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�  μ¸´μ¢¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¥° ¶·μÍ¥¸¸ ³´μ£μ±· É´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö-
´¨Ö, ¨¸¸²¥¤Ê¥É¸Ö ¤¨´ ³¨±  ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ · ¸¸¥¨¢ ÕÐ¥° ¸·¥¤¥. �·¨¢μ¤ÖÉ¸Ö Ëμ·³Ê²Ò,
μ¶¨¸Ò¢ ÕÐ¨¥ Ë §μ¢Ò° ¶μ·É·¥É · ¸¸¥Ö´´μ£μ ¶ÊÎ± , ¢Ò· ¦¥´´Ò¥ Î¥·¥§ ¶ · ³¥É·Ò ¶ ¤ ÕÐ¥£μ ´ 
³¨Ï¥´Ó ¶ÊÎ±  ¨ ¶ · ³¥É·Ò · ¸¸¥¨¢ ÕÐ¥° ¸·¥¤Ò, ¢¢μ¤¨É¸Ö ¶μ´ÖÉ¨¥ ¸μ£² ¸μ¢ ´´μ£μ ¸ ³¨Ï¥´ÓÕ
¶ÊÎ± . ˆ¸¸²¥¤ÊÕÉ¸Ö ¶·μÍ¥¸¸Ò μÉ· ¦¥´¨Ö ¨ ¶·¥²μ³²¥´¨Ö ¶ÊÎ±  ´  ´ ±²μ´´μ° £· ´¨Í¥, · §¤¥²ÖÕ-
Ð¥° · ¸¸¥¨¢ ÕÐÊÕ ¸·¥¤Ê ¨ ¢ ±ÊÊ³. �·¥¤² £ ¥É¸Ö ³ É¥³ É¨Î¥¸±¨°  ¶¶ · É, μ¶¨¸Ò¢ ÕÐ¨° Ê± § ´-
´Ò¥ ¶·μÍ¥¸¸Ò.

Distribution function is used to explore phase portrait transformation as well as refraction and
re	ection phenomena of charged particle beam in scattering media, multiple Coulomb scattering being
taken into account only. Mathematical model of 	ow tubes is suggested to make appropriate calculations.

