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ˆ´¸É¨ÉÊÉ É¥μ·¥É¨Î¥¸±¨Ì ¶·μ¡²¥³ ³¨±·μ³¨· 
Œμ¸±μ¢¸±μ£μ £μ¸Ê¤ ·¸É¢¥´´μ£μ Ê´¨¢¥·¸¨É¥É  ¨³. Œ.‚. ‹μ³μ´μ¸μ¢ , Œμ¸±¢ 

„²Ö ³μ¤¥²Ó´μ£μ ¸¢¥·Ì±·¨É¨Î¥¸±μ£μ ±Ê²μ´μ¢¸±μ£μ ¨¸ÉμÎ´¨±  ¸ Z > Zcr ¢ 1 + 1 D · ¸¸³μÉ·¥´Ò
μ¸´μ¢´Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¸¢μ°¸É¢  ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ § ·Ö¤  ρVP(x) ¨ Ô´¥·£¨¨ ¶μ²Ö·¨§ Í¨¨
¢ ±ÊÊ³  EVP. �μ± § ´μ, ÎÉμ ¢ Ï¨·μ±μ³ ¤¨ ¶ §μ´¥ ¶ · ³¥É·μ¢ ¢´¥Ï´¥£μ ¶μ²Ö ¶μ²Ö·¨§ Í¨Ö ¢ -
±ÊÊ³  ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ³μ¦¥É ¶·¨¢μ¤¨ÉÓ ± ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î´μ³Ê μÉ ¶¥·ÉÊ·¡ É¨¢´μ£μ
±¢ ¤· É¨Î´μ£μ ·μ¸É  ¶μ¢¥¤¥´¨Õ ¢ ±ÊÊ³´μ° Ô´¥·£¨¨ ¢¶²μÉÓ ¤μ Ê¡Ò¢ ´¨Ö ¢ £²Ê¡μ±μ μÉ·¨Í É¥²Ó´ÊÕ
μ¡² ¸ÉÓ.

Nonperturbative vacuum polarization effects are explored for a supercritical Coulomb source with
Z > Zcr in 1 + 1 D. Both the vacuum charge density ρVP(x) and vacuum energy EVP are considered.
It is shown that in the overcritical region the behavior of vacuum energy could be signiˇcantly different
from perturbative quadratic growth up to decrease reaching large negative values.

PACS: 12.20.Ds
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�¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ¢ ¸¢¥·Ì±·¨É¨Î¥¸±¨Ì ¸É É¨Î¥¸±¨Ì
¨²¨  ¤¨ ¡ É¨Î¥¸±¨ ³¥¤²¥´´μ ³¥´ÖÕÐ¨Ì¸Ö ±Ê²μ´μ¢¸±¨Ì ¶μ²ÖÌ, ¢ ±μÉμ·ÒÌ ¤¨¸±·¥É´Ò¥
Ê·μ¢´¨ ¸¶¥±É· ²Ó´μ° § ¤ Î¨ „¨· ± ÄŠÊ²μ´  ¤μ¸É¨£ ÕÉ ¶μ·μ£  ´¨¦´¥£μ ±μ´É¨´ÊÊ³ , Ê¦¥
¤²¨É¥²Ó´μ¥ ¢·¥³Ö Ö¢²ÖÕÉ¸Ö ¶·¥¤³¥Éμ³ ¶μ¸ÉμÖ´´μ£μ ¨´É¥·¥¸ . �μ ¥¸²¨ ¢ 3 + 1 D É -
±¨³ Š�„-ÔËË¥±É ³ ¶μ¸¢ÖÐ¥´μ ¡μ²ÓÏμ¥ Î¨¸²μ · ¡μÉ (¸³. [1Ä4]), Éμ ¨Ì 1 + 1 D  ´ ²μ£
¶· ±É¨Î¥¸±¨ ´¥ ¨¸¸²¥¤μ¢ ²¸Ö. ‚ Éμ ¦¥ ¢·¥³Ö ¢ [5Ä11] ¶μ± § ´μ, ÎÉμ ¢ ¢μ¤μ·μ¤μ¶μ-
¤μ¡´μ³  Éμ³¥, ´ Ìμ¤ÖÐ¥³¸Ö ¢ ¸¢¥·Ì¸¨²Ó´μ³ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥, ÔËË¥±É¨¢´ Ö
·¥²ÖÉ¨¢¨¸É¸± Ö ¤¨´ ³¨±  Ô²¥±É·μ´´μ° ±μ³¶μ´¥´ÉÒ ¸É ´μ¢¨É¸Ö ±¢ §¨μ¤´μ³¥·´μ°. Š ±
¸²¥¤¸É¢¨¥, ¢ ³ £´¨É´ÒÌ ¶μ²ÖÌ ¸ ´ ¶·Ö¦¥´´μ¸ÉÓÕ H � Z2 · 109 � §  ¸Î¥É ¶μ²Ö·¨§ -
Í¨¨ ¢ ±ÊÊ³  ¨ · ¤¨ Í¨μ´´ÒÌ ÔËË¥±Éμ¢ Ô±· ´¨·μ¢±¨ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¶¥·¢Ò°
±·¨É¨Î¥¸±¨° § ·Ö¤ Zcr,1 ¸É ´μ¢¨É¸Ö ³¥´ÓÏ¥ Î¥³ � 170 ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¶μ²Ö [8Ä11].

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´μ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¶μ²Ö-
·¨§ Í¨¨ ¢ ±ÊÊ³  ¤²Ö ³μ¤¥²Ó´μ° ±¢ §¨μ¤´μ³¥·´μ° ¸¨¸É¥³Ò „¨· ± ÄŠÊ²μ´  ¶·¨ Z > Zcr,1,
μ¸´μ¢´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ ρVP ¨ ¢ ±ÊÊ³´ Ö
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Ô´¥·£¨Ö EVP. �·¨ ÔÉμ³ ¢´¥Ï´¥¥ ±Ê²μ´μ¢¸±μ¥ ¶μ²¥ ¢Ò¡¨· ¥É¸Ö ¢ ¢¨¤¥ μ¤´μ³¥·´μ° ¶·μ-
¥±Í¨¨ ¶μÉ¥´Í¨ ²  · ¢´μ³¥·´μ § ·Ö¦¥´´μ° ¸Ë¥·Ò c · ¤¨Ê¸μ³ R0:

V (x) = −Zα

[
1

R0
θ (R0 − |x|) +

1
|x|θ (|x| − R0)

]
. (1)

�μ ¸· ¢´¥´¨Õ ¸ ³μ¤¥²ÓÕ μ¤´μ·μ¤´μ § ·Ö¦¥´´μ£μ Ï ·  É ±μ° ¶μÉ¥´Í¨ ² ¡μ²¥¥ ¶·¥¤¶μÎ-
É¨É¥²¥´, ¶μ¸±μ²Ó±Ê ¶μ§¢μ²Ö¥É ¶·μ¢¥¸É¨ ¡μ²ÓÏÊÕ Î ¸ÉÓ ¢ÒÎ¨¸²¥´¨° ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥,
  · ¸Î¥ÉÒ ¶μ ±·¨É¨Î¥¸±¨³ § ·Ö¤ ³ ¶μ± §Ò¢ ÕÉ, ÎÉμ μ±μ´Î É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢ μ¡μ¨Ì
¸²ÊÎ ÖÌ μ± §Ò¢ ÕÉ¸Ö ¢¥¸Ó³  ¡²¨§±¨³¨ [1Ä4]. Š·μ³¥ Éμ£μ, É ± Ö § ¤ Î  ¨³¥¥É §´ Î¥´¨¥ ¤²Ö
³μ¤¥²¨·μ¢ ´¨Ö ¸ÊÐ¥¸É¢¥´´μ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éμ¢ ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ¢ ¸¢¥·Ì-
±·¨É¨Î¥¸±¨Ì ±Ê²μ´μ¢¸±¨Ì ¶μ²ÖÌ ¶·¨ Z > Zcr,1 ¤²Ö ¡μ²ÓÏ¥£μ Î¨¸²  ¶·μ¸É· ´¸É¢¥´´ÒÌ
¨§³¥·¥´¨°, ¶μ¸±μ²Ó±Ê ¤²Ö ¶μÉ¥´Í¨ ²  (1) ÔÉ¨ ÔËË¥±ÉÒ ¨³¥ÕÉ Í¥²Ò° ·Ö¤ μ¡Ð¨Ì ¸¢μ°¸É¢
¸ ±¢ §¨μ¤´μ³¥·´Ò³ ¸²ÊÎ ¥³.

Š ± ¨ ¢ ¤·Ê£¨Ì · ¡μÉ Ì ¶μ ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ±Ê²μ´μ¢¸±¨³ ¶μ²¥³ [12Ä15], ¢±² ¤
¶·μÍ¥¸¸μ¢ ¸ μ¡³¥´μ³ ¢¨·ÉÊ ²Ó´Ò³¨ ËμÉμ´ ³¨ μ¶Ê¸± ¥É¸Ö. „ ²¥¥ ¢¥§¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö
·¥²ÖÉ¨¢¨¸É¸± Ö ¸¨¸É¥³  ¥¤¨´¨Í � = me = c = 1. �·¨ ÔÉμ³ Ô²¥±É·μ³ £´¨É´ Ö ±μ´¸É ´É 
¸¢Ö§¨ α = e2 É ±¦¥ ¸É ´μ¢¨É¸Ö ¡¥§· §³¥·´μ°, ÎÉμ ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É ¢¸¥ ¤ ²Ó´¥°Ï¨¥
¢Ò±² ¤±¨,   ±μ´±·¥É´Ò¥ · ¸Î¥ÉÒ ¶·μ¢μ¤ÖÉ¸Ö ¤²Ö α = 1/137,036.

1. ’…��ˆŸ ‚�‡Œ“™…�ˆ‰ „‹Ÿ ‚�Š““Œ��‰ ��…�ƒˆˆ ‚ 1 + 1 D

‚ 1 + 1 D Ô´¥·£¨Ö ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¨³¥¥É
¢¨¤

E(1)
VP =

1
2

+∞∫
−∞

dx ρ
(1)
VP(x)Aext

0 (x), (2)

£¤¥ Aext
0 Å Ô²¥±É·μ¸É É¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ¢´¥Ï´¥£μ ±Ê²μ´μ¢¸±μ£μ ¨¸ÉμÎ´¨± ; ρ

(1)
VP Å

¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ § ·Ö¤ , ±μÉμ· Ö ´ Ìμ¤¨É¸Ö Î¥·¥§ ¶μ²Ö·¨§ Í¨μ´´Ò° ¶μÉ¥´Í¨ ²:

ρ
(1)
VP(x) = − 1

4π

d2

dx2
A

(1)
VP,0(x). (3)

‚ ¸¢μÕ μÎ¥·¥¤Ó, μ¤´μ¶¥É²¥¢μ° ¶μÉ¥´Í¨ ² ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  A
(1)
VP,0 ¢Ò· ¦ ¥É¸Ö Î¥·¥§

·¥£Ê²Ö·¨§μ¢ ´´ÊÕ ¶μ²Ö·¨§ Í¨μ´´ÊÕ ËÊ´±Í¨Õ ΠR(−q2) ¨ ËÊ·Ó¥-μ¡· § ¢´¥Ï´¥£μ ¶μÉ¥´-
Í¨ ²  Ã0(q) [16]:

A
(1)
VP,0(x) =

1
2π

+∞∫
−∞

dq eiqxΠR(−q2)Ã0(q),

Ã0(q) =

+∞∫
−∞

dy e−iqyAext
0 (y), q = qx,

(4)

£¤¥

ΠR(−q2) =
4α

q2

(
1 − 2

q
√

1 + (q/2)2
arcsh

(q

2

))
. (5)
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ˆ§ (3)Ä(5) ¤²Ö ¶μÉ¥´Í¨ ²  ¢´¥Ï´¥£μ ¨¸ÉμÎ´¨±  (1) ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¢ ±ÊÊ³´μ°
¶²μÉ´μ¸É¨ § ·Ö¤  ¢ ¢¨¤¥

ρ
(1)
VP(x) = Zα|e| 2

π2

+∞∫
0

dq cos (qx)

[
1 − 2

q
√

1 + (q/2)2
arcsh

(q

2

)]
×

×
[
sin (qR0)

qR0
− Ci (qR0)

]
, (6)

£¤¥ Ci(x) Å ¨´É¥£· ²Ó´Ò° ±μ¸¨´Ê¸. „ ²¥¥ ¨§ (2) c ÊÎ¥Éμ³ (6) ´ Ìμ¤¨³ μ¤´μ¶¥É²¥¢ÊÕ
Ô´¥·£¨Õ ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³ 

E(1)
VP = (Zα)2

2
π2

+∞∫
0

dq

[
1 − 2

q
√

1 + (q/2)2
arcsh

(q

2

)][ sin (qR0)
qR0

− Ci (qR0)
]2

. (7)

ˆ§ (6) ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ²¥£±μ ¶·μ¢¥·Ö¥É¸Ö, ÎÉμ ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¨´É¥£-
· ²Ó´Ò° ¢ ±ÊÊ³´Ò° § ·Ö¤ ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ´Ê²Õ:

Q
(1)
VP =

+∞∫
−∞

dx ρ
(1)
VP(x) = Zα|e| 4

π

+∞∫
0

dq δ(q)

⎛⎝1 − 2

q

√
1 + (q/2)2

arsh
(q

2

)⎞⎠×

×
(

sin (qR0)
qR0

− Ci (qR0)
)

=
2Z|e|α

π
lim
q→0

⎛⎝1 − 2

q

√
1 + (q/2)2

arsh
( q

2

)⎞⎠×

×
(

sin (qR0)
qR0

− Ci (qR0)
)

= −Z|e|α
12π

lim
q→0

(
q2 ln (qR0)

)
= 0. (8)

ˆ, ÌμÉÖ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸μμÉ´μÏ¥´¨¥ (8) Ö¢²Ö¥É¸Ö μÎ¥¢¨¤´Ò³ ¸²¥¤¸É¢¨¥³ Ö¢´μ£μ ¢¨¤ 
¶¥·ÉÊ·¡ É¨¢´μ° ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ (6), ´  ¸ ³μ³ ¤¥²¥ ¥£μ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ±
¤μ¶μ²´¨É¥²Ó´Ò° ±·¨É¥·¨° ¶· ¢¨²Ó´μ¸É¨ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ÒÎ¨¸²¥´¨°, ¶μ¸±μ²Ó±Ê ¶·¨ ²μ-
± ²¨§μ¢ ´´μ³ ±Ê²μ´μ¢¸±μ³ ¨¸ÉμÎ´¨±¥ ¨ ¡¥§ ¸¶¥Í¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¸²¥¤Ê¥É
μ¦¨¤ ÉÓ, ÎÉμ ¢ ¤μ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶·¨ Z < Zcr,1 ¨´É¥£· ²Ó´Ò° ¢ ±ÊÊ³´Ò° § ·Ö¤
¡Ê¤¥É ´Ê²¥¢Ò³, ¶μ²Ö·¨§ Í¨Ö ¢ ±ÊÊ³  ³μ¦¥É Éμ²Ó±μ ¨¸± ¦ ÉÓ ¥£μ ¶·μ¸É· ´¸É¢¥´´μ¥ · ¸-
¶·¥¤¥²¥´¨¥ [16, 17]. ‚ Éμ ¦¥ ¢·¥³Ö ¶·¨ Z > Zcr,1 §  ¸Î¥É ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éμ¢,
μ¡Ê¸²μ¢²¥´´ÒÌ μ¶Ê¸± ´¨¥³ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¢ ´¨¦´¨° ±μ´É¨´ÊÊ³, ¨´É¥£· ²Ó´Ò° § -
·Ö¤ ¢ ±ÊÊ³  ¸É ´μ¢¨É¸Ö ´¥´Ê²¥¢Ò³ [1,2, 4], ¨ ¤ ²¥¥ ³Ò ¶μ± ¦¥³, ± ± ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ
¶·μÖ¢²Ö¥É¸Ö ´  ¶μ¢¥¤¥´¨¨ ¢ ±ÊÊ³´μ° Ô´¥·£¨¨ ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨.

