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Abstract

We consider the evolution of the Universe as collective motion of the volume. Equations of observa-
tional cosmology are derived averaging the local equations in general relativity over the spatial volume.
The precise definition of the collective expansion of the volume allows as to define relative standards,
as an alternative to the absolute ones of the Friedmann-Robertson-Walker Cosmology. On the basis of
homogeneous anisotropic solutions of Hamiltonian equations we analyze Supernova data and the local
velocity field of galaxies in the framework of conformal cosmology, in which the evolution of the Universe
is an inertial motion of metrics. It is shown that conformal cosmology is able to describe Supernova data
and the local velocity field of galaxies with different values of the Hubble parameter and to give contents
of the Universe as Qqark energy = 0.72, Qdark matter = 0.28, where the dark energy is associated with the
isotropic state of metric; while dark matter, with the anisotropic excitations.
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1 Introduction

The concept of the “evolution of the Universe” in general relativity was formed in the context of the
homogeneous approximation (Friedmann 1922, Friedmann 1924, Robertson 1933, Walker 1933, Walker 1935,
Lemaitre 1927, Lemaitre 1931, Einstein, de-Sitter 1932). In particular, the homogeneous approximation is
the basis of the modern inflation theory (Linde 1990).

However, general relativity admits also another interpretation of observational cosmology; namely con-
sidering the redshift - luminosity distance dependence as a consequence of the joint collective motion of
fields of metrics and matter (Pervushin, Proskurin 2002). This point of view is more adequate to the field
nature of matter and gravitation, especially in the absence of isotropy.

This field description supposes a separation of the collective (absolute) variables from the relative ones
in accordance with the geometry of the field space. Its geometry was obtained by Borisov and Ogievetsky
(1974) in terms of Cartan forms (Cartan 1946, Volkov 1973). The Cartan method (Cartan 1946, Volkov
1973) of construction of the nonlinear realization of the affine symmetry, in particular the operation of the
group summation (Pervushin 1975, Pervushin 1976, Kazakov, Pervushin, Pushkin 1977, Isaev, Pervushin,
Pushkin 1979), allows us to extend the concepts of “centre of mass” coordinates, “relative” coordinates, and
“inertial motions” along the “geodesic” in the field space. In particular, the requirement that the canonical
momentum of collective motion along geodesic line be constant unambiguously determines the integrals of
the inertial motion of the Universe.

There is the Copernicus principle of relativity in the field space stating that an observer in the Universe
measures quantities of relative motions, like when an Earth observer measures relative coordinates and
velocities on Earth. The “relative” cosmology of the Universe is connected with the standard Friedmann
cosmology by the conformal transformations of all measurable quantities with a cosmic scale factor. An
observer in the “relative” Universe can measure only the conformal invariant quantities as so-called “con-
formal time”, “coordinate distance”, “conformal density”, and conformal mass. All of the above quantities
are connected to the corresponding ones in Standard Cosmology with the help of a cosmic scale factor.
An observer within the relative standards of measurement lives in the Universe with a constant volume
and constant temperature. It has been shown that the concept of the “relative” conformal cosmology with
varying masses (Blaschke et al. 2001, Pervushin, Proskurin 2001, Behnke et al 2001) leads to the Hoyle
- Narlikar type of cosmology (Narlikar 1989), and moreover, the “inertial motion” of the Universe along
geodesic lines in the field space preserves all results of the Standard Cosmology concerning the abundance
of primordial elements (Weinberg 1977). The “inertial motion” of the Universe is also compatible with the
latest Supernova data on the redshift - luminosity-distance relation (Behnke et al. 2002).

Recent observation of the local velocity field of galaxies gives a three-dimensional ellipsoid with different
values of the Hubble parameter, clearly showing its anisotropic character (Karachentsev 2001, Karachentsev,
Makarov 2001). These new data require specific frames of reference for the description of anisotropic,
homogeneous cosmological models.

In this paper we present a possible point of view that these frames should be regarded as a set of physical
instruments allowing one to perform measurements. Such observational data connected with the dynamics
of the fields of matter and metrics require a special type of embedding the 3—dimensional hypersurface into
the 4-dimensional manifold (Dirac 1958, Dirac 1959, Arnowitt, Deser, Misner 1959, Arnowitt, Deser, Misner
1960, Arnowitt, Deser, Misner 1961, Zel’'manov 1976, Vladimirov 1982).