PACS: 41.85.-p
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� ¸¶·μ¸É· ´¥´¨¥ ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¸·¥¤¥ ¸μ¶·μ¢μ¦¤ ¥É¸Ö ¸ÉμÌ ¸É¨Î¥¸±¨³¨
¶·μÍ¥¸¸ ³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö Î ¸É¨Í ¶ÊÎ±  ¸  Éμ³ ³¨ ¨ Ö¤· ³¨ ¸·¥¤Ò. �¥§Ê²ÓÉ Éμ³ É -
±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö Ö¢²Ö¥É¸Ö Ê¢¥²¨Î¥´¨¥ Ë §μ¢μ£μ μ¡Ñ¥³  (Ô³¨ÉÉ ´¸ ) ¶ÊÎ± , ¨ ¸ ÉμÎ±¨
§·¥´¨Ö ¶μ²Ó§μ¢ É¥²Ó¸±¨Ì Ì · ±É¥·¨¸É¨± ¶μ¸²¥¤´¥£μ (¶·¨³¥´¥´¨Ö ¢ Ê¸±μ·¨É¥²ÖÌ, ´ ±μ¶¨-
É¥²ÖÌ, É· ±É Ì É· ´¸¶μ·É¨·μ¢±¨) ¥£μ ¶ · ³¥É·Ò ÊÌÊ¤Ï ÕÉ¸Ö. Œ¥¦¤Ê É¥³, ³¥É ²²¨Î¥¸±¨¥
Ëμ²Ó£¨ ¨ ¤¨Ô²¥±É·¨Î¥¸±¨¥ ¶²¥´±¨ (³¨Ï¥´¨), Ê¸É ´ ¢²¨¢ ¥³Ò¥ ´  ¶ÊÉ¨ ¶ÊÎ± , Ö¢²ÖÕÉ¸Ö
¸μ¢¥·Ï¥´´μ ´¥μ¡Ìμ¤¨³Ò³¨ Ô²¥³¥´É ³¨ ¢ ¶· ±É¨±¥ Ê¸±μ·¨É¥²¥° ¨ ´ ±μ¶¨É¥²¥°, ¶μÔÉμ³Ê
¢²¨Ö´¨Õ ¶μ¸²¥¤´¨Ì ´  ¤¨´ ³¨±Ê Î ¸É¨Í ¢ Ê± § ´´ÒÌ ¶·¨¡μ· Ì ¶μ¸¢ÖÐ¥´μ ¡μ²ÓÏμ¥ ±μ²¨-
Î¥¸É¢μ · ¡μÉ. ‚ ¡μ²ÓÏ¨´¸É¢¥ ¨§ ´¨Ì, ± ± ¶· ¢¨²μ, ¶·μ¸²¥¦¨¢ ¥É¸Ö Ô¢μ²ÕÍ¨Ö μÉ¤¥²Ó´ÒÌ
Î ¸É¨Í ¶·¨ ¤¢¨¦¥´¨¨ ¢ μ¶É¨Î¥¸±μ° ¸¨¸É¥³¥ ¸ · ¸¸¥¨¢ ÕÐ¥° ³¨Ï¥´ÓÕ ¸ ¶μ¸²¥¤ÊÕÐ¨³
¢ÒÎ¨¸²¥´¨¥³ Ë §μ¢μ£μ μ¡Ñ¥³ . �  ´ Ï ¢§£²Ö¤, ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³ ¢ÒÎ²¥´¨ÉÓ
¸ ³Ê ³¨Ï¥´Ó ¨§ ¢¸¥° μ¶É¨±¨ ¨ ¶·μ¸²¥¤¨ÉÓ Ëμ·³¨·μ¢ ´¨¥ Ë §μ¢μ£μ ¶μ·É·¥É  ¶ÊÎ±  ¢
¸ ³μ° ³¨Ï¥´¨, ¶μ¸±μ²Ó±Ê Éμ²Ó±μ μ´  μÉ¢¥É¸É¢¥´´  §  ¤¥£· ¤ Í¨Õ ¶ÊÎ± . ‡ ¡¥£ Ö ¢¶¥·¥¤,
μÉ³¥É¨³, ÎÉμ É ±μ° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É ®¸μ£² ¸μ¢ ÉÓ¯ ¶ÊÎμ± ¸ ³¨Ï¥´ÓÕ ¨ ³¨´¨³¨§¨·μ¢ ÉÓ
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¤¥£· ¤ Í¨Õ Ô³¨ÉÉ ´¸  ¶·¨ ¶¥·¥¸¥Î¥´¨¨ ¶μ¸²¥¤´¥°. „ ²¥¥, Ô±¸¶¥·¨³¥´É Éμ· ³ ¨§¢¥¸É¥´
Ë ±É, ÎÉμ ¶·¨ ´ ±²μ´´μ³ ¶ ¤¥´¨¨ ¶ÊÎ±  ´  ³¨Ï¥´Ó ´ ¡²Õ¤ ¥É¸Ö μÉ±²μ´¥´¨¥ ¶·μÏ¥¤-
Ï¥£μ Î¥·¥§ ³¨Ï¥´Ó ¶ÊÎ±  μÉ ¶¥·¢μ´ Î ²Ó´μ£μ ´ ¶· ¢²¥´¨Ö ¤¢¨¦¥´¨Ö. �¢Éμ·Ò · ¡μÉÒ [1]
¶·μ¢¥²¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨§³¥·¥´¨Ö ¤²Ö Ô²¥±É·μ´´μ£μ ¶ÊÎ±  ¨§ ³¨±·μÉ·μ´  ¶·¨ ¥£μ ´ -
±²μ´´μ³ ¶ ¤¥´¨¨ ´  ³¨Ï¥´Ó ¢ ¢¨¤¥ · §²¨Î´ÒÌ ³¥É ²²¨Î¥¸±¨Ì Ëμ²Ó£. ’¥μ·¥É¨Î¥¸±¨¥
· ¡μÉÒ, ¶μ¸¢ÖÐ¥´´Ò¥ μ¡ÑÖ¸´¥´¨Õ ¶·¥²μ³²¥´¨Ö ¶ÊÎ±  ¶·¨ ¶¥·¥¸¥Î¥´¨¨ ³¨Ï¥´¨ ¨ ¥£μ
μÉ· ¦¥´¨Ö μÉ ¶μ¸²¥¤´¥°,  ¢Éμ· ³ ¤ ´´μ° · ¡μÉÒ ´¥ ¨§¢¥¸É´Ò. “¶μ³Ö´ÊÉÒ¥ μ¡¸ÉμÖÉ¥²Ó-
¸É¢  Ö¢¨²¨¸Ó ¸É¨³Ê²μ³ ¤²Ö ¶μ¸É·μ¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì É¥μ·¥É¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨°.
�¥Ï¥´¨¥ μÉ³¥Î¥´´ÒÌ § ¤ Î ¶·μ¢μ¤¨É¸Ö ¢ · ¡μÉ¥ ¥¤¨´Ò³ ³¥Éμ¤μ³ ´  μ¸´μ¢¥ ¨¸¶μ²Ó§μ-
¢ ´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö ¶μ¶¥·¥Î´ÒÌ ±μμ·¤¨´ É ¨ Ê£²μ¢, ¶·¨Î¥³ ¢μ ¢´¨³ ´¨¥
¶·¨´¨³ ¥É¸Ö Éμ²Ó±μ ¶·μÍ¥¸¸ ³´μ£μ±· É´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ´  Ö¤· Ì ³¨Ï¥´¨.

