also conˇrm our conclusion.
Let us note that these meson states are essentially mixed. Our calculations also
showed that we can interpret the scalar states f0(1370), a0(1450), f0(1710), and
K∗
0 (1430) as the ˇrst radial excitations of f0(400− 1200), a0(980), f0(980), and

K∗
0 (960).
A theoretical description of radially excited pions poses some interesting

challenges. The physics of the ground states of mesons (pions) is completely
governed by the spontaneous breaking of chiral symmetry (SBCS). A convenient
way to derive the properties of soft pions is the use of an effective Lagrangian
based on a nonlinear or linear realization of chiral symmetry [7]. When attempting
to introduce higher resonances to extend the effective Lagrangian description
to higher energies, one must ensure that the introduction of new degrees of
freedom does not spoil the low-energy theorems for pions which are universal
consequences of chiral symmetry.
Attempts to describe heavier analogs of the pion, vector mesons, and η, η′

mesons as the radial excitations of well-known ground meson states were made

∗However, in earlier editions of PDG the light σ state could still be found; it was excluded later.
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by authors in [2] within the framework of the nonlocal 3P0 potential quark model.
This approach was based on nonrelativistic and relativistic quantum mechanics
where mesons are treated as bound q̄q systems.
A useful guideline in the construction of effective meson Lagrangians is the

NambuÄJona-Lasinio (NJL) model that describes SBCS at the quark level with a
four-fermion interaction [8Ä11]. The bosonization of this model and the derivative
expansion of the resulting fermion determinant reproduce the Lagrangian of the
linear sigma model that embodies the physics of soft pions as well as higherÄ
derivative terms. With appropriate couplings the model allows one to derive also
a Lagrangian for vector and axialÄvector mesons. This gives not only the correct
structure of terms of the Lagrangian as required by chiral symmetry, but also
quantitative predictions for the coefˇcients, such as Fπ , FK , gπ, gρ, etc.
One may, therefore, hope that a suitable generalization of the NJL model can

provide means for deriving an effective Lagrangian including also the
excited mesons.
When extending the NJL model to describe radial excitations of mesons, one

has to introduce nonlocal (ˇniteÄrange) four-fermion interactions. Many nonlocal
generalizations of the NJL model were proposed, by using either covariantÄ
Euclidean [12] or instantaneous (potential-type) [13, 14] effective quark inter-
actions. These models generally require bilocal meson ˇelds for bosonization,
which makes it difˇcult to perform a consistent derivative expansion leading to
an effective Lagrangian.
A simple alternative is to use separable quark interactions. There is a number

of advantages of working with that scheme. First, separable interactions can be
bosonized by introducing local meson ˇelds, just as the usual NJL model. One
can thus derive an effective meson Lagrangian directly in terms of local ˇelds and
their derivatives. Second, separable interactions allow one to introduce a limited
number of excited states and only in a given channel.
An interesting method for describing excited meson states in this approxi-

mation was proposed in [15]. The authors suggested to consider SBCS in the
vicinity of a polycritical point where either all or some of the coupling constants at
four-fermion vertices exhibit critical behavior; the critical values of the coupling
constants are given by solutions of a set of mass-gap equations. They selected
a minimal type of separable four-quark interaction which is most important for
the process of SBCS. In this model the form factors are chosen as orthogonal
functions, so there is a freedom in their choice up to an arbitrary rotation. All
calculations are made in the Euclidean space, by using the approximation of
large Nc and log Λ where Λ is the ultra-violet cut-off in the model. An interest-
ing result of this approach is that for an arbitrary choice of coupling constants
in the vicinity of polycritical point there are multiple solutions with a different
critical behavior. Therefore, a problem appears Å which of the solutions is
realized in nature.
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Another advantage of the separable interaction is that it can be deˇned in
Minkowski space in a 3-dimensional (yet covariant) way, with form factors de-
pending only on a part of the quarkÄantiquark relative momentum transverse to
the meson momentum [14, 16, 17]. This is essential for a correct description
of excited states, since it ensures the absence of spurious relativeÄtime excita-
tions [18]. Finally, as we have shown [17], the form factors deˇning the separable
interaction can be chosen so that the gap equation of the generalized NJL model
coincides with the one of the usual NJL model, whose solution is a constant
(momentumÄindependent) dynamic quark mass. Thus, in this approach it is pos-
sible to describe radially excited mesons above the usual NJL vacuum. Aside
from the technical simpliˇcation, the latter means that the separable generalization
contains all the successful quantitative results of the usual NJL model.
Our paper consists of ˇve Sections. In the second Section, we illustrate our

method on the basis of a simple SU(2)×SU(2) model. Here we prepare grounds
for the choice of the form factors to be used in a more realistic model. It will be
shown that we can choose these form factors such that the gap equation conserves
its conventional form and has a solution corresponding to a constant constituent
quark mass. The quark condensate also does not change after the inclusion of
excited states into the model, because the tadpole associated with the excited
scalar ˇeld is equal to zero (the quark loop with the one excited scalar vertex,
vertex with a form factor).
In this Section, we derive an effective chiral Lagrangian describing π and π′

mesons from a generalized NJL model with separable interactions. In Subsec-
tion 2.1, we introduce the effective quark interaction in the separable approx-
imation and describe its bosonization. We discuss the choice of form factors
necessary to describe excited states. In Subsection 2.2, we solve the gap equation
deˇning the vacuum, derive the effective Lagrangian of the 0− meson ˇelds, and
perform the diagonalization leading to the physical π and π′ states. The effective
Lagrangian describes the vanishing of the π mass (decoupling of the Goldstone
boson) in the chiral limit, while π′ remains massive. In Subsection 2.3, we derive
the axial vector current of the effective Lagrangian using the Gell-MannÄLevy
method and obtain a generalization of the PCAC formula which includes the
contribution of π′ to the axial current. The leptonic decay constants of the π and
π′ mesons, Fπ and Fπ′ , are discussed in Subsection 2.4. It is shown that Fπ′

vanishes in the chiral limit as expected. In Subsection 2.5, we ˇx the parameters
of the model and evaluate the ratio Fπ′/Fπ as a function of the π′ mass.
In the third Section, we use the method demonstrated in Section 2 for a real-

istic description of radially excited states of the scalar, pseudoscalar, and vector
meson nonets where 't Hooft interaction is included in addition to conventional
chirally symmetric four-quark vertices. This allows us to solve the so-called
UA(1) problem and describe the masses of ground and excited states of the η and
η′ mesons.
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We take account of the connections of the scalar and vector coupling con-
stants which appeared in this model and an additional renormalization of the
pseudoscalar ˇelds connected with the pseudoscalarÄaxialÄvector transitions. For
simplicity, we suppose that the masses of u and d quarks are equal to each other
and take into account only the mass difference between (u, d) and s quarks
(mu and ms). Then, we have in this model six basic parameters: mu, ms, Λ3
(3-dimensional cut-off parameter), G and GV (four-quark coupling constants for
the scalarÄpseudoscalar coupling (G) and for the vectorÄaxialÄvector coupling
(GV )) and constant K characterizing the 't Hooft interaction. To deˇne these pa-
rameters, we use the experimental values: the pion decay constant Fπ = 93 MeV,
the ρÄmeson decay constant gρ ≈ 6.14 (g2ρ/(4π) ≈ 3), the pion mass Mπ ≈
≈ 140 MeV, ρ-meson mass Mρ = 770 MeV, the kaon mass MK ≈ 495 MeV,
and the mass difference of the η and η′ mesons. Using these six parameters, we
can describe the masses of four ground meson nonets (pseudoscalar, vector, scalar,
and axialÄvector) and all the meson coupling constants of strong interactions of
mesons with each other and with quarks.
For the investigation of excited states of the mesons it is necessary to consider

nonlocal four-quark interactions. In Section 3, it is shown that for the description
of excited states of the scalar, pseudoscalar, and vector meson nonets we have
to use seven different form factors in the effective four-quark interactions. Each
form factor contains only one free (external) parameter. There are also slope
(internal) parameters which are to be ˇxed by the condition of preserving gap
equations in the standard form (see Section 2). We use the same form factors for
the scalar and pseudoscalar mesons, which is required by chiral symmetry. This
allows us to predict masses of the excited scalar mesons.
In Subsection 3.1, we introduce the effective quark interaction in the separa-

ble approximation with 't Hooft terms and describe its bosonization. We discuss
the choice of the form factors necessary to describe excited states of the scalar,
pseudoscalar, and vector meson nonets. In Subsection 3.2, we derive the effec-
tive Lagrangian for the ground and excited states of the strange and isovector
scalar and pseudoscalar mesons, and perform the diagonalization leading to the
physical ground and excited meson states. In Subsection 3.3, we diagonalize the
Lagrangian for the isoscalar, scalar and pseudoscalar (ground and excited) mesons
and take into account singlet-octet mixing. In Subsection 3.4, we consider vector
mesons. In Subsection 3.5, we ˇx the parameters of the model and evaluate the
masses of the ground and excited meson states and the weak decay constants Fπ ,
Fπ′ , FK , and FK′ .
In Section 4, we calculate strong decay widths of excited states of the scalar,

pseudoscalar, and vector mesons and compare them with experimental data. In
Subsection 4.1, we consider decays of the ˇrst radial excitations of π, ρ, and ω
meson states. Decays of strange mesons are calculated in Subsection 4.2. Then,
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in Subsection 4.3, we calculate decay widths of the scalar mesons. Finally, the de-
cay widths of excited η and η′ mesons are estimated in Subsection 4.4.
In Section 5 (Conclusion), we brieqy discuss our results, give interpretation of

the members of meson nonets, and foresee ways of further developing our model.
In Appendix A, we collected some lengthy formulae deˇning the free part

of the effective Lagrangian for isoscalar, scalar and pseudoscalar mesons. In
Appendix B, we displayed in detail some instructive calculations of strong decay
widths of mesons.

2. SU(2)× SU(2) MODEL

2.1. NambuÄJona-Lasinio Model with Separable Interactions. In this Sec-
tion, we construct an SU(2) × SU(2) NJL-like chiral quark model with quark
interaction of the separable type to describe the ground and ˇrst radially excited
states of pions and σ mesons. Although, a realistic description of the meson
physics requires consideration of a U(3) × U(3) version (which we will do in
the next Section), we ˇnd it instructive to show the basic principles of the model
with this simple case. The content of the section corresponds to Ref. 17.
In the usual NJL model, SBCS is described by a local (currentÄcurrent)

effective quark interaction. The model is deˇned by the action

S[ψ̄, ψ] =
∫

d4x ψ̄(x)
(
i∂/ −m0

)
ψ(x) + Sint, (1)

Sint =
G

2

∫
d4x [jσ(x)jσ(x) + jaπ(x)j

a
π(x)] , (2)

where jσ,π(x) denote, respectively, the scalarÄisoscalar and pseudoscalarÄisovector
currents of the quark ˇelds (SU(2) qavor),

jσ(x) = ψ̄(x)ψ(x), jaπ(x) = ψ̄(x)iγ5λaψ(x). (3)

The model can be bosonized in a standard way by representing the 4-fermion
interaction as a Gaussian functional integral over scalar and pseudoscalar meson
ˇelds [8Ä11]. Since the interaction, Eq. (2), represents a product of two local
currents, the bosonization is achieved through local meson ˇelds. The effective
meson action obtained by integration over quark ˇelds is thus expressed in terms
of local meson ˇelds. By expanding the quark determinant in derivatives of the
local meson ˇelds, one then derives the chiral meson Lagrangian.
The NJL interaction, Eq. (2), describes only groundÄstate mesons. To include

excited states, one has to introduce effective quark interactions with a ˇnite range.
In general, such interactions require bilocal meson ˇelds for bosonization [12,14].
A possibility to avoid this complication is to use a separable interaction that is still
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of currentÄcurrent form, Eq. (2), but allows for nonlocal vertices (form factors)
in the deˇnition of quark currents, Eq. (3),

S̃int =
G

2

∫
d4x

N∑
i=1

[
jσ,i(x)jσ,i(x) + jaπ,i(x)j

a
π,i(x)

]
, (4)

jσ,i(x) =
∫

d4x1

∫
d4x2 ψ̄(x1)Fσ,i(x;x1, x2)ψ(x2), (5)

jaπ,i(x) =
∫

d4x1

∫
d4x2 ψ̄(x1)F a

π,i(x;x1, x2)ψ(x2). (6)

Here, Fσ,i(x;x1, x2), F a
π,i(x;x1, x2), i = 1, . . .N , denote a set of nonlocal scalar

and pseudoscalar fermion vertices (in general, momentumÄ and spinÄdependent)
to be speciˇed below. Upon bosonization Eq. (4) leads to the action

Sbos[ψ̄, ψ;σ1, π1, . . . σN , πN ] =

=
∫

d4x1

∫
d4x2 ψ̄(x1)

[(
i∂/ x2 −m0

)
δ(x1 − x2) +

+
∫

d4x

N∑
i=1

(
σi(x)Fσ,i(x;x1, x2) + πai (x)F

a
π,i(x;x1, x2)

)]
ψ(x2)−

− 1
2G

∫
d4x

N∑
i=1

(
σ2i (x) + πa 2i (x)

)
. (7)

It describes a system of local meson ˇelds, σi(x), πai (x), i = 1, . . .N , which
interact with quarks through nonlocal vertices. We emphasize that these ˇelds
are not yet to be associated with physical particles (σ, σ′, . . . , π, π′, . . .); physical
ˇelds will be obtained after determining the vacuum and diagonalizing the meson
effective action.
To deˇne the vertices of Eqs. (5) and (6), we pass to the momentum repre-

sentation. Because of the translational invariance, the vertices can be represented
as

Fσ,i(x;x1, x2) =
∫

d4P

(2π)4
×

×
∫

d4k

(2π)4
exp i

[
1
2
(P + k)(x− x1) +

1
2
(P − k)(x− x2)

]
Fσ,i(k|P ), (8)

and similarly for F a
π,i(x;x1, x2). Here k and P denote, respectively, the rel-

ative and total momentum of a quarkÄantiquark pair. We take the vertices to
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depend only on the component of the relative momentum transverse to the total
momentum,

Fσ,i(k|P ) ≡ Fσ,i(k⊥|P ), etc., k⊥ ≡ k − P · k
P 2

P. (9)

Here, P is assumed to be time-like, P 2 > 0. Equation (9) is a covariant general-
ization of the condition that the quarkÄmeson interaction is instantaneuos in the
rest frame of the meson (i.e., the frame in which P = 0). Equation (9) ensures
the absence of spurious relativeÄtime excitations and thus leads to a consistent
description of excited states∗ [18]. In particular, this framework allows us to
use 3-dimensional ®excited state¯ wave functions to model the form factors for
radially excited mesons.
The simplest chirally invariant interaction describing scalar and pseudoscalar

mesons is deˇned by spinÄindependent vertices 1 and iγ5λ
a, respectively. We

want to include ground state mesons and their ˇrst radial excitation (N = 2), and
therefore take

Fσ,j(k⊥|P )
F a
π,j(k⊥|P )

}
=

{
1

iγ5λ
a

}
×Θ(Λ3 − |k⊥|) fj(k⊥), (10)

f1(k⊥) ≡ 1, f2(k⊥) = c(1 + d |k⊥|2), |k⊥| ≡
√
−k2⊥. (11)

The step function, Θ(Λ3 − |k⊥|), is nothing else than a covariant general-
ization of the usual 3-momentum cutoff of the NJL model in the meson rest
frame [14]. The form factor f(k⊥) has for d < −Λ−2

3 the form of an excited
state wave function, with a node in the interval 0 < |k⊥| < Λ3. Equations (10)
and (11) are the ˇrst two terms in a series of polynomials in k2⊥; inclusion of
higher excited states would require polynomials of higher degree. Note that the
normalization of the form factor f(k⊥), the constant c, determines the overall
strength of the coupling of the σ2 and π2 ˇelds to quarks relative to the usual
NJL coupling of π1 and σ1.
We remark that the most general vertex could also include spinÄdependent

structures, P/ and γ5P/ , which in the terminology of the NJL model correspond
to the induced vector and axial vector component of σ and π (σÄρ and πÄA1
mixing), respectively. These structures should be considered if vector mesons are
included. Furthermore, there could be structures k/⊥, P/ k/⊥ and γ5k/⊥, γ5P/ k/⊥,

∗In bilocal ˇeld theory, this requirement is usually imposed in the form of the so-called MarkovÄ
Yukawa condition of covariant instantaneity of the bound state amplitude [14]. An interaction of the
transverse form, Eq. (9), automatically leads to meson amplitudes satisfying the MarkovÄYukawa
condition.
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respectively, which describe bound states with orbital angular momentum L = 1.
We shall not consider these components here.
With the form factors deˇned by Eqs. (10) and (11), the bosonized action,

Eq. (7), in the momentum representation takes the form

Sbos[ψ̄, ψ;σ1, π1, σ2, π2] =
∫

d4k

(2π)4
ψ̄(k)

(
k/ −m0

)
ψ(k)+

+
2∑
j=1

∫
d4P

(2π)4

∫
Λ3

d4k

(2π)4
ψ̄(k+

1
2
P )

[
σj(P ) + iγ5λ

aπaj (P )
]
fj(k⊥)ψ(k−

1
2
P )−

− 1
2G

2∑
j=1

∫
d4P

(2π)4
(
σj(−P )σj(P ) + πaj (−P )πaj (P )

)
. (12)

Here it is understood that a cutoff in the 3-dimensional transverse momentum is
applied to the k integral, as deˇned by the step function of Eq. (10).

2.2. Effective Lagrangian for π and π′ Mesons. We now want to derive
the effective Lagrangian describing physical π and π′ mesons. Integrating over
the fermion ˇelds in Eq. (12), one obtains the effective action of the σ1, π1 and
σ2, π2 ˇelds,

W [σ1, π1, σ2, π2] = − 1
2G

∫
d4x

(2π)4
(σ21 + πa 21 + σ22 + πa 22 )−

− iNc Tr log


i∂/ −m0 +

2∑
j=1

(σj + iγ5λ
aπaj )fj


 .(13)

This expression is understood as a shorthand notation for expanding in the meson
ˇelds. In particular, we want to derive the free part of the effective action for the
π1 and π2 ˇelds,

W = W (0) +W (2), (14)

W (2) =
1
2

∫
d4P

(2π)4

2∑
i,j=1

πai (P )K
ab
ij (P )π

b
j(P ), (15)

where we restrict ourselves to timelike momenta, P 2 > 0. Before expanding
in the π1 and π2 ˇelds, we must determine the vacuum, i.e., the mean scalar
ˇeld that arises in the dynamic breaking of chiral symmetry. The meanÄˇeld
approximation corresponds to the leading order of the 1/Nc expansion. The
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mean ˇeld is determined by the set of equations

δW

δσ1
= −iNc tr

∫
Λ3

d4k

(2π)4
1

k/ −m0 + σ1 + σ2f(k⊥)
− σ1

G
= 0, (16)

δW

δσ2
= −iNc tr

∫
Λ3

d4k

(2π)4
f(k⊥)

k/ −m0 + σ1 + σ2f(k⊥)
− σ2

G
= 0. (17)

Due to the transverse deˇnition of the interaction, Eq. (9), the mean ˇeld inside
a meson depends in a trivial way on the direction of the meson 4-momentum,
P . In the following we consider these equations in the rest frame where P =
= 0, k⊥ = (0,k) and Λ3 is the usual 3-momentum cutoff.
In general, the solution of Eqs. (16) and (17) would have σ2 �= 0, in which

case the dynamically generated quark mass, −σ1 − σ2f(k) + m0, becomes
momentumÄdependent. However, if we choose the form factor, f(k), such that

−4mIf1 ≡ −iNc tr
∫
Λ3

d4k

(2π)4
f(k)
k/ −m

=

= i4Ncm
∫
Λ3

d4k

(2π)4
f(k)

m2 − k2
= 0, (18)

m ≡ −σ1 +m0,

then Eqs. (16) and (17) admit a solution with σ2 = 0 and thus with a constant
quark mass, m = −σ1 + m0. In this case, Eq. (16) reduces to the usual gap
equation of the NJL model,

−8mI1 ≡ −miNc

∫
Λ3

d4k

(2π)4
1

k2 −m2
=

m0 −m

G
. (19)

Obviously, the condition, Eq. (18), can be fulˇlled by choosing an appropriate
value of the parameter d deˇning the ®excited state ¯ form factor, Eq. (11), for
given values of Λ3 and m. Equation (18) expresses the invariance of the usual
NJL vacuum, σ1 = const., with respect to variations in the direction of σ2. In
the following, we shall consider the vacuum as deˇned by Eqs. (18) and (19),
i.e., we work with the usual NJL vacuum. We emphasize that this choice is
a matter of convenience, not of principle. The qualitative results below could
equivalently be obtained with a different choice of form factors; however, in this
case one should re-derive all vacuum and groundÄstate meson properties with
the momentumÄdependent quark mass. Preserving of the NJL vacuum makes
formulas below much more transparent and allows us to take the parameters ˇxed
in the old NJL model.
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Fig. 1. The quark loop contribution to the quadratic form Kij(P ), Eq. (94), of the effective
action for π1 and π2 ˇelds. Solid lines denote the NJL quark propagator. The π1 ˇeld
couples to quarks through a local vertex; the π2 ˇeld, through the form factor, f(k⊥),
marked by letter f

With the mean ˇeld determined by Eqs. (18) and (19), we now expand the
action to quadratic order in the ˇelds π1 and π2. The quadratic form Kab

ij (P ),
Eq. (15), is obtained as

Kab
ij (P ) ≡ δabKij(P ),

Kij(P ) = −iNc tr
∫
Λ3

d4k

(2π)4

[
1

k/ + 1
2P/ −m

iγ5fi
1

k/ − 1
2P/ −m

iγ5fj

]
− δij

1
G

.

(20)
A graphical representation of the loop integrals in Eq. (20) is given in Fig. 1. The
integral is evaluated by expanding in the meson ˇeld momentum, P . To order
P 2, one obtains

K11(P ) = Z1(P 2 −M2
1 ), K22(P ) = Z2(P 2 −M2

2 )

K12(P ) = K21(P ) =
√

Z1Z2 ΓP 2, (21)

where

Z1 = 4I2, Z2 = 4Iff2 , (22)

M2
1 = Z−1

1 (−8I1 +G−1) =
m0

Z1Gm
, (23)

M2
2 = Z−1

2 (−8Iff1 +G−1), (24)

Γ =
4√

Z1Z2
If2 . (25)
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Here, In, Ifn , and Iffn denote the usual loop integrals arising in the momentum
expansion of the NJL quark determinant, but now with zero, one or two factors
f(k⊥), Eq. (11), in the numerator. We may evaluate them in the rest frame,
k⊥ = (0,k),

If..fn ≡ −iNc
∫
Λ3

d4k

(2π)4
f(k)..f(k)
(m2 − k2)n

. (26)

The evaluation of these integrals with a 3-momentum cut-off is described, e.g., in
Ref. 19. The integral over k0 is taken by contour integration, and the remaining
3-dimensional integral is regularized by the cut-off. Only the divergent parts are
kept; all ˇnite parts are dropped. We point out that the momentum expansion
of the quark loop integrals, Eq. (20), is an essential part of this approach. The
NJL model is understood here as a model only for the lowest coefˇcients of the
momentum expansion of the quark loop, but not its full momentum dependence
(singularities, etc.).

Note that a mixing between the π1 and π2 ˇelds occurs only in the kinetic
(O(P 2)) terms of Eq. (21), but not in the mass terms. This is a direct consequence
of the deˇnition of vacuum by Eqs. (18) and (19), which ensures that the quark
loop with one form factor has no P 2Äindependent part. The ®softness¯ of the
π1Äπ2 mixing causes the π1 ˇeld to decouple as P 2 → 0. This property is crucial
for the appearance of a Goldstone boson in the chiral limit.

To determine the physical π- and π′-meson states, we have to diagonalize the
quadratic part of the action, Eq. (15). If one knew the full momentum dependence
of the quadratic form, Eq. (21), the masses of physical states would be given as
zeros of the determinant of the quadratic form,

detKij(P 2) = 0, P 2 = M2
π , M2

π′ . (27)

This would be equivalent to the usual BetheÄSalpeter (on-shell) description of
bound states: the matrix Kij(P 2) is diagonalized independently of the respective
mass shells, P 2 = M2

π ,M
2
π′ [13,20,21]. In our approach, however, we know the

quadratic form, Eq. (21), only as an expansion in P 2 at P 2 = 0. It is clear that
the determination of the masses according to Eq. (27) would be incompatible with
the momentum expansion, as the determinant involves O(P 4) terms neglected
in Eq. (21). To be consistent with the P 2 expansion, we must diagonalize the
kinetic term and the mass term in Eq. (15) simultaneously, with a P 2-independent
transformation of the ˇelds. Let us write Eq. (21) in the matrix form

Kij(P 2) =

(
Z1

√
Z1Z2 Γ√

Z1Z2 Γ Z2

)
P 2 −

(
Z1M

2
1 0

0 Z2M
2
2

)
. (28)
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The transformation that diagonalizes both the matrices here separately is given by

√
Z1π

a
1 =

cosφ√
Zπ

πa +
M2

M1

sinφ√
Zπ′

π′ a,

√
Z2π

a
2 =

M1

M2

sinφ√
Zπ

πa − cosφ√
Zπ′

π′ a,

(29)

where

tan 2φ = 2Γ
M1

M2

(
1− M2

1

M2
2

)−1
, (30)

Zπ = cos2 φ+
M2
1

M2
2

sin2 φ+ 2Γ
M1

M2
cosφ sinφ, (31)

Zπ′ = cos2 φ+
M2
2

M2
1

sin2 φ− 2ΓM2

M1
cosφ sinφ. (32)

In terms of the new ˇelds, π, π′, the quadratic part of the action, Eq. (15), reads

W (2) =
1
2

∫
d4P

(2π)4
[
πa(−P )(P 2 −M2

π)π
a(P ) + π′ a(−P )(P 2 −M2

π′)π′ a(P )
]
.

(33)
Here,

M2
π =

M2
1

Zπ
, M2

π′ =
M2
2

Zπ′
. (34)

The ˇelds π and π′ can thus be associated with physical particles.
Let us now consider the chiral limit, i.e., a vanishing current quark mass,

m0 → 0. From Eqs. (22)Ä(25) we see that this is equivalent to letting M2
1 → 0.

(Here and in the following, when discussing the dependence of quantities on the
current quark mass, m0, we keep the constituent quark mass ˇxed and assume
the coupling constant, G, to be changed in accordance with m0, such that the gap
equation, Eq. (19), remains fulˇlled exactly. In this way, the loop integrals and
Eq. (18) remain unaffected by changes of the current quark mass.) Expanding
Eqs. (34) in M2

1 ∝ m0, one ˇnds

M2
π = M2

1 + O(m41), (35)

M2
π′ =

M2
2

1− Γ2

[
1 + Γ2

M2
1

M2
2

+ O(M4
1 )
]
. (36)

Thus, in the chiral limit the effective Lagrangian, Eq. (33), indeed describes a
massless Goldstone pion, π, and a massive particle, π′. Furthermore, in the chiral
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limit the transformation of the ˇelds, Eq. (29), becomes

√
Z1π

a
1 =

(
1− Γ2M

2
1

M2
2

)
πa +

Γ√
1− Γ2

(
1 + (1− Γ2)M

2
1

M2
2

)
π′ a,

√
Z2π

a
2 = Γ

M2
1

M2
2

πa − 1√
1− Γ2

π′ a. (37)

At M2
1 = 0 one observes that π has only a component along π1. This is

a consequence of the fact that the π1Äπ2 coupling in the original Lagrangian,
Eq. (21), is of order P 2. We remark that, although we have chosen to work with
the particular choice of excitedÄstate form factor, Eq. (18), the occurrence of a
Goldstone boson in the chiral limit in Eq. (13) is general and does not depend on
this choice. This may easily be established by using the general gap equations,
Eqs. (16) and (17), together with Eq. (20).

2.3. The Axial Current. To describe the leptonic decays of the π and π′

mesons, we need the axial current operator. Since our effective action contains,
besides the pion, a ˇeld describing an ®excited state¯ with the same quantum
numbers, it is clear that the axial current of our model is, in general, not carried
exclusively by the π ˇeld, and is thus not given by the standard PCAC formula.
Thus, we must determine the conserved axial current of our model, including the
contribution of π′, from ˇrst principles.
In general, the construction of the conserved current in a theory with nonlocal

(momentumÄdependent) interactions is a difˇcult task. This problem has been
studied extensively in the framework of the BetheÄSalpeter equation [22] and
various 3-dimensional reductions of it such as the quasipotential and the on-shell
reduction [23]. In these approaches, the derivation of the current is achieved
by ®gauging¯ all possible momentum dependences of the interaction through
minimal substitution, a rather cumbersome procedure in practice. In contrast, in
a Lagrangian ˇeld theory, a simple method exists to derive conserved currents,
the soÄcalled Gell-Mann and Levy method [24], based on the Noether theorem.
In this approach, the current is obtained as the variation of the Lagrangian with
respect to the derivative of a spaceÄtime dependent symmetry transformation of
the ˇelds. We now show that a suitable generalization of this technique can be
employed to derive the conserved axial current of our model with quarkÄmeson
form factors depending on the transverse momentum.
To derive the axial current, we start at the quark level. The isovector axial

current is the Noether current corresponding to inˇnitesimal chiral rotations of
the quark ˇelds,

ψ(x)→
(
1− iεa

1
2
λaγ5

)
ψ(x). (38)
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Following the usual procedure, we consider the parameter of this transformation
to be spaceÄtime dependent, εa ≡ εa(x). However, this dependence should not be
completely arbitrary. To describe the decays of π and π′ mesons, it is sufˇcient
to know the component of the axial current parallel to the meson 4-momentum,
P . It is easy to see that this component is obtained from chiral rotations whose
parameter depends only on the longitudinal part of the coordinate

εa(x)→ εa(x||), x|| ≡
x · P√
P 2

, (39)

since ∂µε
a(x||) ∝ Pµ. In other words, transformations of the form Eq. (39)

describe a transfer of the longitudinal momentum to the meson, but not of the
transverse momentum. This has an important consequence that the chiral trans-
formation does not change the direction of transversality of the mesonÄquark
interaction, cf. Eq. (9). When passing to the bosonized representation, Eq. (7),
the transformation of the π1, σ1 and π2, σ2 ˇelds induced by Eqs. (38) and (39)
is therefore of the form

πai (x) → πai (x) + εa(x||)σi(x),
σi(x) → σi(x) − εa(x||)πai (x).

(i = 1, 2) (40)

This follows from the fact that, for a ˇxed direction of P , the vertex, Eq. (9),
describes an instantaneous interaction in x||. Thus, the special chiral rotation,
Eq. (39), does not mix the components of meson ˇelds coupled to quarks with
different form factors.
With the transformation of the chiral ˇelds given by Eqs. (40), the construc-

tion of the axial current proceeds exactly as in the usual linear sigma model. We
write the variation of the effective action, Eq. (13), in the momentum representa-
tion,

δW =
∫

d4Q

(2π)4
εa(Q)Da(Q), (41)

where εa(Q) = ε̃a(Q||)δ(3)(Q⊥) is the Fourier transform of the transformation,
Eq. (39), and Da(Q) is a function of the ˇelds σi, πi, i = 1, . . . 2, given in the
form of a quark loop integral,

Da(Q) = −iNc tr
∫

d4k

(2π)4

[
1

k/ −m
δab+

+
1

k/ − 1
2Q/ −m

iγ5λ
a 1
k/ + 1

2Q/ −m
iγ5λ

bσ1

]
×

×(πb1(Q) + f(k⊥)πb2(Q)). (42)
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Fig. 2. The axial current of π1 and π2 ˇelds, Eq. (44), as it follows from the Noether
theorem. The cross denotes a local axial current of quark ˇelds to which π1 and π2 ˇelds
couple through quark loops. The notation is the same as in Fig. 1

Here we have used that σ2 = 0 in the vacuum, Eq. (18). Expanding now in the
momentum Q, making use of Eq. (18) and the gap equation, Eq. (19), and setting
σ1 = −m (it is sufˇcient to consider the symmetric limit, m0 = 0), we get

Da(Q) = −Q2m
[
4I2πa1 (Q) + 4If2 π

a
2 (Q)

]
= −Q2m

[
Z1π

a
1 (Q) +

√
Z1Z2Γπa2 (Q)

]
. (43)

The fact that Da(Q2) is proportional to Q2 is a consequence of the chiral sym-
metry of the effective action, Eq. (13). Due to this property, Da(Q2) can be
regarded as the divergence of a conserved current,

Aaµ(Q) = Qµm
[
Z1π

a
1 (Q) +

√
Z1Z2Γπa2 (Q)

]
. (44)

Equation (44) is the conserved axial current of our model. It is of the usual
®PCAC¯ form, but contains also a contribution of the π2 ˇeld. The above
derivation was rather formal. However, the result can be understood in simple
terms, as is shown in Fig. 2. Both the π1 and π2 ˇelds couple to the local axial
current of the quark ˇeld through quark loops; the π2 ˇeld enters the loop with
a form factor, f(k⊥). The necessity to pull out a factor of the meson ˇeld
momentum (derivative) means that only the O(P 2) parts of the loop integrals,
I2 and If2 , survive, cf. Eq. (26). Chiral symmetry ensures that the corresponding
diagrams for the divergence of the current have no P 2-independent part.
The results of this Subsection are an example for the technical simpliˇcations

of working with separable quark interactions. The fact that they can be bosonized
by local meson ˇelds makes it possible to apply methods of local ˇeld theory,
such as the Noether theorem, to the meson effective action. Furthermore, we note
that the covariant (transverse) deˇnition of the 3-dimensional quark interaction,
Eq. (9), is crucial for obtaining a consistent axial current. In particular, with this
formulation there is no ambiguity with different deˇnitions of the pion decay
constant like with noncovariant 3-dimensional interactions [13].

2.4. The Weak Decay Constants of π and π′ Mesons. We now use the axial
current derived in the previous Subsection to evaluate the weak decay constants
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of physical π and π′ mesons. They are deˇned by the matrix element of the
divergence of the axial current between meson states and vacuum,

〈0|∂µAaµ|πb〉 = M2
πFπδ

ab, (45)

〈0|∂µAaµ|π′ b〉 = M2
π′Fπ′δab. (46)

In terms of the physical ˇelds, π and π′, the axial current takes the form

Aaµ = Pµm
√

Z1

(
πa + Γ

√
1− Γ2 M2

1

M2
2

π′ a
)
+ O(M4

1 ). (47)

Here, we substituted the transformation of the ˇelds, Eq. (37), into Eq. (44). The
decay constants of the physical π and π′ states are thus given by

Fπ =
√

Z1m + O(M4
1 ), (48)

Fπ′ =
√

Z1mΓ
√
1− Γ2 M2

1

M2
2

+ O(M4
1 ). (49)

The corrections to Fπ for excited states are of order M4
π . Thus, within our

accuracy, Fπ is identical with the value obtained by the usual NJL model,
√
Z1m,

which follows from the GoldbergerÄTreiman relation at the quark level [8]. On
the other hand, the π′-decay constant vanishes in the chiral limit m0 ∼M2

1 → 0,
as expected. We stress that for this property to hold, it is essential to consider
the full axial current, Eq. (44), including the contribution of the π2 component.
As can be seen from Eqs. (37) and (44), the standard PCAC formula Aaµ ∝ ∂µπ

a
1

would lead to a nonvanishing result for Fπ′ in the chiral limit.
The ratio of the π′- to π-decay constants can directly be expressed in terms

of the physical π and π′ masses. From Eqs. (48) and (49) one obtains, using
Eqs. (35) and (36),

Fπ′

Fπ
= Γ

√
1− Γ2 M2

1

M2
2

=
Γ√

1− Γ2
M2
π

M2
π′

. (50)

This is precisely the dependence derived from current algebra considerations in
the general ®extended PCAC¯ framework [25]. We note that the same behavior
of Fπ′ in the chiral limit is found in models describing chiral symmetry breaking
by nonlocal interactions [13,20].
The effective Lagrangian in a compact way illustrates different consequences

of axial current conservation for the pion and its excited state. Both matrix
elements of ∂µAµ, Eq. (45) and Eq. (46), must vanish for m0 → 0. The pion
matrix element, Eq. (45), does so by M2

π → 0, with Fπ remaining ˇnite, while
for the excited pion matrix element the opposite takes place, Fπ′ → 0 with Mπ′

remaining ˇnite.
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2.5. Numerical Estimates and Conclusions. We can now numerically es-
timate the excited pion decay constant, Fπ′ , in this model. We take the value
of the constituent quark mass m = 300MeV and ˇx the 3-momentum cut-off
at Λ3 = 671MeV by ˇtting the normal pion decay constant Fπ = 93MeV
in the chiral limit, as in the usual NJL model without excited states, cf. [19].
With these parameters one obtains the standard value of the quark condensate,
〈q̄q〉 = −(253MeV)3, and G = 0.82m−2 = 9.1GeV−2, m0 = 5.1MeV. With
the constituent quark mass and cut-off ˇxed, we can determine the parameter d of
the ®excited-state¯ form factor, Eq. (11), from the condition Eq. (18). We ˇnd∗

d = −1.83Λ−2
3 = −4.06GeV−2, corresponding to a form factor f(k⊥) with a

radial node in the range 0 ≤ |k⊥| ≤ Λ3. With this value we determine the π1Äπ2
mixing coefˇcient, Γ, Eq. (25), as

Γ = 0.41. (51)

Note that Γ is independent of the normalization of the form factor f(k⊥), Eq. (11).
In fact, the parameter c enters only into the mass of the π′ meson, cf. Eqs. (24) and
(36); we should not determine its value since the result can directly be expressed
in terms of Mπ′ . Thus, Eq. (50) gives

Fπ′

Fπ
= 0.45

M2
π

M2
π′

. (52)

For the standard value of the π′ mass, Mπ′ = 1300 MeV, this comes to
Fπ′ = 0.48 MeV. The excited pion leptonic decay constant is thus very small,
which is a consequence of chiral symmetry. Note that, as opposed to the quali-
tative results discussed above, the numerical values here depend on the choice of
form factor, (see Eq. (18)), and should thus be regarded as a rough estimate.
We remark that the numerical values of the ratio Fπ′/Fπ obtained here are

comparable to those found in chirally symmetric potential models [20]. However,
models describing chiral symmetry breaking by a vector-type conˇning potential
(linear or oscillator) usually underestimate the normal pion decay constant by an
order of magnitude [13]. Such models should include a short-range interaction
(NJL-type) which is mostly responsible for chiral symmetry breaking.
The small value of Fπ′ does not imply a small width of the π′ resonance,

since it can decay hadronically, e.g., into 3π or ρπ. Such hadronic decays will
be investigated in Section 4.
In conclusion, we outlined a simple framework for including radial excita-

tions in an effective Lagrangian description of mesons. The Lagrangian obtained

∗All parameters will be different when in Section 3 we consider a realistic version of this model.
However, the ratio d/Λ3 will be near 2 (its limit as Λ→ ∞) and change slightly.
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by bosonization of an NJL model with separable interactions exhibits all qual-
itative properties expected on general grounds: a Goldstone pion with a ˇnite
decay constant, and a massive ®excited state¯ with a vanishing decay constant in
the chiral limit. Our model shows in a simple way how chiral symmetry pro-
tects the pion from modiˇcations by excited states, which in turn inquences the
excited states' contribution to the axial current. These features are general and
do not depend on a particular choice of the quarkÄmeson form factor. Further-
more, they are preserved if the derivative expansion of the quark loop is carried
to higher orders.
In the investigations described here we strictly kept to an effective Lagrangian

approach, where the coupling constants and ˇeld transformations are deˇned at
zero momentum. We have no way to check the quantitative reliability of this
approximation for radially excited states in the region of ∼ 1GeV, i.e., to estimate
the momentum dependence of the coupling constants, within the present model.
(For a general discussion of the range of applicability of effective Lagrangians,
see [26].) This question can be addressed to generalizations of the NJL model
with quark conˇnement, which in principle allow both a zeroÄmomentum and
an on-shell description of bound states. Recently, ˇrst steps were undertaken to
investigate the full momentum dependence of correlation functions in an approach
of that kind [27].

3. U(3)× U(3) MODEL

3.1. U(3)×U(3) Chiral Lagrangian with Excited Meson States and 't Hooft
Interaction. àThis Section is devoted to a realistic U(3) × U(3) version of the
NJL model with nonlocal four-quark interaction (see Refs. 28, 29, 30).
We use a nonlocal separable four-quark interaction of the currentÄcurrent

form which admits nonlocal vertices (form factors) in the quark currents and a
pure local six-quark 't Hooft interaction [31,32]:

L(q̄, q) =
∫

d4x q̄(x)(i∂/ −m0)q(x) + L(4)int + L
(6)
int , (53)

L(4)int =
G

2

∫
d4x

9∑
a=1

N∑
i=1

[jaS,i(x)j
a
S,i(x) + jaP,i(x)j

a
P,i(x)]−

− GV

2

∫
d4x

9∑
a=1

N∑
i=1

[ja, µV,i (x)j
a
V,i, µ(x) + ja, µA,i (x)j

a
A,i, µ(x)], (54)

L(6)int = −K [det [q̄(1 + γ5)q] + det [q̄(1− γ5)q]] , (55)

where L(4)int is the U(3) × U(3) chirally symmetric four-quark interaction La-
grangian and L(6)int contains the symmetry breaking 't Hooft terms. Here, m0 is
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the current quark mass matrix m0 = diag(m0u,m0d,m
0
s) (m0u ≈ m0d) and jaU,i with

U = (S, P, V,A) denotes the scalar, pseudoscalar, vector, and axialÄvector quark
currents

jaS(P ),i(x) =
∫

d4x1d
4x2 q̄(x1)F a

S(P ),i(x;x1, x2)q(x2), (56)

ja, µV (A),i(x) =
∫

d4x1d
4x2 q̄(x1)F

a, µ
V (A),i(x;x1, x2)q(x2), (57)

where F a
S(P ),i(x;x1, x2) are the scalar (pseudoscalar) and F a, µ

V (A),i(x;x1, x2) the
vector and axialÄvector nonlocal quark vertices. The index a = 1, . . . , 9 denotes
the basis elements τa of U(3) qavor group. Our choice is slightly different from
the Gell-Mann λ matrices

τi = λi (i = 1, ..., 7), τ8 = (
√
2λ0 + λ8)/

√
3 =


 1 0 0

0 1 0
0 0 0


 ,

τ9 = (−λ0 +
√
2λ8)/

√
3 =


 0 0 0

0 0 0
0 0 −

√
2


 , (58)

but this choice is more convenient when a singletÄoctet mixing appears due to
the 't Hooft terms.
In the original formulation of the NJL model with 't Hooft interaction, the

't Hooft terms are represented by six-fermion vertices. In this form the Lagrangian
is not ready for the bosonization procedure we should proceed to. An appropriate
way to circumvent this drawback is to come to an equivalent form of the quark
Lagrangian that contains only four-quark vertices as it was done, e.g., in Refs. 4,
31. Therein, the effective four-quark interaction is deduced by integrating out a

quark loop at each six-quark vertex. Thus, from L(6)int the four-quark part L
(4)
int

acquires an additional contribution which in the one-loop approximation looks as
follows:

L
(4)
tH = 4K

∫
d4x

{
3∑
a=1

msI1(ms)
[
(q̄(x)iγ5τaq(x))2 − (q̄(x)τaq(x))2

]

+
7∑
a=4

muI1(mu)
[
(q̄(x)iγ5τaq(x))2 − (q̄(x)τaq(x))2

]
+msI1(ms)

[
(q̄(x)τ8q(x))2 − (q̄(x)iγ5τ8q(x))2

]
−2
√
2muI1(mu)

[
(q̄(x)τ8q(x))(q̄(x)τ9q(x))

−(q̄(x)iγ5τ8q(x))(q̄(x)iγ5τ9q(x))
]}

. (59)
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In our model the 't Hooft interaction is local with respect to its instantaneous
origin. Finally, we have ∗:

L(q̄, q) =
∫

d4x q̄(x)(i∂/ −m0)q(x) +

+
1
2

∫
d4x

9∑
a=1

9∑
b=1

[G(−)ab jaS,1(x)j
b
S,1(x) +G

(+)
ab jaP,1(x)j

b
P,1(x)] +

+
G

2

∫
d4x

9∑
a=1

N∑
i=2

[jaS,i(x)j
a
S,i(x) + jaP,i(x)j

a
P,i(x)]−

− GV

2

∫
d4x

9∑
a=1

N∑
i=1

[ja, µV,i (x)j
a
V,i, µ(x) + ja, µA,i (x)j

a
A,i, µ(x)], (60)

where

G
(±)
11 = G

(±)
22 = G

(±)
33 = G± 4KmsI1(ms),

G
(±)
44 = G

(±)
55 = G

(±)
66 = G

(±)
77 = G± 4KmuI1(mu),

G
(±)
88 = G∓ 4KmsI1(ms), G

(±)
99 = G,

G
(±)
89 = G

(±)
98 = ±4

√
2KmuI1(mu),

Gab = 0 (a �= b, a, b = 1, . . . , 7). (61)

The model thus formulated can be bosonized in a standard way by introducing
auxiliary boson ˇelds σai (x), ϕ

a
i (x), V

µ
i (x), A

µ
i (x) with quantum numbers of the

quark currents jaS(P ),i(x) and ja, µV (A),i, and then integrating over the quark degrees
of freedom. The result is a meson effective Lagrangian which, after all, is a
functional of scalar, pseudoscalar, vector, and axialÄvector meson ˇelds. In the
case of an ordinary (local) NJL model, this procedure would give us the well-
known linear realization of the chiral Lagrangian. When original four-quark
vertices of the separable type contain form factors, the bosonization gives rise
to a meson effective Lagrangian for the ground state and a number (in general
inˇnite) of radially excited meson ˇelds. These ˇelds have the same quantum
numbers and therefore should be interpreted as ®radial¯ excitations.
The effective four-quark representation of the Lagrangian with 't Hooft in-

teraction requires careful treatment. It is not equivalent to the original form in

∗It should be noted that SBCS is already taken into account in the effective four-fermion
vertices. Therefore, the effective four-fermion Lagrangian is no longer chirally invariant. However,
in its original form the chiral invariance is present if we exclude 't Hooft terms. This fact has some
consequences which we use later, for instance, we choose the same form factors both for scalars and
pseudoscalars.
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all aspects. For example, the gap equations derived from the effective four-quark
form of the Lagrangian do not reproduce those obtained from the original form
(with six-quark vertices). A kind of double counting takes place here, which
leads to wrong gap equations (for a correct derivation of gap equations, see [31]).
But for the mass spectra and mesonÄmeson coupling constants in the one-loop
approximation, everything works well.
In the one-loop approximation, the bosonized Lagrangian has the following

form:

Lbos(q̄, q;σ, ϕ, V,A) =
∫

d4x1

∫
d4x2 q̄(x1)

[(
i∂/ x2 −m0

)
δ(x1 − x2) +

+
∫

d4x

N∑
i=1

9∑
a=1

(
σai (x)F

a
σ,i(x;x1, x2) + ϕai (x)F

a
ϕ,i(x;x1, x2) +

+V a
i,µ(x)F

a,µ
V,i (x;x1, x2) + Aai,µ(x)F

a,µ
A,i (x;x1, x2)

)]
q(x2)−

−
9∑
a=1

∫
d4x

[
1
2

((
G(−)

)−1

ab
σa1 (x)σ

b
1(x) +

(
G(+)

)−1

ab
ϕa1(x)ϕ

b
1(x)

)
−

− 1
2GV

(
(V a,µ
1 (x))2 + (Aa,µ1 (x))2

)]
−

−
∫

d4x

N∑
i=2

[
1
2G

(
(σai (x))

2 + (ϕai (x))
2
)
−

− 1
2GV

(
(V a,µ
i (x))2 + (Aa,µi (x))2

)]
. (62)

This Lagrangian describes a system of local meson ˇelds, σai (x), ϕai (x),
V a,µ
i (x), Aa,µi (x), i = 1, . . .N , which interact with quarks through nonlocal
vertices. These ˇelds are not yet to be associated with physical particles, to
be obtained after determining the vacuum and diagonalizing the meson effective
Lagrangian.
In general, the model admits as many excited states as one wishes. But

for a realistic description of very heavy mesons (2 GeV and more) the model
seems not reliable because it is constructed for low energies. So we intended
here to consider a minimal version of the model, restricting ourselves to N = 2,
which is necessary for the description of ground states and ˇrst radial excitations
of mesons.
To describe the ground and ˇrst radially excited states of mesons, we take

the form factors in the momentum representation as follows:

F a
S,j(k) = τafaσ,j, F a

P,j = iγ5τ
afaϕ,j, (63)
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F a, µ
V,j (k) = γµτafaV,j, F a, µ

A,j = γ5γ
µτafaA,j , (64)

faU,1 ≡ 1, faU,2 ≡ fUa (k) = cUa (1 + dak2), (65)

where U = (σ, ϕ, V,A). Here, we consider the form factors in the rest frame of
mesons (see Section 2). After bosonization in the one-loop approximation, we
get

Lbos(σ, ϕ, V,A) =

−
9∑

a,b=1

∫
d4x

[
1
2

((
G(−)

)−1

ab
σ̄a1 (x)σ̄

b
1(x) +

(
G(+)

)−1

ab
ϕa1(x)ϕ

b
1(x)

)
−

− 1
2GV

(
(V a,µ
1 (x))2 + (Aa,µ1 (x))2

)]
−

−
9∑
a=1

∫
d4x

[
1
2G

(
(σa2 (x))

2 + (ϕa2(x))
2
)
−

− 1
2GV

(
(V a,µ
2 (x))2 + (Aa,µ2 (x))2

)]
−

−iTr ln
[
1 +

1
i�∂ −m

2∑
j=1

9∑
a=1

(σaj + ϕaj + V a,µ
j γµ +Aa,µj γ5γµ)faj τa

]
. (66)

At the beginning of this Section, we have already mentioned that there is a
danger of double counting when deriving gap equations. The double counting
surely takes place if one tries to obtain the gap equations by naively varying the
Lagrangian (66) over σa1 . However, correct equations for σ

a
2 can be obtained in

this way. It is due to the fact that the 't Hooft interaction is local.
The gap equations for σa1 can be deduced from the DysonÄSchwinger equa-

tion. We will not discuss the details of ˇnding its solution but refer the reader,
e.g., to paper [31]. Here we present just the result that is a slight modiˇcation of
the equations obtained in Ref. 31.

m0u = mu[1− 8G(−)88 (I1(mu) + Ifuu

1 (mu)f82 )], (67)

m0s = ms[1− 8G(−)99 (I1(ms) + Ifss

1 (ms)f92 )]. (68)

There m0a and ma (a = u, d, s) are the current and constituent quark masses,
respectively. The difference between Eqs. (67),(68) and those given in Ref. 31 is
the presence of If1 (mu), tadpoles with form factors absent in local NJL.
The constituent quark masses appear, as usual, due to nonzero vacuum ex-

pectations of σa, according to the equations

〈σ̄8〉0 = m0u −mu, 〈σ̄9〉0 = m0s −ms. (69)
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We use them in the gap equations for excited meson states. The ˇelds σ̄a require
redeˇnition which consists in subtracting their vacuum expectation values:

σ8 = σ̄8 − 〈σ̄8〉0, σ9 = σ̄9 − 〈σ̄9〉0. (70)

Now we stop discussing the gap equations for the ground ˇelds and turn
our attention to those for radially excited meson states. As it was said above,
the correct gap equations for radially excited meson states can be obtained by
calculating the ˇrst derivative of Lagrangian (66) with respect to σa2 , which gives

〈 δL
δσa2
〉0 = −iNc tr

∫
Λ3

d4k

(2π)4
fa(k)

(k/ −m+ 〈σa2 〉0τafa(k))
− 〈σ

a
2 〉0
G

= 0. (71)

This equation always admits the trivial solution 〈σa2 〉 = 0. Despite the fact that
nontrivial solutions are possible, we assume that the vacuum expectations for
radially excited meson states are equal to zero and therefore do not change the
quark condensate. Thus, we obtain the condition

−iNc tr
∫
Λ3

d4k

(2π)4
fa(k)
(k/ −m)

= 0. (72)

Equation (72) is written in the matrix form. In the isotopic symmetry, Eq. (72)
gives two conditions on the form factors fa(k) which can be written in our
notation as follows:

Ifuu

1 (mu) = 0, (73)

Ifss

1 (ms) = 0. (74)

These conditions essentially simplify the calculation of the meson mass spectra.
In particular, they provide a diagonal form for the (σai )

2 and (ϕai )
2 mass terms of

the meson Lagrangian, however, not for all contributions. To ensure that no terms
like σa1σ

a
2 or ϕ

a
1ϕ

a
2 for strange mesons come from the one-loop quark integrals,

we must impose, in addition to Eqs. (73) and (74), another condition

Ifus

1 (mu) + Ifus

1 (ms) = 0. (75)

Conditions (73), (74), and (75) provide orthogonality of the ground (i = 1) and
excited (i = 2) meson states in the low energy limit P 2 → 0 (see Section 2)
when ϕa1 become Goldstone bosons.
Now let us remind how we ˇx the basic parameters in the usual NJL model

without excited states of mesons [10].
To obtain correct coefˇcients of kinetic terms of mesons in the quark-one-

loop approximation, we have to make the renormalization of the meson ˇelds

σa = gaσσ
r
a, ϕa = gaσϕ

r
a, V µ

a =
gaV
2

V µ,r
a , Aµa =

gaV
2

Aµ,ra , (76)
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where

gai,j
σ = [4I2(mi,mj)]−1/2,

I2(mi,mj) = −iNc

∫
Λ3

d4k

(2π)4
1

(m2i − k2)(m2j − k2)
, (77)

gaV =
√
6gaσ. (78)

After taking account of the pseudoscalarÄaxialÄvector transitions (ϕa → Aa), the
additional renormalization of the pseudoscalar ˇelds

gaϕ = Z
− 1

2
a gaσ, (79)

appears, where Zπ = 1 − 6m2u/M2
a1
≈ 0.7 for pions. (Ma1 = 1.23 GeV is the

mass of the axialÄvector a1 meson, [1], mu = 280 MeV (see below and [10]).
We assume that Za ≈ Zπ ≈ 0.7 for any a.
After these renormalizations the part of the Lagrangian describing the ground

states of mesons takes the form

L(σ, ϕ, V,A) = −1
2
((G(−))−1ab g

a
σg
b
σσaσb + (G(+))−1ab g

a
ϕg

b
ϕϕaϕb)−

− ga2V
2GV

(V 2a +A2a)− iNc Tr ln
[
i∂/ −m+

+
9∑
a=1

(
gaσσa + iγ5g

a
ϕϕa +

gaV
2
(γµV µ

a + γ5γµA
µ
a)
)

τa
]
, (80)

for simplicity we omitted the index r of meson ˇelds.
Lagrangian (80) in the one-loop approximation results in the following ex-

pressions for the meson masses [10]

M2
π = g2π

[
1
Gπ
− 8I1(mu)

]
=

g2π
Gπ

m0u
mu

, g2π =
1

4ZI2(mu,mu)
, (81)

M2
K = g2K

[
1

GK
− 4(I1(mu) + I1(ms))

]
+ Z−1(ms −mu)2,

g2K =
1

4ZI2(mu,ms)
, (82)

Gπ = G
(+)
11 , GK = G

(+)
44 , (83)
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M
(+)
88 = g2ηu

(
(G(+))−188 − 8I1(mu)

)
,

M
(+)
99 = g2ηs

(
(G(+))−199 − 8I1(ms)

)
, (84)

M
(+)
89 = gηugηs

(
(G(+))−189

)
, (85)

M2
(η,η′) =

1
2

[
M
(+)
88 +M

(+)
99 ∓

√
(M (+)

88 −M
(+)
99 )2 + 4(M (+)

89 )2
]
, (86)

M2
ρ =

g2ρ
4GV

=
3

8GV I2(mu,mu)
, M2

ϕ = M2
ρ

I2(mu,mu)
I2(ms,ms)

, (87)

M2
K∗ = M2

ρ

I2(mu,mu)
I2(mu,ms)

+
3
2
(ms −mu)2. (88)

Now let us ˇx our basic parameters. For that we use six experimental values
[8, 10,32]:
1) The pion decay constant Fπ = 93 MeV.
2) The ρ-meson decay constant gρ ≈ 6.14. Then from the GoldbergerÄ

Treiman identity we obtain
mu = Fπgπ (89)

and from Eqs. (78) and (79) we get

gπ =
gρ√
6Z

, mu =
Fπgρ√
6Z

, m = 280 MeV. (90)

From Eqs. (77) and (78) we can obtain (see [19])

I2(mu,mu) =
3
2g2ρ

, Λ3 = 1.03 GeV. (91)

3) Mπ = 135 MeV, the Eq. (81) gives Gπ.
4) Mρ = 770 MeV, the Eq. (82) gives GV .

5)
MK

M2
η′

≈
−
495
M2
η

MeV,
}
ˇx K and ms.

Then the masses of η, η′, K∗, ϕ, and scalar mesons can be calculated with
a satisfactory accuracy (see [32]).
We can calculate the values of FK and all the coupling constants of strong

interactions of scalar, pseudoscalar, vector, and axialÄvector mesons with each
other and with quarks, and describe the main decays of these mesons (see [10,32]).
Further, when the radial excitations are included, the parameters will be

shifted because of changing the mass formulae. However, mu and Λ3 will be the
same as they are now. Their numerical values will be calculated in Subsec. 3.5.
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3.2. The Masses of Isovector and Strange Scalar and Pseudoscalar Mesons
(Ground and Excited States). After bosonization, the part of Lagrangian (66)
describing the isovector and strange scalar and pseudoscalar mesons takes the
form

L(a0,1,K∗
0 ,1, π1,K1, a0,2,K

∗
0 ,2, π2,K2) = −

a20,1
2Ga0

− K∗
0 ,1
2

GK∗
0

− π21
2Gπ

− K21
GK
−

1
2G

(a20,2 + 2(K∗
0 ,2)

2 + π22 + 2K22 )−

−iNcTr ln


1 + 1

i∂/ −m

7∑
a=1

2∑
j=1

τa
[
σaj + iγ5ϕ

a
j

]
faj


 , (92)

where σaj and ϕaj are the scalar and pseudoscalar ˇelds:

3∑
a=1

(σaj )
2 ≡ a20,j = (a00,j)

2 + 2a+0,ja
−
0,j ,

7∑
a=4

(σaj )
2 ≡ 2K∗

0 ,j
2 = 2(K̄∗

0 ,j)
0(K∗

0 ,j)
0 + 2(K∗

0 ,j)
+(K∗

0 ,j)
−,

3∑
a=1

(ϕaj )
2 ≡ π2j = (π0j )

2 + 2π+j π−
j ,

7∑
a=4

(ϕaj )
2 ≡ 2K2j = 2K̄0jK

0
j + 2K̄+j K−

j .

As to the coupling constants Gaa, they will be deˇned later (see Subsec. 5 and
(61)).
The free part of Lagrangian (92) has the following form

L(2)(σ, ϕ) = 1
2

2∑
i,j=1

7∑
a=1

(
σaiK

a
σ,ij(P )σ

a
j + ϕaiK

a
ϕ,ij(P )ϕ

a
j

)
, (93)

where the coefˇcients Ka
σ(ϕ),ij(P ) are given by

Ka
σ(ϕ),ij(P ) = −δij

[
δi1

G
(∓)
aa

+
δi2
G

]
−

−iNcTr
∫
Λ3

d4k

(2π)4
1

k/ + P/ /2−ma
q

rσ(ϕ)fai
1

k/ − P/ /2−ma
q′
rσ(ϕ)faj , (94)
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rσ = 1, rϕ = iγ5, (95)

ma
q = mu (a = 1, ..., 7); ma

q′ = mu (a = 1, ..., 3); ma
q′ = ms (a = 4, ..., 7),

(96)
with mu and ms being the constituent quark masses and faj being deˇned in
(65). Integral (94) is evaluated by expanding in the meson ˇeld momentum P .
To order P 2, one obtains

Ka
σ(ϕ),11(P ) = Zaσ(ϕ),1(P

2 − (ma
q ±ma

q′)
2 −M2

σa(ϕa),1),

Ka
σ(ϕ),22(P ) = Zaσ(ϕ),2(P

2 − (ma
q ±ma

q′)
2 −M2

σa(ϕa),2),

Ka
σ(ϕ),12(P ) = Ka

σ(ϕ),21(P ) = γaσ(ϕ)(P
2 − (ma

q ±ma
q′)
2), (97)

where
Zaσ,1 = 4Ia2 , Zaσ,2 = 4Iffa2 , γaσ = 4Ifa2 , (98)

Zaϕ,1 = ZZaσ,1, Zaϕ,2 = Zaσ,2, γaϕ = Z1/2γaσ (99)

and

M2
σa(ϕa),1 = (Zaσ(ϕ),1)

−1
[

1

G
(∓)
aa

− 4(I1(ma
q ) + I1(ma

q′))
]
, (100)

M2
σa(ϕa),2 = (Zaσ(ϕ),2)

−1
[
1
G
− 4(Iffa1 (ma

q ) + Iffa1 (ma
q′))

]
. (101)

The factor Z here appears due to π − a1 transitions [8, 10,28] (see Subsec. 3.1),
and the integrals If..f2 contain form factors:

If..fa

2 (ma
q ,m

a
q′) =

−iNc

(2π)4

∫
Λ3

d4k
fa(k)..fa(k)

((ma
q)2 − k2)((ma

q′ )2 − k2)
. (102)

After the renormalization of the scalar ˇelds

σari =
√

Zaσ,iσ
a
i , ϕari =

√
Zaϕ,iϕ

a
i (103)

the part of Lagrangian (93) that describes the scalar and pseudoscalar mesons
takes the form

L(2)a0
=

1
2
(
P 2 − 4m2u −M2

a0,1

)
a20,1 + Γa0

(
P 2 − 4m2u

)
a0,1a0,2

+
1
2
(
P 2 − 4m2u −M2

a0,2

)
a20,2, (104)

L(2)K∗
0

=
1
2

(
P 2 − (mu +ms)2−M2

K∗
0 ,1

)
K∗
0
2
,1+

+ ΓK∗
0

(
P 2 − (mu +ms)2

)
K∗
0 ,1K

∗
0 ,2 +

+
1
2

(
P 2 − (mu +ms)2 −M2

K∗
0 ,2

)
K∗
0
2
,2, (105)
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L(2)π =
1
2
(
P 2 −M2

π,1

)
π21 + ΓπP 2π1π2 +

1
2
(
P 2 −M2

π,2

)
π22 , (106)

L(2)K =
1
2
(
P 2 −M2

K,1

)
K21+ΓKP 2K1K2 +

1
2
(
P 2 −M2

K,2

)
K22 , (107)

where

Γσa =
Ifa

2√
I2I

ffa

2

, Γϕa = Z−1/2Γσa . (108)

After the transformations of the meson ˇelds

σa = cos(θσ,a − θ0σ,a)σ
ar
1 − cos(θσ,a + θ0σ,a)σ

ar
2 ,

σ̂a = sin(θσ,a − θ0σ,a)σ
ar
1 − sin(θσ,a + θ0σ,a)σ

ar
2 , (109)

ϕa = cos(θϕ,a − θ0ϕ,a)ϕ
ar
1 − cos(θϕ,a + θ0ϕ,a)ϕ

ar
2 ,

ϕ̂a = sin(θϕ,a − θ0ϕ,a)ϕ
ar
1 − sin(θϕ,a + θ0ϕ,a)ϕ

ar
2 . (110)

Lagrangians (104), (105), (106), and (107) assume the diagonal form:

L(2)a0
=

1
2
(P 2 −M2

a0
) a20 +

1
2
(P 2 −M2

â0
)â20, (111)

L
(2)
K∗

0
=

1
2
(P 2 −M2

K∗
0
) K∗

0
2 +

1
2
(P 2 −M2

K̂∗
0
)K̂∗
0
2. (112)

L(2)π =
1
2
(P 2 −M2

π) π2 +
1
2
(P 2 −M2

π̂)π̂
2, (113)

L
(2)
K =

1
2
(P 2 −M2

K) K2 +
1
2
(P 2 −M2

K̂
)K̂2. (114)

Here we have

M2
(a0,â0)

=
1

2(1− Γ2a0
)

[
M2
a0,1 +M2

a0,2±

±
√
(M2

a0,1
−M2

a0,2
)2 + (2Ma0,1Ma0,2Γa0)2

]
+ 4m2u, (115)

M2
(K∗

0 ,K̂
∗
0 )
=

1
2(1− Γ2K∗

0
)

[
M2
K∗

0 ,1
+M2

K∗
0 ,2
±

±
√
(M2

K∗
0 ,1
−M2

K∗
0 ,2
)2 + (2MK∗

0 ,1
MK∗

0 ,2
ΓK∗

0
)2
]
+ (mu +ms)2, (116)
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M2
(π,π̂) =

1
2(1− Γ2π)

[
M2
π,1 +M2

π,2 ±

±
√
(M2

π,1 −M2
π,2)2 + (2Mπ,1Mπ,2Γπ)2

]
, (117)

M2
(K,K̂)

=
1

2(1− Γ2K)

[
M2
K,1 +M2

K,2 ±

±
√
(M2

K,1 −M2
K,2)2 + (2MK,1MK,2ΓK)2

]
, (118)

and

tan 2θ̄σ(ϕ),a =

√
1

Γ2σa(ϕa)

− 1
[
M2
σa(ϕa),1 −M2

σa(ϕa),2

M2
σa(ϕa),1 +M2

σa(ϕa),2

]
,

2θσ(ϕ),a = 2θ̄σ(ϕ),a + π, (119)

sin θ0σ(ϕ),a =

√
1 + Γσa(ϕa)

2
. (120)

The caret symbol stands for the ˇrst radial excitations of mesons. Transforma-
tions (109) and (110) express the ®physical¯ ˇelds σ, ϕ, σ̂, and ϕ̂ through the
®bare¯ ones σari , ϕ

ar
i and for calculations these equations must be inverted. For

practical use, we collect the values of coefˇcients in the inverted equations for
the scalar and pseudoscalar ˇelds in Table 1.
For the weak decay constants of pions and kaons we obtain

Fπ = 2mu

√
ZI2(mu) cos(θπ − θ0π), (121)

Fπ′ = 2mu

√
ZI2(mu) sin(θπ − θ0π), (122)

FK = (mu +ms)
√

ZI2(mu,ms) cos(θK − θ0K), (123)

FK′ = (mu +ms)
√

ZI2(mu,ms) sin(θK − θ0K). (124)

Table 1. The mixing coefˇcients for the ground and ˇrst radially excited states of scalar
and pseudoscalar isovector and strange mesons. The caret symbol marks the excited
states

a0 â0

a0,1 0.87 0.82
a0,2 0.22 −1.17

K∗
0 K̂∗

0
K∗

0 ,1 0.83 0.89
K∗

0 ,2 0.28 −1.11

π π̂
π1 1.00 0.54
π2 0.01 −1.14

K K̂
K1 0.96 0.56
K2 0.09 −1.11
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In the chiral limit we have θa = θ0a and

Fπ =
mu

gπ
, FK =

mu +ms

2gK
, (125)

Fπ′ = FK′ = 0, gπ = (Zπ1 )
−1/2, gK = (ZK1 )

−1/2. (126)

As one can see from these formulae, in the chiral limit we obtain the GoldbergerÄ
Treiman identities for the coupling constants gπ and gK . The matrix elements
of divergences of the axial currents between meson states and vacuum (PCAC
relations) are

〈0|∂µAaµ|ϕ〉 = M2
ϕFϕδ

ab, (127)

〈0|∂µAaµ|ϕ′〉 = M2
ϕ′Fϕ′δab. (128)

These axial currents are conserved in the chiral limit because their divergences
equal zero, according to low-energy theorems.

3.3. The Masses of Isoscalar Mesons (the Ground and Excited States). The
free part of the effective Lagrangian for isoscalar scalar and pseudoscalar mesons
after bosonization is as follows

Lisosc(σ, ϕ) = −
1
2

9∑
a,b=8

[
σa1 (G

(−))−1ab σ
b
1 + ϕa1(G

(+))−1ab ϕ
b
1

]
−

− 1
2G

9∑
a=8

[
(σa2 )

2 + (ϕa2)
2
]
−

−i Tr ln


1 + 1

i∂/ −m

9∑
a=8

2∑
j=1

τa[σaj + iγ5ϕ
a
j ]f

a
j


 , (129)

where (G(∓))−1 is the inverse of G(∓):

(G(∓))−188 = G
(∓)
88 /D(∓), (G(∓))−189 = (G(∓))−198 = −G(∓)89 /D(∓),

(G(∓))−199 = G
(∓)
99 /D(∓), D(∓) = G

(∓)
88 G

(∓)
99 − (G

(∓)
89 )

2.
(130)

From (129), in the one-loop approximation, one obtains the free part of the
effective Lagrangian

L(2)(σ, ϕ) = 1
2

2∑
i,j=1

9∑
a,b=8

(
σai K

[a,b]
σ,ij (P )σ

b
j + ϕaiK

[a,b]
ϕ,ij (P )ϕ

b
j

)
. (131)

The deˇnition of K [a,b]σ(ϕ),i is given in Appendix A.
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Table 2. The mixing coefˇcients for isoscalar meson states
η η̂ η′ η̂′

ϕ8
1 0.71 0.62 −0.32 0.56

ϕ8
2 0.11 −0.87 −0.48 −0.54

ϕ9
1 0.62 0.19 0.56 −0.67

ϕ9
2 0.06 −0.66 0.30 0.82

σ σ̂ f0 f̂0
σ8
1 −0.98 −0.66 0.10 0.17
σ8
2 0.02 1.15 0.26 −0.17
σ9
1 0.27 −0.09 0.82 0.71
σ9
2 −0.03 −0.21 0.22 −1.08

After the renormalization of both the scalar and pseudoscalar ˇelds, analogous
to (103), we come to the Lagrangian that can be represented in the form slightly
different from that of (131). It is convenient to introduce 4-vectors of ®bare¯ ˇelds

Σ = (σ8 r1 , σ8 r2 , σ9 r1 , σ9 r2 ), Φ = (ϕ8 r1 , ϕ8 r2 , ϕ9 r1 , ϕ9 r2 ). (132)

Thus, we have

L(2)(Σ,Φ) =
1
2

4∑
i,j=1

(ΣiKΣ,ij(P )Σj +ΦiKΦ,ij(P )Φj) , (133)

where we introduced new functions KΣ(Φ),ij(P ) (see Appendix A). The index r
marks renormalized ˇelds.
Up to this moment we have four pseudoscalar and four scalar meson states

which are the octet and nonet singlets. Mesons of the same parity have the
same quantum numbers and, therefore, they are expected to be mixed. In our
model the mixing is represented by 4 × 4 matrices Rσ(ϕ) which transform the
®bare¯ ˇelds σ8 ri , σ

9 r
i , ϕ

8 r
i , and ϕ9 ri entering into the 4-vectors Σ and Φ into

the ®physical¯ ones σ, σ̂, f0, f̂0 , η, η′, η̂, and η̂′ represented as components of
the vectors Σph and Φph:

Σph = (σ, σ̂, f0, f̂0), Φph = (η, η̂, η′, η̂′). (134)

The transformation Rσ(ϕ) is linear and nonorthogonal:

Σph = RσΣ, Φph = RϕΦ. (135)

In terms of ®physical¯ ˇelds the free part of the effective Lagrangian is of the
conventional form and the coefˇcients of matrices Rσ(ϕ) give the mixing of the
ūu and s̄s components, with and without form factors.
Because of complexity of the procedure of diagonalization for the matrices

of dimensions greater than 2, there are no such simple formulae as, e.g., (109).
Hence, we do not implement it analytically but use numerical methods to obtain
matrix elements (see Table 2).
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3.4. The Effective Lagrangian for the Ground and Excited States of Vector
Mesons. The free part of the effective Lagrangian (66) describing the ground and
excited states of vector mesons has the form

L(2)(V ) = −1
2

2∑
i,j=1

9∑
a=1

V aµ
i (P )Raµνij (P )V aν

j (P ), (136)

where

3∑
a=1

(V aµ
i )2 = (ρ0µi )2 + 2ρ+µi ρ−µi , (V 4µi )2 + (V 5µi )2 = 2K∗+µ

i K∗−µ
i ,

(V 6µi )2 + (V 7µi )2 = 2K∗0µ
i K∗0µ

i , (V 8µi )2 = (ωµi )
2, (V 9µi )2 = (ϕµi )

2 (137)

and

Raµνij (P ) = − δij
GV

gµν−

− i Nc tr
∫
Λ3

d4k

(2π)4

[
1

k/ + 1
2P/ −ma

q

γµfa,Vi
1

k/ − 1
2P/ −ma

q′
γνfa,Vj

]
. (138)

To order P 2, one obtains

Raµν11 = W a
1 [P

2gµν − PµP ν − gµν(M̄a
1 )
2],

Raµν22 = W a
2 [P

2gµν − PµP ν − gµν(M̄a
2 )
2],

Raµν12 = Rµνa21 = γ̄a[P 2gµν − PµP ν − 3
2
(ma

q −ma
q′)
2gµν ]. (139)

Here

W a
1 =

8
3
Ia2 , W a

2 =
8
3
Iffa2 , γ̄a =

8
3
Ifa2 , (140)

(M̄a
1 )
2 = (W a

1 GV )−1 +
3
2
(ma

q −ma
q′)
2, (141)

(M̄a
2 )
2 = (W a

2 GV )−1 +
3
2
(ma

q −ma
q′)
2. (142)

After renormalization of the meson ˇelds

V arµ
i =

√
W a
i V aµ

i (143)

we obtain the Lagrangians

L(2)ρ = −1
2
[(
gµνP 2 − PµP ν − gµνM2

ρ1

)
ρµ1ρ

ν
1 +

+ 2Γρ
(
gµνP 2 − PµP ν

)
ρµ1ρ

ν
2 +

(
gµνP 2 − PµP ν − gµνM2

ρ2

)
ρµ2ρ

ν
2

]
, (144)
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L(2)ϕ = −1
2
[(
gµνP 2 − PµP ν − gµνM2

ϕ1

)
ϕµ1ϕ

ν
1 +

+ 2Γϕ
(
gµνP 2 − PµP ν

)
ϕµ1ϕ

ν
2 +

(
gµνP 2 − PµP ν − gµνM2

ϕ2

)
ϕµ2ϕ

ν
2

]
, (145)

L
(2)
K∗ = −

1
2

[(
gµνP 2 − PµP ν − gµν

(
3
2
(ma

q −ma
q′)
2 +M2

K∗
1

))
K∗µ
1 K∗ν

1 +

+2ΓK∗

(
gµνP 2 − PµP ν − gµν

3
2
(ma

q −ma
q′)
2

)
K∗µ
1 K∗ν

2 +

+
(
gµνP 2 − PµP ν − gµν

(
3
2
(ma

q −ma
q′)
2 +M2

K∗
2

))
K∗µ
2 K∗ν

2

]
. (146)

Here

M2
ρ1 =

3
8GV I2(mu,mu)

, M2
K∗1

=
3

8GV I2(mu,ms)
,

M2
ϕ1
=

3
8GV I2(ms,ms)

, M2
ρ2 =

3

8GV I
ff
2 (mu,mu)

,

M2
K∗2

=
3

8GV Iff2 (mu,ms)
, M2

ϕ2
=

3

8GV I
ff
2 (ms,ms)

, (147)

Γai,j =
Ifa2 (mi,mj)√

Ia2 (mi,mj)I
ffa
2 (mi,mj)

. (148)

After transformations of the vector meson ˇelds, similar to Eqs. (110) for the
pseudoscalar mesons, Lagrangians (144), (145), (146) take the diagonal form

L
(2)

V a,V̄ a = −
1
2
[
(gµνP 2 − PµP ν −M2

V a)V aµV aν +

+(gµνP 2 − PµP ν −M2
V̄ a)V̄ aµV̄ aν

]
, (149)

where V aµ and V̄ aµ are physical ground and excited states of vector mesons

M2
ρ,ρ̄ =

1
2(1− Γ2ρ)

[
M2
ρ1 +M2

ρ2 ∓
√
(M2

ρ1 −M2
ρ2)
2 + (2Mρ1Mρ2Γρ)2

]
= M2

ω,ω̄, (150)

M2
ϕ,ϕ̄ =

1
2(1− Γ2ϕ)

[
M2
ϕ1
+M2

ϕ2
∓
√
(M2

ϕ1
−M2

ϕ2
)2 + (2Mϕ1Mϕ2Γϕ)2

]
,

(151)

M2
K∗,K̄∗ =

1
2(1− Γ2K∗)

[
M2
K∗

1
+M2

K∗
2
+ 3∆2(1− Γ2K∗) ∓

∓
√
(M2

K∗
1
−M2

K∗
2
)2 + (2MK∗

1
MK∗

2
ΓK∗)2

]
. (152)
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3.5. Numerical Estimates. In our model we have six basic parameters (see
Subsection 3.1): the masses of the constituent u(d) and s quarks, mu = md and
ms, the cut-off parameter Λ3, two four-quark coupling constants (one for the
scalar and pseudoscalar channels, G, and the other for the vector and axialÄvector
channels, GV ) and the 't Hooft coupling constant K . We ˇxed these parameters
with the help of input parameters: the pion decay constant Fπ = 93 MeV, the
ρ-meson decay constant gρ = 6.14 (decay ρ → 2π)∗, the masses of pion, kaon,
ρ-meson, and the mass difference of η and η′ mesons. Using mass formulae
given in previous subsections of this Section, we obtain numerical estimates of
these parameters:

mu = 280 MeV, ms = 405 MeV, Λ3 = 1.03 GeV,

G = 3.14 GeV−2, GV = 12 GeV−2, K = 6.1 GeV−5.
(153)

When excited meson states are introduced, a set of additional parameters related
to the form factors appears in our model: the slope parameters dqq and the
external parameters cUqq . The slope parameters dqq are ˇxed by special conditions

(see Eqs. (73), (74), (75)) from which we obtain: duu = −1.78 GeV−2, dus =
−1.76 GeV−2, dss = −1.73 GeV−2. As it was mentioned earlier, we assume
here that duu, dus, and dss do not depend on parity and spin of mesons.

The parameters c
σa(ϕa)
qq are ˇtted by masses of excited pseudoscalar and

vector mesons, cπ,a0
uu = 1.44, cη,η

′,σ,f0
uu = 1.5, cK,K

∗
0

us = 1.59, cη,η
′,σ,f0

ss = 1.66,
cρuu = 1.33, cK

∗

us = 1.6, cϕss = 1.41. These parameters characterize how stronger
the quark currents with form factors attract each other than those without form
factors. We use the same parameters for the scalar and pseudoscalar mesons
(global chiral symmetry). This allows us to predict the masses of ground and
excited states of scalar mesons. The result is represented in Table 3 together with
experimental values.
We also calculate the angles θa and θ0a:

θπ = 59.48◦ θ0π = 59.12◦, θK = 60.2◦,
θ0K = 57.13◦, θρ = 81.8◦, θ0ρ = 81.5◦

θK∗ = 84.7◦, θ0K∗ = 59.14◦, θϕ = 68.4◦,
θ0ϕ = 57.13◦, θa0 = 72.0◦, θ0a0

= 61.5◦,
θK∗

0
= 74.0◦ θ0K∗

0
= 60.0◦.

(154)

We consider it expedient to give the values of angles because they will be used
in the next Section when the calculation of strong decays of the ground and ˇrst
radially excited states of the π and ρ meson will be treated in detail. However,

∗Here, we used the relation gρ =
√
6gσ together with the GoldbergerÄTreiman relation gπ =

= m/Fπ = Z−1/2gσ to ˇx the parameters mu and Λ3.
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Table 3. The model masses of mesons, MeV

GR EXC GR(Exp.) [1] EXC(Exp.) [1]

Mσ 530 1330 400Ä1200 1200Ä1500
Mf0 1070 1600 980±10 1712±5
Ma0 830 1500 983.4±0.9 1474±19
MK∗

0
960 1500 905±50 [5] 1429±12

Mπ 140 1300 139.56995±0.00035 1300±100
MK 490 1300 497.672±0.031 1460(?)
Mη 520 1280 547.30±0.12 1297.8±2.8
Mη′ 910 1470 957.78±0.14 1440Ä1470
Mρ 770 1470 770.0±0.8 1465±25
Mϕ 1019 1682 1019.413±0.008 1680±20
MK∗ 887 1479 891.59±0.24 1412±12

the mixing coefˇcients for π, K , a0, and K∗
0 deˇned by these angles have

been displayed in Table 1. The mixing coefˇcients for η, η′, σ, and f0 are
given in Table 2.
Having ˇxed all parameters in our model, we can predict the masses of η, η′,

K∗
0 , and ϕ mesons and all masses of the ground and ˇrst radially excited scalar
meson states. We also calculate the weak decay constants for the pion and kaon
(both for the ground and excited states):

Fπ = 93 MeV, Fπ′ = 0.57 MeV, (155)

FK = 1.16, Fπ = 108 MeV, FK′ = 3.3 MeV. (156)

Moreover, now we are able to estimate all strong coupling constants for the
mesons considered in this paper. In the next Section we calculate some of these
constants that deˇne the strong decay processes of ground states and ˇrst radial
excitations of the scalar, pseudoscalar, and vector meson nonets.

4. STRONG DECAYS OF MESONS

4.1. Decays ρ → 2π, π′ → ρπ, π′ → σπ, ρ′ → 2π, ρ′ → ωπ and ω′ → ρπ.
In this section we calculate the widths of main decays of scalar, pseudoscalar,
and vector meson nonets (for Subsec. 4.1 see Refs. 33, for Subsec. 4.2 Ref. 34,
for Subsecs. 4.3 and 4.4 see Ref. 30) through triangle quark diagrams. When
calculating these diagrams, we keep the least possible dependence on external
momenta: squared for the anomaly-type graphs and linear for other types. We
omit the higher order momentum dependence.
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We start with the decay ρ → 2π. The amplitude describing this decay has
the form

Tρ→2π = i
gρ
2

εijk (pj − pk)ν ρiνπ
jπk, (157)

where pj,k are pion momenta and εijk is antisymmetric tensor. Using the value
αρ = g2ρ/(4π) ≈ 3 (gρ ≈ 6.1) of Refs. 8, 9, 10, 11 we obtain for the decay width

Γρ→2π =
αρ

12 M2
ρ

(M2
ρ − 4 M2

π)
3/2 ≈ 151.5 MeV. (158)

The experimental value is [1]

Γρ→2π = 150.7± 1.2 MeV. (159)

Now let us calculate this amplitude in our model with the excited states of
mesons. To this end, we rewrite the amplitude Tρ→2π in the form

Tρ→2π = i cρ→2π εijk (pj − pk)ν ρiνπ
jπk, (160)

and calculate the factor cρ→2π in the new model. Using Eqs. (103), (110) and
(143) we can ˇnd the following expressions for meson ˇelds πi and ρi from the
Lagrangian (66) expressed in terms of the physical states π, π′ and ρ, ρ′

π1 =
sin(θπ + θ0π)π − cos(θπ + θ0π)π

′
√
Z1 sin 2θ0π

,

π2 =
sin(θπ − θ0π)π − cos(θπ − θ0π)π′

√
Z2 sin 2θ0π

, (161)

ρ1 =
sin(θρ + θ0ρ)ρ− cos(θρ + θ0ρ)ρ′

sin 2θ0ρ
√
8/3 I2

,

ρ2 =
sin(θρ − θ0ρ)ρ− cos(θρ − θ0ρ)ρ′

sin 2θ0ρ
√
8/3 Iff2,ρ

, (162)

or, using the values I2 = 0.04, Iff2,ρ = 0.0244, and θπ, θ0π, θρ and θ0ρ from
Eqs. (154), we obtain∗

π1 =
0.878π + 0.48π′

0.88
√
Z1

, π2 =
0.0061π − π′

0.88
√
Z2

,

ρ1 = (0.744ρ+ 0.931ρ′) gρ/2, ρ2 = (0.48 ρ− 1.445 ρ′) gρ/2. (163)

∗Analogous formulae are obtained for the ω meson.
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Fig. 3. Triangle diagrams describing decays of a ρ meson. Each letter in a diagram
indicates the presence of a form factor at a vertex

The decay ρ→ 2π is described by the quark triangle diagrams with the vertices
ρ1(π21+2π1π2+π22) and ρ2(π

2
1+2π1π2+π22) (see Fig. 3). Using Eqs. (161), (162)

and (163), we arrive at the factor∗ cρ→2π

cρ→2π = cρ1→2π + cρ2→2π = 0.975 gρ/2, (164)

cρ1→2π =
sin(θρ + θ0ρ)

sin2 2θ0π sin 2θ0ρ
√
8/3 I2

×

×[(sin(θπ + θ0π))
2 + 2 sin(θπ + θ0π) sin(θπ − θ0π)Γπ+

+(sin(θπ − θ0π))
2 = sin2 2θ0π] =

sin(θρ + θ0ρ)

sin 2θ0ρ
√
8/3 I2

= 0.745 gρ/2,

cρ2→2π =
sin(θρ − θ0ρ)

sin2 2θ0π sin 2θ0ρ
√
8/3 Iff2,ρ

[
(sin(θπ + θ0π))

2 If2
I2
+

+

2 sin(θπ + θ0π) sin(θπ − θ0π)
Iff2√
I2 Iff2

++ (sin(θπ − θ0π))
2 I

fff
2

Iff2

]
= 0.227 gρ/2.

(165)

∗Taking account of the π → a1 transitions on external pion lines, we obtain additional factors
Z (Z̄) in the numerators of our triangle diagrams which cancel corresponding factors in Zi (see
Eqs. (22), (161) and Ref. 10). Therefore, in future we shall ignore the factors Z (Z̄) in Zi.
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Here we used the values If2 = 0.0185, Iff2 = 0.0289, Ifff2 = 0.0224 and the
equation Γπ = − cos 2θ0π ( it can easily be derived from Eq. (120)). Then the
decay width ρ→ 2π is equal to

Γρ→2π ≈ 149 MeV. (166)

In the limit f = 0 (θπ = θ0π, θρ = θ0ρ) from Eqs. (165) one ˇnds

cρ→2π = cρ1→2π = gρ/2, cρ2→2π = 0. (167)

Now let us consider the decay π′ → ρπ. The amplitude of this decay is of
the form

T νπ′→ρπ = i cπ′→ρπ εijk (pj + pk)ν ρiνπ
jπk, (168)

where
cπ′→ρπ = cπ′→ρ1π + cπ′→ρ2π. (169)

Then for cπ′→ρ1π we obtain

cπ′→ρ1π =
2

(sin 2θ0π)2
[− sin(θπ + θ0π) cos(θπ + θ0π)− sin 2θπ Γπ −

− sin(θπ − θ0π) cos(θπ − θ0π) =

= − sin 2θπ cos 2θ0π + sin 2θπ cos 2θ0π = 0]×

×
sin(θρ + θ0ρ)
sin 2θ0ρ

gρ/2 = 0, (170)

cπ′→ρ2π =
2

(sin 2θ0π)2

[
− sin(θπ + θ0π) cos(θπ + θ0π)

If2
I2
− sin 2θπ

Iff2√
I2 Iff2

−

− sin(θπ − θ0π) cos(θπ − θ0π)
Ifff2

Iff2

]
sin(θρ − θ0ρ)
sin 2θ0ρ

√
I2

Iff2
gρ/2 = −0.573 gρ/2.

(171)
For the decay width π′ → ρπ we get

Γπ′→ρπ =
c2π′→ρπ

4πM3
π′M2

ρ

Φ(Mπ′ ,Mρ,Mπ)3 ≈ 220 MeV, (172)

where

Φ(M1,M2,M3) =
√

M4
1 +M4

2 +M4
3 − 2(M2

1M
2
2 +M2

1M
2
3 +M2

2M
2
3 ).
(173)



RADIALLY EXCITED SCALAR, PSEUDOSCALAR, AND VECTOR MESON NONETS 615

The decay π′ → σπ is calculated in a similar way as η̂ → a0π (see Subsec. 4.4).
Here, we need the mixing coefˇcients for the scalar meson given in Table 2. We
omit details and obtain

Γπ′→σπ ≈ 80 MeV, (174)

therefore, the total width is estimated as

Γtotπ ≈ 300 MeV. (175)

This value is in agreement with the experimental data [1]

Γtotπ′ = 200− 600 MeV. (176)

For the decay ρ′ → 2π we arrive in our model at the result

Γρ′→2π ≈ 22 MeV. (177)

Most of our results are in agreement with the results of the relativized potential
quark model with the 3P0 mechanism of meson decays [2].
To conclude this Subsection, we calculate the decay widths of processes

ρ′ → ωπ and ω′ → ρπ. These decays go through anomalous triangle quark loop
diagrams. The amplitude of the decay ρ′ → ωπ takes the form

T µνρ′→ωπ =
3αρcρ′→ωπ

2πFπ
εµνρσ qρpσ, (178)

where q and p are momenta of the ω and ρ′ meson, respectively. The factor
cρ′→ωπ is similar to the factors cρ→2π and cπ′→ρπ in the previous equations and
arises from the four triangle quark diagrams with vertices π1(ρ1ω1 + ρ2ω1 +
ρ1ω2 + ρ2ω2) ∗. Using the estimate

cρ′→ωπ ≈ −0.3, (179)

we obtain for the decay width

Γρ′→ωπ =
3

2πM3
ρ′

(
αρ cρ′→ωπ

8πFπ

)2
Φ(Mρ′ ,Mω,Mπ)3 ≈ 75 MeV. (180)

For the decay ω′ → ρπ we have the relation

Γω′→ρπ ≈ 3 Γρ′→ωπ (181)

∗We neglect the diagrams with vertices π2, because their contribution to the ground state of the
pion is very small (see Eq. (163)).
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leading to the estimate
Γω′→ρπ ≈ 225 MeV. (182)

The experimental values are [35]

Γexpρ′→ωπ = 0.21 Γtotρ′ = 65.1 ± 12.6 MeV (183)

and [1]
Γexpω′→ρπ = 174 ± 60 MeV. (184)

Finally, let us quote the ratio of the decay widths ρ′ → ωπ and ρ′ → 2π

Γρ′→2π
Γρ′→ωπ

≈ 0.3, (185)

which is to be compared with the experimental value 0.32 (see [35]).
Thus, we can see that all our estimates are in satisfactory agreement with

experimental data.
Our calculations have shown that the main decay of the ρ meson, ρ → 2π,

changes very little after including the excited meson states into the NJL model.
The main part of this decay (75%) comes from the ρ vertex without the form
factor, whereas the remaining 25% of the decay are due to the ρ vertex with the
form factor. As a result, the new coupling constant gρ turns out to be very close
to the former value.
For the decay π′ → ρπ we meet an opposite situation. Here the channel

connected with the ρ vertex without the form factor is closed because the states
π and π′ are orthogonal to each other, and the total decay width of π′ → ρπ is
deˇned by the channel going through the ρ vertex with the form factor. As a
result, we obtain the quoted value that satisˇes experimental data [1]. The decay
π′ → σπ gives a noticeable correction to the total decay width of π′. These results
disagree with the results obtained in the relativized version of the 3P0-potential
model [2] in the subject of the π′ → σπ decay mode.
For the decay ρ′ → 2π we obtain strong compensation of the contributions

from the two channels, related to ρ vertices with and without form factors, and
the corresponding decay width is equal to 22 MeV. This value is very close to
the result of Ref. 2.
It should be emphasized that the decays ρ′ → ωπ and ω′ → ρπ belonging to a

different class of quark loop diagrams (®anomaly diagrams¯) are also satisfactorily
described by our model.

4.2. The Decays of Strange Mesons (Vectors and Pseudoscalars). In the
framework of our model, the decay modes of excited mesons are represented
by triangle diagrams with form factors. A total set of diagrams similar to those
in Fig. 3 can be represented as one graph: a triangle with shaded angles (see
Fig. 4). Every vertex in such diagrams is momentum-dependent and includes
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Fig. 4. Diagrams describing meson decays of the 1 → 2 type

form factors deˇned in Subsection 3.1. For the strange vector and pseudoscalar
mesons being decaying, each black shaded vertex with a pseudoscalar meson is
implied to contain the following linear combination for the ground state:

f̄a =
1

sin 2θ0a

[
sin(θa + θ0a)√

Za1
+
sin(θa − θ0a)√

Za2
fa

]
, (186)

and for an excited state,

f̄ ′
a =

−1
sin 2θ0a

[
cos(θa + θ0a)√

Za1
+
cos(θa − θ0a)√

Za2
fa

]
, (187)

where θa and θ0a are the angles deˇned in Subsection 3.5 (see Eqs. (119), (120),
and (154)) and fa is one of the form factors deˇned in Subsection 3.1 (see
Eq. (65)). For vector meson vertices, we have the same linear combinations
except that Zai are to be replaced by W a

i (140), and the related angles and form
factor parameters must be chosen.
Now we can calculate the decay widths of excited mesons. Let us start with

the process K∗′ → K∗π. The corresponding amplitude, T µν
K∗′→K∗π

, has the form

T µν
K∗′→K∗π

= gK∗′→K∗πε
µναβpαqβ, (188)

where p and q are momenta of the K∗′
and K∗ mesons, respectively, and

gK∗′→K∗π is the (dimensional) coupling constant that follows from the com-
bination of one-loop integrals

gK∗′→K∗π =
8ms

m2u −m2s

(
J2,0[f̄ ′

K∗ f̄K∗ f̄π]− J1,1[f̄ ′
K∗ f̄K∗ f̄π]

)
. (189)
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In Eq. (189) we introduced a functional deˇned on functions f(k) in the
momentum representation:

Jn,m[f ] = −i
Nc

(2π)4

∫
Λ3

f(k)d4k
(mu − k2)n(ms − k2)m

. (190)

This is an alternative to integrals If..f2 which we thought better to introduce for
a growing number of ®physical¯ form factors.
We omit the intermediate calculation here. For the decay constant gK∗′→K∗π

we ˇnd
gK∗′→K∗π ≈ 4GeV−1 (191)

and the decay width is as follows:

ΓK∗′→K∗π =
g2
K∗′→K∗π

32πM3
K∗′

Φ(MK∗′ ,MK∗ ,Mπ)3 ≈ 90 MeV. (192)

The lower limit for this value coming from experiment is ∼ 91± 9 MeV [1].
A similar calculation has to be performed for the rest of the K∗′

decay modes
under consideration. The coupling constant gK∗′→Kρ is derived in the same way
as in (189), with the only difference that f̄π and f̄K∗ are to be replaced by f̄ρ
and f̄K . The corresponding amplitude, T

µν
K∗′→Kρ, takes the form

T µν
K∗′→Kρ

= gK∗′→Kρε
µναβpαqβ , (193)

where p and q are momenta of K∗′
and K mesons, respectively, and

gK∗′→Kρ =
8ms

m2u −m2s

(
J2,0[f̄ ′

K∗ f̄K f̄ρ]− J1,1[f̄ ′
K∗ f̄K f̄ρ]

)
. (194)

The corresponding decay width is

ΓK∗′→Kρ =
g2
K∗′→Kρ

32πM3
K∗′

Φ(MK∗′ ,MK ,Mρ)3. (195)

For the parameters given in Subsection 3.5 one has

gK∗′→Kρ ≈ 3GeV−1, ΓK∗′→Kρ ≈ 20MeV. (196)

From experiment, the upper limit for this process is Γexp
K∗′→Kρ

< 16± 1.5 MeV.
The process K∗′ → Kπ is described by the amplitude

T µ
K∗′→Kπ

= i
gK∗′→Kπ

2
(q − p)µ, (197)
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where p and q are momenta of π and K . The coupling constant gK∗′→Kπ is
obtained by calculating the one-loop integral

gK∗′→Kπ = 4J1,1[f̄ ′
K∗ f̄K f̄π] ≈ 2 (198)

and the decay width is

ΓK∗′→Kπ =
g2
K∗′→Kπ

Φ(MK∗′,MK ,Mπ)3

64πM5
K∗′

≈ 20MeV. (199)

The experimental value is 15± 5 MeV [1].
The mesons with hidden strangeness (ϕ′) are treated in the same way as K∗′

.
We consider two decay modes: ϕ′ → KK∗ and ϕ′ → K̄K . Their amplitudes
are

T µνϕ′→KK∗ = gϕ′→KK∗εµναβpαqβ, (200)

T µ
ϕ′→K̄K

= igϕ′→K̄K(p− q)µ. (201)

Here, p and q are momenta of the K and K∗ mesons. The related coupling
constants are

gϕ′→KK∗ =
8mu

m2s −m2u

(
J0,2[f̄ ′

ϕf̄K∗ f̄K ]− J1,1[f̄ ′
ϕf̄K∗ f̄K ]

)
, (202)

gϕ′→K̄K = 4J0,2[f̄ ′
ϕf̄K f̄K ]. (203)

Thus, the decay widths are estimated as

Γϕ′→KK∗ ≈ 90MeV, Γϕ′→K̄K ≈ 10MeV. (204)

Unfortunately, there are no reliable experimental data on the partial decay widths
for ϕ′ → KK∗ and ϕ′ → K̄K except the total width of ϕ′ being estimated as
150± 50 MeV [1]. However, the dominance of the process ϕ′ → KK∗ observed
is in agreement with our result.
Following the scheme outlined in the previous calculations, we ˇrst estimate

the K ′ → K∗π and K ′ → Kρ decay widths. Their amplitudes are

T µK′→K∗π = igK′→K∗π(p+ q)µ, (205)

T µK′→Kρ = igK′→Kρ(p+ q)µ, (206)

here p is the momentum of K ′, q is the momentum of π (K). The coupling
constants are

gK′→K∗π = 4J1,1[f̄ ′
K f̄K∗ f̄π], gK′→Kρ = 4J1,1[f̄ ′

K f̄K f̄ρ]. (207)
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Fig. 5. Diagrams describing the decay K′ → Kππ.

By calculating the integrals in the above formulae we have gK′→K∗π ≈ −1.4 and
gK′→Kρ ≈ −1.2. The decay widths thereby are

ΓK′→K∗π ≈ 100 MeV, ΓK′→Kρ ≈ 50 MeV. (208)

These processes have been observed in experiment and the decay widths are ∗ [1]

ΓexpK′→K∗π ∼ 109 MeV, ΓexpK′→Kρ ∼ 34 MeV. (209)

The remaining decay K ′ → Kππ into three particles requires more compli-
cated calculations. In this case, one must consider a box diagram, Fig. 5,a, and
two types of diagrams, Fig. 5,b, with intermediate σ and K∗

0 resonances. The di-
agrams for resonance channels are approximated by the relativistic BreitÄWigner
function. The integration over the kinematically relevant range in the phase space
for ˇnal states gives

ΓK′→Kππ ∼ 1MeV. (210)

4.3. Strong Decays of Scalar Mesons. The ground and excited states of
scalar mesons f0, a0, and K∗

0 decay mostly into pairs of pseudoscalar mesons.

They can easily be related to Zaσ(ϕ),i introduced at the beginning of our paper.

All amplitudes that describe processes of the type σ → ϕ1ϕ2 can be divided
into two parts:

∗The accuracy of measurements carried out for the decays of K′ is not given in [1].
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Tσ→ϕ1ϕ2 = C

(
− iNc

(2π)4

)
×

×
∫
Λ3

d4k
Tr[(m+ k/ + p/1)γ5(m+ k/ )γ5(m+ k/ − p/2)]
(m2 − k2)(m2 − (k + p1)2)(m2 − (k − p2)2)

=

= 4mC

(
− iNc

(2π)4

)∫
Λ3

d4k

[
1− p1 · p2

m2 − k2

]
(m2 − (k + p1)2)(m2 − (k − p2)2)

=

= mC[I2(m, p1, p2)− p1 · p2I3(m, p1, p2)] = T (1) + T (2). (211)

Here C = 4gσgϕ1gϕ2 and p1, p2 are momenta of pseudoscalar mesons. We
rewrite the amplitude Tσ→ϕ1ϕ2 in another form

Tσ→ϕ1ϕ2 ≈ 4mZ−1/2gϕ1

[
1− p1 · p2

I3(m)
I2(m)

]
, (212)

p1 · p2 =
1
2
(M2

σ −M2
ϕ1
−M2

ϕ2
). (213)

We assumed here that the I3/I2 ratio slowly changes with the momentum in com-
parison with the factor p1 · p2, therefore, we ignore their momentum dependence
in (212). With this assumption we are going to obtain just a qualitative picture
for decays of the excited scalar mesons.
In Eqs. (211) and (212), we omitted the contributions from the diagrams

that include form factors at vertices. The whole set of diagrams consists of
those containing zero, one, two, and three form factors. To obtain the complete
amplitude, one must sum up all contributions.
After these general comments, let us consider the decays of a0(1450),

f0(1370), fJ(1710), and K∗
0 (1430). First, we estimate the decay width of the

process â0 → ηπ, taking the mixing coefˇcients from Tables 1 and 2 (see Ap-
pendix B for details). The result is

T
(1)
â0→ηπ ≈ 0.2 GeV, T

(2)
â0→ηπ ≈ 3.5 GeV, (214)

Γâ0→ηπ ≈ 160 MeV. (215)

From this calculation one can see that T (1) � T (2) and the amplitude is
dominated by its second part, T (2), that is momentumÄdependent. The ˇrst part
is small because the diagrams with different numbers of form factors cancel
each other. As a consequence, in all processes where an excited scalar meson
decays into a pair of ground pseudoscalar states, the second part of the amplitude
determines the rate of the process.
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For the decay â0 → πη′ we obtain the amplitudes

T
(1)
â0→πη′ ≈ 0.8 GeV, T

(2)
â0→πη′ ≈ 3 GeV, (216)

and the decay width
Γâ0→πη′ ≈ 36 MeV. (217)

The decay of â0 into kaons is described by the amplitudes Tâ0→K+K− and
Tâ0→K̄0K0 which, in accordance with our scheme, can again be divided into two
parts: T (1) and T (2) (see Appendix B for details):

T
(1)
â0→K+K− ≈ 0.2 GeV, T

(2)
â0→K+K− ≈ 2.1 GeV (218)

and the decay width is

Γâ0→KK = Γâ0→K+K− + Γâ0→K̄0K0 ≈ 100 MeV. (219)

Qualitatively, our results do not contradict the experimental data

Γtotâ0
= 265±13 MeV, BR(â0 → KK) : BR(â0 → πη) = 0.88±0.23. (220)

The decay widths of radial excitations of scalar isoscalar mesons are estimated in
the same way as shown above:

Γσ̂→ππ ≈
{
550 MeV(Mσ̂ = 1.3 GeV)
460 MeV(Mσ̂ = 1.25 GeV), (221)

Γσ̂→ηη ≈
{
24 MeV(Mσ = 1.3 GeV)
15 MeV(Mσ = 1.25 GeV), (222)

Γσ̂→σσ ≈
{

6 MeV(Mσ = 1.3 GeV)
5 MeV(Mσ = 1.25 GeV), (223)

Γσ̂→KK ∼ 5 MeV, (224)

ΓK∗
0→Kπ ≈ 300 MeV. (225)

The heaviest scalar isoscalar meson in our model has the mass 1600 MeV
(see Table 3) to be associated with an experimentally found meson state. From
experimental data [1], we ˇnd two possible candidates for the role of a member of
the radially excited meson nonet: f0(1500) and f0(1710). The extra meson state
can be explained by possible mixing of members of the q̄q meson nonets with a
gluon bound state, the glueball. Indeed, on the mass scale, both meson states lie
in the region where the hypothetical glueball state is expected to exist. So far as
we did not include the glueball into our model (however, we are going to do this
in our further works), the picture is not complete. Nevertheless, we are free to
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make a hypothesis concerning the contents of f0(1500) and fJ(1710). We expect
that one of these states is mostly a quarkonium with just a negligible admixture
of the glueball state whereas the other is essentially mixed with the glueball. The
mass splitting that always appears when two or more states mix with each other
will ether increase or decrease the mass of a quarkonium, depending on the mass
of a ®bare¯ (unmixed) glueball state either being smaller or greater than the mass
of the quarkonium. After mixing we expect to ˇnd the q̄q bound state with the
mass 1500 MeV or 1710 MeV.
To decide which of them is the quarkonium with a small content of a glueball

state, associated with the radial excitation of f0(980), we estimate its decay widths
for two cases: ˇrst for the mass 1710 MeV quarkonium

Γf0(1710)→2π ≈ 3 MeV, Γf0(1710)→2η ≈ 40 MeV,
Γf0(1710)→ηη′ ≈ 42 MeV, Γf0(1710)→KK ≈ 24 MeV,

(226)

and then for the mass 1500 MeV quarkonium

Γf0(1500)→2π ≈ 3 MeV, Γf0(1500)→2η ≈ 20 MeV,
Γf0(1500)→ηη′ ≈ 10 MeV, Γf0(1500)→KK ≈ 20 MeV.

