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„ ´ µ¡§µ· ±µ¢ ·¨ ´É´µ° ±¢ ·±µ¢µ° ³µ¤¥²¨ ¶¨µ´ , µ¸´µ¢ ´´µ° ´  ÔËË¥±É¨¢´µ³ ´¥²µ± ²Ó-
´µ³ ±¢ ·±- ¤·µ´´µ³ ² £· ´¦¨ ´¥ ¸ ´¥²µ± ²Ó´µ¸ÉÓÕ, ¨´¤ÊÍ¨·µ¢ ´´µ° ¨´¸É ´Éµ´´Ò³¨ Ë²Ê±ÉÊ-
 Í¨Ö³¨ ¢ ±ÊÊ³  Š•„. Ÿ¢´µ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò° Ëµ·³ ²¨§³ ¶µ§¢µ²Ö¥É ¶µ¸É·µ¨ÉÓ ¸µ-
Ì· ´ÖÕÐ¨¥¸Ö ¢¥±Éµ·´Ò° ¨  ±¸¨ ²Ó´Ò° Éµ±¨ ¨ ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ¨Ì ¸µ£² ¸¨¥ ¸ · §²¨Î´Ò³¨
Éµ¦¤¥¸É¢ ³¨ “µ·¤  Å ’ ± Ì Ï¨ ¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³¨ É¥µ·¥³ ³¨. ‚ ·¥§Ê²ÓÉ É¥ ¸¶µ´É ´´µ£µ
´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¢µ§´¨± ÕÉ § ¢¨¸ÖÐ¨¥ µÉ ¨³¶Ê²Ó¸  ¤¨´ ³¨Î¥¸± Ö ³ ¸¸  ±¢ ·± 
¨ ¢¥·Ï¨´  ±¢ ·±-¶¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. � · ³¥É·Ò ¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³  Å ¸·¥¤´¨° · §-
³¥· ¨´¸É ´Éµ´  ¨ ÔËË¥±É¨¢´ Ö ³ ¸¸  ±¢ ·±  Å ¢Ò· ¦¥´Ò Î¥·¥§ ¢¥²¨Î¨´Ò ¢ ±ÊÊ³´ÒÌ µ¦¨¤ ´¨°
±¢ ·±-£²Õµ´´ÒÌ µ¶¥· Éµ·µ¢ ´ ¨´¨§Ï¥° · §³¥·´µ¸É¨ ¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ ¶¨-
µ´ .

�µ¤·µ¡´µ · ¸¸³µÉ·¥´ ¶¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· ¶¨µ´  ¤²Ö ¶·µÍ¥¸¸µ¢ γ�γ → π0 ¨
γ�γ� → π0. Š¨´¥³ É¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¶¥·¥Ìµ¤´µ£µ Ëµ·³Ë ±Éµ·  ¶·¨ ¢Ò¸µ±¨Ì ¨³¶Ê²Ó¸ Ì
¶¥·¥¤ Î¨ ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê  ³¶²¨ÉÊ¤µ° · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥
´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥ ¨ ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´´µ° ËÊ´±Í¨¥°. …£µ ¤¨´ ³¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ Ê± -
§Ò¢ ¥É ´  Éµ, ÎÉµ ¶¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· γ�γ → π0 ¶·¨ ¢Ò¸µ±¨Ì ¨³¶Ê²Ó¸ Ì ¶¥·¥¤ Î¨ µÎ¥´Ó
ÎÊ¢¸É¢¨É¥²¥´ ± · §³¥·Ê ´¥²µ± ²Ó´µ¸É¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ Ë²Ê±ÉÊ Í¨° ¢ Š•„-¢ ±ÊÊ³¥. ‚ · ³± Ì
³µ¤¥²¨ ¢ ²¨¤¨·ÊÕÐ¥³ É¢¨¸É¥ ¢ÒÎ¨¸²¥´Ò  ³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ¨ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö
¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥ ¢ ´¨§±µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨ ¶µ·Ö¤±  µ¡· É´µ£µ ¸·¥¤´¥£µ · §³¥· 
¨´¸É ´Éµ´  ρc. ¥§Ê²ÓÉ ÉÒ Š•„ ¶·µÔ¢µ²ÕÍ¨µ´¨·µ¢ ´Ò ± ¡µ²¥¥ ¢Ò¸µ±¨³ ¨³¶Ê²Ó¸ ³ ¶¥·¥¤ Î¨ ¨
´ Ìµ¤ÖÉ¸Ö ¢ · §Ê³´µ³ ¸µ£² ¸¨¨ ¸ ¤µ¸ÉÊ¶´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ µ ¸É·Ê±ÉÊ·¥ ¶¨µ´ .

The covariant quark model of the pion based on the effective nonlocal quark-hadron lagrangian
with nonlocality induced by instanton [uctuations of the QCD vacuum is reviewed. In the explicitly
gauge invariant framework the conserved vector and axial-vector currents are constructed and the
consistence with the WardÄTakahashi identities and low-energy theorems is demonstrated. The spon-
taneous violation of the chiral symmetry result in the momentum dependent dynamical quark mass
and quark-pion vertex. The instanton vacuum parameters, the average size of an instanton and the
effective quark mass, are expressed in terms of the vacuum expectation values of the lowest dimension
quark-gluon operators and the low-energy pion observables.

The pion form factor for the transition processes γ�γ → π0 and γ�γ� → π0 is consid-
ered in detail. The kinematic dependence of the transition form factor at high momentum transfers
allows us to obtain the relation between the pion light-cone distribution amplitude and the quark-
pion vertex function. Its dynamic dependence indicates that the transition form factor γ�γ → π0
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at high momentum transfers is very sensitive to the nonlocality size of nonperturbative [uctua-
tions in the QCD vacuum. In the framework of the model the distribution amplitude as well as
distribution function valence-quark in the pion are calculated in the leading twist at a low nor-
malization scale of an order of the inverse average size of an instanton ρc. The results are QCD
evolved to higher momentum-transfer values and reasonable agreement with available data on the pion
structure is found.

1. ‚‚…„…�ˆ…

�¥¶¥·ÉÊ·¡ É¨¢´Ò° ¢ ±ÊÊ³ Š•„ ¶²µÉ´µ § ¸¥²¥´ ¤²¨´´µ¢µ²´µ¢Ò³¨ Ë²Ê±-
ÉÊ Í¨Ö³¨ £²Õµ´´µ£µ ¨ ±¢ ·±µ¢µ£µ ¶µ²¥°. � · ³¥É·Ò ¶µ·Ö¤±  ÔÉµ£µ ¸²µ¦´µ£µ
¸µ¸ÉµÖ´¨Ö Ì · ±É¥·¨§ÊÕÉ¸Ö ¸ ¶µ³µÐÓÕ ¢ ±ÊÊ³´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ · §-
²¨Î´ÒÌ ¸¨´£²¥É´ÒÌ ±µ³¡¨´ Í¨° ±¢ ·±µ¢ÒÌ ¨ £²Õµ´´ÒÌ ¶µ²¥°, ±µ´¤¥´¸ Éµ¢:
〈: q̄q :〉,

〈
: F a

µνF
a
µν :

〉
,
〈
: q̄(σµνF a

µν
λa

2 )q :
〉
¨ É.¤. �¥´Ê²¥¢µ° ±¢ ·±µ¢Ò° ±µ´-

¤¥´¸ É 〈: q̄q :〉 µÉ¢¥Î ¥É §  ¸¶µ´É ´´µ¥ ´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨. …£µ
¢¥²¨Î¨´  ¡Ò²  µÍ¥´¥´  ³´µ£µ ²¥É ´ § ¤ ¢ ¶µ¤Ìµ¤¥  ²£¥¡·Ò Éµ±µ¢. �¥´Ê²¥¢µ°
£²Õµ´´Ò° ±µ´¤¥´¸ É

〈
: F a

µνF
a
µν :

〉
Î¥·¥§  ´µ³ ²¨Õ ¢ ¸²¥¤¥ É¥´§µ·  Ô´¥·£¨¨-

¨³¶Ê²Ó¸  § ¤ ¥É ³ ¸ÏÉ ¡ ³ ¸¸ ¤²Ö  ¤·µ´µ¢, ¨ ¥£µ ¢¥²¨Î¨´  ¡Ò²  µÍ¥´¥´ 
¢ Š•„-¶· ¢¨² Ì ¸Ê³³ (�‘). ‚ ¦´µ¸ÉÓ ¸¢µ°¸É¢ Š•„-¢ ±ÊÊ³  ¤²Ö Ë¥´µ³¥-
´µ²µ£¨¨  ¤·µ´µ¢ ¡Ò²  µÉ³¥Î¥´  ¢ [1], £¤¥ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ´µ µ¶¥· Éµ·´µ¥
· §²µ¦¥´¨¥ (�) ¤²Ö Éµ£µ, ÎÉµ¡Ò ¸¢Ö§ ÉÓ ¶µ¢¥¤¥´¨¥ ±µ··¥²ÖÉµ·µ¢  ¤·µ´´ÒÌ
Éµ±µ¢ ´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ ¸ ´¥¡µ²ÓÏ¨³ ´ ¡µ·µ³ ±µ´¤¥´¸ Éµ¢. ‡´ Î¥´¨Ö
±µ´¤¥´¸ Éµ¢ ´¨§Ï¥° · §³¥·´µ¸É¨ ¡Ò²¨ ¶µ²ÊÎ¥´Ò Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ ¨§  ´ -
²¨§  Š•„ �‘ ¢ · §²¨Î´ÒÌ  ¤·µ´´ÒÌ ± ´ ² Ì.

�µ§¦¥ ¢µ§´¨±²  ±µ´Í¥¶Í¨Ö ´¥²µ± ²Ó´ÒÌ ¢ ±ÊÊ³´ÒÌ ±µ´¤¥´¸ Éµ¢ ¨²¨ ¢ -
±ÊÊ³´ÒÌ ±µ··¥²ÖÉµ·µ¢ [2, 3]. �É¨ ¢¥²¨Î¨´Ò µ¶¨¸Ò¢ ÕÉ · ¸¶·¥¤¥²¥´¨¥ ±¢ ·-
±µ¢ ¨ £²Õµ´µ¢ ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ ¢ ±ÊÊ³¥. ”¨§¨Î¥¸±¨ ÔÉµ µ§´ Î ¥É, ÎÉµ
Ë²Ê±ÉÊ Í¨¨ ±¢ ·±µ¢ ¨ £²Õµ´µ¢ ¢ ¢ ±ÊÊ³¥ ¨³¥ÕÉ ´¥´Ê²¥¢µ° ¸·¥¤´¥±¢ ¤· É¨Î-
´Ò° ¨³¶Ê²Ó¸. ‘ ÔÉµ° ÉµÎ±¨ §·¥´¨Ö ¸É ´¤ ·É´Ò¥ ¢¥²¨Î¨´Ò ¢ ±ÊÊ³´ÒÌ µ¦¨-
¤ ´¨° (‚‚�), É ±¨¥, ± ± 〈: q̄q :〉,

〈
: q̄D2q :

〉
,
〈
: g2F 2 :

〉
, . . . , ¶µÖ¢²ÖÕÉ¸Ö ± ±

±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ±µ··¥²ÖÉµ·µ¢ ¶µ²¥° ±¢ ·±µ¢
〈

: q̄(0)Ê(0, x)q(x) :
〉

¨ £²Õµ´µ¢
〈

: F a
µν(0)Ê(0, x)F a

µν(x)Ê(x, 0) :
〉

¢ ·Ö¤Ò ’¥°²µ·  ¶µ ¶¥·¥³¥´´µ°

x2/4, £¤¥ Ê(x, y) = P exp
(
i
∫ y

x Aµ(z)dzµ
)
Å Ê¶µ·Ö¤µÎ¥´´Ò° ¶µ ¶ÊÉ¨ Ë -

§µ¢Ò° Ë ±Éµ· ˜¢¨´£¥· , ´¥µ¡Ìµ¤¨³Ò° ¤²Ö ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨
±µ··¥²ÖÉµ·µ¢.

‚ Éµ ¦¥ ¢·¥³Ö ¢ Š•„ Ìµ·µÏµ ¨§¢¥¸É´Ò ¨´¸É ´Éµ´Ò [4], ´¥É·¨¢¨ ²Ó´Ò¥
´¥²µ± ²Ó´Ò¥ ¢ ±ÊÊ³´Ò¥ ·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° Ÿ´£  Å Œ¨²²¸ 
¢ ¶·µ¸É· ´¸É¢¥ …¢±²¨¤ , µ¡² ¤ ÕÐ¨¥ ±µ´¥Î´Ò³ ¤¥°¸É¢¨¥³ ¨ · §³¥·µ³ ρ.
‚ ¦´µ¸ÉÓ ¨´¸É ´Éµ´µ¢ ¤²Ö Š•„ ¸¢Ö§ ´  ¸ ´ ¤¥¦¤µ°, ÎÉµ  ´¸ ³¡²Ó ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¨Ì ¨´¸É ´Éµ´µ¢ ¨  ´É¨¨´¸É ´Éµ´µ¢ ¶·¨¢¥¤¥É ± ·¥ ²¨¸É¨Î¥¸±µ° ³¨-
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±·µ¸±µ¶¨Î¥¸±µ° ± ·É¨´¥ Š•„-¢ ±ÊÊ³  ¢ Ëµ·³¥ ¨´¸É ´Éµ´´µ° ¦¨¤±µ¸É¨ [5,6]
(¸³., ´ ¶·¨³¥·, µ¡§µ· [7]). ˆ§ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨° ¡Ò²µ  ·£Ê-
³¥´É¨·µ¢ ´µ, ÎÉµ · ¸¶·¥¤¥²¥´¨¥ ¨´¸É ´Éµ´µ¢ ¶µ ¨Ì · §³¥· ³ Ö¢²Ö¥É¸Ö ËÊ´±-
Í¨¥° ¸ ·¥§±¨³ ³ ±¸¨³Ê³µ³ ¶·¨ ´¥±µÉµ·µ³ ±µ´¥Î´µ³ ¸·¥¤´¥³ · §³¥·¥ ρc ¨
³µ¦¥É ¡ÒÉÓ  ¶¶·µ±¸¨³¨·µ¢ ´µ n(ρ) ≈ ncδ(ρ − ρc). Š·µ³¥ Éµ£µ, · ¸¸ÉµÖ-
´¨¥ ³¥¦¤Ê ¨´¸É ´Éµ´ ³¨ £µ· §¤µ ¡µ²ÓÏ¥, Î¥³ ¸·¥¤´¨° · §³¥· ¨´¸É ´Éµ´ ,
É ± ÎÉµ ¦¨¤±µ¸ÉÓ Ö¢²Ö¥É¸Ö · §·¥¦¥´´µ°, ¨ ÔËË¥±É¨¢´ Ö ¶²µÉ´µ¸ÉÓ ¨´¸É ´-
Éµ´µ¢ ¢ ¢ ±ÊÊ³¥ nc Ö¢²Ö¥É¸Ö ³ ²Ò³ ¶ · ³¥É·µ³. ˆ§ ¸¢µ°¸É¢ Š•„-¢ ±ÊÊ³  ¨
¸¶¥±É·µ¸±µ¶¨¨  ¤·µ´µ¢ ´ °¤¥´Ò µÍ¥´±¨ nc ∼ 1 Ë³−4 ¨ ρc ∼ 1, 7 ƒÔ‚−1.  §-
·¥¦¥´´µ¸ÉÓ ¨´¸É ´Éµ´´µ° ¦¨¤±µ¸É¨ Ê¤µ¡´µ Ì · ±É¥·¨§µ¢ ÉÓ ¡¥§· §³¥·´Ò³
¶ · ³¥É·µ³ η = (ρcMq)2 .

�¨¦¥ ³Ò ¶µ± ¦¥³, ÎÉµ ¨´¸É ´Éµ´´ Ö ³µ¤¥²Ó Š•„-¢ ±ÊÊ³  ¤ ¥É ¤¨´ ³¨-
Î¥¸±¨° ³¥Ì ´¨§³ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¨ ²¥¦¨É ¢ µ¸´µ¢¥ µ¶¨¸ ´¨Ö
¸¢µ°¸É¢ ¶¨µ´  [6,8Ä10]. qµ²¥¥ Éµ£µ, ¢§ ¨³µ¤¥°¸É¢¨¥ ±¢ ·±µ¢, ¨´¤ÊÍ¨·µ¢ ´´µ¥
¨´¸É ´Éµ´´Ò³ µ¡³¥´µ³, ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¶·¨¢µ¤¨É ± ·¥Ï¥´¨Õ UA(1)-
¶·µ¡²¥³Ò [11, 12] ¨ µÉ¢¥Î ¥É §  ¸¨²Ó´Ò¥, § ¢¨¸ÖÐ¨¥ µÉ ¸¶¨´  ¸¢Ö§¨ ¢  ¤·µ´-
´ÒÌ ³Ê²ÓÉ¨¶²¥É Ì [13]. ‚ [14, 15] ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¨´¸É ´Éµ´´ Ö ³µ¤¥²Ó
Š•„-¢ ±ÊÊ³  ¤ ¥É ¸¶µ¸µ¡ ¤²Ö ¶µ¸É·µ¥´¨Ö ´¥²µ± ²Ó´ÒÌ ¢ ±ÊÊ³´ÒÌ ±µ´¤¥´¸ -
Éµ¢. ‚ ³µ¤¥²¨ ¤¨´ ³¨Î¥¸±¨ £¥´¥·¨·ÊÕÉ¸Ö § ¢¨¸ÖÐ¨¥ µÉ ¨³¶Ê²Ó¸  ÔËË¥±É¨¢-
´ Ö ³ ¸¸  ±¢ ·±  Mq ¨ ¢¥·Ï¨´  ±¢ ·±-¶¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö gπqq . � · -
³¥É·Ò ³µ¤¥²¨ ¨³¥ÕÉ ´ £²Ö¤´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³
¸¢Ö§ ´Ò ¸ µ¸´µ¢´Ò³¨ ¢¥²¨Î¨´ ³¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° Ë¨§¨±¨. ’ ±, § ¢¨¸Ö-
Ð¨¥ µÉ ¨³¶Ê²Ó¸  ÔËË¥±É¨¢´ Ö ³ ¸¸  ±¢ ·±  ¨ ±¢ ·±-¶¨µ´´ Ö ¢¥·Ï¨´  ¢Ò· -
¦¥´Ò Î¥·¥§ ´¥²µ± ²Ó´Ò° ±µ´¤¥´¸ É ±¢ ·±µ¢. „ ²¥¥, µ¡· É´Ò° ÔËË¥±É¨¢´Ò°
· §³¥· ¨´¸É ´Éµ´  ρ−1c ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§³¥·Ö¥É ¸·¥¤´ÕÕ ¢¨·ÉÊ ²Ó´µ¸ÉÓ
±¢ ·±µ¢ ¢ ¢ ±ÊÊ³¥

〈
k2q
〉
≡ λ2q ≈ 2ρ−2c [14] ≈ 0, 5 ƒÔ‚2 [16]. �ËË¥±É¨¢-

´ Ö ³ ¸¸  ±¢ ·±  Mq µ¶·¥¤¥²¥´  Î¥·¥§ ¸µµÉ´µÏ¥´¨¥ ƒµ²¤¡¥·£¥· Å’·¥°³ -
´  Mq = gπqqfπ, ¶·¨Î¥³ ±¢ ·±-¶¨µ´´ Ö ±µ´¸É ´É  ¸¢Ö§¨ gπqq µ¤´µ§´ Î´µ
Ë¨±¸¨·Ê¥É¸Ö ¸ ¶µ³µÐÓÕ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨ ¶¨µ´ . � ±µ´¥Í, ÔËË¥±É¨¢´ Ö
¶²µÉ´µ¸ÉÓ ¨´¸É ´Éµ´µ¢ nc ´¥¶µ¸·¥¤¸É¢¥´´µ µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö Ð¥²¨.
Œµ¤¥²Ó ¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³  ¸µ¤¥·¦¨É ¢¸¥ ¶·¨¢²¥± É¥²Ó´Ò¥ Î¥·ÉÒ ³µ¤¥²¨
� ³¡Ê Å ˆµ´ -‹ §¨´¨µ (�ˆ‹) (¸³., ´ ¶·¨³¥·, µ¡§µ· [17]),   Ê± § ´´Ò¥ ¢ÒÏ¥
µ¸µ¡¥´´µ¸É¨ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¢ ¦´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ¶µ ¸· ¢´¥´¨Õ ¸ · §-
²¨Î´Ò³¨ ¢¥·¸¨Ö³¨ ³µ¤¥²¨ �ˆ‹. qµ²¥¥ Éµ£µ, ¢ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ µ¡· É-
´Ò° ÔËË¥±É¨¢´Ò° · §³¥· ¨´¸É ´Éµ´  ρc Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¶ · ³¥É·µ³
Ê²ÓÉ· Ë¨µ²¥Éµ¢µ£µ µ¡·¥§ ´¨Ö ¢ ±¢ ·±µ¢ÒÌ ¶¥É²¥¢ÒÌ ¨´É¥£· ² Ì, ¨, É ±¨³ µ¡-
· §µ³, µ´  ¸¢µ¡µ¤´  µÉ ¶·µ¨§¢µ²  ¢ ÔÉµ° ¶·µÍ¥¤Ê·¥, ¶·¨¸ÊÐ¥£µ ³µ¤¥²¨ �ˆ‹.

‚ ¦´Ò³  ¸¶¥±Éµ³ · ¸¸³ É·¨¢ ¥³µ° ´¥²µ± ²Ó´µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö ¶·¨-
¢²¥Î¥´¨¥ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ£µ Ëµ·³ ²¨§³ . �¤´¨³ ¨§ ¶·¥¨³ÊÐ¥¸É¢
É ±µ£µ ¶µ¤Ìµ¤  Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶ · ³¥É·Ò ³µ¤¥²¨ ¶·¨µ¡·¥É ÕÉ ¸³Ò¸² ´ -
¡²Õ¤ ¥³ÒÌ,   ¢¸¥ ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò, ¢Ò· ¦¥´´Ò¥ Î¥·¥§ ÔÉ¨ ¶ · -
³¥É·Ò, ¸É ´µ¢ÖÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò³¨. qµ²¥¥ Éµ£µ,
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¨Ì ³µ¦´µ ¸· ¢´¨ÉÓ ¸ É¥³¨, ±µÉµ·Ò¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢ ¤·Ê£¨Ì ¶µ¤Ìµ¤ Ì, µ¸´µ-
¢ ´´ÒÌ ´  Š•„, É ±¨Ì, ± ± ·¥Ï¥ÉµÎ´ Ö Š•„ (·Š•„), Š•„ �‘ ¨ É.¤. � -
µ¡µ·µÉ, ±µ£¤  ¨³¥¥³ ¤¥²µ ¸ ± ²¨¡·µ¢µÎ´µ-´¥¨´¢ ·¨ ´É´Ò³¨ µ¡Ñ¥±É ³¨, Éµ
³µ¦´µ ¢Ò¡· ÉÓ ²Õ¡ÊÕ Ê¤µ¡´ÊÕ ± ²¨¡·µ¢±Ê. ’ ±, ¶·¨ ¶µ¸É·µ¥´¨¨ ÔËË¥±-
É¨¢´µ£µ ¤¥°¸É¢¨Ö ¤²Ö  ´¸ ³¡²Ö ¨´¸É ´Éµ´µ¢ ´ ¨¡µ²¥¥ ¶· ¢¨²Ó´Ò³ ¢Ò¡µ·µ³
Ö¢²Ö¥É¸Ö ¨´¸É ´Éµ´´µ¥ ·¥Ï¥´¨¥ ¢ ¸¨´£Ê²Ö·´µ° ± ²¨¡·µ¢±¥ [6]. ˆ´¸É ´Éµ´Ò
¢ ÔÉµ° ± ²¨¡·µ¢±¥ ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥ ¤µ¸É ÉµÎ´µ ¡Ò¸É·µ Ê¡Ò¢ ÕÉ
´  ¡¥¸±µ´¥Î´µ¸É¨, ÎÉµ ¶·¨¢µ¤¨É ± ³ ²µ³Ê ¶¥·¥±·ÒÉ¨Õ ¸µ¸¥¤´¨Ì ¶¸¥¢¤µÎ -
¸É¨Í, ¨ ±¢ §¨±² ¸¸¨Î¥¸±µ¥ · ¸¸³µÉ·¥´¨¥ ¸É ´µ¢¨É¸Ö µ¶· ¢¤ ´´Ò³. �¤´ ±µ
·¥§Ê²ÓÉ¨·ÊÕÐ¥¥ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¤µ²¦´µ ¡ÒÉÓ ´¥§ ¢¨¸¨³Ò³ µÉ ¢Ò¡µ· 
± ²¨¡·µ¢±¨ ¶µ²¥°, ¨´ Î¥ Ëµ·³  ¤¥°¸É¢¨Ö ¨ ¤·Ê£¨Ì ´ ¡²Õ¤ ¥³ÒÌ ¢Ò£²Ö¤¨É ´¥
¢¶µ²´¥ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ. Š ²¨¡·µ¢µÎ´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ ¶µ¤Ìµ¤  ¤µ¸É¨£ -
¥É¸Ö Ö¢´Ò³ ÊÎ¥Éµ³ Ê¶µ·Ö¤µÎ¥´´ÒÌ ¶µ ¶ÊÉÖ³ Ï¢¨´£¥·µ¢¸±¨Ì P exp-Ë ±Éµ·µ¢
¢ µ¶·¥¤¥²¥´¨ÖÌ ´¥²µ± ²Ó´ÒÌ ¢¥²¨Î¨´ [14, 18] ¨ ¶·¨¢¥¤¥´¨Ö ´¥²µ± ²Ó´µ£µ
±¢ ·±-¶¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ± ¨´¢ ·¨ ´É´µ³Ê ¢¨¤Ê [19,20].

�¡§µ· ¶µ¸É·µ¥´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‚µ ¢Éµ·µ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö
³µ¤¥²Ó ¨´¸É ´Éµ´´µ° ¦¨¤±µ¸É¨ ¨ ´  ¥¥ µ¸´µ¢¥ Å ±¢ ·±-¶¨µ´´ Ö ¤¨´ ³¨± .
‚ É·¥ÉÓ¥³ · §¤¥²¥ ¶µ¤·µ¡´µ µ¡¸Ê¦¤ ¥É¸Ö ¢ÒÎ¨¸²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥-
´¨Ö ¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥. �¥·¢Ò¥ Ö¢²ÖÕÉ¸Ö
µ¸´µ¢´Ò³¨ µ¡Ñ¥±É ³¨ ¶·¨ µ¶¨¸ ´¨¨ ¦¥¸É±¨Ì Ô±¸±²Õ§¨¢´ÒÌ ¶·µÍ¥¸¸µ¢ ¸ ÊÎ -
¸É¨¥³ ¶¨µ´ ,   ¢Éµ·Ò¥ Å ¶·¨ µ¶¨¸ ´¨¨ £²Ê¡µ±µ´¥Ê¶·Ê£¨Ì ¶·µÍ¥¸¸µ¢. �¡ 
· ¸¶·¥¤¥²¥´¨Ö ´¥¸ÊÉ ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¨´Ëµ·³ Í¨Õ µ ¸É·Ê±-
ÉÊ·¥ ¶¨µ´ , ¨ ³Ò ¶µ± ¦¥³, ÎÉµ ¨´¸É ´Éµ´´ Ö ³µ¤¥²Ó Ö¢²Ö¥É¸Ö ´ ¨¡µ²¥¥  ¤¥-
±¢ É´µ° ¶µ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ ¶µ¤Ìµ¤ ³¨.

2. Š
‹ˆ��‚�—��-ˆ�‚
ˆ
�’�
Ÿ �…‹�Š
‹œ�
Ÿ
—…’›…•”…Œˆ���
Ÿ Œ�„…‹œ ˆ ‘�•
�Ÿ�™ˆ…‘Ÿ ’�Šˆ

�ËË¥±É¨¢´µ¥ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ¥ Î¥ÉÒ·¥ÌË¥·³¨µ´´µ¥
¤¥°¸É¢¨¥. ‚ ²µ± ²Ó´ÒÌ É¥µ·¨ÖÌ ± ²¨¡·µ¢µÎ´Ò° ¶·¨´Í¨¶ ³¨´¨³ ²Ó´µ£µ ¤¥°-
¸É¢¨Ö µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É ¢§ ¨³µ¤¥°¸É¢¨¥ ¶µ²¥° ³ É¥·¨¨ ¸ ± ²¨¡·µ¢µÎ-
´Ò³¨ ¶µ²Ö³¨. �¤´ ±µ ¢ ´¥²µ± ²Ó´ÒÌ É¥µ·¨ÖÌ, ± ± ¡Ê¤¥É ¢¨¤´µ ´¨¦¥, É ±µ¥
¢§ ¨³µ¤¥°¸É¢¨¥ ³µ¦¥É ¡ÒÉÓ ¢¢¥¤¥´µ · §²¨Î´Ò³¨ ¸¶µ¸µ¡ ³¨. „²Ö Éµ£µ ÎÉµ¡Ò
¸¤¥² ÉÓ ´¥²µ± ²Ó´µ¥ ¤¥°¸É¢¨¥ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò³ ¶µ µÉ´µÏ¥´¨Õ ±
¢´¥Ï´¨³ ¶µ²Ö³, Ê¤µ¡´µ ¸ ¸ ³µ£µ ´ Î ²  µ¶·¥¤¥²¨ÉÓ ¶µ²¥ ±¢ ·±  ¸ ± ²¨¡·µ-
¢µÎ´Ò³ Ë §µ¢Ò³ Ë ±Éµ·µ³ ˜¢¨´£¥· :

Q(x, y) ≡ P exp
{
−i
∫ y

x

dzµ Λa
µ(z)T a

}
q(y), Λa

µ(z) = V a
µ (z) + Aa

µ(z)γ5,

(1)
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£¤¥ V a
µ (z) ¨ Aa

µ(z) Å ± ²¨¡·µ¢µÎ´Ò¥ ¢¥±Éµ·´µ¥ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ¥ ¶µ²Ö
¸µµÉ¢¥É¸É¢¥´´µ, T a Å £¥´¥· Éµ·Ò £·Ê¶¶Ò  ·µ³ Éµ¢ ¨ P µ¡µ§´ Î ¥É µ¶¥· Éµ·
Ê¶µ·Ö¤µÎ¥´¨Ö ¢¤µ²Ó ¶ÊÉ¨ (±µ´ÉÊ· ), ±µÉµ·Ò° ¢ ± ¦¤µ³ Î²¥´¥ · §²µ¦¥´¨Ö Ô±¸-
¶µ´¥´ÉÒ ¶µ ¸¢µ¥³Ê ¶µ± § É¥²Õ · ¸¸É ¢²Ö¥É ³ É·¨ÍÒ ¸²¥¢  ´ ¶· ¢µ ¢ ¶µ·Ö¤±¥
¤¢¨¦¥´¨Ö ÉµÎ±¨ z ¶µ É· ¥±Éµ·¨¨ µÉ x ± y. �¥µ¤´µ§´ Î´µ¸ÉÓ ¢µ ¢¢¥¤¥´¨¨
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ´¥²µ± ²Ó´µ³ ¶µ¤Ìµ¤¥ ¶·µ¸²¥-
¦¨¢ ¥É¸Ö ¢ ¶µÖ¢²¥´¨¨ § ¢¨¸¨³µ¸É¨ µÉ ¶ÊÉ¨ ¢ µ¶·¥¤¥²¥´¨¨ (1). ‚ Î ¸É´µ¸É¨,
± ± ³Ò Ê¢¨¤¨³ ´¨¦¥, ¸µÌ· ´ÖÕÐ¨¥¸Ö Éµ±¨ ¢ ´¥²µ± ²Ó´ÒÌ ³µ¤¥²ÖÌ, ¢µµ¡Ð¥
£µ¢µ·Ö, ¸µ¸ÉµÖÉ ¨§ ¤¢ÊÌ Î ¸É¥°: ´¥§ ¢¨¸¨³ Ö µÉ ¶ÊÉ¨ ¶·µ¤µ²Ó´ Ö ±µ³¶µ´¥´É 
¨ § ¢¨¸¨³ Ö µÉ ¶ÊÉ¨ ¶µ¶¥·¥Î´ Ö ±µ³¶µ´¥´É . �¥§ ¢¨¸¨³µ¸ÉÓ µÉ ¶ÊÉ¨ ¶·µ-
¤µ²Ó´µ° ±µ³¶µ´¥´ÉÒ ¥¸ÉÓ ¸²¥¤¸É¢¨¥ É·¥¡µ¢ ´¨Ö ´¥¶·¥·Ò¢´µ¸É¨ ¤¨¢¥·£¥´Í¨¨
Éµ± . —Ê¢¸É¢¨É¥²Ó´µ¸ÉÓ ± ¢Ò¡µ·Ê ¶ÊÉ¨ ¶µ¶¥·¥Î´µ° Î ¸É¨ Éµ±  Ö¢²Ö¥É¸Ö µ¸µ-
¡¥´´µ¸ÉÓÕ ²Õ¡µ£µ ³¥Éµ¤ , ¨¸¶µ²Ó§Ê¥³µ£µ ¤²Ö ¶µ¸É·µ¥´¨Ö (Î ¸É¨Î´µ) ¸µÌ· ´Ö-
ÕÐ¥£µ¸Ö Éµ± , ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ´¥²µ± ²Ó´µ³Ê ¤¥°¸É¢¨Õ, ¨ É·¥¡Ê¥É ¤ ²Ó´¥°-
Ï¥£µ ¤µµ¶·¥¤¥²¥´¨Ö. „ ²¥¥ ³Ò ¨¸¶µ²Ó§Ê¥³ Ëµ·³ ²¨§³, ±µÉµ·Ò° µ¸´µ¢ ´ ´ 
´¥§ ¢¨¸¨³µ³ µÉ ¶ÊÉ¨ µ¶·¥¤¥²¥´¨¨ ¶·µ¨§¢µ¤´µ° µÉ ¨´É¥£· ²  ¶µ ²¨´¥°´µ³Ê
±µ´ÉÊ·Ê [21]:

∂

∂yµ

∫ y

x

dzν Λν(z) = Λµ(y), δ(4) (x− y)
∫ y

x

dzν Λν(z) = 0. (2)

’ ±µ¥ µ¶·¥¤¥²¥´¨¥ µ§´ Î ¥É, ÎÉµ Î²¥´Ò ¸ ´¥³¨´¨³ ²Ó´µ° ¸¢Ö§ÓÕ, ¨´¤ÊÍ¨-
·µ¢ ´´Ò¥ ±¨´¥É¨Î¥¸±¨³ Î²¥´µ³ ´¥²µ± ²Ó´µ£µ ¤¥°¸É¢¨Ö, µÉ¡· ¸Ò¢ ÕÉ¸Ö. ‚µ-
µ¡Ð¥ £µ¢µ·Ö, ¢´¥Ï´¨¥ ¶µ²Ö, ¢Ìµ¤ÖÐ¨¥ ¢ (1), Ö¢²ÖÕÉ¸Ö ¢¸¶µ³µ£ É¥²Ó´Ò³¨
¶µ²Ö³¨, ´µ ´¥±µÉµ·Ò¥ ¨§ ´¨Ì ³µ£ÊÉ ¡ÒÉÓ µÉµ¦¤¥¸É¢²¥´Ò ¸ É¥³¨, ±µÉµ·Ò¥
¶¥·¥´µ¸ÖÉ Ô²¥±É·µ³ £´¨É´µ¥, ¸¨²Ó´µ¥ ¨²¨ ¸² ¡µ¥ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚ ¸²Ê-
Î ¥ Ô²¥±É·µ³ £´¨É´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ÔÉµÉ Ë ±Éµ· ÊÎ¨ÉÒ¢ ¥É ÔËË¥±ÉÒ ¨§-
²ÊÎ¥´¨Ö ËµÉµ´´µ£µ ¶µ²Ö, ±µ£¤  ¤¢  ±¢ ·±  Ê¤ ²ÖÕÉ¸Ö ¤·Ê£ µÉ ¤·Ê£ . �ÉµÉ
Ëµ·³ ²¨§³ ¡Ò² ¨¸¶µ²Ó§µ¢ ´ ¢ [19] (¸³. É ±¦¥ [22, 23]) ¤²Ö ¶·¨¤ ´¨Ö ´¥-
²µ± ²Ó´µ³Ê ¢§ ¨³µ¤¥°¸É¢¨Õ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ° Ëµ·³Ò. Š ± ¡Ê¤¥É
¶µ± § ´µ ¢ ¤ ²Ó´¥°Ï¥³, É ± Ö Ëµ·³Ê²¨·µ¢±  ³µ¤¥²¨ ±· °´¥ ¢ ¦´  ¤²Ö ¸ ³µ-
¸µ£² ¸µ¢ ´´µ£µ µ¶¨¸ ´¨Ö  ¤·µ´´ÒÌ Ì · ±É¥·¨¸É¨±, É¥¸É¨·Ê¥³ÒÌ ¢´¥Ï´¨³¨
¨¸ÉµÎ´¨± ³¨, É ±¨Ì, ± ±  ¤·µ´´Ò¥ Ëµ·³Ë ±Éµ·Ò [20] ¨ ¶ ·Éµ´´Ò¥ ËÊ´±Í¨¨
· ¸¶·¥¤¥²¥´¨Ö [24].

‚ µ¡Ð¥° Ëµ·³¥ ´¥²µ± ²Ó´µ¥ ±¨· ²Ó´µ-¨´¢ ·¨ ´É´µ¥ (¸ ÉµÎ´µ¸ÉÓÕ ¤µ
³ ²ÒÌ Éµ±µ¢ÒÌ ³ ¸¸ ±¢ ·±µ¢) ¤¥°¸É¢¨¥ ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ Î¥·¥§ ¶µ²¥¢Ò¥
¶¥·¥³¥´´Ò¥ (1) ± ±

S = S0 + S4q (3)

¸

S0 =
∫
d4xd4y δ (x− y)Q(x,X)(i∂̂y −mc)Q(X, y), (4)
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S4q =
1
2
GI

∫
d4X

∫ 4∏
n=1

d4xnKI(x1, x2, x3, x4) ×

×
{∑

i

[
Q̄R(X − x1, X)ΓiQL(X,X + x3)

]
×

×
[
Q̄R(X − x2, X)ΓiQL(X,X + x4)

]
+ (R↔ L)

}
, (5)

£¤¥ QR(L)(x, y) =
1 ± γ5

2
Q(x, y) Å ±¢ ·±µ¢µ¥ ¶µ²¥ (1) ¸ µ¶·¥¤¥²¥´´µ° ±¨-

· ²Ó´µ¸ÉÓÕ. „¨· ±µ¢¸±µ¥ ¸µ¶·Ö¦¥´¨¥ ¤²Ö ±¢ ·±µ¢µ£µ ¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ± ±
Q̄(x, y) = Q(x, y)†γ0. ‚ (5) ³ É·¨Î´Ò¥ ±µ³¡¨´ Í¨¨ Γi ⊗ Γi ¨³¥ÕÉ ¢¨¤

1 ⊗ 1 − τa ⊗ τa, 1
2 (2Nc − 1)

(σµν ⊗ σµν − τaσµν ⊗ τaσµν), (6)

£¤¥ τa Å ³ É·¨ÍÒ � Ê²¨ ¤²Ö ¶·µ¸É· ´¸É¢   ·µ³ Éµ¢, Nc=3 Å Î¨¸²µ Í¢¥-
Éµ¢. ‘¶¨´- ·µ³ Éµ¢ Ö ¸É·Ê±ÉÊ·  ¤¥°¸É¢¨Ö ¢ (5) ¨´¢ ·¨ ´É´  ¶·¨ £²µ¡ ²Ó´ÒÌ
 ±¸¨ ²Ó´ÒÌ q(x) → exp (iγ5τθ)q(x) ¨ ¢¥±Éµ·´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ q(x) →
→ exp (iτθ)q(x) ¨  ´µ³ ²Ó´µ ´ ·ÊÏ ¥É UA(1)-¸¨³³¥É·¨Õ: q(x) →
→ exp (iγ5θ)q(x). ’µ±µ¢ Ö ³ ¸¸  ±¢ ·±  mc ¶ · ³¥É·¨§Ê¥É ³ ²Ò° ÔËË¥±É
Ö¢´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨. „ ²¥¥ ³Ò µ£· ´¨Î¨³ ¸¥¡Ö Éµ²Ó±µ
¸¥±Éµ·µ³ É¥µ·¨¨ ¸ ´¥¸É· ´´Ò³¨ ±¢ ·± ³¨.

Ÿ¤·µ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ É· ¤¨Í¨µ´´µ° �ˆ‹-³µ¤¥²¨
§ ¤ ¥É¸Ö K(x1, x2, x3, x4) = const

∏4
n=1 d

4xnδ(xn − X), ¨ ¨³¶Ê²Ó¸´µ¥ µ¡-
·¥§ ´¨¥ ¢¢µ¤¨É¸Ö ¶·¨ ΛNJL ∼ 1 ƒÔ‚ ¢ · ¸Ìµ¤ÖÐ¨Ì¸Ö ¶¥É²¥¢ÒÌ ¨´É¥£· ² Ì,
µ¡Ê¸²µ¢²¥´´ÒÌ ±µ´É ±É´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³. „·Ê£¨¥ ¢ ·¨ ´ÉÒ ¢Ò¡µ·  Ö¤· 
³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¢ ²¨É¥· ÉÊ·¥. ‚ · ¸¸³ É·¨¢ ¥³µ° ³µ¤¥²¨ Ëµ·³  Î¥ÉÒ·¥Ì-
±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ (5) ³µÉ¨¢¨·µ¢ ´  ³µ¤¥²ÓÕ ¨´¸É ´Éµ´´µ£µ ¢ ±Ê-
Ê³ , ¨ ¢ ²µ± ²Ó´µ³ ¶·¥¤¥²¥ µ´  ¸¢µ¤¨É¸Ö ± ÔËË¥±É¨¢´µ° ¢¥·Ï¨´¥ 'É •µËÉ .
Ÿ¤·µ µ¶¨¸Ò¢ ¥É ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê ±¢ ·± ³¨, ¨´¤ÊÍ¨·µ¢ ´´µ¥ ¨´¸É ´Éµ´-
´Ò³ µ¡³¥´µ³, ¨ Ö¢²Ö¥É¸Ö ´¥²µ± ²Ó´Ò³ µ¡µ¡Ð¥´¨¥³ �ˆ‹-³µ¤¥²¨.

‚Ò¡¥·¥³ ´¥²µ± ²Ó´µ¥ Ö¤·µ KI(x1, x2, x3, x4) ¢ ¸¥¶ · ¡¥²Ó´µ³ ¶·¨¡²¨¦¥-
´¨¨:

KI(x1, x2, x3, x4) = f(x1)f(x2)f(x3)f(x4), (7)

£¤¥ ËÊ´±Í¨Ö f(x) ¸¢Ö§ ´  ¸ ¶·µË¨²Ó´µ° ËÊ´±Í¨¥° ±¢ ·±µ¢µ° ´Ê²¥¢µ° ³µ¤µ°
¢ ¨´¸É ´Éµ´´µ³ ¶µ²¥ (¸³. ´¨¦¥). �·¥¨³ÊÐ¥¸É¢µ³ ¸¥¶ · ¡¥²Ó´µ£µ ¢§ ¨³µ¤¥°-
¸É¢¨Ö Ö¢²Ö¥É¸Ö Éµ, ÎÉµ µ´µ ¶µ§¢µ²Ö¥É · §·¥Ï¨ÉÓ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö  ´ -
²¨É¨Î¥¸±¨ ¨ ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ¸¢¥¸É¨ ± ±¢ ¤· ÉÊ· ³. ‚ ¨³¶Ê²Ó¸´µ³
¶·µ¸É· ´¸É¢¥ ¸¥¶ · ¡¥²Ó´µ¥ Ö¤·µ ¨³¥¥É ¢¨¤

K̃I(k1, k2, k3, k4) = f̃(k1)f̃(k2)f̃(k3)f̃(k4),
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£¤¥ ki Ö¢²ÖÕÉ¸Ö ¢Ìµ¤ÖÐ¨³¨ (¢ÒÌµ¤ÖÐ¨³¨) ¢ ¢¥·Ï¨´Ê ¨³¶Ê²Ó¸ ³¨ ±¢ ·±µ¢,  
f̃(k) Å ËÊ·Ó¥-µ¡· § µÉ f(x).

�ËË¥±É¨¢´Ò° ¶·µ¶ £ Éµ· ±¢ ·± . ‚ ± Î¥¸É¢¥ ¶¥·¢µ£µ Ï £  ¶µ¸É·µ¨³
ÔËË¥±É¨¢´Ò° ¶·µ¶ £ Éµ· ±¢ ·±  ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö ˜¢¨´£¥·  Å „ °¸µ´ 
(˜„“) ¤²Ö ¸µ¡¸É¢¥´´µ° Ô´¥·£¨¨ ±¢ ·± . ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ÔÉµ Ê· ¢-
´¥´¨¥ ¢ ²¥¸É´¨Î´µ³ ¶·¨¡²¨¦¥´¨¨, ±µÉµ·µ¥ Ô±¢¨¢ ²¥´É´µ ÊÎ¥ÉÊ ²¨¤¨·ÊÕÐ¥£µ
¶µ·Ö¤±  ¢ 1/Nc-· §²µ¦¥´¨¨. �ËË¥±É¨¢´Ò° ¶·µ¶ £ Éµ· ±¢ ·±  µ¶·¥¤¥²Ö¥É¸Ö
± ±

S−1(p) = i
δ2S

δψ (x) δψ (y)

∣∣∣∣
Φ=0

= S−1
0 (p) − iMq(p), (8)

S−1
0 (p) = p̂− imc,

£¤¥ Mq(p) Å § ¢¨¸¨³ Ö µÉ ¨³¶Ê²Ó¸  ³ ¸¸  ±¢ ·± , ¢µ§´¨± ÕÐ Ö ¤¨´ ³¨Î¥-
¸±¨ §  ¸Î¥É ÔËË¥±É  ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ ¢ ¨´¸É ´-
Éµ´´µ³ ¢ ±ÊÊ³¥. “· ¢´¥´¨¥ Ð¥²¨ (¨²¨ Ê· ¢´¥´¨¥ ¸ ³µ¸µ£² ¸µ¢ ´´µ¸É¨) ¤²Ö
§ ¢¨¸ÖÐ¥° µÉ ¨³¶Ê²Ó¸  ³ ¸¸Ò ±¢ ·±  ¶·¨´¨³ ¥É ¢¨¤ ∗ [6, 25]

Mq(p) = mc + 4NcGI f̃
2(p)

∫
d4k

(2π)4
f̃2(k)

Mq(k)
k2 +M2

q (k)
(9)

¨ ¨³¥¥É ·¥Ï¥´¨¥

Mq(p) = mc + (Mq −mc) f̃2(p). (10)

ŒÒ ¤µ²¦´Ò ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¶·¨¡²¨¦¥´¨¨ § ¢¨¸¨³µ¸ÉÓ
³ ¸¸Ò ±¢ ·±  µÉ ¨³¶Ê²Ó¸  ¢µ§´¨± ¥É Éµ²Ó±µ ¡² £µ¤ ·Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ³Ê
¢§ ¨³µ¤¥°¸É¢¨Õ ¸ ¢ ±ÊÊ³µ³ ¨ ´¥ ¸µ¤¥·¦¨É ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¶µ¶· ¢µ± ¶µ ¸¨²Ó-
´µ° ±µ´¸É ´É¥ ¸¢Ö§¨.

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ´¥¶¥·ÉÊ·¡ É¨¢´ Ö Î ¸ÉÓ ¶·µ¶ £ Éµ·  ±¢ ·±  (8) ³µ¦¥É
¡ÒÉÓ ¢ÒÎ¨¸²¥´  ¢ ³µ¤¥²¨ Š•„-¢ ±ÊÊ³ . ‚ ÔËË¥±É¨¢´µ³ µ¤´µ¨´¸É ´Éµ´´µ³
¶·¨¡²¨¦¥´¨¨ [14,18] ¨³¥¥³

Mq(p) = MqQ̃(p), (11)

£¤¥

Mq =
NQρ

2
cnc

m∗ (12)

∗‡¤¥¸Ó ¨ ¤ ²¥¥ ¢¸¥ ¤¨ £· ³³Ò ”¥°´³ ´ , ¶µ¤µ¡´Ò¥ É¥³, ÎÉµ ¢ (9), ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢ ¶·µ¸É· ´-
¸É¢¥ …¢±²¨¤  (k2 → −k2

E , d4k → id4kE), £¤¥ ¨´¤ÊÍ¨·µ¢ ´´Ò¥ ¨´¸É ´Éµ´µ³ Ëµ·³Ë ±Éµ·Ò
µ¶·¥¤¥²¥´Ò ¨ ¡Ò¸É·µ ¸¶ ¤ ÕÉ, É ± ÎÉµ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÒÌ · ¸Ìµ¤¨³µ¸É¥° ´¥ ¢µ§´¨± ¥É. ”¨§¨Î¥-
¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ¶µ²ÊÎ ÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨³ ¶·µ¤µ²¦¥´¨¥³ µ¡· É´µ ¢ ¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ.
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¨

Q̃(p) =
NQ

2
p2

ρ2c

∫
d4x

(2π)4
exp (−ip · x)Q(x2), Q̃(0) = 1; (p = |p|), (13)

Q(x2) = 〈: q̄(0)Eg(0, x)q(x) :〉/〈: q̄(0)q(0) :〉, Q(0) = 1, (14)

£¤¥ Ë ±Éµ· ˜¢¨´£¥·  Eg(0, x) = P exp
(
−ig λa

2

∫ x

0
Aa

µ(z)dzµ
)
, µ¶·¥¤¥²¥´´Ò°

Î¥·¥§ ¢ ±ÊÊ³´µ¥ £²Õµ´´µ¥ ¶µ²¥ Aµ(z), £ · ´É¨·Ê¥É ± ²¨¡·µ¢µÎ´ÊÕ ¨´¢ ·¨-
 ´É´µ¸ÉÓ ¨ NQ ¤ ¥É ´µ·³¨·µ¢±Ê. ‚ ¶·¨¢¥¤¥´´µ³ Ê· ¢´¥´¨¨ Q(x2) Ö¢²Ö¥É¸Ö
´µ·³¨·µ¢ ´´µ° ¨´¤ÊÍ¨·µ¢ ´´µ° ¨´¸É ´Éµ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ´¥¶¥·ÉÊ·¡ -
É¨¢´µ° Î ¸ÉÓÕ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ£µ ¶·µ¶ £ Éµ·  ±¢ ·±  ¢ ±µ´Ë¨£Ê· -
Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É ´¥²µ± ²Ó´Ò¥ ¸¢µ°¸É¢  ±µ´¤¥´¸ É 
±¢ ·±µ¢ [3, 5]. ‡ ³¥É¨³ É ±¦¥, ÎÉµ ¶·µ¶ £ Éµ· ±¢ ·±  (14) ¨³¥¥É ´¥¶µ-
¸·¥¤¸É¢¥´´ÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ¢ ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥²ÒÌ
±¢ ·±µ¢, É ± ± ± µ´ µ¶¨¸Ò¢ ¥É · ¸¶·µ¸É· ´¥´¨¥ ²¥£±µ£µ ±¢ ·±  ¢ Í¢¥É´µ³
¶µ²¥ ¡¥¸±µ´¥Î´µ ÉÖ¦¥²µ£µ ±¢ ·±  [5]. ‚ (12) ¶ · ³¥É· m∗ µ¶·¥¤¥²Ö¥É¸Ö
¸µµÉ´µÏ¥´¨¥³

m∗ = mc + i〈ΨI |S−1
0 (S − S0)S−1

0 |ΨI〉, (15)

£¤¥ 〈ΨI |...|ΨI〉 µ§´ Î ¥É ´¥§ ¢¨¸¨³µ¥ Ê¸·¥¤´¥´¨¥ ¶µ ¨´¸É ´Éµ´´Ò³ ¢ ±ÊÊ³´Ò³
±µ´Ë¨£Ê· Í¨Ö³. �µ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ ¤²Ö ¶·µ¶ £ Éµ·  ±¢ ·±  (8) ¨ (11) ¢
(15), ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥ Ð¥²¨ (¢ ±¨· ²Ó´µ³ ¶·¥¤¥²¥)∫

d4k

(2π)4
M2

q (k)
k2 +M2

q (k)
=
nc

4Nc
, (16)

±µÉµ·µ¥ Ô±¢¨¢ ²¥´É´µ Ê¸²µ¢¨Õ ¸ ³µ¸µ£² ¸µ¢ ´´µ¸É¨, ¤ ´´µ³Ê ¢ [6]. ‘· ¢´¨-
¢ Ö (9) ¨ (16), ´ Ìµ¤¨³, ÎÉµ

f̃(p) =
√
Q̃(p) ¨ GI =

M2
q

Nfnc
. (17)

‚Ò· ¦¥´¨¥ ¤²Ö Î¥ÉÒ·¥ÌË¥·³¨µ´´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ GI ¸µ¢¶ ¤ ¥É ¸ ·¥§Ê²Ó-
É Éµ³, ¶µ²ÊÎ¥´´Ò³ ¢ [6]. ’ ±¨³ µ¡· §µ³, ¢ ¸¥¶ · ¡¥²Ó´µ³ ¶·¨¡²¨¦¥´¨¨
¤²Ö Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ Ö¤·  Ëµ·³  ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ²´µ¸ÉÓÕ Ë¨±¸¨·Ê¥É¸Ö
ÔËË¥±É¨¢´Ò³ ¶µ¢¥¤¥´¨¥³ ±¢ ·±  ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ ¢ ±ÊÊ³¥.

�¥²µ± ²Ó´Ò° ±µ´¤¥´¸ É Q(x) ¨ Ëµ·³Ë ±Éµ· f̃(k) ¥¸É¥¸É¢¥´´Ò³ µ¡· -
§µ³ µ¶·¥¤¥²¥´Ò ¢ ¥¢±²¨¤µ¢¸±µ° µ¡² ¸É¨, £¤¥ µ´¨ ¡Ò¸É·µ ¸¶ ¤ ÕÉ. ‚ Ö¢-
´µ° Ëµ·³¥ ¸± ²Ö·´ Ö Î ¸ÉÓ ¶·µ¶ £ Éµ·  ±¢ ·±  ¢ ¶·¨¡²¨¦¥´¨¨, µ£· ´¨Î¨-
¢ ÕÐe³¸Ö Éµ²Ó±µ ÊÎ¥Éµ³ ´Ê²¥¢ÒÌ ³µ¤ ±¢ ·±  ¢ ¶·µ¶ £ Éµ·¥ ±¢ ·± , ¨³¥¥É
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¢¨¤ [14,18]:

QI(x) =
8ρ2c
π

∫ ∞

0

drr2
∫ ∞

−∞
dt

cos
[
r
R

(
arctan( t+|x|

R ) − arctan( t
R )
)]

[R2 + t2]3/2[R2 + (t+ |x|)2]3/2 , (18)

£¤¥ R2 = ρ2c+r2, ¨ cos [...] Å Ë ±Éµ·, ¢µ§´¨± ÕÐ¨° ¨§ Ô±¸¶µ´¥´ÉÒ ˜¢¨´£¥· ,
ÔËË¥±É¨¢´µ ¸Ê³³¨·Ê¥É ¡¥¸±µ´¥Î´Ò° ´ ¡µ· Ô²¥³¥´É ·´ÒÌ  ±Éµ¢ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ±¢ ·±  ¸ ¨´¸É ´Éµ´ ³¨. �µ·³¨·µ¢µÎ´Ò° ±µÔËË¨Í¨¥´É ¢ (13) · ¢¥´
NQ = 4π2. „²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ (18), ¸²¥¤Ê¥É ¢µ¸¶µ²Ó§µ-
¢ ÉÓ¸Ö Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö ¨´¸É ´Éµ´´µ£µ ¶µ²Ö ¨ ´Ê²¥¢µ° ³µ¤Ò ±¢ ·± .
‘± ²Ö·´Ò° ¶·µ¶ £ Éµ· ±¢ ·±  ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¨ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É -
¢²¥´¨ÖÌ ¨§µ¡· ¦¥´ ´  ·¨¸. 1 ¨ 2 (¸³. É ±¦¥ ¶·¨²µ¦¥´¨¥ �).

‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ ¢ [26], ¨¸¶µ²Ó§ÊÖ ¸É ´¤ ·É´µ¥ �, ¡Ò²¨ ¶µ²ÊÎ¥´Ò
¶¥·ÉÊ·¡ É¨¢´Ò¥ ¨ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¢±² ¤Ò ¢ ¶·µ¶ £ Éµ· ±¢ ·± . �¥¶¥·ÉÊ·-
¡ É¨¢´ Ö Î ¸ÉÓ, ¶·µ¶µ·Í¨µ´ ²Ó´ Ö ±µ´¤¥´¸ ÉÊ ±¢ ·±µ¢ < q̄q >, ¨³¥¥É ²¨-
¤¨·ÊÕÐ¨° Î²¥´ ¸ ¨³¶Ê²Ó¸´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¢ Ëµ·³¥ δ(p) ¨ ¶µ¶· ¢±Ê
αs ∼ p−4. �¥·¢Ò° Î²¥´ Ö¢²Ö¥É¸Ö ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò³,   ¢Éµ·µ°
´¥É. ‚±² ¤, · ¸¸³µÉ·¥´´Ò° ¢ (11), ¸µµÉ¢¥É¸É¢Ê¥É ¶¥·¢µ³Ê ± ²¨¡·µ¢µÎ´µ-
¨´¢ ·¨ ´É´µ³Ê ²¨¤¨·ÊÕÐ¥³Ê ¶µ αs Î²¥´Ê, ±µÉµ·Ò° (¡² £µ¤ ·Ö ´¥²µ± ²Ó´Ò³
¸¢µ°¸É¢ ³ ¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³ ) · §³Ò¢ ¥É ¨³¶Ê²Ó¸´ÊÕ δ-ËÊ´±Í¨Õ ¢ £² ¤-

¨¸. 1. ‘± ²Ö·´ Ö Î ¸ÉÓ ´µ·³¨·µ¢ ´´µ£µ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ£µ ´¥¶¥·ÉÊ·¡ É¨¢-
´µ£µ ¶·µ¶ £ Éµ·  ±¢ ·±  ¢ ¨´¸É ´Éµ´´µ³ ¢ ±ÊÊ³¥ ¢ ¥¢±²¨¤µ¢¸±µ³ ±µ´Ë¨£Ê· Í¨µ´´µ³
¶·µ¸É· ´¸É¢¥ (18) (¸¶²µÏ´ Ö ²¨´¨Ö) ¨ ¶·µ¶ £ Éµ·Ò, ¶µ²ÊÎ¥´´Ò¥ ¡¥§ ÊÎ¥É  P exp-
Ë ±Éµ· , ¸µµÉ¢¥É¸É¢¥´´µ, ¢ ¸¨´£Ê²Ö·´µ° (¶Ê´±É¨·´ Ö) ¨ ·¥£Ê²Ö·´µ° (107) (ÏÉ·¨Ìµ¢ Ö)
± ²¨¡·µ¢± Ì
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¨¸. 2. ’µÉ ¦¥ ¶·µ¶ £ Éµ·, ÎÉµ ¨ ´  ·¨¸. 1, ´µ ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ (13)
(¸¶²µÏ´ Ö ²¨´¨Ö), (108) (ÏÉ·¨Ìµ¢ Ö) ¨ (109) (¶Ê´±É¨·´ Ö)

±¨° Ëµ·³Ë ±Éµ· Q̃(p). �Éµ µ§´ Î ¥É, ÎÉµ ±¢ ·±¨ ¨³¥ÕÉ ¢ ¢ ±ÊÊ³¥ ´¥´Ê²¥¢ÊÕ
¢¨·ÉÊ ²Ó´µ¸ÉÓ (¸·. ¸ δ(p = 0) ¢ �). ”µ·³ ²Ó´µ ÔÉµ ¸¢µ¤¨É¸Ö ± ¸Ê³³¨·µ¢ -
´¨Õ ¡¥¸±µ´¥Î´µ£µ ¶µ¤³´µ¦¥¸É¢  Î²¥´µ¢ ¢ �. ’ ±¨³ µ¡· §µ³, ¢ ²¨¤¨·ÊÕÐ¥³
¶µ αs ¶µ·Ö¤±¥ ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ³ ¸¸  ´¥ § ¢¨¸¨É µÉ ± ²¨¡·µ¢±¨. ‚ ¸²¥¤Ê-
ÕÐ¥³ §  ²¨¤¨·ÊÕÐ¨³ ¶µ·Ö¤±¥ ± ²¨¡·µ¢µÎ´ Ö § ¢¨¸¨³µ¸ÉÓ ¢µ§´¨± ¥É, ± ±
¨ ¢ [26], ´µ ÔÉ¨ Î²¥´Ò ¶µ¤ ¢²¥´Ò ³ ²µ° ±µ´¸É ´Éµ° ¸¢Ö§¨. (‚ ÔËË¥±É¨¢-
´µ³ ¤¥°¸É¢¨¨ ³Ö£± Ö Î ¸ÉÓ £²Õµ´´µ£µ ¶µ²Ö ¶·µ¨´É¥£·¨·µ¢ ´ ). �É³¥É¨³, ÎÉµ
¢ [6] ¨¸¶µ²Ó§Ê¥É¸Ö ¶·µ¶ £ Éµ· ±¢ ·±  ¢ ± ²¨¡·µ¢µÎ´µ-´¥¨´¢ ·¨ ´É´µ° Ëµ·³¥
Q(x2) = 〈: q̄(0)q(x) :〉/〈: q̄(0)q(0) :〉.

’ ±¨³ µ¡· §µ³, · ¸¸³ É·¨¢ ¥³ Ö ³µ¤¥²Ó µ¸´µ¢ ´  ´  ± ²¨¡·µ¢µÎ´µ-¨´-
¢ ·¨ ´É´µ³ ¢Ò· ¦¥´¨¨ ¤²Ö ÔËË¥±É¨¢´µ£µ ¶·µ¶ £ Éµ·  ±¢ ·±  ¢ ¨´¸É ´Éµ´-
´µ³ ¢ ±ÊÊ³¥, ¢ ±µÉµ·µ³ ÔËË¥±É ¶¥·¥· ¸¸¥Ö´¨Ö ´  ¨´¸É ´Éµ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö
P exp-Ë ±Éµ·µ³. ’ ±µ° ¢Ò¡µ· ³µÉ¨¢¨·µ¢ ´ É¥³, ÎÉµ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò,
É ±¨¥, ± ± ±µ´¤¥´¸ É ±¢ ·±µ¢ ¨²¨ ¢¨·ÉÊ ²Ó´µ¸ÉÓ ±¢ ·±  (¸³. ´¨¦¥), µ¶·¥¤¥-
²¥´Ò Î¥·¥§ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò¥ µ¡Ñ¥±ÉÒ. „·Ê£¨³ Ô²¥³¥´Éµ³ ³µ¤¥²¨
Ö¢²Ö¥É¸Ö Ö¤·µ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚ ¸¥¶ · ¡¥²Ó´µ³ ¶·¨¡²¨-
¦¥´¨¨ ¥£µ Ëµ·³  (7) ¶µ²´µ¸ÉÓÕ Ë¨±¸¨·Ê¥É¸Ö Ëµ·³µ° ÔËË¥±É¨¢´µ£µ ¶·µ¶ -
£ Éµ·  ±¢ ·±  ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö Ð¥²¨. q² £µ¤ ·Ö ¨´¢ ·¨ ´É´µ¸É¨ Ëµ·-
³ ²¨§³  Ë ±É¨Î¥¸±¨¥ ¢ÒÎ¨¸²¥´¨Ö, ¢ ±µÉµ·ÒÌ ¤µ³¨´¨·Ê¥É ¢±² ¤ ´Ê²¥¢ÒÌ ³µ¤
±¢ ·±µ¢ ¢ ¶µ²¥ ¨´¸É ´Éµ´ , ³µ£ÊÉ ¡ÒÉÓ ¢Ò¶µ²´¥´Ò ¢ ²Õ¡µ° ± ²¨¡·µ¢±¥ ¤²Ö
¨´¸É ´Éµ´´µ£µ ¶µ²Ö, ¢±²ÕÎ Ö ¸¨´£Ê²Ö·´ÊÕ.

‘µÌ· ´ÖÕÐ¨¥¸Ö Éµ±¨, ¨´¤ÊÍ¨·µ¢ ´´Ò¥ ´¥²µ± ²Ó´Ò³ ¤¥°¸É¢¨¥³. ‘µ-
Ì· ´ÖÕÐ¨¥¸Ö Éµ±¨ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢¥·Ï¨´Ò ¶µ²ÊÎ ÕÉ¸Ö ± ± ¶·µ¨§¢µ¤´Ò¥
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¤¥°¸É¢¨Ö ¶µ ¢´¥Ï´¨³ ¶µ²Ö³ ¶·¨ ´Ê²¥¢ÒÌ §´ Î¥´¨ÖÌ ¶µ²¥°. ‚ ¶·¨¸ÊÉ¸É¢¨¨
´¥²µ± ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸µÌ· ´ÖÕÐ¨¥¸Ö Éµ±¨ ¸µ¸ÉµÖÉ ¨§ ²µ± ²Ó´µ° ¨
´¥²µ± ²Ó´µ° Î ¸É¥° ∗:

ΦΓµa
4q (k1, k2, k3, k4, q) =Φ Γµa

4q, +GIK̃I(k1, k2, k3, k4)×

×
III∑
j=I

∑
i

[(Γα
i )13 (Ωiα )24]

a
j H

µ
j (k1, k2, k3, k4, q) ,

£¤¥ ki Å ¢Ìµ¤ÖÐ¨¥ (¢ÒÌµ¤ÖÐ¨¥) ¨³¶Ê²Ó¸Ò ±¢ ·±µ¢ ¨ q Å ¨³¶Ê²Ó¸, ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨° Éµ±Ê.

‚Ò¢¥¤¥³ ¢ ¤·¥¢¥¸´µ³ ¶·¨¡²¨¦¥´¨¨ ´¥±µÉµ·Ò¥ ¨§ ¢¥·Ï¨´ ¤²Ö ¢´¥Ï´¥£µ
¶µ²Ö, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥£µ ¸ ±¢ ·± ³¨ ¨ ¶¨µ´ ³¨, ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¨¸¶µ²Ó§µ-
¢ ´Ò ¢ ¤¨ £· ³³´µ³ · §²µ¦¥´¨¨ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´. „²Ö ÔÉµ£µ ´¥µ¡Ìµ¤¨³µ
¶µ¸É·µ¨ÉÓ ±¢ ·±-±¢ ·±µ¢Ò¥ ¢¥·Ï¨´Ò, ¢±²ÕÎ ÕÐ¨¥ µ¤¨´ ¨²¨ ¤¢  ¢´¥Ï´¨Ì
Éµ± , ±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ ¢¥±Éµ·´Ò³ ¨²¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò³, ¨ (¨²¨) ¶¨-
µ´Ò. „²Ö Éµ£µ ÎÉµ¡Ò · §²µ¦¨ÉÓ Ê¶µ·Ö¤µÎ¥´´ÊÕ ¶µ ¶ÊÉ¨ Ô±¸¶µ´¥´ÉÊ ¶µ ¢´¥Ï-
´¨³ ¶µ²Ö³, ¨¸¶µ²Ó§Ê¥³ É¥Ì´¨±Ê, µ¶¨¸ ´´ÊÕ ¢ [19] (¸³. É ±¦¥ [27]). �ÉµÉ ³¥-
Éµ¤, ¢µ-¶¥·¢ÒÌ, ¸µ¸Éµ¨É ¢ ´ Ìµ¦¤¥´¨¨ ËÊ·Ó¥-µ¡· §  ¨ · §²µ¦¥´¨¨ ¢ ·Ö¤ ’¥°-
²µ·  ´¥²µ± ²Ó´ÒÌ ËÊ´±Í¨° KI(x1, x2, x3, x4) ¨ FI(x1, x2); § É¥³ ´¥µ¡Ìµ¤¨³µ
¶·¥¢· É¨ÉÓ ¸É¥¶¥´¨ ¨³¶Ê²Ó¸  ¢ ¶·µ¨§¢µ¤´Ò¥, ¤¥°¸É¢ÊÕÐ¨¥ ´  Ê¶µ·Ö¤µÎ¥´-
´ÊÕ ¶µ ¶ÊÉ¨ Ô±¸¶µ´¥´ÉÊ ¨ ±¢ ·±µ¢Ò¥ ¶µ²Ö, ¸¤¥² ÉÓ µ¡· É´µ¥ ¶·¥µ¡· §µ¢ ´¨¥
”Ê·Ó¥ ¨ µ¶ÖÉÓ ¶·µ¸Ê³³¨·µ¢ ÉÓ. ‘¢µ°¸É¢ ³¨ ±µ´ÉÊ·´µ£µ ¨´É¥£· ² , ±µÉµ·Ò¥
¸²¥¤Ê¥É ¨´É¥´¸¨¢´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ÔÉµ° ¶·µÍ¥¤Ê·¥, Ö¢²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨¥
(2) ¨ ¥£µ ËÊ·Ó¥-µ¡· §:∫

d4xf
(
x2
)

e−ipx

∫ λx+a

y

dzµ e−iqz =

= iλ (2p+ qλ)µ
f (p+ λq) − f (p)

(p+ λq)2 − p2
e−iqa + f

(
p2
) ∫ a

y

dzµ e−iqz . (19)

�¨¦¥ ¶·¨¢¥¤¥´Ò ´¥¸±µ²Ó±µ ¶·¨³¥·µ¢ ¢¥·Ï¨´, ´ °¤¥´´ÒÌ É ±¨³ µ¡· §µ³.

∗‡¤¥¸Ó ³Ò ¸²¥¤Ê¥³ ¸¶¨´-¨§µ¸¶¨´µ¢µ° ±² ¸¸¨Ë¨± Í¨¨ Éµ±µ¢, ¤ ´´µ° ¢ [20]. �É²¨Î¨¥ ´ -
Ï¥£µ µ¶·¥¤¥²¥´¨Ö µÉ ¨¸¶µ²Ó§Ê¥³µ£µ ¢ Ê± § ´´µ° · ¡µÉ¥ ¸µ¸Éµ¨É ¢ µ¶·¥¤¥²¥´¨¨ ¨´É¥£· ²  ¶µ
±µ´ÉÊ·Ê. �Éµ · §²¨Î¨¥ ¶·µÖ¢²Ö¥É¸Ö ¢ Ëµ·³¥ (¨³¶Ê²Ó¸´µ°) ¶·µ¸É· ´¸É¢¥´´µ° § ¢¨¸¨³µ¸É¨ ´¥²µ-
± ²Ó´µ£µ Ëµ·³Ë ±Éµ·  Fµ(k′, k) ¢ (21) ¨ ¸± §Ò¢ ¥É¸Ö ´  ¢Ò· ¦¥´¨ÖÌ ¤²Ö ¶µ¶¥·¥Î´ÒÌ ±µ³¶µ´¥´É
Éµ±µ¢. ‚ Éµ ¦¥ ¢·¥³Ö ¶·µ¤µ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ Éµ±µ¢ µ¤¨´ ±µ¢Ò ¢ µ¡µ¨Ì ¶µ¤Ìµ¤ Ì, ± ± ÔÉµ ¨
¤µ²¦´µ ¡ÒÉÓ.
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ˆ¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨Ö (1), (2), ¢¨¤¨³, ÎÉµ ´ ²¨Î¨¥ Ê¶µ·Ö¤µÎ¥´´µ° ¶µ
¶ÊÉ¨ Ô±¸¶µ´¥´ÉÒ ¢ ±¨´¥É¨Î¥¸±µ³ Î²¥´¥ (4) Ô±¢¨¢ ²¥´É´µ ¤¥°¸É¢¨Õ ±µ¢ ·¨-
 ´É´µ° ¶·µ¨§¢µ¤´µ°∫

d4xd4y δ (x− y)Q(x,X)i∂̂yQ(X, y) →
∫
d4xd4y δ (x− y)ψ(x)iD̂yψ(y),

iD̂y → i∂̂y + V̂ (y) + Â(y)γ5,

ÎÉµ ¶·¨¢µ¤¨É ± ¸É ´¤ ·É´µ° ²µ± ²Ó´µ° Î ¸É¨ Éµ±µ¢. ’ ±¨³ µ¡· §µ³, ³¨´¨-
³ ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö ¨ ¶·¨ ¢¢¥¤¥´¨¨ § ¢¨¸¨³µ£µ µÉ
¶ÊÉ¨ Ë ±Éµ·  ¢ (1). ‹µ± ²Ó´Ò¥ ¢±² ¤Ò ¢ ¢¥·Ï¨´Ò, ¢µ§´¨± ÕÐ¨¥ ¨§ ¢§ ¨-
³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ ¸ Éµ± ³¨ (4), § ¤ ÕÉ¸Ö ± ±

ΦΓloc (x, y, z) = i
δ3S0

δΦ (z) δψ (x) δψ (y)

∣∣∣∣
Φ=0

,

£¤¥ Φ (z) µ¡µ§´ Î ¥É ¢´¥Ï´¨¥ ¶µ²Ö Vµ(z), Aa
µ(z). �¥·¥Ìµ¤Ö ± ËÊ·Ó¥-µ¡· §Ê ¸

¶µ³µÐÓÕ exp [i (k′x− ky − qz)] ¨ µ¶Ê¸± Ö (2π)4 δ (k′ − k − q), ´ Ìµ¤¨³
V Γµa

loc (k, q, k′ = k + q) = γµT a, AΓµa
loc (k, q, k′ = k + q) = γµγ5T a,

£¤¥ Ta = τa/2, k (k′ = k + q) Ö¢²Ö¥É¸Ö ¢Ìµ¤ÖÐ¨³ (¢ÒÌµ¤ÖÐ¨³) ¨³¶Ê²Ó¸o³
±¢ ·±  ¨ q Å ¨³¶Ê²Ó¸, ±µÉµ·Ò° ¶·µÉ¥± ¥É Î¥·¥§ Éµ±.

�¥²µ± ²Ó´Ò° Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò° ¢±² ¤ ¢ ¢¥·Ï¨´Ò, ¶µ¸É·µ¥´´Ò° ¨§ ¢§ ¨-
³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ ¸ Éµ± ³¨ (5), ¨³¥¥É ¢¨¤

ΦΓnl (x1, x2, x3, x4, z) = i
δ5Sqπ

δΦ (z) δψ (x1) δψ (x3) δψ (x2) δψ (x4)

∣∣∣∣
Φ=0

¨ § ¤ ¥É¸Ö ¢Ò· ¦¥´¨Ö³¨, ¶·¥¤¸É ¢²¥´´Ò³¨ ´¨¦¥. ŒÒ ´¥ ¢Ò¶¨¸Ò¢ ¥³
Ö¢´µ Ë ±Éµ· δ(4)(k1 + k2 + q− k3 − k4), ¸µµÉ¢¥É¸É¢ÊÕÐ¨° § ±µ´Ê ¸µÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸ . ‚¸¥£µ ¢µ§´¨± ¥É É·¨ É¨¶  ´¥²µ± ²Ó´ÒÌ ¢¥·Ï¨´
Hµ

j (k1, k2, k3, k4, q), ¶µ¸É·µ¥´´ÒÌ ¨§ (5). ’¨¶ I § ¤ ¥É¸Ö ± ±

Hµ
I (k1, k2, k3, k4, q) = Fµ (k1 + q, k1) + Fµ (k3 − q, k3) , (20)

£¤¥

Fµ (k ± q, k) = (2k ± q)µ f (k ± q) /f (k) − 1
(k ± q)2 − k2

, (21)

¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ±µ³¡¨´ Í¨Ö³¨ ³ É·¨Í
[
(Γα

i )13 (Ωiα )24
]a
I
¤²Ö ¨§µ¸± -

²Ö·´µ£µ ¢¥±Éµ·´µ£µ Éµ±  I:

(1 ⊗ 1 + iγ5τa ⊗ iγ5τa), −(τa ⊗ τa + iγ5 ⊗ iγ5), (22)
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¨§µ¢¥±Éµ·´µ£µ ¢¥±Éµ·´µ£µ Éµ±  I:

(τa ⊗ 1 + iγ5 ⊗ iγ5τa), −(1 ⊗ τa + iγ5τa ⊗ iγ5), (23)

¨§µ¢¥±Éµ·´µ£µ  ±¸¨ ²Ó´µ£µ Éµ±  I:

εabc(τc ⊗ iγ5τb), −εabc(iγ5τb ⊗ τc). (24)

�¥²µ± ²Ó´ Ö ¸É·Ê±ÉÊ·  É¨¶  II É ±¦¥ ¢µ§´¨± ¥É ¢ ¨§µ¢¥±Éµ·´µ³ ¢¥±Éµ·-
´µ³ Éµ±¥

Hµ
II (k1, k2, k3, k4, q) = Fµ (k2 + q, k2) + Fµ (k3 − q, k3) , (25)

  ¸¶¨´-¨§µ¸¶¨´µ¢Ò¥ ³ É·¨ÍÒ ¶µÖ¢²ÖÕÉ¸Ö ¢ ±µ³¡¨´ Í¨ÖÌ: (¨§µ¢¥±Éµ·´Ò° ¢¥±-
Éµ·´Ò° Éµ± II)

iεabc(iγ5τb ⊗ iγ5τc), −iεabc(τb ⊗ τc). (26)

‚ ¨§µ¢¥±Éµ·´µ³  ±¸¨ ²Ó´µ³ Éµ±¥ ´¥ ¢µ§´¨± ¥É ¸É·Ê±ÉÊ·  É¨¶  II, ´µ ¶µÖ¢²Ö-
¥É¸Ö ´¥²µ± ²Ó´ Ö ¸É·Ê±ÉÊ·  É·¥ÉÓ¥£µ ·µ¤ :

Hµ
III (k1, k2, k3, k4, q) = Fµ (k2 + q, k2) + Fµ (k3 − q, k3) −

− Fµ (k1 + q, k1) − Fµ (k4 − q, k4) (27)

¸ ³ É·¨Î´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ (¨§µ¢¥±Éµ·´Ò°  ±¸¨ ²Ó´Ò° Éµ± III)

(iγ5τa ⊗ 1), −(iγ5 ⊗ τa). (28)

‚Ò¶¨¸ ´´Ò³ ¢Ò· ¦¥´¨Ö³ ¤²Ö ¢¥·Ï¨´ ³µ£ÊÉ ¡ÒÉÓ ¸µ¶µ¸É ¢²¥´Ò ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨¥ Éµ±¨. � ¶·¨³¥·, ¶µ²´Ò°  ±¸¨ ²Ó´Ò° ¢¥±Éµ·´Ò° Éµ± ¶·¨´¨³ ¥É
¢¨¤

jµa5 (x) = jµa5(loc)(x) + jµa5(nl)(x),

jµa5(loc)(x) =
1
2
q̄(x)γµγ5τaq(x), (29)

jµa5(nl)(x) =
∫
dx1dx2dx3dx4 K(x1, x2, x3, x4) ×

×
{[∫ x4

x1

dzµδ(z − x) −
∫ x3

x2

dzµδ(z − x)
]
×

× q̄(x1)iγ5τaq(x3)q̄(x2)q(x4) +

+
∫ x3

x1

dzµδ(z − x)iεabcq̄(x1)τbq(x3)q̄(x2)iγ5τcq(x4)
}
. (30)

�¨¦¥ ³Ò Ê¢¨¤¨³, ÎÉµ ´¥²µ± ²Ó´Ò¥ Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò¥ Éµ±¨ ¨´¤ÊÍ¨·ÊÕÉ ¢±² ¤Ò
¢ ¶µ²´ÊÕ ¢¥·Ï¨´Ê Jqq, ±µ£¤  µ¤´  ±¢ ·±µ¢ Ö ²¨´¨Ö § ³±´ÊÉ  ¢ ¶¥É²Õ.
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8·µ¶ £ Éµ· ¶¨µ´  ¨ ±¢ ·±-¶¨µ´´ Ö ¢¥·Ï¨´ . ‚§ ¨³µ¤¥°¸É¢¨¥ ±¢ ·±µ¢,
¨´¤ÊÍ¨·µ¢ ´´µ¥ ¨´¸É ´Éµ´´Ò³ µ¡³¥´µ³, µÉ¢¥É¸É¢¥´´µ §  ¸¨²Ó´Ò¥, § ¢¨¸ÖÐ¨¥
µÉ ¸¶¨´  ¸¢Ö§¨ ¢  ¤·µ´´ÒÌ ³Ê²ÓÉ¨¶²¥É Ì [13]. ‚ Î ¸É´µ¸É¨, ÔÉµ ¢§ ¨³µ¤¥°-
¸É¢¨¥ Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¨³ ¤²Ö ³¥§µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¶¸¥¢¤µ¸± ²Ö·´µ£µ
µ±É¥É , µÉÉ ²±¨¢ ÕÐ¨³ ¤²Ö ¨§µ¸¨´£²¥É  η′, ¨ µÉ¸ÊÉ¸É¢Ê¥É (¢ ¶·¨¡²¨¦¥´¨¨
´Ê²¥¢ÒÌ ³µ¤) ¢ ¢¥±Éµ·´ÒÌ ³¥§µ´ Ì ρ, ω ¨ É.¤. …¸²¨ ¶·¨ÉÖ¦¥´¨¥ Ö¢²Ö¥É¸Ö
¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³, Éµ µ´µ ³µ¦¥É ¶¥·¥¸É·µ¨ÉÓ ¢ ±ÊÊ³ ¨ ¸¢Ö§ ÉÓ ±¢ ·± ¨
 ´É¨±¢ ·± ¢ Ëµ·³¥ ²¥£±µ£µ (£µ²¤¸ÉµÊ´µ¢¸±µ£µ) ³¥§µ´ .

Œ ¸¸  ¶¨µ´ ∗ ¨ ¢¥·Ï¨´´ Ö ËÊ´±Í¨Ö ´ Ìµ¤ÖÉ¸Ö ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö
q¥É¥ Å ‘µ²¶¨É¥·  (q‘“). „²Ö ¸µ£² ¸¨Ö ¸ ˜„“ (9), q‘“ · ¸¸³ É·¨¢ ¥É¸Ö
¢ ²¥¸É´¨Î´µ³ ¶·¨¡²¨¦¥´¨¨. ‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¸¥¶ · ¡¥²Ó´µ¥ ¢§ ¨³µ¤¥°-
¸É¢¨¥ ¶µ§¢µ²Ö¥É § ¶¨¸ ÉÓ q̄q-³ É·¨ÍÊ · ¸¸¥Ö´¨Ö T ¢ Ëµ·³¥

T (p1, p2, p3, p4) =
∏
n

f̃(pn) δ(p1 + p2 − p3 − p4)T̂ (q), (31)

£¤¥ ¶µ²´Ò° ¨³¶Ê²Ó¸ qq ¶ ·Ò µ¡µ§´ Î¥´ q = p1 − p3 = p4 − p2. q‘“ ³µ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ Î¥·¥§ T̂ ± ±

T̂ (q) = GI +GIΠPP (q)T̂ (q), (32)

£¤¥ ΠPP (q) Ö¢²Ö¥É¸Ö ¶µ²Ö·¨§ Í¨µ´´Ò³ µ¶¥· Éµ·µ³ ¶¨µ´´µ£µ ¶µ²Ö ¨ § ¤ ¥É¸Ö
¶¥É²¥¢Ò³ ¨´É¥£· ²µ³

ΠPP (q) = i2Nc

∫
d4k

(2π)4
F̃ 2(k+, k−)Tr[iγ5SF (k−)iγ5SF (k+)], (33)

£¤¥ k± = k ± 1
2q,

F̃ (k, k′) = f̃(k)f̃(k′), (34)

¨ SF (k) Å ÔËË¥±É¨¢´Ò° ¶·µ¶ £ Éµ· ±¢ ·±  (8), ¶µ²ÊÎ¥´´Ò° ± ± ·¥Ï¥´¨¥
˜„“ ¢ ²¥¸É´¨Î´µ³ ¶·¨¡²¨¦¥´¨¨. ¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (32) ¨³¥¥É ¢¨¤

T̂ (q) =
1

1 −GIΠPP (q)
GI . (35)

‘¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ ¶¨µ´  ¤ ¥É¸Ö ¶µ²Õ¸µ³ T̂ ¨ ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´µ
¨§ Ê· ¢´¥´¨Ö

det(1 −GIΠPP (q))|q2=m2
π

= 0. (36)

∗‚ ±¨· ²Ó´µ³ ¶·¥¤¥²¥, ±µÉµ·Ò° ¢ µ¸´µ¢´µ³ ³Ò ¨¸¶µ²Ó§Ê¥³ ¢ · ¡µÉ¥, ³ ¸¸  ¶¨µ´  Ö¢²Ö-
¥É¸Ö ´Ê²¥¢µ° ¢ ¸µ£² ¸¨¨ ¸ É¥µ·¥³µ° ƒµ²¤¸ÉµÊ´ , ¨ ¶·¨ ±µ´¥Î´ÒÌ Éµ±µ¢ÒÌ ³ ¸¸ Ì ±¢ ·±µ¢ µ´ 
¶µ²ÊÎ ¥É¸Ö ¨§ ¸µµÉ´µÏ¥´¨Ö ƒ¥²²-M ´´  Å �±¸  Å ¥´´¥· . Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ Î¨¸²¥´´ Ö
§ ¢¨¸¨³µ¸ÉÓ ·¥§Ê²ÓÉ Éµ¢ µÉ ³ ¸¸Ò ¶¨µ´  ¨ Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·±  ¶·¥´¥¡·¥¦¨³µ ³ ² .
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‚ µ±·¥¸É´µ¸É¨ ¶¨µ´´µ£µ ¶µ²Õ¸  ³ É·¨Í  T̂ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ± ±

−Dπ

(
q2
)
g2πqqV (q) ⊗ V (q), (37)

£¤¥

Dπ

(
q2
)

=
1

q2 −m2π

¥¸ÉÓ ¶·µ¶ £ Éµ· ³¥§µ´  ¨ V (q) µ¡µ§´ Î ¥É ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¢¥·Ï¨´´ÊÕ ËÊ´±-
Í¨Õ. ‚¥·Ï¨´´Ò¥ ËÊ´±Í¨¨ ¤²Ö ±µ´¥Î´µ£µ ¨ ´ Î ²Ó´µ£µ ¸µ¸ÉµÖ´¨° ¸¢Ö§ ´Ò
¸µµÉ´µÏ¥´¨¥³ V̄ = γ0V †γ0. „²Ö ¶¨µ´  ¨³¥¥³

Vπ(q) = iγ5τa, (38)

¨ ±¢ ·±-¶¨µ´´ Ö ¢¥·Ï¨´  ¢ µ±·¥¸É´µ¸É¨ ¶µ²Õ¸  § ¤ ¥É¸Ö

Γa
πq (k, p) = gπqqF̃ (p− k, k) iγ5T a. (39)

Š¢ ·±-¶¨µ´´ Ö ±µ´¸É ´É  µ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ¢¨¥³ ¸¢Ö§´µ¸É¨ [28]:

1
g2πqq

=
dΠPP (q2)
dq2

∣∣∣∣
q2=m2

π

=
[

2π2

NcIgπ(−m2π)

]−1
, (40)

£¤¥, ¢ ¸²ÊÎ ¥ ¡¥§³ ¸¸µ¢µ£µ ¶¨µ´ , ¨´É¥£· ² Igπ ¸¢µ¤¨É¸Ö ±

Igπ(0) =

∞∫
0

dk k3Q̃(k)2

D2(k)

1 − k
2
Q̃′(k)
Q̃(k)

+

(
k

2
Q̃′(k)
Q̃(k)

)2 (41)

¸

Q̃′(k) =
d

dk
Q̃(k), D(k) = M2

q Q̃
2(k) + k2. (42)

Š ± ³Ò Ê¢¨¤¨³ ´¨¦¥, Ê¸²µ¢¨¥ (40), ¤µ¶µ²´¥´´µ¥ ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É-
´µ¸ÉÓÕ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö, ¶·¨¢µ¤¨É ± ¢Ò¶µ²´¥´¨Õ ¶ ·Éµ´´ÒÌ �‘ ¤²Ö
¨§µ¸¶¨´  ¨ ¨³¶Ê²Ó¸ . �É³¥É¨³, ÎÉµ ¢Ò· ¦¥´¨¥ ¤²Ö gπqq̄ , ¤ ´´µ¥ ¢ (40) ¨ (41),
¸µ£² ¸Ê¥É¸Ö ¸ É¥³, ±µÉµ·µ¥ ¶µ²ÊÎ¥´µ ¢ [9].

�ËË¥±É¨¢´Ò° ±¨· ²Ó´Ò° ² £· ´¦¨ ´. �µ§¥´¨§ Í¨Ö ³µ¤¥²¨. ¥§Ê²Ó-
É ÉÒ ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥²  ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥Ëµ·³Ê²¨·µ¢ ´Ò ¢ Ô±¢¨¢ ²¥´É´µ°
Ëµ·³¥, ´µ ¤²Ö ÔËË¥±É¨¢´µ£µ ±¢ ·±-³¥§µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, ¸ ¶µ³µÐÓÕ
¶·µÍ¥¤Ê·Ò ¡µ§¥´¨§ Í¨¨ ¶µ²¥°. „²Ö ÔÉµ£µ Ê¤µ¡´µ ¶¥·¥¶¨¸ ÉÓ ¸¥¶ · ¡¥²Ó´Ò°
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Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò° Î²¥´ ¢ ¤¥°¸É¢¨¨ (5), ²¨´¥ ·¨§ÊÖ ¡¨²µ± ²Ó´Ò¥ ±µ³¡¨-
´ Í¨¨ q̄(x)q(y) ¨ q̄(x)γ58τq(y) ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´¨Ö ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¸µ¸É ¢-
´ÒÌ ³¥§µ´´ÒÌ ¶µ²¥° M(x) [29] (¶·¨¡²¨¦¥´¨¥ ¸·¥¤´¥£µ ¶µ²Ö). ’µ£¤  ¶·¨Ìµ-
¤¨³ ± ¸²¥¤ÊÕÐ¥° Ëµ·³¥ ÔËË¥±É¨¢´µ£µ ´¥²µ± ²Ó´µ£µ ¤¥°¸É¢¨Ö, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¥£µ (5):

S = S0 + Sint, (43)

£¤¥ S0 Ö¢²Ö¥É¸Ö ¸¢µ¡µ¤´Ò³ ¤¥°¸É¢¨¥³ ¤²Ö ¶µ²¥° ±¢ ·±µ¢ ¨ ³¥§µ´µ¢:

S0 =
∫
d4x

{
q̄(x) iD̂q(x) +

1
2
[
σ(x)(∆ −m2σ)σ(x)

]
+

+
1
2
[
8π(x)(∆ −m2π)8π(x)

]}
, (44)

¨ Sint ¥¸ÉÓ ±¢ ·±-¶¨µ´´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥

Sint = −Mq

∫
d4Xd4x1d

4x2f(x1)f(x2)Q̄(X − x1;X)Uπ (X) Q(X ;X + x2),

(45)

£¤¥

Uπ (X) = exp
(
−gπq̄q
Mq

iγ5τ
aπa(X)

)
=

=

[
1 − gπq̄q

Mq
(iγ5τa)πa(X) − 1

2

(
gπq̄q
Mq

)2
πa(X)2 +O(M−3

q )

]
. (46)

‚ (44), (45) ¶·¥´¥¡·¥£ ¥³ Î²¥´ ³¨, ¨´¤ÊÍ¨·µ¢ ´´Ò³¨ É¥´§µ·´Ò³ ¢§ ¨³µ-
¤¥°¸É¢¨¥³ ¢ (5), É ± ± ± µ´¨ ´¥ ¤ ÕÉ ¢±² ¤  ¢ ¸± ²Ö·´µ³ ± ´ ²¥. ”Ê·Ó¥-µ¡· §
µÉ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ° ´¥²µ± ²Ó´µ° ¢¥·Ï¨´Ò F̃ (k1, k2) µ¶¨¸Ò¢ ¥É
 ³¶²¨ÉÊ¤Ê ³Ö£±µ£µ ¶¥·¥Ìµ¤  ¶¨µ´  ¸ ¨³¶Ê²Ó¸µ³ p ¢ ±¢ ·± ¨  ´É¨±¢ ·± ¸
¨³¶Ê²Ó¸ ³¨ k1 = p+ k/2 ¨ k2 = p− k/2 ¸µµÉ¢¥É¸É¢¥´´µ. �É  ËÊ´±Í¨Ö ¶·¥¤-
¸É ¢²Ö¥É ¶µ²´ÊÕ ¢¥·Ï¨´Ê ¢§ ¨³µ¤¥°¸É¢¨Ö ¸µ ¢¸¥³¨ ±¢ ·±-£²Õµ´´Ò³¨ ¢µ§¡Ê-
¦¤¥´¨Ö³¨ ¦¥¸ÉÎ¥, Î¥³ ³ ¸ÏÉ ¡ µ0 ∼ 1/ρc, ¸¨²Ó´µ (Ô±¸¶µ´¥´Í¨ ²Ó´µ) ¶µ¤ -
¢²¥´´µ°. ‚ ¦´µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¶¨µ´´µ¥ ¶µ²¥, ¢Ìµ¤ÖÐ¥¥ ¢ ¤¥°¸É¢¨¥ (43),
Ö¢²Ö¥É¸Ö ¶¥·¥´µ·³¨·µ¢ ´´Ò³,   ±µ´¸É ´É  ¶¥·¥´µ·³¨·µ¢±¨ ¶µ²Ö ¸µ¸É ¢´µ£µ
³¥§µ´  ¢Ò¡¨· ¥É¸Ö · ¢´µ° ´Ê²Õ:

Zπ = 1 − g2πqq̄
∂Ππ(p2)
∂p2

∣∣∣∣
p2=−m2

π

= 0. (47)

�Éµ Ê¸²µ¢¨¥ ¸¢Ö§´µ¸É¨ [28], Ë¨±¸¨·ÊÕÐ¥¥ ±µ´¸É ´ÉÊ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶¨µ´-
´µ£µ ¶µ²Ö ¸ ±¢ ·± ³¨ gπqq̄ , Ô±¢¨¢ ²¥´É´µ Ê¸²µ¢¨Õ (40).
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”¨§¨Î¥¸±¨¥ Éµ±¨. ‚¥·Ï¨´Ò, ¤ ´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¥° Î ¸É¨, Ö¢²ÖÕÉ¸Ö ®£µ-
²Ò³¨¯. ’¥¶¥·Ó ´¥µ¡Ìµ¤¨³µ ®µ¤¥ÉÓ¯ ³µ¤¥²Ó ¸ ¶µ³µÐÓÕ ÊÎ¥É  ¶·µÍ¥¸¸µ¢ ¶¥·¥-
· ¸¸¥Ö´¨Ö. �ËË¥±É¨¢´Ò¥ ¢¥±Éµ·´Ò¥ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò¥ ¶µ²´Ò¥ ¢¥·Ï¨´Ò
´¥µ¡Ìµ¤¨³Ò ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ³´µ£¨Ì Ë¨§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢ ¨ ¡Ê¤ÊÉ µ¶¨¸ ´Ò
¡µ²¥¥ ¤¥É ²Ó´µ ´¨¦¥. ‚ ¦´Ò¥ µ£· ´¨Î¥´¨Ö ´  ¸É·Ê±ÉÊ·Ê ÔÉ¨Ì ¢¥·Ï¨´ ´ ±² -
¤Ò¢ ÕÉ ¢¥±Éµ·´µ¥ (“’’) ¨  ±¸¨ ²Ó´µ¥ Éµ¦¤¥¸É¢  “µ·¤  Å ’ ± Ì Ï¨ (�“’’):

qµΓµ(k, q) = S−1
F (k′) − S−1

F (k), (48)

qµ AΓµ(k, q) = S−1
F (k′)γ5 − γ5S−1

F (k), (49)

£¤¥ q Ö¢²Ö¥É¸Ö ËµÉµ´´Ò³ ¨³¶Ê²Ó¸µ³ ¨ k Å ¨³¶Ê²Ó¸µ³ ±¢ ·± , ¶·µÌµ¤ÖÐ¨³¨
Î¥·¥§ ¢¥·Ï¨´Ê. (ˆ§µ¸¶¨´µ¢ Ö ¸É·Ê±ÉÊ·  §¤¥¸Ó ´¥ ¢Ò¶¨¸ ´  Ö¢´µ.) �µ²´ Ö ¢¥·-
Ï¨´  ¶·¥¤¸É ¢²Ö¥É¸Ö ¸Ê³³µ° ²µ± ²Ó´µ° ¨ ´¥²µ± ²Ó´µ° Î ¸É¥°. �¥²µ± ²Ó´Ò¥
¤¢ÊÌ±¢ ·±µ¢Ò¥ ÔËË¥±É¨¢´Ò¥ ¢¥·Ï¨´Ò Γ2q ¨´¤ÊÍ¨·ÊÕÉ¸Ö Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò³¨
¢¥·Ï¨´ ³¨ Γ4q , ¢ ±µÉµ·ÒÌ µ¤´  ±¢ ·±µ¢ Ö ²¨´¨Ö § ³±´ÊÉ  ¢ ¶¥É²Õ.

‚ Ô²¥±É·µ³ £´¨É´µ³ ¸²ÊÎ ¥ ¶µ²´ Ö  ³¶²¨ÉÊ¤  ¤²Ö ËµÉµ´´µ° ¸¢Ö§¨ ¸ ±¢ ·-
±µ³ § ¤ ¥É¸Ö

V Γµa
vertex (k, q, k′ = k + q) =

[
γµ −Mq

f̃2 (k′) − f̃2 (k)
k′2 − k2 (k + k′)µ

]
T a (50)

¨ Ê¤µ¢²¥É¢µ·Ö¥É “’’:

qµV Γµa
vertex (k, q, k′ = k + q) =

[
q̂ −

(
Mqf̃

2 (k′) −Mqf̃
2 (k)

)]
.

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ¢Éµ·µ° Î²¥´ ¢ (50), ¨´¤ÊÍ¨·µ¢ ´´Ò° V Γ4q (22), (26), ¤¨ -
£· ³³Ê, £¤¥ § ³±´ÊÉ Ö ¶¥É²Ö ¨³¥¥É ¸± ²Ö·´ÊÕ ¢¸É ¢±Ê, Ê¶·µÐ ÕÉ ¶·¨ ¨¸¶µ²Ó-
§µ¢ ´¨¨ ˜„“ (9).

�·µ¤µ²Ó´ Ö Î ¸ÉÓ ÔËË¥±É¨¢´µ° ¤¢ÊÌ±¢ ·±µ¢µ°  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ° ¢¥·-
Ï¨´Ò, ¶µ²ÊÎ ÕÐ¥°¸Ö ¨§ (28), ¨³¥¥É ¢¨¤ [20]:

AΓµa
2q (k, q) = γµγ5T a − γ5

qµ
q2
T a {[M (k + q) +M (k)]− (51)

−i4NcNfGIf (k + q) f (k)
∫

d4l

(2π)4
M
(
l2
)

l2 −M (l2)
f (l) [f (l − q) + f (l + q)]} ,

£¤¥, ¤²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¶¥·¢Ò° Î²¥´ ¢´ÊÉ·¨ Ë¨£Ê·´ÒÌ ¸±µ¡µ±, ¡Ò²µ
¨¸¶µ²Ó§µ¢ ´µ Ê· ¢´¥´¨¥ Ð¥²¨ (9). �É  ¢¥·Ï¨´  Ö¢²Ö¥É¸Ö £µ²µ°, ¨, ¢ Î ¸É-
´µ¸É¨, µ´  ¸¢µ¡µ¤´  µÉ ¸¨´£Ê²Ö·´µ¸É¥°. „²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¶µ²´ÊÕ
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 ±¸¨ ²Ó´µ-¢¥±Éµ·´ÊÕ ¢¥·Ï¨´Ê, ´ ³ ´¥µ¡Ìµ¤¨³µ ¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥ ¶¥·¥-
Ìµ¤ Éµ±  ¢ ±µ´¸É¨ÉÊ¥´É´Ò¥ ±¢ ·±¨ Î¥·¥§ ¨Ì ¶¥·¥· ¸¸¥Ö´¨¥ ¢ ± ´ ²¥ ¸ ¶¨µ´-
´Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨. ‚ ¶·¨²µ¦¥´¨¨ q ³Ò ¶µ± ¦¥³ Ö¢´µ, ÎÉµ ¶µ²´Ò°
 ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò° Éµ± ¶·¨´¨³ ¥É ¢¨¤

AΓµa
vertex (k, q) =

[
γµ − M (k + q) +M (k)

q2
qµ
]
γ5T

a. (52)

�ÉµÉ Éµ± ¨³¥¥É Ë¨§¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·´µ¸ÉÓ, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¶¨µ´Ê, ¨, µÎ¥-
¢¨¤´µ, Ê¤µ¢²¥É¢µ·Ö¥É �“’’: qµAΓµ(k, q) = S−1

F (k + q)γ5 + γ5S−1
F (k). “’’

¨ É·¥¡µ¢ ´¨¥, ÎÉµ ¢¥·Ï¨´Ò ´¥ ¸µ¤¥·¦ É ´¥Ë¨§¨Î¥¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥°, µ¤-
´µ§´ Î´µ µ¶·¥¤¥²ÖÕÉ ¶·µ¤µ²Ó´ÊÕ Î ¸ÉÓ ¢¥±Éµ·´µ° ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ°
¢¥·Ï¨´. �µ¶¥·¥Î´ Ö Î ¸ÉÓ ¶·¨ ÔÉµ³ Ö¢²Ö¥É¸Ö ³µ¤¥²Ó´µ-§ ¢¨¸¨³µ° ¨, ¢ Î ¸É-
´µ¸É¨, ¢ ´ ¸ÉµÖÐ¥³ ¶µ¤Ìµ¤¥ § ¢¨¸¨É µÉ µ¶·¥¤¥²¥´¨Ö ±µ´ÉÊ·´µ£µ ¨´É¥£· ² .

‚¥²¨Î¨´Ò ¢ ±ÊÊ³´ÒÌ µ¦¨¤ ´¨° ±¢ ·±-£²Õµ´´ÒÌ µ¶¥· Éµ·µ¢. ‚ ¦-
´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ Ö¢²ÖÕÉ¸Ö ¢¥²¨Î¨´Ò ±¢ ·±µ¢µ£µ ±µ´¤¥´¸ É  ¨ ¸·¥¤-
´¥° ¢¨·ÉÊ ²Ó´µ¸É¨ ±¢ ·±µ¢ ¢ ¢ ±ÊÊ³¥. �¥·¢ Ö ¨£· ¥É ·µ²Ó ¶ · ³¥É·  ¶µ·Ö¤± 
´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨,   ¢Éµ· Ö µ¶·¥¤¥²Ö¥É ¸·¥¤´¥¥ §´ Î¥´¨¥ ±¢ ¤-
· É  ¨³¶Ê²Ó¸  ¢¨·ÉÊ ²Ó´µ£µ ±¢ ·± . �·¨ § ¤ ´´µ° ¤¨´ ³¨Î¥¸±µ° ³ ¸¸¥ (11)
¨³¥¥³ ¤²Ö ±¢ ·±µ¢µ£µ ±µ´¤¥´¸ É 

〈q̄q〉 = −4Nc

∫
d4k

(2π)4
Mq(k)

k2 +M2
q (k)

(53)

¨ ¸·¥¤´¥° ¢¨·ÉÊ ²Ó´µ¸É¨ ±¢ ·±µ¢ [3]:

λ2q ≡ 〈: q̄D2q :〉
〈: q̄q :〉 = −4Nc

〈q̄q〉

∫
d4k

(2π)4
k2

Mq(k)
k2 +M2

q (k)
. (54)

‘·¥¤´ÖÖ ¢¨·ÉÊ ²Ó´µ¸ÉÓ ±¢ ·±µ¢ µ¶·¥¤¥²Ö¥É ¶·µ¨§¢µ¤´ÊÕ µÉ ±µ´¤¥´¸ É  ±¢ ·-
±µ¢ ¨, É ±¨³ µ¡· §µ³, ¥£µ ´¥²µ± ²Ó´Ò¥ ¸¢µ°¸É¢ . �¤´¨³ ¨§ £² ¢´ÒÌ ¶·¥¤¶µ-
²µ¦¥´¨° ³¥Éµ¤  Š•„ �‘ [1] ¡Ò²µ Éµ, ÎÉµ ²µ± ²Ó´Ò¥ ±¢ ·±µ¢Ò° ¨ £²Õµ´-
´Ò° ±µ´¤¥´¸ ÉÒ ¤µ³¨´¨·ÊÕÉ ¢ Ë¨§¨±¥ ²¥£±¨Ì  ¤·µ´µ¢,   ¢¢¥¤¥´¨¥ ¶µ¶· ¢µ±
¡µ²¥¥ ¢Ò¸µ±µ° · §³¥·´µ¸É¨ ¨²¨ ¤ ¦¥ ´¥²µ± ²Ó´ÒÌ ±µ´¤¥´¸ Éµ¢ [3] ´¥ ¨§-
³¥´Ö¥É ¸¨²Ó´µ ¸É ´¤ ·É´ÒÌ ·¥§Ê²ÓÉ Éµ¢. ’ ±¨³ µ¡· §µ³, ¶µ ±· °´¥° ³¥·¥,
¤²Ö ¸µ£² ¸µ¢ ´¨Ö ²µ± ²Ó´ÒÌ ¨ ´¥²µ± ²Ó´ÒÌ Š•„ �‘ §´ Î¥´¨¥ ¶·µ¨§¢µ¤-
´µ° (¢¨·ÉÊ ²Ó´µ¸É¨) ¤µ²¦´µ ¡ÒÉÓ µÉ´µ¸¨É¥²Ó´µ ³ ²Ò³. ”¥´µ³¥´µ²µ£¨Î¥¸±¨
¨³¥¥É¸Ö ¤µ¸É ÉµÎ´µ ÉµÎ´ Ö µÍ¥´±  ÔÉµ° ¢¥²¨Î¨´Ò: λ2q ≈ (0, 4 ± 0, 2) ƒÔ‚2,
µ¸´µ¢ ´´ Ö ´  · ¸¸³µÉ·¥´¨¨ Š•„ �‘ ¤²Ö ²¥£±¨Ì  ¤·µ´µ¢ [16] ¨ ³¥§µ´µ¢,
¸µ¸É ¢²¥´´ÒÌ ¨§ ÉÖ¦¥²ÒÌ ¨ ²¥£±¨Ì ±¢ ·±µ¢ [30]. ‚ÒÎ¨¸²¥´¨Ö ¢ ·Š•„ ¤ ÕÉ
λ2q = (0, 55 ± 0, 05) ƒÔ‚2 [31]. Šµ´¥Î´µ, ¨³¥ÕÉ¸Ö ¶µ¶· ¢±¨ §  ¸Î¥É ¶·Ö³ÒÌ
¨´¸É ´Éµ´µ¢ ± ·¥§Ê²ÓÉ ÉÊ ¢ Š•„ �‘, ´µ µ´¨ ¢·Ö¤ ²¨ ¶µ³¥´ÖÕÉ ·¥§Ê²ÓÉ É
¸ÊÐ¥¸É¢¥´´µ. qÒ²µ ¡Ò µÎ¥´Ó ¨´É¥·¥¸´µ, ¥¸²¨ ¡Ò µÍ¥´±  ¢ ·Š•„ ³µ£²  ¡ÒÉÓ
¶µ¤É¢¥·¦¤¥´  ´µ¢Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³¨.
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—Éµ¡Ò ¨³¥ÉÓ ± Î¥¸É¢¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ ¸µµÉ´µÏ¥´¨¨ ¶ · ³¥É·µ¢ ³µ-
¤¥²¨ ¸ Ë¨§¨Î¥¸±¨³¨ ´ ¡²Õ¤ ¥³Ò³¨, ¶µ²¥§´µ · ¸¸³µÉ·¥ÉÓ Ê· ¢´¥´¨¥ Ð¥²¨ (9)
¨ ¢ ±ÊÊ³´Ò¥ µ¦¨¤ ´¨Ö (53), (54), ¶·¥´¥¡·¥£ Ö Î²¥´µ³M2

q (k), ¶µ ¸· ¢´¥´¨Õ ¸
k2 ¢ §´ ³¥´ É¥²ÖÌ ¶µ¤Ò´É¥£· ²Ó´ÒÌ ËÊ´±Í¨°. �Éµ ¶·¨¡²¨¦¥´¨¥ µ¶· ¢¤ ´´µ
¢ ·¥¦¨³¥ ¤µ¸É ÉµÎ´µ · §·¥¦¥´´µ° ¨´¸É ´Éµ´´µ° ¸·¥¤Ò (¦¨¤±µ¸É¨), ±µ£¤ 
〈k2〉 = λ2q >> M2

q (λq). Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ ÉµÎ´µ¸ÉÓ É ±µ° ¶·µÍ¥¤Ê·Ò
²ÊÎÏ¥, Î¥³ 20− 30%, ¥¸²¨ ¶ · ³¥É· · §·¥¦¥´´µ¸É¨ ³ ²: η < 1. ’µ£¤ , ¸ ÊÎ¥-
Éµ³ (53) ¨ (54) ¨ ¨¸¶µ²Ó§ÊÖ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ÔËË¥±É¨¢´µ° ³ ¸¸Ò, § ¤ ´´Ò¥
¢ (18), (13), (10), ¶µ²ÊÎ¨³ ¤²Ö §´ Î¥´¨° ±¢ ·±µ¢µ£µ ±µ´¤¥´¸ É  ¨ ±¢ ·±µ¢µ°
¢¨·ÉÊ ²Ó´µ¸É¨, ¸µµÉ¢¥É¸É¢¥´´µ,

〈q̄q〉 = − NcMq

2π2ρc2
, λ2q =

2
ρc2
. (55)

�¥·¢µ¥ ¸µµÉ´µÏ¥´¨¥, ¶·¥¤¸É ¢²¥´´µ¥ ¢ Ëµ·³¥ Mq = −(2π2/Nc)ρc2〈q̄q〉, ¸µ¢-
¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ Éµ³, ¶µ²ÊÎ¥´´Ò³ ¢ · ¡µÉ¥ [32], £¤¥ ÔËË¥±É¨¢´ Ö ³ ¸¸ 
±¢ ·±  ¡Ò²  µ¶·¥¤¥²¥´  ¢ ¸¨¸É¥³¥ ¨´¸É ´Éµ´µ¢ ¸ ³ ²Ò³¨ · §³¥· ³¨, ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¨Ì ¸ ¤²¨´´µ¢µ²´µ¢Ò³ ¢ ±ÊÊ³´Ò³ ¶µ²¥³. ŠµÔËË¨Í¨¥´É (2π)2 ¢
ÔÉµ³ ¸µµÉ´µÏ¥´¨¨ · ¢¥´ ´µ·³¨·µ¢±¥ ¶·µ¶ £ Éµ·  ±¢ ·±  ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤-
¸É ¢²¥´¨¨. �± §Ò¢ ¥É¸Ö, ÎÉµ ÔÉµÉ Ë ±Éµ· Ö¢²Ö¥É¸Ö µ¤¨´ ±µ¢Ò³ ± ± ¤²Ö ± -
²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ£µ ¶·µ¶ £ Éµ·  (13), É ± ¨ ¤²Ö ¶·µ¶ £ Éµ· , ¢ÒÎ¨-
¸²¥´´µ£µ ¢ ¸¨´£Ê²Ö·´µ° ± ²¨¡·µ¢±¥ (¡¥§ P exp-Ë ±Éµ· ). Š·µ³¥ Éµ£µ, ÔÉµ ¸µ-
µÉ´µÏ¥´¨¥ Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ ¨§¢¥¸É´µ£µ ·¥§Ê²ÓÉ É  �ˆ‹-³µ¤¥²¨ [17] 〈q̄q〉 ≈
≈ −NcMqΛ2NJL/(4π

2), £¤¥ ΛNJL Å ¶ · ³¥É· µ¡·¥§ ´¨Ö ¶µ ¨³¶Ê²Ó¸ ³ ¢
±µ¢ ·¨ ´É´µ° ¸Ì¥³¥ ·¥£Ê²Ö·¨§ Í¨¨ ¢ ³µ¤¥²¨ ¸ ¤¢Ê³Ö  ·µ³ É ³¨. ’ ± ± ±
¨´¸É ´Éµ´Ò ¸µ§¤ ÕÉ ´¥²µ± ²Ó´µ¸ÉÓ ¨ ¶·¨¢µ¤ÖÉ ± ·¥£Ê²Ö·¨§ Í¨¨ ¨´É¥£· ²µ¢
É ±¦¥ ±µ¢ ·¨ ´É´Ò³ ¸¶µ¸µ¡µ³, ³Ò ³µ¦¥³ ¤ ÉÓ µÍ¥´±Ê ´  ¶ · ³¥É· µ¡·¥§ ´¨Ö
Λ2NJL ≈ λ2q .

‚Éµ·µ¥ ¸µµÉ´µÏ¥´¨¥ ¢ (55) ¡Ò²µ ´¥¤ ¢´µ ¶µ²ÊÎ¥´µ ¢ [14], £¤¥ ´¥²µ± ²Ó-
´Ò¥ ¸¢µ°¸É¢  ±µ´¤¥´¸ É  ±¢ ·±µ¢ ¨§ÊÎ ²¨¸Ó ¢ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨. �ÉµÉ ¦¥
·¥§Ê²ÓÉ É ¡Ò² ¶µ²ÊÎ¥´ ¢ [33] ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ²µ± ²Ó´µ£µ ¸³¥Ï ´´µ£µ
±¢ ·±-£²Õµ´´µ£µ ±µ´¤¥´¸ É :

λ2q
2

=
〈: q̄(igσµνGa

µν

λa

2
)q :〉

〈: q̄q :〉 . (56)

ˆ§ ¢Ò· ¦¥´¨Ö ¤²Ö ¸·¥¤´¥° ¢¨·ÉÊ ²Ó´µ¸É¨ ±¢ ·±µ¢ µÎ¥¢¨¤´µ, ÎÉµ µ¡² ¸ÉÓ
±¢ ·±- ´É¨±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö Ì · ±É¥·¨§Ê¥É¸Ö ÔËË¥±É¨¢´Ò³ · §³¥-
·µ³ ρc ¨´¸É ´Éµ´´ÒÌ Ë²Ê±ÉÊ Í¨° ¢ Š•„-¢ ±ÊÊ³¥.

�¡· Ð Ö · ¢¥´¸É¢  (55), ¢Ò· §¨³ ¶ · ³¥É·Ò ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ ¢ -
±ÊÊ³  ¢ É¥·³¨´ Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶ · ³¥É·µ¢ ¢ ±ÊÊ³  Š•„ ρc2 = 2/λ2q ,
Mq = −(4π2/Nc)(〈q̄q〉/λ2q). …¸²¨ ¤²Ö Î¨¸²¥´´µ° µÍ¥´±¨ ¶µ¤¸É ¢¨ÉÓ ®¸É ´-
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¤ ·É´µ¥¯ §´ Î¥´¨¥ ¤²Ö ±µ´¤¥´¸ É  ±¢ ·±µ¢ 〈 q̄q〉 ≈ −(230 ŒÔ‚)3 (¸³., ´ ¶·¨-
³¥·, [7]) ¨ ¤²Ö ¸·¥¤´¥° ¢¨·ÉÊ ²Ó´µ¸É¨ ±¢ ·±µ¢ ¢§ÖÉÓ λ2q ≈ 0, 6 ƒÔ‚2 [16,31], Éµ
¶µ²ÊÎ¨³ ρ−1c ≈ 0, 55 ƒÔ‚ ¨ Mq ≈ 0, 27 ƒÔ‚. ‘µ¢³¥¸É´Ò°  ´ ²¨§ ¢ ±ÊÊ³´ÒÌ
¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¶¨µ´´ÒÌ ¸¢µ°¸É¢ (¸³. É ¡². 1), ¶·µ¢¥¤¥´´Ò° ¢ [24],
¶µ¤É¢¥·¦¤ ¥É ÔÉ¨ µÍ¥´±¨. ‚Ò· §¨³ ¶ · ³¥É· · §·¥¦¥´´µ¸É¨ ¢ ±ÊÊ³  Î¥·¥§
Ë¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò

η1/2 =
4
√

2π2

Nc

(
|〈 q̄q〉|1/3
λq

)3
.

�Éµ ¢Ò· ¦¥´¨¥ ¶·µ¶µ·Í¨µ´ ²Ó´µ ³ ²µ³Ê Ë ±Éµ·Ê 1/Nc ¨ µÉ´µÏ¥´¨Õ ¢¥²¨-
Î¨´Ò ±µ´¤¥´¸ É  ±¢ ·±µ¢ ± · §³¥·Ê ¥£µ ´¥²µ± ²Ó´µ¸É¨ ¢ ¨³¶Ê²Ó¸´µ³ ¶·µ-
¸É· ´¸É¢¥. �¤´ ±µ ³ ²µ¸ÉÓ 1/Nc ±µ³¶¥´¸¨·Ê¥É¸Ö ¡µ²ÓÏ¨³ Î¨¸²¥´´Ò³ ±µÔË-
Ë¨Í¨¥´Éµ³. ’ ±¨³ µ¡· §µ³, · §·¥¦¥´´µ¸ÉÓ ¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³  µ¡Ê¸²µ-
¢²¥´  ¢Éµ·Ò³ Ë ±Éµ·µ³ ¨ µ§´ Î ¥É, ÎÉµ ±¢ ·±¨ ¶·µÉ¥± ÕÉ Î¥·¥§ ¢ ±ÊÊ³ ¸
¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³ ¸·¥¤´¨³ ¨³¶Ê²Ó¸µ³ λq ≈

√
〈k2〉 ¶µ ¸· ¢´¥´¨Õ ¸ ²¨´¥°-

´Ò³ ³ ¸ÏÉ ¡µ³, Ì · ±É¥·´Ò³ ¤²Ö ±µ´¤¥´¸ Éa ±¢ ·±µ¢ |〈 q̄q〉|1/3. ”µ·³ ²Ó´µ
¶·¥¤¥² · §·¥¦¥´´µ° ¦¨¤±µ¸É¨ ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ê ³ ²µ£µ ¸·¥¤´¥£µ · §³¥· 
¨´¸É ´Éµ´ . �µ¤¸É ¢¨¢ ·¥ ²Ó´Ò¥ Î¨¸² , ³Ò ¶µ²ÊÎ¨³ µÍ¥´±Ê η ≈ 0, 24.

‚ ¶·¨¡²¨¦¥´¨¨ · §·¥¦¥´´µ° ¦¨¤±µ¸É¨ ¨§ Ê· ¢´¥´¨Ö ³ ¸¸µ¢µ° Ð¥²¨ (9)
³µ¦´µ ´ °É¨ ¶²µÉ´µ¸ÉÓ ¨´¸É ´Éµ´´µ° ¸·¥¤Ò ¢ ¢¨¤¥

nc =
NcM

2
q λ
2
q

4π2
In, In =

∫ ∞

0

duuQ̃2(u/ρc) ≈ 0, 61, (57)

£¤¥ ±µ´¸É ´É  In ´¥ § ¢¨¸¨É µÉ ρc. ‘ÊÐ¥¸É¢ÊÕÉ ¨ ¤·Ê£¨¥ ¶µ²¥§´Ò¥ ¸µµÉ´µÏ¥-
´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ ¶ · ³¥É·Ò ¢ ±ÊÊ³  ¤·Ê£ ¸ ¤·Ê£µ³. � ¶·¨³¥·,

〈q̄q〉 = − 1
In

nc
Mq

= − 1
2π

√
In

√
Ncncλ2q . (58)

�É¨ ¸µµÉ´µÏ¥´¨Ö ¨³¥ÕÉ ÉÊ ¦¥ ¸ ³ÊÕ ¶ · ³¥É·¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ, ÎÉµ ¨
µÍ¥´±¨, ¶µ²ÊÎ¥´´Ò¥ ¢ [5, 7], ´µ ¸ ¤·Ê£¨³¨ ±µÔËË¨Í¨¥´É ³¨. �¥·¢µ¥ ¨§ ´¨Ì
¢Ò· ¦ ¥É ±µ´¤¥´¸ É ±¢ ·±µ¢ Î¥·¥§ ÔËË¥±É¨¢´Ò° ¢±² ¤ µÉ¤¥²Ó´µ£µ ¨´¸É ´-
Éµ´ , Ê³´µ¦¥´´Ò° ´  ¶²µÉ´µ¸ÉÓ ¨´¸É ´Éµ´µ¢. ŠµÔËË¨Í¨¥´ÉÒ µÉ²¨Î ÕÉ¸Ö ¶µ
Éµ° ¶·¨Î¨´¥, ÎÉµ ¢ [5], £¤¥ ÔÉµ · ¢¥´¸É¢µ § ¶¨¸ ´µ ± ± 〈q̄q〉 = −nc/Mq, ¢Ò-
· ¦¥´¨Ö ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¨§ ¨´¸É ´Éµ´´ÒÌ Ëµ·³Ê² ¢ £ §µ¢µ³ ¶·¨¡²¨¦¥´¨¨
³¥Ì ´¨Î¥¸±µ° § ³¥´µ° Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·±  ´  ÔËË¥±É¨¢´ÊÕ. � ¶·µÉ¨¢,
¶·¨ ¢Ò¢µ¤¥ · ¢¥´¸É¢  (58) É ± Ö ¶·µÍ¥¤Ê·  § ³¥´Ò Ë¨±¸¨·µ¢ ´  Ê· ¢´¥´¨¥³
Ð¥²¨ (9),   ±µÔËË¨Í¨¥´ÉÒ £² ¢´Ò³ µ¡· §µ³ µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ´ ±²µ´  Ëµ·³-
Ë ±Éµ·  Mq(k) ¢ ´Ê²¥.

‚Éµ·µ¥ ¸µµÉ´µÏ¥´¨¥ ¢ (58) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸ ³µ¸µ£² ¸µ¢ ´´ÊÕ µÍ¥´±Ê
±µ´¤¥´¸ É  ±¢ ·±µ¢ ¢ ¨´¸É ´Éµ´´µ³ ¢ ±ÊÊ³¥ (¸³., ´ ¶·¨³¥·, [7]). „ ²¥¥, ¶µ-
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¸±µ²Ó±Ê ¨´¸É ´Éµ´´Ò° ¢±² ¤ ¢ ¢¥²¨Î¨´Ê £²Õµ´´µ£µ ±µ´¤¥´¸ É  ¤ ¥É¸Ö ¸µµÉ-

´µÏ¥´¨¥³ 〈αs
π
G2〉|inst = 8nc, Éµ £²Õµ´´Ò° ±µ´¤¥´¸ É ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´

Î¥·¥§ ±¢ ·±µ¢Ò° ±µ´¤¥´¸ É ¨ ¸·¥¤´ÕÕ ¢¨·ÉÊ ²Ó´µ¸ÉÓ ±¢ ·±µ¢:

〈αs
π
G2〉|inst =

25π2In
Nc

〈q̄q〉2
λ2q

<∼ 0, 019 ƒÔ‚4. (59)

®‘É ´¤ ·É´µ°¯ µÍ¥´±µ° ±¢ ·±µ¢µ£µ ±µ´¤¥´¸ É , ¶µ²ÊÎ¥´´µ° ¢ µ·¨£¨´ ²Ó´µ°
· ¡µÉ¥ [1], Ö¢²Ö¥É¸Ö 〈0|(1/4π2)Ga

µνG
a
µν |0〉 � 0, 012 ƒÔ‚4. �µ¸²¥¤ÊÕÐ¨°  ´ -

²¨§ [34], ¢Ò¶µ²´¥´´Ò° ³¥Éµ¤µ³ �‘ Š•„ ¤²Ö ÉÖ¦¥²ÒÌ ¨ ²¥£±¨Ì ³¥§µ´µ¢,  
É ±¦¥ ´¥¤ ¢´¨¥ ·¥Ï¥ÉµÎ´Ò¥ ¢ÒÎ¨¸²¥´¨Ö [35] ¤ ÕÉ ¢¥²¨Î¨´Ò, ±µÉµ·Ò¥ ¢ ¤¢ 
¨ ¡µ²¥¥ · § ¶·¥¢µ¸Ìµ¤ÖÉ ®¸É ´¤ ·É´Ò¥¯.

�¨§±µÔ´¥·£¥É¨Î¥¸±¨¥ ´ ¡²Õ¤ ¥³Ò¥ ¶¨µ´ . „²Ö Éµ£µ ÎÉµ¡Ò § Ë¨±¸¨·µ-
¢ ÉÓ ¶ · ³¥É·Ò ¨´¸É ´Éµ´´µ° ³µ¤¥²¨, ³Ò É ±¦¥ · ¸¸³µÉ·¨³ ´¨§±µÔ´¥·£¥É¨-
Î¥¸±¨¥ ±µ´¸É ´ÉÒ ¶¨µ´ . Š ± ¡Ò²µ µÉ³¥Î¥´µ ¢ÒÏ¥, ´¥²µ± ²Ó´Ò°  ±¸¨ ²Ó´Ò°
Éµ± ¸µ¤¥·¦¨É ´¥µ¤´µ§´ Î´µ¸ÉÓ, ¸¢Ö§ ´´ÊÕ ¸ µ¶·¥¤¥²¥´¨¥³ ±µ´ÉÊ·´µ£µ ¨´É¥-
£· ² . Š ¸Î ¸ÉÓÕ, ¶·µ¤µ²Ó´ Ö ±µ³¶µ´¥´É  Éµ±  ´¥ ¸µ¤¥·¦¨É § ¢¨¸¨³µ¸É¨ µÉ
¢Ò¡µ·  ¶ÊÉ¨ ¨ µ¤´µ§´ Î´µ Ë¨±¸¨·Ê¥É¸Ö ¸ ¶µ³µÐÓÕ “’T. ’ ±¨³ µ¡· §µ³,
±µ´¸É ´ÉÒ · ¸¶ ¤µ¢, · ¸¸³µÉ·¥´´Ò¥ ´¨¦¥, Ö¢²ÖÕÉ¸Ö Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³¨.
‚ ·¥§Ê²ÓÉ É¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨¥ É¥µ·¥³Ò, ±µÉµ·Ò¥ ¸²¥¤ÊÕÉ ¨§ (Î ¸É¨Î´µ£µ)
¸µÌ· ´¥´¨Ö Éµ± , ¢Ò¶µ²´ÖÕÉ¸Ö. ‚ Î ¸É´µ¸É¨, ¸µµÉ´µÏ¥´¨¥ ƒµ²¤¡¥·£¥·  Å
’·¥°³ ´  ¤²Ö ±¢ ·±-¶¨µ´´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¨³¥¥É ¶·¨¢ÒÎ´ÊÕ Ëµ·³Ê

gπqq =
Mq

fπ
, (60)

¨ ±µ´¸É ´É  · ¸¶ ¤  ¶¨µ´  ´  ¤¢  ËµÉµ´  π0 → γγ

gπγγ =
1

4π2fπ
(61)

¸µ£² ¸µ¢ ´  ¸ É·¥¡µ¢ ´¨Ö³¨  ±¸¨ ²Ó´µ°  ´µ³ ²¨¨.
‡ Ë¨±¸¨·Ê¥³ ³µ¤¥²Ó´Ò¥ ¶ · ³¥É·Ò É ±, ÎÉµ¡Ò ±µ´¸É ´É  ¸² ¡µ£µ · ¸¶ ¤ 

¶¨µ´  fπ ¨³¥²  ÉµÎ´µ¸ÉÓ ´¥ ÌÊ¦¥, Î¥³ 1%. ‚ É ¡². 1 ¶·¨¢e¤¥´Ò ·¥§Ê²ÓÉ ÉÒ
¤²Ö ¤¢ÊÌ ³µ¤¥²Ó´ÒÌ ¶ · ³¥É·µ¢ Mq ¨ ρc ¨ ¶·¥¤¸± § ´¨Ö ¤²Ö ±¢ ·±-¶¨µ´´µ°
±µ´¸É ´ÉÒ gπqq , ±µ´¤¥´¸ É  ±¢ ·±µ¢ 〈q̄q〉, ¸·¥¤´¥° ¢ ±ÊÊ³´µ° ¢¨·ÉÊ ²Ó´µ¸É¨
±¢ ·±µ¢ λ2q ¨ ¶²µÉ´µ¸É¨ ¨´¸É ´Éµ´µ¢ nc.

ˆ§ É ¡². 1 Ö¸´µ, ÎÉµ ¸ ·µ¸Éµ³ ³ ¸¸Ò ±¢ ·±  ¢¥²¨Î¨´Ò ±µ´¤¥´¸ Éµ¢ ±¢ ·-
±µ¢ ¨ £²Õµ´µ¢ ¶ ¤ ÕÉ. �ÉµÉ ÔËË¥±É Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶µ¤ ¢²¥´¨Ö ±µ´-
¤¥´¸ Éµ¢ ³ ¸¸µ° Ë¥·³¨µ´ . ‡´ Î¥´¨Ö ¶ · ³¥É·µ¢ Mq ¨ ρc, ±µÉµ·Ò¥ ¢µ¸¶·µ-
¨§¢µ¤ÖÉ ¢ ±ÊÊ³´Ò¥ µ¦¨¤ ´¨Ö ´ ¨´¨§Ï¥° · §³¥·´µ¸É¨ ¸ ÉµÎ´µ¸ÉÓÕ ¶µ·Ö¤± 
30 %, ´ Ìµ¤ÖÉ¸Ö ¢ ¨´É¥·¢ ²¥ Mq = 220 ÷ 260 ŒÔ‚, ρc = 1, 5 ÷ 2, 0 ƒÔ‚−1. ‚
¤ ²Ó´¥°Ï¥³ ³Ò ¨¸¶µ²Ó§Ê¥³ É¨¶¨Î´Ò° ´ ¡µ· ¶ · ³¥É·µ¢

Mq = 230 ŒÔ‚, ρc = 1, 7 ƒÔ‚−1. (62)
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’ ¡²¨Í  1. ‡´ Î¥´¨Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¢ ±ÊÊ³´ÒÌ ¨ ¶¨µ´´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ

Mq, ρc, fπ , gπqq |〈q̄q〉|1/3, λ2
q , nc,

ƒÔ‚ ƒÔ‚−1 ŒÔ‚ ŒÔ‚ ƒÔ‚2 Ë³−4

0,16 1,0 93 1,7 283 2,2 1,36
0,21 1,5 92 2,3 230 1,0 0,87
0,23 1,7 91 2,5 215 0,83 0,75
0,28 2,0 92 3,1 201 0,61 0,68

�É³¥É¨³, ÎÉµ Ê¸²µ¢¨¥ · §·¥¦¥´´µ¸É¨ η << 1 ¢Ò¶µ²´Ö¥É¸Ö ¢µ ¢¸¥³ ¤µ¶Ê¸É¨-
³µ³ ¨´É¥·¢ ²¥.

� · ³¥É·Ò ³µ¤¥²¨ ¨ ¶·¥¤¸± § ´¨Ö ¤²Ö ¢ ±ÊÊ³´ÒÌ ¨ ¶¨µ´´ÒÌ ´ ¡²Õ¤ -
¥³ÒÌ ¶µ²ÊÎ¥´Ò ¶·¨ ´¥±µÉµ·ÒÌ ¶·¨¡²¨¦¥´¨ÖÌ. ‚µ-¶¥·¢ÒÌ, ³Ò · ¡µÉ ¥³ ¢
±¨· ²Ó´µ³ ¶·¥¤¥²¥ ´Ê²¥¢µ° Éµ±µ¢µ° ³ ¸¸Ò ±¢ ·± . „ ²¥¥, ¢ ¶·¨¡²¨¦¥´¨¨ ´Ê-
²¥¢ÒÌ ³µ¤ ³Ò ¶·¥´¥¡·¥£²¨ ³ ²Ò³¨ ¢±² ¤ ³¨ µÉ ¢¥±Éµ·´ÒÌ ³¥§µ´µ¢. Š·µ³¥
Éµ£µ, ÊÎÉ¥´µ Éµ²Ó±µ ´ ¨´¨§Ï¥¥ ¤¢ÊÌ±¢ ·±µ¢µ¥ Ëµ±µ¢¸±µ¥ ¶·µ³¥¦ÊÉµÎ´µ¥ ¸µ-
¸ÉµÖ´¨¥ ¢ ¶¨µ´¥, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¶·¨¡²¨¦¥´¨Õ § ³µ·µ§±¨. ŒÒ ¸Î¨É ¥³,
ÎÉµ ¢¸¥ ÔÉ¨ Ë ±Éµ·Ò ³µ£ÊÉ ¸²¥£±  ¨§³¥´¨ÉÓ Î¨¸²  ¢ É ¡². 1, ´µ ¶·¨ ÔÉµ³
´ °¤¥´´Ò¥ ± Î¥¸É¢¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ µ¸É ´ÊÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨.

