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�μ± § ´  ¢μ§³μ¦´μ¸ÉÓ ¢μ¸¸É ´μ¢²¥´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ²Õ¡μ° ÉμÎ±¥ Î¥ÉÒ·¥Ì-
³¥·´μ£μ ¶μ¶¥·¥Î´μ£μ Ë §μ¢μ£μ μ¡Ñ¥³  {x, x′, y, y′} ¶μ ·¥§Ê²ÓÉ É ³ ¨§³¥·¥´¨° ¸ ¶μ³μÐÓÕ ³¥Éμ¤ 
pepper-pot. �·¥¤² £ ¥³ Ö ³¥Éμ¤¨±  μ¡· ¡μÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢ μ¸´μ¢Ò¢ ¥É¸Ö ´ 
¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ Ê¸É ´μ¢²¥´μ ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê μÉ¢¥·¸É¨Ö³¨ ¢ ³ ¸±¥
¨ ¨Ì ¨§μ¡· ¦¥´¨¥³ ´  Ô±· ´¥. ’ ±μ£μ ·μ¤  ¶·¥¤¢ ·¨É¥²Ó´ Ö ± ²¨¡·μ¢±  ¤μ²¦´  ¡ÒÉÓ ¶·μ¢¥¤¥´ 
Ô±¸¶¥·¨³¥´É ²Ó´μ ´  ¨§³¥·Ö¥³μ³ ¶ÊÎ±¥ ¨μ´μ¢. „²Ö ¢μ¸¸É ´μ¢²¥´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¨¸-
¶μ²Ó§Ê¥É¸Ö ³¥Éμ¤ ³μ³¥´Éμ¢. �·¨³¥´¥´¨¥ ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  ¤²Ö μ¡· ¡μÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
·¥§Ê²ÓÉ Éμ¢ ¶μ§¢μ²Ö¥É ¸¢¥¸É¨ § ¤ ÎÊ ± Í¥¶μÎ±¥ ·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨°. —¨¸²¥´´μ¥ ³μ¤¥²¨·μ-
¢ ´¨¥ ¶·μÍ¥¸¸  ¨§³¥·¥´¨Ö ¶μ± § ²μ, ÎÉμ ÉμÎ´μ¸ÉÓ ¢μ¸¸É ´μ¢²¥´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í
¸μ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê ¶μ·Ö¤±  ±10%.

Possibility of reconstruction of the particle distribution function in any point of the four-dimensional
phase space {x, x′, y, y′} according to results of measurements by the pepper-pot method is shown. The
proposed method of the experimental results processing is based on the assumption that the one-one
mapping between holes in the mask and their images on the screen is established. The moments method is
used for reconstruction of distribution function. Application of the Legendre polynomials for processing
the experimental results allows reducing the problem to recursive formulae. The numerical simulation
of the measuring process showed that the accuracy of reconstruction of the particle distribution function
amounted to the value about 10%.

PACS: 29.85-c

‚‚…„…�ˆ…

‚¥²¨Î¨´  ¶μ¶¥·¥Î´μ£μ Ô³¨ÉÉ ´¸  Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ¢ ¦´¥°Ï¨Ì Ì · ±É¥·¨¸É¨± ¶ÊÎ± 
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í. ‘ÊÐ¥¸É¢Ê¥É ³´μ£μ ¸¶μ¸μ¡μ¢ ¨§³¥·¥´¨Ö Ô³¨ÉÉ ´¸  (¸³., ´ ¶·¨³¥·,
μ¡§μ·Ò [1, 2]). �¤´¨³ ¨§ ´¨Ì Ö¢²Ö¥É¸Ö ¨§³¥·¥´¨¥ Ô³¨ÉÉ ´¸  ¸ ¶μ³μÐÓÕ ³¥Éμ¤¨±¨ pepper-
pot, § ±²ÕÎ ÕÐ¥°¸Ö ¢ Éμ³, ÎÉμ ´  ¶ÊÉ¨ ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¶μ³¥Ð ¥É¸Ö ³ ¸±  ¸
μÉ¢¥·¸É¨Ö³¨ ¨ ¨§³¥·ÖÕÉ¸Ö Ì · ±É¥·¨¸É¨±¨ ¶ÊÎ±  ¶μ ¥£μ ¨§μ¡· ¦¥´¨Õ ´  Ë²Êμ·¥¸Í¥´É´μ³
Ô±· ´¥, · ¸¶μ²μ¦¥´´μ³ ´  ´¥±μÉμ·μ³ ¢Ò¡· ´´μ³ · ¸¸ÉμÖ´¨¨ μÉ ³ ¸±¨ L [3] (·¨¸. 1).

