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 �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
¡Š § Ì¸±¨° ´ Í¨μ´ ²Ó´Ò° Ê´¨¢¥·¸¨É¥É ¨³.  ²Ó-” · ¡¨, �²³ -�É , Š § Ì¸É ´

‚ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ Ô±§μÉ¨Î¥¸± Ö ¸¨¸É¥³ , ¸μ¸ÉμÖÐ Ö ¨§  ¤·μ´ , Ö¤·  ¨ Ô²¥±É·μ´ , ±μÉμ·Ò¥
¢§ ¨³μ¤¥°¸É¢ÊÕÉ ³¥¦¤Ê ¸μ¡μ° ±Ê²μ´μ¢¸±¨³¨ ¶ ·´Ò³¨ ¸¨² ³¨, μ¡· §Ê¥É ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±ÊÕ
¸¨¸É¥³Ê,  ´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¨²¨ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê  ¤·μ´μ³ ¨ Ö¤·μ³. �μ± § ²¨,
ÎÉμ ¸É·Ê±ÉÊ·  ¤μ¡ ¢μÎ´μ£μ ¶μÉ¥´Í¨ ²  § ¢¨¸¨É ± ± μÉ § ·Ö¤μ¢μ°, É ± ¨ μÉ ¨§μÉμ¶¨Î¥¸±μ° ¸É·Ê±ÉÊ·
É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò. ˆ³¥´´μ  ¸¨³³¥É·¨Ö ± ± ¢ Ô²¥±É·¨Î¥¸±¨Ì § ·Ö¤ Ì, É ± ¨ ¢ ³ ¸¸ Ì ¸μ¸É ¢²Ö-
ÕÐ¨Ì Î ¸É¨Í μ¡¥¸¶¥Î¨¢ ¥É ¤μ²£μ¥ ¢·¥³Ö ¦¨§´¨ Ô±§μÉ¨Î¥¸±¨Ì ¸¨¸É¥³.

Starting from the supposition that an exotic system is comprised of a hadron, a nucleus and
an electron, which interact between each other by Coulomb pair forces, and forms a quantum-mechanical
system, the interaction potential between a hadron and a nucleus in an exotic atom is analytically derived.
It is shown that the structure of the additional potential depends on the three-body system charge structure
as well as on the isotopic one. Just this asymmetry in electric charges and in masses of the particles is
responsible for the long lifetime of the exotic systems.

PACS: 11.30Er, 25.43-t, 36.30.10-k, 67.40.kh
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨´É¥´¸¨¢´μ ¢¥¤ÊÉ¸Ö ± ± Ô±¸¶¥·¨³¥´É ²Ó´Ò¥, É ± ¨ É¥μ·¥É¨Î¥¸±¨¥
¨¸¸²¥¤μ¢ ´¨Ö ¶μ ¨§ÊÎ¥´¨Õ ¸É·Ê±ÉÊ·Ò ¨ ³¥Ì ´¨§³  Ëμ·³¨·μ¢ ´¨Ö Ô±§μÉ¨Î¥¸±¨Ì  Éμ³μ¢.
‚¶¥·¢Ò¥ ¡Ò² Ô±¸¶¥·¨³¥´É ²Ó´μ μ¡´ ·Ê¦¥´ ³Õμ´´Ò° Ô±§μÉ¨Î¥¸±¨°  Éμ³ [1],   ¢ ¤ ²Ó-
´¥°Ï¥³ ³Õμ´Ò ¸É ²¨ Ìμ·μÏ¨³ ¸·¥¤cÉ¢μ³ ¤²Ö ¨§ÊÎ¥´¨Ö ¸¢μ°¸É¢ Ö¤¥·, μ Î¥³ Ê¡¥¤¨É¥²Ó´μ
¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ μ¡§μ·Ò [2] ¨ É·Ê¤Ò ³´μ£μÎ¨¸²¥´´ÒÌ ±μ´Ë¥·¥´Í¨° [3]. 	Ò²μ ¤μ¸Éμ¢¥·´μ
¶μ¤É¢¥·¦¤¥´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ Ô±§μÉ¨Î¥¸±¨Ì  Éμ³μ¢ ¸ ³¥§μ´ ³¨ (μ, π, k, . . .) ¨ ¤·Ê£¨³¨ μÉ-
·¨Í É¥²Ó´Ò³¨ ¡ ·¨μ´ ³¨. ’ ±¨³ μ¡· §μ³, Ë¨§¨±  Ô±§μÉ¨Î¥¸±¨Ì  Éμ³μ¢ ¢¥¸Ó³  μ¡Ï¨·´ 
¨ · §´μμ¡· §´ . „ ´´ Ö · ¡μÉ  ¶μ¸¢ÖÐ¥´  ¨§ÊÎ¥´¨Õ ³¥Ì ´¨§³  Ëμ·³¨·μ¢ ´¨Ö Ô±§μÉ¨Î¥-
¸±¨Ì  Éμ³μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ Ö¤¥· ²¥£±¨Ì  Éμ³μ¢, Ô²¥±É·μ´  e− ¨  ¤·μ´μ¢, ¢ Î ¸É´μ¸É¨,
 ´É¨¶·μÉμ´  p. ‚ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¢¥¤ÊÉ¸Ö ¨¸¸²¥¤μ¢ ´¨Ö Ô±§μÉ¨Î¥¸±μ£μ  Éμ³  £¥²¨Ö
Hepe−, ¸μ¸ÉμÖÐ¥£μ ¨§ Ö¤·  £¥²¨Ö He++, Ô²¥±É·μ´  e− ¨  ´É¨¶·μÉμ´  p. �Éμ Ô±§μÉ¨Î¥-
¸±μ¥ ¸μ¸ÉμÖ´¨¥ ¡Ò²μ ¢¶¥·¢Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´μ μ¡´ ·Ê¦¥´μ ¢ ² ¡μ· Éμ·¨¨ Š…Š [4] ¨,
¶μ§¤´¥¥, ¢ Ô±¸¶¥·¨³¥´É¥ –…�� [5].

‚ É¥μ·¥É¨Î¥¸±¨Ì · ¡μÉ Ì, ¶μ¸¢ÖÐ¥´´ÒÌ ¨§ÊÎ¥´¨Õ Ô±§μÉ¨Î¥¸±μ£μ  Éμ³  £¥²¨Ö, ¸ ¡μ²Ó-
Ïμ° ÉμÎ´μ¸ÉÓÕ, ¢ μ¸´μ¢´μ³ ¸ ¶μ³μÐÓÕ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢, ¡Ò²¨ μ¶·¥¤¥²¥´Ò Ô´¥·£¥-
É¨Î¥¸±¨° ¸¶¥±É· ¨ ¶¥·¥Ìμ¤´Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ [6, 7] ¢ · ³± Ì ³μ¤¥²¨ Šμ´¤μ [8].
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨§¢¥¸É´μ, ÎÉμ  ´É¨¶·μÉμ´´Ò° ¨μ´ £¥²¨Ö Ö¢²Ö¥É¸Ö ¤μ²£μ¦¨¢ÊÐ¨³,
   ´É¨¶·μÉμ´´Ò° ¨μ´ ¢μ¤μ·μ¤  ´¥É. ‚μ§´¨± ÕÉ ¥¸É¥¸É¢¥´´Ò¥ ¢μ¶·μ¸Ò: ± ±¨¥ ³¥Ì -
´¨§³Ò μ¡¥¸¶¥Î¨¢ ÕÉ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¤μ²£μ¦¨¢ÊÐ¥£μ  ´É¨¶·μÉμ´´μ£μ £¥²¨Ö, ¶μ-
Î¥³Ê  ´É¨¶·μÉμ´´Ò° ¨μ´ ¢μ¤μ·μ¤  ´¥ Ö¢²Ö¥É¸Ö ¤μ²£μ¦¨¢ÊÐ¨³, ¸ÊÐ¥¸É¢ÊÕÉ ²¨ ¤μ²£μ-
¦¨¢ÊÐ¨¥  ´É¨¶·μÉμ´´Ò¥  Éμ³Ò ¤·Ê£¨Ì ²¥£±¨Ì Ö¤¥·. �μ ´ Ï¥³Ê ³´¥´¨Õ, ¢ μÉ¢¥É Ì
´  ¶μ¤μ¡´Ò¥ ¢μ¶·μ¸Ò ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó ¨£· ÕÉ  ´ ²¨É¨Î¥¸±¨¥ ³¥Éμ¤Ò ¢ÒÎ¨¸²¥´¨Ö,
É. ¥.  ´ ²¨É¨Î¥¸±μ¥ μ¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ö¤· ³¨ ¨  ¤·μ´ ³¨,
¢ Î ¸É´μ¸É¨,  ´É¨¶·μÉμ´μ³ ¢ Ô±§μÉ¨Î¥¸±μ³  Éμ³¥. ŒÒ É ±¦¥ ¸Î¨É ¥³, ÎÉμ  Éμ³Ò ¨ Ô±§μ-
É¨Î¥¸±¨¥  Éμ³Ò (��) Ö¢²ÖÕÉ¸Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³¨ ¸¨¸É¥³ ³¨, ±μÉμ·Ò¥ ¢§ ¨³μ-
¤¥°¸É¢ÊÕÉ ³¥¦¤Ê ¸μ¡μ° ¶μ¸·¥¤¸É¢μ³ ±Ê²μ´μ¢¸±¨Ì ¸¨². �μÔÉμ³Ê ³¥Ì ´¨§³Ò Ëμ·³¨·μ¢ -
´¨Ö ÔÉ¨Ì ¸¨¸É¥³ Å ± ±  Éμ³ , É ± ¨ �� Å ¤μ²¦´Ò μ¶·¥¤¥²ÖÉÓ¸Ö ¥¤¨´Ò³ μ¡· §μ³ ¢
· ³± Ì ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ Ëμ·³ ²¨§³ ,   ¸É ¡¨²Ó´μ¸ÉÓ ¨ ³¥É ¸É ¡¨²Ó´μ¸ÉÓ ¤ ´´μ°
¸¨¸É¥³Ò μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ ¢´ÊÉ·¥´´¨Ì ¶ · ³¥É·μ¢ ± ± ³ ¸¸Ò, É ± ¨ § ·Ö-
¤μ¢ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í. „·Ê£¨³¨ ¸²μ¢ ³¨, ¨§  ´É¨¶·μÉμ´´μ£μ £¥²¨Ö ¶·¨ Ê³¥´ÓÏ¥´¨¨
³ ¸¸Ò  ´É¨¶·μÉμ´  ¤μ ³ ¸¸Ò Ô²¥±É·μ´  ¤μ²¦´μ ¶μ²ÊÎ¨ÉÓ¸Ö ¸É ¡¨²Ó´μ¥ ¸μ¸ÉμÖ´¨¥  Éμ³ 
£¥²¨Ö. ‚ ¸¨¸É¥³¥ ppe− ¶·¨ Ê³¥´ÓÏ¥´¨¨ ³ ¸¸Ò  ´É¨¶·μÉμ´  ¤μ ³ ¸¸Ò Ô²¥±É·μ´  ³Ò
¤μ²¦´Ò ¶μ²ÊÎ¨ÉÓ μÉ·¨Í É¥²Ó´Ò° ¨μ´ ¢μ¤μ·μ¤  H−,   ¶·¨ § ³¥´¥ §´ ±  Ô²¥±É·¨Î¥¸±μ£μ
§ ·Ö¤   ´É¨¶·μÉμ´  Å ¨μ´ ³μ²¥±Ê²Ò ¢μ¤μ·μ¤  H+

