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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�·¥¤²μ¦¥´ ³¥Éμ¤ ¨¸¸²¥¤μ¢ ´¨Ö Ê· ¢´¥´¨° ¸É É¨Î¥¸±¨Ì ³μ¤¥²¥°, μ¶¨¸Ò¢ ÕÐ¨Ì · ¸¸¥Ö´¨¥ ·¥-
²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ´  Ë¨±¸¨·μ¢ ´´μ³ Í¥´É·¥, ¢ ¶·μ¥±É¨¢´ÒÌ ¶·μ¸É· ´¸É¢ Ì. �¸´μ¢Ê ¥£μ ¸μ-
¸É ¢²Ö¥É ¶μ¸É·μ¥´¨¥ ³´μ¦¥¸É¢   ËË¨´´ÒÌ ±μμ·¤¨´ É § ¤ Î¨ ¶·¨ ´Ê²¥¢μ° ¶μ²´μ° Ô´¥·£¨¨. Œ¥Éμ¤
¶·μ¤¥³μ´¸É·¨·μ¢ ´ ´  ¶·¨³¥·¥ É·¥Ì·Ö¤´μ° ³ É·¨ÍÒ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨. Š ¦¤Ò° Ô²¥³¥´É
³´μ¦¥¸É¢  ¶·¨¢μ¤¨É ± ·¥Ï¥´¨Õ ¸ μ¤´μ° ¨ Éμ° ¦¥ ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸ÉÓÕ, ´  ±μÉμ·μ° · ¸¸³μ-
É·¥´μ ¶μ¢¥¤¥´¨¥ ¸¥¶ · É·¨¸Ò ´  ¡¥¸±μ´¥Î´μ¸É¨.

A method of studying static model equations (scattering of a relativistic particle on the ˇxed center)
in projective spaces is suggested. Its basis is the construction of a set of afˇne coordinates of the problem
at a zero total energy. The method is exampliˇed by the three-row matrix of crossing symmetry. Each
element of the set leads to the solution with the same Riemann surface on which the behaviour of the
separatrix at inˇnity is considered.

PACS: 11.55.FV
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‚ ¸É É¨Î¥¸±¨Ì ³μ¤¥²ÖÌ, ±μÉμ·Ò¥ μ¶¨¸Ò¢ ÕÉ · ¸¸¥Ö´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ´ 
Ë¨±¸¨·μ¢ ´´μ³ Í¥´É·¥, ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ±μ´¥Î´μ° S-³ É·¨ÍÒ ¸ Ê¶·Ê£μ° Ê´¨É ·´μ-
¸ÉÓÕ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:

 ) Si − ³¥·μ³μ·Ë´Ò¥ ËÊ´±Í¨¨ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z ¸ · §·¥§ ³¨

(−∞,−1], [+1, +∞), i � N ;
¡) S∗

i (z) = Si(z∗);

¢) |Si(ω + i0)|2 = 1 ¶·¨ ω � 1, Si(ω + i0) = lim
ε→+0

Si(ω + iε);

£) Si(−z) =
N∑

j=1

AijSj(z).

(1)

�·¨ N = 4 Ê¸²μ¢¨Ö (1) ¸²¥¤ÊÕÉ ¨§ ¸É É¨Î¥¸±μ£μ ¶·¥¤¥²  (³ ¸¸  ´Ê±²μ´  → ∞) ¤¨¸¶¥-
·¸¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° ¤²Ö πN -· ¸¸¥Ö´¨Ö ´  ´¥´Ê²¥¢μ° Ê£μ², ¤μ± § ´´ÒÌ �.�. 	μ£μ²Õ-
¡μ¢Ò³ [1]. ‡ ¤ ÎÊ μ ´ Ìμ¦¤¥´¨¨ ËÊ´±Í¨°, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Ö³ (1), ³μ¦´μ ¨§ÊÎ ÉÓ
¶·¨ ²Õ¡ÒÌ Í¥²ÒÌ §´ Î¥´¨ÖÌ N .

„¥°¸É¢¨É¥²Ó´Ò¥ §´ Î¥´¨Ö ¶¥·¥³¥´´μ° z · ¢´Ò ω Å ¶μ²´μ° Ô´¥·£¨¨ ·¥²ÖÉ¨¢¨¸É-
¸±μ° Î ¸É¨ÍÒ, · ¸¸¥¨¢ ÕÐ¥°¸Ö ´  Ë¨±¸¨·μ¢ ´´μ³ Í¥´É·¥. Œ¥·μ³μ·Ë´μ¸ÉÓ ËÊ´±Í¨°
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Si(z) ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ¸É É¨Î¥¸±μ£μ ¶·¥¤¥²  § ¤ Î¨ · ¸¸¥Ö´¨Ö [2]. Œ É·¨Í  ¶¥·¥±·¥¸É-
´μ° ¸¨³³¥É·¨¨ A μ¶·¥¤¥²Ö¥É¸Ö ¥¥ μ¡Ð¨³¨ ¸¢μ°¸É¢ ³¨ (A2 = E,