We choose the reference frame of one time axis and a set of space-like hypersurfaces. In the present
paper we consider the 3-dimensional hypersurface as a foliation of the 2-dimensional one, embedded in the
3-dimensional manifold. These 2-dimensional surfaces are congruent. After that we repeat the operation,
considering the set of lines embedded in the respective 2-dimensional manifold. The procedure described
above corresponds to the triangular tetrad representation of metrics

uv = €au€ar = €0u€oy — €1u€ly — €2,€2y — €3,€3y, (1)

where ey, = 0 for o > p and u, v=0, 1, 2, 3. Indices o and p arise from the Minkowski and Riemannian
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spaces respectively. Our aim is to construct the Hamiltonian formalism for the description of the dynamics
of the anisotropic and homogeneous models of the Universe. The analysis of the observational data will
be based on the radial velocities of nearby galaxies, belonging to the Local Supercluster, as well as on
the Supernova data. Our paper is organized in the following manner. In Section 2 the cosmic evolution
is described as collective motion in superspace A(4)/L in the framework of the 3+1 parametrization of
metrics proposed by Ze’manov, Dirac, Arnowitt, Deser, Misner, and Vladimirov, hereafter refer to as ADM
parametrization. In Section 3 we extend this approach to the 3 =1 + 1 + 1 spatial metrics adequate to the
reference frame of observations, allowing us to determine the initial conditions for solving equations. In the
next Sections 4 the Hamiltonian formalism for the homogeneous metrics is written down. We consider the
simplest examples of the developed formalism in order to describe isotropic and anisotropic Universes, that
is the Hubble diagram and the anisotropic velocity field . The paper ends with the conclusions.

2 Cosmic evolution as collective motion in the field space

2.1 Frame of reference as 3 + 1 foliation of space-time

The problem of evolution of fields in General Relativity
@3 3
Ser = /!142\/—9-6—3(9), (‘Po = Mpianck ﬁ) (2)

is considered in the kinemetric frame of reference chosen in the form of 3 + 1 foliation of space-time (Dirac
1958, Dirac 1959, Arnowitt, Deser, Misner 1959, Arnowitt, Deser, Misner 1960, Arnowitt, Deser, Misner
1961, Zel’manov 1976, Vladimirov 1982)

(ds)? = gudatdz” = (Ndz°)? — Pgy; (do* + N'da®) (da? + Nda"), ®3)

where (3)g;j is a 3-dimensional metric, N* is the shift-vector between two 3-dimensional hyper-surfaces, and
N is a lapse-function. The Dirac-ADM parametrization characterizes a family of hypersurfaces z° = const
with the unit vector »® = (1/N, —N¥/N) normal to a hypersurface. The next (external) form

mi = 00Pgyj — Ny — Ny; = (30 -N '31) @ gi; — Pgadk Nt — Pg;, ;N 4)

shows how this hypersurface is embedded into the four-dimensional space-time. Here N;); is the covariant
derivative with respect to the metric (3)gki.
Then the action takes the form of:

2
Sar = / dPade® \[Og 2R = / Pzdz® (K — P +5), ®)

where

wo\/K [7&',]11 -7t ﬂJ] (6)

24N t
is a kinetic term, while
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6
is a potential term, and
2 (3) g1r‘ 2 .
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and is a surface term.
The Hilbert variational principle reproduces the classical Einstein equations

B /=5 [Ri(0) - JorR@)] = et = VB T, ©
where T/ is the matter energy - momentum tensor. The group of general coordinate transformations
z# = T = 74 (20, ', 2%, 2%)
reduces, in this case, to the so-called kinemetric ones
ot o F = F (20, 2!, 2%, 2%)
20 - 7° = 7%(2%)

including reparametrizations of the coordinate parameter z°.

The invariance of GR in the kinemetric frame with respect to reparametrizations of the coordinate
parameter 7° means that one of variables in the field space becomes the dynamic evolution parameter
(Pawlowski, Pervushin 2001, Pervushin, Proskurin 2001, Barbashov, Pervushin 2001).

2.2 Separation of a collective motion of the spatial volume

In the light of the cosmological applications, it is conveniently to choose such dynamic evolution parameter
as the functional of an spatial volume in the kinemetric frame (3)

Vlo / &z\[®)g(20, 2) = a¥[Pg] , (10)
Vo

where V) is the finite constant volume of the coordinate space. In other words, in contrast to the conventional
homogeneous approximation, we define the cosmic scale factor a(z?) as a collective variable a®[(®)g] in the
field space of the exact theory. This definition is compatible with the Dirac-ADM metric (3), as the scale
functional a®[(®)g] given by (10) is an invariant with respect to the kinemetric coordinate transformations.

It is worth to recall that in classical mechanics, a collective motion of composite many-particle systems
z;, ¢ =1,.,n, is also described by the introduction of the “centre of mass” coordinate. The “centre of
mass” coordinate X is separated from the relative coordinates z; using the operation of adding coordinates
along geodesic lines

X
T; =2z + Y (11)
and the constraint for relative coordinates
n
Z z=0 (12)
i=1

We can speak about the concept of a collective state if after the transformation (11) the total action is split
into the sum of the action of the “centre of mass” coordinate and that of a “relative” motion

S({z}) = Som(X) + Sreative({2}) - (13)

A set of all measurements can be separated into the measurements of the total motion X of the whole
system and into relative motions. If the latter do not depend on the former, one can talk about the concept
of an inertial frame of reference.



The cosmic evolution was introduced into GR by a similar collective motion of metrics in the “field
space” (Pervushin, Proskurin 2002). A geometry of this ten-dimensional “field space” was described in
paper (Borisov, Ogievetsky 1974) in terms of Cartan forms (Cartan 1946, Volkov 1973) as a geometry of
the coset of the affine group A(4) over the Lorentz one L

group of affine transformations
Lorentz group

with constant curvature.

