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  �μ¸¸¨°¸±μ-�·³Ö´¸±¨° (‘² ¢Ö´¸±¨°) Ê´¨¢¥·¸¨É¥É, …·¥¢ ´
¡ …·¥¢ ´¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, …·¥¢ ´

¢ �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

‚ · ³± Ì ¸É Í¨μ´ ·´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° · ¸¸³μÉ·¥´  ±¢ ´Éμ¢ Ö ³μ¤¥²Ó Éμ³¸μ´μ¢¸±μ£μ
 Éμ³  £¥²¨Ö. �μ± § ´μ, ÎÉμ ¸ Ëμ·³ ²Ó´μ° ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¤ ´´ Ö ¶·μ¡²¥³   ´ ²μ-
£¨Î´  § ¤ Î¥ μ ¤¢ÊÌÔ²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ ¢ ¶ · ¡μ²¨Î¥¸±μ° ±¢ ´Éμ¢μ° ÉμÎ±¥. �·¨¢¥¤¥´  μÍ¥´± 
Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ£μ Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö ´  μ¸´μ¢¥ ¸μμÉ´μÏ¥´¨Ö ´¥-
μ¶·¥¤¥²¥´´μ¸É¥° ƒ¥°§¥´¡¥·£ . �´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¢ μ¸Í¨²²ÖÉμ·´μ³ ¡ §¨¸¥
¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ¨ ± Î¥¸É¢¥´´ Ö μÍ¥´±  ¤ ÕÉ ¸μμÉ¢¥É¸É¢¥´´μ ¢¥·Ì´ÕÕ ¨
´¨¦´ÕÕ μÍ¥´±¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, ¢ÒÎ¨¸²¥´´ÒÌ ¢ · ³± Ì ³¥Éμ¤  ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢ Î¨-
¸²¥´´Ò³ ·¥Ï¥´¨¥³ § ¤ Î¨ ¤²Ö ±¢ ´Éμ¢μ° ³μ¤¥²¨. �¡¸Ê¦¤ ÕÉ¸Ö Ê¸²μ¢¨Ö ¢Ò¶μ²´¥´¨Ö É¥μ·¥³Ò Šμ´ 
¢ ¤ ´´μ° ¸¨¸É¥³¥, ±μ£¤  §´ Î¥´¨Ö ·¥§μ´ ´¸´ÒÌ Î ¸ÉμÉ ¶μ£²μÐ¥´¨Ö ´¥ § ¢¨¸ÖÉ μÉ ±Ê²μ´μ¢¸±μ£μ
¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨.

In the framework of the stationary perturbation theory, a quantum model of Thomson helium atom
is considered. It is shown that from a formal mathematical point of view this problem is similar to
the problem of two-electron states in a parabolic quantum dot. The estimation of the ground state
energy of a quantum Thomson helium atom on the basis of Heisenberg's uncertainty principle is
provided. Ground-state energy obtained in the oscillator basis and in the ˇrst order of perturbation
theory and qualitative estimation give, respectively, upper and lower bounds of eigenvalues obtained in
the framework of ˇnite element method by numerical solution of the problem for the quantum model.
The conditions of realization of Kohn theorem in such a system are discussed, when the values of the
resonance frequencies are independent of the Coulomb interaction between electrons.

PACS: 31.15.ve; 73.21.La
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‘·¥¤¨ · §²¨Î´ÒÌ ³μ¤¥²¥°  Éμ³  μ¸μ¡μ¥ ³¥¸Éμ § ´¨³ ¥É ³μ¤¥²Ó, ¶·¥¤²μ¦¥´´ Ö „¦μ-
§¥Ëμ³ ’μ³¸μ´μ³ ¢ 1904 £. [1]. ‘μ£² ¸´μ ³μ¤¥²¨ ’μ³¸μ´ ,  Éμ³ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
· ¢´μ³¥·´μ ¶μ²μ¦¨É¥²Ó´μ § ·Ö¦¥´´ÊÕ ¸·¥¤Ê, ¢ ±μÉμ·ÊÕ ¨³¶² ´É¨·μ¢ ´Ò Ô²¥±É·μ´Ò.
‚ ¤ ²Ó´¥°Ï¥³ ·Ö¤μ³  ¢Éμ·μ¢ · ¸¸³μÉ·¥´Ò · §²¨Î´Ò¥  ¸¶¥±ÉÒ ÔÉμ° ³μ¤¥²¨. ‚ Î ¸É´μ¸É¨,

1E-mail: shayk@ysu.am
2E-mail: gooseff@jinr.ru
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¢ [2] μ¡¸Ê¦¤ ÕÉ¸Ö μ¸´μ¢´Ò¥ ¨¤¥¨ ³μ¤¥²¨ ¨ ¸¤¥² ´  ±Í¥´É ´  ¢ ¦´μ¸ÉÓ ³μ¤¥²¨ ’μ³¸μ´ 
¢ ³¥Éμ¤¨Î¥¸±μ³ ¶² ´¥,   ¨³¥´´μ: μ´  Ö¢²Ö¥É¸Ö Ìμ·μÏ¨³ ¶·¨³¥·μ³ ¶·¨³¥´¥´¨Ö É¥μ·¥³
ŠÊ²μ´  ¨ ƒ Ê¸¸ Ä�¸É·μ£· ¤¸±μ£μ,   É ±¦¥ ¶μ²¥§´  ¸ ÉμÎ±¨ §·¥´¨Ö ³μ¤¥²¨·μ¢ ´¨Ö · §²¨Î-
´ÒÌ ±¢ ´Éμ¢μ-· §³¥·´ÒÌ ¸¨¸É¥³. �É³¥É¨³ É ±¦¥, ÎÉμ ¶μ§¦¥ ¸ ³ ’μ³¸μ´ ¢ [3] ¶μ¶ÒÉ ²¸Ö
¶·¨³¥´¨ÉÓ Ê¸²μ¢¨Ö ±¢ ´Éμ¢ ´¨Ö 	μ·  ¤²Ö  ´ ²¨§  ¸¢μ¥° ³μ¤¥²¨  Éμ³ .

