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Œ¥Éμ¤Ò ¢Ò· ¢´¨¢ ´¨Ö ¶μ¶¥·¥Î´ÒÌ ¤μ§´ÒÌ ¶μ²¥°
¤²Ö ³¥¤¨Í¨´¸±¨Ì ¶·μÉμ´´ÒÌ ¶ÊÎ±μ¢ ¸ ¡μ²ÓÏ¨³ Ô³¨ÉÉ ´¸μ³
´  Ë §μÉ·μ´¥ ‹Ÿ� �ˆŸˆ

�·¥¤²μ¦¥´Ò ¨ · §· ¡μÉ ´Ò ³¥Éμ¤Ò · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´ÒÌ
· ¸¸¥¨¢ É¥²¥°, μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ¢Ò· ¢´¨¢ ´¨¥ ¶μ¶¥·¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ¤μ§-
´ÒÌ ¶μ²¥° § ¤ ´´ÒÌ · §³¥·μ¢ ¤²Ö ³¥¤¨Í¨´¸±¨Ì ¶·μÉμ´´ÒÌ ¶ÊÎ±μ¢ ¸ ¡μ²ÓÏ¨³
Ô³¨ÉÉ ´¸μ³ ´  Ë §μÉ·μ´¥ ‹Ÿ� �ˆŸˆ. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶μ§¢μ²ÖÕÉ ¶μ
 ´ ²¨É¨Î¥¸±¨³ Ëμ·³Ê² ³ ¡Ò¸É·μ · ¸¸Î¨É ÉÓ ¶ · ³¥É·Ò ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸-
¸¥¨¢ É¥²¥° ¤²Ö · §²¨Î´ÒÌ Ê¸²μ¢¨° ¶μ²ÊÎ¥´¨Ö ¶μ¶¥·¥Î´μ£μ ¤μ§´μ£μ ¶μ²Ö ¸ · ¸-
Ï¨·¥´´μ° ¤μ 20 ¸³ μ¡² ¸ÉÓÕ · ¢´μ³¥·´μ¸É¨ ¶·¨ Ê¢¥²¨Î¥´¨¨ ¨¸¶μ²Ó§Ê¥³μ° ¤μ²¨
¶·μÉμ´´μ£μ ¶ÊÎ±  ¢ 3Ä7 · § (¤μ 35 %).

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ Ö¤¥·´ÒÌ ¶·μ¡²¥³ ¨³. ‚.�. „¦¥²¥¶μ¢ 
�ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2007

Savchenko O.V. P9-2007-59
Methods of Flattening Transverse Dose Distributions
for the Medical Proton Beams with the Large Emittance
at the JINR LNP Phasotron

Calculation methods for parameters of combining scatterers providing 
attening
for transverse dose distribution of a necessary size for medical proton beams with
large emittance at the JINR LNP Phasotron are proposed and developed. The results
allow one to quickly calculate the parameters of combining scatterers for different
conditions of production of a dose ˇeld with a wide region of 
attening up to 20 cm
at increasing the used part of the proton beam about 3 to 7 times (up to 35%).

The investigation has been performed at the Dzhelepov Laboratory of Nuclear
Problems, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2007
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Šμ³¨¸¸¨Ö Ô±¸¶¥·Éμ¢ Œ�ƒ�’	 ¢ 1998 £. ¢Ò· ¡μÉ ²  ·¥±μ³¥´¤ Í¨¨ ¶μ
±²¨´¨Î¥¸±¨³ É·¥¡μ¢ ´¨Ö³ ± ³¥¤¨Í¨´¸±¨³ ¶·μÉμ´´Ò³ ¶ÊÎ± ³, ¸μ£² ¸´μ ±μ-
Éμ·Ò³ · ¢´μ³¥·´μ¸ÉÓ ¤μ§Ò ¶μ ¢¸¥³Ê ¶μ²Õ μ¡²ÊÎ¥´¨Ö ¤μ²¦´  ¸μ¸É ¢²ÖÉÓ
±2, 5 %, ¸·¥¤´ÖÖ ³μÐ´μ¸ÉÓ ¤μ§Ò 2 ƒ·/³¨´ ¨²¨ ¡Ò¸É·¥¥, ÔËË¥±É¨¢´μ¥ · ¸¸Éμ-
Ö´¨¥ μÉ ¨¸ÉμÎ´¨±  � 3 ³ ¤²Ö ¶·¥¤¶μÎÉ¨É¥²Ó´ÒÌ É·¥¡μ¢ ´¨° ¨ ¸μμÉ¢¥É¸É¢¥´´μ
±4 %, 0,5 ƒ·/³¨´ ¨ � 2 ³ ¤²Ö ³¨´¨³ ²Ó´μ ¢μ§³μ¦´ÒÌ É·¥¡μ¢ ´¨° [1].

„²Ö ¶μ²ÊÎ¥´¨Ö ´¥μ¡Ìμ¤¨³μ° · ¢´μ³¥·´μ¸É¨ ¶μ¶¥·¥Î´ÒÌ · ¸¶·¥¤¥²¥´¨°
¤μ§´ÒÌ ¶μ²¥° ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥¸±μ²Ó±μ ¶ ¸¸¨¢´ÒÌ ¨  ±-
É¨¢´ÒÌ ³¥Éμ¤μ¢ Ëμ·³¨·μ¢ ´¨Ö ¶ÊÎ±μ¢. �¥·¢μ´ Î ²Ó´Ò³ ¨ ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³
Ö¢²Ö¥É¸Ö ³¥Éμ¤ μ¤´μ±· É´μ£μ · ¸¸¥Ö´¨Ö ¶ÊÎ±  ¨ ¢Ò¤¥²¥´¨Ö ¢ ¶μ²ÊÎ¥´´μ³ £ Ê¸-
¸μ¢μ³ · ¸¶·¥¤¥²¥´¨¨ ¢¡²¨§¨ ¢¥·Ï¨´Ò μ¡² ¸É¨ ¸ § ¤ ´´μ° · ¢´μ³¥·´μ¸ÉÓÕ
±Δ. �·¨ ÔÉμ³ ±μÔËË¨Í¨¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶·μÉμ´´μ£μ ¶ÊÎ±  η (μÉ´μÏ¥´¨¥
Î ¸É¨ ¨´É¥´¸¨¢´μ¸É¨ ¶ÊÎ±  ¢ · ¢´μ³¥·´μ° μ¡² ¸É¨ ± ¶μ²´μ° ¨´É¥´¸¨¢´μ¸É¨
¶ÊÎ± ) ¤²Ö Δ = ±2, 5 % ¨ Δ = ±4 % ¸μ¸É ¢²Ö¥É ¸μμÉ¢¥É¸É¢¥´´μ η = 5 % ¨
η = 8 %.

‚ 1977 £. ¢ ƒ ·¢ ·¤¸±μ° Í¨±²μÉ·μ´´μ° ² ¡μ· Éμ·¨¨ ¡Ò² · §· ¡μÉ ´ ¨
¶·¨³¥´¥´ ³¥Éμ¤ ¤¢μ°´μ£μ · ¸¸¥Ö´¨Ö ¸ ±μ³¡¨´ Í¨¥° ¢μ ¢Éμ·μ³ · ¸¸¥¨¢ É¥²¥
¶μ£²μÉ¨É¥²Ö ¶ÊÎ±  Å ®¸Éμ¶¶¥· ¯ Å ¨ ±μ²ÓÍ¥¢μ£μ · ¸¸¥¨¢ É¥²Ö [2].

‚ ´ ¨¡μ²¥¥ ¶·μ¸Éμ³ ¸²ÊÎ ¥ Í¥´É· ²Ó´μ£μ ®¸Éμ¶¶¥· ¯ ÔËË¥±É¨¢´μ¸ÉÓ ¨¸-
¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ±  ¢μ§· ¸É ²  ¤μ η = 15 % ¶·¨ Δ = ±2, 5 %,   ¢ ¸²ÊÎ ¥
Í¥´É· ²Ó´μ£μ ¨ ¢Éμ·μ£μ ±μ²ÓÍ¥¢μ£μ ®¸Éμ¶¶¥· ¯ ¢¥²¨Î¨´  η ¤μ¸É¨£ ²  30 %.

Œ¥Éμ¤ ¤¢μ°´μ£μ · ¸¸¥Ö´¨Ö ¸ ±μ³¡¨´ Í¨¥° ¢μ ¢Éμ·μ³ · ¸¸¥¨¢ É¥²¥ Í¥´-
É· ²Ó´μ° ¨ ±μ²ÓÍ¥¢μ° §μ´ ¨§ · §´ÒÌ ³ É¥·¨ ²μ¢ ¡Ò² ¶·¥¤²μ¦¥´, · ¸¸Î¨É ´ ¨
¨¸¶ÒÉ ´ ¢ ¶·μÉμ´´μ³ ³¥¤¨Í¨´¸±μ³ Í¥´É·¥ Ê´¨¢¥·¸¨É¥É  –Ê±Ê¡Ò (Ÿ¶μ´¨Ö) ¢
1994 £. [3].

ŠμÔËË¨Í¨¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶·μÉμ´´μ£μ ¶ÊÎ±  ¢ ÔÉμ³ ¤μ¸É ÉμÎ´μ ¶·μ-
¸Éμ³ ³¥Éμ¤¥ ¶·¨¡²¨¦ ¥É¸Ö ± η = 35 % ¶·¨ Δ = ±1, 7 %.

� ¨¡μ²¥¥ μ¡Ð¥¥ ·¥Ï¥´¨¥ ¤²Ö ³¥Éμ¤  ¤¢μ°´μ£μ · ¸¸¥¨¢ ´¨Ö ¸ ¶·μË¨²¨·μ-
¢ ´´Ò³ ¢Éμ·Ò³ · ¸¸¥¨¢ É¥²¥³ ¸²μ¦´μ° ¸ÉÊ¶¥´Î Éμ° Ëμ·³Ò ¡Ò²μ ¶μ²ÊÎ¥´μ ¢
· ¡μÉ¥ [4] ¨ μ¶·μ¡μ¢ ´μ ´  μ¡μ·Ê¤μ¢ ´¨¨ Í¥´É·  ¶·μÉμ´´μ° É¥· ¶¨¨ ¢ “¶¶-
¸ ²¥ (˜¢¥Í¨Ö) ¢ 1994 £. „μ¸É¨£´ÊÉ Ö · ¢´μ³¥·´μ¸ÉÓ ¤μ§Ò ¸μ¸É ¢¨²  ±0, 5 %
¶·¨ ±μÔËË¨Í¨¥´É¥ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ±  η ≈ 38 %.

‚ ¸²ÊÎ ¥ ¨¸¶μ²Ó§μ¢ ´¨Ö  ±É¨¢´ÒÌ ³¥Éμ¤μ¢ Ëμ·³¨·μ¢ ´¨Ö · ¢´μ³¥·´μ£μ
¤μ§´μ£μ ¶μ²Ö ¤²Ö ³¥Éμ¤  ±·Ê£μ¢μ£μ ± Î ´¨Ö ¶ÊÎ±  (®¢μ¡¡²¨´£¯-³¥Éμ¤), ¶·¥¤-
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²μ¦¥´´μ£μ ¨ · §· ¡μÉ ´´μ£μ ¢ ‹ ¡μ· Éμ·¨¨ �¥·±²¨ [5], ¤μ¸É¨£´ÊÉ Ö · ¢´μ-
³¥·´μ¸ÉÓ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ ¤μ 30 ¸³ ¸μ¸É ¢¨²  Δ < ±3, 5 %. �·¨ ÔÉμ³
±μÔËË¨Í¨¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ±  ¶·¨¡²¨¦ ¥É¸Ö ± η ≈ 90 %.

