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�. �. —¥·´¨±μ¢, �.‘.˜ ¢μÌ¨´ 
�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ 

‘μ¸É ¢²ÖÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¢·¥³¥´¨¶μ¤μ¡´ÒÌ £¥μ¤¥§¨Î¥¸±¨Ì ¶μ¢¥·Ì´μ¸É¥° ¢
·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨. �É¨ Ê· ¢´¥´¨Ö μ¶¨¸Ò¢ ÕÉ ¤¢¨¦¥´¨¥  ·¥ ²Ó´ÒÌ μ¡Ñ¥±Éμ¢, ´ 
¢´ÊÉ·¥´´¨¥ Î ¸É¨ ±μÉμ·ÒÌ ¸Ê³³ ·´ Ö ¢´¥Ï´ÖÖ ¸¨²  ´¥ ¤¥°¸É¢Ê¥É. ƒ· ¢¨É Í¨μ´´Ò¥ ¸¨²Ò ± Î¨¸²Ê
¢´¥Ï´¨Ì ¸¨² ´¥ μÉ´μ¸ÖÉ¸Ö. �´¨ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¢ £¥μ³¥É·¨Î¥¸±¨Ì μ¡Ñ¥±É Ì ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.

Differential equations of timelike geodesic surfaces in Riemannian space-time are derived. These
equations describe the motion of areal objects the internal parts of which are not affected by the total
external force. Gravitational forces do not belong to exernal forces. They are taken into account in the
geometrical objects of space-time.

‚‚…„…�ˆ…

�·¥ ²Ó´Ò³¨ ³Ò ´ §Ò¢ ¥³ ¶·μÉÖ¦¥´´Ò¥ μ¡Ñ¥±ÉÒ, ±μÉμ·Ò¥  ¤¥±¢ É´μ μ¶¨¸Ò¢ ÕÉ¸Ö
¶μ¸·¥¤¸É¢μ³  ·¥ ²Ó´μ° ³¥É·¨±¨ ‚ £´¥·  [1]. ‚¶¥·¢Ò¥ É¥·³¨´ ® ·¥ ²Ó´Ò¥ μ¡Ñ¥±ÉÒ¯
¡Ò² ¶·¥¤²μ¦¥´ μ¤´¨³ ¨§  ¢Éμ·μ¢ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¨ (�. ‘.˜ ¢μÌ¨´μ°) ¢ · ¡μÉ¥ [2].
� §²¨Î´Ò¥  ·¥ ²Ó´Ò¥ μ¡Ñ¥±ÉÒ ¡Ò²¨ · ¸¸³μÉ·¥´Ò ¢ ¥¥ ¤μ±Éμ·¸±μ° ¤¨¸¸¥·É Í¨¨ [3].

� ¨¡μ²ÓÏ¨° ´´É¥·¥¸ ¤²Ö Ë¨§¨±μ¢ ¶·¥¤¸É ¢²ÖÕÉ  ·¥ ²Ó´Ò¥ μ¡Ñ¥±ÉÒ, μ¶¨¸Ò¢ ¥³Ò¥
¶μ¸·¥¤¸É¢μ³  ·¥ ²Ó´μ° ³¥É·¨±¨, ¶μ·μ¦¤ ¥³μ° ²¨´¥°´μ° ³¥É·¨±μ° �¨³ ´  ¶·μ¸É¥°Ï¥£μ
£¨¶¥·¡μ²¨Î¥¸±μ£μ ¢¨¤ . Œ´μ£μμ¡· §¨¥ ¸ É ±μ° ³¥É·¨±μ° ³Ò ´ §Ò¢ ¥³ ¢·¥³¥´¨¶μ¤μ¡´Ò³.

‘É·Ê±ÉÊ·   ·¥ ²Ó´μ£μ μ¡Ñ¥±É  ¶·¥¤¥²Ó´μ ¶·μ¸É : μ´  Ì · ±É¥·¨§Ê¥É¸Ö ¢¸¥£μ ¤¢Ê³Ö
¶ · ³¥É· ³¨ Å · §³¥·´μ¸ÉÓÕ μ¡Ñ¥±É  ¨ ±μ´¸É ´Éμ° ¢§ ¨³μ¤¥°¸É¢¨Ö, ¸ ±μÉμ·μ° μ´
¢Ìμ¤¨É ¢ ² £· ´¦¨ ´.

�·¥ ²Ó´Ò¥ μ¡Ñ¥±ÉÒ ³ É¥·¨ ²Ó´Ò. ‘Ê¡¸É ´Í¨Ö  ·¥ ²Ó´μ£μ μ¡Ñ¥±É  Å ÔÉμ ´¥±¨° ÔË¨·.
‚ É·¥Ì³¥·´μ³ ¸²ÊÎ ¥ Å ÔË¨·´ Ö ³ ¸¸ , ¢ ¤¢Ê³¥·´μ³ Å ÔË¨·´ Ö ¶²¥´± ,   ¢ μ¤´μ³¥·-
´μ³ Å ÔË¨·´ Ö ´¨ÉÓ.