�¡· §Ò μÉ¢¥·¸É¨° ³ ¸±¨ ¶¥·¥¤ ÕÉ¸Ö ¸ Ô±· ´  ´  ¸μ¤¥·¦ ÐÊÕ ¶¨±¸¥²¨ ÎÊ¢¸É¢¨É¥²Ó-
´ÊÕ ¶² ¸É¨´Ê CCD-± ³¥·Ò. Š ¦¤Ò° ¶¨±¸¥²Ó ¨³¥¥É ÉμÎ´μ μ¶·¥¤¥²¥´´Ò¥ ±μμ·¤¨´ ÉÒ
´  {x, y}-¶²μ¸±μ¸É¨. �¡ÒÎ´μ μ¤´μ ¶ÖÉ´μ ¶μ±·Ò¢ ¥É μÉ 500 ¤μ 3000 ¶¨±¸¥²¥° [4]. �Éμ
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�¨¸. 1. ‘Ì¥³  Ê¸É·μ°¸É¢  pepper-pot: 1 Å ¶ÊÎμ± ¨μ´μ¢; 2 Å ³ ¸± ; 3 Å Ô±· ´

§ ¢¨¸¨É μÉ · §³¥·  ¶ÖÉ´  ¨ · §·¥Ï ÕÐ¥° ¸¶μ¸μ¡´μ¸É¨ CCD-± ³¥·Ò. ‡ É¥³ ¸ ± ¦¤μ£μ
¶¨±¸¥²Ö ¸Î¨ÉÒ¢ ¥É¸Ö ¸¨£´ ², ¶·μ¶μ·Í¨μ´ ²Ó´Ò° Î¨¸²Ê ¶μ¶ ¢Ï¨Ì ¢ ¤ ´´ÊÕ ÉμÎ±Ê Î ¸É¨Í.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶μ± § ´  ¢μ§³μ¦´μ¸ÉÓ ¢μ¸¸É ´μ¢²¥´¨Ö ¶μ ·¥§Ê²ÓÉ É ³ ¨§³¥·¥´¨°
ÔÉ¨³ ³¥Éμ¤μ³ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ²Õ¡μ° ÉμÎ±¥ Î¥ÉÒ·¥Ì³¥·´μ£μ ¶μ¶¥·¥Î-
´μ£μ Ë §μ¢μ£μ μ¡Ñ¥³  {x, x′, y, y′}.

� ¸Î¥ÉÒ ¶·μ¢μ¤¨²¨¸Ó ¸  ´¸ ³¡²¥³, ¸μ¸ÉμÖ¢Ï¨³ ¨§ 5 · 106 Î ¸É¨Í, ¶ · ³¥É·Ò ±μÉμ-
·ÒÌ · §Ò£·Ò¢ ²¨¸Ó ¢ Î¥ÉÒ·¥Ì³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸²ÊÎ °´Ò³ μ¡· §μ³ ¸μ£² ¸´μ
· ¸¶·¥¤¥²¥´¨Õ ƒ Ê¸¸ . „¨ ³¥É· ¶ÊÎ±  ¶¥·¥¤ ³ ¸±μ° ¡Ò² · ¢¥´ 2 ¸³, RMS-Ô³¨ÉÉ ´¸
εx = εy = 25π·³³·³· ¤, −0,02 � x′, y′ � 0,02. � · ³¥É·Ò ’¢¨¸¸  β = 100 ¸³ ¨ α = −1.
� Î ²Ó´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ´  ¶²μ¸±μ¸ÉÖÌ {x, y} ¨ {x, x′} ¶·¨¢¥¤¥´Ò ´  ·¨¸. 2 ¨ 3
¸μμÉ¢¥É¸É¢¥´´μ.

‘Î¨É ²μ¸Ó, ÎÉμ ³ ¸±  ¨³¥¥É 49 μÉ¢¥·¸É¨° ¤¨ ³¥É·μ³ d = 0,5 ³³, Í¥´É·Ò ±μÉμ·ÒÌ
· ¸¶μ²μ¦¥´Ò ´  μ¸ÖÌ X ¨ Y ¸ ¨´É¥·¢ ² ³¨ D = 3 ³³ (±μμ·¤¨´ ÉÒ Í¥´É·μ¢ μÉ¢¥·¸É¨°
x0 ¨ y0 ¨§³¥´ÖÕÉ¸Ö μÉ −0,9 ¤μ +0,9 ³³). � ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ³ ¸±μ° ¨ Ô±· ´μ³ L ¢Ò-

�¨¸. 2. �²μ¸±μ¸ÉÓ {x, y} �¨¸. 3. �²μ¸±μ¸ÉÓ {x, x′}
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�¨¸. 4. “Î ¸Éμ± ³ ¸±¨ �¨¸. 5. �²μ¸±μ¸ÉÓ {x′, y′}