Œ¥Éμ¤Ò É·¥Ì³¥·´μ£μ ¸± ´¨·μ¢ ´¨Ö, ¢¶¥·¢Ò¥ μ¸ÊÐ¥¸É¢²¥´´Ò¥ ´  ¶·μÉμ´-
´μ³ ¶ÊÎ±¥ ¢ PSI ¢ 1993 £. [6] ¨ ¶ÊÎ±¥ ¨μ´μ¢ Ê£²¥·μ¤  ¢ GSI ¢ 1998 £. [7],
¶μ§¢μ²ÖÕÉ ¤μ¸É¨£ ÉÓ · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö Δ < ±2, 5 % ¤²Ö ¶μ²¥°
¤¨ ³¥É·μ³ ¤μ 30 ¸³ ¸ ÔËË¥±É¨¢´μ¸ÉÓÕ η ≈ 90 %.

�¡Ð¥° μ¸μ¡¥´´μ¸ÉÓÕ ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ³¥Éμ¤μ¢ ¶μ²ÊÎ¥´¨Ö · ¢-
´μ³¥·´ÒÌ ¤μ§´ÒÌ ¶μ²¥° Ö¢²Ö¥É¸Ö ¶·¨³¥´¥´¨¥ Ê¸±μ·¥´´ÒÌ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í ¸ ³ ²Ò³ Ô³¨ÉÉ ´¸μ³ (ε ≈ 1 ¸³ · ³· ¤ ¤²Ö Í¨±²μÉ·μ´μ¢ ¨ ε ≈ 0, 1 ¸³ ×
³· ¤ ¤²Ö ¶·μÉμ´´ÒÌ ¨²¨ ¨μ´´ÒÌ ¸¨´Ì·μÉ·μ´μ¢) ¨ ¤¨ ³¥É·μ³ ¶ ¤ ÕÐ¥£μ ´ 
¶¥·¢Ò° · ¸¸¥¨¢ É¥²Ó ¶ÊÎ±  ³¥´¥¥ 5 ³³.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´  ³¥¤¨Í¨´¸±¨Ì ¶·μÉμ´´ÒÌ ¶ÊÎ± Ì Ë §μÉ·μ´  ‹Ÿ�
�ˆŸˆ ¤²Ö Ëμ·³¨·μ¢ ´¨Ö · ¢´μ³¥·´ÒÌ ¤μ§´ÒÌ ¶μ²¥° ¨¸¶μ²Ó§Ê¥É¸Ö ´ ¨³¥´¥¥
ÔËË¥±É¨¢´Ò° ¶¥·¢Ò° ³¥Éμ¤, ¢ ±μÉμ·μ³ ±μÔËË¨Í¨¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶·μÉμ´-
´μ£μ ¶ÊÎ±  ¸μ¸É ¢²Ö¥É ¢¸¥£μ 5Ä10 % ¤²Ö · §³¥·μ¢ ¶μ²Ö μ±μ²μ 6 ¸³ ¶·¨ ³μÐ-
´μ¸É¨ ¤μ§Ò μ±μ²μ 0,8 ƒ·/³¨´. � ¸Ï¨·¥´¨¥ ¤μ§´μ£μ ¶μ²Ö ¤μ ¤¨ ³¥É·  15Ä20 ¸³
¶·¨¢¥¤¥É ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ÔÉμ£μ ³¥Éμ¤  Ëμ·³¨·μ¢ ´¨Ö ¶ÊÎ±  ± ´¥¶·¨¥³-
²¥³μ ´¨§±¨³ (0,1Ä0,2 ƒ·/³¨´) §´ Î¥´¨Ö³ ³μÐ´μ¸É¨ ¤μ§Ò,   ´¥¶μ¸·¥¤¸É¢¥´´μ¥
¶·¨³¥´¥´¨¥ · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ³¥Éμ¤μ¢ · ¸Î¥É  ¤¢μ°´μ£μ · ¸¸¥Ö´¨Ö, ¶μ-
¢ÒÏ ÕÐ¨Ì ±μÔËË¨Í¨¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ± , ¤²Ö ³¥¤¨Í¨´¸±¨Ì ¶·μÉμ´´ÒÌ
¶ÊÎ±μ¢ Ë §μÉ·μ´  ‹Ÿ� �ˆŸˆ ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ¨§-§  ¡μ²ÓÏμ£μ
§´ Î¥´¨Ö Ô³¨ÉÉ ´¸μ¢ ÔÉ¨Ì ¶ÊÎ±μ¢ (¡μ²¥¥ 20 ¸³ · ³· ¤) ¨, ± ± ¸²¥¤¸É¢¨¥ ÔÉμ£μ,
¸ÊÐ¥¸É¢¥´´μ ¡μ²ÓÏ¨Ì ¶μ¶¥·¥Î´ÒÌ · §³¥·μ¢ ¶ÊÎ±  (¤μ 10 ¸³).

�μÔÉμ³Ê · §· ¡μÉ±  ³¥Éμ¤μ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸-
¸¥¨¢ É¥²¥°, μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ¢Ò· ¢´¨¢ ´¨¥ ¤μ§´ÒÌ ¶μ²¥° ¤²Ö ¶ÊÎ±μ¢ ¸ ¡μ²Ó-
Ï¨³ Ô³¨ÉÉ ´¸μ³, ´¥¸μ³´¥´´μ Ö¢²Ö¥É¸Ö  ±ÉÊ ²Ó´μ° § ¤ Î¥° ¨ Í¥²Ó ´ ¸ÉμÖÐ¥°
· ¡μÉÒ ¸μ¸Éμ¨É ¢ ¢Ò¢μ¤¥  ´ ²¨É¨Î¥¸±¨Ì Ëμ·³Ê², ¶μ§¢μ²ÖÕÐ¨Ì ¡Ò¸É·μ · ¸-
¸Î¨É ÉÓ ¶ · ³¥É·Ò ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨¢ É¥²¥° ¤²Ö · §²¨Î´ÒÌ Ê¸²μ¢¨°
¶μ²ÊÎ¥´¨Ö ¶μ¶¥·¥Î´ÒÌ ¤μ§´ÒÌ ¶μ²¥° ¸ · ¸Ï¨·¥´´μ° μ¡² ¸ÉÓÕ · ¢´μ³¥·´μ-
¸É¨ ¨ Ê¢¥²¨Î¥´´Ò³ ±μÔËË¨Í¨¥´Éμ³ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ± .

1. �…Š�’��›… �‘��‚�›… •���Š’…�ˆ‘’ˆŠˆ �“—Š� ‘
Š��…—�›Œ �Œˆ’’��‘�Œ

� ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ¸ ±μ´¥Î´Ò³ Ô³¨ÉÉ ´¸μ³ ´  Ë §μ¢μ° ¶²μ¸±μ¸É¨
x, x′ μ¡ÒÎ´μ § ¤ ¥É¸Ö ¢ ¢¨¤¥ ¤¢Ê³¥·´μ£μ ´μ·³ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢¨¤  [8]

ρ (x, x′) =

√
αγ − β2

2π
exp
[
−1

2
(
αx2 + 2βxx′ + γx′2)] . (1)

2



‚ ±·μ¸¸μ¢¥·¥ ¶ÊÎ±  ÔÉμ · ¸¶·¥¤¥²¥´¨¥ ¶¥·¥Ìμ¤¨É ¢ ¶·Ö³μ° Ô²²¨¶¸:

ρ (x, x′) =
√

α0γ0

2π
exp
[
−1

2
(
α0x

2 + γ0x
′2)] , (2)

  ¢ ¤·¥°Ëμ¢μ³ ¶·μ³¥¦ÊÉ±¥ ´  · ¸¸ÉμÖ´¨¨ z μÉ ±·μ¸¸μ¢¥·  ±μÔËË¨Í¨¥´ÉÒ
Ô²²¨¶¸  ¢ ÉμÎ±¥ z μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸μμÉ´μÏ¥´¨Ö [8]⎡

⎣ α
β
γ

⎤
⎦ =

∣∣∣∣∣∣
1 0 0
−z 1 0
z2 − 2z 1

∣∣∣∣∣∣
∣∣∣∣∣∣

α0

0
γ0

∣∣∣∣∣∣ =
∣∣∣∣∣∣

α0

−α0z
α0z

2 + γ0

∣∣∣∣∣∣ . (3)

„²Ö Ë §μ¢μ° ¶²μ¸±μ¸É¨ y, y′ ¨³¥ÕÉ¸Ö  ´ ²μ£¨Î´Ò¥ ¢Ò· ¦¥´¨Ö ¨ ¸μμÉ´μÏ¥-
´¨Ö, ¨ ¢ ¸²ÊÎ ¥ ±·Ê£²μ£μ ¶ÊÎ±  ¶·μ¸É· ´¸É¢¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨
Î ¸É¨Í ¢ ¶¥·¥³¥´´ÒÌ r ¨ Θ μ¶·¥¤¥²Ö¥É¸Ö ± ±

ρ (r, Θ) = ρ (x, x′) · ρ (y, y′) .

…¸²¨ ¶ · ³¥É·Ò ±·Ê£²μ£μ ¶ÊÎ±  ¸ ±μ´¥Î´Ò³ Ô³¨ÉÉ ´¸μ³, ¨§μ¡· ¦¥´´μ£μ ´ 
·¨¸. 1, Ì · ±É¥·¨§μ¢ ÉÓ ¢ ±·μ¸¸μ¢¥·¥ ¸·¥¤´¥±¢ ¤· É¨Î´Ò³ · ¤¨Ê¸μ³

〈
r2
0

〉
=

2
α0

¨ ¸·¥¤´¥±¢ ¤· É¨Î´Ò³ Ê£²μ³ μÉ±²μ´¥´¨Ö
〈
Θ2

0

〉
=

2
γ0

, Éμ ¢ c ³μ³ ±·μ¸¸μ¢¥·¥,

�¨¸. 1. � · ³¥É·Ò ±·Ê£²μ£μ ¶·μÉμ´´μ£μ ¶ÊÎ±  ¸ ±μ´¥Î´Ò³ Ô³¨ÉÉ ´¸μ³ ¢ ¤·¥°Ëμ¢μ³
¶·μ³¥¦ÊÉ±¥ (¶μÖ¸´¥´¨Ö ¢ É¥±¸É¥)
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£¤¥ x2 + y2 = r2 ¨ x′2 + y′2 = Θ2,

ρ (r, Θ) =
α0γ0

4π2
exp
[
−1

2
[
α0

(
x2 + y2

)
+ γ0

(
x′2 + y′2)]] =

=
1

π 〈r2
0〉

1
π 〈Θ2

0〉
exp
[
−
(

r2

〈r2
0〉

+
Θ2

〈Θ2
0〉

)]
, (4)

  ´  · ¸¸ÉμÖ´¨¨ S μÉ ±·μ¸¸μ¢¥· 

ρ (x, x′) · ρ (y, y′) =
α0γ0

4π2
exp

[
− 1

2
[
α0

(
x2 + y2

)
−

− 2α0S (xx′ + yy′) +
(
α0S

2 + γ0

) (
x′2 + y′2) ]]. (5)

�μ¸±μ²Ó±Ê ¤²Ö ¶ · ±¸¨ ²Ó´ÒÌ ¶ÊÎ±μ¢ ¸¶· ¢¥¤²¨¢Ò ¸μμÉ´μÏ¥´¨Ö x = r cos ϕ,
y = r sinϕ, x′ = Θ cosϕ, y′ = Θ sinϕ, £¤¥ ϕ Å Ê£μ² ³¥¦¤Ê r ¨ ¶²μ¸±μ¸ÉÓÕ
xz, Éμ

ρ (r, Θ) =
1

π (r2
0)

1
π 〈Θ2

0〉
exp
[
−1

2
(
α0r

2 − 2α0SrΘ +
(
α0S

2 + γ0

)
Θ2
)]

(6)

¨²¨ ¶μ¸²¥ ¶·μ¸ÉÒÌ ¶·¥μ¡· §μ¢ ´¨°

ρ (r, Θ) =
1

π 〈r2
0〉

1
π 〈Θ2

0〉
×

× exp

[
−1

2
(
α0S

2 + γ0

) [ α0γ0r
2

(α0S2 + γ0)
2 +

(
Θ − α0Sr

α0S2 + α0

)2
]]

=

=
1

π 〈r2
0〉

1
π 〈Θ2

0〉
exp

[
−
(

r2

〈r2
s〉

+
(Θ − ΘSv)

2

〈Θ2
S〉

)]
, (7)

£¤¥

〈
r2
S

〉
=
〈
r2
0

〉(
1 +

S2
〈
Θ2

0

〉
〈r2

0〉

)
;
〈
Θ2

S

〉
=

〈
Θ2

0

〉
1 +

S2〈Θ2
0〉

〈r2
0〉

=
〈
Θ2

0

〉 〈r2
0〉

〈r2
S〉

,

a

ΘSv =
Sr
〈
Θ2

0

〉
〈r2

0〉 + S2 〈Θ2
0〉

=
〈
Θ2

0

〉 S · r
〈r2

S〉
.