�¥¸³μÉ·Ö ´  ¸¢μÕ ¨§´ Î ²Ó´ÊÕ μÏ¨¡μÎ´μ¸ÉÓ, ÔÉ  ³μ¤¥²Ó ¸³μ£²  ¸ ±² ¸¸¨Î¥¸±μ° ÉμÎ±¨
§·¥´¨Ö μ¡ÑÖ¸´¨ÉÓ ²¨´¥°Î ÉÒ° Ì · ±É¥· ¸¶¥±É·  ¨§²ÊÎ¥´¨Ö μÉ¤¥²Ó´ÒÌ  Éμ³μ¢. �μ¸±μ²Ó±Ê
Ô²¥±É·μ´ ¢´ÊÉ·¨ É ±μ£μ  Éμ³  ¸μ¢¥·Ï ¥É £ ·³μ´¨Î¥¸±¨¥ ±μ²¥¡ ´¨Ö, Î ¸ÉμÉÊ ω ÔÉ¨Ì ±μ²¥-
¡ ´¨° ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¸ ¶μ³μÐÓÕ É¥μ·¥³Ò ƒ Ê¸¸  ¤²Ö ¶²μÉ´μ¸É¨ ρ+ ¶μ²μ¦¨É¥²Ó´μ£μ
§ ·Ö¤  Éμ³¸μ´μ¢¸±μ£μ  Éμ³  [4]:∮

4πr2

E dS = 4π

∫
4π
3 r3

ρ+ dv.

�É¸Õ¤  ¤²Ö Î ¸ÉμÉÒ ω ¨³¥¥³ ¢Ò· ¦¥´¨¥ ω =
√

Qe/(μR3), £¤¥ ¶ · ³¥É·Ò Q ¨ R Å
§ ·Ö¤ (Q = (4π/3)ρ+R3) ¨ · ¤¨Ê¸ Éμ³¸μ´μ¢¸±μ£μ  Éμ³ ,   e ¨ μ Å § ·Ö¤ ¨ ³ ¸¸  Ô²¥±-
É·μ´ . ‚ · ³± Ì ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¨ Ô²¥±É·μ´ ¢ É ±μ³ ®§ ·Ö¦¥´´μ³ Ï ·¨±¥¯ · ¤¨Ê¸  R
(Éμ³¸μ´μ¢¸±¨°  Éμ³ ¢μ¤μ·μ¤ ) ¸μ¢¥·Ï ¥É £ ·³μ´¨Î¥¸±¨¥ ±μ²¥¡ ´¨Ö ¸ ´¥¶·¥·Ò¢´Ò³ ¸¶¥±-
É·μ³. �·¨ ÔÉμ³ ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö Ô²¥±É·μ´  ¡Ê¤¥É · ¢´  U(r) = μω2r2/2. …¸²¨
¦¥ · ¸¸³ É·¨¢ ÉÓ Ô²¥±É·μ´ ± ± ±¢ ´Éμ¢ÊÕ Î ¸É¨ÍÊ, ´ Ìμ¤ÖÐÊÕ¸Ö ¢ É ±μ³ ¶μ²¥, Éμ ¨³¥¥³
¨§¢¥¸É´ÊÕ § ¤ ÎÊ ¢ ±¢ ´Éμ¢μ³ ¸Ë¥·¨Î¥¸±μ³ £ ·³μ´¨Î¥¸±μ³ μ¸Í¨²²ÖÉμ·¥, Ô´¥·£¨Ö μ¸´μ¢-
´μ£μ ¸μ¸ÉμÖ´¨Ö ±μÉμ·μ£μ · ¢´  E0 = 3/2 �ω. ‘²¥¤Ê¥É μ¸μ¡μ μÉ³¥É¨ÉÓ, ÎÉμ ¥Ð¥ ¢ 1958 £.
¢ [5] μ¡¸Ê¦¤ ² ¸Ó ±¢ ´Éμ¢ Ö ³μ¤¥²Ó  Éμ³  ¢μ¤μ·μ¤  ¶μ ’μ³¸μ´Ê. ‚ ´¥°, ¢ Î ¸É´μ¸É¨,
 ¢Éμ· · ¸¸³ É·¨¢ ² ¢μ§³μ¦´μ¸ÉÓ ¶·μ¸ Î¨¢ ´¨Ö Ô²¥±É·μ´μ¢ ¨§ μ¡² ¸É¨ ®³μ·Ö¯ ¶μ²μ¦¨-
É¥²Ó´μ£μ § ·Ö¤ . �·¨ ÔÉμ³ ¢´ÊÉ·¨ ®³μ·Ö¯ ¶μ²μ¦¨É¥²Ó´μ£μ § ·Ö¤  ¶μÉ¥´Í¨ ² μ¶¨¸Ò¢ ²¸Ö
¶ · ¡μ²μ°,   ¢ μ±·Ê¦ ÕÐ¥° ¸·¥¤¥ Å ±Ê²μ´μ¢¸±¨³ § ±μ´μ³. ‚³¥¸É¥ ¸ É¥³, ¥¸²¨ · ¸¸³ -
É·¨¢ ÉÓ ´¨¦´¨¥ Ê·μ¢´¨ Ô´¥·£¨¨ Ô²¥±É·μ´ , Éμ μ´ ¢ μ¸´μ¢´μ³ ¡Ê¤¥É ²μ± ²¨§μ¢ ´ ¢´ÊÉ·¨
¶μ²μ¦¨É¥²Ó´μ § ·Ö¦¥´´μ£μ Ï ·¨±  · ¤¨Ê¸μ³ R.