2 . �É¨ ¸É ¡¨²Ó´Ò¥ ¨ ³¥É ¸É ¡¨²Ó-
´Ò¥ É·¥ÌÉ¥²Ó´Ò¥ ±Ê²μ´μ¢¸±¨¥ ¸¨¸É¥³Ò ¤μ²¦´Ò μ¶¨¸Ò¢ ÉÓ¸Ö ¥¤¨´Ò³ μ¡· §μ³ ¢ · ³± Ì
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¶μ¤Ìμ¤ ,   ¶¥·¥Ìμ¤ μÉ μ¤´μ° ¸¨¸É¥³Ò ± ¤·Ê£μ° μ¸ÊÐ¥¸É¢²ÖÉÓ¸Ö
¶·μ¸Éμ° § ³¥´μ° ¢´ÊÉ·¥´´¥£μ ¶ · ³¥É·  ¤ ´´μ° ¸¨¸É¥³Ò.

–¥²ÓÕ ¤ ´´μ° · ¡μÉÒ Ö¢²Ö¥É¸Ö μ¡ÑÖ¸´¥´¨¥ ³¥Ì ´¨§³  Ëμ·³¨·μ¢ ´¨Ö Ô±§μÉ¨Î¥¸±¨Ì
 Éμ³μ¢ ¨  ´ ²¨É¨Î¥¸±μ¥ μ¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê  ¤·μ´μ³ ( ´É¨-
¶·μÉμ´μ³) ¨ ²¥£±¨³¨ Ö¤· ³¨,   É ±¦¥ ¢ÒÎ¨¸²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  �� ²¥£±¨Ì
Ö¤¥· ¢ · ³± Ì ³¥Éμ¤  μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (��) [9].

1. ���…„…‹…�ˆ… ’…�Œ� „‚“• Š“‹���‚‘Šˆ• –…�’��‚
‚ �‘–ˆ‹‹Ÿ’����Œ ��…„‘’�‚‹…�ˆˆ

1.1. ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö. � ¸¸³μÉ·¨³ É·¥ÌÉ¥²Ó´ÊÕ ¸¨¸É¥³Ê ¸ ±Ê²μ´μ¢¸±¨³
¢§ ¨³μ¤¥°¸É¢¨¥³. �Ê¸ÉÓ m1, m2, m3 Å ³ ¸¸Ò,   Z1e, −Z2e, −Z3e Å § ·Ö¤Ò Î ¸É¨Í
¸μμÉ¢¥É¸É¢¥´´μ. ƒ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸É ´¤ ·É´μ³ ¢¨¤¥

H =
1
2

3∑
j=1

1
mj

P2
j −

Z1Z2e
2

|r1 − r2|
− Z1Z3e

2

|r1 − r3|
+

Z3Z2e
2

|r2 − r3|
. (1.1)

‚Ò¡¨· Ö ¸¨¸É¥³Ê Í¥´É·  ³ ¸¸ z ¨ ±μμ·¤¨´ ÉÒ Ÿ±μ¡¨ {x,y} ¢ ¢¨¤¥

r1 =
m2

m1 + m2
x +

m3

m1 + m2 + m3
y + z;

r2 = − m1

m1 + m2
x +

m3

m1 + m2 + m3
y + z;

r3 = − m1 + m2

m1 + m2 + m3
y + z,

(1.2)
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  É ±¦¥ ¶·μ¢μ¤Ö ´¥±μÉμ·Ò¥ Ê¶·μÐ¥´¨Ö, ¨§ (1.1) ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¸¨¸É¥³Ò ¶μ²ÊÎ ¥³

H =
1

2M
P2

x +
1
2μ

P2
y − Z1Z2e

2

x
− Z1Z3e

2

|xM/m1 + y| +
Z3Z2e

2

|xM/m2 − y| . (1.3)

‡¤¥¸Ó ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¶μ²´μ° ¸¨¸É¥³Ò μ¶ÊÐ¥´  ¨ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

M =
m1m2

m1 + m2
; μ =

(m1 + m2)m3

m1 + m2 + m3
. (1.4)

„²Ö Ê¤μ¡¸É¢  ¢ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ¶¥·¥Ìμ¤¨³ ± ¡¥§· §³¥·´Ò³ ¶¥·¥³¥´´Ò³ R, r:

x =
1

M e2
R; y =

1√
Mμ e2

r. (1.5)

’μ£¤  Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (“˜) § ¶¨¸Ò¢ ¥É¸Ö[
1
2
P2

r +
1
2
P2

R − Z1Z2

R
− Z1Z3λ

|r + c1R| +
Z3Z2λ

|r − c2R| +
U

2

]
Ψ(R, r) = 0. (1.6)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

λ = c1 + c2; cj =
1

mj

√
m1m2m3

m1 + m2 + m3
; j = 1, 2. (1.7)

�´¥·£¨Ö E É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò ¶ · ³¥É·¨§μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

E = −e4

2
m1m2

m1 + m2
U, (1.8)

£¤¥ U Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·, μ¶·¥¤¥²ÖÕÐ¨° Ô´¥·£¨Õ ¸¨¸É¥³Ò.
‡ ¤ Î  ¸μ¸Éμ¨É ¢ μ¶·¥¤¥²¥´¨¨ ¨§ “˜ (1.6) ¶ · ³¥É·  U ¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ (‚”)

¸¨¸É¥³Ò ¢ · ³± Ì ³¥Éμ¤  �� [9].
1.2. „¢ÊÌÍ¥´É·μ¢μ¥  ¤¨ ¡ É¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥. �¤¨ ¡ É¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥ Ö¢-

²Ö¥É¸Ö μ¤´¨³ ¨§ ¸ ³ÒÌ · ¸¶·μ¸É· ´¥´´ÒÌ ³¥Éμ¤μ¢ ¢ Ë¨§¨±¥ ¨ § ±²ÕÎ ¥É¸Ö ¢ ¶·¨¡²¨-
¦¥´´μ³ · §¤¥²¥´¨¨ ®¡Ò¸É·ÒÌ¯ ¨ ®³¥¤²¥´´ÒÌ¯ ¶¥·¥³¥´´ÒÌ ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò. ‚
±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ (ŠŒ) μ¸´μ¢Ò  ¤¨ ¡ É¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö ¡Ò²¨ § ²μ¦¥´Ò 	μ·-
´μ³ ¨ �¶¶¥´£¥°³¥·μ³ [10],   § É¥³ 	μ·´μ³ ¨ ”μ±μ³ [11] ¤²Ö ·¥Ï¥´¨Ö “˜. ‚ ¤ ´´μ³
¶Ê´±É¥ ¨§²μ¦¨³ ¤¥É ²¨ ¶·¨³¥´¥´¨Ö ¤¢ÊÌÍ¥´É·μ¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ·¥Ï¥´¨Ö “˜ ¢
±Ê²μ´μ¢¸±μ° É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³¥ ¢ · ³± Ì ��.

	Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ É·¥ÌÉ¥²Ó´ÊÕ ±Ê²μ´μ¢¸±ÊÕ ¸¨¸É¥³Ê, ¸μ¸ÉμÖÐÊÕ ¨§ Ö¤· ,  ¤·μ´ 
¨ Ô²¥±É·μ´ . Ÿ¤·μ,  ´É¨¶·μÉμ´ ¨ ³¥§μ´Ò Ö¢²ÖÕÉ¸Ö ¤μ¢μ²Ó´μ ÉÖ¦¥²Ò³¨ Î ¸É¨Í ³¨ ¶μ
¸· ¢´¥´¨Õ ¸ Ô²¥±É·μ´μ³. �μÔÉμ³Ê ¶·¨ μ¶·¥¤¥²¥´¨¨ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨ ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¤ ´´μ° ¸¨¸É¥³Ò ¢¶μ²´¥ ¢μ§³μ¦´μ ¶·¨³¥´¥´¨¥ ¤¢ÊÌÍ¥´É·μ¢μ£μ  ¤¨ ¡ É¨Î¥¸±μ£μ
¶·¨¡²¨¦¥´¨Ö [12]. ‚ ¤¢ÊÌÍ¥´É·μ¢μ³ ¶·¨¡²¨¦¥´¨¨ ‚” ¸¨¸É¥³Ò ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

Ψ(R, r) = χ(R)Φ(R, r), (1.9)

£¤¥ Φ(R, r) Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò, ±μÉμ· Ö μ¡ÒÎ´μ μ¶·¥¤¥²Ö¥É¸Ö ± ±

Φ(R, r) =
eimϕ

√
2π

Φ̃m(R; ρ, z). (1.10)
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‡¤¥¸Ó ϕ Å  §¨³ÊÉ ²Ó´Ò° Ê£μ²,   m Å  §¨³ÊÉ ²Ó´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ. ‘ ÊÎ¥Éμ³ (1.9)
¨ (1.10) ¢ Í¨²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° § ¶¨¸Ò¢ ¥É¸Ö{