∑
i

Aij = 1 ¤²Ö ²Õ-

¡μ£μ j � N ),   É ±¦¥ £·Ê¶¶μ°, μÉ´μ¸¨É¥²Ó´μ ±μÉμ·μ° ¶·¥¤¶μ² £ ¥É¸Ö ¨´¢ ·¨ ´É´μ°
S-³ É·¨Í . ˆ§ μ¡Ð¨Ì ¸¢μ°¸É¢ ³ É·¨ÍÒ A ¸²¥¤Ê¥É, ÎÉμ S-³ É·¨Í  ¡¥§ ¢§ ¨³μ¤¥°¸É¢¨Ö
(S = diag{1, 1, . . . , 1}) Å É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ Ê¸²μ¢¨° (1).

‚ μ¡§μ·¥ [3] ¡Ò²μ ¶μ± § ´μ, ÎÉμ § ¤ Î  ´ Ìμ¦¤¥´¨Ö ËÊ´±Í¨°, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ-
¢¨Ö³ (1), ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ±  ¢Éμ´μ³´μ° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ · §´μ¸É´ÒÌ Ê· ¢´¥´¨°
¶¥·¢μ£μ ¶μ·Ö¤± . �·¨ ¨¸¸²¥¤μ¢ ´¨¨ ¥¥ ·¥Ï¥´¨° μ± §Ò¢ ÕÉ¸Ö ¶μ²¥§´Ò³¨ É ±¨¥ ¶μ´ÖÉ¨Ö
¨§ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ± ± ÉμÎ±  ¶μ±μÖ ¨ ¸¥¶ · É·¨¸  Å ·¥Ï¥´¨¥
¸¨¸É¥³Ò, ¢Ìμ¤ÖÐ¥¥ ¨²¨ ¢ÒÌμ¤ÖÐ¥¥ ¨§ £¨¶¥·¡μ²¨Î¥¸±μ° ÉμÎ±¨ ¶μ±μÖ.

�¨¦¥ ÔÉμ ¡Ê¤¥É ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ ´  ¶·¨³¥·¥ É·¥Ì·Ö¤´μ° ³ É·¨ÍÒ ¶¥·¥±·¥¸É´μ°
¸¨³³¥É·¨¨.

’�…•�Ÿ„��Ÿ Œ�’�ˆ–� ‚ ƒ�“��… SU(2)

� ¸¸³μÉ·¨³ ³ É·¨ÍÊ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨ ¢ £·Ê¶¶¥ SU(2), μ¶·¥¤¥²ÖÕÐÊÕ · ¸¸¥-
Ö´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ¸ ¥¤¨´¨Î´Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ ´  Ë¨±¸¨·μ¢ ´´μ³ Í¥´É·¥
¸ É ±¨³ ¦¥ ±¢ ´Éμ¢Ò³ Î¨¸²μ³,

A(1, 1) =

⎛
⎝ 1/3 −1 5/3

−1/3 1/2 5/6
1/3 1/2 1/6

⎞
⎠ . (2)

˜¶Ê· ¥¥ · ¢¥´ 1,   ¶μÉμ³Ê ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ Si ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¤¢¥ ¸¨³³¥É·¨Î´ÒÌ
s1, s2 ¨ μ¤´Ê  ´É¨¸¨³³¥É·¨Î´ÊÕ a(z) ËÊ´±Í¨¨:

S = s1

∥∥∥∥∥∥
1
1
1

∥∥∥∥∥∥ + s2 · 1/4

∥∥∥∥∥∥
15
−5
3

∥∥∥∥∥∥ + a · 2

∥∥∥∥∥∥
−2
−1
1

∥∥∥∥∥∥ . (3)

ˆ§ Ëμ·³Ê²Ò (3) ²¥£±μ Ê¸³ É·¨¢ ¥É¸Ö ²¨´¥°´ Ö ¸¢Ö§Ó, ¨´¢ ·¨ ´É´ Ö μÉ´μ¸¨É¥²Ó´μ
¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨

S2 + S3 = 0. (4)

“· ¢´¥´¨¥ (4) ¨´¢ ·¨ ´É´μ É ±¦¥ ¶μ μÉ´μÏ¥´¨Õ ± ´¥²¨´¥°´μ° μ¶¥· Í¨¨ I(Si) = 1/Si,
μ¸ÊÐ¥¸É¢²ÖÕÐ¥°  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ËÊ´±Í¨° Si ´  ´¥Ë¨§¨Î¥¸±¨¥ ²¨¸ÉÒ ·¨³ -
´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ § ¤ Î¨ (1) [4, 5].

