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‚¸¥·μ¸¸¨°¸±¨° Ô²¥±É·μÉ¥Ì´¨Î¥¸±¨° ¨´¸É¨ÉÊÉ, Œμ¸±¢ 

�¡¸Ê¦¤ ¥É¸Ö ¢μ¶·μ¸ μ ¶μ²¥ ¨´É¥´¸¨¢´μ£μ ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¢¨¤¥ Í¨²¨´¤·  ¸ Ô²-
²¨¶É¨Î¥¸±¨³ ¸¥Î¥´¨¥³.

The problems of electric ˇeld of intense charged particle beams with elliptic cross section are
discussed.

PACS: 41.85.Lc

‚ ³μ´μ£· Ë¨¨ [1] ¶·¨¢¥¤¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ²  ¢´ÊÉ·¨ Ô²²¨¶É¨Î¥¸±μ£μ Í¨-
²¨´¤· , · ¢´μ³¥·´μ § ¶μ²´¥´´μ£μ ¶·μ¸É· ´¸É¢¥´´Ò³ § ·Ö¤μ³ ¶²μÉ´μ¸É¨ ρ,

ϕi =
1
4
ρ

[(
x2 + y2

)
− a − b

a + b

(
x2 − y2

)]
, (1)

£¤¥ x, y Å ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ; a, b Å ¶μ²Êμ¸¨ Ô²²¨¶É¨Î¥¸±μ£μ ¸¥Î¥´¨Ö. ”μ·³Ê²  (1)
¨ ¶μ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö § ¶¨¸ ´Ò ¢ ´μ·³¨·μ¢± Ì, Ê¸É· ´ÖÕÐ¨Ì ¨§ Ê· ¢´¥´¨° ¶ÊÎ± 
Ë¨§¨Î¥¸±¨¥ ¶μ¸ÉμÖ´´Ò¥, ¸¢Ö§ ´´Ò¥ ¸ ¨¸¶μ²Ó§Ê¥³μ° ¸¨¸É¥³μ° ¥¤¨´¨Í. Š¢ ¤·Ê¶μ²Ó´Ò°
Î²¥´ ¢ (1) ¶μ²ÊÎ¨²¸Ö ¢ ·¥§Ê²ÓÉ É¥ É·¥¡μ¢ ´¨Ö ²μ£ ·¨Ë³¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨ ¶μÉ¥´Í¨ ² 
ϕe ¢´¥ Í¨²¨´¤·  ´  ¡¥¸±μ´¥Î´μ¸É¨. ‚ Ô²²¨¶É¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ξ, η

x =
√

a2 − b2 ch ξ cos η, y =
√

a2 − b2 sh ξ sin η (2)

¶μ²¥ ϕe μ¶¨¸Ò¢ ¥É¸Ö ¢Ò· ¦¥´¨¥³

ϕe = ϕi +
1
8
ρ(a2 − b2) {2 sh 2ξ0(ξ − ξ0) − (ch 2ξ − ch 2ξ0) + cos 2η [ch (2ξ − 2ξ0) − 1]} ,

ϕi =
1
8
ρ(a2 − b2)

[
ch 2ξ +

(
1 − e−2ξ0 ch 2ξ

)
cos 2η

]
, (3)

e−2ξ0 =
a − b

a + b
,
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£¤¥ ξ = ξ0 Å Ê· ¢´¥´¨¥ ¶μ¢¥·Ì´μ¸É¨ Í¨²¨´¤· . �·¨ ξ → ∞ ¶μÉ¥´Í¨ ² ¢´¥Ï´¥£μ ¶μ²Ö
¨³¥¥É ¢¨¤

ϕe → 1
2

ρabξ =
1
2
ρab ln

2R√
a2 − b2

. (4)

