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‚ · ¡μÉ¥  ´ ²¨§¨·Ê¥É¸Ö Ë·¨¤³ ´μ¢¸±¨° ±μ¸³μ²μ£¨Î¥¸±¨° ¸Í¥´ ·¨° ¢ �’ƒ (¡¥§ ¨´Ë²ÖÍ¨¨).
‘μ¢³¥¸É´μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ ¤ ´´ÒÌ ¶μ ¸¢¥·Ì´μ¢Ò³ SNIa, ¶μ ¶ · ³¥É·Ê ¸¤¢¨£  ³¨±·μ¢μ²´μ¢μ£μ ¨§-
²ÊÎ¥´¨Ö ¨ ¶μ ¡ ·¨μ´´Ò³  ±Ê¸É¨Î¥¸±¨³ μ¸Í¨²²ÖÍ¨Ö³ ¨§ ¸²μÊ´μ¢¸±μ£μ ± É ²μ£  ±· ¸´ÒÌ £ ² ±É¨±
¢ ³¥Éμ¤¥ ³ ±¸¨³¨§ Í¨¨ ËÊ´±Í¨¨ ¶· ¢¤μ¶μ¤μ¡¨Ö ¶μ§¢μ²¨²μ Ê¸É ´μ¢¨ÉÓ ¦¥¸É±¨¥ μ£· ´¨Î¥´¨Ö ¶·¨
Ë¨É¨·μ¢ ´¨¨ ³ ¸¸Ò £· ¢¨Éμ´  ¢ �’ƒ ¨ ¶·μ¸É· ´¸É¢¥´´μ° ±·¨¢¨§´Ò ¢ �’�. �É³¥Î ¥É¸Ö, ÎÉμ
¶·¨ ¸É·¥³ÖÐ¥³¸Ö ± ´Ê²Õ ¶ · ³¥É·¥ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ² ¤²Ö ³ ¸¸Ò £· ¢¨Éμ´ 
´¥μ£· ´¨Î¥´´μ · ¸Ï¨·Ö¥É¸Ö. �É¨ ¢Ò¢μ¤Ò μÉ´μ¸ÖÉ¸Ö ± ¸²ÊÎ Õ, ±μ£¤  ¸μ¢·¥³¥´´μ¥ §´ Î¥´¨¥ ³ ¸-
ÏÉ ¡´μ£μ Ë ±Éμ·  a0 > (2)−1/6 ∼= 0,89. …¸²¨ ¦¥ a0 < (2)−1/6, Éμ ¨§ ÔÉ¨Ì ´ ¡²Õ¤ É¥²Ó´ÒÌ
¤ ´´ÒÌ Ê¸É ´μ¢²¥´μ ¦¥¸É±μ¥ μ£· ´¨Î¥´¨¥ ´  ³ ¸¸Ê £· ¢¨Éμ´  m < 10−83 £, μ§´ Î ÕÐ¥¥, ÎÉμ
¢ Ï¨·μ±μ³ ¤¨ ¶ §μ´¥ ±· ¸´ÒÌ ¸³¥Ð¥´¨° 0 < z < 1015 Î²¥´ ³¨ ¸ ³ ¸¸μ° £· ¢¨Éμ´  ¢ Ê· ¢´¥´¨ÖÌ
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ³μ¦´μ ¶·¥´¥¡·¥ÎÓ (±·μ³¥ ·¥Ï¥´¨° É¨¶  Î¥·´ÒÌ ¤Ò·).

In the paper the FRWL cosmological scenario has been searched in the framework of RTG with
no in	ation. Tight ˇt constraints on the mass of the graviton and on the curvature are derived by
performing a joint likelihood analysis involving the recent supernovae type Ia data, the Cosmic Mi-
crowave Background (CMB) shift parameter and the Baryonic Acoustic Oscillations (BAOs) as traced
by the SLOAN Digital Sky Survey (SDSS) red luminous galaxies. It is found that the mass-of-
the-graviton-c.l.-domain gets indeˇnitely enlarged as the quintessence parameter goes to zero. All
the above results are valid when the present value of the scale factor is big:a0 > (2)−1/6 ∼= 0.89.
For small a0 the observational data put strong upper limit on the graviton rest mass m < 10−83 g,
allowing one to neglect all the m2 terms in the ˇeld equations on the vast interval of redshifts
0 < z < 1015 (excepts the blackhole-type solutions).

PACS: 04.50.Kd; 95.30.Sf
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�μ¢´μ 30 ²¥É ´ § ¤ ¢ · ¡μÉ¥ [1] ¡Ò² ¶·¥¤²μ¦¥´ μ¸Í¨²²¨·ÊÕÐ¨° ¸Í¥´ ·¨° · §¢¨É¨Ö
Ë·¨¤³ ´μ¢¸±μ° ‚¸¥²¥´´μ° ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ £· ¢¨É Í¨¨ (�’ƒ), ¢ ±μÉμ·μ° É¥´-
§μ·´μ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ ϕμν Ö¢²Ö¥É¸Ö ³ ¸¸¨¢´Ò³ ¨ μ¶¨¸Ò¢ ¥É¸Ö ¨§¢¥¸É´Ò³¨ Ê· ¢´¥-
´¨Ö³¨:

Rμν − m2

2
(gμν − γμν) =

8πG

c4

(
Tμν − 1

2
gμνT

)
, (1)

1E-mail: chugreev@physics.msu.ru



Šμ¸³μ²μ£¨Î¥¸±¨¥ μ£· ´¨Î¥´¨Ö ´  ³ ¸¸Ê £· ¢¨Éμ´  ¢ �’ƒ 347

Dβ

(√
−ggαβ

)
= 0, (2)

£¤¥ m Å ³ ¸¸  £· ¢¨Éμ´ ; γμν Å ³¥É·¨±  Œ¨´±μ¢¸±μ£μ ¸ ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ°
Dβ; gμν Å ³¥É·¨±  ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨:√

det (gμν)
det (γμν)

gαβ = γαβ + ϕαβ ; (3)

Rμν(g) Å É¥´§μ· �¨ÎÎ¨; Tμν Å É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³ É¥·¨¨; G = M−2
Pl Å £· ¢¨-

É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö; c Å ¸±μ·μ¸ÉÓ ¸¢¥É . ƒ·¥Î¥¸±¨¥ ¨´¤¥±¸Ò ¶·μ¡¥£ ÕÉ §´ Î¥´¨Ö 0,
1, 2, 3,   ² É¨´¸±¨¥ Å 1, 2, 3. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸¨¸É¥³Ê ¥¤¨´¨Í
G = c = � = k = 1. �·¨ m = 0 Ê· ¢´¥´¨Ö (1), (2) Ëμ·³ ²Ó´μ ¸μ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨
�’� ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì. „μ¡ ¢²¥´¨¥ ± ´¨³ Î²¥´μ¢ ¸ ³ ¸¸μ° £· ¢¨Éμ´  ¨§³¥-
´Ö¥É Ì · ±É¥· Ë·¨¤³ ´μ¢¸±μ£μ μ¤´μ·μ¤´μ£μ ¨ ¨§μÉ·μ¶´μ£μ ·¥Ï¥´¨Ö �’�. „²Ö ¶²μ¸±μ°
‚¸¥²¥´´μ°1 ¸ ³¥É·¨± ³¨

ds2 ≡ gαβ dxα dxβ = a(t)6 dt2 − βa(t)2 dr2, (4)

dσ2 ≡ γαβ dxα dxβ = dt2 − dr2, (5)

£¤¥ a(t) Å ³ ¸ÏÉ ¡´Ò° Ë ±Éμ·, β Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö Ê· ¢´¥´¨Ö (2), ¶μ²ÊÎ -
ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ±μ¸³μ²μ£¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö:(

ȧ

a

)2

=
8π

3
ρ − m2

12

[
2 − 3

βa2
+

1
a6

]
, (6)

ä

a
= −4π

3
(ρ + 3p) − m2

6

[
2 − 1

a6

]
. (7)

Š ± μ¡ÒÎ´μ, ˙( ) ≡ d/dτ Å ¶·μ¨§¢μ¤´ Ö ¶μ ¸μ¡¸É¢¥´´μ³Ê ¢·¥³¥´¨ (a3d/dt = d/dτ);
ρ(τ), p(τ) Å ¶²μÉ´μ¸ÉÓ ¨ ¤ ¢²¥´¨¥ ¢¥Ð¥¸É¢  ‚¸¥²¥´´μ°.

ˆ§ § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¢¥Ð¥¸É¢ 

ρ̇ + 3(ρ + p)
ȧ

a
= 0 (8)

¸²¥¤Ê¥É, ÎÉμ ¶·¨ ¶·μ¸É¥°Ï¥³ ¢Ò¡μ·¥ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö p = ωρ, ω = const, ¶²μÉ´μ¸ÉÓ ρ
§ ¢¨¸¨É μÉ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  É ± ¦¥, ± ± ¢ �’� (Aω = const),

ρ =
Aω

a3(1+ω)
. (9)

�μÖ¢²¥´¨¥ ´μ¢ÒÌ m2-Î²¥´μ¢ ¢ μ¸´μ¢´μ³ ±μ¸³μ²μ£¨Î¥¸±μ³ Ê· ¢´¥´¨¨ (6) ¸ ÉμÎ±¨ §·¥´¨Ö
�’� ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ±μ³¶μ§¨Í¨Õ É·¥Ì ±μ³¶μ´¥´É [2]: μÉ·¨Í É¥²Ó´μ£μ ±μ¸-
³μ²μ£¨Î¥¸±μ£μ Î²¥´  Λ = −m2/6, Î²¥´  ¸ ¶μ²μ¦¨É¥²Ó´μ° ¶·μ¸É· ´¸É¢¥´´μ° ±·¨¢¨§´μ°
1/4β ¨ ¤ÊÌ  ¸ ¶·¥¤¥²Ó´μ ¦¥¸É±¨³ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö ω = 1 (ρ ∼ −a−6).

1‚μμ¡Ð¥ £μ¢μ·Ö, Ê· ¢´¥´¨Ö (1) ¨ (2) ¤μ¶Ê¸± ÕÉ ¨ Ë·¨¤³ ´μ¢¸±¨¥ ·¥Ï¥´¨Ö ¸ μÉ·¨Í É¥²Ó´μ° ¶·μ¸É· ´¸É¢¥´-
´μ° ±·¨¢¨§´μ° [2], ´μ μ´¨ ´¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ¶·¨´Í¨¶Ê ¶·¨Î¨´´μ¸É¨.
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„μ μÉ±·ÒÉ¨Ö ±μ¸³μ²μ£¨Î¥¸±μ£μ Ê¸±μ·¥´¨Ö ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢  (9) ¸Î¨É ² ¸Ó ¤¢ÊÌ±μ³-
¶μ´¥´É´μ°, ¸μ¸ÉμÖÐ¥° ¨§ ¢¥Ð¥¸É¢  ¨ ¨§²ÊÎ¥´¨Ö:

ρ =
AM

a3
+

Ar

a4
, (10)

¶μÔÉμ³Ê ¢μ§´¨± ²¨ ¤¢¥ · §¢μ·μÉ´Ò¥ ÉμÎ±¨ Å ¶·¨ ¢Ò¸μ±¨Ì ¶²μÉ´μ¸ÉÖÌ (a � 1) ¤ÊÌ ®¤μ-
£μ´Ö²¯ ¶·¥μ¡² ¤ ÕÐÊÕ ¢ ÔÉμ° Ë §¥ · ¤¨ Í¨Õ,   ¶·¨ ³ ²ÒÌ (a � 1) ¶²μÉ´μ¸ÉÓ ³ É¥·¨¨
¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì a ´¥¨§¡¥¦´μ ¤μ²¦´  ¡Ò²  ¸· ¢´ÖÉÓ¸Ö ¸ m2/16π, £¤¥ ¨ ¶·μ¨¸-
Ìμ¤¨² μÉ¸±μ± (a = amax) ¸ ¶μ¸²¥¤ÊÕÐ¨³ · §¢¨É¨¥³ ±μ²² ¶¸  ‚¸¥²¥´´μ° ± amin. �¥·¨μ¤
· §¢¨É¨Ö μ¶·¥¤¥²Ö²¸Ö Éμ²Ó±μ ³ ¸¸μ° £· ¢¨Éμ´ :

T =

√
2
3

π

m
, (11)

¶μÔÉμ³Ê ¨§ Ê¸²μ¢¨Ö, ÎÉμ ¢·¥³Ö ¦¨§´¨ ‚¸¥²¥´´μ° μÉ amin ¤μ ´ ¸ÉμÖÐ¥£μ ³μ³¥´É  ¢·¥³¥´¨
(a0) ¤μ²¦´μ ¡ÒÉÓ ³¥´ÓÏ¥ ¶μ²Ê¶¥·¨μ¤  ¥¥ ¶μ²´μ£μ Í¨±² , ¸²¥¤μ¢ ²μ μ£· ´¨Î¥´¨¥ ´  ³ ¸¸Ê
£· ¢¨Éμ´ :

m <

√
3
2
πmH = 3,85mH , (12)

