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1 Introduction

The results of long-awaited lattice measurements of gauge-invariant nonlocal quark con-
densates have been published recently in [1]. These data provide a possibility to examine
directly the models of nonlocal-condensate coordinate behaviour. Different models have
been suggested in the framework of QCD sum rules (SR) for dynamic properties of light
mesons [2, 3, 4, 5, 6]. We used an extended QCD SR approach with nonlocal conden-
sates [4, 3, 7, 8] as a bridge to connect meson properties, form factors, and distribution
amplitudes with the structure of QCD vacuum. For light meson phenomenology, the

value of short—distance correlation length ! in QCD vacuum, [ =~ IR has a paramount

significance, while the details of a particular condensate model are ofqnext-to-leading im-
portance. We demonstrate that the original lattice data in [1] allow one to extract a
reasonable value of the correlation scale )\3 being in agreement with our vacuum conden-
sate models. At the very end, the lattice data support our conclusion on the shape of
the pion distribution amplitude [2, 4, 8], and vice versa, the CLEO experimental data [9]
on pion photoproduction confirm our suggestion about the range of the correlation scale
values in an independent way [10].

2 Models of nonlocal quark condensates

Small z? behavior. Let us start with the general properties of gauge-invariant nonlocal
quark condensates (NLCs) Fgy(z?) following from their definitions
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where o, p are spinor indices, the integral in the Fock—-Schwinger string F(0, z) is taken
along a straight-line path. First of all, the condensates Fsy(z?),... should be analytic
functions around the origin, and their derivatives at zero are related to condensates of
the corresponding dimension. Expanding Fs y(z?) in the Taylor series at the origin in the
fixed-point gauge A,(y)y* = 0 (hence E(0,z) = 1), one can obtain [11]:
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Here D, = 0, — tgAgt® is a covariant derivative; my, the quark mass; Jy;, quark vector
current; and the expansion coefficients @* appearing in (2)-(3) are vacuum expectation




values (VEVs) of quark-gluon operators O; of dimension i, @* = (O;). These expan-
sions with the explicit expressions for the condensates @' have been derived in [11], (see
Appendix A). Condensates of lowest dimensions

Q3 = (qq) ’ Q5 = ig(q(GuuUuu)Q> = mg ‘ QS ) Q6 = (ta‘]:tb‘]:) ’ (4)

form the basis of standard QCD SR [12] and have been estimated, while the higher-
dimensional VEVs, QZO), szq), Q?o) ... are yet unknown. Note here that the matrix el-
ement of the 4-quark condensate @° is not known independently. Instead, it is usually
evaluated in the “factorization approximation”, the accuracy is estimated to be about
20% [12],
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The “mixed” condensate Q° is expressed in the chiral limit as m§ - Q® or 2A2 - Q3

(qT1qql2q) ~ —

dFS (.’132)
dzx?

Qs _m2 22
4 Iz=0=Z§§=TOZ'§€7 (6)
2

and the parameter — fixes the width of Fis(z?) around the origin. This important quantity
has been estimated within the QCD sum-rule approach

y2 [ 0401 GeV? [13], )
77 ] 0.5+0.05 GeV? [14].

Estimates of A2 from instanton approaches [15] are somewhat larger: A2 > 2/p? ~
0.6 GeV? where p, ~ 1.7 — 2 GeV~! is an average characteristic size of the instan-
ton fluctuation in the QCD vacuum. Taking into account all these estimates, in the
following, we put a rather wide window 0.6 > A2 > 0.4 GeV? for its value (“QCD Range”
in Figs.2, 3).

Large z? asymptotics from HQET. The large-|z| properties of the NLC Fg(z?)
have been analyzed in detail in [16] in the framework of QCD SRs for heavy—quark effective
theory (HQET) of heavy-light mesons. It was demonstrated that for a large Euclidean
z, NLC is dominated by the contribution of the lowest state of a heavy-light meson with
energy A = (Mg — mg)lmg—oo, and Fg(z?) ~ exp{—|z|A} (numerically, A is around
0.45 GeV'). In the following, we shall take this asymptotic behavior for NLC at large |z

Fs v~ e~ l=lAsy (8)

Hints from QCD SRs, Gaussian Ansatz. To relate the NLC behaviour with the
properties of mesons via QCD SR, it is convenient to parameterize the z2-dependence of
(2)-(3) by the distribution functions fx(a) a’la a-representation for a propagator

F (zz) — Ooe—az2/4 f (a) do where oof (Of) do = 1, S-case;
sV 0 sV ’ o Y 0, V-case, chiral limit.
(9)
Here we use the Euclidean interval z2 = —z% > 0, and the subscript E will be omitted

below for simplicity. The representation (9) allows one (i) to involve smoothly NLCs into
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diagrammatic techniques, and (ii) to clarify the physical properties of NLCs. Indeed,
functions fsy, () introduced in [2] describe the distribution of quarks over virtuality
@ in nonperturbative vacuum. The moments of fsyv, . coincide with Taylor expansion
coefficients in (2)-(3). For example, we have in S case in the chiral limit