1. ”��Œˆ��‚��ˆ… ”�‡�‚�ƒ� ���’�…’�
’�—…—��ƒ� ‡��Ÿ†…���ƒ� ‘ƒ“‘’Š� ‚ ��‘‘…ˆ‚��™…‰ ‘�…„…

�·¨ · ¸¸³μÉ·¥´¨¨ ¤¢¨¦¥´¨Ö ¢ ¸·¥¤¥ Î ¸É¨ÍÒ, ´¥¸ÊÐ¥° ¥¤¨´¨Î´Ò° Ô²¥³¥´É ·´Ò° § -
·Ö¤, ¡Ê¤¥³ ¶·¥´¥¡·¥£ ÉÓ ¶μÉ¥·Ö³¨ Ô´¥·£¨¨ ¨ ¸Î¨É ÉÓ μ¸´μ¢´Ò³ ¶·μÍ¥¸¸μ³ ³´μ£μ±· É´μ¥
±Ê²μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ ´  Ö¤· Ì ¸·¥¤Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢
± ¦¤μ³ ¨§ ¤¢ÊÌ ¢§ ¨³´μ-¶¥·¶¥´¤¨±Ê²Ö·´ÒÌ ´ ¶· ¢²¥´¨°, ¶μ¶¥·¥Î´ÒÌ ¶μ μÉ´μÏ¥´¨Õ ±
´ ¶· ¢²¥´¨Õ ¤¢¨¦¥´¨Ö § ·Ö¤  (μ¸Ó x), ¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ Ö Ëμ·³Ê²  [2, 3]:

P (x, y, θ) dy dθ =
2
√

3
π

1
Θ2

sx
2

exp
[
− 4

Θ2
sx

(
θ2 − 3yθ

x
+

3y2

x2

)]
dy dθ. (1)

‡¤¥¸Ó P (x, y, θ) dy dθ Å ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¥´¨Ö § ·Ö¤  ´  £²Ê¡¨´¥ x ¢ ¨´É¥·¢ ² Ì
(y, y + dy), (θ, θ + dθ) ¶μ¶¥·¥Î´μ£μ ¸³¥Ð¥´¨Ö ¨ Ê£² , ¸μ¸É ¢²Ö¥³μ£μ ¤¢¨¦ÊÐ¨³¸Ö § ·Ö¤μ³
¸ μ¸ÓÕ x,   ¢¥²¨Î¨´Ê Θs Ê¤μ¡´μ ¢Ò· §¨ÉÓ Î¥·¥§ ¶ · ³¥É·Ò, μ¶¨¸Ò¢ ÕÐ¨¥ · ¤¨ Í¨μ´´Ò¥
¶·μÍ¥¸¸Ò ¢ ¢¥Ð¥¸É¢¥:

Θ2
s =

(
Es

βcp

)2 1
X0

, Es =
(

4π

α

)1/2

mec
2 = 21 ŒÔ‚, (2)

£¤¥ β, p, c Å ¸μμÉ¢¥É¸É¢¥´´μ ¶·¨¢¥¤¥´´ Ö ¸±μ·μ¸ÉÓ § ·Ö¤ , ¥£μ ¨³¶Ê²Ó¸ ¨ ¸±μ·μ¸ÉÓ ¸¢¥É ;
X0 Å · ¤¨ Í¨μ´´ Ö ¤²¨´ ; α = e2/�c ≈ 1/137 Å ¶μ¸ÉμÖ´´ Ö Éμ´±μ° ¸É·Ê±ÉÊ·Ò; e, me Å
§ ·Ö¤ Ô²¥±É·μ´  ¨ ¥£μ ³ ¸¸ ; � Å ¶μ¸ÉμÖ´´ Ö �² ´± . ‘μμÉ´μÏ¥´¨¥ (1) μ¶¨¸Ò¢ ¥É ¤¢Ê-
³¥·´μ¥ £ Ê¸¸μ¢μ · ¸¶·¥¤¥²¥´¨¥ ´  £²Ê¡¨´¥ x ¢ ¶μ¶¥·¥Î´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ (y, θ)
¸³¥Ð¥´¨° y ¨ Ê£²μ¢ θ = py/p, £¤¥ py Å ¶μ¶¥·¥Î´Ò° ¨³¶Ê²Ó¸ Î ¸É¨ÍÒ. ‚ Ê± § ´´μ°
Ë §μ¢μ° ¶²μ¸±μ¸É¨ ²¨´¨¨ · ¢´μ° ¢¥·μÖÉ´μ¸É¨

3η2 − 3ηθ + θ2 = f = const (3)

¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ô²²¨¶¸Ò,   μÌ¢ ÉÒ¢ ¥³ Ö ¨³¨ ¶²μÐ ¤Ó μ¶·¥¤¥²Ö¥É μÉ´μ¸¨É¥²Ó´μ¥
Î¨¸²μ Î ¸É¨Í ¨§ ¨´É¥·¢ ²  ¨§³¥´¥´¨Ö Ë §μ¢ÒÌ ¶¥·¥³¥´´ÒÌ θ, η = y/x:

3η2 − 3ηθ + θ2 � f. (4)

�·¨ ± ±μ³-Éμ Ì · ±É¥·´μ³ §´ Î¥´¨¨ f , ´ ¶·¨³¥· ¥£μ ¸·¥¤´¥³ 〈f〉 ¶μ ¡¥¸±μ´¥Î´μ° μ¡² -
¸É¨ ¨§³¥´¥´¨Ö ¶¥·¥³¥´´ÒÌ θ, η, ÔÉÊ ¶²μÐ ¤Ó ³μ¦´μ ¶·¨´ÖÉÓ §  Ô³¨ÉÉ ´¸ (¢ ¤ ´´μ³ ¸²ÊÎ ¥
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¡¥§· §³¥·´Ò°, ´μ·³¨·μ¢ ´´Ò° ´  Éμ²Ð¨´Ê ³¨Ï¥´¨), Ö¢²ÖÕÐ¨°¸Ö μ¤´μ° ¨§ ±²ÕÎ¥¢ÒÌ Ì -
· ±É¥·¨¸É¨± ¸£Ê¸É±  ¢ μ¶É¨±¥ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í:

s =
2π〈f〉√

3
=

π

2
√

3
Θ2

sx. (5)

‡ ³¥É¨³, ÎÉμ μÉ²¨Î´Ò° μÉ ´Ê²Ö Ô³¨ÉÉ ´¸, ± ± ¨ § ´¨³ ¥³ Ö ¸£Ê¸É±μ³ μ¡² ¸ÉÓ ´  Ë §μ¢μ°
¶²μ¸±μ¸É¨ Å ¥£μ Ë §μ¢Ò° ¶μ·É·¥É, ¸Ëμ·³¨·μ¢ ´ ¢ ·¥§Ê²ÓÉ É¥ · ¸¸¥Ö´¨Ö ´  ³¨Ï¥´¨ Éμ-
Î¥Î´μ£μ (¨¸Ìμ¤´Ò° Ë §μ¢Ò° ¶μ·É·¥É) ¸£Ê¸É± , ¨³¥ÕÐ¥£μ ´Ê²¥¢μ° Ô³¨ÉÉ ´¸. ˆ§ ËÊ´±Í¨¨
· ¸¶·¥¤¥²¥´¨Ö (1) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¨ ¤·Ê£¨¥ Ì · ±É¥·¨¸É¨±¨ · ¸¸¥Ö´´μ£μ ÉμÎ¥Î´μ£μ
¸£Ê¸É±  [2]. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ Ê£² ³ Q(x, θ) · ¸¸¥Ö´´μ£μ ÉμÎ¥Î´μ£μ ¸£Ê¸É± 
¢ÒÎ¨¸²Ö¥É¸Ö ¨´É¥£·¨·μ¢ ´¨¥³ (1) ¶μ ¡¥¸±μ´¥Î´μ° μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶μ¶¥·¥Î´μ£μ ¸³¥-
Ð¥´¨Ö y, ¸μμÉ¢¥É¸É¢¥´´μ, ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶μ¶¥·¥Î´μ° ±μμ·¤¨´ É¥ S(x, y) Å
¶μ Ê£²Ê θ:

Q(x, θ) =
1√
π

1
Θs

√
x

exp
(
− θ2

Θ2
sx

)
, S(x, y) =

√
3√
π

1
Θsx3/2

exp
(
− 3y2

Θ2
sx

3

)
. (6)

2. ��…����‡�‚��ˆ… ”�‡�‚�ƒ� ���’�…’� ‡��Ÿ†…���ƒ� ‘ƒ“‘’Š�
��ˆ ���•�†„…�ˆˆ —…�…‡ ��‘‘…ˆ‚��™“� ‘�…„“

ˆ§ ¨´ÉÊ¨É¨¢´ÒÌ · ¸¸Ê¦¤¥´¨° ¸²¥¤Ê¥É (¨ Ëμ·³ ²Ó´Ò¥ · ¸Î¥ÉÒ [4] ÔÉμ ¶μ¤É¢¥·¦¤ ÕÉ),
ÎÉμ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥° ¤²Ö ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ ¸ ±μμ·¤¨´ É ³¨ (Y, Θ) ´ 
Ë §μ¢μ° ¶²μ¸±μ¸É¨ ¶μ¸²¥ · ¸¸¥Ö´¨Ö ´  ³¨Ï¥´¨ ¡Ê¤¥É μ¶¨¸Ò¢ ÉÓ¸Ö Éμ° ¦¥ Ëμ·³Ê²μ° (1),
¢ ±μÉμ·μ° ¶·μ¨§¢¥¤¥´  § ³¥´ 

y → y − Y − hΘ, θ → θ − Θ. (7)