(227)

The decays of f0(1500) and f0(1710) into σσ are negligible, so we disregard
them. From the experimental data we have:

Γtotσ′ = 200− 500 MeV, Γtotf0(1710) = 133± 14 MeV,

Γtotf0(1500) = 112± 10 MeV. (228)

Thus, we can see that in the case of f0(1500) being a q̄q state there is a deˇcit in
the decay widths whereas for fJ(1710) the result is close to experiment. From
this we conclude that the meson fJ(1710) better suits for the role of a member
of the q̄q nonets as a radially excited partner for f0(980) and the meson state
f0(1370) as the ˇrst radial excitation of f0(400− 1200). As to f0(1500), the q̄q
model works bad for it. This gives us the idea that f0(1500) is essentially mixed
with the glueball state which signiˇcantly contributes to its decay width. Our
interpretation of f0(1500) and f0(1710) is in agreement with other approaches
where similar conclusions were made by the K-matrix method [36] and QCD
sum rules [37].
The strong decay widths of ground states of scalar mesons were calculated in

paper [32] in the framework of the standard NJL model with 't Hooft interaction
where it was shown that a strange scalar meson state with a mass about 960 MeV
decays into Kπ with the rate

ΓK∗
0 (960)→Kπ =

3
ZπM3

K∗
0

(
mums

2Fπ

)2
Φ(MK∗

0
,MK ,Mπ) ≈ 360 MeV. (229)
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Table 4. η(1295) and η(1440) decay modes

a0π ησ ηππ KK̄π KK∗ Γtot

η(1295) 3 MeV 30 MeV 4 MeV 5 MeV − 48 MeV

η(1440) 10 MeV 3 MeV 6 MeV 26 MeV 70 keV 45 MeV

By comparing this result with the analysis of phase shifts given in [5] where
an evidence for existence of a scalar strange meson with the mass equal to
905± 50 MeV and decay width 545± 170 MeV is shown, we identify the state
K∗
0 (960) as a member of the ground scalar meson nonet. The state K

∗
0 (1430) is

thereby its ˇrst radial excitation.

4.4. Strong Decays of η(1295) and η(1440). The mesons η(1295) and
η(1440) have common decay modes: a0π, ηππ, η(ππ)S−wave , KK̄π, moreover,
the heavier pseudoscalar η(1440) decays also into KK∗. For the processes with
two secondary particles, the calculations of decay widths are done in the same way
as shown in the previous Subsection, by calculating the corresponding triangle
diagrams.
Let us consider the decay η → a0π. The corresponding amplitude is of the

same form as given in (211) for decays of the type σ → ϕϕ. It can also be
divided into two parts T (1) and T (2) which in our approximation are constant
and momentumÄdependent in the sense explained in the previous Subsection (see
(212) and the text below):

T
(1)
η̂→a0π

≈ 0.3 GeV, T
(2)
η̂→a0π

≈ −1 GeV. (230)

Therefore, the decay width is

Γη̂→a0π ≈ 3 MeV. (231)

The decay η̂ → η(ππ)S−wave is nothing else than the decay η̂ → ησ →
η(ππ)S−wave where we have the σ meson in the ˇnal state decaying then into
pions in the S wave. We simply calculate η̂ → ησ, with σ as a decay product.
The calculation of decay widths for the rest of the decay modes with two

particles in the ˇnal state is similar and the result is given in Table 4.
The decay η̂′ → KK∗ differs from the other modes due to the strange vector

meson among the decay products. In this case we have

T µη̂′→KK∗ = 4(p1 + p2)µ
(
[gugKgK∗I2(mu,ms) + . . .]−

√
2[gsgKgK∗I2(mu,ms) + . . .]

)
, (232)
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Fig. 6. Diagrams describing the decay η̂ → ηππ. The black box stands for the sum of
®box¯ diagrams represented by one-loop quark graphs with four meson vertices. The
rest of the diagrams is a set of pole graphs with σ, f0, and a0 scalar resonances. The
diagram with a0 is to be taken into account for two channels (due to the exchange of pions
momenta). There are analogous contributions from radially excited resonances

where p1 is the momentum of η̂′; p2, the momentum of K; and dots stand for
the terms with form factors (not displayed here). These two parts are of the same
order of magnitude and differ in sign and therefore cancel each other, which
reduces the decay width up to tens of keV:

Γη̂′→KK∗ ≈ 70 keV. (233)

When there are three particles in the ˇnal state, poles appear in amplitudes,
related to intermediate scalar resonances. As is well known from ππ scattering,
these diagrams can play a crucial role in the description of such processes. So,
in addition to the ®box¯ diagram we take account of the diagrams with poles
provided by σ, f0, and a0 resonances (see Fig. 6). Here we neglect the momentum
dependence in the box diagram approximating it by a constant. The amplitude is
thereby

Tη̂→ηππ = B +
cσηη̂cσππ

M2
σ − s− iMσΓσ

+
cf0ηη̂cf0ππ

M2
f0
− s− iMf0Γf0

+

+
ca0η̂πca0ηπ

M2
a0
− t− iMa0Γa0

+
ca0η̂πca0ηπ

M2
a0
− u− iMa0Γa0

+ excited, (234)
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where B is given by the ®box ¯ diagram:

B = 12
(
mu

Fπ

)2
Z−1[R11R12 + . . .] (235)

where dots stand for the contribution from diagrams with form factors, and Rij are
taken from Table 2 (for η and η̂). The coefˇcients cσϕϕ represent the amplitudes
describing decays of a scalar to a couple of pseudoscalars; the calculation of
them was discussed in the previous Subsection. In general, they are momentumÄ
dependent.
The kinematic invariants s, t, and u are Mandelstam variables: s = (pπ1 +

pπ2)
2, t = (pη + pπ1)

2, u = (pη + pπ2)
2.

The ®excited¯ terms are contributions from excited scalar resonances of a
structure similar to that for the ground states. The decay widths of processes
η̂ → ηππ and η̂′ → ηππ are thereby

Γη̂→ηππ ≈ 4 MeV, Γη̂′→ηππ ≈ 6 MeV. (236)

For the processes η̂ → KK̄π and η̂′ → KK̄π we approximate their decay
widths by neglecting the pole-diagram contribution because it turns out that the
box¯ is dominant here. The result is given in Table 4.
Unfortunately, the branching ratios for different decay modes of η(1295) and

η(1440) are not well known from experiment; so one can only ˇnd their total
decay widths

Γtotη(1295) = 53± 6 MeV, Γtotη(1440) = 50− 80 MeV, (237)

which is in satisfactory agreement with our results.
Strong and electromagnetic decays of the ground states of η̂ and η̂′ mesons

were investigated within the framework of the standard NJL model in [9,10] and
we do not consider them here.

5. CONCLUSION

Let us summarize and discuss main features of the nonlocal NJL model
proposed here and basic results obtained in our work.
A simple generalization of the NJL model to a nonlocal four-quark interaction

of the separable type was suggested to describe ˇrst radial excitations of the
scalar, pseudoscalar, and vector mesons. The nonlocality was introduced into
quark currents by means of simple form factors, while preserving the local form
of the ground and excited meson states. On the one hand, form factors can
be written in a relativistic invariant form. On the other hand, the form factor
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parameters can be chosen so that the gap equations keep the conventional form,
which leads to constant constituent quark masses and quark condensates. As a
result, all low energy theorems are fulˇlled in our model in the chiral limit (see
Section 2). Therefore, the introduction of excited meson states does not destroy
those attractive features which the NJL model is characteristic of.
The model contains six basic and seven additional form factor parameters.

The basic ones are deˇned like in the standard (local) NJL model. They are the
quark masses mu = md, ms, the cut-off parameter Λ3, and three quark coupling
constants G, GV , K . To determine them, we used six input quantities: Fπ, gρ,
Mπ,MK ,Mρ, and the mass differenceM2

η−M2
η′ . Then, we predicted the masses

of η, η′, K∗
0 , ϕ mesons and also the masses of the scalar and axialÄvector meson

nonets. The weak decay constant FK and all strong coupling meson constants
are calculated.
Upon the excited meson states are included, a great number of form factors

appears in the model. They are necessary to describe radial excitations of the
three meson nonets: scalar, pseudoscalar and vector. Each form factor contains
two parameters: the external parameter cUqq characterizing to what extent the
interaction of excited states is stronger than that of the ground ones and the
internal (slope) parameter dqq determining the shape of the wave function of an
excited meson state.
We give an unambiguous deˇnition of the slope parameters for scalar mesons

from the condition that the excited states do not contribute to quark condensates.
Then, we assume the slope parameters to be the same for any sort of meson
ˇelds. Moreover, in favor of the global chiral symmetry, we put the scalar meson
form factors equal to the pseudoscalar meson ones. As a result, only seven

independent parameters are left: cπuu, c
K
us, c

η,η′

uu , c
η,η′

ss , c
ρ,ω
uu , c

K∗
0

us , cϕss. They are
ˇxed by masses of radially excited pseudoscalar and vector mesons. When this
procedure is completed, we are able to predict the masses of scalar mesons and
identify them with experimentally observed meson states.
The major results obtained in our work are:

1) A nonlocal chiral quark model with a quark interaction of the separable
type was developed to describe the ground and ˇrst radially excited states
of mesons represented by local ˇelds. In this model, the quark condensate
and gap equations are conserved in the standard form, and all low-energy
theorems are fulˇlled.

2) In a realistic U(3) × U(3) version of the model, the UA(1) problem is
solved by introducing the 't Hooft interaction. The mixing of pseudoscalar
isoscalar meson states, the ground η, η′, and the radially excited η̂, η̂′, due
to the 't Hooft interaction, was taken into account.

3) In the framework of the proposed model, a satisfactory description of the
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masses of ground and ˇrst radially excited pseudoscalar and vector meson
states was obtained.

4) The mass spectrum for scalar meson nonets (ground and ˇrst radially ex-
cited) is predicted on the basis of the proposed model and with the assump-
tion on the form factors, based on the global chiral symmetry, that the form
factors for scalar mesons are the same as for the pseudoscalars ones.

5) The members of quarkÄantiquark nonets, whose physics the proposed model
is intended to describe, are identiˇed with twenty seven physically observed
scalar, pseudoscalar, and vector meson states.

6) The weak decay constants Fπ′ , FK , and FK′ are estimated.

7) The widths of main strong decays of radially excited scalar, pseudoscalar,
and vector meson nonets are estimated. The results are in satisfactory
agreement with experimental data.
Let us make some comments on the identiˇcation of the meson nonets'

members. While it seems clear how to identify the members of pseudoscalar
and vector meson nonets, the scalar mesons require more words to say. From
our calculations we come to the following interpretation of f0(1370), fJ(1710),
a0(1470), K∗

0 (1430) mesons: we consider them as the ˇrst radial excitations of
the ground states f0(400− 1200), f0(980), a0(980), and K∗

0 (960)
∗.

In this picture, however, no place is reserved for the f0(1500) meson. To
include it, we need an additional meson state in our model that is not a bound
q̄q system (there is no vacancy in the considered multiplets) but rather it is a
bound colorless gluon state [38]. There are many reasons that the state f0(1500)
is essentially mixed with a glueball [36, 37]. However, in this paper we did not
take the glueball into account. Therefore, we cannot say how much it can affect
q̄q-meson states. However, we are going to tackle this problem in our further
work. In the present paper, we obtain a bound quarkÄantiquark state with the
mass about 1600 MeV, so we have to decide which of the observed meson states,
f0(1500) or fJ(1710), is to be associated with this member of the nonet of the
radially excited scalar mesons in our model. We have chosen fJ(1710). The
reason for this choice is based both upon the results obtained in Refs. 36, 37 and
on our estimates of the decay widths discussed in Section 4.
Concerning the ground state a0(980), in the framework of our quarkÄantiquark

model, we have a mass deˇcit for this meson, 830 MeV instead of 980 MeV.

∗The light strange scalar of a mass about 900 MeV is not included into the summary tables
of PDG [1]. However, there are evidences from the phase shift analysis [5] that a state (known as
κ(900)) with the mass 950 MeV does exist.
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We suspect that the deˇcit is caused by four-quark component in this state which
we did not take into account [39,40].
In conclusion, we would like to outline further steps to improve our model.

First of all, a glueball state can be included into the effective Lagrangian. This will
allow us to correct the description of the scalar states f0(980), f0(1370), f0(1710)
and include f0(1500) (presumed to be essentially mixed with a glueball) into the
whole picture. The mixing of all the states will play an important role in this case.
By now, we took account only of the mixing among f0(400 − 1200), f0(980),
f0(1370), f0(1710) and among η, η′, η̂, η̂′. Nevertheless, our investigation
revealed that the meson states η(1300), η(1470), f0(1370), a0(1470), f0(1710),
K∗
0 (1430) are the ˇrst radial excitations of η(590), η(950), f0(400 − 1200),

a0(980), f0(980), K∗
0 (960).

Second, the absence of quark conˇnement is still a common qaw of NJL-like
models with a local quark interaction. There are several approaches suggested to
ˇnd a solution of this problem. Among them there are various potential models,
models where the pole in the quark propagator is excluded [41], etc. We are going
to continue to work with our own approach which was suggested in Ref. 42.
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Appendix

A. COEFFICIENTS OF THE FREE PART OF THE EFFECTIVE
LAGRANGIAN FOR SCALAR ISOSCALAR MESONS

The functions K [a,b]σ(ϕ),ij introduced in Subsec. 3 of Sec. 4 (131) are deˇned
as follows

K
[a,a]
σ(ϕ),11(P ) = Zaσ(ϕ),1(P

2 − (ma
q ±ma

q′)
2 −M2

σa(ϕa),1),

K
[a,a]
σ(ϕ),22(P ) = Zaσ(ϕ),2(P

2 − (ma
q ±ma

q′)
2 −M2

σa(ϕa),2),

K
[a,a]
σ(ϕ),12(P ) = K

[a,a]
σ(ϕ),21(P ) = γaσ(ϕ)(P

2 − (ma
q ±ma

q′)
2), (238)

K
[8,9]
σ(ϕ),11(P ) = K

[9,8]
σ(ϕ),11(P ) =

(
G(∓)

)−1

89
,

K
[8,9]
σ(ϕ),12(P ) = K

[9,8]
σ(ϕ),12(P ) = K

[8,9]
σ(ϕ),21(P ) = 0,

K
[9,8]
σ(ϕ),21(P ) = K

[8,9]
σ(ϕ),22(P ) = K

[9,8]
σ(ϕ),22(P ) = 0,
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where the ®bare¯ meson masses are

M2
σ8(ϕ8),1 = (Z8σ(ϕ),1)

−1
(
(G(∓))−188 − 8I1(mu)

)
,

M2
σ9(ϕ9),1 = (Z9σ(ϕ),1)

−1
(
(G(∓))−199 − 8I1(ms)

)
,

M2
σ8(ϕ8),2 = (Z8σ(ϕ),2)

−1
(
1
G
− 8Iff1 (mu)

)
, (239)

M2
σ9(ϕ9),2 = (Z9σ(ϕ),2)

−1
(
1
G
− 8Iff1 (ms)

)
.

In the case of isoscalar mesons it is convenient to combine the scalar and
pseudoscalar ˇelds into 4-vectors

Φ = (ϕ8 r1 , ϕ8 r2 , ϕ9 r1 , ϕ9 r2 ), Σ = (σ8 r1 , σ8 r2 , σ9 r1 , σ9 r2 ), (240)

and introduce 4 × 4 matrix functions KΣ(Φ),ij , instead of old K
[a,b]
σ(ϕ),ij , where

indices i, j run from 1 through 4. This allows us to rewrite the free part of the
effective Lagrangian which then, with the meson ˇelds renormalized, looks as
follows

L(2)(Σ,Φ) =
1
2

4∑
i,j=1

(ΣiKΣ,ij(P )Σj +ΦiKΦ,ij(P )Φj) (241)

and the functions KΣ(Φ),ij are

KΣ(Φ),11(P ) = P 2 − (mu ±mu)2 −M2
σ8(ϕ8),1,

KΣ(Φ),22(P ) = P 2 − (mu ±mu)2 −M2
σ8(ϕ8),2,

KΣ(Φ),33(P ) = P 2 − (ms ±ms)2 −M2
σ9(ϕ9),1,

KΣ(Φ),44(P ) = P 2 − (ms ±ms)2 −M2
σ9(ϕ9),2, (242)

KΣ(Φ),12(P ) = KΣ(Φ),21(P ) = Γσu(ηu)(P
2 − (mu ±mu)2),

KΣ(Φ),34(P ) = KΣ(Φ),43(P ) = Γσs(ηs)(P
2 − (ms ±ms)2),

KΣ(Φ),13(P ) = KΣ(Φ),31(P ) = (Z8σ(ϕ),1Z
9
σ(ϕ),2)

−1/2(G(∓))−189 .

Now, to transform (241) to the conventional form, one should just diagonalize a
4-dimensional matrix, which is better to do numerically.

B. THE CALCULATION OF THE AMPLITUDES FOR DECAYS
OF THE EXCITED SCALAR MESON â0

Here we collect some instructive formulae that display a part of the details
of calculations made in this work. Let us demonstrate how the amplitude of the
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decay â0 → ηπ is obtained. The mixing coefˇcients are taken from Table 1.
Moreover, the diagrams where pion vertices contain form factors are neglected
because, as one can see from Table 1, their contribution is signiˇcantly reduced:

T
(1)
â0→ηπ = 4

m2u
Fπ

{
0.82 · 0.71Z−1/2 I2(mu)

I2(mu)
−

−
(
1.17 · 0.71Z−1/2 − 0.82 · 0.11

) If2 (mu)√
I2(mu)I

ff
2 (mu)

−

− 1.17 · 0.11I
ff
2 (mu)

Iff2 (mu)

}
≈ 0.2 GeV, (243)

T
(2)
â0→ηπ = 2

m2u
Fπ

(M2
a0
−M2

η −M2
π)
{
0.82 · 0.71Z−1/2 I3(mu)

I2(mu)
−

−
(
1.17 · 0.71Z−1/2 − 0.82 · 0.11

) If3 (mu)√
I2(mu)I

ff
2 (mu)

−

− 1.17 · 0.11I
ff
3 (mu)

Iff2 (mu)

}
≈ 3.5 GeV. (244)

The decay width thereby is

Γâ0→ηπ =
|Tâ0→ηπ|2
16πM3

â0

×

×
√

M4
â0
+M4

η+M4
π−2(M2

â0
M2
η+M2

â0
M2
π+M2

ηM
2
π) ≈ 160 MeV. (245)

Here I2(mu) = 0.04, If2 (mu) = 0.014c, Iff2 (mu) = 0.015c2, I3(mu) =
= 0.11 GeV−2, If3 (mu) = 0.07c GeV−2,Iff3 (mu) = 0.06c2 GeV−2 and c
is the external form factor parameter factored out and cancelled in the ratios of
integrals.
For the decay into strange mesons we obtain (see Fig. 1)

Tâ0→K+K− = CK

(
− iNc

16π2

)
×

×
∫

d4k
tr[(mu + k/ + p/1)γ5(ms + k/ )γ5(mu + k/ − p/2)]
(m2s − k2)(m2u − (k − p1)2)(m2u − (k − p2)2)

≈

≈ 2CK {(ms +mu)I2(mu)−∆I2(mu,ms)−

−[ms(M2
â0
− 2M2

K)− 2∆3]I3(mu,ms)
}
, (246)



632 VOLKOV M.K., YUDICHEV V.L.

where ∆ = ms −mu and

I3(mu,ms) = −i
Nc

(2π)4

∫
Λ3

d4k

(m2u − k2)2(m2s − k2)
. (247)

The coefˇcient CK absorbs the Yukawa coupling constants and some structure
coefˇcients. The integral I2(mu,ms) is deˇned by (102). This is only the part
of the amplitude without form factors. The complete amplitude of this process is
a sum of contributions which contain also the integrals If..f2 and If..f3 with form
factors. Thus, the amplitude is

Tâ0→K+K− = T (1) + T (2), (248)

T (1) =
mu +ms

2FK

{
(ms +mu) · 0.13−∆ · 0.21

}
≈ 0.2 GeV, (249)

T (2) =
mu +ms

2FK

{
[ms(M2

a0
− 2M2

K)− 2∆3] · 1 GeV−2} ≈ 2.3 GeV, (250)

FK = 1.2Fπ.

The decay width therefore is evaluated to be

Γâ0→K+K− = Γâ0→K̄0K0 ≈ 50 MeV. (251)

REFERENCES

1. Review of Particle Physics Å Eur. Phys. J. C, 1998, v. 3, p. 1.

2. Gerasimov S. B., Govorkov A. B. Å Z. Phys. C, 1985, v. 29, p. 61;
Gerasimov S. B., Govorkov A. B. Å Z. Phys. C, 1986, v. 32, p. 405;
Gerasimov S. B., Govorkov A. B. Å Z. Phys. C, 1987, v. 36, p. 435.

3. Téornqvist N. Å Phys. Rev. Lett., 1982, v. 49, p. 624;
Lanik J. Å Phys. Lett. B, 1993, v. 306, p. 139.

4. DmitraKsinoviLc V. Å Phys. Rev. C, 1996, v. 53, p. 1383.

5. Ishida S., Ishida M., Ishida T., Takamatsu K., Tsuru T. Å Prog. Theor. Phys., 1997, v. 98,
p. 621;
Ishida M. Y., Ishida S. Å In: HADRON'97, 4th Int. Conf. on Hadr. Spectr., 1997;
hep-ph/9712231.

6. Scadron M.D. Å Phys. Rev. D, 1982, v. 26, p. 239.

7. Callan C. G., Coleman S., Wess J., Zumino B. Å Phys. Rev., 1969, v. 177, p. 2247.

8. Volkov M. K., Ebert D. Å Sov. J. Nucl. Phys., 1982, v. 36, p. 736;
Ibid. Å Z. Phys. C, 1983, v. 16, p.205.

9. Volkov M. K. Å Ann. Phys. (N.Y.), 1984, v. 157, p. 282.

10. Volkov M. K. Å Sov. J. Part. Nucl., 1986, v. 17, p. 186.

11. Ebert D., Reinhardt H. Å Nucl. Phys. B, 1986, v. 271, p. 188.

12. Roberts C. D., Cahill R. T., Praschifka J. Å Ann. Phys. (N.Y.), 1988, v. 188, p. 20.



RADIALLY EXCITED SCALAR, PSEUDOSCALAR, AND VECTOR MESON NONETS 633

13. Le Yaouanc A., Oliver L., PMene O., Raynal J.-C. Å Phys. Rev. D, 1984, v. 29, p. 1233;
Le Yaouanc A. et al. Å Phys. Rev. D, 1985, v. 31, p. 137.

14. Pervushin V. N. et al. Å Fortschr. Phys., 1990, v. 38, p. 333;
Kalinovsky Yu. L. et al. Å FewÄBody Systems, 1991, v. 10, p. 87.

15. Andrianov A. A., Andrianov V. A. Å Int. J. Mod. Phys. A, 1993, v. 8, p. 1981;
Andrianov A. A., Andrianov V. A. Å Nucl. Phys. Proc. Suppl. BC, 1995, v. 39, p. 257;
Andrianov A. A., Andrianov V. A., Yudichev V. L. Å Theor. Math. Phys., 1996, v. 108,
p. 1069.

16. Kalinovsky Yu. L, Kaschluhn L., Pervushin V. N. Å Phys. Lett. B, 1989, v. 231, p. 288.

17. Volkov M. K., Weiss C. Å Phys. Rev. D, 1997, v. 56, p. 221.

18. Feynman R. P., Kislinger M., Ravndal F. Å Phys. Rev. D, 1971, v. 3, p. 2706.

19. Ebert D., Kalinovsky Yu. L., Méunchow L., Volkov M. K. Å Int. J. Mod. Phys. A, 1993, v. 8,
p. 1295.

20. Kalinovsky Yu. L., Weiss C. Å Z. Phys. C, 1994, v. 63, p. 275.

21. Ito H., Buck W. W., Gross F. Å Phys. Rev. C, 1992, v. 45, p. 1918.

22. Gross F., Riska D. O. Å Phys. Rev. C, 1987, v. 36, p. 1928.

23. Ito H., Buck W. W., Gross F. Å Phys. Rev. C, 1991, v. 43, p. 2483.

24. GellÄMann M., Levy M. Å Nuovo Cim., 1960, v. 16, p. 53.

25. See, e.g., Dominguez C. A. Å Phys. Rev. D, 1977, v. 16, p. 2313, and references therein.

26. Jaffe R. L., Mende P. F. Å Nucl. Phys. B, 1992, v. 369, p. 189.

27. Celenza L. S. et al. Å Phys. Rev. D, 1995, v. 51, p. 3638;
Celenza, L. S. Huang B., Wang H., Shakin C. M. Å Preprint Brooklyn College, City Univ.,
New York, BCCNT:99/011/277;
Huang B., Li X.-D., Shakin C. M. Å Phys. Rev. C, 1998, v. 58, p. 3648;
Celenza L. S., Huang B., Shakin C. M. Å Phys. Rev. C, 1999, v. 59, p. 1041;
Celenza L. S., Li X.-D., Shakin C. M. Å Phys. Rev. C, 1997, v. 56, p. 3326.

28. Volkov M. K. Å Phys. At. Nucl., 1997, v. 60, p. 1920.

29. Volkov M. K., Yudichev V. L. Å Int. J. Mod. Phys. A, 1999, v.14, p.4621.

30. Volkov M. K., Yudichev V.L. Å hep-ph/9905368; Phys. At. Nucl., 2000, v.63, No.8, in press.

31. Vogl H., Weise W. Å Progr. Part. Nucl. Phys., 1991, v. 27, p. 195;
Klevansky S. P. Å Rev. Mod. Phys., 1992, v. 64, p. 649.

32. Volkov M. K., Nagy M., Yudichev V. L.Å Nuovo Cim. A,1999, v. 112, p.225; hep-ph/9804347.

33. Volkov M. K., Ebert D., Nagy M. Å Int. J. Mod. Phys. A, 1998, v. 13, p. 5443.

34. Volkov M. K., Ebert D., Yudichev V. L. Å JINR Rapid Comm., 1998,6[92]-98, p. 5;
hep-ph/9810470;
Volkov M. K., Yudichev V. L. ÅPhys. At. Nucl., 2000, v. 63, No. 2, in press.

35. Clegg A. B., Donnachie A. Å Z. Phys. C, 1994, v. 62, p. 455.

36. Anisovich V. V., Bugg D. V., Sarantsev A. V. Å Phys. Rev. D, 1998, v. 58, p. 111503.

37. Narison S. Å Nucl. Phys. B, 1998, v. 509, p. 312.

38. Kusaka K., Volkov M. K., Weise W. Å Phys. Lett. B, 1993, v. 302, p. 145;
Jaminon M., Van den Bossche B. Å Nucl. Phys. A, 1997, v. 619, p. 285.

39. Jaffe R.L. Å Phys. Rev. D, 1977, v. 15, p. 267.

40. Achasov N.N., Devyanin S.A., Shestakov G.N. Å Usp. Fiz. Nauk., 1984, v. 142, p. 361.

41. Ebert D., Feldmann T., Reinhardt H. Å Phys. Lett. B, 1996, v. 388, p. 154.

42. Blaschke D., Burau G., Volkov M. K., Yudichev V. L.Å Preprint Rostock Univ. MPG-VT-UR
178/98; hep-ph/9812503;
Volkov M. K., Yudichev V. L. Å Phys. At. Nucl., 2000, v. 63, No. 2, in press.



®”ˆ‡ˆŠ� �‹…Œ…�’��›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„�¯
2000, ’�Œ 31, ‚›�. 3

“„Š 519.72;539.12

‘ˆƒ9:‹, „:99›… ˆ ˆ9”?@Œ:–ˆŸ
‚ ”ˆ‡ˆ—…‘Šˆ• ˆ‡Œ…@…9ˆŸ•

‘.ƒ.* ¸¨² ¤§¥

9 ÊÎ´µ-¨¸¸²¥¤µ¢ É¥²Ó¸±¨° ¨´¸É¨ÉÊÉ Ö¤¥·´µ° Ë¨§¨±¨ Œƒ“, Œµ¸±¢ 

‚ µ¡§µ·¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢µ¶·µ¸Ò ¶µ²ÊÎ¥´¨Ö ¨´Ëµ·³ Í¨¨ µ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨ÖÌ. �µ²Ó-
Ïµ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ  ´ ²¨§Ê ¶·µÍ¥¸¸  µÉµ¡· ¦¥´¨Ö Å ± ± ¢µ§¤¥°¸É¢¨Õ ¨ ¢µ¸¶·¨ÖÉ¨Õ ¸¨£´ -
²µ¢, É ± ¨ ¨Ì ¶µ¸²¥¤ÊÕÐ¥° ¤¨¸±·¥É¨§ Í¨¨. ˆ¸Ìµ¤Ö ¨§ ¨´Ëµ·³ Í¨µ´´ÒÌ ¶µ·µ£µ¢ÒÌ ¨ ¶·¥¤¥²Ó´ÒÌ
¸µµÉ´µÏ¥´¨° µ¡¸Ê¦¤ ¥É¸Ö ¢µ§³µ¦´ Ö Ëµ·³  ¨ ¶ · ³¥É·Ò ¸¨£´ ²µ¢ ¢ ¶·µÍ¥¸¸ Ì ¢§ ¨³µ¤¥°¸É¢¨Ö
¢ ³¨±·µ³¨·¥.

�µ¸±µ²Ó±Ê ¢µ¸¶·¨´¨³ ¥³Ò° ¸¨£´ ² ¶·¨´Í¨¶¨ ²Ó´µ ´¥ÉµÎ´µ µ¶·¥¤¥²¥´, ¶µ± § ´µ, ± ± ¶µ²Ê-
Î¨ÉÓ µ¸´µ¢´Ò¥ ¸µµÉ´µÏ¥´¨Ö µ ±µ²¨Î¥¸É¢¥ ¤ ´´ÒÌ ¨ ¸µ¤¥·¦ Ð¥°¸Ö ¢ ´¨Ì ¨´Ëµ·³ Í¨¨ ´  µ¸´µ¢¥
® ´ ²¨§  Í¥²ÒÌ Î¨¸¥²¯, ´¥ ¶·¨¡¥£ Ö ± ±² ¸¸¨Î¥¸±¨³ ³ É¥³ É¨Î¥¸±¨³ ¶µ´ÖÉ¨Ö³ ¡¥¸±µ´¥Î´µ ³ -
²ÒÌ ¨ ¡¥¸±µ´¥Î´ÒÌ ¶·µÍ¥¤Ê·. Š· É±µ · ¸¸³µÉ·¥´Ò µ¸´µ¢´Ò¥ ¶· ±É¨Î¥¸±¨¥ ¶·¨¥³Ò ±µ¤¨·µ¢ ´¨Ö
¨´Ëµ·³ Í¨¨.

The problems of information getting about the physical phenomena are described. The analysis
of a signal affecting from a source side and signal sensing from receiver side is the ˇrst point
analysed in detail, the second one is the signal discretization rules. The ®micro¯-signal parameters
and their possible shape in the microcosm are discussed as it follows from the so-called ®threshold¯
and ®up-limit¯ boundary informatics relations.

It is shown how to get the main equations for the amount of data and information they contain
basing on the analysis of ®integer variables¯ (without using formal mathematics inˇnitesimal values
and inˇnite procedures).

The main practical methods of data conversion (coding) to the information are described shortly.

‚‚…„…Qˆ…

�µ´ÖÉ¨Ö Ô´É·µ¶¨¨, ¸¨£´ ²  ¨ ¨´Ëµ·³ Í¨¨ ¤µ¸É ÉµÎ´µ ¤ ¢´µ ¨§¢¥¸É´Ò,
¶µ¤·µ¡´µ ¨¸¸²¥¤µ¢ ´Ò ¨ µ¶¨¸ ´Ò ¢ ¡µ²ÓÏµ³ Î¨¸²¥ ¶Ê¡²¨± Í¨° [1Ä35]. �µ-
¶·µ¡Ê¥³, µ¤´ ±µ, ¶·µ¢¥¸É¨ ´¥¡µ²ÓÏµ° Ô±¸¶¥·¨³¥´É ¨ ¶·¥¤²µ¦¨ÉÓ Î¨É É¥²Õ
µÉ¢¥É¨ÉÓ ´  ¸²¥¤ÊÕÐ¨¥ ¶·µ¸ÉÒ¥ ¢µ¶·µ¸Ò:
1) ˆ´Ëµ·³ Í¨Ö, ± ± ¨§¢¥¸É´µ, ¨§³¥·Ö¥É¸Ö ¢ ®±Ê¸µÎ± Ì¯ Å ¡¨É Ì: 1,2,3,...;

³µ¦¥É ²¨ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, ¶µ²ÊÎ ¥³µ¥ ¶·¨ µ¤´µ³ ¨§³¥·¥´¨¨, ¡ÒÉÓ
³´µ£µ ³¥´ÓÏ¥ 1 ¡¨É ?
2) Œµ¦¥É ²¨ ¢ ¸µ¢µ±Ê¶´µ¸É¨ · ¢´µ³¥·´µ · ¸¶·¥¤¥²¥´´ÒÌ (· ¢´µ¢¥·µÖÉ-

´ÒÌ) µÉ¸Î¥Éµ¢ ¸µ¤¥·¦ ÉÓ¸Ö ¶·¥´¥¡·¥¦¨³µ ³ ²µ¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨?
3) Œµ¦´µ ²¨ ¢ ·¥ ²Ó´µ³ ¢·¥³¥´¨ ¶¥·¥¤ ÉÓ ¶µ ²¨´¨¨ ¸¢Ö§¨ ¸¨£´ ² ¸

¶µ²µ¸µ° Î ¸ÉµÉ ¸ÊÐ¥¸É¢¥´´µ ¡µ²ÓÏ¥°, Î¥³ ¶µ²µ¸  ¶·µ¶Ê¸± ´¨Ö ²¨´¨¨?
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4) “¢¥²¨Î¨É¸Ö ²¨ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, ¥¸²¨ ¢ É¥±¸É¥ ¸µµ¡Ð¥´¨Ö ¸²Ê-
Î °´Ò³ µ¡· §µ³ ¶¥·¥¸É ¢¨ÉÓ ¡Ê±¢Ò ³¥¸É ³¨, É.¥. ¶·¥¢· É¨ÉÓ ¥£µ ¢ ÏÊ³?
‡´ Î¨É¥²Ó´ Ö ¤µ²Ö µÏ¨¡µÎ´ÒÌ µÉ¢¥Éµ¢ ®´¥É¯, ¤ ÕÐ¨Ì¸Ö µ¡ÒÎ´µ ´  ÔÉ¨

¢µ¶·µ¸Ò, § ¸É ¢²Ö¥É § ¤Ê³ ÉÓ¸Ö, ¶µÎ¥³Ê ¢µ§´¨± ÕÉ ¶µ¤µ¡´Ò¥ ´¥ÉµÎ´µ¸É¨ ¨
µÏ¨¡±¨ (  ¸¶¨¸µ± É¥¸Éµ¢ÒÌ ¢µ¶·µ¸µ¢ ²¥£±µ ¶·µ¤µ²¦¨ÉÓ), ±µ£¤  ·¥ÎÓ § Ìµ¤¨É
µ¡ ¨´Ëµ·³ Í¨¨. Œµ¦´µ Ê± § ÉÓ ´  ¸²¥¤ÊÕÐ¨¥ ¶·¨Î¨´Ò:
 ) · §¡·µ¸ ´´µ¸ÉÓ ¸¢¥¤¥´¨°, ± ¸ ÕÐ¨Ì¸Ö ¨´Ëµ·³ Í¨µ´´ÒÌ ± É¥£µ·¨°, ¶µ

· §²¨Î´Ò³ ¥¸É¥¸É¢¥´´Ò³ ¤¨¸Í¨¶²¨´ ³ (É¥µ·¨Ö ¸¢Ö§¨, ¸É É¨¸É¨Î¥¸± Ö Ë¨§¨± ,
±¢ ´Éµ¢ Ö ³¥Ì ´¨±  ¨ É.¤.), ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ Ê § ¨´É¥·¥¸µ¢ ´´µ£µ, ´µ ¶·µ-
Ë¥¸¸¨µ´ ²Ó´µ Ê§±µ µ·¨¥´É¨·µ¢ ´´µ£µ Î¨É É¥²Ö ´¥ ¢Ò· ¡ ÉÒ¢ ¥É¸Ö ´ ¡µ·  ¶µ-
´ÖÉ¨°, µ¡² ¤ ÕÐ¥£µ ´¥µ¡Ìµ¤¨³µ° ´ Î ²Ó´µ° ¶µ²´µÉµ°;
¡) ¸²µ¦´Ò°, ¸ £·µ³µ§¤±µ° ³ É¥³ É¨±µ° Ö§Ò± µ¶¨¸ ´¨Ö (Î¥³ µ¸µ¡¥´´µ

£·¥Ï É µÉ¥Î¥¸É¢¥´´Ò¥ ¨§¤ ´¨Ö), ¶·¨§¢ ´´Ò° ¸µ§¤ ÉÓ ¨²²Õ§¨Õ ¸É·µ£µ¸É¨ ¨§-
²µ¦¥´¨Ö, ¶µ ¸ÊÐ¥¸É¢Ê, Î ¸É´ÒÌ ¢µ¶·µ¸µ¢ (´ ¶·¨³¥·, Éµ²Ó±µ ¸É Í¨µ´ ·´µ£µ
¶µ¢¥¤¥´¨Ö ³µ¤¥²¥°), µ£· ´¨Î¥´´µ  ¤¥±¢ É´ÒÌ ¶·µÍ¥¸¸ ³ ·¥ ²Ó´µ£µ ³¨· ;
¢) ´¥¶· ¢µ³¥·´Ò° ¶¥·¥´µ¸ Î ¸É´ÒÌ ¸Ê¦¤¥´¨° ´  ¡µ²¥¥ µ¡Ð¨¥ ¶µ²µ¦¥´¨Ö,

¢µ§´¨± ÕÐ¨° ± ± ¸²¥¤¸É¢¨¥ ¶¥·¢ÒÌ ¤¢ÊÌ ¶·¨Î¨´.
–¥²ÓÕ ´ ¸ÉµÖÐ¥° · ¡µÉÒ ¡Ò²µ ¦¥² ´¨¥ µ¡µ¡Ð¨ÉÓ ³ É¥·¨ ², ¸µ¤¥·¦ -

Ð¨°¸Ö ¢ ²¨É¥· ÉÊ·¥, ¨ ¤ ÉÓ ¶µ ¢µ§³µ¦´µ¸É¨ ¶µ²´µ¥, ¶·µ¸Éµ¥ ¨ ¶µ¸²¥¤µ¢ -
É¥²Ó´µ¥ ¨§²µ¦¥´¨¥ É¥µ·¥É¨Î¥¸±¨Ì § ±µ´µ³¥·´µ¸É¥° ¶µ²ÊÎ¥´¨Ö ¨§³¥·¨É¥²Ó-
´µ° ¨´Ëµ·³ Í¨¨ ¢ Ö¤¥·´µ° Ë¨§¨±¥. �¥¸³µÉ·Ö ´  ¡µ²ÓÏÊÕ ¨¸Éµ·¨Õ, ¤ ²¥±µ
´¥ ¢¸¥ ¢ ÔÉµ° µ¡² ¸É¨ ´ Ï²µ ¸¢µ¥ · §·¥Ï¥´¨¥. � ¶·¨³¥·, ¤µ ¸¨Ì ¶µ· ´¥Ö¸´µ,
ÎÉµ ¶·¥¤¸É ¢²Ö¥É ¨§ ¸¥¡Ö ¸¨£´ ² ¢ ³¨±·µ³¨·¥. ‡¤¥¸Ó ¸¤¥² ´  ¶µ¶ÒÉ±  ÌµÉÖ ¡Ò
Î ¸É¨Î´µ µ¸¢¥É¨ÉÓ ¶µ¤µ¡´Ò¥ ¢µ¶·µ¸Ò ¨ ¶·¨¢²¥ÎÓ ¢´¨³ ´¨¥ ± ¨Ì ·¥Ï¥´¨Õ.
�´ ²¨§ ²¨É¥· ÉÊ·´ÒÌ ¨¸ÉµÎ´¨±µ¢ ¨³¥² É ±¦¥ Í¥²Ó Å ¶µ± § ÉÓ µ¸´µ¢-

´Ò¥ ¨´Ëµ·³ Í¨µ´´Ò¥ ¶µ²µ¦¥´¨Ö ¨ ¸¢Ö§¨ ³¥¦¤Ê ´¨³¨ ¸ É¥Ì ¸Éµ·µ´, ±µÉµ·Ò¥
µ¡ÒÎ´µ µ¸É ÕÉ¸Ö ¢ É¥´¨; ¢¸²¥¤¸É¢¨¥ ÔÉµ£µ ¶·¨´ÖÉÒ° ¸¶µ¸µ¡ ¨§²µ¦¥´¨Ö ¨,
Î ¸É¨Î´µ, É¥·³¨´µ²µ£¨Ö ´¥ ¢¸¥£¤  ¸µ¢¶ ¤ ÕÉ ¸ É· ¤¨Í¨µ´´Ò³¨.

SÉ²¨Î¨É¥²Ó´Ò¥ Î¥·ÉÒ ¨ ¶µ´ÖÉ¨Ö ¨´Ëµ·³ É¨±¨. ˆ³¥¥É¸Ö µ¶·¥¤¥²¥´´µ¥
¸Ìµ¤¸É¢µ ³¥¦¤Ê ³ É¥³ É¨±µ° ¨ ¨´Ëµ·³ É¨±µ°. …¸²¨ µ¸É ²Ó´Ò¥ ¥¸É¥¸É¢¥´´Ò¥
´ Ê±¨ ¨³¥ÕÉ ¶·¥¤³¥É´µ µ¶·¥¤¥²¥´´Ò¥ µ¡² ¸É¨ ¨¸¸²¥¤µ¢ ´¨° (Ë¨§¨± , Ì¨³¨Ö,
 ¸É·µ´µ³¨Ö), Éµ ³ É¥³ É¨±  ¨ ¨´Ëµ·³ É¨±  ¢Ò· ¦ ÕÉ µ¡Ð¨¥ Î¨¸²¥´´Ò¥ ¨
²µ£¨Î¥¸±¨¥ § ±µ´µ³¥·´µ¸É¨ ¢ Ö¢²¥´¨ÖÌ ¶·¨·µ¤Ò ¨ ¤¥ÖÉ¥²Ó´µ¸É¨ Î¥²µ¢¥± .
 §´¨Í  ³¥¦¤Ê ´¨³¨, µ¤´ ±µ, ¢ Éµ³, ÎÉµ ¥¸²¨ ³ É¥³ É¨Î¥¸±¨¥ ³µ¤¥²¨ ¢ §´ -
Î¨É¥²Ó´µ° ³¥·¥ Ê³µ§·¨É¥²Ó´Ò (µ´¨ ´¥ µ¡Ö§ ´Ò ·¥ ²Ó´µ ¸ÊÐ¥¸É¢µ¢ ÉÓ), Éµ ¨´-
Ëµ·³ Í¨µ´´Ò¥ ³µ¤¥²¨ ¸É·µÖÉ¸Ö ®¶µ ¶· ¢¨² ³¯ ·¥ ²Ó´µ£µ ³¨· . ’ ±,  ¶¶ · É
±² ¸¸¨Î¥¸±µ£µ ³ É¥³ É¨Î¥¸±µ£µ  ´ ²¨§  ¡ §¨·Ê¥É¸Ö ´  ¶µ´ÖÉ¨¨ ¡¥¸±µ´¥Î´µ
³ ²µ° ¢¥²¨Î¨´Ò ¨ ¶·µÍ¥¤Ê·¥ ®¶·¥¤¥²Ó´µ£µ ¶¥·¥Ìµ¤ ¯, ±µ£¤  Éµ ¨²¨ ¨´µ¥
µ¶·¥¤¥²¥´¨¥ (´ ¶·¨³¥·, ¨·· Í¨µ´ ²Ó´µ£µ Î¨¸² ) ¢¢µ¤¨É¸Ö ± ± Ê¸É ´ ¢²¨¢ Õ-
Ð¥¥¸Ö §´ Î¥´¨¥ µ¶·¥¤¥²ÖÕÐ¥° ËÊ´±Í¨¨ ´  ¡¥¸±µ´¥Î´µ³ Î¨¸²¥ (¡¥¸±µ´¥Î´µ
³ ²ÒÌ) Ï £µ¢. ‚ ÔÉµ³ ®Ê³¥´¨¨ µ¡· Ð ÉÓ¸Ö ¸ ¡¥¸±µ´¥Î´µ¸ÉÖ³¨¯ ¨ ¸µ¸Éµ¨É, ¶µ
¸²µ¢ ³ �Ê ´± ·¥, ³µ£ÊÐ¥¸É¢µ ³ É¥³ É¨±¨.
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¨¸. 1. ‘¨£´ ² ± ± µÉµ¡· ¦¥´¨¥ ·¥ ²Ó´µ ¶·µ¨¸Ìµ¤ÖÐ¨Ì ¶·µÍ¥¸¸µ¢ ¨²¨ Ö¢²¥´¨°:  ) ¸¨£-
´ ² ¶·¨ ´ ²¨Î¨¨ ÏÊ³µ¢; ¡) Ë¨²ÓÉ· Í¨Ö ÏÊ³  ¢ ¸¨£´ ²¥ ³¥¤²¥´´Ò³ ·¥£¨¸É· Éµ·µ³
(¨´É¥£·¨·ÊÕÉ¸Ö 20 ¶·¥¤Ò¤ÊÐ¨Ì §´ Î¥´¨°); ¢) ¨¸Ìµ¤´ Ö ³ É¥³ É¨Î¥¸± Ö ËÊ´±Í¨Ö y(x);
£) ¤¨¸±·¥É¨§µ¢ ´´ Ö ²µ£¨Î¥¸± Ö ËÊ´±Í¨Ö S(L)

ˆ´Ëµ·³ É¨±  ¦¥ ¨§´ Î ²Ó´µ ¨³¥¥É ¤¥²µ ²¨ÏÓ ¸ µ£· ´¨Î¥´´Ò³¨ ¨ ¶·¨´-
Í¨¶¨ ²Ó´µ ´¥ÉµÎ´µ µ¶·¥¤¥²¥´´Ò³¨ ¢¥²¨Î¨´ ³¨. �·¨¢¥¤¥³ ¶·µ¸Éµ° ¶·¨³¥·:
¢¸¥£¤  ¨³¥ÕÐ¨¥¸Ö (´µ, ±µ´¥Î´µ, ¤µ¶Ê¸É¨³Ò¥ ¶µ ¢¥²¨Î¨´¥) ¶µ£·¥Ï´µ¸É¨ ¢Ò-
Î¨¸²¥´¨° ´  ±µ³¶ÓÕÉ¥·¥ ´¥ ¢²¨ÖÕÉ ´  ¸ÊÐ´µ¸ÉÓ ¶µ²ÊÎ¥´´µ£µ ·¥§Ê²ÓÉ É .
�´ ²µ£µ¢µ¥ µÉµ¡· ¦¥´¨¥ Éµ£µ ¨²¨ ¨´µ£µ ¶·µÍ¥¸¸  ¨²¨ Ö¢²¥´¨Ö ¢ ·¥ ²Ó-

´µ³ ³ ¸ÏÉ ¡¥ ¢·¥³¥´¨ ³µ¦´µ ´ §¢ ÉÓ ¸¨£´ ²µ³ ¨²¨ ËÊ´±Í¨¥° µÉµ¡· ¦¥´¨Ö.
�µ´ÖÉ¨¥ ¸¨£´ ²  ¶µ¤· §Ê³¥¢ ¥É µ¶·¥¤¥²¥´´ÊÕ ¶·µÍ¥¤Ê·Ê ¢µ§¤¥°¸É¢¨Ö ¸µ ¸Éµ-
·µ´Ò ¨¸ÉµÎ´¨±  ¨ ¶·µÍ¥¤Ê·Ê ¢µ¸¶·¨ÖÉ¨Ö ¸µ ¸Éµ·µ´Ò ¶·¨¥³´¨±  ¨´Ëµ·³ Í¨¨.
‚µ¸¶·¨´¨³ ¥³Ò° ¸¨£´ ² (¸³.·¨¸.1) ´¨±µ£¤  ÉµÎ´µ ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ¸¨£´ ²Ê
¨¸ÉµÎ´¨±  ¢ ¸¨²Ê ·Ö¤  ¶·¨Î¨´:
1) ´¥¸µµÉ¢¥É¸É¢¨¥ Ì · ±É¥·¨¸É¨± ¶·¨¥³´¨±  ¨ ¨¸ÉµÎ´¨±  (´ ¶·¨³¥·, ¸¨£-

´ ² ¨¸ÉµÎ´¨±  ³µ¦¥É ´¥¸É¨ £µ· §¤µ ¡µ²ÓÏ¥ ¨´Ëµ·³ Í¨¨, Î¥³ ¸¶µ¸µ¡¥´ ¢µ¸-
¶·¨´ÖÉÓ ¶·¨¥³´¨±);
2) ¤ ¦¥ ¶·¨ µ¶É¨³ ²Ó´µ³ ¸µ£² ¸µ¢ ´¨¨ Ì · ±É¥·¨¸É¨± Î ¸ÉÓ ¸¨£´ ² 

®· ¸Ìµ¤Ê¥É¸Ö ´  µ¡¥¸¶¥Î¥´¨¥¯ ¶·µÍ¥¸¸  ¢µ¸¶·¨ÖÉ¨Ö;
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3) ¶·µÍ¥¸¸ ¢µ§¤¥°¸É¢¨Ö ¸¨£´ ²  Î ¸Éµ ¡Ò¢ ¥É ´¥ ¨§µ²¨·µ¢ ´´Ò³ µÉ ¤·Ê£¨Ì
¸²ÊÎ °´ÒÌ ¶µ µÉ´µÏ¥´¨Õ ± ´¥³Ê ¶·µÍ¥¸¸µ¢ (É.¥. ÏÊ³µ¢);
4) ¸ ³ ¨¸ÉµÎ´¨±, µ¸µ¡¥´´µ ¢ ³¨±·µ³¨·¥, ³µ¦¥É ¶·¨¢´µ¸¨ÉÓ ¢´ÊÉ·¥´´ÕÕ

´¥µ¶·¥¤¥²¥´´µ¸ÉÓ (¢´ÊÉ·¥´´¨° ÏÊ³), ±µÉµ· Ö ®· §³Ò¢ ¥É¯ ¢µ¸¶·¨´¨³ ¥³Ò°
¸¨£´ ².
�·¨´Í¨¶¨ ²Ó´ Ö ¤µ¶Ê¸É¨³µ¸ÉÓ · §¡·µ¸  ¸¨£´ ²µ¢ ¤¥² ¥É (¸³. ·¨¸.1,£) ¢µ§-

³µ¦´µ° ¶·µÍ¥¤Ê·Ê ¤¨¸±·¥É¨§ Í¨¨, É.¥. ¢¢¥¤¥´¨Ö Ë¨±¸¨·µ¢ ´´ÒÌ, ¡ §µ¢ÒÌ ¸µ-
¸ÉµÖ´¨° ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö, µÉ¸ÉµÖÐ¨Ì ¤·Ê£ µÉ ¤·Ê£  ´  ¨´É¥·¢ ²Ò, ¸µ-
¶µ¸É ¢¨³Ò¥ ¸ ¢¥²¨Î¨´µ° · §¡·µ¸ . �µ¸±µ²Ó±Ê Ê± § ´´Ò¥ ¨´É¥·¢ ²Ò ¨³¥ÕÉ
µ¶·¥¤¥²¥´´Ò¥ · §³¥·Ò, Î¨¸²µ ¸µ¸ÉµÖ´¨°  ·£Ê³¥´É  ËÊ´±Í¨¨ ¨ ¸ ³µ° ËÊ´±-
Í¨¨ µÉµ¡· ¦¥´¨Ö µ± §Ò¢ ¥É¸Ö ±µ´¥Î´Ò³. �£· ´¨Î¥´´µ¸ÉÓ Î¨¸²  ¸µ¸ÉµÖ´¨°
¶µ§¢µ²Ö¥É ¢¢¥¸É¨ Ê± § É¥²Ó ´  ± ¦¤µ¥ ¨§ ´¨Ì, É.¥. ±µ¤ ¸µ¸ÉµÖ´¨Ö. � ¨¡µ²¥¥
Ô±µ´µ³¨Î´ Ö ¸¨¸É¥³  Ê± § É¥²¥° ´  ¢¥¸Ó ´ ¡µ· ¸µ¸ÉµÖ´¨° ¸É·µ¨É¸Ö ¶µ ¤·¥-
¢µ¢¨¤´µ³Ê, ¨¥· ·Ì¨Î¥¸±µ³Ê ¶·¨´Í¨¶Ê ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¤¥²¥´¨Ö ´  £·Ê¶¶Ò,
¶µ¤£·Ê¶¶Ò ¨ É.¤., ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¤²¨´  Ê± § É¥²Ö ¥¸ÉÓ ²µ£ ·¨Ë³ µ¡Ð¥£µ
Î¨¸²  ¸µ¸ÉµÖ´¨°. �µ²ÊÎ¥´´µ¥ ¤¨¸±·¥É´µ¥ µÉµ¡· ¦¥´¨¥ ¢Ò£²Ö¤¨É ± ± ´ ¡µ·
§´ ±µ¢, Î Ð¥ ¢¸¥£µ Í¨Ë·µ¢ÒÌ, ±µÉµ·Ò¥ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ¤ ´´Ò³¨ (¨§³¥·¥-
´¨Ö, Ô±¸¶¥·¨³¥´É ).
Šµ¤Ò ¸µ¸ÉµÖ´¨°, ¶µ¢Éµ·ÖÕÐ¨Ì¸Ö Î Ð¥ ¤·Ê£¨Ì, § ´¨³ ÕÉ µ¸´µ¢´µ° µ¡Ñ¥³

¢ ¤ ´´ÒÌ. �·¨´Í¨¶ ³¨´¨³Ê³  Ê¸¨²¨° Å ®±² ¤¨ ¡²¨¦¥ Éµ, ÎÉµ ´Ê¦´µ Î -
Ð¥¯ Å ¶µ¤¸± §Ò¢ ¥É, ÎÉµ ¤²Ö ¸µ±· Ð¥´¨Ö µ¡Ð¥£µ µ¡Ñ¥³  ¤ ´´ÒÌ ´ ¤µ:
 ) ¨¸¶µ²Ó§µ¢ ÉÓ ´ Î ²Ó´µ¥ §´ ´¨¥ ¨²¨ §´ ´¨¥, ¶·¨µ¡·¥É¥´´µ¥ ¢ ¶·µÍ¥¸¸¥

¢µ¸¶·¨ÖÉ¨Ö, ¤²Ö ¢Ò¤¥²¥´¨Ö ¨´É¥´¸¨¢´µ ¶µ¢Éµ·ÖÕÐ¨Ì¸Ö ¸µ¸ÉµÖ´¨°;
¡) ¨¸¶µ²Ó§µ¢ ÉÓ ±µ¤Ò ¶¥·¥³¥´´µ° ¤²¨´Ò Å ³¥´ÓÏ¥° ¤²Ö ¡µ²¥¥ ¨´É¥´-

¸¨¢´µ ¶µ¢Éµ·ÖÕÐ¨Ì¸Ö ¸µ¸ÉµÖ´¨° ¨²¨ ¢¢µ¤¨ÉÓ ³ ±·µ¸Ò Å £·Ê¶¶Ò ¶µ¢Éµ·ÖÕ-
Ð¨Ì¸Ö ¸µÎ¥É ´¨° ¸µ¸ÉµÖ´¨°.
„µ¸É¨¦¨³Ò° ¢ ¶·¥¤¥²¥ ±µ¤ ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ£µ µ¡Ñ¥³  ¨ Ö¢²Ö¥É¸Ö ¨´-
Ëµ·³ Í¨¥°.
Šµ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ¥É ¸ ±µ²¨Î¥¸É¢µ³ ¤ ´´ÒÌ

(³ ±¸¨³ ²Ó´µ) ¢ ¤¢ÊÌ ¸²ÊÎ ÖÌ:
1) ¶·¨ ±µ·µÉ±µ° ¶¥·¥¤ Î¥ ¨ ¶µ²´µ³ µÉ¸ÊÉ¸É¢¨¨ ´ Î ²Ó´µ£µ §´ ´¨Ö µ · ¸-

¶·¥¤¥²¥´¨¨ ¸µ¸ÉµÖ´¨° ¶µ É¥³¶Ê ¨Ì ¶µ¢Éµ·¥´¨Ö;
2) ¶·¨ ¶µ²´µ¸ÉÓÕ ¸²ÊÎ °´µ³ ¨ · ¢´µ³¥·´µ³ · ¸¶·¥¤¥²¥´¨¨ ¸µ¸ÉµÖ´¨°,

É.¥. ¢ ÏÊ³¥ (µÉ¢¥É ´  Î¥É¢¥·ÉÒ° ¢µ¶·µ¸ ¢ ´ Î ²¥ ¢¢¥¤¥´¨Ö).
…¸²¨ · ¸¶·¥¤¥²¥´¨¥ ¸µ¸ÉµÖ´¨° · ¢´µ³¥·´µ¥, ´µ ´¥ ¸²ÊÎ °´µ¥, Éµ ±µ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨ ³µ¦¥É ¡ÒÉÓ ³ ²Ò³ (µÉ¢¥É ´  ¢Éµ·µ° ¢µ¶·µ¸), ¶µ¸±µ²Ó±Ê ¨´Ëµ·-
³ Í¨Ö Ö¢²Ö¥É¸Ö ³¥·µ° ´¥µ¦¨¤ ´´µ¸É¨ ¸µ¸ÉµÖ´¨°. Š ± ¢¨¤¨³, ¶µ´ÖÉ¨¥ ¨´Ëµ·-
³ Í¨¨ (·¨¸.2) Ö¢²Ö¥É¸Ö ¸²µ¦´Ò³ ¨ µÌ¢ ÉÒ¢ ¥É Í¥²ÊÕ Í¥¶µÎ±Ê ¶·µ³¥¦ÊÉµÎ´ÒÌ
¶µ´ÖÉ¨°. Š ± ¶µ± § ´µ ´  ·¨¸.2, µ´µ ¶·¨³¥´¨³µ ± ± ¸·¥¤¸É¢µ µÉµ¡· ¦¥´¨Ö
¶µ¢¥¤¥´¨Ö · §²¨Î´ÒÌ ¶·¨·µ¤´ÒÌ µ¡Ñ¥±Éµ¢. �É¨³ ¦¥ § ±µ´µ³¥·´µ¸ÉÖ³ ¶µ¤Î¨-
´¥´Ò ¨ ¶·µÍ¥¸¸Ò ´ ¡²Õ¤¥´¨Ö, ·¥£¨¸É· Í¨¨, ¶µ¸±µ²Ó±Ê ¢ ´¨Ì Í¥²¥´ ¶· ¢²¥´´µ
¨¸¶µ²Ó§ÊÕÉ¸Ö ¸¢µ°¸É¢  ¶·¨·µ¤´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. � ±µ´¥Í, ¨´Ëµ·³ Í¨µ´-
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¨¸. 2. ‘É·Ê±ÉÊ·  ¶·¥¤¸É ¢²¥´¨°, ¢Ìµ¤ÖÐ¨Ì ¢ ¶µ´ÖÉ¨¥ ¨´Ëµ·³ Í¨¨

´Ò¥ § ±µ´µ³¥·´µ¸É¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ ¸µ§¤ ¢ ¥³ÒÌ Î¥²µ¢¥±µ³ ¸¨¸É¥³ Ì ¶¥·¥-
¤ Î¨ ¨ Ì· ´¥´¨Ö ¸¢¥¤¥´¨° ¨ §´ ´¨°.
�µ¸²¥ ¶·¨¢¥¤¥´´µ£µ ¢ÒÏ¥ ±· É±µ£µ ¶¥·¥Î´Ö ¨´Ëµ·³ Í¨µ´´ÒÌ ¶µ´ÖÉ¨°

· ¸¸³µÉ·¨³ ± ¦¤µ¥ ¨§ ´¨Ì ¨ ¸¢Ö§¨ ³¥¦¤Ê ´¨³¨ ¡µ²¥¥ ¶µ¤·µ¡´µ.

1. ‘ˆƒQf‹, …ƒS hSiSƒS‚fŸ ˆ hi…„…‹œQfŸ hS‘’SŸQQ›…

�¡¸Ê¦¤ ¥³Ò¥ ´¨¦¥ ¶µ²µ¦¥´¨Ö ¡ §¨·ÊÕÉ¸Ö ´  ¸²¥¤ÊÕÐ¨Ì µ¡Ð¨Ì ¨´Ëµ·-
³ Í¨µ´´ÒÌ ¶·¨´Í¨¶ Ì:
1) µ¡Ñ¥±ÉÒ ´ Ï¥£µ ³¨·  ¢µ¸¶·¨´¨³ ¥³Ò (·¥£¨¸É·¨·Ê¥³Ò) ¤²Ö ´ ¡²Õ¤ -

É¥²Ö ¨ ¤·Ê£ ¤²Ö ¤·Ê£ , ¶µÔÉµ³Ê ¨Ì ¢§ ¨³µ¤¥°¸É¢¨¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ, ± ±
¶·µÍ¥¸¸ µ¡³¥´  ¸¨£´ ² ³¨;
2) ¶·µÍ¥¸¸ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢¸¥£¤  ¶·µ¨¸Ìµ¤¨É ¸ µ¡³¥´µ³ ±µ´¥Î´µ£µ ±µ-

²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨.
“¸²µ¢¨Ö ±µ´¥Î´µ¸É¨ ¨´Ëµ·³ Í¨¨ ¢ ¸¨£´ ²¥. “± § ´´Ò¥ ¶·¨´Í¨¶Ò ¶µ¤-

· §Ê³¥¢ ÕÉ ´ ²¨Î¨¥ Ê ± ¦¤µ£µ ¶·¨·µ¤´µ£µ Ö¢²¥´¨Ö µ¶·¥¤¥²¥´´ÒÌ ¶µ·µ£µ¢ÒÌ
¨ ¶·¥¤¥²Ó´ÒÌ µ£· ´¨Î¥´¨° [36]. ’ ±, ±µ£¤  ³Ò Ê§´ ¥³ ¢ ·¥§Ê²ÓÉ É¥ µ¶ÒÉ 
(µÉ¸Î¥É ), ÎÉµ ¨´É¥·¥¸ÊÕÐ Ö ´ ¸ ÉµÎ±  ´  ®¡µ²ÓÏµ³¯ ¨´É¥·¢ ²¥ ∆Y ²¥¦¨É
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¢ ¶·¥¤¥² Ì ´¥¡µ²ÓÏµ£µ ¨´É¥·¢ ²  ∆y, Éµ ¶·¨µ¡·¥É ¥³µ¥ ´ ³¨ ±µ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨ [20]

I ≤ log (∆Y/∆y). (1)

Šµ´¥Î´µ¸ÉÓ ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ (1) É·¥¡Ê¥É, ÎÉµ¡Ò ∆Y ´¥ ¡Ò²  ¡µ²ÓÏ¥
´¥±µÉµ·µ£µ ¶·¥¤¥² ,   ∆y ´¥ ¡Ò²  ³¥´ÓÏ¥ ´¥±µÉµ·µ£µ ¶µ·µ£ , § ¤ ¢ ¥³µ£µ
±µ´±·¥É´Ò³¨ Ê¸²µ¢¨Ö³¨ ¨§³¥·¥´¨Ö.
ˆ¸Ìµ¤Ö ¨§ (1) ´¥É·Ê¤´µ ¶µ´ÖÉÓ, ÎÉµ ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö y(x) ³µ¦¥É

´¥¸É¨ ®É·¨¦¤Ò ¡¥¸±µ´¥Î´µ¥¯ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, ¶µ¸±µ²Ó±Ê
1) ²Õ¡ Ö ¥¥ ÉµÎ±  ³µ¦¥É ¶·¨´¨³ ÉÓ ¡¥¸±µ´¥Î´µ¥ §´ Î¥´¨¥ (∆Y →∞);
2) ± ¦¤ Ö ÉµÎ±  ´¥ ¨³¥¥É · §³¥·  (∆y → 0);
3) ´  ²Õ¡µ³ ±µ´¥Î´µ³ ¨´É¥·¢ ²¥ ∆x ¸µ¤¥·¦¨É¸Ö ¡¥¸±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ

ÉµÎ¥±.
‡ ¤ ¤¨³¸Ö ¢µ¶·µ¸µ³: ± ±¨¥ µ£· ´¨Î¥´¨Ö ´¥µ¡Ìµ¤¨³µ ´ ²µ¦¨ÉÓ ´  ³ -

É¥³ É¨Î¥¸±ÊÕ ËÊ´±Í¨Õ y(x), ¥¸²¨ ³Ò ÌµÉ¨³ ¶·¥¤¸É ¢¨ÉÓ ¥¥ ± ± ·¥ ²Ó´Ò°
¸¨£´ ²? „²Ö Éµ£µ ÎÉµ¡Ò µÉµ¡· ¦ ÉÓ ·¥ ²Ó´Ò° ¸¨£´ ², ËÊ´±Í¨Ö y(x) ¤µ²¦´ 
¨³¥ÉÓ ¶·¥¤¥²Ó´µ¥ µ£· ´¨Î¥´¨¥ ¶µ  ³¶²¨ÉÊ¤¥ (¢ÒÉ¥± ¥É ¨§ ¶¥·¢µ£µ ¶Ê´±É ):

∆Y ≤
√

RS (2)

¨ Ê¤µ¢²¥É¢µ·ÖÉÓ ¶µ·µ£µ¢µ³Ê µ£· ´¨Î¥´¨Õ (¢ÒÉ¥± ÕÐ¥³Ê ¨§ ¢Éµ·µ£µ ¨ É·¥-
ÉÓ¥£µ ¶Ê´±Éµ¢):

∆x∆y ≥
√

QS , (3)

§¤¥¸Ó RS ¨ QS Å ¶·¥¤¥²Ó´ Ö ¨ ¶µ·µ£µ¢ Ö ¨´Ëµ·³ Í¨µ´´Ò¥ ¶µ¸ÉµÖ´´Ò¥ ¸¨£-
´ ² .
…Ð¥ µ¤´µ µ£· ´¨Î¥´¨¥ ¸²¥¤Ê¥É ¨§ ¸ ³µ° ¶·¨·µ¤Ò ¸¨£´ ²  Å ¶¥·¥³¥´´Ò¥

x ¨ y ³µ£ÊÉ ¨³¥ÉÓ ¸ ³ÊÕ · §²¨Î´ÊÕ · §³¥·´µ¸ÉÓ ¨ Ë¨§¨Î¥¸±¨° ¸³Ò¸², ´µ
µ¡Ö§ É¥²Ó´µ ¢Ò¶µ²´¥´¨¥ ¸²¥¤ÊÕÐ¥£µ Ê¸²µ¢¨Ö: ±¢ ¤· É ËÊ´±Í¨¨, Ê³´µ¦¥´´Ò°
´  ¶·¨· Ð¥´¨¥  ·£Ê³¥´É , ¤µ²¦¥´ ¡ÒÉÓ · ¢¥´ ¨§³¥´¥´¨Õ Ô´¥·£¨¨ ¸¨£´ ² :

dE = y2dx. (4)

‘³Ò¸² Ëµ·³ ²Ó´µ ¢¢¥¤¥´´ÒÌ ¢ (2), (3) ±¢ ¤· É´ÒÌ ±µ·´¥° ¨ ¸µ¸Éµ¨É ¢ Éµ³,
ÎÉµ ¨´Ëµ·³ Í¨µ´´Ò¥ ¶µ¸ÉµÖ´´Ò¥ R ¨ Q ¸¢Ö§ ´Ò ¸ ¢¥²¨Î¨´ ³¨ Ô´¥·£¨¨ (¸ y2).
ˆ§ (2), (3) ¸²¥¤Ê¥É, ÎÉµ ¶µ²´Ò° ¶¥·¥¶ ¤ §´ Î¥´¨° ËÊ´±Í¨¨ ∆Y § ´¨³ ¥É

³¨´¨³ ²Ó´Ò° ¨ ±µ´¥Î´Ò° ¨´É¥·¢ ² §´ Î¥´¨°  ·£Ê³¥´É :

∆xmin ≥
√

QS/RS . (5)

�Éµ Ê¸²µ¢¨¥ § ¤ ¥É ¨´Ëµ·³ Í¨µ´´µ µ¡µ¸´µ¢ ´´ÊÕ ¥¤¨´¨ÍÊ ¤²¨´Ò, µ§´ Î -
ÕÐÊÕ, ÎÉµ ´  ¨´É¥·¢ ² Ì, ³¥´ÓÏ¨Ì ∆xmin, ¤¥É ²¨ ¶µ¢¥¤¥´¨Ö ËÊ´±Í¨¨ ´¥
Ö¢²ÖÕÉ¸Ö µ¶·¥¤¥²¨³Ò³¨ ¨ ´¥ ´¥¸ÊÉ ¶µÔÉµ³Ê ´¨± ±µ° ¨´Ëµ·³ Í¨¨.
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‚¢¨¤Ê · ¸¶·µ¸É· ´¥´´µ¸É¨ ¸¨£´ ²  ¶µ µ¸¨  ¡¸Í¨¸¸ (5) ³Ò ¡Ê¤¥³ ¶µ²Ó§µ-
¢ ÉÓ¸Ö ¶µ´ÖÉ¨¥³ ¥£µ ¸¶¥±É· , ¢¢o¤Ö ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö: χÅ ¶¥·¥³¥´´ Ö,
µ¡· É´ Ö x ¶µ · §³¥·´µ¸É¨ ([χ] = [1/x]); G(χ)Å ¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ  ³-
¶²¨ÉÊ¤Ò ¸¨£´ ² . ’µ£¤  Ê¸²µ¢¨¥ (5) µ§´ Î ¥É µ£· ´¨Î¥´´µ¸ÉÓ Ï¨·¨´Ò ¸¶¥±É· 
¸¨£´ ²  (¶µ χ).

”Ê´±Í¨µ´ ²Ó´ Ö ¸Ì¥³  ·¥£¨¸É·¨·ÊÕÐ¥£µ ¶·¨¡µ· . Š ¦¤Ò° ·¥ ²Ó´Ò°
Ë¨§¨Î¥¸±¨° ¶·¨¡µ· µ¡² ¤ ¥É ¸¢µ°¸É¢µ³ µ£· ´¨Î¥´´µ¸É¨ ¡Ò¸É·µ¤¥°¸É¢¨Ö, É.¥.
´¥ ³µ¦¥É ·¥ £¨·µ¢ ÉÓ ´  ¸±µ²Ó Ê£µ¤´µ ±µ·µÉ±¨° ¸¨£´ ². �Î¥¢¨¤´µ É ±¦¥,
ÎÉµ ¤²Ö ·¥£¨¸É· Í¨¨ ¸¨£´ ²  µ¡Ñ¥±É ¤µ²¦¥´ ¶µ²ÊÎ¨ÉÓ µÉ ´¥£µ µ¶·¥¤¥²¥´´ÊÕ
Ô´¥·£¨Õ. �µÔÉµ³Ê ¸ÊÉÓ ¶·µÍ¥¸¸  ³µ¦´µ µÉµ¡· §¨ÉÓ [37,38] ¸ ¶µ³µÐÓÕ µ¡µ¡-
Ð¥´´µ° ËÊ´±Í¨µ´ ²Ó´µ° ¸Ì¥³Ò, ¶µ± § ´´µ° ´  ·¨¸. 3 ¨ ¢±²ÕÎ ÕÐ¥° ¤¢ 
¶·¨´Í¨¶¨ ²Ó´ÒÌ Ê§² :

1) Ë¨²ÓÉ· (¶·µ¶Ê¸± É¥²Ó) ´¨¦´¨Ì £ ·³µ´¨± ¸¨£´ ² , µÉ· ¦ ÕÐ¨° ¨´¥·-
Í¨µ´´µ¸ÉÓ ¶·¨¡µ· ;

2) Ê§¥² ®ËÊ´±Í¨µ´ ²Ó´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö¯, É·¥¡ÊÕÐ¨° ¶µ¸ÉÊ¶²¥´¨Ö µ¶·¥-
¤¥²¥´´µ° Ô´¥·£¨¨ ´  ¥£µ ¢Ìµ¤ (¢ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥, ¶µ± § ´´µ³ ´  ·¨¸. 3,
ÔÉµ ¤¨¸±·¨³¨´ Éµ· ´ ²¨Î¨Ö ¨²¨ µÉ¸ÊÉ¸É¢¨Ö ¸¨£´ ² ).

¨¸. 3. „¥°¸É¢¨¥ ·¥£¨¸É· Éµ· :  ) ËÊ´±Í¨µ´ ²Ó´ Ö ¸Ì¥³ , ¸µ¸ÉµÖÐ Ö ¨§ Ë¨²ÓÉ·  ´¨¦-
´¨Ì £ ·³µ´¨± χ < χR ¨ Ô²¥³¥´É  ¶·¥µ¡· §µ¢ ´¨Ö Ô´¥·£¨¨ ¸¨£´ ²  ¢ ¢ÒÌµ¤´ÊÕ ¢¥²¨-
Î¨´Ê (¤¨¸±·¨³¨´ Éµ· ); ¡) ³¥Ì ´¨§³ § ¤¥·¦±¨ ¸· ¡ ÉÒ¢ ´¨Ö Å Ë¨²ÓÉ· ·¥£¨¸É· Éµ· 
¨´É¥£·¨·Ê¥É ¢Ìµ¤´µ° (¸ÉÊ¶¥´Î ÉÒ°) ¸¨£´ ², µ¡² ¸ÉÓ Ô´¥·£¨¨, É·¥¡ÊÕÐ¥°¸Ö ËÊ´±Í¨µ-
´ ²Ó´µ³Ê ¶·¥µ¡· §µ¢ É¥²Õ, § ÏÉ·¨Ìµ¢ ´ , ±µ´¥Í § ÏÉ·¨Ìµ¢ ´´µ° §µ´Ò ¥¸ÉÓ ³µ³¥´É
¸· ¡ ÉÒ¢ ´¨Ö ·¥£¨¸É· Éµ· 
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�É´µÏ¥´¨¥ ´¥µ¡Ìµ¤¨³µ° ¢Ìµ¤´µ° Ô´¥·£¨¨ ER ± ¶µ²µ¸¥ ¶·µ¶Ê¸± ´¨Ö
Ë¨²ÓÉ·  χR:

QR = ER/χR (6)

¥¸ÉÓ ¨´Ëµ·³ Í¨µ´´ Ö ¶µ·µ£µ¢ Ö ¶µ¸ÉµÖ´´ Ö ¶·¨¡µ· . ‚ [37] ¶µ± § ´µ, ÎÉµ
¤²Ö Éµ£µ, ÎÉµ¡Ò ¸¨£´ ² ¸ ¶µ·µ£µ¢Ò³ ¶ · ³¥É·µ³ QS = ESxS (3) ¢µ¸¶·¨´¨-
³ ²¸Ö, ´¥µ¡Ìµ¤¨³µ, ¶µ³¨³µ µÎ¥¢¨¤´µ£µ ES ≥ ER, ¢Ò¶µ²´¥´¨¥ µ¡Ö§ É¥²Ó´µ£µ
Ê¸²µ¢¨Ö

QS ≥ QR. (7)

�µ¸ÉµÖ´´ Ö QR µ¶·¥¤¥²Ö¥É ´¥ Éµ²Ó±µ ³¨´¨³ ²Ó´Ò° ¶µ·µ£ ·¥£¨¸É· Í¨¨, ´µ
¨ ¶·¨· Ð¥´¨¥ Ô´¥·£¨¨ ¸¨£´ ² , ±µÉµ·µ¥ ³µ¦¥É ¡ÒÉÓ § ·¥£¨¸É·¨·µ¢ ´µ. „·Ê-
£¨³¨ ¸²µ¢ ³¨, ¶µ·µ£µ¢µ¥ Ê¸²µ¢¨¥ (6) µ¶·¥¤¥²Ö¥É · §·¥Ï¥´¨¥ ¨§³¥·¨É¥²Ó´µ£µ
¶·¨¡µ· .
‘µµÉ´µÏ¥´¨¥ ¢¨¤  (6) ¡Ò²µ ¶µ²ÊÎ¥´µ ƒ¥°§¥´¡¥·£µ³ [24] ¶·¨  ´ ²¨§¥

¶·µ¡²¥³Ò ¤µ¸É¨¦¨³µ£µ · §·¥Ï¥´¨Ö ¶·¨¡µ·  (³¨±·µ¸±µ¶ ƒ¥°§¥´¡¥·£ ); ¨³
¡Ò²µ ¶µ± § ´µ, ÎÉµ ³¨´¨³ ²Ó´µ° ¶·¨·µ¤´µ° ¢¥²¨Î¨´µ° ¤²Ö QR ¢ ¸²ÊÎ ¥
Ô²¥±É·µ³ £´¨É´ÒÌ ¸¨£´ ²µ¢ Ö¢²Ö¥É¸Ö ¶µ¸ÉµÖ´´ Ö �² ´± .
„µ¸É¨£´ÊÉÒ° ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ³ ¸¸µ¢Ò° É¥Ì´µ²µ£¨Î¥¸±¨° Ê·µ¢¥´Ó ¶·µ-

¨§¢µ¤¸É¢ , ´ ¶·¨³¥·, Ô²¥±É·µ´´ÒÌ ±µ³¶µ´¥´Éµ¢ ³µ¦´µ µÌ · ±É¥·¨§µ¢ ÉÓ ± ±
®µ¤¨´ ¢µ²ÓÉ Å µ¤¨´ ³¨²²¨ ³¶¥· Å µ¤´  ´ ´µ¸¥±Ê´¤ ¯, ÎÉµ ´  ∼ 13 ¤¥¸ÖÉ¨Î-
´ÒÌ ¶µ·Ö¤±µ¢ ¢ÒÏ¥ ¶µ¸ÉµÖ´´µ° �² ´± . Œµ¦´µ Ê± § ÉÓ [39] ´  ´¥±µÉµ·Ò¥
É¥Ì´¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨´Ëµ·³ Í¨µ´´µ£µ ¶µ·µ£ :
1) ÔËË¥±É ®£Ê²Ö´¨Ö¯ ¶µ ¢·¥³¥´¨ ¢ÒÌµ¤´µ£µ ¨³¶Ê²Ó¸  ·¥£¨¸É· Éµ·  ¶·¨

¨§³¥´¥´¨¨  ³¶²¨ÉÊ¤Ò ¸ÉÊ¶¥´Î Éµ£µ ¢Ìµ¤´µ£µ ¸¨£´ ²  (¸³. ·¨¸. 3,¡);
2) µ¡Ö§ É¥²Ó´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ´¥±µÉµ·µ£µ ±µ´¥Î´µ£µ ¶¥·¥±·ÒÉ¨Ö ¸¨£-

´ ²µ¢ ¤²Ö ´ Î ²  ¢Ò¤¥²¥´¨Ö ¨Ì ¸µ¢¶ ¤¥´¨Ö.
�µ·µ£µ¢µ¥ ¸µµÉ´µÏ¥´¨¥ ´¥µ¶·¥¤¥²¨³µ¸É¨ (6), ÌµÉÖ µ´µ ¨ ¶µ²ÊÎ¥´µ ¤²Ö

¨§³¥·¨É¥²Ó´µ£µ ¶·¨¡µ· , ¨³¥¥É £µ· §¤µ ¡µ²¥¥ Ï¨·µ±¨° ¸³Ò¸² ± ± µ¡µ¡Ð¥´-
´µ¥ Ê¸²µ¢¨¥ ¢µ¸¶·¨ÖÉ¨Ö. �µÔÉµ³Ê ¤ ²¥¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ·¥£¨¸É· Éµ·µ³
²Õ¡µ° µ¡Ñ¥±É, µ¡² ¤ ÕÐ¨° ¸¶µ¸µ¡´µ¸ÉÓÕ ¢µ¸¶·¨ÖÉ¨Ö.

h·¥¤¸É ¢²¥´¨¥ ¶·µ¸Éµ£µ ¸¨£´ ²  ËÊ´±Í¨¥° µÉ¸Î¥Éµ¢. ‘Ì¥³ , ¶·¨¢¥¤¥´-
´ Ö ´  ·¨¸. 3, ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¸¤¥² ÉÓ § ±²ÕÎ¥´¨¥ µ¡ µ¶É¨³ ²Ó´µ° Ëµ·³¥
¸¨£´ ² : µ´ ¤µ²¦¥´ ¨³¥ÉÓ ¶²µ¸±¨° ¸¶¥±É· £ ·³µ´¨± (¸µ¢¶ ¤ ÕÐ¨° ¶µ Ï¨·¨´¥
¸ χr). Š·µ³¥ Éµ£µ, ¸¨£´ ² ¤µ²¦¥´ ¨³¥ÉÓ ³¨´¨³ ²Ó´ÊÕ Ô´É·µ¶¨Õ, É.¥. ³ ±-
¸¨³ ²Ó´ÊÕ Ê¶µ·Ö¤µÎ¥´´µ¸ÉÓ, ¤²Ö Î¥£µ ¢¸¥ ¥£µ £ ·³µ´¨±¨ ¤µ²¦´Ò ¸µ¢¶ ¤ ÉÓ
(¸Ìµ¤¨ÉÓ¸Ö) ®£µ·¡ ³¨¯ ¸¨´Ê¸µ¨¤ ¢ µ¤´µ° ÉµÎ±¥. ”Ê´±Í¨Ö ¢¨¤  sin(x)/x, Ê¤µ-
¢²¥É¢µ·ÖÕÐ Ö ÔÉ¨³ Ê¸²µ¢¨Ö³, ´ §Ò¢ ¥É¸Ö ¢ ¨´Ëµ·³ É¨±¥ ËÊ´±Í¨¥° µÉ¸Î¥Éµ¢
[23], µ´  ¨³¥¥É ±µ²µ±µ²µµ¡· §´Ò° ¢¨¤ ¨ ¶µ± § ´  ´  ·¨¸. 4,¡. ‚ ¤ ²Ó´¥°-
Ï¥³ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸¨£´ ² ¶µ¤µ¡´µ° Ëµ·³Ò ¶·µ¸ÉÒ³, ¨³¥Ö ¢ ¢¨¤Ê, ÎÉµ
¢µ§³µ¦´Ò ¸¨£´ ²Ò ¸ ¡µ²¥¥ ¸²µ¦´Ò³ ¸¶¥±É·µ³.
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¨¸. 4. ‘¶¥±É·Ò Î ¸ÉµÉ:  ) Ï¨·µ±µ¶µ²µ¸´µ£µ ¨ Ê§±µ¶µ²µ¸´µ£µ ¸¨´Ê¸µ¨¤ ²Ó´ÒÌ ¶ -
±¥Éµ¢ (Ï¨·¨´  ¸¶¥±É·  Ê§±µ¶µ²µ¸´µ£µ ¶ ±¥É  ¢ 5 · § ³¥´ÓÏ¥ ´¥¸ÊÐ¥° Î ¸ÉµÉÒ, ¥£µ
¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ ¤²Ö ´ £²Ö¤´µ¸É¨ Ê¢¥²¨Î¥´  ¢ 5 · §); ¡) Ï¨·µ±µ¶µ²µ¸´Ò° ¶ -
±¥É Å ËÊ´±Í¨Ö µÉ¸Î¥Éµ¢ sin (2πx)/2πx; ¢) Ï¨·µ±µ¶µ²µ¸´Ò° ¨ Ê§±µ¶µ²µ¸´Ò° ¶ ±¥ÉÒ
¢ Ê³¥´ÓÏ¥´´µ³ ¢ 10 · § ³ ¸ÏÉ ¡¥ ¢·¥³¥´¨

Q¥±µÉµ·Ò¥ ¸¢µ°¸É¢  ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢. ”Ê´±Í¨Ö µÉ¸Î¥Éµ¢ Ö¢²Ö¥É¸Ö Ï¨-
·µ±µ¶µ²µ¸´Ò³ (¸¶¥±É· ´ Î¨´ ¥É¸Ö ¸ ´Ê²¥¢µ° £ ·³µ´¨±¨ Å ·¨¸. 4, ) ¶ ±¥Éµ³
±µ¸¨´Ê¸µ¨¤ (¨²¨ ¸Ë §¨·µ¢ ´´ÒÌ ¸¨´Ê¸µ¨¤). �´  ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢
¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

φ(x) = A[sin (2π∆χx)/(2π∆χx)], (8)

£¤¥ AÅ  ³¶²¨ÉÊ¤  ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢ (¢Ò¸µÉ  ¥¥ Í¥´É· ²Ó´µ£µ ¶¨± ). „ ²¥¥ χ
¶µ´¨³ ¥É¸Ö ± ± Í¥´É· ²Ó´ Ö (´¥¸ÊÐ Ö) £ ·³µ´¨±  ¸¶¥±É· , ¨³¥ÕÐ¥£µ Ï¨·¨´Ê
∆χ: χ = ∆χ/2, ¸³. ·¨¸. 4, ,¡.
• · ±É¥·¨¸É¨Î¥¸± Ö Ï¨·¨´  Í¥´É· ²Ó´µ£µ ¶¨±  (·¨¸. 4,¡) ¸¢Ö§ ´  ¸ Ï¨-

·¨´µ° ¸¶¥±É·  ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢:

∆x = 1/∆χ; (9)

  ¥£µ  ³¶²¨ÉÊ¤  ¸¢Ö§ ´  ¸µ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸ÉÓÕ  ³¶²¨ÉÊ¤Ò G:

A = 2G∆χ. (10)
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�´¥·£¨Ö ¶ ±¥É  ¸¨´Ê¸µ¨¤ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨:

E = A2∆x/2 = R∆x/2, (11)

E = 2G2∆χ = 2Q∆χ; (12)

ÔÉµ µ§´ Î ¥É, ÎÉµ ¤²Ö ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢

E = AG. (13)

Š ± ¢¨¤¨³, ¶µ·µ£µ¢ Ö ¨ ¶·¥¤¥²Ó´ Ö ¶µ¸ÉµÖ´´Ò¥ ¶·µ¸Éµ£µ ¸¨£´ ²  ¨³¥ÕÉ ¸²¥-
¤ÊÕÐ¨° ¸³Ò¸²: R Å ¶µ± § É¥²Ó ¸µ¤¥·¦ ´¨Ö Ô´¥·£¨¨ ¢ ®¥¤¨´¨Í¥ · §³¥· ¯
(11); Q Å ¶µ± § É¥²Ó ¸µ¤¥·¦ ´¨Ö Ô´¥·£¨¨ ¢ ®¥¤¨´¨Í¥ ¸¶¥±É· ¯ (12).
�·¨· ¢´Ö¢ (11) ¨ (12) ¸ ÊÎ¥Éµ³ (9), ´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ [37] ¸¢Ö§Ó ³¥¦¤Ê

¶µ·µ£µ¢Ò³ ¨ ¶·¥¤¥²Ó´Ò³ ¶ · ³¥É· ³¨ ¢ ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢:

R = Q/(∆x/2)2, (14)

¶¥·¥Ìµ¤ÖÐÊÕ ¢ (5) ¤²Ö ∆xmin = ∆x/2. ˆ§ (11) ¶·Ö³µ ¸²¥¤Ê¥É, ÎÉµ µ¡µ¡-
Ð¥´´µ¥ ¶·¥¤¥²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥ ¶·¨ µ¶¨¸ ´¨¨ ¸¨£´ ²  ËÊ´±Í¨¥° µÉ¸Î¥Éµ¢
¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

E∆χ = Rmax/2. (15)

�¡µ¡Ð¥´´µ¥ ¶µ·µ£µ¢µ¥ ¸µµÉ´µÏ¥´¨¥ ¨§ (9) ¨ (12) ¢Ò· ¦ ¥É¸Ö ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

E∆x = 2Qmin. (16)

i §²µ¦¥´¨¥ ¸²µ¦´ÒÌ ¸¨£´ ²µ¢ ´  ¶·µ¸ÉÒ¥. ˆ§ ¸µµ¡· ¦¥´¨° ±µ´¥Î´µ-
¸É¨ Ô´¥·£¨¨ ¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ ¶·µ¨§¢µ²Ó´µ£µ ¸¨£´ ²  ¢ µ¡² ¸É¨ ´¨¦´¨Ì
£ ·³µ´¨± ¤µ²¦´  ¡ÒÉÓ µ£· ´¨Î¥´  ´¥±µÉµ·µ° ¢¥²¨Î¨´µ° Å Gm. ‚ µ¡² ¸É¨
¢Ò¸Ï¨Ì £ ·³µ´¨± ¸¶¥±É· µ¤¨´µÎ´µ£µ ¶·µ¨§¢µ²Ó´µ£µ ¸¨£´ ²  Ö¢²Ö¥É¸Ö ¡¥¸±µ-
´¥Î´Ò³ [23], ´µ ¨§ É¥Ì ¦¥ ¸µµ¡· ¦¥´¨° ±µ´¥Î´µ¸É¨ Ô´¥·£¨¨ µ´ ¤µ²¦¥´ ¡ÒÉÓ
µ£· ´¨Î¥´ £¨¶¥·¡µ²µ°. ’µ£¤ :

G(χ) ≤ Gm ·∆χm/χ, (17)

£¤¥ ∆χm Å Ï¨·¨´  ¸¶¥±É·  ¸¨£´ ²  ¸ ¶²µÉ´µ¸ÉÓÕ  ³¶²¨ÉÊ¤Ò ∼ Gm.
�²µÐ ¤Ó ¸¨£´ ² , É.¥. ¥£µ ¨´É¥£· ² (Ê¸·¥¤´¥´¨¥ ¸ ÊÎ¥Éµ³ §´ ± ), ¢¸¥-

£¤  · ¢´  G0 Å ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨  ³¶²¨ÉÊ¤Ò ¥£µ ´Ê²¥¢µ° £ ·³µ´¨±¨
[23]. Š¢ ¤· É ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ QS ³µ¦´µ ´ §¢ ÉÓ ¤¥°¸É¢¨¥³ ¶·µ¸Éµ£µ
¸¨£´ ²  (¥¸²¨ ¸¨£´ ² Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¢·¥³¥´¨, Éµ ±¢ ¤· É ¸¶¥±É· ²Ó´µ°
¶²µÉ´µ¸É¨  ³¶²¨ÉÊ¤Ò ¨³¥¥É · §³¥·´µ¸ÉÓ ¢¥²¨Î¨´Ò, ´ §Ò¢ ¥³µ° ¢ ³¥Ì ´¨±¥
®¤¥°¸É¢¨¥³¯). ‘²¥¤Ê¥É µ¡· É¨ÉÓ µ¸µ¡µ¥ ¢´¨³ ´¨¥ ´  Éµ, ÎÉµ ¶µ·µ£µ¢ Ö ¨´-
Ëµ·³ Í¨µ´´ Ö ¶µ¸ÉµÖ´´ Ö QR ¥¸ÉÓ ¶µ·µ£ ¤¥°¸É¢¨Ö ¸¨£´ ²  (6).
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¨¸. 5. �·¥¤¸É ¢²¥´¨¥ ¶µ¸ÉµÖ´´µ° ËÊ´±Í¨¨ (¶·Ö³µÊ£µ²Ó´µ£µ ¸¨£´ ² ) ¸ ¶µ³µÐÓÕ ¨´-
É¥£· ²  ”Ê·Ó¥ ¨ ËÊ´±Í¨° µÉ¸Î¥Éµ¢ ŠµÉ¥²Ó´¨±µ¢ ; ²¥¢ Ö ±µ²µ´±  Å ¸¶¥±É· Î ¸ÉµÉ ¶·Ö-
³µÊ£µ²Ó´µ° ËÊ´±Í¨¨ (¨³¥¥É ¢¨¤ sin (χ)/χ) ¢ · ¸Ï¨·Ö¥³µ³ ¶µ § ±µ´Ê 1/2, 1, 2, 3, 4,...
¸¶¥±É· ²Ó´µ³ ¤¨ ¶ §µ´¥, ¶µ± § ´ É ±¦¥ ¶²µ¸±¨° ¸¶¥±É· ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢ (Q → 0
¶·¨ ¢µ§· ¸É ´¨¨ ¥¥ ´µ³¥· ); ¸·¥¤´ÖÖ ±µ²µ´±  Å ¶·¥¤¸É ¢²¥´¨¥ ”Ê·Ó¥; ¶· ¢ Ö ±µ-
²µ´±  Å ¶·¥¤¸É ¢²¥´¨¥ ŠµÉ¥²Ó´¨±µ¢ ; · §´¨Í  ³¥¦¤Ê ¨¸Ìµ¤´Ò³ (¶·Ö³µÊ£µ²Ó´Ò³)
¨ ®¢µ¸¶·¨´ÖÉÒ³¯ ( ¶¶·µ±¸¨³¨·ÊÕÐ¨³) ¸¨£´ ² ³¨ ¶µ± §Ò¢ ¥É ¤¨ ¶ §µ´ ¢µ§³µ¦´ÒÌ
¶µ¤¶µ·µ£µ¢ÒÌ µÉ±²µ´¥´¨° ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö

�µ·µ£µ¢µ¥ µ£· ´¨Î¥´¨¥ ¶µ G2 (12) ¤ ¥É Ê¸²µ¢¨¥ µ¡·¥§ ´¨Ö ¸¶¥±É·  ¶·µ¨§-
¢µ²Ó´µ£µ ¸¨£´ ²  (5) ¨ ³¥·Ê ¶µ£·¥Ï´µ¸É¨ ¶·¨ ¢Ò· ¦¥´¨¨ ¶µ¸²¥¤´¥£µ ¸Ê³³µ°
¶·µ¸ÉÒÌ ¸¨£´ ²µ¢. ‚µ¸¶·¨´ÖÉÒ° ¸¨£´ ² (¸ § ¢¥¤µ³µ µ£· ´¨Î¥´´Ò³ ¸¶¥±É·µ³)
· §² £ ¥É¸Ö ´  ¶·µ¸ÉÒ¥ ³ É¥³ É¨Î¥¸±¨ ÉµÎ´µ ¸µ£² ¸´µ É¥µ·¥³¥ ŠµÉ¥²Ó´¨-
±µ¢  [23]. „²Ö ¶·¨³¥·  ´  ·¨¸. 5 ¶µ± § ´  ¸¥·¨Ö · §²µ¦¥´¨° ¶·Ö³µÊ£µ²Ó´µ£µ
¨³¶Ê²Ó¸  ´  ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢ ¸ ¶µ¸²¥¤µ¢ É¥²Ó´µ · ¸Ï¨·ÖÕÐ¥°¸Ö Ï¨·¨´µ°
¸¶¥±É·  ¨ Ê³¥´ÓÏ ÕÐ¥°¸Ö ¶µ·µ£µ¢µ° ¶µ¸ÉµÖ´´µ°. —¥³ ³¥´ÓÏ¥ Q, É¥³ ÉµÎ-
´¥¥ ¸µ¢µ±Ê¶´µ¸ÉÓ ¶·µ¸ÉÒÌ ¸¨£´ ²µ¢ µ¶¨¸Ò¢ ¥É ËÊ´±Í¨Õ y(x). ‚ ¶·¥¤¥²¥
¶·¨ Q → 0 (∆χ → ∞) ¨´Ëµ·³ Í¨µ´´µ¥ µ¶¨¸ ´¨¥ ¸µ¢¶ ¤ ¥É ¸ ³ É¥³ É¨Î¥-
¸±¨³. �µ¸²¥¤´¥¥ ¨³¥¥É Ö¢´ÊÕ  ´ ²µ£¨Õ ¸ ÊÉ¢¥·¦¤¥´¨¥³, ¢¶¥·¢Ò¥ ¢Ò¸± § ´-
´Ò³ �² ´±µ³ [40], ÎÉµ ¶·¨ h→ 0 ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¶·¨¢µ¤¨É
± Ëµ·³Ê² ³ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¨.

„¥²ÓÉ -ËÊ´±Í¨Ö µÉ¸Î¥Éµ¢. „¥²ÓÉ -ËÊ´±Í¨Ö „¨· ±  [41] ³µ¦¥É ¡ÒÉÓ ¶·¥¤-
¸É ¢²¥´  ± ± ËÊ´±Í¨Ö µÉ¸Î¥Éµ¢ (8) ¸ ´¥µ£· ´¨Î¥´´µ · ¸ÉÊÐ¥° Ï¨·¨´µ° ¸¶¥±-
É· . �¸µ¡¥´´µ¸ÉÓ ¤¥²ÓÉ -ËÊ´±Í¨¨ „¨· ± , ± ± ¨§¢¥¸É´µ, ¢ Éµ³, ÎÉµ ¥¥ ¶²µ-
Ð ¤Ó ¶·¨· ¢´¨¢ ¥É¸Ö ¥¤¨´¨Í¥. ˆ§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ ¢ Ëµ·³Ê²¥ ¤²Ö δ„(x)
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¶µÖ¢²Ö¥É¸Ö µ¡· É´ Ö ¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ  ³¶²¨ÉÊ¤Ò:

δ„(x) = φ(x)/G, ¶·¨ ∆χ→∞, (18)

Éµ£¤ 

E„ = A/G, A→∞. (19)

„¥²ÓÉ -ËÊ´±Í¨¨ δ(x), ´¥ ´µ·³¨·µ¢ ´´Ò¥ ´  ¥¤¨´¨ÍÊ, ³µ£ÊÉ ¡ÒÉÓ ¶µ¤· §-
¤¥²¥´Ò ¶µ ¢¥²¨Î¨´¥ ¤¥°¸É¢¨Ö ´  ¶µ¤¶µ·µ£µ¢Ò¥ ¨ ´ ¤¶µ·µ£µ¢Ò¥ ¤²Ö ±µ´±·¥É-
´µ£µ ·¥£¨¸É· Éµ· . •µÉÖ µ¤¨´µÎ´ Ö ¶µ¤¶µ·µ£µ¢ Ö ¤¥²ÓÉ -ËÊ´±Í¨Ö ¨ ¨³¥¥É
¡¥¸±µ´¥Î´ÊÕ Ô´¥·£¨Õ (13), µ´  ´¥ ¢µ¸¶·¨´¨³ ¥É¸Ö ·¥£¨¸É· Éµ·µ³. � ¤¶µ·µ-
£µ¢ Ö ¤¥²ÓÉ -ËÊ´±Í¨Ö ®É¥·Ö¥É¯ ¢ Ë¨²ÓÉ·¥ ·¥£¨¸É· Éµ·  (·¨¸. 3) ¢¸¥ ¢¥·Ì´¨¥
£ ·³µ´¨±¨ (¨ ¸¢Ö§ ´´ÊÕ ¸ ´¨³¨ Ô´¥·£¨Õ) ¨ ¢µ§¤¥°¸É¢Ê¥É ´  ·¥£¨¸É· Éµ· ± ±
¸¨£´ ² ±µ´¥Î´µ° Ô´¥·£¨¨ (12) ¶·µÉÖ¦¥´´µ¸ÉÓÕ ∆xR = 1/∆χR.

