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‘É·μ¥´¨¥ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢ 
¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ · 

‘¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¡μ²¥¥ μ¡-
Ð¥£μ ¢¨¤ , Î¥³ ±Ê²μ´μ¢¸±¨¥, · ¸¸³ É·¨¢ ÕÉ¸Ö ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ · . ˆ¸-
¸²¥¤ÊÕÉ¸Ö ·¥£Ê²Ö·´Ò¥ Ë ¤¤¥¥¢¸±¨¥ ¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ, ¶μ¤Î¨´¥´´Ò¥
¸¨¸É¥³ ³ ¤¢Ê³¥·´ÒÌ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �μ± § ´μ, ÎÉμ ¢¸¥
ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ¤¢μ°´Ò³¨ ¡¥¸-
±μ´¥Î´Ò³¨ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ £¨¶¥·· ¤¨Ê¸ , ¥£μ ²μ£ ·¨Ë³  ¨ ¨¸±μ³Ò³
ËÊ´±Í¨Ö³ μ¤´μ£μ £¨¶¥·Ê£² . �μ¸É·μ¥´¨¥ É ±¨Ì ËÊ´±Í¨° ¸¢¥¤¥´μ ± ·¥Ï¥´¨Õ ·¥-
±Ê··¥´É´μ° Í¥¶μÎ±¨ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ” ¤¤¥¥¢¸±¨¥
¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ ¶·¥¤¸É ¢²¥´Ò ¸Ê³³ ³¨ ¢¸¥Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥-
´¨°. � °¤¥´´Ò¥ · §²μ¦¥´¨Ö ÔÉ¨Ì ±μ³¶μ´¥´É ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö ¢μ¸¸É ´μ¢²¥´¨Ö
· §²μ¦¥´¨° ¶·μ¥±Í¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´-
£¥·  ¨ ” ¤¤¥¥¢  ´  Ê£²μ¢Ò¥ ¡ §¨¸Ò, μ¡· §μ¢ ´´Ò¥ ¡¨¸Ë¥·¨Î¥¸±¨³¨ £ ·³μ´¨-
± ³¨, £¨¶¥·£ ·³μ´¨± ³¨ ¨²¨ ¸¨³³¥É·¨§μ¢ ´´Ò³¨ D-ËÊ´±Í¨Ö³¨ ‚¨£´¥· . „²Ö
¢¸¥Ì É ±¨Ì ¶·μ¥±Í¨° ¢Ò¢¥¤¥´Ò £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ÉμÎ±¥ É·μ°´μ£μ Ê¤ · .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�.�μ£μ²Õ¡μ¢ 
�ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2007

Pupyshev V.V. P5-2007-79
Structure of Regular Solutions to the Schréodinger and Faddeev
Equations in the Vicinity of the Triple Collision Point

Three-body systems with two-body central interactions are considered in the
vicinity of the triple collision point. The regular Faddeev bispherical components
obeying the systems of two-dimensional integrodifferential equations are studied. It
is shown that all fundamental regular solutions to these equations are the double series
in integer powers of the hyperradius, its logarithm and the sought functions of one
hyperangle. The construction of these functions is reduced to solving of a recurrence
chain of ordinary differential equations. The Faddeev bispherical components are
presented as inˇnite sums of all regular solutions. The found expansions of these
components are used for reproduction of expansions of projections of the regular
solutions to the six-dimensional Schréodinger and Faddeev equations onto the angular
basis formed by bispherical harmonics, hyperharmonics or the symmetrized Wigner
D-functions. For all these projections the boundary conditions at the triple collision
point are derived.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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�Ê¸ÉÓ R6 Å Ï¥¸É¨³¥·´μ¥ ±μμ·¤¨´ É´μ¥ ¶·μ¸É· ´¸É¢μ ¨¸¸²¥¤Ê¥³μ° ¸¨-
¸É¥³Ò É·¥Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í,   r Å ¥¥ £¨¶¥·· ¤¨Ê¸ [1]. ‚ R6 ¶μ¤ ³ ²μ°
μ±·¥¸É´μ¸ÉÓÕ ÉμÎ±¨ É·μ°´μ£μ ¸μÊ¤ ·¥´¨Ö r = 0 ¶μ´¨³ ¥É¸Ö Ï¥¸É¨³¥·´Ò°
Ï · H ≡ {r : r � 1}, ¢´ÊÉ·¨ ±μÉμ·μ£μ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ²Õ¡Ò³¨ ¤¢Ê³Ö
Î ¸É¨Í ³¨ ³ ²Ò.

� §²μ¦¥´¨¥ É·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ H ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ
‚. �. ”μ±μ³ ¢ [2] ¤²Ö 1S0-¸μ¸ÉμÖ´¨Ö  Éμ³  3He. Ÿ¤·μ £¥²¨Ö ¸Î¨É ²μ¸Ó ´¥-
¶μ¤¢¨¦´Ò³ ±Ê²μ´μ¢¸±¨³ Í¥´É·μ³,   ¤¢¨¦¥´¨¥ ¤¢ÊÌ Ô²¥±É·μ´μ¢ μ¶¨¸Ò¢ ²μ¸Ó
É·¥Ì³¥·´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· . �¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢-
´¥´¨Ö ¨¸± ²μ¸Ó ¢ ¢¨¤¥ ¤¢μ°´μ£μ ·Ö¤  ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ £¨¶¥·· ¤¨Ê¸  r, ¥£μ
²μ£ ·¨Ë³  s ≡ ln r ¨ ´¥¨§¢¥¸É´Ò³ ËÊ´±Í¨Ö³ ¤¢ÊÌ £¨¶¥·Ê£²μ¢. „²Ö ÔÉ¨Ì ËÊ´±-
Í¨° ‚. �. ”μ± ¢Ò¢¥² ·¥±Ê··¥´É´ÊÕ Í¥¶μÎ±Ê Ê· ¢´¥´¨°, ´¥±μÉμ·Ò¥ ¨§ ´¨Ì
¥³Ê Ê¤ ²μ¸Ó p §·¥Ï¨ÉÓ ¢ Ö¢´μ³ ¢¨¤¥.

‚ μ¡§μ· Ì [3,4] ¤ ´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ μ£·μ³´μ£μ Î¨¸²  · ¡μÉ ¶μ ¨¸-
¸²¥¤μ¢ ´¨Õ ¨ μ¡μ¡Ð¥´¨Õ Ëμ±μ¢¸±μ£μ · §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¤²Ö  Éμ³´ÒÌ ¸¨¸É¥³ ¨§ É·¥Ì ¨ ¡μ²¥¥ Î ¸É¨Í ¸ ¶ ·´Ò³¨, Î¨¸Éμ ±Ê-
²μ´μ¢¸±¨³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¨ · §²¨Î´Ò³¨ É¨¶ ³¨ ¸¨³³¥É·¨¨ ¢μ²´μ¢μ°
ËÊ´±Í¨¨. �μ²ÓÏ¨´¸É¢μ · ¡μÉ, ¶·μÍ¨É¨·μ¢ ´´ÒÌ ¢ ÔÉ¨Ì μ¡§μ· Ì, ¢Ò¶μ²´¥´Ò
¶μ ¸É ¢Ï¥° ±² ¸¸¨Î¥¸±μ° Ëμ±μ¢¸±μ° ¸Ì¥³¥.

�¢Éμ·Ò · ¡μÉÒ [5] ´ Î ²¨ μ¡μ¡Ð¥´¨¥ Ëμ±μ¢¸±μ£μ · §²μ¦¥´¨Ö ´  ¸²ÊÎ °
¶·μ¨§¢μ²Ó´ÒÌ ³ ¸¸ Î ¸É¨Í ¨ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, ¶·¥¤¸É -
¢¨³ÒÌ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ xn, n = −1, 0, . . ., · ¸¸ÉμÖ´¨Ö x ³¥¦¤Ê
¤¢Ê³Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ Î ¸É¨Í ³¨. �·¥¤²μ¦¥´´Ò°  ¢Éμ· ³¨ ¢Ò¢μ¤ · §²μ-
¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψ1, Ψ2, Ψ3, ¶μ¤Î¨´¥´´ÒÌ ¸¨¸É¥³¥ É·¥Ì Ï¥¸É¨-
³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢ , ¢Ò¶μ²´¥´ ¶μ Ëμ±μ¢¸±μ°
¸Ì¥³¥. 	É¨ ±μ³¶μ´¥´ÉÒ ¸É·μ¨²¨¸Ó ¢ ¢¨¤¥ Ëμ±μ¢¸±¨Ì ·Ö¤μ¢ ¶μ Í¥²Ò³ ¸É¥¶¥-
´Ö³ rn ¨ sm ¶¥·¥³¥´´ÒÌ r ¨ s ¨ ËÊ´±Í¨Ö³ Ψnm

i (Ωi), i = 1, 2, 3, § ¢¨¸ÖÐ¨³
μÉ ¸μ¢μ±Ê¶´μ¸É¥° Ωi ¶ÖÉ¨ £¨¶¥·Ê£²μ¢ ¨ ¶μ¤Î¨´¥´´Ò³ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �¥Ï¥´¨Ö ¥¥ ¶¥·¢ÒÌ É·¥Ì Ê· ¢´¥´¨°  ¢Éμ·Ò
¶μ²ÊÎ¨²¨ ¢ Ö¢´μ³ ¢¨¤¥.

’μÎ´μ¥ ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¨Ì Ê· ¢´¥´¨° Å μÎ¥´Ó É·Ê¤´ Ö § ¤ Î , ¶μÉμ³Ê
ÎÉμ ¨Ì ¶· ¢Ò¥ Î ¸É¨ Ê¸É·μ¥´Ò ¤μ¢μ²Ó´μ ¸²μ¦´μ,   Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥-
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³¥´´ÒÌ, · ¢´μ¥ ¶ÖÉ¨, ¸²¨Ï±μ³ ¢¥²¨±μ. —¨¸²¥´´Ò°  ´ ²¨§ É ±¨Ì Ê· ¢´¥´¨°
¶·¨´Í¨¶¨ ²Ó´μ ´¥¢μ§³μ¦¥´ ¶μ ¶·μ¸Éμ° ¶·¨Î¨´¥: ¨¸±μ³Ò¥ ËÊ´±Í¨¨ Ψnm

i ¸μ-
¤¥·¦ É ¢ ± Î¥¸É¢¥ ¸² £ ¥³ÒÌ μ¡Ð¨¥ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¤´μ·μ¤´ÒÌ
Ê· ¢´¥´¨°, ÔÉ¨ ¸² £ ¥³Ò¥ μ¶·¥¤¥²¥´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶·μ¨§¢μ²Ó´ÒÌ ³´μ¦¨-
É¥²¥°, § Ë¨±¸¨·μ¢ ÉÓ ¨Ì §´ Î¥´¨Ö ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ´¥²Ó§Ö.

‚¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ É·Ê¤´μ¸É¨ Ê¤ ²μ¸Ó ¶·¥μ¤μ²¥ÉÓ ¢ · ³± Ì ¤·Ê-
£μ£μ ¶μ¤Ìμ¤  [6] ± ¢Ò¢μ¤Ê · §²μ¦¥´¨° Ëμ±μ¢¸±μ£μ É¨¶ , ´μ ²¨ÏÓ ¢ ¸²ÊÎ ¥
É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸ S-¢μ²´μ¢Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨. ‚ ÔÉμ³ ¶μ¤-
Ìμ¤¥ ¨¸Ìμ¤´Ò³¨ Ö¢²ÖÕÉ¸Ö ¤¢Ê³¥·´Ò¥ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö
” ¤¤¥¥¢ ,   ¨Ì μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ²¨´¥°´μ° ±μ³¡¨-
´ Í¨¥° ¶·μ¨§¢μ²Ó´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°. Š ¦¤μ¥
ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥Ï¥´¨¥ ¸É·μ¨É¸Ö ¢ ¢¨¤¥ ·Ö¤  ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ rn ¨
sm ¨ ËÊ´±Í¨Ö³ UL�

nm(ϕ), § ¢¨¸ÖÐ¨³ ²¨ÏÓ μÉ μ¤´μ£μ £¨¶¥·Ê£²  ϕ ¨ ¶μ¤Î¨´¥´-
´Ò³ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ μ¡Ò±´μ¢¥´´ÒÌ ´¥μ¤´μ·μ¤´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨. ’ ± Ö ·¥-
±Ê··¥´É´ Ö ±· ¥¢ Ö § ¤ Î  ¤μ¢μ²Ó´μ ¶·μ¸É  ¨, ÎÉμ ¸ ³μ¥ £² ¢´μ¥, ´¥ ¸μ¤¥·-
¦¨É ´¨± ±¨Ì ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢. �μÔÉμ³Ê ·¥Ï¥´¨¥ ¤μ¢μ²Ó´μ
¡μ²ÓÏμ£μ Î¨¸²  ¥¥ ¶¥·¢ÒÌ Ê· ¢´¥´¨° ´¥ ¢Ò§Ò¢ ¥É ¶·¨´Í¨¶¨ ²Ó´ÒÌ § É·Ê¤-
´¥´¨°. „²Ö ·¥Ï¥´¨Ö ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¨ ¨§¢¥¸É´Ò¥ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò [7],
¨ ¶·¥¤²μ¦¥´´Ò° ¢ [6] ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö ËÊ´±Í¨° UL�

nm ¢ ¢¨¤¥ ·Ö¤μ¢ ¶μ ¸μ¡-
¸É¢¥´´Ò³ ËÊ´±Í¨Ö³ ¨´É¥£· ²Ó´ÒÌ μ¶¥· Éμ·μ¢, ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ ¤¢Ê³¥·´ÒÌ
Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨ÖÌ.

‚ [8] ±· É±μ μ¡¸Ê¦¤ ²μ¸Ó ¢μ§³μ¦´μ¥ μ¡μ¡Ð¥´¨¥ μ¶¨¸ ´´μ£μ ¢ÒÏ¥ ³¥Éμ¤ 
´  ¸²ÊÎ ° É·¥Ì · §´ÒÌ Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨.
ˆ¸Î¥·¶Ò¢ ÕÐ¥¥ μ¶¨¸ ´¨¥ É ±μ£μ μ¡μ¡Ð¥´¨Ö ¨ ¥£μ ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥-
´¨° Å £² ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ, Ê¸É·μ¥´´μ° ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

‚ · §¤¥²¥ 1 ¶¥·¥Î¨¸²¥´Ò Éμ²Ó±μ É¥ ¨§¢¥¸É´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ¸μμÉ´μÏ¥-
´¨Ö, ±μÉμ·Ò¥ ¶μÉ·¥¡ÊÕÉ¸Ö ¢ · §¤¥² Ì 2Ä4. ‚Ò¢μ¤ ± ¦¤μ£μ ¨§ ¶·¨¢¥¤¥´´ÒÌ
¸μμÉ´μÏ¥´¨° ¤¥É ²Ó´μ ¨§²μ¦¥´ ¢ [9Ä11].

� §¤¥² 2 ¶μ¸¢ÖÐ¥´ ¶μ¤·μ¡´μ³Ê μ¶¨¸ ´¨Õ ¨ ¨²²Õ¸É· Í¨¨ ³¥Éμ¤  ¶μ¸É·μ¥-
´¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢
Ï ·¥ H ¢ ¢¨¤¥ ·Ö¤μ¢ Ëμ±μ¢¸±μ£μ É¨¶  ¨ ¨¸¸²¥¤μ¢ ´¨Õ § ¢¨¸¨³μ¸É¨ ¸É·μ¥´¨Ö
É ±¨Ì ·Ö¤μ¢ μÉ ¸É·μ¥´¨Ö ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.

‚ · §¤¥² Ì 3 ¨ 4 ¶μ ¶μ²ÊÎ¥´´Ò³ · §²μ¦¥´¨Ö³ ¢μ¸¸É ´μ¢²¥´Ò ¨ ¨¸¸²¥-
¤μ¢ ´Ò · §²μ¦¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° μ¤´μ-, ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ ¸¨¸É¥³
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥·  ¢ Ï ·¥ H ¨ ¤²Ö É ±¨Ì ·¥Ï¥´¨° ¢ ÉμÎ±¥
É·μ°´μ£μ Ê¤ ·  ¢Ò¢¥¤¥´Ò ´μ¢Ò¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ¢¨¤¥ ²¨´¥°´ÒÌ ¸μμÉ´μ-
Ï¥´¨° (¸¢Ö§¥°) ³¥¦¤Ê Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ · §´ÒÌ ¶μ·Ö¤±μ¢.

‚ ‡ ±²ÕÎ¥´¨¨ ¶·μ¸Ê³³¨·μ¢ ´Ò μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.
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‚ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 Ë¨±¸¨·Ê¥³ ¤¥± ·Éμ¢Ê ¸¨-
¸É¥³Ê ±μμ·¤¨´ É S ¸ ´ ¶· ¢²ÖÕÐ¨³¨ μ·É ³¨ e1, e2 ¨ e3 = e1 × e2 ¨ ´ Î ²Ó-
´μ° ÉμÎ±μ° O, ¸μ¢¶ ¤ ÕÐ¥° ¸ Í¥´É·μ³ ³ ¸¸ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³Ò {p1, p2, p3}
É·¥Ì Î ¸É¨Í p1, p2 ¨ p3 ¸ ³ ¸¸ ³¨ m1, m2 ¨ m3 ¨ § ·Ö¤ ³¨ z1, z2 ¨ z3.

‚ ¸¨¸É¥³¥ S cÉ ´¤ ·É´Ò³ μ¡· §μ³ ¢¢¥¤¥³ É·¨ ¶ ·Ò ¶·¨¢¥¤¥´´ÒÌ É·¥Ì-
³¥·´ÒÌ ¢¥±Éμ·μ¢ Ÿ±μ¡¨ xi, yi, i = 1, 2, 3. ‚¥±Éμ·Ò xi ¨ yi μ¡Ñ¥¤¨´¨³ ¢
Ï¥¸É¨³¥·´Ò° ¢¥±Éμ· ri ≡ (xi,yi) ∈ R6 ¸ £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ±μμ·¤¨´ É ³¨
(r, Ωi), £¤¥ r ≡ (x2

i + y2
i )1/2 Å £¨¶¥·· ¤¨Ê¸,   Ωi ≡ (x̂i, ŷi, ϕi) Å ´ ¡μ·

¨§ ¶ÖÉ¨ Ê£²μ¢: x̂i ≡ (θxi , ϕxi) ¨ ŷi ≡ (θyi , ϕyi) Å ¶ ·Ò ¸Ë¥·¨Î¥¸±¨Ì Ê£²μ¢
¢¥±Éμ·μ¢ xi, yi ¢ ¸¨¸É¥³¥ S,   ϕi ≡ arctg (yi/xi). ‚¸¥ £¨¶¥·Ê£²Ò ´ ¡μ·  Ωk

³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ËÊ´±Í¨¨ £¨¶¥·Ê£²μ¢ ´ ¡μ·  Ωi ¨ ¶ · ³¥É·  Å ±¨´¥-
³ É¨Î¥¸±μ£μ Ê£²  γki. �É³¥É¨³ ÔÉμÉ Ë ±É ¸μμÉ´μÏ¥´¨¥³ Ωk = Ωk(Ωi; γki) ¨
¶·¨¢¥¤¥³ ¶·¨³¥·:

ϕk(ϕi, ui; γki) = arccos
{
[cos (γki − ϕi)]2+ (1/2)(ui − 1) sin 2γki sin 2ϕi

}1/2
,

£¤¥ ui Å ±μ¸¨´Ê¸ Ê£²  θi ³¥¦¤Ê ¢¥±Éμ· ³¨ xi, yi, ¢Ò· ¦¥´´Ò° Î¥·¥§ x̂i ¨ ŷi.
‚¢¥¤¥³ ¢ R3 É·¨ (i = 1, 2, 3) ¶· ¢Ò¥, ¤¥± ·Éμ¢Ò ¨ ª¶μ¤¢¨¦´Ò¥ª ¸¨¸É¥³Ò

±μμ·¤¨´ É Sx
i ¸ μ·É ³¨ ei

1, e
i
2, e

i
3. �Ê¸ÉÓ ´ Î ²Ó´Ò¥ ÉμÎ±¨ Oi ¨ O ¸¨¸É¥³

Sx
i ¨ S3 ¸μ¢¶ ¤ ÕÉ, yi · ei

1, > 0, yi · ei
2 = 0,   xi · ei

3 = xi. ’μ£¤  μ·ÉÒ ei
2

±μ²²¨´¥ ·´Ò ´μ·³ ²¨ N ≡ xi×yi ± ¶²μ¸±μ¸É¨ P É·¥Ì Î ¸É¨Í ¨ ÔÉ  ¶²μ¸±μ¸ÉÓ
¸μ¢¶ ¤ ¥É ¸ ¶²μ¸±μ¸ÉÖ³¨ P i

13 μ·Éμ¢ ei
1 ¨ ei

3. ’ ± ± ± ¢ ¸¨¸É¥³¥ S μ·¨¥´É Í¨Ö
¢¥±Éμ·μ¢ xi ¨ yi § ¤ ´  Ê£² ³¨ x̂i = (θxi , ϕxi) ¨ ŷi = (θyi , ϕyi),   ¢ ¸¨¸É¥³¥
Sx

i Å Ê£² ³¨ x̂x
i = (θx

xi
, ϕx

xi
) = (0, 0) ¨ Ê£² ³¨ ŷx

i = (θx
yi

, ϕx
yi

) = (θi, 0), Éμ
¶¥·¥Ìμ¤ S → Sx

i μ¶·¥¤¥²Ö¥É¸Ö Ê£² ³¨ 	°²¥·  ωx
i = (ϕxi , θxi , γ

x
i ), £¤¥

cos γx
i = ctg θi cos θxi − cosec θi cos θyi .

‚ § ¤ Î¥ É·¥Ì Î ¸É¨Í ± ± Ê£²μ¢Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ´ ¨¡μ²¥¥ Î ¸Éμ
¨¸¶μ²Ó§ÊÕÉ¸Ö μ¶·¥¤¥²¥´´Ò¥ ¢ [12] ¨ [13] ¡¨¶μ²Ö·´Ò¥ ¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨
(¡¨¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨) Y�m

ab (x̂i, ŷi) ¨ £¨¶¥·£ ·³μ´¨±¨

Y �m
Lab(Ωi) ≡ 2 cosec(2ϕi) W̃Lab(ϕi)Y�m

ab (x̂i, ŷi) , (1)

  É ±¦¥ ¢¢¥¤¥´´Ò¥ ¢ [9] ËÊ´±Í¨¨

W̃Lab(ϕi) ≡ NLab (sin ϕi)a+1 (cos ϕi)b+1 P (a+1/2,b+1/2)
n (cos 2ϕi) (2)

¨ Dσ-ËÊ´±Í¨¨ D�σ∗
mm′(ωx

i ), ± ¦¤ Ö ¨§ ±μÉμ·ÒÌ Å ¢¶μ²´¥ μ¶·¥¤¥²¥´´ Ö ²¨´¥°-
´ Ö ±μ³¡¨´ Í¨Ö [14] ¤¢ÊÌ D-ËÊ´±Í¨° ‚¨£´¥·  D�∗

m,+m′(ωx
i ) ¨ D�∗

m,−m′(ωx
i ).