2. ”��Œ�‹ˆ‡Œ ‚ˆ•Œ����ÄŠ��‹‹� „‹Ÿ 1+ 1 D

� ¨¡μ²¥¥ ÔËË¥±É¨¢´Ò° ´¥¶¥·ÉÊ·¡ É¨¢´Ò° ¶μ¤Ìμ¤ ± ¢ÒÎ¨¸²¥´¨Õ ¢ ±ÊÊ³´μ° ¶²μÉ-
´μ¸É¨ ρVP(x) μ¸´μ¢ ´ ´  ³¥Éμ¤¥ ‚¨Ì³ ´´ ÄŠ·μ²²  (‚Š) [12Ä15] (¸³. É ±¦¥ [17]).
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�¨¸. 1. ‘¶¥Í¨ ²Ó´Ò¥ ±μ´ÉÊ·Ò ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¶μ Ô´¥·£¨¨, ¨¸¶μ²Ó§Ê¥³Ò¥ ¤²Ö ¶·¥¤¸É -
¢²¥´¨Ö ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ § ·Ö¤  ¢ ¢¨¤¥ ±μ´ÉÊ·´ÒÌ ¨´É¥£· ²μ¢. � ¶· ¢²¥´¨¥ μ¡Ìμ¤  ±μ´ÉÊ·μ¢

´ Ìμ¤¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (11)

�É¶· ¢´μ° ÉμÎ±μ° Ö¢²Ö¥É¸Ö ¢Ò· ¦¥´¨¥ ¤²Ö ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ § ·Ö¤ 

ρVP(x) = −|e|
2

⎛⎝ ∑
εn<εF

ψn(x)†ψn(x) −
∑

εn�εF

ψn(x)†ψn(x)

⎞⎠, (9)

£¤¥ εF Å Ô´¥·£¨Ö ”¥·³¨, ±μÉμ· Ö ¢ É ±¨Ì § ¤ Î Ì ¸ ¢´¥Ï´¨³ ±Ê²μ´μ¢¸±¨³ ¨¸ÉμÎ´¨±μ³
¢Ò¡¨· ¥É¸Ö ´  ¶μ·μ£¥ ´¨¦´¥£μ ±μ´É¨´ÊÊ³  (εF = −1), a εn ¨ ψn(x) Å ¸μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸¶¥±É· ²Ó´μ° § ¤ Î¨ „¨· ± ÄŠÊ²μ´  („Š).

�¸´μ¢´μ¥ ¸μ¤¥·¦ ´¨¥ ³¥Éμ¤  ‚K ¸μ¸Éμ¨É ¢ ´ ¡²Õ¤¥´¨¨, ÎÉμ ¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ (9)
³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¨´É¥£· ²μ¢ ¶μ ±μ´ÉÊ· ³ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¶μ
Ô´¥·£¨Î¥¸±μ° ¶¥·¥³¥´´μ° μÉ ¸²¥¤  ËÊ´±Í¨¨ ƒ·¨´  ¸¶¥±É· ²Ó´μ° § ¤ Î¨ „Š. �μ¸²¥¤´ÖÖ
μ¶·¥¤¥²Ö¥É¸Ö ± ±

(−iα∂x + V (x) + β − ε)G(x, x′; ε) = δ(x − x′), (10)

£¤¥ ¤²Ö ³ ±¸¨³ ²Ó´μ ¶·μ¸Éμ£μ ¢¨¤  μ¶¥· Í¨¨ ¶·μ¸É· ´¸É¢¥´´μ° ¨´¢¥·¸¨¨ α = σy , β = σz.
”μ·³ ²Ó´μ¥ ·¥Ï¥´¨¥ (10) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

G(x, x′; ε) =
∑

n

ψn(x)ψn(x′)†

εn − ε
. (11)

�μ  ´ ²μ£¨¨ ¸ [12, 13] ¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ § ·Ö¤  ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¨´É¥£· ²Ò ¶μ
±μ´ÉÊ· ³ P (R) ¨ E(R) ´  ¶¥·¢μ³ ²¨¸É¥ ·¨³ ´μ¢μ° Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ (·¨¸. 1):

ρVP(x) = −|e|
2

lim
R→∞

⎛⎜⎝ 1
2πi

∫
P (R)

dε TrG(x, x; ε) +
1

2πi

∫
E(R)

dε TrG(x, x; ε)

⎞⎟⎠. (12)
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„ ²¥¥ ¸²¥¤ ËÊ´±Í¨¨ ƒ·¨´  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

TrG(x, x; ε) =
1

J(ε)
ψL(x)TψR(x), (13)

£¤¥ ψL(x) ¨ ψR(x) Å ·¥£Ê²Ö·´Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ ´  −∞ ¨ +∞ ·¥Ï¥´¨Ö ¸¶¥±É· ²Ó´μ°
§ ¤ Î¨ „Š; J(ε) Å ¨Ì ¢·μ´¸±¨ ´:

J(ε) = [ψL(x), ψR(x)]

([f(x), g(x)]a = f2(a)g1(a) − f1(a)g2(a)).
(14)

�¶·¥¤¥²¥´´Ò° É ±¨³ μ¡· §μ³ TrG ¨³¥¥É ´Ê¦´ÊÕ ´μ·³¨·μ¢±Ê. �É³¥É¨³ É ±¦¥, ÎÉμ ´Ê²¨
J(ε) ´  ¶¥·¢μ³ ²¨¸É¥ Ö¢²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¤¨¸±·¥É´μ³Ê ¸¶¥±É·Ê,  
´  ¢Éμ·μ³ ²¨¸É¥ ¸É ´μ¢ÖÉ¸Ö ±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´Ò³¨ ¶ · ³¨ ¨ μ¶·¥¤¥²ÖÕÉ ¶μ²μ¦¥´¨¥
Ê¶·Ê£¨Ì ·¥§μ´ ´¸μ¢.

�μ¸É·μ¨³ É¥¶¥·Ó TrG ¤²Ö ¢´¥Ï´¥£μ ¶μÉ¥´Í¨ ²  (1). ‘¶¥±É· ²Ó´ Ö § ¤ Î  „Š ¨³¥¥É
¢¨¤ ¸¨¸É¥³Ò

ϕ′ = [ε + 1 − V (x)] χ, χ′ = − [ε − 1 − V (x))] ϕ, (15)

£¤¥ ϕ, χ Å ¢¥·Ì´ÖÖ ¨ ´¨¦´ÖÖ ±μ³¶μ´¥´ÉÒ ¤¨· ±μ¢¸±μ£μ ¸¶¨´μ· .
„²Ö |x| � R0 ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ·¥Ï¥´¨Ö (15) Ê¤μ¡´μ ¸· §Ê · §¤¥²¨ÉÓ ¶μ Î¥É´μ¸É¨:

Y (x) =

( √
ε + V0 + 1 cos (ξx)

−
√

ε + V0 − 1 sin (ξx)

)
, W (x) =

(√
ε + V0 + 1 sin (ξx)

√
ε + V0 − 1 cos (ξx)

)
, (16)

£¤¥

V0 =
Zα

R0
, ξ =

√
(ε + V0)2 − 1, Im ξ � 0. (17)

„²Ö x > R0 ËÊ´¤ ³¥´É ²Ó´ Ö ¶ ·  ·¥Ï¥´¨° (15) ¢Ò¡¨· ¥É¸Ö ¢ ¢¨¤¥

Φ(x) =

(
Φ1(x; ε)
Φ2(x; ε)

)
, Ψ(x) =

(
Ψ1(x; ε)
Ψ2(x; ε)

)
, (18)

£¤¥

Φ1(x; ε) =
√

1 + ε e−γx(2γx)iQ

(
Q

γ
Φ(b, c, 2γx) + b Φ(b + 1, c, 2γx)

)
,

Φ2(x; ε) =
√

1 − ε e−γx(2γx)iQ

(
−Q

γ
Φ(b, c, 2γx) + b Φ(b + 1, c, 2γx)

)
,

Ψ1(x; ε) =
√

1 + ε e−γx(2γx)iQ

(
Ψ(b, c, 2γx) +

Q

γ
Ψ(b + 1, c, 2γx)

)
,

Ψ2(x; ε) =
√

1 − ε e−γx(2γx)iQ

(
−Ψ(b, c, 2γx) +

Q

γ
Ψ(b + 1, c, 2γx)

)
,

(19)

  Φ(b, c, x), Ψ(b, c, x) Å ¢Ò·μ¦¤¥´´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ 1-£μ ¨ 2-£μ ·μ¤ 
¸μμÉ¢¥É¸É¢¥´´μ [18],

Q = Zα, b = iQ − Qε/γ, c = 1 + i2Q, γ =
√

1 − ε2, Re γ � 0. (20)
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ψL(x) ¨ ψR(x) ¸É·μÖÉ¸Ö ± ± ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ·¥Ï¥´¨° (16) ¨ (18), Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Ö³ ·¥£Ê²Ö·´μ¸É¨ ´  −∞ ¨ +∞ ¸μμÉ¢¥É¸É¢¥´´μ ¨ ¸¢Ö§ ´´Ò¥ ³¥¦¤Ê
¸μ¡μ° μ¶¥· Í¨¥° ¶·μ¸É· ´¸É¢¥´´μ° ¨´¢¥·¸¨¨ ψL(x) = βψR(−x) (¶μ¸²¥¤´¥¥ ¥¸ÉÓ ¶·Ö³μ¥
¸²¥¤¸É¢¨¥ Î¥É´μ¸É¨ § ¤ Î¨ ¸ ¶μÉ¥´Í¨ ²μ³ (1)):

ψR(x) = θ(−x − R0)β[C Φ(−x) + D Ψ(−x)]+

+ θ(R0 − |x|) [AY (x) − B W (x)] + θ(x − R0)Ψ(x),

(21)

ψL(x) = θ(−x − R0)βΨ(−x) + θ(R0 − |x|)[AY (x) + B W (x)]+

+ θ(x − R0) [C Φ(x) + D Ψ(x)] .

“¸²μ¢¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¶·¨ x = R0 ¤ ¥É ¢Ò· ¦¥´¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢:

A =
[Ψ(x), W (x)]R0

[Y (x), W (x)]R0

, B =
[Y (x), Ψ(x)]R0

[Y (x), W (x)]R0

,

C = −2
[Y (x), Ψ(x)]R0 [W (x), Ψ(x)]R0

[Y (x), W (x)]R0 [Φ(x), Ψ(x)]R0

,

D =
[Y (x), Φ(x)]R0 [W (x), Ψ(x)]R0 + [Y (x), Ψ(x)]R0 [W (x), Φ(x)]R0

[Y (x), W (x)]R0 [Φ(x), Ψ(x)]R0

.

(22)

�·¨ ÔÉμ³

[Φ(x), Ψ(x)] = 2γΓ(c)/Γ(b) , [Y (x), W (x)] = −ξ, (23)

  ¢·μ´¸±¨ ´, ¢Ìμ¤ÖÐ¨° ¢ ¢Ò· ¦¥´¨¥ ¤²Ö TrG, ¨³¥¥É ¢¨¤

J(ε) = [ψL(x), ψR(x)] = −2
[Y (x), Ψ(x)]R0 [W (x), Ψ(x)]R0

[Y (x), W (x)]
. (24)

ˆ§ (16)Ä(24) ¨ (13) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸²¥¤  ËÊ´±Í¨¨ ƒ·¨´ :

TrG(x, x; ε) =

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
[Φ(x), Ψ(x)]

[
Φ(x)TΨ(x) − 1

2

(
[Y (x), Φ(x)]R0

[Y (x), Ψ(x)]R0

+
[W (x), Φ(x)]R0

[W (x), Ψ(x)]R0

)
Ψ(x)TΨ(x)

]
,

x > R0,

− 1
2[Y (x), W (x)]

[
[W (x), Ψ(x)]R0

[Y (x), Ψ(x)]R0

Y (x)TY (x) − [Y (x), Ψ(x)]R0

[W (x), Ψ(x)]R0

W (x)TW (x)
]
,

|x| � R0.

(25)

�·¨ ÔÉμ³ ¶μ ¶μ¸É·μ¥´¨Õ Tr G(x, x; ε) = TrG(−x,−x; ε).
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�  ¸²¥¤ÊÕÐ¥³ Ï £¥ ´ Ìμ¤¨³  ¸¨³¶ÉμÉ¨±Ê TrG ´  ¤Ê£ Ì ¡μ²ÓÏμ£μ ±·Ê£  ¢ ¢¥·Ì´¥°
¶μ²Ê¶²μ¸±μ¸É¨ C1(R) ¨ C2(R) (¸³. ·¨¸. 1):

|ε| → ∞, 0 < Arg ε < π,

TrG(x, x; ε) →

⎧⎪⎪⎨⎪⎪⎩
i +

i

2ε2
− V0

i

ε3
+ O

(
|ε|−4

)
, |x| � R0,

i +
i

2ε2
− Q

|x|
i

ε3
+ O

(
|ε|−4

)
, |x| > R0,

(26)

´  ¤Ê£ Ì ¡μ²ÓÏμ£μ ±·Ê£  ¢ ´¨¦´¥° ¶μ²Ê¶²μ¸±μ¸É¨ C3(R) ¨ C4(R):

|ε| → ∞, −π < Arg ε < 0,

Tr G(x, x; ε) →

⎧⎪⎪⎨⎪⎪⎩
− i − i

2ε2
+ V0

i

ε3
+ O

(
|ε|−4

)
, |x| � R0,

− i − i

2ε2
+

Q

|x|
i

ε3
+ O

(
|ε|−4

)
, |x| > R0.