˜Ê³, ¥£µ ¤¥°¸É¢¨¥ ¨ ¨´É¥´¸¨¢´µ¸ÉÓ. ”Ê´±Í¨Ö µÉµ¡· ¦¥´¨Ö, ¶·¨´¨³ -
ÕÐ Ö ¸²ÊÎ °´Ò¥ §´ Î¥´¨Ö, ¸ ÉµÎ±¨ §·¥´¨Ö É¥µ·¨¨ ¸¨£´ ²µ¢ Ö¢²Ö¥É¸Ö ÏÊ³µ³.
Œ É¥³ É¨Î¥¸±¨ ®¡¥²Ò°¯ Å ¸¶¥±É· ²Ó´µ ´¥µ£· ´¨Î¥´´Ò° ÏÊ³ Å ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´ ± ± ¸µ¢µ±Ê¶´µ¸ÉÓ ¤¥²ÓÉ -ËÊ´±Í¨°, ¸²ÊÎ °´µ · ¸¶·¥¤¥²¥´´ÒÌ ¶µ
µ¸¨ X [23]. ’µ£¤  ¶ · ³¥É· ³¨ ÏÊ³  Ö¢²ÖÕÉ¸Ö ¤¥°¸É¢¨¥ µ¡· §ÊÕÐ¨Ì ¥£µ
¤¥²ÓÉ -ËÊ´±Í¨° ¨ ¸·¥¤´ÖÖ ¨´É¥´¸¨¢´µ¸ÉÓ ¨Ì ¶µÖ¢²¥´¨Ö ´  ¨´É¥·¢ ²¥ ∆xR.
…¸²¨ ¤¥²ÓÉ -ËÊ´±Í¨¨ ¶µÖ¢²ÖÕÉ¸Ö ¤µ¸É ÉµÎ´µ ·¥¤±µ, Éµ ·¥£¨¸É· Éµ· ¸· -

¡ ÉÒ¢ ¥É ´  ± ¦¤ÊÕ ¨§ ´¨Ì ¢ µÉ¤¥²Ó´µ¸É¨ (¤·µ¡µ¢µ° ÏÊ³ [1]), ²¨¡µ ´¥ ¸· ¡ -
ÉÒ¢ ¥É ¢µ¢¸¥, ±µ£¤  ¤¥²ÓÉ -ËÊ´±Í¨¨ ¶µ¤¶µ·µ£µ¢Ò¥. �·¨³¥·µ³ ´ ¤¶µ·µ£µ¢µ£µ
¤·µ¡´µ£µ ÏÊ³  Ö¢²Ö¥É¸Ö ¢ÒÌµ¤´µ° ÏÊ³ ”�“.
…¸²¨ ¦¥ ÏÊ³ ¨´É¥´¸¨¢´Ò° (¸·¥¤´¨° ¨´É¥·¢ ² ³¥¦¤Ê ¤¥²ÓÉ -ËÊ´±Í¨Ö³¨

³´µ£µ ³¥´ÓÏ¥ ∆xR), Éµ ¤²Ö ·¥£¨¸É· Éµ·  µ´ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ´¥¶·¥·Ò¢´ÊÕ
±·¨¢ÊÕ, Ö¢²ÖÕÐÊÕ¸Ö ¸Ê³³µ° µ£¨¡ ÕÐ¨Ì Ë¨²ÓÉ·µ¢ ´´ÒÌ ¤¥²ÓÉ -ËÊ´±Í¨°.
Œ£´µ¢¥´´µ¥ §´ Î¥´¨¥  ³¶²¨ÉÊ¤Ò ´¥¶·¥·Ò¢´µ£µ ÏÊ³  · ¸¶·¥¤¥²¥´µ ¶µ § ±µ´Ê
ƒ Ê¸¸  [17]. ’¥¶²µ¢µ° ÏÊ³ ¢ Ô²¥±É·µ´´ÒÌ ±µ³¶µ´¥´É Ì [2] Ö¢²Ö¥É¸Ö ¨´É¥´-
¸¨¢´Ò³ ÏÊ³µ³. �´ ´ ¤¶µ·µ£µ¢Ò°, ¶µ¸±µ²Ó±Ê ¶µ¸ÉµÖ´´ Ö ¢µ¸¶·¨ÖÉ¨Ö Ô²¥±-
É·µ´´µ£µ ·¥£¨¸É· Éµ·  ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´  ¤µ¸É ÉµÎ´µ ³ ²µ° (´  Ê·µ¢´¥ 106 h
¨ ´¨¦¥). � ¶·µÉ¨¢, ´¥¶·¥·Ò¢´Ò° É¥¶²µ¢µ° ÏÊ³ ¤¢¨¦¥´¨Ö ³µ²¥±Ê² ¢µ§¤ÊÌ 
Ö¢²Ö¥É¸Ö ¤²Ö Î¥²µ¢¥Î¥¸±µ£µ ÊÌ  ¶µ¤¶µ·µ£µ¢Ò³ (¶µ·µ£ ¢µ¸¶·¨ÖÉ¨Ö ∼ 1011 h).
…¸²¨ ¤¥°¸É¢¨¥ ÏÊ³  ´¥ ´ ³´µ£µ ´¨¦¥ ¶µ·µ£ , Éµ ¨³¥¥É¸Ö §´ Î¨É¥²Ó´ Ö ¢¥-

·µÖÉ´µ¸ÉÓ ·¥£¨¸É· Í¨¨ ¥£µ ¶¨±µ¢ ± ± ¤·µ¡µ¢µ£µ ÏÊ³  [18]. �É¨ ¶¨±¨ µ¡· §Ê-
ÕÉ¸Ö ¶·¨ ¸²ÊÎ °´ÒÌ ´ ²µ¦¥´¨ÖÌ ´¥¸±µ²Ó±¨Ì Ë¨²ÓÉ·µ¢ ´´ÒÌ ¤¥²ÓÉ -ËÊ´±Í¨°
¤·Ê£ ´  ¤·Ê£ , ¨ ¨Ì ¸Ê³³ ·´µ¥ ¤¥°¸É¢¨¥ ³µ¦¥É ¸É ÉÓ ¢ÒÏ¥ ¶µ·µ£  ¢µ¸¶·¨ÖÉ¨Ö.
’ ±¨³ ÏÊ³µ³ Ö¢²Ö¥É¸Ö É¥¶²µ¢µ¥ ¤¢¨¦¥´¨¥ ³µ²¥±Ê² £ §  ¨²¨ ¦¨¤±µ¸É¨ ¤²Ö
¡·µÊ´µ¢¸±¨Ì Î ¸É¨Í.
ˆ, ´ ±µ´¥Í, ¥¸²¨ ÏÊ³ ¨³¥¥É ¢¥¸Ó³  ¢Ò¸µ±ÊÕ ¨´É¥´¸¨¢´µ¸ÉÓ, Éµ ¤ ¦¥

¶·¨ ¶µ¤¶µ·µ£µ¢µ³ ¤¥°¸É¢¨¨ ¤²Ö ·¥£¨¸É· Éµ·  µ´ Ö¢²Ö¥É¸Ö ¸¨£´ ²µ³ ¶· ±É¨-
Î¥¸±¨ ¶µ¸ÉµÖ´´µ° ¢¥²¨Î¨´Ò, É.±. ¢ ¸¨²Ê ¢¥¸Ó³  ¢Ò¸µ±µ° ³´µ¦¥¸É¢¥´´µ¸É¨
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´ ²µ¦¥´¨° Ë¨²ÓÉ·µ¢ ´´ÒÌ ¤¥²ÓÉ -ËÊ´±Í¨° £ Ê¸¸µ¢¸±¨° · §¡·µ¸ ¸Ê³³ ·´µ°
 ³¶²¨ÉÊ¤Ò ¸É ´µ¢¨É¸Ö ¢¥¸Ó³  ³ ²Ò³. �·¨³¥·µ³ Éµ³Ê Ö¢²Ö¥É¸Ö ¶µ¸ÉµÖ´´Ò°
Ô²¥±É·¨Î¥¸±¨° Éµ±. �ËË¥±É ¸£² ¦¨¢ ´¨Ö ÏÊ³  (¸³. ·¨¸. 1, ,¡) ¶·µÖ¢²Ö¥É¸Ö
É¥³ ¸¨²Ó´¥¥, Î¥³ �Ê¦¥ ¸¶¥±É· ¶·µ¶Ê¸± ´¨Ö ·¥£¨¸É· Éµ·  ∆χR. …¸²¨ µ¡· §ÊÕ-
Ð¨¥ ¢Ò¸µ±µ¨´É¥´¸¨¢´Ò° ÏÊ³ ¤¥²ÓÉ -ËÊ´±Í¨¨ ¤¢Ê¶µ²Ö·´Ò (¥£µ ¨´É¥£· ²Ó´µ¥
¢µ§¤¥°¸É¢¨¥ · ¢´µ ´Ê²Õ), Éµ ³¥¤²¥´´Ò° ·¥£¨¸É· Éµ· ¶· ±É¨Î¥¸±¨ ´¥ ¢µ¸¶·¨-
´¨³ ¥É É ±µ° ÏÊ³.

‘¨£´ ² ¢ ³¨±·µ³¨·¥. ‚ ±² ¸¸¨Î¥¸±µ³ ³ ±·µ³¨·¥ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¶· ±-
É¨Î¥¸±¨ ¡¥¸±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ ¸¨£´ ²µ¢ µ¡ µ¡Ñ¥±É¥ ¨²¨ µÉ µ¡Ñ¥±É , ´¥
¨§³¥´ÖÖ ¢¨¤¨³Ò³ µ¡· §µ³ ¥£µ ¸ÊÐ´µ¸É¨. �Éµ ¸¢Ö§ ´µ ¸ É¥³, ÎÉµ ¨´Ëµ·³ -
Í¨µ´´ Ö ¶µ·µ£µ¢ Ö ¶µ¸ÉµÖ´´ Ö ¶·¥¤¶µ² £ ¥É¸Ö ¡¥¸±µ´¥Î´µ (¶·¥´¥¡·¥¦¨³µ)
³ ²µ°.
‚ ³¨±·µ³¨·¥, ± ± ¨§¢¥¸É´µ, ´¥²Ó§Ö ¶µ²ÊÎ¨ÉÓ ¸¢¥¤¥´¨° µ Î ¸É¨Í¥, ´¥ ¨§³¥-

´¨¢ ¸ÊÐ¥¸É¢¥´´µ ¥¥ ¸µ¸ÉµÖ´¨Ö. ‘ ¶µ§¨Í¨° ¨´Ëµ·³ É¨±¨ ¨¸É¨´´µ Ô²¥³¥´É ·-
´µ° ³µ¦´µ ´ §¢ ÉÓ Î ¸É¨ÍÊ, ¥¸²¨ µ´  Ö¢²Ö¥É¸Ö ´µ¸¨É¥²¥³ ¶µ·µ£µ¢µ£µ ¸¨£´ ² 
µ ¸ ³µ° ¸¥¡¥ ¨ ¤²Ö ¢µ¸¶·¨ÖÉ¨Ö (·¥£¨¸É· Í¨¨) ´¥µ¡Ìµ¤¨³ , ¢ Î ¸É´µ¸É¨, ¢¸Ö
¥¥ Ô´¥·£¨Ö. Ÿ¸´µ, ÎÉµ ± ´¤¨¤ É ³¨ ¢ ÔÉÊ ± É¥£µ·¨Õ Ö¢²ÖÕÉ¸Ö ¶·¥¦¤¥ ¢¸¥£µ
Î ¸É¨ÍÒ Å ¶¥·¥´µ¸Î¨±¨ ¶µ²¥°, ´ ¶·¨³¥· ËµÉµ´Ò.
�¥µ¡ÒÎ´µ¸ÉÓ ¶µ·µ£µ¢µ£µ ³¨±·µ¸¨£´ ²  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¥£µ Ëµ·³  ´¥

³µ¦¥É ¡ÒÉÓ ¶·Ö³µ ¶µ¤É¢¥·¦¤¥´  Ô±¸¶¥·¨³¥´Éµ³, ¨¡µ ¤²Ö ¨§³¥·¥´¨Ö  ³¶²¨-
ÉÊ¤ ¥£µ (¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ) Î ¸É¥° É·¥¡ÊÕÉ¸Ö ¨´¸É·Ê³¥´ÉÒ ¸ ´¥¤µ¸É¨¦¨³µ°
¶µ¤¶µ·µ£µ¢µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓÕ.

Š ±¨¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò Ö¢²ÖÕÉ¸Ö Q- ¨ R-¶µ¸ÉµÖ´´Ò³¨. ”¨§¨Î¥-
¸±¨ ¢¥²¨Î¨´µ° y Ö¢²Ö¥É¸Ö (4) ±µ·¥´Ó ±¢ ¤· É´Ò° ¨§ ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ E,  
¢¥²¨Î¨´µ° x ³µ£ÊÉ ¡ÒÉÓ ±µµ·¤¨´ É  r ¨²¨ ¢·¥³Ö t.
Šµµ·¤¨´ É¥ µ¡· É´µ ¢µ²´µ¢µ¥ Î¨¸²µ k; ¢ ÔÉµ° ¶ ·¥ (¸ Ô´¥·£¨¥°) R-

¶µ¸ÉµÖ´´ÊÕ ¶·¥¤¥²Ó´µ° ±µµ·¤¨´ É´µ° ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ ³Ò ¡Ê¤¥³ µ¡µ§´ -
Î ÉÓ Î¥·¥§ D (d ¢ ³¨±·µ³¨·¥),   ¶µ·µ£µ¢ÊÕ Q-¶µ¸ÉµÖ´´ÊÕ, ¨³¥ÕÐÊÕ · §³¥·-
´µ¸ÉÓ [E · r], ³Ò ¡Ê¤¥³ µ¡µ§´ Î ÉÓ Î¥·¥§ B (b ¢ ³¨±·µ³¨·¥).
‚·¥³¥´¨ µ¡· É´  Î ¸ÉµÉ  ω; §¤¥¸Ó R-¶µ¸ÉµÖ´´ Ö ¨³¥¥É · §³¥·´µ¸ÉÓ ³µÐ-

´µ¸É¨ P ,   Q-¶µ¸ÉµÖ´´µ° Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨¥ H (h ¢ ³¨±·µ³¨·¥). ‡ ³¥É¨³,
ÎÉµ k ¨ ω ¢ µÉ²¨Î¨¥ µÉ χ Ö¢²ÖÕÉ¸Ö ±·Ê£µ¢Ò³¨ ¸¶¥±É· ²Ó´Ò³¨ ¶¥·¥³¥´´Ò³¨
(k, ω → 2πχ).
�µ¸ÉµÖ´´Ò¥ B ¨ D ¸¢Ö§ ´Ò Éµ²Ó±µ ¸ ¶·µ¸É· ´¸É¢¥´´µ° ±µµ·¤¨´ Éµ°; ÔÉµ

µ§´ Î ¥É, ÎÉµ ¶µ·µ£µ¢µ¥ Ê¸²µ¢¨¥ (16) ¨ ¶·¥¤¥²Ó´µ¥ (15) ¤µ²¦´Ò ¸ÊÐ¥¸É¢µ¢ ÉÓ
¤²Ö ¸É É¨Î¥¸±¨Ì Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨°.
‚ ¤¢¨¦¥´¨¨ ±µµ·¤¨´ É  ¨ ¢·¥³Ö ¶·¨µ¡·¥É ÕÉ ¢§ ¨³´ÊÕ ¸¢Ö§Ó Î¥·¥§ ¸±µ-

·µ¸ÉÓ: U = r/t, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µÖ¢²Ö¥É¸Ö ¢§ ¨³µ¸¢Ö§Ó ³¥¦¤Ê Ê¶µ³Ö´ÊÉÒ³¨
¶ · ³¨ £· ´¨Î´ÒÌ ¶µ¸ÉµÖ´´ÒÌ: H = B/U ¨ P = DU , Éµ£¤ 

B/H = P/D = U. (20)
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„·Ê£¨³¨ ¸²µ¢ ³¨, ¸É Í¨µ´ ·´Ò° B,D-¶ ±¥É ¸¨´Ê¸µ¨¤ (8) ¢ (· ¢´µ³¥·´µ³)
¤¢¨¦¥´¨¨ ¶·¨µ¡·¥É ¥É H- ¨ P -¶µ¸ÉµÖ´´Ò¥. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¢µ²´µ¢µ° ¶ -
±¥É ¨§´ Î ²Ó´µ µ¡² ¤ ¥É ¢¸¥³¨ Î¥ÉÒ·Ó³Ö £· ´¨Î´Ò³¨ ¶µ¸ÉµÖ´´Ò³¨.
ˆ§ Î¥ÉÒ·¥Ì ¢¥²¨Î¨´ D, B, P , H ¢ ± Î¥¸É¢¥ ¨§¢¥¸É´ÒÌ ¶·¥¤¥²Ó´ÒÌ ¨²¨

¶µ·µ£µ¢ÒÌ ±µ´¸É ´É Ê¢¥·¥´´µ ³µ¦´µ Ê± § ÉÓ Éµ²Ó±µ ¶µ¸²¥¤´ÕÕ Å ÔÉµ ¶µ-
¸ÉµÖ´´ Ö �² ´±  h. �·¥¤¥²Ó´ Ö Ë¨§¨Î¥¸± Ö ¢¥²¨Î¨´  Å ¸±µ·µ¸ÉÓ ¸¢¥É  c ´¥
¢Ìµ¤¨É ¶·Ö³µ ¢ Î¨¸²µ £· ´¨Î´ÒÌ ¨´Ëµ·³ Í¨µ´´ÒÌ ¶µ¸ÉµÖ´´ÒÌ; µ¤´ ±µ Ëµ·-
³Ê²  (20) ¶µ± §Ò¢ ¥É, ÎÉµ ¶·¨ § ¤ ´´ÒÌ h ¨ d µ´  µ¶·¥¤¥²Ö¥É ³ ±¸¨³ ²Ó´µ
¢µ§³µ¦´Ò¥ ¢¥²¨Î¨´Ò b ¨ P :

b = hc, (21)

P = dc. (22)

hµ¸ÉµÖ´´Ò¥ Í¥´É· ²Ó´µ-¸¨³³¥É·¨Î´µ£µ ¶µ²Ö. „²Ö ¨²²Õ¸É· Í¨¨ ¶·¨-
¢¥¤¥´´ÒÌ ¢ÒÏ¥ ¶µ²µ¦¥´¨° · ¸¸³µÉ·¨³ [37], ± ± ³µ£ÊÉ ¢Ò£²Ö¤¥ÉÓ ¶µ·µ£µ¢Ò¥
¨ ¶·¥¤¥²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥ ¢ § ±µ´ Ì �ÓÕÉµ´  ¨ ŠÊ²µ´ , É.¥. ¢ Í¥´É· ²Ó´µ-
¸¨³³¥É·¨Î´µ³ ¶µ²¥ ¢¨¤ 

F = q2m/r2, (23)

§¤¥¸Ó qm Å µ¡µ¡Ð¥´´Ò° § ·Ö¤, ±µÉµ·µ³Ê ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²¥¢ Ö ³ ¸¸  m
(É.¥. Ô´¥·£¨Ö Em = mc2) ¨ ±² ¸¸¨Î¥¸±¨° · ¤¨Ê¸ rm = q2m/Em. �·¥¤¥²Ó´ Ö
±µ´Í¥´É· Í¨Ö Ô´¥·£¨¨ ¶µ²Ö ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¶·¥¤¥²Ó´ Ö ¨´Ëµ·³ Í¨µ´´ Ö
¶µ¸ÉµÖ´´ Ö:

dm = Em/rm = E2m/q2m. (24)

”µ·³ ²Ó´µ D ¨³¥¥É · §³¥·´µ¸ÉÓ ¸¨²Ò, ¶µ¸±µ²Ó±Ê [E/r] = [∆E/∆r], ¶µÔÉµ³Ê
¶·¥¤¥²Ó´ Ö ¶µ¸ÉµÖ´´ Ö (24) Î¨¸²¥´´µ ¸µ¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨
¶·¥¤¥²Ó´µ° ¸¨²Ò, ´ ¶·¨³¥·, £· ¢¨É Í¨µ´´µ£µ ¨²¨ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²¥°. ’ ±,
¤²Ö Ô²¥±É·µ´  de = 4, 6 „¦/³ [37].
‚ ¸¢µÕ µÎ¥·¥¤Ó, ¨§ (14) ¨³¥¥³ ¤²Ö ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ Ô´¥·£¨¨:

bm = Emrm = q2m. (25)

‘· ¢´¨¢ Ö (25) ¨ (21), ´¥É·Ê¤´µ § ³¥É¨ÉÓ, ÎÉµ ¢¥²¨Î¨´  b ¥¸ÉÓ ±¢ ¤· É ³ ±-
¸¨³ ²Ó´µ ¢µ§³µ¦´µ£µ §´ Î¥´¨Ö µ¡µ¡Ð¥´´µ£µ § ·Ö¤ .
�É´µÏ¥´¨¥ bm/c, ¨³¥ÕÐ¥¥ · §³¥·´µ¸ÉÓ ¤¥°¸É¢¨Ö (21), ¤²Ö Ô²¥±É·µ´ ,

´ ¶·¨³¥·, ¶µ²ÊÎ ¥É¸Ö · ¢´Ò³ αh, £¤¥ α = 1/137 Å ¶µ¸ÉµÖ´´ Ö Éµ´±µ°
¸É·Ê±ÉÊ·Ò [41]. Š ± ¨§¢¥¸É´µ, ¶·¨ ¤¢¨¦¥´¨¨ ´  ¶¥·¢µ° µ·¡¨É¥  Éµ³  ¢µ-
¤µ·µ¤  ¸±µ·µ¸ÉÓ Ô²¥±É·µ´  ´ ¨¡µ²ÓÏ Ö ¨ · ¢´  αc; ÔÉµ µ§´ Î ¥É (20), ÎÉµ
¤¥°¸É¢¨¥ ¥£µ Ô²¥±É·¨Î¥¸±µ° ³ ¸¸Ò · ¢´µ ¶µ¸ÉµÖ´´µ° �² ´± , É.¥. ¶µ·µ£µ¢µ°
¶µ¸ÉµÖ´´µ° ¢ ³¨±·µ³¨·¥.
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Œ¨±·µ¸¨£´ ² ± ± Ê¸·¥¤´¥´¨¥ · ¸¶·¥¤¥²¥´´µ¸É¨ Î ¸É¨ÍÒ. Š ± ÔÉµ ´¨
¸É· ´´µ, ´µ Ë¨§¨±  ³¨±·µ³¨· , µ¶¥·¨·ÊÖ ¶µ´ÖÉ¨¥³ ¸¨£´ ² , ¤µ ¸¨Ì ¶µ· ´¥
¢Ò· ¡µÉ ²  ¸·¥¤¸É¢ ¤²Ö ¥£µ µ¶¨¸ ´¨Ö. ‚ ·¥§Ê²ÓÉ É¥ Ö¢²¥´¨Ö ³¨±·µ³¨·  µ¶¨-
¸Ò¢ ÕÉ¸Ö µ¡ÒÎ´µ ²¨ÏÓ ¢ É¥·³¨´ Ì ®¤µ¯ ¨ ®¶µ¸²¥¯, ¨¸±²ÕÎ Ö ¸ ³ ¶·µÍ¥¸¸
¢§ ¨³µ¤¥°¸É¢¨Ö Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í.
�·¨´Í¨¶¨ ²Ó´µ° É·Ê¤´µ¸ÉÓÕ Ö¢²Ö¥É¸Ö ¢Ò· ¦¥´¨¥ Î¥·¥§ ¸¨£´ ² ¸¢µ¥µ¡· §-

´µ¸É¨ ®¶µ¢¥¤¥´¨Ö¯ ³¨±·µÎ ¸É¨ÍÒ Å Ö¢²ÖÖ¸Ó ²µ± ²¨§µ¢ ´´Ò³ ®ÉµÎ¥Î´Ò³¯
µ¡Ñ¥±Éµ³, µ´  Ö¢´µ ´¥ ´ Ìµ¤¨É¸Ö ¢ µ¤´µ° ÉµÎ±¥ ¶·µ¸É· ´¸É¢  [41]. ‚µ-¶¥·¢ÒÌ,
µ´  ¤¢¨¦¥É¸Ö ´¥ ¶µ µ¤´µ³Ê,   ¶µ ´¥±µ° ¸µ¢µ±Ê¶´µ¸É¨ ¶ÊÉ¥° ¢ µ±·¥¸É´µ¸É¨
±² ¸¸¨Î¥¸±µ° É· ¥±Éµ·¨¨. ‚µ-¢Éµ·ÒÌ, ¶ · ¤µ±¸ ²Ó´µ¸ÉÓ ¢ ±² ¸¸¨Î¥¸±µ³ ¶µ-
´¨³ ´¨¨ ¤¢¨¦¥´¨Ö ¶·µÖ¢²Ö¥É¸Ö ¢ Éµ³, ÎÉµ Î ¸É¨Í  ± ± ¡Ò µ¤´µ¢·¥³¥´´µ
¶·µÌµ¤¨É ¶µ ± ¦¤µ³Ê ¨§ ÔÉ¨Ì ¶ÊÉ¥°, É.¥. ¢ ³ ¸ÏÉ ¡¥ ¢·¥³¥´¨ ´ ¡²Õ¤ ¥³ÒÌ
³¨±·µ¶·µÍ¥¸¸µ¢ µ´  ®³£´µ¢¥´´µ¯ · ¸¶·¥¤¥²¥´  ¶µ ´¨³. ‚-É·¥ÉÓ¨Ì, ÔÉ  ³£´µ-
¢¥´´ Ö ¶·µ¸É· ´¸É¢¥´´ Ö · ¸¶·¥¤¥²¥´´µ¸ÉÓ ´¥µ¤´µ·µ¤´  Å µ£¨¡ ÕÐ Ö · ¸-
¶·¥¤¥²¥´¨Ö Ê³¥´ÓÏ ¥É¸Ö ¶µ  ³¶²¨ÉÊ¤¥ ¶µ ³¥·¥ Ê¤ ²¥´¨Ö µÉ ÉµÎ±¨ ±² ¸¸¨Î¥-
¸±µ£µ ¶µ²µ¦¥´¨Ö Î ¸É¨ÍÒ. Œ É¥³ É¨Î¥¸±¨ ¶·µ¸É· ´¸É¢¥´´ÊÕ · ¸¶·¥¤¥²¥´-
´µ¸ÉÓ ³¨±·µÎ ¸É¨ÍÒ ³µ¦´µ ¸Î¨É ÉÓ ¸É É¨¸É¨Î¥¸±¨³ ¶·µÍ¥¸¸µ³ ¨ µÉµ¡· §¨ÉÓ
¥¥ ¸ ¶µ³µÐÓÕ ψ-ËÊ´±Í¨¨ ¶²µÉ´µ¸ÉÓÕ · c¶·¥¤¥²¥´¨Ö ¢¥·µÖÉ´µ¸É¨ [41]. �É 
¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ ´¥ ¨§³¥·Ö¥É¸Ö ´¥¶µ¸·¥¤¸É¢¥´´µ, ¢ Éµ³ Î¨¸²¥ ¨§-§ 
¨´É¥´¸¨¢´µ¸É´µ£µ Ì · ±É¥·  · ¸¶·¥¤¥²¥´¨Ö: ¢ É¥Î¥´¨¥ ·¥ ²Ó´µ£µ ¢·¥³¥´¨ ¨§-
³¥·¥´¨Ö ³¨±·µÎ ¸É¨Í  ®Ê¸¶¥¥É ¶µ¡Ò¢ ÉÓ¯ ¢ ± ¦¤µ³ ¨§ ¶µ²µ¦¥´¨° ¶µ ³´µ£Ê
· §. ‚¥¸Ó³  ¢Ò¸µ± Ö ³´µ¦¥¸É¢¥´´µ¸ÉÓ Ëµ·³ ²Ó´µ° ¸É É¨¸É¨±¨ ¤µ²¦´  ¶·¨¢µ-
¤¨ÉÓ ± ¢Ò¸µ±µ° ÉµÎ´µ¸É¨ § ¤ ´¨Ö µ£¨¡ ÕÐ¥° · ¸¶·¥¤¥²¥´¨Ö ± ¦¤µ° Î ¸É¨ÍÒ
¢ µÉ¤¥²Ó´µ¸É¨ (¤¥°¸É¢¨É¥²Ó´µ, ψ-ËÊ´±Í¨Ö § ¤ ¥É ¢¥²¨Î¨´Ò ¢¥·µÖÉ´µ¸É¥° ¸
³ É¥³ É¨Î¥¸±µ° ÉµÎ´µ¸ÉÓÕ).
‚ · ¡µÉ¥ [37] ¢Ò¸± § ´µ ¶·¥¤¶µ²µ¦¥´¨¥, ÎÉµ ²µ± ²Ó´ Ö (¢ Ì · ±É¥·¨¸É¨-

Î¥¸±µ³ ¸³Ò¸²¥) ¨ ¨´É¥´¸¨¢´µ¸É´ Ö · ¸¶·¥¤¥²¥´´µ¸ÉÓ ³¨±·µÎ ¸É¨ÍÒ ³µ¦¥É
¢µ¸¶·¨´¨³ ÉÓ¸Ö ± ± ¥¤¨´µ¥ ¨´É¥£·¨·µ¢ ´´µ¥ Í¥²µ¥, É.¥. ± ± ¸¨£´ ² µ ´ ²¨-
Î¨¨ Î ¸É¨ÍÒ, ´µ¸¨É¥²¥³ ±µÉµ·µ£µ ¸²Ê¦¨É µ´  ¸ ³ . ‚ ÔÉµ³ ¸²ÊÎ ¥:
1) ¸·¥¤´ÖÖ Ô´¥·£¨Ö ¤¢¨¦¥´¨Ö ³¨±·µÎ ¸É¨ÍÒ ¤µ²¦´  ¨³¥ÉÓ µ¶·¥¤¥²¥´´µ¥

· ¸¶·¥¤¥²¥´¨¥ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ (Î¥³, ¸µ¡¸É¢¥´´µ, ¨ Ö¢²Ö¥É¸Ö ¸¨£´ ²);
2) ¨´Ëµ·³ Í¨µ´´µ° ¶µ·µ£µ¢µ° ¶µ¸ÉµÖ´´µ° (± ± ¢ ¸É É¨±¥, É ± ¨ ¢ ¤¨´ -

³¨±¥) ¤µ²¦´  Ö¢²ÖÉÓ¸Ö ¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ (12), ¤²Ö ³¨±·µ¸¨£-
´ ²  ÔÉµ µ§´ Î ¥É, ÎÉµ ¶µ·µ£µ¢µ° ¢¥²¨Î¨´µ° Ö¢²Ö¥É¸Ö ¥£µ ¤¥°¸É¢¨¥;
3) ¨´Ëµ·³ Í¨µ´´µ° ¶·¥¤¥²Ó´µ° ¶µ¸ÉµÖ´´µ° ¤µ²¦´µ Ö¢²ÖÉÓ¸Ö µ£· ´¨Î¥-

´¨¥ ´   ³¶²¨ÉÊ¤Ê ¸¨£´ ²  (11), É.¥. ¶·¥¤¥² ²¨´¥°´µ° ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ ³¨-
±·µÎ ¸É¨ÍÒ.
�¥¨§³¥·¨³µ¸ÉÓ Ëµ·³Ò ¶µ·µ£µ¢µ£µ ³¨±·µ¸¨£´ ²  ´¥ µ§´ Î ¥É, ÎÉµ ¶µ-

¸²¥¤´ÖÖ ³µ¦¥É ¡ÒÉÓ ¶·µ¨§¢µ²Ó´µ°, É.±. ¸ ¨§³¥´¥´¨¥³ Ëµ·³Ò (¶·¨ ¸µÌ· ´¥-
´¨¨ Ô´¥·£¨¨) ³¥´ÖÕÉ¸Ö ± ± ¶µ·µ£µ¢Ò¥, É ± ¨ ¶·¥¤¥²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥. ”µ·³ 
¸¨£´ ²  ¤µ²¦´  ¸µµÉ¢¥É¸É¢µ¢ ÉÓ ¢µ§³µ¦´µ³Ê ³ ±¸¨³Ê³Ê ¤¥°¸É¢¨Ö ¨ ¢ ¶·µ-
¸É¥°Ï¥³ ¸²ÊÎ ¥ ³µ¦¥É µ¶¨¸Ò¢ ÉÓ¸Ö ËÊ´±Í¨¥° µÉ¸Î¥Éµ¢.
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˜Ê³ ¢ ³¨±·µ³¨·¥. Š ± ¨§¢¥¸É´µ [41], Ì · ±É¥·¨¸É¨±¨ ³¨±·µÎ ¸É¨ÍÒ (¢
Î ¸É´µ¸É¨, ¥¥ Ô´¥·£¨Ö) ´¥ Ö¢²ÖÕÉ¸Ö ¸É ¡¨²Ó´Ò³¨ ¢¥²¨Î¨´ ³¨,   ¶µ¤¢¥·¦¥´Ò
¸²ÊÎ °´Ò³ Ë²Ê±ÉÊ Í¨Ö³, É.¥. ÏÊ³Ê. ‚ ±ÊÊ³, ± ± ¶·µ¸É· ´¸É¢µ ¤²Ö · ¸¶·µ-
¸É· ´¥´¨Ö ¸¨£´ ²µ¢, ¨³¥¥É ´¥±µÉµ·ÊÕ, ÌµÉÖ ¨ ¤ ²¥±ÊÕ,  ´ ²µ£¨Õ ¸ £ §µ³, ¢
±µÉµ·µ³ · ¸¶·µ¸É· ´ÖÕÉ¸Ö §¢Ê±µ¢Ò¥ ±µ²¥¡ ´¨Ö, ´¥¸ÊÐ¨¥ ¨´Ëµ·³ Í¨Õ. ƒ §
µ¡² ¤ ¥É µ¶·¥¤¥²¥´´µ° ÏÊ³µ¢µ° Ô´¥·£¨¥° (É¥¶²µ¢µ£µ ¤¢¨¦¥´¨Ö ³µ²¥±Ê²), ¢ -
±ÊÊ³ Å ´¥±µÉµ·µ° ®´Ê²¥¢µ°¯ Ô´¥·£¨¥° [41], ±µÉµ· Ö Ë²Ê±ÉÊ¨·Ê¥É. �±Ê¸É¨-
Î¥¸±¨° ÏÊ³ ´¥ Ö¢²Ö¥É¸Ö ¡¥²Ò³ (¥£µ ¸¶¥±É· ¨ Ô´¥·£¨Ö ±µ´¥Î´Ò), ¶µ¸±µ²Ó±Ê
µ¡· §ÊÕÐ¨¥ ¥£µ ¤¥²ÓÉ -ËÊ´±Í¨¨ ¨³¥ÕÉ ±µ´¥Î´µ¥ Ì · ±É¥·¨¸É¨Î¥¸±µ¥ ¢·¥³Ö,
¸¢Ö§ ´´µ¥ ¸ · §³¥· ³¨ ³µ²¥±Ê², ¨ ±µ´¥Î´Ò° ¸·¥¤´¨° ¶¥·¨µ¤ ¶µÖ¢²¥´¨Ö (¸·¥¤-
´¨° ¶¥·¨µ¤ ¸Éµ²±´µ¢¥´¨Ö ³µ²¥±Ê²). ‚¸²¥¤¸É¢¨¥ ¶µ¸²¥¤´¥£µ £ § µ¡² ¤ ¥É ±µ-
´¥Î´µ° ¶µ²µ¸µ° Î ¸ÉµÉ ¶·µ¶Ê¸± ´¨Ö ¸¨£´ ²µ¢, ¢Ò· ¦ ÕÐ¥°¸Ö, ¢ Î ¸É´µ¸É¨, ¢
¤¨¸¶¥·¸¨¨ ®¢Ò¸µ±µÎ ¸ÉµÉ´ÒÌ¯ Ê²ÓÉ· §¢Ê±µ¢ÒÌ ¢µ²´.
‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ®ÏÊ³ ¢ ±ÊÊ³ ¯ ¶·¨´ÖÉµ ¸Î¨É ÉÓ ¡¥²Ò³ (ÎÉµ ¸ ¶µ§¨Í¨°

¨´Ëµ·³ É¨±¨ ³ ²µ¢¥·µÖÉ´µ),   ¥£µ ®´Ê²¥¢ÊÕ Ô´¥·£¨Õ¯ ¡¥¸±µ´¥Î´µ° [41]. ‚
µ¡¸Ê¦¤ ¥³ÒÌ É¥·³¨´ Ì ÏÊ³ (Ô²¥±É·µ³ £´¨É´µ£µ) ¢ ±ÊÊ³ , ¢¨¤¨³µ, Ö¢²Ö¥É¸Ö
¶µ¤¶µ·µ£µ¢Ò³ ¨ ¸·¥¤´¥¨´É¥´¸¨¢´Ò³, ¢ ¶µ²Ó§Ê Î¥£µ £µ¢µ·¨É ¸²¥¤ÊÕÐ¥¥: 1) ¶µ-
·µ¦¤ ¥³Ò¥ ¨³ ¢¨·ÉÊ ²Ó´Ò¥ Î ¸É¨ÍÒ ´¥ Ö¢²ÖÕÉ¸Ö ·¥£¨¸É·¨·Ê¥³Ò³¨, 2) ´¥¶µ-
¸·¥¤¸É¢¥´´µ ´ ¡²Õ¤ ¥³Ò¥ ¢ ±ÊÊ³´Ò¥ ÔËË¥±ÉÒ [41,42], É ±¨¥, ± ± ®¤·µ¦ ´¨¥¯
Ô²¥±É·µ´  ( ´ ²µ£ ¡·µÊ´µ¢¸±µ£µ ¤¢¨¦¥´¨Ö), Ö¢²ÖÕÉ¸Ö ¤µ¸É ÉµÎ´µ ¸² ¡Ò³¨ ¨
·¥¤±¨³¨.

hµ¸ÉµÖ´´ Ö ¸£² ¦¨¢ ´¨Ö ÏÊ³µ¢ ¢ ³¨±·µ³¨·¥. •µÉÖ ÏÊ³ ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´ ¸²ÊÎ °´µ° ±µ³¡¨´ Í¨¥° ¸¨£´ ²µ¢, ¢ ¤ ²Ó´¥°Ï¥³ É¥·³¨´ ®¸¨£-
´ ²¯, ± ± ÔÉµ µ¡ÒÎ´µ ¶·¨´ÖÉµ, ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ËÊ´±Í¨¨ µÉµ¡· -
¦¥´¨Ö Ê¶µ·Ö¤µÎ¥´´ÒÌ ¶·µÍ¥¸¸µ¢ ¨ Ö¢²¥´¨°. ŒÒ Ê¦¥ £µ¢µ·¨²¨, ÎÉµ ¸£² ¦¨¢ -
´¨¥ ÏÊ³  ·¥£¨¸É· Éµ·µ³ ¡Ê¤¥É É¥³ ¸¨²Ó´¥¥, Î¥³ ¡µ²ÓÏ¥ ¢·¥³¥´¨ µ´ · ¸Ìµ¤Ê¥É
´   ±É ¨§³¥·¥´¨Ö, ¸µµÉ¢¥É¸É¢¥´´µ, É¥³ ³¥´ÓÏ¥ ¡Ê¤¥É ¶µ£·¥Ï´µ¸ÉÓ ¨§³¥·¥´¨Ö.
Œ É¥³ É¨Î¥¸±¨ ÔÉµ § ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

∆ER∆tR = QR. (26)

‘µµÉ´µÏ¥´¨¥ (26), ±µ£¤  QR = h, ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¸µµÉ´µÏ¥´¨¥
´¥µ¶·¥¤¥²¥´´µ¸É¨ ƒ¥°§¥´¡¥·£  [24,40Ä42]. ‘µ¢¶ ¤¥´¨¥ ¶µ·µ£  ´¥µ¶·¥¤¥²¥´-
´µ¸É¨ (26) ¨ ¶µ·µ£  ·¥£¨¸É· Í¨¨ (6) µ§´ Î ¥É, ÎÉµ ¨§¢²¥Î¥´¨¥ Ê¶µ·Ö¤µÎ¥´´ÒÌ
¸¢¥¤¥´¨° ¸É ´µ¢¨É¸Ö ¢µ§³µ¦´Ò³, ± ± Éµ²Ó±µ ¸¨£´ ²Ò ´ Î¨´ ÕÉ ¢Ò¤¥²ÖÉÓ¸Ö
´  Ëµ´¥ ÏÊ³µ¢. �  ¶µ·µ£µ¢µ³ Ê·µ¢´¥ ³¨±·µ¸¨£´ ² Ö¢²Ö¥É¸Ö ¤µ¢µ²Ó´µ ®§ -
ÏÊ³²¥´´Ò³¯, ¢¸²¥¤¸É¢¨¥ Î¥£µ µ¤´µ±· É´Ò¥ ¨§³¥·¥´¨Ö ´¥ ¶·¨¢µ¤ÖÉ ± µ¶·¥¤¥-
²¥´´µ³Ê ·¥§Ê²ÓÉ ÉÊ. �¤´ ±µ ³´µ¦¥¸É¢¥´´Ò¥ ¨§³¥·¥´¨Ö ¶µ§¢µ²ÖÕÉ ¢Ò¤¥²¨ÉÓ
¸¨£´ ² ¨§ ÏÊ³µ¢, ¶µÔÉµ³Ê ³µ¦´µ £µ¢µ·¨ÉÓ ¤µ¸É ÉµÎ´µ µ¶·¥¤¥²¥´´µ µ¡ Ê¸·¥¤-
´¥´´ÒÌ ¶ · ³¥É· Ì ³¨±·µ¸¨£´ ² , ¢ Éµ³ Î¨¸²¥ ¨ µ ¥£µ Ëµ·³¥.

hµ·µ£µ¢Ò¥ ¤¨´ ³¨Î¥¸±¨¥ ¶µ¸ÉµÖ´´Ò¥ ¸¨£´ ² . ‚ ¸²ÊÎ ¥ ¸¢µ¡µ¤´µ£µ
¤¢¨¦¥´¨Ö ¶ · ³¥É·Ò ¶µ·µ£µ¢µ£µ ¢µ²´µ¢µ£µ ¶ ±¥É  (8) ¤µ²¦´Ò ¸µµÉ¢¥É¸É¢µ-
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¢ ÉÓ ¨³¶Ê²Ó¸Ê p ¨ ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨ EK Ô²¥³¥´É ·´µ° Î ¸É¨ÍÒ. ‡ ¶¨-
Ï¥³ Ê± § ´´Ò¥ ¸µµÉ¢¥É¸É¢¨Ö [37] ± ± Î¥·¥§ ´¥¸ÊÐÊÕ Î ¸ÉµÉÊ, É ± ¨ Î¥·¥§
Ï¨·¨´Ê ¸¶¥±É·  ϕ(x) (9) ¤²Ö Ë¨§¨Î¥¸±¨Ì ¶·µ¸É· ´¸É¢¥´´ÒÌ ¨ ¢·¥³¥´´ÒÌ
¶¥·¥³¥´´ÒÌ. ’µ£¤ 

p = hk ≡ h∆k/2 = ∆p, (27)

¶µ¸±µ²Ó±Ê hc = b (21), Éµ, ¢¢µ¤Ö EP = pc, ÔÉÊ ¶ ·Ê Éµ¦¤¥¸É¢¥´´ÒÌ Ê· ¢´¥´¨°
³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

EP = bk ≡ b∆k/2 = ∆EP ; (28)

±·µ³¥ Éµ£µ,

EK = hω ≡ h∆ω/2 = ∆EK . (29)

‡¤¥¸Ó ¶µ·µ£µ¢Ò¥ ¶µ¸ÉµÖ´´Ò¥ b ¨ h Å ®±·Ê£µ¢Ò¥¯ (¶µ¤¥²¥´´Ò¥ ´  2π). �´¥·-
£¨Ö ¨ ¨³¶Ê²Ó¸ ¢ (27)Ä(29) Ö¢²ÖÕÉ¸Ö ¶µ·µ£µ¢Ò³¨ ¢¥²¨Î¨´ ³¨, ¶µÔÉµ³Ê ¨Ì ¶·¨-
· Ð¥´¨¥ · ¢´µ ¸ ³µ° ¢¥²¨Î¨´¥, ÎÉµ ¨ µ¶·¥¤¥²¨²µ ¨Ì Ëµ·³Ê § ¶¨¸¨.
Š ± ¢¨¤¨³, ¸¶· ¢  µÉ §´ ±  Éµ¦¤¥¸É¢  ¢ (27) ¨ (29) µ± §Ò¢ ÕÉ¸Ö ¸µµÉ´µ-

Ï¥´¨Ö ƒ¥°§¥´¡¥·£ ,   ¸²¥¢  ¨³¥¥³ ¸µµÉ´µÏ¥´¨Ö ¤¥ �·µ°²Ö ¨ �² ´±  [40,41].
ˆ É¥, ¨ ¤·Ê£¨¥ §¤¥¸Ó ¢Ò· ¦ ÕÉ ¶µ·µ£µ¢µ¥ Ê¸²µ¢¨¥, § ¶¨¸ ´´µ¥ ¢ µ¤´µ³ ¸²Ê-
Î ¥ Î¥·¥§ ´¥¸ÊÐÊÕ Î ¸ÉµÉÊ,   ¢µ ¢Éµ·µ³ Å Î¥·¥§ Ï¨·¨´Ê ¸¶¥±É· . � ²¨Î¨¥
¤¢ÊÌ Ê· ¢´¥´¨° ¸¢Ö§ ´µ ¸ É¥³, ÎÉµ Ê ¢µ²´µ¢µ£µ ¶ ±¥É  (8) ¤µ²¦´µ ¡ÒÉÓ ¤¢¥
¶µ·µ£µ¢ÒÌ ¶µ¸ÉµÖ´´ÒÌ ¢¨¤  (12) Å ¶·µ¸É· ´¸É¢¥´´ Ö (28) ¨ ¢·¥³¥´´ Ö (29).
�µ¸±µ²Ó±Ê ¸µµÉ´µÏ¥´¨Ö �² ´± Å¤¥�·µ°²Ö ¶·Ö³µ ¸¢Ö§ ´Ò ¸ ¤²¨´µ° ¨

Î ¸ÉµÉµ° ψ-¢µ²´Ò, Éµ ¶µ²ÊÎ ¥É¸Ö, ÎÉµ ¶µ¸²¥¤´ÖÖ ¸µµÉ¢¥É¸É¢Ê¥É ´¥¸ÊÐ¥° £ ·-
³µ´¨±¥ ¢ ¸¶¥±É·¥ Ô´¥·£¨¨ ³¨±·µÎ ¸É¨ÍÒ. „·Ê£¨³¨ ¸²µ¢ ³¨, Ô´¥·£¨Ö (¤¢¨-
¦¥´¨Ö) ³¨±·µÎ ¸É¨ÍÒ ¸µ¸·¥¤µÉµÎ¥´  ¢ µ¸´µ¢´µ³ ´  ¨´É¥·¢ ²¥, · ¢´µ³ ¤²¨´¥
ψ-¢µ²´Ò. …¸²¨ ÔÉµ É ±, Éµ ¶µ·µ£µ¢Ò¥ ¨ ¶·¥¤¥²Ó´Ò¥ µ£· ´¨Î¥´¨Ö ³¨±·µ-
¸¨£´ ²  ¤µ²¦´Ò ¢ Éµ° ¨²¨ ¨´µ° Ëµ·³¥ ¢Ìµ¤¨ÉÓ ¢ ¢µ²´µ¢µ¥ Ê· ¢´¥´¨¥ ¤²Ö
ψ-¢µ²´Ò [37].

hµ·µ£µ¢ Ö Ëµ·³  Ê· ¢´¥´¨Ö ¤²Ö ψ-ËÊ´±Í¨¨. �Î¥¢¨¤´µ, ÎÉµ ¶·¨ ¶¥·¥³¥-
Ð¥´¨¨ ³¨±·µ¸¨£´ ²  ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¤¢¨¦¥´¨¥ ´¥¸ÊÐ¥° £ ·³µ´¨±¨
¥£µ ¸¶¥±É· ,   ¸µµÉ¢¥É¸É¢¥´´µ, ¨ ψ-¢µ²´Ò, ¤µ²¦´µ µ¶¨¸Ò¢ ÉÓ¸Ö µ¡ÒÎ´Ò³ ¢µ²-
´µ¢Ò³ Ê· ¢´¥´¨¥³:

r2S(∂
2ψ/∂r2)− t2S(∂

2ψ/∂t2) = 0, (30)

£¤¥ rS , tS Å Ì · ±É¥·¨¸É¨Î¥¸±¨¥ (±·Ê£µ¢Ò¥) ¶ · ³¥É·Ò ³¨±·µ¸¨£´ ² ,   ¨³¥´-
´µ: Ï¨·¨´  Í¥´É· ²Ó´µ£µ ¶¨±  ËÊ´±Í¨¨ µÉ¸Î¥Éµ¢ ¶µ ¶·µ¸É· ´¸É¢¥´´µ° ¨ ¢·¥-
³¥´´µ° ±µµ·¤¨´ É ³,   É ±¦¥ ¤²¨´  ¨ ¶¥·¨µ¤ ψ-¢µ²´Ò (¶µ¤¥²¥´´Ò¥ ´  2π).
�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (30) ¤²Ö ψ-¢µ²´Ò ¨³¥¥É ¢¨¤

ψ(r, t) = exp[i{(r/rS)− (t/tS)}]. (31)
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¨¸. 6. ‡ ¢¨¸¨³µ¸ÉÓ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì · §³¥·µ¢ ¢µ²´µ¢µ£µ ¶ ±¥É  Ô´¥·£¨¨ ¤¢¨¦¥´¨Ö
rS ¨ tS (B- ¨ H-²¨´¨¨ ¸µµÉ¢¥É¸É¢¥´´µ) µÉ ¶µ²´µ° Ô´¥·£¨¨ ³¨±·µÎ ¸É¨ÍÒ

‚¥²¨Î¨´Ò rS ¨ tS ¤µ²¦´Ò ¶µ¤Î¨´ÖÉÓ¸Ö µ¶¨¸ ´´Ò³ ¢ÒÏ¥ ¶µ·µ£µ¢Ò³ ¨ ¶·¥-
¤¥²Ó´Ò³ µ£· ´¨Î¥´¨Ö³, ¶µ¸±µ²Ó±Ê ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¢ ¸¨£´ ²¥ ¤µ²¦´µ
¡ÒÉÓ ±µ´¥Î´Ò³.
�·¨ ¶µ·µ£µ¢ÒÌ µ£· ´¨Î¥´¨ÖÌ ¢¥²¨Î¨´Ò rS ¨ tS ³µ£ÊÉ ¡ÒÉÓ ¢§ÖÉÒ ¢ ¸µµÉ-

¢¥É¸É¢¨¨ ¸ (28) ¨ (29):

rS = 1/k = b/EP , (32)

tS = 1/ω = h/ET , (33)

£¤¥ ET ¢ µ¡Ð¥³ ¸²ÊÎ ¥ [42] ¥¸ÉÓ ¸Ê³³  ±¨´¥É¨Î¥¸±µ° ¨ ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·-
£¨° Î ¸É¨ÍÒ.
‚ · ¡µÉ¥ [37] ¶µ± § ´µ, ÎÉµ ¶µ ±· °´¥° ³¥·¥ ¤²Ö § ³±´ÊÉµ° ¸¨¸É¥³Ò

(E = const) Ê· ¢´¥´¨¥ (30) ¸ ¶ · ³¥É· ³¨ (32), (33) ¶¥·¥Ìµ¤¨É ¢ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥·  ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° µ¡² ¸É¨.
“· ¢´¥´¨¥ (30) ¤µ¶Ê¸± ¥É · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ: ψ(r, t) = ϕ(r)f(t). ‚

[37] ¶µ± § ´µ É ±¦¥, ÎÉµ ¸É Í¨µ´ ·´ Ö Ëµ·³  (30), ¨³¥ÕÐ Ö ¢¨¤

r2S(∂
2ϕ/∂r2) + ϕ = 0, (34)

¤²Ö rS , µ¶·¥¤¥²Ö¥³µ£µ ¨§ ¶µ·µ£µ¢µ£µ ¸µµÉ´µÏ¥´¨Ö (32), ¸µ¢¶ ¤ ¥É ¸µ ¸É -
Í¨µ´ ·´µ° Ëµ·³µ° Ê· ¢´¥´¨Ö Š²¥°´ Åƒµ·¤µ´  [42], É.¥. ¤ ¥É, ´ ¶·¨³¥·,
´¥µ¡Ìµ¤¨³Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶µ¶· ¢±¨ ¤²Ö ±¢ ´Éµ¢ ´´ÒÌ ¢¥²¨Î¨´ Ô´¥·£¨¨ ¨
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¨³¶Ê²Ó¸ . ‘²¥¤µ¢ É¥²Ó´µ, Ê· ¢´¥´¨e (30) ³µ¦¥É ¸²Ê¦¨ÉÓ µ¡µ¡Ð¥´¨¥³ Ê· ¢-
´¥´¨° ˜·¥¤¨´£¥·  ¨ Š²¥°´ Åƒµ·¤µ´ .

f¸¨³¶ÉµÉÒ ¤²Ö § ¢¨¸¨³µ¸É¥° rS , tS(E). �  ·¨¸. 6 ¶µ± § ´ ¢¨¤ § ¢¨-
¸¨³µ¸É¥° rS ¨ tS µÉ E (£· Ë¨±¨ ¸µ¢³¥Ð¥´Ò; ¸Î¨É ¥É¸Ö, ÎÉµ c = 1; ¤ ²¥¥
¸µ¢³¥Ð¥´´Ò¥ ¢¥²¨Î¨´Ò ¶¨ÏÊÉ¸Ö Î¥·¥§ § ¶ÖÉÊÕ). ‚¨¤´µ, ÎÉµ ¢ µ¡¸Ê¦¤ ¥³µ°
¶µ·µ£µ¢µ° µ¡² ¸É¨ (¸²¥¢ ) ±·¨¢Ò¥ rS , tS(E) ¨³¥ÕÉ ¤¢¥  ¸¨³¶ÉµÉÒ: 1) ¢¥·-
É¨± ²Ó´ÊÕ ¶·Ö³ÊÕ ¶·¨ E = Em, £¤¥ rS , tS → ∞; 2) ¶µ·µ£µ¢ÊÕ £¨¶¥·¡µ²Ê
r, t = (b, h)/E, ± ±µÉµ·µ° ¸É·¥³ÖÉ¸Ö µ¡¥ ±·¨¢Ò¥ ¶·¨ E >> Em. ‚Éµ·µ¥
µ§´ Î ¥É, ÎÉµ ¶µ·µ£µ¢Ò¥ µ£· ´¨Î¥´¨Ö (´  ¸¶¥±É· ²Ó´ÊÕ ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨)
rS ¨ tS µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ¶µ²´µ° Ô´¥·£¨¨: rS , tS � const/E.
�·¥¤¥²Ó´Ò¥ µ£· ´¨Î¥´¨Ö ¥¸ÉÓ µ£· ´¨Î¥´¨Ö ´  ²¨´¥°´ÊÕ ¶²µÉ´µ¸ÉÓ Ô´¥·-

£¨¨: E/(rS , tS) � const. �Éµ µ§´ Î ¥É, ÎÉµ § ¢¨¸¨³µ¸É¨ rS , tS(E) ¤µ²¦´Ò
¸É ´µ¢¨ÉÓ¸Ö ¶·Ö³µ ¶·µ¶µ·Í¨µ´ ²Ó´Ò³¨ Ô´¥·£¨¨, É.¥. ¶·¥¤¥²Ó´ Ö  ¸¨³¶ÉµÉ 
¥¸ÉÓ ¶·Ö³ Ö, ¢ÒÌµ¤ÖÐ Ö ¨§ ´ Î ²  ±µµ·¤¨´ É. Š ± ¢¨¤´µ ¨§ ·¨¸. 6 (¸¶· ¢ ),
¶·¨ ¢Ìµ¤¥ ¢ µ¡² ¸ÉÓ ¶·¥¤¥²Ó´ÒÌ µ£· ´¨Î¥´¨° ¸²¥¤Ê¥É µ¦¨¤ ÉÓ ÊÏ¨·¥´¨Ö §µ´Ò
· ¸¶·¥¤¥²¥´¨Ö Ô´¥·£¨¨ ³¨±·µ¸¨£´ ²  ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¤²¨´Ò ¨ ¶¥·¨µ¤ 
ψ-¢µ²´Ò. �µ²¥¥ ¶µ¤·µ¡´Ò¥ ¸¢¥¤¥´¨Ö µ¡ ÔÉµ³ ³µ¦´µ ´ °É¨ ¢ [37].

2. „ˆ‘Ši…’ˆ‡f–ˆŸ ˆ ‚ˆ„› hS‚’SiS‚ ‚ ”“QŠ–ˆˆ
S’S�if†…QˆŸ

ˆ§ (5) ¸²¥¤Ê¥É, ÎÉµ ·¥£¨¸É· Éµ· ®µ¡·¥§ ¥É¯ ¢Ò¸Ï¨¥ £ ·³µ´¨±¨ ¸¶¥±É· 
(É.¥. ¶·¨¢µ¤¨É ¸¶¥±É· ¢ ¸µµÉ¢¥É¸É¢¨¥ ¸ Ê¸²µ¢¨Ö³¨ É¥µ·¥³Ò ŠµÉ¥²Ó´¨±µ¢ ,
·¨¸. 5) ¨ ¢Ò¤¥²Ö¥É ±µ´¥Î´µ¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, ¤ ¦¥ ¥¸²¨ ¸¨£´ ² ®³ -
É¥³ É¨Î¥¸±¨°¯. Œµ¦´µ ¸± § ÉÓ, ÎÉµ ·¥£¨¸É· Éµ· ¢³¥¸Éµ ¡¥¸±µ´¥Î´µ£µ ³´µ-
¦¥¸É¢  ¢¨·ÉÊ ²Ó´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì ËÊ´±Í¨°, ±µÉµ·Ò¥ ³µ£ÊÉ ¸ÊÐ¥¸É¢µ¢ ÉÓ ¢
±µ·¨¤µ·¥ ∆x#∆y, µÉ²¨Î Ö¸Ó ´¥· §²¨Î¨³Ò³¨ ¶·¨¡µ·µ³ ¤¥É ²Ö³¨, ¢µ¸¶·¨´¨-
³ ¥É ´¥±ÊÕ µ¡µ¡Ð¥´´ÊÕ, ¡ §µ¢ÊÕ ²µ£¨Î¥¸±ÊÕ ËÊ´±Í¨Õ.
�µ¤Î¥·±´¥³, ÎÉµ ¨´Ëµ·³ Í¨µ´´ Ö ¤¨¸±·¥É¨§ Í¨Ö µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ´¥ § 

¸Î¥É ´¥²¨´¥°´µ¸É¨ (¶µ ¢Ìµ¤Ê),   ¢¸²¥¤¸É¢¨¥ Ô´¥·£µ-¸¶¥±É· ²Ó´ÒÌ µ£· ´¨Î¥´¨°
(¢Ìµ¤´µ¥ Ê¸É·µ°¸É¢µ ·¥£¨¸É· Éµ·  ´  ·¨¸. 3 ²¨´¥°´µ ¨ ¨³¥¥É ´Ê²¥¢µ° ¶µ·µ£
¶µ  ³¶²¨ÉÊ¤¥).

hµ²ÊÎ¥´¨¥ ¤ ´´ÒÌ.  ¸¸³µÉ·¨³, ± ± ¶·µ¨¸Ìµ¤¨É ¢Ò¤¥²¥´¨¥ ¡ §µ¢ÒÌ ¸µ-
¸ÉµÖ´¨° ²µ£¨Î¥¸±µ° ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö ¨ ± ±¨³ µ¡· §µ³ ¨³ ¸É ¢¨É¸Ö ¢
¸µµÉ¢¥É¸É¢¨¥ Ëµ·³ ²Ó´Ò° ´ ¡µ· ®µ¶µ§´ ¢ É¥²Ó´ÒÌ §´ ±µ¢¯ Å ±µ¤µ¢.

„¨¸±·¥É¨§ Í¨Ö ¸µ¸ÉµÖ´¨°. �µ´ÖÉ¨¥ ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ µ¸´µ¢ ´µ ´ 
§ ³¥´¥ (µÉµ¡· ¦¥´¨¨) ´¥¶·¥·Ò¢´µ° ³ É¥³ É¨Î¥¸±µ° ËÊ´±Í¨¨ y(x) (·¨¸. 1,¢)
¤¨¸±·¥É´µ° (²µ£¨Î¥¸±µ°) ËÊ´±Í¨¥° s(l) (·¨¸.1,£) ¸ ¤¨ ¶ §µ´µ³ §´ Î¥´¨°

L = ∆X/∆x,

S = (∆Y/∆y)2. (35)
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‡¤¥¸Ó ∆X , ∆Y Å ¶·¥¤¥²Ò ¨§³¥´¥´¨Ö  ·£Ê³¥´É  ¨ ËÊ´±Í¨¨, ∆x, ∆y Å
¶µ·µ£µ¢Ò¥ ¢¥²¨Î¨´Ò ¨ Ï £ ¶·¨· Ð¥´¨Ö  ·£Ê³¥´É  ¨ ËÊ´±Í¨¨, µ¶·¥¤¥²Ö¥³Ò¥
¨§ Ê¸²µ¢¨Ö (5).
‚ É¥Ì´¨±¥ Î ¸Éµ ¨¸¶µ²Ó§ÊÕÉ ²¨´¥°´ÊÕ Ï± ²Ê ´¥ ¶µ Ô´¥·£¨¨,   ¶µ  ³¶²¨-

ÉÊ¤¥, Éµ£¤ 

S = ∆Y/∆y. (36)

‡´ Î¥´¨¥ ∆x ³µ¦¥É µ¶·¥¤¥²ÖÉÓ¸Ö Ï¨·¨´µ° ¸¶¥±É·  ¸¨£´ ²  ¨¸ÉµÎ´¨± ,  
∆y Å Ê·µ¢´¥³ ÏÊ³  ´  ¢Ìµ¤¥ ¶·¨¥³´¨± .
‚ ¡¨µ²µ£¨Î¥¸±¨Ì ¸¨¸É¥³ Ì ËÊ´±Í¨Ö µÉµ¡· ¦¥´¨Ö, ± ± ¶· ¢¨²µ, ²µ£ ·¨Ë-

³¨Î¥¸± Ö (§ ±µ´ ”¥Ì´¥· Å‚¥¡¥·  [32]):

S = ln(∆Y/∆y), (37)

ÎÉµ ¸¢Ö§ ´µ ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ ¨³¥ÉÓ ¡µ²ÓÏµ° ¤¨´ ³¨Î¥¸±¨° ¤¨ ¶ §µ´ µÉµ-
¡· ¦¥´¨Ö ¶·¨ ¸· ¢´¨É¥²Ó´µ ´¥¢Ò¸µ±µ³ · §·¥Ï¥´¨¨ (ÔÉµ° ¦¥ Í¥²¨ ¶µ¤Î¨´¥´µ
¢¢¥¤¥´¨¥ Î¨¸¥² ¸ ®¶² ¢ ÕÐ¥°¯ § ¶ÖÉµ° ¢ ±µ³¶ÓÕÉ¥· Ì). ‹µ£ ·¨Ë³¨Î¥¸± Ö
§ ¢¨¸¨³µ¸ÉÓ (37) ¤µ¸É¨£ ¥É¸Ö ²¨¡µ ¢¢¥¤¥´¨¥³ ¢ ·¥£¨¸É· Éµ· ´¥²¨´¥°´µ£µ Ê§² 
(¢§ ¨³µ¤¥°¸É¢¨¥ ®³µ²µÉµÎ± ¯ ¨ ®´ ±µ¢ ²Ó´¨¯ ¢ ÊÌ¥), ²¨¡µ §  ¸Î¥É µÉ·¨Í É¥²Ó-
´µ° µ¡· É´µ° ¸¢Ö§¨ (¸µ±· Ð¥´¨¥ ¤¨ ³¥É·  §· Î±  £² §  ¶·¨ ·µ¸É¥ ¸Ê³³ ·´µ°
µ¸¢¥Ð¥´´µ¸É¨).
‚ ²Õ¡µ³ ¸²ÊÎ ¥ (¸³. ·¨¸. 1,£) ¶¥·¥³¥´´Ò¥ l ¨ s µ¡· §ÊÕÉ ²µ£¨Î¥¸±µ¥ (¤¨¸-

±·¥É´µ¥) ¶µ²¥ ¡¥§· §³¥·´ÒÌ ¢¥²¨Î¨´. ‡´ Î¥´¨¥ ¶µ·µ£µ¢µ° ¶µ¸ÉµÖ´´µ° ´  ²µ-
£¨Î¥¸±µ³ ¶µ²¥ · ¢´µ ¥¤¨´¨Î´µ³Ê ±¢ ¤· ÉÊ; ¢¥²¨Î¨´  ¶·¥¤¥²Ó´µ° ¶µ¸ÉµÖ´´µ°
· ¢´  S. „²Ö ± ¦¤µ£µ §´ Î¥´¨Ö l ²µ£¨Î¥¸± Ö ËÊ´±Í¨Ö ³µ¦¥É ¶·¨´ÖÉÓ ²Õ¡µ¥
¨§ S ¸µ¸ÉµÖ´¨°, ¶µÔÉµ³Ê µ¡Ð¥¥ ±µ²¨Î¥¸É¢µ ¢µ§³µ¦´ÒÌ ²µ£¨Î¥¸±¨Ì ËÊ´±Í¨°
(¢ ·¨ ´Éµ¢ ¶µ¢¥¤¥´¨Ö) ´  ²µ£¨Î¥¸±µ³ ¶µ²¥ ¸µ¸É ¢²Ö¥É SL. �Éµ µ§´ Î ¥É, ÎÉµ
¥¸²¨ ¢Ò¸É·µ¨ÉÓ ¢¸¥ ¢µ§³µ¦´Ò¥ ²µ£¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¤·Ê£ §  ¤·Ê£µ³ ¢¤µ²Ó µ¸¨
L, Éµ ¸µ ¸²¥¤ÊÕÐ¥£µ ¶µ²Ö ¢ ·¨ ´ÉÒ ¶µ¢¥¤¥´¨Ö ´¥³¨´Ê¥³µ ´ Î´ÊÉ ¶µ¢Éµ·ÖÉÓ¸Ö.

Šµ¤¨·µ¢ ´¨¥ ¸µ¸ÉµÖ´¨°. Š ¦¤µ³Ê ¨§ S ¸µ¸ÉµÖ´¨° ³µ¦´µ ¶µ¸É ¢¨ÉÓ ¢ ¸µ-
µÉ¢¥É¸É¢¨¥ §´ ±µ¢Ò° Ê± § É¥²Ó, ¨³¥ÕÐ¨° Éµ ¦¥ Î¨¸²µ ¸µ¸ÉµÖ´¨°. ‡´ ±µ¢Ò°
Ê± § É¥²Ó, ¢ µÉ²¨Î¨¥ µÉ ¸¨³¢µ²Ó´µ£µ Ê± § É¥²Ö,  ¡¸µ²ÕÉ´µ ´¥ ¸¢Ö§ ´ ¸ ¸µ¤¥·-
¦ ´¨¥³ ¨ ¶·¨·µ¤µ° ± ¦¤µ£µ ¸µ¸ÉµÖ´¨Ö (¶µ´ÖÉ¨¥ ¸¥³ ´É¨Î¥¸±µ° ¨´Ëµ·³ Í¨¨
[33] ´¥ µ¡¸Ê¦¤ ¥É¸Ö ¢ ¤ ´´µ° · ¡µÉ¥).
Œµ¦´µ ¸µ¸É ¢¨ÉÓ Ê± § É¥²Ó ¨§ S §´ ±µ¢, ¶·Ö³µ (²¨´¥°´µ) ¸µ¶µ¸É ¢¨¢

§´ ±¨ ¨ ¸µ¸ÉµÖ´¨Ö ¤·Ê£ ¤·Ê£Ê. ’µ£¤  ¤²Ö Ê± § ´¨Ö µ¤´µ£µ ¨²¨ ´¥¸±µ²Ó±¨Ì
¸µ¸ÉµÖ´¨° (¨ ´¥Ê± § ´¨Ö µ¸É ²Ó´ÒÌ) ¤µ¸É ÉµÎ´µ ¢¸¥£µ ¤¢ÊÌ ¢ ·¨ ´Éµ¢ §´ ±µ¢.
�µ²ÊÎ¥´´Ò° ±µ¤ (³¥É±¨ ´  ²¨´¨¨ ¨§ S ÖÎ¥¥±) ³µ¦´µ ´ §¢ ÉÓ ²¨´¥°´Ò³,
µ´ ¶µ§¢µ²Ö¥É ±µ¤¨·µ¢ ÉÓ ³´µ£µ§´ Î´Ò¥ ËÊ´±Í¨¨ (É.¥. Ô´É·µ¶¨Õ, ±µÉµ· Ö ´¥
µ¡¸Ê¦¤ ¥É¸Ö ¢ ´ ¸ÉµÖÐ¥° · ¡µÉ¥). ‚ ± Î¥¸É¢¥ ¤·Ê£µ£µ ¶·¥¤¥²Ó´µ£µ ¸²ÊÎ Ö
³µ¦´µ ¢§ÖÉÓ Ê± § É¥²Ó, ¢±²ÕÎ ÕÐ¨° ¢¸¥£µ µ¤¨´ §´ ±, ´µ Éµ£¤  ¶µ¸²¥¤´¨°
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¸ ³ ¤µ²¦¥´ ¨³¥ÉÓ S ¢ ·¨ ´Éµ¢, ÎÉµ ¶·¨ ¡µ²ÓÏµ³ S ¤¥² ¥É ¨Ì · ¸¶µ§´ ¢ ´¨¥
§ É·Ê¤´¨É¥²Ó´Ò³ (±¨É °¸± Ö ¶¨¸Ó³¥´´µ¸ÉÓ).
�·¨ Î¨¸²¥ §´ ±µ¢ ¢ Ê± § É¥²¥ g ¨ ´¥¡µ²ÓÏµ³ Î¨¸²¥ ¨Ì ¢ ·¨ ´Éµ¢ v µ¡Ð¥¥

±µ²¨Î¥¸É¢µ ±µ³¡¨´ Í¨° §´ ±µ¢ (Ê± § É¥²¥°) ¤µ²¦´µ ¡ÒÉÓ · ¢´µ Î¨¸²Ê ¸µ¸Éµ-
Ö´¨°: vg = S. ‘²¥¤µ¢ É¥²Ó´µ, ¤²¨´  ±µ¤  (  ÔÉµ Î¨¸²µ §´ ±µ¢ ¢ Ê± § É¥²¥)
µ£· ´¨Î¥´  ¢¥²¨Î¨´µ° logv(S). Š ¶µÖ¢²¥´¨Õ ²µ£ ·¨Ë³  ¢ (1) ³µ¦´µ ¶·¨°É¨ ¨
¶µ-¤·Ê£µ³Ê. Œµ¦´µ · §¡¨ÉÓ ±µ¤¨·Ê¥³Ò¥ ¸µ¸ÉµÖ´¨Ö ´  £·Ê¶¶Ò ¨§ v ¸µ¸ÉµÖ´¨°,
¢ ± ¦¤µ° £·Ê¶¶¥ ±µ¤¨·µ¢ ´¨¥ ¢Ò¶µ²´Ö¥É¸Ö µ¤´µÉ¨¶´µ ¶µ ¶·¨´Í¨¶Ê ²¨´¥°´µ£µ
¸µµÉ¢¥É¸É¢¨Ö ¸µ¸ÉµÖ´¨Ö ¢ ·¨ ´ÉÊ §´ ± ; § É¥³ ± ¦¤Ò¥ v £·Ê¶¶ µ¡Ñ¥¤¨´ÖÕÉ¸Ö
¢ ´ ¤£·Ê¶¶Ò, ¶·µÍ¥¤Ê·  ±µ¤¨·µ¢ ´¨Ö £·Ê¶¶ ¢ ´ ¤£·Ê¶¶¥ É  ¦¥. �·µÍ¥¸¸ ¶·µ-
¤µ²¦ ¥É¸Ö ¤µ É¥Ì ¶µ·, ¶µ±  ´¥ µ¸É ´¥É¸Ö µ¤´  ¸Ê¶¥·£·Ê¶¶ . ˆ¥· ·Ì¨Î¥¸± Ö
¤·¥¢µ¢¨¤´ Ö ¸É·Ê±ÉÊ· , ¸É·µÖÐ Ö¸Ö ¢ É ±µ³ ¶·µÍ¥¸¸¥ ´ ¤ ¸µ¸ÉµÖ´¨Ö³¨, ¶µ± -
§ ´  ´  ·¨¸. 7,  (¤²Ö v = 2, S = 64). Š ± ´¥É·Ê¤´µ ¶µ´ÖÉÓ, ¶·µÍ¥¸¸ É·¥¡Ê¥É
logv(S) Ï £µ¢ ¤²Ö ¶µ¸É·µ¥´¨Ö ¤¥·¥¢  Ê± § É¥²¥° ´  ¢¸¥ ¸µ¸ÉµÖ´¨Ö.

Šµ¤¨·µ¢ ´¨¥ ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö. ‚¥·´¥³¸Ö É¥¶¥·Ó ± Î¨¸²Ê ¢ ·¨ ´-
Éµ¢ ·¥ ²¨§ Í¨¨ ²µ£¨Î¥¸±¨Ì ËÊ´±Í¨° s(l), ±µÉµ·µ¥ · ¢´µ SL. ‚§Ö¢ ²µ£ ·¨Ë³
SL, ¶µ²ÊÎ¨³ ³ ±¸¨³ ²Ó´µ¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¢ µ¤´µ§´ Î´µ° ËÊ´±Í¨¨
´  ²µ£¨Î¥¸±µ³ ¶µ²¥:

Imax(S,L) = L logv(S); (38)

Ëµ·³ ²Ó´µ µ´µ § ¢¨¸¨É µÉ µ¸´µ¢ ´¨Ö ¸¨¸É¥³Ò ¸Î¨¸²¥´¨Ö (µ¸´µ¢ ´¨Ö ²µ£ -
·¨Ë³ ). …¸²¨ v = 10, Éµ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¨§³¥·Ö¥É¸Ö ¢ ¤¨É Ì; ¥¸²¨
v=2ÅÉµ ¢ ¡¨É Ì;   ¥¸²¨ v=2, 718...= eÅÉµ ¢ ´ É Ì. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥
¨¥· ·Ì¨Î¥¸± Ö ¤¨¸±·¥É´ Ö ¸É·Ê±ÉÊ·  §´ ±µ¢ ¢ Ê± § É¥²¥ Ö¢²Ö¥É¸Ö ¸±·ÒÉµ°, ¶µ-
¸±µ²Ó±Ê ¢ µ¸´µ¢ ´¨¨ ²µ£ ·¨Ë³  v ¶·µ¨§¢¥¤¥´ Ëµ·³ ²Ó´Ò° ³ É¥³ É¨Î¥¸±¨°
¶¥·¥Ìµ¤ µÉ Í¥²ÒÌ Î¨¸¥² ± ¨·· Í¨µ´ ²Ó´Ò³. ’ ±µ° ¶¥·¥Ìµ¤ ¤µ¶Ê¸É¨³ ¤²Ö
ËÊ´±Í¨° µÉo¡· ¦¥´¨° ¸ Î·¥§¢ÒÎ °´µ ¡µ²ÓÏ¨³ Î¨¸²µ³ ¸µ¸ÉµÖ´¨° (¸µ¸ÉµÖ´¨Ö
³µ²¥±Ê² ¢ £ §¥,  Éµ³µ¢ É¢¥·¤µ£µ É¥²  ¨ É.¤.). Š ± ÔÉµ ¸¤¥² ´µ ¢ (1), É ± ¨ ¤ ²¥¥
³Ò ´¥ ¡Ê¤¥³ Ê± §Ò¢ ÉÓ µ¸´µ¢ ´¨¥ ²µ£ ·¨Ë³  É ³, £¤¥ ÔÉµ ´¥¸ÊÐ¥¸É¢¥´´µ.
�É³¥É¨³, ÎÉµ Ëµ·³Ê²  (38) ¶·Ö³µ ¸²¥¤Ê¥É ¨§ (1), ¶µ¸±µ²Ó±Ê log (S) ¥¸ÉÓ

±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ´  ± ¦¤µ³ Ï £¥ ¶µ L.
ˆ´É¥£·¨·µ¢ ´¨¥ Í¥¶µÎ±¨ µÉ¸Î¥Éµ¢. •µÉÖ S ¨ Ö¢²Ö¥É¸Ö ¤¨¸±·¥É¨§µ¢ ´´µ°

¶¥·¥³¥´´µ°, ´¨ÎÉµ ´¥ § ¶·¥Ð ¥É ¸Î¨É ÉÓ ¤¨¸±·¥É´Ò¥ ¨´É¥·¢ ²Ò ∆s ¤¥²¨-
³Ò³¨, É.¥. µ¡² ¤ ÕÐ¨³¨ ¶µ´ÖÉ¨¥³ ¤²¨´Ò. Š ¦¤Ò° ¨§ ¶¥·¢¨Î´ÒÌ ¨´É¥·¢ ²µ¢
∆s1 = ∆S/S ³µ¦´µ · §¡¨ÉÓ ¥Ð¥ ´  S Î ¸É¥°: ∆s2 = ∆S/S2, É.¥. ¶µ¤¸µ¸Éµ-
Ö´¨°. ˆ³¥Ö ¤¢  Ê·µ¢´Ö · §¡¨¥´¨Ö ∆S, ³Ò ³µ¦¥³ ¥¤¨´µ¢·¥³¥´´µ Ê± § ÉÓ ¤¢ 
¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ µÉ¸Î¥É . Œ É¥³ É¨Î¥¸±¨ ¶·µÍ¥¸¸Ê ¤·µ¡²¥´¨Ö ∆S ¨ µ¡Ñ¥¤¨-
´¥´¨Ö µÉ¸Î¥Éµ¢ ´¥É ¶·¥¤¥² , ¨ Ëµ·³Ê²  (38) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥

Imax(S, L) = (L/C) logv(S
C), (39)

£¤¥ C Å ±µ²¨Î¥¸É¢µ ¨´É¥£·¨·µ¢ ´´ÒÌ µÉ¸Î¥Éµ¢ ¢ Í¥¶µÎ±¥ (C ≤ L). ”µ·-
³Ê²  (39) ´ £²Ö¤´µ ¶µ± §Ò¢ ¥É, ÎÉµ ¸µ¸ÉµÖ´¨Ö (¨²¨  ³¶²¨ÉÊ¤ ) ¨ µÉ¸Î¥ÉÒ
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¨¸. 7. Šµ¤¨·ÊÕÐ¨¥ ¤¥·¥¢ÓÖ, ¶µ± §Ò¢ ÕÐ¨¥ ¸É·Ê±ÉÊ·Ê Ê± § É¥²¥°:  ) ²µ£¨Î¥¸±¨¥ ¸µ-
¸ÉµÖ´¨Ö (¤ ´´Ò¥) Å ¤¥·¥¢µ ±µ¤µ¢ · ¢´µ° ¤²¨´Ò; ¡) ±µ²¨Î¥¸É¢o § ·¥£¨¸É·¨·µ¢ ´´ÒÌ
¸µ¸ÉµÖ´¨° (¨´Ëµ·³ Í¨Ö) Å ®±µ¸µ¥¯ ¤¥·¥¢µ (¢¥·Ï¨´Ò Î ¸É´ÒÌ ¤¥·¥¢Ó¥¢ ¸µ¸ÉµÖ´¨°
¶µ³¥Î¥´Ò ±·Ê¦± ³¨)

(¨²¨ ¤²¨´ ) ´¥Ô±¢¨¢ ²¥´É´Ò ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö ¨´Ëµ·³ Í¨¨: ¥¸²¨ ¢Éµ·Ò¥
³¥´ÖÕÉ¸Ö ¶·µ¶µ·Í¨µ´ ²Ó´µ, Éµ ¶¥·¢Ò¥ Å Ô±¸¶µ´¥´Í¨ ²Ó´µ ¶·¨ ¨§³¥´¥´¨¨
¥¥ ±µ²¨Î¥¸É¢ .
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’¥Ì´¨Î¥¸±¨ ¶·¥¤¥² ¨´É¥£·¨·µ¢ ´¨Õ µÉ¸Î¥Éµ¢ ¤µ¸É¨£ ¥É¸Ö ¤µ¢µ²Ó´µ ¡Ò-
¸É·µ ¨§-§  Ô±¸¶µ´¥´Í¨ ²Ó´µ£µ ·µ¸É  Î¨¸²  · §¡¨¥´¨° ¨ µ£· ´¨Î¥´´µ¸É¨ · §-
·¥Ï¥´¨Ö ÏÊ³ ³¨, µ¤´ ±µ ÔÉµ ´¥ µ§´ Î ¥É, ÎÉµ C ¢¸¥£¤  ¤µ²¦´µ · ¢´ÖÉÓ¸Ö
¥¤¨´¨Í¥. � ¶·¨³¥·, ¥¸²¨ ¢ É¥²¥¢¨§¨µ´´µ³ Î¥·´µ-¡¥²µ³ ¸¨£´ ²¥ ¤µ¸É ÉµÎ´µ
8 £· ¤ Í¨° Ö·±µ¸É¨, Éµ ÔÉµ µ§´ Î ¥É, ÎÉµ ¥£µ ¶µ²µ¸  Î ¸ÉµÉ ³µ¦¥É ¡ÒÉÓ ¸Ê-
¦¥´  ¢ C = 3 · § , ¥¸²¨  ¶¶ · ÉÊ·  ¸¶µ¸µ¡´  ¶¥·¥¤ ¢ ÉÓ 83 = 512 £· ¤ Í¨°
¸¨£´ ²  (µÉ¢¥É ´  É·¥É¨° ¢µ¶·µ¸ ¢¢¥¤¥´¨Ö).

‚Ò¤¥²¥´¨¥ ¨´Ëµ·³ Í¨¨. Š ± ¢¨¤¨³, ¶µ²´ Ö ¤²¨´  ±µ¤  (32) ¸¢Ö§ ´ 
¸ Í¥²µÎ¨¸²¥´´µ° ¤²¨´µ° ¨´É¥·¢ ²  ¶µ¢Éµ·¥´¨Ö ËÊ´±Í¨° (¶µ µ¸¨ µÉ¸Î¥Éµ¢).
‚Éµ·µ° ¸µ³´µ¦¨É¥²Ó ¢ Ëµ·³Ê²¥ (38) µÉ· ¦ ¥É ¸·¥¤´ÕÕ ¤²¨´Ê ¨´É¥·¢ ²  ¶µ-
¢Éµ·¥´¨Ö ¸µ¸ÉµÖ´¨° ¢ ËÊ´±Í¨ÖÌ s(l) ¶·¨ L >> S. �¤´ ±µ · ¸¶·¥¤¥²¥´¨¥
¨´É¥´¸¨¢´µ¸É¥° ¶µÖ¢²¥´¨Ö ¸µ¸ÉµÖ´¨° ¢ ± ¦¤µ° ±µ´±·¥É´µ° ËÊ´±Í¨¨ s(l) ¨§
SL ¢µ§³µ¦´ÒÌ Å ¨´¤¨¢¨¤Ê ²Ó´µ, ¢ ±· °´¨Ì ¸²ÊÎ ÖÌ µ´µ ³µ¦¥É ¡ÒÉÓ ± ±
· ¢´µ³¥·´Ò³, É ± ¨ ¢Ò·µ¦¤¥´´Ò³ (¢¸¥ ¸µ¸ÉµÖ´¨Ö µ¤¨´ ±µ¢Ò).  §µ¡· ´´Ò°
´ ³¨ ³¥Ì ´¨§³ ±µ¤¨·µ¢ ´¨Ö ¤ ´´ÒÌ ´¨± ± ´¥ ÊÎ¨ÉÒ¢ ¥É · §²¨Î¨Ö ¢ ¨´É¥´-
¸¨¢´µ¸ÉÖÌ ¸µ¸ÉµÖ´¨°. „ ¦¥ ¤²Ö ¶µ²´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö µÉ¸Î¥Éµ¢ (C = L) ¢
(39) ¤µ¸É ÉµÎ´µ §´ ÉÓ Éµ²Ó±µ S ¨ L, ÎÉµ¡Ò ¥Ð¥ ¤µ ´ Î ²  ¨§³¥·¥´¨° ¶·µ¢¥¸É¨
· §¡¨¥´¨¥ ∆S ´  SL · ¢´ÒÌ Î ¸É¥°.

Šµ¤¨·µ¢ ´¨¥ ¨´É¥·¢ ²µ¢ ¶µ¢Éµ·¥´¨Ö ¸µ¸ÉµÖ´¨°. „²Ö ÊÎ¥É  ¨´É¥´¸¨¢-
´µ¸É¨ ¶µÖ¢²¥´¨Ö ¸µ¸ÉµÖ´¨° ¶·µÍ¥¸¸ ±µ¤¨·µ¢ ´¨Ö ¨´Ëµ·³ Í¨¨ ¤µ²¦¥´ ¡ÒÉÓ
¤µ¶µ²´¥´ ¶·µÍ¥¤Ê·µ° § ¶µ³¨´ ´¨Ö ±µ²¨Î¥¸É¢ Ê¦¥ § ·¥£¨¸É·¨·µ¢ ´´ÒÌ ¸µ¸Éµ-
Ö´¨°.
…¸²¨ ¶¥·¥¤ ´ Î ²µ³ ¨§³¥·¥´¨° ³Ò ´¥ µ¡² ¤ ¥³ ¶·¥¤¢ ·¨É¥²Ó´Ò³ §´ -

´¨¥³ µ ¶µ¢¥¤¥´¨¨ ¨¸Ìµ¤´µ° ËÊ´±Í¨¨ y(x), Éµ Éµ£¤  ¸²¥¤Ê¥É ¶·¥¤¶µ²µ¦¨ÉÓ
(¸³. ·¨¸. 7, ), ÎÉµ ¢¸¥ ¢µ§³µ¦´Ò¥ ¸µ¸ÉµÖ´¨Ö ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö s(l) · ¢-
´µ¢¥·µÖÉ´Ò. �Éµ ¡Ê¤¥É ¸µµÉ¢¥É¸É¢µ¢ ÉÓ ¶¥·¢¨Î´µ³Ê · §¡¨¥´¨Õ ±µ¤µ¢µ£µ ¨´-
É¥·¢ ²  ∆S ´  S · ¢´ÒÌ Î ¸É¥°. ’µ£¤  ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨,  ¶·¨µ·¨
¸µ¤¥·¦ Ð¥°¸Ö ¢ ËÊ´±Í¨¨ s(l), ¥¸ÉÓ

IS(0) = log (S), (40)

µ´µ µÉ· ¦ ¥É ´ Ï¥ ´ Î ²Ó´µ¥ §´ ´¨¥ µ Î¨¸²¥ ¸µ¸ÉµÖ´¨° S.
�µ²ÊÎ¨¢ µÉ¸Î¥É, · §µ¡Ó¥³ ∆s1 ´  ¢Éµ·µ³ Ï £¥ [25] ´  (S + 1) Î ¸É¥°, ´ 

É·¥ÉÓ¥³ · §µ¡Ñ¥³ ∆s2 ´  (S + 2) Î ¸É¥° ¨ É.¤., ¶·¨Î¥³ ± ¦¤µ¥ ¶µ²ÊÎ¥´´µ¥ ¢
·¥§Ê²ÓÉ É¥ ¨§³¥·¥´¨Ö ¸µ¸ÉµÖ´¨¥ ¡Ê¤¥³ µ¡Ñ¥¤¨´ÖÉÓ ¸ µ¤´µ¨³¥´´Ò³¨. ‚ ¨Éµ£¥
³Ò ¡Ê¤¥³ ¶µ²ÊÎ ÉÓ ¢¸¥£¤  É¥ ¦¥ S µÉ·¥§±µ¢ ´  ± ¦¤µ³ ÔÉ ¶¥, ´µ · §´µ° ¤²¨´Ò,
¶·µ¶µ·Í¨µ´ ²Ó´µ° ±µ²¨Î¥¸É¢Ê ¶µÖ¢²¥´¨° ± ¦¤µ£µ ¸µ¸ÉµÖ´¨Ö ¶²Õ¸ 1. �ÉµÉ
¶·µÍ¥¸¸ (¤²Ö S = 4) ¨²²Õ¸É·¨·Ê¥É¸Ö ·¨¸. 8.
…¸²¨ ± ±µ¥-²¨¡µ ¨§ S ¸µ¸ÉµÖ´¨° ¢¶¥·¢Ò¥ ¶µÖ¢²Ö¥É¸Ö ´  µ¶·¥¤¥²¥´´µ³

Ï £¥ ¶µ L, Éµ ¸µ£² ¸´µ Ê± § ´´µ° ³µ¤¥²¨ (1) µ´µ ¡Ê¤¥É ´¥¸É¨ ¸²¥¤ÊÕÐ¥¥
±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨:

IS(1) = log[(S + L1)/1], (41)
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¨¸. 8. �·¨Ë³¥É¨Î¥¸± Ö ³µ¤¥²Ó ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ · §¡¨¥´¨Ö ¥¤¨´¨Î´µ£µ ±µ¤µ¢µ£µ
µÉ·¥§±  ³ É¥³ É¨Î¥¸±µ° Î¨¸²µ¢µ° µ¸¨ ´  ¨´É¥·¢ ²Ò, µÉ¢¥Î ÕÐ¨¥ ¢¸¥³ ¢µ§³µ¦´Ò³
¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÖ³ ¶µÖ¢²¥´¨Ö ¸µ¸ÉµÖ´¨°:  ) Î ¸É´Ò° ±µ¤µ¢Ò° ¨´É¥·¢ ² ± ¦¤µ£µ
¸²¥¤ÊÕÐ¥£µ ¸µ¸ÉµÖ´¨Ö ³ ¸ÏÉ ¡¨·µ¢ ´ ± µÉ·¥§±Ê ¥¤¨´¨Î´µ° ¤²¨´Ò (·¥ ²Ó´Ò¥ ¶µ²µ¦¥-
´¨Ö ±· ¥¢ ¨´É¥·¢ ²  Ê± § ´Ò Î¨¸² ³¨ ¸²¥¢  ¨ ¸¶· ¢ ); ¡) ·¥ ²Ó´Ò¥ ¤²¨´Ò ¨ ¶µ²µ¦¥´¨Ö
±µ¤µ¢ÒÌ ¨´É¥·¢ ²µ¢ ´  ³ É¥³ É¨Î¥¸±µ° µ¸¨ ¤²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ b-c-b-b

£¤¥ L1 Å ´µ³¥· Ï £ , ´  ±µÉµ·µ³ ¢¶¥·¢Ò¥ ¶µÖ¢¨²µ¸Ó ¤ ´´µ¥ ¸µ¸ÉµÖ´¨¥.
Š ± ¢¨¤´µ ¨§ (41), Î¥³ ¶µ§¦¥ ´  µ¸¨ L ¶µÖ¢²Ö¥É¸Ö ¢ ¶¥·¢Ò° · § ± ±µ¥-²¨¡µ
¸µ¸ÉµÖ´¨¥, É¥³ ¡µ²ÓÏ¥¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ µ´µ ´¥¸¥É (¸³. ±·¨¢Ò¥ IS(1)
´  ·¨¸. 9).
Šµ£¤  ÔÉµ ¦¥ ¸µ¸ÉµÖ´¨¥ ¶µÖ¢²Ö¥É¸Ö ¢Éµ·¨Î´µ, Éµ µ¡Ð¥¥ ±µ²¨Î¥¸É¢µ ±µ¤µ-

¢ÒÌ µÉ·¥§±µ¢ · ¢´µ (S+L2), Ï¨·¨´  ¸Ê³³ ·´µ£µ µÉ·¥§±  ¤²Ö ÔÉµ£µ ¸µ¸ÉµÖ´¨Ö
¤¢µ°´ Ö (µÉ´µÏ¥´¨¥ Î¨¸¥² ¥¸ÉÓ (S+L2)/2), ¨ µ¡¥ ¸µ¸É ¢²ÖÕÐ¨¥ · ¢´µ¶· ¢´Ò
¶µ ±µ²¨Î¥¸É¢Ê ¨´Ëµ·³ Í¨¨, ¶µÔÉµ³Ê

IS(2) = 2 log [(S + L2)/2]. (42)

 ¸¸Ê¦¤ Ö ¤ ²¥¥ ¶µ  ´ ²µ£¨¨, ¶µ²ÊÎ¨³, ÎÉµ ¤²Ö ¢¸¥£µ ¨´É¥·¢ ²  L ±µ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨, ¸µ¤¥·¦ Ð¥¥¸Ö ¢ µ¤´µ³ ¨§ S ¸µ¸ÉµÖ´¨°:

IS(N) = NS log [(S + L)/NS ], NS ≥ 1, (43)

£¤¥ NS Å ±µ²¨Î¥¸É¢µ ¶µ¢Éµ·¥´¨° ¤ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ´  ¨´É¥·¢ ²¥ L. ”µ·-
³Ê²  (43) ¶·¨ L >> S ¸µ¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±µ° Ëµ·³Ê²µ° ˜¥´´µ´ 
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¨¸. 9. Šµ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¶·¨ ¸¶²µÏ´ÒÌ ¶µ¢Éµ· Ì µ¤´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ ²µ£¨-
Î¥¸±µ° ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö; IS(T ) Å ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ´  µ¤¨´ Ï £ ¶µ L,
I(T ) Å ¸Ê³³ ·´µ¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, ¶·¨ Î¨¸²¥ ¸µ¸ÉµÖ´¨° µÉ 2 ¤µ 16;
IS(1) Å ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¶·¨ ¶¥·¢µ³ ¶µÖ¢²¥´¨¨ ¸µ¸ÉµÖ´¨Ö ´  µ¶·¥¤¥²¥´´µ³
Ï £¥ ¶µ L

(¢ ±µÉµ·µ° µÉ¸ÊÉ¸É¢Ê¥É S), ´µ, ¢ µÉ²¨Î¨¥ µÉ ¶µ¸²¥¤´¥°, ÊÎ¨ÉÒ¢ ¥É ¶·µÍ¥¸¸
Ê¸É ´µ¢²¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ¸µ¸ÉµÖ´¨° N(S).
 ¸¸³µÉ·¨³, ± ± ¢Ò£²Ö¤¨É µ¶¨¸ ´´Ò° ¢ÒÏ¥ ¶·µÍ¥¸¸ ÊÎ¥É  ¶·¥¤Ò¤ÊÐ¨Ì

¸µ¸ÉµÖ´¨° ´  ¨¥· ·Ì¨Î¥¸±µ³ ¤¥·¥¢¥ Å ¸³. ·¨¸. 7,¡. �Ê¤¥³ ¸Î¨É ÉÓ, ÎÉµ É ±
¦¥, ± ± ´  ·¨¸. 8, ¨³¥¥É¸Ö 4 ¸µ¸ÉµÖ´¨Ö ¨ ¶µ²ÊÎ¥´µ 64 µÉ¸Î¥É , ¶·¨Î¥³ Na =
= 32, Nb = 16, Nc = Nd = 8 (¸³. · §£· ´¨Î¥´¨Ö ´  ·¨¸. 7,¡). � ¤ £·Ê¶¶ ³¨
¸µ¸ÉµÖ´¨° a,b,c,d ³µ¦´µ ¶µ¸É·µ¨ÉÓ Î ¸É´Ò¥ ¨¥· ·Ì¨Î¥¸±¨¥ ¤¥·¥¢ÓÖ, ¢Ò¸µÉ 
¨Ì ¡Ê¤¥É É¥³ ¡µ²ÓÏ¥, Î¥³ ¡µ²¥¥ ¨´É¥´¸¨¢´µ Éµ ¨²¨ ¨´µ¥ ¸µ¸ÉµÖ´¨¥. ’µ£¤ 
¤²¨´  Ê± § É¥²Ö ´  ¸µ¸ÉµÖ´¨¥ ¡Ê¤¥É · ¢´  ±µ²¨Î¥¸É¢Ê ¸ÉÊ¶¥´¥° µÉ ¢¥·Ï¨´Ò
¶µ²´µ£µ ¤¥·¥¢  ¤µ ¢¥·Ï¨´Ò Î ¸É´µ£µ, É.¥. É¥³ ±µ·µÎ¥, Î¥³ ¨´É¥´¸¨¢´¥¥ ¤ ´´µ¥
¸µ¸ÉµÖ´¨¥; ÔÉµ ¨ µÉ· ¦ ¥É Ëµ·³Ê²  (43).

„²Ö Éµ£µ ÎÉµ¡Ò ´ °É¨ ¶µ²´µ¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, ¸µ¤¥·¦ Ð¥°¸Ö ¢
s(l), ´¥µ¡Ìµ¤¨³µ ¶·µ¸Ê³³¨·µ¢ ÉÓ (43) ¶µ ¢¸¥³ ¸µ¸ÉµÖ´¨Ö³:

I =
∑
S

(L/LS) log [{(S/L) + 1}LS], (44)



‘ˆƒ��‹, „���›… ˆ ˆ�”�Œ�–ˆŸ 659

£¤¥ LS = L/NS Å ¸·¥¤´ÖÖ ¤²¨´  ¨´É¥·¢ ²  ¶µ¢Éµ·¥´¨Ö ±µ´±·¥É´µ£µ ¸µ¸ÉµÖ-
´¨Ö ¢ ±µ´±·¥É´µ° ËÊ´±Í¨¨ s(l).
�·¨ L >> S ¶µÖ¢²¥´¨¥ µ¤´µ£µ ¨§ S ¸µ¸ÉµÖ´¨° ¸µ¤¥·¦¨É ¢ ¸·¥¤´¥³ ±µ-

²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, · ¢´µ¥ log (LS). …¸²¨ Ê¸É ´µ¢¨¢Ï¥¥¸Ö · ¸¶·¥¤¥²¥´¨¥
¸µ¸ÉµÖ´¨° · ¢´µ³¥·´µ (LS = S), Éµ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ³ ±¸¨³ ²Ó´µ ¨
· ¢´µ (38).
�µ²ÊÎ¥´´ÊÕ Ëµ·³Ê²Ê ´¥É·Ê¤´µ µ¡µ¡Ð¨ÉÓ ´  ¸²ÊÎ °, ±µ£¤  · ¸¶·¥¤¥²¥´¨¥

¸µ¸ÉµÖ´¨° ¨§¢¥¸É´µ  ¶·¨µ·¨; ¤²Ö ÔÉµ£µ ´ ¤µ ¢±²ÕÎ¨ÉÓ  ¶·¨µ·´Ò¥ §´ Î¥´¨Ö
¨²¨ µÍ¥´±¨ L ¨ NS ± ± ¸² £ ¥³Ò¥ ¢ Î¨¸²¨É¥²Ó ¨ §´ ³¥´ É¥²Ó ¤·µ¡¨ ¢ (43), ¢
·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³

I =
∑
S

(L/LS) log [(L0 + L)/{(L0/LS0) + (L/LS)}], (45)

£¤¥ L0 Å ¸Ê³³ ·´µ¥ ±µ²¨Î¥¸É¢µ µÉ¸Î¥Éµ¢ ¤µ ¤ ´´µ° ¸¥·¨¨ ¨§³¥·¥´¨°, LS0 Å
¸·¥¤´¨° ¨´É¥·¢ ² ¶µ¢Éµ·¥´¨Ö ¸µ¸ÉµÖ´¨Ö ¢ ÔÉ¨Ì ¸¥·¨ÖÌ. �Î¥¢¨¤´µ, ÎÉµ  ¶·¨-
µ·´µ ± ¦¤µ¥ ¸µ¸ÉµÖ´¨¥ ´¥¸¥É ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨, · ¢´µ¥ log (LS0). �É-
´µÏ¥´¨¥ L0/L ³µ¦´µ ¸Î¨É ÉÓ ¤µ¢¥·¨É¥²Ó´Ò³ ¢¥¸µ³ ¶·¥¤¢ ·¨É¥²Ó´µ£µ §´ ´¨Ö
¨ ³¥·µ° Éµ£µ, ´ ¸±µ²Ó±µ · ¸¶·¥¤¥²¥´¨¥ N(S) ³µ¦¥É ¨§³¥´¨ÉÓ¸Ö ¢ ¶·µÍ¥¸¸¥
¨§³¥·¥´¨°. �É³¥É¨³, ÎÉµ Ëµ·³Ê²Ò (40)Ä(45) µ¸´µ¢ ´Ò ´  ® ´ ²¨§¥ Í¥²ÒÌ Î¨-
¸¥²¯,   ´¥ ´   ´ ²¨§¥ ®¡¥¸±µ´¥Î´µ ³ ²ÒÌ¯ ¨ ´¥ É·¥¡ÊÕÉ ¢¢¥¤¥´¨Ö ³ É¥³ É¨Î¥-
¸±µ£µ ¶µ´ÖÉ¨Ö ¢¥·µÖÉ´µ¸É¨ ¶µÖ¢²¥´¨Ö ¸µ¸ÉµÖ´¨° PS ≈ 1/LS, µ¶·¥¤¥²¥´´µ£µ
[34] ¶·¨ L→∞ ²¨ÏÓ ¤²Ö ¸É Í¨µ´ ·´ÒÌ · ¸¶·¥¤¥²¥´¨°.