£¤¥ mH ≡ �H0

c2
= 2,66 · 10−66 £ Å ®³ ¸¸  • ¡¡² ¯; H0 = 70 ±³/¸/Œ¶± Å ¶μ¸ÉμÖ´´ Ö

• ¡¡² . Œ ¸¸  £· ¢¨Éμ´  ¶·μÖ¢²Ö²  ¸¥¡Ö Éμ²Ó±μ ¢¡²¨§¨ ÉμÎ¥± · §¢μ·μÉ , ¢ μ¸É ²Ó´μ³
Ë·¨¤³ ´μ¢¸±¨° ¸Í¥´ ·¨° �’� ´¥ ³¥´Ö²¸Ö. ‚ · ¡μÉ¥ [3] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¶·¨ β �
a4
max É ±μ¥ ·¥Ï¥´¨¥ Ê¤μ¢²¥É¢μ·Ö¥É ¶·¨´Í¨¶Ê ¶·¨Î¨´´μ¸É¨, ¶μÔÉμ³Ê a−2 Å Î²¥´ ¢ (6),

ÌμÉÖ ¨ ¸¶ ¤ ¥É ³¥¤²¥´´¥¥, Î¥³ ρ (10), ´μ ´¥ ³μ¦¥É ÊÎ ¸É¢μ¢ ÉÓ ¢ Ë¨±¸ Í¨¨ amax.
�·¨´Í¨¶ ¶·¨Î¨´´μ¸É¨ ¢ �’ƒ ´ ±² ¤Ò¢ ¥É ¸ÊÐ¥¸É¢¥´´Ò¥ μ£· ´¨Î¥´¨Ö ´  ±μ¸³μ²μ£¨-

Î¥¸±¨¥ ·¥Ï¥´¨Ö, ¶μÔÉμ³Ê μ¸É ´μ¢¨³¸Ö ´  ´¥³ ´¥³´μ£μ ¶μ¤·μ¡´¥¥. �’ƒ ¶μ¸É·μ¥´  ¢ · ³-
± Ì ¶μ²¥¢μ£μ ¶μ¤Ìμ¤  ¢ É¥μ·¨¨ £· ¢¨É Í¨¨,   ¨³¥´´μ Å ÔÉμ É¥μ·¨Ö ³ ¸¸¨¢´μ£μ É¥´§μ·´μ£μ
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ´  Ëμ´¥ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ. �μ²¥¢Ò¥ Ê· ¢´¥´¨Ö (1), (2)
Ö¢´Ò³ ¨ ´¥Ê¸É· ´¨³Ò³ μ¡· §μ³ ¸μ¤¥·¦ É ³¥É·¨±Ê ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ. �¨³ ´μ¢μ
¦¥ ¶·μ¸É· ´¸É¢μ, ¸μ£² ¸´μ (3), ¢μ§´¨± ¥É ± ± ÔËË¥±É¨¢´μ¥, ¶·¨Î¥³ ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥-
´¨¥ Î ¸É¨Í ¶μ £¥μ¤¥§¨Î¥¸±¨³ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¤μ²¦´μ ¶·¥¤¸É ¢²ÖÉÓ¸Ö
± ± ¤¢¨¦¥´¨¥ ÔÉ¨Ì Î ¸É¨Í ¶μ¤ ¤¥°¸É¢¨¥³ É¥´§μ·´μ° ¸¨²Ò £· ¢¨É Í¨¨ ¢ ¤μ¶Ê¸É¨³μ°, ¢
μ¡Ð¥³ ¸²ÊÎ ¥ ´¥¨´¥·Í¨ ²Ó´μ°, ¸¨¸É¥³¥ μÉ¸Î¥É  ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ, ¸¢Ö§ ´´μ° ¸
ÔÉμ° Î ¸É¨Í¥°. �Éμ£μ ³μ¦´μ ¤μ¡¨ÉÓ¸Ö, ¥¸²¨ ±μ´Ê¸ ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨ ´¥ ¢ÒÌμ¤¨É §  ¶·¥¤¥²Ò ¸¢¥Éμ¢μ£μ ±μ´Ê¸  ¶·¨Î¨´´μ¸É¨ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢-
¸±μ£μ. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ÔÉμ μ§´ Î ²μ ¡Ò, ÎÉμ ¤²Ö É ±μ£μ ®£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö¯ ¢
¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¤μ¶Ê¸É¨³μ° ´¥¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò μÉ¸Î¥É ,
¢ ±μÉμ·μ° ÔÉμ ®¸¨²μ¢μ¥ ¶μ²¥¯ ¶·¨ ¤¥°¸É¢¨¨ ´  ³ É¥·¨ ²Ó´ÊÕ ÉμÎ±Ê ³μ¦´μ ¡Ò²μ ¡Ò
¸±μ³¶¥´¸¨·μ¢ ÉÓ. ˆ´Ò³¨ ¸²μ¢ ³¨, É ±¨¥ É Ì¨μ´´Ò¥ £· ¢¨É Í¨μ´´Ò¥ ¶μ²Ö ¤μ²¦´Ò ¨¸-
±²ÕÎ ÉÓ¸Ö. � ¨¡μ²¥¥ ¶μ¤·μ¡´μ¥ μ¡¸Ê¦¤¥´¨¥ ¸ ³μ£μ ¶·¨´Í¨¶  ¶·¨Î¨´´μ¸É¨ ¸μ¤¥·¦¨É¸Ö
¢ ³μ´μ£· Ë¨¨ [4],   ¥£μ ¶·¨³¥´¥´¨¥ ¤²Ö · §²¨Î´ÒÌ ±μ¸³μ²μ£¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° Å
¢ [2Ä13].

�¸Í¨²²¨·ÊÕÐ¨° Ì · ±É¥· · §¢¨É¨Ö ‚¸¥²¥´´μ° ¶μ§¢μ²Ö¥É · §·¥Ï¨ÉÓ É ±¨¥ ¨§¢¥¸É´Ò¥
¶·μ¡²¥³Ò ¸É ´¤ ·É´μ£μ ±μ¸³μ²μ£¨Î¥¸±μ£μ ¸Í¥´ ·¨Ö �’�, ± ± ¶·μ¡²¥³Ò ¸¨´£Ê²Ö·´μ-
¸É¨, ¶²μ¸±μ¸É´μ¸É¨, £μ·¨§μ´É  ¨ ±μ´Í¥´É· Í¨¨ ·¥²¨±Éμ¢ÒÌ ³μ´μ¶μ²¥° ¡¥§ ¤μË·¨¤³ -
´μ¢¸±μ° ¨´Ë²ÖÍ¨μ´´μ° ¸É ¤¨¨ [5]. ‚³¥¸É¥ ¸ É¥³ ¢μ¶·μ¸ ¶·μ¨¸Ìμ¦¤¥´¨Ö ¢μ§³ÊÐ¥´¨°,
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μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ± ³μ³¥´ÉÊ ·¥±μ³¡¨´ Í¨¨ ¸¶¥±É· ƒ ··¨¸μ´ Ä‡¥²Ó¤μ¢¨Î  ¸  ³¶²¨ÉÊ¤μ°
δρ/ρ ∼ 10−5, ¢ ´ Ï¥³ ¸Í¥´ ·¨¨ ¶μ±  μ¸É ¥É¸Ö μÉ±·ÒÉÒ³. � ¶μ³´¨³, ÎÉμ ¢ �’� ´Ê¦´Ò°
¸¶¥±É· ¤ ÕÉ ¶·μÏ¥¤Ï¨¥ Î¥·¥§ ¨´Ë²ÖÍ¨μ´´ÊÕ ¸É ¤¨Õ ±¢ ´Éμ¢Ò¥ ¢μ§³ÊÐ¥´¨Ö ¸± ²Ö·´μ£μ
¶μ²Ö [14].

�μ¸²¥ μÉ±·ÒÉ¨Ö ´  ·Ê¡¥¦¥ ¢¥±μ¢ ±μ¸³μ²μ£¨Î¥¸±μ£μ Ê¸±μ·¥´¨Ö ¨ ¨§³¥´¥´¨Ö §´ ±  ¶ -
· ³¥É·  § ³¥¤²¥´¨Ö ¶μÖ¢¨² ¸Ó ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¤μ¡ ¢²¥´¨Ö ± É· ¤¨Í¨μ´´μ³Ê ¸μ¸É ¢Ê ¢¥Ð¥-
¸É¢  (10) ²¨¡μ ±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´  (¸ ¶μ²μ¦¨É¥²Ó´Ò³ §´ ±μ³), ²¨¡μ ±¢¨´ÉÔ¸¸¥´Í¨¨
¸ μÉ·¨Í É¥²Ó´Ò³ ¤ ¢²¥´¨¥³ [15, 16]. ‚ ·¨ ´É ¸ ±μ¸³μ²μ£¨Î¥¸±¨³ Î²¥´μ³ ¡Ò² μÉ¢¥·£-
´ÊÉ, É ± ± ± ´  ¶μ§¤´¨Ì ¢·¥³¥´ Ì μ´ ¶·¨¢μ¤¨² ± ¨´Ë²ÖÍ¨μ´´μ³Ê · §²¥ÉÊ ¸ ´¥¨§¡¥¦´Ò³
´ ·ÊÏ¥´¨¥³ ¶·¨´Í¨¶  ¶·¨Î¨´´μ¸É¨. �μÔÉμ³Ê μ¸É ¢ ² ¸Ó Éμ²Ó±μ μ¤´  ¢μ§³μ¦´μ¸ÉÓ Å
±¢¨´ÉÔ¸¸¥´Í¨Ö ¸ ³¥¤²¥´´μ ³¥´ÖÕÐ¥°¸Ö ¶²μÉ´μ¸ÉÓÕ:

ρ =
AM

a3
+

Ar

a4
+

Aν

a3ν
, (13)

pν = −(1 − ν)ρν , 0 < ν <
2
3
. (14)

�μ§¤´¥¥ ¢ · ¡μÉ¥ [8] ¡Ò² ¶·¥¤²μ¦¥´ ² £· ´¦¨ ´ ¸± ²Ö·´μ£μ ¶μ²Ö, ·¥ ²¨§ÊÕÐ¥£μ ÔÉÊ
³μ¤¥²Ó. �·¨ ÔÉμ³ ÉμÎ±  · §¢μ·μÉ  ¶·¨ ³ ²ÒÌ ¶²μÉ´μ¸ÉÖÌ ¸É ²  μ¶·¥¤¥²ÖÉÓ¸Ö Ê¦¥ ´¥
¢¥Ð¥¸É¢μ³ É¥³´μ° ³ É¥·¨¨ AM/a3,   ´ ³´μ£μ ¡μ²¥¥ ³¥¤²¥´´μ° É¥³´μ° Ô´¥·£¨¥°. ‚¸²¥¤-
¸É¢¨¥ ÔÉμ£μ ¶¥·¨μ¤ Í¨±²¨Î¥¸±μ£μ · §¢¨É¨Ö ¸É ² § ¢¨¸¥ÉÓ μÉ ¤¢ÊÌ ¶ · ³¥É·μ¢ [17]:

T =

√
2
3

π

mν
. (15)

�μÔÉμ³Ê ¢μ§´¨± ¢μ¶·μ¸ μ Éμ³, ³μ¦´μ ²¨ É¥¶¥·Ó Ê¸É ´μ¢¨ÉÓ μÍ¥´±Ê ´  ³ ¸¸Ê £· ¢¨Éμ´ ?
� ¶·¨´Í¨¶¨ ²Ó´μ° ¢μ§³μ¦´μ¸É¨ ¸¤¥² ÉÓ ÔÉμ ¡Ò²μ ¸± § ´μ ¢ · ¡μÉ¥ [15] ´  μ¸´μ¢ ´¨¨
Ëμ·³ ²Ó´μ£μ ¸Ìμ¤¸É¢  ±μ¸³μ²μ£¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö �’ƒ (6), § ¶¨¸ ´´μ£μ ¢ ¸É ´¤ ·É´ÒÌ
μ¡μ§´ Î¥´¨ÖÌ, ¨ ¢ ¶·¥¤¶μ²μ¦¥´¨¨ a0 � 1

H2 = H2
0

[
Ωr

x4
+

ΩM

x3
+

Ων

x3ν
− m2

6H2
0

]
(16)

¸ ±μ¸³μ²μ£¨Î¥¸±¨³ Ê· ¢´¥´¨¥³ �’� ¸ ¶·μ¸É· ´¸É¢¥´´μ° ±·¨¢¨§´μ° ΩK

H2 = H2
0

[
Ωr

x4
+

Ωm

x3
+

Ων

x3ν
+

ΩK

x2

]
, (17)

£¤¥

ΩK =
AK

a2
0ρc

, Ωr =
Ar

a4
0ρc

, Ωm =
AM

a3
0ρc

, Ων =
Aν

a3ν
0 ρc

,

H =
ȧ

a
, ρc =

3
8π

H2
0 , H0 =

(
1
a

da

dτ

)2

0

, x =
a

a0
.