	Éμ μ§´ Î ¥É, ÎÉμ ¢ ÉμÎ±¥ z = S ´  · ¤¨Ê¸¥ r ¨³¥¥É¸Ö ²ÊÎ ¸ Ê£²μ³ Θsv ¶μ
μÉ´μÏ¥´¨Õ ± μ¸¨ z ¨ ÎÉμ ¢¸¥ É ±¨¥ ²ÊÎ¨ ¶¥·¥¸¥± ÕÉ ÔÉÊ μ¸Ó z ´  μ¤¨´ ±μ¢μ³
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· ¸¸ÉμÖ´¨¨ μÉ S, · ¢´μ³

Sv =
r

ΘSv
= S +

〈
r2
0

〉
〈Θ2

0〉S
,

É. ¥. ¸ÊÐ¥¸É¢Ê¥É ¢¨·ÉÊ ²Ó´Ò° Ëμ±Ê¸ ¤²Ö ¢¸¥Ì É ±¨Ì ²ÊÎ¥°, ± ± ¡Ò ¨¸Ìμ¤ÖÐ¨Ì
¨§ μ¤´μ° ÉμÎ±¨ Sv ¨ ¨³¥ÕÐ¨Ì ´μ·³ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢μ±·Ê£ ´ ¶· ¢²¥´¨Ö
± ¦¤μ£μ ²ÊÎ  ¸μ ¸·¥¤´¥±¢ ¤· É¨Î´Ò³ Ê£²μ³

〈
Θ2

s

〉
=

〈
Θ2

0

〉
1 +

S2
〈
Θ2

0

〉
〈r2

0〉

,

ÎÉμ Ô±¢¨¢ ²¥´É´μ μ¤´μ·μ¤´μ³Ê · ¸¸¥¨¢ É¥²Õ, · ¸¶μ²μ¦¥´´μ³Ê ¢ ¶²μ¸±μ¸É¨,
¶¥·¶¥´¤¨±Ê²Ö·´μ° μ¸¨ z ¢ ÉμÎ±¥ z = S.

2. ‚›‚�„ ˆ�’…ƒ��‹œ�›• “��‚�…�ˆ‰ „‹Ÿ ‚›—ˆ‘‹…�ˆŸ
‘“ŒŒ���›• ��‘��…„…‹…�ˆ‰ ˆ ����Œ…’��‚

Š�Œ�ˆ�ˆ��‚���›• ��‘‘…ˆ‚�’…‹…‰

…¸²¨ É¥¶¥·Ó ¢ É ±μ³ ¶ÊÎ±¥ ¸ ±μ´¥Î´Ò³ Ô³¨ÉÉ ´¸μ³ ´  · ¸¸ÉμÖ´¨¨ S
μÉ ±·μ¸¸μ¢¥·  ¶μ³¥¸É¨ÉÓ ¤μ¶μ²´¨É¥²Ó´Ò° ´¥μ¤´μ·μ¤´Ò° · ¸¸¥¨¢ É¥²Ó, Ì -
· ±É¥·¨§Ê¥³Ò° § ¢¨¸ÖÐ¨³ μÉ · ¤¨Ê¸  ¸·¥¤´¥±¢ ¤· É¨Î´Ò³ Ê£²μ³ · ¸¸¥Ö´¨Ö
〈Θ2

p (r)〉, Éμ ´  · ¸¸ÉμÖ´¨¨ P μÉ ÉμÎ±¨ S ¸Ê³³ ·´μ¥ · ¸¶·¥¤¥²¥´¨¥, ¸μ£² ¸´μ
μ¡μ§´ Î¥´¨Ö³ ¨ £¥μ³¥É·¨¨ · ¸Î¥É , ¶μ± § ´´Ò³ ´  ·¨¸. 2, ³μ¦´μ, ± ± ¨ ¢
· ¡μÉ Ì [3] ¨ [4] ¤²Ö Ê§±μ£μ ¶ÊÎ±  ¤μ ¶¥·¢μ£μ · ¸¸¥¨¢ É¥²Ö, ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö

Φp (x) =
1

π 〈r2
s〉 f2

∞∫
0

exp
(
−u2

) exp
g (u)

(
−u2 + x2

g (u)

)
I0

(
2ux

g (u)

)
2udu, (8)

£¤¥ I0 Å ³μ¤¨Ë¨Í¨·μ¢ ´´ Ö ËÊ´±Í¨Ö �¥¸¸¥²Ö;

x = ρ/f
√
〈r2

s〉; u = r/
√

〈r2
s〉; g(u) = 〈ρ2

(
u
√
〈r2

s〉
)
〉/f2

〈
r2
s

〉
;

〈
ρ2 (r)

〉
=
(〈

Θ2
s

〉
+
〈
Θ2

p (r)
〉)

p2 ¨ f =
Sv + P

Sv
.

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¤μ¶μ²´¨É¥²Ó´μ£μ · ¸¸¥¨¢ É¥²Ö ¢ S,
±μ£¤ 

〈
Θ2

p (r)
〉

= 0 ¨
〈
ρ2 (r)

〉
=
〈
Θ2

s

〉
p2, ¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸μμÉ´μÏ¥´¨° [9]

∞∫
0

J0 (αx) 
−β2x2
x

P+1
dx =

αP

(2β2)P+1
exp
(
− α2

4β2

)
, I0 (z) = J0 (iz) , (9)
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±μÉμ·Ò¥ ¤²Ö β2 = 1, P = 0, (iα)0 = 1, (iα)2 = −α2 ¶¥·¥Ìμ¤ÖÉ ¢

∞∫
0


−x2
I0 (αx) xdx =

∞∫
0


−x2
J0 (iαx)xdx =

1
2

exp
(

+
α2

4

)
,

¸²μ¦´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Φp (x) ¶·¥μ¡· §Ê¥É¸Ö ¢ ¶·μ¸Éμ¥ ¢Ò· ¦¥´¨¥

Φp (ρ) =
1

π 〈r2
0〉 + 
2 〈Θ2

0〉
exp
(
− ρ2

〈r2
0〉 + 
2 〈Θ2

0〉

)
, (10)

²¥£±μ ¶μ²ÊÎ ¥³μ¥ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·μ¸ÉÒ³¨ ¢ÒÎ¨¸²¥´¨Ö³¨, ÎÉμ ¸²Ê¦¨É ¶·Ö-
³Ò³ ¤μ± § É¥²Ó¸É¢μ³ ¶· ¢¨²Ó´μ¸É¨ ¨¸Ìμ¤´μ£μ μ¡Ð¥£μ ¢Ò· ¦¥´¨Ö ¤²Ö Φp (x).

„²Ö ¸²ÊÎ Ö ®¸Éμ¶¶¥· ¯ · ¤¨Ê¸μ³ r0 ¨²¨ u0 = r0/
√
〈r2

S〉 ¢ ¶²μ¸±μ¸É¨ S
¢Ò· ¦¥´¨¥ ¤²Ö

〈
ρ2 (r)

〉
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¤²Ö r � r0 ¢ ¢¨¤¥

〈
ρ2 (r)

〉
= a2f2

〈
r2
S

〉
=
(〈

Θ2
S

〉
+
〈
Θ2

P

〉)
p2,

£¤¥ a2 Å ¸¢μ¡μ¤´Ò° ¶ · ³¥É·, ¶μ¤¡¨· ¥³Ò° ¤²Ö ¶μ²ÊÎ¥´¨Ö ´ ¨²ÊÎÏ¥° · ¢-
´μ³¥·´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö Φp ¢ ¶²μ¸±μ¸É¨ p ¨ ¨³¥ÕÐ¨° ¸³Ò¸² μÉ´μÏ¥´¨Ö
¸·¥¤´¥±¢ ¤· É¨Î´ÒÌ · ¤¨Ê¸μ¢ · ¸¸¥Ö´¨Ö ¢ ÔÉμ° ¶²μ¸±μ¸É¨ p, μ¡Ê¸²μ¢²¥´´ÒÌ
ÔËË¥±É ³¨ · ¸¸¥Ö´¨Ö ¢ ¶²μ¸±μ¸É¨ S ¨ ¢ ¶²μ¸±μ¸É¨ ¢¨·ÉÊ ²Ó´μ£μ Ëμ±Ê¸  Sv.

�¨¸. 2. ƒ¥μ³¥É·¨Ö · ¸Î¥É  ¸Ê³³ ·´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö ´¥μ¤´μ·μ¤´μ£μ · ¸¸¥¨¢ É¥²Ö
¢ ±·Ê£²μ³ ¶ÊÎ±¥ ¸ ±μ´¥Î´Ò³ Ô³¨ÉÉ ´¸μ³
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‚Ò· ¦¥´¨¥ (8) ¤²Ö ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢ p ¶·¥μ¡· §Ê¥É¸Ö ¤²Ö ¸²ÊÎ Ö
®¸Éμ¶¶¥· ¯:

Φpc (x) =
1

π 〈r2
S〉 a2f2

exp
(
−x2

a2

) ∞∫
u0

exp

[
−

u2
(
1 + a2

)
a2

]
I0

(
2xu

a2

)
2udu,

(11)

¢ ±μÉμ·μ³ ¨´É¥£· ²
∞∫
u0

³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±
∞∫
0

−
u0∫
0

¨, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥-

´¨Ö [9], ¶μ²ÊÎ¨ÉÓ

Φpr (x) = Φ

(
ρ

f
√
〈r2

s〉

)
=

1
π 〈r2

S〉 f2
×

×

⎧⎪⎪⎨
⎪⎪⎩

exp
(
− x2

1+a2

)
1+a2

−
exp
(
−x2

a2

)∫
a2

u0∫
0

exp

[
−

u2
(
1+a2

)
a2

]
I0

(
2ux

a2

)
2udu

⎫⎪⎪⎬
⎪⎪⎭ .

(12)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¡¥¸±μ´¥Î´Ò° ¶·¥¤¥² ¢ ¨´É¥£· ²¥
∞∫
u0

³μ¦´μ · ¸¸³ -

É·¨¢ ÉÓ Î¨¸Éμ Ê¸²μ¢´μ ¨ μ£· ´¨Î¨ÉÓ¸Ö ¨´É¥£·¨·μ¢ ´¨¥³ ¢ ¶·¥¤¥² Ì (u0, 2u0)

2u0∫
u0

=

∞∫
0

−
u0∫
0

−
∞∫

2u0

=

∞∫
0

−
u0∫
0

−Δ,

£¤¥ μÉ´μ¸¨É¥²Ó´ Ö ¶μ¶· ¢±  Δ/Φ(x) ¤²Ö a2 =
1
3
, k2 = 5, 4, u0 = 1, ± ± ¶μ± -

§Ò¢ ÕÉ ¶·μ¢¥¤¥´´Ò¥ μÍ¥´±¨, ¸μ¸É ¢²Ö¥É ¶·¨ x = 0 ¨ x = 1 ¸μμÉ¢¥É¸É¢¥´´μ

Δ0/ (x = 0) = 4, 2 · 10
−5

% ¨ Δ/ (x = 1) = 0, 14 %,

¨ ¥¥ ¢μ ¢¸¥Ì ¢Ò¶μ²´¥´´ÒÌ ´¨¦¥ · ¸Î¥É Ì · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö ³μ¦´μ
´¥ ÊÎ¨ÉÒ¢ ÉÓ.