The Cartan method of constructing the nonlinear realization of the affine symmetry (Cartan 1946,
Volkov 1973) and the operation of the group summation, formulated in (Pervushin 1975, Pervushin 1976,
Kazakov, Pervushin, Pushkin 1977, Isaev, Pervushin, Pushkin 1979), allows us to separate the “collective”
and “relative” coordinates using the concepts of “geodesic lines” into the coset A(4)/L, in particular, to
describe a class of “inertial motions” as motions with constant canonical momenta along the geodesic.

By analogy with formulae (11) and (12), one can introduce similar collective and relative variables and
inertial frames of reference in the space of metric fields g, using the geometry of geodesic lines in the space.
The operation of addition along the geodesic line in terms of normal coordinates in the field “superspace”
guv(h) = [exp(2h)],y is defined by (Pervushin 1976, Isaev, Pervushin, Pushkin 1979):

gpu(hcoll.(+)hrel.) = [exP(hcoll.)exP(zhrel.) exp(hcoll.)]uu . (14)

In this case, the counterpart of formulae (11) that separate collective the motion of volume a(z°) from the
relative metric gy, (z°, z¢) is the multiplication

gpu(zov zi) = gpu(zoy zi)a(z0)2 . (15)

The normal coordinate in the field “space” along the geodesic line is the Misner exponential parametrization
of the scale factor (Misner 1969)

a(z®) = exp Xo(z°) . (16)

The constant values of the canonical momentum of the Misner variable Xy correspond to the inertial motion
in the field “space” along the geodesic line.

Transformation (15) is a particular case of the Lichnerowicz conformal transformations of all field vari-
ables {(™ f}

™ (2%, ) = ™ f(z°,a)a(a")" : an

with the conformal weights n, including the metric as a tensor field with the conformal weight n = 2 (Lich-
nerowicz 1944, York 1971, Kuchar 1972). In line with the Lichnerowicz conformal transformations (17) each
field contributes to the cosmic evolution of the Universe.

The analogue of constraint (12) is the condition of the constant spatial volume in the relative space g,

[ By[®g(0, ) = Vp . (18)
Vo

To identify the collective variable a3[(®)g] with the homogeneous cosmic scale factor in observational cosmol-
ogy, we should verify that the exact Einstein equations averaged over the invariant three-dimensional volume
in the theory coincide with the equations of homogeneous cosmic scale factor in the standard cosmology
where the concept of the cosmic evolution of the universe is formulated.



2.3 Einstein equations for collective motions and relative variables

In order to find the Einstein action with collective motion and the corresponding Einstein equations, we
use the well-known formula of conformal transformations (15) of four-dimensional curvature (Hawking, Ellis
1973)

VL R() =~V RG) + 98, VT 0] (19)

where ¢(z?) is the dynamic Planck mass defined as the product of the Planck mass and the cosmic scale

factor
‘P(zo) = a(z°)<p0 <<p0 = MPlauck\/gzﬂ_) . (20)

This formula leads to the Einstein action

z9
d d
—-— o 0 g w
Saalslio] = Sarlgle) + [ d2° [ o5 (VOs575) @

z9 Vo

9

+ [ 422 | [ da/@g(a0,2) - W |

z9 Vo

where the Lagrangian factor A(z®) provides the conservation of the volume (18) of the local excitations;

2
Senlglel = - [ dlzy=F5-R(@) - (22

is standard ADM action in GR in the relative metric § and with the running Planck mass (20) .
The action of collective motion allows us to define the global lapse function

R b il (23)
No(z%) ~ Vov N
0

and the world geometrical time. The global lapse function (23) determines a gauge-invariant world geomet-
rical time -

dn = No(2°)dz® = No(3%)dz° . (24)
The GR action can be added by any action of matter fields
Stot = SGR + Smatter - (25)

In terms of the world geometric time, the variation of the action (25) with respect to the metric components
leads to the equations

N‘sf% =0 }= % =NT), (26)
_ij 0Stot 2(p?)" — 3¢” Sk
1 = —_— =
55 0 = i +3A=NT;, (27)
—-—ii;‘: =0 H=> T)? =0, (28)
_£i0S —i .
gk5—§:%‘=o b= Ti=0 (i#k), (29)



where f' = df /dn, N = N/No, and T} = Ty — ©?/3(RY, — 1/26%R) are the total components of the local
energy-momentum tensor

VOINTS = K(le) + P(ale) + £§ = eQyota) » (30)
OGNTE = 3K(gle) — P(gle) + 25(3le) + £k = ef ota)- (31)

T;" = 0 is equal to zero, if the cosmic evolution is absent ¢(2°) = g. These equations contain the collective
motion of the cosmic evolution which can be extracted by integrating of these equations over the spatial
volume. As a result we get

Y
Vi / PN =0 = ¢ = praa (32)
3 _.] i 0Stot 2\11 2 .
V d’z 557 =0 f= ()" —3¢" +3A = —3piotal ; (33)
here we designate
p = 1 / d3zed 3piotal = L / d3zek
total Vo O(total) > tot Y k(total)*
These equations are accompanied by the equations of collective variables
JS
&;n =0 = 2p¢" = protal — 3Protal, (34)
JSzot

=0 = Vlgl-W=0. (35)

The combination of egs. (32), (33), and (34) leads to A = 0.