‘ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ¢ Ö ³μ¤¥²Ó Éμ³¸μ´μ¢¸±μ£μ  Éμ³  ¢μ¤μ·μ¤   ´ -
²μ£¨Î´  ³μ¤¥²¨ ¸Ë¥·¨Î¥¸±μ° ±¢ ´Éμ¢μ° ÉμÎ±¨ ¸ ¶ · ¡μ²¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ μ£· ´¨Î¥-
´¨Ö. �¤´ ±μ μ¸μ¡¥´´μ¸ÉÓ ÔÉμ° ³μ¤¥²¨ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¥¸²¨ ¢ μ¡ÒÎ´μ° ±¢ ´Éμ¢μ°
ÉμÎ±¥ ²μ± ²¨§ Í¨Ö Ô²¥±É·μ´μ¢ μ¡Ê¸²μ¢²¥´  ´ ²¨Î¨¥³ ¶μÉ¥´Í¨ ²  μ£· ´¨Î¥´¨Ö, Éμ ¢ ¸²Ê-
Î ¥ Éμ³¸μ´μ¢¸±μ£μ  Éμ³  ¨Ì ²μ± ²¨§ Í¨Ö μ¡Ê¸²μ¢²¥´  ´ ²¨Î¨¥³ · ¢´μ³¥·´μ · ¸¶·¥¤¥-
²¥´´μ£μ ¶μ²μ¦¨É¥²Ó´μ£μ § ·Ö¤  ¢´ÊÉ·¨  Éμ³ . �Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ
¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ § ·Ö¤  Q ω ∼ 1/R3/2, Éμ£¤  ± ± ¢ ¸²ÊÎ ¥ ¶ · ¡μ²¨Î¥¸±μ°
±¢ ´Éμ¢μ° ÉμÎ±¨, ¸μ£² ¸´μ ±¢ ´Éμ¢μ° ¢¨·¨ ²Ó´μ° É¥μ·¥³¥, ω ∼ 1/R2 [6].

ˆ§ ¸± § ´´μ£μ Ö¸´μ, ÎÉμ ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ Éμ³¸μ´μ¢¸±¨°  Éμ³ £¥²¨Ö ¢ ±¢ ´Éμ¢μ³
¶·¨¡²¨¦¥´¨¨, Éμ ÔÉ  § ¤ Î  ¡Ê¤¥É  ´ ²μ£¨Î´  ¶·μ¡²¥³¥ ¤¢ÊÌÔ²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢
¶ · ¡μ²¨Î¥¸±μ° ±¢ ´Éμ¢μ° ÉμÎ±¥. ƒ ³¨²ÓÉμ´¨ ´ É ±μ° ¸¨¸É¥³Ò ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢
¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Ĥ =
p̂2
1

2μ
+

p̂2
2

2μ
+

e2

|r1 − r2|
+

μω2r2
1

2
+

μω2r2
2

2
. (1)

–¥²ÓÕ ¤ ´´μ° · ¡μÉÒ Ö¢²Ö¥É¸Ö · ¸¸³μÉ·¥´¨¥ ¢ · ³± Ì ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸¢μ°¸É¢
Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö,   É ±¦¥ ¸¶¥Í¨Ë¨Î¥¸±¨Ì μ¶É¨Î¥¸±¨Ì ¶¥·¥Ìμ¤μ¢ ¢ ¤ ´´μ°
¸¨¸É¥³¥ ¶·¨ ¢§ ¨³μ¤¥°¸É¢¨¨ ¸ ¤²¨´´μ¢μ²´μ¢Ò³ ¨§²ÊÎ¥´¨¥³.
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‘É·Ê±ÉÊ·  · ¡μÉÒ ¸²¥¤ÊÕÐ Ö. ‚ · §¤. 1 ¨¸Ìμ¤Ö ¨§ ¸μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¥°
¨ ¶·¨´Í¨¶  ³¨´¨³Ê³  Ô´¥·£¨¨ ¤ ´  ± Î¥¸É¢¥´´ Ö μÍ¥´±  ¢μ§³μ¦´ÒÌ §´ Î¥´¨° · ¤¨Ê¸ 
²μ± ²¨§ Í¨¨ Ô²¥±É·μ´  ¨ Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ · ³¥É·  Å · -
¤¨Ê¸  ³μ¤¥²¨ Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö. ‚ · §¤. 2 ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°
˜·¥¤¨´£¥·  ¢ μ¸Í¨²²ÖÉμ·´μ³ ¡ §¨¸¥ ¢ÒÎ¨¸²¥´  Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ± ± ËÊ´±-
Í¨Ö ¶ · ³¥É· . ‚ · §¤. 3 ¶·¨¢¥¤¥´μ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ³μ¤¥²¨ ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì
±μμ·¤¨´ É Ì. ‚ÒÎ¨¸²¥´´Ò¥ ¸ § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ ³¥Éμ¤μ³ ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢ §´ Î¥-
´¨Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ¸· ¢´¨¢ ÕÉ¸Ö ¸ ¨Ì
μÍ¥´± ³¨. ‚ · §¤. 4 ¶μ± § ´  ¶· ¢μ³¥·´μ¸ÉÓ É¥μ·¥³Ò Šμ´  ¤²Ö · ¸¸³μÉ·¥´´μ° ³μ¤¥²¨.