’·¥Ì³¥·´ÊÕ § ¤ ÎÊ (3) ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ P2 ´ ¤ ¶μ²¥³
C. �¶·¥¤¥²¨³  ËË¨´´Ò¥ ±μμ·¤¨´ ÉÒ ¢ P2 · ¢¥´¸É¢ ³¨ X = S1/S2, Y = S3/S2,

X =
1 − 4x +

15
4

y

1 − 2x − 5
4
y

, Y =
1 + 2x +

3
4
y

1 − 2x − 5
4
y
, (5)

£¤¥ x = a/s1, y = s2/s1. ˆ¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢  Î¥É´μ¸É¨ ËÊ´±Í¨° s1(z), s2(z), a(z), ²¥£±μ
¶μ²ÊÎ¨ÉÓ, ÎÉμ x(0) ∈ {0,∞}, y(0) ∈ {0,∞, c}. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ÉμÎ±¨ X(0), Y (0) ¢
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Î ¸É´μ¸É¨ Å Ô²¥³¥´ÉÒ ±μ´¥Î´μ£μ ³´μ¦¥¸É¢  M = {(1, 1), (−3,−3/5), (2,−1)}. ’μÎ± 
(−3,−3/5) ¶·¨´ ¤²¥¦¨É ¨§¢¥¸É´μ³Ê ·¥Ï¥´¨Õ ¸ ±μ´¥Î´Ò³ Î¨¸²μ³ ¶μ²Õ¸μ¢ [3],   ÉμÎ± 
(2,−1) ²¥¦¨É ´  ¶·Ö³μ° (4). “· ¢´¥´¨¥ (4) ¶μ§¢μ²Ö¥É ¶μ´¨§¨ÉÓ ¶μ·Ö¤μ± ³ É·¨ÍÒ (2)

A(1, 1) → A2 =
1
3

(
1 −8

−1 −1

)
,

±μÉμ· Ö ¤¥°¸É¢Ê¥É ´  ¸Éμ²¡¥Í

∥∥∥∥ S1

S2

∥∥∥∥, ¤μ 2.

˜¶Ê· ³ É·¨ÍÒ A2 · ¢¥´ ´Ê²Õ, ¢¸²¥¤¸É¢¨¥ Î¥£μ ¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ Ö Ëμ·³Ê² :∥∥∥∥ S1

S2

∥∥∥∥ =
∥∥∥∥ −4s + 2a1

s + a1

∥∥∥∥ , £¤¥ s(z) = s(−z), a1(z) = −a1(−z). (6)

”μ·³Ê²  (6) ¤μ¡ ¢²Ö¥É ± ³´μ¦¥¸É¢Ê §´ Î¥´¨° (X(0), Y (0)) ¥Ð¥ μ¤´Ê ÉμÎ±Ê (−4,−1),
É ±¦¥ ²¥¦ ÐÊÕ ´  ¶·Ö³μ° (4).

�μ¸É·μ¥´¨¥ ³´μ¦¥¸É¢  M ³μ¦¥É ¡ÒÉÓ ¢Ò¶μ²´¥´μ ¤²Ö ³ É·¨ÍÒ ¶¥·¥±·¥¸É´μ° ¸¨³³¥-
É·¨¨ A ¶·¨ ²Õ¡μ³ N .

ˆ¸¸²¥¤Ê¥³ μ¡· §Ò ÉμÎ¥± (−4,−1), (2,−1) ´  ¶·μ¥±É¨¢´μ° ¶·Ö³μ° (4) ¸ ¶μ³μÐÓÕ
· ´¥¥ ¢¢¥¤¥´´μ°  ËË¨´´μ° ±μμ·¤¨´ ÉÒ X = S1/S2. �´¨ μ¶·¥¤¥²ÖÕÉ¸Ö £¨¶¥·¡μ²¨Î¥¸±¨³
¤·μ¡´μ-²¨´¥°´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³, § ¤ ´´Ò³ ³ É·¨Í¥° A2,

X(1) =
X(0) + 1
−X(0) + 8

, (7)

£¤¥ X(0) Å §´ Î¥´¨¥ ±μμ·¤¨´ ÉÒ X ´  Ë¨§¨Î¥¸±μ³ ²¨¸É¥; X(1) Å ´  ¶¥·¢μ³ ´¥Ë¨§¨Î¥-
¸±μ³ ²¨¸É¥,   ´¥¶μ¤¢¨¦´Ò¥ ÉμÎ±¨ X̄ Å ±μ·´¨ Ê· ¢´¥´¨Ö X̄2 − 7X̄ + 1 = 0.

‚μ§¢μ¤Ö ¶·¥μ¡· §μ¢ ´¨¥ (7) ¢ n-Õ ¸É¥¶¥´Ó, ¶μ²ÊÎ ¥³

X(n) =
−

(
7
2
X(0) − 1

)
shyn +

3
√

5
2

chyn

−
(

X(0) − 7
2

)
shyn +

3
√

5
2

chyn

, (8)

£¤¥ ¢¢¥¤¥´Ò Ê¤μ¡´Ò¥ ¤ ²¥¥ μ¡μ§´ Î¥´¨Ö

shyn =
1
2
(yn

+ − yn
−), chyn =

1
2
(yn

+ + yn
−), ch2

yn − sh2
yn = 1,

y±2 − 3y± + 1 = 0, y± =
3 ±

√
5

2
, X̄± = y2

±.