7

/Oooafs(a)da=%(<:<q:—?;q>—:zz)\g), /Oooazfs(a)da=1—88%,... (10)

with /\3 meaning the average virtuality of vacuum quarks. Higher moments of fs(c)
are connected with higher-dimensional VEVs. The difference between the Ansatzes for
Fs(z?) looks more pronounced just for its fs(a)-images. It is evident that distributions
extremely concentrated at the origin fs(a) ~ &(a), 6§M{a), ... correspond to separate
terms of the Taylor expansion (2)-(3). At the same time, fs(a) = CONST simulates a free

propagation with zero mass: F(z*) ~ consT/z?. The Gaussian Ansatz

F&(z?) = exp (—/\éz?) ) (11)

takes account of a single scale — “inverse width” A, of the coordinate distribution and
corresponds to the virtuality distribution fs = §(a—AZ/2). It fixes only one main property
of the nonperturbative vacuum — quarks can flow through the vacuum with a nonzero
momentum k, and the average virtuality of vacuum quarks is (k?) = /\g /2. The Gaussian
behavior at very large |z| does not correspond to the expected NLC asymptotics (8).
But for the moment QCD SRs, that deal with the smearing quantities — moments of
distribution amplitudes [2, 4], form factors [17, 3, 18], the incorrect asymptotics of NLC
as well as subtle details of the Ansatz shape are expected to be not so important. It is
interesting that the Gaussian behaviour is supported by a model of the nonperturbative
propagator, [19], based on simple “local-duality” arguments. Namely, Eq.(16) in [19]
demonstrates a behaviour rather close to Eq.(11) within a physically important region
1 Fm. Unfortunately, corresponding Fs(z?) decays too quickly beyond this region, it
becomes negative and oscillating, which is physically unclear.

Certainly, a more realistic model of f(a) should possess a finite width: we expect that
it is a continuous function concentrated around a certain value )\3 /2 and rapidly decaying
to zero as o goes to 0 or co. Moreover, the continuous distribution fs(a) over virtuality
is directly related to the pion distribution amplitude ¢, (z) (for details, see sect.4), as it

was demonstrated with the help of the “nondiagonal” correlator in [5, 7).
“Advanced Ansatz”. To construct models of nonlocal condensates, one should sat-

isfy some constraints. For instance, if we assume vacuum matrix elements (: g(D?)™g:) to
exist, then the function f(«) should decay faster than 1/a™*! as a — cc. If for all m, all
such matrix elements exist, a possible choice could be a function f(a) ~ o™ exp(—ao),
etc. at large o. The opposite, small-c, limit of f(«) is determined by the large-|z| asymp-
totics (8) of the function Fg(z?). This means that f(a) ~ exp(—A?/a) in the small-a
region. By the simplest composition of both the asymptotics [5, 7], we arrive at the class
of Ansatzes [5, 7]

fs(asn) ~ ant gAY omcte (12)

that gives a coordinate behavior
K, (A\/40’2 + |J:2|) % "
= K, (2A0) Vo ¥ |z2|)

(13)
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Figure 1: Graphical illustration of different NLC models in a-representation. Thick bell-like lines
represents the advanced Ansatz (solid line) in comparison with fg(a;5) (dashed line), vertical line at
a = A\2/2 - Gauss Ansatz, and vertical line at @ = 0 - the local limit to standard condensates. For
comparison, we depict here the free propagation a-distribution in a dashed thin line.

where K,(z) is the modified Bessel function The distribution f£(e) = fs(a;n = 1) with
the parameters Ay >~ 0.45 GeV and a ~ 10 GeV~2 is presented in Fig.1 in comparison
with the dlstrlbutlon fs(a;n = 5). In this case, the behavior of F£(z?) = Fs(z%1) is
similar to that of the massive scalar propagator w1th a shifted argument:

K, (1\,/402 + Iz2|) 2 2 oA Ka(2h0)
K (2A0) Vi +z?] 7 o K, (2Ac )
The short-distance correlation scale AZ in (14) appears to be equal to 2/0% at Ao <
1, reproducing the single instanton-like result [15] where the parameter o imitates the
instanton size p.. In the opposite case at Ac > 1, )\2 is proportional to 2A/o. The
asymptotics of F£(z?) at large |z| > 25 ! is determined by the parameter A,

[ 2m
F;(IE2) 132_,°°—> [og K_|$_|3 E—M, (15)

where A plays the role of an effective mass. This interpretation is transparent in the
momentum representation of the NLC: F£(p?) tends to the usual propagator form at
small values of all the arguments

6 K (oV/B+) 4 L
s Ki(2h0) /A2t |p2]  A2+p?
“Advanced” Ansatz has been successfully applied in the nondiagonal QCD SR approach
to the pion and its radial excitations {7], and the main features of the pion have been

described: the mass spectrum of pion radial excitations 7' and 7 in close agreement with
experimental data. :

Fg(a*) = (14)

3 Vacuum correlation length from lattice data

Here we consider the results of fitting the lattice simulation data for both the kinds of
Ansatz FG A (z%) introduced previously for the nonperturbative part of a correlator.