Q¥¶·¥·Ò¢´Ò° ¶µ¢Éµ· ¸µ¸ÉµÖ´¨°. �·µ¨²²Õ¸É·¨·Ê¥³ · §´¨ÍÊ ³¥¦¤Ê (43)
¨ ±² ¸¸¨Î¥¸±µ° Ëµ·³Ê²µ° ˜¥´´µ´  [4] ´  ¶·¨³¥·¥ [38], ±µ£¤  ´  ´¥±µÉµ·µ³
ÊÎ ¸É±¥ (¶µ L) ¶µ¢Éµ·Ö¥É¸Ö µ¤´µ ¨ Éµ ¦¥ §´ Î¥´¨¥ ËÊ´±Í¨¨ S = const, Éµ£¤ 
± ± ¤µ ÔÉµ£µ Ï £  ¢¸¥ S §´ Î¥´¨° ËÊ´±Í¨¨ ¡Ò²¨ · ¢´µ¢¥·µÖÉ´Ò³¨ (¥¸²¨
¶µ¢Éµ·¥´¨Ö ¨¤ÊÉ ¸ ¸ ³µ£µ ´ Î ²  L, Éµ ÔÉµ (40) ¶·¥¤¶µ² £ ¥É¸Ö).
…¸²¨ ¢ ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö ¶µ¢Éµ·Ö¥É¸Ö µ¤´µ ¨ Éµ ¦¥ ¸µ¸ÉµÖ´¨¥, ÔÉµ

µ§´ Î ¥É, ÎÉµ ´  Î ¸É´µ³ ±µ¤µ¢µ³ ¨´É¥·¢ ²¥ ∆si ¸Ê³³ ·´Ò° µÉ·¥§µ±, ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨° ÔÉµ³Ê ¸µ¸ÉµÖ´¨Õ, ¶µ¸É¥¶¥´´µ ´ Î´¥É ®¢ÒÉ¥¸´ÖÉÓ¯ ¢¸¥ µ¸É ²Ó´Ò¥
(¸³. ·¨¸. 8), ¶·¨¡²¨¦ Ö¸Ó ¶µ ¨´Ëµ·³ É¨¢´µ¸É¨ ± ´Ê²Õ. ˆ§ (43) ´¥É·Ê¤´µ ¶µ-
²ÊÎ¨ÉÓ Ëµ·³Ê²Ê ¤²Ö ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ ¶·¨ ¶µ¢Éµ·¥´¨¨ µ¤´µ£µ ¨§ S
¸µ¸ÉµÖ´¨°:

IS(T ) = T log [(S + T )/T ], T ≥ 1, (46)

£¤¥ T Å ±µ²¨Î¥¸É¢µ ¸¶²µÏ´ÒÌ ¶µ¢Éµ·µ¢.
ƒ· Ë¨± ËÊ´±Í¨¨ IS(T ) ¶µ± § ´ ´  ·¨¸. 9 ¤²Ö · §´ÒÌ S. ‚ ¶·¥¤¥²¥ (Ê¸É -

´µ¢¨¢Ï¨°¸Ö ¶·µÍ¥¸¸) ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ´  ± ¦¤µ³ Ï £¥ · ¢´µ ´Ê²Õ,
± ± ÔÉµ ¨ ¸²¥¤Ê¥É ¨§ Ëµ·³Ê²Ò ˜¥´´µ´ , ´µ µ¡Ð¥¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨
¨§-§  ´ Î ²Ó´µ£µ ¶¥·¥Ìµ¤´µ£µ ¶·µÍ¥¸¸  Ö¢´µ ´¥´Ê²¥¢µ¥ (¸³. ¨´É¥£· ²Ó´Ò¥
±·¨¢Ò¥ I(T ) ´  ·¨¸. 9).
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Œ ±·µ- ¨ ³¨±·µ¸µ¸ÉµÖ´¨Ö. …¸²¨  ´ ²¨§¨·µ¢ ÉÓ ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨° s(l),
¢Ìµ¤ÖÐ¨Ì ¢ ¶µ²´µ¥ ³´µ¦¥¸É¢µ ·¥ ²¨§ Í¨° SL, Éµ ¢µ ³´µ£¨Ì ¨§ ´¨Ì µ¡´ ·Ê-
¦¨É¸Ö ¶µ¢Éµ·¥´¨¥ ¸µÎ¥É ´¨° ¸µ¸ÉµÖ´¨°. �µ¢Éµ·Ö¥³µ¸ÉÓ ¸µÎ¥É ´¨° ¸µ¸ÉµÖ´¨°
µÎ¥¢¨¤´Ò³ µ¡· §µ³ ¸¢Ö§ ´  ¸ ¶µ¢Éµ·Ö¥³µ¸ÉÓÕ ¸µ¸ÉµÖ´¨°, ±µÉµ·Ò¥ ¢ ´¥¥ ¢Ìµ-
¤ÖÉ. �¤´ ±µ ¢ ¸¨²Ê Ê¶µ·Ö¤µÎ¥´´µ¸É¨ (¶·¥¤¸± §Ê¥³µ¸É¨) ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨
¸µ¸ÉµÖ´¨° ¢´ÊÉ·¨ ± ¦¤µ£µ ¸²¥¤ÊÕÐ¥£µ ¸µÎ¥É ´¨Ö ¤ ´´µ£µ ¢¨¤  ±µ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨ ¶µ´¨¦ ¥É¸Ö ¸¨²Ó´¥¥, Î¥³ ÔÉµ ¸²¥¤Ê¥É ¨§ (43). „¥°¸É¢¨É¥²Ó´µ,
¤²Ö µ¶¨¸ ´¨Ö ¶µ¢Éµ·ÖÕÐ¥£µ¸Ö ¸µÎ¥É ´¨Ö ¸µ¸ÉµÖ´¨° ¤µ¸É ÉµÎ´µ µ¶¨¸ ÉÓ ¥£µ ¢
¶¥·¢Ò° · §,   § É¥³ Ê± §Ò¢ ÉÓ ²¨ÏÓ Ë ±É ¥£µ ¶µÖ¢²¥´¨Ö:

IC = I(S,C) +NC log [(S + 1 + L)/(NCC)], (47)

§¤¥¸Ó C Å ¤²¨´  ¸µÎ¥É ´¨Ö ¸µ¸ÉµÖ´¨°,   NC Å ±µ²¨Î¥¸É¢µ ¥£µ ¶µÖ¢²¥´¨°.
�µ¢Éµ·Ö¥³ Ö Í¥¶µÎ±  ¸µ¸ÉµÖ´¨° ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¤µ¶µ²´¨-

É¥²Ó´µ¥ ³ ±·µ¸µ¸ÉµÖ´¨¥ ¨ ³µ¦¥É ¡ÒÉÓ ¤µ¡ ¢²¥´µ ± ´ Î ²Ó´µ ¨§¢¥¸É´µ³Ê ´ -
¡µ·Ê ¸µ¸ÉµÖ´¨° S (¸³. (S + 1) ¢ Ëµ·³Ê²¥ (47)). Š ¦¤µ¥ ³ ±·µ¸µ¸ÉµÖ´¨¥
¢´µ¸¨É ´¥ µ¤¨´,   C µÉ·¥§±µ¢ ¢ ±µ¤µ¢Ò° ¨´É¥·¢ ², ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸µ ¸¢µ¥°
¤²¨´µ° (§´ ³¥´ É¥²Ó ¶·¨ ²µ£ ·¨Ë³¥ ¢ (47)), É.¥. ¢ C · §  ±É¨¢´¥¥ ®¢ÒÉ¥¸´Ö¥É¯
µ¤¨´µÎ´Ò¥ ¸µ¸ÉµÖ´¨Ö ´  Î ¸É´µ³ ±µ¤µ¢µ³ ¨´É¥·¢ ²¥.
Œ ±·µ¸ ± ± µ¡Ñ¥¤¨´¨É¥²Ó ¶µ¢Éµ·ÖÕÐ¥°¸Ö Í¥¶µÎ±¨ ¸µ¸ÉµÖ´¨° Ô±¢¨¢ ²¥´-

É¥´ ¶µ´ÖÉ¨Õ ¶µ¤¶·µ£· ³³Ò (µ¡Ñ¥¤¨´¥´¨¥ ¶µ¢Éµ·ÖÕÐ¥°¸Ö Í¥¶µÎ±¨ ¤¥°¸É¢¨°)
¢  ²£µ·¨É³¨Î¥¸±µ³ Ö§Ò±¥ ¶·µ£· ³³¨·µ¢ ´¨Ö. �µ¢Éµ·ÖÕÐ¨¥¸Ö ³ ±·µ¸µ¸ÉµÖ-
´¨Ö, ± ± ¨ ¶µ¤¶·µ£· ³³Ò, ³µ£ÊÉ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, µ¡Ñ¥¤¨´ÖÉÓ¸Ö ¢ ³ ±·µ¸Ò
¡µ²¥¥ ¢Ò¸µ±µ£µ Ê·µ¢´Ö ¨¥· ·Ì¨¨ (¸³. ·¨¸. 2).
�  ±µ¤µ¢µ³ ¤¥·¥¢¥, ¶µ± § ´´µ³ ´  ·¨¸. 7, ³ ±·µ¸Ò µ¡· §ÊÕÉ¸Ö ´  ¥£µ

´¨¦´¨Ì ¢¥É¢ÖÌ Å ÔÉµ £·Ê¶¶Ò ¸µ¸ÉµÖ´¨°, µ¡Ñ¥¤¨´¥´´Ò¥ ¶µ¸·¥¤¸É¢µ³ Î ¸É´ÒÌ
¤¥·¥¢Ó¥¢. ‡´ Ö ¸É·µ¥´¨¥ Î ¸É´µ£µ ¤¥·¥¢ , ¤µ¸É ÉµÎ´µ Ê± §Ò¢ ÉÓ ²¨ÏÓ ´  ¥£µ
¢¥·Ï¨´Ê, ¸µ±· Ð Ö ¶µ²´Ò° Ê± § É¥²Ó ´  ¢Ò¸µÉÊ Î ¸É´µ£µ ¤¥·¥¢ .
� £²Ö¤´Ò³ ¶·¨³¥·µ³ ¨¸¶µ²Ó§µ¢ ´¨Ö ³ ±·µ¸µ¢ Ö¢²Ö¥É¸Ö ¶¥·¥¤ Î  É¥±¸É .

Œµ¦´µ ¶¥·¥¤ ¢ ÉÓ É¥±¸É, ± ¦¤Ò° · § · §¡¨¢ Ö ¶¥·¥¤ ÎÊ ¡Ê±¢Ò ´  ÉµÎ±¨, · ¸-
¶µ²µ¦¥´¨¥ ±µÉµ·ÒÌ µÉµ¡· ¦ ¥É ¥¥ ´ Î¥·É ´¨¥. Ÿ¸´µ, ÎÉµ ¢ É ±µ° ¶¥·¥¤ Î¥
®· §¡¨¥´¨Ö¯ ¡Ê¤ÊÉ Î ¸Éµ ¶µ¢Éµ·ÖÉÓ¸Ö. ‘ÊÐ¥¸É¢¥´´µ ¢Ò£µ¤´¥¥ µ¶·¥¤¥²¨ÉÓ ³ -
±·µ¸Ò ´ Î¥·É ´¨° ¡Ê±¢ (¢ ·¨ ´É Ï·¨ËÉ ) ¢ ¢¨¤¥ ´ ¡µ·  ÉµÎ¥± § · ´¥¥ (¶·¥¤-
¢ ·¨É¥²Ó´µ¥ §´ ´¨¥) ¨²¨ ¢ ´ Î ²¥ ¶¥·¥¤ Î¨ (µ¡ÊÎ ¥³µ¸ÉÓ),   § É¥³ Ê± §Ò¢ ÉÓ
²¨ÏÓ ´  ¢ ·¨ ´É ³ ±·µ¸  ¡Ê±¢Ò.
Š ¦¤µ¥ ¸µ¸ÉµÖ´¨¥, ¶µ²ÊÎ¥´´µ¥ ¶·¨ ¤¨¸±·¥É¨§ Í¨¨ (35), ³µ¦¥É µ± § ÉÓ¸Ö

³ ±·µ¸µ³. …¸²¨ ¶µ´¨§¨ÉÓ ¶µ·µ£ ¢µ¸¶·¨ÖÉ¨Ö Q, Éµ, ¸±µ·¥¥ ¢¸¥£µ, µ¡´ ·Ê¦¨É¸Ö,
ÎÉµ ± ¦¤µ¥ ¸µ¸ÉµÖ´¨¥ · §¤¥²¨É¸Ö ´  ·Ö¤ ³¨±·µ¸µ¸ÉµÖ´¨°, ¸±·ÒÉÒÌ ´  ¶·¥¤Ò-
¤ÊÐ¥³ Ê·µ¢´¥ ¢µ¸¶·¨ÖÉ¨Ö.

ˆ´Ëµ·³ Í¨Ö ± ± ³¥·  Ì µÉ¨Î´µ¸É¨ ¶µ¢¥¤¥´¨Ö. �  ·¨¸. 10 ¨ ·¨¸. 11
¶·¥¤¸É ¢²¥´Ò ¤¢  ¶·¨³¥·  ËÊ´±Í¨° ¨§ ´ ¡µ·  SL, ¨³¥ÕÐ¨x · ¢´µ³¥·´µ¥
· ¸¶·¥¤¥²¥´¨¥ ¸µ¸ÉµÖ´¨° ¨²¨ ³ ±·µ¸µ¸ÉµÖ´¨° ´  ¨´É¥·¢ ²¥ L. Š § ²µ¸Ó
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¨¸. 10. ‹µ± ²¨§ Í¨Ö ¸µ¸ÉµÖ´¨° ²µ£¨Î¥¸±µ° ËÊ´±Í¨¨:  ) ¶·¨³¥· ²µ± ²¨§ Í¨¨ ¢ §µ´ Ì
Z×K ¶·¨ µ¡Ð¥³ · ¢´µ³¥·´µ³ · ¸¶·¥¤¥²¥´¨¨ ¸µ¸ÉµÖ´¨°; ¡) ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨
´  Ï £ ¶µ L ¶·¨ ¶µ¤µ¡´µ³ · ¸¶·¥¤¥²¥´¨¨

¡Ò, ÎÉµ ¤²Ö ´¨Ì ¤µ²¦´  ¡ÒÉÓ ¶·¨³¥´¨³  Ëµ·³Ê²  (39) ¨²¨, ¶µ ±· °´¥° ³¥·¥,
(43). �¥É·Ê¤´µ § ³¥É¨ÉÓ, µ¤´ ±µ, ÎÉµ ÔÉ¨ ËÊ´±Í¨¨ ´¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ¢ ¶µ²´µ°
³¥·¥ É·¥¡µ¢ ´¨Õ ´¥¶·¥¤¸± §Ê¥³µ¸É¨ (¸²ÊÎ °´µ¸É¨) ¶µ¢¥¤¥´¨Ö: ¶¥·¢ Ö Å ¶µ
µ¸¨ ¸µ¸ÉµÖ´¨° S, ¢Éµ· Ö Å ¶µ µ¸¨ µÉ¸Î¥Éµ¢ L.

‹µ± ²¨§ Í¨Ö ¸µ¸ÉµÖ´¨°. ‚ ·¥ ²Ó´ÒÌ ¨¸Ìµ¤´ÒÌ ËÊ´±Í¨ÖÌ y(x) ¢ ¸¨²Ê
¸¶ ¤ ÕÐ¥£µ Ì · ±É¥·  ¨Ì ¸¶¥±É·  ·¥§±¨¥ ´¥¡µ²ÓÏ¨¥ ¨§³¥´¥´¨Ö ¸µ¸ÉµÖ´¨°
¶·µ¨¸Ìµ¤ÖÉ £µ· §¤µ Î Ð¥, Î¥³ ¨§³¥´¥´¨Ö ¢ ¶µ²´µ³ ¤¨ ¶ §µ´¥ (¶·µ¨¸Ìµ¤ÖÐ¨¥
¶² ¢´µ). �Éµ µ§´ Î ¥É, ÎÉµ §´ Î¥´¨Ö ËÊ´±Í¨° s(l), ± ± ¶· ¢¨²µ, ²µ± ²¨§ÊÕÉ¸Ö
´  ¤µ¸É ÉµÎ´µ ¶·µÉÖ¦¥´´ÒÌ ÊÎ ¸É± Ì K ¢ ¸· ¢´¨É¥²Ó´µ ³ ²ÒÌ µ¡² ¸ÉÖÌ §´ -
Î¥´¨° ËÊ´±Í¨¨ Z (¸³. ·¨¸. 10,  ¢ ± Î¥¸É¢¥ ¶·¨³¥· ).

‘µ¡¸É¢¥´´µ, ³Ò Ê¦¥ ¢Éµ·µ° · § £µ¢µ·¨³ µ ²µ± ²¨§ Í¨¨. ‘´ Î ²  ¨§ µ¡Ð¥°
¸·¥¤´¥°, · ¢´µ³¥·´µ° ¶µ S ± ·É¨´Ò ¶µ¢¥¤¥´¨Ö ¢¸¥Ì ¢µ§³µ¦´ÒÌ ²µ£¨Î¥¸±¨Ì
ËÊ´±Í¨° µÉµ¡· ¦¥´¨Ö ³Ò ¢Ò¤¥²¨²¨ ± ¦¤ÊÕ ËÊ´±Í¨Õ ¶µ ¥¥ ¨´¤¨¢¨¤Ê ²Ó-
´µ³Ê ¶µ¢¥¤¥´¨Õ (44). ‘¥°Î ¸ ³Ò ÌµÉ¨³ ¢Ò¤¥²¨ÉÓ ¢ ± ¦¤µ° ËÊ´±Í¨¨ ÊÎ ¸É±¨
®¨´¤¨¢¨¤Ê ²Ó´µ£µ¯ ¸É Í¨µ´ ·´µ£µ ¶µ¢¥¤¥´¨Ö ¢ ´¥±µÉµ·µ° §µ´¥ Z < S.
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¨¸. 11. �·¨³¥·Ò Í¨±²¨Î¥¸±¨Ì ¶µ¢Éµ·µ¢ ( ,¡), ¶·¨ ±µÉµ·ÒÌ ¸µ¸ÉµÖ´¨Ö · ¢´µ³¥·´µ
· ¸¶·¥¤¥²¥´Ò; ¢) ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ (¢ ¡¨É Ì) ´  Ï £ ¶µ L

”µ·³Ê²Ê (43) ³µ¦´µ · ¸¶·µ¸É· ´¨ÉÓ ´  ¸²ÊÎ ° ²µ± ²Ó´µ ¢Ò¤¥²¥´´µ° ¨´-
É¥´¸¨¢´µ¸É¨ ¢ §µ´¥ ¸µ¸ÉµÖ´¨°. ‚ ÔÉµ³ ¸²ÊÎ ¥ ®¢ÒÉ¥¸´ÖÕÐ¨³¨¯ µ¸É ²Ó´ÒÌ
¡Ê¤ÊÉ Z · ¢´ÒÌ ±µ¤µ¢ÒÌ µÉ·¥§±µ¢, Éµ£¤  ¤²Ö ¢¸¥° §µ´Ò:

I(Z,K) =
∑
Z

NZ log [(S +K)/NZ], NZ ≥ 1. (48)

‘·¥¤´ÖÖ ¢¥²¨Î¨´  ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ ´  ± ¦¤µ³ Ï £¥ I(Z,K)/K =
= log (Z) ¶·¨ · ¢´µ³¥·´µ³ · ¸¶·¥¤¥²¥´¨¨ NK(Z) = K/Z (K >> Z). ‘µ¶µ-
¸É ¢¨¢ (48) ¸ (43), ´¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ´¥É · §´¨ÍÒ ¢ ¶· ¢¨² Ì µ¶·¥¤¥²¥´¨Ö
¸·¥¤´¥£µ Ê¸É ´µ¢¨¢Ï¥£µ¸Ö ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ ¤²Ö ¶µ²´µ£µ ¤¨ ¶ §µ´ 
§´ Î¥´¨° ËÊ´±Í¨¨ S ¨²¨ ¤²Ö ¥£µ Î ¸É¨ Z, §  ¨¸±²ÕÎ¥´¨¥³ Éµ£µ, ÎÉµ ¸ÊÐ¥-
¸É¢Ê¥É µ¶·¥¤¥²¥´´Ò° ¶¥·¥Ìµ¤´Ò° ¶·µÍ¥¸¸ µÉ S ± Z ¸µ¸ÉµÖ´¨Ö³ ¶·¨ ¢Ìµ¤¥ ¢
®§µ´Ê¯ (¶µ¤ §´ ±µ³ ²µ£ ·¨Ë³  ¢ (48) ¸Éµ¨É S,   ´¥ Z).
Šµ¤¨·µ¢ ´¨¥ ²µ± ²¨§µ¢ ´´ÒÌ ¢¥²¨Î¨´ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¶¥·¥-

Ìµ¤ µÉ ¨Ì  ¡¸µ²ÕÉ´µ£µ §´ Î¥´¨Ö ± µÉ´µ¸¨É¥²Ó´Ò³. �µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ
¸¤¢¨£ ÉµÎ±¨ µÉ¸Î¥É  ¶·¨¢µ¤¨É ± ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¨³ §´ Î¥´¨Ö³ µÉ±²µ´¥-
´¨° ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö, É.¥. Ê¸É· ´Ö¥É ¶µ¢Éµ·Ö¥³µ¸ÉÓ §´ ±µ¢ ¢ ¸É ·Ï¨Ì
· §·Ö¤ Ì Ê± § É¥²Ö. �Éµ ¤ ¥É ±²ÕÎ ± · ¸¶µ§´ ¢ ´¨Õ §µ´ ²µ± ²¨§ Í¨¨: ¥¸²¨
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Ê± § ´¨¥ ¸¤¢¨£  ÉµÎ±¨ µÉ¸Î¥É  ¨ · §·Ö¤´µ¸É¨ ²µ± ²Ó´µ£µ Ê± § É¥²Ö,   É ±¦¥
¶µ¸²¥¤ÊÕÐ¥¥ Ê± § ´¨¥ µÉ¸Î¥Éµ¢ ¢  ´ ²¨§¨·Ê¥³µ° ¸¥·¨¨ É·¥¡Ê¥É ¸ÊÐ¥¸É¢¥´´µ
³¥´ÓÏ¥£µ Î¨¸²  §´ ±µ¢, Î¥³ ¶·¨ ¸µÌ· ´¥´¨¨ £²µ¡ ²Ó´µ£µ Ê± § É¥²Ö, Éµ ¶¥·¥¤
´ ³¨ Ö¢´Ò° ®²µ± ²¯.
‚µµ¡Ð¥ £µ¢µ·Ö, ¥¸²¨ §µ´  ²µ± ²¨§ Í¨¨ ¤µ¸É ÉµÎ´µ ¶·µ¤µ²¦¨É¥²Ó´ , Éµ

¶µ¢ÒÏ¥´¨¥ ¨´É¥´¸¨¢´µ¸É¨ µ£· ´¨Î¥´´µ° £·Ê¶¶Ò ¸µ¸ÉµÖ´¨° ¶µ¸É¥¶¥´´µ ¶·µ-
Ö¢¨É¸Ö ¨ ¢ Ëµ·³Ê²¥ (44), ´µ ´  ¶·¥µ¤µ²¥´¨¥ ®´ ±µ¶²¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö¯
¶·¥¤Ò¤ÊÐ¨Ì µÉ¸Î¥Éµ¢ (45) ¶µÉ·¥¡Ê¥É¸Ö ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ¥ Î¨¸²µ Ï £µ¢.

–¨±²¨Î¥¸±µ¥ ¶µ¢Éµ·¥´¨¥ ¸µ¸ÉµÖ´¨°. �·¨ Í¨±²¨Î¥¸±µ³ ¶µ¢Éµ·¥´¨¨ ¸µ-
¸ÉµÖ´¨° ¨Ì · ¸¶·¥¤¥²¥´¨¥ · ¢´µ³¥·´µ: LS = S, ´µ ± ¦¤Ò° Í¨±² µ¡· §Ê¥É
³ ±·µ¸µ¸ÉµÖ´¨¥, ¶µ¢Éµ·ÖÕÐ¥¥¸Ö ´¥¶·¥·Ò¢´µ.
�  ·¨¸.11, ,¡ ¶·¨¢¥¤¥´Ò ¶·¨³¥·Ò ´¥¶·¥·Ò¢´µ£µ ¶µ¢Éµ·  ³ ±·µ¸µ¸ÉµÖ-

´¨°, § ´¨³ ÕÐ¨Ì ¢¥¸Ó ¤¨ ¶ §µ´ ¸µ¸ÉµÖ´¨° (Z = S = 8), É.¥. ´ Î¨´ ÕÐ¥£µ¸Ö
Í¨±²¨Î¥¸±µ£µ ¶·µÍ¥¸¸  (L = NCK). Šµ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¤²Ö µ¶¨¸ ´¨Ö
¶¥·¢µ£µ ®±µ²¥¡ ´¨Ö¯ · ¢´µ 8 · 3 = 24 ¡¨É (²¥¢µ¥ ¸² £ ¥³µ¥ (48)). Šµ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨ ´  Ê¸É ´µ¢²¥´¨¥ ¶µ¢Éµ·ÖÕÐ¥£µ¸Ö ¶·µÍ¥¸¸  ¸µ¸É ¢²Ö¥É ∼ 12 ¡¨É
(¸³. ±·¨¢ÊÕ I(T ) ¤²Ö S = 2 ´  ·¨¸. 9). ‚ Ê¸É ´µ¢¨¢Ï¥³¸Ö ·¥¦¨³¥ (¶·¨ ²Õ¡µ³
¢¨¤¥ ±µ²¥¡ ´¨°) ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ´  ± ¦¤µ³ Ï £¥ ¶µ L · ¢´µ ´Ê²Õ,
ÌµÉÖ ¨§ Ëµ·³Ê²Ò (43), É ± ¦¥, ± ± ¨§ Ëµ·³Ê²Ò ˜¥´´µ´ , ¨³¥¥³ 3 ¡¨É/Ï £
¤²Ö ·¨¸. 11 (Ëµ·³ ²Ó´µ ¸µ¸ÉµÖ´¨Ö · ¢´µ³¥·´µ · ¸¶·¥¤¥²¥´Ò).
ˆ³¥´´µ ¢ ¸¨²Ê ¸¢µ°¸É¢  ²µ± ²¨§ Í¨¨ ³Ò ¨§¡¥£ ²¨ ¢ ¤ ´´µ° · ¡µÉ¥ µ¶·¥-

¤¥²¥´¨Ö ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ Î¥·¥§ ³ É¥³ É¨Î¥¸±µ¥ ¶µ´ÖÉ¨¥ ¢¥·µÖÉ´µ¸É¨
¸µ¸ÉµÖ´¨°, ¶µ¸±µ²Ó±Ê µ´µ ¡¥§· §²¨Î´µ Ê¸·¥¤´Ö¥É ²µ± ²Ó´µ ¢Ò¤¥²¥´´Ò¥ ¨ Í¨-
±²¨Î¥¸±¨¥ ¶µ¢Éµ·Ò ¸µ¸ÉµÖ´¨°.

3. hifŠ’ˆ—…‘Šˆ… hiˆ…Œ› ŠS„ˆiS‚fQˆŸ ˆQ”SiŒf–ˆˆ

ƒ¨¸Éµ£· ³³  ¨ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨. ‘·¥¤¨ ³´µ¦¥¸É¢  ·¥£¨¸É·¨·Ê¥-
³ÒÌ ¸µ¡ÒÉ¨° ²¨ÏÓ ´¥¡µ²ÓÏ Ö ¨Ì Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¤²Ö Ô±¸¶¥·¨³¥´-
É Éµ· . �¤´¨³ ¨§ ¸¶µ¸µ¡µ¢ ¢Ò¤¥²¥´¨Ö ¨¸±µ³ÒÌ ¸µ¡ÒÉ¨° Ö¢²Ö¥É¸Ö ¶µ¸É·µ¥´¨¥
£¨¸Éµ£· ³³, É.¥. · ¸¶·¥¤¥²¥´¨Ö ¨´É¥´¸¨¢´µ¸É¥° ¶µÖ¢²¥´¨Ö É¥Ì ¨²¨ ¨´ÒÌ ¸µ-
¸ÉµÖ´¨° ¨§³¥·Ö¥³ÒÌ ¶ · ³¥É·µ¢.
‚ £¨¸Éµ£· ³³¥ Î¨¸²µ ±µ²µ´µ± · ¢´µ S, ¢Ò¸µÉ  ± ¦¤µ° ±µ²µ´±¨ NS,  

¸Ê³³  ¢¸¥Ì ¢Ò¸µÉ Å L ¤²Ö ¤ ´´µ£µ ¶ · ³¥É· . �µÔÉµ³Ê ± ¦¤ Ö ±µ²µ´± 
£¨¸Éµ£· ³³Ò ¸µ¶·Ö¦¥´  ¸ µ¶·¥¤¥²¥´´Ò³ ±µ²¨Î¥¸É¢µ³ ¨´Ëµ·³ Í¨¨ ¤²Ö µ¶·¥-
¤¥²¥´´µ£µ ¸µ¸ÉµÖ´¨Ö, ¢ÒÉ¥± ÕÐ¨³ ¨§ Ê· ¢´¥´¨Ö (43).

i ´¦¨·µ¢ ´´ Ö £¨¸Éµ£· ³³ . �¥¸³µÉ·Ö ´  ³´µ£µµ¡· §¨¥ Ëµ·³ £¨¸Éµ-
£· ³³ ¨Ì ³µ¦´µ ¸£·Ê¶¶¨·µ¢ ÉÓ ¶µ É¨¶ ³ ¸ µ¤¨´ ±µ¢Ò³ µ¡Ð¨³ ®±µ²¨Î¥¸É¢µ³
¨´Ëµ·³ Í¨¨¯, ¥¸²¨ · ¸¶µ² £ ÉÓ ¸µ¸ÉµÖ´¨Ö ¢ ¶µ·Ö¤±¥ Ê¡Ò¢ ´¨Ö ¨Ì ¨´É¥´-
¸¨¢´µ¸É¨. �·¨³¥·Ò É ±¨Ì · ´¦¨·µ¢ ´´ÒÌ £¨¸Éµ£· ³³ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 12.
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¨¸. 12. Šµ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¶·¨ · §´ÒÌ ¢¨¤ Ì · ¸¶·¥¤¥²¥´¨Ö ¸µ¸ÉµÖ´¨° Å ¢
· ´¦¨·µ¢ ´´ÒÌ £¨¸Éµ£· ³³ Ì:  ) ²¨´¥°´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¨´É¥´¸¨¢´µ¸É¥°; ¡) · ¸¶·¥-
¤¥²¥´¨¥ ¶µ £¨¶¥·¡µ²¥; ¢) ±¢ ¤· É¨Î´ Ö £¨¶¥·¡µ² ; £) · ¸¶·¥¤¥²¥´¨¥ ¶µ Ô±¸¶µ´¥´É¥;
¤) £ Ê¸¸µ¢µ · ¸¶·¥¤¥²¥´¨¥. �  £· Ë¨± Ì Ê± § ´Ò Ì · ±É¥·¨¸É¨Î¥¸± Ö ¶µ¸ÉµÖ´´ Ö (³ -
É¥³ É¨Î¥¸± Ö ¥¤¨´¨Í  ¤²¨´Ò) ¨ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨

’¨¶¨Î´Ò³¨  ³¶²¨ÉÊ¤´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨ ¢ Ö¤¥·´µ° Ë¨§¨±¥ Ö¢²ÖÕÉ¸Ö Ô±¸-
¶µ´¥´Í¨ ²Ó´µ¥ (·¨¸.12,£):

NS(S) = 1/ exp (S/S0) (49)

¨ £ Ê¸¸µ¢¸±µ¥ (·¨¸.12,¤):

NS(S) = 1/ exp [(S/S0)2]. (50)

�  ·¨¸. 12 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´µ£µ ³µ¤¥²¨·µ¢ ´¨Ö ±µ²¨Î¥-
¸É¢  ¨´Ëµ·³ Í¨¨ ´  µ¤´µ ¨§³¥·¥´¨¥ ¶·¨ · §²¨Î´ÒÌ · ¸¶·¥¤¥²¥´¨ÖÌ  ³¶²¨-
ÉÊ¤ (Ëµ·³ Ì · ´¦¨·µ¢ ´´ÒÌ £¨¸Éµ£· ³³). ‚¨¤´µ, ÎÉµ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ -
Í¨¨ ¸² ¡µ § ¢¨¸¨É µÉ ¢¨¤  · ¸¶·¥¤¥²¥´¨Ö ¨ ¶µ´¨¦ ¥É¸Ö ¶·¨³¥·´µ ¢¤¢µ¥ ¶·¨
(S/S0) ∼= 20. Œ ±¸¨³ ²Ó´µ¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ (38) ®¸µ¤¥·¦¨É¯ ¶²µ¸-
± Ö £¨¸Éµ£· ³³  (¶µ± § ´  ¶Ê´±É¨·µ³ ´  ·¨¸.12, ). �µ¸±µ²Ó±Ê ¨¸±µ³Ò¥ ¸µ¡Ò-
É¨Ö ¢Ò¤¥²ÖÕÉ¸Ö µ¡ÒÎ´µ ± ± ¶¨± ´  £¨¸Éµ£· ³³¥, Ê ´¨Ì ³¥´ÓÏ¥ ¨´Ëµ·³ É¨¢-
´µ¸ÉÓ, Î¥³ Ê Ëµ´ ,   µ¡Ð¥¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¢¸¥£¤  ´¨¦¥ ±µ²¨Î¥¸É¢ 
¤ ´´ÒÌ, ´  µ¸´µ¢¥ ±µÉµ·ÒÌ ¶µ¸É·µ¥´  £¨¸Éµ£· ³³ .
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Šµ³¶·¥¸¸¨Ö ¤ ´´ÒÌ. �µ¢Éµ·¨³, ÎÉµ ¤ ´´Ò¥ ¨§³¥·¥´¨Ö ¶µ²ÊÎ ÕÉ¸Ö ¢
·¥§Ê²ÓÉ É¥ ¶·µÍ¥¤Ê·Ò ¤¨¸±·¥É¨§ Í¨¨ ¸¨£´ ²  ¨ ±µ¤¨·µ¢ ´¨Ö ¸µ¸ÉµÖ´¨° ¶µ
Ëµ·³Ê² ³ (38), (39) ¡¥§ ÊÎ¥É  ¨´É¥´¸¨¢´µ¸É¨ ¨Ì ¶µÖ¢²¥´¨Ö ¢ É¥±ÊÐ¥° ¸¥·¨¨
µÉ¸Î¥Éµ¢. �µ²ÊÎ¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´µ° ¨´Ëµ·³ Í¨¨ ¸µµÉ¢¥É¸É¢Ê¥É ±µ¤¨·µ-
¢ ´¨Õ ¶µ Ëµ·³Ê²¥ (44). ˆ´Ëµ·³ Í¨Ö ³µ¦¥É ¡ÒÉÓ ¢Ò¤¥²¥´  Ê¦¥ ¶µ¸²¥ ¶µ²Ê-
Î¥´¨Ö ¤ ´´ÒÌ, ÔÉµÉ ¶·µÍ¥¸¸ ¶µ²ÊÎ¨² ´ §¢ ´¨¥ ±µ³¶·¥¸¸¨¨ ¤ ´´ÒÌ [30]. ’·¨
µ¸´µ¢´ÒÌ ¸¶µ¸µ¡  ±µ³¶·¥¸¸¨¨ ¤ ´´ÒÌ ±· É±µ µ¡¸Ê¦¤ ÕÉ¸Ö ´¨¦¥.

Šµ¤Ò • ËË³ ´ . Š ¦¤µ¥ ¸µ¸ÉµÖ´¨¥ ¢ ¤ ´´ÒÌ ±µ¤¨·Ê¥É¸Ö ¨´¤¨¢¨¤Ê ²Ó´µ
±µ¤µ³ ¶µ¸ÉµÖ´´µ° ¤²¨´Ò (¶µ²´Ò³ ¤¥·¥¢µ³ Å ·¨¸.7, ). …¸²¨ ±µ¤¨·µ¢ ÉÓ ¨´-
Ëµ·³ Í¨Õ ¤²Ö ± ¦¤µ£µ ¸µ¸ÉµÖ´¨Ö, Éµ ±µ¤, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ëµ·³Ê²µ° (43),
¤µ²¦¥´ ¨³¥ÉÓ ¶¥·¥³¥´´ÊÕ ¤²¨´Ê (¨¸¶µ²Ó§Ê¥É¸Ö ®±µ¸µ¥¯ ¤¥·¥¢µ ¸ ¶¥·¥³¥´´µ°
¤²¨´µ° ¢¥É¢¥° Å ¸³. ±·Ê¦±¨ ´  ·¨¸.7,¡). ‘¥³¥°¸É¢µ ±µ¤µ¢ ¶¥·¥³¥´´µ° ¤²¨´Ò
´ §Ò¢ ¥É¸Ö ±µ¤ ³¨ • ËË³ ´  [5]. ‚Ò¡µ· ¤²¨´ ±µ¤µ¢ ¶·µ¨¸Ìµ¤¨É ¢ ·¥§Ê²ÓÉ É¥
 ´ ²¨§  · ´¦¨·µ¢ ´´µ° £¨¸Éµ£· ³³Ò ¸µ¸ÉµÖ´¨°.
�·µ¡²¥³µ° ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ±µ¤µ¢ ¶¥·¥³¥´´µ° ¤²¨´Ò Ö¢²Ö¥É¸Ö ¶µ¸²¥-

¤ÊÕÐ¥¥ · ¸¶µ§´ ¢ ´¨¥ ±µ¤  ±µ´±·¥É´µ£µ µÉ¸Î¥É  ¢ µ¡Ð¥° ¶µ²ÊÎ¥´´µ° ¸¥·¨¨
§´ ±µ¢. �É  ¶·µ¡²¥³  ³µ¦¥É ¡ÒÉÓ ·¥Ï¥´  ´¥¸±µ²Ó±¨³¨ ¸¶µ¸µ¡ ³¨:
1) ¢¢¥¤¥´¨¥³ §´ ±  ®¶·µ¡¥²¯ ¶·¨ v > 2 É ± ¦¥, ± ± ¢ µ¡ÒÎ´µ³ É¥±¸É¥;
2) ± ¦¤Ò° ±µ´±·¥É´Ò° ±µ¤ ³µ¦¥É ¸µ¤¥·¦ ÉÓ ¢´ÊÉ·¥´´¨° Ê± § É¥²Ó ´ 

¸¢µÕ ¤²¨´Ê [38];
3) ¸É·Ê±ÉÊ·  ±µ¸µ£µ ¤¥·¥¢  ³µ¦¥É ¡ÒÉÓ § · ´¥¥ ¨§¢¥¸É´ .
�µ¸±µ²Ó±Ê ± ¦¤µ¥ ¸µ¸ÉµÖ´¨¥ ±µ¤¨·Ê¥É¸Ö ¨´¤¨¢¨¤Ê ²Ó´µ ¨ ¤²¨´  ± ¦¤µ£µ

±µ¤  ¤¨¸±·¥É´ , Éµ ¨´Ëµ·³ Í¨Ö ®¶µ • ËË³ ´Ê¯ ¢¸¥£¤  ±· É´  Í¥²µ³Ê Î¨¸²Ê
(¡¨É, ¤¨É,...). �Éµ ¨ ¶µ·µ¦¤ ¥É § ¡²Ê¦¤¥´¨¥, ÎÉµ ¤¨¸±·¥É´µ ¨ ±µ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨ (¸³. ¶¥·¢Ò° ¢µ¶·µ¸ ¢¢¥¤¥´¨Ö). �·µ¢¥¤¥´´Ò° ¢ÒÏ¥  ´ ²¨§ Ö¸´µ
¶µ± §Ò¢ ¥É, ÎÉµ ¨´Ëµ·³ Í¨Ö Ö¢²Ö¥É¸Ö  ´ ²µ£µ¢µ° (´¥¶·¥·Ò¢´µ°) ¢¥²¨Î¨´µ°,
  ¶·¨´Í¨¶¨ ²Ó´µ ¤¨¸±·¥É´Ò³¨ Ö¢²ÖÕÉ¸Ö ²¨ÏÓ ¸µ¸ÉµÖ´¨Ö.
Šµ£¤  ¸·¥¤´¥¥ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ (´  Ï £ ¶µ L) ¸ÊÐ¥¸É¢¥´´µ ¡µ²ÓÏ¥

¥¤¨´¨ÍÒ, Éµ ¶µ¤µ¡´µ¥ µ±·Ê£²¥´¨¥ ¤µ Í¥²µ£µ ´¥ ¨£· ¥É ¸ÊÐ¥¸É¢¥´´µ° ·µ²¨ ´ 
¶· ±É¨±¥. �¤´ ±µ ¶·¨ ³ ²µ³ Î¨¸²¥ ¸µ¸ÉµÖ´¨° ¨²¨ ±µ£¤  µ¤´µ ¨§ ´¨Ì ¤µ-
³¨´¨·Ê¥É ¢ S(L), ®µÏ¨¡±  µ±·Ê£²¥´¨Ö¯ ³µ¦¥É ¸É ÉÓ §´ Î¨É¥²Ó´µ°. …¸²¨,
´ ¶·¨³¥·, ± ±µ¥-Éµ ¸µ¸ÉµÖ´¨¥ ¶µ¢Éµ·Ö¥É¸Ö ¢ 10 · § Î Ð¥ µ¸É ²Ó´ÒÌ, Éµ ±µ²¨-
Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¶·¨ ¶µÖ¢²¥´¨¨ ÔÉµ£µ ¸µ¸ÉµÖ´¨Ö ¥¸ÉÓ (44): log2(11/10) =
= 0, 14 ¡¨É. ’µ£¤  µÏ¨¡±  µÉ ¨¸¶µ²Ó§µ¢ ´¨Ö ¨´¤¨¢¨¤Ê ²Ó´ÒÌ ±µ¤µ¢ ¤²Ö ± -
¦¤µ£µ ¸µ¸ÉµÖ´¨Ö (¤ ¦¥ ¥¸²¨ µ´¨ ¶¥·¥³¥´´µ° ¤²¨´Ò, ¨ ¸ ³Ò° ±µ·µÉ±¨° ±µ¤
Å ÔÉµ µ¤¨´ §´ ±) ¡Ê¤¥É, ± ± ³¨´¨³Ê³, 7-±· É´µ°.

Šµ¤Ò ¸ ¨´É¥£·¨·µ¢ ´¨¥³ ¸µ¸ÉµÖ´¨°. …¸²¨ ³Ò ÌµÉ¨³ ±µ¤¨·µ¢ ÉÓ ¨´Ëµ·-
³ Í¨Õ ¡µ²¥¥ ÉµÎ´µ, ´¥µ¡Ìµ¤¨³µ ¨¸¶µ²Ó§µ¢ ÉÓ ¨´É¥£·¨·µ¢ ´¨¥ ¸µ¸ÉµÖ´¨°, É.¥.
Ê¢¥²¨Î¨¢ ÉÓ Í¥¶µÎ±Ê ¸µ¸ÉµÖ´¨°, µ¶¨¸Ò¢ ¥³ÊÕ ±µ¤µ³ Ë¨±¸¨·µ¢ ´´µ° ¤²¨´Ò.

Šµ¤Ò LZW. ‘ ³Ò³ ¶·µ¸ÉÒ³ Ö¢²Ö¥É¸Ö ±µ¤¨·µ¢ ´¨¥ ¶µ¢Éµ·ÖÕÐ¨Ì¸Ö ¸µÎ¥-
É ´¨° ¸µ¸ÉµÖ´¨°, É.¥ ³ ±·µ¸µ¢, ÎÉµ ·¥ ²¨§Ê¥É¸Ö ¢ LZW-±µ¤ Ì [14]. „²¨´ 
±µ¤  LZW µ¡ÒÎ´µ ∼ 12 ¡¨É, ÎÉµ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¨³¥ÉÓ ¸²µ¢ ·Ó ¥³±µ¸ÉÓÕ
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∼ 4000 ³ ±·µ¸µ¢. �Éµ, ± ± ¶· ¢¨²µ, ¤µ¸É ÉµÎ´µ ¤²Ö ±µ¤¨·µ¢ ´¨Ö ¨´Ëµ·-
³ Í¨¨ ¶·¥¤³¥É´µ µ·¨¥´É¨·µ¢ ´´µ£µ ¸µµ¡Ð¥´¨Ö. …¸²¨ ¶·¥¤³¥É´ Ö µ¡² ¸ÉÓ
¨§¢¥¸É´  § · ´¥¥, Éµ ¨ ®¸²µ¢ ·Ó ¸µ±· Ð¥´¨°¯ ³µ¦¥É ¡ÒÉÓ ¸µ¸É ¢²¥´ § · ´¥¥;
¥¸²¨ ´¥É, Éµ ¢Ò¤¥²¥´¨¥ ³ ±·µ¸µ¸ÉµÖ´¨° ¨¤¥É ¶·Ö³µ ¢ ¶·µÍ¥¸¸¥  ¤ ¶É¨¢´µ£µ
±µ¤¨·µ¢ ´¨Ö.

„²¨´   ´ ²¨§¨·Ê¥³ÒÌ Í¥¶µÎ¥± ¸µ¸ÉµÖ´¨° ¢ LZW-±µ¤ Ì µ¡ÒÎ´µ ´¥ ¡µ-
²¥¥ Î¥ÉÒ·¥Ì (¶·¨ ¡�µ²ÓÏ¥° ¤²¨´¥ ·¥§±µ ¢µ§· ¸É ¥É µ¡Ñ¥³ ¸²µ¢ ·Ö). �µÔÉµ³Ê
¸¶²µÏ´Ò¥ ¶µ¢Éµ·Ò ¸µ¸ÉµÖ´¨° ±µ¤¨·ÊÕÉ¸Ö (¸¦¨³ ÕÉ¸Ö) ´¥ µÎ¥´Ó ÔËË¥±É¨¢´µ.
„ ¦¥ ¥¸²¨ ¸¤¥² ÉÓ ¤²¨´Ê LZW-±µ¤  ¶¥·¥³¥´´µ° (± ± ¢ ³¥Éµ¤¥ • ËË³ ´ ),
Éµ ¸¶²µÏ´µ° ¶µ¢Éµ· ¡Ê¤¥É ¤ ¢ ÉÓ ´¥ ³¥´¥¥ 0,25 ¡¨É/Ï £.

f·¨Ë³¥É¨Î¥¸±µ¥ ±µ¤¨·µ¢ ´¨¥. ˆ¤¥Ö ÔÉµ£µ ¸¶µ¸µ¡  ±µ¤¨·µ¢ ´¨Ö ¸µ¸Éµ¨É
¢ Éµ³, ÎÉµ¡Ò ¶µ¤¸Î¨ÉÒ¢ ÉÓ ±µ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¢ ± ¦¤µ³ ¸µ¸ÉµÖ´¨¨ ¨´-
¤¨¢¨¤Ê ²Ó´µ, ´µ ¶·¥¤¸É ¢²ÖÉÓ ¨Ì ¨´É¥£·¨·µ¢ ´´Ò³ ±µ¤µ³ ¡µ²ÓÏµ° · §·Ö¤´µ-
¸É¨ (16Ä32 ¡¨É ). Œ¥Éµ¤ ¶µ¤¸Î¥É  ±µ²¨Î¥¸É¢  ¨´Ëµ·³ Í¨¨ ¡Ò² µ¶¨¸ ´ ¶·¨
¢Ò¢µ¤¥ Ëµ·³Ê²Ò (44), ¸³. ·¨¸.8.

Š ± ¢¨¤´µ ¨§ ·¨¸.8,¡, ± ¦¤Ò° · § ¶·¨ ¶µÖ¢²¥´¨¨ ´µ¢µ£µ ¸µ¸ÉµÖ´¨Ö ¨´-
É¥·¢ ² ∆si ¶¥·¥³¥Ð ¥É¸Ö ´  ´µ¢µ¥ ³¥¸Éµ ´  ¶µ²´µ³ ±µ¤µ¢µ³ µÉ·¥§±¥ ¨ ¸µ±· -
Ð ¥É¸Ö ¶µ ¤²¨´¥, ¶µÔÉµ³Ê ¤²Ö ¥£µ Ê± § ´¨Ö É·¥¡Ê¥É¸Ö Î¨¸²µ ¸µ ¢¸¥ ¡µ²ÓÏ¥°
ÉµÎ´µ¸ÉÓÕ, É.¥. ¸µ ¢¸¥ ¡µ²ÓÏ¨³ ±µ²¨Î¥¸É¢µ³ §´ ±µ¢. Šµ£¤  ±µ²¨Î¥¸É¢µ §´ ±µ¢
¢ Î¨¸²¥ ¤µ¸É¨£ ¥É 16Ä32, ¨´É¥£·¨·µ¢ ´¨¥ ¸µ¸ÉµÖ´¨° § ¢¥·Ï ¥É¸Ö ¨ ´ Î¨´ ¥É¸Ö
´µ¢Ò° Í¨±² ±µ¤¨·µ¢ ´¨Ö.

�¸µ¡¥´´µ¸ÉÓ  ·¨Ë³¥É¨Î¥¸±µ£µ ±µ¤¨·µ¢ ´¨Ö [25] ¢ Éµ³, ÎÉµ ¶·¨ ®¢ÒÉ¥¸-
´¥´¨¨¯ ± ±¨³-²¨¡µ (Î Ð¥ ¶µ¢Éµ·ÖÕÐ¨³¸Ö) ¸µ¸ÉµÖ´¨¥³ µ¸É ²Ó´ÒÌ ´  Î ¸É´µ³
±µ¤µ¢µ³ ¨´É¥·¢ ²¥  ¢Éµ³ É¨Î¥¸±¨ ¢µ§· ¸É ¥É µÉ´µ¸¨É¥²Ó´ Ö ¤²¨´  ∆si. ’ -
±¨³ µ¡· §µ³ ¢ ®¥¤¨´¨Í¥ ¨´Ëµ·³ Í¨¨¯ ³µ¦¥É ¡ÒÉÓ ¨´É¥£·¨·µ¢ ´µ ¤µ¸É ÉµÎ´µ
¡µ²ÓÏµ¥ Î¨¸²µ ¨´É¥´¸¨¢´ÒÌ ¸µ¸ÉµÖ´¨°.

�¥¸³µÉ·Ö ´  · §²¨Î¨¥ ¢  ²£µ·¨É³ Ì ¢Ò¤¥²¥´¨Ö ¨´Ëµ·³ Í¨¨, ¢¸¥ µ¶¨¸ ´-
´Ò¥ ¸¶µ¸µ¡Ò ¤ ÕÉ ¸Ìµ¤´Ò¥ ·¥§Ê²ÓÉ ÉÒ ±µ³¶·¥¸¸¨¨ Å É¥µ·¥É¨Î¥¸±¨ ¤µ± § ´ 
¨Ì Ô±¢¨¢ ²¥´É´µ¸ÉÓ [30] ¤²Ö ´¥¢Ò·µ¦¤¥´´µ£µ ´ ¡µ·  ¸µ¸ÉµÖ´¨°. �Éµ ´¥É·Ê¤´µ
¶µ´ÖÉÓ: ¨§-§  µ£· ´¨Î¥´´µ¸É¨ ¤¨ ¶ §µ´  ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö ¢Ò¤¥²¥´´µ¸ÉÓ
¨´É¥´¸¨¢´µ¸É¨ É¥Ì ¨²¨ ¨´ÒÌ ¸µ¸ÉµÖ´¨° ´¥¨§¡¥¦´µ ¶·¨¢µ¤¨É ± ¢Ò¤¥²¥´´µ¸É¨
¨´É¥´¸¨¢´µ¸É¨ ±µ·p¥²ÖÍ¨° ³¥¦¤Ê ÔÉ¨³¨ ¦¥ ¸µ¸ÉµÖ´¨Ö³¨.

Šµ³¶ ±É¨§ Í¨Ö ¤ ´´ÒÌ. Šµ¤ ¤ ´´µ£µ, ÌµÉÖ µ´ ¨ ¤²¨´´¥¥ ±µ¤  ¨´Ëµ·³ -
Í¨¨ Å ®¨´Ëµ±µ¤ ¯, µ¡² ¤ ¥É µ¤´¨³ ´¥¸µ³´¥´´Ò³ ¤µ¸Éµ¨´¸É¢µ³: µ´ µÉ· ¦ ¥É
 ³¶²¨ÉÊ¤Ê ¸¨£´ ²  ¢ É¥±ÊÐ¥³ µÉ¸Î¥É¥ ¨ ¶µÔÉµ³Ê ¶·¨£µ¤¥´ ¤²Ö ¶·µ¢¥¤¥´¨Ö ¢Ò-
Î¨¸²¥´¨° ¶·¨ µ¡· ¡µÉ±¥ ·¥§Ê²ÓÉ Éµ¢. ˆ´Ëµ±µ¤ µÉ· ¦ ¥É ²¨ÏÓ ¨´É¥´¸¨¢´µ¸ÉÓ
¶µÖ¢²¥´¨Ö ¸µ¸ÉµÖ´¨Ö ¨ ¥£µ ± ¦¤Ò° · § ´¥µ¡Ìµ¤¨³µ ¶·¥µ¡· §µ¢Ò¢ ÉÓ ¢  ³¶²¨-
ÉÊ¤Ê ¶·¨ µ¡· ¡µÉ±¥. ˆ³¥¥É¸Ö, µ¤´ ±µ, ¶·µ³¥¦ÊÉµÎ´ Ö ¢µ§³µ¦´µ¸ÉÓ ¸¤¥² ÉÓ
¤ ´´Ò¥ ¡µ²¥¥ ±µ³¶ ±É´Ò³¨, ¸µÌ· ´¨¢ ¥¸²¨ ´¥  ¡¸µ²ÕÉ´µ¥, Éµ µÉ´µ¸¨É¥²Ó´µ¥
Î¨¸²¥´´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ¨Ì  ³¶²¨ÉÊ¤¥ ¸¨£´ ² . Œ¥Éµ¤ ±µ³¶ ±É¨§ Í¨¨ ¤ ´´ÒÌ
[38] µ¸´µ¢ ´ ´  ¸¢µ°¸É¢¥ ²µ± ²¨§ Í¨¨ ¸µ¸ÉµÖ´¨°, µ¡¸Ê¦¤ ¢Ï¥³¸Ö ¢ÒÏ¥.
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Ÿ§Ò± µ¶¨¸ ´¨Ö ¤ ´´ÒÌ. Š S ¸µ¸ÉµÖ´¨Ö³ ¤ ´´ÒÌ ³µ¦´µ ¤µ¡ ¢¨ÉÓ ´¥-
¡µ²ÓÏµ¥ Î¨¸²µ (¸± ¦¥³ 16) ¸µ¸ÉµÖ´¨° Ê¶· ¢²¥´¨Ö, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ³µ¦´µ
Ê± §Ò¢ ÉÓ ´  ¸¤¢¨£ ÉµÎ±¨ µÉ¸Î¥É , ¨§³¥´¥´¨¥ · §·Ö¤´µ¸É¨ ¤ ´´ÒÌ ¨ É.¤. „²Ö
± ¦¤µ° ¶µ¤µ¡´µ° ¶·µÍ¥¤Ê·Ò ¶µÉ·¥¡Ê¥É¸Ö µÉ µ¤´µ£µ ¤µ É·¥Ì ±µ¤µ¢ Ê¶· ¢²¥´¨Ö.

: §·Ö¤´µ¸ÉÓ (...). …¸²¨ ¢¢¥¸É¨ Ê¶· ¢²¥´¨¥ · §·Ö¤´µ¸ÉÓÕ, Éµ ¥¥ ´ Î ²Ó´ Ö
¢¥²¨Î¨´  ³µ¦¥É ¡ÒÉÓ µÉ´µ¸¨É¥²Ó´µ ´¥¡µ²ÓÏµ°, ´ ¶·¨³¥·, 8 ¡¨É. ‘¨³¢µ²µ³
¸³¥´Ò · §·Ö¤´µ¸É¨ ³µ¦¥É Ö¢²ÖÉÓ¸Ö ¶¥·¢Ò° ¨§ 16 ±µ¤µ¢ Ê¶· ¢²¥´¨Ö. ‚¢¥¤¥³
¤²Ö Ê¤µ¡¸É¢  µ¶¨¸ ´¨Ö ¢ É¥±¸É¥ ¥£µ ³´¥³µ´¨Î¥¸±µ¥ µ¡µ§´ Î¥´¨¥, É.¥. ¡Ê¤¥³
´ §Ò¢ ÉÓ ¥£µ ®µÉ±·Ò¢ ÕÐ Ö¸Ö ±·Ê£² Ö ¸±µ¡± ¯. �¥·¥¤ ¸±µ¡±µ° ¤µ²¦´µ ´ Ìµ-
¤¨ÉÓ¸Ö Î¨¸²µ-¨¤¥´É¨Ë¨± Éµ·, ¶µ± §Ò¢ ÕÐ¥¥ ´µ¢ÊÕ · §·Ö¤´µ¸ÉÓ ¤ ´´ÒÌ (¸³.
§ £µ²µ¢µ±). �µ¸²¥ § ±·Ò¢ ÕÐ¥°¸Ö ¸±µ¡±¨ (¢Éµ·µ° ±µ¤ Ê¶· ¢²¥´¨Ö) ¢µ¸¸É ´ -
¢²¨¢ ¥É¸Ö ¶·¥¦´¥¥ §´ Î¥´¨¥ · §·Ö¤´µ¸É¨.
“¶· ¢²¥´¨¥ · §·Ö¤´µ¸ÉÓÕ Ë ±É¨Î¥¸±¨ µ¶·¥¤¥²Ö¥É ®²µ± ²¯ Å ¢ ´ Î ²¥ É¥-

±ÊÐ¥° Ï± ²Ò µÉ¸Î¥É  (²¥¢ Ö ¶·µ¨§¢µ²Ó´ Ö Î ¸ÉÓ ¤¥·¥¢  Ê± § É¥²¥° ´  ·¨¸.7, ).
�´µ É ±¦¥ § ¤ ¥É · §³¥· ÔÉµ£µ ²µ± ²  ¶µ S, ±µÉµ·Ò° · ¢¥´ 2n, £¤¥ n Å ¢¥-
²¨Î¨´  · §·Ö¤´µ¸É¨.

‹µ± ² {...}. „ ´´Ò¥, ´ Ìµ¤ÖÐ¨¥¸Ö ¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì (³´¥³µ±µ¤Ò ¸²¥-
¤ÊÕÐ¥° ¶ ·Ò ±µ¤µ¢ Ê¶· ¢²¥´¨Ö), ¶·¨´ ¤²¥¦ É µ¤´µ³Ê Ê·µ¢´Õ ¨¥· ·Ì¨¨ §´ -
±µ¢, É.¥. ¨³¥ÕÉ µ¡Ð¨¥ ¸É ·Ï¨¥ · §·Ö¤Ò. ‹µ£¨Î¥¸±¨³ ¨¤¥´É¨Ë¨± Éµ·µ³ ²µ-
± ²  ¸²Ê¦¨É Í¥¶µÎ±  Ê± § É¥²¥°, ´ Î¨´ Ö ¸ ¢¥·Ï¨´Ò ±µ¤µ¢µ£µ ¤¥·¥¢ ; Î¥³
¡µ²ÓÏ¥ ¢ ´¥° §´ ±µ¢, É¥³ ³¥´ÓÏ¥ §µ´  ²µ± ² . � ¶·¨³¥·, § ¶¨¸Ó

100{000 010 101 111} (51)

Ô±¢¨¢ ²¥´É´  ¶·Ö³µ³Ê Ê± § ´¨Õ ¸²¥¤ÊÕÐ¨Ì ¸µ¸ÉµÖ´¨°:

100000 100010 100101 100111, (52)

¢Ò¨£·ÒÏ ²¥£±µ · §²¨Î¨³ ¶µ ¤²¨´¥ ±µ¤µ¢. �É³¥É¨³, ÎÉµ ¢Ò¡µ· ¨ ¸¤¢¨£ ²µ-
± ²  ¢¸¥£¤  µ¸ÊÐ¥¸É¢²ÖÕÉ¸Ö ®¸ ÉµÎ´µ¸ÉÓÕ¯ ¤µ Ï¨·¨´Ò §µ´Ò. ‚Ò¸µÉ  ¤¥·¥¢ 
µ¶·¥¤¥²Ö¥É¸Ö É¥±ÊÐ¨³ Ê± § É¥²¥³ · §·Ö¤´µ¸É¨ n.
Š ± ¨ ¶·¨ ²Õ¡ÒÌ ¸±µ¡± Ì, ¤µ¶Ê¸É¨³  ¢²µ¦¥´´µ¸ÉÓ ²µ± ²µ¢, É.¥. ¸É¥±µ¢ Ö

¨²¨ ¨¥· ·Ì¨Î¥¸± Ö ¸É·Ê±ÉÊ· .
Œ ±·µ¸µ¸ÉµÖ´¨¥ $...;. ‘¨³¢µ²Ò ¸ ³´¥³µ±µ¤ ³¨ ®$¯ ¨ ®;¯ µ§´ Î ÕÉ ´ -

Î ²µ ¨ ±µ´¥Í µ¶·¥¤¥²¥´¨Ö ³ ±·µ¸µ¸ÉµÖ´¨Ö. �¥·¥¤ Ê¶· ¢²ÖÕÐ¨³ ¸¨³¢µ²µ³
®$¯, ¤µ²¦¥´ § ¶¨¸Ò¢ ÉÓ¸Ö ¨¤¥´É¨Ë¨± Éµ· ³ ±·µ¸µ¸ÉµÖ´¨Ö.

Œ ±·µ¸ @. ‘¨³¢µ² ®@¯ ¶µ± §Ò¢ ¥É, ÎÉµ ¤ ´´Ò¥ ´  ´¥±µÉµ·µ³ ¨´É¥·¢ ²¥
L § ³¥´ÖÕÉ¸Ö Ê¦¥ ¨§¢¥¸É´Ò³ ³ ±·µ¸µ³; ¨¤¥´É¨Ë¨± Éµ· ¶µ¸²¥¤´¥£µ ¤µ²¦¥´
´ Ìµ¤¨ÉÓ¸Ö ¶¥·¥¤ ®@¯.

–¨±² < ... >. —¨¸²µ ¶¥·¥¤ µÉ±·Ò¢ ÕÐ¥°¸Ö Ê£²µ¢µ° ¸±µ¡±µ° ¶µ± §Ò¢ ¥É
±µ²¨Î¥¸É¢µ ¶µ¢Éµ·¥´¨° ¤ ´´ÒÌ, ²µ± ²µ¢ ¨²¨ ³ ±·µ¸µ¢, ¶µ³¥Ð¥´´ÒÌ ³¥¦¤Ê
Ê£²µ¢Ò³¨ ¸±µ¡± ³¨.
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‘¶¨¸µ± ±µ³ ´¤ Ê¶· ¢²¥´¨Ö ´¥É·Ê¤´µ ¶·µ¤µ²¦¨ÉÓ Ê± § ´¨¥³ ¶µ¢Éµ·ÖÕ-
Ð¨Ì¸Ö ¶·¨· Ð¥´¨°  ³¶²¨ÉÊ¤Ò, µ¡Ð¥£µ ¸² £ ¥³µ£µ (¸¤¢¨£ ) ¨ É.¤. ‚µ¸¸É ´µ-
¢²¥´¨¥ ¶µ²´µ£µ §´ Î¥´¨Ö  ³¶²¨ÉÊ¤Ò ¢¸¥£¤  ¶·µ¨¸Ìµ¤¨É §  µ¤´Ê µ¶¥· Í¨Õ
¸Ê³³¨·µ¢ ´¨Ö.

‡fŠ‹�—…Qˆ…

�·¨´Í¨¶¨ ²Ó´Ò³ µÉ²¨Î¨¥³ ®¨´Ëµ·³ Í¨µ´´µ£µ  ´ ²¨§ ¯ µÉ ±² ¸¸¨Î¥-
¸±µ£µ ³ É¥³ É¨Î¥¸±µ£µ  ´ ²¨§  ¡¥¸±µ´¥Î´µ ³ ²ÒÌ/¡µ²ÓÏ¨Ì ¢¥²¨Î¨´ Ö¢²Ö¥É¸Ö
¨¸Ìµ¤´µ¥ ´ ²µ¦¥´¨¥ µ£· ´¨Î¥´¨° ®¸´¨§Ê¯ Å ∆x, ∆y ¨ ®¸¢¥·ÌÊ¯ Å ∆X ,
∆Y ´  µ¶¨¸Ò¢ ¥³Ò¥ ¢¥²¨Î¨´Ò. ‚¥·Ì´¨¥ Å ¶·¥¤¥²Ó´Ò¥ µ£· ´¨Î¥´¨Ö ¸¢¨¤¥-
É¥²Ó¸É¢ÊÕÉ µ ±µ´¥Î´µ¸É¨ ·¥¸Ê·¸µ¢ ®´ · Ð¨¢ ¥³µ¸É¨¯, ´¨¦´¨¥ Å ¶µ·µ£µ¢Ò¥
µ£· ´¨Î¥´¨Ö £µ¢µ·ÖÉ µ ±µ´¥Î´µ° ®¤·µ¡¨³µ¸É¨¯ ¢¥²¨Î¨´.
�µ·µ£µ¢Ò¥ µ£· ´¨Î¥´¨Ö É¥¸´µ ¸¢Ö§ ´Ò ¸ § ±µ´µ³¥·´µ¸ÉÖ³¨ µÉµ¡· ¦¥´¨Ö,

É.¥. ¢µ§¤¥°¸É¢¨Ö ¨ ¢µ¸¶·¨ÖÉ¨Ö  ´ ²µ£µ¢ÒÌ ¢¥²¨Î¨´ Å ¸¨£´ ²µ¢. ‘ÊÐ´µ¸ÉÓ
µÉµ¡· ¦¥´¨Ö Ê¸Éµ°Î¨¢µ ¶¥·¥¤ ¥É¸Ö ¶·¨ ´¥±µÉµ·ÒÌ µÉ±²µ´¥´¨ÖÌ  ³¶²¨ÉÊ¤Ò
¸¨£´ ² , ¡² £µ¤ ·Ö Î¥³Ê ³µ¦´µ ¢¢¥¸É¨ ¤¨¸±·¥É´Ò¥ ¡ §µ¢Ò¥ ¸µ¸ÉµÖ´¨Ö, µÉ-
¸ÉµÖÐ¨¥ ¤·Ê£ µÉ ¤·Ê£  ´  ¶µ·µ£µ¢Ò° ®¨´É¥·¢ ² · §²¨Î¨³µ¸É¨¯. ˆ´É¥·¢ ²
· §²¨Î¨³µ¸É¨ ¸ÊÐ¥¸É¢Ê¥É ¨ ¶µ ±µµ·¤¨´ É´µ° µ¸¨ (¶·µÉÖ¦¥´´µ¸É¨ ¸¨£´ ² ),
µ´ Ö¢²Ö¥É¸Ö ¨´Ëµ·³ Í¨µ´´µ µ¡µ¸´µ¢ ´´µ° ¥¤¨´¨Í¥° ¤²¨´Ò.
�·¨´Í¨¶¨ ²Ó´ Ö µ£· ´¨Î¥´´µ¸ÉÓ ¢¥²¨Î¨´ ¶·¨¢µ¤¨É ± µ£· ´¨Î¥´´µ¸É¨ ¢ -

·¨ ´Éµ¢ ¶µ¢¥¤¥´¨Ö, É.¥. ¢¨¤µ¢ ËÊ´±Í¨µ´ ²Ó´ÒÌ § ¢¨¸¨³µ¸É¥° y(x) ¶µÉµ³Ê, ÎÉµ
®¶·µ¸É· ´¸É¢µ ¶µ¢¥¤¥´¨Ö¯ ËÊ´±Í¨¨ µÉµ¡· ¦¥´¨Ö µ± §Ò¢ ¥É¸Ö ¤¨¸±·¥É´Ò³ ¨
±µ´¥Î´Ò³: (∆X/∆x)× (∆Y/∆y).
„ ´´Ò¥, ± ± ´ ¡µ· Ê± § É¥²¥° ´  ¤¨¸±·¥É´Ò¥ ¸µ¸ÉµÖ´¨Ö, µ¶·¥¤¥²ÖÕÉ¸Ö

´¥ ¢ ¶·µ¸É· ´¸É¢¥ ¶µ¢¥¤¥´¨Ö,   ¢ ®¶·µ¸É· ´¸É¢¥ ±µ³¡¨´ Í¨°¯ ¸µ¸ÉµÖ´¨°:
(∆X/∆x)×log(∆Y/∆y). ‚ ¸¨²Ê ÔÉµ£µ  ·£Ê³¥´É ¨ ¸ ³  ËÊ´±Í¨Ö µÉµ¡· ¦¥´¨Ö
´¥ Ô±¢¨¢ ²¥´É´Ò ¸ ÉµÎ±¨ §·¥´¨Ö ¶¥·¥¤ Î¨ ¤ ´´ÒÌ. �¡Ð¥¥ ±µ²¨Î¥¸É¢µ ¤ ´´ÒÌ
µ£· ´¨Î¨¢ ¥É¸Ö £²µ¡ ²Ó´µ° ¶µ¢Éµ·Ö¥³µ¸ÉÓÕ ËÊ´±Í¨° µÉµ¡· ¦¥´¨Ö.
ˆ´Ëµ·³ Í¨Ö ¥¸ÉÓ ³¥·  ²µ± ²Ó´µ° · ¸¶·¥¤¥²¥´´µ¸É¨ ¤ ´´ÒÌ. ’· ¤¨Í¨-

µ´´µ ²µ± ²¨§Ê¥É¸Ö (¢Ò¤¥²Ö¥É¸Ö ¨§ µ¡Ð¥£µ) ¶µ¢¥¤¥´¨¥ µÉ¤¥²Ó´µ° ËÊ´±Í¨¨ µÉµ-
¡· ¦¥´¨Ö. Š ± ¡Ò²µ ¶µ± § ´µ, ¶·¨ ¡µ²ÓÏ¨Ì ∆X ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨¨ µÉµ-
¡· ¦¥´¨Ö ²µ± ²¨§Ê¥É¸Ö ¨ ¢ µ¶·¥¤¥²¥´´ÒÌ §µ´ Ì, ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¨Ì, Î¥³
∆X .
‡µ´Ò ²µ± ²¨§ Í¨¨ ¸ ³¨ ³µ£ÊÉ ¸µ¤¥·¦ ÉÓ ²µ± ²Ó´Ò¥ µ¡· §µ¢ ´¨Ö ¨²¨

Ö¢²ÖÉÓ¸Ö Î ¸ÉÓÕ ²µ± ²¨§µ¢ ´´ÒÌ ¸É·Ê±ÉÊ· ¡µ²¥¥ ¢Ò¸µ±µ£µ Ê·µ¢´Ö ¨¥· ·Ì¨¨.
‘µµ¡· §´µ ¸ ¶µ´ÖÉ¨¥³ ¤ ´´ÒÌ ¨ ¨´Ëµ·³ Í¨¨ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  µ¸´µ¢´ÒÌ

¢¨¤  ±µ¤¨·µ¢ ´¨Ö:
Å ±µ¤¨·µ¢ ´¨¥ ¸µ¸ÉµÖ´¨°, ¨²¨ S-±µ¤¨·µ¢ ´¨¥;
Å ±µ¤¨·µ¢ ´¨¥ ¨´É¥´¸¨¢´µ¸É¨ ¶µ¢Éµ·¥´¨°, ¨²¨ L-±µ¤¨·µ¢ ´¨¥.
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�·¨ ¶¥·¢µ³ ¸¶µ¸µ¡¥ ±µ¤¨·µ¢ ´¨Ö ¤²¨´  ±µ¤  ¸¢Ö§ ´  Éµ²Ó±µ ¸ ±µ²¨-
Î¥¸É¢µ³ (²µ£ ·¨Ë³µ³) ¸µ¸ÉµÖ´¨°. �·¨ L-±µ¤¨·µ¢ ´¨¨ ¸·¥¤´ÖÖ ¤²¨´  ±µ¤ 
³µ¦¥É ¸² ¡µ § ¢¨¸¥ÉÓ µÉ µ¡Ð¥£µ Î¨¸²  ¸µ¸ÉµÖ´¨°, ¶µ¸±µ²Ó±Ê µ´  µ¶·¥¤¥-
²Ö¥É¸Ö Éµ²Ó±µ ±µ²¨Î¥¸É¢µ³ ¨´É¥´¸¨¢´ÒÌ ¸µ¸ÉµÖ´¨°; ¤²¨´  L-±µ¤  ¢ ¸¨²Ê
ÔÉµ£µ ³¥´ÓÏ¥. �· ±É¨Î¥¸±µ° Í¥´´µ¸ÉÓÕ S-±µ¤µ¢ Ö¢²Ö¥É¸Ö ¨Ì ¸¢Ö§Ó ¸  ³-
¶²¨ÉÊ¤µ° µÉµ¡· ¦ ¥³µ£µ ¸¨£´ ² , ÎÉµ ¤¥² ¥É ¨Ì ¶·¨£µ¤´Ò³¨ ¤²Ö ¶·µ¢¥¤¥´¨Ö
¢ÒÎ¨¸²¥´¨°.
‚ Í¥²µ³ ¸ÊÐ¥¸É¢Ê¥É ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ¥ Î¨¸²µ ± ± É¨¶µ¢ÒÌ, É ± ¨ Î ¸É-

´ÒÌ ¶·¨¥³µ¢, ¶µ´¨¦ ÕÐ¨Ì ±µ²¨Î¥¸É¢µ ¤ ´´ÒÌ ¸ ¸µÌ· ´¥´¨¥³ ¨Ì ¸µ¤¥·¦ -
´¨Ö. Šµ²¨Î¥¸É¢µ ¨´Ëµ·³ Í¨¨ ¥¸ÉÓ ´¥±¨° ¶·¥¤¥²Ó´Ò° ³¨´¨³Ê³, ¤µ¸É¨¦¨³Ò°,
¢¨¤¨³µ, ²¨ÏÓ ¢ ¨¤¥ ²¥ (± ±  ¡¸µ²ÕÉ´Ò° ´Ê²Ó É¥³¶¥· ÉÊ·Ò).
�¸´µ¢Ò ¶·¥¤¸É ¢²¥´¨° µ ¤¨¸±·¥É´µ¸É¨ Å ¨¤¥Ö  Éµ³ ·´µ¸É¨ ± ± µ£· ´¨-

Î¥´´µ¸É¨ ¤¥²¨³µ¸É¨; ÊÉ¢¥·¦¤¥´¨¥ µ Éµ³, ÎÉµ ®³¨·µ³ ¶· ¢ÖÉ (Í¥²Ò¥) Î¨¸² ¯,
¡Ò²o § ²µ¦¥´o ¥Ð¥ ¢ ¤·¥¢´µ¸É¨. Š ± ¶µ± § ´µ ¢ÒÏ¥, µ¡¸Ê¦¤ ¢Ï¨¥¸Ö ¶µ-
·µ£µ¢Ò¥ ¨´Ëµ·³ Í¨µ´´Ò¥ µ£· ´¨Î¥´¨Ö ¤¥-Ë ±Éµ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¢ Ê· ¢´¥´¨ÖÌ
Ë¨§¨±¨ ³¨±·µ³¨· . �¤´ ±µ ¢Éµ·µ¥, ¡µ²¥¥ ¶·µ¸Éµ¥ ¨¸Ìµ¤´µ¥ ¨´Ëµ·³ Í¨µ´-
´µ¥ ¶µ²µ¦¥´¨¥ Å µ£· ´¨Î¥´´µ¸ÉÓ ·¥¸Ê·¸µ¢ ¨ § ³±´ÊÉµ¸ÉÓ ·¥ ²Ó´ÒÌ Ö¢²¥´¨°
(¸¢Ö§Ó µ£· ´¨Î¥´´µ¸É¨ ∆y ¸ µ£· ´¨Î¥´´µ¸ÉÓÕ ∆Y ), ÌµÉÖ ¨ µ¸µ§´ ¥É¸Ö, ´µ,
´ ¸±µ²Ó±µ ¨§¢¥¸É´µ, ¥Ð¥ ´¥ ´ Ï²o ¸¢µ¥£µ ¢Ò· ¦¥´¨Ö ¢ ±µ²¨Î¥¸É¢¥´´ÒÌ ¸µµÉ-
´µÏ¥´¨ÖÌ. ’¥µ·¨Ö ¨´Ëµ·³ Í¨¨, ±µ´¥Î´µ, ´¥ ³µ¦¥É ¶µ¤¸± § ÉÓ ±µ´±·¥É´Ò¥
¢¥²¨Î¨´Ò Ë¨§¨Î¥¸±¨Ì ¶·¥¤¥²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ, ´µ ¢ ¸µ¸ÉµÖ´¨¨ Ê± § ÉÓ ´ 
¢µ§³µ¦´Ò° Ì · ±É¥· µ£· ´¨Î¥´¨°.

‘�ˆ‘�Š ‹ˆ’…�’“›

1. Schotky W. Å Ann. Phys., 1918, b.57, s.541.

2. Nyquist H. Å Phys. Rev., 1928, v.32, No.1, p.110.

3. hµ´É·Ö£¨´ ‹.‘., f´¤·µ´µ¢ f.f., ‚¨ÉÉ f.f. Å †�’”, 1933, É.3, ¢Ò¶.3. c.165.

4. Shannon C.E. Å Bell Syst. Tech. Journal, 1948, v.27, p.379;
˜¥´´µ´ K. Å B ¸¡.:  ¡µÉÒ ¶µ É¥µ·¨¨ ¨´Ëµ·³ Í¨¨ ¨ ±¨¡¥·´¥É¨±¥. Œ.: ˆ‹, 1963.

5. Huffman D.A. Å In: Proc. of the Institute of Electrical and Radio Engineers, 1952, v.40, p.1098;
• ËË³ ´ „. Å Œ¥Éµ¤ ¶µ¸É·µ¥´¨Ö ±µ¤µ¢ ¸ ³¨´¨³ ²Ó´µ° ¨§¡ÒÉµÎ´µ¸ÉÓÕ. Š¨¡¥·´¥É¨Î¥¸±¨°
¸¡. Œ.: ˆ‹, 1961, ¢Ò¶.3, c.10.

6. ‹¨´¤²¨ „.‚. Å � ³¥·¥ ¨´Ëµ·³ Í¨¨, ¤ ¢ ¥³µ° Ô±¸¶¥·¨³¥´Éµ³. Œ É¥³ É¨± : ‘¡. ¶¥·. Œ.:
ˆ‹, 1959, º 3.

7. Šµ²³µ£µ·µ¢ f.Q. Å �·µ¡²¥³Ò ¶¥·¥¤ Î¨ ¨´Ëµ·³ Í¨¨. 1965, É.1, º 1.

8. �¨²²¨´£¸²¥° h. Å �·£µ¤¨Î¥¸± Ö É¥µ·¨Ö ¨ ¨´Ëµ·³ Í¨Ö. Œ.: Œ¨·, 1969.

9. ‚ °´ÏÉ¥°´ ‹.f., ‡Ê¡ ±µ¢ ‚.„. Å ‚Ò¤¥²¥´¨¥ ¸¨£´ ²µ¢ ´  Ëµ´¥ ¸²ÊÎ °´ÒÌ ¶µ³¥Ì. Œ.: ‘µ¢.
· ¤¨µ, 1969.

10. f±ÎÊ·¨´ ˆ.f. Å B ¸¡.: ”¨²µ¸µË¸±¨¥ ¶·µ¡²¥³Ò Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. Œ.: ˆ§¤ É¥²Ó¸É¢µ
�� ‘‘‘, 1963.

11. ”·e´±¸ ‹. Å ’¥µ·¨Ö ¸¨£´ ²µ¢. Œ.: ‘µ¢. · ¤¨µ, 1974.



670 ��‘ˆ‹�„‡… ‘.ƒ.

12. • ·³ÊÉ •.”. Å �¥·¥¤ Î  ¨´Ëµ·³ Í¨¨ µ·Éµ£µ´ ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨. Œ.: ‘¢Ö§Ó, 1975.

13. �·¨²²ÕÔ´ ‹. Å � Ê±  ¨ É¥µ·¨Ö ¨´Ëµ·³ Í¨¨. Œ.: ‘µ¢.  ¤¨µ, 1975.

14. Lempel A. Å J. Ziv, IEEE Trans. Inf. Theory IT-22, No.1, Jan., 1976, p.75.

15. ‚ · ±¨´ ‹.…. Å ’¥µ·¨Ö ¸¨¸É¥³ ¸¨£´ ²µ¢. Œ.: ‘µ¢. · ¤¨µ, 1978.

16. h¥°´ ƒ. Å ”¨§¨±  ±µ²¥¡ ´¨° ¨ ¢µ²´. Œ.: Œ¨·, 1979.

17. hµÉ ¶µ¢ f.‚., —¥·´Ö¢¸±¨° f.”.Å ‘É É¨¸É¨Î¥¸±¨¥ ³¥Éµ¤Ò ¨§³¥·¥´¨° ¢ Ô±¸¶¥·¨³¥´É ²Ó´µ°
Ö¤¥·´µ° Ë¨§¨±¥. Œ.: �Éµ³¨§¤ É, 1980.

18. ”µ³¨´ Ÿ.f. Å ’¥µ·¨Ö ¢Ò¡·µ¸µ¢ ¸²ÊÎ °´ÒÌ ¶·µÍ¥¸¸µ¢. Œ.: ‘¢Ö§Ó, 1980.

19. � ÉÊ·´Ò° Ô±¸¶¥·¨³¥´É. ˆ´Ëµ·³ Í¨µ´´µ¥ µ¡¥¸¶¥Î¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨°.
�µ¤ ·¥¤. �.ˆ.� ±² Ï¥¢ . Œ.:  ¤¨µ ¨ ‘¢Ö§Ó, 1982.

20. ‚¨´¥· Q. Å Š¨¡¥·´¥É¨± . Œ.: � Ê± , 1983.

21. Feinman R. Å Quantum Mechanical Computers, Plenary Talk presented to IQEC-CLEO Meet-
ing, Anaheim, June 16, 1984.

22. —¨¸ · h., Š¥·´¥· Ÿ. Å ’¥µ·¨Ö ¨´Ëµ·³ Í¨¨, É¥µ·¥³Ò ±µ¤¨·µ¢ ´¨Ö. Œ., 1985.

23. ƒµ´µ·µ¢¸±¨° ˆ.‘. Å  ¤¨µÉ¥Ì´¨Î¥¸±¨¥ Í¥¶¨ ¨ ¸¨£´ ²Ò. Œ.:  ¤¨µ ¨ ¸¢Ö§Ó, 1986.

24. „e �·µ°²Ó ‹. Å ‘µµÉ´µÏ¥´¨Ö ´¥µ¶·¥¤¥²¥´´µ¸É¨ ƒ¥°§¥´¡¥·£ . Œ.: Œ¨·, 1986.

25. Witten I.H., Neal R.M., Cleary J.G. Å Communications of the ACM, 1987, v.30, No.6, June,
p.520.

26. „¥´¨¸µ¢ f.f. Å ‚¢¥¤¥´¨¥ ¢ ¨´Ëµ·³ Í¨µ´´Ò°  ´ ²¨§ ¸¨¸É¥³. ‹.: ˆ§¤. ‹�ˆ, 1988.

27. • ·³ÊÉ •. Å �·¨³¥´¥´¨¥ ³¥Éµ¤µ¢ É¥µ·¨¨ ¨´Ëµ·³ Í¨¨ ¢ Ë¨§¨±¥. Œ.: Œ¨·, 1989.

28. Š·¨Î¥¢¸±¨° i.…. Å ‘¦ É¨¥ ¨ ¶µ¨¸± ¨´Ëµ·³ Í¨¨. Œ.:  ¤¨µ ¨ ¸¢Ö§Ó, 1989.

29. Š· ¢Íµ¢ �.f. Å “”�, 1989, É.158, ¢Ò¶.1, c.93.

30. Bell T., Witten I.H., Cleary J.G. Å ACM Comp. Surv., 1989, v.21, No.4, Dec., p.557.

31. ‚µ·µ´Íµ¢ �.ˆ. Å ’¥µ·¨Ö ¨ ³¥Éµ¤Ò ³ ±·µ¸±µ¶¨Î¥¸±¨Ì ¨§³¥·¥´¨°. Œ.: � Ê± , 1989.

32. � ÊÔ· ”.‹., ƒµµ§ ƒ. Å ˆ´Ëµ·³ É¨± . Œ.: Œ¨·, 1990.

33. —¥Î±¨´ f.‚. Å Œ É¥³ É¨Î¥¸± Ö ¨´Ëµ·³ É¨± . Œ.: � Ê± , 1991.

34. f²¨³µ¢ �.ˆ., Š· ¢Íµ¢ �.f. Å “”�, 1992, É.162, ¢Ò¶.7, c.149.

35. Š ¤µ³Í¥¢ �.�. Å“”�, 1994, É.164, ¢Ò¶.5, c.449.

36. � ¸¨² ¤§¥ ‘.ƒ. Å ‚ ¸¡.: Œ¥Éµ¤Ò ¢ ·¨ ´É´µ° µ¶É¨³¨§ Í¨¨ ¸É·Ê±ÉÊ·Ò ¸¨¸É¥³ ¶¥·¥¤ Î¨ ¨
µ¡· ¡µÉ±¨ ¨´Ëµ·³ Í¨¨. M.: ˆ§¤. Œƒ“, 1995.

37. � ¸¨² ¤§¥ ‘.ƒ. Å �·¥¶·¨´É �ˆˆŸ” Œƒ“ 95-44/408, 1995.

38. � ¸¨² ¤§¥ ‘.ƒ. Å �·¥¶·¨´É �ˆˆŸ” Œƒ“ 96-25/432, 1996.

39. � ¸¨² ¤§¥ ‘.ƒ. Å �Ò¸É·µ¤¥°¸É¢ÊÕÐ Ö Ö¤¥·´ Ö Ô²¥±É·µ´¨± . Œ.: �´¥·£µ¨§¤ É, 1982.

40. „¦¥³³¥· Œ. Å �¢µ²ÕÍ¨Ö ¶µ´ÖÉ¨° ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨. Œ.: � Ê± , 1985.

41. ”¨§¨±  ³¨±·µ³¨· . �µ¤ ·¥¤. „.‚.˜¨·±µ¢ . Œ.: ‘µ¢¥É¸± Ö Ô´Í¨±²µ¶¥¤¨Ö, 1980.

42. ‘µ±µ²µ¢ f.f., ’¥·´µ¢ ˆ.Œ., †Ê±µ¢¸±¨° ‚.—. Å Š¢ ´Éµ¢ Ö ³¥Ì ´¨± . Œ.: � Ê± , 1979.



®”ˆ‡ˆŠ� �‹…Œ…�’��›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„�¯
2000, ’�Œ 31, ‚›�. 3

“„Š 539.12.01

THERMODYNAMICS OF A CHIRAL EFFECTIVE
MODEL WITH AXIAL

AND TRACE ANOMALIES
B. Van den Bossche

Universitê de Liège, Institut de Physique B5, Sart Tilman, B-4000 Liège 1, Belgium

The NambuÄJona-Lasinio (NJL) model with scale and axial UA(1) anomalies is introduced
at ˇnite temperature and density in the case of three qavors (u, d, s). It is then used to evaluate
condensates and thermodynamical functions (pressure, energy and entropy densities). We mainly
focus on analytical results.

‚¢µ¤¨É¸Ö ³µ¤¥²Ó � ³¡ÊÄˆµ´ -‹ §¨´¨o (�ˆ‹) ¸ ³ ¸ÏÉ ¡´µ° ¨  ±¸¨ ²Ó´µ° UA(1)  ´µ-
³ ²¨Ö³¨ ¶·¨ ±µ´¥Î´µ° É¥³¶¥· ÉÊ·¥ ¨ ¶²µÉ´µ¸É¨ ¢ ¸²ÊÎ ¥ É·¥Ì  ·µ³ Éµ¢ (u, d, s). ‡ É¥³ µ´ 
¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±µ´¤¥´¸ Éµ¢ ¨ É¥·³µ¤¨´ ³¨Î¥¸±¨Ì ËÊ´±Í¨° (¤ ¢²¥´¨Ö, ¶²µÉ´µ¸É¨
Ô´¥·£¨¨ ¨ Ô´É·µ¶¨¨). ‚ µ¸´µ¢´µ³ ¶·¥¤¸É ¢²¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ.

1. INTRODUCTION

Quantum chromodynamics, the fundamental theory of strong interaction, is
deˇned through the Lagrangian [1]

LQCD = q̄(iγµ∂µ −m)q − 1
4
(F a
µν)

2 + gq̄γµAµq, (1)

where q is the quark ˇeld in qavor and color spaces (in the fundamental repre-
sentation) and g is the coupling constant. The quantity Aµ is a shortened notation
for the eight gluon ˇelds (Aµ = Aaµλ

a/2) in the adjoint representation. They
come into the YangÄMills Lagrangian in the combination

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν , (2)

which gives rise to an interaction term between gluons (three- and four-gluon
couplings), due to the non-Abelian structure of the theory. (The totally antisym-
metrical coefˇcients fabc are the structure constants of SU(3).) This interaction,
with the fact that the coupling constant is high at low energy, prevents making
a perturbative analysis to describe hadronic matter. The understanding of this
physics requires putting QCD on a lattice or making use of effective model,
the latter being supposed to mimic the true theory in a given range of energyÄ
momentum. In the low energy regime, chiral symmetry is believed to play the
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key role. In the following, we shall use a model which implement this symmetry:
the NambuÄJona-Lasinio or NJL model. This model was introduced some time
ago in the nucleon language [2,3]. With quark degrees of freedom, it has regain
new interest after the work of Volkov [4]. For three qavors in the scalar and
pseudoscalar sectors, it is described by the Lagrangian

LNJL = q̄(i∂/−m)q +GS

8∑
i=0

[(q̄
(λi)F
2

q)2 + (q̄iγ5
(λi)F
2

q)2]. (3)

Although having short-comings such as the lack of renormalizability and of con-
ˇnement, the model has the attra¸tive features of being relativistically invariant
and respecting some of the symmetries of QCD (among them chiral symmetry,
in the case of vanishing quark masses) while being mathematically tractable due
to the locality property of the 4-quark interaction.
The NJL model has already been extensively studied by several groups.

We can only mention a few, our purpose being here to describe the scaled
version of the model∗. A recent work has been done by Ripka∗∗ [6] in a book
which contains an in-depth analysis of regularization procedures and symmetry
conserving approximations; Klevansky [7] and Hatsuda and Kunihiro [8] give a
general introduction to NJL, both in the vacuum and at ˇnite temperature and
density; Alkofer, Reinhardt and Weigel [9] mainly applied the model to discuss
baryons as chiral solitons, as also done by Goeke and collaborators [10]; Bijnens
[11] discusses chiral perturbation theory within NJL; Alkofer, Ebert, Reinhardt
and Volkov [12, 13] hadronize the NJL model (both mesons and baryons); Vogl
and Weise [14] and Weise [15] review several of the above-mentioned topics:
bosonization and hadronization, ˇnite density and temperature effects. Finally,
a scaled NJL model in the same spirit as the one introduced here has been
investigated in [16Ä18].
In the following, we shall study a modiˇcation of the Lagrangian (3) which

takes into account the scale and axial anomalies of QCD. The motivation to
proceed in this way is the following: the NJL model is taken into account
because it is believed that its (global) symmetries, that it shares with QCD, are a
key concept to understand the underlying strong theory. Being based on argument
symmetry, it seems then natural to supply the model with other symmetry related
physics: the anomaly one. Anomalies are symmetries of the classical action which
are no more symmetries of the quantum world. Replacing the QCD Lagrangian
by the NJL one, we have thrown away the scale and (strong) axial anomalies.
Since the NJL model is intended to be used mainly at the mean ˇeld level, these

∗For more references (but still a nonexhaustive list), see [5].
∗∗This book is not restricted to the NJL model.
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anomalies are introduced by hand by adding effective terms. In this way, quantum
effects can be taken into account at the level of a tree effective theory.
Following [19], we give ˇrst a resume of the symmetries relevant to QCD

and NJL, for three qavors of quark u, d, s.
A. Symmetries. In the following, we take the convention to denote by m the

current quark mass matrix diag(mu,md,ms), and by q the vector representing
quarks in the qavor space q =diag(qu, qd, qs). The indicated transformations
leave the action invariant under certain circumstances that we specify.
• Global gauge symmetry: NJL is globally color invariant: color enters only

through the number Nc of each quark qavor.
• Scale symmetry: 


xµ → λ−1xµ,
Aaµ → λAaµ,

q → λ3/2q,

is exact, at the level of the classical action, in the limit of vanishing current quark
mass m = 0. However, this symmetry is broken by quantum effects.
• Vector U(1)V symmetry or Baryonic number conservation: q → exp(iα)q.
• Quark number conservation: qi → exp(iαi)qi (i = u, d, s): each qavor

has its own conserved number.
• Axial U(1)A symmetry: q → exp(iγ5α)q is exact, at the level of the

classical Lagrangian, in the limit of vanishing current quark mass m = 0. This
symmetry is broken by quantum effects, which explains why it is not seen in the
spectrum of physical states.
• Isospin symmetry:

q ≡
(

u
d

)
→ exp(iτaαa)q , a = 1, ..., 3.

Isospin symmetry is exact in the limit where light quark masses are equal mu =
md (τa are the Pauli matrices).
• Vector SU(3)V symmetry:

q ≡


 u

d
s


→ exp(i

λa
2

αaV )q , a = 1, ..., 8.

Isospin symmetry can be generalized to the three-qavor case and explains why
the hadrons are approximately ordered into multiplets.
• Axial SU(2)A and SU(3)A symmetries:

q ≡


 u

d
s


→ exp(iγ5

λa
2

αaA)q , a = 1, ..., 8 (SU(2)A : λa → τa).
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This symmetry is exact as long as mu = md = ms = 0. It is however not seen in
the spectrum. Since axial transformations alter the parity that is associated with a
state, a manifestation of SU(2, 3)A in nature would require that each isospin (or
SU(3)V ) multiplet be accompanied by a mirror multiplet of opposite parity. In
the same way, since we do not observe opposite parity partners to all hadrons, the
U(1)A symmetry cannot be realized directly by QCD. While the axial SU(3)A
symmetry is realized in the Goldstone mode through the dynamical breaking of
chiral symmetry, U(1)A is never realized, being completely broken by quantum
effects (the anomaly).
• Chiral symmetry: vector and axial SU(3) symmetries can be combined to

realize transformations on the left and right parts of the quarks (qR
L
≡ 1∓ γ5

2 q):

SU(3)V ⊗ SU(3)A ↔ SU(3)L ⊗ SU(3)R,

where

SU(3)L ⇒ qL → exp(i
λa
2

αaL)qL, SU(3)R ⇒ qR → exp(i
λa
2

αaR)qR.

Under chiral symmetry, left-handed and right-handed quarks transform indepen-
dently. This symmetry is broken by the quark mass matrix m. Apart from this
explicit breaking, chiral symmetry is also spontaneously broken down to SU(3)V .
As mentioned above, a symmetry can be manifested in several ways.
• It may remain exact.
• It may be explicitly broken (this is the case of isospin symmetry in the

limit mu �= md).
• It may be hidden. It is an invariance of the action but not of the ground

state: the symmetry is not seen in the spectrum of physical states. Two types of
mechanisms [19] are possible: the symmetry can be spontaneously broken (such
as the SU(2)L symmetry in electroweak interactions), or dynamically broken (due
to self interactions of the considered ˇelds) as for chiral SU(2, 3)L ⊗ SU(2, 3)R
symmetry in QCD. In the latter case, there exists a composite order parameter
which, in the case of dynamical chiral symmetry breaking, is often chosen as the
quark condensate, although other order parameters are possible.
In the following, we shall use the term ®spontaneous symmetry breaking¯ to

describe both cases of hidden symmetry, making the distinction when appropriate.
The Goldstone theorem is intimately related to the notion of hidden sym-

metry and states that if a theory has a continuous symmetry of the Lagrangian
which is not a symmetry of the vacuum, there must exist one or more massless
(Goldstone) bosons. Goldstone theorem and the dynamical breaking of chiral
symmetry explain the small pseudoscalar nonet mass (π0, π±,K0, K̄0, η, η

′), but
for the η′ which is too heavy.
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The breaking of chiral symmetry can be summarized by

SU(3)L ⊗ SU(3)R ⇒ SU(3)V .

• The symmetry may have an anomaly, as for the axial U(1)A and scale
symmetries of QCD. Even if the quark masses are vanishing, the divergence of
the corresponding current is nonvanishing. For the axial U(1) symmetry, we get
(F̃ is the dual of F , βQCD is the CallanÄSymanzik β-function of QCD and γm is
the mass anomalous dimension)

∂µ(q̄γµγ5
λ0

2
q) = 2iq̄γ5m0

λ0

2
q +

√
3
2

g2

32π2
F a
µν F̃

µν
a , (4)

while the scale anomaly leads to

∂µJ
µ = θµµ = (1 + γm)

NF∑
i=1

q̄imiqi +
βQCD
2g

F a
µνF

µν
a . (5)

The strong axial anomaly (4) is believed to give its high mass to the η′ particle
compared to the other members of the pseudoscalar nonet.

B. Effective Action. The Lagrangian (3) is used at tree level. If we want this
order to implement the full quantum aspects of QCD, it is necessary to supplement
it with a term which, while still invariant under the true symmetries of QCD, has
to break the axial U(1)A and scale invariances. Axial U(1)A anomaly can be
related to the formation of instantons [20Ä22] and yields anomalous contributions
to the η and η′ masses. A 't Hooft determinant is often taken to mimic the
anomaly, althought other forms can be chosen (see [20, 21, 23Ä26]). We shall
use here the simplest approach, consisting in just adding a mass term a2ξη20 (see
Eq. (11)) for the pseudoscalar singlet η0 particle, with ξ the parameter modelizing
the anomaly.
Figure 1 shows the modiˇcation of the η and η′ mass when the ξ parameter

is varied. It is clear that, removing it, the η has the same mass as the pion, while
the η′ is similar, but with the strange quark instead of the up.
As for the axial anomaly, the effect of the trace anomaly has to be

added by hand.
Several steps are necessary in order to construct the modiˇed NJL model in

the perspective of the symmetries and anomalies as described above. In view of
the way of treating the axial anomaly (mass term for the η0), it is better to work
on the bosonized version of the model∗ which leads to the partition function

ZNJL =
∫
Dϕa exp (−Ieff) , (6)

∗Hadronization techniques are reviewed in [27, 28] and [12, 13].
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with∗ [29Ä31]

Ieff = −Tr ln(−i∂/+m0 −W/ + ϕaΓa) +
∫

d4x
a2

2
(ϕa)2, (7)

ϕa = (σa, πa), a = 0, ..., 8 (π0 ≡ η0, π8 ≡ η8), (8)

Γa = (λa, iγ5λ5), a = 0, ..., 8, (9)

TrO = tr
∫

d4x 〈x|O|x〉 ,

∫
d4x =

∫ β

0

dτ

∫
Ω

d3x, (10)

where tr is the trace w.r.t. internal d.o.f. (Dirac, color, qavor), β = 1/T is the
inverse temperature, Wν = (−idiag(µu, µd, µs), 0, 0, 0) and Ω is the volume of
the system.

Fig. 1. η, η′ mass variation as a function of the ξ axial anomaly parameter

As mentioned above, the axial anomaly is introduced through a mass term
for the η0 particle. The scale invariance and anomaly, on the other hand, can be
included in the effective action in a similar way, through the introduction of a
dilaton ˇeld χ of scale dimension 1 (see for example [32, 33]). For details and
more references, the reader is referred to [5,34]. Although it is questionable [35]
to use the dilaton ˇeld as an order parameter associated with gluon conˇnement,

∗The Euclidean space is used from now on.
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we shall adopt this point of view as in the works [36, 37]. Finally, the effective
action deˇning the scaled NJL model is

Ieff = −TrΛχ ln(−i∂/+m0 + ϕaΓa −W/ ) +
∫

d4x
a2

2
χ2ϕ2a

+
∫

d4x

{
a2

2
ξχ2π20 +

1
2
(∂µχ)

2 +
b2

16

(
χ4 ln(

χ4

χ4G
)− (χ4 − χ4G)

)}
, (11)

which takes into account axial and scale anomalies, and where a cut-off Λ has
been included in the functional trace in order to take into account the lack of
renormalizability∗.

The main contribution to the partition function comes from the point which
minimizes the effective action. Mathematically, this corresponds to ˇnding the
saddle point approximation to the path integral while, physically, it corresponds
to a maximization of the pressure. In the present model, such an extremal-
ity condition leads to gap equations (or DysonÄSchwinger equations) for the
constituent quark masses similar to that of the usual NJL model, but for a
χ dependence:

a2χ2s (Mu −mu) = 8NcMugMu,β,µu , (12)

a2χ2s (Ms −ms) = 8NcMsgMs,β,µs , (13)

with

gMi,β,µi =
1
βΩ

∑
k

1
k∗2
i +Mi

2 , i = u, s,

and k∗
i = (k0 − iµi, Pk), k0 = (2n + 1)πβ, the odd Matsubara frequencies being

related to the anti-commutating nature of the fermions.

Moreover, there is a new equation, corresponding to the extremality condi-
tion for the dilaton ˇeld (this latter equation also contains the constituent quark
masses):

∗The cut-off breaks scale invariance. Supplementing it with a dilaton ˇeld, as described in [38],
allows to restore it.
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exp

{
− a2

2χ20

[
M0
u
2
(
1− mu

M0
u

)2
+

M0
s
2

2

(
1− ms

M0
s

)2]}

×

[
(Λχ0)

2 +M0
u
2
] 2NcΛ4

8π2

χ
b2/2
0

[
(Λχ0)

2 +M0
s
2
]NcΛ4

8π2

= exp

{
− a2

2χs2

[
M2
u

(
1− mu

Mu

)2
+

M2
s

2

(
1− ms

Ms

)2]}

×

[
(Λχs)

2 +Mu
2
] 2NcΛ4

8π2

χsb
2/2

[
(Λχs)

2 +Ms
2
]NcΛ4

8π2
. (14)

In the 2-degenerate qavor case, we then have two coupled equations: one is the
gap Equation (12), while the other is (14) without the strange content. Since they
are nonlinear, we can expect different results compared to a pure NJL model.
And indeed, we have different results: according to the set of parameters, we can
have a second or ˇrst order phase transition (restoration of chiral symmetry) w.r.t.
the temperature, at zero density. The usual NJL model only allows a second order
phase transition. When a third quark with a different mass is added, such as the
strange quark, we have one more gap equation and the behaviour can be even
more complicated: noncoincident second order phase transition for both quarks,
or coincident ˇrst order, or noncoincident ˇrst order, or a ˇrst transition for one
species while the other feels a second order phase transition. It is clear that in
such a complicated situation, working with the gap equations, coming from a
derivative condition, can be a very hard task and it is useful to turn to a global
condition, looking directly at the great potential (or the pressure).

2. THERMODYNAMICS

In the previous section, we have described the scaled NJL model. This sec-
tion gathers results at ˇnite temperature. We shall focus on analytical results for
the thermodynamics. We shall then show our numerical results concerning the
condensates and the thermodynamics in Section 3. We shall take parameters not
necessarily in agreement with experiment but usefull to illustrate the meaning of
some proposition. From this point of view, the NJL model is a very interesting
toy model.
QCD has two phase transitions: a deconˇnement transition corresponding

to going from a hadronic gas to a quark-gluon plasma, and a transition leading
to a phase where the chiral symmetry is restored. Lattice calculations [39, 40]
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suggest that these two transitions coincide. In a purely gluonic theory, the (lattice)
transition is of ˇrst order (for Nc = 3). However, when quarks are introduced,
the order of the transition depends on the number of light qavors. With Nf = 3
massless qavors, QCD has a ˇrst order chiral transition, not connected to the
pure gluonic one. When the mass of the quarks is varied, the two ˇrst order
transitions are separated by a region in which there is a crossover. According to
the type of calculations Å Wilson fermions [41] or staggered (KogutÄSusskind)
fermions [42] Å QCD (mu ≈ md ≈ 10 MeV, ms ≈ 200 MeV) appears to be in
the ˇrst order region, or in the crossover region, respectively. It is then presently
unclear which case occurs and we have the freedom to play with the parameters
in such a way as to allow for both types of transitions∗.
The deconˇning transition is hard to study in existing models, although such

models have been designed, e.g., [48]. However, chiral symmetry breaking and
its restoration can be studied in effective models. Both deconˇnement and chiral
symmetry restoration transitions are seen to be coincident on the lattice. In
the following, we shall take the point of view that the study of the chiral phase
transition can shed light on the deconˇning transition. We shall also take the point
of view that gluon conˇnement is linked to the gluon condensate χs, although
this hypothesis is questionable [35,49].
There is a constraint between the quark and gluon condensates, which shows

up into the form of three coupled equations for the three condensates, see
Eqs. (12)Ä(14). We can then get, according to the strength of this constraint,
a ˇrst order transition (discontinuous passage from one phase to the other, see
Fig. 2) or a second order transition (continuous transition from one phase to the
other, see Fig. 3). (The pictures are shown in Section 3.) The analytical results
given in this section have been discussed in [34,50]. As already stated we work
at the mean ˇeld level. The groups of Rostock [51,52], Heildelberg [53Ä55] and
Nikolov et al. [56] go beyond this approximation, studying the ˇrst 1/Nc cor-
rections and showing that they are not negligible at low temperature and density
(because pions are almost massless).

A. Pressure, Energy Density, Entropy Density, Bag Constant. In this
section we want to understand the equilibrium properties of a strongly interacting
matter, i.e., determine the relations associated to the thermodynamics of a hot and
dense system. The system is modelized by an effective action of the NJL type
(free massive constituent quarks) with a dilaton ˇeld included∗∗, Eq. (11). In a
grand-canonical system, the partition function is given by

∗Note that the distinction between pure gauge deconˇnement and light quark chiral phase
transition is of prime importance: the energy scales are different. Pure gauge transitions occur at
a temperature of about 260 MeV while, with two light qavors, the critical temperature is around
150 MeV [39, 40, 43Ä45], or even as low as 140 MeV according to [46, 47].

