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Ψ(x1, x2) = EΨ(x1, x2),

μ¶¨¸Ò¢ ÕÐ¥¥ ¤¢ÊÌ Éμ³´ÊÕ ¸¨¸É¥³Ê ¢ μ¶É¨Î¥¸±μ° ²μ¢ÊÏ±¥, £¤¥ x1, x2 ∈R, V (xi) =
V0 sin2 (kxxi) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö  Éμ³μ¢ ¸ ²μ¢ÊÏ±μ° ¨ gδ(x1 − x2) Å ¶μÉ¥´Í¨ ²
³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. � ´¥¥  ´ ²μ£¨Î´ Ö § ¤ Î  ·¥Ï ² ¸Ó  ´ ²¨É¨Î¥¸±¨ ¢ ¶·¨¡²¨¦¥´¨¨
£ ·³μ´¨Î¥¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö Vh(xi) = (1/2)mωx2

i ¸ ²μ¢ÊÏ±μ°, ¶·¨¢μ¤ÖÐ¥° ± · §¤¥²¥´¨Õ

¶¥·¥³¥´´ÒÌ Í¥´É·  ³ ¸¸ y =
x1 + x2√

2
¨ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö x =

x1 − x2√
2

. �´£ ·³μ´¨§³

²μ¢ÊÏ±¨ ´ ·ÊÏ ¥É É ±μ¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ, ¨ É¥³ ¸ ³Ò³ § ¤ Î  §´ Î¨É¥²Ó´μ Ê¸²μ¦´Ö¥É¸Ö.
‚ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì  ´£ ·³μ´¨§³ ²μ¢ÊÏ±¨ Va = V − Vh ÊÎ¨ÉÒ¢ ²¸Ö ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°.
‚ ´ Ï¥° · ¡μÉ¥ ¸¤¢¨£¨ Ê·μ¢´¥° ¤¢ÊÌ Éμ³´μ° ¸¨¸É¥³Ò ¢ÒÎ¨¸²¥´Ò ¢´¥ · ³μ± É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°
¤²Ö · §²¨Î´ÒÌ ¶ · ³¥É·μ¢ ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö g. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸· ¢´¨¢ ÕÉ¸Ö
¸ · ¸Î¥É ³¨, ¢Ò¶μ²´¥´´Ò³¨ ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°.

We numerically investigate the following two-body stationary Schréodinger equation:
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}
Ψ(x1, x2) = EΨ(x1, x2),

where x1, x2 ∈ R, the potential V (xi) = V0 sin2 (kxxi) describes an interaction of atoms with a trap
and gδ(x1 − x2) is the interatomic potential. Previously a similar problem has been solved analytically
for the harmonic interaction Vh(xi) = (1/2)mωx2

i with the trap that leads to the separation of the

center-of-mass y =
x1 + x2√

2
and the relative motion x =

x1 − x2√
2

coordinates. An anharmonicity of

the trap couples these motions and therefore the problem becomes signiˇcantly complicated. In previous
works the anharmonicity of the trap Va = V −Vh is taken into account in the framework of perturbation
theory. In this work energy level shifts of a two-body atomic system are calculated beyond perturbation
theory for various parameters of the interatomic interaction g. The obtained results are then compared
to those computed within perturbation theory.
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‚μ§³μ¦´μ¸ÉÓ μÌ² ¦¤¥´¨Ö  Éμ³μ¢ ¤μ μÎ¥´Ó ´¨§±¨Ì É¥³¶¥· ÉÊ· ¸¤¥² ²  ÔÉÊ μ¡² ¸ÉÓ
Ë¨§¨±¨ μ¤´μ° ¨§ ´ ¨¡μ²¥¥ ¨´É¥´¸¨¢´μ · §¢¨¢ ÕÐ¨Ì¸Ö ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö. ‚ Ê¸²μ¢¨ÖÌ
Ô±¸¶¥·¨³¥´É  ¸É ²μ ¤μ¸ÉÊ¶´Ò³ Ê¶· ¢²¥´¨¥ ³¥¦ Éμ³´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ¶· ±É¨Î¥¸±¨
¢ ²Õ¡ÒÌ ¤¨ ¶ §μ´ Ì §´ Î¥´¨° ±μ´¸É ´ÉÒ ¸¢Ö§¨,   É ±¦¥ ¸μ§¤ ´¨¥ μ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ¥±
¸ § ¤ ´´Ò³ Î¨¸²μ³ ¶²¥´¥´´ÒÌ ¢ ´¨Ì  Éμ³μ¢, ´ Ìμ¤ÖÐ¨Ì¸Ö ¢ μ¶·¥¤¥²¥´´ÒÌ ¸¶¨´μ¢ÒÌ
¸μ¸ÉμÖ´¨ÖÌ [1, 2]. ‚¸¥ ÔÉμ ¶μ§¢μ²Ö¥É ³μ¤¥²¨·μ¢ ÉÓ É ±¨¥ Ö¢²¥´¨Ö, ± ± ¸¢¥·ÌÉ¥±ÊÎ¥¸ÉÓ
¨ £ § ’μ´±¸ Ä†¨· ·¤μ; ¸μ§¤ ¢ ÉÓ ±·¨¸É ²²¨Î¥¸±¨¥ ¸É·Ê±ÉÊ·Ò ¸ § ¤ ´´Ò³ Î¨¸²μ³ ¨ É¨-
¶μ³  Éμ³μ¢, ´¥ ¸μ¤¥·¦ Ð¨Ì ¶μ¸Éμ·μ´´¨Ì ¶·¨³¥¸¥°; ³μ¤¥²¨·μ¢ ÉÓ Ô²¥³¥´ÉÒ ±¢ ´Éμ¢μ£μ
±μ³¶ÓÕÉ¥·  [1,2].

’¨¶ £¥μ³¥É·¨¨ μ¶É¨Î¥¸±μ° ²μ¢ÊÏ±¨ μ¶·¥¤¥²Ö¥É ±² ¸¸ ¨¸¸²¥¤Ê¥³ÒÌ ³μ¤¥²¥°. �¶É¨Î¥-
¸± Ö ²μ¢ÊÏ±  ¸μ§¤ ¥É¸Ö · §²¨Î´Ò³ Î¨¸²μ³ ¶ÊÎ±μ¢ ² §¥·μ¢, ¶·¨Î¥³, ¢ ·Ó¨·ÊÖ ± ± Î¨¸²μ
¶ÊÎ±μ¢, É ± ¨ ¨Ì ¢§ ¨³´ÊÕ μ·¨¥´É Í¨Õ, ³μ¦´μ ¸μ§¤ ¢ ÉÓ ¢¥¸Ó³  Ï¨·μ±¨° ¢Ò¡μ· ²μ¢ÊÏ¥±
· §²¨Î´μ° Ëμ·³Ò. � ¨¡μ²¥¥ · ¸¶·μ¸É· ´¥´´Ò³¨ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö Ö¢²ÖÕÉ¸Ö ²μ¢ÊÏ±¨
¸ ±¢ §¨μ¤´μ³¥·´μ° ¨ ±¢ §¨¤¢Ê³¥·´μ° £¥μ³¥É·¨¥° [3], ¢ ±μÉμ·ÒÌ ¤¢¨¦¥´¨¥  Éμ³μ¢ Éμ²Ó±μ
¶μ μ¤´μ° ¨²¨ ¤¢Ê³ ¶¥·¥³¥´´Ò³ Ö¢²Ö¥É¸Ö ¸¢μ¡μ¤´Ò³. �Éμ μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸ÉÓ ¨¸¸²¥-
¤μ¢ ´¨Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¶μ´¨¦¥´´μ° · §³¥·´μ¸É¨.

