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By using the supersymmetry quantum mechanics method, we approximately solve the Dirac equation
for the modiˇed Eckart and the modiˇed deformed Hylleraas potentials including the Coulomb-like
tensor potential under spin and pseudospin symmetry. We obtain approximate energy eigenvalues and
the corresponding wave functions in terms of the Jacobi polynomial under the spin and pseudospin
symmetries limit. In order to test the accuracy of our work, we compare our numerical results with
those of the NikiforovÄUvarov (NU) method. This shows that our results are consistent with those
found in the literature.
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¶·¥¤¸É ¢²¥´Ò ¢ ²¨É¥· ÉÊ·¥.
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INTRODUCTION

It is well known that the exact solutions of the Dirac equation for some physical po-
tentials play an important role in relativistic and nonrelativistic quantum mechanics. In re-
cent years, some authors have investigated the Dirac theory for spin and pseudospin sym-
metries. The concept of spin symmetry occurs in nuclei when the potential difference
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�(r) = V (r) − S(r) = const. For the pseudospin symmetry counterpart it occurs when the
sum potential Σ(r) = V (r) + S(r) = const. The Dirac equation under spin and pseudospin
symmetries for some physical potentials, such as the harmonic oscillator, PéoschlÄTeller poten-
tial, WoodsÄSaxon potential, Morse potential, ring-shaped nonspherical harmonic oscillator,
Eckart potential, three-parameter potential function as a diatomic molecule model, and others,
has been investigated [1Ä25]. One of the challenging problems in solving wave equations,
such as the Dirac, KleinÄGordon or Schréodinger equations, is ˇnding analytical solutions.
Due to many interactions that cannot be exactly solved, one needs to resort to approximate
techniques to obtain analytical solutions. The present aim of this paper is to try and attempt
to study the Dirac equation for the modiˇed deformed Hylleraas and the modiˇed Eckart
potentials plus the Coulomb-like tensor interaction [26Ä29].

The modiˇed Eckart and the modiˇed deformed Hylleraas potentials, V1 and V2, are given
by [30]:

V1 = v0 + v1csch2(αr) + v2 coth(αr) = v0 + v1

[
4 e−2αr

(1 − e−2αr)2

]
+ v2

[
1 + e−2αr

1 − e−2αr

]
,

V2 =
v3

b

[
a − e−2αr

1 − e−2αr

]
, V (r) = V1 + V2,

(1)

where vi(i = 0, . . . , 3), a, b and α are constants. The potential V (r) has been plotted in Fig. 1.
The tensor Coulomb potential is given by [31Ä33],

U = −T

r
, r > Rc, (2)

where T =
ZaZbe

2

4πε0
(Za and Zb denote the charges of the projectile a and the target nuclei b)

and the Coulomb radius is Rc = 7.78 fm. The energy solution of the Dirac equation
for this potential is obtained by the NU method [30]. We shall attempt to calculate the
approximate energy eigenvalues and energy eigenfunctions of the modiˇed Eckart and the

Fig. 1. The plot of potential (1) versus r in the range of [−2, 2] for the given parameters v0 = 0.1,

v1 = 0.5, v2 = 0.4, v3 = −0.8, a = 0.04, b = α = 0.01
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modiˇed deformed Hylleraas potentials including a tensor coupling by employing a proper
approximation scheme for the spin-orbit coupling for both conditions of spin and pseudospin
symmetries using supersymmetry quantum mechanics (SUSYQM) and compare our result of
the SUSYQM method with the NU method already reported.