3. 
‘8…„…‹…�ˆŸ ‚
‹…�’�›• Š‚
Š�‚ ‚ 8ˆ��…
‚ ˆ�‘’
�’����‰ Œ�„…‹ˆ


³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥. �·¨ ¡µ²ÓÏ¨Ì ¨³¶Ê²Ó¸ Ì
¶¥·¥¤ Î¨  ³¶²¨ÉÊ¤Ò Ô±¸±²Õ§¨¢´ÒÌ  ¤·µ´´ÒÌ ¶·µÍ¥¸¸µ¢ ¢¸²¥¤¸É¢¨¥ Ë ±Éµ·¨-
§ Í¨¨ ¤¨´ ³¨±¨ ´  ¡µ²ÓÏ¨Ì ¨ ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ [36Ä38] ¢Ò· ¦ ÕÉ¸Ö ¢ ²¨-
¤¨·ÊÕÐ¥³ ²µ£ ·¨Ë³¨Î¥¸±µ³ ¶·¨¡²¨¦¥´¨¨ ± ± ±µ´¢µ²ÕÍ¨Ö  ³¶²¨ÉÊ¤ ¦¥¸É-
±µ£µ ¨ ³Ö£±µ£µ ¶µ¤¶·µÍ¥¸¸µ¢. �³¶²¨ÉÊ¤  ¦¥¸É±µ£µ ¶µ¤¶·µÍ¥¸¸  ¢ÒÎ¨¸²Ö¥É¸Ö
¢ ¶¥·ÉÊ·¡ É¨¢´µ° Š•„, ¨ µ¸´µ¢´µ° ¢±² ¤ ¢ ¤ ´´ÊÕ  ³¶²¨ÉÊ¤Ê ¤ ÕÉ ¤¨ -
£· ³³Ò ¸ ¦¥¸É±¨³ µ¤´µ£²Õµ´´Ò³ µ¡³¥´µ³. �³¶²¨ÉÊ¤  ³Ö£±µ£µ ¶µ¤¶·µÍ¥¸¸ 
µ¶¨¸Ò¢ ¥É ¶¥·¥Ìµ¤ ´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ  ¤·µ´´µ£µ ¸µ¸ÉµÖ´¨° ¢ ±¢ ·±¨
¨ µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§  ¤·µ´´Ò¥  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨° (�) [36]. �É¨
Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨³¥ÕÉ §´ Î¥´¨¥  ³¶²¨ÉÊ¤ · ¸¶ ¤   ¤·µ´  (¢
¸¨¸É¥³¥ ¸ ¡¥¸±µ´¥Î´Ò³ ¨³¶Ê²Ó¸µ³, ph → ∞) ¢ ±¢ ·±- ´É¨±¢ ·±µ¢ÊÕ ¶ ·Ê
(¢ ¸²ÊÎ ¥ ³¥§µ´µ¢), ¸ ¤µ²Ö³¨ ¨³¶Ê²Ó¸   ¤·µ´ , ¶¥·¥´µ¸¨³µ£µ ±¢ ·±µ³ xph ¨
x̄ph(x̄ = 1 − x) ¨ ¢¨·ÉÊ ²Ó´µ¸ÉÓÕ µ2. ’ ± ± ± � § ¢¨¸¨É µÉ ¤¨´ ³¨±¨ ´ 
¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ, · ¸¶·¥¤¥²¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò Éµ²Ó±µ ¸ ¶µ³µ-
ÐÓÕ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ³¥Éµ¤µ¢.

�¥·¢ Ö ¶µ¶ÒÉ±  ¢ÒÎ¨¸²¨ÉÓ  ¤·µ´´ÊÕ � ¡Ò²  ¢Ò¶µ²´¥´  ¢ [39] ¨ ¶·¨-
¢¥²  ± ¤¢Ê£µ·¡µ° Ëµ·³¥ ¤²Ö ¶¨µ´´µ° �. �¤´ ±µ ´¥±µÉµ·µ¥ ¢·¥³Ö ´ § ¤
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¶·¨³¥´¨³µ¸ÉÓ ÔÉµ° Ëµ·³Ò � ± Ô±¸±²Õ§¨¢´Ò³ ¶·µÍ¥¸¸ ³ ¶·¨ ¢Ò¸µ±¨Ì ¨³-
¶Ê²Ó¸ Ì ¶¥·¥¤ Î¨ ¡Ò²  ¶µ¸É ¢²¥´  ¶µ¤ ¢µ¶·µ¸ [40]. �µ± § ´µ, ÎÉµ ¢ ±µ²²¨-
´¥ ·´µ³ ¶·¨¡²¨¦¥´¨¨ ¶·¨ ¨³¶Ê²Ó¸ Ì ¶¥·¥¤ Î¨, ¤ ²¥±¨Ì µÉ  ¸¨³¶ÉµÉ¨Î¥¸±µ°
µ¡² ¸É¨, ¤µ³¨´¨·ÊÕÉ ¢±² ¤Ò ¸ ³Ö£±¨³ µ¤´µ£²Õµ´´Ò³ µ¡³¥´µ³, ±µÉµ·Ò° ¸µ-
µÉ¢¥É¸É¢Ê¥É ¡µ²ÓÏµ° ¢¥²¨Î¨´¥ ¸¨²Ó´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. qµ²¥¥ Éµ£µ, ¶·¥¤-
¸± § ´¨¥, µ¸´µ¢ ´´µ¥ ´  ÔÉµ° �, ¤ ¥É ¶·¥¢ÒÏ¥´¨¥ ´ ¤ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¤ ´´Ò³¨ ¶µ ¶¨µ´´µ³Ê ¶¥·¥Ìµ¤´µ³Ê Ëµ·³Ë ±Éµ·Ê ¶·¨ ¡µ²ÓÏ¨Ì Q2, µ¶Ê¡²¨-
±µ¢ ´´Ò³¨ ´¥¤ ¢´µ ±µ²² ¡µ· Í¨¥° CLEO [41] (¤²Ö ¤¨¸±Ê¸¸¨° ¸³., ´ ¶·¨³¥·,
· ¡µÉÊ [42]).

�µ§¤´¥¥ ¢ · ¡µÉ¥ [43] ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¡µ²¥¥ Éµ´±µ£µ ³¥Éµ¤  ¨§¢²¥Î¥-
´¨Ö  ¤·µ´´µ° �, µ¸´µ¢ ´´µ£µ ´  Š•„ �‘ ¸ ´¥²µ± ²Ó´Ò³¨ ±µ´¤¥´¸ É ³¨ [3],
¡Ò²µ ¶µ± § ´µ, ÎÉµ � ¶¨µ´  ´  ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ ¡µ²¥¥ ¡²¨§± 
¶µ Ëµ·³¥ ±  ¸¨³¶ÉµÉ¨Î¥¸±µ° �. ’ ±¦¥ ¡Ò²µ ´ °¤¥´µ, ÎÉµ Ëµ·³   ¤·µ´´µ°
� µÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´  ± ¸É·Ê±ÉÊ·¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ ¢ ±ÊÊ³ , ¶ · ³¥É·¨-
§µ¢ ´´µ£µ Î¥·¥§ ´¥²µ± ²Ó´Ò¥ ±µ´¤¥´¸ ÉÒ. �¥¤ ¢´µ ¢ [14] ¨ [24] ´¥²µ± ²Ó´Ò¥
±µ´¤¥´¸ ÉÒ ¡Ò²¨ ¸³µ¤¥²¨·µ¢ ´Ò ¢ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨.

‚ ÔÉµ³ · §¤¥²¥ ³Ò ¨¸¶µ²Ó§Ê¥³ ±¢ ·±-¶¨µ´´ÊÕ ¤¨´ ³¨±Ê ¢ · ³± Ì ³µ¤¥²¨
¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³  ¤²Ö Éµ£µ, ÎÉµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¢ ²¨¤¨·ÊÕÐ¥³ É¢¨¸É¥ �
¶¨µ´  ¢ ´¨§±µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨ ¶µ·Ö¤±  µ¡· É´µ£µ ÔËË¥±É¨¢´µ£µ · §³¥· 
¨´¸É ´Éµ´  ρc [44]. qµ²¥¥ · ´´¨¥ ¶µ¶ÒÉ±¨ [45] (¸³. É ±¦¥ [46]) ¢ÒÎ¨¸²¨ÉÓ
� ¶¨µ´  ¡Ò²¨ ¸¤¥² ´Ò ¢ · ³± Ì ³µ¤¥²¨ [6], ±µÉµ· Ö ¨³¥²  ¤ ²Ó´¥°Ï¥¥
· §¢¨É¨¥. �ËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥, ¶·¥¤²µ¦¥´´µ¥ ¢ [6], ¸¶· ¢¥¤²¨¢µ Éµ²Ó±µ ¢
±¨· ²Ó´µ³ ¶·¥¤¥²¥ ¨ ³µ¤¨Ë¨Í¨·µ¢ ´µ ¡µ²¥¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¢ [25]. ‚ÒÏ¥
¡Ò²µ ¶µ± § ´µ, ÎÉµ Ö¤·µ ÔËË¥±É¨¢´µ£µ ¨´¤ÊÍ¨·µ¢ ´´µ£µ ¨´¸É ´Éµ´ ³¨ Î¥ÉÒ-
·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¤µ²¦´µ ¡ÒÉÓ ¢Ò· ¦¥´µ Î¥·¥§ ± ²¨¡·µ¢µÎ´µ-
¨´¢ ·¨ ´É´ÊÕ ¢¥²¨Î¨´Ê, ´¥²µ± ²Ó´Ò° ±µ´¤¥´¸ É ±¢ ·±µ¢, ÔËË¥±É¨¢´µ ¸Ê³³¨-
·ÊÕÐ¨° ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¨´¸É ´Éµ´´µ£µ ¶µ²Ö [24]. ‚ ±µ´É¥±¸É¥
´ ¸ÉµÖÐ¨Ì ¢ÒÎ¨¸²¥´¨° ¢ ¦´Ò³ Ö¢²Ö¥É¸Ö Éµ, ÎÉµ, ± ± ÔÉµ ¡Ò²µ Ê¦¥ µÉ³¥-
Î¥´µ ¢ÒÏ¥, ¢ ´¥²µ± ²Ó´µ° ³µ¤¥²¨ Ëµ·³  ¸µÌ· ´ÖÕÐ¨Ì¸Ö Éµ±µ¢ µÉ²¨Î ¥É¸Ö
µÉ µ¡ÒÎ´ÒÌ ²µ± ²Ó´ÒÌ Éµ±µ¢ (¸³., ´ ¶·¨³¥·, [20]). �É¨ ´ Ìµ¤±¨ ¶·¨¢µ¤ÖÉ
± § ±²ÕÎ¥´¨Õ, ÎÉµ ¶µ¤Ìµ¤ [6] ´¥ ¶µ²µ´ ¨ ´¥ ¸µ£² ¸µ¢ ´ ¸ ´¨§±µÔ´¥·£¥É¨Î¥-
¸±¨³¨ É¥µ·¥³ ³¨. ‘ ÊÎ¥Éµ³ ÔÉ¨Ì Ë ±Éµ¢ ´¥±µÉµ·Ò¥ ¨§ ¶·¥¤Ò¤ÊÐ¨Ì ¢ÒÎ¨¸²¥-
´¨° É ±¦¥ É·¥¡ÊÕÉ ¶¥·¥¸³µÉ· . ‚ Î ¸É´µ¸É¨, ¶µ¤Ìµ¤ [6] ´¥ ¸¶µ¸µ¡¥´ Ê¤µ¢²¥-
É¢µ·¨ÉÓ  ±¸¨ ²Ó´Ò³ Éµ¦¤¥¸É¢ ³ “µ·¤  Å ’ ± Ì Ï¨ (�“’T). Š ± ¶µ± § ´µ
¢ [20], ²µ± ²Ó´ Ö Î ¸ÉÓ  ±¸¨ ²Ó´µ£µ Éµ±  ³µ¤¨Ë¨Í¨·Ê¥É¸Ö ´¥²µ± ²Ó´Ò³ Î²¥-
´µ³. ”¨§¨Î¥¸±¨ ÔÉµ µ§´ Î ¥É, ÎÉµ µ¡ÒÎ´Ò¥ ²µ± ²Ó´Ò¥ Éµ±¨ µ¶·¥¤¥²¥´Ò Î¥·¥§
(¸¢µ¡µ¤´Ò¥) Éµ±µ¢Ò¥ ±¢ ·±¨,   ³µ¤¨Ë¨± Í¨Ö ´¥²µ± ²Ó´Ò³¨ Î²¥´ ³¨ ¶·µ¨¸-
Ìµ¤¨É ¡² £µ¤ ·Ö ¶¥·¥Ìµ¤Ê µÉ µ¶¨¸ ´¨Ö Î¥·¥§ Éµ±µ¢Ò¥ ±¢ ·±¨ ± µ¶¨¸ ´¨Õ
¢ É¥·³¨´ Ì ±µ´¸É¨ÉÊ¥´É´ÒÌ ±¢ ·±µ¢ ¢ ÔËË¥±É¨¢´µ° ³µ¤¥²¨. �É¨ ¤µ¡ ¢µÎ-
´Ò¥ Î²¥´Ò ´¥ ¶µ¤ ¢²¥´Ò ¶ · ³¥É·µ³ ³ ²µ° ¶²µÉ´µ¸É¨ ¨´¸É ´Éµ´µ¢ ¨ ¢¥¤ÊÉ
± ¶µ¶· ¢±¥ ¶µ·Ö¤±  30% ± ¢¥²¨Î¨´¥ ±µ´¸É ´ÉÒ · ¸¶ ¤  ¶¨µ´  Fπ . ’ ± ± ±
±µ´¸É ´É  · ¸¶ ¤  ¶¨µ´  Ö¢²Ö¥É¸Ö ¨´É¥£· ²Ó´µ° ³¥·µ° ¶¨µ´´µ° �, µ¸´µ¢-
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´ Ö § ¤ Î  ´ ¸ÉµÖÐ¥£µ · §¤¥²  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò µÍ¥´¨ÉÓ ÔËË¥±É É ±¨Ì
Î²¥´µ¢ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ �.

#¨µ´´ Ö  ³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ´  ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥.
�±¸¨ ²Ó´ Ö ¶·µ¥±Í¨Ö ¶¨µ´´µ° � ´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥ ϕA

π (x) µ¶·¥¤¥²Ö¥É ²¨-
¤¨·ÊÕÐ¥¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ Ô²¥±É·µ³ £´¨É´µ£µ Ëµ·³Ë ±Éµ·  ¶¨-
µ´ . �´  ¶ · ³¥É·¨§Ê¥É ¸É·Ê±ÉÊ·Ê ³ É·¨Î´µ£µ Ô²¥³¥´É 

< 0|JA
µ (z,−z)|π+(p) >= ipµFπ

∫ 1

0

dxei(2x−1)p·z ϕA
π (x) (63)

µÉ ¡¨²µ± ²Ó´µ£µ µ¶¥· Éµ· 

JA
µ (z,−z) = d̄(z)γµγ5P exp

(
i

∫ z

−z

Aµ(z)dzµ
)
u(−z), (64)

£¤¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶·¥¤¥² ´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥, zµ = λnµ, nµ Ö¢²Ö¥É¸Ö ¸¢¥-
Éµ¶µ¤µ¡´Ò³ ¢¥±Éµ·µ³: n2 = 0, ´µ·³¨·µ¢ ´´Ò³ Ê¸²µ¢¨¥³ p · n = 1, Fπ =
= 130 ŒÔ‚ Å ±µ´¸É ´É  ¸² ¡µ£µ · ¸¶ ¤  ¶¨µ´ , ¨ ¶¨µ´´ Ö � ´  ¸¢¥Éµ¢µ³
±µ´Ê¸¥ ²¨¤¨·ÊÕÐ¥£µ É¢¨¸É  ´µ·³¨·µ¢ ´ :∫ 1

0

dxϕA
π (x) = 1. (65)

“¶µ·Ö¤µÎ¥´´Ò° ¶µ ¶ÊÉ¨ Ï¢¨´£¥·µ¢¸±¨° Ë §µ¢Ò° Ë ±Éµ· É·¥¡Ê¥É¸Ö ¤²Ö ± -
²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨, ¨ ¨´É¥£·¨·µ¢ ´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¢¤µ²Ó ¸¢¥Éµ¶µ-
¤µ¡´µ£µ ´ ¶· ¢²¥´¨Ö z. „ ²¥¥ ³Ò ¡Ê¤¥³ ¶·¥´¥¡·¥£ ÉÓ ÔÉ¨³ Ë ±Éµ·µ³, É ±
± ± ¢µ§³µ¦´Ò° ¢±² ¤ µÉ ±² ¸¸¨Î¥¸±µ£µ ¶µ²Ö (¨´¸É ´Éµ´ ) ¤ ¥É ¶µ¶· ¢±¨ ±
� ¡µ²¥¥ ¢Ò¸µ±µ£µ É¢¨¸É ,   ¢±² ¤ µÉ ±¢ ´Éµ¢µ£µ ¶µ²Ö ¶·¨¢µ¤¨É ± ¶µ¶· ¢± ³
¶µ ³ ²µ³Ê ¶ · ³¥É·Ê ¶²µÉ´µ¸É¨ ¨´¸É ´Éµ´µ¢.

q¨²µ± ²Ó´Ò° Éµ± ¢ (64) µ¶·¥¤¥²¥´ Î¥·¥§ Éµ±µ¢Ò¥ ±¢ ·±¨,   ÔËË¥±É¨¢´ Ö
´¨§±µÔ´¥·£¥É¨Î¥¸± Ö ³µ¤¥²Ó, ±µÉµ·ÊÕ ³Ò ¸µ¡¨· ¥³¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ, ¸Ëµ·-
³Ê²¨·µ¢ ´  ¢ É¥·³¨´ Ì ±µ´¸É¨ÉÊ¥´É´ÒÌ ±¢ ·±µ¢ U ¨ D. ’ ±¨³ µ¡· §µ³,
ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É (63), ³Ò ¤µ²¦´Ò · ¸¸³µÉ·¥ÉÓ ¢¥·Ï¨´Ê〈
0
∣∣JA

µ (z,−z)
∣∣U(k)D(k)

〉
, ±µÉµ· Ö ¶µ¸²¥ ¨§¢²¥Î¥´¨Ö ¶¨µ´´µ£µ ¶µ²Õ¸  ¸É ´µ-

¢¨É¸Ö〈
0
∣∣JA

µ (z,−z)
∣∣U(k)D̄(p− k)

〉
=
〈
0
∣∣JA

µ (z,−z)
∣∣π+(p)

〉 1
m2π − p2Γa

πq (k, p) ,

(66)

£¤¥ Γa
πq (k, p) =

〈
π+(p)|U(k)D̄(p− k)

〉
. ’µ£¤ , ¢Ò· ¦ Ö ³ É·¨Î´Ò° Ô²¥³¥´É〈

0
∣∣JA

µ (z,−z)
∣∣U(k)D̄(p− k)

〉
Î¥·¥§ ¶¥É²¥¢µ° ¨´É¥£· ², ¶·¨´¨³ Ö ¢µ ¢´¨³ -

´¨¥ ¶¥·¥· ¸¸¥Ö´¨¥ ±µ´¸É¨ÉÊ¥´É´ÒÌ ±¢ ·±µ¢, ¨§¢²¥± Ö ¶µ²Õ¸ ¶¨µ´ , ¢Ò· ¦¥-
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´¨¥ ¤²Ö � ¸¢µ¤¨É¸Ö ±

pµFπϕ
A
π (x) = 2Nc

∫
d4k

(2π)4 i
δ (x− k · n) ×

× tr{Γa
πq (k, p)S(k)AΓµa(k, p)S(k − p)}, (67)

£¤¥ x Ö¢²Ö¥É¸Ö ¤µ²¥° ¶¨µ´´µ£µ ¨³¶Ê²Ó¸  p, ¶¥·¥´µ¸¨³µ° ±¢ ·±µ³∗. „¥²ÓÉ -
ËÊ´±Í¨Ö ¢ (67)  ±±Ê³Ê²¨·Ê¥É ¨´Ëµ·³ Í¨Õ µ ¢¸¥Ì ³µ³¥´É Ì � ¨ ¸¢Ö§ ´  ¸
´¨³¨ ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö Œ¥²²¨´ .

‚ Ê± § ´´µ³ ¢Ò· ¦¥´¨¨ S(k), AΓµa(k, p) ¨ Γa
πq (k, p) Ö¢²ÖÕÉ¸Ö ÔËË¥±-

É¨¢´Ò³ ¶·µ¶ £ Éµ·µ³ ±¢ ·± , ±¢ ·±- ±¸¨ ²Ó´Ò³ Éµ±µ³ ¨ ±¢ ·±-¶¨µ´´µ° ¢¥·-
Ï¨´µ° ¸µµÉ¢¥É¸É¢¥´´µ. �¸´µ¢´µ° § ¤ Î¥° §¤¥¸Ó Ö¢²Ö¥É¸Ö ´ Ìµ¦¤¥´¨¥ ÔÉ¨Ì
ËÊ´±Í¨°. „²Ö ÔÉµ£µ ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ±µ¢ ·¨ ´É´ÊÕ ÔËË¥±É¨¢´ÊÕ ´¨§-
±µÔ´¥·£¥É¨Î¥¸±ÊÕ ³µ¤¥²Ó ¸ ¸¥¶ · ¡¥²Ó´Ò³ ´¥²µ± ²Ó´Ò³ Î¥ÉÒ·¥Ì±¢ ·±µ¢Ò³
¢§ ¨³µ¤¥°¸É¢¨¥³. qµ²¥¥ Éµ£µ, Ë ±É¨Î¥¸±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¡Ê¤ÊÉ ¸¤¥² ´Ò ¢ ³µ-
¤¥²¨ ¸ ³¥¦±¢ ·±µ¢Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³, ¨´¤ÊÍ¨·µ¢ ´´Ò³ ¨´¸É ´Éµ´´Ò³ µ¡-
³¥´µ³. Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ Î¨¸²¥´´µ § ¢¨¸¨³µ¸ÉÓ ·¥§Ê²ÓÉ Éµ¢ µÉ ³ ¸¸Ò
¶¨µ´  ¨ Éµ±µ¢µ£µ ±¢ ·±  ¶·¥´¥¡·¥¦¨³µ ³ ²  ¨ ³µ¦¥É ¡ÒÉÓ ¶·µ¨£´µ·¨·µ¢ ´ 
¶·¨ ¤ ²Ó´¥°Ï¥³ · ¸¸³µÉ·¥´¨¨: mπ = 0. �¤´ ±µ ¢§ ¨³µ¸¢Ö§Ó ÔËË¥±É¨¢´µ°
³ ¸¸Ò ±¢ ·± Mq ¨ ³ ¸ÏÉ ¡  ´¥²µ± ²Ó´µ¸É¨ ¢ ±ÊÊ³´µ£µ ¶µ²Ö λ2q ¨³¥¥É ¡µ²Ó-
Ïµ¥ ¢²¨Ö´¨¥ ´  Ëµ·³Ê �.

(¥§Ê²ÓÉ ÉÒ ¤²Ö ¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö. �³¶²¨ÉÊ¤  · ¸-
¶·¥¤¥²¥´¨Ö ¶¨µ´  ¢ÒÎ¨¸²Ö¥É¸Ö ¨§ (67) ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ÔËË¥±É¨¢´µ£µ ¶·µ-
¶ £ Éµ·  ±¢ ·±  (8), ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´Ò (39) ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ°
¢¥·Ï¨´Ò (51). ˆ³¶Ê²Ó¸´ Ö § ¢¨¸¨³µ¸ÉÓ µ¤¥ÉÒÌ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¢¥²¨Î¨´
µ¶·¥¤¥²Ö¥É¸Ö ´¥²µ± ²Ó´µ¸ÉÓÕ ±µ´¤¥´¸ É  ±¢ ·±µ¢ (13), ±µÉµ·Ò° ¢ ´ ¸ÉµÖÐ¥³
¶µ¤Ìµ¤¥ § ¤ ´ ¸ ¶µ³µÐÓÕ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ (18). ‚ Ë ±É¨Î¥¸±¨Ì ¢ÒÎ¨-
¸²¥´¨ÖÌ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ §´ Î¥´¨Ö ¶ · ³¥É·µ¢ (É ¡². 1): ρc = 1, 7 ƒÔ‚−1,
Mq = 230 ŒÔ‚, nc = 0, 7 Ë³−4, ±µÉµ·Ò¥ ¸µ£² ¸µ¢ ´Ò ¸ ´¨§±µÔ´¥·£¥É¨Î¥-
¸±¨³¨ ´ ¡²Õ¤ ¥³Ò³¨ ¶¨µ´ . ˆ´É¥£· ² ¢ (67) ¢ÒÎ¨¸²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ ¶·¥-
µ¡· §µ¢ ´¨Ö ‹ ¶² ¸  ³¥Éµ¤µ³, µ¶¨¸ ´´Ò³ ¢ [24].

ˆ§ £· Ë¨±  ´  ·¨¸. 3 ¢¨¤´µ, ÎÉµ Ëµ·³  ϕA
π (x) ¡²¨§±  ±  ¸¨³¶ÉµÉ¨Î¥¸±µ°

� ϕA,asymp
π (x) = 6xx̄. �¸´µ¢´µ° ¢±² ¤ ¨¤¥É ¨§ ²µ± ²Ó´µ° Î ¸É¨ ¢¥·Ï¨´Ò,

  ¢±² ¤ ´¥²µ± ²Ó´µ° Î ¸É¨ Ö¢²Ö¥É¸Ö ¶µ¤ ¢²¥´´Ò³ ¶µ ¢¥²¨Î¨´¥ ¨ ¶µ²µ£¨³
¶µ Ëµ·³¥. ‡ ³¥É¨³, ÎÉµ ¶µ²µ£ Ö Ëµ·³  ´¥²µ± ²Ó´µ£µ ¢±² ¤  ¥¸ÉÓ ·¥§Ê²Ó-
É É ¸Ê³³Ò · §²¨Î´ÒÌ ´¥²µ± ²Ó´ÒÌ ¢±² ¤µ¢, ±µÉµ·Ò¥ ¨³¥ÕÉ ¡µ²¥¥ ¸²µ¦´ÊÕ
Ëµ·³Ê.

∗”µ·³Ê²  (67) µ¡µ¡Ð ¥É ¢Ò· ¦¥´¨¥, ±µÉµ·µ¥ ¡Ò²µ ´ °¤¥´µ · ´¥¥ ¢ [45] (  É ±¦¥ ¢ [46]).
‚ ÔÉ¨Ì · ¡µÉ Ì ¢³¥¸Éµ ¶µ²´µ° ¢¥·Ï¨´Ò Γµ(k, q) ¡Ò²  ¨¸¶µ²Ó§µ¢ ´  ¢¥·Ï¨´ , ¸µµÉ¢¥É¸É¢ÊÕÐ Ö
Éµ²Ó±µ ²µ± ²Ó´µ³Ê  ±¸¨ ²Ó´µ³Ê Éµ±Ê γµγ5. Š ± ¡Ê¤¥É ¢¨¤´µ, ÔÉµ ¶·¨¡²¨¦¥´¨¥ ´¥ ¸µ£² ¸µ¢ ´µ
¸  ±¸¨ ²Ó´Ò³ “’T.
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¨¸. 3. �±¸¨ ²Ó´ Ö ¶·µ¥±Í¨Ö ¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö (¸¶²µÏ´ Ö ²¨´¨Ö)
¶·¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ µ2

0 = 0, 5 ƒÔ‚2. ‚±² ¤ ²µ± ²Ó´µ° Î ¸É¨ ¢¥·Ï¨´Ò
¶µ± § ´ ÏÉ·¨Ì¶Ê´±É¨·´µ° ²¨´¨¥°, ´¥²µ± ²Ó´µ° Å ¶Ê´±É¨·´µ° ²¨´¨¥°. �¸¨³¶ÉµÉ¨-
Î¥¸± Ö  ³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ¶µ± § ´  ÏÉ·¨Ìµ¢µ° ²¨´¨¥°

� °¤¥´´ Ö � ¶¨µ´  µ¶·¥¤¥²¥´  ´  ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ µ0 ∼
∼ ρ−1c , £¤¥ µ¦¨¤ ¥É¸Ö, ÎÉµ ¶·¨³¥´¥´¨¥ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ µ¶· ¢¤ ´´µ.
�´  ¸²Ê¦¨É ¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ ¤²Ö Š•„-Ô¢µ²ÕÍ¨¨ ± ¡µ²¥¥ ¢Ò-
¸µ±¨³ ¨³¶Ê²Ó¸ ³ ¶¥·¥¤ Î¨ Q2. „²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ÔÉÊ ¸¢Ö§Ó, Ê¤µ¡´µ

· §²µ¦¨ÉÓ � ¶µ ¶µ²¨´µ³ ³ ƒ¥£¥´¡ ÊÔ·  C3/2n (x), ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¸µ¡-
¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ Ö¤·  Ê· ¢´¥´¨Ö Š•„-Ô¢µ²ÕÍ¨¨:

ϕA
π (x, µF ) = ϕA,asymp

π (x)

[
1 +

∞∑
n=2,4,...

Bn(µ0)
(
αs(µF )
αs(µ0)

)γn

C3/2n (2x− 1)

]
,

(68)

£¤¥ γn Å  ´µ³ ²Ó´Ò¥ · §³¥·´µ¸É¨, ¢ÒÎ¨¸²¥´´Ò¥ ¢ ²¨¤¨·ÊÕÐ¥³ ¶µ·Ö¤±¥ ¶µ
±µ´¸É ´É¥ ¸¢Ö§¨ αs(µ); Bn(µ0) Å ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ¶µ ¶µ²¨´µ³ ³
ƒ¥£¥´¡ ÊÔ· . Œµ¤¥²Ó´ Ö � Ìµ·µÏµ ¢µ¸¶·µ¨§¢µ¤¨É¸Ö ¸ ¶µ³µÐÓÕ ÔÉµ£µ · §²µ-
¦¥´¨Ö, ¥¸²¨ Ê¤¥·¦ ÉÓ Éµ²Ó±µ ´¥¸±µ²Ó±µ ¶¥·¢ÒÌ ´¥´Ê²¥¢ÒÌ ±µÔËË¨Í¨¥´Éµ¢:

B2(µ0) = 0, 069, B4(µ0) = −0, 061, B6(µ0) = −0, 017, Bn≥8(µ0) = 0.

�µ²ÊÎ¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô±¸É· ¶µ²¨·Ê¥É¸Ö ± ¡µ²¥¥ ¢Ò¸µ±¨³ Ô±¸¶¥·¨³¥´-
É ²Ó´µ ¤µ¸É¨¦¨³Ò³ ¨³¶Ê²Ó¸ ³ ¸ ¶µ³µÐÓÕ ¶¥·ÉÊ·¡ É¨¢´µ° Š•„, É ± ÎÉµ
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¨¸. 4. �±¸¨ ²Ó´ Ö ¶·µ¥±Í¨Ö ¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö (¸¶²µÏ´ Ö ²¨´¨Ö)
¶·¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ µ2

0 = 0, 5 ƒÔ‚2 ¨ ¥¥ Ô¢µ²ÕÍ¨Ö ± ¡µ²¥¥ ¢Ò¸µ±¨³
¨³¶Ê²Ó¸ ³ ¶¥·¥¤ Î ¢ ±¢ ¤· É¥: Q2 = 1 ƒÔ‚2 (¶Ê´±É¨·´ Ö ²¨´¨Ö), Q2 = 10 ƒÔ‚2

(ÏÉ·¨Ì¶Ê´±É¨·´ Ö ²¨´¨Ö). �¸¨³¶ÉµÉ¨Î¥¸± Ö  ³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ¶µ± § ´a Éµ-
Î¥Î´µ° ²¨´¨¥°

¸· ¢´¥´¨¥ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´µ. ŒÒ ¢Ò-

¡¨· ¥³ Š•„-³ ¸ÏÉ ¡´Ò° ¶ · ³¥É· Λ(3)
M̄S

= 250 ŒÔ‚. �  ·¨¸. 4 ¶µ± § ´ 
� ¶¨µ´  ¸ Ô¢µ²ÕÍ¨¥° ± ³ ¸ÏÉ ¡ ³ 1 ¨ 10 ƒÔ‚2 ¢ ¸· ¢´¥´¨¨ ¸ ´ Î ²Ó´Ò³
· ¸¶·¥¤¥²¥´¨¥³ ´  ³ ¸ÏÉ ¡¥ µ20 = λ2q = 0, 5 ƒÔ‚2.

‚ ¨Éµ£¥ ³Ò ¶·¥¤¸É ¢¨²¨ §¤¥¸Ó ´¥±µÉµ·Ò¥ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸± § ´¨Ö ¤²Ö
¶¨µ´´µ°  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö ¢ · ³± Ì ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ Ëµ·³ ²¨§³ ,
µ¸´µ¢ ´´µ£µ ´  ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ Š•„-¢ ±ÊÊ³ . �µ± § ´µ, ÎÉµ ¶· ¢¨²Ó-
´ Ö ´µ·³¨·µ¢±  � ¶µ²ÊÎ ¥É¸Ö Éµ²Ó±µ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨
¨ ¶·Ö³µ£µ ¶·¨³¥´¥´¨Ö —‘�’, ÎÉµ Ê²ÊÎÏ ¥É ´¥±µÉµ·Ò¥ ¶·¥¤Ò¤ÊÐ¨¥ ¢ÒÎ¨¸²¥-
´¨Ö, ¢Ò¶µ²´¥´´Ò¥ ¢ [45] ¨ [46].

�É³¥É¨³, ÎÉµ ¢ · ¸Ï¨·¥´´µ° ´¥²µ± ²Ó´µ° ³µ¤¥²¨, £¤¥ ¢µ ¢§ ¨³µ¤¥°¸É¢¨¨
¢µ§³µ¦´Ò ¤·Ê£¨¥ ¸¶¨´- ·µ³ Éµ¢Ò¥ Î²¥´Ò, ¢ � ¶¨µ´  ³µ£ÊÉ ¤ ¢ ÉÓ ¢±² ¤ ¨
¢¥·Ï¨´Ò ¸ ¢¥±Éµ·´µ° ¢¸É ¢±µ° ρ-³¥§µ´ . ˆ§¢¥¸É´µ, ÎÉµ ÔÉµÉ ¢±² ¤ ¢ Fπ ³ ²
¨ µÍ¥´¨¢ ¥É¸Ö ± ± −10% [20]. �¤´ ±µ ¡Ò²µ ¡Ò ¨´É¥·¥¸´µ · ¸¸³µÉ·¥ÉÓ ¥£µ
¢²¨Ö´¨¥ ´  Ëµ·³Ê �.

ˆ§¢²¥Î¥´´ Ö � ¶¨µ´  ¸µµÉ¢¥É¸É¢Ê¥É ´¨§±µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨, £¤¥ ÔË-
Ë¥±É¨¢´Ò° ¨´¸É ´Éµ´´Ò° ¶µ¤Ìµ¤ µ¶· ¢¤ ´. ŒÒ ¶µ²ÊÎ¨²¨ � ¶¨µ´  ¶·¨ ¡µ-
²¥¥ ¢Ò¸µ±¨Ì ¨³¶Ê²Ó¸ Ì, ¤µ¸É¨¦¨³ÒÌ ¢ Ô±¸¶¥·¨³¥´É¥, ¸ ¶µ³µÐÓÕ ¸É ´¤ ·É´µ°
¶¥·ÉÊ·¡ É¨¢´µ° Ô¢µ²ÕÍ¨¨. � °¤¥´µ · §Ê³´µ¥ ¸µ£² ¸¨¥ ¸ ¤ ´´Ò³¨ CLEO ¶µ
¶¥·¥Ìµ¤´µ³Ê ¶¨µ´´µ³Ê Ëµ·³Ë ±Éµ·Ê ¶·¨ ¢Ò¸µ±¨Ì ¨³¶Ê²Ó¸ Ì ¶¥·¥¤ Î¨.
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8¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· ¶¨µ´  ¤²Ö ¶·µÍ¥¸¸µ¢ πγ∗γ∗. �¥¤ ¢´µ ¢´µ¢Ó
¢µ§·µ¸ ¨´É¥·¥¸ ± Ëµ·³Ë ±Éµ·Ê Tπ0(q21 , q

2
2) ¤²Ö ¶¥·¥Ìµ¤´ÒÌ ¶·µÍ¥¸¸µ¢

γ,(q1)γ(q2) → π0(p) ¨ γ,(q1)γ,(q2) → π0(p), £¤¥ q1 ¨ q2 Å ËµÉµ´´Ò¥ ¨³-
¶Ê²Ó¸Ò. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ Ëµ·³Ë ±Éµ·Ê Tπ0 ¤²Ö ³ ²µ° ¢¨·ÉÊ-
 ²Ó´µ¸É¨ µ¤´µ£µ ¨§ ËµÉµ´µ¢, q22 ≈ 0, ¸ ¢¨·ÉÊ ²Ó´µ¸ÉÓÕ ¤·Ê£µ£µ ËµÉµ´ , ¶·µ-
¸± ´¨·µ¢ ´´µ° ¤µ 8 ƒÔ‚2, ¨§¢¥¸É´Ò ¨§ ·¥§Ê²ÓÉ Éµ¢ ±µ²² ¡µ· Í¨° CELLO [47]
¨ CLEO [41]. ’¥µ·¥É¨Î¥¸±¨ ¶·¨ ´Ê²¥¢ÒÌ ¢¨·ÉÊ ²Ó´µ¸ÉÖÌ µ¡µ¨Ì ËµÉµ´µ¢
Ëµ·³Ë ±Éµ· Tπ0 (0, 0) ¸¢Ö§ ´ ¸  ±¸¨ ²Ó´µ°  ´µ³ ²¨¥°. �·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨
¡µ²ÓÏµ° ËµÉµ´´µ° ¢¨·ÉÊ ²Ó´µ¸É¨ ¶µ¢¥¤¥´¨¥ Ëµ·³Ë ±Éµ·  ¶·¥¤¸± §Ò¢ ¥É¸Ö
¸ ¶µ³µÐÓÕ ¶¥·ÉÊ·¡ É¨¢´µ° Š•„ (¶Š•„) [38, 48, 49] (¸³. [50] ¤²Ö ´¥¤ ¢´¨Ì
¤¨¸±Ê¸¸¨°) ¨ § ¢¨¸¨É ±·¨É¨Î¥¸±¨ µÉ ¢´ÊÉ·¥´´¥° ¶¨µ´´µ° ¤¨´ ³¨±¨, ±µÉµ· Ö
¶ · ³¥É·¨§Ê¥É¸Ö ¸ ¶µ³µÐÓÕ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¶¨µ´´µ° � ϕA

π (x). qµ²¥¥
Éµ£µ, §´ ´¨¥ ¸É·Ê±ÉÊ·Ò Ëµ·³Ë ±Éµ·  ¢´¥ ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨ ¶µ§¢µ²Ö¥É
§´ Î¨É¥²Ó´µ Ê³¥´ÓÏ¨ÉÓ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ ¢ÒÎ¨¸²¥´¨¨  ¤·µ´´µ£µ ¢±² ¤  ¢
 ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¸¢¥É  ´  ¸¢¥É¥ ¢ ³Õµ´´ÊÕ g−2 [51], ±µÉµ· Ö ¨§³¥·Ö¥É¸Ö
¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢ Ô±¸¶¥·¨³¥´É¥ E821 ¢ BNL [52].

„ ²¥¥, Ê¤µ¡´µ ¶ · ³¥É·¨§µ¢ ÉÓ ËµÉµ´´Ò¥ ¢¨·ÉÊ ²Ó´µ¸É¨ ± ±
q21 = −(1 + ω)Q2/2, q22 = −(1 − ω)Q2/2, £¤¥ Q2 ¨ ω, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ²´ Ö
¢¨·ÉÊ ²Ó´µ¸ÉÓ ËµÉµ´µ¢ ¨ a¸¨³³¥É·¨Ö ¢ ¨Ì · ¸¶·¥¤¥²¥´¨¨:

Q2 = −(q21 + q22) ≥ 0 ¨ ω = (q21 − q22)/(q21 + q22). (69)

�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ CLEO [41] ¤²Ö ¶·µÍ¥¸¸  γ∗γ → π0 (|ω| = 1)
³µ£ÊÉ ¡ÒÉÓ Ë¨É¨·µ¢ ´Ò ¸ ¶µ³µÐÓÕ ³µ´µ¶µ²Ó´µ£µ Ëµ·³Ë ±Éµ· :

Tπ0(q21 = −Q2, q22 = 0)
∣∣
fit

=
gπγγ

1 +Q2/Λ2π
, Λπ � 0, 77 ƒÔ‚, (70)

£¤¥ gπγγ Å ¤¢ÊÌËµÉµ´´ Ö ±µ´¸É ´É  · ¸¶ ¤  ¶¨µ´ . ‚ ´ ¨´¨§Ï¥³ ¶µ·Ö¤±¥
¶Š•„, ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ � ´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥ ¶µ¢¥¤¥´¨¥ Ëµ·³Ë ±Éµ· 
¶·¨ ¢Ò¸µ±¨Ì Q2 ¶·¥¤¸± §Ò¢ ¥É¸Ö [38,48] ± ±

Tπ0(q21 , q
2
2)
∣∣
Q2→∞ = J (ω)

fπ
Q2

+O(
αs
π

) +O(
1
Q4

) (71)

¸  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ±µÔËË¨Í¨¥´Éµ³

J (ω) =
4
3

∫ 1

0

dx

1 − ω2(2x− 1)2
ϕA
π (x), (72)

£¤¥ fπ = 93 ŒÔ‚ Å ±µ´¸É ´É  ¸² ¡µ£µ · ¸¶ ¤  ¶¨µ´ . ’ ± ± ± � ¶¨-
µ´  µÉ· ¦ ¥É ¢´ÊÉ·¥´´ÕÕ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¤¨´ ³¨±Ê ¶¨µ´ , ¶·¥¤¸± § ´¨¥
¢¥²¨Î¨´Ò J (ω) Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´µ ´¥É·¨¢¨ ²Ó´µ° § ¤ Î¥°, ¨ ¥£µ ÉµÎ´µ¥
¨§³¥·¥´¨¥ ¤ ²µ ¡Ò ¤µ¸É ÉµÎ´µ ¢ ¦´ÊÕ ¨´Ëµ·³ Í¨Õ.
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‚ ¦´µ § ³¥É¨ÉÓ, ÎÉµ ¤²Ö · ¸¸³ É·¨¢ ¥³µ£µ ¶¥·¥Ìµ¤´µ£µ ¶·µÍ¥¸¸  ²¨¤¨-
·ÊÕÐ¨°  ¸¨³¶ÉµÉ¨Î¥¸±¨° Î²¥´ ¶Š•„-· §²µ¦¥´¨Ö (71) ´¥ ¶µ¤ ¢²¥´ ¸¨²Ó´µ°
±µ´¸É ´Éµ° ¸¢Ö§¨ αs. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¥¤¸± § ´¨¥ ¶Š•„ (71) ³µ¦¥É ¡ÒÉÓ
· §Ê³´Ò³∗ Ê¦¥ ¶·¨ ´ ¨¡µ²¥¥ ¢Ò¸µ±¨Ì ¨§ ¤µ¸É¨¦¨³ÒÌ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨³-
¶Ê²Ó¸µ¢ Q2 ∼ 10 ƒÔ‚2. �·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¢Ò¸µ±¨Ì Q2 � Ô¢µ²ÕÍ¨µ´¨·Ê¥É
± ϕA,asymp

π (x) = 6x(1−x) ¨ Jasymp (|ω| = 1) = 2. �·¨ ³ ±¸¨³ ²Ó´µ ¢Ò¸µ±¨Ì,
¤µ¸ÉÊ¶´ÒÌ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢¨·ÉÊ ²Ó´µ¸ÉÖÌ Q2 ≈ 10 ƒÔ‚2 ÔÉµ ¶·¥¤¸± -
§ ´¨¥ ·¥¤ÊÍ¨·Ê¥É¸Ö §  ¸Î¥É · ¤¨ Í¨µ´´ÒÌ ¶µ¶· ¢µ± ´ ¨´¨§Ï¥£µ ¶µ·Ö¤±  ¶µ
Š•„ [49] ± Jasymp (10 ƒÔ‚2) = 1, 6 ¨ Ìµ·µÏµ Ë¨É¨·Ê¥É ¤ ´´Ò¥ CLEO. �Éµ
Ê± §Ò¢ ¥É ´  Éµ, ÎÉµ Ê¦¥ ¶·¨ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±¨Ì ¨³¶Ê²Ó¸ Ì ÔÉ  ¢¥²¨Î¨´  ´¥
¸²¨Ï±µ³ ¤ ²¥±  µÉ ¸¢µ¥£µ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¶·¥¤¥² .

�¤´ ±µ, É ± ± ± ¶Š•„-Ô¢µ²ÕÍ¨Ö � ¤µ¸É¨£ ¥É  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ·¥¦¨³ 
µÎ¥´Ó ³¥¤²¥´´µ, ÉµÎ´ Ö Ëµ·³  � ¶·¨ Ê³¥·¥´´µ ¢Ò¸µ±¨Ì Q2 ³µ¦¥É ´¥ ¸µ¢¶ -
¤ ÉÓ ¸ ϕA,asymp

π (x). �·¨ ¡µ²¥¥ ´¨§±¨Ì Q2 ¸É ´µ¢ÖÉ¸Ö ¢ ¦´Ò³¨ ¸É¥¶¥´´Ò¥
¶µ¶· ¢±¨ ± Ëµ·³Ë ±Éµ·Ê. ’ ±¨³ µ¡· §µ³, ¨§ÊÎ¥´¨¥ ¶µ¢¥¤¥´¨Ö ¶¥·¥Ìµ¤´µ£µ
Ëµ·³Ë ±Éµ·  ¶·¨ Ô±¸¶¥·¨³¥´É ²Ó´µ ¤µ¸É¨¦¨³ÒÌ Q2 ¥¸ÉÓ ¶·¥¤³¥É ´¥¶¥·-
ÉÊ·¡ É¨¢´µ° ¤¨´ ³¨±¨, £¤¥ ÉµÉ ¦¥ É¨¶ ²¨¤¨·ÊÕÐ¥£µ ¶·¨ ¢Ò¸µ±¨Ì Q2 ¶µ-
¢¥¤¥´¨Ö, ± ± ¨ ¢ (71), ¶µ²ÊÎ ¥É¸Ö ¸ ¶µ³µÐÓÕ · §²¨Î´ÒÌ ³¥Éµ¤µ¢. ’ ±¨³
µ¡· §µ³, É¥µ·¥É¨Î¥¸±µ¥ µ¶·¥¤¥²¥´¨¥ ¶¥·¥Ìµ¤´µ£µ Ëµ·³Ë ±Éµ·  Ö¢²Ö¥É¸Ö ´¥-
É·¨¢¨ ²Ó´Ò³, ¨ ¦¥² É¥²Ó´µ ¶µ²ÊÎ¨ÉÓ Tπ0(q21 , q

2
2) ¶ÊÉ¥³ ¶·Ö³ÒÌ ¢ÒÎ¨¸²¥´¨°,

¡¥§ ± ±¨Ì-²¨¡µ a priori ¶·¥¤¶µ²µ¦¥´¨° µ Ëµ·³¥ � ¶¨µ´ .
�¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· ¢ ¸¨³³¥É·¨Î´µ° ±¨´¥³ É¨±¥ q21 = q22 ¶·¨ ¢Ò¸µ-

±µ° ¢¨·ÉÊ ²Ó´µ¸É¨ · ¸¸³ É·¨¢ ²¸Ö ¢ [54], £¤¥ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ´µ ²µ± ²Ó´µ¥
� ¨ ¶µ²ÊÎ¥´ ·¥§Ê²ÓÉ É JOPE (ω = 0) = 4/3 ¤²Ö  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔËË¨-
Í¨¥´É , ±µÉµ·Ò° ´ Ìµ¤¨É¸Ö ¢ ¸µ£² ¸¨¨ ¸ ¶·¥¤¸± § ´¨¥³ (72) ¶·¨ ω = 0.
‚ ²µ± ²Ó´µ³ � ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ JOPE(ω) ± ± · §²µ¦¥´¨¥ ¶µ ¸É¥¶¥-
´Ö³ ω2 ¸ ±µÔËË¨Í¨¥´É ³¨ · §²µ¦¥´¨Ö, § ¤ ¢ ¥³Ò³¨ ³µ³¥´É ³¨ � ¶¨µ´ :∫ 1
0
dx(2x − 1)2nϕA

π (x). ‚ [55] (¸³. É ±¦¥ [56]) ¡Ò²µ ¶µ± § ´µ, ÎÉµ ²µ± ²Ó-
´µ¥ � Ìµ·µÏµ ¸Ìµ¤¨É¸Ö ¢ ±¨´¥³ É¨Î¥¸±µ° µ¡² ¸É¨, ±µ£¤  ¢¨·ÉÊ ²Ó´µ¸É¨
ËµÉµ´µ¢ ¡²¨§±¨: |ω| � 1/2. ‚ ÔÉµ° ±¨´¥³ É¨±¥ ·¥§Ê²ÓÉ É ¤²Ö  ¸¨³¶ÉµÉ¨Î¥-
¸±µ£µ ±µÔËË¨Í¨¥´É  ¡²¨§µ± ± 4/3. �¤´ ±µ ¢ ÔÉ¨Ì · ¡µÉ Ì ¡Ò²µ Ê± § ´µ, ÎÉµ
¤²Ö |ω| � 1/2 ¶·¨ ²Õ¡µ³ ±µ´¥Î´µ³ Q2 ¢µ§´¨± ÕÉ ¶µÉ¥´Í¨ ²Ó´µ ¡µ²ÓÏ¨¥
¶µ¶· ¢±¨ ± ¶¥·¢µ³Ê Î²¥´Ê ²µ± ²Ó´µ£µ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö [55, 56],  
É ±¦¥ ± ¶·¥¤¸± § ´¨Õ ¶Š•„ ´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥ [38]. ‘ Ê¢¥²¨Î¥´¨¥³ |ω|
Î¨¸²µ Î²¥´µ¢ � ¸ ±µÔËË¨Í¨¥´É ³¨, § ¢¨¸ÖÐ¨³¨ µÉ ¢ ±ÊÊ³´ÒÌ µ¦¨¤ ´¨°
¡µ²¥¥ ¢Ò¸µ±µ° · §³¥·´µ¸É¨, ¡Ò¸É·µ · ¸É¥É. ‚ É ±µ° ¸¨ÉÊ Í¨¨ ¶· ±É¨Î¥¸±¨
¡¥§´ ¤¥¦´µ ´ °É¨ ¡µ²¥¥ Î¥³ ´¥¸±µ²Ó±µ Î²¥´µ¢ ²µ± ²Ó´µ£µ · §²µ¦¥´¨Ö. �µ-

∗�É  ¸¨ÉÊ Í¨Ö ´¥ ¢µ§´¨± ¥É ¢ ¸²ÊÎ ¥ Ô²¥±É·µ³ £´¨É´ÒÌ Ëµ·³Ë ±Éµ·µ¢ ¨ ¢ ¶·µÍ¥¸¸¥ ±µ³¶-
Éµ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ´  ¡µ²ÓÏ¨¥ Ê£²Ò (´ ¶·¨³¥·, ¸³. [53]), £¤¥ ³Ö£±¨¥ ¢±² ¤Ò ¶·¨ Ê³¥·¥´´µ
¢Ò¸µ±¨Ì Q2 ¥Ð¥ ¢ ¦´Ò.
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ÔÉµ³Ê, ÎÉµ¡Ò ±µ´É·µ²¨·µ¢ ÉÓ �, ´¥µ¡Ìµ¤¨³µ ¨³¥ÉÓ £µ· §¤µ ¡µ²¥¥ ¤¥É ²Ó´ÊÕ
¨´Ëµ·³ Í¨Õ µ ´¥¶¥·ÉÊ·¡ É¨¢´µ³ Š•„-¢ ±ÊÊ³¥.

‚ · ¡µÉ¥ [57] ¡Ò² ¤µ¸É¨£´ÊÉ ´¥±µÉµ·Ò° ¶·µ£·¥¸¸ ¸ ¶µ³µÐÓÕ ¨¸¶µ²Ó-
§µ¢ ´¨Ö ¡µ²¥¥ Éµ´±µ£µ ³¥Éµ¤ , µ¸´µ¢ ´´µ£µ ´  � ¸ ´¥²µ± ²Ó´Ò³¨ ±µ´¤¥´-
¸ É ³¨ [3], ÎÉµ Ô±¢¨¢ ²¥´É´µ Î ¸É¨Î´µ³Ê ¸Ê³³¨·µ¢ ´¨Õ ¡¥¸±µ´¥Î´µ£µ ·Ö¤ 
¸É¥¶¥´´ÒÌ ¶µ¶· ¢µ±. ‘ ¶µ³µÐÓÕ Š•„-¶· ¢¨² ¸Ê³³ ¸ ´¥²µ± ²Ó´Ò³¨ ±µ´¤¥´-
¸ É ³¨ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ÔÉµÉ ¶µ¤Ìµ¤ · ¡µÉ ¥É ¶µÎÉ¨ ¢µ ¢¸¥° ±¨´¥³ É¨-
Î¥¸±µ° µ¡² ¸É¨ |ω| � 1 ¨ ÎÉµ ¤²Ö ¡µ²ÓÏ¨Ì §´ Î¥´¨° ¶ · ³¥É·   ¸¨³³¥É·¨¨
|ω| � 0, 8 ¶¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· ¶¨µ´  µÎ¥´Ó ÎÊ¢¸É¢¨É¥²¥´ ± ´¥²µ± ²Ó´µ°
¸É·Ê±ÉÊ·¥ Š•„-¢ ±ÊÊ³ . �µ¸²¥¤´¨° Ì · ±É¥·¨§Ê¥É¸Ö ¸·¥¤´¥° ¢¨·ÉÊ ²Ó´µ¸ÉÓÕ
±¢ ·±µ¢ ¢ ¢ ±ÊÊ³¥ [3] λ2q , ¨ ¢ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ [7] ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´
Î¥·¥§ ¸·¥¤´¨° · §³¥· ¨´¸É ´Éµ´  ρc ± ± λ2q ≈ 2ρ−2c [14,24]. ‚ [58] Ëµ·³Ë ±-
Éµ· γ∗γ → π0 ¡Ò² ´¥¶µ¸·¥¤¸É¢¥´´µ ¢ÒÎ¨¸²¥´ ¨§ Š•„ �‘ ¤²Ö É·¥ÌÉµÎ¥Î´µ°
ËÊ´±Í¨¨, ÎÉµ ¶·¨¢¥²µ ± µÍ¥´±¥ Jsr (ω = 1) ≈ 1, 6 ± 0, 3.

Šµ¢ ·¨ ´É´ Ö ´¥²µ± ²Ó´ Ö ´¨§±µÔ´¥·£¥É¨Î¥¸± Ö ³µ¤¥²Ó (¸³., ´ ¶·¨³¥·,
[59, 60]), µ¸´µ¢ ´´ Ö ´  ¶µ¤Ìµ¤¥ ˜¢¨´£¥·  Å „ °¸µ´  (˜„) ± ¤¨´ ³¨±¥
±¢ ·±µ¢ ¨ £²Õµ´µ¢, ¨³¥¥É ³´µ£µ ¶·¨ÉÖ£ É¥²Ó´ÒÌ µ¸µ¡¥´´µ¸É¥°, É ± ± ± ¶µ¤-
Ìµ¤ ¸µ£² ¸µ¢ ´ ¸ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³¨ É¥µ·¥³ ³¨. ‚ Î ¸É´µ¸É¨, ¢ ÔÉµ³ ¶µ¤-
Ìµ¤¥ ¸É ´¤ ·É´Ò° ·¥§Ê²ÓÉ É ¤²Ö  ¡¥²¥¢µ°  ±¸¨ ²Ó´µ°  ´µ³ ²¨¨ Tπ0(0, 0) ≡
≡ gπ0γγ =

(
4π2fπ

)−1
¢µ¸¶·µ¨§¢µ¤¨É¸Ö ÉµÎ´µ. ‚ É ±µ° ´¥¶¥·ÉÊ·¡ É¨¢´µ°

³µ¤¥²¨ ±¢ ·±-¶¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥ÕÉ ·¥ ²¨¸É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ± ±
³ ² Ö ³ ¸¸  ¶¨µ´ , É ± ¨ ¥£µ ¸µ¸É ¢´ Ö ¸É·Ê±ÉÊ· . qµ²¥¥ Éµ£µ, ¢´ÊÉ·¥´´ÖÖ
´¥²µ± ²Ó´ Ö ¸É·Ê±ÉÊ·  ³µ¤¥²¨ ³µ¦¥É ¡ÒÉÓ ³µÉ¨¢¨·µ¢ ´  ¸ ¶µ³µÐÓÕ ËÊ´¤ -
³¥´É ²Ó´ÒÌ Š•„-¶·µÍ¥¸¸µ¢ ¨´¸É ´Éµ´´µ£µ ¨ £²Õµ´´µ£µ µ¡³¥´µ¢. ‚ [60, 62]
¶¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· γ∗γ → π0 · ¸¸³µÉ·¥´ ¶·¨ ´¨§±¨Ì Q2 ¨ ¶µ²ÊÎ¥´µ
¸µ£² ¸¨¥ ¸ ¤ ´´Ò³¨. ’ ³ ¦¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ·¥§Ê²ÓÉ ÉÒ µÎ¥´Ó ÎÊ¢¸É¢¨-
É¥²Ó´Ò ± ¢¥²¨Î¨´¥ ±µ´¸É¨ÉÊ¥´É´µ° ³ ¸¸Ò ±¢ ·± .

#¨µ´´Ò° ¶¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· ¢ ÔËË¥±É¨¢´µ° ±¢ ·±-¶¨µ´´µ° ³µ-
¤¥²¨. ‡¤¥¸Ó ¢ · ³± Ì ±µ¢ ·¨ ´É´µ° ´¥²µ± ²Ó´µ° ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° ³µ-
¤¥²¨ ±¢ ·±-¶¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨§ÊÎ¨³ ¶µ¢¥¤¥´¨¥ ¶¨µ´´µ£µ ¶¥·¥Ìµ¤-
´µ£µ Ëµ·³Ë ±Éµ·  γ∗γ∗ → π0 ¶·¨ ¢Ò¸µ±¨Ì Q2 ¶·¨ ¶·µ¨§¢µ²Ó´µ°  ¸¨³³¥-
É·¨¨ ¢¨·ÉÊ ²Ó´µ¸É¨ ËµÉµ´µ¢ [61]. �µ± ¦¥³, ÎÉµ  ¸¨³¶ÉµÉ¨Î¥¸±¨° ±µÔËË¨-
Í¨¥´É J (ω), ± ± ÔÉµ ¡Ò²µ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ ¢ Š•„ �‘ [57, 58], § ¢¨¸¨É
µÉ ±¨´¥³ É¨±¨ ¶¥·¥Ìµ¤´µ£µ ¶·µÍ¥¸¸  ¨ µÉ ¢´ÊÉ·¥´´¥° ¶¨µ´´µ° ¤¨´ ³¨±¨,
¨´¤ÊÍ¨·µ¢ ´´µ° ´¥²µ± ²Ó´µ° ¸É·Ê±ÉÊ·µ° Š•„-¢ ±ÊÊ³ . „¨´ ³¨Î¥¸± Ö § ¢¨-
¸¨³µ¸ÉÓ J Ê¶· ¢²Ö¥É¸Ö ¶ · ³¥É·µ³ · §·¥¦¥´´µ¸É¨ Mq/λq , £¤¥ Mq Ö¢²Ö¥É¸Ö
±µ´¸É¨ÉÊ¥´É´µ° ³ ¸¸µ° ±¢ ·± . …¸²¨ ¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥ ³µ¤¥²Ó´ÊÕ § ¢¨¸¨-
³µ¸ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔËË¨Í¨¥´É  J , Éµ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ³µ-
£ÊÉ ¡ÒÉÓ µÎ¥´Ó ¶µ²¥§´Ò³¨ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¤¨¸±·¨³¨´¨·µ¢ ÉÓ · §²¨Î´Ò¥ ¶·¥¤-
¶µ²µ¦¥´¨Ö, ±µÉµ·Ò¥ ¤¥² ÕÉ¸Ö µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¤¨´ ³¨±¥ Š•„-¢ ±ÊÊ³ . ‚
´¥²µ± ²Ó´µ° ±¢ ·±-¶¨µ´´µ° ³µ¤¥²¨ ¢Ò· ¦¥´¨¥ ¤²Ö  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔË-
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Ë¨Í¨¥´É  J ¡Ê¤¥É ´ °¤¥´µ ¢µ ¢¸¥° ±¨´¥³ É¨Î¥¸±µ° µ¡² ¸É¨ ω. qµ²¥¥ Éµ£µ,
¨§ ÔÉµ° § ¢¨¸¨³µ¸É¨ ·¥±µ´¸É·Ê¨·Ê¥É¸Ö � ¶¨µ´  Î¥·¥§ ±¢ ·±-¶¨µ´´ÊÕ ¢¥·-
Ï¨´´ÊÕ ËÊ´±Í¨Õ.

„²Ö ´ ¸ÉµÖÐ¨Ì Í¥²¥° ÔËË¥±É¨¢´ Ö ±¢ ·±-¶¨µ´´ Ö ¤¨´ ³¨±  ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´  ±µ¢ ·¨ ´É´Ò³ ´¥²µ± ²Ó´Ò³ ¤¥°¸É¢¨¥³, § ¤ ´´Ò³

Sint = −
∫
d4xd4y F

[
x+ y/2, x− y/2; Λ−2]×

× q̄(x+ y/2)[Mq + gπq̄qiγ5τaπa(x)] q(x− y/2), (73)

£¤¥ ¤¨´ ³¨Î¥¸± Ö ¢¥·Ï¨´  F
[
x+ y/2, x− y/2; Λ−2] ¸ · §³¥·µ³ ´¥²µ± ²Ó-

´µ¸É¨ Λ−1 § ¢¨¸¨É µÉ ±µµ·¤¨´ É ±¢ ·±  ¨  ´É¨±¢ ·± ; q(x) ¨ π(x) Å ¸µ-
µÉ¢¥É¸É¢¥´´µ, ¶µ²Ö ±¢ ·±  ¨ ¶¨µ´ . �¥²µ± ²Ó´ Ö ¢¥·Ï¨´  Ì · ±É¥·¨§Ê¥É ±µ-
µ·¤¨´ É´ÊÕ § ¢¨¸¨³µ¸ÉÓ ¶ · ³¥É·  ¶µ·Ö¤±  ¤²Ö ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨-
· ²Ó´µ° ¸¨³³¥É·¨¨ ¨ ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ´¥²µ± ²Ó´Ò° ±µ´¤¥´¸ É
±¢ ·±µ¢.

‚ ¢ÒÎ¨¸²¥´¨ÖÌ ÔÉµ£µ · §¤¥²  µ£· ´¨Î¨³¸Ö ¶·¨¡²¨¦¥´¨¥³ (¸³., ´ ¶·¨-
³¥·, [60,62]):

F
[
x+ y/2, x− y/2; Λ−2]→ F (y2,Λ−2), (74)

±µ£¤  ¤¨´ ³¨Î¥¸± Ö ±¢ ·±-¶¨µ´´ Ö ¢¥·Ï¨´  § ¢¨¸¨É Éµ²Ó±µ µÉ µÉ´µ¸¨É¥²Ó´µ°
±µµ·¤¨´ ÉÒ ±¢ ·±  ¨  ´É¨±¢ ·±  ¢ ±¢ ¤· É¥ y2, ¶·¥´¥¡·¥£ Ö § ¢¨¸¨³µ¸ÉÓÕ
¢¥·Ï¨´Ò µÉ Ê£²µ¢µ° ¶¥·¥³¥´´µ° (yx). ”Ê·Ó¥-µ¡· § ¢¥·Ï¨´Ò ¢ ¶·µ¸É· ´-
¸É¢¥ Œ¨´±µ¢¸±µ£µ µ¶·¥¤¥²Ö¥É¸Ö ± ± F̃ (k2; Λ2) =

∫
d4xF (x2; Λ−2) exp(−ikx)

¸ ´µ·³¨·µ¢±µ° F̃ (0; Λ2) = 1; ¶·¨³¥³, ÎÉµ ¢¥·Ï¨´´ Ö ËÊ´±Í¨Ö ¡Ò¸É·µ ¸¶ -
¤ ¥É ¢ ¥¢±²¨¤µ¢¸±µ° µ¡² ¸É¨ ¨³¶Ê²Ó¸µ¢ (k2 = −k2E ≡ −u).

‚ ¤ ²Ó´¥°Ï¥³  ¶¶·µ±¸¨³¨·Ê¥³ É ±¦¥ ¸µ¡¸É¢¥´´ÊÕ Ô´¥·£¨Õ ±¢ ·± , § -
¢¨¸ÖÐÊÕ µÉ ¨³¶Ê²Ó¸ , ¢ ¶·µ¶ £ Éµ·¥ ±¢ ·±  ¸ ¶µ³µÐÓÕ ¶µ¸ÉµÖ´´µ° ³ ¸¸Ò
[60,62]: S−1(k) = k̂−mq . „¥°¸É¢¨É¥²Ó´µ, ¨³¶Ê²Ó¸´ Ö § ¢¨¸¨³µ¸ÉÓ ¢¥·Ï¨´Ò
¢ Î¨¸²¨É¥²ÖÌ ¶µ¤Ò´É¥£· ²Ó´ÒÌ ËÊ´±Í¨° (±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ Ë¨§¨Î¥¸±¨¥
¢¥²¨Î¨´Ò) ¢ ¦´  ¶µÉµ³Ê, ÎÉµ µ´  ¶·¨¢µ¤¨É ± Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° ·¥£Ê²Ö·¨-
§ Í¨¨ ¨´É¥£· ²µ¢. Š·µ³¥ Éµ£µ, ¡² £µ¤ ·Ö ¨³¶Ê²Ó¸´µ° § ¢¨¸¨³µ¸É¨ ¢¥·Ï¨´,
³¥·  ¢ ¨´É¥£· ² Ì ¨³¥¥É ¢¨¤ ¶·µ¨§¢¥¤¥´¨Ö ´¥±µÉµ·µ° ¸É¥¶¥´¨ k2 ¨ ËÊ´±-
Í¨¨ Q̃(k). �É  ³¥·  ¨³¥¥É ³ ±¸¨³Ê³ ¶·¨ k2 ¶µ·Ö¤±  1/ρ2c, ¨ ¶·¨ ³ ²ÒÌ
¨³¶Ê²Ó¸ Ì § ¢¨¸ÖÐ Ö µÉ ¨³¶Ê²Ó¸  ³ ¸¸  ±¢ ·±  ³µ¦¥É ¡ÒÉÓ § ³¥´¥´  ¢ §´ -
³¥´ É¥²ÖÌ ÔËË¥±É¨¢´µ° ¶µ¸ÉµÖ´´µ° ³ ¸¸µ° mq ≈ Mq(k ∼ ρ−1c ). ‘ Ëµ·³µ°
¨³¶Ê²Ó¸´µ£µ · ¸¶·¥¤¥²¥´¨Ö, ¶µ± § ´´µ£µ ´  ·¨¸. 2, ÔÉµÉ ³ ¸¸µ¢Ò° ¶ · ³¥É·
¶·¨¡²¨§¨É¥²Ó´µ · ¢¥´ ³ ¸¸¥ ¢ ´Ê²¥ Mq(0). �ÉµÉ ¶ · ³¥É· mq ³µ¦¥É ¡ÒÉÓ
µÉµ¦¤¥¸É¢²¥´ ¸µ ¸É ´¤ ·É´µ° ±µ´¸É¨ÉÊ¥´É´µ° ³ ¸¸µ° ±¢ ·± . ‚ ¸µµÉ¢¥É¸É¢¨¨
¸ ÔÉµ° ¶µ¤¸É ´µ¢±µ° ¶¥·¥µ¶·¥¤¥²¨³ ËÊ´±Í¨Õ D(k), § ¤ ´´ÊÕ ¢ (42), ± ±
D(k) = m2q + k2, ¨ ¢Ò¡¥·¥³ ³ ¸¸µ¢Ò° ¶ · ³¥É·

mq = 230 ŒÔ‚. (75)
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’ ±µ° ¢Ò¡µ· Î¨¸²¥´´µ Ìµ·µÏµ ¢µ¸¶·µ¨§¢µ¤¨É §´ Î¥´¨Ö ¨´É¥£· ²µ¢, µ¶·¥¤¥-
²ÖÕÐ¨Ì ¢ ±ÊÊ³´Ò¥ µ¦¨¤ ´¨Ö (9), (54). �·¨¡²¨¦¥´¨¥ ¶µ¸ÉµÖ´´µ° ³ ¸¸Ò
Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ´  ¶· ±É¨±¥ ¸ ³ ¸¸ ³¨ ±¢ ·±  ¢ µ¡² ¸É¨ 250 ÷ 350 ŒÔ‚
(¸³., ´ ¶·¨³¥·, [62Ä64]).

‡ ³¥É¨³, ÎÉµ ¨¸¶µ²Ó§Ê¥³Ò¥ ¶·¨¡²¨¦¥´¨Ö ´¥ ¢¶µ²´¥ ¸µ£² ¸µ¢ ´Ò. ‚ Î ¸É-
´µ¸É¨, ¡² £µ¤ ·Ö ¶·¥´¥¡·¥¦¥´¨Õ ¨³¶Ê²Ó¸´µ° § ¢¨¸¨³µ¸ÉÓÕ ³ ¸¸Ò ±¢ ·± ,
´¥±µÉµ·Ò¥ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨¥ É¥µ·¥³Ò ´ ·ÊÏ ÕÉ¸Ö. Š·µ³¥ Éµ£µ, ± ± ¡Ê-
¤¥É ¶µ± § ´µ ´¨¦¥, ¢Ò¡µ· ³µ¤¥²¨ ¤²Ö ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´Ò (74), § ¢¨¸Ö-
Ð¥° Éµ²Ó±µ µÉ µÉ´µ¸¨É¥²Ó´µ° ±µµ·¤¨´ ÉÒ, ¶·¨¢µ¤¨É ± ´¥±µÉµ·µ³Ê  ·É¥Ë ±ÉÊ
¢ x-§ ¢¨¸¨³µ¸É¨ �. �¤´ ±µ ÔÉ¨ ´¥¤µ¸É É±¨ ¢Ò¡· ´´µ£µ ¶·¨¡²¨¦¥´¨Ö ´¥
¢¥¤ÊÉ ± ¸ÊÐ¥¸É¢¥´´Ò³ Î¨¸²¥´´Ò³ µÏ¨¡± ³, ´µ ¢³¥¸É¥ ¸ É¥³ ¸ÊÐ¥¸É¢¥´´µ
Ê²ÊÎÏ ÕÉ  ´ ²¨§ ¸É·Ê±ÉÊ·Ò ¶¨µ´ , ¢Ò¶µ²´¥´´Ò° ¢ ¡µ²¥¥ · ´´¨Ì · ¡µÉ Ì.

‚ ¶·¨¡²¨¦¥´¨¨ ¶µ¸ÉµÖ´´µ° ³ ¸¸Ò ±¢ ·±  ±µ´¸É ´É  ±¢ ·±-¶¨µ´´µ£µ ¢§ ¨-
³µ¤¥°¸É¢¨Ö § ¤ ¥É¸Ö ¸ ¶µ³µÐÓÕ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨ [60,62]:

g−2πq̄q =
Nc

8π2

∫ ∞

0

duuF̃ 2(−u;χ−2)
3 + 2u

(1 + u)3
; (76)

¨ ±µ´¸É ´É  ¸² ¡µ£µ · ¸¶ ¤  ¶¨µ´  ¨³¥¥É ¢¨¤

fπ =
Ncgπq̄q

4π2
Mq

∫ ∞

0

duuF̃ (−u;χ−2)
1

(1 + u)2
. (77)

�¥·¥³¥´´ Ö ¨´É¥£·¨·µ¢ ´¨Ö ¶¥·¥³ ¸ÏÉ ¡¨·µ¢ ´  ±¢ ¤· Éµ³ ³ ¸¸Ò ±¢ ·± , ¨
¢¢¥¤¥´ ¶ · ³¥É· χ = Mq/Λ ≈ η, Ì · ±É¥·¨§ÊÕÐ¨° · §·¥¦¥´´µ¸ÉÓ
Š•„-¢ ±ÊÊ³ . ‚ ³µ¤¥²¨ ¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³  · §³¥· ´¥²µ± ²Ó´µ¸É¨ ´¥¶¥·-
ÉÊ·¡ É¨¢´µ£µ £²Õµ´´µ£µ ¶µ²Ö ρc ∼ Λ−1 £µ· §¤µ ³¥´ÓÏ¥, Î¥³ ±µ³¶Éµ´µ¢¸± Ö
¤²¨´  ±¢ ·±  M−1

q , ¨, É ±¨³ µ¡· §µ³, χ Å ³ ²Ò° ¶ · ³¥É· [7].
 ¸¸³µÉ·¨³ ¢±² ¤ ¢ ¨´¢ ·¨ ´É´ÊÕ  ³¶²¨ÉÊ¤Ê ¶·µÍ¥¸¸  γ∗γ∗π0, ±µÉµ·Ò°

¢µ§´¨± ¥É ¨§ ¢ÒÎ¨¸²¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì É·¥Ê£µ²Ó´ÒÌ ¤¨ £· ³³:

M
(
γ∗ (q1, e1) γ∗ (q2, e2) → π0 (p)

)
= mπγγ(q1, e1; q2, e2) +mπγγ(q2, e2; q1, e1),

£¤¥ ei(i = 1, 2) Å ¢¥±Éµ·Ò ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ¨

mπγγ(q1, e1; q2, e2) = −Nc

3
gπqq

∫
d4k

(2π)4
F̃ (k2; Λ2)×

×tr{iγ5S(k − p/2)ê2S[k − (q1 − q2)/2]ê1S(k + p/2)}. (78)

…¸²¨ ¨§ ÔÉµ°  ³¶²¨ÉÊ¤Ò µÉË ±Éµ·¨§µ¢ ÉÓ É¥´§µ· εµνρσe
µ
1e

ν
2q

ρ
1q

σ
2 , Éµ Ëµ·³Ë ±-

Éµ· ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ± ±

Tπ0(q21 , q
2
2) =

gπqq
2π2

MqIπγγ(q21 , q
2
2 , p

2), (79)
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£¤¥ ¨´É¥£· ² ”¥°´³ ´  Iπγγ(q21 , q22 , p2) § ¤ ´ ¢Ò· ¦¥´¨¥³

Iπγγ(q21 , q
2
2 , p

2) =
∫
d4k

iπ2
×

× F̃ (k2; Λ2)
[M2

q−(k+p/2)2−iε][M2
q−(k−p/2)2−iε][M2

q−(k−(q1−q2)/2)2−iε] . (80)

‚ ¶·¨¡²¨¦¥´¨¨ ¶µ¸ÉµÖ´´µ° ³ ¸¸Ò ´¨§±µÔ´¥·£¥É¨Î¥¸±µ¥ ¸µµÉ´µÏ¥´¨¥, ¸²¥¤ÊÕ-
Ð¥¥ ¨§  ±¸¨ ²Ó´µ°  ´µ³ ²¨¨ �¤²¥·  Å q¥²²  Å „¦ ±¨¢  (�q„) (fπgπγγ =
= 1/(4π2)), Ìµ·µÏµ ¢µ¸¶·µ¨§¢µ¤¨É¸Ö Î¨¸²¥´´µ ¸ µÉ´µ¸¨É¥²Ó´µ° ¶µ£·¥Ï´µ-
¸ÉÓÕ ³¥´ÓÏ¥ 10% [60,62]. ‚ Ëµ·³ ²Ó´µ³ ¶·¥¤¥²¥ µÎ¥´Ó · §·¥¦¥´´µ° ¢ ±Ê-
Ê³´µ° ¸·¥¤Ò χ << 1 ·¥§Ê²ÓÉ ÉÒ ¶µ²´µ¸ÉÓÕ ¸µ£² ¸µ¢ ´Ò ¸ �q„- ´µ³ ²¨¥° ¨
¸µµÉ´µÏ¥´¨¥³ ƒµ²¤¡¥·£¥·  Å ’·¥°³ ´ .

‡ ³¥É¨³, ÎÉµ ¨´É¥£· ² (80) ¶µ ¸É·Ê±ÉÊ·¥ Ö¢²Ö¥É¸Ö ¶µ¤µ¡´Ò³ ¨´É¥£· ²Ê,
¢µ§´¨± ÕÐ¥³Ê ¢ ´ ¨´¨§Ï¥³ ¶µ·Ö¤±¥ ¶Š•„, · ¸¸³ É·¨¢ ÕÐ¥³ ±¢ ·±-ËµÉµ´-
´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¶¥·ÉÊ·¡ É¨¢´µ. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ¥£µ  ¸¨³¶ÉµÉ¨Î¥¸±µ¥
¶µ¢¥¤¥´¨¥ µ¡Ê¸²µ¢²¥´µ ¶µ¤¶·µÍ¥¸¸µ³ γ∗(q1) + γ∗(q2) → q̄(x̄p) + q(xp) ¸ x
(x̄), · ¢´µ° ¤µ²¥ ¶¨µ´´µ£µ ¨³¶Ê²Ó¸  p, ¶¥·¥´µ¸¨³µ° ±¢ ·±µ³, ·µ¦¤¥´´Ò³ ¢
ËµÉµ´´µ° ¢¥·Ï¨´¥ q1 (q2). ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¤¨ £· ³³  ¶µ¤µ¡´  ®handbag¯-
¤¨ £· ³³¥ ¤²Ö ¦¥¸É±µ£µ Ô±¸±²Õ§¨¢´µ£µ ¶·µÍ¥¸¸ , ¶·¨Î¥³ µ¸´µ¢´µ¥ µÉ²¨Î¨¥
¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ± Î¥¸É¢¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¢Ìµ¤-
´µ° ¨´Ëµ·³ Í¨¨ ±¢ ·±-¶¨µ´´ÊÕ ¢¥·Ï¨´Ê ¢³¥¸Éµ � ¶¨µ´ . Š ± ³Ò Ê¢¨¤¨³
´¨¦¥, ÔÉµ ¶µ¤µ¡¨¥ ¶µ§¢µ²Ö¥É ¶·¥µ¡· §µ¢ ÉÓ Ëµ·³Ê ³µ¤¥²Ó´µ° ±¢ ·±-¶¨µ´´µ°
¢¥·Ï¨´Ò ¢ ¸¶¥Í¨Ë¨Î´ÊÕ Ëµ·³Ê � ¶¨µ´ .

#¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ· ¶¨µ´  γ∗γ∗ → π0 ¶·¨ Ê³¥·¥´´µ ¢Ò¸µ±¨Ì Q2.
�Í¥´¨³  ¸¨³¶ÉµÉ¨±Ê ¶¥·¥Ìµ¤´µ£µ Ëµ·³Ë ±Éµ· . ‘ ÔÉµ° Í¥²ÓÕ ¶¥·¥¶¨Ï¥³
¢Ò· ¦¥´¨¥ ¤²Ö ¨´É¥£· ²  (80) ¢ Ëµ·³¥, ±µÉµ· Ö ¶µ²ÊÎ ¥É¸Ö ¶µ¸²¥ ¶¥·¥Ìµ¤  ±
¶·µ¸É· ´¸É¢Ê …¢±²¨¤  (k2 → −u, −id4k → π2udu, F̃ (k2; Λ2) → F̃ (−u; Λ2)),
¨¸¶µ²Ó§µ¢ ´¨Ö Ë¥°´³ ´µ¢¸±µ° α-¶ · ³¥É·¨§ Í¨¨ ¤²Ö §´ ³¥´ É¥²¥° ¨ ¨´É¥-
£·¨·µ¢ ´¨Ö ¶µ Ê£²µ¢Ò³ ¶¥·¥³¥´´Ò³. ’µ£¤  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥£· ² Iπγγ
¶·¨´¨³ ¥É ¢¨¤

Iπγγ(q21 , q
2
2 , p

2) =
∫ ∞

0

duuF̃ (−u; Λ2)

M2
q + u− p

2

4

×

×
∫ 1

0

dα

 1√
b4 − a4+

(
b2 +

√
b4 − a4+

) +
1√

b4 − a4−
(
b2 +

√
b4 − a4−

)
 ,
(81)
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£¤¥

b2 =M2
q + u+

1
2
αQ2 − 1

4
(1 − 2α) p2,

a4± = 2uαQ2 (α± ω (1 − α)) − (1 − 2α)up2. (82)

‚Ò· ¦¥´¨¥ (81) ³µ¦¥É ¡ÒÉÓ ¶·µ ´ ²¨§¨·µ¢ ´µ ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ¶·¥¤¥²¥
¡µ²ÓÏµ° ¶µ²´µ° ¢¨·ÉÊ ²Ó´µ¸É¨ ËµÉµ´µ¢ Q2 → ∞. qµ²¥¥ Éµ£µ, ¨´É¥£· ²
¶µ α ³µ¦¥É ¡ÒÉÓ ¢§ÖÉ  ´ ²¨É¨Î¥¸±¨, ÎÉµ ¶·¨¢µ¤¨É ¢ ±¨· ²Ó´µ³ ¶·¥¤¥²¥ ±
 ¸¨³¶ÉµÉ¨Î¥¸±µ³Ê ¢Ò· ¦¥´¨Õ (71) ¸ ±µÔËË¨Í¨¥´Éµ³

J(ω) ≡ Jnp (ω) =
2Nπ

3ω

{ ∫ ∞

0

du
F̃ (−u;χ−2)

1 + u
ln
[

1 + u (1 + ω)
1 + u (1 − ω)

]}
,

Nπ =

[ ∫ ∞

0

duu
F̃ (−u;χ−2)

(1 + u)2

]−1
. (83)

�µ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö ¢ Î¨¸²¨É¥²¥ (83) µÉ²¨Î ¥É¸Ö µÉ ¶µ¤Ò´É¥£· ²Ó´µ°
ËÊ´±Í¨¨, µ¶·¥¤¥²ÖÕÐ¥° ±µ´¸É ´ÉÊ · ¸¶ ¤  fπ (77). ˆ§ (83) Ö¸´µ, ÎÉµ ¶·¥¤-
¸± § ´¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ ¶µ¤Ìµ¤  µ¡  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ±µÔËË¨Í¨¥´É¥ ¤µ-
¸É ÉµÎ´µ ÎÊ¢¸É¢¨É¥²Ó´µ ± ¶·µ¨§¢¥¤¥´¨Õ χ, ¢¥²¨Î¨´Ò ±µ´¸É¨ÉÊ¥´É´µ° ³ ¸¸Ò
Mq ¨ · §³¥·  ´¥²µ± ²Ó´µ¸É¨ Λ−1 ¢¥·Ï¨´Ò F (x2; Λ−2) ¨ ± µÉ´µ¸¨É¥²Ó-
´µ³Ê · ¸¶·¥¤¥²¥´¨Õ ¶µ²´µ° ¢¨·ÉÊ ²Ó´µ¸É¨ ³¥¦¤Ê ËµÉµ´ ³¨ ω. ‚ Î ¸É-
´µ¸É¨, ¤²Ö ¢¨·ÉÊ ²Ó´µ£µ ¶·µÍ¥¸¸  γ∗γ∗ → π0 ¢ ¸¨³³¥É·¨Î´µ° ±¨´¥³ É¨±¥
q21 = q22 → −∞ (ω → 0) ¶µ²ÊÎ¨³ ¨§ (83) J (|ω| = 0) = 4/3, ÎÉµ ´ Ìµ¤¨É¸Ö ¢
¸µ£² ¸¨¨ ¸ ¶·¥¤¸± § ´¨¥³ � [54].

‡ ³¥É¨³, ÎÉµ ¨¸¶µ²Ó§Ê¥É¸Ö ¶·¨¡²¨¦¥´¨¥ ¶µ¸ÉµÖ´´µ° ³ ¸¸Ò ±¢ ·±  ¤²Ö
¢¸¥Ì É·¥Ì ±¢ ·±µ¢ÒÌ ²¨´¨° ¢ ¤¨ £· ³³¥ ¶·µÍ¥¸¸ . �¤´ ±µ  ¸¨³¶ÉµÉ¨Î¥¸±¨°
·¥§Ê²ÓÉ É (83) ´¥ § ¢¨¸¨É µÉ ¢¥²¨Î¨´Ò ³ ¸¸Ò ¢ ¶·µ¶ £ Éµ·¥ ±¢ ·± , ¶µ ±µ-
Éµ·µ³Ê ¶·µÉ¥± ¥É ¦¥¸É±¨° ¨³¶Ê²Ó¸, ± ± ÔÉµ ¨ ¤µ²¦´µ ¡ÒÉÓ. �¸É ²Ó´Ò¥ ¤¢¥
±¢ ·±µ¢Ò¥ ²¨´¨¨ µ¸É ÕÉ¸Ö ³Ö£±¨³¨ ¢ É¥Î¥´¨¥ ¶·µÍ¥¸¸ . ’ ±¨³ µ¡· §µ³, ³ ¸¸ 
Mq ³µ¦¥É ¡ÒÉÓ · ¸¸³µÉ·¥´  ± ± § ¤ ´´ Ö ´  ´¥±µÉµ·µ³ Ì · ±É¥·´µ³ ³Ö£±µ³
³ ¸ÏÉ ¡¥ ¢ § ¢¨¸ÖÐ¥³ µÉ ¨³¶Ê²Ó¸  ¸²ÊÎ ¥ Mq

(
λ2q
)
. �Éµ µ§´ Î ¥É, ÎÉµ ¤¨´ -

³¨Î¥¸± Ö ¨ ±¨´¥³ É¨Î¥¸± Ö § ¢¨¸¨³µ¸É¨ Jnp (ω), ´ °¤¥´´Ò¥ ¢ (83), µ¸É ´ÊÉ¸Ö
´¥¨§³¥´´Ò³¨, ¤ ¦¥ ¥¸²¨ ÊÎÉ¥´  ¨³¶Ê²Ó¸´ Ö § ¢¨¸¨³µ¸ÉÓ ³ ¸¸Ò ±¢ ·±  ¨ · ¸-
¸³µÉ·¥´  ÔËË¥±É¨¢´ Ö ±¢ ·±-ËµÉµ´´ Ö ¢¥·Ï¨´ , ±µÉµ· Ö ¸¢µ¤¨É¸Ö ± § É· -
¢µÎ´µ° γµ, ±µ£¤  ¢¨·ÉÊ ²Ó´µ¸ÉÓ µ¤´µ£µ ¨§ ËµÉµ´µ¢ ¸É ´µ¢¨É¸Ö ¡¥¸±µ´¥Î´µ°.

�¡  ¢Ò· ¦¥´¨Ö ¤²Ö J , ¶µ²ÊÎ¥´´Ò¥ ¢ ´¥²µ± ²Ó´µ° ±¢ ·±-¶¨µ´´µ° ³µ-
¤¥²¨ (83) ¨ ¨§ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö ´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥ (72), ³µ£ÊÉ ¡ÒÉÓ
¶·¨¢¥¤¥´Ò ± µ¡Ð¥° Ëµ·³¥

J (ω) =
2

3ω

∫ 1

0

dξR(ξ) ln
[

1 + ξω
1 − ξω

]
(84)
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¸

R(ξ) = − d
dξ
ϕA
π

(
1 + ξ

2

)
¨ Rnp(ξ) = NπF̃

(
−ξ

1 − ξ ;χ−2
)

1
1 − ξ ,

£¤¥ 0 ≤ ξ ≡ (2x− 1) ≤ 1, (85)

¨ ¶µ¤µ¡´µ³Ê ¢Ò· ¦¥´¨Õ ¢ ¨´É¥·¢ ²¥ −1 ≤ ξ ≤ 0. �·¨· ¢´¨¢ Ö µ¡  ¢±² ¤ ,
³Ò ´ °¤¥³ � ¶¨µ´  Î¥·¥§ ¢¥·Ï¨´´ÊÕ ËÊ´±Í¨Õ ´  ´¥±µÉµ·µ³ ´¨§±µÔ´¥·£¥-
É¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ µ20 ∼ Λ2 [61]:

ϕA
π (x) = Nπ

∫ 1

|2x−1|

dy

1 − y F̃
(

−y
1 − y ;χ−2

)
. (86)

’ ±¨³ µ¡· §µ³, ¶µ± § ´µ, ÎÉµ Ëµ·³Ê²  (83), ¶µ²ÊÎ¥´´ Ö ¢ ´¥²µ± ²Ó´µ° ±¢ ·±-
¶¨µ´´µ° ³µ¤¥²¨, Ô±¢¨¢ ²¥´É´  ¸É ´¤ ·É´µ³Ê ·¥§Ê²ÓÉ ÉÊ ¶Š•„ ¢ ´¨§Ï¥³ ¶µ-
·Ö¤±¥ ¶µ ±µ´¸É ´É¥ ¸¢Ö§¨ (72), ¸ ¥¤¨´¸É¢¥´´Ò³ µÉ²¨Î¨¥³ ¢ Éµ³, ÎÉµ ´¥¶¥·ÉÊ·-
¡ É¨¢´ Ö ¨´Ëµ·³ Í¨Ö,  ±±Ê³Ê²¨·µ¢ ´´ Ö ¢ � ¶¨µ´  ϕA

π (x), ¢Ò· ¦¥´  Î¥·¥§
±¢ ·±-¶¨µ´´ÊÕ ¢¥·Ï¨´´ÊÕ ËÊ´±Í¨Õ F̃ (−u;χ−2).

‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ Ö¢´ Ö Ëµ·³   ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔËË¨Í¨¥´É  (83)
¨ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê � ¨ ¢¥·Ï¨´´µ° ËÊ´±Í¨¥° § ¢¨¸ÖÉ µÉ ±µ´±·¥É´µ°
³µ¤¥²¨ ±¢ ·±-¶¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö (73). ‚ Î ¸É´µ¸É¨, ¢Ò· ¦¥´¨¥ (86)
¶µ²ÊÎ ¥É¸Ö ¢ ¶·¨¡²¨¦¥´¨¨ (74), ±µ£¤  ±¢ ·±-¶¨µ´´ Ö ¢¥·Ï¨´  § ¢¨¸¨É Éµ²Ó±µ
µÉ µÉ´µ¸¨É¥²Ó´µ° ±µµ·¤¨´ ÉÒ. �Éµ ¶·¨¡²¨¦¥´¨¥ ¶·¨¢µ¤¨É ± ¨¸±Ê¸¸É¢¥´´µ°
§ ¢¨¸¨³µ¸É¨ � µÉ ³µ¤Ê²Ö |x| ¨ ¢¥¤¥É ± ´¥£² ¤±µ³Ê ¶µ¢¥¤¥´¨Õ · ¸¶·¥¤¥²¥´¨Ö
¶·¨ x = 1/2 (¸³. ·¨¸. 5). �¤´ ±µ ÔÉ¨ µ¸µ¡¥´´µ¸É¨ ¨¸Î¥§ ÕÉ, ¥¸²¨ Ê£²µ¢ Ö
§ ¢¨¸¨³µ¸ÉÓ ¢¥·Ï¨´Ò, ³µÉ¨¢¨·µ¢ ´´ Ö, ´ ¶·¨³¥·, ¨´¸É ´Éµ´´µ° ³µ¤¥²ÓÕ,
¢µ¸¸É ´µ¢²¥´  (¸³. ¶·¥¤Ò¤ÊÐ¨° · §¤¥²).

�Í¥´¨³ ·¥ ²¨¸É¨Î¥¸±µ¥ §´ Î¥´¨¥ ¤²Ö ¶ · ³¥É·  · §·¥¦¥´´µ¸É¨ χ ¨ ¶·µ-
¢¥·¨³, ´ ¸±µ²Ó±µ · ¸¸³ É·¨¢ ¥³ Ö ³µ¤¥²Ó ¸µ£² ¸µ¢ ´  ¸ ¤ ´´Ò³¨ CLEO.
‚¥·Ï¨´´ Ö ËÊ´±Í¨Ö F̃ (k2; Λ2) Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ µ¶¨¸Ò¢ ¥É ´¥²µ± ²Ó´ÊÕ
¸É·Ê±ÉÊ·Ê ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ Š•„-¢ ±ÊÊ³  ¨ ³µ¦¥É ¡ÒÉÓ ¸³µ¤¥²¨·µ¢ ´  ¢ ³µ-
¤¥²¨ ¨´¸É ´Éµ´´µ£µ ¢ ±ÊÊ³  [24]. „²Ö ÔÉµ° Í¥²¨ ¢¥·Ï¨´´ Ö ËÊ´±Í¨Ö ³µ¦¥É
¡ÒÉÓ Ìµ·µÏµ  ¶¶·µ±¸¨³¨·µ¢ ´  ¸ ¶µ³µÐÓÕ £ Ê¸¸µ¢¸±µ° Ëµ·³Ò F̃ (k2; Λ2) =
= exp(k2/Λ2). �¡· É´Ò° · §³¥· ´¥²µ± ²Ó´µ¸É¨ ¢¥·Ï¨´Ò Λ ¥¸É¥¸É¢¥´´Ò³
µ¡· §µ³ ¸¢Ö§ ´ ¸µ ¸·¥¤´¥° ¢¨·ÉÊ ²Ó´µ¸ÉÓÕ ±¢ ·±µ¢, ±µÉµ·Ò¥ · ¸¶·µ¸É· ´Ö-
ÕÉ¸Ö ¢ ¢ ±ÊÊ³¥ [3,14,24]:

λ2q ≡ 〈: q̄D2q :〉
〈: q̄q :〉 = −

NcM
5
q

4π2〈q̄q〉

∫ ∞

0

duu2
F̃ (−u;χ−2)
u+ 1

, (87)

£¤¥ Dµ Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ¶µ µÉ´µÏ¥´¨Õ ± ¸¨²Ó´µ³Ê ± ²¨¡·µ¢µÎ-
´µ³Ê ¶µ²Õ,   ±µ´¤¥´¸ É ±¢ ·±µ¢ ¢Ò· ¦ ¥É¸Ö ± ±

〈q̄q〉 = −
NcM

3
q

4π2

∫ ∞

0

duu
F̃ (−u;χ−2)
u+ 1

. (88)



1058 ��ˆŠˆ� ˆ.B., „��•�‚ �.…., ’�Œˆ� ‹.

¨¸. 5. �³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ¶¨µ´  ± ± ËÊ´±Í¨Ö ¶¥·¥³¥´´µ° x (86) ¶·¨ · §²¨Î-
´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  · §·¥¦¥´´µ¸É¨: χ2 = 0, 15 (¸¶²µÏ´ Ö ²¨´¨Ö), χ2 = 0, 0001
(±µ·µÉ±¨¥ ÏÉ·¨Ì¨), χ2 = 4 (¤²¨´´Ò¥ ÏÉ·¨Ì¨). �¸¨³¶ÉµÉ¨Î¥¸± Ö  ³¶²¨ÉÊ¤  · ¸¶·¥-
¤¥²¥´¨Ö ¶µ± § ´a ÉµÎ¥Î´µ° ²¨´¨¥°

‡´ Î¥´¨¥ λ2q ¨§¢¥¸É´µ ¨§  ´ ²¨§  Š•„ �‘, λ2q ≈ (0, 5 ± 0, 1) ƒÔ‚2 [16].
„²Ö £ Ê¸¸µ¢¸±µ° ¢¥·Ï¨´Ò ¨³¥¥³ Λ2 ≈ λ2q , ¥¸²¨ Λ2/M2

q > 1. Œ ¸¸  ±¢ ·± 
Mq § ¤ ¥É¸Ö ¸µµÉ´µÏ¥´¨¥³ ƒµ²¤¡¥·£¥·  Å ’·¥°³ ´  Mq = gπqqfπ ¸ ±¢ ·±-
¶¨µ´´µ° ±µ´¸É ´Éµ°, § Ë¨±¸¨·µ¢ ´´µ° ¸ ¶µ³µÐÓÕ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨ (76),
¨ ¥¥ ¢¥²¨Î¨´  ¸µ£² ¸µ¢ ´  ¸ Mq = 250 ∼ 300 ŒÔ‚. Œ¥´ÖÖ ³µ¤¥²Ó´Ò¥ ¶ -
· ³¥É·Ò ¢ ¨´É¥·¢ ²¥ Λ2 = (0, 55 ± 0, 05) ƒÔ‚2 ¨ Mq = (275 ± 25) ŒÔ‚,
¨³¥¥³ λ2q = (0, 65 ± 0, 05) ƒÔ‚2, 〈q̄q〉 = −(205 ± 15) ŒÔ‚3 ¨ Jnp (ω = 1) =
= 1, 80±0, 05. …¸²¨ ÊÎ¥¸ÉÓ µÏ¨¡±Ê ¢ Ô±¸¶¥·¨³¥´É ²Ó´µ³ Ë¨É¥, Éµ ÔÉ  µÍ¥´± 
´ Ìµ¤¨É¸Ö ¢ ¸µ£² ¸¨¨ ¸ ¤ ´´Ò³¨ CLEO. �´  É ±¦¥ ¸µ£² ¸Ê¥É¸Ö ¸ ´µ¢µ° µÍ¥´-
±µ° Jsr (ω = 1) ≈ 1, 83 ± 0, 05, ¸¤¥² ´´µ° ¢ [68] ¸ ¶µ³µÐÓÕ Š•„ �‘ ¸
´¥²µ± ²Ó´Ò³¨ ±µ´¤¥´¸ É ³¨.

�µ± § É¥²Ó´µ · ¸¸³µÉ·¥ÉÓ ´¥±µÉµ·Ò¥ Ô±¸É·¥³ ²Ó´Ò¥ ¸²ÊÎ ¨, ¢ § ¢¨¸¨³µ-
¸É¨ µÉ ±µ´±·¥É´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·¥¤¶µ²µ¦¥´¨°. …¸²¨ ¡Ò Š•„-¢ ±ÊÊ³ ¡Ò²
µÎ¥´Ó · §·¥¦¥´´Ò³, Mq << Λ, Éµ ¢¥·Ï¨´´ Ö ËÊ´±Í¨Ö F̃ (−u, χ−2) ¡Ò²  ¡Ò
µÎ¥´Ó ³¥¤²¥´´µ ¸¶ ¤ ÕÐ¥° ËÊ´±Í¨¥°. �Éµ ¸µµÉ¢¥É¸É¢Ê¥É ²µ± ²Ó´µ° ±¢ ·±-
¶¨µ´´µ° ¢¥·Ï¨´¥. ‚ ÔÉµ³ ¸²ÊÎ ¥ ±µÔËË¨Í¨¥´É Jnp

dilute (|ω| = 1) ¸É·¥³¨É¸Ö ²µ-
£ ·¨Ë³¨Î¥¸±¨ ± ¡¥¸±µ´¥Î´µ¸É¨, ¨ � É ±¦¥ ¸É ´µ¢¨É¸Ö ¶µ²µ£µ°, ϕA

π (x) ≈ 1.
�µ¸²¥¤´¥¥ ³µ¦¥É ¡ÒÉÓ § ³¥Î¥´µ ¨§ (85), £¤¥ ¶·µ¨§¢µ¤´ Ö µÉ � ¶µ x Ö¢²Ö¥É¸Ö
µÎ¥´Ó ³ ²µ°, É ± ± ± ¢ ÔÉµ³ ¶·¥¤¥²¥ ´µ·³¨·µ¢µÎ´Ò° Ë ±Éµ· Nπ ¸É ´µ¢¨É¸Ö
³ ²Ò³. ˆ§ (86) Ö¸´µ, ÎÉµ µ¡² ¸ÉÓ ¨´É¥£·¨·µ¢ ´¨Ö ÔËË¥±É¨¢´µ µ£· ´¨Î¥´ 
¸¢¥·ÌÊ ¶·¥¤¥²µ³ y1 = χ−2/

(
1 + χ−2

)
,   ¸´¨§Ê y0 = |1−2x|. �É¨ ¶·¥¤¥²Ò Ìµ-

·µÏµ · §¤¥²¥´Ò ¢ µ¡² ¸É¨ x0 � x � 1−x0, £¤¥ x0 ≈ 1/2
(
1 + χ−2

)
. �Éµ µ§´ -
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¨¸. 6. �¸¨³¶ÉµÉ¨Î¥¸±¨° ±µÔËË¨Í¨¥´É Jnp ± ± ËÊ´±Í¨Ö ±¢ ¤· É  ¶ · ³¥É·  · §·¥-
¦¥´´µ¸É¨ χ2 ¤²Ö ¶·µÍ¥¸¸  γγ∗ → π0 (ω = 1). “± § ´Ò §´ Î¥´¨Ö Jnp, ¶µ²ÊÎ¥´´Ò¥ ¨§
Ë¨É  ¤ ´´ÒÌ CLEO (¶Š•„ [38]), ¨ ¶·¥¤¸± § ´¨Ö, ¶µ²ÊÎ¥´´Ò¥ ¨§ ´¥¶¥·ÉÊ·¡ É¨¢´µ°
±µ¢ ·¨ ´É´µ° ³µ¤¥²¨ (χ2 = 0, 15); ¸É·¥²±  ¸¶· ¢  Ê± §Ò¢ ¥É ´  ¶·¥¤¥²Ó´µ¥ §´ Î¥´¨¥
J = 4/3 ¶·¨ χ2 → ∞, ¸É·¥²±  ¸²¥¢  Å ¶Š•„ [38]

Î ¥É ÎÉµ � ¶µ¤ ¢²¥´  ´  ±· Õ ±¨´¥³ É¨Î¥¸±µ£µ ¨´É¥·¢ ²  1−|1−2x| < 2x0,
£¤¥ ±¢ ·±¨ Ö¢²ÖÕÉ¸Ö ³Ö£±¨³¨. ‚ ¶·µÉ¨¢µ¶µ²µ¦´µ³ Ô±¸É·¥³ ²Ó´µ³ ¸²ÊÎ ¥
µÎ¥´Ó ¶²µÉ´µ° ¸·¥¤Ò (¶·¥¤¥² ÉÖ¦¥²µ£µ ±¢ ·±  Mq >> Λ), Jnp

dense (|ω| = 1) =
= 4/3, ± ± ÔÉµ ¨ ¶·¥¤¸± §Ò¢ ¥É¸Ö ¸ ¶µ³µÐÓÕ ¶¥·¢µ£µ Î²¥´  ¢ µ¶¥· Éµ·´µ³
· §²µ¦¥´¨¨ [55]. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·¥¤¥² y1 ³ ², ¨ ¶µ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö ¢
(86) ¸±µ´Í¥´É·¨·µ¢ ´  ¢ µ±·¥¸É´µ¸É¨ x = 1/2. ’ ±¨³ µ¡· §µ³, ± ± ¨ µ¦¨¤ -
¥É¸Ö, � ¸É ´µ¢¨É¸Ö ϕA

π (x) ∝ δ(x−1/2). Š ± ¶µ± § ´µ ¢ÒÏ¥, ·¥ ²¨¸É¨Î¥¸± Ö
¸¨ÉÊ Í¨Ö ´ Ìµ¤¨É¸Ö ³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö Ô±¸É·¥³ ²Ö³¨.

“± § ´´Ò¥ · §²¨Î´Ò¥ ¸¨ÉÊ Í¨¨ ¶·µ¨²²Õ¸É·¨·µ¢ ´Ò ´  ·¨¸. 5 ¤²Ö �
¶¨µ´  (86). Š ± Ö¸´µ ¨§ ·¨¸Ê´± , ³µ¤¥²Ó´ Ö � ¶¨µ´  ¶·¨ ·¥ ²¨¸É¨Î¥¸±µ³
¢Ò¡µ·¥ ¶ · ³¥É·µ¢ χ ≈ 0, 4 ¡²¨§±  ±  ¸¨³¶ÉµÉ¨Î¥¸±µ° �. Š ± µÉ³¥Î¥´µ ¢µ
¢¢¥¤¥´¨¨, ¶·¨ Ë ±É¨Î¥¸±¨ ¤µ¸É¨¦¨³ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ´¥¶¥·-
ÉÊ·¡ É¨¢´ Ö ¤¨´ ³¨±  ³µ¦¥É ¤µ³¨´¨·µ¢ ÉÓ. �µÔÉµ³Ê ¤ ´´Ò¥ µ± §Ò¢ ÕÉ¸Ö
¤µ¸É ÉµÎ´µ µ£· ´¨Î¨É¥²Ó´Ò³¨ ¨ µ¤´µ§´ Î´µ Ê± §Ò¢ ÕÉ, ÎÉµ ¢ Š•„-¢ ±ÊÊ³¥
·¥ ²¨§Ê¥É¸Ö ·¥¦¨³ · §·¥¦¥´´µ° ¸·¥¤Ò. �  ·¨¸. 6 ¤²Ö ¶·µÍ¥¸¸  γγ∗ → π0

(ω = 1) ¨§µ¡· ¦¥´  ¸¨³¶ÉµÉ¨Î¥¸±¨° ±µÔËË¨Í¨¥´É Jnp (ω = 1) ± ± ËÊ´±-
Í¨Ö ±¢ ¤· É  ¤¨´ ³¨Î¥¸±µ£µ ¶ · ³¥É·  · §·¥¦¥´´µ¸É¨ χ2. �  ÔÉµ³ ·¨¸Ê´±¥
Ê± § ´Ò §´ Î¥´¨Ö Jnp (ω = 1), ¶µ²ÊÎ¥´´Ò¥ ¨§ ¤ ´´ÒÌ CLEO, ¨ ³µ¤¥²Ó´Ò¥
¶·¥¤¸± § ´¨Ö. �  ·¨¸. 7  ¸¨³¶ÉµÉ¨Î¥¸±¨° ±µÔËË¨Í¨¥´É Jnp (ω) ¨§µ¡· ¦¥´
± ± ËÊ´±Í¨Ö ±¨´¥³ É¨Î¥¸±µ£µ ¶ · ³¥É·   ¸¨³³¥É·¨¨ ω ¶·¨ χ2 = 0, 15 ¨
χ2 = 0, 35. �¥·¢µ¥ §´ Î¥´¨¥ χ ¸µµÉ¢¥É¸É¢Ê¥É ³µ¤¥²Ó´µ° µÍ¥´±¥, ¢Éµ·µ¥ Å
Í¥´É· ²Ó´µ° ÉµÎ±¥ Ë¨É  ¤ ´´ÒÌ CLEO.
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¨¸. 7. �¸¨³¶ÉµÉ¨Î¥¸±¨° ±µÔËË¨Í¨¥´É Jnp ± ± ËÊ´±Í¨Ö ±¨´¥³ É¨Î¥¸±µ£µ ¶ · ³¥É· 
ω. ‘¶²µÏ´ Ö ±·¨¢ Ö ¸µµÉ¢¥É¸É¢Ê¥É χ2 = 0, 15 ¸ Jnp(ω = 1) = 1, 8; ¶Ê´±É¨·´ Ö Å
χ2 = 0, 35 ¸ Jnp(ω = 1) = 1, 6; ÏÉ·¨Ìµ¢ Ö Å  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶·¥¤¸± § ´¨¥ (72) ¸
Jasymp(ω = 1) = 2. ‘É·¥²±µ° Ê± § ´µ Jnp ¤²Ö ¸¨³³¥É·¨Î´µ° ±¨´¥³ É¨±¨ q21 = q22

„²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¤ ²Ó´¥°ÏÊÕ ¨´É¥·¶·¥É Í¨Õ (86), ¢Ò· §¨³ �
Î¥·¥§ ¨´É¥£· ² ¶µ ¶µ¶¥·¥Î´µ³Ê ¨³¶Ê²Ó¸Ê µÉ ¶¨µ´´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ´ 
¸¢¥Éµ¢µ³ ±µ´Ê¸¥ [38]:

ϕA
π (x) =

∫ ∞

0

d8k2⊥ΨA
π (x,8k2⊥). (89)

�¥·¥¶¨¸Ò¢ Ö ¶· ¢ÊÕ Î ¸ÉÓ (86) Î¥·¥§ ¨¸Ìµ¤´ÊÕ ¶¥·¥³¥´´ÊÕ u = y/(1 − y) ¨
§ É¥³ ¶µ¤¸É ¢²ÖÖ u Î¥·¥§ ±µ³¡¨´ Í¨Õ 8k2⊥/(xx̄), ±µÉµ· Ö Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É-
´µ° ³ ¸¸µ° qq̄-¶ ·Ò ¢ ±¢ ¤· É¥, µÉµ¦¤¥¸É¢¨³ ¸ ¶¨µ´´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¥°
¢Ò· ¦¥´¨¥

ΨA
π (x,8k2⊥) =

NπF̃ (−8k2⊥/(xx̄); Λ2)

xx̄M2
q + 8k2⊥

θ

(
8k2⊥ ≥ |1 − 2x|xx̄

1 − |1 − 2x|M
2
q

)
. (90)

‚¥·Ï¨´´ Ö ËÊ´±Í¨Ö F̃ ¢ ´ Ï¥° ³µ¤¥²¨ ¶¨µ´´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¨£· ¥É
É ±ÊÕ ¦¥ ·µ²Ó, ± ± ¨ θ-ËÊ´±Í¨Ö ¢ ¢µ²´µ¢µ° ËÊ´±Í¨¨, ¶µ¸É·µ¥´´µ° ¶µ ³µ-
¤¥²¨ ®²µ± ²Ó´µ° ¤Ê ²Ó´µ¸É¨¯ [50], ΨA,LD

π (x,8k2⊥) ∼ θ(8k2⊥ ≤ xx̄s0), £¤¥
s0 = 8π2f2π Å ¨´É¥·¢ ² ¤Ê ²Ó´µ¸É¨. ‡ ³¥É¨³, ÎÉµ Î¨¸²¥´´µ s0 ≈ 0, 67 ƒÔ‚2

¡²¨§±µ ± §´ Î¥´¨Õ ¶ · ³¥É·  ´¥²µ± ²Ó´µ¸É¨ λ2q . Š ± ¨ ¢ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨Ö
(86), ¶¨µ´´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ´  ¸¢¥Éµ¢µ³ ±µ´Ê¸¥ (89) ¶·µÖ¢²Ö¥É ´¥ ´ -
²¨É¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ µÉ x, ±µÉµ· Ö ¨¸Î¥§ ¥É ¶·¨ ¡µ²¥¥ ·¥ ²¨¸É¨Î¥¸±µ³
¢Ò¡µ·¥ ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´Ò. Š ± ¡Ò²µ Ê± § ´µ · ´¥¥, ¢´¥¸¥´¨¥ ´¥¶¥·-
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ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éµ¢ ¶·¨¢µ¤¨É ± ¢´ÊÉ·¥´´¥° ¶µ¶¥·¥Î´µ° ¸É·Ê±ÉÊ·¥  ¤·µ´-
´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ [65,66], ¨ É ± ¦¥, ± ± ¨ ¸Ê¤ ±µ¢¸±¨° ¶¥·ÉÊ·¡ É¨¢´Ò°
Ë ±Éµ· [67], ³µ¤¨Ë¨Í¨·Ê¥É ± ·É¨´Ê ¦¥¸É±µ£µ · ¸¸¥Ö´¨Ö ¢ Ô±¸±²Õ§¨¢´ÒÌ ·¥-
 ±Í¨ÖÌ ¨ ¸ÊÐ¥¸É¢¥´´µ Ê²ÊÎÏ ¥É ¥¥. ‚ ·¥§Ê²ÓÉ É¥ µ¡² ¸ÉÓ ¸¶· ¢¥¤²¨¢µ¸É¨ ¶¥·-
ÉÊ·¡ É¨¢´ÒÌ Š•„-¢ÒÎ¨¸²¥´¨°  ¤·µ´´ÒÌ Ëµ·³Ë ±Éµ·µ¢ · ¸¶·µ¸É· ´Ö¥É¸Ö ¨§
±¨´¥³ É¨Î¥¸±µ° µ¡² ¸É¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì §´ Î¥´¨° Q ¢ µ¡² ¸ÉÓ, ´ Î¨´ Õ-
ÐÊÕ¸Ö ¸ Q ∼ O (1 ƒÔ‚).

„¨¸±Ê¸¸¨Ö ¶µ ¶¨µ´´µ³Ê ¶¥·¥Ìµ¤´µ³Ê Ëµ·³Ë ±Éµ·Ê πγ∗γ∗. �¥¤ ¢´µ
¢ [69] ¡Ò²µ § Ö¢²¥´µ, ÎÉµ ¢ ¶µ¤Ìµ¤¥ ˜¢¨´£¥·  Å „ °¸µ´  ¶·¥¤¸± §Ò¢ ¥É¸Ö
µ¤¨´ ±µ¢Ò°  ¸¨³¶ÉµÉ¨Î¥¸±¨° ±µÔËË¨Í¨¥´É J(ω) = 4/3 ¤²Ö ¢¸¥Ì ´¥²µ± ²Ó-
´ÒÌ ±¢ ·±-ËµÉµ´´ÒÌ ¢¥·Ï¨´ Γµ[q(k)q(k′)γ(q)], ±µÉµ·Ò¥ ¶¥·¥Ìµ¤ÖÉ ¢ § É· -
¢µÎ´Ò¥ γµ ¶µ ³¥·¥ Éµ£µ, ± ± ¢¨·ÉÊ ²Ó´µ¸ÉÓ µ¤´µ£µ ¨§ ËµÉµ´µ¢ (k2 ¨²¨ k′2)
¸É ´µ¢¨É¸Ö ¡¥¸±µ´¥Î´µ° (± ± ¤²Ö ¢¥·Ï¨´Ò ¢ Ëµ·³¥ ŠÊ·É¨¸  Å �¥´´¨´£-
Éµ´  [70]). ‚ [69] ¶·µ¶ £ Éµ· ±¢ ·± , ±µÉµ·Ò° § ¢¨¸¨É µÉ ¢¨·ÉÊ ²Ó´µ¸É¨
ËµÉµ´ , ¡Ò²  ¶¶·µ±¸¨³¨·µ¢ ´ ¶·¨ ¡µ²ÓÏµ³ Q2  ¸¨³¶ÉµÉ¨Î¥¸±µ° Ëµ·³µ°
[M2

q − (k − (q1 − q2)/2)2]−1 → 2/Q2. �µ¸²¥ ÔÉµ° § ³¥´Ò ¨´É¥£· ² (80)
¶·¨µ¡·¥É ¥É ÉÊ ¦¥ Ëµ·³Ê, ÎÉµ ¨ ¨´É¥£· ² ¢ (77), µ¶·¥¤¥²ÖÕÐ¨° fπ. �·¨-
´¨³ Ö ¢µ ¢´¨³ ´¨¥ ±µÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ ¨´É¥£· ² ³¨ ¢ Ê· ¢´¥´¨ÖÌ (77) ¨
(76), ´¥³¥¤²¥´´µ ¶·¨Ìµ¤¨³ ± § ±²ÕÎ¥´¨Õ  ¢Éµ·µ¢ [69] (¸³. É ±¦¥ [71]) µ¡
 ¸¨³¶ÉµÉ¨Î¥¸±µ³ ±µÔËË¨Í¨¥´É¥ (J = 4/3). �¤´ ±µ, ± ± ¶µ± § ´µ ¢ÒÏ¥, É -
± Ö ¡Ò¸É· Ö  ¸¨³¶ÉµÉ¨Î¥¸± Ö µÍ¥´±  Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´µ ´ ¨¢´µ°, ´¥ ¢¥¤¥É
± ÉµÎ´µ³Ê ·¥§Ê²ÓÉ ÉÊ ¨ µ¶· ¢¤ ´´a Éµ²Ó±µ ¢ Ëµ·³ ²Ó´µ³ ¶·¥¤¥²¥ Mq >> Λ.

� Ï  ´ ²¨§ µ¸´µ¢ ´ ´  · ¸¸³µÉ·¥´¨¨ É·¥Ê£µ²Ó´µ° ¤¨ £· ³³Ò, ¢ ±µÉµ·µ°
¶·µ¶ £ Éµ· ±¢ ·±  ¨ ±¢ ·±-¶¨µ´´ Ö ¢¥·Ï¨´  µ¶·¥¤¥²¥´Ò ´¥¶¥·ÉÊ·¡ É¨¢´µ.
‚ ÔÉµ³ µÉ´µÏ¥´¨¨ ´ Ï ¶µ¤Ìµ¤ ¡²¨§µ± ± ¡µ²¥¥ · ´´¥° · ¡µÉ¥ [72]. �¤´ ±µ
¢ [72] ¶·¨ ¢ÒÎ¨¸²¥´¨¨ É·¥Ê£µ²Ó´µ° ¤¨ £· ³³Ò ¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò ¶·¨¡²¨-
¦¥´¨Ö, ±µÉµ·Ò¥ Ê¶·µ¸É¨²¨ ¤¨´ ³¨±Ê ¶·µÍ¥¸¸ . �± §Ò¢ ¥É¸Ö, ÎÉµ ÔÉ¨ ¶·¨-
¡²¨¦¥´¨Ö µ¶· ¢¤ ´´Ò ¢ ±¨´¥³ É¨Î¥¸±µ° µ¡² ¸É¨ ¡µ²ÓÏ¨Ì |ω|. ‚ ·¥§Ê²ÓÉ É¥
¶µ²ÊÎ¥´´µ¥ ¢ [72] ¢Ò· ¦¥´¨¥ ¤²Ö  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔËË¨Í¨¥´É  ´¥ § ¢¨¸¨É
µÉ ¢´ÊÉ·¥´´¥° ´¥²µ± ²Ó´µ° ¸É·Ê±ÉÊ·Ò ¶¨µ´ , ÎÉµ ¶·µÉ¨¢µ·¥Î¨É ·¥§Ê²ÓÉ É ³
�‘ Š•„ ¨ ´ Ï¨³ ·¥§Ê²ÓÉ É ³.

‚ § ±²ÕÎ¥´¨¥ ÔÉµ£µ · §¤¥²  ¢ ±µ¢ ·¨ ´É´µ° ´¥²µ± ²Ó´µ° ³µ¤¥²¨, µ¶¨¸Ò-
¢ ÕÐ¥° ±¢ ·±-¶¨µ´´ÊÕ ¤¨´ ³¨±Ê, ¶µ²ÊÎ¥´ πγ∗γ∗- ¶¥·¥Ìµ¤´Ò° Ëµ·³Ë ±Éµ·
¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì ¢¨·ÉÊ ²Ó´µ¸ÉÖÌ, £¤¥ ¶¥·ÉÊ·¡ É¨¢´ Ö Š•„-Ô¢µ²ÕÍ¨Ö
¥Ð¥ ´¥ ¤µ¸É¨£ ²   ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ·¥¦¨³ . ˆ§ ³µ¤¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° ³µ¦´µ
´ °É¨  ¡¸µ²ÕÉ´ÊÕ ´µ·³¨·µ¢±Ê  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ Q−2-Î²¥´ . �¸¨³¶ÉµÉ¨Î¥-
¸±¨° ´µ·³¨·µ¢µÎ´Ò° ±µÔËË¨Í¨¥´É J(ω), ¤ ´´Ò° ¢ (83), § ¢¨¸¨É µÉ µÉ´µ-
Ï¥´¨Ö ±µ´¸É¨ÉÊ¥´É´µ° ±¢ ·±µ¢µ° ³ ¸¸Ò ´  ´¥±µÉµ·µ³ ³Ö£±µ³ ³ ¸ÏÉ ¡¥ ±
Ì · ±É¥·´µ³Ê · §³¥·Ê Š•„-¢ ±ÊÊ³´ÒÌ Ë²Ê±ÉÊ Í¨°,   É ±¦¥ µÉ ±¨´¥³ É¨±¨
¶·µÍ¥¸¸ . �ÉµÉ ·¥§Ê²ÓÉ É ´¥ ¶µ¤É¢¥·¦¤ ¥É ¶µ²µ¦¥´¨Ö µ¡ Ê´¨¢¥·¸ ²Ó´µ¸É¨
 ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔËË¨Í¨¥´É , ¸¤¥² ´´µ£µ ¢ [69, 71, 72]. …¸²¨ · ¸¸³µ-
É·¥ÉÓ § ¢¨¸¨³µ¸ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ±µÔËË¨Í¨¥´É  µÉ ¢´ÊÉ·¥´´¥° ¤¨´ ³¨±¨,
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Éµ ¤ ´´Ò¥ CLEO ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ ³ ²µ³ §´ Î¥´¨¨ ¶ · ³¥É·  · §·¥¦¥´´µ-
¸É¨, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É £¨¶µÉ¥§Ê µ ³ ²µ° ¶²µÉ´µ¸É¨ ¨´¸É ´Éµ´´µ° ¦¨¤±µ¸É¨
¢ ¢ ±ÊÊ³¥ [7]. ˆ§ ¸· ¢´¥´¨Ö ±¨´¥³ É¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ
±µÔËË¨Í¨¥´É  ¶¥·¥Ìµ¤´µ£µ Ëµ·³Ë ±Éµ·  ¶¨µ´ , ¤ ´´µ° ¢ ¶Š•„ ¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´µ° ³µ¤¥²¨, ¶µ²ÊÎ¥´µ ´µ¢µ¥ ¸µµÉ´µÏ¥´¨¥ (86) ³¥¦¤Ê ¶¨µ´´µ°  ³¶²¨ÉÊ-
¤µ° · ¸¶·¥¤¥²¥´¨Ö ¨ ¤¨´ ³¨Î¥¸±µ° ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´´µ° ËÊ´±Í¨¥°. ‚
Î ¸É´µ³ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î´µ° ±¨´¥³ É¨±¨ ´ Ï ·¥§Ê²ÓÉ É ¸µ£² ¸Ê¥É¸Ö ¸ É¥³,
±µÉµ·Ò° ¶µ²ÊÎ¥´ ¸ ¶µ³µÐÓÕ � [54]. � ¸ÉµÖÐ¨¥ ·¥§Ê²ÓÉ ÉÒ É ±¦¥ ´ Ìµ¤ÖÉ¸Ö
¢ ¸µ£² ¸¨¨ ¸ § ±²ÕÎ¥´¨Ö³¨, ¸¤¥² ´´Ò³¨ ¢ [57,58,68] ¢ �‘ Š•„.

8 ·Éµ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥. �¤·µ´´Ò¥
¸É·Ê±ÉÊ·´Ò¥ ËÊ´±Í¨¨ ¨£· ÕÉ ¢ ¦´ÊÕ ·µ²Ó ¢ Š•„ ¶·¨ µ¶¨¸ ´¨¨ ¨´±²Õ§¨¢-
´ÒÌ ¶·µÍ¥¸¸µ¢. �´¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶ ·Éµ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¨
£²Õµ´µ¢ ¶µ ¤µ²¥ x ¨³¶Ê²Ó¸  p ´ Î ²Ó´µ£µ  ¤·µ´ , ¶¥·¥´µ¸¨³µ°  ±É¨¢´Ò³
¶ ·Éµ´µ³. •µÉÖ Ô¢µ²ÕÍ¨Ö ¶ ·Éµ´´ÒÌ · ¸¶·¥¤¥²¥´¨¨° ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²Ó-
Ïµ° ¢¨·ÉÊ ²Ó´µ¸É¨ Q2 ±µ´É·µ²¨·Ê¥É¸Ö § ¢¨¸¨³µ¸ÉÓÕ ¶¥·¥´µ·³¨·µ¢±¨ ³ ¸-
ÏÉ ¡  µ¶¥· Éµ·µ¢ ±¢ ·±µ¢ ¨ £²Õµ´µ¢ É¢¨¸É -2 ¶µ Š•„-É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,
¢Ò¢µ¤ ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶µ¢ ¸ ³¨Ì ¶ ·Éµ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¶·¨ ´¥±µÉµ·µ³
´ Î ²Ó´µ³ Q2 µÉ¸ÊÉ¸É¢Ê¥É. ‘²¥¤µ¢ É¥²Ó´µ, Í¥´É· ²Ó´Ò³ ¶Ê´±Éµ³, ´¥¨§¢¥¸É-
´Ò³ ¢ Š•„, Ö¢²ÖÕÉ¸Ö ¶ ·Éµ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶·¨ µÉ´µ¸¨É¥²Ó´µ ´¨§±¨Ì
¢¨·ÉÊ ²Ó´µ¸ÉÖÌ, ±µÉµ·Ò¥ ¤µ²¦´Ò µ¶·¥¤¥²ÖÉÓ¸Ö ¶µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¸Ì¥³¥.

�¥¤ ¢´µ ¢µ§´¨± ´¥±µÉµ·Ò° ¶·µ£·¥¸¸ ¢ ¢ÒÎ¨¸²¥´¨¨ ³µ³¥´Éµ¢ ¶ ·Éµ´´ÒÌ
· ¸¶·¥¤¥²¥´¨¨° ¤²Ö ¶¨µ´  ¨ ρ-³¥§µ´  [73] ¢ ·Š•„, £¤¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö Ë¥·³¨-
µ´Ò ‚¨²Ó¸µ´  ¢ ¶·¨¡²¨¦¥´¨¨ § ³µ·µ§±¨, ±µ£¤  ¶·¥´¥¡·¥£ ÕÉ ¢´ÊÉ·¥´´¨³¨
±¢ ·±µ¢Ò³¨ ¶¥É²Ö³¨. �É¨ ·Š•„-¶·¥¤¸± § ´¨Ö ¤²Ö ³µ³¥´Éµ¢ ¶¨µ´´µ° ËÊ´±-
Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶µ¤É¢¥·¦¤ ÕÉ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤Ò¤ÊÐ¥£µ  ´ ²¨§  [74],  
É ±¦¥ ´ Ìµ¤ÖÉ¸Ö ¢ ± Î¥¸É¢¥´´µ³ ¸µ£² ¸¨¨ ¸ · ¸¶·¥¤¥²¥´¨Ö³¨, ¨§¢²¥Î¥´´Ò³¨
Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ [75, 76] ¨§ Ô±¸¶¥·¨³¥´É  [77]. �¤´ ±µ ¢ÒÎ¨¸²¥´´Ò¥ ³µ-
³¥´ÉÒ ¨³¥ÕÉ µÉ´µ¸¨É¥²Ó´µ ´¨§±ÊÕ ÉµÎ´µ¸ÉÓ, ¨, ±·µ³¥ Éµ£µ, ¤µ¸ÉÊ¶´Ò ¤²Ö
¢ÒÎ¨¸²¥´¨° Éµ²Ó±µ ´¥¸±µ²Ó±¨Ì ¶¥·¢ÒÌ ³µ³¥´Éµ¢, ÌµÉÖ ¤²Ö ·¥±µ´¸É·Ê±Í¨¨
x-§ ¢¨¸¨³ÒÌ · ¸¶·¥¤¥²¥´¨° ´Ê¦´µ, ¢ ¶·¨´Í¨¶¥, §´ ÉÓ ¢¸¥ ³µ³¥´ÉÒ. qµ²¥¥
Éµ£µ, ¢ÒÎ¨¸²¥´¨Ö ¶ ·Éµ´´ÒÌ · ¸¶·¥¤¥²¥´¨¨° ¢ ¶¨µ´¥ ¸ ¶µ³µÐÓÕ Š•„ �‘
¤µ¸É ÉµÎ´µ Ê¸¶¥Ï´Ò [78] ²¨ÏÓ ¢ µ£· ´¨Î¥´´µ° µ¡² ¸É¨ ¸±¥°²¨´£µ¢µ° ¶¥·¥-
³¥´´µ° x. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥ ¢ ´ ¨´¨§Ï¥³ Ëµ±µ¢¸±µ³
¸µ¸ÉµÖ´¨¨ ±¢ ·± - ´É¨±¢ ·±  ´¥¤ ¢´µ [79] ¶µ²ÊÎ¥´  ¢ ¶µ¤Ìµ¤¥ ¦¥¸É±µ£µ · ¸-
¸¥Ö´¨Ö, ±µ£¤  ¢±²ÕÎ¥´Ò ÔËË¥±ÉÒ ¶µ¶¥·¥Î´µ£µ ¨³¶Ê²Ó¸  ¨ ¸Ê¤ ±µ¢¸±¨Ì ¶µ¶· -
¢µ±. ’ ± Ö ËÊ´±Í¨Ö ´ ¸ÒÐ ¥É Ë¥´µ³¥´µ²µ£¨Î¥¸±µ¥ ±¢ ·±µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥
¶·¨ ¡µ²ÓÏ¨Ì x.

Š¢ ·±µ¢ Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢ ¶¨µ´¥ ¡Ò²  · ¸¸³µÉ·¥´  ¢ [80] ¢
· ³± Ì �ˆ‹-³µ¤¥²¨ [17]. �É¨ ¨ ¶µ¤µ¡´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö µ¸´µ¢ ´Ò ´  ¶·¥¤-
¶µ²µ¦¥´¨¨, ÎÉµ ¢ÒÎ¨¸²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ É¢¨¸É -2 ¢ ÔËË¥±É¨¢´ÒÌ
¶µ¤Ìµ¤ Ì, µ¸´µ¢ ´´ÒÌ ´  Š•„, ¤ ¥É · ¸¶·¥¤¥²¥´¨Ö ´  ´¨§±µ³ Ô´¥·£¥É¨Î¥-
¸±µ³ ³ ¸ÏÉ ¡¥ µ0 � 1 ƒÔ‚, £¤¥ ¨¸¶µ²Ó§µ¢ ´¨¥ É ±µ° ÔËË¥±É¨¢´µ° É¥µ·¨¨
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¨³¥¥É ¸³Ò¸². �µ²ÊÎ¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö § É¥³ Ô±¸É· ¶µ²¨·ÊÕÉ¸Ö ± ¡µ²¥¥
¢Ò¸µ±¨³ Ô±¸¶¥·¨³¥´É ²Ó´µ ¤µ¸É¨¦¨³Ò³ ³ ¸ÏÉ ¡ ³ ¨³¶Ê²Ó¸µ¢ ¸ ¶µ³µÐÓÕ
¶¥·ÉÊ·¡ É¨¢´µ° Š•„ É ±, ÎÉµ ³µ¦¥É ¡ÒÉÓ ¶·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ¸ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. �¤´ ±µ ¶·µ¡²¥³  �ˆ‹-³µ¤¥²¨ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ µ´ 
´¥¶¥·¥´µ·³¨·Ê¥³ , ¨, É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¨§¡¥¦ ÉÓ ÔÉµ£µ ¤¥Ë¥±É , ¢¢µ¤ÖÉ¸Ö
· §²¨Î´Ò¥ ad hoc ¶·¥¤¶µ²µ¦¥´¨Ö µ¡ ¨³¶Ê²Ó¸´µ³ µ¡·¥§ ´¨¨.

�¥·¢ Ö ¶µ¶ÒÉ±  ¢ÒÎ¨¸²¥´¨Ö ¶¨µ´´µ° ¸É·Ê±ÉÊ·´µ° ËÊ´±Í¨¨ ¢ ¨´¸É ´-
Éµ´´µ° ³µ¤¥²¨ ¡Ò²  ¸¤¥² ´  ¢ [81]. ‘· ¢´¨É¥²Ó´µ ´¥¤ ¢´µ ¢ ¦´Ò° ¶·µ-
£·¥¸¸ ¡Ò² ¤µ¸É¨£´ÊÉ ¢ [63, 82] ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ±¢ ·±µ¢ÒÌ · ¸¶·¥¤¥²¥´¨¨°
¢ ´Ê±²µ´¥ ¢ ¨´¸É ´Éµ´´µ³ ¶µ¤Ìµ¤e. ‚ ´ ¸ÉµÖÐ¥³ · §¤¥²¥, µ¸´µ¢Ò¢ Ö¸Ó ´ 
±¢ ·±-¶¨µ´´µ° ¤¨´ ³¨±¥ ¢ ³µ¤¥²¨ ¨´¸É ´Éµ´´µ° ¦¨¤±µ¸É¨, ³Ò ¢ÒÎ¨¸²¨³
· ¸¶·¥¤¥²¥´¨¥ ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥ ¢ ²¨¤¨·ÊÕÐ¥³ É¢¨¸É¥ ¢ ´¨§±µ°
ÉµÎ±¥ ´µ·³¨·µ¢±¨ ¶µ·Ö¤±  µ¡· É´µ£µ ¸·¥¤´¥£µ · §³¥·  ¨´¸É ´Éµ´  ρc. � °-
¤¥³ ±¢ ·±µ¢µ¥ · ¸¶·¥¤¥²¥´¨¥ ¢ ¶¨µ´¥ ¨ ¢¸¥ ¥£µ ³µ³¥´ÉÒ ¤²Ö µ¡Ð¥° Ëµ·³Ò
ÔËË¥±É¨¢´µ° ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´´µ° ËÊ´±Í¨¨. ‘¶· ¢¥¤²¨¢µ¸ÉÓ ¶ ·Éµ´-
´ÒÌ ¶· ¢¨² ¸Ê³³ ¤²Ö ¨§µ¸¶¨´  ¨ ¶µ²´µ£µ ¨³¶Ê²Ó¸  µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¸ ¶µ³µ-
ÐÓÕ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨ ¶¨µ´  [28] ¨ ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ ¶µ¤-
Ìµ¤ . ’ ± ± ± ÔËË¥±É¨¢´ Ö ¨´¸É ´Éµ´´ Ö ³µ¤¥²Ó ¸¶· ¢¥¤²¨¢  ¤²Ö §´ Î¥´¨°
µÉ´µ¸¨É¥²Ó´ÒÌ ¨³¶Ê²Ó¸µ¢ ±¢ ·±  ¤µ p ∼ ρ−1c ≈ 0, 5 − 1 ƒÔ‚, ¶ ·Éµ´´Ò¥ · ¸-
¶·¥¤¥²¥´¨Ö, ¢ÒÎ¨¸²¥´´Ò¥ §¤¥¸Ó, µ¶·¥¤¥²¥´Ò ¶·¨ ÔÉµ° (´¨§±µ°) ÉµÎ±¥ ´µ·³¨-
·µ¢±¨ µ0 ∼ ρ−1c . �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ § É¥³ Š•„ ¶·µÔ¢µ²ÕÍ¨µ´¨·µ¢ ´Ò
± ¡µ²¥¥ ¢Ò¸µ±¨³ ¨³¶Ê²Ó¸ ³ ¶¥·¥¤ Î¨, ¨ ´ °¤¥´µ · §Ê³´µ¥ ¸µ£² ¸¨¥ ¸ ËÊ´±-
Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö ¶¨µ´ , ¨§¢²¥Î¥´´Ò³¨ ¨§ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ  ´ ²¨§ 
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

Œµ³¥´ÉÒ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥ ¢ ±µ¢ ·¨ ´É´µ° ´¥²µ-
± ²Ó´µ° ³µ¤¥²¨. ‘É ´¤ ·É´Ò° Š•„- ´ ²¨§ µ¸´µ¢ ´ ´  �, ±µÉµ·µ¥ ¸¢Ö§Ò¢ ¥É
³µ³¥´ÉÒ ¶ ·Éµ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¶·¨ ¤ ´´µ³ ³ ¸ÏÉ ¡¥ ¸  ¤·µ´´Ò³¨ ³ -
É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ ²µ± ²Ó´ÒÌ µ¶¥· Éµ·µ¢ É¢¨¸É -2. �ÉµÉ Ëµ·³ ²¨§³ ¶·¨-
³¥´Ö¥É¸Ö ¤²Ö Éµ£µ, ÎÉµ¡Ò · §¤¥²¨ÉÓ ¦¥¸É±ÊÕ ¨ ³Ö£±ÊÕ Î ¸É¨  ³¶²¨ÉÊ¤Ò · ¸¸¥-
Ö´¨Ö ¢¶¥·¥¤. ‚ � ¦¥¸É± Ö Î ¸ÉÓ ¢ÒÎ¨¸²Ö¥É¸Ö ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢ Ëµ·³¥
±µÔËË¨Í¨¥´Éµ¢ ‚¨²Ó¸µ´ . ŒÖ£± Ö Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ¡µ·µ³ ³ É·¨Î´ÒÌ
Ô²¥³¥´Éµ¢ µÉ ²µ± ²Ó´ÒÌ µ¶¥· Éµ·µ¢, ±² ¸¸¨Ë¨Í¨·µ¢ ´´ÒÌ ¶µ É¢¨¸ÉÊ. �É¨
³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ  ±±Ê³Ê²¨·ÊÕÉ ¨´Ëµ·³ Í¨Õ µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¸É·Ê±-
ÉÊ·¥  ¤·µ´´µ£µ ¸µ¸ÉµÖ´¨Ö.