‚ ¨§¢¥¸É´μ° · ¡μÉ¥ [4] ¶μ μ¶¨¸ ´¨Õ ¸¶¥±É·   Éμ³μ¢ ¢ μ¶É¨Î¥¸±μ° ²μ¢ÊÏ±¥ ¥¥ Ëμ·³ 
 ¶¶·μ±¸¨³¨·μ¢ ² ¸Ó ¶ · ¡μ²¨Î¥¸±μ° ËÊ´±Í¨¥°. ’ ±μ¥ £ ·³μ´¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö
¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ μ± §Ò¢ ¥É¸Ö μ¶· ¢¤ ´´Ò³, ÎÉμ Î ¸Éμ ¶μ§¢μ²Ö¥É
·¥Ï ÉÓ § ¤ ÎÊ  ´ ²¨É¨Î¥¸±¨ [4,5].

‚ ´¥¤ ¢´¥³ Ô±¸¶¥·¨³¥´É¥ [3] ¡Ò²¨ μ¡´ ·Ê¦¥´Ò ·¥§μ´ ´¸Ò, ¨¸¸²¥¤μ¢ ´¨¥ ±μÉμ·ÒÌ
¶μÉ·¥¡μ¢ ²μ ¢ÒÌμ¤  §  · ³±¨ £ ·³μ´¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö. — ¸É¨Î´μ¥ μ¡ÑÖ¸´¥´¨¥ ·¥-
§Ê²ÓÉ Éμ¢ ÔÉμ£μ Ô±¸¶¥·¨³¥´É  Ê¤ ²μ¸Ó ¶μ²ÊÎ¨ÉÓ ¸ ¶μ³μÐÓÕ ÊÎ¥É  É ± ´ §Ò¢ ¥³ÒÌ  ´-
£ ·³μ´¨Î¥¸±¨Ì ¶μ¶· ¢μ± ± £ ·³μ´¨Î¥¸±μ°  ¶¶·μ±¸¨³ Í¨¨ ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ [6, 7].
“Î¥É  ´£ ·³μ´¨Î¥¸±¨Ì ¶μ¶· ¢μ± ¢ [6, 7] ¡Ò² ¢Ò¶μ²´¥´ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨°. ‘²μ¦´μ¸ÉÓ · ¸Î¥É  ¸¶¥±É·  ¢ ¸²ÊÎ ¥  ´£ ·³μ´¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  ¸μ¸Éμ¨É ¢
Éμ³, ÎÉμ ¶¥·¥³¥´´Ò¥ ¤¢¨¦¥´¨Ö Í¥´É·  ³ ¸¸ ¨ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö Ê¦¥ ´¥ · §-
¤¥²ÖÕÉ¸Ö ¨ ¶μ´¨§¨ÉÓ · §³¥·´μ¸ÉÓ Ê· ¢´¥´¨Ö, ± ± ¢ ¸²ÊÎ ¥ £ ·³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¨,
´¥ Ê¤ ¥É¸Ö.

‚ ¤ ´´μ° · ¡μÉ¥ Î¨¸²¥´´μ ¨¸¸²¥¤Ê¥É¸Ö ¤¢ÊÌÎ ¸É¨Î´ Ö ±¢ ´Éμ¢ Ö ¸¨¸É¥³  μ¤´μ³¥·´μ°
 ´£ ·³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¨. �´£ ·³μ´¨Î¥¸±¨¥ ¶μ¶· ¢±¨ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¢´¥ · ³μ± É¥μ·¨¨
¢μ§³ÊÐ¥´¨° ¢ μÉ¸ÊÉ¸É¢¨¥ · §¤¥²¥´¨Ö ¤¢¨¦¥´¨Ö Í¥´É·  ³ ¸¸ ¨ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö.
’ ±¦¥ ¢ÒÎ¨¸²¥´ ¸¶¥±É· ¤²Ö ÉμÎ´μ£μ ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨, ±μÉμ·Ò° ¢ μ¤´μ³¥·´μ³ ¸²Ê-

Î ¥ ¨³¥¥É ¢¨¤ V (x) = V0 sin2

(
2π

λx
x

)
. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸· ¢´¨¢ ÕÉ¸Ö ¸ ¶¥·¢Ò³

¶μ·Ö¤±μ³ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤²Ö μÍ¥´±¨ ¥¥ ¶·¨³¥´¨³μ¸É¨.

‘É ÉÓÖ ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 μ¡¸Ê¦¤ ¥É¸Ö ¶μ¸É ´μ¢±  § ¤ Î¨,  
É ±¦¥ ³¥Éμ¤Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸  ´£ ·³μ´¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ Å Î¨¸-
²¥´´Ò° ³¥Éμ¤ ¨ ¶μ¸É·μ¥´¨¥ ·Ö¤  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¶μ  ´£ ·³μ´¨Î¥¸±μ° ¶μ¶· ¢±¥.
‚ · §¤. 2 ¶·¥¤¸É ¢²¥´μ Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸  ´£ ·-
³μ´¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ ²μ¢ÊÏ±¨,   É ±¦¥ ¶·¨¢μ¤¨É¸Ö ¸· ¢´¥´¨¥ ¸ ¶¥·¢Ò³ ¶μ·Ö¤±μ³
É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. ‚ § ±²ÕÎ¥´¨¨ μ¡¸Ê¦¤ ÕÉ¸Ö ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.
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� ¸¸³μÉ·¨³ μ¤´μ³¥·´Ò° ¸²ÊÎ ° ¤¢ÊÌÎ ¸É¨Î´μ£μ £ ³¨²ÓÉμ´¨ ´ :

H = − �
2

2m

∂2

∂x2
1

− �
2

2m

∂2

∂x2
2

+ V (x1) + V (x2) + gδ(x1 − x2), (1.1)

£¤¥ x1, x2 ∈ R, V (xi) = V0 sin2

(
2π

λx
xi

)
, i = 1, 2, Å ÉμÎ´Ò° ¶μÉ¥´Í¨ ² μ¶É¨Î¥¸±μ°

²μ¢ÊÏ±¨,   gδ(x1−x2) ¨³¥¥É ¸³Ò¸² ¶μÉ¥´Í¨ ²  ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. Šμ´¸É ´É 
¸¢Ö§¨ g = −2/a ¨³¥¥É ¶·μ¸ÉÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ μ¤´μ³¥·´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö a. 	Ê¤¥³
¨¸± ÉÓ Éμ²Ó±μ ¸¨³³¥É·¨Î´Ò¥ ·¥Ï¥´¨Ö § ¤ Î¨ μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò x1 � ± x2.