(27)

ˆ§ (26) ¨ (27) ¸²¥¤Ê¥É, ÎÉμ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ±μ´ÉÊ· ³ P (R) ¨ E(R) ¢ (12) ³μ¦¥É
¡ÒÉÓ ¸¢¥¤¥´μ ± ³´¨³μ° μ¸¨, μÉ±Ê¤  ´ Ìμ¤¨³ μ±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¢ ±ÊÊ³´μ°
¶²μÉ´μ¸É¨ § ·Ö¤ 

ρVP(x) =
|e|
2πi

+i∞∫
−i∞

dε TrG(x, x; ε) =
|e|
2π

+∞∫
−∞

dy Tr G(x, x; iy). (28)

�·¨ ´ ²¨Î¨¨ μÉ·¨Í É¥²Ó´ÒÌ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¸ −1 � εn < 0

ρVP(x) = |e|

⎡⎣ ∑
−1�εn<0

ψn(x)†ψn(x) +
1
2π

+∞∫
−∞

dy Tr G(x, x; iy)

⎤⎦. (29)

„ ²¥¥ μÉ³¥É¨³ μ¡Ð¥¥ ¸¢μ°¸É¢μ Tr G ¶·¨ ¸³¥´¥ §´ ±  ¢´¥Ï´¥£μ ¶μ²Ö (Q → −Q) ¨
±μ³¶²¥±¸´μ³ ¸μ¶·Ö¦¥´¨¨:

Tr GQ(x, x; ε) = −TrG−Q(x, x;−ε),

TrGQ(x, x; ε)∗ = TrGQ(x, x; ε∗),
(30)

  É ±¦¥ ¢ÒÉ¥± ÕÐ¥¥ ¨§ ÔÉ¨Ì ¤¢ÊÌ ¸¢μ°¸É¢ ¸μμÉ´μÏ¥´¨¥

TrGQ(x, x; iy)∗ = −TrG−Q(x, x; iy). (31)

ˆ§ (30) ¨ (31) ¸²¥¤Ê¥É, ÎÉμ ρVP(x) μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ Î¥·¥§ Re TrGQ(x, x; iy) ¨ Ö¢²Ö-
¥É¸Ö § ¢¥¤μ³μ ¤¥°¸É¢¨É¥²Ó´μ° ¢¥²¨Î¨´μ°, ´¥Î¥É´μ° ¶μ Q (¢ ¶μ²´μ³ ¸μ£² ¸¨¨ ¸ É¥μ·¥³μ°
” ··¨). ‡ ³¥É¨³ É ±¦¥, ÎÉμ ¢ Î¨¸Éμ ¶¥·ÉÊ·¡ É¨¢´μ° μ¡² ¸É¨ ´¥Î¥É´μ¸ÉÓ ρVP(x) ¶μ ¢´¥Ï-
´¥³Ê ¶μ²Õ ¥¸ÉÓ ¶·Ö³μ¥ ¸²¥¤¸É¢¨¥ ¸¢μ°¸É¢ Re TrGQ(x, x; iy). �·¨ ´ ²¨Î¨¨ μÉ·¨Í É¥²Ó-
´ÒÌ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¨ É¥³ ¡μ²¥¥ ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶·¨ Z > Zcr,1 ´¥Î¥É´μ¸ÉÓ
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ρVP(x) ¶μ Q ¶μ-¶·¥¦´¥³Ê ¨³¥¥É ³¥¸Éμ [13], ´μ É¥¶¥·Ó § ¢¨¸¨³μ¸ÉÓ μÉ ¢´¥Ï´¥£μ ¶μ²Ö
¡μ²¥¥ ¸É¥¶¥´´Ò³ ·Ö¤μ³ ´¥ μ¶¨¸Ò¢ ¥É¸Ö, ¶μ¸±μ²Ó±Ê ¢ ρVP(x) ¶μÖ¢²ÖÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´μ
´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¨ É¥³ ¸ ³Ò³ ´¥ ´ ²¨É¨Î¥¸±¨¥ ¶μ Q ¸μ¸É ¢²ÖÕÐ¨¥.

�·¨¢¥¤¥´´Ò¥ ¢ (28), (29) ¢Ò· ¦¥´¨Ö ¤²Ö ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ § ·Ö¤  ´¥ Ê¤μ¢²¥É¢μ-
·ÖÕÉ ¸Ëμ·³Ê²¨·μ¢ ´´μ³Ê ¢ÒÏ¥ Ê¸²μ¢¨Õ μ¡· Ð¥´¨Ö ¢ ´Ê²Ó ¶μ²´μ£μ ¢ ±ÊÊ³´μ£μ § ·Ö¤ 
¶·¨ Z < Zcr,1. 	μ²¥¥ Éμ£μ, ¨§  ¸¨³¶ÉμÉ¨±¨

TrG(x, x; iy) → iy

(1 + y2)1/2
+

Q

(1 + y2)3/2

1
x

+ O(|x|−2),

Re x > 0, |x| → ∞,

(32)

¸²¥¤Ê¥É, ÎÉμ ´¥¶¥·¥´μ·³¨·μ¢ ´´ Ö ρVP(x) Ê¡Ò¢ ¥É ¶·¨ |x| → ∞ ± ± 1/|x|, ¨ ¢ ·¥§Ê²ÓÉ É¥
¨´É¥£· ²Ó´Ò° ¢ ±ÊÊ³´Ò° § ·Ö¤ ²μ£ ·¨Ë³¨Î¥¸±¨ · ¸Ìμ¤¨É¸Ö.

�¡Ð¨° ·¥§Ê²ÓÉ É, Ê¸É ´μ¢²¥´´Ò° ¢ [13] Î¥·¥§ · §²μ¦¥´¨¥ ρVP(x) ¶μ ¸É¥¶¥´Ö³ Q ¨
¸¶· ¢¥¤²¨¢Ò° ¤²Ö ²Õ¡μ£μ Î¨¸²  ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨§³¥·¥´¨°, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢¸¥ · ¸-
Ìμ¤¨³μ¸É¨ ρVP(x) ¸μ¤¥·¦ É¸Ö Éμ²Ó±μ ¢ μ¤´μ¶¥É²¥¢μ° ¤¨ £· ³³¥ ¸ ¤¢Ê³Ö ¢´¥Ï´¨³¨ ±μ´-
Í ³¨,   ¸²¥¤ÊÕÐ¨¥ ¶μ·Ö¤±¨ · §²μ¦¥´¨Ö Ê¦¥ ¸¢μ¡μ¤´Ò μÉ · ¸Ìμ¤¨³μ¸É¥° (¸³. É ±¦¥ [17]).
’ ±¨³ μ¡· §μ³, ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶¥·¥´μ·³¨·μ¢ ´´μ° ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ ρren

VP(x) ´¥μ¡-
Ìμ¤¨³μ ¢Ò¤¥²¨ÉÓ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö Tr G (25) Î²¥´Ò ¶¥·¢μ£μ ¶μ·Ö¤±  ¶μ Q ¨ § ³¥´¨ÉÓ ¨Ì

´  ρ
(1)
VP(x) (6). „²Ö ÔÉμ£μ ¸´ Î ²  ´ Ìμ¤¨³ ±μ³¶μ´¥´ÉÊ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ ρ

(3+)
VP (x),

±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ρ
(3+)
VP (x) = |e|

⎡⎣ ∑
−1�En<0

ψn(x)†ψn(x)+

+
1
2π

+∞∫
−∞

dy
(
TrG(x, x; iy) − TrG(1)(x; iy)

)⎤⎦, (33)

£¤¥ G(1) = Q ∂G/∂Q|Q=0, ¨ ´ Ìμ¤¨É¸Ö Î¥·¥§ ¶¥·¢μ¥ ¡μ·´μ¢¸±μ¥ ¶·¨¡²¨¦¥´¨¥

G(0)(−V )G(0):

TrG(1)(x; iy) =

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2Q

γ̃2

(
− cosh (2γ̃x)

[
Ei (−2γ̃R0) +

e−2γ̃R0

2γ̃R0

]
+

1
2γ̃R0

)
,

|x| � R0,

Q

γ̃2
e−2γ̃|x|

[
sinh (2γ̃R0)

γ̃R0
− Ei (−2γ̃R0) − Ei (2γ̃R0) + Ei (2γ̃|x|) − e4γ̃|x|Ei (−2γ̃|x|)

]
,

|x| > R0,

(34)

£¤¥ Ei (x) Å ¨´É¥£· ²Ó´ Ö ¶μ± § É¥²Ó´ Ö ËÊ´±Í¨Ö,   γ̃ =
√

1 + y2.

�·¨ Z < Zcr,1 ¨´É¥£· ²Ó´Ò° § ·Ö¤ μÉ ρ
(3+)
VP (x) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. ‚ · ¸¸³ É·¨¢ ¥³μ³

¸²ÊÎ ¥ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ μÉ·¨Í É¥²Ó´ÒÌ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥°, ±μÉμ·Ò¥ ´¥ ¶μ§¢μ²ÖÕÉ μ¸Ê-
Ð¥¸É¢¨ÉÓ  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥, ÔÉμÉ Ë ±É ¤μ± §Ò¢ ¥É¸Ö ¶¥·¥Ìμ¤μ³ ¢ ±μ³¶²¥±¸´ÊÕ
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¶²μ¸±μ¸ÉÓ ¶μ x. ‚ ÔÉμ³ ¸²ÊÎ ¥ ρ
(3+)
VP (x), ¶·¥¤¸É ¢²¥´´ Ö ¢ ¢¨¤¥ ¸Ìμ¤ÖÐ¥£μ¸Ö ¨´É¥£· ² ∫

dy
(
Tr G(x, x; iy) − TrG(1)(x; iy)

)
, μ± §Ò¢ ¥É¸Ö  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥° μÉ x ¢¸Õ¤Ê,

±·μ³¥ · §·¥§ , ±μÉμ·Ò° ¢μ§´¨± ¥É §  ¸Î¥É ´ ²¨Î¨Ö ¢ Tr G ËÊ´±Í¨¨ ’·¨±μ³¨ ¨ ±μÉμ-
·Ò° ¢¸¥£¤  ³μ¦´μ ´ ¶· ¢¨ÉÓ ¶μ μÉ·¨Í É¥²Ó´μ° ³´¨³μ° ¶μ²Êμ¸¨. ’μ£¤  ¨´É¥£· ²Ó´Ò°

¢ ±ÊÊ³´Ò° § ·Ö¤ Q
(3+)
VP =

∫
dx ρ

(3+)
VP (x) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ±μ´ÉÊ·´Ò° ¨´É¥£· ² ¶μ ¤Ê£¥

¡μ²ÓÏμ£μ ±·Ê£  ¢ ¢¥·Ì´¥° ¶μ²Ê¶²μ¸±μ¸É¨, ±μÉμ·Ò° μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ÎÉμ ¶·μ¢¥·Ö¥É¸Ö

´¥¶μ¸·¥¤¸É¢¥´´Ò³ ¢ÒÎ¨¸²¥´¨¥³  ¸¨³¶ÉμÉ¨±¨ ρ
(3+)
VP (x). „¥°¸É¢¨É¥²Ó´μ, £² ¢´Ò° Î²¥´

 ¸¨³¶ÉμÉ¨±¨ (32) Î¨¸Éμ ³´¨³Ò°, Î¥É´Ò° ¶μ Q ¨ ´¥Î¥É´Ò° ¶μ y, ¨ ¶μÔÉμ³Ê ¨¸Î¥§ ¥É ¶·¨
¨´É¥£·¨·μ¢ ´¨¨ ¶μ dy, ¸²¥¤ÊÕÐ¨° ¶¥·¢Ò° ´¥Î¥É´Ò° ¶μ Q Ê´¨ÎÉμ¦ ¥É¸Ö ¢ÒÎ¨É ´¨¥³

TrG(1),   μ¸É ²Ó´Ò¥ Î²¥´Ò Ê¡Ò¢ ÕÉ ± ± O(|x|−2). �·¨ Re x < 0  ¸¨³¶ÉμÉ¨±  ρ
(3+)
VP (x)

´ Ìμ¤¨É¸Ö ¨§ ¸¨³³¥É·¨¨ μÉ· ¦¥´¨Ö μÉ´μ¸¨É¥²Ó´μ ³´¨³μ° μ¸¨ f∗(x) = f(−x∗), ¶μÔÉμ³Ê

´  ¢¸¥° ¤Ê£¥ ¡μ²ÓÏμ£μ ±·Ê£  ¢ ¢¥·Ì´¥° ¶μ²Ê¶²μ¸±μ¸É¨ ρ
(3+)
VP (x) · ¢´μ³¥·´μ Ê¡Ò¢ ¥É ± ±

O(|x|−2). �ÉμÉ ·¥§Ê²ÓÉ É ¥Ð¥ · § ¶μ¤É¢¥·¦¤ ¥É ¢Ò¢μ¤ μ Éμ³, ÎÉμ ¢¸¥ · ¸Ìμ¤¨³μ¸É¨ ¢
ρVP(x) ¢μ§´¨± ÕÉ §  ¸Î¥É Î²¥´μ¢ ¶μ·Ö¤±  Q.

’ ±¨³ μ¡· §μ³, ¶¥·¥´μ·³¨·μ¢ ´´ Ö ¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ § ·Ö¤  ¶·¨´¨³ ¥É ¢¨¤

ρren
VP(x) = ρ

(1)
VP(x) + ρ

(3+)
VP (x), (35)

£¤¥ ρ
(1)
VP(x) Å μ¤´μ¶¥É²¥¢ Ö ¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ § ·Ö¤  (6), · ¸¸Î¨É ´´ Ö c ¶μ³μÐÓÕ

¶μ²Ö·¨§ Í¨μ´´μ° ËÊ´±Í¨¨ (5). ’ ±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ρren
VP £ · ´É¨·Ê¥É μ¡· Ð¥´¨¥ ¢ ´Ê²Ó

¶μ²´μ£μ ¢ ±ÊÊ³´μ£μ § ·Ö¤  ¶·¨ Z < Zcr,1. �ÉμÉ Ë ±É ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ¤μ¶μ²´¨-
É¥²Ó´ÊÕ ¶·μ¢¥·±Ê ¶· ¢¨²Ó´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ Î¥·¥§ ¶¥·ÉÊ·¡ É¨¢´ÊÕ
¶¥·¥´μ·³¨·μ¢±Ê [16,17]. �·¨ ´ ²¨Î¨¨ μÉ·¨Í É¥²Ó´ÒÌ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¨¸Î¥§´μ¢¥´¨¥
¶μ²´μ£μ § ·Ö¤  ¶·¨ Z < Zcr,1 ¸²¥¤Ê¥É ¨§ ³μ¤¥²Ó´μ-´¥§ ¢¨¸¨³ÒÌ  ·£Ê³¥´Éμ¢, ¢ μ¸´μ¢¥ ±μ-
Éμ·ÒÌ ²¥¦¨É ¨¸Ìμ¤´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ (9). ˆ§ ¶μ¸²¥¤´¥£μ ¸²¥¤Ê¥É,
ÎÉμ ¨§³¥´¥´¨¥ ¨´É¥£· ²Ó´μ£μ § ·Ö¤  ¢μ§³μ¦´μ Éμ²Ó±μ ¶·¨ Z > Zcr,1, ±μ£¤  ¤¨¸±·¥É´Ò¥
Ê·μ¢´¨ ¤μ¸É¨£ ÕÉ ´¨¦´¥£μ ±μ´É¨´ÊÊ³ . �·¨ ÔÉμ³ ± ¦¤Ò° ¤¨¸±·¥É´Ò° Ê·μ¢¥´Ó ¶·¨ ¶μ-
£·Ê¦¥´¨¨ ¢ ´¨¦´¨° ±μ´É¨´ÊÊ³ ¶·¨¢μ¤¨É ± ¨§³¥´¥´¨Õ ¨´É¥£· ²Ó´μ£μ § ·Ö¤  ´  (−|e|).
	μ²¥¥ ¤¥É ²Ó´ Ö ± ·É¨´  ¶·μ¨¸Ìμ¤ÖÐ¨Ì ¶·¨ ÔÉμ³ ¨§³¥´¥´¨° ¢ ρren

VP(x) ¢¶μ²´¥  ´ ²μ£¨Î´ 
· ¸¸³μÉ·¥´´μ° ¢ [1, 2, 4, 16] ¤²Ö 3 + 1 D ´  μ¸´μ¢¥ Ëμ·³ ²¨§³  ” ´μ [19]. �¸´μ¢´μ°
·¥§Ê²ÓÉ É ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ±μ£¤  ¤¨¸±·¥É´Ò° Ê·μ¢¥´Ó ψn(x) ¤μ¸É¨£ ¥É ´¨¦´¥£μ ±μ´É¨-
´ÊÊ³ , ¨§³¥´¥´¨¥ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ ¨³¥¥É ¢¨¤

ΔρVP(x) = −|e|ψn(x)†ψn(x). (36)