3



�¨¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ¸Ê³³Ò [15]:

Y�m
ab (x̂i, ŷi) =

�∑
m′=μ(σ)

T �m′

ab Θam′(ui)D�σ∗
mm′(ωx

i ) . (3)

‚ (1)Ä(3) μ¡μ§´ Î¥´¨Ö ¸É ´¤ ·É´Ò¥: NLab Å ¨§¢¥¸É´Ò¥ ´μ·³¨·μ¢μÎ´Ò¥

³´μ¦¨É¥²¨, P
(a,b)
n Å ¶μ²¨´μ³Ò Ÿ±μ¡¨, Θaα Å ´μ·³¨·μ¢ ´´Ò¥ ¶·¨¸μ¥¤¨-

´¥´´Ò¥ ¶μ²¨´μ³Ò ‹¥¦ ´¤· , T �m′

ab Å ±μÔËË¨Í¨¥´ÉÒ —¥´£ Ä” ´μ,   ¨´¤¥±¸Ò
³μ£ÊÉ ¶·¨´¨³ ÉÓ Éμ²Ó±μ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:

� = 0, 1, . . . ; m = −�,−� + 1, . . . , � ; |a − b| ≤ � ≤ a + b ;
L = a + b + 2n , n = 0, 1, . . . ; σ = ± (−1)� , μ(σ) ≡ [1 − (−1)�σ]/2 .

�·¨ ¤ ´´ÒÌ §´ Î¥´¨ÖÌ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  � ¨ ¶μ²´μ° ¶·μ¸É· ´-
¸É¢¥´´μ° Î¥É´μ¸É¨ σ ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ Lmin £¨¶¥·³μ³¥´É  L · ¢´μ
� + μ(σ) = a + b,   μ(σ) = 0 ¤²Ö ´μ·³ ²Ó´μ° Î¥É´μ¸É¨ σ = (−1)� ¨ μ(σ) = 1
¤²Ö  ´μ³ ²Ó´μ° Î¥É´μ¸É¨ σ = (−1)�+1.

�Ê¸ÉÓ H0 ¨ E Å ¸¢μ¡μ¤´Ò° £ ³¨²ÓÉμ´¨ ´ ¨ ¶μ²´ Ö Ô´¥·£¨Ö c¨¸É¥³Ò
{p1, p2, p3} É·¥Ì Î ¸É¨Í, V ≡ V1 + V2 + V3 Å ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥,   V1,
V2, V3 Å Í¥´É· ²Ó´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨ p2 ¨ p3, p1 ¨ p3, p1

¨ p2.
‚ Ö¤¥·´μ° ¨ ³μ²¥±Ê²Ö·´μ° Ë¨§¨±¥ ´ ·Ö¤Ê ¸ ±Ê²μ´μ¢¸±¨³¨ ¶μÉ¥´Í¨ ² ³¨

Vk(xk) = qk/xk , qk ≡ zizj

√
2μij , μij ≡ mimj/(mi + mj) , k = 1, 2, 3,

Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¡μ²¥¥ Ï¨·μ±μ£μ ±² ¸¸ 

Vk(xk) = qk/xk + V̄k(xk) =
∞∑

n=−1

Vkn xn
k , k = 1, 2, 3, (4)

¨ É¨¶¨Î´Ò³¨ Ö¢²ÖÕÉ¸Ö É·¨ ¸²ÊÎ Ö A), B) ¨ C):

A)Vk,−1 �= 0 ; B)Vk,−1 = 0 , Vk1 �= 0 ; C)Vk,2n−1 = 0 , n = 0, 1, . . . , (5)

£¤¥ qk ≡ Vk,−1 ¨ ¢¸¥ Vkn, n ≥ 0, Å ¨§¢¥¸É´Ò¥ ±μ´¸É ´ÉÒ. ‚ ²Õ¡μ³ ¨§ ÔÉ¨Ì
¸²ÊÎ ¥¢ ¸ ¶μ²´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ H ≡ H0 + V ±μ³³ÊÉ¨·ÊÕÉ ±¢ ¤· É μ¶¥· -
Éμ·  ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  � = �1e1 + �2e2 + �3e3, ¥£μ ±μ³¶μ´¥´É  �3 ¨
μ¶¥· Éμ· P μ¤´μ¢·¥³¥´´μ° ¨´¢¥·¸¨¨ xi → −xi, yi → −yi. �μÔÉμ³Ê ¶μ²´Ò°
´ ¡μ· ε ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸μ¸Éμ¨É ¨§ §´ -
Î¥´¨Ö Ô´¥·£¨¨ ¨ ¸μ¡¸É¢¥´´ÒÌ Î¨¸¥² ÔÉ¨Ì É·¥Ì μ¶¥· Éμ·μ¢: ε = {E, �, m, σ}.
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„ ²¥¥ ³Ò ¨¸¸²¥¤Ê¥³ Éμ²Ó±μ É¥ ·¥£Ê²Ö·´Ò¥ (μ£· ´¨Î¥´´Ò¥ ¢¸Õ¤Ê ¢ R6)
Î ¸É´Ò¥ ·¥Ï¥´¨Ö Ψε ¨ {Ψε

1, Ψ
ε
2, Ψ

ε
3} Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ⎡

⎣H0(r, Ωi) − E + Vi(r cos ϕi) +
∑
k �=i

Vk(r cos ϕk(ϕi, ui; γki))

⎤
⎦ Ψε(r, Ωi) = 0

(6)
¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸¨¸É¥³Ò É·¥Ì (i = 1, 2, 3) Ê· ¢´¥´¨° ” ¤¤¥¥¢ 

[ H0(r, Ωi) − E ] Ψε
i (r, Ωi) = −Vi(r cos ϕi)Ψε(r, Ωi) , (7)

Ψε(r, Ωi) = Ψε
i (r, Ωi) +

∑
k �=i

Ψε
k(r, Ωk(Ωi; γki)) ,

±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·μ¢ H , �2, �3 ¨ P .
” ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε

i (r, Ωi) ¶·¥¤¸É ¢¨³ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨

Ψε
i = 2 [r2 sin 2ϕi]−1

∑
ab

U �
iab(r, ϕi)Y�m

ab (x̂i, ŷi) , (8)

£¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨

Ψε
i = r−2

∑
L=�+μ(σ)

∑
ab

U �
iLab(r)Y �m

Lab(Ωi) (9)

¨ Dσ-·Ö¤ ³¨

Ψε
i = 2

[
r2 sin 2ϕi (1 − u2

i )
1/2

]−1 �∑
m′=μ(σ)

U �x
im′(r, ϕi, ui)D�σ∗

mm′(ωx
i ) , (10)

  ËÊ´±Í¨¨ U �
iab, U �

iLab ¨ U �x
im′ ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ë ¤¤¥¥¢¸±¨³¨ ¶·¨¢¥¤¥´´Ò³¨

¡¨¸Ë¥·¨Î¥¸±¨³¨, £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ¨ Dσ-±μ³¶μ´¥´É ³¨.
ƒ¨¶¥·£ ·³μ´¨±¨ Å ¶·μ¨§¢¥¤¥´¨Ö (1) ËÊ´±Í¨° 2cosecϕi Y�m

ab ¨ W̃Lab), a
³´μ¦¥¸É¢μ {WLab(ϕi)}∞L=a+b ËÊ´±Í¨° WLab c Ë¨±¸¨·μ¢ ´´Ò³¨ a ¨ b μ·Éμ-
´μ·³¨·μ¢ ´μ ´  μÉ·¥§±¥ 0 ≤ ϕi ≤ π/2:

〈W̃Lab(ϕi)|W̃L′ab(ϕi)〉 ≡
∫ π/2

0

W̃Lab(ϕi) W̃L′ab(ϕi) dϕi = δLL′ .

�μÔÉμ³Ê ÔÉμ ³´μ¦¥¸É¢μ Ö¢²Ö¥É¸Ö ¶μ²´Ò³ ¨ μ·Éμ´μ·³¨·μ¢ ´´Ò³ ¡ §¨¸μ³ ¤²Ö
· §²μ¦¥´¨Ö ¡¨¸Ë¥·¨Î¥¸±μ° ±μ³¶μ´¥´ÉÒ U �

iab,   ¥¥ ¶·μ¥±Í¨Ö ´  ËÊ´±Í¨Õ
W̃Lab · ¢´  £¨¶¥·¸Ë¥·¨Î¥¸±μ° ±μ³¶μ´¥´É¥ U �

iLab:

U �
iab(r, ϕi) =

∞∑
L=a+b

U �
iLab(r) W̃Lab(ϕi), U �

iLab(r) = 〈W̃Lab(ϕi)|U �
iab(ϕi)〉 .

(11)
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…¸²¨ ¶·¨· ¢´ÖÉÓ · §²μ¦¥´¨Ö (8) ¨ (10) ËÊ´±Í¨¨ Ψε
i ,   § É¥³ ¶·¨³¥-

´¨ÉÓ (3), Éμ ¶μ²ÊÎ É¸Ö ¶·¥¤¸É ¢²¥´¨Ö Dσ-±μ³¶μ´¥´É U �x
im′ Î¥·¥§ ±μ³¶μ´¥´ÉÒ

U �
iab:

U �x
im′(r, ϕi, ui) = (1 − u2

i )
1/2

∑
ab

T �m′

ab U �
iab(r, ϕi)Θam′(ui) . (12)

� §²μ¦¥´¨Ö³ (8)Ä(10) É·¥Ì Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε
1, Ψε

2 ¨ Ψε
3 μÉ¢¥Î ÕÉ

¸²¥¤ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¨Ì ¸Ê³³Ò Ψε(r, Ωi): ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤

Ψε = 2 [r2 sin 2ϕi]−1
∑
ab

U �
ab(r, ϕi)Y�m

ab (x̂i, ŷi) ,

U �
ab(r, ϕi) = U �

iab(r, ϕi) +
∑
k �=i

∑
a′b′

〈r, ϕi|h�
aba′b′(γki)|U �

ka′b′(r, ϕk)〉 , (13)

¸μ¤¥·¦ Ð¨° ¨´É¥£· ²Ò ¸ ¨§¢¥¸É´Ò³¨ ¢ Ö¢´μ³ ¢¨¤¥ Ö¤· ³¨

〈r, ϕi|h�
aba′b′(γki)|U �

ka′b′(r, ϕk)〉 =

=
∫ C+(ϕi;γki)

C−(ϕi;γki)

h�
aba′b′(ϕi, ϕk; γki)U �

ka′b′(r, ϕk) dϕk , (14)

C−(ϕi; γki) ≡ |ϕi − |γki|| , C+(ϕi; γki) ≡ min {ϕi + |γki|, π − ϕ − |γki|} ,

£¨¶¥·¸Ë¥·¨Î¥¸±¨° ·Ö¤

Ψε = r−2
∑
Lab

U �
Lab(r)Y �m

Lab(Ωi) , (15)

U �
Lab(r) ≡ U �

iLab(r) +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� U �
kLa′b′(r) ,

£¤¥ 〈ab|K(γki)|a′b′〉L� Å ±μÔËË¨Í¨¥´ÉÒ �¥°´ ² Ä�¥¢ ¨, ¨ Dσ-·Ö¤

Ψε = 2
[
r2 sin 2ϕi(1 − u2

i )
1/2

]−1 �∑
m′=μ(σ)

U �x
m′(r, ϕi, ui)D�σ∗

mm′(ωx
i ) , (16)

¢ ±μÉμ·μ³ U �x
m′ Å ¨§¢¥¸É´Ò¥ ¸Ê³³Ò [11] Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É U �x

km′′ .
˜·¥¤¨´£¥·μ¢¸±¨¥ ¶·¨¢¥¤¥´´Ò¥ ±μ³¶μ´¥´ÉÒ U �

ab ¨ U �
Lab ¨ U �x

m′ ¶μ¤Î¨´Ö-
ÕÉ¸Ö  ´ ²μ£ ³ ¸μμÉ´μÏ¥´¨° (11) ¨ (12): ±μ³¶μ´¥´ÉÒ U �

ab ¨ U �
Lab ¢§ ¨³μ¸¢Ö-

§ ´Ò:

U �
ab(r, ϕi) =

∞∑
L=a+b

U �
Lab(r) W̃Lab(ϕi), U �

Lab(r) = 〈W̃Lab(ϕi)|U �
ab(ϕi)〉, (17)

  ¢¸²¥¤¸É¢¨¥ (3) ±μ³¶μ´¥´ÉÒ U �x
m′ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μ³¶μ´¥´ÉÒ U �

ab:

U �x
m′(r, ϕi, ui) = (1 − u2

i )
1/2

∑
ab

T �m′

ab U �
ab(r, ϕi)Θam′(ui) . (18)
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’·¨ ¸¶μ¸μ¡  ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò (7) ·¥ ²¨§ÊÕÉ¸Ö ¶μ μ¤´μÉ¨¶´μ° ¸Ì¥³¥:
c´ Î ²  ¢¸¥ ±μ³¶μ´¥´ÉÒ Ψε

i ¨ ¨Ì ¸Ê³³  Ψε § ³¥´ÖÕÉ¸Ö μ¤´μÉ¨¶´Ò³¨ ·Ö¤ ³¨
(8)Ä(10) ¨ (13)Ä(16),   § É¥³ ¶μ²ÊÎ¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¶·μ¥Í¨·ÊÕÉ¸Ö ´  ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨° Ê£²μ¢μ° ¡ §¨¸. ‚ ¨Éμ£¥ ¶μ²ÊÎ ÕÉ¸Ö Ë ¤¤¥¥¢¸±¨¥ ¤¢Ê³¥·´Ò¥
¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¡¥¸±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �

iab}
¢¸¥Ì ±μ³¶μ´¥´É U �

iab, μ¤´μ³¥·´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨° ¤²Ö ¡¥¸±μ-
´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �

iLab} ¢¸¥Ì ±μ³¶μ´¥´É U �
iLab ¨ É·¥Ì³¥·´Ò¥ ¤¨ËË¥-

·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �x
im′} ¢¸¥Ì ±μ³¶μ´¥´É

U �x
im′ .

�¥¤Ê±Í¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (6) ·¥ ²¨§Ê¥É¸Ö  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³:
¨¸±μ³μ¥ ·¥Ï¥´¨¥ Ψε § ³¥´Ö¥É¸Ö ¥£μ ·Ö¤μ³ (13) ¨²¨ (15), ¨²¨ ¦¥ (16), ¶μ-
²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ¶·μ¥Í¨·Ê¥É¸Ö ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê£²μ¢μ° ¡ §¨¸ ¨
¢ ·¥§Ê²ÓÉ É¥ ¢Ò¢μ¤ÖÉ¸Ö ¸¨¸É¥³Ò ¤¢Ê-, μ¤´μ- ¨ É·¥Ì³¥·´ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨°
˜·¥¤¨´£¥·  ¤²Ö ¡¥¸±μ´¥Î´ÒÌ ¸μ¢μ±Ê¶´μ¸É¥° {U �

ab} ¨ {U �
Lab} ¢¸¥Ì ±μ³¶μ´¥´É

U �
ab ¨ U �

Lab ¨ ±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �x
m′} ¢¸¥Ì ±μ³¶μ´¥´É U �x

m′ .
„ ²¥¥ ´ ³ ¶μÉ·¥¡ÊÕÉ¸Ö Éμ²Ó±μ ¤¢Ê³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢ [
H̃0ab(r, ϕi) + E

]
U �

iab(r, ϕi) = Vi(r cos ϕi)U �
ab(r, ϕi) =

= Vi(r cos ϕi)

⎡
⎣U �

iab(r, ϕi) +
∑
k �=i

∑
a′b′

〈r, ϕi|h�
aba′b′(γki)|U �

ka′b′(r, ϕk)〉

⎤
⎦ . (19)

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ r ∈ [0,∞),   ϕi ∈ [0, π/2] ¤²Ö ± ¦¤μ£μ i = 1, 2, 3; μ¶¥· Éμ·

H̃0ab(r, ϕi) ≡ ∂2
r + r−1 ∂r − r−2 L̃2

ab(ϕi)

¶μ·μ¦¤¥´ ¸¢μ¡μ¤´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ H0 ¨ ¸μ¤¥·¦¨É μ¶¥· Éμ·

L̃2
ab(ϕi) ≡ −∂2

ϕi
+ a(a + 1)/(sin ϕi)2 + b(b + 1)/(cos ϕi)2 ;

¨´¤¥±¸Ò a, b ¨ a′, b′ ¶·¨´¨³ ÕÉ ²Õ¡Ò¥ ¤μ¶Ê¸É¨³Ò¥ ¶·¨ ¤ ´´ÒÌ � ¨ σ §´ Î¥-
´¨Ö, ¶·¨Î¥³ Ê¸²μ¢¨¥³ (−1)a+b = (−1)a′+b′ = σ μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¸μÌ· ´¥´¨¥
¸μ¡¸É¢¥´´μ£μ Î¨¸²  σ μ¶¥· Éμ·  ¨´¢¥·¸¨¨ P ,   ¤²Ö Éμ£μ ÎÉμ¡Ò ·Ö¤Ò (8) ¡Ò²¨
μ£· ´¨Î¥´Ò ´  ²ÊÎ Ì {r ∈ [0,∞), ϕi = 0} ¨ {r ∈ [0,∞), ϕi = π/2}, ¢¸¥
¨¸±μ³Ò¥ ËÊ´±Í¨¨ U �

iab(r, ϕi) ¶μ¤Î¨´ÖÕÉ¸Ö μ¤´μ·μ¤´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³:

U �
iab = 0, r = 0, ϕi ∈ [0, π/2] ; U �

iab = 0, r ∈ (0,∞), ϕi = 0, π/2 , (20)

�¶¥· Éμ· L̃2
ab μÉμ¡· ¦ ¥É ËÊ´±Í¨Õ W̃Lab ¶μ ¶· ¢¨²Ê

[ L̃2
ab(ϕi) − (L + 2)2 ] W̃Lab(ϕi) = 0 , (21)

  μ¶¥· Éμ· h�
aba′b′(γki) Å ¶μ ¶· ¢¨²Ê [16]

〈ϕi|h�
aba′b′(γki)|W̃La′b′(ϕk)〉 = 〈ab|K(γki)|a′b′〉L� W̃Lab(ϕi) . (22)
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‚¸Õ¤Ê ¤ ²¥¥ Ê ¢¸¥Ì  ·£Ê³¥´Éμ¢ μ¶ÊÐ¥´ ¨´¤¥±¸ i ¨ ¸Î¨É ¥É¸Ö, ÎÉμ

x ≡ xi, y ≡ yi, ϕ ≡ ϕi, Ω ≡ Ωi, u ≡ ui, θ ≡ θi , (1 − u2
i )

1/2 = sin θ ,

 ¸¨³¶ÉμÉ¨±μ° ¨ ¸¢Ö§ÓÕ ´ §Ò¢ ÕÉ¸Ö  ¸¨³¶ÉμÉ¨±  ¶·¨ r → 0 ¨ ¸¢Ö§Ó ¶·¨ r = 0.

2. ”“�„�Œ…�’�‹œ��Ÿ ‘ˆ‘’…Œ� �…ƒ“‹Ÿ��›• �…˜…�ˆ‰

�Ê¸ÉÓ ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å ·Ö¤Ò (4) μ¤´μ£μ ¨ É·¥Ì É¨¶μ¢ (5),  
¶μ²´Ò° ´ ¡μ· ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε = {E, �, m, σ} § ¤ ´.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¨¸Ìμ¤´μ° Ö¢²Ö¥É¸Ö ±· ¥¢ Ö § ¤ Î  (19), (20). …£μ ·¥ -
²¨§ Í¨Õ ´ Î´¥³ ¸ μ¡¸Ê¦¤¥´¨Ö ±²ÕÎ¥¢ÒÌ Ëμ·³Ê².

� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê (19). �Ê¸ÉÓ {a, b} Å ¢Ò¡· ´´ Ö ¶ ·  ¨´¤¥±¸μ¢ a ¨
b. „²Ö  ´ ²¨§  Ê· ¢´¥´¨Ö ÔÉμ° ¸¨¸É¥³Ò, ¸μ¤¥·¦ Ð¥£μ ¢ ²¥¢μ° Î ¸É¨ ±μ³¶μ-
´¥´ÉÊ U �

iab c É ±¨³¨ ¨´¤¥±¸ ³¨ a ¨ b, ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ± ± ¶μ²´Ò° Ê£²μ¢μ°
¡ §¨¸ ´ ¡μ· {W̃Lab(ϕ)}∞L=a+b ËÊ´±Í¨° (2). 	ÉμÉ ¡ §¨¸ ¨¸±²ÕÎ¨É¥²Ó´μ Ê¤μ-

¡¥´, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ ¸¶¥±É· ²Ó´Ò³ Ëμ·³Ê² ³ (21) ¨ (22) ËÊ´±Í¨¨ W̃Lab

Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¨ ¤²Ö μ¶¥· Éμ·  L̃2
ab, ¨ ¤²Ö μ¶¥· Éμ·  h�

aba′b′(γki).
Š·μ³¥ ÔÉ¨Ì Ëμ·³Ê², ±²ÕÎ¥¢Ò³¨ ¡Ê¤ÊÉ · §²μ¦¥´¨Ö

(cos ϕ)g W̃Lab(ϕ) =
∑

L′=a+b

ALg
L′ab W̃L′ab(ϕ) , g = −1, 0, . . . (23)

‚¸¥ ±μÔËË¨Í¨¥´ÉÒ ALg
L′ab ÔÉ¨Ì · §²μ¦¥´¨° Å μ¤´μ±· É´Ò¥ ¨´É¥£· ²Ò:

ALg
L′ab ≡ NLab NL′ab

∫ π/2

0

(sin ϕ)2a+2 (cos ϕ)2b+2+g ×

× P (a+1/2,b+1/2)
n (cos 2ϕ)P

(a+1/2,b+1/2)
n′ (cos 2ϕ) dϕ .

Š ¦¤Ò° ¨§ É ±¨Ì ¨´É¥£· ²μ¢ ¶μ¤¸É ´μ¢±μ° z = cos 2ϕ ¨ § ³¥´μ° ¶μ²¨´μ³ 

P
(a+1/2,b+1/2)
n′ (z) ¨²¨ P

(a+1/2,b+1/2)
n (z) £¨¶¥·£¥μ³¥É·¨Î¥¸±¨³ ·Ö¤μ³ [17] ¸¢¥-

¤¥³ ± ¸Ê³³¥ É ¡²¨Î´ÒÌ ¨´É¥£· ²μ¢ [18]. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨´¢ ·¨ ´É´μ¥
μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò n ↔ n′ ¨´¤¥±¸μ¢ n ¨ n′ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ±μ´¥Î´μ°
¸Ê³³Ò:

ALg
L′ab = NLab NL′ab

(−1)n+n′

2 n! n′!
(b + 3/2)n×

×
n∑

p=0

(−n)p

(b + 3/2)p

(a + b + n + 2)p

Γ(p + 1)

(
−g

2
− p

)
n′
×

× B

(
a + n′ +

3
2
, b + p +

g

2
+

3
2

)
, (24)
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	É  ¸Ê³³  ¸μ¤¥·¦¨É £ ³³ - ¨ ¡¥É -ËÊ´±Í¨¨ Γ ¨ B ¨ ¸¨³¢μ² �μÌ£ ³³¥· 
(−g/2 − p)n′ , ±μÉμ·Ò° ¶·¨ § ³¥´¥ n ↔ n′ ¶¥·¥Ìμ¤¨É ¢ ¸¨³¢μ² (−g/2 − p)n.
ˆ§-§  ÔÉ¨Ì ¸¨³¢μ²μ¢ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ALg

L′ab · §²μ¦¥´¨Ö (23) μÉ²¨Î´Ò μÉ
´Ê²Ö, ¥¸²¨ g Å ´¥Î¥É´μ¥ Î¨¸²μ, ¨ · ¢´Ò ´Ê²Õ, ¥¸²¨ g Å Î¥É´μ¥ Î¨¸²μ ¨
L′ > L + g ¨²¨ ¦¥ L′ < max {a + b, L − g}.

