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The two- and three-dimensional Faddeev equations for a three-body system with
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1. ‚‚…„…�ˆ…

�μ¸²¥ · ¡μÉÒ Š Éμ [1] · §²μ¦¥´¨Ö É·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨
¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±¨Ì ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°
¨¸¸²¥¤μ¢ ²¨¸Ó ³´μ£¨³¨  ¢Éμ· ³¨. �¥§Ê²ÓÉ ÉÒ É ±¨Ì ¨¸¸²¥¤μ¢ ´¨° ¶·¥¤¸É -
¢²¥´Ò ¢ · ¡μÉ Ì [4Ä6] ¨ ¢μ ³´μ£¨Ì ¤·Ê£¨Ì · ¡μÉ Ì, μ¡¸Ê¦¤¥´´ÒÌ ¢ μ¡§μ·¥ [7].
� ¨¡μ²¥¥ ¶μ²´Ò°  ´ ²¨§ ¸É·μ¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ
Ê¤ ·  ¤ ´ ¢ · ¡μÉ¥ [8].

‚ ´¥° ¨¸¸²¥¤μ¢ ²μ¸Ó Ï¥¸É¨³¥·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¸¨¸É¥³Ò
É·¥Ì Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ ,
Î¥³ ±Ê²μ´μ¢¸±¨¥. �¥£Ê²Ö·´Ò¥ μ¡Ð¥¥ ¨ Î ¸É´Ò¥ Ë¨§¨Î¥¸±¨¥ ·¥Ï¥´¨Ö É ±μ£μ
Ê· ¢´¥´¨Ö ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ¡¥¸±μ´¥Î´Ò³¨ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸-
¸ÉμÖ´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨ ¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³ ¤·Ê£¨Ì É·¥ÌÎ ¸É¨Î-
´ÒÌ ±μμ·¤¨´ É. �μ¸É·μ¥´¨¥ É ±¨Ì ËÊ´±Í¨° ¢ Ê£²μ¢ÒÌ ¡ §¨¸ Ì, μ¡· §μ¢ ´-
´ÒÌ ¸Ë¥·¨Î¥¸±¨³¨ ¨ ¡¨¸Ë¥·¨Î¥¸±¨³¨ £ ·³μ´¨± ³¨ ¨²¨ ¸¨³³¥É·¨§μ¢ ´´Ò³¨
D-ËÊ´±Í¨Ö³¨ ‚¨£´¥· , ¡Ò²μ ¸¢¥¤¥´μ ± ·¥Ï¥´¨Õ ¶·μ¸ÉÒÌ  ²£¥¡· ¨Î¥¸±¨Ì
·¥±Ê··¥´É´ÒÌ Ê· ¢´¥´¨°. „²Ö ¶·μ¥±Í¨° Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨° ´  Ê£²μ¢Ò¥ ¡ -
§¨¸´Ò¥ ËÊ´±Í¨¨ ¡Ò²¨ ¢Ò¢¥¤¥´Ò £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ · .

� ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¶·μ¤μ²¦¥´¨¥³ ¢ÒÏ¥Ê¶μ³Ö´Ê-
Éμ° · ¡μÉÒ [8] ¨ ¶μ¸¢ÖÐ¥´  ¶μ¸É·μ¥´¨Õ ¨  ´ ²¨§Ê · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ
·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  [9Ä11] ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ
Ê¤ · . ƒ² ¢´ Ö Í¥²Ó ´ Ï¥£μ  ´ ²¨§  Å ¢Ò¢μ¤ ¸¢Ö§¥° ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ · ,
É. ¥. ²¨´¥°´ÒÌ ¸μμÉ´μÏ¥´¨°, ¸¢Ö§Ò¢ ÕÐ¨Ì Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¨¸c²¥¤Ê¥-
³ÒÌ ·¥Ï¥´¨° ¢ ÔÉμ° ÉμÎ±¥.

‘ É¥μ·¥É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¨¸±μ³Ò¥ ¸¢Ö§¨ ¨´É¥·¥¸´Ò ± ±  ´ ²μ£¨ ¨
μ¡μ¡Ð¥´¨Ö ¤ ¢´μ ¨§¢¥¸É´μ£μ Ê¸²μ¢¨Ö Š Éμ, ´μ Ê¦¥ ¤²Ö ¶ ·Í¨ ²Ó´ÒÌ Ë ¤-
¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¢μ²´μ¢μ° ËÊ´±Í¨¨. ‚Ò¢μ¤ É ±¨Ì ¸¢Ö§¥° ¶·¥¤¸É ¢²Ö¥É¸Ö
 ±ÉÊ ²Ó´Ò³ ¨ ¸ ¶· ±É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö. „¥²μ ¢ Éμ³, ÎÉμ ¢±²ÕÎ¥´¨¥ ¸¢Ö§¥°
¢ ¤¨¸±·¥É´Ò¥ ¸¶² °´- ´ ²μ£¨ [12, 13] Ê· ¢´¥´¨° ” ¤¤¥¥¢  Å ¶·μ¸Éμ° ¸¶μ¸μ¡
§ ³¥É´μ Ê²ÊÎÏ¨ÉÓ ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³μ£μ ·¥Ï¥´¨Ö ± ÉμÎ´μ³Ê
¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ · .

� Ï¨ ¨¸¸²¥¤μ¢ ´¨Ö μ¸´μ¢ ´Ò ´  ¨§¢¥¸É´μ³ ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ³¥Éμ¤¥ [14, 15]. ‚ ÔÉμ³ ³¥Éμ¤¥ ·¥Ï¥´¨¥ ¨¸¸²¥¤Ê-
¥³μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¨Ð¥É¸Ö ¢ ¢¨¤¥
¡¥¸±μ´¥Î´μ£μ ¸É¥¶¥´´μ£μ ·Ö¤  ¶μ μ¤´μ³Ê  ·£Ê³¥´ÉÊ ¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³
¢¸¥Ì ¤·Ê£¨Ì  ·£Ê³¥´Éμ¢. �  ¶¥·¢μ³ ÔÉ ¶¥ ¤²Ö É ±¨Ì ËÊ´±Í¨° ¨§ ¨¸Ìμ¤´μ£μ
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Ê· ¢´¥´¨Ö ¢Ò¢μ¤¨É¸Ö ·¥±Ê··¥´É´ Ö Í¥¶μÎ±  ¡¥¸±μ´¥Î´ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨°,
  § É¥³ ¤μ± §Ò¢ ¥É¸Ö ¥¥ μ¤´μ§´ Î´ Ö · §·¥Ï¨³μ¸ÉÓ. …¸²¨ μ¶¨¸ ´´Ò° ÔÉ ¶
Ê¤ ¥É¸Ö § ¢¥·Ï¨ÉÓ, Éμ ¶μ¸É·μ¥´´Ò° ·Ö¤ ´ §Ò¢ ¥É¸Ö Ëμ·³ ²Ó´Ò³  ¸¨³¶ÉμÉ¨-
Î¥¸±¨³ ·¥Ï¥´¨¥³ ¨¸Ìμ¤´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö. ‘²¥¤ÊÕÐ¨° ¨,
± ± ¶· ¢¨²μ, ¤μ¢μ²Ó´μ ¸²μ¦´Ò° ÔÉ ¶ ¸μ¸Éμ¨É ¢ ¤μ± § É¥²Ó¸É¢¥  ¸¨³¶ÉμÉ¨Î¥-
¸±μ° ¸Ìμ¤¨³μ¸É¨ ¨ ¤¨ËË¥·¥´Í¨·Ê¥³μ¸É¨ ¶μ²ÊÎ¥´´μ£μ ·Ö¤ .

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ·¥ ²¨§Ê¥É¸Ö ¶¥·¢Ò° ÔÉ ¶ ¶μ¸É·μ¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥-
¸±¨Ì · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ 
¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ · : ¤²Ö É ±¨Ì ·¥Ï¥´¨° ¢Ò¢μ¤ÖÉ¸Ö Ëμ·³ ²Ó´Ò¥  ¸¨³-
¶ÉμÉ¨Î¥¸±¨¥ · §²μ¦¥´¨Ö, ¢μ¶·μ¸ μ ¸Ìμ¤¨³μ¸É¨ ±μÉμ·ÒÌ ¢ ± ±μ³-²¨¡μ ¸³Ò¸²¥
μ¸É ¥É¸Ö μÉ±·ÒÉÒ³. „μ± § É¥²Ó¸É¢μ ¸Ìμ¤¨³μ¸É¨ ¶·¨´Í¨¶¨ ²Ó´μ § É·Ê¤´Ö¥É¸Ö
´ ²¨Î¨¥³ ¢ ¶μ²ÊÎ¥´´ÒÌ · §²μ¦¥´¨ÖÌ ¶·μ¨§¢μ²Ó´ÒÌ ËÊ´±Í¨°. �μÔÉμ³Ê ¶·¥¤-
¶μ² £ ¥É¸Ö, ÎÉμ ¢¸¥ · §²μ¦¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¨ ¤¨ËË¥·¥´Í¨·Ê¥³Ò,   ¢¸¥
¸μ¤¥·¦ Ð¨¥¸Ö ¢ ´¨Ì ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ μÉ²¨Î´Ò μÉ ´Ê²Ö. „ ²¥¥ ¢Ò-
¢μ¤ÖÉ¸Ö Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¶μ²ÊÎ¥´´ÒÌ ·Ö¤μ¢ ¢ ¢¨¤¥ ¶μ¤¸Ê³³ ¨Ì ´¥¸±μ²Ó±¨Ì
´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ. � ±μ´¥Í, ¢ÒÎ¨¸²ÖÕÉ¸Ö Î ¸É´Ò¥
¶·μ¨§¢μ¤´Ò¥ · §´ÒÌ ¶μ·Ö¤±μ¢ É ±¨Ì ¶μ¤¸Ê³³ ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ ·  ¨ ¨§ ¶μ²Ê-
Î¥´´μ° ¸μ¢μ±Ê¶´μ¸É¨ ¢Ò· ¦¥´¨° ¨¸±²ÕÎ ÕÉ¸Ö ¢¸¥ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨.
‚ ¨Éμ£¥ ¶μ²ÊÎ ÕÉ¸Ö ¨¸±μ³Ò¥ ¸¢Ö§¨ ¤²Ö ¶ ·Í¨ ²Ó´ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É.

2. �‘��‚�›… ���…„…‹…�ˆŸ ˆ Š‹�—…‚›… ”��Œ“‹›

ˆ¸¶μ²Ó§Ê¥³ ¸¨¸É¥³Ê ¥¤¨´¨Í, ¢ ±μÉμ·μ° § ·Ö¤ e Ô²¥±É·μ´  e− ¨ ±μ´¸É ´É 
�² ´±  � · ¢´Ò ¥¤¨´¨Í¥. ‚ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 Ë¨±-
¸¨·Ê¥³ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S ¸ μ·É ³¨ ê1, ê2 ¨ ê3 ¨ ´ Î ²Ó´μ° ÉμÎ-
±μ° O, ¸μ¢¶ ¤ ÕÐ¥° ¸ Í¥´É·μ³ ³ ¸¸ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³Ò {p1, p2, p3} É·¥Ì
Î ¸É¨Í p1, p2 ¨ p3 ¸ ³ ¸¸ ³¨ m1, m2, m3 ¨ § ·Ö¤ ³¨ z1, z2, z3. �Ê¸ÉÓ ¢ ÔÉμ°
¸¨¸É¥³¥ aij Å · §´μ¸ÉÓ · ¤¨Ê¸μ¢-¢¥±Éμ·μ¢ ai ¨ aj Î ¸É¨Í pi ¨ pj ,   xk ¨
yk Å ¶·¨¢¥¤¥´´Ò¥ ¢¥±Éμ·Ò Ÿ±μ¡¨ [9]:

xk ≡
√

2μij (aj − ai) , μij ≡ mimj

mi + mj
, (1)

yk ≡
√

2μk,ij

(
miai + mjaj

mi + mj
− ak

)
, μk,ij ≡ mk (mi + mj)

m1 + m2 + m3
,

£¤¥ ¨´¤¥±¸Ò i, j, k μ¡· §ÊÕÉ Í¨±²¨Î¥¸±ÊÕ ¶¥·¥¸É ´μ¢±Ê É·¨ ¤Ò ¨´¤¥±¸μ¢ 1, 2,
3: ¨´¤¥±¸ i ¶¥·¥Ìμ¤¨É ¢ k, j Å ¢ i,   k Å ¢ j. ‚ Ï¥¸É¨³¥·´μ³ ±μμ·¤¨´ É´μ³
¶·μ¸É· ´¸É¢¥ R6 ¢¥±Éμ· ³ xk ¨ yk ¸μ¶μ¸É ¢¨³ ¢¥±Éμ· rk = (xk,yk).

