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ˆ¸¸²¥¤Ê¥É¸Ö ¤¨´ ³¨±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ²μ¢ÊÏ±¥ �¥´´¨´£ ÄŒ ²³¡¥·£ Ä‘Ê·±μ ¸ ¢· Ð Õ-
Ð¨³¸Ö Ô²¥±É·¨Î¥¸±¨³ ¶μ²¥³ [1Ä3] (²μ¢ÊÏ±  — ·²ÓÉμ´ ). �μ¸É·μ¥´Ò ¨ ·¥ ²¨§μ¢ ´Ò ¤¢  · §´ÒÌ
 ²£μ·¨É³  μ¶·¥¤¥²¥´¨Ö Ì · ±É¥·¨¸É¨Î¥¸±¨Ì ¶μ± § É¥²¥° ‹Ö¶Ê´μ¢  ¤²Ö ·¥Ï¥´¨° ´¥¸É Í¨μ´ ·´μ°
¸¨¸É¥³Ò, μ¶¨¸Ò¢ ÕÐ¥° ¤¨´ ³¨±Ê Î ¸É¨Í ¢ ²μ¢ÊÏ±¥. �Éμ ¶μ§¢μ²Ö¥É ¸É·μ¨ÉÓ ¶·¨¡²¨¦¥´´Ò¥  ´ -
²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö. �·μ¢¥¤¥´  ¶·μ¢¥·±   ¸¨³¶ÉμÉ¨Î¥¸±μ° Ê¸Éμ°Î¨¢μ¸É¨ ¤¢¨¦¥´¨° § ·Ö¦¥´´ÒÌ
Î ¸É¨Í ¶·¨ ¢Ò¡μ·¥ · §´ÒÌ ¶ · ³¥É·μ¢ ¸¨¸É¥³Ò ¨ ¨Ì ¸μμÉ´μÏ¥´¨°.

The dynamics of charged particles in the PenningÄMalmbergÄSurko trap with a rotating electric
ˇeld [1Ä3] (the Charlton trap) is investigated. Two different algorithms for determining Lyapunov
characteristic exponents for solutions of a nonstationary system describing the dynamics of particles
in a trap are constructed and realized. This allows us to construct approximate analytical solutions.
The asymptotic stability of motions of charged particles is checked for a different choice of the system
parameters and their relations.

PACS: 29.27.Bd; 02.30.Yy; 02.60.Cb
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‚ · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö ³μ¤¨Ë¨± Í¨Ö ²μ¢ÊÏ±¨ �¥´´¨´£  Å ²μ¢ÊÏ±  �¥´´¨´£ Ä
Œ ²³¡¥·£ Ä‘Ê·±μ ¸ ¢· Ð ÕÐ¨³¸Ö Ô²¥±É·¨Î¥¸±¨³ ¶μ²¥³ ¢¤μ²Ó ¢¸¥° ²μ¢ÊÏ±¨. �¥μ¡Ìμ-
¤¨³μ μ¶·¥¤¥²¨ÉÓ Ì · ±É¥· ¤¢¨¦¥´¨Ö μÉ¤¥²Ó´ÒÌ Î ¸É¨Í ¢ Ô²¥±É·¨Î¥¸±μ³ (1) ¨ ³ £´¨É-
´μ³ (2) ¶μ²ÖÌ ²μ¢ÊÏ±¨. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥É¸Ö ¶μ¤Ìμ¤, ¸¢Ö§ ´´Ò° ¸ ¶μ´ÖÉ¨¥³  ¸¨³¶-
ÉμÉ¨Î¥¸±μ° Ê¸Éμ°Î¨¢μ¸É¨ ¶μ ‹Ö¶Ê´μ¢Ê. ‚ ¸²ÊÎ ¥ ¶μ¸ÉμÖ´´μ° ³ É·¨ÍÒ ¸¨¸É¥³Ò ¢μ¶·μ¸
μ¡  ¸¨³¶ÉμÉ¨Î¥¸±μ° Ê¸Éμ°Î¨¢μ¸É¨ ¸¨¸É¥³Ò ¸¢μ¤¨É¸Ö ± ¶·μ¢¥·±¥ μÉ·¨Í É¥²Ó´μ¸É¨ ¢¥-
Ð¥¸É¢¥´´ÒÌ Î ¸É¥° ¢¸¥Ì ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ³ É·¨ÍÒ ¸¨¸É¥³Ò, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ
¢ÒÎ¨¸²¥´Ò ´¥¶μ¸·¥¤¸É¢¥´´μ. �·μ¢¥·±   ¸¨³¶ÉμÉ¨Î¥¸±μ° Ê¸Éμ°Î¨¢μ¸É¨ ¸¨¸É¥³Ò (3)Ä(5)
μ¸²μ¦´¥´  É¥³, ÎÉμ ³ É·¨Í  ¸¨¸É¥³Ò ´¥¶μ¸ÉμÖ´´ Ö (§ ¢¨¸¨É μÉ ¢·¥³¥´¨). ‚ ´ Ï¥³ ¸²Ê-
Î ¥ ´¥μ¡Ìμ¤¨³μ ´ °É¨ É ± ´ §Ò¢ ¥³Ò¥ Ì · ±É¥·¨¸É¨Î¥¸±¨¥ ¶μ± § É¥²¨ ‹Ö¶Ê´μ¢  ¤²Ö