The asymptotics starts with 22 3> 2 Fm? at the mentioned value of o-parameter.
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Processing the Pisa lattice data. The correlator
Co(z) = — 342, (Tr [ (0)E(0,z)g’ (z)]) was measured on an Euclidean lattice (1] at four
points, z = 2a, 4a, 6a, 8a, inside 1 Fm, where a =~ 0.1 Fm is the lattice spacing. The
simulation was performed with four flavors (Ny = 4) of staggered fermions with the same
mass m, for every flavor and SU(3) Wilson action for the pure gauge sector. Both the
" full QCD case (f-QCD), i.e. , including the effects of “loop” fermions with the flavour
masses mga = 0.01, 0.02 and the quenched case (q-QCD where the effects coming from
loops of dynamical fermions are neglected) with a set of flavour masses mga = 0.01, 0.02,
0.05, 0.10 were considered, see Appendix B and [1] for details.

The correlator can be written as a sum of a perturbative-like term, B - F§'(z?), pro-
portional to mg/z? at very short distances, and a nonperturbative part, A - F5(z?).
Parameters of the latter are the main goal of the fit. For the perturbative part, the au-
thors of [1] have used just the short-distance asymptotics; whereas for the nonperturbative
one, an exponential Ansatz Fg**(z2) = exp(—polz|) that corresponds to the asymptotics
of very large distances z2 > 1 Fm?. In other words, these two approximations, involved
in the fit simultaneously, are adapted for different regions of z. It seems more dangerously
that the exponential Ansatz is a non-analytic function of z2 at the origin: it depends on
|z| = V22 and its derivatives with respect to z? do not exist at the origin. Therefore one
loses any connection with local VEVs appearing in the OPE and with the corresponding
interpretation of the correlation length, see section 2. Nevertheless, the fit of the lattice
data has been performed [1] and demonstrated very small x*. Note, the values of X2/Na.o.s.
in the Tables below should be considered as purely indicative of the best fit quality. One
could not interpret these values in a standard statistical sense, because their true norm is
unknown, see brief discussion in [1]. The extracted quantities, 4, po, Bt are presented
in Table 1 (for every run) for a comparison with our results.

Table 1: Modified! fit [1], F57(z) = exp (—|z|o)

B, theory a-my a®Aq x 10? ap B X2/Nu.o.;.
535, T 0.01 0.49(13) 0.16(d) | 13(3) | 1.3-107
535, T 0.02 17(5) 0.26(3) | 095() | 64107
600, g . | 001 16(5) 016(4) | 09(1) | 7.6-107
591, q 0.02 2.3(7) 0.26(3) | 1.25(7) | 52-107
6.00, q 0.05 1.8(4) 034(2) | 149 0.2
6.00, q 0.10 5.6(5) 0.55(1) | Lo(1) 13.1072

We test different NLC Ansatzes and extract the parameters of the correlator using
three-step procedure. At the first step, we fit rearranged formulas for the correlator.
Note that the masses of light flavors appear unnaturally large in the lattice simulation
and cannot be considered small (for the values of masses in MeV, have a look at the axes
of Fig.3). For this reason, one should take account of all possible mass terms in both

Note here that the authors of [1] used the dimensional coefficient Bo related to our dimensionless
parameter, By = m¢B.

$In the original table [1], the dimensionless combination aBo has been shown. Due to the previous
footnote we recalculate the corresponding B parameter for their fits.



parts of Cp:

Co(z)
B~ —fo"
T

Following [20], we fix the perturbative-like part in the form of free propagation FP* =
T2 K1(mgz) with mass m,. For nonperturbative part, we keep all the known mass-terms

= B-F() + A- B (),
m,
;PR =my (R K(mg2)); F(E) = FEA(?

from the expansion (2), see the expression for Q?mq) in Appendix A.

)+

8

lm3z2 +..{17)
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Table 2: Fit for the Gaussian Ansatz, FS(z) = exp (—z 8)\ L)

B, theory a-m, a’Ag x 102 (@a-Ap)? B X2/ Ny.o.;.
535, 1 0.01 0.28(4) 0.103) | 167(19) 0.075
535, T 0.02 0.69(12) 0.18(3) | 1.67(21) 0.125
6.00, q 0.01 0.93(14) 0.103) | 2.19(65) 0.01
591, q 0.02 0.92(14) 0.16(3) | 2. 31(27) 0.65
6.00, q 0.05 0.60(7) 0.23(2) 176 1.78
6.00, q 0.10 — — 2.7

Table 3: Fit for the “Advanced” Ansatz, F4(z),A = 0.5 GeV

B, theory a-mg alAy x 10? (a-Ar)? B x?/Nao.j.
535, T 0.01 0.29(5) 011(3) | L.63(19) 0.03
5.35, T 0.02 0.76(16) 023(5) | 1.57(30) 0.05
6.00, 4 0.01 0.97(17) 012(3) | 1.95(63) | 5107
591, q 0.02 1.04(20) 021(5) | 2.12(40) 0.3
6.00, q 0.05 0.79(14) 0.38(6) | 1.59(9) 0.6
6.00, q 0.10 2.72(32) 1.41(7) 1.13(6) 0.3