‚Ò¡¥·¥³ ¶ ·Ê {pj , pk} Î ¸É¨Í pj ¨ pk. ‚ R6 ¶μ¤ μ±·¥¸É´μ¸ÉÓÕ ÉμÎ±¨
¶ ·´μ£μ Ê¤ ·  Î ¸É¨Í pj ¨ pk ¶μ¤· §Ê³¥¢ ¥É¸Ö μ¡² ¸ÉÓ G ≡ {ri : xi � 1, yi >
0}, ¢ ±μÉμ·μ° ÔÉ¨ Î ¸É¨ÍÒ ¡²¨§±¨ ¤·Ê£ ± ¤·Ê£Ê, ´μ μÉ¤¥²¥´Ò μÉ Î ¸É¨ÍÒ pi.
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�Ê¸ÉÓ Ψε Å ·¥£Ê²Ö·´μ¥ (|Ψε(r)| < ∞, ∀r) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥·  ¤²Ö ¸¨¸É¥³Ò {p1, p2, p3} ¢ R6:

(H − E)Ψε = 0 , H = H0 + V , V ≡
3∑

k=1

Vk , (2)

£¤¥ H0 Å ¸¢μ¡μ¤´Ò° £ ³¨²ÓÉμ´¨ ´; E Å ¶μ²´ Ö Ô´¥·£¨Ö; Vk Å ¢§ ¨³μ-
¤¥°¸É¢¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨ pi ¨ pj ,   ε Å ¶μ²´Ò° ´ ¡μ· ¸μÌ· ´ÖÕÐ¨Ì¸Ö
±¢ ´Éμ¢ÒÌ Î¨¸¥² · ¸¸³ É·¨¢ ¥³μ° É·¥ÌÎ ¸É¨Î´μ° ¸¨¸É¥³Ò.

‚ É¥μ·¨¨ ” ¤¤¥¥¢  [9] ·¥Ï¥´¨¥ Ψε ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ± ± ¸Ê³³  ¥£μ
É·¥Ì Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

1, Ψε
2 ¨ Ψε

3, ¶μ¤Î¨´¥´´ÒÌ ¢ R6 ¸¨¸É¥³¥ É·¥Ì
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:

(H0 − E)Ψε
k = −Vk Ψε , Ψε = Ψε

1 + Ψε
2 + Ψ3 , k = 1, 2, 3 . (3)

‚ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, ´ ¶·¨³¥· ±Ê²μ´μ¢¸±¨Ì

Vk(xk(aij)) =
zizj

aij
, Vk(xk) =

qk

xk
, qk ≡ zizj

√
2μij , k = 1, 2, 3, (4)

¨²¨ ¢§ ¨³μ¤¥°¸É¢¨° ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ 

Vk(xk) =
qk

xk
+ V̄k(xk) , V̄k(xk) =

∞∑
n=0

xn
k V̄kn , V̄kn = const , k = 1, 2, 3,

(5)
¸ £ ³¨²ÓÉμ´¨ ´μ³ H ±μ³³ÊÉ¨·ÊÕÉ ¸ ³ H , ±¢ ¤· É μ¶¥· Éμ·  ¶μ²´μ£μ Ê£²μ-
¢μ£μ ³μ³¥´É  l, ¥£μ ±μ³¶μ´¥´É  l3 ¨ μ¶¥· Éμ· Pr ¨´¢¥·¸¨¨ ri → −ri. � ¡μ·
ε ¸μ¸Éμ¨É ¨§ ¸μ¡¸É¢¥´´ÒÌ Î¨¸¥² ÔÉ¨Ì μ¶¥· Éμ·μ¢: ε = {E, �, m, σ}.

‚¸Õ¤Ê ¤ ²¥¥ ´¥±Ê²μ´μ¢¸±¨¥ ¸² £ ¥³Ò¥ V̄k ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° (5)
¸Î¨É ¥³  ´ ²¨É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨, ¶μ² £ ¥³, ÎÉμ

x ≡ xi → 0, y ≡ yi > 0 , u ≡ cos θ = (x · y)/(xy) , k �= i , q ≡ qi ,

¨ ¨¸¶μ²Ó§Ê¥³ ±μμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ 〈x,y| ≡ 〈xi,yi|, ¢ ±μÉμ·μ³

H0 = −∂2
x−

2
x

∂x+
l2x
x2

−∂2
y−

2
y

∂y+
l2y
y2

, lx ≡ −ı̇x×∇x, ly ≡ −ı̇y×∇y . (6)

‚ ± Î¥¸É¢¥ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¢¸¥Ì É·¥Ì μ¶¥· Éμ·μ¢ l2, l3 ¨ Pr ¨¸-
¶μ²Ó§Ê¥³ ¡¨¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨ [16]:

Y�m
ab (x̂, ŷ) ≡

a∑
α=−a

C�m
aαbβ Yaα(ŷ)Ybβ(x̂) , a + b = l , (−1)a+b = σ , (7)
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¨ ±μ³¡¨´ Í¨¨ D-ËÊ´±Í¨° ‚¨£´¥·  D�
mm′ Å ¸¨³³¥É·¨§μ¢ ´´Ò¥ D-ËÊ´±-

Í¨¨ [4]:

D�σ
mm′(ωt) =

[
2� + 1

16π2(1 + δm′0)

]1/2 [
D�

mm′(ωt) + σ(−1)�−m′
D�

m,−m′(ωt)
]

.

(8)
‡¤¥¸Ó C�m

aαbβ Å ±μÔËË¨Í¨¥´É Š²¥¡Ï Äƒμ·¤ ´ , Yfe Å ¸Ë¥·¨Î¥¸± Ö £ ·³μ-
´¨± :

Yfe(â) =
1√
2π

exp(−ieϕa)Θfe(cos θa) , â ≡ (θa, ϕa) , â = x̂, ŷ , (9)

  ωt = (αt, βt, γt) Å ´ ¡μ· Ê£²μ¢ 	°²¥· , μ¶·¥¤¥²ÖÕÐ¨Ì μ·¨¥´É Í¨Õ ¢Ò-
¡· ´´μ° ®¶μ¤¢¨¦´μ°¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É St μÉ´μ¸¨É¥²Ó´μ ¸¨¸É¥³Ò S.

‚¢¥¤¥³ ¤¢¥ ®¶μ¤¢¨¦´Ò¥¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É St = (et
1, e

t
2, e

t
3), t = x, y.

�Ê¸ÉÓ ´ Î ²Ó´Ò¥ ÉμÎ±¨ Ox ¨ Oy ¸¨¸É¥³ Sx ¨ Sy ¸μ¢¶ ¤ ÕÉ ¸ ´ Î ²Ó´μ°
ÉμÎ±μ° O Ë¨±¸¨·μ¢ ´´μ° ¸¨¸É¥³Ò S = (e1, e2, e3),   ¨Ì ·¥¶¥·Ò É ±μ¢Ò, ÎÉμ

(y ·ex
1) > 0, (y ·ex

2) = 0, (x ·ex
3) = x; (x ·ey

1) < 0, (x ·ey
2) = 0, (y ·ey

3) = y .

’μ£¤  μ·ÉÒ ex
2 ¨ ey

2 ´ ¶· ¢²¥´Ò ¢¤μ²Ó ´μ·³ ²¨ n = x × y ± ¶²μ¸±μ¸É¨ É·¥Ì
Î ¸É¨Í,   ¸¨¸É¥³  Sx ¶μ²ÊÎ ¥É¸Ö ¶μ¢μ·μÉμ³ ¸¨¸É¥³Ò Sy ¢μ±·Ê£ μ·É  ey

2 ´ 
Ê£μ² θ ³¥¦¤Ê ¢¥±Éμ· ³¨ x ¨ y. ’ ± ± ± ¢ ¸¨¸É¥³¥ S μ·¨¥´É Í¨Ö ÔÉ¨Ì ¢¥±Éμ·μ¢
§ ¤ ´  Ê£² ³¨ x̂ = (θx, ϕx) ¨ ŷ = (θy, ϕy),   ¢ ¸¨¸É¥³¥ St Å Ê£² ³¨ x̂t ¨ ŷt:

x̂t = (θx
x, ϕx

x) = (0, 0) , ŷt = (θx
y , ϕx

y) = (θ, 0) , t = x ;

x̂t = (θy
x, ϕy

x) = (θ, π) , ŷt = (θy
y , ϕy

y) = (0, 0) , t = y ,

Éμ ¶¥·¥Ìμ¤ S → Sx μ¶·¥¤¥²Ö¥É¸Ö Ê£² ³¨ 	°²¥·  ωx = (ϕx, θx, γx),   ¶¥·¥Ìμ¤
S → Sy Å Ê£² ³¨ 	°²¥·  ωy = (ϕy , θy, γy), £¤¥ Ê£²Ò γt É ±μ¢Ò, ÎÉμ

cos γt = ctg θ cos θt − cosec θ cos θt′ , t �= t′ = x, y .

„ ²¥¥ ¡Ê¤ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¤¢  ¸²ÊÎ Ö t = x, y, ¢ ¸²ÊÎ ¥ t = x ®¶μ¤¢¨¦´μ°¯
Ö¢²Ö¥É¸Ö ¸¨¸É¥³  Sx,   ¢ ¸²ÊÎ ¥ t = y Å ¸¨¸É¥³  Sy.

‚Ò¢¥¤¥³ ±²ÕÎ¥¢Ò¥ Ëμ·³Ê²Ò ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö.
‚¥±Éμ·Ò Ÿ±μ¡¨ (1) ±¨´¥³ É¨Î¥¸±¨ ¸¢Ö§ ´Ò [17]:

(
xk

yk

)
= −

(
+cki ski

−ski cki

) (
xi

yi

)
,

(
cki

ski

)
≡

(
cos γki

sinγki

)
,

γki ∈ [−π/2, /π/2],
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£¤¥ γki Å ±¨´¥³ É¨Î¥¸±¨° Ê£μ², μ¶·¥¤¥²Ö¥³Ò° Éμ²Ó±μ μÉ´μÏ¥´¨Ö³¨ ³ ¸¸
Î ¸É¨Í. ‚ ¸¨²Ê É ±μ° ¸¢Ö§¨ xk ¨ yk Å ËÊ´±Í¨¨ É·¥Ì  ·£Ê³¥´Éμ¢ u ¨ x, y:

〈x,y|xk〉 = xk(x, y, u) =
[
(cki x)2 + (ski y)2 + 2 cki ski uxy

]1/2
, (10)

〈x,y|yk〉 = yk(x, y, u) =
[
(ski x)2 + (cki y)2 − 2 cki ski uxy

]1/2
,

¨ ¶μÔÉμ³Ê

〈x,y|xk〉 = xk(x, y, u) =
|ski|y
g(vx)

, 〈x,y|yk〉 = yk(x, y, u) =
ckiy

g(vy)
; (11)

g(v) ≡ (1 − 2uv + v2)−1/2 , vx ≡ −ckix

skiy
, vy ≡ skix

ckiy
.

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö 1/xk(x, y, u) ¶·μ¶μ·Í¨μ´ ²Ó´  ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±-
Í¨¨ g(vx) ¤²Ö ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  Pn(u) (¸³. [16]), ¶μÔÉμ³Ê

1
xk

=
1

|ski|y

∞∑
n=0

(
−cki x

ski y

)n

Pn(u) , k �= i . (12)

ˆ§ (11) ¨ (12) ¸²¥¤Ê¥É Ëμ·³Ê²  ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö

∂n
x xk|x=0 = cki

ski

|ski|
n!

2n − 1

(
− cki

skiy

)n−1

[Pn(u) − Pn−2(u)] , n = 0, 1, . . .