In this case, the exact equations (32) and (33) in relative field space for the collective variable fully coincide
with the conformal version of the equations of the Friedmann-Robertson-Walker (FRW) cosmology in the
homogeneous approximation (Friedmann 1922, Friedmann 1924, Robertson 1933, Walker 1933,

¥8a” = protal ; ¥4 [3a” - (a%)"] = 3ptotal , (36)

where piota) and piotal are total density and total pressure obtained by averaging the local ones over the
coordinate space-volume.

This coincidence of the averaged equations in GR with their homogeneous approximation means that
homogeneous approzimation of matter and metrics is not necessary. The cosmic evolution can be interpreted
as averaged value of the local energy density.

If the total density is equal to the total pressure piotal = Protal the egs. (36) convert into

(@®"=0. (37)

It is the rigid (i.e., most singular) state of the Universe evolution. The solution of eq. (37) with the present-
day initial data a(7o) = 1 and a’(no) = Hp takes the form

a*(n) = 1+ 2Ho(n — o) - (38)



This evolution law follows from equation of motion obtained by variation of the relativistic action taking
into account dn = Nodz®:

= 0y)2
a(T =
Scollective = _Vh[dzo [(30 1%0 ) +N0a2,zc;0)] ) (39)
P

where per = @3 HZ is the so-called critical density, if the collective motion of the universe is described rigid
state, and Ny is the lapse function of the conformal time (24).

In terms of the variable (16) a(z®) = exp Xo(z°) along the geodesic in the coset A(4)/L, the action (39)
takes form of the one of the inertial motion (with the constant momentum)

z3
X, 1‘0 2 B
Scollective = "’7/‘1‘30 [%)l‘ + eng P (40)
20

where (y = ¢3Vp) and eg = e~2%0 N is the lapse function of the Misner time-interval
eodz® = dr = a(n)2dn . (41)

Thus, the rigid state corresponds to the inertial motion of the Universe along the geodesic line in the field
“space” (Pervushin, Proskurin 2002). ’

The geometry of the coset shows us that there are two possibilities to choose the standard of measurement
in the Universe.

If our measurements in the Universe corresponds to the absolute fields F' = (g, f), this means that we
observe the expanding Universe with the z-history of temperature T'(z) = Typ(z + 1) = To/a(t) in terms of
the absolute Friedmann time d = a(n)dn. In this case, the square-root dependence a(t) ~ v/ describing the
chemical evolution and primordial element abundance is the evidence of the radiation state of the Universe.

If we measure only the relative fields F = (g, f) and coordinates including the conformal time (24),
this means that we observe the steady Universe with the z-history of masses (including the Planck one)
and constant temperature. In this case, the chemical evolution and primordial element abundance is the
evidence of the square-root dependence (38)a(n) ~ /7. In the rigid state of the Universe moving inertially
along geodesic in the field space (Behnke et al. 2002). To describe this free cosmic motion, one does not
need the matter. Thus, the relative standard can explain us the most intriguing fact of the astroparticle
physics that the visual matter almost does not take part in the cosmic evolution of the metrics.

It was shown that “inertial” motion of the universe along a geodesic line of the factor-space A(4)/L does
not contradict data of observational cosmology including the primordial element abundance, and the latest
Supernova data on the redshift - luminosity-distance relation (Behnke et al. 2002, Pervushin, Proskurin
2002). There are the set of arguments in favor of that this “inertial” motion and the relative standards
explains the origin of matter with the primordial temperature Tr = (m, Ho)/3 =~ 2.7K as the intensive
cosmological creation of vector W,Z-bosons (Blaschke et al. 2001, Pervushin, Proskurin 2002).

3 Supernova data in the context of conformal cosmology

The varying mass M(n) = Ma(n) in conformal cosmology means that the spectrum of atoms is described
by the Schrédinger equation

2
[”—(n) - (% + E(n))] T4=0. (42)
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It is easy to check that the exact solution of this equation is expressed throw the solution Eg of a similar
Schrodinger equation with constant masses mq at a(mp) = 1

Em=mmﬁ—£— Ey=—

0 moa’®
z(d)+1’

n2

) (43)

where 2(d) is a redshift of the spectral lines of atoms at the coordinate distance d/c = ng — 7, and 7g is the
present-day value of the geometric (conformal) time.

This type of conformal cosmology was developed by Hoyle and Narlikar (Narlikar 1989). A red photon
emitted by an atom at a star two billion years (in terms of 7) remembers the size of this atom, and after
two billion years this photon is compared with a photon of the standard atom at the Earth that became
blue due to the evolution of all masses. The redshift-coordinate distance relation is defined by the formula
of the standard cosmology (43)

a(mo)
z2(d) = ———— -1, a(m) =1 44
@ = ol () (44)
(where d is the coordinate distance to an object) because the description of the conformal - invariant photons
does not depend on the standard of measurements. As a light ray traces a null geodesic that satisfies the
equation dr/dn = 1, the coordinate distance as a function of the redshift z in the Conformal Cosmology
(cC)

142z
dz

b
1 \/ Qrigiaz® + QRadiationz* + Pmz® + Uy

where QRigiq + QRadiation + M + Q2 = 1 coincides with the similar relation between coordinate distance and
redshift in Standard Cosmology (SC).