�·¨¸ÉÊ¶¨³ ± ¶μ¸É·μ¥´¨Õ ËÊ´¤ ³¥´É ²Ó´μ° ¸¨¸É¥³Ò ·¥£Ê²Ö·´ÒÌ ·¥Ï¥-
´¨° ±· ¥¢μ° § ¤ Î¨ (19), (20). Š ¦¤μ¥ ¨§ ¥¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥£Ê²Ö·-
´ÒÌ ·¥Ï¥´¨° ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ Ëμ·³ ²Ó´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¶·¨ r → 0
·Ö¤μ¢. ‘´ Î ²  μ¶·¥¤¥²¨³ ¢¨¤ ¸É ·Ï¨Ì ¸² £ ¥³ÒÌ ¨¸±μ³ÒÌ ·Ö¤μ¢. �μ Ê¸²μ-
¢¨Õ (4) ¢ ¨¸¸²¥¤Ê¥³ÒÌ Ê· ¢´¥´¨ÖÌ (19) ¶μÉ¥´Í¨ ²Ò ´¥ ³μ£ÊÉ ¢μ§· ¸É ÉÓ ¶·¨
r → 0 ¡Ò¸É·¥¥ ¸² £ ¥³ÒÌ r−2 L̃2

ab(ϕ) μ¶¥· Éμ·μ¢ H̃0ab. �μÔÉμ³Ê ¸É ·Ï¨°
Î²¥´  ¸¨³¶ÉμÉ¨±¨ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ ΦL

iab ¨¸±μ³μ£μ ·¥Ï¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö
¸μμÉ¢¥É¸É¢ÊÕÐ¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨³ (¸³. [19]) Ê· ¢´¥´¨¥³ H̃0ab ΦL

iab = 0.
ˆ¸¶μ²Ó§ÊÖ (21), ¨§ É ±¨Ì Ê· ¢´¥´¨° ´ Ìμ¤¨³

ΦL
iab(r, ϕ) = XL

iab rL+2 W̃Lab(ϕ) + o(rL+2) , r → 0 . (25)

‡¤¥¸Ó ¨ ¤ ²¥¥, ± ± ¨ ¢ ¸¨¸É¥³¥ (19), i = 1, 2, 3, ¨´¤¥±¸Ò a ¨ b ¶μ¤Î¨´¥´Ò
Ê¸²μ¢¨Ö³ a + b ≤ L ¨ (−1)a+b = σ,   XL

iab Å ¶·μ¨§¢μ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ.
‘μ¢μ±Ê¶´μ¸ÉÓ {ΦL

iab} ¢¸¥Ì ±μ³¶μ´¥´É ΦL
iab ¸  ¸¨³¶ÉμÉ¨± ³¨ (25) ¨ μ¤-

´¨³ ¨ É¥³ ¦¥ §´ Î¥´¨¥³ L ≥ Lmin, ´μ ²Õ¡Ò³¨ ¢μ§³μ¦´Ò³¨ ¶·¨ É ±μ³ L
¨´¤¥±¸ ³¨ i, a ¨ b ´ §μ¢¥³ L-·¥Ï¥´¨¥³. Šμ³¶μ´¥´ÉÒ ΦL

iab ¨ ΦL′

ia′b′ , L- ¨
L′-·¥Ï¥´¨°, L �= L′, ¨³¥ÕÉ · §´ÊÕ  ¸¨³¶ÉμÉ¨±Ê (25), ÎÉμ μ¡¥¸¶¥Î¨¢ ¥É ²¨-
´¥°´ÊÕ ´¥§ ¢¨¸¨³μ¸ÉÓ ¢¸¥Ì L-·¥Ï¥´¨° ¶μ  ·£Ê³¥´ÉÊ r. Šμ³¶μ´¥´ÉÒ ΦL

iab ¨
ΦL

ia′b′ μ¤´μ£μ ¨ Éμ£μ ¦¥ L-·¥Ï¥´¨Ö ¸ · §´Ò³¨ ¨´¤¥±¸ ³¨ a ¨ a′ ¨ (¨²¨) · §-
´Ò³¨ ¨´¤¥±¸ ³¨ b ¨ b′ É ±¦¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ (2)
¨ (25)  ¸¨³¶ÉμÉ¨±¨ ²Õ¡μ° ¨§ ±μ³¶μ´¥´É ΦL

iab ¶·¨ ϕ → 0 ¨²¨ ϕ → π/2
§ ¢¨¸ÖÉ μÉ ¨´¤¥±¸  a ¨²¨ b:

ΦL
iab = O(ϕa+1

i ), r → 0, ϕ → 0; ΦL
iab = O

(
(π/2 − ϕ)b+1

)
, r → 0 , ϕ → π/2 .

‚Ò¡¥·¥³ ´¥±μÉμ·μ¥ §´ Î¥´¨¥ L ¨ ´ Î´¥³ ¶μ¸É·μ¥´¨¥ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ
L-·¥Ï¥´¨Ö ¢ ¢¨¤¥ ·Ö¤ 

ΦL
iab(r, ϕ) ≡ rL+2

∞∑
n=0

exp(ns)ΦLn
iab(s, ϕ) , s ≡ ln r , (26)

£¤¥ ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ ¢¸¥ ËÊ´±Í¨¨ rn = exp(ns) ¨ ΦLn
iab ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò

¨, ±·μ³¥ Éμ£μ, ΦLn
iab = 0 ¶·¨ r = 0 ¨ ϕ = 0, π/2. —Éμ¡Ò ¶·¥¤¸É ¢²¥´¨Ö (26)

´¥ ¶·μÉ¨¢μ·¥Î¨²¨ ¸μμÉ´μÏ¥´¨Ö³ (25), ¶μ²μ¦¨³

ΦL0
iab(s, ϕ) ≡ XL

iab W̃Lab(ϕ) . (27)
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‡ ³¥´μ° r → s ≡ ln r ¨ ¶μ¤¸É ´μ¢±μ° � = exp(s) cos ϕ ¢Ò¢¥¤¥³ ¨§ ¸¨-
¸É¥³Ò (19) ¡μ²¥¥ Ê¤μ¡´ÊÕ ¤²Ö ´ Ï¥° Í¥²¨ ¸¨¸É¥³Ê[

∂2
s − L̃2

ab(ϕ)
]
U �

iab(s, ϕ) = −E U �
iab(s, ϕ) +

+ exp(2s)Vi(�)

⎡
⎣U �

iab(s, ϕ) +
∑
k �=i

∑
a′b′

〈s, ϕ|h�
aba′b′(γki)|U �

ka′b′(s, ϕk)〉

⎤
⎦ .

‚ ÔÉμ° ¸¨¸É¥³¥ § ³¥´¨³ ¢¸¥ ¶μÉ¥´Í¨ ²Ò Vi ·Ö¤ ³¨ (4),   ËÊ´±Í¨¨ U �
iab Å

±μ³¶μ´¥´É ³¨ ΦL
iab ¨¸±μ³μ£μ L-·¥Ï¥´¨Ö, ¢§ÖÉÒ³¨ ¢ ¢¨¤¥ (26). ‚ ¶μ²ÊÎ¥´´ÒÌ

Ê· ¢´¥´¨ÖÌ ¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥ ¸ μ¤¨´ ±μ¢Ò³¨ ¸É¥¶¥´Ö³¨  ·£Ê-
³¥´É  r = exp(s) ¨ ¶·¨· ¢´Ö¥³ ± ¦¤μ¥ É ±μ¥ ¸² £ ¥³μ¥ ± ´Ê²Õ. ‚ ¨Éμ£¥
¶μ²ÊÎ¨É¸Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° ΦLn

iab:

DLn
ab (s, ϕ)ΦLn

iab(s, ϕ) = RLn
iab(s, ϕ) , (28)

RLn
iab(s, ϕ) ≡ −E ΦL,n−2

iab (s, ϕ) +
n−1∑
m=0

Vi,n−m−2 (cos ϕ)n−m−2 ×

×
[
ΦLm

iab (s, ϕ) +
∑
k �=i

∑
a′b′

〈s, ϕ|h�
aba′b′(γki)|ΦLm

ka′b′(s, ϕk)〉
]
,

£¤¥ a + b, a′ + b′ ≤ L ¨ ¶μ μ¶·¥¤¥²¥´¨Õ ΦLn
iab ≡ 0 ¶·¨ n < 0,  

DLn
ab (s, ϕ) ≡ (∂s + L + n + 2)2 − L̃2

ab(ϕ) . (29)

‘¨¸É¥³  (28) Å ·¥±Ê··¥´É´ Ö Í¥¶μÎ±  n-¶μ¤¸¨¸É¥³, n = 0, 1, . . . Š ¦¤ Ö n-
¶μ¤¸¨¸É¥³  Å ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥μ¤´μ·μ¤´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¢¸¥Ì ËÊ´±Í¨° ΦLn

iab

¸ ¤ ´´Ò³ §´ Î¥´¨¥³ ¨´¤¥±¸  n ¨ ¨´¤¥±¸ ³¨ i, a, b, É ±¨³¨, ÎÉμ i = 1, 2, 3;
(−1)a+b = σ ¨ a+b ≤ L. ‚¸¥ Ê· ¢´¥´¨Ö ²Õ¡μ° n-¶μ¤¸¨¸É¥³Ò ´¥ § Í¥¶²ÖÕÉ¸Ö
´¨ ¶μ ¨´¤¥±¸Ê i, ´¨ ¶μ ¨´¤¥±¸ ³ a, b ¨ ¸μ¤¥·¦ É ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ RLn

iab

±μ³¶μ´¥´ÉÒ ΦLm
iab ·¥Ï¥´¨° ¢¸¥Ì ¶·¥¤Ò¤ÊÐ¨Ì m-¶μ¤¸¨¸É¥³, m = 0, 1, . . . , n−

1.
ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ ´¥±μÉμ·μ° n-¶μ¤¸¨¸É¥³Ò ¤²Ö ËÊ´±Í¨¨ ΦLn

iab ¸ ¢Ò-
¡· ´´Ò³¨ §´ Î¥´¨Ö³¨ ¨´¤¥±¸μ¢ i, a, b. �¡Ð¥¥ ·¥Ï¥´¨¥ ΦLn

iab É ±μ£μ ´¥μ¤´μ-

·μ¤´μ£μ Ê· ¢´¥´¨Ö Å ¸Ê³³  ¥£μ Î ¸É´μ£μ ·¥Ï¥´¨Ö ¨ μ¡Ð¥£μ ·¥Ï¥´¨Ö ZL′n
iab

¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö. �¥Ï¥´¨¥ ZL′n
iab Å ¸Ê³³ 

ZL′n
iab (s, ϕ) =

[
C+ exp(L′

+s) + C− exp(L′
−s)

]
W̃L′ab(ϕ)

£¤¥ C± Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ; L′ = a + b + 2n′, n′ = 0, 1, ...,  
L′
± ≡ ±L′ − L − n. ‘² £ ¥³Ò¥ ± ¦¤μ° É ±μ° ¸Ê³³Ò ³μ¦´μ μÉ´¥¸É¨ ²¨¡μ ±

±μ³¶μ´¥´É ³ ´¥·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°, ²¨¡μ ± ±μ³¶μ´¥´É ³ ¤·Ê£μ£μ (L′ �= L)
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L′-·¥Ï¥´¨Ö ¨¸Ìμ¤´μ° ±· ¥¢μ° § ¤ Î¨ (19), (20). �μÔÉμ³Ê ¤ ²¥¥ ¡¥§ ¶μÉ¥·¨
μ¡Ð´μ¸É¨ ¶μ² £ ¥³ ¢¸¥ ËÊ´±Í¨¨ ZL′n

iab · ¢´Ò³¨ ´Ê²Õ ¨ ¨¸¸²¥¤Ê¥³ ²¨ÏÓ Î ¸É-
´Ò¥ ·¥Ï¥´¨Ö ´¥μ¤´μ·μ¤´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (28), · ¢´Ò¥ ´Ê²Õ ¢ ÉμÎ± Ì
ϕi = 0, π/2.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ RLn
iab ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö (28) ¤²Ö

±μ³¶μ´¥´ÉÒ ΦLn
iab Å ¶μ²¨´μ³ ¶μ s ±μ´¥Î´μ° ¸É¥¶¥´¨ M ′(n):

RLn
iab(s, ϕ) =

M ′(n)∑
m=0

sm RLnm
iab (ϕ) , M ′(n) < ∞ . (30)

‡ ³¥´¨³ ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ¨¸±μ³ÊÕ ±μ³¶μ´¥´ÉÊ ΦLn
iab ¥¥ · §²μ¦¥´¨¥³

ΦLn
iab(s, ϕ) =

∑
L′=a+b

GLn
iL′ab(s) W̃L′ab(ϕ) (31)

¶μ ¶μ²´μ³Ê ¡ §¨¸Ê {W̃L′ab(ϕi)}∞L′=a+b. ˆ¸¶μ²Ó§ÊÖ (21) ¨ (29), ¸¶·μ¥Í¨·Ê¥³
¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ´  ÔÉμÉ ¡ §¨¸ ¨ É ±¨³ ¸¶μ¸μ¡μ³ ¢Ò¢¥¤¥³ ¤²Ö ¨¸±μ³ÒÌ
ËÊ´±Í¨° GLn

iL′ab, L′ = a + b, a + b + 2, . . ., ¡¥¸±μ´¥Î´ÊÕ Í¥¶μÎ±Ê ´¥§ Í¥¶²ÖÕ-
Ð¨Ì¸Ö ´¨ ¶μ ± ±¨³ ¨´¤¥±¸ ³ Ê· ¢´¥´¨° ƒ Ê¸¸  ¸ ¶μ¸ÉμÖ´´Ò³¨ ±μÔËË¨Í¨¥´-
É ³¨ [

∂2
s + 2(L + 2 + n) ∂s + DLn

L′ab

]
GLn

iL′ab(s) = (32)

= 〈W̃L′ab(ϕ)|RLn
iab(s, ϕ)〉 =

M ′(n)∑
m=0

sm 〈W̃L′ab(ϕ)|RLnm
iab (ϕ)〉 .

‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (2) ËÊ´±Í¨° W̃Lab ¨´¤¥±¸Ò L ¨ L′ ³μ£ÊÉ ¶·¨´¨³ ÉÓ
μ¤´μ¢·¥³¥´´μ Éμ²Ó±μ Î¥É´Ò¥ ¨²¨ ´¥Î¥É´Ò¥ §´ Î¥´¨Ö, ¥¸²¨ ¸Ê³³  a + b Å
Î¥É´μ¥ ¨²¨ ´¥Î¥É´μ¥ Î¨¸²μ, É. ¥. ¥¸²¨ σ = +1 ¨²¨ ¦¥ σ = −1. �μÔÉμ³Ê
±μÔËË¨Í¨¥´É

DLn
L′ab ≡ (L + 2 + n)2 − (L′ + 2)2

· ¢¥´ ´Ê²Õ Éμ²Ó±μ ¶·¨ Î¥É´μ³ n ¨ L′ = L + n. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥
GLn

iL′ab(s) Ê· ¢´¥´¨Ö (32) Å ¶μ²¨´μ³ ¸É¥¶¥´¨ M ′(n) + 1 ¸μ ¸É ·Ï¨³ Î²¥´μ³
BLn

iab sM ′(n)+1, ¥¸²¨, ±μ´¥Î´μ, ´¥ · ¢¥´ ´Ê²Õ ±μÔËË¨Í¨¥´É

BLn
iab ≡ 〈 W̃L+n,ab(ϕ)|RLn

iab(ϕ)〉/ [ 2 (L + 2 + n) (M ′(n) + 1) ] . (33)

‚μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ, ±μ£¤  L′ �= L + n ¨²¨ BLn
iab = 0, ·¥Ï¥´¨¥

GLn
iL′ab(s) Å ¶μ²¨´μ³ ¸É¥¶¥´¨ M ′(n). ‡´ Î¨É, ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥ ¶· ¢¨² :

¥¸²¨ ¶· ¢ Ö Î ¸ÉÓ RLn
iab Ê· ¢´¥´¨Ö n-¶μ¤¸¨¸É¥³Ò (28) ¤²Ö ËÊ´±Í¨¨ ΦLn

iab Å
¶μ²¨´μ³ ¶μ s ¸É¥¶¥´¨ M ′(n), Éμ ·¥Ï¥´¨¥ ΦLn

iab Å ¶μ²¨´μ³ ¶μ s ¸É¥¶¥´¨
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M ′(n) ¨²¨ M ′(n) + 1, ¥¸²¨ n Å ´¥Î¥É´μ¥ ¨²¨, ¸μμÉ¢¥É¸É¢¥´´μ, Î¥É´μ¥ Î¨-
¸²μ. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¸μ£² ¸´μ (31), ¸É ·Ï¥¥ ¸² £ ¥³μ¥ ·¥Ï¥´¨Ö-¶μ²¨´μ³ 
ΦLn

iab Å ËÊ´±Í¨Ö BLn
iab sM ′(n)+1 W̃L+n,ab(ϕ).

ˆ¸¶μ²Ó§ÊÖ ¸Ëμ·³Ê²¨·μ¢ ´´Ò¥ ¢ÒÏ¥ ¶· ¢¨² , ¤μ± ¦¥³, ÎÉμ ¶·¥¤¶μ²μ¦¥-
´¨¥ (30) ¢¥·´μ, ¨ μ¶·¥¤¥²¨³ M ′(n) ¢ ± ¦¤μ³ ¨§ É·¥Ì ¸²ÊÎ ¥¢ (5).

� Î´¥³ ¸ ´ ¨¡μ²¥¥ μ¡Ð¥£μ ¸²ÊÎ Ö A). ˆ¸¸²¥¤Ê¥³ ¶¥·¢ÊÕ (n = 1) ¶μ¤-
¸¨¸É¥³Ê (28). …¥ ¶· ¢ Ö Î ¸ÉÓ ¸μ¤¥·¦¨É Éμ²Ó±μ ËÊ´±Í¨¨ (27) ¨ ¶μÔÉμ³Ê ´¥
§ ¢¨¸¨É μÉ s. �·¨³¥´¨¢ ¶· ¢¨²μ (22), ¶·¥¤¸É ¢¨³ · ¸¸³ É·¨¢ ¥³ÊÕ ¶μ¤¸¨-
¸É¥³Ê ¢ ¢¨¤¥ ¸μ¢μ±Ê¶´μ¸É¨ ´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°:

DLp
ab (s, ϕ)ΦLp

iab(ϕ) = RLp
iab(s, ϕ) = Vi,p−2 BL1

iab(cos ϕ)p−2 W̃Lab(ϕ) , (34)

£¤¥ p = 1,   BL1
iab Å ±μ³¡¨´ Í¨¨ ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ XL

ka′b′ :

BL1
iab ≡ XL

iab +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� XL
ka′b′ . (35)

„²Ö ¶μ²´μÉÒ ¤μ± ¦¥³, ÎÉμ Ê· ¢´¥´¨¥ (34) ¸ ¤ ´´Ò³¨ §´ Î¥´¨Ö³¨ L, a, b, i
¨ ²Õ¡Ò³ ´¥Î¥É´Ò³ p ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥. ‡ ³¥´¨³ ¶·μ-
¨§¢¥¤¥´¨¥ (cos ϕ)p−2 W̃Lab(ϕ) ¢ ¶· ¢μ° Î ¸É¨ ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö ¡¥¸-
±μ´¥Î´Ò³ ·Ö¤μ³ (23) c ±μÔËË¨Í¨¥´É ³¨ (24). ‡ É¥³, ¨¸¶μ²Ó§ÊÖ (21) ¨ (22),
Ê¡¥¤¨³¸Ö ¶μ¤¸É ´μ¢±μ° ¢ Éμ³, ÎÉμ ¨¸±μ³Ò³ ¨ ¥¤¨´¸É¢¥´´Ò³, ´μ ¶μ±  Ëμ·-
³ ²Ó´Ò³, ·¥Ï¥´¨¥³ ¶μ²ÊÎ¥´´μ£μ Ê· ¢´¥´¨Ö ¡Ê¤¥É ¡¥¸±μ´¥Î´Ò° ·Ö¤

ΦLp
iab(ϕ) = Vi,p−2 BL1

iab

∑
L′=a+b

AL,p−2
L′ab

p (2L′ + p + 4)
W̃L′ab(ϕ) . (36)

’¥¶¥·Ó ¤μ± ¦¥³, ÎÉμ ÔÉμÉ ·Ö¤ ¢¸Õ¤Ê · ¢´μ³¥·´μ ¸Ìμ¤¨É¸Ö ± ±μ´¥Î´μ° ¸Ê³³¥

ΦLp
iab(ϕ) = Vi,p−2 BL1

iab (cos ϕ)p
L∑

L′=a+b

CLp
L′ab W̃L′ab(ϕ) . (37)

„²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´É Ì
CLp

L′ab ÔÉ  ¸Ê³³  Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (34). �μ¤¸É ¢¨³ ¢ ´¥£μ ËÊ´±Í¨¨

W̃L′ab ¨ ΦLp
iab ¢ ¢¨¤¥ (2) ¨ (37). ‚ ¶μ²ÊÎ¥´´μ³ Ê· ¢´¥´¨¨ ¶¥·¥°¤¥³ ± ¶¥·¥³¥´-

´μ° z = cos 2ϕ,   ËÊ´±Í¨¨ zP
(a+1/2, b+1/2)
n′ (z) ¨ (1 − z2) ∂zP

(a+1/2, b+1/2)
n′ (z)

¶·¥¤¸É ¢¨³ ¨§¢¥¸É´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ [17] ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ¶μ²¨´μ³μ¢

P
(a+1/2, b+1/2)
n (z) c ¨´¤¥±¸ ³¨ n = n′, n′ ± 1. �μ²μ¦¨¢ ±μÔËË¨Í¨¥´É ¶·¨

± ¦¤μ³ (n = 0, 1, . . . , (L− a− b)/2) É ±μ³ ¶μ²¨´μ³¥ · ¢´Ò³ ´Ê²Õ, ¶μ²ÊÎ ¥³
²¨´¥°´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¸ É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥° M:

ML′,L′−2 CLp
L′−2,ab + ML′L′ CLp

L′ab + ML
L′,L′+2 CLp

L′+2,ab = δLL′ , (38)

12



£¤¥ L′ = a+b, a+b+2, . . . , L,   Ô²¥³¥´ÉÒ ML′L′ , ML′−2,L′ ≡ Z−
L′ ¨ ML′,L′+2 ≡

Z+
L′ £² ¢´μ°, ´¨¦´¥° ¨ ¢¥·Ì´¥° ¤¨ £μ´ ²¥° ³ É·¨ÍÒ M Ê¤μ¡´μ ¢ÒÎ¨¸²ÖÉÓ ¢

¸²¥¤ÊÕÐ¥³ ¶μ·Ö¤±¥:

dL′ = NL′ab/NLab , d±L′ =
[
(L + p + 2)2 − (L′ ± p + 2)2

]
,

ML′L′ = dL′

{
p

[
L′ + p + 1 − (a − b)(a + b + 1)

L′ + 1

]
+ (39)

+
1
2

d+
L′

[
1 − (a − b)(a + b + 1)

(L′ + 1)(L′ + 3)

]}
,

Z±
L′ = dL′ d±L′

[2L′ − 2(a ± b) + 3 ± 1][2L′ + 2(a ± b) + 5 ± 3]
16(L′ + 2)(L′ + 2 ± 1)

.