Š ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò° ´¥¸¨´£²¥É´Ò° ²µ± ²Ó´Ò° µ¶¥· Éµ· É¢¨¸É -2
¸  ·µ³ Éµ³ ±¢ ·±  j µ¶·¥¤¥²¥´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Oj
µ1µ2..µN

= iN q̄j{γµ1Dµ2 ..DµN}Sqj , (91)
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£¤¥ Dµ = ∂µ−igAa
µτa Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ∗ ¨ ¸¨³¢µ² {...}S µ§´ Î ¥É

¡¥¸¸²¥¤µ¢ÊÕ ¸¨³³¥É·¨Î´ÊÕ Î ¸ÉÓ É¥´§µ· . Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ Aj
N ²µ± ²Ó-

´ÒÌ µ¶¥· Éµ·µ¢ Oj
N ¢ µ¡±² ¤± Ì ¶¨µ´´µ£µ ¸µ¸ÉµÖ´¨Ö |π(p)〉 ¸ ¨³¶Ê²Ó¸µ³ p

Aj
N (µ2) =

iN

2
〈π(p)|q̄j n̂(nνDν)N−1qj |π(p)〉|µ, (92)

£¤¥ µÅ ÉµÎ±  ´µ·³¨·µ¢±¨, nν Å ¸¢¥Éµ¶µ¤µ¡´Ò° ¢¥±Éµ· ¸ n2 = 0 ¨ (np) = 1,
¢¢¥¤¥´´Ò° ¤²Ö µÉ¡µ·  ¸¨³³¥É·¨Î´µ° ¡¥¸¸²¥¤µ¢µ° Î ¸É¨ µ¶¥· Éµ·  Oj

N (91).
‡ ¶¨Ï¥³ · ¸¶·¥¤¥²¥´¨¥ ±¢ ·±µ¢ ¤²Ö j-£µ  ·µ³ É  Î¥·¥§ ³µ³¥´ÉÒ

Aj
N (µ2) =

∫ 1

0

dx xN−1qj(x, µ2). (93)

‡ ¢¨¸¨³µ¸ÉÓ ³µ³¥´É  Aj
N µÉ ÉµÎ±¨ ´µ·³¨·µ¢±¨ µ2 ¨§¢¥¸É´  ÉµÎ´µ ¨§ ·¥Ï¥´¨Ö

Ê· ¢´¥´¨Ö Ô¢µ²ÕÍ¨¨ ¢ ¶¥·ÉÊ·¡ É¨¢´µ° Š•„, ¢ Éµ ¢·¥³Ö ± ± ´¥¶¥·ÉÊ·¡ É¨¢´ Ö
¤¨´ ³¨Î¥¸± Ö ³µ¤¥²Ó § ¤ ¥É ´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¤²Ö ÔÉµ° Ô¢µ²ÕÍ¨¨. ‚ÒÎ¨¸²¨³
´ Î ²Ó´Ò¥ §´ Î¥´¨Ö ³µ³¥´Éµ¢ ´  ³ ¸ÏÉ ¡¥ µ20 ∝ 1/ρ2c ¢ ¨´¸É ´Éµ´´µ° ³µ¤¥²¨.

‚±² ¤ ´ ¨´¨§Ï¥£µ Ëµ±µ¢¸±µ£µ ±¢ ·±- ´É¨±¢ ·±µ¢µ£µ ¢ ²¥´É´µ£µ ¸µ¸ÉµÖ-
´¨Ö ¢ N -° ³µ³¥´É Aqq

N (µ20) ¢ ¨´¸É ´Éµ´´ÊÕ ³µ¤¥²Ó § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ (¸³.
£· Ë¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´  ·¨¸. 8):

Aqq
N (µ20)pµ1pµ2 ..pµN = 2Ncg

2
πqq̄

∫
d4k

(2π)4
×

×
{
F̃ 2(k, k+p;µ20)tr[γ5S(k+p){γµ1(k+p)µ2 ..(k+p)µN }SS(k+p)γ5S(k)]−

−2
∂F̃ 2(k, k+p;µ20)
∂(k+p)2

tr[γ5S(k+p){(k+p)µ1(k+p)µ2 ..(k+p)µN}Sγ5S(k)]

}
.

(94)

‚µµ¡Ð¥ £µ¢µ·Ö, ³µ³¥´ÉÒ µ¶·¥¤¥²¥´Ò ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ¨ ³µ£ÊÉ
¡ÒÉÓ · §²µ¦¥´Ò ¶µ ¢¥±Éµ·Ê pµ ¨ É¥´§µ·Ê gµν . —²¥´Ò, ¶·µ¶µ·Í¨µ´ ²Ó´Ò¥
gµν , ¶·¨¢µ¤ÖÉ ± ¢±² ¤ ³ ¡µ²¥¥ ¢Ò¸µ±µ£µ É¢¨¸É , ±µÉµ·Ò¥ ¶µ¤ ¢²¥´Ò ²¨Ï-
´¥° ¸É¥¶¥´ÓÕ 1/Q2 ¨ ¤µ²¦´Ò ¡ÒÉÓ µÉ¡·µÏ¥´Ò. „²Ö Éµ£µ ÎÉµ¡Ò ¢Ò¤¥²¨ÉÓ
¢±² ¤ ²¨¤¨·ÊÕÐ¥£µ É¢¨¸É , ´Ê¦´µ ¸¢¥·´ÊÉÓ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¸µ ¸¢¥Éµ¶µ-
¤µ¡´Ò³ ¢¥±Éµ·µ³ nµ. �¸É ÕÐ¨¥¸Ö ¶¥É²¥¢Ò¥ ¨´É¥£· ²Ò ´Ê¦´µ  ´ ²¨É¨Î¥¸±¨
¶·µ¤µ²¦¨ÉÓ ¢ ¶·µ¸É· ´¸É¢µ …¢±²¨¤  [11], £¤¥ ¢¥·Ï¨´Ò, ¨´¤ÊÍ¨·µ¢ ´´Ò¥ ¨´-
¸É ´Éµ´ ³¨, Ìµ·µÏµ µ¶·¥¤¥²¥´Ò.

∗Š ± ¨ ¢ · ¡µÉ¥ [63], ³Ò ¶·¥´¥¡·¥£ ¥³ £²Õµ´´Ò³¨ µ¶¥· Éµ· ³¨ ¢ ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤-
´ÒÌ, ÎÉµ ¢Ò§¢ ´µ ³ ²µ¸ÉÓÕ ¶ · ³¥É·  · §·¥¦¥´´µ¸É¨ η.
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¨¸. 8. ƒ· Ë¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö. ‹¥¢ Ö Î ¸ÉÓ ¤¨ £· ³³Ò
¶·¥¤¸É ¢²Ö¥É ¸± Îµ± (Disc)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢¶¥·¥¤. ‚ · ³± Ì µ¶¥· Éµ·´µ£µ · §-
²µ¦¥´¨Ö ¸± Îµ± ¶·¥¤¸É ¢²Ö¥É¸Ö ± ± ±µ´¢µ²ÕÍ¨Ö ±µÔËË¨Í¨¥´É´µ° ËÊ´±Í¨¨ ‚¨²Ó¸µ´ 
CNS(Q

2) ¦¥¸É±µ£µ ¶µ¤¶·µÍ¥¸¸  (¢¥·Ì´¨° ¡²µ± ¶· ¢µ° ¤¨ £· ³³Ò) ¨ ³Ö£±µ° ¶ ·-
Éµ´´µ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö q(x,Q2) (´¨¦´¨° ¡²µ±). Šµ´¸É¨ÉÊ¥´É´Ò° ±¢ ·± ¨
¶¨µ´ µ¡µ§´ Î¥´Ò ´¥¶·¥·Ò¢´µ° ¨ ¤¢µ°´µ° ²¨´¨Ö³¨ ¸µµÉ¢¥É¸É¢¥´´µ. ‚µ²´¨¸ÉÒ¥ ²¨-
´¨¨ µ¡µ§´ Î ÕÉ ËµÉµ´Ò. ONS Å ²µ± ²Ó´Ò° µ¶¥· Éµ·, ÏÉ·¨Ì ´  ±¢ ·±µ¢µ° ²¨´¨¨
¸µµÉ¢¥É¸É¢Ê¥É δ(x− (kn))

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ (94), ´¥µ¡Ìµ¤¨³µ · ¸¸³µÉ·¥ÉÓ  ³¶²¨ÉÊ¤Ê ±µ³¶-
Éµ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ¢ £²Ê¡µ±µ´¥Ê¶·Ê£µ° ±¨´¥³ É¨±¥ ¢ ²¨¤¨·ÊÕÐ¥³ ¶µ·Ö¤±¥
¶¥·ÉÊ·¡ É¨¢´µ° Š•„ ¨ ¢§ÖÉÓ ³´¨³ÊÕ Î ¸ÉÓ µÉ ´¥¥. ‚ ±µ³¶Éµ´µ¢¸±µ³ ¶·µ-
Í¥¸¸¥ ´ ²¥É ÕÐ¨° ¨ · ¸¸¥Ö´´Ò° ¢¨·ÉÊ ²Ó´Ò¥ ËµÉµ´Ò ¨³¥ÕÉ ¨³¶Ê²Ó¸Ò q,
q2 ≡ −Q2,   ´ Î ²Ó´Ò° ¨ ±µ´¥Î´Ò° ¶¨µ´Ò ¨³¥ÕÉ ¨³¶Ê²Ó¸Ò p, p2 ≈ 0. �·¥-
¤¥² qÓ¥·±¥´  ¸µµÉ¢¥É¸É¢Ê¥É ¡µ²ÓÏ¨³ Q2 ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ x = Q2/2(pq).
Š ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò° ´ ¡µ· ¤¨ £· ³³, ¨´¤ÊÍ¨·µ¢ ´´Ò° ¸ ¶µ³µÐÓÕ
´¥²µ± ²Ó´µ£µ ¤¥°¸É¢¨Ö (43) ¨ (45), ¢±²ÕÎ ¥É, ¢ ¤µ¶µ²´¥´¨e ± µ¤´µ¶¥É²¥¢µ°
®box¯-¤¨ £· ³³¥, ¶µ¤¶·µÍ¥¸¸Ò πγ → π → πγ, πγγ → π. Œµ¦´µ ¶µ± § ÉÓ
(¸³. [83]), ÎÉµ Éµ²Ó±µ ¢Éµ·µ° É¨¶ ¶·µÍ¥¸¸  ¢Ò¦¨¢ ¥É ¢ ¶·¥¤¥²¥ qÓ¥·±¥´  ¤²Ö
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì  ³¶²¨ÉÊ¤ ¨ ¶·¨¢µ¤¨É ± ¶µ¶· ¢±¥ (Î²¥´ ¸ ¶·µ¨§¢µ¤´µ° µÉ
¢¥·Ï¨´Ò) ¢ (94).

—²¥´ ¸ ¶·µ¨§¢µ¤´µ°, ±µÉµ·Ò° ¢µ§´¨± ¥É ¨§ P exp-Ë ±Éµ· , ¶µ§¢µ²Ö¥É Ê¤µ-
¢²¥É¢µ·¨ÉÓ ¶ ·Éµ´´Ò¥ ¶· ¢¨²  ¸Ê³³, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸µÌ· ´¥´¨Õ ¨§µ¸¶¨´ 
¨ ¨³¶Ê²Ó¸ . „¥°¸É¢¨É¥²Ó´µ, ¨§ (94) ¤²Ö ¶¥·¢ÒÌ ¤¢ÊÌ ³µ³¥´Éµ¢ ¶µ²ÊÎ¨³

Aqq̄
1 (µ20) ≡

∫ 1

0

dx qqq̄(x, µ20) = g2πqq̄
∂Ππ(p2)
∂p2

∣∣∣∣
p2=0

,

Aqq̄
2 (µ20) ≡

∫ 1

0

dx xqqq̄(x, µ20) =
g2πqq̄

2
∂Ππ(p2)
∂p2

∣∣∣∣
p2=0

. (95)

ˆ§ ÔÉµ£µ ¢Ò· ¦¥´¨Ö ¸ ÊÎ¥Éµ³ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨ (47) Ê¸É ´a¢²¨¢ ¥É¸Ö ¸¶· -
¢¥¤²¨¢µ¸ÉÓ (´µ·³¨·µ¢µÎ´µ£µ) ¨§µ¸¶¨´µ¢µ£µ ¨ ¨³¶Ê²Ó¸´µ£µ ¶· ¢¨² ¸Ê³³ ¤²Ö
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¢ ²¥´É´ÒÌ ±¢ ·±µ¢ÒÌ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö

Aqq̄
1 (µ20) = 1 ¨ Aqq̄

2 (µ20) + Āqq̄
2 (µ20) = 1, (96)

£¤¥ Ā2 Å ¢±² ¤ ¢ ²¥´É´ÒÌ  ´É¨±¢ ·±µ¢ ¢ ¶¨µ´´Ò° ¨³¶Ê²Ó¸. ’µÉ Ë ±É, ÎÉµ ´ 
´¨§±µ³ ³ ¸ÏÉ ¡¥ ¨³¶Ê²Ó¸  µ0 ¢¥¸Ó ¨³¶Ê²Ó¸ ¢ ¶¨µ´¥ ¶¥·¥´µ¸¨É¸Ö ¢ ²¥´É´Ò³¨
±¢ ·± ³¨, Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ Éµ£µ, ÎÉµ ¢±²ÕÎ¥´Ò Éµ²Ó±µ ¢ ²¥´É´Ò¥ ±¢ ·±-
 ´É¨±¢ ·±µ¢Ò¥ ¶·µ³¥¦ÊÉµÎ´Ò¥ ¸µ¸ÉµÖ´¨Ö, ¶·¨ ÔÉµ³ ¶·¥´¥¡·¥£ ¥É¸Ö ¢¸¥³¨
¢´ÊÉ·¥´´¨³¨ ±¢ ·±-£²Õµ´´Ò³¨ ³µ·¸±¨³¨ ¸µ¸ÉµÖ´¨Ö³¨ (É ± ´ §Ò¢ ¥³µ¥ ¶·¨-
¡²¨¦¥´¨¥ § ³µ·µ§±¨).

’ ±¨³ µ¡· §µ³, ¢ ¶·¨¡²¨¦¥´¨¨ § ³µ·µ§±¨ ¤¨´ ³¨Î¥¸± Ö ¨´Ëµ·³ Í¨Ö,
¸µ¤¥·¦ Ð Ö¸Ö ¢ ¶¥·¢ÒÌ ¤¢ÊÌ ³µ³¥´É Ì, ¶µ²´µ¸ÉÓÕ § ¤ ¥É¸Ö ¸¨³³¥É·¨Ö³¨ ¨
±¨´¥³ É¨±µ° ¨, ± ± ·¥§Ê²ÓÉ É, Ö¢²Ö¥É¸Ö ³µ¤¥²Ó´µ-´¥§ ¢¨¸¨³µ°. �¥É·¨¢¨ ²Ó-
´ Ö ¤¨´ ³¨±  ¸µ¤¥·¦¨É¸Ö ¢ ³µ³¥´É Ì ¸ N > 2. �¡Ð Ö ¸É·Ê±ÉÊ·  ³µ³¥´Éµ¢
¶ ·Éµ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ Ëµ·³¥

ASF
N (µ20) =

1
2N−1

[N−1
2 ]∑

i=0

1
2i+ 1

(
N − 1

2i

)
JSF
i (µ20), N = 1, 2, ... (97)

¸ ±µÔËË¨Í¨¥´É ³¨

JSF
i (µ20) =

1
Igπ(0)


∞∫
0

dk k4i+3Q̃(k)2

(k2 +m2q)2i+3
[
2k2 + (2i+ 3)m2q

]
+ ...

 , (98)

£¤¥ Î²¥´Ò ¸ ¶·µ¨§¢µ¤´Ò³¨ µÉ ¢¥·Ï¨´Ò, ¶µ¤µ¡´Ò¥ É¥³, ±µÉµ·Ò¥ ¶µÖ¢²ÖÕÉ¸Ö ¢
(41) ¤²Ö Igπ(0), µ¡µ§´ Î¥´Ò ÉµÎ± ³¨. ‚ (97) ±¢ ¤· É´Ò¥ ¸±µ¡±¨ [...] µ¡µ§´ -

Î ÕÉ Í¥²ÊÕ Î ¸ÉÓ Î¨¸² ,  

(
a

b

)
Ö¢²ÖÕÉ¸Ö ¡¨´µ³¨ ²Ó´Ò³¨ ±µÔËË¨Í¨¥´É ³¨.

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶µ± § É¥²Ó´µ · ¸¸³µÉ·¥ÉÓ ¤¢  Ô±¸É·¥³ ²Ó-
´ÒÌ ¸²ÊÎ Ö, § ¢¨¸ÖÐ¨Ì µÉ Ë¨§¨Î¥¸±¨Ì ¶·¥¤¶µ²µ¦¥´¨°. …¸²¨ ¡Ò Š•„-¢ ±ÊÊ³
¡Ò² µÎ¥´Ó ¶²µÉ´µ° ¸·¥¤µ°, η >> 1, Éµ JSF

i = 0 ¤²Ö ¢¸¥Ì i, ±·µ³¥ i = 0. ˆ§
ÔÉµ£µ ¸²¥¤Ê¥É, ÎÉµ ³µ³¥´ÉÒ AN = 1/2(N−1) ¤²Ö ¢¸¥Ì n,   · ¸¶·¥¤¥²¥´¨¥ ±¢ ·-
±µ¢ ¨³¥¥É Ëµ·³Ê ¤¥²ÓÉ -ËÊ´±Í¨¨: q(x) = δ(x − 1/2). �ÉµÉ Ô±¸É·¥³ ²Ó´Ò°
¸²ÊÎ ° ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ê ÉÖ¦¥²µ£µ ±¢ ·± ,   ±µÔËË¨Í¨¥´ÉÒ JSF

i ¶·¥¤-
¸É ¢²ÖÕÉ ¶µ¸²¥¤µ¢ É¥²Ó´Ò¥ ¶µ¶· ¢±¨ ¶µ µ¡· É´Ò³ ¸É¥¶¥´Ö³ ³ ¸¸Ò ÉÖ¦¥²µ£µ
±¢ ·± : ∼ (〈k2〉/m2q)i. ‚ ¶·µÉ¨¢µ¶µ²µ¦´µ³ Ô±¸É·¥³ ²Ó´µ³ ¸²ÊÎ ¥ µÎ¥´Ó · §-
·¥¦¥´´µ£µ ¢ ±ÊÊ³  η << 1 ¶µ²ÊÎ¨³ JSF

i = 1 ¤²Ö ¢¸¥Ì i ¨ AN = 1/N
¤²Ö ³µ³¥´Éµ¢. �ÉµÉ Ô±¸É·¥³ ²Ó´Ò° ¸²ÊÎ ° ¸µµÉ¢¥É¸É¢Ê¥É ´¥§ ¢¨¸¨³µ° µÉ ¨³-
¶Ê²Ó¸  ¢¥·Ï¨´¥ ¨ ¶·¨¢µ¤¨É ± ¶²µ¸±µ³Ê · ¸¶·¥¤¥²¥´¨Õ ±¢ ·±µ¢ q(x) = 1.
qµ²¥¥ Éµ£µ, ¶¥·¢Ò° Î²¥´ ¢ (98) ¤µ³¨´¨·Ê¥É ¶µ µÉ´µÏ¥´¨Õ ± Î²¥´ ³, Ê± -
§ ´´Ò³ ¸ ¶µ³µÐÓÕ ÉµÎ¥±, É ± ± ± ¶µ¸²¥¤´¨¥ Ö¢²ÖÕÉ¸Ö ³ ²Ò³¨ ¶µ·Ö¤± 
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O(ρcmq). ¥ ²¨¸É¨Î¥¸± Ö ¸¨ÉÊ Í¨Ö µ± §Ò¢ ¥É¸Ö £¤¥-Éµ ³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö
Ô±¸É·¥³ ²Ö³¨. ‡ ³¥É¨³, ÎÉµ ·µ²Ó ³ ¸¸Ò ¶¨µ´  ¶·¥´¥¡·¥¦¨³µ ³ ² , ´µ ¸µµÉ-
´µÏ¥´¨¥ ÔËË¥±É¨¢´µ° ³ ¸¸Ò ±¢ ·±  ¨ ´ ±²µ´  ´¥²µ± ²Ó´µ¸É¨ ¢ Q̃(k) ¨³¥¥É
¢ ¦´Ò° ÔËË¥±É.

”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥ ¢ ´¥²µ± ²Ó´µ° ±µ¢ ·¨ ´É´µ° ³µ-
¤¥²¨ ¨ ¥¥ Š•„-Ô¢µ²ÕÍ¨Ö. �¡· É¨³¸Ö É¥¶¥·Ó ± · ¸¶·¥¤¥²¥´¨Õ ±¢ ·±µ¢. �Éµ
· ¸¶·¥¤¥²¥´¨¥ ¤²Ö ¶¨µ´  ¸ 4-¨³¶Ê²Ó¸µ³ p § ¤ ¥É¸Ö ¸ ¶µ³µÐÓÕ ¢Ò· ¦¥´¨Ö
(¸³. £· Ë¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´  ·¨¸. 8):

qqq̄(x;µ20)p
µ = 2Ncg

2
πqq̄

∫
d4k

(2π)4
δ[x− 1 − (k · n)]×

×tr

{
γ5S(k + p)

[
F̃ 2(k, k + p;µ20)γµS(k + p)−

−2

(
∂F̃ 2(k, k + p;µ20)
∂(k + p)2

)
(k + p)µ

]
γ5S(k)

}
, (99)

£¤¥ qqq̄(x) = ū(x)val = d(x)val ¤²Ö π−. ˆ´¤¥±¸ qq µ§´ Î ¥É, ÎÉµ ÊÎÉ¥´ 
Éµ²Ó±µ ´ ¨´¨§Ï Ö ±¢ ·±- ´É¨±¢ ·±µ¢ Ö ±µ³¶µ´¥´É  ¶¨µ´´µ° ¢µ²´µ¢µ° ËÊ´±-
Í¨¨. ‚Ò· ¦¥´¨¥ (99) ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ δ[x− 1− (k ·n)] µ¶·¥¤¥²¥´µ
É ± ¦¥, ± ± ¢ [84, 85]. ”Ê´±Í¨Ö, ¶µÖ¢²ÖÕÐ Ö¸Ö ¢ (99), ¶·¥¤¸É ¢²Ö¥É ¸µ-
¡µ° ÔËË¥±É¨¢´ÊÕ ¢¥·Ï¨´Ê, ¸¢Ö§ ´´ÊÕ ¸ ¸µ¸É ¢´Ò³¨ µ¶¥· Éµ· ³¨ Oj

N (91).
Œµ³¥´ÉÒ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö (94) ¢µ¸¶·µ¨§¢µ¤ÖÉ¸Ö ¸ ¶µ³µÐÓÕ ¶·¥µ¡· -
§µ¢ ´¨Ö Œ¥²²¨´  µÉ (99). ‘¢¥Éµ¶µ¤µ¡´Ò° ¢¥±Éµ· n ¢Ò¤¥²Ö¥É ¢ (94) ¨ (99)
¸¨³³¥É·¨Î´Ò¥ ¡¥¸¸²¥¤µ¢Ò¥ Î ¸É¨ É¥´§µ·µ¢. ‹¥£±µ ¶µ± § ÉÓ, ÎÉµ ¶¥·¢Ò¥ ³µ-
³¥´ÉÒ qqq̄(x) ¢µ¸¶·µ¨§¢µ¤ÖÉ ¶ ·Éµ´´Ò¥ ¶· ¢¨²  ¸Ê³³ (95).

„²Ö Éµ£µ ÎÉµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¨´É¥£· ² ¶µ 4-¨³¶Ê²Ó¸Ê ¢ (99), ¨¸¶µ²Ó§Ê¥³
α-¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¶·µ¶ £ Éµ·µ¢∗

1
k2 +m2

=

∞∫
0

dα exp
[
−α(k2 +m2)

]
, (100)

  ¤²Ö ¢¥·Ï¨´´µ° δ-ËÊ´±Í¨¨ ¥¥ ËÊ·Ó¥-¶·¥¤¸É ¢²¥´¨¥

δ
[
x− (k · n)

]
=

1
2π

∞∫
−∞

dα exp [iα(x − k · n)]. (101)

∗„¥É ²¨ ¸³. ¢ · ¡µÉ¥ [85].



1068 ��ˆŠˆ� ˆ.B., „��•�‚ �.…., ’�Œˆ� ‹.

’µ£¤  ¶·Ö³µ¥ ¢ÒÎ¨¸²¥´¨¥ ¨§ (99) ¶·¨¢µ¤¨É ± ·¥§Ê²ÓÉ ÉÊ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö
±¢ ·±µ¢, ±µÉµ·µ¥ ¢ ¡¥§³ ¸¸µ¢µ³ ¸²ÊÎ ¥ (m2π = −p2 = 0) ¸¢µ¤¨É¸Ö ±

qqq̄(x, µ20) =
Ncg

2
πqq̄

2π2

∞∫
0

∞∫
0

dν1dν2 F (ν1)F (ν2) exp

(
m2q
ν1

+
m2q
ν2

)
×

×
{[
E1

(
m2q
xν1

)
+ x̄ exp

(
−
m2q
xν1

)]
θ(x̄ν2 ≥ xν1) + (x↔ x̄)

}
. (102)

‚ ÔÉµ³ Ê· ¢´¥´¨¨ x̄ = 1 − x, E1(z) Å ¨´É¥£· ²Ó´ Ö Ô±¸¶µ´¥´É ,   F (ν) Å
±µ··¥²ÖÍ¨µ´´ Ö ËÊ´±Í¨Ö, ¸¢Ö§ ´´ Ö ¸ ¢¥·Ï¨´´µ° ËÊ´±Í¨¥° Q̃(k) ¸ ¶µ³µÐÓÕ
¶·¥µ¡· §µ¢ ´¨Ö ‹ ¶² ¸ . ‚¥·Ï¨´  Q̃(p) ¢ ¸ÊÐ¥¸É¢¥´´µ° µ¡² ¸É¨ ¨³¶Ê²Ó¸µ¢
p (0 ≤ p ≤ 4/ρc) ³µ¦¥É ¡ÒÉÓ  ¶¶·µ±¸¨³¨·µ¢ ´  ËÊ´±Í¨¥°

Q̃(p) = 4, 5 exp (−1, 9ρcp) − 3, 5 exp (−3, 6ρcp), (103)

±µÉµ· Ö ¶µ¸²¥ ¶·¨³¥´¥´¨Ö ¶·¥µ¡· §µ¢ ´¨Ö ‹ ¶² ¸  ¶·¨´¨³ ¥É ¢¨¤

F (ν) =
ρc√
π
√
ν

[
8, 55 exp(−0, 9ρ2cν) − 12, 6 exp(−3, 24ρ2cν)

]
. (104)

‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¢Ò· ¦¥´¨Ö (97) ¤²Ö ³µ³¥´Éµ¢ ¨ (102) ¤²Ö · ¸-
¶·¥¤¥²¥´¨Ö ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥ Ö¢²ÖÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò³¨ ¨ ¸¶· ¢¥¤-
²¨¢Ò³¨ ¤²Ö ²Õ¡µ° Ëµ·³Ò ËÊ´±Í¨° Q̃(k) ¨ F (ν), ±µÉµ·Ò¥, ¢ ¸¢µÕ µÎ¥·¥¤Ó,
µ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ ±µ´±·¥É´µ° ³µ¤¥²¨ ±¢ ·±-¶¨µ´´µ° ¤¨´ ³¨±¨.

 ¸¶·¥¤¥²¥´¨¥ ±¢ ·±µ¢ qqq(x, µ20) ¨ ¨³¶Ê²Ó¸´µ¥ · ¸¶·¥¤¥²¥´¨¥ xqqq(x, µ20)
¶µ± § ´Ò ´  ·¨¸. 9. ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ Ëµ·³  · ¸¶·¥¤¥²¥´¨Ö Ö¢²Ö¥É¸Ö ¤µ-
¸É ÉµÎ´µ ¸É ¡¨²Ó´µ° ¶µ µÉ´µÏ¥´¨Õ ± ¢ ·¨ Í¨Ö³ ¶ · ³¥É·µ¢ ¨´¸É ´Éµ´´µ°
³µ¤¥²¨, ¥¸²¨ µ´¨ Ë¨±¸¨·µ¢ ´Ò É ±, ÎÉµ¡Ò ¢µ¸¶·µ¨§¢¥¸É¨ ´¨§±µÔ´¥·£¥É¨Î¥-
¸±¨¥ ¸¢µ°¸É¢  ¶¨µ´ . Š·µ³¥ Éµ£µ, ´¥µ¡Ìµ¤¨³µ Ê¶µ³Ö´ÊÉÓ µ Éµ³, ÎÉµ ÔËË¥±ÉÒ,
±µÉµ·Ò³¨ ³Ò ¶·¥´¥¡·¥£²¨ (¨³¶Ê²Ó¸´ Ö § ¢¨¸¨³µ¸ÉÓ ³ ¸¸Ò ±¢ ·±  ¢ §´ ³¥-
´ É¥²ÖÌ ¨ £²Õµ´´µ¥ ¶µ²¥ ¢ ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ), ¨³¥ÕÉ ¶µ·Ö¤µ± ³ -
²µ¸É¨ O (η) ¨ ´¥ ³¥´ÖÕÉ ± Î¥¸É¢¥´´µ ·¥§Ê²ÓÉ Éµ¢. �¸´µ¢´µ° ÔËË¥±É, · ¸-
¸³µÉ·¥´´Ò° ´ ³¨ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥, ¸¢Ö§ ´
¸ ´¥²µ± ²Ó´µ¸ÉÓÕ ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´Ò, ¨´¤ÊÍ¨·µ¢ ´´µ° ¨´¸É ´Éµ´´Ò³
¢§ ¨³µ¤¥°¸É¢¨¥³. µ²Ó ÔÉµ£µ ÔËË¥±É  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ·¥§Ê²ÓÉ É ¶ ·Éµ´-
´µ° ³µ¤¥²¨ ¢ ²¨¤¨·ÊÕÐ¥³ É¢¨¸É¥ q(x) = 1 ³µ¤¨Ë¨Í¨·Ê¥É¸Ö, ¶·¨¢µ¤Ö ± £² ¤-
±µ³Ê · ¸¶·¥¤¥²¥´¨Õ ¸ ´Ê²Ö³¨ ´  ±· ÖÌ ±¨´¥³ É¨Î¥¸±µ° µ¡² ¸É¨. � ¶µ³´¨³,
ÎÉµ ³Ò ¢ÒÎ¨¸²Ö¥³ Éµ²Ó±µ · ¸¶·¥¤¥²¥´¨¥ ²¨¤¨·ÊÕÐ¥£µ É¢¨¸É  ¢ ´¨§±µ° ÉµÎ±¥
´µ·³¨·µ¢±¨ µ0 ∼ ρ−1c ,   ´¥ ¶µ²´Ò¥ ¸É·Ê±ÉÊ·´Ò¥ ËÊ´±Í¨¨, ±µÉµ·Ò¥ ¸µ¤¥·¦ É
É ±¦¥ ¶µ¶· ¢±¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì É¢¨¸Éµ¢. �µ¸²¥¤´¨¥ ³µ£ÊÉ ¡ÒÉÓ ¡µ²ÓÏ¨³¨ ¶·¨
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¨¸. 9. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ q(x;µ2
0) (¶Ê´±É¨·´ Ö ²¨´¨Ö) ¨ ¨³-

¶Ê²Ó¸´µ¥ · ¸¶·¥¤¥²¥´¨¥ ±¢ ·±µ¢ xq(x;µ2
0) (¸¶²µÏ´ Ö ²¨´¨Ö) ¢ ¶¨µ´¥ ± ± ËÊ´±-

Í¨Ö ¤µ²¨ ¶·µ¤µ²Ó´µ£µ ¨³¶Ê²Ó¸  x ¢ ´¨§±µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨ µ2
0 = 0, 3 ƒÔ‚2 ¶·¨

ρcmq = 0, 39

´¨§±¨Ì q2, ´µ ¡Ò¸É·µ (¸É¥¶¥´´Ò³ µ¡· §µ³) ¢Ò³¨· ÕÉ ¸ ·µ¸Éµ³ q2. ‘²¥¤Ê¥É
É ±¦¥ § ³¥É¨ÉÓ, ÎÉµ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ ¸¨²Ó´µ µÉ²¨Î ÕÉ¸Ö µÉ ·¥§Ê²ÓÉ Éµ¢, ¶µ-
²ÊÎ¥´´ÒÌ · ´¥¥ ¢ �ˆ‹-³µ¤¥²¨ [80], £¤¥ ¢´ÊÉ·¥´´ÖÖ ¤¨´ ³¨±  ¶¨µ´  ¸¨²Ó´µ
Ê¶·µÐ¥´ , ¨ ¢ ·¥§Ê²ÓÉ É¥ ´ °¤¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¸µ£² ¸µ¢ ´Ò ¸µ ¸É·µ£¨³
±¨· ²Ó´Ò³ ¶·¥¤¥²µ³ q(x, µ20) ≈ 1.

‚ÒÎ¨¸²¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¨¸¶µ²Ó§ÊÕÉ¸Ö ± ± ´ Î ²Ó´Ò¥ Ê¸²µ¢¨Ö ¤²Ö
¶¥·ÉÊ·¡ É¨¢´µ° Ô¢µ²ÕÍ¨¨ ± ¡µ²¥¥ ¢Ò¸µ±¨³ §´ Î¥´¨Ö³ Q2, £¤¥, ± ± µ¦¨¤ ¥É¸Ö,
¸É¥¶¥´´Ò¥ ¶µ¶· ¢±¨ ¶µ¤ ¢²¥´Ò, ¨ ³µ¦´µ ¶·µ¢¥¸É¨ ¸· ¢´¥´¨¥ ¸ ¤µ¸ÉÊ¶´Ò³¨
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ” ±É¨Î¥¸±¨ ³Ò ¸· ¢´¨¢ ¥³ ´ Ï¨ É¥µ·¥É¨Î¥-
¸±¨¥ ¶·¥¤¸± § ´¨Ö ¸ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³  ´ ²¨§µ³, ¢Ò¶µ²´¥´´Ò³ ¢ [75],
¤ ´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ¶·µÍ¥¸¸ ³ „·¥²²  Å Ÿ´  ¨ ¶µ ¡Ò¸É·Ò³ ËµÉµ´ ³,
¢Ò¶µ²´¥´´ÒÌ £·Ê¶¶ ³¨ NA10 (CERN) ¨ E615 (FNAL) [77]. ‘²¥¤Ê¥É É ±¦¥ µÉ-
³¥É¨ÉÓ ´¥±µÉµ·Ò¥ ¶·¥¤¥²Ò ¶·¨³¥´¨³µ¸É¨ Ê± § ´´µ£µ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ
 ´ ²¨§  ¤ ´´ÒÌ. ’ ±, ·¥ ²Ó´Ò¥ ¤ ´´Ò¥ µÌ¢ ÉÒ¢ ÕÉ Éµ²Ó±µ ±¨´¥³ É¨Î¥¸±ÊÕ
µ¡² ¸ÉÓ ¶µ x ≥ 0, 2, ¨, ±·µ³¥ Éµ£µ, ¢  ´ ²¨§¥ ¡Ò²  ¨¸¶µ²Ó§µ¢ ´  Ô±¸É· ¶µ-
²ÖÍ¨Ö ¶·µÉµ´´ÒÌ ¸É·Ê±ÉÊ·´ÒÌ ËÊ´±Í¨° ¶·¨ x ≥ 0, 75 ¢ ± Î¥¸É¢¥ ¢Ìµ¤´µ°
¨´Ëµ·³ Í¨¨. „ ²¥¥, ¢ É ±µ³ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ³  ´ ²¨§¥ ¤ ´´ÒÌ ´¥ ¶·¨-
´¨³ ÕÉ¸Ö ¢µ ¢´¨³ ´¨¥ ´¥µ¶·¥¤¥²¥´´µ¸É¨, ¨´¤ÊÍ¨·µ¢ ´´Ò¥ É¥µ·¥É¨Î¥¸±¨³¨
¶·¥¤¶µ²µ¦¥´¨Ö³¨, ²¥¦ Ð¨³¨ ¢ µ¸´µ¢¥  ´ ²¨§  (´ ¶·¨³¥·, K-Ë ±Éµ·).

”µ·³  ¶·µÔ¢µ²ÕÍ¨µ´¨·µ¢ ´´µ£µ · ¸¶·¥¤¥²¥´¨Ö qqq̄(x,Q20) ´  ³ ¸ÏÉ ¡¥
¨³¶Ê²Ó¸  Q20 = 4 ƒÔ‚2 ·¥±µ´¸É·Ê¨·Ê¥É¸Ö ¶µ ¥£µ ³µ³¥´É ³, ¶·µÔ¢µ²ÕÍ¨µ-
´¨·µ¢ ´´Ò³ ± ÔÉµ³Ê ³ ¸ÏÉ ¡Ê ¢ ²¨¤¨·ÊÕÐ¥³ ¶µ·Ö¤±¥ (‹�) ¨ ¸²¥¤ÊÕÐ¥³ § 
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¨¸. 10. ˆ³¶Ê²Ó¸´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥ xq(x;Q2
0) (ÏÉ·¨Ìµ-

¢ Ö ²¨´¨Ö) ± ± ËÊ´±Í¨Ö ¤µ²¨ ¶·µ¤µ²Ó´µ£µ ¨³¶Ê²Ó¸  x, ¶·µÔ¢µ²ÕÍ¨µ´¨·µ¢ ´´ Ö ±
Q2

0 = 4 ƒÔ‚2 (‹�-¶·¨¡²¨¦¥´¨¥), ¶·¨ ρcmq = 0, 39. ‘¶²µÏ´ Ö ²¨´¨Ö µ§´ Î ¥É Ë¥´µ-
³¥´µ²µ£¨Î¥¸±ÊÕ ±·¨¢ÊÕ [72] ´  Éµ³ ¦¥ ³ ¸ÏÉ ¡¥ Q2

0, ¨§¢²¥Î¥´´ÊÕ ¨§ ¤ ´´ÒÌ. ’ ±¦¥
¨§µ¡· ¦¥´Ò · ¸¶·¥¤¥²¥´¨¥ ¢ ´¨§±µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨ µ2

0 = 0, 3 ƒÔ‚2 (¶Ê´±É¨·´ Ö
²¨´¨Ö); · ¸¶·¥¤¥²¥´¨¥, Ê³´µ¦¥´´µ¥ ´  Ë ±Éµ· 0,65, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¢¥·µÖÉ´µ¸É¨
´ °É¨ ´¨§Ï¥¥ Ëµ±µ¢¸±µ¥ ¸µ¸ÉµÖ´¨¥ ¢ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶¨µ´  (ÏÉ·¨Ì¶Ê´±É¨·´ Ö)

²¨¤¨·ÊÕÐ¨³ ¶µ·Ö¤±¥ (‘‹�) ¶¥·ÉÊ·¡ É¨¢´µ° Š•„ ¢MS-¸Ì¥³¥, c ¨¸¶µ²Ó§µ¢ -
´¨¥³ ¶¥·¢ÒÌ Ï¥¸É¨ ¶µ²¨´µ³µ¢ Ÿ±µ¡¨. „²Ö ÔÉµ° Í¥²¨ ³Ò ¨¸¶µ²Ó§Ê¥³ Ìµ·µÏµ
¨§¢¥¸É´Ò¥ ¢Ò· ¦¥´¨Ö [86] ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ÒÎ¨¸²¥´¨° ¤²Ö ±µÔËË¨Í¨¥´É´µ°

ËÊ´±Í¨¨ CN
i = CN

0i +
αs(Q2)

4π
CN
1i ¨  ´µ³ ²Ó´µ° · §³¥·´µ¸É¨ γ(n), ¢ÒÎ¨-

¸²¥´´Ò¥ ¢ ‹� ¨ ‘‹�. ’ ±¨³ µ¡· §µ³, ±µ´¥Î´Ò° ·¥§Ê²ÓÉ É ¤²Ö ³µ³¥´Éµ¢,
¶µ²ÊÎ¥´´Ò° ¸ ¶µ³µÐÓÕ ¶·µÍ¥¤Ê·Ò Ë ±Éµ·¨§ Í¨¨, ¨³¥¥É ¢¨¤

AN (Q2) =
∑
i

CN
i (Q2, µ2)ON

i (µ2) =

1∫
0

dx xNq(x,Q2). (105)

„²Ö  ´ ²¨§  Ô¢µ²ÕÍ¨¨ ³Ò ¢Ò¡¨· ¥³ ´¨§±¨° ³ ¸ÏÉ ¡ ¨³¶Ê²Ó¸  µ20 =
= (0, 3 ± 0, 03) ƒÔ‚2 ¨ Š•„-±µ´¸É ´ÉÊ Λ(3) = 0, 3 ƒÔ‚. ¥§Ê²ÓÉ¨·ÊÕÐ¥¥ · ¸-
¶·¥¤¥²¥´¨¥ qqq̄(x,Q20) ¶µ± § ´µ ´  ·¨¸. 10 ´ ·Ö¤Ê ¸ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³¨
±·¨¢Ò³¨, ¶µ²ÊÎ¥´´Ò³¨ ¨§ ¤ ´´ÒÌ [75].

‡´ Î¥´¨Ö ¶¥·¢ÒÌ ³µ³¥´Éµ¢ ¶¨µ´´µ£µ · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¶·¨
Q20 = 4 ƒÔ‚2, ¢ÒÎ¨¸²¥´´ÒÌ ¢ ‹� ¨ ‘‹�, ¶µ± § ´Ò ¢ É ¡².2. �É¨ ¢¥²¨-
Î¨´Ò ¸²¥¤Ê¥É ¸· ¢´¨ÉÓ ¸ É¥³¨, ±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö ¨§ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ£µ
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’ ¡²¨Í  2. ‡´ Î¥´¨Ö ¶¥·¢ÒÌ ³µ³¥´Éµ¢ ¶·¨ Q2
0 = 4 ƒÔ‚

2

Œµ³¥´ÉÒ ‹� ‘‹� ·Š•„ [73] �±¸¶. Ë¨É [75] �±¸¶. Ë¨É [76]

A2(Q
2
0) 0, 318± 0, 01 0, 275 ± 0, 017 0, 279± 0, 083 0, 230± 0, 01 0, 193 ± 0, 01

A3(Q
2
0) 0, 147± 0, 008 0, 120 ± 0, 012 0, 107± 0, 035 0, 101± 0, 005 0, 083 ± 0, 005

A4(Q
2
0) 0, 081± 0, 006 0, 064 ± 0, 008 0, 048± 0, 020 0, 057± 0, 005 0, 046 ± 0, 005

 ´ ²¨§  [75] ¨ ¨§ ·Š•„-¢ÒÎ¨¸²¥´¨° [73]. ‚ É ¡². 2 É ±¦¥ ¢±²ÕÎ¥´Ò ³µ³¥´ÉÒ
· ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¢ ¶¨µ´¥, ¶µ²ÊÎ¥´´Ò¥ ¨§ ¶ · ³¥É·¨§ Í¨¨ [76].

�¡¸Ê¤¨³ ´¥µ¶·¥¤¥²¥´´µ¸É¨ Š•„-Ô¢µ²ÕÍ¨¨, ´ Î¨´ ÕÐ¥°¸Ö ¸ ´¨§±µ£µ ³ ¸-
ÏÉ ¡  µ0. Š ± ³Ò ¢¨¤¨³ ¨§ É ¡². 2, · §²¨Î¨¥ ·¥§Ê²ÓÉ Éµ¢ ‹� ¨ ‘‹� ´ Ìµ-
¤¨É¸Ö ¢ ¶·¥¤¥² Ì 30%. �± §Ò¢ ¥É¸Ö, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ ¡µ²ÓÏ¥£µ ´ Î ²Ó´µ£µ
³ ¸ÏÉ ¡  Ô¢µ²ÕÍ¨¨, ¸± ¦¥³, µ20 ≥ 0, 3 ƒÔ‚2, ¶·¨¢µ¤¨É ± ¤µ¸É ÉµÎ´µ Ìµ·µÏ¥°
¸Ìµ¤¨³µ¸É¨ ¸ µÉ±²µ´¥´¨Ö³¨ ³¥´ÓÏ¨³¨, Î¥³ 10%, ¢ Éµ ¢·¥³Ö ± ± ¢ ¶·µÉ¨-
¢µ¶µ²µ¦´µ³ ¸²ÊÎ ¥, É.¥. ¤²Ö ³ ¸ÏÉ ¡µ¢ ³¥´ÓÏ¨Ì, Î¥³ 0, 1 ƒÔ‚2, µÉ±²µ´¥´¨Ö
· ¸ÉÊÉ, ¨ ¶¥·ÉÊ·¡ É¨¢´ Ö Ô¢µ²ÕÍ¨Ö É¥·Ö¥É ¢¸Ö±¨° ¸³Ò¸². ’ ±µ¥ ¶µ¢¥¤¥´¨¥
É ±¦¥ ¡Ò²µ µÉ³¥Î¥´µ ¢  ´ ²¨§¥ ¢ �ˆ‹-³µ¤¥²¨ [80]. �·¥¤¥²Ò µÏ¨¡µ±, ¶·¨-
¢¥¤¥´´Ò¥ ¢ É ¡². 2 ¤²Ö ³µ¤¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨°, § ¤ ÕÉ¸Ö ¶·¨´ÖÉµ° ´¥µ¶·¥¤¥-
²¥´´µ¸ÉÓÕ ¢ ¢Ò¡µ·¥ ´ Î ²Ó´µ£µ ³ ¸ÏÉ ¡  Ô¢µ²ÕÍ¨¨ µ0.

‘· ¢´¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ´ Ï¨ ¢ÒÎ¨¸²¥´¨Ö, ¢ Î ¸É´µ¸É¨ ¢ ‘‹�, ¸µ£² -
¸µ¢ ´Ò ¸ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³  ´ ²¨§µ³ [75] ¨ ¤µ¸É ÉµÎ´µ ¡²¨§±¨ ·Š•„-·¥-
§Ê²ÓÉ É ³. �¡  É¥µ·¥É¨Î¥¸±¨Ì ¶µ¤Ìµ¤  (·Š•„ ¨ ¨´¸É ´Éµ´´ Ö ³µ¤¥²Ó) ¶·¥¤-
¸± §Ò¢ ÕÉ ¢¥²¨Î¨´Ò ³µ³¥´Éµ¢ ¸¨¸É¥³ É¨Î¥¸±¨ ¡µ²ÓÏ¨¥, Î¥³ Ë¥´µ³¥´µ²µ£¨-
Î¥¸±¨¥. �¤´a ¨§ ¶·¨Î¨´ ¤²Ö ÔÉµ£µ · §´µ£² ¸¨Ö ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´  ¸ ¶·¨-
¡²¨¦¥´¨¥³ § ³µ·µ§±¨, ±µÉµ·µ¥ ´¥ ¶·¨´¨³ ¥É ¢µ ¢´¨³ ´¨¥ ¢±² ¤µ¢ ³µ·¸±¨Ì
±¢ ·±-£²Õµ´´ÒÌ ¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì Ëµ±µ¢¸±¨Ì ¸µ¸ÉµÖ´¨° ´  ´ Î ²Ó´µ³ ³ ¸-
ÏÉ ¡¥ Ô¢µ²ÕÍ¨¨, ¶·¨¶¨¸Ò¢ Ö ¢¥¸Ó ¶¨µ´´Ò° ¨³¶Ê²Ó¸ ¢ ²¥´É´Ò³ ±¢ ·±- ´É¨-
±¢ ·±µ¢Ò³ ¶ · ³. „¥°¸É¢¨É¥²Ó´µ, ¶·µ¨¸Ìµ¦¤¥´¨¥ ³µ³¥´É  A2 ´  ´ Î ²Ó´µ³
³ ¸ÏÉ ¡¥ (¢ ¶·¨¡²¨¦¥´¨¨ § ³µ·µ§±¨) ¨ ¥£µ ¶µ¸²¥¤ÊÕÐ Ö Ô¢µ²ÕÍ¨Ö Ö¢²ÖÕÉ¸Ö
Î¨¸Éµ ±¨´¥³ É¨Î¥¸±¨³¨ ¨ ´¥ § ¢¨¸ÖÉ µÉ ¤¥É ²¥° ³µ¤¥²¨. ‚ ¶·¨´Í¨¶¥, ³µ¦´µ
¡Ò²µ ¡Ò § Ë¨±¸¨·µ¢ ÉÓ ¤µ²Õ ¢ ²¥´É´µ£µ ¨³¶Ê²Ó¸ , ¶µ²ÊÎ ¥³ÊÕ ¢ ´ Ï¥³ ¢Ò-
Î¨¸²¥´¨¨, ¶µ ¤µ²¥, µ¶·¥¤¥²¥´´´µ° ¢ [75], ¸ ¶µ³µÐÓÕ ¸¤¢¨£  ´ Î ²Ó´µ° ¢¥²¨-
Î¨´Ò µ20 ¢´¨§ ± 0, 01 ƒÔ‚2 (¸³., ´ ¶·¨³¥·, [80]). �¤´ ±µ ´ Î ²µ ¶¥·ÉÊ·¡ É¨¢-
´µ° Ô¢µ²ÕÍ¨¨ ¸µ ¸Éµ²Ó ´¨§±µ£µ ³ ¸ÏÉ ¡  Ö¢²Ö¥É¸Ö Ëµ·³ ²Ó´µ ´¥¶· ¢¨²Ó´Ò³
¨ É¥Ì´¨Î¥¸±¨ ¸¢µ¤¨É¸Ö ± ¤µ¸É ÉµÎ´µ ´¥¸É ¡¨²Ó´µ° ¶·µÍ¥¤Ê·¥.

�µ ´ Ï¥³Ê ³´¥´¨Õ, ¡µ²¥¥ ·¥ ²¨¸É¨Î´µ µ¦¨¤ ÉÓ, ÎÉµ, ¢±²ÕÎ¨¢ ¢ ´ Ï
 ´ ²¨§ ¢±² ¤Ò ±¢ ·±-£²Õµ´´µ£µ ³µ·Ö ¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì Ëµ±µ¢¸±¨Ì ¸µ¸ÉµÖ´¨°,
³µ¦´µ §´ Î¨É¥²Ó´µ Ê²ÊÎÏ¨ÉÓ ¸µ£² ¸¨¥ ³¥¦¤Ê É¥µ·¥É¨Î¥¸±¨³ ¶·¥¤¸± § ´¨¥³
¨ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³  ´ ²¨§µ³. ‚±² ¤ ³µ·Ö Ê³¥´ÓÏ ¥É ¤µ²Õ ¨³¶Ê²Ó¸ , ¶¥-
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·¥´µ¸¨³ÊÕ ¢ ²¥´É´Ò³¨ ±¢ ·± ³¨, § ¤ ¢ ¥³ÊÕ ³µ³¥´Éµ³ A2. qµ²¥¥ ¢Ò¸µ±¨¥
Ëµ±µ¢¸±¨¥ ¸µ¸ÉµÖ´¨Ö ¤ ÕÉ ¢±² ¤ ¢ µ¡  ³µ³¥´É  Å A1 ¨ A2. �Éµ µ§´ Î ¥É, ÎÉµ
¶µ²´ Ö ´µ·³¨·µ¢±  ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¨ ¤µ²Ö ¨³¶Ê²Ó¸ , ¶¥·¥´µ¸¨³ Ö ¢ -
²¥´É´µ° ±¢ ·±- ´É¨±¢ ·±µ¢µ° ±µ³¶µ´¥´Éµ° ¢µ²´µ¢µ° ËÊ´±Í¨¨, ¤µ²¦´  ¡ÒÉÓ
Ê³¥´ÓÏ¥´  ´  Ë ±Éµ·, ±µÉµ·Ò° ¶·¥¤¸É ¢²Ö¥É ¢¥·µÖÉ´µ¸ÉÓ µÉ¸ÊÉ¸É¢¨Ö É ±¨Ì
±µ´Ë¨£Ê· Í¨° ¢ ¶¨µ´´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨. �  ·¨¸. 10 ³Ò É ±¦¥ ¶·¨¢µ¤¨³
·¥§Ê²ÓÉ É ´ Ï¥£µ ‹�-¢ÒÎ¨¸²¥´¨Ö, Ê³´µ¦¥´´Ò° ´  Ë ±Éµ· 0,65, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨° £·Ê¡µ° µÍ¥´±¥ ¢¥·µÖÉ´µ¸É¨ 35% ¤²Ö ¡µ²¥¥ ¢Ò¸µ±¨Ì Ëµ±µ¢¸±¨Ì ¢ ²¥´É-
´ÒÌ ¸µ¸ÉµÖ´¨° (¶·¥´¥¡·¥£ Ö ¢±² ¤µ³ ³µ·Ö). �É  µÍ¥´±  ´ °¤¥´  ¸ ¶µ³µÐÓÕ
´¥· ¢¥´¸É¢ 

q(x,Q20) ≥ qqq(x,Q20) (106)

¨ ´ ¸ÒÐ¥´¨Ö ¥£µ ¶·¨ x → 1. �Éµ ´¥· ¢¥´¸É¢µ, · ¸¸³µÉ·¥´´µ¥ ¢ [79] (¨
¸¸Ò²±¨ É ³), ¸¶· ¢¥¤²¨¢µ ¤²Ö ²Õ¡µ£µ ¶ ·Í¨ ²Ó´µ£µ ¢±² ¤  ¢ ËÊ´±Í¨Õ · ¸-
¶·¥¤¥²¥´¨Ö. �·¨ É ±µ³ ¶·¥¤¶µ²µ¦¥´¨¨, ± ± ³µ¦´µ Ê¢¨¤¥ÉÓ ¨§ ·¨¸. 10, ¢±² ¤
µÉ ´ ¨´¨§Ï¨Ì ±¢ ·±- ´É¨±¢ ·±µ¢ÒÌ ¢ ²¥´É´ÒÌ ±µ´Ë¨£Ê· Í¨° ¢ ËÊ´±Í¨Õ · ¸-
¶·¥¤¥²¥´¨Ö ´ ¸ÒÐ ¥É ´ °¤¥´´µ¥ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ · ¸¶·¥¤¥²¥´¨¥ ¢ µ¡² -
¸É¨ x ≥ 0, 4.  §²¨Î¨¥ ¢ · ¸¶·¥¤¥²¥´¨ÖÌ ¶·¨ ¡µ²¥¥ ´¨§±¨Ì §´ Î¥´¨ÖÌ x ³µ¦¥É
¡ÒÉÓ ¶·¨¶¨¸ ´µ ¢±² ¤Ê ¡µ²¥¥ ¢Ò¸µ±¨Ì Ëµ±µ¢¸±¨Ì ¸µ¸ÉµÖ´¨°, ±µÉµ·Ò¥ ´ Î¨-
´ ÕÉ ¤µ³¨´¨·µ¢ ÉÓ ¶·¨ x → 0. ’ ± Ö ± ·É¨´  ´ Ìµ¤¨É¸Ö É ±¦¥ ¢ ¸µ£² ¸¨¨
¸ § ±²ÕÎ¥´¨Ö³¨, ¸¤¥² ´´Ò³¨ ¢ [79]. ‚ ¤µ¶µ²´¥´¨e ± ¤·Ê£¨³ ¨¸ÉµÎ´¨± ³,
±µÉµ·Ò¥ ³µ£ÊÉ ¨§³¥´¨ÉÓ ´µ·³¨·µ¢±Ê ´ Ï¥£µ ·¥§Ê²ÓÉ É , µÉ³¥É¨³ ÔËË¥±É ´¥-
¶¥·ÉÊ·¡ É¨¢´µ° Ô¢µ²ÕÍ¨¨ [87] ¨§ ´ Î ²Ó´µ£µ ³ ¸ÏÉ ¡  µ20 ± Q2 ∼ 1 ƒÔ‚2.

4. ‡
Š‹�—…�ˆ…

ˆÉ ±, ³Ò · ¸¸³µÉ·¥²¨ É¥µ·¥É¨Î¥¸±¨¥ ¶·¥¤¸± § ´¨Ö ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸-
¶·¥¤¥²¥´¨Ö ¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢ ²¥´É´ÒÌ ±¢ ·±µ¢ ¢ ¶¨µ´¥ (102) ¨ ¥¥
³µ³¥´Éµ¢ (97). ‚ÒÎ¨¸²¥´¨Ö µ¸´µ¢ ´Ò ´  ¨´¸É ´Éµ´´µ° ³µ¤¥²¨ Š•„-¢ ±ÊÊ³ ,
±µÉµ· Ö ³µ¦¥É ¶·¥É¥´¤µ¢ ÉÓ ´  ·¥ ²¨¸É¨Î¥¸±ÊÕ É· ±Éµ¢±Ê ´¥¶¥·ÉÊ·¡ É¨¢´µ°
¤¨´ ³¨±¨. ‚ É ±µ³ ¶µ¤Ìµ¤¥ ¸ÊÐ¥¸É¢Ê¥É ´ ¤¥¦¤  ¢Ò· §¨ÉÓ ´ ¡²Õ¤ ¥³Ò¥ ¸¢µ°-
¸É¢   ¤·µ´µ¢ Î¥·¥§ ËÊ´¤ ³¥´É ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¢ ±ÊÊ³´µ£µ ¸µ¸ÉµÖ´¨Ö.
ŒÒ ´ Ï²¨, ÎÉµ ¨´¸É ´Éµ´´ Ö ³µ¤¥²Ó Ìµ·µÏµ µ¶¨¸Ò¢ ¥É ¢¥²¨Î¨´Ò ¢ ±ÊÊ³´ÒÌ
µ¦¨¤ ´¨° ±¢ ·±-£²Õµ´´ÒÌ µ¶¥· Éµ·µ¢ ´ ¨´¨§Ï¥° · §³¥·´µ¸É¨ ¨ ´¨§±µÔ´¥·-
£¥É¨Î¥¸±¨Ì ´ ¡²Õ¤ ¥³ÒÌ ¶¨µ´ . „²Ö Éµ£µ ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ, ³Ò
¨¸¶µ²Ó§µ¢ ²¨ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ÊÕ Ëµ·³Ê ¤²Ö ¤¨´ ³¨Î¥¸±µ° ³ ¸¸Ò
±¢ ·±  ¨ ±¢ ·±-¶¨µ´´µ° ¢¥·Ï¨´Ò ¸ Ê¶µ·Ö¤µÎ¥´´Ò³ ¶µ ¶ÊÉ¨ P exp-Ë ±Éµ·µ³
˜¢¨´£¥· . ’ ±¨¥ Ë ±Éµ·Ò ¢Ìµ¤ÖÉ ¢ µ¶·¥¤¥²¥´¨¥ ´¥²µ± ²Ó´ÒÌ ¢¥²¨Î¨´ (¶µ-
¤µ¡´µ ´¥²µ± ²Ó´µ³Ê ±¢ ·±µ¢µ³Ê ±µ´¤¥´¸ ÉÊ), ±µÉµ·Òe ÔËË¥±É¨¢´µ ÊÎ¨ÉÒ-
¢ ÕÉ · ¤¨ Í¨µ´´Ò¥ ÔËË¥±ÉÒ £²Õµ´´µ£µ ¨ ËµÉµ´´µ£µ ¶µ²Ö, ±µ£¤  ¤¢  ±¢ ·± 
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Ê¤ ²ÖÕÉ¸Ö ¤·Ê£ µÉ ¤·Ê£ . ‚ ·¥§Ê²ÓÉ É¥ ¶¨µ´´Ò¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ±¢ ·-
±µ¢ ¢Ò· ¦¥´Ò Î¥·¥§ ÔËË¥±É¨¢´Ò° · §³¥· ¨´¸É ´Éµ´  ρc ¨ ¶ · ³¥É· ³ ¸¸Ò
±¢ ·±  mq.

�¨µ´´ Ö  ³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ¨ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±µ¢ ¨§-
¢²¥Î¥´Ò ¢ ´¨§±µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨, £¤¥ ÔËË¥±É¨¢´Ò° ¨´¸É ´Éµ´´Ò° ¶µ¤Ìµ¤
µ¶· ¢¤ ´. �µ± § ´µ, ÎÉµ ¸¶· ¢¥¤²¨¢µ¸ÉÓ ¶ ·Éµ´´ÒÌ �‘ ¤²Ö ¨§µ¸¶¨´  ¨ ¶µ²-
´µ£µ ¨³¶Ê²Ó¸  ¥¸ÉÓ ¸²¥¤¸É¢¨¥ Ê¸²µ¢¨Ö ¸¢Ö§´µ¸É¨ ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ ¶·¨-
³¥´¥´¨Ö ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨. „²Ö ¢Ò¢µ¤  ÔÉ¨Ì ·¥§Ê²ÓÉ Éµ¢ ¶·¨-
³¥´Ö¥É¸Ö É¥Ì´¨± , ±µÉµ· Ö ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ´¥§ ¢¨¸¨³Ò° ¶µ¤Ìµ¤,
´ ·Ö¤Ê ¸ ·¥Ï¥ÉµÎ´Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³ ¨ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³ Ë¨Éµ³ Ô±¸¶¥·¨-
³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ˆ¸¶µ²Ó§ÊÖ ¢ÒÎ¨¸²¥´´ÊÕ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¢ ± -
Î¥¸É¢¥ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ, ¸ ¶µ³µÐÓÕ ¸É ´¤ ·É´µ° ¶¥·ÉÊ·¡ É¨¢´µ° Ô¢µ²ÕÍ¨¨
³Ò ¶µ²ÊÎ¨²¨ · ¸¶·¥¤¥²¥´¨¥ ±¢ ·±µ¢ ¢ ¶¨µ´¥ ¶·¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì ¨³¶Ê²Ó¸ Ì
¶¥·¥¤ Î¨, ¤µ¸É¨¦¨³ÒÌ ¢ Ô±¸¶¥·¨³¥´É¥. � °¤¥´µ · §Ê³´µ¥ ¸µ£² ¸¨¥ ¸ ¤ ´-
´Ò³¨. ” ±É¨Î¥¸±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¢Ò¶µ²´¥´Ò ¢ ¶·¨¡²¨¦¥´¨¨ § ³µ·µ§±¨, ±µ£¤ 
ÔËË¥±É ³¨ ¢´ÊÉ·¥´´¥£µ ±¢ ·±-£²Õµ´´µ£µ ³µ·Ö ³µ¦´µ ¶·¥´¥¡·¥ÎÓ. �¦¨¤ -
¥É¸Ö, ÎÉµ ÔËË¥±ÉÒ ¢´ÊÉ·¥´´¥£µ ±¢ ·±-£²Õµ´´µ£µ ³µ·Ö ¶¨µ´´µ° ¢µ²´µ¢µ°
ËÊ´±Í¨¨ ¨ ´¥¶¥·ÉÊ·¡ É¨¢´ Ö Ô¢µ²ÕÍ¨Ö ¶·¨ ¶·µ³¥¦ÊÉµÎ´µ° Ô´¥·£¨¨ ¤ ¤ÊÉ
²ÊÎÏ¥¥ ¸µ£² ¸¨¥ ³¥¦¤Ê É¥µ·¥É¨Î¥¸±¨³¨ ¶·¥¤¸± § ´¨Ö³¨ ¨ Ë¥´µ³¥´µ²µ£¨Î¥-
¸±¨³  ´ ²¨§µ³.

�¢Éµ·Ò ¡² £µ¤ ·ÖÉ ‘.q. ƒ¥· ¸¨³µ¢ , �.ˆ. ŠµÎ¥²¥¢ , ‘.‚. Œ¨Ì °²µ¢ ,
M.K. ‚µ²±µ¢  §  ¶²µ¤µÉ¢µ·´µ¥ µ¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éµ¢.  ¡µÉ  �.….„. Î -
¸É¨Î´µ ¶µ¤¤¥·¦ ´  £· ´Éµ³ ‘.-�¥É¥·¡Ê·£¸±µ£µ Í¥´É·  ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸-
¸²¥¤µ¢ ´¨° º 97-0-6.2-28. ‹.T. ¡² £µ¤ ·¨É Conselho Nacional de Desenvolvi-
mento Cient�iˇco e Tecnol�ogico do Brasil (CNPq) ¨ Fundac�æao de Amparo �a
Pesquisa do Estado de Sæao Paulo (FAPESP) §  Î ¸É¨Î´ÊÕ ¶µ¤¤¥·¦±Ê.

8·¨²µ¦¥´¨¥ A

Š ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´ Ö ¸± ²Ö·´ Ö Î ¸ÉÓ ¶·µ¶ £ Éµ·  ±¢ ·±  (18)
¨³¥¥É ¸²¥¤ÊÕÐ¨¥ · §²µ¦¥´¨Ö ´  ³ ²ÒÌ ¨ ¡µ²ÓÏ¨Ì ¥¢±²¨¤µ¢¸±¨Ì · ¸¸ÉµÖ-
´¨ÖÌ:

Q(x2) =


1 − 1

4
x2

ρ2c
+ ... ¶·¨ x2 → 0;

2ρ
2
c

x2
+ ... ¶·¨ x2 → ∞.

‘± ²Ö·´Ò° ¶·µ¶ £ Éµ· ±¢ ·±  ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¨ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É -
¢²¥´¨ÖÌ ¨§µ¡· ¦¥´ ´  ·¨¸. 1 ¨ 2 ¸µµÉ¢¥É¸É¢¥´´µ ´ ·Ö¤Ê ¸ ¶·µ¶ £ Éµ· ³¨,
¶µ²ÊÎ¥´´Ò³¨ ¶·¨ ¶·¥´¥¡·¥¦¥´¨¨ P exp-Ë ±Éµ·µ³ ¢ (14) ¸ ¶µ³µÐÓÕ ¢Ò· ¦¥-
´¨° ¤²Ö ±¢ ·±µ¢µ° ´Ê²¥¢µ° ³µ¤Ò ¢ ¸¨´£Ê²Ö·´µ° ¨ ·¥£Ê²Ö·´µ° ± ²¨¡·µ¢± Ì.
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‚ ·¥£Ê²Ö·´µ° ± ²¨¡·µ¢±¥ ¨³¥¥³  ´ ²¨É¨Î¥¸±µ¥ ¢Ò· ¦¥´¨¥

Qreg(x2) =
2
y2

(
1 − 1√

1 + y2

)∣∣∣∣∣
y =

x

2ρc

. (107)

‚ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ ´µ·³¨·µ¢ ´´Ò° ¶·µ¶ £ Éµ· ±¢ ·± 
(¡¥§ P exp-Ë ±Éµ· ) ¶·µ¶µ·Í¨µ´ ²¥´ ±¢ ¤· ÉÊ ±¢ ·±µ¢µ° ´Ê²¥¢µ° ³µ¤Ò, ¸µ-
µÉ¢¥É¸É¢¥´´µ, ¢ ·¥£Ê²Ö·´µ° ¨ ¸¨´£Ê²Ö·´µ° ± ²¨¡·µ¢± Ì:

Q̃reg(p) = exp (−2ρcp), (108)

Q̃sing(p) =

z ddz [I1(z)K1(z) − I0(z)K0(z)]
∣∣∣∣
z =

ρcp

2


2

. (109)

ˆ§ ·¨¸. 2 ¢¨¤´µ, ÎÉµ ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ Ëµ·³  ¶·µ¶ £ Éµ·  µÎ¥´Ó
ÎÊ¢¸É¢¨É¥²Ó´  ± P exp-Ë ±Éµ·Ê∗.

…¸É¥¸É¢¥´´µ¥ ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´µ¥ µ¶·¥¤¥²¥´¨¥ ¤²Ö ¸·¥¤´¥° ¢¨·-
ÉÊ ²Ó´µ¸É¨ ±¢ ·±µ¢ (54) (  É ±¦¥ ¢ (53) ¤²Ö ±¢ ·±µ¢µ£µ ±µ´¤¥´¸ É ) ¸ Mq(k),
µ¶·¥¤¥²¥´´µ° ¢ (13) ¨ (10), ¸¶· ¢¥¤²¨¢µ, ¥¸²¨ ·¥Ï¥´¨¥ ¢ (18) § ¶¨¸ ´µ
± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò³ µ¡· §µ³. …¸²¨ § ³¥´¨ÉÓ ¢Ò· ¦¥´¨¥³ ¢ ¸¨´£Ê²Ö·-
´µ° ± ²¨¡·µ¢±¥ (¶·¥´¥¡·¥£ Ö P exp-Ë ±Éµ·µ³) ¢ (54), Éµ ¶µ²ÊÎ¨³
λ2q = 9/(2ρ2c) ¸ ±µÔËË¨Í¨¥´Éµ³, ¤ ²¥±¨³ µÉ ¶· ¢¨²Ó´µ£µ. �·¨Î¨´µ° ¤²Ö
É ±µ£µ ´¥¸µ£² ¸¨Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ´¥²µ± ²Ó´µ° ¢¥²¨Î¨´Ò Ö¢²Ö¥É¸Ö Éµ, ÎÉµ
±µ¢ ·¨ ´É´µ¸ÉÓ ¶·µ¨§¢µ¤´µ° ¢ ³ É·¨Î´µ³ Ô²¥³¥´É¥ (54) ÊÉ¥·Ö´ . �Éµ ¶·¨-
¢µ¤¨É ± Éµ³Ê, ÎÉµ ¤²Ö ¢µ¸¸É ´µ¢²¥´¨Ö ¶· ¢¨²Ó´µ£µ ·¥§Ê²ÓÉ É  ´¥µ¡Ìµ¤¨³µ
ÊÎ¥¸ÉÓ ¤µ¡ ¢µÎ´Ò¥ Î²¥´Ò ¢ (54), ±µÉµ·Ò¥ ÊÎ¨ÉÒ¢ ²¨ ¡Ò ÔËË¥±ÉÒ £²Õµ´-
´µ£µ ¶µ²Ö. �¤´ ±µ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ´ ¸ÉµÖÐ¥£µ ¨´¢ ·¨ ´É´µ£µ ¶µ¤Ìµ¤  (14)
É ±¨¥ ÔËË¥±ÉÒ  ¢Éµ³ É¨Î¥¸±¨ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¸ ¶µ³µÐÓÕ P exp-Ë ±Éµ· .

8·¨²µ¦¥´¨¥ �

„²Ö ¶µ²´µÉÒ ¶·¨¢¥¤¥³ Ö¢´Ò° ¢Ò¢µ¤ ¶µ²´µ°  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ° ¢¥·-
Ï¨´Ò ¨ ¶·µ¤¥³µ´¸É·¨·Ê¥³ ¢Ò¶µ²´¥´¨¥  ±¸¨ ²Ó´µ£µ “’T. �µ¸²¥ ÊÎ¥É  ¶¥·¥-
· ¸¸¥Ö´¨Ö ±µ´¸É¨ÉÊ¥´É´µ£µ ±¢ ·±  ¢ ± ´ ²¥ ¸ ¶¨µ´´Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨
´ °¤¥³ ¶µ²´ÊÕ ¢¥·Ï¨´Ê:

AΓµa
vertex (k, p) =A Γµa (k, p) +A Γµa

rescat (k, p) , (110)

∗—Éµ¡Ò ¨§¡¥¦ ÉÓ ¶·µÉ¨¢µ·¥Î¨Ö ¸ ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ, ´¥²Ó§Ö ¶µ²Ó§µ¢ ÉÓ¸Ö
É· ±Éµ¢±µ° ¶·µ¶ £ Éµ·  ±¢ ·±  ¢ p-¶·¥¤¸É ¢²¥´¨¨ ¢ Ë ±Éµ·¨§µ¢ ´´µ° Ëµ·³¥, ± ± ÔÉµ ¡Ò²µ
¸¤¥² ´µ ¢ · ¡µÉ¥ [18].
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£¤¥ AΓµa (k, p) Ö¢²Ö¥É¸Ö § É· ¢µÎ´µ° ¢¥·Ï¨´µ°, § ¤ ´´µ° ¢ (51), ¨

AΓµa
rescat (k, p) =

pµpν
p2
Jν
PA (p)

GI

1 −GIΠPP (p)
1
g2πq

Γa
πq (k, p) (111)

¸ Γa
πq (k, p), ΠPP (p), µ¶·¥¤¥²¥´´Ò³¨ ¸ ¶µ³µÐÓÕ (39), (33) ¸µµÉ¢¥É¸É¢¥´´µ, ¨

Jµ
PA(p) = i2Nc

∫
d4k

(2π)4
f(k)f(k′)×

×tr
{
AΓµa(k, p)

[
k̂ +M(k)

]−1
iγ5
[
k̂′ +M(k′)

]−1}
(112)

¸ k′ = k + p. q² £µ¤ ·Ö Ê· ¢´¥´¨Õ Ð¥²¨ (9) ¢¥·Ï¨´  (111) ¸µ¤¥·¦¨É ¶µ-
²Õ¸ ¶·¨ p2 = m2π. ‘· ¢´¨¢ ¢ÒÎ¥ÉÒ ¢ ¶µ²Õ¸¥ ¢ (52) ¨ (66) ¶·¨ z = 0,
¶µ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ±µ´¸É ´ÉÒ · ¸¶ ¤  ¶¨µ´ . ˆ´É¥£· ² ¢ (112) ¸¢µ¤¨É¸Ö
± ¨´É¥£· ²Ê, µ¶·¥¤¥²ÖÕÐ¥³Ê g−2πq ¢ (40) ´  ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨ ¶¨µ´ , ¨

(112) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ± ± Jµ
PA (p) = 2iMq

gπq
pµ. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ÔÉµÉ

³ É·¨Î´Ò° Ô²¥³¥´É µ¶·¥¤¥²Ö¥É ±µ´¸É ´ÉÊ · ¸¶ ¤  Jµ
PA (p) = 2Fπipµ. ’ ±¨³

µ¡· §µ³, ±µ´¸É ´É  · ¸¶ ¤  ¶¨µ´  Fπ ¢µ¸¶·µ¨§¢µ¤¨É¸Ö ¢ Éµ³ ¢¨¤¥, ± ± µ´ 
§ ¤ ´  ¸µµÉ´µÏ¥´¨¥³ ƒµ²¤¡¥·£¥·  Å ’·¥°³ ´  [20] Fπ =

√
2Mq/gπq. �µ¤µ¡-

´Ò³ µ¡· §µ³, ¥¸²¨ ¶µ¤¸É ¢¨ÉÓ ¢ ¨´É¥£· ² (112) Ë ±Éµ· exp [−i (p− 2k) · z],
¶·µ¥Í¨·ÊÕÐ¨° ±¢ ·± ¸ ¨³¶Ê²Ó¸µ³ k ´  ¸¢¥Éµ¶µ¤µ¡´µ¥ ´ ¶· ¢²¥´¨¥ z, ¶µ²Ê-
Î¨³ (67).

�µ²´ Ö ¢¥·Ï¨´  ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ Ëµ·³¥, Ö¢´µ Ê¤µ¢²¥É¢µ·ÖÕÐ¥°
“’T. �¥·¢Ò¥ ¤¢  Î²¥´  ¢ ¶· ¢µ° Î ¸É¨ (51), µÎ¥¢¨¤´µ, Ê¤µ¢²¥É¢µ·ÖÕÉ “’T.
„²Ö Éµ£µ ÎÉµ¡Ò ±µ³¶¥´¸¨·µ¢ ÉÓ É·¥É¨° Î²¥´ ÔÉµ£µ Ê· ¢´¥´¨Ö, Î²¥´ ¶¥·¥· ¸-
¸¥Ö´¨Ö AΓµa

rescat (k, p) (¸ ¶µ³µÐÓÕ (51)) § ¶¨¸Ò¢ ¥³ ± ±

−ip
µ

p2
GINcNf

1 −GIΠPP (p)
f̃(k′)f̃(k)×

×
[
GIΠPP (p)

∫
d4l

(2π)4
M(l2)

l2 −M2(l2)
f̃(l)[f̃(l + p) + f̃(l − p)]−

−
∫

d4l

(2π)4
tr{[p̂−M(l2) −M(l′2)][l̂′ +M(l′2)]γ5[l̂ +M(l2)]γ5}

(l′2 −M2(l′2))(l2 −M2(l2))
f̃(l′)f̃(l)

]
,

(113)

£¤¥ l′ = l + p. C ¶µ³µÐÓÕ ¸µ±· Ð¥´¨Ö µ¤´µ£µ ¨§ Ë ±Éµ·µ¢ l2 −M2
(
l2
)
¢

§´ ³¥´ É¥²¥ ¨´É¥£· ²  ¸ Î²¥´µ³ ¨§ ¤¨· ±µ¢¸±µ£µ ¸²¥¤  ¢ Î¨¸²¨É¥²¥ ¨, ¸µ-
µÉ¢¥É¸É¢¥´´µ, ¸¤¢¨£ Ö ¶¥·¥³¥´´Ò¥ ¨´É¥£·¨·µ¢ ´¨Ö, ¶¥·¢Ò° Î²¥´ ¢´ÊÉ·¨ ±¢ -
¤· É´ÒÌ ¸±µ¡µ± (111) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ Éµ° ¦¥ Ëµ·³¥, ± ± ¨ ¢Éµ·µ°. �Éµ
¤¥³µ´¸É·¨·Ê¥É É·¥¡Ê¥³µ¥ ¸µ±· Ð¥´¨¥,   ¶µ²´ Ö ¢¥·Ï¨´  § ¤ ¥É¸Ö ¸ ¶µ³µÐÓÕ
(52).
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B.B.Š¨¸¥²¥¢

ƒµ¸Ê¤ ·¸É¢¥´´Ò° ´ ÊÎ´Ò° Í¥´É· µ¸¸¨°¸±µ° ”¥¤¥· Í¨¨

ˆ´¸É¨ÉÊÉ Ë¨§¨±¨ ¢Ò¸µ±¨Ì Ô´¥·£¨°, �·µÉ¢¨´µ, Œµ¸±µ¢¸± Ö µ¡².

�¡¸Ê¦¤ ¥É¸Ö Ëµ·³Ê²¨·µ¢±  ¨ µ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³ ¤²Ö
S-¢µ²´µ¢ÒÌ Ê·µ¢´¥° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö, ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¨¸¶µ²Ó§µ¢ ÉÓ ·¥£Ê²Ö·´µ¸ÉÓ ¸¶¥±É-
·  ³ ¸¸ ¨ ¶µ²ÊÎ ÉÓ ³ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ¸¢Ö§¨, ´ Ìµ¤ÖÐ¨¥¸Ö ¢
Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ ¨³¥ÕÐ¨³¨¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ¸¨-
¸É¥³ Î ·³µ´¨Ö ¨ ¡µÉÉµ³µ´¨Ö. �·µ¢¥¤¥´µ µ¡µ¡Ð¥´¨¥ ¶·¥¤²µ¦¥´´µ£µ ³¥Éµ¤  ´  ÉÖ¦¥²Ò¥ ³¥§µ´Ò
¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³, ¤²Ö ±µÉµ·ÒÌ ¶µ²ÊÎ¥´µ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥, ¸µ£² ¸ÊÕÐ¥¥¸Ö ¸
ÔËË¥±É¨¢´µ° É¥µ·¨¥° ÉÖ¦¥²ÒÌ ±¢ ·±µ¢. ‘¤¥² ´Ò Î¨¸²¥´´Ò¥ µÍ¥´±¨ ¶ · ³¥É·µ¢ Š•„ ¢ ¸¥±Éµ·¥
ÉÖ¦¥²ÒÌ ±¢ ·±µ¢: ³ ¸¸ ±¢ ·±µ¢, ±µ´¸É ´É ¸¢Ö§¨ αs, Ô´¥·£¨¨ ¸¢Ö§¨ ¨ ¸·¥¤´¥£µ ±¢ ¤· É  ¨³¶Ê²Ó¸ 
ÉÖ¦¥²µ£µ ±¢ ·±  ¢ ÉÖ¦¥²µ³ ³¥§µ´¥.  ¸¸³µÉ·¥´Ò ¶· ¢¨²  ¸Ê³³ ¤²Ö ³¥§µ´´ÒÌ Éµ±µ¢, µ¶·¥¤¥-
²ÖÕÐ¨Ì ±µ´¸É ´ÉÊ · ¸¶ ¤  ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ
³¥§µ´µ¢, £¤¥ ¶µ²ÊÎ¥´µ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ ±µ´¸É ´ÉÒ · ¸¶ ¤  ±¢ ·±µ´¨¥¢ ¸
· §²¨Î´Ò³ ±¢ ·±µ¢Ò³ ¸µ¸É ¢µ³. �·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, Ê± §Ò-
¢ ÕÐ¨³¨ ´  Ìµ·µÏ¥¥ ¸µ£² ¸¨¥ ¸ É¥µ·¥É¨Î¥¸±¨³¨ µÍ¥´± ³¨. �  µ¸´µ¢¥ ¢Ò¢¥¤¥´´ÒÌ ³ ¸ÏÉ ¡´ÒÌ
¸µµÉ´µÏ¥´¨° ¸¤¥² ´Ò ¶·¥¤¸± § ´¨Ö ¸¢µ°¸É¢ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄c).

The formulation of quasi-local sum rules for the S-wave levels in a heavy quarkonium and
the region of their application are discussed. The sum rules allow one to use the regularity in the
mass spectrum and to derive scaling relations for the leptonic decay constants, which stand in a good
agreement with the current experimental data for the vector states in the systems of charmonium and
bottomonium. The generalization of the offered method to heavy mesons with a single heavy quark
is performed, so that for the latter systems, the scaling relation, consistent with the Heavy Quark
Effective Theory, is derived. Numerical estimates are presented for the QCD parameters in the heavy
quark sector: the quark masses, coupling constant αs, binding energy and average square of heavy
quark momentum inside the heavy meson. The sum rules for the meson currents, determining the
decay constant of heavy vector quarkonium to the pair of heavy pseudoscalar mesons are considered
to get the scaling relation, connecting the decay constants for the quarkonia with the different quark
contents. The comparison with the experimental data points to a good agreement of the theoretical
estimates. Some properties of the (b̄c) quarkonium are predicted on the basis of scaling relations
derived.
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�µ²´ Ö ± ·É¨´  ¶·¥Í¨§¨µ´´ÒÌ ¨¸¸²¥¤µ¢ ´¨° ¸É ´¤ ·É´µ° ³µ¤¥²¨ [1] ¨
¶µ¨¸±  ÔËË¥±Éµ¢ ´µ¢µ° Ë¨§¨±¨ ¶·¥¤¶µ² £ ¥É ¶·Ö³µ¥ ¨§³¥·¥´¨¥ É·¥Ì¡µ§µ´-
´µ° Ô²¥±É·µ¸² ¡µ° ¢¥·Ï¨´Ò, ¶µ¨¸±¨ Ì¨££¸µ¢¸±¨Ì Î ¸É¨Í [2], ¸Ê¶¥·³Ê²ÓÉ¨¶²¥-
Éµ¢ [3] ¨ É.¶. ´  ±µ²² °¤¥· Ì ¸¢¥·Ì¢Ò¸µ±¨Ì Ô´¥·£¨° (LEP200, LHC),   É ±¦¥
¨§ÊÎ¥´¨¥ ÔËË¥±Éµ¢ ´ ·ÊÏ¥´¨Ö CP -¨´¢ ·¨ ´É´µ¸É¨ ¨ ¨§³¥·¥´¨¥ ËÊ´¤ ³¥´-
É ²Ó´ÒÌ ¶ · ³¥É·µ¢ Ô²¥±É·µ¸² ¡µ° É¥µ·¨¨ (¶·¥¦¤¥ ¢¸¥£µ, ¢ ¸¥±Éµ·¥ ÉÖ¦¥²ÒÌ
±¢ ·±µ¢).

„²¨É¥²Ó´µ¥ ¢·¥³Ö Í¥´É· ÉÖ¦¥¸É¨ Ê¸¨²¨° ¶µ ·¥ ²¨§ Í¨¨ ÔÉµ° ¶·µ£· ³³Ò,
´¥¸µ³´¥´´µ, ¡Ê¤¥É ´ Ìµ¤¨ÉÓ¸Ö ¢ µ¡² ¸É¨ Ë¨§¨±¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ± ± ´ 
Ê¦¥ · ¡µÉ ÕÐ¨Ì ±µ²² °¤¥· Ì LEP ¨ FNAL, É ± ¨ ´  ¶² ´¨·Ê¥³ÒÌ Ë ¡·¨± Ì
B-³¥§µ´µ¢ ¢ SLAC, KEK ¨ ´  HERA-B.

‚ Ë¨§¨±¥ ÉÖ¦¥²ÒÌ c- ¨ b-±¢ ·±µ¢ ¢Ò¸µ±µÉµÎ´Ò¥ ¨§³¥·¥´¨Ö Ì · ±É¥·¨-
¸É¨± Ô²¥±É·µ¸² ¡µ° É¥µ·¨¨ ¢ ·¥¤±¨Ì ¶·µÍ¥¸¸ Ì ¨ ¶µ¨¸±¨ ¢µ§³µ¦´ÒÌ ÔËË¥±-
Éµ¢, µ¡Ê¸²µ¢²¥´´ÒÌ · ¸Ï¨·¥´¨Ö³¨ ¸É ´¤ ·É´µ° ³µ¤¥²¨ ¨ ¸¢Ö§ ´´ÒÌ ¸ ¢¨·-
ÉÊ ²Ó´Ò³¨ ¶µ¶· ¢± ³¨, ±µÉµ·Ò¥ § ¤ ÕÉ¸Ö ¡µ²ÓÏµ° Ô´¥·£¥É¨Î¥¸±µ° Ï± ²µ°,
¶·¥¤¶µ² £ ÕÉ ¨Ì ´ ¤¥¦´µ¥ ¨ ÉµÎ´µ¥ ¢Ò¤¥²¥´¨¥ ¢ ¶·µÍ¥¸¸ Ì, £¤¥ ¤µ³¨´¨·ÊÕÉ
ÔËË¥±ÉÒ ¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, ¸¢Ö§Ò¢ ÕÐ¥£µ ±¢ ·±¨ ¢  ¤·µ´Ò. �µÔÉµ³Ê
§´ Î¨É¥²Ó´ÊÕ ·µ²Ó ¢ ¶·µ¢¥¤¥´¨¨ ¶µ¤µ¡´ÒÌ ¨¸¸²¥¤µ¢ ´¨° ¡Ê¤¥É ¨£· ÉÓ ÉµÎ-
´µ¸ÉÓ ¨ ´ ¤¥¦´µ¸ÉÓ É¥µ·¥É¨Î¥¸±¨Ì §´ ´¨° µ ¤¨´ ³¨±¥ Š•„ [4] ¢ ¸¥±Éµ·¥
ÉÖ¦¥²ÒÌ ±¢ ·±µ¢.

Œ ¸¸  ÉÖ¦¥²µ£µ ±¢ ·±  mQ §´ Î¨É¥²Ó´µ ¡µ²ÓÏ¥ ³ ¸ÏÉ ¡  ±µ´Ë °´³¥´É 
Λ, µ¶·¥¤¥²ÖÕÐ¥£µ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¢  ¤·µ´ Ì. � ²¨Î¨¥ ³ ²µ£µ
¶ · ³¥É·  Λ/mQ ¶µ§¢µ²Ö¥É · §¢¨ÉÓ ³µÐ´Ò¥ ¸·¥¤¸É¢  ¢ ¨§ÊÎ¥´¨¨ ³¥§µ´µ¢ ¸
ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨. ’ ±, ³ ² Ö ¢¥²¨Î¨´  ±µ´¸É ´ÉÒ Š•„ αs ∼ 1/ ln(mQ/Λ)
[5] µ¶·¥¤¥²Ö¥É ´ ¤¥¦´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨° ¦¥¸É±¨Ì ¶·µÍ¥¸¸µ¢ ¸ ÉÖ¦¥²Ò³¨ ±¢ ·-
± ³¨ ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„. Œ ² Ö Ô´¥·£¨Ö ¸¢Ö§¨ ÉÖ¦¥²µ£µ ±¢ ·± 
¢  ¤·µ´¥,   §´ Î¨É, ¨ ³ ² Ö ¢¨·ÉÊ ²Ó´µ¸ÉÓ, ¶·¨¢µ¤¨É ¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥-
´¨¨ ± ´¥·¥²ÖÉ¨¢¨¸É¸±µ³Ê ¤¢¨¦¥´¨Õ ÉÖ¦¥²µ£µ ±¢ ·±  ¢  ¤·µ´¥, ÎÉµ µ¶·¥¤¥²Ö¥É
Ê¸¶¥Ï´µ¥ ¶·¨³¥´¥´¨¥ ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° [6] ± µ¶¨¸ -
´¨Õ ¸¶¥±É·µ¢ ³ ¸¸ ± ± ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢, É ± ¨ ³¥§µ´µ¢ ¸ µ¤´¨³ ÉÖ¦¥²Ò³
±¢ ·±µ³, £¤¥ ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¶µ²ÊÎ¨²  ¨´É¥´¸¨¢´µ¥ · §¢¨É¨¥ É ±¦¥ ÔË-
Ë¥±É¨¢´ Ö É¥µ·¨Ö ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ (HQET [7]), µ¸´µ¢ ´´ Ö ´  ±µ¢ ·¨ ´É´µ³
· §²µ¦¥´¨¨ ² £· ´¦¨ ´  ÉÖ¦¥²µ£µ ±¢ ·±  ¢ Š•„ ¶µ ³ ²µ³Ê ±¨´¥³ É¨Î¥¸±µ³Ê
¶ · ³¥É·Ê, § ¤ ¢ ¥³µ³Ê ³ ²Ò³ ¢¨·ÉÊ ²Ó´Ò³ ¨³¶Ê²Ó¸µ³ ÉÖ¦¥²µ£µ ±¢ ·±  ¶µ
¸· ¢´¥´¨Õ ¸ ¥£µ ³ ¸¸µ° (¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨ ÉÖ¦¥²Ò° ±¢ ·± · ¸¸³ É·¨-
¢ ¥É¸Ö ± ± ¸É É¨Î¥¸±¨° ¨¸ÉµÎ´¨± £²Õµ´´µ£µ ¶µ²Ö). �·µÎ´Ò³ É¥µ·¥É¨Î¥¸±¨³
ËÊ´¤ ³¥´Éµ³ ¤²Ö ¶µ¸É·µ¥´¨Ö ¶µ¤µ¡´ÒÌ ¶µ¤Ìµ¤µ¢ ¸²Ê¦¨É µ¶¥· Éµ·´µ¥ · §-
²µ¦¥´¨¥ ‚¨²Ó¸µ´  [8], ±µÉµ·µ¥ ¶µ§¢µ²Ö¥É ¢Ò¤¥²ÖÉÓ ÔËË¥±ÉÒ ¶¥·ÉÊ·¡ É¨¢-
´µ° ¤¨´ ³¨±¨ Š•„ ¸ ¢¨·ÉÊ ²Ó´µ¸ÉÖ³¨, ¡µ²ÓÏ¨³¨ Ï± ²Ò Ë ±Éµ·¨§ Í¨¨ µ, ¢
¢¨¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µÔËË¨Í¨¥´Éµ¢ Ci(µ2) ¶¥·¥¤ ¸µ¸É ¢´Ò³¨ µ¶¥· Éµ· ³¨
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Oi(µ2), ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ±µÉµ·ÒÌ µ¶·¥¤¥²ÖÕÉ¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ Ì -
· ±É¥·µ³ Š•„ ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨, £¤¥ ¢¨·ÉÊ ²Ó´µ¸É¨ ³¥´ÓÏ¥ Ï± ²Ò µ.
‚ ¶· ¢¨² Ì ¸Ê³³ ∗ Š•„ [10] ¢±² ¤Ò ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ±¢ ·±-£²Õµ´´ÒÌ ±µ´-
¤¥´¸ Éµ¢ Ö¢²ÖÕÉ¸Ö ¸É¥¶¥´´Ò³¨ ¶µ¶· ¢± ³¨ ± ¶¥·ÉÊ·¡ É¨¢´Ò³ ¢Ò· ¦¥´¨Ö³
¤²Ö ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ±µ··¥²ÖÉµ·µ¢ Éµ±µ¢ ¢ · §²µ¦¥´¨¨ ¶µ µ¡· É´µ°
³ ¸¸¥ ÉÖ¦¥²µ£µ ±¢ ·± .

� ²¨Î¨¥ ¤¢ÊÌ Ô´¥·£¥É¨Î¥¸±¨Ì ³ ¸ÏÉ ¡µ¢ ¢§ ¨³µ¤¥°¸É¢¨Ö, § ¤ ÕÐ¨Ì ³ -
²Ò° ¶ · ³¥É·, ¶µ§¢µ²Ö¥É ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ · §· ¡ ÉÒ¢ ÉÓ ³¥Éµ¤Ò ¶µ²ÊÎ¥´¨Ö
Ê´¨¢¥·¸ ²Ó´ÒÌ ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, Ì · ±É¥·-
´ÒÌ ¤²Ö ¶·µÍ¥¸¸µ¢ ¸ · ¸¸³ É·¨¢ ¥³Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³. ’ ±, ³ ² Ö Ô´¥·£¨Ö
¸¢Ö§¨ ±¢ ·±µ¢ ¢  ¤·µ´¥ ¶µ ¸· ¢´¥´¨Õ ¸ ¶¥·¥¤ Î¥° Ô´¥·£¨¨ ¢ ¶·µÍ¥¸¸ Ì £²Ê-
¡µ±µ´¥Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ²¥¶Éµ´µ¢ ´  ´Ê±²µ´ Ì ¶µ§¢µ²¨²  ¢ÒÖ¢¨ÉÓ ÔËË¥±É
¸±¥°²¨´£ , µ¶·¥¤¥²Ö¥³µ£µ · ¸¸¥Ö´¨¥³ ´  ¸¢µ¡µ¤´ÒÌ ¶ ·Éµ´ Ì-±¢ ·± Ì [11].
‚ Ë¨§¨±¥ ³¥§µ´µ¢ ¨ ¡ ·¨µ´µ¢ ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³ Ê¤ ¥É¸Ö µ¶·¥¤¥²¨ÉÓ
¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨ ¶µ µ¡· É´µ° ³ ¸¸¥ ÉÖ¦¥²µ£µ ±¢ ·±  Ê´¨¢¥·¸ ²Ó´Ò¥,
´¥ § ¢¨¸ÖÐ¨¥ µÉ  ·µ³ É  ÉÖ¦¥²µ£µ ±¢ ·±  Ëµ·³Ë ±Éµ·Ò ¢ ¶·µÍ¥¸¸ Ì ¸² ¡ÒÌ
Ô±¸±²Õ§¨¢´ÒÌ · ¸¶ ¤µ¢ É ±¨Ì  ¤·µ´µ¢ [12]. ‚ ÔÉµ³ ¦¥ ¶·¨¡²¨¦¥´¨¨ ¸É É¨-
Î¥¸±¨Ì ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¶µ²ÊÎ¥´µ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ²¥¶Éµ´´ÒÌ
±µ´¸É ´É ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³, ±µÉµ·µ¥ µ§´ Î ¥É Ë¨§¨-
Î¥¸±¨, ÎÉµ ¶·¨ § ¤ ´´µ° ÉµÎ´µ¸É¨ · ¸¸³µÉ·¥´¨Ö ¶µ²¥ ¸É É¨Î¥¸±µ£µ ¨¸ÉµÎ´¨± 
´¥ § ¢¨¸¨É µÉ ¥£µ  ·µ³ É  [13].

� ·ÊÏ¥´¨¥ ¶µ¤µ¡´ÒÌ ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° µ¶·¥¤¥²Ö¥É¸Ö ÊÎ¥Éµ³ ¸É¥-
¶¥´´ÒÌ ¶µ¶· ¢µ± (1/Q2 Ä ¢ £²Ê¡µ±µ´¥Ê¶·Ê£µ³ · ¸¸¥Ö´¨¨, 1/mQ Ä ¢ É¥µ·¨¨
ÉÖ¦¥²ÒÌ ±¢ ·±µ¢),   É ±¦¥ ÊÎ¥Éµ³ ²µ£ ·¨Ë³¨Î¥¸±¨Ì ¶¥É²¥¢ÒÌ ¶µ¶· ¢µ± ¢ É¥-
µ·¨¨ ¢µ§³ÊÐ¥´¨° [14]. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ¶· ¢±¨ ´ ·ÊÏ ÕÉ Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ
³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨°, É ± ± ±, ± ¶·¨³¥·Ê, µ´¨ Ö¢´µ § ¢¨¸ÖÉ µÉ  ·µ³ É 
ÉÖ¦¥²µ£µ ±¢ ·±  Î¥·¥§ ¥£µ ³ ¸¸Ê.

Œ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ²¥¶Éµ´´µ° ±µ´¸É ´ÉÒ ³¥§µ´  ¸ µ¤´¨³ ÉÖ-
¦¥²Ò³ ±¢ ·±µ³,   É ±¦¥ ²µ£ ·¨Ë³¨Î¥¸± Ö ¶µ¶· ¢±  ± ´¥³Ê ³µ£ÊÉ ¡ÒÉÓ ¶µ-
²ÊÎ¥´Ò ¶·¨ · ¸¸³µÉ·¥´¨¨ ³ É·¨Î´µ£µ Ô²¥³¥´É  Éµ±  ¢ ÔËË¥±É¨¢´µ° É¥µ·¨¨
ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¨ ¸· ¢´¥´¨¨ ¥£µ ¶¥·¥´µ·³¨·µ¢±¨ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¢¥-
²¨Î¨´ ³¨, § ¤ ´´Ò³¨ Š•„. �¤´ ±µ ¶µ¤µ¡´µ¥ · ¸¸³µÉ·¥´¨¥ ´¥ ³µ¦¥É ¡ÒÉÓ
¶·¨³¥´¥´µ ± ¸¨¸É¥³ ³ ¸ ¤¢Ê³Ö ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨ É¨¶  ÉÖ¦¥²ÒÌ ±¢ ·±µ-
´¨¥¢, É ± ± ± ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö µÉ´µ¸¨É¥²Ó´Ò³ ¤¢¨-
¦¥´¨¥³ ÔÉ¨Ì ¤¢ÊÌ ±¢ ·±µ¢, ±µÉµ·µ¥ Ö¢´µ § ¢¨¸¨É µÉ ¨Ì  ·µ³ Éµ¢, Éµ ¥¸ÉÓ µÉ
¨Ì ³ ¸¸ ∗∗.

∗�· ¢¨²  ¸Ê³³ ¢  ¤·µ´´µ° Ë¨§¨±¥ ¡Ò²¨ ¸Ëµ·³Ê²¨·µ¢ ´Ò ¢ [9].
∗∗‚ µ¶¥· Éµ·´µ³ · §²µ¦¥´¨¨ ¤²Ö ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (NRQCD [15]) ¢ ± Î¥¸É¢¥ ³ ²ÒÌ

¶ · ³¥É·µ¢ ¨¸¶µ²Ó§ÊÕÉ ± ± ³ ²Ò¥ ¢¨·ÉÊ ²Ó´µ¸É¨ (Λ/mQ � 1, ± ± ¢ HQET), É ± ¨ ³ ²ÊÕ
¸±µ·µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ£µ ¤¢¨¦¥´¨Ö (v2 � 1).
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‚ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨ÖÌ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ ´ ¡²Õ¤ ¥É¸Ö ± ± ³ ² Ö Ô´¥·-
£¨Ö ¸¢Ö§¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ¢Ò· ¦¥´´ Ö ¢ µ£· ´¨Î¥´´µ³ Î¨¸²¥ Ê·µ¢´¥° ¢
Ê§±µ° ¶µ ¸· ¢´¥´¨Õ ¸ ³ ¸¸ ³¨ ¸µ¸ÉµÖ´¨° Ô´¥·£¥É¨Î¥¸±µ° Ð¥²¨ ´¨¦¥ ¶µ·µ£ 
· ¸¶ ¤  ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ ¨ ¢ ´ ¤¥¦´µ¸É¨ ¶·¨³¥´¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É-
¸±µ£µ · ¸¸³µÉ·¥´¨Ö, É ± ¨ Ö¢´ Ö ·¥£Ê²Ö·´µ¸ÉÓ ¸¶¥±É·µ¢ ³ ¸¸, µ¶·¥¤¥²ÖÕÐ Ö
´¥§ ¢¨¸¨³µ¸ÉÓ · §´µ¸É¨ Ô´¥·£¨° Ê·µ¢´¥° µÉ  ·µ³ Éµ¢,   ¨³¥´´µ µÉ ³ ¸¸ c- ¨
b-±¢ ·±µ¢. �µ¤µ¡´ Ö ·¥£Ê²Ö·´µ¸ÉÓ ´ ¨¡µ²¥¥ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ´ Ï²  ¢ · ³-
± Ì ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° ¢ ¢¨¤¥ ÊÉ¢¥·¦¤¥´¨Ö µ ´¥§ ¢¨¸¨³µ¸É¨ ¸·¥¤´¥°
±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ µÉ ¨Ì  ·µ³ Éµ¢ ¨ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì
Ê· ¢´¥´¨ÖÌ ¤²Ö ¶²µÉ´µ¸É¨ Ê·µ¢´¥° Ô´¥·£¨¨, ¸± ¦¥³, S-¢µ²´µ¢ÒÌ ¸µ¸ÉµÖ´¨°.

”¥´µ³¥´µ²µ£¨Î¥¸±¨¥ ´¥·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶µÉ¥´Í¨ ²Ó´Ò¥ ³µ¤¥²¨ ÉÖ¦¥²ÒÌ
±¢ ·±µ´¨¥¢, µ¤´ ±µ, ´¥ ³µ£ÊÉ ¸²Ê¦¨ÉÓ µ¸´µ¢µ° ¤²Ö ¶µ²ÊÎ¥´¨Ö ³ ¸ÏÉ ¡´ÒÌ ¸µ-
µÉ´µÏ¥´¨° ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É, µ¶·¥¤¥²Ö¥³ÒÌ ¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨
¢µ²´µ¢µ° ËÊ´±Í¨¥° ±¢ ·±µ´¨Ö ¢ ´ Î ²¥ ±µµ·¤¨´ É. �¥¸³µÉ·Ö ´  ´¥§ ¢¨¸¨-
³µ¸ÉÓ ¶µÉ¥´Í¨ ²  ¸É É¨Î¥¸±µ£µ ¨¸ÉµÎ´¨±  µÉ ¥£µ  ·µ³ É , ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨
ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ § ¢¨¸ÖÉ µÉ  ·µ³ Éµ¢ ±¢ ·±µ¢ ¨ µÉ £²µ¡ ²Ó´µ£µ ¶µ¢¥¤¥-
´¨Ö ¶µÉ¥´Í¨ ²  ¢¡²¨§¨ ´ Î ²  ±µµ·¤¨´ É ¨ ´  · ¸¸ÉµÖ´¨¨ r � 1 Ë³, ±µÉµ·µ¥
¸² ¡µ ¢²¨Ö¥É ´  ¸¶¥±É· ³ ¸¸, É ± ± ± ¢¥·µÖÉ´µ¸ÉÓ ´ Ìµ¦¤¥´¨Ö ±¢ ·±µ¢ ¢ ´ -
Î ²¥ ±µµ·¤¨´ É (¨²¨ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ) ¶µ¤ ¢²¥´  (¸·¥¤´¨¥ · ¸¸ÉµÖ´¨Ö
³¥¦¤Ê ±¢ ·± ³¨ ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨ÖÌ ¸µ¸É ¢²ÖÕÉ 0, 3−1, 0 Ë³), ¨ ±µ·µÉ±¨¥
· ¸¸ÉµÖ´¨Ö ¤ ÕÉ ³ ²Ò° ¢±² ¤ ¢ µ¶·¥¤¥²¥´¨¥ ¸·¥¤´¨Ì §´ Î¥´¨°, ´ ¶·¨³¥·,
¶µÉ¥´Í¨ ² , § ¤ ÕÐ¨Ì ³ ¸¸Ò Ê·µ¢´¥°. ’ ±¨³ µ¡· §µ³, ¶·¥¤¸± § É¥²Ó´ Ö ¸¨² 
¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° ¢ µÉ´µÏ¥´¨¨ ²¥¶Éµ´´ÒÌ ±µ´¸É ´É §´ Î¨É¥²Ó´µ µ¸² -
¡²¥´  ¨§-§  ¡µ²ÓÏµ° ³µ¤¥²Ó´µ° § ¢¨¸¨³µ¸É¨.

Š ± ¨§¢¥¸É´µ, ¢ ¶· ¢¨² Ì ¸Ê³³ Š•„ ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ´µ³¥·  ³µ-
³¥´É  ¸¶¥±É· ²Ó´µ° ËÊ´±Í¨¨ ¸ÊÐ¥¸É¢¥´´Ò ¢±² ¤Ò ± ± µ¸´µ¢´µ£µ, É ± ¨ ¢µ§-
¡Ê¦¤¥´´ÒÌ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨°, µ¤´ ±µ ¢ · ³± Ì É ±µ£µ ¶µ¤Ìµ¤  ´¥¢µ§-
³µ¦´µ ¢Ò¤¥²¨ÉÓ ¨§µ²¨·µ¢ ´´Ò° ¢±² ¤ ± ¦¤µ£µ µÉ¤¥²Ó´µ£µ ·¥§µ´ ´¸ . �·¨
¡µ²ÓÏ¨Ì ¦¥ ´µ³¥· Ì ³µ³¥´É  ¶· ¢¨²  ¸Ê³³ ´ ¸ÒÐ ÕÉ¸Ö ¢±² ¤µ³ µ¸´µ¢´µ£µ
¸µ¸ÉµÖ´¨Ö, ¢ Éµ ¢·¥³Ö ± ± ¢±² ¤ ¢µ§¡Ê¦¤¥´´ÒÌ Ê·µ¢´¥° ¶µ¤ ¢²¥´ ¨ ¨³ µ¡ÒÎ´µ
¶·¥´¥¡·¥£ ÕÉ. �µÔÉµ³Ê ¢ · ³± Ì ¶· ¢¨² ¸Ê³³ Š•„ ³¥Éµ¤¨Î¥¸±¨ ´¥ Ê¤ ¥É¸Ö
¨¸¶µ²Ó§µ¢ ÉÓ ·¥£Ê²Ö·´µ¸ÉÓ ¸¶¥±É·µ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢. Š·µ³¥ Éµ£µ, É ±
± ± ¢ÒÎ¨¸²¥´¨Ö ¶·µ¢µ¤ÖÉ¸Ö ¸ µ¡µ·¢ ´´Ò³ ·Ö¤µ³ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„
(´ ¶·¨³¥·, ÊÎ¨ÉÒ¢ ÕÉ¸Ö Éµ²Ó±µ ¶µ¶· ¢±¨ µÉ µ¤´µ¶¥É²¥¢µ£µ ¢±² ¤ ), ¢ ³¥Éµ¤¥
¶· ¢¨² ¸Ê³³ ¢µ§´¨± ¥É § ¢¨¸¨³µ¸ÉÓ Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò µÉ ¢´¥Ï´¥£µ ¶ · -
³¥É· , µ¶·¥¤¥²ÖÕÐ¥£µ ±µ´±·¥É´ÊÕ ¸Ì¥³Ê ¶· ¢¨² ¸Ê³³. � ¶·¨³¥·, ·¥§Ê²ÓÉ É
§ ¢¨¸¨É µÉ ´µ³¥·  n ¢ ³¥Éµ¤¥ ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ËÊ´±Í¨¨ Π(Q2) ¨²¨
µÉ ¶ · ³¥É·  ¡µ·¥²¥¢¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö σ = 1/M2 ¢ Ëµ·³Ê²¨·µ¢±¥ ¶· -
¢¨² ¸Ê³³ ¸ ¶·¨³¥´¥´¨¥³ ¶·¥µ¡· §µ¢ ´¨Ö qµ·¥²Ö. Š·µ³¥ Éµ£µ, ¶ · ³¥É·µ³
Ö¢²Ö¥É¸Ö ¶µ·µ£ sth, µÉ¤¥²ÖÕÐ¨° µ¡² ¸ÉÓ Ê§±¨Ì ´¥¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´-
¸µ¢ µÉ µ¡² ¸É¨ ±µ´É¨´ÊÊ³ , £¤¥ Ï¨·µ±¨¥ ¶¥·¥±·Ò¢ ÕÐ¨¥¸Ö ·¥§µ´ ´¸Ò ¶·¨-
¢µ¤ÖÉ ± · §³ÒÉ¨Õ ·¥§µ´ ´¸´µ° ± ·É¨´Ò ¨ ¶² ¢´µ³Ê ¶µ¢¥¤¥´¨Õ ¸¶¥±É· ²Ó-



1084 Šˆ‘…‹…‚ B.B.

´µ° ËÊ´±Í¨¨ Π(Q2). ˆ³¥¥É¸Ö É ±¦¥ § ¢¨¸¨³µ¸ÉÓ µÉ ¢Ò¡µ·  ¢¥²¨Î¨´Ò ³ ¸¸
±¢ ·±µ¢. ’ ±¨³ µ¡· §µ³, ´ ·Ö¤Ê ¸ Î¥É±¨³ · §£· ´¨Î¥´¨¥³ ¶¥·ÉÊ·¡ É¨¢´µ£µ
¨ ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ ¢±² ¤µ¢, ¢ ¶· ¢¨² Ì ¸Ê³³ Š•„ ¶·¨Ìµ¤¨É¸Ö ³¨·¨ÉÓ¸Ö ¸
§ ¢¨¸¨³µ¸ÉÓÕ ·¥§Ê²ÓÉ É  µÉ ¢´¥Ï´¨Ì ¶ · ³¥É·µ¢, ÎÉµ ¸ÊÐ¥¸É¢¥´´µ µ¸² ¡²Ö¥É
¶·¥¤¸± § É¥²Ó´ÊÕ ¸¨²Ê ¤ ´´µ£µ ³¥Éµ¤ .

‚ ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨Ì ¶· ¢¨² Ì ¸Ê³³ [16] · ¸¸³µÉ·¥´¨¥ ·¥§µ´ ´¸´µ°
µ¡² ¸É¨ ¶·¨¢µ¤¨É ± ¸ÊÐ¥¸É¢¥´´µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨, ¸¢Ö§ ´´µ° ¸ ¢Ò¡µ·µ³
¨´É¥·¢ ²  ¨´É¥£·¨·µ¢ ´¨Ö, ¢±²ÕÎ ÕÐ¥£µ ¢ ¸¥¡Ö ¤¥²ÓÉµµ¡· §´Ò° ¢±² ¤ ·¥§µ-
´ ´¸ . ˆ¸±²ÕÎ¥´¨¥ ¶µ¤µ¡´µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨ É·¥¡Ê¥É ´ ²µ¦¥´¨Ö ¤µ¶µ²´¨-
É¥²Ó´ÒÌ Ê¸²µ¢¨°, É ± ÎÉµ ¨ ¢ ¶µ¤µ¡´µ³ ¶µ¤Ìµ¤¥ É ±¦¥ ´¥ Ê¤ ¥É¸Ö ¶µ²ÊÎ ÉÓ
¸µµÉ´µÏ¥´¨Ö ¤²Ö ±µ´¸É ´É ¸¢Ö§¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢, ¸²¥¤ÊÕÐ¨¥ ¨§ ³ ¸-
ÏÉ ¡´ÒÌ ¸¢µ°¸É¢ Ô´¥·£¥É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ Ê·µ¢´¥°.

’ ±¨³ µ¡· §µ³, ´¥µ¡Ìµ¤¨³  · §· ¡µÉ±  ´µ¢µ£µ ¶µ¤Ìµ¤ , ¶µ§¢µ²ÖÕÐ¥£µ
¨¸¶µ²Ó§µ¢ ÉÓ ·¥£Ê²Ö·´µ¸ÉÓ ¸¶¥±É·  ³ ¸¸ ¨ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶²µÉ´µ¸É¨
Ê·µ¢´¥° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö, ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ ¤¢¨¦¥´¨¥ ±¢ ·±µ¢ ¢ ±¢ ·-
±µ´¨¨, ¶µ¤ ¢²¥´´µ¸ÉÓ ¸É¥¶¥´´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¶µ¶· ¢µ± ¶µ µ¡· É´µ°
³ ¸¸¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¨ ¢µ§³µ¦´µ¸ÉÓ µ¶·¥¤¥²ÖÉÓ ¢±² ¤Ò µÉ¤¥²Ó´ÒÌ ·¥§µ-
´ ´¸µ¢ ¤²Ö ¢Ò¢µ¤  Ê´¨¢¥·¸ ²Ó´ÒÌ ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö ²¥¶Éµ´´ÒÌ
±µ´¸É ´É ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢.

„²Ö µ¶¨¸ ´¨Ö ¸µ¸ÉµÖ´¨° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ÒÏ¥ ¶µ·µ£ 
· ¸¶ ¤  ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ (´ ¶·¨³¥·, Υ(4S), B∗+

c (3S), ψ(3770)),
¸ÊÐ¥¸É¢¥´´Ò ±µ´¸É ´ÉÒ ¸¢Ö§¨ ±¢ ·±µ´¨Ö ¸ ³¥§µ´ ³¨. ’ ±¨¥ ±µ´¸É ´ÉÒ µ¶·¥-
¤¥²ÖÕÉ¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¤¨´ ³¨±µ° Š•„. �µÔÉµ³Ê ¨Ì µ¶¨¸ ´¨¥ ¶·¥¤¶µ-
² £ ¥É ¶·¨³¥´¥´¨¥ ³µ¤¥²¥° ¨´Ë· ±· ¸´µ£µ ¶µ¢¥¤¥´¨Ö ¢ Š•„, ± Î¨¸²Ê ±µÉµ-
·ÒÌ µÉ´µ¸ÖÉ¸Ö ¶µÉ¥´Í¨ ²Ó´Ò¥ ³µ¤¥²¨ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ¨ ³¥§µ´  ¸ µ¤´¨³
ÉÖ¦¥²Ò³ ±¢ ·±µ³, £¤¥ ¢¨¤ ¶µÉ¥´Í¨ ²  ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´ ¸ Ëµ·³µ° £²Õ-
µ´´µ£µ ¶·µ¶ £ Éµ·  ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨. ‚ · ³± Ì É ±µ£µ ¶µ¤Ìµ¤ 
¡Ò²  ¸¤¥² ´  µÍ¥´±  Ï¨·¨´Ò · ¸¶ ¤  ψ(3770) → DD̄ ¢ ³µ¤¥²¨ ±µ·´¥²Ó-
¸±µ£µ ¶µÉ¥´Í¨ ²  [17] ¸ ²¨´¥°´Ò³ ·µ¸Éµ³ Ô´¥·£¨¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢
¶·¨ Ê¢¥²¨Î¥´¨¨ · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê ´¨³¨. �¤´ ±µ ³µ¤¥²¨·µ¢ ´¨¥ ¶µ¢¥¤¥´¨Ö
£²Õµ´´µ£µ ¶·µ¶ £ Éµ·  (¶µÉ¥´Í¨ ² ) ¶·¨¢µ¤¨É, µÎ¥¢¨¤´µ, ± ³µ¤¥²Ó´µ° § -
¢¨¸¨³µ¸É¨ ·¥§Ê²ÓÉ É  · ¸Î¥É  ±µ´¸É ´É · ¸¶ ¤µ¢, ÎÉµ §´ Î¨É¥²Ó´µ ¸´¨¦ ¥É
¶·¥¤¸± § É¥²Ó´ÊÕ ¸¨²Ê ¶µ¤µ¡´ÒÌ µÍ¥´µ±. ‚ ÔÉµ° ¸¢Ö§¨  ±ÉÊ ²Ó´µ° ¶·µ¡²¥³µ°
¶·¥¤¸É ¢²Ö¥É¸Ö ¶µ¸É·µ¥´¨¥ ¶· ¢¨² ¸Ê³³ ¤²Ö ³¥§µ´´ÒÌ Éµ±µ¢, µ¶·¥¤¥²ÖÕÐ¨Ì
±µ´¸É ´ÉÒ · ¸¶ ¤  ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢.
�µ¤µ¡´Ò° ±¢ ·±µ´¨°, ²¥¦ Ð¨° ¢ Ê§±µ° Ô´¥·£¥É¨Î¥¸±µ° Ð¥²¨ ´¨¦¥ ¶µ·µ£ 
· ¸¶ ¤  ´  ¶ ·Ê ¡µ²¥¥ ÉÖ¦¥²ÒÌ, Î¥³ ¶¸¥¢¤µ¸± ²Ö·´Ò¥, ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨°,
¨³¥¥É ±µ´¸É ´ÉÒ, ¶µ¤Î¨´ÖÕÐ¨¥¸Ö ³ ¸ÏÉ ¡´µ³Ê ¸µµÉ´µÏ¥´¨Õ ¢ ¸¨²Ê µ¶·¥¤¥-
²¥´´µ° § ¢¨¸¨³µ¸É¨ · §³¥·  Ð¥²¨ µÉ ³ ¸¸ ³¥§µ´µ¢ ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³,
±µÉµ· Ö ¸²¥¤Ê¥É ¨§ ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢.

‚ ¦´µ° § ¤ Î¥° ¸É ´µ¢¨É¸Ö ¶·µ¢¥¤¥´¨¥ ¤¥É ²Ó´µ£µ  ´ ²¨§  ¶· ±É¨Î¥-
¸±µ£µ ¶·¨³¥´¥´¨Ö ¶µ²ÊÎ¥´´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö ¶·¥¤¸± § ´¨Ö ¸µµÉ¢¥É¸É¢ÊÕ-
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Ð¨Ì ±µ´¸É ´É ¸¢Ö§¨ ´µ¢µ£µ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄c), ¶µ¨¸±¨ ±µÉµ·µ£µ ¢¥¤ÊÉ¸Ö
¢ Ô±¸¶¥·¨³¥´É Ì ¸ ¢¥·Ï¨´´Ò³¨ ¤¥É¥±Éµ· ³¨ ´  ±µ²² °¤¥· Ì CERN ¨ FNAL.

‘¨¸É¥³  (b̄c) ¸ µÉ±·ÒÉÒ³¨ ¶·¥²¥¸ÉÓÕ ¨ µÎ ·µ¢ ´¨¥³ § ´¨³ ¥É µ¸µ¡µ¥
³¥¸Éµ ¸·¥¤¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ (QQ̄′). ‚ µÉ²¨Î¨¥ µÉ ¶µ¤·µ¡´µ ¨§ÊÎ¥´´ÒÌ
Ô±¸¶¥·¨³¥´É ²Ó´µ ¨ ¤µ¸É ÉµÎ´µ ÉµÎ´µ µ¶¨¸Ò¢ ¥³ÒÌ É¥µ·¥É¨Î¥¸±¨ ¸¥³¥°¸É¢
Î ·³µ´¨Ö (cc̄) ¨ ¡µÉÉµ³µ´¨Ö (bb̄), ¸µµÉ¢¥É¸É¢¥´´µ, ¸µ ¸±·ÒÉÒ³¨ µÎ ·µ¢ ´¨¥³
¨ ¶·¥²¥¸ÉÓÕ, ÉÖ¦¥²Ò° ±¢ ·±µ´¨° (b̄c), ¸¥³¥°¸É¢µ Bc-³¥§µ´µ¢, ¨³¥¥É ¸¶¥Í¨-
Ë¨Î¥¸±¨¥ ³¥Ì ´¨§³Ò µ¡· §µ¢ ´¨Ö, · ¸¶ ¤µ¢ ¨ ¸¶¥±É·µ¸±µ¶¨Õ, ¨¸¸²¥¤µ¢ ´¨¥
±µÉµ·ÒÌ ¶µ§¢µ²¨É § ³¥É´µ · ¸Ï¨·¨ÉÓ ¨ Ê¶·µÎ¨ÉÓ ±µ²¨Î¥¸É¢¥´´µ¥ ¶µ´¨³ -
´¨¥ ¤¨´ ³¨±¨ Š•„,   É ±¦¥ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ ¨§ÊÎ¥´¨¨ ¢ ¦´¥°Ï¨Ì ¶ · ³¥É·µ¢
Ô²¥±É·µ¸² ¡µ° É¥µ·¨¨.

�¸´µ¢´µ° Í¥²ÓÕ µ¡§µ·  Ö¢²Ö¥É¸Ö ¨§ÊÎ¥´¨¥ ¸²¥¤ÊÕÐ¨Ì ¶·µ¡²¥³.
1. ”µ·³Ê²¨·µ¢±  ³¥Éµ¤  ¶· ¢¨² ¸Ê³³, ¶µ§¢µ²ÖÕÐ Ö ¨¸¶µ²Ó§µ¢ ÉÓ ·¥£Ê-

²Ö·´µ¸ÉÓ ¸¶¥±É·  ³ ¸¸ ³¥§µ´µ¢, ¸µ¤¥·¦ Ð¨Ì ÉÖ¦¥²Ò¥ ±¢ ·±¨, ¸ Í¥²ÓÕ ¶µ-
²ÊÎ¥´¨Ö ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö ±µ´¸É ´É ¸¢Ö§¨ ±¢ ·±µ´¨¥¢, ±µÉµ·Ò¥
Ì · ±É¥·¨§ÊÕÉ ³¥Ì ´¨§³ ±µ´Ë °´³¥´É  ÉÖ¦¥²ÒÌ ±¢ ·±µ¢.

2. ˆ§¢²¥Î¥´¨¥ §´ Î¥´¨° ¶ · ³¥É·µ¢ Š•„ ¢ ¸¥±Éµ·¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢.
‚ · §¤. 1 ¨§ÊÎ ÕÉ¸Ö ²¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢. ˆ¸Ìµ¤-

´Ò³ ¶Ê´±Éµ³ ¶µ¸É·µ¥´¨Ö ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³ Ö¢²Ö¥É¸Ö · ¸¸³µÉ·¥-
´¨¥ ¤¢ÊÌÉµÎ¥Î´µ£µ ±µ··¥²ÖÉµ·  ¢¥±Éµ·´ÒÌ ¨ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ Éµ±µ¢ ÉÖ¦¥²ÒÌ
±¢ ·±µ¢ ´  µ¸´µ¢¥ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö ¨ ¤¨¸¶¥·¸¨µ´´µ£µ ¸µµÉ´µÏ¥´¨Ö
¤²Ö ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ëµ·³Ë ±Éµ·µ¢. ‘²¥¤ÊÖ ¸É ´-
¤ ·É´µ° ¸Ì¥³¥ ¶· ¢¨² ¸Ê³³ Š•„ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ°
¶²µÉ´µ¸É¨, µÉ¢¥Î ÕÐ¨Ì ¶·µ¨§¢µ¤´Ò³ ±µ··¥²ÖÉµ·  Éµ±µ¢ ¢ ÉµÎ±¥ Q2 = 0,
£¤¥ ´¥É Ë¨§¨Î¥¸±¨Ì µ¸µ¡¥´´µ¸É¥°, µ¡Ê¸²µ¢²¥´´ÒÌ µ¡· §µ¢ ´¨¥³ ·¥§µ´ ´¸µ¢
¨  ¤·µ´´µ£µ ±µ´É¨´ÊÊ³ , ³µ¦´µ µ¶·¥¤¥²¨ÉÓ µ¡² ¸ÉÓ ´µ³¥·µ¢ ³µ³¥´Éµ¢, £¤¥,
¸ µ¤´µ° ¸Éµ·µ´Ò, ³µ¦´µ ¶·¥´¥¡·¥ÎÓ ¢±² ¤µ³ µÉ £²Õµ´´µ£µ ±µ´¤¥´¸ É ,  
¸ ¤·Ê£µ° Å ¤µ¶Ê¸É¨³µ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö ¢±² ¤  ±¢ ·±µ-
¢µ° ¶¥É²¨ ¸ ÊÎ¥Éµ³ ¸Ê³³¨·µ¢ ´¨Ö ±Ê²µ´µ¶µ¤µ¡´ÒÌ αs/v-¶µ¶· ¢µ±, £¤¥ v Å
¸±µ·µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ£µ ¤¢¨¦¥´¨Ö ÉÖ¦¥²ÒÌ ±¢ ·±µ¢. �¥µ¡Ìµ¤¨³µ¸ÉÓ ÊÎ¥É 
É ±¨Ì ±Ê²µ´µ¢¸±¨Ì ¶µ¶· ¢µ± Ö¢²Ö¥É¸Ö µ¸µ¡¥´´µ¸ÉÓÕ · ¸¸³µÉ·¥´¨Ö ¸¨¸É¥³ ¸
¤¢Ê³Ö ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨ ¢ · ³± Ì µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö ¶µ µ¡· É´µ°
³ ¸¸¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ÎÉµ § ³¥É´µ µÉ²¨Î ¥É ÔÉµÉ ¶µ¤Ìµ¤ µÉ ÔËË¥±É¨¢´µ°
É¥µ·¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢. ‚ · ¸Î¥ÉÒ ¢±²ÕÎ ¥É¸Ö É ±¦¥ ¨ ¶µ¶· ¢±  §  ¸Î¥É
µ¡³¥´  ¦¥¸É±¨³ £²Õµ´µ³ ¶·¨ v → 0. �µ± § ´µ, ÎÉµ ¢ É ±µ³ ¸²ÊÎ ¥ ¸ ¢Ò¸µ-
±µ° ÉµÎ´µ¸ÉÓÕ ³µ³¥´ÉÒ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ±µ··¥²ÖÉµ·  Éµ±µ¢ ÉÖ¦¥²ÒÌ
±¢ ·±µ¢ ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ´  µ¸´µ¢¥ ¨¸¶µ²Ó§µ¢ ´¨Ö ¢¥·µÖÉ´µ¸É¨ µ¡· §µ-
¢ ´¨Ö ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ´  ¶µ·µ£¥, ±µÉµ· Ö Ö¢²Ö¥É¸Ö ¶µ¸ÉµÖ´´µ° ¢¥²¨Î¨´µ°
§  ¸Î¥É ±Ê²µ´µ¢¸±µ£µ ¶¥·¥· ¸¸¥Ö´¨Ö, ¶·¨Î¥³ ¸¨¸É¥³ É¨Î¥¸±¨° Ë ±Éµ· ¶µ¤µ¡-
´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¡²¨§µ± ± ¥¤¨´¨Í¥ ¨ Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´µ°, ¨³¥ÕÐ¥° ¸² ¡ÊÕ
§ ¢¨¸¨³µ¸ÉÓ µÉ ´µ³¥·  ³µ³¥´É , ±µÉµ·µ° ³µ¦´µ ¶·¥´¥¡·¥ÎÓ.
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Œµ³¥´ÉÒ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ Éµ±µ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ³µ£ÊÉ ¡ÒÉÓ
´¥¶µ¸·¥¤¸É¢¥´´µ ¢ÒÎ¨¸²¥´Ò ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ µ Ï¨·¨´ Ì ²¥¶-
Éµ´´ÒÌ · ¸¶ ¤µ¢ S-¢µ²´µ¢ÒÌ ¸µ¸ÉµÖ´¨° ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ (Î ·³µ´¨Ö (cc̄)
¨ ¡µÉÉµ³µ´¨Ö (bb̄)). �·¨ ÔÉµ³ ¢±² ¤  ¤·µ´´µ£µ ±µ´É¨´ÊÊ³  ³µ¤¥²¨·Ê¥É¸Ö
¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸ÉÓÕ, ¢ÒÎ¨¸²¥´´µ° ¢ Š•„, ¢ÒÏ¥ ´¥±µÉµ·µ£µ ¶µ·µ£  sth,
ÎÉµ Ë ±É¨Î¥¸±¨ µ§´ Î ¥É ¨¸¶µ²Ó§µ¢ ´¨¥ ²µ± ²Ó´µ° ±¢ ·±- ¤·µ´´µ° ¤Ê ²Ó´µ-
¸É¨ ¶·¨ Ô´¥·£¨ÖÌ ¢ÒÏ¥ ¶µ·µ£  ±µ´É¨´ÊÊ³ . �µ¤µ¡´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ³µ¦¥É
¶·¨¢µ¤¨ÉÓ ± ¸² ¡µ° ´¥¸ÊÐ¥¸É¢¥´´µ° § ¢¨¸¨³µ¸É¨ ·¥§Ê²ÓÉ Éµ¢ µÉ ¢¥²¨Î¨´Ò
sth. „ ²¥¥, ÎÉµ ± ¸ ¥É¸Ö ¢±² ¤  ·¥§µ´ ´¸µ¢, Éµ ¢ µÉ³¥Î¥´´µ° µ¡² ¸É¨ · ¸-
¸³µÉ·¥´¨Ö ´µ³¥·µ¢ ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ
· ¤¨ ²Ó´Ò¥ ¢µ§¡Ê¦¤¥´¨Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. „²Ö ÔÉ¨Ì ¢µ§¡Ê¦¤¥´¨° ´ -
¡²Õ¤ ¥É¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸± Ö ·¥£Ê²Ö·´µ¸ÉÓ ¸¶¥±É·µ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢,
  ¨³¥´´µ: · §´µ¸É¨ Ô´¥·£¨° Ê·µ¢´¥° ¶· ±É¨Î¥¸±¨ ´¥ § ¢¨¸ÖÉ µÉ  ·µ³ Éµ¢
ÉÖ¦¥²ÒÌ c- ¨ b-±¢ ·±µ¢. �Éµ µ§´ Î ¥É, ÎÉµ ¶²µÉ´µ¸ÉÓ É ±¨Ì ¸µ¸ÉµÖ´¨° Ö¢²Ö-
¥É¸Ö ËÊ´±Í¨¥° ´µ³¥·  ¢µ§¡Ê¦¤¥´¨Ö ¨ ´¥ § ¢¨¸¨É µÉ ³ ¸¸ ±¢ ·±µ¢. � ¨¡µ²¥¥
Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ÔÉµ° § ±µ´µ³¥·´µ¸É¨ ³µ¦´µ Ê¸É ´µ¢¨ÉÓ ¢ · ³± Ì ´¥·¥²ÖÉ¨-
¢¨¸É¸±¨Ì ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢, £¤¥ ¸µ£² ¸´µ É¥µ·¥³¥
”¥°´³ ´ Å•¥²²³ ´´  µ¶¨¸ ´´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¶·¨ ¶µ¸ÉµÖ´´µ°, ´¥
§ ¢¨¸ÖÐ¥° µÉ  ·µ³ Éµ¢ ±¢ ·±µ¢ ¨ Ê·µ¢´Ö ¢µ§¡Ê¦¤¥´¨Ö ¢¥²¨Î¨´¥ ¸·¥¤´¥° ±¨-
´¥É¨Î¥¸±µ° Ô´¥·£¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¢ ¸¢Ö§ ´´µ³ ¸µ¸ÉµÖ´¨¨. �µ É¥µ·¥³¥ µ
¢¨·¨ ²¥ ¶µ¸ÉµÖ´´ Ö ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö µÉ¢¥Î ¥É ²µ£ ·¨Ë³¨Î¥¸±µ³Ê ¶µÉ¥´-
Í¨ ²Ê ¢ µ¡² ¸É¨ ¸·¥¤´¨Ì · ¸¸ÉµÖ´¨° ³¥¦¤Ê ±¢ ·± ³¨ ¢ ÉÖ¦¥²µ³ ±¢ ·±µ´¨¨:
0, 1 < r < 1 Ë³, £¤¥ ¶·µ¨¸Ìµ¤¨É ¸³¥´  ¶¥·ÉÊ·¡ É¨¢´µ£µ ±Ê²µ´µ¶µ¤µ¡´µ£µ ¶µ-
¢¥¤¥´¨Ö ¶µÉ¥´Í¨ ²  ´  ²¨´¥°´Ò° ·µ¸É Ô´¥·£¨¨ ¢§ ¨³µ¤¥°¸É¢¨Ö, ¶·¨¢µ¤ÖÐ¨°
± ±µ´Ë °´³¥´ÉÊ ±¢ ·±µ¢. ‘² ¡ Ö § ¢¨¸¨³µ¸ÉÓ · §´µ¸É¨ Ô´¥·£¨° Ê·µ¢´¥° µÉ
³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ³µ¦¥É ¡ÒÉÓ ÊÎÉ¥´  ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ¸É¥¶¥´´µ£µ ¶µÉ¥´-
Í¨ ²  Œ ·ÉÔ´ , ±µÉµ·Ò° ¨³¥¥É ¢ µ¡² ¸É¨ ¸·¥¤´¨Ì · ¸¸ÉµÖ´¨° ¢ ±¢ ·±µ´¨¨
ÉÊ ¦¥ Ëµ·³Ê, ÎÉµ ¨ ²µ£ ·¨Ë³¨Î¥¸±¨° ¶µÉ¥´Í¨ ², ± ±, ¢¶·µÎ¥³, ¨ ¶µÉ¥´Í¨ -
²Ò, § ¤ ´´Ò¥ Š•„. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ § ¶¨¸ ÉÓ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö
¶²µÉ´µ¸É¨ S-¢µ²´µ¢ÒÌ ¸µ¸ÉµÖ´¨° ±¢ ·±µ´¨Ö.

