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K 6umkwuit B. M. E9-2007-30
O pocre MHUTT HC Ny4K BCJIEICTBHE OMIMOOK MHXEKIUH B CHHXPOTPOH X C HEJH-
HEWHBIMU CUCTEM MU I10J BIIEHHS! KOTEPEHTHBIX IOIEPEYHbIX KOJeO HUil

P ccm TpuB ercd mpobieM pocT SMHUTT HC My4YK , BO3HUK IOILIETO BCIEICTBHE
OIMOOK MHXEKLUH, B CHHXPOTPOH X C CHCTEM MH IOJ BICHHS KOTEPEHTHBIX IIO-
NepevHbIX KojeO HHUi, B KOTOPBIX Mepel TOYH g (PyHKIMS B Lernu oOp THOW CBA3M
ABJIIETCS HEJIMHEUHOU. P CCUUT H OTHOCUTEJIBHBII POCT ®MUTT HC IIy4K JUIS JIMHEU-
HOW W HEJIMHEHHOW repejl TOYHbIX (PyHKIMI Lienu oOp THOH CBS3M CHCTEMBI HOJ -
BreHud. OO6cyxa 10Tcs dpheKThl YBEeTUYeHHs] OCTOSHHOM 3 TyX HHSl KOT€pPEHTHBIX
Kone6G HUid My4K M yMEHbIIEeHHs p 30pOoC  MIUTMTYA KOTE€PEHTHBIX MOMEPEYHbIX KO-
71e0 HUI CIyCTKOB IPH HMCIHOJIb30B HUM HEIWHEHHOTO PEXHMM CHUCTEMBI MOA BICHUS
Kone® HHii C MOJ0XUTEIbHON KyOnuecKoi 106 BKOIi B niepel TOUHOH (hyHKUNH LenH
00p THOIA CBS3M.

P 6ot Beimonxen B JI Gop Topuu ¢pusuku u crun OUSHU.
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Transverse Emittance Blow-Up from Beam Injection Errors in Synchrotrons with
Nonlinear Feedback Systems

The problem of transverse emittance blow-up from beam injection errors in
synchrotrons with nonlinear feedback systems is considered. The relative emittance
growth is calculated for linear and nonlinear feedback transfer functions. Effects of
an increase of the damping decrement of the beam coherent oscillations and of a
decrease of the coherent transverse amplitude spread of different bunches in case of
the damper with a positive cubic term in the feedback transfer function are discussed.

The investigation has been performed at the Laboratory of Particle Physics, JINR.
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INTRODUCTION

Emittance preservation is an important issue during injection of a beam into a
circular accelerator. An initial position or angular error can lead to an increase in
the transverse beam size due to decoherence or filamentation. It is well known [1]
that the emittance blow-up due to the decoherence in presence of the injection

error is
(1+55,)
e= 1|1+ €0, (D
2‘73250

where g = 02,/3 is an initial transverse emittance with an initial RMS beam
size 0,0. The amplitude a. of the beam deviation due to the injection error is

G. = Aig = \/(A£0)2 + (BAZ{ + aAZo)?,

where AZg is an initial displacement injection error, AZ{ is an initial angular
injection error, 3 and « are the optic Twiss parameters at the injection point.
It is assumed in (1) that all particles of the injected beam with the emittance
€o are being redistributed on the phase space and fill out after a long time the
larger phase space, which corresponds to emittance ¢, due to the decoherence
only (Fig. 1). Other effects such as an active damping of coherent oscillations or
a transverse instability of a beam are not taken into account in Eq. (1).
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Fig. 1. Injected emittance £ dilution to e due to error A7y



The damper kicker (DK) of a transverse feedback system (TFS) corrects the
beam transverse momentum in accordance with the beam displacement from the
closed orbit at the location of the beam position monitor (BPM). Hence, the
feedback system leads to a steady decrease of the coherent amplitude, and the
emittance blow-up does not happen without the decoherence. However, with the
presence of the decoherence, the coherent amplitude decreases in time, and the
displacement of the centre of gravity which is measured by the BPM at every
turn has a smaller magnitude than without the decoherence. Therefore, the effect
of the decoherence can produce the emittance blow-up despite the active damping
of the coherent oscillations by the transverse damper.