�·¥¤¸É ¢¨³ ¶μÉ¥´Í¨ ² ²μ¢ÊÏ±¨ ¸ ÊÎ¥Éμ³ ¶¥·¢μ£μ ´¥¨¸Î¥§ ÕÐ¥£μ  ´£ ·³μ´¨Î¥¸±μ£μ
Î²¥´  [7]:

Vacir(x) = ω�

(
1
2

x2

�2
+ α

x4

�4

)
, (1.2)

£¤¥

� =

√
�

mω
, α = − 8π2

�

12λ2
xmω

, ω =
2π

λx

√
2|V0|
m

(1.3)

¨ α Å ¶ · ³¥É·  ´£ ·³μ´¨§³  ²μ¢ÊÏ±¨. ‘ ÊÎ¥Éμ³ ¢¢¥¤¥´´ÒÌ ¶ · ³¥É·μ¢ α ¨ ω ¶¥·¥¶¨-
Ï¥³ ÉμÎ´Ò° ¶μÉ¥´Í¨ ² ²μ¢ÊÏ±¨ ¢ ¢¨¤¥

V (x) = V0 sin2

(
2π

λx
x

)
= − ω�

12α
sin2

(√
−6α

x

�

)
. (1.4)

�¥·¥°¤¥³ ± ¶¥·¥³¥´´Ò³ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ¨ ¤¢¨¦¥´¨Ö Í¥´É·  ³ ¸¸, ¸μÌ· -
´ÖÕÐ¨³ ±¨´¥É¨Î¥¸±ÊÕ Î ¸ÉÓ ¢ £ ³¨²ÓÉμ´¨ ´¥ ¸¨³³¥É·¨Î´μ° [4]:⎧⎪⎪⎨⎪⎪⎩

y =
x1 + x2√

2
,

x =
x1 − x2√

2
.

(1.5)

‡ ¤ ÎÊ ¡Ê¤¥³ ·¥Ï ÉÓ ¢ ¥¤¨´¨Í Ì, ¢ ±μÉμ·ÒÌ ¥¤¨´¨ÍÒ ¤²¨´Ò ¨ Ô´¥·£¨¨ § ¤ ÕÉ¸Ö ± ±

� =

√
�

mω
¨ �ω. ‚ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ £ ³¨²ÓÉμ´¨ ´ (1.1) ¢Ò£²Ö¤¨É É ±:

H = −1
2

∂2

∂x2
− 1

2
∂2

∂y2
+ W (x, y) +

g√
2
δ(x). (1.6)

‚ ¸²ÊÎ ¥ ÊÎ¥É  ²¨ÏÓ ¶¥·¢μ£μ ´¥¨¸Î¥§ ÕÐ¥£μ  ´£ ·³μ´¨Î¥¸±μ£μ Î²¥´  ¶μÉ¥´Í¨ ² W (x, y)
¨³¥¥É ¢¨¤

V(x, y) =
1
2
[y2 + x2 + α(x4 + y4 + 6x2y2)], (1.7)

  ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μ´ · ¢¥´

W(x, y) = − 1
12α

[sin2 (
√
−3α(y − x)) + sin2 (

√
−3α(y + x))]. (1.8)
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1.1. —¨¸²¥´´Ò° ³¥Éμ¤. � ¸¸³μÉ·¨³ Ëμ·³Ê ¶μÉ¥´Í¨ ²μ¢ (1.7) ¨ (1.8) ¶·¨ α =
−0,03025 1 (·¨¸. 1).

�¡  ¶μÉ¥´Í¨ ²  ¨³¥ÕÉ ±μ´¥Î´ÊÕ ¢Ò¸μÉÊ ¡ ·Ó¥· , ÎÉμ ¶·¨¢μ¤¨É ± ÊÏ¨·¥´¨Õ Ê·μ¢´¥°
Ô´¥·£¨¨. �ÉμÉ ÔËË¥±É ´ ³¨ ´¥ · ¸¸³ É·¨¢ ¥É¸Ö. „²Ö ÔÉμ£μ ¢ ³ ±¸¨³Ê³¥ ¶μÉ¥´Í¨ ²Ó´μ£μ
¡ ·Ó¥·  ¸É ¢¨É¸Ö ¡¥¸±μ´¥Î´ Ö ´¥¶·μ´¨Í ¥³ Ö ¸É¥´± . �·¨ ÔÉμ³ ¤²Ö · §²¨Î´ÒÌ α ¶μ²μ-
¦¥´¨¥ ¸É¥´±¨ ¢ ·Ó¨·Ê¥É¸Ö. �¡² ¸ÉÓ, ¢ ±μÉμ·μ° ¸μ¸·¥¤μÉμÎ¥´ ¶μÉ¥´Í¨ ², ¤²Ö ¶·μ¸ÉμÉÒ
¢Ò¡¨· ¥³ ¢ ¢¨¤¥ ±·Ê£  · ¤¨Ê¸  r.

�  ·¨¸. 2 ¨²²Õ¸É·¨·Ê¥É¸Ö ¨§³¥´¥´¨¥ ¶μÉ¥´Í¨ ²  (1.7) ¶·¨ ¨§³¥´¥´¨¨ £· ´¨ÍÒ
x2 + y2 < r2 ¤²Ö α = −0,03025.

�¨¸. 1. ƒ· Ë¨±¨ ¶μÉ¥´Í¨ ²μ¢ (1.7) ¨ (1.8)

�¨¸. 2. �μÉ¥´Í¨ ² V(x, y), § ¤ ´´Ò° ¢ μ¡² ¸É¨ x2 + y2 < r2. ‡¤¥¸Ó ¶·¥¤¸É ¢²¥´Ò É·¨ ¸²ÊÎ Ö:
r = 2,7, 3,5, 4,5

�¶É¨Î¥¸± Ö ²μ¢ÊÏ± , ± ± ¶· ¢¨²μ, ¸μ¤¥·¦¨É ´¥¸±μ²Ó±μ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³, μ¤´ ±μ
´ Ï¥° Í¥²ÓÕ Ö¢²Ö¥É¸Ö ¢ÒÎ¨¸²¥´¨¥ ¸É Í¨μ´ ·´ÒÌ Ê·μ¢´¥° ¢ ¶·¥¤¥² Ì μ¤´μ° Ö³Ò. ˆ§ £· -
Ë¨±μ¢ ´  ·¨¸. 2 ¢¨¤´μ, ÎÉμ ¶·¨ §´ Î¥´¨ÖÌ r, ¶·¥¢ÒÏ ÕÐ¨Ì r = 2,7, ¶μÉ¥´Í¨ ² ´ Î¨´ ¥É

1�Éμ §´ Î¥´¨¥ · ¢´μ §´ Î¥´¨Õ α ¨§ Ô±¸¶¥·¨³¥´É  [3], μ¤´ ±μ ¶·¨³¥´¥´μ ± ´ Ï¥³Ê ¸²ÊÎ Õ μ¤´μ³¥·´μ°
£¥μ³¥É·¨¨.
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�¨¸. 3. �μÉ¥´Í¨ ² ¸μ ¸É¥´±μ° Vnum(x, y) 1, ¨¸¶μ²Ó§Ê¥³Ò° ¶·¨ Î¨¸²¥´´μ³ · ¸Î¥É¥ ¸¶¥±É·  £ ³¨²Ó-
Éμ´¨ ´  (1.6)

Ê³¥´ÓÏ ÉÓ¸Ö, ÎÉμ μÉ¢¥Î ¥É § ¤ ´¨Õ ´¥¶·μ´¨Í ¥³μ° ¸É¥´±¨ ¢ ³ ±¸¨³Ê³¥ ¶μÉ¥´Í¨ ²Ó´μ£μ
¡ ·Ó¥· . ‘ § ¤ ´´μ° É ±¨³ μ¡· §μ³ ¸É¥´±μ° ¶μÉ¥´Í¨ ² ¶·¨ r = 2,7 ¨ α = −0,03025
¶·¨¢¥¤¥´ ´  ·¨¸. 3.

