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’μÎ±¨ ¡¨ËÊ·± Í¨¨ ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £´¨Î¥´´ÒÌ
´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ ¸ ¶μ± § É¥²¥³, ¡²¨§±¨³ ± ¥¤¨´¨Í¥

‚¶¥·¢Ò¥ ¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´ÓÕÉμ´μ¢¸±¨Ì ¢· Ð -
ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ ¢ ¨´É¥·¢ ²¥ §´ Î¥´¨° ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò 0, 9989 < n �
1, 0795, ¢ ±μÉμ·ÒÌ μÉ¢¥É¢²ÖÕÉ¸Ö  ¸¨³³¥É·¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ·¥-
Ï¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨. �μ± § ´μ, ÎÉμ ¢ ÔÉμ³ ¨´É¥·¢ ²¥
§´ Î¥´¨° n ¶ · ³¥É· ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ¢ ±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì εk ¶·¨´¨³ ¥É
§´ Î¥´¨Ö 0, 0442 > εk � 0.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2007

Mikheev S. A., Tsvetkov V. P. P11-2007-114
The Bifurcation Points of Rotating Magnetic Newtonian
Polytrops with a Coefˇcient Close to Unit

This investigation has proved for the ˇrst time that there are bifurcations of
Newtonian rotating polytropic curves over the range of the polytropic coefˇcient
0.9989 < n � 1.0795, where the solutions asymmetric with respect to the rotation
axis, that describe a density distribution, are derived. It has been shown that within
this interval, the n parameter of the rotation rapidity takes the values 0.0442 > εk � 0
in critical points εk.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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Šμ´Ë¨£Ê· Í¨Ö μ¤´μ·μ¤´μ° ´¥¸¦¨³ ¥³μ° ¢· Ð ÕÐ¥°¸Ö £· ¢¨É¨·ÊÕÐ¥°
¦¨¤±μ¸É¨ § ¢¨¸¨É μÉ μ¤´μ£μ ¶ · ³¥É· , μ¶·¥¤¥²ÖÕÐ¥£μ ¡Ò¸É·μÉÊ ¢· Ð¥´¨Ö

ε =
ω2

4πGρ0
(ω Å Ê£²μ¢ Ö ¸±μ·μ¸ÉÓ ¢· Ð¥´¨Ö ±μ´Ë¨£Ê· Í¨¨, G Å £· ¢¨É Í¨-

μ´´ Ö ¶μ¸ÉμÖ´´ Ö, ρ0 Å ¶²μÉ´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨), ¨ ÉμÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥
·¥Ï¥´¨Ö ¨§¢¥¸É´Ò Éμ²Ó±μ ¤²Ö Ô²²¨¶¸μ¨¤ ²Ó´ÒÌ Ë¨£Ê· · ¢´μ¢¥¸¨Ö [1Ä3].

Šμ´Ë¨£Ê· Í¨Ö ¸¦¨³ ¥³μ° ¢· Ð ÕÐ¥°¸Ö £· ¢¨É¨·ÊÕÐ¥° ¦¨¤±μ¸É¨ Ê¦¥
§ ¢¨¸¨É ´¥ Éμ²Ó±μ μÉ ¶ · ³¥É·  ε, ´μ ¨ μÉ ¶ · ³¥É·μ¢ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ-
´¨Ö £· ¢¨É¨·ÊÕÐ¥° ³ É¥·¨¨. ‡ ¤ Î  μ¡ μÉ¢¥É¢²¥´¨¨  ¸¨³³¥É·¨Î´ÒÌ μÉ´μ¸¨-
É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¥£μ ¢· Ð ÕÐ¨¥¸Ö £· -
¢¨É¨·ÊÕÐ¨¥ ±μ´Ë¨£Ê· Í¨¨, ¶·¨ ÔÉμ³ ¸ÊÐ¥¸É¢¥´´μ Ê¸²μ¦´Ö¥É¸Ö. ‚μ§³μ¦´μ-
¸É¨ ´ °É¨ ÉμÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ´¥É. „ ÉÓ μÉ¢¥É μ
¸ÊÐ¥¸É¢μ¢ ´¨¨ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ³μ¦´μ Éμ²Ó±μ ¶·¨¡²¨¦¥´´Ò³¨ ³¥Éμ¤ ³¨,
¨ μÍ¥´±Ê ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨° ¶·μ¢¥¸É¨ ¤μ¸É ÉμÎ´μ ¸²μ¦´μ. �μÔÉμ³Ê ¢μ¶·μ¸
μ ÉμÎ± Ì ¡¨ËÊ·± Í¨¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ μÉ±·ÒÉ.

�μ·Ö¤μ±  ¸¨³³¥É·¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥Ð¥¸É¢  μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥-
´¨Ö ±μ´Ë¨£Ê· Í¨¨ Ê¤μ¡´μ μ¶·¥¤¥²ÖÉÓ ¶ · ³¥É·μ³ X . „²Ö ´¥¸¦¨³ ¥³μ° £· -
¢¨É¨·ÊÕÐ¥° ¢· Ð ÕÐ¥°¸Ö ¦¨¤±μ¸É¨ X § ¢¨¸¨É Éμ²Ó±μ μÉ ¶ · ³¥É·  ¡Ò-
¸É·μÉÒ ¢· Ð¥´¨Ö ε, X = X(ε).

„²Ö ´ ³ £´¨Î¥´´ÒÌ ¦¥ ±μ´Ë¨£Ê· Í¨° ¨´É¥´¸¨¢´μ¸ÉÓ ¢²¨Ö´¨Ö ³ £´¨É´μ£μ

¶μ²Ö ´  ¶ · ³¥É·  ¸¨³³¥É·¨¨ X μ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´μ° ηm =
B2

0sin2α

8πGρ0a2
1

(B0 Å Ì · ±É¥·´μ¥ §´ Î¥´¨¥ ³ £´¨É´μ° ¨´¤Ê±Í¨¨ ¢ Í¥´É·¥ ±μ´Ë¨£Ê· Í¨¨,
a1, a3 Å ¤²¨´Ò ¡μ²ÓÏμ° ¨ ³ ²μ° ¶μ²Êμ¸¥° Ô²²¨¶¸μ¨¤  ¢· Ð¥´¨Ö,  ¶¶·μ±¸¨-
³¨·ÊÕÐ¥£μ ·¥ ²Ó´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨, α Å Ê£μ² ´ ±²μ´  ³ £´¨É-
´μ° μ¸¨ ± μ¸¨ ¢· Ð¥´¨Ö). ”¨§¨Î¥¸±¨ ÔÉμ μÉ´μÏ¥´¨¥ ¶²μÉ´μ¸É¥° ³ £´¨É´μ°
¨ £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ¢ Í¥´É·¥ ±μ´Ë¨£Ê· Í¨¨. �¸¨³³¥É·¨Ö X ¢ ÔÉμ³
¸²ÊÎ ¥ ¡Ê¤¥É § ¢¨¸¥ÉÓ Ê¦¥ μÉ ¤¢ÊÌ ¶ · ³¥É·μ¢ ε ¨ ηm.

‚¶¥·¢Ò¥ Ê· ¢´¥´¨¥ ¤²Ö ¶ · ³¥É·  X ¢ ¸²ÊÎ ¥ ´ ³ £´¨Î¥´´ÒÌ ¢· Ð Õ-
Ð¨Ì¸Ö μ¤´μ·μ¤´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶μ²ÊÎ¥´μ ¢ [4], £¤¥ ¶μ± § ´  ¢ ¦´ Ö ·μ²Ó
¶ · ³¥É·  ηm ¢¡²¨§¨ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¢ ÔÉμ³ Ê· ¢´¥´¨¨, ¶·¥¤¸É ¢²ÖÕÐ¥³
±Ê¡¨Î¥¸±ÊÕ ¶μ X ¶ · ¡μ²Ê.

� ³´μ£μ Ê¸²μ¦´Ö¥É¸Ö ¸¨ÉÊ Í¨Ö ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ¶μ¢¥¤¥´¨Ö ¶ · ³¥É· 
 ¸¨³³¥É·¨¨ X ¤²Ö ¸¦¨³ ¥³ÒÌ £· ¢¨É¨·ÊÕÐ¨Ì ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £´¨Î¥´´ÒÌ
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±μ´Ë¨£Ê· Í¨°. � · ³¥É· X Ê¦¥ § ¢¨¸¨É μÉ ε, ηm ¨ ¶ · ³¥É·μ¢ Ê· ¢´¥´¨Ö
¸μ¸ÉμÖ´¨Ö P = P (ρ), μ¶¨¸Ò¢ ÕÐ¥£μ § ¢¨¸¨³μ¸ÉÓ ¤ ¢²¥´¨Ö μÉ ¶²μÉ´μ¸É¨. ‚
¸ ³μ³ ¶·μ¸Éμ³ ¸²ÊÎ ¥ ¶μ²¨É·μ¶Ò ¸ ¨´¤¥±¸μ³ n X = X(ε, ηm, n).