„ ²¥¥, ¸Ëµ·³Ê²¨·µ¢ ´µ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¢±² ¤  ¸Ê³³Ò ·¥-
§µ´ ´¸µ¢ ¢ ³µ³¥´ÉÒ ±µ··¥²ÖÉµ·  ±¢ ·±µ¢ÒÌ Éµ±µ¢, ¶·¨Î¥³ ¸¨¸É¥³ É¨Î¥¸±¨°
Ë ±Éµ· ¶µ¤µ¡´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¢ · ¸¸³ É·¨¢ ¥³µ° µ¡² ¸É¨ ´µ³¥·µ¢ ³µ³¥´-
Éµ¢ ¡²¨§µ± ± ¥¤¨´¨Í¥ ¨ ¶·¥´¥¡·¥¦¨³µ ¸² ¡µ § ¢¨¸¨É µÉ ´µ³¥·  ³µ³¥´É .
‘¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¢±²ÕÎ ¥É ¢ ¸¥¡Ö Ö¢´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö ¶²µÉ´µ¸É¨ Ê·µ¢´¥° ±¢ ·±µ´¨Ö, ÎÉµ ¶µ§¢µ²Ö¥É ¸Ëµ·³Ê²¨·µ¢ ÉÓ
±¢ §¨²µ± ²Ó´Ò¥ ¶· ¢¨²  ¸Ê³³ ´  µ¸´µ¢¥ · ¢¥´¸É¢  ³µ¤¥²Ó´µ° ¸¶¥±É· ²Ó´µ°
¶²µÉ´µ¸É¨  ¤·µ´´ÒÌ ¸µ¸ÉµÖ´¨° ¨ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ±µ··¥²ÖÉµ·  ±¢ ·-
±µ¢ÒÌ Éµ±µ¢, · ¸¸Î¨É ´´ÒÌ ¢ Š•„, ± ± ÔÉµ ¡Ò²µ µ¶¨¸ ´µ ¢ÒÏ¥. �¶·¥¤¥²¥´Ò
ÉµÎ´µcÉÓ ¨ · ³±¨ ¶·¨³¥´¨³µ¸É¨ ¶µ¸É·µ¥´´ÒÌ ¶· ¢¨² ¸Ê³³.

�  µ¸´µ¢¥ ¸Ëµ·³Ê²¨·µ¢ ´´ÒÌ ¶· ¢¨² ¸Ê³³ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É
nS-¢µ²´µ¢ÒÌ Ê·µ¢´¥° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ¶µ²ÊÎ¥´Ò ³ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥-
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´¨Ö, ±µÉµ·Ò¥ ¤²Ö ±µ´¸É ´É ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ¨³¥ÕÉ ¢¨¤

f2n
Mn

(
Mn

M1

)2 (
m1 +m2

4µ12

)2
=
c

n
,

£¤¥ c Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´µ°, ±µÉµ· Ö ´¥ § ¢¨¸¨É µÉ  ·µ³ Éµ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢,
¸µ¸É ¢²ÖÕÐ¨Ì ±¢ ·±µ´¨°. �´  ¢Ò· ¦ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

c =
2αs
π
T

(
m1 +m2
M1

)2
HV Zsys,

£¤¥ T Å ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¢ ±¢ ·±µ´¨¨, ±µÉµ· Ö ´¥
§ ¢¨¸¨É µÉ  ·µ³ Éµ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, αs µ¶·¥¤¥²Ö¥É¸Ö ´  ³ ¸ÏÉ ¡¥ Ô´¥·-
£¨° ±Ê²µ´µ¶µ¤µ¡´µ£µ µ¡³¥´  ³¥¦¤Ê ±¢ ·± ³¨, HV Å Ë ±Éµ·, µÉ¢¥Î ÕÐ¨°
¦¥¸É±µ° £²Õµ´´µ° ¶µ¶· ¢±¥, Zsys Å ¸¨¸É¥³ É¨Î¥¸±¨° Ë ±Éµ· ¨¸¶µ²Ó§Ê¥³ÒÌ
¶·¥¤¸É ¢²¥´¨°, µ12 = m1m2/(m1 +m2) Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ±¢ ·±µ¢.

�µ²ÊÎ¥´´Ò¥ Ê´¨¢¥·¸ ²Ó´Ò¥ ³ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¸¢Ö§Ò¢ ÕÉ ´¥ Éµ²Ó-
±µ ±µ´¸É ´ÉÒ nS-¢µ²´µ¢ÒÌ ¢µ§¡Ê¦¤¥´¨° ±¢ ·±µ´¨Ö, ´µ ¨ ±µ´¸É ´ÉÒ ±¢ ·±µ-
´¨¥¢ ¸ · §²¨Î´Ò³ ±¢ ·±µ¢Ò³ ¸µ¸É ¢µ³.

—¨¸²¥´´µ ¢Ò¢¥¤¥´´Ò¥ § ±µ´µ³¥·´µ¸É¨ ´ Ìµ¤ÖÉ¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶µ ²¥¶Éµ´´Ò³ · ¸¶ ¤ ³ ψ- ¨ Υ-Î ¸É¨Í ¨ ¶µ-
§¢µ²ÖÕÉ ¸¤¥² ÉÓ ¶·¥¤¸± § ´¨Ö ¤²Ö ±¢ ·±µ´¨Ö (b̄c).

�·¨¢¥¤¥´´Ò¥ ³ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¶µ§¢µ²ÖÕÉ ¶µ ¤ ´´Ò³ µ ²¥¶Éµ´-
´ÒÌ ±µ´¸É ´É Ì ¡µÉÉµ³µ´¨Ö ¨ Î ·³µ´¨Ö ¶µ²ÊÎ¨ÉÓ µÍ¥´±Ê ±µ´¸É ´ÉÒ ¢§ ¨-
³µ¤¥°¸É¢¨Ö Š•„, ±µÉµ· Ö µ¡ÒÎ´µ ¶·¨¢µ¤¨É¸Ö ± ³ ¸ÏÉ ¡Ê ³ ¸¸Ò Z-¡µ§µ´ 
¸µ£² ¸´µ ·¥´µ·³£·Ê¶¶µ¢µ³Ê ¶µ¢¥¤¥´¨Õ, É ± ÎÉµ

αs(m2Z) = 0, 118 ± 0, 003,

¶·¨ ®Ë¨§¨Î¥¸±µ³¯ ¢Ò¡µ·¥ ÉµÎ±¨ ´µ·³¨·µ¢±¨ ¢ ±Ê²µ´µ¶µ¤µ¡´µ³ µ¡³¥´¥ ³¥¦-
¤Ê ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨ µ2Coul=TmQ, ±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö ¸·¥¤´¨³ ±¢ ¤· -
Éµ³ ¨³¶Ê²Ó¸  ±¢ ·±  ¢ ±¢ ·±µ´¨¨. �É³¥É¨³, ÎÉµ ¤µ¢µ²Ó´µ Ï¨·µ± Ö ¢ ·¨ Í¨Ö
µ2Coul ¢ · §Ê³´ÒÌ ¶·¥¤¥² Ì ¢ · ³± Ì µ¤´µ¶¥É²¥¢µ£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ±µÔËË¨-
Í¨¥´Éµ¢ ‚¨²Ó¸µ´  ¶·¨¢µ¤¨É ± ³¥Éµ¤¨Î¥¸±µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨ δαs = 0, 010,
±µÉµ· Ö ¸´¨¦ ¥É¸Ö ¤µ δαs = 0, 002 ¶·¨ ÊÎ¥É¥ ¤¢ÊÌ¶¥É²¥¢µ£µ ¢±² ¤ . �µ²ÊÎ¥´-
´ Ö µÍ¥´±  ¸µ£² ¸Ê¥É¸Ö ¸µ ®¸·¥¤´¥³¨·µ¢Ò³¯ §´ Î¥´¨¥³ ±µ´¸É ´ÉÒ αs(m2Z).

‘¤¥² ´Ò µÍ¥´±¨ ³ ¸¸ c- ¨ b-±¢ ·±µ¢.
‚ · §¤. 2 ¶·µ¢¥¤¥´µ µ¡µ¡Ð¥´¨¥ ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³ ´  ³¥§µ´Ò

¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³. �·µ ´ ²¨§¨·µ¢ ´µ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ¢ ¸É É¨Î¥¸±µ³ ¶·¥¤¥²¥. �µ± § ´µ, ÎÉµ
·¥§Ê²ÓÉ ÉÒ · ¸¸³µÉ·¥´¨Ö ´ Ìµ¤ÖÉ¸Ö ¢ ¸µ£² ¸¨¨ ¸ · ´¥¥ ¶µ²ÊÎ¥´´Ò³¨ ·¥§Ê²Ó-
É É ³¨ ¢ · ³± Ì HQET. ‚ Ìµ¤¥  ´ ²¨§  ¸Ëµ·³Ê²¨·µ¢ ´ ¸¶¥±É·µ¸±µ¶¨Î¥¸±¨°
¶µ¤Ìµ¤ ± µÍ¥´±¥ ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ¨¸Ìµ¤Ö ¨§ § ±µ´µ³¥·´µ¸É¥° ¤²Ö ³ ¸¸
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ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ¨ ¶·¨¡²¨§¨É¥²Ó´µ£µ ¸µ¢¶ ¤¥´¨Ö Ê·µ¢´¥° Υ(4S) ¨ ψ(3S)
¸ Ê¤¢µ¥´´Ò³¨ ³ ¸¸ ³¨ mB(1S) ¨ mD(1S) ¸µµÉ¢¥É¸É¢¥´´µ, ¨ ¶µ²ÊÎ¥´Ò · §-
³¥·´Òe ¶ · ³¥É·Ò ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢: Ô´¥·£¨¨ ¸¢Ö§¨ ¨
¸·¥¤´¥£µ ±¢ ¤· É  ¨³¶Ê²Ó¸  ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¢ ³¥§µ´¥, ±µÉµ·Ò¥ ´ Ìµ¤ÖÉ¸Ö ¢
¸µ£² ¸¨¨ ¸ µÍ¥´± ³¨ ¢ ¤·Ê£¨Ì ¶µ¤Ìµ¤ Ì.

‚ · §¤. 3 ¸Ëµ·³Ê²¨·µ¢ ´  ´µ¢ Ö ³µ¤¥²Ó ¶· ¢¨² ¸Ê³³ ¤²Ö ³¥§µ´´ÒÌ Éµ-
±µ¢, µ¶·¥¤¥²ÖÕÐ¨Ì ±µ´¸É ´ÉÒ · ¸¶ ¤  ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ´ 
¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢, ²¥¦ Ð¥£µ ¢ Ê§±µ° Ô´¥·£¥É¨Î¥¸±µ° Ð¥²¨ ´¨¦¥ ¶µ·µ£ 
· ¸¶ ¤  ´  ¶ ·Ê ¡µ²¥¥ ÉÖ¦¥²ÒÌ, Î¥³ ¶¸¥¢¤µ¸± ²Ö·´Ò¥, ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ-
´¨°.  ¸¸³ É·¨¢ ¥³Ò° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ § ¢¨¸¨³µ¸ÉÓ · §³¥· 
Ô´¥·£¥É¨Î¥¸±µ° Ð¥²¨ µÉ ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ±µÉµ·Ò° ¶·¨ ³ ²ÒÌ ´µ³¥· Ì
³µ³¥´É  ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ § ¤ ¥É ¢¥²¨Î¨´Ê ±µ´¸É ´ÉÒ ¸¢Ö§¨. �Éµ ¤ ¥É
¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ±µ´¸É ´É · ¸¶ ¤  ÉÖ¦¥-
²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ¸ · §²¨Î´Ò³ ±¢ ·±µ¢Ò³ ¸µ¸É ¢µ³, ±µÉµ·µ¥ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

g2

M

(
4m12
M

)
= const,

¢¸²¥¤¸É¢¨¥ § ¢¨¸¨³µ¸É¨ Ô´¥·£¥É¨Î¥¸±µ° Ð¥²¨ ³¥¦¤Ê ¢¥±Éµ·´Ò³ ¨ ¶¸¥¢¤µ¸± -
²Ö·´Ò³ ¸µ¸ÉµÖ´¨Ö³¨ ÉÖ¦¥²ÒÌ ³¥§µ´µ¢: ∆M1,2 ·M1,2 = const, £¤¥ M1,2 Å
³ ¸¸Ò ³¥§µ´µ¢ ¢ ±µ´¥Î´µ³ ¸µ¸ÉµÖ´¨¨, m12 Å ¨Ì ¶·¨¢¥¤¥´´ Ö ³ ¸¸ .

‘· ¢´¨É¥²Ó´Ò°  ´ ²¨§ Ê± §Ò¢ ¥É ´  Ìµ·µÏ¥¥ ¸µ£² ¸¨¥ ³ ¸ÏÉ ¡´µ£µ ¸µµÉ-
´µÏ¥´¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶µ · ¸¶ ¤ ³ Υ → BB̄ ¨ ψ(3770) →
→ DD̄.

�µ± § ´µ ¶· ±É¨Î¥¸±µ¥ ¶·¨³¥´¥´¨¥ ¶µ²ÊÎ¥´´µ£µ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ¶·¥¤-
¸± § ´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´µ¢µ£µ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄c), ¶µ¨¸±¨ ±µÉµ·µ£µ
¢¥¤ÊÉ¸Ö ¢ Ô±¸¶¥·¨³¥´É Ì ¸ ¢¥·Ï¨´´Ò³¨ ¤¥É¥±Éµ· ³¨ ´  ±µ²² °¤¥· Ì CERN
¨ FNAL, ¨ ¶·¥¤¸± § ´  ¢¥²¨Î¨´  Ï¨·¨´Ò · ¸¶ ¤  B∗+

c (3S) → B+D0.
�¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶·¥¤¸É ¢²¥´´Ò¥ ¢ µ¡§µ·¥, ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ µ·¨£¨-

´ ²Ó´ÒÌ · ¡µÉ Ì [18Ä29].

1. ‹…8’���›… Š��‘’
�’› ’Ÿ†…‹›• Š‚
Š��ˆ…‚ ‚
8
‚ˆ‹
• ‘“ŒŒ

�·µ¡²¥³  µ¶¨¸ ´¨Ö ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ±¢ ·±µ¢,  ¤·µ´µ¢ É¥¸´µ ¸¢Ö§ ´ 
¸ ¨§ÊÎ¥´¨¥³ ¶µ¢¥¤¥´¨Ö Š•„ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ (r ∼ 1/Λ, Λ ≈ 200 ŒÔ‚)
¨ ±µ´Ë °´³¥´Éµ³ Í¢¥É´ÒÌ µ¡Ñ¥±Éµ¢. �¥¶·¨³¥´¨³µ¸ÉÓ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°
Š•„ ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¶·¨¢µ¤¨É ± ´¥µ¡Ìµ¤¨³µ¸É¨ ¶µ¨¸±  ³¥Éµ¤µ¢
´¥¶¥·ÉÊ·¡ É¨¢´µ£µ µ¶¨¸ ´¨Ö ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°.

‚ ¸²ÊÎ ¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¢µ§´¨± ¥É ·Ö¤ Ê¸²µ¢¨°, ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ, § 
¸Î¥É Ê¶·µÐ¥´¨Ö · ¸¸³µÉ·¥´¨Ö, ¸¤¥² ÉÓ ¸ÊÐ¥¸É¢¥´´µ¥ ¶·µ¤¢¨¦¥´¨¥ ¢ ¨§ÊÎ¥´¨¨
Š•„ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ.
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1.1. 8· ¢¨²  ¸Ê³³ ¤²Ö ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö.  ¸¸³µÉ·¨³ ¤¢ÊÌÉµÎ¥Î´Ò¥
±µ··¥²ÖÉµ·Ò ±¢ ·±µ¢ÒÌ Éµ±µ¢

Πµν(q2) = i

∫
d4xeiqx〈0|TJµ(x)J†

ν (0)|0〉, (1.1)

ΠP (q2) = i

∫
d4xeiqx〈0|TJ5(x)J†

5 (0)|0〉, (1.2)

£¤¥

Jµ(x) = Q̄1(x)γµQ2(x), (1.3)

J5(x) = Q̄1(x)γ5Q2(x), (1.4)

J5µ(x) = Q̄1(x)γ5γµQ2(x), (1.5)

Qi Å ¸¶¨´µ·´µ¥ ¶µ²¥ ÉÖ¦¥²µ£µ ±¢ ·±  É¨¶  i = c, b.
‡ ¶¨Ï¥³ ¤ ²¥¥

Πµν =
(
−gµν +

qµqν
q2

)
ΠV (q2) +

qµqν
q2

ΠS(q2), (1.6)

£¤¥ ΠV ¨ ΠS Å ¢¥±Éµ·´ Ö ¨ ¸± ²Ö·´ Ö ËÊ´±Í¨¨ ±µ··¥²ÖÍ¨¨ ¸µµÉ¢¥É¸É¢¥´´µ.
‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¢¥±Éµ·´Ò° ¨ ¶¸¥¢¤µ¸± ²Ö·´Ò° ±µ··¥-
²ÖÉµ·Ò: ΠV (q2) ¨ ΠP (q2).

�¶·¥¤¥²¨³ ²¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ fVn ¨ fPn :

〈0|Jµ(x)|Vn(λ)〉 = iε(λ)µ fVnMVn eikx, (1.7)

〈0|J5µ(x)|Pn〉 = ikµ fPneikx, (1.8)

£¤¥

J5µ(x) = Q̄1(x)γ5γµQ2(x), (1.9)

É ± ÎÉµ

〈0|J5(x)|Pn〉 = i
fPnM

2
Pn

m1 +m2
eikx, (1.10)

¶·¨Î¥³ |V 〉 ¨ |P 〉 Å ¢¥±Éµ·Ò 1−- ¨ 0−-¸µ¸ÉµÖ´¨° ±¢ ·±µ´¨Ö, λ Å ¶µ²Ö·¨§ -
Í¨Ö ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö, k Å 4-¨³¶Ê²Ó¸ ³¥§µ´ , k2P,V = M2

P,V .
‚ ¸²ÊÎ ¥ Î ·³µ´¨Ö (ψ, ψ′ ...) ¨ ¡µÉÉµ³µ´¨Ö (Υ, Υ′, Υ′′ ...) ²¥£±µ ¶µ± § ÉÓ,

ÎÉµ Ï¨·¨´  ²¥¶Éµ´´µ£µ · ¸¶ ¤  Vn → e+e− ¢Ò· ¦ ¥É¸Ö Î¥·¥§ fVn ¢ ¢¨¤¥

Γ(Vn → e+e−) =
4π
9
e2i ᾱ

2
em

f2Vn

MVn

, (1.11)
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£¤¥ ei Å Ô²¥±É·¨Î¥¸±¨° § ·Ö¤ ±¢ ·±  É¨¶  i,   ¢¥²¨Î¨´  Ô²¥±É·µ³ £´¨É´µ°
±µ´¸É ´ÉÒ § ¤ ¥É¸Ö ³ ¸ÏÉ ¡µ³ ³ ¸¸Ò ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö.

‚ µ¡² ¸É¨ Ê§±¨Ì ´¥¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ·¥§µ´ ´¸µ¢ ¨§ µ¶·¥¤¥²¥´¨° (1.1)Ä
(1.10) ¸²¥¤Ê¥É, ÎÉµ

1
π

Im Π(res)V (s) =
∑
n

f2Vn
M2

Vn
δ(s−M2

Vn
), (1.12)

1
π

Im Π(res)P (s) =
∑
n

f2Pn
M4

Pn

1
(m1 +m2)2

δ(s−M2
Pn

). (1.13)

’ ±¨³ µ¡· §µ³, ¤²Ö ´ ¡²Õ¤ ¥³µ°  ¤·µ´´µ° ¸¶¥±É· ²Ó´µ° ËÊ´±Í¨¨ ¨³¥¥³

1
π

Im Π(had)V,P (s) =
1
π

Im Π(res)V,P (s) + ρV,P (s, sV,Pth ), (1.14)

£¤¥ ρV,P (s, sV,Pth ) Å ¢±² ¤ ±µ´É¨´ÊÊ³ , µÉ²¨Î´Ò° µÉ ´Ê²Ö ¶·¨ s > sth. ‚
¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¶µ² £ ÉÓ, ÎÉµ ¢±² ¤ ±µ´É¨´ÊÊ³  · ¢¥´ ¢ÒÎ¨¸²¥´´µ°
¶¥·ÉÊ·¡ É¨¢´µ° Î ¸É¨ ¶·¨ s > sth, É ± ÎÉµ ÔÉµ ³µ¦¥É ¶·¨¢¥¸É¨ ± ¤µ¶µ²´¨-
É¥²Ó´µ° ¶ · ³¥É·¨Î¥¸±µ° § ¢¨¸¨³µ¸É¨ µÉ sth.

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ³¥Éµ¤ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö ¶µ§¢µ²Ö¥É § ¶¨¸ ÉÓ

Π(QCD)(q2) = Π(pert)(q2) + CG(q2)〈αs
π
G2〉 + Ci(q2)〈miQ̄iQi〉 + . . . , (1.15)

£¤¥ ¢Ò¤¥²¥´ ¶¥·ÉÊ·¡ É¨¢´Ò° ¢±² ¤ Π(pert)(q2),   ´¥¶¥·ÉÊ·¡ É¨¢´Ò° ¶·¥¤¸É -
¢²¥´ ¢ ¢¨¤¥ ¸Ê³³Ò ±¢ ·±-£²Õµ´´ÒÌ ±µ´¤¥´¸ Éµ¢ ¸ ¢¨²Ó¸µ´µ¢¸±¨³¨ ±µÔËË¨-
Í¨¥´É ³¨, ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„.

‚ Ê· ¢´¥´¨¨ (1.15) ³Ò µ£· ´¨Î¨²¨¸Ó ¢±² ¤µ³ ¢ ±ÊÊ³´ÒÌ ¸·¥¤´¨Ì µÉ µ¶¥-

· Éµ·µ¢ c · §³¥·´µ¸ÉÓÕ d = 4. „²Ö C(P )G (q2) ¨³¥¥³, ´ ¶·¨³¥· [10]:

C
(P )
G =

1
192m1m2

q2

q̄2

(
3(3v2 + 1)(1 − v2)2

2v5
ln
v + 1
v − 1

− 9v4 + 4v2 + 3
v4

)
,

(1.16)

£¤¥

q̄2 = q2 − (m1 −m2)2, v2 = 1 − 4m1m2
q̄2

. (1.17)

�´ ²µ£¨Î´Ò¥ Ëµ·³Ê²Ò ¤²Ö ¤·Ê£¨Ì ¢¨²Ó¸µ´µ¢¸±¨Ì ±µÔËË¨Í¨¥´Éµ¢ ³µ£ÊÉ ¡ÒÉÓ
´ °¤¥´Ò ¢ [10].

‚ ¢¥¤ÊÐ¥³ ¶µ·Ö¤±¥ ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„ ¤²Ö ³´¨³µ° Î ¸É¨ ±µ·-
·¥²ÖÉµ·  ¶µ²ÊÎ¥´µ [10]:

Im Π(pert)V (s) =
s̃

8πs2
(3s̄s− s̄2 + 6m1m2s− 2m22s)θi(s), (1.18)
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Im Π(pert)P (s) =
3s̃

8πs
(s− (m1 −m2)2)θi(s), (1.19)

£¤¥ s̄ = s−m21 +m22, s̃
2 = s̄2 − 4m22s, θi(s) = θ(s− (m1 +m2)2).

�¤´µ¶¥É²¥¢µ° ¢±² ¤ ¢ Im Π(s) É ±¦¥ ³µ¦¥É ¡ÒÉÓ ¢±²ÕÎ¥´ ¢ · ¸¸³µÉ·¥´¨¥
(¸³., ´ ¶·¨³¥·, [10]). �¤´ ±µ ¤²Ö ´ ¸ ¡µ²¥¥ ¸ÊÐ¥¸É¢¥´´µ° Ö¢²Ö¥É¸Ö ¶µ¶· ¢± ,
¸Ê³³¨·ÊÕÐ Ö ·Ö¤ ¶µ ¸É¥¶¥´Ö³ (αs/v), £¤¥ v µ¶·¥¤¥²¥´µ ¢ (1.17),   αs Å ¶µ-
¸ÉµÖ´´ Ö Š•„-¢§ ¨³µ¤¥°¸É¢¨Ö ´  ³ ¸ÏÉ ¡¥ Ì · ±É¥·´ÒÌ ¸·¥¤´¨Ì ¨³¶Ê²Ó¸µ¢
±¢ ·±µ¢ ¢ ³¥§µ´¥. ‚ ¤ ²Ó´¥°Ï¥³ · ¸¸³µÉ·¥´¨¨ ³Ò ¶µ² £ ¥³, ÎÉµ ¸·¥¤´¨°
±¢ ¤· É ¨³¶Ê²Ó¸  ±¢ ·±  · ¢¥´

〈p2Q〉 = 2µ12〈T 〉,

£¤¥ T Å ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö,   µ12 Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ¸¨¸É¥³Ò. „²Ö
®¡¥£ÊÐ¥°¯ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ³Ò ¨¸¶µ²Ó§Ê¥³ ¸Ì¥³ÊMS, É ± ÎÉµ αs = αs(〈p̄2Q〉),
£¤¥ ¢¥²¨Î¨´  p̄2Q § ¤ ¥É¸Ö 〈p2Q〉, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ®Ë¨§¨Î¥¸±µ³Ê¯ ¢Ò¡µ·Ê
Ï± ²Ò ±Ê²µ´µ¶µ¤µ¡´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. „²Ö µÍ¥´±¨ ¢¥²¨Î¨´Ò § ¢¨¸¨³µ¸É¨
·¥§Ê²ÓÉ Éµ¢ µÉ ¢ ·¨ Í¨¨ ÉµÎ±¨ ´µ·³¨·µ¢±¨ ±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö ³Ò
· ¸¸³ É·¨¢ ¥³ É ±¦¥ Ë¨±¸ Í¨Õ Ï± ²Ò ¢ ¶µ¤Ìµ¤¥ q·µ¤¸±µ£µÅ‹¥¶ ¦ ÅŒ ±-
±¥´§¨ (BLM), £¤¥ [30]:

〈p̄2Q〉 = e−5/3〈(pQ − p′
Q)2〉 = e−5/3 2〈p2Q〉.

‚ [10] ¶µ± § ´µ, ÎÉµ ÊÎ¥É ±Ê²µ´µ¶µ¤µ¡´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶·¨¢µ¤¨É ±
Ë ±Éµ·Ê

F (v) =
4π
3
αs
v

1

1 − exp
(
−4παs

3v

) , (1.20)

¶·¨Î¥³ · §²µ¦¥´¨¥ ¶µ αs/v � 1 ¢ ÉµÎ´µ¸É¨ ¢µ¸¶·µ¨§¢µ¤¨É µ¤´µ¶¥É²¥¢ÊÕ
O(αs

v )-¶µ¶· ¢±Ê

F (v) ≈ 1 +
2π
3
αs
v
. . . . (1.21)

„µ¶µ²´¨É¥²Ó´ Ö αs-¶µ¶· ¢±  ¸¢Ö§ ´  ¸ ¢±² ¤µ³ ¦¥¸É±¨Ì £²Õµ´µ¢. �´ 
¶·¨¢µ¤¨É ± Ë ±Éµ·Ê H , ±µÉµ·Ò° ¤²Ö ¢¥±Éµ·´µ£µ ¸µ¸ÉµÖ´¨Ö ¶·¨ m1 = m2 =
= mQ ¨ v → 0 · ¢¥´

H
mQ

V = 1 − 16αHs
3π

, (1.22)

£¤¥ Ï± ²  µÍ¥´±¨ αHs § ¤ ¥É¸Ö ³ ¸¸µ° ÉÖ¦¥²µ£µ ±¢ ·± , ¨, ´ ¶·¨³¥·, ¢ ¶·µÍ¥-
¤Ê·¥ BLM [30,31] ¢ÒÎ¨¸²¥´¨Ö ¢ ¸Ì¥³¥MS ¶·¨¢µ¤ÖÉ ± ³ ¸ÏÉ ¡Ê e−11/24mQ �
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� 0, 632mQ [33].  ¸Î¥É H-Ë ±Éµ·  ¤²Ö ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸µ¸ÉµÖ´¨Ö ¸
m1 �= m2 ¡Ò² ¢Ò¶µ²´¥´ ¢ [32], £¤¥ ´ °¤¥´µ, ÎÉµ

HP = 1 +
2αHs
π

(
m2 −m1
m2 +m1

ln
m2
m1

− 2
)
, (1.23)

§¤¥¸Ó ¶µ¶· ¢±  αHs ¢§ÖÉ  ´  ³ ¸ÏÉ ¡¥ ¶·¨¢¥¤¥´´µ° ³ ¸¸Ò ±¢ ·±µ¢. ¥§Ê²Ó-
É É (1.23) ´¥ ¶¥·¥Ìµ¤¨É ¢ (1.22) ¶·¨ m1 = m2, ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¦¥¸É±¨¥
£²Õµ´´Ò¥ ¶µ¶· ¢±¨ ± ±µ··¥²ÖÉµ· ³ ¢¥±Éµ·´ÒÌ ¨ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ Éµ±µ¢
· §²¨Î´Ò. ’ ± ± ± ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Š•„ ¤²Ö ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ¸Ëµ·³Ê-
²¨·µ¢ ´´ Ö ´¥¤ ¢´µ ¢ [15], ¶·¨¢µ¤¨É ± µÉÐ¥¶²¥´¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸¶¨´µ¢
±¢ ·±µ¢ ¸ £²Õµ´ ³¨ ¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨, ³ ¸¸µ¢ Ö § ¢¨¸¨³µ¸ÉÓ ¢ H-
Ë ±Éµ· Ì µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¶¥·¥´µ·³¨·µ¢±µ° ¢ Š•„, £¤¥ µ´ 
§ ¤ ¥É¸Ö µ¤´µ¶¥É²¥¢Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³¨ ¤¨ £· ³³ ¤²Ö ¢¥·Ï¨´Ò ¨ ¸µ¡¸É¢¥´´µ°
Ô´¥·£¨¨ ±¢ ·± . ‘²¥¤ÊÖ [32], ´ Ìµ¤¨³

HV = 1 +
2αHs
π

(
m2 −m1
m2 +m1

ln
m2
m1

− 8
3

)
. (1.24)

¥§Ê²ÓÉ ÉÒ (1.23) ¨ (1.24) ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¨§ ¶¥·¥´µ·³¨·µ¢µÎ´ÒÌ Ë ±Éµ-
·µ¢ ¤²Ö ¢¥±Éµ·´ÒÌ ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´ÒÌ Éµ±µ¢ ¶¥·¥Ìµ¤µ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢
Q1 → Q2, · ¸¸³µÉ·¥´´ÒÌ ¢ [13]. ’ ±, ´¥µ¡Ìµ¤¨³µ § ³¥´¨ÉÓ µ¤¨´ ±¢ ·±,
¸± ¦¥³ Q1, ´   ´É¨±¢ ·± Q̄1, ÎÉµ ¶·¨¢µ¤¨É ± ¶µ¤¸É ´µ¢± ³ m1 → −m1,
F 2A → HV ¨ F 2V → HP ¸ µ¶·¥¤¥²¥´¨¥³  ¡¸µ²ÕÉ´µ£µ §´ Î¥´¨Ö ¤²Ö  ·£Ê³¥´É 
²µ£ ·¨Ë³ .

 ¸Î¥É ³ ¸ÏÉ ¡  BLM ¶·¨ m1 �= m2 ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥ ¶·µ¢¥¤¥´,
´µ ¸ ¤µ¸É ÉµÎ´µ° ¤²Ö ´ Ï¨Ì Í¥²¥° ÉµÎ´µ¸ÉÓÕ ³µ¦´µ ¸Î¨É ÉÓ, ÎÉµ µ´ · ¢¥´
0, 63

√
m1m2.

‘µ£² ¸´µ ¤¨¸¶¥·¸¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³ ¨³¥¥³ ¶· ¢¨²  ¸Ê³³ Š•„, ±µÉµ-
·Ò¥ £² ¸ÖÉ, ÎÉµ ¢ ¸·¥¤´¥³ ¶·¨ q2 < 0, £¤¥ ´¥É Ë¨§¨Î¥¸±¨Ì µ¸µ¡¥´´µ¸É¥°, µ¡Ê-
¸²µ¢²¥´´ÒÌ µ¡· §µ¢ ´¨¥³ ·¥§µ´ ´¸µ¢ ¨  ¤·µ´´µ£µ ±µ´É¨´ÊÊ³ , ¢¥·´µ Ê· ¢´¥-
´¨¥

1
π

∫
Im Π(had)(s)
s− q2 ds = Π(QCD)(q2), (1.25)

£¤¥ ´¥Ö¢´µ ¶·¥¤¶µ² £ ÕÉ¸Ö ´¥µ¡Ìµ¤¨³Ò¥ ¢ÒÎ¨É ´¨Ö. Im Π(had)(s) µ¶·¥¤¥-
²¥´  ¸µ£² ¸´µ (1.12)Ä(1.14),   Π(QCD)(q2) Å ¢ (1.15)Ä(1.21). ”µ·³Ê²  (1.25)
Ö¢²Ö¥É¸Ö µ¸´µ¢µ° ¤²Ö · §¢¨É¨Ö ³¥Éµ¤µ¢ ¶· ¢¨² ¸Ê³³ ¢ Ëµ·³¥ ³µ³¥´Éµ¢ ±µ··¥-
²ÖÍ¨µ´´µ° ËÊ´±Í¨¨ ¨  ´ ²¨§  ¡µ·¥²¥¢¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö Π(q2) (¸³. [10]).
�¥¶µ²´µÉ  ·Ö¤  ¢ ¶· ¢µ° Î ¸É¨ (1.25) ¶·¨¢µ¤¨É ± Ê¶µ³Ö´ÊÉµ° ¢ÒÏ¥ ´¥Ë¨§¨Î¥-
¸±µ° § ¢¨¸¨³µ¸É¨ ¢¥²¨Î¨´ fP,V µÉ ¢´¥Ï´¥£µ ¶ · ³¥É·  ¸Ì¥³Ò
¶· ¢¨² ¸Ê³³.

„ ²¥¥ ³Ò ¨¸¶µ²Ó§Ê¥³ Ê¸²µ¢¨Ö, Ê¶·µÐ ÕÐ¨¥ · ¸¸³µÉ·¥´¨¥ ¢ ¸²ÊÎ ¥ ÉÖ¦¥-
²µ£µ ±¢ ·±µ´¨Ö.
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1.2. �¥¶¥·ÉÊ·¡ É¨¢´Ò° ¢±² ¤. ‘²¥¤ÊÖ [10,34], · ¸¸³µÉ·¨³ n-Õ ¶·µ¨§-
¢µ¤´ÊÕ ¶µ q2 µÉ (1.25) ¶·¨ q2 = 0. �É  ¶·µÍ¥¤Ê·  ¸µµÉ¢¥É¸É¢Ê¥É ¢ÒÎ¨¸²¥-
´¨Õ ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ±µ··¥²ÖÉµ·  Éµ±µ¢. Š ± ¡Ò²µ ´ °¤¥´µ
¢ [10,34], µÉ´µÏ¥´¨¥ n-£µ ³µ³¥´É , ¢ÒÎ¨¸²¥´´µ£µ ¸ ÊÎ¥Éµ³ £²Õµ´´µ£µ ±µ´¤¥´-
¸ É , ¸ÊÐ¥¸É¢¥´´µ£µ ¤²Ö ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö, ± n-³Ê ³µ³¥´ÉÊ, · ¸¸Î¨É ´´µ³Ê
¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„, · ¢´µ

A(nmom)
A(0)(nmom)

= 1 + a(nmom)αs−

−4π2

9
nmom(nmom + 1)(nmom + 2)(nmom + 3)

(2nmom + 5)
〈αs

π G
2〉

(2mQ)4
(1.26)

¤²Ö ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ¶·¨ m1 = m2 = mQ. —²¥´ · §²µ¦¥´¨Ö αs ¸µµÉ-
¢¥É¸É¢Ê¥É ¤¢ÊÌ¶¥É²¥¢µ° ¶µ¶· ¢±¥ Š•„. Œµ¦´µ ¢¨¤¥ÉÓ, ÎÉµ ¢±² ¤ £²Õµ´´µ£µ
±µ´¤¥´¸ É  ¸É ´µ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨ ®¡µ²ÓÏ¨Ì¯ §´ Î¥´¨ÖÌ nmom > nl ∼
∼ (mQ/Λ)4/3, £¤¥ Λ Å ³ ¸ÏÉ ¡ ±µ´Ë °´³¥´É  (¨²¨, ÎÉµ Éµ ¦¥, ±µ´¤¥´¸ É ).
„²Ö ¡µÉÉµ³µ´¨Ö ¢¥²¨Î¨´  nl ¡²¨§±  ± 20, É ± ÎÉµ ¶·¨ nmom < 20 ¤µ²Ö
¢±² ¤  £²Õµ´´µ£µ ±µ´¤¥´¸ É  ³¥´ÓÏ¥ 1%, ¨ µ´  ¡Ò¸É·µ Ê¢¥²¨Î¨¢ ¥É¸Ö ¶·¨
nmom > 20 (¸³. [33,35Ä37], £¤¥ ³µ¦´µ ´ °É¨ ³´µ£µ£· ´´µ¥ µ¡¸Ê¦¤¥´¨¥). �µ-
ÔÉµ³Ê ¶·¨ nmom < nl ¤µ¶Ê¸É¨³µ ¶·¥´¥¡·¥ÎÓ ¢±² ¤µ³ £²Õµ´´µ£µ ±µ´¤¥´¸ É ∗.

1.3. �¥·¥²ÖÉ¨¢¨¸É¸±µ¥ ¤¢¨¦¥´¨¥ ±¢ ·±µ¢. �¥·¥²ÖÉ¨¢¨¸É¸±µ¥ ¤¢¨¦¥´¨¥
±¢ ·±µ¢ µ§´ Î ¥É, ÎÉµ ¢ ·¥§µ´ ´¸´µ° µ¡² ¸É¨ ³Ò ¨³¥¥³ ¸µ£² ¸´µ (1.17)

v → 0. (1.27)

�É¸Õ¤  ²¥£±µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ ¢ ¢¥¤ÊÐ¥³ ¶µ·Ö¤±¥

Im Π(pert)P (s) ≈ Im Π(pert)V (s) → 3v
8π

(4µ12)2, (1.28)

ÎÉµ, ¸ ÊÎ¥Éµ³ ±Ê²µ´µ¢¸±µ£µ Ë ±Éµ· 

F (v) � 4π
3
αs
v

(1.29)

¨ ¦¥¸É±µ° £²Õµ´´µ° ¶µ¶· ¢±¨, ¤ ¥É

Im Π(pert)P,V (s) � αs
2

(4µ12)2 HP,V . (1.30)

∗Š ¸µ¦ ²¥´¨Õ, µÎ ·µ¢ ´´Ò° ±¢ ·± ´¥ ¸Éµ²Ó ÉÖ¦¥², ¨ nl ∼ 5 [10], É ± ÎÉµ µ¡² ¸ÉÓ ¨¸¶µ²Ó-
§Ê¥³µ£µ ¶·¨¡²¨¦¥´¨Ö §´ Î¨É¥²Ó´µ µ£· ´¨Î¥´ .
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„²Ö ¡µÉÉµ³µ´¨Ö ¨¸¶µ²Ó§µ¢ ´¨¥ ¶·¥¤¥²  v → 0 ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ±Ê²µ-
´µ¢¸±µ£µ Ë ±Éµ·  (1.29) ¢ ·¥§µ´ ´¸´µ° µ¡² ¸É¨ ¸¶· ¢¥¤²¨¢µ ¸ ÉµÎ´µ¸ÉÓÕ
³¥´ÓÏ¥, Î¥³ 5%. —Éµ ± ¸ ¥É¸Ö ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¸
¶µ³µÐÓÕ ¢Ò· ¦¥´¨Ö (1.30), ´ Ìµ¤¨³, ÎÉµ µÉ´µÏ¥´¨¥ ³µ³¥´Éµ¢, ¢ÒÎ¨¸²¥´´ÒÌ
¶µ (1.18), (1.19) ¨ (1.30) ¢ ·¥§µ´ ´¸´µ° µ¡² ¸É¨ s < sth, ¡Ò¸É·µ ¸É·¥³¨É¸Ö
± ¥¤¨´¨Í¥, É ± ÎÉµ ³ ±¸¨³ ²Ó´µ¥ µÉ±²µ´¥´¨¥ µÉ ¥¤¨´¨ÍÒ ¶·¨ ´µ³¥· Ì ³µ-
³¥´É  nmom ∼ 1 ¡²¨§±µ ± 10%. —Éµ¡Ò Ê³¥´ÓÏ¨ÉÓ ¢¥²¨Î¨´Ê ¶µ£·¥Ï´µ¸É¨
§  ¸Î¥É ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ ¶·¨¡²¨¦¥´¨Ö, Œ.q.‚µ²µÏ¨´ [33, 35, 37] · ¸¸³ -
É·¨¢ ¥É nmom > 8. ‚ ´ ¸ÉµÖÐ¥³ · ¸¸³µÉ·¥´¨¨ ³Ò Ê¤µ¢²¥É¢µ·Ö¥³¸Ö É ±µ°
ÉµÎ´µ¸ÉÓÕ, ±µ£¤  ¶µ£·¥Ï´µ¸ÉÓ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ¡²¨§±  ± 5%, É ± ÎÉµ
³Ò ¨¸¶µ²Ó§Ê¥³ ´¥¦¥¸É±µ¥ µ£· ´¨Î¥´¨¥ nmom > 2, ±µ£¤  ∆f/f ≤ 8%.

‡ ³¥É¨³, ÎÉµ, ¢ µÉ²¨Î¨¥ µÉ [33, 35, 37], ³Ò · ¸¸³ É·¨¢ ¥³ ¸²ÊÎ °, ±µ£¤ 
¶¥·ÉÊ·¡ É¨¢´Ò¥ ¨´É¥£· ²Ò ¶·¨ s > sth ±µ³¶¥´¸¨·ÊÕÉ¸Ö ¢±² ¤ ³¨  ¤·µ´´µ£µ
±µ´É¨´ÊÊ³  ¢ Ê· ¢´¥´¨ÖÌ ¶· ¢¨² ¸Ê³³, É ± ÎÉµ ´  ¶· ±É¨±¥ ³Ò ¶·µ¢µ¤¨³
¨´É¥£·¨·µ¢ ´¨¥ ¶µ ®·¥§µ´ ´¸´µ°¯ µ¡² ¸É¨ ¨ ´¥ § ¡Ò¢ ¥³ µ ¶ · ³¥É·¨Î¥¸±µ°
§ ¢¨¸¨³µ¸É¨ µÉ sth.

 ¸¸³ É·¨¢ Ö ³µ³¥´ÉÒ ¶¥·ÉÊ·¡ É¨¢´µ° ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¢ ·¥§µ-
´ ´¸´µ° µ¡² ¸É¨, ³µ¦´µ ¢¢¥¸É¨ ¸¨¸É¥³ É¨Î¥¸±µ¥ µÉ±²µ´¥´¨¥ ´¥·¥²ÖÉ¨¢¨¸É-
¸±µ£µ ¶·¨¡²¨¦¥´¨Ö µÉ µ¤´µ¶¥É²¥¢µ£µ ·¥§Ê²ÓÉ É  ¶µ¸·¥¤¸É¢µ³ ¸²¥¤ÊÕÐ¥£µ
Ë ±Éµ·  ± §´ Î¥´¨Ö³ ³µ³¥´Éµ¢: ZQQ̄

nr (nmom, sth), § ¢¨¸ÖÐ¥£µ µÉ ´µ³¥·  ³µ-
³¥´É  ¨ ¶µ·µ£  ±µ´É¨´ÊÊ³ . �  ¶· ±É¨±¥ ¶·¨ Ê³¥·¥´´ÒÌ ¢¥²¨Î¨´ Ì ´µ³¥·µ¢
³µ³¥´É  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Ë ±Éµ· ¨³¥¥É µÎ¥´Ó ¸² ¡ÊÕ § ¢¨¸¨³µ¸ÉÓ µÉ nmom

¨ sth: (2mQ + 1 ƒÔ‚)2 < sth < (2mQ + 1, 5 ƒÔ‚)2, É ± ÎÉµ

Zbb̄
nr(n

mom, sth) = 1, 09 ± 0, 05, Zcc̄
nr(n

mom, sth) = 1, 30 ± 0, 10. (1.31)

1.4. ˆ´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥  ¤·µ´´µ£µ ¢±² ¤  ¨ ±¢ §¨²µ± ²Ó´Ò¥
¶· ¢¨²  ¸Ê³³. —Éµ ± ¸ ¥É¸Ö  ¤·µ´´µ° Î ¸É¨ ±µ··¥²ÖÉµ· , Éµ ¤²Ö ¢±² ¤ 
Ê§±¨Ì ¢¥±Éµ·´ÒÌ ·¥§µ´ ´¸µ¢ ³µ¦´µ § ¶¨¸ ÉÓ

Π(res)V (q2) =
∫

ds

s− q2
∑
n

f2Vn
M2

Vn
δ(s−M2

Vn
), (1.32)

Π(res)P (q2) =
∫

ds

s− q2
∑
n

f2Pn

M4
Pn

(m1 +m2)2
δ(s−M2

Pn
). (1.33)

ˆ´É¥£· ²Ò ¢ (1.32), (1.33) ²¥£±µ ¢ÒÎ¨¸²ÖÕÉ¸Ö, ÎÉµ µ¡ÒÎ´µ ¨ ¤¥² ¥É¸Ö.
‚ ¶·¥¤² £ ¥³µ° ¸Ì¥³¥ ¢¢¥¤¥³ ËÊ´±Í¨Õ Î¨¸²  ¸µ¸ÉµÖ´¨° n(s) É ±ÊÕ, ÎÉµ

n(M2
k ) = k. (1.34)
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„ ´´µ¥ µ¶·¥¤¥²¥´¨¥ ¢¶µ²´¥ µ¸³Ò¸²¥´´µ ¢ ·¥§µ´ ´¸´µ° µ¡² ¸É¨. ’µ£¤ 
³µ¦´µ § ¶¨¸ ÉÓ, ´ ¶·¨³¥·,

1
π

Im Π(res)V (s) = sf2Vn(s)

d

ds

∑
k

θ(s−M2
V k). (1.35)

„ ²¥¥, µÎ¥¢¨¤´µ, ÎÉµ

d

ds

∑
k

θ(s−M2
k ) =

dn(s)
ds

d

dn

∑
k

θ(n− k), (1.36)

¨ (1.32) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Π(res)V (q2) =
∫

ds

s− q2 sf
2
Vn(s)

dn(s)
ds

d

dn

∑
k

θ(n− k). (1.37)

‚§Ö¢ ¸·¥¤´¥¥ §´ Î¥´¨¥, ¶µ²ÊÎ¨³

Π(res)V (q2) =
〈 d
dn

∑
k

θ(n− k)
〉 ∫ ds

s− q2 sf
2
Vn(s)

dn(s)
ds

. (1.38)

�Î¥¢¨¤´µ, ÎÉµ ¢ ¸·¥¤´¥³ ¶·µ¨§¢µ¤´ Ö ¸ÉÊ¶¥´Î Éµ° ËÊ´±Í¨¨ ¢ ·¥§µ´ ´¸´µ°
µ¡² ¸É¨ · ¢´  〈 d

dn

∑
k

θ(n− k)
〉

= Z � 1, (1.39)

£¤¥ Z § ¢¨¸¨É µÉ q2, É ± ± ± ¢¥¸µ¢ Ö ËÊ´±Í¨Ö ¢ (1.38) Ö¢²Ö¥É¸Ö § ¢¨¸ÖÐ¥° µÉ
q2. ’ ±¨³ µ¡· §µ³, ¢ ÔÉµ° ¸Ì¥³¥, ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨
¶·µ¤Ê±É¨¢´µ ¨¸¶µ²Ó§µ¢ ´  ¢ ¶·¥¤¥²¥ ¡µ²ÓÏ¨Ì ³ ¸¸ mQ, ¨³¥¥³〈

Π(res)V (q2)
〉

≈ Z

∫
ds

s− q2 sf
2
Vn(s)

dn(s)
ds

, (1.40)

〈
Π(res)P (q2)

〉
≈ Z

∫
ds

s− q2
s2f2Pn(s)

(m1 +m2)2
dn(s)
ds

. (1.41)

—Éµ¡Ò µÍ¥´¨ÉÓ µÏ¨¡±¨, µ¡Ê¸²µ¢²¥´´Ò¥ ¶¥·¥Ìµ¤µ³ µÉ ¸Ê³³Ò ¶µ ·¥§µ´ ´¸ ³
± ¨´É¥£· ²Ê ¶µ ¶²µÉ´µ¸É¨ ¸µ¸ÉµÖ´¨°, · ¸¸³µÉ·¨³ µÉ´µÏ¥´¨¥ nmom-Ì ³µ³¥´-
Éµ¢ ¤²Ö ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ¡µÉÉµ³µ´¨Ö ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ´¥¶·¥·Ò¢´ÒÌ
¶·¨¡²¨¦¥´¨° ¤²ÖMn ¨ fn (¸³. ·¨¸. 1). Œµ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ ¸¤¥² ´´µ¥ ¶·¥-
µ¡· §µ¢ ´¨¥ ¤ ¥É ¸É ¡¨²Ó´µ¥ µÉ´µÏ¥´¨¥ ³µ³¥´Éµ¢ ¶·¨ nmom < 20, ¨ ´  ÔÉµÉ
·¥§Ê²ÓÉ É ¸² ¡µ ¢²¨Ö¥É ¢ ·¨ Í¨Ö ¶µ·µ£  ±µ´É¨´ÊÊ³  sth: δnth � 0, 5,   ¡µ²¥¥



1096 Šˆ‘…‹…‚ B.B.

¨¸. 1. �É´µÏ¥´¨¥ ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¤²Ö ¢¥±Éµ·´ÒÌ ·¥§µ´ ´-
¸µ¢ ¡µÉÉµ³µ´¨Ö, · ¸¸Î¨É ´´ÒÌ ¤²Ö ¤¨¸±·¥É´ÒÌ ¨ ´¥¶·¥·Ò¢´ÒÌ ¸µ¸ÉµÖ´¨°, R =
= Mdis(nmom)/Mcon(nmom). ’¥³´Ò¥ ¨ ¸¢¥É²Ò¥ ÉµÎ±¨ ¸µµÉ¢¥É¸É¢ÊÕÉ nth = 4 ¨
nth = 4, 5, ±µ£¤  mb = (4, 60 ± 0, 01) ƒÔ‚. ˜É·¨Ì¨ ¶µ± §Ò¢ ÕÉ µÉ´µÏ¥´¨¥ ¤²Ö
mb ≈ 4, 64 ƒÔ‚. � · ³¥É· Ë¨É¨·µ¢ ´¨Ö ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢
· ¢¥´ (0, 40± 0, 03) ƒÔ‚

¸ÊÐ¥¸É¢¥´ ¶µ·µ£ ³ ¸¸ ±¢ ·±µ¢∗. ˆÉ ±, ÔÉµ ¶·¨¡²¨¦¥´¨¥ ³µ¦¥É ¶·¨¢µ¤¨ÉÓ ±
ÉµÎ´µ¸É¨, ¡²¨§±µ° ± 10%, ¶·¨ µÍ¥´±¥ ²¥¶Éµ´´ÒÌ ±µ´¸É ´É. q¥§Ê¸²µ¢´µ,  ¡-
¸µ²ÕÉ´ Ö ¢¥²¨Î¨´  µÏ¨¡±¨ ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¸¢Ö§ ´  ¸ ´¨§±¨³¨
´µ³¥· ³¨ ¢µ§¡Ê¦¤¥´¨°,   ¨Ì µÉ´µ¸¨É¥²Ó´Ò° ¢±² ¤ ¢µ§· ¸É ¥É ¸ Ê¢¥²¨Î¥´¨¥³
´µ³¥·  ³µ³¥´É , ±µ£¤  ¢Ò¸Ï¨¥ ¢µ§¡Ê¦¤¥´¨Ö ¶µ¤ ¢²¥´Ò.

Š ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ ¶·¨¡²¨¦¥´¨Ö, ³µ¦´µ ¢¢¥¸É¨
¢ · ¸¸³µÉ·¥´¨¥ ¸¨¸É¥³ É¨Î¥¸±¨¥ Ë ±Éµ·Ò ¤²Ö ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö

³µ³¥´Éµ¢ ·¥§µ´ ´¸´µ£µ ¢±² ¤  ZQQ̄
int (nmom, sth). ‚ µÉ³¥Î¥´´µ° µ¡² ¸É¨ ¶ · -

³¥É·µ¢ nmom ¨ sth ÔÉ¨ Ë ±Éµ·Ò ¡²¨§±¨ ± ¶µ¸ÉµÖ´´Ò³ ¢¥²¨Î¨´ ³ (¸³. ·¨¸. 1):

Zbb̄
int(n

mom, sth) = 1, 19 ± 0, 02, Zcc̄
int(n

mom, sth) = 1, 29 ± 0, 05. (1.42)

…Ð¥ · § µÉ³¥É¨³, ÎÉµ c¤¥² ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ Å ¢ Î¨¸Éµ³ ¢¨¤¥ Ë¥´µ-
³¥´µ²µ£¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

„ ²¥¥, ¶·µ¨§¢µ¤´Ò¥ ¶µ q2 µÉ Ê¸·¥¤´¥´´µ£µ ¢±² ¤  ·¥§µ´ ´¸µ¢ ¢ (1.40) ¨
(1.41) ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¶·¨ q2 = 0 ± ±

(−1)n
mom

nmom!
dn

mom

dq2nmom

〈
Π(res)V,P (0)

〉
= bV,P (nmom) ZQQ̄

int (nmom, sth)
∫

ds

s(nmom+1)
,

(1.43)

∗‘ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ µ¡² ¸ÉÓ ¸É ¡¨²Ó´µ¸É¨ ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¤µ¸É¨£ ¥É¸Ö ¶·¨
nmom < 10.
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£¤¥

bV (nmom) =
〈
sf2Vn(s)

dn

ds

〉∣∣∣
nmom

, (1.44)

bP (nmom) = (m1 +m2)−2
〈
s2f2Pn(s)

dn

ds

〉∣∣∣
nmom

, (1.45)

Ê¸·¥¤´¥´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¸ ¢¥¸µ¢Ò³¨ ËÊ´±Í¨Ö³¨, § ¢¨¸ÖÐ¨³¨ µÉ ´µ³¥·  ³µ-
³¥´É  ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ nmom, ¨ µ´¨ ¶µ± § ´Ò ¢ ¶· ¢µ° Î ¸É¨ (1.43).
‘ ·µ¸Éµ³ nmom ¢¥²¨Î¨´  bV ¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö ± ¸¢µ¥³Ê §´ Î¥´¨Õ ´  µ¸´µ¢´µ³
¸µ¸ÉµÖ´¨¨

bV → 1
2

(m1 +m2)f2V1

[
dMn

dn
(n = 1)

]−1
, (1.46)

£¤¥ ³Ò ¨¸¶µ²Ó§Ê¥³ M1 ≈ m1 +m2. Šµ´¥Î´µ, · §´µ¸ÉÓ ³¥¦¤Ê ³ ¸¸µ° µ¸´µ¢-
´µ£µ ¸µ¸ÉµÖ´¨Ö ¨ ¸Ê³³µ° ³ ¸¸ ±¢ ·±µ¢ ¸É ´µ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´µ° ¶·¨ ¡µ²Ó-
Ï¨Ì §´ Î¥´¨ÖÌ ´µ³¥·  ³µ³¥´É  nmom, £¤¥ Ô´¥·£¨Ö ¸¢Ö§¨ ±¢ ·±µ¢ µ¶·¥¤¥²Ö¥É¸Ö
¢¥²¨Î¨´µ° £²Õµ´´µ£µ ±µ´¤¥´¸ É , ¸± ¦¥³, ¢ ¤µ¶µ²´¥´¨¥ ± Î¨¸Éµ ¶¥·ÉÊ·¡ -
É¨¢´µ³Ê ¢§ ¨³µ¤¥°¸É¢¨Õ. „²Ö ¡µÉÉµ³µ´¨Ö ¶·¨ 2nmom � 15 − 20 ÉµÎ´µ¸ÉÓ
¶·¨¡²¨¦¥´¨Ö (1.46) ³¥´ÓÏ¥, Î¥³ 10%.

„ ²¥¥ § ³¥É¨³, ÎÉµ ¢ · ¸¸³ É·¨¢ ¥³µ° µ¡² ¸É¨ 2 < nmom < nl ¨¸¶µ²Ó-
§Ê¥É¸Ö ¶µ¸ÉµÖ´´µ¥ §´ Î¥´¨¥ ¶¥·ÉÊ·¡ É¨¢´µ° ¶²µÉ´µ¸É¨, É ± ÎÉµ ¶·¨ ´ ¨¡µ²Ó-
Ï¨Ì ¤µ¶Ê¸É¨³ÒÌ ¢¥²¨Î¨´ Ì nmom ´ Ìµ¤¨³

f2V1

M1
=
αs
π

dMn

dn
(n = 1)

(
4µ
M1

)2
HV Zsys, (1.47)

£¤¥ Zsys = ZQQ̄
nr /Z

QQ̄
int ¸² ¡µ § ¢¨¸¨É µÉ ´µ³¥·  ³µ³¥´É  ¨ ¶µ·µ£   ¤·µ´´µ£µ

±µ´É¨´ÊÊ³ .
qµ²¥¥ Éµ£µ, ¢ ¨¸¸²¥¤Ê¥³µ° µ¡² ¸É¨ Ê³¥·¥´´ÒÌ ´µ³¥·µ¢ ³µ³¥´Éµ¢ ¸¶¥±-

É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¶¥·ÉÊ·¡ É¨¢´Ò¥ Î ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ¶·¨ q2 = 0 § ¶¨¸ ´Ò ¢
¢¨¤¥

(−1)n
mom

nmom!
dn

mom

dq2nmom Π(pert)P,V (0) =
αs
2π

16µ2 HP,V Z
QQ̄
nr (nmom, sth)

∫
ds

s(nmom+1)
.

(1.48)

‘· ¢´¨¢ Ö (1.48) ¸ (1.43), ³µ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ ¶·¨ 2 < nmom < nl ¢¥²¨-
Î¨´Ò bP,V ¤µ²¦´Ò ¡ÒÉÓ ´¥§ ¢¨¸¨³Ò µÉ nmom ¸ ÉµÎ´µ¸ÉÓÕ ³¥´ÓÏ¥°, Î¥³ 5%.
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‚ ± Î¥¸É¢¥ ¢¥¤ÊÐ¥£µ ¶·¨¡²¨¦¥´¨Ö ³µ¦´µ Ê¸É ´µ¢¨ÉÓ ±¢ §¨²µ± ²Ó´Ò¥
¶· ¢¨²  ¸Ê³³∗:

Im
〈

Π(hadr)(s)
〉

= Im Π(QCD)(s), (1.49)

¸ ÉµÎ´µ¸ÉÓÕ, ±µÉµ· Ö § ¢¨¸¨É µÉ ÉµÎ±¨ ·¥§µ´ ´¸´µ° µ¡² ¸É¨, É ± ÎÉµ ¸¨¸É¥-
³ É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ ¢ (1.49) · ¢´  5% ¤²Ö ´¨¦¥²¥¦ Ð¥£µ ·¥§µ´ ´¸  ¨
15% ¤²Ö ·¥§µ´ ´¸ , ¡²¨¦ °Ï¥£µ ± ¶µ·µ£Ê · ¸¶ ¤  ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢.
�É  ¶µ£·¥Ï´µ¸ÉÓ ¶·¨¢µ¤¨É ± ¤µ¶µ²´¨É¥²Ó´µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨ ¤²Ö ²¥¶Éµ´-
´ÒÌ ±µ´¸É ´É, ∆f/f ≈ 3% ¨ 8% ¤²Ö µ¶¨¸ ´´ÒÌ ·¥§µ´ ´¸µ¢ ¸µµÉ¢¥É¸É¢¥´´µ.
‘ ÊÎ¥Éµ³ (1.30), (1.40) ¨ (1.41) Ê· ¢´¥´¨¥ (1.49) ¤ ¥É ¢ Ë¨§¨Î¥¸±¨Ì ÉµÎ± Ì
sn = M2

n:

f2n
Mn

=
αs
π

dMn

dn

(
4µ
Mn

)2
HV Zsys, (1.50)

£¤¥ ³Ò µ¶·¥¤¥²¨²¨ fn = fV n. ‡ ³¥É¨³, ÎÉµ ¢ ·¥ ²Ó´ÒÌ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨ÖÌ
(b̄b), (b̄c) ¨ (c̄c) § ¢¨¸¨³ Ö µÉ ³ ¸ÏÉ ¡  ¶· ¢ Ö Î ¸ÉÓ (1.50) Ö¢²Ö¥É¸Ö ¶·¨³¥·´µ
¶µ¸ÉµÖ´´µ° (¸³. Î¨¸²¥´´Ò¥ µÍ¥´±¨ ´¨¦¥):

αsHV Zsys

(
m1 +m2
M1

)2
≈ const.

�´ ²µ£¨Î´Ò¥ ¸µµÉ´µÏ¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¢Ò¢¥¤¥´Ò ¤²Ö ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¸µ¸Éµ-
Ö´¨°, É ± ÎÉµ ¶µ²ÊÎ¨³

fPn = fn

(
1 +

2αHs
3π

)
m1 +m2
Mn

. (1.51)

1.5. Œ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥´¨Ö. Š ± ¡Ò²µ µÉ³¥Î¥´µ ¢µ ¢¢¥¤¥´¨¨, ¶²µÉ-
´µ¸ÉÓ ¸µ¸ÉµÖ´¨° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ¸ § ¤ ´´Ò³¨ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ ´¥
§ ¢¨¸¨É µÉ  ·µ³ Éµ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢. � ¨¡µ²¥¥ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ÔÉ  ·¥-
£Ê²Ö·´µ¸ÉÓ ¸¶¥±É·µ¢ ³ ¸¸ ³¥§µ´µ¢ ¸ ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨ ´ Ìµ¤¨É ¢ · ³± Ì
´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥°.

∗‡ ³¥É¨³, ÎÉµ ¢ÒÎ¨¸²¥´´ Ö ³´¨³ Ö Î ¸ÉÓ ¤²Ö ¢±² ¤  ·¥§µ´ ´¸µ¢ ´¥ ¶·¥¤¶µ² £ ¥É¸Ö · ¢´µ°
¨¸É¨´´µ³Ê Ë¨§¨Î¥¸±µ³Ê ¢Ò· ¦¥´¨Õ, ¨ µ´  ´¥ ³µ¦¥É ¸Î¨É ÉÓ¸Ö µ¶¨¸Ò¢ ÕÐ¥° ÉµÎ´Ò°  ¤·µ´-
´Ò° ¢±² ¤. Š ± µ¡ÒÎ´µ ¢ ¶· ¢¨² Ì ¸Ê³³, ¶·¥¤¶µ² £ ¥É¸Ö Éµ²Ó±µ, ÎÉµ ¢ÒÎ¨¸²¥´´µ¥ ¢Ò· ¦¥´¨¥
³µ¦¥É ¡ÒÉÓ (¢ ± Î¥¸É¢¥ ¶·¨¡²¨¦¥´¨Ö) ¨¸¶µ²Ó§µ¢ ´µ ¤²Ö µÍ¥´±¨ ·¥ ²Ó´µ° Î ¸É¨ ±µ··¥²ÖÉµ· .
‚ ¤ ´´µ³ ¸²ÊÎ ¥ ¸Î¨É ¥É¸Ö, ÎÉµ · ¸Î¥É´ Ö Î ¸ÉÓ ¡²¨§±  ± Ê¸·¥¤´¥´´µ° (  ´¥ ÉµÎ´µ°)  ¤·µ´´µ°
Î ¸É¨ (¸³. (1.49)). �¥¸³µÉ·Ö ´  µÉ¸ÊÉ¸É¢¨¥ Ö¢´µ° § ¢¨¸¨³µ¸É¨ µÉ ¶ · ³¥É·µ¢ ¸Ì¥³Ò ¶· ¢¨² ¸Ê³³
(nmom, sth), ¸³Ò¸² ¢Ò· ¦¥´¨Ö (1.49) ¸É·µ£µ µ¶·¥¤¥²¥´ Éµ²Ó±µ ¢ µÉ³¥Î¥´´µ° µ¡² ¸É¨ ´µ³¥·µ¢
³µ³¥´Éµ¢ ¨ ¸ Ê± § ´¨¥³ ¸Ì¥³´µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨, µ¶¨¸ ´´µ° ¢ É¥±¸É¥.
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Š ± ¡Ò²µ ¶µ± § ´µ ¢ [36], ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¢ ¸¶¥±É·µ¸±µ¶¨¨
ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ´¥ ³µ£ÊÉ ¡ÒÉÓ µ¶¨¸ ´Ò ¢ · ³± Ì ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥°,
É ± ± ± ±µ··¥±É´µ¥ µ¶¨¸ ´¨¥ ¤µ²¦´µ ÊÎ¨ÉÒ¢ ÉÓ § ¶ §¤Ò¢ ´¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö
¸ ±µ´¤¥´¸ É ³¨. ’¥³ ´¥ ³¥´¥¥ ¶µÉ¥´Í¨ ²Ó´Ò¥ ³µ¤¥²¨ ¢¶µ²´¥ ¶µ¤Ìµ¤ÖÉ ¤²Ö
Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¨¸¸²¥¤µ¢ ´¨°, ¶µÉµ³Ê ÎÉµ µ´¨ ¸¶µ¸µ¡´Ò ¢µ¸¶·µ¨§¢µ¤¨ÉÓ
³µ¤¥²Ó´Ò¥ Ëµ·³Ê²Ò ¤²Ö ·Ö¤  ¢¥²¨Î¨´, ¨¸¶µ²Ó§µ¢ ´´ÒÌ ¢ ± Î¥¸É¢¥ ¢Ìµ¤´ÒÌ
¶ · ³¥É·µ¢ (Ê·µ¢´¨ ³ ¸¸, ´ ¶·¨³¥·). ‘²¥¤µ¢ É¥²Ó´µ, ¶µÉ¥´Í¨ ²Ó´Ò¥ ³µ¤¥²¨
³µ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ± Î¥¸É¢¥ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ µ¸³Ò¸²¥´´ÒÌ ¶ · ³¥-
É·¨§ Í¨° ´¥±µÉµ·ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¢¥²¨Î¨´, ´µ µ´¨ ´¥ ³µ£ÊÉ ¢µ¸¸É ´µ-
¢¨ÉÓ ´¥±¨° ¨¸É¨´´Ò° ¶µÉ¥´Í¨ ², ±µÉµ·Ò° ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ´¥ ¸ÊÐ¥¸É¢Ê¥É
¨§-§  ´¥¶µÉ¥´Í¨ ²Ó´µ£µ Ì · ±É¥·  ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éµ¢ ¢ Í¥²µ³.

Š ± ¡Ò²µ ¶µ± § ´µ ¢ [38], Š•„-³µÉ¨¢¨·µ¢ ´´Ò¥, ´¥ § ¢¨¸ÖÐ¨¥ µÉ  ·µ-
³ É  ¸É É¨Î¥¸±¨Ì ¨¸ÉµÎ´¨±µ¢ ¶µÉ¥´Í¨ ²Ò ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¸ ±Ê²µ´µ¶µ¤µ¡-
´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ ¨ ¸ ²¨´¥°´µ · ¸ÉÊÐ¨³ Ê¤¥·¦¨-
¢ ÕÐ¨³ ¶µÉ¥´Í¨ ²µ³ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ (±µ·´¥²Ó¸± Ö ³µ¤¥²Ó [17], ¶µ-
É¥´Í¨ ² ¨Î ·¤¸µ´  [39], ³µ¤¥²Ó qÊÌ³Õ²²¥· Å’ Ö [40]) ¢ µ¡² ¸É¨ ¸·¥¤´¨Ì
· ¸¸ÉµÖ´¨° ³¥¦¤Ê ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨ ¢ Î ·³µ´¨¨ (cc̄) ¨ ¡µÉÉµ³µ´¨¨ (bb̄)

0, 1 < r < 1 Ë³ (1.52)

¤µ¶Ê¸± ÕÉ (¸ ÉµÎ´µ¸ÉÓÕ ¤µ  ¤¤¨É¨¢´µ£µ ¸¤¢¨£ ) ¶ · ³¥É·¨§ Í¨¨ ¢ ¢¨¤¥ ²µ-
£ ·¨Ë³¨Î¥¸±µ£µ [41] ¨ ¸É¥¶¥´´µ£µ [42] § ±µ´µ¢, µ¡² ¤ ÕÐ¨Ì ¶·µ¸ÉÒ³¨ ³ ¸-
ÏÉ ¡´Ò³¨ ¸¢µ°¸É¢ ³¨:

VL(r) = cL + dL ln Λr, (1.53)

VM (r) = −cM + dM (Λr)k. (1.54)

�µ É¥µ·¥³¥ ¢¨·¨ ²  ¤²Ö ¸·¥¤´¨Ì §´ Î¥´¨° ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨ ¢ ¶µÉ¥´Í¨-
 ² Ì (1.53), (1.54) ³µ¦´µ, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ²ÊÎ¨ÉÓ

〈TL〉 = dL/2 = const, (1.55)

〈TM 〉 =
k

k + 2
(cM + E), (1.56)

¶·¨Î¥³ |E| � cM , k � 1, É ± ÎÉµ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³ ²µ° Ô´¥·£¨¨ ¸¢Ö§¨ ±¢ ·±µ¢
¢ ±¢ ·±µ´¨¨ ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ÔÉ¨Ì ±¢ ·±µ¢ Å ¶· ±É¨Î¥¸±¨ ¶µ¸ÉµÖ´´ Ö
¢¥²¨Î¨´ , ´¥ § ¢¨¸ÖÐ Ö µÉ  ·µ³ Éµ¢ ±¢ ·±µ¢:

〈TM 〉 � const. (1.57)

‘µ£² ¸´µ É¥µ·¥³¥ ”¥°´³ ´ Å•¥²²³ ´´ 

dE

dµ12
= − 〈T 〉

µ12
, (1.58)
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’ ¡²¨Í  1.  §´µ¸ÉÓ ³ ¸¸ (¢ ŒÔ‚) ¤²Ö ²¥£Î °Ï¨Ì ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ¸ § ¤ ´´Ò³
¸µ¸É ¢µ³ ¢ ²¥´É´ÒÌ ±¢ ·±µ¢

‘µ¸ÉµÖ´¨¥ Υ ψ φ

∆M 563 588 660

£¤¥ µ12 Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ (Q1Q̄2), ¶µ²ÊÎ¨³ ¶·¨ Ê¸²µ¢¨¨
(1.55) ¤²Ö · §´µ¸É¨ Ô´¥·£¨° ¤¢ÊÌ Ê·µ¢´¥°

E(n̄, µ12) − E(n, µ12) = E(n̄, µ′12) − E(n, µ′12), (1.59)

É.¥. ¶²µÉ´µ¸ÉÓ Ê·µ¢´¥° Ô´¥·£¨¨ ¸¨¸É¥³Ò (Q1Q̄2) ´¥ § ¢¨¸¨É µÉ ³ ¸¸ ( ·µ³ Éµ¢)
ÉÖ¦¥²ÒÌ ±¢ ·±µ¢

dn

dMn
= φ(n), (1.60)

£¤¥ φ(n) ´¥ § ¢¨¸¨É µÉ µ12, ÎÉµ ¤µ¸É ÉµÎ´µ Ìµ·µÏµ ¶µ¤É¢¥·¦¤ ¥É¸Ö Ô³¶¨·¨-
Î¥¸±¨ (¸³. É ¡². 1).

Š¢ ´Éµ¢ ´¨¥ S-¢µ²´µ¢ÒÌ ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸¨¸É¥³ ¸ ²µ£ ·¨Ë³¨Î¥¸±¨³ ¨
¸É¥¶¥´´Ò³ ¶µÉ¥´Í¨ ² ³¨ ¶µ qµ·ÊÅ‡µ³³¥·Ë¥²Ó¤Ê ¤ ¥É

dML
n

dn
=

2T
n

=
1
n

dMn

dn
(n = 1), (1.61)

dMM
n

dn
= V0

1
n

(
n2µ0
µ

)k/(2+k)

. (1.62)

’ ± ± ± k � 1, ¶²µÉ´µ¸ÉÓ S-¢µ²´µ¢ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¶µÉ¥´Í¨ ²¥ Œ ·ÉÔ´ 
Éµ²Ó±µ ²µ£ ·¨Ë³¨Î¥¸±¨ § ¢¨¸¨É µÉ ¶·¨¢¥¤¥´´µ° ³ ¸¸Ò µ12. ‘ Éµ° ¦¥ ÉµÎ´µ-
¸ÉÓÕ ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ (1.61) ¶·¨¡²¨§¨É¥²Ó´µ ¸¶· ¢¥¤²¨¢µ ¢ ¸¨¸É¥³ Ì ¸
¶µÉ¥´Í¨ ²µ³ Œ ·ÉÔ´ .

�¶¨¸ ´´Ò¥ ¸¢µ°¸É¢  ¶µÉ¥´Í¨ ²  ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ´ °¤¥´Ò Ë¥´µ³¥´µ²µ-
£¨Î¥¸±¨. �´¨ µ¡Ê¸²µ¢²¨¢ ÕÉ ¢Ò¸µ±ÊÕ ÉµÎ´µ¸ÉÓ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° ¤²Ö
· ¸Î¥Éµ¢ ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ¡¥§ ÊÎ¥É  · ¸Ð¥¶²¥´¨Ö, § ¢¨¸ÖÐ¥£µ µÉ
¸¶¨´ , É ± ÎÉµ δm(nL) � 30 ŒÔ‚. …Ð¥ · § µÉ³¥É¨³, ÎÉµ ³ ¸ÏÉ ¡´Ò¥ ¸¢µ°-
¸É¢  (1.55), (1.57) ¨ (1.61) Ö¢²ÖÕÉ¸Ö ¢¥¤ÊÐ¨³ ¶·¨¡²¨¦¥´¨¥³ ¢ Ë¨É¨·µ¢ ´¨¨
Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·¥´´ÒÌ ³ ¸¸ Ê·µ¢´¥° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö.

’ ±¨³ µ¡· §µ³, ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É S-¢µ²´µ¢ÒÌ ±¢ ·±µ´¨¥¢ ¨³¥¥É
³¥¸Éµ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥

f2n
Mn

(
Mn

M1

)2 (
m1 +m2

4µ12

)2
=
c

n
, (1.63)

´¥§ ¢¨¸¨³µ µÉ  ·µ³ Éµ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢.
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‚Ò¢µ¤ µ ´¥§ ¢¨¸¨³µ¸É¨ ¶· ¢µ° Î ¸É¨ (1.63) µÉ  ·µ³ Éµ¢ ±¢ ·±µ¢ ³µ¦¥É
¡ÒÉÓ ¸¤¥² ´ ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö ·¥§Ê²ÓÉ Éµ¢ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥°, É ± ± ±
¶·¨¡²¨¦¥´¨¥, ±µ£¤  · §´µ¸ÉÓ ³¥¦¤Ê ³ ¸¸ ³¨ Ê·µ¢´¥° ¢ ÉÖ¦¥²µ³ ±¢ ·±µ´¨¨ ´¥
§ ¢¨¸¨É µÉ  ·µ³ É , Ö¢²Ö¥É¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³ ´ ¡²Õ¤¥´¨¥³, ¸²¥¤ÊÕÐ¨³
¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¨ ¢¥¤ÊÐ¨³ ± ´¥§ ¢¨¸¨³µ¸É¨ ¶²µÉ´µ¸É¨ ¸µ¸Éµ-
Ö´¨° µÉ  ·µ³ Éµ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢. �µ¤·µ¡´µ¥ µ¡¸Ê¦¤¥´¨¥ ·¥£Ê²Ö·´µ¸É¨ ¢
¸¶¥±É· Ì ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ³µ¦´µ ´ °É¨ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

1.6. —¨¸²¥´´Ò°  ´ ²¨§ ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨°. ‘µµÉ´µÏ¥´¨¥ (1.63),
¸¢Ö§Ò¢ ÕÐ¥¥ ²¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ ±¢ ·±µ´¨¥¢ ¸ · §²¨Î´Ò³ ±¢ ·±µ¢Ò³ ¸µ-
¸É ¢µ³, ´ Ìµ¤¨É¸Ö ¢ ¶·¥±· ¸´µ³ ¸µ£² ¸¨¨ ¸ ¤ ´´Ò³¨ ¶µ ±µ´¸É ´É ³ ¸¨¸É¥³
¸µ ¸±·ÒÉÒ³  ·µ³ Éµ³ (cc̄, bb̄), £¤¥ 4µ/M � 1 (¸³. É ¡². 2).

’ ¡²¨Í  2. �±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É (¢ ŒÔ‚) ¤²Ö ±¢ ·-
±µ´¨¥¢ ¢ ¸· ¢´¥´¨¨ ¸ µÍ¥´± ³¨ ¢ ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² Ì ¸Ê³³ (Š8‘)

‚¥²¨Î¨´  �±¸¶. Š�‘

fφ 232 ± 5 245± 12
fψ 409± 13 404± 20
fΥ 690± 14 690± 35

’ ¡²¨Í  3. ‹¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ ¢¥±Éµ·´ÒÌ ¨ ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¸µ¸ÉµÖ´¨°
nS-Ê·µ¢´¥° ¸¨¸É¥³Ò (b̄c), fn ¨ fPn , ¢ÒÎ¨¸²¥´´Ò¥ ¢ ¶· ¢¨² Ì ¸Ê³³ ¶µ ³ ¸ÏÉ ¡´µ³Ê
¸µµÉ´µÏ¥´¨Õ. 8µ£·¥Ï´µ¸ÉÓ 6%

n fn, ŒÔ‚ fPn , ŒÔ‚

1 385 397
2 260 245

�·¥´¥¡·¥£ Ö Ô´¥·£¨¥° ¢µ§¡Ê¦¤¥´¨Ö ¶µ ¸· ¢´¥´¨Õ ¸ ³ ¸¸ ³¨ ±¢ ·±µ¢, ¶µ-
²ÊÎ¨³

f2n1

f2n2

=
n2
n1
. (1.64)

‡´ Î¥´¨¥ ²¥¶Éµ´´µ° ±µ´¸É ´ÉÒ 1S-Ê·µ¢´Ö ¡Ò²µ ¢§ÖÉµ ¢ ± Î¥¸É¢¥ ¨¸Ìµ¤´µ£µ
¶ · ³¥É· , ¨ · ¸¸Î¨É ´Ò ±µ´¸É ´ÉÒ ¢Ò¸Ï¨Ì nS-¢µ§¡Ê¦¤¥´¨° ¢ Î ·³µ´¨¨ ¨
¡µÉÉµ³µ´¨¨, ±µÉµ·Ò¥ ¢¶µ²´¥ ¸µ£² ¸ÊÕÉ¸Ö ¸ ¨³¥ÕÐ¨³¨¸Ö ¤ ´´Ò³¨ (¸³. ¦¨·-
´Ò¥ ±·¨¢Ò¥ ´  ·¨¸. 2, £¤¥ ³Ò ´¥ ÊÎ¨ÉÒ¢ ²¨ µÉ±²µ´¥´¨¥ ¢¥²¨Î¨´Ò Mn/M1 µÉ
¥¤¨´¨ÍÒ, µ¤´ ±µ É ±µ¥ µÉ±²µ´¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´µ ¢ ¸¨¸É¥³¥ (c̄c)).
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¨¸. 2.  ¸¸Î¨É ´´ Ö ¢ Š�‘ § ¢¨¸¨³µ¸ÉÓ ²¥¶Éµ´´ÒÌ ±µ´¸É ´É nS-Ê·µ¢´¥° ¡µÉÉµ³µ´¨Ö
¨ Î ·³µ´¨Ö ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö fn

‹¥£±µ ´ °É¨ ³µ¤¨Ë¨± Í¨Õ (1.64):

f2n1

f2n2

=
n2
n1

Mn2

Mn1

. (1.65)

‹¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ, ¶¥·¥¸Î¨É ´´Ò¥ ¶µ ¸µµÉ´µÏ¥´¨Õ (1.65), ¶·¥¤¸É ¢²¥´Ò
Éµ´±¨³¨ ±·¨¢Ò³¨ ´  ·¨¸. 2, É ± ÎÉµ ³µ¦´µ Ê¢¨¤¥ÉÓ ¢¥²¨Î¨´Ê ´¥µ¶·¥¤¥²¥´-
´µ¸É¨, µ¡Ê¸²µ¢²¥´´ÊÕ ¶·¨¡²¨¦¥´¨¥³ ³ ²µ° ¢¥²¨Î¨´Ò ¢µ§¡Ê¦¤¥´¨Ö.

�É³¥É¨³, ÎÉµ ψ(3770)- ¨ ψ(4040)-¸µ¸ÉµÖ´¨Ö Î ·³µ´¨Ö, ± ± ¶µ² £ ÕÉ,
Ö¢²ÖÕÉ¸Ö ·¥§Ê²ÓÉ Éµ³ ¶¥·¥³¥Ï¨¢ ´¨Ö 3D- ¨ 3S-¸µ¸ÉµÖ´¨°, É ± ÎÉµ D-¢µ²´ 
¤µ³¨´¨·Ê¥É ¢ ψ(3770),   ¸³¥Ï¨¢ ´¨¥ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° 3D- ¨ 3S-¸µ¸ÉµÖ´¨°
¸µ¶·µ¢µ¦¤ ¥É¸Ö ²¨ÏÓ ³ ²Ò³ ¸¤¢¨£µ³ ³ ¸¸, ¨ ³Ò ¶µ² £ ¥³ M3 = Mψ(4040)

¨ f23 = f2(3770) + f2(4040). �É¨ µÍ¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¶µ²ÊÎ¥´´Ò¥ ±¢ -
§¨²µ± ²Ó´Ò¥ ¶· ¢¨²  ¸Ê³³ ³µ£ÊÉ ¢¶µ²´¥ ´ ¤¥¦´µ ¶·¨³¥´ÖÉÓ¸Ö ± ¸¨¸É¥³ ³ ¸
ÉÖ¦¥²Ò³¨ ±¢ ·± ³¨.

’ ±¨³ µ¡· §µ³, ³µ¦´µ § ±²ÕÎ¨ÉÓ, ÎÉµ ¢ · ³± Ì ÔÉ¨Ì ¶· ¢¨² ¸Ê³³ Ê¤ ¥É¸Ö
¢Ò¢¥¸É¨ Ê´¨¢¥·¸ ²Ó´Ò¥ ³ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É
¸¢Ö§¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢.

„ ²¥¥, ¨¸¶µ²Ó§ÊÖ ³ ¸ÏÉ ¡´Ò¥ ¸µµÉ´µÏ¥´¨Ö, ³µ¦´µ ¸¤¥² ÉÓ ¶·¥¤¸± § ´¨Ö
¤²Ö ±µ´¸É ´É ¸¢Ö§¨ ¸¨¸É¥³Ò (b̄c) (¸³. É ¡². 3), ±µÉµ·Ò¥ ´ Ìµ¤ÖÉ¸Ö É ±¦¥ ¢
¸µ£² ¸¨¨ ¸ µÍ¥´± ³¨ ²¥¶Éµ´´µ° ±µ´¸É ´ÉÒ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö, ¢Ò¶µ²´¥´-
´Ò³¨ ¢ · ³± Ì ¤·Ê£¨Ì ¸Ì¥³ ¶· ¢¨² ¸Ê³³ Š•„ [43].

1.7. Šµ´¸É ´É  fBc . �µÉ¥´Í¨ ²Ò, § ¤ ´´Ò¥ Š•„, ¨³¥ÕÉ ²¨´¥°´Ò° ·µ¸É
´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ¨ ±Ê²µ´µ¶µ¤µ¡´µ¥ ¶µ¢¥¤¥´¨¥ ´  ±µ·µÉ±¨Ì. �·¨ ÔÉµ³
Ëµ·³  ¶µÉ¥´Í¨ ²  ¢ µ¡² ¸É¨ ¸³¥´Ò ¶¥·ÉÊ·¡ É¨¢´µ£µ ·¥¦¨³  ´  ´¥¶¥·ÉÊ·¡ -
É¨¢´Ò° ¸ ·µ¸Éµ³ · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê ±¢ ·± ³¨ ¸µ¢¶ ¤ ¥É ¸ Ëµ·³µ° ²µ£ ·¨Ë³¨-
Î¥¸±µ£µ ¨²¨ ¸É¥¶¥´´µ£µ ¶µÉ¥´Í¨ ²µ¢, É ± ÎÉµ ÉµÎ´µ¸ÉÓ ¶·¥¤¸± § ´¨Ö Ê·µ¢´¥°
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Ô´¥·£¨¨ ¢ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨ÖÌ, ¢ Éµ³ Î¨¸²¥ ¨ ¤²Ö ¸¨¸É¥³Ò (b̄c), § ¤ ¥É¸Ö
¢¥²¨Î¨´µ° 30 ŒÔ‚.

ƒ²µ¡ ²Ó´Ò¥ ¦¥ ¸¢µ°¸É¢  ¶µÉ¥´Í¨ ²µ¢, É.¥. ¨Ì  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥
¢ £· ´¨Î´ÒÌ ÉµÎ± Ì r → ∞, r → 0, ¸ÊÐ¥¸É¢¥´´Ò ¶·¨ µ¶·¥¤¥²¥´¨¨ ±µ´-
¸É ´É ¸¢Ö§¨ ¸µ¸ÉµÖ´¨°, É ±¨Ì, ± ±, ´ ¶·¨³¥·, ²¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ f
¤²Ö nS-Ê·µ¢´¥°. ‚ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨ ¢¥²¨Î¨´  f ´¥ § ¢¨¸¨É µÉ ¸¶¨´µ-
¢µ£µ ¸µ¸ÉµÖ´¨Ö Ê·µ¢´Ö ¨ § ¤ ¥É¸Ö §´ Î¥´¨¥³ · ¤¨ ²Ó´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¢
´ Î ²¥ ±µµ·¤¨´ É R(0):

f̃n =
√

3
πMn

RnS(0).

‘ ÊÎ¥Éµ³ ¦¥¸É±¨Ì £²Õµ´´ÒÌ ¶µ¶· ¢µ± ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢¥±Éµ·´µ£µ ¨ ¶¸¥¢¤µ-
¸± ²Ö·´µ£µ ¸µ¸ÉµÖ´¨° · ¢´Ò

fV,Pn = f̃n

(
1 +

αs
π

(
m1 −m2
m1 +m2

ln
m1
m2

− δV,P
))
, (1.66)

£¤¥ m1,2 Å ³ ¸¸Ò ±¢ ·±µ¢, δV = 8/3, δP = 2,   ±µ´¸É ´É  ¸¢Ö§¨ Š•„ µ¶·¥-
¤¥²Ö¥É¸Ö ´  ³ ¸ÏÉ ¡¥ £²Õµ´´µ° ¢¨·ÉÊ ²Ó´µ¸É¨, § ¤ ¢ ¥³µ° ³ ¸¸ ³¨ ±¢ ·-
±µ¢ [33].

‡´ Î¥´¨Ö ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ¸ÊÐ¥¸É¢¥´´Ò ¶·¨ · ¸-
¸³µÉ·¥´¨¨ ·µ¦¤¥´¨Ö ¨ · ¸¶ ¤µ¢ ¨Ì ¸µ¸ÉµÖ´¨° ¢ · ³± Ì ±¢ ·±µ¢ÒÌ ³µ¤¥²¥°
³¥§µ´µ¢. �¤´ ±µ, ± ± Ê¦¥ Ê± §Ò¢ ²µ¸Ó ¢ÒÏ¥, ÉµÎ´µ¸ÉÓ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥-
²¥° ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¢¥²¨Î¨´ ¢¥¸Ó³  ´¨§± , ¨ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢Ò· ¦ -
¥É¸Ö Ë ±Éµ·µ³, ¤µ¸É¨£ ÕÐ¨³ ¤¢µ°±¨.

�· ¢¨²  ¸Ê³³ Š•„ ¶µ§¢µ²ÖÕÉ µ¶·¥¤¥²ÖÉÓ ²¥¶Éµ´´Ò¥ ±µ´¸É ´ÉÒ ¸µ¸Éµ-
Ö´¨° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ¸µ §´ Î¨É¥²Ó´µ ²ÊÎÏ¥° ÉµÎ´µ¸ÉÓÕ. ‘É ´¤ ·É´Ò¥
¸Ì¥³Ò ¶· ¢¨² ¸Ê³³ ¤ ÕÉ ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²ÖÉÓ ±µ´¸É ´ÉÒ µ¸´µ¢´µ£µ ¸µ¸Éµ-
Ö´¨Ö ¤²Ö ¢¥±Éµ·´µ£µ ¨ ¶¸¥¢¤µ¸± ²Ö·´µ£µ Éµ±µ¢ ¸ ÊÎ¥Éµ³ ¶µ¶· ¢µ± µÉ ±¢ ·±-
£²Õµ´´ÒÌ ±µ´¤¥´¸ Éµ¢, ¨³¥ÕÐ¨Ì ¸É¥¶¥´´ÊÕ Ëµ·³Ê ¶µ µ¡· É´µ° ³ ¸¸¥ ÉÖ-
¦¥²ÒÌ ±¢ ·±µ¢ [10]. ˆ´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¢±² ¤  ·¥§µ´ ´¸µ¢,
²¥¦ Ð¨Ì ´¨¦¥ ¶µ·µ£  · ¸¶ ¤µ¢ ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢, ¢ µ¡² ¸É¨ ´µ³¥-
·µ¢ ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¤¢ÊÌÉµÎ¥Î´µ£µ ±µ··¥²ÖÉµ·  Éµ±µ¢, £¤¥
´¥¸ÊÐ¥¸É¢¥´´Ò ¢±² ¤Ò µÉ ±µ´¤¥´¸ Éµ¢, ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ·¥£Ê²Ö·´µ¸ÉÓ
¶²µÉ´µ¸É¨ ¸µ¸ÉµÖ´¨° ±¢ ·±µ´¨Ö, Ê± § ´´ÊÕ ¢ÒÏ¥, ¨ Ê¸É ´µ¢¨ÉÓ ³ ¸ÏÉ ¡´Ò¥
¸µµÉ´µÏ¥´¨Ö ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ±¢ ·±µ´¨¥¢ ¸ · §²¨Î´Ò³ ±¢ ·±µ¢Ò³
¸µ¸É ¢µ³ ¨ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨°.

�·¨ ¢ÒÎ¨¸²¥´¨¨ ¢¥²¨Î¨´ R(0), ±µÉµ·Ò¥ ¢Ìµ¤ÖÉ ¢ ± Î¥¸É¢¥ ¶ · ³¥É·µ¢
¸É É¨Î¥¸±¨Ì ±¢ ·±µ¢ÒÌ ³µ¤¥²¥° ¶·¨ · ¸¸³µÉ·¥´¨¨ · ¸¶ ¤µ¢ ¨ µ¡· §µ¢ ´¨Ö
³¥§µ´µ¢, ¶µ ²¥¶Éµ´´Ò³ ±µ´¸É ´É ³, ¢ÒÎ¨¸²¥´´Ò³ ¢ ¶· ¢¨² Ì ¸Ê³³, ¢µ§´¨± ¥É
¤µ¶µ²´¨É¥²Ó´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ, ¸¢Ö§ ´´ Ö ¸ ¢Ò¡µ·µ³ Ï± ²Ò, § ¤ ÕÐ¥°
±µ´¸É ´ÉÊ ¸¢Ö§¨ Š•„ ¶·¨ ÊÎ¥É¥ ¦¥¸É±µ° £²Õµ´´µ° ¶µ¶· ¢±¨. ‡ ¢¨¸¨³µ¸ÉÓ
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’ ¡²¨Í  4. ‹¥¶Éµ´´ Ö ±µ´¸É ´É  Bc-³¥§µ´ , ¶µ²ÊÎ¥´´ Ö ¢ · §²¨Î´ÒÌ ¶µÉ¥´Í¨ ²Ó-
´ÒÌ ³µ¤¥²ÖÌ (ÉµÎ´µ¸ÉÓ ∼ 15%), ¢ ŒÔ‚

Œµ¤¥²Ó Œ ·ÉÔ´ ŠÊ²µ´ [45] [44] [46] [47, 48] [49]

f̃Bc 510 460 570 495 410 600 500

’ ¡²¨Í  5. ‹¥¶Éµ´´ Ö ±µ´¸É ´É  Bc-³¥§µ´ , ¶µ²ÊÎ¥´´ Ö ¢ ¶· ¢¨² Ì ¸Ê³³ Š•„
(¢ ŒÔ‚)

Œµ¤¥²Ó [54] [50] [51] [52] [55] [56] Š�‘

fBc 375 400 360 300 300 450 385

µÉ É ±µ£µ ¢Ò¡µ·  Ê± §Ò¢ ¥É ´  §´ Î¥´¨¥ ¢Ò¸Ï¨Ì ¶µ·Ö¤±µ¢ ¶¥·ÉÊ·¡ É¨¢´µ£µ
¶·¨¡²¨¦¥´¨Ö. �µ² £ Ö, ÎÉµ ¢ MS-¸Ì¥³¥ Ï± ²  ¡²¨§±  ± µ2 = m1m2e−11/12,
¶µ²ÊÎ¨³ §´ Î¥´¨Ö R(0), ¨§ ±µÉµ·ÒÌ ¢¨¤´µ, ÎÉµ ¶·¥¤¸± § ´¨Ö ¶· ¢¨² ¸Ê³³ ¨
¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥° Œ ·ÉÔ´  ¨ qT ´ Ìµ¤ÖÉ¸Ö ¢ · §Ê³´µ³ ¸µ£² ¸¨¨ ¤·Ê£ ¸
¤·Ê£µ³ (¸³. É ±¦¥ É ¡². 4, 5).

’ ±¨³ µ¡· §µ³, ´ ¨¡µ²¥¥ ´ ¤¥¦´ Ö µÍ¥´±  fBc ¢ ¶· ¢¨² Ì ¸Ê³³ ¶µ²ÊÎ -
¥É¸Ö ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ³ ¸ÏÉ ¡´µ£µ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É
±¢ ·±µ´¨¥¢, ±µÉµ·µ¥ ¸µ£² ¸Ê¥É¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²¥°.

1.8. �Í¥´±  αs. ‚ · ³± Ì ¸É ´¤ ·É´µ° ³µ¤¥²¨ ±µ´¸É ´É  ¸¨²Ó´µ£µ ¢§ ¨-
³µ¤¥°¸É¢¨Ö, ¨§³¥·¥´´ Ö ¢ ¶¨±¥ Z-¡µ§µ´  ´  LEP αs(m2Z) ≈ 0, 125, ¤µ²£µ¥
¢·¥³Ö ¶µ ¨³¥ÕÐ¨³¸Ö ¤ ´´Ò³ ¡Ò²  § ³¥É´µ ¡µ²ÓÏ¥ αs(m2Z) ≈ 0, 11, ±µÉµ· Ö
¨§¢²¥± ² ¸Ó ¨§ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¤ ´´ÒÌ [57], É ±¨Ì, ± ± £²Ê¡µ±µ´¥Ê¶·Ê-
£µ¥ · ¸¸¥Ö´¨¥ ²¥¶Éµ´µ¢ ´   ¤·µ´ Ì [58] (¶· ¢¨²  ¸Ê³³ ƒ·µ¸¸ Å‹ÓÕ¢¥²²¨´-
‘³¨É  ¨ Ô¢µ²ÕÍ¨Ö ¶µ Q2 ¸É·Ê±ÉÊ·´ÒÌ ËÊ´±Í¨°), · ¸¶ ¤Ò Υ, ¢ ¶· ¢¨² Ì
¸Ê³³ Š•„ ¤²Ö ¸¨¸É¥³Ò (b̄b) ¨ ¢ ¢ÒÎ¨¸²¥´¨ÖÌ ¸¶¥±É·  ³ ¸¸ ÉÖ¦¥²µ£µ ±¢ ·-
±µ´¨Ö ´  ·¥Ï¥É± Ì. �µ¤µ¡´µ¥ · ¸Ìµ¦¤¥´¨¥ ³¥¦¤Ê ¨§³¥·¥´¨Ö³¨ ´  LEP ¶·¨
Q2 ∼ 104 ƒÔ‚2 ¨ ¢¥²¨Î¨´µ°, µ¦¨¤ ¥³µ° ¨§ Š•„ ¶·¨ ¡µ²¥¥ ´¨§±¨Ì Ô´¥·-
£¨ÖÌ (Q2 ∼ 102 ƒÔ‚2), ³µ£²µ ¡Ò ¸²Ê¦¨ÉÓ Ê± § ´¨¥³ ´  ¢¨·ÉÊ ²Ó´Ò¥ ÔËË¥±ÉÒ
®´µ¢µ°¯ Ë¨§¨±¨ ¶·¨ ¡µ²ÓÏ¨Ì Ô´¥·£¨ÖÌ, ±µÉµ· Ö ´¥ Ê±² ¤Ò¢ ¥É¸Ö ¢ ¸Ì¥³Ê
¸É ´¤ ·É´µ° ³µ¤¥²¨ ¶·¨ Ô´¥·£¨ÖÌ Z-¡µ§µ´  [59].

‚ · ¡µÉ¥ [33] ¡Ò²¨ · ¸¸³µÉ·¥´Ò ¶· ¢¨²  ¸Ê³³ Š•„ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´-
¸É ´É ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄b) ¤²Ö ¶·¥Í¨§¨µ´´µ£µ ¨§-
¢²¥Î¥´¨Ö ±µ´¸É ´ÉÒ ¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ ³ ¸¸Ò b-±¢ ·± . ‚µ²µÏ¨´
¨¸¶µ²Ó§µ¢ ² ¸Ì¥³Ê ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¶µ¶¥·¥Î´µ£µ ±µ··¥²Ö-
Éµ·  ¢¥±Éµ·´ÒÌ Éµ±µ¢ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¨¡²¨¦¥´¨¨ ¨ ¶µ²ÊÎ¨² αs(m2Z) =
= 0, 109± 0, 001, £¤¥ Ê± § ´  ²¨ÏÓ ¸É É¨¸É¨Î¥¸± Ö ¶µ£·¥Ï´µ¸ÉÓ. ‘ Í¥²ÓÕ ¨¸-
¸²¥¤µ¢ ´¨Ö ³¥Éµ¤¨Î¥¸±µ° Ê¸Éµ°Î¨¢µ¸É¨ ·¥§Ê²ÓÉ É  ¶µ ¨§³¥·¥´¨Õ αs(m2Z) ¢
¶· ¢¨² Ì ¸Ê³³ ¤²Ö (b̄b) ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ · ¸¸³µÉ·¥´¨¥ ÔÉµ° ¶·µ¡²¥³Ò ¢
¤·Ê£¨Ì ¸Ì¥³ Ì.
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‚ ÔÉµ³ · §¤¥²¥ ³Ò ¶µ²ÊÎ ¥³ αs(m2Z) = 0, 118± 0, 003 ¨§ ¤ ´´ÒÌ ¶µ ±µ´-
¸É ´É ³ ¢¥±Éµ·´ÒÌ nS-Ê·µ¢´¥° (b̄b) ¢ ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² Ì ¸Ê³³ ¨ ¶µ-
± §Ò¢ ¥³, ÎÉµ µ¸´µ¢´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ ¢ÒÎ¨¸²¥´¨¨ ¢¥²¨Î¨´Ò ±µ´¸É ´ÉÒ
¸¢Ö§¨ Š•„ ¶·¨ Ô´¥·£¨ÖÌ ¡µÉÉµ³µ´¨Ö ¸¢Ö§ ´  ¸ ¢Ò¡µ·µ³ ÉµÎ±¨ ´µ·³¨·µ¢±¨
±Ê²µ´µ¶µ¤µ¡´µ£µ µ¡³¥´  ³¥¦¤Ê ±¢ ·± ³¨, É ± ÎÉµ δαs(m2Z) = 0, 010.

‚ µ¸´µ¢¥ µÍ¥´±¨ ²¥¦¨É ¸µµÉ´µÏ¥´¨¥ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É fn ¢¥±Éµ·-
´ÒÌ ¸µ¸ÉµÖ´¨°

f2n
Mn

=
αs
π

dMn

dn

(
4µ12
Mn

)2
HV Zsys. (1.67)

Œ ¸ÏÉ ¡, § ¤ ÕÐ¨° ¢¥²¨Î¨´Ê ±µ´¸É ´ÉÒ ¢ ±Ê²µ´µ¶µ¤µ¡´µ³ µ¡³¥´¥, µ¶·¥¤¥-
²Ö¥É¸Ö ¢¥²¨Î¨´µ° ¸·¥¤´¥£µ ±¢ ¤· É  ¨³¶Ê²Ó¸  ±¢ ·±  ¢ ³¥§µ´¥, É ± ÎÉµ ³Ò
¶µ² £ ¥³

αs = αMS
s (2Tµ12),

  ¢ Ë ±Éµ·¥ ¦¥¸É±µ° £²Õµ´´µ° ¶µ¶· ¢±¨ HV ±µ´¸É ´É  § ¤ ¥É¸Ö ³ ¸¸ ³¨
±¢ ·±µ¢, ¶µÔÉµ³Ê

αHs = αMS
s (

√
m1m2).

„²Ö µÍ¥´±¨ § ¢¨¸¨³µ¸É¨ ·¥§Ê²ÓÉ É  µÉ ÉµÎ±¨ ´µ·³¨·µ¢±¨ ³Ò ¨¸¶µ²Ó§Ê¥³

É ±¦¥ ¶·µÍ¥¤Ê·Ê BLM. ‚ MS-¸Ì¥³¥ ¶¥·¥´µ·³¨·µ¢±¨ ¢¥²¨Î¨´  α(BLM)s µ¶·¥-
¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

α(BLM)s = αMS
s (e−5/3p̄2Q), (1.68)

£¤¥ p̄2Q Å ¸·¥¤´¨° ±¢ ¤· É ¶¥·¥¤ Î¨ ¨³¶Ê²Ó¸  ³¥¦¤Ê ±¢ ·± ³¨, É ± ÎÉµ

p̄2Q = 〈(p1 − p2)2〉 = 2〈p21,2〉 = 4〈T 〉 µ12. (1.69)

‚ ¦¥¸É±µ° £²Õµ´´µ° ¶µ¶· ¢±¥ ± ±µ··¥²ÖÉµ·Ê ¢¥±Éµ·´ÒÌ Éµ±µ¢ ¨³¥¥³ ¤²Ö
m1 = m2 = mQ [33]:

αH(BLM)s = αMS
s (e−11/12m2Q). (1.70)

„ ²¥¥, Ë ±Éµ· Zsys = Znr/Zint ¡²¨§µ± ± ¥¤¨´¨Í¥, ¨ µ´ µ¶·¥¤¥²Ö¥É ¸¨¸É¥³ -
É¨Î¥¸±ÊÕ ¶µ¶· ¢±Ê §  ¸Î¥É ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¢±² ¤  ±¢ ·-
±µ¢µ° ¶¥É²¨ ¸ ÊÎ¥Éµ³ αs/v-Î²¥´µ¢ ±Ê²µ´µ¢¸±µ£µ É¨¶  (Znr) ¨ §  ¸Î¥É ¨´É¥-
£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¢±² ¤  ·¥§µ´ ´¸µ¢ ¢  ¤·µ´´ÊÕ Î ¸ÉÓ ¶· ¢¨² ¸Ê³³
(Zint). ‚¥²¨Î¨´  Zsys ¸² ¡µ § ¢¨¸¨É µÉ ´µ³¥·  ³µ³¥´É , É ± ÎÉµ ¤²Ö µ¸´µ¢-
´µ£µ ¸µ¸ÉµÖ´¨Ö (b̄b) ¢ µ¡² ¸É¨ ¸É ¡¨²Ó´µ¸É¨ Zint (mb = (4, 58 ± 0, 03) ƒÔ‚)
¨³¥¥³

Zsys = 0, 90 ± 0, 03. (1.71)
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’ ¡²¨Í  6. ‘¨¸É¥³ É¨Î¥¸±¨¥ Ë ±Éµ·Ò ¢ ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² Ì ¸Ê³³ ¢ § ¢¨¸¨-
³µ¸É¨ µÉ ³ ¸¸ ±¢ ·±µ¢ (¢ ƒÔ‚)

mb Z
(3)
int Z

(3)
nr mc Z

(3)
int Z

(3)
nr

4,55 1,13 1,09 1,20 0,74 1,42

4,58 1,19 1,09 1,30 0,96 1,36

4,61 1,26 1,09 1,35 1,10 1,33

4,66 1,39 1,08 1,41 1,29 1,30

4,72 1,57 1,07 1,48 1,58 1,26

‚ É ¡². 6 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö ¸¨¸É¥³ É¨Î¥¸±¨Ì Ë ±Éµ·µ¢ ¢ § ¢¨¸¨³µ¸É¨ µÉ
³ ¸¸ ±¢ ·±µ¢ (µ¡² ¸ÉÓ ¸É ¡¨²Ó´µ¸É¨ Zint ¤²Ö ¸¨¸É¥³Ò (c̄c) mc = (1, 41 ±
0, 04) ƒÔ‚).

„²Ö ¶²µÉ´µ¸É¨ ¸µ¸ÉµÖ´¨° dn/dMn ¢ ÉÖ¦¥²µ³ ±¢ ·±µ´¨¨ ¨³¥¥³ Ö¢´µ¥
¢Ò· ¦¥´¨¥

dMn

dn
=

2T
n
. (1.72)

ˆ§ (1.72) ¸²¥¤Ê¥É, ÎÉµ

T =
M2 −M1

ln 4
, (1.73)

£¤¥ Mn Å ³ ¸¸  nS-Ê·µ¢´Ö, Mn = (3MVn +MPn)/4, MV,P Å ³ ¸¸Ò ¢¥±-
Éµ·´µ£µ ¨ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸µ¸ÉµÖ´¨° ¸µµÉ¢¥É¸É¢¥´´µ. ˆ§ ¤ ´´ÒÌ µ ³ ¸¸ Ì
Î ·³µ´¨Ö ¨ ¡µÉÉµ³µ´¨Ö ¸²¥¤Ê¥É, ÎÉµ

T = (415 ± 20) ŒÔ‚.

‚ ¤ ´´µ³ · §¤¥²¥ ³Ò ¨¸¸²¥¤Ê¥³ ±µ´¸É ´ÉÒ ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨°, ¶µÔÉµ³Ê
¢ ± Î¥¸É¢¥ ¶ · ³¥É·  T ¨¸¶µ²Ó§Ê¥É¸Ö ¢¥²¨Î¨´ , § ¤ ¢ ¥³ Ö Ô±¸¶¥·¨³¥´É ²Ó-
´Ò³¨ §´ Î¥´¨Ö³¨ ³ ¸¸ Υ(nS) ¨ ψ(ns), n = 1, 2.

Š ± ¡Ò²µ ¶µ± § ´µ,

aQ = αs HV

(
2mQ

M1

)2
Zsys

¸ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ ´¥ § ¢¨¸¨É µÉ  ·µ³ É  ÉÖ¦¥²µ£µ ±¢ ·± , ÎÉµ ¶·¨¢µ¤¨É ±
³ ¸ÏÉ ¡´Ò³ ¸µµÉ´µÏ¥´¨Ö³ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É. ‘µ£² ¸´µ (1.67), Ô³¶¨-
·¨Î¥¸± Ö ¢¥²¨Î¨´ 

aQ = π
f21
M1

ln 2
M2 −M1



“�ˆ‚…‘�‹œ�›… Œ�‘˜’�q�›… ‘��’��˜…�ˆŸ 1107

¤ ¥É ¢µ§³µ¦´µ¸ÉÓ µ¶·¥¤¥²¨ÉÓ αs. �·¨ ÔÉµ³ ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ, ÎÉµ ²¥¶Éµ´´ Ö
Ï¨·¨´  Υ(1S) → l+l− µ¶·¥¤¥²Ö¥É¸Ö ÔËË¥±É¨¢´µ° ±µ´¸É ´Éµ° Éµ´±µ° ¸É·Ê±-
ÉÊ·Ò ᾱem ´  ³ ¸ÏÉ ¡¥ MΥ [33], É ± ÎÉµ ³Ò ¶µ² £ ¥³ f1 = (690 ± 15) ŒÔ‚.

ˆ§ Ô±¸¶¥·¨³¥´É  ¨³¥¥³

ab = 0, 195 ± 0, 007, ac = 0, 20 ± 0, 01.

‘ ¤¢ÊÌ¶¥É²¥¢µ° ÉµÎ´µ¸ÉÓÕ ¤²Ö ®¡¥£ÊÐ¥°¯ ±µ´¸É ´ÉÒ αs (µ¶¨¸ ´¨¥ § ¢¨¸¨³µ-
¸É¨ ΛQCD µÉ Î¨¸²   ±É¨¢´ÒÌ  ·µ³ Éµ¢ ¸³. ¢ [57]) ´ Ìµ¤¨³∗, ÎÉµ

αMS
s (m2Z) = 0, 118 ± 0, 003, (1.74)

É ± ÎÉµ Λ(5) = (205±35) ŒÔ‚. �µ£·¥Ï´µ¸ÉÓ ¢ (1.74), £² ¢´Ò³ µ¡· §µ³, ¸É É¨-
¸É¨Î¥¸± Ö. ‘¨¸É¥³ É¨Î¥¸± Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ µ¡Ê¸²µ¢²¥´  ¢Ò¡µ·µ³ ÉµÎ±¨
´µ·³¨·µ¢±¨ ±µ´¸É ´ÉÒ Š•„ ¶·¨ Ô´¥·£¨ÖÌ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö. ’ ±, · -
§Ê³´ Ö ¢ ·¨ Í¨Ö ÔÉµ£µ ¶ · ³¥É· , ± ¶·¨³¥·Ê, ¢Ò¡µ· Ë¨±¸ Í¨¨ ³ ¸ÏÉ ¡  ¢

¸Ì¥³¥ BLM, ¶·¨¢µ¤¨É ± αMS(BLM)
s (m2Z) = 0, 106 ± 0, 003, ÎÉµ ´ Ìµ¤¨É¸Ö

¢ ¸µ£² ¸¨¨ ¸ ·¥§Ê²ÓÉ Éµ³ ‚µ²µÏ¨´  αMS(BLM)
s (m2Z) = 0, 109 ± 0, 001, É ±

ÎÉµ ³Ò µÍ¥´¨¢ ¥³ ³¥Éµ¤¨Î¥¸±ÊÕ ÉµÎ´µ¸ÉÓ ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ± ±
δαs(m2Z) = 0, 010.

‡ ³¥É¨³, ÎÉµ ´¥¤ ¢´¥¥ ¶·¨³¥´¥´¨¥ ¢Ò¡µ·  ³ ¸ÏÉ ¡  BLM ± ³¥Éµ¤Ê ¨§³¥-
·¥´¨Ö αs ¶µ ®Ëµ·³¥  ¤·µ´´ÒÌ ¸µ¡ÒÉ¨°¯ ¤ ²µ αMS

s (m2Z) = 0, 109±0, 008 [60].
‚Ò¸µ± Ö ÉµÎ´µ¸ÉÓ ¨§¢²¥Î¥´¨Ö ¢¥²¨Î¨´Ò αs ¢ ¶· ¢¨² Ì ¸Ê³³ ¤²Ö (b̄b)

µ¡Ê¸²µ¢²¥´  ¡µ²ÓÏµ° ·µ²ÓÕ ±Ê²µ´µ¶µ¤µ¡´ÒÌ αs/v-¶µ¶· ¢µ±, ±µÉµ·Ò¥ ¶·¨-
¢µ¤ÖÉ ± ²¨´¥°´µ° § ¢¨¸¨³µ¸É¨ ±¢ ¤· É  ²¥¶Éµ´´µ° ±µ´¸É ´ÉÒ µÉ ¢¥²¨Î¨´Ò
±µ´¸É ´ÉÒ ¸¢Ö§¨ ´  ³ ¸ÏÉ ¡¥ ¸·¥¤´¥° ¶¥·¥¤ Î¨ ¨³¶Ê²Ó¸  ³¥¦¤Ê ±¢ ·± ³¨ ¢
ÉÖ¦¥²µ³ ±¢ ·±µ´¨¨.

‚ · ¡µÉ¥ [61] ¡Ò²¨ ¨¸¶µ²Ó§µ¢ ´Ò O(α2s)-¢Ò· ¦¥´¨Ö ¤²Ö ±µ··¥²ÖÉµ·µ¢
¢¥±Éµ·´ÒÌ Éµ±µ¢ ¤²Ö ¨§¢²¥Î¥´¨Ö ±µ´¸É ´ÉÒ Š•„ ¨ ³ ¸¸Ò b-±¢ ·±  ¨§ ¤ ´´ÒÌ
¶µ ¡µÉÉµ³µ´¨Õ. �·¨ ÔÉµ³ ¨¸¶µ²Ó§µ¢ ²¸Ö  ´§ Í ¤²Ö ¢±² ¤  ±Ê²µ´µ¶µ¤µ¡´µ£µ
µ¡³¥´  ³¥¦¤Ê ±¢ ·± ³¨ ¸ ³ ¸ÏÉ ¡µ³, § ¤ ¢ ¥³Ò³ µÉ´µ¸¨É¥²Ó´Ò³ ¨³¶Ê²Ó¸µ³
±¢ ·±µ¢. ¥§Ê²ÓÉ É É ±µ£µ · ¸¸³µÉ·¥´¨Ö ¸µ£² ¸Ê¥É¸Ö ¸ ¢¥²¨Î¨´µ°, ¶µ²ÊÎ¥´´µ°
¢ ¤ ´´µ³ · §¤¥²¥.

’ ±¨³ µ¡· §µ³, ³Ò ¶µ± § ²¨, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ · §²¨Î´ÒÌ ¸Ì¥³ ¶· -
¢¨² ¸Ê³³ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° ÉÖ¦¥²µ£µ ±¢ ·±µ-
´¨Ö (b̄b) ¶·¨¢µ¤¨É ± ¸¨¸É¥³ É¨Î¥¸±¨ Ê¸Éµ°Î¨¢µ³Ê ·¥§Ê²ÓÉ ÉÊ αMS

s (m2Z) =
= 0, 118 ± 0, 003, ±µÉµ·Ò° ¸µ£² ¸Ê¥É¸Ö ¸µ §´ Î¥´¨¥³, ¨§³¥·¥´´Ò³ ¢ ¶µ²Õ¸¥
Z-¡µ§µ´  ´  LEP.

∗�´ ²µ£¨Î´µ¥ · ¸¸³µÉ·¥´¨¥ ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö αs ¶·¨¢¥¤¥´µ ¢ [24].
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„¢ÊÌ¶¥É²¥¢µ¥ ¶·¨¡²¨¦¥´¨¥. ŠµÔËË¨Í¨¥´É ‚¨²Ó¸µ´  ¢ µ¶¥· Éµ·´µ³ · §-
²µ¦¥´¨¨ NRQCD ¤²Ö ³ É·¨Î´µ£µ Ô²¥³¥´É  ¢¥±Éµ·´µ£µ Éµ±   ´´¨£¨²ÖÍ¨¨ ÉÖ-
¦¥²ÒÌ ±¢ ·±µ¢ ¸ · ¢´Ò³¨ ³ ¸¸ ³¨ ¶µ¸²¥ ¤¢ÊÌ¶¥É²¥¢µ° ¶¥·¥´µ·³¨·µ¢±¨ ¨³¥¥É
¢¨¤ [62]:

KV (αs,mQ/µ) = 1 − 2
CFαs(mQ)

π
+ c2(mQ/µ)

(αs
π

)2
, (1.75)

£¤¥ CF = (N2 − 1)/2N = 4/3,   N = 3 Å Î¨¸²µ Í¢¥Éµ¢ ±¢ ·±µ¢, É ± ÎÉµ
 ´µ³ ²Ó´ Ö · §³¥·´µ¸ÉÓ KV ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ · ¢´  ´Ê²Õ, ¨

γK =
dKV

d lnµ
= γ2

(αs
π

)2
+O(α3s),

¨ (CA = 3)

γ2 = −CF (2CF + 3CA)
π2

6
,

  ¶µ²´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö KV ¢ ÉµÎ±¥ ¸Ï¨¢±¨ Š•„ ¨ NRQCD µ = mQ ³µ¦´µ
´ °É¨ ¢ [62]. ‚ ¶· ¢¨² Ì ¸Ê³³ ³Ò ¨¸¶µ²Ó§Ê¥³ HV = K2V . ’ ±¨³ µ¡· §µ³,
¸É ´µ¢¨É¸Ö Ö¸´µ, ÎÉµ ±µ´¸É ´É  ±Ê²µ´µ¶µ¤µ¡´µ£µ µ¡³¥´  ³¥¦¤Ê ´¥·¥²ÖÉ¨-
¢¨¸É¸±¨³¨ ±¢ ·± ³¨ ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ µ¶·¥¤¥²Ö¥É¸Ö ´  ³ ¸ÏÉ ¡¥
µ0, ±µÉµ·Ò° ´¥ § ¢¨¸¨É µÉ ³ ¸ÏÉ ¡  Ë ±Éµ·¨§ Í¨¨ ¢¨²Ó¸µ´µ¢¸±¨Ì ±µÔËË¨-
Í¨¥´Éµ¢ ¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¢ NRQCD, É ± ± ± Ë ±Éµ· HV ´¥ § ¢¨¸¨É µÉ
µ, ´µ ¢ ¤¢ÊÌ ¶¥É²ÖÌ É ± Ö § ¢¨¸¨³µ¸ÉÓ ¶µÖ¢²Ö¥É¸Ö, ¨ ±Ê²µ´µ¶µ¤µ¡´Ò° ¢±² ¤
µ¶·¥¤¥²Ö¥É¸Ö ´  ³ ¸ÏÉ ¡¥ µ̄ = µ̄(µ). ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ γ2 Å µÉ·¨Í É¥²Ó-
´ Ö ¢¥²¨Î¨´ , É ± ÎÉµ αs(µ̄2) · ¸É¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ µ. �Î¥¢¨¤´µ, ¨³¥¥É¸Ö
ÉµÎ± , £¤¥ αs(µ̄2) = αs(µ2), ¢ ±µÉµ·µ° ³Ò ¡Ê¤¥³ ¶·µ¢µ¤¨ÉÓ · ¸Î¥É ¶· ¢¨²
¸Ê³³. —Éµ¡Ò µ¶·¥¤¥²¨ÉÓ ÔÉÊ ÉµÎ±Ê, § ³¥É¨³, ÎÉµ ¸·¥¤´¨° ±¢ ¤· É ¶¥·¥¤ Î¨
¨³¶Ê²Ó¸  ³¥¦¤Ê ´¥·¥²ÖÉ¨¢¨¸É¸±¨³¨ ±¢ ·± ³¨ µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³, ÊÎ¨-
ÉÒ¢ ÕÐ¨³ ¶¥·ÉÊ·¡ É¨¢´Ò° ¢±² ¤ ¸ ÊÎ¥Éµ³ Ë¨±¸ Í¨¨ Ï± ²Ò Ë ±Éµ·¨§ Í¨¨
NRQCD [68]:

〈p2〉 = µ̄2 +
4

3π
αs(µ2)µ2,

¶·¨Î¥³ 〈p2〉 = µ20. �µ² £ Ö µ̄ = µ, ¶µ²ÊÎ¨³

µ2 =
µ20

1 − 4
3παs(µ

2)
.

‚ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ³Ò ¶µ² £ ²¨ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨ µ20 = TmQ.
’¥¶¥·Ó ¦¥ ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ · ¸Î¥Éµ¢ ±µ´¸É ´ÉÒ ¸¢Ö§¨ Š•„ ¢ · ³± Ì
¶· ¢¨² ¸Ê³³ ¢ µ¤´µ° ¨ ¤¢ÊÌ ¶¥É²ÖÌ ¶µ§¢µ²ÖÕÉ § Ë¨±¸¨·µ¢ ÉÓ µ0, É ± ± ±
ÔÉ¨ · ¸Î¥ÉÒ ³µ£ÊÉ ´ Ìµ¤¨ÉÓ¸Ö ¢ ¸µ£² ¸¨¨ ¤·Ê£ ¸ ¤·Ê£µ³ Éµ²Ó±µ ¶·¨ µ¶·¥¤¥-
²¥´´µ³ §´ Î¥´¨¨ µ0. —¨¸²¥´´Ò¥ µÍ¥´±¨, ± ± µ± §Ò¢ ¥É¸Ö, ¶µ¤É¢¥·¦¤ ÕÉ,
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ÎÉµ µ20 = Tm0Q, £¤¥ m
0
Q µ¶·¥¤¥²Ö¥É ¶µ·µ£ ±¢ ·±µ¢µ£µ ¢±² ¤  ¢ ¶· ¢¨²  ¸Ê³³

(¸³. ´¨¦¥).
„ ²¥¥, ¢µ ¢Éµ·µ³ ¶µ·Ö¤±¥ ¶µ αs ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ § ¢¨¸¨³µ¸ÉÓ ³ ¸¸Ò ÉÖ¦¥-

²µ£µ ±¢ ·±  µÉ Ï± ²Ò Ë ±Éµ·¨§ Í¨¨, É ± ÎÉµ ¶µ·µ£µ¢ Ö Ô´¥·£¨Ö ±¢ ·±µ¢µ£µ
¢±² ¤  §  ¸Î¥É ±Ê²µ´µ¶µ¤µ¡´µ° ¸¢Ö§¨ µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

2m0b = 2mb(µ) − 4
9
α2s(µ2)mb(µ),

£¤¥ m0b ¢ ¶· ¢¨² Ì ¸Ê³³ ´¥ § ¢¨¸¨É µÉ µ, ¨ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¶µ¤Ìµ¤¥ ³Ò
¨³¥¥³, ± ± ¨ ¶·¥¦¤¥, m0b ≈ 4, 58 ƒÔ‚.

‚ ÔÉµ³ ¦¥ ¶µ·Ö¤±¥ ¶µ ±µ´¸É ´É¥ ¸¢Ö§¨ Š•„ ¸²¥¤Ê¥É µ¸µ¡µ µÉ³¥É¨ÉÓ ·µ²Ó
±Ê²µ´µ¢¸±¨Ì ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ Ê§±µ° Ð¥²¨ 2mb − 2m0b . �É¨ ¸µ¸ÉµÖ´¨Ö
¢ · ¸¸³ É·¨¢ ¥³µ° µ¡² ¸É¨ ´µ³¥·µ¢ ³µ³¥´Éµ¢ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¤µ-
¶Ê¸± ÕÉ ¶·¥¤¸É ¢²¥´¨¥ ¸Ê³³Ò ¶µ ·¥§µ´ ´¸ ³ ¢ ¨´É¥£· ²Ó´µ³ ¢¨¤¥, ¶·¨Î¥³
¸¶¥±É· ²Ó´ Ö ¶²µÉ´µ¸ÉÓ ¢ ¨´É¥£· ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¢ ÉµÎ´µ¸É¨ ¸µ¢¶ ¤ ¥É
¸ ±µ´¸É ´Éµ°, µ¶·¥¤¥²Ö¥³µ° ´  ¶µ·µ£¥ ¢±² ¤  ±µ´É¨´ÊÊ³ , É ± ÎÉµ ¢ ¶·¨´ÖÉµ°
 ¶¶·µ±¸¨³ Í¨¨ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¥¥ ¶µ·µ£µ¢Ò³ §´ Î¥´¨¥³ Ëµ·³ ²Ó´µ
´¥ ´Ê¦´µ ¢¢µ¤¨ÉÓ ´¨± ±¨Ì ¨§³¥´¥´¨° ¢ É¥µ·¥É¨Î¥¸±ÊÕ Î ¸ÉÓ ¶· ¢¨² ¸Ê³³
(¤·Ê£¨³¨ ¸²µ¢ ³¨, ±¢ §¨²µ± ²Ó´Ò¥ ¶· ¢¨²  ¸Ê³³ ¤²Ö Î¨¸Éµ ±Ê²µ´µ¢¸±µ° ¸¨-
¸É¥³Ò ¸ ¥¥ Ô´¥·£¥É¨Î¥¸±µ° ¶²µÉ´µ¸ÉÓÕ ¸µ¸ÉµÖ´¨° µ¡· Ð ÕÉ¸Ö ¢ Éµ¦¤¥¸É¢µ).
�µ ¶·¨ ÔÉµ³ ³µ¦´µ Ê³µ§·¨É¥²Ó´µ ¢Ò¤¥²¨ÉÓ ¢ µ¡² ¸É¨ ¨´É¥£·¨·µ¢ ´¨Ö ¤µ³¥´
·¥§µ´ ´¸µ¢ ¨ £µ¢µ·¨ÉÓ, ÎÉµ ¸ ·µ¸Éµ³ ´µ³¥·  ³µ³¥´É  ¸¶¥±É· ²Ó´µ° ¶²µÉ-
´µ¸É¨ µÉ´µ¸¨É¥²Ó´Ò° ¢±² ¤ ±Ê²µ´µ¢¸±¨Ì ·¥§µ´ ´¸µ¢ (É.¥. µ¡² ¸É¨, ´ ¨³¥-
´¥¥ ¶µ¤ ¢²¥´´µ° ¢¥¸µ³ ¨´É¥£·¨·µ¢ ´¨Ö 1/sn) ¸É ´µ¢¨É¸Ö ¸· ¢´¨³Ò³ ¸ ¥¤¨-
´¨Í¥° [63]. —¨¸²¥´´Ò¥ µÍ¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ ÊÎ¥É ¢±² ¤  ±Ê²µ´µ¢¸±¨Ì
·¥§µ´ ´¸µ¢ µÎ¥´Ó ¸² ¡µ ¢ ·Ó¨·Ê¥É ¢¥²¨Î¨´Ê ¸¨¸É¥³ É¨Î¥¸±µ£µ Ë ±Éµ·  ´¥-
·¥²ÖÉ¨¢¨¸É¸±µ£µ ¶·¥¤¸É ¢²¥´¨Ö Znr ¤²Ö b-±¢ ·±µ¢, ´µ ¢¥¸Ó³  ¸ÊÐ¥¸É¢¥´ ¤²Ö
c-±¢ ·±µ¢.

�µ¸²¥ ¸¤¥² ´´ÒÌ § ³¥Î ´¨° ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ ¨§¢²¥Î¥´¨Ö ¶ · ³¥É·µ¢
Š•„ ¢ · ³± Ì ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³ ¸ ÊÎ¥Éµ³ ¤¢ÊÌ¶¥É²¥¢µ° ¶¥·¥´µ·-
³¨·µ¢±¨:

αs(m2Z) = 0, 118 ± 0, 002, mb(µ ≈ 1, 24 ƒÔ‚) = (4, 76 ± 0, 01) ƒÔ‚ (1.76)

¤²Ö ¸¨¸É¥³Ò b̄b, ¨

αs(m2Z) = 0, 116 ± 0, 003, mc(µ ≈ 0, 60 ƒÔ‚) = (1, 87 ± 0, 04) ƒÔ‚ (1.77)

¤²Ö ¸¨¸É¥³Ò c̄c, ¨§ ±µÉµ·µ° ¢¨¤´µ, ÎÉµ ÊÎ¥É Î²¥´µ¢ O(α2s) ¢¥¸Ó³  §´ Î¨É¥-
²¥´, ¨ ¶µÔÉµ³Ê É·Ê¤´µ ¸Ê¤¨ÉÓ µ¡ Ê¸Éµ°Î¨¢µ¸É¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„ ¢
· §²µ¦¥´¨¨ NRQCD.

’ ±¨³ µ¡· §µ³, ³Ò ¶µ± § ²¨, ÎÉµ ±¢ §¨²µ± ²Ó´Ò¥ ¶· ¢¨²  ¸Ê³³ ¢ µ¤´µ-
¨ ¤¢ÊÌ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨ÖÌ ¶µ§¢µ²ÖÕÉ ´ ¤¥¦´µ ¨§¢²¥± ÉÓ ¶ · ³¥É·Ò Š•„
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¨§ ¤ ´´ÒÌ µ ¸¨¸É¥³¥ ÉÖ¦¥²µ£µ ¡µÉÉµ³µ´¨Ö, ¨ ·¥§Ê²ÓÉ ÉÒ ¶µ¤µ¡´ÒÌ · ¸Î¥Éµ¢
¸µ£² ¸ÊÕÉ¸Ö ¸ µÍ¥´± ³¨ ¢ ¤·Ê£¨Ì ¶µ¤Ìµ¤ Ì.

2. ‹…8’���›… Š��‘’
�’› ’Ÿ†…‹›• Œ…‡���‚
‚ ‘’
’ˆ—…‘Š�Œ 8…„…‹…

‚ ÔÉµ³ · §¤¥²¥ ³Ò µ¡µ¡Ð ¥³ ±¢ §¨²µ± ²Ó´Ò¥ ¶· ¢¨²  ¸Ê³³ ´  ¸¨¸É¥³Ò,
¢ ±µÉµ·ÒÌ µ¤¨´ ±¢ ·± ´ ³´µ£µ ÉÖ¦¥²¥¥ ¤·Ê£µ£µ, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É, ´ ¶·¨³¥·,
B-³¥§µ´ ³.

‚ ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ [7], ±µÉµ· Ö Ï¨·µ±µ ¨¸¶µ²Ó§Ê-
¥É¸Ö ¤²Ö µ¶¨¸ ´¨Ö ¤¨´ ³¨±¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ¨³¥-
¥É¸Ö ·Ö¤ · §³¥·´ÒÌ ¶ · ³¥É·µ¢, ±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ ± ± ÉµÎ´µ¸ÉÓ ¢¥¤ÊÐ¥£µ
¶·¨¡²¨¦¥´¨Ö ¢ ¶·¥¤¥²¥ ¡¥¸±µ´¥Î´µ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, É ± ¨ ¢¥²¨Î¨´Ê ¸É¥¶¥´-
´ÒÌ ¶µ¶· ¢µ± ¶µ Λ/mQ � 1, £¤¥ Λ Å Ï± ² , µ¶·¥¤¥²ÖÕÐ Ö ¢¨·ÉÊ ²Ó´µ¸ÉÓ
ÉÖ¦¥²µ£µ ±¢ ·±  ¢  ¤·µ´¥. Š Î¨¸²Ê É ±¨Ì ¢ ¦´¥°Ï¨Ì ¶ · ³¥É·µ¢ ¢ Ë¨§¨±¥
ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ (Qq̄) ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³ µÉ´µ¸ÖÉ¸Ö: · §´µ¸ÉÓ ³ ¸¸
ÉÖ¦¥²µ£µ ±¢ ·±  ¨ ³¥§µ´  Λ̄ = M(Qq̄) − mQ, ²¥¶Éµ´´ Ö ±µ´¸É ´É  ³¥§µ´ 
f statQ ¢ ¸É É¨Î¥¸±µ³ ¶·¥¤¥²¥ mQ → ∞ ¨ ±¢ ¤· É ¨³¶Ê²Ó¸  ÉÖ¦¥²µ£µ ±¢ ·± 
¢ ³¥§µ´¥ µ2π. ’ ± ± ± ÔÉ¨ ¢¥²¨Î¨´Ò µ¶·¥¤¥²ÖÕÉ¸Ö Š•„-¢§ ¨³µ¤¥°¸É¢¨Ö³¨ ´ 
¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ, ¤²Ö ¨Ì µÍ¥´µ± ¨¸¶µ²Ó§ÊÕÉ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ³¥Éµ¤Ò,
¸·¥¤¨ ±µÉµ·ÒÌ ´ ¨¡µ²¥¥ ³µÐ´Ò³ ¸·¥¤¸É¢µ³ Ö¢²ÖÕÉ¸Ö ¶· ¢¨²  ¸Ê³³ [10].

—Éµ ± ¸ ¥É¸Ö ¢¥²¨Î¨´Ò Λ̄, Éµ ¥¥ µÍ¥´±¨ ¢ ¶· ¢¨² Ì ¸Ê³³ Š•„ ¤²Ö ÉÖ¦¥-
²ÒÌ ³¥§µ´µ¢ ¡Ò²¨ ¸¤¥² ´Ò ¢ [64], £¤¥ Λ̄ = (0, 57 ± 0, 07) ƒÔ‚. Š·µ³¥ Éµ£µ,
®µ¶É¨Î¥¸±¨¥¯ ¶· ¢¨²  ¸Ê³³ ‚µ²µÏ¨´  [65] ¶µ§¢µ²ÖÕÉ ¶µ²ÊÎ¨ÉÓ µ£· ´¨Î¥-
´¨¥ [66]

Λ̄ > 2δ1

(
ρ2 − 1

4

)
� 0, 59 ƒÔ‚, (2.1)

£¤¥ ρ2 Å ´ ±²µ´ Ê´¨¢¥·¸ ²Ó´µ° ËÊ´±Í¨¨ ˆ§£Ê· Å‚ °§  [12],   δ1 Å · §´µ¸ÉÓ
³ ¸¸ ²¥£Î °Ï¥£µ ¢¥±Éµ·´µ£µ S-¢µ²´µ¢µ£µ Ê·µ¢´Ö ¨ P -¢µ²´µ¢µ£µ ¸µ¸ÉµÖ´¨Ö ¢
¸¨¸É¥³¥ (Qq̄) ¶·¨ mQ → ∞.