The luminosity distance £ is defined so that the apparent luminosity of any object behaves as 1/¢2.
Therefore, in comparison with the stationary space in SC and stationary masses in CC, a part of photons is
lost. To restore the full luminosity in both SC and CC, we should multiply the coordinate distance by the
factor (1+z)2. This factor comes from the evolution of the angular size of the light cone of emitted photons
in SC and from the increase of the angular size of the light cone of absorbed photons in CC. This evolution
sappears in the contrast to the stationary case as it is shown in Fig.1.

Hyr(z) =

However, in SC; we have an additional factor (1+2z) due to the expansion of the universe, since measurable
distances in SC are related to measurable distances in CC (that coincide with the coordinate ones) by the
relation

dt p 1

l=a —J=ar(z), a=E=1+z.

(45)
Thus we obtain the relations
Lsc(z) = (14 2)%0 = (14 2)r(2) ,
Loc(z) = (1 +2)%r(2) .

This means that the observational data are described by different regimes in SC and CC. In Fig. 2, we
compare the results of SC and CC for the relation between the effective magnitude and redshift: m(z) = 5
log [Hoé(z)] + M where M is a constant with the latest data for distant Supernovae (Perlmutter et al. 1999,
Riess et al. 1998, Riess et al. 2001). In the region 0 < z < 2, observational data, including the last SN
1997ff point z = 1.7 (Riess et al. 2001) cannot distinguish between Standard Cosmology

lsc(z|Qrigia = 0, > 0.15,24 < 0.85)
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Figure 1: The comparison of standard FRW cosmology (SC) (left upper panel) with conformal cosmology
(CC)(left lower panel) for a flat universe model (right panels).

and Conformal Cosmology
lec(2|QRigia > 0.7,Q2 < 0.3,Q4 = 0).
In the case of the inertial motion (38), this redshift - distance relation takes the form
1

z2(d)= ——— -1 46
(@) (1 + 2Hoyd/c)'/? (1)
It results in the following simple relation
c 1
The redshift - luminosity distance relation is determined by the formula
e]uminocity(z) =1+ z)zd(z) (48)

The factor (1+2)2 comes from the evolution of the angular size of the light cone of absorbed photons (Behnke
et al. 2002) like the same factor.

Since measurable distances in the conformal cosmology are the coordinate ones, we lose the factor
(14 z)~! that was in the standard cosmology due to the expansion of the universe. Finally we obtain the
redshift-luminosity distance relation

2
Luminocity(2) = (1 + z)2d(z) = '};—0 [z + %J (49)
as the consequence of the “inertial motion” of the universe along the geodesic line of the field space (i.e.,
the rigid state of dark energy with the most singular behaviour).

It has been shown (Behnke et al. 2002) that this relation does not contradict the latest Supernova
data (Perlmutter et al. 1999, Riess et al. 1998, Riess et al. 2001). In Fig. 2 (Behnke et al. 2002) the
predictions of the “absolute” standard cosmology (SC) and the “relative” conformal cosmology (CC) on
the Hubble diagram are confronted with recent experimental data for distant supernovae (Perlmutter, et al.
1999, Riess et al. 1998, Riess et al. 2001). Among the CC models the pure rigid state of dark energy gives
the best description and is equivalent to the SC fit, up to the distance of SN1997ff.
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Figure 2: The Hubble diagram (Behnke et al. 2002) for a flat universe model in SC and CC. The points
include 42 high-redshift Type Ia supernovae (Perlmutter et al. 1999, Riess et al. 1998) and the reported
farthest supernova SN1997ff (Riess et al. 2001). The best fit to these data requires a cosmological constant
Qp = 0.7 in the case of SC, whereas in CC these data are consistent with the dominance of the rigid state.

4 Anisotropic universe

4.1 141+1 foliation of space

Conformal cosmology allows us to describe the local velocity field of galaxies in the framework of a anisotropic
model with the same rigid equation of state compatible with the Supernova data in conformal cosmology.
In the case, we use 3 =1+ 1 + 1 foliation of space, where the tensor ((3)g.~j) is defined as follows

(3)gijdzidz" = ¥ (dg')? + E @ g4p(dz? +n(A)da:1)(dzB + n(B)d:cl), (50)
ADb=2,3
where
(2)9ABd$AdIIIB = e*P2dz?ds? + ezﬂs(d:z:3 + vdz?)2. (51)

and g4p is given by

2062 2,203 2B3
e’ + ve ve
Pgap=|"" o s | AB=23 (52)

Then @lg;; is

e 4 Qg pn(AnB)  @gypnB)  @gspn(B)
(3)yij = () gypn(B) 282 4 1262Bs ve2Bs (53)
(2 gan(B) Ve2ﬂ3 62/33
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or in explicit form
P 4 202 ()2 4 283 (n®) 4 yn@)2 2821 4 ves (O 4 yn@)  283(nG) 4 Yn(?)
e2P2n(?) 4 1283 (n(3) 4 yn(2) e2B2 4 12¢2Ps ve2bs
€283 (n(3) 4 yn(2) ve2Ps 283
4.2 Homogeneous approximation of metric

