
�¨¸Ó³  ¢ �—�Ÿ. 2014. ’. 11, º 2(186). ‘. 124Ä145

”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��. ’…��ˆŸ

���…„…‹…�ˆ… Œ�‘‘�‚�ƒ� ‘�…Š’��
ˆ Š��‘’��’› ��‘��„� Œ…‡���‚,

‘�‘’�Ÿ™ˆ• ˆ‡ c- ˆ b-Š‚��Š�‚
Œ.„¨´¥°Ì ´, ‘. �. † Ê£ Ï¥¢ , �. • ¡Ò², ƒ. ‘.�Ê·¡ ±μ¢ 

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
Š § Ì¸±¨° ´ Í¨μ´ ²Ó´Ò° Ê´¨¢¥·¸¨É¥É ¨³.  ²Ó-” · ¡¨, �²³ -�É , Š § Ì¸É ´

�  μ¸´μ¢¥ ¨¸¸²¥¤μ¢ ´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨Ì ¶μ²¥¢ÒÌ Éμ±μ¢ ¸ ´¥μ¡Ìμ¤¨³Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ ¶·¥¤²μ¦¥´ ³¥Éμ¤  ´ ²¨É¨Î¥¸±μ£μ μ¶·¥-
¤¥²¥´¨Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¨ ±μ´¸É ´ÉÒ · ¸¶ ¤  ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢, ¸ ÊÎ¥Éμ³
·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±. �´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´Ò § ¢¨¸¨³μ¸É¨ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ±¢ ·-
±μ¢ μÉ Éμ±μ¢μ° ³ ¸¸Ò,   É ±¦¥ μÉ μ·¡¨É ²Ó´ÒÌ ¨ · ¤¨ ²Ó´ÒÌ ±¢ ´Éμ¢ÒÌ Î¨¸¥². Œ ¸¸  ¨ ¢μ²-
´μ¢ Ö ËÊ´±Í¨Ö ³¥§μ´μ¢ ´ °¤¥´Ò ¨§ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ° ¸μ¸É ¢²ÖÕ-
Ð¨Ì Î ¸É¨Í. ‚ÒÎ¨¸²¥´Ò · ¸Ð¥¶²¥´¨Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¤²Ö ¸¨´£²¥É´μ£μ ¨ É·¨¶²¥É´μ£μ ¸μ¸ÉμÖ-
´¨° ³¥§μ´μ¢,   É ±¦¥ μ¶·¥¤¥²¥´Ò Ï¨·¨´Ò ²¥¶Éμ´´μ£μ ¨ · ¤¨ Í¨μ´´μ£μ · ¸¶ ¤μ¢, μ¡Ê¸²μ¢²¥´´Ò¥
E1-¶¥·¥Ìμ¤μ³ ¤²Ö ¸¨¸É¥³ (c̄c), (b̄b) ¨ (b̄c). � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ³¥§μ´μ¢, ¸μ-
¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢, Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¤ ´´Ò³¨.

On the basis of the investigation of the asymptotic behavior of the correlation functions of the
corresponding ˇeld currents with the necessary quantum numbers the analytic method for the determi-
nation of the mass spectrum and decay constants of mesons consisting of c and b quarks with relativistic
corrections is proposed. The dependence of the constituent mass of quarks on the current mass and
on the orbital and radial quantum numbers is analytically derived. The mass and the wave function of
mesons are determined from the Schréodinger equation with a mass of constituent particles. We calculate
the splitting of the mass spectrum for the singlet and triplet states of mesons, as well as determine the
width of the lepton and radiation decays due to E1 transition for (c̄c), (b̄b) and (b̄c) systems. Our
results for the mass spectrum of mesons consisting of c and b quarks are in satisfactory agreement with
the available experimental data.
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�´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ¸ Ìμ·μÏ¥° ÉμÎ-
´μ¸ÉÓÕ ¢ · ³± Ì ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (�ŠŒ) ¶·¨ ´ ¤²¥¦ Ð¥³ ¶μ¤¡μ·¥
¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö. �¤´ ±μ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (“˜), ¤ -
ÕÐ¥¥ ³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ¥ μ¶¨¸ ´¨¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ¤μ¸É -
ÉμÎ´Ò³, É ± ± ± É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö, ¶μ¸±μ²Ó±Ê ¤²Ö
μ¶¨¸ ´¨Ö ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ± ± ¢  Éμ³´μ° [1],
É ± ¨ ¢  ¤·μ´´μ° Ë¨§¨±¥ [2], É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±. ’¥³ ´¥ ³¥´¥¥
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´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ “˜ Ö¢²Ö¥É¸Ö ´ ¤¥¦´Ò³ ¨´¸É·Ê³¥´Éμ³ ¨¸¸²¥¤μ¢ ´¨Ö ¨ μ¶·¥¤¥²¥´¨Ö
Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°. �·¨ ÔÉμ³ ·¥ ²Ó´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ-
¶· ¢±¨ ³ ²Ò, É ± ÎÉμ É¥μ·¥É¨Î¥¸± Ö § ¤ Î  ¸¢μ¤¨É¸Ö ± ¶μ²ÊÎ¥´¨Õ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· -
¢μ± ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö ¨¸Ìμ¤Ö ¨§ Ëμ·³ ²¨§³  ±¢ ´Éμ¢μ°
É¥μ·¨¨ ¶μ²Ö (Š’�). �É  ¨¤¥Ö ²¥¦¨É ¢ μ¸´μ¢¥ ¶μÉ¥´Í¨ ²  	·¥°É  [3] ¨ ÔËË¥±É¨¢´μ°
´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö Š ¸¢¥²²  ¨ ‹¥¶ ¦  [4]. �¡  ÔÉ¨ ¶μ¤Ìμ¤  ¨¸-
¶μ²Ó§ÊÕÉ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ± ± ¨¸ÉμÎ´¨± ¨¸±μ³ÒÌ ¶μ¶· ¢μ±. �¢Éμ· ³¨ · ¡μÉÒ [4],
¢ · ³± Ì ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨ (Š�„), ¸ ÊÎ¥Éμ³ ¶¥·¥´μ·³¨·μ¢±¨ ¨ ¶μ¸²¥¤ÊÕÐ¨³
¶¥·¥Ìμ¤μ³ ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê ¨§ÊÎ¥´  ³ É·¨Í  · ¸¸¥Ö´¨Ö ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨
¤¨ £· ³³ ³¨ ”¥°´³ ´ , É. ¥. μ¶·¥¤¥²¥´ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ-
¶· ¢±μ°. ‚ ·¥§Ê²ÓÉ É¥ ¸Ëμ·³Ê²¨·μ¢ ´ ³¥Éμ¤ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Š�„ (�Š�„) ¤²Ö μ¶·¥-
¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ°. ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμÉ ³¥Éμ¤
Ê¸μ¢¥·Ï¥´¸É¢μ¢ ´ ¢ [5]. �¤´ ±μ ¢ ÔÉ¨Ì · ¡μÉ Ì ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨ ¢ · ³± Ì É¥μ·¨¨
¢μ§³ÊÐ¥´¨Ö ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¢ μ¸´μ¢´μ³ ± ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö,   ¶μ¶· ¢±  ± ±¨´¥-
É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μÎÉ¨ ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö. “Î¥É ·¥²ÖÉ¨¢¨¸É-
¸±μ° ¶μ¶· ¢±¨ ± ±¨´¥É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¢ μ¡ÒÎ´μ³ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³
Ëμ·³ ²¨§³¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö Éμ²Ó±μ ¢ · ³± Ì ·¥²ÖÉ¨¢¨¸É¸±μ£μ “˜. ˆ§¢¥¸É´μ, ÎÉμ μ¶·¥-
¤¥²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ (‚”) ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö, ¸μ-
¸ÉμÖÐ¥£μ ¨§ ´¥¸±μ²Ó±¨Ì É¥², ¨§ ·¥²ÖÉ¨¢¨¸É¸±μ£μ “˜ ¸ ÉμÎ±¨ §·¥´¨Ö ³ É¥³ É¨Î¥¸±μ£μ
¢ÒÎ¨¸²¥´¨Ö ¶μÎÉ¨ ´¥¢μ§³μ¦´μ. �μÔÉμ³Ê ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨ ¶·¨ μ¶·¥¤¥²¥´¨¨
¸¢μ°¸É¢ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ± ± ¶μÉ¥´Í¨ ²Ó´μ°, É ± ¨ ±¨´¥É¨Î¥¸±μ°
Î ¸É¥° £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö Ö¢²Ö¥É¸Ö μ¤´μ° ¨§  ±ÉÊ ²Ó´ÒÌ ¶·μ¡²¥³ ¸μ¢·¥³¥´-
´μ£μ É¥μ·¥É¨Î¥¸±μ£μ ¨¸¸²¥¤μ¢ ´¨Ö.

‚ · ¡μÉ Ì [6Ä9] ¶·¥¤²μ¦¥´ μ¤¨´ ¨§ ¢ ·¨ ´Éμ¢ ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨ ± ±¨-
´¥É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¨ ¶μÉ¥´Í¨ ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ ÔÉμ³ ¶μ¤Ìμ¤¥
³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ ±μ··¥²ÖÍ¨μ´´μ°
ËÊ´±Í¨¨ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Éμ±μ¢ ¸ ´¥μ¡Ìμ¤¨³Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨. Šμ··¥²Ö-
Í¨μ´´ Ö ËÊ´±Í¨Ö, ±μÉμ· Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ±¢ ´Éμ¢μ-¶μ²¥¢Ò¥ ËÊ´±Í¨¨ ƒ·¨´ , ¶·¥¤-
¸É ¢²Ö¥É¸Ö ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² , ÎÉμ ¶μ§¢μ²Ö¥É ¢Ò¤¥²¨ÉÓ ´¥μ¡Ìμ¤¨³ÊÕ
 ¸¨³¶ÉμÉ¨±Ê. Š·μ³¥ Éμ£μ, Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ ³μ¦¥É ¡ÒÉÓ
¢Ò¶μ²´¥´μ ÉμÎ´μ. �μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μÌμ¦¥ ´  Ë¥°´³ ´μ¢¸±¨° ËÊ´±Í¨μ´ ²Ó-
´Ò° ¨´É¥£· ² ¶μ ¶ÊÉÖ³ [10] ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ (ŠŒ). �·¨ ÔÉμ³
¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¤¨ £· ³³μ° ”¥°´³ ´ , ¶μ²ÊÎ¥´´Ò° ¢ ·¥§Ê²Ó-
É É¥ μ¡³¥´  ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö,   ³ ¸¸  ¢ “˜ Ö¢²Ö¥É¸Ö ±μ´¸É¨ÉÊ¥´É´μ° ¨ μÉ²¨Î ¥É¸Ö
μÉ ³ ¸¸Ò ¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö ¤ ´´μ° ¸¨¸É¥³Ò, É. ¥. ±¨´¥É¨Î¥¸± Ö Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´ 
¢Ò· ¦ ¥É¸Ö Î¥·¥§ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ¸μ¸É ¢´ÒÌ Î ¸É¨Í. ’ ±¨³ μ¡· §μ³, ¡² £μ¤ ·Ö
±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸¥ ¸μ¸É ¢´ÒÌ Î ¸É¨Í ÊÎ¨ÉÒ¢ ÕÉ¸Ö ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨ ± ±¨´¥-
É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö.