(13)
�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¤μ± §Ò¢ ¥É¸Ö Ëμ·³Ê²  ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö

∂n
x yk|x=0 = ski

n!
2n− 1

(
ski

ckiy

)n−1

[Pn(u) − Pn−2(u)] , n = 0, 1, . . . (14)

’¥¶¥·Ó ¶·¨¢¥¤¥³ ¨ ¶μÖ¸´¨³ · §²μ¦¥´¨Ö, ¤μ± § ´´Ò¥ ¢ · ¡μÉ¥ [8] ¨ Ö¢²Ö-
ÕÐ¨¥¸Ö ±²ÕÎ¥¢Ò³¨ ¤²Ö ¶μ¸É·μ¥´¨°, ¢Ò¶μ²´¥´´ÒÌ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

ƒ² ¤± Ö Î ¸ÉÓ V̄k ¶ ·´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö (5) Ö¢²Ö¥É¸Ö ·Ö¤μ³

V̄k(xk(x, y, u)) =
∞∑

p=0

xp

p∑
s=0

V̄ ps
k (|ski|y)Ps(u) , (−1)p+s = 1 , (15)

  ¢¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (5), (12) ¨ (15) ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ V = V1 +
V2 + V3 · ¸±² ¤Ò¢ ¥É¸Ö ¢ ¤¢μ°´μ° ·Ö¤:

V (x, y, u) =
q

x
+ V 00(y) +

∞∑
p=1

xp

p∑
s=0

V ps(y)Ps(u) , (16)

V ps(y) ≡ V̄ip δs0 + δps

∑
k �=i

qk

|ski|y

(
− cki

skiy

)p

+
∑
k �=i

V̄ ps
k (y) ,
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£¤¥ μÉ²¨Î´Ò μÉ ´Ê²Ö Éμ²Ó±μ ±μ´¸É ´ÉÒ V p0 = V̄ip ¸ ´¥Î¥É´Ò³ p ¨ ËÊ´±Í¨¨
V ps(y) c Î¥É´μ° ¸Ê³³μ° p + s. �·¨ p � 2 ¨Ì ³μ¦´μ ´ °É¨ ¶μ Ëμ·³Ê² ³

V 00(y) = Vi0 +
∑
k �=i

[
qk/(|ski| y) + V̄k(|ski|y)

]
, V 10(y) = Vi1 ,

V 11(y) =
∑
k �=i

cki(ski/|ski|)
[
V̄ ′

k(|ski|y) − qk/(ski y)2
]

,

V 20(y) = Vi2 + (1/6)
∑
k �=i

c2
ki

[
V̄ ′′

k (|ski|y) + 2 V̄ ′
k(|ski|y)/(|ski|y)

]
,

V 22(y) =
∑
k �=i

{
qkc2

ki/(|ski|y)3]+(1/3) c2
ki

[
V̄ ′′

k (|ski|y)−V̄ ′
k(|ski|y)/(|ski|y)

] }
,

£¤¥ V̄ ′
k ¨ V̄ ′′

k Å ¶¥·¢ Ö ¨ ¢Éμ· Ö ¶·μ¨§¢μ¤´Ò¥ ËÊ´±Í¨¨ V̄k(xk) ¶μ  ·£Ê³¥´ÉÊ
xk ¢ ÉμÎ±¥ xk = |ski|y, É. ¥. ¶·¨ x = 0.

� §²μ¦¥´¨¥ ·¥Ï¥´¨Ö Ψε ¶μ ¡¨¸Ë¥·¨Î¥¸±μ³Ê ¡ §¨¸Ê (7) Å ±μ´¥Î´ Ö ¸Ê³³ 

Ψε(x,y) =
∑
ab

Ψε
ab(x, y)Y�m

ab (x̂, ŷ) , a + b = l , (−1)a+b = σ . (17)

…¥ ¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε
ab Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨

Ψε
ab(x, y) =

∞∑
n=b�μ(σ)

xnΨnε
ab (y) , μ(σ) ≡ (1/2)[1 − σ(−1)�] , (18)

  ±μ³¶μ´¥´ÉÒ Ψnε
ab (y) ÔÉ¨Ì ·Ö¤μ¢ ¶μ¤Î¨´¥´Ò Í¥¶μÎ± ³ ·¥±Ê··¥´É´ÒÌ ¶μ ¨´-

¤¥±¸Ê n � b  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¨ μ¤´μ§´ Î´μ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ´¥-
μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ Ψnε

ab (y) ¸ b = n ¨ ¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ qk, V̄ip ¨
ËÊ´±Í¨¨ V̄ ps(y), ¸μ¤¥·¦ Ð¨¥¸Ö ¢ · §²μ¦¥´¨¨ (16) ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö.

� §²μ¦¥´¨¥ ·¥Ï¥´¨Ö Ψε ¶μ Dσ-¡ §¨¸Ê Å ±μ´¥Î´ Ö ¸Ê³³ 

Ψε(x,y) =
�∑

m′=μ(σ)

Ψεt
m′(x, y, θ)D�σ∗

mm′(ωt) , t = x, y. (19)

‚¸¥ ¥¥ Dσ-±μ³¶μ´¥´ÉÒ Ψεt
m′ ¢ ¸²ÊÎ ¥ t = x Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨

Ψεx
m′(x, y, θ) =

∞∑
n=m′

xn

�+n−μ(σ)∑
a=m′

Ψnεx
am′(y)Θam′(u) , (20)

  ¢ ¸²ÊÎ ¥ t = y Å ·Ö¤ ³¨

Ψεy
m′(x, y, θ) =

∞∑
n=μ(σ)

xn
n∑

b=m′

Ψnεy
bm′(y)Θbm′(u) . (21)
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‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ Θ-±μ³¶μ´¥´ÉÒ Ψnεt
am′(y) ¶μ¤Î¨´ÖÕÉ¸Ö Í¥¶μÎ± ³ ·¥±Ê··¥´É-

´ÒÌ ¶μ ¨´¤¥±¸Ê n � b  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¨ μ¤´μ§´ Î´μ ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ (t = x ¨²¨ t = y) ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ fn+2,t

m′ (y) ¨
¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ qk, V̄ip ¨ ±μ³¶μ´¥´ÉÒ V̄ ps(y) · §²μ¦¥´¨Ö (16).

3. ‘‹“—�‰ –…�’��‹œ�›• ����›• ‚‡�ˆŒ�„…‰‘’‚ˆ‰

ˆ¸¸²¥¤Ê¥³ ¸É·μ¥´¨¥ Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε
i ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ -

§¨¸¥.
�Ê¸ÉÓ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤¸É ¢²¥´μ ·Ö¤μ³ (17), (18)

¸ ¨§¢¥¸É´Ò³¨ ±μ³¶μ´¥´É ³¨ Ψnε
ab (y). „μ± ¦¥³, ÎÉμ É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μ-

·μ¦¤ ¥É  ´ ²μ£¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε
i :

Ψε
i (x,y) =

∑
ab

Ψε
iab(x, y)Y�m

ab (x̂, ŷ) , a + b = l, (−1)a+b = σ , (22)

¨ ¥¥ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψε
iab:

Ψε
iab(x, y) ≡ 〈Y�m

ab (x̂, ŷ)|Ψε
i (x,y)〉 =

∞∑
n=b�μ(σ)

xnΨnε
iab(y). (23)

„²Ö ÔÉμ£μ ¨¸¸²¥¤Ê¥³ Éμ²Ó±μ μ¤´μ Ê· ¢´¥´¨¥ Ë ¤¤¥¥¢¸±μ° ¸¨¸É¥³Ò (3),  
¨³¥´´μ, Ê· ¢´¥´¨¥, ¸μ¤¥·¦ Ð¥¥ ¢ ²¥¢μ° Î ¸É¨ ±μ³¶μ´¥´ÉÊ Ψε

i . ‚ ÔÉμ³ Ê· ¢-
´¥´¨¨ ¶·¥¤¸É ¢¨³ μ¶¥· Éμ·Ò Vi, H0 ¨ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (5), (6) ¨ (17), (18). �· ¢ Ö Î ¸ÉÓ ¶μ²ÊÎ¨¢Ï¥£μ¸Ö
Ê· ¢´¥´¨Ö Å ·Ö¤ ¶μ ¸É¥¶¥´Ö³ x ¨ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ Y�m

ab . �μÔÉμ³Ê ¨¸±μ-
³μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψε

i Å ³μ¦¥É ¡ÒÉÓ Éμ²Ó±μ ·Ö¤μ³ Éμ£μ ¦¥ É¨¶ , ´μ
¶μ±  ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨° ´  ¨´¤¥±¸Ò a, b ¨ n:

Ψε
i (x,y) =

∞∑
n=0

xn
∑
ab

Ψnε
iab(y)Y�m

ab x̂, ŷ) . (24)

‡ ³¥´¨³ Ψε
i É ±¨³ ·Ö¤μ³. ‘¶·μ¥Í¨·Ê¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ´  ËÊ´±Í¨¨

Y�m
ab (x̂, ŷ) ¨ ¢Ò¢¥¤¥³ ¤²Ö ± ¦¤μ° ¶ ·Ò {a, b}  ²£¥¡· ¨Î¥¸±ÊÕ ¨ ·¥±Ê··¥´É´ÊÕ

¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±Ê Ê· ¢´¥´¨°

[ b(b + 1) − (n + 2)(n + 3) ] Ψn+2,ε
iab (y) = −

[
ha(y) − V 00(y)

]
Ψnε

iab(y) −

−qΨn+1,ε
ab (y) −

n∑
p=0

Vip Ψn−p,ε
ab (y) , n = −2,−1, . . . , (25)

£¤¥ ha Å ¤¨ £μ´ ²Ó´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É μ¶¥· Éμ· 

h(y) ≡ −∂2
y − 2

y
∂y +

l2y
y2

+ V 00(y) − E

7



¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ (7):

〈Y�m
ab |h(y)|Y�m

a′b′〉 = δaa′δbb′ha(y) , (26)

ha(y) ≡ −∂2
y − 2

y
∂y +

a(a + 1)
y2

+ V 00(y) − E .

�Ê¸ÉÓ ¢ ÔÉμ° Í¥¶μÎ±¥ n < b ¨²¨ b < μ(σ), Éμ£¤  Ψnε
ab (y) ≡ 0 ¨ ¶μ-

ÔÉμ³Ê Ψnε
iab(y) ≡ 0. „ ²¥¥ ¶μ² £ ¥³ n � b � μ(σ). �·¨ É ±¨Ì μ£· ´¨Î¥´¨ÖÌ

¶·μ¡´Ò° ·Ö¤ (24) ¸É ´μ¢¨É¸Ö ·Ö¤μ³ (22),   ¨¸¸²¥¤Ê¥³ Ö Í¥¶μÎ±  μ¤´μ§´ Î´μ
· §·¥Ï¨³ : ¶·¨ ¤ ´´ÒÌ a ¨ b ¢¸¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ Ψnε

iab ¸ n > b ¢Ò· ¦ -
ÕÉ¸Ö Î¥·¥§ ´¥μ¶·¥¤¥²¥´´ÊÕ ËÊ´±Í¨Õ Ψnε

iab(y) ¸ n = b ¨ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨
Ψnε

ab . ‘²¥¤μ¢ É¥²Ó´μ, · §²μ¦¥´¨Ö (22) ¨ (23) ¸ÊÐ¥¸É¢ÊÕÉ, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó
¤μ± § ÉÓ.

’¥¶¥·Ó ¶μ¸É·μ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (23) ¸ b � 2 ± ± ¶μ¤¸Ê³³Ò
¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ x → 0 ¸² £ ¥³ÒÌ,   § É¥³ ¶μ²Ê-
Î¨³ ¸¢Ö§¨ ¶·¨ x = 0 ¤²Ö ¶·μ¨§¢μ¤´ÒÌ ∂n

x Ψε
iab. ‘´ Î ²  ¢ Ê· ¢´¥´¨ÖÌ (25)

§ ³¥´¨³ ËÊ´±Í¨¨ Ψnε
ab (y) ¸ n � 3 ¨Ì Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨, ´ °¤¥´´Ò³¨ ¢

· ¡μÉ¥ [8]. �¥Ï¨³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¨ ¢Ò· §¨³ ËÊ´±Í¨¨ Ψnε
iab(y) ± ±

±μ³¡¨´ Í¨¨ ´¥μ¶·¥¤¥²¥´´ÒÌ ËÊ´±Í¨¨ Ψnε
ab ¨ Ψnε

iab ¸ n = b, · ¢´ÒÌ ¶·μ¨§¢μ¤-
´Ò³ (n!)−1∂n

x Ψε
ab(x, y) ¨ (n!)−1∂n

x Ψε
iab(x, y) ¶·¨ x = 0 ¨ n = b. ˆ¸¶μ²Ó§ÊÖ

É ±¨¥ ±μ³¡¨´ Í¨¨, ¢Ò¢¥¤¥³ ¨¸±μ³Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (23),   ¨³¥´´μ,  ¸¨³-
¶ÉμÉ¨±Ê ±μ³¶μ´¥´ÉÒ Ψε

i�0:

Ψε
i�0(x, y) =

{
1 +

x2

6
(h� − V 00)

[
1 +

x2

20
(h� − V 00)

] }
Ψε

i�0(0, y) +

+
x

2

{
q +

x

6
(2Vi0 + q2)+

+
x2

72
[
q3 + 2q(4h� + 3Vi0 − 3V 00) + 12Vi1

]
+

+
x3

1440
[
q4 + 4q2 (5h� + 3Vi0 − 3V 00)+ (27)

+ 84q Vi1 + 24 (6Vi2 + Vi0(2h� − V 00))
]}

Ψε
�0(0, y) + O(x5) ,

 ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
ia1 ¸ ¨´¤¥±¸μ³ a = |� ± (1 − μ(σ))|:

Ψε
ia1(x, y) = x

[
1 +

x2

10
(ha − V 00)

]
∂xΨε

ia1(x, y)|x=0 +

+
x2

4

{
q +

x

10
(4Vi0 + q2)+ (28)

+
x2

180
[
q3 + 2q (7ha + 5Vi0 − 5V 00)+40Vi1

] }
∂xΨε

a1(x, y)|x=0−

− x4

180
√

3
qV 11 Ca0

�010 Ψε
�0(0, y) + O(x5)
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¨  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
ia2 ¸ ¨´¤¥±¸μ³ a = |� + μ(σ)|, |� ± (2 − μ(σ)|:

Ψε
ia2(x, y) =

x2

2

[
1 +

x2

14
(ha − V 00)

]
∂2

x Ψε
i2a(x, y)|x=0 + (29)

+
x3

12

[
q +

x

14
(6Vi0 + q2)

]
∂2

x Ψε
2a(x, y)|x=0 + O(x5) .