‚ÒÎ¨¸²ÖÖ ¨§ Ëμ·³Ê²Ò (8) μÉ´μÏ¥´¨¥ a1/s, ²¥£±μ § ³¥É¨ÉÓ, ÎÉμ μ´μ  ´É¨¸¨³³¥É·¨Î´μ
μÉ´μ¸¨É¥²Ó´μ n Éμ²Ó±μ ¶·¨ ¤¢ÊÌ §´ Î¥´¨ÖÌ X(0),   ¨³¥´´μ ¶·¨ X(0) = 2 ¨ −4. �·¨ ÔÉμ³

a1

s
=

√
5 cthyn ¤²Ö X(0) = 2 ¨

a1

s
=

√
5 thyn ¤²Ö X(0) = −4. (9)

“¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¤²Ö X(n) ¶·¨¢μ¤¨É ± ±¢ ¤· É´μ³Ê Ê· ¢´¥´¨Õ ´  X(0), ±μ·´¨
±μÉμ·μ£μ ¸μ¢¶ ¤ ÕÉ ¸μ §´ Î¥´¨Ö³¨, ¸²¥¤ÊÕÐ¨³¨ ¨§ ¢Ò¶μ²´¥´¨Ö Ê¸²μ¢¨° ¶¥·¥±·¥¸É´μ°
¸¨³³¥É·¨¨.
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‡¤¥¸Ó Ê³¥¸É´μ μÉ³¥É¨ÉÓ ¤¢μÖ±ÊÕ ·μ²Ó ¶¥·¥³¥´´μ° n. ‚μ-¶¥·¢ÒÌ, ÔÉμ Å ´μ³¥· ²¨¸É 
·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨, ´  ±μÉμ·μ° ¢ÒÎ¨¸²Ö¥É¸Ö μ¡· § ±μμ·¤¨´ ÉÒ X(0). ‚μ-¢Éμ·ÒÌ,
ÔÉμ Å §´ Î¥´¨¥ ±μμ·¤¨´ ÉÒ ÉμÎ±¨ z = 0 Ë¨§¨Î¥¸±μ£μ ²¨¸É  (n = 0) ´  n-³ ²¨¸É¥ ·¨³ -
´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ ¨¸Ìμ¤´μ° § ¤ Î¨ (1). „¢μÖ± Ö ·μ²Ó ¶¥·¥³¥´´μ° n ¡Ê¤¥É ·¥ ²¨§μ¢ ´ 
´¨¦¥ ¤²Ö ¶μ²ÊÎ¥´¨Ö ²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ ´  ËÊ´±Í¨Õ n(z).

“¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¤²Ö S
(n)
2 ¨³¥¥É ¢¨¤ S

(n)
2 S

(1−n)
2 = 1 ¨ ¶·¨¢μ¤¨É ± Ëμ·³Ê²¥

S
(n)
2 = eg(n−1/2), g(n) = −g(−n).

“Î¨ÉÒ¢ Ö, ÎÉμ μÉ´μÏ¥´¨¥ a1/s ¨§¢¥¸É´μ Å (9), ¶μ²ÊÎ ¥³ ´¥μ¤´μ·μ¤´μ¥ · §´μ¸É´μ¥ Ê· ¢-
´¥´¨¥ ´  ËÊ´±Í¨Õ g(n)

g(n + 1) + g(n) = ln
[
(−1)

chy(n + 1)
chy(n)

]
¶·¨ X(0) = 2 ¨ chy → shy ¶·¨ X(0) = −4,

(10)
±μÉμ·μ¥ ¡Ê¤¥É ¨§ÊÎ¥´μ ´¨¦¥.

P…˜…�ˆ… �…�„����„��ƒ� ��‡��‘’��ƒ� “��‚�…�ˆŸ

�¡μ§´ Î¨³ Î¥·¥§ g−(n)  ´É¨¸¨³³¥É·¨Î´μ¥ ·¥Ï¥´¨¥ ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö

g−(n + 1) + g−(n) = ln(−1), g−(−n) = −g−(n).