„²Ö ±μ´¥Î´μ£μ u0 ËÊ´±Í¨Õ I0 ³μ¦´μ · §²μ¦¨ÉÓ ¢ ·Ö¤

I (z) = 1 +
(z

2

)2

+
1
4

(z

2

)4

+
1
36

(z

2

)6

+ ... (13)

¨ μ£· ´¨Î¨ÉÓ¸Ö ´¥¸±μ²Ó±¨³¨ Î²¥´ ³¨ · §²μ¦¥´¨Ö.

’μ£¤  ¨´É¥£· ²
u0∫
0

¡¥·¥É¸Ö  ´ ²¨É¨Î¥¸±¨,   ¶ · ³¥É· a2 ¶μ¤¡¨· ¥É¸Ö ¶μ¤

²ÊÎÏÊÕ · ¢´μ³¥·´μ¸ÉÓ ¤μ§Ò ¤²Ö ¢Ò¡· ´´μ£μ r0 ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ¶²μÉ´μ¸É¨
¶μÉμ±  ¢ Í¥´É·¥ ¤μ§´μ£μ ¶μ²Ö ¨ ´  § ¤ ´´μ³ · ¤¨Ê¸¥.
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�¶É¨³ ²Ó´μ¥ ¶μ²μ¦¥´¨¥ ®¸Éμ¶¶¥· ¯ ¶·¨ Ë¨±¸¨·μ¢ ´´μ° ¤²¨´¥ 
 ¢ ¶ÊÎ±¥
¸ ±μ´¥Î´Ò³ Ô³¨ÉÉ ´¸μ³, Ì · ±É¥·¨§Ê¥³Ò³ ¶ · ³¥É· ³¨

〈
r2
0

〉
¨
〈
Θ2

0

〉
, ³μ¦´μ

¶μ²ÊÎ¨ÉÓ ¨§ ¸μμÉ´μÏ¥´¨Ö

a2f2
〈
r2
s

〉
=
(〈

Θ2
s

〉
+
〈
Θ2

p

〉)
p2 =

〈
Θ2

s

〉 (
1 + c2

)
p2, (14)

£¤¥

c2 =

〈
Θ2

p

〉
〈Θ2

s〉
.

‚¢μ¤Ö μ¡μ§´ Î¥´¨Ö h =
S



, b =

〈
r2
0

〉
〈Θ2

0〉 
2
,

f =
Sv + P

Sv
=

(b + h)
(b + h2)

,

〈
r2
s

〉
=
〈
r2
0

〉
+ S2

〈
Θ2

0

〉
= h2

〈
Θ2

0

〉

2

(
1 +

b

h2

)
=
〈
Θ2

0

〉

2
(
b + h2

)
,

〈
Θ2

s

〉
=

〈
Θ2

0

〉
1 +

S2
〈
Θ2

0

〉
〈r2

0〉

=
b
〈
Θ2

0

〉
b + h2

,

ÔÉμ ¸μμÉ´μÏ¥´¨¥ ³μ¦´μ ¶·¥μ¡· §μ¢ ÉÓ ± ¢¨¤Ê

a2 (b + h)2 = b (1 − h)2
(
1 + c2

)
,

μÉ±Ê¤ 

h =
s



=

√
1 + c2 −

√
a2b√

1 + c2 +
√

a2/b
. (15)

‚ ¸²ÊÎ ¥ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö, ¸μ¸ÉμÖÐ¥£μ ¨§ Í¥´É· ²Ó´μ° §μ´Ò
· ¤¨Ê¸μ³ u0 ¨ ±μ²ÓÍ¥¢μ° §μ´Ò ¸ u � u0, ·¥§Ê²ÓÉ¨·ÊÕÐ¥¥ · ¸¶·¥¤¥²¥´¨¥ ¢
¶²μ¸±μ¸É¨ p ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ¸Ê³³Ê · ¸¶·¥¤¥²¥´¨° μÉ ®¸Éμ¶¶¥· ¯ ¨
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Í¥´É· ²Ó´μ£μ · ¸¸¥¨¢ É¥²Ö:

Φp (x) = Φpc (®¸Éμ¶¶¥·¯) + Φ·Í (Í¥´É· ²Ó´Ò° · ¸¸¥¨¢ É¥²Ó) =

=
1

π 〈r2
S〉 f2

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣

exp
(
− x2

1 + a2

)
1 + a2

−

−
exp
(
−x2

a2

)
a2

u0∫
0

(
−

u2
(
1 + a2

)
a2

)
I0

(
2ux

a2

)
2udu

⎤
⎥⎥⎦ (®¸Éμ¶¶¥·¯)+

+

⎡
⎢⎢⎣

exp
(
− x2

k2a2

)
k2a2

u0∫
0

exp

(
−

u2
(
1 + k2a2

)
k2a2

)
I0

(
2ux

a2k2

)
2udu

⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭

(Í¥´É· ²Ó´Ò° · ¸¸¥¨¢ É¥²Ó), (16)

£¤¥ k2 Å ¸¢μ¡μ¤´Ò° ¶ · ³¥É·, ¸¢Ö§ ´´Ò° ¸μ ¸·¥¤´¥±¢ ¤· É¨Î´Ò³ Ê£²μ³ Í¥´-
É· ²Ó´μ£μ · ¸¸¥¨¢ É¥²Ö ¸μμÉ´μÏ¥´¨¥³〈

Θ2
Íp

〉
+
〈
Θ2

s

〉
= k2

〈
Θ2

s

〉
.

‡¤¥¸Ó, ± ± ¨ ¢ ¸²ÊÎ ¥ ®¸¶μ¶¶¥· ¯, ËÊ´±Í¨Õ I0 ³μ¦´μ · §²μ¦¨ÉÓ ¢ ·Ö¤, ¶μ-
²ÊÎ¨ÉÓ  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Φp (x) ¨ ¢ ·¨ Í¨¥° ¸´ Î ²  ¶ · ³¥É· 
a2,   § É¥³ ¶ · ³¥É·  k2 ¶μ²ÊÎ¨ÉÓ ¤μ§´μ¥ ¶μ²¥ § ¤ ´´μ° · ¢´μ³¥·´μ¸É¨ ¨
¶μ¶¥·¥Î´μ£μ · §³¥· .

3. �…‡“‹œ’�’› ��‘—…’� ����Œ…’��‚ Š�Œ�ˆ�ˆ��‚���›•
��‘‘…ˆ‚�’…‹…‰ „‹Ÿ ��‡‹ˆ—�›• ‚��ˆ��’�‚

”��Œˆ��‚��ˆŸ Œ…„ˆ–ˆ�‘Šˆ• ���’���›• �“—Š�‚

�  ·¨¸. 3 ¶·¨¢¥¤¥´ ¶·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ
¶μ²Ö ¤²Ö ¤¢ÊÌ ¢ ·¨ ´Éμ¢ ®¸Éμ¶¶¥· ¯.

� ¨²ÊÎÏ¨° ¢ ·¨ ´É (º1) ¶μ²ÊÎ ¥É¸Ö ¶·¨ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ a2 = 1,
u0 = 0, 75, ¤²Ö ±μÉμ·ÒÌ Δ = ±2, 6 % ¨ η = 14 %. �·¨ ÔÉμ³ ¤μ¶μ²´¨É¥²Ó´Ò°
±μ²ÓÍ¥¢μ° · ¸¸¥¨¢ É¥²Ó μÉ¸ÊÉ¸É¢Ê¥É (

〈
Θ2

p

〉
= 0).

�  ·¨¸. 4 ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö ¤²Ö
¤¢ÊÌ ¢ ·¨ ´Éμ¢ Í¥´É· ²Ó´μ£μ ¨ ±μ²ÓÍ¥¢μ£μ · ¸¸¥¨¢ É¥²¥°. Œμ¦´μ ¢¨¤¥ÉÓ, ÎÉμ
¶·¨ Ê³¥´ÓÏ¥´¨¨ ¶ · ³¥É·μ¢ a2 ¨ k2 § ³¥É´μ Ê¢¥²¨Î¨¢ ¥É¸Ö ±μÔËË¨Í¨¥´É
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�¨¸. 3. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö ¤²Ö ¤¢ÊÌ ¢ ·¨ ´Éμ¢
®¸Éμ¶¶¥· ¯, ¶Ê´±É¨·´ Ö ±·¨¢ Ö Å μ£¨¡ ÕÐ Ö ¶ÊÎ±  ´  Ê·μ¢´¥ ¸·¥¤´¥±¢ ¤· É¨Î´μ£μ
· ¤¨Ê¸ 

¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ±  η ( ¸ 20 ¤μ 30 %) ¡¥§ ¸ÊÐ¥¸É¢¥´´μ£μ ¨§³¥´¥´¨Ö · ¢´μ-
³¥·´μ¸É¨ Δ ¨ £· ´¨ÍÒ · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö x³ ±¸.

�  ·¨¸. 5 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö

¤²Ö É·¥Ì ¢ ·¨ ´Éμ¢ Í¥´É· ²Ó´μ£μ · ¸¸¥¨¢ É¥²Ö. „²Ö ¶ · ³¥É·μ¢ a2 =
1
3
, k2 =

5, 4, u0 = 1 ¤μ¸É¨£ ¥É¸Ö ´ ¨²ÊÎÏ Ö · ¢´μ³¥·´μ¸ÉÓ ¢ Í¥´É· ²Ó´μ° Î ¸É¨ ¤μ-
§´μ£μ ¶μ²Ö, ±μÔËË¨Í¨¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ±  η Ê¢¥²¨Î¨¢ ¥É¸Ö ¤μ 34 %, ¨
·¥Ï¥´¨¥ Ê¸Éμ°Î¨¢μ ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·  k2 ¢ ¶·¥¤¥² Ì 10 %.
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�¨¸. 4. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö ¤²Ö ¤¢ÊÌ ¢ ·¨ ´Éμ¢ Í¥´É· ²Ó-
´μ£μ ¨ ±μ²ÓÍ¥¢μ£μ · ¸¸¥¨¢ É¥²¥°. Š Å ¢±² ¤ μÉ ±μ²ÓÍ¥¢μ£μ · ¸¸¥¨¢ É¥²Ö; – Å ¢±² ¤
μÉ Í¥´É· ²Ó´μ£μ · ¸¸¥¨¢ É¥²Ö; Σ Å ¸Ê³³ ·´Ò° ÔËË¥±É μÉ Š ¨ –

‡¤¥¸Ó, ± ± ¨ ¢ ¸²ÊÎ ¥ ®¸Éμ¶¶¥· ¯, μ¶É¨³ ²Ó´μ¥ §´ Î¥´¨¥ S ¶·¨ § ¤ ´-
´ÒÌ a, b ¨ 
 ´ Ìμ¤¨É¸Ö ¨§ Ê· ¢´¥´¨Ö ¤²Ö h,   ¶ · ³¥É·Ò ±μ³¡¨´¨·μ¢ ´´μ£μ
· ¸¸¥¨¢ É¥²Ö ¨§ · §´ÒÌ ³ É¥·¨ ²μ¢ ¸ ÊÎ¥Éμ³ ±μ³¶¥´¸ Í¨¨ · §´¨ÍÒ ¶μÉ¥·Ó
Ô´¥·£¨¨ ¢ Í¥´É· ²Ó´μ° ¨ ±μ²ÓÍ¥¢μ° §μ´ Ì, ¸μ¡· ´´ÒÌ, ´ ¶·¨³¥·, ¨§ ¸¢¨´Í 
(�b) ¨ ¶μ²¨ÔÉ¨²¥´  (‘H2), ´ Ìμ¤ÖÉ¸Ö ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ÊÎ¨ÉÒ¢ ÕÐ¨Ì
· ¸¸¥¨¢ ÕÐÊÕ ¨ Éμ·³μ§´ÊÕ ¸¶μ¸μ¡´μ¸ÉÓ ³ É¥·¨ ²μ¢.

