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K 6uukwuit M. B. E4-2007-103
IIpsamoe BblUKCIIEHHE BEPOATHOCTU MOHU3 LM [MOHMS B MUILEHU

Hensto skcnepument DIRAC, nposomumoro B CERN, gBnsgercd usmepeHue
BPEMEHU XM3HM THOHUSA (T 7~ - ToM ). Bpemst XM3HM NMOHMS ONpPENENSETCA H-
HUTWISLMER TOM B Pe3ylbT Te 3 psnoBo-oOMeHHoro mpouecc ntn~ — w070,
Bbruncnenns B p MK X KHUp JIbHOM T€OPUH BO3MYLIEHUI MPEICK 3bIB I0T 3H YEHHE
BPEMEHHU XKU3HU IHOHUSA B OCHOBHOM COCTOSHUM C BBICOKOM TOYHOCTBIO: T1g5 =
(2,94 0,1) - 107 ¢. DKcrepuUMeHT JIbHBIH METOJ OCHOB H H BbUIEJIEHUU 71 7 -
I P, BOSHUKINNX B PE3YJIBT T€ MOHMU3 UM (P 3B JI ) MMOHUS B MUILIEHH, U3 CHEKTP
MUOHHBIX I P C M JIBIM OTHOCHUTEJIbHBIM HMMIIyJIbCOM B CHUCTEME LEeHTp M cc. IIu-
OHHUH, POXJACHHBIE B MPOTOH-S/IEPHBIX CTOJKHOBEHUSIX, OO 1 IOT PEIITUBUCTCKUMHU
ckopocTamu (y > 10). IIpu 3 1 HHBIX UMITYJIbCE IMOHMS U TOJIIMHE MUILIEHH BEPOST-
HOCTb MOHU3 LIUH IUOHHS B MUILLIEHU SIBJIIETCS ONHO3H YHOH (hyHKLUEH ero BpeMeHU
KM3HHU, YTO IIO3BOJIAET ONPENENUTh BPEMS XKHU3HU ITMOHHUA U3 DKCIEPUMEHT JIBHOIO
3H Y€HHUsd BEPOATHOCTH MOHU3 LMH. BriepBble MPOU3BENEHO NMpAMOE (OCHOB HHOE H
CEYEHHUIX MOHU3 1IMM) BBIYUCIIEHHE BEPOSTHOCTH MOHU3 LUH IUOHUSA B BEILECTBE MH-
LIEHU.

P 6or Bommosnnen B JI 6op Topuum syiepHbIx 1mpobiem um. B.I1. xxenernos
OUAN.
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Direct Calculation of the Probability of Pionium Ionization in the Target

The goal of the DIRAC experiment at CERN is the lifetime measurement of
pionium (77~ atom). Its lifetime is mainly defined by the charge-exchange process
atn~ — 7070, Value of the lifetime in the ground state is predicted in the
framework of Chiral Perturbation Theory (ChPT) with high precision: 715 = (2.9 +
0.1) - 10715 5. The method used by DIRAC is based on the analysis of 7+ 7~ -pairs
spectra with small relative momenta in their center-of-mass system in order to find
out signal from pionium ionization (break-up) in the target. Pioniums are produced in
proton—nuclei collisions and have relativistic velocities (v > 10). For fixed values of
the pionium momentum and the target thickness the probability of pionium ionization
in the target depends on its lifetime in a unique way, thus the pionium lifetime can be
deduced from the experimentally defined probability of pionium ionization. Based
on ionization cross sections of pionium with target atoms we performed the first
direct calculation of the pionium ionization probability in the target.

The investigation has been performed at the Dzhelepov Laboratory of Nuclear
Problems, JINR.
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INTRODUCTION

Pionium is the hydrogen-like Coulomb bound system of two oppositely
charged pions. Its lifetime is determined by strong 7t7~ — 7070 annihi-
lation, but it interacts mainly electromagnetically with the target atoms, while
propagating through the target material with the relativistic velocity. The DIRAC
experiment at CERN [1] detects 777~ pairs with low relative momenta in their
center-of-mass system. From the low-momentum part of the spectrum, the prob-
ability of the pionium ionization (break-up) in the target, which is the probability
for the pionium to be converted into an unbound 77~ pair on the exit of the
target, is determined. If the dependence of the pionium ionization probability in
the target as a function of its lifetime is established, this measurement will test in
a model-independent way the understanding of chiral symmetry breaking in QCD.

The main task of this work is the direct (based on ionization cross sections)
calculation of the pionium ionization probability in the target. The formalism
of pionium dynamics based on a set of the probabilistic kinetic equations is
reminded in Sec. 1. Section 2 is devoted to the direct calculation of the ionization
probability.