’ ±, ¢ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ¢³¥¸Éμ ¶μÉ¥´Í¨ ²  (1.7) ³Ò ¨³¥¥³ ¤¥²μ ¸ ¶μÉ¥´Í¨ ²μ³

Vnum(x, y) =

{
V(x, y), x2 + y2 < r2,

1010, x2 + y2 � r2.
(1.9)

’μ ¦¥ ¤²Ö ¶μÉ¥´Í¨ ²  (1.8), ±μÉμ·Ò° ³Ò μ¡μ§´ Î¨³ Wnum(x, y). �¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò
¢ É ¡²¨Í¥.

ƒ· ´¨ÍÒ ¶μÉ¥´Í¨ ²μ¢ Vnum(x, y) ¨ Wnum(x, y)

α
r

Vnum(x, y) Wnum(x, y)

−0,03025 2,7 3,3
−0,06 2 2,4

�¶¨Ï¥³ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸Ì¥³Ê ¤²Ö ·¥Ï¥´¨Ö ¤¢Ê³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· :{
−1

2
∂2

∂x2
− 1

2
∂2

∂y2
+ W (x, y) +

g√
2
δ(x)

}
ψ(x, y) = Eψ(x, y). (1.10)

ŒÒ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ±μ´¥Î´μ-· §´μ¸É´ÊÕ  ¶¶·μ±¸¨³ Í¨Õ ¶·μ¨§¢μ¤´ÒÌ, ¢Ìμ¤ÖÐ¨Ì
¢ Ê· ¢´¥´¨¥ (1.10), ¶·¨Î¥³ ¤²Ö ¶¥·¥³¥´´μ° y  ¶¶·μ±¸¨³ Í¨Ö ¡Ê¤¥É Ï¥¸Éμ£μ ¶μ·Ö¤± 

1�¥·μ¢´μ¸É¨ ´  ±· Õ ¶μÉ¥´Í¨ ²  ´  ·¨¸. ¡ μ¡Ê¸²μ¢²¥´Ò É¥³, ÎÉμ μÉμ¡· ¦¥´μ μÉ´μ¸¨É¥²Ó´μ ´¥¡μ²ÓÏμ¥ Î¨¸²μ
ÉμÎ¥±.
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ÉμÎ´μ¸É¨,   ¤²Ö x Å ¢Éμ·μ£μ. ‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨¥ (1.10) ¶·¨´¨³ ¥É ¢¨¤

− 1
2h2

ψ̂(x−h)+

(
−1

2
D̂y + Ŵ (x) +

gÎ√
2
δ(x) +

Î

h2

)
ψ̂(x)− 1

2h2
ψ̂(x+h) = Eψ̂(x). (1.11)

‡¤¥¸Ó

D̂y =
1

180h2
y

⎛⎜⎜⎜⎜⎜⎝
−490 270 −27 2 0 0 . . . 0 0
270 −490 270 −27 2 0 . . . 0 0
−27 270 −490 270 −27 2 . . . 0 0

...
...

...
...

...
...

. . .
...

...
0 0 0 0 0 0 . . . 270 −490

⎞⎟⎟⎟⎟⎟⎠ (1.12)

Å ³ É·¨Í , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¸¥³¨ÉμÎ¥Î´μ°  ¶¶·μ±¸¨³ Í¨¨ ¶·μ¨§¢μ¤´μ° ¢Éμ·μ£μ ¶μ-
·Ö¤±  ¶μ y;

ψ̂(x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

ψ(x, y1)
ψ(x, y2)
ψ(x, y3)

...
ψ(x, yNy−1)
ψ(x, yNy)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
; (1.13)

Ŵ (x) =

⎛⎜⎜⎜⎜⎜⎝
W (x, y1) 0 0 . . . 0

0 W (x, y2) 0 . . . 0
0 0 W (x, y3) . . . 0
...

...
...

. . .
...

0 0 0 . . . W (x, yNy)

⎞⎟⎟⎟⎟⎟⎠ ; (1.14)

h Å Ï £ ¶μ ±μμ·¤¨´ É¥ x; hy Å Ï £ ¶μ ±μμ·¤¨´ É¥ y; Ny Å Î¨¸²μ ÉμÎ¥± ¸¥É±¨ ¶μ

¶¥·¥³¥´´μ° y; Î Å ¥¤¨´¨Î´ Ö ³ É·¨Í .

�Í¥´±  ÉμÎ´μ¸É¨ Î¨¸²¥´´μ£μ · ¸Î¥É , ¸¢Ö§ ´´μ£μ ¸ ¢¥²¨Î¨´μ° Ï £  h ¨ hy, ¤ ¥É
¶μ£·¥Ï´μ¸É¨, · ¢´Ò¥ ¤μ²Ö³ ¶·μÍ¥´É , ÎÉμ ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ ¤²Ö ´ Ï¨Ì · ¸Î¥Éμ¢.

„²Ö ÊÎ¥É  ¢±² ¤  μÉ ¤¥²ÓÉ -ËÊ´±Í¨¨ ¶·μ¨´É¥£·¨·Ê¥³ Ê· ¢´¥´¨¥ (1.10)1 ¶μ ¶¥·¥³¥´-
´μ° x μÉ −h/2 ¤μ h/2 ¨ ¶μ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ¶·¥μ¡· §Ê¥³ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò
ÉμÎ´μ¸ÉÓ ¶·μ¨§¢μ¤´ÒÌ ¶μ x ¡Ò²  ¶μ·Ö¤±  h2. �¶Ê¸± Ö ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨°, ³Ò ¶μ²ÊÎ¨³
±· ¥¢μ¥ Ê¸²μ¢¨¥ ¢ ÉμÎ±¥ x = 0 ¢ ¢¨¤¥

Ĉψ̂(−h) + B̂ψ̂(0) + Ĉψ̂(h) = E
h

12
ψ̂(−h) + E

5h

12
ψ̂(0) + E

h

12
ψ̂(h), (1.15)

1ˆ¤¥Ö É ±μ£μ ÊÎ¥É  ¤¥²ÓÉ -ËÊ´±Í¨¨ ¢ Î¨¸²¥´´μ° ¸Ì¥³¥ ¶·¥¤²μ¦¥´  ‘.ˆ. ‚¨´¨Í±¨³ ¨ ‚. ˆ.Šμ·μ¡μ¢Ò³.
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£¤¥

Ĉ = − Î

2h
− h

24
D̂y +

h · Ŵ (h/2)
12

, (1.16)