Homogeneous approximation of metric (3) is the next ansatz

N = N(z9,
N = 0, (54)
®gi; = Ogij(a°).
Next we choose the parametrization of §;
B = Xo-2X, (55)
B = Xo+X1-V3Xy, (56)
Bz = Xo+X1+V3Xy; (57

where Xy, X1, and X, are functions of z°. After substituting the ansatz (54) and (55)—(57) into equations
(5)—(8) we get the following action

3Xo
X1 = (@X0)® + (20X1)" + (20X2)°

! 1
+ 1_2(6011,(3) + Vaon(2))Ze2A31 + E(aon@))?eZAn (58)

1 2 2032
+ 12(601/) e },

€

Sar = o} [ da°

where Vo = fdazc, A,‘j = ﬂ,‘ - ﬁj.
We introduce dark energy in the form of a rigid state in action (58)

Spg = —% / dz°NiC?

where density is equal to pressure (p = p). For convenience, we put

N _-3X
M= e 59
! 2Vowh (59)
Now we have
1 1
SGR+DE = 5/ dz® {171[ — (80X0)? + (80X1)? + (8o X2)? (@)
1
+ ﬁ(aon:’ + vdong)?e?t + i!i(aonz)z’em“

1 2,24 2
+ 15(@w)% =] - Mc?}.
Diagonalization of (60) is defined by equations:
dou + Gov

Gn \/2_0 ’ (61)
n® __E ou — %ov
9o T (62)
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where

o = i%(u2e2A31+e2A21),
_ 1 aam
b= 5o
¢ = L enm
5 .
The action (60) takes the form of:
1 of 1 2 2 2
SGr+DE = §/d$ {Fl[ — (80X0)* + (G X1)* + (B0 X2)

AL () + A (@) + 5 (@) — Me?),

where

Ay = 1+——=1 1

+ .
Vdab \/1 + v~2exp(—4v3X>)

The Hamiltonian form of this action is
SGrR+DE = /dZO{HoaoXo + H100X1 + H200 X2 + puBou + pyOov + pu,Oov

M 2 2 2, Pa P2 —4v3X2, 2 2
7[_H°+H‘+H2+ZI+Z__'+12€ *p2 +C?}.

Here H;, i = 0,1,2 and p,, p, are generalized momenta of variables X;, i =0,1,2 and u, v, i.e.:

OLGr+DE .
Hi = ara v = 07 17 27
a(aX;) "
» OLGr+DE OLGRr+DE _ 9LgriDE
“ bow) * 7 bov) M (dov) ’

where LgrypE is the Lagrangian corresponding to the action Sgr+pE-

4.3 Hamiltonian equations

According to (68), the equations are

0Xo = —NiHo,
OHy = 0;

80X, = NiH,
OHy = 0;

0 X2 = NiHy,

- pu )\’ _ (po)\?] v exp(=4v3Xa)
OH; = NI{2\/5 [(Z:) (A-—) ] {1+V‘2exp(-4\/§;2)]3/2

+24+/3p? exp(—4V3X3) };
-
30“ = NIA+7
Oopu = 0;

14

(63)
(64)

(65)

(66)

(67)

(68)

(69)

(70)

(1)
(72)
(73)
(74)
(75)

(76)
(77)
(78)



dv = N2, (79)
dpy = 0; (80)
dv = 12Nip?exp(—4V3Xy), (81)
2 -3 —
dp, = M [(2") - (Z—”)] v exp(~4v3X) 7 (82)
+ - [1 +v2 exp(—4\/§X2)]
2 2
H? = Hf+H§+£—“+Z—"+12e“‘/§X’p3+Cz. (83)
+ -
+
@ — Soutdw
Gn ol (84)
@ — Su—bw 85
Gon \/Z—b (85)

There are 13 initial conditions required for the solution. Twelve conditions come from the Hamiltonian,
but due to equation (83) one condition is eliminated, and 2 further ones derive from inverse substitution.

The system of equations (71)—(85) is composed of 4 subsystems: (71)-(72), (73)-(74), (75)-(82) and
(84)—(85). We start solving subsystem (71)—(72), and then subsystem (73)—(74) with a similar structure.
Subsystem (84)—(85) can be integrated only after solving (73)-(74) and (75)-(82). In subsystem (75)—(82)
equations (75) and (76) are the basic ones; they are independent, defining all solutions of the equations
under consideration.