’ ± ± ± ³ É·¨Í  M ¨³¥¥É ¤μ³¨´¨·ÊÕÐÊÕ ¤¨ £μ´ ²Ó, Éμ ¸¨¸É¥³  (38) μ¤´μ-
§´ Î´μ · §·¥Ï¨³ , ¶μÔÉμ³Ê ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ CLp

L′ab ¸Ê³³Ò (37) μ¶·¥¤¥²Ö-
ÕÉ¸Ö ÔÉμ° ¸¨¸É¥³μ° ¥¤¨´¸É¢¥´´Ò³ μ¡· §μ³, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.

…¸²¨ · §³¥·´μ¸ÉÓ (L − a − b)/2 + 1 ³ É·¨ÍÒ M ´¥¢¥²¨± , Éμ ¢¸¥ ±μÔË-
Ë¨Í¨¥´ÉÒ CLp

L′ab ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¨³ ·¥Ï¥´¨¥ (37) Ê· ¢´¥´¨Ö (34) ³μ¦´μ
´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥. � ¶·¨³¥·, ¢ ¸ ³μ³ ¶·μ¸Éμ³ ¸²ÊÎ ¥, ±μ£¤  L = a + b,

ΦLp
iab(s, ϕ) = ΦLp0

iab (ϕ) ≡ Vi,p−2

p (2b + p + 1)
BL1

iab (cos ϕ)p W̃Lab(ϕ) . (40)

ˆÉ ±, ¢¸¥ ËÊ´±Í¨¨ ΦL1
iab, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¶¥·¢μ° (n = 1) ¶μ¤¸¨¸É¥-

³¥ (28), μ¶·¥¤¥²¥´Ò Ö¢´μ Ëμ·³Ê² ³¨ (24), (36) ¨²¨ (37)Ä(40), ¢ ±μÉμ·ÒÌ
p = 1.

ˆ¸¸²¥¤Ê¥³ ¢Éμ·ÊÕ (n = 2) ¶μ¤¸¨¸É¥³Ê (28). ’ ± ± ± ¢¸¥ ËÊ´±Í¨¨ ΦL0
iab ¨

ΦL1
iab ´¥ § ¢¨¸ÖÉ μÉ s, Éμ ¨ ¶· ¢Ò¥ Î ¸É¨ RL2

iab Ê· ¢´¥´¨° ÔÉμ° ¶μ¤¸¨¸É¥³Ò ´¥
§ ¢¨¸ÖÉ μÉ s ¨ Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨ (30) ¸ n = 2 ¨ M ′(n) = 0. ‘²¥¤μ¢ É¥²Ó´μ,
¢¸¥ ¨¸±μ³Ò¥ ±μ³¶μ´¥´ÉÒ ΦL2

iab ·¥Ï¥´¨Ö {ΦL2
iab} Å ²¨´¥°´Ò¥ ¶μ s ËÊ´±Í¨¨:

ΦL2
iab(s, ϕ) = BL2

iab s W̃L+2,ab(ϕ) + GL2
iab(ϕ) , (41)

£¤¥ BL2
iab ¨ GL2

iab Å ¶μ±  ´¥¨§¢¥¸É´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¨ ËÊ´±Í¨¨. �μ¤¸É ¢¨¢ ¨¸±μ-
³Ò¥ ËÊ´±Í¨¨ ΦL2

iab ¢ ¢¨¤¥ (41) ¢μ ¢Éμ·ÊÕ ¶μ¤¸¨¸É¥³Ê (28), ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö

[
L̃2

ab(ϕ) − (L + 4)2
]
GL2

iab(ϕ) = 2(L + 4)BL2
iab W̃L+2,ab(ϕ) − RL2

iab(ϕ) . (42)

�¥Ï¥´¨¥ ± ¦¤μ£μ (²Õ¡Ò¥ ¤μ¶Ê¸É¨³Ò¥ i, a ¨ b) É ±μ£μ Ê· ¢´¥´¨Ö ¸ÊÐ¥¸É¢Ê¥É
Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¥£μ ¶· ¢ Ö Î ¸ÉÓ μ·Éμ£μ´ ²Ó´  ¸μ¡¸É¢¥´´μ° ËÊ´±-
Í¨¨ W̃L+2,ab μ¶¥· Éμ·  DL2

ab , § ¤ ´´μ£μ Ëμ·³Ê²μ° (29) ¸ n = 2. 	É¨³ Ê¸²μ-
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¢¨¥³ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ±μÔËË¨Í¨¥´É BL,2p
iab , p = 1. �·¨ ²Õ¡μ³ L

BL,2p
iab = (2L + 8)−1 Vi,−1

[
〈(cos ϕ)p−2 W̃L+2p,ab(ϕ)|ΦLp

iab(ϕ)〉 + (43)

+
∑
k �=i

∑
a′b′

〈(cos ϕ)p−2W̃L+2p,ab(ϕ)|h�
aba′b′(γki)|ΦLp

ka′b′(ϕk)〉
]
,

  ¢ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  L = a + b ¨ ΦLp
iab Å ËÊ´±Í¨Ö (40),

BL,2p
iab = [2p (L + 4)]−1

Vi,−1

∑
k �=i

Vk,p−2

∑
a′b′

BL1
ka′b′ (2b′ + p + 1)−1×

× 〈W̃L+2,ab(ϕ) (cos ϕ)p−2|h�
aba′b′(γki)|(cos ϕk)p W̃La′b′(ϕk)〉 . (44)

‡ ³¥´¨³ ¢ μ¶·¥¤¥²¥´¨¨ (43) ±μÔËË¨Í¨¥´É  BL,2p
iab ËÊ´±Í¨Õ ΦLp

iab ¥¥ ·Ö-
¤μ³ (36),   § É¥³ ¶·¨³¥´¨³ ¶· ¢¨²  (22) ¨ (23). ’ ± ± ± ·Ö¤ (36) ¡¥¸±μ´¥Î-
´Ò°, Éμ ¨ ±μÔËË¨Í¨¥´É BL,2p

iab ¶·¥¤¸É ¢¨É¸Ö ¡¥¸±μ´¥Î´μ° ¸Ê³³μ°, ¸μ¤¥·¦ Ð¥°

Éμ²Ó±μ ±μÔËË¨Í¨¥´ÉÒ ALg
L′ab, g = p, p− 2, ¨ 〈ab|K(γki)|a′b′〉L�. ’ ± Ö ¡¥¸±μ-

´¥Î´ Ö ¸Ê³³  ³μ¦¥É μ± § ÉÓ¸Ö · ¢´μ° ´Ê²Õ ²¨ÏÓ ¢ ¨¸±²ÕÎ¨É¥²Ó´μ³ ¸²ÊÎ ¥,
¢ μ¡Ð¥³ ¸²ÊÎ ¥ BL,2p

iab �= 0, ¥¸²¨ p = 1, 3, 5, . . .
„²Ö ¶·¨³¥·  ¨¸¸²¥¤Ê¥³ ¸ ³Ò° ¶·μ¸Éμ° ¸²ÊÎ °. �Ê¸ÉÓ p = 1, a � = 0

¨ L = Lmin = 0. ’μ£¤  ¨´¤¥±¸Ò a, b ¨ a′, b′ ¶·¨´¨³ ÕÉ Éμ²Ó±μ ´Ê²¥¢Ò¥
§´ Î¥´¨Ö,   Ö¤·μ h0

0000(ϕ, ϕ′; γki) · ¢´μ ±μ´¸É ´É¥ |cosec 2γki|. Cμ£² ¸´μ (35)
¨ (44)

B01
i00 =

3∑
k=1

X0
k00, B02

i00 =
Vi,−1

12π
B01

i00

∑
k �=i

Vk,−1 (2|γki| − π)
(sin γki)2

cos γki
(45)

¨ ¶μÔÉμ³Ê B02
i00 = 0, Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  B01

i00 = 0 ¨ (¨²¨) Vi,−1 = 0.
’¥¶¥·Ó ·¥Ï¨³ Ê· ¢´¥´¨¥ (42). ˆ¸¶μ²Ó§ÊÖ (14) ¨ (40), ¶·¥¤¸É ¢¨³ ¥£μ ¶· ¢ÊÕ
Î ¸ÉÓ ¸Ê³³μ° É·¥Ì ¸² £ ¥³ÒÌ. �¤´μ ¨§ ´¨Ì ¶·μ¶μ·Í¨μ´ ²Ó´μ ËÊ´±Í¨¨ W̃000,
¤·Ê£μ¥ Å ËÊ´±Í¨¨ W̃200. �μÔÉμ³Ê ¨¸±μ³μ¥ ·¥Ï¥´¨¥ G02

i00 Ö¢²Ö¥É¸Ö ²¨´¥°´μ°
±μ³¡¨´ Í¨¥° É ±¨Ì ËÊ´±Í¨° ¨ ·¥Ï¥´¨Ö f ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö

[
∂2

ϕ + 16
]
f(ϕ) =

=
2B01

i00

3
√

π

Vi,−1

cos (ϕ)

∑
k �=i

Vk,−1

| sin γki|
{

[cos C−(ϕ; γki)]
3 − [cos C+(ϕ; γki)]

3
}

¸ Ê¸²μ¢¨Ö³¨ 〈W̃200(ϕ)|f(ϕ)〉 = 0 ¨ f = 0 ¶·¨ ϕ = 0, π/2. ”Ê´¤ ³¥´É ²Ó´ÊÕ
¸¨¸É¥³Ê μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ É ±μ³Ê Ê· ¢´¥´¨Õ, μ¡· §ÊÕÉ
ËÊ´±Í¨¨ W̃000 ∼ sin 4ϕ ¨ Z̃000 ∼ cos 4ϕ. ˆ¸¶μ²Ó§ÊÖ ¨Ì, ´ °¤¥³ ·¥Ï¥´¨¥
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f , ¶μ¤Î¨´¥´´μ¥ Ê± § ´´Ò³ Ê¸²μ¢¨Ö³, ³¥Éμ¤μ³ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔË-
Ë¨Í¨¥´Éμ¢ [19]. ‡ É¥³ § ¶¨Ï¥³ ·¥Ï¥´¨¥ G02

i00 ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (42) ¢
¢¨¤¥

G02
i00(ϕ) = −(1/12)

[
EX0

i00 − (Vi,0 + (1/2)V 2
i,−1)B01

i00

]
W̃000(ϕ)−

− (2/3)B02
i00 W̃200(ϕ) − (6

√
π)−1 B01

i00 Vi,−1

∑
k �=i

g(ϕ; γki) , (46)

£¤¥ ËÊ´±Í¨Ö g(ϕ; γ) ¸μ¤¥·¦¨É ËÊ´±Í¨¨ s̃ ≡ | sin γ| ¨ c ≡ cos γ ¶ · ³¥É· 
γ = γki ¨ ³¥´Ö¥É ¸¢μ° ¢¨¤ ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ÉμÎ±Ê ϕ̃ ≡ π/2 − |γ|: ¥¸²¨
ϕ ∈ [0, ϕ̃], Éμ

g(ϕ; γ) ≡
{

3 + s̃2
[
18 (sin ϕ)2 + sin 4ϕ ln(cos ϕ) − ϕ cos 4ϕ − 1

] }
/(6 c) ,

¥¸²¨ ¦¥ ϕ ∈ [ϕ̃, π/2], Éμ

g(ϕ; γ) ≡
[
4(3 − 4c2) cos 2ϕ + (21 − 22c2) cos 4ϕ − 3(1 − 2c2)

]
/(24s̃) .

�É³¥Î¥´´μ¥ ¨§³¥´¥´¨¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¢¨¤  Å ¸²¥¤¸É¢¨¥ § ¢¨¸¨³μ¸É¨
¶·¥¤¥²μ¢ C± ¨´É¥£· ²  (14) μÉ ϕ ¨ γki. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ (� �= 0) ¨§-§  É ±μ°
§ ¢¨¸¨³μ¸É¨ ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¤¢¥ ÉμÎ±¨ ϕ = γki ¨ ϕ = π/2 − γki, k �= i,
¡Ê¤ÊÉ μ¸μ¡Ò³¨ ¤²Ö ¢¸¥Ì ËÊ´±Í¨° ΦLn

iab: ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ É ±¨¥ ÉμÎ±¨ ÔÉ¨
ËÊ´±Í¨¨ ³μ£ÊÉ ³¥´ÖÉÓ ¸¢μ° ËÊ´±Í¨μ´ ²Ó´Ò° ¢¨¤.

�·μ¤μ²¦¨³  ´ ²¨§ n-¶μ¤¸¨¸É¥³ (28) c n ≥ 3. �μ ¨´¤Ê±Í¨¨ ¤μ± ¦¥³, ÎÉμ
¶· ¢Ò¥ Î ¸É¨ RLn

iab Ê· ¢´¥´¨° ± ¦¤μ° É ±μ° n-¶μ¤¸¨¸É¥³Ò Å ¶μ²¨´μ³Ò (30)
¶μ s ¸É¥¶¥´¨ ´¥ ¢ÒÏ¥, Î¥³ M ′(n) = [(n−1)/2],   ·¥Ï¥´¨Ö ΦLn

iab É ±¨Ì Ê· ¢´¥-
´¨° Å ¶μ²¨´μ³Ò ¶μ s Éμ° ¦¥ ¸É¥¶¥´¨, ¥¸²¨ n Å ´¥Î¥É´μ¥ Î¨¸²μ, ¨ ¶μ²¨´μ³Ò
¸É¥¶¥´¨ ´¥ ¢ÒÏ¥, Î¥³ [n/2], ¥¸²¨ n Å Î¥É´μ¥ Î¨¸²μ. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¥¤¶μ-
²μ¦¥´¨¥ (30) ¢¥·´μ,   ± ¦¤ Ö ±μ³¶μ´¥´É  L-·¥Ï¥´¨° ¸¨¸É¥³Ò (19) Å ¤¢μ°´ Ö
¸Ê³³ 

ΦL
iab(s, ϕ) = rL+2

∞∑
n=0

rn

M(n)∑
m=0

sm ΦLnm
iab (ϕ) , (47)

£¤¥ M(n) = [n/2] ¨ ¸μ£² ¸´μ ¸μμÉ´μÏ¥´¨Ö³ (27) ¨ (41)

ΦLn0
iab (ϕ) ≡ ΦLn

iab(ϕ) , n = 0, 1 ; (48)

ΦL20
iab (ϕ) ≡ GL2

iab(ϕ) , ΦL21
iab (ϕ) ≡ BL2

iab W̃L+2,ab(ϕ) .

‚ Ê· ¢´¥´¨ÖÌ (19) § ³¥´¨³ ±μ³¶μ´¥´ÉÒ U �
iab ±μ³¶μ´¥´É ³¨ ΦL

iab, ¢§ÖÉÒ³¨
¢ ¢¨¤¥ (47). �μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° ΦLnm

iab § ¶¨Ï¥³ ± ± ¶μ¸²¥-
¤μ¢ É¥²Ó´μ¸ÉÓ n-¶μ¤¸¨¸É¥³, · ¸¶μ²μ¦¥´´ÒÌ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨´¤¥±¸  n
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¨ ¢ ¶μ·Ö¤±¥ Ê¡Ò¢ ´¨Ö ¨´¤¥±¸  m ¤²Ö ± ¦¤μ£μ n:

[
L̃2

ab(ϕ) − (L + n + 2)2
]

ΦLnm
iab (ϕ) = E ΦL,n−2,m

iab (ϕ)+

+ (m + 1)
[
2(L + n + 2)ΦLn,m+1

iab (ϕ) + (m + 2)ΦLn,m+2
iab (ϕ)

]
−

−
n−1∑
p=0

Vi,n−p−2(cos ϕ)n−p−2×

×

⎡
⎣ΦLpm

iab (ϕ) +
∑
k �=i

∑
a′b′

〈ϕ|h�
aba′b′(γki)|ΦLpm

ka′b′(ϕk)〉

⎤
⎦ . (49)

‘¨¸É¥³  (49) Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´μ° Í¥¶μÎ±μ° ´¥μ¤´μ·μ¤´ÒÌ μ¡Ò±´μ¢¥´´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤± . „μ¶μ²´¨³ ¥¥ ¤μ ±· ¥¢μ° § -
¤ Î¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ΦLpm

iab (ϕ) = 0 ¶·¨ ϕ = 0, π/2 ¤²Ö ¢¸¥Ì ËÊ´±-

Í¨° ΦLpm
iab (ϕ). ‹Õ¡ Ö ±μ´¥Î´ Ö ¶μ¤¸¨¸É¥³  ¸¨¸É¥³Ò (49) ¸ É ±¨³¨ μ¤´μ·μ¤-

´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¨ ´ ¶¥·¥¤ § ¤ ´´Ò³¨ ±μ´¸É ´É ³¨ XL
iab  ¸¨³-

¶ÉμÉ¨± (25) μ¤´μ§´ Î´μ · §·¥Ï¨³  ¨ ³μ¦¥É ¡ÒÉÓ ¶·μ¨´É¥£·¨·μ¢ ´  Î¨¸²¥´´μ
¨§¢¥¸É´Ò³¨  ²£μ·¨É³ ³¨ ·¥Ï¥´¨Ö ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [7].

�²ÓÉ¥·´ É¨¢´Ò° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° ΦLnm
iab § ±²ÕÎ ¥É¸Ö ¢ ¸Ê³-

³¨·μ¢ ´¨¨ ¨Ì · §²μ¦¥´¨° ¶μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ W̃Lab:

ΦLnm
iab (ϕ) =

∑
L′=a+b

ZLnm
iL′ab W̃L′ab(ϕ) .

�² £μ¤ ·Ö ¸¢μ°¸É¢Ê (22) μ¶¥· Éμ·μ¢ h�
aba′b′ ¸¨¸É¥³  (49) § ³¥´μ° ¨¸±μ³ÒÌ

ËÊ´±Í¨° ΦLnm
iab É ±¨³¨ ·Ö¤ ³¨ ¸¢μ¤¨É¸Ö ± ·¥±Ê··¥´É´μ° ¨  ²£¥¡· ¨Î¥¸±μ°

¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ZLnm
iL′ab.

ˆ¸¸²¥¤Ê¥³ ¸²¥¤ÊÕÐ¨° ¸²ÊÎ ° B). ’ ± ± ± É¥¶¥·Ó Vk,−1 = 0, k = 1, 2, 3,
Éμ ¸μ£² ¸´μ (34) ¨ (43) ¨³¥¥³ ΦL1

iab ≡ 0 ¨ BL2
iab = 0. �μÔÉμ³Ê ¢Éμ· Ö (n = 2)

¶μ¤¸¨¸É¥³  (28) Å ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°:[
L̃2

ab(ϕ) − (L + 4)2
]

ΦL2
iab(ϕ) = RL2

iab(ϕ) =
[
Vi0 BL1

iab − E XL
iab

]
W̃Lab(ϕ) .

ˆÌ ¶· ¢Ò¥ Î ¸É¨ RL2
iab ¨ ·¥Ï¥´¨Ö ΦL2

iab ´¥ § ¢¨¸ÖÉ μÉ s:

ΦL2
iab(s, ϕ) = ΦL20

iab (ϕ) ≡ FL2
iLab W̃Lab(ϕ) , (50)

£¤¥ ¶μ¸ÉμÖ´´Ò¥ FL2
iLab ¸¢Ö§ ´Ò ¸ ±μÔËË¨Í¨¥´É ³¨ (35) Ëμ·³Ê² ³¨

FL2
iL′ab ≡ δLL′

(
Vi0 BL1

iab − E XL
iab

)
/(4L + 12) . (51)
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’·¥ÉÓÖ (n = 3) ¶μ¤¸¨¸É¥³  (28) ¸μ¸Éμ¨É ¨§ Ê· ¢´¥´¨° (34) ¸ p = 3. ˆÌ ·¥Ï¥-
´¨Ö Å ËÊ´±Í¨¨ (40) ¸ p = 3. �·μ¤μ²¦ Ö  ´ ²¨§ É¥³ ¦¥ ¸¶μ¸μ¡μ³, ÎÉμ ¨ ¢
¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥ A), ¶μ¸²¥¤μ¢ É¥²Ó´μ ¤μ± §Ò¢ ¥³ ¸²¥¤ÊÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö:
¢¸¥ ËÊ´±Í¨¨ ΦLn

iab, n < 6, ´¥ § ¢¨¸ÖÉ μÉ s, ¢¸¥ ËÊ´±Í¨¨ ΦLn
iab ¸ n = 6 ²¨´¥°´Ò

¶μ s ¨ ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ¸² £ ¥³ÒÌ ËÊ´±Í¨¨ s BL6
iab W̃L+6,ab c ±μÔËË¨Í¨-

¥´É ³¨ BL6
iab, μ¶·¥¤¥²¥´´Ò³¨ Ëμ·³Ê²μ° (43) ¸ ¨´¤¥±¸μ³ p = 3; ¸Ê³³Ò (30)

¨ (47) ¨³¥ÕÉ ¶·¥¤¥²Ò M ′(n) = [(n − 1)/6] ¨ M(n) = [n/6].
ˆ¸¸²¥¤Ê¥³ ¶μ¸²¥¤´¨° ¸²ÊÎ ° C). �μ μ¶·¥¤¥²¥´¨Õ Vk,p−2 = 0, £¤¥

k = 1, 2, 3,   p = 1, 3. �μÔÉμ³Ê ¨§ (34) ¨ (43) ¸²¥¤Ê¥É, ÎÉμ ¢¸¥ ±μ³¶μ-
´¥´ÉÒ ·¥Ï¥´¨° ¶¥·¢μ° ¨ É·¥ÉÓ¥° ¶μ¤¸¨¸É¥³ (28) Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ:
ΦLp

iab ≡ 0, p = 1, 3, ¨ BL2
iab = 0. ‘²¥¤μ¢ É¥²Ó´μ, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥

B), ¢¸¥ ±μ³¶μ´¥´ÉÒ ·¥Ï¥´¨Ö ¢Éμ·μ° (n = 2) ¶μ¤¸¨¸É¥³Ò (28) μ¶·¥¤¥²¥´Ò
Ëμ·³Ê² ³¨ (50) ¨ (51). ˆ¸¶μ²Ó§ÊÖ (22), (27) ¨ (50), ¶μ± ¦¥³, ÎÉμ ¶· ¢Ò¥
Î ¸É¨ RL4

iab ¢¸¥Ì Ê· ¢´¥´¨° Î¥É¢¥·Éμ° (n = 4) ¶μ¤¸¨¸É¥³Ò (28) ´¥ § ¢¨¸ÖÉ μÉ
s ¨ Ö¢²ÖÕÉ¸Ö ¸Ê³³ ³¨

RL4
iab(ϕ) = F̃L2

iLab W̃Lab(ϕ) + Vi2 BL1
iab (cos ϕ)2 W̃Lab(ϕ) ,

F̃L2
iLab ≡ (Vi0 − E)FL2

iLab + Vi0

∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� FL2
kLa′b′ .