1. Š�—…‘’‚…���Ÿ �–…�Š�

ƒ ³¨²ÓÉμ´¨ ´ (1) ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ Ô²¥±É·μ´μ¢, ¸²¥¤μ¢ É¥²Ó´μ,
¤²Ö ± Î¥¸É¢¥´´μ° μÍ¥´±¨ Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ³μ¤¥²¨ Éμ³¸μ´μ¢¸±μ£μ  Éμ³ , ¶μ
 ²μ£¨¨ ¸ μ¡ÒÎ´Ò³  Éμ³μ³ £¥²¨Ö, ¶μ²μ¦¨³ · ¢´Ò³¨ · ¤¨Ê¸-¢¥±Éμ·Ò r1 = r2 = r ¨
¨³¶Ê²Ó¸Ò p1 = p2 = p. ’μ£¤  Ô´¥·£¨Ö ¸¨¸É¥³Ò

E(r1, r2) = E(r) =
�

2

μr2
+ μω2r2 +

e2

2r
.

�·¨· ¢´¨¢ Ö ± ´Ê²Õ ¶·μ¨§¢μ¤´ÊÕ E(r), ¶μ r ´ °¤¥³ μÍ¥´±Ê ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò:

dE

dr
= −2�

2

μr3
+ 2μω2r − e2

2r2
= 0.

�μ¤¸É ¢²ÖÖ §´ Î¥´¨¥ ω (¶·¨ Q = 2e), ¨³¥¥³

( r

R

)4

− 1
8

r

R
− �

2

2μe2R
= 0.

�¨¸. 1. � ¤¨Ê¸ r′ μ¸´μ¢´μ£μ ¸μ-

¸ÉμÖ´¨Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ · ³¥-
É·  R′ Å · ¤¨Ê¸  Éμ³¸μ´μ¢¸±μ£μ

 Éμ³  (¢ ¥¤¨´¨Í Ì aB) (± Î¥¸É¢¥´-

´ Ö μÍ¥´± )

‚ É¥·³¨´ Ì ¡¥§· §³¥·´ÒÌ ¢¥²¨Î¨´ · ¤¨Ê¸μ¢ r′ = r/aB ,

R′ = R/aB ¢ ¥¤¨´¨Í Ì · ¤¨Ê¸  	μ·  aB =
�

2

μe2
¨ Ô´¥·-

£¨¨ εest = E/EB ¢ ¥¤¨´¨Í Ì Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ-

¸ÉμÖ´¨Ö  Éμ³  ¢μ¤μ·μ¤  EB =
μe4

2�2
, ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê

Ê· ¢´¥´¨°

(
r′

R′

)4

− 1
8

r′

R′ −
1

2R′ = 0, εest =
2
r′2

+
4r′2

R′3 +
1
r′

.

‡ ¢¨¸¨³μ¸ÉÓ · ¤¨Ê¸  r′ Ô²¥±É·μ´μ¢ ¨ Ô´¥·£¨¨ μ¸´μ¢-
´μ£μ ¸μ¸ÉμÖ´¨Ö εest μÉ ¶ · ³¥É·  R′ Å · ¤¨Ê¸ 
 Éμ³  Å ¶μ± § ´  ´  ·¨¸. 1, 2. Š ± ¸²¥¤Ê¥É ¨§ ¶·¨-
¢¥¤¥´´μ£μ ·¨¸. 1, ¸ Ê¢¥²¨Î¥´¨¥³ · ¤¨Ê¸   Éμ³  R′ §´ -
Î¥´¨¥ r′ = r′min, ¶·¨ ±μÉμ·μ³ ¤μ¸É¨£ ¥É¸Ö ³¨´¨³Ê³
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�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ε (¢ ¥¤¨´¨Í Ì EB) μÉ · ¤¨Ê¸  R′ Éμ³¸μ´μ¢-
¸±μ£μ  Éμ³ . Š Î¥¸É¢¥´´ Ö μÍ¥´±  εest (ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö), μÍ¥´±  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ε = εPT

(¸¶²μÏ´ Ö) ¨ ¥¥ ¸μ¸É ¢²ÖÕÐ¨¥: Ô´¥·£¨Ö ´¥¢μ§³ÊÐ¥´´μ° ¸¨¸É¥³Ò ε0 (¶Ê´±É¨·´ Ö) ¨ ±Ê²μ´μ¢¸±μ¥
¢μ§³ÊÐ¥´¨¥ 〈V 〉 (ÏÉ·¨Ì¶Ê´±É¨·´ Ö)

Ô´¥·£¨¨, É ±¦¥ · ¸É¥É. �Éμ£μ ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, É ± ± ± μÉÉ ²±¨¢ ÕÐ¨° ¶μÉ¥´-
Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨ ¸ Ê¢¥²¨Î¥´¨¥³ · ¤¨Ê¸   Éμ³  μÉ¤ ²Ö¥É ¨Ì ¤·Ê£
μÉ ¤·Ê£  ¡² £μ¤ ·Ö μ¸² ¡²¥´¨Õ ²μ± ²¨§ÊÕÐ¥£μ ¤¥°¸É¢¨Ö ¶μ²μ¦¨É¥²Ó´μ£μ § ·Ö¤   Éμ³ 
(¶²μÉ´μ¸ÉÓ ρ+ ¸ ·μ¸Éμ³ R Ê³¥´ÓÏ ¥É¸Ö). ‘μμÉ¢¥É¸É¢¥´´μ, ± ± ·¥§Ê²ÓÉ É μ¸² ¡²¥´¨Ö
±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨ ¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¶μ²μ¦¨É¥²Ó´Ò³
§ ·Ö¤μ³  Éμ³ , Ê³¥´ÓÏ ¥É¸Ö ¨ Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö.