Each solution is characterized by the integrals of motion :

Hy, Hy, pu, py ~ const. (86)

4.4 Special case of the anisotropic Universe

In this subsection we consider a special case where metnc (3)9,] is given by equation (54) with X; = X =0,
n® =y =0and n® =n:

®gy = X0 3 (enieaj) =

a=12,3
14n2 n 0
= eXo| n 10/, (87)
0 01
where
100
ei=|n 10]. (88)
0 01

In this case, the action Sgr+pr (68) takes the form:

Sgr+DE = /dmo{HoaoXo + Hy0n — 1-\2,—1 [ - H} + 12H? + 02]} (89)
where
_ OLgryDE
= "3am) 0
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The Hamiltonian equations (A.4)-(A.16) are:

Xo = —Hy, (91)
Hy = 0 (92)
n' = H,, (93)
H, =0 (94)
HZ = 12H?+C? (95)

where ’ denotes 8. The solution of the system is

XO = —Ho(T-'TO)v (96)
Hy = const; (97
n = Hn(T_TO)v (98)
H, = const; (99)
H} = 12H2+C? (100)
where
T =10 = —=—In[L+2Ho (o — )] for Ho #0. (101)
2H,

For this solution the matrix of Hubble parameters at point n = ny — % (where 79 is the present time, and g
is the distance to the object)

_19,%g;;
Hij =3 ®)gij In=m-4 (102)
is
a;+2b; a;+ae; 0
Hij = | ay+aic1 ay 0|, (103)
0 0 ai
where
h2
b = alclm, (104)
1
04 = —— (105)
In [1 + 2Ho§]
a = LHod’ (106)
1+ 2Hod
H2
2 - n
o= g (107)
From (100) it follows that
2 1
h* < T (108)

The roots of the secular equation

det [H,’j - )\(5,'_7'] =A- tl‘(Hij))\ + det(Hij)
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Ao = ai, (109)

i (a1 +b1) £/ + a1 + 1) (110)

From conditions:

X > 0, (111)

Ar >0 (112)
one can obtain

(1+e)?<1-h% (113)

while the constraint

h?>0 (114)
gives

b <0. (115)

If we know )¢ and )i, then we can calculate a;, b) and ¢;. Their values are:

a = Ao, (116)

no= 2, )
_ Ar—AZ\2 fAp+ A 2

o = ey (k) - (e ) an

The + sign in the last formula is connected with equation (110). The sign of ¢; is defined by the condition:
l1+c¢ >0. (119)

The knowledge of a1, b1, ¢; allows us to calculate Hy, Hy, g and dark matter C? from (104)-(107). During
the calculations, values a, b and c taken from (116), (117) and (118) were used. In such a manner, we obtain:

Hy = -%alel/"‘, (120)
bic?
2 _ 22/e 0160
H; afe prp—— (121)
1 bict
2 Z.202/a _ 161
C 291¢ (1 48a1c1 — bl) , (122)

d e 1

- ~ (123)

The data for the local volume velocity field give the value of the Hubble parameter different for various
directions. The three mutually perpendicular axes have the values (Karachentsev 2001, Karachentsev,
Makarov , 2001)

(81+3) kms™*Mpc~!: (62 + 3) kms~*Mpc~! : (48 £ 5) kms~'Mpc~! (124)
respectively. The longest axis is directed toward the point with equatorial coordinates:

(o =13k, §=—-13.6°) (125)
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In the considered case, we assume the values of
81 kms~!Mpc~! : 63 kms~!Mpc~! : 44 kms~'Mpc !, (126)

which are consistent with observation within the errors and satisfy the limit of b < 0. In such a way, our
special case gives (Egs. (116), (117), (118)) the following values of the parameters:

a; = 63, (127)
by = —0.5, (128)
a = —0.71. (129)

This allows us to calculate the values of initial conditions

Hy = -T7.65, (130)
H? = 133, (131)
Cc? = 428. (132)

In this way, we obtain the percentage of the dark energy contribution to total energy

Qotal =1 = Qc + Qs (133)
where
Qc = p‘:ﬂ - g—; Q= lﬁ. (134)
We obtain
Qc = 0.72, (135)
Qp = 0.28. (136)
The direction of anisotropy is:
a = 15, (137)
§ = 0. (138)

5 Conclusions

We analyzed the status of homogeneity in cosmology. We consider the collective motion of the volume
functional and we show that its equations averaged over the volume in exact GR completely coincide with
analogical equations of the standard cosmology. In such a way we are able to show that the assumption
of homogeneity it not a necessary condition for cosmology. We show also how observational data could be
treated in order to expose the collective motion. The precise definition of the collective expansion of the
volume allows us to define relative standards, as an alternative to the absolute standard of the standard
cosmology. Considering the expansion of the volume means that all dimensions are changing too. So, the
question arise what happen with our standard root? If it is expanding with the Universe, for the observation
point of view it means that nothing expands. Instead of introduction of the A- term as possible explanation
of the acceleration of the Universe we suggest to consider the relative standard of measurements. These
standards expands exactly as the whole Universe. Such approach seems us more adequate considering the
nature of the A-term.