“¦¥ ¸É ²μ ¶·¨¢ÒÎ´Ò³ · ¸¸³ É·¨¢ ÉÓ m-³¥·´Ò¥ μ¡Ñ¥±ÉÒ (0 � m � n) ¢ (n + 1)-
³¥·´μ³ ³¨·¥ Å ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ [4]. ‡  ¢·¥³Ö ¸¢μ¥£μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö m-³¥·´Ò°
μ¡Ñ¥±É § ³¥É ¥É (m + 1)-³¥·´ÊÕ ¢·¥³¥´¨¶μ¤μ¡´ÊÕ ³¨·μ¢ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ. ‚ Î ¸É´μ¸É¨,
´Ê²Ó³¥·´Ò° μ¡Ñ¥±É Å ³ É¥·¨ ²Ó´ Ö ÉμÎ±  Å § ³¥É ¥É ¢·¥³¥´¨¶μ¤μ¡´ÊÕ ³¨·μ¢ÊÕ ²¨-
´¨Õ,   n-³¥·´Ò° μ¡Ñ¥±É § ³¥É ¥É (n+1)-³¥·´ÊÕ ³¨·μ¢ÊÕ μ¡² ¸ÉÓ. „ ²ÓÏ¥ ³Ò μ¶¨· ¥³¸Ö
´  ·¥§Ê²ÓÉ ÉÒ · ¡μÉÒ [5].

Œ¨·μ¢ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ, § ³¥É ¥³ÊÕ m-³¥·´Ò³  ·¥ ²Ó´Ò³ μ¡Ñ¥±Éμ³, ³Ò ´ §¢ ²¨ ¢ [5]
£¥μ¤¥§¨Î¥¸±μ°, ±μ£¤  ´  ¥¥ ¢´ÊÉ·¥´´¨¥ Î ¸É¨ ¸Ê³³ ·´ Ö ¢´¥Ï´ÖÖ ¸¨²  ´¥ ¤¥°¸É¢Ê¥É. �Éμ
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³μÉ¨¢¨·Ê¥É¸Ö É¥³, ÎÉμ ³¨·μ¢ Ö ²¨´¨Ö ´Ê²Ó³¥·´μ£μ μ¡Ñ¥±É  ´ §Ò¢ ¥É¸Ö £¥μ¤¥§¨Î¥¸±μ°,
¥¸²¨ ¸Ê³³ ·´ Ö ¢´¥Ï´ÖÖ ¸¨²  ´  μ¡Ñ¥±É ´¥ ¤¥°¸É¢Ê¥É. ‚´ÊÉ·¥´´¨Ì ¦¥ Î ¸É¥° Ê ´Ê²Ó³¥·-
´μ£μ μ¡Ñ¥±É  ´¥ ¨³¥¥É¸Ö.

‡ ³¥É¨³, ÎÉμ £· ¢¨É Í¨μ´´Ò¥ ¸¨²Ò ± Î¨¸²Ê ¢´¥Ï´¨Ì ¸¨² ´¥ μÉ´μ¸ÖÉ¸Ö. �´¨ ÊÎ¨-
ÉÒ¢ ÕÉ¸Ö ¢ £¥μ³¥É·¨Î¥¸±¨Ì μ¡Ñ¥±É Ì ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, ± ±-Éμ: É¥´§μ·  ËË¨´´μ°
¤¥Ëμ·³ Í¨¨, É¥´§μ· ±·¨¢¨§´Ò ¨ ³¥É·¨Î¥¸±¨° É¥´§μ·.

1. ”“�Š–ˆŸ ‹�ƒ���†�, …… —�‘’�›… ���ˆ‡‚�„�›…
ˆ Š����ˆ—…‘Šˆ‰ ’…�‡��

”Ê´±Í¨¥° ‹ £· ´¦  ´ §Ò¢ ¥É¸Ö ¢¥Ð¥¸É¢¥´´ Ö ËÊ´±Í¨Ö

L = L(U, X, Ξ) (1)

r ¢¥Ð¥¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ xα, mr ¢¥Ð¥¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ ξα
k ¨ m ¢¥Ð¥¸É¢¥´´ÒÌ

¶ · ³¥É·μ¢ uk, £¤¥ r ¨ m Å ¶μ²μ¦¨É¥²Ó´Ò¥ Í¥²Ò¥ Î¨¸² . ‡¤¥¸Ó ¨ ¤ ²ÓÏ¥ ¶¥·¥³¥´´Ò¥
xα ¸μ¸É ¢²ÖÕÉ ¸É·μ±Ê X ¤²¨´μ° r, ¶¥·¥³¥´´Ò¥ ξα

k ¸μ¸É ¢²ÖÕÉ ¶·Ö³μÊ£μ²Ó´ÊÕ ³ É·¨ÍÊ
Ξ ¶²μÐ ¤ÓÕ m × r, ¶ · ³¥É·Ò uk ¸μ¸É ¢²ÖÕÉ ¸É·μ±Ê U ¤²¨´μ° m.

ˆ´¤¥±¸Ò, μ¡μ§´ Î¥´´Ò¥ ¡Ê±¢ ³¨ ² É¨´¸±μ£μ  ²Ë ¢¨É , ¶·¥¤Ï¥¸É¢ÊÕÐ¨³¨ ¢  ²¢ Ë¨É¥
¡Ê±¢¥ m, ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö μÉ 1 ¤μ Î¨¸²  m.

ˆ´¤¥±¸Ò, μ¡μ§´ Î¥´´Ò¥ ¡Ê±¢ ³¨ £·¥Î¥¸±μ£μ  ²Ë ¢¨É , ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö μÉ 1 ¤μ
Î¨¸²  r.

„ ²ÓÏ¥ ¡Ê¤ÊÉ ¢¸É·¥Î ÉÓ¸Ö ¶ ·Ò μ¤¨´ ±μ¢ÒÌ ¨´¤¥±¸μ¢. ‚ É ±¨Ì ¸²ÊÎ ÖÌ ¶μ¤· §Ê³¥¢ -
¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥ ¶μ ÔÉ¨³ ¨´¤¥±¸ ³ ¢ ¶·¥¤¥² Ì μÉ 1 ¤μ m, ¥¸²¨ ¨´¤¥±¸Ò ² É¨´¸±¨¥, ¨
¢ ¶·¥¤¥² Ì μÉ 1 ¤μ r, ¥¸²¨ ¨´¤¥±¸Ò £·¥Î¥¸±¨¥.