¡¨· ²μ¸Ó · ¢´Ò³ 10 ¸³, É ± ÎÉμ¡Ò ¨§μ¡· ¦¥´¨Ö μÉ¢¥·¸É¨° ´  Ô±· ´¥ ´¥ ¶¥·¥±·Ò¢ ²¨¸Ó.
�  ·¨¸. 4 ¶μ± § ´ ÊÎ ¸Éμ± ³ ¸±¨ ¸ Î¥ÉÒ·Ó³Ö μÉ¢¥·¸É¨Ö³¨ (xi, yj), (xi, yj+1), (xi+1, yj+1)
¨ (xi+1, yj). �  ·¨¸. 5 ¤ ´μ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ´  Ë §μ¢μ° ¶²μ¸±μ¸É¨ {x′, y′}, · ¸¸Î¨-
É ´´μ¥ ¤²Ö Î ¸É¨Í, ¶·μÏ¥¤Ï¨Ì Î¥·¥§ Í¥´É· ²Ó´μ¥ μÉ¢¥·¸É¨¥ ¢ ³ ¸±¥ (x0 = y0 = 0).

�·¥¤² £ ¥³ Ö ¤ ²¥¥ ³¥Éμ¤¨±  μ¡· ¡μÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢ μ¸´μ¢Ò¢ -
¥É¸Ö ´  ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ Ê¸É ´μ¢²¥´μ ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê μÉ¢¥·-
¸É¨Ö³¨ ¢ ³ ¸±¥ ¨ ¨Ì ¨§μ¡· ¦¥´¨¥³ ´  Ô±· ´¥. ’ ±μ£μ ·μ¤  ¶·¥¤¢ ·¨É¥²Ó´ Ö ± ²¨¡·μ¢± 
¤μ²¦´  ¡ÒÉÓ ¶·μ¢¥¤¥´  Ô±¸¶¥·¨³¥´É ²Ó´μ ´  ¨§³¥·Ö¥³μ³ ¶ÊÎ±¥ ¨μ´μ¢.

�‹�’��‘’œ —�‘’ˆ–
‚ ���‘’���‘’‚… “ƒ‹�‚›• �…�…Œ…��›•

‚ Ô±¸¶¥·¨³¥´É¥ ¤²Ö ± ¦¤μ£μ μÉ¢¥·¸É¨Ö ¢ ³ ¸±¥ ¨§¢¥¸É´  ¶²μÉ´μ¸ÉÓ ¶·μÏ¥¤Ï¨Ì Î ¸É¨Í
F (x, y) ´  Ô±· ´¥. ’μ£¤  ³¨´¨³ ²Ó´Ò¥ x′

min, y′
min ¨ ³ ±¸¨³ ²Ó´Ò¥ x′

max, y′
max Ê£²Ò ¤²Ö

· ¸¶·¥¤¥²¥´¨Ö F (x, y) μÍ¥´¨¢ ÕÉ¸Ö ± ± x′
min =

xmin − x0

L
, x′

max =
xmax − x0

L
, y′

min =
ymin − y0

L
¨ y′

max =
ymax − y0

L
.

�¥¨§¢¥¸É´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶μ ¸±μ·μ¸ÉÖ³ Î¨¸²  Î ¸É¨Í, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ μÉ¢¥·¸É¨¥
¸ ±μμ·¤¨´ É ³¨ Í¥´É·  x0i ¨ y0j , ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¸Ê³³Ò ¶·μ¨§¢¥¤¥´¨° ¶μ²¨´μ³μ¢
‹¥¦ ´¤· :

ρ(x′, y′) =
N∑

i=0

M∑
j=0

AijPi

⎛
⎜⎝x′ − x′

max + x′
min

2
x′

max − x′
min

2

⎞
⎟⎠ Pj

⎛
⎜⎝y′ − y′

max + y′
min

2
y′
max − y′

min

2

⎞
⎟⎠ ,

(1)
x′

max � x′ � x′
max, y′

min � y′ � y′
max.
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�¨¸. 6. ‚μ¸¸É ´μ¢²¥´´ Ö ËÊ´±Í¨Ö ρ(x′, y′) �¨¸. 7. ‹¨´¨¨ · ¢´μ£μ Ê·μ¢´Ö

ŠμÔËË¨Í¨¥´ÉÒ Aij ´ Ìμ¤ÖÉ¸Ö ¨§ Ê¸²μ¢¨Ö ¸μ¢¶ ¤¥´¨Ö ³μ³¥´Éμ¢ · ¸¶·¥¤¥²¥´¨Ö (1) ¸ ³μ-

³¥´É ³¨ (x′)n · (y′)m, ¢ÒÎ¨¸²¥´´Ò³¨ ¶μ Ô±¸¶¥·¨³¥´É ²Ó´μ ¨§³¥·¥´´μ° ¶²μÉ´μ¸É¨ Î ¸É¨Í
´  Ô±· ´¥:

(x′)n · (y′)m =

x′
max∫

x′
min

y′
min∫

y′
min

(x′)n(y′)mρ(x′, y′)dx′dy′, n = 0, 1, . . ., NL, m = 0, 1, . . ., ML.