‚ Ê· ¢´¥´¨¨ (10) ¶·μ¨§¢¥¤¥³ ¸²¥¤ÊÕÐÊÕ § ³¥´Ê ´¥¨§¢¥¸É´μ° ËÊ´±Í¨¨ g(n):

g(n) = g0(n) + g−(n). (11)

‚ (11) ¢¸¥ ËÊ´±Í¨¨  ´É¨¸¨³³¥É·¨Î´Ò. ’¥¶¥·Ó Ê· ¢´¥´¨¥ (10) ¶·¨³¥É ¢¨¤

g0(n + 1) + g0(n) = ln
chy(n + 1)

chy(n)
. (12)

�¶·¥¤¥²¨³ ´μ¢ÊÕ ËÊ´±Í¨Õ g1(n) Ëμ·³Ê²μ°

g0(n) = g1(n) + ln
n + 1
n − 1

n − α1

n + α1
. (13)

�¥·¢Ò° ¸μ³´μ¦¨É¥²Ó ¤·μ¡¨ ¶μ¤ §´ ±μ³ ²μ£ ·¨Ë³  ¢ Ëμ·³Ê²¥ (13) μ¡· É¨É ¢ ´μ²Ó ¶· ¢ÊÕ
Î ¸ÉÓ Ê· ¢´¥´¨Ö (12). ‡´ Î¥´¨¥ α1 ³μ¦´μ ¢Ò¡· ÉÓ É ±, ÎÉμ¡Ò § ³¥´  g0 → g1 ¡Ò² 
¶μ¢Éμ·Ö¥³  ¨ Ê¶·μÐ ²  ¢¨¤ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨°, ¸²¥¤ÊÕÐ¨Ì §  Ê· ¢´¥´¨¥³ (12).
‚Ò¡¨· Ö α1 = 2, ¶μ¸²¥ m Ï £μ¢ ¶·¨Ìμ¤¨³ ± Ëμ·³Ê² ³

gm(n + 1) + gm(n) = ln
chy(n + 1 + 2m)

chy(n − 2m)
, (14)

gm(n) = gm+1(n) + ln
chy(n + 1 + 2m)

chy(n − 2m)
chy(n − αm+1)
chy(n + αm+1)

, αm+1 = 2(m + 1). (15)
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Œ¥Éμ¤μ³ ¶μ²´μ° ³ É¥³ É¨Î¥¸±μ° ¨´¤Ê±Í¨¨ ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ Ëμ·³Ê²Ò (14),
(15) ¢¥·´Ò ¶·¨ ²Õ¡μ³ m. �¥·¥Ìμ¤Ö ± ¶·¥¤¥²Ê m → ∞ ¢ (14), ¶μ²ÊÎ ¥³

g∞(n + 1) + g∞(n) = ln y2n+1
+ . (16)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (16) μÎ¥¢¨¤´μ: g∞(n) = n ln y+. �±μ´Î É¥²Ó´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö
(10) É ±μ¢μ:

g(n) = ln

{ ∞∏
m=0

chy(n + 1 + 2m)
chy(n − 1 − 2m)

chy(n − 2(m + 1))
chy(n + 2(m + 1))

}
+ g−(n) + g∞(n). (17)

�·¥¤¥² ¤·μ¡¨ ¶μ¤ §´ ±μ³ ¡¥¸±μ´¥Î´μ£μ ¶·μ¨§¢¥¤¥´¨Ö · ¢¥´ ¥¤¨´¨Í¥, ¨ μ´μ ¸Ìμ¤¨É¸Ö.
„²Ö ¤ ²Ó´¥°Ï¥£μ ¶·¥¤¸É ¢¨³ ¥£μ ¢ ¢¨¤¥ μÉ´μÏ¥´¨Ö Í¥²ÒÌ ËÊ´±Í¨°

g(n) = ln

{ ∞∏
m=0

1 + y
−2(n+1+2m)
+

1 + y
2(n−1−2m)
+

1 + y
2(n−2(m+1)
+

1 + y
−2(n+2(m+1))
+

}
+ g−(n) + g∞(n). (18)

‘ ¶μ³μÐÓÕ ¤¢ÊÌ Éμ¦¤¥¸É¢

∞∏
m=0

(
1 + y

2(n−m)
+

)
= (1 + y2n

+ )
∞∏

m=0

(
1 + y

2(n−2−2m)
+

)
,

∞∏
m=0

(
1 + y

−2(n+1+2m)
+

)
= (1 + y

−2(n+1)
+ )

∞∏
m=0

(
1 + y

−2(n+3+2m)
+

)

Ê¡¥¦¤ ¥³¸Ö, ÎÉμ ËÊ´±Í¨Ö (18) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (10).
Ÿ¸´μ, ÎÉμ ±·μ³¥ ·¥Ï¥´¨Ö (18) Ê· ¢´¥´¨¥ (10) ¨³¥¥É ¨ ¤·Ê£¨¥ ·¥Ï¥´¨Ö. „²Ö Éμ£μ ÎÉμ¡Ò