�¡μ§´ Î¨³ Î¥·¥§

Lα(U, X, Ξ) =
∂

∂xα
L(U, X, Ξ), Lk

α(U, X, Ξ) =
∂

∂ξα
k

L(U, X, Ξ) (2)

Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ËÊ´±Í¨¨ ‹ £· ´¦  (1). ‚¸¥ μ´¨ Ö¢²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±-
Í¨Ö³¨ ¶¥·¥³¥´´´ÒÌ, xα, ξα

k ¨ ¶ · ³¥É·μ¢ uk. Š ´μ´¨Î¥¸±¨³ É¥´§μ·μ³ ¤²Ö ËÊ´±Í¨¨
‹ £· ´¦  ´ §Ò¢ ¥É¸Ö ¸Ê³³ 

T k
i (U, X, Ξ) = ξα

i Lk
α(U, X, Ξ) − δk

i L(U, X, Ξ). (3)

2. ˆ�’…ƒ��‹ „…‰‘’‚ˆŸ ˆ …ƒ� ‚��ˆ�–ˆŸ

„ ²ÓÏ¥ ¶¥·¥³¥´´Ò¥ xα ¸Î¨É ÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ±Í¨Ö³¨ ¢¥Ð¥¸É¢¥´ÒÌ ¶ · ³¥-

É·μ¢ uk,   ¶¥·¥³¥´´Ò¥ ξα
k Å Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨

∂xα

∂uk
. � · ³¥É·Ò uk ¶μ-¶·¥¦´¥³Ê

· §³¥Ð ¥³ ¢ ¸É·μ±Ê U ¤²¨´μ° m,   μ¶¥· Éμ·Ò
∂

∂uk
· §³¥Ð ¥³ ¢ ¸Éμ²¡¥Í

∂

∂u
¢Ò¸μÉμ° m.

‘μμÉ¢¥É¸É¢¥´´μ ¶¨Ï¥³

xα = xα(U), X = X(U), ξα
k = ξα

k (U) =
∂

∂uk
xα(U), Ξ =

∂

∂U
X(U). (4)



„¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¢·¥³¥´¨¶μ¤μ¡´ÒÌ £¥μ¤¥§¨Î¥¸±¨Ì ¶μ¢¥·Ì´μ¸É¥° 115

�·¨ ÔÉμ³ ËÊ´±Í¨¨ (1)Ä(3) ¸É ´μ¢ÖÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ¢¥Ð¥-
¸É¢¥´´μ° ¸É·μ±¨ U :

L(U) = L

(
U, X(U),

∂

∂U
X(U)

)
, (5)

Lα(U) = Lα

(
U, X(U),

∂

∂U
X(U)

)
, Lk

α(U) = Lk
α

(
U, X(U),

∂

∂U
X(U)

)
, (6)

T k
i (U) = T k

i

(
U, X(U),

∂

∂U
X(U)

)
= Lk

α(U)
∂

∂ui
xα(U) − δk

i L(U). (7)

”Ê´±Í¨Ö ‹ £· ´¦  (5) ´ §Ò¢ ¥É¸Ö ¶²μÉ´μ¸ÉÓÕ ¤¥°¸É¢¨Ö.
ˆ´É¥£· ² ¤¥°¸É¢¨Ö

S =
∫
Ω

L

(
U, X(U),

∂

∂U
X(U)

)
dU, (8)

£¤¥ dU = du1 · · · dum, ¡¥·¥É¸Ö ¶μ m-³¥·´μ° μ¡² ¸É¨ Ω ¢ ¶·μ¸É· ´¸É¢¥ ¶ · ³¥É·μ¢ U .
ˆ´É¥£· ² ¤¥°¸É¢¨Ö Ö¢²Ö¥É¸Ö ËÊ´±Í¨μ´ ²μ³ S = S[X(U)] ËÊ´±Í¨¨ X(U).

‚ ·¨ Í¨¥° ËÊ´±Í¨¨ X(U), ¢Ìμ¤ÖÐ¥° ¢ ¸μ¸É ¢ ¨´É¥£· ²  ¤¥°¸É¢¨Ö (8), ´ §Ò¢ ¥É¸Ö
É ± Ö ¢¥Ð¥¸É¢¥´´ Ö ËÊ´±Í¨Ö δX(U), §´ Î¥´¨Ö ±μÉμ·μ° ¢³¥¸É¥ ¸μ §´ Î¥´¨Ö³¨ ¥¥ ¶·μ¨§-

¢μ¤´μ°
∂

∂U
δX(U) · ¢´ÖÕÉ¸Ö ´Ê²Õ ´  £· ´¨Í¥ μ¡² ¸É¨ Ω.