(2)
‡¤¥¸Ó NL ¨ ML Å ³ ±¸¨³ ²Ó´Ò¥ ¢Ò¡· ´´Ò¥ ¶μ·Ö¤±¨ ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  ¢ (1);

(x′)n · (y′)m Å ³μ³¥´ÉÒ ¸±μ·μ¸É¥° Î ¸É¨Í n-£μ ¨ m-£μ ¶μ·Ö¤±μ¢. Œ¥Éμ¤ ·¥Ï¥´¨Ö ¸¨-
¸É¥³Ò Ê· ¢´¥´¨° (2) ¨§²μ¦¥´ ¢ ¶·¨²μ¦¥´¨¨ 1. Œ¥Éμ¤¨±  · ¸Î¥Éμ¢ ³μ³¥´Éμ¢ (x′)n · (y′)m

¶·¨¢¥¤¥´  ¢ ¶·¨²μ¦¥´¨¨ 2. ˆ¸¶μ²Ó§μ¢ ´¨¥ ³μ³¥´Éμ¢ ¤²Ö μ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·μ¢ · ¸-
¶·¥¤¥²¥´¨Ö ρ(x′, y′) ¶μ§¢μ²Ö¥É ³¨´¨³¨§¨·μ¢ ÉÓ ¢²¨Ö´¨¥ ¨§³¥·¨É¥²Ó´ÒÌ ÏÊ³μ¢.

�  ·¨¸. 6 ¶μ± § ´  ¢μ¸¸É ´μ¢²¥´´ Ö ¤²Ö Í¥´É· ²Ó´μ£μ μÉ¢¥·¸É¨Ö ¢ ³ ¸±¥ ËÊ´±Í¨Ö
ρ(x′, y′) (¢ μÉ´μ¸¨É¥²Ó´ÒÌ ¥¤¨´¨Í Ì). �·¨ ÔÉμ³ NL = ML = 8, É. ¥. ¨¸¶μ²Ó§μ¢ ²¸Ö
81 ±μÔËË¨Í¨¥´É Aij . �  ·¨¸. 7 ¶μ± § ´Ò ²¨´¨¨ · ¢´μ£μ Ê·μ¢´Ö, · ¸¸Î¨É ´´Ò¥ ¤²Ö
ËÊ´±Í¨¨, ¶·¥¤¸É ¢²¥´´μ° ´  ·¨¸. 6.

”“�Š–ˆŸ ��‘��…„…‹…�ˆŸ —�‘’ˆ–

�μ ·¥§Ê²ÓÉ É ³ ¨§³¥·¥´¨° ³μ¦´μ ¢μ¸¸É ´μ¢¨ÉÓ Ê£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ρ(x′, y′)
¢ ²Õ¡μ° ¶·μ¨§¢μ²Ó´μ° ÉμÎ±¥ ¸ ±μμ·¤¨´ É ³¨ {x, y} ¨, ¸²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Õ · ¸¶·¥-
¤¥²¥´¨Ö ¢ Î¥ÉÒ·¥Ì³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥.

�  ·¨¸. 4 ¶μ± § ´μ · ¸¶μ²μ¦¥´¨¥ Î¥ÉÒ·¥Ì ¸μ¸¥¤´¨Ì μÉ¢¥·¸É¨° ¢ ³ ¸±¥ ¸ ±μμ·¤¨´ É ³¨
{xi, yj}, {xi, yj+1}, {xj+1, yj} ¨ {xi+1, yj+1}, ¤²Ö ±μÉμ·ÒÌ ´ °¤¥´Ò ³ É·¨ÍÒ ±μÔËË¨-

Í¨¥´Éμ¢ A
(i,j)
nm , A

(i,j+1)
nm , A

(i+1,j)
nm ¨ A

(i+1,j+1)
nm . ‚¸¥ ±μÔËË¨Í¨¥´ÉÒ A

(i,j)
nm ´¥μ¡Ìμ¤¨³μ
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Ê³´μ¦¨ÉÓ ´  Nij/Nmax, £¤¥ Nij Å Î¨¸²μ Î ¸É¨Í, ¶·μÏ¥¤Ï¨Ì Î¥·¥§ ¤ ´´μ¥ μÉ¢¥·¸É¨¥,
  Nmax = max

i,j
{Nij} Å ³ ±¸¨³ ²Ó´μ¥ Î¨¸²μ Î ¸É¨Í, ¶·μÏ¥¤Ï¨Ì Î¥·¥§ μ¤´μ μÉ¢¥·¸É¨¥

³ ¸±¨.
Œ É·¨Í  ±μÔËË¨Í¨¥´Éμ¢ Anm(x, y) ¤²Ö ÉμÎ±¨ ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μμ·¤¨´ É ³¨ {x, y},

´ Ìμ¤ÖÐ¥°¸Ö ¢´ÊÉ·¨ ¶·Ö³μÊ£μ²Ó´¨± , μ¡μ§´ Î¥´´μ£μ Î¥ÉÒ·Ó³Ö ¢Ò¡· ´´Ò³¨ μÉ¢¥·¸É¨Ö³¨

(¸³. ·¨¸. 4), ´ Ìμ¤¨É¸Ö ¨´É¥·¶μ²ÖÍ¨¥° ¶μ²ÊÎ¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ A
(i,j)
nm .