− 1
2

[
∂2

∂ρ2
+

1
ρ

∂

∂ρ
− m2

ρ2
+

∂2

∂z2

]
− Z1Z3λ√

ρ2 + z2 + 2c1Rz + c2
1R

2
+

+
Z2Z3λ√

ρ2 + z2 − 2c2Rz + c2
2R

2

}
Φ̃m (R; ρ, z) = Er(R)Φ̃m (R; ρ, z) , (1.11)

£¤¥ Er(R) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ £ ³¨²ÓÉμ´¨ ´  ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò. ‚ (1.11)
¶¥·¥³¥´´ Ö R · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¢´¥Ï´¨° ¶ · ³¥É·. ‘É ´¤ ·É´μ¥ ¢ÒÎ¨¸²¥´¨¥ μ¡ÒÎ´μ
¶·¨¢μ¤¨É ± ¢ÒÉÖ´ÊÉÒ³ ¸Ë¥·μ¨¤ ²Ó´Ò³ ±μμ·¤¨´ É ³ [13], ¶·¨ ÔÉμ³ ¶ · ³¥É· R μ¶·¥¤¥-
²Ö¥É Ëμ±Ê¸´μ¥ · ¸¸ÉμÖ´¨¥,   Er(R) ´ §Ò¢ ¥É¸Ö É¥·³μ³ Ô´¥·£¥É¨Î¥¸±¨Ì Ê·μ¢´¥°. ‚ ¢ÒÉÖ-
´ÊÉÒÌ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ¸¨¸É¥³ Ì ±μμ·¤¨´ É “˜, ¶·¥¤¸É ¢²¥´´μ¥ ¢ (1.11), ¤μ¶Ê¸± ¥É · §¤¥-
²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¨ ¶μ²ÊÎ ¥É¸Ö ¤¢  Ê· ¢´¥´¨Ö, ±μÉμ·Ò¥ ·¥Ï ÕÉ¸Ö Éμ²Ó±μ Î¨¸²¥´´Ò³¨
³¥Éμ¤ ³¨ (¶μ¤·μ¡´μ ¸³. ¢ [13, 14]). ‚ ¤ ´´μ° · ¡μÉ¥ ¤²Ö μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ
É¥·³  Er(R) ¶·¨³¥´¨³ ³¥Éμ¤ ��.

2. „‚“•–…�’��‚�… ��ˆ	‹ˆ†…�ˆ… ‚ ��

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± ¢ÒÎ¨¸²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ É¥·³  Er(R) ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò
¢ · ³± Ì ³¥Éμ¤  ��. „²Ö ÔÉμ£μ ¶·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

ρ = 2
√

ρ1ρ2, z = (ρ1 − ρ2) (2.1)

¨ ¶¥·¥°¤¥³ ± ¶ · ¡μ²¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É. �μ¸²¥ ´¥μ¡Ìμ¤¨³ÒÌ ¢ÒÎ¨¸²¥´¨°
¨§ (1.11) ¨³¥¥³{

− 1
2

[
ρ1

∂2

∂ρ1
2

+
∂

∂ρ1
+ ρ2

∂2

∂ρ2
2

+
∂

∂ρ2
− m2

4ρ1
− m2

4ρ2

]
−

− (ρ1 + ρ2)Er −
Z1Z3λ(ρ1 + ρ2)√

(ρ1 + ρ2)2 + 2c1R(ρ1 − ρ2) + c2
1R

2
+

+
Z2Z3λ (ρ1 + ρ2)√

(ρ1 + ρ2)2 − 2c2R(ρ1 − ρ2) + c2
2R

2

}
Φ̃m (r; ρ1, ρ2) = 0. (2.2)

„²Ö μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ É¥·³  Er(R) ¨§ (2.1) ¶·¨³¥´¨³ ³¥Éμ¤ ��. �¥·¥¤ É¥³
± ± μ¶·¥¤¥²¨ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¨§ “˜ (2.1) ¸ ¶μ³μÐÓÕ
³¥Éμ¤  �� [9], Ê³¥¸É´μ ´ ¶μ³´¨ÉÓ, ÎÉμ ÔÉμÉ ³¥Éμ¤ μ¸´μ¢ ´ ´  ¨¤¥ÖÌ ¨ ³¥Éμ¤ Ì ±¢ ´Éμ-
¢μ° É¥μ·¨¨ ¸± ²Ö·´μ£μ ¶μ²Ö. �¤´¨³ ¨§ ¸ÊÐ¥¸É¢¥´´ÒÌ μÉ²¨Î¨° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö
(Š’�) μÉ ŠŒ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ±¢ ´Éμ¢ ´´Ò¥ ¶μ²Ö, ¶·¥¤¸É ¢²ÖÕÐ¨¥ ´ ¡μ· ¡¥¸±μ´¥Î´μ£μ
Î¨¸²  μ¸Í¨²²ÖÉμ·μ¢ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨²¨ ¢ ±ÊÊ³ , ¶·¨ ±¢ ´Éμ¢μ-¶μ²¥¢μ³ ¢§ ¨-
³μ¤¥°¸É¢¨¨ ¸μÌ· ´ÖÕÉ ¸¢μÕ μ¸Í¨²²ÖÉμ·´ÊÕ ¶·¨·μ¤Ê. ‚ ŠŒ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¤²Ö
¡μ²ÓÏ¨´¸É¢  ¶μÉ¥´Í¨ ²μ¢, ± ± ¶· ¢¨²μ, μÉ²¨Î ÕÉ¸Ö μÉ £ Ê¸¸μ¢μ£μ ¶μ¢¥¤¥´¨Ö μ¸Í¨²²Ö-
Éμ·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨. �μÔÉμ³Ê ¤²Ö ¶·¨³¥´¥´¨Ö ³¥Éμ¤μ¢ ¨ ¨¤¥¨ Š’� ± ·¥Ï¥´¨Õ
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±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì § ¤ Î ¸²¥¤Ê¥É ¢ ¨¸Ìμ¤´μ³ · ¤¨ ²Ó´μ³ “˜ ¶·μ¢¥¸É¨ § ³¥´Ê ¶¥-
·¥³¥´´ÒÌ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ
μ¡² ¤ ²  £ Ê¸¸μ¢Ò³ ¶μ¢¥¤¥´¨¥³. ‡ É¥³ ¶·¥μ¡· §μ¢ ´´μ¥ Ê· ¢´¥´¨¥ ¨¤¥´É¨Ë¨Í¨·Ê¥É¸Ö ¸
· ¤¨ ²Ó´Ò³ “˜ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¡μ²ÓÏμ° · §³¥·´μ¸ÉÓÕ [9]. �É³¥É¨³, ÎÉμ ¢¶¥·¢Ò¥ ¶μ-
Ìμ¦ Ö ¨¤¥Ö ¢Ò¤¢¨£ ² ¸Ó ”μ±μ³ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ μ ¸¶¥±É·¥  Éμ³  ¢μ¤μ·μ¤  ¸ ¶μ³μÐÓÕ
É· ´¸Ëμ·³ Í¨¨ ¢ Î¥ÉÒ·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¨³¶Ê²Ó¸μ¢ [15].

‘²¥¤ÊÖ ”μ±Ê [16], ¡Ê¤¥³ ¸Î¨É ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢´Ê-
É·¥´´¥° ¸¨¸É¥³Ò ±Ê²μ´μ¢¸±¨³. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨§²μ¦¥´´Ò³ ¢ÒÏ¥ ¶·μ¢¥¤¥³ § ³¥´Ê
¶¥·¥³¥´´ÒÌ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ (¤¥É ²¨ ¸³. ¢ [9]):

ρk = q2
k ¨ Φ̃m = q

|m|
1 q

|m|
2 Ψm

(
q2
1 , q

2
2

)
, k = 1, 2. (2.3)

ˆ¸¶μ²Ó§ÊÖ  Éμ³´ÊÕ ¸¨¸É¥³Ê ¥¤¨´¨Í (� = 1, e = 1, c = 1), ¶μ²ÊÎ¨³ ¨§ (2.1) ¤²Ö “˜{
− 1

2

2∑
j=1

[
∂2

∂q2
j

+
d − 1

qj

∂

∂qj

]
−

4Z1Z3λ
(
q2
1 + q2

2

)√
(q2

1 + q2
2)

2 + 2c1R (q2
1 − q2

2) + c2
1R

2

−

− 4Er

(
q2
1 + q2

2

)
+

4Z2Z3λ
(
q2
1 + q2

2

)√
(q2

1 + q2
2)2 − 2c2R (q2

1 − q2
2) + c2

2R
2

}
Ψm

(
q2
1 , q2

2

)
= 0, (2.4)

£¤¥ d Å · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢ :

d = 2 + 2|m|. (2.5)

‚ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ³Ò ¶μ²ÊÎ¨²¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´-
£¥·  ¢ d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd. ˆ§ (2.4) ¨ (2.5) ¸²¥¤Ê¥É, ÎÉμ  §¨³Ê-
É ²Ó´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ m ¢μÏ²μ ¢ μ¶·¥¤¥²¥´¨¥ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢  d. „ ´´Ò°
¶·¨¥³ ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ ¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ Ì · ±É¥·¨¸É¨±¨,   ¨³¥´´μ, ¸¶¥±É·
¨ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ, ·¥Ï Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜ Éμ²Ó±μ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢
d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd. ‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψm(q2

1 , q
2
2) μ¸´μ¢´μ£μ

¸μ¸ÉμÖ´¨Ö ¢ Rd § ¢¨¸¨É Éμ²Ó±μ μÉ ¶¥·¥³¥´´ÒÌ q2
1 , q

2
2 . �μÔÉμ³Ê μ¶¥· Éμ·

∂2

∂qk
2

+
d − 1
qk

∂

∂qk
≡ �qk

, k = 1, 2, (2.6)

μÉμ¦¤¥¸É¢¨³ ¸ ² ¶² ¸¨ ´μ³ �qk
¢μ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd, ±μÉμ·Ò° ¤¥°-

¸É¢Ê¥É ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, § ¢¨¸ÖÐÊÕ Éμ²Ó±μ μÉ · ¤¨Ê¸  qk.
‘μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜

HΨm(q1, q2) = ε(Er)Ψm(q1, q2) (2.7)

· ¢´μ ´Ê²Õ. �μÔÉμ³Ê ¨¸±μ³μ¥ §´ Î¥´¨¥ Ô´¥·£¨¨ μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³

ε(Er) = 0. (2.8)

	Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ± ± Ê¸²μ¢¨¥ μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· 
Er £ ³¨²ÓÉμ´¨ ´  (1.11). ‘²¥¤ÊÖ ³¥Éμ¤Ê �� [9], ¶·¥¤¸É ¢¨³ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥
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Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ Rd:

q
(k)
j =

ak
j + ak+

j√
2ωk

; P
(k)
j =

√
ωk

2
ak

j − ak+
j

i
;

(2.9)

k = 1, 2; j = 1, . . . , d, [ak
i , ak+

j ] = δi,j ,

£¤¥ ωk Å Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ· , ±μÉμ· Ö ¶μ±  ´¥¨§¢¥¸É´ . �μ¤¸É ¢²ÖÖ (2.9) ¢ (2.4) ¨
Ê¶μ·Ö¤μÎ¨¢ Ö ¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö, ¶μ²ÊÎ ¥³

H = H0 + ε0(Er) + HI . (2.10)

‡¤¥¸Ó H0 Ö¢²Ö¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³ ¤¢ÊÌ ´¥¸¢Ö§ ´´ÒÌ μ¸Í¨²²ÖÉμ·μ¢

H0 = ω1(a+
j (1)aj(1)) + ω2(a+

j (2)aj(2)), (2.11)

  ε0(Er) Å Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ �� [9], ±μÉμ· Ö
¨³¥¥É ¢¨¤

ε0(Er) =
d

4
ω1 +

d

4
ω2 − 2

dEr

ω1
− 2

dEr

ω2
− 4 (ω1ω2)

d/2 ×

×
∞∫
0

∞∫
0

dβ1dβ2

Γ2(d/2)

[
Z1Z3λ (β1β2)

d/2−1 (β1 + β2)√
(β1 + β2)

2 + 2c1R (β1 − β2) + c2
1R

2

−

− Z2Z3λ (β1β2)
d/2−1 (β1 + β2)√

(β1 + β2)
2 − 2c2R (β1 − β2) + c2

2R
2

]
exp{−ω1β1 − ω2β2}. (2.12)

ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö HI É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶μ μ¶¥-
· Éμ· ³ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö, ¶·¨Î¥³ μ´ ´¥ ¸μ¤¥·¦¨É ±¢ ¤· É¨Î´ÒÌ ¸² £ ¥³ÒÌ ¶μ
± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³:

HI = − ∂

∂β

∞∫
0

dt√
πt

∞∫
−∞

dτ√
π

e−τ2
∫ (

dη1√
π

)d ∫ (
dη2√

π

)d

e−η2
1−η2

24Z3λ×

×
[
Z1 exp

{
−(c1R)2t − η2

1

μ+
1

ω
− η2

2

μ−
1

ω

}
F

(
2i

√
μ+

1 (η1q1); 2i

√
μ−

1 (η2q2)
)
−

− Z2 exp
{
−(c2R)2t − η2

1

μ−
2

ω
− η2

2

μ+
2

ω

}
F

(
2i

√
μ−

2 (η1q1); 2i

√
μ+

2 (η2q2)
) ]∣∣∣∣∣

β=0

, (2.13)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

F (y1; y2) =: e−y1
2 :: e−y2

2 : + : e−y2
2 :

(
1 +

1
2

: y2
1 :

)
+ : e−y1

2 :
(

1 +
1
2

: y2
2 :

)
;

μ±
1 = β ± 2Rc1t + 2i

√
tτ ;

μ±
2 = β ± 2Rc2t + 2i

√
tτ.
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‡¤¥¸Ó : � : Ö¢²Ö¥É¸Ö ¸¨³¢μ²μ³ ´μ·³ ²Ó´μ£μ Ê¶μ·Ö¤μÎ¥´¨Ö ¨ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ μ¡μ§´ Î¥´¨¥
ex
2 = ex − 1 − x − x2/2. �¥±μÉμ·Ò¥ ¤¥É ²¨ ¶·¥¤¸É ¢²¥´¨Ö £ ³¨²ÓÉμ´¨ ´  ¢ ´μ·³ ²Ó´μ°

Ëμ·³¥ ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ �.
‚±² ¤ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö HI · ¸¸³ É·¨¢ ¥É¸Ö ± ± ³ ²μ¥ ¢μ§³ÊÐ¥´¨¥. ‚

±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¶μ¸²¥ ¶·¥¤¸É ¢²¥´¨Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ´μ·³ ²Ó-
´μ° Ëμ·³¥ É·¥¡μ¢ ´¨¥ μÉ¸ÊÉ¸É¢¨Ö ¢ ´¥³ ¶μ²¥¢ÒÌ μ¶¥· Éμ·μ¢ ¢Éμ·μ° ¸É¥¶¥´¨ ¶μ ¸ÊÐ¥-
¸É¢Ê Ô±¢¨¢ ²¥´É´μ ¶¥·¥´μ·³¨·μ¢± ³ ³ ¸¸Ò ¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ [17]. ’ ± Ö ¶·μÍ¥¤Ê· 
¶μ§¢μ²Ö¥É ÊÎ¥¸ÉÓ μ¸´μ¢´μ° ±¢ ´Éμ¢Ò° ¢±² ¤ Î¥·¥§ ¶¥·¥´μ·³¨·μ¢±Ê ³ ¸¸ ¨ Ô´¥·£¨¨ ¢ -
±ÊÊ³ . „·Ê£¨³¨ ¸²μ¢ ³¨, ¢¸¥ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò ¶μ²´μ¸ÉÓÕ ¢±²ÕÎ¥´Ò ¢ £ ³¨²ÓÉμ´¨ ´
¸¢μ¡μ¤´μ£μ μ¸Í¨²²ÖÉμ· . „ ´´μ¥ É·¥¡μ¢ ´¨¥ ¶μ§¢μ²Ö¥É ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¸μ£² ¸´μ μ¸Í¨²-
²ÖÉμ·´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ Ê¸²μ¢¨Ö [9]

∂ε0(E)
∂ω1

= 0,
∂ε0(E)

∂ω2
= 0 (2.14)

¤²Ö ´ Ìμ¦¤¥´¨Ö Î ¸ÉμÉÒ ω1 ¨ ω2 ´¥¸¢Ö§ ´´ÒÌ μ¸Í¨²²ÖÉμ·μ¢, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ μ¸´μ¢-
´μ° ±¢ ´Éμ¢Ò° ¢±² ¤. ’ ±¨³ μ¡· §μ³, ÊÎ¨ÉÒ¢ Ö (2.12), ¨§ Ê· ¢´¥´¨° (2.8) ¨ (2.14) ³Ò
³μ¦¥³ μ¶·¥¤¥²¨ÉÓ Ô´¥·£¨Õ Er ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò ± ± ËÊ´±Í¨Õ μÉ ¶ · ³¥É·  R.

‚ �� ¶¥·¢ Ö ¶μ¶· ¢±  ¶μ £ ³¨²ÓÉμ´¨ ´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ,
¢ Éμ ¢·¥³Ö ± ± ¢Éμ· Ö ¶μ¶· ¢±  ¸μ¸É ¢²Ö¥É ³¥´¥¥ μ¤´μ£μ ¶·μÍ¥´É , ¨ ·Ö¤ É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨° ¡Ò¸É·μ ¸Ìμ¤¨É¸Ö. �É¨ ·¥§Ê²ÓÉ ÉÒ ¡Ò²¨ ¶·μ¢¥·¥´Ò ¤²Ö · §²¨Î´ÒÌ ¢¨¤μ¢ ¶μ-
É¥´Í¨ ²μ¢ [18, 19], ¨ ¶μ± § ´  ¢Ò¸μ± Ö ÉμÎ´μ¸ÉÓ ´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ��. �μÔÉμ³Ê
¶·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ³Ò ¡Ê¤¥³ μ£· ´¨Î¨¢ ÉÓ¸Ö · ¸¸³μÉ·¥´¨¥³ Éμ²Ó±μ ´Ê²¥¢μ£μ
¶·¨¡²¨¦¥´¨Ö ��.

3. ���…„…‹…�ˆ… ‡�‚ˆ‘ˆŒ�‘’ˆ ’…�Œ�‚
„‚“• Š“‹���‚‘Šˆ• –…�’��‚ �’ R

�·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ § ¢¨¸¨³μ¸É¨ É¥·³  ¤¢ÊÌ ±Ê²μ´μ¢¸±¨Ì Í¥´É·μ¢ μÉ ¶ · ³¥É· 
R ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��. “Î¨ÉÒ¢ Ö (2.12), ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.8) ¨ (2.14)
μ¶·¥¤¥²¨³ Î ¸ÉμÉÊ μ¸Í¨²²ÖÉμ·  ω1 ¨ ω2,   É ±¦¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¢´ÊÉ·¥´´¥°
¸¨¸É¥³Ò Er(R) ± ± ËÊ´±Í¨Õ ¶ · ³¥É·  R. Šμ´¥Î´μ, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ¨ ¸¨¸É¥³Ò
 ´ ²¨É¨Î¥¸±¨ ´¥ ·¥Ï ÕÉ¸Ö, ¶μÔÉμ³Ê · ¸¸³μÉ·¨³ Î ¸É´Ò° ¸²ÊÎ °, ±μ£¤  R = 0. ’μ£¤ 
¨§ (2.12) ¨³¥¥³

ε0(Er) =
dω1

4
+

dω2

4
− 2dEr

ω1
− 2dEr

ω2
+ 4Z3λ(Z1 − Z2). (3.1)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ (2.14) ¶μ²ÊÎ ¥³

ω1 = ω2 =
√
−8Er. (3.2)

— ¸ÉμÉÒ μ¸Í¨²²ÖÉμ·μ¢ μ¤¨´ ±μ¢Ò. � ¸¸³μÉ·¨³ ¤·Ê£μ° ¶·¥¤¥²Ó´Ò° ¸²ÊÎ °, ±μ£¤  R = ∞.
’μ£¤  ¨§ (2.12) ¨³¥¥³

ε0(Er) =
dω1

4
+

dω2

4
− 2dEr

ω1
− 2dEr

ω2
. (3.3)
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’ ±¨³ μ¡· §μ³, ¢ ¶·¥¤¥² Ì R = 0 ¨²¨ R = ∞ Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ·μ¢ · ¢´Ò,   É¥·³Ò
μ¶·¥¤¥²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨. ’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ·μ¢ ¨
É¥·³μ¢ ¤¢ÊÌ ±Ê²μ´μ¢¸±¨Ì Í¥´É·μ¢ ¶·¨ ¸²¥¤ÊÕÐ¥³ §´ Î¥´¨¨ ¶ · ³¥É·  R: 0 < R < ∞.
‚¢μ¤¨³ ´μ¢Ò¥ ¶ · ³¥É·Ò

ω+ =
ω1 + ω2

2
, ω− =

ω1 − ω2

2
, (3.4)

¨ ÔÉ¨ ¶ · ³¥É·Ò É ±¦¥ § ¢¨¸ÖÉ μÉ R. ‘μ£² ¸´μ (3.2) ¶·¨ R = 0 ¨ R = ∞ ¶ · ³¥É· ω−
· ¢¥´ ´Ê²Õ, É. ¥. ¶ · ³¥É· μ¶·¥¤¥²Ö¥É ¤¨¶μ²Ó´Ò° Ì · ±É¥· ¢§ ¨³μ¤¥°¸É¢¨Ö.