1. k2
(〈

Θ2
CH2

〉
+
〈
Θ2

s

〉)
=
〈
Θ2

Pb

〉
+
〈
Θ2

s

〉
+ 0, 1

〈
Θ2

CH2

〉
,

£¤¥ ±μÔËË¨Í¨¥´É 0,1 ¢Ò¡· ´ ¨§ ±μ´¸É·Ê±Í¨μ´´μ-É¥Ì´¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨°
¤²Ö ´ ¤¥¦´μ£μ Ë¨±¸¨·μ¢ ´¨Ö Í¥´É· ²Ó´μ£μ ¸¢¨´Íμ¢μ£μ · ¸¸¥¨¢ É¥²Ö.

2. (dE/dx)CH2
· tCH2 = (dE/dx)Pb · tPb,

£¤¥ t Å Éμ²Ð¨´  ³ É¥·¨ ²  ¢ £/¸³2,   dE/dx Å ¨μ´¨§ Í¨μ´´Ò¥ ¶μÉ¥·¨
¶·μÉμ´μ¢.

�¥·¢μ¥ Ê· ¢´¥´¨¥ ¸¢Ö§Ò¢ ¥É · ¸¸¥¨¢ ÕÐ¨¥ ¸¶μ¸μ¡´μ¸É¨ Í¥´É· ²Ó´μ° ¨
±μ²ÓÍ¥¢μ° §μ´Ò.
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�¨¸. 5. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  · ¢´μ³¥·´μ¸É¨ ¤μ§´μ£μ ¶μ²Ö ¤²Ö É·¥Ì ¢ ·¨ ´Éμ¢ Í¥´É· ²Ó-
´μ£μ · ¸¸¥¨¢ É¥²Ö. �¡μ§´ Î¥´¨Ö ¢±² ¤μ¢ É ±¨¥ ¦¥, ± ± ¨ ´  ·¨¸. 4

‚Éμ·μ¥ Ê· ¢´¥´¨¥ § ¤ ¥É · ¢´Ò¥ ¶μÉ¥·¨ Ô´¥·£¨¨ ¢ Í¥´É· ²Ó´μ° ¨ ±μ²Ó-
Í¥¢μ° §μ´ Ì.

� ¶·¨³¥·, ¤²Ö Ô´¥·£¨¨ ¶·μÉμ´μ¢ 170 ŒÔ‚, (dE/dx)CH2/(dE/dx)Pb =
2, 23, 〈ΘCH2〉 = 6 · 10−5 · tCH2 , 〈ΘPb〉 = 6 · 10−4tPb ¨ ¤²Ö k2 = 5 ·¥Ï¥´¨¥
Ê· ¢´¥´¨° 1 ¨ 2 ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ:

〈ΘCH2〉 = c2
〈
Θ2

s

〉
= 0, 2637

〈
Θ2

s

〉
, 〈ΘPb〉 = 20, 07 〈ΘCH2〉 , c2 = 0, 2637.

„²Ö k2 = 6 c2 = 0, 3529.
‚ÒÎ¨¸²ÖÖ § É¥³ ¤²Ö § ¤ ´´ÒÌ a ¨ b §´ Î¥´¨¥ h = s/
 ¨, ¸²¥¤μ¢ É¥²Ó´μ,

S, μ¶·¥¤¥²ÖÕÉ
〈
Θ2

s

〉
, 〈ΘCH2〉 〈ΘPb〉 ¨ ¶μ ´¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Éμ²Ð¨´Ò t

Í¥´É· ²Ó´μ£μ ¨ ±μ²ÓÍ¥¢μ£μ · ¸¸¥¨¢ É¥²¥°.
�·¨³¥·Ò ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨¢ É¥-

²¥° ¤²Ö ¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´ÒÌ ¤μ§´ÒÌ ¶μ²¥° ¤¨ ³¥É·μ³ 8 ¨ 16 ¸³ ¶·¥¤¸É -

¢²¥´Ò ´  ·¨¸. 6 ¤²Ö a2 =
1
2
, k2 = 5 ¨ u0 = 1.
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�¨¸. 6. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨¢ É¥²¥° ¤²Ö
¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´ÒÌ ¤μ§´ÒÌ ¶μ²¥° ¤¨ ³¥É·μ³ μ±μ²μ 8 ¨ 16 ¸³. �Ê´±É¨·´ Ö ±·¨¢ Ö
´  ÔÉμ³ ¨ ¶μ¸²¥¤ÊÕÐ¨Ì ·¨¸Ê´± Ì Å μ£¨¡ ÕÐ Ö ¶ÊÎ±  ´  Ê·μ¢´¥ ¸·¥¤´¥±¢ ¤· É¨Î´μ£μ
· ¤¨Ê¸ 

‚ ¸²ÊÎ ¥ ¶μ²Ö ¤¨ ³¥É·μ³ 16 ¸³ ¤μ¶μ²´¨É¥²Ó´Ò° μ¤´μ·μ¤´Ò° · ¸¸¥¨-
¢ É¥²Ó ¤²Ö Ê¢¥²¨Î¥´¨Ö · ¸Ìμ¤¨³μ¸É¨ ¶ÊÎ±  ¶μ³¥Ð¥´ ¢ ³¥¸Éμ · ¸¶μ²μ¦¥´¨Ö
±·μ¸¸μ¢¥·  ¶ÊÎ±  ´  ¢Ìμ¤¥ ¢ ± ¡¨´Ê º1.

‚ ´ ¨¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥, ±μ£¤  ±·μ¸¸μ¢¥· ¶·μÉμ´´μ£μ ¶ÊÎ±  · §³¥Ð -
¥É¸Ö ¢ ¢ ±ÊÊ³μ¶·μ¢μ¤¥ ¢ ¸É¥´¥ ± ¡¨´Ò º1 ´  · ¸¸ÉμÖ´¨¨ t μÉ ¥¥ ¢Ìμ¤ ,  
¶¥·¢Ò° · ¸¸¥¨¢ É¥²Ó, Ì · ±É¥·¨§Ê¥³Ò°

(〈
Θ2

p

〉)
, ´¥μ¡Ìμ¤¨³μ Ê¸É ´μ¢¨ÉÓ ´ 
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¢Ìμ¤¥ ¢ ÔÉÊ ± ¡¨´Ê ¢ ¶²μ¸±μ¸É¨, ¶¥·¶¥´¤¨±Ê²Ö·´μ° μ¸¨ z, ´  · ¸¸ÉμÖ´¨¨ t μÉ
±·μ¸¸μ¢¥· , Ê· ¢´¥´¨Ö ¤²Ö μ¶·¥¤¥²¥´¨Ö ¶μ²μ¦¥´¨Ö ¢Éμ·μ£μ (±μ³¡¨´¨·μ¢ ´-
´μ£μ) · ¸¸¥¨¢ É¥²Ö ¶·¥μ¡· §ÊÕÉ¸Ö ± ¢¨¤Ê

h =
S



=

gt −
〈
r2
t

〉
− t




〈
Θ2

0

〉

2

gt
 + (Θ2
0) + 〈Θ2

P 〉 
2 +
t




(
Θ2

0

)

2

, (17)

£¤¥

g2
t =

(〈
Θ2

t

〉
+
〈
Θ2

P

〉) 〈
r2
t

〉 (
1 + c2

)
a

;

〈
Θ2

t

〉
=

〈
Θ2

0

〉
1 +

t2
〈
Θ2

0

〉
〈 r2

0 〉

=

〈
r2
0

〉
〈r2

t 〉
〈
Θ2

0

〉
;

〈
r2
0

〉
=
〈
r2
t

〉
+ t2

〈
Θ2

0

〉
,

a 
, ± ± ¨ ¶·¥¦¤¥, Å Ë¨±¸¨·μ¢ ´´μ¥ · ¸¸ÉμÖ´¨¥ μÉ ¢Ìμ¤  ¢ ± ¡¨´Ê ¤μ μ¡Ñ¥±É 
μ¡²ÊÎ¥´¨Ö, S Å ¶μ²μ¦¥´¨¥ ¢Éμ·μ£μ (±μ³¡¨´¨·μ¢ ´´μ£μ) · ¸¸¥¨¢ É¥²Ö.

�·¨ ÔÉμ³ ¢ ¶¥·¶¥´¤¨±Ê²Ö·´μ° ¶²μ¸±μ¸É¨ ´  · ¸¸ÉμÖ´¨¨ S μÉ ¢Ìμ¤  ¢
± ¡¨´Ê 〈

r2
s

〉
=
〈
r2
0

〉
+ (t + S)2

〈
Θ2

0

〉
¡¥§ ¶¥·¢μ£μ · ¸¸¥¨¢ É¥²Ö ¢ t,〈

r2
sp

〉
=
〈
r2
s

〉
+ S

〈
Θ2

P

〉
c · ¸¸¥¨¢ É¥²¥³ ¢ t,

〈
Θ2

s

〉
=

〈
r2
0

〉 〈
Θ2

0

〉
〈r2

s〉
¡¥§ ¶¥·¢μ£μ · ¸¸¥¨¢ É¥²Ö ¢ t,

〈
Θ2

sp

〉
=

〈
r2
t

〉〈
r2
sp

〉 (〈Θ2
t

〉
+
〈
Θ2

p

〉)
; Sv =

〈
r2
sp

〉
(t+S) 〈Θ2

0〉+S 〈Θ2
P 〉

¸ · ¸¸¥¨¢ É¥²¥³ ¢ t.

� ¢ ¶²μ¸±μ¸É¨, ¶¥·¶¥´¤¨±Ê²Ö·´μ° μ¸¨ z, ´  · ¸¸ÉμÖ´¨¨ P μÉ S〈
r2
p

〉
=
〈
r2
0

〉
+ (t + 
)2

〈
Θ2

0

〉
¡¥§ · ¸¸¥¨¢ É¥²Ö ¢ t,〈

r2
pp

〉
=
〈
r2
p

〉
+ 
2

〈
Θ2

p

〉
c · ¸¸¥¨¢ É¥²¥³ ¢ t,

f =
Sv + P

Sv
¨ a2f2

〈
r2
sp

〉
=
〈
Θ2

sp

〉 (
1 + c2

)
P 2,

£¤¥ c2 = 0, 2637 ¤²Ö a2 =
1
2

¨ k2 = 5; tCH2 =
c2
〈
Θ2

sp

〉
6 · 10−5

; tPb = 2, 01tCH2 ¶·¨

Ô´¥·£¨¨ ¶·μÉμ´μ¢ p = 170 ŒÔ‚.
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�¨¸. 7. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¶·¨
· ¸¶μ²μ¦¥´¨¨ ±·μ¸¸μ¢¥·  ¶·μÉμ´´μ£μ ¶ÊÎ±  ¢´ÊÉ·¨ ¡¥Éμ´´μ° ¸É¥´Ò ´  · ¸¸ÉμÖ´¨¨
t = 180 ¸³ μÉ ¢Ìμ¤  ¢ ± ¡¨´Ê º 1

�  ·¨¸. 7 ¶μ± § ´ ¶·¨³¥· · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥-
¨¢ É¥²Ö ¶·¨ · ¸¶μ²μ¦¥´¨¨ ±·μ¸¸μ¢¥·  ¶·μÉμ´´μ£μ ¶ÊÎ±  ¢´ÊÉ·¨ ¡¥Éμ´´μ°
¸É¥´Ò ´  · ¸¸ÉμÖ´¨¨ t = 180 ¸³ μÉ ¢Ìμ¤  ¢ ± ¡¨´Ê º1 ¤²Ö〈

r2
0

〉
= 9 c³2,

〈
Θ2

0

〉
= 10−4 · ¤2, 
 = 200 ¸³,

b =
〈
r2
0

〉
/
2
〈
Θ2

0

〉
= 9/4, a2 =

1
2
, k2 = 5, u0 = 1.