�  ¶¥·¢μ³ Ï £¥ ´ Ìμ¤ÖÉ¸Ö ¶·μ³¥¦ÊÉμÎ´Ò¥ ³ É·¨ÍÒ Anm(xi, y) ¨ Anm(xi+1, y) ¶μ
Ëμ·³Ê² ³

Anm(xi, y) = A(i,j)
nm

y − yj+1

yj − yj+1
+ A(i,j+1)

nm

y − yj

yj+1 − yj
(3)

¨

Anm(xi+1, y) = A(i+1,j)
nm

y − yj+1

yj − yj+1
+ A(i+1,j+1)

nm

y − yj

yj+1 − yj
. (4)

�  ¢Éμ·μ³ Ï £¥ ³ É·¨Í  ±μÔËË¨Í¨¥´Éμ¢ Anm(x, y) ¶μ²ÊÎ ¥É¸Ö ¨§ Ëμ·³Ê²Ò

Anm(x, y) = Anm(xi, y)
x − xj+1

xj − xj+1
+ Anm(xi+1, y)

x − xj

xj+1 − xj
. (5)

Œ¨´¨³ ²Ó´Ò¥ x′
min(x, y), y′

min(x, y) ¨ ³ ±¸¨³ ²Ó´Ò¥ x′
max(x, y), y′

max(x, y) Ê£²Ò
É ±¦¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ ¨´É¥·¶μ²ÖÍ¨μ´´Ò³ Ëμ·³Ê² ³ (3)Ä(5). �  ·¨¸. 8 ¶·¥¤¸É ¢²¥´ £· -
Ë¨± ËÊ´±Í¨¨ ρ(x′, y′), ¶μ¸É·μ¥´´μ° ¸ ¶μ³μÐÓÕ ¨´É¥·¶μ²¨·μ¢ ´¨Ö ¤²Ö ÉμÎ±¨ x = 0,15 ¸³
¨ y = 0,15 ¸³. �·¨ ÔÉμ³ ¡Ò²¨ ¶·¥¤¢ ·¨É¥²Ó´μ ¢μ¸¸É ´μ¢²¥´Ò § ¢¨¸¨³μ¸É¨ ρ(x′, y′) ¢ ÉμÎ-
± Ì {0, 0}, {0, 0,3}, {0,3, 0} ¨ {0,3, 0,3}.

�  ·¨¸. 9 ¶·¨¢¥¤¥´  ËÊ´±Í¨Ö ρ(x′, y′), ¶μ²ÊÎ¥´´ Ö ¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò ¢μ¸¸É ´μ-
¢²¥´¨Ö ¤²Ö Éμ° ¦¥ ¸ ³μ° ÉμÎ±¨ ¸ ±μμ·¤¨´ É ³¨ {0,15, 0,15}. ‘· ¢´¥´¨¥ §´ Î¥´¨° ÔÉ¨Ì
¤¢ÊÌ ËÊ´±Í¨° ¶μ± § ²μ, ÎÉμ ¢ μ¡² ¸É¨ ¢¥·Ï¨´Ò £· Ë¨±μ¢ μ´¨ ¸μ¢¶ ¤ ÕÉ ¸ ÉμÎ´μ¸ÉÓÕ
∼ ±1,5 %,   ± ¶¥·¨Ë¥·¨¨ · ¸¶·¥¤¥²¥´¨° μ´¨ ¸μ¢¶ ¤ ÕÉ ¸ ÉμÎ´μ¸ÉÓÕ ∼ ±10 %.

’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¶·μ¨§¢μ²Ó´μ° ÉμÎ±¥ Î¥ÉÒ·¥Ì³¥·-
´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸ÉμÖ´´μ£μ ³´μ¦¨É¥²Ö) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ

�¨¸. 8. ƒ· Ë¨± ËÊ´±Í¨¨ ρ(x′, y′), ¶μ¸É·μ¥´-
´Ò° ¸ ¶μ³μÐÓÕ ¨´É¥·¶μ²¨·μ¢ ´¨Ö

�¨¸. 9. ƒ· Ë¨± ËÊ´±Í¨¨ ρ(x′, y′), ¶μ²ÊÎ¥´´Ò°
¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò ¢μ¸¸É ´μ¢²¥´¨Ö
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¢ ¢¨¤¥

f(x, y, x′, y′) =
1

πa2

NL∑
n=0

ML∑
m=0

Anm(x, y)Pn(z)Pm(t), (6)

xi � x � xi+1; yj � y � yj+1; x′
min(x, y) � x′ � x′

max(x, y);

y′
min(x, y) � y′ � y′

max(x, y).