1. THE DIRAC EQUATION INCLUDING TENSOR INTERACTION

The Dirac equation for a spin 1/2 single particle in the ˇeld of an attractive scalar potential
S(r), a repulsive potential V (r) and a tensor potential U(r) is given by (� = c = 1),

[α · p + β(M + S(r)) − iβα · r̂U(r)]Ψnκ(r) = [Enκ − V (r)]Ψnκ(r), (3)

where Enκ is the relativistic energy of the system; p = −i∇ is the three-dimensional mo-
mentum operator and M is the mass of the fermionic particle. α and β are the 4 × 4 Dirac
matrices given as [34],

α =
(

0 σ
σ 0

)
, β =

(
I 0
0 −I

)
, (4)

where I is the 2 × 2 unitary matrix and σ are the three-vector spin matrices,

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (5)

For spherical nuclei, the total angular momentum J and spin matrix operator K̂ = −β(σ×
L+1) commute with the Dirac Hamiltonian. The eigenvalues of spin-orbit coupling operator
K̂ are κ = (j + 1/2) > 0 and κ = − (j + 1/2) < 0 for the unaligned spin j = l − 1/2
and the aligned spin j = l + 1/2, respectively. In the relativistic quantum mechanics, the set
(H2, K, J2, Jz) can be taken as the complete set of the conservative quantities. The spinor
wave functions can be classiˇed according to their angular momentum j, spin-orbit quantum
number κ, and the radial quantum number n, which can be written as follows:

Ψnκ(r) =
(

Fnκ(r)Y l
jm(θ, ϕ)

iGnκ(r)Y l̃
jm(θ, ϕ)

)
, (6)

where Fnκ(r) and Gnκ(r) are the radial wave functions of the upper and lower spinor compo-

nents of the Dirac spinors, respectively. Y l̃
jm(θ, ϕ) and Y l

jm(θ, ϕ) are the spherical harmonic
functions, and m is the projection of the total angular momentum on the z axis. The pseudo-
orbital and the orbital angular momentum quantum numbers for pseudospin symmetry l̃ and
spin symmetry l are the labels of the upper and lower components, respectively. Substituting
Eq. (6) into Eq. (3) and using the relations as (σ · A)(σ · B) = A · B + iσ · (A · B) and

(σ · P) = σ · r̂
(

r̂P + i
σ · L

r

)
with the following properties [35]:

σ · L
{

Y l̃
jm(θ, ϕ)

Y l
jm(θ, ϕ)

=

{
(κ − 1)Y l̃

jm(θ, ϕ),

−(κ − 1)Y l
jm(θ, ϕ),

(7)

σ · r̂
{

Y l̃
jm(θ, ϕ)

Y l
jm(θ, ϕ)

=

{−Y l
jm(θ, ϕ),

−Y l̃
jm(θ, ϕ),

(8)
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one obtains two-coupled differential equation for the upper and lower radial wave functions
Fnκ(r) and Gnκ(r) as follows:[

d

dr
+

κ

r
− U(r)

]
Fnκ(r) = [M + Enk −�(r)]Gnκ(r), (9a)

[
d

dr
− κ

r
+ U(r)

]
Gnκ(r) = [M − Enk + Σ(r)]Fnκ(r), (9b)

where �(r) = V (r) − S(r) and Σ(r) = V (r) + S(r). Eliminating Fnκ(r) and Gnκ(r) from
Eqs. (9a) and (9b), we obtain the following two Schréodinger-like differential equations for the
upper and lower radial spinor components, respectively:[

d2

dr2
− κ(κ + 1)

r2
+

2κ

r
U(r) − dU(r)

dr
− U2(r)+

+
d�(r)/dr

Enκ + M −�(r)

(
d

dr
+

κ

r
− U(r)

)]
Fnκ(r) =

= [M − Enκ + Σ(r)] [M + Enκ −�(r)]Fnκ(r), (10a)[
d2

dr2
− κ (κ − 1)

r2
+

2κ

r
U(r) +

dU(r)
dr

− U2(r)−

− dΣ(r)/dr

M − Enκ + Σ(r)

(
d

dr
− κ

r
+ U(r)

)]
Gnκ(r) =

= [M + Enκ −�(r)] [M − Enκ + Σ(r)] Gnκ(r), (10b)

where κ(κ + 1) = l(l + 1) and κ(κ − 1) = l̃(l̃ + 1). The quantum number κ relates to the
quantum numbers for spin symmetry l and pseudospin symmetry l̃ as follows:

κ =

⎧⎪⎪⎨⎪⎪⎩
−(l + 1) = −

(
j +

1
2

)
(s1/2, p3/2, etc.), j = l +

1
2
, aligned spin (κ < 0),

+l =
(

j +
1
2

)
(p1/2, d3/2, etc.), j = l − 1

2
, unaligned spin (κ > 0),

and the quasi-degenerate doublet structure can be expressed in terms of a pseudospin angular
momentum s̃ = 1/2 and pseudo-orbital angular momentum l̃, which is deˇned as

κ =

⎧⎪⎪⎨⎪⎪⎩
−l̃ = −

(
j +

1
2

)
(s1/2, p3/2, etc.), j = l̃ − 1

2
, aligned pseudospin (κ < 0),

l̃ + 1 =
(

j +
1
2

)
(d3/2, f5/2, etc.), j = l̃ +

1
2
, unaligned pseudospin (κ > 0),

where κ = ±1,±2, . . . For example, (1p3/2, 0f5/2) and (1d5/2, 0g7/2) can be considered as
pseudospin doublets.

1.1. Spin Symmetry Limit. In the case of exact spin symmetry limit, dΔ/dr = 0
(or Δ(r) = Cs = const) [36, 37]. Taking Σ(r) as the modiˇed Eckart and the modiˇed
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deformed Hylleraas potentials and using the deˇnition of the Coulomb-like tensor interaction,
we can reduce Eq. (10a) into the following form:[

− d2

dr2
+

ηκ(ηκ + 1)
r2

+ βΣ(r)
]

Fnκ(r) = [γ2] Fnκ(r), (11)

where κ = l and κ = −l − 1 for κ > 0 and κ < 0, respectively. Also, ηκ = κ + T ,
β = (Enκ + M − Cs) and γ2 = β(Enκ − M).

1.2. Pseudospin Symmetry Limit. For the exact pseudospin symmetry limit, i.e., dΣ/dr =
0 (or Σ = Cp = const), also with Δ(r) as the potential given in Eq. (1) and the Coulomb-like
tensor interaction, Eq. (10b) becomes[

− d2

dr2
+

ηκ(ηκ − 1)
r2

+ β′

(
v0 + v1

[
4 e−2αr

(1 − e−2αr)2

]
+

+ v2

[
1 + e−2αr

1 − e−2αr

]
+

v3

b

[
a − e−2αr

1 − e−2αr

])]
Gnκ(r) = [γ′2] Gnκ(r), (12)

where κ = −l̃ and κ = l̃ + 1 for κ < 0 and κ > 0, respectively. Also, β′ = (Enκ −M −Cp)
and γ′2 = β′(Enκ + M).

Equations (11) and (12) cannot be solved analytically due to the pseudocentrifugal term
ηκ(ηκ ± 1)

r2
. Thus, we use the Pekeris approximation scheme for the centrifugal term

1
r2

≈ 4
α2e−2αr

(1 − e−2αr)2
, (13)

which is plotted in Fig. 2. This shows that it is such a good approximation for small values
of the parameter α.

Fig. 2. The shape of expression 1/r2 and the Pekeris approximation for α = 0.01
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1.3. Solution of the Dirac Equation with Spin Symmetry Limit. If we deˇne Ẽnκ, Ṽ1

and Ṽ2 as

Ẽnκ = β
[
Enκ − M −

(
v0 − v2 +

v3

b

)]
, (14a)

Ṽ1 = −4α2ηκ(ηκ + 1) + β
[
2v2 +

v3

b
(a − 1) − 4v1

]
, (14b)

Ṽ2 = 4α2ηκ(ηκ + 1) + 4βv1, (14c)

and using the approximation given in Eq. (13) and substituting V (r) into Eq. (11), the follow-
ing Schréodinger-like equation for the upper wave function is obtained:[