„ ²¥¥, µÍ¥´±¨ f statB ¢ · ³± Ì ¶· ¢¨² ¸Ê³³ Š•„ ¨ ¢ ¢ÒÎ¨¸²¥´¨ÖÌ ´ 
·¥Ï¥É± Ì ¸µ£² ¸ÊÕÉ¸Ö ¤·Ê£ ¸ ¤·Ê£µ³ ¨ ¶·¨¢µ¤ÖÉ [7] ±

f statB = (240 ± 40) ŒÔ‚. (2.2)

‚ · ³± Ì ¶· ¢¨² ¸Ê³³ ¶µ²ÊÎ¥´  É ±¦¥ µÍ¥´±  ¸·¥¤´¥£µ ±¢ ¤· É  ¨³¶Ê²Ó¸ 
ÉÖ¦¥²µ£µ ±¢ ·±  ¢ ³¥§µ´¥ [7]

µ2π = (0, 5 ± 0, 1) ƒÔ‚2 (2.3)
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¨ µ£· ´¨Î¥´¨¥ [66]

µ2π > 3δ21

(
ρ2 − 1

4

)
� 0, 45 ƒÔ‚2. (2.4)

‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ¡Ò²¨ · ¸¸³µÉ·¥´Ò ¶· ¢¨²  ¸Ê³³ Š•„ ¤²Ö ²¥¶-
Éµ´´ÒÌ ±µ´¸É ´É S-¢µ²´µ¢ÒÌ Ê·µ¢´¥° ±¢ ·±µ´¨Ö (Q1Q̄2), ¢ ±µÉµ·ÒÌ ¨¸¶µ²Ó-
§µ¢ ²¸Ö ¸¶¥±É· ³ ¸¸ ¸µ¸ÉµÖ´¨°, · ¸¸Î¨É ´´Ò° ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¨¡²¨-
¦¥´¨¨. „²Ö 1S-Ê·µ¢´Ö ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¸¨¸É¥³ É¨Î¥¸±µ° ´¥µ¶·¥¤¥²¥´´µ¸É¨
¶µ·Ö¤±  10% ¡Ò²µ ¶µ²ÊÎ¥´µ ¢Ò· ¦¥´¨¥

f2V,P ·M =
16αs
π

µ2π µ12HV,PZsys, (2.5)

£¤¥ µ12 = m1m2/(m1 + m2) Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ±¢ ·±µ´¨Ö, µ2π =
= 2µ12〈T 〉 Å ¸·¥¤´¨° ±¢ ¤· É ¨³¶Ê²Ó¸  ±¢ ·±  ¢ ±¢ ·±µ´¨¨ ¸ ³ ¸¸µ°
M � m1 + m2. ‚ (2.5) ±µ´¸É ´É  ¸¢Ö§¨ Š•„ µÍ¥´¨¢ ¥É¸Ö ´  ³ ¸ÏÉ ¡¥
±Ê²µ´µ¢¸±µ£µ µ¡³¥´  ³¥¦¤Ê ±¢ ·± ³¨, ±µÉµ·Ò° · ¸¸³ É·¨¢ ¥É¸Ö ´  ¶µ·µ£¥
µ¡· §µ¢ ´¨Ö ¶ ·Ò ±¢ ·±µ¢.

„²Ö ÉÖ¦¥²µ£µ ³¥§µ´  (Qq̄) ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¨£· ¥É ¤¢¨¦¥´¨¥ ²¥£±µ£µ
Éµ±µ¢µ£µ ±¢ ·±  ¢ ¸·¥¤¥ ±¢ ·±-£²Õµ´´ÒÌ ±µ´¤¥´¸ Éµ¢, ¶µÔÉµ³Ê ´ ¨¡µ²¥¥ ¶µ-
¸²¥¤µ¢ É¥²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ¶· ¢¨² ¸Ê³³ ¶·¥¤¶µ² £ ¥É ¨¸¶µ²Ó§µ¢ ´¨¥ µ¶¥-
· Éµ·´µ£µ · §²µ¦¥´¨Ö ¶·µ¨§¢¥¤¥´¨Ö ±¢ ·±µ¢ÒÌ Éµ±µ¢ ¸ ÊÎ¥Éµ³ ¢ ±ÊÊ³´ÒÌ
µ¦¨¤ ´¨° µ¶¥· Éµ·µ¢ ¢Ò¸Ï¨Ì · §³¥·´µ¸É¥°. �¤´ ±µ, ¢ ± Î¥¸É¢¥ · §Ê³´µ£µ
¶·¨¡²¨¦¥´¨Ö, ³µ¦´µ · ¸¸³µÉ·¥ÉÓ ¸²ÊÎ °, ±µ£¤  ¢²¨Ö´¨¥ ±µ´¤¥´¸ Éµ¢ ¸¢µ-
¤¨É¸Ö, £² ¢´Ò³ µ¡· §µ³, ± ¶µÖ¢²¥´¨Õ ÔËË¥±É¨¢´µ° ³ ¸¸Ò ²¥£±µ£µ ±¢ ·± .
�µ¤µ¡´Ò° ±µ´¸É¨ÉÊ¥´É´Ò° ±¢ ·± ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ´¥·¥²ÖÉ¨¢¨¸É-
¸±¨° µ¡Ñ¥±É, ¤¢¨¦ÊÐ¨°¸Ö ¢ ¶µÉ¥´Í¨ ²¥ ¸É É¨Î¥¸±µ£µ ÉÖ¦¥²µ£µ ±¢ ·± ∗. ’ ±,
¶µÉ¥´Í¨ ²Ó´Ò¥ ±¢ ·±µ¢Ò¥ ³µ¤¥²¨ ¤µ¢µ²Ó´µ Ê¸¶¥Ï´µ ¶·¨³¥´ÖÕÉ¸Ö ¢ ¸¶¥±É·µ-
¸±µ¶¨¨ ÉÖ¦¥²ÒÌ ³¥§µ´µ¢. „ ²¥¥, ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥
¢Ò· ¦¥´¨Ö, £¤¥ ´¥ ¢±²ÕÎ ÕÉ¸Ö ¢ · ¸¸³µÉ·¥´¨¥ ¢±² ¤Ò ±µ´¤¥´¸ Éµ¢, É ± ± ±
µ´¨ ´¥Ö¢´µ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¶µ¸·¥¤¸É¢µ³ ¢¢¥¤¥´¨Ö ´¥±¨Ì Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì
¶ · ³¥É·µ¢ É¨¶  ±µ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸.

‚ É ±µ³ ¶µ¤Ìµ¤¥ ¨¸¶µ²Ó§Ê¥³µ¥ ¶·¨¡²¨¦¥´¨¥ µ§´ Î ¥É, ÎÉµ

µ12 =
mQµq
mQ + µq

≈ µq = µ �M(Qq̄) −mQ = Λ̄. (2.6)

‚¢¥¤¥´¨¥ ±µ´¸É¨ÉÊ¥´É´µ° ³ ¸¸Ò ²¥£±µ£µ ±¢ ·±  Ö¢²Ö¥É¸Ö, ¡¥§Ê¸²µ¢´µ, ¤µ¶µ²-
´¨É¥²Ó´Ò³, ´µ ¢¶µ²´¥ · §Ê³´Ò³ ¶·¥¤¶µ²µ¦¥´¨¥³. �´  Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ ´¥-
¶¥·ÉÊ·¡ É¨¢´µ° ¢¥²¨Î¨´Ò Ec, µ¶·¥¤¥²ÖÕÐ¥° ¶µ·µ£  ¤·µ´´µ£µ ±µ´É¨´ÊÊ³  ¢

∗’ ±µ¥ ¶·¨¡²¨¦¥´¨¥ µ§´ Î ¥É, ÎÉµ ²¥£±¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ¥¤¨´µ¥
Í¥²µ¥, ´¥ ¨³¥ÕÐ¥¥ ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·Ò.
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² ¶² ¸µ¢¸±µ° ¸Ì¥³¥ ¶· ¢¨² ¸Ê³³ HQET. ‚¥²¨Î¨´a Ec µ¶·¥¤¥²Ö¥É¸Ö ¨§ ¶·¨´-
Í¨¶  ¸É ¡¨²Ó´µ¸É¨ ¤²Ö ¢ÒÎ¨¸²Ö¥³ÒÌ ¶ · ³¥É·µ¢, É ±¨Ì, ± ± ²¥¶Éµ´´ Ö ±µ´-
¸É ´É . ‘¢Ö§Ó Ec ¸ Λ̄ µ¡¸Ê¦¤ ¥É¸Ö ¢ [7]. �¥µ¶·¥¤¥²¥´´µ¸ÉÓ µÍ¥´±¨ Ec ¢ HQET
É ± Ö ¦¥, ± ± ¢ µÍ¥´±¥ ±µ´¸É¨ÉÊ¥´É´µ° ³ ¸¸Ò ±¢ ·± . ‚ ±µ´¥Î´µÔ´¥·£¥É¨Î¥-
¸±¨Ì ¶· ¢¨² Ì ¸Ê³³, ±µÉµ·Ò¥ ¸µ£² ¸ÊÕÉ¸Ö ¸ ¶· ¢¨² ³¨ ¸Ê³³ HQET, Ec Å
¡ §¨¸´ Ö ¢¥²¨Î¨´ , µ¶·¥¤¥²ÖÕÐ Ö · §²¨Î´Ò¥ · §³¥·´Ò¥ ¶ · ³¥É·Ò (¸³. [67],
£¤¥ ¶·¨¢µ¤ÖÉ¸Ö Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö). ’ ±¨³ µ¡· §µ³, ¢¥²¨Î¨´  µ12 ∼ Λ̄ ¨³¥¥É
¤µ¸É ÉµÎ´ÊÕ µ¶·¥¤¥²¥´´µ¸ÉÓ, ± ± ¨ ¢ ¤·Ê£¨Ì ¶µ¤Ìµ¤ Ì.

’ ± ± ± ±¢ ·±µ´¨° · ¸¸³ É·¨¢ ¥É¸Ö ´  ¶µ·µ£¥ µ¡· §µ¢ ´¨Ö ¸µ¸É ¢²ÖÕ-
Ð¨Ì ¥£µ ±¢ ·±µ¢, ¸²¥¤Ê¥É £µ¢µ·¨ÉÓ µ ¸É É¨Î¥¸±µ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ÉÖ¦¥²µ£µ
³¥§µ´  ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³.

„ ²¥¥, H-Ë ±Éµ· ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥, ÊÎ¨ÉÒ¢ Õ-
Ð¥³ ·¥´µ·³£·Ê¶¶µ¢Ò¥ ¸¢µ°¸É¢  ±µ´¸É ´ÉÒ ¸¢Ö§¨ Š•„:

HRGV,P =
(
αs(eδV,P µ)
αs(mQ)

)4/β0(nf )

,

£¤¥ δV = 8/3, δP = 2, β0 = 11 − 2nf/3, nf Å Î¨¸²µ  ·µ³ Éµ¢ ±¢ ·±µ¢ ¸
³ ¸¸ ³¨ m < mQ.

‘ ÊÎ¥Éµ³ ¶µ¸²¥¤´¥£µ Ë ±Éµ·  ¶·¨Ìµ¤¨³ ± ¨§¢¥¸É´µ³Ê ·¥§Ê²ÓÉ ÉÊ∗ ¢ HQET
µ ³ ¸ÏÉ ¡´µ³ ¸µµÉ´µÏ¥´¨¨ ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ ¢ ¸É -
É¨Î¥¸±µ³ ¶·¥¤¥²¥

f2stat(µ)M
(
αs(eδP µ)
αs(mQ)

)−4/β0(nf )

= const. (2.7)

’ ±¨³ µ¡· §µ³, ¢ · ³± Ì ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³
¸¶¥±É·µ¸±µ¶¨Î¥¸±¨Ì ¤ ´´ÒÌ ±¢ ·±µ´¨Ö Ê¤ ¥É¸Ö ¶µ²ÊÎ¨ÉÓ · §Ê³´Ò° ¶·¥¤¥²
¤²Ö ¸¨¸É¥³ ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³.

„²Ö ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ ¢ ·¥§µ´ ´¸´µ° µ¡² ¸É¨ ´ Ìµ¤¨É¸Ö ²¨ÏÓ µ¤´µ ¸µ¸Éµ-
Ö´¨¥. ‹¥£±µ ¶µ± § ÉÓ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥

Zsys ≈ ln(ninth),

¶·¨Î¥³ ¤²Ö ¸É É¨Î¥¸±¨Ì ±¢ ·±µ¢ ni = 1. ‚¥²¨Î¨´  nth µ¶·¥¤¥²Ö¥É¸Ö ¶µ·µ£µ³
±µ´É¨´ÊÊ³  Ec = 0, 9 ÷ 1 ƒÔ‚, É ± ÎÉµ Ec = µ + 2T ln(nth). ’µ£¤  Zsys =
= 0, 40 ± 0, 06. —¨¸²¥´´Ò¥ µÍ¥´±¨ ¤²Ö B-³¥§µ´µ¢ ¤ ÕÉ

HRGP = 1, 008 ± 0, 004, αs(µ2π)Zsys = 0, 35 ± 0, 05

¨
f statB = (310 ± 60) ŒÔ‚.

∗‘ ÉµÎ´µ¸ÉÓÕ ¤µ δV,P , ±µÉµ·Ò¥ ¢ HQET ¶µ² £ ÕÉ¸Ö · ¢´Ò³¨ ´Ê²Õ.
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2.1. ‘¶¥±É·µ¸±µ¶¨Ö ¨ · §³¥·´Ò¥ ¶ · ³¥É·Ò HQET. ‚ µ¸´µ¢¥ · §²µ¦¥-
´¨Ö µ¶¥· Éµ·µ¢ ¶µ µ¡· É´µ° ³ ¸¸¥ ÉÖ¦¥²µ£µ ±¢ ·±  (HQET ¨ NRQCD) ²¥¦¨É
¶·¥¤¸É ¢²¥´¨¥ µ · §¤¥²¥´¨¨ µ¶¨¸ ´¨Ö ÉÖ¦¥²ÒÌ ¸É É¨Î¥¸±¨Ì ¨¸ÉµÎ´¨±µ¢ ¨ £¥-
´¥·¨·Ê¥³ÒÌ ¨³¨ ¶µ²¥° £²Õµ´µ¢ ¨ ²¥£±¨Ì ±¢ ·±µ¢. ‚ É ±µ³ ¸²ÊÎ ¥ ¢¥¤ÊÐ¨³
Ö¢²Ö¥É¸Ö ¶·¨¡²¨¦¥´¨¥ ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¸ ´¥ § ¢¨¸ÖÐ¨³ µÉ
¨Ì  ·µ³ É  ¶µÉ¥´Í¨ ²µ³. ’µ£¤  ³ ¸¸Ò ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ¨¸¶µ²Ó§Ê¥³Ò¥ ¢ ¸¶¥±-
É·µ¸±µ¶¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ (NRQCD), ³µ£ÊÉ ¶·¨³¥´ÖÉÓ¸Ö ¢ · §²µ¦¥´¨¨
HQET ¤²Ö ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ ¸ µ¤´¨³ ÉÖ¦¥²Ò³ ±¢ ·±µ³. ‚ ¸¶¥±É·µ¸±µ¶¨¨ ÉÖ-
¦¥²µ£µ ±¢ ·±µ´¨Ö § ¢¨¸¨³µ¸ÉÓ Ô´¥·£¨¨ ¢µ§¡Ê¦¤¥´¨Ö S-¢µ²´µ¢ÒÌ ¸µ¸ÉµÖ´¨°
µÉ ´µ³¥·  Ê·µ¢´Ö ¨ ³ ¸¸ ±¢ ·±µ¢ Ö¢²Ö¥É¸Ö ¢¶µ²´¥ µ¶·¥¤¥²¥´´µ°, ÎÉµ ³µ-
¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´µ ¤²Ö Ê¸É· ´¥´¨Ö ¶·µ¨§¢µ²Ó´µ£µ ¸¤¢¨£  ¶µÉ¥´Í¨ ²Ó´µ°
Ô´¥·£¨¨, ±µÉµ·Ò° ¢¥¤¥É ²¨ÏÓ ± ¨§³¥´¥´¨Õ Ô´¥·£¨¨ Ê·µ¢´Ö ¢ 1/m2Q-¶µ·Ö¤±¥
· §²µ¦¥´¨Ö, ¥¸²¨ ¢¢¥¸É¨ ¢ · ¸¸³µÉ·¥´¨¥ Ê¸²µ¢¨¥ ´¥§ ¢¨¸¨³µ¸É¨ ³ ¸¸ ÉÖ¦¥-
²ÒÌ ±¢ ·±µ¢ µÉ É¨¶  ³¥§µ´ , É.¥. ¨¸¶µ²Ó§µ¢ ÉÓ ¸Ï¨¢±Ê Ï± ²Ò Ô´¥·£¨° ¤²Ö
ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ¨ ÉÖ¦¥²ÒÌ ³¥§µ´µ¢.

„·Ê£¨³¨ ¸²µ¢ ³¨, ³ ¸¸Ò ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ´¥ ³µ£ÊÉ ¡ÒÉÓ µ¤´µ§´ Î´µ § -
Ë¨±¸¨·µ¢ ´Ò ¢ ¸¶¥±É·µ¸±µ¶¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢, É ± ± ± ¸µ£² ¸´µ É¥µ·¥³¥
”¥°´³ ´ Å•¥²²³ ´´  ¢ ·¨ Í¨Ö ¶·¨¢¥¤¥´´µ° ³ ¸¸Ò ±¢ ·±µ¢ ¢Ò§Ò¢ ¥É ²¨ÏÓ
³ ²µ¥ ¨§³¥´¥´¨¥ Ô´¥·£¨¨ ¸¢Ö§¨:

dE = −〈T 〉 dµ12
µ12

,

±µÉµ·µ¥, µÎ¥¢¨¤´µ, ´ Ìµ¤¨É¸Ö §  · ³± ³¨ ¨¸¸²¥¤Ê¥³µ° ÉµÎ´µ¸É¨, ±µ£¤a
M = m1 +m2 + 〈T 〉 + 〈V 〉. �¤´ ±µ ¶·µ¨§¢µ²Ó´Ò° ¸¤¢¨£ ³ ¸¸ ³µ¦´µ Ê¸É· -
´¨ÉÓ, ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ É ±µ¥ Ê¸²µ¢¨¥, ´ ¶·¨³¥·: ³ ¸¸Ò Υ(4S) ¨ ψ(3S)
¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ ¸ Ê¤¢µ¥´´Ò³¨ ³ ¸¸ ³¨ ÉÖ¦¥²ÒÌ B- ¨ D-³¥§µ´µ¢ ¸µ-
µÉ¢¥É¸É¢¥´´µ, £¤¥ ¢ · ¸Î¥É Ì HQET ¸ÉµÖÉ É¥ ¦¥ ¸ ³Ò¥ §´ Î¥´¨Ö ³ ¸¸ ÉÖ¦¥²ÒÌ
±¢ ·±µ¢.

‚ µÉ²¨Î¨¥ µÉ ¶µ¤µ¡´µ£µ ¶µ¤Ìµ¤ , ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¨¸ÉµÎ´¨±¨,
¨§²ÊÎ ÕÐ¨¥ ¶µ²Ö, ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ µ¡² ¤ ÕÉ ¸ ³µ¤¥°¸É¢¨¥³, ÎÉµ ¶·¨¢µ-
¤¨É ± ¢¢¥¤¥´¨Õ ±·¨É¥·¨Ö · §¤¥²¥´¨Ö ¢´¥Ï´¥£µ ¶µ²Ö ¨ ¶µ²Ö, µÉ´µ¸ÖÐ¥£µ¸Ö ±
¨¸ÉµÎ´¨±Ê. ”µ·³ ²Ó´µ ÔÉµ µ§´ Î ¥É, ÎÉµ ¢ µ¶¥· Éµ·´µ³ · §²µ¦¥´¨¨ ¨ µ¶¥-
· Éµ·Ò, ¨ ¶ · ³¥É·Ò É¨¶  ³ ¸¸ ±¢ ·±µ¢, ¨ ±µÔËË¨Í¨¥´ÉÒ ‚¨²Ó¸µ´  § ¢¨¸ÖÉ
µÉ ³ ¸ÏÉ ¡  Ë ±Éµ·¨§ Í¨¨, ±µÉµ·Ò° ¢Ò¡¨· ¥É¸Ö ¸µ£² ¸´µ Ë¨§¨Î¥¸±¨³ Ì · ±-
É¥·¨¸É¨± ³ ± ¦¤µ° · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³Ò ¢ Í¥²ÖÌ µ¡¥¸¶¥Î¥´¨Ö ¡Ò¸É·µ°
¸Ìµ¤¨³µ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·´ÒÌ ·Ö¤µ¢. ‚
Ë¨§¨±¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ´  ¶· ±É¨±¥ ¢¢µ¤ÖÉ µ¡·¥§ ´¨¥ ³Ö£±¨Ì £²Õµ´µ¢ ¶·¨
· ¸Î¥É Ì ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¤¨ £· ³³ ”¥°´³ ´ , É ± ÎÉµ ¶ · ³¥É·Ò · §²µ¦¥-
´¨Ö § ¢¨¸ÖÉ µÉ ÔÉµ£µ µ¡·¥§ ´¨Ö λ. ’ ±, ¶·¨ ³ ²ÒÌ ¢ ·¨ Í¨ÖÌ µ¡·¥§ ´¨Ö ¡Ò²¨
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¶µ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö [68]:

mQ(λ) −mQ(λ′) = −2
3
αs(λ) · (λ− λ′), (2.8)

µ2π(λ) − µ2π(λ′) =
4

3π
αs(λ) · (λ2 − λ′2). (2.9)

�µ¤µ¡´ Ö § ¢¨¸¨³µ¸ÉÓ ¶·¨¢µ¤¨É ± ´¥µ¡Ìµ¤¨³µ¸É¨ · ¸¸³µÉ·¥´¨Ö ¶·µ¡²¥³Ò
¸· ¢´¥´¨Ö ·¥§Ê²ÓÉ Éµ¢ ¨§¢²¥Î¥´¨Ö ¶ · ³¥É·µ¢ · §²µ¦¥´¨Ö ¶µ µ¡· É´µ° ³ ¸¸¥
ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¢ · §²¨Î´ÒÌ ¶µ¤Ìµ¤ Ì [69]. ’¥³ ´¥ ³¥´¥¥ ´¥ § ¢¨¸ÖÐ¨° µÉ
 ·µ³ Éµ¢ ±¢ ·±µ¢ ¶µÉ¥´Í¨ ² ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö ¸ÊÐ¥¸É¢Ê¥É ¶·¨ ¨¤¥´É¨Î´µ³
¢Ò¡µ·¥ ³ ¸ÏÉ ¡  ´µ·³¨·µ¢±¨ ¶ · ³¥É·µ¢ ¨ µ¶¥· Éµ·µ¢.

�¶·¥¤¥²¨³ ³ ¸¸Ê ÉÖ¦¥²µ£µ ±¢ ·±  ¸µ£² ¸´µ

mQ = m(Qq̄) − Λ̄ − µ2π
2m(Qq̄)

+O(1/m2Q), (2.10)

£¤¥ µ2π Å ¸·¥¤´¨° ±¢ ¤· É ¨³¶Ê²Ó¸  ±¢ ·±  ¢ ÉÖ¦¥²µ³ ³¥§µ´¥, m(Qq̄) =
= (3mV +mP )/4 Å Ê¸·¥¤´¥´´ Ö ¶µ ¸¶¨´Ê ³ ¸¸  ¢¥±Éµ·´µ£µ ¨ ¶¸¥¢¤µ¸± ²Ö·-
´µ£µ ¸µ¸ÉµÖ´¨°. ŒÒ ¶µ² £ ¥³, ÎÉµ

µ2π = 2〈T 〉µQq̄, (2.11)

£¤¥ µQq̄ Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸a Qq̄,   T Å ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö.  §Ê³´Ò°
¢Ò¡µ· µQq̄ µ¶·¥¤¥²Ö¥É¸Ö ± ± Λ̄.

‡´ Î¥´¨Ö m(Qq̄) ¤²Ö Q = b, c ¨ q = u, d ¨§¢¥¸É´Ò Ô±¸¶¥·¨³¥´-
É ²Ó´µ [57]:

mB(1S) = 5, 313 ƒÔ‚, mD(1S) = 1, 975 ƒÔ‚, (2.12)

¸ ÉµÎ´µ¸ÉÓÕ ²ÊÎÏ¥ Î¥³ 5 ŒÔ‚.
‚ ÉÖ¦¥²µ³ ±¢ ·±µ´¨¨ ±¢ ´Éµ¢ ´¨¥ ¶µ qµ·ÊÅ‡µ³³¥·Ë¥²Ó¤Ê ¤²Ö

nS-¸µ¸ÉµÖ´¨° ¶·¨ ¶µ¸ÉµÖ´´µ° 〈T 〉 ¤ ¥É Ô´¥·£¨Õ ¸¢Ö§¨ ±¢ ·±µ¢

E(n) = C + T ln
n2

µ12
, (2.13)

£¤¥ C Å ¶µ¸ÉµÖ´´ Ö, ´¥ § ¢¨¸ÖÐ Ö µÉ  ·µ³ Éµ¢ ±¢ ·±µ¢. “· ¢´¥´¨¥ (2.13)
¤ ¥É § ¢¨¸¨³µ¸ÉÓ Ô´¥·£¨¨ ¸¢Ö§¨ µÉ ´µ³¥·  ¢µ§¡Ê¦¤¥´¨Ö ¨ ³ ¸¸ ±¢ ·±µ¢. ‡ -
³¥É¨³, ÎÉµ ±¢ §¨±² ¸¸¨Î¥¸±µ¥ ¶·¨¡²¨¦¥´¨¥ WKB ¤²Ö § ¤ Î¨ ¸ É·¥Ì³¥·´Ò³
Í¥´É· ²Ó´Ò³ ¶µÉ¥´Í¨ ²µ³ ¶·¨¢µ¤¨É ± § ³¥´¥ n ´  n − 1/4 ¢ (2.13). �¤-
´ ±µ ¤ ´´ Ö § ³¥´  ´¥ ¶·¨¢µ¤¨É ± ²ÊÎÏ¥³Ê µ¶¨¸ ´¨Õ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
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¨¸. 3. �±¸¶¥·¨³¥´É ²Ó´Ò¥ §´ Î¥´¨Ö · §´µ¸É¥° ³ ¸¸ nS-Ê·µ¢´¥° ¡µÉÉµ³µ´¨Ö (ÉµÎ±¨)
¨ Î ·³µ´¨Ö (±¢ ¤· ÉÒ) α(n) = [M(nS) −M(1S)]/[M(2S) −M(1S)] ¨ § ¢¨¸¨³µ¸É¨
¢ · ¸¸³ É·¨¢ ¥³µ° ³µ¤¥²¨ (±·¨¢ Ö 1) ¨ ¢ ¶·¨¡²¨¦¥´¨¨ WKB (±·¨¢ Ö 2)

¤ ´´ÒÌ ∗ (¸³. ·¨¸. 3). —Éµ¡Ò ¨§µ²¨·µ¢ ÉÓ § ¢¨¸¨³µ¸ÉÓ µÉ n, ³Ò · ¸¸³µÉ·¥²¨
µÉ´µÏ¥´¨¥ α(n) ¢ ¤ ´´µ° ³µ¤¥²¨:

α(n) =
M(nS) −M(1S)
M(2S) −M(1S)

=
lnn
ln 2

(2.14)

¨ ¢ ¶·¨¡²¨¦¥´¨¨ WKB:

αWKB(n) =
ln[(4n− 1)/3]

ln[7/3]
.

‘· ¢´¥´¨¥ ³µ¤¥²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö (2.14) ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¢¥²¨Î¨-
´ ³¨ ¨ ³µ¤¨Ë¨± Í¨¥° WKB ¶·¥¤¸É ¢²¥´µ ´  ·¨¸. 3. Š ± ¢¨¤´µ, · ¸¸³ É·¨-
¢ ¥³ Ö ³µ¤¥²Ó Ö¢²Ö¥É¸Ö ¡µ²¥¥ ¶µ¤Ìµ¤ÖÐ¥° ¤²Ö ÉµÎ´µ£µ µ¶¨¸ ´¨Ö §´ Î¥´¨°
M(nS), É ± ÎÉµ

T = (0, 415 ± 0, 02) ƒÔ‚. (2.15)

‡ ³¥É¨³, ÎÉµ, ¢ µÉ²¨Î¨¥ µÉ  ´ ²¨§  ¢ [6], ³Ò ¨¸¶µ²Ó§Ê¥³ ³ ¸¸Ò ¢µ§¡Ê¦¤¥´¨°,
Ê¸·¥¤´¥´´Ò¥ ¶µ § ¢¨¸ÖÐ¥° µÉ ¸¶¨´µ¢ ±¢ ·±µ¢ Î ¸É¨ ¶µÉ¥´Í¨ ² , ÎÉµ ± ¦¥É¸Ö

∗’ ± Ö ¦¥ É¥´¤¥´Í¨Ö ¡Ò²  § ³¥Î¥´  ¨ ¢ ±Ê²µ´µ¢¸±µ³ ¶µÉ¥´Í¨ ²¥, £¤¥ Ê· ¢´¥´¨¥
qµ· Å‡µ³³¥·Ë¥²Ó¤  ¤ ¢ ²µ ÉµÎ´Ò° ·¥§Ê²ÓÉ É.
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¡µ²¥¥ ·¥§µ´´Ò³. Š·µ³¥ Éµ£µ,  ´ ²¨§ ¸¶¥±É·µ¢ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö, ¢Ò¶µ²-
´¥´´Ò° ¢ [6] ¶µ Ëµ·³Ê² ³ WKB, ¶·¨¢µ¤¨É ± ³¥´ÓÏ¨³ §´ Î¥´¨Ö³ ¢¥²¨Î¨´Ò
T ≈ 0, 37 ƒÔ‚. Œ ¸¸  nS-Ê·µ¢´Ö µ¶·¥¤¥²Ö¥É¸Ö ¶µ Ëµ·³Ê²¥

M(nS) = m1 +m2 + E(n).

‚ Í¥²ÖÌ Ê¤µ¡¸É¢  ¢¢¥¤¥³ ®´ Î ²Ó´Ò¥¯ §´ Î¥´¨Ö ni(µ12), § ¢¨¸ÖÐ¨¥ µÉ ¶·¨¢¥-
¤¥´´ÒÌ ³ ¸¸ ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¥ § ¢¨¸ÖÐ¥° µÉ  ·µ³ Éµ¢ ¶µ¸ÉµÖ´´µ° C ¢ (2.13):

C = −T ln
n2i (µ12)
µ12

. (2.16)

ˆ¸¶µ²Ó§Ê¥³ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥, ¸Ï¨¢ ÕÐ¨¥ Ô´¥·£¥É¨Î¥¸±ÊÕ Ï± ²Ê ¢
ÉÖ¦¥²µ³ ±¢ ·±µ´¨¨ ¨ ÉÖ¦¥²µ³ ³¥§µ´¥:

MΥ(4S) = 2mB(1S) + δb, Mψ(3S) = 2mD(1S) + δc,

£¤¥ δb,c Å ³ ²µ¥ µÉ±²µ´¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ µÉ · ¸Î¥É´ÒÌ. �É¨
Ê· ¢´¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥¶¨¸ ´Ò ¢ ¢¨¤¥∗

2T ln
nth(bb̄)
ni(bb̄)

= 2Λ̄ +
µ2π
mb

+ δb, (2.17)

2T ln
nth(cc̄)
ni(cc̄)

= 2Λ̄ +
µ2π
mc

+ δc, (2.18)

£¤¥ nth(bb̄) = 4, nth(cc̄) = 3. ˆ§ (2.16) ´ Ìµ¤¨³

ln
ni(bb̄)
ni(cc̄)

=
1
2

ln
mb

mc
. (2.19)

�¡Ñ¥¤¨´ÖÖ (2.11), (2.17)Ä(2.19), ¶µ²ÊÎ¨³

Λ̄ =
mbmc

mb −mc

{
ln
√
mb

mc

nth(cc̄)
nth(bb̄)

− δc − δb
2T

}
, (2.20)

£¤¥ ¸±·ÒÉ  ´¥Ö¢´ Ö § ¢¨¸¨³µ¸ÉÓ ³ ¸¸ ±¢ ·±µ¢ µÉ T ¨ Λ̄.
“· ¢´¥´¨¥ (2.20) ³µ¦¥É ¡ÒÉÓ ·¥Ï¥´µ Î¨¸²¥´´µ, ¨ µ´µ ¤ ¥É∗∗

Λ̄ = (0, 63 ± 0, 03) ƒÔ‚. (2.21)

∗�´ ²µ£¨Î´ Ö µÍ¥´±  ¸ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ ni(bb̄) = 1 ¡Ò²  · ¸¸³µÉ·¥´  ¢ [19].
∗∗�µ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É ´ Ìµ¤¨É¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ µ£· ´¨Î¥´¨Ö³¨ [66].
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‚ ·¨ Í¨Ö δ = δc − δb = ±80 ŒÔ‚ ¤ ¥É δΛ̄ = ±150 ŒÔ‚. —Éµ ± ¸ ¥É¸Ö ³ ¸¸
±¢ ·±µ¢ ¢ ¶¥·¢µ³ ¶µ·Ö¤±¥ ¶µ 1/mQ, Éµ ´ Ìµ¤¨³

mb = (4, 63 ± 0, 03) ƒÔ‚, mc = (1, 18 ± 0, 07) ƒÔ‚.

„µ¶µ²´¨É¥²Ó´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ ³ ¸¸¥ c-±¢ ·±  ¸¢Ö§ ´  ¸ ¤µ¶Ê¸É¨³µ°
§ ³¥´µ° Λ̄/m(Qq̄) → Λ̄/(m(Qq̄) − Λ̄) + O(Λ̄2/m2Q) ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ³ ¸¸Ò
ÉÖ¦¥²µ£µ ±¢ ·± , É.¥. µ´  µ¡Ê¸²µ¢²¥´  Î²¥´ ³¨ ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ µ¡· É´µ°
³ ¸¸¥ ÉÖ¦¥²µ£µ ±¢ ·± .

� · ³¥É· µ2π = (0, 54 ± 0, 08) ƒÔ‚2 [70].
�·µ¢¥¤¥´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¶µ§¢µ²ÖÕÉ ¶·¥¤¸± § ÉÓ ³ ¸¸Ò nS-Ê·µ¢´¥° ¸¥-

³¥°¸É¢  (b̄c) ´¨¦¥ ¶µ·µ£  · ¸¶ ¤  ´  ¶ ·Ê BD:

mBc(1S) = (6, 37 ± 0, 04) ƒÔ‚, mBc(2S) = (6, 97 ± 0, 04) ƒÔ‚.

�µ²µ¦¥´¨¥ 1S-Ê·µ¢´Ö ´¥³´µ£µ ¢ÒÏ¥, Î¥³ ¢ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²ÖÌ. �Éµ
µÉ±²µ´¥´¨¥, ¢ µ¸´µ¢´µ³, µ¡Ê¸²µ¢²¥´µ ¡µ²ÓÏ¥° ¢¥²¨Î¨´µ° ¶ · ³¥É·  T , ´µ
´¥ · §²¨Î¨¥³ ¢ ³ ¸¸ Ì ±¢ ·±µ¢, ¶µÉµ³Ê ÎÉµ ³ ¸¸Ò Ê·µ¢´¥° (b̄c) ´¥ µÎ¥´Ó
ÎÊ¢¸É¢¨É¥²Ó´Ò ± ¢ ·¨ Í¨¨ ³ ¸¸ ±¢ ·±µ¢. ˆ¸¶µ²Ó§ÊÖ µÍ¥´±Ê § ¢¨¸ÖÐ¥£µ µÉ
¸¶¨´  · ¸Ð¥¶²¥´¨Ö 1S-Ê·µ¢´Ö ¢ (b̄c), m(1−)−m(0−) ≈ 60−70 ŒÔ‚, ¶µ²ÊÎ¨³
¤²Ö ³ ¸¸Ò µ¸´µ¢´µ£µ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸µ¸ÉµÖ´¨Ö

mBc(0−) = (6, 32 ± 0, 05) ƒÔ‚.

�·µ¢¥¤¥´´Ò¥ ¢ÒÏ¥ µÍ¥´±¨ ´¥ ÊÎ¨ÉÒ¢ ²¨ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢±² ¤µ¢ ¢ Ô´¥·-
£¨Õ ¸¢Ö§¨ ÉÖ¦¥²µ£µ ±¢ ·±  ¨ ¥£µ ¸·¥¤´¨° ±¢ ¤· É ¨³¶Ê²Ó¸ , ±µÉµ·Ò¥ ³µ£ÊÉ
¡ÒÉÓ ÊÎÉ¥´Ò ¢ ±µ´¥Î´µ³ ¶µ·Ö¤±¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° Š•„, £¤¥, ± ± ¡Ò²µ
Ê± § ´µ, ¢µ§´¨± ¥É § ¢¨¸¨³µ¸ÉÓ ¶ · ³¥É·µ¢ µ¶¥· Éµ·´µ£µ · §²µ¦¥´¨Ö µÉ ³ ¸-
ÏÉ ¡  Ë ±Éµ·¨§ Í¨¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ (¸³. Ê· ¢´¥´¨Ö
(2.8), (2.9)).

�¥É·Ê¤´µ ÊÎ¥¸ÉÓ ³µ¤¨Ë¨± Í¨Õ · ¸Î¥Éµ¢ ¢ ¶¥·¢µ³ ¶µ·Ö¤±¥ ¶µ ±µ´¸É ´É¥
¸¢Ö§¨ Š•„. „¥°¸É¢¨É¥²Ó´µ, ¢Ò¤¥²ÖÖ § ¢¨¸¨³µ¸ÉÓ µÉ µ¡·¥§ ´¨Ö ¨³¶Ê²Ó¸  £²Õ-
µ´ , ¶µ²ÊÎ¨³

µ2π = 2〈T 〉Λ̄(λ) +
4

3π
αs(λ) · λ2, (2.22)

£¤¥ ∆µ2pert(λ) = 4
3παs(λ) · λ2 ³µ¦¥É ¡ÒÉÓ µÍ¥´¥´  ´  Ì · ±É¥·´µ³ ³ ¸ÏÉ ¡¥

λ = 1 ƒÔ‚:
∆µ2pert(λ) = (0, 215 ± 0, 010) ƒÔ‚2.

’µ£¤ 

Λ̄(λ) =
mbmc

mb −mc

{
ln
√
mb

mc

nth(cc̄)
nth(bb̄)

− δc − δb
2T

}
−

∆µ2pert(λ)
2T

, (2.23)
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£¤¥ µ¶ÊÐ¥´  § ¢¨¸¨³µ¸ÉÓ ³ ¸¸ ±¢ ·±µ¢ µÉ λ. ‚ ¨Éµ£¥

Λ̄(1 ƒÔ‚) = (0, 22 ± 0, 02) ƒÔ‚, µ2π(1 ƒÔ‚) = (0, 40 ± 0, 02) ƒÔ‚. (2.24)

�¥µ¶·¥¤¥²¥´´µ¸ÉÓ ¢ δ = δc − δb ³µ¦¥É ¡ÒÉÓ Ê³¥´ÓÏ¥´  §  ¸Î¥É ¥¥ ¸¢Ö§¨ ¸
¢ ·¨ Í¨¥° ¶ · ³¥É·  T , ¨ ¥¥ ¢±² ¤ ¡Ò² ÊÎÉ¥´ ¢ ¤ ´´µ° µÍ¥´±¥. „²Ö ³ ¸¸
±¢ ·±µ¢ ´ Ìµ¤¨³

mb(1 ƒÔ‚) = (5, 05 ± 0, 01) ƒÔ‚, mc(1 ƒÔ‚) = (1, 63 ± 0, 02) ƒÔ‚.

’µ£¤  Ê²ÊÎÏ ¥É¸Ö ¸µ£² ¸¨¥ µÍ¥´µ± ³ ¸¸ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄c)

mBc(1S) = (6, 317 ± 0, 030) ƒÔ‚,
mBc(2S) = (6, 892 ± 0, 030) ƒÔ‚, (2.25)

mBc(0−) = (6, 267 ± 0, 035) ƒÔ‚

¸ · ¸Î¥É ³¨ ¢ ¤·Ê£¨Ì ³µ¤¥²ÖÌ.
‘²¥¤Ê¥É µÉ³¥É¨ÉÓ É ±¦¥ ¨ ³µ¤¨Ë¨± Í¨Õ µÍ¥´±¨ ²¥¶Éµ´´µ° ±µ´¸É ´ÉÒ

B-³¥§µ´  ¢ ¸É É¨Î¥¸±µ³ ¶·¥¤¥²¥, · ¸¸³µÉ·¥´´µ³ ¢ ¶¥·¢µ³ · §¤¥²¥, §  ¸Î¥É
¢¢¥¤¥´¨Ö § ¢¨¸¨³µ¸É¨ µÉ ³ ¸ÏÉ ¡  Ë ±Éµ·¨§ Í¨¨, É ± ÎÉµ, ¨¸¶µ²Ó§ÊÖ ¶ · ³¥-
É·Ò, · ¸¸Î¨É ´´Ò¥ ¢ ¤ ´´µ³ · §¤¥²¥, ¶µ²ÊÎ¨³

f statB (1 ƒÔ‚) = (220 ± 30) ŒÔ‚.

’ ±¨³ µ¡· §µ³, ·¥£Ê²Ö·´ Ö ¸É·Ê±ÉÊ·  ¸¶¥±É·µ¢ ±¢ ·±µ´¨Ö ¶µ§¢µ²Ö¥É µÍ¥-
´¨ÉÓ · §³¥·´Ò¥ ¶ · ³¥É·Ò ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢.

3. Š��‘’
�’› 
‘8
„
 ’Ÿ†…‹�ƒ� ‚…Š’���ƒ� Š‚
Š��ˆŸ
�
 8
“ ’Ÿ†…‹›• Œ…‡���‚

�±¸¶¥·¨³¥´É ²Ó´Ò° ¶µ¨¸± B+c -³¥§µ´  ´  Ê¸É ´µ¢± Ì ¸ ¢¥·Ï¨´´Ò³¨ ¤¥-
É¥±Éµ· ³¨ (OPAL [71], ALEPH [73], DELPHI [72] ¨ CDF [74]) ¸É¨³Ê²¨·µ¢ ²
É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö ¶µ ¸¶¥±É·µ¸±µ¶¨¨ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄c), ³¥-
Ì ´¨§³ ³ ¥£µ µ¡· §µ¢ ´¨Ö ¢ · §²¨Î´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨ÖÌ ¨ µÍ¥´± ³ Ï¨·¨´
· §²¨Î´ÒÌ ³µ¤ · ¸¶ ¤  ± ± µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö, É ± ¨ ¢µ§¡Ê¦¤¥´´ÒÌ Ê·µ¢-
´¥°. �¸µ¡¥´´µ¸ÉÓÕ ¸¨¸É¥³Ò (b̄c) Ö¢²Ö¥É¸Ö µÉ¸ÊÉ¸É¢¨¥  ´´¨£¨²ÖÍ¨µ´´ÒÌ ³µ¤
· ¸¶ ¤  §  ¸Î¥É ¸¨²Ó´µ£µ ¨²¨ Ô²¥±É·µ³ £´¨É´µ£µ ¢§ ¨³µ¤¥°¸É¢¨°, É ± ÎÉµ
µ¸´µ¢´µ¥ ¶¸¥¢¤µ¸± ²Ö·´µ¥ ¸µ¸ÉµÖ´¨¥ B+c · ¸¶ ¤ ¥É¸Ö §  ¸Î¥É ¸² ¡µ£µ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ¨ Ö¢²Ö¥É¸Ö ¤µ²£µ¦¨¢ÊÐ¥° Î ¸É¨Í¥°, τ(B+c ) = (0, 55±0, 15) ¶¸. �¨¦¥
¶µ·µ£  · ¸¶ ¤  ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ BD ¢µ§¡Ê¦¤¥´´Ò¥ Ê·µ¢´¨ ±¢ ·±µ´¨Ö
(b̄c) · ¤¨ Í¨µ´´µ ¶¥·¥Ìµ¤ÖÉ ¢ ¸µ¸ÉµÖ´¨Ö ÔÉµ£µ ±¢ ·±µ´¨Ö ¸ ³¥´ÓÏ¥° ³ ¸¸µ°.
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‚ÒÏ¥ ¶µ·µ£  ¶ ·Ò BD ´ Ìµ¤¨É¸Ö ¢¥±Éµ·´µ¥ B∗+
c (3S)-¸µ¸ÉµÖ´¨¥, · ¸¶ ¤ ±µ-

Éµ·µ£µ  ´ ²µ£¨Î¥´ Υ(4S) → B+B−. Šµ´¸É ´É  ¶µ¸²¥¤´¥£µ · ¸¶ ¤  ¡Ò² 
· ¸¸³µÉ·¥´  ¢ · ¡µÉ¥ [23] ¢ · ³± Ì ¶· ¢¨² ¸Ê³³ ¤²Ö ³¥§µ´´ÒÌ Éµ±µ¢.

‚ ¤ ´´µ³ · §¤¥²¥ ³Ò · ¸¸³ É·¨¢ ¥³ ±µ´¸É ´ÉÊ g · ¸¶ ¤  ¢¥±Éµ·´µ£µ
±¢ ·±µ´¨Ö, ¸µ¤¥·¦ Ð¥£µ, ¢µµ¡Ð¥ £µ¢µ·Ö, ±¢ ·±¨ · §´µ£µ  ·µ³ É , ¤²Ö µ¶·¥-
¤¥²¥´´µ¸É¨ µ¡µ§´ Î¥´¨°, ¸± ¦¥³, (b̄c). �ÉµÉ ÉÖ¦¥²Ò° ±¢ ·±µ´¨° ¸ ³ ¸¸µ°
M , Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê¸²µ¢¨Õ mB +mD < M < mB∗ +mD∗ , · ¸¶ ¤ ¥É¸Ö ´ 
¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ B+D0. ŒÒ ¢Ò¢µ¤¨³ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥

g2

M

(
4µBD

M

)
= const,

£¤¥ µBD = mBmD/(mB +mD) Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ¶ ·Ò ÉÖ¦¥²ÒÌ ³¥§µ´µ¢.
�µ¸ÉµÖ´´ Ö ¢ ¶· ¢µ° Î ¸É¨ ¸µµÉ´µÏ¥´¨Ö µ¤´  ¨ É  ¦¥ ¤²Ö · ¸¶ ¤µ¢ Υ(4S) →
→ B+B−, B∗+

c (3S) → B+D0 ¨ ψ(3770) → D+D−, £¤¥ Ê¦¥ µBB = MΥ(4S)/4,
µDD =Mψ(3770)/4.

�¨¦¥ · ¸¸³µÉ·¥´Ò ¶· ¢¨²  ¸Ê³³ ¤²Ö ³¥§µ´´ÒÌ Éµ±µ¢, ¶µ²ÊÎ¥´µ ³ ¸ÏÉ ¡-
´µ¥ ¸µµÉ´µÏ¥´¨¥ ¨ ¸¤¥² ´Ò Î¨¸²¥´´Ò¥ µÍ¥´±¨.

3.1. 8· ¢¨²  ¸Ê³³.  ¸¸³µÉ·¨³ ¢¥±Éµ·´Ò° Éµ± ³¥§µ´µ¢

JBD
µ (x) =

i

2
[B+(x) · ∂µD0(x) − ∂µB+(x) ·D0(x)]

¨ µ¶·¥¤¥²¨³ ¢±² ¤ ÔÉµ£µ Éµ±  ¢ ²¥¶Éµ´´ÊÕ ±µ´¸É ´ÉÊ fBD ¢¥±Éµ·´µ£µ ±¢ ·-
±µ´¨Ö (b̄c), ²¥¦ Ð¥£µ ¢ÒÏ¥ ¶µ·µ£  BD:

ifBDMε
(λ)
µ eipx = 〈0|J†BD

µ (x)|V(b̄c), λ〉, (3.1)

£¤¥ λ Å ¶µ²Ö·¨§ Í¨Ö ¸µ¸ÉµÖ´¨Ö V(b̄c), ε
(λ)
µ Å ¢¥±Éµ· ¶µ²Ö·¨§ Í¨¨, p Å ¨³-

¶Ê²Ó¸ V(b̄c), p
2 =M2.

„ ²¥¥, ¢¢¥¤¥³ Ëµ·³Ë ±Éµ· F ¶µ¶¥·¥Î´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¶ ·Ò BD ¸
¢¥±Éµ·´Ò³ Éµ±µ³ Aµ ¸ ¢¥·Ï¨´µ°

LtrJA = F(q2) Aµ · kµ, (3.2)

£¤¥ q = pB + pD, pB,D Å ¨³¶Ê²Ó¸Ò ¢ÒÌµ¤ÖÐ¨Ì ¨§ ¢¥·Ï¨´Ò ³¥§µ´´ÒÌ ²¨´¨°
¨ pB = qB + k, pD = qD − k, qB,D · k = 0. ’ ±¨³ µ¡· §µ³,(

gµν − q
µqν

q2

)
〈0|J†BD

ν (0)|B+(pB)D0(pD)〉 = i F(q2) kµ.

 ¸¸³µÉ·¨³ ¶µ¶¥·¥Î´ÊÕ Î ¸ÉÓ ±µ··¥²ÖÉµ·  Éµ±µ¢

ΠtrJJ (q2) =
1
3

(
−gµν +

qµqν

q2

)∫
d4xeiqx〈0|T J†BD

µ (x)JBD
ν (0)|0〉.
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‚ ÔÉµ³ ±µ··¥²ÖÉµ·¥ ³µ¦´µ ¢Ò¤¥²¨ÉÓ ¢±² ¤ ·¥§µ´ ´¸ , ²¥¦ Ð¥£µ ¢ÒÏ¥ ¶µ·µ£ 
¶ ·Ò BD, É ± ÎÉµ

ΠtrJJ (q2) =
f2BDM

2

M2 − q2 +
∫ ∞

sth

ds

s− q2 ρ(s),

£¤¥ ρ(s) Å ¶²µÉ´µ¸ÉÓ ´¥·¥§µ´ ´¸´µ£µ ¢±² ¤ . ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, Ëµ·³Ë ±Éµ·
¢ (3.2) µ¶·¥¤¥²Ö¥É ¢¥²¨Î¨´Ê

Im ΠtrFF (q2) =
1

8π
|k|3

3
√
q2

F2(q2), (3.3)

£¤¥ |k|2 = −k2 = (q2 +m2B −m2D)2/(4q2) −m2B . ‡ ¶¨Ï¥³ ¶· ¢¨²  ¸Ê³³ ¤²Ö
³¥§µ´´ÒÌ Éµ±µ¢

ΠtrJJ (q2) =
1
π

∫ ∞

si

ds

s− q2 Im ΠtrFF(s),

£¤¥ si = (mB +mD)2. ‘³µ¤¥²¨·Ê¥³ ¶²µÉ´µ¸ÉÓ ±µ´É¨´ÊÊ³  ¢ ¢¨¤¥

ρ(s) =
1
π

Im ΠtrFF (s) θ(s− sth).

’µ£¤  ¶· ¢¨²  ¸Ê³³ ¶·¨³ÊÉ ¢¨¤

f2BDM
2

M2 − q2 =
1
π

∫ sth

si

ds

s− q2 Im ΠtrFF(s). (3.4)

‡´ Î¥´¨¥ ¶µ·µ£  ±µ´É¨´ÊÊ³  µ¶·¥¤¥²Ö¥É¸Ö Ô´¥·£¨¥° µÉ±·ÒÉ¨Ö ´µ¢ÒÌ ± ´ ²µ¢
¢ ·µ¦¤¥´¨¨ Î ¸É¨Í Éµ±µ³ Jµ. Š ± ¡Ò²µ ¶µ± § ´µ ¢ [23] ¤²Ö Υ(4S) → B+B−

¨ ψ(3770) → D+D− · ¸¶ ¤µ¢, ÔÉ  ¢¥²¨Î¨´  § ¤ ¥É¸Ö ¶µ·µ£µ³ µ¡· §µ¢ ´¨Ö
¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨° B∗+B∗− ¨ D∗+D∗−, É ± ÎÉµ ³Ò ¶µ² £ ¥³

sth = (mB∗ +mD∗)2.

�¶·¥¤¥²¨³

v2(s) = 1 − 4mBmD

s− (mB −mD)2
.

’µ£¤  v2th � 1.
 ¸¸³µÉ·¥´¨¥ Ëµ·³Ë ±Éµ·  F ¢ ³µ¤¥²¨ ¤²Ö B+B− ¨ D+D− Éµ±µ¢ [23]

¶µ± § ²µ, ÎÉµ ¸µµÉ´µÏ¥´¨¥ (3.4) ¨ ¥£µ ¶¥·¢Ò¥ Î¥ÉÒ·¥ ¶·µ¨§¢µ¤´Ò¥ ¶µ q2 ¶·¨
q2 = 0 ¤ ÕÉ ¸É ¡¨²Ó´µ¥ §´ Î¥´¨¥ f ¸ ÉµÎ´µ¸ÉÓÕ µÉ 5% ¤µ 25% ¸µµÉ¢¥É¸É¢¥´´µ.
ˆ³¥Ö ¢ ¢¨¤Ê Ê± § ´´ÊÕ µ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö (´µ³¥· ³µ³¥´É  ¸¶¥±É· ²Ó´µ°
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¶²µÉ´µ¸É¨ ³¥´ÓÏ¥ 5), ¶¥·¥°¤¥³ ¢ (3.4) ± ¨´É¥£·¨·µ¢ ´¨Õ ¶µ v2(s) ¨ ¶µ²µ¦¨³
q2 = 0 ¨ F(s) ≈ F(si) = F . ’µ£¤  ¶·¨ v2th � 1 ¨ |k| ≈ 2µBDv ¨³¥¥³

f2BD ≈ 1
π

∫ vth

0

dv2 · v3
(

4µBD

M

)4
F 2

64π
M2

3
.

’ ±¨³ µ¡· §µ³,

fBD =
FM

4π

(
4µBD

M

)2√
v5th
30
. (3.5)

‚¢¥¤¥³ ¶µ¶¥·¥Î´ÊÕ ¢¥·Ï¨´Ê · ¸¶ ¤  ¸µ¸ÉµÖ´¨Ö V(b̄c) ´  ¶ ·Ê B+D0:

Lg = g ε(λ)µ · kµ. (3.6)

‚¥·Ï¨´  (3.6) ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ³´¨³µ° Î ¸É¨ ±µ´¸É ´ÉÒ fBD, É ± ÎÉµ
Im fBD(q2) → 0 ¶·¨ q2 → si, ¨, ¸²¥¤µ¢ É¥²Ó´µ, Im fBD � Re fBD. ‘µ£² ¸´µ
¢¥±Éµ·´µ° ¤µ³¨´ ´É´µ¸É¨ ²¥£±µ ¶µ²ÊÎ¨ÉÓ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê Im fBD ¨ ¶µ-

¶¥·¥Î´Ò³ ±µ··¥²ÖÉµ·µ³, µ¶·¥¤¥²Ö¥³Ò³ Éµ±µ³ · ¸¶ ¤  ε(λ)µ ¨ ³¥§µ´´Ò³ Éµ±µ³
Jν [23]:

Im ΠtrFg(q2) = −M
2

Im fBD,

£¤¥ Im ΠtrFg ¸µ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³ ¢ (3.3) ¶·¨ § ³¥´¥ F 2 → Fg. ’µ£¤ 
¤¨¸¶¥·¸¨µ´´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ËÊ´±Í¨¨ fBD ¶·¨ q2 = si = (mB +mD)2

¤ ¥É

fBD =
1

16π2
Fg

9

(
4µBD

M

)3
Mv3th. (3.7)

‘· ¢´¨¢ Ö (3.5) ¸ (3.7), ´ Ìµ¤¨³

g =
(
M

4µBD

)
12π

√
3

10vth
. (3.8)

3.2. Œ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¨ Î¨¸²¥´´Ò¥ µÍ¥´±¨. Š ± Ê¦¥ Ê¶µ³¨´ -
²µ¸Ó, §´ Î¥´¨¥ vth µ¶·¥¤¥²Ö¥É¸Ö ¶µ·µ£µ³ µ¡· §µ¢ ´¨Ö ¢¥±Éµ·´ÒÌ ¢µ§¡Ê¦¤¥´¨°
ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ B∗+ ¨ D∗0:

v2th ≈
1

2µBD
(∆mB + ∆mD),

£¤¥ ∆mB = mB∗−mB, ∆mD = mD∗−mD. ‚ ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥²ÒÌ
±¢ ·±µ¢ (¸³. µ¡§µ· ¢ [7]) ¨³¥¥³

mB∆mB = mD∆mD = const,
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’ ¡²¨Í  7. 8·¥¤¸± § ´¨Ö ³ ¸ÏÉ ¡´µ£µ ¸µµÉ´µÏ¥´¨Ö ¢ ¸· ¢´¥´¨¨ ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¤ ´´Ò³¨

‚¥²¨Î¨´  �±¸¶¥·¨³¥´É Œ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥

gΥ(4S)→B+B− 52 input

gψ(3770)→D+D− 31 31

g
B∗+

c (3S)→B+D0 Å 49

¢´¥ § ¢¨¸¨³µ¸É¨ µÉ  ·µ³ É  ÉÖ¦¥²µ£µ ±¢ ·±  ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶µ¶· ¢µ± ¶µ
ΛQCD/mB,D. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ

vth · µBD = const. (3.9)

ˆ¸¶µ²Ó§ÊÖ (3.9) ¨ (3.8), ²¥£±µ ¶µ²ÊÎ¨ÉÓ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ±µ´-
¸É ´É · ¸¶ ¤  ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ¸ ³ ¸¸µ° mB + mD < M <
< mB∗ +mD∗ :

g2

M

(
4µBD

M

)
= const. (3.10)

‘µµÉ´µÏ¥´¨¥ (3.10) ´ Ìµ¤¨É¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¤ ´´Ò³¨ ¤²Ö µÉ´µÏ¥´¨Ö ±µ´¸É ´É · ¸¶ ¤µ¢ Υ(4S) → B+B− ¨ ψ(3770) →
→ D+D−, ¨§¢¥¸É´Òx ¸ ÉµÎ´µ¸ÉÓÕ ∆g � 3 (¸³. É ¡². 7). ‡ ³¥É¨³, ÎÉµ µÍ¥´± 
¶µ Ëµ·³Ê²¥ (3.8), ¤ ÕÐ¥° gΥBB̄ = 57, ¸µ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´µ° ¢¥²¨-
Î¨´µ°, ¢§ÖÉµ° ¢ ± Î¥¸É¢¥ ¢Ìµ¤ÖÐ¥£µ ¶ · ³¥É·  ¤²Ö ³ ¸ÏÉ ¡´µ£µ ¸µµÉ´µÏ¥´¨Ö.
�µ¸²¥¤´¨° Ë ±É Ê± §Ò¢ ¥É ´  ¸ ³µ¸µ£² ¸µ¢ ´´µ¸ÉÓ ³¥Éµ¤  ¶µ²ÊÎ¥´¨Ö (3.10).
—Éµ ± ¸ ¥É¸Ö ÉµÎ´µ¸É¨ ³ ¸ÏÉ ¡´µ£µ ¸µµÉ´µÏ¥´¨Ö, Éµ µ´  § ¤ ¥É¸Ö ´¥µ¶·¥¤¥-
²¥´´µ¸ÉÓÕ ¢ ¶· ¢¨² Ì ¸Ê³³, £¤¥ ¡Ò²  ¶µ²ÊÎ¥´  Ëµ·³Ê²  (3.8). � ¶µ³´¨³, ÎÉµ
¸ Ê³¥´ÓÏ¥´¨¥³ ³ ¸¸Ò ¢¥±Éµ·´µ£µ ¸µ¸ÉµÖ´¨Ö ¸É ¡¨²Ó´µ¸ÉÓ µ¶·¥¤¥²¥´¨Ö ±µ´-
¸É ´ÉÒ f ¶µ ´ Î ²Ó´Ò³ ¶ÖÉ¨ ³µ³¥´É ³ ¸¶¥±É· ²Ó´µ° ¶²µÉ´µ¸É¨ ¨§³¥´Ö¥É¸Ö
µÉ 5% ¤²Ö Υ(4S) ¤µ 25% ¤²Ö ψ(3770), ÎÉµ ¸²¥¤Ê¥É µÉ´¥¸É¨ ± ¸¨¸É¥³ É¨Î¥¸±µ°
´¥µ¶·¥¤¥²¥´´µ¸É¨ ¨¸¶µ²Ó§Ê¥³µ£µ ³¥Éµ¤ . ŒÒ µÍ¥´¨¢ ¥³ ∆g/g ∼ 15 − 20%
¤²Ö B∗+

c (3S), É ± ÎÉµ
gBcBD = 49 ± 8.

˜¨·¨´  · ¸¶ ¤  µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

Γ(B∗+
c (3S) → B+D0) =

1
24π

g2
|k|3
M2

≈ (90 ± 35) ŒÔ‚, (3.11)

¨, ¸ ÊÎ¥Éµ³ ± ´ ²  B0D+ ¨ ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ ± ´ ²µ³ · ¸¶ ¤  B∗D
³µ¦´µ ¶·¥´¥¡·¥ÎÓ, É ± ± ± µ´ ¶µ¤ ¢²¥´ É·¥ÉÓ¥° ¸É¥¶¥´ÓÕ ¨³¶Ê²Ó¸  ¶·µ¤Ê±-
Éµ¢ · ¸¶ ¤  §  ¸Î¥É ¡µ²ÓÏ¥° ³ ¸¸Ò B∗ ¶µ ¸· ¢´¥´¨Õ ¸ ³ ¸¸µ° B, ¶µ²´ Ö
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Ï¨·¨´  B∗+
c (3S) ¸µ¸É ¢²Ö¥É Γtot = (180±70) ŒÔ‚. �·¨ Î¨¸²¥´´µ° µÍ¥´±¥ ¢

(3.11) ³Ò ¶µ² £ ²¨ M(B∗+
c (3S)) = 7, 250 ƒÔ‚. ‡ ³¥É¨³, ÎÉµ Ï¨·¨´  ¸¨²Ó´µ

§ ¢¨¸¨É µÉ · §´µ¸É¨ ³ ¸¸ ∆M = M − (mB +mD), µ¶·¥¤¥²ÖÕÐ¥° |k|. �·¨
¨¸¶µ²Ó§Ê¥³µ° ¢¥²¨Î¨´¥ ³ ¸¸Ò ±¢ ·±µ´¨Ö ¨³¥¥³ ∆M ∼ 110 ŒÔ‚, ¢ µÉ²¨-
Î¨¥ µÉ ∆M ∼ 30 ŒÔ‚ ¤²Ö · ¸¶ ¤µ¢ Υ(4S) → B+B− ¨ ψ(3770) → D+D−.
qµ²ÓÏ¨° Ë §µ¢Ò° µ¡Ñ¥³ ¨ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¶µ²´ Ö Ï¨·¨´  B∗+

c (3S)
´  ¶µ·Ö¤µ± ¡µ²ÓÏ¥ ¶µ²´ÒÌ Ï¨·¨´ Υ(4S)- ¨ ψ(3770)-¸µ¸ÉµÖ´¨°, ¨³¥ÕÐ¨Ì
Γtot � 24 ŒÔ‚.

’ ±¨³ µ¡· §µ³, ¢ ¤ ´´µ³ · §¤¥²¥ ³Ò · ¸¸³µÉ·¥²¨ ¶· ¢¨²  ¸Ê³³ ¤²Ö ³¥-
§µ´´ÒÌ Éµ±µ¢, ¶µ§¢µ²ÖÕÐ¨¥ µ¶·¥¤¥²¨ÉÓ ±µ´¸É ´ÉÊ ¸¢Ö§¨ ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ
±¢ ·±µ´¨Ö (b̄c), · ¸¶ ¤ ÕÐ¥£µ¸Ö ´  ¶ ·Ê ÉÖ¦¥²ÒÌ ³¥§µ´µ¢:

g =
(
M

4µBD

)
12π

√
3

10vth
,

£¤¥ mB +mD < M < mB∗ +mD∗ . ‚¥²¨Î¨´  vth, µ¶·¥¤¥²ÖÕÐ Ö ¶µ·µ£ ´¥-
·¥§µ´ ´¸´µ£µ ¢±² ¤  ¢ ¶µ¶¥·¥Î´Ò° ±µ··¥²ÖÉµ· Éµ±µ¢, § ¤ ¥É¸Ö · ¸Ð¥¶²¥´¨¥³
³ ¸¸ ¢¥±Éµ·´µ£µ ¨ ¶¸¥¢¤µ¸± ²Ö·´µ£µ ¸µ¸ÉµÖ´¨° ÉÖ¦¥²ÒÌ ³¥§µ´µ¢ ¨ µ¡² ¤ ¥É
µ¶·¥¤¥²¥´´Ò³¨ ³ ¸ÏÉ ¡´Ò³¨ ¸¢µ°¸É¢ ³¨, É ± ÎÉµ ¶µ²ÊÎ¥´µ ¸µµÉ´µÏ¥´¨¥

g2

M

(
4µBD

M

)
= const,

±µÉµ·µ¥ ´ Ìµ¤¨É¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶µ
±µ´¸É ´É ³ · ¸¶ ¤µ¢ Υ(4S) → B+B− ¨ ψ(3770) → D+D−. —¨¸²¥´´ Ö
µÍ¥´±  Ï¨·¨´Ò · ¸¶ ¤  B∗+

c (3S) → B+D0 ¸¨²Ó´µ § ¢¨¸¨É µÉ · §´µ¸É¨ ³ ¸¸
∆M = M − (mB +mD), µ¶·¥¤¥²ÖÕÐ¥° Ë §µ¢Ò° µ¡Ñ¥³.

‡
Š‹�—…�ˆ…

‚ § ±²ÕÎ¥´¨¥ ¶·¨¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ ·¥§Ê²ÓÉ ÉÒ.
1. �·¥¤²µ¦¥´  ¨ · §· ¡µÉ ´  ´µ¢ Ö ±¢ §¨²µ± ²Ó´ Ö ³µ¤¥²Ó ¶· ¢¨² ¸Ê³³,

¶µ§¢µ²ÖÕÐ Ö ¨¸¶µ²Ó§µ¢ ÉÓ ·¥£Ê²Ö·´µ¸ÉÓ ¸¶¥±É·  ³ ¸¸ ¨ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö
¶²µÉ´µ¸É¨ Ê·µ¢´¥° ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö, ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ ¤¢¨¦¥´¨¥ ±¢ ·±µ¢
¢ ±¢ ·±µ´¨¨, ¶µ¤ ¢²¥´´µ¸ÉÓ ¸É¥¶¥´´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¶µ¶· ¢µ± ¶µ µ¡· É-
´µ° ³ ¸¸¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¨ ¢µ§³µ¦´µ¸ÉÓ µ¶·¥¤¥²ÖÉÓ ¢±² ¤Ò µÉ¤¥²Ó´ÒÌ ·¥-
§µ´ ´¸µ¢.

2. ‚ · ³± Ì ¶·¥¤² £ ¥³µ£µ ¶µ¤Ìµ¤  ¶µ²ÊÎ¥´Ò Ê´¨¢¥·¸ ²Ó´Ò¥ ³ ¸ÏÉ ¡-
´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ¸ · §²¨Î´Ò³
±¢ ·±µ¢Ò³ ¸µ¸É ¢µ³, ¶·¨Î¥³ ± ± ¤²Ö µ¸´µ¢´ÒÌ S-¢µ²´µ¢ÒÌ ¸µ¸ÉµÖ´¨°, É ± ¨
¤²Ö ¨Ì · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨°.
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3. �·µ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° ¸ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶µ Ï¨·¨´ ³ ²¥¶Éµ´´ÒÌ · ¸¶ ¤µ¢ Υ(nS) → l+l− ¨
ψ(nS) → l+l−.

4. ‚ · ³± Ì ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö ²¥¶Éµ´´ÒÌ ±µ´¸É ´É Î ·³µ´¨Ö
¨ ¡µÉÉµ³µ´¨Ö ¶µ ¨³¥ÕÐ¨³¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ ¸¤¥² ´Ò Î¨¸²¥´´Ò¥
µÍ¥´±¨ ¶ · ³¥É·µ¢ Š•„ ¢ ¸¥±Éµ·¥ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢: ³ ¸¸ c- ¨ b-±¢ ·±µ¢ ¨
±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö Š•„ αs(m2Z). �¶·¥¤¥²¥´Ò ÉµÎ´µ¸ÉÓ ¨ £· ´¨ÍÒ
¶·¨³¥´¨³µ¸É¨ ³¥Éµ¤ .

5. �  µ¸´µ¢¥ ³ ¸ÏÉ ¡´ÒÌ ¸µµÉ´µÏ¥´¨° ¶·¥¤¸± § ´Ò ¢¥²¨Î¨´Ò ²¥¶Éµ´-
´ÒÌ ±µ´¸É ´É ´µ¢µ£µ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö Bc. �·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ · ¸Î¥Éµ¢
²¥¶Éµ´´ÒÌ ±µ´¸É ´É ±¢ ·±µ´¨Ö ¢ ¶µÉ¥´Í¨ ²Ó´ÒÌ ³µ¤¥²ÖÌ ¨ ¢ · ³± Ì ±¢ §¨-
²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³.

6. �·µ¢¥¤¥´µ µ¡µ¡Ð¥´¨¥ ±¢ §¨²µ± ²Ó´ÒÌ ¶· ¢¨² ¸Ê³³ ´  ³¥§µ´Ò ¸ µ¤´¨³
ÉÖ¦¥²Ò³ ±¢ ·±µ³. �·µ ´ ²¨§¨·µ¢ ´µ ³ ¸ÏÉ ¡´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨Ì ²¥¶Éµ´´ÒÌ ±µ´¸É ´É ¢ ¸É É¨Î¥¸±µ³ ¶·¥¤¥²¥.

7. �µ²ÊÎ¥´Ò ¢¥²¨Î¨´Ò · §³¥·´ÒÌ ¶ · ³¥É·µ¢ ÔËË¥±É¨¢´µ° É¥µ·¨¨ ÉÖ¦¥-
²ÒÌ ±¢ ·±µ¢: Ô´¥·£¨¨ ¸¢Ö§¨ ¨ ¸·¥¤´¥£µ ±¢ ¤· É  ¨³¶Ê²Ó¸  ÉÖ¦¥²ÒÌ ±¢ ·±µ¢ ¢
³¥§µ´¥.

8. �·¥¤²µ¦¥´  ´µ¢ Ö ³µ¤¥²Ó ¶· ¢¨² ¸Ê³³ ¤²Ö ³¥§µ´´ÒÌ Éµ±µ¢, µ¶·¥¤¥-
²ÖÕÐ¨Ì ±µ´¸É ´ÉÒ · ¸¶ ¤  ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ´  ¶ ·Ê ÉÖ¦¥²ÒÌ
³¥§µ´µ¢, ²¥¦ Ð¥£µ ¢ Ê§±µ° Ô´¥·£¥É¨Î¥¸±µ° Ð¥²¨ ´¨¦¥ ¶µ·µ£  · ¸¶ ¤  ´ 
¶ ·Ê ¡µ²¥¥ ÉÖ¦¥²ÒÌ, Î¥³ ¶¸¥¢¤µ¸± ²Ö·´Ò¥, ¢¥±Éµ·´ÒÌ ¸µ¸ÉµÖ´¨°.  ¸¸³ É·¨-
¢ ¥³Ò° ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ § ¢¨¸¨³µ¸ÉÓ · §³¥·  Ô´¥·£¥É¨Î¥¸±µ°
Ð¥²¨ µÉ ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ¢, ÎÉµ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ ³ ¸ÏÉ ¡´µ¥
¸µµÉ´µÏ¥´¨¥ ¤²Ö ±µ´¸É ´É · ¸¶ ¤  ÉÖ¦¥²µ£µ ¢¥±Éµ·´µ£µ ±¢ ·±µ´¨Ö ¸ · §²¨Î-
´Ò³ ±¢ ·±µ¢Ò³ ¸µ¸É ¢µ³.

9. �·µ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¸µ£² ¸¨Ö ³ ¸ÏÉ ¡´µ£µ ¸µµÉ´µÏ¥´¨Ö ¸
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶µ · ¸¶ ¤ ³ Υ → BB̄ ¨ ψ(3770) → DD̄.

10. �µ± § ´µ ¶· ±É¨Î¥¸±µ¥ ¶·¨³¥´¥´¨¥ ¶µ²ÊÎ¥´´ÒÌ ¸µµÉ´µÏ¥´¨° ¤²Ö
¶·¥¤¸± § ´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´µ¢µ£µ ÉÖ¦¥²µ£µ ±¢ ·±µ´¨Ö (b̄c), ¶µ¨¸±¨ ±µ-
Éµ·µ£µ ¢¥¤ÊÉ¸Ö ¢ Ô±¸¶¥·¨³¥´É Ì ¸ ¢¥·Ï¨´´Ò³¨ ¤¥É¥±Éµ· ³¨ ´  ±µ²² °¤¥· Ì
CERN ¨ FNAL (µ ¶¥·¢µ³ ´ ¡²Õ¤¥´¨¨ Bc ¢ Ô±¸¶¥·¨³¥´É¥ CDF ¸³. [75]), ¨
¶·¥¤¸± § ´  ¢¥²¨Î¨´  Ï¨·¨´Ò · ¸¶ ¤  B∗+

c (3S) → B+D0.
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COOPERATIVE ELECTROMAGNETIC EFFECTS
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and University of Western Ontario, London, Canada

Collective phenomena in strongly nonequilibrium systems interacting with electromagnetic ˇeld
are considered. Such systems are described by complicated nonlinear differential or integro-differential
equations. The aim of this review is to show that many nonlinear collective phenomena can be
successfully treated by a recently developed method called the Scale Separation Approach whose name
is due to the idea of separating different characteristic space-time scales existing in nonequilibrium
statistical systems. This approach is rather general and can be applied to various nonequilibrium
physical problems, several of which are discussed here. The problems considered not only serve
as illustrations of the method but are quite important by themselves presenting interesting physical
effects, such as Collective Liberation of Light, Turbulent Photon Filamentation, Superradiant Spin
Relaxation, Negative Electric Current, and Magnetic Semiconˇnement of Atoms.

ˆ¸¸²¥¤ÊÕÉ¸Ö ±µ²²¥±É¨¢´Ò¥ Ö¢²¥´¨Ö ¢ ¸¨²Ó´µ´¥· ¢´µ¢¥¸´ÒÌ ¸¨¸É¥³ Ì, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì
¸ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³. ’ ±¨¥ ¸¨¸É¥³Ò µ¶¨¸Ò¢ ÕÉ¸Ö ¸²µ¦´Ò³¨ ´¥²¨´¥°´Ò³¨ ¤¨ËË¥·¥´Í¨-
 ²Ó´Ò³¨ ¨²¨ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨. –¥²Ó ¤ ´´µ£µ µ¡§µ·  Å ¶µ± § ÉÓ, ÎÉµ
³´µ£¨¥ ´¥²¨´¥°´Ò¥ ±µ²²¥±É¨¢´Ò¥ Ö¢²¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ Ê¸¶¥Ï´µ µ¶¨¸ ´Ò ¸ ¶µ³µÐÓÕ · §¢¨Éµ£µ
´¥¤ ¢´µ ³¥Éµ¤ , ´ §¢ ´´µ£µ ³¥Éµ¤µ³ · §¤¥²¥´¨Ö ³ ¸ÏÉ ¡µ¢, µ¸´µ¢ ´´µ£µ ´  ¨¤¥¥ ¢Ò¤¥²¥´¨Ö · §-
²¨Î´ÒÌ Ì · ±É¥·´ÒÌ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ³ ¸ÏÉ ¡µ¢, ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¢ ´¥· ¢´µ¢¥¸´ÒÌ
¸É É¨¸É¨Î¥¸±¨Ì ¸¨¸É¥³ Ì. �ÉµÉ ¶µ¤Ìµ¤ µ¡² ¤ ¥É ¤µ¸É ÉµÎ´µ° µ¡Ð´µ¸ÉÓÕ ¨ ³µ¦¥É ¡ÒÉÓ ¶·¨³¥-
´¥´ ± ¢¸¥¢µ§³µ¦´Ò³ ´¥· ¢´µ¢¥¸´Ò³ Ë¨§¨Î¥¸±¨³ ¶·µ¡²¥³ ³, ´¥±µÉµ·Ò¥ ¨§ ±µÉµ·ÒÌ · ¸¸³ É·¨-
¢ ÕÉ¸Ö ¢ ¤ ´´µ³ µ¡§µ·¥.  ¸¸³µÉ·¥´´Ò¥ ¶·µ¡²¥³Ò ´¥ Éµ²Ó±µ ¨£· ÕÉ ·µ²Ó ¨²²Õ¸É· Í¨¨ ³¥Éµ¤ ,
´µ ¢ ¦´Ò ¨ ¸ ³¨ ¶µ ¸¥¡¥, ¶·¥¤¸É ¢²ÖÖ ¨´É¥·¥¸´Ò¥ Ë¨§¨Î¥¸±¨¥ ÔËË¥±ÉÒ, É ±¨¥, ± ± ±µ²²¥±É¨¢-
´µ¥ µ¸¢µ¡µ¦¤¥´¨¥ ¸¢¥É , ÉÊ·¡Ê²¥´É´µ¥ ËµÉµ´´µ¥ ´¨É¥µ¡· §µ¢ ´¨¥, ¸¢¥·Ì¨§²ÊÎ É¥²Ó´ Ö ¸¶¨´µ¢ Ö
·¥² ±¸ Í¨Ö, µÉ·¨Í É¥²Ó´Ò° Ô²¥±É·¨Î¥¸±¨° Éµ± ¨ ³ £´¨É´Ò° ¶µ²Ê±µ´Ë °´³¥´É  Éµ³µ¢.

1. INTRODUCTION

Strongly nonequilibrium cooperative processes that occur in statistical sys-
tems interacting with electromagnetic ˇeld are described by complicated nonlinear
differential and integro-differential equations. For treating such difˇcult problems,
a general approach has been recently developed called the Scale Separation Ap-
proach whose basic idea is to present the evolution equations in such a form
where it could be possible to separate several characteristic space-time scales. In
many cases, different scales appear rather naturally being directly related to the
physical properties of the considered system.

Since the scale separation approach makes the mathematical foundation for
the following applications, we start the review with presenting the basic tech-
niques of this approach. Then we demonstrate it by applying the method to
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different physical problems related to strongly nonequilibrium processes occur-
ring under the interaction of electromagnetic ˇeld with matter. The considered
examples not only serve as illustrations of the method but are of importance as
such since they concern interesting and rather nontrivial physical effects. For
consideration, those effects are chosen that have been ˇrst correctly described
or predicted by the authors. Among these effects, we would like to emphasize,
as the most interesting, the following: Collective Liberation of Light, Turbulent
Photon Filamentation, Superradiant Spin Relaxation, Negative Electric Current,
and Magnetic Semiconˇnement of Atoms.

The content of the report is as follows. In Section 2 the Scale Separation
Approach is described. This method makes it possible to solve, or to strongly
simplify, many complicated systems of nonlinear differential equations, including
stochastic and partial-derivative equations. The mathematical procedure of solving
nonlinear differential equations in the following applications is based on this
approach. The examples we consider have mainly to do with the evolution
equations describing strongly nonequilibrium statistical systems interacting with
electromagnetic ˇelds. We concentrate our attention on collective phenomena
whose existence as such, as well as their properties, are due to nonlinear effects.
This is why we constantly have to deal with nonlinear equations.

Resonant interactions of electromagnetic ˇeld with radiating systems are usu-
ally described by the MaxwellÄBloch equations, in which one often passes to the
momentum representation by means of Fourier transform. But we prefer to work
in the Real-Space representation, outlined in Section 3, which seems to be more
convenient for employing the Scale Separation Approach. Another convenient
trick we employ is the elimination of electromagnetic ˇeld from evolution equa-
tions. For this purpose, the operator Maxwell equations, supplemented by the
Coulomb calibration, can be rewritten in the integral form connecting the vector
potential with the retarded current formed by the radiating system. Substituting
this vector potential into evolution equations eliminates from them electromag-
netic ˇeld. In this way, we come to the system of equations not containing
explicitly electromagnetic ˇeld, instead of which there appears an effective di-
pole interaction of radiating atoms. After eliminating electromagnetic ˇeld, we
have less equations, although the price for this is that these equations become
integro-differential. Nevertheless, the obtained equations are more convenient
for applying to them our method of solution. Another important advantage of
the derived equations is the possibility of taking into account quantum effects.
Such effects are often principal, while the standard semiclassical MaxwellÄBloch
equations cannot take account of them. To simplify evolution equations, not
loosing quantum effects, is the idea of the Stochastic Mean-Field Approximation
of Section 4. Since cooperative electromagnetic phenomena are directly related to
arising coherence, Section 5 gives the deˇnitions for Dynamical Characteristics
of Coherence.
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The equations derived in the previous sections and the method of solution
developed above are applied to several concrete systems exhibiting interesting
physical properties. In Section 6, we suggest the theory of Collective Liberation
of Light, which can occur in materials with polariton band gap. In Section 7,
we consider the in[uence of external ˇelds on radiation properties of resonant
atoms, checking whether it is feasible to get Ampliˇcation by Nonresonant Fields.
Section 8 discusses the so-called Méossbauer Magnetic Anomaly observed in some
magnetic materials. In Section 9 the Problem of Pattern Selection is analyzed.
This problem arises, for instance, when one needs to describe resonant media with
spatially nonuniform electromagnetic structures. For treating the problem, we
have suggested an original approach based on probabilistic analysis of possible
spatiotemporal patterns. This method is applied, in Section 10, to describing
Turbulent Photon Filamentation in resonant media.

Scale Separation Approach, being a general method, can be employed for
treating strongly nonequilibrium systems of different physical nature. In Section
11, it is used for giving a thorough picture of Superradiant Spin Relaxation
occurring in nonequilibrium nuclear magnets. This method also makes it possible
to analyse nonlinear differential equations in partial derivatives. Such an analysis
helps in ˇnding conditions under which unusual nonlinear effects can happen.
This is illustrated in Section 12 by describing a transient effect of Negative
Electric Current in nonuniform semiconductors. Another novel effect of Magnetic
Semiconˇnement of Atoms is described in Section 13. Both these effects have been
predicted by the authors. In Section 14, we discuss conditions when Nuclear
Matter Lasing could be possible.

Throughout the review, we consider several physical systems of rather differ-
ent nature, Because of this, it is more appropriate to give all details and to discuss
the related literature in the corresponding sections, limiting the Introduction by
a brief enumeration of the considered problems. Section 15 contains Conclusion
summarizing main results.

2. SCALE SEPARATION APPROACH

Because of the pivotal role of this approach for treating physical problems
in the following sections, we need to start by presenting its general scheme. It
is possible to separate ˇve main steps, or parts, of the approach: (i) stochastic
quantization of short-range correlations; (ii) separation of variables onto fast
and slow; (iii) averaging method for multifrequency systems; (iv) generalized
expansion about guiding centers; and (v) selection of scales for space structures.
Below, these steps are explicitly explained.

2.1. Short-Range Stochastic Quantization. When considering nonequilib-
rium processes in statistical systems, one needs to write evolution equations for
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some averages < Ai > of operators Ai(t), where t is time and i = 1, 2, . . . , N
enumerates particles composing the considered system. For simplicity, a discrete
index i is employed, although everywhere in what follows one could mean an
operator A(8ri, t) depending on a continuous space variable 8ri.

There exists the well-known problem in statistical mechanics consisting in
the fact that writing an evolution equation for < Ai > one does not get a
closed set of equations but a hierarchical chain of equations connecting correlation
functions of higher orders. Thus, an equation for < Ai > involves the terms as∑

j < AiBj > with double correlators < AiBj >, and the evolution equations
for the latter acquire the terms with triple correlators, and so on. The simplest
way for making the system of equations closed is by resorting to the mean-ˇeld
type decoupling < AiBj > → < Ai >< Bj >. When considering radiation
processes, this decoupling is called the semiclassical approximation. Then the
term

∑
j < AiBj > reduces to < Ai >

∑
j < Bj >, so that one can say

that < Ai > is subject to the action of the mean ˇeld
∑

j < Bj >. The
semiclassical approximation describes well coherent processes, when long-range
correlations between particles govern the evolution of the system, while short-
range correlations, due to quantum [uctuations, are not important. However, the
latter may become of great importance if there are periods of time when the long-
range correlations are absent. For example, this may happen at the beginning of
a nonequilibrium process when long-range correlations have had yet no time to
develop. Then neglecting short-range correlations can lead to principally wrong
results for the whole dynamics.

To include the in[uence of short-range correlations, the semiclassical approx-
imation can be modiˇed as follows:

∑
j

< AiBj >=< Ai >

∑
j

< Bj > +ξ

 , (1)

where ξ is a random variable describing local short-range correlations. It is
natural to treat ξ as a Gaussian stochastic variable deˇned by its ˇrst, � ξ �,
and second, � |ξ|2 �, moments. According to the short-range character of local
ˇelds, we should set

� ξ � = 0 . (2)

The second moment, aiming at taking into account incoherent local [uctuations,
can be deˇned by means of the following reasoning. Consider the equality

�

∣∣∣∣∣∣
∑
j

< AiBj >

∣∣∣∣∣∣
2

� = | < Ai > |2


∣∣∣∣∣∣
∑
j

< Bj >

∣∣∣∣∣∣
2

+ � |ξ|2 �
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resulting from deˇnitions (1) and (2). On the other hand, wishing to take into
account both long-range coherent and short-range incoherent terms, one should
write∣∣∣∣∣∣

∑
j

< AiBj >

∣∣∣∣∣∣
2

= | < Ai > |2


∣∣∣∣∣∣
∑
j

< Bj >

∣∣∣∣∣∣
2

+
∑
j

| < Bj > |2

 ,

where the ˇrst term in the brackets corresponds to the coherent while the second
term, to incoherent parts. Comparing the latter two equalities, we come to the
conclusion that

� |ξ|2 � =
∑
j

| < Bj > |2 . (3)

As far as short-range correlations and [uctuations are often due to quantum ef-
fects, the manner of taking them into account by introducing a stochastic variable
ξ can be named the stochastic quantization. Then the decoupling (1) may be
termed the stochastic mean-ˇeld approximation. A similar kind of approximation
has been used for taking account of quantum spontaneous emission of atoms in
the problem of atomic superradiance [1]. Somewhat related ideas have also been
used in the stochastic quantization of quantum ˇeld theory [2].

2.2. Classiˇcation of Function Variations. Employing the stochastic mean-
ˇeld approximation makes it possible to write down a closed set of stochastic
differential equations. The next step is to ˇnd such a change of variables which
results in the possibility of separating the functional variables onto fast and slow.
Let us consider, ˇrst, the variation of functions in time. Assume that we come to
the set of equations of the form

du

dt
= f ,

ds

dt
= εg , (4)

in which f = f(ε, u, s, ξ, t), g = g(ε, u, s, ξ, t), and ε� 1 is a small parameter.
Equations (4) are complimented by initial conditions

u = u0 , s = s0 (t = 0) . (5)

Here, for simplicity, we deal with only two functions, u and s, and one small
parameter ε. The whole procedure is straightforwardly applicable to the case of
many functions and several parameters.

Let the functions f and g be such that

lim
ε→0

f �= 0 , lim
ε→0

εg = 0 . (6)

Then from Eqs. (4) it follows that

lim
ε→0

du

dt
�= 0 , lim

ε→0

ds

dt
= 0 . (7)
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This permits us to classify the solution u as fast, compared to the slow solution s.
In turn, the slow solution s is a quasi-invariant with respect to the fast solution
u. Thus, we may classify the functions representing the sought solutions onto
fastly and slowly varying in time.

In the case of partial differential equations, one has, in addition to time, a
space variable 8r. Then the notion of fast and slow functions can be generalized
as follows [3]. Let 8r ∈ V, with V being the measure of the volume V, and let
t ∈ [0, T ], where T can be inˇnite. If one has

lim
ε→0

� 1
V

∫
V

∂u

∂t
d8r � �= 0 , lim

ε→0
� 1
T

∫ T

0

8∇u dt� �= 0 , (8)

while

lim
ε→0

� 1
V

∫
V

∂s

∂t
d8r � = 0 , lim

ε→0
� 1
T

∫ T

0

8∇s dt� = 0 , (9)

then the solution u can be called fast on average with respect to both space and
time, as compared to s that is slow on average. In such a case, s is again a
quasi-invariant with respect to u. In general, it may, of course, happen that one
of the solutions is fast in time but slow in space, or vice versa, as compared to
another solution. Note that in the Hamiltonian mechanics quasi-invariants with
respect to time are called adiabatic invariants [4]. A generalization of this notion
to the case of both space and time variables [3] is given by deˇnition (9).

2.3. Multifrequency Averaging Technique. Let us continue considering
the ordinary differential equations (4). The generalization to the case of partial
differential equations can be done similarly to the way discussed at the end of
the previous section. After classifying the function u as fast and s as slow,
we may resort to the KrylovÄBogolubov averaging technique [5] extended to
multifrequency systems.

Since the slow solution s is a quasi-invariant for the fast variable u, one
considers the equation for the fast function, with the slow one kept ˇxed,

∂X

∂t
= f(ε,X, z, ξ, t) , (10)

here s = z being treated as a constant parameter. The initial conditions for
Eq. (10) is

X = u0 (t = 0) . (11)

The pair of solutions

X = X(ε, z, ξ, t) , z = const (12)
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are called the generating solutions. Substituting the solution X into the right-hand
side of the equation for the slow function s, one deˇnes the average

g(ε, z) ≡ � 1
τ

∫ τ

0

g(ε,X(ε, z, ξ, t), z, ξ, t) dt� , (13)

in which τ is the characteristic time of fast oscillations. In many cases, it is
sufˇcient to set τ → ∞. In this way, we come to the equation

dz

dt
= ε g(ε, z) , (14)

with the initial condition
z = s0 (t = 0) . (15)

The solution to Eq. (14),
z = z(ε, t) , (16)

is to be substituted into X yielding

y(ε, ξ, t) = X(ε, z(ε, t), ξ, t) . (17)

Generating solutions (12) are the ˇrst crude approximations one starts with. More
elaborate solutions (16) and (17) are termed guiding centers.

Notice two points that difference the considered way of obtaining the guiding
centers (16) and (17) from the standard averaging method [5]. The ˇrst point
is in retaining in Eq. (10) the small parameter ε, which makes it possible to
correctly take into account important physical effects, such as attenuation. The
standard manner of deˇning the generating solutions with setting ε = 0 would
result in essentially more rough approximations. The second difference is in the
occurrence of the stochastic average in deˇnition (13), since here we are dealing
with stochastic differential equations.

2.4. Generalized Asymptotic Expansion. The generating solutions (12)
play the role of the trial zero-order approximation, while the guiding centers (16)
and (17) essentially improve the trial approximations. Higher-order corrections
may be obtained by presenting the general solutions as asymptotic expansions
about the guiding centers. Then, k-order approximations are written as

uk = y(ε, ξ, t) +
k∑

n=1

yn(ε, ξ, t) εn , sk = z(ε, t) +
k∑

n=1

zn(ε, ξ, t) εn . (18)

Such series are named generalized asymptotic expansions [6], since the expansion
coefˇcients depend themselves on parameter ε. The right-hand sides of Eqs. (4)
are also to be expanded about the guiding centers yielding

f(ε, uk, sk, ξ, t) � f(ε, y, z, ξ, t) +
k∑

n=1

fn(ε, ξ, t) εn ,
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g(ε, uk, sk, ξ, t) � g(ε, y, z, ξ, t) +
k∑

n=1

gn(ε, ξ, t) εn . (19)

Then, expansions (18) and (19) are to be substituted in Eqs. (4) with equating
the like terms with respect to the explicit powers of ε. Thus, in the ˇrst order,
this gives

dy1
dt

= f1(ε, ξ, t)− g(ε, z) X1(ε, ξ, t) ,
dz1
dt

= g(ε, y, z, ξ, t)− g(ε, z) , (20)

where

X1(ε, ξ, t) ≡
∂

∂z
X(ε, z, ξ, t) , z = z(ε, t) .

For the approximations of order n ≥ 2, we get

dyn
dt

= fn(ε, ξ, t) ,
dzn
dt

= gn(ε, ξ, t) . (21)

The initial conditions for all n = 1, 2, . . . are

yn = zn = 0 (t = 0) . (22)

The functions fn and gn depend on y1, y2, . . . , yn, and on z1, z2, . . . , zn, but it
is important that the dependence on yn and zn is linear. The latter follows from
the fact that expanding a function

f

(
y +

k∑
n=1

yn ε
n

)
=

k∑
n=1

fn ε
n

in powers of ε, one has

f1 = f ′(y)y1, f2 =
1
2!

[f ′′(y)y1 + f ′(y)y2] ,

f3 =
1
3!

[f ′′′(y)y1 + 2f ′′(y)y2 + f ′(y)y3] ,

and so on. In this way, Eqs. (20) directly deˇne y1 and z1, and Eqs. (21) are
linear equations, thus, being easily integrated.

Usually, one does not need the higher-order approximations since the main
physics, in the majority of cases, is already well described by the guiding centers
(16) and (17). The latter are good approximations to the exact solutions [7]
in the time interval 0 ≤ t ≤ Ts/ε, where Ts is a characteristic time of the
slow-solution variation. In those cases when the higher-order approximations are
important, each k-order approximant can also be improved by invoking some
sort of summation [8] of asymptotic series (18), for instance, the self-similar
summation [9Ä12].
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2.5. Selection of Space Structures. The solutions to differential or integro-
differential nonlinear equations in partial derivatives are generally nonuniform
in space exhibiting the formation of different spatial structures. And it often
happens that a given set of equations possesses several solutions corresponding
to different spatial patterns or to different scales of such patterns [13]. When
there is a family of solutions describing several possible patterns, the question
arises which of these solutions, and respectively patterns, is preferable and in
what sense could it be preferable. This problem of pattern selection is a general
and very important problem constantly arising in considering spatial structures.
In this subsection we delineate a simple way that in many cases helps to solve
the problem of pattern selection. A more reˇned theory will be presented in
Sections 9 and 10.

Assume that the obtained solutions describe spatial structures that can be para-
metrized by a multiparameter β, so that the k-order approximations uk(β,8r, t)
and sk(β,8r, t) include the dependence on β whose value is, however, yet un-
deˇned. To deˇne β, and respectively the related pattern, one may proceed in
the spirit of the self-similar approximation theory [14Ä23], by treating β as a
control function. According to the theory [14Ä23], control functions are to be
deˇned from ˇxed-point conditions for an approximation cascade constructed for
an observable quantity. For the latter, one may take the average energy deˇned as
follows. The internal energy, which is a statistical average of the system Hamil-
tonian, is a functional E[u, s] of the solutions. Taking the k-order approximations
for the latter and averaging the internal energy over the period of fast oscillations
and over stochastic variables, one gets the average energy

Ek(β) ≡ � 1
τ

∫ τ

0

E[uk(β,8r, t), sk(β,8r, t)] dt� . (23)

For the sequence of approximations, {Ek(β)}, it is possible to construct an
approximation cascade whose ˇxed point can be given by the condition

∂

∂β
Ek(β) = 0 , (24)

from which one gets the control function β = βk deˇning the corresponding
pattern. According to optimal control theory, control functions are deˇned so that
to minimize a cost functional. The latter, in our case, is naturally represented by
the average energy (23). Hence, when the ˇxed-point equation (24) has several
solutions, one may select of them that one which minimizes the cost functional
(23), so that

Ek(βk) = abs min
β
Ek(β) . (25)

Equations (24) and (25) have a simple physical interpretation as the minimum
conditions for the average energy (23). However, one should keep in mind that
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there is no, in general, such a principle of minimal energy for nonequilibrium
systems [13]. Therefore the usage of the ideas from the self-similar approximation
theory [14Ä23] provides a justiˇcation for employing conditions (24) and (25) for
nonequilibrium processes.

The scale separation approach presented in this section makes it possible to
solve rather complicated sets of nonlinear differential equations describing various
nonequilibrium phenomena in statistical systems. More details on this approach
can be found in Refs. 24Ä28.

3. REAL SPACE REPRESENTATION

When considering the interaction of atoms with electromagnetic ˇelds, one
usually employs the so-called mode representation, expanding ˇeld operators over
mode wave functions [29,30]. These can be either free-mode functions, that is
plane waves, or resonator-mode functions depending on the resonator geometry.
We prefer to deal with the real-space representation because of the following
reasons: First, the evolution equations in this representation are written in a form
more convenient for analysing temporal nonstationary behaviour of solutions.
Second, it is more suitable for describing nonuniform solutions corresponding to
self-organized space structures. And third, this representation is more appropriate
for using the scale separation approach. Since the real space representation is
rarely considered in literature, it is worth recalling in brief the derivation of the
main equations in this representation [31]. To understand the basis of the main
evolution equations is very important, for these equations will be constantly used
in what follows. One more peculiarity of the consideration below, differencing
it from the standard texts, is the comparison of the formulas for the cases of
electrodipole and magnetodipole transitions.

Let us have a system of radiators that can be atoms, molecules, nuclei, etc.
Assume that the size of a radiator, a0, is small as compared to the mean distance
between them, a, as well as to the characteristic radiation wavelength λ,

a0
a

� 1 ,
a0
λ

� 1 , (26)

while the relation between a and λ can be arbitrary. Canonical variables related
to the electromagnetic ˇeld are the electric ˇeld 8E and the vector potential 8A,
whose commutation relations are[

Eα(8r, t), Aβ(8r ′, t)
]

= 4πi c δαβ δ(8r − 8r ′) ,

[
Eα(8r, t), Eβ(8r ′, t)

]
=
[
Aα(8r, t), Aβ(8r ′, t)

]
= 0 ,
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where c is the light velocity and the indices α, β = 1, 2, 3, or x, y, z, enumerate
the Cartesian coordinates. The magnetic ˇeld is

8H(8r, t) = 8∇× 8A(8r, t) .

To uniquely deˇne the latter, we invoke the Coulomb gauge condition

8∇ · 8A(8r, t) = 0 .

Here and in what follows the system of units is used where � ≡ 1.
The radiator charges are described by the annihilation, ψ, and creation, ψ†,

ˇeld operators with the commutation relations[
ψ(8r, t), ψ†(8r ′, t)

]
∓ = δ(8r − 8r ′) , [ψ(8r, t), ψ(8r ′, t)]∓ = 0 ,[

ψ(8r, t), 8E(8r ′, t)
]

=
[
ψ(8r, t), 8A(8r ′, t)

]
= 0 ,

in which the indices minus or plus mean the commutators or anticommutators,
respectively, depending on the Bose or Fermi statistics of the charges.

Assume that in addition to the quantum radiation ˇelds 8E and 8H there are
classical ˇelds 8E0 and 8H0 for which we have

8E0(8r, t) = −8∇ϕ0(8r, t) , 8H0(8r, t) = 8∇× 8A0(8r, t) , 8∇ · 8A0(8r, t) = 0 .

These additional ˇelds can be due to external sources or can be created by the
matter which the radiators are inserted in.

Each radiator is also subject to the action of a scalar potential ϕi(8r) rep-
resenting all stationary Coulomb interactions. Thus, we may introduce the total
scalar and vector potentials

ϕtot(8r, t) = ϕ0(8r, t) +
N∑
i=1

ϕi(8r) , 8Atot(8r, t) = 8A0(8r, t) + 8A(8r, t) , (27)

where N is the number of radiators. Then the local energy operator is deˇned as

Ĥ(8r, t) =
1

2m0

[
i 8∇ +

e

c
8Atot(8r, t)

]2
+ e ϕtot(8r, t) , (28)

where m0 is mass and e, charge of a particle. Omitting here the relativistic term
e2 8A2tot/c

2 and using the Coulomb calibration, we have

Ĥ(8r, t) = − ∇2
2m0

+
ie

m0 c
8Atot(8r, t) · 8∇ + e ϕtot(8r, t) .
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The Hamiltonian of the system of radiators interacting with electromagnetic
ˇeld and with matter is written as the sum

Ĥ = Ĥr + Ĥf + Ĥrf + Ĥm + Ĥmf , (29)

in which the terms represent, respectively, the Hamiltonians of radiators, ˇeld,
radiatorÄˇeld interaction, matter, and matterÄˇeld interaction. The Hamiltonian
of the system of radiators is

Ĥr(t) =
∫
ψ†(8r, t)

[
− ∇2

2m0
+ e

N∑
i=1

ϕi(8r)

]
ψ(8r, t) d8r . (30)

This includes also the direct interaction of radiators with matter by means of the
effective scalar potentials ϕi(8r). The ˇeld Hamiltonian writes

Ĥf (t) =
1

8π

∫ [
8E2(8r, t) + 8H2(8r, t)

]
d8r . (31)

The radiatorÄˇeld interaction is described by

Ĥrf (t) =
∫
ψ†(8r, t)

[
ie

m0 c
8Atot(8r, t) · 8∇ + e ϕ0(8r, t)

]
ψ(8r, t) d8r . (32)

The Hamiltonians of matter and of matterÄˇeld interaction are to be speciˇed
according to particular cases under consideration.

The size of a radiator, according to inequalities (26), is the smallest char-
acteristic length. If 8ri is the centerÄofÄmass of a radiator, we shall use the
notation

8Ei(t) ≡ 8E(8ri, t) , 8Hi(t) = 8H(8ri, t) ,

8Ai(t) ≡ 8A(8ri, t) , 8E0i(t) ≡ 8E0(8ri, t) , 8H0i(t) = 8H0(8ri, t) .

For 8r in the vicinity of 8ri, we may write

ϕ0(8r, t) � −8r · 8E0i(t) (8r ≈ 8ri) ,

8A0(8r, t) � − 1
2
8r × 8H0i(t) , 8A(8r, t) � 8Ai(t) −

1
2

(8r − 8ri) × 8Hi(t) .

The energy levels of each radiator are deˇned by the Schréodinger equation[
− ∇2

2m0
+ e ϕi(8r)

]
ψn(8r − 8ri) = En ψn(8r − 8ri) ,
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where it is assumed that all radiators are identical and ϕi(8r) = ϕ(8r − 8ri). The
eigenfunctions ψn(8r − 8ri) form a complete orthonormal set enumerated by the
indices n and i, so that∫
ψ∗
m(8r−8ri) ψn(8r−8rj) d8r = δmn δij ,

∑
in

ψ∗
n(8r−8ri) ψn(8r ′−8ri) = δ(8r−8r ′).

With these functions, we may deˇne the density of transition current

8jmn(8r) = − ie

2m0

[
ψ∗
m(8r)8∇ψn(8r) − ψn(8r)8∇ψ∗

m(8r)
]

(33)

and the transition current

8jmn =
∫
8jmn(8r) d8r . (34)

We also introduce the electric transition dipole

8dmn = e
∫
ψ∗
m(8r) 8r ψn(8r) d8r (35)

and the magnetic transition dipole

8µmn =
1
2c

∫
8r ×8jmn(8r) d8r . (36)

Using the equality

8∇ = m0

[
8r, − ∇2

2m0
+ e ϕi(8r)

]
,

one can connect the electric transition current (34) and transition dipole (35) as

8jmn = i ωmn
8dmn , ωmn ≡ Em − En . (37)

The ˇeld operators can be expanded over the basis of the wave functions as

ψ(8r, t) =
∑
n

N∑
i=1

cni(t) ψn(8r − 8ri) .

From the commutation relations for the ˇeld operators one has[
cmi(t), c

†
ni(t)

]
∓

= δmn δij , [cmi(t), cnj(t)]∓ = 0 .

The fact that each radiator is certainly in one of the states labelled by the index
n is expressed by the unipolarity condition∑

n

c†ni(t) cni(t) = 1 . (38)
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The wave functions ψn(8r−8ri), in agreement with inequalities (26), are localized
in a small region of the size of a radiator. Such functions are called the localized
orbitals. The localization condition can be represented by the equality∫

ψ∗
m(8r − 8ri) f(8r) ψn(8r − 8rj) d8r = 0 (i �= j) ,

in which f(8r) is a ˇnite function.
Using the notations and conditions introduced above, we transform the radi-

ator Hamiltonian (30) to the form

Ĥr(t) =
∑
n

N∑
i=1

En c
†
ni(t) cni(t) . (39)

The radiatorÄˇeld Hamiltonian (32) becomes

Ĥrf(t) = −
∑
mn

N∑
i=1

c†mi(t)cni(t)
[
8dmn · 8E0i(t) +

1
c
8jmn · 8Ai(t) + 8µmn · 8Bi(t)

]
,

(40)
where

8Bi(t) = 8H0i(t) + 8Hi(t) (41)

is the total magnetic ˇeld.
From deˇnitions (34) to (36), we have

8d∗mn = 8dnm , 8j∗mn = 8jnm , 8µ∗mn = 8µnm .

Because the wave functions are usually either symmetric or antisymmetric with
respect to the spatial inversion, so that

|ψn(−8r)| = |ψn(8r)| , (42)

then we see that 8dnn = 8jnn = 0 but, in general, 8µnn �= 0.
The next approximation that is usually involved is related to the situation

when only a couple of radiator levels takes part in the considered process. This
happens when the transition frequency

ω0 ≡ ω21 = E2 − E1 > 0 (43)

for these two levels is selected by means of an external alternating ˇeld whose
frequency is close to the transition frequency (43). In this way, considering
only two levels is equivalent to the quasiresonance approximation. Then, it is
convenient to introduce the transition operators

σ−i (t) = c†1i(t) c2i(t) , σ+i (t) = c†2i(t) c1i(t)
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and the population-difference operator

σzi (t) = c†2i(t) c2i(t) − c
†
1i(t) c1i(t) ,

so that

2c†1i(t) c1i(t) = 1 − σzi (t) , 2c†2i(t) c2i(t) = 1 + σzi (t) .

The commutation relations for the introduced operators are

[σ−i , σ
+
j ] = −δij σzi , [σ−i , σ

−
j ] = [σ+i , σ

+
j ] = 0, [σ−i , σ

z
j ] = 2 δij σ−i ,

[σ+i , σ
z
j ] = −2 δij σ+i , [σ−i , 8Aj ] = [σ−i , 8Ej ] = [σzi , 8Aj ] = [σzi , 8Ej ] = 0,

where all operators are taken at coinciding times.
With the notation

8d21 ≡ 8d , 8µ21 ≡ 8µ , (44)

we have 8d12 = 8d∗, 8µ12 = 8µ∗, and consequently

8j12 = − i ω0 8d∗ , 8j21 = i ω0 8d . (45)

Since only the difference between level energies is measurable, one can set
E1 = 0. Then the radiator Hamiltonian (39) reduces to

Ĥr(t) =
1
2

N∑
i=1

ω0 [1 + σzi (t)] . (46)

Everywhere in what follows we assume that electromagnetic ˇelds acting on
a radiator do not change the classiˇcation of its energy levels. In the other
case it would be impossible to talk about quasiresonance. This implies that the
interaction energies of a radiator with ˇelds are assumed to be much smaller than
ω0. Because of the latter, the term

1
2

N∑
i=1

[(8µ11 + 8µ22) + (8µ22 − 8µ11) σzi (t)] · 8Bi(t) ,

entering the radiatorÄˇeld Hamiltonian (40), can be neglected as compared to
Eq. (46). As a result, we obtain

Ĥrf (t) = −
N∑
i=1

[
1
c
8ji(t) · 8Ai(t) + 8di(t) · 8E0i(t) + 8µi(t) · 8Bi(t)

]
, (47)

where the notation

8ji(t) = i ω0
[
8d σ+i (t) − 8d∗ σ−i (t)

]
, 8di(t) = 8d σ+i (t) + 8d∗ σ−i (t) ,
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8µi(t) = 8µ σ+i (t) + 8µ∗ σ−i (t) (48)

is used. The Hamiltonian of the matterÄˇeld interaction can be written analo-
gously to the ˇrst term in Eq. (47) as

Ĥmf (t) = − 1
c

N0∑
j=1

8Jmj(t) · 8Aj(t) , (49)

where N0 is the number of particles forming the matter and 8Jmj is a local matter

current having the structure of the operator 8Jmj = (e/m)8pj , with 8pj being the
momentum of a j-particle.

The transition between the quantum states ψ1 and ψ2 can be either accom-
panied by the change of parity or not. Then from deˇnitions (35) and (36) it
follows that one has one of two possibilities:

8d �= 0 , 8µ = 0 (changed parity) ;

8d = 0 , 8µ �= 0 (conserved parity) . (50)

Thus, we actually have to deal with only one of the dipole transitions, either with
electric or with magnetic. Here we consider them in parallel in order to compare
these two cases.

4. STOCHASTIC MEAN-FIELD APPROXIMATION

Now it is necessary to write down the evolution equations for the operators
entering the total Hamiltonian (29) whose terms are given by Eqs. (46), (31),
(47), and (49). The Heisenberg equations yield

1
c

∂

∂t
8E(8r, t) = 8∇× 8H(8r, t)− 4π

c
8J(8r, t) ,

1
c

∂

∂t
8A(8r, t) = − 8E(8r, t) , (51)

which are, actually, the operator Maxwell equations, where the operator of cur-
rent is

8J(8r, t) =
N∑
i=1

[
8ji(t) − c 8µi(t) × 8∇

]
δ(8r − 8ri) +

N0∑
j=1

8Jmj(t) δ(8r − 8rj) . (52)

For the transition operators we have

dσ−i
dt

= − i ω0 σ−i +
(
k0 8d · 8Ai − i 8d · 8E0i − i 8µ · 8Bi

)
σzi (53)
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for the lowering operator, where k0 ≡ ω0/c, and the Hermitian conjugate equation
for the rising operator σ+i . For the population-difference operator we get

dσzi
dt

= −2k0
(
8d σ+i + 8d∗ σ−i

)
· 8Ai+

+2i
(
8d σ+i − 8d∗ σ−i

)
· 8E0i + 2 i

(
8µ σ+i − 8µ∗ σ−i

)
· 8Bi . (54)

From Eqs. (51), using the Coulomb calibration, we ˇnd the wave equation(
8∇2 − 1

c2
∂2

∂t2

)
8A(8r, t) = − 4π

c
8J(8r, t) . (55)

The solution of the latter has the form

8A(8r, t) = 8Avac(8r, t) +
1
c

∫
8J

(
8r ′, t− |8r − 8r ′|

c

)
d8r ′

|8r − 8r ′| , (56)

in which 8Avac is the vacuum vector potential being a solution of the uniform
wave equation. With the operator of current (52), the vector potential (56) can
be written as the sum

8A = 8Avac + 8Arad + 8Amat (57)

of the vacuum potential 8Avac, the radiator potential

8Arad(8ri, t) =
∑
j

1
crij

8jj

(
t− rij

c

)
+
∑
j

8rij
r3ij

×
(
rij

∂

∂rij
− 1

)
8µj

(
t− rij

c

)
,

(58)
and of the matter potential

8Amat(8ri, t) =
∑
j

1
c rij

8Jmj

(
t− rij

c

)
, (59)

where 8rij ≡ 8ri − 8rj , rij ≡ |8rij |, and the summation
∑

j does not include the
term with j = i.

Our aim is to derive the evolution equations for the variables

ui(t) ≡ < σ−i (t) > , si(t) ≡ < σzi (t) > , (60)

in which the angle brackets mean the statistical averaging over the radiator degrees
of freedom. For the double correlators, we shall employ the meanÄˇeldÄtype
decoupling

< σαi σ
β
j > = < σαi >< σ

β
j > (i �= j) . (61)
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The quantum effects due to self-action [29] can be taken into account by including
into the evolution equations the attenuation terms deˇned by

γ ≡ 4
3
k30
(
d20 + µ20

)
, (62)

where d0 ≡ |8d| and µ0 ≡ |8µ|. More generally, one includes the phenomenological
longitudinal and transverse attenuation parameters γ1 and γ2.

To take into account the retardation, we may remember that the action of
electromagnetic ˇelds is characterized by the energies that are much smaller than
ω0. That is, in the zero order one has σ−i ∼ exp(−iω0t), as follows from Eq.
(53). This suggests to treat the retardation by means of the formula

< σ−j

(
t− rij

c

)
> = uj(t) exp(i k0 rij) , (63)

which can be called the quasirelativistic approximation since in the relativistic
limit, c→ ∞, Eq. (63) becomes an identity.

Comparing the terms of the vector potential (58), induced by either electrodi-
pole or magnetodipole transitions, we notice their essential difference. Really,
averaging over angles gives ∑

j

f(rij) 8rij = 0 , (64)

unless there is a special arrangement of radiators in space. Hence, the vector
potential induced by magnetodipole transitions, in usual conditions, is negligibly
small. Then for the averaged potential (58), we have

< 8Arad(8ri, t) > = i k20
∑
j

(
8d ϕ∗

ij u
∗
j − 8d∗ ϕij uj

)
, (65)

where

ϕij ≡
exp(i k0 rij)
k0 rij

. (66)

The in[uence of vacuum [uctuations and of matter is characterized by the
term

ξi(t) ≡ k0 8d ·
[
8Avac(8ri, t) + 8Amat(8ri, t)

]
, (67)

which we consider as a stochastic variable, whose properties are to be deˇned by
additional conditions.

In this way, we come to the evolution equations for the transverse variable,

dui
dt

= −(i ω0 + γ2) ui − i si
(
8d · 8E0i + 8µ · 8H0i

)
+
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+i k30 si 8d ·
∑
j

(
8d ϕ∗

ij u
∗
j − 8d∗ ϕij uj

)
+ si ξi , (68)

and for the longitudinal variable,

dsi
dt

= 2 i u∗i
(
8d · 8E0i + 8µ · 8H0i

)
− 2 i ui

(
8d∗ · 8E0i + 8µ∗ · 8H0i

)
−

−2 i k30 (8d u∗i + 8d∗ ui) ·
∑
j

(
8d ϕ∗

ij u
∗
j − 8d∗ ϕij uj

)
−γ1(si− ζ)−2(u∗i ξi +uiξ∗i ),

(69)
where ζ ∈ [−1, 1] is a pumping parameter. An equation for u∗i can be obtained
by the complex conjugation of Eq. (68). Another useful equation is

d|ui|2
dt

= −2 γ2 |ui|2 + si (u∗i ξi + ui ξ∗i ) − i si u∗i
(
8d · 8E0i + 8µ · 8H0i

)
+

+i si ui
(
8d∗ · 8E0i + 8µ∗ · 8H0i

)
+

+i k30 si
(
u∗i
8d+ ui 8d∗

)
·
∑
j

(
8d ϕ∗

ij u
∗
j − 8d∗ ϕij uj

)
. (70)

Equations (68) to (70) are basic for describing nonequilibrium collective phenom-
ena in radiating systems. The set of assumptions employed for deriving these
equations can be brie[y named the stochastic meanÄˇeld approximation since
the meanÄˇeldÄtype decoupling (61) was used for the radiator correlators, but
quantum effects are taken into account through the stochastic variable (67).

5. DYNAMICAL CHARACTERISTICS OF COHERENCE

One of the most important results of the cooperative behaviour of radiators is
the appearance of coherent radiation. The level of coherence of electromagnetic
ˇelds can be described by the corresponding correlation functions [32]. Here we
introduce another characteristic of coherence, which is convenient for considering
the radiation from ensembles of radiators [33].

The energy density of the radiated electromagnetic ˇeld is

W ≡ 1
8π

(
8E2 + 8H2

)
, (71)

where 8E = 8E(8r, t) and 8H = 8H(8r, t). Differentiating Eq. (71) with respect to
time, using the Maxwell equations (51), and deˇning the intensity of scattering

∂Ws

∂t
≡ 1

2

(
8J · 8E + 8E · 8J

)
(72)
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and the Poynting vector

8S ≡ c

8π

(
8E × 8H − 8H × 8E

)
, (73)

we obtain the continuity equation

∂

∂t
(W +Ws) + div8S = 0 . (74)

The intensity of radiation into the unit solid angle is

I(8n, t) ≡ <: 8n · 8S(8r, t) :> r2 , (75)

where 8n ≡ 8r/r, r ≡ |8r|, and the colons imply the normal ordering of operators.
To accomplish the latter, one separates the Hermitian operators into their conjugate
parts, which, for instance, for the vector potential (58) reads as

8Arad(8r, t) = 8A+(8r, t) + 8A−(8r, t) , (76)

where

8A+(8r, t) =
∑
j

[
i k0 8d

|8r − 8rj |
+

1 + i k0 |8r − 8rj |
|8r − 8rj |3

8µ× (8r − 8rj)
]
σ+j

(
t− 1

c
|8r − 8rj |

)
.

Respectively, the electromagnetic positive and negative ˇelds related to Eq. (76)
are

8Erad ≡ − 1
c

∂ 8Arad

∂t
= 8E+ + 8E− , 8Hrad ≡ 8∇× 8Arad = 8H+ + 8H− .

In the time and space derivatives, we may employ, for differentiating σ±j , the
relations(

1
c

∂

∂t
+

∂

∂rij

)
σ±j

(
t− rij

c

)
= 0 ,

(
∂

∂rij
± i k0

)
σ±j

(
t− rij

c

)
= 0 .

In the wave zone, where r � |8ri| and |8r − 8rj | � r − 8n · 8rj , (r � |8rj |), we
have

8A+(8r, t) � i k0
r

(
8d+ 8µ× 8n

)∑
j

σ+j

(
t− r − 8n · 8rj

c

)
, (77)

from where
8E+ = −ik0 8A+ , 8H+ = 8n× 8E+ . (78)

Then in the part of the Poynting vector (73), describing the radiation from the
ensemble of radiators, one has

8Srad =
c

4π
8Erad × 8Hrad , 8Hrad = 8n× 8Erad .
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For the corresponding part of the radiation intensity (75), we get

Irad(8n, t) =
cr2

4π
<: 8E2rad −

(
8n · 8Erad

)2
:> . (79)

Averaging the latter over stochastic variables and over fast oscillations yields

I(8n, t) ≡ ω0
2π

∫ 2π/ω0

0

� Irad(8n, t) � dt , (80)

the slow variables in the process of integration being kept ˇxed. For the radiation
intensity (79), this results in

I(8n, t) = ω0 γ
N∑
ij

fij(8n) < σ+i (t)σ−j (t) > , (81)

where

fij(8n) ≡ 3
8π

|8n× 8e|2 exp (i k0 8n · 8rij) (82)

and 8e = 8d/d0 or 8µ/µ0 depending on the type of radiation.
In the radiation intensity (81), we may separate the terms with the coinciding

and with different indices, so that
∑

ij =
∑

i=j +
∑

i�=j . This makes it possible
to separate the radiation intensity into the incoherent and coherent parts,

I(8n, t) = Iinc(8n, t) + Icoh(8n, t) , (83)

so that the incoherent radiation intensity is

Iinc(8n, t) =
1
2
ω0 γ

N∑
i=1

fii(8n) [1 + si(t)] (84)

while the coherent radiation intensity is

Icoh(8n, t) = ω0 γ
N∑
i�=j

fij(8n) u∗i (t)uj(t) . (85)

Here the equality 2σ+i σ
−
i = 1 + σzi was used. The total radiation intensity is

given by the integral

I(t) ≡
∫
I(8n, t) dΩ(8n) = Iinc(t) + Icoh(t) (86)

over solid angles. Here the incoherent part is

Iinc(t) =
1
2
ω0 γ

N∑
i=1

[1 + si(t)] , (87)
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and the coherent part is

Icoh(t) = ω0 γ
N∑
i�=j

fij u∗i (t)uj(t) , (88)

where

fij ≡
∫
fij(8n) dΩ(8n) , fii = 1 . (89)

Finally, the level of coherence can be deˇned [33] by means of the coherence
coefˇcients

Ccoh(8n, t) ≡
Icoh(8n, t)
Iinc(8n, t)

, Ccoh(t) ≡
Icoh(t)
Iinc(t)

. (90)

The radiation is mainly incoherent when Ccoh � 1 and it is almost purely coherent
if Ccoh � 1.

6. COLLECTIVE LIBERATION OF LIGHT

A system of initially inverted atoms can, due to photon exchange, become
strongly correlated, as a result emitting a coherent pulse. This effect of self-
organization, accompanied by a coherent burst, is called the Dicke superradiance
[34]. This phenomenon is well studied for atoms in vacuum [1,29,30], includ-
ing different particular cases, such as superradiance in two-component systems
[35Ä37], superradiance from ensembles of three-level molecules [1,38], two-
photon superradiance [39,40], and so on (see citations in Refs. [41]). When
radiating atoms or molecules are placed in a solid, they interact with phonons
[42,43], which can lead to such interesting phenomena as the laser cooling of
solids [44, 45].

When an atom is placed in a periodic dielectric structure, in which, due
to periodicity, a photonic band gap develops, then spontaneous emission with a
frequency inside the band gap can be rigorously forbidden [46,47]. This kind of
matter, where photon band gap appears because of the structure periodicity in real
space, has been called photonic band-gap materials. The photon band gap also
appears in natural dense media due to photon interactions with optical collective
excitations, such as phonons, magnons, or excitons [48,49]. One calls this type of
the gap the polariton band gap since photons coupled with collective excitations
of a medium are termed polaritons.

If a single resonance atom is placed in a medium with a photon band gap,
and the atomic transition frequency lies inside this gap, then the spontaneous
emission is suppressed, which is named the localization of light [46,47]. This
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effect is caused by the formation of a photonÄatom bound state [50Ä52]. When
a collection of identical resonance atoms is doped into a medium with a photon
band gap, so that the atomic transition frequency is inside this gap, then the
atoms, in principle, can radiate because of the formation of a photonic impurity
band within the photon band gap [50,53Ä55]. A model case of a concentrated
sample, whose linear size L is much smaller than the radiation wavelength λ,
has been considered for studying superradiance near a photonic band gap [56,57],
when the transition frequency almost coincides with the frequency of the upper
band edge. Here, following Ref. 58, we study the realistic case of a sample with
λ� L.

Assume that the localization of light occurs for a single atom with an electric
dipole transition, so that its population difference is always s0 = s(0). Consid-
ering an ensemble of resonance atoms, we resort to Eqs. (68), (69), and (70).
For simplicity, we write ui = u and si = s. Introduce the effective coupling
parameters

g ≡ 3γ
4γ2

∑
j

sin(k0 rij)
k0 rij

, g′ ≡ 3γ
4γ2

∑
j

cos(k0 rij)
k0 rij

, (91)

where γ ≡ 4k30 d
2
0/3. In the absence of resonator imposing a selected mode,

g ≈ g′ ≈ 3γ
4γ2

ρ λ3 , (92)

where ρ is the density of resonance atoms. It is convenient to introduce the
effective frequency and effective attenuation deˇned, respectively, as

Ω ≡ ω0 + γ2 g′ s , Γ ≡ γ2 (1 − g s) . (93)

These expressions include the in[uence of local ˇelds [59] through the coupling
parameters (91). Since the latter take into account the existence of an ensemble
of atoms, we may call Ω and Γ the collective frequency and collective width,
respectively.

With these notations, Eq. (68) reduces to

du

dt
= − (i Ω + Γ) u+ s ξ + γ2 8ed

2 (g + i g′) s u∗ , (94)

where ξ = ξi and 8ed ≡ 8d/d0. Equation (69) becomes

ds

dt
= −4 γ2 g |u|2 − γ1 (s− s0) − 2 (u∗ ξ + u ξ∗)−

−2 γ2
[
(g + i g′) (u∗ 8ed)2 + (g − i g′) (u 8ed

∗)2
]
, (95)
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where ζ = s0 takes into account that for a single atom the localization of light
occurs. And for Eq. (70), we have

d|u|2
dt

= −2 Γ |u|2 + s (u∗ ξ + ξ∗ u) +

+γ2 s
[
(g + i g′) (u∗ 8ed)2 + (g − ig′) (u 8ed∗)2

]
. (96)

Let us accept the natural inequalities

γ1
Ω

� 1 ,
γ2
Ω

� 1 ,
∣∣∣∣ΓΩ
∣∣∣∣� 1 . (97)

And, as always, we keep in mind that the interaction term (67) is small as
compared to the frequency Ω, or that � ξ � = 0, which tells that this term is
small on average. Then, according to Sec. 2, we may classify the solution u as
fast while s and |u|2 as slow. Solving Eq. (94), with s being a quasi-invariant,
we get

u(t) =
[
u0 + s

∫ t

0

e(i Ω+Γ) t
′
ξ(t′) dt′

]
e−(i Ω+Γ) t . (98)

Introduce the notation

α ≡ lim
τ→∞

Re
τ Γ s

∫ τ

0

� ξ∗(t)u(t) � dt , (99)

where Re means the real part and which, if � ξ �= 0, takes the form

α = lim
τ→∞

Re
τ Γ

∫ τ

0

dt

∫ t

0

e−(i Ω+Γ)(t−t′) � ξ∗(t)ξ(t′) � dt′ .

When ξ(t) is a stochastic variable corresponding to a stationary random process,
so that

� ξ∗(t) ξ(t′) � = � ξ∗(t− t′) ξ(0) � ,

then the notation (99) becomes

α = lim
τ→∞

Re
τ Γ

∫ τ

0

dt

∫ t

0

e−(i Ω+Γ) t
′ � ξ∗(t′) ξ(0) � dt′ .

Deˇning a new function

w ≡ |u|2 − α s2 , (100)

and averaging the right-hand sides of Eqs. (95) and (96) over time and over
stochastic variables we get

ds

dt
= −4 g γ2 w − γ∗1 (s− ζ∗) ,

d|u|2
dt

= −2 Γ w ,
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where
γ∗1 ≡ γ1 + 4 γ2 α , ζ∗ ≡ γ1

γ∗1
s0 .

In what follows, we assume that the quantity (99), describing the intensity of
interaction between atoms and matter, is small,

|α| � 1 . (101)

To understand the structure of the atomÄmatter coupling α, we may model the
random variable ξ by the interaction of an atom with an ensemble of oscillators as

ξ(t) =
∑
ω

γω
(
bω e

−iωt + b†ω e
iωt
)
,

where bω and b†ω are Bose operators. Then the atom-matter coupling is

α =
∑
ω

γ2ω

[
nω

(ω − Ω)2 + Γ2
+

1 + nω
(ω + Ω)2 + Γ2

]
,

with nω ≡ � b†ωbω �. If the coupling α is small, then γ∗1 ≈ γ1, ζ∗ ≈ s0, and
d|u|2/dt ≈ dw/dt. Therefore, we obtain the equations

ds

dt
= −4 g γ2 w − γ1 (s− s0) ,

dw

dt
= −2 γ2 (1 − g s) w . (102)

For transient times, when t � γ−11 , Eqs. (102) can be solved explicitly,
giving

s = − γ0
gγ2

tanh
(
t− t0
τ0

)
+

1
g
, w =

γ20
4g2γ22

sech2
(
t− t0
τ0

)
, (103)

where the integration constants γ0 = τ−10 and t0 are deˇned by the initial condi-
tions u(0) = u0 and s(0) = s0. For the radiation width γ0, we get the equation

γ20 = Γ20 + 4g2γ22
(
|u0|2 − α0s20

)
, (104)

where

Γ0 ≡ γ2(1 − gs0) , γ0 ≡
1
τ0
, α0 ≡ α(0) .

For the delay time, we ˇnd

t0 =
τ0
2

ln
∣∣∣∣γ0 − Γ0
γ0 + Γ0

∣∣∣∣ . (105)
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Introducing the critical coupling

αc ≡
(1 − gs0)2

4g2s20
+

|u0|2
s20

, (106)

we may rewrite the radiation width as

γ0 = 2g |s0| γ2
√
αc − α0 . (107)

In the case of only one atom, we have to set g = 0. Then Eqs. (102) give

s = s0 , w = (|u0|2 − α0 s20) e−2γ2 t (g = 0) ,

which means that the light is localized. But for an ensemble of atoms the radiation
becomes possible.

To ˇnd out what happens at large times, when t → ∞, we need to analyse
the stationary solutions of Eqs. (102). There are two pairs of such solutions:

s∗1 = s0 , w∗
1 = 0 (108)

and

s∗2 =
1
g
, w∗

2 =
γ1(gs0 − 1)

4g2γ2
. (109)

The stability analysis [58] shows that the ˇxed point (108) is stable for gs0 < 1
and unstable for gs0 > 1, when the point (109) becomes stable. When gs0 < 1,
the stationary point (108) is a stable node, while that (109) is a saddle point. In
the interval 1 < gs0 ≤ 1 + γ1/8γ2, the ˇxed point (108) is a saddle point, and
that (109) is a stable node. For gs0 > 1 + γ1/8γ2, the stationary solutions (108)
correspond again to a saddle point, while the ˇxed point (109) becomes a stable
focus. In the latter case, the pulsing regime of radiation is realized, with the
asymptotic period between pulses

Tp =
4π

|γ21 + 8(1 − gs0)γ1γ2|1/2
. (110)

However, at ˇnite times the radiation pulses are not periodic, so that the charac-
teristic time (110) is an approximate period only for t→ ∞.

In this way, when a single atom cannot radiate because of the localization
of light, an ensemble of atoms can emit coherent radiation, provided that the
interaction between atoms is sufˇciently strong, so that gs0 > 1. This is why
such an effect can be called the collective liberation of light. However, this
liberation is not complete but only partial since s∗2 > 0.
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7. AMPLIFICATION BY NONRESONANT FIELDS

An essential enchancement of radiation can occur due to correlations between
radiators, which results in the emission of a coherent pulse. In order that these
correlations could be sufˇciently strong, it is usually required that the radiation
wavelength would be much larger than the mean distance between radiators. If
the latter is not the case, it is hardly probable that the self-organized coherence
can develop. How would it be possible to amplify the radiation intensity for
a system of radiators whose wavelength is smaller than or comparable with the
mean distance between them? This question is of high importance for short-wave
emission such as x-ray and γ-ray radiation. Coherent transient effects due to phase
modulation of recoilless γ radiation have been considered both theoretically and
experimentally [60Ä63]. A regenerated signal of gamma echo has been observed
[64], which is similar to photon echo in optics [65]. In the present section we
explore the conditions when stationary enchancement of short-wave radiation is
feasible, being due to external nonresonant ˇelds. Some preliminary results on
the problem have been reported [66Ä68], based on simpliˇed models. Here the
problem is considered more accurately, using the main Eqs. (68) to (70). The
latter, in the case of short-wave radiation, when the interaction of radiators can
be neglected, take the form

dui
dt

= −(iω0 + γ2)ui − isi 8d · 8E0i , (111)

dsi
dt

= 2i(u∗i 8d− ui 8d∗) · 8E0i − γ1(si − ζ) , (112)

d|ui|2
dt

= −2γ2|ui|2 − isi(u∗i 8d− ui 8d∗) · 8E0i . (113)

The initial conditions are ui(0) = u0 and si(0) = s0.
Assuming, as usual, the existence of small parameters

γ1
ω0

� 1 ,
γ2
ω0

� 1 ,
|8d · 8E0i|
ω0

� 1 , (114)

we see that ui has to be classiˇed as a fast solution while si and |ui|2, as slow
ones. With si being a quasi-invariant, Eq. (111) gives

ui(t) = e−(iω0+γ2) t

[
u0 − i si 8d ·

∫ t

0

8E0i(τ) e(iω0+γ2) τ dτ

]
.

Let the external ˇeld 8E0i = 8E0i(t) consist of two parts,

8E0i = 8E0 + 8E1e
i(Ak·Ari−ωt) + 8E∗

1e
−(Ak·Ari−ωt) , (115)
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one being a stationary nonresonant ˇeld 8E0, and another part is a pair of plane
waves, which are in quasiresonance with the transition frequency,

|∆|
ω0

� 1 , ∆ ≡ ω − ω0 . (116)

Then the solution of Eq. (111) writes

ui(t) = − si 8d · 8E0
ω0 − iγ2

+
si 8d · 8E1
∆ + iγ2

ei(
Ak·Ari−ωt)+

+

(
u0 +

si 8d · 8E0
ω0 − iγ2

− si 8d · 8E1
∆ + iγ2

ei
Ak·Ari

)
e−(iω0+γ2) t . (117)

Substituting this into the right-hand side of Eq. (112) and averaging over time as

lim
τ→∞

1
τ

∫ τ

0

f(s, t) dt ,

we come to the equation

dsi
dt

= −γ∗1 (si − ζ∗) , (118)

with

γ∗1 ≡ γ1 + 4γ2

(
|8d · 8E0|2
ω20 + γ20

+
|8d · 8E1|2
∆2 + γ22

)
, ζ∗ ≡ γ1

γ∗1
ζ .

The solution to Eq. (118) is

si(t) = s0 e−γ∗
1 t + ζ∗

(
1 − e−γ∗

1 t
)
. (119)

Calculating the correlation function

u∗i (t)uj(t) = s2(t)

(
|8d · 8E0|2
ω20 + γ22

+
|8d · 8E1|2
∆2 + γ22

e−i Ak·Arij

)
,

where, for simplicity, we set si = s, we ˇnd the incoherent and coherent radiation
intensities (84) and (85), respectively, as

Iinc(8n, t) =
3N
16π

ω0 γ |8n× 8ed|2 [1 + s(t)] ,

Icoh(8n, t) =
3N2

8π
ω0 γ |8n× 8ed|2 s2(t) ×
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×
[
F (k0 8n)

|8d · 8E0|2
ω20 + γ22

+ F (k0 8n− 8k)
|8d · 8E1|2
∆2 + γ22

]
, (120)

where 8n ≡ 8r/r and the form factor is

F (8k) ≡ 1
N2

N∑
i�=j

ei
Ak·Arij =

∣∣∣∣∣ 1
N

N∑
i=1

ei
Ak·Ari

∣∣∣∣∣
2

. (121)

As is seen from expressions (120) and (121), the maxima of coherent radiation
occur in the directions satisfying the condition(

k0 8n− 8k
)
· 8ri = 2πni (ni = 0, 1, 2, . . .) . (122)

This corresponds either to forward scattering, when all ni = 0, and the periodicity
of matter is not required, or to the scattering in the Bragg directions, for which
the strict space periodicity of radiators is needed. The enhancement of coherent
radiation in the directions deˇned by condition (122) is called the Borrmann effect
[69,70], which for the case of γ-rays is sometimes termed the KaganÄAfanasiev
effect [71,72].