� ¨¡μ²¥¥ ¨§¢¥¸É´Ò · ¡μÉÒ „¦¨´¸  [5] ¨ „¦¥°³¸  [6] ¶μ ¨¸¸²¥¤μ¢ -
´¨Õ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¢· Ð ÕÐ¨Ì¸Ö ´ÓÕÉμ´μ¢¸±¨Ì £· ¢¨É¨·ÊÕÐ¨Ì ¶μ²¨-
É·μ¶ ¶·¨ ηm = 0. ‚ ´¨Ì ¶·μ¢¥¤¥´Ò μÍ¥´±¨ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¨´¤¥±¸ 
¶μ²¨É·μ¶Ò nk, ¢ÒÏ¥ ±μÉμ·μ£μ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´¥É, n < nk. „¦¨´¸ ¤ ¥É
μÍ¥´±Ê nk = 0, 83,   „¦¥°³¸ Å nk = 0, 808. ”¨§¨Î¥¸±μ° ¶·¨Î¨´μ° ÔÉμ£μ ¢
· ¡μÉ Ì [5, 6] ´ §¢ ´μ ¨¸É¥Î¥´¨¥ ¢¥Ð¥¸É¢  ¸ Ô±¢ Éμ·  ±μ´Ë¨£Ê· Í¨¨, ¢μ§´¨-
± ÕÐ¥£μ ¶·¨ Éμ° ¸É¥¶¥´¨ ¸¶²Õ¸´ÊÉμ¸É¨ ±μ´Ë¨£Ê· Í¨¨, ±μÉμ· Ö ´¥μ¡Ìμ¤¨³ 
¤²Ö ¤μ¸É¨¦¥´¨Ö ÉμÎ±¨ ¡¨ËÊ·± Í¨¨. “¸±μ·¥´¨¥ ¸¢μ¡μ¤´μ£μ ¶ ¤¥´¨Ö ´  Ô±¢ -
Éμ·¥ ge ¡Ê¤¥É · ¢´μ ´Ê²Õ. �·¨ ¡μ²ÓÏ¥³ §´ Î¥´¨¨ ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ge

¸É ´μ¢¨É¸Ö μÉ·¨Í É¥²Ó´Ò³, ¸ Ô±¢ Éμ·  ±μ´Ë¨£Ê· Í¨¨ ¢μ§´¨± ¥É ¨¸É¥Î¥´¨¥
¢¥Ð¥¸É¢  ¨ ¸É Í¨μ´ ·´ Ö ±μ´Ë¨£Ê· Í¨Ö ´¥¢μ§³μ¦´ . ’ ±μ° ¶μ¤Ìμ¤ ¢μ¸Ìμ¤¨É
± · ¡μÉ¥ „¦¨´¸  [5].

�´ ²¨É¨Î¥¸±μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¶μ²¨É·μ¶´ÒÌ ±μ´Ë¨£Ê· Í¨° ¢¡²¨§¨ ÉμÎ¥±
¡¨ËÊ·± Í¨¨ ¢ ÔÉ¨Ì · ¡μÉ Ì ´¥ ¶·μ¢μ¤¨²μ¸Ó, É ± ± ± ¶·¨ ÔÉμ³ ´Ê¦´μ ¶·μ-
¢μ¤¨ÉÓ ¢ÒÎ¨¸²¥´¨Ö ¤μ Î²¥´μ¢ ¶μ·Ö¤±  X3. ˆ¸¸²¥¤μ¢ ´¨Ö ¶·μ¢μ¤¨²¨¸Ó ´ 
μ¸´μ¢ ´¨¨ ²¨ÏÓ ²¨´¥°´μ£μ ¶·¨¡²¨¦¥´¨Ö.

�¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ¢ · ¡μÉ¥ „¦¥°³¸  [6] ¸¤¥² ´μ ³´μ£μ ¶·¨¡²¨-
¦¥´¨° ¨ ¶·¥¤¶μ²μ¦¥´¨°, ¨, ´  ´ Ï ¢§£²Ö¤, ÉμÎ´μ¸ÉÓ ¥¥ ·¥§Ê²ÓÉ Éμ¢  ¢Éμ·μ³
¸¨²Ó´μ § ¢ÒÏ¥´ . �¸μ¡¥´´μ ± ¸ ¥É¸Ö ÔÉμ ¢ÒÎ¨¸²¥´¨Ö ge, É ± ± ± ÔÉ  ¢¥²¨Î¨´ 
¢ÒÎ¨¸²Ö¥É¸Ö ´  £· ´¨Í¥ ±μ´Ë¨£Ê· Í¨¨,   ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ · ¡μÉ¥ ¡¨´μ³¨´ ²Ó-
´Ò¥ ¸É¥¶¥´´Ò¥ ·Ö¤Ò ¢¡²¨§¨ £· ´¨ÍÒ ¸Ìμ¤ÖÉ¸Ö μÎ¥´Ó ³¥¤²¥´´μ. �μ¸²¥ μ¶¥· -
Í¨¨ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö, ´¥μ¡Ìμ¤¨³μ° ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ge, ÉμÎ´μ¸ÉÓ μÍ¥´μ±
ge Ê¦¥ ¸ÊÐ¥¸É¢¥´´μ Ê³¥´ÓÏ ¥É¸Ö. �·¥´¥¡·¥£ ¥É¸Ö ¢²¨Ö´¨¥³ £· ´¨ÍÒ ±μ´Ë¨-
£Ê· Í¨¨ ´  ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ±μ´Ë¨£Ê· Í¨¨. „μ¸É ÉμÎ´μ £·Ê¡Ò³ ¶·¨¡²¨-
¦¥´¨¥³ ¤²Ö μÍ¥´±¨ μ¸¥´¥¸¨³³¥É·¨Î´ÒÌ Î²¥´μ¢ ¢ Ê· ¢´¥´¨ÖÌ ¢· Ð ÕÐ¥°¸Ö
£· ¢¨É¨·ÊÕÐ¥° ¶μ²¨É·μ¶Ò Ö¢²Ö¥É¸Ö ¸¤¥² ´´μ¥ ¢ [6] ¶·¥¤¶μ²μ¦¥´¨¥ μ ¤μ³¨-
´¨·μ¢ ´¨¨ ¢ ´¨Ì ¢Éμ·μ° £ ·³μ´¨±¨.

“· ¢´¥´¨¥ £· ¢¨É¨·ÊÕÐ¥° ¢· Ð ÕÐ¥°¸Ö ±μ´Ë¨£Ê· Í¨¨ ¸¨²Ó´μ ´¥²¨´¥°-
´μ § ¢¨¸¨É μÉ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n, ¨ ÊÉ¢¥·¦¤¥´¨¥ μ¡ μÉ¸ÊÉ¸É¢¨¨ ÉμÎ¥±
¡¨ËÊ·± Í¨¨ ¶·¨ n > nk ¶μ ±· °´¥° ³¥·¥ ¡¥§μ¸´μ¢ É¥²Ó´μ.

–¥²Ó ´ Ï¥° · ¡μÉÒ Å ¶μ± § ÉÓ, ¢μ¶·¥±¨ ¨³¥ÕÐ¥³Ê¸Ö ³´¥´¨Õ, ¸ÊÐ¥¸É¢μ-
¢ ´¨¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´ÓÕÉμ´μ¢¸±¨Ì £· ¢¨É¨·ÊÕÐ¨Ì ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨-
É·μ¶ ¸μ §´ Î¥´¨Ö³¨ ¶μ± § É¥²Ö, ´¥§´ Î¨É¥²Ó´μ ¶·¥¢ÒÏ ÕÐ¨³¨ ¥¤¨´¨ÍÊ.

‚ ÔÉμ° μ¡² ¸É¨ ¶ · ³¥É· ¸¶²Õ¸´ÊÉμ¸É¨ e =
a3

a1
¢ ÉμÎ± Ì ¡¨ËÊ·± Í¨¨

Ê¦¥ ¤μ¸É ÉμÎ´μ ¡²¨§μ± ± ¥¤¨´¨Í¥,   §´ Î¥´¨¥ ¶ · ³¥É·  ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö
ε ³μ¦¥É ¶·¨´¨³ ÉÓ ¸±μ²Ó Ê£μ¤´μ ³ ²Ò¥ §´ Î¥´¨Ö. �·¨ ÔÉμ³ §´ Î¥´¨Ö ge

c ¡μ²ÓÏ¨³ § ¶ ¸μ³ ¸É ´μ¢ÖÉ¸Ö μÉ²¨Î´Ò³¨ μÉ ´Ê²Ö ¨ ¶μ²μ¦¨É¥²Ó´Ò³¨, ÎÉμ
£ · ´É¨·Ê¥É ¸É ¡¨²Ó´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨.
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ÉμÉ ÔËË¥±É ³μ¦¥É §´ Î¨É¥²Ó´μ ¢²¨ÖÉÓ ´  Ô¢μ²ÕÍ¨Õ Ê£²μ¢μ° ¸±μ·μ¸É¨
³¥¤²¥´´ÒÌ ¶Ê²Ó¸ ·μ¢ ε ³¥´ÓÏ¥ ¨²¨ ¶μ·Ö¤±  10−4 ¸ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö,
¡²¨§±¨³ ± ¶μ²¨É·μ¶¥ ¸ ¶μ± § É¥²¥³ 1 < n < 1, 08. ˆ§ ·¥ ²¨¸É¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö ± ´¨³ ´ ¨¡μ²¥¥ ¡²¨§±μ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö Ö¤¥·´μ°
³ É¥·¨¨ �¥°¤ .