− d2

dr2
+ Ṽ1

1
1 − e−2αr

+ Ṽ2
1

(1 − e−2αr)2

]
Fnκ(r) = [Ẽnκ] Fnκ(r). (15)

We now use the SUSYQM method and shape invariance approach [38, 39] to solve Eq. (15).
The ground state function F0κ(r) can be written in the form of

F0κ(r) = exp
(
−

∫
W (r)dr

)
, (16)

where W (r) is called superpotential in SUSYQM. Putting Eq. (16) into Eq. (15) yields an
equation for W (r) of

W 2(r) − dW (r)
dr

= Ṽ1
1

1 − e−2αr
+ Ṽ2

1
(1 − e−2αr)2

− Ẽ0κ, (17)

where Ẽ0κ refers to the ground-state energy. As we can see, Eq. (17) is the nonlinear Riccati
equation. Inserting the superpotential W (r) of the form

W (r) = −A + B
1

(1 − e−2αr)
, (18)

where A and B are constants, and substituting this expression into Eq. (17), we obtain the
following relations:

−2AB − 2αB = Ṽ1, (19a)

B2 + 2αB = Ṽ2, (19b)

A2 = −Ẽ0κ. (19c)

Substituting Eq. (18) into Eq. (16) leads one to obtain the ground-state upper component

F0κ(r) = N0 exp (Ar)
(

−e−2αr

1 − e−2αr

)B/2α

. (20)

In the present work, we will deal with bound state solutions, i.e., the radial part of the
wave function Ψnκ(r) must satisfy the boundary condition that Fnκ(r)/r becomes zero when
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r → ∞ and Fnκ(r)/r is ˇnite if r = 0. By considering the function F0κ(r) satisfying the
boundary condition and solving Eqs. (19a)Ä(19c), one can obtain

A =
−(Ṽ1 + Ṽ2)

2B
+

B

2
, (21a)

B = −α

⎡⎣1 +

√
1 +

Ṽ2

α2

⎤⎦ . (21b)

In terms of superpotential W (r), the two supersymmetric partner potentials V±(r) are obtained
as follows:

V+(r) = W 2 +
dW

dr
=

[
Ṽ1 + Ṽ2

2B
− B

2

]2

+
B2 − 2αB

(1 − e−2αr)2
+

Ṽ1 + Ṽ2 − B2 + 2αB

1 − e−2αr
, (22)

V−(r) = W 2 − dW

dr
=

[
Ṽ1 + Ṽ2

2B
− B

2

]2

+
B2 + 2αB

(1 − e−2αr)2
+

Ṽ1 + Ṽ2 − B2 − 2αB

1 − e−2αr
. (23)

Considering a0 = B and a1 = B − 2α, we can easily show that the two partner potentials
V+(r, a0) and V−(r, a1) satisfy the following relationship:

V+(r, a0) = V−(r, a1) + R(a1), (24)

and it shows that V+(r, a0) and V−(r, a1) can be determined by using the shape invariance
approach

R(a1) =

(
Ṽ1 + Ṽ2

2B
− B

2

)2

−
(

Ṽ1 + Ṽ2

2(B − 2α)
− B − 2α

2

)2

. (25)

The remainder R(a1) is independent of r. The ground-state energy of V−(r) is zero Ẽ
(−)
0κ = 0.

The energy eigenvalues of the shape invariance potential V−(r) are given by

Ẽ(−)
nκ =

n∑
κ=1

R(aκ) = R(a1) + R(a2) + . . . + R (an) =

(
Ṽ1 + Ṽ2

2B
− B

2

)2

−

−
(

Ṽ1 + Ṽ2

2 (B − 2α)
− B − 2α

2

)2

+

(
Ṽ1 + Ṽ2

2 (B − 2α)
− B − 2α

2

)2

−

−
(

Ṽ1 + Ṽ2

2 (B − 4α)
− B − 4α

2

)2

+ . . . +

(
Ṽ1 + Ṽ2

2 (B − 2 (n − 1)α)
− B − 2 (n − 1)α

2

)2

−

−
(

Ṽ1 + Ṽ2

2(B − 2nα)
− B − 2nα

2

)2

=

(
Ṽ1 + Ṽ2

2B
−B

2

)2

−
(

Ṽ1 + Ṽ2

2(B − 2nα)
− B − 2nα

2

)2

, (26)

where quantum number n = 1, 2, 3, . . .
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Combining Eqs. (19c), (24) and (26) yields the solution for Ẽnκ in Eq. (15) as