1. DYNAMICS OF A PIONIUM IN THE TARGET

The pionic atoms can be created in inelastic proton-nuclei collisions with the
probability given by [2]

doa 2 B do?
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50
where ——2— is the double inclusive cross section of w7~ pairs without
dp+dp_

interaction in the final state with both pions produced either directly in hadronic
processes or through short-lived resonances. Production of the pionium atoms
with the angular momentum [ > 0 is suppressed. The square of the S-wave
function modulus at zero separation can be approximated as follows [3]:
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where W& (0) is the pure Coulomb wave function of the 7¥7~ atom at zero
distance and the correction factor (1 4 4,,) takes into account the effect of finite-
size of the pion production region and the two-pion strong interaction in the final
state. It was found that this correction shifts the probability of ionization on per
mille level, therefore we will use pure Coulomb wave functions hereafter. For
them only n.S states are nonzero in the origin
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0 otherwise.
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If we normalize probability of atom production to unity then the probability of
atom production in the |nlm) state reads
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ploo(O) = 0.832, pgoo(O) = 0.104, pgoo(O) = 0.031.

After production atom can either annihilate (mainly through 7+7~ — 7970

process™) or electromagnetically interact with target atoms.
The partial decay width of the pionium in 15 state is [6]:

2 1
Topo = 5““ m3. —miy — gma02(ag —af)?mi (1+dr),
or = (5.8 +1.2) - 1072
The (a$ — a3) difference of the pion—pion S-wave scattering lengths with isospin

0 and 2 have been calculated [7] within the framework of the standard chiral
perturbation theory (ChPT) [8]

ag — af = (0.265 £ 0.004)m_!.

This difference leads to the predicted value of the pionium lifetime in the ground
state
s = (29+0.1)- 1075, )

|T15(0)]?

s 2
N o Vs (0)] - .
ability for a pionium with the laboratory momentum p4 to annihilate per unit

Lifetime in n.S states reads 7,5 = 71 = 71gn>. Therefore the prob-

* Another annihilation channel 7+ 7~ — 2~ amounts only about 0.3% [4,5].



length is

1 2mg .
ah 1 = 5 in nS states,
Wnlm = )\aT = ’YﬂTn PATiSTV
nlm 0 in other states.

While crossing the target a pionium electromagnetically interacts with target
atoms. As a result, 7t 7~ atom can be either ionized or transit from the initial
bound state |n;l;m;) to another bound state |nglymy) (excitation/deexcitation).
Hereafter we will denote initial and final bound states as |¢) and |f), respectively.

The probability of ionization per unit length from the state |¢) is given by

Wilon = )\;on = A U;0n7

where p is the target density, A is its atomic weight, N4 is the Avogadro constant
and ;" is the ionization cross section.
The probability of a pionium excitation per unit length from the state |i) to
the final state | f) is given by
1 o pN A

f_ = [ _ i

where af is the discrete (bound-bound) transition cross section.
The total inelastic cross section gives the probability of an atom to undergo
an inelastic electromagnetic interaction

o = Zalf + O’;OH. 3)
f

Total cross sections can be calculated owing to the completeness of the eigenstates
of the Coulomb Hamiltonian.

Total and transition cross sections for any bound states were initially cal-
culated in the Born approximation with the static potential of target atoms [9].
Later a more accurate set of cross sections was derived which takes into account
relativistic effects and target excitations [10]. Moreover, in the latter work authors
calculated ionization cross sections for any initial bound state with n < 8 which
provides the possibility to perform direct calculation of the pionium ionization
probability in the target, which is the subject of the present work. Comparison
between different sets of cross sections was performed [11], where authors found
that uncertainties in most precise sets of cross sections for Ni target will cause
only 1% uncertainty in the pionium lifetime. Uncertainty due to the accuracy
of cross sections is expected to dominate precision of the ionization probability
dependence on the pionium lifetime.



The dynamics of the pionium interaction with target atoms is supposed to be
described by a set of kinetic equations [9] using the probabilities p;(s) to find the
7T~ atom in the definite quantum state |i) at a distance s from the production
point. This approach ignores any interference between different pionium bound
states. For low n most of interference effects are suppressed at typical pionium
momenta in DIRAC (3 + 8 GeV/c¢) as the mean free path between pionium
inelastic interactions is usually longer than the formation time of atomic system
multiplied by its velocity. Nevertheless, even for low n some interference effects
can take place due to the accidental degeneracy of energy levels of hydrogen-like
atoms. This problem was considered in the framework of the density matrix
formalism [12]. It was found that the interference between quantum states with
small n does not change the result based on a set of probabilistic kinetic equations
(their difference is less than per mille).