As a result of the fit, we extract, from lattice data, an intermediate correlation scale
AL that parameterizes F$**(22) in (17) instead of Ag

G,A/, 2

x =8 B,

dz?
and depends on lattice conditions, namely my, a, and 8. We expect that this quantity
coincides in the chiral limit with AZ, determined in (6) within the massless QCD, i.e. ,
A (my) |mg—s0—> A3 = A2(p3) on the lattice normalization scale 1. The results for A, B
and X% (m,), obtamed in various cases? are collected in Tables 2 and 3; let us outline the
main features:

(i) The x? for the cases of both Ansatzes look higher than in Table 1, but still suffi-
ciently small, especially for f-lattice. An exception is the last run for the g-lattice with
the largest mass m,-a = 0.10 that corresponds to m, ~ 200 MeV [1]. To process the data
with so a huge mass, one should involve a lot of mass-terms into the fit formula (17). For
this reason, we exclude this run results from subsequent analysis.

¥The Gaussian Ansatz has been tested in a lattice in [21] (after our suggestion in a private commu-
nication) without any mass corrections. The fit-result, A2 (mq - a = 0.01) = 0.46(5), appears somewhat
larger than our fit-result in Fig.2(a).



(i) The extracted coefficient B that fixes the perturbative-like contribution should
not change significantly from one run to another for both Ansatzes and for both kinds
of lattices. This property can signal about a good quality of the fits, it confirms the
reliability of the fit at least for the f-lattice case, see Tables 1 and 2.

(iii) The fitted parameter A3 (m,) that fixes the behavior of the nonperturbative part
has a strong and monotonic dependence on my, in contrast with the parameter B, see
item (ii).

Extrapolation to the chiral limit. At the second step, we extrapolate the inter-
mediate A\Z(m,) to the chiral limit, suggesting a simple linear dependence on m, — 0.
The linear law seems to be rather naive, but the observed strong dependence of A% (m,)
on the quark mass is well supported by the data, see graphics in Fig.2, 3. Really, the
linear extrapolation of the first three run results for the g-lattice is self-consistent for
both Ansatzes (Fig.2(b), 3(b)), and the results are in a reasonable agreement with the
corresponding f-lattice results (Fig.2(a), 3(a)).

1

A2 [GeV? (a)
o.sm [
0.615 v — QcD 0.
q -~ — Range

0.4 — ==L - & 0.

v--- T.--
0.2 ’,,/’ 0.

’A% mg [MeV] mgq [MeV]

0 10 20 30 40 50 80 100

Figure 2: Graphical illustration of the fit results for A3 — black points with error bars; for the chiral
limit ( m, — 0) and the evolution to the scale 1 GeV? for the Gaussian Ansatz both in full (part (a))
and quenched (part (b)) LQCD. Dashed black lines on both parts correspond to chiral limit procedure
with taking into account error-bars, black blobs — to the central points of the chiral limit, and red blobs
— to the resulting values of )\3 on the QCD scale of 1 GeV2. Red arrows show the overall error-bars of

the extracted ’\Z (u? = 1 GeV*®), whereas green thick lines bound the QCD preferred region.

A2 [GeV? (a)

0.8 >

/ -
0.6/ — Qcp

i ’\q - ”J//J' - }Range
0.4 -

-
0.
mg [MeV]
20 30 10 50

Figure 3: Graphical illustration to three-step procedure for the case of Advanced Ansatz both in full
(part (a)) and quenched (part (b)) LQCD.

The explicit results for A are presented in the first line of Table 4: note, A2 for the
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q-lattice is not smaller than for the f-one for both Ansatzes; the large error bars for A2
appear due to the roughness of the chiral extrapolation procedure.

To clarify the reliability of the approximation, we repeat the same extrapolation pro-
cedure with the dimensionless “lattice quantities”, L2 = (a-Az)? and M = a-m,. Lattice
spacing a involved into this extrapolation is different for different runs (see Appendix B,
Egs.(B.1)-(B.2)). To return to “physical” quantity Ao at the very end, we adapt an aver-
age spacing a, corresponding to the g-lattice case, and a similar average one ay — to the
f-lattice case (see Appendix B). It is clear, that this procedure is even more crude than
the previous one. Nevertheless, the corresponding Ao well agree with the previous “three-
point” g-lattice result, compare the first and third lines in Table 4. But the procedure
falls down for f-lattice data, the results appear too small.