‚ μ¸´μ¢Ê · §¢¨¢ ¥³μ° ´ ³¨ ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨ ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £-
´¨Î¥´´ÒÌ ¶μ²¨É·μ¶ ¶μ²μ¦¨³, ± ± ¨ ¢ [7], Ê· ¢´¥´¨¥

1
2πa2

1

∫
D

ρ̃(r′)
(

1
r′

− 1
|r − r′|

)
dV ′ − K0

1∫
p(r)

dp

ρ̃(p)
− ε

r2
⊥

a2
1

= Π(m)(r), (1)

£¤¥ Π(m) Å ¢±² ¤ ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨°; ρ̃ =
ρ

ρ0
; ρ Å ¶²μÉ´μ¸ÉÓ ±μ´Ë¨£Ê· -

Í¨¨; ρ0 Å ¶²μÉ´μ¸ÉÓ ¢ Í¥´É·¥ ±μ´Ë¨£Ê· Í¨¨; a1, a3 Å ¶μ²Êμ¸¨ ¸Ë¥·μ¨¤ ,  ¶-

¶·μ±¸¨³¨·ÊÕÐ¥£μ ¶μ¢¥·Ì´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨; p =
P

P0
Å μÉ´μÏ¥´¨¥ ¤ ¢²¥-

´¨Ö ± Í¥´É· ²Ó´μ³Ê §´ Î¥´¨Õ ¤ ¢²¥´¨Ö; K0 =
P0

2πGρ2
0a

2
1

; r⊥ = x1e1 + x2e2;

x1 =
x

a1
; x2 =

y

a1
; x3 =

x

a3
; D Å μ¡² ¸ÉÓ R3, ¢ ±μÉ·μ° ρ̃ � 0.

� · ³¥É· K0 Ö¢²Ö¥É¸Ö ¢ ¦´μ° Ì · ±É¥·¨¸É¨±μ° ±μ´Ë¨£Ê· Í¨¨ ¨ ¶μ ¶μ-
·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢¥´ μÉ´μÏ¥´¨Õ ¤ ¢²¥´¨Ö ± ¶²μÉ´μ¸É¨ £· ¢¨É Í¨μ´´μ°
Ô´¥·£¨¨ ¢ ¥¥ Í¥´É·¥.

“· ¢´¥´¨¥ (1) ¶·¨ Π(m) = 0 ¢ ²¨É¥· ÉÊ·¥ [8] Î ¸Éμ ´ §Ò¢ ÕÉ Ê· ¢´¥´¨¥³
‹Ö¶Ê´μ¢ , ±μÉμ·Ò° ¶μ²ÊÎ¨² ¢Ò¤ ÕÐ¨¥¸Ö ·¥§Ê²ÓÉ ÉÒ ¶·¨ ¥£μ ¨¸¸²¥¤μ¢ ´¨¨.

“· ¢´¥´¨¥ (1) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¸ ¶μ¤¢¨¦´μ°
£· ´¨Í¥° ¢ R3. 
ÉÊ £· ´¨ÍÊ δD ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¢μ§³ÊÐ¥´´μ° Ô²²¨¶¸μ¨-
¤ ²Ó´μ° ¶μ¢¥·Ì´μ¸É¨ [7]:

δD : x2
1 + x2

2 + x2
3 +

L∑
i,j,k

Zijkxi
1x

j
2x

k
3 = 1. (2)

�μ²Êμ¸¨  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ¸Ë¥·μ¨¤  a1, a3 ¨ ±μÔËË¨Í¨¥´ÉÒ Zijk ´ -
Ìμ¤ÖÉ¸Ö ¨§ Ê¸²μ¢¨Ö ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  [7]

Λ =
1
4π

∫
δD

ρ̃2dΩ, (3)

ÎÉμ ¶·¨¢μ¤¨É ± ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂Λ
∂Zijk

= 0, a1
∂Λ
∂a1

= 0, a3
∂Λ
∂a3

= 0. (4)
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‘¨¸É¥³  Ê· ¢´¥´¨° (1), (4) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° § ³±´ÊÉÊÕ ¸¨¸É¥³Ê ¤²Ö
´ Ìμ¦¤¥´¨Ö a1, a3, Zijk , ρ̃.

�·¥¤¸É ¢¨³ ¶²μÉ´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨ ρ̃ ¢ ¢¨¤¥ ¶μ²¨´μ³  ¸É¥¶¥´¨ P

ρ̃ =
P∑

a,b,c

ρabcx
a
1xb

2x
c
3. (5)

…¸²¨ ¢Ò¡· ÉÓ P ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨³, Éμ ¸ ²Õ¡μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨, ¸μ-
£² ¸´μ É¥μ·¥³¥ ‘ÉμÊ´ Ä‚¥°¥·ÏÉ· ¸¸ , ¢Ò· ¦¥´¨¥ (5)  ¶¶·μ±¸¨³¨·Ê¥É ¶²μÉ-
´μ¸ÉÓ ·¥ ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨.

ŠμÔËË¨Í¨¥´ÉÒ ρabc ¨ Zijk, μ¶·¥¤¥²ÖÕÐ¨¥ ¸É·Ê±ÉÊ·Ê ±μ´Ë¨£Ê· Í¨¨, · -
§μ¡Ó¥³ ´  ¸¨³³¥É·¨Î´Ò¥ ρ(ab)c, Z(ij)k ¨  ´É¨¸¨³³¥É·¨Î´Ò¥ ρ[ab]c, Z[ij]k Î ¸É¨
μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ¨ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ³ ²μ³Ê ¶ -
· ³¥É·Ê  ¸¨³³¥É·¨¨ X , ¶μ¤²¥¦ Ð¥³Ê ¢ ¤ ²Ó´¥°Ï¥³ μ¶·¥¤¥²¥´¨Õ:

ρabc =

(
a+b
2

)
!(

a
2

)
!
(

b
2

)
!
ρa+b,c + ρ[ab]cX + ρ1(ab)cX

2,

Zijk =

(
i+j
2

)
!(

i
2

)
!
(

j
2

)
!
Zi+j,k + Z[ij]kX + Z1(ij)kX2. (6)

‡¤¥¸Ó ¨ ¤ ²¥¥ a, b, c ¨ i, j, k Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨,   ¢¢μ¤¨³Ò¥ ¢´μ¢Ó ¢¥²¨Î¨´Ò
Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Ö³ ¸¨³³¥É·¨¨ ρ1(ab)c = ρ1(ba)c, ρ[ab]c = −ρ[ba]c,
Z1(ij)k = Z1(ji)k, Z[ij]k = −Z[ji]k,   ρ[20]0 ´μ·³¨·Ê¥³ ´  ¥¤¨´¨ÍÊ.

„²Ö ¨³¥ÕÐ¨Ì¸Ö ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ μÍ¥´μ± ³ £´¨É´μ£μ ¶μ²Ö ¶Ê²Ó¸ -
·μ¢ ¶μ § ³¥¤²¥´¨Õ ¶¥·¨μ¤  ¨³¥¥É ³¥¸Éμ μÍ¥´±  B0 ∼ 1010 − 1012 ƒ¸. ‚
ÔÉμ³ ¸²ÊÎ ¥ |Π(m)| ∼ 10−12 − 10−9 ¶·¨ ρ0 = 4 · 1014 £/¸³3. �μÔÉμ³Ê ¨³¥¥É
¸³Ò¸² ÊÎ¨ÉÒ¢ ÉÓ Π(m) Éμ²Ó±μ ¶·¨ ´ Ìμ¦¤¥´¨¨  ¸¨³³¥É·¨Î´ÒÌ ±μÔËË¨Í¨¥´-
Éμ¢ ρ[ab]c, Z[ij]k.

�´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ Π(m) ¢Ò¡¥·¥³ ¢ ¸ ³μ³ ¶·μ¸Éμ³ ¢¨¤¥:

Π(m) =
k

2
ηm(x2

1 − x2
2), (7)

£¤¥ k Å ¶μ± § É¥²Ó ¸±μ·μ¸É¨ Ê¡Ò¢ ´¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¶·¨ Ê¤ ²¥´¨¨ μÉ
³ £´¨É´μ° μ¸¨. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¶μ²μ¦¨³ k = 1.