‚ ¸²ÊÎ ¥ ¶·¨³¥´¥´¨Ö ¶·μË¨²¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¤²Ö ¶ÊÎ±μ¢ ¶·μÉμ-
´μ¢ ¸ ¡μ²ÓÏ¨³ Ô³¨ÉÉ ´¸μ³ ¥£μ · ¸Î¥É´ÊÕ ¸ÉÊ¶¥´Î ÉÊÕ Ëμ·³Ê ¢ § ¢¨¸¨³μ¸É¨
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μÉ · ¤¨Ê¸  ³μ¦´μ ¢§ÖÉÓ ¨§ · ¡μÉÒ [4],   ³¥¸Éμ · ¸¶μ²μ¦¥´¨Ö · ¸¸¥¨¢ É¥²Ö ¶μ
μÉ´μÏ¥´¨Õ ± ±·μ¸¸μ¢¥·Ê ¶·μÉμ´´μ£μ ¶ÊÎ±  ¸ ÊÎ¥Éμ³ ¤μ¶μ²´¨É¥²Ó´μ£μ · ¸-
¸¥¨¢ É¥²Ö ¨§ ¶μ²¨ÔÉ¨²¥´  (‘H2), ±μ³¶¥´¸¨·ÊÕÐ¥£μ ¶μÉ¥·¨ Ô´¥·£¨¨ ¶ÊÎ±  ¢
μ¸´μ¢´μ³ · ¸¸¥¨¢ É¥²¥, ¢ÒÎ¨¸²¨ÉÓ ¨§ ¸μμÉ´μÏ¥´¨Ö

g0min

〈
r2
s

〉
f2 =

〈
Θ2

s

〉 (
1 + c2

)
P 2, (18)

μÉ±Ê¤ 

h =
S



=

√
1 + c2 −

√
g0minb√

1 + c2 +
√

g0m min/b
, £¤¥ b =

〈
r2
0

〉
〈Θ2

0〉 
2
.

�·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ¶·μË¨²¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö
¤²Ö ¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ μ±μ²μ 13 ¸³ ¶μ± § ´
´  ·¨¸. 8. �μ²ÓÏ Ö Éμ²Ð¨´  É ±μ£μ · ¸¸¥¨¢ É¥²Ö, ¸²μ¦´μ¸ÉÓ ¨§£μÉμ¢²¥´¨Ö
¨ ¡²¨§±μ¥ · ¸¶μ²μ¦¥´¨¥ ¶μ μÉ´μÏ¥´¨Õ ± μ¡²ÊÎ ¥³μ° ³¨Ï¥´¨ ¤¥² ÕÉ ´¥-
¢μ§³μ¦´Ò³ ¥£μ ¶·¨³¥´¥´¨¥ ´  ¶·μÉμ´´ÒÌ ¶ÊÎ± Ì ¸ ¡μ²ÓÏ¨³ Ô³¨ÉÉ ´¸μ³ ¨
¶·¨¢μ¤ÖÉ ± ¥£μ ¨¸±²ÕÎ¥´¨Õ ¨§ ¤ ²Ó´¥°Ï¥£μ · ¸¸³μÉ·¥´¨Ö.

„²Ö μ¡²ÊÎ¥´¨Ö μ¶ÊÌμ²¥° £² §  ´  Ë §μÉ·μ´¥ ‹Ÿ� �ˆŸˆ ³μ£ÊÉ ¡ÒÉÓ ¨¸-
¶μ²Ó§μ¢ ´Ò ¶ÊÎ±¨ ¶·μÉμ´μ¢ ¸ Ô´¥·£¨¥° μ±μ²μ 85 ŒÔ‚, ¸¨²Ó´μ ¸Ëμ±Ê¸¨·μ¢ ´-
´Ò¥ ¢ μ¡² ¸É¨ ³¨Ï¥´¨ [10].

‚ ÔÉμ³ ¸²ÊÎ ¥ μ¸´μ¢´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö μ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·μ¢ ±μ³-
¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¶·¥μ¡· §ÊÕÉ¸Ö ¢〈

r2
s

〉
=
〈
r2
0

〉
+ P 2

〈
Θ2

0

〉
=
〈
r2
0

〉
(1 + b) /b;

〈
Θ2

s

〉
=
〈
Θ2

0

〉
/
(
1 + P 2

〈
Θ2

0

〉
/
〈
r2
0

〉)
=

b

1 + b

〈
Θ2

0

〉
,

Sv = P +

〈
r2
0

〉
P 〈Θ2

0〉
, f =

Sv − P

Sv
=

b

1 + b
,

£¤¥ b =
〈
r2
0

〉
/P 2

〈
Θ2

0

〉
,   P Å · ¸¸ÉμÖ´¨¥ μÉ ±·μ¸¸μ¢¥·  ¶ÊÎ±  ¤μ ÉμÎ±¨ S,

£¤¥ Ê¸É ´ ¢²¨¢ ¥É¸Ö ±μ³¡¨´¨·μ¢ ´´Ò° · ¸¸¥¨¢ É¥²Ó.
�¸´μ¢´μ¥ Ê· ¢´¥´¨¥ ¤²Ö μ¶·¥¤¥²¥´¨Ö ¶μ²μ¦¥´¨Ö ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸-

¸¥¨¢ É¥²Ö § ¶¨Ï¥É¸Ö ± ±

a2
〈
r2
s

〉
f2 =

〈
Θ2

s

〉 (
1 + c2

)
p2, μÉ±Ê¤  p2 =

a2
〈
r2
0

〉
〈Θ2

0〉 (1 + c2)
. (19)

�·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö
¤²Ö ¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ 13 ³³, ´¥μ¡Ìμ¤¨³μ£μ
¶·¨ μ¡²ÊÎ¥´¨¨ μ¶ÊÌμ²¥° £² § , ¶μ± § ´ ´  ·¨¸. 9 ¤²Ö

〈
r2
0

〉
= 0, 5 ¸³2

〈
Θ2

0

〉
=

16 · 10−42, a2 =
1
2
, k2 = 5, 0, u0 = 1 ¨ ³¥¸É  · ¸¶μ²μ¦¥´¨Ö · ¸¸¥¨¢ É¥²Ö ´ 

· ¸¸ÉμÖ´¨¨ P = 11, 1 ¸³ μÉ ³¨Ï¥´¨.
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�¨¸. 8. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ¶·μË¨²¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¸ÉÊ-
¶¥´Î Éμ° Ëμ·³Ò ¤²Ö ¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ μ±μ²μ 13 ¸³

‚μ ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ¶·¨³¥· Ì · ¸Î¥É  ¢ ± ¡¨´Ê ¢Ò¢μ¤¨É¸Ö ¶ÊÎμ±
¶·μÉμ´μ¢ ¸ ¶μ²´μ° ¨´É¥´¸¨¢´μ¸ÉÓÕ ¨ ¶·¨³¥´¥´¨¥ ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨-
¢ É¥²¥° ¶μ§¢μ²Ö¥É ¶μ¢Ò¸¨ÉÓ ¤μ²Õ ¨¸¶μ²Ó§Ê¥³μ° Î ¸É¨ ¶ÊÎ±  ¢ μ¡² ¸É¨ · ¢´μ-
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³¥·´μ£μ ¤μ§´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤μ 35 %, É. ¥. ¢ 3Ä7 · § ¡μ²ÓÏ¥ ¶μ ¸· ¢´¥´¨Õ ¸
¶ÊÎ±μ³ ¶·μ¸Éμ° £ Ê¸¸μ¢μ° Ëμ·³Ò. ‚ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¤²Ö É ±μ£μ ¶ÊÎ±  ³μ-
¦¥É μ± § ÉÓ¸Ö ¤μ¸É ÉμÎ´Ò³ μ£· ´¨Î¨ÉÓ¸Ö Éμ²Ó±μ ´¥¡μ²ÓÏ¨³ ¶μ¤· ¢´¨¢ ´¨¥³
¢¥·Ï¨´Ò £ Ê¸¸μ¢  · ¸¶·¥¤¥²¥´¨Ö ¤μ ¶μ²ÊÎ¥´¨Ö Ê²ÊÎÏ¥´´μ° · ¢´μ³¥·´μ¸É¨.

� · ³¥É·Ò ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ³μ¦´μ ¶·¨ ÔÉμ³ ¢ÒÎ¨¸²¨ÉÓ,
· §² £ Ö ¢ ·Ö¤ ¶μ ¸É¥¶¥´Ö³ x μ¡Ð¥¥ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ (16) ¶·¨ u2

0 � 1
¨ ¶·¨· ¢´¨¢ Ö ´Ê²Õ ±μÔËË¨Í¨¥´É ¶·¨ x2, ÎÉμ ¶·¨¢μ¤¨É ± ¸μμÉ´μÏ¥´¨Õ(

1 − 1
k4

)
− u2

0

a2

(
1 − 1

k6

)
=

1
u2

0

a4

(1 + a2)2
. (20)

„²Ö u2
0 = 0, 1 ¶μ²ÊÎ ¥É¸Ö ·¥Ï¥´¨¥ a2 = 1/4 ¨ k2 = 2.

�·¨³¥· · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¤²Ö ¶μ¤· ¢-
´¨¢ ´¨Ö ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ 7 ¸³ ¶·¨ · ¸¶μ²μ¦¥´¨¨ ±·μ¸¸μ¢¥·  ´  · ¸-
¸ÉμÖ´¨¨ 5 ³ μÉ ¢Ìμ¤  ¢ ± ¡¨´Ê º1 ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 10. �¥· ¢´μ³¥·´μ¸ÉÓ
¤μ§´μ£μ ¶μ²Ö Ê¤ ¥É¸Ö ¶·¨ ÔÉμ³ Ê³¥´ÓÏ¨ÉÓ ¶·¨³¥·´μ ¢ 10 · § (¸ Δ = ±5 %
¤μ Δ = ±0, 5 %) ¶·¨ ±μÔËË¨Í¨¥´É¥ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ÊÎ±  η ≈ 10 %.