At the third step, we perform an evolution to continuum normalization scale.
To compare the results for the shape of NLC Fg(z?, u?) (or distribution f(a, u?) at scale
p?) with the same quantity taken on another scale @2, the corresponding evolution law in
p? is required. For a general case it looks as ambitious and rather complicated problem
that is yet unsolved. But in our partial case if we fix how A\2(u?) evolves with u?, then the
evolution law for both Ansatze is also fixed. Therefore, we shall consider the evolution of
single characteristic of the shape — A2(u?), setting the equivalence A2(u7 ) = A} in a lattice.
We live not in a lattice, but, instead, in a continuum. Therefore we need a procedure to
relate lattice measurements with our observables in continuum, the corresponding one-
loop evolution law for this kind of a lattice presented, e.g. , in [22],

T REY
2(?) - [In(p/Aps)] bo = AZ. —I:ro—,B+ln(AL/AMs)+6.54 bo . (18)

The continuum quantities enter into the Lh.s. of Eq.(18); while the lattice quantities,
into the r.h.s.. Here Ays/Ap = 76.44, by = 11/3C4 — 4/3Tr Ny — first coefficient of the
p-function, and 7y = (2C4 — 8Cp) = —14/3 - one-loop anomalous dimension for A2(u?),
calculated in [23]. So, using formula (18) to return to continuum A2(u? = 1 GeV?), we
obtain the final results for )\3 appearing just in the “QCD range”, see Figs.2, 3. Let us
consider these evolved results, presented in Table 4, in more detail.

(i) The Gaussian Ansatz. The mean values of A2 for f- and g-lattices become closer
to one another after the evolution starting from the corresponding different values of A2.
This “focusing” effect is due to a difference of the evolution in both the cases: for the
f-lattice (6 = 5.35; by = 25/3, Ny = 4) the transition factor from Eq.(18) is 2.88, while
for g-lattice (8 ~ 6; by = 11, Ny = 0 ) — 2.11. Note here that if one attempts to exchange,
by hand, these evolution laws (q for f and vice versa), then the final numbers diverge out
of the QCD range. The observed focusing may demonstrate a complementarity of the
chiral limit results to the evolution law.

(ii) The Advanced Ansatz. The value of )\3 for f-lattice, 0.5 GeV?, appears to be very
close to an average A2 for the Gaussian Ansatz in the left side of Table 4. The result for
the g-lattice is less than this average estimate and located near the low boundary of the
QCD range. But, in virtue of huge error bars, the latter result does not contradict the
f-lattice result.

Finally we can conclude that Pisa lattice data reported in [1] really “feel” the short
distance correlation scale in the QCD vacuum. The data processing explicitly demon-
strates that the extracted mean values of /\3 are in agreement with the estimates from
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the QCD SR approach (7) for all the considered cases. Huge errors bar are the problem
of these estimates, and this does not allow one to confirm the agreement with the “QCD
range” once and for all. The main uncertainty follows from the chiral limit procedure
(“second step”). To reduce the uncertainty, one should improve the theoretical part in
(17) as well as the “lattice” part of the fit. Namely, we need more numbers of the lattice
runs with a moderate/small quark masses M = a - m, for a reliable extrapolation; to
process all existing results, we should include the most important subset of mass-terms
into the nonperturbative part of the fitted formula (17).

Table 4: On the analysis of different approaches to the chiral limit

Full QCD Quenched QCD Full QCD Quenched QCD

A2 [GeV?], Gauss-Ansatz A2 [GeV?], Advanced-Ansatz
Dimensional 1} 19 | 519 0.23 +0.16 0175401 | 0.175+0.26
Chiral 2¥41m1t,
/\0

Evolution to

1 GeV, )\3 0.55 +0.28 0.48 +0.33 0.50 +0.27 0.37+0.54

Dimensionless
Chiral Limit,
A3

X 0.24+£0.15 X 0.19+0.23

Evolution to
1GeV, )‘g X 0.50 +0.31 X 0.40 £ 0.50

Results of extrapolation to m, — 0 are evolved to the standard normalization
scale pf = 1 GeV2. Crosses in full QCD columns mean the breakdown of chiral
limit procedure.

Another problem is to extract the quark condensate value |{gq)| from the lattice QCD
data. In the fit it is just the coefficient A divided by the number of flavors Ny = 4.
But the three-step procedure fails for this datall providing too small values for the quark
condensate.

Another possibility is to construct the RG-invariant quantity m,(u?){gg)(1?) in the
lattice to avoid both the chiral limit and the renormalization effects. In this way, we
obtained different estimates for every run in full the lattice QCD; the estimate region is

|2mq(dq)| = (2 - 5) - 107 GeV* (19)

IIThe authors of [1] also did not obtain reasonable estimates for {q) using this kind of data, therefore
they have performed an individual measurement of the quantity, see Eq.(3.3-3.5) in [1]



that should be compared with the well-known value fixed by the current algebra
= 7 Lo o 2 -4 oyt
[(my@iu) + (medd)] = 3 Zmi(l+O0(m2)) =~ 1.7-107* GeV*. (20)
The estimate (19) produces for real QCD case with the current masses m, 4 ~ 5.5 MeV

|(2g)(1 GeV?)|/* = 265 — 358 MeV vs the standard value 250 MeV, [12].  (21)

The values are overestimated, although the lowest one corresponding to the run with
mg - a = 0.01 looks reasonable.

4 Nonlocal quark condensates and pion distribution
amplitude

The pion distribution amplitude (DA} of twist-2, ¢, (z,u?), is a gauge- and process-
independent characteristic of the pion that universally specifies the longitudinal momen-
tum z P distribution of valence quarks in the pion with momentum P (see, e.g., [24] for
a review), .