ˆ´¤¥±¸ 0 μÉ´μ¸¨É¸Ö ± ´ ¸ÉμÖÐ¥³Ê ³μ³¥´ÉÊ ¢·¥³¥´¨.
�·¨ a = a0 (x = 1) ¶μ²ÊÎ ¥³ ¤μ²¥¢μ° ¡ ² ´¸ Ô´¥·£¨° ¢ ¸μ¢·¥³¥´´ÊÕ Ô¶μÌÊ:

¢ �’ƒ Ωr + Ωm + Ων = 1 +
m2

6H2
0

, (18)

¢ �’� Ωr + Ωm + Ων = 1 − ΩK . (19)
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”¨§¨Î¥¸±¨° ¸³Ò¸² ¢¥²¨Î¨´ ¢ ²¥¢ÒÌ Î ¸ÉÖÌ (18) ¨ (19) Å ¸Ê³³  ¢¸¥Ì Ê¤¥²Ó´ÒÌ ¸μ¸É -
¢²ÖÕÐ¨Ì ¶μ²´μ° ¶²μÉ´μ¸É¨ (Ô´¥·£¨¨) ¢¥Ð¥¸É¢  (Ωtot), ± ¦¤ Ö ¨Ì ±μÉμ·ÒÌ ¶μ²μ¦¨É¥²Ó´ .
�  ³μ³¥´É ¶Ê¡²¨± Í¨¨ · ¡μÉ [15, 16] Ë¨É¨·μ¢ ´¨¥ ¢ �’� Ëμ·³Ê² (17) ¨ (19) ¢ · ³± Ì
³μ¤¥²¨ ΛCDM (ν = 0) ´  ¡ §¥ ¤ ´´ÒÌ ¶μ 1) ¸¶¥±É·Ê μ¤´μ²¥É´¨Ì ´ ¡²Õ¤¥´¨° ·¥²¨±Éμ¢μ£μ
¨§²ÊÎ¥´¨Ö ´  ¸¶ÊÉ´¨±¥ WMAP [18]; 2) ¡ ·¨μ´´Ò³  ±Ê¸É¨Î¥¸±¨³ μ¸Í¨²²ÖÍ¨Ö³ ¢ ±μ··¥-
²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ £ ² ±É¨± ¨§ μ¡§μ·  Sloan Digital Sky Survey [19] ¨ ¶μ 3) ¸¢¥·Ì´μ¢Ò³
SNIa ¤ ¢ ²μ ¸ ÉμÎ´μ¸ÉÓÕ 1σ μÍ¥´±Ê [20]

ΩK = −0,018+0,022
−0,013, (20)

ÎÉμ ¤μ± §Ò¢ ²μ ¶²μ¸±μ¸É´μ¸ÉÓ Ë·¨¤³ ´μ¢¸±μ° ‚¸¥²¥´´μ° ¢ �’�. ‚ · ¡μÉ Ì [15, 16] ¨
¶μ¸²¥¤ÊÕÐ¨Ì ·¥§Ê²ÓÉ É Ë¨É¨·μ¢ ´¨Ö Î²¥´  ¸ ¶·μ¸É· ´¸É¢¥´´μ° ±·¨¢¨§´μ° ¢ �’� (20)
¡Ò² ¨´É¥·¶·¥É¨·μ¢ ´, ¶μ¢Éμ·Õ¸Ó, ´  μ¸´μ¢¥ Ëμ·³ ²Ó´μ£μ ¸Ìμ¤¸É¢  (18) ¨ (19), ± ± Ê¸É -
´μ¢²¥´¨¥ ¢¥·Ì´¥£μ ¶·¥¤¥²  ´  ³ ¸¸Ê £· ¢¨Éμ´  ¢ �’ƒ:

m < 0,42 mH (21)

¨, ¸μμÉ¢¥É¸É¢¥´´μ, ´  ¶²μÉ´μ¸ÉÓ ¶μ²´μ° Ô´¥·£¨¨ ¢¥Ð¥¸É¢  ¢ ¥¤¨´¨Í Ì ±·¨É¨Î¥¸±μ° ¶²μÉ-
´μ¸É¨

Ωtot = Ωr + Ωm + Ων = 1,018+0,013
−0,022. (22)

�¤´ ±μ, ± ± ¸²¥¤Ê¥É ¨§ (17), μÍ¥´±  (20) ¶μ²ÊÎ¥´  ¤²Ö  ³¶²¨ÉÊ¤Ò ±μ³¶μ´¥´ÉÒ, Ê¡Ò¢ -
ÕÐ¥° ± ± 1/x2, ¢ Éμ ¢·¥³Ö ± ± § ¢¨¸¨³μ¸ÉÓ Ων- ¨ m2-Î²¥´μ¢ μÉ x ¢ (16) ¸μ¢¥·Ï¥´´μ
¤·Ê£ Ö. ‚ �’� ¨§³¥·Ö² ¸Ó ´¥ ´¥¶μ¸·¥¤¸É¢¥´´μ Ωtot,   ¢¥²¨Î¨´  ¶·μ¸É· ´¸É¢¥´´μ° ±·¨-
¢¨§´Ò. „²Ö Éμ£μ ÎÉμ¡Ò ´ °É¨ μ£· ´¨Î¥´¨Ö ´  m ¨ ν ¢ �’ƒ, ´¥μ¡Ìμ¤¨³μ ¶·μ¢¥¸É¨  ´ -
²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê Ë¨É¨·μ¢ ´¨Ö ¸ ¶¥·¥Î¨¸²¥´´Ò³¨ ¢ÒÏ¥ ¤ ´´Ò³¨  ¸É·μ´μ³¨Î¥¸±¨Ì
´ ¡²Õ¤¥´¨°. �Éμ ¡Ê¤¥É ¸¤¥² ´μ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥.

‚ μÉ²¨Î¨¥ μÉ Ωtot, ¤μ²¨ ¨§²ÊÎ¥´¨Ö ¨ ¢¥Ð¥¸É¢  ³μ¦´μ Ê¸É ´μ¢¨ÉÓ ´¥§ ¢¨¸¨³μ μÉ É·¥Ì
¢ÒÏ¥¶¥·¥Î¨¸²¥´´ÒÌ É¥¸Éμ¢: Ωr = 5 · 10−5 ¨ ΩM = 0,27 [21]. ’μ£¤  ¨§ (18) ³μ¦´μ
¶μ²ÊÎ¨ÉÓ

Ων
∼= 0,73 +

m2

6m2
H

. (23)

‚¸¥ É·¨ É¥¸É , ± ± ³Ò Ê¢¨¤¨³, μ¶·¥¤¥²ÖÕÉ¸Ö μ¡² ¸ÉÓÕ μÉ ³μ³¥´É  ·¥±μ³¡¨´ Í¨¨ (x ∼
10−3) ¤μ x = 1 (´ ¸ÉμÖÐ¥¥ ¢·¥³Ö), ¨ ¨¸±²ÕÎ¨É¥²Ó´μ § ¢¨¸¨³μ¸ÉÓÕ H = H(x). Š ±
¸²¥¤Ê¥É ¨§ (16) ¨ (23), ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²μ³ §´ Î¥´¨¨ ν ±¢¨´ÉÔ¸¸¥´Í¨Ö ´¥μÉ²¨Î¨³  μÉ
±μ´¸É ´ÉÒ (Λ-Î²¥´ ): ´ ¶·¨³¥·, ¤²Ö ν = 0,001 ¢¥²¨Î¨´  Ων/x3ν ³¥´Ö¥É¸Ö ²¨ÏÓ ´  2%
¶·¨ ¨§³¥´¥´¨¨ x ´  É·¨ ¶μ·Ö¤± , ¢ Éμ ¢·¥³Ö ± ± ¢±² ¤ μÉ ΩM/x3 Å ´  ¤¥¢ÖÉÓ ¶μ·Ö¤±μ¢.
�·¨ ν → 0 ¨§³¥´¥´¨¥ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö ± ´Ê²Õ ¨ ¶μ¸²¥¤´¨¥ ¤¢  Î²¥´ 
¢ (16) Ë ±É¨Î¥¸±¨ ¸¢¥¤ÊÉ¸Ö ± · §´μ¸É¨ ¤¢ÊÌ ±μ´¸É ´É (23). �μÔÉμ³Ê ¶·¨ ¤μ¸É ÉμÎ´μ
³ ²ÒÌ ν ¤²Ö ²Õ¡μ£μ §´ Î¥´¨Ö m ´ °¤¥É¸Ö Ων , ¡²¨§±μ¥ ± §´ Î¥´¨Õ (23). —¥³ ³¥´ÓÏ¥ ν,
É¥³ Ï¨·¥ ¡Ê¤¥É ¤¨ ¶ §μ´ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° m: 0 < m < m(ν), ¶·¨Î¥³ ¶·¨ ν → 0
m(ν) → ∞. �ÉÊ § ¢¨¸¨³μ¸ÉÓ ³Ò Ö¢´μ ¶μ²ÊÎ¨³ ¢ ÔÉμ° · ¡μÉ¥ ¢ ·¥§Ê²ÓÉ É¥ Ë¨É¨·μ¢ ´¨Ö
�’ƒ ¶μ ¸μ¢·¥³¥´´Ò³ ¤ ´´Ò³ É·¥Ì Ê± § ´´ÒÌ ¢ÒÏ¥ É¥¸Éμ¢. ’ ±¨³ μ¡· §μ³, μ£· ´¨Î¥´¨¥
¸¢¥·ÌÊ ´  ³ ¸¸Ê £· ¢¨Éμ´  ¡Ê¤¥É ¢μ§³μ¦´μ ²¨ÏÓ Éμ£¤ , ±μ£¤  ¢ ·¥§Ê²ÓÉ É¥ ¶μ¢ÒÏ¥´¨Ö
ÉμÎ´μ¸É¨  ¸É·μ´μ³¨Î¥¸±¨Ì ´ ¡²Õ¤¥´¨° ¢ �’� ¡Ê¤¥É ¸¤¥² ´ ¢Ò¡μ· ¢ ¶μ²Ó§Ê ±¢¨´ÉÔ¸¸¥´-
Í¨¨: ν � νmin. ’μ£¤  ¨ ³μ¦´μ ¡Ê¤¥É Ê¸É ´μ¢¨ÉÓ μ£· ´¨Î¥´¨¥ ´  ³ ¸¸Ê £· ¢¨Éμ´  ¢ �’ƒ:
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m < m(νmin). � ¶μ³´¨³, ÎÉμ ¢¸¥ ÔÉ¨ ¢Ò¢μ¤Ò μÉ´μ¸ÖÉ¸Ö ± ¸²ÊÎ Õ a0 � 1. …¸²¨ a0 � 1,
Éμ, ± ± ¡Ê¤¥É ¶μ± § ´μ ¢ · §¤. 2, μ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ ´  ³ ¸¸Ê £· ¢¨Éμ´  ¢μ§³μ¦´μ (24).

‘μ¤¥·¦ ´¨¥ · ¡μÉÒ ¢±²ÕÎ ¥É É·¨ · §¤¥² . ‚μ ¢¢¥¤¥´¨¨ ¨§²μ¦¥´  ¨¸Éμ·¨Ö ¢μ¶·μ¸ 
¨ ±· É±μ μ¡¸Ê¦¤ ¥É¸Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ ÊÉμÎ´¥´¨Ö ¸É ´¤ ·É´μ£μ ±μ¸³μ²μ£¨Î¥¸±μ£μ ¸Í¥´ -
·¨Ö ¢ �’ƒ. ‚ · §¤. 1 ¶·¨¢μ¤ÖÉ¸Ö ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö Ë¨É¨·μ¢ ´¨Ö ¶μ¸²¥¤´¨¥ ¤ ´´Ò¥ ¸μ
¸¶ÊÉ´¨±  HST ¶μ Union 2.1 ±μ³¶¨²ÖÍ¨¨ 580 ¸¢¥·Ì´μ¢ÒÌ É¨¶  SNIa [22], ¶μ ¡ ·¨μ´-
´Ò³  ±Ê¸É¨Î¥¸±¨³ μ¸Í¨²²ÖÍ¨Ö³ (‚��) ¨§ ¸¶¥±É·μ¸±μ¶¨Î¥¸±μ£μ ´ ¡μ·  46 748 ±· ¸´ÒÌ
£ ² ±É¨± ± É ²μ£  SDSS [19] ¨ ¶ · ³¥É·Ê ¸¤¢¨£  (CMB shift), μ¶·¥¤¥²ÖÕÐ¥³Ê £² ¢´Ò°
³ ±¸¨³Ê³ ¢ ¸¶¥±É·¥  ´¨§μÉ·μ¶¨¨ ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö, ¶μ²ÊÎ¥´´Ò° ¨§ ¤ ´´ÒÌ ¸¥³¨-
²¥É´¨Ì ´ ¡²Õ¤¥´¨° ¸μ ¸¶ÊÉ´¨±  WMAP [23].