‚ÒÎ¨¸²¨¢ ¶·μ¨§¢μ¤´Ò¥ ∂n
x , n � 4, ÔÉ¨Ì  ¸¨³¶ÉμÉ¨±, ¶μ²ÊÎ ¥³ ¸¥·¨Õ ¸¢Ö§¥°

¶·¨ x = 0 ¨ y > 0 ¤²Ö ±μ³¶μ´¥´É Ψε
iab ¨ Ψε

ab. ‚ ÔÉμ° ¸¥·¨¨ ¶·¨ ²Õ¡μ³ q
¨³¥ÕÉ¸Ö ¸¢Ö§¨

∂b
x [ 2∂x Ψε

iab(x, y) − q Ψε
ab(x, y) ] = 0 , b � n = 0, 1, 2. (30)

ˆ§ É ±¨Ì ¸¢Ö§¥° ¢ ¸²ÊÎ ¥ q �= 0 ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

∂b
xΨε

ab(x, y) = (2/q) ∂b+1
x Ψε

ab(x, y) , b = 0, 1, 2 ; x = 0, y > 0.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ · ¢¥´¸É¢ , ¨¸±²ÕÎ¨³ ¶·μ¨§¢μ¤´Ò¥ ∂b
xΨε

ab ¨§ ¤·Ê£¨Ì ¸¢Ö§¥° ¨¸-
¸²¥¤Ê¥³μ° ¸¥·¨¨ ¨ ¢ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¸¢Ö§¨, ´μ Ê¦¥ Éμ²Ó±μ ¤²Ö Ë ¤¤¥¥¢¸±¨Ì
±μ³¶μ´¥´É Ψε

iab:[
3q ∂2

x − (2Vi0 + q2) ∂x − q(h� − V 00)
]

Ψε
i�0(x, y) = 0,

∂x

{
12q ∂2

x − [q3 + 2q(4h� + 3Vi0 − 3V 00) + 12Vi1]
}

Ψε
i�0(x, y) = 0,{

60q∂4
x −

[
q4 + 4q2(5h� + 3Vi0 − 3V 00) + 84qVi1+

+ 24(6Vi2 + Vi0(2h� − V 00))
]
∂x − 12q(h� − V 00)2

}
Ψε

i�0(x, y) = 0,(31)

∂x

[
10q∂2

x − 3(4Vi0 + q2)∂x − 3(ha − V 00)
]

Ψεy
ia1(x, y) = 0 ,

√
3 ∂2

x

[
15q∂2

x −
[
q2 + 2q(7ha + 5Vi0 − 5V 00) + 40Vi1

] }
Ψεy

ia1(x, y) =

= 4 qV 11 Ca0
�010 ∂xΨεy

i�0(x, y) = 0,

∂2
x

[
7q ∂2

x − 2∂x − 6(ha − V 00)
]

Ψε
ia2(x, y) = 0.

…¸²¨ q = 0 ¨ x = 0, Éμ ¢¸¥ ¸¢Ö§¨ (30) ¨ (31) ¸É ´μ¢ÖÉ¸Ö É·¨¢¨ ²Ó´Ò³¨:
∂b+1

x Ψε
iab = 0, b = 0, 1, 2; ³¥¦¤Ê ±μ³¶μ´¥´É ³¨ Ψε

iab ¨ Ψε
ab ¨³¥ÕÉ¸Ö ¸¢Ö§¨

(3∂2
x + V 00 − h�)Ψε

i�0(x, y) = Vi0 Ψε
�0(x, y) ,

∂x

[
5∂2

x − 3(ha − V 00)
]

Ψε
ia1(x, y) = 3Vi0 ∂xΨε

a1(x, y) , (32)

∂2
x

[
7∂2

x − 6(ha − V 00)
]

Ψε
ia2(x, y) = 6∂2

xΨε
a2(x, y) ;

  ±μ³¶μ´¥´ÉÒ Ψε
iab, b = 0, 1, Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸¢Ö§Ö³:[
2Vi0∂

3
x − Vi1(3∂2

x + V 00 − h�)
]

Ψε
i�0(x, y) = 0,{

5Vi0∂
4
x − 3

[
6Vi2 + Vi0(2h� − V 00)

]
∂2

x+ (33)

+(6Vi2 + Vi0h�)(h� − V 00)
}

Ψε
i�0(x, y) = 0,

∂x

[
9∂3

x − 20 ∂2
x + 12(ha − V 00)

]
Ψε

ia1(x, y) = 0.
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Š ± ¨§¢¥¸É´μ [9], Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (3) ¶μ¤¸É ´μ¢±μ° (22)
¸¢μ¤ÖÉ¸Ö ± ¸¨¸É¥³¥ ¤¢Ê³¥·´ÒÌ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¸μ-
¢μ±Ê¶´μ¸É¨ {Ψε

jab} ¢¸¥Ì Ë ¤¤¥¥¢¸±¨Ì ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψε
jab. Ÿ¤· 

¨´É¥£· ²Ó´ÒÌ μ¶¥· Éμ·μ¢ É ±¨Ì ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  Å ¤μ¢μ²Ó´μ
¸²μ¦´Ò¥ ËÊ´±Í¨¨. „¥É ²Ó´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ÔÉ¨Ì Ö¤¥· ¢Ò¶μ²´¥´μ ¢ · ¡μ-
É Ì [18] ¨ [19]. C· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¤¨¸±·¥É´ÒÌ ¸¶² °´- ´ ²μ£μ¢ ¤¢Ê-
³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¤ ´ ¢ μ¡§μ·¥ [12]. ‚μ ¢¸¥ É ±¨¥  ´ ²μ£¨ ´¥-
¸²μ¦´μ ¢±²ÕÎ¨ÉÓ ¶μ²ÊÎ¥´´Ò¥ ¸¢Ö§¨ (30)Ä(33), ÎÉμ¡Ò Ê²ÊÎÏ¨ÉÓ ¶μÉμÎ¥Î´ÊÕ
¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³μ£μ ·¥Ï¥´¨Ö ± ÉμÎ´μ³Ê ·¥Ï¥´¨Õ {Ψε

jab} ¢¡²¨§¨ ÉμÎ±¨
¶ ·´μ£μ Ê¤ · . �·¨³¥· É ±μ£μ ¢±²ÕÎ¥´¨Ö ¤ ´ ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [13].

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸É·μ¥´¨¥ Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε
i ¢ Dσ-¡ §¨¸¥.

�Ê¸ÉÓ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤¸É ¢²¥´μ ·Ö¤μ³ (19) ¸
Dσ-±μ³¶μ´¥´É ³¨ (20) ¨²¨ ·Ö¤μ³ (19) ¸ Dσ-±μ³¶μ´¥´É ³¨ (21),   ¢¸¥ ±μ³-
¶μ´¥´ÉÒ ÔÉ¨Ì ·Ö¤μ¢ Ψnεt

im′(y), £¤¥ t = x ¨²¨ t = y, ¨§¢¥cÉ´Ò. ˆ¸¶μ²Ó§ÊÖ
É¥ ¦¥ ¶·¨¥³Ò, ÎÉμ ¨ ¶·¨ ¤μ± § É¥²Ó¸É¢¥ Ëμ·³Ê² (22), ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ
μ¡μ¨³ (t = x, y) ¶·¥¤¸É ¢²¥´¨Ö³ ËÊ´±Í¨¨ Ψε μÉ¢¥Î ÕÉ  ´ ²μ£¨Î´Ò¥ ¶μ ¸É·μ¥-
´¨Õ · §²μ¦¥´¨Ö Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i ¨ · §²μ¦¥´¨Ö ¥¥ Dσ-±μ³¶μ´¥´É
Ψεt

im′ : ¶·¨ t = x

Ψε
i (x,y) =

�∑
m′=μ(σ)

D�σ∗
mm′(ωx)Ψεx

im′(x, y, θ) , (34)

Ψεx
im′(x, y, θ) =

∞∑
n=μ(σ)

xn

�+n−μ(σ)∑
a=m′

Ψnεx
iam′(y)Θam′(u) , (35)

  ¢ ¸²ÊÎ ¥ t = y

Ψε
i (x,y) =

�∑
m′=μ(σ)

D�σ∗
mm′(ωy)Ψεy

im′(x, y, θ) , (36)

Ψεy
im′(x, y, θ) =

∞∑
n=μ(σ)

xn
n∑

b=m′

Ψnεy
ibm′(y)Θbm′(u) . (37)

‚Ò¢μ¤ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ Θ-±μ³¶μ´¥´É Ψnεx
iam′ ¨ Ψnεy

ibm′ ¨§ Ê· ¢´¥-
´¨Ö (3), ¸μ¤¥·¦ Ð¥£μ ¢ ²¥¢μ° Î ¸É¨ ±μ³¶μ´¥´ÉÊ Ψε

i , ´¥¸²μ¦¥´. ‘´ Î ²  Vi,
H0 ¨ Ψε § ³¥´ÖÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (5), (6) ¨ (19), (20) ¨²¨
(19), (21),   Ψε

i Å ¨¸±μ³Ò³ ·Ö¤μ³ (34) ¨²¨ (36). ‡ É¥³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥-
´¨Ö ¶·μ¥Í¨·ÊÕÉ¸Ö ¸´ Î ²  ´  ËÊ´±Í¨¨ D�σ∗

mm′(ωt) c t = x ¨²¨ t = y,   § É¥³
´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ Θam′(u) ¨²¨ Θbm′(u). ‚¸¥ ¶· ¢¨² 
¤²Ö É ±μ£μ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¶·μ¥Í¨·μ¢ ´¨Ö ¶μ¤·μ¡´μ μ¶¨¸ ´Ò ¢ · ¡μÉ¥ [8].
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‚ ¨Éμ£¥ ¤²Ö ¨¸±μ³ÒÌ Θ-±μ³¶μ´¥´É Ψnεt
iam′(y), t = x, y, ¶μ²ÊÎ ÕÉ¸Ö ·¥±Ê·-

·¥´É´Ò¥ ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±¨  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°. ‚ ¸²ÊÎ ¥ t = x
¶·¨ ²Õ¡ÒÌ n > μ(σ) ¨ m′ Ê· ¢´¥´¨Ö Í¥¶μÎ±¨ ¤²Ö ´¥¨§¢¥¸É´ÒÌ Ψnεx

iam′′(y)
§ Í¥¶²ÖÕÉ¸Ö ¶μ ¨´¤¥±¸Ê m′′ = m′, m′ ± 1 ¨ ¶μÔÉμ³Ê Í¥¶μÎ±  ´¥Ê¤μ¡´  ¤²Ö
¥¥  ´ ²¨§  ¨ ¤ ²¥¥ ´¥ · ¸¸³ É·¨¢ ¥É¸Ö. ‚ ¸²ÊÎ ¥ t = y ¤²Ö ± ¦¤μ£μ m′ =
μ(σ), μ(σ) + 1, . . . � ¶μ²ÊÎ ¥É¸Ö ¶·μ¸É Ö ·¥±Ê··¥´É´ Ö (n = −2,−1, . . .) Í¥-
¶μÎ± :

[b(b + 1) − (n + 2)(n + 3)] Ψn+2,εy
ibm′ (y) = −qΨn+1,εy

bm′ (y)−
n∑

p=0

Vip Ψn−p,εy
b′m′ (y)+

+ y−2
∑

m′′=m′±1

γ�σ
m′m′′ qb

m′m′′ Ψnεy
ibm′′(y) −

[
hy

bm′(y) − V 00(y)
]

Ψnεy
ibm′(y),

(38)

£¤¥ Ψnεx
ibm′ ≡ 0 ¶·¨ n < b ¨ ¶·¨ b < m′, hy

bm′(y) Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
μ¶¥· Éμ·:

hy
bm′(y) ≡ − 1

y2
∂y(y2∂y) +

1
y2

[
�(� + 1) + b(b + 1) − 2m′2

]
+ V 00(y) − E ,

  ±μÔËË¨Í¨¥´ÉÒ γ�σ
m′m′′ ¨ qb

m′m′′ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³

γ�σ
m′,m′+1 ≡

{[
1 + δm′0 σ (−1)�

]
[�(� + 1) − m′(m′ + 1)]

}1/2
,

γ�σ
m′,m′−1 ≡ (1 − δm′0)

{[
1 + δm′1 σ (−1)�

]
[�(� + 1) − m′(m′ − 1)]

}1/2
;

qb
m′m′′ ≡ [ b(b + 1) − m′m′′ ]1/2

, m′′ = m′ ± 1 .