„²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ³Ò ¤μ²¦´Ò §´ ÉÓ ±μ´±·¥É´Ò° ¢¨¤ Ê· ¢´¥-
´¨Ö ¸μ¸ÉμÖ´¨Ö P = P (ρ). ‚ ´ Ï¥³ ¸²ÊÎ ¥ μ´μ ¶·¥¤¶μ²μ¦¨É¥²Ó´μ ¨³¥¥É
¢¨¤ ¶μ²¨É·μ¶Ò ¸ ¶μ± § É¥²¥³ n, ¡²¨§±¨³ ± ¥¤¨´¨Í¥ |n − 1| � 1. ˆ³¥´´μ
¤²Ö ÔÉ¨Ì §´ Î¥´¨° n Ê ´ ¸ ¨³¥ÕÉ ³¥¸Éμ ´ ¨¡μ²¥¥ ¨´É¥·¥¸´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶μ
¨¸¸²¥¤μ¢ ´¨Õ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´ÓÕÉμ´μ¢¸±¨Ì ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶.
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‚ ¸²ÊÎ ¥ ¶μ²¨É·μ¶Ò ¨³¥¥³

1∫
p

dp

ρ̃
= (1 + n)ρ̃

1
n . (8)

�¶¶·μ±¸¨³¨·Ê¥³ ¶· ¢ÊÕ Î ¸ÉÓ (8) ³´μ£μÎ²¥´μ³ ¢Éμ·μ° ¸É¥¶¥´¨:

(1 + n)ρ̃
1
n ∼= δ0 + δ1(ρ̃ − 1) + δ2(ρ̃ − 1)2. (9)

ŠμÔËË¨Í¨¥´ÉÒ δ0, δ1, δ2 ´ Ìμ¤ÖÉ¸Ö ³¨´¨³¨§ Í¨¥° Ê±²μ´¥´¨Ö ¶· ¢μ° ¨
²¥¢μ° Î ¸É¥° (9) ¢ ³¥É·¨±¥ L2. �·¨ ÔÉμ³

δ0 =
4n(n + 1)(n + 2)
(2n + 1)(3n + 1)

, δ1 = −4n(n + 1)(4n − 7)
(2n + 1)(3n + 1)

,

δ2 = − 20n(n2 − 1)
(2n + 1)(3n + 1)

. (10)

�μ£·¥Ï´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ n = 1, 04 ¸μ¸É ¢¨²  4 · 10−3. �μ²μ¦¨³

h = n − 1 ¨ ¢ ¸²ÊÎ ¥ |h| � 1 ¨§ (10) ¨³¥¥³ δ0
∼= δ1

∼= 2, δ2
∼=

10
3

h. �É¸Õ¤ 
¸²¥¤Ê¥É ¢μ§³μ¦´μ¸ÉÓ ± Î¥¸É¢¥´´μ£μ ¨§³¥´¥´¨Ö Ì · ±É¥·  ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö
(1) ¸¶· ¢  ¨ ¸²¥¢  μÉ ÉμÎ±¨ n = 1, É ± ± ± §´ ± ±¢ ¤· É¨Î´μ° ¶μ ρ̃− 1 Î ¸É¨

¢ (9) ¶·¨ ÔÉμ³ ¨§³¥´Ö¥É¸Ö, ±μÔËË¨Í¨¥´É ¶·¨ h ¢ δ2 ¡Ê¤¥É ¡μ²ÓÏ¥
10
3

.

�·¥¤¸É ¢²¥´¨¥ (9) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¨ ¤²Ö ·¥ ²¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨°
¸μ¸ÉμÖ´¨Ö, ÊÎ¨ÉÒ¢ ÕÐ¨Ì ´ ²¨Î¨¥ ¸¨²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ³¥¦¤Ê ´Ê±²μ´ ³¨
¢ ´¥°É·μ´´ÒÌ §¢¥§¤ Ì, ¢Ò¡· ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ μ¡· §μ³ ±μÔËË¨Í¨¥´ÉÒ δ0,
δ1, δ2.

‚ ´ Ï¥° · ¡μÉ¥ [7] ¸μ§¤ ´ ±μ³¶²¥±¸ ¸¨³¢μ²Ó´μ-Î¨¸²¥´´ÒÌ ¶·μ£· ³³,
¨¸¶μ²Ó§μ¢ ´¨¥ ±μÉμ·μ£μ ¤²Ö ·¥Ï¥´¨Ö (1), (4) ¶μ§¢μ²Ö¥É ¸¢¥¸É¨ § ¤ ÎÊ ¢ÒÎ¨-
¸²¥´¨Ö μ¸´μ¢´μ£μ ¶ · ³¥É·  X ± ·¥Ï¥´¨Õ ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö ¤²Ö X :

A(e, n)X + B(e, n)X3 = ηm, (11)

£¤¥ e =
a3

a1
, ¨ ÔÉμÉ ¶ · ³¥É· Ö¢²Ö¥É¸Ö μ¸´μ¢´μ° Ì · ±É¥·¨¸É¨±μ° ¸¶²Õ¸´ÊÉμ-

¸É¨ ¶μ¢¥·Ì´μ¸É¨ ±μ´Ë¨£Ê· Í¨¨ ¢¤μ²Ó μ¸¨ ¢· Ð¥´¨Ö ¨, É ±¦¥ ± ± ε, Ì · ±É¥-
·¨§Ê¥É ¸É¥¶¥´Ó ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö. “ ´ ¸ e Ö¢²Ö¥É¸Ö ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³,
  ε ¢ÒÎ¨¸²Ö¥³Ò³: ε = ε(e). ‚ · ¡μÉ¥ „¦¥°³¸  [6] ´ μ¡μ·μÉ §´ Î¥´¨Ö ε
§ ¤ ÕÉ¸Ö.

ŠÊ¡¨Î¥¸±¨° Î²¥´ ¢ (11) ¸ÊÐ¥¸É¢¥´¥´ ¢¡²¨§¨ ±·¨¢μ° A(e, n) = 0, ±μÉμ· Ö
μ¶·¥¤¥²Ö¥É ³´μ¦¥¸É¢μ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ek = ek(n) ¨ ¥¥ ³μ¦´μ ´ §¢ ÉÓ Ê¦¥
¡¨ËÊ·± Í¨μ´´μ° ±·¨¢μ°. �μÔÉμ³Ê B(e, n) ´ ³ ´Ê¦´μ §´ ÉÓ ²¨ÏÓ ¢ ÉμÎ± Ì
ek(n), É. ¥. Bk(n) = B(ek(n), n), ÎÉμ §´ Î¨É¥²Ó´μ Ê¶·μÐ ¥É ¢ÒÎ¨¸²¥´¨Ö.
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�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (11), ¶¥·¥Ìμ¤ÖÐ¥¥ ¶·¨ ηm = 0 ¢ ¸¨³³¥É·¨Î´μ¥ ·¥-
Ï¥´¨¥ X = 0, ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨ fM (λ) =(
108 + 12

√
−12λ3 + 81

)1/3
, ´ °¤¥´´μ° ´ ³¨ ¢ ¸¨¸É¥³¥ ¸¨³¢μ²Ó´μ° ³ É¥³ -

É¨±¨ MAPLE, ¢ ¢¨¤¥

X(λ) =
(

1
6
fM (λ) + 2λf−1

M (λ)
)

Xk, (11a)

λ = − A(e, n)
Bk(n)X2

k

, Xk =
(

ηm

Bk(n)

)1/3

.

‚¡²¨§¨ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ±μÔËË¨Í¨¥´É A(e, n) ¶μ μ¶·¥¤¥²¥´¨Õ Ö¢²Ö-
¥É¸Ö ³ ²Ò³ ¶ · ³¥É·μ³, ¶μ ¸É¥¶¥´Ö³ ±μÉμ·μ£μ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ · §²μ¦¥-
´¨¥ ·¥Ï¥´¨Ö (11a). ‚ ²¨´¥°´μ³ ¶μ A(e, n) ¶·¨¡²¨¦¥´¨¨ ¨³¥¥³

X = Xk

(
1 − 1

3
A(e, n)

Bk(n)X2
k

)
. (11¡)

�É³¥É¨³, ÎÉμ ¢Ò· ¦¥´¨¥ (11¡) ¸¶· ¢¥¤²¨¢μ Éμ²Ó±μ ¶·¨ |A(e, n)| � η
2/3
m .

Š ± Ê¦¥ μÉ³¥Î¥´μ ´ ³¨, ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ (§  ¨¸±²ÕÎ¥´¨¥³ ρ = ρ0 = const)
§ ¤ Î  μ £· ¢¨É¨·ÊÕÐ¨Ì ±μ´Ë¨£Ê· Í¨ÖÌ ·¥Ï ¥É¸Ö ¶·¨¡²¨¦¥´´μ. �·μ¢¥·¨ÉÓ
¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨Ö £¨¤·μ¸É É¨Î¥¸±μ£μ · ¢´μ¢¥¸¨Ö ¢μ ¢¸¥Ì ÉμÎ± Ì £· ¢¨É¨·Ê-
ÕÐ¥° ±μ´Ë¨£Ê· Í¨¨ ´¥¢μ§³μ¦´μ. �μÔÉμ³Ê „¦¨´¸ [5] ¢¢¥² Ê¸²μ¢¨¥ ¸É ¡¨²Ó-
´μ¸É¨ ±μ´Ë¨£Ê· Í¨¨ ± ± ´¥μÉ·¨Í É¥²Ó´μ¸ÉÓ · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ Ê¸±μ·¥-
´¨Ö ¸¢μ¡μ¤´μ£μ ¶ ¤¥´¨Ö ´  Ô±¢ Éμ·¥ ge > 0. ‚ ¶²μ¸±μ¸É¨ Ô±¢ Éμ·  ¨³¥¥³

g(r, x3 = 0) =
∂Φ(r, x3 = 0)

∂r
− 2εr > 0, (12)

£¤¥ r =
√

x2
1 + x2

2, Φ = − 1
2πa2

1

∫
D

ρ̃(r′)
|r − r′|dV ′.

�  Ô±¢ Éμ·¥ r = re, ρ̃(re, x3 = 0) = 0. ’μ£¤  ge = g(re, x3 = 0) =
∂Φ(re, x3 = 0)

∂re
− 2εre.