�·¨ ¢Ò¡· ´´μ³ ¨§ ´¥§ ¢¨¸¨³ÒÌ ¨¸ÉμÎ´¨±μ¢ §´ Î¥´¨¨ ΩM = 0,27 ¤²Ö m/mH ¶μ-
¸É·μ¥´  μ¡² ¸ÉÓ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¸ ÉμÎ´μ¸ÉÓÕ 1σ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ
¶ · ³¥É·  ±¢¨´ÉÔ¸¸¥´Í¨¨ ν μÉ 2/3 ¤μ 0,001. „²Ö ±μ··¥±É´μ£μ ¸· ¢´¥´¨Ö ¸ �’� ´  ÔÉ¨Ì
¦¥ ´ ¡²Õ¤ É¥²Ó´ÒÌ ¤ ´´ÒÌ ¢Ò¶μ²´¥´μ Ë¨É¨·μ¢ ´¨¥ ¶ · ³¥É·  ΩK ¢ �’� ¢ ¤¨ ¶ §μ´¥ ν
μÉ 0,5 ¤μ 0,005. „²Ö Ë¨É¨·μ¢ ´¨Ö ¨¸¶μ²Ó§μ¢ ² ¸Ó ËÊ´±Í¨Ö ¶· ¢¤μ¶μ¤μ¡¨Ö, ±μÉμ· Ö
μ¡Ñ¥¤¨´Ö²  ¤ ´´Ò¥ ¢¸¥Ì É·¥Ì É¥¸Éμ¢ (SN +BAO+ CMB). �¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ± ±
£· Ë¨Î¥¸±¨, É ± ¨ ¢ ¢¨¤¥ É ¡²¨Í. ‘¤¥² ´ ¢Ò¢μ¤ μ ´¥¢μ§³μ¦´μ¸É¨ Ê¸É ´μ¢²¥´¨Ö μ£· ´¨Î¥-
´¨Ö ¸¢¥·ÌÊ ´  ³ ¸¸Ê £· ¢¨Éμ´  ¢ �’ƒ ´  μ¸´μ¢¥ ÔÉ¨Ì É¥¸Éμ¢ ¶·¨ a0 > (2)−1/6, ¢ μÉ²¨Î¨¥
μÉ ¶ · ³¥É·  ±¢¨´ÉÔ¸¸¥´Í¨¨, ¤²Ö ±μÉμ·μ£μ ¶μ²ÊÎ¥´  μÍ¥´±  ν � 0,05 (1σ).

‚ · §¤. 2  ´ ²¨§¨·Ê¥É¸Ö ÊÉμÎ´¥´´Ò° Ë·¨¤³ ´μ¢¸±¨° ±μ¸³μ²μ£¨Î¥¸±¨° ¸Í¥´ ·¨°
�’ƒ ¸ ÊÎ¥Éμ³ ·¥§Ê²ÓÉ Éμ¢ Ë¨É¨·μ¢ ´¨Ö. �μ± § ´μ, ÎÉμ ¸²¥¤Ê¥É · §²¨Î ÉÓ ¤¢  ¸²ÊÎ Ö:
1) a0 < (2)−1/6 ¨ 2) a0 > (2)−1/6 (¨´Ë²ÖÍ¨¨ ´¥É).

…¸²¨ a0 < (2)−1/6, Éμ μÉ·¨Í É¥²Ó´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Î²¥´μ¢ ¸ ³ ¸¸μ° £· ¢¨Éμ´ 
¢ (6) ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ³¥´ÓÏ¥ ±·¨É¨Î¥¸±μ°, ± ± ³¨´¨³Ê³, ´  36 ¶μ·Ö¤±μ¢. �  ³ ¸¸Ê
£· ¢¨Éμ´  ¢ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ Ê¸É ´μ¢¨ÉÓ μ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ:

m

mH
< 10−18,

m

mH
< 10−83 £, (24)

  ¶¥·¨μ¤ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° μ± §Ò¢ ¥É¸Ö μ£·μ³´Ò³,

T > 1021 ³²·¤ ²¥É. (25)

CÉμ²Ó ¡μ²ÓÏμ¥ §´ Î¥´¨¥ ¶¥·¨μ¤  μ¡Ê¸²μ¢²¥´μ, ¶·¥¦¤¥ ¢¸¥£μ, ¢Ò¡μ·μ³ ³μ¤¥²¨ ±¢¨´É-
Ô¸¸¥´Í¨¨ ¸ ³¥¤²¥´´μ ³¥´ÖÕÐ¥°¸Ö ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨.

„²Ö ¸²ÊÎ Ö a0 > (2)−1/6 ¶μ²ÊÎ¥´  μÍ¥´±  ´  ³ ¸¸Ê £· ¢¨Éμ´ , ±μÉμ· Ö § ¢¨¸¨É μÉ
§´ Î¥´¨Ö ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö:

a3
0 · 10−31 <

m

mH
< a3

0 · 10−18.

1. ”ˆ’ˆ��‚��ˆ… Š�‘Œ�‹�ƒˆ—…‘Šˆ• Œ�„…‹…‰ �’ƒ ˆ �’�
�� ‘’��„��’��Œ �����… „���›• (SN +BAO +CMB)

ŒÒ ¡Ê¤¥³ Ë¨É¨·μ¢ ÉÓ Ëμ·³Ê²Ê (16), μÉ¢¥Î ÕÐÊÕ ¢Ò¡μ·Ê a0 � 1.
‚Ò¡¥·¥³ ¢´ Î ²¥ ¸¢μ¡μ¤´Ò¥ ¶ · ³¥É·Ò, ±μÉμ·Ò¥ ´¥μ¡Ìμ¤¨³μ Ë¨É¨·μ¢ ÉÓ. �·¨³¥³,

± ± μ¡ÒÎ´μ [21],
H0 = 70 ±³/c/Œ¶±, Ωr = 5 · 10−5. (26)
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‚¥²¨Î¨´  ΩM ¸μ¸Éμ¨É ¨§ ¢±² ¤  ¡ ·¨μ´μ¢ ΩB = 0,045, ±μÉμ·Ò° § ¢¨¸¨É μÉ ¶μ¸ÉμÖ´-
´μ£μ §´ Î¥´¨Ö μÉ´μÏ¥´¨Ö Î¨¸²  ¡ ·¨μ´μ¢ ± Î¨¸²Ê ËμÉμ´μ¢ (∼ 10−10), ¨ ¢±² ¤  É¥³-
´μ° ³ É¥·¨¨, ±μÉμ·Ò° ´¥§ ¢¨¸¨³μ μ¶·¥¤¥²Ö¥É¸Ö · §²¨Î´Ò³¨ ³¥Éμ¤ ³¨, ¢±²ÕÎ Ö [24]:
1) Ë¨É¨·μ¢ ´¨¥ ´¥¡ ·¨μ´´μ° ±² ¸É¥·¨§ Í¨¨ ¶·¨ Ëμ·³¨·μ¢ ´¨¨ ¸É·Ê±ÉÊ·Ò ¢μ ‚¸¥²¥´-
´μ°, 2) · ¸¶·¥¤¥²¥´¨¥ ³ ¸¸ ¨ ¸±μ·μ¸É¥° £ ² ±É¨± ¢ ¨Ì ¸±μ¶²¥´¨ÖÌ, 3) £· ¢¨É Í¨μ´´μ¥
²¨´§¨·μ¢ ´¨¥ £ ² ±É¨± ¸±μ¶²¥´¨Ö³¨ £ ² ±É¨±, 4) ±·¨¢Ò¥ ¢· Ð¥´¨Ö §¢¥§¤ ¢ £ ² ±É¨± Ì ¨
£ §μ¢ÒÌ μ¡² ±μ¢ ¢μ±·Ê£ ´¨Ì ¨ ¤·. ‚¸¥ ÔÉ¨ ³¥Éμ¤Ò, ÊÎ¨ÉÒ¢ Ö ¨ ³ ²Ò° ¢±² ¤ μÉ ´¥°É·¨´μ,
¤ ÕÉ ¸Ê³³ ·´μ¥ §´ Î¥´¨¥

ΩM = ΩB + ΩCDM + Ωneut = 0,27. (27)

�¥¡μ²ÓÏμ¥ ¨§³¥´¥´¨¥ ÔÉμ° ¢¥²¨Î¨´Ò ¶·¨´Í¨¶¨ ²Ó´μ ´¥ ¸± ¦¥É¸Ö ´  ·¥§Ê²ÓÉ É Ì Ë¨É¨-
·μ¢ ´¨Ö. „²Ö ´ ¸ ¢ ¦´μ Ë¨±¸¨·μ¢ ÉÓ ΩM . ‚ ¶·¨´Í¨¶¥ ¢μ§³μ¦´μ ¨ ¶μ²´μ¥ Ë¨É¨·μ¢ -
´¨¥, ´ ¶·¨³¥·, ³¥Éμ¤μ³ (Í¥¶μÎ¥±) Œμ´É¥-Š ·²μ, ±μ£¤  ³Ò μ¸É ¢²Ö¥³ ¸¢μ¡μ¤´Ò³¨ ¨ ΩM ,
¨ H0, ¨ ¶ · ³¥É· ±¢¨´ÉÔ¸¸¥´Í¨¨ ν ¨ m/mH ¢ �’ƒ,   ¢ �’� Å ΩM , H0, ΩK . ƒ¥´¥·¨·ÊÖ
¸²ÊÎ °´Ò³ μ¡· §μ³ ÔÉ¨ ¸¢μ¡μ¤´Ò¥ ¶ · ³¥É·Ò ¨ ¢ÒÎ¨¸²ÖÖ ± ¦¤Ò° · § ËÊ´±Í¨Õ ¶· ¢¤μ-
¶μ¤μ¡¨Ö, ³μ¦´μ ´ °É¨ É ±¨¥ ¨Ì §´ Î¥´¨Ö, ±μÉμ·Ò¥ ¥¥ ³ ±¸¨³¨§¨·ÊÕÉ, ¨ μ¶·¥¤¥²¨ÉÓ ´ 
μ¸´μ¢¥ ÔÉμ° ¸É É¨¸É¨±¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤μ¢¥·¨É¥²Ó´Ò¥ ¨´É¥·¢ ²Ò. �Éμ É¥Ì´¨Î¥¸±¨ ¡μ-
²¥¥ ¸²μ¦´ Ö § ¤ Î . „²Ö ´ Ï¨Ì Í¥²¥° ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¤¢Ê³¥·´μ¥ ¸¥Î¥´¨¥ É ±μ°
³´μ£μ³¥·´μ° ¶μ¢¥·Ì´μ¸É¨ (ËÊ´±Í¨¨ ¶· ¢¤μ¶μ¤μ¡¨Ö) §´ Î¥´¨° ¶ · ³¥É·μ¢, Ë¨±¸¨·μ¢ ¢
ΩM ¨ Ωr,   § É¥³ ¤²Ö · §²¨Î´ÒÌ ¤μ¶Ê¸É¨³ÒÌ (¨ Éμ¦¥ Ë¨±¸¨·μ¢ ´´ÒÌ) §´ Î¥´¨° ν ´ °É¨
¸ ¶μ£·¥Ï´μ¸ÉÓÕ 1σ ¤¨ ¶ §μ´ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¤²Ö ¢¥²¨Î¨´Ò f ≡ (m/mH)2/6 ¢ �’ƒ
¨ ΩK ¢ �’�. ’ ±¨³ μ¡· §μ³, ¢ ± ¦¤μ³ ¸²ÊÎ ¥ ¸¢μ¡μ¤´Ò³ ¡Ê¤¥É Éμ²Ó±μ μ¤¨´ ¶ · ³¥É·.