‚ ·¨ Í¨¥° δH [X(U)] ¢¸Ö±μ£μ ËÊ´±Í¨μ´ ²  H [X(U)] ´ §Ò¢ ¥É¸Ö ¶·μ¨§¢μ¤´ Ö

d

dε
H [X(U) + εδX(U)] (9)

¶μ ¢¥Ð¥¸É¢¥´´μ° ¶¥·¥³¥´´μ° ε ¶·¨ ε = 0.
‘μμÉ¢¥É¸É¢¥´´μ, ¢ ·¨ Í¨Ö ¨´É¥£· ²  ¤¥°¸É¢¨Ö (8) · ¢´ 

δS =
∫
Ω

(
Lα(U)δXα(U) + Lk

α(U)
∂

∂uk
δXα(U)

)
dU. (10)

�μ É¥μ·¥³¥ ƒ Ê¸¸  ¨´É¥£· ²∫
Ω

∂

∂uk
(Lk

α(U)δXα(U))dU (11)

· ¢¥´ ´Ê²Õ ¢¸²¥¤¸É¢¨¥ Ê¸²μ¢¨°, ´ ²μ¦¥´´ÒÌ ´  δX(U). �μÔÉμ³Ê

δS =
∫
Ω

(
Lα(U) − ∂

∂uk
Lk

α(U)
)

δXα(U)dU. (12)

’ ± ± ± ¢ ¶μ²ÊÎ¥´´μ³ ¨´É¥£· ²¥ (12) ¢¸¥ r ËÊ´±Í¨° δXα(U) ¶·¨´¨³ ÕÉ ¶·μ¨§¢μ²Ó-
´Ò¥ §´ Î¥´¨Ö ¢ μ¡² ¸É¨ Ω, Éμ Ê¸²μ¢¨¥

δH [X(U)] = 0 (13)
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¤²Ö ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö (8) Ô±¢¨¢ ²¥´É´μ Ê· ¢´¥´¨Ö³ ‹ £· ´¦ 

∂

∂uk
Lk

α(U) − Lα(U) = 0. (14)

�Éμ § ³¥Î ´¨¥ ´ §Ò¢ ÕÉ ¢ ·¨ Í¨μ´´Ò³ ¶·¨´Í¨¶μ³.
� ·μ²¨ ¢ ·¨ Í¨μ´´μ£μ ¨¸Î¨¸²¥´¨Ö ¢ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¥ ¸³. [6]. � ¸¢Ö§¨ ±¢ ´Éμ¢μ°

³¥Ì ´¨±¨ ¸ ±² ¸¸¨Î¥¸±μ° ¢ ¸²ÊÎ ¥, ±μ£¤  Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ²¨´¥°´Ò, ¸³. [7].

3. „ˆ‚…�ƒ…�–ˆŸ Š����ˆ—…‘Š�ƒ� ’…�‡��� (7)

„¨¢¥·£¥´Í¨Ö ± ´μ´¨Î¥¸±μ£μ É¥´§μ·  (7) · ¢´ 

∂

∂uk
T k

i (U) = Lk
α(U)

∂2

∂uk∂ui
xα(U) +

∂

∂uk
Lk

α(U)
∂

∂ui
xα(U) − ∂

∂ui
L(U). (15)

�¡μ§´ Î¨³

Ei(U, X, Ξ) = − ∂

∂ui
L(U, X, Ξ). (16)

„¨ËË¥·¥´Í¨·ÊÖ ËÊ´±Í¨Õ (5), ¶μ²ÊÎ ¥³

∂

∂ui
L(U) = −Ei(U) + Lα(U)

∂

∂ui
xα(U) + Lk

α(U)
∂2

∂uk∂ui
xα(U). (17)

£¤¥
Ei(U) = Ei(U, X(U), Ξ(U)). (18)

�μ¤¸É ¢²ÖÖ ¢ (15) ¶·μ¨§¢μ¤´ÊÕ (17), ¶μ²ÊÎ ¥³

∂

∂uk
T k

i (U) = Ei(U) +
[

∂

∂uk
Lk

α(U) − Lα(U)
]

∂

∂ui
xα(U). (19)

� ±μ´¥Í, ÊÎ¨ÉÒ¢ Ö Ê· ¢´¥´¨Ö ‹ £· ´¦  (14), ¶μ²ÊÎ ¥³

∂

∂uk
T k

i (U) = Ei(U). (20)

4. �„����„��Ÿ ”“�Š–ˆŸ ‹�ƒ���†�

”Ê´±Í¨Ö ‹ £· ´¦  (1) ´ §Ò¢ ¥É¸Ö μ¤´μ·μ¤´μ°, ¥¸²¨ ´¥ § ¢¨¸¨É Ö¢´μ μÉ ¶¥·¥³¥´´ÒÌ
¨´É¥£·¨·μ¢ ´¨Ö U ¨ ¥¸²¨ ¥¥ ± ´μ´¨Î¥±¨° É¥´§μ· (3) Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ´Ê²Õ.

‚ · ¡μÉ¥ [8] ¶·¥¤²μ¦¥´ μ¡Ð¨° ³¥Éμ¤ ¶·¨¢¥¤¥´¨Ö ËÊ´±Í¨¨ ‹ £· ´¦  (1) ± μ¤´μ·μ¤-
´μ³Ê ¢¨¤Ê.

�¤´μ·μ¤´ Ö ËÊ´±Í¨Ö L = L(X, Ξ) ¶·¨ § ³¥´¥  ·£Ê³¥´Éμ¢ ξα
μ ´  Λβ

μξα
β , £¤¥ μ¶·¥¤¥²¨-

É¥²Ó Det (Λ) > 0, ¶·¥μ¡· §Ê¥É¸Ö ¶μ § ±μ´Ê

L(X, ΛΞ) = L(X, Ξ)Det (Λ). (21)

‘³. μ¡ ÔÉμ³ [6, c. 20Ä21].
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„²Ö μ¤´μ·μ¤´μ° ËÊ´±Í¨¨ L = L(X, Ξ) ‹ £· ´¦  ¢³¥¸Éμ (2) ¨³¥¥³

Lα = Lα(X, Ξ), Lk
α = Lk

α(X, Ξ), (22)