“¶·μ¸É¨³ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö, § ³¥´¨¢ ¢ ´¨Ì ¶·μ¨§¢¥¤¥´¨¥ (cos ϕ)2 W̃Lab ¸Ê³-
³μ° (23) ¸ ¨´¤¥±¸μ³ p = 2 ¨ ±μÔËË¨Í¨¥´É ³¨ (24). 	É  ¸Ê³³ ,   §´ Î¨É,
¨ ËÊ´±Í¨¨ RL4

iab(ϕ) Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨¨ ¤¢ÊÌ ËÊ´±Í¨° W̃Lab ¨
W̃L+2,ab, ¥¸²¨ L = a + b, ¨ É·¥Ì ËÊ´±Í¨° W̃Lab ¨ W̃L±2,ab, ¥¸²¨ L > a + b.
�μÔÉμ³Ê ¨¸¸²¥¤Ê¥³μ° ¶μ¤¸¨¸É¥³¥ (28) ¸ n = 4 Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³¡¨´ Í¨¨
ΦL4

iab ÔÉ¨Ì ¦¥ ËÊ´±Í¨° ¨ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥³ÒÌ ±μÔËË¨Í¨¥´Éμ¢ FL4
iL′ab:

ΦL4
iab(s, ϕ) = ΦL40

iab (ϕ) =
L′+2∑

L′=L−2

FL4
iL′ab W̃L′ab(ϕ) ;

FL4
iLab =

Vi2 AL2
Lab + F̃L2

iLab

8(L + 4)
,

FL4
i,L±2,ab =

1
4

Vi2 AL2
L±2,ab BL1

iab

{
(L + 5)−1

(3L + 9)−1 .

(52)

„ ²¥¥ ¶μ ¨´¤Ê±Í¨¨ ´¥¸²μ¦´μ ¤μ± § ÉÓ ¸²¥¤ÊÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö. …¸²¨ n ´¥-
Î¥É´μ, Éμ n-¶μ¤¸¨¸É¥³  (28) ¨³¥¥É Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ (∀ΦLn

iab ≡ 0),
  ¶·¨ Î¥É´μ³ n ¢¸¥ ¶· ¢Ò¥ Î ¸É¨ RLn

iab, ¡² £μ¤ ·Ö ¶· ¢¨² ³ (22) ¨ (23), Ö¢²Ö-
ÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ËÊ´±Í¨° W̃L′ab, L′ ≤ L+n−2. ’ ± ± ± É ± Ö
±μ³¡¨´ Í¨Ö μ·Éμ£μ´ ²Ó´  ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨ W̃L+n,ab μ¶¥· Éμ·  DLn

ab , Éμ
²Õ¡ Ö ±μ³¶μ´¥´É  ΦLn

iab ´¥ § ¢¨¸¨É μÉ s ¨ Ö¢²Ö¥É¸Ö ±μ³¡¨´ Í¨¥° Éμ£μ É¨¶ ,
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ÎÉμ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶· ¢ Ö Î ¸ÉÓ RLn
iab:

ΦLn
iab(ϕ) =

L+(L,n)∑
L′=L−(L,n)

FLn
iL′ab W̃Lab(ϕ) , L±(L, n) ≡ max {L ± n ∓ 2, a + b} ,

£¤¥ n = 0, 2, . . .,   FLn
iL′ab Å ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò¥ Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ,

¤²Ö ±μÉμ·ÒÌ ³μ¦´μ ¢Ò¢¥¸É¨ ·¥±Ê··¥´É´Ò¥ ¶μ ¨´¤¥±¸Ê n ¸μμÉ´μÏ¥´¨Ö.
ˆÉ ±, ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ C) ¢ ¸Ê³³ Ì (30) ¨ (47) ¨´¤¥±¸ n Å Î¥É´μ¥

Î¨¸²μ, M ′(n) = 0 ¨ M(n) = 0 ¶·¨ ²Õ¡μ³ n. �μÔÉμ³Ê ¢¸¥ ±μ³¶μ´¥´ÉÒ ΦL
iab

²Õ¡μ£μ L-·¥Ï¥´¨Ö Å μ¤´μ±· É´Ò¥ ·Ö¤Ò ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ £¨¶¥·· ¤¨Ê¸ .
‘Ê³³¨·Ê¥³ ¤μ± § ´´Ò¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨Ö ¢ ¢¨¤¥ É¥μ·¥³Ò.
’¥μ·¥³ . “· ¢´¥´¨Ö (19) ¨³¥ÕÉ Ëμ·³ ²Ó´ÊÕ ËÊ´¤ ³¥´É ²Ó´ÊÕ ¸¨¸É¥³Ê

·¥£Ê²Ö·´ÒÌ L-·¥Ï¥´¨°, μ¶·¥¤¥²¥´´ÒÌ ·Ö¤ ³¨ (47), ¢ ±μÉμ·ÒÌ M(n) =
= [n/2], [n/6], 0, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ ¸²ÊÎ ¥ A), B), C),   ËÊ´±Í¨¨ ΦLnm

iab (ϕ)
¶μ¤Î¨´¥´Ò μ¤´μ§´ Î´μ · §·¥Ï¨³μ° ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ Ê· ¢´¥´¨° (49) ¸
μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ ÉμÎ± Ì ϕ = 0, π/2.

’¥¶¥·Ó μ¡¸Ê¤¨³ ¤·Ê£μ° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö L-·¥Ï¥´¨° {ΦL
iab} ¨¸Ìμ¤´μ°

¸¨¸É¥³Ò (19). ‚ ÔÉμ³ ¸¶μ¸μ¡¥ ±²ÕÎ¥¢μ° Ö¢²Ö¥É¸Ö ¸¨¸É¥³  Ê· ¢´¥´¨° (49).
�·¨ ²Õ¡ÒÌ ¤ ´´ÒÌ n ¨ m ²¥¢Ò¥ ¨ ¶· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ²¨´¥°´Ò μÉ-
´μ¸¨É¥²Ó´μ ¢¸¥Ì ¨¸±μ³ÒÌ ËÊ´±Í¨° ΦLnm

iab ¨ Ê¦¥ ´ °¤¥´´ÒÌ ËÊ´±Í¨° ΦLn′m′

ka′b′ ¸
¨´¤¥±¸ ³¨ n′ ≤ n ¨ m′ > m. �μÔÉμ³Ê, ´ Î¨´ Ö ¸ n = 1, ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ,
´ ¶·¨³¥· BL1

iab, BL2
iab, FL2

iL′ab, ¨ ¢¸¥ ËÊ´±Í¨¨, ¢ Î ¸É´μ¸É¨ ΦL10
iab , ΦL20

iab , ΦL21
iab ,

μ¡² ¤ ÕÉ ¨¸±²ÕÎ¨É¥²Ó´μ ¢ ¦´Ò³ ¸¢μ°¸É¢μ³ Å μ´¨ Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨
ËÊ´±Í¨Ö³¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ¢¸¥Ì ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ XL

iab. ’ -
±¨³ μ¡· §μ³, ¶·¨ ²Õ¡ÒÌ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¨´¤¥±¸μ¢ i, a, b, n ¨
m ¶· ¢ Ö Î ¸ÉÓ RLnm

iab ²Õ¡μ£μ Ê· ¢´¥´¨Ö (49) ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ ±μ´¥Î´μ°
¸Ê³³Ò

RLnm
iab (ϕ) =

3∑
k=1

∑
a′b′

XL
ka′b′ RLnm

iab,ka′b′(ϕ)

¨ ¶μÔÉμ³Ê ¤²Ö ·¥Ï¥´¨Ö ΦLnm
iab ÔÉμ£μ Ê· ¢´¥´¨Ö ¢¥·´μ ¶·¥¤¸É ¢²¥´¨¥

ΦLnm
iab (ϕ) =

3∑
k=1

∑
a′b′

XL
ka′b′ ΦLnm

iab,ka′b′(ϕ) . (53)

‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ XL
iab, ±·μ³¥ ±μÔËË¨Í¨¥´É  XL

ka′b′

c ¢Ò¡· ´´Ò³¨ §´ Î¥´¨Ö³¨ ¨´¤¥±¸μ¢ k, a′ ¨ b′, · ¢´Ò ´Ê²Õ, Éμ ¨¸¸²¥¤Ê¥³μ¥
Ê· ¢´¥´¨¥ ¢Ò·μ¦¤ ¥É¸Ö ¢ Ê· ¢´¥´¨¥, ´¥ ¸μ¤¥·¦ Ð¥¥ ´¨± ±¨Ì ´¥μ¶·¥¤¥²¥´´ÒÌ
±μÔËË¨Í¨¥´Éμ¢:[

L̃2
ab(ϕ) − (L + n + 2)2

]
ΦLnm

iab,ka′b′(ϕ) = RLnm
iab,ka′b′(ϕ) , ϕ ∈ [0, π/2] . (54)
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�μ μ¶·¥¤¥²¥´¨Õ ±μ³¶μ´¥´É  ΦLnm
iab = 0, É. e. ¸Ê³³  (53), · ¢´  ´Ê²Õ ¢ ÉμÎ± Ì

ϕ = 0, π/2. 	Éμ Ê¸²μ¢¨¥ ¡Ê¤¥É ¢Ò¶μ²´ÖÉÓ¸Ö ¶·¨ ²Õ¡ÒÌ ±μÔËË¨Í¨¥´É Ì XL
iab

Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ± ¦¤μ¥ ¨§ Ê· ¢´¥´¨° (54) ¤μ¶μ²´¥´μ ¤μ ±· ¥¢μ°
§ ¤ Î¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ΦLnm

iab,ka′b′ = 0 ¶·¨ ϕ = 0, π/2. ’ ±ÊÕ ±· ¥¢ÊÕ
§ ¤ ÎÊ ¤ ¦¥ ¶·¨ ¸· ¢´¨É¥²Ó´μ ¡μ²ÓÏμ³ n ³μ¦´μ ·¥Ï¨ÉÓ ¨§¢¥¸É´Ò³¨ Î¨¸²¥´-
´Ò³¨ ³¥Éμ¤ ³¨ [7], ´ ¶·¨³¥·, ³¥Éμ¤μ³ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔËË¨Í¨¥´-
Éμ¢ [19]. 	ÉμÉ ³¥Éμ¤ ´¥¸²μ¦´μ ·¥ ²¨§μ¢ ÉÓ, ¶μÉμ³Ê ÎÉμ ËÊ´¤ ³¥´É ²Ó´Ò¥
·¥Ï¥´¨Ö [17] μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ Ê· ¢´¥´¨Õ (54), ¨§¢¥¸É´Ò
¢ Ö¢´μ³ ¢¨¤¥. �¥£Ê²Ö·´Ò³ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö ËÊ´±Í¨Ö W̃Lab,   ´¥·¥£Ê²Ö·´μ¥

·¥Ï¥´¨¥ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ËÊ´±Í¨Õ Ÿ±μ¡¨ ¢Éμ·μ£μ ·μ¤  Q
(a+1/2,b+1/2)
n :

(sin ϕ)a+1 (cos ϕ)b+1 Q(a+1/2,b+1/2)
n (cos 2ϕ) , n = (L − a − b)/2 .

‘¤¥² ¥³ ¢ ¦´μ¥ § ³¥Î ´¨¥. —¨¸²¥´´Ò°  ´ ²¨§ ±² ¸¸¨Î¥¸±μ° Í¥¶μÎ±¨ ·¥-
±Ê··¥´É´ÒÌ Ê· ¢´¥´¨° ‚. �. ”μ±  ¨ Í¥¶μÎ±¨ (49) ¢μ§³μ¦¥´ ²¨ÏÓ ¶μ¸²¥
μ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ ´¨Ì Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢. �·¥¤²μ-
¦¥´´Ò° ¢ÒÏ¥ ¶μ¤Ìμ¤ ²¨Ï¥´ ÔÉμ£μ ´¥¤μ¸É É± : ¢ ´¥³ ¸´ Î ²  ¢ÒÎ¨¸²ÖÕÉ¸Ö
ËÊ´±Í¨¨ ΦLnm

iab,ka′b′ , ¶μ¤Î¨´¥´´Ò¥ ·¥±Ê··¥´É´μ° ¶μ ¨´¤¥±¸ ³ n ¨ m Í¥¶μÎ±¥
μ¤´μ·μ¤´ÒÌ ±· ¥¢ÒÌ § ¤ Î, ´¥ ¸μ¤¥·¦ Ð¨³ ´¨± ±¨Ì ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔË-
Ë¨Í¨¥´Éμ¢,   § É¥³ ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ¢μ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ¢¸¥ ±μ³¶μ´¥´ÉÒ
ΦLnm

iab ²Õ¡μ£μ L-·¥Ï¥´¨Ö ± ± ¸Ê³³Ò (53) ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μÔËË¨Í¨¥´-
É ³¨ XL

iab.

3. ‘’��…�ˆ… �…ƒ“‹Ÿ��›• �…˜…�ˆ‰
“��‚�…�ˆ‰ ”�„„……‚�

‘μ£² ¸´μ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [19], μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥
·¥Ï¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö · ¢´μ ¸Ê³³¥ ¢¸¥Ì ¥£μ ·¥£Ê²Ö·´ÒÌ
ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°, Ê³´μ¦¥´´ÒÌ ´  ¶·μ¨§¢μ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ.
‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ¢¸¥ ·¥£Ê²Ö·´Ò¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ L-·¥Ï¥´¨Ö {ΦL

iab},
L = � + μ(σ), � + μ(σ) + 2, . . ., ¸¨¸É¥³Ò (19) ¶·¥¤¸É ¢²¥´Ò ·Ö¤ ³¨ (47), Ê¦¥
¸μ¤¥·¦ Ð¨³¨ ´¥±μÉμ·Ò¥ ±μÔËË¨Í¨¥´ÉÒ XL

iab. �μÔÉμ³Ê ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨
±μ³¶μ´¥´ÉÒ U �

iab μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö {U �
iab} ÔÉμ° ¸¨¸É¥³Ò ³μ¦´μ

¶·¥¤¸É ¢¨ÉÓ ¸Ê³³ ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ³¶μ´¥´É ΦL
iab ¢¸¥Ì L-·¥Ï¥´¨°:

U �
iab(r, ϕ) =

∞∑
L=a+b

ΦL
iab(r, ϕ) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
iab (ϕ) . (55)
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‡ ³¥´¨¢ ËÊ´±Í¨¨ U �
iab É ±¨³¨ ¸Ê³³ ³¨ ¢ (11), (12) ¨ ¢ (8), ¶μ²ÊÎ¨³ Ëμ·-

³ ²Ó´Ò¥ · §²μ¦¥´¨Ö ¤²Ö ¶·¨¢¥¤¥´´ÒÌ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
iL′ab:

U �
iL′ab(r) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
iL′ab,

ΦLnm
iL′ab ≡ 〈WL′ab(ϕ)|ΦLnm

iab (ϕ)〉 ,

(56)

¤²Ö ¶·¨¢¥¤¥´´ÒÌ Dσ-±μ³¶μ´¥´É U �x
im′ :

U �x
im′(r, ϕ, u) =

∞∑
L=�+μ(σ)

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
im′ (ϕ, u) ,

ΦLnm
im′ (ϕ, u) ≡ sin θ

∑
ab

T �m′

ab Θam′(u)ΦLnm
iab (ϕ);

(57)

¨ ¤²Ö Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε
i :

Ψε
i (r, Ω) =

∞∑
L=�+μ(σ)

rL
∞∑

n=0

rn

M(n)∑
m=0

sm ΨLnm
i (Ω) ,

ΨLnm
i (Ω) ≡

∑
ab

[
ΦLnm

iab (ϕ)/(sin ϕ cos ϕ)
]
Y�m

ab (x̂, ŷ) .

(58)

�μ ¤μ± § ´´μ° ¢ · §¤¥²¥ 2 É¥μ·¥³¥ ¸É·μ¥´¨¥ ÔÉ¨Ì ·Ö¤μ¢, ¢ Î ¸É´μ¸É¨
¨´¤¥±¸ M(n), μ¶·¥¤¥²Ö¥É¸Ö É¨¶μ³ (5) · §²μ¦¥´¨° (4) ¶ ·´ÒÌ ¶μÉ¥´Í¨ ²μ¢.

�·¥¤¶μ²μ¦¨¢, ÎÉμ ¢¸¥ ·Ö¤Ò (47) ¨ (55)Ä(58)  ¸¨³¶ÉμÉ¨Î¥¸±¨¥,   ¢¸¥ ±μ-
ÔËË¨Í¨¥´ÉÒ XL0

iab, L = a + b + 2n, n = 0, 1, 2, ´¥´Ê²¥¢Ò¥, ´ °¤¥³ Ö¢´Ò¥
 ¸¨³¶ÉμÉ¨±¨ ÔÉ¨Ì ·Ö¤μ¢,   § É¥³ ¨§  ¸¨³¶ÉμÉ¨± ¢Ò¢¥¤¥³ ¸¢Ö§¨.

�¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (55) ¨ (56) ¶·¥¤¸É ¢¨³ ¶μ¤¸Ê³³ ³¨ ¨Ì É·¥Ì ´ ¨¡μ²¥¥
³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ ¸²¥¤Ê-
ÕÐ¨³ ¶· ¢¨² ³: ¢ ¸²ÊÎ ¥ A) ÔÉ¨ ¸² £ ¥³Ò¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ É·¨ ¸² £ ¥³ÒÌ
·Ö¤μ¢ (47) ¸ ³¨´¨³ ²Ó´Ò³ L, · ¢´Ò³ a + b; ¢ ¸²ÊÎ ¥ B) Å Î¥·¥§ É·¨ ¸² £ ¥-
³ÒÌ ·Ö¤μ¢ (47) ¸ L = a + b ¨ ¸É ·Ï¨¥ Î²¥´Ò (25) ·Ö¤μ¢ (47) ¸ L = a + b + 2;
¢ ¸²ÊÎ ¥ C) Å Î¥·¥§ É·¨ ¸² £ ¥³ÒÌ ·Ö¤μ¢ (47) ¸ L = a + b, ¤¢  ¸² £ ¥³ÒÌ
·Ö¤μ¢ (47) ¸ L = a+b+2 ¨ ¸É ·Ï¨¥ ¸² £ ¥³ÒÌ (25) ·Ö¤μ¢ (47) ¸ L = a+b+4.

�μ Ëμ·³Ê² ³ (27), (40), (48) ¨ (50)Ä(52) ¢Ò· §¨³ Ö¢´μ ¢¸¥ ´Ê¦´Ò¥ ´ ³
ËÊ´±Í¨¨ ΦLnm

iab , L = a + b + 2n, n = 0, 1, 2, Î¥·¥§ ËÊ´±Í¨¨ W̃Lab. ‘²¥-
¤ÊÖ ¸Ëμ·³Ê²¨·μ¢ ´´Ò³ ¢ÒÏ¥ ¶· ¢¨² ³ ¨ ¨¸¶μ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö, ¢Ò¢μ¤¨³
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Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (55), É. ¥. ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
iab(r, ϕ):

A) U �
iab = rL+2

{ [
XL

iab + (r cos ϕ)Vi,−1 BL1
iab/(2b + 2)

]
W̃Lab(ϕ)+

+r2 s BL2
iab W̃L+2,ab(ϕ) + O(r2)

}
,

B) U �
iab = rL+2

{
XL

iab W̃Lab(ϕ) + r2
[
FL2

iLab W̃Lab(ϕ) + XL+2
iab W̃L+2,ab(ϕ)

]
+

+ (r cos ϕ)3
[
BL1

iab Vi1/(6b + 12)
]

W̃Lab(ϕ) + O(r4)
}

, (59)

C) U �
iab = rL+2

{
XL

iab W̃Lab(ϕ) + r2
[
FL2

iLab W̃Lab(ϕ) + XL+2
iab W̃L+2,ab(ϕ)

]
+

+r4
[
FL4

iLab WLab(ϕ) +
(

FL4
i,L+2,ab + FL+2

i,L+2,ab

)
W̃L+2,ab(ϕ)+

+XL+4
iab W̃L+4,ab(ϕ)

]
+ O(r2)

}
.

„ ²¥¥, ¶μ¤¸É ¢¨¢ ´ °¤¥´´Ò¥ ËÊ´±Í¨° ΦLnm
iab ¢ Ëμ·³Ê²Ò (56) ¨ ¨¸¶μ²Ó§ÊÖ

· §²μ¦¥´¨¥ (23) ¸ g = 1 ¢ ¸²ÊÎ ¥ A) ¨ ¸ g = 3 ¢ ¸²ÊÎ ¥ B), ´ Ìμ¤¨³ Ö¢´Ò¥
 ¸¨³¶ÉμÉ¨±¨ ¢¸¥Ì £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �

iL′ab(r):

A) U �
iL′ab = rL+2

[
XL

iabδLL′ +
rVi,−1

2(b + 1)
AL1

L′ab BL1
iab+

+ r2s BL2
iab δL′,L+2 + O(r2)

]
,

B) U �
iL′ab = rL+2

{ [
XL

iab + r2 FL2
iLab

]
δLL′ + r2XL+2

iab δL′,L+2+

+r3Vi1 AL3
L′abB

L1
iab/(6b + 12) + O(r4)

}
, (60)

C) U �
iL′ab = rL+2

[
XL

iab + r2 FL2
iLab + r4 FL4

iLab

]
δLL′+

+ rL+4
[
XL+2

iab + r2
(

FL4
i,L+2,ab + FL+2

i,L+2,ab

) ]
δL′,L+2+

+ rL+6 XL+4
iab δL′,L+4 + O(rL+8) .

’¥¶¥·Ó ´ °¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (57) ¨ (58) ¢ ¢¨¤¥ ¶μ¤¸Ê³³ ¨Ì
É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ. ‚ ¸²ÊÎ ¥ A) ¨³¨
Ö¢²ÖÕÉ¸Ö É·¨ ¸² £ ¥³ÒÌ ÔÉ¨Ì ·Ö¤μ¢ ¸ ³¨´¨³ ²Ó´μ ¢μ§³μ¦´Ò³ L = Lmin; ¢
¸²ÊÎ ¥ B) Å ¸² £ ¥³Ò¥ ¸ L = Lmin; n = 0, 2, 3 ¨ L = Lmin + 2, n = 0; ¢
¸²ÊÎ ¥ C) Å É¥ ¦¥ ¸² £ ¥³Ò¥, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ ‚), ¨ ¸² £ ¥³Ò¥ ¸ L = Lmin +4,
n = 0.
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‡ ³¥´¨¢ ¢μ ¢¸¥Ì Ê¶μ³Ö´ÊÉÒÌ ¸² £ ¥³ÒÌ ËÊ´±Í¨¨ ΦLnm
iab ¨Ì ´ °¤¥´´Ò³¨

¶·¥¤¸É ¢²¥´¨Ö³¨, ¶μ²ÊÎ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É U �x
im′(r, ϕ, u):

A) U �x
im′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u)×

×
{[

XL
iab +

rVi,−1

2(b + 1)
BL1

iab cos ϕ

]
W̃Lab(ϕ)+

+r2 s BL2
iab W̃L+2,ab(ϕ) + O(r2)

}
,

B) U �x
im′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u) W̃Lab(ϕ)×

×
[
XL

iab + r2 FL2
iLab + (r cos ϕ)3 BL1

iab Vi1/(6b + 12)
]
+

+ rL+4 sin θ

L+2∑
a+b=L

XL+2
iab T �m′

ab Θam′(u) W̃L+2,ab(ϕ) + O(rL+6) ,

(61)

C) U �x
im′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u) W̃Lab(ϕ)×

×
[
XL

iab + r2 FL2
iLab + r4 FL4

iLab

]
+

+ rL+4 sin θ

L+2∑
a+b=L

T �m′

ab Θam′(u)W̃L+2,ab(ϕ)×

×
[
XL+2

iab + r2
(
FL4

i,L+2,ab + FL+2
i,L+2

)]
+

+ rL+6 sin θ

L+4∑
a+b=L

XL+4
iab T �m′

ab Θam′(u) W̃L+4,ab(ϕ) + O(rL+8)

¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε
i (r, Ω):

A) Ψε
i = rL

∑
a+b=L

{ [
XL

iab + (r cos ϕ)Vi,−1 BL1
iab/(2b + 2)

]
Y �m

Lab(Ω)+

+r2s BL2
iabYL+2,ab(Ω) + O(r2)

}
,

B) Ψε
i = rL

∑
a+b=L

[
XL

iab + r2FL2
iLab + (r cos ϕ)3Vi1B

L1
iab/(6b + 12)

]
Y �m

Lab(Ω)+

+ rL+2
L+2∑

a+b=L

XL+2
iab Y �m

L+2,ab(Ω) + O(rL+4) , (62)
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C) Ψε
i = rL

∑
a+b=L

[
XL

iab + r2 FL2
iLab + r4 FL4

iLab

]
Y �m

ab (Ω)+

+ rL+4
L+2∑

a+b=L

[
XL+2

iab + r2
(

FL4
i,L+2,ab + FL+2

i,L+2

) ]
Y �m

L+2,ab(Ω)+

+ rL+6
L+4∑

a+b=L

XL+4
iab Y �m

L+4,ab(Ω) + O(rL+8) .

�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¸¢Ö§¥° ¶·¨ r = 0. ‚Ò¢μ¤ ·¥ ²¨§Ê¥³ ¢ ¤¢  ÔÉ ¶ :
¸´ Î ²  ¢Ò· §¨³ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ XL

iab ¨ ¨Ì ±μ³¡¨´ Í¨¨ BL1
iab

¨ FL2
iLab Î¥·¥§ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥  ¸¨³¶ÉμÉ¨± (59)Ä(61) ¶μ  ·£Ê³¥´ÉÊ r ¶·¨

r = 0,   § É¥³ § ³¥´¨³ ¢ μ¶·¥¤¥²¥´¨ÖÌ (35) ¨ (51) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ XL
iab,

BL1
iab ¨ FL2

iLab ¨Ì ¶μ²ÊÎ¥´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨.
ˆ§ (59) ¢ ¸²ÊÎ ¥ A) ¸²¥¤ÊÕÉ ¤¢  ¶·¥¤¸É ¢²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ XL

iab ¨
BL1

iab Î¥·¥§ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ËÊ´±Í¨¨ U �
iab ¶·¨ r = 0:

XL
iab =

[
(L + 2)! W̃Lab(ϕ)

]−1

∂L+2
r U �

iab(r, ϕ) ,

BL1
iab =

{
(2b + 2)/

[
(L + 3)! Vi,−1 W̃Lab(ϕ)

] }
∂L+3

r U �
iab(r, ϕ) .

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¶μ²μ¦¨¢ p = 1, ¶¥·¥¶¨Ï¥³ · ¢¥´¸É¢μ (35)
¢ ¢¨¤¥ ¸¢Ö§¨ ³¥¦¤Ê Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ Qjab(ϕ) ≡ ∂L+2

r U �
iab|r=0 É·¥Ì

ËÊ´±Í¨° U �
jab(r, ϕ), j = i, j �= i:

∂p
r Qiab(ϕ) = MLp

b Vi,p−2 (cos ϕ)p
[
Qiab(ϕ)+

+ W̃Lab(ϕ)
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� Qkab(ϕk)/W̃La′b′(ϕk)
]
. (63)

‡¤¥¸Ó ¨ ¢¸Õ¤Ê ¤ ²¥¥

MLp
b ≡ (L + p + 2)!/ [ p (2b + p + 1) (L + 2)! ] .

’¥³ ¦¥ ¸¶μ¸μ¡μ³ ¤μ± §Ò¢ ¥³, ÎÉμ ¢ ¸²ÊÎ ¥ B) ¨³¥ÕÉ¸Ö ¸¢Ö§¨ (63) ¸ p = 3.
‘²ÊÎ ° C) Å ¨¸±²ÕÎ¨É¥²Ó´Ò°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸² £ ¥³μ¥ ¸Ê³³Ò (59)

¶·¨ ²Õ¡μ³ n > 0 Ö¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ ËÊ´±Í¨¨ r2n ¨ Ê£²μ¢μ° ËÊ´±Í¨¨,
±μÉμ· Ö, ¢ μÉ²¨Î¨¥ μÉ ¸²ÊÎ ¥¢ A) ¨ B), ¢¸¥£¤  ¸μ¤¥·¦¨É ¨ ´¥μ¶·¥¤¥²¥´´Ò¥
±μÔËË¨Í¨¥´ÉÒ XL′

iab c L′ = L+2n, ¨ ±μÔËË¨Í¨¥´ÉÒ FL′n
iab , ¢Ò· ¦¥´´Ò¥ Î¥·¥§

±μÔËË¨Í¨¥´ÉÒ XL′

iab ¸ L′ < L+2n. �μÔÉμ³Ê ¨§ ²Õ¡μ° ±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨
¸μμÉ´μÏ¥´¨°, ¶μ²ÊÎ¥´´ÒÌ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° U �

iab ¢
ÉμÎ±¥ r = 0, ´¥²Ó§Ö ¨¸±²ÕÎ¨ÉÓ ¢¸¥ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¨ ¶μ²ÊÎ¨ÉÓ
¸¢Ö§¨ ¤²Ö Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ÔÉ¨Ì ËÊ´±Í¨° ¢ ÔÉμ° ÉμÎ±¥.
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’¥¶¥·Ó ¨§ (60) ¢Ò¢¥¤¥³ ¸¢Ö§¨ ¤²Ö ËÊ´±Í¨° QjLab(r) ≡ ∂L+2
r U �

jLab(r).
‚ ¸²ÊÎ ÖÌ A) ¨ B) ¶·¨ ²Õ¡μ³ L′ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ p = 1 ¨ p = 3

±μÔËË¨Í¨¥´ÉÒ XL
iab ¨ BL1

iab ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶·μ¨§¢μ¤´Ò¥ ∂L+2
r U �

iLab ¨
∂L+2+p

r U �
iL′ab ¢ ÉμÎ±¥ r = 0. ‡ ³¥´¨¢ XL

iab ¨ BL1
iab ¢ (35) É ±¨³¨ ¢Ò· ¦¥-

´¨Ö³¨, ¶μ²ÊÎ¨³ ¸¢Ö§¨

∂p
r QiL′ab =

= ALp
Lab MLp

b Vi,p−2

⎛
⎝QiLab +

∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� QkLa′b′

⎞
⎠ . (64)

‚ ¸²ÊÎ ÖÌ B) ¨ C) ±μÔËË¨Í¨¥´ÉÒ XL
iab ¨ FL2

iLab ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶·μ¨§¢μ¤-
´Ò³ ∂L+2

r U �
iLab ¨ ∂L+4

r U �
iLab ¢ ÉμÎ±¥ r = 0. ˆ¸¶μ²Ó§ÊÖ É ±¨¥ ¸μμÉ´μÏ¥´¨Ö ¨

Ëμ·³Ê²Ò (35) ¨ (51), ¢Ò¢μ¤¨³ ¸¢Ö§¨

∂2
rQiLab =

=
(
1 +

L

4

)⎡⎣(Vi0 − E)QiLab +
∑
k �=i

Vk0

∑
a′b′

〈ab|K(γki)|a′b′〉L�QkLa′b′

⎤
⎦ . (65)

‚ ¸²ÊÎ ÖÌ B) ¨ C) ±μÔËË¨Í¨¥´ÉÒ FL2
iab ¨ XL+2

iab ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶·μ-
¨§¢μ¤´Ò³ ∂L+4

r U �
iLab ¨ ∂L+4

r U �
i,L+2,ab ¶·¨ r = 0 ¨ ¶μÔÉμ³Ê ¨³¥ÕÉ¸Ö ¶·μ¸ÉÒ¥

¸¢Ö§¨:
∂L+4

r

[
U �

iLab(r) − U �
i,L+2,ab(r)

]
= 0 , r = 0 . (66)

�¸É ²μ¸Ó ¢Ò¢¥¸É¨ ¸¢Ö§¨ ¨§ · ¢¥´¸É¢ (61). ˆ³¥¥É¸Ö ¤¢  ¨¸±²ÕÎ¨É¥²Ó´ÒÌ ¨
· ¸¸³μÉ·¥´´ÒÌ ´¨¦¥ ¸²ÊÎ Ö �, σ = 0 ¨ �, σ = 1. ’μ²Ó±μ ¶·¨ É ±¨Ì §´ Î¥´¨ÖÌ
� ¨ σ ¢ ¸²ÊÎ ÖÌ A) ¨ B) ¸Ê³³Ò (61) ¸μ¤¥·¦ É ²¨ÏÓ μ¤¨´ Î²¥´ ¨ ¶μÔÉμ³Ê ¤²Ö
±μ³¶μ´¥´É U �x

im′ ¨³¥ÕÉ¸Ö ¸¢Ö§¨ ¶·¨ r = 0. �·¨ ¢¸¥Ì ¨´ÒÌ � ¨ σ ¨²¨ ¦¥ ¢
¸²ÊÎ ¥ C) ÔÉ¨ ¸Ê³³Ò ¸μ¤¥·¦ É ¤¢  ¨ ¡μ²¥¥ ¸² £ ¥³ÒÌ, ¶·¨Î¥³ ¢¸¥ ±μÔËË¨-
Í¨¥´ÉÒ XL

iab, BL1
iab ¨ (¨²¨) FL2

iLab ¸Ê³³¨·ÊÕÉ¸Ö ¶μ a ¨ b. �μÔÉμ³Ê ¨Ì ´¥²Ó§Ö
¶·¥¤¸É ¢¨ÉÓ ± ± Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ±μ³¶μ´¥´É U �x

im′ ¶μ r ¢ ÉμÎ±¥ r = 0.
‘²¥¤μ¢ É¥²Ó´μ, ¸¢Ö§¨ ³¥¦¤Ê É ±¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ´¥ ¸ÊÐ¥¸É¢ÊÕÉ. ‘¶·μ¥Í¨-
·μ¢ ¢ ÔÉ¨  ¸¨³¶ÉμÉ¨±¨ ´  ËÊ´±Í¨¨ Θam′ , ¶μ²ÊÎ¨³  ¸¨³¶ÉμÉ¨±¨ ¶·μ¥±Í¨°
U �x

im′a ≡ T �m′

ab U �
iab. ‚ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨± Ì ´¥¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ´¥

¸Ê³³¨·ÊÕÉ¸Ö ¨ ¶μÔÉμ³Ê ¤²Ö ËÊ´±Í¨° Qjab ≡ ∂L+2
r U �x

jm′a/T �m′

ab |r=0 ¨³¥ÕÉ¸Ö
¸¢Ö§¨ (63).

�¡¸Ê¤¨³ ± Î¥¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö Ëμ·³Ê² (59)Ä(62), ¢ ±μÉμ·ÒÌ L = a+ b.
‘´ Î ²  ¶μÖ¸´¨³ Ê£²μ¢ÊÕ § ¢¨¸¨³μ¸ÉÓ ¸² £ ¥³ÒÌ ¸Ê³³ (59). ˆÌ ¶¥·¢Ò¥

¸² £ ¥³Ò¥ ¢ ²Õ¡μ³ ¸²ÊÎ ¥ A), B) ¨²¨ C) § ¢¨¸ÖÉ μÉ ϕ É ± ¦¥, ± ± ËÊ´±Í¨Ö

W̃Lab(ϕ) = NLab (sin ϕ)a+1(cos ϕ)b+1, NLab =
[

(2L + 4)Γ(L + 2)
Γ(a + 3/2) Γ(b + 3/2)

]1/2

.
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“£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¢Éμ·ÒÌ ¸² £ ¥³ÒÌ ¸Ê³³ (59) ¢ ¸²ÊÎ ¥ A) μ¶¨¸Ò¢ ¥É¸Ö
¶·μ¨§¢¥¤¥´¨¥³ cos ϕW̃Lab(ϕ),   ¢ ¸²ÊÎ ÖÌ B) ¨ C) Å ²¨´¥°´μ° ±μ³¡¨´ Í¨¥°
±μÔËË¨Í¨¥´Éμ¢ XL

iab ¨ FL2
iLab ¨ ¤¢ÊÌ ËÊ´±Í¨°: ËÊ´±Í¨¨ W̃Lab(ϕ) ¨ ËÊ´±Í¨¨

W̃L+2,ab(ϕ) = NL+2,ab (sin ϕ)a+1 (cos ϕ)b+1 (1/2) [a − b + (L + 3) cos 2ϕ ] ,

NL+2,ab = NLab (1/2) [ (2a + 3)(2b + 3)(L + 4)]1/2 .

’·¥ÉÓ¨ ¸² £ ¥³Ò¥ ¸Ê³³ (59) ¢ ¸²ÊÎ ¥ A) § ¢¨¸ÖÉ μÉ Ê£²  ϕ É ± ¦¥, ± ± ËÊ´±Í¨Ö
W̃L+2,ab(ϕ), ¢ ¸²ÊÎ ¥ B) Å ± ± ËÊ´±Í¨Ö

(cos ϕ)3 W̃Lab(ϕ) = NLab(sin ϕ)a+1 (cos ϕ)b+4 ,

  ¢ ¸²ÊÎ ¥ C) Å ± ± ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ±μÔËË¨Í¨¥´Éμ¢ FL4
iLab, (FL2

i,L+2,ab+
XL+4

iab ) ¨ ¤¢ÊÌ ËÊ´±Í¨°: ËÊ´±Í¨¨ W̃L+2,ab(ϕ) ¨ ËÊ´±Í¨¨

WL+4,ab(ϕ) = NL+4,ab(sin ϕ)a+1(cos ϕ)b+1×
× (1/8)

[
(L + 4)(L + 5)(cos 2ϕ)2 + 2(L + 4) cos 2ϕ + a − b

]
.

’¥¶¥·Ó μ¶¨Ï¥³ § ¢¨¸¨³μ¸ÉÓ ¸² £ ¥³ÒÌ ¸Ê³³ (60) μÉ ¨´¤¥±¸  L′. …¸²¨
L′ = L, Éμ ¢ ²Õ¡μ³ ¸²ÊÎ ¥ A), B) ¨²¨ C) ¸É ·Ï¨¥ (¶¥·¢Ò¥) ¸² £ ¥³Ò¥
Ê¡Ò¢ ÕÉ μ¤¨´ ±μ¢Ò³ μ¡· §μ³: U �

iL′ab = O(rL+2). ‚ ¸²ÊÎ ¥ A) ¶·¨ ²Õ¡μ³ L′

¢Éμ·μ¥ ¸² £ ¥³μ¥ Ê¡Ò¢ ¥É ± ± rL+3. ‚ ¸²ÊÎ ÖÌ B) ¨ C) ¢Éμ·Ò¥ ¸² £ ¥³Ò¥
Ê¡Ò¢ ÕÉ ± ± rL+4, Éμ²Ó±μ ¥¸²¨ L′ = L, L + 2. ‚ ¸²ÊÎ ¥ B) ¢Éμ·μ¥ ¸² £ ¥³μ¥
Ê¡Ò¢ ¥É ± ± rL+5 ¶·¨ ¢¸¥Ì L′ �= L, L + 2,   ¢ ¸²ÊÎ ¥ C) Å ± ± rL+6, ¥¸²¨
L′ = L, L + 2, L + 4.

� ¸¸³μÉ·¨³ ¸Ê³³Ò (61) ¨ (62). ‚ ´¨Ì ¶μ μ¶·¥¤¥²¥´¨Õ L = � + μ(σ).
�μÔÉμ³Ê  ¸¨³¶ÉμÉ¨±¨ ¶·¨ r → 0 ±μ³¶μ´¥´É U �

im′ ¨ Ψε
i ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ A),

B) ¨ C) § ¢¨¸ÖÉ μÉ ¶μ²´μ° Î¥É´μ¸É¨ σ: ¥¸²¨ Î¥É´μ¸ÉÓ ´μ·³ ²Ó´ Ö, Éμ U �x
im′ =

O(r�+2) ¨ Ψε
i = O(r�), ¥¸²¨ ¦¥ Î¥É´μ¸ÉÓ  ´μ³ ²Ó´ Ö, Éμ U �x

im′ = O(r�+3),  
Ψε

i = O(r�+1).
”μ·³Ê²Ò (59)Ä(62) ´¥¸²μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¶¥·¥³¥´´ÒÌ x = r cos ϕ ¨

y = r sin ϕ. �μ²ÊÎ¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö, ´ ¶·¨³¥· μ¡· §Ò Ëμ·³Ê² (59)

A) U �
iab = NLab xb+1 ya+1

{
XL

iab +
xVi,−1

2b + 2
BL1

iab +

+
NL+2,ab

2NLab
BL2

iabln (x2 + y2)
[
(a + 1)x2 − (b + 1)y2

]
+ O(r2)

}
,

B) U �
iab = NLab xb+1 ya+1

{
XL

iab + FL2
iLab (x2 + y2)+ (67)

+
NL+2,ab

NLab
XL+2

iab

[
(a + 1)x2 − (b + 1)y2)

]
+

+
x3Vi1

6(b + 2)
BL1

iab + O(r4)
}

,
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¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö · ¢´μ³¥·´μ£μ ¸· Ð¨¢ ´¨Ö  ¸¨³¶ÉμÉ¨± Ë ¤¤¥-
¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

i ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  (x → 0, y > 0) ¸ ¨Ì  ¸¨³-
¶ÉμÉ¨± ³¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í (x > 0, y → 0).
�¥Ï¥´¨¥ ÔÉμ° ¶·μ¡²¥³Ò ¶·¥¤¶μ² £ ¥É¸Ö ¤ ÉÓ ¢ μÉ¤¥²Ó´μ° · ¡μÉ¥.

‚ (59)Ä(62) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ BL1
iab, BL2

iab ¨ FL2
iLab Å ²¨´¥°´Ò¥ ËÊ´±-

Í¨¨ (35), (44) ¨ (51) ´¥¨§¢¥¸É´ÒÌ ±μ´¸É ´É XL
iab. �·¨ ¤ ´´ÒÌ XL

iab ¢ÒÎ¨¸²¥-
´¨¥ ±μÔËË¨Í¨¥´Éμ¢ BL1

iab ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ±μÔËË¨Í¨¥´Éμ¢ �¥°´ ² Ä
�¥¢ ¨, §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ BL2

iab ´¥É·Ê¤´μ ¢ÒÎ¨¸²¨ÉÓ, ¨¸¶μ²Ó§ÊÖ ¨§¢¥¸É-
´Ò¥ ±μ³¶ ±É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [9] Ö¤¥· h�

aba′b′(ϕ, ϕk; γki), ¢ÒÎ¨¸²¥´¨¥ ±μÔË-
Ë¨Í¨¥´Éμ¢ FL2

iLab Å ´¥¸²μ¦´ Ö § ¤ Î . �·¨ ´¥¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ � ¶μ²´μ£μ
Ê£²μ¢μ£μ ³μ³¥´É  cÊ³³Ò (59)Ä(62) ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ. „²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³
¸Ê³³Ê (61) ¢ ¸²ÊÎ ¥ A) ¶·¨ � = 0,   § É¥³ ¶·¨ � = 1.

�Ê¸ÉÓ � = 0, σ = 1, Éμ£¤  L, a, b, m′ = 0, ¨ ¸ ÉμÎ´μ¸ÉÓÕ O(r3s)

U0x
i0 =

√
2
π

xy sin θ
[
X0

i00 +
x

2
Vi,−1 B01

i00 + 2B02
i00 ln(x2 + y2) (x2 − y2)+

+
√

π

2
G02

i00(ϕ)(x2 + y2)
]

, (68)

£¤¥ B01
i00 ¨ B02

i00 Å ±μÔËË¨Í¨¥´ÉÒ (45),   G02
i00(ϕ) Å ËÊ´±Í¨Ö (46) ¶¥·¥³¥´´μ°

ϕ = arctg (y/x). ’ ± ± ± B01
i00 Å ¸Ê³³  ±μÔËË¨Í¨¥´Éμ¢ X0

k00 ¶μ ¨´¤¥±¸Ê
k = 1, 2, 3, Éμ ±μ³¶μ´¥´ÉÒ U0x

i0 , i = 1, 2, 3, ¶μ¤Î¨´ÖÕÉ¸Ö ¸¢Ö§Ö³

∂2
r

[
2 ∂rU

0x
i0 (r, ϕ, u) − 3 Vi,−1 cos ϕ

3∑
k=1

U0x
k0 (r, ϕk, uk)

sin 2ϕsinθ

sin 2ϕk sinθk

]
= 0 .

�Ê¸ÉÓ É¥¶¥·Ó � = 1. …¸²¨ σ = −1, Éμ μ(σ) = 0, ¶μÔÉμ³Ê L = �+μ(σ) = 1;
{a, b} = {1, 0}, {0, 1},   m′ = 0, 1 ¨ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¸² £ ¥³ÒÌ O(r5)

U1x
i1 = − 4√

π
x (y sin θ)2

[
X1

i10 +
x

2
Vi,−1 B11

i10 + B12
i10

s√
3

(5x2 − 3y2)
]

,
(69)

U1x
i0 = U1x

i1 ctg θ +
4√
π

x2y sin θ

[
X1

i01 +
x

4
Vi,−1 B11

i01 + B12
i01

s√
3
(3x2 − 5y2)

]
,

£¤¥ s ≡ (1/2)ln(x2 + y2), B11
iab Å ¸²¥¤ÊÕÐ¨¥ ±μ³¡¨´ Í¨¨ ±μÔËË¨Í¨¥´Éμ¢

X1
iab:

B11
i10 = X1

i10 −
∑
k �=i

(
X1

k10 cos γki − X1
k01 sin γki

)
,

B11
i01 = X1

i01 −
∑
k �=i

(
X1

k10 sin γki + X1
k01 cos γki

)
,
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  ±μÔËË¨Í¨¥´ÉÒ B21
iab ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ B11

kab ¨ ËÊ´±Í¨¨
s̃ ≡ | sin γ| ¨ c ≡ cos γ ±¨´¥³ É¨Î¥¸±μ£μ Ê£²  γ ≡ γki:

B12
iab =

√
3

60 π
Vi,−1

∑
k �=i

Vk,−1

∑
a′+b′=1

B11
ka′b′

b′ + 1
gab

a′b′(γki) ;

g10
10(γ) = (s̃/c)2 (1 + 4c2)(π − 2|γ|) − 2s̃3/c ,

g10
10(γ) = 4(s̃3/c) (π − 2|γ|) signγ ,

g01
10(γ) = (s̃/c)

[
(4c2 − 3)(π − 2|γ|) + 2s̃c

]
signγ ,

g01
01(γ) = 2(s̃/c)2 (2c2 − 1)(π − 2|γ|) + 4s̃3/c .