‚¥²¨Î¨´  ±¢¨´ÉÔ¸¸¥´Í¨¨ ¢ �’ƒ ¡Ê¤¥É · ¢´ 

Ων = 0,73 + f, (28)

  ¢ �’�

Ων = 0,73 − ΩK . (29)

”¨É¨·μ¢ ´¨¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶μ ¸É ´¤ ·É´μ° ¸É É¨¸É¨Î¥¸±μ° ¶·μÍ¥¤Ê·¥ ¶μ¨¸±  ³ ±¸¨-
³Ê³  ËÊ´±Í¨¨ ¶· ¢¤μ¶μ¤μ¡¨Ö, ¨³¥ÕÐ¥° £ Ê¸¸μ¢Ê Ëμ·³Ê

L = exp
(
−χ2

2

)
, (30)

¨²¨, Ô±¢¨¢ ²¥´É´μ, ³¨´¨³Ê³  ËÊ´±Í¨¨ Ô¸É¨³ Éμ·  χ2 [25, 26].
Š ± μÉ³¥Î ²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ É·¨ É¨¶  ´ ¡²Õ¤ É¥²Ó´ÒÌ ¤ ´-

´ÒÌ. � ¨¡μ²¥¥ ÉμÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤ ¥É Ë¨É¨·μ¢ ´¨¥ ¸¢¥·Ì´μ¢ÒÌ É¨¶  Ia ¸ ËÊ´±Í¨¥° χ2
SN:

χ2
SN =

580∑
i=1

(
μth(zi) − μobs

i

)2

σ2
i

, (31)

£¤¥ μ Å · §´μ¸ÉÓ ¢¨¤¨³μ° (m) ¨  ¡¸μ²ÕÉ´μ° (M) §¢¥§¤´ÒÌ ¢¥²¨Î¨´:

μth = m − M = 5 log (dL) + 25,
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dL Å · ¸¸ÉμÖ´¨¥ ¤μ ¸¢¥·Ì´μ¢μ°, ´ Ìμ¤ÖÐ¥°¸Ö ´  ±· ¸´μ³ ¸³¥Ð¥´¨¨ z,

dL(z, Ω) =
1 + z

H0

z∫
0

dz

E(z)
, E(z) =

H(z)
H0

, z =
1
x
− 1; (32)

μobs
i Å ´ ¡²Õ¤ ¥³μ¥ §´ Î¥´¨¥ ¸¢¥·Ì´μ¢μ°, ´ Ìμ¤ÖÐ¥°¸Ö ´  ±· ¸´μ³ ¸³¥Ð¥´¨¨ zi; σi Å

μÏ¨¡±  μ¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´Ò μobs
i . ‚ ± Î¥¸É¢¥ ´ ¡μ·  {μobs

i , σi} ³Ò ¨¸¶μ²Ó§μ¢ ²¨
¶μ¸²¥¤´¨¥ ¤ ´´Ò¥ £·Ê¶¶Ò SuperNova Cosmology Project [22].

„²Ö �’ƒ ¢ (32) ´Ê¦´μ ¶μ¤¸É ¢¨ÉÓ ËÊ´±Í¨Õ

E(z) =
[
Ωr(1 + z)4 + ΩM (1 + z)3 + Ων(1 + z)3ν − f

]1/2
,

  ¤²Ö �’�

E(z) =
[
Ωr(1 + z)4 + ΩM (1 + z)3 + Ων(1 + z)3ν + ΩK(1 + z)2

]1/2
.

‘ ÊÎ¥Éμ³ (26)Ä(28) ¸¢μ¡μ¤´Ò³ ¢ �’ƒ μ¸É ¥É¸Ö ¶ · ³¥É· f :

E(z) = [5 · 10−5(1 + z)4 + 0,27(1 + z)3 + (0,72995 + f)(1 + z)3ν − f ]1/2, (33)

  ¤²Ö �’� Å ¶·μ¸É· ´¸É¢¥´´ Ö ±·¨¢¨§´  ΩK :

E(z) = [5 · 10−5(1+ z)4 +0,27(1+ z)3 +(0,72995−ΩK)(1+ z)3ν +ΩK(1+ z)2]1/2. (34)

”¨±¸¨·ÊÖ ν ¨ ¶μ¤¸É ¢²ÖÖ (33), (34) ¢ (31), ¡Ê¤¥³ ¨§³¥´ÖÉÓ ¸ ³ ²¥´Ó±¨³ Ï £μ³ §´ -
Î¥´¨Ö f ¨ ΩK ¸μμÉ¢¥É¸É¢¥´´μ, ÎÉμ¡Ò Î¨¸²¥´´μ ´ °É¨ ³¨´¨³Ê³ ËÊ´±Í¨¨ χ2

SN. �É¨
§´ Î¥´¨Ö f ¨ ΩK ´ §μ¢¥³ ¶·¨´Í¨¶ ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·μ¢. �Ï¨¡±Ê 1σ ³μ¦´μ
´ °É¨, Î¨¸²¥´´μ μ¶·¥¤¥²¨¢ Éμ §´ Î¥´¨¥ Ë¨É¨·Ê¥³μ£μ ¶ · ³¥É· , ¶·¨ ±μÉμ·μ³ ËÊ´±Í¨Ö
χ2 Ê¢¥²¨Î¨¢ ¥É¸Ö ´  ¥¤¨´¨ÍÊ μÉ ³¨´¨³ ²Ó´μ£μ §´ Î¥´¨Ö [25]. „¢  §´ Î¥´¨Ö ¶ · ³¥É· ,
É ±¨³ μ¡· §μ³ μ£· ´¨Î¨¢ ÕÐ¨¥ ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ² 1σ, ³Ò ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¤μ¶μ²-
´¨É¥²Ó´Ò³¨ ¨´¤¥±¸ ³¨ ®+¯ ¨ ®−¯. ƒ Ê¸¸μ¢  Ëμ·³  ËÊ´±Í¨¨ ¶· ¢¤μ¶μ¤μ¡¨Ö ¶μ§¢μ²Ö¥É
μÎ¥¢¨¤´Ò³ μ¡· §μ³ ±μ´É·μ²¨·μ¢ ÉÓ μÏ¨¡±Ê ¤²Ö ¡
μ²ÓÏ¨Ì ¤μ¢¥·¨É¥²Ó´ÒÌ ¨´É¥·¢ ²μ¢ 2σ,
3σ ¨ É. ¶.

ˆ§³¥·¥´¨Ö  ´¨§μÉ·μ¶¨¨ ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö É ±¦¥ ¤ ÕÉ ¢μ§³μ¦´μ¸ÉÓ ÔËË¥±É¨¢´μ
μ£· ´¨Î¨ÉÓ ±μ¸³μ²μ£¨Î¥¸±¨¥ ¶ · ³¥É·Ò ³μ¤¥²¨. �±¸¶¥·¨³¥´É ²Ó´μ μ¶·¥¤¥²Ö¥³Ò° ¶ · -
³¥É· R ³¨±·μ¢μ²´μ¢μ£μ ¸¤¢¨£  ¶·μ¶μ·Í¨μ´ ²¥´ ¸¢¥Éμ¢μ³Ê · ¸¸ÉμÖ´¨Õ ¤μ ¸Ë¥·Ò ¶μ¸²¥¤-
´¥£μ · ¸¸¥Ö´¨Ö [27]:

R =
√

ΩM

zCMB∫
0

dz

E(z)
. (35)

„²Ö ¶ÖÉ¨²¥É´¨Ì ¤ ´´ÒÌ ¸μ ¸¶ÊÉ´¨±  WMAP [28] R = 1,71 ± 0,019, zCMB = 1090,   ¤²Ö
¸¥³¨²¥É´¨Ì [23] R = 1,7246 ± 0,019, zCMB = 1091,361. �¸É¨³ Éμ· χ2 ¢ ÔÉμ³ ¸²ÊÎ ¥

1‚ 2012 £. μ¶Ê¡²¨±μ¢ ´Ò 9-²¥É´¨¥ ·¥§Ê²ÓÉ ÉÒ WMAP [29] ¸ ¡μ²¥¥ ¸²μ¦´Ò³ ³ É·¨Î´Ò³ Ô¸É¨³ Éμ·μ³ χ2
CMB.

‚±² ¤ ¢ ¸Ê³³ ·´Ò° Ô¸É¨³ Éμ· ¨§³¥´¨É¸Ö ´¥§´ Î¨É¥²Ó´μ, ¶μÔÉμ³Ê ¤²Ö ¶·μ¸ÉμÉÒ ³Ò μ£· ´¨Î¨²¨¸Ó ¤ ´´Ò³¨
7-WMAP. „²Ö ´ Ï¨Ì Í¥²¥° ´¥ ¸Éμ²Ó ¸ÊÐ¥¸É¢¥´´  ³ ±¸¨³ ²Ó´ Ö ÉμÎ´μ¸ÉÓ Ë¨É¨·μ¢ ´¨Ö. �μ É¥³ ¦¥ ¶·¨Î¨´ ³
³Ò ´¥ ¨¸¶μ²Ó§μ¢ ²¨ ¶μ¸²¥¤´¨¥ ¤ ´´Ò¥ ¸ ¥¢·μ¶¥°¸±μ£μ ¸¶ÊÉ´¨±  Planck [30].
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¡Ê¤¥É · ¢¥´

χ2
CMB =

(R − 1,729)2

0,0192
. (36)

� ±μ´¥Í, ¤²Ö Ì · ±É¥·¨¸É¨±¨ ¡ ·¨μ´´ÒÌ  ±Ê¸É¨Î¥¸±¨Ì μ¸Í¨²²ÖÍ¨° ¨¸¶μ²Ó§ÊÕÉ ¨§³¥-
·Ö¥³ÊÕ ´  μ¸´μ¢¥ ¨§ÊÎ¥´¨Ö 46 748 ¸¢¥ÉÖÐ¨Ì¸Ö ±· ¸´ÒÌ £ ² ±É¨± ± É ²μ£  SDSS ¢¥²¨-
Î¨´Ê [19, 21]

A =
√

ΩM

E(z1)1/3

⎛
⎝ 1

z1

z1∫
0

dz

E(z)

⎞
⎠

2/3

, (37)

· ¢´ÊÕ A = 0,469
(

ns

0,98

)−0,35

± 0,017, z1 = 0,35, £¤¥ ns Å ´ ±²μ´ ¸¶¥±É·  ³μÐ´μ¸É¨

 ´¨§μÉ·μ¶¨¨ ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö, · ¢´Ò° ns = 0,96 [14, 21]. ’μ£¤  Ô¸É¨³ Éμ· χ2

³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

χ2
BAO =

(A − 0,472)2

0,012 . (38)

’ ±¨³ μ¡· §μ³, ¸μ¢³¥¸É´μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ ¢¸¥Ì É·¥Ì ´ ¡μ·μ¢ ¤ ´´ÒÌ ¶·¨¢μ¤¨É ± ´¥μ¡-
Ìμ¤¨³μ¸É¨ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨¨ χ2 (31)Ä(38)

χ2 = χ2
SN + χ2

CMB + χ2
BAO.

‚ · ¡μÉ Ì [15, 16] ¨ ¶μ¸²¥¤ÊÕÐ¨Ì ¨¸¶μ²Ó§μ¢ ²¨¸Ó ·¥§Ê²ÓÉ ÉÒ ¸μ¢³¥¸É´μ£μ Ë¨É¨·μ¢ ´¨Ö
¢ · ³± Ì �’� ¨³¥´´μ É ±¨Ì ´ ¡²Õ¤ É¥²Ó´ÒÌ ¤ ´´ÒÌ. �μÔÉμ³Ê ³Ò ¥Ð¥ · § ¢Ò¶μ²´¨³
μ¶·¥¤¥²¥´¨¥ ¶ · ³¥É·  ΩK , ¨¸¶μ²Ó§ÊÖ ¨Ì ¶μ¸²¥¤´¨¥ μ¡´μ¢²¥´¨Ö. �¥§Ê²ÓÉ É ¶·¥¤¸É -
¢¨³ ¢ ¢¨¤¥ É ¡². 1, ¢§Ö¢ ¢Ò¡μ·μÎ´μ ·Ö¤ Ì · ±É¥·´ÒÌ ÉμÎ¥± ¨ ´  ·¨¸Ê´±¥. ‚ ¸É·μ±¥ ΩK

μÉμ¡· ¦ ÕÉ¸Ö ¶·¨´Í¨¶ ²Ó´Ò¥ §´ Î¥´¨Ö.
�·¨ ν < 0,02 §´ Î¥´¨Ö ΩK , σ (Ω±

K = ΩK ±σK) ¨ χ2 ³¥´ÖÕÉ¸Ö ±· °´¥ ´¥§´ Î¨É¥²Ó´μ,
  ¶·¨ ν < 0,005 ¢μμ¡Ð¥ ´¥ ³¥´ÖÕÉ¸Ö. �¤´ ±μ ¸ ·μ¸Éμ³ ν, ´ Î¨´ Ö μÉ ν = 0,02, ³¨´¨³Ê³
Ô¸É¨³ Éμ·  χ2 ¡Ò¸É·μ ¢μ§· ¸É ¥É, ÎÉμ £μ¢μ·¨É μ¡ μ£· ´¨Î¥´¨¨ ¸¢¥·ÌÊ ´  ¶ · ³¥É· ±¢¨´É-
Ô¸¸¥´Í¨¨: ν < 0,02. �É³¥É¨³ É ±¦¥, ÎÉμ μÏ¨¡±  μ¶·¥¤¥²¥´¨Ö ΩK ³¥´Ö¥É¸Ö ¢ ¨´É¥·¢ ²¥
(¢ § ¢¨¸¨³μ¸É¨ μÉ ¢¥²¨Î¨´Ò ν)

0,02 < σK < 0,05.