¶·¨¢¥¸É¨ ¶·¨³¥· É ±μ£μ ·¥Ï¥´¨Ö, ¶¥·¥μ¡μ§´ Î¨³ ¢¸¥ ËÊ´±Í¨¨ g ¸ Î¨¸²μ¢Ò³¨ ¨´¤¥±¸ ³¨
¢ Ëμ·³Ê² Ì ´ Î¨´ Ö ¸ Ëμ·³Ê²Ò (13), ´ ¶·¨³¥·, ± ± g0 → g̃0, g1 → g̃1 ¨ É. ¤. ‚Ò¡¨· Ö ¢
Ëμ·³Ê²¥ (13) ¸ ËÊ´±Í¨Ö³¨ g̃0, g̃1 Î¨¸²μ α1 = 1/2 ¨ ¶μ¢Éμ·ÖÖ ¢¸¥ Ï £¨, μ¶¨¸ ´´Ò¥ ¢
É¥±¸É¥ ´¨¦¥ Ëμ·³Ê²Ò (13), ¶μ¸²¥ m Ï £μ¢ ¶·¨Ìμ¤¨³ ± Ëμ·³Ê² ³

g̃m(n + 1) + g̃m(n) = (−1)m ln
{

chy(n + 1 + m)
chy(n − m)

chy(n − m + 1/2)
chy(n + m + 1/2)

}
, (19)

g̃m(n) = g̃m+1(n) + (−1)m ln
{

chy(n + 1 + m)
chy(n − (m + 1))

chy(n − m − 1/2)
chy(n + m + 1/2)

}
. (20)

…¸²¨ ¢ Ëμ·³Ê²¥ (19) ¶¥·¥°É¨ ± ¶·¥¤¥²Ê m → ∞, Éμ ËÊ´±Í¨Ö g̃∞(n) ¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ
μ¤´μ·μ¤´μ³Ê Ê· ¢´¥´¨Õ, ¨ ³μ¦´μ ¶μ²μ¦¨ÉÓ g̃∞(n) = 0. ’μ£¤  ¨§ (20) ¸²¥¤Ê¥É, ÎÉμ
ËÊ´±Í¨Ö

g̃0(n) = ln
∞∏

m=0

{
(−1)m chy(n + (m + 1))

chy(n − (m + 1))
chy(n − m + 1/2)
chy(n + m + 1/2)

}
(21)

É ±¦¥ ¥¸ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (12).
� §¡¨¢ Ö ¡¥¸±μ´¥Î´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ Ëμ·³Ê²¥ (21) ´  ¶·μ¨§¢¥¤¥´¨¥ ¶μ Î¥É´Ò³ ¨

´¥Î¥É´Ò³ §´ Î¥´¨Ö³ m, ¶·¥¤¸É ¢¨³ g̃ ¢ ¢¨¤¥ μÉ´μÏ¥´¨Ö Í¥²ÒÌ ËÊ´±Í¨° É ± ¦¥, ± ± ÔÉμ
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¡Ò²μ ¸¤¥² ´μ ¢ Ëμ·³Ê²¥ (18)

g̃0(n) = ln
∞∏

p=0

×

×
{

1 + y
−2(n+(2p+1))
+

1 + y
2(n−(2p+1))
+

1 + y
2(n−(2p+2))
+

1 + y
−(n+(2p+2))
+

1 + y
2(n−2p−1/2)
+

1 + y
−2(n+(p+1/2))
+

1 + y
−2(n+2p+3/2)
+

1 + y
2(n−2p−3/2))
+

}
+g̃−(n).

(22)

”Ê´±Í¨Ö g̃0(n) É ± ¦¥, ± ± g0(n), Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (12), ÌμÉÖ ¨ ´¥ ¸μ¤¥·¦¨É
¸² £ ¥³μ£μ g∞(n). �É¸ÊÉ¸É¢¨¥ ¥£μ μ¡Ê¸²μ¢²¥´μ ¡μ²¥¥ ¸²μ¦´μ° ¶μ ¸· ¢´¥´¨Õ ¸ ËÊ´±Í¨¥°
g0(n) ¸É·Ê±ÉÊ·μ° ´Ê²¥° ËÊ´±Í¨¨ ¶μ¤ ²μ£ ·¨Ë³μ³: Î¥ÉÒ·¥ Í¥²ÒÌ ËÊ´±Í¨¨ ¶μ ¸· ¢´¥´¨Õ
¸ ¤¢Ê³Ö ¢ Ëμ·³Ê²¥ (18). �É  μ¸μ¡¥´´μ¸ÉÓ § É·Ê¤´Ö¥É ¶·μ¢¥·±Ê ·¥Ï¥´¨Ö (21). ’¥Ì´¨Î¥¸±¨
μ´  ´¥ μÉ²¨Î ¥É¸Ö μÉ ¶·μ¢¥·±¨ ·¥Ï¥´¨Ö g0(n), ´μ ¡μ²¥¥ £·μ³μ§¤± . ’ ± ¶¥·¢ Ö Í¥² Ö
ËÊ´±Í¨Ö ¢ Î¨¸²¨É¥²¥ ¤·μ¡¨ ¶μ¤ §´ ±μ³ ²μ£ ·¨Ë³  ¢ g̃0(n) ¸μ±· Ð ¥É¸Ö ¸μ ¢Éμ·μ° ¢
§´ ³¥´ É¥²¥ g̃0(n + 1), ¥¸²¨ ÊÎ¥¸ÉÓ Éμ¦¤¥¸É¢μ

∞∏
p=0

(
1 + y

−2(n+(2p+1))
+

)
= (1 + y

−2(n+1)
+ )

∞∏
p=0

(
1 + y

−2(n+1+(2p+2))
+

)
.