‚ ÔÉ¨Ì ¶ · ³¥É· Ì (3.4) Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜ ¢ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (m = 0) ¢Ò· ¦ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ε0(Er) = ω+ − 8Erω+

ω2
+ − ω2

−
− 4

(
ω2

+ − ω2
−

) ∞∫
0

∞∫
0

dβ1dβ2 exp {−ω+ (β1 + β2) −

− ω− (β1 − β2)}
[

Z1Z3λ (β1 + β2)√
(β1 + β2)2 + 2c1R(β1 − β2) + c2

1R
2
−

− Z2Z3λ (β1 + β2)√
(β1 + β2)2 − 2c2R(β1 − β2) + c2

2R
2

]
. (3.5)

„²Ö ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨° ¶·μ¢μ¤¨³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

β1 =
s + t√

2
; β2 =

t − s√
2

; s = xt;
(3.6)

ω = ω+; γ =
ω−
ω+

; bj = cjR; j = 1, 2,

¨ ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨§ (3.5) ¨³¥¥³

ε0(Er) = ω − 8Er

ω

1
1 − γ2

− 2ω2
(
1 − γ2

)
×

×
∞∫
0

dtt2
1∫

−1

dx
{
Z1b

2
1 e−b1tω(1+xγ) − Z2b

2
2 e−b2tω(1−xγ)

} Z3λ√
1 + 2xt + t2

. (3.7)

’μ£¤  ¸μ£² ¸´μ (2.8), (2.14) ¨ (3.7) É¥·³Ò ¤¢ÊÌ ±Ê²μ´μ¢¸±¨Ì Í¥´É·μ¢ μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³:

Er = min
ω,γ

{
ω2

(
1 − γ2

)
8

−
ω3

(
1 − γ2

)2

4
×

×
∞∫
0

dtt2
1∫

−1

dx
[
Z1b

2
1 e−b1tω(1+xγ) − Z2b

2
2 e−b2tω(1−xγ)

] Z3λ√
1 + 2xt + t2

}
. (3.8)
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ˆ´É¥£· ² ¢ (3.8) ´ Ìμ¤¨É¸Ö Î¨¸²¥´´μ. �¤´ ±μ ¶·¨ γ � 1 ¥£μ ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ  ´ -
²¨É¨Î¥¸±¨, ¶·μ¢μ¤Ö · §²μ¦¥´¨¥ ¶μ ¸É¥¶¥´Ö³ γ. „¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ ¢ ÔÉμ³
¶·¨¡²¨¦¥´¨¨ ¶·¥¤¸É ¢²¥´Ò ¢ ¶·¨²μ¦¥´¨¨ 	. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö É¥·³  Er ¨§ (3.8) ¶μ²Ê-
Î ¥³

Er =
ω2

8
− Z3ωλ

8

[
Z1J

(0)
1 (R) − Z2J

(0)
2 (R)

]
−

− 1
2

Z3λω
[
Z1J

(1)
1 (R) + Z2J

(1)
2 (R)

]
4

[
Z1J

(0)
1 (R) − Z2J

(0)
2 (R)

]
−

[
Z1J

(2)
1 (R) − Z2J

(2)
2 (R)

] , (3.9)

¨, ± ± μ¡ÒÎ´μ, Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

ω − 2Z1Z3λ (1 + ωc1R) e−ωc1R + 2Z2Z3λ (1 + ωc2R) e−ωc2R = 0. (3.10)

‚ (3.9) ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

J
(0)
j (R) = 2

1 − e−ωbj

ωbj
− e−ωbj ; j = 1, 2;

J
(1)
j (R) = 8

1 − e−ωbj

ω2b2
j

− 8
e−ωbj

ωbj
− 4 e−ωbj − ωbj e−ωbj ;

J
(2)
j (R) = 96

1 − e−ωbj

ω3b3
j

− 96
e−ωbj

ω2b2
j

− 48
e−ωbj

ωbj
+

+ 8
1 − e−ωbj

ωbj
− 22 e−ωbj − 6ωbj e−ωbj − ω2b2

j e−ωbj .

(3.11)

ŒÒ ¶μ²ÊÎ¨²¨  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö É¥·³  ¤¢ÊÌ ±Ê²μ´μ¢¸±¨Ì ¸¨¸É¥³. ˆ§ ¢Ò· ¦¥-

´¨Ö (3.11) ³μ¦´μ ²¥£±μ Ê¸É ´μ¢¨ÉÓ, ÎÉμ ¢ ¶·¥¤¥²¥ R → 0 J
(0)
j ¨ J

(2)
j ¸É·¥³ÖÉ¸Ö ± ¶μ¸Éμ-

Ö´´Ò³,   J
(1)
j (R) ¸É ´μ¢¨É¸Ö ¶·μ¶μ·Í¨μ´ ²Ó´Ò³ J

(1)
j ∼ R.

’ ±¨³ μ¡· §μ³, ¢±² ¤ ¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ¢ (3.9) ¶·¨ R = 0 ¨ R = ∞ · ¢¥´
´Ê²Õ, É. ¥. ¨³¥´´μ ÔÉμ ¸² £ ¥³μ¥ μ¶·¥¤¥²Ö¥É ¤¨¶μ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¤¢ÊÌ ±Ê²μ´μ¢¸±¨Ì
¸¨¸É¥³ ¶·¨ ¤ ´´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  R: 0 < R < ∞.

�¡ÒÎ´μ ¢ ¤¢ÊÌÔ²¥±É·μ´´μ³  Éμ³¥ ¤¨¶μ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ Ö¢²Ö¥É¸Ö ±¢ ¤· É¨Î´μ-
¶·μ¶μ·Í¨μ´ ²Ó´Ò³ ´ ¶·Ö¦¥´´μ¸É¨ ¢´¥Ï´¥£μ ¶μ²Ö. �¤´ ±μ ¨§ (3.8) ¨ (3.9) ¢¨¤´μ, ÎÉμ
· §²¨Î¨¥ ³ ¸¸ Ô²¥±É·μ´  ¨  ¤·μ´  ( ´É¨¶·μÉμ´ ) ¢ �� ¶·¨¢μ¤¨É ± ¤¨¶μ²Ó´μ³Ê ¢§ ¨-
³μ¤¥°¸É¢¨Õ ´¥ ±¢ ¤· É¨Î´μ-¶·μ¶μ·Í¨μ´ ²Ó´μ³Ê,   ²¨´¥°´μ³Ê, ± ± ¢  Éμ³¥ ¢μ¤μ·μ¤ .
�μÔÉμ³Ê · ¤¨ Í¨μ´´Ò¥ ¶¥·¥Ìμ¤Ò ¢ ÔÉ¨Ì ��, ¸¢Ö§ ´´Ò¥ ¸ ¤¨¶μ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³,
¡μ²¥¥ ¨´É¥´¸¨¢´Ò, Î¥³ ¢  ´ ²μ£¨Î´ÒÌ  Éμ³ Ì.

4. ��…�ƒ…’ˆ—…‘Šˆ‰ ‘�…Š’� ‘ˆ‘’…Œ›

“Î¨ÉÒ¢ Ö (1.9) ¨ (1.11) ¨ ¶·μ¢μ¤Ö Ê¸·¥¤´¥´¨¥ ¶μ²´μ£μ £ ³¨²ÓÉμ´¨ ´  (1.6)
¶μ Φ(R, r) Å ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò, ¶μ¸²¥ ¶·μ¸ÉÒÌ ¶·¥μ¡· §μ¢ ´¨°
¨³¥¥³ [

1
2
P2

R − Z1Z2

R
+ V (R) +

1
2
U

]
χ(R) = 0, (4.1)
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£¤¥ ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥

V (R) = Er(R) +
1
4

(
1
ω

∂ω

∂R

)2

. (4.2)

�¥·¢μ¥ ¸² £ ¥³μ¥ ¢ (4.2) Er(R) Å ¶μÉ¥´Í¨ ², ¸μ§¤ ´´Ò° Ô²¥±É·¨Î¥¸±¨³ ¶μ²¥³ § ·Ö¤ 
Z3,   ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¸¢Ö§ ´μ ¸ μÉ´μ¸¨É¥²Ó´Ò³ ¤¢¨¦¥´¨¥³ Î ¸É¨Í 1 ¨ 2. ‚ · ¡μÉ¥ [20]
¶μ± § ´μ, ÎÉμ ¢±² ¤ ¢Éμ·μ£μ ¸² £ ¥³μ£μ ¶μ ¸· ¢´¥´¨Õ ¸ ¶¥·¢Ò³ Ö¢²Ö¥É¸Ö ´  ¶μ·Ö¤μ±
³¥´ÓÏ¥. ’ ±¨³ μ¡· §μ³, μ¶·¥¤¥²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨ ‚” É·¥ÌÉ¥²Ó´μ° ¸¨-
¸É¥³Ò ¸ ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· 
¤¢ÊÌÉ¥²Ó´μ° ¸¨¸É¥³Ò ¸ ¤μ¡ ¢μÎ´Ò³ ¶μÉ¥´Í¨ ²μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö.