”Ê´±Í¨Ö Φ(r, x3 = 0) μ¶·¥¤¥²Ö¥É¸Ö ´ ³¨ ¢´ÊÉ·¨  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ Ô²-
²¨¶¸μ¨¤ , ¢´¥ ¥£μ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¥¥  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥. �·¨
ÔÉμ³ ¶·¥´¥¡·¥¦¥´¨¥ £· ¢¨É Í¨μ´´Ò³ ¢²¨Ö´¨¥³ ³ ¸¸ §  ¶·¥¤¥² ³¨  ¶¶·μ±¸¨-
³¨·ÊÕÐ¥£μ Ô²²¨¶¸μ¨¤  ¤ ¥É ¶μ£·¥Ï´μ¸ÉÓ

√
Λ(re − 1).

ˆ§ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¸²¥¤Ê¥É ±·¨É¥·¨° ¤²Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ · ¢´μ¢¥¸-
´ÒÌ ±μ´Ë¨£Ê· Í¨°:

A(ek, n) = 0, ge(ek, n) > 0. (13)
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�·μ¢¥¤¥´´Ò¥ ´ ³¨ ¸¨³¢μ²Ó´μ-Î¨¸²¥´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨¨ A(e, n)
¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 1, 2.

ˆ§ ·¨¸. 1 ¢¨¤´μ, ÎÉμ ¸¥³¥°¸É¢μ ±·¨¢ÒÌ A(e, n = const), 1 � n � 1, 0795,
¶¥·¥¸¥± ¥É μ¸Ó  ¡¸Í¨¸¸ ¢ ¨´É¥·¢ ²¥ §´ Î¥´¨° 0, 575 � e � 1 ¨ μ¶·¥¤¥²Ö¥É
³´μ¦¥¸É¢μ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¶μ ¶ · ³¥É·Ê e, ¢ ±μÉμ·ÒÌ A(ek, n) = 0.

�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ A(e, n) μÉ ¶ · ³¥É·  e ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ
¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ A(e, n) μÉ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ
§´ Î¥´¨ÖÌ ¶ · ³¥É·  e
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ˆ§ ·¨¸. 2 ¸²¥¤Ê¥É, ÎÉμ ¸¥³¥°¸É¢μ ±·¨¢ÒÌ A(e = const, n), 0, 575 � e � 1,
¶¥·¥¸¥± ¥É μ¸Ó  ¡¸Í¨¸¸ ¢ ¨´É¥·¢ ²¥ §´ Î¥´¨° n 1 � n � 1, 0795 ¨ μ¶·¥¤¥²Ö¥É
³´μ¦¥¸É¢μ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¶μ ¶ · ³¥É·Ê n, ¢ ±μÉμ·ÒÌ A(ek, n(ek)) = 0.

‡ ¢¨¸¨³μ¸ÉÓ ge(ek, n) ¢ ¤¨ ¶ §μ´¥ §´ Î¥´¨° n 0, 99 � n � 1, 0795 ¶·¨¢μ-
¤¨É¸Ö ´  ·¨¸. 3, ¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ ge(ek, n = 0, 9989) = 0, ge(ek, n =
1) = 3, 07 · 10−3, ge(ek, n = 1, 0795) = 0, 187.

�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ge(e = ek) μÉ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n

�¨¸. 4. � ¸Î¥É´ Ö (¸¶²μÏ´ Ö ²¨´¨Ö) ¨  ¶¶·μ±¸¨³¨·ÊÕÐ Ö (¶Ê´±É¨·´ Ö ²¨´¨Ö) Ô²²¨-
¶¸μ¨¤ ²Ó´Ò¥ ±μ´Ë¨£Ê· Í¨¨ ¶·¨ §´ Î¥´¨ÖÌ n = 1, ek = 0, 575. �  ·¨¸Ê´±¥ x = x1,

z =
1

ek
x3
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ˆ§ ¶·μ¢¥¤¥´´ÒÌ ´ ³¨ μÍ¥´μ± ¢¨¤´μ, ÎÉμ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ¸ÊÐ¥¸É¢ÊÕÉ ¢
¨´É¥·¢ ²¥ §´ Î¥´¨° ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò 0, 9989 < n � 1, 0795, ¤²Ö ±μÉμ·ÒÌ
A(ek, n) = 0 ¨ ge(ek, n) > 0.

�Í¥´¨¢ ¥³ Ö ´ ³¨ ÉμÎ´μ¸ÉÓ ¢Ò¶μ²´¥´¨Ö £· ´¨Î´μ£μ Ê¸²μ¢¨Ö ¢ ÉμÎ± Ì
¡¨ËÊ·± Í¨¨ ± ±

√
Λ ¶·¨ n = 1 (ek = 0, 575) · ¢´  1, 17 · 10−2, · ¸¸ÉμÖ´¨¥

μÉ ÉμÎ¥± Ô±¢ Éμ·  ±μ´Ë¨£Ê· Í¨¨ ¤μ Í¥´É·  ¢ ÔÉμ³ ¸²ÊÎ ¥ re = 1, 0661,  
¶μ£·¥Ï´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ ¢ £¥μ³¥É·¨Î¥¸±μ³ ¶μ¤Ìμ¤¥ μÍ¥´±¨ ¶μ£·¥Ï´μ¸É¨
¢Ò¶μ²´¥´¨Ö £· ´¨Î´μ£μ Ê¸²μ¢¨Ö ¸μμÉ¢¥É¸É¢¥´´μ ¡Ê¤¥É re − 1 = 6, 61 · 10−2. ‚
ÔÉμ³ ¸²ÊÎ ¥ ¶μ£·¥Ï´μ¸ÉÓ ¢Ò¶μ²´¥´¨Ö £· ´¨Î´μ£μ Ê¸²μ¢¨Ö ¡Ê¤¥É ¶·¨¢μ¤¨ÉÓ ±
¶μ£·¥Ï´μ¸É¨ ¢ Ê· ¢´¥´¨ÖÌ ¶μ·Ö¤± 

√
Λ(re − 1) = 7, 73 · 10−4. �·¨ n = 1, 04

(ek = 0, 756)
√

Λ = 2, 42 · 10−3,   re = 1, 00457,
√

Λ(re − 1) = 1, 11 ×
10−5, ÎÉμ Ê± §Ò¢ ¥É ´  ¢Ò¸μ±ÊÕ ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ ¶μ¢¥·Ì´μ¸É¨ ρ̃ = 0,
¢μ§³ÊÐ¥´´μ° Ô²²¨¶¸μ¨¤ ²Ó´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ δD, ¤²Ö §´ Î¥´¨° ¶μ± § É¥²Ö
¶μ²¨É·μ¶Ò ¨§ · ¸¸³ É·¨¢ ¥³μ£μ ¶·μ³¥¦ÊÉ±  0, 9989 < n � 1, 0795.

� Ï ·¥§Ê²ÓÉ É, ¤μ± §Ò¢ ÕÐ¨° ¸ÊÐ¥¸É¢μ¢ ´¨¥ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ¶·¨
n = 1, ´  ¶¥·¢Ò° ¢§£²Ö¤ ¶·μÉ¨¢μ·¥Î¨É · ¡μÉ¥ [6]. �μ ÉμÎ±  n = 1 Ê±²μ´Ö-
¥É¸Ö μÉ ±μ´Í  ¨´É¥·¢ ²  n = 0, 9989 ´  1, 1 · 10−3, ¨ ¸ ÊÎ¥Éμ³ ¶μ£·¥Ï´μ¸É¨
¢ÒÎ¨¸²¥´¨° ¶·μÉ¨¢μ·¥Î¨¥ ¸´¨³ ¥É¸Ö.

�  ·¨¸. 4, 5 ¶·¨¢¥¤¥´Ò ¸¥Î¥´¨Ö ¶²μ¸±μ¸ÉÓÕ x2 = 0  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì
¸Ë¥·μ¨¤μ¢ δD ¨ ´ °¤¥´´ÒÌ ¶μ¢¥·Ì´μ¸É¥° ρ̃(x2

1 + x2
2, x

2
3) = 0 ¤²Ö §´ Î¥´¨°

n = 1 ¨ n = 1, 04 ¢ ÉμÎ± Ì ¡¨ËÊ·± Í¨¨.

�¨¸. 5. � ¸Î¥É´ Ö (¸¶²μÏ´ Ö ²¨´¨Ö) ¨  ¶¶·μ±¸¨³¨·ÊÕÐ Ö (¶Ê´±É¨·´ Ö ²¨´¨Ö) Ô²²¨-
¶¸μ¨¤ ²Ó´Ò¥ ±μ´Ë¨£Ê· Í¨¨ ¶·¨ §´ Î¥´¨ÖÌ n = 1, 04, ek = 0, 756. �  ·¨¸Ê´±¥ x = x1,

z =
1

ek
x3

�μ£·¥Ï´μ¸ÉÓ ³¥Éμ¤  ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¶·¨ n = 1, 04 Ê ´ ¸ ¸μ¸É ¢¨² 
2, 53 · 10−4. ‹¥¢¥¥ ÉμÎ±¨ n = 1, 04 ¶μ£·¥Ï´μ¸ÉÓ ´¥³´μ£μ Ê¡Ò¢ ¥É,   ¶· ¢¥¥
¢μ§· ¸É ¥É, ´μ μ¸É ¥É¸Ö É ±μ£μ ¦¥ ¶μ·Ö¤± .