O 101550, ule) | (P),_, = ifeP* [ doeeP (o). (22

Due to factorization theorems [25, 26], it enters as the central input of various QCD
calculations of hard exclusive processes. Here we illustrate how a value of the correlation
scale A2 (~ 1/I%) can affect the shape of the pion DA. First, we consider NLC QCD

1
SR for DA moments that provides the smearing quantities, moments (¢V), = / (2z —
0

1)¥pr(z)dz, to restore a profile ¢, (z) of the pion DA. The NLC QCD SR are based
on different kinds of Gaussian Ansatzes [2, 4] for NLCs that naturally appear in the
theoretical (r.h.s.) part of the SR.

Pion DA from NLC QCD SR for pion DA moments. The Gaussian Ansatz.
The SR involves 5 different kinds of nonlocal condensates in addition to the scalar con-
densate contribution, Adg(z; M?), for details see [2, 4, 8]. The scalar NLC contribution
results from the “factorization approximation” to the nonlocal four-quarks condensate,
and its accuracy is yet unknown, compare with the approximation, Eq.(5). But in any
case the contribution A®g(z; M?) is numerically the largest one for not too high moments.
Therefore, the main features of the shape of ¢, (z) in Fig.4 is, roughly speaking, the net
result of the interplay between the perturbative contribution and the nonperturbative
term A®g(z; M?) that dominates the r.h.s. of the SR.

The QCD SR predicts the values of moments (M), (u? =~ 1 GeV?) within their error
bars. For this reason, one obtains, after restoration a “bunch” of admissible DA profiles
[10] corresponding to the moment error bars, rather than a single sample of profile. These
profiles are shown in Fig.4 by dashed lines, in addition to the optimal one (thick solid
line) that corresponds to the best fit at xﬁpt ~ 1073. Comparing DA profiles at different
values of A2 in Fig.4(a) and (b), one can conclude that the larger is the correlation scale
the smaller is the concavity in the middle of the profiles, and their shape becomes closer to

10



the shape of “asymptotic” DA ¢,,(z) = 6z(1 — z). Therefore, a trial bunch (is not shown
here) corresponding to the value 2 = 0.6 GeV? at the boundary of the introduced QCD
range contains mainly convex in the mid-point profiles that are close to the asymptotic
one.

Range

mg [MeV]

80 100

Figure 4: Graphical representation of @1 (, 4%) (part (a)) and @qs (2, u2) (part (b)) at the characteristic
renormalization point 4? ~ 1 GeVZ. The thick solid lines in both plots denote P a(), ie., the best fit to
the determined values of the moments, whereas dashed lines illustrate admissible options approximately
with x2 < 1.

We have established in [10] that a two-parameter model o, (; a2, a4), the parameters
being the Gegenbauer coefficients a, and a4 (as also used in [27]), enable one to fit all
the moment constraints for (¢V),. In this way, the admissible bunches of profiles can
be mapped into the ax(?), as(1s?) plot and then can be evolved to a new normalization
point [10, 27], see slanted rectangles in Fig.5.

Pion DA vs CLEO data. Recently, the CLEO collaboration [9] measured the
v*y — =¥ form factor with a high accuracy. These data sets were processed by Schmedding
and Yakovlev (S&Y) [27] using a NLO light-cone QCD SR analysis. They obtained the
constraints to (ag, as) coefficients in the form of 95% (20-deviation criterium) and 68%
(lo-deviation criterium) confidence regions, see ellipse-like contours in Fig. 5 with the
central point a3 = 0.190, a3 = —0.140 that (approximately) corresponds to an average
normalization point of uggy = 2.4 GeV.

The regions enclosed by the slanted rectangles bounded by the short-dashed line and
solid line in Fig.5 correspond to the bunches of DA displayed in Fig.4(a) and (b). The
central point a; = 0.142, ay = —0.087 corresponding to the optimum profile of the ¢, (z)-
bunch (A2 = 0.4 GeV? Fig.3(a)) at u2y, definitively belongs to the central S&Y region.
The @s(z)-bunch is, however, mostly outside the central 68% region though still within
the 95% confidence region. Finally, the third slanted rectangle limited by the long-dashed
contour and shifted to the upper left corner of the figure in Fig.5 corresponds to the trial
bunch of NLC-DA with /\g = 0.6 GeV2. This value falls actually outside the standard
QCD NLC-SR bounds in Eq.(7) for AZ. Remarkably, the image of this region in Fig.5 lies
completely outside the central region as a whole. Therefore, we may conclude that the
CLEO data prefer the values /\'7; = 0.4, 0.5 GeV? and probably do not prefer the value
/\2 = 0.6 GeV?, in full agreement with previous QCD SR estimates. Now the conclusion
is supported by the lattice results presented in section 3. The quantitative details of the
above qualitative discussion can be found in [10].

11
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Figure 5: The parameter space of (a2, a4) pairs, corresponding to the allowed values of the second and
fourth Gegenbauer coefficients: (i) calculated within the NLC-SR approach for three different values of
)\Z and evolved to p,y = 5.6 GeV?; (ii) confidence regions extracted by Schmedding and Yakovlev [27]
from CLEO data [9]. Contour lines show 68% (solid line) and 95% (dashed line) confidential regions. It
is shown how our estimate of the confidence region with ,\3 = 0.4, 0.5, 0.6 GeV? overlaps with those
displayed in Fig. 6 of Ref.[27]. Bold dot in the plot marks the parameter pairs for the asymptotic DA,
full square — for Chernyak-Zhitnitsky DA.