„²Ö μÍ¥´±¨ ¶ · ³¥É·  f ≡ (m/mH)2/6 ¢ · ¡μÉ Ì [15, 16] ¨ ¶μ¸²¥¤ÊÕÐ¨Ì ¨¸¶μ²Ó§μ¢ ²μ¸Ó
§´ Î¥´¨¥ Ω+

K .

’ ¡²¨Í  1. ”¨É¨·μ¢ ´¨¥ ¢ · ³± Ì �’� (¸ ÉμÎ´μ¸ÉÓÕ 1σ ¢¥²¨Î¨´  ΩK ²¥¦¨É ¢ ¨´É¥·¢ ²¥
Ω−

K < ΩK < Ω+
K )

� · ³¥É·
ν

0,5 0,3 0,15 0,08 0,05 0,02 0,015 0,01 0,005

Ω−
K Ä1,16 Ä0,36 Ä0,14 Ä0,072 Ä0,047 Ä0,024 Ä0,020 Ä0,017 Ä0,016

ΩK Ä1,11 Ä0,33 Ä0,116 Ä0,05 Ä0,025 Ä0,003 0,001 0,004 0,0041

Ω+
K Ä1,06 Ä0,3 Ä0,092 Ä0,028 Ä0,004 0,018 0,0215 0,025 0,025

χ2 − 563 59,3 13,35 2,155 0,48 0,222 0,194 0,192 0,19 0,189
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„μ¢¥·¨É¥²Ó´Ò¥ ¨´É¥·¢ ²Ò (1σ) ¨ ¶·¨´Í¨¶ ²Ó´Ò¥ §´ Î¥´¨Ö ¤²Ö f (�’ƒ) ¨ ΩK (�’�)

’ ¡²¨Í  2. ”¨É¨·μ¢ ´¨¥ ¢ · ³± Ì �’ƒ (¸ ÉμÎ´μ¸ÉÓÕ 1σ ¢¥²¨Î¨´  f ≡ (m/mH)2/6 ²¥¦¨É ¢
¨´É¥·¢ ²¥ f− < f < f+)

� · ³¥É·
ν

0,5 0,15 0,06 0,04 0,02 0,01 0,005 0,003 0,001

f− Ä0,74 Ä0,78 Ä0,86 Ä0,93 Ä1,13 Ä1,54 Ä2,35 Ä3,50 Ä8,8

f Ä0,72 Ä0,65 Ä0,53 Ä0,42 Ä0,15 0,52 1,77 3,40 12,6

f+ Ä0,70 Ä0,52 Ä0,19 0,09 0,93 2,60 5,94 10,40 32,7

χ2 − 563 0,271 0,20 0,1987 0,1979 0,1987 0,1968 0,1968 0,1966 0,1966

‚ �’ƒ ·¥§Ê²ÓÉ ÉÒ Ë¨É¨·μ¢ ´¨Ö ¡Ê¤ÊÉ ¸μ¢¥·Ï¥´´μ ¤·Ê£¨³¨. ŒÒ É ±¦¥ ¶·¨¢¥¤¥³ ¨Ì
± ± ¢ É ¡²¨Î´μ³ (¢Ò¡μ·μÎ´μ), É ± ¨ ¢ £· Ë¨Î¥¸±μ³ ¢¨¤ Ì.

�´ ²¨§ ·¥§Ê²ÓÉ Éμ¢ Ë¨É¨·μ¢ ´¨Ö ¢ �’ƒ ¶μ± §Ò¢ ¥É, ÎÉμ ³¨´¨³Ê³ Ô¸É¨³ Éμ·  ËÊ´±Í¨¨
¶· ¢¤μ¶μ¤μ¡¨Ö χ2 ¶·¨ ν < 0,3 ¶· ±É¨Î¥¸±¨ ´¥ ³¥´Ö¥É¸Ö. �Éμ μ§´ Î ¥É, ÎÉμ ¢¸¥ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö f ¢ ¶·¥¤¥² Ì ¸¢μ¨Ì ¤μ¢¥·¨É¥²Ó´ÒÌ ¨´É¥·¢ ²μ¢ μ¤¨´ ±μ¢μ Ìμ·μÏμ
Ë¨É¨·ÊÕÉ ¤ ´´Ò¥ ´ ¡²Õ¤¥´¨°, ¶·¨Î¥³ ³¨´¨³Ê³ χ2 ¢ �’ƒ ¶· ±É¨Î¥¸±¨ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ
10−3−10−4 %) ¸μ¢¶ ¤ ¥É ¸ ³¨´¨³Ê³μ³ χ2 ¢ �’� (¶·¨ ν < 0,02). ‘ ¤·Ê£μ° ¸Éμ·μ´Ò,
¢¥¸Ó ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ² f ¶·¨ ν > 0,05 Ö¢²Ö¥É¸Ö μÉ·¨Í É¥²Ó´Ò³. ’ ± ± ± ´ ¸ ¨´-
É¥·¥¸ÊÕÉ Éμ²Ó±μ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö (m =

√
6fmH), É. ¥. μ¡² ¸ÉÓ 0 < f � f+, Éμ

μÉ¸Õ¤  ³μ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ ¸ ÉμÎ´μ¸ÉÓÕ 1σ ¶ · ³¥É· ±¢¨´ÉÔ¸¸¥´Í¨¨ ν μ£· ´¨Î¥´
¸¢¥·ÌÊ §´ Î¥´¨¥³ (¶·¨ ΩM = 0,27):

0 < ν � 0,05.

�É  μÍ¥´±  ÉμÎ´μ ¸μ¢¶ ¤ ¥É ¸ ³ ¦μ· ´Éμ°, ¶μ²ÊÎ¥´´μ° ¶·¨ · ¸¸³μÉ·¥´¨¨ ¢ �’ƒ ²μ± ²Ó-
´μ£μ Ì ¡¡²μ¢¸±μ£μ ¶μÉμ±  £ ² ±É¨± ¢ ³¥¸É´μ° £·Ê¶¶¥ [31].
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‘ ³Ò³ ¢ ¦´Ò³ ·¥§Ê²ÓÉ Éμ³ Ë¨É¨·μ¢ ´¨Ö Ö¢²Ö¥É¸Ö ¤μ± § É¥²Ó¸É¢μ ÊÉ¢¥·¦¤¥´¨Ö, ¸Ëμ·-
³Ê²¨·μ¢ ´´μ£μ ¢μ ¢¢¥¤¥´¨¨: ¤²Ö ¸·¥§μ¢ ν = const → 0 1σ Å ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ²
³ ¸¸Ò £· ¢¨Éμ´  ´¥μ£· ´¨Î¥´´μ · ¸Ï¨·Ö¥É¸Ö, ±μ´É· ¸É¨·ÊÖ ¸ ¶· ±É¨Î¥¸±¨ ¶μ¸ÉμÖ´´μ°
μÏ¨¡±μ° ¶·¨ Ë¨É¨·μ¢ ´¨¨ ¶·μ¸É· ´¸É¢¥´´μ° ±·¨¢¨§´Ò ¢ �’�. �´ ²μ£¨Î´ Ö ± ·É¨´ 
¢μ§´¨± ¥É ¨ ¶·¨ μÉ¤¥²Ó´μ³ Ë¨É¨·μ¢ ´¨¨ ¤ ´´ÒÌ ¶μ ¸¢¥·Ì´μ¢Ò³, ��� ¨ ³¨±·μ¢μ²´μ¢μ³Ê
¸¤¢¨£Ê: ¶·¨ ν → 0 f+ → ∞. ŒÒ ´¥ ¶·¨¢μ¤¨³ ¤¥É ²¨ ÔÉμ° ¶·μÍ¥¤Ê·Ò, ÎÉμ¡Ò ´¥ § £·μ-
³μ¦¤ ÉÓ ¨§²μ¦¥´¨¥. �É³¥É¨³ ²¨ÏÓ, ÎÉμ ´ ¨³¥´¥¥ ÉμÎ´Ò° ¨§ ÔÉ¨Ì É¥¸Éμ¢ Å ¡ ·¨μ´´Ò¥
 ±Ê¸É¨Î¥¸±¨¥ μ¸Í¨²²ÖÍ¨¨.

2. „‚… ‘’�„ˆˆ ”�ˆ„Œ���‚‘Š�ƒ� Š�‘Œ�‹�ƒˆ—…‘Š�ƒ� ‘–…���ˆŸ
‚ �’ƒ

�  μ¸´μ¢¥ ¤ ´´ÒÌ ¶μ Ë¨É¨·μ¢ ´¨Õ �’ƒ ´¥μ¡Ìμ¤¨³μ § ´μ¢μ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¸ ³
±μ¸³μ²μ£¨Î¥¸±¨° Ë·¨¤³ ´μ¢¸±¨° ¸Í¥´ ·¨°. �¥§Ê²ÓÉ ÉÒ ¡Ê¤ÊÉ ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¥ÉÓ μÉ
¸μ¢·¥³¥´´μ£μ §´ Î¥´¨Ö ¢¥²¨Î¨´Ò ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  a0: a0 < (2)−1/6 ¨ a0 > (2)−1/6.
�É¨ ¸²ÊÎ ¨ ´¥ μ§´ Î ÕÉ, ÎÉμ ±μ¸³μ²μ£¨Î¥¸±¨¥ ¸Í¥´ ·¨¨ · §²¨Î´Ò. �Éμ, ±μ´¥Î´μ, μ¤¨´
¨ ÉμÉ ¦¥ μ¸Í¨²²¨·ÊÕÐ¨° ¸Í¥´ ·¨° ¢ �’ƒ. �μ É ± ± ± ´¥¨§¢¥¸É´μ, ´  ± ±μ° ¨§ ¤¢ÊÌ
¥£μ ¸É ¤¨° (· §£· ´¨Î¥´´ÒÌ §´ Î¥´¨¥³ a0 = (2)−1/6) ³Ò ´ Ìμ¤¨³¸Ö, Éμ ´¥μ¡Ìμ¤¨³μ
· ¸¸³ É·¨¢ ÉÓ μ¡  ¸²ÊÎ Ö, ¢¥¸Ó³  · §²¨Î´ÒÌ ¶μ ¸¢μ¨³ ¸²¥¤¸É¢¨Ö³.

2.1. ‘²ÊÎ ° a0 < (2)−1/6. �μ¤Î¥·±´¥³, ÎÉμ ³Ò · ¸¸³ É·¨¢ ¥³ ¸Í¥´ ·¨° ¡¥§ ¤μË·¨¤-
³ ´μ¢¸±μ° ¨´Ë²ÖÍ¨μ´´μ° ¸É ¤¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ μ£· ´¨Î¨ÉÓ ³ ±¸¨³ ²Ó´ÊÕ
É¥³¶¥· ÉÊ·Ê ¢¥²¨Î¨´μ° kT = (Tmax)max = 1016 ƒÔ‚, ¶·¨ ±μÉμ·μ° ¥Ð¥ ¡¥§μ¶ ¸´  ±μ´Í¥´-
É· Í¨Ö ·¥²¨±Éμ¢ÒÌ ³μ´μ¶μ²¥°. �É  É¥³¶¥· ÉÊ·  ¸μμÉ¢¥É¸É¢Ê¥É ®³ ±¸¨³ ²Ó´μ³Ê §´ Î¥´¨Õ
³ ±¸¨³ ²Ó´μ° ¶²μÉ´μ¸É¨¯ (ρmax)max = 1081 £/¸³3. Œ¨´¨³ ²Ó´μ¥ ¦¥ §´ Î¥´¨¥ ρmax

´¥ ³μ¦¥É ¡ÒÉÓ ´¨¦¥ ³¨´¨³ ²Ó´μ° É¥³¶¥· ÉÊ·Ò ¶μ¸É¨´Ë²ÖÍ¨μ´´μ£μ · §μ£·¥¢  ¢ �’�:
kT = (Tmax)min = 103 ƒÔ‚, (ρmax)min = 1029 £/¸³3, ¤²Ö Éμ£μ ÎÉμ¡Ò ¶·¨ ¤ ²Ó´¥°Ï¥³
É· ¤¨Í¨μ´´μ³ Ë·¨¤³ ´μ¢¸±μ³ · §²¥É¥ Ê¸¶¥²¨ ¶·μ¨§μ°É¨ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ Ë¨§¨Î¥¸±¨¥
¶·μÍ¥¸¸Ò ¢μ ‚¸¥²¥´´μ°: £¥´¥· Í¨Ö É¥³´μ° ³ É¥·¨¨ ¨ ¡ ·¨μ´´μ°  ¸¨³³¥É·¨¨, ¶¥·¢¨Î´Ò°
´Ê±²¥μ¸¨´É¥§ ¨ É. ¶. [21, 24].