1E-mail: a.ovsyannikov@spbu.ru, ovs74@mail.ru
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¸¨¸É¥³Ò (3)Ä(5). • · ±É¥·¨¸É¨Î¥¸±¨° ¶μ± § É¥²Ó ‹Ö¶Ê´μ¢  χ [f ] μ¶·¥¤¥²Ö¥É¸Ö ¸É¥¶¥´ÓÕ
·μ¸É  ËÊ´±Í¨¨

χ [f ] = lim
t→∞

ln |f (t)|
t

.

…¸²¨ χ [f ] = α �= ±∞, Éμ ¤²Ö ²Õ¡μ£μ ε > 0 lim
t→∞

|f (t)|
e(α−ε)t

= +∞ ¨ lim
t→∞

|f (t)|
e(α+ε)t

= 0.

„¨´ ³¨±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í · ¸¸³ É·¨¢ ¥É¸Ö ¢ Ô²¥±É·¨Î¥¸±μ³ ¶μ²¥

Φ (z) =
m

q

ω2
z

2

(
z2 − r2

2

)
+

m

q
azr cos (θ + ωrt) (1)

¨ μ¤´μ·μ¤´μ³ ¶·μ¤μ²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥

B = ezB, (2)

£¤¥ m ¨ q Å ³ ¸¸  ¨ § ·Ö¤ Î ¸É¨ÍÒ; ωz Å Î ¸ÉμÉ  ¶·μ¤μ²Ó´ÒÌ ±μ²¥¡ ´¨° Î ¸É¨ÍÒ ¢
 ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ³ Ô²¥±É·¨Î¥¸±μ³ ¶μ²¥ Ô²¥±É·μ¤μ¢ ²μ¢ÊÏ±¨; a ¨ ωr Å ¶ · ³¥É·Ò,
Ì · ±É¥·¨§ÊÕÐ¨¥  ³¶²¨ÉÊ¤Ê ¨ Î ¸ÉμÉÊ ¢· Ð ÕÐ¥£μ¸Ö Ô²¥±É·¨Î¥¸±μ£μ ¤¨¶μ²Ó´μ£μ ¶μ²Ö,
 ¸¨³³¥É·¨Î´μ£μ ¶μ z (Rotating Wall, RW); θ, z ¨ r Å Ê£²μ¢ Ö, μ¸¥¢ Ö ¨ · ¤¨ ²Ó´ Ö
±μμ·¤¨´ ÉÒ ¸ μ¸Ö³¨, ¸μ£² ¸ÊÕÐ¨³¨¸Ö ¸ μ¸Ö³¨ ¸¨³³¥É·¨¨ Ô²¥±É·μ¤μ¢ ²μ¢ÊÏ±¨. „¢¨¦¥´¨¥
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ÔÉ¨Ì ¶μ²ÖÌ μ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³μ° Ê· ¢´¥´¨°:

ẍ = 0,5ω2
zx − az cos (ωrt) + Ωcẏ − kẋ, (3)

ÿ = 0,5ω2
zy + az sin (ωrt) − Ωcẋ − kẏ, (4)

z̈ = −ω2
zz − kż − a (x cos (ωrt) − y sin (ωrt)) . (5)

‡¤¥¸Ó Ωc = qB/m ¥¸ÉÓ Í¨±²μÉ·μ´´ Ö Î ¸ÉμÉ  Î ¸É¨ÍÒ, ¶ · ³¥É· k ¶·¥¤¸É ¢²Ö¥É ¸¨²Ê
¸μ¶·μÉ¨¢²¥´¨Ö, ¸¢Ö§ ´´ÊÕ ¸ · ¸¸¥Ö´¨¥³ Î ¸É¨Í ³μ²¥±Ê² ³¨ ¡ÊË¥·´μ£μ £ §  ²μ¢ÊÏ±¨.

‘¨¸É¥³  (3)Ä(5) ¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¶¥·¢μ£μ ¶μ·Ö¤±  ¸ ¶μ³μÐÓÕ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ m = (m1, . . . , m6)′: m1 = x, m2 = y,
m3 = z, m4 = ẋ, m5 = ẏ, m6 = ż:

dm
dt

= A (t)m. (6)

‡¤¥¸Ó A (t) = D + aG (t), £¤¥ D Å ¶μ¸ÉμÖ´´ Ö ³ É·¨Í , G Å ¶¥·¨μ¤¨Î¥¸± Ö ³ É·¨Í :

D =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

ω2
z/2 0 0 −k Ωc 0
0 ω2

z/2 0 −Ωc −k 0
0 0 −ω2

z 0 0 −k

⎞
⎟⎟⎟⎟⎟⎟⎠

,

G =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 − cos (ωrt) 0 0 0
0 0 sin (ωrt) 0 0 0

− cos (ωrt) sin (ωrt) 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

‚ ·¥§Ê²ÓÉ É¥ ²¨´¥°´ Ö ¤¨ËË¥·¥´Í¨ ²Ó´ Ö ¸¨¸É¥³  ¡Ê¤¥É ¶¥·¨μ¤¨Î¥¸±μ° ¸ ¶¥·¨μ¤μ³
T = 2π/ωr.
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Š ± ¨§¢¥¸É´μ, ¶¥·¨μ¤¨Î¥¸± Ö ²¨´¥°´ Ö ¸¨¸É¥³  ¶·¨¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ ¸ ¶μ¸ÉμÖ´´μ°
³ É·¨Í¥°. �¤´ ±μ ¶·¨¢¥¤¥´¨¥ É ±μ° ¸¨¸É¥³Ò ´¥¶μ¸·¥¤¸É¢¥´´μ ± ¸¨¸É¥³¥ ¸ ¶μ¸ÉμÖ´´μ°
³ É·¨Í¥° ´  ¶· ±É¨±¥ § É·Ê¤´¥´μ É¥³, ÎÉμ ¤²Ö ¶μ¸É·μ¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·¥μ¡· §μ-
¢ ´¨Ö ‹Ö¶Ê´μ¢  ¢ μ¡Ð¥³ ¸²ÊÎ ¥ É·¥¡Ê¥É¸Ö §´ ÉÓ ËÊ´¤ ³¥´É ²Ó´ÊÕ ³ É·¨ÍÊ ¶¥·¨μ¤¨Î¥-
¸±μ° ¸¨¸É¥³Ò. �μÔÉμ³Ê ¤²Ö  ´ ²¨§   ¸¨³¶ÉμÉ¨Î¥¸±μ° Ê¸Éμ°Î¨¢μ¸É¨ ¸¨¸É¥³Ò ´¥μ¡Ìμ¤¨³μ
¶μ¸É·μ¨ÉÓ  ²£μ·¨É³ ¶·¨¡²¨¦¥´´μ£μ ¢ÒÎ¨¸²¥´¨Ö Ì · ±É¥·¨¸É¨Î¥¸±¨Ì ¶μ± § É¥²¥° ¥¥ ·¥-
Ï¥´¨°. ‘μμÉ¢¥É¸É¢ÊÕÐ¨°  ²£μ·¨É³ ¸¢μ¤¨É¸Ö ± ¶·¨¡²¨¦¥´´μ³Ê ¢ÒÎ¨¸²¥´¨Õ ³Ê²ÓÉ¨¶²¨-
± Éμ·μ¢ ¸¨¸É¥³Ò (6).

� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (6) ¸ ´¥¶·¥·Ò¢´μ° ¶¥-
·¨μ¤¨Î¥¸±μ° ³ É·¨Í¥° ¸¨¸É¥³Ò: A (t + T ) ≡ A (t), T > 0. �Ê¸ÉÓ ³ É·¨Í  X (t) ¥¸ÉÓ
ËÊ´¤ ³¥´É ²Ó´ Ö ³ É·¨Í  ¸¨¸É¥³Ò (6), É ± Ö ÎÉμ X (0) = E, £¤¥ E Å ¥¤¨´¨Î´ Ö ³ É·¨Í .
Œ É·¨Í  X (T ) ´ §Ò¢ ¥É¸Ö ³ É·¨Í¥° ³μ´μ¤·μ³¨¨. ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ρj

(
j = 1, 6

)
³ É·¨ÍÒ ³μ´μ¤·μ³¨¨ X (T ) ´ §Ò¢ ÕÉ¸Ö ³Ê²ÓÉ¨¶²¨± Éμ· ³¨. ˆ ¶Ê¸ÉÓ ³ É·¨Í  Λ μ¶·¥-
¤¥²Ö¥É¸Ö ± ± Λ = ln X (T )/T . ’μ£¤  ¢¥Ð¥¸É¢¥´´Ò¥ Î ¸É¨ ¸μ¡¸É¢¥´´ÒÌ Î¨¸¥² ³ É·¨ÍÒ Λ
¤ ÕÉ §´ Î¥´¨Ö Ì · ±É¥·¨¸É¨Î¥¸±¨Ì ¶μ± § É¥²¥° ‹Ö¶Ê´μ¢  ¸¨¸É¥³Ò (6):

αj = Re
(

1
T

ln ρj

)
=

1
T

ln |ρj | . (7)

� §¤¥²¨³ ¨´É¥·¢ ² [0, T ] ´  n · ¢´ÒÌ Î ¸É¥°: 0 = t0 < t1 < . . . < tn−1 < tn = T .
‚ ¸¨¸É¥³¥ (6) § ³¥´¨³ ´¥¶·¥·Ò¢´ÊÕ ¶¥·¨μ¤¨Î¥¸±ÊÕ ³ É·¨ÍÊ A (t) ´  ±Ê¸μÎ´μ-¶μ-

¸ÉμÖ´´ÊÕ ³ É·¨ÍÊ:

Ah (t) = Al ≡ A (tl) , tl � t < tl+1, h = Δtl ≡ tl+1 − tl =
T

n
, l = 0, . . . , n − 1.

�μ²ÊÎ ¥³ Ëμ·³Ê²Ê ¤²Ö ¶·¨¡²¨¦¥´´μ£μ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨ÍÒ ³μ´μ¤·μ³¨¨:

X (T ) ≈ ehAn−1ehAn−2 · · · ehA0 . (8)

�ÉμÉ  ²£μ·¨É³ ¡Ò² ³μ¤¨Ë¨Í¨·μ¢ ´ ¸ ÊÎ¥Éμ³ ¸É·Ê±ÉÊ·Ò ³ É·¨ÍÒ ¸¨¸É¥³Ò. ‹¥£±μ § ³¥-
É¨ÉÓ, ÎÉμ G (t) G (τ) = 0 ¤²Ö ²Õ¡ÒÌ t ¨ τ (¶·¨ ÔÉμ³ ³ É·¨Í  G (t) Éμ¦¥ ¶¥·¥¸É ´μ¢μÎ´ 

¸μ ¸¢μ¨³ ¨´É¥£· ²μ³),   É ±¦¥

(
t∫

t0

G (τ) dτ

)j

= 0, j > 1. ’μ£¤ 

exp

⎛
⎝a

t∫
t0

G (τ) dτ

⎞
⎠ = E + a

t∫
t0

G (τ) dτ . (9)