Ẽnκ = Ẽ(−)
nκ + Ẽ0κ = −

(
Ṽ1 + Ṽ2

2(B − 2nα)
− B − 2nα

2

)2

, (27)

where we have employed Ẽ0κ = −
(

Ṽ1 + Ṽ2

2B
− B

2

)2

. The energy equation for the modiˇed

Eckart and the modiˇed deformed Hylleraas potentials V (r) is obtained under the condition
of spin symmetry, so by incorporating Eq. (14a) into (27) and using Eq. (21b), we get

E2
nκ − M2 − Cs

(
Enκ − M − v0 + v2 −

v3

b

)
+ (Enκ + M)

(
−v0 + v2 −

v3

b

)
=

= −1
4

[
(Enκ + M − Cs)(2v2 + (v3/b)(a − 1))

α + 2nα + α

√
1 + 4ηκ(ηκ + 1) +

4(Enκ + M − Cs)v1

α2

−

−
(

α + 2nα + α

√
1 + 4ηκ(ηκ + 1) +

4(Enκ + M − Cs)v1

α2

) ]2

, (28)

where the quantum number n = 0, 1, 2, . . .

Finally, to obtain the energy eigenfunctions, we deˇne a new variable of the form x =
e−2αr, then the upper spinor radial wave functions Fnκ(x) may be written as [29]:

Fnκ(x) = Dnx

√
− βδ

4α2 (1 − x)(1 − x)
1
2+
√

1
4 [1+4ηκ(ηκ+1)− β(λ+δ−μ)

α2 ]×

× P

(
2
√

− βδ

4α2 ,2
√

1
4 [1+4ηκ(ηκ+1)− β(λ+δ−μ)

α2 ]
)

n , (29)

where Dn is the normalized constant and δ =
(
Enκ − M − v0 − v2 −

av3

b

)
, μ = (2Enκ−

2M − 2v0 + 4v1 −
v3

b
(1 + a)) and λ =

(
Enκ − M − v0 + v2 −

v3

b

)
.

The lower component of the Dirac equation can be calculated by applying Eq. (9a) as

Gnκ(r) =
1

M + Enk − Cs

[
d

dr
+

κ

r
− U(r)

]
Fnκ(r), (30)

where M + Enk �= Cs − M .

1.4. Solution of the Dirac Equation with Pseudospin Symmetry Limit. Following the
same procedures as explained in Subsec. 1.3, we obtain the energy eigenvalues equation
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corresponding to the pseudospin symmetry condition:

E2
nκ − M2 − Cp

(
Enκ + M − v0 + v2 −

v3

b

)
+ (Enκ − M)

(
−v0 + v2 −

v3

b

)
=

= −1
4

[
(M − Enκ + Cp)(−2v2 − (v3/b)(a − 1))

α + 2nα + α

√
1 + 4ηκ(ηκ − 1) − 4(M − Enκ + Cp)v1

α2

−

−
(

α + 2nα + α

√
1 + 4ηκ(ηκ − 1) − 4(M − Enκ + Cp)v1

α2

) ]2

. (31)

Further, we can easily obtain the lower spinor radial wave functions Fnκ(r) directly via the
spin symmetry solution through the transformations

Fnκ ↔ Gnκ, Enκ ↔ −Enκ, Cps ↔ −Cs, V (r) ↔ −V (r), κ ↔ κ + 1, (32)

and the corresponding wave functions in spin symmetry limit are obtained as

Gnκ(x) = D′
nx

√
− β′δ′

4α2 (1 − x)(1 − x)
1
2+

√
1
4

[
1+4ηκ(ηκ−1)− β′(λ′+δ′−μ′)