� ¡μÉ  ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¢ · §¤. 1 ±· É±μ ¨§²μ¦¥´ ³¥Éμ¤ μ¶·¥¤¥²¥´¨Ö
³ ¸¸ ¨ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨
± ±¨´¥É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´ ; ¢ · §¤. 2 ¶·¨¢¥¤¥´Ò ÉμÎ´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö ¨ ¶ · -
³¥É·Ò ¶μ¤Ìμ¤ ; ¢ · §¤. 3 μ¶·¥¤¥²¥´Ò ³ ¸¸μ¢Ò¥ ¸¶¥±É·Ò ³¥§μ´μ¢ ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨-
 ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨; ¢ · §¤. 4 ´ °¤¥´  Ï¨·¨´  ²¥¶Éμ´´μ£μ ¨ · ¤¨ Í¨μ´´μ£μ · ¸¶ ¤μ¢
³¥§μ´ ; ¢ § ±²ÕÎ¥´¨¨ ¶μ¤ÒÉμ¦¥´Ò μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡μÉÒ; ¢ ¶·¨²μ¦¥´¨ÖÌ ¶·¥¤-
¸É ¢²¥´Ò ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö.



126 „¨´¥°Ì ´ Œ. ¨ ¤·.

1. ‘‚Ÿ‡����… ‘�‘’�Ÿ�ˆ… ‚ ”“�Š–ˆ���‹œ��Œ ��„•�„…

Š· É±μ ¨§²μ¦¨³ ¤¥É ²¨ ´ Ï¥£μ ¶μ¤Ìμ¤ . �Ê¸ÉÓ J(x) = Φ+(x)Φ(x) Å Éμ± ¸± ²Ö·´ÒÌ
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í. …¸²¨ ¶·¥´¥¡·¥ÎÓ  ´´¨£¨²ÖÍ¨μ´´Ò³ ± ´ ²μ³, Éμ · ¸¸³ É·¨¢ ¥³Ò¥
±μ··¥²ÖÉμ·Ò Ê¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Ê¸·¥¤´¥´¨¥ ¶μ ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ Aα(x), ¶·μ¨§-
¢¥¤¥´¨Ö ËÊ´±Í¨¨ ƒ·¨´  Gm(x, y|A) ¸± ²Ö·´ÒÌ Î ¸É¨Í ¢μ ¢´¥Ï´¥³ ± ²¨¡·μ¢μÎ´μ³ ¶μ²¥:

Π(x − y) = 〈J(x)J(y)〉 = 〈Φ+(x)Φ(x)Φ+(y)Φ(y)〉 = 〈Gm1(x, y|A)Gm2 (y, x|A)〉A. (1.1)

”Ê´±Í¨Ö ƒ·¨´  Gm(x, y|A) ¤²Ö ¸± ²Ö·´μ° Î ¸É¨ÍÒ ¢μ ¢´¥Ï´¥³ ± ²¨¡·μ¢μÎ´μ³ ¶μ²¥
μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³[(

i
∂

∂xα
+

g

c�
Aα(x)

)2

+
c2m2

�2

]
Gm(x, y|A) = δ(x − y). (1.2)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.2) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  (¤¥É ²¨ ¸³.
¢ [11]):

Gm(x, y|A) =

∞∫
0

ds

(4sπ)2
exp

[
−sm2 − (x − y)2

4s

]
×

×
∫

dσβ exp

⎡⎣ig

1∫
0

dξ
∂Zα(ξ)

∂ξ
Aα(ξ)

⎤⎦ , (1.3)

§¤¥¸Ó ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö:

Zα(ξ) = (x − y)αξ + yα − 2
√

sBα(ξ),
(1.4)

dσβ = NδBβ exp

⎡⎣−1
2

1∫
0

dξḂ2(ξ)

⎤⎦
¸ ´μ·³¨·μ¢±μ°

Bβ(0) = Bβ(1) = 0 ¨

∫
dσβ = 1,

£¤¥ N Å ±μ´¸É ´É  ´μ·³¨·μ¢±¨. Œ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ± ± ¶·¥¤¥²:

M = − lim
|x−y|→∞

ln Π(x − y)
|x − y| . (1.5)

’ ±¨³ μ¡· §μ³, ¤²Ö μ¶·¥¤¥²¥´¨Ö ³ ¸¸Ò M ´ ³ ´Ê¦´μ ¢ÒÎ¨¸²¨ÉÓ ±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±-
Í¨Õ Π(x) ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ° μ¡² ¸É¨ |x| → ∞. �μ¤¸É ¢²ÖÖ (1.3) ¢ (1.1) ¨ ¶·μ¢μ¤Ö
Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ, ¶μ²ÊÎ ¥³

Π(x) =
∫ ∞∫

0

dμ1 dμ2

(8π2x)2
J(μ1, μ2) exp

[
−|x|

2

(
m2

1

μ1
+ μ1

)
− |x|

2

(
m2

2

μ2
+ μ2

)]
. (1.6)
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‡¤¥¸Ó

J(μ1, μ2) = N1N2

∫∫
δr1δr2 exp

⎧⎨⎩−1
2

x∫
0

dτ
[
μ1ṙ

2
1(τ) + μ2ṙ

2
2(τ)

]⎫⎬⎭ e−W ,

(1.7)
W = W1,1 + W2,2 − 2W1,2,

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Wi,j =
g2

2
(−1)i+j

x∫
0

x∫
0

dτ1 dτ2Ż
(i)
α (τ1)Dαβ

(
Z(i)(τ1) − Z(j)(τ2)

)
Ż

(j)
β (τ2). (1.8)

“· ¢´¥´¨¥ (1.7) ¨³¥¥É ¸³Ò¸² ±¢ ´Éμ¢μ° ËÊ´±Í¨¨ ƒ·¨´  ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´-
É¥£· ²  ”¥°´³ ´ , ±μ£¤  ¤¢¥ Î ¸É¨ÍÒ ¸ ³ ¸¸ ³¨ μ1 ¨ μ2 ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¶μ¸·¥¤¸É¢μ³
´¥²μ± ²Ó´μ£μ ¶μÉ¥´Í¨ ²  W . �μÔÉμ³Ê ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³ ¸¸Ò m1 ¨ m2 Éμ±μ¢Ò³¨,   ¶ -
· ³¥É·Ò μ1 ¨ μ2 Å ±μ´¸É¨ÉÊ¥´É´Ò³¨ ³ ¸¸ ³¨. �É³¥É¨³, ÎÉμ ¢ (1.7) ËÊ´±Í¨μ´ ²Ó´μ¥

¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¢μ¤¨É¸Ö ¶μ Î¥ÉÒ·¥Ì³¥·´Ò³ ¢¥±Éμ· ³ r1 = (r1, r
(4)
1 ) ¨ r2 = (r2, r

(4)
2 ).

�·¨ ÔÉμ³ ¢¥²¨Î¨´  Wi,j μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ ¢¸¥¢μ§³μ¦´ÒÌ É¨¶μ¢ ¤¨ £· ³³ ”¥°´-
³ ´ . ‘ÊÐ¥¸É¢ÊÕÉ ¤¢  É¨¶  ¢§ ¨³μ¤¥°¸É¢¨Ö: ¶¥·¢Ò° Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì
Î ¸É¨Í ¶μ¸·¥¤¸É¢μ³ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö, ¢±² ¤ ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´μ
W1,2; ¢Éμ·μ° Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¸ ³¨Ì ¸ ¸μ¡μ°, É. ¥. ¤¨ £· ³³  ¸μ¡-
¸É¢¥´´μ° Ô´¥·£¨¨, ¢±² ¤ ±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö W1,1, W2,2. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥
¢¥²¨Î¨´  W1,2 ¸μμÉ¢¥É¸É¢Ê¥É ¶μÉ¥´Í¨ ²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ,   W1,1, W2,2 Å ´¥¶μÉ¥´-
Í¨ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ¢±² ¤ ¢ ¶¥·¥´μ·³¨·μ¢±Ê ³ ¸¸ Î ¸É¨Í.
‚  ¸¨³¶ÉμÉ¨±¥ |x| → ∞ ¨´É¥£· ² (1.7) ¢¥¤¥É ¸¥¡Ö ± ±

lim
|x|→∞

J(μ1, μ2) =⇒ exp [−xE(μ1, μ2)], (1.9)

£¤¥ ËÊ´±Í¨Ö E(μ1, μ2) § ¢¨¸¨É μÉ ±μ´¸É ´ÉÒ ¸¢Ö§¨ g ¨ μÉ ¶ · ³¥É·μ¢ μ1, μ2,   É ±¦¥ ´¥
§ ¢¨¸¨É μÉ ³ ¸¸ m1, m2. �·¨ |x| → ∞ ¨´É¥£· ² (1.6) ¢ÒÎ¨¸²Ö¥É¸Ö ³¥Éμ¤μ³ ¶¥·¥¢ ² .
Œ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ÉμÎ±μ° ¶¥·¥¢ ² :

M =
1
2

min
μ1,μ2

{
m2

1

μ1
+ μ1 +

m2
2

μ2
+ μ2 + 2E(μ1, μ2)

}
. (1.10)

’ ±¨³ μ¡· §μ³, ¶·μ¡²¥³  ¸¢¥² ¸Ó ± ¢ÒÎ¨¸²¥´¨Õ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  (1.7).
‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ÉμÎ´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ ³¥Éμ¤Ò ¢ÒÎ¨¸²¥´¨Ö ÔÉμ£μ ¨´É¥£· ²  μÉ¸ÊÉ-
¸É¢ÊÕÉ. �μÔÉμ³Ê ´ ¤μ ¶·¨¢²¥± ÉÓ · §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·¥¤¶μ²μ¦¥´¨Ö ¨²¨ ¶·¨¡²¨-

¦¥´¨Ö, ÎÉμ¡Ò ± ±-Éμ ¢Ò¶μ²´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î¥É¢¥·ÉÒ³ ±μ³¶μ´¥´É ³ r
(4)
1 , r

(4)
2 .

‚Ò¶μ²´¥´¨¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î¥É¢¥·ÉÒ³ ±μ³¶μ´¥´É ³ ÔËË¥±É¨¢´μ ¸μμÉ¢¥É¸É¢Ê¥É ¶¥-
·¥Ìμ¤Ê ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê. „·Ê£¨³¨ ¸²μ¢ ³¨, μ¶·¥¤¥²Ö¥É¸Ö ¶μÉ¥´Í¨ ² ¢§ ¨-
³μ¤¥°¸É¢¨Ö ¸ ¶μ¶· ¢± ³¨, ÊÎ¨ÉÒ¢ ÕÐ¨° ´¥¶¥·ÉÊ·¡ É¨¢´μ¸ÉÓ, ·¥²ÖÉ¨¢¨§³ ¨ ´¥²μ± ²Ó´Ò°
Ì · ±É¥· ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ Î ¸É´μ¸É¨, ¥¸²¨ ¢ ËÊ´±Í¨μ´ ²¥ Wi,j ¢ (1.8) ¶·¥´¥¡·¥ÎÓ

§ ¢¨¸¨³μ¸ÉÓÕ μÉ r
(4)
1 ¨ r

(4)
2 , Éμ ¸¨¸É¥³  (1.7) ¸¢μ¤¨É¸Ö ± Ë¥°´³ ´μ¢¸±μ³Ê ¨´É¥£· ²Ê ¶μ

É· ¥±Éμ·¨Ö³ ¤²Ö ¤¢¨¦¥´¨Ö ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸ ³ ¸¸ ³¨ μ1, μ2 ¢ �ŠŒ [10] ¸ ²μ± ²Ó-
´Ò³ ¶μÉ¥´Í¨ ²μ³. ‚ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨, ¸μ£² ¸´μ (1.7), £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö
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¸± ²Ö·´ÒÌ Î ¸É¨Í ¸ ³ ¸¸ ³¨ μ1 ¨ μ2 § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

H =
1

2μ1
P2

1 +
1

2μ2
P2

2 + V (r1 − r2), (1.11)

£¤¥ V (r1 − r2) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ·Ò° ¢Ò· ¦ ¥É¸Ö Î¥·¥§ Wi,j , Éμ£¤ 
E(μ1, μ2) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö (1.11), É. ¥.