‡¤¥¸Ó a = d/2 Å · ¤¨Ê¸ μÉ¢¥·¸É¨Ö ¢ ³ ¸±¥,   ¶¥·¥³¥´´Ò¥ z ¨ t ¸¢Ö§ ´Ò ¸ x′ ¨ y′

¸μ£² ¸´μ (�1.1).

‡�Š‹�—…�ˆ…

�·¨³¥´¥´¨¥ ³¥Éμ¤  ³μ³¥´Éμ¢ ¶μ§¢μ²Ö¥É ¢μ¸¸É ´μ¢¨ÉÓ ¨§ ·¥§Ê²ÓÉ Éμ¢ ¨§³¥·¥´¨°, ¶μ-
²ÊÎ¥´´ÒÌ ¸ ¶μ³μÐÓÕ ³¥Éμ¤¨±¨ pepper-pot, · ¸¶·¥¤¥²¥´¨¥ ¶ÊÎ±  ´  ¶²μ¸±μ¸É¨ Ê£²μ¢
{x′, y′} ¤²Ö ²Õ¡μ£μ μÉ¢¥·¸É¨Ö ¢ ³ ¸±¥.

ˆ¸¶μ²Ó§μ¢ ´¨¥ ³μ³¥´Éμ¢ ¶μ§¢μ²Ö¥É Ê³¥´ÓÏ¨ÉÓ ¢²¨Ö´¨¥ ¨§³¥·¨É¥²Ó´ÒÌ ÏÊ³μ¢.
—¥ÉÒ·¥Ì³¥·´ Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ³μ¦¥É ¡ÒÉÓ ¢μ¸¸É ´μ¢²¥´  ¸ ¶μ³μÐÓÕ ¨´É¥·-

¶μ²ÖÍ¨¨ · ¸¶·¥¤¥²¥´¨°, ¶μ²ÊÎ¥´´ÒÌ ¤²Ö ¤¨¸±·¥É´μ£μ ´ ¡μ·  μÉ¢¥·¸É¨°.
�·¨³¥´¥´¨¥ ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  ¤²Ö μ¡· ¡μÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¶μ-

§¢μ²Ö¥É ¨§¡¥¦ ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ¶²μÌμ μ¡Ê¸²μ¢²¥´´μ° ³ É·¨-
Í¥° ¨ ¸¢¥¸É¨ § ¤ ÎÊ ± Í¥¶μÎ±¥ ·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨°.

„ ´´ Ö ³¥Éμ¤¨±  ³μ¦¥É ¡ÒÉÓ ·¥±μ³¥´¤μ¢ ´  ¤²Ö É¥Ì´¨Î¥¸±μ° ·¥ ²¨§ Í¨¨ ¢ ‹ ¡μ· -
Éμ·¨¨ Ö¤¥·´ÒÌ ·¥ ±Í¨°.

‘�ˆ‘�Š ‹ˆ’…��’“�›
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��ˆ‹�†…�ˆ… 1

„²Ö ¨§³¥´¥´¨Ö ¶·¥¤¥²μ¢ ¨´É¥£·¨·μ¢ ´¨Ö ¢ (2) μÉ −1 ¤μ +1 ¶·μ¨§¢¥¤¥³ ¸²¥¤ÊÕÐÊÕ
§ ³¥´Ê ¶¥·¥³¥´´ÒÌ

z =
x′ − x′

max + x′
min

2
x′

max − x′
min

2

¨ t =
y′ − y′

max + y′
min

2
y′
max − y′

max

2

. (�1.1)
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’μ£¤  ¸¨¸É¥³  Ê· ¢´¥´¨° (2) ¶·¥μ¡· §Ê¥É¸Ö ± ¢¨¤Ê

(x′)n · (y′)m =
(

x′
max − x′

min

2

)n+1 (
y′
max − y′

min

2

)m+1
1∫

−1

1∫
−1

(z + κx)n(t + κy)m×

×
[

NL∑
i=0

ML∑
j=0

AijPi(z)Pj(t)

]
dz dt. (�1.2)

‡¤¥¸Ó κx =
x′

max + x′
min

x′
max − x′

min

¨ κy =
y′
max + y′

min

y′
max − y′

min

. ‚Ò· ¦¥´¨¥ (z +κx)n ¨ (t +κy)m ¢ (�1.2)

¢ μ¡Ð¥³ ¢¨¤¥ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ± ±

(z + κx)n =
n∑

k=0

Ck
nzkκn−k

x ¨ (t + κy)m =
m∑

l=0

Cl
mtlκm−l

y , (�1.3)

£¤¥

Ck
n =

n!
k! · (n − k)!