�¨¸. 9. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¤²Ö
¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ μ±μ²μ 13 ³³, ´¥μ¡Ìμ¤¨³μ£μ ¶·¨
μ¡²ÊÎ¥´¨¨ μ¶ÊÌμ²¥° £² § 
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�¨¸. 10. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¤²Ö
¶μ¤· ¢´¨¢ ´¨Ö ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ μ±μ²μ 7 ¸³ ¶·¨ · ¸¶μ²μ¦¥´¨¨ ±·μ¸¸μ¢¥·  ´ 
· ¸¸ÉμÖ´¨¨ 5 ³ μÉ ¢Ìμ¤  ¢ ± ¡¨´Ê º 1

4. ‚�‡Œ�†��‘’ˆ ��ˆŒ…�…�ˆŸ Š�Œ�ˆ�ˆ��‚���›•
��‘‘…ˆ‚�’…‹…‰ ‚ Š��ˆ��• º 1 ˆ º 5

Œ…„ˆŠ�-’…•�ˆ—…‘Š�ƒ� Š�Œ�‹…Š‘� ‹Ÿ� �ˆŸˆ

�·¥¤²μ¦¥´´Ò¥ ¢ÒÏ¥ ³¥Éμ¤Ò ¢Ò· ¢´¨¢ ´¨Ö ¤μ§´μ£μ ¶μ²Ö ¤²Ö ¶·μÉμ´´ÒÌ
¶ÊÎ±μ¢ ¸ ¡μ²ÓÏ¨³ Ô³¨ÉÉ ´¸μ³ Í¥²¥¸μμ¡· §´μ ¶·¥¦¤¥ ¢¸¥£μ ¶·¨³¥´¨ÉÓ ¢ ± -
¡¨´¥ º1, £¤¥ ¤μ ´ ¸ÉμÖÐ¥£μ ¢·¥³¥´¨ ¨¸¶μ²Ó§Ê¥É¸Ö ´ ¨³¥´¥¥ ÔËË¥±É¨¢´Ò°
¶¥·¢Ò° ³¥Éμ¤ Ëμ·³¨·μ¢ ´¨Ö ¶ÊÎ± , ±μ£¤  Éμ²Ó±μ Î ¸ÉÓ ¶ÊÎ±  (5Ä8 %) ¢¡²¨§¨
¢¥·Ï¨´Ò £ Ê¸¸μ¢  · ¸¶·¥¤¥²¥´¨Ö ¶ÊÉ¥³ Ê³¥´ÓÏ¥´¨Ö Ëμ±Ê¸¨·ÊÕÐ¥£μ ¤¥°¸É¢¨Ö
¶μ¸²¥¤´¨Ì ²¨´§ ± ´ ²  º8 ¶·μÌμ¤¨É ¢ ± ¡¨´Ê ¨ Ëμ·³¨·Ê¥É · ¢´μ³¥·´μ¥ ¤μ-
§´μ¥ ¶μ²¥ ¤¨ ³¥É·μ³ ¤μ 7 ¸³. �·¨³¥´¥´¨¥ ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨¢ É¥²¥°
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¶μ§¢μ²¨É ¢Ò¢¥¸É¨ ¢ ± ¡¨´Ê ¶·μÉμ´´Ò° ¶ÊÎμ± ¸ ¶μ²´μ° ¨´É¥´¸¨¢´μ¸ÉÓÕ, · ¸-
Ï¨·¨ÉÓ μ¡² ¸ÉÓ · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤μ 15 ¸³ ¨²¨ Ê¢¥²¨Î¨ÉÓ ³μÐ´μ¸ÉÓ
¤μ§Ò ¢ 3Ä7 · § ¤²Ö ¶μ²¥° ³¥´ÓÏ¥£μ ¤¨ ³¥É· .

�¤´ ±μ ·¥ ²¨§ Í¨Ö ¶·¥¤²μ¦¥´´ÒÌ ³¥Éμ¤μ¢ ¢Ò· ¢´¨¢ ´¨Ö ¢ ± ¡¨´¥ º1
´ É ²±¨¢ ¥É¸Ö ´  É ±μ° ¸ÊÐ¥¸É¢¥´´Ò° ´¥¤μ¸É Éμ±, ± ± μ£· ´¨Î¥´´μ¥ · ¸¸Éμ-
Ö´¨¥ μÉ ¢Ìμ¤  ¢ ÔÉÊ ± ¡¨´Ê ¤μ ³¥¸É  · §³¥Ð¥´¨Ö ¶ Í¨¥´É  ( 
 ≈ 2 ³).

�·¨ ÔÉμ³ ±μ³¡¨´¨·μ¢ ´´Ò¥ · ¸¸¥¨¢ É¥²¨ ¶·¨Ìμ¤¨É¸Ö · ¸¶μ² £ ÉÓ ¥Ð¥
¡²¨¦¥ ± ¶ Í¨¥´ÉÊ (P ≈ 1,5 ³), ÎÉμ ´¥ Ê¤μ¢²¥É¢μ·Ö¥É ·¥±μ³¥´¤μ¢ ´´Ò³ ±²¨-
´¨Î¥¸±¨³ É·¥¡μ¢ ´¨Ö³ (P � 2 ³) ¨§-§  ´¥¤μ¶Ê¸É¨³μ£μ Ê¢¥²¨Î¥´¨Ö ¡μ±μ¢ÒÌ
£· ¤¨¥´Éμ¢ ¤μ§´μ£μ ¶μ²Ö.

�·¥μ¤μ²¥ÉÓ Ê± § ´´μ¥ μ£· ´¨Î¥´¨¥ ³μ¦´μ ²¨¡μ · §³¥Ð¥´¨¥³ ±μ³¡¨´¨-
·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ´  ÊÎ ¸É±¥ ¢ ±ÊÊ³μ¶·μ¢μ¤  ¢ ¸É¥´¥ ¤μ ¢Ìμ¤  ¢ ± ¡¨´Ê
º1, ²¨¡μ ¶ÊÉ¥³ μ·£ ´¨§ Í¨¨ ¤·Ê£μ£μ ³¥¸É  μ¡²ÊÎ¥´¨Ö, ¸¶¥Í¨ ²Ó´μ μ¡μ·Ê-
¤μ¢ ´´μ£μ ¤²Ö ²¥Î¥´¨Ö ¶ Í¨¥´Éμ¢ ¸ ±·Ê¶´Ò³¨ ²μ± ²¨§ Í¨Ö³¨, É·¥¡ÊÕÐ¨³¨
Ëμ·³¨·μ¢ ´¨Ö μ¤´μ·μ¤´ÒÌ ¤μ§´ÒÌ ¶μ²¥° ¡μ²ÓÏμ£μ ¤¨ ³¥É· .

� ¨¡μ²¥¥ ¶μ¤Ìμ¤ÖÐ¨³ ³¥¸Éμ³ ¤²Ö ÔÉ¨Ì Í¥²¥° ³μ¦¥É μ± § ÉÓ¸Ö ± ¡¨´ 
º5 (´¥°É·μ´´ Ö), ¢ ±μÉμ·μ° · ¸¸ÉμÖ´¨¥ μÉ ¢Ìμ¤  ¢ ± ¡¨´Ê ¤μ ¶ Í¨¥´É  ¸μ-
¸É ¢²Ö¥É μ±μ²μ 5 ³.

�  ·¨¸. 11 ¶μ± § ´ ¶·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ-
¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¤²Ö ¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³
μ±μ²μ 20 ¸³ ¢ ± ¡¨´¥ º5 (´¥°É·μ´´μ°), £¤¥ · ¸¸ÉμÖ´¨¥ P Ê¢¥²¨Î¨²μ¸Ó ¤μ
3,8 ³.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ É ±¦¥ Ê³¥´ÓÏ¥´¨¥ Éμ²Ð¨´Ò ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥-
¨¢ É¥²¥° ¶μ ¸· ¢´¥´¨Õ ¸ · ¸¸¥¨¢ É¥²Ö³¨ ¢ ± ¡¨´¥ º1 (¢ 2,5Ä3 · §  ¤²Ö
¸μ¶μ¸É ¢¨³ÒÌ · §³¥·μ¢ ¤μ§´μ£μ ¶μ²Ö, ¶μ± § ´´μ£μ ´  ·¨¸. 7), ÎÉμ É ±¦¥ ¡² -
£μ¶·¨ÖÉ´μ μÉ· §¨É¸Ö ´  Ê³¥´ÓÏ¥´¨¨ ¡μ±μ¢ÒÌ £· ¤¨¥´Éμ¢ ¤μ§´μ£μ ¶μ²Ö.

Š·μ³¥ Éμ£μ, ¢ ± ¡¨´¥ º5 ¨³¥¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¤²Ö μ¡²ÊÎ¥´¨Ö ¶ Í¨¥´Éμ¢
¢ ¶μ²μ¦¥´¨¨ ²¥¦  ´  ¢Ò¸μÉ¥ μ±μ²μ 1 ³ μÉ ¶μ²  ± ¡¨´Ò ¨ Ê¦¥ £μÉμ¢Ò°
¤¨¸É ´Í¨μ´´μ Ê¶· ¢²Ö¥³Ò° ³´μ£μ²¥¶¥¸É±μ¢Ò° ±μ²²¨³ Éμ· ¤²Ö Ëμ·³¨·μ¢ ´¨Ö
¡μ±μ¢ÒÌ £· ´¨Í ¤μ§´ÒÌ ¶μ²¥° ¤¨ ³¥É·μ³ ¤μ 21 ¸³ [11].

„²Ö Éμ£μ ÎÉμ¡Ò ¶·¨³¥´¨ÉÓ ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ³¥Éμ¤Ò · ¸Î¥É  ¤²Ö μ¶·¥-
¤¥²¥´¨Ö ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨¢ É¥²¥°, ´¥μ¡Ìμ¤¨³μ ¢Ò¶μ²´¨ÉÓ
¸²¥¤ÊÕÐÊÕ ¶·μÍ¥¤Ê·Ê ¨§³¥·¥´¨Ö Ì · ±É¥·¨¸É¨± ¶ÊÎ± .

‚Ò¢¥¸É¨ ¶·μÉμ´´Ò° ¶ÊÎμ± ¶μ²´μ° ¨´É¥´¸¨¢´μ¸É¨ ¢ ± ¡¨´Ê º 1 ¨²¨ ± -
¡¨´Ê º5. �μ¤¡¨· Ö £· ¤¨¥´ÉÒ ³ £´¨É´μ£μ ¶μ²Ö ¢ ²¨´§ Ì ± ´ ²μ¢ º8 ¨²¨
º10, ¤μ¡¨ÉÓ¸Ö ³ ±¸¨³ ²Ó´μ ±·Ê£²μ° Ëμ·³Ò ¶ÊÎ±  ´  ¢¸¥³ ¶ÊÉ¨ μÉ ¢Ìμ¤  ¢
± ¡¨´Ê ¤μ μ¡Ñ¥±É  μ¡²ÊÎ¥´¨Ö. ˆ§³¥·¨ÉÓ ¸·¥¤´¥±¢ ¤· É¨Î´Ò¥ · ¤¨Ê¸Ò ¶ÊÎ± 
¢ É·¥Ì ÉμÎ± Ì ¤·¥°Ëμ¢μ£μ ¶·μ³¥¦ÊÉ±  ¢ ± ¡¨´¥.

�μ ·¥§Ê²ÓÉ É ³ ÔÉ¨Ì ¨§³¥·¥´¨° μ¶·¥¤¥²¨ÉÓ É·¨ ´¥¨§¢¥¸É´ÒÌ ¶ · ³¥É· 
¶ÊÎ± : ³¥¸Éμ · ¸¶μ²μ¦¥´¨Ö ¥£μ ±·μ¸¸μ¢¥·  (· ¸¸ÉμÖ´¨¥ t), ¸·¥¤´¥±¢ ¤· É¨Î-
´Ò° · ¤¨Ê¸ ¢ ±·μ¸¸μ¢¥·¥

〈
r2
0

〉
, ¨ ¸·¥¤´¥±¢ ¤· É¨Î´Ò° Ê£μ² · ¸Ìμ¤¨³μ¸É¨
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¶ÊÎ±  ¢ ±·μ¸¸μ¢¥·¥
〈
Θ2

0

〉
. „ ²¥¥ ´¥μ¡Ìμ¤¨³μ · ¸¸Î¨É ÉÓ ¨ ¢Ò¡· ÉÓ Éμ²Ð¨´Ê

¶¥·¢μ£μ (μ¤´μ·μ¤´μ£μ) · ¸¸¥¨¢ É¥²Ö ¢ t É ±, ÎÉμ¡Ò ¸·¥¤´¥±¢ ¤· É¨Î´Ò° · -
¤¨Ê¸ ¶ÊÎ±  ¢ ³¥¸É¥ · ¸¶μ²μ¦¥´¨Ö μ¡Ñ¥±É  μ¡²ÊÎ¥´¨Ö ¶·¨³¥·´μ · ¢´Ö²¸Ö · -
¤¨Ê¸Ê É·¥¡Ê¥³μ° μ¡² ¸É¨ μ¤´μ·μ¤´μ¸É¨ ¶ÊÎ± , ¨ § É¥³ Ê¦¥ μ¶·¥¤¥²¨ÉÓ ³¥¸Éμ
· ¸¶μ²μ¦¥´¨Ö ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö h = S/
 ¨ Éμ²Ð¨´Ò Í¥´É· ²Ó-
´μ£μ ¨ ±μ²ÓÍ¥¢μ£μ · ¸¸¥¨¢ É¥²¥° ¨§ · §²¨Î´ÒÌ ³ É¥·¨ ²μ¢.