�¥Ï¥´¨Ö Ψn+2,εy
ibm′ Ê· ¢´¥´¨° (38) Ê¤μ¡´μ ¨¸± ÉÓ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö

(n = −2,−1, . . .) ¨´¤¥±¸  n ¨ Ê¡Ò¢ ´¨Ö (b = n, n − 1, . . .) ¨´¤¥±¸  b ¶·¨
± ¦¤μ³ n. “· ¢´¥´¨¥ c b = n + 2 ¨³¥¥É ¢¨¤ 0 Ψn+2,εy

ibm′ = 0, ¶μÔÉμ³Ê

Ψn+2,εy
im′ (y) = gn+2,y

im′ (y), £¤¥ gn+2,y
im′ (y) Å ´¥±μÉμ· Ö ´¥É·¨¢¨ ²Ó´ Ö ËÊ´±Í¨Ö.

ˆ¸±²ÕÎ¥´¨¥ ¸μ¸É ¢²Ö¥É ¸²ÊÎ ° σ = (−1)�+1, m′ = 0, ±μ£¤  ¸μ£² ¸´μ (37)
Ψnεy

im′ = 0 ¶·¨ ¢¸¥Ì n. �μÔÉμ³Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ² £ ¥³ gny
i0 (y) ≡ 0 ¶·¨ ¢¸¥Ì n.

’¥¶¥·Ó ¶μ¸É·μ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (37) ¸ m′ � 2 ¢ ¢¨¤¥ ¶μ¤¸Ê³³
¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ x → 0 ¸² £ ¥³ÒÌ ¨ ¢Ò¢¥¤¥³
¸¢Ö§¨ ¤²Ö Θ-±μ³¶μ´¥´É Ψεy

ibm′ . ‘´ Î ²  ¢ Ê· ¢´¥´¨ÖÌ (38) ¸ m′ � 2 § ³¥´¨³
ËÊ´±Í¨¨ Ψnε

bm′(y) ¸ n � 3 ¨Ì Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨, ´ °¤¥´´Ò³¨ ¢ · ¡μÉ¥ [8].
‡ É¥³ ·¥Ï¨³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¨ ¢Ò· §¨³ ·¥Ï¥´¨Ö Ψnεy

ibm′(y) Î¥·¥§ ´¥-
μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ fny

m′ ≡ Ψnεy
bm′ ¨ gny

im′ ≡ Ψnεy
ibm′ , · ¢´Ò¥ ¶·μ¨§¢μ¤´Ò³

(n!)−1∂n
x Ψεy

m′(x, y) ¨ (n!)−1∂n
x Ψεy

im′(x, y) ¶·¨ x = 0 ¨ n = b. ˆ¸¶μ²Ó§ÊÖ ¶μ-
²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö, ¶·¥¤¸É ¢¨³  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (37) c m′ � 2, É. ¥.
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 ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É Ψεy
im′ , m′ � 2, ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ σ = ±(−1)� ¢

¢¨¤¥

Ψεy
i0 (x, y, θ) =

{
g0y

i0 +
qx

2
f0y
0 +

x2

12
[(2Vi0 + q2)f0y

0 + 2(hy
00 − V 00)g0y

i0 ]+

+
x3

144
[
q3 + 2q(4hy

00 + 3Vi0 − 3V 00) + 12Vi1

]
f0y
0

}
Θ00(u) +

+x

[
g1y

i0 +
qx

4
f1y
0 +

x2

40
(4Vi0 + q2) f1y

0

]
Θ10(u) +

+
x3

10y2

{
y2[hy

10 − V 00] g1y
i0 − [2�(� + 1)(1 + σ(−1)�)]1/2g1y

i1

}
Θ10(u) +

+x2
[
g2y

i1 +
qx

6
f2y
0

]
Θ20(u) + x3 g3y

i0 Θ30(u) + O(x4) ; (39)

Ψεy
i1 (x, y, θ) = x

[
g1y

i1 +
qx

4
f1y
1 +

x2

40
(4Vi0 + q2) f1y

1

]
Θ11(u) +

+
x3

10y2

{
y2(hy

11 − V 00) g1y
i1 − 2 [�(� + 1)]1/2 g1y

i0

}
Θ11(u) +

+x2
[
g2y

i1 +
qx

6
f2y
1

]
Θ21(u) + x3 g3y

i1 Θ31(u) + O(x4) ;

Ψεy
i2 (x, y, θ) = x2

[
g2y

i2 +
qx

6
f2y
2

]
Θ22(u) + x3 g3y

i2 Θ32(u) + O(x4) ,

£¤¥ fny
m′ (y), gny

im′(y) Å ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨, ´μ fny
0 , gny

i0 ≡ 0 ¶·¨ σ =
(−1)�+1.

’¥¶¥·Ó ´ °¤¥³ ¶·μ¨§¢μ¤´Ò¥ ∂n
x ¶μ²ÊÎ¥´´ÒÌ  ¸¨³¶ÉμÉ¨± ¨ É ±¨³ μ¡· -

§μ³ ¢Ò¢¥¤¥³ ¸¢Ö§¨ ¶·¨ x = 0, y > 0 ¤²Ö ¶·μ¥±Í¨° ∂n
x Ψεy

ibm′ ≡ (n!)Ψnεy
ibm′

¶·μ¨§¢μ¤´ÒÌ ∂n
x Ψεy

m′ ´  ËÊ´±Í¨¨ Θbm′(u). �·¨ x = 0 ¨ q �= 0 ¶·μ¥±Í¨¨
Ψεy

ibm′ Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε
i ¸¢Ö§ ´Ò ¸ ¶·μ¥±Í¨Ö³¨ Ψεy

bm′ ËÊ´±Í¨¨ Ψε

¸μμÉ´μÏ¥´¨Ö³¨

∂b
x [ 2 ∂xΨεy

ibm′(x, y) − q Ψεy
bm′(x, y) ] = 0 , b � m′ = 0, 1, 2 , (40)

  ¤²Ö ¶·μ¥±Í¨° Ψεy
ibm′ ¨³¥ÕÉ¸Ö ¸¢Ö§¨[

3q ∂2
x − (2Vi0 + q2) ∂x − q(hy

00 − V 00)
]

Ψεy
i00(x, y) = 0,

∂x

{
12q ∂2

x − [q3 + 2q(4hy
00 + 3Vi0 − 3V 00) + 12Vi1]

}
Ψεy

i00(x, y) = 0,

∂x

[
10q∂2

x − 3(4Vi0 + q2)∂x − 6q(hy
10 − V 00)

]
Ψεy

i10(x, y) = (41)

= −6q

y2

[
2�(� + 1)(1 + σ(−1)�)

]1/2
∂xΨεy

i11(x, y),

∂x

[
10q∂2

x − 3(4Vi0 + q2)∂x − 6q(hy
11 − V 00)

]
Ψεy

i11(x, y) =

= −12q[�(� + 1)]1/2 ∂xΨεy
i10(x, y).
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�·¨ q = 0 ¢¸¥ ÔÉ¨ ¸¢Ö§¨ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ · ¢¥´¸É¢ 

∂a+1
x Ψεy

iam′(x, y)|x=0 = 0 , a = 0, 1,

¨, ±·μ³¥ Éμ£μ, ¨³¥ÕÉ¸Ö ¸¢Ö§¨[
3∂2

x − (hy
00 − V 00)

]
Ψε

i00(x, y) = Vi0Ψ
εy
00(x, y) ;{

2Vi0 ∂3
x − Vi1

[
3∂2

x − (hy
00 − V 00)

] }
Ψεy

i00(x, y) = 0 ;

∂x

[
5∂2

x − 3(hy
10 − V 00)

]
Ψεy

i10(x, y) + (42)

+
3
y2

[
2�(� + 1)(1 + σ(−1)�

]1/2
∂xΨεy

i11(x, y) = 3Vi0 ∂xΨε
10(x, y);

∂x

[
5∂2

x − 3(hy
11 − V 00)

]
Ψεy

i11(x, y) +

+
6
y2

[�(� + 1)]1/2
∂xΨεy

i10(x, y) = 3Vi0 ∂xΨε
11(x, y).

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³¨ § ³¥Î ´¨Ö³¨.
‚ · ¡μÉ¥ [10] Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (3) ¶μ¤¸É ´μ¢±μ° (34)

¸ t = x ¡Ò²¨ ¢¶¥·¢Ò¥ ·¥¤ÊÍ¨·μ¢ ´Ò ± ±μ´¥Î´μ° ¸¨¸É¥³¥ É·¥Ì³¥·´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¤²Ö ¸μ¢μ±Ê¶´μ¸É¨ {Ψεx

jm′} ¢¸¥Ì ¨¸±μ-
³ÒÌ Dσ-±μ³¶μ´¥´É Ψεx

jm′ , j = 1, 2, 3, m′ � μ(σ). ’¥μ·¨Ö · ¸¸¥Ö´¨Ö ¤²Ö
É ±μ° Ëμ·³Ê²¨·μ¢±¨ § ¤ Î¨ É·¥Ì Î ¸É¨Í ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²´μ£μ Ê£²μ¢μ£μ
³μ³¥´É  ¶·¥¤²μ¦¥´  ¢ · ¡μÉ¥ [11]. �μ¸²¥ ÔÉμ° · ¡μÉÒ ¤¨¸±·¥É´Ò¥ ¸¶² °´-
 ´ ²μ£¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸É ²¨ ¨´É¥´¸¨¢´μ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö
¤²Ö · ¸Î¥É  Ì · ±É¥·¨¸É¨± ·¥ ²Ó´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³. �¥§Ê²ÓÉ ÉÒ ¶¥·-
¢ÒÌ · ¸Î¥Éμ¢, ¢Ò¶μ²´¥´´ÒÌ ¢ É ±μ³ ¶μ¤Ìμ¤¥ ± ·¥Ï¥´¨Õ § ¤ Î¨ É·¥Ì Î ¸É¨Í ¸
±Ê²μ´μ¢¸±¨³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨, μ¡¸Ê¦¤ ²¨¸Ó ¢ μ¡§μ·¥ [7]. ‚ ¸²ÊÎ ¥ ¶ ·´ÒÌ
¢§ ¨³μ¤¥°¸É¢¨° ¸ ¸¨²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ μÉÉ ²±¨¢ ´¨¥³ ¤¨¸±·¥É´Ò¥
¸¶² °´- ´ ²μ£¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢¶¥·¢Ò¥ ¶μ¸É·μ¥´Ò, ¨¸¸²¥-
¤μ¢ ´Ò ¨ ¶·¨³¥´¥´Ò ¤²Ö · ¸Î¥É  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° É·¨³¥·   Éμ³  4He
¢ · ¡μÉ Ì [20] ¨ [21]. ‡ É¥³ É ±¨¥ ¸¶² °´- ´ ²μ£¨ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¢ · -
¡μÉ¥ [22], ´μ Ê¦¥ ¤²Ö  ´ ²¨§  Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö  Éμ³  4He ´  ¸¢Ö§ ´´μ³
¸μ¸ÉμÖ´¨¨ ¤¢ÊÌ  Éμ³μ¢ 4He.