  ¢³¥¸Éμ (3) ¨³¥¥³
T k

i (X, Ξ) = ξα
i Lk

α(X, Ξ) − δk
i L(X, Ξ) = 0. (23)

‚ ·¥§Ê²ÓÉ É¥ ¶·¨¢¥¤¥´¨Ö ËÊ´±Í¨¨ ‹ £· ´¦  (1) ± μ¤´μ·μ¤´μ³Ê ¢¨¤Ê Î¨¸²μ r § ³¥´Ö-
¥É¸Ö ´  Î¨¸²μ

n = m + r (24)

¨ ¸Ê³³¨·μ¢ ´¨¥ ¶μ ¶ ·¥ μ¤¨´ ±μ¢ÒÌ £·¥Î¥¸±¨Ì ¨´¤¥±¸μ¢ ¢Ò¶μ²´Ö¥É¸Ö ¢ ´μ¢ÒÌ ¶·¥¤¥² Ì,
  ¨³¥´´μ ¢ ¶·¥¤¥² Ì μÉ 1 ¤μ n.

’¥¶¥·Ó ¤²¨´  ¸É·μ±¨ X · ¢´Ö¥É¸Ö n, ¶²μÐ ¤Ó ³ É·¨ÍÒ Ξ · ¢´Ö¥É¸Ö m × n, ¶·¨Î¥³

0 < m < n, n � 2. (25)

‚³¥¸Éμ · ¢¥´¸É¢ (5), (6) ¨³¥¥³ · ¢¥´¸É¢ 

L(U) = L

(
X(U),

∂

∂U
X(U)

)
, (26)

Lα(U) = Lα

(
X(U),

∂

∂U
X(U)

)
, Lk

α(U) = Lk
α

(
X(U),

∂

∂U
X(U)

)
. (27)

—Éμ ¤μ ¸É·μ±¨ U , Éμ ¥¥ ¤²¨´  μ¸É ¥É¸Ö · ¢´μ° m.
‘μ¢μ±Ê¶´μ¸ÉÓ ËÊ´±Í¨°

xα = xα(u1, . . . , um), α = 1, . . . , n (28)

É¥¶¥·Ó ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ¶ · ³¥É·¨Î¥¸±μ¥ § ¤ ´¨¥ m-³¥·´μ° ¶μ¢¥·Ì´μ¸É¨ Ω ¢
n-³¥·´μ³ ¶·μ¸É· ´¸É¢¥.

‚ Î ¸É´μ³ ¸²ÊÎ ¥
m = 1, n � 2 (29)

³ É·¨Í  Ξ ¸É ´μ¢¨É¸Ö ¸É·μ±μ° (ξ1, . . . , ξn), ¸É·μ±  U ¶·¥¤¸É ¢²Ö¥É¸Ö ¸¢μ¨³ ¥¤¨´¸É¢¥´´Ò³
Ô²¥³¥´Éμ³ u,   ¸μ¢μ±Ê¶´μ¸ÉÓ ËÊ´±Í¨°

xα = xα(u), α = 1, . . . , n (30)

¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ¶ · ³¥É·¨Î¥¸±μ¥ § ¤ ´¨¥ ²¨´¨¨ Ω ¢ n-³¥·´μ³ ¶·μ¸É· ´¸É¢¥.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¨´É¥£· ² ¤¥°¸É¢¨Ö

S =
∫
Ω

L

(
X(u),

d

du
X(u)

)
du (31)

³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¤²¨´Ê ²¨´¨¨ Ω.
�  ¢μ§³μ¦´μ¸ÉÓ É ±μ£μ μ¶·¥¤¥²¥´¨Ö ¤²¨´Ò ²¨´¨¨ (30) ¢¶¥·¢Ò¥ Ê± § ² 	¥·´£ ·¤ �¨-

³ ´ ¢ ¤¨¸¸¥·É Í¨μ´´μ° ²¥±Í¨¨, ¶·μÎ¨É ´´μ° ¨³ ¢ ƒ¥ÉÉ¨´£¥´¸±μ³ Ê´¨¢¥·¸¨É¥É¥ 10 ¨Õ´Ö
1854 £. ¢ ¶·¨¸ÊÉ¸É¢¨¨ Š ·²  ”·¨¤·¨Ì  ƒ Ê¸¸  [11].
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�É  ¢μ§³μ¦´μ¸ÉÓ ¡Ò²  ·¥ ²¨§μ¢ ´  �¥·¥·μ³ ”¨´¸²¥·μ³ ¢ 1918 £. (É ±¦¥ ¢ ƒ¥É-
É¨´£¥´¥). �μÔÉμ³Ê ²¨´¥°´ÊÕ ³¥É·¨±Ê, § ¤ ¢ ¥³ÊÕ ¨´É¥£· ²μ³ (31), ´ §Ò¢ ÕÉ ³¥É·¨±μ°
”¨´¸²¥· . — ¸É´Ò³ ¸²ÊÎ ¥³ ³¥É·¨±¨ ”¨´¸²¥·  Ö¢²Ö¥É¸Ö ³¥É·¨±  �¨³ ´ .