…¸²¨ ¦¥ �, σ = 1, Éμ μ(σ) = 1, ¶μÔÉμ³Ê L = 2, {a, b} = {1, 1}, a m′ = 1 ¨

U1x
i1 = (8/

√
π)x2y2 sin θ×

×
[
X2

i11 +
x

4
Vi,−1B

21
i11 +

√
6 B22

i11s(x
2 − y2)

]
+ O(r6) . (70)

‡¤¥¸Ó B21
i11 Å ¸Ê³³  É·¥Ì ±μÔËË¨Í¨¥´Éμ¢ X2

k11 ¶μ ¨´¤¥±¸Ê k = 1, 2, 3,  

B22
i11 = (

√
6/120)π−1 Vi,−1 B21

i11

∑
k �=i

Vk,−1 tg2γki ×

× [ (π − 2|γki|) cos 2γki/ cos γki + 2 sin |γki| ] ,

¶μÔÉμ³Ê ¤²Ö ±μ³¶μ´¥´É U1x
i1 , i = 1, 2, 3, ¨³¥ÕÉ¸Ö ¶·μ¸ÉÒ¥ ¸¢Ö§¨:

∂4
r

[
4∂rU

1x
i1 (r, ϕ, u) − 5Vi,−1 cos ϕ

3∑
k=1

U1x
i1 (r, ϕk, uk)

(
sin 2ϕ

sin 2ϕk

)2 sin θ

sin θk

]
= 0.

�μÖ¸´¨³ ¢μ§³μ¦´Ò¥ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¶·¨²μ¦¥´¨Ö Ëμ·³Ê² (59)Ä(66). ˆ¸-
¶μ²Ó§ÊÖ ÔÉ¨ Ëμ·³Ê²Ò, ³μ¦´μ ¤¢Ê³Ö ¶·μ¸ÉÒ³¨ ¸¶μ¸μ¡ ³¨ Ê²ÊÎÏ¨ÉÓ ¶μÉμÎ¥Î-
´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³ÒÌ ·¥Ï¥´¨° μ¤´μ- ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ± ¨Ì ÉμÎ´Ò³ ·¥Ï¥´¨Ö ¢¡²¨§¨ ÉμÎ±¨ r = 0. �¶¨Ï¥³ μ¡  ¸¶μ¸μ¡  ´ 
¶·¨³¥·¥ ¤¨¸±·¥É´ÒÌ (¸¥ÉμÎ´ÒÌ)  ´ ²μ£μ¢ Ê· ¢´¥´¨° (19) ¸ Ê¸²μ¢¨Ö³¨ (20) ¨
¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò³¨ Ë¨§¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ [1] ¶·¨ r → ∞.

�¥·¢Ò° ¸¶μ¸μ¡ ¸μ¸Éμ¨É ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ ¸¢Ö§¥° (63) ± ± £· ´¨Î´ÒÌ Ê¸²μ-
¢¨°, ¤μ¶μ²´¨É¥²Ó´ÒÌ ± Ê¸²μ¢¨Ö³ (20).

‚Éμ·μ° ¸¶μ¸μ¡ ·¥ ²¨§Ê¥É¸Ö ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. ‘´ Î ²  § ¤ ¥É¸Ö ¤¢Ê-
³¥·´ Ö ¸¥É±  Δ Ê§²μ¢, ²¥¦ Ð¨Ì ´  ¤Ê£¥ L0 ¤μ¸É ÉμÎ´μ ³ ²μ£μ · ¤¨Ê¸  r0 ¨
¢´¥ ±·Ê£μ¢μ£μ ¸¥±Éμ·  S0, ±μÉμ·Ò° μ´  μ£· ´¨Î¨¢ ¥É:

L0 ≡ {r : r = r0, 0 ≤ ϕ ≤ π/2} , S0 ≡ {r : r < r0, 0 ≤ ϕ ≤ π/2} .
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‚ ¸¥±Éμ·¥ S0 ËÊ´±Í¨¨ U �
iab ¶·¨¡²¨¦ ÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸²ÊÎ Õ A),

B ¨²¨ C) ¸Ê³³ ³¨ (59) ¸ ´¥¨§¢¥¸É´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ¨ μÉ¡·μÏ¥´´Ò³¨
μ¸É ÉμÎ´Ò³¨ Î²¥´ ³¨. ‚´¥ ¸¥±Éμ·  S0 ËÊ´±Í¨¨ U �

iab ¶μ¤Î¨´ÖÕÉ¸Ö ¤¨¸±·¥É-
´Ò³  ´ ²μ£ ³ Ê· ¢´¥´¨° (19), Ê¸²μ¢¨° (20) ¨ Ê¸²μ¢¨° ¶·¨ r → ∞,   ¢ Ê§² Ì
¸¥É±¨ Δ, ²¥¦ Ð¨Ì ´  ¤Ê£¥ L0, Å Ê¸²μ¢¨Ö³ ´¥¶·¥·Ò¢´μ¸É¨ (®¸Ï¨¢±¨¯). ‚
¨Éμ£¥ ¤²Ö ¸μ¢μ±Ê¶´μ¸É¨ ´¥¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¨ §´ Î¥´¨° ¨¸±μ³ÒÌ
ËÊ´±Í¨° U �

iab ¢ Ê§² Ì ±μ²²μ± Í¨¨ ¶μ²ÊÎ ¥É¸Ö ²¨´¥°´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¸
±¢ ¤· É´μ° ³ É·¨Í¥°. 	É  ¸¨¸É¥³  ·¥Ï ¥É¸Ö Î¨¸²¥´´μ.

�¡  ¸¶μ¸μ¡  ´¥É·Ê¤´μ ·¥ ²¨§μ¢ ÉÓ ¤²Ö Ê²ÊÎÏ¥´¨Ö ¢¸¥Ì ¨§¢¥¸É´ÒÌ ¤¨¸-
±·¥É´ÒÌ ¸¶² °´- ´ ²μ£μ¢ ¤¢Ê³¥·´ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±· ¥¢ÒÌ § ¤ Î. ’ ±¨¥  ´ -
²μ£¨ μ¸´μ¢ ´Ò ´  ³¥Éμ¤ Ì ¸¶² °´-ËÊ´±Í¨° [21], ¶μ¤·μ¡´μ ¶·¥¤¸É ¢²¥´Ò
¢ [22] ¨ ²¥£±μ μ¡μ¡Ð ÕÉ¸Ö ´  ¸²ÊÎ ° É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ¤²Ö Dσ-±μ³¶μ-
´¥´É U �x

im′ , ¶μ¤Î¨´¥´´ÒÌ ¶μ²ÊÎ¥´´Ò³ ¢ [5] Ë¨§¨Î¥¸±¨³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³
¶·¨ r → ∞.

…Ð¥ μ¤´μ ¨ ´¥³ ²μ¢ ¦´μ¥ ¶·¨²μ¦¥´¨¥ ¢Ò¢¥¤¥´´ÒÌ ¸¢Ö§¥° Å É¥¸É¨·μ-
¢ ´¨¥ ²Õ¡ÒÌ  ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ  ´ ²¨§  μ¤´μ- ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ´  ¸Ìμ¤¨³μ¸ÉÓ ¢¡²¨§¨ ÉμÎ±¨ r = 0. ‘ ÔÉμ° Í¥²ÓÕ ¢ ¸¢Ö§¨
¶μ¤¸É ¢²ÖÕÉ¸Ö ¢ÒÎ¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¢³¥¸Éμ ÉμÎ´ÒÌ ¨ ¶μ ¢¥²¨Î¨´ ³ ¶μ²ÊÎ¨¢-
Ï¨Ì¸Ö ´¥¢Ö§μ± (¶μ£·¥Ï´μ¸É¥°) μÍ¥´¨¢ ¥É¸Ö ¤μ¸É¨£´ÊÉ Ö ²μ± ²Ó´ Ö ÉμÎ´μ¸ÉÓ.

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³¨ § ³¥Î ´¨Ö³¨.
‘μ£² ¸´μ (59), ±μ³¶μ´¥´ÉÒ U �

iab ¨³¥ÕÉ ´Ê²¨ ¶μ·Ö¤±  a + 1 ¨ b + 1 ¶·¨
ϕ = 0 ¨ ϕ = π/2,   ¸¢Ö§¨ (63) ¸μ¤¥·¦ É ¶·μ¨§¢μ¤´Ò¥ ¶μ·Ö¤±  a + b + 2 ¨
¢ÒÏ¥. �μ·Ö¤±¨ É ±¨Ì ´Ê²¥° ¨ ¶·μ¨§¢μ¤´ÒÌ ¢μ§· ¸É ÕÉ ¸ Ê¢¥²¨Î¥´¨¥³ a ¨
b, ÎÉμ § ³¥É´μ § É·Ê¤´Ö¥É ·¥ ²¨§ Í¨Õ ¢¸¥Ì Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ ¸¶μ¸μ¡μ¢ ¨¸-
¶μ²Ó§μ¢ ´¨Ö  ¸¨³¶ÉμÉ¨± (59) ¨ ¸¢Ö§¥° (63) ¶·¨ ¡μ²ÓÏ¨Ì a ¨ b. �É É ±¨Ì
§ É·Ê¤´¥´¨° ´¥É·Ê¤´μ ¨§¡ ¢¨ÉÓ¸Ö, ¶¥·¥°¤Ö ¢ ¸¨¸É¥³¥ (19) ± ´μ¢Ò³ ±μ³¶μ´¥´-
É ³

G�
kab(r, ϕk) ≡ {(r sin ϕk)a+1 (r cos ϕk)b+1}−1 U �

kab(r, ϕk) , k = 1, 2, 3 .

�¸¨³¶ÉμÉ¨±  ± ¦¤μ° ±μ³¶μ´¥´ÉÒ G�
iab Å ¸Ê³³  ¸² £ ¥³ÒÌ, § ±²ÕÎ¥´´ÒÌ

¢ (59) ¢ Ë¨£Ê·´Ò¥ ¸±μ¡±¨. �μÔÉμ³Ê ±μ³¶μ´¥´ÉÒ G�
iab ´¥ · ¢´Ò ´Ê²Õ ¶·¨

ϕi = 0, π/2,   ¨Ì ¶·μ¨§¢μ¤´Ò¥ ´¥¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¶μ¤Î¨´ÖÕÉ¸Ö ¸¢Ö§Ö³, ±μ-
Éμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¶μ¤¸É ´μ¢±μ° Qiab = G�

iab; W̃Lab, W̃La′b′ = 1 ¨ L = −2 ¢
¸¢Ö§¨ (63).

—¨¸²¥´´Ò°  ´ ²¨§ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³Ò (19) ¶·¨´Í¨¶¨ ²Ó´μ ´¥¢μ§³μ-
¦¥´. ‚³¥¸Éμ ÔÉμ° ¸¨¸É¥³Ò ¶·¨Ìμ¤¨É¸Ö ¨´É¥£·¨·μ¢ ÉÓ ¥¥ ±μ´¥Î´ÊÕ ¶μ¤¸¨-
¸É¥³Ê, ¢ ±μÉμ·μ° ¨´¤¥±¸Ò a, a′ ¨ b, b′ μ£· ´¨Î¥´Ò ¸¢¥·ÌÊ: a, a′ ≤ amax < ∞ ¨
b, b′ ≤ bmax < ∞. ˆ¸¸²¥¤Ê¥³ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ {Ũ �

iab} É ±μ° ¶μ¤¸¨¸É¥³Ò.
“¸²μ¢¨Ö, ´ ²μ¦¥´´Ò¥ ´  ¨´¤¥±¸Ò a, a′ ¨ b, b′, ´¥ ¶μ·μ¦¤ ÕÉ ´¨± ±¨Ì μ£· -
´¨Î¥´¨° ´  ¢¥²¨Î¨´Ê L £¨¶¥·³μ³¥´É . �μÔÉμ³Ê, ¤μ¸²μ¢´μ ¶μ¢Éμ·¨¢  ´ ²¨§
¢¸¥Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢ ¸²ÊÎ ÖÌ A), B) ¨ C)
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¨Ì · §²μ¦¥´¨Ö,   §´ Î¨É ¨ · §²μ¦¥´¨¥ ·¥Ï¥´¨Ö {Ũiab}, Ê¸É·μ¥´Ò É ± ¦¥, ± ±
¨ ·Ö¤Ò (47) ¨ (55), μÉ¢¥Î ÕÐ¨¥ ¨¸Ìμ¤´μ° ¸¨¸É¥³¥ (19). Šμ³¶μ´¥´ÉÒ Ũiab Å
·Ö¤Ò

Ũ �
iab(r, ϕ) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm Φ̃Lnm
iab (ϕ) ,

£¤¥ M(n) Å É ±μ¥ ¦¥, ± ± ¨ ¢ ·Ö¤ Ì (55), ´μ Φ̃Lnm
iab �= ΦLnm

iab , ¥¸²¨ L > amax+
bmax. „²Ö ±μ³¶μ´¥´É Ũ �

iab ¢¥·´Ò  ´ ²μ£¨ Ëμ·³Ê² (59) ¨ (63), ¶μ²ÊÎ¥´´Ò¥
¨§ ´¨Ì § ³¥´ ³¨ U �

iab → Ũ �
iab ¨ ΦLnm

iab → Φ̃Lnm
iab . �·¨ ¢ÒÎ¨¸²¥´¨¨ ±μ³¶μ´¥´É

Ũ �
iab ÔÉ¨  ´ ²μ£¨ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ É¥³¨ ¦¥ ¸¶μ¸μ¡ ³¨, ÎÉμ ¨ ¨Ì μ·¨£¨´ ²Ò.

‡ ³¥´  ¸¨¸É¥³Ò (19) ¥¥ ±μ´¥Î´μ° ¶μ¤¸¨¸É¥³μ° ¶μ·μ¦¤ ¥É ¨¸±²ÕÎ¨É¥²Ó´μ
¢ ¦´Ò° ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° ¢μ¶·μ¸: ¢ ± ±μ° μ¡² ¸É¨  ·£Ê³¥´Éμ¢
±μ³¶μ´¥´ÉÒ U �

iab c a ≤ amax ¨ b ≤ bmax ¨³¥ÕÉ Éμ ¦¥ ¸É·μ¥´¨¥, ÎÉμ ¨ ±μ³¶μ-
´¥´ÉÒ Ũ �

iab ¸ É¥³¨ ¦¥ ¨´¤¥±¸ ³¨ i, a ¨ b? �É¢¥É ´  ÔÉμÉ ¢μ¶·μ¸ ¤²Ö μ¡² ¸É¨
³ ²ÒÌ r ¢¶¥·¢Ò¥ ¤ ´ ¢ÒÏ¥: ±μ³¶μ´¥´ÉÒ U �

ab ¨ Ũ �
iab Å ËÊ´±Í¨μ´ ²Ó´μ μ¤¨´ -

±μ¢Ò¥ ¶·¨ r → 0 ¢ ²Õ¡μ³ ¨§ É·¥Ì ¸²ÊÎ ¥¢ A), B) ¨ C). ‚ [23] ¤μ± § ´μ, ÎÉμ
¶·¨ r → ∞ ±μ³¶μ´¥´ÉÒ U �

ab ¨ Ũ �
iab ËÊ´±Í¨μ´ ²Ó´μ · §´Ò¥, ¥¸²¨ ¶ ·´Ò¥ ¢§ -

¨³μ¤¥°¸É¢¨Ö ¸μ¤¥·¦ É ±Ê²μ´μ¢¸±¨¥ ¸² £ ¥³Ò¥ (¸²ÊÎ ° A)), ¨ ËÊ´±Í¨μ´ ²Ó´μ
μ¤¨´ ±μ¢Ò¥, ¥¸²¨ É ±¨¥ ¸² £ ¥³Ò¥ μÉ¸ÊÉ¸É¢ÊÕÉ (¸²ÊÎ ¨ B) ¨ C)).

4. ‘’��…�ˆ… �…ƒ“‹Ÿ��›• �…˜…�ˆ‰ “��‚�…�ˆ‰
˜�…„ˆ�ƒ…��

�μ± ¦¥³, ÎÉμ ¤μ± § ´´ÒÌ · §²μ¦¥´¨° (55) ¢¸¥Ì ±μ³¶μ´¥´É U �
iab μ¡Ð¥£μ

·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö {U �
iab} Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° (19) ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ,

ÎÉμ¡Ò ¢μ¸¸É ´μ¢¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¢¸¥Ì Ï·¥¤¨´£¥·μ¢¸±¨Ì ¶·¨-
¢¥¤¥´´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É U �

ab, U �
Lab ¨ U �x

m′ μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥-
Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (6) ¨ ¸ ³μ£μ ·¥Ï¥´¨Ö Ψε.

�μ¤¸É ¢¨¢ ¢ (13) Ë ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ U �
iab ¢ ¢¨¤¥ ·Ö¤μ¢ (55), ¶μ²ÊÎ¨³

· §²μ¦¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
ab:

U �
ab(r, ϕ) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
ab (ϕ) ,

ΦLnm
ab (ϕ) = ΦLnm

iab (ϕ) +
∑
k �=i

∑
a′b′

〈ϕ|h�
aba′b′(γki)|ΦLnm

ka′b′(ϕk)〉 .

(71)

‡ ³¥´¨¢ ËÊ´±Í¨¨ U �
iab É ±¨³¨ ¸Ê³³ ³¨ ¢ (17), (18) ¨ ¢ (13), ¢Ò¢¥¤¥³ ¸μ-
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μÉ¢¥É¸É¢ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
L′ab:

U �
L′ab(r) =

∞∑
L′=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
L′ab ,

ΦLnm
L′ab = 〈W̃L′ab(ϕ)|ΦLnm

ab (ϕ)〉 ,

(72)

· §²μ¦¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ Dσ-±μ³¶μ´¥´É U �x
m′ :

U �x
im′(r, ϕ, u) =

∞∑
L=�+μ(σ)

∞∑
n=0

rL+2+n

M(n)∑
m=0

sm ΦLnm
m′ (ϕ, u)

ΦLnm
m′ (ϕ, u) = sin θ

∑
ab

T �m′

ab Θam′(u)ΦLnm
ab (ϕ)

(73)

¨ · §²μ¦¥´¨¥ μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (6):

Ψε(r, Ω) =
∞∑

L=�+μ(σ)

rL
∞∑

n=0

rn

M(n)∑
m=0

sm ΨLnm(Ω) ,

ΨLnm(Ω) ≡
∑
ab

[
ΦLnm

ab (ϕ)/(sin ϕ cos ϕ)
]
Y�m

ab (x̂, ŷ).

(74)

� °¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¶μ²ÊÎ¥´´ÒÌ ·Ö¤μ¢ (71)Ä(74) ¢ ¢¨¤¥ ¶μ¤¸Ê³³
¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ ¨ ¶μ¶ÊÉ´μ ¶μ± ¦¥³, ÎÉμ
¤²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ §´ ÉÓ ²¨ÏÓ  ¸¨³¶ÉμÉ¨±¨ (59) ¢¸¥Ì Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ-
´¥´É U �

iab. C´ Î ²  · ¸¸³μÉ·¨³ ¸²ÊÎ ¨ A) ¨ B).
‡ ³¥´¨¢ ¢ (13) ±μ³¶μ´¥´ÉÒ U �

iab ¨Ì  ¸¨³¶ÉμÉ¨± ³¨ (59), ¶μ²ÊÎ ¥³ ¨¸±μ-
³Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (71), É. ¥.  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É U �

ab(r, ϕ):

A) U �
ab = rL+2

[
XL

abW̃Lab(ϕ)+

+ r fL1
ab (ϕ) + r2sBL2

ab W̃L+2,ab(ϕ) + O(r2)
]
,

B) U �
ab = rL+2

{
XL

abW̃Lab(ϕ)+ (75)

+ r2
[
FL2

Lab W̃Lab(ϕ) + XL+2
ab W̃L+2,ab(ϕ)

]
+ r3 QL3

ab (ϕ) + O(r4)
}

.

‡¤¥¸Ó ¨ ¤ ²¥¥ ËÊ´±Í¨¨ fLp
ab (ϕ), p = 1, 3, μ¶·¥¤¥²¥´Ò Ëμ·³Ê² ³¨

fLp
ab (ϕ) ≡ Vi,p−2 BL1

iab

p (2b + p + 1)
(cos ϕ)p W̃Lab(ϕ) + (76)

+
∑
k �=i

∑
a′+b′=L

Vk,p−2 BL1
ka′b′

p (2b′ + p + 1)
〈ϕ|h�

aba′b′(γki)|(cos ϕk)p W̃La′b′(ϕk)〉,
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  ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ZL′

ab = XL′

ab , FL′2
ab , fLp

L′ab ¡¥§ ´¨¦´¥£μ ¨´¤¥±¸  i, ´Ê³¥-
·ÊÕÐ¥£μ Ë ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε

i , ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
±μÔËË¨Í¨¥´ÉÒ ZL′

iab = XL′

iab, F
L′2
iab , fLp

iL′ab ¸ ¨´¤¥±¸μ³ i = 1, 2, 3 ¶μ ¶· ¢¨²Ê

ZL′

ab ≡ ZL′

iab +
∑
k �=i

∑
a′b′

〈ab|K�
aba′b′(γki)|a′b′〉L′� ZL′

ka′b′ . (77)

�É³¥É¨³, ÎÉμ, ¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (35) ¨ ÔÉμ³Ê ¶· ¢¨²Ê, XL
ab = BL1

iab.

’¥¶¥·Ó ¢ (17) ¶μ¤¸É ¢¨³ ËÊ´±Í¨¨ U �
ab ¢ ¢¨¤¥ (75). ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³  ¸¨³-

¶ÉμÉ¨±¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
L′ab(r), É. ¥.  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (72):

A) U �
L′ab = rL+2

[
XL

ab δLL′ + r fL1
L′ab + r2s BL2

ab δL′,L+2 + O(r2)
]

, (78)

B) U �
L′ab = rL+2

{ [
XL

ab + r2 FL2
Lab

]
δLL′+

+r2XL+2
ab δL′,L+2 + r3fL3

L′ab + O(r4)
}

,

£¤¥ ¸¨³¢μ²μ³ fLp
L′ab μ¡μ§´ Î¥´  ±μ³¡¨´ Í¨Ö (77) É·¥Ì ±μÔËË¨Í¨¥´Éμ¢

fLp
iL′ab ≡ Vi,p−2 ALp

L′ab BL1
iab/ [ p (2b + p + 1) ] , i = 1, 2, 3 .

�¸É ²μ¸Ó ´ °É¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¢¸¥Ì Dσ-±μ³¶μ´¥´É U �x
m′ ¨ ·¥Ï¥´¨Ö

Ψε, É. ¥.  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (73) ¨ (74). „²Ö ÔÉμ£μ ¢ ¸Ê³³ Ì (12) ¨ (13) μ¸É -
¢¨³ ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨¥ ¶·¨ r → 0 ±μ³¶μ´¥´ÉÒ U �

ab c ¨´¤¥±¸ ³¨
a ¨ b, ¶μ¤Î¨´¥´´Ò³¨ ¢ ¸²ÊÎ ¥ A) Ê¸²μ¢¨Õ a + b = L, £¤¥ L = Lmin,   ¢
¸²ÊÎ ¥ B) Å Ê¸²μ¢¨Õ a + b ≤ L + 2. ‡ ³¥´¨¢ ¢ (12) ¨ (13) É ±¨¥ ±μ³¶μ-
´¥´ÉÒ ¨Ì ¶·¥¤¸É ¢²¥´¨Ö³¨ (75), ¶μ²ÊÎ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É
U �x

m′(r, ϕ, u):

A) U �x
m′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u)×

×
{

XL
ab WL,ab(ϕ) + rfL1

ab (ϕ) + r2 s BL2
ab W̃L+2,ab(ϕ) + O(r2)

}
,

B) U �x
m′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u)× (79)

×
{ [

XL
ab + r2 FL2

Lab

]
W̃Lab(ϕ) + r3 fL3

ab (ϕ)
}

+

+ rL+4 sin θ
L+2∑

a+b=L

XL+2
ab T �m′

ab Θam′(u) W̃L+2,ab(ϕ) + O(rL+6)

31



¨ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ Ψε(r, Ω)

A) Ψε = rL
∑

a+b=L

[
XL

ab Y �m
Lab(Ω) + 2 r cosec 2ϕfL1

ab (ϕ)Y�m
ab (x̂, ŷ)+

+r2s BL2
ab YL+2,ab(Ω) + O(r2)

]
, (80)

B) Ψε = rL
∑

a+b=L

{ [
XL

ab + r2 FL2
Lab

]
Y �m

Lab(Ω)+

+2 r3 cosec2ϕfL3
ab (ϕ)Y�m

ab (x̂, ŷ)
}

+ (81)

+ rL+2
L+2∑

a+b=L

XL+2
ab Y �m

L+2,ab(Ω) + O(rL+4) .