”μ·³Ê²  (1) ¢ ÉμÎ´μ³ ¸³Ò¸²¥ ¸¶· ¢¥¤²¨¢  ¤²Ö ´¥¶μ¤¢¨¦´ÒÌ § ·Ö¤μ¢,   ¢ ¶ · ±¸¨ ²Ó-
´μ³ ¶·¨¡²¨¦¥´¨¨ Å ¶·¨ ¶μ¸ÉμÖ´´μ° ¶·μ¤μ²Ó´μ° ¸±μ·μ¸É¨, §´ Î¨É¥²Ó´μ ¶·¥¢ÒÏ ÕÐ¥°
¸±μ·μ¸ÉÓ ¶μ¶¥·¥Î´μ£μ · ¸¶²Ò¢ ´¨Ö ¶ÊÎ± . ‚ ³μ´μ£· Ë¨¨ [2], £¤¥ · ¸¸³μÉ·¥´ ¸²ÊÎ ° ¶·μ-
¨§¢μ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ρ = ρ(ξ) ¶μ ¸¥Î¥´¨Õ, ¶·¨ ρ = const É ±¦¥ § ²μ¦¥´ 
²μ£ ·¨Ë³¨Î¥¸± Ö  ¸¨³¶ÉμÉ¨±  ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ËÊ´±Í¨¨ ϕe.

‚ ²¨É¥· ÉÊ·¥ ¶·¨¢μ¤¨É¸Ö ¶ · ±¸¨ ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ²  ϕi ¶·¨ Ê¸±μ-
·¥´´μ³ ¤¢¨¦¥´¨¨ Î ¸É¨Í Ô²²¨¶É¨Î¥¸±μ£μ Í¨²¨´¤·  ¢ z-´ ¶· ¢²¥´¨¨ [3]

ϕi = U(z) +
1
4
(ρ − U ′′)

[
(x2 + y2) − a − b

a + b
(x2 − y2)

]
, (5)

£¤¥ U(z) Å ¶μÉ¥´Í¨ ² ´  μ¸¨ ¶ÊÎ± .
‡ ³¥É¨³, μ¤´ ±μ, ÎÉμ ·¥ ²Ó´Ò¥ ¶ÊÎ±¨ ´¥ ¸ÊÐ¥¸É¢ÊÕÉ ¢ ¡¥¸±μ´¥Î´μ³ ¶·μ¸É· ´¸É¢¥,

  ²¨¡μ · ¸¶·μ¸É· ´ÖÕÉ¸Ö ¢ É· ±É¥ É· ´¸¶μ·É¨·μ¢±¨, ²¨¡μ Ëμ·³¨·ÊÕÉ¸Ö μ¶É¨Î¥¸±μ° ¸¨-
¸É¥³μ°, ¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ±μÉμ·μ° ¢ ´¥¸±μ²Ó±μ · § (¤ ¦¥ ´¥ ´  ¶μ·Ö¤μ±) ¶·¥¢μ¸Ìμ¤ÖÉ
¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ¶μÉμ± . �·¨ ¶·μ¨§¢μ²Ó´μ³ § ¤ ´¨¨ Ëμ·³Ò ± ´ ²  (´ ¶·¨³¥·, ± ´ ²
É¥Ì´μ²μ£¨Î´μ£μ ¶·Ö³μÊ£μ²Ó´μ£μ ¸¥Î¥´¨Ö) ´¥μ¡Ìμ¤¨³μ ·¥Ï ÉÓ ±· ¥¢ÊÕ § ¤ ÎÊ ¸ ¢Ò¶μ²´¥-
´¨¥³ Ê¸²μ¢¨Ö Ô±¢¨¶μÉ¥´Í¨ ²Ó´μ¸É¨ ¸É¥´μ±, ¶·¨ ¸¨´É¥§¥ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö ± ´ ² , ¸μ-
Ì· ´ÖÕÐ¥£μ Ëμ·³Ê ¶ÊÎ± , ¨²¨ · ¸Î¥É¥ Ëμ·³¨·ÊÕÐ¨Ì Ô²¥±É·μ¤μ¢ ·¥Ï ¥É¸Ö § ¤ Î  ŠμÏ¨.
‚ ¶·¨¡μ· Ì ‘‚— ±μÔËË¨Í¨¥´É k § ¶μ²´¥´¨Ö ± ´ ²  ¦¥² É¥²Ó´μ ¨³¥ÉÓ ¡²¨§±¨³ ± ¥¤¨-
´¨Í¥. Šμ ¢¸¥³ ¶¥·¥Î¨¸²¥´´Ò³ ¸¨ÉÊ Í¨Ö³  ¸¨³¶ÉμÉ¨±  (4) ´¥ ¨³¥¥É μÉ´μÏ¥´¨Ö,   ¢¢¥¤¥´¨¥
±¢ ¤·Ê¶μ²Ö ¨§ (1) ¸ÊÐ¥¸É¢¥´´μ ¸´¨¦ ¥É §´ Î¥´¨¥ k ¤²Ö ¸¨²Ó´μ ¢ÒÉÖ´ÊÉÒÌ Ô²²¨¶¸μ¢.