‚ ¡μ²¥¥ μ¡Ï¨·´μ³ ¤μ¶μ²´¨É¥²Ó´μ³ ¸²ÊÎ ¥

1 < m < n, n � 3 (32)

¨´É¥£· ² ¤¥°¸É¢¨Ö

S =
∫
Ω

L

(
X(U),

∂

∂U
X(U)

)
dU (33)

³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¶²μÐ ¤Ó m-³¥·´μ° ¶μ¢¥·Ì´μ¸É¨ Ω.
’ ±μ¥ μ¶·¥¤¥²¥´¨¥ ¶²μÐ ¤¨ ¶μ¢¥·Ì´μ¸É¨ (26) ¢¶¥·¢Ò¥ ¶·¥¤²μ¦¨² ‚¨±Éμ· ‚² ¤¨³¨-

·μ¢¨Î ‚ £´¥· (‘ · Éμ¢, 1946 £.). �μÔÉμ³Ê  ·¥ ²Ó´ÊÕ ³¥É·¨±Ê, § ¤ ¢ ¥³ÊÕ ¨´É¥£· ²μ³
(33), ´ §Ò¢ ÕÉ ³¥É·¨±μ° ‚ £´¥· .

5. �’��› ��‡‚ˆ’ˆŸ ���Ÿ’ˆŸ � ‹�ƒ���†ˆ��… �ˆŒ���

�. �² ´¨³¥É·¨Ö �¨Ë £μ· 
L2 = ξ2 + η2. (34)

	. CÉ¥·¥μ³¥É·¨Ö ¨ ¶² ´¨³¥É·¨Ö …¢±²¨¤ 

L2 = ξ2 + η2 + ζ2. (35)

�² ´¨³¥É·¨Ö …¢±²¨¤  Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ (z = const) ¥£μ ¸É¥·¥μ³¥É·¨¨ ¨ ¸μ¢¶ ¤ ¥É
¸ ¶² ´¨³¥É·¨¥° �¨Ë £μ· .

B. CÉ¥·¥μ³¥É·¨Ö ¨ ¶² ´¨³¥É·¨Ö ‹μ¡ Î¥¢¸±μ£μ

L2 = (ξ2 + η2) exp (−2z) + ζ2. (36)

�² ´¨³¥É·¨Ö ‹μ¡ Î¥¢¸±μ£μ Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ (y = const) ¥£μ ¸É¥·¥μ³¥É·¨¨.
‘³. [9] ¨ [10]. �  ¶μ¢¥·Ì´μ¸É¨ z = const, ´ §¢ ´´μ° ‹μ¡ Î¥¢¸±¨³ μ·¨¸Ë¥·μ°, ·¥ ²¨§Ê-
¥É¸Ö ¶² ´¨³¥É·¨Ö …¢±²¨¤ .

„´¥³ ·μ¦¤¥´¨Ö £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ Ö¢²Ö¥É¸Ö 12 (24) Ë¥¢· ²Ö 1826 £. ‚ ÔÉμÉ ¤¥´Ó
¢ Š § ´¸±μ³ Ê´¨¢¥·¸¨É¥É¥ �¨±μ² ° ˆ¢ ´μ¢¨Î ‹μ¡ Î¥¢¸±¨° ¤μ²μ¦¨² μ ¸¢μ¥³ μÉ±·ÒÉ¨¨
´μ¢μ° £¥μ³¥É·¨¨ (¸³. [9]).

ƒ. �² ´¨³¥É·¨Ö ƒ Ê¸¸  (1827)

L2 = E(x, y)ξ2 + 2F (x, y)ξη + G(x, y)η2, (37)

E > 0, G > 0, EG − F 2 > 0.

‘³. [9, c. 11 ¨ 16].
„. ‘É¥·¥μ³¥É·¨Ö �¨³ ´  ¨ ¥£μ n-³¥·´ Ö £¥μ³¥É·¨Ö (1854)
Š¢ ¤· É ² £· ´¦¨ ´  · ¢¥´ ±¢ ¤· É¨Î´μ° Ëμ·³¥

L2 = gαβ(X)ξαξβ , (38)
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· ¢´μ°, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¸Ê³³¥ n ±¢ ¤· Éμ¢ ²¨´¥°´ÒÌ Ëμ·³ Fα = Fα
μ (X)ξμ, ´¥ μ¡· Ð -

ÕÐ¨Ì¸Ö ¢ ´Ê²Ó ´¨ ¢ μ¤´μ° ¨§ ÉμÎ¥± X .
�² ´¨³¥É·¨Ö �¨³ ´  (¸²ÊÎ ° n = 2) ¸μ¢¶ ¤ ¥É ¸ ¶² ´¨³¥É·¨¥° ƒ Ê¸¸ .
‚ £¥μ³¥É·¨¨ �¨³ ´  Ê· ¢´¥´¨Ö ‹ £· ´¦  (14) ¶·¨¢μ¤ÖÉ¸Ö ± ¢¨¤Ê

d2xσ

ds2
+ Γσ

αβ

dxα

ds

dxβ

ds
= 0, (39)

£¤¥

Ldu = ds, Γσ
αβ =

1
2
gσμ(∂αgμβ + ∂βgμα − ∂μgαβ). (40)

�É¨ Ê· ¢´¥´¨Ö μ¶·¥¤¥²ÖÕÉ £¥μ¤¥§¨Î¥¸±¨¥ ²¨´¨¨ ¢ ¶·μ¸É· ´¸É¢¥ �¨³ ´ .