’·¨  ´ ²μ£¨Î´ÒÌ Éμ¦¤¥¸É¢  ¶μ§¢μ²ÖÕÉ § ¢¥·Ï¨ÉÓ ¶·μ¢¥·±Ê.
�μ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ ·¥§Ê²ÓÉ ÉÒ ¤ ÕÉ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸Éμ²¡Í  (6) ¶·¨ X(0) = 2 ¢

¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

∥∥∥∥ S1

S2

∥∥∥∥ =

∥∥∥∥∥∥∥∥
2shy(n) +

√
5 chy(n)

−1
2

shy(n) +
√

5
2

chy(n)

1

∥∥∥∥∥∥∥∥
eg̃0(n−1/2)+g̃−(n−1/2). (23)

“¤μ¡´μ ¶·¨¢¥¸É¨ ¨ ¤·Ê£ÊÕ Ëμ·³Ê²Ê ¤²Ö ±μμ·¤¨´ ÉÒ X ,   ¨³¥´´μ

X =
chy(n − 3/2)
chy(n + 1/2)

.

�¥Ï¥´¨¥ ¶·¨ X(0) = −4 ¶μ²ÊÎ¨³ ¨§ (22) § ³¥´μ° yn
+ → −yn

+.

��‚…„…�ˆ… �…˜…�ˆ‰ ‚ �Š�…‘’��‘’ˆ
�…‘Š��…—�� “„�‹…���‰ ’�—Šˆ

‚ Ëμ·³Ê²¥ (23) ¨ ¥¥  ´ ²μ£¥ ¶·¨ X(0) = −4 ¶μ ¶μ¸É·μ¥´¨Õ n ∈ Z, ¢¸¥ ¢ÒÎ¨¸²¥´¨Ö
¶·μ¢μ¤ÖÉ¸Ö ¢ ¶μ²¥ Q(

√
5), ´μ §´ Î¥´¨¥ ±μμ·¤¨´ ÉÒ X ∈ Q ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ°

(7). ‘Ìμ¤¨³μ¸ÉÓ ¡¥¸±μ´¥Î´ÒÌ ¶·μ¨§¢¥¤¥´¨° ¢ Ëμ·³Ê²¥ (22) μ¶· ¢¤Ò¢ ¥É ¢±²ÕÎ¥´¨Ö:
n ∈ Z ⊂ R ⊂ C. �·¨ −∞ < n < +∞ ±μμ·¤¨´ É  X ∈ (X−, X+) ¤²Ö X(0) = 2 ¨

X ∈ (−∞, X−) ∪ (X+, +∞) ¶·¨ X(0) = −4 ± ± ¸²¥¤¸É¢¨¥ Ëμ·³Ê²Ò X =
shy(n − 3/2)
shy(n + 1/2)

.
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‘¥¶ · É·¨¸Ò ÉμÎ¥± ¶μ±μÖ X± ²¥¦ É ´  μ¶·¥¤¥²¥´´ÒÌ ¢ÒÏ¥ μÉ±·ÒÉÒÌ μÉ·¥§± Ì ¶·Ö³μ°
Y = −1.

�¸μ¡¥´´μ ¢ ¦´μ ¶μ¸²¥¤´¥¥ ¢±²ÕÎ¥´¨¥, É ± ± ± ¶·¨ ¢Ò¢μ¤¥ Ëμ·³Ê²Ò (7) ´¥ ¡Ò²μ
¨¸¶μ²Ó§μ¢ ´μ Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¢ C. �´μ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ:

X
n(z)+n∗(z)−1
+ = 1.

‹μ£ ·¨Ë³¨·ÊÖ ¥£μ, ¶μ²ÊÎ ¥³ ²¨´¥°´ÊÕ ´¥μ¤´μ·μ¤´ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ [6]

n(z) + n∗(z) = ±
(

1 + i
2πq

lnX+

)
, q ∈ Z.

�¥Ï¥´¨¥ ¥¥ ¨³¥¥É ¢¨¤

n(z) =
1
π

arcsin z

(
1 + i

2πq

ln X+

)
.