∗∗For the thermodynamics of a scaled linear sigma model, see [57] and references therein
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Z = exp(−βΩ), (15)

where Ω is the thermodynamical potential (or grand potential). We exclusively
consider a system in equilibrium: all the descriptions (micro-canonical, canonical,
grand-canonical) are equivalent. However the grand-canonical description is the
easiest. In the canonical formalism, the basic quantity is the Helmholtz free energy
and the independent variables are the temperature, the pressure and the densities
(one for each chemical potential). Since phase transitions occur at a constant
chemical potential, and not at a constant density, it has always to be checked if a
lower energy solution, obtained by separating the system into subsystems, exists
[58]. Working in the grand-canonical formalism, where the independent variables
are the temperature, the pressure and the chemical potentials, there is a direct
access to the solutions corresponding to the minimum of the thermodynamical
potential. Equation (15) leads to the identiˇcation

Ieff = βΩ. (16)

Since [58,59]

dΩ = −SdT − PdΩ− ρidµi (i = u, d, s), (17)

we get

P = −
(
∂Ω
∂Ω

)
T,µi

. (18)

This implies

P =
1
β

∂ ln(Z)
∂Ω

}
T,µi

. (19)

Physically, the pressure is not an absolute quantity. We have to consider it with
respect to a reference system which is chosen to be the (nonperturbative) vacuum,
of pressure P0. Deˇning P − P0 = P ′ and replacing P ′ by P , we then have

P =
1
β

∂ ln(Z/Z0)
∂Ω

}
T,µi

. (20)

Subtracting the vacuum, the lowest order of the action is

Iseff(ϕ
s
a, χs) ≡ Iseff(Mu,Ms, χs) =

Is(µ,β)(Mu,Ms, χs) + Is(0,∞)(Mu,Ms, χs)− Is(0,∞)(M
0
u,M

0
s , χ0). (21)
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The ˇrst term is the Fermi part, which does not need being regularized,

Is(µ,β) (Mu,Ms, χs) = −βΩ
2Nc

2π2β

∑
i=u,s

ai

∫ ∞

0

k2dk

×
{
ln
(
1 + exp [−β (Ei + µi)]

)
+ ln

(
1 + exp [−β (Ei − µi)]

)}
, (22)

where∗ Ei =
√

k2 +M2
i , and au = 2, as = 1, while the Dirac part (T = µ = 0)

has to be regularized and is given by

Is(0,∞)(Mu,Ms, χs)− Is(0,∞)(M
0
u,M

0
s , χ0) = −βΩ

{
2Nc

32π2
∑
i=u,s

ai

×
[
(Λχs)

4 ln
(Λχs)

2 +Mi
2

(Λχ0)
2 +M0

i
2 −Mi

4 ln
(Λχs)

2 +Mi
2

Mi
2

+M0
i
4
ln
(Λχ0)

2 +M0
i
2

M0
i
2

−
(1
2
(Λχs)4 −

1
2
(Λχ0)4

)
+
(
(MiΛχs)2 − (M0

i Λχ0)
2
)]

+
[
(χ4s − χ40)

( b2

16
+

a2

4χ20
(σs20 + σs28 )

)

−
∑
i=u,s

ai

(a2χ2s
4

Mi
2(1 − mi

Mi
)2 − a2χ20

4
M0
i
2
(1− mi

M0
i

)2
)

− b2

16
χ4s ln

(
χs
χ0

)4 ]}
. (23)

With the action (21), Eq. (20) gives

P = − 1
β

∂Iseff(Mu,Ms, χs)
∂Ω

, (24)

which leads to

P = − 1
βΩ

[
Is(µ,β)(Mu,Ms, χs)+

+ Is(0,∞)(Mu,Ms, χs)− Is(0,∞)(M
0
u,M

0
s , χ0)

]
. (25)

∗When no confusion is possible between the 4-momentum k and the 3-momentum (k, we use
the notation k for |(k|.
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The physical meaning of this equation is that the grand potential is an extensive
quantity:

Ω = −PΩ. (26)

Mathematically, the mean ˇeld approximation corresponds to ˇnding the mini-
mum of the action. Equation (26) shows the physics attached to this condition:
the system chooses the phase where the pressure is a maximum.
Quark densities can be evaluated from (17) and are given by

ρi = −
(

∂Ω
∂µi

)
T,Ω

= − 1
βΩ

(
∂Iseff
∂µi

)
= −Nc

π2

∫ ∞

0

k2 (ni+ − ni−) dk, (27)

where

ni± =
1

1 + exp [β (Ei ± µi)]
. (28)

If we work in the isospin limit (mu = md) for a symmetric matter (µu = µd), it
is clear that ρu = ρd.
The entropy density can also be evaluated from (17) and is given by

s ≡ S

Ω
= − 1

Ω

(
1− β

∂

∂β

)
Is(µ,β) (Mu,Ms, χs) . (29)

Only the Fermi part appears in this formula since this is the only one which
depends upon temperature. When T → 0 the entropy density s goes to zero, in
agreement with the third principle of thermodynamics.
Finally, the internal energy is given by [58,59]

E ≡ Ω+ TS + µiρi =
(
1 + β

∂

∂β
− µi

∂

∂µi

)
Ω =

=
(

∂

∂β
− 1

β
µi

∂

∂µi

)
Iseff(Mu,Ms, χs). (30)

This gives the energy density

ε ≡ E

Ω
=

1
Ω

(
∂

∂β
− 1

β
µi

∂

∂µi

)
Is(µ,β) (Mu,Ms, χs)

+
1
βΩ

[
Is(0,∞) (Mu,Ms, χs)− Is(0,∞)

(
M0
u,M

0
s , χ0

)]
. (31)

Like the pressure, the energy density is a relative quantity: (31) gives the density
energy of the system w.r.t. the vacuum energy.
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B. Bag Constant B. Following [47,60], we write

P = Pideal gas −B (β, µu, µs) , (32)

ε = εideal gas +B (β, µu, µs) , (33)

Ts = Pideal gas + εideal gas − µiρi, (34)

with

Pideal gas = −
Is(µ,β) (Mu,Ms, χs)

βΩ
=

=
Nc

3π2
∑
i=u,s

ai

∫ ∞

0

k4

Ei
(ni+ + ni−) dk, (35)

εideal gas =
1
Ω

(
∂

∂β
− 1

β
µi

∂

∂µi

)
Is(µ,β) (Mu,Ms, χs)

=
Nc

π2

∑
i=u,s

ai

∫ ∞

0

k2Ei (ni+ + ni−) dk, (36)

being quantities relative to a massive free quark system. The interaction measure,
which is an indication of nonperturbative effects, is

ε− 3P = 4B +
Nc

π2

∑
i=u,s

aiM
2
i

∫ ∞

0

k2i
Ei

(ni+ + ni−) dk. (37)

In Eqs. (32) and (33), we have deˇned a temperature and density dependent
(through Mu,Ms, χs) bag constant∗ B. It depends on the Dirac contribution (23)
to the pressure:

B (β, µu, µs) =
1
βΩ

{
Is(0,∞) (Mu,Ms, χs)− Is(0,∞)

(
M0
u,M

0
s , χ0

)}
. (38)

The deˇnition (38) is different from [30, 37, 54, 61] because two new effects are
implemented: i) we take into account the explicit breaking of chiral symmetry
(even if mu = 0, we have ms �= 0: the strange quark contribution can be
nonnegligible); ii) as already stated, Eq. (38) takes into account the effects of the
gluons. Moreover, (38) conceptually differs from the deˇnition [54] where the
bag constant is zero in the chirally restored phase. Finally, it is different from the
bag constant B′ introduced in [29,31,38]. In these references, it is only obtained

∗In [47, 60], there is no glueball: the bag constant is purely chiral. Our bag constant is then a
generalization of these references.
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at zero temperature and density, through the deˇnition of B′, being identical to
the energy difference between the perturbative vacuum and the true vacuum∗.
In the perturbative vacuum, the chiral symmetry is restored and the gluon

condensate vanishes. Then, according to [29],

B′ =
1
βΩ

{
Is(0,∞) (0, 0, 0)− Ic(0,∞)

(
M0
u,M

0
s , χ0

)}
=

1
16

m2GLχ
2
0, (39)

with m2GL = b2χ20. In SU(3), implementing ms = 0 in the deˇnition of the
perturbative vacuum makes no sense. However, we shall see that the value of

B′1/4 is not so far from that of B1/4 (38) (for T >>) so that the use of (39)
in [29, 31, 38] is veriˇed a posteriori. This remark also applies for the effect of
χs which does not go down to zero.
Note that in [61], the authors study both the chiral symmetry restoration and

the effects of the gluon condensate. They however deˇne two bag constants, one
associated to the restoration of scale symmetry, the other to the restoration of
chiral symmetry.

C. High Temperature Zero Density Limit (T > Tc). In a phase where
chiral symmetry is restored Å in this section, we mean the phase where the
constituent quark mass goes to the current quark mass (Mi = mi, i = u, s) even
if we are not in the chiral limit Å we have ms/T � 1: a high temperature
expansion in ms/T is possible [50, 62, 63]. Calculations are lengthy and left to
Appendix A. We work at zero density. Our results are a generalization of the
latter references where only a limited number of terms in the ms/T expansion
have been retained while we are able to give here the full expansion, involving
only elementary functions. Note that to describe the results in Section 3, the ˇrst
four terms will be enough (T > Tc, with Tc the critical temperature) so that we
only keep them in the following. For the pressure, we get

Pideal gas ≈ T 4
(
7
60

Ncπ
2 − Nc

12
m2s
T 2
− Nc

8π2
m4s
T 4

ln
ms

πT
+

+
Nc

16π2

(
3
2
− 2γ

)
m4s
T 4

+ ...

)
, (40)

where γ is the Euler constant∗∗.

∗One can also take the equivalent deˇnition of considering it only through the glueball La-
grangian (decoupling between the glueball and the other ˇelds). We have B = 1

4
< θµµ >=

= b2

16
χ4 = 1

16
m2
GLχ

2.
∗∗In [54], the massless free quark limit is unreachable, by construction: the d3k regularization

introduces a cut-off Λ for each Fermi or ideal gas quantity. These quantities, for example Pideal gas,
behave then at high temperature as Λ/T , decreasing to zero. This drawback is not present in this work,
where we have chosen a d4k regularization for the vacuum while the Fermi part is not regularized.
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Note that the case of ˇnite chemical potentials is much more complex and, to
our knowledge, has never been treated to all orders in the fermionic case. (In the
bosonic case, the constraint µi < Mi (not present in the fermionic case) allows a
high temperature expansion (mi/T and µi/T � 1) to all orders [64Ä66].)
Above Tc, the bag constant B is temperature independent and writes

B =
1
βΩ

{
Is(0,∞) (0,ms, χc)− Is(0,∞)

(
M0
u,M

0
s , χ0

)}
, (41)

where χc is the gluon condensate above Tc. Note that, for any set of parameters
(M0

u, χ0), we could not get χc = 0. In our model there is never a complete
gluon deconˇnement. This is related to the fact that gluons are only poorly
incorporated in our formalism (we have no explicit temperature dependence of
the gluon condensate since the modeling of the gluon anomaly is through a
temperature independent potential (see last term of Eq. (11)); we also do not have
the right number of gluonic d.o.f.).
The energy density is given by (31), so that

εideal gas =
1
Ω

∂Is(µ,β)

∂β
, (42)

i.e., using (16) and (26),

εideal gas = −
∂

∂β
(βPideal gas). (43)

With (40), the high temperature, zero density, expansion gives (Appendix A)

εideal gas ≈ T 4
(
7
20

Ncπ
2 − Nc

12
m2s
T 2

+

+
Nc

8π2
m4s
T 4

ln
ms

πT
+

Nc

16π2

(
2γ +

1
2

)
m4s
T 4

+ ...

)
. (44)

Finally, (16) and (26) applied to (29) lead to

s =
(
1− β

∂

∂β

)
βPideal gas, (45)

or, equivalently, to

s = −β2 ∂

∂β
Pideal gas =

∂

∂T
Pideal gas. (46)

The high temperature, zero density, expansion of the entropy density is then
(Appendix A)

Ts ≈ T 4
(
7
15

Ncπ
2 − Nc

6
m2s
T 2

+
Nc

8π2
m4s
T 4

+ ...

)
. (47)

The results (40), (44) and (47) are used in Section 3.
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D. Low Temperature Zero Density Limit. To simplify the discussion, we
limit ourselves to the zero density case. IfM0

u is of the order of 400 MeV, the low
temperature expansion (see Appendix A) is valid up to T ≈ 100 MeV. Indeed,
masses and condensates are not varying within this range of temperatures, see
Section 3, and the expansion parameters βMu and βMs are then large enough Å
we have at worst βMu ≈ 4 Å to allow a stationary phase expansion of (35):

Pideal gas ≈
4Ncβ

−5/2

(2π)3/2
∑
i=u,s

aiM
3/2
i e−βMi + corrections, (48)

where au = 2, as = 1. To get the corrections∗, it is better to work with (35)
written in terms of K2, of which the asymptotic behavior is well known. The
method is explained in Appendix A which also contains the low temperature zero
density expansion of the energy and entropy densities.
The results relative to this section are given in Section 3B. They necessitate

the knowledge of the behavior of the condensates as a function of temperature,
given in Section 3A.

3. RESULTS

We show the variation as a function of temperature of the quark and gluon
condensates in Section 3A. We then discuss the results relative to the thermody-
namics in Section 3B.

A. Condensates. The quark and gluon condensates are given by

〈ūu〉 ≡ 1
βΩ

∂Iceff
∂mu

(Mu,Ms, χs) =

= −1
2
a2χ2s (Mu −mu) = −4NcMugMu,β,µu, (49)

〈s̄s〉 ≡ 1
βΩ

∂Iceff
∂ms

(Mu,Ms, χs) =

= −1
2
a2χ2s (Ms −ms) = −4NcMsgMs,β,µs , (50)

and by Eq. (14). The constituent quark massesMu andMs used in these equations
come from the gap equations (12), (13). When mu = 0, Mu = 0 is always a
solution of (12), so that it has to be checked if it corresponds to a greater pressure.

∗Corrections to (48) are negligible only if βMi � 40. However their number is limited for
βMi as low as 4. In Appendix A, we quantitatively discuss the importance of these corrections with
respect to the value of βMi.
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We deˇne a second order transition to be a transition for which the slope of the
pressure as a function of the external parameters T, µ is continuous (this includes
both true second order transitions and crossovers); otherwise it is said to be of the
ˇrst order. Different behaviors show up according to the chosen set of (model)
parameters and to the external (temperature and density) parameters: we can have
two ˇrst order transitions, coincident or not, or two second order transitions. We
can also have a second order transition for one species of quark while the other
experiences a ˇrst order transition.

Fig. 2. Up constituent quark mass transition (with mu �= 0)
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A discontinuous slope for the pressure means a discontinuous condensate:
there is a mass gap. This is illustrated in Fig. 2.
Since the pressure at point A is identical to the pressure at point D, the

transition takes place between these two points. Only the region from B to C is
unstable: there is metastability between A and B and between C and D.
Note that looking graphically at the pressure to ˇnd the transition point is

manageable only in the two degenerate qavor model at zero density or tempera-
ture. In that case, the strategy is the following. Given Mu, the corresponding χs
can be extracted from Eq. (14) with the strange quark contribution removed (two-
qavor case). We can then use this couple (Mu, χs) to extract the corresponding
temperature from the gap equation, Eq. (12). There is only one solution. (Should
we have ˇxed the temperature, we should have to solve two coupled equations
(12),(14) with the problem that, for a ˇrst order transition, several solutions are
possible.) We then get the ABCD curve of Fig. 2(a). To get the transition point
it is then enough to look at the pressure, Fig. 2(b).
Of course, as soon as more variables (µu, µs,Ms) are introduced, this strategy

is not anymore of interest. We have to solve the full set of coupled equations
(12)Ä(14) as a function of chemical potentials and temperature. Because of
possible ˇrst order transitions, several local extrema of the pressure show up so
that it is necessary to use a numerical algorithm searching for global extrema.
In our work [50], we used the simulated annealing algorithm that we adapted
from [67].
In order to save place, we restrict ourselves to two sets of parameters:

(i) M0
u = 300 MeV, χ0 = 80 MeV, (51)

(ii) M0
u = 600 MeV, χ0 = 125 MeV. (52)

Figure 3 is for the set (51) and corresponds to a second order phase transition w.r.t.
the temperature for vanishing chemical potentials. It is similar to results obtained
in the two-qavor case [29, 31]. The choice Mu = 350 MeV, χ0 = 450 MeV
would almost corresponds to a pure NJL model with a critical temperature of
Tc ≈ 193 MeV. The gluon condensate is almost qat, so that the quark and
gluon condensates are almost uncoupled. In contrast, the choice (51) leads to
a greater coupling between condensates and the critical temperature is lowered
(Tc ≈ 150 MeV in the chiral limit∗, see Fig. 4). Such a low temperature is in
agreement with lattice results [40,45Ä47].
Working in the three-qavor version of the model, these two pictures show

also the strange quark condensate, for which we can make two remarks:
• < s̄s > decreases slower than < ūu >, in agreement with [68]. This can

be traced back to the greater constituent strange quark mass compared to the up

∗The two-qavor case leads to a critical temperature of 140 MeV.
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Fig. 3. Quark and gluon condensates as a function of temperature for the parameters
M0
u = 300 MeV, χ0 = 80 MeV∗

quark which, in turn, is a consequence of a greater current strange quark mass
compared to the up one∗∗. Note however that our results show a faster decrease
of < s̄s > with temperature than in [69];
• Because of the coupling between the condensates, the gluon condensate at

the transition, χc, is smaller than in the two-qavor case. For the set (51), we
have χc(SU(2)) ≈ 0.8 while Fig. 3 shows χc(SU(3)) ≈ 0.6.
Figure 5 is the analogue of Fig. 3 for the set of parameters (52). This set

allows one to get a ˇrst order phase transition [29, 38]. The coupling between
quark and gluon condensates is so strong that all the condensates undergo the
transition together. At zero density, the above analysis shows that:
• We can reproduce both ˇrst and second order phase transitions. A ˇrst

order transition is typically an effect due to the gluon condensate which then does
not show up in pure NJL models;
• A low critical temperature, as low as 140 MeV, can be reproduced. This

is clearly related to the coupling between quark and gluon condensates. Pure

∗Pictures 3,5Ä8 are reprinted from
• Nuclear Physics A582, M.Jaminon, B. Van den Bossche, ®SU(3) Scaled Effective Lagrangians for
a Hot and Strange System¯, p.517Ä567, Copyright 1995.
• Nuclear Physics A582, M.Jaminon, B. Van den Bossche, ®Phase Transition and Thermodynamics
of a Hot and Dense System in a Scaled NJL Model¯, p,515Ä538, Copyright 1996
with permission from Elsevier Science.

∗∗Note that, in the two-qavor limit, where Ms, ms → ∞, we have < s̄s > / < s̄s >0= 1.
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Fig. 4. Quark and gluon condensates as a function of temperature for the parameters
M0
u = 300 MeV, χ0 = 80 MeV in the light quark chiral limit mu = md = 0 MeV

NJL models are then unable to reproduce such a low temperature: they cannot
go below Tc ≈ 190 MeV. In fact, it can be shown from the gap Equation (12)
that the critical temperature is given by (for a second order phase transition in
the two-qavor case)

Tc =

√
3
2
Λχc
π

(
1− 8π2a2

4NcΛ2

)1/2
. (53)

According to this equation, scaled models allow (for second order transitions) a
reduction of the critical temperature in the ratio χc/χ0 compared to a pure NJL
model;
• The coupling between quark and gluon condensates is mainly driven by the

value of the vacuum gluon condensate χ0. With large χ0, the coupling is weak
while the coupling becomes more and more important as we decrease χ0. The
quark or gluon condensate can then be considered as the order parameter for the
phase transition.
It should however not be forgotten that all the above analysis is performed

without vector mesons. Without them, our results show that high values of the
gluon condensate are needed to get a transition above the normal nuclear matter
density ρ0, see Fig. 5 of [31].
Although the scaled models are not able to reproduce a transition above the

normal nuclear density for a small value of the gluon condensate (which leads to
a low critical temperature), it does not mean that they are inefˇcient. Indeed, it
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is well known that vector mesons make the vacuum stiffer against the restoration
of chiral symmetry [71,72]. Including these mesons will then correct what seems
to be, at ˇrst sight, a drawback of the model.

Fig. 5. Quark and gluon condensates as a function of temperature for the parameters
M0
u = 600 MeV, χ0 = 125 MeV

B. Thermodynamics. In this section, we present results relative to the
pressure (equation of state), the energy density and the entropy density that we
have adapted from [34, 50]. Because we would like to emphasize some points
relative to ˇts, we ˇrst take the somehow unusual way to present these quantities
as a function of T 4 (pressure, energy density) or T 3 (entropy density). This
allows us to separate curves corresponding to different parameters. Once these
results will have been presented, we shall redraw some of our results in the usual
way (pressure or energy density or T times the entropy density, over T 4, as a
function of T ), allowing us to make a more direct comparison with the general
shape of these quantities as obtained in lattice calculations. Pressure, energy and
entropy densities are obtained from (25), (31), and (29), respectively. The general
behavior of these quantities can be understood (at vanishing density) from Eqs.
(32)Ä(34) with asymptotic behaviors given in Appendix A and summarized in
Sections 2C and 2D.

Pressure. The behavior of the pressure is shown in Fig. 6(a) for a vanishing
density. As the strange quark mass ms is different from zero, the behavior of the
pressure above Tc is not the usual T 4 law: in addition to the bag constant (41)
which is taken into account through the decomposition (32), the massive free gas
part has the temperature expansion (40).
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Fig. 6. Pressure as a function of T 4 for the set of parameters (51,52) for µu = µd = µs =
= 0 MeV (a); for µu = µd = µs = 250 MeV (b)

Figure 6(a) shows also the linear ˇt in T 4 which is valid in the phase where
the chiral symmetry is restored:

P ≈ 3.40 T 4 − 1.195 10−3 (54)
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for the set (51), and

P ≈ 3.40 T 4 − 2.097 10−3 (55)

for the set (52). Note that the coefˇcient of T 4 is not equal to the coefˇcient
7Ncπ

2/60 (=3.454) of the term T 4 in the expansion (40). Because of the limited
range of temperatures investigated in Fig. 6, the corrective terms to the factor T 4

in the expansion (40) change the apparent slope, and the constant term in (54)
cannot be identiˇed with the bag constant B. When a ˇt is realized with all
the terms∗ of the expansion (40), plus a constant C to adjust, this one equals
C1/4 ≈ 179 MeV for the set (51) and C1/4 ≈ 207 MeV for the set (52).
These values are close to B1/4 ≈ 183 MeV (set (51)) and B1/4 ≈ 209 MeV
(set (52)) obtained from a direct calculation of the exact bag constant (41). This
shows the consistency of our numerical results and the fast convergence of the
expansion (40), even if the expanding parameter ms/T is not so small! Note
also that the numerical values of B1/4 extracted from the exact bag constant (41)

or extracted from the ˇts are not so far from B′1/4 given by the approximate
Equation (39). The latter is valid if we ignore the coupling between the quark and

gluon condensates, and gives B′1/4 = 161 MeV (set (51)) and B′1/4 = 201 MeV
(set (52)). This justiˇes a posteriori the introduction of the approximate bag
constant (39) in the references [29,30,38]∗∗.
This discussion shows that it could be quite dangerous to extract numerical

values from ˇts: one could be tempted to identify the bag constant from the
constant term in (54) and (55). The above analysis shows clearly that it would
be wrong.
Beyond the transition, the behavior of the pressure versus temperature de-

pends on the order of the transition. For the set (52), βMi (i = u, s) remains quite
large, so that the T behavior is described in a ˇrst approximation by (48). How-
ever, a careful analysis shows that this expansion is not well suited for βMs ≤ 20,
or even for βMs ≤ 40, and that the expansion (�35) should be used instead. The
exponential behavior e−βMs is however still correct. For the set (51), the phase
transition is of second order so that Mu is progressively decreasing. This implies
that the expansion (�35) cannot be used over the whole range T < Tc and, even
more, that it is too crude to describe this behavior. We have however found that
the expansion (�34), with the sum limited to n = 1 and n = 2, is well suited for
temperatures below 100 MeV.

∗By all the terms we mean the terms which are included in (40). Indeed the precision is
sufˇcient and we do not have to take into account more terms deˇned in (�32).

∗∗It should however be stressed that it is better to work with the exact expression since an error
in B1/4 is ampliˇed when going to B.
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Note that for an analysis based on the 1/Nc expansion [51,53Ä55,74], it has
been shown that the pions give the largest contribution to the thermodynamical
quantities at low temperature∗. In the chiral limit where the pions are massless,
their behavior is in T 4, which effectively shows they have a bigger contribution
than (48) based on the high constituent quark mass. This is an example where
the 1/Nc approach to the lowest order is not valid (see [6]).
The above analysis shows that an important ingredient is not included: indeed,

the T 4 obtained for Pideal gas does not contain the gluonic d.o.f., as indicated
previously. In the chiral limit, we should have

Pideal gas =
π2

90

{
2Ng +

7
8
NcNf4

}
T 4 ≈ 5.2 T 4, (56)

with Ng = 8 if Nc = 3.
Although the gluon condensate is in part due to these gluonic d.o.f., gluons do

not contribute to the thermodynamics. To take into account the thermodynamics
of a purely gluonic system, we should add to the Lagrangian (11) a temperature
dependent potential Vχ(T ). This has for example been noticed in [37, 77, 78].
The choice of this potential should be such that it leads to the behavior (56).
Figure 6(b) is the analogue of ˇgure 6(a) for the choice µu = µs = 250 MeV.

These values correspond to a strong coupling between the condensates < ūu >
and < s̄s > for the set (52), and to a weak coupling for the set (51). With a
chemical potential, there is no possible T 4 linear ˇt. This can be seen considering
the chiral limit (mu = md = ms = 0) of (32) with (35). This leads to

P =
7
60

Ncπ
2T 4 +

Nc

2
µ2T 2 +

Ncµ
4

4π2
−B. (57)

Because ms �= 0, Eq.(57) has to be modiˇed. Figure 6(b) shows that the T 4 part
is not modiˇed compared to (57), while the T 2 part is slightly smaller. Once
again, this shows that one has to be very careful when making ˇts. The coefˇcient
of the T 4 term is not identical to the one of (54): the supplementary terms in
(40), and terms coming from the chemical potential, have a repercussion upon all
the terms of the ˇt.

Energy. The behavior of the energy density versus temperature, as given
by (33) and (36), is represented in Fig. 7. At high temperature and for vanishing
density, the whole expansion (�37) can be restricted to the ˇrst four terms (44),
which perfectly describe the curves above the chiral transition. For the sets (51)
and (52), we get the linear T 4 ˇts

ε ≈ 10.271 T 4 + 0.877 10−3 (58)

∗This is in agreement with the results [75] based on chiral perturbation theory [76].
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Fig. 7. Energy density as a function of T 4 for the set of parameters (51,52) for µu = µd =
= µs = 0 MeV (a); for µu = µd = µs = 250 MeV (b)

and

ε ≈ 10.269 T 4 + 1.620 10−3, (59)

respectively.
It is useful to stress once more the difˇculties one encounters to extract

meaningful information form ˇts such as (58) and (59), since the constant terms
in (58) and (59) are not the opposite of (54) and (55), while the exact Eqs. (32)
and (33) show clearly that they should. In fact, all the terms from the expansion
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(44) contribute to the determination of the coefˇcients of the ˇts in the restricted
range of temperatures investigated.
The expansion (44) is perfectly adequate since a ˇt from its different terms

plus a constant C to be adjusted gives C1/4 ≈ 182 MeV for the set (51) and
C1/4 ≈ 208 MeV for the set (52), in excellent agreement with the results obtained
from the behavior of the pressure. Figure 7 shows that the order of the transition
and the nature of the coupling (strong or weak) between the quark condensates
are very well visualized with the help of the energy density curves: there is a
jump at Tc if the transition is of ˇrst order, while there is a change of slope quite
visible if it is a true∗ second order transition.
This is the case for the set (51), see Fig. 4: the transition is of second order

for the up quarks while the strange quarks feel a ˇrst order transition. There
is then a change of the slope of ε(T ) at Tuc and an energy jump at Tsc, see
Fig. 7(a).
The behavior below the transition can be understood from Eq. (�39), with

the same restrictions as in the case of the pressure, for the corresponding set of
parameters.
Figure 7(b) is the analogue of Figure 7(a) for µu = µs = 250 MeV. Chemical

potentials introduce a T 2 dependence in the simpler case of chiral limit. We have,
with µ ≡ µu = µs,

ε =
7
20

Ncπ
2T 4 +

3
2
Ncµ

2T 2 +
3
4
Nc

µ4

π2
+B. (60)

This equation comes from (36) or, more directly, from (31) together with (16)
and (26). Figure 7(b) shows also that having ms different from zero does not
affect too much the second term of (60), and introduces a constant supplementary
term. All the remarks concerning the ˇts are also valid here.

Entropy. For a massless free quark gas, the entropy density behaves like
T 3. Since the strange current quark mass does not vanish, the high temperature
expansion has correcting terms. Equations (34), (40) and (44) give the ˇrst three
terms of Ts (temperature times the entropy density) in powers of T 2, leading to
Eq. (47). The complete expansion is given by (�43).
Figure 8(a) shows that Eq. (47) can be approached by a linear expression in

T 3 in the given range of temperatures:

s ≈ 13.839 T 3 − 0.912 10−2, (61)

and

s ≈ 13.868 T 3 − 0.136 10−1, (62)

for the set of parameters (51) and (52), respectively.

∗We mean a transition which is not a crossover, i.e., we are in the chiral limit.
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Fig. 8. Entropy density as a function of T 3 for a set of parameters (51,52) for µu = µd =
= µs = 0 MeV (a); for µu = µd = µs = 250 MeV (b)

Although the numerical results seem to ˇt exactly the relation (29), the T 3

coefˇcients of (61) and (62) do not correspond to the combination of Eqs. (54),
(55), (58), (59). This remark conˇrms once more what we claimed in the pressure
and energy density case: it is dangerous to extract information from ˇts if we
do not take care of possible corrections. In our case, ˇts in T 4 (for pressure
and energy) and in T 3 (for entropy) do not help to get the bag constant or the
number of excited d.o.f. The more complete forms (40), (44), and (47) have to
be considered.
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The behavior of the entropy below the chiral transition can be understood
using (�45) with the same warning as in the pressure case, for the corresponding
set of parameters.
Figure 8(b) shows the entropy behavior for nonvanishing chemical potentials.

Using Eqs. (34), (57), and (60), and the density (27) in the limit where all masses
are vanishing

ρ ≡
∑
i

ρi =
Ncµ

3

π2
+NcµT

2, (63)

we get

Ts =
7
15

Ncπ
2T 4 +Ncµ

2T 2, (64)

which has to be modiˇed in order to take into account the ˇnite value of ms. It
is worth noticing that ms only slightly affects the T 2 term of (64).
As a conclusion to these results, we can mention that, above the chiral

transition, all the d.o.f. of the model are excited. However the vanishing mass
limit of QCD is not reached for two reasons [70]:
• The gluon d.o.f. are not included at high temperature. A temperature and

density dependent potential Vχ(T, µ) should be taken into account;
• The strange quark mass is not negligible. We need going to very high

temperatures in order that the lowest term in T 4 subsists in the expansion ms/T .
We should also notice that the 1/Nc corrections in references [51, 53Ä55,

74] show that the low temperature thermodynamics is driven by pion motion,
pions being much lighter than the constituent quark mass. Since the quark loop
contribution takes into account thermal excitations of quarks with mass M �
300 MeV (whose probability is reduced by the Boltzmann factors exp(−βM)),
the low temperature thermal excitations are completely dominated by the almost
massless pions. To obtain the effects of pions in our results, we should integrate
over the meson ˇelds in the path integral formalism, which is however beyond
the scope of this paper.
Even with the above-mentioned limitations, the scaled NJL models have

important new features: some gluonic effects are included through the gluon
condensate χ which couples the up and strange quark condensates. Thanks to
this coupling, our model allows simultaneous transitions for the up and strange
sectors (strong coupling), even though they tend to remain uncoupled for high
chemical potentials. The coupling then allows ˇrst order transitions as a function
of temperature while, within a pure NJL, they are always of the second order∗

(e.g. [8, 79]).

∗The pure NJL model does, however, allow ˇrst order transitions w.r.t. density, e.g. [7].
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C. Comparison with Lattice QCD. To make a comparison with lattice
QCD∗, it can be advantageous to normalize P , ε, Ts and the interaction measure
(ε − 3P ) to T 4. The interaction measure gives the nonperturbative contribution
to the thermodynamics: it vanishes in the StefanÄBoltzmann limit. It is also
interesting to plot 3P and ε in the same picture to see how sharp is the increase
of the corresponding thermodynamical function. The origin of the coefˇcient
3 in front of P compared to ε comes from the coincidence of their respective
asymptotic T 4 behavior (see the comparison between Eq. (40) and Eq. (44)). In
the same spirit, one can normalize the entropy density by a factor 3/4 (see
Eq. (47)). In this way, 3P , ε and 3sT/4 have the same asymptotic value
7Ncπ

2/20, which is a direct consequence of the number of d.o.f. which enters
the model. Note that the quantities we examine are relative to the quarks. In our
simpliˇed model, the glueball only enters through the bag constant.

Fig. 9. Pressure, energy density, entropy density and interaction measure for a set of
parameters (51,52) M0

u = 300 MeV (a); for χ0 = 80 MeV

In Fig. 9 we show both the pressure and the energy and entropy densities of
the A-scaling NJL model versus T/Tc (Tc = 150 MeV) for the set of parameters
(51) (M0

u = 300 MeV, χ0 = 80 MeV), with mu = 0. Here, we have taken the
critical temperature corresponding to the chiral symmetry restoration connected
to the up quarks.

∗Because lattice QCD has only turned recently towards ˇnite density, see e.g. [80], we restrict
ourselves to µu = µs = 0.
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Several interesting points have to be mentioned. One expects from lattice
studies, e.g., [39,40,45], that the thermodynamical quantities are almost vanishing
below Tc, then increasing. This increase is very sharp for ε and Ts, while the
pressure approaches the StefanÄBoltzmann limit very slowly. Lattice calculations
show also that ε/T 4 has a peak∗ just above Tc, then approaching its asymptotic
value from above. Finally, they also show that ε−3P �= 0 above Tc. Our results,
summarized in Fig. 9, show that the model is in qualitative agreement with lattice
results. The quantitative difference can be understood in the following way:
lattice calculations show a rapid variation of the entropy density in a narrow
region of T (≈ 10 MeV), which is traced back to the liberation of quarks and
gluons. It seems then quite trivial to relate this fast increase to the conˇnement-
deconˇnement properties, which are not included in our model. This is clearly
seen in the entropy density calculated with our model where the entropy is already
increasing (although not as fast as near Tc) for T as low as 0.2Tc. Once this
entropy curve is understood, the general behavior of P and ε can also be deduced,
see, e.g., [81]. It is explicitly shown in that reference that, starting with a sharp
entropy density, the energy density has a peak, and that the pressure increase
above Tc is low. In fact, would the entropy be approximated by a step, we
should have the exact result

P (T )
PSB(T )

∼ 1−
(
Tc
T

)4
, (65)

which gives P/PSB = 50% (90%) for T/Tc = 1.2 (1.8), independently of the
details of the model. Since we are far from a step for the entropy, P/T 4 has
an even weaker T dependence. This is shown in the general model for the
entropy [81] and is conˇrmed by our particular model. On the same ground, it
can also be shown that the interaction measure (ε − 3P )/T 4, given in Eq. (37),
has a peak above Tc.
We have seen that the general behavior can be understood from the analysis

of [81] which, together with the lack of conˇnement of our model, explains the
quantitative disagreement between lattice gauge calculations and scaled NJL ones.
However, our ˇgure shows nice features not discussed extensively in the literature.
If we concentrate on the energy density, it is clear that the peak has its slope
broken in two places. These broken slope points coincide with the temperature
where the chiral symmetry is restored. Since the current up quark mass is zero,
the transition corresponding to the up quarks has no tail (see Fig. 4), leading to
the ˇrst slope discontinuity while, because the transition of the strange quarks is
of ˇrst order, there is in fact a jump in the energy density. Since this jump is
small, it looks like a discontinuous slope. To get a nice peak, one then has to

∗This is not the case for a pure gauge theory.
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consider only crossovers (second order transition with nonvanishing current quark
masses). Note also that a gap in energy only transforms into a change of slope
for the pressure, while a change of slope in the energy plot is almost invisible
in the pressure. It is evident that the energy density is the adequate quantity to
be investigated in order to have insights on the order of the transition, and for
extracting the critical temperature∗.

Figure 10 illustrates that the broken peak of Figure 9 is due to the combined
effect of a second order phase transition for the up quarks (in the chiral limit
mu = 0) and a weak ˇrst order transition for the strange quarks. We have taken
the set of parameters (M0

u = M0
s = 400 MeV, χ0 = 350 MeV). In that case,

there is only one critical temperature, and the transition is of second order, with
the critical temperature given precisely by Eq. (53).

Fig. 10. Pressure, energy density, entropy density and interaction measure for a set of
parameters (51,52) M0

u = M0
s = 400 MeV (a); for χ0 = 350 MeV

All we have said for the energy density remains valid for the interaction
measure (two peaks in Fig. 9 which, with mu �= 0 and a second order transition
for the strange quarks, would lead to a single peak). This gives, in the limit
of three degenerate qavors, the interaction measure of Fig. 10. Note that, in the
chiral limit, the interaction measure just gives 4B/T 4 (for T ≥ Tc), B being the
bag constant, see Eq. (37).

∗This information can of course be obtained from the reconstruction of the quark condensates.
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4. CONCLUSIONS

In this contribution, we have introduced a modiˇed version of the NambuÄ
Jona-Lasinio model which takes into account the axial and scale anomalies of
QCD. The model is not renormalizable, nor has it the conˇnement property.
However, it has the dynamical breaking of chiral symmetry included and we have
worked with the hypothesis that its restoration at high temperature and density is
equivalent to studying the conˇnement-deconˇnement phase transition.
We have mainly focused on analytical results for thermodynamical functions

and have shown that working with different qavors introduce typical behavior for
these functions.
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Appendix A
HIGH AND LOW TEMPERATURE EXPANSION OF

THERMODYNAMICAL FUNCTIONS

1. Pressure. For a vanishing chemical potential, Eq. (35) reads

Pideal gas = 2
Nc

3π2

{
2
∫ ∞

0

k4

Eu

1
1 + eβEu

dk +
∫ ∞

0

k4

Es

1
1 + eβEs

dk

}
. (�1)

Only one of these terms has to be analyzed. We deˇne

Pideal gas(s) =
2Nc

3π2
M4
s lim
ε→0

∫ ∞

1

(
y2 − 1

)3/2
1 + eεeMsβy

dy, (�2)
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where the inˇnitesimal quantity ε will allow one to regularize the summation that
will be encountered in the following. Expanding, we get

Pideal gas(s) =
2N c

3π2
M4
s lim
ε→0

∞∑
n=1

(−1)n+1e−nε
∫ ∞

1

(
y2 − 1

)3/2
e−nMsβydy,

(�3)

which can be expressed in terms of the modiˇed Bessel function of order two [82]

Pideal gas(s) =
2Nc

π2
M4
s lim
ε→0

∞∑
n=1

(−1)n+1e−nεK2 (nMsβ)
n2M2

s β
2

. (�4)

This series has also been investigated in [29]. Because of the fast decrease due
to the 1/n2 factor and because of the asymptotic behavior of K2, it can be
numerically more advantageous to use (�4) than (�3).

a. High Temperature Zero Density Expansion. The converging factor ε
in (�3) and (�4) is necessary to obtain nondiverging quantities in the high
temperature expansion. In such an expansion, only the ˇrst two terms are ˇnite.
Following [82],

K2 (z) = 2z−2
(
1− z2

4

)
+
1
8
z2

∞∑
k=0

ψ (k + 1) + ψ (k + 3)
k! (2 + k)!

(
z2

4

)k
− ln z

2
I2 (z) ,

(�5)

where ψ is the Digamma function (deˇned as d ln Γ(z)/dz with Γ(z) the Euler
Gamma function) [82],

ψ(n+ 1) = −γ +
n∑
k=1

1
k
, with ψ(1) = −γ, (�6)

and where I2(z) is the other modiˇed Bessel function of order two [82]

I2 (z) =
z2

4

∞∑
k=0

1
k! (k + 2)!

(
z2

4

)k
. (�7)

In (�6), γ is the Euler constant.
The logarithm ln(z) in K2(z) implies a singularity at the origin. There is no

Taylor expansion around it. This problem, and the way to circumvent it through
the converging factor, has been established in [62] for a fermionic gas (only the
ˇrst few terms of the expansion are given) and in [64Ä66] for a bosonic case
where a full expansion, valid also at nonzero density, has been given.
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Combining (�5) and (�7), we obtain

(
2
z2

)(
1− z2

4

)
+
(
z2

4

) ∞∑
k=0

1
k!(k + 2)!

(
z2

4

)k
×

×
[
1
2
(ψ(k + 1) + ψ(k + 3))− ln

(z

2

)]
. (�8)

This leads to

Pideal gas(s) =
2Nc

π2
M4
s lim
ε→0

{ ∞∑
n=1

(−1)n+1 1
(nMsβ)2

(
2

(nMsβ)2
− 1
2

)
+

+
1
4

∞∑
n=1

∞∑
k=0

(−1)n+1e−nε 1
k!(k + 2)!

(
(nMsβ)2

4

)k
×

×
[
1
2
(ψ(k + 1) + ψ(k + 3))− ln

(
(nMsβ)

2

)]}
. (�9)

The ˇrst two terms are easy to determine and coincide with the two nondiverging
terms from the Taylor expansion around Ms = 0. They give

2Nc

π2
M4
s

{
2

M4
s β
4

∞∑
n=1

(−1)n+1 1
n4
− 1
2M4

s β
2

∞∑
n=1

(−1)n+1 1
n2

}
. (�10)

They are tabulated in [82] and can be expressed through the use of the Riemann
zeta function∗

ζ(z) =
1

1− 21−z
∞∑
n=1

(−1)n+1
nz

, Re(z) > 0 (�11)

ζ(−2m) = 0, m=1,2,..., (�12)

ζ(2m) =
22m−1π2m|B2m|

(2m!)
, with m=1,2,... and B the Bernoulli numbers,

(�13)

∗For Re(z) ≤ 0 which we shall need in the following, a converging factor e−nε is needed.



THERMODYNAMICS OF A CHIRAL EFFECTIVE MODEL 705

which leads to

7
180

Ncπ
2T 4 − Nc

12
M2
s T
2. (�14)

The contribution of the term k = 0 is rewritten in the form

2Nc

4π2
M4
s

{
lim
ε→0

1
2

[ ∞∑
n=1

(−1)n+1e−nε
(1
2
(ψ(1) + ψ(3))− ln(Msβ

2
)
)
−

−
∞∑
n=1

(−1)n+1e−nε lnn

]}
. (�15)

Using

lim
ε→0

∞∑
n=1

(−1)n+1e−nεnz = (1− 21+z)ζ(−z), (�16)

we have

d

dz

∞∑
n=1

(−1)n+1e−nεnz =
∞∑
n=1

(−1)n+1e−nεnz lnn ≡ d

dz

(
(1− 21+z)ζ(−z)

)
,

(�17)

which leads to

∞∑
n=1

(−1)n+1e−nεnz lnn = −(ln 2)21+zζ(−z)− (1− 21+z)ζ′(−z), (�18)

where ζ′(−z) ≡ d
dz ζ(z)

}
−z.

ζ(0) is obtained from

−
∞∑
n=1

(−1)n+1e−nε = − e−nε

1 + e−nε
= −1

2
when ε→ 0, (�19)

while ζ′(0) is given in [82]

ζ′(0) = −1
2
ln 2π. (�20)

With (�19) and (�20), (�15) gives

2Nc

4π2
M4
s

1
2

{
1
2
· 1
2

(
ψ(1) + ψ(3)− 2 ln(Msβ

2
)
)
− 1
2
ln
(
2
π

)}
. (�21)
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We still need the k > 0 terms of the expansion. With (�16) and (�18), they
are

2Nc

4π2
M4
s lim
ε→0

{ ∞∑
k=1

(Msβ)2k

k!(k + 2)!4k

[
1
2

(
ψ(k + 1) + ψ(k + 3)− 2 ln

(
Msβ

2

))
×

×(1− 21+2k)ζ(−2k) + (ln 2)21+2kζ(−2k) + (1− 21+2k)ζ′(−2k)
]}

. (�22)

Equation (�6) implies

ψ(1) = −γ, (�23)

ψ(3) = −γ + 3
2
,

so that (�12), (�14), (�21), (�22) lead to

Pideal gas(s) =
7
180

Ncπ
2T 4 − Nc

12
M2
s T
2+

+
Nc

16π2
M4
s

(
−2γ + 3

2

)
− Nc

8π2
M4
s ln

(
Msβ

π

)
+

+
Nc

2π2
M4
s

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
(1− 21+2k)ζ′(−2k). (�24)

It is clear that the converging factor has regularized the summation∗ of the
expansion. Note from (�24) that the separation into a logarithmic term and a
constant one is arbitrary: one can always write ln(aMsβ) = ln(Msβ) + ln a (a
being a dimensionless constant) and put ln a into the constant term. This has
some importance for the interpretation of the high temperature results.
To write (�24) into a form involving only elementary functions, we still need

to know ζ′(−2k)(k ≥ 1), i.e.,

− 1
(1− 21+2k)

∞∑
n=1

(−1)n+1e−nεn2k lnn, (�25)

because of (�18) and (�12). Using [82]

21−zΓ(z)ζ(z) cos
(πz

2

)
= πzζ(1− z) (�26)

∗Summations of this kind are called Euler sums [83].
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and

Γ(z)Γ(1− z) =
π

sin(πz)
, (�27)

we have

21−z
π

sin(πz)
ζ(z) cos

(πz

2

)
= πzΓ(1− z)ζ(1− z), (�28)

so that

lim
z→−2k

π

sin(πz)
ζ(z) = (−1)k2−2k−1π−2kΓ(1 + 2k)ζ(1 + 2k). (�29)

With

lim
z→−2k

π

sin(πz)
ζ(z) =

0
0
=

πζ′(−2k)
π cos(−2πk) = ζ′(−2k), (�30)

we ˇnally obtain

ζ′(−2k) = 1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k). (�31)

Equation (�24) is then rewritten into the form

Pideal gas(s) =
7
180

Ncπ
2T 4 − Nc

12
M2
s T
2+

+
Nc

16π2
M4
s

(
−2γ + 3

2

)
− Nc

8π2
M4
s ln

(
Msβ

π

)
+

+
Nc

2π2
M4
s

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
(1− 21+2k)1

2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k),

(�32)

which only necessitates the evaluation of known functions.
b. Low Temperature Zero Density Expansion. We can search for a low

temperature expansion, β → ∞, starting from (�1) or (�4). The last one is
better suited because of the well known asymptotic expansion of K2 [84]

Ki(z) ≈
√

π

2z
e−z

{
1 +

4i2 − 1
8z

+
(4i2 − 1)(4i2 − 9)

2!(8z)2
+

+
(4i2 − 1)(4i2 − 9)(4i2 − 25)

3!(8z)3
+ ...

}
. (�33)
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Combining (�4) and (�33), we have

Pideal gas(s) ≈
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1
n2M2

s β
2

√
π

2nMsβ
e−nMsβ

×
{
1 +

15
8nMsβ

+
15 · 7

2!(8nMsβ)2
+
15 · 7 · (−9)
3!(8nMsβ)3

+ ...

}
. (�34)

When β is large, we are in the chirally broken phase where the quark masses
are the constituent masses. Since the expanding parameter is βMi, i = u, s, the
approximation (�34) becomes better as βMi is increased. In Section 3, it is
shown that the mass variation is low for T � 100 MeV. For a constituent quark
mass of about 400 MeV (at T = 0) βMi is, at least, 4. The expansion (�34)
is then perfectly justiˇed. In that case, the ˇrst term n = 1 is enough and the
pressure is

Pideal gas(s) ≈
4Ncβ

−5/2

(2π)3/2
M3/2
s e−Msβ

×
{
1 +

15
8Msβ

+
15 · 7

2!(8Msβ)2
+
15 · 7 · (−9)
3!(8Msβ)3

+ ...

}
. (�35)

We have checked that for the set of parameters (M0
u = 300, χ0 = 80) MeV (see

Section 3) this expansion is not well suited. In that case, the second term n = 2
in (�34), as well as the three corrections to ®1¯ for both n = 1 and n = 2, are
necessary to reproduce results valid up to 100 MeV.

c. Finite Density, Zero Temperature. For ˇnite density at vanishing temper-
ature, Eq. (35) can be exactly integrated. We have ni+ = 0, ni− = θ(µi − Ei)

and µi =
√

k2Fi
+M2

i , where kFi is the Fermi momentum of the ith qavor, so

that

Pideal gas(s) =
Nc

3π2

∫ kFs

0

dk
k4

Es
,=

=
Nc

3π2

{
k3Fs

µs − 3
[kFs

4
µ3s −

M2
s

8
kFsµs −

M4
s

8
ln
(
kFs + µs

Ms

)]}
. (�36)

2. Energy Density. a. High Temperature Zero Density Expansion. The com-
bining of Eqs. (43), (�32) immediately gives

εideal gas(s) =
7
60

Ncπ
2T 4 − Nc

12
M2
s T
2+

+
Nc

16π2
M4
s

(
2γ +

1
2

)
+

Nc

8π2
M4
s ln

(
Msβ

π

)
−
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− Nc

2π2
M4
s

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
(2k + 1)(1− 21+2k)×

×1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k). (�37)

b. Low Temperature Zero Density Expansion. Equation (43) is not well-
suited because it would imply taking the derivative of a truncated series (see
Eq. (�34)). It is better to search for the expansion of the exact solution in terms
of the modiˇed Bessel function obtained in [50]

εideal gas(s) = 3Pideal gas(s) +
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1K1(nMsβ)
nMsβ

. (�38)

Its low temperature asymptotic expansion is obtained from Eq. (�34) for the ˇrst
term and from Eq. (�33) with i = 1 [84] for the second one. We then have

εideal gas(s) ≈ 3
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1
n2M2

s β
2

√
π

2nMsβ
e−nMsβ

×
{
1 +

15
8nMsβ

+
15 · 7

2!(8nMsβ)2
+
15 · 7 · (−9)
3!(8nMsβ)3

+ ...

}

+
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1 1
nMsβ

√
π

2nMsβ
e−nMsβ

×
{
1 +

3
8nMsβ

+
3 · (−5)

2!(8nMsβ)2
+
3 · (−5) · (−21)
3!(8nMsβ)3

+ ...

}
. (�39)

Once again we can limit ourselves to n = 1 or n = 1, 2, depending upon the
chosen set of parameters (M0

u, χ0). However the ˇrst two or three corrections to
®1¯ are necessary.

c. Finite Density, Zero Temperature. As for the pressure, Eq. (36) can be
exactly integrated. It is however more judicious to use the vanishing nature of
the entropy at T = 0 in order to get (Eq. (34)),

εideal gas = −Pideal gas + µiρi, (�40)

where ρi is given by Eq. (27), i.e.,

lim
T→0

ρi =
Nc

3π2
k3Fi

. (�41)

Using (�36), (�40) and (�41), we obtain

εideal gas(s) =
Nc

π2

[kFs

4
µ3s −

M2
s

8
kFsµs −

M4
s

8
ln
(
kFs + µs

Ms

)]
. (�42)
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3. Entropy Density. a. High Temperature Zero Density Expansion. The use
of Eqs. (46), (�32) gives

s(s) =
7
45

Ncπ
2T 3 − Nc

6
M2
s T +

Nc

8π2
M4
sβ−

− Nc

2π2
M4
s β

∞∑
k=1

(Msβ)2k

k!(k + 2)!4k
2k(1− 21+2k)×

×1
2
(−1)k(2π)−2kΓ(1 + 2k)ζ(1 + 2k). (�43)

b. Low Temperature Zero Density Expansion. We can obtain this expansion
starting from Eq. (34) with µi = 0:

s(s) = β(Pideal gas(s) + εideal gas(s)), (�44)

so that, using Eqs. (�34), (�39), we have

s(s) ≈ 4β
2Nc

π2
M4
s

∞∑
n=1

(−1)n+1
n2M2

s β
2

√
π

2nMsβ
e−nMsβ ×

×
{
1 +

15
8nMsβ

+
15 · 7

2!(8nMsβ)2
+
15 · 7 · (−9)
3!(8nMsβ)3

+ ...

}
+

+
2Nc

π2
M4
sβ

∞∑
n=1

(−1)n+1 1
nMsβ

√
π

2nMsβ
e−nMsβ ×

×
{
1 +

3
8nMsβ

+
3 · (−5)

2!(8nMsβ)2
+
3 · (−5) · (−21)
3!(8nMsβ)3

+ ...

}
. (�45)

Once again we can limit ourselves to n = 1 or n = 1, 2, depending upon the
chosen set of parameters (M0

u, χ0). However the ˇrst two or three corrections to
®1¯ are necessary.

c. Finite Density, Zero Temperature. It is clear that

s(s) = 0, (�46)

in agreement with the third principle of thermodynamics.
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The development of the polarized target technique during the last years is reviewed: the main
features of nuclear polarization by the dynamic cooling method, the polarization measurement of
nuclei with spins I = 1 and I = 1/2, the nuclear magnetic superradiance, the effect of frequency
modulating microwave that considerably improves nuclear polarization. New prospects of designing
thin targets and their possible application for radioactive nuclei polarization are discussed.

‚‚…„…Qˆ…

�µ²Ö·¨§µ¢ ´´Ò¥ ³¨Ï¥´¨ ¶µÖ¢¨²¨¸Ó ¢ 60-Ì £µ¤ Ì ± ± ¨´¸É·Ê³¥´É ¤²Ö ¨¸-
¸²¥¤µ¢ ´¨Ö ¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¢ Ô±¸¶¥·¨³¥´É Ì ¶µ · ¸¸¥Ö´¨Õ Î ¸É¨Í
´  ¢Ò¢¥¤¥´´ÒÌ ¶ÊÎ± Ì Ê¸±µ·¨É¥²¥° [1]. �µ ³¥·¥ · §¢¨É¨Ö Ê¸±µ·¨É¥²Ó´µ°
É¥Ì´¨±¨ ¨ ¶µ¢ÒÏ¥´¨Ö Ô´¥·£¨¨ ¶ÊÎ±µ¢ ¨¸¶µ²Ó§µ¢ ´¨¥ ³¨Ï¥´¥° ¶µ§¢µ²¨²µ
¶·¨¸ÉÊ¶¨ÉÓ ± ¨¸¸²¥¤µ¢ ´¨Õ ¸¶¨´µ¢µ° ¸É·Ê±ÉÊ·Ò ´Ê±²µ´µ¢ ¢ ¶·µÍ¥¸¸ Ì £²Ê-
¡µ±µ´¥Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ¶µ²Ö·¨§µ¢ ´´ÒÌ ²¥¶Éµ´µ¢ [2, 3]. ˜¨·µ±µ¥ ¶·¨-
³¥´¥´¨¥ µ´¨ ¶µ²ÊÎ¨²¨ ¢ ´¥°É·µ´´µ° Ë¨§¨±¥ [4Ä6] ¨ Ë¨§¨±¥ É¢¥·¤µ£µ É¥² 
¶·¨ ¨§ÊÎ¥´¨¨ Ö¤¥·´µ£µ ³ £´¨É´µ£µ Ê¶µ·Ö¤µÎ¥´¨Ö ¨ ®¶¸¥¢¤µ³ £´¥É¨§³ ¯ [7].
–¥´É· ²Ó´ÊÕ ·µ²Ó ¢ · §· ¡µÉ±¥ ³¥Ì ´¨§³µ¢ ¶µ²Ö·¨§ Í¨¨ ¸Ò£· ²¨ ±² ¸¸¨Î¥-
¸±¨¥ · ¡µÉÒ A.�¢¥·Ì Ê§¥·  [8], �.�¡· £ ³ , Š.„¦¥ËË·¨¸ , �.�.�·µ¢µÉµ·µ¢ ,
Œ.�.Šµ¦ÊÏ´¥· , ‹.‹.�Ê¨Ï¢¨²¨, Œ.�µ·£¨´¨, ‚.�.�Í ·±¨´  ¨ ¤·., Í¨É¨·Ê¥-
³Ò¥ ¶µ ³¥·¥ ¨§²µ¦¥´¨Ö ¢ ¤ ´´µ³ µ¡§µ·¥. �¥·¢Ò¥ ¶µ²Ö·¨§µ¢ ´´Ò¥ ¶·µÉµ´´Ò¥
³¨Ï¥´¨, · ¡µÎ¨³ ¢¥Ð¥¸É¢µ³ ±µÉµ·ÒÌ ¸²Ê¦¨²¨ ±·¨¸É ²²µ£¨¤· ÉÒ, ´ ¶·¨³¥·
² ´É ´-³ £´¨¥¢Ò° ´¨É· É (LMN), ¡Ò²¨ ¢´¥¤·¥´Ò ¢ É¥Ì´¨±Ê Ë¨§¨Î¥¸±µ£µ Ô±¸-
¶¥·¨³¥´É  ¶· ±É¨Î¥¸±¨ µ¤´µ¢·¥³¥´´µ ¢ ´¥¸±µ²Ó±¨Ì ¨´¸É¨ÉÊÉ Ì (¸³. [9]). Œ¥-
Ì ´¨§³ ¶µ²Ö·¨§ Í¨¨ Ö¤¥· ¢ LMN, ´ §¢ ´´Ò° ¸µ²¨¤-ÔËË¥±Éµ³, µ¡Ê¸²µ¢²¥´ ´ -
²¨Î¨¥³ ¶ ·´ÒÌ Ô²¥±É·µ´-Ö¤¥·´ÒÌ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �ÉµÉ ³¥-
Ì ´¨§³ µ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  ÔËË¥±É¨¢´Ò³ ¢ ±·¨¸É ²² Ì, ¶µ§¢µ²ÖÖ ¢ ¶µ²¥ ¶µ-
·Ö¤±  2 ’² ¨ ¶·¨ £¥²¨¥¢ÒÌ É¥³¶¥· ÉÊ· Ì ¤µ¸É¨£ ÉÓ ¶µ²Ö·¨§ Í¨¨ ¶·µÉµ´µ¢
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±70%. ‚³¥¸É¥ ¸ É¥³ ´¨§± Ö ±µ´Í¥´É· Í¨Ö ¶·µÉµ´µ¢ ¨ ´ ²¨Î¨¥ ¶µ¸Éµ·µ´-
´¨Ì Ö¤¥· ¢ LMN Ê¸²µ¦´¨²µ Ëµ´µ¢Ò¥ Ê¸²µ¢¨Ö ¢ Ô±¸¶¥·¨³¥´É Ì ¶µ · ¸¸¥Ö´¨Õ
Î ¸É¨Í, ÎÉµ µ¡Ê¸²µ¢¨²µ · §· ¡µÉ±Ê ¡µ²¥¥ ÔËË¥±É¨¢´ÒÌ ¸¶¨·Éµ¢ÒÌ ³¨Ï¥-
´¥°. ŒµÐ´µ¥ · §¢¨É¨¥ É¥Ì´¨±  ¶µ²Ö·¨§µ¢ ´´ÒÌ ³¨Ï¥´¥° ¶µ²ÊÎ¨²  ¶µ¸²¥
¶·¥¤²µ¦¥´¨Ö ‹µ´¤µ´µ³, Š² ·±µ³ ¨ Œ¥¤µ§µ° [10] ´µ¢µ£µ ³¥Éµ¤  ¶µ²ÊÎ¥´¨Ö
¸¢¥·Ì´¨§±¨Ì É¥³¶¥· ÉÊ·, ±µÉµ·Ò° ¢¶¥·¢Ò¥ ¡Ò² ·¥ ²¨§µ¢ ´ ¢ �¡Ñ¥¤¨´¥´´µ³
¨´¸É¨ÉÊÉ¥ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨° ¢ „Ê¡´¥ �.‘.�¥£ ´µ¢Ò³, �.‘.�µ·¨¸µ¢Ò³ ¨
Œ.�.‹¨¡Ê·£µ³ [11]. ‚ 70-Ì £µ¤ Ì ¨´É¥´¸¨¢´Ò° ¶µ¨¸± ´µ¢ÒÌ ¶µ²¨³¥·´ÒÌ
³ É¥·¨ ²µ¢ ³¨Ï¥´¥° ¶·¨¢¥² ± ¸µ§¤ ´¨Õ ¶¥·¢ÒÌ ¶·µÉµÉ¨¶µ¢,   § É¥³ ¨ · ¡µ-
Î¨Ì ¢ ·¨ ´Éµ¢ ¶µ²Ö·¨§µ¢ ´´Òx ³¨Ï¥´¥° ´µ¢µ£µ, § ³µ·µ¦¥´´µ£µ É¨¶  [12Ä16].
�·¨ ¸¢¥·Ì´¨§±¨Ì É¥³¶¥· ÉÊ· Ì ¶µ·Ö¤±  0,2 Š Ê¤ ²µ¸Ó ¤µ¸É¨£´ÊÉÓ ¶µÎÉ¨ 100%
¶µ²Ö·¨§ Í¨¨ ¶·µÉµ´µ¢ µ¡µ¨Ì §´ ±µ¢ ¢ ¶·µ¶ ´¤¨µ²¥, ÔÉ¨²¥´£²¨±µ²¥, ¡ÊÉ ´µ²¥.
�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨ É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö ¤¨´ ³¨Î¥¸±µ° ¶µ²Ö·¨§ -
Í¨¨ ¶µ§¢µ²¨²¨ Ê¸É ´µ¢¨ÉÓ, ÎÉµ ¢ ¸¶¨·Éµ¢ÒÌ ³ É·¨Í Ì ®· ¡µÉ ¥É¯ ¡µ²¥¥ ³µÐ-
´Ò°, Î¥³ ¸µ²¨¤-ÔËË¥±É, ³¥Ì ´¨§³ ¶µ²Ö·¨§ Í¨¨, ´ §¢ ´´Ò° ¤¨´ ³¨Î¥¸±¨³
µÌ² ¦¤¥´¨¥³ [17Ä20]. „¨´ ³¨Î¥¸±µ¥ µÌ² ¦¤¥´¨¥ µ¡Ê¸²µ¢²¥´µ ±µ²²¥±É¨¢´Ò³
¢§ ¨³µ¤¥°¸É¢¨¥³ Ô²¥±É·µ´´µ° ¸¶¨´-¸¶¨´µ¢µ° ¸¨¸É¥³Ò ¸ Ö¤· ³¨; ÔÉ  ³µ¤¥²Ó
· ¸¸³µÉ·¥´  ¢ ¤ ´´µ³ µ¡§µ·¥. ‚ É¥Ì´¨Î¥¸±µ³ ¶² ´¥, ¶µ ³¥·¥ ¶µ¢ÒÏ¥´¨Ö
É·¥¡µ¢ ´¨° ± ¶ · ³¥É· ³ ³¨Ï¥´¥° ¢ Ô±¸¶¥·¨³¥´É¥, Ê¤ ²µ¸Ó ¸Ëµ·³¨·µ¢ ÉÓ
µ¶É¨³ ²Ó´Ò° ¶µ¤Ìµ¤ ± ¨§³¥·¥´¨Õ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨, µ¸´µ¢Ê ±µÉµ·µ£µ ¸µ-
¸É ¢²Ö¥É ²¨¢¥·¶Ê²Ó¸±¨° Q-³¥É· ¸ Ìµ·µÏµ  ¶·µ¡¨·µ¢ ´´µ° É¥Ì´¨±µ° · ¸Î¥É 
±µ··¥±É¨·ÊÕÐ¨Ì ¶µ¶· ¢µ±. �±¸¶¥·¨³¥´ÉÒ ¸ ´µ¢Ò³¨ ³ É¥·¨ ² ³¨ ¶µ§¢µ²¨²¨
µ¡´ ·Ê¦¨ÉÓ ¨ ¶·¨¸ÉÊ¶¨ÉÓ ± ¨¸¸²¥¤µ¢ ´¨Õ ´µ¢ÒÌ É¢¥·¤µÉ¥²Ó´ÒÌ ÔËË¥±Éµ¢
(Ö¤¥·´µe ³ £´¨É´µe ¸¢¥·Ì¨§²ÊÎ¥´¨e, Î ¸ÉµÉ´ Ö ³µ¤Ê²ÖÍ¨Ö), ±µÉµ·Ò¥ ´¥µ¡Ìµ-
¤¨³µ ¶µ´¨³ ÉÓ ¶·¨ · ¡µÉ¥ ¸ ³¨Ï¥´Ö³¨. �Ò²¨ ¶·µ¢¥¤¥´Ò Ê¸¶¥Ï´Ò¥ µ¶ÒÉÒ
¢ ´ ¶· ¢²¥´¨¨ ¸µ§¤ ´¨Ö Éµ´±¨Ì ³¨Ï¥´¥° ¤²Ö Ô±¸¶¥·¨³¥´Éµ¢ ¸ ´¨§±µÔ´¥·£¥-
É¨Î¥¸±¨³¨ ¶ÊÎ± ³¨, ¨ ´ ³¥É¨²µ¸Ó ´µ¢µ¥ ´ ¶· ¢²¥´¨¥ ¢ ¸µ§¤ ´¨¨ ¶µ²Ö·¨§µ-
¢ ´´ÒÌ ¸Í¨´É¨²²ÖÉµ·µ¢ [21]. �·¨ ¸µ§¤ ´¨¨ ³¨Ï¥´¥° ³´µ£¨¥ É¥Ì´¨Î¥¸±¨¥
·¥§Ê²ÓÉ ÉÒ, ³¥Éµ¤Ò · ¸Î¥É  ¨ µ¶ÒÉ · ¡µÉÒ ¶Ê¡²¨±µ¢ ²¨¸Ó ¢ ¶·¥¶·¨´É Ì ¨²¨
¢´ÊÉ·¥´´¨Ì µÉÎ¥É Ì ¨´¸É¨ÉÊÉµ¢ ¨ ´¥ ¡Ò²¨ µ¡µ¡Ð¥´Ò ¸ ¥¤¨´µ° ÉµÎ±¨ §·¥´¨Ö.
�Î¥¢¨¤´µ, ÎÉµ ¤µ¸É¨¦¥´¨Ö ¶µ¸²¥¤´¨Ì ²¥É ´Ê¦¤ ÕÉ¸Ö ¢ µ¡§µ·¥, ¶µ²¥§´µ³ ± ±
¤²Ö ¸ÉÊ¤¥´Éµ¢, É ± ¨ ¤²Ö Ô±¸¶¥·¨³¥´É Éµ·µ¢, · ¡µÉ ÕÐ¨Ì ¢ µ¡² ¸É¨ ¶µ²Ö·¨-
§µ¢ ´´ÒÌ ³¨Ï¥´¥°. ‘É·Ê±ÉÊ·  ¡µ²ÓÏ¨´¸É¢  · ¡µÉ ¶µ ³¨Ï¥´Ö³ ¢ µ¸´µ¢´µ³
c¢µ¤¨É¸Ö ± µ¶¨¸ ´¨Õ ±·¨µ£¥´´µ£µ µ¡µ·Ê¤µ¢ ´¨Ö, ´  ¸µ§¤ ´¨¥ ±µÉµ·µ£µ, ± ±
¶· ¢¨²µ, ¶·¨Ìµ¤¨É¸Ö ¡µ²ÓÏµ° µ¡Ñ¥³ · ¡µÉ. ‚ ´¥¤ ¢´µ µ¶Ê¡²¨±µ¢ ´´µ³ µ¡-
§µ·¥ [22] ¨ · ¡µÉ¥ SŒC-±µ²² ¡µ· Í¨¨ CERN [30] § É·µ´ÊÉ ¡µ²¥¥ Ï¨·µ±¨°
±·Ê£ ¢µ¶·µ¸µ¢, Î ¸É¨Î´µ ¢µ¸¶µ²´ÖÕÐ¨° ´¥¤µ¸É Éµ± ²¨É¥· ÉÊ·Ò ¢ ÔÉµ³ ´ -
¶· ¢²¥´¨¨. ‡¤¥¸Ó ³Ò ¶µ¶ÒÉ ²¨¸Ó ¡µ²¥¥ ±µ´±·¥É´µ · ¸¸³µÉ·¥ÉÓ É¥Ì´¨Î¥¸±¨¥
¶·µ¡²¥³Ò, ´¥ µÉ´µ¸ÖÐ¨¥¸Ö ± ±·¨µ£¥´¨±¥, ±µÉµ·Ò¥, ´  ´ Ï ¢§£²Ö¤, µ± ¦ÊÉ¸Ö
¶µ²¥§´Ò³¨ ¤²Ö ¶· ±É¨Î¥¸±µ° · ¡µÉÒ ¸ ³¨Ï¥´Ö³¨.
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‚ ¤¨Ô²¥±É·¨± Ì ¶·¨ ¸¢¥·Ì´¨§±¨Ì É¥³¶¥· ÉÊ· Ì ¢·¥³¥´  ·¥² ±¸ Í¨¨ Ö¤¥·-
´ÒÌ ¸¶¨´µ¢ ¤µ¸É¨£ ÕÉ ¸µÉ¥´ ¨ ¡µ²¥¥ Î ¸µ¢. Ÿ¤¥·´Ò¥ ¸¶¨´Ò µ± §Ò¢ ÕÉ¸Ö ¶· ±-
É¨Î¥¸±¨ ¨§µ²¨·µ¢ ´´Ò³¨ µÉ ·¥Ï¥É±¨, ¶µÔÉµ³Ê ¨Ì ¸¶¨´µ¢ Ö É¥³¶¥· ÉÊ·  (Tz)
³µ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´µ ¨§³¥´¥´  ¶µ ¸· ¢´¥´¨Õ ¸ É¥³¶¥· ÉÊ·µ° ·¥Ï¥É±¨
(T0). Œ¥Éµ¤Ò ¶µ²Ö·¨§ Í¨¨, ¶·¨ ±µÉµ·ÒÌ Tz �= T0, ´ §Ò¢ ÕÉ¸Ö ¤¨´ ³¨Î¥-
¸±¨³¨,   ¨Ì ¸ÊÉÓ ¢ ±µ´¥Î´µ³ ¨Éµ£¥ ¸¢µ¤¨É¸Ö ± ¶¥·¥¤ Î¥ ¢Ò¸µ±µ° ¶µ²Ö·¨§ Í¨¨
Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢ ¶ · ³ £´¨É´µ° ¶·¨³¥¸¨ Ö¤¥·´Ò³ ³ £´¨É´Ò³ ³µ³¥´É ³
[7, 9]. � ¶µ³´¨³ ±· É±µ ¸µ¤¥·¦ ´¨¥ ³¥Éµ¤  ¶µ²Ö·¨§ Í¨¨ Ö¤¥·, ´ §¢ ´´µ£µ
®¤¨´ ³¨Î¥¸±¨³ µÌ² ¦¤¥´¨¥³¯ („�) [17, 18, 23, 24], ±µÉµ·Ò° µ± § ²¸Ö ´ ¨-
¡µ²¥¥ ÔËË¥±É¨¢´Ò³ ¢ ¸¶¨·Éµ¢ÒÌ ¶µ²Ö·¨§µ¢ ´´ÒÌ ³¨Ï¥´ÖÌ [15, 16]. „²Ö ¥£µ
·¥ ²¨§ Í¨¨ ¢ ³ É¥·¨ ² ³¨Ï¥´¨, ¶ÊÉ¥³ · ¸É¢µ·¥´¨Ö, ¤¨ËËÊ§¨¨ ¨²¨ µ¡²ÊÎ¥´¨Ö,
¢¢µ¤ÖÉ ¶ · ³ £´¨É´ÊÕ ¶·¨³¥¸Ó (±· ³¥·¸µ¢¸±¨¥ Í¥´É·Ò [7]) ¸ ±µ´Í¥´É· Í¨¥°
¶µ·Ö¤±  Ns ≈ 1020 ¸³−3. Œµ²¥±Ê²Ò ¶·¨³¥¸¨ ¸µ¤¥·¦ É ´¥¸¶ ·¥´´Ò¥ Ô²¥±-
É·µ´Ò (S = 1/2), ±µÉµ·Ò¥ ¢ ¶µ¸ÉµÖ´´µ³ ³ £´¨É´µ³ ¶µ²¥ H0 ¨ ¶·¨ É¥³¶¥· -
ÉÊ·¥ T0 ¶µ²Ö·¨§ÊÕÉ¸Ö ¤µ ¢¥²¨Î¨´Ò [9]

Ps = 100% · th
(

�γsH0
2kT0

)
, (1)

£¤¥ � Å ¶µ¸ÉµÖ´´ Ö �² ´± , γs Å £¨·µ³ £´¨É´µ¥ µÉ´µÏ¥´¨¥ Ô²¥±É·µ´µ¢,
k Å ¶µ¸ÉµÖ´´ Ö �µ²ÓÍ³ ´ . �·¨ H0 = 2, 5 ’² ¨ T0 = = 0, 3 Š ¶µ²Ö·¨§ -
Í¨Ö Ps = 99, 997%. �·¨ É¥Ì ¦¥ Ê¸²µ¢¨ÖÌ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ëµ·³Ê²µ° (1)
¸¶¨´Ò ¶·µÉµ´µ¢ (¨´¤¥±¸ p) ¶µ²Ö·¨§ÊÕÉ¸Ö Éµ²Ó±µ ¤µ ¢¥²¨Î¨´Ò Pp = 0, 85%,
¶µ¸±µ²Ó±Ê γs/γp = 656. �´¥·£¨Ö Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢ ¸±² ¤Ò¢ ¥É¸Ö ¨§ ¨Ì
§¥¥³ ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ¶µ²¥³ H0 ‖ z, £¤¥ z Å µ¸Ó ±¢ ´Éµ¢ ´¨Ö, ¨
¸¶¨´-¸¶¨´µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö [19]:

Ĥ = Ĥz + Ĥ0ss + Ĥ ′
ss, (2)

£¤¥ Ĥz = �γsH0Ŝz Å µ¶¥· Éµ· §¥¥³ ´µ¢¸±µ° Ô´¥·£¨¨ ¸¶¨´µ¢, Ĥ0ss Å ¸¥±Ê-
²Ö·´ Ö Î ¸ÉÓ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ±µÉµ· Ö ±µ³³ÊÉ¨·Ê¥É ¸ §¥¥³ -
´µ¢¸±¨³ ¢±² ¤µ³, ¨ Ĥ ′

ss Å Î²¥´, µÉ¢¥É¸É¢¥´´Ò° §  ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê Ĥz

¨ Ĥ0ss. ‚ ¦´µ° µ¸µ¡¥´´µ¸ÉÓÕ ¢¥Ð¥¸É¢, ±µÉµ·Ò¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö ¶µ²ÊÎ¥´¨Ö
¢Ò¸µ±µ° ¶µ²Ö·¨§ Í¨¨, Ö¢²Ö¥É¸Ö ¶·¨³¥·´µ¥ · ¢¥´¸É¢µ ²µ± ²Ó´ÒÌ Î ¸ÉµÉ Ô²¥±-
É·µ´´ÒÌ ¸¶¨´µ¢ ¨ Ö¤¥·´µ° §¥¥³ ´µ¢¸±µ° Î ¸ÉµÉÒ, É.¥. γsHloc ∼= ωI = γIH0
[24], £¤¥ ¸¶¥±É· ²µ± ²Ó´ÒÌ Î ¸ÉµÉ ¶·µ¸É¨· ¥É¸Ö µÉ 0 ¤µ ∼ 300 ŒƒÍ. ‚¸²¥¤-
¸É¢¨¥ ÔÉµ£µ ¸ÊÐ¥¸É¢Ê¥É ¸¨²Ó´ Ö ¸¢Ö§Ó ³¥¦¤Ê ·¥§¥·¢Ê ·µ³ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨-
³µ¤¥°¸É¢¨° ¨ Ö¤¥·´µ° ¸¶¨´µ¢µ° ¸¨¸É¥³µ°. �µ¸²¥¤´¥¥ µ§´ Î ¥É, ÎÉµ ¸¶¨´-
¸¶¨´µ¢Ò° ·¥§¥·¢Ê · ¨ Ö¤¥·´ Ö §¥¥³ ´µ¢¸± Ö ¶µ¤¸¨¸É¥³  ®·¥§µ´¨·ÊÕÉ¯ ¤·Ê£ ¸
¤·Ê£µ³, Éµ ¥¸ÉÓ ´ Ìµ¤ÖÉ¸Ö ¢ É¥¸´µ³ É¥¶²µ¢µ³ ±µ´É ±É¥ ¨, ¢ ±µ´¥Î´µ³ ¨Éµ£¥,
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¶·¨µ¡·¥É ÕÉ µ¤´Ê ¨ ÉÊ ¦¥ É¥³¶¥· ÉÊ·Ê Tss = TI ´¥§ ¢¨¸¨³µ µÉ ¸µ·É  Ö¤¥·-
´ÒÌ ¸¶¨´µ¢. �µ¤ ¤¨´ ³¨Î¥¸±¨³ µÌ² ¦¤¥´¨¥³ ¶µ´¨³ ÕÉ ³¥Éµ¤ ¶µ²Ö·¨§ Í¨¨
Ö¤¥· ¶ÊÉ¥³ ¨Ì ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ·¥§¥·¢Ê ·µ³ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°
[17, 24]. ‚ ¤ ²Ó´¥°Ï¥³ ¤²Ö ¶·µ¸ÉµÉÒ ³Ò ¡Ê¤¥³ ¶µ² £ ÉÓ Tss ≡ TI , ÎÉµ ¶µ-
§¢µ²¨É ´¥ · ¸¸³ É·¨¢ ÉÓ Éµ´±¨¥ ÔËË¥±ÉÒ ¢ Ô²¥±É·µ´´µ° ¸¶¨´µ¢µ° ¸¨¸É¥³¥,
¸¢Ö§ ´´Ò¥ ¸ ´ ²¨Î¨¥³ Ö¤¥·, ¨ ¸±µ´Í¥´É·¨·µ¢ ÉÓ¸Ö ´  £² ¢´ÒÌ ¶·¨´Í¨¶ Ì „�.
‚ ¸¨²Ó´µ³ ³ £´¨É´µ³ ¶µ²¥, ±µ£¤  §¥¥³ ´µ¢¸± Ö Ô´¥·£¨Ö Ô²¥±É·µ´´ÒÌ ¸¶¨-

´µ¢ §´ Î¨É¥²Ó´µ ¶·¥¢µ¸Ìµ¤¨É Ô´¥·£¨Õ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, µ¡¥
Ô²¥±É·µ´´Ò¥ ¶µ¤¸¨¸É¥³Ò Ö¢²ÖÕÉ¸Ö ±¢ §¨´¥§ ¢¨¸¨³Ò³¨, ¶µÔÉµ³Ê ¤²Ö ¨Ì µ¶¨-
¸ ´¨Ö ´¥µ¡Ìµ¤¨³µ ¢¢¥¤¥´¨¥ ¤¢ÊÌ, ¢ µ¡Ð¥³ ¸²ÊÎ ¥ · §´ÒÌ É¥³¶¥· ÉÊ· Tz0 ¨
Tss, ¨ ³ É·¨Í  ¶²µÉ´µ¸É¨ ¨³¥¥É ¢¨¤ [23]:

ρ̂(t) =
1
Σ
exp

[
−
(

�ω0Ŝz
kTz0

)
−
(

Ĥ0ss
kTss

)]
, (3)

£¤¥ Σ Å ´µ·³¨·µ¢µÎ´ Ö ±µ´¸É ´É , ω0 = γsH0 Å ² ·³µ·µ¢¸± Ö Î ¸ÉµÉ 
Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢. • · ±É¥·´Ò° ¢·¥³¥´´µ° ³ ¸ÏÉ ¡ Ê¸É ´µ¢²¥´¨Ö ¢´Ê-
É·¥´´¥£µ · ¢´µ¢¥¸¨Ö ¢ ¸¶¨´-¸¶¨´µ¢µ° ¸¨¸É¥³¥ §´ Î¨É¥²Ó´µ ±µ·µÎ¥ (≈ 10−5 c),
Î¥³ ¢ §¥¥³ ´µ¢¸±µ° ¶µ¤¸¨¸É¥³¥ (≈ 10−1 c), µ´ ¸¢Ö§ ´ ¸ ¢§ ¨³´Ò³¨ ®Ë²¨¶-
Ë²µ¶¯-¶¥·¥Ìµ¤ ³¨ ³¥¦¤Ê ¸µ¸¥¤´¨³¨ ¸¶¨´ ³¨, ±µÉµ·Ò¥ ´¥ ¨§³¥´ÖÕÉ Ô´¥·£¨¨
¸¨¸É¥³Ò. …¸²¨ ωss Å Î ¸ÉµÉ  ¶·¥Í¥¸¸¨¨ ¸¶¨´µ¢ ¢ ²µ± ²Ó´µ³ ¶µ²¥ Hloc,
µ¡Ê¸²µ¢²¥´´µ³ ¸¶¨´-¸¶¨´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨, Éµ Ê¸²µ¢¨¥ ω0 >> ωss
¤¥² ¥É ´¥¢µ§³µ¦´Ò³ ·¥§µ´ ´¸´Ò° µ¡³¥´ Ô´¥·£¨¥° ³¥¦¤ÊĤz ¨ Ĥ0ss. ‚ ¤¥°-
¸É¢¨É¥²Ó´µ¸É¨ ´¥¸¥±Ê²Ö·´Ò° Î²¥´ Ĥ ′

ss ¢ (2), µ¶ÊÐ¥´´Ò° ¢ Ëµ·³Ê²¥ (3), ¢Ò-
· ¢´¨¢ ¥É ¸¶¨´µ¢Ò¥ É¥³¶¥· ÉÊ·Ò ¶µ¤¸¨¸É¥³, É ± ÎÉµ §  ¢·¥³Ö Ô²¥±É·µ´´µ°
¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨ ¢ µ¡µ¨Ì ¶µ¤¸¨¸É¥³ Ì Ê¸É ´ ¢²¨¢ ¥É¸Ö µ¤¨´ -
±µ¢ Ö É¥³¶¥· ÉÊ·  Tz0 = Tss = T0, · ¢´ Ö É¥³¶¥· ÉÊ·¥ ·¥Ï¥É±¨. ‚ ÔÉµ³
¸µ¸ÉµÖ´¨¨ Ĥ0ss ¢ (3) ´¥ ¨£· ¥É ´¨± ±µ° ·µ²¨ ¨ ÔÉ¨³ Î²¥´µ³ ³µ¦´µ ¶·¥-
´¥¡·¥ÎÓ, ¶µ¸±µ²Ó±Ê ω0 >> ωss; É.¥. ¸¶¨´µ¢ Ö ¸¨¸É¥³  µ¶·¥¤¥²¥´  § ¤ ´¨¥³
µ¤´µ° É¥³¶¥· ÉÊ·Ò.
„²Ö ¶µ²Ö·¨§ Í¨¨ Ö¤¥· ´¥µ¡Ìµ¤¨³µ µÌ² ¤¨ÉÓ ·¥§¥·¢Ê · ¸¶¨´-¸¶¨´µ¢ÒÌ

¢§ ¨³µ¤¥°¸É¢¨°. �Ì² ¦¤¥´¨¥ ¤µ¸É¨£ ¥É¸Ö µ¡²ÊÎ¥´¨¥³ Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢
´  ³¨±·µ¢µ²´µ¢µ° Î ¸ÉµÉ¥ ωp ¢¡²¨§¨ ² ·³µ·µ¢¸±µ° Î ¸ÉµÉÒ ω0. Š ¦¤Ò°
 ±É ¶µ£²µÐ¥´¨Ö ¸¶¨´µ¢µ° ¸¨¸É¥³µ° ±¢ ´É  ¢´¥Ï´¥£µ ¶µ²Ö �ω ³µ¦´µ · ¸-
¸³ É·¨¢ ÉÓ ± ± ¶µ¸ÉÊ¶²¥´¨¥ ¢ §¥¥³ ´µ¢¸±ÊÕ ¶µ¤¸¨¸É¥³Ê ±¢ ´É  �ω0 ¸ µ¤-
´µ¢·¥³¥´´µ° ¶¥·¥¤ Î¥° ®µ¸É É± ¯ �(ωp − ω0) ¢ ¸¶¨´-¸¶¨´µ¢Ò° ·¥§¥·¢Ê ·;
¶·¨ (ωp − ω0) < 0 ±¢ ´É Ô´¥·£¨¨ �(ω0 − ωp) ¨§¢²¥± ¥É¸Ö ¨§ ¸¶¨´-¸¶¨´µ¢µ£µ
·¥§¥·¢Ê ·  [24]. ‘ Ëµ·³ ²Ó´µ° ÉµÎ±¨ §·¥´¨Ö ¤²Ö ¢Ò¤¥²¥´¨Ö ¨´É¥£· ²µ¢ ¤¢¨-
¦¥´¨Ö ¢ (2) ¶·¨ ´ ²¨Î¨¨ ¶¥·¥³¥´´µ£µ ¶µ²Ö ´¥µ¡Ìµ¤¨³µ ¤µ¡ ¢¨ÉÓ ¢§ ¨³µ¤¥°-
¸É¢¨¥ 2�γsH1Ŝx cos (ωpt) ¨ ¨¸±²ÕÎ¨ÉÓ ¢·¥³¥´´ÊÕ § ¢¨¸¨³µ¸ÉÓ ¢ £ ³¨²ÓÉµ´¨-
 ´¥ ¶ÊÉ¥³ ¶·¨³¥´¥´¨Ö ¸É ´¤ ·É´µ° ¶·µÍ¥¤Ê·Ò ¶¥·¥Ìµ¤  ¢µ ¢· Ð ÕÐÊÕ¸Ö ¸
Î ¸ÉµÉµ° ωp ¢µ±·Ê£ µ¸¨ z ¸¨¸É¥³Ê ±µµ·¤¨´ É. �É  ¶·µÍ¥¤Ê·  ¸µ¢¥·Ï¥´´µ  ´ -
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²µ£¨Î´  ¢¢¥¤¥´¨Õ ±·Ê£µ¢ÒÌ ¤¨ £· ³³ ¶·¨ · ¸¸³µÉ·¥´¨¨ ¶¥·¥³¥´´ÒÌ Éµ±µ¢ ¨
´ ¶·Ö¦¥´¨° ¢ Ô²¥±É·µÉ¥Ì´¨±¥, ¸ Éµ° ²¨ÏÓ · §´¨Í¥°, ÎÉµ §¤¥¸Ó ÔÉµ ¶·¥µ¡· §µ-
¢ ´¨¥ ¶·¨³¥´Ö¥É¸Ö ± ³ É·¨Î´Ò³ ¢¥²¨Î¨´ ³. …¸²¨  ³¶²¨ÉÊ¤  ³¨±·µ¢µ²´µ¢µ£µ
¶µ²Ö H1 << Hloc, ± ± ÔÉµ ¶· ±É¨Î¥¸±¨ ¨ ¥¸ÉÓ ¢ É¥Ì´¨±¥ „�Ÿ, Éµ ´µ¢µ¥ ¸µ¸Éµ-
Ö´¨¥ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò ¡Ê¤¥É ¶·¨¡²¨¦¥´´µ µ¶¨¸Ò¢ ÉÓ¸Ö ³ É·¨Í¥° ¶²µÉ´µ¸É¨
[23, 24]:

ρ̂rot(t) ∼=
1
Σ
exp

[
−�(ω0 − ωp)Ŝz

kTz
− Ĥ0ss

kTss

]
, (4)

´µ Ê¦¥ ¸ ¤·Ê£µ° É¥³¶¥· ÉÊ·µ° (Tz), µ¶·¥¤¥²¥´´µ° ¢µ ¢· Ð ÕÐ¥°¸Ö ¸¨¸É¥³¥
±µµ·¤¨´ É. �É³¥É¨³, ÎÉµ ¶·¨ ¶¥·¥Ìµ¤¥ ¢µ ¢· Ð ÕÐÊÕ¸Ö ¢µ±·Ê£ µ¸¨ z ¸¨-
¸É¥³Ê ±µµ·¤¨´ É Î²¥´ Ĥ0ss ¢ ³ É·¨Í¥ ¶²µÉ´µ¸É¨ µ¸É ¥É¸Ö ¡¥§ ¨§³¥´¥´¨Ö, É ±
± ± µ´ ±µ³³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ·µ³ ¶µ¢µ·µÉ  ¸¨¸É¥³Ò ±µµ·¤¨´ É. �¥É·Ê¤´µ ¢¨-
¤¥ÉÓ, ÎÉµ ¢ ´µ¢µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É Ì · ±É¥·´ Ö Î ¸ÉµÉ  |ω0 − ωp| ∼= γsHloc
§¥¥³ ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸¤¢¨£ ¥É¸Ö ¢ µ¡² ¸ÉÓ ²µ± ²Ó´ÒÌ Î ¸ÉµÉ Ô²¥±-
É·µ´´ÒÌ ¸¶¨´µ¢, Éµ ¥¸ÉÓ ¶µÖ¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ·¥§µ´ ´¸´µ£µ µ¡³¥´  ³¥¦¤Ê
§¥¥³ ´µ¢¸±µ° ¨ ¸¶¨´-¸¶¨´µ¢µ° ¶µ¤¸¨¸É¥³ ³¨ ¸ É¥´¤¥´Í¨¥° |Tss| → |Tz|. ’¥-
¶¥·Ó ¢ É¥¶²µ¢µ³ · ¢´µ¢¥¸¨¨ Tss = Tz, ¶·¨Î¥³ ´µ¢ÊÕ ¢¥²¨Î¨´Ê Tss ´¥É·Ê¤´µ
µÍ¥´¨ÉÓ, ¥¸²¨ ÊÎ¥¸ÉÓ, ÎÉµ ¶·¨ ´¥¸É·µ£µ ·¥§µ´ ´¸´µ³ ´ ¸ÒÐ¥´¨¨ Ô²¥±É·µ´´ÒÌ
¸¶¨´µ¢ ¨Ì ¶µ²Ö·¨§ Í¨Ö ´¥ ¤µ²¦´  ¸ÊÐ¥¸É¢¥´´µ ³¥´ÖÉÓ¸Ö. �µÔÉµ³Ê, ¸· ¢´¨¢ Ö
(3) ¨ (4), ¨³¥¥³ [23]:

�ω0
2kTz0

∼=
�(ω0 − ωp)

2kTz
, (5)

µÉ±Ê¤  Tz = T0(ω0 − ωp)/ω0, É ± ± ± Tz0 ∼= T0. ‚ § ¢¨¸¨³µ¸É¨ µÉ ¸µµÉ´µ-
Ï¥´¨Ö Î ¸ÉµÉ ω0 ¨ ωp, §´ ± Tz ³µ¦¥É ¡ÒÉÓ ¶µ²µ¦¨É¥²Ó´Ò³ ¨²¨ µÉ·¨Í É¥²Ó-
´Ò³. ‘¶µ¸µ¡´µ¸ÉÓ ®¶¥·¥· ¸¶·¥¤¥²ÖÉÓ¯ ¶µ£²µÐ¥´´Ò° ±¢ ´É �ωp ³¥¦¤Ê ¤¢Ê³Ö
¸¶¨´µ¢Ò³¨ ¶µ¤¸¨¸É¥³ ³¨ § ¢¨¸¨É µÉ · ¸¸É·µ°±¨ �(ωp − ω0) Î ¸ÉµÉÒ ¶µ²Ö
¶µ µÉ´µÏ¥´¨Õ ± ² ·³µ·µ¢¸±µ° Î ¸ÉµÉ¥, ±µ´Í¥´É· Í¨¨ ¸¶¨´µ¢, ¢¥²¨Î¨´Ò ¨Ì
³ £´¨É´ÒÌ ³µ³¥´Éµ¢ ¨ É. ¤., Éµ ¥¸ÉÓ µÉ Éµ£µ, ± ± ¸±µ´¸É·Ê¨·µ¢ ´ , ± ± µ¡²Ê-
Î ¥É¸Ö ¨ ´ ¸±µ²Ó±µ ¸¨²Ó´µ Ô²¥±É·µ´´ Ö ¸¶¨´µ¢ Ö ¸¨¸É¥³  ¸¢Ö§ ´  ¸ ·¥Ï¥É±µ°.
‚¨¤´µ, ÎÉµ §¥¥³ ´µ¢¸± Ö ¸¨¸É¥³  ¶µ¤ ¤¥°¸É¢¨¥³ ³¨±·µ¢µ²´µ¢µ£µ ¶µ²Ö ¸É ´µ-
¢¨É¸Ö ®Ìµ²µ¤¨²Ó´¨±µ³¯ ¨²¨ ®´ £·¥¢ É¥²¥³¯ (¢ § ¢¨¸¨³µ¸É¨ µÉ §´ ±  Î ¸ÉµÉ-
´µ° · ¸¸É·µ°±¨) ·¥§¥·¢Ê ·  ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ±µÉµ·Ò° É¥¶¥·Ó
¸¶µ¸µ¡¥´ ¶µ²Ö·¨§µ¢ ÉÓ Ö¤¥·´Ò¥ ¸¶¨´Ò. —Éµ¡Ò µÍ¥´¨ÉÓ §´ Î¥´¨¥ µ¶É¨³ ²Ó´µ°
· ¸¸É·µ°±¨ |ω0 − ωp|, µ¡¥¸¶¥Î¨¢ ÕÐ¥° ³ ±¸¨³ ²Ó´µ¥ µÌ² ¦¤¥´¨¥ ¸¶¨´µ¢µ°
¸¨¸É¥³Ò, ´¥µ¡Ìµ¤¨³µ ÊÎ¥¸ÉÓ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò ¸ ·¥Ï¥É±µ°.
Š¨´¥É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö, µ¶¨¸Ò¢ ÕÐ¨¥ ¶µ¢¥¤¥´¨¥ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò ¢ ¶·¨-
¡²¨¦¥´¨¨ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±¨Ì É¥³¶¥· ÉÊ· ·¥Ï¥É±¨ (T0 > 3 K, ¢ ¶µ²¥ 2,5 ’²),
¡Ò²¨ ¢¶¥·¢Ò¥ ¶µ²ÊÎ¥´Ò �·µ¢µÉµ·µ¢Ò³ [25, 26] ¨ ´µ¸ÖÉ ¥£µ ¨³Ö. ‘²¥¤ÊÖ · -
¡µÉ¥ [17], ¨³¥¥³:
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d

dt

1
Tz0

= −W
(

1
Tz0

+
∆
ω0

1
Tss

)
− 1

τsl

(
1

Tz0
− 1

T0

)
, (6)

d

dt

1
Tss

= −W ∆2

ω2ss

(
1
Tss

+
ω0
∆

1
Tz0

)
− 1

τdl

(
1
Tss
− 1

T0

)
, (7)

£¤¥ ∆ = (ωp − ω0), W (∆) = πγ2sH
2
1g(∆), g(∆) Å ËÊ´±Í¨Ö Ëµ·³Ò · ¢´µ-

¢¥¸´µ° ²¨´¨¨ ¶µ£²µÐ¥´¨Ö, τsl, τdl Å ¢·¥³¥´  ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨
§¥¥³ ´µ¢¸±µ° ¨ ¸¶¨´-¸¶¨´µ¢µ° ¶µ¤¸¨¸É¥³. ‘¨¸É¥³  (6), (7) ¨³¥¥É ¢¨¤ Ê· ¢´¥-
´¨° É¥¶²µµ¡³¥´  ³¥¦¤Ê ¸¶¨´µ¢Ò³¨ ·¥§¥·¢Ê · ³¨ ¸ Éµ° ²¨ÏÓ · §´¨Í¥°, ÎÉµ
·µ²Ó µ¡ÒÎ´ÒÌ É¥³¶¥· ÉÊ· ¨£· ÕÉ ¨´¢¥·¸´Ò¥ ¸¶¨´µ¢Ò¥ É¥³¶¥· ÉÊ·Ò. „¥°-
¸É¢¨É¥²Ó´µ, ¶¥·¢Ò¥ Î²¥´Ò ¢ (6), (7) µ¶¨¸Ò¢ ÕÉ ¶·µÍ¥¸¸ µÌ² ¦¤¥´¨Ö ¸¶¨´-
¸¶¨´µ¢µ£µ ·¥§¥·¢Ê · , ¢Éµ·Ò¥ Å ¸¶¨´-·¥Ï¥ÉµÎ´ÊÕ ·¥² ±¸ Í¨Õ ¸ É¥´¤¥´Í¨¥°
Tz0, Tss → T0. ‘É Í¨µ´ ·´µ¥ ·¥Ï¥´¨¥ ¶µ²ÊÎ¥´µ ¢ [24]:

(T−1
ss )st = −T−1

0

ω0
∆

Wτdl∆2ω−2
ss

1 +W (τsl + τdl∆2ω−2
ss )

, (8)

(T−1
z0 )st = T−1

0

1 +Wτdl∆2ω−2
ss

1 +W (τsl + τdl∆2ω−2
ss )

. (9)

�·¨ ¸¨²Ó´µ³ ´ ¸ÒÐ¥´¨¨, Ê¸²µ¢¨Ö ±µÉµ·µ£µ ¨³¥ÕÉ ¢¨¤ 2Wτsl >> 1 ¨
2Wτdl∆2(ωss)−2 >> 1, ¨§ (8) ¨ (9) ¸²¥¤Ê¥É

(T−1
ss )∞ = −(T−1

z0 )∞
ω0
∆

= −T−1
0

ω0
∆

(
1 +

τsl
τdl

ω2ss
∆2

)−1
. (10)

‘µ£² ¸´µ (10) É¥³¶¥· ÉÊ·  ¸¶¨´-¸¶¨´µ¢µ£µ ·¥§¥·¢Ê ·  ¢ § ¢¨¸¨³µ¸É¨ µÉ
Î ¸ÉµÉ´µ° · ¸¸É·µ°±¨ ¨³¥¥É ®¤¨¸¶¥·¸¨µ´´Ò°¯ ¢¨¤, ¶·¨Î¥³ ³ ±¸¨³ ²Ó´µ¥
µÌ² ¦¤¥´¨¥ ¤µ¸É¨£ ¥É¸Ö ¶·¨ · ¸¸É·µ°±¥, · ¢´µ°

∆max = ±
√

τsl
τdl

ωss. (11)

„²Ö µÍ¥´±¨ ÔËË¥±É  µÌ² ¦¤¥´¨Ö ¸¶¨´-¸¶¨´µ¢µ° ¸¨¸É¥³Ò ¶·¨³¥³ ∆max ≈
≈ (M2)1/2, £¤¥

M2 =

+∞∫
−∞

g(δ)δ2dδ (12)

¥¸ÉÓ ¢Éµ·µ° ³µ³¥´É ²¨´¨¨ ¶µ£²µÐ¥´¨Ö, Éµ£¤  ¨§ (10) ¸²¥¤Ê¥É [24]:
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(
T0
Tss

)
max

=
ω0

2∆max
=

ω0

2
√
M2

. (13)

 ¡µÉµ¸¶µ¸µ¡´µ¸ÉÓ ¸¨¸É¥³Ò (8)Ä(9) ³µ¦´µ µÍ¥´¨ÉÓ ´  ¶·¨³¥·¥ 1-¡ÊÉ ´µ² .
˜¨·¨´  ²¨´¨¨ �� ¢ ¶µ¤µ¡´µ£µ ·µ¤  É¢¥·¤ÒÌ ¤¨Ô²¥±É·¨± Ì ¸ ¶ · ³ £´¨É-

¨¸. 1. ‡ ¢¨¸¨³µ¸ÉÓ ¢·¥³¥´¨ ¸¶¨´-
·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨ ¶·µÉµ´µ¢ ¢
¶·µ¶ ´¤¨µ²¥ µÉ É¥³¶¥· ÉÊ·Ò ¢ · §-
²¨Î´ÒÌ ¶µ²ÖÌ H0 [27]

´Ò³¨ ¤µ¡ ¢± ³¨ µ¡Ö§ ´  ¸² ¡µ°  ´¨§µÉ·µ-
¶¨¨ (g⊥ − g‖)/g ∼= 4 · 10−3 Ô²¥±É·µ´-
´µ£µ g-Ë ±Éµ·  [23] ¨ ¸µ¸É ¢²Ö¥É ¶·¨-
³¥·´µ 2(M2)1/2 = 2π · 4 · 108 ƒÍ, µÉ±Ê¤ 
É¥µ·¥É¨Î¥¸±µ¥ Ê¸¨²¥´¨¥ · ¢´µ

T0
Tss

=
ω0

2∆max
=
7 · 1010
4 · 108 = 175, (14)

ÎÉµ ¤ ¥É ¶· ¢¨²Ó´ÊÕ µÍ¥´±Ê Ô±¸¶¥·¨³¥´-
É ²Ó´µ° ¢¥²¨Î¨´Ò Ê¸¨²¥´¨Ö ¶µ²Ö·¨§ Í¨¨
¶·¨ É¥³¶¥· ÉÊ· Ì ¢ÒÏ¥ 1 Š.
Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ¤²Ö · ¸Î¥É  ¶µ-

²Ö·¨§ Í¨¨ ´¥µ¡Ìµ¤¨³µ ¶·¨· ¢´ÖÉÓ É¥³¶¥-
· ÉÊ·Ê Ö¤¥·, ´¥§ ¢¨¸¨³µ µÉ ¨Ì ¸µ·É , ±
É¥³¶¥· ÉÊ·¥ Ô²¥±É·µ´´µ£µ ¸¶¨´-¸¶¨´µ¢µ£µ
·¥§¥·¢Ê · . ‘ ³ ¶µ ¸¥¡¥ Ë ±É Ê¸É ´µ¢²¥-
´¨Ö ¥¤¨´µ° ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò · §´ÒÌ
Ö¤¥·´ÒÌ ¸¶¨´µ¢ ¸²Ê¦¨É ¨¤¥´É¨Ë¨± Éµ·µ³
³¥Ì ´¨§³  „� [20, 23, 24],   ±µ£¤  ³¥Ì -
´¨§³ „� Ê¸É ´µ¢²¥´, Éµ ¶µ²Ö·¨§ Í¨Õ ²Õ-
¡ÒÌ Ö¤¥· ¢ ³ É¥·¨ ²¥ ³µ¦´µ · ¸¸Î¨É ÉÓ
¶µ Ëµ·³Ê²¥ �·¨²²ÕÔ´  (101), ¨¸¶µ²Ó§ÊÖ
¨§¢¥¸É´ÊÕ ¸¶¨´µ¢ÊÕ É¥³¶¥· ÉÊ·Ê Ö¤¥· µ¤-
´µ£µ ¸µ·É .
‚ ¶· ±É¨±¥ „�Ÿ, ± ± ¶· ¢¨²µ, ¶·¨³¥-

´ÖÕÉ¸Ö É¥³¶¥· ÉÊ·Ò ´¨¦¥ 1 Š, ¶·¨ ±µÉµ-
·ÒÌ ¶·¨¡²¨¦¥´¨¥ ¢Ò¸µ±¨Ì É¥³¶¥· ÉÊ· ´¥
· ¡µÉ ¥É ¨ ¶·¥¤Ò¤ÊÐ Ö µÍ¥´±  (13) ³ ±-
¸¨³ ²Ó´µ£µ Ê¸¨²¥´¨Ö ¸É ´µ¢¨É¸Ö ´¥¢¥·´µ°.
�  ·¨¸. 1 ´  ¶·¨³¥·¥ ¶·µ¶ ´¤¨µ²  ¶µ± -
§ ´µ ¶µ¢¥¤¥´¨¥ ¢·¥³¥´ ¸¶¨´-·¥Ï¥ÉµÎ´µ°

·¥² ±¸ Í¨¨ ¢ § ¢¨¸¨³µ¸É¨ µÉ ¶µ²Ö ¨ É¥³¶¥· ÉÊ·Ò [27]. �¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ
¶¥·¥Ìµ¤ ¢ µ¡² ¸ÉÓ ¸¢¥·Ì´¨§±¨Ì É¥³¶¥· ÉÊ· ¸µ¶·µ¢µ¦¤ ¥É¸Ö §´ Î¨É¥²Ó´Ò³ ·µ-
¸Éµ³ ¢·¥³¥´ Ö¤¥·´µ° ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨, ÎÉµ ¢Ò§Ò¢ ¥É Ê³¥´ÓÏ¥´¨¥
®ÊÉ¥Î±¨¯ ¶µ²Ö·¨§ Í¨¨. ‚ É¥µ·¨¨ ¦¥ µÉ± § µÉ ¢Ò¸µ±µÉ¥³¶¥· ÉÊ·´µ£µ ¶·¨¡²¨-
¦¥´¨Ö ¢¥¤¥É ± ´¥²¨´¥°´Ò³ ¨´É¥£· ²Ó´Ò³ Ê· ¢´¥´¨Ö³, ±µÉµ·Ò¥ Ê¸²µ¦´ÖÕÉ
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· ¸Î¥ÉÒ, ´µ ¨ ¤µ¶µ²´ÖÕÉ ± ·É¨´Ê „�Ÿ ·Ö¤µ³ ¢ ¦´ÒÌ ¶µ¤·µ¡´µ¸É¥°. �¥·¢µ¥
·¥Ï¥´¨¥ § ¤ Î¨ Ê¤ ²µ¸Ó ¶µ²ÊÎ¨ÉÓ �µ·£¨´¨ [28]; ¥£µ Ê· ¢´¥´¨¥ ¤¥É ²Ó´µ ¶·µ-
 ´ ²¨§¨·µ¢ ´µ ¨ ¸· ¢´¨¢ ¥É¸Ö ¸ Ô±¸¶¥·¨³¥´Éµ³ ¢ · ¡µÉ Ì [23, 24]. “· ¢´¥´¨¥
�µ·£¨´¨ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ µ¶¨¸Ò¢ ¥É Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥, ´µ ¸ ¨¸-
¶µ²Ó§µ¢ ´¨¥³ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ ¶ · ³¥É· ,   ¨³¥´´µ Ë ±Éµ·  ®ÊÉ¥Î±¨¯
¶µ²Ö·¨§ Í¨¨, ÊÎ¨ÉÒ¢ ÕÐ¥£µ ¢²¨Ö´¨¥ ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨ ´  ¢¥²¨-
Î¨´Ê ³ ±¸¨³ ²Ó´µ° ¶µ²Ö·¨§ Í¨¨. �µ²¥¥ ¸É·µ£µ¥ ·¥Ï¥´¨¥ ¶· ±É¨Î¥¸±¨ µ¤´µ-
¢·¥³¥´´µ ¡Ò²µ ¶µ²ÊÎ¥´µ ‹.‹.�Ê¨Ï¢¨²¨, �.�.ƒ¨µ·£ ¤§¥ ¨ �.�.„ ¢¨ÉÊ²¨ ´¨
[29]; ¢ ¤ ²Ó´¥°Ï¥³ ¤²Ö ±· É±µ¸É¨ ¨Ì É¥µ·¨Õ ´ §µ¢¥³ �ƒ„. ‘µ£² ¸´µ É¥µ-
·¨¨ �ƒ„ ¸É Í¨µ´ ·´ Ö ¸¶¨´µ¢ Ö É¥³¶¥· ÉÊ·  Tss µ¶·¥¤¥²Ö¥É¸Ö ¨´É¥£· ²Ó´Ò³
Ê· ¢´¥´¨¥³ ∫

L(ω)ϕ(ω)(ω0 + ω − ωp)g(ω)dω = 0, (15)

£¤¥ g(ω) µ¶¨¸Ò¢ ¥É Ëµ·³Ê ��-²¨´¨¨ (µÎ¥¢¨¤´µ, ÎÉµ g(ω) ´¥ ´Ê¦¤ ¥É¸Ö ¢
´µ·³¨·µ¢±¥), L(ω) Å ³¥¤²¥´´ Ö ËÊ´±Í¨Ö Î ¸ÉµÉÒ, µ¶¨¸Ò¢ ÕÐ Ö ¶·µÍ¥¸¸
µ¤´µËµ´µ´´µ° ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨, ËÊ´±Í¨Ö ϕ(ω) ¸¢Ö§ ´  ¸ Tss ¨
T0 ¸²¥¤ÊÕÐ¨³ Ê· ¢´¥´¨¥³:

ϕ(ω) =
exp ((ωs0 + ω)βL − (ωs0 + ω − ωp)βs)− 1

exp (−(ωs0 + ω − ωp)βs) + 1
, (16)

£¤¥ βL = �/(kT0), βs = �/(kTss)Å ¨´¢¥·¸´Ò¥ É¥³¶¥· ÉÊ·Ò ·¥Ï¥É±¨ ¨ ¸¶¨´-
¸¶¨´µ¢µ° ¸¨¸É¥³Ò ¸µµÉ¢¥É¸É¢¥´´µ, ωp Å Î ¸ÉµÉ  ¶µ²Ö·¨§ÊÕÐ¥£µ ‘‚—-¶µ²Ö.
…¸²¨ ¶·¨´ÖÉÓ L(ω) ¶µ¸ÉµÖ´´µ° ¢ ¶·¥¤¥² Ì ��-²¨´¨¨, Éµ Ê· ¢´¥´¨¥ (15)
Ê¶·µÐ ¥É¸Ö: ∫

ϕ(ω)(ω0 + ω − ωp)g(ω) dω = 0. (17)

ˆ´É¥£·¨·ÊÖ (17) ¶µ ±µ´ÉÊ·Ê ��-²¨´¨¨, ´¥É·Ê¤´µ µ¶·¥¤¥²¨ÉÓ · ¢´µ¢¥¸´ÊÕ
É¥³¶¥· ÉÊ·Ê Tss ¢ § ¢¨¸¨³µ¸É¨ µÉ · ¸¸É·µ°±¨ ∆ = (ω0 − ωp). �µ² £ Ö ¤ -
²¥¥ Tss = TI , £¤¥ TI Å É¥³¶¥· ÉÊ·  Ö¤¥·´ÒÌ ¸¶¨´µ¢, ²¥£±µ ´ °É¨ Ö¤¥·´ÊÕ
¶µ²Ö·¨§ Í¨Õ. ‚ ¸²ÊÎ ¥ ¶·µÉµ´µ¢ (I = 1/2) ¨³¥¥³

PI = th
(

�γIH0
2kTss

)
. (18)

“· ¢´¥´¨¥ (17) ´¥ ¢±²ÕÎ ¥É ± ±¨x-²¨¡µ ¶µ¤£µ´µÎ´Òx ¶ · ³¥É·µ¢, ¶µÔÉµ³Ê
µ´µ ¶µ§¢µ²Ö¥É ¶·¥¤¸± § ÉÓ § ¢¨¸¨³µ¸ÉÓ ¶µ²Ö·¨§ Í¨¨ µÉ ¶µ²Ö ¨ É¥³¶¥· ÉÊ·Ò ¢
¨¤¥ ²Ó´µ° ³µ¤¥²¨ „�. ’ ±¨¥ µÍ¥´±¨ ³µ£ÊÉ µ± § ÉÓ¸Ö ¶µ²¥§´Ò³¨ ¶·¨ ¶µ¨¸±¥
µ¶É¨³ ²Ó´µ° É¥Ì´µ²µ£¨¨ ¨§£µÉµ¢²¥´¨Ö ´µ¢ÒÌ ³ É¥·¨ ²µ¢ ³¨Ï¥´¥°, ¶µÔÉµ³Ê
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³Ò Î¨¸²¥´´µ ¶·µ¨´É¥£·¨·µ¢ ²¨ (17) ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ £ Ê¸¸µ¢¸±µ° Ëµ·³Ò
��-²¨´¨¨:

g(∆) =
1√
2π∆0

exp
(
− ∆2

2∆20

)
(19)

¸ ¶ · ³¥É·µ³∆0 = 2π·1, 5·108 ƒÍ. ¥§Ê²ÓÉ ÉÒ · ¸Î¥É  Tss = TI ¶·¥¤¸É ¢²¥´Ò
´  ·¨¸. 2 ¤²Ö É·¥Ì Ì · ±É¥·´ÒÌ É¥³¶¥· ÉÊ· ·¥Ï¥É±¨ T0 = 1, 0; 0, 5 ¨ 0,25 Š,
±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö ¶·¨ ´ ± Î±¥ ¶µ²Ö·¨§ Í¨¨ ¢ ±·¨µ¸É É Ì ¨¸¶ ·¨É¥²Ó´µ£µ
É¨¶  c 4�¥, 3�¥ ¨ ·¥Ë·¨¦¥· Éµ· Ì · ¸É¢µ·¥´¨Ö 3�¥/4�¥ ¸µµÉ¢¥É¸É¢¥´´µ. ¥-
Ï¥´¨¥ ¶µ± §Ò¢ ¥É ·µ¸É ³ ±¸¨³ ²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ¶·µÉµ´µ¢ ¶·¨ ¶µ´¨¦¥´¨¨
É¥³¶¥· ÉÊ·Ò ·¥Ï¥É±¨, ¸µµÉ¢¥É¸É¢¥´´µ 50, 75 ¨ 97%, ÎÉµ Ìµ·µÏµ µÉ· ¦ ¥É Ìµ¤
²ÊÎÏ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´ÒÌ, ¤µ¸É¨£´ÊÉÒÌ ¢ ¶·µ¶ ´¤¨µ²¥ ¨ ¡ÊÉ ´µ²¥.
‚¨¤´µ, ÎÉµ ¸ ¶µ´¨¦¥´¨¥³ T0 µ¶É¨³ ²Ó´ Ö · ¸¸É·µ°±  ‘‚—-Î ¸ÉµÉÒ ¸¤¢¨£ -
¥É¸Ö µÉ Í¥´É·  ��-²¨´¨¨; ÔÉ  · ¸¸É·µ°±  É¥¶¥·Ó ´¥ ¸µ¢¶ ¤ ¥É ¸ (M2)1/2.
‚ Ô±¸¶¥·¨³¥´É Ì ¸ ¶·µ¶ ´¤¨µ²µ³ ¨ ¡ÊÉ ´µ²µ³ É ±µ° ¸¤¢¨£ É ±¦¥ ¨³¥¥É
³¥¸Éµ, ´µ µ´ ³¥´ÓÏ¥ · ¸Î¥É´ÒÌ ¤ ´´ÒÌ ´  ·¨¸. 2 ¨§-§   ´¨§µÉ·µ¶¨¨ g-
Ë ±Éµ· , ±µÉµ· Ö ´¥ ÊÎ¨ÉÒ¢ ² ¸Ó ¢ ¶·µ¤¥² ´´ÒÌ ´ ³¨ · ¸Î¥É Ì.