The emittance blow-up in case of a classical linear transverse damping system
was discussed in [2]. A more general approach that includes effects of transverse
coherent instabilities and nonlinear damping of coherent transverse oscillations is
described below.

1. BASIC EQUATIONS AND DEFINITIONS

The amplitude a(t) of transverse coherent oscillations of a beam decreases in
time due to decoherence with the time constant 74.. and satisfies the differential
equation

da(t) a(t)
= - 2)

dt Tdec

with the starting condition a(t = 0) = Arg. The term a@(¢) describes the depen-
dence of the amplitude of the oscillations of the beam centre of gravity on time
due to the filamentation that leads to redistribution of particles on phase space.
At BPM it looks like a damped coherent oscillation. Hence, in presence of the
decoherence effect only, the impact of the injection error A7y to the emittance
growth in time can be described by the function a.(t) = A7y — a(t). Therefore,
the part a.(t) of the amplitude of transverse coherent oscillations a(t) that goes
to the emittance blow-up due to decoherence satisfies the differential equation

3)

with the starting condition a. (¢t = 0) = 0. The differential Eq. (3) can be used for
obtaining a new dependence of a.(t) on time after including the active damping
and instability effects in dependence of @(¢) on time in the differential Eq. (2).
An action of a transverse feedback system can be taken into account in (2) by
including an additional term dagq(t)/dt, which corresponds to the decrease in the
amplitude of oscillation of the beam centre of gravity. A transverse instability with



the time constant of growth 7,4 leads to an additional positive term a(t)/Tinst.
Therefore, the differential equation for the amplitude a(t) is given by
da(t) a(t) daq(t) = a(t)
—_—t =t — 4
dt Tdec * dt * Tinst ( )
Let us assume that the dependences a(t) and a.(t) have been obtained from
Egs. (4) and (3). The total amplitude not corrected by the active feedback in
presence of the transverse instability is the following:
tlim ac(t) = F. - Ary, (5)
where F is the form factor. Its value determines the part of the initial error Arg
that leads to the emittance blow-up. So, F; = 1 in presence of decoherence effect
only and F; < 1 in case of an active damping. Therefore, the relative emittance
blow-up can be expressed by the formula:

Ae E—¢€o (Af’o)Q 2
e F2. 6
€0 €0 20’50 € ( )

2. TRANSVERSE EMITTANCE BLOW-UP IN PRESENCE OF
FEEDBACK SYSTEMS

The term daq(t)/dt in (4) depends on the type of a feedback transfer func-

tion f(Z):
g- f(i[n, SP]) =V ﬁPﬁKAij[nv 51(]7
where g is the gain of the feedback loop, 3, and (x are the transverse betatron
amplitude functions at the BPM and DK locations, Z[n, ;] is the displacement of
the beam centre of gravity at the BPM location s,, and AZ’[n, s¢] is the correction
kick at the DK location sy at the n-th turn. So, the transfer function for the linear
feedback system is given by
g-f(x) =gz,

and the derivative daq(t)/dt is expressed by the formula

daqg(t) a(t)

= —— 7
dt Td @)

Here the time constant of damping is given by
Td = 2TrEV/ga (8)

where T}, is the revolution period of a particle in a synchrotron. The formula (8)
corresponds to the classical ideal transverse feedback system if the phase advance



from BPM to DK is equal to an odd number of 7/2 radians. In that case, the
best damping can be ensured by the TFS, and the coherent transverse oscillations
as well as the injection errors are damped if the decrement of the oscillations
exceeds the increment of the instability [3].