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ (9) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ Ëμ·³Ê²Ê ¤²Ö ¶·¨¡²¨¦¥´´μ£μ · ¸Î¥É  ³ É·¨ÍÒ
³μ´μ¤·μ³¨¨ ¸¨¸É¥³Ò (6):

X (T ) ≈ exp

⎛
⎝a

tn∫
tn−1

G (τ) dτ

⎞
⎠ ehD×

× exp

⎛
⎝a

tn−1∫
tn−2

G (τ) dτ

⎞
⎠ ehD · · · exp

⎛
⎝a

t1∫
t0

G (τ) dτ

⎞
⎠ ehD. (10)
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“ÉμÎ´¥´´Ò°  ²£μ·¨É³ ¶·¨¡²¨¦¥´´μ£μ · ¸Î¥É  ³Ê²ÓÉ¨¶²¨± Éμ·μ¢ §´ Î¨É¥²Ó´μ Ê¶·μÐ ¥É
· ¸Î¥ÉÒ ¶μ ¸· ¢´¥´¨Õ ¸ μ¡Ð¨³ ¸²ÊÎ ¥³.

‘‚…„…�ˆ… “��‚�…�ˆ‰ „‚ˆ†…�ˆŸ Š “��‚�…�ˆŸŒ
‘ ��‘’�Ÿ��›Œˆ Š��””ˆ–ˆ…�’�Œˆ

„ ²¥¥ ¶·¨  ´ ²¨§¥ ·¥Ï¥´¨° μ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ ¸μμÉ´μÏ¥´¨° ¶ · ³¥É·μ¢ ¸ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨³¨ É¨¶¨Î´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ (¶·¥¤²μ¦¥´´Ò° ³¥Éμ¤ ¶·¨-
³¥´¨³ ¶·¨ ²Õ¡ÒÌ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ ¸¨¸É¥³Ò):

Ωc � ωz � ωm ≈ ω2
z

2Ωc
� k > 0. (11)

‡¤¥¸Ó ωm Å ³ £´¥É·μ´´ Ö Î ¸ÉμÉ , μ¶¨¸Ò¢ ÕÐ Ö ±μ²¥¡ ´¨Ö Î ¸É¨Í ¢ ¸±·¥Ð¥´´ÒÌ ³ £-
´¨É´μ³ ¨ · ¤¨ ²Ó´μ³ Ô²¥±É·¨Î¥¸±μ³ ¶μ²ÖÌ.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö Ê¸Éμ°Î¨¢μ¸É¨ ¤¢¨¦¥´¨Ö Î ¸É¨Í ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¶ · -
³¥É·  a ¢¢¥¤¥³ ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ [3]:

u = x cos (ωrt) − y sin (ωrt) , (12)

v = x sin (ωrt) + y cos (ωrt) . (13)

�É  § ³¥´  μ§´ Î ¥É ¶¥·¥Ìμ¤ ± · ¢´μ³¥·´μ ¢· Ð ÕÐ¥°¸Ö ¢ ¶μ¶¥·¥Î´μ° ¶²μ¸±μ¸É¨ (¸ Î -
¸ÉμÉμ° ωr ¢μ±·Ê£ μ¸¨ z) ¸¨¸É¥³¥ ±μμ·¤¨´ É. ’ ±¨³ μ¡· §μ³, x2 + y2 = u2 + v2.

‚ ·¥§Ê²ÓÉ É¥ ¸ ¶μ³μÐÓÕ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ (12), (13) ¶μ²ÊÎ ¥³ ¸É Í¨μ´ ·´ÊÕ (¸ ¶μ-
¸ÉμÖ´´Ò³¨ ±μÔËË¨Í¨¥´É ³¨) ¸¨¸É¥³Ê [3] ¢³¥¸Éμ (3)Ä(5):