¨¸. 2. ‡ ¢¨¸¨³µ¸ÉÓ 1/Tss µÉ µÉ´µ¸¨É¥²Ó´µ° · ¸¸É·µ°±¨ ‘‚—-Î ¸ÉµÉÒ µÉ Í¥´É·  ��-
²¨´¨¨ (ω0 = 2π · 7 · 1010 ƒÍ, ∆0 = 2π · 1, 5 · 108 ƒÍ). �µ²µ¦¨É¥²Ó´ Ö ¶·µÉµ´´ Ö
¶µ²Ö·¨§ Í¨Ö (18) Pp = th(0, 0024/Tss), £¤¥ Tss = TI

„²Ö ¡µ²¥¥ ¤¥É ²Ó´µ£µ ¶µ´¨³ ´¨Ö ¤¢ÊÌÉ¥³¶¥· ÉÊ·´µ° ±µ´Í¥¶Í¨¨ „� · ¸-
¸³µÉ·¨³ ¢²¨Ö´¨¥ É¥³¶¥· ÉÊ·Ò ¸¶¨´-¸¶¨´µ¢µ£µ ·¥§¥·¢Ê ·  ´  Ëµ·³Ê £ Ê¸¸µ¢-
¸±µ° ��-²¨´¨¨ ¶ · ³ £´¨É´ÒÌ Í¥´É·µ¢ ¢ Ê¸²µ¢¨ÖÌ ¸¨²Ó´µ£µ ´ ¸ÒÐ¥´¨Ö.
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¨¸. 3. ”µ·³  ��-²¨´¨¨, ¸µ£² ¸´µ É¥µ·¨¨ �ƒ„, ¶·¨ É·¥Ì É¥³¶¥· ÉÊ· Ì ·¥Ï¥É±¨:
1, 0,5 ¨ 0,25 Š.  ¸Î¥É ¢Ò¶µ²´¥´ ¶·¨ · ¸¸É·µ°± Ì ´ ¸ÒÐ ÕÐ¥£µ ¶µ²Ö, ±µÉµ·Ò¥
´  ·¨¸. 2 ¸µµÉ¢¥É¸É¢ÊÕÉ ³ ±¸¨³Ê³ ³ µ¡· É´ÒÌ É¥³¶¥· ÉÊ· 1/Tss, £¤¥ ωd Å Î ¸ÉµÉ 
¤¥É¥±É¨·ÊÕÐ¥£µ ¶µ²Ö

�·¥¤¶µ²µ¦¨³, ÎÉµ ‘‚—-Î ¸ÉµÉ  ´ ¸ÒÐ ÕÐ¥£µ ¶µ²Ö ¸µµÉ¢¥É¸É¢Ê¥É Ë¨±¸¨·µ-
¢ ´´µ° · ¸¸É·µ°±¥ δp = (ω0 − ωp)/(

√
2∆0),   Ëµ·³  ²¨´¨¨ ¤¥É¥±É¨·Ê¥É¸Ö

¸² ¡Ò³ ´¥´ ¸ÒÐ ÕÐ¨³ ³¨±·µ¢µ²´µ¢Ò³ ¶µ²¥³ ¸ Î ¸ÉµÉµ° ωd, ±µÉµ· Ö ¨§³¥-
´Ö¥É¸Ö ¢¡²¨§¨ ω0. ŒµÐ´µ¸ÉÓ, ¶µ£²µÐ ¥³ Ö ¸¶¨´µ¢µ° ¸¨¸É¥³µ° ´  Î ¸ÉµÉ¥
ωd, · ¢´  [29]:

P = P0 exp (−δ2d) th
[
βssω0
2

(√
2∆0
ω0

)
(δp − δd)

]
, (20)

£¤¥ δd = (ω0 − ωd)/(
√
2∆0) Å ´µ·³¨·µ¢ ´´ Ö · ¸¸É·µ°±  Î ¸ÉµÉÒ ¤¥É¥±É¨-

·ÊÕÐ¥£µ ¶µ²Ö ¨ P0 Å ³µÐ´µ¸ÉÓ ¶µ£²µÐ¥´¨Ö ´  ·¥§µ´ ´¸´µ° Î ¸ÉµÉ¥. ŒÒ
¢Ò¶µ²´¨²¨ · ¸Î¥É § ¢¨¸¨³µ¸É¨ P/P0 ¤²Ö É·¥Ì ³¨´¨³ ²Ó´ÒÌ É¥³¶¥· ÉÊ· ¸¶¨´-
¸¶¨´µ¢µ£µ ·¥§¥·¢Ê · ,   ¨³¥´´µ: 1/Tss = 250, 500 ¨ 970 Š−1, ±µÉµ·Ò¥ ´ 
·¨¸. 2 ¤µ¸É¨£ ÕÉ¸Ö ¶·¨ É¥³¶¥· ÉÊ· Ì ·¥Ï¥É±¨ T0 = 1,0, 0,5 ¨ 0,25 Š ¸µµÉ-
¢¥É¸É¢¥´´µ. „²Ö ± ¦¤µ° T0 ¡Ò²  ¢§ÖÉ  µ¶É¨³ ²Ó´ Ö · ¸¸É·µ°±  δp, ¸µµÉ¢¥É-
¸É¢ÊÕÐ Ö ³ ±¸¨³ ²Ó´µ° µ¡· É´µ° ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·¥ ´  ·¨¸. 2. ¥§Ê²Ó-
É ÉÒ · ¸Î¥É  ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 3. ‚¨¤´µ, ÎÉµ ±·¨¢ Ö ��-¶µ£²µÐ¥´¨Ö
¸¤¢¨£ ¥É¸Ö ¢ ¸Éµ·µ´Ê, ¶·µÉ¨¢µ¶µ²µ¦´ÊÕ ÉµÎ±¥ ¶·¨²µ¦¥´¨Ö ´ ¸ÒÐ ÕÐ¥£µ
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¶µ²Ö. CÊÐ¥¸É¢Ê¥É µ¡² ¸ÉÓ ¨´¤ÊÍ¨·µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö, µ¶·¥¤¥²Ö¥³ Ö Ê¸²µ-
¢¨¥³ βss(δp − δd) < 0. ˆ§ ·¨¸. 3 ¢¨¤´µ, ÎÉµ ¶·¨ ¡µ²ÓÏ¨Ì · ¸¸É·µ°± Ì ´ -
¸ÒÐ¥´¨¥ ´  ±·Ò²ÓÖÌ ²¨´¨¨ ¶µÎÉ¨ ´¥ ¢²¨Ö¥É ´  Ëµ·³Ê ��-²¨´¨¨, ¸²¥¤µ-
¢ É¥²Ó´µ, · ¢´µ¢¥¸´ Ö Ô²¥±É·µ´´ Ö ¶µ²Ö·¨§ Í¨Ö ¶· ±É¨Î¥¸±¨ ´¥ ¨§³¥´Ö¥É¸Ö
¶·¨ ¢±²ÕÎ¥´¨¨ ‘‚—-¶µ²Ö, ÎÉµ ¨ ¶µ¸²Ê¦¨²µ µ¸´µ¢ ´¨¥³ ¶·¨· ¢´ÖÉÓ ³ É·¨ÍÒ
¶²µÉ´µ¸É¨ (3) ¨ (4) ¶·¨ ¶µ²ÊÎ¥´¨¨ µÍ¥´±¨ (5) Ê¸¨²¥´¨Ö Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨.

2. ˆ‡Œ…i…Qˆ… Ÿ„…iQS‰ hS‹Ÿiˆ‡f–ˆˆ Œˆ˜…Q…‰

� ¨¡µ²¥¥ ÉµÎ´µ¥ µ¶·¥¤¥²¥´¨¥ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨ ¢Ò¶µ²´Ö¥É¸Ö ¨´É¥-
£· ²Ó´Ò³ ³¥Éµ¤µ³, É.¥. ¨´É¥£·¨·µ¢ ´¨¥³ ²¨´¨¨ ¶µ£²µÐ¥´¨Ö χ′′(ω). Œ¥Éµ¤
µ¸´µ¢ ´ ´  ¸µµÉ´µÏ¥´¨¨ [30]:

P =
2�I

g2µ2NNπ

∞∫
0

χ′′(ω) dω, (21)

£¤¥ µN Å Ö¤¥·´Ò° ³ £´¥Éµ´, I Å ¸¶¨´, g Å g-Ë ±Éµ· ¨¸¸²¥¤Ê¥³ÒÌ Ö¤¥· ¨
N Å ¨Ì ±µ´Í¥´É· Í¨Ö. „²Ö ¨§³¥·¥´¨Ö Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨ µ¡ÒÎ´µ ¨¸¶µ²Ó-
§Ê¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´Ò° Q-³¥É· [31, 32]. �·¨¥³´Ò° ¤ ÉÎ¨± Q-³¥É·  ¶µ± § ´
´  ·¨¸. 4 ¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ± ÉÊÏ±Ê, ¶µ£·Ê¦¥´´ÊÕ ¢ ³ É¥·¨ ² ³¨Ï¥´¨, ±µ-
Éµ· Ö ¨´¤Ê±É¨¢´µ ¸¢Ö§ ´  ¸ ³ £´¨É´Ò³¨ ³µ³¥´É ³¨ Ö¤¥·. ˆ³¶¥¤ ´¸ ± ÉÊÏ±¨
· ¢¥´

ZL = r + iωL0(1 + ηχ(ω)), (22)

£¤¥ ω = 2πν, ν Å Î ¸ÉµÉ  · ¤¨µÎ ¸ÉµÉ´µ£µ £¥´¥· Éµ· , η Å Ë ±Éµ· § ¶µ²´¥-
´¨Ö ± ÉÊÏ±¨ ³ É¥·¨ ²µ³, r, L0 Å ¸µ¶·µÉ¨¢²¥´¨¥ ¨ ¨´¤Ê±É¨¢´µ¸ÉÓ ± ÉÊÏ±¨
¶·¨ χ = 0. ”Ê´±Í¨Ö χ(ω) = χ′(ω) − iχ′′(ω) Ö¢²Ö¥É¸Ö Ö¤¥·´µ° ¢µ¸¶·¨¨³-

¨¸. 4. �·¨¥³´Ò° £¨¡·¨¤´Ò° ±µ´ÉÊ· Q-³¥É· , £¤¥ . Å ±µ ±¸¨ ²Ó´Ò° ± ¡¥²Ó, s Å
³ É¥·¨ ² ³¨Ï¥´¨, L, r, R0, C Å Ô²¥³¥´ÉÒ ±µ´ÉÊ·  (¸³. É¥±¸É)

Î¨¢µ¸ÉÓÕ ³ É¥·¨ ² ; ¥¥ ·¥ ²Ó´ Ö Î ¸ÉÓ ´ §Ò¢ ¥É¸Ö ¤¨¸¶¥·¸¨¥°, ³´¨³ Ö Å
¶µ£²µÐ¥´¨¥³. ’¨¶¨Î´Ò¥ ËÊ´±Í¨¨ ¶µ£²µÐ¥´¨Ö ¨ ¤¨¸¶¥·¸¨¨ ¶·µÉµ´µ¢ ¶·¥¤-
¸É ¢²¥´Ò ´  ·¨¸. 5. ‘¨£´ ² ´  ¢ÒÌµ¤¥ Q-³¥É·  ¶·µ¶µ·Í¨µ´ ²¥´ ¶µ£²µÐ¥´¨Õ.
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Šµ´¸É ´É  ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨ ´ Ìµ¤¨É¸Ö ± ²¨¡·µ¢±µ° ¶·¨¡µ·  ¶µ É ± ´ §Ò-
¢ ¥³µ³Ê ’… (thermal equilibrium)-¸¨£´ ²Ê µÉ Ö¤¥· ¸ ¨§¢¥¸É´µ° ¶µ²Ö·¨§ Í¨¥°. ‚
³ £´¨É´µ³ ¶µ²¥ 2,5 ’² ¨ ¶·¨ É¥³¶¥· ÉÊ·¥ µ±µ²µ 1 Š É¨¶¨Î´Ò¥ ¢·¥³¥´  ¸¶¨´-
·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨ ¶·µÉµ´µ¢ (I = 1/2) ¢ ³ É¥·¨ ² Ì ³¨Ï¥´¥° ¸µ¸É ¢-
²ÖÕÉ ³¥´¥¥ 10 ³¨´ÊÉ, ¶µÔÉµ³Ê ¸¶¨´µ¢ Ö É¥³¶¥· ÉÊ·  Ö¤¥· ¤µ¸É ÉµÎ´µ ¡Ò¸É·µ
¶·¨´¨³ ¥É É¥³¶¥· ÉÊ·Ê Ì² ¤µ £¥´É  ³¨Ï¥´¨. ‚ ·¥§Ê²ÓÉ É¥ ’…-¶µ²Ö·¨§ Í¨Õ
Ö¤¥· ²¥£±µ · ¸¸Î¨É ÉÓ ¶µ Ëµ·³Ê²¥ �·¨²²ÕÔ´  (101),  ·£Ê³¥´É ³¨ ±µÉµ·µ°
Ö¢²ÖÕÉ¸Ö ¢¥²¨Î¨´  ³ £´¨É´µ£µ ¶µ²Ö ¨ ¨§¢¥¸É´ Ö É¥³¶¥· ÉÊ·  ³¨Ï¥´¨. �· ±-
É¨Î¥¸±µ¥ §´ Î¥´¨¥ Ëµ·³Ê²Ò (21) § ±²ÕÎ ¥É¸Ö ¢ ¢µ§³µ¦´µ¸É¨ ¥¥ ¨¸¶µ²Ó§µ¢ -
´¨Ö ¤²Ö ± ²¨¡·µ¢±¨ ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ Q-³¥É· , ±µ£¤  · ¢´µ¢¥¸´Ò° É¥¶²µ¢µ°

¨¸. 5. ”µ·³Ò ²¨´¨° ¶·µÉµ´´ÒÌ ¸¨£´ ²µ¢ ¶µ£²µ-
Ð¥´¨Ö (1) ¨ ¤¨¸¶¥·¸¨¨ (2) ¢ ¡ÊÉ ´µ²¥ [42]

¸¨£´ ² ¸¶¨´µ¢ ´ Ìµ¤¨É¸Ö § 
¶µ·µ£µ³ ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ¶·¨-
¥³´µ°  ¶¶ · ÉÊ·Ò [30, 33]. ‚
É¢¥·¤ÒÌ ¤¨Ô²¥±É·¨Î¥¸±¨Ì ³ -
É¥·¨ ² Ì ¶·¨ ´¨§±¨Ì É¥³¶¥-
· ÉÊ· Ì ¤²Ö Ö¤¥· co ¸¶¨´o³
I > 1/2 ¶µ¤µ¡´ Ö ¸¨ÉÊ -
Í¨Ö Ö¢²Ö¥É¸Ö ¸±µ·¥¥ ¶· ¢¨²µ³,
Î¥³ ¨¸±²ÕÎ¥´¨¥³. � ¶·¨³¥·,
¶·¨ µ¶·¥¤¥²¥´¨¨ ¶µ²Ö·¨§ Í¨¨
Ëµ´µ¢ÒÌ Ö¤¥· 14N ¢  ³³¨ Î-
´µ° ³¨Ï¥´¨ (NH3), ¨Ì ¨´É¥´-
¸¨¢´µ¸ÉÓ µ± §Ò¢ ¥É¸Ö ¡µ²¥¥
Î¥³ ´  ¤¢  ¶µ·Ö¤±  ³¥´ÓÏ¥,
Î¥³ ¶·µÉµ´´ÒÌ ¸¶¨´µ¢ [33].
‚ É ±µ° ¸¨ÉÊ Í¨¨ ´Ê¦´µ ¨§-
³¥·¨ÉÓ ¨´É¥´¸¨¢´µ¸ÉÓ ¶·µÉµ´-
´µ£µ ¸¨£´ ²  ¸ ¨§¢¥¸É´µ° ¶µ-
²Ö·¨§ Í¨¥°, ´µ ¢ ¸´¨¦¥´´µ³
¶µ²¥, ¨¸¶µ²Ó§ÊÖ Q-³¥É·, ¨§³¥-
·ÖÕÐ¨° ¨´É¥´¸¨¢´µ¸ÉÓ ¸¨£´ -
²µ¢ µÉ Ö¤¥·  §µÉ . �µ²¥ ¸´¨¦ ¥É¸Ö ¨§-§  ³¥´ÓÏ¥£µ g-Ë ±Éµ·   §µÉ : gN =
= 0, 4038 ¶µ ¸· ¢´¥´¨Õ ¸ ¶·µÉµ´ ³¨ gp = 2, 793. �É´µÏ¥´¨¥ PN ¨ Pp
¶µ²Ö·¨§ Í¨¨ ¨§ (21) · ¢´µ [30]:

PN
Pp

=
g2pINNpAN

g2NIpNNAp
, (23)

£¤¥ A =
∞∫
0

χ′′(ω)dω, Np = 3NN . �µ¤¸É ¢²ÖÖ ÔÉ¨ ±µ´¸É ´ÉÒ ¢ (23), ¶µ²Ê-

Î¨³ [33]:
PN ≈ 287

AN
Ap

Pp, (24)
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£¤¥ Ap, AN Å ¶²µÐ ¤¨ ¶µ¤ ±·¨¢µ° ¶µ£²µÐ¥´¨Ö ¶·µÉµ´´µ£µ ¨  §µÉ´µ£µ ¸¨£-
´ ²µ¢ ¸µµÉ¢¥É¸É¢¥´´µ. ’ ± ± ± Pp ¨ Ap ¶·¥¤¶µ² £ ÕÉ¸Ö ¨§¢¥¸É´Ò³¨, Éµ ´ 
µ¸´µ¢ ´¨¨ (24) ¨´É¥£· ²Ó´Ò° ³¥Éµ¤ ¸É ´µ¢¨É¸Ö ¤µ¸ÉÊ¶´Ò³ ¨ ¤²Ö ¨§³¥·¥´¨Ö
Ê¸¨²¥´´µ° ¶µ²Ö·¨§ Í¨¨ Ö¤¥·  §µÉ  ¡¥§ ¨§³¥·¥´¨Ö ¥£µ · ¢´µ¢¥¸´ÒÌ ¸¨£´ ²µ¢.
• · ±É¥·´ Ö ¶µ£·¥Ï´µ¸ÉÓ ± ²¨¡·µ¢±¨ ¸µ¸É ¢²Ö¥É ±2, 5%.

2.1. ‚±²ÕÎ¥´¨¥ ±µ ±¸¨ ²Ó´µ£µ ± ¡¥²Ö ¢ ¶·¨¥³´Ò° ±µ´ÉÊ· Q-³¥É· . ‚
´¨§±µÉ¥³¶¥· ÉÊ·´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¶·¨¥³´ Ö ± ÉÊÏ±  ¸¢Ö§Ò¢ ¥É¸Ö ¸
Q-³¥É·µ³ ±µ ±¸¨ ²Ó´Ò³ ± ¡¥²¥³. �¡· §Ê¥É¸Ö £¨¡·¨¤´Ò° ¶·¨¥³´Ò° ±µ²¥¡ -
É¥²Ó´Ò° ±µ´ÉÊ· (·¨¸. 4), ±µÉµ·Ò° ¸µ¤¥·¦¨É Ô²¥³¥´ÉÒ Í¥¶¨ ¸ ¸µ¸·¥¤µÉµÎ¥´-
´Ò³¨ ¨ · ¸¶·¥¤¥²¥´´Ò³¨ ¶ · ³¥É· ³¨ [31]. ‚¢¥¤¥´¨¥ ± ¡¥²Ö ¢ ¶·¨¥³´Ò°
±µ´ÉÊ· µ± §Ò¢ ¥É ¸¨²Ó´µ¥ ¢²¨Ö´¨¥ ´  ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ ¶·¨¡µ· , ¶µÔÉµ³Ê
´  µ¸´µ¢ ´¨¨ · ¡µÉ [34Ä36] ³Ò ¶·¨¢¥¤¥³ Ô´¥·£¥É¨Î¥¸±¨° · ¸Î¥É £¨¡·¨¤´µ£µ
±µ´ÉÊ· . ‘Ì¥³  ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ±µ´ÉÊ·  ¨ µ¡µ§´ Î¥´¨Ö ¶·¥¤¸É ¢²¥´Ò ´ 
·¨¸. 4. ‡¤¥¸Ó r Å ¸µ¶·µÉ¨¢²¥´¨¥ ± ÉÊÏ±¨, R0 Å ÊÎ¨ÉÒ¢ ¥É ¶¥·¥¤ ÎÊ ³µÐ-
´µ¸É¨ ¢µ ¢Ìµ¤´ÊÕ Í¥¶Ó Ê¸¨²¨É¥²Ö ¨ ¶µÉ¥·¨ ¢ ±µ´¤¥´¸ Éµ·¥ (C). ˆ´¤Ê±É¨¢-
´µ¸ÉÓ L = L0(1 + ηχ), £¤¥ L0 Å ´¥¢µ§³ÊÐ¥´´ Ö ¨´¤Ê±É¨¢´µ¸ÉÓ ± ÉÊÏ±¨
¨ S Å ³ É¥·¨ ² ³¨Ï¥´¨. �·¨ · ¸Î¥É¥ ·¥§µ´ ´¸´µ° Î ¸ÉµÉÒ ±µ´ÉÊ·  ¡Ê¤¥³
¶·¥´¥¡·¥£ ÉÓ ¢²¨Ö´¨¥³ ¸µ¶·µÉ¨¢²¥´¨° r ¨ R0. ˆ´¤Ê±É¨¢´µ¸ÉÓ L0 Ëµ·³ ²Ó´µ
³µ¦´µ § ³¥´¨ÉÓ Ô±¢¨¢ ²¥´É´Ò³ µÉ·¥§±µ³ Ë¨±É¨¢´µ£µ ± ¡¥²Ö, ¢Ìµ¤´µ¥ ¸µ¶·µ-
É¨¢²¥´¨¥ ±µÉµ·µ£µ · ¢´µ iωL0. …¸²¨ ± ¡¥²Ó · §µ³±´ÊÉ ´  ±µ´Í¥, Éµ ¤²¨´  R1
É ±µ£µ µÉ·¥§±  ¤µ²¦´  ¡ÒÉÓ · ¢´ 

ωL0 = ρ · tg (βR1), (25)

£¤¥ β = ε1/2ω/c, c Å ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥, ε Å µÉ´µ¸¨É¥²Ó´ Ö ¤¨Ô²¥±-
É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¨§µ²ÖÉµ·  ± ¡¥²Ö, ρ Å ¢µ²´µ¢µ¥ ¸µ¶·µÉ¨¢²¥´¨¥
Ë¨±É¨¢´µ£µ µÉ·¥§±  ²¨´¨¨, ±µÉµ·µ¥ ¤²Ö ¶·µ¸ÉµÉÒ ¢Ò¡¥·¥³ · ¢´Ò³ ¢µ²´µ-
¢µ³Ê ¸µ¶·µÉ¨¢²¥´¨Õ ·¥ ²Ó´µ ¶·¨¸ÊÉ¸É¢ÊÕÐ¥£µ ± ¡¥²Ö. ”¨±É¨¢´Ò° µÉ·¥§µ±
²¨´¨¨ R1, § ³¥´ÖÕÐ¨° ¨´¤Ê±É¨¢´µ¸ÉÓ, ¨ ·¥ ²Ó´Ò° ± ¡¥²Ó ¤²¨´µ° R µ¡· §ÊÕÉ
Ô²¥±É·¨Î¥¸±ÊÕ ²¨´¨Õ µ¡Ð¥° ¤²¨´µ° R+R1, ¨´¤Ê±É¨¢´µ¥ ¢Ìµ¤´µ¥ ¸µ¶·µÉ¨¢²¥-
´¨¥ ±µÉµ·µ° ¶·¨ ·¥§µ´ ´¸¥ ¤µ²¦´µ ¡ÒÉÓ · ¢´µ ¥³±µ¸É´µ³Ê ¸µ¶·µÉ¨¢²¥´¨Õ
±µ´¤¥´¸ Éµ·  ´ ¸É·µ°±¨, µÉ¸Õ¤  ¸ ÊÎ¥Éµ³ (25) ¶µ²ÊÎ ¥É¸Ö É· ´¸Í¥´¤¥´É´µ¥
Ê· ¢´¥´¨¥ ¤²Ö ¡¥¸±µ´¥Î´µ£µ ´ ¡µ·  ·¥§µ´ ´¸´ÒÌ Î ¸ÉµÉ ±µ´ÉÊ·  ¸ ± ¡¥²¥³

1
ωC

= ωLe = ρ tg [β(R+ R1)] =
ωL0 + ρ tg (βR)
1− ωL0

ρ tg (βR)
, (26)

£¤¥ Le Å Ô±¢¨¢ ²¥´É´ Ö ¨´¤Ê±É¨¢´µ¸ÉÓ ± ¡¥²Ö ¸ ¶µ¤±²ÕÎ¥´´µ° ± ÉÊÏ±µ° L0,
±µÉµ· Ö ®·¥§µ´¨·Ê¥É¯ ¸ ¥³±µ¸ÉÓÕ C. Šµ²¥¡ É¥²Ó´Ò° ±µ´ÉÊ· µ¡· §Ê¥É¸Ö, ±µ£-
¤  ¶·¨ ¤²¨´¥ ± ¡¥²Ö R+ R1 ¥£µ ¢Ìµ¤´µ¥ ¸µ¶·µÉ¨¢²¥´¨¥ Ö¢²Ö¥É¸Ö ¨´¤Ê±É¨¢´Ò³,
Éµ ¥¸ÉÓ ¶·¨ Ê¸²µ¢¨¨ β(R + R1) − πn < π/2 ¨²¨ βR = πn, £¤¥ n = (0, 1, 2, ...)
¥¸ÉÓ Î¨¸²µ ¶µ²Ê¢µ²´, Ê±² ¤Ò¢ ÕÐ¨Ì¸Ö ´  ¤²¨´¥ R. ‚¨¤´µ, ÎÉµ ´  Î ¸ÉµÉ Ì
¶µ·Ö¤±  ´¥¸±µ²Ó±¨Ì ŒƒÍ µÉ·¥§µ± ± ¡¥²Ö R < λ/4 (n = 0) ³µ¦´µ ¤µ¡ ¢¨ÉÓ ±
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± ÉÊÏ±¥, ¸µÌ· ´ÖÖ ¨´¤Ê±É¨¢´Ò° Ì · ±É¥· ¨Ì µ¡Ð¥£µ ¸µ¶·µÉ¨¢²¥´¨Ö. �  ¡µ-
²¥¥ ¢Ò¸µ±¨Ì Î ¸ÉµÉ Ì, ± ± ¶· ¢¨²µ, ¨¸¶µ²Ó§ÊÕÉ ·¥§µ´ ´¸´Ò¥ µÉ·¥§±¨ ± ¡¥²Ö
¤²¨´µ° βR = πn. � ¶µ³´¨³ µ¸´µ¢´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¢ ¶·µ¸Éµ³ ¶µ¸²¥¤µ¢ -
É¥²Ó´µ³ ±µ´ÉÊ·¥ ¡¥§ ± ¡¥²Ö (R = 0). ‚§ ¨³µ¤¥°¸É¢¨¥ ¸µ ¸¶¨´ ³¨ ¨§³¥´Ö¥É
¨³¶¥¤ ´¸ ± ÉÊÏ±¨, ±µÉµ·Ò° ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ëµ·³Ê²µ° (22) · ¢¥´

ZL = r + ηωL0χ
′′ + iωL0(1 + ηχ′). (27)

�Ê¸ÉÓ ±µ´ÉÊ· ´ ¸É·µ¥´ ¢ ·¥§µ´ ´¸ ¨  ³¶²¨ÉÊ¤  ¶¥·¥³¥´´µ£µ Éµ±  ¢ ´¥³ (I)
¶µ¤¤¥·¦¨¢ ¥É¸Ö ´¥¨§³¥´´µ° ¨ ¤µ¸É ÉµÎ´µ ³ ²µ°, ÎÉµ¡Ò ¸µ§¤ ¢ ¥³µ¥ ± ÉÊÏ-
±µ° ¶µ²¥ ´¥ · §·ÊÏ ²µ Ö¤¥·´ÊÕ ¢µ¸¶·¨¨³Î¨¢µ¸ÉÓ. �·¨ ·¥§µ´ ´¸¥ ³µÐ´µ¸ÉÓ
(Pr), · ¸¸¥¨¢ ¥³ Ö ¢ r, ¨ ³µÐ´µ¸ÉÓ ¤¨¸¸¨¶ É¨¢´ÒÌ ¶µÉ¥·Ó ¢ ¸¶¨´µ¢µ° ¸¨¸É¥³¥
(Ps), ¸µµÉ¢¥É¸É¢¥´´µ, · ¢´Ò

Pr =
1
2
rI2, Ps =

1
2
ηχ′′ωL0I

2. (28)

�É´µÏ¥´¨¥ Ps/Pr ¡Ê¤¥³ ´ §Ò¢ ÉÓ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓÕ (ζn=0), ±µÉµ· Ö ¢Ò· -
¦ ¥É¸Ö Í¥¶µÎ±µ° Ìµ·µÏµ ¨§¢¥¸É´ÒÌ ¸µµÉ´µÏ¥´¨°

ζn=0 =
Ps
Pr

=
∆Q

Q0
=
∆r

r
= ηχ′′ωL0

r
= ηχ′′Q0, (29)

£¤¥ Q0 = ωL0/r Å ¤µ¡·µÉ´µ¸ÉÓ ±µ´ÉÊ·  ¨ ∆r, ∆Q Å µ¡µ§´ Î ÕÉ ¨§³¥´¥´¨Ö
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶ · ³¥É·µ¢. �µ-¢¨¤¨³µ³Ê, Ëµ·³Ê²  (29) ¢¶¥·¢Ò¥ ¶µ²ÊÎ¥´ 
µ¡¨´¸µ´µ³ [37]. Š ± ÔÉµ ¸²¥¤Ê¥É ¨§ (29), ¶·¨ ¸² ¡µ³ ¢µ§³ÊÐ¥´¨¨ ¶µ²Ö
± ÉÊÏ±¨ ´ ¶·Ö¦¥´¨¥ ´  ±µ´ÉÊ·¥ ¡Ê¤¥É ¨§³¥´ÖÉÓ¸Ö ¶·µ¶µ·Í¨µ´ ²Ó´µ χ′′. � -
²¨Î¨¥ ¤¨¸¶¥·¸¨¨ χ′ ¢ (27) ¶·¨¢¥¤¥É ± ¸¤¢¨£Ê ·¥§µ´ ´¸´µ° Î ¸ÉµÉÒ ±µ´ÉÊ·  ´ 
¢¥²¨Î¨´Ê

2(ωp − ω0)
ω0

= −ηχ′, (30)

§¤¥¸Ó ω0 Å ·¥§µ´ ´¸´ Ö Î ¸ÉµÉ  ±µ´ÉÊ· . �¡  ¸µµÉ´µÏ¥´¨Ö (29) ¨ (30) ¸¶· -
¢¥¤²¨¢Ò ¨ ¤²Ö ¶ · ²²¥²Ó´µ£µ ±µ´ÉÊ· . ‡ ³¥É¨³, ÎÉµ ¢ ¸¨¸É¥³¥ ‘ƒ‘ ¢µ¸¶·¨-
¨³Î¨¢µ¸ÉÓ ¤µ²¦´  ¡ÒÉÓ Ê³´µ¦¥´  ´  4π. �¥§ ± ¡¥²Ö ¸¨¸É¥³  ¶ · ³¥É·µ¢
(L0, r, C) µ¶·¥¤¥²Ö¥É ¢¸¥ Ô²¥±É·¨Î¥¸±¨¥ ¸¢µ°¸É¢  ±µ´ÉÊ· ; Î¥·¥§ ´¨Ì ¢Ò· ¦ -
ÕÉ¸Ö ¢¸¥ ¤·Ê£¨¥ ¶·µ¨§¢µ¤´Ò¥ ¶ · ³¥É·Ò: ¤µ¡·µÉ´µ¸ÉÓ, Ô±¢¨¢ ²¥´É´µ¥ ¸µ¶·µ-
É¨¢²¥´¨¥, · ¸¸É·µ°± , Î ¸ÉµÉ´ Ö Ì · ±É¥·¨¸É¨± , ±µÉµ·Ò¥ ´¨¦¥ ¶µ²ÊÎ¥´Ò ¨
¤²Ö µ¡Ð¥£µ ¸²ÊÎ Ö £¨¡·¨¤´µ£µ ±µ´ÉÊ· .
‚±²ÕÎ¥´¨¥ ± ¡¥²Ö ± Î¥¸É¢¥´´µ ³¥´Ö¥É ¶·¥¤Ò¤ÊÐ¨° · ¸Î¥É, ¶µÔÉµ³Ê · ¸-

¸³µÉ·¨³ ¥£µ ¡µ²¥¥ ¶µ¤·µ¡´µ. ‡ ¢¨¸¨³µ¸ÉÓ Éµ±  ¢ ± ¡¥²¥ µÉ ¤²¨´Ò É¥¶¥·Ó
¨³¥¥É ¢¨¤ [38]:

I(x) = I

[
1− ωL0

ρ
tg (βx)

]
cos (βx), (31)
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£¤¥ 0 ≤ x ≤ R Å ¤²¨´ , µÉ¸Î¨ÉÒ¢ ¥³ Ö µÉ ²¥¢µ£µ ´  ·¨¸. 4 ±µ´Í  ± ¡¥²Ö.
‚²¨Ö´¨¥ § ÉÊÌ ´¨Ö ¢ ± ¡¥²¥ ´  · ¸¶·¥¤¥²¥´¨¥ I(x) ¶·¨¢¥¤¥É ± ±¢ ¤· É¨Î´Ò³
¶µ¶· ¢± ³ ± ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨, ±µÉµ·Ò³¨ ¤²Ö ¶·µ¸ÉµÉÒ ¡Ê¤¥³ ¶·¥´¥¡·¥£ ÉÓ.
�·¨ ·¥§µ´ ´¸¥ Ô´¥·£¨Ö, § ¶ ¸¥´´ Ö ¢ ³ £´¨É´µ³ ¶µ²¥ (Nm), · ¢´  Ô´¥·£¨¨,
§ ¶ ¸¥´´µ° ¢ Ô²¥±É·¨Î¥¸±µ³ ¶µ²¥ ±µ´¤¥´¸ Éµ·  (Ne). ‘ ÊÎ¥Éµ³ ± ÉÊÏ±¨ ¨
± ¡¥²Ö ¨³¥¥³

ωNm =
1
2
ωL0I

2 +
ωL1
2

H∫
0

I2(x)dx, (32)

£¤¥ L1 Å ¶µ£µ´´ Ö ¨´¤Ê±É¨¢´µ¸ÉÓ ± ¡¥²Ö. ˆ¸¶µ²Ó§ÊÖ (31), ¶µ²ÊÎ ¥³

ωNm =
ω

2
L0AI2 cos2(βR), (33)

£¤¥ A = 1+ 12βR(1+tg
2(βR))

(
ωL0
ρ + ρ

ωL0

)
+ 12

(
ρ

ωL0
− ωL0

ρ

)
tg (βR). �´¥·£¨Õ

³ £´¨É´µ£µ ¶µ²Ö ³µ¦´µ É ±¦¥ ¢Ò· §¨ÉÓ ¨ Î¥·¥§ Ô±¢¨¢ ²¥´É´ÊÕ ¨´¤Ê±É¨¢´µ¸ÉÓ
Le ¨§ Ê· ¢´¥´¨Ö (26) ¨ Éµ± I(R) = I1 ´  ¢Ìµ¤´µ³ ±µ´Í¥ ± ¡¥²Ö, ¥¸²¨ § ¶¨¸ ÉÓ

ωNm =
1
2
ωLeI

2
1δ, (34)

£¤¥ δ Å ¶ · ³¥É· · ¸¶·¥¤¥²¥´´µ¸É¨, ±µÉµ·Ò° ÊÎ¨ÉÒ¢ ¥É § ¢¨¸¨³µ¸ÉÓ § ¶ -
¸¥´´µ° Ô´¥·£¨¨ µÉ ±µ´±·¥É´µ£µ · ¸¶·¥¤¥²¥´¨Ö Éµ±  ¢¤µ²Ó ± ¡¥²Ö. ˆ¸¶µ²Ó§ÊÖ
Ëµ·³Ê²Ò (26), (31) ¨ (33), ´¥É·Ê¤´µ ´ °É¨ ¸¢Ö§Ó ³¥¦¤Ê δ ¨ A ¢ Ê· ¢´¥´¨ÖÌ
(33), (34):

δ =
A(

1 + ρ
ωL0

tg(βR)
) (

1− ωL0
ρ tg(βR)

) . (35)

‚ ¶·µ¸Éµ³ ±µ´ÉÊ·¥ ¡¥§ ± ¡¥²Ö R = 0, δ = A = 1, ¶µÔÉµ³Ê Le = L0. „²Ö
· ¸Î¥É  ¤µ¡·µÉ´µ¸É¨ £¨¡·¨¤´µ£µ ±µ´ÉÊ· 

Q =
ωNm

PΣ
=

ω0
2∆ω

(36)

µ¸É ¥É¸Ö Éµ²Ó±µ µ¶·¥¤¥²¨ÉÓ PΣ Å ³µÐ´µ¸ÉÓ ¸Ê³³ ·´ÒÌ ¶µÉ¥·Ó ¢ ±µ´ÉÊ·¥.
�¥§ ÊÎ¥É  § ÉÊÌ ´¨Ö ¢ ± ¡¥²¥ ³µÐ´µ¸ÉÓ ¶µÉ¥·Ó (P ′

1) · ¢´ 

P ′
1 =

1
2
I21R0 +

1
2
I2r =

1
2
I21


R0 + r(

1− ωL0
ρ tg(βR)

)2
cos2(βR)


 =

1
2
I21R1,

(37)
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£¤¥ Éµ± I ¡Ò² ¶·¥µ¡· §µ¢ ´ ¶µ Ëµ·³Ê²¥ (31), ¸ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ I(R) = I1.
„²Ö Î¨¸Éµ ¡¥£ÊÐ¥° ¢µ²´Ò ¢ ± ¡¥²¥ ¶µ£µ´´µ¥ ¸µ¶·µÉ¨¢²¥´¨¥ ¶µÉ¥·Ó · ¢´µ 2αρ,
£¤¥ α [�¶/³] Å ¶µ¸ÉµÖ´´ Ö § ÉÊÌ ´¨Ö ± ¡¥²Ö. ‚ ´ Ï¥³ ¸²ÊÎ ¥ Éµ± ¢ ± ¡¥²¥
· ¸¶·¥¤¥²¥´ ¶µ § ±µ´Ê (31); ¸ ÊÎ¥Éµ³ ÔÉµ£µ · ¸¶·¥¤¥²¥´¨Ö ± P ′

1 ´¥µ¡Ìµ¤¨³µ
¤µ¡ ¢¨ÉÓ ¶µÉ¥·¨ ¢ ±µ ±¸¨ ²Ó´µ³ ± ¡¥²¥. ˆ³¥¥³ [34]

PΣ =
1
2
I2R1B cos2(βR), (38)

£¤¥

B =
(
1− ωL0

ρ
tg(βR)

)2
+

ωL0
R1

(
ωL0
ρ

+
ρ

ωL0

)
k1. (39)

ŠµÔËË¨Í¨¥´É k1 ¢ÒÎ¨¸²ÖeÉ¸Ö ¶µ Ëµ·³Ê²¥

k1 = αR cos−2(βR). (40)

�±µ´Î É¥²Ó´µ ¤µ¡·µÉ´µ¸ÉÓ £¨¡·¨¤´µ£µ ±µ´ÉÊ·  · ¢´ 

Q =
ωNm

PΣ
=

ω0
2∆ω

=
ωL0
R1

A

B
, (41)

£¤¥ 2∆ω Å ¶µ²µ¸  ¶·µ¶Ê¸± ´¨Ö £¨¡·¨¤´µ£µ ±µ´ÉÊ· . ‚ Î ¸É´µ¸É¨, Ëµ·³Ê² 
(41) ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ Ê¸·¥¤´¥´´µ¥ § ÉÊÌ ´¨¥ ± ¡¥²Ö, ±µ£¤  ¥£µ É¥³¶¥· -
ÉÊ·  ¢ ±·¨µ¸É É¥ ¨§³¥´Ö¥É¸Ö µÉ ±µ³´ É´µ° ¤µ É¥³¶¥· ÉÊ·Ò ³¨Ï¥´¨. �µ² £ Ö
± ¡¥²Ó ±µ·µÉ±µ§ ³±´ÊÉÒ³ (L0 → 0) ¨²¨ · §µ³±´ÊÉÒ³ (L0 →∞) ´  ±µ´Í¥,  
É ±¦¥ ¢Ò¡¨· Ö ¥£µ ¤²¨´Ê nλ/2, ¶µ²ÊÎ ¥³ ¨§ (41) Q = β/(2α) ¶·¨ ¶·µ¨§¢µ²Ó-
´µ³ n. “¸·¥¤´¥´´µ¥ § ÉÊÌ ´¨¥ ± ¡¥²Ö ¸¢Ö§ ´µ ¸ ¥£µ ¶µ²µ¸µ° ¶·µ¶Ê¸± ´¨Ö
(2∆ν), ´  Ê·µ¢´¥

√
2 µÉ §´ Î¥´¨Ö ¥£µ ¨³¶¥¤ ´¸  ¶·¨ ·¥§µ´ ´¸¥, ¶·µ¸ÉÒ³

¸µµÉ´µÏ¥´¨¥³

α = 0, 01
√
ε(2∆ν) [α = �¶/³, ∆ν = ŒƒÍ]. (42)

…¸²¨ r = 0, Éµ ¨§ Ëµ·³Ê²Ò (41) ¤µ¡·µÉ´µ¸ÉÓ ±µ´ÉÊ·  ¸ ± ¡¥²¥³ ¤²¨´µ° nλ/2
· ¢´ 

Q =
ωL0
R0

1 + πn
2

(
ρ

ωL0
+ ωL0

ρ

)
1 + ωL0

R0

(
ρ

ωL0
+ ωL0

ρ

)
k1

. (43)

„·Ê£¨³ ¸¶µ¸µ¡µ³ ÔÉ  Ëµ·³Ê²  ¡Ò²  ¶µ²ÊÎ¥´  ¢ [39]. �·¨ ¨§³¥´¥´¨¨ Ê·µ¢´Ö
£¥²¨Ö ¢ ±·¨µ¸É É¥ ³¨Ï¥´¨ ¨§³¥´Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥ É¥³¶¥· ÉÊ·Ò ¶µ ¥£µ
¤²¨´¥,   ¸²¥¤µ¢ É¥²Ó´µ, ¨ ±µÔËË¨Í¨¥´É k1, ÎÉµ ³µ¦¥É ¶·¨¢¥¸É¨ ± ¶µ£·¥Ï-
´µ¸ÉÖ³ ¶·¨ ¨§³¥·¥´¨¨ ¶µ²Ö·¨§ Í¨¨. —Éµ¡Ò ¨§¡ ¢¨ÉÓ¸Ö µÉ ÔÉµ£µ ´¥¦¥² É¥²Ó-
´µ£µ Ö¢²¥´¨Ö, · ¸¶·¥¤¥²¥´¨¥ É¥³¶¥· ÉÊ·Ò ¢¤µ²Ó ± ¡¥²Ö Ë¨±¸¨·ÊÕÉ ¶·¨¢Ö§±µ°
± ¡¥²Ö ± É¥³¶¥· ÉÊ·´µ-¸É ¡¨²Ó´Ò³ ÉµÎ± ³ ¢ ±·¨µ¸É É¥.
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‚±²ÕÎ¥´¨¥ ± ¡¥²Ö ¤· ³ É¨Î¥¸±¨ ¨§³¥´Ö¥É ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ, ±µÉµ· Ö É¥-
¶¥·Ó ¨³¥¥É ¢¨¤ [34]:

ζ1 =
Ps
PΣ

= ηχ′′Q
1 + tg2(βR)

A
= ηχ′′ ωL0

R1

1 + tg2(βR)
B

, (44)

£¤¥ Ps µ¶·¥¤¥²Ö¥É¸Ö ¶µ Ëµ·³Ê²¥ (28). ”µ·³Ê²  (44) µ¡µ¡Ð ¥É Ëµ·³Ê²Ê (29)
´  ¸²ÊÎ ° £¨¡·¨¤´µ£µ ±µ´ÉÊ·  ¸ ± ¡¥²¥³ ¶·µ¨§¢µ²Ó´µ° ¤²¨´Ò. ‘¤¢¨£ Î ¸ÉµÉÒ
´ ¸É·µ°±¨ £¨¡·¨¤´µ£µ ±µ´ÉÊ·  · ¢¥´ [34]:

2(ωp − ω0)
ω0

= −ηχ′ 1 + tg2(βR)
A

. (45)

”µ·³Ê²  (45) ¸²¥¤Ê¥É ¨§ µ¡Ð¥£µ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¤¢¨£  ·¥§µ´ ´¸´µ° Î ¸ÉµÉÒ
¸²µ¦´ÒÌ ·¥§µ´ ´¸´ÒÌ ±µ²¥¡ É¥²Ó´ÒÌ ¸¨¸É¥³, ¶µ²ÊÎ¥´´µ£µ ¢ [40]. �±¢¨¢ -
²¥´É´µ¥ ¸µ¶·µÉ¨¢²¥´¨¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ £¨¡·¨¤´µ£µ ±µ´ÉÊ·  · ¢´o

re = δ
ωLe
Q

. (46)

„²Ö ¸· ¢´¥´¨Ö ¶·¨¢¥¤¥³ Ëµ·³Ê²Ê Ô±¢¨¢ ²¥´É´µ£µ ¸µ¶·µÉ¨¢²¥´¨Ö ¶ · ²²¥²Ó-
´µ£µ £¨¡·¨¤´µ£µ ±µ´ÉÊ· 

Re = Q
ωLe
δ

. (47)

�µ ¶µ¢µ¤Ê ¶ · ²²¥²Ó´µ£µ £¨¡·¨¤´µ£µ ±µ´ÉÊ·  ¸²¥¤Ê¥É ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¥¥ µ¡-
Ð¥¥ § ³¥Î ´¨¥. ŒµÐ´µ¸ÉÓ  ±É¨¢´ÒÌ ¶µÉ¥·Ó ¨ Ê¸²µ¢¨¥ ·¥§µ´ ´¸  ´¥ § ¢¨¸ÖÉ µÉ
¶ · ²²¥²Ó´µ£µ ¨²¨ ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¸¶µ¸µ¡  ¶·¨¸µ¥¤¨´¥´¨Ö ±µ´¤¥´¸ Éµ· 
C ´  ·¨¸. 4. �µÔÉµ³Ê ¢ ²¨´¥°´µ³ ¶·¨¡²¨¦¥´¨¨ ¶µ Ö¤¥·´µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨
ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ, ·¥§µ´ ´¸´ Ö Î ¸ÉµÉ  ¨ ¥¥ ¸¤¢¨£ ¤¨¸¶¥·¸¨µ´´µ° ±µ³¶µ´¥´-
Éµ° µ¤¨´ ±µ¢Ò ± ± ¤²Ö ¶ · ²²¥²Ó´µ£µ, É ± ¨ ¤²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ±µ´ÉÊ· .
‚¡²¨§¨ ·¥§µ´ ´¸  ¸µ¶·µÉ¨¢²¥´¨¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ (Zs) ¨ ¶ · ²²¥²Ó´µ£µ
(Zp) ±µ´ÉÊ·µ¢ · ¢´Ò

Zs = re

(
1 + i2Q

ω − ω0
ω0

)
, Zp =

Re(
1 + i2Q ω−ω0

ω0

) . (48)

�·¨¢¥¤¥´´Ò¥ Ëµ·³Ê²Ò ¶µ²¥§´Ò ¤²Ö µÍ¥´±¨ ¢²¨Ö´¨Ö ± ¡¥²Ö ´  ÎÊ¢¸É¢¨É¥²Ó-
´µ¸ÉÓ Q-³¥É· , µ´¨ ¶µ§¢µ²ÖÕÉ · ¸¸Î¨É ÉÓ ·¥§µ´ ´¸´Ò¥ Î ¸ÉµÉÒ ¸²µ¦´µ° ±µ-
²¥¡ É¥²Ó´µ° ¸¨¸É¥³Ò. ˆ³¥´´µ ´  ÔÉ¨Ì Î ¸ÉµÉ Ì (26) ¶·¨ ¢Ò¸µ±µ° µÉ·¨Í -
É¥²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ³¨Ï¥´¨ ´ ¡²Õ¤ ¥É¸Ö É ± ´ §Ò¢ ¥³µ¥ Ö¤¥·´µ¥ ¸¢¥·Ì¨§-
²ÊÎ¥´¨¥. �·¨³¥· · ¸Î¥É  ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ ¶·¨¢¥¤¥´ ¢ ¶·¨²µ¦¥´¨¨ 1.
�¥µ¡Ìµ¤¨³µ µÉ³¥É¨ÉÓ ¢ ¦´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ¸¢Ö§ ´´µ¥ ¸ ¶· ±É¨Î¥¸±¨³

¨¸¶µ²Ó§µ¢ ´¨¥³ Ô±¢¨¢ ²¥´É´µ° ¸Ì¥³Ò (·¨¸. 4) ´  ¢Ò¸µ±¨Ì Î ¸ÉµÉ Ì ¶µ·Ö¤± 
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200 ŒƒÍ. …¸²¨ ³¥¦¢¨É±µ¢ Ö ¥³±µ¸ÉÓ ± ÉÊÏ±¨ ¸É ´µ¢¨É¸Ö ¶·¨³¥·´µ · ¢´µ°
¥³±µ¸É¨ ±µ´¤¥´¸ Éµ·  ´ ¸É·µ°±¨ ±µ´ÉÊ· , Éµ, ± ± ´¥É·Ê¤´µ ¢¨¤¥ÉÓ, ± ¡¥²Ó
É· ´¸Ëµ·³¨·Ê¥É ± ¢Ìµ¤Ê Q-³¥É·  ´¥ ¨´¤Ê±É¨¢´µ¥,   Ô±¢¨¢ ²¥´É´µ¥ ¸µ¶·µ-
É¨¢²¥´¨¥ ¶ · ²²¥²Ó´µ£µ ±µ´ÉÊ· , ¸µ¸É ¢²¥´´µ£µ ¨§ ¨´¤Ê±É¨¢´µ¸É¨ ¨ ¶ · §¨É-
´µ° ¥³±µ¸É¨. �Éµ · ¤¨± ²Ó´Ò³ µ¡· §µ³ ³¥´Ö¥É ´ §´ Î¥´¨¥ Ô²¥³¥´Éµ¢ ¸Ì¥³Ò
¨ ¶·¨¢µ¤¨É ± ¶·µ¡²¥³ ³, ±µÉµ·Ò¥ · ¸¸³ É·¨¢ ²¨¸Ó ´  ±µ´Ë¥·¥´Í¨¨ [41].

2.2. ‹¨¢¥·¶Ê²Ó¸±¨° Q-³¥É·. �· ±É¨Î¥¸± Ö ¡²µ±-¸Ì¥³  ¶µ¸²¥¤µ¢ É¥²Ó-
´µ£µ (²¨¢¥·¶Ê²Ó¸±µ£µ) Q-³¥É·  [32] ¸ PSD-¤¥É¥±Éµ·µ³ (Phase Sensitive Detec-
tor) ¶µ± § ´  ´  ·¨¸. 6. ‚ · ¡µÉ¥ [42] ¶·¨¢¥¤¥´Ò Ì · ±É¥·´Ò¥ ¢¥²¨Î¨´Ò ¶ · -
³¥É·µ¢ ¶·¨¥³´µ£µ ±µ´ÉÊ·  ¶·µÉµ´´µ£µ ¨ ¤¥°É·µ´´µ£µ Q-³¥É·µ¢ ¨ ¤¥É ²Ó´Ò°
 ´ ²¨§ ¨Ì · ¡µÉÒ. ‡¤¥¸Ó ³Ò ¤ ¤¨³ ÉµÎ´µ¥ µ¶·¥¤¥²¥´¨¥ ¨§³¥·Ö¥³ÒÌ ¢¥²¨Î¨´

¨¸. 6. “¶·µÐ¥´´ Ö ¸Ì¥³  ²¨¢¥·¶Ê²Ó¸±µ£µ Q-³¥É·  [32]. VG Å ‚—-£¥´¥· Éµ·, A(ω)Å
‚—-Ê¸¨²¨É¥²Ó, 1 Å ³¨Ï¥´Ó ¸ ¶·¨¥³´µ° ± ÉÊÏ±µ°, 2 Å ±µ ±¸¨ ²Ó´Ò° ± ¡¥²Ó, RG Å
Éµ±µ¢Ò° ·¥§¨¸Éµ·, 3 Å Ë §µ¢Ò¥ ¤¥É¥±Éµ·Ò, 4 Å ·¥£Ê²¨·Ê¥³Ò° Ë §µ¢· Ð É¥²Ó, 5 Å
90◦-Ë §µ¢· Ð É¥²Ó. �Ê´±É¨·µ³ µ¡µ§´ Î¥´Ò Ô²¥³¥´ÉÒ ¸Ì¥³Ò, ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö ·¥£¨-
¸É· Í¨¨ ¤¨¸¶¥·¸¨¨

¨ ¸¤¥² ¥³ ±· É±¨° µ¡§µ· ¶µ£·¥Ï´µ¸É¥° ¨§³¥·¥´¨Ö ¶µ²Ö·¨§ Í¨¨ ÔÉ¨³ ¶·¨-
¡µ·µ³. „²Ö ±· É±µ¸É¨ ¢¢¥¤¥³ ±µ³¶²¥±¸´ÊÕ ËÊ´±Í¨Õ ξ(ω) = ηχ(ω) ¨ ÊÎÉ¥³
¢²¨Ö´¨¥ ÏÊ´É¨·ÊÕÐ¥£µ ¤¥°¸É¢¨Ö Éµ±µ¢µ£µ ·¥§¨¸Éµ·  ¨ ¢Ìµ¤´µ£µ ¨³¶¥¤ ´¸ 
¶·¨¥³´µ£µ Ê¸¨²¨É¥²Ö ´  ¨³¶¥¤ ´¸ ·¥§µ´ ´¸´µ£µ ±µ´ÉÊ·  Z(ξ). ‚ÒÌµ¤´µ¥
´ ¶·Ö¦¥´¨¥ Q-³¥É·  ¨³¥¥É ¢¨¤ [43]:

Vout =
AVG
RG

Z(ξ)
1 + pZ(ξ)

, (49)
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£¤¥ p = 1
R1

+ 1
RG
, Ri Å ¢Ìµ¤´µ¥ ¸µ¶·µÉ¨¢²¥´¨¥ Ê¸¨²¨É¥²Ö, RG Å Éµ±µ¢Ò°

·¥§¨¸Éµ· ¨

Z(ξ) = R− i

ωCp
+

ρ2 th (γR) + ρ[r + iωL(1 + ξ)]
ρ+ [r + iωL(1 + ξ)] th (γR)

. (50)

‚ ÔÉµ° Ëµ·³Ê²¥ γ = α+ iβ Å ±µ³¶²¥±¸´Ò° ±µÔËË¨Í¨¥´É, α Å Ê¸·¥¤´¥´´ Ö
¶µ¸ÉµÖ´´ Ö § ÉÊÌ ´¨Ö, β Å Ë §µ¢ Ö ±µ´¸É ´É . …¸²¨ Î ¸ÉµÉ  £¥´¥· Éµ·  ¨§-
³¥·Ö¥É¸Ö ¤µ¸É ÉµÎ´µ ³¥¤²¥´´µ, É ±, ÎÉµ¡Ò ËÊ´±Í¨Ö ξ(ω) Ö¢´µ ´¥ § ¢¨¸¥²  µÉ
¢·¥³¥´¨, Éµ ´µ·³¨·µ¢ ´´µ¥ ¢ÒÌµ¤´µ¥ ´ ¶·Ö¦¥´¨¥ ¨§ Ê· ¢´¥´¨Ö (49) · ¢´µ

Vout(ξ(ω))
AVG

=
Zeff(ξ(ω))

RG
=

1
RG

Z(ξ(ω))
1 + pZ(ξ(ω))

= Seff(ξ(ω)) + iTeff(ξ(ω)).

(51)

”µ·³ ²Ó´µ ³µ¦´µ · ¸¸³µÉ·¥ÉÓ É ±¦¥ · §´µ¸ÉÓ ¤¢ÊÌ ¨³¶¥¤ ´¸µ¢, ¨§³¥·¥´´ÒÌ
¶·¨ ξ �= 0 ¨ ξ = 0; ¢ ¶· ±É¨±¥ ÔÉ  ¶·µÍ¥¤Ê·  ´ §Ò¢ ¥É¸Ö ®¢ÒÎ¨É ´¨¥³ Ëµ´ ¯.
ˆ³¥¥³

∆Vout(ω)
AVG

=
Vout(ξ) − Vout(ξ = 0)

AVG
= S(ω) + iT (ω) =

= S(ω) + i
2ω
π

∮
ω′

S(ω′)dω′

ω′2 − ω2
, (52)

£¤¥ ¨¸¶µ²Ó§µ¢ ´µ ¸µµÉ´µÏ¥´¨¥ Š·µ´¨£ ÅŠ· ³¥·¸  ¨

S(ω) = Seff(ξ) − Seff(ξ = 0), (53)

T (ω) = Teff(ξ)− Teff(ξ = 0). (54)

 §´µ¸ÉÓ (52) ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ŸŒ-¸¨£´ ²µ³, ¶µ¸±µ²Ó±Ê ¥¥ ·¥ ²Ó´ Ö Î ¸ÉÓ
S(ω) ¨ ³´¨³ Ö Î ¸ÉÓ T (ω) ¶µÎÉ¨ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ³´¨³µ° (¶µ£²µÐ¥´¨¥) ¨
·¥ ²Ó´µ° (¤¨¸¶¥·¸¨Ö) Î ¸ÉÖ³ Ö¤¥·´µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨ ¸µµÉ¢¥É¸É¢¥´´µ. �·¨
É ±µ³ µ¶·¥¤¥²¥´¨¨ ŸŒ-¸¨£´ ²  S(ω) ³µ¦¥É ¡ÒÉÓ ¶µ²µ¦¨É¥²Ó´µ° ¨ µÉ·¨-
Í É¥²Ó´µ° ¢¥²¨Î¨´µ°, ± ± · §´µ¸ÉÓ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¨§³¥·¥´¨°. ˆ¸¶µ²Ó§ÊÖ
Ëµ·³Ê²Ò (49), (50) ¨ (52), ¢Ò· §¨³ ŸŒ-¸¨£´ ² Î¥·¥§ ¨³¶¥¤ ´¸ ·¥§µ´ ´¸´µ£µ
±µ´ÉÊ·  Z(ξ):

∆Vout(ω)
AVG

=
Vout(ξ)− Vout(ξ = 0)

AVG
=

1
RG

Z(ξ)− Z(ξ = 0)
[1 + pZ(ξ)][1 + pZ(ξ = 0)]

. (55)

ˆ§ Ëµ·³Ê²Ò (55) ¢¨¤´µ, ÎÉµ ´¥²¨´¥°´Ò¥ ¨¸± ¦¥´¨Ö ¢ÒÌµ¤´µ£µ ¸¨£´ ²  § -
¢¨¸ÖÉ µÉ ±µÔËË¨Í¨¥´É  p, Éµ ¥¸ÉÓ ¢¥²¨Î¨´Ò ÏÊ´É¨·ÊÕÐ¨Ì ·¥§¨¸Éµ·µ¢ Ri ¨
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RG. ‚ ¶·¨´Í¨¶¥, ¶·¨ ÉµÎ´µ³ µ¶·¥¤¥²¥´¨¨ χ′′ ´¥µ¡Ìµ¤¨³µ ¨§³¥·¥´¨¥ É ±¦¥
¨ χ′, ¤²Ö Î¥£µ ¸Ì¥³  ²¨¢¥·¶Ê²Ó¸±µ£µ Q-³¥É·  ¤µ²¦´  ¡ÒÉÓ ¤µ¶µ²´¥´  Ô²¥³¥´-
É ³¨, µ¡µ§´ Î¥´´Ò³¨ ´  ·¨¸. 6 ¶Ê´±É¨·µ³. �· ±É¨Î¥¸±¨ ¦¥ ¶·¥¤¶µÎ¨É ÕÉ
¶µ²Ó§µ¢ ÉÓ¸Ö ¶·µ¸ÉÒ³ ¢ ·¨ ´Éµ³ ¸Ì¥³Ò. ˆ³¥¥É¸Ö µ¡Ð Ö § ±µ´µ³¥·´µ¸ÉÓ,
µÉ³¥Î¥´´ Ö Ÿ.Š.‘¥³¥·É§¨¤¨¸µ³ (Y.K.Semertzidis), ±µÉµ· Ö µ¶·¥¤¥²Ö¥É ¢±² ¤
¤¨¸¶¥·¸¨¨ ¨ ±¢ ¤· É¨Î´µ£µ ¶µ ¶µ£²µÐ¥´¨Õ Î²¥´  ¢ ¨´É¥£· ²Ó´ÊÕ ¨´É¥´¸¨¢-
´µ¸ÉÓ ¸¨£´ ²  ŸŒ. „¥²µ ¢ Éµ³, ÎÉµ ¤²Ö ²Õ¡µ° ±µ³¶²¥±¸´µ° ËÊ´±Í¨¨ V (ξ)
É¨¶  (55) ¢¡²¨§¨ ξ = 0 ¸¶· ¢¥¤²¨¢µ ¸µµÉ´µÏ¥´¨¥ [42, 44]:

Re (V (ξ)− V (0)) = aξ′ + bξ′′ + c(ξ′′2 − ξ′2) + dξ′ξ′′. (56)

Š·µ³¥ Éµ£µ, ¤²Ö ²Õ¡µ° ±µ³¶²¥±¸´µ° ËÊ´±Í¨¨, Ê¤µ¢²¥É¢µ·ÖÕÐ¥° ¸µµÉ´µÏ¥-
´¨Ö³ Š·µ´¨£ ÅŠ· ³¥·¸ , ¢Ò¶µ²´Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥ [44]:

∞∫
0

(ξ′′2(ω)− ξ′2(ω))dω = 0. (57)

‚ ¸²ÊÎ ¥ ¸¨£´ ²  ¸¨³³¥É·¨Î´µ° Ëµ·³Ò ¶¥·¢Ò° ¨ Î¥É¢¥·ÉÒ° Î²¥´Ò ¢ Ê· ¢´¥-
´¨¨ (56) Ö¢²ÖÕÉ¸Ö ´¥Î¥É´Ò³¨ ËÊ´±Í¨Ö³¨ Î ¸ÉµÉÒ ¨ ¨¸Î¥§ ÕÉ ¶·¨ ¨´É¥£·¨·µ-
¢ ´¨¨ É ± ¦¥, ± ± ¨ É·¥É¨° Î²¥´ ¢ (56), ¢¸²¥¤¸É¢¨¥ ¸µµÉ´µÏ¥´¨Ö (57). �µ¸²¥¤-
´¥¥ ÊÉ¢¥·¦¤¥´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ´¥ ¸É·µ£µ, É ± ± ± ±µÔËË¨Í¨¥´ÉÒ ¢ Ëµ·³Ê²¥
(56) § ¢¨¸ÖÉ µÉ Î ¸ÉµÉÒ. ˆ³¥´´µ ÔÉ¨ ¶·¨Î¨´Ò ¨ µ¡ÑÖ¸´ÖÕÉ ³ ²Ò¥ µÏ¨¡±¨
¨ Ï¨·µ±µ¥ ¶·¨³¥´¥´¨¥ ¨´É¥£· ²Ó´µ£µ ³¥Éµ¤  ¶·¨ ¨§³¥·¥´¨ÖÌ ¶µ²Ö·¨§ Í¨¨
³¨Ï¥´¥°.

2.3. • · ±É¥·´Ò¥ ¨¸± ¦¥´¨Ö ¶·µÉµ´´ÒÌ ¸¶¥±É·µ¢. —Éµ¡Ò ¶µ± § ÉÓ Ì -
· ±É¥·´Ò¥ ¨¸± ¦¥´¨Ö Ëµ·³Ò ¸¨£´ ² , ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¶µ Ëµ·-
³Ê² ³ (50), (55) [42], ¨¸¶µ²Ó§ÊÖ ËÊ´±Í¨Õ ¶µ£²µÐ¥´¨Ö [45]:

ξ′′(ω) =
ξ0

1 +
∣∣∣ω−ω0

σ

∣∣∣2,5 . (58)

„¨¸¶¥·¸¨Ö · ¸¸Î¨ÉÒ¢ ² ¸Ó ¨§ ¸µµÉ´µÏ¥´¨Ö Š·µ´¨£ ÅŠ· ³¥·¸  ¶µ  ²£µ·¨É³Ê
[46] (µ¡¥ ËÊ´±Í¨¨ ¶µ± § ´Ò ´  ·¨¸. 4). ¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¶·¥¤¸É ¢²¥´Ò ´ 
·¨¸. 7. ‡ ¢¨¸¨³µ¸ÉÓ §´ ³¥´ É¥²Ö Ëµ·³Ê²Ò (55) µÉ ¢µ¸¶·¨¨³Î¨¢µ¸É¨ Ö¢²Ö¥É¸Ö
£² ¢´µ° ¶·¨Î¨´µ° ¨¸± ¦¥´¨° Ê¸¨²¥´´ÒÌ ŸŒ-¸¨£´ ²µ¢, £²Ê¡¨´  ³µ¤Ê²ÖÍ¨¨
±µÉµ·ÒÌ ¶·¥¢ÒÏ ¥É 20%. Š ± ¨ µ¦¨¤ ²µ¸Ó,  ³¶²¨ÉÊ¤  ¸¨£´ ²  ¶·¨ µÉ·¨-
Í É¥²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ¡µ²ÓÏ¥, Î¥³ ¶·¨ ¶µ²µ¦¨É¥²Ó´µ°,   ¨´É¥£· ² µÉ ¸¨£-
´ ²  ¶·¨ ¶µ²µ¦¨É¥²Ó´µ° ³¥´ÓÏ¥, Î¥³ ¶·¨ µÉ·¨Í É¥²Ó´µ° ¶µ²Ö·¨§ Í¨¨. �·¨
¶µ²Ö·¨§ Í¨¨ ¶µ·Ö¤±  90% ¨ £²Ê¡¨´¥ ³µ¤Ê²ÖÍ¨¨, ¤µ¸É¨£ ÕÐ¥° 40%, µÉ´µÏ¥-
´¨¥ ¨´É¥£· ²µ¢ ÔÉ¨Ì ¸¨£´ ²µ¢ · ¢´µ 0,98, ¢µ¶·¥±¨ §´ Î¨É¥²Ó´Ò³ ¨¸± ¦¥´¨Ö³
Ëµ·³Ò ²¨´¨°. �·¨ µ¤´µ° ¨ Éµ° ¦¥ ¢¥²¨Î¨´¥, ´µ · §´ÒÌ §´ ± Ì ¶µ²Ö·¨§ Í¨¨,
· ¸Î¥É ¨ Ô±¸¶¥·¨³¥´É ¶µ± §Ò¢ ÕÉ ÊÏ¨·¥´¨¥ ¤µ 85 ±ƒÍ ¶·¨ ¶µ²µ¦¨É¥²Ó´µ° ¨
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¸Ê¦¥´¨¥ Ëµ·³Ò ²¨´¨¨ ¤µ 53 ±ƒÍ ¶·¨ µÉ·¨Í É¥²Ó´µ° ¶µ²Ö·¨§ Í¨¨; ¥¸É¥¸É¢¥´-
´ Ö ¶µ²ÊÏ¨·¨´  ²¨´¨¨ · ¢´Ö² ¸Ó 70 ±ƒÍ.
‚ ¶·¥¤Ò¤ÊÐ¨Ì · ¸Î¥É Ì ¶µ² £ ²µ¸Ó, ÎÉµ ¨´É¥£·¨·µ¢ ´¨¥ ŸŒ-¸¨£´ ²  ¢¥-

¤¥É¸Ö µÉ´µ¸¨É¥²Ó´µ ¨§¢¥¸É´µ° ¡ §µ¢µ° ²¨´¨¨. �  ¶· ±É¨±¥ ¦¥ ±·Ò²ÓÖ ¸¨£´ ² 

¨¸. 7. ‘· ¢´¥´¨¥ Ëµ·³ ²¨´¨° Ê¸¨²¥´-
´µ£µ ŸŒ-¸¨£´ ²  ¶µ²µ¦¨É¥²Ó´µ° (1) ¨
¨´¢¥·É¨·µ¢ ´´µ£µ ¸¨£´ ²  µÉ·¨Í É¥²Ó´µ°
(2) ¶µ²Ö·¨§ Í¨° ´  ¢ÒÌµ¤¥ Q-³¥É·  ¶·¨
µ¤¨´ ±µ¢µ° ¶µ ³µ¤Ê²Õ Ö¤¥·´µ° ¶µ²Ö·¨-
§ Í¨¨ ³¨Ï¥´¨

¶µ²´µ¸ÉÓÕ ¶·µ¶¨¸ ÉÓ ´¥ Ê¤ ¥É¸Ö, ¶µ-
ÔÉµ³Ê ÉµÎ´µ¥ ¶µ²µ¦¥´¨¥ ¡ §µ¢µ° ²¨-
´¨¨ ´¥¨§¢¥¸É´µ. �´ ²¨§ ¶µ± §Ò¢ ¥É,
ÎÉµ ³¥´ÓÏ Ö µÏ¨¡±  ¶µ²ÊÎ ¥É¸Ö ¶·¨
¸·¥¤´¥³ ¶µ²µ¦¥´¨¨ ¡ §µ¢µ° ²¨´¨¨,
±µ£¤  ¶·¨ ¨´É¥£·¨·µ¢ ´¨¨ ¤¨¸¶¥·¸¨-
µ´´Ò° ¢±² ¤ ´  ±·Ò²ÓÖÌ ¢§ ¨³´µ
±µ³¶¥´¸¨·Ê¥É¸Ö. ‘ Í¥²ÓÕ Ê³¥´ÓÏ¥-
´¨Ö ¢²¨Ö´¨Ö ´¥¶µ²´µ£µ ¨´É¥£·¨·µ¢ -
´¨Ö ¸¨£´ ²  ¶·¨ µÉ´µ¸¨É¥²Ó´ÒÌ ¨§³¥-
·¥´¨ÖÌ ¸É · ÕÉ¸Ö ÉµÎ´µ Ë¨±¸¨·µ¢ ÉÓ
¶µ²µ¦¥´¨¥ ¸¨£´ ²  ¶µ µÉ´µÏ¥´¨Õ ±
· §¢¥·É±¥.
�µ³¨³µ ¶¥·¥Î¨¸²¥´´ÒÌ ¶µ£·¥Ï-

´µ¸É¥° ´¥µ¡Ìµ¤¨³µ ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉµ
¤ ¦¥ ¢ ¶·¥¤¥² Ì · ¡µÎ¥£µ ¤¨ ¶ §µ´ 
Î ¸ÉµÉ´µ° · §¢¥·É±¨, ¸µ¸É ¢²ÖÕÐ¥£µ
µ¡ÒÎ´µ 500 ±ƒÍ, ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ
Q-³¥É·  § ¢¨¸¨É µÉ Î ¸ÉµÉÒ.
�·¨ · ¡µÉ¥ ¸ ¶·µÉµ´´µ° ³¨Ï¥-

´ÓÕ Î ¸Éµ ¢µ§´¨± ¥É ¶·µ¡²¥³  ¡µ²Ó-
Ï¨Ì ¸¨£´ ²µ¢. ‡¤¥¸Ó ¶·¨Ìµ¤¨É¸Ö ¸¶¥-
Í¨ ²Ó´Ò³ µ¡· §µ³ ¢Ò¶µ²´ÖÉÓ ¶·¨-
¥³´ÊÕ ± ÉÊÏ±Ê Q-³¥É· .  §²¨Î´Ò¥
Ëµ·³Ò ¶·¨¥³´ÒÌ ± ÉÊÏ¥± · ¸¸³µ-

É·¥´Ò ¢ · ¡µÉ¥ [30]. ’ ³ ¦¥ ¶·¨¢¥¤¥´ Ì · ±É¥·´Ò° Ìµ¤ ±µ··¥±É¨·ÊÕÐ¨Ì
¶µ¶· ¢µ± Q-³¥É·  ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢¥²¨Î¨´Ò ¶µ²Ö·¨§ Í¨¨. Š ÉÊÏ±¨, ¢Ò-
¶µ²´¥´´Ò¥ ¨§ Éµ´±µ° ¶·µ¢µ²µ±¨, ± ± ¶· ¢¨²µ, ¢Ò§Ò¢ ÕÉ §´ Î¨É¥²Ó´µ¥ · ¤¨-
 Í¨µ´´µ¥ · §·ÊÏ¥´¨¥ ¶µ²Ö·¨§ Í¨¨ ¢¡²¨§¨ ¢¨É±µ¢ ¨§-§  ¢Ò¸µ±µ° ¶²µÉ´µ¸É¨
¶µ¢¥·Ì´µ¸É´ÒÌ Éµ±µ¢; ¶µ ÔÉµ° ¶·¨Î¨´¥ ¨Ì ¸É · ÕÉ¸Ö ¨§£µÉµ¢²ÖÉÓ ¨§ ³¥É ²-
²¨Î¥¸±µ° É·Ê¡±¨ ¤¨ ³¥É·µ³ µ±µ²µ 2 ³³.

3. ˆ‡Œ…i…Qˆ… hS‹Ÿiˆ‡f–ˆˆ Ÿ„…i CO ‘hˆQSŒ I = 1

‚ ¸¨²Ó´µ³ ³ £´¨É´µ³ ¶µ²¥ ¸¶¨´µ¢ Ö ¸¨¸É¥³  ¸ I = 1 ¨³¥¥É É·¨ ³ £´¨É-
´ÒÌ ¶µ¤Ê·µ¢´Ö, § ¸¥²¥´´µ¸É¨ ±µÉµ·ÒÌ ´¥µ¡Ìµ¤¨³µ §´ ÉÓ ¤²Ö ¶µ²´µ£µ µ¶·¥¤¥-
²¥´¨Ö ¸µ¸ÉµÖ´¨Ö ³¨Ï¥´¨ ¢ Ô±¸¶¥·¨³¥´É Ì ¶µ · ¸¸¥Ö´¨Õ Î ¸É¨Í. Ha ¶· ±É¨±¥
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¢³¥¸Éµ § ¸¥²¥´´µ¸É¥° Ê¤µ¡´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·µ¨§¢µ¤´ÊÕ ¸¨¸É¥³Ê ¤·Ê£¨Ì É·¥Ì
¶ · ³¥É·µ¢. �¥·¢Ò° ¨§ ´¨Ì Å ¶²µÉ´µ¸ÉÓ µÌ² ¦¤¥´´µ£µ ³ É¥·¨ ² , ±µÉµ· Ö
¶·¨ ¨§¢¥¸É´µ³ Ì¨³¨Î¥¸±µ³ ¸µ¸É ¢¥ ¶µ§¢µ²Ö¥É · ¸¸Î¨É ÉÓ ±µ²¨Î¥¸É¢µ · §²¨Î-
´ÒÌ Ö¤¥· ¢ ³¨Ï¥´¨. �¶·¥¤¥²¥´¨¥ ¶²µÉ´µ¸É¨ ³ É¥·¨ ² , µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê-
¥³µ£µ ¢ ¢¨¤¥ µÌ² ¦¤¥´´ÒÌ Ï ·¨±µ¢, ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ´¥¶·µ¸ÉÊÕ § ¤ ÎÊ,
É·¥¡ÊÕÐÊÕ ¶·¨³¥´¥´¨Ö ¸¶¥Í¨ ²Ó´µ° ³¥Éµ¤¨±¨ [47]. „ ²¥¥, ¥¸²¨ ¸¶¨´µ¢ Ö
¸¨¸É¥³  ´ Ìµ¤¨É¸Ö ¢ É¥·³¨Î¥¸±µ³ (¡µ²ÓÍ³ ´µ¢¸±µ³) · ¢´µ¢¥¸¨¨, Éµ ¨§¢¥¸É´µ
¸µµÉ´µÏ¥´¨¥ § ¸¥²¥´´µ¸É¥° ¶µ¤Ê·µ¢´¥° Å ¢Éµ·µ° ¶ · ³¥É·. ’ ±¨³ µ¡· §µ³,
¤²Ö ¶µ²´µ£µ · ¸Î¥É  ¸¶¨´µ¢µ° ¸¨¸É¥³Ò µ¸É ¥É¸Ö ¨§³¥·¨ÉÓ ¥¤¨´¸É¢¥´´ÊÕ ¢¥-
²¨Î¨´Ê Å ¢¥±Éµ·´ÊÕ ¶µ²Ö·¨§ Í¨Õ, ±µÉµ· Ö ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ Î¨¸²¥´´µ¥
§´ Î¥´¨¥ ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò ¨ É¥´§µ·´ÊÕ ¶µ²Ö·¨§ Í¨Õ Ö¤¥·. ŒÒ · ¸-
¸³µÉ·¨³ Ö¤·  ¤¢ÊÌ É¨¶µ¢: ¤¥°É·µ´Ò ¢ ¤¥°É¥·¨·µ¢ ´´µ³ ¡ÊÉ ´µ²¥ [47, 48],
¶·µ¶ ´¤¨µ²¥ [50] ¨ Ö¤·   §µÉ  (14N) ¢  ³³¨ Î´µ° ³¨Ï¥´¨ [30, 33]. ‚ µ¡µ¨Ì
³ É¥·¨ ² Ì É¥´§µ· £· ¤¨¥´É  Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö µ¡² ¤ ¥É  ±¸¨ ²Ó´µ° ¸¨³-
³¥É·¨¥°, ÎÉµ ¢ ¤ ²Ó´¥°Ï¨Ì · ¸Î¥É Ì ¡Ê¤¥É ¶·¥¤¶µ² £ ÉÓ¸Ö ¶µ Ê³µ²Î ´¨Õ.
ƒ¨·µ³ £´¨É´µ¥ µÉ´µÏ¥´¨¥ ¤¥°É·µ´µ¢ ¢ 6,5 · § ³¥´ÓÏ¥ ¶·µÉµ´´µ£µ, µÉ²¨Î -
¥É¸Ö ¨ Ëµ·³  ŸŒ-²¨´¨¨, É ± ÎÉµ ¶·¨ µ¤¨´ ±µ¢µ° ¸¶¨´µ¢µ° ±µ´Í¥´É· Í¨¨
¨´É¥£· ²Ó´ Ö ¨´É¥´¸¨¢´µ¸ÉÓ ¤¥°É·µ´´ÒÌ ¸¨£´ ²µ¢ µ± §Ò¢ ¥É¸Ö ¶·¨³¥·´µ ¢
100 · § ´¨¦¥. ’¥³ ´¥ ³¥´¥¥ ¢ ¤¥°É·µ´´ÒÌ ³¨Ï¥´ÖÌ ¥Ð¥ Ê¤ ¥É¸Ö ¢Ò¶µ²´¨ÉÓ
TE-± ²¨¡·µ¢±Ê ¸ ³ ²µ° ¶µ£·¥Ï´µ¸ÉÓÕ [30, 49]. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¢¥¸Ó³ 
É·Ê¤´Ò¥ ¶·µ¡²¥³Ò ¶·¨Ìµ¤¨É¸Ö ·¥Ï ÉÓ ¶·¨ ¤¥É¥±É¨·µ¢ ´¨¨ ¤ ¦¥ Ê¸¨²¥´´ÒÌ
¢ 300 · § ¸¨£´ ²µ¢ µÉ Ö¤¥·  §µÉ  ¢  ³³¨ Î´µ° ³¨Ï¥´¨ [33].
‚ ³¨Ï¥´ÖÌ ´¥¡µ²ÓÏµ£µ µ¡Ñ¥³  (10 ÷ 20 ¸³3) [50] ¶µ²Ö·¨§ Í¨Õ Î ¸Éµ

µ¶·¥¤¥²ÖÕÉ ´¥ ¶µ ¨´É¥£· ²Ó´µ° ¨´É¥´¸¨¢´µ¸É¨,   ³¥´¥¥ ÉµÎ´Ò³ ³¥Éµ¤µ³ Å
¶µ  ¸¨³³¥É·¨¨ Ëµ·³Ò ŸŒ-²¨´¨¨. �ÉµÉ ³¥Éµ¤ ´¥ É·¥¡Ê¥É ’…-± ²¨¡·µ¢±¨,
´µ ¶·¥¤¶µ² £ ¥É ´ ²¨Î¨¥ ¢´ÊÉ·¥´´¥£µ · ¢´µ¢¥¸¨Ö ¢ ¸¶¨´µ¢µ° ¸¨¸É¥³¥ ¨ ÉµÎ-
´µe ¢µ¸¶·µ¨§¢¥¤¥´¨e Ëµ·³Ò ²¨´¨¨. �   ¸¨³³¥É·¨Õ ¨ Ëµ·³Ê ²¨´¨¨ ¸¨£´ ² 
¸ÊÐ¥¸É¢¥´´µ ¢²¨ÖÕÉ ±¢ ¤·Ê¶µ²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö, ¶µÔÉµ³Ê ¨Ì ·µ²Ó ´¥µ¡-
Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ´ ·Ö¤Ê ¸ §¥¥³ ´µ¢¸±¨³ ¢§ ¨³µ¤¥°¸É¢¨¥³.

3.1. hµ²Ö·¨§ Í¨µ´´Ò¥ ¶ · ³¥É·Ò Ö¤¥· ¸µ ¸¶¨´µ³ I = 1. ‚ ³ £´¨É´µ³
¶µ²¥ Ô´¥·£¨Ö ± ¦¤µ£µ ¨§ ¶µ¤Ê·µ¢´¥° ¸¶¨´µ¢µ° ¸¨¸É¥³Ò (I = 1), ¸ ÊÎ¥Éµ³
±¢ ¤·Ê¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ [51]:

Em = E0 − E1m+ E2m
2, (59)

£¤¥ m Å ³ £´¨É´µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ,

E0 = −2hνQ(2 cos2 θ − 1), E1 = hνD, E2 = 2hνQ(3 cos2 θ − 1). (60)

‡¤¥¸Ó νD = γDH0/2π Å Í¥´É· ²Ó´ Ö Î ¸ÉµÉ  ¸¶¥±É· , γD Å £¨·µ³ £´¨É´µ¥
µÉ´µÏ¥´¨¥ ¤¥°É·µ´ , νQ = eqQ/(8h), q Å ±¢ ¤·Ê¶µ²Ó´Ò° ³µ³¥´É Ö¤·  ¢ ¸³2,
Q Å £² ¢´µ¥ §´ Î¥´¨¥ ¸¨³³¥É·¨Î´µ£µ É¥´§µ·  Qαβ = ∂2ϕ/∂xα∂xβ (ϕ Å
¶µÉ¥´Í¨ ² Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ¢ ±·¨¸É ²²¥), θ Å Ê£µ² ³¥¦¤Ê ´ ¶· ¢²¥´¨¥³
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³ £´¨É´µ£µ ¶µ²Ö H0 ¨ £² ¢´µ° µ¸ÓÕ É¥´§µ·  Qαβ . ‚ ¸¨¸É¥³¥ £² ¢´ÒÌ µ¸¥°
´¥´Ê²¥¢Ò¥ ±µ³¶µ´¥´ÉÒ É¥´§µ·  § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ Qzz = Q, Qzz = Qyy =
= −Q/2. ‚ E0 ¢±²ÕÎ¥´Ò ¢¸¥ ¢±² ¤Ò ¢ Ô´¥·£¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö, ±µÉµ·Ò¥ ´¥
§ ¢¨¸ÖÉ µÉ ¸¶¨´ . ‚ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ²Ö·¨§ Í¨µ´´Ò¥ ¶ · ³¥É·Ò ´¥ § ¢¨¸ÖÉ µÉ
E0. ‚ · §´ÒÌ Ö¤· Ì ¸µµÉ´µÏ¥´¨¥ E2/E1 ³µ¦¥É ³¥´ÖÉÓ¸Ö µÉ 10−3 ¤µ 10−2.
‡ ¸¥²¥´´µ¸É¨ Ê·µ¢´¥° w(m) ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤ [51]:

Z1w(1) = exp [−(E0 − E1 + E2)/kT ],

Z1w(−1) = exp [−(E0 + E1 + E2)/kT ], (61)

Z1w(0) = exp [−E0/kT ],

£¤¥ T Å ¸¶¨´µ¢ Ö É¥³¶¥· ÉÊ· , Z1 Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ :

Z1 = e−E0/kT

[
1 + 2e−E2/kT ch

(
E1
kT

)]
. (62)

‘ ¶µ³µÐÓÕ Ê· ¢´¥´¨° (60)Ä(62) ¶µ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ Ö Ëµ·³Ê²  ¤²Ö ¶µ²Ö·¨-
§ Í¨¨, ÊÎ¨ÉÒ¢ ÕÐ Ö ±¢ ¤·Ê¶µ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ [51]:

PI=1(x, y) = w(1)− w(−1) = P1(x)

[
1−

(
1− th2

(
x
2

))
(1 − e−y)

1 + 2e−y + (2e−y − 1)th2
(
x
2

)
]
,

(63)

x =
E1
kT

, y =
E2
kT

. (64)

”µ·³Ê²  (63) ¶µ§¢µ²Ö¥É µÍ¥´¨ÉÓ ¢²¨Ö´¨¥ ±¢ ¤·Ê¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ´ 
¢¥²¨Î¨´Ê ¶µ²Ö·¨§ Í¨¨. ‚Ò· ¦¥´¨¥ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì ¢ Ê· ¢´¥´¨¨ (63)
¸µ¸É ¢²Ö¥É ´¥¡µ²ÓÏÊÕ, ´µ  ¸¨³³¥É·¨Î´ÊÕ ¶µ §´ ±Ê ¶µ²Ö·¨§ Í¨¨ ¶µ¶· ¢±Ê ±
P1(x), ±µÉµ· Ö µ¡ÒÎ´µ ³¥´¥¥ ∼ 3%. �·¨ ´¥¡µ²ÓÏ¨Ì ±¢ ¤·Ê¶µ²Ó´ÒÌ ¢§ ¨³µ-
¤¥°¸É¢¨ÖÌ, ±µ£¤  E2 ≈ 0, ¶µ²Ö·¨§ Í¨Ö · ¸¸Î¨ÉÒ¢ ¥É¸Ö ¶µ Ëµ·³Ê²¥

P1(x) =
4th

(
x
2

)
3 + th2

(
x
2

) . (65)

—Éµ¡Ò ¸¢Ö§ ÉÓ ¶µ²Ö·¨§ Í¨Õ ¸ ¶ · ³¥É·µ³, µ¶·¥¤¥²ÖÕÐ¨³ ¸¶¥±É· ²Ó´ÊÕ Ëµ·³Ê
²¨´¨¨, ¢¢µ¤¨É¸Ö  ¸¨³³¥É·¨Ö [52]:

R =
w(1)− w(0)
w(0)− w(−1) . (66)
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ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨Ö (61), (62), ´¥É·Ê¤´µ ¢Ò· §¨ÉÓ R ¢ ¢¨¤¥ [51]:

R(θ) =
e(x−y(θ)) − 1
1− e−(x+y(θ)) . (67)

”µ·³Ê²  (67) ¢ ¶ · ³¥É·¨Î¥¸±µ³ ¢¨¤¥ ¢Ò· ¦ ¥É § ¢¨¸¨³µ¸ÉÓ  ¸¨³³¥É·¨¨ µÉ
¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò. ‚ Î ¸É´µ³ ¸²ÊÎ ¥ E2 = 0, y = 0, µÉ¸Õ¤  ¶µ²ÊÎ -
¥É¸Ö Ëµ·³Ê² , µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥³ Ö ¤²Ö · ¸Î¥É  ¤¥°É·µ´´µ° ¶µ²Ö·¨§ Í¨¨ ¶µ
 ¸¨³³¥É·¨¨

P =
R2 − 1

R2 +R+ 1
. (68)

�·¨ ´Ê²¥¢µ° ¶µ²Ö·¨§ Í¨¨ (T →∞)  ¸¨³³¥É·¨Ö ¸É·¥³¨É¸Ö ± ¶·¥¤¥²Ê

lim
T→∞

R(θ) =
1− E2/E1
1 + E2/E1

. (69)

�É´µÏ¥´¨¥ E1/E2 µ¶·¥¤¥²Ö¥É¸Ö ¶µ ŸŒ-¸¶¥±É·Ê. ‚ ¸²ÊÎ ¥ ¤¥°É·µ´µ¢  ¸¨³-
³¥É·¨Ö (69) ¸ ÉµÎ´µ¸ÉÓÕ 0,6% · ¢´  ¥¤¨´¨Í¥ ¨, µÎ¥¢¨¤´µ, E2 ∼= 0 Ö¢²Ö¥É¸Ö
Ìµ·µÏ¨³ ¶·¨¡²¨¦¥´¨¥³ ¤²Ö · ¸Î¥É  ¶µ²Ö·¨§ Í¨¨. ‚ ¸²ÊÎ ¥ Ö¤¥· 14N ¢  ³-
³¨ Î´µ° ³¨Ï¥´¨ ÔÉµ µÉ´µÏ¥´¨¥ · ¢´µ 1,46, ¨ ¶·¨ · ¸Î¥É¥  ¸¨³³¥É·¨¨ ´¥-
µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ±¢ ¤·Ê¶µ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥. ”µ·³  ²¨´¨¨ ¸¶¥±É·µ¢
14N É ±¦¥ ¡Ê¤¥É µÉ²¨Î ÉÓ¸Ö µÉ Ëµ·³Ò ¤¥°É·µ´´ÒÌ ¸¶¥±É·µ¢ [30, 33].