α2

]
×

× P

(
2
√

− β′δ′
4α2 ,2

√
1
4

[
1+4ηκ(ηκ−1)− β′(λ′+δ′−μ′)

α2

])

n , (33)

where D′
n is the normalized constant and δ′ =

(
Enκ + M − v0 − v2 −

av3

b

)
, μ′ = (2Enκ+

2M − 2v0 + 4v1 −
v3

b
(1 + a)) and λ′ = (Enκ + M − v0 + v2 −

v3

b
).

The upper component of the Dirac equation can be calculated by applying Eq. (9b) as

Fnκ(r) =
1

[M − Enk + Cp]

[
d

dr
− κ

r
+ U(r)

]
Gnκ(r), (34)

where Enk �= M + Cp.

2. DISCUSSIONS AND NUMERICAL RESULTS

The relativistic energy eigenvalues under the spin and pseudospin symmetry conditions are
plotted in Figs. 1Ä8 for several states in the presence of tensor interaction T = 1. In Figs. 3, 4
and 5, the energy eigenvalues are illustrated in terms of parameters α, a and b for both spin
and pseudospin symmetry conditions. It can be seen that by increasing in amounts of α, a
and b in spin symmetry limit, the energy eigenvalues are increased and they are decreased by
increasing in amounts of α, a and b in pseudospin symmetry limit. In Figs. 6 and 7, the energy
eigenvalues are plotted for parameters v1 and v2. It is clear that with the increase in v1 and
v2, the energy eigenvalues are increased for either spin or pseudospin symmetry conditions,
respectively. In addition, in Fig. 8, the energy eigenvalues are decreased by increasing in v3

for both spin and pseudospin symmetry limits.
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Fig. 3. Energy eigenvalue in terms of different values of α for spin (a) and pseudospin (b) symmetry
limits with: a) a = 0.04, b = 0.01, M = 5 fm−1, Cs = 5, v0 = −0.1, v1 = −0.5, v2 = −0.4,

v3 = 0.8; b) a = 0.04, b = 0.01, M = 5 fm−1, Cp = −5, v0 = 0.1, v1 = 0.5, v2 = 0.4, v3 = −0.8

Fig. 4. Energy eigenvalue in terms of different values of a for spin (a) and pseudospin (b) symmetry

limits with: a) α = 0.01, b = 0.01, M = 5 fm−1, Cs = 5, v0 = −0.1, v1 = −0.5, v2 = −0.4,

v3 = 0.8; b) α = 0.01, b = 0.01, M = 5 fm−1, Cp = −5, v0 = 0.1, v1 = 0.5, v2 = 0.4, v3 = −0.8

Moreover, in Tables 1 and 2, the numerical results are calculated for different states of n
and l. We consider the same set of spin doublets as (ns1/2, (n−1)d3/2), (np3/2, (n−1)f5/2),
(nd5/2, (n − 1)g7/2), . . . (where each pair is considered as a spin doublet) and the same set
of pseudospin doublets as (np1/2np3/2), (nd3/2, nd5/2), (nf5/2, nf7/2), (ng7/2, ng9/2), . . .
(where each pair is considered as a pseudospin doublet). Also, from Tables 1 and 2 it is
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Fig. 5. Energy eigenvalue in terms of different values of b for spin (a) and pseudospin (b) symmetry

limits with: a) a = 0.04, α = 0.01, M = 5 fm−1, Cs = 5, v0 = −0.1, v1 = −0.5, v2 = −0.4,
v3 = 0.8; b) a = 0.04, α = 0.01, M = 5 fm−1, Cp = −5, v0 = 0.1, v1 = 0.5, v2 = 0.4, v3 = −0.8