Pion DA from nondiagonal correlator. The “Advanced” Ansatz. An ap-
proach to obtain directly the forms of the pion and its first resonance DAs, by using the
available smooth Ansatz for the correlation functions f(a) of the nonlocal condensates,
was suggested in papers [5, 7]. The sum rule for these DAs ¢,...(z) based on the nondi-
agonal correlator of the axial and pseudoscalar currents has the vanishing perturbative
density,

On(T) + u ()™M + o (z)e M 4L =

(= i) sstamety + (4 53 ) 5o - 2yt )

only quark and mixed condensates appear in the theoretical part of the SR [5]. The
SR results in the elegant Eq.(23) from the approximations both in the theoretical (for a
detailed discussion, see [5]) and the phenomenological parts (see [7]). In virtue of the
approximations, a single correlation function fs(o) appears in the r.h.s. of Eq.(23) that
determines the profile of ¢, (z).

Equation (23) demonstrates, in the most explicit manner, an important relation: the
distribution ¢, (z) of quarks inside the pion over the longitudinal momentum fraction z
(on the Lh.s.) is directly related to the distribution fg(a) over the virtuality a of the
vacuum quarks on the r.h.s.. Note that a similar relation was obtained in an instanton-
induced model [28].

The approaches to extract ¢, (z) with the help of SR (23) were discussed in detail in
[5, 7], here we concentrate on the final result for the profile in the case of the Advanced
ansatz (12). Note only that these approaches do not provide the behaviour of the profile in

12



the vicinity of the end points, the reliable predictions are expected around the mid-region.

ooy
o] 0.2 0.&; 0.6 0.8 1

Figure 6: Graphical representation of ¢, (z) in the three resonance approximation. Solid line corre-
sponds to M? = 0.4 GeV?, short-dashed line - M2 = 0.6 GeV?, long-dashed line - M2 = 1 GeV?, fine
line — asymptotic DA.

The shape of ¢,(z) strongly depends on the spectrum of the resonances in the Lh.s. of
Eq.(23) and weaker — on the value of A2. For the model of equidistant, infinite number
of narrow excitations like the “Dirac comb” we have obtained the profile, very close to
the asymptotic DA [7]. If we choose the spectral density in accordance with the current
knowledge', i.e. , containing only 3 radial 7-excitations with the masses m2, ~ 1.32 GeV?

s
, m2, =~ 1.82 GeV? , m2,, ~ 4.7 GeV? , then we obtain the set of admissible profiles

ﬂrll!
presented in Fig.6. It is naturally to suggest that o,(z) is situated between these two
possibilities. This result qualitatively agrees with the profile behaviour for the bunches

¢1(z) and pa(z) in Fig.4.

5 Conclusion

We consider the admissible Ansatzes for the coordinate behaviour of the scalar quark
nonlocal condensate being of importance in QCD SRs. These Ansatzes depend on the
parameter ’\3 — the short-distance correlation scale in the QCD vacuum that controls
the corresponding coordinate behaviour. We analyse the lattice simulation data for the
scalar NLC from [1} and test two different Ansatzes. The correlation scales are extracted
following the procedure that includes a fit of lattice data, an extrapolation to the chiral
limit, and an evolution of the obtained lattice results to the characteristic scale p? =
1 GeV? of a continuum QCD.

The scale /\2 thus extracted does not visibly depend on the kind of a lattice (full or
quenched) QCD, as well as on the kind of the Ansatz. The value of the scale appears in a
good agreement with the QCD range A2(1 GeV?) = (0.4 — 0.55) GeV?, see Figs.2-3 and
Table 4 in section 3. The agreement looks unexpectedly good in view of a roughness of
the mentioned procedure.

tOnly 7' and 7" are well established, while the mass of =" is fixed in analogy with other light meson
spectra.
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The scalar condensate and the scale /\:‘1’ substantially determine the shape of the pion
distribution amplitude by means of QCD SRs. Both kinds of the considered Ansatzes lead
to similar shapes of the pion DA. The pion DA following from QCD SR, for the moments
8, 10] is rather sensitive to the value of A2. The bunches of DA profiles corresponding to
the /\Z values from the QCD range do just agree with the constraints that follow from the
CLEO experimental data [10].