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¨¸É¥³Ò ¸ ¶μ³μÐÓÕ ³¥-
Éμ¤  ��. �·μ¢μ¤¨³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ (¸³. ¤¥É ²¨ ¢ [9]):

R = q2α; χ(R) ⇒ q2αΨ(q2), (4.3)

£¤¥ ¶ · ³¥É· α ¸¢Ö§ ´ ¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ ‚” ¤²Ö ¤ ´´μ£μ ¶μÉ¥´Í¨ ² .
ˆ§ (4.1) ¤²Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜ ¨³¥¥³{

− 1
2

[
∂2

∂q2
+

d − 1
q

∂

∂q

]
− 4Z1Z2α

2q2(α−1)+

+ 4α2q2(2α−1)V (q2α) + 2Uα2q2(2α−1)

}
Ψ(q2) = 0, (4.4)

£¤¥ d Å · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢  [9]:

d = 2 + 2α + 4α�. (4.5)

‚ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ �� ¶ · ³¥É· U · ¢¥´

U = max
α

(
2Z1Z2 σ

Γ(2α + 2α�)
Γ(3α + 2α�)

− σ2

4α2

Γ(2 + α + 2α�)
Γ(3α + 2α�)

−

− 2σ3+2	

α

∞∫
0

dtt2+2	

Γ(3α + 2α�)
exp

{
−(σt)1/α

}
w(t)

)
, (4.6)

£¤¥ σ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

σ − 4α2 Z1Z2

λ

Γ(2α + 2α�)
Γ(2 + α + 2α�)

+ 4σ2+2	

∞∫
0

dtt2+2	

Γ(3α + 2α�)
×

× exp
{
−(σt)1/α

} [
3α + 2α� − (σt)1/α

]
w(t) = 0. (4.7)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

w(t) =
τ2

8
− τZ3

4

[
Z1

(
2
1 − e−c1tτ

c1tτ
− e−c1tτ

)
− Z2

(
2
1 − e−c2tτ

c2tτ
− e−c2tτ

)]
, (4.8)
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  ¶ · ³¥É· τ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö ± ± ËÊ´±Í¨Ö μÉ t:

τ − 2Z1Z3(1 + c1tτ) e−c1tτ + 2Z2Z3(1 + c2tτ) e−c2tτ = 0. (4.9)

“Î¨ÉÒ¢ Ö (4.6)Ä(4.9), ¨§ (1.8) μ¶·¥¤¥²Ö¥³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢-
¸±μ° ¸¨¸É¥³Ò ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. �·¨ ¢ÒÎ¨¸²¥´¨¨ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· 
 ´É¨¶·μÉμ´´μ£μ £¥²¨Ö ¨¸¶μ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ¤²Ö ³ ¸¸Ò:

mp = 1836,15me; m3He = 5495,881me; m4He = 7294,295me;

¨ ¤²Ö § ·Ö¤μ¢

Zp = −1; ZHe = 2; Ze = −1.

�μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡²¨Í¥. ‚ ´¥° É ±¦¥ ¶·¨¢¥¤¥´Ò
·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ ¢ÒÎ¨¸²¥´¨°, ±μÉμ·Ò¥ ¶μ²ÊÎ¥´Ò ¢ · ¡μÉ Ì [6,7]. ‚¨¤´μ, ÎÉμ ´ Ï¨
·¥§Ê²ÓÉ ÉÒ Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨.

�´¥·£¥É¨Î¥¸±¨° Ê·μ¢¥´Ó  ´É¨¶·μÉμ´´μ£μ £¥²¨Ö (¢  Éμ³´ÒÌ ¥¤¨´¨Í Ì)

� α
4He 3He

−Eour −Enum −Eour −Enum

31 1,020 3,505 3,50763495 3,343 3,34883211
32 1,025 3,350 3,3537754 3,187 3,207672
33 1,030 3,205 3,2162444 3,046 3,082114
34 1,035 3,078 3,09346687 2,918 2,970
35 1,040 2,955 2,98402099 2,801
36 1,045 2,843 2,695
37 1,050 2,742 2,598
38 1,055 2,6495 2,509

5. Œ…•��ˆ‡Œ ”��Œˆ��‚��ˆŸ �� ‹…ƒŠˆ• Ÿ„…�

ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ ¢¸¥ Ì · ±É¥·¨¸É¨±¨ ¤ ´´μ° ¸¨¸É¥³Ò μ¶¨¸Ò¢ ÕÉ¸Ö ·¥Ï¥´¨¥³
“˜. …¸²¨ ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ É ±, Éμ ¤¨´ ³¨±  ¨ ¸¢μ°¸É¢  ¸¨¸É¥³Ò μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ-
É¥´Í¨ ²μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö. �μÔÉμ³Ê ³Ò ¨§ÊÎ ¥³ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö �� ²¥£±¨Ì
Ö¤¥·.

‘μ£² ¸´μ (4.1) ¶μ²´Ò° ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê  ´É¨¶·μÉμ´μ³ ¨ Ö¤·μ³ · ¢¥´

Vtot(R) = −Z1Z2

R
+ Er(R) +

1
4

(
1
ω

∂ω

∂R

)2

. (5.1)

�·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ´¥ ¡Ê¤¥³ ÊÎ¨ÉÒ¢ ÉÓ ¢±² ¤, ¸¢Ö§ ´´Ò° ¸ μÉ´μ¸¨É¥²Ó´Ò³
¤¢¨¦¥´¨¥³ Î ¸É¨Í. ‘μ£² ¸´μ (3.1) ¨ (3.3) ¢±² ¤ ¤¨¶μ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨ R = 0
¨ R = ∞ · ¢¥´ ´Ê²Õ,   ¶·¨ §´ Î¥´¨ÖÌ 0 < R < ∞ ¶μ ¸· ¢´¥´¨Õ ¸μ ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´Ò³¨ Î ¸ÉÖ³¨ ¶μÉ¥´Í¨ ²  ´  ¶μ·Ö¤μ± ³¥´ÓÏ¥, ¶μÔÉμ³Ê ´ Ï ¶μ²´Ò° ¶μÉ¥´Í¨ ²
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¢ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ · ¢¥´

Vtot(R) = −Z1Z2

R
+

ω2

8
− Z3ωλ

8

[
Z1

(
2
1 − e−ωc1R

ωc1R
− e−ωc1R

)
−

− Z2

(
2
1 − e−ωc2R

ωc2R
− e−ωc2R

)]
, (5.2)

  ¶ · ³¥É· ω μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö (3.10) ± ± ËÊ´±Í¨Ö μÉ R. � Ï ¶μÉ¥´Í¨ ²,
¶·¥¤¸É ¢²¥´´Ò° ¢ (5.2), μ¶¨¸Ò¢ ¥É É·¥ÌÉ¥²Ó´ÊÕ ±Ê²μ´μ¢¸±ÊÕ ¸¨¸É¥³Ê, ¸μ¸ÉμÖÐÊÕ ¨§ ¤¢ÊÌ
ÉÖ¦¥²ÒÌ ¨ μ¤´μ° ²¥£±μ° § ·Ö¦¥´´ÒÌ Î ¸É¨Í. ‚ Î ¸É´μ¸É¨, É ±¨³¨ ¸¨¸É¥³ ³¨ Ö¢²ÖÕÉ¸Ö
H+

2 , ppe−. �μÉ¥´Í¨ ² Vtot μ¶¨¸Ò¢ ¥É ± ± § ·Ö¤μ¢ÊÕ, É ± ¨ ¨§μÉμ¶¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ò
É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò. ˆ§μÉμ¶¨Î¥¸±¨¥ § ¢¨¸¨³μ¸É¨ ¸¨¸É¥³Ò ¢ ¶μÉ¥´Í¨ ²¥ ÊÎÉ¥´Ò Î¥·¥§
¶ · ³¥É·Ò c1 ¨ c2, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò ¢ (1.7),   § ·Ö¤μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ÊÎÉ¥´  Î¥·¥§

‡ ¢¨¸¨³μ¸ÉÓ ¶μ²´μ£μ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö
³¥¦¤Ê  ´É¨¶·μÉμ´μ³ ¨ Ö¤·μ³ £¥²¨Ö μÉ R

¶ · ³¥É·Ò Zj . �  ·¨¸Ê´±¥ ¶μ± § ´ 
§ ¢¨¸¨³μ¸ÉÓ ¶μ²´μ£μ ¶μÉ¥´Í¨ ²  (5.2)
³¥¦¤Ê  ´É¨¶·μÉμ´ ³¨ ¨ Ö¤·μ³ μÉ · ¤¨-
Ê¸  R ¤²Ö ¨§μÉμ¶μ¢ £¥²¨Ö. �·¥¦¤¥ ¢¸¥£μ
¨§ÊÎ¨³ § ·Ö¤μ¢ÊÕ § ¢¨¸¨³μ¸ÉÓ ¶μÉ¥´Í¨-
 ²  Vtot. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ¸¨¸É¥³Ò
H+

2 , ppe−, ±μÉμ·Ò¥ · §²¨Î ÕÉ¸Ö Éμ²Ó±μ
§´ ± ³¨ § ·Ö¤   ´É¨¶·μÉμ´  ¨ ¶·μÉμ´ .
„²Ö ÔÉ¨Ì ¸¨¸É¥³ c1 = c2 ¨ |Z1| = |Z2|.
„²Ö ¸¨¸É¥³Ò ppe− ¤μ¡ ¢μÎ´Ò¥ ¸² £ ¥³Ò¥
¶μ²´μ£μ ¶μÉ¥´Í¨ ²  (5.2) ¢§ ¨³´μ Ê´¨-
ÎÉμ¦ ÕÉ¸Ö,   ¨§ (3.10) ¢¨¤´μ, ÎÉμ Î ¸ÉμÉ 
μ¸Í¨²²ÖÉμ·  · ¢´  ´Ê²Õ: ω = 0. ‚ ÔÉμ³
¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² ¸É ´μ¢¨É¸Ö Î¨¸Éμ ±Ê²μ-
´μ¢¸±¨³,   ¤²Ö ¸¨¸É¥³Ò H+