�  ·¨¸. 2 ¤²Ö ¢´¥Ï´¥£μ ¶μÉ¥´Í¨ ²  (1) ¶·¨ R0 = 0,1 ¶μ± § ´  ¶¥·¥´μ·³¨·μ¢ ´´ Ö
¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ ¤²Ö Î¨¸Éμ ¶¥·ÉÊ·¡ É¨¢´μ£μ ·¥¦¨³  ¶·¨ Z = 10, ¤ ²¥¥ ¤²Ö Z = 81,
±μ£¤  ¶¥·¢μ¥ Zcr,1 � 81,5 ¥Ð¥ ´¥ ¤μ¸É¨£ ¥É¸Ö, ¤²Ö Z = 82, ±μ£¤  ¶¥·¢Ò° (Î¥É´Ò°)
¤¨¸±·¥É´Ò° Ê·μ¢¥´Ó Éμ²Ó±μ ÎÉμ μ¶Ê¸É¨²¸Ö ¢ ´¨¦´¨° ±μ´É¨´ÊÊ³, ¤ ²¥¥ ¤²Ö Z = 154,
±μ£¤  ¥Ð¥ ´¥ ¤μ¸É¨£ ¥É¸Ö ¢Éμ·μ¥ ±·¨É¨Î¥¸±μ¥ Zcr,2 � 154,14, ¨ ´ ±μ´¥Í ¤²Ö Z = 155,
É. ¥. ¶μÎÉ¨ ¸· §Ê ¶μ¸²¥ μ¶Ê¸± ´¨Ö ¢ ´¨¦´¨° ±μ´É¨´ÊÊ³ ¢Éμ·μ£μ (´¥Î¥É´μ£μ) ¤¨¸±·¥É´μ£μ
Ê·μ¢´Ö. Š·¨É¨Î¥¸±¨¥ § ·Ö¤Ò ¶·¨ ÔÉμ³ ´ Ìμ¤ÖÉ¸Ö ¨§ É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥´¨°, ±μÉμ·Ò¥
¸²¥¤ÊÕÉ ¨§ Ê¸²μ¢¨Ö ¸Ï¨¢±¨ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤²Ö |x| < R (16) ¨ |x| > R (18) ¶·¨
ε = −1:
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0,05

0

�0,05

�0,10

0,2 0,4 0,6 0,8 1,0x

�
VP �VP ( 10)Z �

�VP ( 81)Z �

�VP ( 82)Z �

�VP ( 154)Z �

�VP ( 155)Z �

�¨¸. 2. ρren
VP(x) ¤²Ö ¢´¥Ï´¥£μ ¶μÉ¥´Í¨ ²  (1) ¶·¨ R0 = 0,1 ¤²Ö Z = 10, 81, 82, 154, 155

0,05

0

�0,05

�0,10

�
VP

0,2 0,4 0,6 0,8 1,0x

�VP ( 81)Z �

�VP ( 155)Z �

� � �VP ,1 ,2( 81) ( ) ( )Z Z Z� � �discr cr discr cr

�¨¸. 3. ˆ§³¥´¥´¨¥ ρren
VP(x) ¤²Ö ¢´¥Ï´¥£μ ¶μÉ¥´Í¨ ²  (1) c R0 = 0,1 ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ¶¥·¢μ¥ ¨

¢Éμ·μ¥ Zcr. ‘Ê³³  ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ ¶·¨ Z = 81 ¨ ¶¥·¢ÒÌ ¤¢ÊÌ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥°, ¢§ÖÉÒÌ

´  ¶μ·μ£¥ ´¨¦´¥£μ ±μ´É¨´ÊÊ³ , Ê¦¥ ´¥ ¢μ¸¶·μ¨§¢μ¤¨É ρren
VP(x) ¶·¨ Z = 155

¤²Ö Î¥É´ÒÌ Ê·μ¢´¥°√
2(V0 − 2) tg (

√
V0(V0 − 2)R)K2iQ(

√
8QR)−

−
[
K1+2iQ(

√
8QR) + K1−2iQ(

√
8QR)

]
= 0 (37)

¨ ¤²Ö ´¥Î¥É´ÒÌ√
2(V0 − 2)K2iQ(

√
8QR) + tg (

√
V0(V0 − 2)R)×

×
[
K1+2iQ(

√
8QR) + K1−2iQ(

√
8QR)

]
= 0. (38)

‚ (37), (38) Kν(x) Å ËÊ´±Í¨Ö Œ ±¤μ´ ²Ó¤ , ¢ ±μÉμ·ÊÕ ¢Ò·μ¦¤ ÕÉ¸Ö £¨¶¥·£¥μ³¥É·¨Î¥¸-
±¨¥ ËÊ´±Í¨¨ ¶·¨ ε → −1. �·¨ ÔÉμ³ ´¥¶μ¸·¥¤¸É¢¥´´Ò³ Î¨¸²¥´´Ò³ ¨´É¥£·¨·μ¢ ´¨¥³
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¶μ¤É¢¥·¦¤ ¥É¸Ö, ÎÉμ ¶μ²´Ò° ¢ ±ÊÊ³´Ò° § ·Ö¤ ¶·¨ Z = 10, 81 · ¢¥´ ´Ê²Õ, ¶·¨ Z = 82,
154 · ¢¥´ (−|e|),   ¶·¨ Z = 155 Å ¸μμÉ¢¥É¸É¢¥´´μ (−2|e|). �É³¥É¨³ É ±¦¥, ÎÉμ · §·Ò¢
¶·μ¨§¢μ¤´μ° ¢ ρren

VP(x) ´  · ¤¨Ê¸¥ R0 μ¡Ê¸²μ¢²¥´ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ · §·Ò¢μ³ ¢ ¨¸Ìμ¤´μ³
¶μÉ¥´Í¨ ²¥ (1). ‚ ¡μ²ÓÏ¥³ Î¨¸²¥ ¨§³¥·¥´¨° É ±μ° · §·Ò¢ ¶·μ¨§¢μ¤´μ° ¢ ¶μÉ¥´Í¨ ²¥
¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ρren

VP ´  · ¤¨Ê¸¥ ¸Ë¥·Ò ¸É ´μ¢¨É¸Ö ¸¨´£Ê²Ö·´Ò³, ´μ ¨´É¥£· ²Ó´Ò°
§ ·Ö¤ ¶·¨ ÔÉμ³ ¸μÌ· ´Ö¥É ¸¢μ¥ Í¥²μÎ¨¸²¥´´μ¥ §´ Î¥´¨¥ [16,17].

�É¤¥²Ó´μ μÉ³¥É¨³, ÎÉμ ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶·¨ Z > Zcr,1 ¸ ·μ¸Éμ³ Z ¨§³¥´¥´¨¥
ρren
VP(x) ¶·μ¨¸Ìμ¤¨É ´¥ Éμ²Ó±μ ¤¨¸±·¥É´Ò³ μ¡· §μ³ §  ¸Î¥É Ëμ·³¨·μ¢ ´¨Ö ¢ ±ÊÊ³´ÒÌ

μ¡μ²μÎ¥± ¨§ ¶μ£·Ê¦ ÕÐ¨Ì¸Ö ¢ ´¨¦´¨° ±μ´É¨´ÊÊ³ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥°, ´μ ¨ ´¥¶·¥·Ò¢´μ
§  ¸Î¥É ¨§³¥´¥´¨Ö ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¨ Ô¢μ²ÕÍ¨¨ ¤¨¸±·¥É´ÒÌ
Ê·μ¢´¥°. �  ·¨¸. 3 ¶μ± § ´μ ¸Ê³³ ·´μ¥ ¨§³¥´¥´¨¥ ρren

VP(x) ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ¤¢  ¶¥·¢ÒÌ
Zcr. ‘Ê³³  ρren

VP(x) ¶·¨ Z = 81 ¨ ¢ ±ÊÊ³´ÒÌ ¶²μÉ´μ¸É¥°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¢Ò³
¤¢Ê³ ¤¨¸±·¥É´Ò³ Ê·μ¢´Ö³, ¢§ÖÉÒ³ ´  ¶μ·μ£¥ ´¨¦´¥£μ ±μ´É¨´ÊÊ³ , Ê¦¥ ´¥ ¢μ¸¶·μ¨§¢μ¤¨É
ρren
VP(x) ¶·¨ Z = 155.

’ ±¨³ μ¡· §μ³, ±μ··¥±É´Ò° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ρren
VP(x) ¤²Ö ¢¸¥Ì μ¡² ¸É¥° ¶μ Z ¸μ-

¸Éμ¨É ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ ¸μμÉ´μÏ¥´¨° (33) ¨ (35) ¸ ¶μ¸²¥¤ÊÕÐ¥° ¶·μ¢¥·±μ° μ¦¨¤ ¥³μ£μ
Í¥²μÎ¨¸²¥´´μ£μ §´ Î¥´¨Ö ¨´É¥£· ²Ó´μ£μ § ·Ö¤  Î¥·¥§ ¶·Ö³μ¥ Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥
ρren
VP(x).

3. ‚�Š““Œ��Ÿ ��…�ƒˆŸ ��ˆ Z > Zcr,1

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö EVP, ±μÉμ·Ò° ³ ±¸¨³ ²Ó´μ ¶μ²´μ ÊÎ¨ÉÒ¢ ¥É
É ±¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨. ˆ¸Ìμ¤´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö
¢ ±ÊÊ³´μ° Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö

EVP = 〈HD〉vac =
1
2

⎛⎝ ∑
εn<εF

εn −
∑

εn�εF

εn

⎞⎠, (39)

±μÉμ·μ¥ ¢Ò¢μ¤¨É¸Ö ¨§ ¤¨· ±μ¢¸±μ£μ £ ³¨²ÓÉμ´¨ ´ , § ¶¨¸ ´´μ£μ ¢ ¨´¢ ·¨ ´É´μ³ μÉ´μ¸¨-
É¥²Ó´μ § ·Ö¤μ¢μ£μ ¸μ¶·Ö¦¥´¨Ö ¢¨¤¥, ¨ μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ±μ´¸É ´ÉÒ, § ¢¨¸ÖÐ¥°
μÉ ¢Ò¡μ·  ´ Î ²  μÉ¸Î¥É  Ô´¥·£¨¨ [1, 2]. ˆ§ (39) ¸²¥¤Ê¥É, ÎÉμ EVP ¤ ¦¥ ¶·¨ μÉ¸ÊÉ¸É¢¨¨
¢´¥Ï´¨Ì ¶μ²¥° Aext = 0 μÉ·¨Í É¥²Ó´  ¨ · ¸Ìμ¤¨É¸Ö. ‚ Éμ ¦¥ ¢·¥³Ö ¨¸Ìμ¤´μ¥ μ¶·¥¤¥²¥-
´¨¥ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ § ·Ö¤  (9) É ±μ¢μ, ÎÉμ ¶·¨ Aext = 0 μ´  Éμ¦¤¥¸É¢¥´´μ · ¢´ 
´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ¸ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´μ° Ö¢²Ö¥É¸Ö ´μ·³¨·μ¢± 
EVP ´  ¸¢μ¡μ¤´μ¥ ¶μ²¥. Š·μ³¥ Éμ£μ, ¶·¨ ´ ²¨Î¨¨ ¢´¥Ï´¨Ì ±Ê²μ´μ¢¸±¨Ì ¶μÉ¥´Í¨ ²μ¢
É¨¶  (1) ¨³¥¥É¸Ö ¥Ð¥ ¨ (¡¥¸±μ´¥Î´Ò°) ´ ¡μ· ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°. „²Ö ¢Ò¤¥²¥´¨Ö ¨¸-
±²ÕÎ¨É¥²Ó´μ ÔËË¥±Éμ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥μ¡Ìμ¤¨³μ ¶μÔÉμ³Ê ¥Ð¥ ¢ÒÎ¥¸ÉÓ ¨§ ± ¦¤μ£μ
¤¨¸±·¥É´μ£μ Ê·μ¢´Ö ³ ¸¸Ê ¶μ±μÖ. ’ ±¨³ μ¡· §μ³, ¢ Ë¨§¨Î¥¸±¨ ³μÉ¨¢¨·μ¢ ´´μ³ ¢¨¤¥,
¸μ£² ¸μ¢ ´´μ³ ¸ (9), ¨¸Ìμ¤´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¢ ±ÊÊ³´μ° Ô´¥·£¨¨ ¶·¨μ¡·¥É ¥É ¢¨¤

EVP =
1
2

⎛⎝ ∑
εn<εF

εn −
∑

εn�εF

εn +
∑

−1�εn<1

1

⎞⎠
A

− 1
2

(∑
εn<0

εn −
∑
εn>0

εn

)
0

. (40)

�¶·¥¤¥²¥´´ Ö É ±¨³ μ¡· §μ³ ¢ ±ÊÊ³´ Ö Ô´¥·£¨Ö ¶·¨ ¢Ò±²ÕÎ¥´¨¨ ¢´¥Ï´¥£μ ¶μ²Ö ¨¸Î¥-
§ ¥É,   ¶·¨ ¢±²ÕÎ¥´¨¨ ¸μ¤¥·¦¨É Éμ²Ó±μ ÔËË¥±ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö, É ± ÎÉμ · §²μ¦¥´¨¥
EVP ¶μ (Î¥É´Ò³) ¸É¥¶¥´Ö³ ¢´¥Ï´¥£μ ¶μ²Ö ¡Ê¤¥É ´ Î¨´ ÉÓ¸Ö ¸ O(Z2).
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’¥¶¥·Ó ¢Ò¤¥²¨³ ¢ (40) ¶μ μÉ¤¥²Ó´μ¸É¨ ¢±² ¤Ò μÉ ¤¨¸±·¥É´μ£μ ¨ ´¥¶·¥·Ò¢´μ£μ
¸¶¥±É·μ¢ ¨ ¤²Ö · §´μ¸É¨ ¨´É¥£· ²μ¢ ¶μ ´¥¶·¥·Ò¢´μ³Ê ¸¶¥±É·Ê

(∫
dk

√
k2 + 1

)
A
−(∫

dk
√

k2 + 1
)
0

¨¸¶μ²Ó§Ê¥³ ¨§¢¥¸É´Ò° ¶·¨¥³, ¶·¥¤¸É ¢²ÖÕÐ¨° ÔÉÊ · §´μ¸ÉÓ ¢ ¢¨¤¥ ¨´É¥-
£· ²  μÉ Ë §Ò Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö δ(k). ’ ± Ö É¥Ì´¨±  ¢¶μ²´¥ ÔËË¥±É¨¢´μ ¶·¨³¥´Ö² ¸Ó
¶·¨ ¢ÒÎ¨¸²¥´¨¨ μ¤´μ¶¥É²¥¢ÒÌ ±¢ ´Éμ¢ÒÌ ¶μ¶· ¢μ± ± ³ ¸¸¥ ¸μ²¨Éμ´μ¢ ¢ ¸ÊÐ¥¸É¢¥´´μ
´¥²¨´¥°´ÒÌ ³μ¤¥²ÖÌ É¥μ·¨¨ ¶μ²Ö ¢ 1 + 1 D (¸³. [20,21]). �¶Ê¸± Ö ·Ö¤ ¶μÎÉ¨ μÎ¥¢¨¤´ÒÌ
¢Ò±² ¤μ±, ¶·¨¢¥¤¥³ ¸· §Ê μ±μ´Î É¥²Ó´Ò° μÉ¢¥É:

EVP =
1
2π

∞∫
0

k dk√
k2 + 1

δtot(k) +
1
2

∑
−1�εn<1

(1 − εn), (41)