ü + ku̇ − (Ωc − 2ωr) v̇ +
(

ωrΩc − ω2
r − ω2

z

2

)
u + kωrv + az = 0, (14)

v̈ + kv̇ + (Ωc − 2ωr) u̇ +
(

ωrΩc − ω2
r − ω2

z

2

)
v − kωru = 0, (15)

z̈ + kż + ω2
zz + au = 0. (16)

• · ±É¥·¨¸É¨Î¥¸±¨¥ Î¨¸²  ¸¨¸É¥³Ò (14)Ä(16) ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ± ± ±μ·´¨ ¥¥ Ì -
· ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  χ = χ

(
λ, ωr, a

2
)

[3],   ¨Ì ¢¥Ð¥¸É¢¥´´Ò¥ Î ¸É¨ ¨ ¥¸ÉÓ
Ì · ±É¥·¨¸É¨Î¥¸±¨¥ ¶μ± § É¥²¨ ‹Ö¶Ê´μ¢  ¤²Ö ¸¨¸É¥³Ò (3)Ä(5).

‚¢¥¤¥³ μ¶·¥¤¥²¥´¨¥ ¸É¥¶¥´¨ Ê¸Éμ°Î¨¢μ¸É¨ gχ ¶μ²¨´μ³  χ (λ):

gχ = −γχ; γχ = max
1�i�6

Reλi,

£¤¥ λi Å ±μ·´¨ ¶μ²¨´μ³  χ (λ), γχ Å ¨Ì ³ ±¸¨³ ²Ó´ Ö ¢¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ.
�É³¥É¨³, ÎÉμ μ¡Ñ¥³, § ´¨³ ¥³Ò° É· ¥±Éμ·¨Ö³¨ ¸¨¸É¥³Ò (3)Ä(5) ¢ Ï¥¸É¨³¥·´μ³ Ë §μ-

¢μ³ ¶·μ¸É· ´¸É¢¥, ¢¸¥£¤  ¡Ê¤¥É ¸¦¨³ ÉÓ¸Ö, μ¤´ ±μ ÔÉμ ´¥ £ · ´É¨·Ê¥É ¸É·¥³²¥´¨Ö ± ´Ê²Õ
¢¸¥Ì ±μ³¶μ´¥´É ·¥Ï¥´¨° ¸¨¸É¥³Ò ¨ ¨Ì  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ Ê¸Éμ°Î¨¢μ¸ÉÓ.
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�¸´μ¢´Ò¥ ¶ · ³¥É·Ò ¸¨¸É¥³Ò, ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¶·¨ · ¸Î¥É Ì:
1) k = 1400 c−1;
2) a � 5 · 1014 c−2;
3) Ωc = 4,4 ƒ· ¤/¸;
4) ωz = 59,6 Œ· ¤/¸;
5) ω−

r = 60 Œ· ¤/¸ Å ®ÔËË¥±É¨¢´ Ö ¤²Ö ¸¦ É¨Ö Î ¸ÉμÉ  RW ¶μ²Ö¯ (¤¨ ¶ §μ´ A:
60 ŒƒÍ ±1% ¸ Ï £μ³ 0,05%; ¤¨ ¶ §μ´ B: 60 ŒƒÍ ±10% ¸ Ï £μ³ 1 %);

6) ω+
r = −59,1963 Œ· ¤/¸ Å ®ÔËË¥±É¨¢´ Ö ¤²Ö · ¸Ï¨·¥´¨Ö Î ¸ÉμÉ  RW ¶μ²Ö¯ (¤¨ -

¶ §μ´ C: −59,1963 ŒƒÍ ±1% ¸ Ï £μ³ 0,05%).
�  ·¨¸. 1 ¨ 2 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ § ¢¨¸¨³μ¸É¨ ³ ±¸¨³Ê³  ¢¥Ð¥¸É¢¥´´μ° Î ¸É¨

Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Î¨¸¥² ¸¨¸É¥³Ò (14)Ä(16) μÉ ¶ · ³¥É·  a ¶·¨ · §²¨Î´ÒÌ Ë¨±¸¨·μ-
¢ ´´ÒÌ §´ Î¥´¨ÖÌ ωr. „²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ a ¨ ωr ¶μ²ÊÎ¥´Ò ± ±  ¸¨³-
¶ÉμÉ¨Î¥¸±¨ Ê¸Éμ°Î¨¢Ò¥, É ± ¨ ´¥Ê¸Éμ°Î¨¢Ò¥ ¢ ·¨ ´ÉÒ ·¥ ²¨§ Í¨¨ ¸¨¸É¥³Ò.