Eigenstates of the Coulomb Hamiltonian form a countable set of discrete
levels. For numerical calculations we will take into account only levels with
principal quantum number n < npax. For a given principal quantum number n
there are n? states |[nlm) with different orbital and magnetic quantum numbers.
We will denote the total number of discrete bound states taken for the calculation
as IN. To make the system complete we introduce a cross section o;* which stands
for the sum of transitions from state |i) to any discrete state with the principal
quantum number 7y > Npax:

w o f _ _tot _ _ion _ f
o = E o] =o; o; E aj.

f:’I’Lf>’I’Lmax f:nfgnmax

It is straightforward to write the probability of pionium production in all bound
states above Nmax:

pu(0)=1—" " pi(0). 4)

1170 < Momax

Finally, we will write the system of kinetic equations in the matrix form

» Wi Wl ... WL 0 0 0\ /p
D w2 W2 ... WZ 0 0 0| p
gl : . 00 off -
e RN wy o Wi N o0 00 N | - (5)
Pu We  WE ... W& 0 0 0] pa
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Panh Wlanh W2anh N Wja\?h 0 0 0 Panh

Diagonal terms describe the total decrease of the level population

) N,
Wwi=_P2A

tot anh
i A Ji — W’L .



System (5) is a system of linear ordinary differential equations with constant
coefficients. The rank of the matrix is IV, with three low lines being a linear
combination of the first N lines. It is exactly solvable

pils) =Y cpalMete, (6)
k

where Ai,...,\y are eigenvalues and o¥) their corresponding eigenvectors.
Symmetry of the upper left N-by-N corner guaranties that all its eigenvalues
are real [13]. Coefficients ¢, are fixed from initial conditions (1), (4). The
probability of pionium ionization at the distance s after the production point is
expressed through the solution (6)

Pion(8) = Z ;\_’; (eAks - 1) Z Wz‘ionagk)'
k %

DIRAC uses very thin targets (their nuclear efficiency is less than 1073),
therefore atoms are produced nearly uniformly over the target thickness so. Hence
the probability for a pionium to leave the target in the state |i) reads

1
Pi(s0) = chaﬁ’“) Moo (et —1),
%

while the probability of ionization on the exit of the target is

1 .
Ron(so) = Z f\—z (m (eAkSo — 1) — 1) Z Wz_lonagk). (7

k
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Expressions for the probability of annihilation P,,, and for the probability P, to
reach any excited state with n > np,x on the exit of the target have the same
form as (7) if one substitutes W with W2 and W, respectively.

In Table 1 we illustrate this solution as a function of np.,x for a pionium
atom produced in 95 ym thick Ni target with the momentum p4 = 4.6 GeV/c,
corresponding to the average laboratory momentum of produced pioniums in the
kinematic range of the DIRAC experiment. Eigenvalues were numerically found
by the appropriate function from LAPACK [14]. Here Pjl is the probability
for pionium to leave the target in a bound state with n < npa,x. System of
equations (5) is constructed in a way that as soon as an atom reaches the state
with n > nnyax it effectively quits from calculations and is kept intact, though in
reality it is expected to undergo further electromagnetic interactions, e.g., it can
be ionized or deexcited to the low-lying states. Therefore, P/ is the probability
for atoms to reach states with n > ng., which amounts to about 20%. This



Table 1. Numerical solution with n > nmax states intact as a function of 7max

Nmax | B d?c P, a;lh Pl:)qn P uA
5 0.0928 | 0.4407 | 0.2438 | 0.2227
6 0.0937 | 0.4407 | 0.2586 | 0.2070
7 0.0943 | 0.4407 | 0.2715 | 0.1935
8 0.0947 | 0.4407 | 0.2828 | 0.1817

numerical value is in agreement with the earlier calculations [11] (Fig. 3,d).
Numerical precision of the above solution can be estimated from the inequality
A A A A —12
1_F)dsc_P)anh_F)ion_F)u <1-10 )
thus round-off errors do not affect the result.
As an atom transits to the state ny > n; its effective radius of electromagnetic
interactions grows and its characteristic ionization length is getting shorter

ion < ion
[7>Nmax,Im) [Tmax =8,1m)

/2 2 pm.
The target used in DIRAC is 95um thick, therefore highly-excited atoms have a
chance to leave the target in a bound state only if they were created close to the
exit of the target. Otherwise these highly-excited atoms will be ionized. This
allows us to set the range for the ionization probability in the target:

0.2828 = P2, < Pon < P

ion ion

+ P4 = 0.4645. (8)

Here the upper bound corresponds to the case when all highly-excited atoms are
ionized, while the lower bound P/} is at least probability of ionization from states
with n < Npax.