�·¨ a � 1 ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢  μ¶·¥¤¥²Ö¥É¸Ö ¶²μÉ´μ¸ÉÓÕ ¨§²ÊÎ¥´¨Ö

ρ =
AM

a3
+

Ar

a4
+

Aν

a3ν
∼=

Ar

a4
=

ρ0a
4
0

a4
,

£¤¥

ρ0 = Ωrρc = 5 · 10−5ρc, ρc =
3

8πG
H2

0 = 10−29 £/¸³3,

·μ¸É ±μÉμ·μ° ¶·¨ a → 0 ¤μ²¦´  μ¸É ´μ¢¨ÉÓ μÉ·¨Í É¥²Ó´ Ö ±μ³¶μ´¥´É  m2/6a6 ¢ ¤μ¶Ê-
¸É¨³μ³ Ô´¥·£¥É¨Î¥¸±μ³ ¨´É¥·¢ ²¥

(ρmax)min < ρ < (ρmax)max.

‚ ÔÉμ³ ¸²ÊÎ ¥ (
ȧ

a

)2

=
8πG

3
ρ0a

4
0

a4
− m2

12a6
,
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É. ¥. ¶·¨ a0 < (2)−1/6 ¨ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö a = a0 ¢¥¤ÊÐ¨³ ¨§ ¢¸¥Ì m2-Î²¥´μ¢ ¢¸¥ ¥Ð¥
μ¸É ¥É¸Ö É·¥É¨°:

m2

6

(
1 − 3

2βa2
0

+
1

2a6
0

)
∼=

m2

12a6
0

.

‚ ³μ³¥´É μÉ¸±μ±  ¶·¨ ³ ±¸¨³ ²Ó´μ° ¶²μÉ´μ¸É¨ ¨ É¥³¶¥· ÉÊ·¥ ÔÉ  ¶²μÉ´μ¸ÉÓ · ¢´  ¶²μÉ-
´μ¸É¨ ¨§²ÊÎ¥´¨Ö

m2

12a6
min

=
8πG

3
ρ0a

4
0

a4
min

=
8πG

3
ρmax.

‚ ¤ ²Ó´¥°Ï¥³ ¸ ·μ¸Éμ³ a Î²¥´ ¸ ³ ¸¸μ° £· ¢¨Éμ´  Ê¡Ò¢ ¥É (¶μ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´¥)
¢ a2 · § ¡Ò¸É·¥¥ ¶²μÉ´μ¸É¨ ¨§²ÊÎ¥´¨Ö ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ ´ ¸ÉμÖÐ¨° ³μ³¥´É ¢·¥³¥´¨
³¥´ÓÏ¥ ´¥¥ ¢ (a0/amin)2 · §:

m2

12a6
0

/
8πG

3
ρ0 =

(
amin

a0

)2

. (39)

’ ± ± ± ¤²Ö ³¨±·μ¢μ²´μ¢μ£μ ¨§²ÊÎ¥´¨Ö É¥³¶¥· ÉÊ·  μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  ³ ¸ÏÉ ¡-
´μ³Ê Ë ±Éμ·Ê aT = const, Éμ

m2

12a6
0

/
8πG

3
ρ0 =

(
T0

Tmax

)2

. (40)

„²Ö ÔÉμ° ¢¥²¨Î¨´Ò ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¤μ¶Ê¸É¨³Ò° ¤¨ ¶ §μ´, ¶μ¤¸É ¢¨¢ É¥±ÊÐÊÕ É¥³¶¥· -
ÉÊ·Ê ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö T0 = 2,3 · 10−13 ƒÔ‚ (2,7 Š):

10−58 ∼
(

T0

(Tmax)max

)2

<

(
T0

Tmax

)2

<

(
T0

(Tmax)min

)2

∼ 10−32. (41)

’ ±¨³ μ¡· §μ³, ¥¸²¨ a0 < (2)−1/6, Éμ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢¥²¨Î¨´  Î²¥´μ¢ ¸ ³ ¸¸μ°
£· ¢¨Éμ´  ´¨ÎÉμ¦´  ¨ Ê· ¢´¥´¨¥ ±μ¸³μ²μ£¨Î¥¸±μ£μ ¡ ² ´¸  ¢ �’ƒ ¡Ê¤¥É ¸μ¢¶ ¤ ÉÓ ¸
Ê· ¢´¥´¨¥³ �’� ¤²Ö ¶²μ¸±μ£μ ¸²ÊÎ Ö ¸ ±¢¨´ÉÔ¸¸¥´Í¨¥° ¢ ± Î¥¸É¢¥ É¥³´μ° Ô´¥·£¨¨:

Ωr + Ωm + Ων = 1.

Œ ² Ö ¢¥²¨Î¨´  μÉ´μÏ¥´¨Ö ¶²μÉ´μ¸É¥° (40), (41) ¶·¨¢μ¤¨É ± ¸¨²Ó´μ³Ê μ£· ´¨Î¥´¨Õ ´ 
³ ¸¸Ê £· ¢¨Éμ´  ¨ ± μ£·μ³´μ° ¢¥²¨Î¨´¥ ¶¥·¨μ¤  Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°.

„¥°¸É¢¨É¥²Ó´μ, ¨§ (39) ¸²¥¤Ê¥É, ÎÉμ

m2 = 32πGa6
0ρ0

(
amin

a0

)2

.

�μ¤¸É ¢²ÖÖ ¸Õ¤  ¢Ò· ¦¥´¨¥ ¸μ¢·¥³¥´´μ£μ §´ Î¥´¨Ö ¶²μÉ´μ¸É¨ ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö
Î¥·¥§ ±·¨É¨Î¥¸±ÊÕ ¶²μÉ´μ¸ÉÓ

ρ0 =
3Ωr

8πG
H2

0 ,

¶μ²ÊÎ¨³

m2 = 12Ωra
6
0m

2
H

(
amin

a0

)2

< 12Ωrm
2
H

(
amin

a0

)2

,
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μÉ±Ê¤ 
m

mH
<

√
12Ωr

T0

(Tmax)min
∼ 10−18. (42)

�Éμ Î·¥§¢ÒÎ °´μ ¦¥¸É± Ö μÍ¥´± :

m < 10−83 £,

´  18 ¶μ·Ö¤±μ¢ Ê³¥´ÓÏ ÕÐ Ö ¶·¥¤Ò¤ÊÐÊÕ m < 10−65 £ [4, 15, 16, 20].
�Í¥´¨³ ¶¥·¨μ¤ Ô¢μ²ÕÍ¨¨. ’ ± ± ± Î²¥´ ³¨ ¸ ³ ¸¸μ° £· ¢¨Éμ´  ³μ¦´μ ¶·¥´¥¡·¥ÎÓ, Éμ

³Ò ¢¶· ¢¥ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ·¥§Ê²ÓÉ É ³¨ Ë¨É¨·μ¢ ´¨Ö ¢ �’�. ’ ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö
±¢¨´ÉÔ¸¸¥´Í¨¨ ¶μ²ÊÎ¥´  μÍ¥´±  ν < 0,02 (¸³. É ¡². 1), Éμ ¤²Ö ¶μ²Ê¶¥·¨μ¤  (15) ¶μ²ÊÎ ¥³
μÍ¥´±Ê ¸´¨§Ê:

T =

√
2
3

π

mν
>

128
m

>
1020

mH
∼ 1021 ³²·¤ ²¥É,

¶·¨Î¥³ [17]

amax

a0
=

(
6ΩνH2

0

m2

)1/3ν

> 1012/ν > 10600.

� ¸¸³μÉ·¨³ É¥¶¥·Ó μ¡ÐÊÕ μÍ¥´±Ê Î²¥´μ¢, ¸μ¤¥·¦ Ð¨Ì ³ ¸¸Ê £· ¢¨Éμ´ , ¶μ ¸· ¢´¥´¨Õ ¸
μ¸É ²Ó´Ò³¨ ¢ Ê· ¢´¥´¨ÖÌ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (1) ¤²Ö ¸²ÊÎ Ö a0 < (2)−1/6. „²Ö ÔÉμ£μ
§ ¶¨Ï¥³ ¨´É¥·¢ ²Ò (4), (5)

ds2 = a(t)6 dt2 − a4
maxa(t)2 dr2, (43)

dσ2 = dt2 − dr2 (44)

¢ ±μμ·¤¨´ É Ì, ±μ£¤  ·¨³ ´μ¢  ³¥É·¨±  ®´μ·³¨·μ¢ ´  ´  ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö¯:

ds2 = dτ2 −
(

a(τ)
a0

)2

dr2, (45)

dσ2 =
dτ2

a(τ)6
− 1

a4
maxa

2
0

dr2. (46)

Šμ¸³μ²μ£¨Î¥¸±μ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ (3) μÎ¥´Ó ¢¥²¨±μ:

ϕαβ = a6a6
max

{
1,−

(a0

a

)2

δij

}
∼ a6

max,

a6a6
max > a6

mina
6
max > (10571)6, a4

mina
6
max > (10581)6.

—Éμ¡Ò μÍ¥´¨ÉÓ ¸² £ ¥³μ¥ m2γμν ¢ Ê· ¢´¥´¨ÖÌ ¶μ²Ö (1), · ¸¸³μÉ·¨³ ¢´ Î ²¥ 00-±μ³¶μ´¥´-
ÉÊ. ˆ§ (46) ¨ (39)Ä(41) ¶μ²ÊÎ ¥³ ´¥· ¢¥´¸É¢μ

m2γ00 =
m2

a6
=

m2

a6
0

(1 + z)6 < 10−32(1 + z)6ρ0 ∼ 10−32(1 + z)2ρr,

μ§´ Î ÕÐ¥¥, ÎÉμ ¢¶²μÉÓ ¤μ z ∼ 1015 Î²¥´μ³ m2γ00 ¢ Ê· ¢´¥´¨ÖÌ (1) ³μ¦´μ ¶·¥´¥¡·¥ÎÓ.
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�·μ¸É· ´¸É¢¥´´Ò¥ ±μ³¶μ´¥´ÉÒ ³¥É·¨±¨ Œ¨´±μ¢¸±μ£μ ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ ·¨³ ´μ-
¢Ò³¨:

γij

gij
=

1
a4
maxa

2
<

1
a4
maxa

2
min

∼
(

1
10586

)4

,

¶μÔÉμ³Ê m2γij � m2gij . �μ ¨ ¸ ³ ±μ¸³μ²μ£¨Î¥¸±¨° Î²¥´ m2gμν ´ ³´μ£μ ³¥´ÓÏ¥ Î²¥´ 
É¥³´μ° Ô´¥·£¨¨ (É ±¦¥ ¶·μ¶μ·Í¨μ´ ²Ó´μ£μ gμν ):

m2

m2
HΩν(1 + z)3ν

=
1

Ων

(
m

mH

)2

(1 + z)−3ν < 10−37.

‘Ê³³¨·ÊÖ ¸± § ´´μ¥, ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¢ ¸²ÊÎ ¥ a0 < (2)−1/6 ¢¸¥³¨ Î²¥´ ³¨, ¸μ-
¤¥·¦ Ð¨³¨ ³ ¸¸Ê £· ¢¨Éμ´ , ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¶·¨ ¶μ²μ¦¨É¥²Ó´ÒÌ z (¶·μÏ²μ¥) ¢¶²μÉÓ
¤μ z ∼ 1015 ¨ ¤²Ö μÉ·¨Í É¥²Ó´ÒÌ z (¡Ê¤ÊÐ¥¥) ¢¶²μÉÓ ¤μ z = −1 + 10−599. �·¨ ÔÉμ³
Ê· ¢´¥´¨Ö ¶μ²Ö ¢ �’ƒ ¸μ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨ �’� ¢ ±μ¢ ·¨ ´É´ÒÌ £ ·³μ´¨Î¥¸±¨Ì
±μμ·¤¨´ É Ì ¸ ±¢¨´ÉÔ¸¸¥´Í¨¥°.

�¥·¥°¤¥³ É¥¶¥·Ó ±  ´ ²¨§Ê ¤·Ê£μ° ¢μ§³μ¦´μ¸É¨, Ì · ±É¥·¨§ÊÕÐ¥°¸Ö ¡μ²ÓÏ¨³ ¸μ¢·¥-
³¥´´Ò³ §´ Î¥´¨¥³ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  a0 > (2)−1/6.