�¨¸. 1. ƒ· Ë¨±¨ γχ (a) ¤²Ö ωr ¨§ ¤¨ ¶ §μ´μ¢ A ¨ C. ‘·¥¤´¨° £· Ë¨± ¸μμÉ¢¥É¸É¢Ê¥É ¢¸¥³ £· Ë¨± ³

¸ Î ¸ÉμÉ ³¨ ωr �= ω±
r , É ± ± ± μ´¨ ¶¥·¥±·Ò¢ ÕÉ ¤·Ê£ ¤·Ê£ , 0 � a � 2 · 1010 c−2

�¨¸. 2. ƒ· Ë¨±¨ γχ (a) ¤²Ö ωr ¨§ ¤¨ ¶ §μ´μ¢ A ¨ B (±·¥¸É¨±¨ ¨ ±·Ê¦±¨ ¸μμÉ¢¥É¸É¢¥´´μ; §¢¥§¤μÎ±¨

¸μμÉ¢¥É¸É¢ÊÕÉ ω−
r = 60 Œ· ¤/¸, 0 � a � 5 · 1014 c−2)

�¨¦´¨¥ £· Ë¨±¨ ´  ·¨¸. 1 ¨ 2 ¸μμÉ¢¥É¸É¢ÊÕÉ Î ¸ÉμÉ¥ ω−
r ,   ¢¥·Ì´¨° £· Ë¨± ´ 

·¨¸. 1 ¸μμÉ¢¥É¸É¢Ê¥É ω+
r . 	Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉ¨ Î ¸ÉμÉÒ ®ÔËË¥±É¨¢´Ò³¨ ¤²Ö ¸¦ É¨Ö ¨
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· ¸Ï¨·¥´¨Ö¯ ¸μμÉ¢¥É¸É¢¥´´μ, ¶μ¸±μ²Ó±Ê μ´¨ μ¡¥¸¶¥Î¨¢ ÕÉ ¸¨¸É¥³¥ ³ ±¸¨³ ²Ó´ÊÕ ¨²¨
³¨´¨³ ²Ó´ÊÕ (Éμ¦¥ ¸μμÉ¢¥É¸É¢¥´´μ) ¸É¥¶¥´Ó Ê¸Éμ°Î¨¢μ¸É¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ §´ -
Î¥´¨Ö³¨ ωr ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ a. Œμ¦´μ ¶μ²ÊÎ¨ÉÓ ¨Ì §´ Î¥´¨Ö ¨§  ´ ²¨§  ÎÊ¢¸É¢¨-
É¥²Ó´μ¸É¨ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Î¨¸¥² ¶μ μÉ´μÏ¥´¨Õ ± ωr ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢Ò· ¦¥-

´¨Ö
∂λ

∂ (a2)
= −

∂χ/∂
(
a2

)
∂χ/∂λ

, £¤¥ λ = λ
(
ωr, a

2
)