Maxwell (1873) stated: “The most important aspect of any phenomenon from mathematical point of
view is that of a measurable quantity”. Accordingly, we have considered astrophysical data describing the
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anisotropic Universe, defining the frame of reference and the standards of observables. It is very important
to emphasize the status and significance of conformal (relative) standard of observables. In the framework
of the conformal cosmology, Supernova data and chemical abundance are described by the same equation
of state when the density coincides with pressure (p = p) (Behnke et al. 2002), which corresponds to
an inertial motion along the geodesic line in the coset of affine group A(16)(4) over the Lorentz one Lg
(Pervushin, Proskurin 2002). It is well known that anisotropic motion has also the same equation of state
p = p, and it does not contradict the Supernova data. In the paper we formulated the problem in general
terms. It has been shown that in the simplest example this approach is consistent with observations within
their uncertainties. This means that conformal cosmology is able to describe the observables correctly.
Nevertheless, it should be pointed out that the present-day accuracy of data, which moreover are restricted
to the local volume (d < 8 Mpc), does not allow us to use them for more complicated cases. The observables
dealing with anisotropy have been used as a basis for the initial conditions of our problem. We determined
the corresponding apex and the amount of dark energy considered now generally as Quintessence.

Acknowledgments. MB’s stay at JINR was possible due to the UNESCO grant and the Bogoliubov —
Infeld programme.

Appendix A: Equations of motion
Let us discuss the complete system of equations obtained from the action (68):
Soripp = [ da®{HodXo + HidoX: + Hado Xz + pudou + padoy + p,Oo (A1)
M Pi P -
- 7[—H§+H12+H§+-A—“;+-A—”:+l2e a2 + ) }.
in the homogeneous approximation of metric (3)
(ds)? = gudatds” = (Ndz)? — Ogy; (da' + N'ds®) (do? + Nda®), (A.2)

with ansatz (54)

N = N(z9),
Nt = 0, (A.3)
(3).%‘ = (3)91‘_7'(1?0)-

We try to find the general solution of this set of equations:

Xy = —Ho, (A4)

Hy = 0 (A.5)

X, = Hy, (A.6)

H =0 (A7)

-4y/3X
H, = z\/i[( 2" ] “? exp(~4V3Xs) 75 + 24Vl exp(—4V3Xa);  (A9)
+ [1+V‘2exp 4\/_X2)]

o = _gji_’ (A.10)
+

Py = 0 (A.11)
o~ P

o o= By (A.12)
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P, = 0 (A.13)

V' = 12p} exp(—4V3Xy), (A.14)
A Pu 2 Py 2 V—-3 exp(—4\/§X2) . A15
= \ay) ~\a 7 (A-15)
+ =/ 1 1+ v-2exp(-4v3Xy)]
H? = HX+H:+ Z“ + g" +12e~4V3%Xap2 4 02 (A.16)
+

ne - LAY (A.17)

= 7 .

! /
e = $-U. A.18
n ok (A.18)
where ’ denotes 8;. Connection between 7 and 7 is:

dr = Nidn. (A.19)

For all solutions, we have that
HOv Hla Pus Pv (AZO)

are constant.

Integral (A.16) is a variation of action (68) with respect to Ni. But if we take the derivative of (A.16)
with respect to 2°/7, then the result is equal to zero due to the equations of motion.

From (A.9), (A.14) and (A.15)

(72 - 2v3pv) =o0. (A.21)
Thus
H, = 2V3p,v+Cy, (A.22)
where C| is an integration constant. After that, the three remaining independent equations are
X! = 2V/3pv+0Cy,
Vo= 12p, exp 4\/_X2
o = [(Zu _ ] v3 exp(—4v3Xy) . (A.23)
+ [1 + v—2exp( 4\/—X2)]
Or, in the new variable,
dr' = exp(—4V3X,)dr, (A.24)
f(r) = exp(—4v3Xy) (A.25)
the system (A.23) can be rewritten as '
f = —24pv-4v30,
- 1[2(1)2_ (2)] 5 (420
Ay A 1+ ,,~2f]3/2
where dots denote the derivatives with respect to 7’ and
At=1% ﬁ (A.27)
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Appendix B: Diagonal metric
In this case, ; is an explicit function of Xp, X; and Xo; v = 0, n® = n®) = 0; i.e., metric (53) is
(3)gij =dzag( ezﬂl’ e2ﬂ2’ ezﬁs).x (Bl)

where §; are defined in (55), (56 ) and (57). The Lagrangian is

1 N,
Lerspe = 5o (—XZ+ X2+ XP) - S1C% (B.2)
2N 2
Y
Heripp = = (—H§+H} +H} +C?). (B.3)
Then Xj, X; and X5 are linear functions of 7. The matrix of Hubble parameters is
1
(Hy) = §(at(3)gij/(3)gij)
. d
= diag( Ho—2H:, Ho+Hi—v3Hy, Ho+H +V3Hy) (é)
= diag ( Hy —2H,, Hy+ Hy —V3H,, Ho+ Hy + \/§H2) (j—;) . (B.4)

The eigenvalues of the matrix are the Hubble parameters, value of which are taken from observations.
Namely:

(81+3): (63+3): (48 +5), (B.5)

SO
hl1=81+3, h2=63+3, h3=48+5.

From (B.4) and (B.5)

Hy—2H, = hi, (B.6)
Ho+ Hy —V3H, = h2, (B.7)
Ho+ Hi+V3H, = B3, (B.8)
(B.9)
thus
hl + h3 hl —h3 hl+ h2+ h3
h24 = & h2_= , Ho=—1"—2777 .
T2 23 0 3 (B.10)

Condition (B.5) satisfies the solution h2..
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