HΨ(r1, r2) = E(μ1, μ2)Ψ(r1, r2). (1.12)

’μ£¤  ¨§ Ê¸²μ¢¨Ö ³¨´¨³Ê³  (1.10) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö μj :

μj −
m2

j

μj
+ 2μj

dE(μ1, μ2)
dμj

= 0, j = 1, 2. (1.13)

� · ³¥É·Ò μ1, μ2 ¨³¥ÕÉ · §³¥·´μ¸ÉÓ ³ ¸¸Ò. „²Ö ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨° ¢¢μ¤¨³ ´μ¢Ò°
¶ · ³¥É·

1
μ

=
1
μ1

+
1
μ2

. (1.14)

’μ£¤  ¢Ò· ¦¥´¨¥ (1.10) ¶·¨´¨³ ¥É ¢¨¤

M = μ1 + μ2 + μ
dE

dμ
+ E(μ), E(μ1, μ2) = E(μ), (1.15)

£¤¥

μ1 =

√
m2

1 − 2μ2
dE

dμ
, μ2 =

√
m2

2 − 2μ2
dE

dμ
. (1.16)

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚” ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§
“˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ° μ. �μ¶· ¢± , ¸¢Ö§ ´´ Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ° ¢§ ¨-
³μ¤¥°¸É¢¨Ö, ÊÎ¨ÉÒ¢ ¥É¸Ö ´¥ Éμ²Ó±μ ¶μ¶· ¢± ³¨ ± ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ´μ ¨ Î¥·¥§
¶ · ³¥É·Ò μ1 ¨ μ2 (±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò), ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò ¢ (1.10) ¨ (1.16).
�μÔÉμ³Ê, ¨¸¶μ²Ó§ÊÖ ¸É ´¤ ·É´Ò¥ ¶μÉ¥´Í¨ ²Ò ¤²Ö μ¶¨¸ ´¨Ö ¸¢μ°¸É¢  Éμ³´ÒÌ ¨  ¤·μ´´ÒÌ
¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, ±μÉμ·Ò¥ μ¶·¥¤¥²¥´Ò · §²¨Î´Ò³¨  ¢Éμ· ³¨, ¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É-
´μ° ³ ¸¸μ° ¸³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¸¶¥±É· ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ°. ‚ ËÊ´±Í¨μ´ ²¥ (1.8)

´¥μ¡Ìμ¤¨³μ ¨¸±²ÕÎ¨ÉÓ § ¢¨¸¨³μ¸ÉÓ μÉ r
(4)
1 , r

(4)
2 , Éμ£¤  ¶μ²ÊÎ ¥³ ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶μ-

É¥´Í¨ ² ¶²Õ¸ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¨ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¶μ¶· ¢±¨. …¸²¨ ±μ´¸É ´É  ¸¢Ö§¨ ³ ² ,
Éμ£¤  ¢ ´¨§Ï¥³ ¶·¨¡²¨¦¥´¨¨ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨Ö ³μ¦´μ ¢Ò¶μ²´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨¥

¶μ Î¥É¢¥·ÉÒ³ ±μ³¶μ´¥´É ³ r
(4)
1 , r

(4)
2 ¢ (1.7) (¤¥É ²¨ ¸³. ¢ [8]).

2. ’�—��‘’œ ‚›—ˆ‘‹…�ˆŸ ˆ ����Œ…’�› ��„•�„�

� Ï ¶μ¤Ìμ¤ ¶μ¸¢ÖÐ¥´ ÊÎ¥ÉÊ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨ ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¨ ³ ¸¸μ¢μ³Ê
¸¶¥±É· ³ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ¶μ²ÊÎ¥´´Ò¥  ¢Éμ-
· ³¨ ¸É ÉÓ¨ ·¥§Ê²ÓÉ ÉÒ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¤Ìμ¤μ¢. ˆ§¢¥¸É´μ,
ÎÉμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·  Éμ³  ¢μ¤μ·μ¤  μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨° „¨· ±  [3,12] ¶·¨
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Ê¸²μ¢¨¨, ÎÉμ ³ ¸¸  Ö¤·  mN = ∞. �μÔÉμ³Ê ¢ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  μ¶·¥¤¥²¨³ Ô´¥·-
£¥É¨Î¥¸±¨° ¸¶¥±É·  Éμ³  ¢μ¤μ·μ¤ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö Ö¢²Ö¥É¸Ö
±Ê²μ´μ¢¸±¨³, ¨ ¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ° ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¶μ²ÊÎ ¥³

E(μ) = −α2
em

2n2
μ. (2.1)

“Î¨ÉÒ¢ Ö (1.14), (1.16) ¨ (2.1), ¨§ (1.15) ¢ ¸²ÊÎ ¥ m1 = mN = ∞ ¨ m2 = me ¤²Ö Ô´¥·£¨¨
¸¢Ö§¨ ¨³¥¥³

Ebin =

√
m2

e − 2μ2
dE

dμ
+ μ

dE

dμ
+ E(μ) = me

√
1 − Z2α2

n2
. (2.2)

�É¨ ·¥§Ê²ÓÉ ÉÒ ÉμÎ´μ ¸μ¢¶ ¤ ÕÉ ¸ ·¥§Ê²ÓÉ É ³¨, ±μÉμ·Ò¥ ¶μ²ÊÎ¥´Ò ¨§ Ê· ¢´¥´¨Ö „¨-
· ±  ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. ’ ±¨³ μ¡· §μ³, ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ÊÎ¥É ·¥²ÖÉ¨-
¢¨¸É¸±μ° ¶μ¶· ¢±¨ ± ±¨´¥É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö μ¡¥¸¶¥Î¨¢ ¥É
Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ ¸ ÉμÎ´Ò³¨ §´ Î¥´¨Ö³¨, ±μÉμ·Ò¥ ¶μ²ÊÎ¥´Ò ¨§ ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ê· ¢´¥-
´¨Ö.

„ ²¥¥ μ¶·¥¤¥²¨³ ³ ¸¸μ¢Ò° ¸¶¥±É· ¨ ‚” ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢. ‘¢μ°-
¸É¢  ³¥§μ´μ¢ · ¸¸³ É·¨¢ ÕÉ¸Ö ³´μ£μÎ¨¸²¥´´Ò³¨  ¢Éμ· ³¨ ¢ · ³± Ì · §²¨Î´ÒÌ ¶μ¤Ìμ¤μ¢.
�¤´ ±μ ³ ¸¸Ò ±¢ ·±μ¢ ± ± ¢ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨Ì ¶μÉ¥´Í¨ ²Ó´ÒÌ ³μ¤¥²ÖÌ [13, 14], É ±
¨ ¢ ¶μ²¥¢ÒÌ ¶μ¤Ìμ¤ Ì [15] ¢Ò¡¨· ÕÉ¸Ö ± ± ¸¢μ¡μ¤´Ò¥ ¶ · ³¥É·Ò. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö
Ô±¸¶¥·¨³¥´É ²Ó´μ [2] Ê¸É ´μ¢²¥´Ò ¸²¥¤ÊÕÐ¨¥ μ£· ´¨Î¥´¨Ö ¤²Ö ³ ¸¸ ±¢ ·±μ¢:

mu = 2,3+0,7
−0,5 ŒÔ‚, md = 4,8+0,7

−0,3 ŒÔ‚,

ms = (95 ± 5) ŒÔ‚, mc = (1,275 ± 0,025) ƒÔ‚, (2.3)

mb(MS) = (4,18 ± 0,03) ƒÔ‚, mb(1S) = (4,65 ± 0,03) ƒÔ‚.

’¥³ ´¥ ³¥´¥¥ ¢ ¶μ¤Ìμ¤ Ì, ±μÉμ·Ò¥ Ê¸¶¥Ï´μ μ¶¨¸Ò¢ ÕÉ ³ ¸¸μ¢Ò¥ ¸¶¥±É·Ò ¨ ¤·Ê£¨¥
¸¢μ°¸É¢   ¤·μ´μ¢, ³ ¸¸Ò ±¢ ·±μ¢, ¶μ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ Ë¨É¨·μ¢ ´¨Ö, μÉ²¨Î ÕÉ¸Ö
μÉ ¤ ´´ÒÌ, ¶·¨¢¥¤¥´´ÒÌ ¢ (2.3). ‚ Î ¸É´μ¸É¨, ¢ [16] ¢ ·¥§Ê²ÓÉ É¥ Ë¨É¨·μ¢ ´¨Ö ¤²Ö ³ ¸¸
±¢ ·±μ¢ ¶μ²ÊÎ¥´Ò ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:

mu,d = 0,33 ƒÔ‚, ms = 0,55 ƒÔ‚, mc = 1,55 ƒÔ‚, mb = 4,85 ƒÔ‚. (2.4)

ˆ§ (2.3) ¨ (2.4) ¢¨¤´μ, ÎÉμ · §´μ¸ÉÓ ³ ¸¸ ¤²Ö ²¥£±¨Ì ±¢ ·±μ¢ ¸¨²Ó´μ μÉ²¨Î ¥É¸Ö,   ¤²Ö
ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ÔÉ  · §´μ¸ÉÓ ´¥ É ± ¢¥²¨± . 	μ²¥¥ Éμ£μ, Ë¨É¨·μ¢ ´´Ò¥ §´ Î¥´¨Ö ¤²Ö
³ ¸¸ ±¢ ·±μ¢ Ê · §²¨Î´ÒÌ  ¢Éμ·μ¢ μÉ²¨Î ÕÉ¸Ö.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ¢ÒÎ¨¸²Ö¥³  ´ ²¨É¨Î¥¸±¨. ˆ§ (1.16) ¢¨¤´μ,
ÎÉμ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ô´¥·£¥É¨Î¥¸±¨¥ ¸¶¥±É·Ò E ¸¨¸É¥³Ò. �´¥·-
£¥É¨Î¥¸±¨¥ ¸¶¥±É·Ò μ¡ÒÎ´μ § ¢¨¸ÖÉ μÉ ±μ´±·¥É´μ£μ ¢¨¤  ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö.
‚ Î ¸É´μ¸É¨, ¸¶¨´-¸¶¨´μ¢μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¶·¨¢μ¤¨É ± ¸¨´£²¥É-É·¨¶²¥É-
´μ³Ê · ¸Ð¥¶²¥´¨Õ ´¥ Éμ²Ó±μ ³ ¸¸ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö, ´μ ¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸
¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í. ’ ±¨³ μ¡· §μ³, ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚”
 ¤·μ´μ¢ μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ° ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í. �μÔÉμ³Ê
¢ ´ Ï¥³ ¸²ÊÎ ¥ ³ ¸¸Ò ±¢ ·±μ¢ ´¥ Ö¢²ÖÕÉ¸Ö ¸¢μ¡μ¤´Ò³¨ ¶ · ³¥É· ³¨ ¨ ¤²Ö ± ¦¤μ£μ



130 „¨´¥°Ì ´ Œ. ¨ ¤·.