‚ ¸¨²Ê Ê¸²μ¢¨Ö (¡) § ¤ Î¨ (1) ËÊ´±Í¨Ö n(z) ¤¥°¸É¢¨É¥²Ó´  ¶·¨ z ∈ (−1, +1), ÎÉμ ¤ ¥É
q = 0, ¨ μ±μ´Î É¥²Ó´μ

n(z) = w =
1
π

arcsin z. (24)

”μ·³Ê²  (24) μ¶·¥¤¥²Ö¥É ¢¨¤ ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ ¸Éμ²¡Í  (23).
‡´ Î¥´¨¥ ¸Éμ²¡Í  [S1, S2, S3] (±¢ ¤· É´Ò¥ ¸±μ¡±¨ μ¡μ§´ Î ÕÉ ¸Éμ²¡¥Í) ¢ ¡¥¸±μ´¥Î´μ

Ê¤ ²¥´´μ° ÉμÎ±¥ Å ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  § ¤ Î¨ (1). …£μ ²¥£±μ ´ °É¨ ¸ ¶μ³μÐÓÕ Ëμ·-
³Ê²Ò (3):

[S1, S2, S3] = ±i[x3
∓,−x±, x±], x+ + x− = 1, x+x− = −1.

‚¸¥ §´ Î¥´¨Ö Si|z−1=0 Î¨¸Éμ ³´¨³Ò¥,   ¶¥·¢Ò¥ ¤¢  ¸μ³´μ¦¨É¥²Ö ¢ Ëμ·³Ê²¥ (23) ´ 
¤¥°¸É¢¨É¥²Ó´μ° μ¸¨ w ¤¥°¸É¢¨É¥²Ó´Ò. ˆ§ Ëμ·³Ê² (8), (12) ²¥£±μ Ê¸É ´μ¢¨ÉÓ, ÎÉμ ¶·¨
X(0) = 2 ¨Ì ¶·¥¤¥²Ò · ¢´Ò

X(±∞) = x4
∓ ¨ g0(±∞) =

ln x+

ln 1/x+
.

’·¥É¨° ¸μ³´μ¦¨É¥²Ó μ¶·¥¤¥²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (10), ±μÉμ·μ¥ ¤²Ö ´ Ï¨Ì Í¥²¥°
³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´μ ¢ ¢¨¤¥

eg(n−1/2) = tg
π

2
n

¨ ´  ¤¥°¸É¢¨É¥²Ó´μ° μ¸¨ ¶·¥¤¥²  ´¥ ¨³¥¥É. �¤´ ±μ ´  ³´¨³μ° μ¸¨ tg(±i∞) = ±i. �μ²Ê-
Î¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨¢μ¤ÖÉ ¤²Ö S1 ± ¶·¥¤¥²Ó´Ò³ §´ Î¥´¨Ö³, ¨§μ¡· ¦¥´´Ò³ ´  ·¨¸Ê´±¥.
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�´ ²μ£¨Î´Ò¥ ·¨¸Ê´±¨ ³μ¦´μ ¶·¨¢¥¸É¨ ¤²Ö S2 ¨ S3. ’ ±¨³ μ¡· §μ³, ¡¥¸±μ´¥Î´μ
Ê¤ ²¥´´ Ö ÉμÎ±  Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ μ¸μ¡μ° ¤²Ö ËÊ´±Í¨° Si ¸ ¶·¥¤¥²Ó´Ò³¨ §´ Î¥´¨Ö³¨
¢¤μ²Ó ¶ÊÉ¥°, ¨§μ¡· ¦¥´´ÒÌ ´  ·¨¸Ê´±¥.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. �μ£μ²Õ¡μ¢ �.�., Œ¥¤¢¥¤¥¢ �. ‚., �μ²¨¢ ´μ¢ Œ.Š. ‚μ¶·μ¸Ò É¥μ·¨¨ ¤¨¸¶¥·¸¨μ´´ÒÌ ¸μμÉ´μÏ¥-
´¨°. Œ.: ƒμ¸. ¨§¤-¢μ Ë¨§.-³ É. ²¨É., 1958.

2. Œ¥Ð¥·Ö±μ¢ ‚. �. // †�’”. 1967. ’. 53. ‘. 175Ä182.

3. †Ê· ¢²¥¢ ‚.ˆ., Œ¥Ð¥·Ö±μ¢ ‚. �. // �—�Ÿ. 1974. ’. 5. ‘. 172.

4. Meshcheryakov V. A. // Intern. J. Mod. Phys. A. 1997. V. 12. P. 249Ä254.

5. †Ê· ¢²¥¢ ‚.ˆ., Œ¥Ð¥·Ö±μ¢ ‚. �. // �¨¸Ó³  ¢ �—�Ÿ. 2008. ’. 5, º 4(146). ‘. 573Ä578.

6. ƒ Ìμ¢ ”. „. Š· ¥¢Ò¥ § ¤ Î¨. 3-¥ ¨§¤. Œ.: � Ê± , 1977.

�μ²ÊÎ¥´μ 16  ¶·¥²Ö 2009 £.