This and previous [4, 5, 7, 8, 10] considerations demonstrate a close link between the

correlation scale in the QCD vacuum and the shape of the pion DA.
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Appendix

A Basic set of local condensates

Here we write down the explicit expressions [11] for the condensates Q' that determine
the first and second Taylor expansion coefficients in (2),

Qly = 301~ 201 -3Q}+@}, (A1)
Qny = 2Q°+3mQ° - 3mQ?, (A2)
Qfy = 54— 3Q5+5Q8 - 3Q% - 323 +5Q%, (A3)
Qlmy = 53Q] - QF —3QF + Q) — 15m(Q° + mQ® — M*Q°), (A4)

where the quark condensate basis was chosen in the form
Q3 = <QQ>a Q5 = ig(‘j(Guuauu)q>1 QG = (ta‘];tb‘]z>’ (A5)
for the condensates of lowest dimensions, and

Q'17 = < unuGuvq >, Q; =i< unuéuv'YSq >, (A6)

g = < ‘jGuAGAuUuuq >, QZ =i< unJuUuuq >,

for the condensates of dimensions 7. The basis elements of dimension 8, Q% and A, enter
into the expansion only of the vector NLC (3) that is not analyzed here. For this reason,
we do not show it here and refer the reader to article [11], Eqs.(3.10-3.11).
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B Details of Pisa lattice simulations

For the full QCD case (with dynamical fermions), the nonlocal condensates were measured
on a 16 x 24 lattice at 8 = 5.35 (8 = 6/g?, where g is the coupling constant) and two
different values of the dynamic quark mass: a-m, = 0.01 and a - m, = 0.02 with the
following values for the lattice spacing:

2

a(f =5.35) ~ 0.101 fm, fora-m,=0.01;
a(f =5.35) ~ 0.120 fm, fora-m,=0.02. (B.1)

For the quenched QCD case the measurement was performed on a 16* lattice at 8 = 6.00,
with the quark mass a - my = 0.01 for constructing the external-field quark propagator,
and also at 8 = 5.91, with the quark mass a-m, = 0.02. In both the cases, the value of 8
was chosen in order to have the same physical scale as in full QCD at the corresponding
quark masses, thus allowing a direct comparison between the quenched and the full theory.
In the quenched case, the lattice spacing is approximately [1]:

a®(8=6.00) ~ 0.103 fm, for a-m, = 0.01,0.05,0.1 ;
a(YM)(ﬁ =591) ~ 0.120 fm, fora-m,=0.02. (B.2)
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Bakynes A. I1., Muxaiinos C. B. E2-2002-42
PemeroyHoe u3MepeHHE HEIOKATbHBIX KBAPKOBBIX KOHIECHCATOB,

BaKyyMHas KOPPEIALMOHHAd AIHHA

U MUOHHAsA aMIUTUTyRa pacnpedencHust B KXJI

AHATM3UPYIOTCA pe3y/IbTaThl HENaBHHX H3MEpEeHHH KamHGpOBOYHO-HHBApH-
aHTHBIX KBAPKOBBIX KOHIEHCATOB Ha peleTke. Mbl TecTHpyeM pa3iiMyHble MOJETH
KOOPIMHATHOTO IOBENCHUS KOHACHCATOB M HM3B/IEKaeM U3 JaHHBIX I «3aMOpO-
XEHHOH» U «HONHOH» (C ()epMHOHHBIMH NETVIIMH) PEeLIeTOK NIMHY KOPpeIaLMH
B KXII-Bakyyme Ha MajibIX paccTOSHHAX. BenmuunHa miuHbel Koppenauud [, Xo-
pOLIO COracyercs C HM3BECTHOH OLEHKOH MaciiTaba Koppensiwu 1/12, =7‘%1 =
=<q(igchw)q>/2<(7q>=0,4—0,55 I'sB 2, nonydenHoii u3 npasun cymm KX]I.

IpocnexuBaerca CBA3b WIHHBI KOPPENALMH C IMOHHON aMIUIMTYyHOH pacrmpe-
HEJIEHHs TBUCTa-2; YCTAHOBJICHO KadeCTBEHHOE COTNIacCHe 3THX OLIEHOK C Iocien-
HMMH 3KCTIEPUMEHTAIBHbIMH JaHHBIMH KoLtabopauuu CLEO no ¢oTopoxeHuIo
IIHOHA.

PaGora BeimmonHena B Jlaboparopun teopermyeckoit ¢usuku uM. H. H. Boro-
mo6osa OUAHN.

Tpenpuat OGbeMHEHHOTO HHCTUTYTa ANEPHBIX MccrenoBanuit. Jy6Ha, 2002

Bakulev A. P., Mikhailov S. V. E2-2002-42
Lattice Measurements of Nonlocal Quark Condensates,

Vacuum Correlation Length, and Pion Distribution Amplitude

in QCD

Recent data of lattice measurements of the gauge-invariant nonlocal scalar
quark condensates are analyzed to extract the short-distance correlation length,
1/ o and to construct an admissible Ansatz for the condensate behaviour
in a coordinate space. The correlation length values, [, for both the quenched
and full-QCD cases appear in a good agreement with the well-known QCD
SR estimates of the mixed quark-gluon condensate, 1/I2, zk% =
=(q(ig0,,G ) q)/2(q9)=04-055 GeV 2, We test two different Ansatzes
for a nonlocal quark condensate and trace their influence on the twist-2 pion distri-
bution amplitude by means of QCD SRs. The main features of the pion distribu-
tion amplitude are confirmed by the CLEO experimental results.

The investigation has been performed at the Bogoliubov Laboratory of Theo-
retical Physics, JINR.
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