£¤¥ δtot(k) Å ¸Ê³³ ·´Ò° Ë §μ¢Ò° ¸¤¢¨£ ¶·¨ ¤ ´´μ³ ¢μ²´μ¢μ³ Î¨¸²¥ k, ¢±²ÕÎ ÕÐ¨°
¢±² ¤Ò μÉ ¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö ¨§ ´¨¦´¥£μ ¨ ¢¥·Ì´¥£μ ±μ´É¨´ÊÊ³μ¢ μ¡¥¨Ì Î¥É´μ¸É¥°,
  (1 − εn) Å Ô´¥·£¨Ö ¸¢Ö§¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¤¨¸±·¥É´μ£μ Ê·μ¢´Ö. ’ ±μ° ¶μ¤Ìμ¤ ±
¢ÒÎ¨¸²¥´¨Õ EVP μ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  ÔËË¥±É¨¢¥´, ¶μ¸±μ²Ó±Ê δtot(k) ¢¥¤¥É ¸¥¡Ö ± ± ¢
¨´Ë· ±· ¸´μ³, É ± ¨ ¢ Ê²ÓÉ· Ë¨μ²¥Éμ¢μ³ ¶·¥¤¥² Ì ¶μ k £μ· §¤μ ²ÊÎÏ¥, Î¥³ ± ¦¤ Ö
¨§ Ê¶·Ê£¨Ì Ë § ¶μ μÉ¤¥²Ó´μ¸É¨ (¸³. ´¨¦¥). Š·μ³¥ Éμ£μ, δtot(k)  ¢Éμ³ É¨Î¥¸±¨ ¡Ê¤¥É
Î¥É´μ° ËÊ´±Í¨¥° ¢´¥Ï´¥£μ ¶μ²Ö. ‚ ¸¢μÕ μÎ¥·¥¤Ó, ¤²Ö ¶μ²´μ° Ô´¥·£¨¨ ¸¢Ö§¨ ¤¨¸±·¥É´ÒÌ
Ê·μ¢´¥°

∑
n

(1 − εn) ÉμÎ±  ¸£ÊÐ¥´¨Ö εn → 1 É ±¦¥ ¸É ´μ¢¨É¸Ö ·¥£Ê²Ö·´μ°, ¨ ¢ ·¥§Ê²ÓÉ É¥

¶·¥¤¸É ¢²¥´¨¥ EVP ¢ ¢¨¤¥ (41) ¶μ§¢μ²Ö¥É μ¡μ°É¨¸Ó ¡¥§ ¶·μ³¥¦ÊÉμÎ´μ° ·¥£Ê²Ö·¨§ Í¨¨
±Ê²μ´μ¢¸±μ°  ¸¨³¶ÉμÉ¨±¨ ¢´¥Ï´¥£μ ¶μÉ¥´Í¨ ²  ¶·¨ |x| → ∞, ÎÉμ ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É
¢¸¥ ¤ ²Ó´¥°Ï¨¥ ¢ÒÎ¨¸²¥´¨Ö.

	μ²¥¥ Éμ£μ, ¢ 1+1 D ¤²Ö ¢´¥Ï´¨Ì ¶μÉ¥´Í¨ ²μ¢ É¨¶  (1) EVP ¸· §Ê μ± §Ò¢ ¥É¸Ö ±μ´¥Î-
´μ° ¢¥²¨Î¨´μ° ¡¥§ ± ±μ°-²¨¡μ ¸¶¥Í¨ ²Ó´μ° “”-¶¥·¥´μ·³¨·μ¢±¨. �Éμ ´¥¶μ¸·¥¤¸É¢¥´´μ
¸²¥¤Ê¥É ¨§ (41), ¶μ¸±μ²Ó±Ê, ± ± ÔÉμ ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥ Ö¢´Ò³ ¢ÒÎ¨¸²¥´¨¥³, δtot(k) ·¥-
£Ê²Ö·´  ¶·¨ k → 0, ¶·¨ k → ∞ ¢¥¤¥É ¸¥¡Ö ± ± O(1/k3), ¶μÔÉμ³Ê Ë §μ¢Ò° ¨´É¥£· ² ¢ (41)
¢¸¥£¤  ¸Ìμ¤¨É¸Ö,   ¶μ²´ Ö Ô´¥·£¨Ö ¸¢Ö§¨ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° É ±¦¥ ±μ´¥Î´ , ¶μ¸±μ²Ó±Ê
1 − εn ¢¥¤ÊÉ ¸¥¡Ö ¶·¨ n → ∞ ± ± O(1/n2). ‡ ³¥É¨³, μ¤´ ±μ, ÎÉμ ±μ´¥Î´μ¸ÉÓ EVP ¶μ¸-
²¥ ¢ÒÎ¨É ´¨Ö (40) (ÌμÉÖ ¨ ¶·μ¢μ¤¨³μ£μ ¶μ¤ §´ ±μ³ ¶·μ³¥¦ÊÉμÎ´μ° “”-·¥£Ê²Ö·¨§ Í¨¨)
´¥ Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éμ³ ´ ¸ÉμÖÐ¥° “”-¶¥·¥´μ·³¨·μ¢±¨,   μ¡Ê¸²μ¢²¥´  ¨¸±²ÕÎ¨É¥²Ó´μ
¸¶¥Í¨Ë¨±μ° 1 + 1 D. �¥μ¡Ìμ¤¨³μ¸ÉÓ ¶¥·¥´μ·³¨·μ¢±¨ Î¥·¥§ μ¤´μ¶¥É²¥¢ÊÕ ¤¨ £· ³³Ê
¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ¸²¥¤Ê¥É ¨§  ´ ²¨§  ¸¢μ°¸É¢ ρVP(x) ¸ ¶μ³μÐÓÕ ±μ´ÉÊ·  ‚K, ±μ-
Éμ·Ò° ¶μ± §Ò¢ ¥É, ÎÉμ ¡¥§ É ±μ° “”-¶¥·¥´μ·³¨·μ¢±¨ ¨´É¥£· ²Ó´Ò° ¢ ±ÊÊ³´Ò° § ·Ö¤
´¥ ¡Ê¤¥É ¨³¥ÉÓ Éμ£μ §´ Î¥´¨Ö, ±μÉμ·μ¥ ¢ÒÉ¥± ¥É ¨§ μÎ¥¢¨¤´ÒÌ Ë¨§¨Î¥¸±¨Ì  ·£Ê³¥´Éμ¢.
Š·μ³¥ Éμ£μ, ¥Ð¥ μ¤´μ ¤μ¶μ²´¨É¥²Ó´μ¥ Ê¸²μ¢¨¥ ´  EVP É·¥¡Ê¥É, ÎÉμ¡Ò ¶·¨ Z → 0 ¢ -

±ÊÊ³´ Ö Ô´¥·£¨Ö ¸μ¢¶ ¤ ²  ¸ ·¥§Ê²ÓÉ Éμ³ ¤²Ö E(1)
VP, ´ °¤¥´´Ò³ ¨§ ’‚ ¸μ£² ¸´μ (2)Ä(7).

�μ¸±μ²Ó±Ê ¶·¨ Z → 0 ¸¢Ö§Ó ³¥¦¤Ê ¢ ±ÊÊ³´μ° Ô´¥·£¨¥° ¨ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸ÉÓÕ μ¶¨-
¸Ò¢ ¥É¸Ö É¥μ·¨¥° ¢μ§³ÊÐ¥´¨° (2)Ä(4), ²¥£±μ ¶μ± § ÉÓ, ÎÉμ ´¥¶¥·¥´μ·³¨·μ¢ ´´ Ö EVP ¢
μ¡Ð¥³ ¸²ÊÎ ¥ ÔÉμ³Ê Ê¸²μ¢¨Õ ´¥ Ê¤μ¢²¥É¢μ·Ö¥É. ” ±É¨Î¥¸±¨ ÔÉμ ¶·μ¤¥² ´μ ´¨¦¥ ¢ É¥·³¨-
´ Ì ¶¥·¥´μ·³¨·μ¢μÎ´μ£μ ±μÔËË¨Í¨¥´É  η (¸³. (43), (44) ¨ ¶μ¸²¥¤ÊÕÐ¨¥ ±μ³³¥´É ·¨¨).
’ ±¨³ μ¡· §μ³, ´¥¸³μÉ·Ö ´  ±μ´¥Î´μ¸ÉÓ, EVP ¢ ¢¨¤¥ (41) ¢¸¥ · ¢´μ ¶μ¤²¥¦¨É (±μ´¥Î´μ°)

¶¥·¥´μ·³¨·μ¢±¥ ¢ O(Z2) ´  ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¢ ±ÊÊ³´ÊÕ Ô´¥·£¨Õ E(1)
VP, ¢ÒÎ¨¸²¥´´ÊÕ ¢

¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Î¥·¥§ ¶¥·¥´μ·³¨·μ¢ ´´ÊÕ ¶²μÉ´μ¸ÉÓ ρ
(1)
VP ¸μ£² ¸´μ

(2)Ä(7). Œ¥Éμ¤ ‚K ¤²Ö ρVP(x) Ë ±É¨Î¥¸±¨ §¤¥¸Ó ¨£· ¥É ·μ²Ó ±μ´É·μ²¥· , μ¡¥¸¶¥Î¨¢ Õ-
Ð¥£μ ¢Ò¶μ²´¥´¨¥ ´¥μ¡Ìμ¤¨³ÒÌ Ë¨§¨Î¥¸±¨Ì Ê¸²μ¢¨° ¤²Ö ±μ··¥±É´μ£μ μ¶¨¸ ´¨Ö ÔËË¥±É 
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¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ¢´¥ · ³μ± ’‚, ±μÉμ·Ò¥ ´¥ μÉ¸²¥¦¨¢ ÕÉ¸Ö ¢ · ³± Ì ¢ÒÎ¨¸²¥´¨Ö
EVP Î¥·¥§ ¢Ò· ¦¥´¨¥ (41). ’ ±¨³ μ¡· §μ³, ¶μ  ´ ²μ£¨¨ ¸ (35) ³Ò ¤μ²¦´Ò ¶¥·¥°É¨ ±
¶¥·¥´μ·³¨·μ¢ ´´μ° ¢ ±ÊÊ³´μ° Ô´¥·£¨¨ Î¥·¥§ ¸μμÉ´μÏ¥´¨¥

Eren
VP (Z) = EVP(Z) + ηZ2, (42)

£¤¥

η = lim
Z0→0

E(1)
VP(Z0) − EVP(Z0)

Z2
0

. (43)

�·¨ ÔÉμ³ ¶¥·¥´μ·³¨·μ¢μÎ´Ò° ±μÔËË¨Í¨¥´É η μ¶·¥¤¥²Ö¥É¸Ö ¨¸±²ÕÎ¨É¥²Ó´μ ¶·μË¨²¥³
¢´¥Ï´¥£μ ±Ê²μ´μ¢¸±μ£μ ¶μ²Ö ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¤¢μ°´μ£μ ¨´É¥£· ²  μÉ Aext

0 (x), ¤²Ö

Î¥£μ E(1)
VP ¢Ò· ¦ ¥É¸Ö Î¥·¥§ (2)Ä(4),   EVP Å Î¥·¥§ ¶¥·¢μ¥ ¡μ·´μ¢¸±μ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö

TrG, μÉ±Ê¤ 

E(1)
VP(Z0) − EVP(Z0) =

1
2

∫
dxA0(x)

[(
ρ
(1)
VP

)
ren

(x) −
(
ρ
(1)
VP

)
nonren

(x)
]
, (44)

£¤¥
(
ρ
(1)
VP

)
ren

(x) Å ¶¥·¥´μ·³¨·μ¢ ´´ Ö ¶¥·ÉÊ·¡ É¨¢´ Ö ¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ (3)Ä(6),  (
ρ
(1)
VP

)
nonren

(x) = (|e|/2π)
∫

Tr
(
G(0)V G(0)

)
Å ´¥¶¥·¥´μ·³¨·μ¢ ´´ Ö ¶¥·ÉÊ·¡ É¨¢´ Ö

¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ, ¨ μ¡¥ ¶²μÉ´μ¸É¨, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¨´É¥£· ²Ò μÉ
Aext

0 (x). ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¶¥·¥´μ·³¨·μ¢μÎ´Ò° ±μÔËË¨Í¨¥´É ¨³¥¥É ¢¨¤

η = α2(η1 − η2), (45)

£¤¥

η1 =
2
π2

∞∫
0

dq

[
sin (qR0)

qR0
− Ci (qR0)

]2
(

1 − 4

q
√

4 + q2
arcsh

(q

2

))
, (46)

η2 =
1

πR2
0

∞∫
0

dy

1 + y2

[
4R0

√
1 + y2 + e−4R0

√
1+y2 − 1

4(1 + y2)

]
+

+
1
π

∞∫
0

dy

1 + y2

[
−2

sinh (2R0

√
1 + y2)√

1 + y2R0

+ Ei (−2
√

1 + y2R0)+

+ Ei (2
√

1 + y2R0)
]
Ei (−2

√
1 + y2R0)+

+
1
π

∞∫
0

dy

1 + y2

∞∫
R0

dx

x

[
e−2x

√
1+y2

Ei (2x
√

1 + y2) − e2x
√

1+y2
Ei (−2x

√
1 + y2)

]
. (47)

�É³¥É¨³, ÎÉμ η ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ · ³¥É·μ¢ ±Ê²μ´μ¢¸±μ£μ ¨¸ÉμÎ´¨±  ³μ¦¥É ¡ÒÉÓ ± ±
²Õ¡μ£μ §´ ± , É ± ¨ · ¢´Ò³ ´Ê²Õ (¸³. ´¨¦¥ ·¨¸.7).
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� ¸¸³μÉ·¨³ É¥¶¥·Ó ¢ÒÎ¨¸²¥´¨¥ EVP Î¥·¥§ ¢Ò· ¦¥´¨¥ (41). �¥Ï¥´¨Ö “„ · §²¨Î´μ°
Î¥É´μ¸É¨ ¶·¨ |x| � R0 § ¤ ÕÉ¸Ö Ëμ·³Ê² ³¨ (16). �·¨ |x| > R0 ¸¶¨´μ·´Ò¥ ±μ³¶μ-
´¥´ÉÒ ¤¨· ±μ¢¸±μ° ‚” ¢ ´¥¶·¥·Ò¢´μ³ ¸¶¥±É·¥ ¤²Ö ¢¥·Ì´¥£μ ¨ ´¨¦´¥£μ ±μ´É¨´ÊÊ³μ¢
(±) ¢Ò¡¨· ÕÉ¸Ö ¢ ¢¨¤¥

Φ±
1 (x, ε) =

{ √
ε + 1√
|ε| − 1

}
Re

[
eiλ±

eikx(−2ikx)iQ

(
i
Q

k
Φx + b Φx(b+)

)]
,

Φ±
2 (x, ε) =

{
−
√

ε − 1√
|ε| + 1

}
Re

[
i eiλ±

eikx(−2ikx)iQ

(
−i

Q

k
Φx + b Φx(b+)

)]
,

(48)

£¤¥

k =
√

ε2 − 1, b = iQ(1 − ε/k),

c = 1 + 2iQ, Φx = Φ(b, c,−2ikx), Φx(b+) = Φ(b + 1, c,−2ikx).
(49)

” §μ¢Ò¥ ³´μ¦¨É¥²¨ eiλ±
μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸Ï¨¢±¨ ¢´¥Ï´¥£μ ¨ ¢´ÊÉ·¥´´¥£μ ·¥Ï¥´¨° ¶·¨

x = R0:

λ±
even = −Arg

[
eikR0(2kR0)iQ

(
i
Q

k
ΦR0

[
1 − iW±

even

]
− ΦR0(b+)

[
1 + iW±

even

])]
, (50)

λ±
odd = −Arg

[
i eikR0(2kR0)iQ

(
i
Q

k
ΦR0

[
1 − iW±

odd

]
+ ΦR0(b+)

[
1 + iW±

odd

])]
, (51)

£¤¥

W+
even =

√
ε + 1
ε − 1

√
ε + V0 − 1
ε + V0 + 1

tg
(
R0

√
(V0 + ε)2 − 1

)
,

W−
even = (−1)1+θ(|ε|−V0−1)

√
|ε| − 1
|ε| + 1

√
|ε| − V0 + 1
|ε| − V0 − 1

tg
(
R0

√
(V0 − |ε|)2 − 1

)
,

(52)

W+
odd =

√
ε − 1
ε + 1

√
ε + V0 + 1
ε + V0 − 1

tg
(
R0

√
(V0 + ε)2 − 1

)
,

W−
odd = (−1)1+θ(|ε|−V0−1)

√
|ε| + 1
|ε| − 1

√
|ε| − V0 − 1
|ε| − V0 + 1

tg
(
R0

√
(V0 − |ε|)2 − 1

)
.