¸μ¸ÉμÖ´¨Ö ¢ÒÎ¨¸²ÖÕÉ¸Ö. ‡´ Î¥´¨¥ ¡¥£ÊÐ¥° ±μ´¸É ´ÉÒ ±¢ ·±-£²Õμ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö
μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

αs =
4π

β0 ln
(μ2

12

Λ2

) , β0 = 11 − 2
3
nf , μ12 =

2μ1μ2

μ1 + μ2
, (2.5)

£¤¥ nf Å  ·μ³ É ±¢ ´Éμ¢μ£μ Î¨¸²  ¨ Λ = 0,168 ƒÔ‚ Å Ï± ²  ±μ´Ë °´³¥´É  ÉÖ¦¥²ÒÌ
±¢ ·±μ¢. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (2.3), ¤²Ö Éμ±μ¢ÒÌ ³ ¸¸ ±¢ ·±μ¢ ¨¸¶μ²Ó§Ê¥³ §´ Î¥´¨Ö: mc =
1,275 ƒÔ‚ ¨ mb = 4,62 ƒÔ‚. ’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¨
¤·Ê£¨Ì Ì · ±É¥·¨¸É¨± ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢.

3. Œ�‘‘�‚›‰ ‘�…Š’� Œ…‡���‚ ‘ ���ˆ’�‹œ�›Œ
ˆ ��„ˆ�‹œ�›Œ ‚�‡�“†„…�ˆŸŒˆ

3.1. ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‡¤¥¸Ó ³Ò μ¶·¥¤¥²Ö¥³ ³ ¸¸μ¢Ò° ¸¶¥±É· Î ·³μ´¨Ö,
¡μÉÉμ³μ´¨Ö ¨ Bc-³¥§μ´μ¢ ¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢μ£μ ¨ ¸¶¨´-μ·¡¨É ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°
¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ°. �μ²´Ò° £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ·±μ¢ ¶·¥¤-
¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

H = Hc + Hspin, (3.1)

£¤¥ Hc Ö¢²Ö¥É¸Ö Í¥´É· ²Ó´Ò³ £ ³¨²ÓÉμ´¨ ´μ³:

Hc =
1
2μ

P2 + σ r − 4
3

αs

r
. (3.2)

‚Éμ· Ö Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μ¶¨¸Ò¢ ¥É ¸¶¨´-μ·¡¨É ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¨ § ¶¨¸Ò¢ ¥É-
¸Ö ¢ ¸É ´¤ ·É´μ³ ¢¨¤¥ (¡μ²¥¥ ¤¥É ²Ó´μ ¸³. ¢ [17,18]):

Hspin = HSS + HLS + HTT, (3.3)

£¤¥ HSS Å £ ³¨²ÓÉμ´¨ ´ ¸¶¨´-¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

HSS =
2

3μ1 μ2
(S1 · S2)ΔVv = −8 αs (S1 · S2)

9μ1μ2
Δ
(1

r

)
; (3.4)

HLS Å £ ³¨²ÓÉμ´¨ ´, μ¶¨¸Ò¢ ÕÐ¨° ¸¶¨´-μ·¡¨É ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥:

HLS =
1

4μ2
1 μ2

2

1
r

{[(
(μ1 + μ2)2 + 2μ1μ2

)
(L · S+) + (μ2

1 − μ2
2)(L · S−)

] ∂

∂r
Vv −

−
[
(μ2

1 + μ2
2)(L · S+) + (μ2

1 − μ2
2)(L · S−)

] ∂

∂r
Vs

}
; (3.5)

´ ±μ´¥Í, HTT Å É¥´§μ·´Ò° £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö:

HTT =
1

12μ1μ2

[
1
r

∂

∂r
Vv − ∂2

∂r2
Vv

]
S12. (3.6)

‚ (3.4)Ä(3.6) Vv Å ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ², ¸μμÉ¢¥É¸É¢ÊÕÐ¨° μ¤´μ£²Õμ´´μ³Ê μ¡³¥´Ê:

Vv = −4αs

3
1
r
, (3.7)
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  Vs Å ¶μÉ¥´Í¨ ² ±μ´Ë °´³¥´É :

Vs = rσ, (3.8)

É ±¦¥ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

S+ = S1 + S2 ; S− = S1 − S2,
(3.9)

S12 =
4

(2
 + 3)(2
 − 1)

[
L2S2 − 3

2
(L · S) − 3(L · S)2

]
.

‘ ¶μ³μÐÓÕ ¢Ò· ¦¥´¨° (3.1)Ä(3.9) ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ÒÎ¨¸²¨³ ³ ¸¸μ-
¢Ò° ¸¶¥±É· ³¥§μ´μ¢.

3.2. �¶·¥¤¥²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ³¥§μ´μ¢. �·¥¦¤¥ ¢¸¥£μ ¨§ “˜

HΨ = EΨ, (3.10)

¸μ£² ¸´μ (1.11), (1.12) μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚”. „²Ö ÔÉμ£μ ¨§ (3.10) ¨¸-
¶μ²Ó§Ê¥³ ³¥Éμ¤ μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (��). �¥·¥¤ É¥³ ± ± μ¶·¥¤¥²¨ÉÓ Ô´¥·-
£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚” ¨§ “˜ ¸ ¶μ³μÐÓÕ ³¥Éμ¤  �� [19], Ê³¥¸É´μ ´ ¶μ³´¨ÉÓ, ÎÉμ
ÔÉμÉ ³¥Éμ¤ μ¸´μ¢ ´ ´  ¨¤¥ÖÌ ¨ ³¥Éμ¤ Ì ±¢ ´Éμ¢μ° É¥μ·¨¨ ¸± ²Ö·´μ£μ ¶μ²Ö. �¤´μ ¨§
¸ÊÐ¥¸É¢¥´´ÒÌ μÉ²¨Î¨° Š’� μÉ ŠŒ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ±¢ ´Éμ¢ ´´Ò¥ ¶μ²Ö, ¶·¥¤¸É ¢²Ö-
ÕÐ¨¥ ´ ¡μ· ¡¥¸±μ´¥Î´μ£μ Î¨¸²  μ¸Í¨²²ÖÉμ·μ¢ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨²¨ ¢ ±ÊÊ³ ,
¶·¨ ±¢ ´Éμ¢μ-¶μ²¥¢μ³ ¢§ ¨³μ¤¥°¸É¢¨¨ ¸μÌ· ´ÖÕÉ ¸¢μÕ μ¸Í¨²²ÖÉμ·´ÊÕ ¶·¨·μ¤Ê. ‚ ŠŒ
¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¤²Ö ¡μ²ÓÏ¨´¸É¢  ¶μÉ¥´Í¨ ²μ¢, ± ± ¶· ¢¨²μ, μÉ²¨Î ÕÉ¸Ö μÉ £ Ê¸-
¸μ¢¸±μ£μ ¶μ¢¥¤¥´¨Ö μ¸Í¨²²ÖÉμ·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨. �μÔÉμ³Ê ¤²Ö ¶·¨³¥´¥´¨Ö ³¥Éμ¤μ¢
¨ ¨¤¥° Š’� ± ·¥Ï¥´¨Õ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì § ¤ Î ¸²¥¤Ê¥É ¢ ¨¸Ìμ¤´μ³ · ¤¨ ²Ó´μ³
“˜ ¶·μ¢¥¸É¨ § ³¥´Ê ¶¥·¥³¥´´ÒÌ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´ 
¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μ¡² ¤ ²  £ Ê¸¸μ¢¸±¨³ ¶μ¢¥¤¥´¨¥³,   É· ´¸Ëμ·³¨·μ¢ ´´μ¥ Ê· ¢´¥-
´¨¥ ¨¤¥´É¨Ë¨Í¨·μ¢ ÉÓ ¸ · ¤¨ ²Ó´Ò³ “˜ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¡μ²ÓÏμ° · §³¥·´μ¸ÉÓÕ. �É-
³¥É¨³, ÎÉμ ¢¶¥·¢Ò¥ ¶μÌμ¦ Ö ¨¤¥Ö μ¡¸Ê¦¤ ² ¸Ó •.”μ±μ³ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ μ ¸¶¥±É·¥
¢μ¤μ·μ¤  ¸ ¶μ³μÐÓÕ É· ´¸Ëμ·³ Í¨¨ ¢ Î¥ÉÒ·¥Ì³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ¨³¶Ê²Ó¸μ¢ [20].

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨§²μ¦¥´´Ò³ ¢ÒÏ¥ ¶·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³
(¤¥É ²¨ ¸³. ¢ [8, 19,21]):

r = q2ρ, Ψ ⇒ Ψ(q2) = q2ρ�Φ(q2). (3.11)

ˆ¸¶μ²Ó§ÊÖ  Éμ³´ÊÕ ¸¨¸É¥³Ê ¥¤¨´¨Í (� = c = 1), ÊÎ¨ÉÒ¢ Ö (3.1)Ä(3.9) ¨ ¶·μ¨§¢¥¤Ö ´¥±μ-
Éμ·Ò¥ ¸É ´¤ ·É´Ò¥ Ê¶·μÐ¥´¨Ö, ¨§ (3.10) ¶μ²ÊÎ ¥³ ¤²Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜{

− 1
2

(
∂2

∂q2
+

d − 1
q

∂

∂q

)
− 4ρ2μEq2(2ρ−1) + 4ρ2μσq2(3ρ−1)−

− 16ρ2μαs

3
q2(ρ−1) +

64αsμρ2


9μ1μ2 q2(ρ+1)
(S1 · S2)−

− σρ2μ

μ2
1μ

2
2

q2(ρ−1)
[(

(μ2
1 + μ2

2)
)
(L · S+) + (μ2

1 − μ2
2)(L · S−)

]
+

4μρ2αs

3μ1μ2

S12

q2(ρ+1)
+

+
4μρ2αs

3μ2
1μ

2
2q

2(ρ+1)

[(
(μ1 + μ2)2 + 2μ1μ2

)
(L · S+) + (μ2

1 − μ2
2)(L · S−)

]}
Φ(q2) = 0, (3.12)



132 „¨´¥°Ì ´ Œ. ¨ ¤·.

£¤¥ d Å · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢ :

d = 2 + 2ρ + 4ρ
. (3.13)

‚ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ¨³¥¥³ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜ ¢ d-³¥·´μ³ ¢¸¶μ³μ-
£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd. ˆ§ (3.12) ¨ (3.13) ¸²¥¤Ê¥É, ÎÉμ μ·¡¨É ²Ó´μ¥ ±¢ ´Éμ¢μ¥
Î¨¸²μ 
 ¢μÏ²μ ¢ μ¶·¥¤¥²¥´¨¥ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢  d. „ ´´Ò° ¶·¨¥³ ¶μ§¢μ²Ö¥É
μ¶·¥¤¥²¨ÉÓ ¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ Ì · ±É¥·¨¸É¨±¨,   ¨³¥´´μ: ¸¶¥±É· ¨ ‚” c ·¥Ï¥´¨¥³
³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜ Éμ²Ó±μ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³
¶·μ¸É· ´¸É¢¥ Rd. ˆ¸Ìμ¤Ö ¨§ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜

HΦ(q) = ε(E) Φ(q), (3.14)

¸μ£² ¸´μ (3.12), ¶μ²ÊÎ ¥³, ÎÉμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ε(E) ¢ Rd · ¢¥´ ´Ê²Õ:

ε(E) = 0. (3.15)

� ¸¸³μÉ·¨³ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ± ± Ê¸²μ¢¨¥ μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  E ¨¸-
Ìμ¤´μ£μ £ ³¨²ÓÉμ´¨ ´ . ‚ ³¥Éμ¤¥ �� ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¶·¥¤¸É ¢¨³ Î¥·¥§ μ¶¥-
· Éμ·Ò ·μ¦¤¥´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a ¨, Ê¶μ·Ö¤μÎ¨¢ Ö ¶μ ÔÉ¨³ μ¶¥· Éμ· ³, ¶μ²ÊÎ ¥³
¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö:

H = H0 + ε0(E) + HI , (3.16)

§¤¥¸Ó H0 Ö¢²Ö¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³ ¸¢μ¡μ¤´ÒÌ μ¸Í¨²²ÖÉμ·μ¢:

H0 = ω(a+
j aj) (3.17)

¨ ε0 Å Ô´¥·£¨¥° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��:

ε0(E) =
dω

4
− 4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

− 16αsμρ2

3ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

+

+
4ρ2σμ

ω3ρ−1

Γ(d/2 + 3ρ − 1)
Γ(d/2)

+
64αsμρ2


9μ1 μ2

(S1 · S2)ωρ+1Γ(d/2 − ρ − 1)
Γ(d/2)

−

− ρ2σμ

M2
1 ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

+
4αsμρ2S12

3μ1μ2

ωρ+1Γ(d/2 − ρ − 1)
Γ(d/2)

+

+
4αsμρ2

3M2
2

ωρ+1Γ(d/2 − ρ − 1)
Γ(d/2)

, (3.18)

£¤¥ ω Å Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ· , ±μÉμ· Ö ¶μ±  ´¥¨§¢¥¸É´ . ‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥
μ¡μ§´ Î¥´¨Ö:

1
M2

1

=
1

μ2
1μ

2
2

[
(μ2

1 + μ2
2)(L · S+) + (μ2

1 − μ2
2)(L · S−)

]
,

(3.19)
1

M2
2

=
1

μ2
1μ

2
2

[(
(μ1 + μ2)2 + 2μ1μ2

)
(L · S+) + (μ2

1 − μ2
2)(L · S−)

]
.
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ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö HI É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶μ μ¶¥· -
Éμ· ³ ·μ¦¤¥´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a, ¶·¨Î¥³ μ´ ´¥ ¸μ¤¥·¦¨É ±¢ ¤· É¨Î´ÒÌ ¸² £ ¥³ÒÌ
¶μ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³:

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp
{
−η2(1 + x)

}
: e−i

√
xω(qη)

2 : ×

×
[
− 4ρ2μ

ω2ρ−1

Ex−2ρ

Γ(1 − 2ρ)
+

4ρ2μ

ω3ρ−1

σx−3ρ

Γ(1 − 3ρ)
− 16αsμρ2

3ωρ−1

x−ρ

Γ(1 − ρ)
−

− σρ2μ

M2
1 ωρ−1

x−ρ

Γ(1 − ρ)
+

4ρ2μαsS12

3μ1μ2

ωρ+1xρ

Γ(1 + ρ)
+

4ρ2μαs

3M2
2

ωρ+1xρ

Γ(1 + ρ)
+

+
64ρ2μαs
 (S1 · S2)

9μ1μ2

ωρ+1xρ

Γ(1 + ρ)

]
. (3.20)

‡¤¥¸Ó : : Ö¢²Ö¥É¸Ö ¸¨³¢μ²μ³ ´μ·³ ²Ó´μ£μ Ê¶μ·Ö¤μÎ¨¢ ´¨Ö ¨ ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥

e−x
2 = e−x − 1 + x − 1

2
x2.

�¥±μÉμ·Ò¥ ¤¥É ²¨ ¶·¥¤¸É ¢²¥´¨Ö £ ³¨²ÓÉμ´¨ ´  HI ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶·¨¢¥¤¥-
´Ò ¢ [19].

‚±² ¤ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö HI · ¸¸³ É·¨¢ ¥É¸Ö ± ± ³ ²μ¥ ¢μ§³ÊÐ¥´¨¥.
‚ Š’� ¶μ¸²¥ ¶·¥¤¸É ¢²¥´¨Ö ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨
Ê´¨ÎÉμ¦¥´¨Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ É·¥¡μ¢ ´¨¥ μÉ¸ÊÉ¸É¢¨Ö
¢ ´¥³ ¶μ²¥¢ÒÌ μ¶¥· Éμ·μ¢ ¢Éμ·μ° ¸É¥¶¥´¨ ¶μ ¸ÊÐ¥¸É¢Ê Ô±¢¨¢ ²¥´É´μ ¶¥·¥´μ·³¨·μ¢± ³
±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨ ‚” [22Ä24]. 	μ²¥¥ Éμ£μ, É ± Ö ¶·μÍ¥¤Ê·  ¶μ§¢μ²Ö¥É ÊÎ¥¸ÉÓ μ¸´μ¢´μ°
¢±² ¤ Î¥·¥§ ¶¥·¥´μ·³¨·μ¢±Ê ³ ¸¸ ¨ Ô´¥·£¨Õ ¢ ±ÊÊ³ . „·Ê£¨³¨ ¸²μ¢ ³¨, ¢¸¥ ±¢ ¤· É¨Î´Ò¥
Ëμ·³Ò ¶μ²´μ¸ÉÓÕ ¢±²ÕÎ¥´Ò ¢ £ ³¨²ÓÉμ´¨ ´ ¸¢μ¡μ¤´μ£μ μ¸Í¨²²ÖÉμ· . „ ´´μ¥ É·¥¡μ¢ ´¨¥
¶μ§¢μ²Ö¥É ¸Ëμ·³¨·μ¢ ÉÓ, ¸μ£² ¸´μ ��, Ê¸²μ¢¨¥ [19]

∂ε0(E)
∂ω

= 0 (3.21)

¸ Í¥²ÓÕ ´ °É¨ Î ¸ÉμÉÊ ω μ¸Í¨²²ÖÉμ· , ±μÉμ· Ö μ¶·¥¤¥²Ö¥É μ¸´μ¢´μ° ±¢ ´Éμ¢Ò° ¢±² ¤.
“Î¨ÉÒ¢ Ö (3.18), ¨§ Ê· ¢´¥´¨° (3.15) ¨ (3.21) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· E
¨¸Ìμ¤´μ° ¸¨¸É¥³Ò. ‚ · ³± Ì �� ¤²Ö · §²¨Î´ÒÌ ¶μÉ¥´Í¨ ²μ¢ [8] ´¥μ¤´μ±· É´μ ¶·μ-
¢¥·Ö²μ¸Ó, ÎÉμ ¶μ¶· ¢±  ¶¥·¢μ£μ ¶μ·Ö¤± , ¸¢Ö§ ´´ Ö ¸ £ ³¨²ÓÉμ´¨ ´μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö,
Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ,   ¶μ¶· ¢±  ¢Éμ·μ£μ ¶μ·Ö¤±  ³¥´ÓÏ¥ 1 %. �μÔÉμ³Ê μ£· ´¨-
Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ Éμ²Ó±μ ´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¢ ��.

3.3. �¶·¥¤¥²¥´¨¥ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ³¥§μ´μ¢ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. ’¥¶¥·Ó ¶·¨-
¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¨ ‚” ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ b- ¨ c-±¢ ·±μ¢.
� ¸¸³μÉ·¨³ μ¸´μ¢´Ò¥ ¸μ¸ÉμÖ´¨Ö, É. ¥. μ¶·¥¤¥²¨³ ¸¢μ°¸É¢  ηc, J/ψ, ηb, Υ ¨ Bc-³¥§μ´μ¢
Éμ²Ó±μ ¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. ˆ§ (3.19) ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
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¨³¥¥³

ε0(E) =
dω

4
− 4ρ2Eμ

ω2ρ−1

Γ(3ρ)
Γ(1 + ρ)

− 16αsμρ2

3ωρ−1

Γ(2ρ)
Γ(1 + ρ)

+

+
4ρ2σμ

ω3ρ−1

Γ(4ρ)
Γ(1 + ρ)

+
16αsμρωρ+1

3μ1μ2

[s(s + 1) − 3/2]
Γ(1 + ρ)

, (3.22)

£¤¥ s Å ¸¶¨´ ³¥§μ´μ¢, ±μÉμ·Ò° ¶·¨´¨³ ¥É §´ Î¥´¨Ö 0, 1. “Î¨ÉÒ¢ Ö (3.22), ¨§ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° (3.15) ¨ (3.21) ¶μ²ÊÎ ¥³ ¤²Ö Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ· 

ω3ρ − 16αsρ
2ω2ρμ

3
Γ(2ρ)

Γ(2 + ρ)
− 4ρ2μσΓ(4ρ)

Γ(2 + ρ)
+

16αsρμ

3μ1μ2

ω4ρ[s(s + 1) − 3/2]
Γ(2 + ρ)

= 0 (3.23)

¨ ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö

E = min
ρ

{
ω2ρΓ(2 + ρ)
8ρ2μΓ(3ρ)

− 4αsω
ρΓ(2ρ)

3Γ(3ρ)
+

σΓ(4ρ)
ωρΓ(3ρ)

+
4αs[s(s + 1) − 3/2]ω3ρ

9ρμ1μ2Γ(3ρ)

}
. (3.24)

Œ ¸¸Ò ¸¨´£²¥É´ÒÌ ¨ É·¨¶²¥É´ÒÌ ¸μ¸ÉμÖ´¨° ¨ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì
Î ¸É¨Í μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢´¥´¨°, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ (1.15) ¨ (1.13) ¸μμÉ¢¥É¸É¢¥´´μ.
�μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ¢ É ¡². 1.

ˆ§ É ¡². 1 ¢¨¤´μ, ÎÉμ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ±¢ ·±μ¢ (μc, μb) ¡μ²ÓÏ¥, Î¥³ Éμ±μ¢ Ö
³ ¸¸  (mc, mb). ‘μ£² ¸´μ (2.5), ¸ ¨§³¥´¥´¨¥³ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ±¢ ·±μ¢ ¡¥£ÊÐ¨¥

’ ¡²¨Í  1. Œ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ b- ¨ c-±¢ ·±μ¢. 	±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥
¨§ [2]

‘¶¨´ � · ³¥É· (c̄c) (b̄b) (b̄c)

s = 0

mc, ƒÔ‚ 1,275 Å 1,275
mb, ƒÔ‚ Å 4,62 4,62

αs 0,30366 0,194679 0,248935
σ, ƒÔ‚2 0,195 0,153 0,195
E, ƒÔ‚ 0,413530 0,157253 0,363173

ρ 0,526448 0,651103 0,46495
ωρ, ƒÔ‚ 0,652 1,164 0,648335
μc, ƒÔ‚ 1,42862 Å 1,51306
μb, ƒÔ‚ Å 4,73493 4,68082

Mour, ŒÔ‚ 2980,05 9400,04 6277,3
Mexp, ŒÔ‚ 2981,3± 1,1 9390,9± 2,8 6277± 4

s = 1

αs 0,299085 0,194459 0,247683
E, ƒÔ‚ 0,519023 0,216613 0,412532

ρ 1,03926 1,24871 1,11493
ωρ, ƒÔ‚ 1,4311 3,4511 2,0512
μc, ƒÔ‚ 1,47617 Å 1,53652
μb, ƒÔ‚ Å 4,75281 4,71302

Mour, ŒÔ‚ 3096,44 9460,3 6330,71
Mexp, ŒÔ‚ 3096,916± 0,011 9460,3± 0,26 Å
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±μ´¸É ´ÉÒ ±¢ ·±-£²Õμ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨§³¥´ÖÕÉ¸Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Î¨¸²¥´´Ò¥
¤ ´´Ò¥ ¶·¨¢¥¤¥´Ò ¢ É ¡². 1. ‚ �� ‚” μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¶ · ³¥É·Ò ρ ¨ ω, ¨Ì Î¨¸²¥´Ò¥
§´ Î¥´¨Ö ¤²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö É ±¦¥ ¶·¨¢¥¤¥´Ò ¢ É ¡². 1. ‚¨¤´μ, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö ³ ¸¸Ò Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¤ ´´Ò³¨.