Several analytical expressions for daq(t)/dt in case of nonlinear feedback
systems were presented in [4]. So, for the feedback transfer function with a cubic
term

g (@) = 97 + 9957
the derivative dag(t)/dt in accordance with [4] for |g3|a? < 1 and g < 1 is

daa(t) __a(t) 3gsa(t)
a4 m ®

where 74 coincides with its definition in (8).
2.1. Linear Feedback Systems. By substituting (7) in (4), the differential
equation for the amplitude a(¢) can be written as follows:
da(t) _Zz(t) a(t) a(t) a(t)

= — =2 10
dt Tdec Td - Tinst T ( )

where the time constant of decay 7

111 1
=— 4+ — - (11)

T Tdec Td Tinst

corresponds to the damped oscillation if 74 < Tinst <K Tdec. The solution of (10)
is given by
a(t) = Argexp (—t/7), (12)

and the solution of Eq. (3) with a(¢) from (12) is:

a.(t) = — (1 — exp (—t/7)) Ay, (13)

Tdec

Therefore, in accordance with (5), the form factor F. for the total amplitude not
corrected by the active linear feedback in presence of the transverse instability is:

-1
1 . _ T Tdec Tdec
-t £ = — (14 Idec _ Tdec) 14

c A""O ti'rglo G’E( ) Tdec ( - Td Tinst > ( )

The emittance blow-up is given by

—\2 -2
e = (1 ;. (&) (1 4 Ddee _ Td—) ) 0. (15)

2
205 Tq Tinst



If Tinst = Taq OF Tinst > T4 — oo then (15) coincides with (1). If 73,4 — oo then
(15) coincides with the formula for the emittance blow-up presented in [2]:

Afy)? )
:<1+(2T§) <1+Td—> >Eo~ (16)
010 Td

It is clear from (15) that a faster decoherence (a smaller magnitude of 74e.) for
the fixed parameters 74 and Ti,¢¢ leads to a larger emittance blow-up.

2.2. Nonlinear Feedback Systems. The differential equation for a(¢) in case
of nonlinear feedback systems with a cubic term, after substituting (9) in (4),
takes the form:

da(t) at) a(t) 3gza*(t) a(t) a(t) 3gsai(t)

dt Tdec T4 4 14 + Tinst T 4 19’ an

where 7 was already defined in (11). The solution of (17) is given by

Arg -exp (—t/T)

o 18
att) VI+E (1 —exp(—2t/7))’ -
where 3
&= 23 - (Arg)?. 4
Td

After solving Eq. (3) for a.(¢t) with a(t) from (18) and substituting a.(¢) in (5),
the form factor F; for the total amplitude not corrected by the active nonlinear
feedback with cubic term in presence of the transverse instability can be expressed
by the formula

1
F, = A—To tlifglo as(t) =

arcsin ( ) if g3 > 0;
=—T (20)

Tec .
d ni4/ i +4/1 6 if g3 < 0.

Dependences of the form factor F. on instability increments for linear and non-
linear feedback systems are shown in Fig. 2 in case of the LHC specifications [5].
So, the emittance blow-up is smaller for the nonlinear feedback system with
a positive magnitude of g3 in the cubic term than for the linear feedback sys-
tem. It should be emphasised that the form factor F, depends strongly on the time
damping constant 74. So, if excess of 74 above Ty, is a small value (7q — Tinst),
then F; — 1 and the initial injection error Arg leads to the emmitance magni-
tude as in presence of the decoherence process only with small influence of the




transverse damper. Therefore, the magnitude of F; can be used as criteria for
choosing the time damping constant 7q > Tins and the correction force in the
damper kicker.
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Fig. 2. Dependence of F- on Tinst/Trev for Ta/Trev = 40, Taee/Trev = 750, |g3|(Aro)? =
0.2; g3 = 0 (solid curve), g3 > 0 (dotted curve), gs < 0 (dashed curve)

If |¢] < 1 then Fy in (20) takes the simple form:

T
_Tdec\/l g

Therefore, the form factor F. depends on the magnitude of the injection error
in case of nonlinear feedback systems. Let us assume that coherent transverse
amplitude distribution of bunches after injection into a synchrotron is given by

a;(t=0)= <1+0.05-sin (%ﬁ)) -a1(t =0), (21)

where K, is the number of bunches (1 < ¢ < K3,). Due to the decoherence
process, the transformation from the initial coherent amplitudes a; to the in-
coherent oscillations is observed. Data on relative emittance blow-up for the
distribution function (21) with linear and nonlinear transverse feedback systems
are shown in Fig.3. Dependences of Ae;/Ae; on the bunch’s number i were
calculated in accordance with (6) for F. from (20) and (14). It is clear from data
in Fig. 2 that the final distribution of diameter growth of the bunch’s cross section
after damping coincides with the initial distribution of injection errors in case of
the linear feedback. It should be noted that this rule is the global property of a
linear system. However, nonlinear damping changes the transverse distribution



ol 2 N
g
< 105
W L
3
1.00 £
095
0.90 - \—~
C L | L L | L L L | L L \-_‘ L L L |
200 400 600 800 1000

i
Fig. 3. Relative emittance blow-up Ag; for different bunches ¢ normalized to its magnitude
Aegy for the first bunch. Drawing symbols and parameters of decay process are the same
as in Fig.2

function of bunches. So, the «smoothing» effect is observed in nonlinear regime
with the positive cubic term g3 > 0 in the feedback transfer function. In the other
case of g3 < 0 the «blow-up» effect is observed for distribution of bunches.

CONCLUSION

The description presented above for the emittance blow-up from beam in-
jection errors in synchrotrons with transverse feedback systems demonstrates the
increase of the damping decrement of the beam coherent oscillations and the de-
crease of the coherent transverse amplitude spread of different bunches in case of
the damper with a positive cubic term in the feedback transfer function. It should
be emphasized that this nonlinear regime is ensured by the nonlinear transfer
function in the feedback loop only. The TFS corrects the transverse momentum
of the bunch in the kicker in accordance with the bunch’s displacement in the
beam position monitor at the previous moment of time. This resonance condi-
tion is provided by electronics in the feedback loop. The beam position monitor
and the damper kicker operate as devices with linear characteristics. So, BPM
measures the position of the centre gravity of the bunch. Because of the linear
characteristic of the BPM sensitivity, the position measurement does not depend
on the transverse size of the bunch. The electromagnetic field in the damper
kicker is the uniform one, and DK changes the transverse momentum of all par-
ticles in the bunch’s cross section independently of their magnitude. Therefore,
BPM and DK operate with a bunch like with a point particle. Digital electronics
in feedback loop of TFS allow modifying its linear characteristic by means of
changing algorithms in the digital signal processing unit. If the nonlinear transfer



function in the feedback loop is employed, then the coherent transverse amplitude
distribution of bunches can be changed as time proceeds. Therefore, experiments
with nonlinear TFS give the unique opportunity for studying nonlinear phenomena
with macroobjects (bunches): the current value of the kicker’s force corresponds
to the nonlinear phenomenon, but the influence on the particles of the bunch
in the kicker is the linear phenomenon because the electromagnetic field in the
kicker is the uniform field.

It should be noted that high order modes are exited in the nonlinear regime of
TFES. So, the cubic kick excites the third harmonic of oscillations whose magnitude
is proportional to @3 [4]. It is clear from (18) that the nonlinear term g3 has no
affect on the exponent terms in a at the first level of approximation. Hence, the
third mode decreases faster than the first one. However, the stability of a beam
with a nonlinear feedback transfer function should be further studied.

Concluding, it is necessary to emphasize that integration of traditional ap-
proaches for devices with linear characteristics and digital computer technologies
in feedback loops of transverse dampers for obtaining nonlinear regimes opens
new opportunities for research in accelerator physics.
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