The total radiation intensities (87) and (88) are

Iinc(t) =
1
2
Nω0γ [1 + s(t)] ,

Icoh(t) = N2 ϕ ω0 γ s2(t)

(
|8d · 8E0|2
ω20 + γ22

+
|8d · 8E1|2
∆2 + γ22

)
, (123)

where the shape factor is

ϕ ≡ 3
8π

∫
|8n× 8ed|2 F (k0 8n− 8k) dΩ(8n) . (124)

The value of the latter strongly depends on the shape of the considered sample.
Thus, for pencil-like or disk-like shapes [29], one has

ϕ =


3λ
8L ,

λ
2πL � 1 , R

L � 1

3
8

(
λ
πR

)2
, λ

2πR � 1 , L
R � 1 ,

where R and L are the radius and length of a cylindrical sample, and λ ≡
≡ 2π/k, k ≡ |8k| = ω/c.

Consider the stationary limit t→ ∞, keeping in mind the situation typical of
Méosbauer experiments, when the alternating ˇeld is weak,

|8d · 8E1|2
γ1γ2

� 1 , (125)
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and let us set, for simplicity,
ζ = −1 (126)

which means that there is no additional pumping except through the given ˇeld
(115). Then Eq. (119) reduces to

lim
t→∞

si(t) = −1 +
4γ2
γ1

(
|8d · 8E0|2
ω20

+
|8d · 8E1|2
∆2 + γ22

)
.

For the coherence coefˇcient, deˇned in Eq. (90), we get

lim
t→∞

Ccoh(t) = N
ϕγ1
2γ2

. (127)

The role of the nonresonant ˇeld 8E0 can be characterized by the switching
factor [24]

S(E0, t) ≡
I(t)

limE0→0 I(t)
(128)

and its stationary limit
S(E0) ≡ lim

t→∞
S(E0, t) . (129)

For our case, we obtain

S(E0) = 1 +
∆2 + γ22
ω20

∣∣∣∣∣ 8d · 8E08d · 8E1

∣∣∣∣∣
2

. (130)

The switching factors (128) and (129) show how the radiation intensity is am-
pliˇed when a nonresonant ˇeld 8E0 is switched on, as compared to the situation
when 8E0 = 0. As is seen from expression (130), the ampliˇcation can be quite
noticeable only if |8d · 8E0| � |8d · 8E1|, so that to compensate the smallness of the
parameters |∆|/ω0 and γ2/ω0.

8. MéOSSBAUER MAGNETIC ANOMALY

Stationary ˇelds, electric or magnetic, can be due not to external sources but
can arise in a sample as a result of phase transitions [73,74]. If an ensemble of
radiators is incorporated into matter exhibiting a phase transition accompanied by
the appearance of a constant ˇeld, the latter may in[uence some radiation char-
acteristics. An interesting example of this kind is given by the gamma radiation
of Méossbauer nuclei placed into magnetic materials. This example is especially
intriguing because of long-standing controversy related to its interpretation.
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There exists a number of experiments demonstrating the so-called magnetic
anomaly of the Méossbauer effect in materials undergoing magnetic phase transi-
tion. This anomaly consists in an essential increase, up to 50%, of the area under
the Méossbauer spectrum below the temperature of magnetic transition, as com-
pared to the spectrum area in paramagnetic state above the transition temperature.
A detailed discussion of these experiments can be found in the book [75] and
review [76]. The controversy related to this anomaly concerns the explanation of
the cause of the latter.

The area of the Méossbauer spectrum, for Méossbauer nuclei in a solid sample,
is given by the integral

Aabs = fM
∫ +∞

−∞
σabs(ω) dω , (131)

in which
fM = exp(−k20r20) (132)

is the Méossbauer factor, k0 = ω0/c, r0 is the mean-square deviation of the
nucleus from a lattice site,

σabs(ω) =
σ0Γ2abs

(ω − ω0)2 + Γ2abs
(133)

is the absorption cross-section, Γabs is the absorption half-width,

σ0 =
2π(1 + 2I1)

k20(1 + 2I0)(1 + αe)
(134)

is the cross-section of resonant absorption, I0 and I1 are the nuclear spins of
the ground-state and excited levels, and αe is the electron conversion coefˇcient.
After integrating Eq. (131), we have the spectrum area

Aabs = πfMσ0Γabs . (135)

It is important to emphasize that the Méossbauer anomaly, we consider here,
has been observed only in the so-called absorption geometry, when absorbing
Méossbauer nuclei are placed inside magnetic matter which is irradiated by an
external source. Contrary to this, in the experiments with the so-called source
geometry, when a radioactive source is incorporated into the magnetic matter,
but absorbing Méossbauer nuclei are outside this matter, no magnetic anomaly
has been observed [77Ä79]. Therefore it is clear that the considered Méossbauer
anomaly is directly related to the action on Méossbauer nuclei of an effective
magnetic ˇeld appearing below the critical point. But what is the origin of this
anomaly?
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Historically, the ˇrst suggestion was to ascribe the anomaly in the temperature
behaviour of the spectrum area (135) to the in[uence of the appearing magnetic
order on the Méossbauer factor (132). A number of citations having to do with
this suggestion are listed in Refs. 75,76. This assumption implies that the mean-
square deviation r0 deˇning the Méossbauer factor (132) is essentially in[uenced
by arising magnetic order. The course of reasoning is as follows. Méossbauer
nuclei doped into a solid are characterized by the same mean-square deviation
as the particles forming the solid sample. The latter can be described by the
Hamiltonian

Ĥm =
∑
i

8pi
2

2m
+

1
2

∑
i�=j

Φ(Rij) −
∑
i�=j

I(Rij) 8Si · 8Sj , (136)

in which Φ(Rij) is a potential of direct pair interactions while I(Rij) is that of

exchange interactions, 8Si is a spin operator, and Rij ≡ |8Rij |, with 8Rij = 8Ri− 8Rj .
The indices of summation in Eq. (136) run as i = 1, 2, . . . , N0, with N0 being
the number of lattice sites. Introduce the deviation from a lattice site,

8ui ≡ 8Ri − 8ai , (137)

deˇned so that
8ai = < 8Ri > , < 8ui > = 0 . (138)

Taking into account that |8ui| is small as compared to the interparticle distance,
one expands the interaction potential in powers of uαi up to the second order,
which results in the Hamiltonian

Ĥm = U0 + Ĥp + Ĥs + Ĥsp + Ĥ ′ , (139)

whose terms are explained below: the constant part of the lattice energy

U0 =
1
2

∑
i�=j

Φ(aij) ; aij ≡ |8aij | , 8aij ≡ 8ai − 8aj , (140)

the phonon term

Ĥp =
∑
i

8pi
2

2m
+

1
2

∑
i�=j

∑
αβ

Φαβ
ij u

α
i u

β
j , (141)

in which Φαβ
ij ≡ ∂2Φ(aij)/∂aαi ∂a

β
j , the spin Hamiltonian

Ĥs = −
∑
i�=j

I(aij) Sij ; Sij ≡ 8Si · 8Sj , (142)
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the term responsible for spinÄphonon interactions,

Ĥsp = −
∑
i�=j

∑
αβ

Iαβij uαi u
β
j Sij , (143)

where Iαβij = ∂2I(aij)/∂aαi ∂a
β
j , and the term

Ĥ ′ = −
∑
i

∑
α

uαi

1 +
1
2

∑
β

uβi
∂

∂aβi

 Fα
i (144)

related to the striction energy, where the striction force acting on the site i is
given by the components

Fα
i ≡ − ∂

∂aαi

∑
j

[Φ(aij) − 2I(aij)Sij ] .

The correct deˇnition of the lattice sites in Eq. (138) presupposes that they serve
as equilibrium positions for particles. This implies that the striction energy is to
be zero on average,

< Ĥ ′ > = 0 . (145)

Then one invokes a kind of the semiclassical approximation

< uαi Sij > = < uαi >< Sij > = 0 , < uαi u
β
j Sij > = < uαi u

β
j >< Sij > ,

decoupling the phonon and spin degrees of freedom, which suggests to present
the operator term in the spinÄphonon interaction (143) as

uαi u
β
j Sij = < uαi u

β
j > Sij + uαi u

β
j < Sij > − < uαi u

β
j > < Sij > .

(146)
Thus, the matter Hamiltonian (139) can be reduced to

Ĥm = U0 + Ĥp + Ĥs , (147)

with the renormalized terms

U0 = U0 +
∑
i�=j

∑
αβ

Iαβij < uαi u
β
j > < Sij > ,

Ĥp =
∑
i

8pi
2

2m
+

1
2

∑
i�=j

∑
αβ

Dαβ
ij u

α
i u

β
j , Ĥs = −

∑
i�=j

Jij Sij ,
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in which the striction energy, because of condition (145), is omitted and the
renormalized interactions are

Dαβ
ij ≡ Φαβ

ij − 2Iαβij < Sij > , Jij ≡ I(aij) +
∑
αβ

Iαβij < uαi u
β
j > .

The renormalized dynamical matrix Dαβ
ij deˇnes the effective phonon spectrum

ωks through the eigenvalue problem

1
m

∑
j

∑
β

Dαβ
ij e

−Ak·Aaij eβks = ω2ks e
α
ks ,

where 8eks is a polarization vector; the index s, labelling polarizations. The
spectrum and polarization vectors are assumed to be even functions of the wave
vector, so that ωks = ω−ks and 8eks = 8e−ks. Polarization vectors form a complete
orthonormal basis with the properties

8eks · 8eks′ = δss′ ,
∑
s

eαks e
β
ks = δαβ .

Expanding the deviation and momentum as

8ui =
∑
ks

8eks√
2mN0ωks

(
bks + b†−ks

)
ei

Ak·Aai ,

8pi = −i
∑
ks

√
mωks
2N0

8eks

(
bks − b†−ks

)
ei

Ak·Aai ,

one transforms the renormalized phonon Hamiltonian to the standard form

Ĥp =
∑
ks

(
b†ks bks +

1
2

)
.

After this, it is straightforward to calculate the correlators

< uαi u
β
j > =

δij
2N0

∑
ks

eαks e
β
ks

m ωks
coth

ωks
2T

,

in which T is temperature. Thus, one gets the mean-square deviation from the
equation

r20 ≡
1
3

∑
α

< uαi u
α
i > =

1
6mN0

∑
ks

1
ωks

coth
ωks
2T

. (148)
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In this way, the in[uence of magnetic order on the mean-square deviation comes
from its in[uence on the phonon spectrum.

However, the magnitude of the spinÄphonon interaction, renormalizing the
dynamical matrix, is rather small, as compared to the magnitude of direct inter-
actions [76], so that |Iαβij /Φ

αβ
ij | ∼ 10−3. Hence, magnetic order cannot in[uence

much phonon frequencies, as well as the sound velocity

cs ≡ lim
k→0

ωks
k

= − lim
k→0

∑
j

∑
αβ

Dαβ
ij

(8k · 8aij)2
2mk2

eαks e
β
ks . (149)

This conclusion is in agreement with all known experiments where phonon char-
acteristics have been examined by means of neutron scattering, soundÄvelocity
measurements, elastic and thermal investigations. The onset of magnetic order
can change the Méossbauer factor not more than by 1%, which cannot explain the
observed Méossbauer anomaly of the spectrum area (135).

Another explanation was advanced by Babikova et al. [78], supposing that
magnetic order can in[uence the electron conversion coefˇcient αe in the cross-
section (134). A noticeable decrease of the conversion coefˇcient could lead to
the increase of the cross-section (134), and, consequently, to the increase of the
spectrum area (135). The decrease of the conversion coefˇcient could be due to
the suppression of the conversion channel in favour of the γ-radiation channel
whose weight could be increased by the enhancement of the γ-radiation caused
by the arising magnetic order [80].

To estimate the in[uence of an effective magnetic ˇeld, appearing in magnets,
on the radiation intensity of Méossbauer nuclei, we have to consider the switching
factor (130) that in our case, takes the form

S(H0) = 1 +
γ22
ω20

∣∣∣∣∣8µ · 8H08µ · 8H1

∣∣∣∣∣
2

.

For the characteristic Méossbauer nucleus 57Fe, we have ω0 = 1.44 × 104 eV
and γ2 = γ1 = 0.67 × 10−8 eV, which can be transformed to the frequency
units as ω0 ∼ 1019s−1 and γ2 ∼ γ1 ∼ 107s−1. The corresponding wavelength
is λ ∼ 10−8 cm. Let us take for the effective magnetic ˇeld H0 ∼ 105 G and
for the alternating source ˇeld H1 ∼ 10−5 G. The transition magnetic dipole
µ0 ∼ 0.1µn, where µn is the nuclear magneton, hence µ0 ∼ 10−13 eV/G.
This gives µ0H0 ∼ 107s−1 and µ0H1 ∼ 10−3s−1. From here we obtain
γ22H

2
0/ω

2
0H

2
1 ∼ 10−4, which tells us that the switching factor S(H0) changes

too little. Therefore, although the arising magnetic order does enhance the radi-
ation of Méossbauer nuclei, this enhancement is not sufˇcient for causing such a
drastic increase of the spectrum area.
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The last quantity that could be blamed to be responsible for the Méossbauer
magnetic anomaly is the absorption width Γabs. The latter can be presented as
the sum

Γabs = γ2 + γ∗2 (150)

of the homogeneous line width γ2 and of the inhomogeneous line width γ∗2 . The
inhomogeneous width can be due to the variation of local magnetic ˇelds resulting
in the random shift of the Méossbauer transition frequency [81]. Returning to
Section 3, we see that, really, an external magnetic ˇeld shifts the transition
frequency as ω0 + (8µ22 − 8µ11) · 8H0. Therefore, the inhomogeneous width can be
of order γ∗2 ∼ (8µ22 − 8µ11) · 8H0 or γ∗2 ∼ µ0H0. From here, γ∗2 ∼ 107s−1, that
is, γ∗2 ∼ γ2. In this way, the anomalous increase of the Méossbauer spectrum
area (135) below the magnetic transition temperature can be explained by the
increase of the absorption width (150) caused by the increasing inhomogeneous
width γ∗2 ∼ µ0H0.

9. PROBLEM OF PATTERN SELECTION

Nonequilibrium cooperative phenomena are often described by nonlinear dif-
ferential or integro-differential equations in partial derivatives. The solutions to
such equations are in many cases nonuniform in space exhibiting the formation
of different spatial structures. It happens that a given set of equations possesses
several solutions corresponding to different spatial patterns [13]. In such a case,
the question arises which of these solutions, and respectively patterns, to prefer?
The problem of pattern selection has no general solution [13]. A possible way of
selecting spatial structures, by minimizing the average energy, was delineated in
subsection 2.5. Here we advance another method of pattern selection.

Assume that the considered differential equations in partial derivatives can
be reduced to a d-dimensional system of ordinary equations; the dimensionality
d may equal inˇnity. Suppose also that admissible patterns are parametrized by
a multiparameter β. Let the state of the dynamical system be deˇned by the set

y(t) = {yi(t) = yi(β, t)| i = 1, 2, . . . , d} (151)

of solutions to the system of differential equations

d

dt
y(t) = v(y, t) . (152)

For different parameters β there are different sets (151) corresponding to different
spatial structures. All admissible values of β form a manifold B = {β}. Each
particular value of β can be considered as a realization of the random variable
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from the manifold B. The classiˇcation of the states (151) can be done by
deˇning a probability measure on B.

To introduce the probability distribution p(β, t) of patterns at time t, we
resort to the ideas of statistical mechanics [82], where a probability p can be
connected with entropy S by the relation p ∼ e−S . The entropy at time t may be
expressed as

S(t) ≡ ln |∆Φ(t)| (153)

through the elementary phase volume

∆Φ(t) ≡
∏
i

δ yi(t) . (154)

Let us count the entropy from its initial value S(0), thus, considering the entropy
variation

∆S(t) ≡ S(t) − S(0) . (155)

Then the probability distribution p ∼ e−∆S, normalized by the condition∫
p(β, t) dβ = 1

takes the form

p(β, t) =
e−∆S(β,t)

Z(t)
, (156)

where the normalization factor is

Z(t) =
∫
e−∆S(β,t) dβ .

The entropy variation (155) writes

∆S(t) = ln
∣∣∣∣∆Φ(t)
∆Φ(0)

∣∣∣∣ , (157)

where the dependence on β, for brevity, is omitted. Deˇne the multiplier matrix
[83]

M(t) = [Mij(t)] , Mij(t) ≡
δyi(t)
δyj(0)

, (158)

for which at the initial time one has

Mij(0) ≡ δyi(0)
δyj(0)

= δij . (159)

The variation of the state (151) gives

δy(t) = M(t) δy(0) , (160)
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which yields for the elementary phase volume (154)

∆Φ(t) =
∏
i

∑
j

Mij(t) δyj(0) .

Hence, the entropy variation (157) is

∆S(t) = ln

∣∣∣∣∣∣
∏
i

∑
j

Mij(t) Mji(0)

∣∣∣∣∣∣ .
With condition (159), this results in

∆S(t) = ln

∣∣∣∣∣∏
i

Mii(t)

∣∣∣∣∣ =
∑
i

ln |Mii(t)| . (161)

Taking the variational derivative of equation (152), we get the equation

d

dt
M(t) = J(y, t) M(t) (162)

for the multiplier matrix (158), where

J(y, t) = [Jij(y, t)] , Jij(y, t) ≡
δvi(y, t)
δyj(t)

, (163)

is the Jacobian matrix. Substituting the entropy variation (161) into Eq. (156),
we get

p(β, t) =
∏

i |Mii(β, t)|−1
Z(t)

, (164)

with

Z(t) =
∫ ∏

i

|Mii(β, t)|−1 dβ .

Expression (164) deˇnes the probability distribution of patterns labelled by a
multiparameter β. This expression naturally connects the notion of probability
and the notion of stability. Really, the multipliers are smaller by modulus for
more stable solutions and, respectively, patterns, for which the probability is
higher.

Another form of the distribution (164) can be derived as follows. Introduce
the matrix

L(t) = [Lij(t)] , Lij(t) ≡ ln |Mij(t)| . (165)

Then the entropy variation (161) becomes

∆S(t) = Tr L(t) . (166)
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Since the trace of a matrix does not depend on its representations, we may perform
intermediate transformations of Eq. (166) using one particular representation and
returning at the end to the form independent of representations. To this end, let
us consider a representation when the multiplier matrix is diagonal. Because of
Eq. (162) with the initial condition (159), the matrix M is diagonal if and only
if the Jacobian matrix is also diagonal. Then from the evolution equation (162)
it follows that

Mii(t) = exp
{∫ t

0

Jii(y(t′), t′) dt′
}
.

Hence

Lii(t) =
∫ t

0

Λi(t′) dt′ , Λi(t) ≡ Re Jii(t) ,

from where

Tr L(t) =
∫ t

0

Λ(t′) dt′ , Λ(t) ≡
∑
i

Λi(t) .

We assume that the state (151) is formed of real functions, so that the velocity
ˇeld in the evolution equation (152) is also real. Then the eigenvalues of the
Jacobian matrix (163) are either real or, if complex, come in complex conjugate
pairs. Therefore ∑

i

Re Jii(y, t) =
∑
i

Jii(y, t) = Tr J(y, t) .

For the entropy variation (166) we obtain

∆S(t) =
∫ t

0

Λ(t′) dt′ , (167)

where
Λ(t) = Tr J(y, t) (168)

is called [84] the contraction rate. The latter is given by the form independent
of representations of the Jacobian matrix (163). With the entropy variance (167),
the probability distribution (156) becomes

p(β, t) =
1
Z(t)

exp
{
−
∫ t

0

Λ(β, t′) dt′
}
, (169)

where the contraction rate is deˇned in Eq. (168) and

Z(t) =
∫

exp
{
−
∫ t

0

Λ(β, t′) dt′
}
dβ .
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The most probable pattern at a time t corresponds to the maximum of the distri-
bution (169),

abs max
β
p(β, t) → β(t) . (170)

One may also deˇne the average pattern at t as corresponding to

β(t) ≡
∫
β p(β, t) dβ .

The most probable and average patterns, in general, do not coincide, although
this may happen, especially with increasing time. To illustrate the latter, consider
a particular case when the contraction rate Λ(β, t) = Λ(β) does not depend on
time. Then, as t→ ∞, we have

Z(t) =
∫
e−Λ(β) t dβ �

√
2π

Λ′′(β0)t
exp {−Λ(β0) t} ,

where β0 is the point of the minimum of Λ(β), so that

d

dβ
Λ(β) = 0 , Λ′′(β) ≡ d2

dβ2
Λ(β) > 0 (β = β0) .

In the distribution

p(β, t) �
√

Λ′′(β0)
2π

t exp {−[Λ(β) − Λ(β0)] t}

one may expand Λ(β) near β = β0, which gives

p(β, t) � 1√
2πσ(t)

exp
{
− (β − β0)2

2σ2(t)

}
, σ(t) ≡ 1√

Λ′′(β0) t
.

From here one ˇnds
lim
t→∞

p(β, t) = δ(β − β0) .

In this way, if differential equations describing a nonequilibrium process
have several solutions corresponding to different spatial patterns, the latter can
be characterized by the probability distribution (169), with the contraction rate
(168). In the case when the multiplier matrix (158) can be calculated, one may
use the expression (164) of the probability distribution. If all patterns correspond
to stable solutions, it is sufˇcient to analyse only the beginning of the process of
pattern formation. Then for the entropy variation (167) we may write

∆S(β, t) � Λ(β, 0) t (t→ 0) .

Consequently, the most probable pattern, deˇned by the maximum of the proba-
bility distribution (169), that is, by the minimum of the entropy variation (167),
is now characterized by the minimum of the contraction rate Λ(β, 0) at the initial
time.
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10. TURBULENT PHOTON FILAMENTATION

Spatial structures can appear in radiating systems if the radiation wavelength
is much shorter than the system characteristic sizes [13]. For instance, elec-
tric ˇeld in laser cavities can exhibit a state which bears some analogy with a
super[uid vortex [85]. The MaxwellÄBloch equations for slowly varying ˇeld
amplitudes have been shown to be analogous to hydrodynamic equations for com-
pressible viscous [uid [86]. The Fresnel number for optical systems plays the
role similar to the Reynolds number for [uids. In the same way as when increas-
ing the Reynolds number, the [uid becomes turbulent, there can appear optical
turbulence when increasing the Fresnel number.

Spatial structures emerge from an initially homogeneous state with a break of
space-translational symmetry. For small Fresnel numbers F ≤ 5, such structures
correspond to the empty-cavity GaussÄLaguerre modes imposed by the cavity
geometry. These transverse structures can be described by expanding ˇelds over
the modal GaussÄLaguerre functions [87Ä92], which results in reasonable agree-
ment with experiments for CO2 and Na2 lasers. For large Fresnel numbers
F > 10, the appearing structures are very different from those associated with
empty-cavity modes. The modal expansion is no longer relevant at large F , and
the boundary conditions have little or no importance. The laser medium looks
like divided in a large amount of parallel independently oscillating uncorrelated
ˇlaments [93Ä100] the number of ˇlaments being proportional to F , contrary to
the case of small Fresnel numbers when the number of bright spots is proportional
to F 2. This ˇlamentation was observed in Dye and CO2 lasers, as well as in
other resonance media, even without resonators [101Ä105]. The same type of
patterns arises in active nonlinear media, such as photorefractive Bi12SiO20 crys-
tal pumped by a laser [106Ä109]. In the latter media there are also two types of
pattern formation: for small Fresnel numbers, the symmetry is imposed through
the boundary, while for large Fresnel numbers, the symmetry is imposed by the
bulk parameters. In the case of large F , there occurs a kind of self-organization
with spontaneous spatial symmetry breaking [110]. It is possible to easily notice
a qualitative transition in the behaviour of photorefractive media as well as in that
of lasers: In low-F regime there are a few modes of regular arrangement of bright
spots corresponding to the peaks of the GaussÄLaguerre functions in cylindrical
geometry, the number of modes being proportional to F 2. And in the high-F
regime there are many modes spatially uncorrelated with each other, which is
typical for spatiotemporal chaos, the number of the chaotic ˇlaments being pro-
portional to F . Short-range spatial correlation is characteristic for turbulence, this
is why one calls the similar phenomenon in optics the optical turbulence.

The theory of self-organized photon ˇlamentation in high-Fresnel-number
resonant media was suggested in Refs. 33,111Ä116, where the consideration was
based on simpliˇed models and only the stationary regime was analysed. The
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choice of ˇlament radii was done by means of the variational principle, as is
described in subsection 2.5. Here we present a more general and elaborate theory
based on the evolution equations (68) to (70), which includes the description of
temporal behaviour, and for deˇning the characteristics of ˇlaments we employ
the method of pattern selection developed in Sec. 9.

First, it is convenient to pass in Eqs. (68) to (70) to continuous representation
replacing the sums by integrals according to the rule

N∑
i=1

=
∫
ρ(8r) d8r ,

where ρ(8r) is the spatial density of radiators. Wishing to return to the localized

representation, one makes the replacement ρ(8r) =
∑N

i=1 δ(8r − 8ri). In the case
when the structure of matter is of no importance, it can be treated as uniform
on average setting ρ(8r) = ρ ≡ N/V . Cooperative optical phenomena are often
considered in this representation of uniform medium [117]. Let us stress that the
uniformity of matter in no case requires the uniformity of ˇelds or polarization.
The solutions to Eqs. (68) to (70) can correspond to highly nonuniform structures.

Introduce the notation

f(8r, t) ≡ f0(8r, t) + frad(8r, t) (171)

for an effective ˇeld acting on a radiator with the transition dipole 8d. This ˇeld
consists of the term

f0(8r, t) ≡ −i 8d · 8E0(8r, t) (172)

due to an external electric ˇeld and of the term

frad(8r, t) ≡ k0 < 8d · 8Arad(8r, t) > (173)

responsible for the action of other radiators. Taking into account Eq. (65), we
have

frad(8r, t) = − 3
4
iγρ

∫ [
ϕ(8r − 8r ′) u(8r ′, t) − 8ed2 ϕ∗(8r − 8r ′) u∗(8r ′, t)

]
d8r ′ ,

(174)
where the continuous representation is used, and

ϕ(8r) ≡ eik0|Ar|

k0|8r|
, γ ≡ 4

3
k30 d

2
0 .

Then Eqs. (68) to (70) acquire the form

du

dt
= −(iω0 + γ2)u+ sf ,

ds

dt
= −2(u∗f + f∗u) − γ1(s− ζ) ,
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d|u|2
dt

= −2γ2|u|2 + s(u∗f + f∗u) . (175)

Notice that from the latter two equations one has

d

dt

(
s2 + 4|u|2

)
= −2γ1s(s− ζ) − 8γ2|u|2 .

We consider a sample of the cylindrical shape typical of lasers. The seed
laser ˇeld deˇning the cylinder axis is given by the sum of two running waves,

8E0(8r, t) = 8E1 e
i(kz−ωt) + 8E∗

1 e
−i(kz−ωt) , (176)

which selects a longitudinal mode. The radius, R, and length, L, of the cylinder
are such that the following inequalities are valid:

a

λ
� 1 ,

λ

R
� 1 ,

R

L
� 1 , (177)

where a is the mean distance between radiators and λ, wavelength. There are
also the standard small parameters

γ1
ω0

� 1 ,
γ2
ω0

� 1 ,
|∆|
ω0

� 1 , (178)

with ∆ ≡ ω − ω0 being detuning.
The solutions to Eqs. (175) are not necessarily uniform in the whole volume

V = πR2L of the sample, but may have noticeable values only inside narrow
regions of ˇlamentary form, while being almost zero outside these ˇlaments.
Consider one such ˇlament, and let us surround it by a cylinder of radius b
so that the magnitude of solutions is an order smaller at the surface of this
enveloping cylinder than at its axis. If the proˇle of a ˇlament is close to the
Gaussian exp(−r2/2r2f ), with rf being the ˇlament radius, then

b =
√

2 ln 10 rf . (179)

In what follows we assume this relation between the radius b of an enveloping
cylinder and the radius rf of a ˇlament.

Suppose that there are Nf ˇlaments in the volume of the sample, the axis of
each ˇlament being centered at a point {xn, yn}, with n = 1, 2, . . . , Nf . Let us
present the solutions to Eqs. (175) as expansions over enveloping cylinders,

u(8r, t) =
Nf∑
n=1

un(8r, t) Θn(x, y) eikz , s(8r, t) =
Nf∑
n=1

sn(8r, t) Θn(x, y) ,

(180)
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where
Θn(x, y) ≡ Θ

(
b−

√
(x− xn)2 + (y − yn)2

)
is a unitÄstep function. The ˇlaments are located randomly in the cross-section
of the sample, but so that their enveloping cylinders do not intersect with each
other. The interaction between ˇlaments is small, which follows from Eq. (174).
This is why they do not form a regular lattice but are distributed randomly.

The function ϕ(8r) in Eq. (174) oscillates at the distance λ, and the solutions
un and sn essentially change in the radial direction in the interval b. Assuming
that

λ

b
� 1 , (181)

we may say that, in the radial direction, the function ϕ(8r) is fastly varying in
space, as compared to the slow variation of un and sn. For the latter, we deˇne
the averages

u(t) ≡ 1
Vn

∫
Vn

un(8r, t) d8r , s(t) ≡ 1
Vn

∫
Vn

sn(8r, t) d8r (182)

over the corresponding enveloping cylinder of the volume Vn ≡ πb2L, where in
the left-hand side of Eq. (182) we, for short, do not write the index n.

The seed ˇeld (176) is needed mainly for selecting a longitudinal mode with
cylindrical symmetry, but the amplitude of this ˇeld is small, so that

|8d · 8E1|
γ2

� 1 . (183)

The excitation of radiators is accomplished by means of pumping characterized
by the pumping parameter ζ in Eqs. (175).

Deˇning the effective coupling parameters

g ≡ 3γρ
4γ2Vn

∫
Vn

sin[k0|8r − 8r ′| − k(z − z′)]
k0|8r − 8r ′| d8r d8r ′ , (184)

g′ ≡ 3γρ
4γ2Vn

∫
Vn

cos[k0|8r − 8r ′| − k(z − z′)]
k0|8r − 8r ′| d8r d8r ′ , (185)

and the collective frequency and width, respectively,

Ω ≡ ω0 + g′γ2s , Γ ≡ γ2(1 − gs) , (186)

for functions (182) we obtain the equations

du

dt
= −(iΩ + Γ)u− is8d · 8E1e−iωt ,
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ds

dt
= −4gγ2|u|2 − γ1(s− ζ) − 4Im

(
u∗ 8d · 8E1 e−iωt

)
, (187)

d|u|2
dt

= −2Γ|u|2 + 2s Im
(
u∗ 8d · 8E1 e−iωt

)
.

Because of the inequalities (178) and (183), the solution u in Eqs. (187) is fast,
while s and |u|2 are slow in time. Using the scale separation approach, we ˇnd

u(t) = u0 e−(iΩ+Γ)t +
s 8d · 8E1
ω − Ω + iΓ

[
e−iωt − e−(iΩ+Γ)t

]
. (188)

Introduce the parameter

α ≡ lim
τ→∞

Im
τΓs

∫ τ

0

u∗(t) 8d · 8E1 e−iωt dt , (189)

characterizing the coupling of radiators with the seed ˇeld. This, with Eq. (188),
gives

α =
|8d · 8E1|2

(ω − Ω)2 + Γ2
. (190)

The latter, according to inequality (183), is small,

|α| � 1 . (191)

Finally, deˇning the function

w ≡ |u|2 − αs2 , (192)

we obtain the equations

ds

dt
= −4gγ2w − γ1(s− ζ) ,

dw

dt
= −2γ2(1 − gs) w . (193)

The behaviour of solutions to Eqs. (193) essentially depends on the values
of the coupling parameters (184) and (185). To evaluate the latter, we may
notice that their integrands diminish and fastly oscillate at the distance of the
wavelength λ. If condition (181) holds, we may neglect boundary effects in the
integrals (184) and (185) writing approximately∫

Vn

f(8r − 8r ′) d8r d8r ′ ∼= Vn
∫
Vn

f(8r) d8r .

Then parameter (184) reduces to

g =
3πγρ
2γ2

∫ b

0

r dr

∫ L/2

−L/2

sin(k0
√
r2 + z2 − kz)

k0
√
r2 + z2

dz ,
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where r is the radial variable. Because of the quasiresonance condition |∆| � ω0,
we have k0 � k. With the change of the variable x ≡ k(

√
r2 + z2 − z), we get

g =
3πγρ
2γ2k

∫ b

0

r dr

∫ kL

kr2/L

sinx
x

dx .

In this expression, one can replace kL→ ∞, thus obtaining

g =
3πγρ
2γ2k

∫ b

0

[
π

2
− Si

(
kr2

L

)]
r dr ,

where the integral sine appears,

Si(x) ≡
∫ x

0

sin t
t
dt =

π

2
+ si(x) , si(x) ≡

∫ x

∞

sin t
t
dt .

Introducing the dimensionless quantity

β ≡ kb2

L
=

2πb2

λL
, (194)

we come to the coupling parameter

g = g(β) =
3πγρL
4γ2k2

∫ β

0

[π
2
− Si(x)

]
dx . (195)

This can be integrated explicitly by means of the property∫
Si(x) dx = x Si(x) + cosx ,

which results in

g(β) =
3πγρL
4γ2k2

{
β
[π

2
− Si(β)

]
+ 1 − cosβ

}
. (196)

For the coupling parameter (185), one similarly ˇnds

g′ = g′(β) = − 3πγρL
4γ2k2

∫ β

0

Ci(x) dx , (197)

where the integral cosine occurs,

Ci(x) ≡
∫ x

∞

cos t
t
dt .
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Integrating ∫
Ci(x) dx = x Ci(x) − sinx ,

we ˇnally get

g′(β) =
3πγρL
4γ2k2

[sinβ − β Ci(β)] . (198)

To better understand the properties of the coupling parameters, we consider two
limiting cases. When x� 1, then

Si(x) � x− x
3

18
, Ci(x) � γE + lnx− x

2

4
,

where γE = 0.577216 being the Euler constant. From here

g(x) � 3πγρL
4γ2k2

(
π

2
x− 1

2
x2
)
, g′(x) � 3πγρL

4γ2k2
x | lnx| .

In the opposite case, when x� 1, using

Si(x) � π

2
− cosx

x
− sinx
x2

, Ci(x) � sinx
x

− cosx
x2

,

we ˇnd

g(x) � 3πγρL
4γ2k2

(
1 +

sinx
x

)
, g′(x) � 3πγρL

4γ2k2
(cosx
x

)
.

These asymptotic expressions help to analyse the dependence of the coupling
parameters on the variable (194) changing in the interval

0 < β ≤ 2F
(
F ≡ πR2

λL

)
. (199)

The stability analysis of Eqs. (193), similarly to that given in Ref. 58, shows
that, for gζ < 1, the solutions tend to the stationary stable point s∗1 = ζ, w∗

1 = 0,
while for gζ > 1, the stable ˇxed point is

s∗2 =
1
g
, w∗

2 =
γ1 (gζ − 1)

4g2γ2
.

In this way, for all β from the interval (199), except the sole case when gζ = 1,
there exists a stable ˇxed point, that is, almost all solutions are stable, indepen-
dently of the value of β. Following the method of pattern selection from Sec. 9,
we can equip the solutions labelled by β with the probabilistic weights (169).
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The most probable, among all stable solutions, is that providing the minimum of
the initial contraction rate, which for this case is

Λ(β, 0) = −γ1 − 2γ2 (1 − gs0) . (200)

The minimum of this rate requires that

dg

dβ
= 0 , s0

d2g

dβ2
> 0 . (201)

For s0 > 0, one needs the minimum of g, which gives β = 4.9. From Eq. (194),
one has b = 0.88

√
λL. And the relation (179) yields

rf = 0.41
√
λL (s0 > 0) . (202)

When s0 < 0, conditions (201) imply the maximum of g, for which β = 1.92, b =
0.55

√
λL, and the ˇlament radius is

rf = 0.26
√
λL (s0 < 0) . (203)

This is practically the same value as found for the ˇlaments radius in Refs. 33,111Ä
115 by using the variational principle of subsection 2.5. When the system of ra-
diators is not inverted at the initial time and becomes excited by means of a pulse
characterized by the pumping parameter ζ, one has to consider the ˇlament radius
(203) as corresponding to the most probable pattern. The number of ˇlaments
can be deˇned from the normalization condition

1
V

∫
s(8r, t) d8r = ζ , (204)

assuming that the population difference equals +1 inside each ˇlament of radius
rf and −1 outside of the ˇlaments. Then the number of ˇlaments is

Nf =
1
2

(1 + ζ)
(
R

rf

)2
. (205)

The most probable ˇlament radius (203) and the number of ˇlaments (205) are
in good agreement with the values observed in experiments [93Ä99,101Ä105].
The considered phenomenon of ˇlamentation can be termed turbulent since the
ˇlaments are chaotically distributed in space and for sufˇciently strong pumping,
when gζ > 1 + γ1/8γ2, each ˇlament is aperiodically [ashing in time. The
turbulent photon ˇlamentation is a self-organized phenomenon due to the bulk
properties of interacting radiators. It practically does not depend on boundary
conditions and exists in both types of lasers, the resonatorÄcavity lasers, such
as CO2 and Dye lasers [93Ä99], as well as in the resonatorless dischargeÄtube



1176 YUKALOV V.I., YUKALOVA E.P.

lasers, such as lasers on Ne, Tl, Pb, N2, and N+2 vapors [101Ä105]. The turbulent
ˇlamentation is also principally nonlinear phenomenon. Thus, in low-Fresnel-
number lasers (F ≤ 5) the number of light spots is proportional to F 2. The
same dependence of the number of coherent rays on F is typical of the initial
linearized stage of super[uorescence [118]. However, for high-F lasers (F � 10)
the number of ˇlaments is proportional to F , which is in agreement with formula
(205) giving Nf ∼ F .

11. SUPERRADIANT SPIN RELAXATION

When the initial state of a spin system is strongly nonequilibrium, different
kinds of spin relaxation can occur. If there are no transverse external ˇelds acting
on spins, they relax to an equilibrium state by an exponential law with a longitu-
dinal relaxation time T1. When the motion of spins is triggered by a transverse
magnetic ˇeld, the relaxation is again exponential but with a transverse relaxation
time T2 that is usually much shorter than T1. A rather special relaxation regime
arises, if the spin system is coupled to a resonator. This can be done by inserting
the sample into a coil connected with a resonance electric circuit. Because of
the action of resonator feedback ˇeld, the motion of spins can become highly
coherent resulting in their ultrafast relaxation during a characteristic collective
relaxation time much shorter than T2 [119]. This latter type of collective spin
relaxation from a strongly nonequilibrium state in the presence of coupling with
a resonator is the most difˇcult to realize experimentally and to describe theoret-
ically. Experimental difˇculties have been overcome in a series of observations
of this phenomenon for a system of nuclear spins inside different paramagnetic
materials [120Ä127]. The collective relaxation time of this ultrafast coherent
process is inversely proportional to the number of spins, N , and the intensity of
magnetodipole radiation is proportional to N2, in the same way as cooperative
radiation time and radiation intensity of N resonant atoms depend on this number
in optic superradiance [1,29,30,42,45,59]. This is why the process of collective
coherent relaxation of spins has been called superradiant spin relaxation or, for
short, spin superradiance. In the case of spin systems, what is usually measured
is not the radiation intensity itself, which is rather weak, but the power of cur-
rent induced in the resonant circuit [128]. The enhancement of generated pulses
by using resonators is, actually, well known in laser optics and is important for
realizing superradiance of Rydberg atoms [129] and recombination superradiance
in electron-hole or electron-positron plasmas [130]. Resonators can be employed
for modifying radiated pulses in optical superradiance [131]. Note also the usage
of resonators for amplifying the nuclear spin echo signals in magnets [132,133].
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The appearance of strong correlations between spins is due to the resonator
feedback ˇeld, but not to the photon exchange as it happens for atomic systems.
Hence, various quantum effects existing in the interaction of electromagnetic ˇeld
with atoms [32,134Ä137] seem to be absent in the case of spin systems. Therefore
it looked natural to try, for the theoretical description of relaxation in a spin system
coupled with a resonator, to invoke the classical Bloch equations complimented
by the Kirchhoff equation for the resonant electric circuit [1,119,138Ä140]. How-
ever, these equations can provide a description of coherent spin relaxation only
when the latter is triggered by a coherent pulse, similarly to the semiclassical
Bloch Ä Maxwell equations in optics [1,141,142]. The phenomenon of the self-
organized coherent spin relaxation cannot be described by the Bloch Ä Kirchhoff
equations. Then, what initiates spin motion leading to the appearance of purely
self-organized spin superradiance? This problem of the origin of pure spin su-
perradiance was posed by Bloembergen and Pound [119]. They also noticed that
the thermal Nyquist noise of resonator cannot be a mechanism triggering the mo-
tion of spins, since the thermal relaxation time is proportional to the number of
spins in the sample and, thus, the thermal damping is to be negligibly small for
macroscopic samples. Nevertheless, this notice was forgotten by the following re-
searchers who assumed that it is just the thermal noise of resonator which triggers
the spin motion.

To resolve this controversy and to discover the genuine mechanisms originat-
ing the spin motion, it was necessary to turn to microscopic models. The system
of nuclear spins is characterized [143] by the Hamiltonian

Ĥ =
1
2

∑
i�=j

Hij − µn
∑
i

8B · 8Ii , (206)

in which spins interact through the dipole potential

Hij =
µ2n
r3ij

[
8Ii · 8Ij − 3

(
8Ii · 8nij

)(
8Ij · 8nij

)]
,

where µn is the nuclear magnetic moment, 8Ii is a nuclear spin operator, rij =
= |8rij |, 8rij = 8ri − 8rj , 8nij = 8rij/rij . The total magnetic ˇeld

8B = H0 8ez +H 8ex

contains an external magnetic ˇeld H0 and a resonator feedback ˇeld H deˇned
by the Kirchhoff equation.

The temporal behaviour of a ˇnite number of spins, with 27 ≤ N ≤ 343,
was analysed numerically by computer simulations [144-149]. From various cases
studied, we present here some that give the general qualitative understanding of
the whole picture. In Figs. 1Ä4, Kcoh ≡ Pcoh/Pinc is a coherence coefˇcient,
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Fig. 1. Coherence coefˇcient Kcoh, current power P , and spin polarization pz as functions
of time for two different coupling parameters deˇned in Eq. (207), g1 (solid line) and g2
(dashed line), with the relation g1/g2 = 10

Fig. 2. The same as in Fig. 1 for two different Zeeman frequencies, ω01 (solid line) and
ω02 (dashed line), related by the ratio ω01/ω02 = 5
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Fig. 3. The same functions as in Fig. 1 for different initial polarizations, pz1(0) (solid
line) and pz2(0) (dashed line), with the relation pz1/pz2(0) = 2

Fig. 4. The same functions as in Fig. 1 for different initial transverse polarizations, px1(0)
(solid line) and px2(0) (dashed line), with the relation px1/px2(0) = 0.5

being the ratio of the coherent part of the current power P to its incoherent
part, and pz is the negative spin polarization. In Figs. 5Ä11, Ccoh ≡ Icoh/Iinc
is the coherence coefˇcient of the average magnetodipole radiation deˇned as
in Eq. (90), with respect to the total radiation intensity I . The current power
and radiation intensity are given in dimensionless units and time is measured in



1180 YUKALOV V.I., YUKALOVA E.P.

Fig. 5. Coherence coefˇcient Ccoh, radiation intensivity I , and spin polarization pz versus
time for pz(0) = 0.48 and different parameters: ω0 = 200, g = 25 (solid line); ω0 = 40,
g = 25 (dashed line); and ω0 = 40, g = 2.5 (solid line with crosses)

units of T2. In the ˇgure captions, pz(0) and px(0) mean the corresponding
polarization components at the initial time, ω0 is the Zeeman frequency, ω is
the natural frequency of the resonant electric circuit and also a frequency of an
alternating magnetic ˇeld, if any, the amplitude of the latter being denoted by h0.
The quantity

g ≡ π2η ρnµ
2
nω0

�Γ2ω
(207)

is the effective coupling parameter, in which η is a ˇlling factor; ρn, nuclear
density; and Γ2 = T−1

2 is a line width. Computer simulations proved that pure
spin superradiance does exist with no thermal noise involved.

However, computer simulations can provide only a qualitative picture, as
the number of spins considered in such simulations is incomparably smaller than
what one has in real macroscopic samples. Moreover, these simulations give
no analytical formulas, making it difˇcult, if possible, to classify all relaxation
regimes occurring when varying the numerous parameters of the system. Simpli-
ˇed models [150] can also provide only a qualitative understanding.
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Fig. 6. Coherence coefˇcient Ccoh, radiation intensivity I , and spin polarization pz as
functions of time in the case of switchedÄoff resonatorÄspin coupling (g = 0). The varied
parameters are: ω0 = 200, px(0) = 0.48 (solid line); ω0 = 20, px(0) = 0.48 (dashed
line); and ω0 = 200, px(0) = 0.20 (solid line with crosses)

Fig. 7. The same as in Fig. 6 for px(0) = 0.48 and for different Zeeman frequencies:
ω0 = 1000 (solid line); ω0 = 200 (dashed line); ω0 = 50 (solid line with crosses); and
ω0 = 200 with switched-off dipole interaction (solid line with triangles)
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Fig. 8. The same as in Fig. 6 for px(0) = 0.48 but in the presence of an alternating
magnetic ˇeld with the frequency ω = ω0 and different amplitudes: h01 (solid line); h02

(dashed line); where h01/h02 = 10; and h03 = 0 (solid line with crosses)

Fig. 9. The same as in Fig. 8 but for px(0) = −0.48 and different amplitudes of the
alternating ˇeld: h01 (solid line); h02 (dashed line); and h03 (solid line with crosses),
where the amplitude relations are h01/h02 = 0.25 and h01/h03 = 0.1
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Fig. 10. The same as in Fig. 8 for a varying relative detuning from the resonance
δ ≡ (ω − ω0)/ω0 taking the values: δ = 0 (solid line); δ = 0.025 (dashed line); and
δ = 0.25 (solid line with squares)

Fig. 11. Radiation intensivity I , coherence coefˇcient Ccoh, and spin polarization pz
versus time, in the absence of alternating external ˇelds and with a weak coupling with a
resonator, g ∼ 1
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An analytical solution of the evolution equations corresponding to the mi-
croscopic Hamiltonian (206) and a complete analysis of different relaxation
regimes of nonequilibrium nuclear magnets coupled with a resonator has been
done [25,26,151-158] by employing the scale separation approach. The evolution
equations are written for the averages

u ≡ 1
N

∑
i

< S−
i > , s ≡ 1

N

∑
i

< Sz
i > , (208)

where S−
i = Sx

i − iSy
i . Presenting local [uctuating ˇelds through stochastic

variables ξ0 and ξ, one comes [25,26] to the evolution equations

du

dt
= i (ω0 − ξ0 + iΓ2) u− i(γ3h+ ξ) s ,

ds

dt
=
i

2
(γ3h+ ξ) u∗ − i

2
(γ3h+ ξ∗) u− Γ1(s− ζ) , (209)

d

dt
|u|2 = −2Γ2|u|2 − i (γ3h+ ξ) su∗ + i (γ3h+ ξ∗) su ,

in which the resonator feedback ˇeld, h, in dimensionless units, satisˇes the
Kirchhoff equation

dh

dt
+ 2γ3h+ ω2

∫ t

0

h(t′) dt′ = −2κ
d

dt
(u∗ + u) + γ3f , (210)

in which f is an electromotive force, γ3 is the resonator ringing width, and
κ ≡ πηρnµ

2
n/�γ3. The random local ˇelds are deˇned as Gaussian stochastic

variables with the stochastic averages

� ξ20 � = � |ξ|2 � = Γ2∗ , (211)

where Γ∗ is the inhomogeneous dipole broadening. Because of the existence of
the small parameters

Γ1
ω0

� 1 ,
Γ2
ω0

� 1 ,
Γ∗
ω0

� 1 ,
γ3
ω0

� 1 ,
|∆|
ω0

� 1 , (212)

where ∆ ≡ ω − ω0, the functions u and h can be classiˇed as fast while s and
|u|2 as slow.

Solving Eqs. (209) and (210), it was shown [25,26,151] that the role of the
thermal Nyquist noise in starting the relaxation process is negligible. But the main
cause triggering the motion of spins, leading to coherent self-organization, is the
action of nonsecular dipole interactions. This gives the answer to the question
posed by Bloembergen and Pound [119]: what is the origin of self-organized
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coherent relaxation in spin systems? All possible regimes of nonlinear spin
dynamics have been analysed. When the nonresonant external pumping is absent,
that is ζ > 0, there are seven qualitatively different transient relaxation regimes:
free induction, collective induction, free relaxation, collective relaxation, weak
superradiance, pure superradiance, and triggered superradiance [25,26,151,155].

In the presence of pumping, realized, e.g., by means of dynamical nuclear
polarization directing nuclear spins against an external constant magnetic ˇeld,
one has ζ ≤ 0. Then, as was shown using phenomenological equations [139],
two stationary solutions can appear. In our approach, the behaviour of the system
is as follows [158]. When ζ ≤ 0, three dynamical regimes can be observed,
depending on the value of ζ with respect to the pump thresholds

ζ1 = −1
g
, ζ2 = −1

g

(
1 +

Γ1
8Γ2

)
. (213)

Analysing the equations for the slow variables s and w, where

w ≡ |u|2 − Γ2∗
ω20
s2 , (214)

we ˇnd two ˇxed points

s∗1 = ζ , w∗
1 = 0 ; s∗2 = − 1

g
, w∗

2 = −Γ1(1 + gζ)
Γ2g2

. (215)

When ζ1 < ζ ≤ 0, the ˇrst ˇxed point is a stable node and the second one is
a saddle point. For ζ = ζ1, both points merge together, being neutrally stable.
After the bifurcation at ζ = ζ1, in the region ζ2 ≤ ζ < ζ1, the ˇrst ˇxed point
looses its stability becoming a saddle point while the second ˇxed point becomes
a stable node. Finally, when ζ < ζ2, the second ˇxed point turns into a stable
focus, and the ˇrst one continues to be a saddle point. In this way, there are three
qualitatively different lasting relaxation regimes induced by the pumping [158].
The ˇrst one is the incoherent monotonic relaxation to the ˇrst stationary solution
s∗1, w

∗
1 . The second regime is the coherent monotonic relaxation to the second

stationary solution s∗2, w
∗
2 , although the level of coherence may be rather low.

And the third case is the coherent pulsing relaxation to the second ˇxed point.
This unusual regime of pulsing relaxation was observed experimentally [159].
Here we present the results of numerical solution of the evolution equations for
the slow variables s = z(t) and w(t) deˇned in Eq. (214). Different cases of the
pulsing regime are clearly demonstrated in Figs. 12 to 18. In the corresponding
ˇgure captions we use the notation z0 = z(0), w0 = w(0), and γ ≡ γ1/γ2.
Everywhere in Figs. 12 to 17, the pump parameter is ζ = −0.5, and in Fig. 18
this parameter is varied. The coupling parameter (207) is always g = 10.
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Fig. 12. Phase portrait demonstrating a stable focus for the parameters z0 = −0.5, w0 =
0.001, g = 10, and γ = 0.1

Fig. 13. Pulsing regime of spin relaxation with the parameters z0 = −0.1, w0 = 10−6

and γ = 0.01 for the functions: (a) w(t); (b) z(t)
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Fig. 14. The time dependence of the functions: (a) w(t); (b) z(t), for the parameters
z0 = −0.5, w0 = 0.001, and γ = 1

Fig. 15. Dynamics of slow solutions: (a) w(t); (b) z(t), for the parameters z0 = −0.5,
w0 = 0.01, and γ = 0.1

Fig. 16. Evolution of slow solutions: (a) w(t); (b) z(t), for the parameters z0 = 0.5,
w0 = 0.01, and γ = 0.01
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Fig. 17. Temporal behaviour of the function w(t) for different sets of parameters: (a) z0 =
−0.1, w0 = 10−6, γ = 0.001; (b) z0 = −0.1, ω0 = 0.001, γ = 0.01; (c) z0 = −0.5,
w0 = 10

−6, γ = 0.1; (d) z0 = −0.5, w0 = 0.001, γ = 0.01

Fig. 18. Function w(t) for z0 = 0.5, w0 = 0.5, γ = 1, and varying pump parameters:
ζ = −0.5 (solid line); ζ = −0.3 (dashed line)
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The problem of superradiant spin relaxation can be generalized to the case
of nuclei incorporated into a ferromagnetic matrix, where nuclear and electron
spins interact through hyperline forces. Some model studies of this case have
been undertaken [160Ä162], and a general microscopic theory has also been
developed [163]. The latter theory makes it possible to discover all feasible causes
triggering the process of self-organized coherent relaxation. The most important
such causes are the dipole hyperˇne interactions, dipole nuclear interactions, and
the transverse magnetocrystalline anisotropy.

12. NEGATIVE ELECTRIC CURRENT

The study of electric processes in semiconductors is important for describing
and modelling semiconductor devices [164]. One of the most difˇcult prob-
lems is the consideration of strongly nonequilibrium phenomena in essentially
nonuniform semiconductors. Nonequilibrium and nonuniform distributions of
charge carriers can be formed in several ways, for instance, by means of exter-
nal irradiation [165,166]. Transport properties of semiconductors with essentially
nonuniform distribution of charge carriers can be rather speciˇc. For example,
in a sample, biased with an external constant voltage, the resulting electric cur-
rent may turn against the latter displaying the transient effect of negative electric
current [3,166Ä168].

Transport properties of semiconductors are usually described by the semi-
classical drift-diffusion equations [164]. In what follows a plane device, of area
A and length L is considered, which is biased with a constant voltage V0. It is
convenient to pass to dimensionless quantities, measuring the space variable x in
units of L, time in units of the transit time

τ0 ≡
L2

µV0
, µ ≡ min{|µi|} ,

where µi is a mobility of the i-type carriers. And the characteristic quantities

ρ0 ≡
Q0
AL

, Q0 ≡ εAE0 , E0 ≡
V0
L
,

j0 ≡
Q0
Aτ0

, D0 ≡ µV0 , ξ0 ≡
ρ0
τ0
,

are employed for measuring other physical values which are used below.
The drift-diffusion equations consist of the continuity equations

∂ρi
∂t

+ µi
∂

∂x
(ρiE) −Di

∂2ρi
∂x2

+
ρi
τi

= ξi , (216)



1190 YUKALOV V.I., YUKALOVA E.P.

for each type of charge carriers, and of the Poisson equation

∂E

∂x
= 4π

∑
i

ρi (217)

for the electric ˇeld E(x, t). Here ρi(x, t) is a charge density; µi, Di, and
τi are mobility, diffusion coefˇcient, and relaxation time, respectively; ξi is a
generationÄrecombination noise [169]. The sample is biased with an external
constant voltage, which in our dimensionless notation implies that∫ 1

0

E(x, t) dx = 1 . (218)

At the initial time, the distribution of charge carriers

ρi(x, 0) = fi(x) (219)

is assumed to be nonuniform.
The total electric current through the semiconductor sample is

J(t) ≡
∫ 1

0

j(x, t) dx , (220)

where the density of current

j =
∑
i

(
µiE −Di

∂

∂x

)
ρi +

1
4π
∂E

∂t
. (221)

Because of the voltage integral (218), one has∫ 1

0

∂

∂t
E(x, t) dx = 0 . (222)

It is also possible to show that

lim
τ→∞

� 1
τ

∫ τ

0

∂

∂x
E(x, t) dt� = 0 . (223)

This means that the function E can be considered as slow on average in time
and in space. Then, treating E as a quasi-invariant, one may ˇnd the solutions to
Eqs. (216) and (217) in order to analyse their general space-time behaviour and
to ˇnd conditions when the effect of negative electric current could arise. Such
negative current can appear only when the initial charge distribution is essentially
nonuniform. For example, if this initial charge distribution forms a narrow layer
located at the point x = a, then the total current (220) becomes negative for



COOPERATIVE ELECTROMAGNETIC EFFECTS 1191

a transient interval of time in the vicinity of t = 0, if one of the following
conditions holds true:

a <
1
2
− 1

4πQ

(
Q >

1
2π

)
, or a >

1
2

+
1

4π|Q|

(
Q < − 1

2π

)
, (224)

where

Q ≡
∑
i

Qi , Qi ≡
∫ 1

0

ρi(x, 0) dx .

The effect of the negative electric current can be employed for various purposes,
as is discussed in Refs. 3, 168. For instance, when the initial charge layer is
formed by an ion beam irradiating the semiconductor sample, the location a
corresponds to the ion mean free path. In this case, by measuring the negative
current J(0), one can deˇne this mean free path

a =
1
2
− 1

4πQ

[
1 − J(0)∑

i µiQi

]
. (225)

This formula is valid for both positive and negative values of Q.
Equations (216) and (217) have also been solved numerically [3,168], which

conˇrmed the appearance of the negative electric current. Two cases were
analysed, with one layer of charge carriers and with two such layers. Here
we present the results of calculations for the double-layer case. The initial charge
distributions (219) are given by the Gaussians

fi(x) =
Qi

Zi
exp

{
− (x− ai)2

2bi

}
,

Fig. 19. Electric current through the semiconductor surfaces in the case of a = 0.1,
Q2 = −1, γ = 1 and different mobilities: µ2 = −10 (solid line); µ2 = −5 (dashed line);
µ2 = −3 (short-dashed line). (a) Left-surface current J(0, t); (b) Right-surface current
J(1, t)



1192 YUKALOV V.I., YUKALOVA E.P.

Fig. 20. Left-surface current J(0, t) (solid line), right-surface current J(1, t) (dashed line),
and the total current J(t) (short-dashed line) for a = 0.25, Q2 = −0.1, µ2 = −10 and
different relaxation parameters: (a) γ = 1; (b) γ = 10; (c) γ = 25

in which 0 ≤ ai ≤ 1 and

Qi =
∫ 1

0

fi(x) dx , Zi =
∫ 1

0

exp
{
− (x − ai)2

2bi

}
dx .

The positive charge carriers, with µ1 = 1 and Q1 = 1, form the left layer
centered at a1 = a, while the negative charge carriers form the layer centered at
a2 = 1−a. We keep in mind the relation D2 = 3D1 for the diffusion coefˇcients,
typical for holes and electrons, and we set D1 = 10−3. For short, we use the
notation τ−11 = τ−12 = γ and b1 = b2 = b. The generationÄrecombination noise is
neglected, which is admissible at the initial stage of the process. As the boundary
conditions, we accept the absence of diffusion through the semiconductor surface,
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Fig. 21. Total electric current J(t) for a = 0.25, Q2 = −0.1, µ2 = −10 and varying
relaxation parameters: γ = 1 (solid line); γ = 10 (dashed line); γ = 25 (short-dashed
line)

Fig. 22. Electric current through semiconductor for the parameters a = 0.1, Q2 = −1,
γ = 1 and different mobilities: µ2 = −10 (solid line); µ2 = −5 (dashed line); µ2 = −3
(short-dashed line)

which implies the Neumann boundary condition

∂

∂x
ρi(x, t) = 0 (x = 0, x = 1) .

In Figs. 19 to 24, we present the total current (220) as well as the electric
current through the left surface, J(0, t) ≡ j(0, t) and through the right surface,
J(1, t) ≡ j(1, t), deˇned by the current (221) at x = 0 or x = 1, respectively.
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Fig. 23. Electric current J(t) as a function of time for a = 0.1, µ2 = −3, γ = 1 and
different initial charges: Q2 = 0 (solid line); Q2 = −0.25 (dashed line); Q2 = −0.5
(short-dashed line); Q2 = −0.75 (dotted line); Q2 = −1 (dashed-dotted line)

Fig. 24. Electric current J(t) for Q2 = −1, µ2 = −3, γ = 1, and different locations of
initial charge layers: a = 0.05 (solid line); a = 0.1 (dashed line); a = 0.15 (short-dashed
line); a = 0.2 (dotted line); a = 0.25 (dashed-dotted line)

13. MAGNETIC SEMICONFINEMENT OF ATOMS

Dynamics of neutral atoms in nonuniform magnetic ˇelds concerns prob-
lems of current experimental and theoretical interest. By means of such ˇelds,
atoms can be conˇned inside magnetic traps, which allows to accomplish vari-
ous experiments with the systems of trapped atoms. Recently, Bose Ä Einstein
condensation has been attained in a dilute gas of trapped atoms of 87Rb [170],
7Li [171], Na [172], and H↓ [173]. The details on theory and experiment can be
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found in reviews [174Ä176]. The Bose Ä Einstein condensate is believed to form,
at least partially, a coherent state. If it would be possible to construct a device
emitting a coherent atomic beam, this would be analogous to a laser radiating a
coherent photon ray. This is why one may call the device, emitting a coherent
atomic beam, an atom laser [177Ä184]. An output coupler, coherently extracting
condensed atoms from a trap, was demonstrated recently [185Ä187]. But in these
demonstrations, the atoms, when escaping from a trap, [y out more or less in
all directions, with anisotropy formed only by the gravitational force. While the
very ˇrst condition on a laser is that its output is highly directional, with the
possibility of varying the beam direction [183].

A mechanism for creating well-collimated beams of neutral atoms was ad-
vanced in Refs. 188Ä192. This mechanism suggests an output coupler that extracts
trapped atoms in the form of a directed beam.

The motion of neutral atoms in magnetic ˇelds can be described by the
semiclassical equations for the quantum-mechanical average of the real-space
coordinate 8r = {rα}, where α = x, y, z, and for the average 8S = {Sα} of the
spin operator [193Ä195]. The ˇrst equation writes

m
d2rα
dt2

= µ0 8S · ∂
8B

∂rα
+mgα + fα , (226)

where m and µ0 are mass and magnetic moment of an atom; 8B is a magnetic
ˇeld; gα is a component of the standard gravitational acceleration; and fα is a
collision force component. The equation for the average spin is

�
d8S

dt
= µ0 8S × 8B . (227)

The total magnetic ˇeld
8B = 8B1 + 8B2 ,

8B1 = B′
1 (x 8ex + y 8ey + λz 8ez) , 8B2 = B2 (hx 8ex + hy 8ey) , (228)

where |8h| = 1, consists of the quadrupole ˇeld 8B1, typical of quadrupole mag-
netic traps, and of a transverse ˇeld, e.g., of a rotating ˇeld [196,197]. In the
quadrupole ˇeld, λ is the anisotropy parameter.

It is convenient to pass to the dimensionless space variable, measuring the
components of 8r in units of the characteristic length

R0 ≡
B2
B′
1

. (229)

Introduce the characteristic frequencies by the relations

ω21 ≡
µ0B

′
1

mR0
, ω2 ≡

µ0B2
�

, ω ≡ max
t

∣∣∣∣∣d8hdt
∣∣∣∣∣ . (230)
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Also, we deˇne

δα ≡ gα
R0ω21

, γξα ≡ fα
mR0

, (231)

where γ is a collision rate and ξα can be treated as a random variable with the
stochastic averages

� ξα(t) � = 0 , � ξα(t) ξβ(t′) � = 2Dα δαβ δ(t− t′) ,

in which Dα is a diffusion rate. Then Eq. (226) can be written as the stochastic
differential equation

d28r

dt2
= ω21

(
Sx 8ex + Sy 8ey + λSz 8ez + 8δ

)
+ γ8ξ , (232)

and Eq. (227) acquires the form

d8S

dt
= ω2 Â 8S , (233)

in which the antisymmetric matrix Â = [Aαβ ] has the elements

Aαβ = −Aβα , Aαα = 0 ,

A12 = λz , A23 = x+ hx , A31 = y + hy .

Assuming the occurrence of the small parameters∣∣∣∣ γω1
∣∣∣∣� 1 ,

∣∣∣∣ω1ω2
∣∣∣∣� 1 ,

∣∣∣∣ ωω2
∣∣∣∣� 1 , (234)

we may classify the variables 8r and 8h as slow, compared to the fast spin variable
8S. Then Eq. (233) can be solved yielding

8S(t) =
3∑

i=1

ai 8bi(t) exp{βi(t)} , (235)

where
ai = 8S(0) ·8bi(0) ,

8bi(t) =
1√
Ci

[
(A12A23 − αiA31)8ex + (A12A31 + αiA23)8ey +

(
A212 + α2i

)
8ez
]
,

Ci =
(
A212 − |αi|2

)2
+
(
A212 + |αi|2

) (
A223 +A231

)
,

α1,2 = ±iα, α3 = 0, α2 ≡ A212 +A223 +A231, βi(t) = ω2
∫ t

0

αi(t′) dt′.
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Substituting Eq. (235) into the right-hand side of Eq. (232) and averaging the
latter over time and over stochastic variables, we obtain

d28r

dt2
= 8F + ω21 8δ, (236)

where

8F ≡ ω21a3 < bx3 8ex + by3 8ey + λbz3 8ez >,

a3 =
(x + h0x)S0x + (y + h0y)S0y + λzS0z
[(x+ h0x)2 + (y + h0y)2 + λ2z2]1/2

,

8b3 =
(x+ hx) 8ex + (y + hy) 8ey + λz 8ez
[(x+ hx)2 + (y + hy)2 + λ2z2]1/2

,

angle brackets imply time averaging and h0α ≡ hα(0), S0α ≡ Sα(0). For the
rotating transverse ˇeld, with

hx = cosωt , hy = sinωt , (237)

we ˇnd

8F =
ω21 [(1 + x)S0x + yS0y + λzS0z ] (x 8ex + y 8ey + 2λ2z 8ez)
2[(1 + 2x+ x2 + y2 + λ2z2)(1 + x2 + y2 + λ2z2)]1/2

.

The motion of atoms, described by Eq. (236), essentially depends on the
initial state, which, as is known [198,199], can be prepared in an arbitrary way.
Suppose that atoms, after being laser cooled in a magneto-optical trap [200], are
loaded into a magnetic trap where they are further cooled by evaporative cooling
down to sufˇciently low temperatures, so that there is a portion of atoms with
low velocities, which are located close to the trap center. If the initial spin
condition for these atoms is such that S0x < 0 and Sy = Sz = 0, then the atoms
are conˇned inside the trap moving in an approximately harmonic potential. The
gradient of the quadrupole ˇeld supplies the levitating force to support atoms
against gravity. The combination of the magnetic ˇeld and gravity produces
a very nearly harmonic conˇning potential within the trap volume in all three
dimensions [201].

The semiconˇning regime of motion [188Ä192] can be realized by preparing
for the spin variable nonadiabatic initial conditions

S0x = S0y = 0 , S0z ≡ S �= 0 . (238)
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Such conditions can be arranged in several ways. One possibility could be to
conˇne atoms in a trap, where all atoms are polarized having their spins in the z
direction, as, e.g., in the trap of Ref. 201, being a quadrupole trap with a bias ˇeld
along the z axis. Then the longitudinal bias ˇeld is quickly switched off, and at
the same time, a transverse ˇeld is switched on, which would correspond to the
sudden change of potential [202]. Another way could be to prepare spin polarized
atoms in one trap and quickly load them into another trap with the required ˇeld
conˇguration. Atoms can be prepared practically 100% polarized [203], with
the spinÄspin relaxation time reaching 100 s [204]. The possibility of realizing
two ways of transferring atoms from one trap to another, by means of sudden
transfer as opposed to adiabatic transfer, is discussed in Ref. 205. The third way
of organizing the nonadiabatic initial conditions (238) could be by acting on the
trapped atoms with a short pulse of strong magnetic ˇeld, polarizing atomic spins
in the desired way.

With the initial conditions (238), the motion of atoms becomes axially re-
stricted from one side, depending on the sign of λS. Atoms [y out of the trap
predominantly in one direction, forming a well-collimated beam [188Ä192]. This
mechanism can be used for atom lasers. Another possibility could be to study the
dynamics of binary mixtures of Bose systems, where the effect of conical strati-
ˇcation [206] can arise. The mixtures of two condensates have been realized for
rubidium [207] and sodium [208], and the dynamics of two rubidium condensates
was observed in Ref. 209.

When solving equation (236) for the realistic case of a ˇnite trap, one should
take into account the trap shape factor, which can be written in the Gaussian form

ϕ(8r) = exp
(
− x2 + y2

R2
− z2

L2

)
,

where R and L are the trap radius and length. The relation between the latter can
be quite different for different traps, starting from almost spherical traps, where
R ≈ L, to needle-shape traps, with R/L ∼ 10−3, as for Ioffe Ä Pritchard magnetic
traps [210]. Accepting the initial spin conditions (238), and using the notation

f(8r) ≡ ϕ(8r)
[(1 + 2x+ x2 + y2 + λ2z2)(1 + x2 + y2 + λ2z2)]1/2

,

from Eq. (236) we obtain

d2x

dt2
= ω21

(
λ

2
S f z x+ δx

)
,

d2z

dt2
= ω21

(
λ3S f z2 + δz

)
, (239)
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where the equation for y, being similar to that for x, is not written down. Note
that instead of the Gaussian shape factor for the trap, one could opt for

ϕ(8r) = 1 − Θ(x−R) Θ(y −R) Θ
(
|z| − 1

2
L

)
,

with Θ(·) being the unit-step function.
Equations (239) were analysed both analytically and numerically [188Ä192].

Their solutions display the semiconˇned regime of motion. Taking into account
random pair collisions in Eq. (232) shows that atomic collisions do not disturb the
semiconˇned motion provided that temperature T is sufˇciently low, satisfying
the condition

kBT�ρ2a2s
m2ω31

� 1 , (240)

in which ρ is the density of atoms and as, their scattering length. The semi-
conˇned regime of motion makes it possible to form well-collimated beams on
neutral atoms by means of only magnetic ˇelds.

14. NUCLEAR MATTER LASING

The natural question that arises after talking about atom lasers is whether
there can be produced matter waves corresponding to other Bose particles, which
could be employed for lasing. One such possibility is related to the creation of
a large number of pions in hadronic, nuclear, and heavy-ion collisions. If the
density of pions appearing in the course of these collisions is sufˇciently high,
then correlations between pions can result in the formation of coherent state and
in the feasibility of realizing a pion laser [211]. Pions are not the sole type of
Bose particles arising in nuclear matter under extreme conditions characteristic
of ˇreballs produced in high-energy collisions [212,213]. There are plenty of
reviews devoted to the state of nuclear matter at extreme conditions, including
the region of deconˇnement transition. Here we cite only some recent of such
reviews [214Ä217].

The very ˇrst necessary condition that is required for lasing is to be able
to generate Bose particles with sufˇciently high density. Therefore, in order
to answer the question what kind of Bose particles appearing in nuclear matter
under extreme conditions could be used for lasing, one has, ˇrst of all, to ˇnd
out what are these Bose particles and under what conditions their density is
maximal. In this section, we give a very brief account of an analysis based on the
multichannel model of nuclear matter [217Ä221]. The main idea in constructing
this model goes back to the Weinberg approach for describing composite particles
[222Ä224], with effective Hamiltonians that are assumed to be a result of the
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Fig. 25. Relative energy density as a function of temperature in MeV for the SU(3) gluonÄ
glueball mixture of different glueball radii: 0 (line 1); 0.5 fm (line 2); 0.7 fm (line 3);
0.8 fm (line 4); 1 fm (line 5)

Fig. 26. Relative enthalpy for the gluonÄglueball mixture as a function of temperature
reduced to the deconˇnement temperature, in the case of the glueball radius 0.82 fm,
compared with the lattice numerical calculations

Fock ÄTani transformation [225]. Now we shall not plunge into the details of the
multichannel model, which can be found in Refs. 217,219, but we shall present
some ˇgures and will formulate the conclusion of an analysis [221] with regard
to the most probable candidates for nuclear matter lasing.

When rising temperature or density, nuclear matter exhibits a transition from
hadron state to quarkÄgluon state. This transition is often assumed to be a sharp
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Fig. 27. Relative speciˇc heat for the gluonÄglueball mixture, for the glueball radius
0.82 fm, as a function of temperature in MeV

Fig. 28. Glueball channel probability versus temperature in MeV for the glueball radii as
in Fig. 25

ˇrst-order transition. Lattice numerical simulations for the quarkless SU(3) gauge
model show that deconˇnement is really a ˇrst-order phase transition [226], which
is in agreement with the multichannel model. Figures 25 to 27 illustrate the be-
haviour of some thermodynamic characteristics, normalized to the corresponding
Stefan ÄBoltzmann limits, for the case of the SU(3) gluonÄglueball mixture.
Figure 28 shows the related glueball channel probability. The sharpness on the
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Fig. 29. Nucleon channel probability as a function of relative baryon density

Fig. 30. Dibaryon channel probability versus relative baryon density

deconˇnement transition essentially depends on the interactions between particles
or on their radii, when the composite particles are treated as bags [227].

In the case of realistic nuclear matter, deconˇnement is rather a gradual
crossover but not a genuine phase transition [217]. Then all thermodynamic
characteristics change continuously, without jumps. This concerns as well the
channel probabilities. Thus, in Figs. 29, 30 the channel probabilities of nucleons
and dibaryons are shown as functions of baryon density normalized to the normal
baryon density of nuclear matter n0B = 0.167 fm−3. The possible appearance
of dibaryons is of special interest since they, being bosons, can form a Bose
condensate [217,228Ä230].
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Summarizing the results of the analysis [221], three types of Bose particles
can appear in nuclear matter in large quantities: pions, dibaryons, and gluons.
The maximum of the pion channel probability, reaching wπ = 0.6, occurs in
the vicinity of the deconˇnement transition at T ≈ 160 MeV and low baryon
densities nB < n0B . Dibaryons can appear mainly at low temperatures T <
20 MeV and relatively high baryon densities nB ∼ 10 n0B , where their channel
probability w6 ≈ 0.7. Large amount of gluons emerges only at high temperatures
T > 160 MeV. In addition, one should keep in mind that gluons cannot be
observed as free particles.

Talking about possible pion, dibaryon, or gluon lasing from nuclear matter,
we have touched here just one necessary condition, trying to ˇnd out when these
Bose particles can appear in large quantities. To realize such a lasing in reality
will, certainly, require to solve a number of other problems. But, anyway, to
understand the conditions when this lasing could be plausible in principle is the
necessary ˇrst step.

15. CONCLUSION

We have described a general method for treating strongly nonequilibrium
processes in statistical systems. This method is called the Scale Separation
Approach since its basic idea is to try to separate different characteristic scales
of time and space variables. The idea itself is, of course, not new and we
have employed some known techniques. What is original in our approach is:
(i) The combination of several methods and their adjustment to the problems
of nonequilibrium statistical mechanics. (ii) The generalization of the averaging
method to stochastic and partial differential equations. (iii) Probabilistic solution
of the problem of pattern selection.

The scale separation approach has been shown to be very useful for describing
cooperative phenomena in the interaction of radiation with matter. To emphasize
the generality of the approach, it is illustrated here by several different physical
examples, whose common feature is that the related evolution equations are non-
linear differential or integro-differential stochastic equations. Such equations, as
is known, are difˇcult to solve. The scale separation approach makes it possible
to ˇnd accurate approximate solutions. The accuracy of these solutions has been
conˇrmed by numerical calculations and by comparison with experiment, when
available. Using this approach, several interesting physical problems have been
solved and new effects are predicted. Among the most interesting applications
we would like to emphasize the following.

Collective Liberation of Light happens when en ensemble of resonant atoms
is doped into a medium with polariton band gap. If the transition frequency of an
atom is inside this prohibited gap, then atomic spontaneous emission is strongly
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suppressed, which is termed localization of light. Although spontaneous emission
of a single atom is prohibited, a collective of such atoms can radiate due to
their coherent interactions. As a result of this coherent radiation, light becomes
partially liberated. We have advanced dynamical theory of this light liberation
for the realistic situation when the radiation wavelength is smaller than the linear
sizes of the sample (see Sec. 6).

Méossbauer Magnetic Anomaly has puzzled researches for many years. This
anomaly consists in a strong increase of the area under the Méossbauer spectrum,
below the temperature of magnetic phase transition. Several explanations of this
anomaly have been suggested. We have thoroughly analysed this phenomenon and
concluded that previously suggested mechanisms cannot explain this anomaly but
that its origin is rather in the increase of inhomogeneous broadening of Méossbauer
nuclei, which is due to the arising magnetic ˇeld (see Sec. 8).

Turbulent Photon Filamentation in resonant media is an intriguing example
of self-organization in a strongly nonequilibrium system, whose dynamical theory
was absent. We have developed such a theory, based on the probabilistic ap-
proach to pattern selection, and showed that it gives agreement with experiment
(see Sec. 10).

Superradiant Spin Relaxation occurs in a system of spins coherently inter-
acting with each other through resonator feedback ˇeld. This ultrafast coherent
relaxation is similar to superradiance in optical systems, because of which the
term spin superradiance was coined. Contrary to its optical counterpart, the ori-
gin of purely self-organized spin superradiance has not been understood for about
40 years, after Bloembergen and Pound posed this problem in 1954. We have
developed a theory of nonlinear spin dynamics, based on a microscopic Hamil-
tonian, elucidated the origin of pure spin superradiance, and described all main
regimes of spin relaxation, without pumping as well as in the presence of the
latter (see Sec. 11).

Negative Electric Current is a rather unusual effect, when electric current
[ows against an applied voltage. This is a transient effect that can occur in
nonuniform semiconductors. We have predicted this effect and suggested its
theory (see Sec. 12).

Magnetic Semiconˇnement of Atoms is another effect we predict. This effect
can serve as a mechanism for creating well-collimated beams of neutral atoms by
means of magnetic ˇelds. It can be used to form coherent beams of Bose atoms
from atom lasers. We have presented a theory of this effect (see Sec. 13).

The possibility of treating nonequilibrium processes in nonlinear systems
of quite different nature has become possible owing to the Scale Separation
Approach, which provides accurate approximate solutions to complicated systems
of differential and integro-differential equations.
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Many-body systems of composite hadrons are characterized by processes that involve the si-
multaneous presence of hadrons and their constituents. We brie[y review several methods that have
been devised to study such systems and present a novel method that is based on the ideas of mapping
between physical and ideal Fock spaces. The method, known as the FockÄTani representation, was
invented years ago in the context of atomic physics problems and was recently extended to hadronic
physics. Starting with the Fock-space representation of single-hadron states, a change of representation
is implemented by a unitary transformation such that composites are redescribed by elementary Bose
and Fermi ˇeld operators in an extended Fock space. When the unitary transformation is applied to the
microscopic quark Hamiltonian, effective, hermitian Hamiltonians with a clear physical interpretation
are obtained. The use of the method in connection with the linked-cluster formalism to describe short-
range correlations and quark deconˇnement effects in nuclear matter is discussed. As an application
of the method, an effective nucleonÄnucleon interaction is derived from a constituent quark model,
and used to obtain the equation of state of nuclear matter in the HartreeÄFock approximation.

Œ´µ£µÎ ¸É¨Î´Ò¥ ¸¨¸É¥³Ò ¸µ¸É ¢´ÒÌ  ¤·µ´µ¢ Ì · ±É¥·¨§ÊÕÉ¸Ö ¶·µÍ¥¸¸ ³¨, ±µÉµ·Ò¥ ¢±²Õ-
Î ÕÉ ¢ ¸¥¡Ö µ¤´µ¢·¥³¥´´µ ¨  ¤·µ´Ò, ¨ ¨Ì ¸µ¸É ¢²ÖÕÐ¨¥. Š· É±µ · ¸¸³µÉ·¥´Ò ´¥¸±µ²Ó±µ ³¥Éµ-
¤µ¢, ¸¶¥Í¨ ²Ó´µ · §· ¡µÉ ´´ÒÌ ¤²Ö ¨§ÊÎ¥´¨Ö É ±¨Ì ¸¨¸É¥³, ¨ ¶·¥¤¸É ¢²¥´ ´µ¢Ò° ³¥Éµ¤, ±µÉµ·Ò°
µ¸´µ¢ ´ ´  ¨¤¥¥ ¸oµÉ¢¥É¸É¢¨Ö ³¥¦¤Ê Ë¨§¨Î¥¸±¨³ ¨ ¨¤¥ ²Ó´Ò³ ¶·µ¸É· ´¸É¢ ³¨ ”µ± . �ÉµÉ ³¥Éµ¤,
¨§¢¥¸É´Ò° ± ± ¶·¥¤¸É ¢²¥´¨¥ ”µ± Ä’ ´¨, ¡Ò² · §· ¡µÉ ´ Ê¦¥ ¤ ¢´µ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î  Éµ³´µ°
Ë¨§¨±¨,   ´¥¤ ¢´µ ¡Ò² · ¸Ï¨·¥´ ¨ ¤²Ö ¶·¨³¥´¥´¨Ö ¢  ¤·µ´´µ° Ë¨§¨±¥. � Î¨´ Ö ¸ µ¤´µÎ ¸É¨Î´ÒÌ
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1. INTRODUCTION

One of the most central problems of contemporary particle and nuclear
physics is the description of the interactions among hadrons and the properties
of high temperature and/or density hadronic matter in terms of quark and gluon
degrees of freedom. The mathematical description of such systems is complicated
due to the simultaneous presence of composites (hadrons) and constituents (quarks
and gluons). The early studies of the hadronÄhadron interaction using quark mod-
els employ cluster techniques such as adiabatic methods [1] and resonating group
or generator coordinate methods [2]. More recently Barnes and Swanson [3] in-
troduced a formalism based on the concepts of constituent interchange and quark
line diagrams, known as the ®quark Born diagram¯ formalism. This method is
similar to the ®constituent exchange¯ mechanisms proposed by Gunion, Brodsky
and Blankenbecler [4] many years ago for high-energy hadron scattering. Also
recently, Blaschke and Réopke [5] considered a thermodynamic Green's function
approach for mesonÄmeson scattering in a constituent quark model. Thermody-
namic Green's functions have been used to study many-body problems in many
areas of physics and seem appropriate for the study of quark-nuclear physics
problems.

A different approach to the problem is the use of mapping representations,
in which composites are redescribed by elementary particles. There exists an
extensive literature on the subject; in nuclear physics mapping representations
are mainly used in the study of collective oscillations of the nucleus. Examples
of such mappings include the HolsteinÄPrimakoff representation [6], the boson
expansion of Belyaev and Zelevinskii [7] and the Marumori mapping [8]. A good
review on these can be found in Ref. 9. Although such techniques are available
for a long time, only recently there have been made attempts to extend them to
treat hadronÄhadron interactions in the context of quark models. References 10Ä
15 are examples of extensions of such techniques to quark models. Here we
discuss in some detail the FockÄTani representation, which was originally de-
veloped for atomic physics applications and recently was extended to hadronic
physics problems [16Ä18]. It was invented independently by Girardeau [19] and
Vorob'ev and Khomkin [20]. It has been continuously improved during the last
two decades, and has been used with success by Girardeau and collaborators in
several areas of atomic physics [21Ä23]. Like many other mapping formalisms,
the method is based on a change of representation by introducing ˇctitious el-
ementary hadrons in close correspondence to the real hadrons. The change of
representation is implemented by means of a unitary transformation such that the
composite hadrons are redescribed by elementary-particle ˇeld operators. The
unitary transformation is a generalization of a transformation employed by S.
Tani [24] in 1960 to study single-particle scattering by a potential with a bound
state. In the new representation the microscopic interquark forces change, they
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become weaker, in the sense they cannot bind the quarks into hadrons, they de-
scribe only truly scattering processes. In the new representation, in addition to
the modiˇed interquark forces, one obtains effective interactions describing all
possible processes between hadrons and their constituents. In the new representa-
tion all ˇeld operators representing quarks, antiquarks, gluons and hadrons satisfy
canonical commutation relations and therefore the traditional methods of quantum
ˇeld theory can be readily applied.

The use of the FockÄTani representation for studying hadronic interactions
at the quarkÄgluon level shares some similarities with the program outlined by
Weinberg in the last section of his 1979 paper on effective Lagrangians [25].
Weinberg makes the suggestion of using the ®quasiparticle¯ approach [26] for
making perturbative calculations in QCD at low energies. The quasiparticle
approach is a formalism developed by Weinberg in the 60's to deal with potentials
that are too strong to allow the use of perturbation theory. In the quasiparticle
approach the bound states of the theory are redescribed by ˇctitious elementary
particles and, in order not to change the physics of the problem, the original
potential is modiˇed in such a way that the new potential does not produce the
elementary particles as bound states of the theory. With such a modiˇcation the
potential becomes sufˇciently weak that scattering amplitudes can be calculated
perturbatively. Weinberg imagines the possibility of implementing a quasiparticle
approach to QCD. The program would start by weakening the forces of QCD with
the introduction of an infrared cut-off. In order to preserve the physical content
of the theory, the bound states (hadrons) are introduced as ˇctitious elementary
particles which should be described by an effective chirally invariant Lagrangian.
The parameters of the effective Lagrangian would have to be functions of the cut-
off, deˇned by differential equations which guarantee the cut-off independence
of the S-matrix, with the boundary condition that for higher enough energies
one recovers pure QCD, where there is no cut-off. The program would work in
practice if the solutions of the equations could be continued at low energies to
cut-off values sufˇciently small that perturbation theory could be employed.

A major complication for the applications of many-body techniques to sys-
tems containing composite particles is the absence of a good understanding of
the low-energy regime of quantum chromodynamics (QCD). The phenomena of
conˇnement of quarks and gluons and the formation of the hadron bound states
in QCD requires the use of effective models, which in many cases are over-
simpliˇcations of reality. The techniques mentioned above invariably employ
nonrelativistic quark models, or semi-relativistic ones. Obviously for the study
of high temperature and/or density hadronic matter, relativity seems to be essen-
tial. On the other hand, for the study of low-energy hadronÄhadron scattering, or
even to low-temperature and/or density nuclear matter, the use of nonrelativistic
or semirelativistic models might still be of interest for obtaining insight into the
problem.
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In the present paper we discuss the application of the FockÄTani represen-
tation to study the properties of nuclear matter in terms of composite nucleons.
We start in Section 2 with a brief discussion on quark models and possible
connections to some aspects to QCD. In particular, for low-energy applications,
the connection of the constituent quark model to the dynamical chiral symmetry
breaking in QCD is discussed. In order to make contact with other composite-
particle formalisms commonly used in this context, we brie[y review in Section 3
the resonating group method (RGM), the quark-Born diagram (QBD) method and
thermodynamic Green's function formalisms. In Section 4 we present in some
detail the basic ideas and methods of the FockÄTani representation. Section 5
presents the derivation of an effective nucleonÄnucleon interaction from a micro-
scopic quark model. In Section 6 we discuss the use of a linked-cluster formalism
in the FockÄTani representation for the problem of nuclear matter and the onset of
quark deconˇnement. We also present one application of the effective nucleonÄ
nucleon interaction derived in Section 5 to the calculation of the equation of
state of cold nuclear matter. Conclusions and future perspectives are presented in
Section 7.

2. QCD, CHIRAL SYMMETRY AND THE QUARK MODEL

There is a widespread belief that there exists an intermediate energy region in
which it makes sense to describe the strong interactions in terms of an effective
ˇeld theory of constituent quarks subject to weak color forces that become strong
only at large separations and keep the quarks conˇned. The u and d constituent
quarks have a mass of m ∼ 300 MeV, which are believed to be the result of
the spontaneous breakdown of the SU(2) ⊗ SU(2) chiral symmetry. If this is
so, the Goldstone bosons of the spontaneous symmetry breakdown (pions in the
case of u and d quarks only) must be included among the degrees of freedom
of the effective theory. The lowest order terms of the Lagrangian of such an
effective ˇeld theory were written down by Manohar and Georgi [27]. Many
of the successes of the simple nonrelativistic quark model can be understood in
this framework with a chiral symmetry breaking scale ΛχSB ∼ 1 GeV, which is
signiˇcantly larger than the conˇnement scale Λconf . This scenario of weakly
interacting constituent quarks has recently been shown [28] to provide a nice
interpretation of lattice calculations. Also it has been shown recently that the
Manohar and Georgi model can be derived from QCD models of the NambuÄ
Jona-Lasinio type and QCD effective action calculations [29].

The use of the FockÄTani representation in connection with an effective
quarkÄgluon Lagrangian involves a two-step process, as in Weinberg's program
outlined in the Introduction. In the ˇrst step the QCD forces are weakened
by the introduction of an infrared cut-off Λ, which we choose to be Λconf <
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Λ < ΛχSB , and the QCD Lagrangian is replaced by an effective Lagrangian,
as for example the one of Manohar and Georgi. In the next step, ˇctitious
elementary particles with the quantum numbers of hadrons are introduced and
their effective interactions are derived from the microscopic effective quarkÄgluon
Lagrangian through the FockÄTani unitary transformation. The parameters of the
resulting effective hadronic interactions are functions of those of the quarkÄgluon
Lagrangian. The program will be completed, in the sense of Weinberg's program,
when the cut-off independence of the S-matrix elements is enforced. Of course,
this is the most difˇcult part of the entire program and not much progress can be
made without a better understanding of the underlying mechanisms which govern
the conˇnement and dynamical chiral symmetry breaking phenomena of QCD.
While such an understanding is not reached, progress in the study of the hadronic
interactions at the quarkÄgluon level can be made by ˇxing the parameters of the
effective quarkÄgluon theory experimentally.

As discussed previously, since the effects of dynamical chiral symmetry
breaking are included in the constituent quark mass the interquark forces become
weaker in the effective theory. This allows one to identify the low-lying hadrons
with nonrelativistic bound states of the constituent quarks. The quarks are presum-
ably bound by the conˇning QCD interactions, along with effects of multiquark
and multigluon operators that appear in high orders of 1/Λconf in the effective
Lagrangian. Calculations of matrix elements of strong and electroweak couplings
of quarks are performed using perturbation theory or large Nc expansion tech-
niques, where Nc is the number of colors. For the calculation of matrix elements
involving hadrons, such as the calculation of baryon magnetic moments and the
GA/GV ratio in β-decay, the usual nonrelativistic quark-model wave functions
are used for the hadron bound states. The nonrelativistic wave functions are
obtained by solving the Schréodinger equation for three quarks (baryons) or a
quarkÄantiquark pair (mesons) using a phenomenological conˇning interaction.

For future purposes, let us consider just the pionÄquark interaction piece of
the Manohar and Georgi model. At tree level, it is the standard pseudovector
coupling

Hπq =
1
fπ
ψ̄γ5t

aα·∇πaψ, (1)

where ta = 1/2 τa. This leads to an effective nonrelativistic quarkÄquark inter-
action of the form

Vπq = −
(

1
fπ

)2
ta(1)ta(2)

σ(1)·qσ(2)·q
q2 +m2π

. (2)

This effective quarkÄquark interaction will be used to study the short-range part
of the nucleonÄnucleon interaction obtained via mapping to the FockÄTani repre-
sentation. This will be discussed in Section 5.
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Before proceeding to the next section, let us introduce some notations. A
meson state composed of one quark and one antiquark can be written in terms of
constituent quark and antiquark creation operators q† and q̄† as

|α〉 =M †
α|0〉, (3)

where |0〉 is the vacuum state for the constituent quarks, deˇned by

qµ|0〉 = q̄ν |0〉 = 0, (4)

M †
α is the meson creation operator

M †
α = Φµν

α q
†
µq̄

†
ν , (5)

and Φµν
α is the Fock-space meson amplitude. The index α identiˇes the quantum

numbers of the meson, α = {spatial, spin, isospin}. The indices µ and ν denote
the spatial, spin, [avor, and color quantum numbers of the quarks. A summation
over a repeated index is implied. It is convenient to work with Φ orthonormalized

〈α|β〉 = Φ∗µν
α Φµν

β = δαβ . (6)

The quark and antiquark operators satisfy canonical anticommutation rela-
tions, {

qµ, q
†
ν

}
=
{
q̄µ, q̄

†
ν

}
= δµν ,

{qµ, qν} = {q̄µ, q̄ν} = {qµ, q̄ν} =
{
qµ, q̄

†
ν

}
= 0. (7)

Using these quark anticommutation relations and the normalization condition of
Eq. (6), one can easily show that the meson operators satisfy the following
commutation relations

[Mα,M
†
β] = δαβ − ∆αβ ,

[Mα,Mβ] = 0, (8)

where
∆αβ = Φ∗µν

α Φµσ
β q̄

†
σ q̄ν + Φ∗µν

α Φρν
β q

†
ρqµ. (9)

In addition, one has

[qµ,M †
α] = δµµ′Φµ′ν

α q̄†ν , [q̄ν ,M †
α] = −δνν′Φµν′

α q†µ,

[qµ,Mα] = [q̄ν ,Mα] = 0. (10)

The single-composite baryon creation operator, B†
α, is written in terms of

three constituent-quark creation operators as

B†
α =

1√
3!

Ψµ1µ2µ3
α q†µ1

q†µ2
q†µ3
. (11)
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Ψµ1µ2µ3
α is the Fock-space baryon amplitude, where the index α identiˇes the

quantum numbers of the baryon, and µ those of the quarks. As for the mesons,
it is convenient to take the Fock-space amplitude orthonormalized

〈α|β〉 = Ψ∗µ1µ2µ3
α Ψµ1µ2µ3

β = δαβ . (12)

Using the quark anticommutation relations, Eq. (7), and the normalization condi-
tion above, it can easily be shown that the baryon operators satisfy the following
noncanonical anticommutation relations

{Bα, B
†
β} = δαβ − ∆αβ , {Bα, Bβ} = 0, (13)

where

∆αβ = 3Ψ∗µ1µ2µ3
α Ψµ1µ2ν3

β q†ν3
qµ3 −

3
2

Ψ∗µ1µ2µ3
α Ψµ1ν2ν3

β q†ν3
q†ν2
qµ2qµ3 . (14)

In addition,

{qµ, B†
α} =

√
3
2

Ψµµ2µ3
α q†µ2

q†µ3
, {qµ, Bα} = 0. (15)

The bound state amplitudes Φµν
α and Ψ∗µ1µ2µ3

α are obtained from a micro-
scopic quark Hamiltonian. The commonly-used quark-model Hamiltonians can
be written generically as

H = T (µ) q†µqµ + T (ν) q̄†ν q̄ν + Vqq̄(µν;σρ)q†µ q̄
†
ν q̄ρqσ +

+
1
2
Vqq(µν;σρ)q†µq

†
νqρqσ +

1
2
Vq̄q̄(µν;σρ)q̄†µ q̄

†
ν q̄ρq̄σ, (16)

where the convention of a summation over repeated indices is again assumed.
Strong decays and baryonÄmeson couplings are described by terms involving
annihilation terms such as q̄†q†q†q, which we do not write explicitly.

From Eq. (16), the equation of motion for the single meson state, in free
space, is given by

H (µν;µ′ν′) Φµ′ν′

α =

=
{
δµ[µ′]δν[ν′] [T (µ) + T (ν)] + Vqq̄ (µν;µ′ν′)

}
Φµ′ν′

α = E[α]Φ
µν
[α] , (17)

where Eα is the total energy of the meson. Here we are using the convention that
there is no sum over repeated indices inside square brackets. A similar equation
follows for the baryon amplitude.

The composite nature of the mesons and baryons is manifest in the terms
∆αβ in Eqs. (8) and (13). Because of these terms, the usual ˇeld theoretic
techniques, such as the Green's function method, Wick's theorem, etc., cannot be
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directly applied to such operators. In the same way, the fact that the commutators
[qµ,M †

α] and [q̄ν ,M †
α], and the anticommutator {qµ, B†

α} are not equal to zero,
is a manifestation of the lack of kinematic independence of the hadron operators
from the quark and antiquark operators. The point is that the hadron operators
Mα, M †

α, Bα and B†
α are not convenient dynamical variables to be used.

Of course, as will be shown in the next section for the case of the Blaschke
and Réopke approach, the traditional methods can be directly applied to the micro-
scopic degrees of freedom. But then, the hadron degrees of freedom will appear
as poles of Green's functions and their role as independent degrees of freedom
is difˇcult to assess. The aim of changing representation is precisely to isolate
the hadronic degree of freedom from the microscopic ones, and transfer the com-
plicated interactions among the hadrons themselves and with their constituents to
effective interactions.

We next brie[y review the traditional methods RGM, QBD and Green's
functions. We make contact between these and the FockÄTani representation in
Section 4.

3. THE RESONATING GROUP, GREEN'S FUNCTIONS AND
QUARK-BORN-DIAGRAMS

Let us consider, for simplicity, the scattering of two composite mesons.
The baryonÄbaryon and baryonÄmeson cases follow similar path. In a RGM
calculation, the two-cluster state is introduced by writing

|Λ〉 =
1√
2
ψαβ
Λ M

†
αM

†
β|0〉, (18)

where ψαβ
Λ is the ansatz wave function for the meson pair; it describes the c.m.

and relative motions of the two-meson clusters. The M †'s are the meson creation
operators as deˇned in Eq. (5). Λ identiˇes the set of quantum numbers of the
two-cluster state. Using the commutation relation of the meson operators, Eq. (8),
the normalization condition for the ψαβ

Λ is obtained to be

〈Λ|Λ′〉 = ψ∗αβ
Λ N(αβ;α′β′)ψα′β′

Λ′ = δΛ′Λ, (19)

where N(αβ;α′β′) is the ®normalization kernel¯,

N(αβ;α′β′) = δαα′δββ′ −NE(αβ;α′β′) = δαα′δββ′ −Φ∗µν
α Φ∗ρσ

β Φµσ
β′ Φρν

α′ . (20)

The exchange kernel, NE(αβ;α′β′), comes from the noncanonical part of the
meson commutation relation of Eq. (8), and it re[ects the Pauli principle among
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the quarks and antiquarks in the clusters α and β. The equation of motion for
ψαβ
Λ is determined by means of the variational principle

δ〈Λ|(H − EΛ)|Λ〉 = 0, (21)

where H is the quarkÄantiquark Hamiltonian given by Eq. (16). Eq. (21) leads
to the RGM equation,

[HRGM (αβ; γδ) − EΛN(αβ; γδ)]ψγδ
Λ = 0, (22)

with
HRGM (αβ; γδ) = TRGM (αβ; γδ) + Vmm(αβ; γδ), (23)

where the kinetic term TRGM (αβ; γδ) is given by

TRGM (αβ; γδ) = δβδΦ∗µν
α H(µν;µ′ν′)Φµ′ν′

γ + δαγΦ∗µν
β H(µν;µ′ν′)Φµ′ν′

δ , (24)

and the potential term Vmm(αβ; γδ) can be written as a sum of three contributions

Vmm(αβ; γδ) = V dir
mm(αβ; γδ) + V exc

mm(αβ; γδ) + V int
mm(αβ; γδ), (25)

where each of these is given by

V dir
mm(αβ; γδ) = 2Φ∗µσ

α Φ∗ρν
β Vqq̄(µν;µ′ν′)Φρν′

δ Φµ′σ
γ +

+Φ∗µσ
α Φ∗ρν

β Vqq(µρ;µ′ρ′)Φρ′ν
δ Φµ′σ

γ + Φ∗µσ
α Φ∗ρν

β Vq̄q̄(σν;σ′ν′)Φρν′

δ Φµσ′

γ , (26)

V exc
mm(αβ; γδ) = −1

2

[
Φ∗µν

α Φ∗ρσ
β Vqq̄(µν;µ′ν′)Φµ′σ

δ Φρν′

γ +

+Φ∗ρσ
α Φ∗µν

β Vqq̄(µν;µ′ν′)Φρν′

δ Φµ′σ
γ + Φ∗µσ

α Φ∗ρν
β Vqq̄(µν;µ′ν′)Φµ′ν′

δ Φρσ
γ +

+Φ∗ρν
α Φ∗µσ

β Vqq̄(µν;µ′ν′)Φρσ
δ Φµ′ν′

γ + 2Φ∗µσ
α Φ∗ρν

β Vqq(µρ;µ′ρ′)Φµ′ν
δ Φρ′σ

γ +

+ 2Φ∗µσ
α Φ∗ρν

β Vq̄q̄(σν;σ′ν′)Φµν′

δ Φρσ′

γ

]
, (27)

V int
mm(αβ; γδ) = −1

2

[
Φ∗µν

α Φ∗ρσ
β H(µν;µ′ν′)Φµ′σ

δ Φρν′

γ +

+Φ∗ρσ
α Φ∗µν

β H(µν;µ′ν′)Φρν′

δ Φµ′σ
γ + Φ∗µσ

α Φ∗ρν
β H(µν;µ′ν′)Φµ′ν′

δ Φρσ
γ +

+ Φ∗ρν
α Φ∗µσ

β H(µν;µ′ν′)Φρσ
δ Φµ′ν′

γ

]
. (28)

The two-meson wave function is not normalized in the usual quantum me-
chanical way, because of the presence of normalization kernel in Eq. (19). It is
common practice [2] to introduce a ®renormalized¯ wave function deˇned as

ψ̄αβ
Λ ≡ N 1

2 (αβ;α′β′)ψα′β′

Λ , (29)
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where N1/2 is the square root of the RGM normalization kernel. This clearly
leads to

ψ̄∗αβ
Λ′ ψ̄

αβ
Λ = δΛ′Λ. (30)

In terms of the renormalized wave function, the RGM equation can be rewritten as[
H̄RGM (αβ; γδ) − EΛδαγδβδ

]
ψ̄γδ
Λ = 0, (31)

where the ®renormalized¯ RGM Hamiltonian is

H̄RGM (αβ; γδ) ≡ N− 1
2 (αβ;α′β′)HRGM (α′β′; γ′δ′)N− 1

2 (γ′δ′; γδ). (32)

Now, let us expand N− 1
2 in Eq. (32) as

N− 1
2 = (1 −NE)−

1
2 = 1 +

1
2
NE +

3
8
N2E + · · · , (33)

where NE is the exchange kernel deˇned in Eq. (20). Now, if only the ˇrst order
term is retained, then the lowest order correction to the RGM Hamiltonian is

H̄RGM (αβ; γδ) = TRGM (αβ; γδ) + V dir
mm(αβ; γδ) + V exc

mm(αβ; γδ)−

−1
2

{
Φ∗µν

α Φ∗ρσ
β [H(µν;µ′ν′) −H(µν;λτ)∆(λτ ;µ′ν′)] Φµ′σ

δ Φρν′

γ +

+ (α↔ β; γ ↔ δ)}−

−1
2

{
Φ∗µσ

α Φ∗ρν
β [H(µν;µ′ν′) − ∆(µν;λτ)H(λτ ;µ′ν′)] Φµ′ν′

δ Φρσ
γ +

+ (α↔ β; γ ↔ δ)} . (34)

If the Φ's are chosen to be the eigenstates of the microscopic quark Hamiltonian,
Eq. (17), the intra-exchange term V int

mm is obviously canceled. This cancellation
is the main effect of the renormalization of the wave function, higher order terms
in the expansion give small corrections. This can be explicitly demonstrated in a
simple example.

We consider mesonÄmeson scattering, where the quark and the antiquark have
equal masses, mq, and use an harmonic potential for the microscopic interaction.
The Fock-space amplitude is then a gaussian whose width b is related to the r.m.s.
radius of the meson by < r2 > =

√
3/2 b. The total energy of a single meson

is [18]

E(P ) =
P 2

4mq
+ 2mq +

3
mqb2

+
4C
3
, (35)

where C is the spring constant.
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The evaluation of normalization kernel and its square root can be done ana-
lytically. The results are [18],

N(αβ; γδ) = δ(3)(P α − P γ)δ(3)(P β − P δ) − 1
6
NE(P αP β ; P γP δ), (36)

N− 1
2 (αβ; γδ) = δαγδβδδ(3)(P α−P γ)δ(3)(P β −P δ) +CNNE(P αP β ; P γP δ),

(37)
where

NE(P αP β ; P γP δ) = δ(3)(P α + P β − P γ − P δ)
(
b2

2π

)3/2
×

× exp

{
−b

2

4

[
P 2

α +
P 2

γ

2
+

P 2
δ

2
− P α·(P γ + P δ)

]}
(38)

with

CN =
ω

2
lim
k→∞

k∑
m=1

(ω
2

)m−1
(

m∏
n=1

2n− 1
n

)
, (39)

with ω = 1/6. The partial sums C(k),

C(k) =
k∑

m=1

(ω
2

)m−1
(

m∏
n=1

2n− 1
n

)
, (40)

Fig. 1. The partial sums C(k) of
Eq. (39)

are plotted in Fig. 1 below. It is seen that the
series is rapidly convergent, for k ≥ ≥ 2, the
C(k)'s have almost reached their asymptotic
value, C(∞) ∼ 1.145. The meaning of this is
that retention of only the ˇrst term in Eq. (33)
is a very good approximation to the exchange
kernel.

One can also show [18], by solving the
full RGM equation exactly, that the effect of
the higher order terms in Eq. (33) is less than
5% on the effective mesonÄmeson potentials.
Obviously, these results are for a microscopic
harmonic interaction. For other types of inter-
actions, Fock-space amplitudes Φ will not be
a gaussian, and a check on the rate of conver-
gence of the expansion in Eq. (33) is advisable.

We next consider the thermodynamic
Green's function method of Blaschke and
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Réopke [5]. In order to simplify the discussion
these authors considered a static quarkÄantiquark potential Vqq̄ which operates
within color neutral pairs only. Therefore, only ladder diagrams contribute. The
starting point is the single-quark Green's function (we follow Ref. 5, which uses
the notations of Ref. 30)

G(µ, z) =
1

z − Eµ
, (41)

where, as above, µ represents collectively the spatial, spin, [avor, and color
quantum numbers of the quarks and Eµ is the energy of the quark. The two-
quark Green's function, which contains information on the meson bound-states,
is the solution of the equation represented in Fig. 2.

Fig. 2. Equation for the two-particle Green's function in the ladder approximation

The equation for GL
2 is

GL
2 (µν, µ′ν′,Ω2) = G02(µ, ν,Ω2)

[
δµµ′δνν′ + V (µν, σρ)GL

2 (σρ, µ′ν′,Ω2)
]
,
(42)

where L indicates ladder approximation. Here the notation of sum over repeated
indices is used (wherever clarity demands, a summation will be explicitly indi-
cated), and G02(µ, ν,Ω2) is the free two-quark Green's function

G02(µ, ν,Ω2) =
∑
n

G(µ, zn)G(ν,Ω2 − zn) =
1 − f(Eµ) − f(Eν)

Ω2 − Eµ − Eν
. (43)

The FermiÄDirac distributions can be neglected at low densities.
Let, as above, Φµν

α ≡< µν|α > denote the solution of the two-quark equation
of motion with energy Eα. Obviously,

G2 =
∑
α

|α > Gmeson(α,Ω2) < α|, (44)
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where the summation is over the discrete and continuum states and Gmeson(α,Ω2)
is the meson propagator,

Gmeson(α,Ω2) =
1

Ω2 − Eα
. (45)

Again, in the low density limit, where one expects that the quarks remain conˇned
into the mesons, the summation is only over discrete states (bound meson states).

The effective mesonÄmeson potential can be identiˇed by considering the
four-quark T4-matrix or, equivalently, the four-quark Green's function G4. The
Green's function G4 is obtained from the T4-matrix by the usual amputation
procedure, as explained in Ref. 30. A typical diagram that contributes to GL

4

(where L again means ladder approximation) is shown in Fig. 3 below.

Fig. 3. A typical contribution to GL4

This particular diagram is represented by

GI
2+2G

0−1
4 GII

2+2G
0−1
4 GI

2+2G
0−1
4 GII

2+2G
0−1
4 GI

2+2G
0−1
4 G̃04. (46)

Here, GI
2+2 and GII

2+2 are the two possible two-meson interactions

GI
2+2(µνσρ, µ

′ν′σ′ρ′,Ω4) =

=
Φ∗µν

α1
Φ∗σρ

α2
Φσ′ρ′

α′
2

Φµ′ν′

α′
1

Ω4 − Eα1 − Eα2

− δµµ′ δνν′ δσσ′ δρρ′

Ω4 − Eµ − Eν − Eσ − Eρ
, (47)

and
GII
2+2(µνσρ, µ

′ν′σ′ρ′,Ω4) = GI
2+2(σνµρ, σ

′ν′µ′ρ′,Ω4), (48)

and G0−14 describes the amputation of the four free quark propagators represented
by the crosses in Fig. 3. Neglecting FermiÄDirac occupation probabilities, G0−14

is given by

G0−14 (µνσρ, µ′ν′σ′ρ′,Ω4) = δµµ′δνν′δσσ′δρρ′ (Ω4 − Eµ − Eν − Eσ − Eρ) .
(49)
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G̃0−14 is the antisymmetrized form of G04

G̃04(µνσρ, µ
′ν′σ′ρ′,Ω4) =

=
δµµ′δνν′δσσ′δρρ′ − δµσ′δνν′δσν′δρρ′ − δµµ′δνρ′δσσ′δρν′ + δµσ′δνρ′δσµ′δρν′

Ω4 − Eµ − Eν − Eσ − Eρ
.

(50)
Introducing the pair-[ip potential

U2+2(µνσρ, µ′ν′σ′ρ′,Ω4) = − (Ω4 − Eµ − Eν − Eσ − Eρ) δµσ′δνν′δσµ′δρρ′ ,
(51)

represented in Fig.4, all the sequences as in Eq. (46) can be broken up as

GL
4 = GI

4 +GII
4 − G̃04, (52)

GI
4 = G̃04 +GI

2+2 U2+2G
I
4, (53)

GII
4 = G̃04 +GII

2+2 U2+2G
II
4 . (54)

Fig. 4. The pair-[ip potential deˇned in Eq. (51)

Let us consider Eq. (53). For the repeated sequence of this, GI
2+2 U2+2, it is

not difˇcult to show [5] that

GI
2+2(µνσρ, µ

′′ν′′σ′′ρ′′,Ω)U2+2(µ′′ν′′σ′′ρ′′, µ′ν′σ′ρ′,Ω) =

= −
Φ∗µν

α1
Φ∗σρ

α2
Φσ′′ρ′′

α′
2

Φµ′′ν′′

α′
1

Ω4 − Eα1 − Eα2

×

×
[
Vqq̄(µ′′ρ′′, µ′ρ′)δν′′ν′δσ′′σ′ + Vqq̄(σ′′ν′′, σ′ν′)δµ′′µ′δρ′′ρ′

]
. (55)

From the iteration of this, GI
2+2 U2+2G

I
2+2 U2+2, one can read off the effective

mesonÄmeson potential

GI
2+2 U2+2G

I
2+2 U2+2 ∼

∑
αβ···

Φµν
α Φσρ

β G2,meson(α, β,Ω4)×

×Vmm(αβ, γδ)G2,meson(γ, δ,Ω4)Φ∗µ′′ν′′

γ Φσ′′ρ′′

δ · · · (56)
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with
Vmm(αβ, γδ) = −Φ∗µν

α Φ∗σρ
β ×

×
[
Vqq̄(µρ, µ′ρ′)δνν′δσσ′ + Vqq̄(σν, σ′ν′)δµµ′δρρ′

]
Φ∗µ′ρ′

γ Φ∗σ′ν′

δ , (57)

and

G2,meson =
1

Ω4 − Eα1 − Eα2

. (58)

This last equation is obtained with the neglect of BoseÄEinstein occupation factors.
Notice that the effective mesonÄmeson potential in Eq. (57) is precisely equal

(after reshuf[ing indices) to 1/2 of the second line of Eq. (27). However, notice
also that the ˇrst line of Eq. (27) has the same quark indices as Eq. (57), but
the interaction indices are contracted with the indices of the mesons in the ˇnal
states. We come back to this point in Section 4.

The expression of Blaschke and Réopke is identical to the expression obtained
by Barnes and Swanson using the Quark-Born-Diagram method [3]. As mentioned
in the Introduction, the QBD is similar to the ®constituent exchange¯ of Gunion,
Brodsky and Blankenbecler [4] for high-energy hadron scattering. For high-energy
processes, there is strong experimental evidence for the ®exchange force¯ from
large momentum transfer processes [31]. For low-energy processes, the situation
is not so clear in view of the model dependence of the microscopic interactions,
whose connection to QCD is not yet understood, as discussed in Section 2.

The way to obtain the effective hadronÄhadron interaction in the QBD method
is as follows. Initially a generic scattering diagram with initial and ˇnal hadronÄ
hadron states is drawn. Then initial and ˇnal quark lines are connected in all
possible ways consistent with [avor conservation. The next step consists in in-
serting interaction lines (e.g., one-gluon-exchange interactions) between all pairs
of initial quarks in different initial baryons. Naturally many diagrams are trivially
zero because of color symmetry, and the potential can be read-off immediately.
Care must be exercised with combinatorial factors, i.e., the number of ways that
quark lines can be connected. Although the applications of Barnes, Swanson and
collaborators [3] for scattering cross sections were done in the Born approxima-
tion, there is no reason for not using the effective potential in an integral equation
for obtaining the scattering amplitude.

In the next section we discuss the FockÄTani method and discuss further
comparisons with the methods discussed here.

4. THE FOCKÄTANI REPRESENTATION
AND EFFECTIVE HADRON HAMILTONIANS

In this section we summarize the basic features of the FockÄTani represen-
tation. We use a simple example to explain the formalism, but it should become
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clear that the applicability of the method is not restricted to this example. For the
purposes of illustration, we consider the representation for mesons, considered as
a bound-state of a quark and an antiquark as in Section 2. The Hamiltonian is
taken as in Eq. (16). We note that a great variety of quark-model Hamiltonians
used in the literature can be written in such a form. However, at this point of the
discussion we have not included in Eq. (16) terms such as pair-creation, which
are of the form q̄†q†q†q, as discussed in Section 2. However, it will become clear
from the discussion in the next sections such terms are treated without difˇculties.

The change to the FT representation is implemented by means of a unitary
transformation U , such that a single composite meson state |α〉 = M †

α|0〉 is
transformed into a single ideal-meson state |α) = m†

α|0) ≡ U−1|α〉, where U is
of the general form

U = exp(−π/2F ), F =
∑
α

(
m†

αOα −O†
αmα

)
. (59)

The m†
α and mα are the ideal-meson creation and annihilation operators and the

O†
α and Oα operators are functionals of the M †

α, Mα and ∆αβ . By deˇnition,
the m's and O's satisfy canonical commutation relations

[mα,m
†
β] = [Oα, O

†
β ] = δαβ ,

[mα,mβ] = [m†
α,m

†
β ] = [Oα, Oβ ] = [O†

α, O
†
β ] = 0, (60)

and, by deˇnition, the m† andm commute with the quark and antiquark operators.
The operator U acts on an enlarged Fock space I, which is the graded direct

product of F and an ideal state space M, the space with the new degrees of
freedom described by the ideal meson operators m†

α and mα. The vacuum state
of M is denoted by |0〉M and so, the vacuum state of I is

|0) = |0〉 × |0〉M. (61)

In I the physical states, |ψ〉, constitute a subspace I0 isomorphic to F and satisfy
the constraint equation

mα|ψ〉 = 0. (62)

Now, the new degrees of freedom acquire physical content when the unitary
operator U transforms the physical states |ψ〉 of I0 to states |ψ) = U−1|ψ〉. The
image states |ψ) span the FT space FFT = U−1I0, and satisfy the transformed
constraint equation

U−1mαU |ψ) = Oα|ψ) = 0. (63)

Although the physical content of the Fock spaces F and FFT is the same,
the mathematical representation of states and operators in FFT involves only
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canonical ˇeld operators. A more detailed discussion of these and other formal
aspects of the mapping procedure can be found in [18].

The operators O†
α and Oα are constructed by an iterative procedure as a

power series in the Φ's

Oα =
∑
n

O(n)α , (64)

where n identiˇes the power of Φ in the expansion. The expansion starts at zeroth
order with

O(0)α = Mα. (65)

The construction of the higher order terms O(n)α , n ≥ 1, involves addition of a
series of counterterms such that commutation relations of O† and O are satisˇed
order by order. Since at zeroth order one has

[O(0)α , O
(0)†
β ] = δαβ − ∆αβ , (66)

and ∆αβ is of second order [see Eq. (9)], one has that

O(1)α = 0. (67)

The next nonzero term is then of order n = 2. It is not difˇcult to show that
the second order counterterm that has to be added to O(0)α to cancel the ∆αβ in

[O(0)α , O
(0)†
β ] is equal to

1
2

∆αβMβ. (68)

Then, up to n = 2,

Oα = Bα +
1
2

∆αβBβ , (69)

and one obtains

[Oα, O
†
β ] = δαβ − 1

2
[∆αγ ,Mβ]Mγ − 1

2
M †[Mα,∆γβ ] =

= δαβ + O(Φ3). (70)

A third order counterterm has to be added such that the O(Φ3) piece cancels,
and so on to higher orders. However, for our purposes here one needs Oα up to
n = 3 only

Oα =Mα +
1
2

∆αβMβ − 1
2
M †

β [∆βγ ,Mα]Mγ . (71)

The transformation of the Hamiltonian is made by transforming initially the
quark and antiquark operators. Since the O operators are given by a power series,
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the transformed quark operators are also obtained as a power series, which can
be obtained by expanding the exponential in Eq. (59) to the desired order or,
equivalently, by means of the ®equation of motion¯ technique [19, 21]. Up to
third order, one obtains [18]

q
(0)
µ = qµ, q̄

(0)
ν = q̄ν ,

q
(1)
µ = Φµν1

α q̄†ν1
(mα −Mα) , q̄

(1)
ν = Φµ1ν

α q†µ1
(Mα −mα) ,

q
(2)
µ = − 1

2Φ∗µ2ν1
α Φµν1

β

(
m†

αmβ +M †
αMβ + 2M †

αmβ

)
qµ2 ,

q̄
(2)
ν = − 1

2Φ∗µ1ν2
α Φµ1ν

β

(
m†

αmβ +M †
αMβ + 2M †

αmβ

)
q̄ν2 ,

q
(3)
µ = 1

2Φ∗ρσ
α

[
Φµσ

β Φρσ1
γ q̄†σ1

(
−m†

αmβmγ −M †
αmβMγ +m†

αmβMγ+

+M †
αMβMγ

)
+ Φµν1

α

(
Φρσ1

β q̄†ν1
q̄†σ1
q̄σ + Φρ1σ

β q̄†ν1
q†ρ1
qρ

)
(mβ − 2Mβ)

]
,

q̄
(3)
ν = − 1

2Φ∗ρσ
α

[
Φρν

β Φρ1σ
γ q†ρ1

(
−m†

αmβmγ −M †
αmβMγ +m†

αmβMγ+

+M †
αMβMγ

)
+ Φµ1ν

α

(
Φρσ1

β q†µ1
q̄†σ1
q̄σ + Φµ1ν

α Φρ1σ
β q†µ1

q†ρ1
qρ

)
(mβ − 2Mβ)

]
.

(72)
The transformation of the microscopic Hamiltonian is obtained by

using the transformed quark operators of Eq. (72) in Eq. (16). This is

done by considering all possible combinations of the form T (µ)q(n)†µ q
(m)
µ ,

Vqq(µν;σρ)q(n)†µ q
(m)†
ν q

(k)
ρ q

(l)
σ , etc., where n,m, k, l = 1, 2, 3. One obtains that

the general structure of the transformed Hamiltonian is

HFT = Hq +Hm +Hmq, (73)

where the subindices identify the operator content of each term. The quark Hamil-
tonian Hq has an identical structure to the one of the microscopic quark Hamil-
tonian of Eq. (16), except that the term corresponding to the quarkÄantiquark
interaction is modiˇed to

Vqq̄(µν;σρ) →
[
Vqq̄(µν;σρ) − ∆(µν;µ′ν′)H(µ′ν′;σρ) −H(µν;σ′ρ′)×

×∆(σ′ρ′;σρ) + ∆(µν;µ′ν′)H(µ′ν′;σ′ρ′)∆(σ′ρ′;σρ)
]
q†µq̄

†
ν q̄ρqσ, (74)

where ∆ (µν;µ′ν′) = Φµν
α Φ∗µ′ν′

α is the ®bound state kernelª. When Φ is an eigen-
state of the microscopic Hamiltonian, Eq. (17), the quarkÄantiquark interaction is
then modiˇed to

Vqq̄(µν;σρ) → [Vqq̄(µν;σρ) − EαΦµν
α Φ∗σρ

α ] q†µq̄
†
ν q̄ρqσ. (75)
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It is not difˇcult to show (see Appendix C of Ref. 21) that this modiˇed interaction
does not produce the quarkÄantiquark bound states. This feature leads to the same
effect of curing the bound state divergences of the Born series as in Weinberg's
quasiparticle method [26] discussed in the Introduction: the modiˇed quarkÄ
antiquark interaction is unable to form mesons, the mesons are redescribed by the
Hm part of the effective Hamiltonian.

Hmq describes quarkÄmeson processes as meson breakup into a quarkÄ
antiquark pair, mesonÄquark scattering, mesonÄmeson total breakup into two
quarkÄantiquark pairs, etc. In models where quarks are truly conˇned, these
terms contribute to free-space mesonÄmeson processes as intermediate states only.
However, in high temperature and/or density systems hadrons and quarks can co-
exist and the breakup and recombination processes can play important role.

The term involving only ideal meson operators has a component that repre-
sents an effective mesonÄmeson interaction. This mesonÄmeson interaction is of
the general form

Hm = Eαm
†
αmα +

1
2
Vmm(αβ; γδ)m†

αm
†
βmδmγ , (76)

where the effective mesonÄmeson potential Vmm can be divided into a sum of
direct, exchange, and intra-exchange parts, as given by Eqs. (25)-(28). The
higher order terms by Φ which are neglected from these expression give rise to
many-meson (higher than two-meson) forces, and also introduce orthogonality
corrections. The orthogonality corrections are precisely of the same nature of
the higher-order terms of the expansion of the square-root of the normalization
kernel of the RG method, Eq. (33). As seen in the last section, the cancella-
tion of the intra-exchange terms in lowest order is the dominant effect of the
orthogonalization terms and higher order corrections are in general small.

The technique can be applied in a straightforward way to baryon bound
states of three constituent quarks as in Eq. (11). For a Hamiltonian as given in
Eq.(16), the effective baryonÄbaryon Hamiltonian consistent with the lowest-order
orthogonality corrections is [18]

Hb = Ψ∗µνλ
α H(µν;σρ)Ψσρλ

β b†αbβ +
1
2
Vbb(αβ; δγ) b†αb

†
βbγbδ, (77)

where bα and b†α are the ideal baryon operators, and Vbb is the effective baryonÄ
baryon potential. Vbb is given as a sum of ˇve terms

Vbb(αβ; γδ) =
5∑

n=1

Vn(αβ; γδ), (78)

where the Vn's are given in terms of the baryon amplitudes Ψ as
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V1(αβ; γδ) = +9Vqq(µν;σρ) Ψ∗µµ2µ3
α Ψ∗νν2ν3

β Ψρν2ν3
γ Ψσµ2µ3

δ ,

V2(αβ; γδ) = −36Vqq(µν;σρ) Ψ∗µµ2µ3
α Ψ∗νν2ν3

β Ψρν2µ3
γ Ψσµ2ν3

δ ,

V3(αβ; γδ) = −9Vqq(µν;σρ) Ψ∗µµ2µ3
α Ψ∗νν2ν3

β Ψσν2ν3
γ Ψρµ2µ3

δ ,

V4(αβ; γδ) = −18Vqq(µν;σρ) Ψ∗µ1µν
α Ψ∗ν1ν2ν3

β Ψν1ν2ρ
γ Ψµ1σν3

δ ,

V5(αβ; γδ) = −18Vqq(µν;σρ) Ψ∗µµ2µ3
α Ψ∗ν1ν2ν

β Ψν1ν2µ3
γ Ψσµ2ρ

δ . (79)

Fig. 5. Graphical representa-
tion of V1

In the next two ˇgures we show a graphi-
cal representation of the different contributions Vn,
n=1, · · · , 5 to Vbb. The qualitative difference be-
tween V1 and the V2 · · · 5 is that the latter in-
volve quark interchange between the two colliding
nucleons.

Note that this effective baryonÄbaryon interac-
tion is completely general, it depends only on the
fact that the baryons are three-quark bound-states,
and that quarks interact through two-body forces.
The method however can handle more complicated Fock-space amplitudes and
more complicated microscopic interactions. The necessary extension of the for-
malism to the more general situation can be found in Ref. 17.

Fig. 6. Graphical representation of V2 · · ·V5

One particularly important property of the effective hadronÄhadron interac-
tions in the FockÄTani representation is that they lead to scattering T -matrices
that are post-prior symmetrical [32]. That is, the scattering matrix is symmetric
under exchange of initial and ˇnal states. The lack of this symmetry is of no
importance for the case of ®symmetric¯ initial and ˇnal states, as in processes
like π+ π → π+ π. However, it is of importance [18] for asymmetric cases like
J/Ψ + π → D-mesons [33]. The different position of the quarkÄantiquark inter-
action and the factors of 1/2 in the effective mesonÄmeson interaction of Blaschke
and Réopke as compared to the corresponding FockÄTani (or RGM) interaction
are the cause [18] of the breaking of the post-prior symmetry in the calculation
of the charmonium dissociation in Ref. 33.
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In the next section we specialize to the case of the nucleonÄnucleon (NN)
interaction, and obtain an effective NN interaction which will be used in Section 5
in a nuclear matter calculation.

5. SHORT-RANGE PART OF THE NN INTERACTION
FROM QUARK-PION EXCHANGE

The nucleonÄnucleon interaction exhibits a strongly repulsive short-distance
core which is attributed to the exchange of the ω-meson (and ρ-exchange). Since
nucleons have a radii of about 0.8 fm and the range of the meson exchange force
is 1/mω ≈ 0.2 fm, it is natural to expect that the nucleon substructure will play
a role at such short distances. The replacement of vector-meson exchange as the
main source of the short-range part of the NN interaction is one of our main
motivations in this section. Motivated by the Manohar and Georgi model for
the low-energy structure of the nucleon, we consider the lowest-order three-level
one-pion exchange between constituent quarks, as given in Eq. (2). We then
apply the FockÄTani transformation to this interaction and obtain an effective NN
potential, and compare this potential to the short-range part of the Bonn potential.

For later convenience, we start rewriting Eq. (2) as

Vπq = −
(

1
fπ

)2
ta(1)ta(2)

σ(1)·qσ(2)·q
q2 +m2π

=

= −
(

1
fπ

)2
ta(1)ta(2)

1
3

[
σ(1)·σ(2) q2

q2 +m2π
+

S12
q2 +m2π

]
=

= −
(

1
fπ

)2
ta(1)ta(2)

1
3

[
σ(1)·σ(2) − σ(1)·σ(2) m2π

q2 +m2π
+

S12
q2 +m2π

]
. (80)

This shows clearly the usual pieces of the OPE interaction, a short-range spin-
spin interaction (a delta function in coordinate space) and long-range spin-spin
and tensor interactions.

The Fock-space amplitude Ψ for the nucleon can be written as

Ψµ1µ2µ3
α =

εc1c2c3√
3!

χm1m2m3
λ√

18
δ(p − k1 − k2 − k3) Φ(k1,k2,k3), (81)

where p is the c.m. momentum of the nucleon, the Φ is the momentum-dependent
amplitude, the εc1c2c3 is the color antisymmetric tensor and χm1m2m3

λ is the
ClebschÄGordan coefˇcient of spin-isospin, where m1 = {s1, f1} · · · denote the
spin-[avor of a quark.
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Using this in the expression for the effective NN interaction given in Eq. (79),
one obtains

VNN =
1
2

∫
dQ dQ′ dp dp′

(2π)3
δ(Q′ − Q) 〈λ1λ2|VNN (σ, τ ,p′,p)|λ3λ4〉×

×b†λ1
(p′ + Q′/2) b†λ2

(−p′ + Q′/2) bλ4(−p + Q/2) bλ3(p + Q/2), (82)

with

VNN (σ, τ ,p′,p) =
5∑

n=1

Oij
n (σ, τ )uijn (σ, τ ,p′,p), (83)

where the On contain the spin-isospin dependence; and un, the momentum de-
pendence of the potential. The spin-isospin factors can be written as the product

On = znCn Λn, (84)

where zn is the overall numerical factor (including the sign) in front of each of
the Vn in Eqs. (79), Cn is the result of the summation over the color indices, and
Λn is the result of the summation over the spin-[avor indices of the quarks.

Inspection of Eq. (79) reveals that

z1 = +9, z2 = −36, z3 = −9, z4 = z5 = −18. (85)

The color coefˇcients are given by C1 = 1 and Ci = 1/3 for i = 2, 3, 4, 5. The
spin-[avor coefˇcients are most easily evaluated making use of the ®substitution
rules¯ of Holinde [34] and Liu, Swift, Thomas and Holinde [35]. These are rules
to transcribe spin-[avor operators at the quark level to the nucleon level. The spin-

[avor dependence of the quark-pion interaction is of the form τ
(1)
q ·τ (2)q σ

(1)i
q σ

(2)j
q

and the substitution rules lead to

Λij
1 =

25
81

τ
(1)
N ·τ (2)N σ

(1)i
N σ

(2)j
N ,

Λij
2 =

1
36

{
δij

[
25
3

+
1
9

(
1 + 18σ

(1)
N ·σ(2)N

)
τ
(1)
N ·τ (2)N

]
+

+
1
3

(
1 +

7
3
τ
(1)
N ·τ (2)N

)
σ
(1)i
N σ

(1)j
N

}
,

Λij
3 =

1
36

{
δij

[
27 − 3σ

(1)
N ·σ(2)N −

(
1 − 25

9
σ
(1)
N ·σ(2)N

)
τ
(1)
N ·τ (2)N

]
+

+

(
6 − 50

9
τ
(1)
N ·τ (2)N

)
σ
(1)i
N σ

(2)j
N

}
,
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Λij
4 =

1
36

{
δij

[
15 +

1
3

(
1 + 10σ

(1)
N ·σ(2)N

)
τ
(1)
N ·τ (2)N

]
+

+

(
1 − 5

9
τ
(1)
N ·τ (2)N

)
σ
(1)i
N σ

(2)j
N

}
,

Λij
5 = Λij

4 . (86)

The momentum-dependent functions uij cannot in general be evaluated in
closed form because of the multidimensional integrals over the quark momenta.
However, for a Fock-space amplitude Φ(k1,k2,k3) of gaussian form

Φ(k1,k2,k3) =
(

3b4

π2

)3/4
exp

−b
2

6

3∑
i<j

(ki − kj)2

 , (87)

where b is the r.m.s. radius of the nucleon, almost all the integrals over the quark
coordinates can be performed analytically.

The most important contribution to the NN potential at short distances comes,
as expected, from the delta-function piece of the quarkÄpion interaction. This
component of the NN potential can be calculated in a closed form. The result is

VNN = −1
3

1
4f2π

[
25
9

τ
(1)
N ·τ (2)N σ

(1)
N ·σ(2)N v1(p′,p)−

−1
3

(
25 +

1
3

τ
(1)
N ·τ (2)N +

1
3

σ
(1)
N ·σ(2)N +

61
9

τ
(1)
N ·τ (2)N σ

(1)
N ·σ(2)N

)
v2(p′,p)−

−1
4

(
27 − τ

(1)
N ·τ (2)N − σ

(1)
N ·σ(2)N +

25
27

τ
(1)
N ·τ (2)N σ

(1)
N ·σ(2)N

)
v3(p′,p)−

−1
6

(
45 + τ

(1)
N ·τ (2)N + σ

(1)
N ·σ(2)N +

85
9

τ
(1)
N ·τ (2)N σ

(1)
N ·σ(2)N

)
v4(p′,p)−

−1
6

(
45 + τ

(1)
N ·τ (2)N + σ

(1)
N ·σ(2)N +

85
9

τ
(1)
N ·τ (2)N σ

(1)
N ·σ(2)N

)
v5(p′,p)

]
, (88)

where

v1(p′,p) = e−b2/3 (p′−p)2 , (89)

v2(p′,p) =
(

3
4

)3/2
e−b2/6 (p′2+p2), (90)



MANY-BODY THEORY FOR SYSTEMS OF COMPOSITE HADRONS 1235

v3(p′,p) = e−b2/3 (p′−p)2 , (91)

v4(p′,p) =
(

12
11

)3/2
e−2b

2/11 (p−p′)2−b2/33 (p′2+7p2), (92)

v5(p′,p) =
(

12
11

)3/2
e−2b

2/11 (p−p′)2−b2/33 (p2+7p′2). (93)

In order to obtain insight on the range and strength of the potential, we make a
local approximation as suggested by Barnes, Capstick, Kovarik and Swanson (the
last reference in Ref. 3), and perform a Fourier transform to coordinate space.
The spin-[avor part of the potential is of course unaffected by this, and the radial
part becomes

v1(r) = v3(r) =
(

3π
b2

)3/2
e−3/4 (r

2/b2), (94)

v2(r) =
(

9π
b2

)3/2
e−3 (r

2/b2), (95)

v4(r) = v5(r) =
(

9π
2b2

)3/2
e−33/32 (r

2/b2). (96)

Fig. 7. The quarkÄπ (solid) and ω + ρ
(dashed) Bonn potentials

This potential is obviously of short
range, because we are considering only
the δ-function part of the pionÄquark in-
teraction. Also, the quark-exchange con-
tributions are typically of the order of
the nucleon size. In Fig. 7 the quarkÄ
pion exchange potential of Eq. (96), for
b = 0.6 fm, is compared with the one-
boson-exchange Bonn potential for ω and ρ
exchanges. These are the main sources of
repulsion in the NN interaction. Because of
the Yukawa form of the meson-exchange
potentials, we have multiplied the poten-
tials by r2. In this way, we obtain a better
understanding of the relevant contributions
to observables. The corresponding expres-
sions of the Bonn potential are given by
Eqs. (A-19) and (A-28) of Ref. 36. The
parameters are given in Table A.3 of the
same reference.

It is seen that the two potentials have roughly the same ranges, but have
very different strengths (volume). Note however that in order to have a better
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assessment of the ranges of the potentials (for distances larger than 1 fm), for
consistency a gaussian form factor for the vector-mesons should be used, instead
of the dipole form factor of Ref 36.

In the next section, when we consider the nuclear matter problem, we will
show that although the quarkÄpion exchange interaction provides a large frac-
tion of the required repulsion to stabilize nuclear matter against collapse, extra
repulsion is needed to saturate nuclear matter at the right density.