3.4. �¶·¥¤¥²¥´¨¥ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. �¶·¥¤¥²¨³ Ô´¥·-
£¥É¨Î¥¸±¨° ¨ ³ ¸¸μ¢Ò° ¸¶¥±É·Ò ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢, ¸ μ·¡¨É ²Ó´Ò³
¢μ§¡Ê¦¤¥´¨¥³. �·¥¦¤¥ ¢¸¥£μ · ¸¸³μÉ·¨³ ¸²ÊÎ ° s = 0. �μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨°,
ÊÎ¨ÉÒ¢ Ö (3.18), ¨§ (3.21) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ· 

ω3ρ − 16αsμρ2

3
ω2ρΓ(2ρ + 2ρ
)
Γ(2 + ρ + 2ρ
)

− 4ρ2μσΓ(4ρ + 2ρ
)
Γ(2 + ρ + 2ρ
)

−

− 8αsμρ

μ1μ2

ω4ρΓ(1 + 2ρ
)
Γ(2 + ρ + 2ρ
)

= 0, (3.25)

  ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨³¥¥³

E = min
ρ

{
ω2ρΓ(2 + ρ + 2ρ
)
8ρ2μΓ(3ρ + 2ρ
)

− 4αωρΓ(2ρ + 2ρ
)
3Γ(3ρ + 2ρ
)

+

+
σ

ωρ

Γ(4ρ + 2ρ
)
Γ(3ρ + 2ρ
)

− 2αs

3ρμ1μ2

ω3ρΓ(1 + 2ρ
)
Γ(3ρ + 2ρ
)

}
. (3.26)

“Î¨ÉÒ¢ Ö (3.25), (3.26) ¨ (1.13), ¨§ (1.15) μ¶·¥¤¥²¨³ ³ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢ ¸ μ·¡¨-
É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. �¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ¢ÒÎ¨¸²¥´¨Ö ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 2 ¨ 3.

„ ²¥¥ ¶·¨¸ÉÊ¶¨³ ± ¢ÒÎ¨¸²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ³¥§μ´μ¢ s = 1 É·¨¶²¥É´μ£μ
¸μ¸ÉμÖ´¨Ö ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ ¤²Ö Î ¸ÉμÉÒ μ¸Í¨²²Ö-
Éμ·  § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ω3ρ − ω2ρ 16αsμρ2

3
Γ(2ρ + 2ρ
)

Γ(2 + ρ + 2ρ
)
− 4σρ2μΓ(4ρ + 2ρ
)

Γ(2 + ρ + 2ρ
)
−

− ω2ρ σρ2μ

M2
1

Γ(2ρ + 2ρ
)
Γ(2 + ρ + 2ρ
)

+
8αsμρ

3μ1μ2

ω4ρΓ(1 + 2ρ
)
Γ(2 + ρ + 2ρ
)

+

+
4ρ2αsμ

μ1μ2

S12ω
4ρΓ(2ρ
)

Γ(2 + ρ + 2ρ
)
+

4ρ2μαsω
4ρ

M2
2

Γ(2ρ
)
Γ(2 + ρ + 2ρ
)

= 0, (3.27)

  ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¶μ²ÊÎ ¥³

E = min
ρ

{
ω2ρΓ(2 + ρ + 2ρ
)
8ρ2μΓ(3ρ + 2ρ
)

− 4αωρΓ(2ρ + 2ρ
)
3Γ(3ρ + 2ρ
)

+
σ

ωρ

Γ(4ρ + 2ρ
)
Γ(3ρ + 2ρ
)

+

+
αs

3M2
2

ω3ρΓ(2ρ
)
Γ(3ρ + 2ρ
)

− σωρ

4M2
1

Γ(2ρ + 2ρ
)
Γ(3ρ + 2ρ
)

+

+
αsS12

3μ1μ2

ω3ρΓ(2ρ
)
Γ(3ρ + 2ρ
)

+
2αs

9ρμ1μ2

ω3ρΓ(1 + 2ρ
)
Γ(3ρ + 2ρ
)

}
. (3.28)

�·¨ ±μ´±·¥É´ÒÌ §´ Î¥´¨ÖÌ μ·¡¨É ²Ó´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸²  
 ¨§ (3.19) μ¶·¥¤¥²¨³
§´ Î¥´¨Ö M2

1 ¨ M2
2 . �μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¤²Ö P - ¨ D-¸μ-

¸ÉμÖ´¨° ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 2 ¨ 3 ¸μμÉ¢¥É¸É¢¥´´μ.
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’ ¡²¨Í  2. Œ ¸¸μ¢Ò° ¸¶¥±É· Î ·³μ´¨Ö ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. 	±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥ ¨§ [2]

�·¡¨É ²Ó´Ò°
� · ³¥É·

J = � − 1 J = � + 1 J = �
³μ³¥´É (S = 1) (S = 1) (S = 0)

� = 1

αs 0,3013 0,2981 0,2978
E, ƒÔ‚ 0,923955 0,960388 0,945799

ρ 0,808694 0,613677 0,230383
ωρ, ƒÔ‚ 1,14386 0,618518 0,276542
μc, ƒÔ‚ 1,45188 1,48592 1,48936

Mhc , ŒÔ‚ 3495,5 3540,33 3526,6

� = 2

αs 0,2987 0,2944 0,2936
E, ƒÔ‚ 1,2229 1,22267 1,21638

ρ 0,612313 0,595989 1,39076
ωρ, ƒÔ‚ 0,595536 0,560571 5,59744
μc, ƒÔ‚ 1,53846 1,5278 1,5371

Mhc , ƒÔ‚ 3,81728 3,8145 3,81107

’ ¡²¨Í  3. Œ ¸¸μ¢Ò° ¸¶¥±É· ¡μÉÉμ³μ´¨Ö ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. 	±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥ ¨§ [2]

�·¡¨É ²Ó´Ò°
� · ³¥É·

J = � − 1 J = � J = � + 1 J = �
³μ³¥´É (S = 1) (S = 1) (S = 1) (S = 0)

� = 1

αs 0,1944 0,1943 0,1943 0,1946
E, ƒÔ‚ 0,635856 0,6479 0,669121 0,657241

ρ 0,628027 0,780369 0,312187 0,0915
ωρ, ƒÔ‚ 0,985258 1,36504 0,49 0,273495
μc, ƒÔ‚ 4,7567 4,76124 4,76007 4,76134

Mχ, ŒÔ‚ 9879,78 9892,09 9913,24 9901,44

� = 2

αs 0,1939 0,1939 0,1939 0,1939
E, ƒÔ‚ 0,906587 0,911645 0,916257 0,911824

ρ 0,184697 0,177198 0,169101 0,0634526
ωρ, ƒÔ‚ 0,327369 0,321223 0,315 0,2129
μc, ƒÔ‚ 4,79492 4,79433 4,7926 4,7967
Mχ, ƒÔ‚ 10,153 10,158 10,1625 10,1583

3.5. Œ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢ ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. ‡¤¥¸Ó μ¶·¥¤¥²¨³ Ô´¥·-
£¥É¨Î¥¸±¨° ¨ ³ ¸¸μ¢Ò° ¸¶¥±É·Ò ³¥§μ´μ¢ ¸ · ¤¨ ²Ó´Ò³ ¨ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨.
�´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢  ´ Ìμ¤¨³ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

εn(E) = ε0(E) + 2nrω + 〈nr|HI |nr〉, (3.29)

£¤¥ ε0(E) Å Ô´¥·£¨Ö ´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¢ ��, ¶·¨¢¥¤¥´  ¢ (3.22); £ ³¨²ÓÉμ´¨ ´ HI

¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²¥´ ¢ (3.20). „¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  〈nr|HI |nr〉
¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ A. �μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· 



�¶·¥¤¥²¥´¨¥ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¨ ±μ´¸É ´ÉÒ · ¸¶ ¤  ³¥§μ´μ¢ 137

¸ · ¤¨ ²Ó´Ò³ ¨ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ¶μ²ÊÎ ¥³

En = min
ρ

{
ω2ρΓ(2 + ρ + 2ρ
)
8ρ2μΓ(3ρ + 2ρ
)

1 +
4nr

1 + ρ + 2ρ


W̃1

+
σΓ(4ρ + 2ρ
)
ωρΓ(3ρ + 2ρ
)

W̃3

W̃1

+

+
4αs[s(s + 1) − 1,5]

9ρμ1μ2

ω3ρΓ(1 + 2ρ
)
Γ(3ρ + 2ρ
)

W̃4

W̃1

− 4αsω
ρ

3
Γ(2ρ + 2ρ
)
Γ(3ρ + 2ρ
)

W̃3

W̃1

−

− σωρ

4M2
1

Γ(2ρ + 2ρ
)
Γ(3ρ + 2ρ
)

W̃3

W̃1

+
αsω

3ρ

3μ1μ2

S12Γ(2ρ
)
Γ(3ρ + 2ρ
)

W̃4

W̃1

+
αsω

3ρ

3M2
2

S12Γ(2ρ
)
Γ(3ρ + 2ρ
)

W̃4

W̃1

}
. (3.30)

‚ ÔÉμ³ ¸²ÊÎ ¥ Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

ω3ρ −
(

32αsμρ2

3
+

2μρ2σ

M2
1

)
ω2ρΓ(2ρ + 2ρ
)
Γ(2 + ρ + 2ρ
)

W̃13

W̃11

+
8ρ2μσΓ(4ρ + 2ρ
)

Γ(2 + ρ + 2ρ
)
×

× W̃12

W̃11

+
32αsμρ[s(s + 1) − 1,5]

9μ1μ2

ω4ρΓ(1 + 2ρ
)
Γ(2 + ρ + 2ρ
)

W̃14

W̃11

+

+
ω4ρΓ(2ρ
)

Γ(2 + ρ2ρ
)
W̃14

W̃11

(
8αsμρ2S12

3μ1μ2
+

8αsμρ2

3M2
2

)
, (3.31)

’ ¡²¨Í  4. Œ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢, ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³.
	±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨§ [2]

‘¶¨´ � · ³¥É· (c̄c) (b̄b) (b̄c)

s = 0

αs 0,2745 0,19027 0,22974
E, ƒÔ‚ 0,939195 0,704855 0,79797

ρ 0,504507 0,45040495 0,537141
ωρ, ƒÔ‚ 0,61426 0,913661 0,732053
μc, ƒÔ‚ 1,79312 Å 2,01377
μb, ƒÔ‚ Å 5,115 4,841

Mour, ŒÔ‚ 3638,9 9992,76 6833,53
Mexp, ŒÔ‚ 3638,9± 1,3 Å Å

s = 1

αs 0,27479 0,18989 0,22996
E, ƒÔ‚ 1,01391 0,728737 0,836904

ρ 0,644051 0,452765 0,571577
ωρ, ƒÔ‚ 0,629255 0,905397 0,73425
μc, ƒÔ‚ 1,7888 Å 2,03489
μb, ƒÔ‚ Å 5,1501 4,896

Mour, ŒÔ‚ 3711,48 10023,3 6881,57
Mexp, ŒÔ‚ 3686,109± 0,012 10023,26± 3,1 Å
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§¤¥¸Ó ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

W̃j = 1 + Wj , j = 1, . . . , 4, W̃11 = W̃1 + (2ρ − 1)
(

1 +
4nr

1 + ρ + 2ρ


)
,

W̃13 = (2ρ − 1)W̃3 − (ρ − 1)W̃1, W̃12 = (2ρ − 1)W̃2 − (3ρ − 1)W̃1, (3.32)

W̃14 = (2ρ − 1)W̃4 + (ρ + 1)W̃1.

ˆ¸¶μ²Ó§ÊÖ (3.30) ¨ (3.31), ¨§ (1.15) ¨ (1.13) μ¶·¥¤¥²Ö¥³ ³ ¸¸Ê ³¥§μ´  ¨ ±μ´¸É¨ÉÊ¥´É-
´ÊÕ ³ ¸¸Ê ±¢ ·±μ¢ ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò
¢ É ¡². 4.