Š ± ¡Ò²μ ¶μ± § ´μ ¢ÒÏ¥, ¢Ò¡μ· ¸¨¸É¥³Ò Sy ¢ ± Î¥¸É¢¥ ®¶μ¤¢¨¦´μ°¯
Ö¢²Ö¥É¸Ö ¶·¥¤¶μÎÉ¨É¥²Ó´Ò³, ¶μÉμ³Ê ÎÉμ ¶·¨ É ±μ³ ¢Ò¡μ·¥ Ë ¤¤¥¥¢¸±¨¥ Dσ-
±μ³¶μ´¥´ÉÒ Ψεy

im′ , m′ � μ(σ), ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  Î ¸É¨Í pj ¨ pk

Ê¸É·μ¥´Ò ¤μ¢μ²Ó´μ ¶·μ¸Éμ. �μÔÉμ³Ê ¤²Ö μ¶É¨³¨§ Í¨¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢
¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¢Ò¢¥¤¥´´Ò¥ ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [23] É·¥Ì³¥·´Ò¥
Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ ¸²ÊÎ ¥ t = y. „μ± § ´´Ò¥ ¸¢Ö§¨ (40)Ä(42) ¸Éμ¨É
¢±²ÕÎ ÉÓ ¢ ¤¨¸±·¥É´Ò¥ ¸¶² °´- ´ ²μ£¨ É ±¨Ì Ê· ¢´¥´¨° ¤²Ö Ê¸±μ·¥´¨Ö ¶μÉμ-
Î¥Î´μ° ¸Ìμ¤¨³μ¸É¨ ¢ÒÎ¨¸²Ö¥³ÒÌ Ë ¤¤¥¥¢¸±¨Ì Dσ-±μ³¶μ´¥´É Ψεy

im′ ± ÉμÎ´Ò³
¢¡²¨§¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì (i = 1, 2, 3) ÉμÎ¥± ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨°.
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4. ‘‹“—�‰ S-‚�‹��‚›• ‚‡�ˆŒ�„…‰‘’‚ˆ‰

�£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í. �Ê¸ÉÓ ¶ ·´Ò¥ ¶μÉ¥´-
Í¨ ²Ò Vk(xk) Å ·Ö¤Ò (5),   ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å S-¢μ²´μ¢Ò¥:

Vk(xk) = |Y00(x̂k)〉Vk(xk) 〈Y00(x̂k)| , k = 1, 2, 3 .

Š ± ¨§¢¥¸É´μ [9], ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥-
·¨Î¥¸±μ³ ¡ §¨¸¥ ¸μ¸Éμ¨É ¨§ μ¤´μ£μ ¤¢Ê³¥·´μ£μ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ
Ê· ¢´¥´¨Ö. …£μ ³μ¦´μ ¢Ò¢¥¸É¨ · §´Ò³¨ ¸¶μ¸μ¡ ³¨ [19]. „²Ö ´ Ï¨Ì Í¥²¥°
´ ¨¡μ²¥¥ Ê¤μ¡´Ò³ Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

k ¢ ¢¨¤¥

Ψε
k(xk,yk) = y�

k G�(xk, yk)Y�m
�0 (x̂k, ŷk) , k = 1, 2, 3 . (43)

‚¸²¥¤¸É¢¨¥ Éμ¦¤¥¸É¢¥´´μ¸É¨ Î ¸É¨Í É ±μ³Ê ¶·¥¤¸É ¢²¥´¨Õ μÉ¢¥Î ¥É μ¸μ¡μ¥
¡¨¸Ë¥·¨Î¥¸±μ¥ · §²μ¦¥´¨¥ (17) ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2): ¢
ÔÉμ³ · §²μ¦¥´¨¨ Ψε

ab ≡ 0 ¶·¨ b = 1, 2, . . .,   ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥

Ψε
ab(x, y) = y� G�(x, y) δa� δb0 + 2

∫ 1

−1

K�
ab�0(x, y, u) (y′)� G�(x′, y′) du . (44)

‡¤¥¸Ó ¨ ¤ ²¥¥ G�(xk, yk) Å ¨¸±μ³ Ö ËÊ´±Í¨Ö, x ≡ xi, y ≡ yi Å  ·£Ê³¥´ÉÒ,
¶¥·¥³¥´´Ò¥ x′ ≡ xk, y′ ≡ yk Å ËÊ´±Í¨¨ (10) ¨²¨ (11)  ·£Ê³¥´Éμ¢ u ¨ x, y ¶·¨
γki = π/3,   Ö¤·  K�

ab�0(y
′)� Å ËÊ´±Í¨¨, ¨¸¸²¥¤μ¢ ´´Ò¥ ¢ · ¡μÉ Ì [18,19].

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ¨ ËÊ´±Í¨¨ Å ±μ´¥Î´Ò¥ ¤¢μ°´Ò¥ ¸Ê³³Ò:

K�
ab�0(x, y, u) (y′)� = y�

�∑
n=0

(
x

y

)n b+n∑
s=b−n

K�ns
ab Ps(u), (−1)n+s+b = 1 ,

K�ns
ab ≡ (−1)a (

√
3)�−n

(
1
2

)� [
(2� + 1)!

(2� − 2n)! n!

]1/2

× (45)

× (2s + 1)Ca0
s0�−n0 Cb0

s0n0

{
a b �
n � − n s

}
,

  ¢ ¸²ÊÎ ¥ a = �, b = 0 Å μ¤´μ±· É´Ò¥ ¸Ê³³Ò:

K�
�0�0(x, y, u) (y′)� = y�

�∑
n=0

(
x

y

)n

K�n Pn(u) , (46)

K�n ≡ 1
2

(−1)�

(
1
2

)� (
√

3)n �!
n! (� − n)!

.

‡ ³¥´¨³ ¢ Ë ¤¤¥¥¢¸±μ° ¸¨¸É¥³¥ (3) ËÊ´±Í¨¨ Ψε
k ¨ Ψε ¨Ì ¡¨¸Ë¥·¨Î¥¸±¨³¨

·Ö¤ ³¨ ¸ ±μ³¶μ´¥´É ³¨ (43) ¨ (44). ‘¶·μ¥Í¨·Ê¥³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö
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´  ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ ¨ ¢ ·¥§Ê²ÓÉ É¥ ¤²Ö ¨¸±μ³μ° ËÊ´±Í¨° G� ¢Ò¢¥¤¥³
¤¢Ê³¥·´μ¥ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¸ Ö¤·μ³ K�

�0�0(y
′)�. ‡ ³¥´¨¢

ÔÉμ Ö¤·μ ¸Ê³³μ° (46), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥{
∂2

x +
2
x

∂x + ∂2
y + (� + 1)

2
y

∂y + E − Vi(x)
}

G�(x, y) = (47)

= 2 Vi(x)
�∑

n=0

[
K�n

(
x

y

)n ∫ 1

−1

du Pn(u)G�(x′, y′)
]

.

�μ¸É·μ¨³ ·¥Ï¥´¨¥ G� ÔÉμ£μ Ê· ¢´¥´¨Ö ¢ ¢¨¤¥ Ëμ·³ ²Ó´μ£μ ·Ö¤ 

G�(x, y) =
∞∑

n=0

xn G�
n(y) , G�

n(y) = (n!)−1 ∂n
x G�(x, y)|x=0 . (48)

� Î´¥³ ¸  ´ ²¨§  ·Ö¤  ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x = 0 ¤²Ö ËÊ´±Í¨¨
G�(x′, y′), ¸ÉμÖÐ¥° ¶μ¤ ¨´É¥£· ²μ³. …¥  ·£Ê³¥´ÉÒ x′ ¨ y′ Å ËÊ´±Í¨¨ (11)
¶¥·¥³¥´´ÒÌ u, x, y ¶·¨ γ = π/3, ¶μÔÉμ³Ê ¶·μ¨§¢μ¤´Ò¥ ∂n

x G� Å ¸²μ¦´Ò¥
±μ³¡¨´ Í¨¨ ¶·μ¨§¢μ¤´ÒÌ ∂p

xx′, ∂p
xy′ ¨ ¨Ì Í¥²ÒÌ ¸É¥¶¥´¥°, ´ ¶·¨³¥·,

∂x G�(x′, y′) = [ (∂xx′) ∂x′ + (∂xy′) ∂y′ ] G�(x′, y′) ,

∂2
x G�(x′, y′) =

{
[(∂xx′) ∂x′ +(∂xy′) ∂y′ ]2+(∂xx′)2 ∂x′ +(∂xy′)2 ∂y′

}
G�(x′, y′).

‚ ¸¨²Ê (13) ¨ (14) ¶·μ¨§¢μ¤´Ò¥ ∂p
xx′ ¨ ∂p

xy′ Å ±μ´¥Î´Ò¥ ¸Ê³³Ò ¶μ ¶μ²¨´μ³ ³
‹¥¦ ´¤· . �μÔÉμ³Ê ¨¸c²¥¤Ê¥³Ò° ·Ö¤ ’¥°²μ·  ËÊ´±Í¨¨ G� Å ¤¢μ°´ Ö ¸Ê³³ 

G�(x′, y′) =
∞∑

p=0

xp

p∑
s=0

G�
ps(y)Ps(u) , (−1)p+s = 1 , (49)

¢ ±μÉμ·μ° ËÊ´±Í¨¨ G�
ps(y) Å ¤μ¢μ²Ó´μ £·μ³μ§¤±¨¥ ±μ³¡¨´ Í¨¨ ¶·μ¨§¢μ¤´ÒÌ

ËÊ´±Í¨¨ G�(x′, y′) ¶·¨ x = 0, É. ¥. ¢ ÉμÎ±¥ (x′, y′) = (
√

3y/2, y/2). � ¶·¨³¥·,

G�
00(y) = G�(x′, y′) , G�

11(y) = (1/2)
(

∂x′ −
√

3 ∂y′

)
G�(x′, y′)

G�
20(y) = (d2 + d1) G�(x′, y′) , G�

22(y) = (2d2 − d1) G�(x′, y′) ; (50)

d1 ≡ [1/(6
√

3)] (∂x′ + 3
√

3 ∂y′) , d2 ≡ (1/24) (∂x′ −
√

3 ∂y′)2 .

„μ± ¦¥³ ¶· ¢¨²μ μÉ¡μ·  (−1)p+s = 1 ¤²Ö ·Ö¤  (49). Š ± ¸²¥¤Ê¥É
¨§ (10), ËÊ´±Í¨¨ x′ ¨ y′ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ μ¤´μ¢·¥³¥´´μ° ¨´¢¥·¸¨¨
x → −x, u → −u. ‡´ Î¨É ²Õ¡ Ö ËÊ´±Í¨Ö G�(x′, y′) ¨ ¥¥ · §²μ¦¥´¨¥ (49)
μ¡² ¤ ÕÉ ÔÉ¨³ ¦¥ ¸¢μ°¸É¢μ³. Š ¦¤μ¥ ¸² £ ¥³μ¥ xsGps(y)Ps(u) É ±μ£μ ·Ö¤ 
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¶·¨ ¨´¢¥·¸¨¨ ¶·¨μ¡·¥É ¥É ³´μ¦¨É¥²Ó (−1)p+s,   ¢¸¥ ¸² £ ¥³Ò¥ ²¨´¥°´μ ´¥-
§ ¢¨¸¨³Ò ¶μ μ¤´μ³Ê ¨²¨ ¤¢Ê³  ·£Ê³¥´É ³ x ¨ u. �μÔÉμ³Ê ¨¸¸²¥¤Ê¥³Ò° ·Ö¤
¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¨´¢¥·¸¨¨, Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¥£μ ¨´¤¥±¸Ò
p ¨ s É ±¨¥, ÎÉμ p + s Å Î¥É´μ¥ Î¨¸²μ, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.

’¥¶¥·Ó ¢ Ê· ¢´¥´¨¨ (47) § ³¥´¨³ ËÊ´±Í¨¨ Vi(x), G�(x, y) ¨ G�(x′, y′)
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·Ö¤ ³¨ (5), (48) ¨ (49). ˆ§ ¶μ²ÊÎ¨¢Ï¥£μ¸Ö Ê· ¢´¥´¨Ö ¤²Ö
¨¸±μ³ÒÌ ËÊ´±Í¨° G�

n ¢Ò¢¥¤¥³ ·¥±Ê··¥´É´ÊÕ Í¥¶μÎ±Ê Ê· ¢´¥´¨°:

(n + 2)(n + 3)G�
n+2(y) = q G�

n+1(y) + h̃�(y)G�
n(y) + (51)

+
n∑

p=1

Vip G�
n−p(y) +

n∑
p=0

min {�,p}∑
s=0

Vi,n−p−s
4K�s

2s + 1
y−s G�

ps(y) ,

£¤¥ n = −2,−1, . . .,   G�
n ≡ 0 ¶·¨ n < 0 ¨ ¶μ μ¶·¥¤¥²¥´¨Õ

h̃�(y) ≡ −∂2
y − (� + 1) (2/y) ∂y + Vi0 − E .