9



‘ É ±μ° ¦¥ ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨ ∼ 10−4 ËÊ´±Í¨Ö ek(n) ³μ¦¥É ¡ÒÉÓ  ¶-
¶·μ±¸¨³¨·μ¢ ´  ³´μ£μÎ²¥´μ³

ek(n) = −190, 616(n− 1, 04)4 + 81, 611(n− 1, 04)3 + 20, 784(n− 1, 04)2+

+5, 227(n− 1, 04) + 0, 757. (14)

�´ ²μ£¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨³¥¥É ³¥¸Éμ ¨ ¤²Ö εk(n):

εk(n) = 21, 727(n− 1, 04)4 − 12, 041(n− 1, 04)3 − 4, 071(n− 1, 04)2−

−0, 535(n− 1, 04) + 0, 0282. (15)

‘μ£² ¸´μ (14) ËÊ´±Í¨Ö ek(n) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É μÉ ek = 0, 571 ¤μ
1 ¢ ¨´É¥·¢ ²¥ 0, 9989 < n � 1, 0795. ‚ ÔÉμ³ ¨´É¥·¢ ²¥ §´ Î¥´¨° n εk(n)
³μ´μÉμ´´μ Ê¡Ò¢ ¥É μÉ εk = 0, 0442 ¤μ 0.


ÉμÉ ·¥§Ê²ÓÉ É μÎ¥´Ó ¢ ¦¥´ ¤²Ö ³¥¤²¥´´μ ¢· Ð ÕÐ¨Ì¸Ö ´ÓÕÉμ´μ¢¸±¨Ì
¶μ²¨É·μ¶. „²Ö ²Õ¡μ£μ ³ ²μ£μ §´ Î¥´¨Ö Ê£²μ¢μ° ¸±μ·μ¸É¨ ω ´ °¤¥É¸Ö §´ Î¥´¨¥
n ¨§ ¨´É¥·¢ ²  0, 9989 < n � 1, 0795, ¤²Ö ±μÉμ·μ£μ ε = εk(n), A(ek, n) = 0.

�·¨ ÔÉμ³ Xk(n) =
(

ηm

B(ek, n)

)1/3

. ƒ· Ë¨± ËÊ´±Í¨¨ Bk(n) = B(ek, n) ¶·¥¤-

¸É ¢²¥´ ´  ·¨¸. 6. ”Ê´±Í¨Ö Bk ³μ´μÉμ´´μ · ¸É¥É μÉ 1, 1057 · 10−3 (n = 1)
¤μ 2, 2199 (n = 1, 0795). ‡´ Î¥´¨¥ ¶ · ³¥É·   ¸¨³³¥É·¨¨ ¢ ÉμÎ±¥ ¡¨ËÊ·± -
Í¨¨ ´ μ¡μ·μÉ ¡Ê¤¥É ¢ ÔÉμ³ ¨´É¥·¢ ²¥ ¶·¨³¥·´μ ´  ¤¢  ¶μ·Ö¤±  Ê³¥´ÓÏ ÉÓ¸Ö.
�¥·¥Ìμ¤ Bk(n) ¢ μÉ·¨Í É¥²Ó´ÊÕ μ¡² ¸ÉÓ §´ Î¥´¨° ¶·μ¨¸Ìμ¤¨É §  ¶·¥¤¥² ³¨
¨´É¥·¥¸ÊÕÐ¥£μ ´ ¸ ¨´É¥·¢ ²  §´ Î¥´¨° n < 0, 9989.

ˆ§ ·¨¸. 1 ¢¨¤´μ, ÎÉμ ±·¨¢Ò¥ A(e, n = const), 0, 9989 < n � 1, 0795, μ¶Ê¸-
± ÕÉ¸Ö ¢ ¸Éμ·μ´Ê μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ¸ ·μ¸Éμ³ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò
n. �·¨Î¥³, ¥¸²¨ ¶·¨ n = 1 ±·¨¢ Ö A(e, n) ¶¥·¥¸¥± ¥É μ¸Ó  ¡¸Í¨¸¸ ¢ ÉμÎ±¥
ek = 0, 575, Éμ ¶·¨ n = 1, 0795 ÉμÎ±  ¶¥·¥¸¥Î¥´¨Ö ¡Ê¤¥É ¢ ek = 1. 
Éμ
¸μμÉ¢¥É¸É¢Ê¥É εk = 0, É. ¥. μÉ¸ÊÉ¸É¢¨Õ ¢· Ð¥´¨Ö ¢ ÔÉμ° ÉμÎ±¥. ‚ ÔÉμ° ¦¥

ÉμÎ±¥ X =
(

ηm

B(e = 1, n = 1, 0795)

)1/3

, É. ¥. É ± ¦¥, ± ± ¨ ¢¡²¨§¨ ¤·Ê£¨Ì Éμ-

Î¥± ¡¨ËÊ·± Í¨¨ ek, ¶ · ³¥É·  ¸¨³³¥É·¨¨ X ¡Ê¤¥É ¨³¥ÉÓ  ´μ³ ²Ó´μ ¡μ²ÓÏ¨¥
§´ Î¥´¨Ö ¸ ÊÎ¥Éμ³ ³ ²μ¸É¨ ηm ∼ 10−9 − 10−12.

�·¨ n > nk = 1, 0795 ´¨ ¤²Ö ± ±¨Ì §´ Î¥´¨° e A(e, n) ¢ ´Ê²Ó ´¥ μ¡· Ð -
¥É¸Ö, μ´μ Ê¦¥ ¤²Ö e = 1 μÉ·¨Í É¥²Ó´μ, ¨ ¡μ²¥¥ Éμ£μ, ¸ Ê³¥´ÓÏ¥´¨¥³ e ¡Ê¤¥É
Ê³¥´ÓÏ ÉÓ¸Ö, Ê¤ ²ÖÖ¸Ó ¢¸¥ ¡μ²ÓÏ¥ μÉ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ A(e, n) = 0.

‚ μ¡² ¸É¨ §´ Î¥´¨° e, ¡²¨§±¨Ì ± ¥¤¨´¨Í¥, ¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ¥¥  ´ -
²¨É¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ A(e, n):

A(e, n) = 0, 1872(e− 1) + 1, 3560(1, 0795− n) =

= −1, 4872ε + 1, 3560(1, 0795− n),
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�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ Bk μÉ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n

±μÉμ·μ¥ Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨ μ¶¨¸ ´¨¨ Ô¢μ²ÕÍ¨¨ ±μ´Ë¨£Ê· Í¨¨. ’μ£¤ 
c ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨ ∼ 2 · 10−3 ¨§ (11¡) ¢¡²¨§¨ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨
¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¶ · ³¥É·   ¸¨³³¥É·¨¨ X :

X = Xk

(
1 + 0, 2233

ε− εk

X2
k

)
, εk = ε(ek).

�¸É ´μ¢¨³¸Ö ¡μ²¥¥ ¶μ¤·μ¡´μ ´  ¨¸¸²¥¤μ¢ ´¨¨ ´ÓÕÉμ´μ¢¸±μ° ¶μ²¨É·μ¶Ò
¢ μÉ¸ÊÉ¸É¢¨¥ ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨° (ηm = 0). “· ¢´¥´¨¥ (11) ¡Ê¤¥É ¢ ÔÉμ³
¸²ÊÎ ¥ ¨³¥ÉÓ É·¨ ·¥Ï¥´¨Ö ¢ ¨´É¥·¢ ²¥ 0, 9989 < n � 1, 0795, X = 0 ¨

X = ±
√
− A(e, n)

B(ek, n)
. � ¨¡μ²¥¥ ¨´É¥·¥¸´μ° ¤²Ö ´ ¸ Ö¢²Ö¥É¸Ö ÉμÎ±  ek = 1

(ε = 0), ¢ ±μÉμ·μ° ¢· Ð¥´¨¥ μÉ¸ÊÉ¸É¢Ê¥É ¨²¨ μÎ¥´Ó ³¥¤²¥´´μ¥. ‚ ÔÉμ° ÉμÎ±¥,
|n−1, 0795| � 1, Ê· ¢´¥´¨¥ ¤²Ö ¶ · ³¥É·  X ¡Ê¤¥É ¨³¥ÉÓ É·¨ ·¥Ï¥´¨Ö X = 0
¨ X = ±0, 7816

√
n − 1, 0795.

—Éμ¡Ò μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸, ± ±μ¥ ·¥Ï¥´¨¥ ¡Ê¤¥É Ë¨§¨Î¥¸±¨ ·¥ ²¨§μ¢ ´μ,
μÍ¥´¨³ ¶μ²´ÊÕ Ô´¥·£¨Õ ±μ´Ë¨£Ê· Í¨¨ E ¶·¨ Ë¨±¸¨·μ¢ ´´μ° ³ ¸¸¥ m =
m0 ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨° ¶ · ³¥É·  X . ‚³¥¸Éμ E Ê¤μ¡´μ ¢ÒÎ¨¸²ÖÉÓ
¡¥§· §³¥·´ÊÕ ¢¥²¨Î¨´Ê Ẽ:

Ẽ=
E

Espe
=

15E

16π2Gρ2
0a

5
1e

= ε

∫
D

ρ̃(x2
1 +x2

2)d
3x+

1
2

∫
D

ρ̃Φd3x+nK0

∫
D

ρ̃1+ 1
n d3x,

(16)
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m0 = ρ0a
3
1e

∫
D

ρ̃d3x,

d3x = dx1dx2dx3. ‡ ³¥É¨³, ÎÉμ Esp = −16π2

15
Gρ2

0a
5
1 Å £· ¢¨É Í¨μ´´ Ö Ô´¥·-

£¨Ö μ¤´μ·μ¤´μ° ¸Ë¥·Ò · ¤¨Ê¸μ³ a1 ¨ ¶²μÉ´μ¸ÉÓÕ ρ0. �¥·¢Ò° Î²¥´ ¢ (16) Å
Ô´¥·£¨Ö ¢· Ð¥´¨Ö, ¢Éμ·μ° Å £· ¢¨É Í¨μ´´ Ö Ô´¥·£¨Ö, É·¥É¨° Å ¢´ÊÉ·¥´´ÖÖ
Ô´¥·£¨Ö.