Å Ì · ±É¥·¨¸É¨Î¥¸±¨¥ Î¨¸²  ¸¨¸É¥³Ò

(14)Ä(16): ω±
r = ∓

√
ω2

z − k2/4 + ωm. � °¤¥´´ Ö Ëμ·³Ê²  ¡²¨§±  ± Ëμ·³Ê²¥ ¢ · -
¡μÉ¥ [1]. �  ·¨¸. 1 ¨ 2 É ±¦¥ ¶μ± § ´μ, ÎÉμ ¸É¥¶¥´Ó Ê¸Éμ°Î¨¢μ¸É¨ ¸¨¸É¥³Ò (14)Ä(16)
μÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´  ± ¢Ò¡μ·Ê Î ¸ÉμÉÒ ωr ¢¡²¨§¨ ¥¥ ®ÔËË¥±É¨¢´ÒÌ¯ §´ Î¥´¨°. ‚ ¸²ÊÎ ¥
¤ ¦¥ ³ ²ÒÌ μÉ±²μ´¥´¨° μÉ ´¨Ì Î ¸ÉμÉÒ ¢· Ð ÕÐ¥£μ¸Ö ¶μ²Ö É·¥¡Ê¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ¥ Ê¢¥-
²¨Î¥´¨¥  ³¶²¨ÉÊ¤Ò a ¢· Ð ÕÐ¥£μ¸Ö ¶μ²Ö ¤²Ö μ¡¥¸¶¥Î¥´¨Ö ¸· ¢´¨³μ£μ Ê·μ¢´Ö ¸É¥¶¥´¨
Ê¸Éμ°Î¨¢μ¸É¨. �¤´ ±μ ¶·¨ ¶·¥¢ÒÏ¥´¨¨ ´¥±μÉμ·μ°  ³¶²¨ÉÊ¤Ò a ¸¨¸É¥³  ¢¸¥£¤  ¸É ´μ-
¢¨É¸Ö ´¥Ê¸Éμ°Î¨¢μ°. � ¸Î¥ÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ ¶·¨ §´ Î¨É¥²Ó´ÒÌ μÉ±²μ´¥´¨ÖÌ Î ¸ÉμÉÒ
¢· Ð ÕÐ¥£μ¸Ö ¶μ²Ö μÉ ®ÔËË¥±É¨¢´ÒÌ¯ §´ Î¥´¨° ¸É¥¶¥´Ó Ê¸Éμ°Î¨¢μ¸É¨ ¸¨¸É¥³Ò ¶μÎÉ¨
´¥ ³¥´Ö¥É¸Ö (μ¸É ¥É¸Ö ¡²¨§±μ° ± ´Ê²Õ) ¤²Ö Ï¨·μ±μ£μ ¤¨ ¶ §μ´   ³¶²¨ÉÊ¤ ¢· Ð ÕÐ¥£μ¸Ö
¶μ²Ö.

‡�Š‹	—…�ˆ…

‚ · ¡μÉ¥ ¨¸¸²¥¤μ¢ ² ¸Ó ¤¨´ ³¨±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ²μ¢ÊÏ±¥ �¥´´¨´£ ÄŒ ²³-
¡¥·£ Ä‘Ê·±μ ¸ ¢· Ð ÕÐ¨³¸Ö Ô²¥±É·¨Î¥¸±¨³ ¶μ²¥³. �μ¸É·μ¥´Ò ¨ ·¥ ²¨§μ¢ ´Ò ¤¢  · §-
²¨Î´ÒÌ  ²£μ·¨É³  ¤²Ö ´ Ìμ¦¤¥´¨Ö Ì · ±É¥·¨¸É¨Î¥¸±¨Ì ¶μ± § É¥²¥° ‹Ö¶Ê´μ¢  ¤²Ö ·¥-
Ï¥´¨° ´¥¸É Í¨μ´ ·´μ° ¸¨¸É¥³Ò, μ¶¨¸Ò¢ ÕÐ¥° ¤¨´ ³¨±Ê Î ¸É¨Í ¢ ²μ¢ÊÏ±¥. �·μ¢¥¤¥´Ò
¶·¥¤¢ ·¨É¥²Ó´Ò¥ · ¸Î¥ÉÒ ¤²Ö · §²¨Î´ÒÌ ´ ¡μ·μ¢ §´ Î¥´¨° ¶ · ³¥É·μ¢ ¸¨¸É¥³Ò. ‘¤¥-
² ´Ò ¶·¥¤¢ ·¨É¥²Ó´Ò¥ μÍ¥´±¨ ¤¨ ¶ §μ´  ¶ · ³¥É·μ¢, μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ
Ê¸Éμ°Î¨¢μ¸ÉÓ. „²Ö ¢Ò¡μ·  ´ ¨¡μ²¥¥ ÔËË¥±É¨¢´ÒÌ ¸μÎ¥É ´¨° ¶ · ³¥É·μ¢ É·¥¡ÊÕÉ¸Ö ¤ ²Ó-
´¥°Ï¨¥ ¢ÒÎ¨¸²¥´¨Ö.
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