� ¸¸³μÉ·¨³ μ¸É ¢Ï¨°¸Ö ¸²ÊÎ ° C). ˆ¸¶μ²Ó§ÊÖ (22), (35), (77) ¨ · -
¢¥´¸É¢  XL

ab = BL1
iab, ¤μ± §Ò¢ ¥³ ¸²¥¤ÊÕÐ¥¥ ¶· ¢¨²μ: ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ Ö¢´Ò¥

 ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° U �
ab, U �

Lab, U �x
m′ ¨ Ψε ¤μ¸É ÉμÎ´μ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì

¸μμÉ´μÏ¥´¨ÖÌ (59)Ä(62) ¤²Ö ËÊ´±Í¨° U �
iab, U �

iLab, U �x
im′ Ψε

i μ¶Ê¸É¨ÉÓ ¨´¤¥±¸ i.
Š ± ¸²¥¤Ê¥É ¨§ (55)Ä(61) ¨ (71)Ä(79), Ë ¤¤¥¥¢¸±¨¥ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³

Ï·¥¤¨´£¥·μ¢¸±¨¥ ¶ ·Í¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ Å ËÊ´±Í¨μ´ ²Ó´μ μ¤¨´ ±μ¢Ò¥
·Ö¤Ò ¶μ ¶¥·¥³¥´´Ò³ r, s ¨ Ê£²μ¢Ò³ ËÊ´±Í¨Ö³. �¤´ ±μ Ë ¤¤¥¥¢¸±¨¥ Ê£²μ¢Ò¥
ËÊ´±Í¨¨ Ê¸É·μ¥´Ò £μ· §¤μ ¡μ²¥¥ ¶·μ¸Éμ, Î¥³ μÉ¢¥Î ÕÐ¨¥ ¨³ Ï·¥¤¨´£¥·μ¢-
¸±¨¥ Ê£²μ¢Ò¥ ËÊ´±Í¨¨. ˆ³¥´´μ ¶μ ÔÉμ° ¶·¨Î¨´¥ ¢ ± Î¥¸É¢¥ ¸É ·Éμ¢ÒÌ Ê· ¢-
´¥´¨° ¨¸¶μ²Ó§μ¢ ²¨¸Ó Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (19) ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥,   ´¥
¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¨³ ¸¨¸É¥³  Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¢ Éμ³ ¦¥ ¡ §¨¸¥.

�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¸¢Ö§¥°. ˆ¸¸²¥¤Ê¥³ · ¢¥´¸É¢μ (75) ¢ ¸²ÊÎ ¥ A). �μ-
²μ¦¨³ ¢ ´¥³ p = 1 ¨ XL

ab = BL1
iab. � °¤¥³ ¶·μ¨§¢μ¤´ÊÕ ∂L+3

r ¶μ²Ê-
Î¨¢Ï¥£μ¸Ö ¸μμÉ´μÏ¥´¨Ö ¶·¨ r = 0. ‚ ¶μ²ÊÎ¥´´μ³ · ¢¥´¸É¢¥, ¸μ¤¥·¦ -
Ð¥³ ËÊ´±Í¨Õ (76), § ³¥´¨³ ±μÔËË¨Í¨¥´ÉÒ BL1

iab ¨Ì ¢Ò· ¦¥´¨Ö³¨ Î¥·¥§
¶·μ¨§¢μ¤´Ò¥ ∂L+2

r U �
iab|r=0 ¨ É ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¸¢Ö§¨ ¤²Ö ËÊ´±Í¨°

Qab(r, ϕ) ≡ ∂L+2
r U �

ab(r, ϕ):

∂p
r Qab(r, ϕ) = Vi,p−2 (cos ϕ)p

[
MLp

b Qab(r, ϕ)+ (82)

+
∑
k �=i

∑
a′b′

MLp
b′ 〈ϕ|h�

aba′b′(γki)|(cos ϕk)p Qa′b′(r, ϕk)〉

⎤
⎦ .

�·¨ p = 3 ÔÉ¨ ¸¢Ö§¨ ¸¶· ¢¥¤²¨¢Ò ¢ ¸²ÊÎ ¥ B).
‚Ò¢μ¤ ¸¢Ö§¥° ¤²Ö ËÊ´±Í¨° QLab(r) ≡ ∂L+2

r U �
Lab(r) ¨§ ¸μμÉ´μÏ¥´¨° (78)

¶·¨´Í¨¶¨ ²Ó´μ ´¨Î¥³ ´¥ μÉ²¨Î ¥É¸Ö μÉ ¢Ò¢μ¤  ¸¢Ö§¥° (64)Ä(66). �μÔÉμ³Ê
¶·¨¢¥¤¥³ Éμ²Ó±μ μ±μ´Î É¥²Ó´Ò¥ ¢Ò· ¦¥´¨Ö: ¢ ¸²ÊÎ ÖÌ A) ¨ B) ¢¥·´Ò ¸¢Ö§¨

∂p
r QL′ab = ALp

Lab MLp
b Vi,p−2 QLab , ∀L′ , (83)
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£¤¥ p = 1 ¢ ¸²ÊÎ ¥ A) ¨ p = 3 ¢ ¸²ÊÎ ¥ B),   ¢ ¸²ÊÎ ÖÌ B) ¨ C) ¨³¥ÕÉ¸Ö
¸¢Ö§¨

∂2
rQLab =

(
1 +

L

4

)
×

×

⎡
⎣(Vi0 − E)QLab +

∑
k �=i

Vk0

∑
a′b′

〈ab|K(γki)|a′b′〉L� QLa′b′

⎤
⎦ . (84)

‡ ¢¥·Ï Ö μ¶¨¸ ´¨Ö ¸¢Ö§¥°, μÉ³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ ¸μμÉ´μÏ¥´¨° (79)
¸¢Ö§Ö³ (82) ¶μ¤Î¨´ÖÕÉ¸Ö ËÊ´±Í¨¨ Qab(ϕ) ≡ ∂L+2

r U �x
am′/T �m′

ab |r=0, £¤¥ U �x
am′ Å

¶·μ¥±Í¨Ö Dσ-±μ³¶μ´¥´ÉÒ U �x
m′(r, ϕ, u) ´  ËÊ´±Í¨Õ Θam′(u).

„²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ Ψε(r, Ωi) ¢ ±¢ ´Éμ-
¢Ò³¨ Î¨¸² ³¨ � = 0 ¨ σ = 1. „²Ö ÔÉμ£μ ¢ (80) ¶μ²μ¦¨³ a, b, L = 0.

‚ ¸²ÊÎ ¥ A) ¶μ²ÊÎ¨³

Ψε = (2π3/2)−1

⎧⎨
⎩X0

00

⎡
⎣ 2 + xVi,−1 +

∑
k �=i

Vk,−1 g(x, y; γki)

⎤
⎦+

+ 2B20
00 (x2 − y2) ln (x2 + y2)

}
+ O(r2) , r → 0 . (85)

£¤¥ B20
00 Å ±μ³¡¨´ Í¨Ö ±μÔËË¨Í¨¥´Éμ¢ (45):

B20
00 = B20

i00 +
∑
k �=i

B20
k00 cos 2γki ,

  ËÊ´±Í¨Ö g ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ËÊ´±Í¨¨ s̃ ≡ | sin γ| ¨ c ≡ cos γ:

g(x, y; γ) ≡
{

cx + (s̃y)2/(3cx) , y ≤ x ctgγ ;
s̃y + (cx)2/(3s̃y) , y ≥ x ctgγ .

�μÔÉμ³Ê ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  μ¸μ¡ÒÌ ²ÊÎ  ϕ = γki, k �= i, ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§
±μÉμ·Ò¥ ³¥´Ö¥É¸Ö ËÊ´±Í¨μ´ ²Ó´Ò° ¢¨¤  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ Ψε(r, Ωi).

’ ± Ö ¦¥ μ¸μ¡¥´´μ¸ÉÓ ¨³¥¥É¸Ö ¨ ¢ ¸²ÊÎ ¥ B), ±μ£¤ 

Ψε = (12π3/2)−1X0
00

⎡
⎣ 12 + x3 Vi1 +

∑
k �=i

Vk1 g(x, y; γki)

⎤
⎦+ O(r4) , (86)

r → 0 ,

  ËÊ´±Í¨Ö g(x, y; γ) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ É¥ ¦¥ ËÊ´±Í¨¨ s̃ ¨ c Ëμ·³Ê² ³¨

g(x, y; γ) =
{

c3x3 + 2cs̃2xy2 + (s̃y)4/(5cx) , y ≤ x ctgγ ;
s̃3y3 + 2c2s̃x2y + (cx)4/(5s̃y) , y ≥ x ctgγ .
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‚ § ±²ÕÎ¥´¨¥ ¤μ± ¦¥³ ¢ ¦´μ¥ ¤²Ö ³¥Éμ¤  £¨¶¥·£ ·³μ´¨± ÊÉ¢¥·¦¤¥´¨¥.
�· ±É¨Î¥¸±μ¥ ¶·¨³¥´¥´¨¥ ÔÉμ£μ ³¥Éμ¤  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶·¨¡²¨¦¥´¨Ö Ψ̃ε ·¥-
Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ´ Î¨´ ¥É¸Ö ¸ § ³¥´Ò ¡¥¸±μ´¥Î´μ£μ ·Ö¤  (15)
±μ´¥Î´μ° ¸Ê³³μ°:

Ψε(r, Ω) → Ψ̃ε(r, Ω) ≡ r−2
L̃∑

L=�+μ(σ)

∑
ab

Ũ �
Lab(r)Y �m

Lab(Ω) , L̃ < ∞ .

‚¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (13) ¨ (15) É ±μ° § ³¥´¥ μÉ¢¥Î ¥É § ³¥´  ¡¥¸±μ-
´¥Î´ÒÌ · §²μ¦¥´¨° (11) ±μ³¶μ´¥´É U �

iab ±μ´¥Î´Ò³¨ ¸Ê³³ ³¨ Ũ �
iab:

U �
iab(r, ϕ) → Ũ �

iab(r, ϕ) =
L̃∑

L=a+b

Ũ �
iLab(r) W̃Lab(ϕ)

¨ § ³¥´  ¸ ³¨Ì ±μ³¶μ´¥´É U �
iab ¢ ¸¨¸É¥³¥ ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (7)

´  ¨¸±μ³Ò¥ ±μ³¶μ´¥´ÉÒ Ũ �
iab, ¶μ¤Î¨´¥´´Ò¥ Ê¸²μ¢¨Õ μ·Éμ£μ´ ²Ó´μ¸É¨

Ũ �
iLab(r) = 〈W̃Lab(ϕ)|Ũ �

iab(r, ϕ)〉 = 0 , L > L̃ .

”μ·³ ²Ó´Ò¥ · §²μ¦¥´¨Ö ¢¸¥Ì L-·¥Ï¥´¨° {Φ̃L
iab} ¨ μ¡Ð¥£μ ·¥Ï¥´¨Ö {Ũ �

iab}
¶μ²ÊÎ¥´´μ° ¸¨¸É¥³Ò ´¥É·Ê¤´μ ¢Ò¢¥¸É¨, ¤μ¸²μ¢´μ ¶μ¢Éμ·¨¢ ¢¸¥ ¶·¨¢¥¤¥´´Ò¥
¢ · §¤¥²¥ 2 · ¸¸Ê¦¤¥´¨Ö, ´μ ¶μ² £ Ö ¶·¨ ÔÉμ³ W̃Lab ≡ 0 ¶·¨ L > L̃.

�·¨¢¥¤¥³ μ±μ´Î É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ É ±μ£μ  ´ ²¨§ . ’ ± ± ± ¸Î¨É ¥É¸Ö,
ÎÉμ W̃L+n,ab ≡ 0 ¶·¨ n > L̃ − L, Éμ ¸μ£² ¸´μ Ëμ·³Ê²¥ (33) ¨³¥¥³ B̃Ln

iab = 0
¶·¨ n > L̃ − L. �μÔÉμ³Ê ±μ³¶μ´¥´É  Φ̃L

iab ²Õ¡μ£μ L-·¥Ï¥´¨Ö Å ·Ö¤

Φ̃L
iab(r, ϕ) =

∞∑
n=0

rL+n+2

M̃(n,L̃)∑
m=0

sm Φ̃Lnm
iab (ϕ) , L = Lmin, . . . , L̃ ,

¶·¨Î¥³ Φ̃L̃nm
iab = 0 ¶·¨ ¢¸¥Ì n ¨ m > 1,   M(n, L̃) § ¢¨¸¨É μÉ ¢¥²¨Î¨´Ò L̃:

M̃(n, L̃) ≡ min {M(n), (L − L̃)/2 } ,

£¤¥ M(n) = [n/2], [n/6], 0, ¸μμÉ¢¥É¸É¢¥´´μ ¢ ¸²ÊÎ ¥ A), B), C). ‘²¥¤μ¢ -
É¥²Ó´μ, μÉ ¢¥²¨Î¨´Ò L̃ § ¢¨¸¨É ¨ ¸É·μ¥´¨¥ ·Ö¤  ËÊ´±Í¨¨ Ψ̃ε

Ψ̃ε(r, Ω) = 2 cosec2ϕ
∞∑

L=�+μ(σ)

rL
∞∑

n=0

rn

M̃(n,L̃)∑
m=0

sm×

×
∑
ab

⎡
⎣ Φ̃Lnp

iab (ϕ) +
∑
k �=i

∑
a′b′

〈ϕ|h�
aba′b′(γki)|Φ̃Lnp

ka′b′(ϕk)〉

⎤
⎦ Y�m

ab (x̂, ŷ) . (87)
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‚ Î ¸É´μ¸É¨, ³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´ Ö ¸É¥¶¥´Ó ¶¥·¥³¥´´μ° s ¢ ÔÉμ³ ·Ö¤¥ ´¥
¶·¥¢ÒÏ ¥É Î¨¸²  (L̃ − �)/2. 	ÉμÉ Ë ±É ¢μ¸¶·μ¨§¢μ¤¨É £² ¢´Ò° ·¥§Ê²ÓÉ É · -
¡μÉÒ [24], ¤μ± § ´´Ò°  ´ ²¨§μ³ μ¡·¥§ ´´μ° ¸¨¸É¥³Ò μ¤´μ³¥·´ÒÌ Ê· ¢´¥´¨°
˜·¥¤¨´£¥·  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥.

‚ ¸²ÊÎ ÖÌ A) ¨ B) ¶·¨ ²Õ¡μ³, ´μ ±μ´¥Î´μ³ L̃ ·Ö¤Ò (15) ¨ (87) ÉμÎ´μ£μ
¨ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨° Ψε ¨ Ψ̃ε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ËÊ´±Í¨μ´ ²Ó´μ
· §´Ò¥. �μÖ¸´¨³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥ ¤¢Ê³Ö ¶·¨³¥· ³¨.

�Ê¸ÉÓ L̃ = Lmin, ± ± ¢ ³¨´¨³ ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ ³¥Éμ¤  £¨¶¥·£ ·³μ-
´¨± [13]. ’μ£¤  M̃(n) = 0 ¶·¨ ²Õ¡μ³ n ¨ ´¥§ ¢¨¸¨³μ μÉ ¸É·μ¥´¨Ö ¶ ·´ÒÌ
¢§ ¨³μ¤¥°¸É¢¨° · §²μ¦¥´¨¥ (87) ËÊ´±Í¨¨ Ψ̃ε ¸μ¤¥·¦¨É Éμ²Ó±μ Í¥²Ò¥ ¸É¥¶¥´¨
 ·£Ê³¥´É  r. �¤´ ±μ ¢ ¸²ÊÎ ÖÌ A) ¨ B) ËÊ´±Í¨Ö Ψε Å ·Ö¤ (15), ¸μ¤¥·¦ Ð¨°
¨ Í¥²Ò¥ ¸É¥¶¥´¨ ¶¥·¥³¥´μ° s.

�Ê¸ÉÓ É¥¶¥·Ó L̃ = Lmin +2, Éμ£¤  M̃(n) ≤ 1 ¶·¨ ²Õ¡μ³ n ≥ 2. �μÔÉμ³Ê ¢
¸²ÊÎ ¥ A) · §²μ¦¥´¨¥ (87) ËÊ´±Í¨¨ Ψ̃ε ²¨´¥°´μ ¶μ ¶¥·¥³¥´´μ° s, ¢ Éμ ¢·¥³Ö
± ± · §²μ¦¥´¨¥ (15) ËÊ´±Í¨¨ Ψε ¸μ¤¥·¦¨É ¨ ¸É¥¶¥´¨ sm ¸ m > 1.

‡�Š‹�—…�ˆ…

�¥·¥Î¨¸²¨³ £² ¢´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ¶·¥¤¸É ¢²¥´´μ£μ ³¥Éμ¤  ¨ μ¸´μ¢´Ò¥
·¥§Ê²ÓÉ ÉÒ, ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´´Ò¥ ÔÉ¨³ ³¥Éμ¤μ³ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥.

Œ¥Éμ¤ Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ μ¡Ð¨³ ¨ Ê´¨¢¥·¸ ²Ó´Ò³: ¥£μ ³μ¦´μ ¥¤¨´μ-
μ¡· §´μ ¶·¨³¥´¨ÉÓ ¤²Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¶μ¸É·μ¥´¨Ö ¨  ´ ²¨§  · §²μ¦¥´¨°
·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° μ¤´μ-, ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥-
¤¨´£¥·  ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¶μ²´μ£μ Ê£²μ-
¢μ£μ ³μ³¥´É  ¨ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í c ²Õ¡Ò³¨
Í¥´É· ²Ó´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨, ¶·¥¤¸É ¢¨³ÒÌ ¸É¥¶¥´´Ò³¨ ·Ö¤ ³¨ (4) ¶μ
Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨.

�¥¸μ³´¥´´μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ³¥Éμ¤  Å ¶·μ¸ÉμÉ  ¥£μ ·¥ ²¨§ Í¨¨ Å μ¡Ê-
¸²μ¢²¥´μ É¥³, ÎÉμ ¸É ·Éμ¢μ° ¨ ±²ÕÎ¥¢μ° ¤²Ö ¢¸¥Ì ¶μ¸É·μ¥´¨° Ö¢²Ö¥É¸Ö ·¥-
±Ê··¥´É´ Ö Í¥¶μÎ±  ´¥μ¤´μ·μ¤´ÒÌ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° (49) ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ É·¨¢¨ ²Ó´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨.

Š ± ¡Ò²μ ¶μ± § ´μ, ÔÉ  Í¥¶μÎ±  μ¤´μ§´ Î´μ · §·¥Ï¨³ ,   ¥¥ ·¥Ï¥´¨Ö
³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ, ¸Ê³³¨·ÊÖ ·Ö¤Ò ¶μ ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³ W̃Lab(ϕ) μ¶¥-
· Éμ·μ¢ h�

aba′b′ ¨²¨ ¦¥ ¶·¨³¥´ÖÖ ¨§¢¥¸É´Ò¥ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò ¨´É¥£·¨·μ-
¢ ´¨Ö μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �¥Ï¥´¨Ö ¤¢ÊÌ ¨²¨ É·¥Ì
Ê· ¢´¥´¨° Í¥¶μÎ±¨ (49) Ê¤ ²μ¸Ó ¢Ò· §¨ÉÓ Ö¢´Ò³¨ Ëμ·³Ê² ³¨ (27), (37)Ä(44),
(50), (51). 	É¨ Ëμ·³Ê²Ò ¨ ¶·¥¤¶μ²μ¦¥´¨Ö μ Éμ³, ÎÉμ ± ¦¤μ¥ ¨¸¸²¥¤Ê¥³μ¥ · §-
²μ¦¥´¨¥ Ö¢²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¨ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³, ¶μ§¢μ²¨²¨ ¢¶¥·-
¢Ò¥ ´ °É¨ ¨ ¨¸¸²¥¤μ¢ ÉÓ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ (59)Ä(62), (67)Ä(70) ¨ (75)Ä(80)
·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê-, μ¤´μ-, É·¥Ì- ¨ Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨
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˜·¥¤¨´£¥· , § É¥³ ¢Ò¢¥¸É¨ ¸¢Ö§¨ (63)Ä(66) ¨ (82), (84) ¤²Ö ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒÌ
·¥Ï¥´¨° ¢ ÉμÎ±¥ É·μ°´μ£μ Ê¤ · .

�·¥¤²μ¦¥´´Ò³ ³¥Éμ¤μ³ ¢¶¥·¢Ò¥ ¨¸¸²¥¤μ¢ ´  § ¢¨¸¨³μ¸ÉÓ ¸É·μ¥´¨Ö · §-
²μ¦¥´¨° ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¨ μ¤´μ-, ¤¢Ê-
¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥·  μÉ ¸É·μ¥´¨Ö (5) · §²μ¦¥-
´¨° (4) Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. ‚ Î ¸É´μ¸É¨, ¤μ± § ´μ, ÎÉμ
· §²μ¦¥´¨Ö ¢¸¥Ì ÔÉ¨Ì ·¥Ï¥´¨° Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ £¨¶¥·· -
¤¨Ê¸  Éμ²Ó±μ Éμ£¤ , ±μ£¤  · §²μ¦¥´¨Ö ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¸μ¤¥·¦ É ²¨ÏÓ
Î¥É´Ò¥ ¸É¥¶¥´¨ ¨Ì  ·£Ê³¥´Éμ¢.

�μ²¥§´Ò³¨ ¤²Ö · ¸Î¥Éμ¢ ¸¢μ°¸É¢ ¸¨¸É¥³ É·¥Ì Î ¸É¨Í ¶·¥¤¸É ¢²ÖÕÉ¸Ö μ¶¨-
¸ ´´Ò¥ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¶·¨²μ¦¥´¨Ö ³¥Éμ¤  ¨ ¨²²Õ¸É·¨·ÊÕÐ¨¥ ¶·¨³¥·Ò (Ö¢-
´Ò¥  ¸¨³¶ÉμÉ¨±¨ (68)Ä(70) ¨ (85), (86) ¢ ¸²ÊÎ ¥ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É ,
· ¢´μ£μ ´Ê²Õ ¨²¨ ¥¤¨´¨Í¥),   É ±¦¥ ·¥§Ê²ÓÉ ÉÒ ¢Ò¶μ²´¥´´μ£μ ± Î¥¸É¢¥´´μ£μ
 ´ ²¨§  · §²μ¦¥´¨Ö (87) ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¸²ÊÎ ¥ μ¡·¥§ ´-
´μ£μ £¨¶¥·¸Ë¥·¨Î¥¸±μ£μ ¡ §¨¸ .
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