6. FOCKÄTANI REPRESENTATION FOR NUCLEAR MATTER

In the limit that the quark cores of the nucleons do not overlap, effects from
the Pauli principle at the quark level can be neglected, and the anticommutation
relations of creation and annihilation operators of composite nucleons are simply
the ones of elementary particles, as discussed previously. For ˇeld operators that
satisfy canonical (anti)commutation relations, the coupled-cluster expansion (or
eS-formalism) is a very powerful formalism for treating many-body problems.
This is a formalism that treats short-range correlations induced by strong short-
range repulsion, as is the case of the NN interaction, and allows for systematic
improvement as the density of the system increases [37, 38]. This formalism
seems to be particularly appropriate also for the case of composite nucleons when
used in connection with the FockÄTani representation.

The idea is to implement the eS-formalism in the ideal space. In the FockÄ
Tani space FFT , the Hamiltonian can be split as

HFT = Hq +Hb +Hm +Hbm +Hqb +Hqm , (97)

where each component has obvious meaning. When the Hamiltonian is truncated
to involve only ideal nucleons, in analogy with the point nucleon case, the wave
function of nuclear matter can be written as

|Ψ >= eS |Φ >, (98)

where |Φ > is a Fermi-gas state of ideal nucleon states

|Φ >= lim
N→∞

b†α1
b†α2

· · · b†αN
|0), (99)

and S is the operator that creates ideal nucleon particle-hole states on the top of
the ideal Fermi-gas state

S =
∑
n>1

sn, (100)

with

sn =
1

(n!)2
∑
α>kF

∑
β<kF

sn(α1 · · ·αn;β1 · · ·βn) b†α1
· · · b†αn

bβ1 · · · bβn . (101)
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The form of the functions sn(α1 · · ·αn;β1 · · ·βn) are in general chosen such as
to minimize the energy density of nuclear matter [37, 38]. Explicit ideal meson
degrees can be incorporated with no extra conceptual difˇculties, again using the
analogy with point hadrons [39].

With increasing density, the terms Hqb and Hqm of the effective Hamiltonian
in FFT cannot be neglected. These terms describe the possibility of hadrons
breaking up into quarks that can propagate outside the conˇning region within
hadrons. The incorporation of such effects within the eS-formalism seems to
be very natural. The functions sn can be generalized such as to describe the
deconˇning effects.

One interesting term present in Hqb of Eq. (97) is [18]

Vbinary−break =
3
4

Ψρν2µ3
α Ψσν2ν3

β Vqq(µν;σρ) q†µq
†
νq

†
µ2
q†µ3
q†ν2
q†ν3
bαbβ . (102)

This describes a process in which two nucleons collide and break up into six
quarks. At high densities, such processes are expected to play an important
role in the description of the equation of state of nuclear matter. Within the
eS-formalism, such processes can be taken into account by a term in the exponent
S of the form

Sbinary−break =
∑
β<kF

∑
µ1···µ6

s(µ1 · · ·µ6;β1β2) q†µ6
q†µ5
q†µ4
q†µ3
q†µ2
q†µ1
bβ2bβ1.

(103)
Other terms of the effective Hamiltonian, such as single-hadron breakup [18], can
similarly be taken into account.

There are no numerical results of applications of this formalism. Of course,
one technical problem is the large amount of algebraic manipulations necessary
to obtain the relevant variational equations to be solved numerically. Another
problem is the apparent necessity for a relativistic quark model, since it seems
that a nonrelativistic model of the type used in the previous sections would not
perform well in the high-density regime of nuclear matter.

To ˇnalize, let us consider the HartreeÄFock approximation to the nuclear
matter equation of state using the present formalism. This amounts to retaining
only the part of the effective Hamiltonian that involves the ideal nucleon operators,
and to neglecting the (interesting) correlations between nucleons, i.e., S = 0 in
Eq. (98). We consider here a quark-meson-coupling model with constituent
quarks [40], on the lines of the GuichonÄSaitoÄThomas model [41]. Ref. 40
considers a semi-relativistic quark model, where the massive constituent quarks
are conˇned by a phenomenological nonrelativistic harmonic potential and interact
via exchange of mesons. The meson exchanges are treated in a similar fashion to
the traditional derivation of the one-gluon interaction [43], but the kinetic energy
and the quark-meson interactions are taken to be relativistic.
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The pion and a ˇctitious σ meson are coupled directly to the constituent
quarks, as in the GuichonÄSaitoÄThomas model, but the ω meson is coupled to
the nucleon core. The very short range part of the NN interaction is described by
quarkÄpion exchange, while the ω meson is responsible for the outer part of the
repulsion, since it is coupled to the nucleon with the form factor provided by the
model. The rationale of such an idea is of course to replace the ω meson as the
main source of the NN repulsion, as discussed above.

The ®microscopic¯ quarkÄmeson Hamiltonian is obtained from the Lagrangian
density of the Walecka model [42]. In Ref. 40, the FockÄTani representation was
used to derive the effective NN interaction involving quarkÄpion exchanges of
Fig. 6. For the effective NN interaction of Fig. 5, the FockÄTani representa-
tion is of course not necessary. We present here only the contribution of the
NN interaction of Eqs. (82)Ä(93) to the energy density of symmetrical nuclear
matter [40]

Vexch
q =

1
3f2π

∫ kF

0

dp

(2π)3

∫ kF

0

dp′

(2π)3

[
54 + 8

(
3
4

)3/2
e−1/12 b

2 (p−p′)2+

+120
(

12
11

)3/2
e−2/33 b

2 (p−p′)2 − 44
3

e−1/3 b
2 (p−p′)2−

−272
3

(
12
11

)3/2
e−8/33 b

2 (p−p′)2

]
. (104)

The contributions from nonquark-exchange graphs can be written down without
difˇculty and are given explicitly in Ref. 40.

The interesting result obtained in Ref. 40 is that the quarkÄpion exchange
interaction does provide a large fraction of the required NN interaction to stabilize
nuclear matter. Moreover, it turns out that the value of the NNω coupling
constant g2ω, adjusted to obtain a binding energy per nucleon E/A − MN �
−15.75 MeV at kF � 1.36 fm−1 is very close to the quark-model SU(6) symmetry
prediction g2ω/4π ≈ 9g2ρ/4π = 9 ×0.55. Note that this value is a much smaller
value than the ones used in one-boson-exchange models [36].

7. CONCLUSIONS AND FUTURE PERSPECTIVES

The traditional picture of the nucleus, which follows from a large body of
experiments in the last 60 years, is that of a system of nucleons whose properties
are not very different from free-space nucleons. This means that the explicit
dynamics of the color degree of freedom must be limited to very short distances.
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Therefore, any theoretical approach based on quark degrees of freedom that
is intended to study low-energy properties of nuclei, should minimally deviate
from, as well as contain in some limit, the traditional approach based on nucleon
degrees of freedom. In this sense, the effective Hamiltonian of the FockÄTani
representation has a well-deˇned limit, since it explicitly describes the interactions
among hadrons; quarkÄquark and quark-hadron interactions are treated separately
as ®residual¯ interactions that are expected to play an important role only at
higher densities/temperatures.

For higher densities and/or temperatures, the FockÄTani representation seems
particularly useful when used in connection with the linked-cluster (or eS) formal-
ism. The FockÄTani representation naturally leads to effective Hamiltonians that
describe processes that are expected to be present in the system at the transition
regime from a cold, low-density phase to a high density/temperature phase. The
wave function of the system at this regime is naturally given by the linked-cluster
formalism, where nucleonÄnucleon correlations and other deconˇning effects are
built on the top of a Fermi-gas of conˇned, color-singlet clusters of quarks.
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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‚ µ¡§µ·¥ ¶µ¤·µ¡´µ · ¸¸³µÉ·¥´ ¶·¥¤²µ¦¥´´Ò°  ¢Éµ·µ³ ³¥Éµ¤ ´¥¢µ§³ÊÐ ÕÐ¥° ËµÉµÔ²¥±-
É·µ´´µ° ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  (”�„�) µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢. ‚ ¤ ´´µ³ ³¥Éµ¤¥ ´¥µ¡Ìµ¤¨³ Ö ¨´Ëµ·-
³ Í¨Ö µ ¶ÊÎ±¥ ¢Ò¢µ¤¨É¸Ö ¶µ¸·¥¤¸É¢µ³ Ô²¥±É·µ´µ¢, ·µ¦¤ ÕÐ¨Ì¸Ö ¢ ·¥§Ê²ÓÉ É¥ µ±µ²µ¶µ·µ£µ¢µ°
µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¶·¥´¥¡·¥¦¨³µ ³ ²µ° Î ¸É¨ ¨µ´µ¢ ´  §µ´¤¨·ÊÕÐ¥° ¶ÊÎµ± ËµÉµ´´µ° ³¨-
Ï¥´¨, ±µÉµ· Ö Ëµ·³¨·Ê¥É¸Ö ¸ ¶µ³µÐÓÕ ² §¥·´µ£µ ¨§²ÊÎ¥´¨Ö. „²Ö · §²¨Î´ÒÌ µÉ·¨Í É¥²Ó´ÒÌ
¨µ´µ¢ ¤¥É ²Ó´µ · ¸¸³µÉ·¥´Ò ¶·¥¤¥²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ É ±µ° ¤¨ £´µ¸É¨±¨ ¨ ¶·µ¢¥¤¥´  ´ ²¨§
¢²¨Ö´¨Ö ¶·µ¸É· ´¸É¢¥´´µ£µ § ·Ö¤  ¶ÊÎ±  ´  ”�„�. �·¨ ÔÉµ³ µ¸´µ¢´µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ Ï¨-
·µ±µ ¨¸¶µ²Ó§Ê¥³Ò³ ¢ Ê¸±µ·¨É¥²Ó´µ° É¥Ì´¨±¥ ·¥²ÖÉ¨¢¨¸É¸±¨³ ¨µ´ ³ ¢µ¤µ·µ¤  H−. „¥É ²Ó´µ
µ¶¨¸ ´µ · §· ¡µÉ ´´µ¥ ³´µ£µËÊ´±Í¨µ´ ²Ó´µ¥ Ê¸É·µ°¸É¢µ ¤²Ö ·¥ ²¨§ Í¨¨ ”�„� ´  ²¨´¥°´µ³
ÊÎ ¸É±¥ ± ´ ²  É· ´¸¶µ·É¨·µ¢±¨. „ ´´µ¥ Ê¸É·µ°¸É¢µ ³µ¦¥É ¡ÒÉÓ ¸ Ê¸¶¥Ìµ³ ¨¸¶µ²Ó§µ¢ ´µ ¤²Ö
´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨µ´µ¢ H− ¸ Éµ±µ³ ¤µ ´¥¸±µ²Ó±¨Ì ¸µÉ¥´
³¨²²¨ ³¶¥·, ´ ¶·¨³¥·, ¢ ¶·µ¥±É¨·Ê¥³ÒÌ ¢ · §²¨Î´ÒÌ ´ ÊÎ´ÒÌ Í¥´É· Ì ¨¸ÉµÎ´¨± Ì ´¥°É·µ´µ¢
´  µ¸´µ¢¥ ²¨´¥°´ÒÌ Ê¸±µ·¨É¥²¥°.

The method of nonperturbative photoelectron beam diagnostics (PEBD) of negative ions, pro-
posed by the author, is described in detail in this review. In this method, necessary information
on the beam is extracted by means of electrons, which are produced as a result of near-threshold
single-photon detachment of a negligible part of ions on the photon target, probing the beam, and
formed using laser radiation. The limited possibilities of this diagnostics are considered in detail for
various negative ions, and the in[uence of the beam space-charge on PEBD is analysed. Herewith,
main attention is given to H− relativistic hydrogen ions widely used in accelerator techniques. The
developed multifunctional device for the realization of PEBD in a linear area of the beam transport
line is described in detail. This device can be used successfully for the nonperturbative beam diag-
nostics of H− relativistic ions with a current up to some hundreds of milliamperes, for example, in
neutron sources based on linear accelerators and projected at various scientiˇc centres.

‚‚…„…�ˆ…

‚ ¸µ¢·¥³¥´´ÒÌ Ê¸±µ·¨É¥²Ó´µ-´ ±µ¶¨É¥²Ó´ÒÌ ±µ³¶²¥±¸ Ì Ï¨·µ±µ ¨¸¶µ²Ó-
§Ê¥É¸Ö ¶¥·¥§ ·Ö¤´Ò° ³¥Éµ¤ Ê¶· ¢²¥´¨Ö ¶µÉµ± ³¨ Î ¸É¨Í. ”µ·³¨·ÊÖ ¢´ÊÉ·¥´-
´¨¥ ¶¥·¥§ ·Ö¤´Ò¥ ³¨Ï¥´¨ ´  · §²¨Î´ÒÌ ÊÎ ¸É± Ì ± ´ ²  É· ´¸¶µ·É¨·µ¢±¨
¶ÊÎ± , ³µ¦´µ ¸ÊÐ¥¸É¢¥´´µ ¢²¨ÖÉÓ ´  · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ¢ Ë §µ¢µ³ ¶·µ-
¸É· ´¸É¢¥ ¨ ´  Ì · ±É¥· ¨Ì ¤¢¨¦¥´¨Ö ¢µ ¢´¥Ï´¨Ì Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²ÖÌ,  
É ±¦¥ µ¸ÊÐ¥¸É¢²ÖÉÓ Ê¤µ¡´ÊÕ ¤²Ö Ë¨§¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´Éµ¢ · §¢µ¤±Ê ¶ÊÎ±µ¢
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¢Ò¸µ±¨Ì Ô´¥·£¨° [1]. � ¨¡µ²ÓÏ Ö ÔËË¥±É¨¢´µ¸ÉÓ ³¥Éµ¤  ¤µ¸É¨£ ¥É¸Ö ¶·¨
¨¸¶µ²Ó§µ¢ ´¨¨ µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ´  ´ Î ²Ó´µ³ ÔÉ ¶¥ É· ´¸¶µ·É¨·µ¢±¨
¶ÊÎ±  ¨ ´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ¸É¨±¨ ¥£µ ¶ · ³¥É·µ¢. ‚ § ¢¨¸¨³µ¸É¨ µÉ ·¥-
Ï ¥³µ° § ¤ Î¨ ¢Ò¡¨· ¥É¸Ö ¢´ÊÉ·¥´´ÖÖ ³¨Ï¥´Ó ¸ É ±¨³¨ Ì · ±É¥·¨¸É¨± ³¨,
ÎÉµ¡Ò ¶ÊÎµ± ¶µ¸²¥ ´¥¥ ¸µ¤¥·¦ ² ´¥µ¡Ìµ¤¨³µ¥ ±µ²¨Î¥¸É¢µ ¶·¥¤¸É ¢²ÖÕÐ¨Ì
¨´É¥·¥¸ ¢Éµ·¨Î´ÒÌ Î ¸É¨Í.

‘·¥¤¨ µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ´ ¨¡µ²ÓÏ¥¥ · ¸¶·µ¸É· ´¥´¨¥ ¶µ²ÊÎ¨²¨ ¶ÊÎ-
±¨ ¨µ´µ¢ H− (LAMPF, TRIUMF, HERA, BNL, LHC, RAL, FNAL, CERN,
ANL, KEK ¨ ¤·Ê£¨¥ Ê¸±µ·¨É¥²Ó´Ò¥ Í¥´É·Ò). �´¨ É ±¦¥ Ï¨·µ±µ ¨¸¶µ²Ó§Ê-
ÕÉ¸Ö ¶·¨ Ëµ·³¨·µ¢ ´¨¨ ¶µÉµ±µ¢ ´¥°É· ²Ó´ÒÌ  Éµ³µ¢ ¢µ¤µ·µ¤  ¤²Ö ¶ÊÎ±µ¢µ£µ
´ £·¥¢  ¶² §³Ò ¨ ¥¥ ¤¨ £´µ¸É¨±¨ [2Ä5], ¢ Í¨±²¨Î¥¸±¨Ì Ê¸±µ·¨É¥²ÖÌ ¤²Ö ´ · -
¡µÉ±¨ ¨§µÉµ¶µ¢ [6], ¢ ¶·µ¥±É Ì ¸¨²Ó´µÉµÎ´ÒÌ Ê¸±µ·¨É¥²¥° ¤²Ö É· ´¸³ÊÉ Í¨¨
· ¤¨µ ±É¨¢´ÒÌ µÉÌµ¤µ¢ ¨ ¶·¨ · §· ¡µÉ±¥ ¢Ò¸µ±µ¨´É¥´¸¨¢´ÒÌ ¨³¶Ê²Ó¸´ÒÌ
¨¸ÉµÎ´¨±µ¢ ´¥°É·µ´µ¢ [7Ä10], ¤²Ö ¨³¶² ´É Í¨¨ ¨µ´µ¢ [11],   É ±¦¥ ¶·¨ ·¥-
Ï¥´¨¨ ·Ö¤  ¤·Ê£¨Ì ¶·¨±² ¤´ÒÌ § ¤ Î [12Ä17]. ‚ ± Î¥¸É¢¥ ¶¥·¥§ ·Ö¤´ÒÌ,  
É ±¦¥ §µ´¤¨·ÊÕÐ¨Ì ¶ÊÎµ± ¤¨ £´µ¸É¨Î¥¸±¨Ì ³¨Ï¥´¥° ¶·¨ ÔÉµ³ ¨¸¶µ²Ó§ÊÕÉ¸Ö
± ± ±µ·¶Ê¸±Ê²Ö·´Ò¥, É ± ¨ ËµÉµ´´Ò¥ ¢´ÊÉ·¥´´¨¥ ³¨Ï¥´¨.

�µ¤ ´¥¢µ§³ÊÐ ÕÐ¨³¨ ³¥Éµ¤ ³¨ ¤¨ £´µ¸É¨±¨ µ¡ÒÎ´µ ¶µ¤· §Ê³¥¢ ÕÉ¸Ö
É ±¨¥ ¸¶µ¸µ¡Ò ¶µ²ÊÎ¥´¨Ö ¨´Ëµ·³ Í¨¨, ±µ£¤  ¢´µ¸¨³Ò³¨ ¶·¨ ¨§³¥·¥´¨¨ ¢µ§-
³ÊÐ¥´¨Ö³¨ ¶ÊÎ±  ³µ¦´µ ¶·¥´¥¡·¥ÎÓ. � ¨¡µ²¥¥ ¶µ²´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ
¶ÊÎ±¥ ¨µ´µ¢ ¤ ÕÉ ¨§³¥·¥´¨Ö Éµ±  ¶ÊÎ±  ¢µ ¢·¥³¥´¨, ¥£µ ¶·µ¸É· ´¸É¢¥´´µ£µ
· ¸¶·¥¤¥²¥´¨Ö ¶µ ¸¥Î¥´¨Õ ± ´ ²  É· ´¸¶µ·É¨·µ¢±¨,   É ±¦¥ ¨´Ëµ·³ Í¨Ö µ¡
Ô³¨ÉÉ ´¸´ÒÌ Ì · ±É¥·¨¸É¨± Ì, ±µÉµ·Ò¥ ¸¢Ö§ ´Ò ¸ Ê£²µ¢Ò³ · ¸¶·¥¤¥²¥´¨¥³
¨ Ô´¥·£¥É¨Î¥¸±¨³ ¸¶¥±É·µ³ ¨µ´µ¢ ¢ ¶ÊÎ±¥. �¥¢µ§³ÊÐ ÕÐ¨° Ì · ±É¥· ¨§³¥-
·¥´¨° ¡µ²ÓÏ¨´¸É¢  ÔÉ¨Ì ¶ · ³¥É·µ¢ É·Ê¤´µ ·¥ ²¨§µ¢ ÉÓ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
É· ¤¨Í¨µ´´ÒÌ ¤²Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í ³¥Éµ¤µ¢ ¤¨ £´µ¸É¨±¨ [18]. „µ¶µ²´¨-
É¥²Ó´µ¥ µ¸²µ¦´¥´¨¥ ¢Ò§Ò¢ ¥É ¢ ¦´µ¥ ¤²Ö ¶ÊÎ±µ¢ ¢Ò¸µ±¨Ì Ô´¥·£¨° É·¥¡µ¢ ´¨¥
±µ³¶ ±É´µ¸É¨ ¤¨ £´µ¸É¨Î¥¸±¨Ì Ê¸É·µ°¸É¢. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³  ±ÉÊ ²Ó´µ° § ¤ Î¥°
Ö¢²Ö¥É¸Ö · §· ¡µÉ±  ³¥Éµ¤µ¢ ¨ Ê¸É·µ°¸É¢ ¤²Ö ¨§³¥·¥´¨Ö · §²¨Î´ÒÌ Ì · ±É¥-
·¨¸É¨± ¶ÊÎ±  ¨µ´µ¢ ¶µ ¢Éµ·¨Î´Ò³ Î ¸É¨Í ³, ·µ¦¤¥´´Ò³ ¶·¨ ¢§ ¨³µ¤¥°¸É¢¨¨
¨µ´µ¢ ¸ ±µ³¶µ´¥´É ³¨ µ¸É ÉµÎ´µ£µ £ §  ¨²¨ ¶· ±É¨Î¥¸±¨ ¶·µ§· Î´µ° ¤²Ö
¶ÊÎ±  ¢´ÊÉ·¥´´¥° ³¨Ï¥´ÓÕ. �¸´µ¢´µ° § ¤ Î¥° ¸¢Ö§ ´´ÒÌ ¸ ÔÉ¨³ ¨¸¸²¥¤µ¢ -
´¨° Ö¢²Ö¥É¸Ö ¢ÒÖ¢²¥´¨¥ ¢µ§³µ¦´µ¸É¨ µ¶·¥¤¥²¥´¨Ö ´¥µ¡Ìµ¤¨³ÒÌ ¶ · ³¥É·µ¢
¶ÊÎ±  ¶µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ Ì · ±É¥·¨¸É¨± ³ ¢Ò¡· ´´µ£µ É¨¶  ¢Éµ·¨Î´ÒÌ Î -
¸É¨Í,   É ±¦¥ ¨§ÊÎ¥´¨¥ £· ´¨Í ¨¸¶µ²Ó§µ¢ ´¨Ö µ¸´µ¢ ´´ÒÌ ´  ÔÉµ³ ³¥Éµ¤µ¢
¤¨ £´µ¸É¨±¨ ¨ ¤µ¸É¨£ ¥³ÒÌ ¶·¨ ÔÉµ³ ÉµÎ´µ¸É¥°.

‚ § ¢¨¸¨³µ¸É¨ µÉ É¨¶  ¨µ´  ¨ §µ´¤¨·ÊÕÐ¥° ¶ÊÎµ± ¢´ÊÉ·¥´´¥° ³¨Ï¥´¨
¢ ± Î¥¸É¢¥ ´µ¸¨É¥²¥° ¨´Ëµ·³ Í¨¨ µ Ì · ±É¥·¨¸É¨± Ì ¶ÊÎ±  ³µ£ÊÉ ¸²Ê¦¨ÉÓ
· §²¨Î´Ò¥ ¢Éµ·¨Î´Ò¥ Î ¸É¨ÍÒ. � ¶·¨³¥·, ¤²Ö ´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ¸É¨±¨
¶ÊÎ±  ¨µ´µ¢ H− ¨¸¶µ²Ó§ÊÕÉ¸Ö ¡Ò¸É·Ò¥  Éµ³Ò H0 [19Ä23]. �´¨ ·µ¦¤ ÕÉ¸Ö
¶·¨ µ¡¤¨·±¥ ´¥§´ Î¨É¥²Ó´µ° Î ¸É¨ ¨µ´µ¢ ´  µ¶É¨³ ²Ó´Ò³ µ¡· §µ³ ¸Ëµ·-
³¨·µ¢ ´´ÒÌ ±µ·¶Ê¸±Ê²Ö·´ÒÌ ¨²¨ ËµÉµ´´ÒÌ ³¨Ï¥´ÖÌ. �É¨ ³¥Éµ¤Ò ´ ¨¡µ-
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²¥¥ Ê¤µ¡´Ò ´  ÊÎ ¸É± Ì É· ´¸¶µ·É¨·µ¢±¨ ¶ÊÎ±  ¸ ¶µ¢µ·µÉ´Ò³ ³ £´¨Éµ³, £¤¥
²¥£±µ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢Ò¢µ¤  Éµ³µ¢ H0 ¨§ ¶ÊÎ±  ¨µ´µ¢. �¥¤µ¸É É± ³¨ ¶·¥¤-
²µ¦¥´´ÒÌ ³¥Éµ¤µ¢ ¤¨ £´µ¸É¨±¨ ¢Ò¸µ±µÔ´¥·£¥É¨Î¥¸±¨Ì (¸µÉ´¨ ŒÔ‚) ¶ÊÎ±µ¢
¨µ´µ¢ H− Ö¢²ÖÕÉ¸Ö ¡µ²ÓÏ¨¥ ¶·µ²¥É´Ò¥ ¡ §Ò  Éµ³µ¢ H0 ¢ ¸²ÊÎ ¥ ¢·¥³Ö-
¶·µ²¥É´ÒÌ ¨§³¥·¥´¨° Ô´¥·£¥É¨Î¥¸±µ£µ ¸¶¥±É·  [19,à23], ²¨¡µ §´ Î¨É¥²Ó´Ò¥
¢¥¸µ£ ¡ ·¨É´Ò¥ Ì · ±É¥·¨¸É¨±¨ ³ £´¨É´ÒÌ  ´ ²¨§ Éµ·µ¢ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
µ¡¤¨·±¨  Éµ³µ¢ ¢ ¶·µÉµ´Ò [21,22]. �µ³¨³µ ÔÉµ£µ ¤ ´´Ò¥ ³¥Éµ¤Ò ´¥ ¶·¨£µ¤´Ò
¢ ²¨´¥°´ÒÌ ¸¨¸É¥³ Ì.

� ¨¡µ²¥¥ ±µ³¶ ±É´Ò¥ ¤¨ £´µ¸É¨Î¥¸±¨¥ Ê¸É·µ°¸É¢  ³µ£ÊÉ ¡ÒÉÓ · §· ¡µ-
É ´Ò ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢Éµ·¨Î´ÒÌ Ô²¥±É·µ´µ¢. ‚ Î ¸É´µ¸É¨, ¤²Ö ¨§³¥·¥´¨Ö
¶·µË¨²Ö ¶ÊÎ±  ¨ ¥£µ Ë §µ¢µ° ¸É·Ê±ÉÊ·Ò Ï¨·µ±µ ¨¸¶µ²Ó§ÊÕÉ¸Ö Ô²¥±É·µ´Ò
Ô³¨¸¸¨¨ ¶· ±É¨Î¥¸±¨ ¶·µ§· Î´µ° ¤²Ö ¶ÊÎ±  ±µ·¶Ê¸±Ê²Ö·´µ° ³¨Ï¥´¨ [24Ä
27]. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ´¥¸±µ²Ó±¨Ì · §´¥¸¥´´ÒÌ ´  ¶·µ²¥É´µ° ¡ §¥ ¶µ¤µ¡-
´ÒÌ Ê¸É·µ°¸É¢ ³µ¦´µ µ¶·¥¤¥²ÖÉÓ ¶µ¶¥·¥Î´Ò° [28] ¨ ¶·µ¤µ²Ó´Ò° [29] Ô³¨É-
É ´¸Ò ¶ÊÎ± . ‚µ§³µ¦´µ¸ÉÓ ¶·Ö³µ£µ ¶¥·¥´¥¸¥´¨Ö ÔÉ¨Ì ³¥Éµ¤µ¢ ¨ Ê¸É·µ°¸É¢,
· §· ¡µÉ ´´ÒÌ ¢ µ¸´µ¢´µ³ ¤²Ö ¶·µÉµ´µ¢ ¨²¨ Ö¤¥·, ´  ¡µ²¥¥ ¸²µ¦´Ò¥ ¨µ´Ò
É·¥¡Ê¥É ¤µ¶µ²´¨É¥²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨°. �¥É·¨¢¨ ²Ó´µ¸ÉÓ ÔÉµ£µ Ï £  ¸¢Ö§ ´ 
¢ µ¸´µ¢´µ³ ¸ ¨Ì  Éµ³´µ° ¸É·Ê±ÉÊ·µ° ¨, ± ± ¸²¥¤¸É¢¨¥, ¡µ²¥¥ ¸²µ¦´Ò³ Ì -
· ±É¥·µ³ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨µ´µ¢ ¸ Î ¸É¨Í ³¨ ³¨Ï¥´¨. ‚ ´ ¨¡µ²ÓÏ¥° ¸É¥¶¥´¨
ÔÉµ µÉ´µ¸¨É¸Ö ± µÉ·¨Í É¥²Ó´Ò³ ¨µ´ ³, ¸² ¡µ¨µ´¨§µ¢ ´´Ò³ ¨ ´¥°É· ²Ó´Ò³
Î ¸É¨Í ³. „²Ö ¨¸¶µ²Ó§µ¢ ´¨Ö ¤ ´´ÒÌ ³¥Éµ¤µ¢ ´¥µ¡Ìµ¤¨³µ, ÎÉµ¡Ò Ô²¥±É·µ´Ò,
¶µÖ¢²ÖÕÐ¨¥¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Ö¤·  Î ¸É¨ÍÒ ¶ÊÎ±  ¸ ³¨Ï¥´ÓÕ,
·µ¦¤ ²¨¸Ó ´¥§ ¢¨¸¨³µ µÉ ¤·Ê£¨Ì ± ´ ²µ¢ ¨ ¨Ì ³µ¦´µ ¡Ò²µ ¢Ò¤¥²¨ÉÓ ´  Ëµ´¥
Ô²¥±É·µ´µ¢ µ¡¤¨·±¨,   É ±¦¥ Ô²¥±É·µ´µ¢ ¨µ´¨§ Í¨¨ ³¨Ï¥´¨, ¢µ§´¨± ÕÐ¨Ì
¶·¨ ¥¥ ¢§ ¨³µ¤¥°¸É¢¨¨ ¸ Ô²¥±É·µ´´Ò³¨ ±µ³¶µ´¥´É ³¨ ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ.
‚ Éµ ¦¥ ¢·¥³Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨ É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö, ´ ¶·¨-
³¥·, ¸ ¨µ´ ³¨ H− [30Ä42], ¶µ± §Ò¢ ÕÉ, ÎÉµ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ Ê£²¥ ¢Ò²¥É 
Ô²¥±É·µ´µ¢ ¢ ¨Ì Ô´¥·£¥É¨Î¥¸±µ³ ¸¶¥±É·¥ µÉ¸ÊÉ¸É¢Ê¥É ¶¨±, Ì · ±É¥·´Ò° ¤²Ö
¢§ ¨³µ¤¥°¸É¢¨Ö ¶·µÉµ´µ¢ ¸ ¶· ±É¨Î¥¸±¨ ¸¢µ¡µ¤´Ò³¨ Ô²¥±É·µ´ ³¨ ³¨Ï¥´¨.
‘²¥¤µ¢ É¥²Ó´µ, ¤²Ö ¨µ´µ¢ H− ´¥¶·¨³¥´¨³ ¶·¥¤²µ¦¥´´Ò° ¢ · ¡µÉ Ì [43,44]
³¥Éµ¤ ¨§³¥·¥´¨Ö Ô´¥·£¥É¨Î¥¸±µ£µ ¨ Ê£²µ¢µ£µ · ¸¶·¥¤¥²¥´¨° ¶µ δ-Ô²¥±É·µ´ ³.
Š·µ³¥ Éµ£µ, Ï¨·µ±¨° ¤¨ ¶ §µ´ Ô´¥·£¨° Ô²¥±É·µ´µ¢, ¢Ò²¥É¥¢Ï¨Ì ¶µ¤ ¡µ²Ó-
Ï¨³¨ Ê£² ³¨ (θ ∼ 900) ¶µ µÉ´µÏ¥´¨Õ ± ¨³¶Ê²Ó¸Ê ¨µ´µ¢ H−, § É·Ê¤´Ö¥É ¨Ì
¨¸¶µ²Ó§µ¢ ´¨¥ ¢ Ê¸É·µ°¸É¢ Ì ¤²Ö ¨§³¥·¥´¨Ö Ë §µ¢µ° ¸É·Ê±ÉÊ·Ò ¶ÊÎ±  ¨ ¥£µ
¶·µË¨²Ö, ¶·¥¤²µ¦¥´´ÒÌ ¢ · ¡µÉ Ì [24Ä27]. �ÉµÉ Ë ±É ¶µ¤É¢¥·¦¤ ¥É¸Ö ¢ Ô±¸-
¶¥·¨³¥´É ²Ó´µ° · ¡µÉ¥ [45]. �¥µ¡Ìµ¤¨³ Ö ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨° ¢ ÔÉµ³ ¸²ÊÎ ¥
³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉ  Éµ²Ó±µ ¢¢¥¤¥´¨¥³ ¢ Ê¸É·µ°¸É¢µ ¤µ¶µ²´¨É¥²Ó´µ£µ ³ £-
´¨É´µ£µ ¸¥¶ · Éµ· , ¢Ò¤¥²ÖÕÐ¥£µ Ô²¥±É·µ´Ò c Ô´¥·£¨¥°, ´¥µ¡Ìµ¤¨³µ° ¤²Ö
 ´ ²¨§ . ‚ Éµ ¦¥ ¢·¥³Ö ¡² £µ¤ ·Ö Ô²¥±É·µ´´µ° ¸É·Ê±ÉÊ·¥ µÉ·¨Í É¥²Ó´ÒÌ ¨µ-
´µ¢ ³µ£ÊÉ ¡ÒÉÓ ¶·¥¤²µ¦¥´Ò ¸¢µ¨, µÉ²¨Î´Ò¥ µÉ ¶·µÉµ´µ¢ ¨²¨ Ö¤¥· ³¥Éµ¤Ò ¤¨ -
£´µ¸É¨±¨ ¶ · ³¥É·µ¢ ¶ÊÎ±  ¶µ ¢Éµ·¨Î´Ò³ Ô²¥±É·µ´ ³. ‚ Î ¸É´µ¸É¨, ¢ · ¡µÉ¥
[36] ¤²Ö ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  ¨µ´µ¢ H− ¶·¥¤²µ¦¥´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ô²¥±É·µ´Ò,
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·µ¦¤ ÕÐ¨¥¸Ö ¶·¨ µ¡¤¨·±¥ ¨µ´µ¢ ´  ±µ·¶Ê¸±Ê²Ö·´ÒÌ ³¨Ï¥´ÖÌ. ˆ¤¥Ö ³¥Éµ¤ 
µ¸´µ¢ ´  ´  Éµ³, ÎÉµ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Éµ´±¨Ì ³¨Ï¥´¥° ÔÉ¨ Ô²¥±É·µ´Ò ¸µ-
¸É ¢²ÖÕÉ µ¸´µ¢´ÊÕ Î ¸ÉÓ µ¡Ð¥£µ ¶µÉµ± ,   ¨Ì ¸±µ·µ¸É¨ ¡²¨§±¨ ¶µ ¢¥²¨Î¨´¥
¨ ´ ¶· ¢²¥´¨Õ ± ¸±µ·µ¸É¨ ¨µ´µ¢. �É¸ÊÉ¸É¢¨¥ ¶·¥¤²µ¦¥´¨° ¶µ É¥Ì´¨Î¥¸±µ°
·¥ ²¨§ Í¨¨ ÔÉµ£µ ³¥Éµ¤  ¤¨ £´µ¸É¨±¨ µ¡Ê¸²µ¢²¥´µ ¢ µ¸´µ¢´µ³ ´¥¤µ¸É ÉµÎ´µ
¢Ò¸µ±µ° ¤µ¸É¨£ ¥³µ° ÉµÎ´µ¸ÉÓÕ (¸³. · §¤. 4).

‡´ Î¨É¥²Ó´µ ¡µ²¥¥ Ï¨·µ±¨¥ ¢µ§³µ¦´µ¸É¨ ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  Î ¸É¨Í ¸
Ô²¥±É·µ´´µ° ¸É·Ê±ÉÊ·µ° µÉ±·Ò¢ ÕÉ¸Ö ¶·¨ ¥£µ §µ´¤¨·µ¢ ´¨¨ ËµÉµ´´µ° ³¨-
Ï¥´ÓÕ. ‚Ò¸µ± Ö ³µ´µÌ·µ³ É¨Î´µ¸ÉÓ ¨ ´ ¶· ¢²¥´´µ¸ÉÓ ² §¥·´µ£µ ¨§²ÊÎ¥´¨Ö,
µÉ´µ¸¨É¥²Ó´ Ö ¶·µ¸ÉµÉ  Ê¶· ¢²¥´¨Ö ¨³ ¢ ¶·µ¸É· ´¸É¢¥ ¶µ§¢µ²ÖÕÉ ÔËË¥±É¨¢´µ
¨¸¶µ²Ó§µ¢ ÉÓ ¤µ¶²¥·-ÔËË¥±É ¤²Ö ¨§¡¨· É¥²Ó´µ£µ ¢µ§¤¥°¸É¢¨Ö ´  µ¶·¥¤¥²¥´-
´Ò¥ ±¢ ´Éµ¢Ò¥ ¸µ¸ÉµÖ´¨Ö ¨µ´  ¢Ò¸µ±µ° Ô´¥·£¨¨ ¨ ·µ¦¤¥´¨Ö ¶·¨ ÔÉµ³ Ô²¥±-
É·µ´µ¢ (Ô²¥±É·µ´µ¢ ËµÉµµ¡¤¨·±¨), ¶µ§¢µ²ÖÕÐ¨Ì µ¸ÊÐ¥¸É¢²ÖÉÓ ¤¨ £´µ¸É¨±Ê
¶ÊÎ±  ¸ É·¥¡Ê¥³µ° ÉµÎ´µ¸ÉÓÕ. �·¨³¥·µ³ ÔÉµ£µ Ö¢²Ö¥É¸Ö ¶·¥¤²µ¦¥´´Ò°  ¢-
Éµ·µ³ ¢ 1984 £. ¨ · ¸¸³µÉ·¥´´Ò° ¢ ¤ ´´µ° · ¡µÉ¥ ËµÉµÔ²¥±É·µ´´Ò° ³¥Éµ¤
´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢.

1. ”ˆ‡ˆ—…‘Šˆ… �‘��‚› Œ…’�„
 ”�’��‹…Š’����‰
„ˆ
ƒ��‘’ˆŠˆ 8“—Š
 (”�„8) �’ˆ–
’…‹œ�›• ˆ���‚

‚›‘�Š�‰ ��…ƒˆˆ

„²Ö ¶µ²ÊÎ¥´¨Ö ¨´Ëµ·³ Í¨¨ µ ¶ · ³¥É· Ì ¶ÊÎ±  µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢
´  ¶·Ö³µ²¨´¥°´ÒÌ ÊÎ ¸É± Ì ± ´ ²  É· ´¸¶µ·É¨·µ¢±¨ ¶·¥¤²µ¦¥´ ³¥Éµ¤ ¤¨ £-
´µ¸É¨±¨, µ¸´µ¢ ´´Ò° ´  ¨¸¶µ²Ó§µ¢ ´¨¨ Ô²¥±É·µ´µ¢ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨,
·µ¦¤ ÕÐ¨Ì¸Ö ¶·¨ §µ´¤¨·µ¢ ´¨¨ ¸ ¶µ³µÐÓÕ ËµÉµ´´µ° ³¨Ï¥´¨ ¸² ¡µ¸¢Ö-
§ ´´µ£µ ±¢ ´Éµ¢µ£µ ¸µ¸ÉµÖ´¨Ö ¨µ´  ¢¡²¨§¨ ¶µ·µ£  εt [46Ä48]. �·¨ ¶µ£²µ-
Ð¥´¨¨ ËµÉµ´  ¸ Ô´¥·£¨¥° �ω, ¶·¥¢ÒÏ ÕÐ¥° ¶µ·µ£, ¶·µ¨¸Ìµ¤¨É ®¸É·ÖÌ¨¢ -
´¨¥¯ Ô²¥±É·µ´  ¨§ ¤ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ ´¥¶·¥·Ò¢´Ò° ¸¶¥±É· ¸ ¢¥²¨Î¨´µ° ¨
´ ¶· ¢²¥´¨¥³ ¸±µ·µ¸É¨, ¡²¨§±¨³¨ ± ¨µ´´µ°. q¥§ ÊÎ¥É  ¶µ¸²¥¸Éµ²±´µ¢¨É¥²Ó-
´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸  Éµ³´Ò³ µ¸Éµ¢µ³ ¨µ´  ¶·¨µ¡·¥É ¥³Ò¥ Ô²¥±É·µ´µ³
³ ±¸¨³ ²Ó´Ò¥ ¢µ§³ÊÐ¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ´  µ¸´µ¢¥  ´ ²¨§  ±¨´¥-
³ É¨±¨ ¸¶µ´É ´´µ£µ (®¸ ³µ¶·µ¨§¢µ²Ó´µ£µ¯) · §·ÊÏ¥´¨Ö Î ¸É¨ÍÒ ¸ ¨§¢¥¸É´µ°
¶µ²µ¦¨É¥²Ó´µ° Ô´¥·£¨¥° · ¸¶ ¤  εp ´  ¤¢¥ ¸µ¸É ¢²ÖÕÐ¨¥ Î ¸É¨, ¨§µÉ·µ¶´µ
¢Ò²¥É ÕÐ¨e ¢ ¥¥ ¸¨¸É¥³¥ ¶µ±µÖ ¨ ¤¢¨¦ÊÐ¨e¸Ö ´¥§ ¢¨¸¨³µ ¤·Ê£ µÉ ¤·Ê£  (¸³.,
´ ¶·¨³¥·, [49]). �·¥´¥¡·¥¦¨³µ ³ ²Ò° ¨³¶Ê²Ó¸ ËµÉµ´  ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´ 
¶µ§¢µ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ËµÉµµ¡¤¨·±Ê ± ± ¶·µÍ¥¸¸ ¶µ£²µÐ¥´¨Ö ËµÉµ´  ¸ ·µ-
¦¤¥´¨¥³ ¶· ±É¨Î¥¸±¨ ¶µ±µÖÐ¥°¸Ö ±¢ §¨Î ¸É¨ÍÒ ¨ ¥¥ ¶µ¸²¥¤ÊÕÐ¨° · §¢ ² ¸
εp = �ω − εt. ‘ ÊÎ¥Éµ³ ·¥²ÖÉ¨¢¨§³  ¶·¨ ¶¥·¥Ìµ¤¥ ¢ ² ¡µ· Éµ·´ÊÕ ¸¨¸É¥³Ê
µÉ¸Î¥É  ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ³ ±¸¨³ ²Ó´µ£µ · §¡·µ¸  Ô²¥±-
É·µ´µ¢ ¶µ Ô´¥·£¨¨ Ee (¢ µÉ´. ¥¤.) ¨ Ê£²Ê θe (¢ · ¤) ¢ Ô²¥³¥´É ·´ÒÌ  ±É Ì
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¸¢µ¥£µ ·µ¦¤¥´¨Ö:

∆Ee/Ee =
2βγ

(γ − 1)

√
2(�ω − εt)
meC2

; ∆θe[· ¤] =
2
γβ

√
2(�ω − εt)
meC2

; (1.1)

£¤¥ Ee = Ei · me/Mi, me ¨ Mi Å ³ ¸¸Ò ¶µ±µÖ Ô²¥±É·µ´  ¨ ¨µ´  ¸µµÉ-
¢¥É¸É¢¥´´µ, Ei Å ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¨µ´  ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ-
¸Î¥É , C Å ¸±µ·µ¸ÉÓ ¸¢¥É , β ¨ γ Å ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶ · ³¥É·Ò ¶ÊÎ± ,
γ = 1/

√
1 − β2, ω = ωoγ(1 − β cos η), ωo Å Î ¸ÉµÉ  ËµÉµ´  ¢ ² ¡µ· Éµ·´µ°

¸¨¸É¥³¥ µÉ¸Î¥É , η Å Ê£µ² ³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨ ¨µ´  ¨ ËµÉµ´ . Œ¨´¨³ ²Ó-
´ Ö ¢¥²¨Î¨´  �ω − εt, ±µÉµ·ÊÕ ³µ¦´µ ·¥ ²¨§µ¢ ÉÓ ¤²Ö ¶ÊÎ±  ¨µ´µ¢, µ¶·¥-
¤¥²Ö¥É¸Ö ¢ µ¸´µ¢´µ³ · §¡·µ¸µ³ ¶µ ¢¥²¨Î¨´¥ (∆β) ¨ ´ ¶· ¢²¥´¨Õ (∆θi) ¨Ì
¸±µ·µ¸É¨ ¨ ¢Ò¡¨· ¥É¸Ö É ±µ°, ÎÉµ¡Ò ¸¥Î¥´¨¥ µ±µ²µ¶µ·µ£µ¢µ° ËµÉµµ¡¤¨·±¨
σ(ω) ∝ (�ω − εt)q (q = 3/2 ¨ 1/2 ¤²Ö Ô²¥±É·µ´µ¢ ¢ s- ¨ p-±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ-
´¨ÖÌ ¸µµÉ¢¥É¸É¢¥´´µ) [50] ¡Ò²µ µ¤¨´ ±µ¢Ò³ ¤²Ö ¢¸¥Ì ¨µ´µ¢:

(�ω − εt)min � qγ�ωo
{∣∣ ∆β[β(1 − β cos η)γ2 − cos η]

∣∣ +β sin η
∣∣ ∆θi

∣∣}.
(1.2)

‘ ÊÎ¥Éµ³ ·¥§Ê²ÓÉ Éµ¢ · ¡µÉÒ [51] ¢Ò²¥É Ô²¥±É·µ´  ¢ ¸¨¸É¥³¥ ¶µ±µÖ ±¢ -
§¨Î ¸É¨ÍÒ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥ ¨§µÉ·µ¶¥´ ¨ § ¢¨¸¨É µÉ ¶µ²Ö·¨§ Í¨¨ ¶µ£²µ-
Ð¥´´µ£µ ËµÉµ´ , ¥£µ Ô´¥·£¨¨ ¨ ¨¸Ìµ¤´µ£µ ±¢ ´Éµ¢µ£µ ¸µ¸ÉµÖ´¨Ö Ô²¥±É·µ´ .
‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ´  ³¨Ï¥´¨, §µ´¤¨·ÊÕÐ¥° ¶ÊÎµ±, ·¥ ²Ó´Ò¥ ÉµÎ´µ¸É¨ ¸µµÉ¢¥É-
¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ¨ Ô²¥±É·µ´µ¢ ËµÉµµ¡¤¨·±¨ ¶µ µÉ-
´µ¸¨É¥²Ó´µ° Ô´¥·£¨¨ ¨ Ê£²Ê µ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨ (1.1), Ê³´µ¦¥´´Ò³¨
´  ±µÔËË¨Í¨¥´ÉÒ We ≤ 1 ¨ Wθ ≤ 1 ¸µµÉ¢¥É¸É¢¥´´µ, ¸ ÊÎ¥Éµ³ (1.2). �·¨
ÔÉµ³ ¢¥²¨Î¨´Ò We ¨ Wθ § ¢¨¸ÖÉ µÉ · ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ´µ¢ ¶µ Ô´¥·£¨¨ ¨
¶µ¶¥·¥Î´µ³Ê ¨³¶Ê²Ó¸Ê ¢ Ô²¥³¥´É ·´ÒÌ  ±É Ì ¸¢µ¥£µ ·µ¦¤¥´¨Ö (¸µ¡¸É¢¥´´ÒÌ
· ¸¶·¥¤¥²¥´¨°) ¢ ¶·¥¤¥² Ì ±¨´¥³ É¨Î¥¸±¨ µ¶·¥¤¥²Ö¥³ÒÌ £· ´¨Í.

2. �””…Š’› 8�‹Ÿˆ‡
–ˆˆ Œˆ˜…�ˆ 8ˆ �„��”�’����Œ
�†„…�ˆˆ �‹…Š’���‚ ‘ 8

Œ…’
Œˆ “ƒ‹�‚�‰


‘ˆŒŒ…’ˆˆ βo = 2, 0,−1

“£²µ¢ Ö ±µ³¶µ´¥´É  ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ·¥ ±Í¨¨ ËµÉµ¨µ´¨§ -
Í¨¨ ¸ ¶µ£²µÐ¥´¨¥³ µ¤´µ£µ ËµÉµ´  ¢ ·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ -
³¨±¥ ¨³¥¥É ¢¨¤ [52]:

dσ

dΩ
=

∑
L′,L′′,Λ

(−1)j+1/2+Λ+q [j′, j′′,Λ]
4π

(
L′ L′′ Λ
−q q 0

)
×

×
(
j′ j′′ Λ

1/2 −1/2 0

)(
j′ L′ j

1/2 0 −1/2

)(
j′′ L′′ j
1/2 0 −1/2

)
×
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×
{
L′ L′′ Λ
j′′ j′ j

}
PΛ(cos θ)

∑
β′β′′

‖ < ρ k′ j′ β′ |al′L′(r)| n k j − β′ > ×

× < ρ k′′ j′′ β′′|al′′L′′(r)|n k j − β′′ >∗ ‖; (2.1)

£¤¥ [l1, l2, l3, . . .] ≡ [(2l1+1)(2l2+1)(2l3+1)·. . .]; Λ = L,L±1;
(
L1 L2 L3
j1 j2 j3

)
,{

A B C
a b c

}
Å 3j- ¨ 6j-¸¨³¢µ²Ò ¸µµÉ¢¥É¸É¢¥´´µ (¸³., ´ ¶·¨³¥·, [53]);

< pkm|alL′ |p′k′m′ > Å ³ É·¨Î´Ò° Ô²¥³¥´É ¶¥·¥Ìµ¤  ¢ Ô²¥±É·µ³ £´¨É´µ³
¶µ²¥; PΛ Å ¶µ²¨´µ³ ‹¥¦ ´¤· . „²Ö ´¥¶µ²Ö·¨§µ¢ ´´µ° ¨µ´¨§Ê¥³µ° Î ¸É¨ÍÒ
¢ Ô²¥±É·¨Î¥¸±µ³ ¤¨¶µ²Ó´µ³ ¶·¨¡²¨¦¥´¨¨ (¤²¨´  ¢µ²´Ò ËµÉµ´  ³´µ£µ ¡µ²ÓÏ¥
Ì · ±É¥·´ÒÌ · §³¥·µ¢ Î ¸É¨ÍÒ) µÉ¸ÊÉ¸É¢Ê¥É § ¢¨¸¨³µ¸ÉÓ µÉ Ê£²  ϕ, ¨ ¤²Ö ¨§-
²ÊÎ¥´¨Ö · §²¨Î´µ° ¸É¥¶¥´¨ ¶µ²Ö·¨§ Í¨¨ ¢Ò· ¦¥´¨¥ (2.1) ³µ¦¥É ¡ÒÉÓ ¸¢¥¤¥´µ
± ¡µ²¥¥ ¶·µ¸Éµ³Ê ¢¨¤Ê (¸³., ´ ¶·¨³¥·, [51,54,55]). ‚ Î ¸É´µ¸É¨, ¤²Ö ²¨´¥°´µ
¶µ²Ö·¨§µ¢ ´´ÒÌ ËµÉµ´µ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

dσ

dΩ |l
=
σnl(ω)

4π
[1 + β0 · P2(cos θke)] ; (2.2)

£¤¥ P2(x) = 0, 5(3x2 − 1); σnl(ω) Å ¶µ²´µ¥ ¸¥Î¥´¨¥ ËµÉµ¨µ´¨§ Í¨¨
nl-¶µ¤µ¡µ²µÎ±¨ ËµÉµ´µ³ ¸ Ô´¥·£¨¥° �ω; β0 Å ¶ · ³¥É· Ê£²µ¢µ°  ¸¨³³¥-
É·¨¨, § ¢¨¸ÖÐ¨° µÉ ´ Î ²Ó´µ£µ ¨ ±µ´¥Î´µ£µ ±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ´¨° Ô²¥±É·µ´ 
¨ ³ É·¨Î´µ£µ Ô²¥³¥´É  ¶¥·¥Ìµ¤  ¶·¨ ËµÉµ¨µ´¨§ Í¨¨; θke Å Ê£µ² ³¥¦¤Ê ¢¥±-
Éµ·µ³ ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ¨ ´ ¶· ¢²¥´¨¥³ ¨³¶Ê²Ó¸  Ô²¥±É·µ´µ¢ ¢ ¸¨¸É¥³¥
Í¥´É·  ³ ¸¸. ˆ§ µÎ¥¢¨¤´µ£µ Ê¸²µ¢¨Ö dσ/dΩ > 0 ¸²¥¤Ê¥É, ÎÉµ −1 ≤ β0 ≤ 2.
�¥¶µ²Ö·¨§µ¢ ´´Ò¥ ËµÉµ´Ò Ô±¢¨¢ ²¥´É´Ò ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ¤¢ÊÌ ´¥±µ£¥-
·¥´É´ÒÌ ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´ÒÌ ¶µÉµ±µ¢ ¨§²ÊÎ¥´¨Ö. –¨·±Ê²Ö·´µ ¶µ²Ö·¨§µ-
¢ ´´µ¥ (¨²¨ ¸ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¥°) ¨§²ÊÎ¥´¨¥, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´µ ± ± ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö ¤¢ÊÌ ±µ£¥·¥´É´ÒÌ ²¨´¥°´µ ¶µ²Ö·¨§µ-
¢ ´´ÒÌ ¶µÉµ±µ¢ · ¢´µ° ¨´É¥´¸¨¢´µ¸É¨ ¸µ ¸¤¢¨´ÊÉµ° ´  π/2 Ë §µ°. „²Ö ÔÉ¨Ì
¤¢ÊÌ ¸²ÊÎ ¥¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¢Ò²¥É  Ô²¥±É·µ´  ¢ ¸¨¸É¥³¥ Í¥´É· 
³ ¸¸ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ ¢ ¢¨¤¥

dσ

dΩ |n,k
=
σnl(ω)

4π

[
1 − 1

2
β0 · P2(cos θk)

]
, (2.3)

£¤¥ θk Å Ê£µ² ³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨ Ô²¥±É·µ´  ¨ ËµÉµ´ . — ¸É¨Î´µ ²¨´¥°´µ
¶µ²Ö·¨§µ¢ ´´µ¥ ¨§²ÊÎ¥´¨¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¤¢ÊÌ ´¥±µ£¥·¥´É´ÒÌ ²¨-
´¥°´µ ¶µ²Ö·¨§µ¢ ´´ÒÌ ¶µÉµ±µ¢ ËµÉµ´µ¢ ¸ ±µ²¥¡²ÕÐ¨³¨¸Ö Ô²¥±É·¨Î¥¸±¨³¨
¢¥±Éµ· ³¨ µÉ´µ¸¨É¥²Ó´µ µ·Éµ£µ´ ²Ó´ÒÌ X- ¨ Y -µ¸¥° (¨³¶Ê²Ó¸ ËµÉµ´  ´ -
¶· ¢²¥´ ¶µ µ¸¨ Z). ’µ£¤ 

dσ

dΩ |plp
=
σnl(ω)

4π

{
1 − 1

2
β0

[
P2(cos θz) − 3

2
Q(cos2 θx − cos2 θy)

]}
, (2.4)
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£¤¥ Q = (Ix − Iy)/(Ix + Iy) Å ¸É¥¶¥´Ó ¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö; Ix ¨ Iy Å
¶µÉµ±¨ ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´ÒÌ ËµÉµ´µ¢ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ´ ¶· ¢²¥´¨¥³
Ô²¥±É·¨Î¥¸±µ£µ ¢¥±Éµ· ; θx, θy ¨ θz Å Ê£²Ò ´ ¶· ¢²¥´¨Ö ¨³¶Ê²Ó¸  Ô²¥±É·µ´ 
µÉ´µ¸¨É¥²Ó´µ ±µµ·¤¨´ É´ÒÌ µ¸¥°. ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉµ Ô²²¨¶É¨Î¥¸±¨ ¶µ²Ö·¨-
§µ¢ ´´Ò° ¸¢¥É µÉ²¨Î ¥É¸Ö µÉ Î ¸É¨Î´µ ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö
É¥³, ÎÉµ µ´ ¶·µÖ¢²Ö¥É ±µ£¥·¥´É´µ¸ÉÓ ³¥¦¤Ê X- ¨ Y -±µ³¶µ´¥´É ³¨ Ô²¥±É·¨-
Î¥¸±µ£µ ¢¥±Éµ· , ¤²Ö ´¥£µ ¸¶· ¢¥¤²¨¢µ  ´ ²µ£¨Î´µ¥ (2.4) ¢Ò· ¦¥´¨¥, ¸ É¥³
µÉ²¨Î¨¥³, ÎÉµ Ix ¨ Iy ¥¸ÉÓ ¨´É¥´¸¨¢´µ¸É¨ ¶µÉµ±µ¢ ËµÉµ´µ¢ ¸ ¶µ²Ö·¨§ Í¨Ö³¨
¢¤µ²Ó £² ¢´ÒÌ µ¸¥° Ô²²¨¶¸ .

‚ ·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¥ ¶ · ³¥É· β0 µ¶·¥¤¥²Ö¥É¸Ö
¢Ò· ¦¥´¨¥³ [52]:

β0 =

{
(2j − 3)(2j − 1)

48j2
R2j−1 −

(2j − 1)(2j + 3)
48j2(j + 1)2

R2j+

+
(2j + 3)(2j + 5)

48(j + 1)2
R2j+1 +

(2j − 1)
8j2(j + 1)

|RjR
∗
j−1|+

+
(2j + 3)

8j(j + 1)2
|RjR

∗
j+1| +

(2j − 1)(2j + 3)
8j(j + 1)

|Rj−1R
∗
j+1|

}
×

×
{

(2j − 1)
12j

R2j−1 +
1

12j(j + 1)
R2j +

(2j + 3)
12(j + 1)

R2j+1

}−1
, (2.5)

£¤¥ Rj′ =
∑

β{β(k − k′) − 1} < pk′j′β|nkj − β > exp(iηj′) Å · ¤¨ ²Ó´Ò¥
³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¢µ²´µ¢ÒÌ ËÊ´±Í¨° Ô²¥±É·µ´ , ηj Å
Ë §µ¢Ò° ¸¤¢¨£ j-° ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É· . ‚ ´¥·¥²ÖÉ¨-
¢¨¸É¸±µ³ ¶·¥¤¥²¥ µ´µ ¸¢µ¤¨É¸Ö ± ¨§¢¥¸É´µ³Ê ¢Ò· ¦¥´¨Õ [51]:

β0|nr =
l(l − 1)R2l−1 + (l + 1)(l + 2)R2l+1 − 6l(l+ 1)|Rl−1R

∗
l+1|

(2l+ 1){lR2l−1 + (l + 1)R2l+1}
, (2.6)

£¤¥ Rl±1 Å · ¤¨ ²Ó´ Ö ±µ³¶µ´¥´É  ¤¨¶µ²Ó´µ£µ ³ É·¨Î´µ£µ Ô²¥³¥´É  l ± 1
± ´ ² , l Å µ·¡¨É ²Ó´µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ ¨´¦¥±É¨·Ê¥³µ£µ Ô²¥±É·µ´  ¤µ Ëµ-
Éµ¨µ´¨§ Í¨¨. �¢Éµ·Ò · ¡µÉÒ [52] ¶µ± § ²¨, ÎÉµ ¢¥²¨Î¨´  β0 ¡Ê¤¥É µÉ²¨Î ÉÓ¸Ö
µÉ ¢¥²¨Î¨´Ò, ¶·¥¤¸± §Ò¢ ¥³µ° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¢µ²´µ¢ÒÌ
ËÊ´±Í¨° (β0|nr), Éµ²Ó±µ ±µ£¤  ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¨ µÉ´µ¸¨É¥²Ó´Ò¥ ¸¤¢¨£¨
Ë § ¨§³¥´ÖÕÉ¸Ö ¶·¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì · ¸Î¥É Ì. ‚ ´ ¨¡µ²ÓÏ¥° ¸É¥¶¥´¨ ÔÉµÉ
ÔËË¥±É ¶·µÖ¢²ÖeÉ¸Ö ¶·¨ ËµÉµ¨µ´¨§ Í¨¨ s-±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ´¨° (j = 1/2
¢ ¢Ò· ¦¥´¨¨ (2.5)) ¨ ¶·¨¢µ¤¨É ± ¸¨²Ó´µ³Ê ¨§³¥´¥´¨Õ β0 ¢ µ¶·¥¤¥²¥´´µ³
¤¨ ¶ §µ´¥ Ô´¥·£¨° ËµÉµ´µ¢ (µ¡² ¸ÉÓ ®cooper¯-³¨´¨³Ê³ ). ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥
¢Ò· ¦¥´¨¥ ¤²Ö ¶ · ³¥É·  Ê£²µ¢µ°  ¸¨³³¥É·¨¨ ¨³¥¥É ¢¨¤

β0|s =
2R2p̂ + 4|Rp̂R

∗
p̄|

R2p̄ + 2R2p̂
=

2R2p̂ + 4Rp̂Rp̄ cos(ηp̂ − ηp̄)
R2p̄ + 2R2p̂

, (2.7)
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£¤¥ ¨¸¶µ²Ó§µ¢ ´Ò µ¡µ§´ Î¥´¨Ö p̄ ¤²Ö p1/2- ¨ p̂ ¤²Ö p3/2-¸µ¸ÉµÖ´¨° Ô²¥±É·µ´  ¢
´¥¶·¥·Ò¢´µ³ ¸¶¥±É·¥. �·¨ · ¢´ÒÌ · ¤¨ ²Ó´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´É Ì ¨ ¨¤¥´-
É¨Î´ÒÌ Ë §µ¢ÒÌ ¸¤¢¨£ Ì ¤²Ö ¤¢ÊÌ µ·¡¨É ²¥° ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É·  ¶µ²ÊÎ ¥³
´¥ § ¢¨¸ÖÐÊÕ µÉ Ô´¥·£¨¨ ËµÉµ´  ´¥·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¢¥²¨Î¨´Ê β0|nr,s = 2.
„ ´´Ò¥ Ê¸²µ¢¨Ö ³µ£ÊÉ ¡ÒÉÓ ¢Ò¶µ²´¥´Ò, ´ ¶·¨³¥·, ¶·¨ µ¤´µËµÉµ´´µ° µ¡-
¤¨·±¥ s-±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ´¨° µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ´¥±µÉµ·ÒÌ Ð¥²µÎ´ÒÌ
³¥É ²²µ¢ (Li−, Na−, K−), µ¸É ¢²ÖÕÐ¥°  Éµ³´Ò° µ¸Éµ¢ ¢ µ¸´µ¢´µ³ ¸µ¸Éµ-
Ö´¨¨ [51,56]. �·¨ µ±µ²µ¶µ·µ£µ¢µ° ËµÉµµ¡¤¨·±¥ É¥Ì ¦¥ ¨µ´µ¢ ¸ ¶¥·¥¢µ¤µ³
 Éµ³´µ£µ µ¸Éµ¢  ¢ ¶¥·¢µ¥ ¢µ§¡Ê¦¤¥´´µ¥ ¸µ¸ÉµÖ´¨¥ ¶ · ³¥É· Ê£²µ¢µ°  ¸¨³³¥-
É·¨¨ β0 ≈ 0 [57], ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¨§µÉ·µ¶´µ³Ê ¢Ò²¥ÉÊ Ô²¥±É·µ´  ¢ ¸¨¸É¥³¥
Í¥´É·  ³ ¸¸ (¸³. (2.2) ¨ (2.3)). �´ ²µ£¨Î´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¶·¥¤-
¸± §Ò¢ ÕÉ¸Ö É ±¦¥ ¶·¨ µ±µ²µ¶µ·µ£µ¢µ° ËµÉµµ¡¤¨·±¥ np-¶µ¤µ¡µ²µÎ¥± ¨µ´µ¢
C−, Si− ¨ Ge− [58], ³¥É ¸É ¡¨²Ó´µ£µ He−(4P0) [59], ¨µ´  O− [60] ¨ ¤·.
� ¨³¥´ÓÏ¥¥ §´ Î¥´¨¥ ¶ · ³¥É·  β0 = −1 Ì · ±É¥·¨§Ê¥É, ¢ Î ¸É´µ¸É¨, ËµÉµ-
µ¡¤¨·±Ê ¢ µ¡² ¸É¨ Ëµ·³-·¥§µ´ ´¸µ¢ µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ C−(2s), Si−(3s) ¨
Ge−(4s) [58],   É ±¦¥ ËµÉµµ¡¤¨·±Ê ³¥É ¸É ¡¨²Ó´µ£µ He−(4P0) ¶·¨ ´¥±µÉµ-
·µ° µÉ¸É·µ°±¥ µÉ ¶µ·µ£ , ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¶¥·¥Ìµ¤Ê ´¥°É· ²Ó´µ£µ µ¸Éµ¢  ¢
He(3S)-¸µ¸ÉµÖ´¨¥ [59].

‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Õ β0 = 2 ¸µ¡¸É¢¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ-
´µ¢ ¢ ¶·µ¸É· ´¸É¢¥ ¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ (Px, Py, Pz) ¨ ±¨´¥É¨Î¥¸±µ° Ô´¥·-
£¨¨ (Ee) ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É , ¤²Ö · §²¨Î´µ° µ·¨¥´É Í¨¨ ¶²µ¸±µ-
¸É¨ ¶µ²Ö·¨§ Í¨¨ ¨ ¨³¶Ê²Ó¸  ËµÉµ´µ¢, ¤¥É ²Ó´µ · ¸¸³µÉ·¥´Ò ¢ · ¡µÉ Ì [61,62]
´  ¶·¨³¥·¥ ¨µ´µ¢ H− (εt= 0,754 Ô‚). ‚ µ¸´µ¢Ê Î¨¸²¥´´µ£µ ³µ¤¥²¨·µ¢ ´¨Ö
· ¸¶·¥¤¥²¥´¨° ¶µ²µ¦¥´µ ¢Ò· ¦¥´¨¥ (2.2) ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö
¢Ò²¥É  Ô²¥±É·µ´  ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´  ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥
¶·¥µ¡· §µ¢ ´¨Ö ¶·¨ ¶¥·¥Ìµ¤¥ ¢ ² ¡µ· Éµ·´ÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É :

Px = P0(cos θke sinα− sin θke cosϕ cosα);

Py = P0[sin θke sinϕ sin η − (sin θke cosϕ sinα+ cos θke cosα) cos η];

Pz = meγβC+γP0[(sin θke cosϕ sinα+cos θke cosα) sin η−sin θke sinϕ cos η];

Ee = me(γ − 1)C2 + γβCP0[(sin θke cosϕ sinα+

+ cos θke cosα) sin η − sin θke sinϕ cos η], (2.8)

£¤¥ Pz Å ±µ³¶µ´¥´É  ¨³¶Ê²Ó¸  Ô²¥±É·µ´  ¢ ´ ¶· ¢²¥´¨¨ ¤¢¨¦¥´¨Ö ¨µ´ ; Px
´ ¶· ¢²¥´  ¶¥·¶¥´¤¨±Ê²Ö·´µ,   Py ²¥¦¨É ¢ ¶²µ¸±µ¸É¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ËµÉµ´ 
¨ ¨µ´ ; P0 =

√
2µe0(�ω − εt), µe0 ≈ me Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  Ô²¥±É·µ´  ¨

 Éµ³´µ£µ µ¸Éµ¢ , ϕ Å  §¨³ÊÉ ²Ó´Ò° Ê£µ² ¢Ò²¥É  Ô²¥±É·µ´  µÉ´µ¸¨É¥²Ó´µ
¢¥±Éµ·  ¶µ²Ö·¨§ Í¨¨ ËµÉµ´  (0 ≤ ϕ ≤ 2π); α Å Ê£µ² ³¥¦¤Ê ¶²µ¸±µ¸ÉÓÕ
¶µ²Ö·¨§ Í¨¨ ËµÉµ´  ¨ ¶²µ¸±µ¸ÉÓÕ ¥£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ¨µ´µ³. �µ Ê£²Ê ϕ,
  É ±¦¥ ¶µ Ê£²Ê α ¤²Ö ´¥¶µ²Ö·¨§µ¢ ´´ÒÌ ËµÉµ´µ¢ ¶µ² £ ²¨¸Ó ¸²ÊÎ °´Ò¥
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¨¸. 1. ’·¥Ì³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´µ·³¨·µ¢ ´´µ£µ ¸µ¡¸É¢¥´´µ£µ f (1)(Px, Py)-· ¸-
¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨ ¥£µ Éµ¶µ£· ³³  ¶·¨ µ¤´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ H− ¸
α = 0, η = π/2. †¨·´µ° ±·¨¢µ° ´  Éµ¶µ£· ³³¥ ¢Ò¤¥²¥´ Ê·µ¢¥´Ó 0,5 µÉ  ³¶²¨ÉÊ¤Ò
· ¸¶·¥¤¥²¥´¨Ö

· ¢´µ³¥·´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢ ¶·¥¤¥² Ì [0, 2π] ¨ [0, π] ¸µµÉ¢¥É¸É¢¥´´µ. Šµ-
²¨Î¥¸É¢µ ÖÎ¥¥± ¤¨¸±·¥É´ÒÌ · §¡¨¥´¨° ¸µ¸É ¢²Ö²µ 20 × 20 ¤²Ö ¶·µ¸É· ´¸É¢ 
¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ ¨ 20 ¶µ Ô´¥·£¨¨. �·¨ ÔÉµ³ µ¡Ð¥¥ ±µ²¨Î¥¸É¢µ ¶·µ-
 ´ ²¨§¨·µ¢ ´´ÒÌ Ô²¥±É·µ´µ¢ (µ¡ÒÎ´µ ∼ 5 · 105) ¢Ò¡¨· ²µ¸Ó É ±¨³, ÎÉµ¡Ò
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¨¸. 2. ’µ ¦¥, ÎÉµ ´  ·¨¸. 1, ¤²Ö α = 0, η = π/4

¸É É¨¸É¨Î¥¸±¨° · §¡·µ¸ Î¨¸²  ¸µ¡ÒÉ¨° ¢ ± ¦¤µ° ÖÎ¥°±¥ Ê·µ¢´Ö 0,1 µÉ ³ ±¸¨-
³Ê³  · ¸¶·¥¤¥²¥´¨Ö ´¥ ¶·¥¢ÒÏ ² 5Ä10%. �¥±µÉµ·Ò¥ ¨§ ¶µ²ÊÎ¥´´ÒÌ É ±¨³
µ¡· §µ³ ¢ · ¡µÉ Ì [61,62] É·¥Ì³¥·´Òx ¶·¥¤¸É ¢²¥´¨° ´µ·³¨·µ¢ ´´ÒÌ ¶µ  ³-
¶²¨ÉÊ¤¥ ¸µ¡¸É¢¥´´ÒÌ f (1)(Px, Py)-· ¸¶·¥¤¥²¥´¨° ¨ ¨Ì Éµ¶µ£· ³³,   É ±¦¥
f(XS)-· ¸¶·¥¤¥²¥´¨Ö, £¤¥ XS = [Ee − me(γ − 1)C2]/(0, 1γβP0C), ¶·¨¢¥-



1252 �’EŒ�‚ �.‘.

¨¸. 3. ’µ ¦¥, ÎÉµ ´  ·¨¸. 1, ¤²Ö α = π/4 (3π/4), η = π/2

¤¥´Ò ´  ·¨¸. 1Ä7. �·¥¤¸É ¢²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¸µ¡¸É¢¥´´Ò¥
· ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¶·¨ µ¤´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ H− ¸ÊÐ¥¸É¢¥´-
´Ò³ µ¡· §µ³ § ¢¨¸ÖÉ µÉ ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ¨ Ê£²  ¶¥·¥¸¥Î¥´¨Ö ¢§ ¨³µ¤¥°-
¸É¢ÊÕÐ¨Ì ¶ÊÎ±µ¢. „²Ö f(XS)-· ¸¶·¥¤¥²¥´¨° Ì · ±É¥·´  ¸¨³³¥É·¨Ö µÉ´µ¸¨-
É¥²Ó´µ ¸·¥¤´¥£µ §´ Î¥´¨Ö Ô´¥·£¨¨ Ô²¥±É·µ´  Ēe = me(γ − 1)C2 ¸ £· ´¨Í ³¨
me(γ − 1)C2 ± γβP0C (¸³. ·¨¸. 7). �·¨ ÔÉµ³ ´ ¨¡µ²¥¥ Ê§±¨¥ · ¸¶·¥¤¥²¥´¨Ö
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¨¸. 4. ’µ ¦¥, ÎÉµ ´  ·¨¸. 1, ¤²Ö α = π/4, η = π/4

¶µ Ô´¥·£¨¨ ¶µ²ÊÎ ÕÉ¸Ö ´¥§ ¢¨¸¨³µ µÉ η ¤²Ö α = π/2. „²Ö f (1)(Px, Py)-
· ¸¶·¥¤¥²¥´¨°, §  ¨¸±²ÕÎ¥´¨¥³ α = 0 ¨ η = π/2, Ì · ±É¥·´µ µÉ¸ÊÉ¸É¢¨¥  ±-
¸¨ ²Ó´µ° ¸¨³³¥É·¨¨ µÉ´µ¸¨É¥²Ó´µ ´ ¶· ¢²¥´¨Ö ¨³¶Ê²Ó¸  ¨µ´ . �±¸¨ ²Ó´µ-
¸¨³³¥É·¨Î´Ò° ¸²ÊÎ ° (¸³. ·¨¸. 1) ¸µµÉ¢¥É¸É¢Ê¥É ´ ¨¡µ²¥¥ Ê§±µ³Ê Ê£²µ¢µ³Ê
· ¸¶·¥¤¥²¥´¨Õ Ô²¥±É·µ´µ¢ ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É . ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉµ
¶·¨ ËµÉµµ¡¤¨·±¥ ¶·µ¨¸Ìµ¤¨É ¤¢ÊÌÎ ¸É¨Î´Ò° · §¢ ² ¨µ´  H−, f (1)(Px, Py)-
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¨¸. 5. ’µ ¦¥, ÎÉµ ´  ·¨¸. 1, ¤²Ö η = π/4, ´¥¶µ²Ö·¨§µ¢ ´´µ¥ ¨§²ÊÎ¥´¨¥

· ¸¶·¥¤¥²¥´¨Ö ¶·µ¤Ê±Éµ¢ · §¢ ²  (Ô²¥±É·µ´,  Éµ³ ¢µ¤µ·µ¤ ) ¨³¥ÕÉ µ¤¨´ ±µ-
¢Ò° ¢¨¤. �·¥¤¸± § ´´Ò¥ ¶µ²Ö·¨§ Í¨µ´´Ò¥ ÔËË¥±ÉÒ ¤²Ö η = π/2 ¨ α = 0, π/2
¶µ²ÊÎ¨²¨ ± Î¥¸É¢¥´´µ¥ ¶µ¤É¢¥·¦¤¥´¨¥ ¶·¨ ·¥£¨¸É· Í¨¨ Ê£²µ¢ÒÌ · ¸¶·¥¤¥²¥-
´¨°  Éµ³µ¢ ¢µ¤µ·µ¤  ¢ Ô±¸¶¥·¨³¥´É¥ ¶µ ËµÉµo¡¤¨·±¥ ²¥´ÉµÎ´µ£µ ¶ÊÎ±  ¨µ´µ¢
H− [63].
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¨¸. 6. ’µ ¦¥, ÎÉµ ´  ·¨¸. 1, ¤²Ö α = π/2 ¨ ¶·µ¨§¢µ²Ó´µ£µ η

Œµ¤¥²¨·µ¢ ´¨¥ ËµÉµ¨µ´¨§ Í¨¨ ¸ β0 = 0 ¶·¨¢µ¤¨É ± ¶·¥¤¸É ¢²¥´´Ò³ ´ 
·¨¸. 8, 9 f (1)(Px, Py)- ¨ f(XS)-· ¸¶·¥¤¥²¥´¨Ö³. �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ Ìµ-
·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸  ´ ²¨É¨Î¥¸±¨³ · ¸¸³µÉ·¥´¨¥³ ±¨´¥³ É¨±¨ ¸¶µ´É ´´µ£µ
· ¸¶ ¤  Î ¸É¨ÍÒ ´  ¤¢¥ ¸µ¸É ¢²ÖÕÐ¨¥ Î ¸É¨ (¸³., ´ ¶·¨³¥·, [64]).

—¨¸²¥´´µ¥ ¨§ÊÎ¥´¨¥ ¸µ¡¸É¢¥´´ÒÌ · ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ´µ¢, ·µ¦¤ Õ-
Ð¨Ì¸Ö ¢ ·¥§Ê²ÓÉ É¥ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´µ¢ ¸ ¶ · ³¥É·µ³ Ê£²µ¢µ°  ¸¨³-
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¨¸. 7. �µ·³¨·µ¢ ´´µ¥ ¸µ¡¸É¢¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·µ´µ¢ ¶µ Ô´¥·£¨¨ ¶·¨ µ¤-
´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ H− ¸ η = π/4, 3π/4 ( ) ¨ η = π/2 (¡) ¤²Ö · §²¨Î´µ°
¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö: α = π/4 (•), α = 0 (+), ´¥¶µ²Ö·¨§µ¢ ´´Ò¥ ËµÉµ´Ò (),
α = π/2, ¶·µ¨§¢µ²Ó´µ¥ η (∗), α = π/4, η = 3π/4 (/)

³¥É·¨¨ β0 = −1, ¶·µ¢¥¤¥´µ ¢ · ¡µÉ¥ [65]. „²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ
¨§²ÊÎ¥´¨Ö ¢ ÔÉµ³ ¸²ÊÎ ¥ dσ/dΩ|l ∝ sin2 θke. �¥±µÉµ·Ò¥ ¨§ ¶µ²ÊÎ¥´´ÒÌ ·¥-
§Ê²ÓÉ Éµ¢ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 10Ä12. �´¨ Ê± §Ò¢ ÕÉ ´  ¸² ¡ÊÕ § ¢¨¸¨³µ¸ÉÓ
f (1)(Px, Py)-· ¸¶·¥¤¥²¥´¨° µÉ §´ Î¥´¨° Ê£²µ¢ α ¨ η,   ¶µ¤¡µ·µ³ ÔÉ¨Ì ¶ · ³¥-
É·µ¢ ´¥ Ê¤ ¥É¸Ö ¶µ²ÊÎ¨ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¸ Ö·±µ ¢Ò· ¦¥´´Ò³¨ ³ ±¸¨³Ê³ ³¨
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¨¸. 8. ’·¥Ì³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´µ·³¨·µ¢ ´´µ£µ ¸µ¡¸É¢¥´´µ£µ f (1)(Px, Py)-· ¸-
¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨ ¥£µ Éµ¶µ£· ³³  ¶·¨ µ¤´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ ¸ β0 = 0.
†¨·´µ° ±·¨¢µ° ´  Éµ¶µ£· ³³¥ ¢Ò¤¥²¥´ Ê·µ¢¥´Ó 0,5 µÉ  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö

¨ ³ ²Ò³¨ Ï¨·¨´ ³¨ ¨Ì ¶·µ¥±Í¨° ´  Px/P0 - ¨²¨ Py/P0 -±µµ·¤¨´ ÉÒ. �´ -
²µ£¨Î´Ò° ¢Ò¢µ¤ ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´ ¨ ¤²Ö f(XS)-· ¸¶·¥¤¥²¥´¨°.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ (2.6) ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¢Ò²¥É  Ô²¥±É·µ´  ¶·¨
§´ Î¥´¨ÖÌ l ≥ 1 µ¶·¥¤¥²Ö¥É¸Ö (l±1)-¢µ²´ ³¨ ¸ Ë § ³¨ ηl±1. ‚¥²¨Î¨´  ¢±² ¤ 
¶¥·¥Ìµ¤µ¢ l → l ± 1 · §²¨Î´  ¨ ¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ (l → l + 1)-¶ ·Í¨ ²Ó´µ¥
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¨¸. 9. �µ·³¨·µ¢ ´´µ¥ ¸µ¡¸É¢¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·µ´µ¢ ¶µ Ô´¥·£¨¨ ¶·¨ µ¤´µ-
ËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ ¸ β0 = 0

¸¥Î¥´¨¥ Ö¢²Ö¥É¸Ö µ¸´µ¢´Ò³. �·¨ ÔÉµ³ (¸³., ´ ¶·¨³¥·, [54]) §´ Î¥´¨¥ β0|nr
¡²¨§±µ ± ¢¥²¨Î¨´¥ (l+2)/(2l+1). „µ³¨´¨·µ¢ ´¨¥ ¢±² ¤  (l → l−1)-¶¥·¥Ìµ¤ 
¶·¨¢µ¤¨É ± §´ Î¥´¨Õ β0|nr(ω) ≈ (l−1)/(2l+1). ‚ ¶·µ³¥¦ÊÉµÎ´ÒÌ ¸¨ÉÊ Í¨ÖÌ,
± ± µÉ³¥Î ¥É¸Ö ¢ · ¡µÉ¥ [54], ´ ²¨Î¨¥ ¶¥·¥±·¥¸É´µ£µ Î²¥´  ¢ (2.6) ¨ ¢µ§³µ¦-
´µ¸ÉÓ ¨§³¥´¥´¨Ö · §´µ¸É¨ Ë § ηl+1 − ηl−1 ¢ Ï¨·µ±¨Ì ¶·¥¤¥² Ì µ¶·¥¤¥²ÖÕÉ
¨´É¥·Ë¥·¥´Í¨µ´´ÊÕ ± ·É¨´Ê ¶µ ω ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ³ ¸¥Î¥´¨¨ dσ/dΩ ¶·¨
·¥£¨¸É· Í¨¨ ËµÉµÔ²¥±É·µ´  ¶µ¤ µ¶·¥¤¥²¥´´Ò³ Ê£²µ³ θke (θk). ‚ ÔÉµ³ ¸²ÊÎ ¥,
± ± ¢¨¤´µ ¨§ ¶·¨¢¥¤¥´´ÒÌ ´  ·¨¸. 1Ä12 ·¥§Ê²ÓÉ Éµ¢, § ³¥É´Ò¥ µ¸Í¨²²ÖÍ¨¨ ¢
ËÊ´±Í¨µ´ ²Ó´µ° § ¢¨¸¨³µ¸É¨ β0(ω) ¶·¨¢¥¤ÊÉ ± ¶¥·¨µ¤¨Î¥¸±µ³Ê ¨§³¥´¥´¨Õ
´µ·³¨·µ¢ ´´ÒÌ ¸µ¡¸É¢¥´´ÒÌ f (1)(Px, Py)- ¨ f(XS)-· ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ-
´µ¢ ¶·¨ ¨§³¥´¥´¨¨ Ô´¥·£¨¨ ËµÉµ´µ¢.

�·µ¢¥¤¥´´Ò° ¢ÒÏ¥  ´ ²¨§ ¨ ¶·¥¤¸É ¢²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ± §Ò¢ ÕÉ, ÎÉµ
¢ Ô²¥±É·¨Î¥¸±µ³ ¤¨¶µ²Ó´µ³ ¶·¨¡²¨¦¥´¨¨ ¸É¥¶¥´Ó ¢²¨Ö´¨Ö ¶·µ¸É· ´¸É¢¥´´µ°
µ·¨¥´É Í¨¨ ¨³¶Ê²Ó¸  ¨ ¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö ³¨Ï¥´¨ ´  µ¤´µËµÉµ´´ÊÕ µ¡-
¤¨·±Ê ¨µ´µ¢ ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É  ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ § ¢¨¸¨É
µÉ ¢¥²¨Î¨´Ò ¶ · ³¥É·  Ê£²µ¢µ°  ¸¨³³¥É·¨¨ β0. �·¨Î¥³, ¢ § ¢¨¸¨³µ¸É¨ µÉ
Ô´¥·£¨¨ ËµÉµ´µ¢ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸, ± ¢§ ¨³µ¤¥°¸É¢¨Õ ¶µ¤±²ÕÎ ÕÉ¸Ö
· §²¨Î´Ò¥ ±¢ ´Éµ¢Ò¥ ¸µ¸ÉµÖ´¨Ö Î ¸É¨ÍÒ, ¨ ¶ · ³¥É· β0 ³µ¦¥É ³¥´ÖÉÓ¸Ö ¢
Ï¨·µ±¨Ì ¶·¥¤¥² Ì. ’ ±¨³ µ¡· §µ³, ¢ · ¸¸³ É·¨¢ ¥³µ³ ³¥Éµ¤¥ ¤¨ £´µ¸É¨±¨,
µ¸´µ¢ ´´µ³ ´  µ±µ²µ¶µ·µ£µ¢µ° µ¤´µËµÉµ´´µ° µ¡¤¨·±¥ µÉ·¨Í É¥²Ó´ÒÌ ¨µ-
´µ¢, ¶·¥¤¥²Ó´ Ö ÉµÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö ¨´Ëµ·³ Í¨¨ µ ¶ÊÎ±¥ Ô²¥±É·µ´ ³¨
¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ § ¢¨¸¨É µÉ Ì · ±É¥·¨¸É¨± ¸² ¡µ¸¢Ö§ ´´µ£µ ±¢ ´Éµ¢µ£µ
¸µ¸ÉµÖ´¨Ö ¨ ¸É·Ê±ÉÊ·Ò ¨µ´ , ±µÉµ·Ò¥ ¶·µÖ¢²ÖÕÉ¸Ö Î¥·¥§ ¢¥²¨Î¨´Ê ¶ · ³¥É· 
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¨¸. 10. ’·¥Ì³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´µ·³¨·µ¢ ´´µ£µ ¸µ¡¸É¢¥´´µ£µ f (1)(Px, Py)-· ¸-
¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨ ¥£µ Éµ¶µ£· ³³  ¶·¨ µ¤´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ ¸ β0 =
−1 ¨ α = π/4, η = π/4. †¨·´µ° ±·¨¢µ° ´  Éµ¶µ£· ³³¥ ¢Ò¤¥²¥´ Ê·µ¢¥´Ó 0,5 µÉ
 ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö
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¨¸. 11. ’µ ¦¥, ÎÉµ ´  ·¨¸. 10, ¤²Ö α = π/2, ¶·µ¨§¢µ²Ó´µ¥ η
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¨¸. 12. �µ·³¨·µ¢ ´´µ¥ ¸µ¡¸É¢¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·µ´µ¢ ¶µ Ô´¥·£¨¨ ¶·¨ µ¤-
´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ ¸ β0 = −1 ¤²Ö η = π/4, 3π/4 (a) ¨ η = π/2 (¡) ¶·¨
· §²¨Î´µ° ¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö: α = π/4 (•), α = 0 (+), ´¥¶µ²Ö·¨§µ¢ ´´Ò¥
ËµÉµ´Ò (�), α = π/2 (∗), α = π/4 η = 3π/4 (/)

Ê£²µ¢µ°  ¸¨³³¥É·¨¨ β0 (−1 ≤ β0 ≤ 2). �·¨ ÔÉµ³ ³ ±¸¨³ ²Ó´ Ö ÎÊ¢¸É¢¨-
É¥²Ó´µ¸ÉÓ ÔÉµ° ÉµÎ´µ¸É¨ ± ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ¨ Ê£²Ê ¨Ì ¶¥·¥¸¥Î¥´¨Ö ¸
¶ÊÎ±µ³ ¨µ´µ¢ ¢ ¶·¥¤¥² Ì ±¨´¥³ É¨Î¥¸±¨ µ¶·¥¤¥²Ö¥³ÒÌ £· ´¨Í, ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨ÌWe = Wθ = 1, ¶·µÖ¢²Ö¥É¸Ö ¤²Ö Ô²¥±É·µ´µ¢, ·µ¦¤ ÕÐ¨Ì¸Ö ¸ ¶ · ³¥É· ³¨
Ê£²µ¢µ°  ¸¨³³¥É·¨¨ β0 = 2 (´ ¶·¨³¥·, µ¤´µËµÉµ´´ Ö µ¡¤¨·±  µÉ·¨Í É¥²Ó´ÒÌ
¨µ´µ¢ H−, Ag−, Cu−, Au−). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ¤¡µ·µ³ ´ ¶· ¢²¥´¨Ö ¶²µ¸±µ¸É¨
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¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ¢ ¶·µ¸É· ´¸É¢¥ ³µ£ÊÉ ¡ÒÉÓ ·¥ ²¨§µ¢ ´Ò ³¨´¨³ ²Ó´Ò¥
Ï¨·¨´Ò ´  ¶µ²Ê¢Ò¸µÉ¥ · ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ´µ¢ ¶µ ¶·µ¥±Í¨¨ Ê£²  ¨ Ô´¥·-
£¨¨. � ¶·¨³¥·, ´ ¨¡µ²¥¥ Ê§±¨¥ · ¸¶·¥¤¥²¥´¨Ö ¢¤µ²Ó µ¸¨ X ′ (X ′ = Px/Pz)
¨³¥ÕÉ ³¥¸Éµ, ±µ£¤  ¨§²ÊÎ¥´¨¥ ËµÉµ´´µ° ³¨Ï¥´¨ ¶µ²Ö·¨§µ¢ ´µ ¢ ¶²µ¸±µ¸É¨
Y Z ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É ¸ µ¸ÓÕ Z, ´ ¶· ¢²¥´´µ° ¶µ ¶ÊÎ±Ê ¨µ´µ¢ (¸³. ·¨¸. 1,
2). Œ ±¸¨³Ê³Ò ÔÉ¨Ì · ¸¶·¥¤¥²¥´¨° · ¸¶µ²µ¦¥´Ò ¢¤µ²Ó µ¸¨ Y ′ (Y ′ = Py/Pz)
´  · ¸¸ÉµÖ´¨¨, § ¢¨¸ÖÐ¥³ µÉ Ê£²  η, ¨ ¸²¨¢ ÕÉ¸Ö ¢ µ¤¨´ ¶·¨ η = π/2.

„²Ö ËµÉµ´´µ° ³¨Ï¥´¨ ¸ Ê± § ´´µ° ¶µ²Ö·¨§ Í¨¥° ÉµÎ´µ¸ÉÓ ∆X ′ ¢µ¸-
¶·µ¨§¢¥¤¥´¨Ö Ô²¥±É·µ´ ³¨ ¨´Ëµ·³ Í¨¨ µ · ¸¶·¥¤¥²¥´¨¨ ¨µ´µ¢ ¢ ¶ÊÎ±¥ ¶µ
µ¸¨ X ′ µ¶·¥¤¥²Ö¥É¸Ö Ï¨·¨´µ° ´  ¶µ²Ê¢Ò¸µÉ¥ · ¸¶·¥¤¥²¥´¨° ϕ(1)(Px) =
=
∫
f (1)(Px, Py)dPx, ´¥ § ¢¨¸¨É µÉ η ¨ ¸µoÉ¢¥É¸É¢ÊeÉ Wθ ≈ 1/8. �·¨ ÔÉµ³

¶µ² £ ¥É¸Ö, ÎÉµ ¨§³¥·¨É¥²Ó´µ¥ Ê¸É·µ°¸É¢µ µ¸ÊÐ¥¸É¢²Ö¥É ¨´É¥£·¨·µ¢ ´¨¥ · ¸-
¶·¥¤¥²¥´¨° ¢¤µ²Ó µ¸¨ Py ¡¥§ ¢µ§³ÊÐ¥´¨Ö ¨´Ëµ·³ Í¨¨ ¢ Ë §µ¢µ° ¶²µ¸±µ¸É¨
X ′X .

Œ ±¸¨³ ²Ó´ Ö ÉµÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö Ô²¥±É·µ´ ³¨ ¤ ´´µ£µ É¨¶  (β0 =
2) ¨´Ëµ·³ Í¨¨ µ ¶·µ¤µ²Ó´µ³ Ô³¨ÉÉ ´¸¥ ¶ÊÎ±  ¨ ¸¶¥±É·¥ ¨µ´µ¢ ¶µ Ô´¥·£¨¨
¤µ¸É¨£ ¥É¸Ö, ¥¸²¨ ¶²µ¸±µ¸É¨ ¶µ²Ö·¨§ Í¨¨ ËµÉµ´´µ° ³¨Ï¥´¨ ¨ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ¨µ´µ¢ ¸ ËµÉµ´ ³¨ ¢§ ¨³´µ ¶¥·¶¥´¤¨±Ê²Ö·´Ò (·¨¸. 7). ‚ ¤ ´´µ³ ¸²ÊÎ ¥
ÉµÎ´µ¸ÉÓ ¸µµÉ¢¥É¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ (¢ ³ ¸ÏÉ ¡¥ Ei ·me/Mi) ¨ Ô²¥±-
É·µ´µ¢ ¶µ Ô´¥·£¨¨ µ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´µ° We ≈ 1/5. �µÉµ± Ô²¥±É·µ´µ¢
 ¤¥±¢ É´µ µÉ· ¦ ¥É · ¸¶·¥¤¥²¥´¨Ö ¨µ´µ¢ ¢ ¶²µ¸±µ¸É¨ X ′X ¨ ¶µ Ô´¥·£¨¨ ¶·¨
¢Ò¶µ²´¥´¨¨ Ê¸²µ¢¨° (1.2), ∆X ′ � ∆θi ¨ 0, 6

√
(�ω − εt)/meC2 � γ2∆β ¤²Ö

µ¶É¨³ ²Ó´µ ¶µ²Ö·¨§µ¢ ´´µ° ³¨Ï¥´¨. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ Ëµ·³¨·µ¢ -
´¨¨ ³¨Ï¥´¨ ¸ µ¶É¨³ ²Ó´µ° ¶µ²Ö·¨§ Í¨¥° ËµÉµ´µ¢ É ± Ö ¦¥ ÉµÎ´µ¸ÉÓ ¨§³¥-
·¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ ¶µ X ′ ¨ ¶µ Ô´¥·£¨¨, ± ± ¨ ¶·¨ ´¥¶µ²Ö·¨§µ¢ ´´µ°
³¨Ï¥´¨ (We ≈ 1, Wθ ≈ 1), ³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉ  ¶·¨ Ê¤ ²¥´¨¨ µÉ ¶µ·µ£ 
¨ Ê¢¥²¨Î¥´¨¨ §´ Î¥´¨Ö

√
�ω − εt ¢ 8 ¨ 5 · § ¸µµÉ¢¥É¸É¢¥´´µ. „²Ö ¨µ´µ¢ H−,

¢ Î ¸É´µ¸É¨, ÔÉµ ¶·¨¢µ¤¨É ± Ê³¥´ÓÏ¥´¨Õ ´¥µ¡Ìµ¤¨³µ° ¶²µÉ´µ¸É¨ ³µÐ´µ¸É¨
¨§²ÊÎ¥´¨Ö ¢ ∼ 500 ¨²¨ ∼ 100 · § (q = 3/2 ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¸¥Î¥´¨Ö µ±µ²µ¶µ-
·µ£µ¢µ° ËµÉµµ¡¤¨·±¨, ¸³. · §¤. 1) ¢ § ¢¨¸¨³µ¸É¨ µÉ ¨§³¥·Ö¥³µ£µ ¶ · ³¥É· 
¶ÊÎ± . ‘ Ê³¥´ÓÏ¥´¨¥³ β0 µÉ · ¸¸³µÉ·¥´´µ£µ ¢ÒÏ¥ ³ ±¸¨³ ²Ó´µ£µ §´ Î¥´¨Ö
ÉµÎ´µ¸ÉÓ ¢µ¸¶·µ¨§¢¥¤¥´¨Ö · ¸¶·¥¤¥²¥´¨° ÊÌÊ¤Ï ¥É¸Ö ¤µ §´ Î¥´¨° We ≈ 1 ¨
Wθ ≈ 1, µÉ¢¥Î ÕÐ¨Ì µ±µ²µ¶µ·µ£µ¢µ° ËµÉµµ¡¤¨·±¥ ¨µ´µ¢ ¸ |β0| � 1 (´ ¶·¨-
³¥·, O− [60], F−, Cl−, Br−, I− [66] ¨ ¤·.). �·¨ ¤ ²Ó´¥°Ï¥³ Ê³¥´ÓÏ¥´¨¨
ÔÉµ£µ ¶ · ³¥É·  ´¥§´ Î¨É¥²Ó´µ¥ Ê²ÊÎÏ¥´¨¥ ÉµÎ´µ¸É¨ (≈ 1, 4 · §  ¶µ ¶·µ¥±-
Í¨¨ Ê£²  ¨ ≈ 1, 2 · §  ¶µ Ô´¥·£¨¨ µÉ´µ¸¨É¥²Ó´µ ¢¥²¨Î¨´ Wθ = We = 1)
³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉµ, ¥¸²¨ µ±µ²µ¶µ·µ£µ¢ Ö ËµÉµµ¡¤¨·±  ¨µ´µ¢ ¶·µ¨¸Ìµ¤¨É
¶µ ± ´ ²Ê ·µ¦¤¥´¨Ö Ô²¥±É·µ´µ¢ ¸µ §´ Î¥´¨¥³ β0, ¡²¨§±¨³ ± −1. ‚ ÔÉµ° ¸¢Ö§¨
¸²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ, ±µ£¤  ¶ · ³¥É· Ê£²µ¢µ°  ¸¨³³¥-
É·¨¨ §´ Î¨É¥²Ó´µ ³¥´Ö¥É¸Ö ¸ ¨§³¥´¥´¨¥³ Î ¸ÉµÉÒ ËµÉµ´µ¢, ¤²Ö Ê²ÊÎÏ¥´¨Ö
ÉµÎ´µ¸É¨ ¨§³¥·¥´¨° ¢Ò£µ¤´¥¥ µÉ¸É·µ¨ÉÓ¸Ö µÉ ¶µ·µ£ , £¤¥ β0 ≈ 0, ¨ ¶µ¶ ¸ÉÓ
¢ µ¡² ¸ÉÓ ´ ¨¡µ²¥¥ ¡² £µ¶·¨ÖÉ´µ° ËµÉµµ¡¤¨·±¨ ¸ β0 ≈ 2. ‚ Î ¸É´µ¸É¨,
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ÔÉµ ¨³¥¥É ³¥¸Éµ, ´ ¶·¨³¥·, ¤²Ö ¨µ´µ¢ He−(4P0) [59], ±µ£¤ , µÉ¸É·µ¨¢Ï¨¸Ó
µÉ ¶µ·µ£  ´  ¢¥²¨Î¨´Ê ∆(�ω) ≈ 0, 5 ÷ 1, 0 Ô‚, ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ËµÉµ´µ¢
¸ µ¶É¨³ ²Ó´µ° ¶µ²Ö·¨§ Í¨¥° ³µ¦´µ · ¸¸Î¨ÉÒ¢ ÉÓ ´  Ê¢¥²¨Î¥´¨¥ ÉµÎ´µ¸É¨
¨§³¥·¥´¨° ¶µ Ê£²Ê ¢ ´¥¸±µ²Ó±µ · §.

3. �‘��…���‘’ˆ ”�’���„ˆŠˆ ‚ ˆ�’…�‘ˆ‚��Œ 8�’�Š…
”�’���‚ �
 8ˆŒ…… ˆ���‚ H−

�·¥Í¨§¨µ´´Ò¥ ¢´ÊÉ·¥´´¨¥ ³¨Ï¥´¨ ËµÉµ´µ¢ ¤²Ö §µ´¤¨·µ¢ ´¨Ö ¶ÊÎ±  µÉ-
·¨Í É¥²Ó´ÒÌ ¨µ´µ¢, ´ ¶·¨³¥·, H−, ¶·¨ ¥£µ ¤¨ £´µ¸É¨±¥ Ëµ·³¨·ÊÕÉ¸Ö ¸ ¶µ³µ-
ÐÓÕ ² §¥·´µ£µ ¨§²ÊÎ¥´¨Ö (¸³., ´ ¶·¨³¥·, [19, 20, 67]). ‚ µÉ²¨Î¨¥ µÉ µ¤´µËµ-
Éµ´´µ£µ ³¥Ì ´¨§³  ¶·¨ ËµÉµµ¡¤¨·±¥ µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ¢ ² §¥·´ÒÌ ¶µ²ÖÌ
³µ£ÊÉ ¶·µÖ¢²ÖÉÓ¸Ö ÔËË¥±ÉÒ ¤¨´ ³¨Î¥¸±µ£µ ¸¤¢¨£  ¶µ·µ£ , ±µ··¥²ÖÍ¨µ´´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö Ô²¥±É·µ´µ¢ ¨ ³´µ£µËµÉµ´´µ° µ¡¤¨·±¨ [68Ä74]. “¢¥²¨Î¥´¨¥
¶µ·µ£  ¸¢Ö§ ´µ ¸µ ÏÉ ·±µ¢¸±¨³ ¸¤¢¨£µ³ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö Ô²¥±É·µ´  ¨
£· ´¨ÍÒ ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É· . ‚ · ¡µÉ¥ [75] µÉ³¥Î ¥É¸Ö, ÎÉµ ÊÎ¥É ±µ··¥-
²ÖÍ¨µ´´ÒÌ ÔËË¥±Éµ¢ ¢ ¦¥´ ¤²Ö ¨µ´µ¢ ¸ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³ § ·Ö¤µ³ Ö¤· 
(´ ¶·¨³¥·, ¤²Ö µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ Ð¥²µÎ´ÒÌ ³¥É ²²µ¢),   ¶·¨ · §·ÊÏ¥-
´¨¨ H− ¶·¨¢µ¤¨É ²¨ÏÓ ± ³ ²Ò³ ¶µ¶· ¢± ³ ± ¤¨¸¶¥·¸¨µ´´µ° § ¢¨¸¨³µ¸É¨
¢¥·µÖÉ´µ¸É¨ ËµÉµµÉ·Ò¢  Ô²¥±É·µ´ .

�·¨ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±µ° ¶²µÉ´µ¸É¨ ËµÉµ´µ¢ ¢ ³¨Ï¥´¨ ·µ¦¤ ÕÉ¸Ö Ô²¥±-
É·µ´Ò ¶µ ± ´ ²Ê n-ËµÉµ´´µ° µ¡¤¨·±¨ µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ (n > 1), ¢¥·µÖÉ-
´µ¸ÉÓ ±µÉµ·µ° ¢ ¥¤¨´¨ÍÊ ¢·¥³¥´¨ · ¢´  (¸³., ´ ¶·¨³¥·, [76])

W (n) = σ(n)(Iγ)n = 4−n(2π)−2kf
∫

|V (n)fi |2dΩf , (3.1)

£¤¥ σ(n) Å ¸¥Î¥´¨¥ n-ËµÉµ´´µ° µ¡¤¨·±¨ ¤²Ö ¤ ´´µ° Î ¸ÉµÉÒ ¨ ¶µ²Ö·¨§ Í¨¨

¨§²ÊÎ¥´¨Ö, V (n)fi Å ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ³ É·¨Î´Ò° Ô²¥³¥´É ¶¥·¥Ìµ¤  Ô²¥±É·µ´ 
¨§ ´ Î ²Ó´µ£µ i-¸µ¸ÉµÖ´¨Ö ¢ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥ f ¢ Ô²¥±É·µ³ £´¨É´µ³ ¶µ²¥ c
´ ¶·Ö¦¥´´µ¸ÉÓÕ F , Iγ Å ¶²µÉ´µ¸ÉÓ ³µÐ´µ¸É¨ ËµÉµ´´µ° ³¨Ï¥´¨ ¨²¨ ¶²µÉ-
´µ¸ÉÓ ¶µÉµ±  ËµÉµ´µ¢ (¢ § ¢¨¸¨³µ¸É¨ µÉ ¨¸¶µ²Ó§Ê¥³ÒÌ ¥¤¨´¨Í ¨§³¥·¥´¨Ö
σ(n)) ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´ , dΩf = sin θfdθfdϕf , kf ¨ (θf , ϕf ) Å ¨³¶Ê²Ó¸
ËµÉµÔ²¥±É·µ´  ¨ ¥£µ ¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ ¸µµÉ¢¥É¸É¢¥´´µ. „²Ö É ±¨Ì ³¨-
Ï¥´¥° ¸ Ô´¥·£¨¥° ËµÉµ´µ¢ ¢¡²¨§¨ ¶µ·µ£  εt (0 < ω − εt � εt) µ¸´µ¢´Ò³
±µ´±Ê·¨·ÊÕÐ¨³ ¶·µÍ¥¸¸µ³ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ (¸³. ¢Ò· ¦¥´¨¥ ¤²Ö ¸¥-
Î¥´¨Ö σ(ω) ≡ σ(1)(ω) ¢ · §¤. 1) Ö¢²Ö¥É¸Ö ± ´ ² · §¢ ²  µÉ·¨Í É¥²Ó´µ£µ ¨µ´ 
¸ n = 2. „²Ö Ê¤µ¡¸É¢  §¤¥¸Ó ¨ ¤ ²¥¥ ¢ ¤ ´´µ³ · §¤¥²¥ ¨¸¶µ²Ó§Ê¥É¸Ö  Éµ³´ Ö
¸¨¸É¥³  ¥¤¨´¨Í (| e |= me = � = 1). ˆ§¢¥¸É´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ ¤¢ÊÌËµÉµ´´µ°
µ¡¤¨·±¥ H− ¶·¨ Ô´¥·£¨¨ ËµÉµ´µ¢ ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´  ´¨¦¥ µ¤´µËµÉµ´-
´µ£µ ¶µ·µ£  εt ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸ÖÉ ´¥ Éµ²Ó±µ µÉ ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢, ´µ
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¨ µÉ ¢Ò¡· ´´µ° É¥µ·¥É¨Î¥¸±µ° ³µ¤¥²¨ [73]. �µÔÉµ³Ê ¶·¨ ¨§ÊÎ¥´¨¨ ¢²¨Ö-
´¨Ö ¶µ²Ö·¨§ Í¨¨ ¨ ³µÐ´µ¸É¨ ËµÉµ´´µ° ³¨Ï¥´¨ ´  µ±µ²µ¶µ·µ£µ¢Ò° · §¢ ²
¨µ´µ¢ H− (0 < ω − εt � εt), ¶·¥¤¸É ¢²ÖÕÐ¨° ¨´É¥·¥¸ ¤²Ö ¤¨ £´µ¸É¨±¨,
¢ ¦´µ · ¸¸³ É·¨¢ ÉÓ µ¤´µËµÉµ´´Ò° ¨ ¤¢ÊÌËµÉµ´´Ò° ± ´ ²Ò ¢ · ³± Ì ¥¤¨-
´µ£µ ¶µ¤Ìµ¤ . ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉµ ¸É É¨Î¥¸± Ö ¨ ¤¨´ ³¨Î¥¸± Ö ¶µ²Ö·¨§Ê¥³µ¸É¨
 Éµ³´µ£µ µ¸Éµ¢  H− ³ ²Ò ¶µ ¢¥²¨Î¨´¥,   ¨Ì §´ Î¥´¨Ö ¤²Ö ¨µ´  ¸² ¡µÎÊ¢¸É¢¨-
É¥²Ó´Ò ± ±µ´±·¥É´µ³Ê ¢¨¤Ê ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö Ô²¥±É·µ´  ¸  Éµ³µ³
[74], ¢ · ¡µÉ Ì [62,77,78] ¤ ´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¶·µ¢µ¤¨²¨¸Ó ¢ · ³± Ì  ´ -
²¨É¨Î¥¸±¨ ·¥Ï ¥³µ° µ¤´µÔ²¥±É·µ´´µ° ³µ¤¥²¨ ¶µÉ¥´Í¨ ²  ´Ê²¥¢µ£µ · ¤¨Ê¸ 
(δ-¶µÉ¥´Í¨ ² [79]). �¨¦¥ ¶·¨¢¥¤¥´Ò ¢Ò¤¥·¦±¨ ¨ ´¥±µÉµ·Ò¥ ·¥§Ê²ÓÉ ÉÒ · -
¡µÉÒ [62].

‚µ²´µ¢ Ö ËÊ´±Í¨Ö ¥¤¨´¸É¢¥´´µ£µ ¸¢Ö§ ´´µ£µ s-¸µ¸ÉµÖ´¨Ö ¢ ¶µÉ¥´Í¨ ²¥
´Ê²¥¢µ£µ · ¤¨Ê¸  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

Ψ0 =

√
ζ

2π
· 1
r

exp (−ζr), (3.2)

£¤¥ εt = ζ2/2 Å Ô´¥·£¨Ö ¸¢Ö§¨. �·¨ ÔÉµ³ ÊÎ¥É ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ δ-¶µÉ¥´Í¨ ²µ³
Ô±¢¨¢ ²¥´É¥´ ¢¢µ¤Ê £· ´¨Î´µ£µ Ê¸²µ¢¨Ö

d ln(rΨ0)
dr

|r=0= −ζ. (3.3)

‚ ´¥¶·¥·Ò¢´µ³ ¸¶¥±É·¥ µÉ ¶²µ¸±¨Ì ¢µ²´ µÉ²¨Î ÕÉ¸Ö Éµ²Ó±µ s-¢µ²´Ò ¸ Ë §µ°
· ¸¸¥Ö´¨Ö

ηs = − arctan
k

ζ
, (3.4)

£¤¥ k Å ¨³¶Ê²Ó¸ Ô²¥±É·µ´ , k2 ≡ P 20 = 2(ω − εt). Œ É·¨Î´Ò° Ô²¥³¥´É
µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´  ¨§ s-¸¢Ö§ ´´µ£µ ¢ p-±µ´É¨´Ê ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ¢
¤¨¶µ²Ó´µ³ ¶·¨¡²¨¦¥´¨¨ ¨³¥¥É ¢¨¤

V (1)ps = F
∫

Ψ(−)∗Ak
(8e8r)Ψ0d8r =

= F
1
2k

∑
l

(−i)l(2l + 1) exp(iηl)
∫
P ∗
l (cos θAkAr)×

×2k · jl(kr)(8e8r)
1
r

√
ζ

2π
exp(−ζr)r2dr · d8n, (3.5)

£¤¥ Ψ(±)Ak
= (1/2k)

∑
l i

l(2l + 1) exp(±iηl) · Pl(cos θAkAr) × Rkl(r) Å ¢µ²´µ¢Ò¥

ËÊ´±Í¨¨ ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É·  ¢ ¶²µ¸±µ¢µ²´µ¢µ³ ¶·¨¡²¨¦¥´¨¨ Rkl(r) =
= 2k · jl(kr),

∫
Ψ(±)∗Ak′ ·Ψ(±)Ak

d8k = (2π)3δ(8k′ −8k), jl(kr) Å ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±-

Í¨¨ q¥¸¸¥²Ö ¸ ´µ·³¨·µ¢±µ°
∫
jl(k′r)jl(kr)r2dr = πδ(k′−k)/2k′k, 8eÅ ¢¥±Éµ·
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¶µ²Ö·¨§ Í¨¨, 8n = 8r/r. ‚Ò· ¦¥´¨¥ ¤²Ö µ¶¥· Éµ·  (8e8n) § ¢¨¸¨É µÉ ¶µ²Ö·¨-
§ Í¨¨ ¨§²ÊÎ¥´¨Ö. ‚ Î ¸É´µ¸É¨, ¤²Ö ²¨´¥°´µ° ¨ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¨ (¸³.,
´ ¶·¨³¥·, [54]):

(8e 8n) =

{√
4π/3 · Y10(θne, ϕne) Å ²¨´¥°´ Ö ¶µ²Ö·¨§ Í¨Ö,√
8π/3 · Y1,±1(θn, ϕn) Å ²¥¢µ±·Ê£µ¢ Ö (+), ¶· ¢µ±·Ê£µ¢ Ö (−),

(3.6)
£¤¥ Y10 ¨ Y1,±1 Å Ï ·µ¢Ò¥ (¸Ë¥·¨Î¥¸±¨¥) ËÊ´±Í¨¨, (θne, ϕne) ¨ (θn, ϕn) Å
¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·  8n µÉ´µ¸¨É¥²Ó´µ ¢¥±Éµ·  ¶µ²Ö·¨§ Í¨¨ ¨ ¨³-
¶Ê²Ó¸  ËµÉµ´  ¸µµÉ¢¥É¸É¢¥´´µ. ‘Î¨É Ö θke Ê£²µ³ ³¥¦¤Ê ¨³¶Ê²Ó¸µ³ Ô²¥±É·µ´ 
¨ ¢¥±Éµ·µ³ ¶µ²Ö·¨§ Í¨¨ ËµÉµ´  ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´ , ¶µ²ÊÎ ¥³ ¨§¢¥¸É´ÊÕ
¢ ²¨É¥· ÉÊ·¥ (¸³., ´ ¶·¨³¥·, [80]) Ê£²µ¢ÊÕ § ¢¨¸¨³µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ ¢Ò²¥É 
Ô²¥±É·µ´  ¤²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö:

V
(1)
ps|l = 4F

√
2πζ

k

(ζ2 + k2)2
P1(cos θke),

dσ(1)

dΩ
(θke)|l ∝ |V (1)ps|l|

2 ∝ cos2 θke. (3.7)

�´  ¸µµÉ¢¥É¸É¢Ê¥É §´ Î¥´¨Õ β0 = 2 ¢ (2.2).
„²Ö ¨§²ÊÎ¥´¨Ö ¸ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¥° ³ É·¨Î´Ò° Ô²¥³¥´É (3.5) ¶·¨-

µ¡·¥É ¥É ¢¨¤

V
(1)
ps|± = ∓4F

√
2πζ

k

(ζ2 + k2)2
sin θk exp (±iϕk), (3.8)

£¤¥ (θk, ϕk) Å ¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ ¢¥±Éµ·  8k µÉ´µ¸¨É¥²Ó´µ ¨³¶Ê²Ó¸ 
ËµÉµ´ , ¢¥·Ì´¨° §´ ± ¸µµÉ¢¥É¸É¢Ê¥É ²¥¢µ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¨,   ´¨¦´¨° Å
¶· ¢µ±·Ê£µ¢µ°. �·¨ ÔÉµ³ Ê£²µ¢ Ö § ¢¨¸¨³µ¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö
µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

dσ(1)

dΩ
(θk)|± ∝ |V (1)ps|±|

2 ∝ sin2 θk, (3.9)

±µÉµ·µ¥ ¸µ¢¶ ¤ ¥É ¸ (2.3) ¶·¨ β0 = 2. “¸·¥¤´ÖÖ (3.7) ¶µ ´ ¶· ¢²¥´¨Ö³
¢¥±Éµ·  ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢, ¶µ²ÊÎ ¥³  ´ ²µ£¨Î´ÊÕ (3.9) § ¢¨¸¨³µ¸ÉÓ ¤²Ö
´¥¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö (¸³. É ±¦¥ [81]).

‘²¥¤ÊÖ · ¡µÉ¥ [73], ¤¢ÊÌËµÉµ´´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É ¶¥·¥Ìµ¤  ¨§ µ¸´µ¢-
´µ£µ |s > ¸µ¸ÉµÖ´¨Ö ¢ ¸µ¸ÉµÖ´¨¥ |k′ > ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É·  ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

V
(2)
k′s =

1
(2π)3

∫
V
(1)
k′kV

(1)
ks d

8k

Ek + εt − ω − iξ , ξ → +0 , (3.10)
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£¤¥ Ek = k2/2, V (1)k′k = F
∫

Ψ(−)∗Ak′ (8e8r)Ψ(+)Ak
d8r Å µ¤´µËµÉµ´´Ò° ³ É·¨Î´Ò°

Ô²¥³¥´É ¶¥·¥Ìµ¤  ¢ ´¥¶·¥·Ò¢´µ³ ¸¶¥±É·¥. ‚ ¢Ò· ¦¥´¨¨ (3.10) ÊÎÉ¥´  ¶²µÉ-
´µ¸ÉÓ ¶·µ³¥¦ÊÉµÎ´ÒÌ ¸µ¸ÉµÖ´¨° Ô²¥±É·µ´  d8k/(2π)3 ¢ ¨´É¥·¢ ²¥ ¨³¶Ê²Ó¸µ¢
8k÷8k+ d8k ¤²Ö ¨¸¶µ²Ó§Ê¥³ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°. ‘ ÊÎ¥Éµ³ (3.7) ¨ ¢¨¤  ËÊ´±-

Í¨° Ψ(±)Ak
, ¤²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö ¶µ²ÊÎ ¥³

V
(2)
k′s|l =

F 2

(2π)3

∫ ∑
l′l

(−i)l′(i)l(2l′ + 1)(2l + 1) exp [i(ηl − ηl′)]×

×Wl′lIl′l(−i)
√

2πζ
4k

(ζ2 + k2)2
P1(cos θke)

d8k

Ek + εt − ω − iξ , (3.11)

£¤¥ Wl′l=
∫
r3jl′(k′r)jl(kr)dr, Il′l=

∫
P ∗
l′ (cos θAk′Ar)(8e8n)Pl(cos θAkAr)d8n. ’ ± ± ±

¢ ÔÉµ³ ¸²ÊÎ ¥ ¢µ§³µ¦´Ò sps- ¨ spd-¤¢ÊÌËµÉµ´´Ò¥ ¶¥·¥Ìµ¤Ò, ¸ ÊÎ¥Éµ³ (3.4) ¨
· ¤¨ ²Ó´µ° Î ¸É¨ s-¢µ²´Ò ¢ ±µ´¥Î´µ³ |k′ >-¸µ¸ÉµÖ´¨¨ Rk′0 = (2/r) sin(k′r+
+ηs), ¤²Ö ¨´É¥£· ²µ¢ Wl′l ¨ I

(2)
l′l ≡

∫
(2l′ + 1)(2l + 1)Il′lP1(cos θke)dΩAk ¸¶· -

¢¥¤²¨¢Ò ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö:

W21 = 0, 5π
[

1
k′k

∂

∂k
δ(k′ − k) +

2
(k′)3

δ(k′ − k)
]

;

W01 =
1√

ζ2 + (k′)2

[
−πζ

2
∂

∂k

δ(k′ − k)
k′k

+

+
k

(k2 − k′2 − iα)2
+

k

(k2 − k′2 + iα)2

]
;

I
(2)
21 =

2
3

(4π)2P2(cos θk′e); I
(2)
01 =

1
3

(4π)2P0(cos θk′e). (3.12)

‚ ·¥§Ê²ÓÉ É¥ ¢ ¸²ÊÎ ¥ ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨¥ ¤²Ö ³ -
É·¨Î´µ£µ Ô²¥³¥´É  ¤¢ÊÌËµÉµ´´µ£µ ¶¥·¥Ìµ¤  Ô²¥±É·µ´  ¢ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥
¸ ¨³¶Ê²Ó¸µ³ k′ ≡ P0w =

√
2(2ω − εt) ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´  ¶·¨µ¡·¥É ¥É ¢¨¤

V
(2)
k′s|l = F 2

4
√

2πζ
(2π)3

∫
[I(2)01 exp(−iη0)W01−I(2)21 W21]

k3

(ζ2+k2)2
dk

Ek+εt−ω−iξ
=

= F 2
√

2πζ
3ω4

{
exp(−iη0)[ζ(ω − εt) + i

√
2(ω − εt)3/2]×

×P0(cos θk′e)√
ω

− 2P2(cos θk′e)(2ω − εt)
}
, (3.13)
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£¤¥ ¶¥·¢µ¥ ¸² £ ¥³µ¥ ¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì ¸µµÉ¢¥É¸É¢Ê¥É sps-¶¥·¥Ìµ¤Ê ¨ ÊÎ¨-
ÉÒ¢ ¥É ¢±² ¤ ·¥§µ´ ´¸´ÒÌ ¶·µ³¥¦ÊÉµÎ´ÒÌ ¸µ¸ÉµÖ´¨° ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É· 
¸ Ô´¥·£¨¥° Ek = ω−εt,   ¢Éµ·µ¥ ¥¸ÉÓ ·¥§Ê²ÓÉ É ¨´É¥£·¨·µ¢ ´¨Ö ¢ ¸³Ò¸²¥ £² ¢-
´µ£µ §´ Î¥´¨Ö ¨ ¸µµÉ¢¥É¸É¢Ê¥É ¢¨·ÉÊ ²Ó´µ³Ê spd-¶¥·¥Ìµ¤Ê (¸³. É ±¦¥ [73]).
“£²µ¢ Ö § ¢¨¸¨³µ¸ÉÓ ¤¢ÊÌËµÉµ´´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¢¡²¨§¨ ¶µ-
·µ£  εt (0 < ω − εt � εt) µ¶·¥¤¥²Ö¥É¸Ö

dσ(2)

dΩ
(θk′e)|l ∝ |V (2)k′s|l|

2 ∝ (3 cos2 θk′e − 1)2. (3.14)

�·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ µ¶¥· Éµ·  (3.6) ¨ §´ Î¥´¨Ö V (1)ks ¢ ¢¨¤¥ (3.8) ¸ ¶µ³µÐÓÕ
(3.10) ¶µ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ³ É·¨Î´µ£µ Ô²¥³¥´É  ¤¢ÊÌËµ-
Éµ´´µ° µ¡¤¨·±¨ ¨µ´  ¨ Ê£²µ¢µ° ±µ³¶µ´¥´ÉÒ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¢
³¨Ï¥´¨ ¸ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¥°:

V
(2)
k′s|± = −F 2

√
2πζ
4

exp(±2iϕk′) sin2 θk′
2ω − εt
ω4

,

dσ(2)

dΩ
(θk′)|± ∝ |V (2)k′s|±|

2 ∝ sin4 θk′ . (3.15)

„²Ö Ô´¥·£¨¨ ËµÉµ´µ¢ ´¨¦¥ µ¤´µËµÉµ´´µ£µ ¶µ·µ£   ´ ²µ£¨Î´ Ö § ¢¨¸¨³µ¸ÉÓ
¶µ²ÊÎ¥´  ¢ · ¡µÉ¥ [82]. ‚ Éµ ¦¥ ¢·¥³Ö ¤²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§-
²ÊÎ¥´¨Ö ¸ ÊÎ¥Éµ³ ¢Ò· ¦¥´¨Ö (3.13) ¤²Ö ´ ¤¶µ·µ£µ¢µ° ¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨
¨µ´µ¢ H− ¨ ·¥§Ê²ÓÉ Éµ¢ · ¡µÉÒ [82] ¤²Ö εt/2 < ω < εt Ì · ±É¥·´  ¸ÊÐ¥¸É¢¥´-
´ Ö § ¢¨¸¨³µ¸ÉÓ Ê£²µ¢µ£µ · ¸¶·¥¤¥²¥´¨Ö ËµÉµÔ²¥±É·µ´µ¢ µÉ Ô´¥·£¨¨ ËµÉµ´µ¢.
�´  ³¥´Ö¥É¸Ö µÉ ¶· ±É¨Î¥¸±¨ ¨§µÉ·µ¶´µ£µ ¢¡²¨§¨ ¤¢ÊÌËµÉµ´´µ£µ ¶µ·µ£  ¤µ
Ö·±µ ¢Ò· ¦¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö ¶µ ´ ¶· ¢²¥´¨Õ ¢¥±Éµ·  ¶µ²Ö·¨§ Í¨¨ ¶·¨
ω ≈ εt. ‚ µ±·¥¸É´µ¸É¨ µ¤´µËµÉµ´´µ£µ ¶µ·µ£  · ¸¶·¥¤¥²¥´¨¥ (3.14) ¨ ·¥§Ê²Ó-
É ÉÒ · ¡µÉÒ [82] Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ³¥¦¤Ê ¸µ¡µ°. “¸·¥¤´¥´¨¥ ¢Ò· ¦¥´¨Ö
(3.14) ¶µ ´ ¶· ¢²¥´¨Ö³ ¢¥±Éµ·  ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥°
Ê£²µ¢µ° § ¢¨¸¨³µ¸É¨ ¢Ò²¥É  Ô²¥±É·µ´µ¢ µÉ´µ¸¨É¥²Ó´µ ¨³¶Ê²Ó¸  ËµÉµ´µ¢ ¶·¨
¤¢ÊÌËµÉµ´´µ° µ±µ²µ¶µ·µ£µ¢µ° µ¡¤¨·±¥ ¨µ´µ¢ ¢ ´¥¶µ²Ö·¨§µ¢ ´´µ³ ¨§²ÊÎ¥-
´¨¨:

dσ(2)

dΩ
(θk′)|up ∝ 3 sin4 θk′ − (8/3) sin2 θk′ + 8/9. (3.16)

ˆ§ ¢Ò· ¦¥´¨° (3.13) ¨ (3.15) ¢¨¤´µ, ÎÉµ ¢ µ¤´µÔ²¥±É·µ´´µ° ³µ¤¥²¨ ¶µ-
É¥´Í¨ ²  ´Ê²¥¢µ£µ · ¤¨Ê¸  ¤¢ÊÌËµÉµ´´ Ö µ¡¤¨·±  µÉ·¨Í É¥²Ó´µ£µ ¨µ´  ¨³¥¥É
³¥¸Éµ ¤ ¦¥ ¶·¨ ω = εt ¨ · ¢´µ³ ´Ê²Õ ³ É·¨Î´µ³ Ô²¥³¥´É¥ (3.7). �·¨ ÔÉµ³
¢ µ±µ²µ¶µ·µ£µ¢µ° µ¡² ¸É¨ µ¸´µ¢´Ò³ ± ´ ²µ³ ËµÉµµ¡¤¨·±¨ ¸ n= 2 Ö¢²Ö¥É¸Ö
¢¨·ÉÊ ²Ó´Ò° spd-¶¥·¥Ìµ¤. �´ ²µ£¨Î´Ò° ¢Ò¢µ¤ · ´¥¥ ¡Ò² ¸¤¥² ´ ¢ · ¡µÉ¥
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[73],   ¤²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö ¢ µ¡² ¸É¨ ´¨¦¥ µ¤´µËµÉµ´-
´µ£µ ¶µ·µ£  (ω < εt) Å ¢ · ¡µÉ Ì [83Ä85]. �µ²ÊÎ¥´´Ò¥ ¤²Ö ²¨´¥°´µ ¶µ²Ö-

·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö ·¥§Ê²ÓÉ ÉÒ (3.7) ¨ (3.14) ¸µ£² ¸ÊÕÉ¸Ö (¶·¨ a(1)2 = 1,
a
(2)
2 = 10/7 ¨ a(2)4 = 18/7) ¸ ¶·¨¢¥¤¥´´Ò³ ¢ · ¡µÉ¥ [50] ¢Ò· ¦¥´¨¥³

dσ(n)

dΩ
= σ(n)

[
1 +

n∑
m=1

a
(n)
2mP2m(cos θke)

]
, (3.17)

¤²Ö Ê£²µ¢µ° § ¢¨¸¨³µ¸É¨ n-ËµÉµ´´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¨µ´¨§ -
Í¨¨ Î ¸É¨Í, ¶·¨ ´ ²¨Î¨¨ Ê ´¨Ì ¶·µ³¥¦ÊÉµÎ´ÒÌ ·¥§µ´ ´¸´ÒÌ ¸µ¸ÉµÖ´¨° ¸ ¶µ-

£²µÐ¥´¨¥³ m ËµÉµ´µ¢ (m < n). ŠµÔËË¨Í¨¥´ÉÒ a(n)2m Ö¢²ÖÕÉ¸Ö ¢ µ¡Ð¥³ ¸²Ê-
Î ¥ ËÊ´±Í¨Ö³¨ ¨´É¥´¸¨¢´µ¸É¨ ¨ Ï¨·¨´Ò ¸¶¥±É·  ¨§²ÊÎ¥´¨Ö ³¨Ï¥´¨. „ ´´µ¥
¸µ£² ¸¨¥ Ê± §Ò¢ ¥É ´  ¶· ¢µ³¥·´µ¸ÉÓ Ëµ·³ ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¤¢ÊÌËµÉµ´-
´µ° µ¡¤¨·±¨ ¨µ´µ¢ H− ¢¡²¨§¨ µ¤´µËµÉµ´´µ£µ ¶µ·µ£  ± ± ¨µ´¨§ Í¨¨ Î ¸É¨Í,
¤²Ö ±µÉµ·ÒÌ ¢ ± Î¥¸É¢¥ ¶·µ³¥¦ÊÉµÎ´µ£µ ·¥§µ´ ´¸´µ£µ ¸µ¸ÉµÖ´¨Ö ³µ¦´µ · ¸-
¸³ É·¨¢ ÉÓ £· ´¨ÍÊ ´¥¶·¥·Ò¢´µ£µ ¸¶¥±É· .

‚ · ¡µÉ¥ [62] · ¸Î¥É · ¸¶·¥¤¥²¥´¨° ¢¥·µÖÉ´µ¸É¨ ¢Ò²¥É  Ô²¥±É·µ´  ¶µ
± ´ ²Ê n = 2 ¢ ¶·µ¸É· ´¸É¢¥ ¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥
µÉ¸Î¥É  (Px/P0w, Py/P0w) ¨ ¶µ Ô´¥·£¨¨, ¶·¥¤¸É ¢²¥´´µ° ¢ ¡¥§· §³¥·´ÒÌ ¥¤¨-
´¨Í Ì XW = [Ee − (γ − 1)C2]/(0, 1γβP0wC) (¸µ¡¸É¢¥´´Ò¥ ¤¢ÊÌËµÉµ´´Ò¥
· ¸¶·¥¤¥²¥´¨Ö), ¤²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨ ´¥¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥-
´¨Ö ¶·µ¢µ¤¨²¸Ö Î¨¸²¥´´Ò³ ³µ¤¥²¨·µ¢ ´¨¥³ ¶·¨ 0 < ω− εt � εt ¸ ¨¸¶µ²Ó§µ-
¢ ´¨¥³ ¢Ò· ¦¥´¨° (2.8) ¨ (3.14). ‡  ¨¸±²ÕÎ¥´¨¥³ £¥´¥· Í¨¨ ¸²ÊÎ °´µ£µ · ¸-
¶·¥¤¥²¥´¨Ö Ê£²  θk′e ¶µ § ±µ´Ê (3 cos2 θk′e − 1)2 µ¸µ¡¥´´µ¸É¨ ³µ¤¥²¨·µ¢ ´¨Ö
 ´ ²µ£¨Î´Ò · ¸¸³µÉ·¥´´µ³Ê ¢ÒÏ¥ µ¤´µËµÉµ´´µ³Ê ± ´ ²Ê. �¥±µÉµ·Ò¥ ¨§ ¶µ-
²ÊÎ¥´´ÒÌ ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° α ¨ η É·¥Ì³¥·´Òx ¶·¥¤¸É ¢²¥´¨° ´µ·³¨·µ-
¢ ´´ÒÌ ¶µ  ³¶²¨ÉÊ¤¥ ¸µ¡¸É¢¥´´ÒÌ ¤¢ÊÌËµÉµ´´ÒÌ f (2)(Px, Py)-· ¸¶·¥¤¥²¥´¨°
¨ ¨Ì Éµ¶µ£· ³³Ò,   É ±¦¥ f(XW )-· ¸¶·¥¤¥²¥´¨Ö ¶·¨¢¥¤¥´Ò ´  ·¨¸. 13Ä16.
�·¥¤¸É ¢²¥´´Ò¥ ¢ · ¡µÉ¥ ·¥§Ê²ÓÉ ÉÒ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¸ ÊÎ¥Éµ³ P0w � P0
µ¡Ð¨° Ì · ±É¥· · ¸¶·¥¤¥²¥´¨° ¶·¨ É¥Ì ¦¥ α ¨ η ¡²¨§µ± ± ·¥§Ê²ÓÉ É ³, ¶µ-
²ÊÎ¥´´Ò³ ¤²Ö µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´µ¢ (¸³. ·¨¸. 2, 4, 5, 7).