2. ’…��ˆŸ ‚�‡Œ“™…�ˆ‰

ƒ ³¨²ÓÉμ´¨ ´ Éμ³¸μ´μ¢¸±μ£μ  Éμ³  ¶·¥¤¸É ¢¨³ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Ĥ = Ĥ(0) + V =
2∑

i=1

Ĥ
(0)
i + V, Ĥ(0) =

2∑
i=1

Ĥ
(0)
i , (2)

£¤¥ Ĥ
(0)
i Å £ ³¨²ÓÉμ´¨ ´Ò ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Ô²¥±É·μ´μ¢:

Ĥ
(0)
i = − �

2

2μ
�i +

μω2r2
i

2
,

  ±Ê²μ´μ¢¸±μ¥ μÉÉ ²±¨¢ ´¨¥ Ô²¥±É·μ´μ¢ V · ¸¸³μÉ·¨³ ± ± ¢μ§³ÊÐ¥´¨¥:

V =
e2

|r1 − r2|
.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö ´¥¢μ§³ÊÐ¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ¤ ¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³

Ψ(0)
n1,l1,m1;n2,l2,m2

(r1, θ1, ϕ1, r2, θ2, ϕ2) = ψn1,l1,m1(r1, θ1, ϕ1)ψn2,l2,m2(r2, θ2, ϕ2), (3)
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£¤¥ ψni,li,mi(ri, θi, ϕi) Å μ¸Í¨²²ÖÉμ·´Ò¥ ËÊ´±Í¨¨ i-£μ Ô²¥±É·μ´ :

ψni,li,mi(ri, θi, ϕi) = C(ni, li)
(

ri

aω

)li

exp

(
−1

2

(
ri

aω

)2
)

L
li+

1
2

ni

((
ri

aω

)2
)

Y mi

li
(θi, ϕi),

C(ni, li) =
1

(4π)1/4

1

a
3/2
ω

√
2ni+li+3ni!

(2ni + 2li + 1)!!
, aω =

√
�

μω
.

‡¤¥¸Ó L
li+

1
2

ni (x) Å μ¡μ¡Ð¥´´Ò¥ ¶μ²¨´μ³Ò ‹ £¥··  ¨ Y mi

li
(θi, ϕi) Å ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±-

Í¨¨. ‚ Î ¸É´μ¸É¨, ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ψ(0)
0,0,0;0,0,0(r1, θ1, ϕ1, r2, θ2, ϕ2) =

1
(
√

πaω)3
exp

(
−r2

1 + r2
2

2a2
ω

)
.

�É³¥É¨³, ÎÉμ μ¡Ð Ö § ¶¨¸Ó ¢μ²´μ¢μ° ËÊ´±Í¨¨ (3) ¸¶· ¢¥¤²¨¢  Éμ²Ó±μ ¤²Ö ´¨¦´¨Ì ¸μ¸Éμ-
Ö´¨°, ±μ£¤  ¶ · ¡μ²¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ³μ¦´μ ¸Î¨É ÉÓ ¡¥¸±μ´¥Î´μ ¢Ò¸μ±¨³. „²Ö Ô´¥·£¥-
É¨Î¥¸±μ£μ ¸¶¥±É·  ´¥¢μ§³ÊÐ¥´´μ£μ £ ³¨²ÓÉμ´¨ ´  Ĥ0 ¨³¥¥³ (Q = 2e)

E(0)
n1,n2

≡ E
(0)
n1,l1,m1,n2,l2,m2

= �ω (n1 + n2 + 3) = 2 (n1 + n2 + 3)
√

2/R′3EB.

�μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ρ1 = r1/aω, ρ2 = r2/aω ¤²Ö ¶μ¶· ¢±¨ 〈V 〉 ± Ô´¥·£¨¨
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (n1 = n2 = 0) ¶μ²ÊÎ ¥³

〈V 〉 =
e2

π3aω

∞∫
0

ρ2
1 dρ1

∞∫
0

ρ2
2 dρ2

π∫
0

sin θ1 dθ1

π∫
0

sin θ2 dθ2

2π∫
0

dϕ1

2π∫
0

dϕ2×

× exp (−ρ2
1 − ρ2

2)√
ρ2
1 + ρ2

2 − 2ρ1ρ2 cos θ1

. (4)

ˆ´É¥£· ², ¢Ìμ¤ÖÐ¨° ¢ (4), ¢ÒÎ¨¸²Ö¥É¸Ö ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥ (Q = 2e):

〈V 〉 =
4e2

√
πaω

∞∫
0

ρ1 exp (−ρ2
1) erf (ρ1) dρ1 =

√
2
π

e2

aω
= 2

√
2
π

4

√
2

R′3 EB .

‚ É¥·³¨´ Ì ¡¥§· §³¥·´μ£μ ¶ · ³¥É·  α =
√

�ω/EB ¸·¥¤´¥¥ §´ Î¥´¨¥ Ô´¥·£¨¨ ε =
E/EB ¢ μ¸´μ¢´μ³ ¸μ¸ÉμÖ´¨¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¸μ£² ¸´μ Ëμ·³Ê²¥

ε(α) =
〈Ĥ〉
EB

=
〈Ĥ(0)〉

EB
+

〈V 〉
EB

,

¸ ÊÎ¥Éμ³ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ ¢Ò· ¦¥´¨° ¤²Ö E
(0)
00 ¨ 〈V 〉:

ε0 =
E

(0)
00

EB
= 3

�ω

EB
= 3α2,

〈V 〉
EB

=
2√
π

√
�ω

EB
=

2√
π

α
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ε(α) μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ¨³

ε(α) =
〈Ĥ〉
EB

= 3α2 +
2√
π

α.

�´ ²μ£¨Î´μ ¸ ÊÎ¥Éμ³ ¶¥·¥μ¶·¥¤¥²¥´¨Ö ´¥¢μ§³ÊÐ¥´´μ£μ μ¶¥· Éμ· 

Ĥ
(0)
i (He) = − �

2

2μ
�i −

e2

|ri|

¸·¥¤´¥¥ §´ Î¥´¨¥ Ô´¥·£¨¨ εHe = E(He)/EB  Éμ³  £¥²¨Ö ¢ μ¸´μ¢´μ³ ¸μ¸ÉμÖ´¨¨ ¤ ¥É¸Ö
Ëμ·³Ê²μ° [7]

εHe(α) =
〈Ĥ(He)〉

EB
=

3
2
α2 − 8

√
2
π

α +
2√
π

α.