�·¨ e = 1, ε = 0 ¨§ (16) ¨³¥¥³

Ẽ(e = 1, n) =
1
2

∫
D

ρ̃Φd3x + nK0

∫
D

ρ̃1+ 1
n d3x, (17)

m0 = ρ0a
3
1

∫
D

ρ̃d3x.

‘μ¸É ¢²¥´´ Ö ´ ³¨ ¶·μ£· ³³  ¶μ ¢ÒÎ¨¸²¥´¨Õ Ẽ(e = 1, n = 1, 0795) ¤ ¥É
¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

Ẽ(e = 1, n = 1, 0795) = −0, 0642(1− 4, 879X2). (18)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ·¥Ï¥´¨¥ ¸ X = 0 ¡Ê¤¥É ¨³¥ÉÓ ³¥´ÓÏÊÕ Ô´¥·£¨Õ ¨, ¸²¥-
¤μ¢ É¥²Ó´μ, Ö¢²ÖÉÓ¸Ö Ê¸Éμ°Î¨¢Ò³ ¶μ ¸· ¢´¥´¨Õ ¸  ¸¨³³¥É·¨Î´Ò³ ·¥Ï¥´¨¥³
X �= 0, Ê ±μÉμ·μ£μ Ô´¥·£¨Ö ¢ÒÏ¥ ¶·¨ Éμ° ¦¥ ³ ¸¸¥.

�·¨ ³¥´ÓÏ¨Ì §´ Î¥´¨ÖÌ n ¨ e ¢μ¶·μ¸ μ¡ Ô´¥·£¨¨,   ¸²¥¤μ¢ É¥²Ó´μ, Ê¸Éμ°-
Î¨¢μ¸É¨ ¢· Ð ÕÐ¥°¸Ö ¶μ²¨É·μ¶Ò ¢¡²¨§¨ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¶·¨ X = 0 ¨
X �= 0 μ¸É ¥É¸Ö μÉ±·ÒÉÒ³ ¨ É·¥¡Ê¥É μÉ¤¥²Ó´μ£μ · ¸¸³μÉ·¥´¨Ö.

�·μ¢¥¤¥´´μ¥ ´ ³¨ ¨§ÊÎ¥´¨¥ ¢μ¶·μ¸  μ ÉμÎ± Ì ¡¨ËÊ·± Í¨¨ ¢· Ð ÕÐ¨Ì¸Ö
¶μ²¨É·μ¶ ¶μ± § ²μ, ÎÉμ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ³¥¤²¥´´μ ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶
1 − e � 1 ¢μ§³μ¦´Ò Éμ²Ó±μ ¶·¨ §´ Î¥´¨ÖÌ ¶μ± § É¥²¥° ¶μ²¨É·μ¶, ³¥´ÓÏ¨Ì
¨ ¡²¨§±¨Ì ± §´ Î¥´¨Õ nk = 1, 0795. „²Ö ´ ³ £´¨Î¥´´ÒÌ ¶μ²¨É·μ¶ ¢ ÉμÎ-

± Ì ¡¨ËÊ·± Í¨¨ ¶ · ³¥É·  ¸¨³³¥É·¨¨ X ¡Ê¤¥É ¶μ·Ö¤±  η
1/3
m , ÎÉμ ¸μ¸É ¢²Ö¥É

10−3 − 10−4 ¶·¨ ηm ∼ 10−9 − 10−12 ¨ ´  Ï¥¸ÉÓ-¢μ¸¥³Ó ¶μ·Ö¤±μ¢ ¶·¥¢ÒÏ ¥É
¥£μ §´ Î¥´¨¥ ¶μ·Ö¤±  ηm ¢¤ ²¨ μÉ ÉμÎ¥± ¡¨ËÊ·± Í¨¨.

‡  ¸Î¥É Éμ²Ó±μ μ¤´μ£μ ¢· Ð¥´¨Ö  ±¸¨ ²Ó´ Ö  ¸¨³³¥É·¨Ö ¢ · ¸¶·¥¤¥²¥-
´¨¨ ¶²μÉ´μ¸É¨ μÎ¥´Ó ³¥¤²¥´´μ ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ ´¥ ³μ¦¥É ¢μ§´¨±-
´ÊÉÓ, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ¨³¥ÕÉ ³¥¸Éμ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ
§´ Î¥´¨ÖÌ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n.

�É³¥É¨³, ÎÉμ ¤²Ö ¢¸¥Ì ¶Ê²Ó¸ ·μ¢ ¸ ¶¥·¨μ¤μ³ T � 33 ³¸ ek ¶·¨´ ¤²¥¦¨É
Ê§±μ³Ê ¨´É¥·¢ ²Ê §´ Î¥´¨° 1 < ek < 0, 9996 ¤²Ö §´ Î¥´¨° n Éμ¦¥ ¨§ μÎ¥´Ó
Ê§±μ£μ ¨´É¥·¢ ²  1, 0795 > n > 1, 0794.

�·¨ ÔÉμ³ ·μ²Ó ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨° ¤²Ö §´ Î¥´¨Ö ¶ · ³¥É·   ¸¨³³¥É·¨¨
X ¡Ê¤¥É μ¶·¥¤¥²ÖÕÐ¥°, É ± ± ± ¶·¨ ηm = 0 ¢ ¢ÒÏ¥Ê± § ´´μ³ ¨´É¥·¢ ²¥
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§´ Î¥´¨° e ¨ n ·¥Ï¥´¨Ö ¸ X �= 0 ¡Ê¤¥É ´¥Ê¸Éμ°Î¨¢μ ¶μ μÉ´μÏ¥´¨Õ ± ¶¥·¥Ìμ¤Ê
¢ ¸¨³³¥É·¨Î´μ¥ ¸μ¸ÉμÖ´¨¥ X = 0.

�  ±μ´Í¥ · ¸¸³ É·¨¢ ¥³μ£μ ¨´É¥·¢ ²  n = 1 ´Ê¦´μ Ê¦¥ ¡Ò¸É·μ¥ ¢· -
Ð¥´¨¥, ¶·¨¢μ¤ÖÐ¥¥ ± ¸ÊÐ¥¸É¢¥´´μ° ¤¥Ëμ·³ Í¨¨ ±μ´Ë¨£Ê· Í¨¨, ¤²Ö ¤μ¸É¨-
¦¥´¨Ö ÉμÎ±¨ ¡¨ËÊ·± Í¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ ek = 0, 575, εk = 0, 0439 ¨ Tk =
1, 637 · 10−3 ¸.

Š ± ´ ³¨ ¡Ò²μ μÉ³¥Î¥´μ, ¨§ ·¥ ²¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö ´ ¨¡μ-
²¥¥ ¡²¨§±μ ± ¶μ²¨É·μ¶¥ ¸μ §´ Î¥´¨¥³ ¶μ± § É¥²Ö 1, 0795 Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö
�¥°¤ .

�·μ¢¥¤¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ Ê± §Ò¢ ¥É ´  ¢μ§³μ¦´μ¸ÉÓ ¨´É¥´¸¨¢´μ£μ £· -
¢¨É Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö ¨ μÉ ¤μ¸É ÉμÎ´μ ³¥¤²¥´´ÒÌ ¶Ê²Ó¸ ·μ¢, ´μ ¸ ¸¨²Ó´Ò³
¢´ÊÉ·¥´´¨³ ³ £´¨É´Ò³ ¶μ²¥³, ¥¸²¨ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¨Ì Ö¤¥·´μ£μ ¢¥Ð¥-
¸É¢  ¡Ê¤¥É ¡²¨§±μ ± ¶μ²¨É·μ¶¥ ¸ ¶μ± § É¥²¥³ n = nk = 1, 0795.