3.2. Œ¥Éµ¤ · ¸Î¥É  ¶µ²Ö·¨§ Í¨¨ ¤¥°É·µ´µ¢. ‘¶¥±É· ŸŒ ¤¥°É·µ´µ¢ ¸µ-
¸Éµ¨É ¨§ ¤¢ÊÌ ¢§ ¨³´µ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ²¨´¨° J+(xi) ¨ J−(xi), ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ¶¥·¥Ìµ¤ ³ m = +1↔ m = 0 ¨ m = 0↔ m = −1. ’¥µ·¥É¨Î¥¸± Ö [53]
¨ Ô±¸¶¥·¨³¥´É ²Ó´ Ö Ëµ·³Ò ²¨´¨° ¢ ¶·µ¶ ´¤¨µ²¥ [54] ¶µ± § ´Ò ´  ·¨¸. 8.
’ ± ± ± ¨´É¥´¸¨¢´µ¸ÉÓ ŸŒ-²¨´¨¨ ¶·µ¶µ·Í¨µ´ ²Ó´  · §´µ¸É¨ § ¸¥²¥´´µ¸É¥°
³ £´¨É´ÒÌ ¶µ¤Ê·µ¢´¥° ¸ ∆m = ±1, Éµ µÉ´µÏ¥´¨¥ ¨´É¥´¸¨¢´µ¸É¥° ¶¥·¥Ìµ-
¤µ¢ ¸µ¢¶ ¤ ¥É ¸ µ¶·¥¤¥²¥´¨¥³  ¸¨³³¥É·¨¨ ¶µ Ëµ·³Ê²¥ (66). �µ²¥¥ Éµ£µ, ¶·¨
 ±¸¨ ²Ó´µ° ¸¨³³¥É·¨¨ É¥µ·¨Ö ¶·¥¤¸± §Ò¢ ¥É §¥·± ²Ó´ÊÕ ¸¨³³¥É·¨Õ ´µ·³¨-
·µ¢ ´´ÒÌ Ëµ·³ ²¨´¨¨ ¶¥·¥Ìµ¤µ¢ J+(xi) ¨ J−(xi) (¸³. Ëµ·³Ê²Ò (75), (76)),
¶µÔÉµ³Ê ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉµ µÉ´µÏ¥´¨¥  ³¶²¨ÉÊ¤

R =
J+(xi)
J−(xi)

, (70)

£¤¥ xi Å ´µ³¥· ± ´ ²   ´ ²¨§ Éµ· , µÉ¸Î¨ÉÒ¢ ¥³Ò° µÉ Í¥´É· ²Ó´µ° (² ·³µ-
·µ¢¸±µ°) Î ¸ÉµÉÒ ¸¶¥±É· . ‘Ê³³  ¨´É¥´¸¨¢´µ¸É¥° µ¡µ¨Ì ¶¥·¥Ìµ¤µ¢ ¸µ¸É ¢²Ö¥É
¸¶¥±É· ´ ¡²Õ¤ ¥³µ£µ ¸¨£´ ² 

S(xi) = J+(xi) + J−(xi), (71)
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¨¸. 8. ’¥µ·¥É¨Î¥¸± Ö (1) ¨ Ô±¸¶¥·¨³¥´É ²Ó´ Ö (2) Ëµ·³Ò ²¨´¨° ¶µ£²µÐ¥´¨Ö ³ £´¨É-
´µ£µ ¤¨¶µ²Ó´µ£µ ¶¥·¥Ìµ¤  J−(x) ¢ ¤¥°É¥·¨·µ¢ ´´µ³ ¶·µ¶ ´¤¨µ²¥ [54]

¶µ  ¸¨³³¥É·¨¨ ±µÉµ·µ£µ µ¶·¥¤¥²Ö¥É¸Ö ¶µ²Ö·¨§ Í¨Ö ¤¥°É·µ´µ¢. ‚¢¥¤¥³ ¢¸¶µ-
³µ£ É¥²Ó´Ò¥ ¸¨³³¥É·¨Î´ÊÕ C(x) ¨  ´É¨¸¨³³¥É·¨Î´ÊÕ A(x) ËÊ´±Í¨¨ [54]:

C(xi) =
1
2
[S(xi) + S(−xi)], A(xi) =

1
2
[S(xi)− S(−xi)]. (72)

ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨Ö (70)Ä(72), ´¥É·Ê¤´µ ¢Ò· §¨ÉÓ ËÊ´±Í¨¨ J± Î¥·¥§
ËÊ´±Í¨¨ A(xi) ¨ C(xi). ˆ³¥¥³

J+(xi) =
R

R2 − 1[(R + 1)A(xi) + (R− 1)C(xi)], (73)

J−(xi) =
1

R2 − 1 [(R− 1)C(xi)− (R + 1)A(xi)]. (74)

…¤¨´¸É¢¥´´µ° ´¥¨§¢¥¸É´µ° ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ Ö¢²Ö¥É¸Ö ¶ · ³¥É· R, ¤²Ö µ¶·¥-
¤¥²¥´¨Ö ±µÉµ·µ£µ ´¥µ¡Ìµ¤¨³µ ¶·¨¢²¥ÎÓ ¤µ¶µ²´¨É¥²Ó´ÊÕ ¨´Ëµ·³ Í¨Õ µ ËÊ´±-
Í¨ÖÌ J±. � ¶·¨³¥·, R ³µ¦´µ · ¸¸Î¨É ÉÓ ¶µ É·¥³ ¸¥¤²µ¢Ò³ ÉµÎ± ³ ¸¶¥±É· 
[54], µÉ³¥Î¥´´Ò³ ´  ·¨¸. 9, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ´ ¨²ÊÎÏ¥¥ ¶·¨¡²¨¦¥´¨¥ ± É¥µ-
·¥É¨Î¥¸±µ° Ëµ·³¥ ²¨´¨¨ ¶¥·¥Ìµ¤µ¢ [53]:

J+T (x) =
B√
1− x

, −2 < x < 1, (75)
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J−
T (x) =

B

R
√
1 + x

, −1 < x < 2, (76)

£¤¥ B Å ´µ·³¨·µ¢µÎ´ Ö ±µ´¸É ´É , x = (ν − νD)/(2νQ). ”µ·³  ¸¶¥±É·a
(76) ¶µ± § ´  ¶Ê´±É¨·µ³ ´  ·¨¸. 8. ‚ ·¥§Ê²ÓÉ É¥ ´¥¸²µ¦´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì
¶·¥µ¡· §µ¢ ´¨° ¨§ Ê· ¢´¥´¨° (73), (74) ¶µ²ÊÎ ¥É¸Ö ¶µ²¥§´ Ö Ëµ·³Ê²  [54]:

R =
S(+1)− S(0)/

√
2

S(−1)− S(0)/
√
2
. (77)

�É  Ëµ·³Ê²  ¶µ§¢µ²Ö¥É · ¸¸Î¨É ÉÓ  ¸¨³³¥É·¨Õ ¤¥°É·µ´´µ£µ ¸¶¥±É·  ¶µ  ³-
¶²¨ÉÊ¤ ³ É·¥Ì ¸¥¤²µ¢ÒÌ ÉµÎ¥±, · ¸¶µ²µ¦¥´¨¥ ±µÉµ·ÒÌ ¶µ± § ´µ ´  ·¨¸. 9. „ -
²¥¥, ¨¸¶µ²Ó§ÊÖ (68), ²¥£±µ µ¶·¥¤¥²¨ÉÓ ¶µ²Ö·¨§ Í¨Õ, ¨, ´ ±µ´¥Í, ¨§ Ê· ¢´¥´¨°
(73), (74) ¶µ²ÊÎ¨ÉÓ Ëµ·³Ê ²¨´¨¨ ± ¦¤µ£µ ³ £´¨É´µ£µ ¤¨¶µ²Ó´µ£µ ¶¥·¥Ìµ¤ .

¨¸. 9. �¡µ§´ Î¥´¨¥ ¸¥¤²µ¢ÒÌ ÉµÎ¥± ´  ¤¥°É·µ´´µ³ ¸¶¥±É·¥, ±µÉµ·Ò¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö
¶·¨ · ¸Î¥É¥ ¶µ²Ö·¨§ Í¨¨ ¶µ Ëµ·³Ê²¥ (77)

‚ µ¶ÒÉ Ì [55, 56] ¡Ò²µ ¢Ò¶µ²´¥´µ ¸· ¢´¥´¨¥ ¶µ²Ö·¨§ Í¨¨, ¨§³¥·¥´´µ°
¶µ  ¸¨³³¥É·¨¨ ¨ ¨´É¥£· ²Ó´Ò³ ³¥Éµ¤µ³. �·¨ ¢Ò¸µ±¨Ì §´ Î¥´¨ÖÌ Ö¤¥·´µ°
¶µ²Ö·¨§ Í¨¨ µ¡  ³¥Éµ¤  ¶µ± §Ò¢ ÕÉ Ìµ·µÏµ ¸µ¢³¥¸É¨³Ò¥ §´ Î¥´¨Ö. �¤´ ±µ
¶·¨  ¡¸µ²ÕÉ´ÒÌ ¢¥²¨Î¨´ Ì ¶µ²Ö·¨§ Í¨¨ ³¥´¥¥ 15÷20%, ± ± ¶· ¢¨²µ, ³¥Éµ¤Ò
¤ ÕÉ ¸ÊÐ¥¸É¢¥´´µ¥ · ¸Ìµ¦¤¥´¨¥ ¢ µ¶·¥¤¥²¥´¨¨ ¶µ²Ö·¨§ Í¨¨. ŒÒ ¢¥·´¥³¸Ö
± ÔÉµ° ¶·µ¡²¥³¥, ¸¢Ö§ ´´µ° ¸ Ê¸É ´µ¢²¥´¨¥³ É¥¶²µ¢µ£µ · ¢´µ¢¥¸¨Ö ¢ ¸¶¨´µ-
¢ÒÌ ¸¨¸É¥³ Ì ±¢ ¤·Ê¶µ²Ó´ÒÌ Ö¤¥·, ¨ ¶µ¶ÒÉ ¥³¸Ö £²Ê¡¦¥ ¶·µ ´ ²¨§¨·µ¢ ÉÓ
¶·¨Î¨´Ò É ±µ£µ · ¸Ìµ¦¤¥´¨Ö.
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3.3. hµ²Ö·¨§ Í¨Ö Ö¤¥· 14N ¢  ³³¨ Î´µ° ³¨Ï¥´¨. ‚ ¶·µÍ¥¸¸¥ ¤¨´ -
³¨Î¥¸±µ° ¶µ²Ö·¨§ Í¨¨ ¶·µÉµ´µ¢ ¢  ³³¨ Î´µ° ³¨Ï¥´¨ (NH3) ¶µ²Ö·¨§ÊÕÉ¸Ö
É ±¦¥ ¨ Ö¤·   §µÉ . �µ¸²¥¤´¨¥ ¸µ¸É ¢²ÖÕÉ ´¥¡µ²ÓÏµ° ¶ · §¨É´Ò° Ëµ´ ± ÔË-
Ë¥±ÉÊ · ¸¸¥Ö´¨Ö Î ¸É¨Í ´  ¢µ¤µ·µ¤¥, ¤²Ö ¢ÒÎ¨É ´¨Ö ±µÉµ·µ£µ ´Ê¦´µ §´ ÉÓ
¶µ²Ö·¨§ Í¨Õ 14N. ˆ¸¸²¥¤µ¢ ´¨¥ ¶µ²Ö·¨§ Í¨¨ Ö¤¥·  §µÉ  Ö¢²Ö¥É¸Ö É ±¦¥ ¶µ-
²¥§´µ° ¨²²Õ¸É· Í¨¥° ± ¢µ¶·µ¸Ê µ¡ Ê¸É ´µ¢²¥´¨¨ ¥¤¨´µ° ¸¶¨´µ¢µ° É¥³¶¥-
· ÉÊ·Ò ¢ ¸²µ¦´ÒÌ ¸¶¨´µ¢ÒÌ ¸¨¸É¥³ Ì, ¡¥§ · ¸¸³µÉ·¥´¨Ö ±µÉµ·µ£µ É·Ê¤´µ
¶· ¢¨²Ó´µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ¸µ¸ÉµÖ´¨¥ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò [33]. ƒ¨·µ³ £-
´¨É´µ¥ µÉ´µÏ¥´¨¥ Ö¤¥· 14N ¶·¨³¥·´µ ¢ 2,5 · §  ³¥´ÓÏ¥, Î¥³ Ê ¤¥°É·µ´µ¢,
γN/2π = 307, 627 ƒÍ/ƒ¸,   ¶µ µÉ´µÏ¥´¨Õ ± ¶·µÉµ´´µ³Ê ¸µ¸É ¢²Ö¥É ¢¸¥£µ
γN/γp = 0, 07224. Šµ´¸É ´É  ±¢ ¤·Ê¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸¶¨´µ¢ ¸ £· -
¤¨¥´Éµ³ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ¢ Ëµ·³Ê²¥ (60) ¨§³¥·Ö² ¸Ó ¶µ ¸¶¥±É·Ê ŸŒ-
¸¨£´ ²  ¨ ¸µ¸É ¢¨²  3 · νQ = 1, 185 · 106 ƒÍ [33]. Š ± ¨ ¢ ¸²ÊÎ ¥ ¤¥°É·µ´µ¢,
É¥µ·¨Ö [53] ¶·¥¤¸± §Ò¢ ¥É ¤¢  ¶¨±  ¢ ¸¶¥±É·¥ ŸŒ ¶·¨ θ = π/2 ¢ Ëµ·³Ê² Ì
(60), É ± ÎÉµ ¶¨±¨ ¸¨£´ ²µ¢ ¶·¨Ìµ¤ÖÉ¸Ö ´  Î ¸ÉµÉÒ

ν = νN ± 3νQ. (78)

ˆ§³¥·¥´¨Ö ¶·µ¢µ¤¨²¨¸Ó ´  Î ¸ÉµÉ¥ νN = 6, 47ŒƒÍ ¢ ¶µ²¥ 2,1 ’² [33]. ‚¸²¥¤-
¸É¢¨¥ µ£·µ³´µ£µ ±¢ ¤·Ê¶µ²Ó´µ£µ ÊÏ¨·¥´¨Ö ŸŒ-²¨´¨¨ ¢ · §Ê³´µ³ ¤¨ ¶ §µ´¥
· §¢¥·É±¨ Q-³¥É·  300 ±ƒÍ ´  Î ¸ÉµÉ¥ 6,47 ŒƒÍ Ê¤ ¥É¸Ö ¶¥·¥±·ÒÉÓ ²¨ÏÓ
Î¥É¢¥·ÉÓ ¤¨¸É ´Í¨¨ ³¥¦¤Ê ¶¨± ³¨ ¸¨£´ ²µ¢, ¶µÔÉµ³Ê ¤²Ö ¶µ²ÊÎ¥´¨Ö µ¡µ¨Ì
µ¡² ¸É¥° ¸¶¥±É·  ¢¡²¨§¨ ³ ±¸¨³Ê³µ¢ ³ £´¨É´µ¥ ¶µ²¥ ¶·¨Ìµ¤¨²µ¸Ó ¸¤¢¨£ ÉÓ
¶µÎÉ¨ ¢ 1,5 · § . �³¶²¨ÉÊ¤Ò Ê¸¨²¥´´ÒÌ ¸¨£´ ²µ¢ µ± § ²¨¸Ó ¸Éµ²Ó ³ ²Ò³¨ ¶µ
¸· ¢´¥´¨Õ ¸ ÏÊ³ ³¨ ¨ ¤·¥°Ëµ³ ¡ §µ¢µ° ²¨´¨¨, ÎÉµ ¶·¨Ìµ¤¨²µ¸Ó ¨¸¶µ²Ó§µ-
¢ ÉÓ É¥Ì´¨±Ê ´ ±µ¶²¥´¨Ö ¸¨£´ ²µ¢. ˆ§³¥·¥´´Ò¥ É ±¨³ µ¡· §µ³ µ¡² ¸É¨ ¸¶¥±-
É·µ¢ ¢¡²¨§¨ ¶¨±µ¢, ¤²Ö Ê¤µ¡¸É¢  ¸· ¢´¥´¨Ö, ¸µ¢³¥Ð¥´Ò ´  µ¤´µ³ ·¨¸. 10 [57].
˜¨·µ±¨° ®Ï²¥°Ë¯ ´  ¸±²µ´ Ì ¸¨£´ ²µ¢ ¸¢Ö§ ´ ¸ ¤·¥°Ëµ³ ¨Ì ¡ §µ¢µ° ²¨´¨¨.
‘ Í¥²ÓÕ ¡µ²¥¥ ÉµÎ´µ£µ µ¶·¥¤¥²¥´¨Ö ¶µ²µ¦¥´¨Ö ¡ §µ¢µ° ²¨´¨¨ ¶·¨Ìµ¤¨²µ¸Ó
¸±² ¤Ò¢ ÉÓ ´¥¸±µ²Ó±µ ¸¶¥±É·µ¢ (¶µ ¶ÖÉÓ ¸¶¥±É·µ¢ ´  ·¨¸. 10), ÎÉµ¡Ò § É¥³ µÉ-
¸Î¨É ÉÓ Ê¸·¥¤´¥´´ÊÕ  ³¶²¨ÉÊ¤Ê. �·¨ ¢Ò¸µ±¨Ì É¥³¶¥· ÉÊ· Ì  ¸¨³³¥É·¨Ö (69)
¸É·¥³¨É¸Ö ± limT→∞ R(θ = π/2) = 1, 46 Å ¶·¥¤¥²Ê, ±µÉµ·Ò° ¨ µ¶·¥¤¥²Ö¥É
µÉ´µÏ¥´¨¥  ³¶²¨ÉÊ¤ ¸¶¥±É·  ¶·¨ ´Ê²¥¢µ° ¢¥±Éµ·´µ° ¶µ²Ö·¨§ Í¨¨ ¤¥°É·µ-
´µ¢. ‘²¥¤µ¢ É¥²Ó´µ, Ëµ·³Ê²  (77), ¸¶· ¢¥¤²¨¢ Ö ¶·¨ ³ ²µ³ ±¢ ¤·Ê¶µ²Ó´µ³
· ¸Ð¥¶²¥´¨¨, ´¥ ³µ¦¥É ¡ÒÉÓ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨¸¶µ²Ó§µ¢ ´  ¤²Ö · ¸Î¥É  ¶µ²Ö-
·¨§ Í¨¨  §µÉ . ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ µÉ´µÏ¥´¨¥  ³¶²¨ÉÊ¤ ¶¨±µ¢ ¸¨£´ ²µ¢
¶µ²µ¦¨É¥²Ó´µ° ¨ µÉ·¨Í É¥²Ó´µ° ¶µ²Ö·¨§ Í¨° 14N ¸µµÉ¢¥É¸É¢Ê¥É µÉ·¨Í É¥²Ó-
´µ³Ê §´ ±Ê E2 ¢ Ëµ·³Ê²¥ (59). ‚ ·¥§Ê²ÓÉ É¥  ´ ²¨§  ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ
¸µ¢¶ ¤¥´¨¥ ¶µ²Ö·¨§ Í¨¨, · ¸¸Î¨É ´´µ° ¶µ  ¸¨³³¥É·¨¨ (67), ¸ Ô±¸¶¥·¨³¥´-
Éµ³ ´µ¸¨É ²¨ÏÓ ± Î¥¸É¢¥´´Ò° Ì · ±É¥·. �·µ¡²¥³  ¸¢Ö§ ´  ¸ Ê¸É ´µ¢²¥´¨¥³
· ¢´µ¢¥¸´µ° É¥³¶¥· ÉÊ·Ò ¢ ¸¶¨´µ¢µ° ¸¨¸É¥³¥. ‚ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥
· ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¸¨£´ ²Ó´Ò³¨ ¶¨± ³¨ 6νq ≈ 0, 31νN Å É ±µ£µ ¦¥ ¶µ·Ö¤± ,
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¨¸. 10. �¡² ¸É¨ ŸŒ-¸¶¥±É·  14N ¢¡²¨§¨ µ¡µ¨Ì ³ ±¸¨³Ê³µ¢, ¶µ²ÊÎ¥´´Ò¥ ¶ÊÉ¥³
¸¤¢¨£  ¶µ²Ö H0. C¶¥±É·Ò

14N ¸²¥¢  ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²Ö·¨§ Í¨¨ ¶·µÉµ´µ¢ −92%,
¸¶· ¢  Å ¶µ²Ö·¨§ Í¨¨ +86%

ÎÉµ ¨ §¥¥³ ´µ¢¸± Ö Î ¸ÉµÉ  Ö¤¥·, ¶µÔÉµ³Ê ¶¥·¥· ¸¶·¥¤¥²¥´¨¥ ¸¶¨´µ¢ ¶µ Î -
¸ÉµÉ´µ³Ê ¸¶¥±É·Ê ¤µ²¦´µ ¨§³¥´ÖÉÓ ¨Ì §¥¥³ ´µ¢¸±ÊÕ Ô´¥·£¨Õ. ‚ ¦¥¸É±µ° ·¥-
Ï¥É±¥ ¨§³¥´¥´¨¥ ¶µ²´µ° Ô´¥·£¨¨ ¸¶¨´µ¢ µ¶·¥¤¥²Ö¥É¸Ö ¤²¨´´Ò³¨ ¢·¥³¥´ ³¨
¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨. „·Ê£¨³¨ ¸²µ¢ ³¨, ´ ¡²Õ¤ ¥³Ò¥ ŸŒ-¸¶¥±É·Ò
¸µµÉ¢¥É¸É¢ÊÕÉ ± ±µ°-Éµ ¶¥·¥Ìµ¤´µ° ¸É ¤¨¨ ± Ê¸É ´µ¢²¥´¨Õ ¡µ²ÓÍ³ ´µ¢¸±µ£µ
· ¸¶·¥¤¥²¥´¨Ö § ¸¥²¥´´µ¸É¥°. �É³¥É¨³, ÎÉµ ·¥ÎÓ ¨¤¥É µ É¥³¶¥· ÉÊ· Ì ³ É¥-
·¨ ²  ≈ 0, 2 Š ¢ Ê¸²µ¢¨ÖÌ ´ ± Î±¨ ¶µ²Ö·¨§ Í¨¨ ‘‚—-¶µ²¥³. �¥§ ‘‚—-¶µ²Ö
¶µ²Ö·¨§ Í¨Ö § ³µ· ¦¨¢ ¥É¸Ö ¨ ¸±µ²Ó±µ-´¨¡Ê¤Ó § ³¥É´ Ö ¤¨´ ³¨±  ¢ ¶µ¢¥-
¤¥´¨¨ ¸¨£´ ²µ¢ µÉ¸ÊÉ¸É¢Ê¥É. ‚ ´ ·ÊÏ¥´¨¨ ¡µ²ÓÍ³ ´µ¢¸±µ£µ · ¸¶·¥¤¥²¥´¨Ö
³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. �µ  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´¥ ¶µ¶· ¢±  ±
¶µ²Ö·¨§ Í¨¨ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì Ëµ·³Ê²Ò (63) ³¥´¥¥ ±3%, ¨, ¥¸²¨ ¥Õ ¶·¥-
´¥¡·¥ÎÓ, ¸Î¨É Ö Ëµ·³Ò ²¨´¨¨ µ¡µ¨Ì ¶¥·¥Ìµ¤µ¢ §¥·± ²Ó´µ-¸¨³³¥É·¨Î´Ò³¨,
Éµ ¨´É¥£· ²Ó´ Ö ¨´É¥´¸¨¢´µ¸ÉÓ ¸¨£´ ²  ²¥£±µ µÍ¥´¨¢ ¥É¸Ö ¶µ  ³¶²¨ÉÊ¤ ³ ¶¨-
±µ¢ [57]:

S =
∫
ν

[I+(ν) + I−(ν)]dν = C[J+(π/2) + J−(π/2)], (79)

£¤¥ C Å ± ²¨¡·µ¢µÎ´ Ö ±µ´¸É ´É . ‹¥¢ Ö Î ¸ÉÓ ÔÉµ£µ · ¢¥´¸É¢  ¶·¥¤¸É ¢²Ö¥É
¸µ¡µ° ¨´É¥£· ² ¶µ ¢¸¥³Ê ¸¶¥±É·Ê, ±µÉµ·Ò° ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ´¥¢µ§³µ¦´µ µ¶·¥-
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¨¸. 11. ‘· ¢´¥´¨¥ ¶·µÉµ´´µ° ¨ 14N-¶µ²Ö·¨§ Í¨°, · ¸¸Î¨É ´´ÒÌ ¶µ Ëµ·³Ê²¥ �·¨²-
²ÕÔ´  ¢ ¶·¥¤¶µ²µ¦¥´¨¨ · ¢¥´¸É¢  ¸¶¨´µ¢ÒÌ É¥³¶¥· ÉÊ· (¦¨·´ Ö ²¨´¨Ö). �±¸¶¥·¨-
³¥´É ²Ó´Ò¥ ÉµÎ±¨ Å ¸Ê³³Ò  ³¶²¨ÉÊ¤ ¶¨±µ¢ ¢ Ëµ·³Ê²¥ (79)

¤¥²¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ. �· ¢ Ö Î ¸ÉÓ ¢Ò· ¦ ¥É ÔÉµÉ ¨´É¥£· ² Î¥·¥§  ³¶²¨-
ÉÊ¤Ò ¶¨±µ¢, ¤µ¶Ê¸± Ö §¥·± ²Ó´ÊÕ ¸¨³³¥É·¨Õ Ëµ·³Ò ²¨´¨¨ µ¡µ¨Ì ¶¥·¥Ìµ¤µ¢.
‘Ê³³Ò  ³¶²¨ÉÊ¤ ¶¨±µ¢ ¸¶¥±É·µ¢ 14N ¢ (79), ¶µ²ÊÎ¥´´Ò¥ ¶·¨ · §²¨Î´µ° ¶µ-
²Ö·¨§ Í¨¨ ¶·µÉµ´µ¢ ¢  ³³¨ ±¥, ¶µ± § ´Ò ´  ·¨¸. 11; ¤ ´´Ò¥ ´ Ìµ¤ÖÉ¸Ö ¢
Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ Ìµ¤µ³ ¶µ²Ö·¨§ Í¨¨, · ¸¸Î¨É ´´µ° ¶µ Ëµ·³Ê²¥ �·¨²²Õ-
Ô´  (101) ¶·¨ · ¢¥´¸É¢¥ ¸¶¨´µ¢ÒÌ É¥³¶¥· ÉÊ· ¶·µÉµ´µ¢ ¨ Ö¤¥·  §µÉ  [33,
57]. …¤¨´¸É¢¥´´Ò³ ¶µ¤£µ´µÎ´Ò³ ¶ · ³¥É·µ³ ¸²Ê¦¨²  ±µ´¸É ´É  C ¢ Ëµ·-
³Ê²¥ (79). •µ·µÏ¥¥ ¸µ¢¶ ¤¥´¨¥ ¸ Ô±¸¶¥·¨³¥´Éµ³ ¶µ¤É¢¥·¦¤ ¥É Í¥´É· ²Ó´ÊÕ
±µ´Í¥¶Í¨Õ „� µ · ¢¥´¸É¢¥ ´¥±µÉµ·µ° Ê¸·¥¤´¥´´µ° ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò
Ö¤¥·  §µÉ  ¨ É¥³¶¥· ÉÊ·Ò ¶·µÉµ´µ¢. �·µ¢¥¤¥´´Ò°  ´ ²¨§ ´ £²Ö¤´µ ¶µ± §Ò-
¢ ¥É, ÎÉµ ¶·¨ · ¡µÉ¥ ¸ ³¨Ï¥´Ö³¨ ¸²µ¦´ÒÌ Ö¤¥· ´¥µ¡Ìµ¤¨³µ ±µ´É·µ²¨·µ¢ ÉÓ
¶·µÍ¥¸¸ Ê¸É ´µ¢²¥´¨Ö · ¢´µ¢¥¸¨Ö ¢ ¸¶¨´µ¢µ° ¸¨¸É¥³¥, ´ ¶·¨³¥·, ¶ÊÉ¥³ ¸· ¢-
´¥´¨Ö ¶µ²Ö·¨§ Í¨¨, ¨§³¥·¥´´µ° ¨´É¥£· ²Ó´Ò³ ³¥Éµ¤µ³ ¨ ¶µ  ¸¨³³¥É·¨¨.

4. ŒS„“‹Ÿ–ˆSQQS… “‘ˆ‹…Qˆ… Ÿ„…iQS‰ hS‹Ÿiˆ‡f–ˆˆ

4.1. — ¸ÉµÉ´ Ö (¢·¥³¥´´ Ö) ¤¨¸¶¥·¸¨Ö ¶·¨ —Œ. ‚¥²¨Î¨´  ¶µ²Ö·¨§ Í¨¨
Ö¢²Ö¥É¸Ö £² ¢´Ò³ ¶ · ³¥É·µ³, µ¡¥¸¶¥Î¨¢ ÕÐ¨³ ÔËË¥±É¨¢´µ¸ÉÓ ¶·¨³¥´¥´¨Ö
³¨Ï¥´¨, ¶µÔÉµ³Ê µ¡´ ·Ê¦¥´´µ¥ ¢ [58, 59] §´ Î¨É¥²Ó´µ¥ ³µ¤Ê²ÖÍ¨µ´´µ¥ Ê¸¨-
²¥´¨¥ ¤¥°É·µ´´µ° ¶µ²Ö·¨§ Í¨¨ ¢ 1,7 · § , ¸µ¶·µ¢µ¦¤ ¥³µ¥ ± Éµ³Ê ¦¥ ¶·¨-
³¥·´µ ¤¢Ê±· É´Ò³ Ê³¥´ÓÏ¥´¨¥³ ¢·¥³¥´¨ ´ ± Î±¨ ¶µ²Ö·¨§ Í¨¨, ¨³¥¥É ¢ ¦´µ¥
§´ Î¥´¨¥ ¤²Ö É¥Ì´¨±¨ ¶µ²Ö·¨§µ¢ ´´ÒÌ ³¨Ï¥´¥°. �·¥¤Ò¤ÊÐ¨¥ ¨¸¸²¥¤µ¢ ´¨Ö
É ±¦¥ ¶µ± §Ò¢ ²¨ Ê¸¨²¥´¨¥ „�Ÿ ¶·¨ Î ¸ÉµÉ´µ° ³µ¤Ê²ÖÍ¨¨ (—Œ). � ¨¡µ²Ó-
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Ï¥¥ Ê¸¨²¥´¨¥ µÉ 10 ¤µ 20% · ´¥¥ ¡Ò²µ ¶µ²ÊÎ¥´µ ¢µ ËÉµ·¨·µ¢ ´´ÒÌ (quori-
nated) ¸¶¨·É Ì ¨ ¶·¨¢¥²µ ± ¶µ²Ö·¨§ Í¨¨ 80% [60]. ‘Î¨É ²µ¸Ó, ÎÉµ ¶µÖ¢²¥´¨¥
É ±¨Ì ÔËË¥±Éµ¢ ´¥ ¢ÒÌµ¤¨É §  · ³±¨ ¶·µ¸É¥°Ï¨Ì ¶·¥¤¶µ²µ¦¥´¨°, ¨ µ´¨ ´¥
¨¸¸²¥¤µ¢ ²¨¸Ó.

¨¸. 12. ‡ ¢¨¸¨³µ¸ÉÓ ¶µ²µ¦¨É¥²Ó´µ° (1, 3) ¨ µÉ·¨Í É¥²Ó´µ° (2, 4) ¤¥°É·µ´´µ° ¶µ²Ö-
·¨§ Í¨¨ ¢ ¡ÊÉ ´µ²¥ µÉ ¢·¥³¥´¨ ¶·¨ ´ ± Î±¥ ¸ ¢Ò±²ÕÎ¥´´µ° (1, 2) ¨ ¢±²ÕÎ¥´´µ° (3, 4)
Î ¸ÉµÉ´µ° ³µ¤Ê²ÖÍ¨¥° ‘‚—-£¥´¥· Éµ· 

‚ SMC-³¨Ï¥´¨ [61], ¨§£µÉµ¢²¥´´µ° ¨§ ¤¥°É¥·¨·µ¢ ´´µ£µ ¡ÊÉ ´µ² 
(C4D9OD) c 5% ¤µ¡ ¢±µ° ÉÖ¦¥²µ° ¢µ¤Ò ¨ ¶ · ³ £´¨É´Ò³ ±µ³¶²¥±¸µ³
EDBA-Cr+V ¸ ±µ´Í¥´É· Í¨¥° 7 · 1019 ¸³−3, Ê¸¨²¥´¨¥ ÔËË¥±É¨¢´µ¸É¨ „�Ÿ
¤µ¸É¨£ ²µ¸Ó Î ¸ÉµÉ´µ° ³µ¤Ê²ÖÍ¨¥° ‘‚—-£¥´¥· Éµ·  ´ ± Î±¨ (70 ƒƒÍ) ¸ ¤¥¢¨-
 Í¨¥° 30 ŒƒÍ ¨ ³µ¤Ê²ÖÍ¨µ´´Ò³ ¶¥·¨µ¤µ³ ∼ 2 − 5 ³¸ [62, 63]. �  ·¨¸. 12
¶·¨¢¥¤¥´  § ¢¨¸¨³µ¸ÉÓ ¶µ²Ö·¨§ Í¨¨ µÉ ¢·¥³¥´¨ ¶·¨ ´ ± Î±¥ ¸ ¢±²ÕÎ¥´´µ° ¨
¢Ò±²ÕÎ¥´´µ° —Œ. �·¨ ¢Ò±²ÕÎ¥´´µ° —Œ ¶µ²Ö·¨§ Í¨Ö ¡Ò¸É·µ ¸´¨¦ ² ¸Ó ±
§´ Î¥´¨Õ, ¶µ²ÊÎ¥´´µ³Ê ¡¥§ —Œ. Œ ±¸¨³ ²Ó´ Ö ¶µ²Ö·¨§ Í¨Ö ¤µ¸É¨£ ² ¸Ó ¶·¨
¡µ²¥¥ ´¨§±µ³ Ê·µ¢´¥ ‘‚—-³µÐ´µ¸É¨ 0, 05÷0, 2 ³‚É/£ ¶µ ¸· ¢´¥´¨Õ ¸ ´ ± Î-
±µ° ¡¥§ —Œ, ¶·¨ ÔÉµ³ µ¶É¨³ ²Ó´Ò¥ Î ¸ÉµÉÒ ´ ± Î±¨ ¸¤¢¨£ ÕÉ¸Ö µÉ Í¥´É· 
��-²¨´¨¨. �Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ ‘‚—-¶µ²¥ ¢ ·¥§µ´ Éµ·¥, ¶µ²ÊÎ¥´´µ¥ ¶·¨
³¥¤²¥´´µ³ ¶·µÌµ¦¤¥´¨¨ ��-²¨´¨¨, ¸µ¤¥·¦¨É ¡µ±µ¢Ò¥ ·¥§µ´ ´¸Ò, ±µÉµ·Ò¥
¨¸Î¥§ ÕÉ ¶·¨ ¢±²ÕÎ¥´´µ° —Œ. �  ·¨¸. 13 ¶µ± § ´  ¨´É¥´¸¨¢´µ¸ÉÓ ¶µ²Ö ¢
·¥§µ´ Éµ·¥, ¶µ²ÊÎ¥´´ Ö ¡µ²µ³¥É·¨Î¥¸±¨³ ¤¥É¥±Éµ·µ³. ‚ ± Î¥¸É¢¥ ¤¥É¥±Éµ· 
¨¸¶µ²Ó§µ¢ ²¸Ö Ê£µ²Ó´Ò° ±µ³¶µ§¨Í¨µ´´Ò° ·¥§¨¸Éµ· ®Speer-220¯. ’¥Ì´¨±  ¡µ-
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¨¸. 13. �µ²µ³¥É·¨Î¥¸±¨¥ ��-¸¶¥±É·Ò ¢ ·¥§µ´ Éµ·¥ SMC-³¨Ï¥´¨ ¸ ¢±²ÕÎ¥´´µ°
Ω = 30 ŒƒÍ (1) ¨ ¢Ò±²ÕÎ¥´´µ° Ω = 0, 1 ŒƒÍ (2) —Œ. �¨¦´¨° ¸¶¥±É· (3) ¶µ-
± §Ò¢ ¥É ¤µ¶µ²´¨É¥²Ó´µ¥ ¶µ£²µÐ¥´¨¥, ¢Ò§Ò¢ ÕÐ¥¥ Ê¸¨²¥´¨¥ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨.
‘‚—-³µÐ´µ¸ÉÓ 0,1 ³‚É/£, Tm = 1 ³¸, f0 = 69, 540 ƒƒÍ

²µ³¥É·¨Î¥¸±¨Ì ¨§³¥·¥´¨° µ¶¨¸ ´  ¢ ¶·¨²µ¦¥´¨¨ 2 [63]. �·¨ ¶µ²ÊÎ¥´¨¨
¸¶¥±É·µ¢ Í¥´É· ²Ó´ Ö Î ¸ÉµÉ  ‘‚—-£¥´¥· Éµ·  ¶µ¤¤¥·¦¨¢ ² ¸Ó ´¥¨§³¥´´µ°,
  Éµ± ³ £´¨É  ¨§³¥´Ö²¸Ö ³¥²±¨³¨ Ï £ ³¨, ¤µ¦¨¤ Ö¸Ó ± ¦¤Ò° · § · ¢´µ¢¥¸-
´ÒÌ ¶µ± § ´¨° É¥·³µ³¥É· , É ± ÎÉµ ´  ¶µ²ÊÎ¥´¨¥ ± ¦¤µ£µ ¸¶¥±É·  § É· Î¨-
¢ ²µ¸Ó ¶µ ´¥¸±µ²Ó±Ê Î ¸µ¢. ‘¶¥±É·Ò 2 ¨ 1 ´  ·¨¸. 13 ¸´ÖÉÒ ¶·¨ ¥¸É¥¸É¢¥´´µ°
Ï¨·¨´¥ ¸¶¥±É·  £¥´¥· Éµ·  0,1 ŒƒÍ (¡¥§ ³µ¤Ê²ÖÍ¨¨) ¨ ¶·¨ ¤¥¢¨ Í¨¨ Î -
¸ÉµÉÒ 30 ŒƒÍ (¸ ³µ¤Ê²ÖÍ¨¥°) ¸µµÉ¢¥É¸É¢¥´´µ. ˆÌ · §´µ¸ÉÓ, ¶µ± § ´´ Ö ¢´¨§Ê
´  ·¨¸. 13, Ê± §Ò¢ ¥É ´  ¸ÊÐ¥¸É¢¥´´Ò° ·µ¸É ¶ · ³ £´¨É´ÒÌ ¶µÉ¥·Ó ´  ±·Ò-
²ÓÖÌ ²¨´¨¨. �  ·¨¸. 14 ¶µ± § ´  § ¢¨¸¨³µ¸ÉÓ ¤µ¶µ²´¨É¥²Ó´µ£µ ¶µ£²µÐ¥´¨Ö
µÉ Î ¸ÉµÉÒ ³µ¤Ê²ÖÍ¨¨ ¶·¨ Î¥ÉÒ·¥Ì Ê·µ¢´ÖÌ ³¨±·µ¢µ²´µ¢µ° ³µÐ´µ¸É¨ [30,
65]. ‚¨¤´µ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¤²¨´´ÒÌ ¶¥·¨µ¤ Ì ³µ¤Ê²ÖÍ¨¨ (Tm) ¤µ¶µ²´¨-
É¥²Ó´µ¥ ¶µ£²µÐ¥´¨¥ ¶·µ¶ ¤ ¥É, ´µ ¢³¥¸É¥ ¸ ´¨³ ¨¸Î¥§ ¥É ¨ ³µ¤Ê²ÖÍ¨µ´´µ¥
Ê¸¨²¥´¨¥ ¶µ²Ö·¨§ Í¨¨. ’ ±¨³ µ¡· §µ³, ¤µ¶µ²´¨É¥²Ó´µ¥ ¶µ£²µÐ¥´¨¥ § ¢¨¸¨É
µÉ ¸±µ·µ¸É¨ ¨§³¥´¥´¨Ö Î ¸ÉµÉÒ. �É  ¸±µ·µ¸ÉÓ ¶µÖ¢²Ö¥É¸Ö ¢ ±¢ ¤· É¨Î´µ³
¶µ τ Î²¥´¥ ¢ · §²µ¦¥´¨¨ ¢ ·Ö¤ Ë §µ¢µ£µ ¸¤¢¨£  ϕ(t − τ) − ϕ(t) ¶·¨ µ¶·¥-
¤¥²¥´¨¨ Ô´¥·£¥É¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ ³¨±·µ¢µ²´µ¢µ£µ ¶µ²Ö. �É¸Õ¤  ¸²¥¤Ê¥É,
ÎÉµ ¤µ¶µ²´¨É¥²Ó´µ¥ ¶µ£²µÐ¥´¨¥ ¶·¨ ¢±²ÕÎ¥´¨¨ ³µ¤Ê²ÖÍ¨¨ ¸¢Ö§ ´µ ¸ ¶·µÍ¥¸-
¸µ³, ±µÉµ·Ò° ¨³¥¥É Ì · ±É¥·´µ¥ ¢·¥³Ö ±µ··¥²ÖÍ¨¨ (τ ) ¶µ·Ö¤±  ω̇τ2 ≈ 2π, £¤¥
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¨¸. 14. ‡ ¢¨¸¨³µ¸ÉÓ ¤µ¶µ²´¨É¥²Ó´µ£µ ¶µ£²µÐ¥´¨Ö µÉ Î ¸ÉµÉÒ ³µ¤Ê²ÖÍ¨¨. –¨Ë·Ò ´ 
£· Ë¨± Ì ¶µ± §Ò¢ ÕÉ µÉ´µ¸¨É¥²Ó´ÊÕ ¢¥²¨Î¨´Ê ¶µ¤¢µ¤¨³µ° ‘‚—-³µÐ´µ¸É¨ [65]

ω̇ = dω/dt. „²Ö µÍ¥´±¨ ³µ¦´µ ¶µ²µ¦¨ÉÓ ω̇ ≈ Ω/Tm, £¤¥ Ω ≈ 2π ·4 ·106 ƒÍ Å
¤¥¢¨ Í¨Ö Î ¸ÉµÉÒ (¸³. ·¨¸. 15). �·¨Î¨´µ° ¤µ¶µ²´¨É¥²Ó´µ£µ ¶µ£²µÐ¥´¨Ö ³µ-
¦¥É ¡ÒÉÓ ³¨±·µ¸±µ¶¨Î¥¸± Ö ´¥µ¤´µ·µ¤´µ¸ÉÓ ²µ± ²Ó´ÒÌ ¶µ²¥° Ô²¥±É·µ´´ÒÌ
¸¶¨´µ¢, ¢¸²¥¤¸É¢¨¥ Î¥£µ ¡¥§ Î ¸ÉµÉ´µ° ³µ¤Ê²ÖÍ¨¨ ‘‚—-¶µ²¥ ¢§ ¨³µ¤¥°¸É¢Ê¥É
²¨ÏÓ ¸ ´¥§´ Î¨É¥²Ó´µ° £·Ê¶¶µ° Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢, ´ §Ò¢ ¥³ÒÌ ¸¶¨´µ¢Ò³¨
¶ ±¥É ³¨ [24, 64]. …¸²¨ ¢ ± Î¥¸É¢¥ τ ¢Ò¡· ÉÓ ¶µ²ÊÎ¥´´µ¥ �µ·É¨¸µ³ [64] Ì -
· ±É¥·´µ¥ ¢·¥³Ö ´ ¸ÒÐ¥´¨Ö τ ≈ (τ1τss)1/2, £¤¥ τ1 ≈ 0, 1 ¸ ¨ τss ≈ 10−5 ¸ Å
É¨¶¨Î´Ò¥ ¢·¥³¥´  ¸¶¨´-·¥Ï¥ÉµÎ´µ° ¨ ¸¶¨´-¸¶¨´µ¢µ° ·¥² ±¸ Í¨¨ ¸¶¨´µ¢ÒÌ
¶ ±¥Éµ¢ ¢ ³ É¥·¨ ² Ì ³¨Ï¥´¨ ¶·¨ T < 0, 5 Š ¸µµÉ¢¥É¸É¢¥´´µ, Éµ ¶¥·¨µ¤
³µ¤Ê²ÖÍ¨¨, ¶·¨ ±µÉµ·µ³ ¤µ²¦´µ ´ ¡²Õ¤ ÉÓ¸Ö ¸¨²Ó´µ¥ ¢²¨Ö´¨¥ —Œ, ¤µ²¦¥´
¡ÒÉÓ ³¥´¥¥

Tm ≤
Ω
2π

τ1τss ≈ 4 c, (80)

ÎÉµ ¶µ ¶µ·Ö¤±Ê ¢¥²¨Î¨´ ¸µ¢¶ ¤ ¥É ¸ ¤ ´´Ò³¨ ´  ·¨¸. 14 (1/Tm ∼= 0, 25).
’ ±¨³ µ¡· §µ³, ¤µ¶µ²´¨É¥²Ó´µ¥ ¶µ£²µÐ¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´µ ¸ ¶·µÍ¥¸-
¸µ³ ¢µ¸¸É ´µ¢²¥´¨Ö (´ ¸ÒÐ¥´¨Ö) ¸¶¨´µ¢ÒÌ ¶ ±¥Éµ¢ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ³µ¦¥É
§ ¢¨¸¥ÉÓ µÉ Î ¸ÉµÉ´µ° (¢·¥³¥´´µ°) ¤¨¸¶¥·¸¨¨ Ô²¥±É·µ´´µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨.
’ ±µ° ¢Ò¢µ¤, É¥³ ´¥ ³¥´¥¥, ´¥ Ö¢²Ö¥É¸Ö ¡¥§Ê¶·¥Î´Ò³. „¥°¸É¢¨É¥²Ó´µ, Ì -

· ±É¥·´Ò¥ ¢·¥³¥´  ´ ± Î±¨ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨ ¸µ¸É ¢²ÖÕÉ ¤¥¸ÖÉ±¨ ³¨´ÊÉ
¨ §´ Î¨É¥²Ó´µ ¶·¥¢µ¸Ìµ¤ÖÉ ¢·¥³¥´  ±·µ¸c-·¥² ±¸ Í¨¨ Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢. ‚
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É ±µ³ ¸²ÊÎ ¥ ��-²¨´¨Ö ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± µ¤´µ·µ¤´µ ÊÏ¨·¥´´ Ö,
ÎÉµ ¶µ¤É¢¥·¦¤ ¥É¸Ö ´  ¶· ±É¨±¥ ¸¶· ¢¥¤²¨¢µ¸ÉÓÕ Í¥´É· ²Ó´µ° ±µ´Í¥¶Í¨¨ ¤¨-
´ ³¨Î¥¸±µ£µ µÌ² ¦¤¥´¨Ö µ · ¢¥´¸É¢¥ ¸¶¨´µ¢ÒÌ É¥³¶¥· ÉÊ· · §²¨Î´ÒÌ Ö¤¥· ¢
³¨Ï¥´¨. ‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ·µ²Ó ¸¶¨´µ¢ÒÌ ¶ ±¥Éµ¢ ´¥ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´-
´µ° ¤²Ö µ¡ÑÖ¸´¥´¨Ö ³µ¤Ê²ÖÍ¨µ´´µ£µ ÔËË¥±É .

4.2. h·µ¸É· ´¸É¢¥´´ Ö ¤¨¸¶¥·¸¨Ö —Œ. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¤²¨´  SMC-
³¨Ï¥´¨ (d = 600 ³³) ¡µ²¥¥ Î¥³ ¢ 100 · § ¶·¥¢ÒÏ ¥É ¤²¨´Ê ¢µ²´Ò ‘‚—-¶µ²Ö
λ ≈ 4 ³³ [61]. �Í¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ —Œ ³µ¦¥É ¢²¨ÖÉÓ
¨ ´  ¸É·Ê±ÉÊ·Ê ³¨±·µ¢µ²´µ¢µ£µ ¶µ²Ö ¢ ³ É¥·¨ ²¥ ³¨Ï¥´¨, ±µÉµ· Ö ¢ µ¡Ð¥³
¸²ÊÎ ¥ § ¢¨¸¨É µÉ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ (kr ± ωt). ’ ±¨³
µ¡· §µ³, ¶µ³¨³µ ¢·¥³¥´´µ°, ³µ¦¥É ¢µ§´¨± ÉÓ ¨ ÔËË¥±É ¶·µ¸É· ´¸É¢¥´´µ°
¤¨¸¶¥·¸¨¨, µÉ· ¦ ÕÐ¨° [66] ®...§ ¢¨¸¨³µ¸ÉÓ ³ ±·µ¸±µ¶¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¢¥-
Ð¥¸É¢  µÉ ¶·µ¸É· ´¸É¢¥´´µ° ´¥µ¤´µ·µ¤´µ¸É¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö¯.
�µ²¥ ¢ ·¥§µ´ Éµ·¥ ³¨Ï¥´¨ Ö¢²Ö¥É¸Ö ¸Ê¶¥·¶µ§¨Í¨¥° ¶ ¤ ÕÐ¥° ¨ µÉ· -

¦¥´´µ° µÉ ¸É¥´µ± ·¥§µ´ Éµ·  ¢µ²´. ‚ ·¥§Ê²ÓÉ É¥ µ¡· §ÊÕÉ¸Ö ¸ÉµÖÎ¨¥ ¢µ²´Ò
¸ ¶·µ¸É· ´¸É¢¥´´µ ´¥µ¤´µ·µ¤´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¨´É¥´¸¨¢´µ¸É¨ ¶µ²Ö. �·¨
¶·µ¸É¥°Ï¥³ · ¸¸³µÉ·¥´¨¨ µ¸´µ¢´µ¥ ¶µ£²µÐ¥´¨¥ ¸²¥¤Ê¥É µ¦¨¤ ÉÓ ¢ ´¥±µÉµ-
·µ° µ¡² ¸É¨ R0 < λ/4 ¢¡²¨§¨ ³ ±¸¨³Ê³µ¢ ¨´É¥´¸¨¢´µ¸É¥° Zi − R0/2 ≤ z ≤
≤ zi+R0/2, £¤¥ iÅ ´µ³¥·  ¶ÊÎ´µ¸É¥° ³ £´¨É´µ° ±µ³¶µ´¥´ÉÒ ¶µ²Ö ¢¤µ²Ó µ¸¨
z ·¥§µ´ Éµ· ,   §  ÔÉ¨³¨ ¶·¥¤¥² ³¨ ¶µ£²µÐ¥´¨¥³ ³µ¦´µ ¶·¥´¥¡·¥ÎÓ. Œ É¥-
·¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶²µ¸±µ° ’…Œ-¢µ²´Ò, · ¸¶·µ¸É· ´ÖÕÐ¥°¸Ö ¢¤µ²Ó µ¸¨
z, ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ [63]:

B(z) = µ0

[
1 + χ(ω,H2)

]
H(z, t), (81)

£¤¥ H ¨ B Å ±µ³¶²¥±¸´Ò¥, § ¢¨¸ÖÐ¨¥ µÉ ¢·¥³¥´¨ ¢¥±Éµ·Ò ´ ¶·Ö¦¥´´µ¸É¨
¶µ²Ö ¨ ³ £´¨É´µ° ¨´¤Ê±Í¨¨. � ¸ÒÐ¥´¨¥ ¢ (81) ÊÎ¨ÉÒ¢ ¥É¸Ö § ¢¨¸¨³µ¸ÉÓÕ
¢µ¸¶·¨¨³Î¨¢µ¸É¨ µÉ ¨´É¥´¸¨¢´µ¸É¨ ¶µ²Ö. ‚ ÔÉµ° ³µ¤¥²¨ ¶·µ¸É· ´¸É¢¥´´µ¥
· ¸¶·¥¤¥²¥´¨¥ ¨´É¥´¸¨¢´µ¸É¨ ¶µ²Ö ¢¤µ²Ó µ¸¨ z ³µ¦´µ § ¤ ÉÓ Ëµ·³Ê²µ° [63]:

hih
∗
r =

1
2
h2i e

−2d·β(ω)(1 + cos [2(α0z − αd)]), (82)

£¤¥ hi ¨ hr Å ¶²µÉ´µ¸É¨  ³¶²¨ÉÊ¤ ¶ ¤ ÕÐ¥° ¨ µÉ· ¦¥´´µ° ¢µ²´Ò, α0 ¨ α Å
¶µ¸ÉµÖ´´ Ö · ¸¶·µ¸É· ´¥´¨Ö ´  ´¥¸ÊÐ¥° ω0 ¨ Î ¸ÉµÉ¥ ω ¸µµÉ¢¥É¸É¢¥´´µ, β Å
¶µ¸ÉµÖ´´ Ö § ÉÊÌ ´¨Ö (§¤¥¸Ó µ¡µ§´ Î¥´¨Ö α ¨ β µÉ²¨Î ÕÉ¸Ö µÉ ¶·¨´ÖÉÒÌ ¢
· §¤. 2):

α− iβ =
ω2

c2
µε ∼=

√
εrω

c

[
1 +

χ′

2
− i

2
χ′′
]
, (83)

£¤¥ c2 = (ε0µ0)−1 Å ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥ ¨ εr Å µÉ´µ¸¨É¥²Ó´ Ö ¤¨-
Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ. �·¨ ¨§³¥´¥´¨¨ Î ¸ÉµÉÒ ³µ¤Ê²ÖÍ¨¨ ¶·µ¸É· ´-
¸É¢¥´´ Ö ¸É·Ê±ÉÊ·  ‘‚—-¶µ²Ö ¢ ³¨Ï¥´¨ ³µ¦¥É ¨§³¥´ÖÉÓ¸Ö ± ± ¨§-§  ·¥§µ´ ´¸-
´µ° § ¢¨¸¨³µ¸É¨ ¤¨¸¶¥·¸¨¨, É ± ¨ ¶µ£²µÐ¥´¨Ö µÉ Î ¸ÉµÉÒ ¢ Ëµ·³Ê²¥ (83).
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�Éµ ³µ¦¥É ¶·¨¢¥¸É¨ ± ¡µ²¥¥ · ¢´µ³¥·´µ³Ê ´ ¸ÒÐ¥´¨Õ ³ É¥·¨ ²  ³¨Ï¥´¨ ¨
¢Ò§¢ ÉÓ ·µ¸É ¸·¥¤´¥° ¶µ²Ö·¨§ Í¨¨. ‡¤¥¸Ó ³Ò µ£· ´¨Î¨³¸Ö · ¸¸³µÉ·¥´¨¥³ ¢²¨-
Ö´¨Ö ¤¨¸¶¥·¸¨¨ ´  ¤µ¶µ²´¨É¥²Ó´µ¥ ¶µ£²µÐ¥´¨¥. ‚ ¶·¨´Í¨¶¥, Ëµ·³Ê²Ê (82)
³µ¦´µ ¶·¨´ÖÉÓ §  ¨¸Ìµ¤´Ò° ¶µ¸ÉÊ² É ¤²Ö ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¤ ´´Ò³¨, É ± ± ± ¢ ¸²µ¦´µ³ ³´µ£µ³µ¤µ¢µ³ ·¥§µ´ Éµ·¥ ³¨Ï¥´¨ ´¥ ¢¨¤´µ
¤·Ê£µ£µ ¶ÊÉ¨ ¤²Ö · §Ê³´µ£µ · ¸Î¥É  · ¸¶·¥¤¥²¥´¨Ö ¶µ²Ö. ‚ ¶·¥¤¶µ²µ¦¥´¨¨
¡Ò¸É·µ° ³µ¤Ê²ÖÍ¨¨ Î ¸ÉµÉÒ, Éµ ¥¸ÉÓ Tm << 1 ¸ ¢ Ëµ·³Ê²¥ (80), ¶²µÉ´µ¸ÉÓ
¶µ£²µÐ ¥³µ° ³µÐ´µ¸É¨ É¥¶¥·Ó ¡Ê¤¥É § ¢¨¸¥ÉÓ µÉ ¨§³¥´¥´¨Ö ¶µ¸ÉµÖ´´µ° · ¸-
¶·µ¸É· ´¥´¨Ö (∆α) ¶·¨ ¤¥¢¨ Í¨¨ Î ¸ÉµÉÒ [63, 67]:

pon(off) =
1
2
µ0ωχh

2
on(off) cos

2(d∆αon(off))

Ω/2∫
−Ω/2

dω · e−2d·β(ω−ω0), (84)

£¤¥  ·£Ê³¥´É ±µ¸¨´Ê¸  µ¶·¥¤¥²Ö¥É¸Ö · ¸¸É·µ°±µ° Î ¸ÉµÉÒ µÉ´µ¸¨É¥²Ó´µ Í¥´-
É·  ��-²¨´¨¨. ˆ´¤¥±¸Ò ®on¯, ®off¯ µ¡µ§´ Î ÕÉ ¢±²ÕÎ¥´´ÊÕ ¨ ¢Ò±²ÕÎ¥´-
´ÊÕ —Œ ¸µµÉ¢¥É¸É¢¥´´µ. ˆ´É¥£·¨·µ¢ ´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¶µ ¢¸¥° ¶µ²µ¸¥ Î -
¸ÉµÉ´µ£µ ¸¶¥±É·  £¥´¥· Éµ· . ‚ ¶·¥¤¥²¥ d → 0 ¨ h2Ω → I ¢Ò· ¦¥´¨¥ (84)
¶¥·¥Ìµ¤¨É ¢ µ¡ÒÎ´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶²µÉ´µ¸É¨ ¶µ£²µÐ ¥³µ° ³µÐ´µ¸É¨, ¸¶· -
¢¥¤²¨¢µ¥ ¶·¨ d << λ:

pon(off) = i
µ0
2

ωχI, (85)

£¤¥ I Å ¨´É¥´¸¨¢´µ¸ÉÓ ¶µ²Ö ¢ ·¥§µ´ Éµ·¥. �¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¶ · ³ £´¨É-
´µ¥ ¶µ£²µÐ¥´¨¥ ¢ ¤²¨´´µ° ³¨Ï¥´¨ ¨³¥¥É ¤µ¶µ²´¨É¥²Ó´Ò° Ô±¸¶µ´¥´Í¨ ²Ó´Ò°
Î²¥´ ¢ ¶µ£²µÐ¥´¨¨, µ¡Ö§ ´´Ò° ¶¥·¥³¥Ð¥´¨Õ ³ ±¸¨³Ê³µ¢ ¨´É¥´¸¨¢´µ¸É¥°
¶µ²Ö. ’ ± ± ± ¶µ£²µÐ¥´¨¥ ¢ (84) § ¢¨¸¨É µÉ ¤¨¸¶¥·¸¨¨, Éµ · ¸¸³ É·¨¢ ¥-
³ Ö ³µ¤¥²Ó ¶µ§¢µ²Ö¥É ´¥ Éµ²Ó±µ µ¡ÑÖ¸´¨ÉÓ ¶µÖ¢²¥´¨¥ ¡µ±µ¢ÒÌ ¸ É¥²²¨Éµ¢ ¢
¸¶¥±É·¥ ¶µ£²µÐ¥´¨Ö ´  ·¨¸. 13, ´µ ¨ ¶·¥¤¸± § ÉÓ ¨Ì Î¨¸²µ (n) [63]:

d · α(H0)− d · α(Hres) =
√
εrω0[χ′(ω)− χ′(ω0)] d/(2c) = nπ. (86)

�·¨´¨³ Ö εr = 2, ω0 = 2π · 1010 ƒÍ, d = 50 ¸³, ∆χ′ ≤ |χ′|max/2 = 4 · 10−2,
¶µ²ÊÎ ¥³ n ∼= 6; ¤ ´´Ò¥ ´  ·¨¸. 13 ¶µ± §Ò¢ ÕÉ 4 ¨²¨ 5 ¢§ ¨³´µ ¶¥·¥-
±·Ò¢ ÕÐ¨Ì¸Ö ¶¨±µ¢. �  ·¨¸. 15 ¶µ± § ´Ò ¤µ¶µ²´¨É¥²Ó´Ò¥ ¶µÉ¥·¨ (·¥ ²Ó´ Ö
Î ¸ÉÓ Ê· ¢´¥´¨Ö (84)) ± ± ËÊ´±Í¨Ö Ω ¶·¨ Tm = 2 ³¸. „ ´´Ò¥ ¶µ²ÊÎ¥´Ò
´  Î ¸ÉµÉ¥, µ¡¥¸¶¥Î¨¢ ÕÐ¥° ³ ±¸¨³Ê³ µÉ·¨Í É¥²Ó´µ° Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨.
‘¢µ¡µ¤´Ò³¨ ¶ · ³¥É· ³¨ ¶·¨ Ë¨É¨·µ¢ ´¨¨ ¡Ò²¨ ¶·µ¨§¢µ¤´ Ö β̇ = ∂β/∂ω,
µ¡µ§´ Î ÕÐ Ö ¨§³¥´¥´¨¥ ¶µ£²µÐ¥´¨Ö ³¥¦¤Ê ³ ±¸¨³Ê³µ³ ¨ ³¨´¨³Ê³µ³ ¨´-
É¥´¸¨¢´µ¸É¨ ¶µ²Ö ¢¤µ²Ó µ¸¨ z ·¥§µ´ Éµ· , Ω0 Å ´¥§´ Î¨É¥²Ó´Ò° ¶µ¤£µ-
´µÎ´Ò° ¶ · ³¥É·, ±µÉµ·Ò° Ê²ÊÎÏ ¥É Ë¨É¨·µ¢ ´¨¥ ¶·¨ ´¥¡µ²ÓÏµ° ¢¥²¨Î¨´¥
‘‚—-³µÐ´µ¸É¨ ¨ χ′′h2 Å ¶ · ³¥É·, ´µ·³¨·ÊÕÐ¨° ¢Ìµ¤´ÊÕ ‘‚—-³µÐ´µ¸ÉÓ.
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•µ·µÏ¥¥ ¸µ¢¶ ¤¥´¨¥ ¸ Ô±¸¶¥·¨³¥´Éµ³ ¶·¨ ¸¤¥² ´´ÒÌ ¶·¥¤¶µ²µ¦¥´¨ÖÌ ¶µ¤-
É¢¥·¦¤ ¥É ¢µ§³µ¦´µ¸ÉÓ µ¡´ ·Ê¦¥´¨Ö SMC-±µ²² ¡µ· Í¨¥° ¢ CERN ÔËË¥±É 
¶·µ¸É· ´¸É¢¥´´µ° ¤¨¸¶¥·¸¨¨ ¢ ³ £´¨É´µ³ ·¥§µ´ ´¸¥. ’¥³ ´¥ ³¥´¥¥ · ¸¸³µ-
É·¥´´Ò¥ §¤¥¸Ó ³µ¤¥²¨ ³µ¤Ê²ÖÍ¨µ´´µ£µ ÔËË¥±É  ´¥ ¨¸Î¥·¶Ò¢ ÕÉ ¨¸É¨´´µ°
¶·¨·µ¤Ò µ¡´ ·Ê¦¥´´µ£µ Ö¢²¥´¨Ö. ’ ±, ¤ ´´Ò¥, ¶·¨¢¥¤¥´´Ò¥ ¢ ÔÉµ³ · §¤¥²¥,
Ëµ·³ ²Ó´µ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± Ê¢¥²¨Î¥´¨¥ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨ (É.¥.
¶µ¢ÒÏ¥´¨¥ ¸É¥¶¥´¨ ‘‚—-´ ¸ÒÐ¥´¨Ö ³ É¥·¨ ² ), ´µ ¶·¨ ³¥´ÓÏ¥° ¶µ¤¢µ¤¨-
³µ° ‘‚—-³µÐ´µ¸É¨ ¸ ¢±²ÕÎ¥´´µ° ³µ¤Ê²ÖÍ¨¥° Î ¸ÉµÉÒ. ˆ´É¥·¥¸´µ µÉ³¥-
É¨ÉÓ, ÎÉµ ¨ É ±µ¥ µ¡ÑÖ¸´¥´¨¥ µ± §Ò¢ ¥É¸Ö ¢¶µ²´¥ ¤µ¶Ê¸É¨³Ò³, ¥¸²¨ ÊÎ¥¸ÉÓ,
ÎÉµ ��-²¨´¨Ö (¸³. ·¨¸. 3) ¨³¥¥É ¨´¢¥·É¨·µ¢ ´´Ò° ÊÎ ¸Éµ± ¨´¤ÊÍ¨·µ¢ ´´µ£µ
Ê¸¨²¥´¨Ö ¶·¨²µ¦¥´´µ£µ ¶µ²Ö.

‚ É¥Ì´¨Î¥¸±µ³ ¶² ´¥ ¡µ²µ³¥É·¨Î¥¸±µ¥ ¤¥É¥±É¨·µ¢ ´¨¥ ‘‚—-³µÐ´µ¸É¨ ¢
·¥§µ´ Éµ·¥, ¨¸¶µ²Ó§Ê¥³µ¥ ¢ ÔÉµ³ Ô±¸¶¥·¨³¥´É¥ [63], ¢¶¥·¢Ò¥ ¶µ§¢µ²¨²µ ¨§³¥-
·¨ÉÓ ±·¨¢ÊÕ ³ £´¨É´µ£µ ´ ¸ÒÐ¥´¨Ö ³ É¥·¨ ²  ³¨Ï¥´¨, ±µÉµ· Ö, ¶µ ¸ÊÐ¥¸É¢Ê,
¨ µ¶·¥¤¥²Ö¥É ÔËË¥±É¨¢´µ¸ÉÓ ¨¸¶µ²Ó§µ¢ ´¨Ö ‘‚—-³µÐ´µ¸É¨.

¨¸. 15. ‡ ¢¨¸¨³µ¸ÉÓ ¤µ¶µ²´¨É¥²Ó´µ£µ ¶µ£²µÐ¥´¨Ö ¶µ Ëµ·³Ê²¥ (84) µÉ  ³¶²¨ÉÊ¤Ò
³µ¤Ê²ÖÍ¨¨ Î ¸ÉµÉÒ. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ÉµÎ±¨ ¶µ²ÊÎ¥´Ò ¶·¨ Ë¨±¸¨·µ¢ ´´µ° ¤²Ö
± ¦¤µ° ±·¨¢µ° ‘‚—-³µÐ´µ¸É¨, ±µÉµ· Ö ¨ µ¶·¥¤¥²Ö¥É É¥³¶¥· ÉÊ·Ê ³ É¥·¨ ² , ¶·¨¢¥-
¤¥´´ÊÕ Ê ±·¨¢ÒÌ

„·Ê£¨³ ¶µ²¥§´Ò³ ¤²Ö ¶· ±É¨±¨ ¸²¥¤¸É¢¨¥³ c¤¥² ´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢
Ö¢²Ö¥É¸Ö ¢Ò¢µ¤ µ Éµ³, ÎÉµ ¶·¨ ¶·µ¥±É¨·µ¢ ´¨¨ ·¥§µ´ Éµ·  ³¨Ï¥´¨ ¸²¥¤Ê¥É
¢¸¥³¥·´µ ¨§¡¥£ ÉÓ ¨¸¶µ²Ó§µ¢ ´¨Ö ±µ´¸É·Ê±É¨¢´ÒÌ Ô²¥³¥´Éµ¢, ±µÉµ·Ò¥ ¢´µ¸ÖÉ
§ ³¥É´Ò¥ ¤¨Ô²¥±É·¨Î¥¸±¨¥ ¶µÉ¥·¨: ³ ¸¸¨¢´Ò¥ ¶² ¸É¨±µ¢Ò¥ ±µ´É¥°´¥·Ò, ± ·-
± ¸Ò ± ÉÊÏ¥± ¨ Éµ³Ê ¶µ¤µ¡´Ò¥ ³ É¥·¨ ²Ò, ´ £·Ê¦ ÕÐ¨¥ ± ³¥·Ê · ¸É¢µ·¥´¨Ö
¤¨Ô²¥±É·¨Î¥¸±¨³¨ ¶µÉ¥·Ö³¨ ‘‚—-³µÐ´µ¸É¨.
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5. ŒfƒQˆ’QS… ‘‚…i•ˆ‡‹“—…Qˆ…

ƒ¥´¥· Í¨Ö · ¤¨µ¢µ²´, ¸É¨³Ê²¨·µ¢ ´´ Ö ¸² ¡µ ±É¨¢´µ° ¸·¥¤µ° ¸ µÉ·¨-
Í É¥²Ó´µ ¶µ²Ö·¨§µ¢ ´´Ò³¨ Ö¤¥·´Ò³¨ ¸¶¨´ ³¨, ¨§ÊÎ ² ¸Ó ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨
· ¡µÉÒ Ö¤¥·´ÒÌ ¸¶¨´µ¢ÒÌ £¥´¥· Éµ·µ¢ [53]; ¥¥ µ¡ÒÎ´µ ´ §Ò¢ ÕÉ £¥´¥· Í¨¥°
®³ §¥·´µ£µ¯ É¨¶ . ‚ ³ §¥·´µ³ £¥´¥· Éµ·¥ ¸¶¨´Ò ±µ³¶¥´¸¨·ÊÕÉ ¶µÉ¥·¨ ¢ ·¥-
§µ´ Éµ·¥, ´µ ¥£µ ¸¢Ö§Ó ¸µ ¸¶¨´µ¢µ° ¸¨¸É¥³µ° ¸²¨Ï±µ³ ¸² ¡ , ÎÉµ¡Ò µ¡· §µ-
¢ ÉÓ ¥¤¨´ÊÕ ¸¢Ö§ ´´ÊÕ ±µ²¥¡ É¥²Ó´ÊÕ ¸¨¸É¥³Ê. ‚ · ¡µÉ Ì [7, 68Ä70] ¡Ò²µ
¶µ± § ´µ, ÎÉµ ¢ÒÏ¥ ´¥±µÉµ·µ£µ ¶µ·µ£  Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨ ¢µ§´¨± ¥É ¤·Ê-
£µ° ¸¢¥·Ì¨§²ÊÎ É¥²Ó´Ò° (‘ˆ) É¨¶ £¥´¥· Í¨¨, ¨´É¥´¸¨¢´µ¸ÉÓ ±µÉµ·µ£µ ¶·µ-
¶µ·Í¨µ´ ²Ó´  ±¢ ¤· ÉÊ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨. ’ ±µ° £¥´¥· Éµ·, ¢ ´¥±µÉµ·µ³
¸³Ò¸²¥, Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ µ¶É¨Î¥¸±µ³Ê ‘ˆ-² §¥·Ê, ÌµÉÖ ¨ µÉ²¨Î ¥É¸Ö µÉ ´¥£µ
¸¶µ¸µ¡µ³ ¸µ§¤ ´¨Ö ¨´¢¥·¸´µ° § ¸¥²¥´´µ¸É¨ ¨ ´ ²¨Î¨¥³ ·¥§µ´ Éµ· , ±µÉµ·Ò°
µ¸ÊÐ¥¸É¢²Ö¥É ±µ··¥²ÖÍ¨Õ ¨§²ÊÎ¥´¨Ö ¶·µ¸É· ´¸É¢¥´´µ · §¤¥²¥´´ÒÌ Ö¤¥·´ÒÌ
³ £´¨É´ÒÌ ³µ³¥´Éµ¢. �´¥·£¥É¨Î¥¸±ÊÕ ¢µ§³µ¦´µ¸ÉÓ ‘ˆ-£¥´¥· Í¨¨ µ¡µ¸´µ-
¢ ²¨ �²µ³¡¥·£¥´ ¨ � Ê´¤ [71]. ” °´ [72] ¶·¥¤²µ¦¨² ´ §¢ ÉÓ ´µ¢Ò° ¨¸ÉµÎ´¨±
±µ£¥·¥´É´ÒÌ · ¤¨µ¢µ²´ ±µ£¥É·µ´µ³.

5.1. ˆ¸¸²¥¤µ¢ ´¨¥ · ¤¨µÎ ¸ÉµÉ´µ£µ ¸¢¥·Ì¨§²ÊÎ¥´¨Ö. ‚ ± Î¥¸É¢¥  ±É¨¢-
´µ£µ ¢¥Ð¥¸É¢  ¨¸¶µ²Ó§µ¢ ²¸Ö ¶·µ¶ ´¤¨µ² (C3H8O2) Å ¤¨Ô²¥±É·¨± ¸ ¢Ò¸µ±µ°
±µ´Í¥´É· Í¨¥° ¶·µÉµ´´ÒÌ ¸¶¨´µ¢ ¨ ¶ · ³ £´¨É´µ° ¶·¨³¥¸ÓÕ Cr+V , ´¥µ¡Ìµ-
¤¨³µ° ¤²Ö ¶µ²ÊÎ¥´¨Ö „�Ÿ [68]. ‚ CERN [33] ¸¨²Ó´Ò¥ ÔËË¥±ÉÒ ‘ˆ ´ ¡²Õ¤ -
²¨¸Ó ¢ µ¡²ÊÎ¥´´µ³  ³³¨ ±¥ ¸ F -Í¥´É· ³¨. ‘ Í¥²ÓÕ ¡µ²¥¥ ¶µ²´µ£µ µ¸¢¥Ð¥´¨Ö
§¤¥¸Ó ¸µ¡· ´Ò ¤ ´´Ò¥ µ¡µ¨Ì ¢µ ³´µ£µ³  ´ ²µ£¨Î´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢. Œ É¥-
·¨ ² ³¨Ï¥´¨ ¶·¨£µÉµ¢²Ö¥É¸Ö ¢ ¢¨¤¥ § ³µ·µ¦¥´´ÒÌ Ï ·¨±µ¢ ¨²¨ £· ´Ê² ¸
±µÔËË¨Í¨¥´Éµ³ § ¶µ²´¥´¨Ö µ±µ²µ 0,6. �·¨ T0 = 0, 3 K ¢ ¶µ²¥ ≈ 2, 5 ’²
¢ ³¨Ï¥´¨ ³¥Éµ¤µ³ „�Ÿ ¶µ²ÊÎ ² ¸Ó (−70 ÷ −90)% ¶µ²Ö·¨§ Í¨Ö ¶·µÉµ´µ¢.
‡ É¥³ ‘‚—-¶µ²¥ ¢Ò±²ÕÎ ²µ¸Ó, ¢¸²¥¤¸É¢¨¥ Î¥£µ É¥³¶¥· ÉÊ·  ± ³¥·Ò · ¸É¢µ-
·¥´¨Ö ¶µ´¨¦ ² ¸Ó ¤µ ≈ 50 ³Š,   ¢·¥³Ö Ö¤¥·´µ° ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨
¶·¥¢ÒÏ ²µ 500 Î ¸µ¢ (¸³. ·¨¸. 1). ’ ±µ¢  ¸É ·Éµ¢ Ö ¸¨ÉÊ Í¨Ö ¤²Ö ¢¸¥Ì ´¨¦¥
µ¶¨¸ ´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ‘ˆ.
�Ò²µ µ¡´ ·Ê¦¥´µ [68Ä70], ÎÉµ ¥¸²¨, ¨§³¥´ÖÖ ¶µ²¥ ³ £´¨É , ¸µ¢³¥¸É¨ÉÓ

² ·³µ·µ¢¸±ÊÕ Î ¸ÉµÉÊ Ö¤¥·´ÒÌ ¸¶¨´µ¢ ¸ ·¥§µ´ ´¸´µ° Î ¸ÉµÉµ° ¶ ¸¸¨¢´µ£µ
±µ²¥¡ É¥²Ó´µ£µ ±µ´ÉÊ· , Éµ ¶¥·¢µ´ Î ²Ó´ Ö ¶µ²Ö·¨§ Í¨Ö −85% ¸ ³µ¶·µ¨§-
¢µ²Ó´µ ·¥¢¥·¸¨·Ê¥É¸Ö ¨ ¸É ´µ¢¨É¸Ö ¶µ²µ¦¨É¥²Ó´µ°, ¤µ¸É¨£ Ö 12 ÷ 50%. ‚
§ ¢¨¸¨³µ¸É¨ µÉ ¢¥²¨Î¨´Ò ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ¨ ¶ · ³¥É·µ¢ ·¥§µ´ Éµ· 
£¥´¥· Í¨Ö ¶·µ¨¸Ìµ¤¨É ²¨¡µ ¸ ·¥¢¥·¸µ³, ²¨¡µ ¸µ¶·µ¢µ¦¤ ¥É¸Ö §´ Î¨É¥²Ó´Ò³
¶µ´¨¦¥´¨¥³  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´Ò ¶µ²Ö·¨§ Í¨¨. Ha ·¨¸. 16 ¨²²Õ¸É·¨·ÊÕÉ¸Ö
µ¡  ¸Í¥´ ·¨Ö ´  ¶·¨³¥·¥ ¶·µÉµ´µ¢ ¢  ³³¨ Î´µ° ³¨Ï¥´¨ [57].
�Í¥´±Ê ¢µ§³µ¦´µ¸É¨ ¢µ§´¨±´µ¢¥´¨Ö £¥´¥· Í¨¨ ³µ¦´µ ¢Ò¶µ²´¨ÉÓ, ¸· ¢-

´¨¢ Ö ¶µÉ¥·¨ ¢ ±µ´ÉÊ·¥ ¸ µÉ·¨Í É¥²Ó´Ò³ ¸µ¶·µÉ¨¢²¥´¨¥³, ±µÉµ·µ¥ ¸¶¨´µ¢ Ö
¸¨¸É¥³  ¢´µ¸¨É ¢ ±µ´ÉÊ· ¶·¨ ‘ˆ. „²Ö  ³³¨ Î´µ° ³¨Ï¥´¨ ¶·µÉµ´´ Ö ¢µ¸¶·¨-
¨³Î¨¢µ¸ÉÓ · ¢´ 
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¨¸. 16. ‚ ·¥§Ê²ÓÉ É¥ ‘ˆ ¸É ·Éµ¢ Ö µÉ·¨Í É¥²Ó´ Ö ¶µ²Ö·¨§ Í¨Ö (¸¶¥±É·Ò 1, 2) ²¨¡µ
§´ Î¨É¥²Ó´µ Ê³¥´ÓÏ ¥É¸Ö (3), ²¨¡µ ¨´¢¥·É¨·Ê¥É §´ ± (4). ¥§Ê²ÓÉ É § ¢¨¸¨É µÉ ¤µ¡·µÉ-
´µ¸É¨ ±µ´ÉÊ· 

χ′′ ≈ π

2
ν

∆ν
(−χ0) = −

π

2
ν

∆ν

Nµ0µN
B0

=

= −π

2
106 · 106 ƒÍ
4, 7 · 104 ƒÍ

5, 4 · 1028 · 4π · 10−7 · 5, 05 · 10−27
2, 6

= −0, 47, (87)

£¤¥ µ0 = 4π · 10−7 Å ³ £´¨É´ Ö ¶µ¸ÉµÖ´´ Ö, µN Å Ö¤¥·´Ò° ³ £´¥Éµ´,
N Å ¸¶¨´µ¢ Ö ±µ´Í¥´É· Í¨Ö, · ¢´ Ö 3, 8 · 1028 ¸¶¨´/³3 ¢ ¶·µ¶ ´¤¨µ²¥ ¨
5, 4 · 1028 ¸¶¨´/³3 ¢  ³³¨ ±¥ ¨ B0 Å ¨´¤Ê±Í¨Ö ³ £´¨É  ¢ ’². �·¨³¥³ ·¥§µ-
´ ´¸´ÊÕ Î ¸ÉµÉÊ 100 ŒƒÍ, ¨´¤Ê±É¨¢´µ¸ÉÓ L = 10−7 ƒ´ ¨ Ë ±Éµ· § ¶µ²´¥´¨Ö
η = 0, 5, Éµ£¤  ³ £´¨É´Ò¥ ³µ³¥´ÉÒ Ö¤¥· ¢´µ¸ÖÉ ¢ ±µ´ÉÊ· µÉ·¨Í É¥²Ó´µ¥ Ô±¢¨-
¢ ²¥´É´µ¥ ¸µ¶·µÉ¨¢²¥´¨¥

r̄ = ηχ′′ · ωL = −0, 5 · 0, 47 · 2π · 100 · 106 · 10−7 = −16 �³. (88)

‚¥²¨Î¨´  ÔÉµ£µ ¸µ¶·µÉ¨¢²¥´¨Ö ¶µ ³µ¤Ê²Õ ´ ³´µ£µ ¶·¥¢ÒÏ ¥É ¸µ¡¸É¢¥´´Ò¥
¶µÉ¥·¨ ¢ ±µ´ÉÊ·¥, ¸µ¸É ¢²ÖÕÐ¨¥ µ¡ÒÎ´µ ³¥´¥¥ 1 �³. ‘²¥¤µ¢ É¥²Ó´µ,  ±É¨¢-
´µ¥ ¢¥Ð¥¸É¢µ ³¨Ï¥´¨ ³µ¦¥É ¢Ò§¢ ÉÓ · ¤¨µÎ ¸ÉµÉ´ÊÕ £¥´¥· Í¨Õ; ´¨¦¥ ³Ò
¶·µ¸²¥¤¨³ §  ¥¥ · §¢¨É¨¥³.
„²Ö ´ ¡²Õ¤¥´¨Ö £¥´¥· Í¨¨ ¢ ¶·µ¸Éµ° ±µ²¥¡ É¥²Ó´Ò° ±µ´ÉÊ·, ¨´¤Ê±É¨¢´µ

¸¢Ö§ ´´Ò° ¸ ³¨Ï¥´ÓÕ, ¢±²ÕÎ ²¸Ö ·¥§¨¸Éµ· ¸ ´µ³¨´ ²µ³ ³¥´ÓÏ¥ 1 �³. ‘¨£-
´ ² ¸ ÔÉµ£µ ·¥§¨¸Éµ· , ¶·µ¶µ·Í¨µ´ ²Ó´Ò° Éµ±Ê (¶µ²Õ ¢ ± ÉÊÏ±¥), ¤¥É¥±É¨-
·µ¢ ²¸Ö ¨ § ¶¨¸Ò¢ ²¸Ö Í¨Ë·µ¢Ò³ µ¸Í¨²²µ£· Ëµ³, ±µÉµ·Ò° § ¶Ê¸± ²¸Ö ¶·¨
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¨¸. 17. �·¨ ¢Ò¸µ±µ° ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ¸´ Î ²  ¢µ§´¨± ¥É ‘ˆ (1), § É¥³ Œƒ-
¨³¶Ê²Ó¸ (2). �·¨ ´¨§±µ° ¶µ²Ö·¨§ Í¨¨ Å Éµ²Ó±µ ¶· ¢Ò° ¨³¶Ê²Ó¸ Œƒ. �µ²¥ H0 ¢
¶·µÍ¥¸¸¥ µ¶ÒÉ  ¶² ¢´µ ¨§³¥´Ö¥É¸Ö

¢µ§´¨±´µ¢¥´¨¨ £¥´¥· Í¨¨ ¢ ±µ´ÉÊ·¥. ¥§µ´ ´¸´ Ö Î ¸ÉµÉ  ±µ´ÉÊ·  ¸µ¸É ¢²Ö² 
21,5 ŒƒÍ, µ´  ¸µµÉ¢¥É¸É¢µ¢ ²  ¶·µÉµ´´µ³Ê ·¥§µ´ ´¸Ê ¶·¨ H0 ≈ 0, 5 ’²,
¤µ¡·µÉ´µ¸ÉÓ ¢ µÌ² ¦¤¥´´µ³ ¸µ¸ÉµÖ´¨¨ Å µ±µ²µ 500. �±¸¶¥·¨³¥´É ¢Ò¶µ²-
´Ö²¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [68]. �µ²¥ H0  ¤¨ ¡ É¨Î¥¸±¨ Ê³¥´ÓÏ ²µ¸Ó µÉ
2,5 ’², ¢ ±µÉµ·µ³ µ¸ÊÐ¥¸É¢²Ö² ¸Ó ¶µ²Ö·¨§ Í¨Ö Ö¤¥·, ¤µ ³µ³¥´É  ¶¥·¥¸¥Î¥´¨Ö
² ·³µ·µ¢¸±µ° Î ¸ÉµÉÒ ¸¶¨´µ¢ ¸ ·¥§µ´ ´¸´µ° Î ¸ÉµÉµ° ±µ´ÉÊ·  (≈ 0, 5 ’²).
‚ Ìµ¤¥ Ô±¸¶¥·¨³¥´Éµ¢ ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ ¶·¨ ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨
(−39 ÷ −45) < P < −9% ¸¨¸É¥³  ¤¥É¥±É¨·Ê¥É µ¤¨´ ¨³¶Ê²Ó¸ ³ §¥·´µ° £¥-
´¥· Í¨¨ (Œƒ) ¸ Ì · ±É¥·´µ°, Ï¨·µ±µ° ¶µ ¸· ¢´¥´¨Õ ¸ T2 ¤²¨É¥²Ó´µ¸ÉÓÕ,
¤µ¸É¨£ ÕÐ¥° 0,3 ¸ (¶· ¢Ò° ¨³¶Ê²Ó¸ ´  ·¨¸. 17). �µ ³¥·¥ ·µ¸É  ³µ¤Ê²Ö ´ -
Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨ Ì · ±É¥· ¨§²ÊÎ¥´¨Ö ³¥´Ö¥É¸Ö. ‘´ Î ²  ¢µ§´¨± ¥É ±µ-
·µÉ±¨° ‘ˆ-¨³¶Ê²Ó¸ (²¥¢Ò° ¨³¶Ê²Ó¸ ´  ·¨¸. 17), ¢¸²¥¤ §  ±µÉµ·Ò³ ¸ § ¤¥·¦-
±µ° ¨¤¥É Œƒ. ’ ±¨³ µ¡· §µ³, ¶·¨ ¢Ò¸µ±µ° ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨ §  µ¤¨´
Í¨±² ¸´¨¦¥´¨Ö H0 ³µ¦´µ ´ ¡²Õ¤ ÉÓ ¤¢  · §´ÒÌ ¶·µÍ¥¸¸  Å ‘ˆ- ¨ Œƒ-
¨³¶Ê²Ó¸Ò, ± ± ÔÉµ ¢ Í¥²µ³ ¶µ± § ´µ ´  ·¨¸. 17. Œµ¤Ê²ÖÍ¨Ö ¶µ²Ö H0 ¶µ²¥³
§¢Ê±µ¢µ° Î ¸ÉµÉÒ ¢Ò§Ò¢ ¥É  ³¶²¨ÉÊ¤´ÊÕ ³µ¤Ê²ÖÍ¨Õ Œƒ-¨³¶Ê²Ó¸  ¸ Î ¸ÉµÉµ°
³µ¤Ê²¨·ÊÕÐ¥£µ ¶µ²Ö. �·¨ Ê¢¥²¨Î¥´¨¨  ³¶²¨ÉÊ¤Ò ³µ¤Ê²¨·ÊÕÐ¥£µ ¶µ²Ö ¶·µ-
Í¥¸¸ Œƒ ³µ¦´µ ³´µ£µ±· É´µ ¶·¥·Ò¢ ÉÓ ¨ ¢µ§µ¡´µ¢²ÖÉÓ, µ¡· §ÊÖ ®£·¥¡¥´±Ê¯
Œƒ-¨³¶Ê²Ó¸µ¢. ‚ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ÔÉµ³Ê ‘ˆ-¨³¶Ê²Ó¸ ¶µÖ¢²Ö¥É¸Ö ¥¤¨´µ-
¦¤Ò, ¨ ¤²Ö ¥£µ ¶µ¢Éµ·¥´¨Ö ´¥µ¡Ìµ¤¨³µ ¢´µ¢Ó ¶µ¢Éµ·ÖÉÓ ´ ± Î±Ê Ö¤¥·´µ°
¶µ²Ö·¨§ Í¨¨. �  ·¨¸. 18 ¢ · §¢¥·´ÊÉµ³ ¢¨¤¥ ¶µ± § ´  Ëµ·³  ‘ˆ-¨³¶Ê²Ó¸ ,
±µÉµ· Ö, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ µ¡Ð¥° É¥µ·¨¥° ‘ˆ [73], ¨³¥¥É ¢¨¤

f(t) ∝ sch
[
(t− t0)

τ

]
, (89)



752 Šˆ‘…‹…‚ �.”.

£¤¥ t0 Å ¢·¥³Ö § ¤¥·¦±¨, τ Å ¤²¨É¥²Ó´µ¸ÉÓ, Ì · ±É¥·¨§ÊÕÐ Ö Ï¨·¨´Ê ¨³-
¶Ê²Ó¸ . ¥§Ê²ÓÉ ÉÒ É¥µ·¥É¨Î¥¸±¨Ì · ¸Î¥Éµ¢ ¶µ Ëµ·³Ê²¥ (89), Ë¨É¨·µ¢ ´´Ò¥

¨¸. 18. ‘· ¢´¥´¨¥ Ô±¸¶¥·¨-
³¥´É ²Ó´µ° Ëµ·³Ò ‘ˆ-¨³¶Ê²Ó¸µ¢
(¸¶²µÏ´Ò¥ ²¨´¨¨) ¸ É¥µ·¨¥° „¨±±¥
(ÉµÎ±¨ ´  ±·¨¢ÒÌ). „²¨É¥²Ó´µ¸ÉÓ
10 ³±¸/± ´ ²

± ¤ ´´Ò³, ¶µ± § ´Ò ÉµÎ± ³¨ ´  ÔÉµ³ ·¨-
¸Ê´±¥. —Éµ¡Ò  Éµ³Ò ¢ ³ ±·µ¸±µ¶¨Î¥¸±¨
¡µ²ÓÏµ³ µ¡Ñ¥³¥ ¸³µ£²¨ ¨§²ÊÎ ÉÓ ±µ£¥-
·¥´É´µ, ¶¥·¥Ìµ¤Ò ³¥¦¤Ê Ê·µ¢´Ö³¨ ¤µ²¦´Ò
¶·µ¨¸Ìµ¤¨ÉÓ §  ¢·¥³Ö τ ∼ 1/N , ±µÉµ-
·µ¥ ¤µ²¦´µ ¡ÒÉÓ ³¥´ÓÏ¥ ¢·¥³¥´¨ ¸¶¨´-
¸¶¨´µ¢µ° ·¥² ±¸ Í¨¨ (T2). ‘²¥¤µ¢ É¥²Ó´µ,
¶·¨ ³ £´¨É´µ³ ‘ˆ ¤²¨É¥²Ó´µ¸ÉÓ ¨³¶Ê²Ó¸ 
¤µ²¦´  Ê³¥´ÓÏ ÉÓ¸Ö ¶·¨ ¶µ¢ÒÏ¥´¨¨ ¶µ²Ö-
·¨§ Í¨¨. �µ¸±µ²Ó±Ê ¶µ²´ Ö Ô´¥·£¨Ö, ¨§²Ê-
Î ¥³ Ö ±µ²²¥±É¨¢µ³ N ¸¶¨´µ¢, µÎ¥¢¨¤´µ,
¥¸ÉÓ Nhν0, £¤¥ ν0 Å Î ¸ÉµÉ  ¶¥·¥Ìµ¤  ¨
h Å ¶µ¸ÉµÖ´´ Ö �² ´± , Éµ ¨´É¥´¸¨¢´µ¸ÉÓ
¨§²ÊÎ¥´¨Ö

J ∝ Nhν0/τc ∝ N2 (90)

¤µ²¦´  ¢±²ÕÎ ÉÓ Î²¥´, ¶·µ¶µ·Í¨µ´ ²Ó´Ò°
±¢ ¤· ÉÊ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨. ‚¸¥ ÔÉ¨ µ¡-
Ð¨¥ § ±µ´µ³¥·´µ¸É¨ ‘ˆ-¶·µÍ¥¸¸ , ¶·¥¤-
¸± § ´´Ò¥ „¨±±¥, ´ ¡²Õ¤ ÕÉ¸Ö ¨ ¢ ³ £´¨É-
´µ³ ‘ˆ. ’ ±, ¸ Ê¢¥²¨Î¥´¨¥³ ´ Î ²Ó´µ° ¶µ-
²Ö·¨§ Í¨¨ ¶µÖ¢²Ö¥É¸Ö ¶ · ¡µ²¨Î¥¸± Ö § -
¢¨¸¨³µ¸ÉÓ ¨´É¥´¸¨¢´µ¸É¨ ¨§²ÊÎ¥´¨Ö µÉ ¶µ-
²Ö·¨§ Í¨¨ ¨ ¸µ±· Ð ¥É¸Ö ¤²¨É¥²Ó´µ¸ÉÓ ‘ˆ
[68].
�±¸¶¥·¨³¥´É ¶µ± §Ò¢ ¥É, ÎÉµ ¤²¨É¥²Ó-

´µ¸ÉÓ Œƒ-¨³¶Ê²Ó¸  §´ Î¨É¥²Ó´µ ¶·¥¢ÒÏ ¥É
± ± ¢·¥³Ö ¶µ¶¥·¥Î´µ° ·¥² ±¸ Í¨¨ T2, É ±
¨ ¢·¥³Ö ¶¥·¥¸¥Î¥´¨Ö ¶µ²µ¸Ò ¶·µ¶Ê¸± ´¨Ö
±µ´ÉÊ· , ÎÉµ ´¥É·Ê¤´µ · ¸¸Î¨É ÉÓ, §´ Ö ¸±µ-
·µ¸ÉÓ ¨§³¥´¥´¨Ö ¶µ²Ö H0. �·µ¨¸Ìµ¤¨É ®§ -
Ì¢ É¯ ·¥§µ´ ´¸´µ° Î ¸ÉµÉÒ ±µ´ÉÊ·  ¸¶¨-

´µ¢µ° ¸¨¸É¥³µ° [74], ¢¸²¥¤¸É¢¨¥ Î¥£µ ¤²¨É¥²Ó´µ¸ÉÓ Œƒ · ¸É¥É ¸ Ê¢¥²¨Î¥-
´¨¥³ ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨. ‚ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ÔÉµ³Ê ¤²¨É¥²Ó´µ¸ÉÓ ‘ˆ-
¨³¶Ê²Ó¸  Ê³¥´ÓÏ ¥É¸Ö ¸ ·µ¸Éµ³ ¶µ²Ö·¨§ Í¨¨.
‚ ²Õ¡µ° ¸¨¸É¥³¥ ¸ µ¡· É´µ° ¸¢Ö§ÓÕ, ¢±²ÕÎ Ö, · §Ê³¥¥É¸Ö, ¨ ‘ˆ-£¥´¥· Éµ·,

¤²Ö ¢µ§¡Ê¦¤¥´¨Ö £¥´¥· Í¨¨ ´¥µ¡Ìµ¤¨³µ ¢Ò¶µ²´¥´¨¥ ´¥ Éµ²Ó±µ  ³¶²¨ÉÊ¤´ÒÌ
Ê¸²µ¢¨° (¨³¥ÉÓ ¢Ò¸µ±ÊÕ µÉ·¨Í É¥²Ó´ÊÕ ¶µ²Ö·¨§ Í¨Õ ¨ ¸¶¨´µ¢ÊÕ ¶²µÉ´µ¸ÉÓ
 ±É¨¢´µ£µ ¢¥Ð¥¸É¢ ), ´µ ¨ ¢Ò¶µ²´¥´¨¥ Ë §µ¢ÒÌ ¸µµÉ´µÏ¥´¨°, ±µÉµ·Ò¥ ¸¢Ö-
§ ´Ò ¸ ´ ²¨Î¨¥³ ¤¨¸¶¥·¸¨¨ ¨ ±µ³¶²¥±¸´Ò³ Ì · ±É¥·µ³ ¨³¶¥¤ ´¸  ±µ´ÉÊ·  ¢



’…•�ˆŠ� ��‹Ÿˆ‡�‚���›• Œˆ˜…�…‰ 753

Ï¨·µ±µ° ¶µ²µ¸¥ Î ¸ÉµÉ. �µ ÔÉµ° ¶·¨Î¨´¥ ¶·¨  ´ ²¨§¥ ‘ˆ Ê· ¢´¥´¨Ö �²µÌ 
´¥µ¡Ìµ¤¨³µ ¤µ¶µ²´¨ÉÓ ¨²¨ ¢¨¤µ¨§³¥´¨ÉÓ ¸ ÊÎ¥Éµ³ ±µ³¶²¥±¸´µ£µ Ì · ±É¥· 
¨³¶¥¤ ´¸  ±µ´ÉÊ· . ‚ · ¡µÉ Ì [75, 76] ¸¨¸É¥³  Ê· ¢´¥´¨° �²µÌ  ¡Ò²  ¤µ¶µ²-
´¥´  Ê· ¢´¥´¨¥³ ¤²Ö ±µ²¥¡ É¥²Ó´µ£µ ±µ´ÉÊ· 

L
dIc
dt

+RIc +
1
C

∫
Icdt = −

dΦ
dt

, (91)

£¤¥ L, C ¨ R Å ¨´¤Ê±É¨¢´µ¸ÉÓ, ¥³±µ¸ÉÓ ¨  ±É¨¢´µ¥ ¸µ¶·µÉ¨¢²¥´¨¥ ±µ´ÉÊ· 
¸µµÉ¢¥É¸É¢¥´´µ; Ic Å Éµ± ¢ ±µ´ÉÊ·¥, Φ = µ0η0ScNcmx Å ¶µÉµ±, ¨´¤ÊÍ¨·Ê¥-
³Ò° ¸¶¨´ ³¨ ¢ ± ÉÊÏ±¥ ¸ ¶²µÐ ¤ÓÕ ¶µ¶¥·¥Î´µ£µ ¸¥Î¥´¨Ö Sc ¨ Î¨¸²µ³ ¢¨É±µ¢
Nc, η0 Å Ë ±Éµ· § ¶µ²´¥´¨Ö. �¥·¥Ìµ¤ µÉ Éµ±  Ic ± ¶µ²Õ Hc ¢ ± ÉÊÏ±¥ ¢Ò-
¶µ²´Ö²¸Ö ¶µ Ëµ·³Ê²¥ Hc = NcIc/R, £¤¥ R Å ¤²¨´  ± ÉÊÏ±¨.  ¸¸³ É·¨¢ Ö
‘ˆ ¢ ¶µ²µ¸¥ ¶·µ¶Ê¸± ´¨Ö ±µ´ÉÊ· ,  ¢Éµ·Ò · ¡µÉÒ [76] ¶µ²ÊÎ¨²¨  ´ ²¨É¨Î¥-
¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¢·¥³¥´¨ § ¤¥·¦±¨, ¤²¨É¥²Ó´µ¸É¨ ¨ ¨´É¥´¸¨¢´µ¸É¨ ‘ˆ,
±µÉµ·Ò¥ ´ Ìµ¤ÖÉ¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ ¤ ´´Ò³¨ Ô±¸¶¥·¨³¥´É . ˆ´É¥·¥¸´µ
µÉ³¥É¨ÉÓ, ÎÉµ ¡ ² ´¸ Ô´¥·£¨¨ ®±µ´ÉÊ· ¶²Õ¸ ¸¶¨´µ¢ Ö ¸¨¸É¥³ ¯ § ¢¨¸¨É µÉ
¸Ê³³Ò [76]:

I = − d

dt
(Wc +Wz), (92)

£¤¥ Wc = µ0Vch
2/2 Å Ô´¥·£¨Ö, § ¶ ¸¥´´ Ö ¢ · ¤¨µÎ ¸ÉµÉ´µ³ ±µ´ÉÊ·¥;

Wz = −µ0η0VcH0mz Å §¥¥³ ´µ¢¸± Ö Ô´¥·£¨Ö ¸¶¨´µ¢, Vc Å µ¡Ñ¥³ ± ÉÊÏ±¨
¨ I Å ¨´É¥´¸¨¢´µ¸ÉÓ ¨§²ÊÎ¥´¨Ö. ’ ±¨³ µ¡· §µ³, ‘ˆ-¨´É¥´¸¨¢´µ¸ÉÓ § ¢¨-
¸¨É µÉ ¸Ê³³ ·´µ° Ô´¥·£¨¨ ®±µ´ÉÊ· ¶²Õ¸ §¥¥³ ´µ¢¸± Ö ¸¨¸É¥³ ¯. ƒ¥´¥· Í¨Ö
¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¨§²ÊÎ¥´¨¥ §¥¥³ ´µ¢¸±µ£µ ·¥§¥·¢Ê ·  §  ³ ²µ¥ ¢·¥³Ö T2,
±µ£¤  ¶µ¶¥·¥Î´ Ö ´ ³ £´¨Î¥´´µ¸ÉÓ Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ®Ìµ·µÏ¥°¯ ¤¨´ ³¨Î¥¸±µ°
¶¥·¥³¥´´µ°.
‚ ¡µ²¥¥ Ï¨·µ±µ° ¶µ²µ¸¥ Î ¸ÉµÉ ¶µ¢¥¤¥´¨¥ ‘ˆ-£¥´¥· Éµ·  ¨¸¸²¥¤µ¢ ²µ¸Ó

¢ · ¡µÉ¥ [74]. �Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ ¸¨²Ó´µ° ¸¢Ö§¨ ¸¶¨´µ¢ ¸ ±µ´ÉÊ·µ³
Î ¸ÉµÉ  Œƒ-£¥´¥· Í¨¨

ω1 =
dφ

dt
= ω0 + γkMz sin ϕ · cos ϕ (93)

³µ¦¥É ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ÉÓ¸Ö µÉ ² ·³µ·µ¢¸±µ° Î ¸ÉµÉÒ (ω0); · §´µ¸ÉÓ Î -
¸ÉµÉ § ¢¨¸¨É µÉ Ë §µ¢µ£µ ¸¤¢¨£  ϕ ³¥¦¤Ê ´ ¶·Ö¦¥´¨¥³ ¨ Éµ±µ³ (¶µ²¥³ ± -
ÉÊÏ±¨), ±µÉµ·Ò° ¸µ¸É ¢²Ö¥É

ϕ = arctg [(ω1L− 1/ω1C)/R]. (94)

‚ µ¶ÒÉ¥ [68] ÔÉµÉ ¸¤¢¨£ ¤µ¸É¨£ ² 105 ƒÍ. ”µ·³Ê²  (93) ¡Ò²  ¶µ²ÊÎ¥´  É ±¦¥ ¢
· ¡µÉ¥ [77]. …¸²¨ ¶µ²¥ H0 ´¥¶·¥·Ò¢´µ ¢ ·Ó¨·Ê¥É¸Ö, Éµ £¥´¥· Í¨Ö ¤µ²¦´  ´ -
Î ÉÓ¸Ö ¥Ð¥ ¤µ ¸µ¢³¥Ð¥´¨Ö ² ·³µ·µ¢¸±µ° Î ¸ÉµÉÒ ¸ ·¥§µ´ ´¸´µ° Î ¸ÉµÉµ°
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±µ´ÉÊ· , ¶µ¸±µ²Ó±Ê ¤¨¸¶¥·¸¨Ö µÉ·¨Í É¥²Ó´µ° ³ £´¨É´µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨
¸É·¥³¨É¸Ö ¶µ¤¸É·µ¨ÉÓ Î ¸ÉµÉÊ ±µ´ÉÊ·  ± ² ·³µ·µ¢¸±µ° Î ¸ÉµÉ¥ ¸¶¨´µ¢. ‘¤¢¨£
Î ¸ÉµÉÒ ´ ¸É·µ°±¨ ±µ²¥¡ É¥²Ó´µ£µ ±µ´ÉÊ·  µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê²µ° (30):

ωp − ω0
ω0

= −1
2
ω0χ

′.