Fig. 6. Energy eigenvalue in terms of different values of v1 for spin (a) and pseudospin (b) symmetry
limits with: a) a = 0.04, b = α = 0.01, M = 5 fm−1, Cs = 5, v0 = −0.1, v2 = −0.4, v3 = 0.8;

b) a = 0.04, b = α = 0.01, M = 5 fm−1, Cp = −5, v0 = 0.1, v2 = 0.4, v3 = −0.8

obvious that when the tensor interaction is denied T = 0, the states are degenerate, while
when we consider the effect of tensor interaction with the amount T = 1, those degen-
eracies are vanished. For instance, in spin doublet (0p3/2, 0p1/2) in the absence of tensor
interaction T = 0, the energy eigenvalues for states with κ = −2 and κ = 1 were equal
to E0,−2 = E0,1 = 0.000036016, while in the presence of tensor interaction T = 1, the
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Fig. 7. Energy eigenvalue in terms of different values of v2 for spin (a) and pseudospin (b) symmetry
limits with: a) a = 0.04, b = α = 0.01, M = 5 fm−1, Cs = 5, v0 = −0.1, v1 = −0.5, v3 = 0.8;

b) a = 0.04, b = α = 0.01, M = 5 fm−1, Cp = −5, v0 = 0.1, v1 = 0.5, v3 = −0.8

Fig. 8. Energy eigenvalue in terms of different values of v3 for spin (a) and pseudospin (b) symmetry
limits with: a) a = 0.04, b = α = 0.01, M = 5 fm−1, Cs = 5, v0 = −0.1, v1 = −0.5, v2 = −0.4;

b) a = 0.04, b = α = 0.01, M = 5 fm−1, Cp = −5, v0 = 0.1, v1 = 0.5, v2 = 0.4

energy eigenvalues turn to E0,−2 = 0.000008726 and E0,1 = 0.000081539. As a fur-
ther matter, for both symmetry conditions, the energy eigenvalues of every state in the
absence of tensor interaction T = 0, are equal to the next state when the tensor interac-
tion is present. For example, the energy state of 0p3/2 when T = 0 is equal to 0d5/2
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when T = 1, E0,−2,(T=0) = E
0,−3,(T=1)

= 0.000036016. Likewise, in Tables 3, 4 and 5, 6,

the energy eigenvalues are obtained in terms of different values of M , Cs and Cp for the
four arbitrary states 0p3/2, 0g7/2, 2s1/2, 1h9/2.

Table 3. The energy eigenvalues for different values of M in spin symmetry limit: Cs = 5,
v0 = −0.1, v1 = −0.5, v2 = −0.4, v3 = 0.8, a = 0.04, b = 0.01, α = 0.01

M ,
fm−1

Enκ<0 Enκ>0

T = 0 T = 1 T = 0 T = 1
(0p3/2) (0p3/2) (0g7/2) (0g7/2)

2 3.000012245 3.000003695 3.000029219 3.000040471
3 2.000006076 2.000003233 2.000059075 2.000035343
4 1.000005499 1.000002928 1.000023082 1.000031966
5 0.000016612 0.000008726 0.000021254 0.000097794
6 Ä0.999995287 Ä0.999990677 Ä0.999980230 Ä0.999895215
7 Ä1.999981126 Ä1.999990114 Ä1.999919674 Ä1.999888593
8 Ä2.999980076 Ä2.999989579 Ä2.999982508 Ä2.999975779
9 Ä3.999979064 Ä3.999989064 Ä3.999910703 Ä3.999876123
10 Ä4.999978085 Ä4.999988568 Ä4.999906425 Ä4.999870174

Table 4. The energy eigenvalues for different values of M in pseudospin symmetry limit: Cp = −5,
v0 = 0.1, v1 = 0.5, v2 = 0.4, v3 = −0.8, a = 0.04, b = 0.01, α = 0.01

M ,
fm−1

Enκ<0 Enκ>0

T = 0 T = 1 T = 0 T = 1
(2s1/2) (2s1/2) (1h9/2) (1h9/2)