B̂ =
Î

h
− 5h

12
D̂y +

h

6
(Ŵ (h/2) + 4Ŵ (0)) +

gÎ√
2
. (1.17)

‚μ ¢¸¥° μ¸É ²Ó´μ° μ¡² ¸É¨ ³Ò ¨³¥¥³ Ê· ¢´¥´¨¥

− 1
2h2

ψ̂(x − h) +

(
−1

2
D̂y + Ŵ (x) +

Î

h2

)
ψ̂(x) − 1

2h2
ψ̂(x + h) = Eψ̂(x). (1.18)

’ ±¨³ μ¡· §μ³, (1.15) ¨ (1.18) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ³ É·¨Î´μ¥ Ê· ¢´¥´¨¥ ´  ¸μ¡¸É¢¥´-
´Ò¥ §´ Î¥´¨Ö:

Aψ̂ = EBψ̂, (1.19)

£¤¥ (¤²Ö ´ £²Ö¤´μ¸É¨ ¶·¨¢¥¤¥³ ³ É·¨ÍÒ ¤²Ö ¸¥É±¨ · §³¥·´μ¸ÉÓÕ 5 × 5):

A =

⎛⎜⎜⎜⎜⎜⎝
B̂(x1) Ĉ 0 0 0

Ĉ B̂(x2) Ĉ 0 0
0 Ĉ B̂ Ĉ 0
0 0 Ĉ B̂(x4) Ĉ

0 0 0 Ĉ B̂(x5)

⎞⎟⎟⎟⎟⎟⎠ ,

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Î 0 0 0 0
0 Î 0 0 0

0
h

12
Î

5h

12
Î

h

12
Î 0

0 0 0 Î 0
0 0 0 0 Î

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, ϕ̂ =

⎛⎜⎜⎜⎜⎝
ϕ̂1

ϕ̂2

ϕ̂3

ϕ̂4

ϕ̂5

⎞⎟⎟⎟⎟⎠ .

‡¤¥¸Ó

B̂(xi) = −1
2
D̂y + Ŵ (xi) +

Î

h2
, (1.20)

Ĉ = − Î

2h2
, (1.21)

· §³¥·´μ¸É¨ ± ¦¤μ° ¨§ ³ É·¨Í ®¸ Ï ¶±μ°¯ μ¶·¥¤¥²ÖÕÉ¸Ö Î¨¸²μ³ ÉμÎ¥± ¸¥É±¨ ¶μ ¶¥·¥-
³¥´´μ° y, ± ± ¢ (1.13) ¨ (1.14).

‡ ¤ Î  (1.19) ·¥Ï ² ¸Ó ³¥Éμ¤μ³ μ¡· É´μ° ¨É¥· Í¨¨. ‘Ì¥³  ·¥Ï¥´¨Ö ¢Ò£²Ö¤¨É ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³: ⎧⎪⎨⎪⎩

(A − E0B)ϕ̂(k) = Bϕ̂(k−1),

E = E0 +
1

(ϕ̂(k), ϕ̂(k−1))
,

k = 1, kmax, (1.22)

ψ̂(x) = ϕ̂(kmax), (1.23)
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£¤¥ E0 Å ´ Î ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ Ô´¥·£¨¨ Ê·μ¢´Ö; ϕ̂(0) Å ´ Î ²Ó´Ò° ¢¥±Éμ·,   ¢ÒÎ¨¸²Ö¥-
³Ò° ¢¥±Éμ· ϕ̂(k) ´μ·³¨·Ê¥É¸Ö ´  ± ¦¤μ° ¨É¥· Í¨¨.

ˆ¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψ̂(x) Ê· ¢´¥´¨Ö (1.11) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ô´¥·£¨Ö Ê·μ¢-
´Ö E ´ Ìμ¤ÖÉ¸Ö ¢ ±μ´Í¥ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  kmax.

1.2. ’¥μ·¨Ö ¢μ§³ÊÐ¥´¨°. ‚ÒÎ¨¸²¨³ É ±¦¥ ¶¥·¢Ò° ¶μ·Ö¤μ± É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤²Ö
Ê· ¢´¥´¨Ö (1.10) ¸ ¶μÉ¥´Í¨ ²μ³ (1.7). ‚ ± Î¥¸É¢¥ ¢μ§³ÊÐ¥´¨Ö ¢μ§Ó³¥³ ¶μÉ¥´Í¨ ²

HI =
α

2
(x4 + y4 + 6x2y2), (1.24)

  ´¥¢μ§³ÊÐ¥´´Ò° £ ³¨²ÓÉμ´¨ ´ ¨³¥¥É ¢¨¤

H0 = −1
2

∂2

∂x2
− 1

2
∂2

∂y2
+

g√
2
δ(x) +

1
2
(y2 + x2). (1.25)

‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

(H0 + HI)ψ(x, y) = Eψ(x, y). (1.26)

‚Ò¤¥²¥´´Ò° É ±¨³ μ¡· §μ³ ´¥¢μ§³ÊÐ¥´´Ò° £ ³¨²ÓÉμ´¨ ´ H0 ¤μ¶Ê¸± ¥É · §¤¥²¥´¨¥
¶¥·¥³¥´´ÒÌ, ¨ Ê· ¢´¥´¨¥

H0ψ
(0)
nN (x, y) = E

(0)
nNψ

(0)
nN (x, y) (1.27)

·¥Ï ¥É¸Ö  ´ ²¨É¨Î¥¸±¨. “· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö(
−1

2
∂2

∂x2
+

1
2
x2 +

g√
2
δ(x)

)
χn(x) = εnχn(x) (1.28)

¨³¥¥É ·¥Ï¥´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¢ · ¡μÉ Ì [4, 8]. ‘μ¡¸É¢¥´´Ò¥ Ô´¥·£¨¨ εn ´ Ìμ¤ÖÉ¸Ö ¶·¨
·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö

2
Γ

(
−εn

2
+

3
4

)
Γ

(
−εn

2
+

1
4

) +
g√
2

= 0, (1.29)

  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¨³¥ÕÉ ¢¨¤

χn(x) = Nn e−x2/2U

(
1
4
− εn

2
,
1
2
, x2

)
, n = 0, 2, 4 . . . , (1.30)

£¤¥ U(a, b, z) Å ËÊ´±Í¨¨ ŠÊ³³¥· ,   Nn Å ´μ·³¨·μ¢μÎ´ Ö ±μ´¸É ´É . “· ¢´¥´¨¥, μ¶¨-
¸Ò¢ ÕÐ¥¥ ¤¢¨¦¥´¨¥ Í¥´É·  ³ ¸¸,(

−1
2

∂2

∂y2
+

1
2
y2

)
ϕN (y) = ENϕN (y) (1.31)

¨³¥¥É ¸É ´¤ ·É´Ò¥ ·¥Ï¥´¨Ö ¤²Ö μ¤´μ³¥·´μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· : EN =
N + (1/2).



1060 ˆÏ³ÊÌ ³¥¤μ¢ ˆ.‘., �§´ ¡ ¥¢ „. ’., † Ê£ Ï¥¢  ‘. �.