(53)

„¨¸±·¥É´Ò° ¸¶¥±É· ¢ Î¥É´μ³ ¸²ÊÎ ¥ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

Im
[
(2γR0)iQ

(
−Q

γ
Φ(b, c, 2γR0)[1 + Weven]+

+b Φ(b + 1, c, 2γR0)[1 − Weven]
)

Γ(b)Γ(c∗)
]

= 0, (54)

Weven = −
√

1 + ε

1 − ε

√
ε + V0 − 1
ε + V0 + 1

tg
(
R0

√
(V0 + ε)2 − 1

)
, (55)
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  ¢ ´¥Î¥É´μ³ ¸²ÊÎ ¥ Å ¨§

Im
[
(2γR0)iQ

(
Q

γ
Φ(b, c, 2γR0)[1 + Wodd]+

+b Φ(b + 1, c, 2γR0)[1 − Wodd]
)

Γ(b)Γ(c∗)
]

= 0, (56)

Wodd =

√
1 − ε

1 + ε

√
ε + V0 + 1
ε + V0 − 1

tg
(
R0

√
(V0 + ε)2 − 1

)
. (57)

‚ (54)Ä(57) ¶ · ³¥É·Ò b, c, γ μ¶·¥¤¥²¥´Ò, ± ± ¢ (18)Ä(20).
�μ²´ Ö Ë § 

δtot(k) = δ+
even(k) + δ−even(k) + δ+

odd(k) + δ−odd(k) (58)

¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê μÉ¤¥²Ó´ÒÌ Ë §μ¢ÒÌ ¸¤¢¨£μ¢ ¤²Ö ¢¥·Ì´¥£μ ¨ ´¨¦´¥£μ ±μ´É¨´Ê-
Ê³μ¢ μ¡¥¨Ì Î¥É´μ¸É¥°, ±μÉμ·Ò¥ ´ Ìμ¤ÖÉ¸Ö ¨§  ¸¨³¶ÉμÉ¨±¨ ·¥Ï¥´¨° (48) ¶·¨ |x| → ∞:

δ±σ (k) = Q
ε

k
ln (2k|x|) + Arg

[
eiφ±

σ

(
Γ(c) eiλ±

σ eπQ

(ε + k)Γ(c − b − 1)
+

Γ(c∗) e−iλ±
σ

Γ(b∗)

)]
,

σ = even, odd,

(59)

£¤¥ φ+
even = 1, φ−

even = π, φ+
odd = π/2, φ−

odd = −π/2. �¥·¢Ò¥ ¸² £ ¥³Ò¥ ¢ δ±σ (k)
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ±Ê²μ´μ¢¸±¨¥ ²μ£ ·¨Ë³Ò, ±μÉμ·Ò¥ ´¥ ¤ ÕÉ ¢±² ¤  ¢ ¸Ê³³ ·´ÊÕ Ë §Ê
¨ ¸· §Ê ³μ£ÊÉ ¡ÒÉÓ μ¶ÊÐ¥´Ò. ‚Éμ·Ò¥ ¸² £ ¥³Ò¥ ¢ (59) É ±¦¥ ¸μ¤¥·¦ É “”-μ¸μ¡¥´´μ¸É¨
¢¨¤  −Qε ln (2kR0)/k, ¢§ ¨³´μ ±μ³¶¥´¸¨·ÊÕÐ¨¥¸Ö ¢ ¶μ²´μ° Ë §¥. ’ ±¨³ μ¡· §μ³, ¶·¨
k → ∞ ¸Ê³³ ·´ Ö Ë §  (58) μ± §Ò¢ ¥É¸Ö ·¥£Ê²Ö·´μ° Ê¡Ò¢ ÕÐ¥° ËÊ´±Í¨¥° ¢μ²´μ¢μ£μ
Î¨¸²  ¸  ¸¨³¶ÉμÉ¨±μ°

δtot(k → ∞) = − Q2

k3R0

[
4 +

1 + 16Q2

6(kR0)2
+

cos (4Q) sin (4kR0)
8(kR0)3

]
+ O(1/k7). (60)

‚ μ¡² ¸É¨ ³ ²ÒÌ §´ Î¥´¨° k ¢Éμ·Ò¥ ¸² £ ¥³Ò¥ ¢ μÉ¤¥²Ó´ÒÌ Ë § Ì δ±σ (k) ¨³¥ÕÉ ¨´Ë· -
±· ¸´Ò¥ μ¸μ¡¥´´μ¸É¨ ±(1− ln (Q/k))Q/k ∓ kQ ln [Q/k]/2, ±μÉμ·Ò¥, ± ± ¢ Ê²ÓÉ· Ë¨μ²¥-
Éμ¢μ³ ¸²ÊÎ ¥, ¢ ¸Ê³³¥ ¸μ±· Ð ÕÉ ¤·Ê£ ¤·Ê£ . ’ ±¨³ μ¡· §μ³, ¶·¨ k → 0 ¶μ²´ Ö Ë § 
É ±¦¥ ´¥ ¸μ¤¥·¦¨É μ¸μ¡¥´´μ¸É¥°,   ¢ÒÎ¨¸²¥´¨¥ ¥¥  ¸¨³¶ÉμÉ¨±¨ ¤ ¥É

δtot(k → 0) = Arg
[
−(eiξ+

even − e−2πQe−iξ+
even)×

×(eiξ+
odd − e−2πQe−iξ+

odd) sin(ξ−even) sin(ξ−odd)
]
, (61)

£¤¥ ¢¢¥¤¥´Ò ¢¸¶μ³μ£ É¥²Ó´Ò¥ Ë §Ò

ξ+
even = −Arg

[
QJ2iQ(

√
8QR0) [1 − iw+

even] + w+
even

√
2QR0 J1+2iQ(

√
8QR0)

]
,

ξ+
odd = −Arg

[
QJ2iQ(

√
8QR0) [i + w+

odd] −
√

2QR0 J1+2iQ(
√

8QR0)
]
,

ξ−even = −Arg
[
QJ2iQ(

√
−8QR0) [i + w−

even] −
√

2QR0 J1+2iQ(
√
−8QR0)

]
,

ξ−odd = −Arg
[
QJ2iQ(

√
−8QR0) [1 − iw−

odd] + w−
odd

√
2QR0 J1+2iQ(

√
−8QR0)

]
(62)
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¸ ±μÔËË¨Í¨¥´É ³¨ w±
σ :

w+
even =

√
V0

V0 + 2
tg
(
R0

√
V0(V0 + 2)

)
, w−

odd =
√

V0

V0 − 2
tg
(
R0

√
V0(V0 − 2)

)
,

w+
odd =

√
V0 + 2

V0
tg
(
R0

√
V0(V0 + 2)

)
, w−

even =
√

V0 − 2
V0

tg
(
R0

√
V0(V0 − 2)

)
.

(63)

• · ±É¥·´μ° Î¥·Éμ° ¢ ¶μ¢¥¤¥´¨¨ δtot(k) Ö¢²Ö¥É¸Ö ¶μÖ¢²¥´¨¥ (¶μ§¨É·μ´´ÒÌ) Ê¶·Ê£¨Ì
·¥§μ´ ´¸μ¢ ¶·¨ ¤μ¸É¨¦¥´¨¨ ± ¦¤Ò³ ¸²¥¤ÊÕÐ¨³ Ê·μ¢´¥³ ´¨¦´¥£μ ±μ´É¨´ÊÊ³ . �  ·¨¸. 4
¶·¨¢¥¤¥´Ò £· Ë¨±¨ § ¢¨¸¨³μ¸É¨ ¶μ²´μ° Ë §Ò μÉ ¢μ²´μ¢μ£μ Î¨¸²  ¤²Ö · §²¨Î´ÒÌ §´ -
Î¥´¨° Z ¶·¨ R0 = 0,1. �¨¸. 4, a μÉ¢¥Î ¥É Z = 80, ¶·¨ ±μÉμ·μ³ ¥Ð¥ ´¨ μ¤¨´ Ê·μ¢¥´Ó
´¥ ¤μ¸É¨£ ´¨¦´¥£μ ±μ´É¨´ÊÊ³ . �·¨ Z = 82 (·¨¸. 4, ¡) ´¨¦´¥£μ ±μ´É¨´ÊÊ³  Ê¦¥ ¤μ¸É¨£
¶¥·¢Ò° Î¥É´Ò° Ê·μ¢¥´Ó (Zcr,1 � 81,500), ÎÉμ ´  Ë §¥ μÉ· ¦ ¥É¸Ö ¢ ¢¨¤¥ ¶·¥¤¥²Ó´μ Ê§-
±μ£μ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ Ê¶·Ê£μ£μ ·¥§μ´ ´¸ . �·¨ ¤ ²Ó´¥°Ï¥³ Ê¢¥²¨Î¥´¨¨ Z ¢¶²μÉÓ
¤μ ¸²¥¤ÊÕÐ¥£μ ±·¨É¨Î¥¸±μ£μ §´ Î¥´¨Ö Zcr,2 � 154,136 ÔÉμÉ ¸± Îμ± ´  π ¶μ¸É¥¶¥´´μ
¸£² ¦¨¢ ¥É¸Ö ¨ ¸³¥Ð ¥É¸Ö ¢ ¸Éμ·μ´Ê ¡
μ²ÓÏ¨Ì k. �  ·¨¸. 4, ¢ ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ ¶μ¢¥-
¤¥´¨¥ Ë §Ò ¤²Ö Z = 221, ¶·¨ ±μÉμ·μ³ ¢ ´¨¦´¨° ±μ´É¨´ÊÊ³ ¶μ£·Ê§¨²μ¸Ó Ê¦¥ É·¨ Ê·μ¢´Ö,
¶·¨Î¥³ ¶μ¸²¥¤´¨° (¢Éμ·μ° Î¥É´Ò°) ¸μμÉ¢¥É¸É¢Ê¥É Zcr,3 � 220,047. �Éμ³Ê Ê·μ¢´Õ ¢ Ë §¥
¸μμÉ¢¥É¸É¢Ê¥É ¶¥·¢Ò° Ê§±¨° ·¥§μ´ ´¸. „¢  ¤·Ê£¨Ì ·¥§μ´ ´¸ , μÉ¢¥Î ÕÐ¨¥ ¤¢Ê³ ¶·¥¤Ò-
¤ÊÐ¨³ Ê·μ¢´Ö³, · ¸¶μ²μ¦¥´Ò ¶· ¢¥¥ ¨ ¨³¥ÕÉ ¸ÊÐ¥¸É¢¥´´μ ³¥´¥¥ ¢Ò· ¦¥´´ÊÕ Ëμ·³Ê.
’ ±¨³ μ¡· §μ³, Ë §  δtot(k) ·¥£Ê²Ö·´  ´  ¢¸¥³ ¤¨ ¶ §μ´¥ ¨§³¥´¥´¨Ö ¢μ²´μ¢μ£μ Î¨¸² ,

�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ ¶μ²´μ° Ë §Ò δtot μÉ ¢μ²´μ¢μ£μ Î¨¸²  k ¶·¨ R0 = 0,1 ¤²Ö Z = 80 (a),
Z = 82 (¡), Z = 221 (¢)
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�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ Ë §μ¢μ£μ ¨´É¥£· ²  μÉ Z: a) R0 = 0,01; ¡) R0 = 1
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�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ ¶μ²´μ° Ô´¥·£¨¨ ¸¢Ö§¨ ¤¨¸±·¥É´μ£μ ¸¶¥±É·  μÉ Z: a) R0 = 0,01; ¡) R0 = 1

  ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì k Ê¡Ò¢ ¥É ¤μ¸É ÉμÎ´μ ¡Ò¸É·μ, ÎÉμ¡Ò £ · ´É¨·μ¢ ÉÓ ¸Ìμ¤¨³μ¸ÉÓ
Ë §μ¢μ£μ ¨´É¥£· ²  ¢ (41).