¥§Ê²ÓÉ¨·ÊÕÐ¨¥ ¸µ¡¸É¢¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¢ ¶·µ¸É· ´¸É¢¥
¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³Ò µÉ¸Î¥É  (Px, Py) ¨ ¶µ Ô´¥·£¨¨
(Ee) µ¶·¥¤¥²ÖÕÉ¸Ö ¸Ê³³µ° ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì · ¸¶·¥¤¥²¥´¨° µÉ µ¤´µËµÉµ´-
´µ£µ ¨ ¤¢ÊÌËµÉµ´´µ£µ ± ´ ²µ¢ µ¡¤¨·±¨ ¸ ÊÎ¥Éµ³ ¨Ì ¸É É¨¸É¨Î¥¸±¨Ì ¢¥¸µ¢.
‘É É¨¸É¨Î¥¸±¨° ¢¥¸ · ¸¶·¥¤¥²¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¢¥·µÖÉ´µ¸ÉÓÕ µ¡¤¨·±¨ (3.1)
¤²Ö ¤ ´´µ° ¶µ²Ö·¨§ Í¨¨ ¨ ³µÐ´µ¸É¨ ËµÉµ´´µ° ³¨Ï¥´¨. Œ É·¨Î´Ò¥ Ô²¥-
³¥´ÉÒ (3.7), (3.8), (3.13) ¨ (3.15), ¶·¨ ÊÎ¥É¥ ¶²µÉ´µ¸É¨ d8k′/(2π)3 ±µ´¥Î´ÒÌ
¸µ¸ÉµÖ´¨° Ô²¥±É·µ´  ¢ ´¥¶·¥·Ò¢´µ³ ¸¶¥±É·¥, ¶·¨¢µ¤ÖÉ ± ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥-
´¨Ö³ ¤²Ö ¢¥·µÖÉ´µ¸É¨ n-ËµÉµ´´µ° µ¡¤¨·±¨ (n = 1, 2) ¢ ³¨Ï¥´¨ ¸ ²¨´¥°´µ°
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¨ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨Ö³¨:

W
(1)
l =W (1)

± = (2/3)F 2ω−4√εt(ω − εt)3/2,

W
(2)
l = (1/18)F 4ω−8√εt(2ω − εt)[(ω − εt)2(εt/ω)+

+(ω − εt)3/ω + (2/5)(2ω − εt)2],

W
(2)
± = (1/120)F 4ω−8√εt(2ω − εt)(2ω − εt)2,

W
(2)
l |(0<ω−εt�εt)≈ (8/3)W (2)

± . (3.18)

’ ±¨³ µ¡· §µ³, ¢ µ¤´µÔ²¥±É·µ´´µ° ³µ¤¥²¨ ¶µÉ¥´Í¨ ²  ´Ê²¥¢µ£µ · ¤¨Ê¸  ¢¥-
·µÖÉ´µ¸ÉÓ ¤¢ÊÌËµÉµ´´µ° ´ ¤¶µ·µ£µ¢µ° µ¡¤¨·±¨ ¨µ´  ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³
§ ¢¨¸¨É µÉ ¶µ²Ö·¨§ Í¨¨ ³¨Ï¥´¨, ¶·¨Î¥³ ¤²Ö ²¨´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ£µ ¨§-
²ÊÎ¥´¨Ö µ´  §´ Î¨É¥²Ó´µ ¡µ²ÓÏ¥, Î¥³ ¢ ¸²ÊÎ ¥ ¸ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¥°.
‚ µ¡² ¸É¨ ´¨¦¥ µ¤´µËµÉµ´´µ£µ ¶µ·µ£  ¤ ´´Ò° ¢µ¶·µ¸ É¥µ·¥É¨Î¥¸±¨ · ¸-
¸³ É·¨¢ ²¸Ö, ´ ¶·¨³¥·, ¢ · ¡µÉ Ì [82, 86Ä89]. ‚ µÉ²¨Î¨e µÉ ¶µ²ÊÎ¥´´µ£µ
¢ÒÏ¥ ·¥§Ê²ÓÉ É  ¢ ÔÉµ° µ¡² ¸É¨ (ω < εt) ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¢¥·µÖÉ´µ¸ÉÖ³¨
¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨ ¢ ²¨´¥°´µ ¨ Í¨·±Ê²Ö·´µ ¶µ²Ö·¨§µ¢ ´´µ³ ¨§²ÊÎ¥´¨¨
± Î¥¸É¢¥´´µ ³¥´Ö¥É¸Ö ¢ § ¢¨¸¨³µ¸É¨ µÉ Ô´¥·£¨¨ ËµÉµ´µ¢. ‚ Î ¸É´µ¸É¨, ´¥-
¸³µÉ·Ö ´  ±µ²¨Î¥¸É¢¥´´µ¥ · §²¨Î¨¥ ·¥§Ê²ÓÉ Éµ¢ · §´ÒÌ · ¡µÉ, ´¥· ¢¥´¸É¢µ

ρ ≡ W
(2)
l (ω)/W (2)

± (ω) � 1 ¢ µ¡² ¸É¨ ¤¢ÊÌËµÉµ´´µ£µ ¶µ·µ£  (ω ≥ εt/2)
¶¥·¥Ìµ¤¨É ¢ ¸µµÉ´µÏ¥´¨¥ ρ ≤ 1 ¶·¨ ω ≤ εt. ‚ · ¸¸³µÉ·¥´´µ° É¥µ·¥É¨Î¥-
¸±µ° ³µ¤¥²¨ § ¢¨¸¨³µ¸ÉÓ (3.18) ¤²Ö µ±µ²µ¶µ·µ£µ¢µ° µ¤´µËµÉµ´´µ° µ¡¤¨·±¨
¨µ´  H− ¸µ£² ¸Ê¥É¸Ö ¸ ¢¨£´¥·µ¢¸±¨³ § ±µ´µ³ ¨µ´¨§ Í¨¨ s-±¢ ´Éµ¢µ£µ ¸µ¸Éµ-
Ö´¨Ö [81, 90, 91] ¨ ¨§¢¥¸É´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ·¥§Ê²ÓÉ É ³¨ [92,93]. ‚
¸µµÉ¢¥É¸É¢¨¨ ¸ (3.18) µÉ´µÏ¥´¨¥ ¸É É¢¥¸µ¢ ¸µ¡¸É¢¥´´ÒÌ · ¸¶·¥¤¥²¥´¨° µ¤-
´µËµÉµ´´µ£µ ¨ ¤¢ÊÌËµÉµ´´µ£µ ± ´ ²µ¢ µ¡¤¨·±¨ ¢¡²¨§¨ ¶µ·µ£  µ¶·¥¤¥²Ö¥É¸Ö
¸µµÉ´µÏ¥´¨¥³

W
(1)
l

W
(2)
l

=
3
8
W
(1)
±

W
(2)
±

≈ 15ε1,5t (ω − εt)1,5C
4πIγ

, (3.19)

£¤¥ Iγ = F 2C/8π Å ¶²µÉ´µ¸ÉÓ ³µÐ´µ¸É¨ ³¨Ï¥´¨ ¢  Éµ³´ÒÌ ¥¤¨´¨Í Ì
(1 a.e. = 6, 436 · 1015 ‚É/¸³2). ‘ ÊÎ¥Éµ³ ¢Ò· ¦¥´¨Ö (3.1) ¤²Ö ²¨´¥°´µ
¶µ²Ö·¨§µ¢ ´´µ£µ ¨§²ÊÎ¥´¨Ö ´  ·¨¸. 17 ¶·¨¢¥¤¥´  ¶µ²ÊÎ¥´´ Ö ¢ · ¡µÉ¥ [62] É¥-
µ·¥É¨Î¥¸± Ö § ¢¨¸¨³µ¸ÉÓ ¶ ·Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´ 
H− µÉ Ô´¥·£¨¨ ËµÉµ´  ¶·¨ ω > εt. „²Ö ¸· ¢´¥´¨Ö É ³ ¦¥ ¶·¥¤¸É ¢²¥´Ò
É¥µ·¥É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ · ¡µÉ [84, 94, 95] ¤²Ö ËµÉµ´µ¢ ¸ ω < εt. �·¨¢¥¤¥´-
´Ò¥ ¸¥Î¥´¨Ö ´µ·³¨·µ¢ ´Ò ´  µ¤¨´ ¨§ ¤¢ÊÌ Ô²¥±É·µ´µ¢ Ê ¨µ´  H− ¨ Ìµ·µÏµ
¸ÉÒ±ÊÕÉ¸Ö ´  £· ´¨Í¥ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨.

�·¥¤¸É ¢²¥´´Ò¥ ¢ÒÏ¥ ¤²Ö ± ´ ²µ¢ n = 1, 2 ·¥§Ê²ÓÉ ÉÒ ¶µ§¢µ²ÖÕÉ ¤¥-
É ²Ó´µ ¨¸¸²¥¤µ¢ ÉÓ Ô¢µ²ÕÍ¨Õ ·¥§Ê²ÓÉ¨·ÊÕÐ¨Ì ¸µ¡¸É¢¥´´ÒÌ · ¸¶·¥¤¥²¥´¨°
Ô²¥±É·µ´µ¢ ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É  ¶·¨ ´ ¤¶µ·µ£µ¢µ° ËµÉµµ¡¤¨·±¥



1270 �’EŒ�‚ �.‘.

¨¸. 13. ’·¥Ì³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´µ·³¨·µ¢ ´´µ£µ ¸µ¡¸É¢¥´´µ£µ f (2)(Px, Py)-· ¸-
¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨ ¥£µ Éµ¶µ£· ³³  ¶·¨ ¤¢ÊÌËµÉµ´´µ° µ±µ²µ¶µ·µ£µ¢µ° µ¡¤¨·±¥
¨µ´µ¢ H− ¸ α = 0, η = π/4. †¨·´µ° ±·¨¢µ° ´  Éµ¶µ£· ³³¥ ¢Ò¤¥²¥´ Ê·µ¢¥´Ó 0,5 µÉ
 ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨Ö
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¨¸. 14. ’µ ¦¥, ÎÉµ ´  ·¨¸. 13, ¤²Ö α = π/4, η = π/4

¨µ´µ¢ H− ´  ³¨Ï¥´ÖÌ · §²¨Î´µ° ¶µ²Ö·¨§ Í¨¨, Î ¸ÉµÉÒ ¨ ³µÐ´µ¸É¨ ¨§²ÊÎ¥-
´¨Ö. ‚ ¶·µ¸É· ´¸É¢¥ ¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É 
(Px, Py) ÔÉ¨ · ¸¶·¥¤¥²¥´¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò· ¦¥´¨¥³

f(Px, Py)|α,η = f (1)|α,η(Px, Py)
W
(1)
α

P 20 V
(1)
α,η

+ f (2)|α,η(Px, Py)
W
(2)
α

P 20wV
(2)
α,η

, (3.20)
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¨¸. 15. ’µ ¦¥, ÎÉµ ´  ·¨¸. 13, ¤²Ö η = π/4, ´¥¶µ²Ö·¨§µ¢ ´´µ¥ ¨§²ÊÎ¥´¨¥

£¤¥ f (1,2)|α,η (Px, Py) Å ´µ·³¨·µ¢ ´´Ò¥ ¶ ·Í¨ ²Ó´Ò¥ ¸µ¡¸É¢¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö
µ¤´µËµÉµ´´µ£µ ¨ ¤¢ÊÌËµÉµ´´µ£µ ± ´ ²µ¢ ¤²Ö ¢Ò¡· ´´µ£µ Ê£²  η ¢ ³¨Ï¥´¨

¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¶µ²Ö·¨§ Í¨¥° α; f (1)|α,η(Px, Py) ≡ 0 ¶·¨ P 2x + P 2y ≥ P 20 ;

f
(2)
|α,η(Px, Py) ≡ 0 ¶·¨ P 2x + P 2y ≥ P 20w; V

(1,2)
α,η Å ¶µ¤¶µ¢¥·Ì´µ¸É´Ò° µ¡Ñ¥³
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¨¸. 16. �µ·³¨·µ¢ ´´µ¥ ¸µ¡¸É¢¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·µ´µ¢ ¶µ Ô´¥·£¨¨ ¶·¨ ¤¢ÊÌ-
ËµÉµ´´µ° µ±µ²µ¶µ·µ£µ¢µ° µ¡¤¨·±¥ ¨µ´µ¢ H− ¸ η = π/4, 3π/4 (a) ¨ η = π/2 (¡)
¤²Ö · §²¨Î´µ° ¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö: α = π/4 (•), α = 0 (+), ´¥¶µ²Ö·¨§µ¢ ´´Ò¥
ËµÉµ´Ò (); α = π/2, ¶·µ¨§¢µ²Ó´µ¥ η (∗), α = π/4 η = 3π/4 (/)

´µ·³¨·µ¢ ´´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°. ‚ ¢Ò· ¦¥´¨¨ (3.20) ÊÎÉ¥´  ´µ·-

³¨·µ¢±  f (1,2)|α,η (Px, Py)-· ¸¶·¥¤¥²¥´¨° ¶µ  ³¶²¨ÉÊ¤¥, ¨Ì ¶·¥¤¸É ¢²¥´¨¥ ¢ ¶·µ-
¸É· ´¸É¢¥ ¡¥§· §³¥·´ÒÌ ¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢ (¸³. ·¨¸.1Ä6, 13Ä15),   ¨´É¥-
£· ² · ¸¶·¥¤¥²¥´¨Ö ¶µ Ô´¥·£¨¨ ¶µ² £ ¥É¸Ö · ¢´Ò³ ¥¤¨´¨Í¥. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥
¢Ò· ¦¥´¨¥ ¤²Ö ·¥§Ê²ÓÉ¨·ÊÕÐ¥£µ ¸µ¡¸É¢¥´´µ£µ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¶µ
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¨¸. 17. ‡ ¢¨¸¨³µ¸ÉÓ ¶ ·Í¨ ²Ó´µ£µ ¸¥Î¥´¨Ö ¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´  H− ¢ ²¨-

´¥°´µ ¶µ²Ö·¨§µ¢ ´´µ° ³¨Ï¥´¨ (σ(2)
l ) µÉ Ô´¥·£¨¨ ËµÉµ´  (ω). Š·¨¢Ò¥ 1, 2, 3 Å É¥µ-

·¥É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ · ¡µÉ [84, 94, 95] ¸µµÉ¢¥É¸É¢¥´´µ

Ô´¥·£¨¨ ¨³¥¥É ¢¨¤

f|α,η(Ee) = f|α,η(XS)
10W (1)

α

γβCS
(1)
α,ηP0

+ f|α,η(XW )
10W (2)

α

γβCS
(2)
α,ηP0w

, (3.21)

£¤¥ S
(1,2)
α,η Å ¶²µÐ ¤¨ ´µ·³¨·µ¢ ´´ÒÌ ¶µ  ³¶²¨ÉÊ¤¥ ¶ ·Í¨ ²Ó´ÒÌ

f|α,η(XS, XW )-· ¸¶·¥¤¥²¥´¨°, ¨ ¨¸¶µ²Ó§Ê¥É¸Ö ¥¤¨´¨Î´ Ö ´µ·³¨·µ¢±  ¨´-
É¥£· ²  ¶ ·Í¨ ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ¶·µ¸É· ´¸É¢¥ ¶µ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸µ¢.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¨§-§  ³ ²µ° ¶µ²Ö·¨§Ê¥³µ¸É¨  Éµ³´µ£µ µ¸Éµ¢  H−

¶·¨ ¨§ÊÎ¥´¨¨ µ±µ²µ¶µ·µ£µ¢µ° ËµÉµµ¡¤¨·±¨ ¨µ´  ¢ · ¸¸³µÉ·¥´´µ° ³µ¤¥²¨ ´¥
ÊÎ¨ÉÒ¢ ²µ¸Ó ¶µ¸²¥¸Éµ²±´µ¢¨É¥²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¶·µ¤Ê±Éµ¢ · §¢ ²  (Ô²¥±-
É·µ´,  Éµ³ ¢µ¤µ·µ¤ ), ±µÉµ·µ¥ ¤²Ö ¤·Ê£¨Ì µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ³µ¦¥É ¨£· ÉÓ
¢ ¦´ÊÕ ·µ²Ó (¸³., ´ ¶·¨³¥·, [88, 96, 97]).

�Í¥´¨³ ³ ±¸¨³ ²Ó´ÊÕ ¶²µÉ´µ¸ÉÓ ³µÐ´µ¸É¨ ËµÉµ´´µ° ³¨Ï¥´¨ Iγ|∆, ¶·¨
±µÉµ·µ° ¤¨´ ³¨Î¥¸±¨° ·µ¸É ¶µ·µ£  ËµÉµµ¡¤¨·±¨ ∆εt ¥Ð¥ ´¥ µ± §Ò¢ ¥É § -
³¥É´µ£µ ¢²¨Ö´¨Ö ´  ¶·¥¤¸É ¢²¥´´Ò¥ ¢ÒÏ¥ ·¥§Ê²ÓÉ ÉÒ. ‘ ÊÎ¥Éµ³ [74] ¨ ¢¥²¨-
Î¨´ ÏÉ ·±µ¢¸±¨Ì ¸¤¢¨£µ¢ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö Ô²¥±É·µ´  ¨ £· ´¨ÍÒ ´¥¶·¥-
·Ò¢´µ£µ ¸¶¥±É·  ¢ ² §¥·´µ³ ¶µ²¥ F ÔÉµ ¨³¥¥É ³¥¸Éµ ¶·¨ ∆εt ≈ τ0F

2/4+
+F 2/4ω2 ≈ 0, 1(ω − εt), £¤¥ τ0 Å ¤¨´ ³¨Î¥¸± Ö ¶µ²Ö·¨§Ê¥³µ¸ÉÓ Ê·µ¢´Ö ´ 
Î ¸ÉµÉ¥ ¶µ²Ö ω (¤²Ö ¨µ´  H− ¢¡²¨§¨ ¶µ·µ£  ËµÉµµ¡¤¨·±¨ τ0 ≈ 103  .¥. [98]).
�É¸Õ¤  ¶µ²ÊÎ ¥³

Iγ|∆ ≈ 5 · 10−2
C

π

ω − εt
τ0 + 1/ε2t

. (3.22)

�É´µÏ¥´¨¥ ÔÉµ° ¢¥²¨Î¨´Ò ¨ Iγ|1,2, ¶·¨ ±µÉµ·µ° W (1)
l /W

(2)
l ≈ 1, ¤ ¥É

Iγ|1,2/Iγ|∆ ≈ 0, 37(ω − εt)0,5(τ0 + 1/ε2t ) ≈ 8 · 102(ω − εt)0,5. (3.23)



”�’��‹…Š’���›‰ Œ…’�„ 1275

„²Ö ¤µ¸É ÉµÎ´µ ³µÐ´ÒÌ ³¨Ï¥´¥° ¢²¨Ö´¨¥ ¸¤¢¨£  ¶µ·µ£  µ¤´µËµÉµ´´µ° µ¡-
¤¨·±¨ ´  ¶µ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ ·¥§Ê²ÓÉ ÉÒ ³µ¦´µ ÊÎ¥¸ÉÓ ¶·¨ § ³¥´¥ εt ´ 
εt = εt + ∆εt ¨ ¸µÌ· ´¥´¨¨ ËÊ´±Í¨µ´ ²Ó´ÒÌ § ¢¨¸¨³µ¸É¥°.

�·¨¢¥¤¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤¥É ²Ó´µ£µ ¨§ÊÎ¥´¨Ö · ¸¶·¥¤¥²¥´¨° ËµÉµÔ²¥±-
É·µ´µ¢ ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É  Ê± §Ò¢ ÕÉ ´  ¢µ§³µ¦´µ¸ÉÓ ÔËË¥±É¨¢-
´µ£µ Ê¶· ¢²¥´¨Ö ¶·µÍ¥¸¸µ³ ËµÉµµ¡¤¨·±¨ ¡Ò¸É·ÒÌ ¨µ´µ¢ H− ¢ ² §¥·´µ³ ¨§²Ê-
Î¥´¨¨. „²Ö § ¤ Î ¤¨ £´µ¸É¨±¨ ¶ÊÉ¥³ ¶µ¤¡µ·  ³µÐ´µ¸É¨ ¨§²ÊÎ¥´¨Ö, ¶·µ¸É· ´-
¸É¢¥´´µ° µ·¨¥´É Í¨¨ ¨³¶Ê²Ó¸  ¨ ¶µ²Ö·¨§ Í¨¨ ËµÉµ´µ¢ ³µ¦´µ ·¥ ²¨§µ¢ ÉÓ
Ê¸²µ¢¨Ö ¶¥·¥¤ Î¨ ´¥µ¡Ìµ¤¨³µ° ¨´Ëµ·³ Í¨¨ µ ¶ÊÎ±¥ ¡Ò¸É·Ò³ Ô²¥±É·µ´ ³ ¸
³ ±¸¨³ ²Ó´µ° ÉµÎ´µ¸ÉÓÕ.

4. 8…„…‹œ�›… ‚�‡Œ�†��‘’ˆ „ˆ
ƒ��‘’ˆŠˆ 8“—Š
 ˆ���‚
H− 8� �‹…Š’��
Œ ˆ• ��„ˆŠˆ �
 
‡‹ˆ—�›•

Œˆ˜…�Ÿ•

’µÎ´µ¸É¨ ¸µµÉ¢¥É¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ H− ¨ Ô²¥±É·µ´µ¢ ¢ ¶ÊÎ±¥ ¶µ
Ê£²Ê ¨ Ô´¥·£¨¨ (¨³¶Ê²Ó¸Ê) µ¶·¥¤¥²ÖÕÉ¸Ö ¢¥²¨Î¨´µ° ¨ Ì · ±É¥·µ³ ¢µ§³ÊÐ¥-
´¨Ö, ¶·¨µ¡·¥É ¥³µ£µ Ô²¥±É·µ´ ³¨ ¢ Ô²¥³¥´É ·´ÒÌ  ±É Ì ¸¢µ¥£µ ·µ¦¤¥´¨Ö, ¨
§ ¢¨¸ÖÉ µÉ É¨¶  ¨¸¶µ²Ó§Ê¥³µ° §µ´¤¨·ÊÕÐ¥° ³¨Ï¥´¨. ‘· ¢´¨É¥²Ó´Ò°  ´ ²¨§
ÔÉ¨Ì ÉµÎ´µ¸É¥° ³µ¦¥É ¡ÒÉÓ ¶·µ¢¥¤¥´ ¸ ¶µ³µÐÓÕ ¶·¥¤¸É ¢²¥´´ÒÌ ´  ·¨¸. 18
§ ¢¨¸¨³µ¸É¥° [99]. „²Ö ±µ·¶Ê¸±Ê²Ö·´ÒÌ ³¨Ï¥´¥° ¶·¨¢¥¤¥´Ò Ï¨·¨´Ò ´  ¶µ-
²Ê¢Ò¸µÉ¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì · ¸¶·¥¤¥²¥´¨° ¶·¨ ·µ¦¤¥´¨¨ Ô²¥±É·µ´µ¢ ¸ ÊÎ¥Éµ³
¨§¢¥¸É´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ [30Ä35] ¨ É¥µ·¥É¨Î¥¸±¨Ì [36] ·¥§Ê²ÓÉ Éµ¢. „²Ö
ËµÉµ´´ÒÌ ³¨Ï¥´¥° ¨¸¶µ²Ó§µ¢ ´Ò ¶·¥¤¸É ¢²¥´´Ò¥ ¢ · §¤. 2 ¤ ´´Ò¥. �·¨ ÔÉµ³
¸¶²µÏ´Ò¥ ±·¨¢Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ É¥µ·¥É¨Î¥¸±¨³ §´ Î¥´¨Ö³ ³ ±¸¨³ ²Ó´µ£µ
Ê£²µ¢µ£µ ¨ Ô´¥·£¥É¨Î¥¸±µ£µ · §¡·µ¸µ¢ Ô²¥±É·µ´µ¢ ¢ ·¥§Ê²ÓÉ É¥ µ¤´µËµÉµ´-
´µ° µ¡¤¨·±¨ ¨µ´µ¢ H− ¶·¨ § ¤ ´´µ° ¤²¨´¥ ¢µ²´Ò ËµÉµ´µ¢ ¢ ¸¨¸É¥³¥ ¶µ±µÖ
¨µ´µ¢. ˜É·¨Ì¶Ê´±É¨·´Ò³¨ ±·¨¢Ò³¨ µÉ³¥Î¥´Ò Ï¨·¨´Ò ´  ¶µ²Ê¢Ò¸µÉ¥ · ¸-
¶·¥¤¥²¥´¨° ¶·¨ Éµ° ¦¥ ¤²¨´¥ ¢µ²´Ò ËµÉµ´µ¢, ´µ µ¶É¨³ ²Ó´µ³ ´ ¶· ¢²¥´¨¨
¨Ì ¨³¶Ê²Ó¸  (Ê£µ² η) ¨ ¶²µ¸±µ¸É¨ ¶µ²Ö·¨§ Í¨¨ (α).

ˆ§ ¶·¥¤¸É ¢²¥´´ÒÌ ´  ·¨¸. 18 § ¢¨¸¨³µ¸É¥° ¢¨¤´µ, ÎÉµ ¢Ò¡µ· ³ É¥·¨-
 ²  ±µ·¶Ê¸±Ê²Ö·´µ° ³¨Ï¥´¨ ¶· ±É¨Î¥¸±¨ ´¥ ¢²¨Ö¥É ´  ³ ±¸¨³ ²Ó´ÊÕ ÉµÎ-
´µ¸ÉÓ ¸µµÉ¢¥É¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ H− ¨ Ô²¥±É·µ´µ¢. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³
¤²Ö § ¤ Î ¤¨ £´µ¸É¨±¨ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ´ ¨¡µ²¥¥ Ê¤µ¡´Ò¥ ¸ ÉµÎ±¨ §·¥´¨Ö
Ëµ·³¨·µ¢ ´¨Ö §µ´¤¨·ÊÕÐ¥° ³¨Ï¥´¨ £ §µ¢ÊÕ ÖÎ¥°±Ê, É¨¶ £ §  ¨²¨ Ëµ²Ó£¨.
‘ÊÐ¥¸É¢¥´´µ¥ Ê²ÊÎÏ¥´¨¥ ÉµÎ´µ¸É¥° ¸µµÉ¢¥É¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° ³µ¦¥É ¡ÒÉÓ
¤µ¸É¨£´ÊÉµ ¶·¨ ¶¥·¥Ìµ¤¥ ± ËµÉµ´´Ò³ ³¨Ï¥´Ö³. �·¨ §µ´¤¨·µ¢ ´¨¨ ¶ÊÎ±µ¢
² §¥·´Ò³ ¨§²ÊÎ¥´¨¥³ ³µ¦´µ Ëµ·³¨·µ¢ ÉÓ ³¨Ï¥´¨ ¸ ¤µ¸É ÉµÎ´µ ³ ²Ò³¨
¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´�Ò³¨ · §³¥· ³¨. ’ ±¨³ µ¡· §µ³, µÉ±·Ò¢ ¥É¸Ö ¢µ§-
³µ¦´µ¸ÉÓ ¤¨ £´µ¸É¨±¨ ¸ ¶µ³µÐÓÕ ±µ³¶ ±É´ÒÌ Ê¸É·µ°¸É¢ ¶·¨ ·¥£¨¸É· Í¨¨
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¨¸. 18. Œ ±¸¨³ ²Ó´ Ö ÉµÎ´µ¸ÉÓ ¸µµÉ¢¥É¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ H− ¨ Ô²¥±É·µ´µ¢
¶µ µÉ´µ¸¨É¥²Ó´µ° Ô´¥·£¨¨ (∆Ee/Ee, ±·¨¢Ò¥ 1Ä5) ¨ Ê£²Ê (∆θe, ±·¨¢Ò¥ 6Ä10) ¤²Ö
· §²¨Î´ÒÌ ±µ·¶Ê¸±Ê²Ö·´ÒÌ (1, 6 → (�) Å Kr [34], (∗) Å Ne, CH3Cl [35], (◦) Å
He [31, 33, 35], (×) Å Ar [30, 32], (•) Å C [36]) ¨ ËµÉµ´´ÒÌ (λ = 10600 �A → 2, 3,
7, 8; λ = 16300 �A → 4, 5, 9, 10 [62]) ³¨Ï¥´¥° ¢ § ¢¨¸¨³µ¸É¨ µÉ Ô´¥·£¨¨ ¨µ´µ¢

Ô²¥±É·µ´µ¢, ·µ¦¤ ÕÐ¨Ì¸Ö ¢ ·¥§Ê²ÓÉ É¥ µ±µ²µ¶µ·µ£µ¢µ° µ¤´µËµÉµ´´µ° µ¡-
¤¨·±¨ ¨µ´µ¢ H− ´  ÔÉ ¶¥ ¸Î¨ÉÒ¢ ´¨Ö ¨´Ëµ·³ Í¨¨ µ ¶ÊÎ±¥.

5. �ƒ
�ˆ—…�ˆŸ �
 8‹�’��‘’œ Œ�™��‘’ˆ ”�’����‰
Œˆ˜…�ˆ

�²µÉ´µ¸ÉÓ ³µÐ´µ¸É¨ ³¨Ï¥´¨ Iγ|max, ¶·¨ ±µÉµ·µ° ¨´Ëµ·³ Í¨Ö µ ¶ · ³¥-
É· Ì ¶ÊÎ±  § ³¥É´µ ¨¸± ¦ ¥É¸Ö ¨§-§  ¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨ µÉ·¨Í É¥²Ó´ÒÌ
¨µ´µ¢, § ¢¨¸¨É µÉ ¶µ¢¥¤¥´¨Ö ¸¥Î¥´¨° ± ´ ²µ¢ n = 1, 2 ¢¡²¨§¨ ¶µ·µ£  εt, ±µ´-
±·¥É´µ£µ ¢¨¤  ¸µ¡¸É¢¥´´ÒÌ · ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ´µ¢ ¢ Ô²¥³¥´É ·´ÒÌ  ±É Ì
¨Ì ·µ¦¤¥´¨Ö,   É ±¦¥ µÉ ¢¥²¨Î¨´ ∆β ¨ ∆θi ¨µ´µ¢ ¢ ¶ÊÎ±¥. „²Ö · ¸¸³µÉ·¥´-
´ÒÌ ¢ÒÏ¥ ´ ¨¡µ²¥¥ µ¶É¨³ ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° ¸ β0 = 2 ÔÉµ ¨³¥¥É ³¥¸Éµ
¶·¨ (¸³. ·¨¸.1,2,7,13,16)

W
(1)
l /∆θi ≤ 10W (2)

l /
√

(∆X ′
cr)2 + (∆θi)2 (5.1)

¨

W
(1)
l /ξi ≤ 10W (2)

l /
√

(ξi)2 + (ξ(2))2, (5.2)

¢ ¸²ÊÎ ¥ ¨§³¥·¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ ¢ ¶²µ¸±µ¸É¨ X ′X ¨ ¶µ Ô´¥·£¨¨
¸µµÉ¢¥É¸É¢¥´´µ. ‚ ¶·¨¢¥¤¥´´ÒÌ ¢Ò· ¦¥´¨ÖÌ ξi = β∆βγ3/(γ − 1), ξ(2) ≈
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≈ (0, 6γβ/(γ − 1))
√
εt/meC2 ¨ ∆X ′

cr ≈ (0, 25/γβ)
√

2εt/meC2. ‘ ÊÎ¥Éµ³
·¥§Ê²ÓÉ Éµ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ · §¤. 3 ¶·¨³¥´¨É¥²Ó´µ ± ¶ÊÎ± ³ ¨µ´µ¢ H−,
´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö Iγ|max[‚É/¸³

2] ¢ ¸¨¸É¥³¥ Í¥´É· 
³ ¸¸:

Iγ|max ≈ 5, 21·1012[εt(�ω−εt)]1,5



√
1 +

( 0, 35
γβ∆θi

)2 εt
meC

2 → (X ′X)

√
1 +

(
0, 6
γ2∆β

)2
εt

meC
2 → (Ei),

(5.3)

£¤¥ ¢¥²¨Î¨´Ò �ω ¨ εt ¢Ò· ¦¥´Ò ¢ Ô²¥±É·µ´-¢µ²ÓÉ Ì. Š·¨É¨Î¥¸± Ö ¶²µÉ´µ¸ÉÓ
³µÐ´µ¸É¨ ³¨Ï¥´¨ Iγ|cr[‚É/¸³

2], ¶·¨ ±µÉµ·µ° ¸µ¡¸É¢¥´´Ò¥ µ¤´µËµÉµ´´Ò¥

· ¸¶·¥¤¥²¥´¨Ö ϕ(1)(Px) ¨ f(XS) Ô²¥±É·µ´µ¢ ¸ β0 = 2 ¶µ²´µ¸ÉÓÕ ®¸É¨· ÕÉ-

¸Ö¯  ´ ²µ£¨Î´Ò³¨ ¤¢ÊÌËµÉµ´´Ò³¨ (W (1)
l /P0 ≈ W

(2)
l /P0w), µ¶·¥¤¥²Ö¥É¸Ö ¢

¤ ´´µ³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨¥³

Iγ|cr ≈ 4, 4 · 1013ε2t (�ω − εt). (5.4)

�·¨ É ±µ° ³µÐ´µ¸É¨ ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨Ö ¶ · ³¥É·µ¢ ¶ÊÎ±  ¨µ´µ¢ H− µ£· -
´¨Î¥´  ¢¥²¨Î¨´ ³¨ ∆X ′

cr ¶µ Ê£²Ê ¨ ξ(2) ¶µ µÉ´µ¸¨É¥²Ó´µ° Ô´¥·£¨¨.

6. Œ��ƒ�”“�Š–ˆ��
‹œ��… “‘’�‰‘’‚� „‹Ÿ
�…‚�‡Œ“™
�™…‰ ”�„8 �’ˆ–
’…‹œ�›• ˆ���‚

‚›‘�Š�‰ ��…ƒˆˆ

„²Ö ·¥ ²¨§ Í¨¨ · ¸¸³µÉ·¥´´µ£µ ¢ÒÏ¥ ³¥Éµ¤  ´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ-
¸É¨±¨ ¶ÊÎ±  µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ¢Ò¸µ±µ° Ô´¥·£¨¨ (´ ¶·¨³¥·, ¢ ³¥§µ´-
´ÒÌ Ë ¡·¨± Ì) ¶·¥¤²µ¦¥´µ ¨ · §· ¡µÉ ´µ ±µ³¶ ±É´µ¥ ³´µ£µËÊ´±Í¨µ´ ²Ó´µ¥
Ê¸É·µ°¸É¢µ, ¸Ì¥³  ±µÉµ·µ£µ ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 19 [48,100]. ‚Ò¢µ¤ Ô²¥±É·µ-
´µ¢ ËµÉµµ¡¤¨·±¨ ¨§ ¶ÊÎ±  ¨µ´µ¢ ¨  ´ ²¨§ ¶¥·¥´µ¸¨³µ° ¨³¨ ¨´Ëµ·³ Í¨¨
µ¸ÊÐ¥¸É¢²Ö¥É¸Ö µ¤´¨³ ´¥¶µ¤¢¨¦´Ò³ ³ £´¨É´Ò³ Ô²¥³¥´Éµ³ ¸ µ¤´µ·µ¤´Ò³
¶µ²¥³ (MA). „²Ö ¶µ²´µ° ±µ³¶¥´¸ Í¨¨ ´¥§´ Î¨É¥²Ó´ÒÌ ¶·µ¸É· ´¸É¢¥´´ÒÌ
¨ Ê£²µ¢ÒÌ ¢µ§³ÊÐ¥´¨° ¨µ´µ¢ ¤µ ¨ ¶µ¸²¥ ´¥£µ · ¸¶µ²µ¦¥´Ò ±µ··¥±É¨·ÊÕ-
Ð¨¥ ³ £´¨ÉÒ M1 ¨ M2. ‘µ£² ¸µ¢ ´´µ¥ ¨§³¥´¥´¨¥  ´ ²¨§¨·ÊÕÐ¥£µ ¨ ±µ·-
·¥±É¨·ÊÕÐ¨Ì ¶µ²¥° µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´Ò³ ¸µ¥¤¨´¥´¨¥³ µ¡³µÉµ±
³ £´¨Éµ¢ ¨ µ¡Ð¨³ ¨¸ÉµÎ´¨±µ³ Éµ± . Œ¥¦¶µ²Õ¸´µ¥ · ¸¸ÉµÖ´¨¥ Lm ¢Ò¡¨· -
¥É¸Ö ¤µ¸É ÉµÎ´Ò³ ¤²Ö ¡¥c¶·¥¶ÖÉ¸É¢¥´´µ£µ ¶·µÌµ¦¤¥´¨Ö ¶ÊÎ±  ¢ ¢ ±ÊÊ³´µ°
± ³¥·¥ ³¥¦¤Ê ¶µ²Õ¸ ³¨ ³ £´¨É  ¨ ¶µ¶ ¤ ´¨Ö ´  ¤¥É¥±Éµ·Ò ¢¸¥Ì Ô²¥±É·µ´µ¢,
·µ¦¤ ÕÐ¨Ì¸Ö ´  ËµÉµ´´ÒÌ ³¨Ï¥´ÖÌ.
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¨¸. 19. ‘Ì¥³  ³´µ£µËÊ´±Í¨µ´ ²Ó´µ£µ Ê¸É·µ°¸É¢  ¤²Ö ´¥¢µ§³ÊÐ ÕÐ¥° ËµÉµÔ²¥±É·µ´-
´µ° ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ c ¢Ò¸µ±µ° Ô´¥·£¨¥°

ˆ§³¥·¥´¨¥ Ô´¥·£¥É¨Î¥¸±µ£µ ¸¶¥±É·  ¨ ¶·µ¤µ²Ó´µ£µ Ô³¨ÉÉ ´¸  ¶ÊÎ± 
¨µ´µ¢ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ ¨§¢¥¸É´µ° ¤²Ö ³ £´¨É´ÒÌ  ´ ²¨§ Éµ·µ¢ ¸Ì¥³¥
(·¨¸. 19, ), ¢ ±µÉµ·µ° ¢³¥¸Éµ ¤¨ Ë· £³¨·ÊÕÐ¥° Ð¥²¨ ¸ ¶µ³µÐÓÕ ² §¥·-
´µ£µ ¨§²ÊÎ¥´¨Ö Ëµ·³¨·Ê¥É¸Ö ¢ ¶²µ¸±µ¸É¨ XZ ²¥´ÉµÎ´ Ö ËµÉµ´´ Ö ³¨Ï¥´Ó
O ¸ É·¥¡Ê¥³µ° ¶·µ¸É· ´¸É¢¥´´µ° ²µ± ²¨§ Í¨¥° ∆Y ¶µ µ¸¨ Y . ‘¶¥±É· ¨µ´µ¢
¶µ Ô´¥·£¨¨ ¨²¨ ¨³¶Ê²Ó¸Ê ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö ¶µ ¨§³¥·¥´´µ³Ê ´  ¤¥É¥±Éµ·¥
De1 ¶·µ¸É· ´¸É¢¥´´µ³Ê · ¸¶·¥¤¥²¥´¨Õ ¶²µÉ´µ¸É¨ ¶µÉµ±  Ô²¥±É·µ´µ¢ ¢¤µ²Ó
µ¸¨ Yd ¸ ÊÎ¥Éµ³ ¶·µ¸É· ´¸É¢¥´´µ£µ · §·¥Ï¥´¨Ö (d) ¤¥É¥±Éµ· . �²¥±É·µ´Ò ¸
É·¥¡Ê¥³Ò³¨ ¤²Ö Ë §µ¢µ£µ  ´ ²¨§  ¨³¶Ê²Ó¸ ³¨ ¤µ¸É ÉµÎ´µ µ¶¥· É¨¢´µ ¢Ò¤¥-
²ÖÕÉ¸Ö ¤¨ Ë· £³µ° D ¶·¨ ¨§³¥´¥´¨¨ §´ ±  ¨ ¢¥²¨Î¨´Ò ³ £´¨É´µ£µ ¶µ²Ö.
�µ¸²¥ ¶·¥¤¢ ·¨É¥²Ó´µ° Õ¸É¨·µ¢±¨ ¤¨ Ë· £³¨·ÊÕÐ¥° ¸¨¸É¥³Ò D1 ¨ Ð¥²¥-
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¢µ£µ ¤¥É¥±Éµ·  ËµÉµ´µ¢ Dγ µÉ´µ¸¨É¥²Ó´µ  ´ ²¨§ Éµ·  ±µ´É·µ²Ó ³µÐ´µ¸É¨
¨ Ê£²µ¢µ° µ·¨¥´É Í¨¨ ³¨Ï¥´¨ µ¸ÊÐ¥¸É¢²ÖeÉ¸Ö ¶µ ¸¨£´ ²Ê ¤¥É¥±Éµ·  µÉ ¶·µ-
Ï¥¤Ï¥£µ Î¥·¥§ µ¡² ¸ÉÓ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨§²ÊÎ¥´¨Ö. „²Ö ÔÉµ£µ µ´µ ¶¥·¥¢µ-
¤¨É¸Ö ¢ ¶²µ¸±µ¸ÉÓ Y Z ¸ ¶µ³µÐÓÕ ±²¨´µ¢¨¤´µ£µ §¥·± ²  M , · ¸¶µ²µ¦¥´´µ£µ
¢ ¢ ±ÊÊ³´µ° ± ³¥·¥ ´  µ¤´µ³ ¨§ ³ £´¨É´ÒÌ ¶µ²Õ¸µ¢  ´ ²¨§ Éµ· . �·µ¤µ²Ó-
´Ò° Ô³¨ÉÉ ´¸ ¶ÊÎ±  ¨µ´µ¢ µ¶·¥¤¥²Ö¥É¸Ö ¶µ ¸µ¢µ±Ê¶´µ¸É¨ ¶·µ¸É· ´¸É¢¥´´ÒÌ
· ¸¶·¥¤¥²¥´¨° ¢Ò¤¥²¥´´ÒÌ Ô²¥±É·µ´µ¢ ´  ¤¥É¥±Éµ·¥ De2 ¶µ¸²¥ Ê¸É·µ°¸É¢ 
Ë §µ¢µ° · §¢¥·É±¨ (CDP ), ´ ¶·¨³¥·,  ´ ²µ£¨Î´µ£µ ¶·¥¤²µ¦¥´´µ³Ê ¢ · -
¡µÉ¥ [101]. �¸´µ¢´Ò³ ¥£µ Ô²¥³¥´Éµ³ Ö¢²Ö¥É¸Ö Í¨²¨´¤·¨Î¥¸±¨° ·¥§µ´ Éµ·,
´ £·Ê¦¥´´Ò° ¤¨¸± ³¨, ¢ ±µÉµ·µ³ ¢µ§¡Ê¦¤ ÕÉ¸Ö Ô²¥±É·µ³ £´¨É´Ò¥ ±µ²¥¡ ´¨Ö
EH11n ¸ ±·Ê£µ¢µ° ¶µ²Ö·¨§ Í¨¥°. �·¨ · ¢¥´¸É¢¥ Î ¸ÉµÉÒ ¢· Ð¥´¨Ö ¶²µ¸±µ¸É¨
¶µ²Ö·¨§ Í¨¨ ¢ CDP ¨ · ¡µÎ¥° Î ¸ÉµÉÒ ‚—-¶µ²Ö Ê¸±µ·¨É¥²Ö · ¸¶·¥¤¥²¥´¨¥
¶²µÉ´µ¸É¨ ¶µÉµ±  Ô²¥±É·µ´µ¢ ¶µ ¤²¨´¥ ±µ²ÓÍ  ´  ¤¥É¥±Éµ·¥ µ¶·¥¤¥²Ö¥É Ë §µ-
¢Ò° ¸¶¥±É· ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨µ´µ¢ ¢ ¶ÊÎ±¥. �·¨ ÔÉµ³ ¸É¥¶¥´Ó ¸µµÉ¢¥É¸É¢¨Ö
Ë §µ¢µ° ¸É·Ê±ÉÊ·Ò ¶µÉµ±µ¢ ¨µ´µ¢ ¨ Ô²¥±É·µ´µ¢ ËµÉµµ¡¤¨·±¨ (δΨ) µ¶·¥¤¥-
²Ö¥É¸Ö ¢ µ¸´µ¢´µ³ ¶·µ¥±Í¨¥° ∆Zm µ¡² ¸É¨ ËµÉµ´´µ° ³¨Ï¥´¨, ¸ ±µÉµ·µ°
¢Ò¤¥²¥´´Ò¥ ¤¨ Ë· £³µ° Ô²¥±É·µ´Ò ¸µ¡¨· ÕÉ¸Ö ´  ¤¥É¥±Éµ·,   É ±¦¥ · §´µ-
¸ÉÓÕ ¤²¨´ É· ¥±Éµ·¨° ÔÉ¨Ì Ô²¥±É·µ´µ¢ ¢ ³ £´¨É´µ³  ´ ²¨§ Éµ·¥ ¨§-§  ¨Ì
Ê£²µ¢µ£µ · §¡·µ¸ .

�·¨ · ¡µÉ¥ Ê¸É·µ°¸É¢  ¶µ ¸Ì¥³¥, ¶·¥¤¸É ¢²¥´´µ° ´  ·¨¸. 19,¡, ¢ ¶²µ¸-
±µ¸ÉÖÌ, ¶ · ²²¥²Ó´ÒÌ Y Z, ¸ ¶µ³µÐÓÕ ¤¨ Ë· £³¨·ÊÕÐ¨Ì Ð¥²¥° Dn Ëµ·³¨-
·Ê¥É¸Ö µ¤´ , ¶¥·¥³¥Ð ¥³ Ö ¢¤µ²Ó µ¸¨ X , ¨²¨ ´¥¸±µ²Ó±µ ´¥¶µ¤¢¨¦´ÒÌ ²¥´-
ÉµÎ´ÒÌ ËµÉµ´´ÒÌ ³¨Ï¥´¥° ¸ É·¥¡Ê¥³µ° ¤²Ö ¨§³¥·¥´¨° ¶·µ¸É· ´¸É¢¥´´µ°
²µ± ²¨§ Í¨¥° ∆X . ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ¤µ¶Ê¸É¨³µ¥ · ¸¸ÉµÖ´¨¥ δX ³¥¦¤Ê
³¨Ï¥´Ö³¨ µ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ¢¨¥³ ¶¥·¥±·ÒÉ¨Ö · ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ´µ¢ µÉ
´¨Ì ´  ¤¥É¥±Éµ·¥ De1. „ ´´µ¥ · ¸¶µ²µ¦¥´¨¥ ³¨Ï¥´¥° ¢ ¶·µ¸É· ´¸É¢¥ ¸¢µ¤¨É
± ³¨´¨³Ê³Ê ¢§ ¨³´µ¥ ¢²¨Ö´¨¥ Ê£²µ¢µ£µ ¨ Ô´¥·£¥É¨Î¥¸±µ£µ ¸¶¥±É·µ¢ Ô²¥±É·µ-
´µ¢ ´  ¨Ì · ¸¶·¥¤¥²¥´¨¥ ¢¤µ²Ó µ¸¨ Xd ¢ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨  ´ ²¨§ Éµ· .
—¨¸²¥´´µ¥ ³µ¤¥²¨·µ¢ ´¨¥ ¢²¨Ö´¨Ö ¥£µ £¥µ³¥É·¨¨, Õ¸É¨·µ¢±¨ ¨ ±· ¥¢ÒÌ ¶µ-
²¥° ¶µ µ¶É¨³¨§¨·µ¢ ´´µ° ¶·µ£· ³³¥ TRANSPORT (TURTLE) ¶µ± § ²µ, ÎÉµ
¢ ÔÉµ³ ¸²ÊÎ ¥ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·µ´µ¢ ´  ¤¥É¥±Éµ·¥ De1 ¢¤µ²Ó µ¸¨ Xd µ¶¨-
¸Ò¢ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Xd = AX +BX ′, (6.1)

£¤¥ ¶ · ³¥É·Ò A ¨ B µ¶·¥¤¥²ÖÕÉ¸Ö Éµ²Ó±µ Ì · ±É¥·¨¸É¨± ³¨ ¢Ò¡· ´´µ£µ
 ´ ²¨§ Éµ· .  ¸¶·¥¤¥²¥´¨¥ ¨µ´µ¢ ¢ (X ′X)-Ë §µ¢µ° ¶²µ¸±µ¸É¨, X-¶·µË¨²Ó
¶ÊÎ±  ¨ ¥£µ ¶µ¶¥·¥Î´Ò° Ô³¨ÉÉ ´¸ ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¶µ ¨§³¥·¥´´Ò³
¢¤µ²Ó µ¸¨ Xd ¶·µ¸É· ´¸É¢¥´´Ò³ · ¸¶·¥¤¥²¥´¨Ö³ ¶µÉµ±µ¢ Ô²¥±É·µ´µ¢ ¶·¨
±µ´É·µ²¨·Ê¥³ÒÌ Ì · ±É¥·¨¸É¨± Ì ËµÉµ´´ÒÌ ³¨Ï¥´¥° (µ¶·¥¤¥²ÖÕÐ¨Ì ¢¥·µ-
ÖÉ´µ¸ÉÓ ·µ¦¤¥´¨Ö Ô²¥±É·µ´ ), ¨Ì Ê£²µ¢µ° µ·¨¥´É Í¨¨ ¨ ¶µ²µ¦¥´¨Ö ¢ ¶·µ-
¸É· ´¸É¢¥ ¶µ µ¸¨ X . „ ´´Ò° ±µ´É·µ²Ó µ¸ÊÐ¥¸É¢²Ö¥É¸Ö n-± ´ ²Ó´Ò³ Ð¥²¥¢Ò³
¤¥É¥±Éµ·µ³ Dγn, £¤¥ n Å Î¨¸²µ Ëµ·³¨·ÊÕÐ¨Ì ¤¨ Ë· £³.
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�µ ·¥§Ê²ÓÉ É ³ Î¨¸²¥´´µ£µ ³µ¤¥²¨·µ¢ ´¨Ö µ¶·¥¤¥²¥´Ò µ¶É¨³ ²Ó´Ò¥ Ì -
· ±É¥·¨¸É¨±¨ Ê¸É·µ°¸É¢ , ¶·¨ ±µÉµ·ÒÌ µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¤µ¸É ÉµÎ´ Ö ÉµÎ´µ¸ÉÓ
¨§³¥·¥´¨Ö ¶ · ³¥É·µ¢ ¶ÊÎ± . ‚ Î ¸É´µ¸É¨, ¤²Ö ´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ¸É¨±¨
¶ÊÎ±  ¨µ´µ¢ H− ¸ Ô´¥·£¨¥° EH− = 600 ŒÔ‚, ∆β/β ≈ ±10−3 ¨ ∆θi ≈
≈ ±10−3 · ¤ · §· ¡µÉ ´µ Ê¸É·µ°¸É¢µ ¸ R = 200 ³³, Lm = 60 ³³, d ≈
≈ ∆X ≈ ∆Y ≈ 0, 1 ³³, δX ≈ 1, 5 ³³, · ¸Î¥É´Ò³¨ ¶ · ³¥É· ³¨ A = 1
¨ B = 0, 072 ¸³/³· ¤, ∆Zm ≤ 1 ³³ ¤²Ö Ë §µ¢µ£µ  ´ ²¨§  ¸ δΨ ≈ ±10

¨ ∆Zm ≤ 10 ³³ ¤²Ö ¨§³¥·¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¢ (X ′X)-Ë §µ¢µ³ ¶·µ¸É· ´-
¸É¢¥ ¨ ¶µ Ô´¥·£¨¨. ‚¥²¨Î¨´  ³ £´¨É´µ£µ ¶µ²Ö  ´ ²¨§ Éµ·  Ô²¥±É·µ´µ¢ (Ee =
= 327 ±Ô‚) ¶·¨ ÔÉµ³ ¸µ¸É ¢²Ö¥É H = 110 �. �¥ÉµÎ´µ¸É¨ Õ¸É¨·µ¢±¨ ¨ ¨§£µÉµ-
¢²¥´¨Ö  ´ ²¨§ Éµ·  ¶·¨¢µ¤ÖÉ ± µÉ±²µ´¥´¨Õ ¶ · ³¥É·µ¢ A, B ¨ ¤¨¸¶¥·¸¨¨ µÉ
· ¸Î¥É´ÒÌ ¨ ³µ£ÊÉ ¡ÒÉÓ ÊÎÉ¥´Ò ¶·¨ ¥£µ ± ²¨¡·µ¢±¥ É¥¸Éµ¢Ò³ Ô²¥±É·µ´´Ò³
¶ÊÎ±µ³. ’µÎ´µ¸ÉÓ ¸µµÉ¢¥É¸É¢¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ ¨ Ô²¥±É·µ´µ¢ ËµÉµµ¡-
¤¨·±¨ ∆X ′ ≈ 5 · 10−5 · ¤ ¨ ∆Ee/Ee ≈ 3 · 10−2% ¤µ¸É¨£ ¥É¸Ö ´  µ¶É¨³ ²Ó´µ
¶µ²Ö·¨§µ¢ ´´ÒÌ ËµÉµ´´ÒÌ ³¨Ï¥´ÖÌ ¶·¨ η = (41 ± 0, 5)◦, ±µÉµ·Ò¥ Ëµ·³¨-
·ÊÕÉ¸Ö ¤¨ Ë· £³¨·µ¢ ´¨¥³ ¨§²ÊÎ¥´¨Ö Nd : ˆ�ƒ-² §¥·  (�ω0 = 1, 17 Ô‚) ¸µ
¸·¥¤´¥° ¨³¶Ê²Ó¸´µ° ¶²µÉ´µ¸ÉÓÕ ³µÐ´µ¸É¨ Iγ|L ≤ 30 ±‚É/¸³2 ¢ ² ¡µ· Éµ·-
´µ° ¸¨¸É¥³¥ µÉ¸Î¥É . ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¤ ´´Ò° Ê£µ² ³¥¦¤Ê ¨³¶Ê²Ó¸ ³¨
¨µ´µ¢ ¨ ËµÉµ´µ¢ ¡²¨§µ± ± ¢¥²¨Î¨´¥ ηb = arccos(β) ≈ 38◦, ¶·¨ ±µÉµ·µ°
¶·µ¨¸Ìµ¤¨É ËµÉµµ¡¤¨·±  ¢ ³¨´¨³ ²Ó´µ³ Ë §µ¢µ³ ¨´É¥·¢ ²¥ (² §¥·´Ò° ²ÊÎ
¶¥·¶¥´¤¨±Ê²Ö·¥´ ¶ÊÎ±Ê ¨µ´µ¢ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸).  §· ¡µÉ ´´Ò° ² §¥·
¨§²ÊÎ ¥É ¢ Ê¤µ¡´µ³ ¤²Ö ¤¨ £´µ¸É¨±¨ ±¢ §¨´¥¶·¥·Ò¢´µ³ ·¥¦¨³¥ £¥´¥· Í¨¨
¸ ¤²¨É¥²Ó´µ¸ÉÓÕ · ¢´µ³¥·´µ° Î ¸É¨ ¨³¶Ê²Ó¸  τγ ≈ 250 ÷ 500 ³±¸, Î ¸Éµ-
Éµ° fγ ≈ 1/5 ƒÍ ¨ Ê£²µ¢µ° · ¸Ìµ¤¨³µ¸ÉÓÕ ¨§²ÊÎ¥´¨Ö αγ ≈ 2 · 10−4 · ¤,  
¸¶¥Í¨ ²Ó´µ¥ Ô²¥±É·µ´´µ¥ Ê¸É·µ°¸É¢µ ¢±²ÕÎ ¥É ² §¥· ¸µ£² ¸µ¢ ´´µ ¸ ¶ÊÎ±µ³
¨µ´µ¢ (τi ≈ 100 ³±¸, fi = 1, 100 ƒÍ) ¢µ ¢·¥³¥´¨ ¨ µ¡¥¸¶¥Î¨¢ ¥É ¶¥·¥-
±·ÒÉ¨¥ ¨³¶Ê²Ó¸µ¢ ´  ÊÎ ¸É±¥ ¶· ±É¨Î¥¸±¨ ¶µ¸ÉµÖ´´µ° ³µÐ´µ¸É¨ ¨§²ÊÎ¥´¨Ö
[102]. �¶É¨³ ²Ó´µ¥ ¸µ£² ¸µ¢ ´¨¥ ¨³¶Ê²Ó¸µ¢ ² §¥·  ¢µ ¢·¥³¥´¨ µ¸ÊÐ¥¸É¢²Ö-
¥É¸Ö ¶ÊÉ¥³ ·¥£Ê²¨·µ¢±¨ µ¶¥·¥¦¥´¨Ö ¶µ¤¦¨£ . ˆ§²ÊÎ¥´¨¥ ¸¨´Ì·µ´¨§¨·Ê¥É¸Ö
¸ ²Õ¡Ò³ ¨¸ÉµÎ´¨±µ³, ¨³¥ÕÐ¨³ ¸¥·¢¨¸´Ò° É °³¥· c ¶·µ¨§¢µ²Ó´µ° Î ¸ÉµÉµ°
f ≤ 2 · 105 ƒÍ ¨ ¤²¨É¥²Ó´µ¸ÉÓÕ ¨³¶Ê²Ó¸µ¢, ±· É´µ° 10 ³±¸. — ¸ÉµÉ  ¶µ-
¢Éµ·¥´¨Ö ¨³¶Ê²Ó¸µ¢ ² §¥·  µ¶·¥¤¥²Ö¥É¸Ö ¢·¥³¥´¥³ ·¥² ±¸ Í¨¨ ´ ¢¥¤¥´´ÒÌ
µ¸É ÉµÎ´ÒÌ É¥¶²µ¢ÒÌ ¤¥Ëµ·³ Í¨° ±·¨¸É ²²  £· ´ É , ¶·¨¢µ¤ÖÐ¨Ì ± · ¸Ëµ-
±Ê¸¨·µ¢±¥ ¨ ¶ ¤¥´¨Õ ¨´É¥´¸¨¢´µ¸É¨ ¨§²ÊÎ¥´¨Ö ¢ §µ´¥ ¢§ ¨³µ¤¥°¸É¢¨Ö [103].
„²Ö Ê³¥´ÓÏ¥´¨Ö · ¤¨ Í¨µ´´µ£µ ¢µ§¤¥°¸É¢¨Ö ´   ±É¨¢´Ò° Ô²¥³¥´É ² §¥·  ¶·¥-
¤Ê¸³µÉ·¥´ ¢ ·¨ ´É ¥£µ · §³¥Ð¥´¨Ö ¢ ¶µ¤¢ ²Ó´µ³ ¶µ³¥Ð¥´¨¨ ¶µ¤ Ê¸±µ·¨É¥-
²¥³ ¨ É· ´¸¶µ·É¨·µ¢±¨ ¨§²ÊÎ¥´¨Ö ¤µ ¤¨ £´µ¸É¨Î¥¸±µ£µ Ê¸É·µ°¸É¢  ¸ ¶µ³µÐÓÕ
§¥·± ². �Éµ É ±¦¥ Ê¶·µÐ ¥É ¤µ¸ÉÊ¶ ± µÉ¤¥²Ó´Ò³ Ô²¥³¥´É ³ ² §¥·  ¢ ¸²ÊÎ ¥
¥£µ Ô±¸¶²Ê É Í¨¨ ¶·¨ · ¡µÉ ÕÐ¥³ Ê¸±µ·¨É¥²¥. ‚ § ¢¨¸¨³µ¸É¨ µÉ ¢Ò¡· ´-
´µ£µ ·¥¦¨³  · ¡µÉÒ Ê¸É·µ°¸É¢  ¶·¨ ¤¨¸É ´Í¨µ´´µ³ ³¥Ì ´¨Î¥¸±µ³ ¢· Ð¥´¨¨
§¥·± ² ¶µ²Ö·¨§µ¢ ´´µ¥ ¨§²ÊÎ¥´¨¥ ¢Ò¡µ·µÎ´µ ¶µ¤ ¥É¸Ö ´  µ¤´Ê ¨§ ¤¢ÊÌ ¤¨ -
Ë· £³¨·ÊÕÐ¨Ì ¸¨¸É¥³ (D1 ¨²¨ Dn) ¤²Ö Ëµ·³¨·µ¢ ´¨Ö ³¨Ï¥´¨ ¸ ´Ê¦´µ°
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¶·µ¸É· ´¸É¢¥´´µ° µ·¨¥´É Í¨¥°. �· ±É¨Î¥¸±¨ 100% ¶µ²Ö·¨§ Í¨Ö ¤µ¸É¨£ ¥É¸Ö
¶·¨ ¶µ³µÐ¨ ¸Éµ¶Ò ±²¨´µ¢¨¤´ÒÌ ¸É¥±²Ö´´ÒÌ ¶² ¸É¨´µ±, · ¸¶µ²µ¦¥´´µ° ¢
¶²µ¸±µ³ ·¥§µ´ Éµ·¥ ² §¥·  ¶µ¤ Ê£²µ³ q·Õ¸É¥·  ± ¥£µ µ¸¨. �µ¢µ·µÉ ¶²µ¸±µ¸É¨
¶µ²Ö·¨§ Í¨¨ ´  Ê£µ² π/2 ( ¶·¨ ¨§³¥´¥´¨¨ ·¥¦¨³  · ¡µÉÒ Ê¸É·µ°¸É¢ ) ¶·µ¨§-
¢µ¤¨É¸Ö ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ±¢ ·Í¥¢µ° ¶µ²Ê¢µ²´µ¢µ° ¶² ¸É¨´Ò, · ¸¶µ²µ¦¥´´µ°
´  ¢ÒÌµ¤¥ ² §¥· . � ¶· ¢²¥´¨¥ ¨ ¸É¥¶¥´Ó ¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö ³µ£ÊÉ ¶¥-
·¨µ¤¨Î¥¸±¨ ±µ´É·µ²¨·µ¢ ÉÓ¸Ö  ´ ²¨§ Éµ·µ³ ¨ ËµÉµ¤¨µ¤µ³ ¸ µ¸Í¨²²µ£· Ëµ³.
„²Ö ¡µ²¥¥ µ¶¥· É¨¢´µ° · ¡µÉÒ Ê¸É·µ°¸É¢  ¢ · §´ÒÌ ·¥¦¨³ Ì (·¨¸. 19,  ¨²¨
¡) ³µ£ÊÉ ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¤¢  ¶µµÎ¥·¥¤´µ ¢±²ÕÎ ¥³ÒÌ ² §¥·  ¸ É·¥¡Ê¥³Ò³¨
¶·µ¸É· ´¸É¢¥´´Ò³¨ µ·¨¥´É Í¨Ö³¨ ¨§²ÊÎ¥´¨Ö ¨ ¥£µ ¶µ²Ö·¨§ Í¨¨.

�¥µ¡Ìµ¤¨³ Ö ¤²Ö ¨§³¥·¥´¨° ¢¥²¨Î¨´  ³µÐ´µ¸É¨ µ¤´µ° ²¥´ÉµÎ´µ° ³¨-
Ï¥´¨ Pγ|L [‚É] ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ¸Î¥É  µ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ¢¨¥³ ¢Ò¤¥-
²¥´¨Ö Ô²¥±É·µ´µ¢ µÉ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´µ¢ ¨§ ¶µÉµ±  Ëµ´µ¢ÒÌ Ô²¥±-
É·µ´µ¢, ¨³¥ÕÐ¨Ì É ±ÊÕ ¦¥ ¸·¥¤´ÕÕ Ô´¥·£¨Õ. �´¨ ·µ¦¤ ÕÉ¸Ö ¶·¨ ¢§ ¨³µ-
¤¥°¸É¢¨¨ ¨µ´µ¢ H− ¸ ±µ³¶µ´¥´É ³¨ µ¸É ÉµÎ´µ£µ £ §  (¸³. ·¨¸. 18),   É ±¦¥
¢ ·¥§Ê²ÓÉ É¥ ¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨ (¸³. · §¤. 3) ¨ ²µ·¥´Í¥¢¸±µ° ¤¨¸¸µÍ¨-
 Í¨¨ ¨µ´µ¢ ¢ ³ £´¨É´µ³ ¶µ²¥ ¤¨¶µ²¥°. ‚²¨Ö´¨¥³ µ¸É ÉµÎ´µ£µ £ §  ³µ¦´µ
¶·¥´¥¡·¥ÎÓ ¶·¨ ¢Ò¶µ²´¥´¨¨ Ê¸²µ¢¨Ö

Pγ|Lσ(ω)(1 − β cos η)
4, 8 · 10−9�ω0 sin η · β∆l

≥ 3 · 1016νeνrσ−1bPblb, (6.2)

£¤¥ νe Å ±· É´µ¸ÉÓ ¶·¥¢ÒÏ¥´¨Ö ¶²µÉ´µ¸É¨ ¶µÉµ±  ¨´Ëµ·³ Í¨µ´´ÒÌ Ô²¥±-
É·µ´µ¢ ´ ¤ Ëµ´µ¢Ò³¨ ´  ¤¥É¥±Éµ·¥; νr Å ±µÔËË¨Í¨¥´É ²¨´¥°´µ£µ ÊÏ¨-
·¥´¨Ö ¨§µ¡· ¦¥´¨Ö ËµÉµ´´µ° ³¨Ï¥´¨ ¢ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨  ´ ²¨§ Éµ· 
¨§-§  · §¡·µ¸  Ô²¥±É·µ´µ¢ ¶µ Ê£²Ê ¨ ¨³¶Ê²Ó¸Ê (§ ¢¨¸¨É µÉ É¨¶   ´ ²¨§ Éµ· );
σ−1b = σ−10|b + σ−11|b Å ¸·¥¤´¥¥ ¸¥Î¥´¨¥ µ¡¤¨·±¨ ¨µ´µ¢ H− ´  ±µ³¶µ-
´¥´É Ì µ¸É ÉµÎ´µ£µ £ §  [¸³2]; Pb Å ¤ ¢²¥´¨¥ µ¸É ÉµÎ´µ£µ £ §  [Éµ·p]; lb Å
ÔËË¥±É¨¢´ Ö ¤²¨´ , ¸ ±µÉµ·µ° Ëµ´µ¢Ò¥ Ô²¥±É·µ´Ò ¶µ¶ ¤ ÕÉ ´  ¤¥É¥±Éµ·;
∆lÅ ¶µ¶¥·¥Î´Ò° ± ¶²µ¸±µ¸É¨ ¶¥·¥¸¥Î¥´¨Ö ¶µÉµ±µ¢ ËµÉµ´µ¢ ¨ ¨µ´µ¢ H− · §-
³¥· ³¨Ï¥´¨ (∆X ¨²¨ ∆Y ) [¸³]; σ(1)(ω) = 2 · 10−16(�ω− εt)3/2(�ω)−3 [¸³2]
Å ¸¥Î¥´¨¥ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´  H− ¢¡²¨§¨ ¶µ·µ£  [91Ä93]. �·¨
νeνr ≈ 102, σ−1b ≈ 6 · 10−19 ¸³2, lb ≈ 25 ¸³ (· ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ³ £´¨Éµ³
M1 ¨  ´ ²¨§ Éµ·µ³ MA), ∆l ≈ 10−2 ¸³ ¨ Pb ≈ 5 · 10−8 Éµ·p ¶µ²ÊÎ ¥³
Pγ|L ≥ 130 ‚É. �Éµ ¸µµÉ¢¥É¸É¢Ê¥É ´¥µ¡Ìµ¤¨³µ° ¶²µÉ´µ¸É¨ ³µÐ´µ¸É¨ ¨§²Ê-
Î¥´¨Ö ² §¥·  Iγ|L ≥ 20 ±‚É/¸³2 ¶·¨ ¨§³¥·¥´¨¨ ¶·µË¨²Ö, ¶µ¶¥·¥Î´µ£µ Ô³¨É-
É ´¸  ¨ ¸¶¥±É·  ¨µ´µ¢ ¶µ Ô´¥·£¨¨ ¸ ¶µ³µÐÓÕ ²¥´ÉµÎ´ÒÌ ËµÉµ´´ÒÌ ³¨Ï¥´¥°
¤²¨´µ° lγ ≈ 6 ³³.

„²Ö Ë §µ¢µ£µ  ´ ²¨§  ¨ ¨§³¥·¥´¨Ö ¶·µ¤µ²Ó´µ£µ Ô³¨ÉÉ ´¸  ¶·¨ ¶µ¶¥·¥Î-
´µ³ ¸¥Î¥´¨¨ §µ´¤¨·ÊÕÐ¥° ³¨Ï¥´¨ 0, 1 × 0, 5 ³³, ¸µµÉ¢¥É¸É¢¥´´µ, ¶µ²ÊÎ ¥³
Iγ|L ≥ 260 ±‚É/¸³2. ’ ±µ¥ Ê¢¥²¨Î¥´¨¥ ¶²µÉ´µ¸É¨ ³µÐ´µ¸É¨ ¨§²ÊÎ¥´¨Ö ¨¸-
¶µ²Ó§Ê¥³µ£µ ² §¥·  ³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉµ ¸ ¶µ³µÐÓÕ É¥²¥¸±µ¶ , Ê³¥´ÓÏ Õ-
Ð¥£µ ¢ 3Ä4 · §  ¶µ¶¥·¥Î´Ò° · §³¥· ¶ÊÎ±  ËµÉµ´µ¢. �·¨ ÔÉµ³ Ê¢¥²¨Î¨¢ ¥É¸Ö
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Ê£²µ¢ Ö · ¸Ìµ¤¨³µ¸ÉÓ ¨§²ÊÎ¥´¨Ö, µ¤´ ±µ µ´  µ¸É ¥É¸Ö ¢ ´¥¸±µ²Ó±µ · § ³¥´ÓÏ¥
¢¥²¨Î¨´Ò ∆θi.

„²Ö ¢Ò¡· ´´µ£µ Ê£²  η ¸ ¶µ³µÐÓÕ ¢Ò· ¦¥´¨° (5.3) ¨ (5.4) ´¥É·Ê¤´µ µÍ¥-
´¨ÉÓ §´ Î¥´¨Ö ³ ±¸¨³ ²Ó´µ° ¨ ±·¨É¨Î¥¸±µ° ¶²µÉ´µ¸É¨ ³µÐ´µ¸É¨ ² §¥·´µ£µ
¨§²ÊÎ¥´¨Ö ¢ ¸¨¸É¥³¥ ¶µ±µÖ ¨µ´µ¢ Iγ|max ≈ 1010 ‚É/¸³2, Iγ|cr ≈ 5·1011 ‚É/¸³2.
‘²¥¤Ê¥É µÉ³¥É¨ÉÓ ÎÉµ ¶·¨ ¤µ³¨´¨·ÊÕÐ¥° ·µ²¨ ¤¢ÊÌËµÉµ´´µ° µ¡¤¨·±¨ ¨µ-
´µ¢ ´  ¤¨ £´µ¸É¨Î¥¸±µ° ³¨Ï¥´¨ (Iγ ≥ Iγ|cr) ÉµÎ´µ¸ÉÓ ¨§³¥·¥´¨Ö ¶ · ³¥-
É·µ¢ ¶ÊÎ±  ÊÌÊ¤Ï¨É¸Ö ¤µ §´ Î¥´¨° ∆X ′

|cr ≈ 3 · 10−4 · ¤ ¨ ∆Ee/Ee|cr ≈
≈ 2 · 10−3 µÉ´.¥¤.

• · ±É¥·´µ¥ ¢·¥³Ö ¦¨§´¨ ¨µ´µ¢ H− ¢ ¸µ¡¸É¢¥´´µ° ¸¨¸É¥³¥ µÉ¸Î¥É  ¶·¨
¨Ì ¤¢¨¦¥´¨¨ Î¥·¥§ ³ £´¨É´µ¥ ¶µ²¥ 8H ³µ¦´µ µÍ¥´¨ÉÓ ¸ ¶µ³µÐÓÕ ¢Ò· ¦¥´¨Ö
[104,105]:

τ(F )[c] ≈ (8 · 10−14/F ) exp(42, 6/F ), (6.3)

£¤¥ F [Œ‚/¸³] = 0, 3γ | [8β × 8H ] |,   H ¢Ò· ¦¥´µ ¢ ±�. �¥É·Ê¤´µ ¶µ± § ÉÓ,
ÎÉµ ¶µ²Ö Ô²¥³¥´Éµ¢ M1, M2 ¨ MA ¤ ´´µ£µ Ê¸É·µ°¸É¢  ¢¥¸Ó³  ³ ²Ò, ÎÉµ¡Ò
¢Ò§¢ ÉÓ ²µ·¥´Í¥¢c±ÊÕ ¤¨¸¸µÍ¨ Í¨Õ ¶ÊÎ± . ’¥³ ´¥ ³¥´¥¥ Î¥·¥§ ¨´¤ÊÍ¨·Ê¥³µ¥
¤¢¨¦¥´¨¥³ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ F µ´¨ ¢²¨ÖÕÉ ´  ¶·µÍ¥¸¸ ËµÉµµ¡¤¨·±¨ ¨µ´µ¢
H− ¢Ò¸µ±µ° Ô´¥·£¨¨ [106]. ‚ Î ¸É´µ¸É¨, ÔÉµ ¢²¨Ö´¨¥ ¶·µÖ¢²Ö¥É¸Ö ¢ ¨§³¥´¥-
´¨¨ µ±µ²µ¶µ·µ£µ¢µ£µ ¶µ¢¥¤¥´¨Ö ¸¥Î¥´¨Ö µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ σ(1)(ω, F ),
¥£µ ¢¥²¨Î¨´Ò ¶·¨ �ω = εt ¨ ¶µÖ¢²¥´¨¨ µ¸Í¨²²ÖÍ¨° ¢ ËÊ´±Í¨µ´ ²Ó´µ° § -
¢¨¸¨³µ¸É¨ µÉ Ô´¥·£¨¨ ËµÉµ´µ¢, ¶·¥¢ÒÏ ÕÐ¥° ¶µ·µ£ [106Ä109]. ‚¥²¨Î¨´ 
¤ ´´ÒÌ ÔËË¥±Éµ¢ ³ ±¸¨³ ²Ó´  ¶·¨ ¶µ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö, ¶ · ²²¥²Ó´µ°
Ô²¥±É·¨Î¥¸±µ³Ê ¶µ²Õ (π-¶µ²Ö·¨§ Í¨Ö), ¨ ³µ¦¥É ¡ÒÉÓ µÍ¥´¥´  ¸ ¶µ³µÐÓÕ
¢Ò· ¦¥´¨Ö [108]

σ(1)(ω, F ) ≈



0, 16 · 10−17 F
(�ω)3

exp [−68, 3(εt − �ω)3/2/F ]

¶·¨ �ω < εt,

21, 5 · 10−17

(�ω)3
{(�ω − εt)3/2+0, 015F cos [68, 3(�ω − εt)3/2/F ]}

¶·¨ �ω > εt,
(6.4)

£¤¥ �ω ¨ εt ¢Ò· ¦¥´Ò ¢ Ô²¥±É·µ´-¢µ²ÓÉ Ì,   F Å ¢ Œ‚/¸³. �² ¢´Ò° ¶¥·¥-
Ìµ¤ ³¥¦¤Ê ¶·¨¢¥¤¥´´Ò³¨ § ¢¨¸¨³µ¸ÉÖ³¨ ¨ ¡µ²¥¥ ÉµÎ´µ¥ ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö
σ(1)(ω, F ) ¢ µ¡² ¸É¨ �ω ∼ εt µ¶¨¸Ò¢ ¥É¸Ö É ¡Ê²¨·µ¢ ´´µ° ËÊ´±Í¨¥°, ±µÉµ-
· Ö ¤ ¥É ¶·µ³¥¦ÊÉµÎ´Ò° ·¥§Ê²ÓÉ É ³¥¦¤Ê §´ Î¥´¨Ö³¨ (6.4) ¶·¨ �ω = εt ± 0.
”µ·³¨·Ê¥³ Ö ¤¨ £´µ¸É¨Î¥¸± Ö ³¨Ï¥´Ó Ö¢²Ö¥É¸Ö π-¶µ²Ö·¨§µ¢ ´´µ° ¢ ¢ ·¨-
 ´É¥ ¨§³¥·¥´¨° ¶µ ¸Ì¥³¥ ·¨¸. 19,  ¨ ¨³¥¥É ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¶·µ¥±Í¨Õ ¢¥±-
Éµ·  ¶µ²Ö·¨§ Í¨¨ ´  ¶µ²¥ 8F ¢ ·¥¦¨³¥ · ¡µÉÒ Ê¸É·µ°¸É¢ , ¶·¥¤¸É ¢²¥´´µ³ ´ 
·¨¸. 19,¡. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ (6.4) ¤²Ö ¢Ò¡· ´´ÒÌ η ¨ H ¸¥Î¥´¨¥ Ê¢¥²¨Î¨¢ ¥É¸Ö
´  ≈ 20%. …¸²¨ ¢ ± Î¥¸É¢¥ ´µ¢µ£µ ¶µ·µ£  ËµÉµµ¡¤¨·±¨ ¨µ´µ¢ H− ¢ ¶µ²¥
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F ¶·¨´ÖÉÓ Ô´¥·£¨Õ ËµÉµ´µ¢ �ωF = εt − ∆εt|F , ¶·¨ ±µÉµ·µ° σ(1)(ωF , F ) ≈
≈ 0, 1σ(1)(εt/�, F ), Éµ ¶µ²ÊÎ¨³ §´ Î¥´¨¥ ∆εt|F [Ô‚] ≈ 0, 1(F [Œ‚/¸³])3/2. ‘
ÊÎ¥Éµ³ §´ Î¥´¨° Wθ ≈ 1/8, We ≈ 1/5 (¸³. · §¤. 2) ¨ ËµÉµµ¡¤¨·±¨ ¶ÊÎ±  ¢
±· ¥¢µ³ ¶µ²¥  ´ ²¨§ Éµ·  (¸³. ·¨¸. 19) Ê³¥´ÓÏ¥´¨¥ ¶µ·µ£  ´  ÔÉÊ ¢¥²¨Î¨´Ê
¶·¨¢¥¤¥É ± ÊÌÊ¤Ï¥´¨Õ ÉµÎ´µ¸É¨ ¨§³¥·¥´¨° ´  ≤ 25%. �·¨ ´¥µ¡Ìµ¤¨³µ¸É¨
µÉ³¥Î¥´´Ò¥ ¨§³¥´¥´¨Ö ³µ¦´µ Ê¸É· ´¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ±µ··¥±Í¨¥° Ê£² 
η. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö µÉ¸ÊÉ¸É¢Ê¥É ¨´Ëµ·³ Í¨Ö µ ¢²¨Ö´¨¨ ¢´¥Ï´¨Ì Ô²¥±-
É·¨Î¥¸±µ£µ ¨ ³ £´¨É´µ£µ ¶µ²¥° ´  Ê£²µ¢Ò¥ ¨ Ô´¥·£¥É¨Î¥¸±¨¥ · ¸¶·¥¤¥²¥´¨Ö
Ô²¥±É·µ´µ¢ ¶·¨ µ¤´µËµÉµ´´µ° µ¡¤¨·±¥ ¨µ´µ¢ H− ¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ µÉ-
¸Î¥É . �Éµ ¸¢Ö§ ´µ ¸µ ¸²µ¦´µ¸ÉÓÕ µ¶¨¸ ´¨Ö ÔÉµ£µ ¶·µÍ¥¸¸  ¢ ¸¨¸É¥³¥ ¶µ±µÖ
¨µ´  ¶·¨ · §²¨Î´µ° ¶·µ¸É· ´¸É¢¥´´µ° µ·¨¥´É Í¨¨ ¶µ²¥° ¨ ¢¥±Éµ·  ¶µ²Ö·¨-
§ Í¨¨ ËµÉµ´µ¢. �¤´ ±µ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ´ ¶· ¢²¥´¨¥ ¶µ²Ö 8F µÉ´µ¸¨É¥²Ó´µ
¶²µ¸±µ¸É¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨µ´µ¢ ¨ ËµÉµ´µ¢ ¸µ¢¶ ¤ ¥É ¸ Ê¸²µ¢¨¥³ µ¶É¨³ ²Ó-
´µ° ¶µ²Ö·¨§ Í¨¨ ¶µ¸²¥¤´¨Ì. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ³µ¦´µ · ¸¸Î¨ÉÒ¢ ÉÓ, ÎÉµ ¢²¨Ö´¨¥
±· ¥¢µ£µ ¶µ²Ö  ´ ²¨§ Éµ·  ´¥ ÊÌÊ¤Ï¨É · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ f(XS) ¨
ϕ(1)(Px/P0) (¸³. · §¤. 2), µ¶·¥¤¥²ÖÕÐ¨Ì ¶·¥¤¥²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ ¤¨ £´µ-
¸É¨±¨.

’ ±¨³ µ¡· §µ³, Ëµ·³¨·Ê¥³ Ö ¢ Ê¸É·µ°¸É¢¥ ËµÉµ´´ Ö ³¨Ï¥´Ó ¸ Iγ/Iγ|L =
= (ω/ωo)2 ≈ 0, 44 ¶µ§¢µ²Ö¥É ´ ¤¥¦´µ ¢Ò¤¥²ÖÉÓ ¨´Ëµ·³ Í¨µ´´Ò¥ Ô²¥±É·µ´Ò
µÉ µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨µ´µ¢ H− ¨§ Ëµ´ . �·¨ ÔÉµ³ É ±¦¥ µ¡¥¸¶¥Î¨¢ -
¥É¸Ö ¤µ¸É ÉµÎ´µ ¢Ò¸µ± Ö ÉµÎ´µ¸ÉÓ ¶¥·¥¤ Î¨ ¨´Ëµ·³ Í¨¨ µ ¶ÊÎ±¥ Ô²¥±É·µ´ ³.
�É´µ¸¨É¥²Ó´Ò¥ ¶µÉ¥·¨ Î ¸É¨ ¨µ´µ¢, ¶·µ²¥É ÕÐ¨Ì Î¥·¥§ µ¡² ¸ÉÓ ³¨Ï¥´¨ ¶·¨
¨§³¥·¥´¨ÖÌ, µÍ¥´¨¢ ÕÉ¸Ö ¢¥²¨Î¨´µ° ≈ 2 · 10−6.

„²Ö ¶·¥Í¨§¨µ´´µ° · ¡µÉÒ Ê¸É·µ°¸É¢  ´¥µ¡Ìµ¤¨³µ µ¡¥¸¶¥Î¨ÉÓ ±µ´É·µ²Ó
¶·µ¸É· ´¸É¢¥´´µ£µ ¶µ²µ¦¥´¨Ö ²¥´ÉµÎ´ÒÌ ËµÉµ´´ÒÌ ³¨Ï¥´¥° µÉ´µ¸¨É¥²Ó´µ
µ¸¥° X ¨ Y ¸ ÉµÎ´µ¸ÉÖ³¨ δx ≈ δy ≤ 0, 1 ³³, αx ≈ αy ≤ 3 ³· ¤,   É ±¦¥
Ìµ·µÏÊÕ Ô±· ´¨·µ¢±Ê Ëµ´µ¢ÒÌ ³ £´¨É´ÒÌ ¶µ²¥° (Hb) ¨ ¢Ò¸µ±ÊÕ ÉµÎ´µ¸ÉÓ
(δH) Ê¸É ´µ¢±¨ ´¥µ¡Ìµ¤¨³µ£µ ³ £´¨É´µ£µ ¶µ²Ö ¢  ´ ²¨§ Éµ·¥ Hb ≈ δH ≤
3 · 10−4H . Šµ´É·µ²Ó ³ £´¨É´µ£µ ¶µ²Ö ¸ É·¥¡Ê¥³µ° ÉµÎ´µ¸ÉÓÕ ³µ¦¥É ¡ÒÉÓ
µ¸ÊÐ¥¸É¢²¥´, ´ ¶·¨³¥·, ¸ ¶µ³µÐÓÕ ¤ ÉÎ¨±  ´   ³µ·Ë´ÒÌ Œˆ-Ô²¥³¥´É Ì É¨¶ 
£¥´¥· Éµ·  Šµ²¶¨É¸  [110].

�¶¥· É¨¢´µ¸ÉÓ ¤¨ £´µ¸É¨±¨ § ¢¨¸¨É µÉ ¨§³¥·Ö¥³µ£µ ¶ · ³¥É·  ¶ÊÎ±  ¨
³µÐ´µ¸É¨ ¸Ëµ·³¨·µ¢ ´´ÒÌ ËµÉµ´´ÒÌ ³¨Ï¥´¥°. ‚ Î ¸É´µ¸É¨, ´¥¢µ§³ÊÐ Õ-
Ð¥¥ ¨§³¥·¥´¨¥ ¸¶¥±É·  ¨µ´µ¢ ¶µ Ô´¥·£¨¨ (¨³¶Ê²Ó¸Ê) ¨²¨ · ¸¶·¥¤¥²¥´¨Ö ¢
(X ′X)-Ë §µ¢µ° ¶²µ¸±µ¸É¨ ³µ¦¥É ¡ÒÉÓ ·¥ ²¨§µ¢ ´µ §  ¢·¥³Ö ¨³¶Ê²Ó¸  ¶ÊÎ± 
(τi ≈ 100 ³±¸, Ii ≈ 50 ³A) ¶·¨ Iγ|L ≈ 20 ±‚É/¸³2. qµ²ÓÏµ° ¨³¶Ê²Ó¸´Ò°
¶µÉµ± Ô²¥±É·µ´µ¢ ËµÉµµ¡¤¨·±¨ (∼ 109 ÷ 1010 e/c ¸ µ¤´µ° ²¥´ÉµÎ´µ° ËµÉµ´-
´µ° ³¨Ï¥´¨) ¶µ§¢µ²Ö¥É ¸Î¨ÉÒ¢ ÉÓ ¤ ´´ÊÕ ¨´Ëµ·³ Í¨Õ §  ¢·¥³Ö ≤ 10 ³±¸.
‚±²ÕÎ¥´¨¥ ¤¥É¥±Éµ·  ´  ¤ ´´µ¥ ¢·¥³Ö ¶·¨ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¨§³¥·¥´¨ÖÌ,
´ ¶·¨³¥·, ¸ ¤¨¸±·¥É´µ¸ÉÓÕ ¸¤¢¨£  ¢µ ¢·¥³¥´¨ ≈ 10 ³±¸ µÉ´µ¸¨É¥²Ó´µ ´ -
Î ²  ¨³¶Ê²Ó¸  ¶ÊÎ± , ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶·µ¸²¥¦¨¢ ÉÓ ¨§³¥´¥´¨¥ ¤ ´´ÒÌ ¶ -
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· ³¥É·µ¢ ¢¤µ²Ó ¨³¶Ê²Ó¸  §  ¢·¥³Ö ¶µ·Ö¤±  ³¨´ÊÉÒ (10 ¨³¶Ê²Ó¸µ¢ ³¨Ï¥´¨).
‚ Éµ ¦¥ ¢·¥³Ö ¨´Ëµ·³ Í¨Ö µ · ¸¶·¥¤¥²¥´¨¨ ¨µ´µ¢ ¢ (∆Pi/Pi,Ψ)-Ë §µ¢µ³
¶·µ¸É· ´¸É¢¥ ¨²¨ ¶·µ¤µ²Ó´µ³ Ô³¨ÉÉ ´¸¥ ¶ÊÎ±  ´¥ ¸Éµ²Ó µ¶¥· É¨¢´  ¨ ¶·¨
Iγ|L ≈ 300 ±‚É/c³2 ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´  §  ¢·¥³Ö ∼ 8 ³¨´ (∼ 100 ¨³-
¶Ê²Ó¸µ¢ ² §¥· ). �·¨ ÔÉµ³ ¶µÉµ±µ³ Ëµ´µ¢ÒÌ Ô²¥±É·µ´µ¢ ³µ¦´µ ¶·¥´¥¡·¥ÎÓ
Éµ²Ó±µ ¶·¨ ¢±²ÕÎ¥´¨¨ ¤¥É¥±Éµ·  ´  ¢·¥³Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ËµÉµ´´µ° ³¨Ï¥´¨.
‚ Ê¸²µ¢¨ÖÌ µ¦¨¤ ¥³µ£µ · ¤¨ Í¨µ´´µ£µ Ëµ´  ÔÉµ ³µ¦´µ ·¥ ²¨§µ¢ ÉÓ, ´ ¶·¨-
³¥·, ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¶·¥¤²µ¦¥´´µ£µ ¨ ¤¥É ²Ó´µ µ¶¨¸ ´´µ£µ ¢ · ¡µÉ¥ [111]
Ê¶· ¢²Ö¥³µ£µ · ¤¨ Í¨µ´´µ ¸Éµ°±µ£µ ¤¥É¥±Éµ·  ¶·µ¸É· ´¸É¢¥´´µ£µ · ¸¶·¥¤¥-
²¥´¨Ö ¨³¶Ê²Ó¸´µ£µ ¶µÉµ±  ·¥²ÖÉ¨¢¨¸É¸±¨Ì Ô²¥±É·µ´µ¢. ‡´ Î¨É¥²Ó´µ¥ Ê³¥´Ó-
Ï¥´¨¥ ¢·¥³¥´¨ ¨§³¥·¥´¨Ö · ¸¶·¥¤¥²¥´¨° ¨µ´µ¢ H− ¢ ¶·µ¤µ²Ó´µ³ Ë §µ¢µ³
¶·µ¸É· ´¸É¢¥ · ¸¸³µÉ·¥´´µ£µ ¢ÒÏ¥ ¶ÊÎ±  ¸¢Ö§ ´µ ¸ ¶µ¨¸±µ³ ¨ · §· ¡µÉ±µ°
¤·Ê£¨Ì  ±É¨¢´ÒÌ Ô²¥³¥´Éµ¢ ² §¥· , ¤µ¶Ê¸± ÕÐ¨Ì ¥£µ · ¡µÉÊ ¸ ¶µ¢ÒÏ¥´´µ°
Î ¸ÉµÉµ° ¨ £¥´¥· Í¨¥° ¨§²ÊÎ¥´¨Ö ¢ ´Ê¦´µ³ ¤¨ ¶ §µ´¥ ¤²¨´ ¢µ²´, ³µÐ´µ¸É¥°,
¤²¨É¥²Ó´µ¸É¨ ¨³¶Ê²Ó¸µ¢,   É ±¦¥ ¸ É·¥¡Ê¥³µ° ¤²Ö Ëµ·³¨·µ¢ ´¨Ö ³¨Ï¥´¨
Ê£²µ¢µ° · ¸Ìµ¤¨³µ¸ÉÓÕ.

7. ‚‹ˆŸ�ˆ… ’�Š
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Š ± µÉ³¥Î ²µ¸Ó ¢ÒÏ¥, ¤µ¸É ÉµÎ´µ ¢Ò¸µ± Ö ÉµÎ´µ¸ÉÓ ¤¨ £´µ¸É¨±¨ ¶ÊÎ± 
µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ¶µ Ô²¥±É·µ´ ³ µ¡¤¨·±¨ ¤µ¸É¨£ ¥É¸Ö ¶·¨ ¥£µ §µ´¤¨·µ-
¢ ´¨¨ ² §¥·´Ò³ ¨§²ÊÎ¥´¨¥³ µ¶É¨³ ²Ó´µ° ¶µ²Ö·¨§ Í¨¨. �¤´ ±µ ¶¥·¥¤ ¢ ¥-
³ Ö Ô²¥±É·µ´ ³ ¨´Ëµ·³ Í¨Ö ³µ¦¥É ¨¸± ¦ ÉÓ¸Ö ¢ ¤¨ £´µ¸É¨Î¥¸±µ³ Ê¸É·µ°-
¸É¢¥ ´  ÔÉ ¶¥ ¢Ò¢µ¤  ¨§ ¶ÊÎ± . ‚¥²¨Î¨´  ¨ Ì · ±É¥· ¨¸± ¦¥´¨Ö § ¢¨¸ÖÉ µÉ
É¨¶  Ê¸É·µ°¸É¢  ¨ µ¡Ê¸²µ¢²¥´Ò ¤¢Ê³Ö ¶·¨Î¨´ ³¨. �¥·¢ Ö ¸¢Ö§ ´  ¸ ´¥¸µ-
¢¥·Ï¥´¸É¢µ³ Ê¸É·µ°¸É¢  ¨ ³µ¦¥É ¡ÒÉÓ ÊÎÉ¥´  ¶·¨ ¥£µ ± ²¨¡·µ¢±¥ É¥¸Éµ¢Ò³
Ô²¥±É·µ´´Ò³ ¶ÊÎ±µ³. „·Ê£ Ö µ¡Ê¸²µ¢²¥´  ¢²¨Ö´¨¥³ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö
¶ÊÎ±  ¨µ´µ¢ ´  ¨§³¥·Ö¥³Ò¥  ´ ²¨§ Éµ·µ³ Ì · ±É¥·¨¸É¨±¨ ¶µÉµ±  Ô²¥±É·µ-
´µ¢. ‚ ¤ ´´µ³ · §¤¥²¥ ´  µ¸´µ¢¥ · ¡µÉÒ [112] ¶·µ¢¥¤¥´  ´ ²¨§ ÔÉµ£µ ÔËË¥±É 
¤²Ö 180◦ ³ £´¨É´µ£µ  ´ ²¨§ Éµ·  ¸ µ¤´µ·µ¤´Ò³ ¶µ²¥³ · §²¨Î´µ° ¢¥²¨Î¨´Ò.
�·¨ Ëµ·³¨·µ¢ ´¨¨ §µ´¤¨·ÊÕÐ¥° ³¨Ï¥´¨ ´  £· ´¨Í¥ ¶µ²Ö ¤ ´´Ò°  ´ ²¨§ -
Éµ· µ¡¥¸¶¥Î¨¢ ¥É ´¥µ¡Ìµ¤¨³Ò¥ ¨§³¥·¥´¨Ö ¨ ³¨´¨³ ²Ó´µ¥ ¢·¥³Ö ´ Ìµ¦¤¥´¨Ö
´µ¸¨É¥²¥° ¨´Ëµ·³ Í¨¨ ¢ µ¡² ¸É¨ ÔËË¥±É¨¢´µ£µ ¶µ²Ö ¶ÊÎ±  (¸³. · §¤. 6).

„¢¨¦¥´¨¥ Ô²¥±É·µ´  ¢ Ô²¥±É·µ³ £´¨É´µ³ (8Ft, 8Ht)-¶µ²¥ µ¶¨¸Ò¢ ¥É¸Ö ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ¤²Ö ¨³¶Ê²Ó¸  ¢µ ¢·¥³¥´¨ t:

d8P

dt
= e 8Ft +

e

C
[8V × 8Ht], (7.1)

£¤¥ e , 8P ¨ 8V Å § ·Ö¤, ¨³¶Ê²Ó¸ ¨ ¸±µ·µ¸ÉÓ Ô²¥±É·µ´  ¢ ¥¤¨´¨Í Ì ‘ƒ‘�.
�µ¸²¥¤´¨¥ ¢¥²¨Î¨´Ò ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£µ³ Î¥·¥§ ¥£µ ³ ¸¸Ê ¨§¢¥¸É´Ò³¨ ¸µµÉ-
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¨¸. 20. ‘Ì¥³  ¨§³¥·¥´¨° ¶ · ³¥É·µ¢ ¶ÊÎ±  µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ¶µ Ô²¥±É·µ´ ³
µ¡¤¨·±¨

´µÏ¥´¨Ö³¨: 8P = γme
8V , γ = (1 − β2)−0,5 ¨ β =| 8V | /C. „²Ö  ´ ²¨§¨·Ê¥³µ°

¸¨ÉÊ Í¨¨ ¢¥²¨Î¨´Ò β ¨ γ ¸µ¢¶ ¤ ÕÉ ¸ ·¥²ÖÉ¨¢¨¸É¸±¨³¨ ¶ · ³¥É· ³¨ ¶ÊÎ± .
‚Ò¢µ¤ ¨  ´ ²¨§ Ô²¥±É·µ´µ¢ ¤²Ö ¤¢ÊÌ ¢ ·¨ ´Éµ¢ ¶µ²µ¦¥´¨Ö ³¨Ï¥´¨ (1 ¨ 2)
¸Ì¥³ É¨Î¥¸±¨ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 20. ‚ ³µ¤¥²¨ ¡¥¸±µ´¥Î´µ£µ · ¢´µ³¥·´µ
§ ·Ö¦¥´´µ£µ Í¨²¨´¤·  c · ¤¨Ê¸µ³ Rb ´  ÊÎ ¸É±¥ ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  (3) c Éµ-
±µ³ Ii ¸ÊÐ¥¸É¢ÊÕÉ Éµ²Ó±µ · ¤¨ ²Ó´ Ö Fbr ¨  ±¸¨ ²Ó´ Ö Hbθ-±µ³¶µ´¥´ÉÒ ¥£µ
Ô²¥±É·¨Î¥¸±µ£µ ¨ ³ £´¨É´µ£µ ¶µ²¥°:

Fbr(r) =
2Ii
βCR2b

{
r, ¶·¨ r ≤ Rb

R2b/r, ¶·¨ r > Rb,

Hbθ(r) = βFbr(r), (7.2)

£¤¥ r Å· ¸¸ÉµÖ´¨¥ µÉ µ¸¨ ¶ÊÎ± . qÊ¤¥³ ¶µ² £ ÉÓ, ÎÉµ ³ £´¨É´µ¥ ¶µ²¥ 8H  ´ -
²¨§ Éµ·  ´ ¶· ¢²¥´µ ¶ · ²²¥²Ó´µ µ¸¨ X . ’µ£¤  ¤²Ö ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¨´É¥·¥¸
¶·µ¥±Í¨° ¨³¶Ê²Ó¸  Ô²¥±É·µ´  Px ¨ Py ¸ ¶¥·¢µ´ Î ²Ó´Ò³¨ ±µµ·¤¨´ É ³¨ X0
¨ Y0 ¶µ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö:

dPx
dY

= FO(Y )X0;
dPy
dY

= FO(Y )Y − eH(R− Y + Y0)
C
√

2R(Y − Y0) − (Y − Y0)2
; (7.3)

FO(Y ) =
2eRTi

C2
√

2R(Y − Y0) − (Y − Y0)2

(
1
β2

− R− Y + Y0
R

)
×

×
{

1, ¶·¨ | Y |≤
√

1 −X20
(X20 + Y 2)−1, ¶·¨ | Y |>

√
1 −X20 ,
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¨¸. 21. ”Ê´±Í¨¨ F1(Y ) (¸¶²µÏ´Ò¥ ²¨´¨¨) ¨ F2(Y ) (¶Ê´±É¨·´Ò¥ ²¨´¨¨) ¤²Ö · §-
²¨Î´ÒÌ §´ Î¥´¨° R, X0 ¨ Y0: 1 Å X0 = ±0, 7, Y0 = −0, 7; 2 Å X0 = ±0, 25,
Y0 = 0, 25; 3 Å X0 = ±0, 7, Y0 = 0, 25; 4 Å X0 = ±0, 7, Y0 = 0, 7

£¤¥ ÊÎÉ¥´  ¸¢Ö§Ó ³¥¦¤Ê t, Y ¨ β ´  ´¥ ¢µ§³ÊÐ¥´´µ° ¶ÊÎ±µ³ ¶µ²Ê±·Ê£µ¢µ°
É· ¥±Éµ·¨¨ Ô²¥±É·µ´µ¢ · ¤¨Ê¸µ³ R = γβmeC/eHRb. �·¨ ÔÉµ³ ¢¥²¨Î¨´Ò
R, Y,X0 ¨ Y0 ¢Ò· ¦¥´Ò ¢ µÉ´µ¸¨É¥²Ó´ÒÌ ¥¤¨´¨Í Ì ± · ¤¨Ê¸Ê ¶ÊÎ± . —¨¸²¥´-
´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ¤²Ö ¸µ¸É ¢²ÖÕÐ¨Ì ¨³¶Ê²Ó¸  Ô²¥±É·µ´ , µ¡Ê¸²µ-
¢²¥´´ÒÌ ¤¥°¸É¢¨¥³ Éµ±  ¶ÊÎ± , ¨³¥ÕÉ ¢¨¤

Px(Y ) =
2eIi
C2
X0R[F1(Y )/β2 − F2(Y )] (7.4)

¨

Pyb(Y ) =
2eIi
C2
R[F3(Y )/β2 − F4(Y )]. (7.5)

”Ê´±Í¨¨ F1(Y ), F2(Y ), F3(Y ) ¨ F4(Y ) ¤²Ö Y ≥ 1 ¨ ´¥±µÉµ·ÒÌ §´ Î¥´¨°
R, X0 ¨ Y0 ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 21, 22.
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¨¸. 22. ”Ê´±Í¨¨ F3(Y ) (¸¶²µÏ´Ò¥ ²¨´¨¨) ¨ F4(Y ) (¶Ê´±É¨·´Ò¥ ²¨´¨¨) ¤²Ö · §-
²¨Î´ÒÌ §´ Î¥´¨° R, X0 ¨ Y0: 1 Å X0 = ±0, 7, Y0 = 0, 25; 2 Å X0 = 0, Y0 = 0;
3 Å X0 = ±0, 25, Y0 = 0; 4 Å X0 = ±0, 7, Y0 = 0; 5 Å X0 = ±0, 7, Y0 = −0, 25

‚ · ¸¸³ É·¨¢ ¥³µ³ Ê¸É·µ°¸É¢¥ Ì · ±É¥·¨¸É¨±¨ ¶ÊÎ±  ¢ (X ′X)-Ë §µ¢µ°
¶²µ¸±µ¸É¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ · ¸¶·¥¤¥²¥´¨Ö³ ¶²µÉ´µ¸É¨ Ô²¥±É·µ´µ¢ ¢¤µ²Ó µ¸¨
Xd ´  ¤¥É¥±Éµ·¥ D ¶·¨ · §²¨Î´ÒÌ ±µµ·¤¨´ É Ì X0 §µ´¤¨·ÊÕÐ¥° ³¨Ï¥´¨
1. ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉµ § ¢¨¸¨³µ¸É¨ F1(Y ) ¨ F2(Y ) ¡Ò¸É·µ ¢ÒÌµ¤ÖÉ ´ 
 ¸¨³¶ÉµÉ¨±Ê, ¢²¨Ö´¨¥ ¶ÊÎ±  ´  ÔÉ¨ ¨§³¥·¥´¨Ö Ì · ±É¥·¨§Ê¥É¸Ö ¢¥²¨Î¨´µ°
δX ′

b = Px|max(X0, Y0)/γβmeC. Œ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥ Px|max/Ii ¤²Ö ¤ ´-
´µ£µ R ¢Ò¡¨· ¥É¸Ö ¸·¥¤¨ ´µ·³¨·µ¢ ´´ÒÌ ´  Éµ±  ¸¨³¶ÉµÉ¨± ¢Ò· ¦¥´¨Ö (7.4)
¤²Ö · §²¨Î´ÒÌ ±µµ·¤¨´ É Ô²¥±É·µ´µ¢ X0 ¨ Y0 ¶µ ¸¥Î¥´¨Õ ¶ÊÎ± . �·¨ ¤µ¶Ê-
¸É¨³ÒÌ ¢µ§³ÊÐ¥´¨ÖÌ δX ′

b ≈ 2 · 10−4 · ¤ ¨ β = 0, 79 (EH− = 600 ŒÔ‚) ÔÉµ
¸µµÉ¢¥É¸É¢Ê¥É ³ ±¸¨³ ²Ó´Ò³ Éµ± ³ Ii ≈ 400 ³� ¶·¨ R = 40 ¨ Ii ≈ 550 ³�
¶·¨ R = 20. „²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨µ´µ¢ ¢²¨Ö´¨¥ ¶ÊÎ±  ¶·µÖ¢²Ö¥É¸Ö ¡Ò-
¸É·¥¥ ¨ ¢Ò§Ò¢ ¥É ¢µ§³ÊÐ¥´¨¥ δX ′

b ≈ 10−3 · ¤ Ê¦¥ ¶·¨ Éµ± Ì Ii ≈ 3 ³� ¤²Ö
β = 0, 12 (EH− = 7 ŒÔ‚) ¨ R = 10.
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‚µ§³ÊÐ¥´¨¥ ¨³¶Ê²Ó¸  Pyb ¨§-§  ¢µ§¤¥°¸É¢¨Ö ¶µ²Ö ¶ÊÎ±  ¶·µÖ¢²Ö¥É¸Ö ¢
¤µ¶µ²´¨É¥²Ó´µ³ ¸³¥Ð¥´¨¨ ±µµ·¤¨´ ÉÒ Yd Ô²¥±É·µ´  ´  ¤¥É¥±Éµ·¥ ¶·¨ Ë¨±-
¸¨·µ¢ ´´µ³ ¶µ²µ¦¥´¨¨ ³¨Ï¥´¨ 2. ‚ ¸²ÊÎ ¥ ³ ²µ£µ µÉ±²µ´¥´¨Ö É· ¥±Éµ·¨¨
Ô²¥±É·µ´µ¢ µÉ ¶µ²Êµ±·Ê¦´µ¸É¨ · ¤¨Ê¸  R ÔÉµ ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥° ¶µ£·¥Ï-
´µ¸É¨ ¢ µ¶·¥¤¥²¥´¨¨ ¢¥²¨Î¨´Ò ¨³¶Ê²Ó¸ :

δP

P
=

eRIi
βγmeC3

2R+Y0∫
Y0

F3(Y )/β2 − F4(Y )√
2R(Y − Y0) − (Y − Y0)2

dY. (7.6)

—¨¸²¥´´µ¥ ¨´É¥£·¨·µ¢ ´¨¥ ÔÉµ£µ ¢Ò· ¦¥´¨Ö, ´ ¶·¨³¥·, ¤²Ö ³¨Ï¥´¨ ¸ Y0 = 0
¨ · §²¨Î´ÒÌ X0 ¶·¨¢µ¤¨É ± ³ ±¸¨³ ²Ó´Ò³ Éµ± ³ ¶ÊÎ±  Ii ≈ 200 ³� (R = 40)
¨ Ii ≈ 300 ³� (R = 20) ¶·¨ β = 0, 79 ¨ ¤µ¶Ê¸É¨³µ³ ¢µ§³ÊÐ¥´¨¨ δP/P ≈
≈ 2 · 10−4. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¸²ÊÎ ¥ ¸ β = 0, 12 ¶µ²ÊÎ ¥³ Ii ≈ 5 ³� ¶·¨
R = 10 ¨ δP/P ≈ 2 · 10−3.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¡µ²¥¥ ¤¥É ²Ó´µ¥ ¨§ÊÎ¥´¨¥ · ¸¸³µÉ·¥´´ÒÌ ÔËË¥±-
Éµ¢ ¤²Ö ¤·Ê£¨Ì · ¤¨ ²Ó´ÒÌ § ¢¨¸¨³µ¸É¥° ¶²µÉ´µ¸É¨ Éµ±  ¨µ´µ¢, ¸ ÊÎ¥Éµ³
´ Î ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° Ô²¥±É·µ´µ¢ ¶µ Ê£²Ê ¨ ¨³¶Ê²Ó¸Ê, É·¥¡Ê¥É ¸²µ¦´µ£µ
Î¨¸²¥´´µ£µ ³µ¤¥²¨·µ¢ ´¨Ö ¨§-§  · §²¨Î´µ° ¸¨³³¥É·¨¨ ¶µ²¥° ¶ÊÎ±  ¨  ´ ²¨-
§ Éµ· .

‡
Š‹�—…�ˆ…

�·¥¤¸É ¢²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¨ ¶·µ¢¥¤¥´´Ò° ¢ÒÏ¥  ´ ²¨§ ¶µ± §Ò¢ ÕÉ, ÎÉµ
³¥Éµ¤ ´¥¢µ§³ÊÐ ÕÐ¥° ¤¨ £´µ¸É¨±¨ ¶ÊÎ±  µÉ·¨Í É¥²Ó´ÒÌ ¨µ´µ¢ ¶µ Ô²¥±É·µ-
´ ³ µÉ µ±µ²µ¶µ·µ£µ¢µ° µ¤´µËµÉµ´´µ° µ¡¤¨·±¨ ¨ · ¸¸³µÉ·¥´´µ¥ ³´µ£µËÊ´±-
Í¨µ´ ²Ó´µ¥ Ê¸É·µ°¸É¢µ ¤²Ö ¥£µ ·¥ ²¨§ Í¨¨ ³µ£ÊÉ ¡ÒÉÓ ¸ Ê¸¶¥Ìµ³ ¨¸¶µ²Ó§µ-
¢ ´Ò ¤²Ö ¤µ¸É ÉµÎ´µ ¨´É¥´¸¨¢´ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶ÊÎ±µ¢ H−, ´ ¶·¨³¥·, ¢
¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥§µ´´ÒÌ Ë ¡·¨± Ì ¨²¨ ¢ ¶·µ¥±É¨·Ê¥³ÒÌ Ê¸±µ·¨É¥²ÖÌ ¤²Ö
Ô²¥±É·µÖ¤¥·´µ£µ ¸¶µ¸µ¡  ¶µ²ÊÎ¥´¨Ö Ô´¥·£¨¨ ¨ É· ´¸³ÊÉ Í¨¨ · ¤¨µ ±É¨¢´ÒÌ
µÉÌµ¤µ¢ [7Ä10].

‚ § ±²ÕÎ¥´¨¥  ¢Éµ· ¢Ò· ¦ ¥É £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ ¢¸¥³ ±µ²²¥£ ³
¨§ ‘ÊÌÊ³¸±µ£µ Ë¨§¨±µ-É¥Ì´¨Î¥¸±µ£µ ¨´¸É¨ÉÊÉ , ˆ´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥-
¤µ¢ ´¨° �� (’·µ¨Í±) ¨ �¡Ñ¥¤¨´¥´´µ£µ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°,
±µÉµ·Ò¥ ¸¢µ¨³ É¢µ·Î¥¸±¨³ É·Ê¤µ³ ¨ ¶µ¤¤¥·¦±µ° ¸¶µ¸µ¡¸É¢µ¢ ²¨ ¶µ²ÊÎ¥´¨Õ
¶·¨¢¥¤¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ´  · §²¨Î´ÒÌ ÔÉ ¶ Ì · §· ¡µÉ±¨ µ¶¨¸ ´´µ£µ ³¥Éµ¤ 
¤¨ £´µ¸É¨±¨.
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ÓÄÊ 539.12.01

Ñòðóêòóðà ïèîíà â ìîäåëè èíñòàíòîííîé æèäêîñòè. Àíèêèí È.Â., Äîðîõîâ À.Å.,

Òîìèî Ë. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31, âûï.5, ñ.1023.

Äàí îáçîð êîâàðèàíòíîé êâàðêîâîé ìîäåëè ïèîíà, îñíîâàííîé íà ýôôåêòèâíîì

íåëîêàëüíîì êâàðê-àäðîííîì ëàãðàíæèàíå ñ íåëîêàëüíîñòüþ, èíäóöèðîâàííîé èí-

ñòàíòîííûìè ôëóêòóàöèÿìè âàêóóìà ÊÕÄ. ßâíî êàëèáðîâî÷íî-èíâàðèàíòíûé ôîðìà-

ëèçì ïîçâîëÿåò ïîñòðîèòü ñîõðàíÿþùèåñÿ âåêòîðíûé è àêñèàëüíûé òîêè è ïðîäåìîí-

ñòðèðîâàòü èõ ñîãëàñèå ñ ðàçëè÷íûìè òîæäåñòâàìè Óîðäà—Òàêàõàøè è íèçêîýíåðãå-

òè÷åñêèìè òåîðåìàìè. Â ðåçóëüòàòå ñïîíòàííîãî íàðóøåíèÿ êèðàëüíîé ñèììåòðèè

âîçíèêàþò çàâèñÿùèå îò èìïóëüñà äèíàìè÷åñêàÿ ìàññà êâàðêà è âåðøèíà êâàðê-ïèîí-

íîãî âçàèìîäåéñòâèÿ. Ïàðàìåòðû èíñòàíòîííîãî âàêóóìà, ñðåäíèé ðàçìåð èíñòàíòîíà

è ýôôåêòèâíàÿ ìàññà êâàðêà âûðàæåíû ÷åðåç âåëè÷èíû âàêóóìíûõ îæèäàíèé

êâàðê-ãëþîííûõ îïåðàòîðîâ íàèíèçøåé ðàçìåðíîñòè è íèçêîýíåðãåòè÷åñêèõ íàáëþ-

äàåìûõ ïèîíà.

Ïîäðîáíî ðàññìîòðåí ïåðåõîäíûé ôîðìôàêòîð ïèîíà äëÿ ïðîöåññîâ γ γ π∗ → 0

è γ γ π∗ ∗ → 0 . Êèíåìàòè÷åñêàÿ çàâèñèìîñòü ïåðåõîäíîãî ôîðìôàêòîðà ïðè âûñîêèõ èì-

ïóëüñàõ ïåðåäà÷è ïîçâîëÿåò ïîëó÷èòü ñîîòíîøåíèå ìåæäó àìïëèòóäîé ðàñïðåäåëåíèÿ

êâàðêîâ â ïèîíå íà ñâåòîâîì êîíóñå è êâàðê-ïèîííîé âåðøèííîé ôóíêöèåé. Åãî äèíà-

ìè÷åñêàÿ çàâèñèìîñòü óêàçûâàåò íà òî, ÷òî ïåðåõîäíûé ôîðìôàêòîð γ γ π∗ → 0 ïðè âû-

ñîêèõ èìïóëüñàõ ïåðåäà÷è î÷åíü ÷óâñòâèòåëåí ê ðàçìåðó íåëîêàëüíîñòè íåïåðòóðáà-

òèâíûõ ôëóêòóàöèé â ÊÕÄ-âàêóóìå. Â ðàìêàõ ìîäåëè â ëèäèðóþùåì òâèñòå âû÷èñëå-

íû àìïëèòóäà ðàñïðåäåëåíèÿ è ôóíêöèÿ ðàñïðåäåëåíèÿ âàëåíòíûõ êâàðêîâ â ïèîíå

â íèçêîé òî÷êå íîðìèðîâêè ïîðÿäêà îáðàòíîãî ñðåäíåãî ðàçìåðà èíñòàíòîíà ρñ . Ðå-

çóëüòàòû ÊÕÄ ïðîýâîëþöèîíèðîâàíû ê áîëåå âûñîêèì èìïóëüñàì ïåðåäà÷è è íàõî-

äÿòñÿ â ðàçóìíîì ñîãëàñèè ñ äîñòóïíûìè ýêñïåðèìåíòàëüíûìè äàííûìè î ñòðóêòóðå

ïèîíà.

Òàáë.2. Èë.10. Áèáëèîãð.: 87.

ÓÄÊ 539.1.01

Óíèâåðñàëüíûå ìàñøòàáíûå ñîîòíîøåíèÿ äëÿ êîíñòàíò ñâÿçè ìåçîíîâ, ñîäåðæà-
ùèõ òÿæåëûå êâàðêè. Êèñåëåâ Â.Â. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà,

2000, òîì 31, âûï.5, ñ.1080.

Îáñóæäàåòñÿ ôîðìóëèðîâêà è îáëàñòü ïðèìåíèìîñòè êâàçèëîêàëüíûõ ïðàâèë

ñóìì äëÿ S -âîëíîâûõ óðîâíåé òÿæåëîãî êâàðêîíèÿ, êîòîðûå ïîçâîëÿþò èñïîëüçîâàòü

ðåãóëÿðíîñòü ñïåêòðà ìàññ è ïîëó÷àòü ìàñøòàáíûå ñîîòíîøåíèÿ äëÿ ëåïòîííûõ êîí-

ñòàíò ñâÿçè, íàõîäÿùèåñÿ â õîðîøåì ñîãëàñèè ñ èìåþùèìèñÿ ýêñïåðèìåíòàëüíûìè

äàííûìè äëÿ âåêòîðíûõ ñîñòîÿíèé ñèñòåì ÷àðìîíèÿ è áîòòîìîíèÿ. Ïðîâåäåíî îáîá-

ùåíèå ïðåäëîæåííîãî ìåòîäà íà òÿæåëûå ìåçîíû ñ îäíèì òÿæåëûì êâàðêîì, äëÿ êîòî-

ðûõ ïîëó÷åíî ìàñøòàáíîå ñîîòíîøåíèå, ñîãëàñóþùååñÿ ñ ýôôåêòèâíîé òåîðèåé òÿ-

æåëûõ êâàðêîâ. Ñäåëàíû ÷èñëåííûå îöåíêè ïàðàìåòðîâ ÊÕÄ â ñåêòîðå òÿæåëûõ êâàð-

êîâ: ìàññ êâàðêîâ, êîíñòàíò ñâÿçè α s , ýíåðãèè ñâÿçè è ñðåäíåãî êâàäðàòà èìïóëüñà

òÿæåëîãî êâàðêà â òÿæåëîì ìåçîíå. Ðàññìîòðåíû ïðàâèëà ñóìì äëÿ ìåçîííûõ òîêîâ,

îïðåäåëÿþùèõ êîíñòàíòó ðàñïàäà òÿæåëîãî âåêòîðíîãî êâàðêîíèÿ íà ïàðó òÿæåëûõ

ÐÅÔÅÐÀÒÛ ÑÒÀÒÅÉ, ÏÎÌÅÙÅÍÍÛÕ Â ÂÛÏÓÑÊÅ



ïñåâäîñêàëÿðíûõ ìåçîíîâ, ãäå ïîëó÷åíî ìàñøòàáíîå ñîîòíîøåíèå, ñâÿçûâàþùåå êîí-

ñòàíòû ðàñïàäà êâàðêîíèåâ ñ ðàçëè÷íûì êâàðêîâûì ñîñòàâîì. Ïðîâåäåíî ñðàâíåíèå

ñ ýêñïåðèìåíòàëüíûìè äàííûìè, óêàçûâàþùèìè íà õîðîøåå ñîãëàñèå ñ òåîðåòè÷å-

ñêèìè îöåíêàìè. Íà îñíîâå âûâåäåííûõ ìàñøòàáíûõ ñîîòíîøåíèé ñäåëàíû ïðåäñêà-

çàíèÿ ñâîéñòâ òÿæåëîãî êâàðêîíèÿ ( )bc .

Òàáë.7. Èë.2. Áèáëèîãð.: 75.

ÓÄÊ 538.3; 621.38

Êîîïåðàòèâíûå ýëåêòðîìàãíèòíûå ýôôåêòû. Þêàëîâ Â.È., Þêàëîâà Å.Ï. Ôèçèêà

ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31, âûï.5, ñ.1128.

Èññëåäóþòñÿ êîëëåêòèâíûå ÿâëåíèÿ â ñèëüíîíåðàâíîâåñíûõ ñèñòåìàõ, âçàèìî-

äåéñòâóþùèõ ñ ýëåêòðîìàãíèòíûì ïîëåì. Òàêèå ñèñòåìû îïèñûâàþòñÿ ñëîæíûìè íå-

ëèíåéíûìè äèôôåðåíöèàëüíûìè èëè èíòåãðîäèôôåðåíöèàëüíûìè óðàâíåíèÿìè.

Öåëü äàííîãî îáçîðà — ïîêàçàòü, ÷òî ìíîãèå íåëèíåéíûå êîëëåêòèâíûå ÿâëåíèÿ ìî-

ãóò áûòü óñïåøíî îïèñàíû ñ ïîìîùüþ ðàçâèòîãî íåäàâíî ìåòîäà, íàçâàííîãî ìåòîäîì

ðàçäåëåíèÿ ìàñøòàáîâ, îñíîâàííîãî íà èäåå âûäåëåíèÿ ðàçëè÷íûõ õàðàêòåðíûõ ïðî-

ñòðàíñòâåííî-âðåìåííûõ ìàñøòàáîâ, ñóùåñòâóþùèõ â íåðàâíîâåñíûõ ñòàòèñòè÷å-

ñêèõ ñèñòåìàõ. Ýòîò ïîäõîä îáëàäàåò äîñòàòî÷íîé îáùíîñòüþ è ìîæåò áûòü ïðèìåíåí

ê âñåâîçìîæíûì íåðàâíîâåñíûì ôèçè÷åñêèì ïðîáëåìàì, íåêîòîðûå èç êîòîðûõ ðàñ-

ñìàòðèâàþòñÿ â äàííîì îáçîðå. Ýòè ïðîáëåìû íå òîëüêî èãðàþò ðîëü èëëþñòðàöèè

ìåòîäà, íî âàæíû è ñàìè ïî ñåáå, ïðåäñòàâëÿÿ èíòåðåñíûå ôèçè÷åñêèå ýôôåêòû, òà-

êèå, êàê êîëëåêòèâíîå îñâîáîæäåíèå ñâåòà, òóðáóëåíòíîå ôîòîííîå íèòåîáðàçîâàíèå,

ñâåðõèçëó÷àòåëüíàÿ ñïèíîâàÿ ðåëàêñàöèÿ, îòðèöàòåëüíûé ýëåêòðè÷åñêèé òîê è ìàã-

íèòíûé ïîëóêîíôàéíìåíò àòîìîâ.

Èë.30. Áèáëèîãð.: 230.

ÓÄÊ 539.12.01

Ìíîãî÷àñòè÷íàÿ òåîðèÿ ñèñòåì ñîñòàâíûõ àäðîíîâ. Êðåéí Ã. Ôèçèêà ýëåìåíòàð-

íûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31, âûï.5, ñ.1212.

Ìíîãî÷àñòè÷íûå ñèñòåìû ñîñòàâíûõ àäðîíîâ õàðàêòåðèçóþòñÿ ïðîöåññàìè, êî-

òîðûå âêëþ÷àþò â ñåáÿ îäíîâðåìåííî è àäðîíû, è èõ ñîñòàâëÿþùèå. Êðàòêî ðàññìî-

òðåíû íåñêîëüêî ìåòîäîâ, ñïåöèàëüíî ðàçðàáîòàííûõ äëÿ èçó÷åíèÿ òàêèõ ñèñòåì,

è ïðåäñòàâëåí íîâûé ìåòîä, êîòîðûé îñíîâàí íà èäåå ñîîòâåòñòâèÿ ìåæäó ôèçè÷å-

ñêèì è èäåàëüíûì ïðîñòðàíñòâàìè Ôîêà. Ýòîò ìåòîä, èçâåñòíûé êàê ïðåäñòàâëåíèå

Ôîêà—Òàíè, áûë ðàçðàáîòàí óæå äàâíî äëÿ ðåøåíèÿ çàäà÷ àòîìíîé ôèçèêè, à íåäàâíî

áûë ðàñøèðåí è äî àäðîííîé ôèçèêè. Íà÷èíàÿ ñ îäíî÷àñòè÷íûõ àäðîííûõ ñîñòîÿíèé

â ïðîñòðàíñòâå Ôîêà, ñ ïîìîùüþ óíèòàðíîãî ïðåîáðàçîâàíèÿ ìåíÿåòñÿ ïðåäñòàâëåíèå

òàê, ÷òî ñîñòàâëÿþùèå ïåðåïèñûâàþòñÿ â òåðìèíàõ ýëåìåíòàðíûõ ïîëåâûõ îïåðàòî-

ðîâ Áîçå è Ôåðìè â ðàñøèðåííîì ïðîñòðàíñòâå Ôîêà. Êîãäà ýòî óíèòàðíîå ïðåîáðàçî-

âàíèå ïðèìåíÿåòñÿ ê ìèêðîñêîïè÷åñêîìó êâàðêîâîìó ãàìèëüòîíèàíó, ïîëó÷àþòñÿ ýô-

ôåêòèâíûå ýðìèòîâû ãàìèëüòîíèàíû ñ ÿñíîé ôèçè÷åñêîé èíòåðïðåòàöèåé. Îáñóæäà-

åòñÿ èñïîëüçîâàíèå ýòîãî ìåòîäà â ñâÿçè ñ ôîðìàëèçìîì ñâÿçàííûõ êëàñòåðîâ

äëÿ îïèñàíèÿ êîððåëÿöèé íà ìàëûõ ðàññòîÿíèÿõ è ýôôåêòîâ êâàðêîâîãî äåêîíôàéí-

ìåíòà â ÿäåðíîé ìàòåðèè. Â êà÷åñòâå ïðèìåíåíèÿ ýòîãî ìåòîäà ðàññìîòðåíû: âûâîä

ýôôåêòèâíîãî íóêëîí-íóêëîííîãî âçàèìîäåéñòâèÿ èç êîíñòèòóåíòíîé êâàðêîâîé ìî-
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äåëè è ïîëó÷åíèå óðàâíåíèÿ ñîñòîÿíèÿ ÿäåðíîé ìàòåðèè â ïðèáëèæåíèè

Õàðòðè—Ôîêà.

Èë.7. Áèáëèîãð.: 43.

ÓÄÊ 539.17; 621.384.63

Ôîòîýëåêòðîííûé ìåòîä íåâîçìóùàþùåé äèàãíîñòèêè ïó÷êà îòðèöàòåëüíûõ
èîíîâ. Àðòåìîâ À.Ñ. Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà, 2000, òîì 31,

âûï.5, ñ.1242.

Â îáçîðå ïîäðîáíî ðàññìîòðåí ïðåäëîæåííûé àâòîðîì ìåòîä íåâîçìóùàþùåé

ôîòîýëåêòðîííîé äèàãíîñòèêè ïó÷êà (ÔÝÄÏ) îòðèöàòåëüíûõ èîíîâ. Â äàííîì ìåòîäå

íåîáõîäèìàÿ èíôîðìàöèÿ î ïó÷êå âûâîäèòñÿ ïîñðåäñòâîì ýëåêòðîíîâ, ðîæäàþùèõñÿ

â ðåçóëüòàòå îêîëîïîðîãîâîé îäíîôîòîííîé îáäèðêè ïðåíåáðåæèìî ìàëîé ÷àñòè èî-

íîâ íà çîíäèðóþùåé ïó÷îê ôîòîííîé ìèøåíè, êîòîðàÿ ôîðìèðóåòñÿ ñ ïîìîùüþ ëà-

çåðíîãî èçëó÷åíèÿ. Äëÿ ðàçëè÷íûõ îòðèöàòåëüíûõ èîíîâ äåòàëüíî ðàññìîòðåíû ïðå-

äåëüíûå âîçìîæíîñòè òàêîé äèàãíîñòèêè è ïðîâåäåí àíàëèç âëèÿíèÿ ïðîñòðàíñòâåí-

íîãî çàðÿäà ïó÷êà íà ÔÝÄÏ. Ïðè ýòîì îñíîâíîå âíèìàíèå óäåëåíî øèðîêî

èñïîëüçóåìûì â óñêîðèòåëüíîé òåõíèêå ðåëÿòèâèñòñêèì èîíàì âîäîðîäà H − . Äåòàëü-

íî îïèñàíî ðàçðàáîòàííîå ìíîãîôóíêöèîíàëüíîå óñòðîéñòâî äëÿ ðåàëèçàöèè ÔÝÄÏ

íà ëèíåéíîì ó÷àñòêå êàíàëà òðàíñïîðòèðîâêè. Äàííîå óñòðîéñòâî ìîæåò áûòü ñ óñïå-

õîì èñïîëüçîâàíî äëÿ íåâîçìóùàþùåé äèàãíîñòèêè ïó÷êà ðåëÿòèâèñòñêèõ èîíîâ H −

ñ òîêîì äî íåñêîëüêèõ ñîòåí ìèëëèàìïåð, íàïðèìåð, â ïðîåêòèðóåìûõ â ðàçëè÷íûõ

íàó÷íûõ öåíòðàõ èñòî÷íèêàõ íåéòðîíîâ íà îñíîâå ëèíåéíûõ óñêîðèòåëåé.

Èë.22. Áèáëèîãð.: 112.
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Ê ÑÂÅÄÅÍÈÞ ÀÂÒÎÐÎÂ

Â æóðíàëå «Ôèçèêà ýëåìåíòàðíûõ ÷àñòèö è àòîìíîãî ÿäðà» (Ý×Àß) ïå÷àòàþòñÿ îáçîðû ïî

àêòóàëüíûì ïðîáëåìàì òåîðåòè÷åñêîé è ýêñïåðèìåíòàëüíîé ôèçèêè ýëåìåíòàðíûõ ÷àñòèö è

àòîìíîãî ÿäðà, ïðîáëåìàì ñîçäàíèÿ íîâûõ óñêîðèòåëüíûõ è ýêñïåðèìåíòàëüíûõ óñòàíîâîê, àâ-

òîìàòèçàöèè îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ. Ñòàòüè ïå÷àòàþòñÿ íà ðóññêîì è àíãëèé-

ñêîì ÿçûêàõ. Ðåäàêöèÿ ïðîñèò àâòîðîâ ïðè íàïðàâëåíèè ñòàòüè â ïå÷àòü ðóêîâîäñòâîâàòüñÿ èçëî-

æåííûìè íèæå ïðàâèëàìè.

1. Òåêñò ñòàòüè äîëæåí áûòü íàïå÷àòàí íà ìàøèíêå ÷åðåç äâà èíòåðâàëà íà îäíîé ñòîðîíå

ëèñòà (îáÿçàòåëüíî ïðåäñòàâëÿåòñÿ ïåðâûé ìàøèíîïèñíûé ýêçåìïëÿð). Ïîëÿ ñ îäíîé ñòîðîíû

äîëæíû áûòü íå óæå 3—4 ñì, ðóêîïèñíûå âñòàâêè íå äîïóñêàþòñÿ. Ýêçåìïëÿð ñòàòüè äîëæåí

âêëþ÷àòü àííîòàöèè è íàçâàíèå íà ðóññêîì è àíãëèéñêîì ÿçûêàõ, ðåôåðàò íà ðóññêîì ÿçûêå,

ÓÄÊ, ñâåäåíèÿ îá àâòîðàõ: ôàìèëèÿ è èíèöèàëû (íà ðóññêîì è àíãëèéñêîì ÿçûêàõ), íàçâàíèå èí-

ñòèòóòà, àäðåñ è òåëåôîí. Âñå ñòðàíèöû òåêñòà äîëæíû áûòü ïðîíóìåðîâàíû. Ñòàòüÿ äîëæíà

áûòü ïîäïèñàíà âñåìè àâòîðàìè. Òåêñò ñòàòüè ìîæåò áûòü íàïå÷àòàí íà ïðèíòåðå ñ ñîáëþäåíèåì

òåõ æå ïðàâèë.

2. Ôîðìóëû è îáîçíà÷åíèÿ äîëæíû áûòü âïèñàíû êðóïíî, ÷åòêî, îò ðóêè òåìíûìè ÷åðíè-

ëàìè (ëèáî íàïå÷àòàíû íà ïðèíòåðå è îáÿçàòåëüíî ðàçìå÷åíû). Æåëàòåëüíî íóìåðîâàòü òîëüêî òå

ôîðìóëû, íà êîòîðûå èìåþòñÿ ññûëêè â òåêñòå. Íîìåð ôîðìóëû óêàçûâàåòñÿ ñïðàâà â êðóãëûõ

ñêîáêàõ. Îñîáîå âíèìàíèå ñëåäóåò îáðàòèòü íà àêêóðàòíîå èçîáðàæåíèå èíäåêñîâ è ïîêàçàòåëåé

ñòåïåíåé: íèæíèå èíäåêñû îòìå÷àþòñÿ çíàêîì ïîíèæåíèÿ � , âåðõíèå — çíàêîì ïîâûøåíèÿ 	 ;

øòðèõè íåîáõîäèìî ÷åòêî îòëè÷àòü îò åäèíèöû, à åäèíèöó — îò çàïÿòîé. Ñëåäóåò, ïî âîçìîæ-

íîñòè, èçáåãàòü ãðîìîçäêèõ îáîçíà÷åíèé è óïðîùàòü íàáîð ôîðìóë (íàïðèìåð, ïðèìåíÿÿ exp,

äðîáü ÷åðåç êîñóþ ÷åðòó).

Âî èçáåæàíèå íåäîðàçóìåíèé è îøèáîê ñëåäóåò äåëàòü ÿñíîå ðàçëè÷èå ìåæäó ïðîïèñíûìè

è ñòðî÷íûìè áóêâàìè, îäèíàêîâûìè ïî íà÷åðòàíèþ (V è v, U è u, W è w, O è o, K è k, S è s, C è c,

P è p, Z è z), ïðîïèñíûå ïîä÷åðêèâàþòñÿ äâóìÿ ÷åðòàìè ñíèçó, ñòðî÷íûå — äâóìÿ ÷åðòàìè

ñâåðõó (S è s, C è c). Íåîáõîäèìî äåëàòü ÷åòêîå ðàçëè÷èå ìåæäó áóêâàìè å, l, O (áîëüøîé) è î (ìà-

ëîé) è 0 (íóëåì), äëÿ ÷åãî áóêâû Î è î îòìå÷àþò äâóìÿ ÷åðòî÷êàìè, à íóëü îñòàâëÿþò áåç ïîä÷åð-

êèâàíèÿ. Ãðå÷åñêèå áóêâû ïîä÷åðêèâàþòñÿ êðàñíûì êàðàíäàøîì, âåêòîðû — ñèíèì, ëèáî çíà-

êîì ñíèçó ÷åðíèëàìè. Íå ðåêîìåíäóåòñÿ èñïîëüçîâàòü äëÿ îáîçíà÷åíèÿ âåëè÷èí áóêâû ãîòè-

÷åñêîãî, ðóêîïèñíîãî è äðóãèõ ìàëîóïîòðåáèìûõ â æóðíàëüíûõ ñòàòüÿõ øðèôòîâ, îäíàêî åñëè

òàêóþ áóêâó íåëüçÿ çàìåíèòü áóêâîé ëàòèíñêîãî èëè ãðå÷åñêîãî àëôàâèòà, òî åå ðàçìå÷àþò ïðî-

ñòûì êàðàíäàøîì (îáâîäÿò êðóæêîì). Â ñëó÷àå, åñëè íàïèñàíèå ìîæåò âûçâàòü ñîìíåíèå, íåîá-

õîäèìî íà ïîëÿõ äàòü ïîÿñíåíèå, íàïðèìåð, 
 — «äçåòà», � — «êñè», k — ëàò., ê — ðóññê.

3. Ðèñóíêè ïðåäñòàâëÿþò íà îòäåëüíûõ ëèñòàõ áåëîé áóìàãè èëè êàëüêè ñ óêàçàíèåì íà

îáîðîòå íîìåðà ðèñóíêà è íàçâàíèÿ ñòàòüè. Òîíîâûå ôîòîãðàôèè äîëæíû áûòü ïðåäñòàâëåíû â

äâóõ ýêçåìïëÿðàõ, íà îáîðîòå êàðàíäàøîì óêàçàòü: «âåðõ», «íèç». Ãðàôèêè äîëæíû áûòü òùà-

òåëüíî âûïîëíåíû òóøüþ èëè ÷åðíûìè ÷åðíèëàìè: íå ðåêîìåíäóåòñÿ çàãðîìîæäàòü ðèñóíîê íå-

íóæíûìè äåòàëÿìè: áîëüøèíñòâî íàäïèñåé âûíîñèòñÿ â ïîäïèñü, à íà ðèñóíêå çàìåíÿåòñÿ

öèôðàìè èëè áóêâàìè. Æåëàòåëüíî, ÷òîáû ðèñóíêè áûëè ãîòîâû ê ïðÿìîìó ðåïðîäóöèðîâàíèþ.

Ïîäïèñè ê ðèñóíêàì ïðåäñòàâëÿþòñÿ íà îòäåëüíûõ ëèñòàõ.

4. Òàáëèöû äîëæíû áûòü íàïå÷àòàíû íà îòäåëüíûõ ëèñòàõ, êàæäàÿ òàáëèöà äîëæíà èìåòü

çàãîëîâîê. Ñëåäóåò óêàçûâàòü åäèíèöû èçìåðåíèÿ âåëè÷èí â òàáëèöàõ.

5. Ñïèñîê ëèòåðàòóðû ïîìåùàåòñÿ â êîíöå ñòàòüè. Ññûëêè â òåêñòå äàþòñÿ ñ óêàçàíèåì íî-

ìåðà ññûëêè íà ñòðîêå â êâàäðàòíûõ ñêîáêàõ. Â ëèòåðàòóðíîé ññûëêå äîëæíû áûòü óêàçàíû: äëÿ

êíèã — ôàìèëèè àâòîðîâ, èíèöèàëû, íàçâàíèå êíèãè, ãîðîä, èçäàòåëüñòâî (èëè îðãàíèçàöèÿ), ãîä



èçäàíèÿ, òîì (÷àcòü, ãëàâà), öèòèðóåìàÿ ñòðàíèöà, åñëè íóæíî; äëÿ ñòàòåé — ôàìèëèè àâòîðîâ,

èíèöèàëû, íàçâàíèå æóðíàëà, ñåðèÿ, ãîä èçäàíèÿ, òîì (íîìåð, âûïóñê, åñëè ýòî íåîáõîäèìî),

ïåðâàÿ ñòðàíèöà ñòàòüè. Åñëè àâòîðîâ áîëåå ïÿòè, òî óêàçàòü òîëüêî ïåðâûå òðè ôàìèëèè.
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