. (�1.4)

‘¢Ö§Ó ³¥¦¤Ê zk ¨ tl ¢ (�1.3) ¨ ¶μ²¨´μ³ ³¨ ‹¥¦ ´¤· 

zk =
k∑

i=0

α
(k)
i Pi(z) ¨ tl =

l∑
j=0

α
(l)
j Pj(t) (�1.5)

³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¸ ¶μ³μÐÓÕ ·¥±Ê··¥´É´μ° Ëμ·³Ê²Ò

α
(k+1)
i = α

(k)
i−1

i

2i − 1
+ α

(k)
i+1

i + 1
2i + 3

, (�1.6)

¶μ²ÊÎ¥´´μ° ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨§¢¥¸É´μ£μ ¸¢μ°¸É¢  ¶μ²¨´μ³μ¢ ‹¥¦ ´¤· 

zPi(z) =
i + 1
2i + 1

Pi+1(z) +
i

2i + 1
Pi−1(z). (�1.7)

� Î ²Ó´Ò¥ §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ α
(0)
i μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²μ¢¨Ö P0(z) = 1. �μ-

ÔÉμ³Ê ¨³¥¥³ α
(0)
0 = 1,   ¢¸¥ μ¸É ²Ó´Ò¥ α

(0)
i = 0. �μ¸²¥ Î¥£μ ¢Ò· ¦¥´¨¥ (�1.6) ¶μ§¢μ²Ö¥É

¢ÒÎ¨¸²¨ÉÓ ¢¸¥ É·¥¡Ê¥³Ò¥ § ¢¨¸¨³μ¸É¨ (�1.5).
‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ (�1.3) ¨ (�1.5) ¸¨¸É¥³  Ê· ¢´¥´¨° (�1.2) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ 

¢ ¢¨¤¥

(x′)n · (y′)m =
(

x′
max − x′

min

2

)n+1(
y′
max − y′

min

2

)m+1
1∫

−1

1∫
−1

[
N∑

i=0

M∑
j=0

AijPi(z)Pj(t)

]
×

×
[

n∑
k=0

Ck
nκn−k

x

k∑
p=0

α(k)
p Pp(z)

][
m∑

l=0

Cl
mκm−l

y

l∑
q=0

α(l)
q Pq(t)

]
dz dt. (�1.8)
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‘ ÊÎ¥Éμ³ μ·Éμ£μ´ ²Ó´μ¸É¨ ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  ´  ¨´É¥·¢ ²¥ [−1, +1] ¸¨¸É¥³  Ê· ¢´¥-
´¨° (�1.8) ¶·¥μ¡· §Ê¥É¸Ö ± ¢¨¤Ê

(x′)n · (y′)m

(
2

x′
max − x′

min

)n+1 (
2

y′
max − y′

min

)m+1

=
n∑

i=0

m∑
j=0

Aij ‖Pi‖2 ‖Pj‖2×

×
(

n∑
k=i

α
(k)
i Ck

nκn−k
x

)(
m∑

l=j

α
(l)
j Cl

mκm−l
y

)
, (�1.9)

£¤¥ ‖Pi‖2 =
2

i + 1
Å ´μ·³  ¶μ²¨´μ³μ¢ ‹¥¦ ´¤· .

ˆ§ (�1.9) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐÊÕ ·¥±Ê··¥´É´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔË-
Ë¨Í¨¥´Éμ¢ Anm (n = 1,2, . . ., N ¨ m = 1,2, . . ., M ):

Anm =

[
(x′)n ·(y′)m

(
2

x′
max−x′

min

)n+1( 2
y′
max−y′

min

)m+1

−
n−1∑
i=0

m−1∑
j−0

Aij ‖Pi‖2 ‖P j‖2×

×
(

n∑
k=i

α
(k)
i Ck

nκn−k
x

)(
m∑

l=j

α
(l)
j Cl

mκm−l
y

)
−

n−1∑
i=0

Aim ‖Pi‖2 ‖Pm‖2

(
n∑

k=i

α
(k)
i Ck

nκn−k
x

)
α(m)

m −

−
m−1∑
j=0

Anj ‖Pn‖2 ‖Pj‖2

(
m∑

l=j

α
(l)
j Cl

mκm−l
y

)
α(n)

n

]
[α(n)

n α(m)
m ‖Pn‖2 ‖Pm‖2]−1. (�1.10)

ˆ§ ·¥±Ê··¥´É´μ° Ëμ·³Ê²Ò (�1.10) ¸ ÊÎ¥Éμ³ (�1.6) ¶μ²ÊÎ ¥³ Í¥¶μÎ±Ê ¸¢Ö§ ´´ÒÌ
³¥¦¤Ê ¸μ¡μ° ¸μμÉ´μÏ¥´¨° ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ Anm. „²Ö n = m = 0
´ Ìμ¤¨³ ¢¥²¨Î¨´Ê ±μÔËË¨Í¨¥´É  A00,

A00 =
1

x′
max − x′

min

1
y′
max − y′

min

. (�1.11)