• · ±É¥·´ Ö § ¢¨¸¨³μ¸ÉÓ Ë §μ¢μ£μ ¨´É¥£· ²  μÉ § ·Ö¤  ¶·¨¢¥¤¥´  ´  ·¨¸. 5. Š ± ¸²¥-
¤Ê¥É ¨§ ·¨¸. 5, Ë §μ¢Ò° ¨´É¥£· ² ± ± ËÊ´±Í¨Ö Z ¨³¥¥É ´¥³μ´μÉμ´´μ¥ ¶μ¢¥¤¥´¨¥. �·¨
Z = Zcr ¶·μ¨§¢μ¤´ Ö ÔÉμ° ËÊ´±Í¨¨ É¥·¶¨É · §·Ò¢ ¸μ ¸³¥´μ° §´ ± ,   ´  ¨´É¥·¢ ² Ì
³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ Zcr ¨§´ Î ²Ó´μ¥ Ê¡Ò¢ ´¨¥ ¸³¥´Ö¥É¸Ö ·μ¸Éμ³. ’¨¶¨Î´μ¥ ¶μ¢¥¤¥-
´¨¥ 1/2 μÉ ¸Ê³³ ·´μ° Ô´¥·£¨¨ ¸¢Ö§¨ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¶μ± § ´μ ´  ·¨¸. 6. ‘Ê³³ ·´ Ö
Ô´¥·£¨Ö ¸¢Ö§¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · §·Ò¢´ÊÕ ËÊ´±Í¨Õ, ¸± Î±¨ ±μÉμ·μ° ¢μ§´¨± ÕÉ ¶·¨
¤μ¸É¨¦¥´¨¨ § ·Ö¤μ³ ¨¸ÉμÎ´¨±  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±·¨É¨Î¥¸±¨Ì §´ Î¥´¨°, ±μ£¤  ¢ ´¨¦´¨°
±μ´É¨´ÊÊ³ ¶μ£·Ê¦ ¥É¸Ö μÎ¥·¥¤´μ° ¤¨¸±·¥É´Ò° Ê·μ¢¥´Ó, §  ¸Î¥É Î¥£μ Ô´¥·£¨Ö ¸¢Ö§¨ Ê¡Ò-
¢ ¥É ´  (−2)mc2. �  ¨´É¥·¢ ² Ì ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ Zcr Ô´¥·£¨Ö ¸¢Ö§¨, ¢ μÉ²¨Î¨¥ μÉ
Ë §μ¢μ£μ ¨´É¥£· ² , ¢¸¥£¤  ¶μ²μ¦¨É¥²Ó´  ¨ ³μ´μÉμ´´μ · ¸É¥É, ¶μ¸±μ²Ó±Ê · ¸ÉÊÉ Ô´¥·£¨¨
¸¢Ö§¨ (1 − εn) ± ¦¤μ£μ ¨§ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥°. ‘²¥¤Ê¥É É ±¦¥ μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¶¥·ÉÊ·¡ -
É¨¢´μ° μ¡² ¸É¨ ¶·¨ Z 
 Zcr,1 Ô´¥·£¨Ö ¸¢Ö§¨ ¨ Ë §μ¢Ò° ¨´É¥£· ² ¨³¥ÕÉ ¸· ¢´¨³Ò¥ ¶μ
³μ¤Ê²Õ §´ Î¥´¨Ö ¶·μÉ¨¢μ¶μ²μ¦´μ£μ §´ ± . ‚ Éμ ¦¥ ¢·¥³Ö ¢ μÉ²¨Î¨¥ μÉ Ë §μ¢μ£μ ¨´É¥£-
· ² , ¶·¨ ¡μ²ÓÏ¨Ì Z Ô´¥·£¨Ö ¸¢Ö§¨ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¶·μÖ¢²Ö¥É ¸É¥¶¥´´ÊÕ ¸±μ·μ¸ÉÓ
·μ¸É . 	μ²¥¥ ±μ´±·¥É´μ, ¶·¨ ¸£² ¦¨¢ ´¨¨ · §·Ò¢μ¢ ¨§ Ô´¥·£¨¨ ¸¢Ö§¨ ¶μ²ÊÎ¨³ ´¥¶·¥-
·Ò¢´ÊÕ ËÊ´±Í¨Õ, ±μÉμ· Ö ¶·¨ Z > Zcr,1  ¶¶·μ±¸¨³¨·Ê¥É¸Ö ± ± ∼ Zp, £¤¥ ¸É¥¶¥´Ó p
¤²Ö · ¸¸³μÉ·¥´´ÒÌ ¶ · ³¥É·μ¢ ¢´¥Ï´¥£μ ¨¸ÉμÎ´¨±  ´ Ìμ¤¨É¸Ö ¢ ¤¨ ¶ §μ´¥ 1 < p < 2.
“Î¥É ¸± Î±μ¢ ¶·¨¢μ¤¨É ± ´¥±μÉμ·μ³Ê ¸´¨¦¥´¨Õ ¸±μ·μ¸É¨ ·μ¸É , μ¤´ ±μ ¤ ¦¥ ¶·¨ ÔÉμ³
¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¢±² ¤ μÉ Ô´¥·£¨¨ ¸¢Ö§¨ ¢ ´¥¶¥·¥´μ·³¨·μ¢ ´´ÊÕ EVP(Z) ¡Ê¤¥É
¨£· ÉÓ ¤μ³¨´¨·ÊÕÐÊÕ ·μ²Ó.
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‚ ¸¢μÕ μÎ¥·¥¤Ó, ¶¥·¥´μ·³¨·μ¢ ´´ Ö Ô´¥·£¨Ö ¶μ³¨³μ EVP(Z) ¸μ¤¥·¦¨É ¸² £ ¥³μ¥
ηZ2, ±μÉμ·μ¥ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ · ¤¨Ê¸¥ ¨¸ÉμÎ´¨±  R0 Ö¢²Ö¥É¸Ö ±¢ ¤· É¨Î´μ° ËÊ´±-
Í¨¥° ¢ μÉ²¨Î¨¥ μÉ EVP(Z). ’ ±¨³ μ¡· §μ³, ¨³¥´´μ ηZ2 ¡Ê¤¥É μ¶·¥¤¥²ÖÉÓ ¶μ¢¥¤¥´¨¥
Eren
VP(Z) ¤²Ö ¡μ²ÓÏ¨Ì Z � Zcr,1. � ¸¸³μÉ·¨³ É¥¶¥·Ó ´ ¨¡μ²¥¥ μ¡Ð¨¥ ¸¢μ°¸É¢  η ± ±

ËÊ´±Í¨¨ R0, ¸²¥¤ÊÕÐ¨¥ ¨§ (45)Ä(47).
„²Ö ÔÉμ£μ ¶¥·¥¶¨Ï¥³ ¸´ Î ²  η1 ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

η1 =
2
π2

∞∫
0

[
sin (qR0)

qR0
− Ci (qR0)

]2

− 2
π2

∞∫
0

(1− γE − ln (qR0))2
4

q
√

4 + q2
arcsh

(q

2

)
−

− 2
π2

∞∫
0

([
sin (qR0)

qR0
− Ci (qR0)

]2

− (1 − γE − ln (qR0))2
)

4

q
√

4 + q2
arcsh

(q

2

)
, (64)

£¤¥ γE Å ¶μ¸ÉμÖ´´ Ö �°²¥· . �μ± ¦¥³, ÎÉμ ¶μ¸²¥¤´¨° ¨´É¥£· ² ¢ (64) ¸É·¥³¨É¸Ö ±
´Ê²Õ ¶·¨ R0 → 0. „²Ö ÔÉμ£μ · §μ¡Ó¥³ ¢¸Õ μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ´  ¤¢  ¨´É¥·¢ ² :
[0, 1/R0] ∪ [1/R0,∞]. ˆ´É¥£· ² ¶μ ¶¥·¢μ³Ê ¨´É¥·¢ ²Ê μÍ¥´¨¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:∣∣∣∣∣∣∣

1/R0∫
0

([
sin (qR0)

qR0
− Ci(qR0)

]2

− (1 − γE − ln (qR0))2
)

4
q
√

4 + q2
arcsh

(q

2

)∣∣∣∣∣∣∣ �

�
1/R0∫
0

qR0
4

q
√

4 + q2
arcsh

(q

2

)
= 2R0 arcsch2R0 → 2R0 ln2 R0 → 0, (65)

  ´  ¢Éμ·μ³ ¨´É¥·¢ ²¥ ¢ ¸²ÊÎ ¥ ¤μ¸É ÉμÎ´μ ³ ²μ£μ R0 ³ ¦μ·¨·ÊÕÐ¨° ¨´É¥£· ² ³μ¦¥É
¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥∣∣∣∣∣∣∣

∞∫
1/R0

([
sin (qR0)

qR0
− Ci (qR0)

]2

− (1 − γE − ln (qR0))2
)

4

q
√

4 + q2
arcsh

(q

2

)∣∣∣∣∣∣∣ �

�
1/R0∫
0

(1 − γE − ln (qR0))2
4 ln q

q2
= 4R0

[
3 + γE(2 + γE) − (1 − γE)2 ln R0

]
→ 0. (66)

�¥·¢Ò° ¨ ¢Éμ·μ° ¨´É¥£· ²Ò ¢ (64) ¢ÒÎ¨¸²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³
¸²¥¤ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê ¤²Ö η1 ¶·¨ R0 → 0:

η1 → 2/πR0 − ln2 R0 + 2(1 − γE − 2 ln 2) ln R0 − (1 − γE − 2 ln 2)2 − π2/3 . (67)

’¥¶¥·Ó · ¸¸³μÉ·¨³ η2 ¶·¨ R0 → 0. „²Ö μÍ¥´±¨ ¶¥·¢μ£μ ¨´É¥£· ²  ¢ (47) · §μ¡Ó¥³
¨´É¥£·¨·μ¢ ´¨¥ ¶μ y ´  ¨´É¥·¢ ²Ò [0, y∗] ∪ [y∗,∞], £¤¥ y∗ =

√
1/(4R0)2 − 1. �  ¢Éμ·μ³

¨´É¥·¢ ²¥ Ô±¸¶μ´¥´Éμ° ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. �  ¶¥·¢μ³
¨´É¥·¢ ²¥  ·£Ê³¥´É Ô±¸¶μ´¥´ÉÒ ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ´¥ ¶·¥¢ÒÏ ¥É ¥¤¨´¨ÍÒ,
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É ± ÎÉμ μ´  ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´  ¢ ·Ö¤ ¶μ ³ ²μ³Ê  ·£Ê³¥´ÉÊ. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³
¸²¥¤ÊÕÐÊÕ μÍ¥´±Ê ´  ¶¥·¢Ò° ¨´É¥£· ² ¶·¨ R0 → 0:

1
πR2

0

∞∫
0

dy

1 + y2

[
4R0

√
1 + y2 + e−4R0

√
1+y2 − 1

4(1 + y2)

]
→ 1. (68)

‚Éμ·μ° ¨´É¥£· ² ¢ (47) ¶¥·¥¶¨Ï¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

1
π

∞∫
0

dy

1 + y2

[
−2

sinh (2R0

√
1 + y2)√

1 + y2R0

+ Ei (−2
√

1 + y2R0) + Ei (2
√

1 + y2R0)

]
×

× Ei (−2
√

1 + y2R0) =
1
π

∞∫
0

dy

1 + y2
2
(
−2 + γE + ln [2R0

√
1 + y2]

)
×

×
(
γE + ln [2R0

√
1 + y2]

)
+

1
π

∞∫
0

dy

1 + y2

([
−2

sinh (2R0

√
1 + y2)√

1 + y2R0

+

+Ei (−2
√

1 + y2R0) + Ei (2
√

1 + y2R0)

]
Ei (−2

√
1 + y2R0)−

− 2
(
−2 + γE + ln [2R0

√
1 + y2]

)(
γE + ln [2R0

√
1 + y2]

))
. (69)

�¥·¢μ¥ ¸² £ ¥³μ¥ ¢ (69) ¢ÒÎ¨¸²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨,   ¢Éμ·μ¥ ¨¸Î¥§ ¥É ¶·¨ R0 → ∞.
‚ É·¥ÉÓ¥³ ¸² £ ¥³μ³ ¢ (47) ¶·¨ R0 → 0 ´¨¦´¨° ¶·¥¤¥² ¨´É¥£·¨·μ¢ ´¨Ö ¶μ x ³μ¦´μ
¶μ²μ¦¨ÉÓ ´Ê²¥¢Ò³, ÎÉμ ¤ ¥É

1
π

∞∫
0

dy

1 + y2

∞∫
R0

dx

x

[
e−2x

√
1+y2

Ei (2x
√

1 + y2) − e2x
√

1+y2
Ei (−2x

√
1 + y2)

]
→

→ 1
π

∞∫
0

dy

1 + y2

∞∫
0

dt

t

(
e−t Ei (t) − et Ei (−t)

)
=

π2

4
. (70)

‚ ·¥§Ê²ÓÉ É¥

η2 → ln2 R0 − 2(1 − γE − 2 ln 2) lnR0 + (1 − γE − 2 ln 2)2 +
π2

3
, R0 → 0, (71)

¨ μ±μ´Î É¥²Ó´μ
η

α2
→ 2/πR0 − 2 (ln R0 + γE + 2 ln 2 − 1)2 − 2π2/3, R0 → 0. (72)

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¶μ¢¥¤¥´¨¥ η ¶·¨ R0 → ∞. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¤²Ö η1 ³μ¦´μ § ¶¨¸ ÉÓ
¸²¥¤ÊÕÐ¥¥ ´¥· ¢¥´¸É¢μ:

0 < η1 � 2
π2

∞∫
0

[
sin (qR0)

qR0
− Ci (qR0)

]2
q2

6
=

1
18πR3

0

. (73)
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�¨¸. 7. ‡ ¢¨¸¨³μ¸ÉÓ ¶¥·¥´μ·³¨·μ¢μÎ´μ£μ ±μÔËË¨Í¨¥´É  η μÉ R0

�¡· É¨³¸Ö É¥¶¥·Ó ± μÍ¥´±¥ η2 ¶·¨ R0 → ∞. ‚ ÔÉμ³ ¶·¥¤¥²¥ Ô±¸¶μ´¥´É  ¢ ¶¥·¢μ³
¨´É¥£· ²¥ ¢ (47) ³μ¦¥É ¡ÒÉÓ μ¶ÊÐ¥´ , ÎÉμ ¤ ¥É 1/πR0 − 1/16R2

0. ‚μ ¢Éμ·μ³ ¨´É¥£· ²¥
¤²Ö ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö ¨¸¶μ²Ó§Ê¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥ ¤²Ö ¡μ²ÓÏ¨Ì
§´ Î¥´¨°  ·£Ê³¥´É  Ei (t) = et(t−1 + t−2 + O(t−3)). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ 1/16R2

0 +
O(1/R3

0). „²Ö É·¥ÉÓ¥£μ ¨´É¥£· ²  ¢ (47) É ±¦¥ ¨¸¶μ²Ó§Ê¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥
¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö, ÎÉμ ¤ ¥É 1/πR0 + O(1/R3

0). ’ ±¨³ μ¡· §μ³, η2 → 2/πR0

¶·¨ R0 → ∞, ¨ É¥³ ¸ ³Ò³ ¤²Ö η ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê:

η

α2
→ −2/πR0 + O

(
1

R2
0

)
, R0 → ∞. (74)

�  ·¨¸. 7 ¶·¨¢¥¤¥´  § ¢¨¸¨³μ¸ÉÓ η μÉ · ¤¨Ê¸  R0. Š ± ¸²¥¤Ê¥É ¨§  ¸¨³¶ÉμÉ¨± (72), (74),
¶·¨ ±μ´¥Î´ÒÌ R0 ÔÉμÉ ¶ · ³¥É· ¤μ²¦¥´ μ¡Ö§ É¥²Ó´μ ³¥´ÖÉÓ §´ ±. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ÔÉμ
¶·μ¨¸Ìμ¤¨É μ¤¨´ · § ¶·¨ R̃0 � 0,0382, ÎÉμ ¸μ¸É ¢²Ö¥É � 14,7 Ë³.

’ ±¨³ μ¡· §μ³, ¢ ¶¥·ÉÊ·¡ É¨¢´μ° μ¡² ¸É¨ ¶¥·¥´μ·³¨·μ¢ ´´ Ö ¢ ±ÊÊ³´ Ö Ô´¥·£¨Ö
±¢ ¤· É¨Î´μ ¢μ§· ¸É ¥É ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (7),   ¤ ²¥¥ ¶μ¢¥¤¥´¨¥ Eren

VP(Z) μ¡Ê¸²μ¢²¥´μ
§´ Î¥´¨¥³ ¶ · ³¥É·  η. �·¨ R0 < R̃0 ¶ · ³¥É· ¶¥·¥´μ·³¨·μ¢±¨ η > 0 ¨ ¶·¨ ¤μ¸É¨-
¦¥´¨¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì Z, ±μ£¤  ¢±² ¤μ³ μÉ ´¥¶¥·¥´μ·³¨·μ¢ ´´μ° Ô´¥·£¨¨ ³μ¦´μ
¶·¥´¥¡·¥ÎÓ, Eren

VP(Z) ±¢ ¤· É¨Î´μ ¢μ§· ¸É ¥É. �·¨ R0 > R̃0 ±μÔËË¨Í¨¥´É η < 0, ¶μ-
ÔÉμ³Ê ´  ¡μ²ÓÏ¨Ì Z ¶¥·¥´μ·³¨·μ¢ ´´ Ö Ô´¥·£¨Ö ±¢ ¤· É¨Î´μ Ê¡Ò¢ ¥É ¢¶²μÉÓ ¤μ ¡μ²Ó-
Ï¨Ì μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨°. …¸²¨ R0 = R̃0, Éμ ¶¥·¥´μ·³¨·μ¢ ´´ Ö Ô´¥·£¨Ö ¸μ¢¶ ¤ ¥É
¸ ´¥¶¥·¥´μ·³¨·μ¢ ´´μ°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶μ¢¥¤¥´¨¥ Eren

VP(Z) ¤μ-
³¨´¨·Ê¥É¸Ö ¢±² ¤μ³ ¤¨¸±·¥É´μ£μ ¸¶¥±É· , É.¥.  ¶¶·μ±¸¨³¨·Ê¥É¸Ö ¸É¥¶¥´´Ò³ ·μ¸Éμ³ Zν ,
1 < ν < 2.