‚¸¥ ËÊ´±Í¨¨ G�
n(y), Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ÔÉμ° Í¥¶μÎ±¥, ¢Ò· ¦ ÕÉ¸Ö Ö¢´μ Î¥·¥§

´¥μ¶·¥¤¥²¥´´ÊÕ ËÊ´±Í¨Õ G�
0(y) = G�(0, y) ¨ ËÊ´±Í¨¨ G�

ps(y). ‡ ³¥´¨³
É ±¨³¨ ¢Ò· ¦¥´¨Ö³¨ ËÊ´±Í¨¨ G�

n(y), n � 3, ¢ ¸Ê³³¥ (48),   § É¥³ § ¶¨Ï¥³
¥¥  ¸¨³¶ÉμÉ¨±Ê ¶·¨ x → 0, y > 0 ¢ ¢¨¤¥

G�(x, y) =
{

1 +
qx

2
+

x2

12
(2h̃�(y) + q2)+

+
x3

144

[
q(8h̃�(y) + q2) + 12Vi1

]}
G�(0, y) + (52)

+xK�0

{
2q +

x

3
(q2 + 2Vi0) +

x2

36

[
q(q2+6h̃�(y) + 2Vi0) + 12Vi1

]}
G�

00(y)+

+x3 q

9
K�0

[
(−�

√
3/y)G�

11(y) + 3G�
20(y)

]
+ O(x4) ,

£¤¥ K�s ¨ G�
00 μ¶·¥¤¥²¥´Ò Ëμ·³Ê² ³¨ (46) ¨ (50). ˆ§ ÔÉμ°  ¸¨³¶ÉμÉ¨±¨

¢ ¸²ÊÎ ¥ q �= 0 ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¸¢Ö§¨ ¶·¨ x = 0 y > 0 ¨ (x′, y′) =
(
√

3y/2, y/2):

(2∂x − q)G�(x, y) = (−1)� 21−� q G�(x′, y′) ,[
3q∂2

x − (2Vi0 + q2)∂x−q(h̃�+Vi0)
]

G�(x, y)=0,{
12q∂3

x−
[
q(6h̃� + 2Vi0+q2)+12Vi1

]
∂x−q2(h̃�+Vi0)

}
G�(x, y)= (53)

= (−1)�2−�−1 q2
{
(∂x′ −

√
3 ∂y′)2+

+(4/
√

3)y−1 [(1 − 3�)∂x′ + 3(1 + 3�) ∂y′ ]
}

G�(x′, y′) ,
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  ¶·¨ q = 0 ¶μ²ÊÎ ¥³ · ¢¥´¸É¢μ ∂xG�(x, y)|x=0 = 0 ¨ ¸¢Ö§¨

[3∂x − h̃�(y)] G�(x, y) = (−1)� 21−� G�(x′, y′) , (54){
2Vi0 ∂3

x − Vi1[3∂2
x + Vi0 − h̃�(y)]

}
G�(x, y) = 0 .

‚ ¶μ²ÊÎ¥´´μ° ¸¥·¨¨ ¸¢Ö§¥° (53) ¨ (54) ¨³¥ÕÉ¸Ö μ¸μ¡Ò¥ ¸¢Ö§¨, ¸μ¤¥·¦ -
Ð¨¥ ËÊ´±Í¨Õ G�(x′, y′). 	É¨ ¸μμÉ´μÏ¥´¨Ö ¸¢Ö§Ò¢ ÕÉ §´ Î¥´¨Ö ¨¸¸²¥¤Ê¥³μ°
ËÊ´±Í¨¨ G�(x, y) ´  ¶·Ö³μ° (x = 0, y > 0) ¸ ¥¥ ¦¥ §´ Î¥´¨Ö³¨, ´μ ´  ¶·Ö-
³μ° y =

√
3x > 0. ’ ± Ö ¸¢Ö§Ó Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ´¥²μ± ²Ó´μ¸É¨ Ê· ¢´¥-

´¨Ö (47) ¨ μ§´ Î ¥É, ÎÉμ ¶μ¢¥¤¥´¨¥ Ë ¤¤¥¥¢¸±μ° ¡¨¸Ë¥·¨Î¥¸±μ° ±μ³¶μ´¥´ÉÒ
Ψε

i�0 = y� G�(x, y) ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ ·  (x = 0, y > 0) § ¢¨¸¨É ¨ μÉ §´ Î¥´¨°
¥¥ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ ÉμÎ±¥ (

√
3y/2, y/2).

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸É·μ¥´¨¥ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψε
ab · §²μ¦¥´¨Ö

(17) ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2), μÉ¢¥Î ÕÐ¥¥ ´ °¤¥´´μ³Ê · §²μ-
¦¥´¨Õ (48) ËÊ´±Í¨¨ G�. ‡ ³¥´¨³ ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ (44) ÔÉ¨Ì ±μ³¶μ´¥´É
ËÊ´±Í¨¨ G�(x, y) ¨ G�(x′, y′) ·Ö¤ ³¨ (48) ¨ (49),   Ö¤·μ K�

ab�0(y
′)� Å ¸Ê³-

³μ° (45). � ¸¸³μÉ·¨³ ¶μ²ÊÎ¨¢Ï¨°¸Ö ·Ö¤

Ψε
ab(x, y) = y�

∞∑
n=0

xn G�
n(y) δa�δb0 + (55)

+ y�
∞∑

m=0

xm
m∑

p=m−�

yp−m

b+m−p∑
s=b−m+p

4K�,m−p,s
ab

2s + 1
G�

ps(y) .

‚ ´¥³ b Å Î¥É´μ¥ ¨§-§  Éμ¦¤¥¸É¢¥´´μ¸É¨ Î ¸É¨Í,   ¢ ¸¨²Ê ¶· ¢¨² μÉ¡μ·  ¤²Ö
·Ö¤μ¢ (45) ¨ (49) μ¡¥ ¸Ê³³Ò p + s ¨ m − p + s Å Î¥É´Ò¥. �μÔÉμ³Ê m Å
Î¥É´μ¥. ‘²¥¤μ¢ É¥²Ó´μ, ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ±μ³¶μ´¥´É  Ψε

�0(x, y) Å
·Ö¤ ¶μ Î¥É´Ò³ ¨ ´¥Î¥É´Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  x,   ¢¸¥ μ¸É ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ
Ψε

ab(x, y), b = 2, 4, . . ., Å ·Ö¤Ò ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ÔÉμ£μ ¦¥  ·£Ê³¥´É .

Ÿ¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
ab(x, y) ¶·¨ x → 0 ´¥¸²μ¦´μ ´ °É¨ ± ±

¶μ¤¸Ê³³Ò ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ ·Ö¤μ¢ (55).

� ¶·¨³¥·, ¶·¨ b = 0

Ψε
�0(x, y) = y�

(
1 +

qx

2

) [
G�

0(y) + 2
(
−1

2

)�

G�
00(y)

]
− (56)

− x2 2√
3

(
−y

2

)�−1

C�0
10�−10 G�

11(y) + O(x3) ,
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  ¢ ¸²ÊÎ ¥ b = 2

Ψε
a2 = x2 2√

5

(
−y

2

)� {
Ca0

�020 G�
22(y)+ (57)

+
1

y
√

3
[ (� + a + 2)(� + a + 3)(� − a + 2)(� − a + 1)]1/2 Ca0

10�−10 G�
11(y)+

+3y−2 [(2� + 1)(2� − 1)�(� − 1)]1/2 G�
00(y) δa,�−2

}
+ O(x4).

‚¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (17) ¨ (56), (57) ¨¸¸²¥¤Ê¥³μ¥ ·¥Ï¥´¨¥ Ψε μ¡² -
¤ ¥É ¶·¨ x → 0 ¨ y > 0 ¸¢μ°¸É¢μ³

Ψε(x,y) = Ψε
�0(x, y)Y�m

�0 (x̂, ŷ) [ 1 + o(1) ] = (1 + qx/2)Ψε(x,y)|x=0 + O(x2)

¨ ¶μÔÉμ³Ê ¶μ¤Î¨´Ö¥É¸Ö ¸¢Ö§¨

(2 − q∂x)Ψε(x, y) = 0 , x = 0 , y > 0 .

�·¨ q �= 0 ¨ � = 0 ÔÉ  ¸¢Ö§Ó, ¢Ò¢¥¤¥´´ Ö ´ ³¨ ¢ ¸²ÊÎ ¥ S-¢μ²´μ¢ÒÌ ¢§ ¨-
³μ¤¥°¸É¢¨°, Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ Ê¸²μ¢¨Ö Š Éμ, ¤μ± § ´´μ£μ ¢ · ¡μÉ¥ [1], ´μ ¢
¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ,   ¨³¥´´μ ±Ê²μ´μ¢¸±¨Ì, ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.

5. Œ…’�„ˆ—…‘Šˆ… ‡�Œ…—��ˆŸ

‚ · §¤¥²¥ 3 ¶μ± § ´μ, ± ± ¶μ¸É·μ¨ÉÓ · §²μ¦¥´¨Ö μ¤´μ° Ë ¤¤¥¥¢¸±μ° ±μ³-
¶μ´¥´ÉÒ Ψε

i ¨ ¥¥ ¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É Ψε
iab ¨ Ψεy

im′ ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ
Ê¤ ·  ¤¢ÊÌ ¢Ò¡· ´´ÒÌ Î ¸É¨Í pj ¨ pk. �μ² £ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ i = 1, 2, 3
¨ ¶μ¢Éμ·ÖÖ ± ¦¤Ò° · § ¢¸¥ ¶μ¸É·μ¥´¨Ö ´¥ É·Ê¤´μ ´ °É¨ · §²μ¦¥´¨Ö ¢¸¥Ì
¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É Ψε

iab ¨ Ψεy
im′ , i = 1, 2, 3, ¢¡²¨§¨ ÉμÎ¥± ¸Éμ²±´μ¢¥´¨Ö

¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Î ¸É¨Í pj ¨ pk. ’ ±¨³ μ¡· §μ³ ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·-
´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° § ¢¥·Ï ¥É¸Ö ¶μ¸É·μ¥´¨¥ · §²μ¦¥´¨° ·¥Ï¥´¨° {Ψε

jab} ¨
{Ψεy

jm′} ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥e¢  ¢¡²¨§¨ ²Õ¡μ° ¨§ É·¥Ì ÉμÎ¥±
¶ ·´ÒÌ Ê¤ ·μ¢.

�·¥¤¸É ¢²¥´´Ò° ¢ · §¤¥²¥ 3 ³¥Éμ¤ ¤μ¸É ÉμÎ´μ μ¡Ð¨° ¶μ ¤¢Ê³ ¶·¨Î¨´ ³.
‚μ-¶¥·¢ÒÌ, ÔÉμÉ ³¥Éμ¤ ¶·¨³¥´¨³ ¤²Ö ¸¨¸É¥³Ò É·¥Ì · §´ÒÌ Î cÉ¨Í ¸ Í¥´-

É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¤μ¢μ²Ó´μ μ¡Ð¥£μ ¤²Ö § ¤ Î  Éμ³´μ° ¨
³μ²¥±Ê²Ö·´μ° Ë¨§¨±¨ É¨¶  (5) ¨ ¶·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ ¶μ²´μ£μ
Ê£²μ¢μ£μ ³μ³¥´É  � ¨ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ σ.

‚μ-¢Éμ·ÒÌ, ÔÉ¨³ ³¥Éμ¤μ³ ³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ¶μ²´Ò¥ (¡¥¸±μ´¥Î´Ò¥) Ëμ·-
³ ²Ó´Ò¥ · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  ¢ ³ ²ÒÌ μ±·¥¸É´μ¸ÉÖÌ ¢¸¥Ì É·¥Ì ÉμÎ¥± ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨°.
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ƒ² ¢´μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  Å ¥£μ ¨¸±²ÕÎ¨É¥²Ó´ Ö
¶·μ¸ÉμÉ , § ±²ÕÎ ÕÐ Ö¸Ö ¢ Éμ³, ÎÉμ ¶μ¸É·μ¥´¨¥ · §²μ¦¥´¨° ¢¸¥Ì ¨¸¸²¥¤Ê-
¥³ÒÌ ËÊ´±Í¨° ¸¢μ¤¨É¸Ö ± Ö¢´μ³Ê ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥±Ê··¥´É´ÒÌ
Í¥¶μÎ¥±  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°.