4. ���…„…‹…�ˆ… ˜ˆ�ˆ�› ‹…�’����ƒ�
ˆ ��„ˆ�–ˆ����ƒ� ��‘��„�‚

˜¨·¨´  ²¥¶Éμ´´μ£μ · ¸¶ ¤  ¢¥±Éμ·´ÒÌ ³¥§μ´μ¢ μ¶·¥¤¥²Ö¥É¸Ö ¸É ´¤ ·É´Ò³ μ¡· §μ³:

Γ(V → 
 
) =
16πα2

eme2
Q

M2
V

|Ψ(0)|2
(

1 − 16αs

3π

)
, (4.1)

£¤¥ αem = 1/137 Å ±μ´¸É ´É  Ô²¥±É·μ³ £´¨É´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö; eQ Å Ô²¥±É·¨Î¥-
¸±¨° § ·Ö¤ ±¢ ·± ; MV Å ³ ¸¸  ¢¥±Éμ·´μ£μ ³¥§μ´ ,   Ψ(0) Å ¢¥²¨Î¨´  ‚” ¢ ´ Î ²¥
±μμ·¤¨´ É. „¥É ²¨ μ¶·¥¤¥²¥´¨Ö |Ψn(0)|2 ¢¥²¨Î¨´Ò ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§-
¡Ê¦¤¥´¨Ö³¨ ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ 	. ’ ±¨³ μ¡· §μ³, ÔÉÊ ¢¥²¨Î¨´Ê ¤²Ö μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö ¶μ²ÊÎ ¥³ ¨§ (	.7):

|Ψ(0)|2 =
1
4π

ω3ρ

ρΓ(3ρ)
. (4.2)

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ |Ψn(0)|2 ±μ´¸É ´É  ²¥¶Éμ´´μ£μ · ¸¶ ¤  ¢¥±Éμ·´ÒÌ ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ
³¥§μ´μ¢ μ¶·¥¤¥²¥´  ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

fNR
p = fNR

v =

√
12

Mp,v
|Ψp,v(0)|, (4.3)

£¤¥ Mp,v Å ³ ¸¸  ¢¥±Éμ·´ÒÌ ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ ³¥§μ´μ¢. —¨¸²¥´´Ò¥ §´ Î¥´¨Ö ÔÉ¨Ì
¢¥²¨Î¨´ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨¢¥¤¥´Ò ¢ É ¡². 5.

—¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ±μ´¸É ´ÉÒ · ¸¶ ¤  ¢¥±Éμ·´ÒÌ B∗
c - ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ Bc-

³¥§μ´μ¢ ¶·¨¢¥¤¥´Ò ¢ É ¡². 6.
’¥¶¥·Ó μ¶·¥¤¥²¨³ Ï¨·¨´Ê · ¤¨ Í¨μ´´μ£μ · ¸¶ ¤ , ¨²¨ ¢¥·μÖÉ´μ¸É¨ E1-¶¥·¥Ìμ¤ . Œ -

É·¨Î´Ò¥ Ô²¥³¥´ÉÒ E1-¶¥·¥Ìμ¤  μÉ (n2s+1J), i ± ¸μ¸ÉμÖ´¨Õ (n′2s′+1J ′), f μ¶·¥¤¥²ÖÕÉ¸Ö
¢ ¢¨¤¥

M(i → f)μ = δs,s′(−1)s+J+J′+1m′
k
√

(2J + 1)(2J ′ + 1)(2
 + 1)(2
′ + 1)×

×
(

J ′ 1 J
−M ′ μ M

)(

′ 1 l
0 0 0

)(

 s J
J ′ 1 
′

)
eQ Ii,f , (4.4)
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’ ¡²¨Í  5. ˜¨·¨´  ²¥¶Éμ´´μ£μ · ¸¶ ¤ 

‘μ¸ÉμÖ´¨Ö |Ψn(0)|2, ƒÔ‚3 f , ƒÔ‚ Γour, ±Ô‚ Γexp, ±Ô‚

J/ψ(1S) 0,1004 0,6 6,135 5,55± 0,14

Υ(1S) 0,5973 0,8704 1,330 1,340± 0,018

J/ψ(2S) 0,02584 0,489 2,692 2,35± 0,04

Υ(2S) 0,1557 0,432 0,605 0,612± 0,011

’ ¡²¨Í  6. Šμ´¸É ´ÉÒ · ¸¶ ¤  ¢¥±Éμ·´ÒÌ B∗
c - ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ Bc-³¥§μ´μ¢ (¢ ŒÔ‚)

Šμ´¸É ´É 
� Ï  �¥·¥²ÖÉ¨¢¨¸É¸± Ö �¥²ÖÉ¨¢¨¸É¸± Ö ”¥´μ³¥´μ²μ£¨Î¥¸± Ö
³μ¤¥²Ó ³μ¤¥²Ó ³μ¤¥²Ó ³μ¤¥²Ó

fBc 417 562 433 517

fB∗
c

544 562 503 517

’ ¡²¨Í  7. � ¤¨ Í¨μ´´Ò¥ ¶¥·¥Ìμ¤Ò ¤²Ö (cc)- ¨ (bb)-¸¨¸É¥³

�¥·¥Ìμ¤Ò k, Ii,f , Γour(i → f), Γexp(i → f),
i → f ŒÔ‚ ƒÔ‚−1 ±Ô‚ ±Ô‚

χc0 → γ + J/ψ 376,3 2,33 139,312 Å
χc1 → γ + J/ψ 416,06 1,73 310,3 295,84
χc2 → γ + J/ψ 429,12 2,18 450,5 ∼ 500

13D1 → γ + 11P0 308,22 1,78 267,92 ∼ 299
13D1 → γ + 11P1 266,90 3,274 146,9 ∼ 99
13D1 → γ + 11P2 253,13 2,751 3,54 ∼ 3,88

χb0 → γ + Υ 410,57 1,422 16,81 Å
χb1 → γ + Υ 422,366 1,57 66,9 Å
χb2 → γ + Υ 442,592 0,6644 22,97 Å

13D1 → γ + 11P0 269,544 0,1526 0,33 Å
13D1 → γ + 11P1 257,56 0,135 0,06 Å
13D1 → γ + 11P2 236,929 0,4988 0,024 Å

¢ ¸±μ¡± Ì μ¡μ§´ Î¥´Ò ¸¨³¢μ²Ò 3j, eQ Å Ô²¥±É·¨Î¥¸±¨° § ·Ö¤ ±¢ ·±  ¨ Ii,f Å · ¤¨ ²Ó-
´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É ¶¥·¥Ìμ¤  i → f :

Ii,f =

∞∫
0

dr r2Ψ∗
n′�′(r)rΨnl(r). (4.5)

‡¤¥¸Ó Ψ Å · ¤¨ ²Ó´Ò¥ ‚” ´ Î ²Ó´μ£μ ¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨°. ’μ£¤  Ï¨·¨´  · ¤¨ Í¨-
μ´´μ£μ · ¸¶ ¤  μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥

Γ(i → f + γ) =
4αem e2

Q

3
(2J ′ + 1)SE

i,f k3 |Ii,f |2, (4.6)
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£¤¥ k Å ¨³¶Ê²Ó¸ ËμÉμ´ 

k =
m2

i − m2
f

2mi
(4.7)

¨ mi, mf Å ³ ¸¸Ò ´ Î ²Ó´μ£μ ¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¸μμÉ¢¥É¸É¢¥´´μ. ‘É É¨¸É¨Î¥¸±¨°
Ë ±Éμ· SE

i,f = SE
f,i μ¶·¥¤¥²Ö¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

SE
i,f = max (
, 
′)

{
J 1 J ′


′ s 


}2

. (4.8)

’ ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¶¥·¥Ìμ¤´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É, ¶·¥¤¸É ¢²¥´´Ò°
¢ (4.4), ´ ³ ´¥μ¡Ìμ¤¨³μ μ¶·¥¤¥²¨ÉÓ Ii→f . „¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥-
´¨¨ 	. �μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö · ¤¨ Í¨μ´´μ£μ · ¸¶ ¤  ¶·¨¢¥¤¥´Ò ¢ É ¡². 7.

‡�Š‹
—…�ˆ…

�  μ¸´μ¢ ´¨¨ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ³μ¦´μ § ±²ÕÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥.
‘ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ± ± ± ¢ ¶μÉ¥´Í¨ ²¥ ¢§ ¨³μ¤¥°¸É¢¨Ö, É ± ¨ ¢ ±¨´¥-

É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  Î¥·¥§ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ±¢ ·±μ¢ μ¶·¥¤¥²¥´Ò Ô´¥·£¥-
É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚” ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c- ¨ b-±¢ ·±μ¢, ¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢μ£μ ¨
¸¶¨´-μ·¡¨É ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¤²Ö μ·¡¨É ²Ó´μ ¨ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°.
�μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ³ ¸¸Ò ³¥§μ´μ¢ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸
¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ±¢ ·±μ¢ ´¥ Ö¢²ÖÕÉ¸Ö ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³
¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¤²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö ¶μ μÉ¤¥²Ó´μ¸É¨, É ±¦¥ μ´¨ μÉ²¨Î ÕÉ¸Ö μÉ ³ ¸¸Ò
¢ ²¥´É´ÒÌ ±¢ ·±μ¢. �μÔÉμ³Ê μ¶·¥¤¥²¥´´ Ö ¡¥£ÊÐ Ö ±μ´¸É ´É  ±¢ ·±-£²Õμ´´μ£μ ¢§ ¨³μ-
¤¥°¸É¢¨Ö αs ¤²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö · §´ Ö. ‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¶ · ³¥É·, É¥´§μ· ´ ÉÖ¦¥´¨Ö
¸É·Ê´Ò σ, ±μÉμ·Ò° ¸¢Ö§ ´ ¸ ±μ´Ë °´³¥´Éμ³ ±¢ ·±μ¢, Ö¢²Ö¥É¸Ö ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³ ¨
¤²Ö ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ c-±¢ ·±μ¢, · ¢¥´ σ = 0,195 ƒÔ‚2,   ¤²Ö ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì
¨§ b-±¢ ·±μ¢, · ¢¥´ σ = 0,153 ƒÔ‚2.

�´ ²¨É¨Î¥¸±¨ ´ °¤¥´Ò §´ Î¥´¨Ö ‚” ¢ ´ Î ²¥ ±μμ·¤¨´ É ¤²Ö μ¸´μ¢´μ£μ ¨ · ¤¨ ²Ó´μ-
¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨°. �Éμ ¶μ§¢μ²Ö¥É · ¸¸Î¨É ÉÓ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê · §-
²¨Î´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ³¥§μ´μ¢. ‚ÒÎ¨¸²¥´Ò Ï¨·¨´Ò ²¥¶Éμ´´μ£μ ¨ · ¤¨ Í¨μ´´μ£μ · ¸¶ -
¤μ¢ ¢¥±Éμ·´ÒÌ ³¥§μ´μ¢. �¶·¥¤¥²¥´Ò ¢¥·μÖÉ´μ¸É¨ E1-¶¥·¥Ìμ¤  Î ·³μ´¨Ö ¨ ¡μÉÉμ³μ´¨Ö
¤²Ö · §²¨Î´ÒÌ ¸μ¸ÉμÖ´¨°,   É ±¦¥ ±μ´¸É ´ÉÒ · ¸¶ ¤  ¢¥±Éμ·´ÒÌ B∗

c - ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ
Bc-³¥§μ´μ¢. �μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥-
¸É¢ÊÕÐ¨³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¨ ·¥§Ê²ÓÉ É ³¨ ¤·Ê£¨Ì É¥μ·¥É¨Î¥¸±¨Ì · ¡μÉ.