6. �‹�™�„œ m-Œ…���‰ ��‚…�•��‘’ˆ
‚ n-Œ…���Œ �ˆŒ���‚�Œ ���‘’���‘’‚…

’ ± Ö ¶²μÐ ¤Ó μ¶·¥¤¥²Ö¥É¸Ö ² £· ´¦¨ ´μ³ ¢ £´¥·μ¢¸±μ£μ É¨¶ 

L =
√

det (fkl), (41)

£¤¥
fkl = gαβξα

k ξβ
l . (42)

ˆ³¥¥³

Lα =
1
2
Lfklξμ

k ξβ
l

∂gμβ

∂xα
, La

α = Lfakξμ
k gμα. (43)

‘²¥¤μ¢ É¥²Ó´μ, ²¥¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨° (14) ¢ ¤ ´´μ³ ¸²ÊÎ ¥ · ¢´Ö¥É¸Ö

∂

∂ua
La

α(U) − Lα(U) = Lgασ

(
Dxσ + fklΓσ

αβξα
k ξβ

l

)
, (44)

£¤¥

Dxμ =
1
L

∂

∂uk

(
Lfkl ∂xμ

∂ul

)
, fakfkb = δa

b , (45)

¨ Ê· ¢´¥´¨Ö ‹ £· ´¦  ¶·¨¢μ¤ÖÉ¸Ö ± ¢¨¤Ê

Dxμ + fklΓμ
αβξα

k ξβ
l = 0. (46)

�μ¢¥·Ì´μ¸ÉÓ, § ¤ ¢ ¥³ÊÕ ¢ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¢ ¢¨¤¥ (28), ¡Ê¤¥³ ´ §Ò¢ ÉÓ £¥μ-
¤¥§¨Î¥¸±μ°, ¥¸²¨ ËÊ´±Í¨¨ (28) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ (46).

‚ Î ¸É´μ¸É¨, ³¨´¨³ ²Ó´Ò¥ ¶μ¢¥·Ì´μ¸É¨ ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ …¢±²¨¤  Ö¢²ÖÕÉ¸Ö
£¥μ¤¥§¨Î¥¸±¨³¨.

‚ μ¤´μ³ ±· °´¥³ ¸²ÊÎ ¥, ±μ£¤  m = 1, Ê· ¢´¥´¨Ö (46) ¶¥·¥Ìμ¤ÖÉ ¢ (39). �É¸Õ¤  ¶·¨
1 < m < n ´ §¢ ´¨¥ ®£¥μ¤¥§¨Î¥¸±¨¥ ¶μ¢¥·Ì´μ¸É¨¯.

‚ ¤·Ê£μ³ ±· °´¥³ ¸²ÊÎ ¥, ±μ£¤  m = n, Ê· ¢´¥´¨Ö (46) ¶¥·¥Ìμ¤ÖÉ ¢ Éμ¦¤¥¸É¢μ

1
√

g

∂

∂xα
(
√

ggνα) + gαβΓν
αβ = 0. (47)
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7. ‚�…Œ…�ˆ��„���›… ƒ…�„…‡ˆ—…‘Šˆ… ��‚…�•��‘’ˆ
‚ (n + 1)-Œ…���Œ �ˆŒ���‚�Œ Œˆ�…

Œ´μ£μμ¡· §¨¥ ¸ ·¨³ ´μ¢μ° ³¥É·¨±μ° gαβ(X)dxαdxβ ¶·μ¸É¥°Ï¥£μ £¨¶¥·¡μ²¨Î¥¸±μ£μ
¢¨¤  ³Ò ´ §Ò¢ ¥³ ¢·¥³¥´¨¶μ¤μ¡´Ò³. …¸²¨ · §³¥·´μ¸ÉÓ É ±μ£μ ³´μ£μμ¡· §¨Ö · ¢´  n+1,
Éμ ¥£μ ³¥É·¨±  ¶·¨¢μ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê ¢¨¤Ê:

gαβ(X)dxαdxβ = F 1F 1 + . . . + FnFn − Fn+1Fn+1, (48)

£¤¥ Fα = Fα
μ (X)dxμ.

�  ¢·¥³¥´¨¶μ¤μ¡´μ° ³¨·μ¢μ° ²¨´¨¨ xα = xα(u)

gαβ(X(u))
dxα

du

dxβ

du
< 0. (49)

‚¸Ö± Ö (n + 1)-³¥·´ Ö ³¨·μ¢ Ö μ¡² ¸ÉÓ ¢·¥³¥´¨¶μ¤μ¡´ .
�  ¢·¥³¥´¨¶μ¤μ¡´μ° ³¨·μ¢μ° ¶μ¢¥·Ì´μ¸É¨

xα = xα(u1, . . . , um+1) (50)

³¥É·¨±  ¨³¥¥É ¶·μ¸É¥°Ï¨° £¨¶¥·¡μ²¨Î¥¸±¨° ¢¨¤ ¨ · ¢´Ö¥É¸Ö

fkl(U)dukdul = gαβ(X(U))
∂xα

∂uk

∂xβ

∂ul
dukdul. (51)

�²¥³¥´É ¶²μÐ ¤¨ (É. ¥. (m + 1)-³¥·´μ£μ μ¡Ñ¥³ ) ÔÉμ° ¶μ¢¥·Ì´μ¸É¨ · ¢´Ö¥É¸Ö

dVm+1 =
1
c

√
−fdu1 · · ·dum+1. (52)

£¤¥ f Å μ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ (fkl); c Å ¸±μ·μ¸ÉÓ ¸¢¥É .
ƒ¥μ¤¥§¨Î¥¸±¨¥ ¢·¥³¥´¨¶μ¤μ¡´Ò¥ ³¨·μ¢Ò¥ ¶μ¢¥·Ì´μ¸É¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¤¨ËË¥·¥´Í¨-

 ²Ó´Ò³ Ê· ¢´¥´¨Ö³

∂

∂uk

(√
−ffkl ∂xα

∂ul

)
+

√
−ffklΓα

μν

∂xμ

∂uk

∂xν

∂ul
= 0, (53)