�·¨ ÔÉμ³ μ£¨¡ ÕÐ Ö ± ³´μ¦¥¸É¢Ê Ô²²¨¶¸μ¢ · ¸¸¥Ö´¨Ö (3) ¸ Í¥´É· ³¨, ²μ± ²¨§μ¢ ´´Ò³¨
´  Ô²²¨¶¸¥, μ¶¨¸Ò¢ ¥³μ³Ê Ê· ¢´¥´¨¥³

A1(η − θ)2 + A2(η − θ)θ + A3θ
2 = F, (8)

μ¶·¥¤¥²Ö¥É £· ´¨ÍÊ Ë §μ¢μ° ¶²μ¸±μ¸É¨, μÌ¢ ÉÒ¢ ÕÐÊÕ ³´μ¦¥¸É¢μ ÉμÎ¥± ¨¸Ìμ¤´μ£μ Ë -
§μ¢μ£μ ¶μ·É·¥É  ´ ²¥É ÕÐ¥£μ ¸£Ê¸É±  ¶μ¸²¥ · ¸¸¥Ö´¨Ö. ŠμÔËË¨Í¨¥´ÉÒ Ê· ¢´¥´¨Ö (8) Å
¸ÊÉÓ ±μÔËË¨Í¨¥´ÉÒ Ô²²¨¶¸ , μ¶¨¸Ò¢ ÕÐ¥£μ Ë §μ¢Ò° ¶μ·É·¥É ¸£Ê¸É±  ¶¥·¥¤ ³¨Ï¥´ÓÕ:

A1η
2 + A2ηθ + A3θ

2 = F. (9)

� °¤¥³ μ£¨¡ ÕÐÊÕ £¥μ³¥É·¨Î¥¸±¨³ ³¥Éμ¤μ³. �¥·¥°¤¥³ ± ¸¨¸É¥³¥ ±μμ·¤¨´ É, ¢ ±μÉμ·μ°
Ô²²¨¶¸Ò · ¸¸¥Ö´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μ±·Ê¦´μ¸É¨,   Ë §μ¢Ò° ¶μ·É·¥É ´ ²¥É ÕÐ¥£μ
¶ÊÎ±  μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³

B1ξ
2 + B2ξχ + B3χ

2 = F. (10)

‡¤¥¸Ó
B = M3M2M1A, (11)
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  A ¨ B Å ³ É·¨ÍÒ-¸Éμ²¡ÍÒ, ¸μ¸É ¢²¥´´Ò¥ ¨§ ±μÔËË¨Í¨¥´Éμ¢ Ai, Bi, i = 1, 2, 3;
M1, M2, M3 Å ±¢ ¤· É´Ò¥ ³ É·¨ÍÒ É·¥ÉÓ¥£μ ¶μ·Ö¤± :

M1 =

⎛
⎝ 1 0 0

−2 1 0
1 −1 1

⎞
⎠ , M2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1
2
− 1√

13
3

2
√

13
1
2

+
1√
13

− 3√
13

− 2√
13

3√
13

1
2

+
1√
13

− 3
2
√

13
1
2
− 1√

13

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

M3 =

⎛
⎝ k2 0 0

0 k 0
0 0 1

⎞
⎠ .

(12)

‚ ¶·¥μ¡· §μ¢ ´´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É Ë §μ¢Ò° ¶μ·É·¥É ¶ÊÎ±  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
Ë¨£Ê·Ê, £· ´¨Í¥° ±μÉμ·μ° Ö¢²Ö¥É¸Ö ²¨´¨Ö, ¸μ¥¤¨´ÖÕÐ Ö ±μ´ÍÒ μÉ·¥§±μ¢ ¶¥·¶¥´¤¨±Ê²Ö-
·μ¢, ¶·μ¢¥¤¥´´ÒÌ ± ± ¦¤μ° ÉμÎ±¥ Ô²²¨¶¸  (10). „²¨´  ³´μ¦¥¸É¢  ÔÉ¨Ì μÉ·¥§±μ¢ · ¢´ 
³ ²μ° ¶μ²Êμ¸¨ Ô²²¨¶¸  · ¸¸¥Ö´¨Ö. �μ ³´μ£¨³ ¶·¨Î¨´ ³ Ê¤μ¡´μ  ¶¶·μ±¸¨³¨·μ¢ ÉÓ ÔÉÊ
£· ´¨ÍÊ Ô²²¨¶¸μ³ ¸ ¶μ²Êμ¸Ö³¨ ¸ Éμ° ¦¥ μ·¨¥´É Í¨¥°, ± ± Ê Ô²²¨¶¸  (10), ¨ Ê¢¥²¨-
Î¥´´Ò³¨ ´  ¤²¨´Ê ³ ²μ° ¶μ²Êμ¸¨ Ô²²¨¶¸  · ¸¸¥Ö´¨Ö. �¥ μÉ¢²¥± Ö¸Ó ´  ´ Ìμ¦¤¥´¨¥
¶ · ³¥É·μ¢ C′