’¥¶¥·Ó, ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ Ô´¥·£¨Õ ¸ ÊÎ¥Éμ³ ¶¥·¢μ£μ ¶μ·Ö¤±  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°,
¨¸¶μ²Ó§Ê¥³ Ëμ·³Ê²Ê

EnN = εn+EN +〈n, N |HI |n, N〉 = εn+EN +

∞∫
−∞

dx

∞∫
−∞

dy χ2
n(x)ϕ2

N (y)
α

2
(x4+y4+6x2y2).

(1.32)
�¶Ê¸± Ö ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨°, ¤²Ö ¸μ¸ÉμÖ´¨° c N = 0 ¶μ²ÊÎ ¥³

En0 =
1
2

+ εn +
α

2

∞∫
−∞

dxχ2
n(x)x2(3 + x2) +

3α

8
. (1.33)

„²Ö ¸μ¸ÉμÖ´¨° ¸ N = 2 ¨³¥¥³

En2 =
5
2

+ εn +
α

2

∞∫
−∞

dxχ2
n(x)x2(15 + x2) +

39α

8
. (1.34)

2. �	‘“†„…�ˆ… �…‡“‹œ’�’�‚

2.1. �¤´μ³¥·´ Ö § ¤ Î . ‘´ Î ²  ¨¸¸²¥¤Ê¥³ ¸¶¥±É· ¡μ²¥¥ ¶·μ¸Éμ£μ (μ¤´μ³¥·´μ£μ)
£ ³¨²ÓÉμ´¨ ´ 

H = −1
2

d2

dx2
+

1
2
x2 + λx4 + κδ(x) (2.1)

¶μ ¸Ì¥³¥, ¨§²μ¦¥´´μ° ¢ÒÏ¥. ‡¤¥¸Ó x ∈ R,   λ ¨ κ Å ´¥±μÉμ·Ò¥ ¶ · ³¥É·Ò; ¢ ÉμÎ±¥

³ ±¸¨³Ê³  xmax = ± 1
2
√
|λ|

¶μÉ¥´Í¨ ²Ó´μ£μ ¡ ·Ó¥· 
1
2
x2 + λx4 ¶·¨ λ < 0 ¸É ¢¨É¸Ö

¡¥¸±μ´¥Î´ Ö ¸É¥´± .
Š ± ¨ ¢ ¤¢Ê³¥·´μ³ ¸²ÊÎ ¥ (¸³. ´¨¦¥), μÍ¥´¨³ ¶¥·¢Ò° ¶μ·Ö¤μ± É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

¤²Ö § ¤ Î¨ (2.1). ‡¤¥¸Ó ¶μ¶· ¢±  ± Ô´¥·£¨¨ ¨³¥¥É ¡μ²¥¥ ¶·μ¸Éμ° ¢¨¤ ¨ Ô´¥·£¨Ö ¢ ¶¥·¢μ³
¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° μ¶·¥¤¥²Ö¥É¸Ö ± ±

Eth = εn + λ〈n|x4|n〉 = εn + λ

∞∫
−∞

dxχ2
n(x)x4, (2.2)

£¤¥ εn ¨ χn(x) μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ (1.29) ¨ (1.30), £¤¥ ¢ (1.29) ´Ê¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶ · ³¥É· κ
¢³¥¸Éμ ¶ · ³¥É·  g/

√
2.

‚ Ô±¸¶¥·¨³¥´É¥ [2] ¡Ò²  ·¥ ²¨§μ¢ ´  ±¢ §¨μ¤´μ³¥·´ Ö £¥μ³¥É·¨Ö, £¤¥ É ±¦¥ μÍ¥-
´¨¢ ² ¸Ó Ëμ·³Ê²  ¨§ · ¡μÉÒ [4]. ˆ¸¸²¥¤μ¢ ´¨¥ ¢ [2] ¶·μ¢μ¤¨²μ¸Ó ¢ μ¡² ¸É¨ §´ Î¥´¨°
−0,4 � −1/κ � 0,4 ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ ¶¥·¢μ£μ Î¥É´μ£μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö
n = 2. Š ·¥Ï¥´¨Ö³ ¤²Ö ÔÉ¨Ì ¸μ¸ÉμÖ´¨° ³Ò ¤μ¡ ¢¨²¨ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¢Éμ·μ£μ Î¥É´μ£μ
¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö n = 4. �¡² ¸ÉÓ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° −1/κ ¸μμÉ¢¥É¸É¢Ê¥É
¸μ¸ÉμÖ´¨Ö³ n = 0 ¨ n = 2,   μ¡² ¸ÉÓ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° −1/κ Å ¸μ¸ÉμÖ´¨Ö³
n = 2 ¨ n = 4. �¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 4.

�·¨ λ = ±0,025, ¤²Ö ´¨§Ï¨Ì ¸μ¸ÉμÖ´¨°, μ¡´ ·Ê¦¨¢ ¥É¸Ö Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ Î¨¸²¥´-
´μ£μ ·¥Ï¥´¨Ö ¨ ·¥Ï¥´¨Ö, ¶μ²ÊÎ¥´´μ£μ ³¥Éμ¤μ³ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. �·¨ λ = −0,05
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�¨¸. 4 (Í¢¥É´μ° ¢ Ô²¥±É·μ´´μ° ¢¥·¸¨¨). �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· £ ³¨²ÓÉμ´¨ ´  (2.1). ‘¶²μÏ´Ò¥
²¨´¨¨ μÉ´μ¸ÖÉ¸Ö ± Î¨¸²¥´´μ³Ê · ¸Î¥ÉÊ ¸¶¥±É· , ÏÉ·¨Ìμ¢Ò¥ Å ± · ¸Î¥ÉÊ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

¶μ Ëμ·³Ê²¥ (2.2). ‘¨´¨¥ ±·¨¢Ò¥ (1) μÉ´μ¸ÖÉ¸Ö ± λ > 0, ±· ¸´Ò¥ (2) Å ± λ < 0. ‹¨´¨Ö ¸

´ §¢ ´¨¥³ ®¡ ·Ó¥·¯ Ê± §Ò¢ ¥É £· ´¨ÍÊ Ô´¥·£¨¨, ¢ÒÏ¥ ±μÉμ·μ° Ô´¥·£¨Ö Ê·μ¢´Ö ´ Î¨´ ¥É ¶·¥¢ÒÏ ÉÓ
¶μÉ¥´Í¨ ²Ó´Ò° ¡ ·Ó¥· (1/2)x2 + λx4

§´ Î¨É¥²Ó´μ¥ μÉ±²μ´¥´¨¥ ¤¢ÊÌ ·¥Ï¥´¨° (±·¨¢ Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¶· ±É¨Î¥¸±¨ ¸²¨-
¢ ¥É¸Ö ¸ ·¥Ï¥´¨¥³ ¶·¨ λ = 0) ³μ¦´μ μ¡ÑÖ¸´¨ÉÓ É¥³, ÎÉμ Ê·μ¢¥´Ó Ô´¥·£¨¨ ¶·¨¡²¨¦ ¥É¸Ö
± ¢¥·Ï¨´¥ ¶μÉ¥´Í¨ ²Ó´μ£μ ¡ ·Ó¥·  (1/2)x2 + λx4, £¤¥ ´ Î¨´ ¥É ¸¨²Ó´μ ¶·μÖ¢²ÖÉÓ¸Ö ´ -
²¨Î¨¥ ¡¥¸±μ´¥Î´μ° ¸É¥´±¨.