Œ¨´¨³¨§¨·ÊÖ 〈Ĥ(He)〉 μÉ´μ¸¨É¥²Ó´μ α, ¶μ²ÊÎ ¥³

∂εHe(α)
∂α

= 3α − 8

√
2
π

+
2√
π

= 0, α =
1
3

(
8

√
2
π
− 2√

π

)
.

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ Ô´¥·£¨¨ EHe(α) ≈ −4,6 EB ¸μ¸É ¢²Ö¥É 79 % Ô±¸¶¥·¨³¥´É ²Ó-
´μ° ¢¥²¨Î¨´Ò.

�  ·¨¸. 2 ¶·¨¢¥¤¥´μ ¸· ¢´¥´¨¥ Ô´¥·£¨¨ ´¥¢μ§³ÊÐ¥´´μ° ¸¨¸É¥³Ò ¨ ¶μ¶· ¢±  ± ´¥°
¢ ¥¤¨´¨Í Ì Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  ¢μ¤μ·μ¤ . Š ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, ¸
Ê³¥´ÓÏ¥´¨¥³ R′ ¶²μÉ´μ¸ÉÓ ¶μ²μ¦¨É¥²Ó´μ£μ § ·Ö¤  ρ+ Ê¢¥²¨Î¨¢ ¥É¸Ö ¨ ¤μ²Ö ±Ê²μ´μ¢¸±μ°
Ô´¥·£¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨ Ê³¥´ÓÏ ¥É¸Ö. �·¨ §´ Î¥´¨¨ R = 0,64aB

Ô´¥·£¨Ö Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö μ± ¦¥É¸Ö ¢ É·¨ · §  ¡μ²ÓÏ¥ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ
§´ Î¥´¨Ö Ô´¥·£¨¨ ¸¢Ö§¨  Éμ³  £¥²¨Ö ε = −EHe = 5,8 EB . �  ·¨¸. 2 ¶·¥¤¸É ¢²¥´  É ±¦¥

¶μ²´ Ö Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¸ ÊÎ¥Éμ³ ¢μ§³ÊÐ¥´¨Ö ε = (E(0)
00 + 〈V 〉)/EB

¨ ¥¥ ± Î¥¸É¢¥´´ Ö μÍ¥´± . ‚ÒÏ¥ Ê¦¥ μÉ³¥Î ²μ¸Ó, ÎÉμ ¸ ·μ¸Éμ³ R′ ÔÉ  Ô´¥·£¨Ö ¡Ê¤¥É
Ê³¥´ÓÏ ÉÓ¸Ö, ÎÉμ ¨ ¨§μ¡· ¦¥´μ ´  £· Ë¨±¥. Š ± ¢¨¤¨³, ¶·¨ §´ Î¥´¨ÖÌ ¶·¨¢¥¤¥´´μ£μ
· ¤¨Ê¸  R′ ∼ 0,6−1, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥ ²Ó´Ò³  Éμ³´Ò³ · §³¥· ³, ± Î¥¸É¢¥´´ Ö μÍ¥´± 
μ± §Ò¢ ¥É¸Ö ¤μ¢μ²Ó´μ ¡²¨§±μ° ± ·¥§Ê²ÓÉ ÉÊ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°.

3. �…˜…�ˆ… ‡�„�—ˆ —ˆ‘‹…��›Œ Œ…’�„�Œ

“· ¢´¥´¨¥ ˜·¥¤¨´£¥·  Éμ³¸μ´μ¢¸±μ£μ  Éμ³  ¶·¨ §´ Î¥´¨ÖÌ § ·Ö¤  Q = 2e ¨ ±¢ ¤· É 
Î ¸ÉμÉÒ ω2 = 2e2/(μR3)(

− �
2

2μ
�1 −

�
2

2μ
�2 +

μω2

2
(r2

1 + r2
2) +

e2

|r1 − r2|
− E

)
ψ(r1, r2) = 0

¢ ¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ r′1 = r1/aB ¨ r′2 = r2/aB, R′ = R/aB ¨ Ô´¥·£¨¨ E′ =
E/2EB, É. ¥. ε(R′) = 2E′, ¨³¥¥É ¢¨¤(

−�′
1 −�′

2 +
2

R′3 (r
′2
1 + r

′2
2 ) +

2
|r′1 − r′2|

− 2E′
)

ψ(r′1, r′2) = 0. (5)



Š¢ ´Éμ¢ Ö ³μ¤¥²Ó Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö 183

�¨¸. 3. �´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ε ¢ § ¢¨¸¨³μ¸É¨ μÉ · ¤¨Ê¸  R′ Éμ³¸μ´μ¢¸±μ£μ  Éμ³ : ¸¶²μÏ-
´ Ö ²¨´¨Ö Å ·¥§Ê²ÓÉ ÉÒ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° εPT, ÏÉ·¨Ìμ¢ Ö Å ± Î¥¸É¢¥´´ Ö μÍ¥´±  εest, ÉμÎ±¨ Å

·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ εnum

�·¨ §´ Î¥´¨¨ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É , · ¢´μ£μ ´Ê²Õ, ¤μ¸É ÉμÎ´μ μ£· ´¨Î¨ÉÓ¸Ö ¢μ²´μ-
¢μ° ËÊ´±Í¨¥° ψ (ρ, β, θ), § ¢¨¸ÖÐ¥° μÉ É·¥Ì £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É: ρ =

√
r′21 + r′21 ,

tg β/2 = r′1/r′2, cos θ = (r1 · r2)/|r1| · |r2|, Éμ£¤  Ê· ¢´¥´¨¥ (5) ¶·¨´¨³ ¥É ¢¨¤ [8](
1
ρ5

∂

∂ρ
ρ5 ∂

∂ρ
+

2
R′3 ρ2 + H(β, θ; ρ) +

2
ρ
√

1 − sin β cos θ
− 2E′

)
ψ(ρ, β, θ) = 0,

H(β, θ; ρ) =
1
ρ2

[
4

sin2 β

[
∂

∂β
sin2 β

∂

∂β
+

1
sin θ

∂

∂θ
sin θ

∂

∂θ

]]
.