‚·¥³Ö ´ ¸É·μ°±¨ ¶ÊÎ±  ³μ¦´μ §´ Î¨É¥²Ó´μ ¸μ±· É¨ÉÓ, ¥¸²¨ ¶·¥¤¢ ·¨-
É¥²Ó´μ ¢Ò¶μ²´¨ÉÓ · ¸Î¥ÉÒ ¶μ É· ´¸¶μ·É¨·μ¢±¥ ¶ÊÎ±  ¢ ± ¡¨´Ê ¨ μ¶·¥¤¥²¨ÉÓ
μ¡² ¸ÉÓ £· ¤¨¥´Éμ¢ ³ £´¨É´μ£μ ¶μ²Ö ¢ ²¨´§ Ì ¨ ¶μ²Ö·´μ¸É¨ ¨Ì ¢±²ÕÎ¥´¨Ö,
μ¡¥¸¶¥Î¨¢ ÕÐ¨¥ ¶ÊÎμ± ±·Ê£²μ° Ëμ·³Ò ¨ ¶·¨³¥·´μ¥ · ¢¥´¸É¢μ £μ·¨§μ´É ²Ó-
´μ£μ ¨ ¢¥·É¨± ²Ó´μ£μ Ô³¨ÉÉ ´¸μ¢ ¶ÊÎ±  ¢ ± ¡¨´¥.

�¨¸. 11. �·¨³¥· ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´´μ£μ · ¸¸¥¨¢ É¥²Ö ¤²Ö
¶μ²ÊÎ¥´¨Ö · ¢´μ³¥·´μ£μ ¤μ§´μ£μ ¶μ²Ö ¤¨ ³¥É·μ³ μ±μ²μ 20 ¸³ ¢ ± ¡¨´¥ º5 (´¥°É·μ´-
´μ°)
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„²Ö ±μ´É·μ²Ö §  ¸É ¡¨²Ó´μ¸ÉÓÕ Ô´¥·£¨¨ ¢Ò¢¥¤¥´´μ£μ ¢ ± ¡¨´Ê ¶·μÉμ´´μ£μ
¶ÊÎ±  ¸ Ô´¥·£¨¥° μ±μ²μ 200 ŒÔ‚ ¨ ¨´É¥´¸¨¢´μ¸ÉÓÕ ¤μ 5 · 109 c−1 ³μ¦¥É
μ± § ÉÓ¸Ö ¶μ²¥§´Ò³ ³¥Éμ¤ μ¶·¥¤¥²¥´¨Ö ¸·¥¤´¥° Ô´¥·£¨¨ ¶ÊÎ±  ¶μ ¢·¥³¥´¨
¶·μ²¥É .

‚·¥³¥´´ Ö ¸É·Ê±ÉÊ·  ¶·μÉμ´´μ£μ ¶ÊÎ±  ¶·¨ ®¡Ò¸É·μ³¯ ¢Ò¢μ¤¥ ¸μ¸Éμ¨É ¨§
³ ±·μ¨³¶Ê²Ó¸μ¢ ¤²¨É¥²Ó´μ¸ÉÓÕ μ±μ²μ 30 ³±¸, ¸²¥¤ÊÕÐ¨Ì ¸ Î ¸ÉμÉμ° 250 ƒÍ.
�·¨ ÔÉμ³ μ¤¨´ ³ ±·μ¨³¶Ê²Ó¸ ¸μ¤¥·¦¨É μ±μ²μ 400 ³¨±·μ¨³¶Ê²Ó¸μ¢ ¤²¨É¥²Ó-
´μ¸ÉÓÕ μ±μ²μ 10 ´¸ ± ¦¤Ò°, É ± ÎÉμ ¶μ²´μ¥ Î¨¸²μ ³¨±·μ¨³¶Ê²Ó¸μ¢ ¸μ¸É -
¢²Ö¥É ≈ 105 ¸−1 ¨ Î¨¸²μ ¶·μÉμ´μ¢ ¢ μ¤´μ³ ³¨±·μ¨³¶Ê²Ó¸¥ ³μ¦¥É ¤μ¸É¨£ ÉÓ
105. „¢  Éμ´±¨Ì (≈ 1 ³³) ¸Í¨´É¨²²ÖÍ¨μ´´ÒÌ ¸Î¥ÉÎ¨± , Ê¸É ´μ¢²¥´´ÒÌ ¢
± ´ ²¥ ¶ÊÎ±  ´  · ¸¸ÉμÖ´¨¨ 10Ä15 ³ ¤·Ê£ μÉ ¤·Ê£ , ¡Ê¤ÊÉ ¢ Éμ±μ¢μ³ ·¥¦¨³¥
´¥· §²¨Î¨³μ ·¥£¨¸É·¨·μ¢ ÉÓ ÔÉ¨ 105 ¶·μÉμ´μ¢ ± ± μ¤¨´ ¨³¶Ê²Ó¸ ¤²¨É¥²Ó-
´μ¸ÉÓÕ μ±μ²μ 10 ´¸, ¢·¥³Ö ¶·μ²¥É  ±μÉμ·μ£μ (t) § É¥³ μ¶·¥¤¥²Ö¥É¸Ö ¢·¥³Ö-
 ³¶²¨ÉÊ¤´Ò³ ±μ´¢¥·Éμ·μ³ ¸ ¢·¥³¥´´μ° ÉμÎ´μ¸ÉÓÕ, · ¢´μ° Ï¨·¨´¥ μ¤´μ£μ
± ´ ²  ±μ´¢¥·Éμ·  (μ±μ²μ 0,1 ´¸). 	Éμ μ§´ Î ¥É, ÎÉμ ÉμÎ´μ¸ÉÓ μ¶·¥¤¥²¥-
´¨Ö ¸·¥¤´¥£μ ¢·¥³¥´¨ ¶·μ²¥É  ¸£Ê¸É±  ¶·μÉμ´μ¢ ¸ Ô´¥·£¨¥° μ±μ²μ 200 ŒÔ‚
(β ≈ 0,5, V = 1,5 · 108 ³ · c−1) ³μ¦¥É ¸μ¸É ¢¨ÉÓ ´  ¡ §¥ 10Ä15 ³ μ±μ²μ
Δt/t ≈ 10−3, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ÉμÎ´μ¸É¨ μ¶·¥¤¥²¥´¨Ö ¸·¥¤´¥£μ ¶·μ¡¥£ 
ΔR/R ≈ 3 · 10−3 = 0,3 %.

‚ ·¨ ´Éμ³ ÔÉμ£μ ³¥Éμ¤  ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´¨¥ μ¤´μ£μ ¸Í¨´É¨²²ÖÍ¨-
μ´´μ£μ ¸Î¥ÉÎ¨±  ¨ μ¶·¥¤¥²¥´¨¥ ¢·¥³¥´¨ § ¤¥·¦±¨ ¶·μ²¥É  ¶·μÉμ´μ¢ ¸ ¶μ³μ-
ÐÓÕ ¢·¥³Ö ³¶²¨ÉÊ¤´μ£μ ±μ´¢¥·Éμ·  ¶μ μÉ´μÏ¥´¨Õ ± μ¶μ·´μ³Ê ¨³¶Ê²Ó¸Ê μÉ
‚—-¸¨¸É¥³Ò Ë §μÉ·μ´ .

‡�Š‹	—…�ˆ…

�·¥¤²μ¦¥´Ò ¨ · §· ¡μÉ ´Ò ³¥Éμ¤Ò · ¸Î¥É  ¶ · ³¥É·μ¢ ±μ³¡¨´¨·μ¢ ´-
´ÒÌ · ¸¸¥¨¢ É¥²¥°, μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ¢Ò· ¢´¨¢ ´¨¥ ¶μ¶¥·¥Î´ÒÌ · ¸¶·¥¤¥²¥-
´¨° ¤μ§´ÒÌ ¶μ²¥° § ¤ ´´ÒÌ · §³¥·μ¢ ¤²Ö ³¥¤¨Í¨´¸±¨Ì ¶·μÉμ´´ÒÌ ¶ÊÎ±μ¢ ¸
¡μ²ÓÏ¨³ Ô³¨ÉÉ ´¸μ³ ´  Ë §μÉ·μ´¥ ‹Ÿ� �ˆŸˆ.

�μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶μ§¢μ²ÖÕÉ ¶μ  ´ ²¨É¨Î¥¸±¨³ Ëμ·³Ê² ³ ¡Ò¸É·μ
· ¸¸Î¨É ÉÓ ¶ · ³¥É·Ò ±μ³¡¨´¨·μ¢ ´´ÒÌ · ¸¸¥¨¢ É¥²¥° ¤²Ö · §²¨Î´ÒÌ Ê¸²μ-
¢¨° ¶μ²ÊÎ¥´¨Ö ¶μ¶¥·¥Î´μ£μ ¤μ§´μ£μ ¶μ²Ö ¸ · ¸Ï¨·¥´´μ° ¤μ 20 ¸³ μ¡² ¸ÉÓÕ
· ¢´μ³¥·´μ¸É¨ ¶·¨ Ê¢¥²¨Î¥´¨¨ ¨¸¶μ²Ó§Ê¥³μ° ¤μ²¨ ¶·μÉμ´´μ£μ ¶ÊÎ±  ¢ 3Ä
7 · § (¤μ 35 %).

� ¨¡μ²¥¥ ¶·μ¸Éμ, ¡¥§ ¸ÊÐ¥¸É¢¥´´ÒÌ ¶¥·¥¤¥²μ± μ¡μ·Ê¤μ¢ ´¨Ö, ¶μ²ÊÎ¥´¨¥
¤μ§´ÒÌ ¶μ²¥° ¸ · ¸Ï¨·¥´´μ° μ¡² ¸ÉÓÕ · ¢´μ³¥·´μ¸É¨ ³μ¦´μ μ¸ÊÐ¥¸É¢¨ÉÓ ¢
± ¡¨´¥ º5 (´¥°É·μ´´ Ö ± ¡¨´ ), £¤¥ ¨³¥¥É¸Ö ¡μ²ÓÏμ° ¤·¥°Ëμ¢Ò° ¶·μ³¥¦Ê-
Éμ± ¨  ¢Éμ³ É¨Î¥¸±¨°, ¤¨¸É ´Í¨μ´´μ Ê¶· ¢²Ö¥³Ò° ³´μ£μ²¥¶¥¸É±μ¢Ò° ±μ²²¨-
³ Éμ·, ´¥μ¡Ìμ¤¨³Ò° ¤²Ö Ëμ·³¨·μ¢ ´¨Ö ¶·μÉμ´´μ£μ ¶ÊÎ± , ´ ¨¡μ²¥¥ ¶μ²´μ
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Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ ±²¨´¨Î¥¸±¨³ É·¥¡μ¢ ´¨Ö³,   É ±¦¥ ¸É¥´¤, ²¥£±μ ¶·¨¸¶μ-
¸μ¡²Ö¥³Ò° ¤²Ö μ¡²ÊÎ¥´¨Ö ¶ Í¨¥´Éμ¢ ¢ ¶μ²μ¦¥´¨¨ ²¥¦ .
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