2.2. „¢Ê³¥·´ Ö § ¤ Î . �  ·¨¸. 5 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.10),
¶μ²ÊÎ¥´´Ò¥ ¤¢Ê³Ö ³¥Éμ¤ ³¨ Å Î¨¸²¥´´Ò³, ¸ ¶μÉ¥´Í¨ ² ³¨ Vnum(x, y) ¨ Wnum(x, y),
  É ±¦¥ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸ ¶μÉ¥´Í¨ ²μ³ (1.7). �  ÔÉμ³ ¦¥ £· Ë¨±¥ ¶·¨¢¥¤¥´Ò
·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¤²Ö ¸²ÊÎ Ö ¤¢Ê³¥·´μ° £ ·³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¨, É. ¥. ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö (1.10) ¶·¨ α = 0. � ¸¸Î¨É ´´Ò¥ ¸¶¥±É·Ò ¶·¥¤¸É ¢²¥´Ò ¢ § ¢¨¸¨³μ¸É¨ μÉ μ¡· É´μ°
¤²¨´Ò · ¸¸¥Ö´¨Ö 1/a.
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�¨¸. 5 (Í¢¥É´μ° ¢ Ô²¥±É·μ´´μ° ¢¥·¸¨¨). �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· £ ³¨²ÓÉμ´¨ ´  (1.6) ¤²Ö É·¥Ì ¸μ-

¸ÉμÖ´¨° (n = 0, N = 0), (n = 2, N = 0) ¨ (n = 0, N = 2). ‘¨´¨³¨ (É¥³´Ò³¨) ÉμÎ± ³¨ ¶μ± § ´Ò
Î¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¤²Ö ¶μÉ¥´Í¨ ²  Vnum, ¸¢¥É²Ò³¨ ±·Ê¦± ³¨ Å ¤²Ö ¶μÉ¥´Í¨ ²  Wnum; ¸¥·Ò³¨

²¨´¨Ö³¨ (1) ¶μ± § ´Ò · ¸Î¥ÉÒ E
(0)
nN ¨§ (1.27), ±· ¸´Ò³¨ (2) Å ·¥Ï¥´¨Ö ¶¥·¢μ£μ ¶μ·Ö¤±  É¥μ·¨¨

¢μ§³ÊÐ¥´¨° (1.33) ¨ (1.34)

�£· ´¨Î¥´´μ¸ÉÓ ¸¶¥±É·μ¢ ´  ·¨¸. 5, ¶·¨ α = −0,03025 ¨ α = −0,06, ¢ μÉ·¨Í É¥²Ó-
´μ° μ¡² ¸É¨ 1/a μ¡Ê¸²μ¢²¥´  É¥³, ÎÉμ §¤¥¸Ó Ê·μ¢´¨ Ô´¥·£¨¨ ¤μ¸É¨£ ÕÉ ¡ ·Ó¥·  ¶μÉ¥´-
Í¨ ²  V(x, y).

‡¤¥¸Ó É ±¦¥ ¶·¥¤¸É ¢²¥´Ò · ¸Î¥ÉÒ ¶·¨ ¶μ²μ¦¨É¥²Ó´ÒÌ α ¤²Ö ¸· ¢´¥´¨Ö ¸ É¥μ·¨¥°
¢μ§³ÊÐ¥´¨°. �·¨ μÉ·¨Í É¥²Ó´ÒÌ α ¸¨ÉÊ Í¨Ö ¶μ¤μ¡´  μ¤´μ³¥·´μ³Ê ¸²ÊÎ Õ, ±μ£¤  · §´¨Í 
Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¨ ·¥Ï¥´¨Ö ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Ê¢¥²¨Î¨¢ ¥É¸Ö, ÎÉμ É ±¦¥ ³μ¦´μ
μ¡ÑÖ¸´¨ÉÓ ¶·¨¡²¨¦¥´¨¥³ Ô´¥·£¨¨ Ê·μ¢´Ö, · ¸¸Î¨É ´´μ° Î¨¸²¥´´Ò³ ³¥Éμ¤μ³, ± ¢¥·Ï¨´¥
¶μÉ¥´Í¨ ²Ó´μ£μ ¡ ·Ó¥· .

2.3. �Í¥´±  ¸Ìμ¤¨³μ¸É¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. �Í¥´¨³ ¸Ìμ¤¨³μ¸ÉÓ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°
¶μ ±·¨É¥·¨Õ

|VmM,nN | � |E(0)
mM − E

(0)
nN |, (2.3)
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£¤¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ

VmM,nN =

∞∫
−∞

dx

∞∫
−∞

dy χm(x)ϕM (y)HIχn(x)ϕN (y), (2.4)

  Ô´¥·£¨Ö ¢ ´Ê²¥¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

E
(0)
nN = εn + EN . (2.5)

„²Ö μÍ¥´±¨ (2.3) · ¸¸³μÉ·¨³ ²¨ÏÓ ±μ³¡¨´ Í¨¨ ¸ ¤¢Ê³Ö Î¥É´Ò³¨ ´¨¦´¨³¨ Ê·μ¢´Ö³¨.
�Éμ ¤ ¸É ÌμÉÖ ¨ ´¥ ¸É·μ£¨°, ´μ ¡μ²¥¥-³¥´¥¥ ± Î¥¸É¢¥´´Ò° ±·¨É¥·¨° ¶·¨³¥´¨³μ¸É¨ É¥μ-
·¨¨. ’ ±¨³ μ¡· §μ³, μÍ¥´¨³ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ V00,20, V00,02, V20,22 ¨ V02,22:

V00,20 =
α

2

∞∫
−∞

dxχ0(x)χ2(x)
(

x4 + 3x2 +
3
4

)
, (2.6)

V00,02 =
3α√

2

∞∫
−∞

dxχ2
0(x)x2 +

3α

2
√

2
, (2.7)

V20,22 =
3α√

2

∞∫
−∞

dxχ2
2(x)x2 +

3α

2
√

2
, (2.8)

V02,22 =
α

8

∞∫
−∞

dxχ2(x)χ0(x)(4x4 + 60x2 + 39). (2.9)

„²Ö μÍ¥´±¨ ¸Ìμ¤¨³μ¸É¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (2.6)Ä(2.9) · ¸¸³μ-
É·¨³ ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò:

t1 =

∣∣∣∣∣ |V00,20| − |E(0)
00 − E

(0)
20 |

V00,20

∣∣∣∣∣ · 100, %, (2.10)

t2 =

∣∣∣∣∣ |V00,02| − |E(0)
00 − E

(0)
02 |

V00,02

∣∣∣∣∣ · 100, %, (2.11)

t3 =

∣∣∣∣∣ |V20,22| − |E(0)
20 − E

(0)
22 |

V20,22

∣∣∣∣∣ · 100, %, (2.12)

t4 =

∣∣∣∣∣ |V02,22| − |E(0)
02 − E

(0)
22 |

V02,22

∣∣∣∣∣ · 100, %. (2.13)

�¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ μÍ¥´μ± (2.10)Ä(2.13), ¢ § ¢¨¸¨³μ¸É¨ μÉ μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö,
Ì · ±É¥·¨§ÊÕÐ¨¥ μÉ±²μ´¥´¨¥ μÉ ±·¨É¥·¨Ö (2.3) ¢¥²¨Î¨´ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (2.6)Ä(2.9),
¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 6.
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�¨¸. 6. �Í¥´±  μ¡² ¸É¨ ¸Ìμ¤¨³μ¸É¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

ˆ§ £· Ë¨±μ¢ ¢¨¤´μ, ÎÉμ ¶·¨ §´ Î¥´¨ÖÌ α = ±0,03025 ¢¥²¨Î¨´Ò (2.10)Ä(2.13) ¨³¥ÕÉ
¡μ²ÓÏ¨¥ §´ Î¥´¨Ö ¢ ¸· ¢´¥´¨¨ ¸μ ¸²ÊÎ Ö³¨ α = ±0,06, ÎÉμ £μ¢μ·¨É μ ¶·¨¥³²¥³μ¸É¨
³¥Éμ¤  ¶·¨ ³ ²ÒÌ α. �É  ¸¨ÉÊ Í¨Ö É ±¦¥ ´ ¡²Õ¤ ¥É¸Ö ´  ·¨¸. 5, £¤¥ ¢¨¤´μ Ìμ·μÏ¥¥
¸μ£² ¸¨¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸ Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³ ¶·¨ α = ±0,03025.

‡�Š‹
—…�ˆ…

‚ÒÎ¨¸²¥´Ò ¸¶¥±É·Ò μ¤´μ³¥·´μ£μ ¨ ¤¢Ê³¥·´μ£μ £ ³¨²ÓÉμ´¨ ´μ¢ (1.6) ¨ (2.1). ‚ · ¡μÉ¥
ÊÎÉ¥´ ¢±² ¤  ´£ ·³μ´¨Î¥¸±¨Ì ¶μ¶· ¢μ± ± £ ·³μ´¨Î¥¸±μ° Î ¸É¨ ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ ¢
¸¶¥±É·Ò ¸¨¸É¥³, μ¶¨¸Ò¢ ¥³ÒÌ Ê· ¢´¥´¨Ö³¨ (1.6) ¨ (2.1). ‚ ¸²ÊÎ ¥ (1.6) É ±¦¥ ¢ÒÎ¨¸²¥´
¸¶¥±É· ¤²Ö ÉμÎ´μ£μ ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ (1.8).

‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ, ¶·¨ μÉ·¨Í É¥²Ó´ÒÌ α ¨ λ, ¶μÉ¥´Í¨ ² ²μ¢ÊÏ±¨ ¨³¥¥É ±μ´¥Î´Ò°
¡ ·Ó¥·. ŒÒ ¶μ¸É ¢¨²¨ ¸¥¡¥ Í¥²Ó · ¸¸Î¨É ÉÓ ¸¶¥±É· ¢ μÉ¸ÊÉ¸É¢¨¥ ÊÏ¨·¥´¨Ö Ê·μ¢´¥°,
¢μ§´¨± ÕÐ¥£μ §  ¸Î¥É ±μ´¥Î´μ° Ï¨·¨´Ò ¡ ·Ó¥· , ¶ÊÉ¥³ ¤μ¡ ¢²¥´¨Ö ¡¥¸±μ´¥Î´μ° ¶μÉ¥´-
Í¨ ²Ó´μ° ¸É¥´±¨. � ¨¡μ²¥¥ ¶μ¤Ìμ¤ÖÐ¨³, ´  ´ Ï ¢§£²Ö¤, Ö¢²Ö¥É¸Ö · ¸¶μ²μ¦¥´¨¥ ¸É¥´±¨
¢ μ¡² ¸É¨ ³ ±¸¨³Ê³  ¶μÉ¥´Í¨ ²Ó´μ£μ ¡ ·Ó¥· .

‚ ¸²ÊÎ ¥ ¶¥·¢μ£μ ´¥¨¸Î¥§ ÕÐ¥£μ  ´£ ·³μ´¨Î¥¸±μ£μ Î²¥´  ¢ ¶μÉ¥´Í¨ ²¥ ²μ¢ÊÏ±¨
¢ (1.6) ¨ (2.1) ·¥§Ê²ÓÉ É Î¨¸²¥´´μ£μ · ¸Î¥É  ³Ò ¸· ¢´¨¢ ²¨ ¸ · ¸Î¥Éμ³, ¶·μ¢¥¤¥´´Ò³ ³¥-
Éμ¤μ³ ¶¥·¢μ£μ ¶μ·Ö¤±  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. �·¨ ´¥¡μ²ÓÏ¨Ì ¶ · ³¥É· Ì  ´£ ·³μ´¨§³  α
¨ λ, ¤²Ö ´¨§Ï¨Ì ¸μ¸ÉμÖ´¨°, ¶μ²ÊÎ¥´μ Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ μ¡μ¨Ì ¶μ¤Ìμ¤μ¢. „²Ö £ ³¨²Ó-
Éμ´¨ ´  (1.6) É ±¦¥ ¶·μ¢¥¤¥´  μÍ¥´±  ¶·¨³¥´¨³μ¸É¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢ ¢¨¤¥ Ê¸²μ-
¢¨Ö (2.3), ±μÉμ· Ö ¢¶μ²´¥ ¸μ£² ¸Ê¥É¸Ö ¸ ·¥§Ê²ÓÉ Éμ³, ¶·¥¤¸É ¢²¥´´Ò³ ´  ·¨¸. 5.

�·¥¤²μ¦¥´´ Ö ´ ³¨ ¸Ì¥³  ¶μ ÊÎ¥ÉÊ ¢±² ¤   ´£ ·³μ´¨Î¥¸±¨Ì ¶μ¶· ¢μ± ¢ ¸¶¥±É· ¸É -
Í¨μ´ ·´ÒÌ ³ ²μÎ ¸É¨Î´ÒÌ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¶μ§¢μ²Ö¥É μ¡μ¡Ð¨ÉÓ § ¤ ÎÊ ¨ ´  ´¥¸É -
Í¨μ´ ·´Ò° ¸²ÊÎ ° ¢ μÉ¸ÊÉ¸É¢¨¥ · §¤¥²¥´¨Ö ¤¢¨¦¥´¨° Í¥´É·  ³ ¸¸ ¨ μÉ´μ¸¨É¥²Ó´μ£μ
¤¢¨¦¥´¨Ö.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ‚. ‘.Œ¥²¥¦¨±Ê §  ¶·¥¤²μ¦¥´´Ò¥ § ¤ ÎÊ ¨ ¸Ì¥³Ê ¥¥
·¥Ï¥´¨Ö; ‚.ˆ.Šμ·μ¡μ¢Ê ¨ ‘.ˆ. ‚¨´¨Í±μ³Ê Å §  ¸ÊÐ¥¸É¢¥´´Ò¥ ¸μ¢¥ÉÒ ± ± ¶μ § ¤ Î¥,
É ± ¨ ¶μ Ê²ÊÎÏ¥´¨Õ ³¥Éμ¤  ¢ÒÎ¨¸²¥´¨Ö.
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