(6)

�  ·¨¸. 3 ¶·¨¢¥¤¥´Ò ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ε(R′) = 2E′

Éμ³¸μ´μ¢¸±μ£μ  Éμ³ , ¢ÒÎ¨¸²¥´´Ò¥ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ±μ´Ë °´-
³¥´É  R′ ¸ ÉμÎ´μ¸ÉÓÕ ¢μ¸Ó³¨ §´ Î Ð¨Ì Í¨Ë· ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö ¤²Ö Ê· ¢´¥´¨Ö (6) ¸ ¶μ³μÐÓÕ ¶·μ£· ³³ [9, 10]. „²Ö ¸· ¢´¥´¨Ö ¶·¨¢¥¤¥´Ò É ±¦¥
·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ¨ ± Î¥¸É¢¥´´ Ö μÍ¥´± .
Š ± ¨ ¸²¥¤Ê¥É ¨§ μ¡Ð¥° É¥μ·¨¨, §´ Î¥´¨Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, ´ °¤¥´´Ò¥ ¢
¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ¨ ± Î¥¸É¢¥´´ Ö μÍ¥´±  ¤ ÕÉ ¸μμÉ¢¥É¸É¢¥´´μ ¢¥·Ì-
´ÕÕ (¸ ÉμÎ´μ¸ÉÓÕ ∼ 0,2 %) ¨ ´¨¦´ÕÕ (¸ ÉμÎ´μ¸ÉÓÕ ∼ 5−20 %) μÍ¥´±¨ ¶μ²ÊÎ¥´´ÒÌ
Î¨¸²¥´´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°.

4. �Š‡�’ˆ—…‘Š�Ÿ ��’ˆŠ� ’�Œ‘���‚‘Š�ƒ� �’�Œ� ƒ…‹ˆŸ

’μÉ Ë ±É, ÎÉμ μ¡  Ô²¥±É·μ´  ´ Ìμ¤ÖÉ¸Ö ¢ ¸Ë¥·¨Î¥¸±μ° μ¸Í¨²²ÖÉμ·´μ° Ö³¥, ¶·¨¢μ¤¨É
± ¨´É¥·¥¸´μ³Ê ¶μ¢¥¤¥´¨Õ Ì · ±É¥·  ¶μ£²μÐ¥´¨Ö ¤²¨´´μ¢μ²´μ¢μ£μ ¨§²ÊÎ¥´¨Ö Éμ³¸μ´μ¢-
¸±¨³  Éμ³μ³ £¥²¨Ö. „¥²μ ¢ Éμ³, ÎÉμ ¥Ð¥ ¢ 1960-¥ ££. ‚ ²ÓÉ¥·μ³ Šμ´μ³ ¡Ò²  ¤μ± § ´  [11],
  ¢ ¤ ²Ó´¥°Ï¥³ ¤·Ê£¨³¨  ¢Éμ· ³¨ μ¡μ¡Ð¥´  É¥μ·¥³  μ ±¢ ´Éμ¢ÒÌ ¶¥·¥Ìμ¤ Ì ¢ ¶μ¶ ·´μ
¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ³´μ£μÎ ¸É¨Î´μ° ¸¨¸É¥³¥, ´ Ìμ¤ÖÐ¨¥°¸Ö ¢ μ¸Í¨²²ÖÉμ·´μ³ ¶μ²¥, ¶μ¤
¤¥°¸É¢¨¥³ ¤²¨´´μ¢μ²´μ¢μ£μ ¨§²ÊÎ¥´¨Ö. ‘μ£² ¸´μ μ¡μ¡Ð¥´´μ° É¥μ·¥³¥ Šμ´ , ¶·¨ ´¥±μ-
Éμ·ÒÌ ¸¶¥Í¨Ë¨Î¥¸±¨Ì Ê¸²μ¢¨ÖÌ, μ¡Ê¸²μ¢²¥´´ÒÌ Ì · ±É¥·μ³ ±¢ ´Éμ¢μ£μ μ£· ´¨Î¥´¨Ö,  
É ±¦¥ ´ ²μ¦¥´´μ£μ ¢μ§³ÊÐ¥´¨Ö, ¢ ³´μ£μÎ ¸É¨Î´μ° ¸¨¸É¥³¥ ¡Ê¤ÊÉ ¨³¥ÉÓ ³¥¸Éμ ¶¥·¥Ìμ¤Ò
¨¤¥´É¨Î´Ò¥ ¶¥·¥Ìμ¤ ³ ¢ μ¤´μÎ ¸É¨Î´μ° ¸¨¸É¥³¥ [12Ä14].
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ƒ ³¨²ÓÉμ´¨ ´ ±¢ ´Éμ¢μ° ³μ¤¥²¨ Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö (1) ¢ ¢ÒÏ¥Ê± § ´´μ³
¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ´¨¦´¨¥ Ê·μ¢´¨ É ±μ£μ  Éμ³  μ£· ´¨Î¥´Ò ¡¥¸±μ´¥Î´μ ¢Ò¸μ±¨³¨ ¸É¥´-
± ³¨ ¶ · ¡μ²¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ² , ¸μ¢¶ ¤ ¥É ¸ ¤¢ÊÌÎ ¸É¨Î´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ ¢ ¸²ÊÎ ¥
¶ · ¡μ²¨Î¥¸±μ° ±¢ ´Éμ¢μ° ÉμÎ±¨. ‘²¥¤μ¢ É¥²Ó´μ, É¥μ·¥³  Šμ´  ¨³¥¥É ³¥¸Éμ ¢ ¸²ÊÎ ¥
Éμ³¸μ´μ¢¸±μ£μ  Éμ³  £¥²¨Ö.