2 §´ ±¨ § ·Ö¤ 
Z2 ¨§³¥´ÖÕÉ¸Ö ¶·μÉ¨¢μ¶μ²μ¦´μ, ¶μÔÉμ³Ê
¤μ¡ ¢μÎ´Ò¥ ¸² £ ¥³Ò¥ ¶μ²´μ£μ ¶μÉ¥´Í¨-

 ²  (5.2) ¸Ê³³¨·ÊÕÉ¸Ö, ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ²ÊÎ¥´´Ò° ¶μÉ¥´Í¨ ² ¸É ´μ¢¨É¸Ö Ï¨·¥, Î¥³ Î¨-
¸Éμ ±Ê²μ´μ¢¸±¨°. ’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³ ¤¢  ¶μÉ¥´Í¨ ² , · §²¨Î ÕÐ¨¥¸Ö ³¥¦¤Ê ¸μ-
¡μ° Ï¨·¨´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò. ˜¨·¨´  ÔÉ¨Ì ¶μÉ¥´Í¨ ²μ¢ ± Î¥¸É¢¥´´μ ¸μμÉ¢¥É¸É¢Ê¥É
Ï¨·¨´¥ ¶μÉ¥´Í¨ ² , ¨§μ¡· ¦¥´´μ£μ ´  ·¨¸Ê´±¥. �μÔÉμ³Ê Ï¨·¨´  ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò
¤²Ö ¸¨¸É¥³Ò ppe− ³¥´ÓÏ¥, Î¥³ ¤²Ö  ´ ²μ£¨Î´ÒÌ ¸É·Ê±ÉÊ· ppe−, ¨ ¶·μ¨¸Ìμ¤¨É ÔËË¥±É
¶ ¤¥´¨Ö ´  Í¥´É· [21], ¶μÔÉμ³Ê ¸¨¸É¥³  ppe− ¸É ´μ¢¨É¸Ö ´¥ (Ê¸Éμ°Î¨¢μ°) ¤μ²£μ¦¨¢ÊÐ¥°.

’¥¶¥·Ó ¶¥·¥°¤¥³ ± ¨§ÊÎ¥´¨Õ ¨§μÉμ¶¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö,
¶·¥¤¸É ¢²¥´´μ° ¢ (5.2). ‡ ¢¨¸¨³μ¸ÉÓ ÔÉμ£μ ¶μÉ¥´Í¨ ²  μÉ · ¤¨Ê¸  R ¤²Ö ¨§μÉμ¶μ¢ £¥²¨Ö
¶μ± § ´  ´  ·¨¸Ê´±¥. ‚¨¤´μ, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ¤μ¡ ¢μÎ´μ£μ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö
¤²Ö  ´É¨¶·μÉμ´  ¶μÖ¢²Ö¥É¸Ö ²μ¢ÊÏ±  (trap). Šμ£¤  Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ ²μ¢ÊÏ±¥, ¸¨-
¸É¥³ , ± ± ¶· ¢¨²μ, ¸É ´μ¢¨É¸Ö ¡μ²¥¥ Ê¸Éμ°Î¨¢μ°. �μÉ¥´Í¨ ² ²μ¢ÊÏ±¨ ¨³¥¥É ³¨´¨³Ê³ ¨
³ ±¸¨³Ê³, ¶μÔÉμ³Ê ¸μ¢μ±Ê¶´μ¸ÉÓ ¸¶¥±É·μ¢ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Ö¢²Ö¥É¸Ö Ê¸Éμ°Î¨¢μ°, ¢
Î ¸É´μ¸É¨, ¤²Ö  ´É¨¶·μÉμ´´μ£μ £¥²¨Ö. ’ ±¦¥ ¨§ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ ³ ¸¸Ò
Ö¤·  ¶μ²μ¦¥´¨¥ ³¨´¨³Ê³  ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ ¶μ´¨¦ ¥É¸Ö, É. ¥., ¥¸²¨ ³ ¸¸  Ö¤·  ¢μ§· -
¸É ¥É ¡¥¸±μ´¥Î´μ, Éμ ³¨´¨³Ê³ ¶μÉ¥´Í¨ ²  É ±¦¥ ¶μ´¨¦ ¥É¸Ö ¡¥¸±μ´¥Î´μ. ‚ ÔÉμ³ ¶·¥¤¥²¥
´ Ï  Ô±§μÉ¨Î¥¸± Ö ¸¨¸É¥³  ¸É ´μ¢¨É¸Ö ± ±  Éμ³, ¤²Ö ±μÉμ·μ£μ ´¨§±μ²¥¦ Ð¨¥ Ô´¥·£¥É¨-
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Î¥¸±¨¥ Ê·μ¢´¨ ¡μ²¥¥ Ê¸Éμ°Î¨¢Ò. �¡ÒÎ´μ ´¨§±μ²¥¦ Ð¨¥ Ê·μ¢´¨  Éμ³  £¥²¨Ö Ö¢²ÖÕÉ¸Ö
¸É ¡¨²Ó´Ò³¨. �μ²μ¦¥´¨¥ ³¨´¨³Ê³  ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³
³ ¸¸Ò  ´É¨¶·μÉμ´  ¨ Ö¤· .

’¥¶¥·Ó μÍ¥´¨³, ± ±¨¥ Ô´¥·£¥É¨Î¥¸±¨¥ Ê·μ¢´¨ Ê¸Éμ°Î¨¢Ò. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ¶·¥-
¤¥²Ó´Ò° ¸²ÊÎ ° R � 1. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¨§ (5.2) ¨ (3.10) ¨³¥¥³

Er(R) = −ω2
0

8
+

ω0ω1

12
R2 − ω0ω2

16
R3, (5.3)

£¤¥ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

ω0 = 2Z3λ (Z1 − Z2) ;

ω1 = Z3λω2
0

(
Z1c

2
1 − Z2c

2
2

)
;

ω2 =
2
3
Z3λω3

0

(
Z1c

3
1 − Z2c

3
2

)
.

(5.4)

ˆ§ (5.3) μ¶·¥¤¥²Ö¥³ §´ Î¥´¨Ö R, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¨´¨³Ê³Ê ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨:

R0 =
8
9

ω1

ω2
. (5.5)

�¶·¥¤¥²¨³ §´ Î¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ³¨´¨³Ê³Ê:

Er(R0) = −ω2
0

8
+ 2

(
2
3

)3
ω0ω

3
1

ω2
2

. (5.6)

� ¸¸³μÉ·¨³ ¨§μÉμ¶ £¥²¨Ö 3Hepe−. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ (5.6) ¨³¥¥³

Er(R0) = −1
2

[
1 − 1

7

(
14
15

)4
]

4
3

me

mp
. (5.7)

…¸²¨ Ê·μ¢´¨ Ô´¥·£¨¨ ¢ ÔÉμ° ¸¨¸É¥³¥ ¥¤¨´¨Í ¶ · ³¥É·¨§ÊÕÉ¸Ö ¸É ´¤ ·É´Ò³ μ¡· §μ³:

E = −1
2

1
n2

, (5.8)

Éμ ¤²Ö £² ¢´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸²  n ¶μ²ÊÎ ¥³

n =
√

7
8

mp

me
. (5.9)

’ ±¨³ μ¡· §μ³, Éμ²Ó±μ ¢Ò¸μ±μ¢μ§¡Ê¦¤¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö ³μ£ÊÉ ´ Ìμ¤¨ÉÓ¸Ö ¢ ²μ¢ÊÏ±¥.

‡�Š‹
—…�ˆ…

‚ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ Ô±§μÉ¨Î¥¸± Ö ¸¨¸É¥³ , ¸μ¸ÉμÖÐ Ö ¨§  ´É¨¶·μÉμ´ , Ö¤·  ¨ Ô²¥±-
É·μ´ , ±μÉμ·Ò¥ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ³¥¦¤Ê ¸μ¡μ° ±Ê²μ´μ¢¸±¨³¨ ¶ ·´Ò³¨ ¸¨² ³¨, μ¡· §Ê¥É
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, μ¶·¥¤¥²¨²¨ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê  ´É¨¶·μ-
Éμ´μ³ ¨ Ö¤·μ³.
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�μ± § ´μ, ÎÉμ ¸É·Ê±ÉÊ·  ¤μ¡ ¢μÎ´μ£μ ¶μÉ¥´Í¨ ²  § ¢¨¸¨É ± ± μÉ § ·Ö¤μ¢μ°, É ± ¨
μÉ ¨§μÉμ¶¨Î¥¸±μ° ¸É·Ê±ÉÊ· É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò. ˆ³¥´´μ  ¸¨³³¥É·¨Ö ± ± ¢ Ô²¥±É·¨-
Î¥¸±¨Ì § ·Ö¤ Ì, É ± ¨ ¢ ³ ¸¸ Ì ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μ¡¥¸¶¥Î¨¢ ¥É ¤μ²£μ¥ ¢·¥³Ö ¦¨§´¨
Ô±§μÉ¨Î¥¸±¨Ì ¸¨¸É¥³.

�  ·¨¸Ê´±¥ ¶·¥¤¸É ¢²¥´  § ¢¨¸¨³μ¸ÉÓ ¶μ²´μ£μ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê  ´-
É¨¶·μÉμ´μ³ ¨ Ö¤·μ³ £¥²¨Ö μÉ R. ‚¨¤´μ, ÎÉμ ¶μÉ¥´Í¨ ² ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ Ö³, ±μÉμ·Ò¥
· §²¨Î ÕÉ¸Ö ³¥¦¤Ê ¸μ¡μ° ¶μ Ï¨·¨´¥,   ¶¥·¥Ìμ¤ μÉ μ¤´μ° ± ¤·Ê£μ° Ö³¥ ¶·μ¨¸Ìμ¤¨É Î¥·¥§
²μ¢ÊÏ±Ê.