��ˆ‹�†…�ˆ… A

‡¤¥¸Ó ¶·¥¤¸É ¢¨³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  〈nr|HI |nr〉. ƒ -
³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²¥´ ¢ (3.22), ¨ ¸μμÉ¢¥É¸¢ÊÕÐ¨° ³ É·¨Î´Ò° Ô²¥³¥´É
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§ ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

〈nr|HI |nr〉 =

∞∫
0

dx

∫ (
dη√
π

)d

e−η2(1+x)〈nr| : e−2i
√

xω(qn)
2 : |nr〉×

×
[
− 4ρ2μ

ω2ρ−1

Ex−2ρ

Γ(1 − 2ρ)
+

4ρ2μ

ω3ρ−1

σx−3ρ

Γ(1 − 3ρ)
− 16αsμρ2

3ωρ−1

x−ρ

Γ(1 − ρ)
−

− σρ2μ

M2
1 ωρ−1

x−ρ

Γ(1 − ρ)
+

4ρ2μαsS12

3μ1μ2

ωρ+1xρ

Γ(1 + ρ)
+

4ρ2μαs

3M2
2

ωρ+1xρ

Γ(1 + ρ)
+

+
64ρ2μαs
(S1 · S2)

9μ1μ2

ωρ+1xρ

Γ(1 + ρ)

]
. (�.1)

„²Ö ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  〈nr|HI |nr〉 ¢ (�.1) ´ ³ ´Ê¦´μ μ¶·¥¤¥²¨ÉÓ ¢¥²¨Î¨´Ê

Tn(x) =
∫(

dη√
π

)d

e−η2(1+x)〈n| : e−2i
√

xω(qn)
2 : |n〉. (�.2)

�μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨§ (�.2) ¶μ²ÊÎ ¥³

Tn(x) =
∫(

dη√
π

)d

e−η2(1+x)〈n| : e−2i
√

xω(qn)
2 : |n〉 =

= PvC
2
n

d2n

dαndβn

∫(
dη√
π

)d∫∫ (
dξ1√

π

)d (
dξ2√

π

)d

×

× e−η2(1+x)−ξ2
1−ξ2

2 〈0|e−2i
√

α(aξ1)e−iv
√

2x(a+η)e−iv
√

2x(aη) e−2i
√

β(a+ξ2)0〉
∣∣∣∣
β,α=0

(�.3)

¨ μ±μ´Î É¥²Ó´μ ¨³¥¥³

Tn(k) =
2n∑

k=2

(−1)k xk

(1 + x)k+d/2

Γ(1 + n)
Γ(n + d/2)

An(k), (�.4)

£¤¥

An(k) =
n∑

s=1

22s−k

Γ(nr − s + 1)
Γ(k + nr − s + d/2)

Γ2(k − s + 1)Γ(2s − k + 1)
. (�.5)

�μ¤¸É ¢²ÖÖ (�.4) ¢ (�.1) ¨ ¶·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨¥ ¶μ x, ¨§ (�.1) ´ Ìμ¤¨³

〈nr|HI |nr〉 = −4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

W1 +
4ρ2σμ

ω3ρ−1

Γ(d/2 + 3ρ − 1)
Γ(d/2)

W2−

− 16αsμρ2

3ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

W3 −
σμρ2

M2
1 ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

W3+

+
4ρ2μαs

3 μ1 μ2

ωρ+1S12Γ(2ρ
)
Γ(d/2)

W4 +
4ρ2μαs

3 M2
2

ωρ+1Γ(2ρ
)
Γ(d/2)

W4+

+
16ρμαs[s(s + 1) − 3/2]

9μ1μ2

ωρ+1Γ(1 + 2ρ
)
Γ(d/2)

W4, (�.6)
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§¤¥¸Ó ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

W1 =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − 2ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − 2ρ)
Γ(k + d/2)

,

W2 =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − 3ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − 3ρ)
Γ(k + d/2)

,

(�.7)

W3 =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − ρ)
Γ(k + d/2)

,

W4 =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 + ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k + ρ)
Γ(k + d/2)

.

ˆ¸¶μ²Ó§ÊÖ (�.6) ¨ (�.7), μ¶·¥¤¥²Ö¥³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³
¢μ§¡Ê¦¤¥´¨Ö³¨.

��ˆ‹�†…�ˆ… �

’¥¶¥·Ó ¶·μ¢¥¤¥³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö §´ Î¥´¨Ö ‚” ¢ ´ Î ²¥ ±μμ·¤¨´ É. „²Ö
ÔÉμ£μ μ¶·¥¤¥²¨³ ±μ´¸É ´ÉÊ ´μ·³¨·μ¢±¨ ‚”:

1 = C2
n�

∫
drΨ∗

n�(r)Ψn�(r) = 4πC2
n�

∞∫
0

dr r2Ψ∗
n�(r)Ψn�(r), (	.1)

£¤¥ 
 Å μ·¡¨É ²Ó´μ¥, n Å · ¤¨ ²Ó´μ¥ ±¢ ´Éμ¢Ò¥ Î¨¸²  ¨ Ψn�(r) Å · ¤¨ ²Ó´ Ö ‚”. „²Ö
¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  (	.1) ¶·¨³¥´¨³ ³¥Éμ¤ ��; ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¶μ²ÊÎ ¥³

1 = 4πC2
n�2ρ

∞∫
0

dq qd−1Φ∗
n�q

2(2ρ−1)Φn� = 8πρC2
n� 〈n|q2(2ρ−1)|n〉. (	.2)

‚ ¤ ²Ó´¥°Ï¨Ì · ¸Î¥É Ì ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥

q2(2ρ−1) =
1

ω2ρ−1

∞∫
0

dxx−2ρ

Γ(1 − 2ρ)

∫ (
dη√
π

)d

e−η2(1+x) : e2i
√

xω(qη) : , (	.3)

  É ±¦¥ Ö¢´Ò° ¢¨¤ · ¤¨ ²Ó´μ° ‚”. �μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨° ¨§ (	.2) ¤²Ö C2
n� ¶μ-

²ÊÎ ¥³

C2
n� =

1
4π

ωd/2+2ρ−1

ρΓ(d/2 + 2ρ − 1)
1
fn

, (	.4)
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£¤¥

fn = 4n
n∑

k=0

(
n!

(n = k)!

)2 k∑
j=0

(−1)j

j!(k − j)!
Γ(2n − 2k + j + 1 − 2ρ)

Γ(1 − 2ρ)
×

× Γ(d/2 + k − j + 2ρ − 1)
Γ(d/2 + 2ρ − 1)

. (	.5)

‚ Î ¸É´μ¸É¨,

f0 = 1, f1 = 4
(
1 − ρ + 4ρ2 + 2ρ


)
. (	.6)

ˆ¸¶μ²Ó§ÊÖ (	.4) ¤²Ö ‚” ¢ ´ Î ²¥ ±μμ·¤¨´ É, ´ Ìμ¤¨³

|Ψn(0)|2 =
1
4π

(ωρ)(3+2�)

ρΓ(3ρ + 2ρ
)
1
fn

. (	.7)

‚ ´ Ï¥³ ¸²ÊÎ ¥ ¢¥²¨Î¨´  |Ψn(0)|2 § ¢¨¸¨É μÉ μ·¡¨É ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ ±¢ ´Éμ¢ÒÌ Î¨-
¸¥². ˆ§ (	.7) ¢¨¤´μ, ÎÉμ |Ψn(0)|2 ¶·¨ 
 �= 0 ´¥ · ¢¥´ ´Ê²Õ ¨ Ö¢²Ö¥É¸Ö ±μ´¥Î´Ò³. ‘ ¤·Ê£μ°
¸Éμ·μ´Ò, ¨§¢¥¸É´μ, ÎÉμ ¨§ μ¶·¥¤¥²¥´¨Ö ‚” ¢ · ³± Ì ŠŒ ¶·¨ 
 �= 0 ÔÉ  ¢¥²¨Î¨´  ¤μ²¦´ 
¡ÒÉÓ · ¢´  ´Ê²Õ, μ¤´ ±μ ¢ [25] ¶μ± § ´μ, ÎÉμ ÔÉ  ¢¥²¨Î¨´  ±μ´¥Î´ , ÌμÉÖ ¨ Î·¥§¢ÒÎ °´ 
³ ² . ‡¤¥¸Ó ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  (3.28), ±μÉμ·Ò° μ¶·¥¤¥-
²Ö¥É ³ É·¨Î´Ò° Ô²¥³¥´É E1-¶¥·¥Ìμ¤ . „¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ÔÉμ£μ ¨´É¥£· ²   ´ ²μ£¨Î´Ò
¢ÒÎ¨¸²¥´¨Õ ¨´É¥£· ² , ¶·¥¤¸É ¢²¥´´μ£μ ¢ (	.1). �μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨§ (3.28)
¶μ²ÊÎ ¥³

In1�1
n2�2

=
2ρ√

ρ1〈n1|q2(2ρ1−1)|n1〉
1√

ρ2〈n2|q2(2ρ2−1)|n2〉
Bn1n2 . (	.8)

‡¤¥¸Ó ¢¢¥¤¥³ μ¡μ§´ Î¥´¨¥

Bn1n2 =

∞∫
0

dq qd−1〈0|d2(aa)n2q2(2ρ−1)(a+a+)n1 |0〉d1 . (	.9)

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (	.3) ¤²Ö Ê¶μ·Ö¤μÎ¥´¨Ö, ¨³¥¥³

Bn1n2 = A(ρ1, ρ2)

∞∫
0

dxx−2ρ

Γ(1 − 2ρ)

∫ (
dη√
π

)d

e−η2(1+x)×

× 〈0|(aa)n2 : e−2i
√

xω(qη) : (a+a+)n1 |0〉. (	.10)

“Î¨ÉÒ¢ Ö ¤¥°¸É¢¨¥ μ¶¥· Éμ·μ¢ a ¨ a+ ¨ ¶·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨¥, ¨§ (	.10) ´ Ìμ¤¨³

Bn1n2 = A(ρ1, ρ2)(−1)n1+n2
∂n1+n2

∂αn1 ∂βn2

∞∫
0

dxx−2ρ

Γ(1 − 2ρ)
×

× 1
[(1 + x − 2xα)(1 − αβ) − 2xβ(1 − 2α)2]d/2

∣∣∣∣
β,α=0

, (	.11)
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£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

A(ρ1, ρ2) =
(

2ω1

ω1 + ω2

)d1/4( 2ω2

ω1 + ω2

)d2/4 2ρ1+ρ2−1

(ω1 + ω2)ρ1+ρ2−1
. (	.12)

�ÉμÉ ¨´É¥£· ² ¤²Ö ±μ´±·¥É´ÒÌ §´ Î¥´¨° n1 ¨ n2 ¢ÒÎ¨¸²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨. “Î¨ÉÒ-
¢ Ö (	.11), ¨§ (	.8) ¶μ²ÊÎ ¥³

In1�1
n2�2

=
ρ1 + ρ2√

ρ1ρ2

(ω1ρ1)3/2+�1(ω2ρ2)3/2+�2√
fn1fn2

√
Γ(3ρ1 + 2ρ1
1)

Bn1n2

Γ(3ρ2 + 2ρ2
2)
. (	.13)

�É¨  ´ ²¨É¨Î¥¸±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö μ¶·¥¤¥²¥´¨Ö Ï¨·¨´Ò E1-¶¥·¥Ìμ¤μ¢.
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