„²Ö ´ £²Ö¤´μ¸É¨ μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ ¤¢Ê³¥·´μ£μ Éμ³¸μ´μ¢¸±μ£μ  Éμ³  (2),
¶μ³¥Ð¥´´μ£μ ¢ μ¤´μ·μ¤´μ¥ ¢· Ð ÕÐ¥¥¸Ö ³¨±·μ¢μ²´μ¢μ¥ ¶μ²¥ ¸ Î ¸ÉμÉμ° Ω, Ô²¥±É·¨Î¥-
¸± Ö ¸μ¸É ¢²ÖÕÐ Ö ±μÉμ·μ£μ ¨³¥¥É ¢¨¤

F(t) = (exF0 cos θ0 + eyF0 sin θ0) exp (−iΩt).

’μ£¤  μ¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö ¢ ¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥°
Ëμ·³¥:

Ĥ ′ = −e((x1 + x2)F0 cos θ0 + (y1 + y2)F0 sin θ0) exp (−iΩt). (7)

‚¢¥¤¥³ μ¶¥· Éμ·Ò

Ĉ±
x =

√
μω

2�

2∑
j=1

(
xj ∓ i

p̂xj

μω

)
, Ĉ±

y =
√

μω

2�

2∑
j=1

(
yj ∓ i

p̂yj

μω

)
, (8)

±μÉμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³ [13]

[U, Ĉ±
x ] = 0, [U, Ĉ±

y ] = 0, [Ĥ0, Ĉ
±
x ] = ±�ωĈ±

x , [Ĥ0, Ĉ
±
y ] = ±�ωĈ±

y . (9)

„²Ö ±μ³¶μ´¥´É x ¨ y ¨³¥ÕÉ ³¥¸Éμ ¸μμÉ´μÏ¥´¨Ö

2∑
j=1

xj =

√
�

2μω

(
Ĉ+

x + Ĉ−
x

)
,

2∑
j=1

yj =

√
�

2μω

(
Ĉ+

y + Ĉ−
y

)
.

‚ ·¥§Ê²ÓÉ É¥ μ¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö (7) ¢Ò· ¦ ¥É¸Ö ¢ É¥·³¨´ Ì μ¶¥· Éμ·μ¢ (8), Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨Ì ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³ (9).

Š ± ¶μ± § ´μ ¢ [13, 14], ¨§ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (9) ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥-
¤Ê¥É, ÎÉμ ¥¸²¨ ψnx,ny Å ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö μ¶¥· Éμ·  Ĥ , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ô´¥·£¨¨

Enx,ny , Éμ ËÊ´±Í¨¨ Ĉ±
x ψnx,ny ¨ Ĉ±

y ψnx,ny É ±¦¥ ¡Ê¤ÊÉ ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥-

· Éμ·  Ĥ , ´μ Ê¦¥ ¸ Ô´¥·£¨Ö³¨ Enx,ny ± �ω. ’ ±¨³ μ¡· §μ³, ¥¸²¨ ´  ¤¢Ê³¥·´Ò° Éμ³¸μ-

´μ¢¸±¨°  Éμ³ £¥²¨Ö ´ ²μ¦¨ÉÓ ¢μ§³ÊÐ¥´¨¥ Ĥ ′, Éμ ¶μ¤ ¥£μ ¢μ§¤¥°¸É¢¨¥³ ¢ ¸¨¸É¥³¥ ¡Ê¤ÊÉ
¨³¥ÉÓ ³¥¸Éμ ·¥§μ´ ´¸´Ò¥ ¶¥·¥Ìμ¤Ò, ´¥ § ¢¨¸ÖÐ¨¥ μÉ ±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê
Ô²¥±É·μ´ ³¨. ˆ´ Î¥ £μ¢μ·Ö, ·¥§μ´ ´¸´Ò¥ Î ¸ÉμÉÒ ¶¥·¥Ìμ¤μ¢ ¢ Éμ³¸μ´μ¢¸±μ³  Éμ³¥ £¥²¨Ö
¡Ê¤ÊÉ É¥³¨ ¦¥, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ Éμ³¸μ´μ¢¸±μ£μ ¢μ¤μ·μ¤μ¶μ¤μ¡´μ£μ  Éμ³  ¸ Éμ° ¦¥ ¶²μÉ-
´μ¸ÉÓÕ ¶μ²μ¦¨É¥²Ó´μ£μ § ·Ö¤  ρ+. ˆ´É¥·¥¸´μ ¸· ¢´¨ÉÓ ·¥§μ´ ´¸´Ò¥ Î ¸ÉμÉÒ ¶¥·¥Ìμ¤μ¢
Éμ³¸μ´μ¢¸±μ£μ  Éμ³  ¢ Ô²¥±É·¨Î¥¸±μ³ ¨ ³ £´¨É´μ³ ¶μ²ÖÌ ¸ ·¥§Ê²ÓÉ É ³¨, ¶μ²ÊÎ¥´´Ò³¨
¤²Ö ±μ³¶μ§¨É´ÒÌ Î ¸É¨Í ¢ ±¢ ´Éμ¢ÒÌ Ö³ Ì [15].

� ¡μÉ  Î ¸É¨Î´μ ¶μ¤¤¥·¦¥´  £· ´É ³¨ �””ˆ 14-01-00420, 11-01-00523 ¨ 13-01-
00668.
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