i , i = 1, 2, 3  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ Ô²²¨¶¸  (ÔÉμ ¸É ´¤ ·É´Ò¥ ¶·μÍ¥¤Ê·Ò  ´ -
²¨É¨Î¥¸±μ° £¥μ³¥É·¨¨), μÉ³¥É¨³ ²¨ÏÓ, ÎÉμ ¶ · ³¥É·Ò Ô²²¨¶¸ , Ö¢²ÖÕÐ¥£μ¸Ö £· ´¨Í¥°
Ë §μ¢μ£μ ¶μ·É·¥É  · ¸¸¥Ö´´μ£μ ¶ÊÎ± , μ¶·¥¤¥²ÖÕÉ¸Ö ¶·¥μ¡· §μ¢ ´¨¥³

C = M−1
2 M−1

3 C′. (13)

ˆ§ μ¶¨¸ ´´μ° ¶·μÍ¥¤Ê·Ò ´ Ìμ¦¤¥´¨Ö Ë §μ¢μ£μ ¶μ·É·¥É  · ¸¸¥Ö´´μ£μ ¶ÊÎ±  ¸²¥¤Ê¥É μ¤´μ
¢ ¦´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ,   ¨³¥´´μ: ¶·¨· Ð¥´¨¥ Ô³¨ÉÉ ´¸  ¶ÊÎ±  ¶μ¸²¥ · ¸¸¥Ö´¨Ö ´  ³¨-
Ï¥´¨ ³¨´¨³ ²Ó´μ, ¥¸²¨ ¢ ¶·¥μ¡· §μ¢ ´´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¶ÊÎμ±, ± ± ¨ Ô²²¨¶¸ · ¸-
¸¥Ö´¨Ö, μ¶¨¸Ò¢ ¥É¸Ö μ±·Ê¦´μ¸ÉÓÕ. �·μ¸ÉÒ¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶·¨¢μ¤ÖÉ ± Ëμ·³Ê²¥ [4]

√
S =

√
S0 +

√
s. (14)

‡¤¥¸Ó S0, S, s Å ¸μμÉ¢¥É¸É¢¥´´μ Ô³¨ÉÉ ´¸Ò ¨¸Ìμ¤´μ£μ ¨ · ¸¸¥Ö´´μ£μ ¶ÊÎ±μ¢ ¨ Ô³¨ÉÉ ´¸
· ¸¸¥Ö´¨Ö. � §μ¢¥³ ¶ÊÎμ± ¸ ³¨´¨³ ²Ó´Ò³ ¶·¨· Ð¥´¨¥³ Ô³¨ÉÉ ´¸  ¶μ¸²¥ · ¸¸¥Ö´¨Ö
¸μ£² ¸μ¢ ´´Ò³ ¸ ³¨Ï¥´ÓÕ. ˆ§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ Ëμ·³Ê² ¸²¥¤Ê¥É, ÎÉμ ¶¥·¥¤ · ¸¸¥Ö´¨¥³
´  ³¨Ï¥´¨ É ±μ° ¶ÊÎμ± μ¶¨¸Ò¢ ¥É¸Ö Ô²²¨¶¸μ³

3η2 + 3ηθ + θ2 = F. (15)

3. �’��†…�ˆ… ˆ ��…‹�Œ‹…�ˆ… �“—Š� �� ƒ���ˆ–… ��‡„…‹�
��‘‘…ˆ‚��™…‰ ‘�…„› ˆ ‚�Š““Œ�

”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö (1) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê· ¢´¥´¨Ö ¢ Î ¸É-
´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¤²Ö ´¥μ£· ´¨Î¥´´μ° ¸·¥¤Ò, μ¤´ ±μ ´  ¥£μ μ¸´μ¢ ´¨¨ ³μ¦´μ ¶μ¸É·μ¨ÉÓ
· ¸¶·¥¤¥²¥´¨¥ ¨ ³μ¤¥²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö,  ¤¥±¢ É´μ μ¶¨¸Ò¢ ÕÐ¨¥ ¶·μÍ¥¸¸Ò · ¸¸¥Ö´¨Ö
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´  £· ´¨Í¥ · ¸¸¥¨¢ ÕÐ¥° ¸·¥¤Ò ¨ ¢ ±ÊÊ³ . Š ± ¸²¥¤Ê¥É ¨§ (6), ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ
· ¸¸¥Ö´´Ò° § ·Ö¤ ¢ ¶·¥¤¥² Ì ¨´É¥·¢ ²  (0, y) · ¢´ 