Œ¥Éμ¤ ·¥ ²¨§Ê¥É¸Ö ¢ É·¨ ÔÉ ¶  ¨ ¸É ·ÉÊ¥É ¸ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2).
‘´ Î ²  ¡¨¸Ë¥·¨Î¥¸±¨¥ ¨²¨ Dσ-±μ³¶μ´¥´ÉÒ Ψnε

ab ¨²¨ Ψnεt
m′ ·¥Ï¥´¨Ö Ψε

ÔÉμ£μ Ê· ¢´¥´¨Ö ¸É·μÖÉ¸Ö ¢ ¢¨¤¥ ·Ö¤μ¢ (18) ¨²¨ (21) ¸¶μ¸μ¡ ³¨, ¶·¥¤²μ¦¥´-
´Ò³¨ ¢ · ¡μÉ¥ [8].

‡ É¥³ ¢ Ê· ¢´¥´¨¨ Ë ¤¤¥¥¢¸±μ° ¸¨¸É¥³Ò (3), ¸μ¤¥·¦ Ð¥³ ¢ ²¥¢μ° Î ¸É¨
±μ³¶μ´¥´ÉÊ Ψε

i , ËÊ´±Í¨Ö Ψε § ³¥´Ö¥É¸Ö μ¤´¨³ ¨§ É ±¨Ì ·Ö¤μ¢, ¢§ ¨³μ¤¥°-
¸É¢¨¥ Vi ¶·¥¤¸É ¢²Ö¥É¸Ö ¨§¢¥¸É´Ò³ ·Ö¤μ³ (5),   ±μ³¶μ´¥´É  Ψε

i ¢μ¸¸É ´ ¢²¨-
¢ ¥É¸Ö ± ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¢Ò¡· ´´μ³Ê · §²μ¦¥´¨Õ ËÊ´±Í¨¨ Ψε ·Ö¤ (22),
(23) ¨²¨ (36), (37) ¸ ¨¸±μ³Ò³¨ ËÊ´±Í¨Ö³¨ Ψnε

iab(y) ¨²¨ Ψnεy
im′ (y).

� ±μ´¥Í, ÔÉ¨ ËÊ´±Í¨¨ ¢Ò· ¦ ÕÉ¸Ö ± ± ·¥Ï¥´¨Ö ·¥±Ê··¥´É´ÒÌ Í¥¶μÎ¥±
Ê· ¢´¥´¨° (25) ¨²¨ (38) Î¥·¥§ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Ψnε

ab ¨²¨ Ψnεt
m′ .

‚¸¥ ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒ¥ ÔÉ ¶Ò ·¥ ²¨§ÊÕÉ¸Ö ¨¸±²ÕÎ¨É¥²Ó´μ ¶·μ¸Éμ ¡² £μ-
¤ ·Ö Éμ³Ê, ÎÉμ ¤²Ö  ´ ²¨§  Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨ ²¨ÏÓ μ¤´μ£μ ¨§ Ê· ¢´¥-
´¨° ¸¨¸É¥³Ò ” ¤¤¥¥¢  ¨¸¶μ²Ó§Ê¥É¸Ö Éμ²Ó±μ ¸μ¡¸É¢¥´´μ¥ ¤²Ö ÔÉ¨Ì Ê· ¢´¥´¨°
±μμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ 〈x,y| ≡ 〈xi,yi|.

�²ÓÉ¥·´ É¨¢´Ò° ´ Ï¥³Ê ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö · §²μ¦¥´¨° Ë ¤¤¥¥¢¸±¨Ì ¶ ·-
Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ ·  ¢¶¥·¢Ò¥ ¶·¥¤²μ¦¥´ ¢ · ¡μÉ¥ [10].
‚ ÔÉμ³ ³¥Éμ¤¥ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢μ¢¸¥ ´¥ ¨¸¶μ²Ó§Ê¥É¸Ö,  
±²ÕÎ¥¢Ò³¨ Ö¢²ÖÕÉ¸Ö μ¤´μ¢·¥³¥´´μ ¢¸¥ É·¨ Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤-
¤¥¥¢  (3) ¨ · §²μ¦¥´¨Ö ¢¸¥Ì (k = 1, 2, 3) ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° Vk(xk) ¨
¢¸¥Ì ¨¸±μ³ÒÌ ±μ³¶μ´¥´É Ψε

k ¢ ·Ö¤Ò ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x = xi = 0:

Ψε
k(xk,yk) =

∞∑
n=0

xn Ψnε
k (x̂,y) , Ψn

k(x̂,y) = (n!)−1 ∂n
x Ψε

k(xk,yk)|x=0 .

�¥·¥³¥´´Ò¥ xk ¨ yk Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ (10)  ·£Ê³¥´Éμ¢ x ¨ y, ¶μÔÉμ³Ê
Ê¦¥ ¶·¨ n = 3 ¶·μ¨§¢μ¤´Ò¥ ∂n

x Ψε
k(xk,yk) Å ¤μ¢μ²Ó´μ ¸²μ¦´Ò¥ ±μ³¡¨´ -

Í¨¨ ¶·μ¨§¢μ¤´ÒÌ ∂p
xxk ¨ ∂p

xyk ¨ ¶·μ¨§¢μ¤´ÒÌ ËÊ´±Í¨¨ Ψε
k ¶μ  ·£Ê³¥´É ³

xk ¨ yk. ’ ± ± ± ËÊ´±Í¨Ö Ψε ¸Î¨É ¥É¸Ö ´¥¨§¢¥¸É´μ°, Éμ ¶·¨Ìμ¤¨É¸Ö ·¥-
Ï ÉÓ ¢¸¥ É·¨ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¨ ¢Ò¢μ¤¨ÉÓ μ¤´μ¢·¥³¥´´μ · §²μ¦¥´¨Ö ¶·¨
xi → 0 ¨ yi > 0 ¤²Ö ¢¸¥Ì É·¥Ì ±μ³¶μ´¥´É Ψε

i ¨ Ψε
k, k �= i. �¥Ï¥´¨¥ ¸ÊÐ¥-

¸É¢¥´´μ Ê¸²μ¦´Ö¥É¸Ö É¥³, ÎÉμ ¨¸±μ³Ò¥ · §²μ¦¥´¨Ö ´¥μ¡Ìμ¤¨³μ § ¶¨¸Ò¢ ÉÓ ¢
± ¦¤μ³ ¨§ É·¥Ì ±μμ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨° 〈xk,yk|, k = 1, 2, 3. �μ Éμ° ¦¥
¶·¨Î¨´¥ ¸²μ¦´Ò³ μ± §Ò¢ ¥É¸Ö ¨ ·¥Ï¥´¨¥ § ±²ÕÎ¨É¥²Ó´μ° § ¤ Î¨ ¢μ¸¸É ´μ-
¢²¥´¨Ö · §²μ¦¥´¨° ËÊ´±Í¨¨ Ψε ¶μ ´ °¤¥´´Ò³ · §²μ¦¥´¨Ö³ ¥¥ Ë ¤¤¥¥¢¸±¨Ì
±μ³¶μ´¥´É Ψε

i .
‚ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ´ Ï ¶μ¤Ìμ¤ ¡μ²¥¥ Ô±μ´μ-

³¨Î¥´ ¨ ¶·μ¸É ¶μ ¸· ¢´¥´¨Õ ¸  ²ÓÉ¥·´ É¨¢´Ò³ ¶μ¤Ìμ¤μ³ · ¡μÉÒ [10].
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…¸²¨ ¦¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥Í¥´É· ²Ó´Ò¥, Éμ ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ -
§¨¸¥ ¸¨¸É¥³  Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¡¥¸±μ´¥Î´ Ö,   ¸¨¸É¥³  Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  ±μ´¥Î´ Ö. �μÔÉμ³Ê ¢Ò£μ¤´¥¥ ¸´ Î ²  ¢Ò¢¥¸É¨ · §²μ¦¥´¨Ö ¡¨¸Ë¥·¨Î¥-
¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

iab, É. ¥. ¶·¨³¥´¨ÉÓ ³¥Éμ¤ μ¡¸Ê¦¤¥´´μ° ¢ÒÏ¥
· ¡μÉÒ [10],   § É¥³ ¶μ ´ °¤¥´´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ ¢μ¸¶·μ¨§¢¥¸É¨ · §²μ¦¥´¨Ö
±μ³¶μ´¥´É Ψε

i ¨ ¨Ì ¸Ê³³Ò Ψε, ¶μ¤Î¨´¥´´μ° Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . ˆ³¥´´μ
¶μ É ±μ° ¸Ì¥³¥ ¢Ò¶μ²´¥´Ò ¨¸¸²¥¤μ¢ ´¨Ö, ¶·¥¤¸É ¢²¥´´Ò¥ ¢ · §¤¥²¥ 4.

‡�Š‹�—…�ˆ…

‘Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ.
Š ± ¡Ò²μ ¤μ± § ´μ, ¥¸²¨ ¢¸¥ Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å ·Ö¤Ò

(5), Éμ ¶·¨ x → 0 ¨ y > 0 ¶·¥¤¸É ¢²¥´¨Ö³ (17), ¨ (19), (21) ·¥Ï¥´¨Ö Ψε(x,y)
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¸μμÉ¢¥É¸É¢ÊÕÉ  ´ ²μ£¨Î´Ò¥ ¶μ ¸É·μ¥´¨Õ · §²μ¦¥-
´¨Ö (22), (23) ¨ (34)Ä(37) Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i (x,y) ÔÉμ£μ ·¥Ï¥´¨Ö.
Šμ³¶μ´¥´ÉÒ Ψnε

iab ¨ Ψnεy
ibm′ ÔÉ¨Ì · §²μ¦¥´¨° ¶μ¤Î¨´¥´Ò · §·¥Ï¨³Ò³ ¢ Ö¢´μ³

¢¨¤¥ ·¥±Ê··¥´É´Ò³ Í¥¶μÎ± ³  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (25) ¨ (38).
�·¥¤²μ¦¥´´ Ö ·¥¤Ê±Í¨Ö ¨¸Ìμ¤´ÒÌ Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (3)

± É ±¨³ Í¥¶μÎ± ³ ¶μ§¢μ²¨²  ¢Ò¢¥¸É¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ (27)Ä(29) ¨ (39) ¡¨-
¸Ë¥·¨Î¥¸±¨Ì Ψε

iab ¨ Dσ-±μ³¶μ´¥´É Ψεy
im′ Ë¨§¨Î¥¸±μ£μ ·¥Ï¥´¨Ö Ψε

i ¢¶²μÉÓ ¤μ
¸² £ ¥³ÒÌ O(x4) ¨ O(x3). ˆ§ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨± ¢Ò¢¥¤¥´Ò · ´¥¥ ´¥¨§¢¥¸É´Ò¥
¸¢Ö§¨ (30)Ä(33) ¨ (40)Ä(42).

‚ ¸²ÊÎ ¥ É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¨ S-¢μ²´μ¢ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¤μ-
± § ´μ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥: ¥¸²¨ ¶μÉ¥´Í¨ ²Ò É ±¨Ì ¢§ ¨³μ¤¥°¸É¢¨° Å
¸É¥¶¥´´Ò¥ ·Ö¤Ò (5), Éμ ¶·¨ x → 0 ¨ y > 0 Ëμ·³ ²Ó´μ¥ ·¥Ï¥´¨¥ G�(x, y)
Ê· ¢´¥´¨Ö (47) Å ·Ö¤ (49) ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ x ¸ ±μ³¶μ´¥´É ³¨ G�

n(y), ¶μ¤-
Î¨´¥´´Ò³¨ ·¥±Ê··¥´É´μ° ¨ · §·¥Ï¨³μ° ¢ Ö¢´μ³ ¢¨¤¥ Í¥¶μÎ±¥ Ê· ¢´¥´¨° (51).
„²Ö ËÊ´±Í¨¨ G� ¶μ²ÊÎ¥´  Ö¢´ Ö  ¸¨³¶ÉμÉ¨±  (52) ¨ ¸¢Ö§¨ (53), (54) ¢ ÉμÎ±¥
¶ ·´μ£μ Ê¤ · . �μ± § ´μ, ÎÉμ É ±μ°  ¸¨³¶ÉμÉ¨±¥ μÉ¢¥Î ÕÉ  ¸¨³¶ÉμÉ¨±¨ (56),
(57) ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψε

ab ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
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