From Table 1 one can conclude that above upper and lower bounds converge
slowly with increase of ny.x and in this way it would be difficult to increase 7max
in order to achieve precision required by DIRAC (per cent level).

2. EVOLUTION OF HIGHLY-EXCITED STATES

Rather than trying to solve the system (5) directly we will modify it in
order to get the lower bound of the ionization probability by taking into account
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is the lower bound of the probability of ionization per unit length from any state
with n > nyax, because the ionization cross section tends to grow with increasing
of the principal quantum number n due to the corresponding expansion of the
atomic radius. The minimal and maximal values of the ionization cross section for
different principal quantum numbers are drawn in Fig. 1. To find the lower bound
of the ionization probability, further we require all probabilities of ionization per
unit length from any state |nlm) to be smaller than Wo":
I/Vlion _ &o_ion Jion = min {aion Jion } .

nlm),min A |nim),min> |nlm),min |nim)» ¥ Nmax+1,min

The diagonal term W/, which describes the level depopulation, is changed ac-

cordingly to fulfill (3).



Upper bound of the probability of deexcitation per unit length from all states
with 7 > np. to a state f with ny < ey is obtained from the following
inequality:

>oowlpi< Y Wl YT pi=Wpu=Wipa.
1115 > Ninax 42105 > Momax 4105 > Nimax

Finally the diagonal term for the sum of discrete states with n > nyax 1S

N .
Wi =—L2homn W Y W,
f:nf <Mmax
2mg . e
where Wanh = n is the upper bound of the probability for a

pATls(nmax + 1)3
pionium to annihilate from all states with n > mpa.x per unit length. The rank

of the new system is N+41. The system (9) is constructed in the way that
ionization is underestimated and all competitive processes including deexcitation
from high n states (thus transitions to bound states with even lower ionization)
are overestimated, therefore the solution is the mathematical lower bound of the
probability of ionization. Numerical results for different np,, are presented in
Table 2.

Table 2. Numerical solution for the lower bound of P, as a function of 7yax

Tmax P, dgz P, agh an P, uB
5 0.1109 | 0.4416 | 0.4468 | 0.00067
6 0.1068 | 0.4411 | 0.4517 | 0.00030
7 0.1041 | 0.4409 | 0.4548 | 0.00015
8 0.1023 | 0.4408 | 0.4567 | 0.00008

Upper (8) and lower bounds effectively squeeze the solution (Fig. 2), for
nmax = 8 they are

max __ Pmin

+ P2 =0.4645, —o__—don ~(8.1072 (10)

4567 =PB < P, pA
0.4567 < Pop < T

mon mon

Precision of the above calculated value of the pionium ionization probability in the

target is comparable to the ~ 1% uncertainties in the P, value due to precision
of the corresponding electromagnetic cross sections [11].

Upper and lower bounds of the probability of pionium ionization in the

target as a function of its lifetime in the ground state is shown in Fig. 3. The
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Fig. 3. Upper and lower bounds of P, as a function of the pionium lifetime in the ground
state

corresponding uncertainties are shown by dotted lines around the value of the
pionium lifetime (2) predicted by theory. The DIRAC collaboration reported
the measured value of P, = 0.45270525 [15], based on part of the collected
data. While further analysis will reduce uncertainties of the experimental result,
uncertainties of the solution (10) are expected to be within precision, required by
DIRAC. Range can be further shrunk by extrapolation as shown in Fig. 2.

We have to emphasize that upper and lower bounds of the ionization proba-
bility squeeze the solution with required precision due to the fact, that for atoms
with the principal quantum number n > 8 the characteristic ionization length is
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Fig. 4. Upper and lower bounds of P, as a function of nmax for 10 pm thick Ni target

less than 2 um, which is much shorter than the target thickness of 95 ym. If one
selects very thin target (e.g., 10 um thick Ni) then the upper and lower bounds
will show worse convergence (Fig. 4).

CONCLUSIONS

We derived a mathematical approach to solve a system of kinetic equations,
which describes evolution of relativistic 77~ atoms propagating through the
target. In this approach we reduce the system of kinetic equations, which formally
contains infinite number of equations, to the finite set of equations, which is solved
exactly. The solution represents lower and upper bounds for the probability
of pionium ionization in the target. These lower and upper bounds effectively
squeeze the solution to the value of the probability of ionization with 1% precision,
which is within requirements of the DIRAC experiment. Thus the first direct
(based on ionization cross sections) calculation of the probability of ionization
has been performed. We confirm that the contribution of highly-excited states
(with the principal quantum number n > 8) to the probability of ionization is
significant (> 1/3).

Acknowledgments. The author would like to thank L. Afanasyev, L. Ne-
menov, A. Tarasov and V. Yazkov for many discussions about the problem.
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