‹μ£ ·¨Ë³¨Î¥¸± Ö  ¸¨³¶ÉμÉ¨±  ´¥ ¢¸¥£¤  ¨³¥¥É ¸³Ò¸² ¨ ¤²Ö μ¸¥¸¨³³¥É·¨Î´ÒÌ ¶ÊÎ±μ¢.
’ ±, ¶μÉ¥´Í¨ ² ¤²Ö ±·Ê£μ¢μ£μ Í¨²¨´¤·  R = R0, ¢Ò·¥§ ´´μ£μ ¨§ ¶²μ¸±μ£μ ¤¨μ¤  ¶·¨
Ô³¨¸¸¨¨ ¢ ρ-·¥¦¨³¥, μ¶¨¸Ò¢ ¥É¸Ö ÉμÎ´Ò³ ¢Ò· ¦¥´¨¥³ [4]

ϕ(R, z) =
(

R0

R

)1/2
⎧⎨
⎩Re V (w) +

R∫
R0

[
1

2R0
F

(
1
2
,
1
2
; 1; λe

)
−

−R2 − 2R0σ + 2R0σ − σ2

16RR2
0

F

(
3
2
,
3
2
; 2; λe

)]
Re V (ζ) dσ

}
, (6)

V (z) = z4/3, λe =
(σ − R)(σ + R − 2R0)

4R0R
,

ζ = z + i(σ − R0), w = z + i(R − R0),

£¤¥ F (a, b; c; λ) Å £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ƒ Ê¸¸ .
‚ · ¡μÉ¥ [5] ¶μ± § ´μ, ÎÉμ  ¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨ ϕ(R, z) ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μÉ

¶ÊÎ±  μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê²μ°
ϕ = r4/3P4/3(cos θ). (7)

‡¤¥¸Ó r, θ Å ¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ; P4/3 Å ËÊ´±Í¨Ö ‹¥¦ ´¤· .



� ¶μÉ¥´Í¨ ²¥ Ô²²¨¶É¨Î¥¸±μ£μ Í¨²¨´¤·  213

�μÉ¥´Í¨ ² ¤²Ö Ô²²¨¶É¨Î¥¸±μ° ¢Ò·¥§±¨ ¨§ ¶²μ¸±μ£μ ¤¨μ¤  μ¶·¥¤¥²¥´ Ëμ·³Ê²μ° [4]

α =
dxe

dη
, β =

dye

dη
,

ϕ(x, y, z) = z4/3 − 2
9

Re

v∫
0

(xe − x)β − (ye − y)α

(z2 + r2
e)1/3

F

(
1
3
,
7
6
; 2;

r2
e

z2 + r2
e

)
dt,

xe =
√

a2 − b2 ch ξ0 cos η, ye =
√

a2 − b2 sh ξ0 sin η, v = ξ − ξ0, ζ = η + it, (8)

(xe − x)β − (ye − y)α = (a2 − b2)
[
(sh ξ0 − sh ξ) ch ξ0 + sh v cos2 ζ

]
,

r2
e = (xe − x)2 + (ye − y)2 = (a2 − b2)

[
(sh ξ0 − sh ξ)2 + 2(1 − h v) cos2 ζ

]
.

‡¤¥¸Ó xe = xe(η), ye = ye(η), Å ¶ · ³¥É·¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö Ô²²¨¶É¨Î¥¸±μ£μ ±μ´ÉÊ· .
�  ·¨¸. 1 ¶·¥¤¸É ¢²¥´  § ¢¨¸¨³μ¸ÉÓ α/α0, α = a/b ¤²Ö Ô²²¨¶¸μ¨¤ ²Ó´ÒÌ μ¢ ²μ¢, ¶μ²ÊÎ -
ÕÐ¨Ì¸Ö ¢ ¶μ¶¥·¥Î´ÒÌ ¸¥Î¥´¨ÖÌ z = const ¤²Ö ´Ê²¥¢μ° Ô±¢¨¶μÉ¥´Í¨ ²¨ ¶·¨ μÉ´μÏ¥´¨¨
¶μ²Êμ¸¥° Ô²²¨¶É¨Î¥¸±μ£μ ±μ´ÉÊ·  α0 = 1,5 ¨ 10. �¥§Ê²ÓÉ ÉÒ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ μ¡ μÉ¸ÊÉ-
¸É¢¨¨ ²μ£ ·¨Ë³¨Î¥¸±μ° μ¸μ¡¥´´μ¸É¨ ¶·¨ Ê¤ ²¥´¨¨ μÉ £· ´¨ÍÒ ¶ÊÎ± .