—Éμ¡Ò ¶μ´ÖÉÓ Ë¨§¨Î¥¸±¨¥ ¶·¨Î¨´Ò ¢μ§´¨±´μ¢¥´¨Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¢
μÉ¸ÊÉ¸É¢¨¥ ¢· Ð¥´¨Ö ε = 0, e = 1, · ¸¸³μÉ·¨³ Ê· ¢´¥´¨¥ ¤²Ö ¶ · ³¥É· 
 ¸¨³³¥É·¨¨ X ¢ Í¥´É· ²Ó´μ° μ¡² ¸É¨ ¶μ²¨É·μ¶Ò x2

1 + x2
2 + x2

3 � 1, ¢ ±μ-
Éμ·μ° ¤μ³¨´¨·ÊÕÉ ±¢ ¤· É¨Î´Ò¥ ¶μ ±μμ·¤¨´ É ³ Î²¥´Ò. ‚ ²¨´¥°´μ³ ¶μ X
¶·¨¡²¨¦¥´¨¨ μ´μ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

A(e = 1, n)X =
((

1 +
1
n

)
K0(n) − 1

5

)
X = ηm. (19)

ˆ§ (19) ³Ò ¢¨¤¨³, ÎÉμ ¢±² ¤Ò ¢ ²¥¢ÊÕ Î ¸ÉÓ ÔÉμ£μ Ê· ¢´¥´¨Ö μÉ ÉÖ£μÉ¥´¨Ö
¨ ¤ ¢²¥´¨Ö ¨³¥ÕÉ · §´Ò¥ §´ ±¨. Š ± Éμ²Ó±μ μ´¨ ¡Ê¤ÊÉ · ¢´Ò ¶μ  ¡¸μ²ÕÉ´μ°
¢¥²¨Î¨´¥, Éμ ¨³¥¥É ³¥¸Éμ ÉμÎ±  ¡¨ËÊ·± Í¨¨. �·¨ ÔÉμ³ ¢±² ¤ ÉÖ£μÉ¥´¨Ö μÉ n
´¥ § ¢¨¸¨É.

…¸²¨ É· ¤¨Í¨μ´´μ ¸Î¨É ¥É¸Ö Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö § ¤ ´´Ò³ (n = const),
  ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ¨ÐÊÉ¸Ö ¶μ ¶ · ³¥É· ³ e ¨ ε, Éμ ¢ (19) Ê ´ ¸ e = const =
1,   ¶μ± § É¥²Ó ¶μ²¨É·μ¶Ò ¨§³¥´Ö¥É¸Ö. ‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ¶·¨ ³ ²ÒÌ §´ -
Î¥´¨ÖÌ n ¢±² ¤ ¤ ¢²¥´¨Ö ¢ (1) ¡Ê¤¥É ¤μ³¨´¨·μ¢ ÉÓ, É ± ± ± K0(n = 0) = 1/3.

�·¨ n = 1, 5 K0(n = 1, 5) = 0, 0701 ¨ (1 + 1/n)K0(n) = 0, 1168,
ÎÉμ ³¥´ÓÏ¥ 1/5. ‘²¥¤μ¢ É¥²Ó´μ, ÉμÎ±  ¡¨ËÊ·± Í¨¨ e = 1 ¶μ n Ê¤μ¢²¥É¢μ-

·Ö¥É ´¥· ¢¥´¸É¢Ê n < 1, 5. —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¤ ÕÉ K0 =
1
5

n

1 + n
¢ ÉμÎ±¥

n = 1, 014. �μ²ÊÎ¥´´μ¥ §´ Î¥´¨¥ ¤μ¸É ÉμÎ´μ ¡²¨§±μ ± n = 1, 0795, ´μ £μ¢μ·¨É
μ Éμ³, ÎÉμ ¶·¥¤¶μ²μ¦¥´¨¥ „¦¨´¸  μ ¤μ³¨´¨·μ¢ ´¨¨ ±¢ ¤· É¨Î´ÒÌ Î²¥´μ¢ ¢
Ê· ¢´¥´¨ÖÌ, μ¶·¥¤¥²ÖÕÐ¨Ì  ¸¨³³¥É·¨Î´ÊÕ Î ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨, ´¥ ¢Ò¶μ²-
´Ö¥É¸Ö ¤μ¸É ÉμÎ´μ Ìμ·μÏμ, É ± ± ± ¶·¨ ÊÎ¥É¥ ¡μ²¥¥ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° (¤μ
Ï¥¸Éμ° ¢±²ÕÎ¨É¥²Ó´μ) ¸ÊÐ¥¸É¢¥´´μ · §²¨Î¨¥ ¢ ±·¨É¨Î¥¸±μ³ §´ Î¥´¨¨ ¶μ± -
§ É¥²Ö ¶μ²¨É·μ¶Ò. �´μ ¸μ¸É ¢²Ö¥É ¤μ¸É ÉμÎ´μ § ³¥É´ÊÕ ¢¥²¨Î¨´Ê 0, 065, É. ¥.
¢¥²¨Î¨´Ê ¶μ·Ö¤±  6Ä7 %.

�·μ¢¥¤¥´´μ¥ ´ ³¨ ¨¸¸²¥¤μ¢ ´¨¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶·¨´Í¨¶¨ ²Ó´μ ´μ¢ÒÌ
¸¨³¢μ²Ó´μ-Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¤μ± § ²μ ¸ÊÐ¥¸É¢μ¢ -
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´¨¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ ¢ ´μ¢μ³ ¤¨ ¶ §μ´¥ §´ Î¥´¨°
¨Ì ¶μ± § É¥²Ö 0, 9989 < n � 1, 0795. ‚μ§´¨± ¥É, ¸²¥¤μ¢ É¥²Ó´μ, ¢μ¶·μ¸
μ ¡μ²¥¥ ÉÐ É¥²Ó´μ³ ¨§ÊÎ¥´¨¨ ÔÉμ° § ¤ Î¨ ¤²Ö · ´¥¥ ¨¸¸²¥¤μ¢ ´´μ° μ¡² -
¸É¨ §´ Î¥´¨° n < 0, 808. ŒÒ · ¸¸³μÉ·¥²¨ É ±¦¥ ¨ ÔÉÊ § ¤ ÎÊ. �¥§Ê²ÓÉ ÉÒ
¶μ²ÊÎ¨²¨¸Ó ¸²¥¤ÊÕÐ¨¥: ±·¨É¥·¨° (13) ¤²Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¢· Ð ÕÐ¨Ì¸Ö
¶μ²¨É·μ¶ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¨´É¥·¢ ²μ¢ §´ Î¥´¨° n ´ ·Ö¤Ê ¸ · ¸¸³μÉ·¥´´Ò³¨
¢ ÔÉμ° · ¡μÉ¥ 0 � n < 0, 1161 ¨ 0, 5791 < n < 0, 8012.

�· ¢ Ö £· ´¨Í  ¢Éμ·μ£μ ¨´É¥·¢ ²  μÎ¥´Ó ¡²¨§±  ± ·¥§Ê²ÓÉ É ³ „¦¥°³¸ 
[6] nk = 0, 808. ‘· ¢´¨¢ Ö §´ Î¥´¨Ö εk(n = 0, 8012) = 0, 0522 ´ Ï¥° · -
¡μÉÒ ¨ εk(n = 0, 808) = 0, 0528 · ¡μÉÒ [6], ¨³¥¥³ μÎ¥´Ó Ìμ·μÏ¥¥ ¸μ£² ¸¨¥
·¥§Ê²ÓÉ Éμ¢.

…¸²¨ 0, 1161 < n < 0, 5791 ¨²¨ 0, 8012 < n < 0, 9989, Éμ ¢ ÉμÎ± Ì ¡¨ËÊ·-
± Í¨¨ A(e, n) = 0, ge < 0, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢¡²¨§¨ Ô±¢ Éμ·  ±μ´Ë¨£Ê· Í¨¨
Ê· ¢´¥´¨¥ £¨¤·μ¸É É¨Î¥¸±μ£μ · ¢´μ¢¥¸¨Ö (1) ´¥ ¢Ò¶μ²´Ö¥É¸Ö. �¥É·¨¢¨ ²Ó-
´ Ö § ¢¨¸¨³μ¸ÉÓ ¶μ²μ¦¥´¨Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ μÉ ¶μ± § É¥²Ö ¶μ²¨É·μ¶Ò n
μÎ¥¢¨¤´  ¨ ¸¢Ö§ ´  ¸ ¸¨²Ó´μ° ´¥²¨´¥°´μ¸ÉÓÕ Ê· ¢´¥´¨Ö (1) ¶μ ¶ · ³¥É·Ê n.

�μ¤·μ¡´μ¥ · ¸¸³μÉ·¥´¨¥ ÔÉμ£μ ¢μ¶·μ¸  ¡Ê¤¥É ¤ ´μ ¢ ¶μ¸²¥¤ÊÕÐ¨Ì ´ Ï¨Ì
· ¡μÉ Ì.

�¢Éμ·Ò ¨¸±·¥´´¥ ¡² £μ¤ ·´Ò �.�. ‘¨¸ ±Ö´Ê §  ¶μ¤¤¥·¦±Ê ¨¸¸²¥¤μ¢ -
´¨° ¢· Ð ÕÐ¨Ì¸Ö ¸¢¥·Ì¶²μÉ´ÒÌ £· ¢¨É¨·ÊÕÐ¨Ì ±μ´Ë¨£Ê· Í¨°, ƒ. ‘. �¨¸-
´μ¢ Éμ³Ê-Šμ£ ´Ê, μ¡¸Ê¦¤¥´¨¥ ¸ ±μÉμ·Ò³ ¢μ¶·μ¸  μ ÉμÎ± Ì ¡¨ËÊ·± Í¨¨ ¢· -
Ð ÕÐ¨Ì¸Ö ´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ ¶μ¸²Ê¦¨²μ μÉ¶· ¢´μ° ÉμÎ±μ° ¶·μ¢¥¤¥´-
´μ£μ ´ ³¨ ÉÐ É¥²Ó´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ÔÉμ£μ ¢μ¶·μ¸ .
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