“§± Ö Î ¸ÉÓ Ö³Ò ¸μμÉ¢¥É¸É¢Ê¥É ¤¢ÊÌÎ ¸É¨Î´μ³Ê ±Ê²μ´μ¢¸±μ³Ê ¶μÉ¥´Í¨ ²Ê,   Ï¨·μ-
± Ö Å É·¥ÌÉ¥²Ó´μ³Ê ±Ê²μ´μ¢¸±μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ. ˆ§ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ Ëμ·³ -
²¨§³  ¨§¢¥¸É´μ, ÎÉμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· Î ¸É¨Í, ´ Ìμ¤ÖÐ¨Ì¸Ö ¢ Ö³¥, · ¢¥´ E ∼ 1/a2,
£¤¥ a Å Ï¨·¨´  Ö³Ò.

’ ±¨³ μ¡· §μ³, ¥¸²¨ É·¥ÌÎ ¸É¨Î´ÊÕ ¸¨¸É¥³Ê ¶μ³¥¸É¨ÉÓ ¢ Î¨¸Éμ ¤¢ÊÌÎ ¸É¨Î´ÊÕ ±Ê²μ-
´μ¢¸±ÊÕ Ê§±ÊÕ Ö³Ê, Éμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¢ Ö³¥ ¢μ§· ¸É ¥É ±¢ ¤· É¨Î´μ, ± ± Ê± § ´μ
¢ÒÏ¥, ¨ ¶·μ¨¸Ìμ¤¨É ÔËË¥±É ¶ ¤¥´¨Ö ´  Í¥´É·, É. ¥. É·¥ÌÉ¥²Ó´ Ö ¸¨¸É¥³  ¢ ÔÉμ° Ö³¥ ¸É -
´μ¢¨É¸Ö ´¥Ê¸Éμ°Î¨¢μ°. ˆ³¥´´μ É ±¨¥ ÔËË¥±ÉÒ ´ ¡²Õ¤ ÕÉ¸Ö ¢ ¸¨¸É¥³¥ ppe−, ¢ ±μÉμ·μ°
´¥É ¤μ¡ ¢μÎ´μ£μ ¶μÉ¥´Í¨ ² , ¶μÔÉμ³Ê ÔÉ  ¸¨¸É¥³  Ö¢²Ö¥É¸Ö ´¥¤μ²£μ¦¨¢ÊÐ¥°.

�·¨ Ê³¥´ÓÏ¥´¨¨ ³ ¸¸Ò  ´É¨¶·μÉμ´  Ê·μ¢¥´Ó Ï¨·μ±μ° Ö³Ò ¶μ´¨¦ ¥É¸Ö,   Ê§± Ö Ö³ 
¨¸Î¥§ ¥É, ¨ É·¥ÌÉ¥²Ó´ Ö ¸¨¸É¥³  ¶¥·¥Ìμ¤¨É ¢ μ¡ÒÎ´ÊÕ Ê¸Éμ°Î¨¢ÊÕ  Éμ³´ÊÕ ¸¨¸É¥³Ê.
…¸²¨ § ³¥´¨ÉÓ §´ ± § ·Ö¤   ´É¨¶·μÉμ´  ´  ¶·μÉ¨¢μ¶μ²μ¦´Ò° ¢ ¸¨¸É¥³¥ ppe−, Éμ ¶μ²ÊÎ¨³
μ¡ÒÎ´Ò° ¨μ´ ³μ²¥±Ê²Ò ¢μ¤μ·μ¤  H+

2 . ‚ ·¥§Ê²ÓÉ É¥ § ³¥´Ò §´ ±  § ·Ö¤   ´É¨¶·μÉμ´  ¶μ-
²ÊÎ¥´´Ò¥ ¤μ¡ ¢μÎ´Ò¥ ¶μÉ¥´Í¨ ²Ò ¸±² ¤Ò¢ ÕÉ¸Ö, ¶μÉ¥´Í¨ ² ¸É ´μ¢¨É¸Ö Ï¨·¥,   ¸¨¸É¥³ 
H+

2 Å Ê¸Éμ°Î¨¢μ°.
’ ±¨³ μ¡· §μ³, ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê  ´É¨¶·μÉμ´μ³ ¨ Ö¤·μ³ ¢ �� ¨³¥¥É

¤¢μ°´ÊÕ ¸É·Ê±ÉÊ·Ê, É. ¥. ´¨¦´ÖÖ Î ¸ÉÓ Ê§± Ö,   ¢¥·Ì´ÖÖ Î ¸ÉÓ Ö¢²Ö¥É¸Ö ¡μ²¥¥ Ï¨·μ±μ°.
…¸²¨ ³ ¸¸Ê  ¤·μ´  Ê³¥´ÓÏ¨ÉÓ ¤μ ³ ¸¸Ò Ô²¥±É·μ´ , Éμ Ê·μ¢¥´Ó Ï¨·μ±μ° Ö³Ò ¶μ´¨¦ ¥É¸Ö,
  Ê§± Ö Î ¸ÉÓ Ö³Ò ¨¸Î¥§ ¥É. ‚ ÔÉμ³ ¶·¥¤¥²¥ ´¨§±μ²¥¦ Ð¨° Ô´¥·£¥É¨Î¥¸±¨° Ê·μ¢¥´Ó
É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò ¸ÊÐ¥¸É¢Ê¥É ¨ ¸¨¸É¥³  ¸É ´μ¢¨É¸Ö Ê¸Éμ°Î¨¢μ°, ± ± μ¡ÒÎ´Ò°  Éμ³.

��ˆ‹�†…�ˆ… A

‚ ¦´Ò³ Ô²¥³¥´Éμ³ ¢ÒÎ¨¸²¥´¨° ¢ �� [9] Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥-
³¥´´ÒÌ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥. �μÔÉμ³Ê ¶·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö
¤²Ö · §²¨Î´ÒÌ ¶μÉ¥´Í¨ ²μ¢. � ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥

I =
q2√

q4 + 2γxq2 + γ2
= − ∂

∂β

∞∫
0

dt√
πt

e−βq2−t(q4+2γxq2+γ2)
∣∣∣
β=0

, (A.1)

£¤¥ qj Ö¢²Ö¥É¸Ö ¢¥±Éμ·μ³ d-³¥·´μ£μ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢  Rd. ˆ¸¶μ²Ó§ÊÖ ¸μμÉ-
´μÏ¥´¨Ö

e−tq4
=

∞∫
−∞

dτ√
π

e−τ2−2i
√

tτq2
;

e−q2κ =
∫ (

dη√
π

)d

e−η2−2i
√

κ(qη); qj , ηj ∈ Rd,

(A.2)
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  É ±¦¥ ÊÎ¨ÉÒ¢ Ö ¶·¥¤¸É ¢²¥´¨Ö (2.9) ¤²Ö qj ¨ Ê¶μ·Ö¤μÎ¨¢ Ö ¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö a+
j

¨ Ê´¨ÎÉμ¦¥´¨Ö aj , ¨§ (A.1) ¶μ²ÊÎ ¥³

I = − ∂

∂β

∞∫
0

dt√
πt

exp
{
−γ2t

} ∞∫
−∞

dτ√
π

e−τ2×

×
∫ (

dη√
π

)d

exp
{
−η2

(
1 +

κ

ω

)}
: e−2i

√
κ(qη) :

∣∣∣
β=0

, (A.3)

£¤¥

κ = β + 2γxt + 2i
√

tτ. (A.4)

‘ ¶μ³μÐÓÕ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ¶μ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
ε0(E) ¢ (2.12) ¨ ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö HI ¢ (2.13).

��ˆ‹�†…�ˆ… 	

‚ ÔÉμ³ ¶Ê´±É¥ ¶·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢:

Jj =

∞∫
0

∞∫
0

dβ1dβ2

Γ2(d/2)
(β1β2)d/2−1(β1 + β2) e−ω1β1−ω2β2√

b2
j − 2bj(β1 − β2) + (β1 + β2)2

. (	.1)

�·¥¦¤¥ ¢¸¥£μ ¶·μ¢μ¤¨³ § ³¥´Ò ¶¥·¥³¥´´ÒÌ

s =
β1 − β2√

2
; t =

β1 + β2√
2

; β1 =
s + t√

2
; β2 =

t − s√
2

. (	.2)

�μ¸²¥ ÔÉμ£μ ¨´É¥£· ² (	.1) ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

Jj =
bd
j

2d−1

∞∫
0

dt

1∫
−1

dx
(1 − x2)d/2−1td

Γ2(d/2)
e−ω+tbj−ω−xtbj

√
1 − 2xt + t2

, (	.3)

£¤¥

ω+ =
ω1 + ω2

2
; ω− =

ω1 − ω2

2
; d = 2 + 2|m|.

� ¸¸³μÉ·¨³ ¶·μ¸Éμ° ¸²ÊÎ ° |m| = 0. ‘ ¶μ³μÐÓÕ (3.6) ¶μ¸²¥ ´¥±μÉμ·ÒÌ ¶·μ¸ÉÒÌ Ê¶·μ-
Ð¥´¨° ¨³¥¥³

Jj = b2
jω

2

∞∫
0

dtt2
1∫

−1

dx
e−ωtbj(1+xγ)

√
1 − 2xt + t2

= b2
jω

2

∞∫
0

dtt2e−ωtbj

∞∑
k=0

(−1)ktkbk
j ωkγk

k!
Ik, (	.4)

£¤¥

Ik =

1∫
−1

dx
xk

√
1 − 2xt + t2

. (	.5)
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‚ ´¨§Ï¨Ì ¶μ·Ö¤± Ì ¶μ ¶ · ³¥É·Ê γ ¨´É¥£· ²Ò (	.4) ¢ÒÎ¨¸²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨:

1 + t − |1 − t| =
{

2t, |t| � 1,
2, |t| � 1;

(1 + t)3 − |1 − t|3 =
{

2t(3 + t2), |t| � 1,
2(1 + 3t2), |t| � 1;

(1 + t)5 − |1 − t|5 =
{

2t(5 + 10t2 + t4), |t| � 1,
2(1 + 10t2 + 5t4), |t| � 1;

¨

1∫
0

dttn e−At = (−1)n ∂n

∂An

1∫
0

dt e−At = (−1)n ∂n

∂An

1 − e−A

A
, n = 0, 1, . . . (	.6)

‘ ¶μ³μÐÓÕ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¶μ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö (3.9), (3.11) ¨ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°-
¸É¢¨Ö (4.2).
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