�·¨¢¥¤¥´´Ò¥ ¶·¨³¥·Ò μÉ´μ¸¨²¨¸Ó ± Ê¸±μ·Ö¥³μ³Ê ¶μÉμ±Ê Î ¸É¨Í ¸ ¶·Ö³μ²¨´¥°´Ò³¨
É· ¥±Éμ·¨Ö³¨. � ¸¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  ¢ Ô²²¨¶É¨Î¥¸±μ³ ¶ÊÎ±¥ ³μ¦¥É § ¢¨¸¥ÉÓ ¨ μÉ
¤¢¨¦¥´¨Ö § ·Ö¤μ¢ ¢ ¶²μ¸±μ¸É¨ x, y ¶·¨ ρ = const. ‚ μ¡μ¡Ð¥´´μ³ ¡·¨²²ÕÔ´μ¢¸±μ³
¶μÉμ±¥ Î ¸É¨ÍÒ ¤¢¨¦ÊÉ¸Ö ¶μ Ô²²¨¶É¨Î¥¸±¨³ μ·¡¨É ³ ¢ μ¤´μ·μ¤´μ³ ¶·μ¤μ²Ó´μ³ ³ £´¨É-
´μ³ ¶μ²¥ H0 ¶μ¤ ¤¥°¸É¢¨¥³ ¸¨² ¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤  ¨ ¢´¥Ï´¥£μ Ô²¥±É·¨Î¥¸±μ£μ
±¢ ¤·Ê¶μ²Ö [7]

ϕi =
1
4
ρ(x2 + y2) − 1

2
ΩH0(x2 − y2),

H0

2
> Ω, Ω = const,

(9)

a =
1√

H0/2 − Ω
, b =

1√
H0/2 + Ω

, ρ = 2Ω2 +
1
2
H2

0 , α =
a

b
.

0,5

0 2,5 5 z

b b/ 0

b0 = 10

b0 = 1,5

�¨¸. 1.
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‚ ² ¶² ¸μ¢¸±μ° μ¡² ¸É¨ ·¥Ï¥´¨Õ (9) ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥´¨¥

b2ϕe =
α2 + 1
4α2

+
α4 + 1
2α3

(ξ − ξ0)−

−
[
α2 − 1
4α2

ch (2ξ − 2ξ0) +
α4 − 1
4α3

sh (2ξ − 2ξ0)
]

cos 2η. (10)

�·¨ ξ → ∞ ² ¶² ¸μ¢¸±¨° Ë· £³¥´É ¢ (9) ¸μÌ· ´Ö¥É ¸¢μ° ¢¨¤

ϕL =
α4 − 1

4a4
(x2 − y2) (11)

¨, ¡Ê¤ÊÎ¨ μ¡Ñ¥¤¨´¥´ ¸ Ë· £³¥´Éμ³, ¶μ·μ¦¤¥´´Ò³ ¶·μ¸É· ´¸É¢¥´´Ò³ § ·Ö¤μ³

ϕρ → α4 + 1
4a4

α − 1
α + 1

(x2 − y2), (12)

μ¶·¥¤¥²Ö¥É  ¸¨³¶ÉμÉ¨±Ê μ¡μ¡Ð¥´´μ£μ ¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ±  ´  ¡¥¸±μ´¥Î´μ¸É¨:

ϕe → −1
2

α3 − 1
α3(α + 1)

x2 − y2

b4
. (13)

Š Î¥¸É¢¥´´ Ö ± ·É¨´  Ô±¢¨¶μÉ¥´Í¨ ²¥° ¢´¥ ¶ÊÎ±  ¶·¨ α < α∗ ¨ α > α∗, α∗ ≈ 1,249,
¤ ´  ´  ·¨¸. 2.

‚ ·¨ ´É ±² ¸¸¨Î¥¸±μ£μ ¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ±  α → 1 É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´μ£μ · ¸-
¸³μÉ·¥´¨Ö, ¨ Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² ¶·¨ ξ → ∞ ¢¥¤¥É ¸¥¡Ö ± ± ln R.