W (y) =

y∫
0

S(x, ξ) dξ =
√

3√
π

1
Θsx3/2

y∫
0

exp
(
− 3ξ2

Θ2
sx

3

)
dξ =

1√
π

√
3y

Θsx3/2∫
0

exp (−t2) dt. (16)

�É  ¢¥·μÖÉ´μ¸ÉÓ ¶μ¸ÉμÖ´´  ¢¤μ²Ó ²¨´¨¨

y =
κ√
3
Θsx

3/2, (17)

£¤¥
κ = erf−1(2W ). (18)

‡¤¥¸Ó erf−1( ) Å ËÊ´±Í¨Ö, μ¡· É´ Ö ± ¨´É¥£· ²Ê μÏ¨¡μ± ¨ erf( ):

erf(z) =
2√
π

z∫
0

exp (−ξ2) dξ. (19)

Š ± ¸²¥¤Ê¥É ¨§ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö, ¸·¥¤´¨° Ê£μ² · ¸¸¥Ö´¨Ö ¢ ÉμÎ±¥ ¸ ±μμ·¤¨´ -
É ³¨ (x, y) · ¢¥´ 3y/2x, ¨ ÔÉμÉ Ê£μ² (¶·¨ Ê¸²μ¢¨¨ ¥£μ ³ ²μ¸É¨) ¸μ¢¶ ¤ ¥É ¸ ´ ¶· ¢²¥´¨¥³
± ¸ É¥²Ó´μ° ± ²¨´¨¨ (17). �μ ÔÉμ° ¶·¨Î¨´¥ ³μ¦´μ £μ¢μ·¨ÉÓ μ¡ ÔÉ¨Ì ²¨´¨ÖÌ ± ± μ ²¨´¨ÖÌ
Éμ± ,   ¤¨ËË¥·¥´Í¨ ²Ò

dy =
1√
3
Θsx

3/2 dκ (20)

Ê¸²μ¢´μ · ¸¸³ É·¨¢ ÉÓ ± ± É·Ê¡±¨ Éμ± , Ï¨·¨´  ±μÉμ·ÒÌ ³¥´Ö¥É¸Ö μÉ ´Ê²Ö ¢ ÉμÎ±¥ ¸É ·É 
§ ·Ö¤  ¤μ §´ Î¥´¨Ö, μ¶·¥¤¥²Ö¥³μ£μ Ëμ·³Ê²μ° (20) ´  £²Ê¡¨´¥ x. …¸²¨ £· ´¨Í  · ¸¸¥¨¢ -
ÕÐ¥° ¸·¥¤Ò ¨ ¢ ±ÊÊ³  μ¶¨¸Ò¢ ¥É¸Ö ²¨´¨¥° x = h + ky, ¢ÒÎ¨¸²¥´¨Ö ¤²Ö ¸·¥¤´¥£μ Ê£² 
· ¸¸¥Ö´¨Ö ¤²Ö Î ¸É¨Í, ¢Ò²¥É¥¢Ï¨Ì ¢ ¢ ±ÊÊ³, ¤ ÕÉ

〈θ〉p =
3
2

y

x
+ δ, (21)

£¤¥

δ =
Θs

√
x

2
√

πN

[
exp

[
− 4

Θ2
sx

(
π

2
+ arctg (k) +

3
2

y

x

)2
]
−

− exp

[
− 4

Θ2
sx

(
π

2
− arctg (k) − 3

2
y

x

)2
]]

, (22)

N = erf
[

2
Θs

√
x

(
π

2
+ arctg (k) +

3
2

y

x

)]
+ erf

[
2

Θs
√

x

(
π

2
− arctg (k) − 3

2
y

x

)]
. (23)

ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê ¤²Ö ±μμ·¤¨´ É´μ£μ · ¸¶·¥¤¥²¥´¨Ö S(y, x), ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· -
¦¥´¨¥ ¤²Ö ¸·¥¤´¥£μ Ê£²  ¤¢¨¦¥´¨Ö Î ¸É¨Í, ¢Ò²¥É¥¢Ï¨Ì ¢ ¢ ±ÊÊ³ (¸ ¶·¥¤¥² ³¨ ¨´É¥£·¨-
·μ¢ ´¨Ö μÉ −∞ ¤μ κmax, μ¶·¥¤¥²Ö¥³μ£μ ´¨¦¥):