2 Ä3.000058357 Ä3.000030375 Ä3.000182591 Ä3.000238945
3 Ä2.000051150 Ä2.000026946 Ä2.000159598 Ä2.000208803
4 Ä1.000046375 Ä1.000024614 Ä1.000144436 Ä1.000188936
5 0.000042760 Ä0.000022818 Ä0.000436653 Ä0.000173947
6 0.999960152 0.999978646 0.999876199 0.999386594
7 1.999847726 1.999979880 1.999883863 1.999348413
8 2.999964667 2.999980945 2.999476167 2.999311895
9 3.999966482 3.999981879 3.999449538 3.999864162
10 4.999825136 4.999982709 4.999901139 4.999242569

Table 5. The energy eigenvalues for different values of Cs. Spin symmetry: M = 5 fm−1, v0 = −0.1,
v1 = −0.5, v2 = −0.4, v3 = 0.8, a = 0.04, b = 0.01, α = 0.01

Cs

Enκ<0 Enκ>0

T = 0 T = 1 T = 0 T = 1
(0p3/2) (0p3/2) (0g7/2) (0g7/2)

Ä4 Ä8.999978571 Ä8.999988814 Ä8.999908549 Ä8.999873128
Ä2 Ä6.999979566 Ä6.999989319 Ä6.999912888 Ä6.999879161
0 Ä4.999995708 Ä4.999997711 Ä4.999917370 Ä4.999885391
2 Ä2.999981668 Ä2.999997568 Ä2.999922028 Ä2.999891865
4 Ä0.999982797 Ä0.999990970 Ä0.999979529 Ä0.999898656
6 1.000005268 1.000002806 1.000067880 1.000094113
8 3.000014679 3.000003068 3.000024201 3.000086220
10 5.000006456 5.000003434 5.000055658 5.000037571
12 7.000007697 7.000004088 7.000032381 7.000044854
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Table 6. The energy eigenvalues for different values of Cp. Pseudospin symmetry: M = 5 fm−1,
v0 = 0.1, v1 = 0.5, v2 = 0.4, v3 = −0.8, a = 0.04, b = 0.01, α = 0.01

Cp

Enκ<0 Enκ>0

T = 0 T = 1 T = 0 T = 1
(2s1/2) (2s1/2) (1h9/2) (1h9/2)

Ä12 Ä7.000064472 Ä7.000033190 Ä7.000202209 Ä7.000264674
Ä10 Ä5.000045288 Ä5.000028453 Ä5.000169593 Ä5.000221905
Ä8 Ä3.000048572 Ä3.000025693 Ä3.000385790 Ä3.000198065
Ä6 Ä1.000044460 Ä1.000023665 Ä1.000138368 Ä1.000551720
Ä4 0.999860385 0.999977947 0.999547791 0.999406468
Ä2 2.999851817 2.999979287 2.999880191 2.999367268
0 4.999843744 4.999980431 4.999893355 4.999329971
2 6.999836064 6.999981427 6.999600162 6.999294146
4 8.999828708 8.999982306 8.999436545 8.999259508

To show accuracy of the present model, some numerical values of energy eigenstates are
compared in Tables 1Ä6 for both spin and pseudospin symmetries with the NU method in
the presence and absence of the Coulomb-like tensor interaction, respectively. The cause
of a little difference in both conditions of spin and pseudospin symmetry limits with the
reference [30] is in the present work, the Pekeris approximation scheme has been used for
the centrifugal term in Eq. (15).

CONCLUSION

In this paper, approximate analytical solutions of the Dirac equation with the modiˇed
Hylleraas plus Eckart potentials including a tensor interaction are studied by taking the SUSY
method in the framework of spin and pseudospin symmetries. Clearly, degeneracy between
the members of doublet states in spin and pseudospin symmetries is vanished by a tensor
interaction. The obtained results for the modiˇed Eckart and the modiˇed deformed Hylleraas
potentials are compared with those obtained through the NU method.
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