’·¥Ì³¥·´ Ö ¶ · ±¸¨ ²Ó´ Ö É¥μ·¨Ö ‚.�. „ ´¨²μ¢ , ¨§²μ¦¥´¨¥ ±μÉμ·μ° ³μ¦´μ ´ °É¨
¢ ³μ´μ£· Ë¨¨ [4], μ¶¨¸Ò¢ ¥É ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶ÊÎ±¨ ¸ £² ¤±μ° ¶·μ¸É· ´¸É¢¥´´μ° μ¸ÓÕ ¨
¶·μ¨§¢μ²Ó´Ò³ ¶μ¶¥·¥Î´Ò³ ¸¥Î¥´¨¥³, ¨¸¶ÒÉÒ¢ ÕÐ¨³ μ¤´μ·μ¤´ÊÕ ¤¥Ëμ·³ Í¨Õ

x = α(l)ξ + β(l)η, y = μ(l)ξ + ν(l)η, (14)

£¤¥ l Å ¤²¨´  ¤Ê£¨ μ¸¨; x, y Å ±μμ·¤¨´ ÉÒ ¢ ¶μ¶¥·¥Î´μ³ ¸¥Î¥´¨¨ ¶ÊÎ± ; ξ, η Å ¨Ì
´ Î ²Ó´Ò¥ §´ Î¥´¨Ö. ‚ ¸²ÊÎ ¥ ¶·Ö³μ° μ¸¨ ¶μÉ¥´Í¨ ² ¢ ¶ÊÎ±¥ μ¶·¥¤¥²¥´ Ëμ·³Ê² ³¨

ϕi = U +
1
4
(ρ − U ′′)(x2 + y2) +

1
2
A(x2 − y2) + Bxy, U ′ ≡ dU

dz
,

y

A

C
B

0 ED � B � C � x

A� C ��

E �

� �� �

45� 45�

D

y

A

0 ED � C � x

B

A�

E �

C ��

B �

� �� �

C
D

45�

45�

�¨¸. 2.
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2A =
1

1 + Ũ

1
D

[
α̈ν − ν̈α + μ̈β − β̈μ − Ωl(μ̇ν − ν̇μ + β̇α − α̇β)

]
− V C21,

B =
1

1 + Ũ

1
D

[
β̈α − α̈β − Ωl(ν̇α − μ̇β)

]
− 1

2
V (C22 − Ω′

l); (15)

Hx = −1
2
(C22 + Ω′

l)x − 1
2
C21y, Hy =

1
2
(C22 − Ω′

l) y − 1
2
C21x;

U ′ ≡ dU

dz
, α̇ ≡ (1 + Ũ)V α′, D = αν − βμ.

‡¤¥¸Ó V Å ¸±μ·μ¸ÉÓ ´  μ¸¨; Ωl Å ¶·μ¤μ²Ó´μ¥ ³ £´¨É´μ¥ ¶μ²¥; C21, C22 Å ¨´É¥´¸¨¢´μ-
¸É¨ ³ £´¨É´ÒÌ ±¢ ¤·Ê¶μ²¥°; É¨²Ó¤μ° μÉ³¥Î¥´Ò Î²¥´Ò, ¨¸Î¥§ ÕÐ¨¥ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³
¶·¥¤¥²¥.

�·¨ · ¸¸³μÉ·¥´¨¨ Ê¶μ³¨´ ¢Ï¨Ì¸Ö ¢ÒÏ¥ § ¤ Î Ëμ·³¨·μ¢ ´¨Ö ¨ É· ´¸¶μ·É¨·μ¢±¨ ¨´-
É¥´¸¨¢´ÒÌ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¥¸É¥¸É¢¥´´μ, ¶μ-¢¨¤¨³μ³Ê, μ·¨¥´É¨·μ¢ ÉÓ¸Ö ´  ÔÉÊ
³μ¤¥²Ó, £¤¥ ±¢ ¤·Ê¶μ²¨ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ϕi ¸¢Ö§ ´Ò ¸ ¨§³¥´¥´¨¥³ Ëμ·³Ò ¶ÊÎ±  ¨ ¢´¥Ï-
´¨³ ³ £´¨É´Ò³ ¶μ²¥³.
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