2.2. ‘²ÊÎ ° a0 > (2)−1/6. � °¤¥³ ¸μμÉ´μÏ¥´¨¥ ¶ · ³¥É·μ¢ ³μ¤¥²¨, ¶·¨¢μ¤ÖÐ¨Ì ±
μÉ¸±μ±Ê ¢ ¨´É¥·¢ ²¥ É¥³¶¥· ÉÊ· 103 < Tmax < 1016 ƒÔ‚. �´ ²μ£¨Î´μ ¸²ÊÎ Õ ³ ²ÒÌ a0

¶μ²ÊÎ¨³

12Ωr

√
ρ0

(ρmax)max
a6
0 <

m2

m2
H

< 12Ωr

√
ρ0

(ρmax)min
a6
0, (47)

¨²¨, ¢ ¤·Ê£μ° Ëμ·³¥,

√
12Ωr

T0

(Tmax)max
a3
0 <

m

mH
<

√
12Ωr

T0

(Tmax)min
a3
0. (48)

�É¸Õ¤ 
10−31 <

m

mHa3
0

< 10−18. (49)

’ ± ± ± ρc =
3

8πG
H2

0 =
3

8πG
m2

H , Éμ Ê· ¢´¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¡ ² ´¸  (6) ³μ¦´μ

§ ¶¨¸ ÉÓ ¢ μ¡Ð¥³ ¢¨¤¥:

H2 = H2
0

[
Ωr(1 + z)4 + ΩM (1 + z)3 + Ων(1 + z)3ν−

− m2

6H2
0

(
1 − 3(1 + z)2

2a4
maxa

2
0

+
(1 + z)6

2a6
0

)]
.

Œ ² Ö ¢¥²¨Î¨´  ¶ · ³¥É·  m2/a6
0 (49) ¶μ§¢μ²Ö¥É ¶·¥´¥¡·¥ÎÓ ¶μ¸²¥¤´¨³ ¸² £ ¥³Ò³, ±μ-

Éμ·μ¥ ´ ³´μ£μ ³¥´ÓÏ¥ ¶¥·¢μ£μ Î²¥´  ¢¶²μÉÓ ¤μ É¥³¶¥· ÉÊ·, ³¥´ÓÏ¨Ì Tmax ¢¸¥£μ ´ 
¶μ·Ö¤μ±. �·¥¤¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ É ±¦¥ ¢¸¥£¤  ³¥´ÓÏ¥ ¶μ¸²¥¤´¥£μ ¢

a4
max

3(1 + z)2a4
0

=
(1 + z)2

3
a4
max

a4
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· § §  ¨¸±²ÕÎ¥´¨¥³ μ¡² ¸É¨ a ∼ amax, £¤¥ ¨³ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ Ê¦¥ ¶μ ¸· ¢´¥´¨Õ ¸
¥¤¨´¨Í¥° (¶¥·¢Ò° Î²¥´ ¢ ±·Ê£²ÒÌ ¸±μ¡± Ì), É ± ± ± §¤¥¸Ó

(1 + z)2

a4
maxa

2
0

∼ 1
a6
max

� 1.

’ ±¨³ μ¡· §μ³, ¥¸²¨ a0 > (2)−1/6, Éμ ¢¶²μÉÓ ¤μ z ∼ 1015 Ê· ¢´¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ
¡ ² ´¸  (6) ¶·¨´¨³ ¥É ¢¨¤

H2 = H2
0

[
Ωr

x4
+

ΩM

x3
+

Ων

x3ν
− m2

6H2
0

]
,

μ¡μ¸´μ¢Ò¢ Ö ¢Ò¡μ· (16) ¤²Ö Ë¨É¨·μ¢ ´¨Ö �’ƒ. „²Ö ¡μ²ÓÏ¨Ì a0 ¶·¨ ± ¦¤μ³ Ë¨±¸¨·μ-
¢ ´´μ³ ¶ · ³¥É·¥ ±¢¨´ÉÔ¸¸¥´Í¨¨ ν ¸ÊÐ¥¸É¢Ê¥É μ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ ´  ³ ¸¸Ê £· ¢¨Éμ´ 

0 < m <
√

6f+(ν)mH .

’μ£¤  ¨§ (48) ³μ¦´μ ´ °É¨ μ£· ´¨Î¥´¨¥ ¨ ´  ¸ ³ ¶ · ³¥É· a0:

6
√

2 < a0 <

(
f+(ν)
2Ωr

)1/6 (
(Tmax)max

T0

)1/3

= 2 · 1010(f+(ν))1/6.

�¥±μÉμ·Ò¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¨ £· Ë¨± ËÊ´±Í¨¨ f+(ν) ¶·¨¢¥¤¥´Ò ¢ É ¡². 2 ¨ ´  ·¨-
¸Ê´±¥. ’ ±, ´ ¶·¨³¥·, ¶·¨ ν = 0,001 m < 14,0mH , a0 < 3,6 · 1010.

�μ± ¦¥³ É¥¶¥·Ó, ÎÉμ ³ ² Ö ¢¥²¨Î¨´  ¶ · ³¥É·  m2/a6
0 (49) ¶μ§¢μ²Ö¥É, ¶μ¤μ¡´μ ¸²Ê-

Î Õ a0 < (2)−1/6, §´ Î¨É¥²Ó´μ Ê¶·μ¸É¨ÉÓ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö �’ƒ. „¥°-
¸É¢¨É¥²Ó´μ, ¢ ±μμ·¤¨´ É Ì (45), (46), ±μ£¤  ¶·¨ a = a0 gαβ = diag (1,−1,−1,−1),
£· ¢¨É Í¨μ´´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö μÎ¥´Ó ¡μ²ÓÏ¨³:

ϕαβ = a6a6
max

{
1,−

(a0

a

)2

δij

}
∼ a6a6

max > a6
max � 1,

  Î²¥´ m2γμν ¢ Ê· ¢´¥´¨ÖÌ ¶μ²Ö (1) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

m2γμν =
m2

a6
0

{
(1 + z)6,−

(
a0

amax

)4

δij

}
.

’μ£¤  ¸ ¶μ³μÐÓÕ (49) ¶μ²ÊÎ ¥³

m2γμν < (1 + z)2 · 10−36ρr.

ˆ, ¸²¥¤μ¢ É¥²Ó´μ, ¢ Ï¨·μ±μ³ ¤¨ ¶ §μ´¥ z < 1015 ³μ¦´μ μÉ¡·μ¸¨ÉÓ Î²¥´ −m2γμν ¢
Ê· ¢´¥´¨ÖÌ ¶μ²Ö �’ƒ (1):

Rμν − m2

2
gμν = 8π

(
Tμν − 1

2
gμνT

)
.

�´¨, É ±¨³ μ¡· §μ³, ¸¢μ¤ÖÉ¸Ö ± Ê· ¢´¥´¨Õ �’� ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¸ μÉ·¨-
Í É¥²Ó´Ò³ Λ-Î²¥´μ³, · ¢´Ò³ Λ = −m2/2, ¨ ±¢¨´ÉÔ¸¸¥´Í¨¥°. ‚ ¸¨²Ê (28) ¢ ¡²¨¦´¥°
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‚¸¥²¥´´μ° ÔÉμÉ ¥¤¨´¸É¢¥´´Ò° Î²¥´, ¸μ¤¥·¦ Ð¨° ³ ¸¸Ê £· ¢¨Éμ´ , ¶μ²´μ¸ÉÓÕ Ô±· ´¨-
·Ê¥É¸Ö ±¢¨´ÉÔ¸¸¥´Í¨¥°, ¨ ¶μÔÉμ³Ê, ¢ Î ¸É´μ¸É¨, ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¡Ê¤¥É ¡²¨§±¨³ ±
¤¥¸¨ÉÉ¥·μ¢¸±μ° ³¥É·¨±¥ (ν = 0) [31],   ´¥ ± ¶μÉ¥´Í¨ ²Ê �± ¢Ò. �Éμ μ§´ Î ¥É, ÎÉμ ¨¸-
¶μ²Ó§μ¢ ÉÓ ·¥Ï¥´¨¥ �± ¢Ò ¤²Ö μ¶¨¸ ´¨Ö ³ ¸¸¨¢´μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ §¢¥§¤´ÒÌ
¨ £ ² ±É¨Î¥¸±¨Ì ¸¨¸É¥³ Ì [32] ¸ Í¥²ÓÕ Ê¸É ´μ¢²¥´¨Ö μ£· ´¨Î¥´¨Ö ´  ³ ¸¸Ê £· ¢¨Éμ´  ¢
�’ƒ ´¥²Ó§Ö.

‘ ·μ¸Éμ³ ÉμÎ´μ¸É¨  ¸É·μ´μ³¨Î¥¸±¨Ì ´ ¡²Õ¤¥´¨°, ¢μ§³μ¦´μ, ¡Ê¤¥É ¸¤¥² ´ ¢Ò¡μ· ¢
¶μ²Ó§Ê ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ ν � νmin ¢ · ³± Ì �’� (¤μ± § ÉÓ, μ¸´μ¢Ò¢ Ö¸Ó Éμ²Ó±μ ´  É·¥Ì
μ¡¸Ê¦¤ ¢Ï¨Ì¸Ö É¥¸É Ì, ÎÉμ ¢Ò¶μ²´Ö¥É¸Ö ¸É·μ£μ¥ · ¢¥´¸É¢μ ν = 0, μÎ¥¢¨¤´μ, ´¥¢μ§³μ¦´μ).
‚ ÔÉμ³ ¸²ÊÎ ¥ ¡Ê¤¥É ¸ÊÐ¥¸É¢μ¢ ÉÓ ¶·¥¤¥²Ó´μ¥ ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ f+

max = f+(νmin)
¨ Éμ£¤  Ê¦¥ ³μ¦´μ ¡Ê¤¥É μ£· ´¨Î¨ÉÓ ³ ¸¸Ê £· ¢¨Éμ´  ¢ �’ƒ:

m <

√
6f+

maxmH .

‚ · ³± Ì μ¶¨¸ ´´μ£μ ¢ÒÏ¥ Ë·¨¤³ ´μ¢¸±μ£μ ¸Í¥´ ·¨Ö μ¸Í¨²²¨·ÊÕÐ¥£μ · §¢¨É¨Ö ‚¸¥-
²¥´´μ° ¢ �’ƒ (¡¥§ ¨´Ë²ÖÍ¨¨) μ¸É ÕÉ¸Ö ¶μ±  μÉ±·ÒÉÒ³¨ É ±¨¥ ¢ ¦´Ò¥ ¢μ¶·μ¸Ò, ± ± ¶·μ-
¨¸Ìμ¦¤¥´¨¥ ¨ ¢¥²¨Î¨´  ¢μ§³ÊÐ¥´¨° ¶²μÉ´μ¸É¨, ¶μ§¢μ²ÖÕÐ¨Ì ¸Ëμ·³¨·μ¢ ÉÓ ¸É·Ê±ÉÊ·Ê
¢μ ‚¸¥²¥´´μ°, ¢±²ÕÎ Ö ´ ¡²Õ¤ ¥³ÊÕ  ´¨§μÉ·μ¶¨Õ É¥³¶¥· ÉÊ·Ò ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö,
  É ±¦¥  ´¨§μÉ·μ¶´μ¥ ¶μ¢¥¤¥´¨¥ ·¥Ï¥´¨Ö �’ƒ ´  ¸É ¤¨¨ ¸¦ É¨Ö ¶·¨ ¢Ò¸μ±¨Ì ¶²μÉ´μ-
¸ÉÖÌ. Š ± ¨§¢¥¸É´μ [33, 34], ¢ �’� ¨§μÉ·μ¶¨Ö ±μ²² ¶¸¨·ÊÕÐ¥° ‚¸¥²¥´´μ° · §·ÊÏ ¥É¸Ö,
¶·¨Î¥³ ¨³¥´´μ  ´¨§μÉ·μ¶´Ò¥ Î²¥´Ò Ê¶· ¢²ÖÕÉ ¸¦ É¨¥³, É ± ± ± ¶·¨ a → 0 μ´¨ · ¸ÉÊÉ
± ± a−6, ¨ ¶μÔÉμ³Ê ¶μÉ¥´Í¨ ²Ó´μ ³μ£ÊÉ · ¤¨± ²Ó´μ ¨§³¥´¨ÉÓ ·¥¦¨³ μÉ¸±μ±  ¢ �’ƒ ¶·¨
¢Ò¸μ±¨Ì ¶²μÉ´μ¸ÉÖÌ.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ· ¢Ò· ¦ ¥É £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ ‘. ‘. ƒ¥·ÏÉ¥°´Ê, ‚.ˆ. „¥´¨¸μ-
¢Ê, Œ.�.Œ¥¸É¢¨·¨Ï¢¨²¨ ¨ Š.�.Œμ¤¥¸Éμ¢Ê §  Í¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ § ³¥Î ´¨Ö.
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