£¤¥ Γα
μν Å ¸¢Ö§´μ¸ÉÓ Š·¨¸ÉμËË¥²Ö ¤²Ö ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gαβ. �μ¤Î¥·±´¥³, ÎÉμ ¢

(51) ¨ (53) cÊ³³¨·μ¢ ´¨¥ ¶μ k, l ¢¥¤¥É¸Ö μÉ 1 ¤μ m + 1.
‚ § ±²ÕÎ¥´¨¥ · ¸¸³μÉ·¨³ ¤¢  ±· °´¨Ì ¸²ÊÎ Ö.
‘²ÊÎ ° m = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥

f11f11 = 1, f = f11 = gαβ(X(u))dxαdxβ , cdV1 =
√
−fdu = dτ, (54)

É ± ÎÉμ Ê· ¢´¥´¨¥ (53) ¶·¨´¨³ ¥É ¢¨¤

d

du

(√
−ff11 dxα

du

)
+

√
−ff11Γα

μν

dxμ

du

dxν

du
= 0, (55)

¨²¨ ¨´ Î¥
d2xα

dτ2
+ Γα

μν

dxμ

dτ

dxν

dτ
= 0. (56)
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‘²ÊÎ ° m = n. „μ± ¦¥³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ · ¢¥´¸É¢μ (53) Ö¢²Ö¥É¸Ö ´¥ Ê· ¢´¥´¨¥³,
  Éμ¦¤¥¸É¢μ³.

„¥°¸É¢¨É¥²Ó´μ, ¶·¨ m = n ¶ · ³¥É·Ò u1, . . . , un+1 ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ´μ-
¢Ò¥ ±μμ·¤¨´ ÉÒ x̌1, . . . , x̌n+1 ¢ ·¨³ ´μ¢μ³ ³¨·¥ ´ · ¢´¥ ¸μ ¸É ·Ò³¨ ±μμ·¤¨´ É ³¨
x1, . . . , xn+1, ¶·¨Î¥³ ² É¨´¸±¨¥ ¨´¤¥±¸Ò, ± ± ¨ £·¥Î¥¸±¨¥, ¶·¨´¨³ ÕÉ §´Î¥´¨Ö μÉ 1
¤μ n + 1.

„ ²¥¥, É ± ± ± ¶·¨ m = n

fkl ∂xμ

∂uk

∂xν

∂ul
= gμν = ǧρσ ∂xμ

∂x̌ρ

∂xν

∂x̌σ
, fkl ∂xα

∂ul
=

∂uk

∂xμ
gαμ,

Éμ ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (53) · ¢´Ö¥É¸Ö

∂

∂uk

(√
−f

∂uk

∂xμ
gαμ

)
+

√
−fgμνΓα

μν =

=

√
−f

−g

[
∂

∂xμ
(
√
−ggμα) +

√
−ggμνΓα

μν

]
+
√
−ggαμ ∂

∂uk

[√
−f

−g

∂uk

∂xμ

]
.

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸¨²Ê ¨§¢¥¸É´μ£μ Éμ¦¤¥¸É¢  ¤²Ö ¸¢Ö§´μ¸É¨ Š·¨¸ÉμËË¥²Ö

∂

∂xμ
(
√
−ggμα) +

√
−ggμνΓα

μν = 0 (57)

²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (53) ¶·¥¤¸É ¢²Ö¥É¸Ö ± ±

√
−ggαμ ∂

∂uk

[√
−f

−g

∂uk

∂xμ

]
=

√
−ggαμ ∂

∂x̌σ

[√
−ǧ

−g

∂x̌σ

∂xμ

]
.

’¥¶¥·Ó ¤μ± ¦¥³ Éμ¦¤¥¸É¢μ

∂

∂x̌σ

[√
−ǧ

−g

∂x̌σ

∂xμ

]
= 0. (58)

ˆ³¥¥³

∂

∂x̌σ

[√
−ǧ

−g

∂x̌σ

∂xμ

]
=

1√−g

∂x̌σ

∂xμ

∂

∂x̌σ

√
−ǧ +

√
−ǧ

∂

∂xμ

1√−g
+

√
−ǧ

−g

∂

∂x̌σ

∂x̌σ

∂xμ
.

‚ ¸²ÊÎ ¥ ¸¢Ö§´μ¸É¨ Š·¨¸ÉμËË¥²Ö

∂

∂xμ

√
−g =

√
−gΓα

αμ =
√
−gΓμ. (59)

‘²¥¤μ¢ É¥²Ó´μ,

∂

∂x̌σ

[√
−ǧ

−g

∂x̌σ

∂xμ

]
=

√
−ǧ

−g

[
∂x̌σ

∂xμ
Γ̌σ − Γμ +

∂

∂x̌σ

∂x̌σ

∂xμ

]
.

’ ± ± ± ¤²Ö ²Õ¡μ° ¸¢¥·´ÊÉμ°  ËË¨´´μ° ¸¢Ö§´μ¸É¨

∂x̌σ

∂xμ
Γ̌σ − Γμ +

∂xν

∂x̌σ

∂2x̌σ

∂xν∂xμ
= 0, (60)

Éμ ¢ ¸²ÊÎ ¥ m = n · ¢¥´¸É¢μ (53) Ö¢²Ö¥É¸Ö Éμ¦¤¥¸É¢μ³.
‡´ Î¨É, ¢¸Ö± Ö (n + 1)-³¥·´ Ö ³¨·μ¢ Ö μ¡² ¸ÉÓ Ö¢²Ö¥É¸Ö £¥μ¤¥§¨Î¥¸±μ° μ¡² ¸ÉÓÕ.
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