�  ·¨¸. 8 ¶μ± § ´  § ¢¨¸¨³μ¸ÉÓ ¶¥·¥´μ·³¨·μ¢ ´´μ° Ô´¥·£¨¨ ¤²Ö R0 = 0,01, R̃0, 0,1,
1. ‡´ Î¥´¨Ö ¶¥·¥´μ·³¨·μ¢μÎ´μ£μ ¶ · ³¥É·  ¶·¨ ÔÉμ³ ¡Ê¤ÊÉ ¸²¥¤ÊÕÐ¨¥: η(R0 = 0,01) =
30,72 α2, η(R0 = R̃0) = 0, η(R0 = 0,1) = −2,63α2, η(R0 = 1) = −0,614 α2. �¥-
¶¥·¥´μ·³¨·μ¢ ´´ Ö Ô´¥·£¨Ö ¡¥§ ÊÎ¥É  · §·Ò¢μ¢ §  ¸Î¥É ¶μ£·Ê¦¥´¨Ö Ê·μ¢´¥° ¢ ´¨¦´¨°
±μ´É¨´ÊÊ³  ¶¶·μ±¸¨³¨·Ê¥É¸Ö ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì Z ¸É¥¶¥´´Ò³¨ ËÊ´±Í¨Ö³¨ 0,016Z1,12,
0,012Z1,14, 0,0085Z1,17, 0,0030Z1,25 ¸μμÉ¢¥É¸É¢¥´´μ. ‚ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨° Z,
±μ£¤  ηZ2 ´ Î¨´ ¥É ¤μ³¨´¨·μ¢ ÉÓ ´ ¤ ÔÉ¨³¨ ¸É¥¶¥´´Ò³¨ ËÊ´±Í¨Ö³¨, ¶·¨ R0 = 0,01
¶¥·¥´μ·³¨·μ¢ ´´ Ö Ô´¥·£¨Ö ¶μÎÉ¨ ±¢ ¤· É¨Î´μ · ¸É¥É, ¶·¨ R0 = R̃0 ¸±μ·μ¸ÉÓ ·μ¸É 
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�¨¸. 8. �¥·¥´μ·³¨·μ¢ ´´ Ö Ô´¥·£¨Ö E ren
VP (Z) ¤²Ö R0 = 0,01 (a), R0 = R̃0 (¡), R0 = 0,1 (¢),

R0 = 1 (£)
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�¨¸. 9. E ren
VP (Z) ¶·¨ R0(Z) = 1,2(2,5Z)1/3 ”³. �Ê´±É¨·μ³ ¶μ± § ´μ ¶μ¢¥¤¥´¨¥ Î²¥´  η(Z)Z2

Eren
VP(Z) ¸μ¸É ¢²Ö¥É � 1,17,   ¶·¨ R0 = 0,1, 1 ¶¥·¢μ´ Î ²Ó´Ò° ±¢ ¤· É¨Î´Ò° ·μ¸É ¸³¥´Ö-

¥É¸Ö ¶μÎÉ¨ ±¢ ¤· É¨Î´Ò³ Ê¡Ò¢ ´¨¥³ ¢¶²μÉÓ ¤μ §´ Î¨É¥²Ó´ÒÌ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨°.
‚ § ±²ÕÎ¥´¨¥ · ¸¸³μÉ·¨³ ¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ ¨¸ÉμÎ´¨±  ¸ · ¤¨Ê¸μ³ R0, ¸²¥¤ÊÕÐ¨³

μ¡· §μ³ § ¢¨¸ÖÐ¨³ μÉ Z:
R0(Z) = 1,2(2,5Z)1/3 ”³, (75)

±μÉμ·Ò° ¢μ¸¶·μ¨§¢μ¤¨É (¶·¨¡²¨¦¥´´μ¥) ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê § ·Ö¤μ³ ¨ · ¤¨Ê¸μ³ ¸¢¥·Ì-
ÉÖ¦¥²μ£μ  Éμ³´μ£μ Ö¤· . ‚ ÔÉμ³ ¸²ÊÎ ¥ η Î¥·¥§ R0 É ±¦¥ ¶·¨μ¡·¥É ¥É § ¢¨¸¨³μ¸ÉÓ μÉ
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Z, É. ¥. ¸² £ ¥³μ¥ ηZ2 Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ±¢ ¤· É¨Î´Ò³. ‚ μ¡² ¸É¨ ³ ²ÒÌ §´ Î¥´¨° § -
·Ö¤  η(Z)Z2 ∼ Z5/3,   ¶·¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¡μ²ÓÏ¨Ì η(Z)Z2 ∼ −Z5/3. �μ ¶·¨ ÔÉμ³
¢ÒÌμ¤ ´  ¶μ¸²¥¤´ÕÕ  ¸¨³¶ÉμÉ¨±Ê ¶·μ¨¸Ìμ¤¨É ¶·¨ ´ ¸Éμ²Ó±μ ¡μ²ÓÏ¨Ì Z, ±μÉμ·Ò¥ ´¥
¶·¥¤¸É ¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨ ·¥ ²¨§Ê¥³Ò³¨. �  ·¨¸. 9 ¸²ÊÎ ° ¸ R0(Z) ¶μ± § ´ ´  ¨´É¥·-
¢ ²¥ 0 < Z < 2000. �É³¥É¨³, ÎÉμ ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ μ¸´μ¢´Ò¥ § ±μ´μ³¥·´μ¸É¨ μ¸É -
ÕÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨. � ¨³¥´´μ, ¤μ³¨´¨·ÊÕÐ¨° ¢±² ¤ ¢ ´¥¶¥·¥´μ·³¨·μ¢ ´´ÊÕ Ô´¥·£¨Õ
¤ ¥É ¤¨¸±·¥É´Ò° ¸¶¥±É·, EVP(Z) (¡¥§ ÊÎ¥É  ¸± Î±μ¢) ¢ § ±·¨É¨Î¥¸±μ° μ¡² cÉ¨ ³μ¦¥É
¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´  ËÊ´±Í¨¥° 0,015853Z1,1. ‚ Eren

VP(Z) μ¸´μ¢´μ° ¢±² ¤ ¤ ¥É ¶¥·¥-
´μ·³¨·μ¢μÎ´μ¥ ¸² £ ¥³μ¥ η(Z)Z2, ÎÉμ Î¥É±μ ¶μ± §Ò¢ ¥É ·¨¸. 9, £¤¥ ¸¶²μÏ´μ° ²¨´¨¥°
¶μ± § ´  § ¢¨¸¨³μ¸ÉÓ Eren

VP(Z),   ÏÉ·¨Ìμ¢μ° ¤¥³μ´¸É·¨·Ê¥É¸Ö μÉ¤¥²Ó´Ò° ¢±² ¤ μÉ ¸² £ -
¥³μ£μ η(Z)Z2. �¥·¢μ´ Î ²Ó´μ¥ ¢μ§· ¸É ´¨¥ Eren

VP (Z) ¢ μ¡² ¸É¨ ³ ²ÒÌ Z ¸ ¶μ¸²¥¤ÊÕÐ¨³
¶·μÌμ¦¤¥´¨¥³ Î¥·¥§ ²μ± ²Ó´Ò° ³ ±¸¨³Ê³ ¶·¨ Z � 400Ä500, ±μ£¤  η � 0, ± Ê¡Ò¢ -
´¨Õ ¤μ §´ Î¨É¥²Ó´ÒÌ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨°, ¢ ¤ ´´μ³ ¸²ÊÎ ¥ μ¡Ê¸²μ¢²¥´μ ¶μ¢¥¤¥´¨¥³
η(Z)Z2.

‡�Š‹	—…�ˆ…

’ ±¨³ μ¡· §μ³, ¢ 1 + 1 D ¶μ²Ö·¨§ Í¨Ö ¢ ±ÊÊ³  ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶·¨ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ¶ · ³¥É· Ì ±Ê²μ´μ¢¸±¨Ì ¨¸ÉμÎ´¨±μ¢ ³μ¦¥É ¶·¨¢μ¤¨ÉÓ ± ¸ÊÐ¥¸É¢¥´´μ
μÉ²¨Î ÕÐ¥°¸Ö μÉ ¶¥·ÉÊ·¡ É¨¢´μ£μ ¶μ¢¥¤¥´¨Ö ¢ ±ÊÊ³´μ° Ô´¥·£¨¨. ‘¶¥Í¨Ë¨±  1 + 1 D
¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¸±μ·μ¸ÉÓ Ê¡Ò¢ ´¨Ö Eren

V P(Z) ¶μ ±· °´¥° ³¥·¥ ¢ · ¸¸³μÉ·¥´´μ³ ¤¨ ¶ -
§μ´¥ ¶μ ¶ · ³¥É· ³ ±Ê²μ´μ¢¸±¨Ì ¨¸ÉμÎ´¨±μ¢ ´¥ ¶·¥¢ÒÏ ¥É −|η|Z2. �μ ÔÉμ μ¡Ê¸²μ¢²¥´μ
¨¸±²ÕÎ¨É¥²Ó´μ ³¥¤²¥´´Ò³ ·μ¸Éμ³ Î¨¸²  ¢ ±ÊÊ³´ÒÌ μ¡μ²μÎ¥± ¢ μ¤´μ³¥·´μ³ ¸²ÊÎ ¥. �·¨
ÔÉμ³ ¶μ ¶μ´ÖÉ´Ò³ ¶·¨Î¨´ ³ ³Ò μ¶Ê¸± ¥³ μ¡¸Ê¦¤¥´¨¥ ¢¶μ²´¥ § ±μ´´μ£μ ¢μ¶·μ¸  μ Éμ³,
´ ¸±μ²Ó±μ É ± Ö ¸¢¥·Ì±·¨É¨Î¥¸± Ö μ¡² ¸ÉÓ Ë¨§¨Î¥¸±¨ ·¥ ²¨§Ê¥³  (± ± ¨ ¢μμ¡Ð¥ ¢¸Ö
μ¤´μ³¥·´ Ö ± ·É¨´  ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¢μ¤μ·μ¤μ¶μ¤μ¡´μ£μ  Éμ³ ).

‘²¥¤Ê¥É É ±¦¥ ¸¶¥Í¨ ²Ó´μ μÉ³¥É¨ÉÓ, ÎÉμ ¸μ¡¸É¢¥´´μ ¢ÒÎ¨¸²¥´¨¥ ¢ ±ÊÊ³´μ° Ô´¥·£¨¨
¶·¨ “”-¶¥·¥´μ·³¨·μ¢±¥ Î¥·¥§ μ¤´μ¶¥É²¥¢ÊÕ ¤¨ £· ³³Ê ³μ¦¥É ¡ÒÉÓ ¶·μ¢¥¤¥´μ ´  μ¸´μ¢¥
¸μμÉ´μÏ¥´¨° (41), (42) ¨ (43) ¡¥§ ± ±μ£μ-²¨¡μ Ê¶μ³¨´ ´¨Ö μ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ ¨ μ¡μ-
²μÎ¥Î´ÒÌ ÔËË¥±É Ì. ‘ ³ Ë ±É Ê¡Ò¢ ´¨Ö Eren

VP(Z) ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶·¨ ÔÉμ³ ³μ£
¡ÒÉÓ ¢¶μ²´¥ ±μ··¥±É´μ μ¡ÓÖ¸´¥´ Î¥·¥§ μÉ·¨Í É¥²Ó´Ò° ¢±² ¤ μÉ ¶¥·¥´μ·³¨·μ¢μÎ´μ£μ
Î²¥´  ηZ2. �¤´ ±μ ¶μ ¸ÊÐ¥¸É¢Ê Ê¡Ò¢ ´¨¥ Eren

VP(Z) ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ μ¡Ê¸²μ¢²¥´μ
¨³¥´´μ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ¨§³¥´¥´¨Ö³¨ ¢ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸É¨ ¶·¨ Z > Zcr,1 §  ¸Î¥É
¤¨¸±·¥É´ÒÌ Ê·μ¢´¥°, ¤μ¸É¨£ ÕÐ¨Ì ´¨¦´¥£μ ±μ´É¨´ÊÊ³ . ‚ 1 + 1 D ¢ ¸¨²Ê ¸¶¥Í¨Ë¨±¨
μ¤´μ³¥·´μ° § ¤ Î¨ „¨· ± ÄŠÊ²μ´  ·μ¸É Î¨¸²  ¢ ±ÊÊ³´ÒÌ μ¡μ²μÎ¥± ∼ Zs, 1 < s < 2, ¶μ
±· °´¥° ³¥·¥ ¢ · ¸¸³μÉ·¥´´μ³ ¤¨ ¶ §μ´¥ ¶ · ³¥É·μ¢ ¢´¥Ï´¥£μ ¨¸ÉμÎ´¨± . �μÔÉμ³Ê ¨Ì
Ì¢ É ¥É Éμ²Ó±μ ´  Éμ, ÎÉμ¡Ò ¶μ´¨§¨ÉÓ ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¸±μ·μ¸ÉÓ ·μ¸É  ´¥¶¥·¥´μ·-
³¨·μ¢ ´´μ° EVP ¤μ ∼ Zν , 1 < ν < 2, ¨ ¢ ·¥§Ê²ÓÉ É¥ ¤μ³¨´¨·ÊÕÐ¨° ¢±² ¤ ¢μ§´¨± ¥É μÉ
¶¥·¥´μ·³¨·μ¢μÎ´μ£μ Î²¥´  ηZ2. ‚ 2+1 ¨ 3+1 D μ¡μ²μÎ¥Î´Ò° ÔËË¥±É ¢Ò· ¦¥´ £μ· §¤μ
¡μ²¥¥ Ö¢´μ. ’ ±μ¥ ¶μ¢¥¤¥´¨¥ E ren

VP(Z) ¢ § ±·¨É¨Î¥¸±μ° μ¡² ¸É¨ ¶μ± §Ò¢ ¥É ¶· ¢¨²Ó´μ¸ÉÓ
¢Ò¢μ¤  μ ¶·¥¢· Ð¥´¨¨ ´¥°É· ²Ó´μ£μ ¢ ±ÊÊ³  ¢ § ·Ö¦¥´´Ò°, ±μÉμ·Ò° μ± §Ò¢ ¥É¸Ö μ¸´μ¢-
´Ò³ ¸μ¸ÉμÖ´¨¥³ Ô²¥±É·μ´-¶μ§¨É·μ´´μ£μ ¶μ²Ö ¢ É ±¨Ì ¶μ²ÖÌ [1, 2, 4, 16], ¨ É¥³ ¸ ³Ò³ μ
¸¶μ´É ´´μ³ ¨§²ÊÎ¥´¨¨ ¢ ±ÊÊ³´ÒÌ ¶μ§¨É·μ´μ¢, ±μÉμ·Ò¥ ¤μ²¦´Ò ¢μ§´¨± ÉÓ ¶·¨ ·μ¦¤¥´¨¨
μÎ¥·¥¤´μ° ¢ ±ÊÊ³´μ° μ¡μ²μÎ±¨ ¢¸²¥¤¸É¢¨¥ § ±μ´  ¸μÌ· ´¥´¨Ö ¶μ²´μ£μ § ·Ö¤ .
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