Ÿ¤¥·´ÊÕ ¤¨¸¶¥·¸¨Õ ¢ ÔÉµ° Ëµ·³Ê²¥ ´¥É·Ê¤´µ µÍ¥´¨ÉÓ ¶µ (87). ˆ¸¶µ²Ó§ÊÖ
¤ ´´Ò¥ ¤²Ö ¶·µ¶ ´¤¨µ²  ¨ ¶µ² £ Ö χ′′ ∼= χ′, ¶µ²ÊÎ¨³ χ′ ≈ 0, 1. �É¸Õ¤ ,
¸µ£² ¸´µ (30), ´  Î ¸ÉµÉ¥ 21,5 ŒƒÍ ¸¤¢¨£ Î ¸ÉµÉÒ ´ ¸É·µ°±¨ ±µ´ÉÊ·  ¤µ¸É¨-
£ ¥É 1 ŒƒÍ. ’ ± ± ± §´ ± ¤¨¸¶¥·¸¨¨ ¨´¢¥·É¨·Ê¥É¸Ö ¢ Í¥´É·¥ ŸŒ-²¨´¨¨, Éµ
Ê¤¥·¦ ´¨¥ Î ¸ÉµÉÒ ´ ¸É·µ°±¨ ±µ´ÉÊ·  ¡Ê¤¥É ¶·µ¤µ²¦ ÉÓ¸Ö ¨ ¶µ¸²¥ ¶¥·¥¸¥Î¥-
´¨Ö ·¥§µ´ ´¸´µ° Î ¸ÉµÉÒ ±µ´ÉÊ· , É.¥. £¥´¥· Í¨Ö ³µ¦¥É ¤²¨ÉÓ¸Ö ¢ Ê¤¢µ¥´´µ°
¶µ²µ¸¥ Î ¸ÉµÉ ¶µ·Ö¤±  2 ŒƒÍ. �µ¢ÒÏ¥´¨¥ ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨ ¡Ê¤¥É
¸¶µ¸µ¡¸É¢µ¢ ÉÓ · ¸Ï¨·¥´¨Õ µ¡² ¸É¨ § Ì¢ É  Î ¸ÉµÉÒ, ¶µÔÉµ³Ê ¤²¨É¥²Ó´µ¸ÉÓ
Œƒ-¨³¶Ê²Ó¸ , ¢ ¶µ²´µ³ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ô±¸¶¥·¨³¥´Éµ³, · ¸É¥É ¶·¨ Ê¢¥²¨Î¥-
´¨¨  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´Ò ´ Î ²Ó´µ° ¶µ²Ö·¨§ Í¨¨, ¢¶²µÉÓ ¤µ ¢µ§´¨±´µ¢¥-
´¨Ö ‘ˆ,   ¤²¨É¥²Ó´µ¸ÉÓ ¨§²ÊÎ¥´¨Ö §´ Î¨É¥²Ó´µ ¶·¥¢µ¸Ìµ¤¨É ¢·¥³Ö T2. “Î¥É
±µ³¶²¥±¸´µ£µ Ì · ±É¥·  ¨³¶¥¤ ´¸  ±µ´ÉÊ·  ¨ ¨¸¸²¥¤µ¢ ´¨¥ ‘ˆ ¶µ§¢µ²¨²¨
ÊÉµÎ´¨ÉÓ Ê¸²µ¢¨¥ ¢µ§´¨±´µ¢¥´¨Ö Œƒ [53], ±µÉµ·µ¥ Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³
Ê¸²µ¢¨¥³ ¢µ§´¨±´µ¢¥´¨Ö ‘ˆ [74Ä76]:

T−1
R ≤ 1

2
ηγQ|Mz| cos2 ϕ, Mz < 0,

£¤¥ TR Å ¢·¥³Ö · ¤¨ Í¨µ´´µ£µ § ÉÊÌ ´¨Ö, µ¶·¥¤¥²ÖÕÐ¥¥ ¤¨¸¸¨¶ É¨¢´Ò¥ ¶µ-
É¥·¨ Ô´¥·£¨¨ ¢ ±µ´ÉÊ·¥, Q Å ¤µ¡·µÉ´µ¸ÉÓ ±µ´ÉÊ·  ¨ Mz Å Ö¤¥·´ Ö ´ ³ £-
´¨Î¥´´µ¸ÉÓ. �Éµ Ê¸²µ¢¨¥ µ§´ Î ¥É, ÎÉµ Œƒ ¨ ‘ˆ ´¥¢µ§³µ¦´Ò ¢´¥ ¶µ²µ¸Ò
¶·µ¶Ê¸± ´¨Ö ±µ´ÉÊ· , ±µ£¤  cos (ϕ)→ 0.
� ¨¡µ²¥¥ ¥¸É¥¸É¢¥´´µ ±µ£¥·¥´É´Ò° ¨ ´¥±µ£¥·¥´É´Ò° ¢±² ¤Ò ¶µÖ¢²ÖÕÉ¸Ö

¢ ³¨±·µ¸±µ¶¨Î¥¸±µ° É¥µ·¨¨. ’ ±, ¨¸¶µ²Ó§ÊÖ ³¥Éµ¤ Œµ´É¥-Š ·²µ,  ¢Éµ·Ò
[78] ¸³µ£²¨ ³µ¤¥²¨·µ¢ ÉÓ Ëµ·³Ê ²¨´¨¨ ± ± ‘ˆ, É ± ¨ Œƒ. �µ²¥¥ Éµ£µ,
 ¢Éµ·Ò ÔÉµ° · ¡µÉÒ ÊÉ¢¥·¦¤ ÕÉ, ÎÉµ · §¤¥²¥´¨¥ ‘ˆ ¨ Œƒ, ¢ ¶·¨´Í¨¶¥,
´¥²Ó§Ö ¢Ò¶µ²´¨ÉÓ, ¶µ²Ó§ÊÖ¸Ó Ê· ¢´¥´¨Ö³¨ �²µÌ , ¢ ±µÉµ·ÒÌ ´ ³ £´¨Î¥´´µ¸ÉÓ
¢Ò¸ÉÊ¶ ¥É ± ± ±² ¸¸¨Î¥¸±¨° ¢¥±Éµ·, Éµ ¥¸ÉÓ ±µ£¥·¥´É´µ¸ÉÓ ¨§´ Î ²Ó´µ § -
²µ¦¥´  ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ. „¥°¸É¢¨É¥²Ó´µ, Ê· ¢´¥´¨Ö �²µÌ  ´¥ ¸µ¤¥·¦ É
¨´Ëµ·³ Í¨¨ µ É¥¶²µ¢ÒÌ ÏÊ³ Ì ¢ ·¥§µ´ Éµ·¥, ±µÉµ·Ò¥ ¶·¨Ìµ¤¨É¸Ö ¢¢µ¤¨ÉÓ ¢
ÔÉ¨ Ê· ¢´¥´¨Ö ¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨° ¤²Ö ¢µ§´¨±´µ¢¥´¨Ö £¥´¥· Í¨¨. ‘
¤·Ê£µ° ¸Éµ·µ´Ò, ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ¥ · ¸¸³µÉ·¥´¨¥ ÔËË¥±É  ¤ ¥É ‘ˆ ¨ ¡¥§
´ ¸É·µ¥´´µ£µ ·¥§µ´ Éµ· , ÎÉµ ¶·µÉ¨¢µ·¥Î¨É µ¶ÒÉÊ Ô±¸¶²Ê É Í¨¨ ¶µ²Ö·¨§µ-
¢ ´´ÒÌ ³¨Ï¥´¥°, ¢ ±µÉµ·ÒÌ ¡¥§ · ¤¨µÎ ¸ÉµÉ´µ£µ ±µ´ÉÊ·  ¸ ³µ¶·µ¨§¢µ²Ó´µ£µ
¢µ§´¨±´µ¢¥´¨Ö £¥´¥· Í¨¨ ¶·¨ µÉ·¨Í É¥²Ó´µ° ¶µ²Ö·¨§ Í¨¨ Ô±¸¶¥·¨³¥´É ²Ó´µ
¶µ±  ´¥ ´ ¡²Õ¤ ²µ¸Ó.
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‘ˆ ¸¶µ¸µ¡´µ ¶·¥·¢ ÉÓ  ¤¨ ¡ É¨Î¥¸±¨° ·¥¢¥·¸ ¶µ²Ö·¨§ Í¨¨, ±µÉµ·Ò° ¢
É¥Ì´¨±¥ ³¨Ï¥´¥° ¢Ò¶µ²´Ö¥É¸Ö ¸ Í¥²ÓÕ Ê³¥´ÓÏ¥´¨Ö ¸¨¸É¥³ É¨Î¥¸±¨Ì ¶µ£·¥Ï-
´µ¸É¥° ¶·¨ ¨§³¥·¥´¨¨ ¸² ¡ÒÌ ¸¥Î¥´¨° ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �·¨
·¥¢¥·¸¥ ¢¥¤ÊÐ¥£µ ¶µ²Ö ³ £´¨É  µÉ·¨Í É¥²Ó´ Ö ¶µ²Ö·¨§ Í¨Ö ³¨Ï¥´¨ §  ´¥-
¸±µ²Ó±µ ¤¥¸ÖÉ±µ¢ ³¨±·µ¸¥±Ê´¤ ³µ¦¥É · §·ÊÏ¨ÉÓ¸Ö ¨²¨ ¤ ¦¥ ¨´¢¥·É¨·µ¢ ÉÓ¸Ö
§  ¸Î¥É ¢§ ¨³µ¤¥°¸É¢¨Ö ¸¶¨´µ¢ ¸ ¨§³¥·¨É¥²Ó´µ° ± ÉÊÏ±µ° Q-³¥É· . �É³¥É¨³,
ÎÉµ ‘ˆ ³µ¦´µ ´ ¡²Õ¤ ÉÓ ´¥ Éµ²Ó±µ ¶µ ¨§³¥´¥´¨Õ Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨, ´µ
¨ ¶µ ·¥§±µ³Ê ¶¥·¥£·¥¢Ê ´¨§±µÉ¥³¶¥· ÉÊ·´ÒÌ É¥·³µ³¥É·µ¢ · ¤¨µÎ ¸ÉµÉ´Ò³
¶µ²¥³. �´ ²¨§, ¢Ò¶µ²´¥´´Ò° ¢ ¶. 2.1, ¶µ± §Ò¢ ¥É, ÎÉµ £¨¡·¨¤´Ò° ±µ´ÉÊ·
Q-³¥É·  ¨³¥¥É ³´µ£µ ·¥§µ´ ´¸´ÒÌ Î ¸ÉµÉ, ¶·¨Î¥³ ¨§-§  ¸¨²Ó´µ£µ ¢²¨Ö´¨Ö
± ¡¥²Ö ¤µ¡·µÉ´µ¸ÉÓ ±µ´ÉÊ·  ¤µ²¦´  ¢µ§· ¸É ÉÓ ¸ ¶µ´¨¦¥´¨¥³ ¥£µ ·¥§µ´ ´¸-
´µ° Î ¸ÉµÉÒ, É ± ÎÉµ ¡¥§ ¶·¨³¥´¥´¨Ö ¸¶¥Í¨ ²Ó´ÒÌ ³¥· ¨´µ£¤  ´¥¢µ§³µ¦´µ
¶µ¤ ¢¨ÉÓ ‘ˆ-¶µÉ¥·¨ ¶µ²Ö·¨§ Í¨¨ ¶·¨ ·¥¢¥·¸¥ ¶µ²Ö. � ¨¡µ²¥¥ ÔËË¥±É¨¢´µ¥
¶µ¤ ¢²¥´¨¥ ÔËË¥±É  ¤µ¸É¨£ ¥É¸Ö ¸ ¶µ³µÐÓÕ ¨¸±Ê¸¸É¢¥´´µ£µ ´ ·ÊÏ¥´¨Ö µ¤-
´µ·µ¤´µ¸É¨ ¶µ¸ÉµÖ´´µ£µ ¶µ²Ö ¢¥¤ÊÐ¥£µ ³ £´¨É , ´ ¶·¨³¥·, ¶ÊÉ¥³ ¨§³¥´¥´¨Ö
¶µ²Ö·´µ¸É¨ Éµ±  ¢ ±µ··¥±É¨·ÊÕÐ¨Ì ± ÉÊÏ± Ì ¸¢¥·Ì¶·µ¢µ¤ÖÐ¥£µ ¸µ²¥´µ¨¤ 
[30]. �µ¸²¥ ¶µ¤ ¢²¥´¨Ö ‘ˆ ¶µÉ¥·¨ ¶µ²Ö·¨§ Í¨¨ ¶·¨ ·¥¢¥·¸e µ¡ÒÎ´µ ¸µ¸É -
¢²ÖÕÉ ³¥´¥¥ 0,3%.

6. QS‚›… hiˆ‹S†…QˆŸ hS‹Ÿiˆ‡S‚fQQ›• Œˆ˜…Q…‰

6.1. „·Ê£¨¥ ³¥Éµ¤Ò ¤¨´ ³¨Î¥¸±µ° ¶µ²Ö·¨§ Í¨¨. ˆ§³¥·¥´¨¥  ´¨§µÉ·µ-
¶¨¨ Ê£²µ¢µ£µ · ¸¶·¥¤¥²¥´¨Ö β-γ-¨§²ÊÎ¥´¨° Ö¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ÎÊ¢¸É¢¨É¥²Ó-
´Ò³ ³¥Éµ¤µ³ ¨¸¸²¥¤µ¢ ´¨Ö ¶µ²Ö·¨§µ¢ ´´ÒÌ Ö¤¥· ¨ ¨Ì ¸¢¥·ÌÉµ´±¨Ì ¢§ ¨³µ-
¤¥°¸É¢¨° [79]. �¡ÒÎ´µ ¨¸¸²¥¤Ê¥³Ò¥ Ö¤·  ¨³¶² ´É¨·ÊÕÉ ¢ Ë¥··µ³ £´¨É´Ò¥
³ É·¨ÍÒ, ¢ ±µÉµ·ÒÌ µ´¨ ¶µ²Ö·¨§ÊÕÉ¸Ö §  ¸Î¥É §´ Î¨É¥²Ó´µ° ¢´ÊÉ·¥´´¥° ¨´-
¤Ê±Í¨¨ (≈ 50 ’²) ¨ µÌ² ¦¤¥´¨Ö ¤µ ¸¢¥·Ì´¨§±¨Ì É¥³¶¥· ÉÊ· (10Ä30 ³Š). �² -
£µ¤ ·Ö ¢Ò¸µ±µ° ¸±µ·µ¸É¨ ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨ ¢ ¸¶¨´µ¢µ° ¸¨¸É¥³¥
Ö¤¥· Ê¸É ´ ¢²¨¢ ¥É¸Ö ¡µ²ÓÍ³ ´µ¢¸±µ¥ (· ¢´µ¢¥¸´µ¥) · ¸¶·¥¤¥²¥´¨¥ ¸ É¥³¶¥-
· ÉÊ·µ° ·¥Ï¥É±¨, ´µ ¦¥¸É± Ö ¸¢Ö§Ó ¸¶¨´µ¢ ¸ ·¥Ï¥É±µ° ¢ Ë¥··µ³ £´¨É´ÒÌ
³ É·¨Í Ì ´¥ ¶µ§¢µ²Ö¥É § ¤¥°¸É¢µ¢ ÉÓ ¢¥¸Ó  ·¸¥´ ² ¨§¢¥¸É´ÒÌ ³¥Éµ¤µ¢ ¨¸¸²¥-
¤µ¢ ´¨Ö ¸¶¨´µ¢ÒÌ ¸¨¸É¥³, ´ ¶·¨³¥·, ¢µ§³µ¦´µ¸ÉÓ ¨§³¥´ÖÉÓ §´ ± ¨Ì ¸¶¨´µ¢µ°
É¥³¶¥· ÉÊ·Ò.
‚ µÉ²¨Î¨¥ µÉ Ë¥··µ³ £´¨É´ÒÌ ³ É·¨Í, ¤¨Ô²¥±É·¨±¨ ¶·µ§· Î´Ò ¤²Ö Ô²¥±-

É·µ³ £´¨É´ÒÌ ¶µ²¥°, ¶µ ±· °´¥° ³¥·¥, ¢¶²µÉÓ ¤µ Î ¸ÉµÉ 1011 ƒÍ, ¨³¥ÕÉ ¶·¥-
´¥¡·¥¦¨³µ ¸² ¡Ò¥ ¢´ÊÉ·¥´´¨¥ ²µ± ²Ó´Ò¥ ³ £´¨É´Ò¥ ¶µ²Ö ≈ 10−3 ’²,   ¢Ò-
¸µ± Ö ¶·µÉµ´´ Ö ¶µ²Ö·¨§ Í¨Ö ¢ ´¨Ì µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¶·¨ ¸· ¢´¨É¥²Ó´µ ²¥£±µ
¤µ¸É¨¦¨³ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ê¸²µ¢¨ÖÌ: ¶·¨ É¥³¶¥· ÉÊ·¥ 0,2Ä0,5 Š ¨ ¢
µ¡ÒÎ´µ³ ³ £´¨É´µ³ ¶µ²¥ ≈ 2, 5 ’². �·¨´Í¨¶¨ ²Ó´Ò³ µÉ²¨Î¨¥³ ¤¨Ô²¥±É·¨-
±µ¢ µÉ Ë¥··µ³ £´¨É´ÒÌ ³ É·¨Í Ö¢²ÖÕÉ¸Ö µ£·µ³´Ò¥, ¤µ¸É¨£ ÕÐ¨¥ 1000 ¨ ¡µ-
²¥¥ Î ¸µ¢ ¢·¥³¥´  ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨, É ± ÎÉµ ³ £´¨É´Ò¥ ³µ³¥´ÉÒ
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µ± §Ò¢ ÕÉ¸Ö ¶· ±É¨Î¥¸±¨ ¨§µ²¨·µ¢ ´´Ò³¨ µÉ ·¥Ï¥É±¨. �² £µ¤ ·Ö ÔÉµ³Ê ¸É -
´µ¢ÖÉ¸Ö ¢µ§³µ¦´Ò³¨ ¸µ§¤ ´¨¥ ¢Ò¸µ±µ° ¢¥±Éµ·´µ° ¨ É¥´§µ·´µ° ¶µ²Ö·¨§ Í¨¨
Ö¤¥·, ¶·¨£µÉµ¢²¥´¨¥ ´¥¡µ²ÓÍ³ ´µ¢¸±¨Ì § ¸¥²¥´´µ¸É¥° ¸¶¨´µ¢ÒÌ ¸µ¸ÉµÖ´¨°
[23, 80] ¨ ¤ ¦¥ ®Ëµ±Ê¸¨·µ¢± ¯ ¸¶¨´µ¢ ¢ Î¨¸Éµ¥ ±¢ ´Éµ¢µ¥ ¸µ¸ÉµÖ´¨¥ [81].
Œµ¦´µ ²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ÔÉ¨ ¶·¥¨³ÊÐ¥¸É¢  ¤²Ö ¶µ²Ö·¨§ Í¨¨ ·¥¤±¨Ì · ¤¨µ-
 ±É¨¢´ÒÌ Ö¤¥·, ¨³¶² ´É¨·µ¢ ´´ÒÌ ¢ ¶µ²Ö·¨§µ¢ ´´ÊÕ ³¨Ï¥´Ó? �·µ¡²¥³  ´¥
µ£· ´¨Î¨¢ ¥É¸Ö ¨¸¸²¥¤µ¢ ´¨¥³ ¸ ³¨Ì · ¤¨µ ±É¨¢´ÒÌ Ö¤¥·. Ÿ¤·  ¸ ¨§¢¥¸É´µ°
¸Ì¥³µ° · ¸¶ ¤  ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¨§ÊÎ¥´¨Ö ±µ²²¥±É¨¢´ÒÌ
Ô²¥±É·µ´´ÒÌ ¨ Ô²¥±É·µ´´µ-Ö¤¥·´ÒÌ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¢ ±µ´-
¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì, ¤²Ö ¨§³¥·¥´¨Ö ¶µ²Ö·¨§ Í¨¨ µ¸´µ¢´ÒÌ Ö¤¥· ¶µ²Ö·¨§µ-
¢ ´´ÒÌ ³¨Ï¥´¥°.
Œ¥Éµ¤ ®¤¨´ ³¨Î¥¸±µ£µ µÌ² ¦¤¥´¨Ö¯ („�), · ¸¸³µÉ·¥´´Ò° ¢ · §¤. 1, ´¥

Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´µ° ¢µ§³µ¦´µ¸ÉÓÕ ¶µ²Ö·¨§µ¢ ÉÓ Ö¤· . �´ ²µ£¨Î´Ò° ÔË-
Ë¥±É É¥¶²µ¢µ£µ ±µ´É ±É  ¢µ§´¨± ¥É, ¥¸²¨ ¢³¥¸Éµ Ô²¥±É·µ´´ÒÌ ¸¶¨´µ¢ ¨¸-
¶µ²Ó§µ¢ ÉÓ ¶µ²Ö·¨§µ¢ ´´Ò¥ ¶·µÉµ´´Ò¥ ¸¶¨´Ò [23, 80].  §²¨Î¨¥ § ±²ÕÎ ¥É¸Ö
¢ Éµ³, ÎÉµ µ¡²ÊÎ¥´¨Õ ¶¥·¥³¥´´Ò³ ¶µ²¥³ É¥¶¥·Ó ´¥µ¡Ìµ¤¨³µ ¶µ¤¢¥·£´ÊÉÓ ´¥
Ô²¥±É·µ´´Ò¥ ¸¶¨´Ò ¶·¨³¥¸´ÒÌ Í¥´É·µ¢,   ¶µ²Ö·¨§µ¢ ´´Ò¥ ¶·µÉµ´Ò ¢ ¸¨²Ó-
´µ³ ³ £´¨É´µ³ ¶µ²¥ ´  Î ¸ÉµÉ¥, ¡²¨§±µ° ± ¶·µÉµ´´µ° ² ·³µ·µ¢¸±µ° Î ¸ÉµÉ¥
(νJ0 = γpH0/2π ≈ 106 ŒƒÍ ¢ ¶µ²¥ 2,5 ’²). ˜¨·¨´  ¸¶¥±É·  Ö¤¥·´ÒÌ ²µ-
± ²Ó´ÒÌ ¶µ²¥° ¸µ¸É ¢²Ö¥É ¤¥¸ÖÉ±¨ ±ƒÍ, ¶µÔÉµ³Ê ¢ ¨´É¥·¥¸ÊÕÐ¥³ ´ ¸ ¸²ÊÎ ¥
·¥¤±¨Ì · ¤¨µ ±É¨¢´ÒÌ Ö¤¥·, · ¸É¢µ·¥´´ÒÌ ¢ ¶µ²Ö·¨§µ¢ ´´µ° ³¨Ï¥´¨, ®·¥-
§µ´¨·ÊÕÐ¥° ¸¨¸É¥³µ°¯ ³µ£ÊÉ µ± § ÉÓ¸Ö ±¢ ¤·Ê¶µ²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Ö¤¥·-
´ÒÌ ¸¶¨´µ¢ ¸ Ô²¥±É·¨Î¥¸±¨³ ¶µ²¥³ ¢ ³ É·¨Í¥ [80]. �´¥·£¨Ö ±¢ ¤·Ê¶µ²Ó´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨  ±¸¨ ²Ó´µ° ¸¨³³¥É·¨¨ ¶µ²Ö ¤ ¥É¸Ö Ëµ·³Ê²µ° [23]:

〈ĤQ〉 = hX〈3Ĵ2z − J(J + 1)〉 = hXA,

X = νQ(3 cos2 ϑ− 1), (95)

νQ =
eqQ

8hJ(2J − 1) ,

£¤¥ νQ, ϑ ¨ J µ¡µ§´ Î¥´Ò É ± ¦¥, ± ± ¨ ¢ Ëµ·³Ê² Ì (59), (60). ‚ ¸¨¸É¥³¥
£² ¢´ÒÌ µ¸¥° ´¥´Ê²¥¢Ò¥ ±µ³¶µ´¥´ÉÒ É¥´§µ·  § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ (¸³. ¶. 3.1):

Qzz = Q, Qxx = Qyy = −
Q

2
. (96)

�¥É·Ê¤´µ ¢¨¤¥ÉÓ ¨§ Ëµ·³Ê²Ò (95), ÎÉµ ¨§³¥´¥´¨¥ Ô´¥·£¨¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ ¢§ -
¨³µ¤¥°¸É¢¨° ¢¥¤¥É ± ¨§³¥´¥´¨Õ É¥´§µ·´µ° ¶µ²Ö·¨§ Í¨¨ (A) ¨²¨ ¢Ò¸É·µ¥´-
´µ¸É¨ [23]. � ¨¡µ²¥¥ ¶·µ¸ÉÒ³ ¤²Ö  ´ ²¨§  Ö¢²Ö¥É¸Ö ¸²ÊÎ ° ´Ê²¥¢µ° ¢¥±-
Éµ·´µ° ¶µ²Ö·¨§ Í¨¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ Ö¤¥·, ¶µ¸±µ²Ó±Ê ¶·¨ ÔÉµ³ § ¸¥²¥´´µ¸É¨
¸É Í¨µ´ ·´ÒÌ ¸µ¸ÉµÖ´¨° Ö¤·  ¸ Ë¨±¸¨·µ¢ ´´Ò³¨ ¶·µ¥±Í¨Ö³¨ ¸¶¨´µ¢ m ´ 
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´ ¶· ¢²¥´¨¥ ³ £´¨É´µ£µ ¶µ²Ö µ¶·¥¤¥²ÖÕÉ¸Ö Éµ²Ó±µ ±¢ ¤·Ê¶µ²Ó´Ò³ ¢§ ¨³µ-
¤¥°¸É¢¨¥³. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³ É·¨Í  ¶²µÉ´µ¸É¨ ¨³¥¥É ¢¨¤ [82]:

ρmm =
exp (−βH(m)Q /h)
J∑

m=−J
exp (−βH(m)Q /h)

=

=
exp (−βX(3m2 − J(J + 1)))

exp (−βXJ(J + 1)) + 2
J∑
1
exp (−βX(3m2 − J(J + 1)))

, (97)

£¤¥ βQ = h/(kTQ)Å ¨´¢¥·¸´ Ö ¸¶¨´µ¢ Ö É¥³¶¥· ÉÊ·  ·¥§¥·¢Ê ·  ±¢ ¤·Ê¶µ²Ó-
´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ‡´ ± TQ µ¶·¥¤¥²Ö¥É¸Ö §´ ±µ³ ¶·µ¨§¢¥¤¥´¨Ö Pp(ν−νJ0).
‡ ¸¥²¥´´µ¸É¨ pmm ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° Ô²¥³¥´ÉÒ ¸¶¨´µ¢µ° ³ É·¨ÍÒ ¶²µÉ-
´µ¸É¨ Ö¤¥·, ±µÉµ· Ö ¢ ¤ ´´µ³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¤¨ £µ´ ²Ó´µ°. ‘ ÊÎ¥Éµ³ (97)
¢Ò¸É·µ¥´´µ¸ÉÓ ¶·¨´¨³ ¥É ¢¨¤ [82]:

A =
J∑

m=−J
ρmm(3m2 − J(J + 1)) =

=
6

J∑
m=1

m2 exp (−βX(3m2 − J(J + 1)))

exp (βXJ(J + 1)) + 2
J∑

m=1
exp (−βX(3m2 − J(J + 1)))

− J(J + 1). (98)

‚ Î ¸É´µ³ ¸²ÊÎ ¥ J = 1 ÔÉ  Ëµ·³Ê²  ¡Ò²  ¶µ²ÊÎ¥´  ¨ Ô±¸¶¥·¨³¥´É ²Ó´µ
¶·µ¢¥·¥´  ¢ [23]. ‚ ¶·¥¤¥²¥ µÎ¥´Ó ´¨§±¨Ì ¶µ²µ¦¨É¥²Ó´ÒÌ É¥³¶¥· ÉÊ· TQ
¨ ¶·¨ Ê£² Ì 0 ≤ ϑ < arccos (3−1/2) ¢Ò¸É·µ¥´´µ¸ÉÓ A → −J(J + 1), Éµ
¥¸ÉÓ ¢¸¥ Ö¤·  ´ Ìµ¤ÖÉ¸Ö ¢ ¸µ¸ÉµÖ´¨¨ ¸ ¶·µ¥±Í¨¥° ¸¶¨´  m = 0,   ¶·¨
Ê£² Ì arccos (3−1/2) < ϑ ≤ π/2 ¢¥²¨Î¨´  A → J(2J − 1), ¨ ¢ ÔÉµ³ ¸²Ê-
Î ¥ § ¸¥²¥´´µ¸É¨ ¤¥²ÖÉ¸Ö ¶µ·µ¢´Ê ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨ m = J ¨ m = −J .
‚ ¶·¥¤¥²¥ µÎ¥´Ó ´¨§±¨Ì µÉ·¨Í É¥²Ó´ÒÌ É¥³¶¥· ÉÊ· ¸¨ÉÊ Í¨Ö µ¡· Ð ¥É¸Ö.
Œ¥Éµ¤ ¶·¥¤²µ¦¥´ ¨ ¶·µ¢¥·¥´ ´  ¤¥°É·µ´ Ì [23, 80] ¨ ³µ¦¥É µ± § ÉÓ¸Ö ¶µ-
²¥§´Ò³ ¢ ¸²ÊÎ ¥ ´¥¡µ²ÓÏ¨Ì ±¢ ¤·Ê¶µ²Ó´ÒÌ ³µ³¥´Éµ¢ ¶µ·Ö¤± , ±µ£¤  νQ ≈
≈ (ν − νJ0). ‚·¥³¥´  ¶µ²Ö·¨§ Í¨¨, ¤µ¸É¨£´ÊÉÒ¥ ÔÉ¨³ ³¥Éµ¤µ³ ¢ Ô±¸¶¥·¨-
³¥´É¥, ¸µ¸É ¢²ÖÕÉ ´¥¸±µ²Ó±µ ¤¥¸ÖÉ±µ¢ ¸¥±Ê´¤,   ¸¶¨´µ¢Ò¥ É¥³¶¥· ÉÊ·Ò Å ¶µ-
·Ö¤±  ±10 ³±Š [23].
ˆ§-§  É¨¶¨Î´µ ´¨§±¨Ì ¢¥²¨Î¨´ ³ £´¨É´ÒÌ ³µ³¥´Éµ¢ ±¢ ¤·Ê¶µ²Ó´ÒÌ Ö¤¥·

¢¥²¨Î¨´  ¶µ²Ö·¨§ Í¨¨ ¨ ¢·¥³Ö ´ ± Î±¨ ¶µ²Ö·¨§ Í¨¨, ¤µ¸É¨£ ¥³Ò¥ ¶·¨ „�,
³µ£ÊÉ µ± § ÉÓ¸Ö ´¥¶·¨¥³²¥³Ò³¨ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ±µ·µÉ±µ¦¨¢ÊÐ¨Ì Ö¤¥·.
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�µÔÉµ³Ê §´ Î¨É¥²Ó´µ¥ Ê¸¨²¥´¨¥ ¶µ²Ö·¨§ Í¨¨, ¤µ¸É¨£´ÊÉµ¥ ¢ [33] ³¥Éµ¤µ³
±·µ¸¸-·¥² ±¸ Í¨¨ Ö¤¥·  §µÉ  ¸ ¶µ²Ö·¨§µ¢ ´´Ò³¨ ¶·µÉµ´ ³¨, ¶·¥¤¸É ¢²Ö¥É ¸Ê-
Ð¥¸É¢¥´´µ¥ ¶·µ¤¢¨¦¥´¨¥ ± ¶µ¢ÒÏ¥´¨Õ ÔËË¥±É¨¢´µ¸É¨ ¶µ²Ö·¨§ Í¨¨ ·¥¤±¨Ì
Ö¤¥·. ˆ¤¥Ö § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³: ¶Ê¸ÉÓ ¶µ³¨³µ Ö¤¥· ¸µ ¸¶¨´µ³ J ≥ 1
³ É·¨Í  ¸µ¤¥·¦¨É · ¸¶·µ¸É· ´¥´´Ò¥ Ö¤· , ´ ¶·¨³¥·, ¶µ²Ö·¨§µ¢ ´´Ò¥ ¶·µ-
Éµ´Ò (J = 1/2), ±µÉµ·Ò¥, ¢¢¨¤Ê ¡µ²ÓÏµ£µ £¨·µ³ £´¨É´µ£µ µÉ´µÏ¥´¨Ö, ¨³¥ÕÉ
¢Ò¸µ±ÊÕ É¥¶²µ¥³±µ¸ÉÓ ¸¶¨´µ¢µ° ¸¨¸É¥³Ò. ’ ± ± ±, ¢ µÉ²¨Î¨¥ µÉ ¶·µÉµ´-
´ÒÌ ¸¶¨´µ¢, ¢§ ¨³µ¤¥°¸É¢¨¥ ±¢ ¤·Ê¶µ²Ó´ÒÌ Ö¤¥· ¸ ·¥Ï¥É±µ° ¸µÌ· ´Ö¥É¸Ö ¨ ¢
´Ê²¥¢µ³ ³ £´¨É´µ³ ¶µ²¥, Éµ, ¶µ´¨¦ Ö H0, ³µ¦´µ ¸µ¢³¥¸É¨ÉÓ ² ·³µ·µ¢¸±ÊÕ
Î ¸ÉµÉÊ ¶·µÉµ´µ¢ ¸ ±¢ ¤·Ê¶µ²Ó´Ò³ · ¸Ð¥¶²¥´¨¥³ Ö¤¥· ¸µ ¸¶¨´µ³ J ≥ 1. ‚
³µ³¥´É ¶¥·¥¸¥Î¥´¨Ö Î ¸ÉµÉ ¶·µ¨¸Ìµ¤¨É ±·µ¸¸-·¥² ±¸ Í¨µ´´ Ö ¶¥·¥¤ Î  ¢Ò¸µ-
±µ° ¶·µÉµ´´µ° ¶µ²Ö·¨§ Í¨¨ ±¢ ¤·Ê¶µ²Ó´Ò³ Ö¤· ³. �±¸¶¥·¨³¥´ÉÒ ¡Ò²¨ ¢Ò-
¶µ²´¥´Ò ´   ³³¨ ±¥ (NH3) [33]. ‚ ¶µ²¥ 0,056 ’² ±¢ ¤·Ê¶µ²Ó´µ¥ · ¸Ð¥¶²¥´¨¥
¸É ¡¨²Ó´ÒÌ Ö¤¥·  §µÉ  6νQ = 2, 4 ŒƒÍ µ± §Ò¢ ¥É¸Ö · ¢´Ò³ ² ·³µ·µ¢¸±µ° Î -
¸ÉµÉ¥ ¶·µÉµ´µ¢, ¶µÔÉµ³Ê ¢ ·¥§Ê²ÓÉ É¥ ±·µ¸¸-·¥² ±¸ Í¨¨ ¸ ¶µ²Ö·¨§µ¢ ´´Ò³¨
¶·µÉµ´ ³¨ Ö¤·  14N ¤µ¸É¨£ ÕÉ ¶µÎÉ¨ 50% ¶µ²Ö·¨§ Í¨¨. Š·µ¸¸-·¥² ±¸ Í¨Ö
µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¸µ±ÊÕ ¸±µ·µ¸ÉÓ ¶µ²Ö·¨§ Í¨¨ ¶µ·Ö¤±  [83]:

W = (γN/γH)2
(
T2 ch

(
ξ
∆0
∆H

))−1
, (99)

£¤¥ γN/γH ≈ 7 · 10−2 Å µÉ´µÏ¥´¨¥ Ö¤¥·´ÒÌ £¨·µ³ £´¨É´ÒÌ ±µ´¸É ´É, T2 ≈
≈ 10−5 ¸ Å ¢·¥³Ö ¶µ¶¥·¥Î´µ° ·¥² ±¸ Í¨¨ ¶·µÉµ´´ÒÌ ¸¶¨´µ¢, ∆0 Å Î ¸ÉµÉ-
´ Ö · ¸¸É·µ°±  ³¥¦¤Ê ¸¶¨´ ³¨, ∆H Å Ï¨·¨´  ¶·µÉµ´´µ° ²¨´¨¨, ξ ≈ 1 Å
¸¢µ¡µ¤´Ò° ¶ · ³¥É·. �µ² £ Ö ∆0 ≈ ∆H , ¶µ²ÊÎ ¥³ W−1 ≈ 2 ³¸, É.¥. ¨¸-
±²ÕÎ¨É¥²Ó´µ ±µ·µÉ±µ¥ ¢·¥³Ö ¶µ²Ö·¨§ Í¨¨, ÎÉµ ¡Ò²µ ¡Ò ¢Ò£µ¤´µ ¨¸¶µ²Ó§µ-
¢ ÉÓ ¢ ·¥¦¨³¥ ®on-line¯ ¨³¶² ´É Í¨¨ Ö¤¥· ¢ ³¨Ï¥´Ó. �µ²ÊÎ¥´´µ¥ · ¸¶·¥-
¤¥²¥´¨¥ ¸¶¨´µ¢ ¶µ ³ £´¨É´Ò³ ¶µ¤Ê·µ¢´Ö³ ´¥ Ö¢²Ö¥É¸Ö ¡µ²ÓÍ³ ´µ¢¸±¨³, ´µ
µ´µ ³µ¦¥É ¸µÌ· ´ÖÉÓ¸Ö ¤²¨É¥²Ó´µ¥ ¢·¥³Ö, ®§ ³µ· ¦¨¢ ÉÓ¸Ö¯, ¡² £µ¤ ·Ö Éµ³Ê,
ÎÉµ ³ £´¨É´Ò¥ ¶µ¤Ê·µ¢´¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ Ö¤¥· ´¥ Ö¢²ÖÕÉ¸Ö Ô±¢¨¤¨¸É ´É´Ò³¨,
¶µÔÉµ³Ê ¶·µÍ¥¸¸ Ê¸É ´µ¢²¥´¨Ö ¢´ÊÉ·¥´´¥£µ · ¢´µ¢¥¸¨Ö ¤µ²¦¥´ § ¢¨¸¥ÉÓ µÉ
¤²¨´´ÒÌ ¢·¥³¥´ ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨. ’¥µ·¥É¨Î¥¸±¨ ¢ É ±¨Ì ¸¨¸É¥-
³ Ì ³µ¦´µ ®¸Ëµ±Ê¸¨·µ¢ ÉÓ¯ ¸¶¨´Ò ¢ Î¨¸Éµ¥ ±¢ ´Éµ¢µ¥ ¸µ¸ÉµÖ´¨¥ [81].
Ÿ¢´Ò³ ¶·¥¨³ÊÐ¥¸É¢µ³ ¤¨Ô²¥±É·¨Î¥¸±¨Ì ³ É·¨Í Ö¢²Ö¥É¸Ö ¨Ì ¡µ²¥¥ ¢Ò¸µ-

± Ö (≈ 0, 2 Š) É¥³¶¥· ÉÊ·  ·¥Ï¥É±¨, ¶·¨ ±µÉµ·µ° ¸µÌ· ´Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ
¶µ²Ö·¨§ Í¨¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ Ö¤¥·, ¶µ ¸· ¢´¥´¨Õ ¸ Ì · ±É¥·´Ò³¨ É¥³¶¥· ÉÊ-
· ³¨, ´¥µ¡Ìµ¤¨³Ò³¨ ¢ ¸²ÊÎ ¥ Ë¥··µ³ £´¨É´ÒÌ ³ É·¨Í (≈ 0, 02 Š). �µ¸²¥¤-
´¥¥ ¸¢Ö§ ´µ ¸ É¥³, ÎÉµ ³µÐ´µ¸ÉÓ ·¥Ë·¨¦¥· Éµ·  · ¸É¢µ·¥´¨Ö 3He ¢ 4He ±¢ -
¤· É¨Î´µ ¶ ¤ ¥É ¸ É¥³¶¥· ÉÊ·µ°, ¶µÔÉµ³Ê ¶·¨ 0,2 Š Ê¤ ¥É¸Ö µ¡¥¸¶¥Î¨ÉÓ ¶·¨-
³¥·´µ ¢ 100 · § ¡µ²¥¥ ¢Ò¸µ±ÊÕ Ìµ²µ¤µ¶·µ¨§¢µ¤¨É¥²Ó´µ¸ÉÓ ·¥Ë·¨¦¥· Éµ· ,
Î¥³ ¶·¨ 0,02 Š. � ¶·¨³¥· [82], ¥¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¶ÊÎµ± ¸ ¨´É¥´¸¨¢-
´µ¸ÉÓÕ 105 ¸−1 · ¤¨µ ±É¨¢´ÒÌ Ö¤¥· ¸ Ô´¥·£¨¥° 10 ŒÔ‚/´Ê±²µ´ ¨ ³ ¸¸µ¢Ò³
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Î¨¸²µ³, · ¢´Ò³ 60, ¶µ²´µ¸ÉÓÕ ¶µ£²µÐ ¥É¸Ö ¢ ¶µ²Ö·¨§µ¢ ´´µ° ³¨Ï¥´¨, Éµ
· ¸¸¥¨¢ ¥³ Ö ³µÐ´µ¸ÉÓ ¸µ¸É ¢¨É ∼ 0, 1 ³‚É. �·¨ É¥³¶¥· ÉÊ·¥ ≈ 0, 2 Š ÔÉµ
¢¶µ²´¥ ¤µ¶Ê¸É¨³ Ö ´ £·Ê§±  ¤²Ö ·¥Ë·¨¦¥· Éµ·  · ¸É¢µ·¥´¨Ö ¸·¥¤´¥° ³µÐ-
´µ¸É¨, ´µ ¶· ±É¨Î¥¸±¨ ´¥¤µ¸É¨¦¨³ Ö Ìµ²µ¤µ¶·µ¨§¢µ¤¨É¥²Ó´µ¸ÉÓ ¶·¨ 0,02 Š.
�É·¨Í É¥²Ó´Ò³ Ë ±Éµ·µ³ ¶·¨ ±·µ¸¸-·¥² ±¸ Í¨µ´´µ° ¶µ²Ö·¨§ Í¨¨ Ö¢²Ö¥É¸Ö
´¥µ¡Ìµ¤¨³µ¸ÉÓ ¸´¨¦¥´¨Ö ¶µ²Ö H0, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¶·µ¨¸Ìµ¤¨É Ê³¥´ÓÏ¥-
´¨¥ ¢·¥³¥´¨ Ö¤¥·´µ° ¸¶¨´-·¥Ï¥ÉµÎ´µ° ·¥² ±¸ Í¨¨ ¤µ ¤¥¸ÖÉ±µ¢ Î ¸µ¢. ’¥³ ´¥
³¥´¥¥ ÔÉ¨ ¢·¥³¥´  µ¸É ÕÉ¸Ö ¥Ð¥ ¤µ¸É ÉµÎ´µ ¤²¨´´Ò³¨ ¤²Ö ®on-line¯ ¨¸¸²¥-
¤µ¢ ´¨° ¢ µ¡² ¸É¨ ±µ·µÉ±µ¦¨¢ÊÐ¨Ì Ö¤¥·.
 ¸¸³µÉ·¥´´Ò¥ ³¥Éµ¤Ò ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¨ ¢ ¸²ÊÎ ¥ · ¤¨µ ±É¨¢´ÒÌ

Ö¤¥·, ¨³¶² ´É¨·µ¢ ´´ÒÌ ¢ ¶µ²Ö·¨§µ¢ ´´ÊÕ ³¨Ï¥´Ó, ¥¸²¨ µ´¨ ¢Ìµ¤ÖÉ ¢ ¸µ-
¸É ¢ ¤¨ ³ £´¨É´ÒÌ  Éµ³µ¢ ¨²¨ ±· ³¥·¸µ¢¸±¨Ì [7] ¶ · ³ £´¨É´ÒÌ Í¥´É·µ¢.
‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, µ¤´ ±µ, ÎÉµ ¶·¨³¥´¨É¥²Ó´µ ± ·¥¤±¨³ Ö¤· ³ ¸ ³  ¨¤¥Ö
³¥Éµ¤  „�, µ¶¨· ÕÐ Ö¸Ö ´  ¤¨´ ³¨±Ê ±µ²²¥±É¨¢´ÒÌ ¸¶¨´-¸¶¨´µ¢ÒÌ ¢§ ¨³µ-
¤¥°¸É¢¨°, ´Ê¦¤ ¥É¸Ö ¢ ¶· ±É¨Î¥¸±µ³ ¶µ¤É¢¥·¦¤¥´¨¨.

6.2. β-· ¸¶ ¤ ¶µ²Ö·¨§µ¢ ´´µ£µ Ö¤· . �·¨³¥·µ³ ¢µ§³µ¦´µ° ±µ´±·¥É´µ°
·¥ ²¨§ Í¨¨ µ¡¸Ê¦¤ ¥³µ£µ ³¥Éµ¤  Ö¢²Ö¥É¸Ö ¨§³¥·¥´¨¥ ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò
¶·µÉµ´µ¢ (¨²¨ ¤¥°É·µ´µ¢) ¢ ¶·µ¶ ´¤¨µ²¥ ¸ ¶·¨³¥¸ÓÕ ¶ · ³ £´¨É´µ£µ ¨µ´ 
Cr+V . ‚ É ±µ° ³ É·¨Í¥ ¶· ±É¨Î¥¸±¨ ¤µ¸É¨£´ÊÉ  ¶µ²Ö·¨§ Í¨Ö ¶·µÉµ´µ¢ ±97%
[16] ¨ ¤¥°É·µ´µ¢ ±39% [50], ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¥¤¨´µ° ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·¥
±1, 3 ³K ¢ ¶µ²¥ H0 = 2, 7 ’². �·¨ ¢¢¥¤¥´¨¨ ¢ ³ É·¨ÍÊ · ¤¨µ ±É¨¢´ÒÌ Ö¤¥·
¢µ§´¨±´¥É  ´¨§µÉ·µ¶¨Ö β-¨§²ÊÎ¥´¨Ö, § ¢¨¸ÖÐ Ö Éµ²Ó±µ µÉ ¸¶¨´µ¢µ° É¥³¶¥-
· ÉÊ·Ò ÔÉ¨Ì Ö¤¥·. ‚ ¸²ÊÎ ¥ · §·¥Ï¥´´ÒÌ β-¶¥·¥Ìµ¤µ¢  ´¨§µÉ·µ¶¨Ö ¸¢Ö§ ´ 
¨¸±²ÕÎ¨É¥²Ó´µ ¸ ´¥¸µÌ· ´¥´¨¥³ Î¥É´µ¸É¨ ¢ ¶·µÍ¥¸¸ Ì, µ¡Ê¸²µ¢²¥´´ÒÌ ¸² -
¡Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ [84, 85]. �·¨ ÔÉµ³ Ê£²µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥ β-Ô²¥±É·µ´µ¢
¨³¥¥É ¸É·Ê±ÉÊ·Ê

dN

dΩ
≈ 1 + aP cos θ, (100)

£¤¥ θ Å Ê£µ² ³¥¦¤Ê ´ ¶· ¢²¥´¨¥³ ¢Ò²¥É  Ô²¥±É·µ´  (¨²¨ ¶µ§¨É·µ´ ) ¨ ´ -
¶· ¢²¥´¨¥³ ¢´¥Ï´¥£µ ¶µ²Ö, P Å ¸É¥¶¥´Ó ¶µ²Ö·¨§ Í¨¨ Ö¤¥·, ±µÉµ· Ö µ¶·¥¤¥-
²Ö¥É¸Ö ËÊ´±Í¨¥° �·¨²²ÕÔ´ 

P =
2J + 1
2J

cth
[
2J + 1
2J

(
µH0
kT

)]
− 1
2J

cth
[
1
2J

(
µH0
kT

)]
, (101)

£¤¥ µ Å ³ £´¨É´Ò° ³µ³¥´É Ö¤· .  ¸¸³µÉ·¨³ ¶·¨³¥· [86], ¢ ±µÉµ·µ³ ¢
± Î¥¸É¢¥ · ¤¨µ ±É¨¢´µ° ¶·¨³¥¸¨ ¨¸¶µ²Ó§Ê¥É¸Ö ¨§µÉµ¶ 3215, ¢Ìµ¤ÖÐ¨° ¢ ³µ-
²¥±Ê²Ê �3 ¨ ¸¶µ¸µ¡´Ò° ¢ ³¨±·µ±µ²¨Î¥¸É¢ Ì · ¸É¢µ·ÖÉÓ¸Ö ¢ ¶·µ¶ ´¤¨µ²¥.
�¥·¨µ¤ ¶µ²Ê· ¸¶ ¤  ¸µ¸É ¢²Ö¥É 14,5 ¤´¥°, ¥£µ ¸¶¨´ J = 1, ¸¶¨´ ±µ´¥Î´µ£µ
Ö¤·  3216S · ¢¥´ ´Ê²Õ, Ô´¥·£¨Ö · §·¥Ï¥´´µ£µ £ ³µ¢-É¥²²¥·µ¢¸±µ£µ β-¶¥·¥Ìµ¤ 
1,7 ŒÔ‚ [87]. ‚ ÔÉµ³ ¸²ÊÎ ¥ 〈ν〉/c = 0, 835 ¨ ¢¥²¨Î¨´  a ∼= −0, 835. …¸²¨
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T = 1, 3 ³Š, H0 = 2, 7 ’², Éµ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (101) ¶µ²Ö·¨§ Í¨Ö Ö¤¥· Ëµ¸-
Ëµ·  P = −0, 125. ‡´ ± ®³¨´Ê¸¯ ¸¢Ö§ ´ ¸ µÉ·¨Í É¥²Ó´Ò³ §´ ±µ³ ³ £´¨É´µ£µ
³µ³¥´É  Ö¤¥· 3215 (µ = −0, 252 [88]). ’ ±¨³ µ¡· §µ³,

dN

dΩ
∼= 1 + 0, 1 cos θ, (102)

¸²¥¤µ¢ É¥²Ó´µ, ¶·¨ ·¥¢¥·¸¥ §´ ±  ¶µ²Ö·¨§ Í¨¨ · §´¨Í  ¢ ¸Î¥É¥ ¡Ê¤¥É ¤µ¸É¨-
£ ÉÓ 20%. �·¨ · ¤¨µ ±É¨¢´µ¸É¨ ¶·¨³¥¸¨ 12 ³±K¨ ³¨Ï¥´Ó ¡Ê¤¥É ¨§²ÊÎ ÉÓ
∼ 4 · 105 Î ¸É./¸. Š·¥³´¨¥¢Ò° ®É¥¶²Ò°¯ ¤¥É¥±Éµ· ¤¨ ³¥É·µ³ 3 ¸³, · ¸¶µ-
²µ¦¥´´Ò° ´  · ¸¸ÉµÖ´¨¨ 15 ¸³ µÉ µ¡· §Í , ¡Ê¤¥É ·¥£¨¸É·¨·µ¢ ÉÓ 103 ¸µ¡./¸.
„ ²¥¥ ²¥£±µ ¸µ¸Î¨É ÉÓ, ÎÉµ ¤²Ö ¨§³¥·¥´¨Ö ±µÔËË¨Í¨¥´É  0,1 ¢ (102) ¸ ÉµÎ-
´µ¸ÉÓÕ 2% É·¥¡Ê¥É¸Ö 3 ·105 µÉ¸Î¥Éµ¢, ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´ ¡µ· ¸µ¡ÒÉ¨° § ¢¥·-
Ï¨É¸Ö Î¥·¥§ 300 ¸, ¶·¨ ÔÉµ³ ¢ ¨¸¸²¥¤Ê¥³ÊÕ ³¨Ï¥´Ó ¤µ¸É ÉµÎ´µ ¢¢¥¸É¨ ¢¸¥£µ
²¨ÏÓ 5 ·1011 · ¤¨µ ±É¨¢´ÒÌ ³µ²¥±Ê². ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¤¥É¥±Éµ·Ò [88], ¨§-
£µÉµ¢²¥´´Ò¥ ¶µ ¶² ´ ·´µ° É¥Ì´µ²µ£¨¨ ¸ ¨³¶² ´É¨·µ¢ ´´Ò³ p-n-¶¥·¥Ìµ¤µ³,
¸¶µ¸µ¡´Ò · ¡µÉ ÉÓ ¨ ¶·¨ É¥³¶¥· ÉÊ· Ì ±·¨µ£¥´´ÒÌ Ô±· ´µ¢ ¶µ ±· °´¥° ³¥·¥
¤µ 2 Š, É ± ÎÉµ · ¸¸ÉµÖ´¨¥ µÉ ¶µ²Ö·¨§Ê¥³µ£µ µ¡· §Í  ¤µ ®µÌ² ¦¤¥´´µ£µ¯
±·¥³´¨¥¢µ£µ ¤¥É¥±Éµ·  ³µ¦´µ ¸µ±· É¨ÉÓ ¤µ 1 ¸³, ÎÉµ ¶·¨¢¥¤¥É ± ¶µ¢ÒÏ¥´¨Õ
¸±µ·µ¸É¨ ¸Î¥É  ¡µ²¥¥ Î¥³ ¢ 200 · §.

6.3. “£²µ¢ Ö  ´¨§µÉ·µ¶¨Ö γ-¨§²ÊÎ¥´¨Ö. …Ð¥ µ¤¨´ ¢µ§³µ¦´Ò° ¶ÊÉÓ ¨§-
³¥·¥´¨Ö ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò § ±²ÕÎ ¥É¸Ö ¢ ¨¸¸²¥¤µ¢ ´¨¨ Ê£²µ¢µ°  ´¨§µ-
É·µ¶¨¨ γ-±¢ ´Éµ¢ ¢ ± ¸± ¤´ÒÌ β-γ-¶¥·¥Ìµ¤ Ì. ‚ ± Î¥¸É¢¥ · ¤¨µ ±É¨¢´µ°
¶·¨³¥¸¨ ¸²¥¤Ê¥É ¢§ÖÉÓ ¤µ²£µ¦¨¢ÊÐ¨¥ β- ±É¨¢´Ò¥ Ö¤·  ¸ µÉ²¨Î´Ò³ µÉ ´Ê²Ö
³ £´¨É´Ò³ ³µ³¥´Éµ³ (¸¶¨´ J �= 0). ‚µ§Ó³¥³ Ö¤·µ 22Na [86], ±µÉµ·µ¥ ¨³¥¥É
¶¥·¨µ¤ ¶µ²Ê· ¸¶ ¤  2,6 £µ¤ , ¸¶¨´-Î¥É´µ¸ÉÓ 3+ ¨ ³ £´¨É´Ò° ³µ³¥´É ¢ Ö¤¥·-
´ÒÌ ³ £´¥Éµ´ Ì µ/µN = +1, 75 [87]. ‚ ·¥§Ê²ÓÉ É¥ £ ³µ¢-É¥²²¥·µ¢¸±µ£µ
β+-¶¥·¥Ìµ¤  ¸ ³ ±¸¨³ ²Ó´µ° Ô´¥·£¨¥° ¶µ§¨É·µ´µ¢ 550 ±Ô‚ (¨²¨ K-§ Ì¢ É )
µ¡· §Ê¥É¸Ö ¶·µ³¥¦ÊÉµÎ´µ¥ Ö¤·µ 22Ne ¸µ ¸¶¨´µ³ J ′ = 2. …£µ ¶¥·¨µ¤ ¶µ²Ê-
· ¸¶ ¤  ¸µ¸É ¢²Ö¥É 3, 7 · 10−12 ¸, É.¥. ¢·¥³Ö ¦¨§´¨ µÎ¥´Ó ³ ²µ ¶µ ¸· ¢´¥´¨Õ
¸ Ì · ±É¥·´Ò³ ¶¥·¨µ¤µ³ ¤²Ö ¸¢¥·ÌÉµ´±µ£µ · ¸Ð¥¶²¥´¨Ö  Éµ³´ÒÌ Ê·µ¢´¥°.
Ÿ¤·µ 22Ne(2+) ¨§²ÊÎ ¥É γ-±¢ ´ÉÒ ¸ Ô´¥·£¨¥° 1280 ±Ô‚ ¨ ¶¥·¥Ìµ¤¨É ¢ ¸É -
¡¨²Ó´Ò° ¨§µÉµ¶ 22Ne ¸ ´Ê²¥¢Ò³ ¸¶¨´µ³ [87]. ‚ · ¸¸³ É·¨¢ ¥³µ° ¸¨ÉÊ Í¨¨
Ê£²µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥ γ-±¢ ´Éµ¢ ¸ Ô´¥·£¨¥° 1280 ±Ô‚ µÉ´µ¸¨É¥²Ó´µ ³ £´¨É-
´µ£µ ¶µ²Ö ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´µ ¶µ Ëµ·³Ê²¥ [82, 86]:

W (θ)
5
8π

{
1
2 (ρ

(2)
22 + ρ

(2)
−2−2) sin

2 θ (1 + cos2 θ)+
1
2 (ρ

(2)
11 + ρ

(2)
−1−1)(4 cos

2 θ − 3 cos2 θ + 1) + 3ρ200 cos
2 θ sin2 θ

}
,

(103)

¶·¨Î¥³

ρ
(2)
22 = ρ

(3)
33 +

1
3
ρ
(3)
22 +

1
15

ρ
(3)
11 ,
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ρ
(2)
11 =

2
3
ρ
(3)
22 +

8
15

ρ
(3)
11 +

1
5
ρ
(3)
00 ,

ρ
(2)
00 =

2
5
ρ
(3)
11 +

3
5
ρ
(3)
00 +

2
5
ρ
(3)
−1−1, (104)

ρ
(2)
−1−1 =

1
5
ρ
(3)
00 +

8
15

ρ
(3)
−1−1 +

2
3
ρ
(3)
−2−2,

ρ
(2)
−2−2 =

1
15

ρ
(3)
−1−1 +

1
3
ρ
(3)
−2−2 + ρ

(3)
−3−3,

£¤¥

ρ(3)mm =
e

m
3 x

sh
(
7
6x
) sh (x

6

)
, m = 0, ±1, ±2, ±3 (105)

¨ x = 0, 64H0/T , £¤¥ H0 § ¤ ¥É¸Ö ¢ ’², ¸¶¨´µ¢ Ö É¥³¶¥· ÉÊ·  ¢ ³Š. Š ±
¸²¥¤Ê¥É ¨§ Ëµ·³Ê² (103)Ä(105), ¨§³¥´¥´¨¥ §´ ±  ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò ¶·¨

¨¸. 19. “£²µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥ 22Na ¶µ Ëµ·³Ê²¥ (103), ´µ·³¨·µ¢ ´´µ¥ ´  ¨§µÉ·µ¶´µ¥
· ¸¶·¥¤¥²¥´¨¥ ´¥¶µ²Ö·¨§µ¢ ´´ÒÌ Ö¤¥·. � · ³¥É· x = 0, 64 H0/T0 µ¶·¥¤¥²Ö¥É §´ ± ¨
¸¶¨´µ¢ÊÕ É¥³¶¥· ÉÊ·Ê Ö¤¥·

¡µ²ÓÍ³ ´µ¢¸±µ³ · ¸¶·¥¤¥²¥´¨¨ §¥¥³ ´µ¢¸±¨Ì Ê·µ¢´¥° ¢ ³ £´¨É´µ³ ¶µ²¥ ´¥
¡Ê¤¥É ¢²¨ÖÉÓ ´  ¢¨¤ Ê£²µ¢µ£µ · ¸¶·¥¤¥²¥´¨Ö γ-¨§²ÊÎ¥´¨Ö ¢¢¨¤Ê ¸¨³³¥É·¨¨
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ÔÉ¨Ì ¢Ò· ¦¥´¨° µÉ´µ¸¨É¥²Ó´µ § ³¥´Ò ρmm ↔ ρ−m−m. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò,
¶·¨ ±¢ ¤·Ê¶µ²Ó´µ³ · ¸Ð¥¶²¥´¨¨ Ê·µ¢´¥° ¨´¢¥·¸¨Ö §´ ±  É¥³¶¥· ÉÊ·Ò, ´¥-
¸µ³´¥´´µ, ¨§³¥´¨É Ê£²µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥ [82], É ± ± ± ¢ ¶·¥¤¥²¥ µÎ¥´Ó
´¨§±¨Ì ¸¶¨´µ¢ÒÌ É¥³¶¥· ÉÊ· µ´  ¢¥¤¥É ± § ³¥´¥ ρJJ + ρ−J−J ↔ ρ00 (¸³.
±µ³³¥´É ·¨¨ ± Ëµ·³Ê²¥ (98)). ’ ±¨³ µ¡· §µ³, ¨´¢¥·¸¨Ö §´ ±  ¸¶¨´µ¢µ° É¥³-
¶¥· ÉÊ·Ò ¶µ§¢µ²Ö¥É ¨¸¸²¥¤µ¢ ÉÓ ±¢ ¤·Ê¶µ²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥¸É ¡¨²Ó-
´ÒÌ Ö¤¥· ¸µ¢¥·Ï¥´´µ ´µ¢Ò³ ³¥Éµ¤µ³, ±µÉµ·Ò° ´¥¢µ§³µ¦´µ ·¥ ²¨§µ¢ ÉÓ ¢
Ë¥··µ³ £´¨É´ÒÌ ³ É·¨Í Ì. �  ·¨¸. 19 ¶·¥¤¸É ¢²¥´µ ´µ·³¨·µ¢ ´´µ¥ Ê£²µ¢µ¥
· ¸¶·¥¤¥²¥´¨¥, · ¸¸Î¨É ´´µ¥ ¶µ (103)Ä(105) [82].
�·¥¶ÖÉ¸É¢¨¥³ ± ¶· ±É¨Î¥¸±µ³Ê ¨¸¶µ²Ó§µ¢ ´¨Õ ³¥Éµ¤  Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥

¢ ·¥Ë·¨¦¥· Éµ· Ì ´¥¸±µ²Ó±¨Ì ¸²µ¥¢ ³¥É ²²¨Î¥¸±¨Ì É¥¶²µ¢ÒÌ Ô±· ´µ¢, ¶² -
¸É¨±µ¢ÒÌ ¨²¨ ±¢ ·Í¥¢ÒÌ µ±µ´, µ±·Ê¦ ÕÐ¨Ì ³¨Ï¥´Ó, ±µÉµ·Ò¥ ¶µ£²µÐ ÕÉ
¶·µ¤Ê±ÉÒ · ¤¨µ ±É¨¢´µ£µ · ¸¶ ¤  ´  ¶ÊÉ¨ ± ¤¥É¥±Éµ·Ê. �É  ¶·µ¡²¥³  ¢ §´ Î¨-
É¥²Ó´µ° ¸É¥¶¥´¨ · §·¥Ï ¥É¸Ö ¶·¨³¥´¥´¨¥³ ´µ¢µ£µ É¨¶  ¸¢¥·ÌÉµ´±µ° ³¨Ï¥´¨,
µÌ² ¦¤ ¥³µ° ¸¢¥·ÌÉ¥±ÊÎ¥° ¶²¥´±µ° 4�¥. �±¸¶¥·¨³¥´É ¶µ ¶µ²Ö·¨§ Í¨¨ ¶·µ-
Éµ´µ¢ ¢ Éµ´±µ° ¶µ²¨ÔÉ¨²¥´µ¢µ° ¶²¥´±¥ ¢Ò¶µ²´¥´ ¢ Ï¢¥°Í ·¸±µ³ ˆ´¸É¨ÉÊÉ¥
� Ê²Ö ˜¥··¥·  (PSI) [89]. ‚ ¶µ²¨ÔÉ¨²¥´µ¢ÊÕ ¶²¥´±Ê ¶ÊÉ¥³ ¤¨ËËÊ§¨¨ ¢¢µ-
¤¨²¸Ö ¨³¨´µ±¸¨²Ó´Ò° · ¤¨± ² [14], ¶µ¸²¥ Î¥£µ ¶²¥´±  ¶·¨µ¡·¥É ²  ¸¢¥É²µ-
·µ§µ¢ÊÕ µ±· ¸±Ê · ¤¨± ² . ‡ É¥³ ¶²¥´±  ¶µ³¥Ð ² ¸Ó ¢ ¢ ±ÊÊ³´ÊÕ ± ³¥·Ê ¨§
³ É¥·¨ ²  ¸ ¶²µÌµ° É¥¶²µ¶·µ¢µ¤´µ¸ÉÓÕ (¸É °± ¸É). ‚ ÔÉÊ ± ³¥·Ê ¸ ¶²¥´-
±µ° ±µ´¤¥´¸¨·µ¢ ²µ¸Ó ´¥¡µ²ÓÏµ¥ ±µ²¨Î¥¸É¢µ 4�¥, ¤µ¸É ÉµÎ´µ¥ ¤²Ö ¸µ§¤ ´¨Ö
¸¢¥·ÌÉ¥±ÊÎ¥° ¶²¥´±¨ Éµ²Ð¨´µ° 0,12 ³±³. ‚ ¸¢µÕ µÎ¥·¥¤Ó, Î¥·¥§ ¶²¥´±Ê 4�¥
µ¸ÊÐ¥¸É¢²Ö²¸Ö É¥·³¨Î¥¸±¨° ±µ´É ±É ¨¸¸²¥¤Ê¥³µ£µ ³ É¥·¨ ²  ¸ µÌ² ¦¤¥´´Ò³
¤µ 0,1 Š ³¥¤´Ò³ ¸É¥·¦´¥³, ¶µÔÉµ³Ê ¸· §Ê ¶µ¸²¥ ±µ´¤¥´¸ Í¨¨ 4�¥ ¢ ± -
³¥·Ê ¢±²ÕÎ¥´¨¥ ‘‚—-´ ± Î±¨ ¢Ò§Ò¢ ²µ ·¥§±¨° ·µ¸É Ö¤¥·´µ° ¶µ²Ö·¨§ Í¨¨
¢ ¶µ²¨ÔÉ¨²¥´¥ ¤µ +44% (¸³. ·¨¸. 20). ’ ±¨³ µ¡· §µ³, ¡Ò²µ ¤µ± § ´µ, ÎÉµ
±µ´¢¥±É¨¢´ Ö É¥¶²µ¶·µ¢µ¤´µ¸ÉÓ 4�¥ µ± §Ò¢ ¥É¸Ö ¤µ¸É ÉµÎ´µ° ¤²Ö µÌ² ¦¤¥-
´¨Ö Éµ´±¨Ì ¶µ²Ö·¨§µ¢ ´´ÒÌ ³¨Ï¥´¥°. ˆ¸¶µ²Ó§µ¢ ´¨¥ ¸¢¥·ÌÉ¥±ÊÎ¥° ¶²¥´±¨
4�¥, ¢ ¶·¨´Í¨¶¥, ¶µ§¢µ²Ö¥É ¶µ²Ö·¨§µ¢ ÉÓ Ö¤·  ¢ Éµ´±µ° £¥·³¥É¨Î´µ° ¤¨Ô²¥±-
É·¨Î¥¸±µ° µ¡µ²µÎ±¥, · ¸¶µ²µ¦¥´´µ° ¢ ¢ ±ÊÊ³¥ ´  ¶ÊÎ±¥ Î ¸É¨Í ¸ ¤µ¸É ÉµÎ´µ
´¨§±µ° ¨´É¥´¸¨¢´µ¸ÉÓÕ.
�·µ¢¥¤¥´´Ò°  ´ ²¨§ ¶·¥¤¶µ² £ ¥É, ÎÉµ ³¥Éµ¤Ò ¤¨´ ³¨Î¥¸±µ° µ·¨¥´É -

Í¨¨ ¡Ê¤ÊÉ ®· ¡µÉ ÉÓ¯ ¨ ¢ ¸²ÊÎ ¥ ·¥¤±¨Ì Ö¤¥·. ‚µ¶·µ¸, É ± ²¨ ÔÉµ, É·¥¡Ê¥É
Ô±¸¶¥·¨³¥´É ²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö. �¶·¨µ·¨ µ¸É ÕÉ¸Ö ´¥Ö¸´Ò³¨ ¨ ¤·Ê£¨¥
¢µ¶·µ¸Ò, ´ ¶·¨³¥·: ³µ¦´µ ²¨ µ¶·¥¤¥²¨ÉÓ ¶µ´ÖÉ¨¥ ¸¶¨´µ¢µ° É¥³¶¥· ÉÊ·Ò
¤²Ö ·¥¤±¨Ì Ö¤¥·, ± ± ¡Ò¸É·µ ¡Ê¤ÊÉ ¶µ²Ö·¨§µ¢ ÉÓ¸Ö É ±¨¥ Ö¤·  ³¥Éµ¤µ³ „�,
¥¸²¨ ¨Ì ¨³¶² ´É Í¨Ö µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢ ³¨Ï¥´Ó ¸ ¶·¥¤¢ ·¨É¥²Ó´µ ¶µ²Ö·¨§µ-
¢ ´´Ò³¨ ¶·µÉµ´ ³¨? �  ¢¸¥ ÔÉ¨ ¨ ¤·Ê£¨¥ ¢µ¶·µ¸Ò ´¥¢µ§³µ¦´µ ´ °É¨ µÉ¢¥É,
¨¸¶µ²Ó§ÊÖ ³¥Éµ¤Ò ±² ¸¸¨Î¥¸±µ£µ ŸŒ, ¢¢¨¤Ê ±· °´¥ ´¨§±µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨
¶µ¸²¥¤´¥£µ.
�¢Éµ· ¢Ò· ¦ ¥É £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ ¢¸¥³ Î²¥´ ³ SMC-±µ²² ¡µ· Í¨¨

CERN ¢ †¥´¥¢¥, ¸µ¢³¥¸É´µ ¸ ±µÉµ·Ò³¨ ´  ±·Ê¶´¥°Ï¥° ¢ ³¨·¥ SMC-³¨Ï¥´¨
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¨¸. 20. „¨´ ³¨Î¥¸± Ö ¶µ²Ö·¨§ Í¨Ö ¶·µÉµ´µ¢ ¢ Éµ´±µ° ¶µ²¨ÔÉ¨²¥´µ¢µ° ¶²¥´±¥. Š·¨-
¢ Ö 1Å ¡¥§ ¸¢¥·ÌÉ¥±ÊÎ¥° ¶²¥´±¨ 4�¥, 2Å ¸µ ¸¢¥·ÌÉ¥±ÊÎ¥° ¶²¥´±µ°, 3 Å ¸µ ¸¢¥·ÌÉ¥-
±ÊÎ¥° ¶²¥´±µ°, ´ Î¨´ Ö ¸ ´Ê²¥¢µ° ¶µ²Ö·¨§ Í¨¨, 4 Å ¶·¨ ¶µ²´µ³ § ¶µ²´¥´¨¨ ± ³¥·Ò
4�¥

¡Ò²¨ ¶µ²ÊÎ¥´Ò ´¥±µÉµ·Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤ ´´µ£µ µ¡§µ· ; ‘.Œ ´£µ, �.• ÊÉ²¥ ¨
�.�· ´¤ÉÊ ¨§ ˆ´¸É¨ÉÊÉ  �.˜¥··¥·  ¢ –Õ·¨Ì¥ §  ¸µÉ·Ê¤´¨Î¥¸É¢µ ¢ ¨¸¸²¥¤µ-
¢ ´¨¨ Éµ´±¨Ì ¶µ²Ö·¨§µ¢ ´´ÒÌ ¶²¥´µ±, �.”.�·Ê¤±µ£²Ö¤Ê, �.C.˜Ê³µ¢¸±µ³Ê ¨
‚.ˆ.�± ²µ¢Ê §  ¸µÉ·Ê¤´¨Î¥¸É¢µ ¢ ¨¸¸²¥¤µ¢ ´¨¨ ¸¢¥·Ì¨§²ÊÎ¥´¨Ö; ‚.‹.‹Õ¡µÏ¨-
ÍÊ §  ¶µ³µÐÓ ¢ · §· ¡µÉ±¥ ³¥Éµ¤  ¨¸¸²¥¤µ¢ ´¨Ö · ¤¨µ ±É¨¢´ÒÌ Ö¤¥·. �¸µ¡ Ö
¶·¨§´ É¥²Ó´µ¸ÉÓ ”.‹¥£ ·Ê (”· ´Í¨Ö) ¨ ‹.�.�¨±¥²Ó´¥·Ê („Ê¡´ ) §  ¶µ²¥§´Ò¥
¤¨¸±Ê¸¸¨¨ ¶µ ¶·µ¡²¥³ ³ ¨¸¶µ²Ó§µ¢ ´¨Ö ³¨Ï¥´¥°,  ± ¤¥³¨±Ê �.Œ.� ²¤¨´Ê § 
¶µ¤¤¥·¦±Ê ¢ · ¡µÉ¥ ¨ ²¨¤¥· ³ SMC-±µ²² ¡µ· Í¨¨: ‚.•ÓÕ§Ê (V.W.Hughes) ¨§
‰¥²Ó¸±µ£µ Ê´¨¢¥·¸¨É¥É , .‚µ¸¸Ê (R.Voss, †¥´¥¢ ), ƒ.Œ ²²µÉÊ (G.Mallot, ƒ¥·-
³ ´¨Ö) ¨ ’.�¨¨´¨±µ¸±¨ (T.Niinikoski) §  ¶·¥±· ¸´ÊÕ µ·£ ´¨§ Í¨Õ ¸µ¢³¥¸É-
´µ° · ¡µÉÒ ¢ SMC-±µ²² ¡µ· Í¨¨ CERN.

hiˆ‹S†…Qˆ… 1

„²Ö ¸· ¢´¥´¨Ö µÍ¥´¨³ ÎÊ¢¸É¢¨É¥²Ó´µ¸ÉÓ 14N-Q-³¥É·  ¶·¨ ¤²¨´ Ì ± ¡¥²Ö
R < λ/4 ¨ R = λ/2. ˆ¸Ìµ¤´Ò³¨ ¢Ò¡¥·¥³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò £¨¡·¨¤´µ£µ
±µ´ÉÊ· : α = 0, 02 �¶/³, R0 = 10 �³, r = 0, 1 �³ ≈ 0, L0 = 9, 5·10−8 ƒ´, C =
4 · 10−10 ”, Î ¸ÉµÉ  ν = 6, 47 · 106 ƒÍ, ρ = 50 �³, c = 3 · 108 ³/¸,

√
ε = 1, 41.

�¶·¥¤¥²¨³ β = 2πν
√
ε/c = 0, 191 · ¤ ·³−1. �µ Ëµ·³Ê²¥ (25) ´ Ìµ¤¨³ ¤²¨´Ê

Ô±¢¨¢ ²¥´É´µ£µ µÉ·¥§±  ± ¡¥²Ö R1 = β−1 · arctg (2πνLρ−1) = 0, 403 ³. ˆ§
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Ê· ¢´¥´¨Ö (26) µ¶·¥¤¥²Ö¥³ ¸Ê³³ ·´ÊÕ ¤²¨´Ê: R+ R1 = β−1 ·arctg
(

1
2πνρC

)
=

= 4, 65 ³, µÉ±Ê¤  R = 4, 25 ³. �¶·¥¤¥²Ö¥³ tg (βR) = tg (0, 191 · 4, 25) = 1, 05.
�µ Ëµ·³Ê²¥ (39) ´ Ìµ¤¨³ BH<λ/4 = 1, 74, £¤¥ ¶·¨ · ¸Î¥É¥ ¨¸¶µ²Ó§µ¢ ´µ
k1 = αR cos−2(βR) = 0, 085/0, 474 = 0, 179. �µ Ëµ·³Ê²¥ (39) ´ Ìµ¤¨³
BH<λ/2 = 2, 65, £¤¥ ¤²Ö · ¸Î¥É  ¨¸¶µ²Ó§µ¢ ´  ¤²¨´  ¶µ²Ê¢µ²´µ¢µ£µ µÉ·¥§± 
R = 16, 4 ³, βR = π, αR = 0, 02 · 16, 4 = 0, 329. ‚ ¨Éµ£¥ ¶µ²ÊÎ¨³ µÉ´µÏ¥´¨¥
¸¨£´ ²µ¢ Q-³¥É·  ¸ ± ¡¥²¥³ ¤²¨´µ° R < λ/4 ± ¸¨£´ ²Ê Q-³¥É·  ¸ ± ¡¥²¥³
R = λ/2 ¶µ Ê· ¢´¥´¨Õ (44)

ζH<λ/4

ζH=λ/2
= [1 + tg2(βR)H<λ/4]

BH=λ/2

BH<λ/4
= 2, 1 · 2, 65

1, 74
= 3, 2, (�1.1)

É ± ± ± ¢ ´ Ï¨Ì · ¸Î¥É Ì R1 = R0. ’ ±¨³ µ¡· §µ³, ±µ·µÉ±¨° ± ¡¥²Ó ¶µ-
§¢µ²Ö¥É ¶µ¢Ò¸¨ÉÓ  ³¶²¨ÉÊ¤Ê ¸¨£´ ²  ¢ 3,2 · § . “¢¥²¨Î¥´¨¥ ¸¨£´ ²  ¸¢Ö§ ´µ
¸ · §´Ò³ · ¸¶·¥¤¥²¥´¨¥³ Éµ±  ¢ ± ¡¥²¥; ¶·¨ R < λ/4 ¨ R = λ/2 ³ ±¸¨³Ê³
Éµ±  ¢ ± ¡¥²¥ ¤²¨´µ° R < λ/4 ¶·¨Ìµ¤¨É¸Ö ´  ± ÉÊÏ±Ê ¨´¤Ê±É¨¢´µ¸É¨, ÎÉµ ¨
µ¡¥¸¶¥Î¨¢ ¥É Ê¸¨²¥´¨¥ ŸŒ-¶µ£²µÐ¥´¨Ö ¶µ ¸· ¢´¥´¨Õ ¸ ¶µÉ¥·Ö³¨ ¢ ± ¡¥²¥.

hiˆ‹S†…Qˆ… 2

ŒµÐ´µ¸ÉÓ Pin+ iQin, ¶µ¸ÉÊ¶ ÕÐ Ö ¢ ¢µ²´µ¢µ¤ Î¥·¥§ ¶µ¶¥·¥Î´µ¥ ¸¥Î¥´¨¥
¶¨É ÕÐ¥£µ ¢µ²´µ¢µ¤  Sf , · ¸Ìµ¤Ê¥É¸Ö ¶µ É·¥³ ± ´ ² ³ [90]:

Pm + iQm =
1
2

∫
V

dV ·
(
E
∂D∗

∂t
+H

∂B
∂t

)
+

∫
Scav−Sf

dS · (n · S), (�2.1)

£¤¥ ¶¥·¢Ò° ¨´É¥£· ² µ¶¨¸Ò¢ ¥É ³µÐ´µ¸ÉÓ, ¸¢Ö§ ´´ÊÕ ¸ ¤¨Ô²¥±É·¨Î¥¸±¨³¨
¨ ³ £´¨É´Ò³¨ ¸¢µ°¸É¢ ³¨ ³ É¥·¨ ² , S = (E ×H)/2 Å ¢¥±Éµ· ¶²µÉ´µ¸É¨
¶µÉµ±  Ô´¥·£¨¨ ¨ n Å ´µ·³ ²Ó ± ¶µ¢¥·Ì´µ¸É¨ ·¥§µ´ Éµ· . ‚Éµ·µ° ¨´É¥£· ²
¡¥·¥É¸Ö ¶µ ¶µ¢¥·Ì´µ¸É¨ ·¥§µ´ Éµ· , ¨¸±²ÕÎ Ö ¶µ¢¥·Ì´µ¸ÉÓ ¶¨É ÕÐ¥£µ ¢µ²´µ-
¢µ¤ . �·¥´¥¡·¥£ Ö µÉ· ¦¥´´µ° µÉ ·¥§µ´ Éµ·  ³µÐ´µ¸ÉÓÕ, µÉ¤¥²¨³ ³ £´¨É´Ò¥
¶µÉ¥·¨ (Pm) ¢ ³¨Ï¥´¨ µÉ ¶ · §¨É´ÒÌ ¶µÉ¥·Ó (Pp), ±µÉµ·Ò¥ ´¥ ÊÎ ¸É¢ÊÕÉ ¢
¶µ²Ö·¨§ Í¨¨ Ö¤¥·:

Pin = Pm + Pp =
1
2
Re


∫
V

dV ·H∂B
∂t


+Pp. (�2.2)

P ´´¨¥ · ¡µÉÒ [91] ¨ ± ²¨¡·µ¢µÎ´Ò¥ ¨¸¶ÒÉ ´¨Ö ¢ · ¡µÉ¥ [63] ¶µ± §Ò¢ ÕÉ,
ÎÉµ ¶·¨ ´¨§±¨Ì É¥³¶¥· ÉÊ· Ì ³µÐ´µ¸ÉÓ, ¶µ£²µÐ ¥³ Ö É¥·³µ³¥É·µ³ Pbol, ¥¸ÉÓ

Pbol = const · (T 4bol − T 4He), (�2.3)



’…•�ˆŠ� ��‹Ÿˆ‡�‚���›• Œˆ˜…�…‰ 765

£¤¥ Tbol Å É¥³¶¥· ÉÊ·  ±µ³¶µ§¨É´µ£µ Ê£µ²Ó´µ£µ É¥·³µ³¥É·  ¨ THe Å É¥³-
¶¥· ÉÊ·  Ì² ¤µ £¥´É . …¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ³µÐ´µ¸ÉÓ, ¶µ£²µÐ ¥³ Ö É¥·-
³µ³¥É·µ³, ¶·µ¶µ·Í¨µ´ ²Ó´  µ¡Ð¥° ³µÐ´µ¸É¨ ´¥·¥§µ´ ´¸´ÒÌ ¶µÉ¥·Ó, Éµ ¥¸ÉÓ
Pp ∼= Pbol, Éµ ³ £´¨É´µ¥ ¶µ£²µÐ¥´¨¥ · ¢´µ

Pm = Pin − Pp = Pin − const · (T 4bol − T 4He). (�2.4)

�¡ÒÎ´µ ³µÐ´µ¸ÉÓ, ¶µ¸ÉÊ¶ ÕÐ Ö ¢ ·¥§µ´ Éµ·, ¶µ¤¤¥·¦¨¢ ¥É¸Ö ¶µ¸ÉµÖ´´µ°,
¶µÔÉµ³Ê

Pm,on − Pm,off = Pp,off − Pp,on = const · (T 4off − T 4on), (�2.5)

£¤¥ ¨´¤¥±¸Ò ®on¯ ¨ ®off¯ µ¡µ§´ Î ÕÉ ¢±²ÕÎ¥´´ÊÕ ¨ ¢Ò±²ÕÎ¥´´ÊÕ —Œ ¸µµÉ-
¢¥É¸É¢¥´´µ.
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ÓÄÊ 530.145

Ïîèñê ñòàíäàðòíîãî áîçîíà Õèããñà íà ñóïåðêîëëàéäåðàõ. ��������	 
��� ���	��

�	 ���. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31, âûï.3, ñ.525.

Äàåòñÿ îáçîð ïðîáëåì, ñâÿçàííûõ ñ ôèçèêîé ñòàíäàðòíîãî áîçîíà Õèããñà è åãî

ïîèñêîì íà ñóïåðêîëëàéäåðàõ LEP è LHC.

Òàáë.1. Èë.25. Áèáëèîãð.: 99.

ÓÄÊ 539.12.01

Ðàäèàëüíî âîçáóæäåííûå ñêàëÿðíûå, ïñåâäîñêàëÿðíûå è âåêòîðíûå íîíåòû ìå-
çîíîâ â êèðàëüíîé êâàðêîâîé ìîäåëè. �����	 ���� �����	 ���� Ôèçèêà ýëåìåí-

òàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31, âûï.3, ñ.576.

Ïîñòðîåí êèðàëüíûé ëàãðàíæèàí, ñîäåðæàùèé êðîìå îáû÷íûõ ìåçîííûõ ïîëåé

èõ ïåðâûå ðàäèàëüíûå âîçáóæäåíèÿ. Ëàãðàíæèàí ïîëó÷åí áîçîíèçàöèåé êâàðêîâîé

ìîäåëè òèïà Íàìáó–Èîíà-Ëàçèíèî (ÍÈË) ñ ñåïàðàáåëüíûì íåëîêàëüíûì âçàèìîäåé-
ñòâèåì. Íåëîêàëüíîñòü îïèñûâàåòñÿ ôîðìôàêòîðàìè, ñîîòâåòñòâóþùèìè òðåõìåð-
íûì âîëíîâûì ôóíêöèÿì âîçáóæäåííûõ ìåçîíîâ. Ñïîíòàííîå íàðóøåíèå êèðàëüíîé

ñèììåòðèè îïðåäåëÿåòñÿ óðàâíåíèåì íà ùåëü. Íà ïðîñòîì ïðèìåðå SU SU( ) ( )2 2× -âåð-

ñèè ýòîé ìîäåëè ïðîäåìîíñòðèðîâàíî âûïîëíåíèå âñåõ íèçêîýíåðãåòè÷åñêèõ òåîðåì â

êèðàëüíîì ïðåäåëå.

Äëÿ îïèñàíèÿ ñïåêòðà ìàññ âîçáóæäåííûõ ñêàëÿðíûõ, ïñåâäîñêàëÿðíûõ è âåêòîð-

íûõ ìåçîíîâ ïîñòðîåíà áîëåå ðåàëèñòè÷íàÿ U U( ) ( )3 3× -ìîäåëü ñ âçàèìîäåéñòâèåì
'ò Õîôòà. Â ñèëó ãëîáàëüíîé êèðàëüíîé ñèììåòðèè, ìû èñïîëüçóåì îäèíàêîâûå ôîðì-
ôàêòîðû äëÿ ñêàëÿðíûõ è ïñåâäîñêàëÿðíûõ ìåçîíîâ. Ôèêñèðóÿ ïàðàìåòðû ôîðìôàê-

òîðîâ ïî ìàññàì ïñåâäîñêàëÿðíûõ ìåçîíîâ, ìû ïðåäñêàçûâàåì ñïåêòð ìàññ ñêàëÿðíûõ

ìåçîíîâ. Ýòî ïîçâîëÿåò íàì èíòåðïðåòèðîâàòü ýêñïåðèìåíòàëüíî íàáëþäàåìûå ñêà-

ëÿðíûå, ïñåâäîñêàëÿðíûå è âåêòîðíûå ìåçîííûå ñîñòîÿíèÿ êàê ÷ëåíû êâàðê-àíòè-

êâàðêîâûõ íîíåòîâ. Ïîêàçàíî, ÷òî ñêàëÿðíûå ìåçîííûå ñîñòîÿíèÿ a
0

1450( ), K
0

1430*( ),

f
0

1370( ), f
J
( )1710 ÿâëÿþòñÿ ïåðâûìè ðàäèàëüíûìè âîçáóæäåíèÿìè îñíîâíûõ ñîñòîÿ-

íèé a
0

980( ), K
0

960*( ), f
0

400 1200( ),− f
0

980( ). Âû÷èñëåíû êîíñòàíòû ñëàáûõ ðàñïàäîâ

Fπ,F ′π ,F
K

,F
K ′ è øèðèíû îñíîâíûõ ñèëüíûõ ðàñïàäîâ ñêàëÿðíûõ, ïñåâäîñêàëÿðíûõ è

âåêòîðíûõ íîíåòîâ ìåçîíîâ.

Òàáë.4. Èë.6. Áèáëèîãð.: 40.

ÓÄÊ 519.72 + 539.12

Ñèãíàë, äàííûå è èíôîðìàöèÿ â ôèçè÷åñêèõ èçìåðåíèÿõ. ��������� ���. Ôèçèêà

ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31, âûï.3, ñ.634.

Â îáçîðå ðàññìàòðèâàþòñÿ âîïðîñû ïîëó÷åíèÿ èíôîðìàöèè î ôèçè÷åñêèõ ÿâëå-

íèÿõ. Áîëüøîå âíèìàíèå óäåëåíî àíàëèçó ïðîöåññà îòîáðàæåíèÿ — êàê âîçäåéñòâèþ

è âîñïðèÿòèþ ñèãíàëîâ, òàê è èõ ïîñëåäóþùåé äèñêðåòèçàöèè. Èñõîäÿ èç èíôîðìàöè-
îííûõ ïîðîãîâûõ è ïðåäåëüíûõ ñîîòíîøåíèé îáñóæäàåòñÿ âîçìîæíàÿ ôîðìà è ïàðà-

ìåòðû ñèãíàëîâ â ïðîöåññàõ âçàèìîäåéñòâèÿ â ìèêðîìèðå.

Ïîñêîëüêó âîñïðèíèìàåìûé ñèãíàë ïðèíöèïèàëüíî íåòî÷íî îïðåäåëåí, ïîêàçà-
íî, êàê ïîëó÷èòü îñíîâíûå ñîîòíîøåíèÿ î êîëè÷åñòâå äàííûõ è ñîäåðæàùåéñÿ â íèõ

ÐÅÔÅÐÀÒÛ ÑÒÀÒÅÉ, ÏÎÌÅÙÅÍÍÛÕ Â ÂÛÏÓÑÊÅ



èíôîðìàöèè íà îñíîâå «àíàëèçà öåëûõ ÷èñåë», íå ïðèáåãàÿ ê êëàññè÷åñêèì ìàòåìàòè-
÷åñêèì ïîíÿòèÿì áåñêîíå÷íî ìàëûõ è áåñêîíå÷íûõ ïðîöåäóð. Êðàòêî ðàññìîòðåíû

îñíîâíûå ïðàêòè÷åñêèå ïðèåìû êîäèðîâàíèÿ èíôîðìàöèè.

Èë.12. Áèáëèîãð.: 42.

ÓÄÊ 539.12.01
Òåðìîäèíàìèêà êèðàëüíîé ýôôåêòèâíîé ìîäåëè ñ àêñèàëüíîé è êîíôîðìíîé
àíîìàëèÿìè. ��� ��� ���� �. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000,

òîì 31, âûï.3, ñ.671.

Ââîäèòñÿ ìîäåëü Íàìáó–Èîíà-Ëàçèíèî (ÍÈË) ñ ìàñøòàáíîé è àêñèàëüíîé UA(1)

àíîìàëèÿìè ïðè êîíå÷íîé òåìïåðàòóðå è ïëîòíîñòè â ñëó÷àå òðåõ àðîìàòîâ ( , , )u d s . Çà-
òåì îíà èñïîëüçóåòñÿ äëÿ âû÷èñëåíèÿ êîíäåíñàòîâ è òåðìîäèíàìè÷åñêèõ ôóíêöèé

(äàâëåíèÿ, ïëîòíîñòè ýíåðãèè è ýíòðîïèè). Â îñíîâíîì ïðåäñòàâëåíû àíàëèòè÷åñêèå

ðåçóëüòàòû.

Èë.10. Áèáëèîãð.:84.

ÓÄÊ 621.384.664

Òåõíèêà ïîëÿðèçîâàííûõ ìèøåíåé. ������	 ���� Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è

àòîìíîãî ÿäðà, 2000, òîì 31, âûï.3, ñ.714.

Â îáçîðå àíàëèçèðóþòñÿ ïîñëåäíèå äîñòèæåíèÿ â ðàçâèòèè è ïðèìåíåíèè òâåð-

äûõ ìèøåíåé ñ ïîëÿðèçîâàííûìè ÿäðàìè. Ïðèâîäèòñÿ îïèñàíèå ìåòîäà äèíàìè÷åñêî-
ãî îõëàæäåíèÿ è ðàññ÷èòûâàåòñÿ óñèëåíèå ÿäåðíîé ïîëÿðèçàöèè ïðè ñâåðõíèçêèõ òåì-
ïåðàòóðàõ. Èçëîæåíà òåõíèêà èçìåðåíèÿ ïîëÿðèçàöèè ÿäåð ñî ñïèíàìè I =1 2 è I =1:

âûïîëíåí äåòàëüíûé ðàñ÷åò ÷óâñòâèòåëüíîñòè Q-ìåòðà ñ ãèáðèäíûì ïðèåìíûì êîí-

òóðîì, äàí àíàëèç ïîãðåøíîñòåé èçìåðåíèÿ ïîëÿðèçàöèè ëèâåðïóëüñêèì Q-ìåòðîì.

Àíàëèçèðóåòñÿ ïðîáëåìà óñòàíîâëåíèÿ òåïëîâîãî ðàâíîâåñèÿ â ñïèíîâûõ ñèñòåìàõ
êâàäðóïîëüíûõ ÿäåð. Ïðèâîäÿòñÿ äàííûå ïî ìàãíèòíîìó ñâåðõèçëó÷åíèþ. Îïèñàí

ýôôåêò ÷àñòîòíîé ìîäóëÿöèè, óñèëèâàþùèé ïîëÿðèçàöèþ ìèøåíåé. Ïîêàçàíà ñâÿçü

ýòîãî ýôôåêòà êàê ñ âðåìåííîé (÷àñòîòíîé), òàê è ïðîñòðàíñòâåííîé äèñïåðñèåé

ÑÂ×-ïîëÿ â ìèøåíè.

Îáñóæäàþòñÿ íîâûå ïåðñïåêòèâû â èñïîëüçîâàíèè ïðîòîííîé ìèøåíè äëÿ îðè-
åíòàöèè ñïèíîâ ðàäèîàêòèâíûõ ÿäåð. Ïðè íàëè÷èè êâàäðóïîëüíîãî âçàèìîäåéñòâèÿ

àíèçîòðîïèÿ γ-èçëó÷åíèÿ òàêèõ ÿäåð çàâèñèò îò çíàêà ñïèíîâîé òåìïåðàòóðû. Ïðåäëà-

ãàåòñÿ èñïîëüçîâàòü äèíàìè÷åñêóþ ïîëÿðèçàöèþ äëÿ èññëåäîâàíèÿ êâàäðóïîëüíûõ

ìîìåíòîâ ðàäèîàêòèâíûõ ÿäåð â òîíêîé ïðîòîííîé ìèøåíè, îõëàæäàåìîé ïëåíêîé

ñâåðõòåêó÷åãî 4Íå. Â ðàáîòå ïðèâîäÿòñÿ äàííûå ýêñïåðèìåíòàëüíûõ ðàáîò, âûïîëíåí-
íûõ ñ ó÷àñòèåì àâòîðà â CERN (Æåíåâà), ÎÈßÈ (Äóáíà), ÈÔÂÝ (Ïðîòâèíî) è PSI

(Âèëëèãåí, Øâåéöàðèÿ).

Èë.20. Áèáëèîãð.:91.

ÐÅÔÅÐÀÒÛ 770
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Ê ÑÂÅÄÅÍÈÞ ÀÂÒÎÐÎÂ

Â æóðíàëå «Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà» (Ý×Àß) ïå÷àòàþòñÿ îáçîðû ïî
àêòóàëüíûì ïðîáëåìàì òåîðåòè÷åñêîé è ýêñïåðèìåíòàëüíîé ôèçèêè ýëåìåíòàðíûõ ÷àñòèö è

àòîìíîãî ÿäðà, ïðîáëåìàì ñîçäàíèÿ íîâûõ óñêîðèòåëüíûõ è ýêñïåðèìåíòàëüíûõ óñòàíîâîê, àâ-

òîìàòèçàöèè îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ. Ñòàòüè ïå÷àòàþòñÿ íà ðóññêîì è àíãëèé-
ñêîì ÿçûêàõ. Ðåäàêöèÿ ïðîñèò àâòîðîâ ïðè íàïðàâëåíèè ñòàòüè â ïå÷àòü ðóêîâîäñòâîâàòüñÿ èçëî-

æåííûìè íèæå ïðàâèëàìè.

1. Òåêñò ñòàòüè äîëæåí áûòü íàïå÷àòàí íà ìàøèíêå ÷åðåç äâà èíòåðâàëà íà îäíîé ñòîðîíå

ëèñòà (îáÿçàòåëüíî ïðåäñòàâëÿåòñÿ ïåðâûé ìàøèíîïèñíûé ýêçåìïëÿð). Ïîëÿ ñ îäíîé ñòîðîíû
äîëæíû áûòü íå óæå 3—4 ñì, ðóêîïèñíûå âñòàâêè íå äîïóñêàþòñÿ. Ýêçåìïëÿð ñòàòüè äîëæåí

âêëþ÷àòü àííîòàöèè è íàçâàíèå íà ðóññêîì è àíãëèéñêîì ÿçûêàõ, ðåôåðàò íà ðóññêîì ÿçûêå,

ÓÄÊ, ñâåäåíèÿ îá àâòîðàõ: ôàìèëèÿ è èíèöèàëû (íà ðóññêîì è àíãëèéñêîì ÿçûêàõ), íàçâàíèå èí-
ñòèòóòà, àäðåñ è òåëåôîí. Âñå ñòðàíèöû òåêñòà äîëæíû áûòü ïðîíóìåðîâàíû. Ñòàòüÿ äîëæíà

áûòü ïîäïèñàíà âñåìè àâòîðàìè. Òåêñò ñòàòüè ìîæåò áûòü íàïå÷àòàí íà ïðèíòåðå ñ ñîáëþäåíèåì

òåõ æå ïðàâèë.

2. Ôîðìóëû è îáîçíà÷åíèÿ äîëæíû áûòü âïèñàíû êðóïíî, ÷åòêî, îò ðóêè òåìíûìè ÷åðíè-

ëàìè (ëèáî íàïå÷àòàíû íà ïðèíòåðå è îáÿçàòåëüíî ðàçìå÷åíû). Æåëàòåëüíî íóìåðîâàòü òîëüêî òå
ôîðìóëû, íà êîòîðûå èìåþòñÿ ññûëêè â òåêñòå. Íîìåð ôîðìóëû óêàçûâàåòñÿ ñïðàâà â êðóãëûõ

ñêîáêàõ. Îñîáîå âíèìàíèå ñëåäóåò îáðàòèòü íà àêêóðàòíîå èçîáðàæåíèå èíäåêñîâ è ïîêàçàòåëåé

ñòåïåíåé: íèæíèå èíäåêñû îòìå÷àþòñÿ çíàêîì ïîíèæåíèÿ Ç, âåðõíèå — çíàêîì ïîâûøåíèÿ È;

øòðèõè íåîáõîäèìî ÷åòêî îòëè÷àòü îò åäèíèöû, à åäèíèöó — îò çàïÿòîé. Ñëåäóåò, ïî âîçìîæ-

íîñòè, èçáåãàòü ãðîìîçäêèõ îáîçíà÷åíèé è óïðîùàòü íàáîð ôîðìóë (íàïðèìåð, ïðèìåíÿÿ exp,
äðîáü ÷åðåç êîñóþ ÷åðòó).

Âî èçáåæàíèå íåäîðàçóìåíèé è îøèáîê ñëåäóåò äåëàòü ÿñíîå ðàçëè÷èå ìåæäó ïðîïèñíûìè

è ñòðî÷íûìè áóêâàìè, îäèíàêîâûìè ïî íà÷åðòàíèþ (V è v, U è u, W è w, O è o, K è k, S è s, C è c,

P è p, Z è z), ïðîïèñíûå ïîä÷åðêèâàþòñÿ äâóìÿ ÷åðòàìè ñíèçó, ñòðî÷íûå — äâóìÿ ÷åðòàìè
ñâåðõó (S è s, C è c). Íåîáõîäèìî äåëàòü ÷åòêîå ðàçëè÷èå ìåæäó áóêâàìè å, l , O (áîëüøîé) è î (ìà-

ëîé) è 0 (íóëåì), äëÿ ÷åãî áóêâû Î è î îòìå÷àþò äâóìÿ ÷åðòî÷êàìè, à íóëü îñòàâëÿþò áåç ïîä÷åð-
êèâàíèÿ. Ãðå÷åñêèå áóêâû ïîä÷åðêèâàþòñÿ êðàñíûì êàðàíäàøîì, âåêòîðû — ñèíèì, ëèáî çíà-

êîì ñíèçó ÷åðíèëàìè. Íå ðåêîìåíäóåòñÿ èñïîëüçîâàòü äëÿ îáîçíà÷åíèÿ âåëè÷èí áóêâû ãîòè-

÷åñêîãî, ðóêîïèñíîãî è äðóãèõ ìàëîóïîòðåáèìûõ â æóðíàëüíûõ ñòàòüÿõ øðèôòîâ, îäíàêî åñëè
òàêóþ áóêâó íåëüçÿ çàìåíèòü áóêâîé ëàòèíñêîãî èëè ãðå÷åñêîãî àëôàâèòà, òî åå ðàçìå÷àþò ïðî-

ñòûì êàðàíäàøîì (îáâîäÿò êðóæêîì). Â ñëó÷àå, åñëè íàïèñàíèå ìîæåò âûçâàòü ñîìíåíèå, íåîá-

õîäèìî íà ïîëÿõ äàòü ïîÿñíåíèå, íàïðèìåð, z — «äçåòà», x — «êñè», k — ëàò., ê — ðóññê.

3. Ðèñóíêè ïðåäñòàâëÿþò íà îòäåëüíûõ ëèñòàõ áåëîé áóìàãè èëè êàëüêè ñ óêàçàíèåì íà
îáîðîòå íîìåðà ðèñóíêà è íàçâàíèÿ ñòàòüè. Òîíîâûå ôîòîãðàôèè äîëæíû áûòü ïðåäñòàâëåíû â

äâóõ ýêçåìïëÿðàõ, íà îáîðîòå êàðàíäàøîì óêàçàòü: «âåðõ», «íèç». Ãðàôèêè äîëæíû áûòü òùà-

òåëüíî âûïîëíåíû òóøüþ èëè ÷åðíûìè ÷åðíèëàìè: íå ðåêîìåíäóåòñÿ çàãðîìîæäàòü ðèñóíîê íå-
íóæíûìè äåòàëÿìè: áîëüøèíñòâî íàäïèñåé âûíîñèòñÿ â ïîäïèñü, à íà ðèñóíêå çàìåíÿåòñÿ

öèôðàìè èëè áóêâàìè. Æåëàòåëüíî, ÷òîáû ðèñóíêè áûëè ãîòîâû ê ïðÿìîìó ðåïðîäóöèðîâàíèþ.

Ïîäïèñè ê ðèñóíêàì ïðåäñòàâëÿþòñÿ íà îòäåëüíûõ ëèñòàõ.

4. Òàáëèöû äîëæíû áûòü íàïå÷àòàíû íà îòäåëüíûõ ëèñòàõ, êàæäàÿ òàáëèöà äîëæíà èìåòü

çàãîëîâîê. Ñëåäóåò óêàçûâàòü åäèíèöû èçìåðåíèÿ âåëè÷èí â òàáëèöàõ.

5. Ñïèñîê ëèòåðàòóðû ïîìåùàåòñÿ â êîíöå ñòàòüè. Ññûëêè â òåêñòå äàþòñÿ ñ óêàçàíèåì íî-

ìåðà ññûëêè íà ñòðîêå â êâàäðàòíûõ ñêîáêàõ. Â ëèòåðàòóðíîé ññûëêå äîëæíû áûòü óêàçàíû: äëÿ
êíèã — ôàìèëèè àâòîðîâ, èíèöèàëû, íàçâàíèå êíèãè, ãîðîä, èçäàòåëüñòâî (èëè îðãàíèçàöèÿ), ãîä



èçäàíèÿ, òîì (÷àcòü, ãëàâà), öèòèðóåìàÿ ñòðàíèöà, åñëè íóæíî; äëÿ ñòàòåé — ôàìèëèè àâòîðîâ,
èíèöèàëû, íàçâàíèå æóðíàëà, ñåðèÿ, ãîä èçäàíèÿ, òîì (íîìåð, âûïóñê, åñëè ýòî íåîáõîäèìî),

ïåðâàÿ ñòðàíèöà ñòàòüè. Åñëè àâòîðîâ áîëåå ïÿòè, òî óêàçàòü òîëüêî ïåðâûå òðè ôàìèëèè.
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