„²Ö Éμ£μ ÎÉμ¡Ò ³μ¦´μ ¡Ò²μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ·¥±Ê··¥´É´μ° Ëμ·³Ê²μ° (�1.10), ´Ê¦´μ
É ±¦¥ ¢ÒÎ¨¸²¨ÉÓ ±μÔËË¨Í¨¥´ÉÒ An0 (n = 1, 2, . . . , NL) ¨ A0m (m = 1, 2, . . . , ML) ¶μ
¸²¥¤ÊÕÐ¨³ ·¥±Ê··¥´É´Ò³ Ëμ·³Ê² ³:

An0 =

(x′)n

(
2

x′
max − x′

min

)n+1(
2

y′
max − y′

min

)
−

n−1∑
i=0

Ai0 ‖Pi‖2 ‖P0‖2

(
n∑

k=i

α
(k)
i Ck

nκn−k
x

)
α

(n)
n ‖Pn‖2 ‖P0‖2

,

A0m =

(y′)m

(
2

x′
max − x′

min

)(
2

y′
max − y′

min

)m+1

−
m−1∑
j=0

A0j ‖P0‖2 ‖Pj‖2

(
m∑

l=j

α
(l)
j Cl

mκm−l
y

)

α
(m)
m ‖P0‖2 ‖Pm‖2

.

(�1.12)
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��ˆ‹�†…�ˆ… 2

„²Ö · ¸Î¥É  ³μ³¥´Éμ¢ (x′)n · (y′)m ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

x′ =
(x − x0) − (x0 − x0)

L
¨ y′ =

(y − y0) − (y0 − y0)
L

. (�2.1)

’μ£¤  ¶·¨¡²¨¦¥´´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö · ¸Î¥É  ³μ³¥´Éμ¢ ¸±μ·μ¸É¥° Î ¸É¨Í, ¶·μÏ¥¤Ï¨Ì
Î¥·¥§ ¶·μ¨§¢μ²Ó´μ¥ μÉ¢¥·¸É¨¥, ¨³¥¥É ¢¨¤

(x′)n(y′)m =
[(x − x0) − (x0 − x0)]n · [(y − y0) − (y0 − y0)]m

Ln+m
=

=
1

Ln+m

[
n∑

k=0

Ck
n(x − x0)k(x0 − x0)n−k

][
m∑

l=0

Cl
m(y − y0)l(y0 − y0)m−l

]
=

=
1

Ln+m

[
n∑

k=0

m∑
l=0

Ck
nCl

m(x − x0)k(y − y0)l(x0 − x0)n−k(y0 − y0)m−l

]
, (�2.2)

£¤¥

(x − x0)k(y − y0)l =

N∑
i=1

(xi − x0)k(yi − y0)l

N
. (�2.3)

‡¤¥¸Ó N Å Î¨¸²μ Î ¸É¨Í, ¶·μÏ¥¤Ï¨Ì Î¥·¥§ μÉ¢¥·¸É¨¥ ¢ ³ ¸±¥. �·¨ μ¡· ¡μÉ±¥ Ô±¸¶¥·¨-
³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¸Ê³³¨·μ¢ ´¨¥ ¶μ Î ¸É¨Í ³ ¢ Ëμ·³Ê²¥ (�2.3) ¤μ²¦´μ ¡ÒÉÓ § ³¥´¥´μ
´  ¸Ê³³¨·μ¢ ´¨¥ ¸¨£´ ²μ¢ ´  ¶¨±¸¥²ÖÌ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¨§μ¡· ¦¥´¨Ö ´  Ô±· ´¥:

(x − x0)k · (y − y0)l =

N∑
i=1

Ii(xi − x0)k(yi − y0)l

N∑
i=1

Ii

, (�2.4)

£¤¥ Ii Å ¢¥²¨Î¨´  ¸¨£´ ²  ´  ¶¨±¸¥²¥.
�μ¸±μ²Ó±Ê μÉ¢¥·¸É¨Ö μÎ¥´Ó ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ ¤¨ ³¥É·μ³ ¶ÊÎ± , ³μ¦´μ ¸Î¨-

É ÉÓ, ÎÉμ Î ¸É¨ÍÒ · ¸¶·¥¤¥²¥´Ò · ¢´μ³¥·´μ ¶μ ¶²μÐ ¤¨ μÉ¢¥·¸É¨Ö. ’μ£¤  ³μ³¥´ÉÒ
(x0 − x0)n, ¢Ìμ¤ÖÐ¨¥ ¢ (�2.2), ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¶μ Ëμ·³Ê²¥

(x0 − x0)n =
1

πa2

2π∫
0

⎛
⎝ a∫

0

rn+1dr

⎞
⎠ (cosϕ)ndϕ =

2an

(n + 2)

⎧⎨
⎩

(n − 1)!!
(n)!!

(n = 2, 4, . . .),

0 (n = 1, 3, . . .)
(�2.5)

¨  ´ ²μ£¨Î´μ° Ëμ·³Ê²¥ ¤²Ö ³μ³¥´É  (y0 − y0)m.

�μ²ÊÎ¥´μ 30 ¨Õ´Ö 2009 £.