〈θ〉 =
∫

(θ)p(κ)N(κ) exp (−κ2) dκ∫
N(κ) exp (−κ2) dκ

. (24)
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“£μ² ¶·¥²μ³²¥´¨Ö θ ¨ ±μÔËË¨Í¨¥´É μÉ· ¦¥´¨Ö R Ô²¥±É·μ´´μ£μ ¶ÊÎ±  ¢ § ¢¨¸¨³μ¸É¨ μÉ ´ ±²μ´ 
£· ´¨ÍÒ · §¤¥²  · ¸¸¥¨¢ ÕÐ¥° ¸·¥¤Ò ¨ ¢ ±ÊÊ³  ¶·¨ Θ2

s = 1 ¸³−1, h = 1 ³³

ƒ· Ë¨± § ¢¨¸¨³μ¸É¨ Ê£²  ¶·¥²μ³²¥´¨Ö μÉ ´ ±²μ´  ¸·¥§  · ¸¸¥¨¢ ÕÐ¥° ¸·¥¤Ò ¶·¨¢¥¤¥´
´  ·¨¸Ê´±¥. ˆ³¥ÕÉ ³¥¸Éμ ¤¢  ³¥Ì ´¨§³  ¶·¥²μ³²¥´¨Ö ¨ μÉ· ¦¥´¨Ö. — ¸ÉÓ ²¨´¨° Éμ± 
¶·¨ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ κ, ´ Î¨´ Ö ¸ μ¶·¥¤¥²¥´´ÒÌ ¥£μ §´ Î¥´¨°, ´¥ ¶¥·¥¸¥± ¥É
£· ´¨ÍÊ · §¤¥²  (¶μ²´μ¥ ¢´ÊÉ·¥´´¥¥ μÉ· ¦¥´¨¥), ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Î ¸ÉÓ ¶μÉμ±  Î ¸É¨Í
μ¡¥¤´Ö¥É¸Ö, ¸μμÉ¢¥É¸É¢¥´´μ, ³¥´Ö¥É¸Ö ¸·¥¤´¨° Ê£μ² ¤¢¨¦¥´¨Ö Î ¸É¨Í, ¢Ò²¥É¥¢Ï¨Ì ¨§
· ¸¸¥¨¢ ÕÐ¥° ¸·¥¤Ò ¢ ¢ ±ÊÊ³. ‹¨´¨¨ Éμ± , ¶¥·¥¸¥± ÕÐ¨¥ ´ ±²μ´´ÊÕ £· ´¨ÍÊ, É ±¦¥
¶·¥²μ³²ÖÕÉ¸Ö ¢ ¸¨²Ê Éμ£μ, ÎÉμ Î ¸ÉÓ Î ¸É¨Í · ¸¸¥¨¢ ¥É¸Ö ¢ ´ ¶· ¢²¥´¨ÖÌ, ´¥ ¶¥·¥¸¥± -
ÕÐ¨Ì ¤ ´´ÊÕ £· ´¨ÍÊ. ˆ ÔÉμ ¢Éμ·μ° ³¥Ì ´¨§³ ¶·¥²μ³²¥´¨Ö ¨ μÉ· ¦¥´¨Ö. “¶μ³Ö´ÊÉμ¥
¢ÒÏ¥ £· ´¨Î´μ¥ §´ Î¥´¨¥ κ (¢¥·Ì´¨° ¶·¥¤¥² ¨´É¥£·¨·μ¢ ´¨Ö ¢ (24)) ²¥£±μ ¢ÒÎ¨¸²Ö¥É¸Ö:

κmax =
2
3

1
Θs

√
hk

. (25)

�Éμ §´ Î¥´¨¥ κmax ¸μμÉ¢¥É¸É¢ÊÕÉ ¸²ÊÎ Õ, ±μ£¤  ²¨´¨Ö Éμ±  Ö¢²Ö¥É¸Ö ± ¸ É¥²Ó´μ° ± £· -
´¨Í¥ · §¤¥² .

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¨¸¸²¥¤μ¢ ´ ¶·μÍ¥¸¸ Ëμ·³¨·μ¢ ´¨Ö Ë §μ¢μ£μ ¶μ·É·¥É  ¶ ¤ ÕÐ¥£μ ´  ³¨Ï¥´Ó
¶ÊÎ±  ´  μ¸´μ¢¥ ¶ · ³¥É·μ¢ · ¸¸¥Ö´´μ£μ ¨£μ²ÓÎ Éμ£μ ¶ÊÎ± . �μ± § ´μ, ÎÉμ ¶·¨ ´ ±²μ´-
´μ³ ¶ ¤¥´¨¨ ¶ÊÎ±  ´  ³¨Ï¥´Ó ¶·μÍ¥¸¸ · ¸¸¥Ö´¨Ö ¸μ¶·μ¢μ¦¤ ¥É¸Ö, ± ± ¨ ¢ ¸¢¥Éμ¢μ°
μ¶É¨±¥, Ö¢²¥´¨Ö³¨ ¶·¥²μ³²¥´¨Ö ¨ μÉ· ¦¥´¨Ö ¶ÊÎ± .
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